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Abstract

In present-day logistics, reducing negative impacts on society and on the environment
is a difficult challenge for companies. In transportation, the main difficulty lies in the
fact that most of the fleet used for inland shipping, is composed of conventional internal
combustion vehicles, and this type of vehicles contributes to air pollution and noise pollu-
tion. Thus, in order to reduce negative environmental impacts, nowadays electric vehicles
are considered a suitable option to replace conventional vehicles in last mile operations.
Although usage of electric vehicles comes with many benefits, it has some disadvantages
that are restricting a massive adoption. Some of the disadvantages of electric vehicles are
limited mileage range, low vehicle speed, relatively long charging times, limited payload,
and lack of recharging facilities. This thesis is devoted to the joint location and routing
decisions where the fleet is constituted of electrical vehicles. The location decisions con-
cern where, when and how to recharge the vehicles while the routing optimization will
decide which customers to serve and in which order.

First, contributions on some routing problems and on routing problems with elec-
tric vehicles are reviewed. The latter are classified according to their characteristics and
application context, and an overview of the recently published papers, technical reports
and case studies is provided. Based on this review two routing problems with electric
vehicles are identified. Second, a variant of the electric vehicle routing problem with
time windows is proposed. In this variant a visit to a single customer is permitted while
the electric vehicles stay at a recharging station recharging the battery. This variant
seeks to take advantage of the idle time caused by the recharging time. A hybrid iter-
ated local search is proposed as solution method. It is tested on benchmark instances.
Later, a variant of the capacitated profitable tour problem where the fleet is composed
of electric vehicles is presented. In this problem driver’s lunch breaks are synchronized
with recharging activities. A branch-and-price method is designed to solve the problem.
Then, a 2-phase metaheuristic method is introduced to solve large-size instances. After
that, a multi-period version of the problem is proposed. As solution method, the branch-
and-price method is adapted to handle multiple periods. Finally, key findings, general
conclusion, and clues for future research are summarized.

A journal paper of one of the chapters is on Transportation Research Part E: Logistics
and Transportation Review journal:
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Chapter 1

Introduction

The environmental sensitivities of the 21st century lead us to seek solutions to significant
problems such as the air pollution. One of the major short term concerns for local
authorities is to improve local air quality (Nesterova and Quak, 2015). Governments
and policy-makers around the world have tried to deal with carbon-based emissions and
greenhouse gases (GHGs) since the Kyoto Protocol issued in 1998 (Jing et al., 2016)
and since the World Health Organization stated that poor air quality is a serious health
risk. However, reducing the negative impact on the society and on the environment is
a difficult challenge. According to Olivier et al. (2017), even if the 2016 greenhouse gas
emission increase has been the slowest since the early 1990s, and trends in global CO2

emissions had remained more or less flat between 2014 and 2016, there is no sign of a
GHGs emissions decrease (see Figure 1.1). In addition, they state that about 72% of
total global greenhouse gas emissions consists of CO2. The other percentage of emissions
consist of 19% methane (CH4), 6% nitrous oxide (N2O) and 3% fluorinated gases (F-
gases).

As reported by the European Commission (2016) and the International Energy Agency
(2018), about 25% of Europe’s GHG emissions and about 24% of world CO2 emissions are
generated by transport activities. The transport activities are one of the most important
drivers in many of the economic activities and road transport is the dominant mode of
inland distribution activities. Unfortunately, road transportation is the largest consumer
of energy (76%) as reported by World Energy Council (2011). By 2008, transportation
was 98% dependent on fossil oil, which is exceedingly affected by changes in energy
resources (Jing et al., 2016). The main difficulty to reduce GHG emissions is related to
most part of the fleet used by companies is composed of conventional internal combustion
vehicles (ICVs).

Strategies to achieve the objectives set by the international agreements and by local
governments are considered into the green logistics and sustainable supply chains fields.
Those studies of practices aim to reduce the environmental externalities of logistics op-
erations, mainly related to greenhouse gas emissions, noise and accidents; and therefore
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Figure 1.1 – Global GHG emissions, per type of gas and source (from Olivier et al. (2017))

develop a sustainable balance between economic, environmental and social objectives
(Psaraftis et al., 2016).

As the operations research (OR) field plays an important role in logistics activit-
ies, every year the number of articles which study the impact and propose strategies
to minimize the environmental externalities increases. Some literature reviews of OR
contributions on the green logistics and sustainable supply chains fields are proposed
by different authors (i.e. Bektaş et al. (2018); Dekker et al. (2012); Demir et al. (2014);
Dukkanci et al. (2019); Sbihi and Eglese (2010)). Regarding transport, there are decisions
that can be improved to reach the green logistics goal (i.e. mode choice or modal split,
use of intermodal transport, equipment choice, fuel choice, among others).

One alternative to reduce the impact is to diminish the usage of ICVs. It can be done
by replacing ICVs with alternative fuel vehicles (AFVs). AFVs are vehicles that run on
environmentally friendly sources of fuel rather than petroleum-based fuels, and produce
lower emissions compared to fuel-based vehicles. Among the options electric vehicles
(EVs) are getting the interest of companies in recent years. Pelletier et al. (2016) show
that even though EVs market share is still relatively low, electric vehicles are now days
one of the alternatives to ICVs.

EVs do not only represent one of the cleanest means of transportation in urban areas,
but also present a high tank-to-wheel efficiency. EVs represent cleaner transport because
they have no local GHG emissions and produce minimal noise in comparison to ICVs.
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Figure 1.2 – Introduction of electric vehicles in logistic activities

Moreover, a zero emission balance can be obtained if renewable energy sources are used
to generate the electricity. In addition, the operational costs and the maintenance costs
for EVs have been reported to be lower than those of ICVs (Davis and Figliozzi, 2013;
Pelletier et al., 2016).

On the other hand, it is essential to address some disadvantages (Nesterova and Quak,
2015). For example, the acquisition cost for EVs are significantly higher than for ICVs.
Also, limited driving range, low vehicle speed, limited payload, and relatively long char-
ging times affect the operational decisions. In addition, the insufficiency of charging
infrastructure is considered as an obstacle. According to Morganti and Browne (2018),
in France and UK, the urban freight transport and service companies report that the
limited range and the risk of queuing at recharging stations (RSs) are two of the main
technical and operational obstacles after having adopted EVs in their operations.

In spite of above-mentioned disadvantages, EVs get more and more attention from
companies and governments because of cutting-edge technology, governmental subsidies,
and new supportive policies aiming to facilitate its implementation. In addition, EVs
usage in transportation is a trendy research field. This can be proven by looking at the
growing number of projects and national initiatives by European countries aiming to
facilitate the implementation of EVs. Likewise, there are private initiatives by companies
like UPS, La Poste and TNT Express who included the EVs in their delivery operations
(Nesterova et al., 2013). Thus, in this thesis the usage of EVs in transportation problems
in city logistics is explored.

In the OR field, one of the most studied and best-known transportation problems is
the vehicle routing problem (VRP). In recent years, the number of studies on VRP which
consider usage of EVs increases (Afroditi et al., 2014; Dascioglu and Tuzkaya, 2019). The
electric vehicle routing problem (e-VRP) is introduced and it is a variant of the vehicle
routing problem (VRP) where fleet is composed exclusively of EVs. Subsequently, the e-
VRP is studied by different authors. In general, these students intend to provide decision
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Figure 1.3 – Types of electric vehicles adopted by companies

tools, and to encourage the transition to green energies, especially to EVs.
The main goal of this thesis is to continue the encouragement to the transition to

EVs by proposing new strategies, and solution tools for transportation, namely routing
problems, in a city logistics context. Additionally to promote the transition to EVs, the
problems presented in this thesis aims to tackle two issues related to the usage of EVs, the
impact of the idle times caused by recharging times and the issues related to availability
of recharging infrastructure.

A literature review of contributions on related routing problems and on routing prob-
lems with electric vehicles is presented in Chapter 2. An overview of the recently published
e-VRP papers, technical reports and case studies is included. These contributions are
classified according to their characteristics and application context.

In Chapter 3, the electric vehicle routing problem with time windows and satellite
customers (e-VRPTWsc) is introduced. This is a variant of the electric vehicle routing
problem with time windows where visits to satellite customers by an alternative mode
of transport is allowed. A visit to a single customer is permitted while the EVs stay at
a recharging station recharging the battery. This variant seeks to take advantage of the
idle time caused by the recharging activity. The objective is to minimize the time spent
at recharging stations. An hybrid iterated local search is proposed as solution method.
It is tested on benchmark instances. New instances for the e-VRPTWsc are created and
solved by the proposed method.

The electric capacitated profitable tour problem with mandatory stops (e-CPTPMS)
is exposed in Chapter 4. In this variant of the capacitated profitable tour problem, the
fleet is composed of EVs. In addition, drivers must take a lunch break during the day and
it is synchronized with the recharging activity. Where to take lunch, and whether or not
to serve customers, are decisions to be made. Two versions of the problem are explored.
One is where accords for lunch and recharging services can be made per restaurant, and
a second version where an agreement can be made with a set of restaurants. As solution
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method, a branch and price (BP) method is proposed. It is tested on new sets of instances
created from 2 sets of benchmark instances from two related problems.

A 2-phase metaheuristic method to solve the e-CPTPMS is presented in Chapter 5.
First phase seeks to build a set of promising routes, and it is done following a greedy
randomized adaptive search procedure (GRASP). In the second phase, a set-packing
problem is solved to find the best solution using the routes created in the first phase.
The metaheuristic is used to solve the instances created in Chapter 4.

A multi-period version of the e-CPTPMS is proposed in Chapter 6. The Branch and
price method is modified to handle the different periods. In addition, the BP procedure is
reinforced by adding a pre-processing to identify non feasible nodes, and by reformulating
one set of constraints on the master problem to avoid the use of the big M method.
Instances created for the mono-period case are adapted to multiple periods. Finally, the
instances are solved with the two versions of the BP method, and an analysis of the
results is presented.

Although each chapter has a subsection summarizing the contributions, in Chapter 7
a general conclusion ends the thesis with clues for future research.

Partial results of this thesis are presented in the following research products.
A journal paper of one of the chapters is on Transportation Research Part E: Logistics

and Transportation Review journal:

• Cortés-Murcia, D.L., Prodhon, C., Afsar, H.M. (2019). The electric vehicle routing
problem with time windows, partial recharges and satellite customers. Transport-
ation Research Part E: Logistics and Transportation Review, 130:184–206.

A conference paper accepted for the Conference Manufacturing Modelling, Manage-
ment and Control MIM:

• D.L. Cortés-Murcia, H.M. Afsar, C. Prodhon (2019). A Branch and Price algorithm
for the electric capacitated profitable tour problem with mandatory stops. 9th
IFAC/IFIP/IFORS/IISE/INFORMS Conference Manufacturing Modelling, Man-
agement and Control MIM 2019. Aug, 2019. Berlin, Germany.

Different elements of the research conducted in this thesis are presented at the follow-
ing conferences:

• D.L. Cortés-Murcia, C. Prodhon, H.M. Afsar (2019). A matheuristic framework for
profitable tour problem with electric vehicles. Metaheuristics International Confer-
ence, MIC 2019. Jul, 2019. Cartagena, Colombia.

• D.L. Cortés-Murcia, H.M. Afsar, C. Prodhon (2019). Recharge at lunch, an al-
ternative to handle the range issues of electric vehicles. 20ème édition du congrès
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annuel de la Société Française de Recherche Opérationnelle et d’Aide à la Décision,
ROADEF 2019. Feb, 2019. Le havre, France.

• D.L. Cortés-Murcia, C. Prodhon, H.M. Afsar (2018). Leverage the long recharging
times of electric vehicles in city logistics. Optimization Days 2018. May, 2018.
Montreal, Canada.

• D.L. Cortés-Murcia, C. Prodhon, H.M. Afsar (2018). Overcoming the large rechar-
ging time of electric vehicles in city logistics. 19ème édition du congrès annuel de la
Société Française de Recherche Opérationnelle et d’Aide à la Décision, ROADEF
2018. Feb, 2018. Lorient, France.

• D.L. Cortés-Murcia, C. Prodhon, H.M. Afsar (2017). Electric Vehicle Routing
Problem with Satellite Customers and Time Windows. 21st Conference of the
International Federation of Operational Research Societies, IFORS 2017. Jul, 2017.
Québec, Canada.

• D.L. Cortés-Murcia, C. Prodhon, H.M. Afsar (2017). Electric vehicle routing prob-
lem with deliveries while charging. 18ème édition du congrès annuel de la Société
Française de Recherche Opérationnelle et d’Aide à la Décision, ROADEF 2017.
Feb, 2017. Metz, France.
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Chapter 2

Literature Review

Combinatorial optimization problems look for the best solution(s) from a finite and dis-
crete set of alternatives. Usually, the space of alternatives is very large, so solving such
problems can be a difficult task. In fact, proving that solution S is the global optimum to
the problem requires demonstrating that S dominates all feasible solutions. The search
for an exact "optimal" solution is often impractical for instances of large size problems.
This is due to the fact that algorithms are usually required to search the solution space,
and most often, they cannot find and prove the global optimal solution in reasonable time.
In that case, the problems are said to be "NP-hard" (non-deterministic polynomial-time
hard). Therefore, some non exact approaches are proposed in the literature in order to
obtain good solutions in reasonable time, namely heuristics and metaheuristics.

Combinatorial optimization has applications in fields such as planning and decision
making, information technology, artificial intelligence, economics, transportation, among
many other disciplines.

In transportation optimization, the vehicle routing problem (VRP) is one of the most
important and studied optimization problems. It takes place in less-than-truckload trans-
portation, where either vehicle capacity is large enough or customer demand is low enough
to allow servicing several customers without returning to the depot. 60 years have elapsed
since the introduction of the VRP (then called the truck dispatching problem) by Dantzig
and Ramser (1959). They present a real world application concerning the delivery of gas-
oline to gas stations. In the very general form of a vehicle routing problem, a number
of customers have to be served with a fleet of vehicles. It means that the decisions to
be made are which vehicle handles which customer requests and in which order so that
all vehicles routes can be feasibly executed. This basic version of the VRP is already
NP-hard (Lenstra and Kan, 1981), so any variant derived from it becomes a challenging
problem to solve.

Over the years, VRPs have represented an important family of problems not only in
transportation and logistics fields, but also production, workshop layout, telecommunica-
tions, robotics, maintenance, response to situations of crisis in military and humanitarian
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contexts, among others. According to the review presented by Eksioglu et al. (2009), con-
tributions in VRP field grow exponentially. The authors reviewed VRP references from
1954 to 2006 and proposed a taxonomy to classify the vast literature. Likewise, Laporte
(2009) presents a brief account of exact mathematical programming decomposition al-
gorithms and metaheuristics for the 50th VRP anniversary. A more recent classification
is presented in Braekers et al. (2016) where 277 VRP journal articles from 2009 to mid-
2015 are arranged following a similar taxonomy to the one introduced by Eksioglu et al.
(2009).

The main intention of this chapter is to present a literature review of routing problems
with electric vehicles. Before introducing the recent related works, a brief classification
perspective which helps to identify characteristics of VRPs in the literature is presented.
The classification presented here covers the variants that are relevant to the problems
presented in this thesis and do not pretend to comprise the immense variety of VRPs.
The following explains the reasons behind the variants presented below. Capacitated
VRP and VRP with time windows because routing problems presented in this thesis
includes capacity and time constraints. VRP with heterogeneous fleet and with Pickup
and Deliveries are comprised because extensions of these variants with EVs or AFVs are
presented in Subsection 2.2. In cases where charging stations are only available at the
depot, routing problems with electric vehicles are similar to the Multi-trip VRP. Routing
problem with profits and VRP with hours of service regulations are included because
two variants with these aspects and electric vehicles are presented in Chapters 4 and
6. The variant in Chapter 6 includes the multi-period characteristic, so the VRP with
multiple periods is covered as well. Because choosing where to recharge can be seen as
a location issue in routing problems with EVs, we decide to present routing problems
that implies location decisions as the Multi-depot VRP, the Location Routing Problem,
the Two-echelon VRP, and the Truck and trailer routing problem. Lastly, Green VRP is
added because VRP with electric vehicles are part of the field.

Finally, the contributions to routing problems with electric vehicles included in this
chapter are classified according to characteristics introduced.

2.1 Vehicle routing problems

One of the basic and most known version of the VRP is the Capacitated Vehicle Routing
Problem (CVRP). From the CVRP it is possible to introduce the different variants of the
VRP. Most of them include attributes derived from the requirements of real applications.
The reader is referred to the textbook of Toth and Vigo (2014) which covers entirely the
subject through a selection of contributed papers. In addition, the book includes disaster
relief and green vehicle routing applications. In the following some relevant VRP variants
are presented.
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Capacitated vehicle routing problem - CVRP

It is assumed that there are n customers with a transportation request, and a set of m
identical vehicles with capacityQ. The objective of the CVRP is to find at mostm feasible
routes such that all customers are visited exactly once, while the transportation cost is
minimized. In the traditional form, the cost represents the total distance. A feasible
route is a sequence of visits to customers, which the total cumulated demand does not
exceed the capacity limit Q. As mentioned before, the first approach was introduced
by Dantzig and Ramser (1959). Usually, the total route length is limited to a value T .
The route length can be established in terms of distance or time. In the second case,
the traveling time and the service time must be considered. The addition of distance
constraints yields the Distance-constrained CVRP (DCVRP) (Laporte et al., 1984).

Knowing that the CVRP is an NP-hard problem, developing efficient exact methods
is one challenging task that takes the interest of researchers. At the beginning, the
branch-and-cut algorithms were able to solve efficiently CVRP instances of less than
50 customers (Laporte et al., 1985; Lysgaard et al., 2004; Ralphs et al., 2003). Later,
branch-and-price-and-cut algorithms based on set partitioning formulations augmented
with various families of cutting planes are implemented (Baldacci et al., 2008, 2011a;
Fukasawa et al., 2006; Pessoa et al., 2008). One of the most recent and efficient exact
approaches is proposed by Pecin et al. (2017), their method incorporates and combines
for the first time several elements found in previous works. This algorithm solves to
optimality some instances with up to 360 customers.

Exact methods might not always solve instances with large number of customers in a
reasonable amount of computing time. Numerous studies have tried to develop heuristic
and metaheuristics methods to obtain near optimal solutions in short time. Vidal et al.
(2013a) provides a survey of the best performing metaheuristics on benchmark instances
for the CVRP. Among the huge variety of approached in the literature below we present
three state of the art algorithms which provide most of the best known solutions not only
over the benchmark CVRP instances, but also on benchmark instances of some of the
variants presented in this Section.

A memetic algorithm for the CVRP is suggested by Nagata and Bräysy (2009). The
proposed algorithm combines edge assembly crossover with local searches. The algorithm
allows infeasible solutions with respect to capacity and route duration constraints. Exper-
imental tests are done on benchmarks, and new BKS solutions are found in a reasonable
computing time. Memetic algorithms are part of the population-based algorithms, spe-
cifically it can be classified as a Genetic Algorithm (GA). These methods combine genetic
operators, selection and crossover with an efficient local search. One of the first successful
applications of GAs to VRPs is due to Prins (2004).

Subramanian et al. (2013) introduce a hybrid algorithm composed of a sequence of set
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partitioning models that may interact with an iterated local search metaheuristic1(ILS-
SP). The ILS-SP of Subramanian et al. (2013) is tested on benchmark instances of, not
only the CVRP, but also of other six VRP variants. The results are competitive with
heuristics devoted to each specific variant, and new BKS are obtained.

Later, Vidal et al. (2013b, 2014) present a unified hybrid genetic search (UHGS).
This algorithm is considered as on of the best solution methods available for the CVRP.
Computational experiments on 29 VRP variants demonstrates that the method matches
or outperforms the state of the art algorithms on each variant.

VRP with time windows - VRPTW

The VRPTW is the extension of the CVRP where the service for each customer must start
within an associated time interval, called a time window. Specific applications include
postal deliveries, bank deliveries, grocery deliveries, and urban newspaper distribution.
Time windows may be hard or soft. In the case of soft time windows, a time window can
be violated, incurring a penalty cost. In the case of hard time windows, waiting time is
allowed upon an early arrival time to a customer, while late arrival is forbidden. The early
works on the VRPTW were case study oriented (Knight and Hofer, 1968; Madsen, 1976;
Pullen and Webb, 1967). Later, Solomon (1987) proposes instances for the VRPTW that
nowadays are considered classic instances.

Recent literature reviews can be found in Gendreau and Tarantilis (2010) for advanced
heuristics proposed for solving large-scale problem instances, in Baldacci et al. (2012)
for mathematical formulations, relaxations and recent exact methods. A book chapter
dedicated to the VRPTW is proposed by Desaulniers et al. (2014).

The VRPTW is one of the most intensively studied VRP variants due to its ma-
jor practical applications and its remarkable difficulty. Part of the difficulty in solving
the VRPTW with non exact methods lies in how to check the feasibility of time win-
dows. Vidal et al. (2015) presents an experimental assessment of the impact of infeasible
solutions on heuristic searches. The authors evaluate four relaxation schemes, allowing
penalized late arrivals to customers, early and late arrivals, returns in time, and a flexible
travel time relaxation. Their experiments show a significant positive impact of using
penalized infeasible solution. Among the relaxation schemes, “ returns in time ” (Nagata
et al., 2010; Vidal et al., 2012a) and “ flexible travel time ” (Vidal et al., 2015) relaxations
appear as the best options.

Several exact algorithms for the VRPTW have been developed in the past years.
The most recent successful solution methods for this problem are branch-and-price-and-
cut algorithms where the column generation subproblem is an elementary shortest path

1The iterated local search (ILS) is presented by Baxter (1981). The idea of this algorithm is to apply
an embedded local search mechanism until it reaches a stopping criterion, to perturb the solution to
yield a new starting solution and then reapply the local search.
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problem with resource constraints (ESPPRC). An Exact Algorithm for the ESPPRC
is proposed by Feillet et al. (2004). They present computational experiments of this
algorithm embedded in a column generation scheme for the classical Vehicle Routing
Problem with Time Windows. Jepsen et al. (2008) present a branch-and-cut-and-price
(BCP) algorithm and introduce the subset-row inequalities. The results show that ap-
plying subset-row inequalities in the master problem improve the lower bound, and so
the performance of the algorithm. Desaulniers et al. (2008) propose some strategies to
improve BCP methodology. First, a tabu search heuristic for the ESPPRC that allows
the generation of negative reduced cost columns in a short computation time. Second,
they propose to relax the elementary requirements for a subset of the nodes. Third, they
introduce a generalization of the k-path inequalities. Combining these ideas they are
able to solve five unsolved instances at that moment. Baldacci et al. (2011a), which are
mentioned above, introduce a route relaxation called ng-route2, used by different dual as-
cent heuristics to find near-optimal dual solutions of the LP-relaxation of the SP model.
The proposed method improves the running time of state-of-the-art algorithms for both
VRPTW and CVRP.

Heterogeneous fleet or mixed fleet vehicle routing problem - HFVRP

This variant considers that a heterogeneous fleet of vehicles is available for the distribution
activities. Each vehicle has possibly different characteristics, namely capacity, cost or
type of fuel. There are two main types associated with this problem. First, there is a
strategic issue of finding the best assortment of vehicles to be used from an unlimited
vehicle fleet. This results in the Fleet Size and Mix problems. Second, there is the
tactical issue of using the most appropriate vehicles from a limited fleet, which results in
the heterogeneous VRP (HVRP).

This problem was first studied by in detail by Golden et al. (1984). Due to several
specific variants are developed over time, Baldacci et al. (2008) give an extensive survey on
HFVRP covering the main results until 2007. Later, updates of the literature are provided
by Irnich et al. (2014) and Koç et al. (2016b). Koç et al. (2015) present a unified hybrid
evolutionary algorithm (HEA) to solve four variants of HVRP with time windows. On
the other hand, one exact approach is presented by Baldacci and Mingozzi (2009). The
exact algorithm uses three types of bound procedures based on the LP-relaxation and on
the Lagrangian relaxation of the mathematical formulation. The bounding procedures
allow to reduce the number of variables of the formulation so that the resulting problem
can be solved by an integer linear programming solver.

In recent years, one interesting application of mixed fleet VRP can be found in the
hybrid vehicle routing problems, where the fleet is composed of internal combustion

2Ng-route relaxation is explained in detail in Chapter 4.
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vehicles and alternative fuel vehicles (AFVs). Dascioglu and Tuzkaya (2019) propose a
recent literature review on hybrid VRPs.

VRPs with Pickup and Deliveries - VRPPD

These problems are usually defined on a graph in which vertices represent origins or
destinations for the different entities to be transported. Precedence must be respected,
so pickups must be made before the deliveries. In literature, a distinction exists between
Pickup-and-delivery problems for goods transportation and Pickup-and-delivery problems
for people transportation.

For goods transportation, VRPPD are classified whether there is a single or multiple
commodities to deliver, each commodity has a single origin and destination or not. First
contributions in this field can be found in the following papers. Min (1989) introduces
the VRP with Simultaneous Pickup and Delivery, which can be classified as a multi-
commodity problem with simultaneous demand. A multi-commodity problem with single
demand is presented by Golden et al. (1985). In this variant customers are scheduled first
and later the pickups.

A literature survey on variants of the VRPPD are proposed by Parragh et al. (2008),
and Berbeglia et al. (2010). Later, a review on pickup-and-delivery problems for goods
transportation is presented on Battarra et al. (2014). A recent exact method for the
vehicle routing problem with simultaneous pickup and delivery is proposed by Sub-
ramanian et al. (2011). The authors propose a branch-and-cut algorithm which is en-
hanced with additional route feasibility constraints applied in a lazy fashion. This method
allowed them to improve the lower bounds and to find several new optimal solutions on
benchmark instances. Recently, Wang et al. (2015) present a parallel simulated anneal-
ing3(SA) for the VRP with simultaneous pickup and delivery with time windows.

For people transportation, the so-called dial-a-ride problem (DARP) is studied in the
literature. Applications are on transportation system providing multi-occupancy, door-
to-door transport service for people. The DARP implies that a set of customers makes a
request for service. Origin and destination locations are defined for each customer. Usu-
ally, each request has associated some time constraints imposing a desired pickup time
and a desired delivery time or a maximum ride time (time windows). One of the first
approaches for a multiple vehicle scenario is proposed by Jaw et al. (1986). Recently,
Gschwind and Irnich (2014) presents a branch-and-cut-and-price solution approach for
the DARP, which is capable of handling ordinary and dynamic time windows. Several
heuristics and metaheuristics approaches are developed for DARPs with more complic-
ated and real-life constraints. Literature reviews focused on DARP are proposed on

3SA (Kirkpatrick et al., 1983) is a stochastic local search metaheuristic inspired by the physical
annealing process. A neighbor of the current solution is selected at each iteration. To avoid getting
stuck in local optima, non-improving solutions can be accepted with a probability.
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Cordeau and Laporte (2007), Doerner and Salazar-González (2014), and Ho et al. (2018).
For example, a real-world health care application is addressed by Detti et al. (2017).
Constraints as heterogeneous vehicles, vehicle–patient compatibility constraints, quality
of service requirements are considered. The authors propose a Variable Neighborhood
Search and Tabu Search4(TS) algorithms to solve large real-world instances.

Multi-trip VRPs - MTVRP

In this variant, a vehicle can visit several times the depot to load or unload. In cases
where vehicle capacity is low, multi-trip allows the vehicle to visit more clients. The
global constraints on the routes, such as maximum duration, are still considered. This
specific problem is introduced by Fleischmann (1990) under the name VRP with multiple
use of vehicles, including a heterogeneous fleet and time windows. MTVRP literature sur-
veys can be found on Cattaruzza et al. (2016), and Cattaruzza et al. (2017). Recently, a
branch-and-price method is proposed by Hernandez et al. (2016). They offer two set cov-
ering formulations. Additionally, two acceleration methods to increase the performances
of their column generation are presented. On the other hand, Cattaruzza et al. (2014)
introduce a multi-commodity MTVRP with time windows and an iterated local search
is designed to solve the problem. The authors include a specific procedure that turns
permutations of customers into solutions. They show that their algorithm outperforms
the previous algorithms designed for the problem.

Multi-depot vehicle routing problem - MDVRP

The MDVRP deals with different depots. Each depot has associated a limited capacity
and host a limited or an unlimited subfleet. In some variants, vehicles can start and finish
their routes at different points. The first contributions can be found on Tillman (1969)
and Tillman and Hering (1971).

A survey of the literature on the MDVRP is presented in Vidal et al. (2012b), and
at the same time the authors present an effective genetic algorithm as solution method
for the problem. In recent years, Karakatič and Podgorelec (2015) present a survey of
genetic algorithms that are designed for solving multi-depot vehicle routing problem. A
comparison between genetic algorithm based solutions and other existing approaches,
both exact and heuristic, for solving this same problem is also presented. Likewise,
Montoya-Torres et al. (2015) do a review considering papers published between 1988 and
2014, in which several variants of the model are studied: time windows, split delivery,
heterogeneous fleet, periodic deliveries, and pickup and delivery.

4TS (Glover, 1986, 1989, 1990) follows the principle of local search that prevents revisiting previously
visited solutions by recording the search history in a tabu list. To escape from local optima, non-
improving solutions are accepted.
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An exact algorithm to solve the MDVRP is proposed by Contardo and Martinelli
(2014). The algorithm is based on the solution of ad-hoc vehicle-flow and set-partitioning
formulations strengthened with several classes of valid inequalities. The set-partitioning
formulation is solved by column-and-cut generation. Recent heuristic methods are pro-
posed by Vidal et al. (2013b) and Escobar et al. (2014). The latter present a hybrid
Granular Tabu Search procedure, which considers different neighborhoods and diversific-
ation strategies.

If there is a cost associated with the usage of each depot, the problem becomes the
location routing problem, which is widely studied in the literature.

Location routing problem - LRP

The LRP considers two key decisions. The first decision is associated with a warehouse
(depot) location, while the second is associated with the routing of distribution vehicles
between open depots and customers. In other words, it is a CVRP variant where depot
location decisions are made over a set of candidate depots with different capacities and
opening costs.

The first papers dedicated to study simultaneously the location of depots and vehicle
routing date from the 1960s (Maranzana, 1963; Von Boventer, 1961; Webb, 1968). Au-
thors like Martínez-Salazar et al. (2014) and Prodhon and Prins (2014) agree that one
of the first researchers to analyze the LRP, as it is known nowadays, are Watson-Gandy
and Dohrn (1973). LRP has been studied by many researchers and under different con-
siderations. It could be evidenced in many reviews as Balakrishnan et al. (1987), Drexl
and Schneider (2015), Min et al. (1998), Nagy and Salhi (2007), and Prodhon and Prins
(2014).

In those works, it is possible to identify advances in the different variants of the original
problem. Recently, many novel LRP variants are introduced. An exact method that uses
a lower-bounding procedure to decompose the LRP into a set of limited set of MDVRP
is presented by Baldacci et al. (2011b). Yang and Sun (2015) propose the battery swap
station LRP with capacitated electric vehicles. Two solution methods are proposed: a
four-phase heuristic and a two-phase tabu search-modified Clarke and Wright Savings
heuristic. Later, the fleet size and mix LRP with time windows is presented on Koç et al.
(2016a). In this variant a heterogeneous fleet is considered. The authors present mixed
integer programming formulations, a family of valid inequalities and a hybrid evolutionary
search algorithm. Another novel variant is introduced by Schiffer and Walther (2017b), in
which the fleet is composed of electric vehicles, called the electric LRP with time windows
and partial recharges. An adaptive large neighborhood search is implemented as solution
method. This is enhanced by local search, dynamic programming components, and new
penalty functions for time-efficient neighborhood evaluation.
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Two-echelon VRP - 2E-VRP

The Two-echelon VRP (2E-VRP) is an extension of the CVRP where the delivery from a
single depot to the customers is managed by routing and consolidating the freight through
intermediate depots called satellites. Two-echelon distribution systems are a special case
of multi-echelon systems. In these types of problems, the flow of goods in one echelon
must be coordinated with flow in the other echelon. Therefore, the problem cannot be
decomposed into two sub-problems and then solved separately. The first application of a
two-echelon distribution system with an explicit minimization of the total transportation
costs can be found in Jacobsen and Madsen (1980). The distribution system and input
data are based on a real case, in which two newspaper publishers combined their printing
and transportation facilities to decrease transportation costs.

A recent survey of the 2E-VRP can be found on Cuda et al. (2015). Later, a range of
variants is introduced in the literature. For example, Nguyen et al. (2012) introduce the
two-echelon location-routing problem (LRP-2E). A multi-start iterated local search (MS-
ILS) is designed and it is compared with other metaheuristics, proven the performance
of the proposed method. A 2E-VRP with environmental considerations is presented by
Wang et al. (2017). In this variant the sum of drivers’ wage, fuel cost, and handling cost
is minimized. The authors design and test a matheuristic based on variable neighbor-
hood search (VNS) and integer programming. Later, Zhou et al. (2018) propose a hybrid
multi-population genetic algorithm to solve a multi-depot 2E-VRP with delivery options.
The objective is to minimize the total distribution cost. A 2E-VRP for the electric vehicle
routing problem with battery swapping stations is is introduced by Jie et al. (2019). An
integer programming formulation and a hybrid algorithm that combines a column gener-
ation and an adaptive large neighborhood search5(CG-ALNS) are proposed to solve the
problem. More recently, Rohmer et al. (2019) present the two-echelon inventory-routing
problem for perishable products. The objective is to minimize the total transportation
and holding costs. They formulate the problem as a mixed integer linear program and
solve it by means of an adaptive large neighborhood search metaheuristic.

Truck and trailer routing problems - TTRP

Another problem which includes location decisions on a subset of nodes is the Truck
and trailer routing problem. In this variant trucks pulling a trailer have to visit a set of
customers partitioned into two subsets: one subset comprises the customers that must
be served by a truck alone, while the other subset includes the customers that can be
served either by a truck pulling a trailer or by a truck alone. The existence of the two
types of nodes is related to the presence of real-life logistic constraints. Some examples

5The ALNS is a single solution-based approach introduced by Pisinger and Ropke (2007). In this
method several destroy and repair operators are implemented, and an adaptive mechanism is used to
favor the application of the most successful operators according to the previous iterations.
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are customers located in the countryside, in mountain areas or in city centers where it
may be forbidden to drive large vehicles. In this variant some sub-tours traveled by a
truck alone exist. Each sub-tour start and ends at a given location visited in the main
tour. Because of that, this variant can be classified as a two-echelon distribution system.
On the 2E-VRP literature review presented by Cuda et al. (2015), a section is dedicated
to the TTRP. The first problem belonging to the class of TTRPs has been tackled by
Semet and Taillard (1993). Later, the term truck and trailer routing problem appeared
for the first time in Chao (2002) where the CTTRP is studied.

Some of the recent contributions in this field are: Villegas et al. (2011) who propose
a hybrid metaheuristic based on GRASP, VNS and path relinking to solve the truck and
trailer routing problem. A new formulation and several valid inequalities for the single
truck and trailer routing problem with satellite depots is proposed by Belenguer et al.
(2015). The authors propose a branch-and-cut algorithm for the TTRP. Later, Parragh
and Cordeau (2017) present a branch-and-price algorithm for the truck and trailer routing
problem with time windows.

VRPs with multiple periods - PVRP - MPVRP

These variants are CVRP extensions where customer visits can be done during multiple
periods. On one hand, in the period or periodic VRP (PVRP) customers require repeated
visits during the planning horizon. In addition, the days of visit for each customer can
be chosen from a given set of feasible patterns. Applications can be found in product
distribution and collection, waste and recyclables collection, and maintenance operations.
The problem was first mentioned in Beltrami and Bodin (1974) and Foster and Ryan
(1976), and later formalized in Christofides and Beasley (1984). Recent reviews of the
PVRP are in Francis et al. (2008), Irnich et al. (2014), and Campbell and Wilson (2014).

On the other hand, in the multi-period VRP (MVRP) instead of having repeated visits
to customers, each customer must be served during the planning horizon. Archetti et al.
(2015) introduce the MVRP with due dates. In this variant each customer is characterized
by a release and a due date. These express the earliest and latest periods which each
customer must be served, respectively. The authors present alternative formulations
which are solved with a branch-and-cut algorithm. Dayarian et al. (2015) presents a
branch-and-price approach for a MVRP that involves optimizing daily product collections
from several production locations over a given planning horizon. The problem includes
seasonal fluctuations (MVRPFS). Later, Dayarian et al. (2016) solve the MVRPFS using
an adaptive large-neighborhood search (ALNS) algorithm.
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Routing with profits or Prize collection

The vehicle routing problem with profits is a combination of node selection and routing
problems. The goal is to find a tour that maximizes the total score earned by visiting
locations (Tsiligirides, 1984). For the multiple-vehicle case, two problems can be found
in the literature: the Team Orienteering Problem (TOP) proposed by Butt and Cavalier
(1994) with the name Multiple Tour Maximum Collection Problem, and the capacitated
profitable tour problem (CPTP) which is a side-constrained version of the profitable
tour problem (PTP) named by Dell’Amico et al. (1995). In those problems, not all
available nodes can be visited due to the limited time budget. The difference between
them are the objective functions. While the TOP aims to max profit, the CPTP aims
to max (profit− cost).

Gunawan et al. (2016) and Gavalas et al. (2014) present literature reviews of vehicle
routing problems with profits. As the Chapters 4 and 6 propose exact methods, in the
following some works related to exact methods for TOP and CPTP are presented.

Boussier et al. (2007) present a Branch-and-Price (BP) algorithm based on a set-
packing formulation. The authors tested the algorithm on the benchmark instances pro-
posed by Chao et al. (1996). Dang et al. (2013) present a Branch-and-Cut algorithm
based on a linear formulation with a polynomial number of variables. The algorithm
includes some dominance properties and valid inequalities such as symmetric breaking
inequalities, boundaries on profits, generalized subtour eliminations and clique cuts from
graphs of incompatibilities. They were able to solve 29 previously unsolved benchmark
instances. Later, Keshtkaran et al. (2016) having as reference the work of Boussier et al.
(2007), present a new BP algorithm where the pricing problem is solved by a bounded
bidirectional dynamic programming algorithm with decremental state space relaxation
featuring a two-phase dominance rule relaxation. Additionally, they include subset-row
inequalities and presents a Branch-and-Cut-and-Price algorithm as a second solution
method. With these algorithms authors are able to solve 17 previously unsolved bench-
mark instances. El-Hajj et al. (2016) design a Cutting Plane algorithm. Several types of
cuts are proposed in order to strengthen the classical linear formulation, including those
presented in Dang et al. (2013). With this method 24 previously unsolved instances
were solved to optimality. The most recent exact approach is due to Bianchessi et al.
(2018) who present a new two-index formulation with a polynomial number of variables
reinforced by connectivity constraints. A branch-and-cut algorithm is presented and 24
previously unsolved instances were closed to optimality.

A BP algorithm for the CPTP can be found in the work of Archetti et al. (2009). The
algorithm is adapted from the one defined by Boussier et al. (2007). Later, an improved
BP algorithm for CPTP was developed by Archetti et al. (2013). It implements a bi-
directional dynamic programming and decremental space relaxation. Jepsen et al. (2014)
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present a Branch-and-Cut algorithm based on a formulation for the undirected CPTP.
Valid inequalities are implemented and a new family of inequalities for the CPTP is
introduced.

In the literature, one type of problems addressed as Selective Vehicle Routing Problem
(SVRP) exists. It is not considered in most of the reviews of orienteering problems, even
if it can be defined as a TOP variation that incorporates additional capacity and time
window constraints. In fact, there is not a clear discussion of the differences between the
SVRP and the CPTP. Aras et al. (2011) introduce the Selective multi-depot vehicle rout-
ing problem with pricing. They present two mixed-integer linear programming (MILP)
models for this problem and a Tabu Search based heuristic method to solve medium
and large-sized instances. The selective vehicle routing problem in a collaborative en-
vironment is proposed by Defryn et al. (2016). The problem describes a collaborative
environment in which several companies form a coalition with the aim of serving the
customers of all partners in one single logistic operation. A multi-start variable neigh-
borhood search is used to solve the problem and results are used to evaluate the effect of
the cost allocation method used by the coalition.

VRP with hours of service regulations

In practice, countries around the world adopt strict Hours of Service Regulations (HOS)
which aim to increase road safety and improve working conditions. These regulations
impose maximum limits on the amount of driving and working within certain time periods
and minimum requirements for the number and duration of breaks and rest periods that
must be taken by drivers. The vehicle routing and truck driver scheduling problem
(VRTDSP) is a CVRP variant where each driver can comply with applicable HOS while
transportation cost is minimized.

Goel (2009), Kok et al. (2010), and Prescott-Gagnon et al. (2010) present heuristic
approaches for the VRTDSP applying EU regulations, while Rancourt et al. (2013) applies
U.S. regulations. Later, Goel and Vidal (2013) presents a hybrid genetic search with an
advanced diversity control algorithm for the VRTDSP. Tests for various sets of regulations
in the United States, Canada, the European Union, and Australia are conducted to
provide an international assessment of the impact of different rules on transportation
costs and accident risks. Recently, Goel and Irnich (2016) introduce a branch-and-price
algorithm for the VRTDSP.

Green vehicle routing

The green vehicle routing aims to minimize the harmful effects of transportation on the
environment. In the literature different approaches are considered. Literature reviews
on the green vehicle routing field can be found on Lin et al. (2014), Eglese and Bektaş
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(2014), and Bektaş et al. (2016).
Several authors have oriented their research to measure and minimize total fuel con-

sumption (Apaydin and Gonullu (2008), Kuo (2010), and Tavares et al. (2008)). Some
other authors as Fagerholt et al. (2010), Maden et al. (2010), and Sbihi and Eglese (2010)
focus their research to reduce CO2 emissions taking into account travel times, vehicle
speeds, and traffic conditions in cities. In addition, Bauer et al. (2010) and Palmer
(2007) consider intermodal transport, minimizing total gas emissions. Likewise, Bektaş
and Laporte (2011) introduce the pollution routing problem where the objective function
integrates cost of carbon emissions with operational costs of drivers and fuel consump-
tion. Ehmke et al. (2016) study the problem of minimizing the expected emissions for the
vehicle routing in urban areas, modeling the problem as a time-dependent vehicle routing
problem and proposing a method to precompute the customer-to-customer expected time-
dependent emissions paths. Alinaghian and Naderipour (2016) present a time-dependent
vehicle routing problem to minimize fuel consumption, considering, among other factors,
the road gradient, the vehicle load, and the urban congestion. Qian and Eglese (2016)
implement a column generation based tabu search algorithm for solving this problem. On
the other hand, Koç and Karaoglan (2016) study the green VRP (G-VRP) which consists
of optimizing routing decisions for a fleet of vehicles by minimizing the total travelled
distance, respecting the fuel tank capacity of the vehicle and allowing the vehicle to
replenish its fuel tank if required.

Another way to tackle the environmental impact generated by transportation, is to
use alternative fuel-powered vehicles. In many cases the use of an alternative fuel will
not affect the structure of the associated VRP. However, in some cases, alternative fuel
vehicles (AFVs) have limited range or limited locations for alternative fuel stations.

As stated in Chapter 1, EV are one of the alternatives to ICV. Because usage of EVs
in routing problems is the main topic of this thesis, a detailed literature review in this
field is presented in Subsection 2.2.

2.2 Vehicle routing problems with electric vehicles

A review of routing problems with alternative fuel vehicles (AFVs) is presented. In
addition, among the AFVs options, electric vehicles (EVs) are getting important attention
in recent years. Due to the increasing interest on this topic, surveys of transportation
with EVs are proposed by Afroditi et al. (2014), Juan et al. (2016), and Pelletier et al.
(2016); a survey on the electric vehicle routing problem is presented by Erdelić and Carić
(2019); and Schiffer et al. (2019) review vehicle routing and location routing problems
with intermediate stops. The authors include routing problems with EVs and AFVs in the
subsection for problems with intermediate stops for refueling in sparse refueling networks.

In this section we first briefly review the papers on vehicle routing with AFVs. Second,

21



2.2. VEHICLE ROUTING PROBLEMS WITH ELECTRIC VEHICLES

we refer to vehicle routing with EVS and its variants.

2.2.1 Routing with alternative fuel vehicles

Conrad and Figliozzi (2011) extend the CVRP-TW by including vehicles with limited
range. The vehicles are allowed to recharge at customer locations to extend the driving
range. Two objective functions are proposed: the minimization of the number of routes,
and the minimization of total cost related to the travel distance, service time and vehicle
recharging. Two recharging policies are proposed: full charge and partial charge equival-
ent to 80% of a full battery. As solution method the authors propose a heuristic based
on an iterative construction and improvement algorithm for the CVRP-TW.

Soon afterward, one of the first papers where recharging points were modeled as
dedicated points is in the Green Vehicle Routing Problem (G-VRP) studied by Erdoğan
and Miller-Hooks (2012). These points have to be visited to extend vehicle’s driving range.
As mentioned before, in the G-VRP, the fleet is composed of AFVs and the objective is
to minimize the total distance. The authors use full refueling policy. They introduce two
constructive heuristics, the Modified Clarke andWright Savings heuristic and the Density-
Based Clustering Algorithm. Other works address the green VRP: Felipe et al. (2014) who
present several heuristics which are used within a non deterministic Simulated Annealing
framework; Montoya et al. (2016) design a competitive two-phase heuristic for G-VRP; a
new formulation and some valid inequalities are presented by Koç and Karaoglan (2016),
together with a heuristic solution based on simulated annealing; Leggieri and Haouari
(2017) propose a practical solution approach for the G-VRP that uses a mixed-integer
linear formulation and a reduction procedure; Andelmin and Bartolini (2017) introduce
an exact method which includes column generation procedure and valid inequalities;
Madankumar and Rajendran (2018) present two MILP models for solving the G-VRP
with pickups and deliveries; a two-phase path-based solution approach is proposed in
Bruglieri et al. (2019) for solving the G-VRP.

2.2.2 Routing with electric vehicles

To the best of our knowledge, the first reference to the electric vehicle routing problems
can be found in Schneider et al. (2014). The authors introduce the E-VRPTW. It is
devoted to managing EVs, visits to recharging stations (RS) and customer time windows.
They propose a hierarchical objective function which aims to minimize the number of
vehicles and the total traveled distance. The recharging time is introduced as a linear
function and full charge is mandatory. The energy consumption is proportional to the
distance travelled. They present a hybrid heuristic that combines a tabu search heuristic
with a variable neighborhood search algorithm. Furthermore, the test instances based on
Solomon (1987) are developed. Later, Schneider et al. (2015) come up with the vehicle
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routing problem with intermediate stops (VRPIS), which is a general framework of a
set of VRP’s. In their paper the E-VRPTW and the G-VRP are presented as special
cases of the VRPIS. They develop an adaptive variable neighborhood search and perform
computational tests on EVRP and G-VRP instances.

Goeke and Schneider (2015) present the Electric Vehicle Routing Problem with Time
Windows and Mixed Fleet (E-VRPTWMF), an extension of the model presented by
Schneider et al. (2014). In this case, the fleet is composed of EVs and ICVs. To study
the influence of different objective functions on the solution, they set three different
objectives: i) traveled distance, ii) vehicle propulsion and labor cost, and iii) vehicle
propulsion, labor and battery replacement cost. At each recharging stop, EVs are always
fully charged, and charging time is proportional to the amount of energy required for
the entire operation. In contrast, the energy consumption model for each type of vehicle
is not linear. It combines speed, gradient and load cargo of each vehicle. As solution
method, they develop an adaptive large neighborhood search algorithm. However, partial
recharging policies are not allowed and strategies to take advantage of the intra-route
charging time are not discussed. Lin et al. (2016) propose a mathematical model for an
electric vehicle routing problem (EVRP) where time windows are dropped. In addition,
this variant considers the vehicle effect on battery consumption. A case study in Austin,
TX, is solved. The work of Zhang et al. (2018) adds a comprehensive calculation of
energy consumption that is affected by factors such as vehicle load, speed, and travelling
distance. An Ant Colony (AC) algorithm is designed to solve this EVRP variant. Xiao
et al. (2019) also consider the energy consumption as a function of the speed and load.
A MILP model is developed for this E-VRPTW variant. The EV’s speed was treated
as a continuous decision variable. Small-size instances are solved to optimality by a
commercial solver.

Bruglieri et al. (2015) propose a MILP formulation for the E-VRPTW assuming that
the battery recharging level reached at each station is a decision variable. The authors
design a VNS Branching (VNSB) for solving small-size instances. Keskin and Çatay
(2016) also relax the full charge policy and present the E-VRPTW with partial recharges
(E-VRPTWPR). An Adaptive Large Neighborhood Search (ALNS) algorithm is applied
to solve it efficiently. The results show that partial recharging policies may consider-
ably improve the routing decisions. Roberti and Wen (2016) address the special case of
E-VRPTWPR when just one vehicle is available. In other words, they introduce the elec-
tric traveling salesman problem with time windows. As solution method a three-phase
heuristic algorithm based on VNS and dynamic programming is used to solve two sets of
new instances. Desaulniers et al. (2016) come up with an exact algorithm to solve four
variants of the E-VRPTW. The variants are the result of combining single recharge or
multiple recharges per route and partial recharges or full recharges policies. They present
a branch-and-price-and-cut algorithms which use monodirectional and bidirectional la-
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beling algorithms for generating feasible routes. After, Bruglieri et al. (2017) present a
three-phase matheuristic combining an exact method with a variable neighborhood search
and local branching for the E-VRPTWPR. They hierarchically minimize the number of
EVs used and the total route duration of the EVs. Numerical results are presented for a
set of small instances. Keskin and Çatay (2018) investigate the benefits of fast rechar-
ging by modeling the E-VRPTWPR with three recharging configurations. A matheuristic
approach which couples the ALNS approach with an exact method is developed.

Heterogeneous fleet

Several studies analyze the heterogeneous fleet case. The heterogeneous fleet can be
composed of EVs with different characteristics. Likewise, the fleet can include different
type of vehicles or mixed fleet, i.e. EVs and ICVs. Sassi et al. (2014) consider a mixed fleet
of vehicles composed of a heterogeneous fleet of EVs (with different battery capacities
and operating costs), and ICVs. RS offers different charging technologies and partial
recharging is allowed. A hierarchical objective function is used. It minimizes the number
of employed vehicles, then the total travel and charging cost. A constructive heuristic
named Charging Routing Heuristic, and an improvement heuristic based on the Inject-
Eject routine are used. Later, Sassi et al. (2015) propose a multi-Start iterated tabu
search (ITS) based on large neighborhood search (LNS) to solve the mix fleet vehicle
routing problem with heterogeneous EVs. Hiermann et al. (2016) include a fleet size
problem with heterogeneous fleet in their extension of the E-VRPTW. The vehicle types
differ in transport capacity, battery size and acquisition cost. In this case, the objective
function is to minimize the sum of the costs associated with the distance travelled and the
acquisition cost of the vehicles. However, partial recharges are not covered. A branch-and-
price and an ALNS are proposed. In Kopfer and Vornhusen (2017) fleets with vehicles
of different capacities and different types of powering are opposed to each other. A
mathematical formulation is proposed and they analyze the effect of using EVs instead of
ICVs on the feasibility and quality of transportation plans. A variant of the mixed fleet
E-VRPTW that take into account drivers’ skills, shifts, and lunch breaks is addressed on
Villegas et al. (2018). This variant is called the technician routing and scheduling problem
with conventional and electric vehicles (TRSP-CEV). A two-phase parallel matheuristic
is designed to solve the problem. In the first phase feasible routes are created using a
GRASP, while in the second phase a set covering problem is solved to obtain the best route
configuration. Hiermann et al. (2019) introduce an E-VRP combining conventional, plug-
in hybrid, and electric vehicles. They use a metaheuristic approach based on a genetic
algorithm hybridized with an integer programming. They prove the competitiveness
of their algorithm solving E-VRPTW and E-VRPTWPR instances and some new best
known solutions are provided. Macrina et al. (2019) propose an iterative local search
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heuristic to solve a G-VRP with time windows and mixed vehicle fleet composed of EVs
and ICVs. Partial recharge policy is used and a limitation on the polluting emissions for
the ICVs is established as a constraint.

Non-linear charging time

An extension of the E-VRP which considers nonlinear charging time is defined by Mon-
toya et al. (2017) (E-VRP-NL). In this paper, they discuss the pertinence of including
the nonlinear behavior of the recharging time and the partial charging policies in the
routing decisions. Their variant minimizes the total travel distance and charging time,
including the impact of charging operations. To solve the model, they develop a hybrid
metaheuristic combining an iterated local search and a heuristic concentration (ILS-HC).
Froger et al. (2019) present different formulations for this variant. Froger et al. (2017)
add capacities on recharging stations, inducing that only a limited number of EVs can
be simultaneously charged at each recharging station. The authors present a two-stage
matheuristic to tackle the problem. Kullman et al. (2018) take into account uncertain
demand at public RSs. The authors assume that the demand at public charging stations
follows a realistic queuing process. Static and dynamic routing policies are construc-
ted employing a Benders-based branch-and-cut algorithm. The authors show that their
policies outperform the strategy in which vehicle recharging generally occurs at a central
private depot. Keskin et al. (2019) also assume that the RSs have a limited capacity and
the newly arriving vehicles may have to queue before being recharged. In this paper, the
EVRPTW considering time-dependent queuing times at the stations is modeled. Late
arrivals at customer locations and at the depot are allowed but penalized. A matheuristic
combining an ALNS and solution of a mixed integer linear program is used to perform ex-
perimental studies to investigate the impact of queuing at the recharging stations on the
routing decisions. Koç et al. (2019) introduce the electric vehicle routing problem with
shared charging stations (E-VRP-SCS). It extends the E-VRP-NL by considering several
companies that jointly invest in RSs. The problem consists of deciding the location and
technology of the RSs and building the routes for each company. A multi-start heuristic
that performs an ALNS coupled with the solution of mixed integer linear programs is
developed to solve the problem.

Battery swapping

All the previous related works, including our proposed problems, it is assumed that the
EV batteries are charged in a conductive way. So, it means that the vehicle is plugged
into an electric power source and it must wait until the battery is sufficiently charged.
However, there is another research field which works with battery swapping as a charging
system. Yang and Sun (2015) presents an electric vehicle battery swap station location
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routing problem (BSS-EV-LRP). The problem includes location decisions of the battery
swapping stations from a set of candidate places. Later, Hof et al. (2017) uses an Adaptive
Variable Neighborhood Search algorithm to solve the BSS-EV-LRP. They improve the
results presented by Yang and Sun (2015). Verma (2018) presents a variant of the E-
VRPTW allowing the available stations to serve both as RSs and Battery Swapping
Stations (BSSs). The solution method comprises a local search technique combined with
a GA and improvement heuristics.

Another problem working with BSS is the Dial-a-Ride Problem with Electric Vehicles
and battery swapping stations (DARP-EV) presented by Masmoudi et al. (2018). It
consists of designing vehicle routes and schedules to serve a set of pre-specified transport
requests during a certain planning horizon using EVs. A variant of DARP is presented by
Bongiovanni et al. (2019). They introduce the electric Autonomous Dial-a-Ride Problem
which considers the use of electric autonomous vehicles (e-ADARP). Even though in
this variant EVs are charged in a conductive way, autonomous vehicles can operate on
a non-stop schedule. Thus, the service is not limited by the driver’s shift and charging
times do not represent a driver idle time. Zhang et al. (2019) present the BSS-EV-LRP
with stochastic demands (BSS-EV-LRPSD) with the aim to find a cost-efficient scheme
including an optimal number and the location of BSS with an optimal priori routing plan
based on stochastic customer demands. A hybrid VNS (HVNS) algorithm is proposed.
It integrates the binary particle swarm optimization and VNS to solve the location and
routing problems interactively.

The use of battery swapping stations significantly reduces the recharging time, and it
is considered as an option for reducing the idle time of the conductive recharge. However,
battery swapping requires vehicles using automated battery stations and it presents tech-
nical barriers that complicate its implementation. Some technical barriers include huge
infrastructure costs for the swapping stations, space and cost associated with large stock
of batteries, standardization of vehicle batteries, and the risk of battery damage due to
excessive swapping (Pelletier et al., 2016).

Recharging station location decisions

Some recent papers deal with both the location of the stations and the routing. Li-ying
and Yuan-bin (2015) present a multiple charging station location-routing problem with
time windows and EVs. In this variant decisions on RS include both infrastructure-type
selection and station location. Instances are adapted from the pollution-routing prob-
lem (PRP) instances. A hybrid heuristic which combines an adaptive VNS with a TS
algorithm is developed to address the problem. Schiffer and Walther (2017b) also ex-
tend the E-VRPTWPR by including siting charging stations, named the electric location
routing problem with time windows and partial recharging (ELRP-TWPR). They use
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alternative objective functions including minimizing distance, minimizing the number of
vehicles, the number of charging stations sited, and minimizing total cost as well. A
mathematical model is presented and a set of small instances is solved using commercial
solvers. Later, Schiffer and Walther (2017a) propose the Location Routing Problem with
Intraroute Facilities which is a generalization of the ELRP-TWPR. Large instances of
the ELRP-TWPR are solved by using an ALNS which is enhanced by local search and
dynamic programming components. The variant addressed by Paz et al. (2018) not only
includes station location, but also multi-depot location. In this variant the following
decisions are made: number and location of the RSs, number and location of depots,
and number of vehicles with their respective routes. In addition, both types of techno-
logies are considered charge of the battery by direct supply of the energy net, and the
use of BSSs. Three versions of the problem are presented: i) Locating only conventional
RSs; ii) Locating only BSS; and iii) Locating conventional RSs and BSSs. A Mixed
Integer Linear Program (MILP) is formulated for each variant, and small-size instances
are solved to optimality using a commercial solver. Schiffer and Walther (2018) consider
uncertain customer patterns with respect to the spatial customer distribution, demand,
and service time windows. The authors present a robust location-routing approach for
strategic network design of electric logistics fleets. A parallelized ALNS is presented, and
new benchmark instances with different degrees of uncertainty are derived to evaluate
the performance of the solution method. Recently, a problem focused on reducing the
inefficiency of RS in an LRP context can be found in Schiffer et al. (2018). In the prob-
lem, it is considered that at the intermediate stops either energy or freight or both can
be replenished. As solution method they apply an ALNS. New instances are proposed
and the performance of the ALNS is tested by solving instances of the ELRP-TWPR.

Other variants

One variant of a routing with profits problem with electric vehicles is introduced by Wang
et al. (2018). This study extends the orienteering problem with time windows and it is
used to solve the problem of the EV tourist trip design with time windows for a case
study in Taiwan. They adopt problem reduction techniques to develop a heuristic-based
approach for solving the case study.

A periodic extension of the E-VRP (PEVRP) is introduced by Kouider et al. (2018).
The objective of the PEVRP is to minimize the total cost of routing and charging over
the time horizon. Two constructive heuristics are presented. One based on cluster-first
route-second heuristic, and another one based on best insertion strategy.

Some studies consider EVs within the context of the two-echelon VRP. Breunig et al.
(2019) introduce the electric two-echelon vehicle routing problem (E2EVRP). This variant
seeks least-cost delivery routes from the depot to the satellites with conventional vehicles

27



2.3. CONCLUSION

(first-level), and from the satellites to the customers using an electric fleet (second-level).
A large neighborhood search (LNS) metaheuristic and an exact mathematical program-
ming algorithm are proposed to solve E2EVRP instances which simulate realistic metro-
politan areas scenarios The exact mathematical algorithm uses a decomposition technique
to enumerate promising first-level solutions along with bounding functions and route
enumeration for the second level, using problem-tailored pricing algorithms. A 2EVRP
extension with EVs is also presented by Jie et al. (2019): two-echelon capacitated electric
vehicle routing problem with battery swapping stations (2E-EVRP-BSS). In this variant
heterogeneous EVs are used in both echelons. In addition, the authors propose an integer
programming formulation and a hybrid algorithm that combines a column generation and
an ALNS (CG-ALNS) to solve the problem.

2.3 Conclusion

In this chapter a brief review on vehicle routing problems, some VRP variants, and
solution methods is presented. According to the number of literature reviews and the
increasing number of publications, it can be identified the relevance of the transportation
problems in the operations research community.

Likewise, routing problems with AFVs and EVs are also reviewed. Since the first
papers addressing AFV at the beginning of the 10s. In less than 10 years, the number of
contributions on G-VRP and E-VRP increases rapidly. In this order, a huge variety of
variants are addressed in the literature. The main goal of these contributions is to provide
tools and strategies to practitioners, to take decisions considering the characteristics
associated with the use of EVs.

In most of the papers presented in this chapter, when vehicles are recharged in a con-
ductive way, recharging times are considered idle time. Also, hours of service regulations
are not included.

In the following, Chapter 3 focuses on solving the E-VRPTW variant where recharging
times can be used to serve customers. Chapters 4 and 5 focus on solving an E-VRP variant
which combines routing with profits, location decision, and lunch breaks as one of the
common hours of service regulations (HOS) around the world. Finally, a multi-period
version of this variant is presented on Chapter 6.
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Chapter 3

Hybrid iterated local search for the
electric vehicle routing problem with
time windows and satellite customers

3.1 Introduction

As shown in the literature review (see Chapter 2), in vehicle routing problems with electric
vehicles the intra-route charging time is often considered as a downtime. It is because
charging times could be so long that they affect the total operational time in comparison
with the ICVs routing. Thus, the intention of this chapter is to propose a novel variant of
the e-VRP which aims to take advantage of the intra-route charging time. In this variant,
it is allowed customer visits by an alternative means of transport while the EV is at a RS.
In other words, for each visit to a RS, it is possible to visit one customer while the vehicle
is in the charging process. These customers are called satellite customers (see Figure
3.1). For simplicity, in this document we call the alternative mode as by walking but it
could represent any type of alternative vehicle (bikes, drones, segways, etc.). In addition,
partial recharges, time windows, vehicle capacity, battery capacity and customer demand
are considered.

In general, RSs are managed as parking lots because of the long recharging times.
Thus, the operational cost of visiting a RS is given by the amount of energy recharged
but also by the time a parking lot is occupied. There are even car parks with RS where the
charging fee is according to time. In the proposed problem, the parking time can be longer
than the recharging time because of satellite customers. With respect to recharge, it is
assumed that the state of charge (SoC) linearly increases in accordance with a recharge
rate and the time spent at RS. Therefore, the objective function is the minimization of
the total time spent at the RSs. This objective implies the reduction of the total distance
given that recharging time depends on energy requirement and that, in return, depends
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Figure 3.1 – Example E-VRPTWsc.

on the distance travelled. Additionally, it is considered that going by an alternative
mode is commonly slower than going with the EV. So, this objective function avoids
undesirable scenarios (for practitioners) where, because of reducing total distance, walking
time increases and the route duration is affected.

To sum up, the proposed variant allows the intra-route charging time to become an
advantage and to reduce the total distance performed by the EVs. This variant is more
pertinent for small-package shipping or no capacity service industries in a city logistics
context. The variant is called the Electric Vehicle Routing Problem with Time Windows
and Satellite Customers (E-VRPTWsc).

The chapter is structured as follows: in Section 3.2, the Electric Vehicle Routing Prob-
lem with Time Windows and Satellite Customers (E-VRPTWsc) and the corresponding
mathematical model are presented. A Hybrid-ILS meta-heuristic is proposed as a solu-
tion method and is described in Section 3.3. The test instances proposed by Schneider
et al. (2014) are adapted and computational results are shown in Section 3.4. Also, a
comparison with the best known solutions (BKS) of the E-VRPTW with Partial Rechar-
ging (E-VRPTWPR) and the benefit of developing this variant is highlighted. Finally,
the conclusions of the paper and an overview of future research is given in Section 3.5.

3.2 Problem statement

The Electric Vehicle Routing Problem with Time Windows and Satellite Customers (E-
VRPTWsc) is defined on a complete directed graph G = (V ′, A) with a set of vertices

46



CHAPTER 3. HYBRID ILS FOR THE E-VRPTWSC

V ′ = {V ∪ F ′ ∪ {0, N + 1}} and a set of arcs given by A = {(i, j)|i, j ∈ V ′, i 6= j}. Let
V = {1, ..., N} be the set of customers, F = {0, ...,M} be the set of recharging stations
and F ′ be the set including dummy vertices that represent the multiple visits to vertices
on F . Vertices 0 and N +1 denote the depot as departing and arriving node respectively.
There is a fixed fleet size of P homogeneous EVs with a cargo load capacity of Q and
a battery capacity B. Each customer i has an associated demand qi, a service time si
and a hard time window [ei, li]. Energy consumption of an EV traveling through an arc
(i, j) ∈ A is determined by the arc distance dij and the consumption rate γ.

The E-VRPTWsc seeks to find at most P routes departing from the depot visiting all
customers and coming back to the depot. The routes include the stops at the RS and the
customers visited by walking when needed. For each RS visit, at most one customer can
be visited by walking. The objective function aims to minimize the total time spent at the
RS. This time is composed of: the time to set up the fleet at the beginning of the day and
the time spent at RSs during the operation. First, it is assumed that EVs are discharged
at the beginning of the day. Thus, setup time depends on the initial SoC required for
each vehicle to perform the route and the inverse recharging rate r. The positive variable
ICi establishes the initial SoC that is required by the vehicle that departs from the depot
and arrives at node i ∈ V ′.

Second, the time spent at the RSi during the intraroute charging is represented by
the positive variable TRTi, and it depends on the recharging time and the walking time.
The recharging time t′i is assumed linear and it depends both on the inverse recharging
rate r and the difference between the required energy and SoC on arrival at i ∈ F ′. The
walking time t′′ij is computed when node j ∈ V is assigned as satellite customer departing
from RS i ∈ F ′. In this situation, t′′ij takes into account the walking speed ratio α, sj and
[ej, lj]. Finally, TRTi is computed as max{t′i,

∑
j∈V t

′′
ij} for each node i ∈ F ′.

Thus, the problem can be formulated as a mixed-integer linear program (MILP).
For every arc (i, j) ∈ A the boolean decision variable xij is equal to 1 if arc (i, j) is
traversed, 0 otherwise. Moreover, for the set of arcs {(i, j)|i ∈ F ′, j ∈ V } the boolean
decision variable zij is defined. It is equal to 1 if the customer j is visited by walking
from recharging station i, 0 otherwise. Variable ui defines the remaining cargo, τi defines
the arrival time and yi defines the SoC on arrival at vertex i ∈ V ′. Variable wi is the
amount of energy recharged at recharging station i ∈ F ′. Finally, the recharging time t′i
is computed as rwi. The walking time t′′ij is computed as τj + sj + αtji − τi. Table 3.1
summarizes sets, variables, and parameters of the model.
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Table 3.1 – Variable and parameter definitions of the E-VRPTWsc model.

Sets
V Set of customer vertices
F ′ Set of dummy vertices that represents the visits to RS on F
V ′ Set of nodes, recharging visits and depot nodes V ′ = {V ∪ F ′ ∪ {0, N + 1}}
0, N + 1 Depot nodes
Parameters
P Number of electric vehicles
Q Load capacity
B Battery capacity
qi Demand of customer i
si Service time of customer i
ei Earliest start of service at node i
li Latest start of service at node i
dij Distance between vertices i and j
tij Travel time between vertices i and j
γ Consumption rate
r Inverse recharging rate
α Walking speed ratio
Decision Variables
t′i Recharging time spend at RSi
t′′ij Walking time at RSi caused by visiting customer j by walking
ICi Initial SoC that is required by the vehicle that departs from the depot and

arrives at node i
TRTi Time spent at the RSi during the intraroute charging
τi Arrival time at node i
ui Remaining cargo on arrival at node i
wi Amount of energy recharged at RSi
xij Boolean variable indicating if arc (i, j) is traversed
yi SoC on arrival at node i
zij Boolean variable indicating if the customer j is visited by walking from RSi

Using this notation, the E-VRPTWsc can be formulated as the following integer pro-
gram:

min
∑
i∈V ′

rICi +
∑
i∈F ′

TRTi (3.1)

Subject to: ∑
j∈V ′,i 6=j

xij +
∑
j∈F ′

zji = 1 ∀i ∈ V (3.2)

∑
j∈V ′,i 6=j

xij ≤ 1 ∀i ∈ F ′ (3.3)

∑
j∈V ′,i 6=j

xij −
∑

j∈V ′,i 6=j
xji = 0 ∀i ∈ V ′ (3.4)

∑
i∈V ′

x0i ≤ P (3.5)

ui − qixij +Q(1− xij) ≥ uj ∀i ∈ V ′,∀j ∈ V ′, i 6= j (3.6)

ui − (qkzik) +Q(2− xij − zik) ≥ uj ∀i ∈ F ′,∀j ∈ V ′,∀k ∈ V, i 6= j, j 6= k (3.7)
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ui ≤ Q ∀i ∈ V ′ (3.8)

rwi ≤ TRTi ∀i ∈ F ′ (3.9)

τj + (sj + αtji)zij − lN+1(1− zij)− τi ≤ TRTi ∀i ∈ F ′,∀j ∈ V (3.10)

yj + cd0j −B(1− x0j) ≤ ICj ∀j ∈ V ′ (3.11)

τi + (si + tij)xij − lN+1(1− xij) ≤ τj ∀i ∈ V ′,∀j ∈ V ′, i 6= j (3.12)

τi + αtijzij − lN+1(1− zij) ≤ τj ∀i ∈ F ′,∀j ∈ V (3.13)

τi + rwi + tijxij − (lN+1 + rB)(1− xij) ≤ τj ∀i ∈ F ′,∀j ∈ V ′, i 6= j (3.14)

τk + (αtik + sk)zik + tijxij − (lN+1 + rB)(2− xij − zik) ≤ τj ∀i ∈ F ′,

∀j ∈ V ′,∀k ∈ V, i 6= j, j 6= k
(3.15)

ei ≤ τi ≤ li ∀i ∈ V ′ (3.16)

yi − γdijxij +B(1− xij) ≥ yj ∀i ∈ V, ∀j ∈ V ′, i 6= j (3.17)

yi + wi − γdijxij +B(1− xij) ≥ yj ∀i ∈ F ′,∀j ∈ V ′, i 6= j (3.18)

0 ≤ yi ≤ B ∀i ∈ V ′ (3.19)

0 ≤ yi + wi ≤ B ∀i ∈ F ′ (3.20)∑
i∈V

zji ≤ 1 ∀i ∈ F ′ (3.21)

∑
i∈V ′,i 6=j

xij ≥
∑
i∈V

zji ∀j ∈ F ′ (3.22)

xij ∈ {0, 1} ∀i, j ∈ V ′, i 6= j (3.23)

zij ∈ {0, 1} ∀i ∈ F ′, j ∈ V (3.24)

ui, τi, ICi, yi ≥ 0 ∀i ∈ V ′ (3.25)

TRTi, wi ≥ 0 ∀i ∈ F ′ (3.26)

The objective function (3.1) minimizes the total recharging time at the depot and
at the recharging stations. Constraints (3.2) state that all customers have to be visited
once while recharging stations and dummy vertices cannot be visited more than once,
constraints (3.3). Flow conservation constraints (3.4) guarantee for each vertex that the
number of incoming arcs is equal to the number of outgoing arcs. Fleet size is considered
by constraints (3.5). Load flow and fulfillment of demand are represented by constraints
(3.6) for all the vertices and by constraints (3.7) for those vertices visited after visiting a
recharging station, where demand of a customer visited by walking affects the remaining
load. Vehicle capacity is restricted by constraints (3.8). Total time spent at recharging
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stations is governed by t′i represented by constraints (3.9), and by t′′ij defined by constraints
(3.10). The SoC required for each route at the depot is represented in constraints (3.11).
For the arrival times at each vertex three situations have to be considered: constraints
(3.12) link arrival time for a vertex j on a vehicle route, constraints (3.13) link arrival
time for a customer j visited by walking while constraints (3.14) and (3.15) link arrival
time for a vertex j visited after a recharging station i. Time windows are respected by
constraints (3.16).

Battery level at a vertex following a customer visit is set by constraints (3.17) while
constraints (3.18) set battery level at vertex after a recharging station visit. Battery
capacity is guaranteed by constraints (3.19) and (3.20). Constraints (3.21) establish the
maximum number of satellite customers that could be attended from each visit at a
recharging station. The relation between variables x and z is represented in constraints
(3.22). Finally, (3.23)-(3.26) are the definition domain of the variables.

3.3 Solution method

The E-VRPTWsc is an extension of the VRP and belongs to NP-hard problems. The
goal is to solve large instances in reasonable times, and it is well known that the use
of metaheuristics is an efficient way to handle these type of problems. Accordingly, our
solution method is based on an Iterated Local Search (ILS) metaheuristic framework.

ILS is an effective method for several vehicle routing problems. As Lourenço et al.
(2003) detail, it generates a sequence of local optima by alternating local search and per-
turbation. To enhance this basic framework, our ILS is hybridized with a Variable Search
Descending algorithm (VND) as local search component and with a set partitioning model
as post-optimization phase. VND is a variant of the variable neighborhood search meta-
heuristic systematically changing the neighborhood each time no improvement is found
by the current local search (Mladenović and Hansen, 1997). The set partitioning com-
ponent uses an MILP to select a subset of routes (columns in the set partitioning model)
among a set of feasible routes, in such a way that each customer is visited once. In
the proposed algorithm, these feasible routes are generated and stored during the ILS
phase. Adding a set partitioning component to an ILS structure has been used to solve
other VRP variants demonstrating good performance: Subramanian et al. (2012) for the
Heterogeneous Fleet Vehicle Routing Problem, Villegas et al. (2013) for the truck and
trailer routing problem and Morais et al. (2014) for the Vehicle Routing Problem with
Cross-Docking.

Algorithm 1 presents the pseudo-code of the Hybrid ILS proposed. First, an initial
solution S̃ is generated using a randomized parallel insertion heuristic, as described in
Subsection 3.3.3. In this step, time window and battery limit violations are allowed. To
manage infeasible solutions, the objective function is penalized (see Subsection 3.3.1).
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Algorithm 1 Hybrid ILS
1: procedure Hybrid_ILS(MaxILSIter,NbNoImp)
2: S̃ ← 0;
3: best_cost←∞;
4: i← 0, j ← 0;
5: Ω ← ∅;
6: S̃ ← RandomizedParallelInsertion();
7: while i ≤ MaxILSIter and j ≤ NbNoImp do
8: S ← Perturbation (S̃);
9: S ← VND (S);
10: Ω ← Ω ∪ S;
11: i← i+ 1, j ← j + 1;
12: if f(S) ≤ best_cost then
13: S̃ ← S;
14: best_cost← f(S);
15: j ← 0;
16: end if
17: end while
18: S̃ ← SetPartitioning(Ω);
19: return (S̃);
20: end procedure

Second, the perturbation component consists of removing a set of η customers and re-
inserting them at new positions. It is explained in detail in Subsection 3.3.4. Third,
the local search is carried out by the VND component detailed in Subsection 3.3.5. In
short, the VND is composed of classical operators adapted to manage RSs and satellite
customers (see Subsection 3.3.2). Once the perturbation and the VND procedures are
applied, a solution S is obtained. S is composed of a set of routes which are added to Ω,
the set of “best” routes. The ILS component (perturbation + local search) is executed
until MaxILSIter iterations or NbNoImp iterations without improvement are reached.
Finally, the set partitioning model is executed using Ω as the set of columns. This is
explained in Subsection 3.3.6.

3.3.1 Generalized cost function

Since the problem is highly constrained (time windows, fleet size, battery and capacity),
allowing the solution search to visit infeasible regions may be promising to facilitate the
exploration, and this option is exploited in our approach.

To handle infeasible routes, the objective function of a solution S considers the total
time spent at RSs, time window penalty, and battery penalty. This strategy is successfully
implemented by Schiffer and Walther (2017) for the location-routing problem with intra-
route facilities. They test their method with various problems, including the electric
location-routing problem with time windows and partial recharges. Their generalized
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cost function and penalty functions are taken and adapted, to be able to handle the
satellite customers. For the Hybrid ILS, the generalized cost function is defined as:

fgen(S) = f(S) + λ(TW (S) +BT (S)) (3.27)

Where f(S) denotes the original objective function (Eq. 3.1). TW (S) represents time
window violations and BT (S) battery violations. Those are scaled by the penalty factor
λ. The magnitude of λ allows the local search to stay for shorter or longer periods in
the unfeasible region. Thus, a large λ guides the search directly to feasible regions, while
with a small λ to reach a feasible solution could take longer. This penalty approach is
proven to be efficient (see, e.g., Goeke and Schneider (2015) for the E-VRPTW, Vidal
et al. (2013) for a large class of vehicle routing problems with time windows, and Nagata
et al. (2010) for the vehicle routing problem with time windows).

Since a solution S is defined by a set of P routes (S = {π1, π2, ..., πP}), the total
time spent at RSs f(S), the total time window penalty TW (S) and total battery penalty
BT (S) are calculated by summing total time at RSs per route or route penalties for the
routes of solution S, as follows:

f(S) =
P∑
j=1

f(πj) (3.28)

TW (S) =
P∑
j=1

TW (πj) (3.29)

BT (S) =
P∑
j=1

BT (πj) (3.30)

3.3.2 Move evaluation

Evaluating moves implies: computing the change in the objective function f(S), verifying
vehicle capacity feasibility, and computing time window and battery penalties (TW (S)

and BT (S)). It is well known that the vehicle capacity can be checked in O(1). As it
is explained by Goeke and Schneider (2015), feasibility in battery capacity can also be
verified in O(1) if energy consumption is independent of cargo load. Likewise, Schiffer
and Walther (2017) shows that time window and battery penalties could be computed
in O(1) for the EVRP-TWPR when a node is inserted between two partial routes. But
if route segments with two or more nodes are inserted between two partial routes, the
penalties have to be extended for the route segment first.

In the proposed variant, walking time affects the time spent at RSs. It means that
route’s minimum duration depends on travel time, recharging time, walking times and
time windows. The complexity of handling the time variation affects the evaluation of the
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objective function and the penalties. As mentioned above, in the proposed method time
window and battery penalties evaluations are adapted from those proposed by Schiffer and
Walther (2017). To evaluate time window and battery penalties they propose a corridor-
based penalty approach. The time traveling concept (Time Warp) is used and it allows
to compute violations without overpenalizing route segments (cf. Nagata et al. (2010)
and Vidal et al. (2013)). This methodology permits inter-route moves to be evaluated in
constant time, while for intra-route moves it requires updating information on the route
segment affected by the movement. The latter can be achieved by having an efficient
move evaluation. Therefore, forward functions, backward functions, and concatenation
operators are needed and they are presented below.

Forward functions

For evaluating the proposed functions all resource dependencies are modeled in time units.
The notation used by Schiffer and Walther (2017) is preserved and extended to the new
variables. Thus, time needed to recharge the energy consumed on an arc (i, j) is denoted
as hij = r ∗ dij, and time needed to recharge the full battery capacity is represented by
H = r ∗ B. The variables required to estimate the objective function, the time window
penalty and the battery penalty are presented in Table 3.2.

Table 3.2 – Forward functions variables

acosti Cumulated recharging time at leaving vertex i.
arwi Cumulated extra recharging time due to walking at leaving vertex i.
amin
i Earliest allowed arrival time at a vertex i.
amax
i Arrival time at vertex i if as much energy as possible was recharged at preceding

RS.
aslij Slack between vertex i and vertex j due to time windows when traveling from

i to j.
arti Inverse residual battery capacity at vertex i.
aaddij Additional energy that has to be charged at the preceding RS to travel arc

(i, j).
ãmin
i ∧ ãmax

i If a time window or battery violation occurs amin
i and amax

i are shifted to ãmin
i

and ãmax
i . It prevents repeated penalization.

In E-VRP problems with partial recharges, the RSs usually do not have short time
windows (even any time window) or fixed service time. However, in the proposed model if
an RS has assigned a customer i ∈ V to be visited by walking, it is necessary to consider
customer time window and service time. For this reason, for each RS visit j ∈ F ′ a
service time (walking time) s′j, an earliest arrival time e′j, and a latest arrival time l′j are
computed before each local search iteration. This is done using the following equations
(3.31) - (3.33).

s′j =

αtji + si + αtij if customer i ∈ V is visited by walking

0 otherwise
(3.31)
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e′j =

max{ei − αtji, ej} if customer i ∈ V is visited by walking

ej otherwise
(3.32)

l′j =

min{li − αtji, li} if customer i ∈ V is visited by walking

li otherwise
(3.33)

In the following, the equations to extend each variable ax with x ∈ {rw, cost,min, sl,
max, rt, add} from vertex i to vertex j are presented. A brief description of how variables
move forward on a route from vertex i to vertex j is given, and the main differences from
the original functions is explained.

To compute the objective function, two new variables are added. First, arwi keeps
track of the cumulated extra recharging time spent at previous RSs due to walking at
leaving vertex i. So, if arwi > 0, it means that the EV spent more time at the RS because
of walking activity than the time required to recharge the energy consumed up to node
i. It is obtained by adding the walking time s′j when a RS j is visited, and subtracting
the energy consumed on the arc (i, j).

arwj =

min{s′j + max{arwi − hij, 0}, H} if j ∈ F ′

max{arwi − hij, 0} otherwise
(3.34)

Second, acosti indicates the cumulated time spent at RSs when leaving vertex i. It
increases when visiting a customer by walking or because of the energy consumed on the
arc (i, j) when arwi = 0 (when no extra energy is recharged in previous RSs).

acostj =

acosti + max{hij − arwi , 0}+ s′j if j ∈ F ′

acosti + max{hij − arwi , 0} otherwise
(3.35)

The earliest arrival time aminj for vertex j and the slack aslij are adapted. aslij results
from adding the driving time tij and service time si to ãminj . The value also considers
the earliest allowed arrival time ej and the additional amount of recharge time needed to
reach node j if necessary aaddj (3.36). aslij considers the slack generated by shifting ãminj

to ej. Note that in the proposed version, those variables include e′i and s′i for the cases
when an extension is done from a RS where a customer is visited by walking (3.37).

aminj =

max{ej,max{e′i, ãmini }+ s′i + tij}+ aaddij if i ∈ F ′

max{ej, ãmini + si + tij}+ aaddij otherwise
(3.36)

aslij =

max{ej − (max{e′i, ãmini }+ s′i + tij), 0} if i ∈ F ′

max{ej − (ãmini + s′i + tij), 0} otherwise
(3.37)
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The latest arrival time if as much energy as possible was recharged at preceding RSs
amaxj is computed by adding tij from vertex i to vertex j. If a RS is located at vertex
i, the maximum possible refueling time at i (ãrti ) is considered. If a satellite customer
is visited from RS at vertex i, walking time s′i is considered as refueling time implicitly
(3.38). Following the definitions

[
aminj , amaxj

]
determines the time corridor that defines

all possible arrival times at node j. It depends on the additional amount of energy that
might be recharged at a preceding RS.

When a customer j is reached after a RS visit i, the inverse residual battery capacity
artj is reduced by considering the slack times and walking times s′i, because those are
considered to be used for recharging the EV (3.39). For other vertices, the maximum
refueling limit amaxj −aminj is considered as well. Likewise, aaddij the additional energy that
has to be charged at the preceding RS to travel arc (i, j) takes into account slack times
and walking times. It is denoted by (3.40).

As done before, variables amaxj , artj , and aaddij differ from the original ones by including
e′i and s′i for the cases when an extension is done from a RS where a satellite customer is
visited. However, because of the changes on variable aminj , a new slack must be considered.
It is defined by the expression max{e′i − ãmini , 0}. Following the strategy observed with
the walking time s′i and aslij, this new slack time is considered as a recharging time.

amaxj =


max{ej,max{e′i, ãmini }

+ max{arti − s′i −max{e′i − ãmini , 0}, 0}+ s′i + tij} if i ∈ F ′

max{ej, ãmaxi + si + tij, 0} otherwise

(3.38)

artj =

min{H,max{arti − s′i − aslij −max{e′i − ãmini , 0}, 0}+ hij} if i ∈ F ′

min{H,max{arti −min{aslij, ãmaxi − ãmini }, 0}+ hij} otherwise
(3.39)

aaddij =


max{max{arti − s′i − aslij −max{e′i − ãmini , 0}, 0}+

hij −H, 0} if i ∈ F ′

max{max{arti −min{aslij, ãmaxi − ãmini }, 0}+ hij −H, 0} otherwise

(3.40)

When evaluating the penalties four cases can occur:

• No penalty: If (amini ≤ amaxi ) ∧ (amini ≤ li).

• Time window penalty: (amini ≤ amaxi ) ∧ (amini > li).

• Battery penalty: (amini > amaxi ) ∧ (amini ≤ li).
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• Time window and battery penalty: (amini > amaxi ) ∧ (amini > li)

Time window penalties and battery penalties can be calculated following the original
functions. Likewise, the shifts between amini and amaxi to ãmini and ãmini remain the same.
The only thing to keep in mind is when i ∈ F ′ or v ∈ F ′ (when a RS is visited) li and lv
must be replaced with l′i and l′v respectively in equations (3.41)-(3.44).

−−→
TW (πi) =

∑
v∈πi

max{min{amaxv , aminv } − lv, 0} (3.41)

−→
BT (πi) =

∑
v∈πi

max{aminv − amaxv , 0} (3.42)

ãmini = min{amini , amaxi , li} (3.43)

ãmaxi = min{li,min{amini , amaxi , li}+ max{amaxi − amini , 0}} (3.44)

Initial values of these variables to estimate forward functions on a route are acost0 =arw0
=amin0 =amax0 =ãmin0 =ãmax0 =art0 =0.

With these adjusted functions, the corridor based-approach presented by Schiffer
and Walther (2017) is able to address the forward functions including partial and time-
dependent charges, and satellite customers.

Backward functions

The backward functions are adapted as well, following the same strategy used for the
forward functions. The original notation is preserved, so backward functions are referred
to as bx with x ∈ {rw, cost,min, sl,max, rt, add} and as b̃maxi and b̃mini as well. The new
functions and the adapted functions to evaluate a route backward along arc (i, j) from
vertex j to vertex i are stated below:

brwi =

min{H,max{brwj − s′j, 0}+ hij} if j ∈ F ′

min{H, brwj + hij} otherwise
(3.45)

bcosti =

bcostj + hij + max{0, s′j − brwj } if j ∈ F ′

bcostj + hij otherwise
(3.46)

bmini =

min{li,min{l′j, b̃minj } − si − tij} − baddij if j ∈ F ′

min{li, b̃minj − si − tij} − baddij otherwise
(3.47)
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bslij =

max{0,min{l′j, b̃mini } − si − tij − li} if j ∈ F ′

max{0, b̃mini − si − tij − li} otherwise
(3.48)

bmaxi =


min{li,min{l′j, b̃minj }−

max{brtj − s′j −max{b̃minj − l′j, 0}, 0} − si − tij} if j ∈ F ′

min{li, b̃maxi − si − tij} otherwise

(3.49)

brti =

min{H,max{brtj − s′j − bslij −max{b̃minj − l′j, 0}, 0}+ hij} if j ∈ F ′

min{H,max{brtj −min{bslij, b̃minj − b̃maxj }, 0}+ hij} otherwise
(3.50)

baddij =

max{0,max{brtj − s′j − bslij −max{b̃minj − l′j, 0}, 0}+ hij −H} if j ∈ F ′

max{0,max{brtj −min{bslij, b̃minj − b̃maxj }, 0}+ hij −H} otherwise
(3.51)

For the following functions (3.52 - 3.55) if i ∈ F ′, ei must be replaced with e′i.

b̃mini = max{bmini , bmaxi , ei} (3.52)

b̃maxi = max{ei,max{bmini , bmaxi , ei} −max{bmini − bmaxi }} (3.53)

←−−
TW (πi) =

∑
v∈πi

max{ev −max{bmaxv , bminv }, 0} (3.54)

←−
BT (πi) =

∑
v∈πi

max{bmaxv − bminv , 0} (3.55)

Initial values of these variables to estimate forward functions on a route are bcostN+1=
brwN+1=brtN+1=0 and bminN+1=bmaxN+1=b̃minN+1=b̃maxN+1=Tmax.

Concatenation operators

The formulae for time-efficient route concatenation are also adjusted and presented below.
A new formula to estimate the objective function is presented as well.

For a route πe = 〈0, ..., x, v, y, ..., n + 1〉, which is constructed by inserting vertex 〈v〉
between two partial routes π1 = 〈0, ...x〉 and π2 = 〈y, ..., n+ 1〉, the objective function of
route πe is computed using Equation (3.56). In that case it is necessary to compute the
forward and backward functions for node v.
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f(πe) = acostv + bcostv −min{arwv , brwv } (3.56)

The time window penalty for route πe is calculated in constant time using Equation
(3.57). It sums the penalty of each partial path. Additional penalties are added if the
time window [ev, lv] or the overall route duration is violated. Note that in the case where
v ∈ F ′, ev and lv must be replaced with e′v and l′v.

TW (πe) =
−−→
TW (π1) +

←−−
TW (π2) + max{0, aminv − lv −max{0, aminv − amaxv }}+

max{0,max{ev,min{aminv , amaxv , lv}} − bminv −max{0, bmaxv − bminv }} (3.57)

The battery penalty for route πe is calculated in constant time using Equation (3.58).
It includes the penalty of each partial path. Additional penalties are added if the new
route contains a route segment where the energy required exceeds the battery capacity.
If an RS is located at vertex v, additional recharging time or additional walking time
is included. However, additional time window penalties due to time at RS are already
included in Equation (3.57) and ignored within (3.58) and (3.59) to avoid overpenal-
ization. Because of the changes on the variables, the expressions max{0, e′v − (aminv −
max{0, aminv − amaxv })} and max{0,max{0, bmaxv − bminv } − l′v}, which represent new slack
times (for v ∈ F ′), are included as recharging times.

BT (πe) =
−→
BT (π1) +

←−
BT (π2) + max{0, aminv − amaxv }+ max{0, bmaxv − bminv }+C (3.58)

C =



max{0,max{0, artv −max{0, e′v − (aminv −max{0, aminv − amaxv })}}

+ max{0, brtv − s′v −max{0, bminv + max{0, bmaxv − bminv } − l′v}} −H−

min{max{0, artv −max{0, e′v − aminv + max{0, aminv − amaxv }}},

max{0,min{l′v,max{bmaxv , bminv }} −max{e′v,min{aminv , amaxv }}}}} if v ∈ F ′

max{0, artv + brtv −H −min{H,max{0, bminv − bmaxv }+

max{0, amaxv − aminv },max{0,min{lv,max{bminv , bmaxv }}−

min{aminv , amaxv }}}} otherwise
(3.59)

For a route πe = 〈0, ..., x, y, ..., n+1〉, constructed by concatenating two partial routes
π1 = 〈0, ...x〉 and π2 = 〈y, ..., n+ 1〉, the objective function of route πe is computed using
Equation (3.56). In that case it is necessary to compute the forward functions for node
y. Following the strategy applied above, the time window penalty can be determined by
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(3.60), while the battery penalty is determined with (3.61) and (3.62).

TW (πe) =
−−→
TW (π1) +

←−−
TW (π2) + max{0, aminy − ly −max{0, aminy − amaxy }}+

max{0,max{ey,min{aminy , amaxy , ly}} − b̃miny } (3.60)

BT (πe) =
−→
BT (π1) +

←−
BT (π2) + max{0, aminy − amaxy }+D (3.61)

D =



max{0,max{0, arty −max{0, e′y − (aminy −max{0, aminy − amaxy })}}

+ max{0, brty − s′v − (bminv − l′v)} −H−

min{max{0, artv −max{0, e′v − aminv + max{0, aminv − amaxv }}},

max{0,min{l′v, bminv } −max{e′v,min{aminv , amaxv }}}}} if v ∈ F ′

max{0, artv + brtv −H −min{H,max{0, bminv − bmaxv }+

max{0, amaxv − aminv },max{0,min{lv,max{bminv , bmaxv }}−

min{aminv , amaxv }}}} otherwise

(3.62)

With these expressions, the objective function, the time window penalties, and the
energy violations can be derived in constant time for every inter-route neighborhood
structure considered in this document. It must be remembered that for the intra-route
movements the evaluation is done in linear time.

3.3.3 Initial solution

The procedure to build the initial solution of the Hybrid ILS is described in Algorithm
2. It starts by generating an initial solution using a greedy randomized parallel insertion
heuristic. First, P routes are opened. Second, the set of customers is sorted in decreasing
order based on their latest arrival time li. Then, a random customer from the first φ
customers is selected. Using the generalized cost function as criteria (see Subsection
3.3.1), the node is inserted following a best insertion strategy. During the procedure
the vehicle capacity constraint is always respected. This procedure is repeated until all
customers are assigned to a route. Afterwards, some battery and time window infeasible
routes can remain. Finally, the local search is applied (see Subsection 3.3.5) to repair the
initial solution. Note that, at the end, the initial solution may still contain some time
window and battery limit violations which will be managed through the penalties during
the ILS phase.
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Algorithm 2 Initial solution
1: C Set of customers;
2: nc : number of customers;
3: procedure RandomizedParallelInsertion(φ)
4: S ← BuildEmptyRoutes(P );
5: C ← SortCustomers(C); . Sort customer set by decreasing latest arrival time li
6: for i = 0 to nc do
7: j ← SelectRandomCustomerFromTop(φ);
8: S ← CustomerBestInsertion(j,S);
9: C ← RemoveCustomer(j);
10: end for
11: S ← VND (S);
12: return (S);
13: end procedure

3.3.4 Perturbation

The perturbation consists of removing η random customers, then grouping them into
a set of removed nodes. Later, one node is selected randomly and it is inserted in an
arbitrary position. The new position must be different from the original location, and
the capacity constraint must be guaranteed. It is done one by one for all the removed
customers. If a customer cannot be inserted in any route because of capacity constraint,
the process is restarted.

3.3.5 Variable Neighborhood Descent - VND

The VND is implemented as local search strategy following a best improvement strategy.
It is composed of a neighborhood set based on classic operators (Relocate, Swap and
2-OPT*). Additionally, operators Insert RS and Remove RS for inserting and remov-
ing visits to recharging stations are included. These operators are used successfully by
Schneider et al. (2014) and Goeke and Schneider (2015) showing high performance. The
operators included are described below.

• Relocate: Removes one node from its current route and reinserts it elsewhere.

• Swap: Exchanges two non consecutive nodes.

• 2-OPT*: Removes two edges from two different routes and reconnects them by
two new edges.

• InsertRS: Inserts a visit to a RS. There are two types of insertion. First a simple
visit to a recharging station is evaluated. Second, an insertion where a customer
visit is replaced by a RS visit, and the customer is assigned to be visited by walking.
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• Remove RS: Removes a visit to a RS. If the RS has assigned a customer to be
visited by walking, the evaluation considers that the customer is inserted in the
position where the RS was.

Relocate and Swap are applied for intra- and inter-route moves, 2-OPT* is designated
for inter-route moves. Swap is determined to handle only customers. Relocate handle
customers and for intra-route moves it deals with RSs. And as it is described above,
2-OPT* is only applied for inter-route moves.

Additionally, new specific operators for assigning or removing customers serviced by
walking are included. These operators still rely on the Relocate and Swap strategies.

• BecomeSatellite: Assign a customer to be visited by walking from an already
visited RS.

• BecomeByVeh: Insert a customer that was assigned to be visited by walking into
a the vehicle route.

• SwapVehSat: Exchange between a customer that is visited by walking and a
customer that is visited in the vehicle route.

The above-mentioned movements are applied for intra- and inter-route changes. In
the VND, first the inter-routes moves are evaluated, because they are where evaluations
are performed in constant time. Those are followed by InsertRS and the intra-route
versions of the moves. At the end RemoveRS looks for ways to clean unneeded RS stops
from the solution.

3.3.6 Set partitioning component

The set partitioning model is solved once ILS finishes. Let Ω be the set of routes stored
during the ILS phase. Let ρk be the cost of the route rk ∈ Ω and ξik = 1 if route rk visits
node i and 0 otherwise. Thus, the E-VRPTWsc can be described by the following set
partitioning model:

min
∑
rk∈Ω

ρkθk (3.63)

∑
rk∈Ω

θk ≤ P (3.64)

∑
rk∈Ω

ξikθk = 1 ∀i ∈ V (3.65)

θk ∈ {0, 1} ∀rk ∈ Ω (3.66)
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The binary decision variable θk is equal to 1 if route rk is selected in the solution, and
equal to 0 if not. Constraint (3.64) limits the number of vehicles that are used. Finally,
constraints (3.65) guarantee that customers must be served once.

3.4 Computational experiments

A set of instances for E-VRPTWsc can be obtained from the e-VRPTW instances because
the e-VRPTW is a special case of the E-VRPTWsc where no customer is assigned to be
visited by walking and full recharges are performed.

The set of instances proposed by Schneider et al. (2014) for the e-VRPTW are created
based on the benchmark instances proposed by Solomon (1987) for the VRPTW. The
instances are classified into three groups: clustered customer distribution (c), random
customer distribution (r) and a mixture between random/clustered customer distribution
(rc).

Since the proposed variant includes an alternative transportation mode, it is meant to
be suitable in a city logistics framework. Thus, the c instances are interesting to analyze
because they represent geographical scenarios where distances, times and speed allow us
to take advantage of the recharging times. A brief analysis is provided in Section 3.4.4
and Section 3.4.5.

For large-size instances, three sets of instances are created by fixing α parameter to
1.5, 2 and 4. It represents scenarios with three different types of walking speeds, in other
words, three types of alternative modes. For small size instances parameter α is fixed at
2. NB α = 2 means that the time of traveling through an arc by walking takes twice the
time that is required by the EV to perform the same distance. The number of vehicles is
established using the values of the updated BKS for the e-VRPTWPR. To the best of our
knowledge, these BKS are found in the results presented by Keskin and Çatay (2016),
Schiffer and Walther (2017) and Hiermann et al. (2019).

Section 3.4.1 presents the parameter tuning. The influence of the initial solution
quality is analyzed in Section 3.4.2. Results for the large size e-VRPTWPR (no walking
allowed) are shown in Section 3.4.3 to prove the competitiveness of the Hybrid-ILS.
In Section 3.4.4 and 3.4.5 results for small and large size E-VRPTWsc instances are
presented. A comparison with the BKS of the e-VRPTWPR is also presented, to evaluate
the pertinence of the variant.

The hybrid-ILS is implemented in C++. The method is executed on a machine with
an Intel Core i5-5300U processor with 2.30GHz speed and 8 GB RAM.
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3.4.1 Parameter setting

The hybrid-ILS proposed has four parameters to be tuned: φ, η, λ, andMaxILSIter (see
Section 3.3). The influence of modifying φ, η and λ parameters is evaluated by running a
subset of 14 instances five times with different parameter combinations. The size of the
subset of candidate customers to be inserted φ is used to build the initial solution, and it
is expressed as a percentage of the total number of customers. η represents the number of
customers to be relocated in the perturbation, and it is expressed as a percentage of the
total number of customers. Penalties are scaled by λ. Since the penalties are expressed
in time units, λ is fixed as a percentage of the Tmax (time horizon). The different
combinations of η and λ parameters tested are presented in Table 3.3. Also presented
are average objective function GAP percentage of the best of 5 (∆fbest), and average
objective function GAP percentage of the average of 5 (∆f). In the test MaxILSIter is
fixed at 5000 iterations and φ in 0.05|V |. Average computational time t is presented in
minutes. Average number of iterations required to reach the best solution of each run is
presented as κ and average time to reach the best solution of each run is noted by tbest.
GAPs are measured with respect to the best solution found for each instance during the
entire test.

Table 3.3 – Results using different parameter settings for η and λ on a subset of the
E-VRPTWsc instances.

η
5% 10% 15% 20%

λ

1%

∆fbest 0.88 0.47 0.39 0.23
∆f 2.14 1.15 1.04 1.03
t 1.37 2.58 4.02 5.72
κ 2 718.51 2 080.13 1 906.77 1 818.64
tbest 0.73 1.05 1.49 2.01

5%

∆fbest 1.04 1.00 0.70 0.40
∆f 1.98 1.57 1.24 0.97
t 1.41 2.76 4.32 6.28
κ 2 581.59 2 035.97 2 065.53 2 005.47
tbest 0.72 1.09 1.76 2.51

10%

∆fbest 1.02 0.49 0.52 0.36
∆f 2.11 1.46 1.19 1.17
t 1.41 2.83 4.41 6.20
κ 2 607.16 2 225.10 2 027.43 2 083.30
tbest 0.73 1.24 1.82 2.62

50%

∆fbest 0.90 0.84 0.52 0.48
∆f 2.00 1.64 1.19 1.26
t 1.43 2.86 4.44 6.29
κ 2 589.77 2 336.87 2 312.53 2 022.66
tbest 0.74 1.34 2.05 3.22

100%

∆fbest 0.82 0.82 0.47 0.61
∆f 2.20 1.64 1.17 1.20
t 1.42 2.84 4.47 6.31
κ 2 531.67 2 155.43 2 010.71 2 311.43
tbest 0.72 1.22 1.83 2.96

The results show that smaller GAPs can be obtained by setting λ between 1% and
5%, and fixing η between 15% and 20%. Because the quality of the solutions is not very
different, and based on the execution time parameter, the configuration λ = 0.01Tmax

and η = max{2, 0.15|V |} is selected. η parameter is presented in this way because in
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small instances with 5 customers, 15% of total customers represents just one customer
and the perturbation is not large enough. Once these parameters are fixed, the influence
of the number of iterations MaxILSIter is analyzed by plotting the behavior of the ILS
component on 5 runs of the algorithm for four different instances.
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Figure 3.2 – (Color online) Behavior of ILS component on four e-VRPTWsc instances

Figure 3.2 shows the results of the test. Based on that information, the parameter
MaxILSIter is set at 4000 iterations and NbNoImp at 2500 iterations without improve-
ment.

3.4.2 Initial solution impact

The influence of the initial solution is analyzed in two ways. First, the influence of the
randomness on the construction of the initial solution is tested versus a purely greedy
construction. Table 3.4 shows the different φ values tested, and ∆fbest and ∆f values
introduced above. TWmin show the average of the smallest penalty value found in the
initial solution of the 5 runs. TWmin the average penalty value in the initial solution.
Second, by looking at Figure 3.2 it is possible to see how the algorithm performs by using
initial solutions with different qualities. The graphs do not show a clear link between the
quality of the initial solution and the quality of the final solution.

According to the results, φ parameter is fixed on 0, 05|V |. This is because, on average,
configurations with small φ values produce initial solutions with fewer penalties and to
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reach better solutions. Likewise, results show that having a randomness in the initial
solution allow us to reach better solutions.

Table 3.4 – Results using different parameter settings for φ on a subset of the E-VRPTWsc
instances.

φ
Greedy 5% 15% 50% 100%

TWmin 16.90 2.89 2.61 4.01 5.18
TWmin 16.90 19.93 20.12 23.92 28.85
∆fbest 0.79 0.08 0.40 0.48 0.34

∆f 1.29 0.89 1.06 1.16 0.97

3.4.3 Results for the EVRP-TWPR

To validate the performance of the proposed Hybrid ILS approach, this method is used to
solve EVRP-TWPR instances. Thus, in the VND component every evaluation involving
nodes visited by walking is dropped.

The best solutions, obtained after executing the Hybrid ILS 10 times for each in-
stance, are reported in Table 3.5. Those results are compared with the best known
solutions (BKS) found by state-of-the-art algorithms: the ALNS proposed in Keskin and
Çatay (2016) (KÇ), the ALNS presented in Schiffer and Walther (2017) (S&W) and the
hybrid genetic algorithm presented in Hiermann et al. (2019) (HGA). As none of the
methods finds the BKS for all the instances, an individual comparison with each method
is presented as well. The results shown in the table for other authors also correspond to
the best solution found after 10 runs.

The results in Table 3.5 show that our algorithm is able to reach solutions for the
e-VRPTWPR with an average gap of −0.34% with regard to BKS. Moreover, it is able to
improve the best known solution in 25 instances. Comparing our method with the ALNS
presented by Keskin and Çatay (2016) the average gap is −0.99%. Likewise, comparing
our method with the results obtained by Schiffer and Walther (2017) the average gap
is 0.13%. Finally, the average gap of our method versus the hybrid genetic algorithm,
presented in Hiermann et al. (2019), is −1.58%.

It is difficult to perform an exact comparison with respect to computational time
because of the clear difference between the characteristics of the workstations used by
the other authors (see footnotes Table 3.5). Also note that upper bounds on the number
of vehicles are required in our solution method and the numbers of vehicles reported in
the BKS were used. Keskin and Çatay (2016) algorithm report an average run time of
16.77 min solving the full set of large instances. Schiffer and Walther (2017) ALNS show
an average time of 4.31 minutes. HGA from Hiermann et al. (2019) reports an average
computational time of 9.96 minutes. Finally, the average time of our Hybrid-ILS is 2.56

minutes. We can see that Hybrid-ILS has high performance compared to the state of
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Table 3.5 – Results for the large-size EVRP-TWPR instances

BKS KÇ1 S&W2 HGA3 Hybrid ILS4

Inst. m ϕa
D m ϕb

D m ϕc
D m ϕd

D m ϕd
D ∆a

D ∆b
D ∆c

D ∆d
D t

c101 12 1043.38 12 1043.38 12 1043.38 12 1044.51 12 1043.38 0.00 0.00 0.00 -0.11 1.12
c102 11 1029.44 11 1032.49 11 1029.44 11 1033.80 11 1017.70 -1.14 -1.43 -1.14 -1.56 1.46
c103 10 971.86 10 973.39 10 971.86 10 1 001.13 10 971.19 -0.07 -0.23 -0.07 -2.99 2.08
c104 10 884.38 10 886.72 10 884.38 10 893.04 10 884.38 0.00 -0.26 0.00 -0.97 1.72
c105 11 1037.78 11 1037.78 11 1048.06 11 1052.95 11 1015.79 -2.12 -2.12 -3.08 -3.53 1.25
c106 11 1010.56 11 1024.18 11 1010.56 11 1043.50 11 1009.33 -0.12 -1.45 -0.12 -3.27 1.42
c107 10 1058.11 10 1058.11 11 1010.91 11 1013.76 10 1046.50 -1.10 -1.10 - - 1.85
c108 10 1031.85 10 1033.5 10 1031.85 11 1000.56 10 1022.48 -0.91 -1.07 -0.91 - 1.99
c109 10 940.38 10 946.84 10 940.38 10 946.84 10 940.38 0.00 -0.68 0.00 -0.68 2.28
c201 4 629.95 4 629.95 4 629.95 4 658.11 4 629.95 0.00 0.00 0.00 -4.28 1.11
c202 4 629.95 4 629.95 4 629.95 4 645.39 4 629.95 0.00 0.00 0.00 -2.39 1.47
c203 4 629.95 4 629.95 4 629.95 4 643.45 4 629.95 0.00 0.00 0.00 -2.10 1.91
c204 4 628.91 4 629.95 4 628.91 4 636.43 4 628.91 0.00 -0.16 0.00 -1.18 2.29
c205 4 629.95 4 629.95 4 629.95 4 638.17 4 629.95 0.00 0.00 0.00 -1.29 1.41
c206 4 629.95 4 629.95 4 629.95 4 635.38 4 629.95 0.00 0.00 0.00 -0.86 1.65
c207 4 629.95 4 629.95 4 629.95 4 632.80 4 629.95 0.00 0.00 0.00 -0.45 1.73
c208 4 629.95 4 629.95 4 629.95 4 638.17 4 629.95 0.00 0.00 0.00 -1.29 1.71
r101 18 1615.50 18 1636.69 18 1615.50 18 1630.14 18 1606.98 -0.53 -1.82 -0.53 -1.42 2.49
r102 15 1521.33 16 1461.38 16 1429.80 15 1521.33 15 1461.23 -3.95 - - -3.95 2.68
r103 13 1244.15 13 1262.75 13 1244.15 13 1264.81 13 1212.37 -2.55 -3.99 -2.55 -4.15 2.81
r104 11 1056.87 11 1078.99 11 1056.87 11 1089.92 11 1051.41 -0.52 -2.56 -0.52 -3.53 3.09
r105 14 1347.80 15 1373.94 14 1347.80 14 1396.80 14 1362.31 1.08 - 1.08 -2.47 2.77
r106 13 1268.25 13 1310.46 13 1268.25 13 1281.09 13 1256.19 -0.95 -4.14 -0.95 -1.94 2.76
r107 12 1110.95 12 1118.91 12 1110.95 12 1127.71 12 1108.47 -0.22 -0.93 -0.22 -1.71 2.56
r108 11 1020.52 11 1031.14 11 1020.52 11 1042.80 11 1020.52 0.00 -1.03 0.00 -2.14 3.01
r109 12 1186.99 13 1193.76 12 1186.99 12 1265.82 12 1185.77 -0.10 - -0.10 -6.32 3.24
r110 11 1070.99 11 1090.92 11 1070.99 11 1095.00 11 1071.92 0.09 -1.74 0.09 -2.11 3.18
r111 11 1147.23 12 1084.13 12 1072.21 11 1147.23 11 1072.46 -6.52 - - -6.52 3.25
r112 11 1001.79 11 1017.31 11 1001.79 11 1013.95 11 1001.79 0.00 -1.53 0.00 -1.20 3.22
r201 3 1255.81 3 1262.1 3 1255.81 3 1261.64 3 1255.81 0.00 -0.50 0.00 -0.46 3.04
r202 3 1051.46 3 1052.32 3 1051.48 3 1051.46 3 1051.46 0.00 -0.08 0.00 0.00 2.23
r203 3 895.54 3 895.54 3 895.96 3 900.60 3 895.54 0.00 0.00 -0.05 -0.56 2.73
r204 2 783.53 3 720.15 3 779.49 2 783.53 2 780.91 -0.33 - - -0.33 4.44
r205 3 987.36 3 987.36 3 988.55 3 987.36 3 987.22 -0.01 -0.01 -0.13 -0.01 2.56
r206 3 922.70 3 922.70 3 922.83 3 924.48 3 922.70 0.00 0.00 -0.01 -0.19 2.62
r207 2 843.20 2 846.59 2 843.20 2 846.53 2 857.07 1.65 1.24 1.65 1.24 3.61
r208 2 736.12 2 736.12 2 736.12 2 736.64 2 738.84 0.37 0.37 0.37 0.30 3.38
r209 3 863.36 3 868.95 3 863.36 3 867.80 3 870.68 0.85 0.20 0.85 0.33 2.49
r210 3 843.36 3 843.36 3 846.33 3 845.27 3 846.62 0.39 0.39 0.03 0.16 2.34
r211 2 827.29 2 862.56 2 827.29 2 857.10 2 826.88 -0.05 -4.14 -0.05 -3.53 3.79
rc101 15 1648.99 15 1743.9 15 1648.99 15 1725.73 15 1661.53 0.76 -4.72 0.76 -3.72 2.62
rc102 14 1510.16 14 1555.5 14 1510.16 14 1540.26 14 1510.16 0.00 -2.91 0.00 -1.95 2.58
rc103 12 1388.72 13 1329.58 13 1304.35 12 1388.72 12 1346.83 -3.02 - - -3.02 2.62
rc104 11 1175.06 11 1202.93 11 1175.06 11 1181.26 11 1175.83 0.07 -2.25 0.07 -0.46 2.70
rc105 14 1450.82 14 1458.49 14 1450.82 14 1463.49 14 1446.30 -0.31 -0.84 -0.31 -1.17 2.55
rc106 13 1385.96 13 1417.4 13 1385.96 13 1397.55 13 1383.14 -0.20 -2.42 -0.20 -1.03 2.68
rc107 12 1250.30 12 1261.03 12 1250.30 12 1255.03 12 1244.83 -0.44 -1.28 -0.44 -0.81 2.63
rc108 11 1154.14 11 1184.06 11 1154.14 11 1165.60 11 1159.90 0.50 -2.04 0.50 -0.49 2.48
rc201 4 1445.17 4 1446.84 4 1445.17 4 1446.03 4 1443.07 -0.15 -0.26 -0.15 -0.20 2.34
rc202 3 1408.08 3 1416.96 3 1408.08 3 1434.18 3 1403.32 -0.34 -0.96 -0.34 -2.15 3.27
rc203 3 1060.32 3 1069.27 3 1060.32 3 1061.12 3 1068.28 0.75 -0.09 0.75 0.68 3.04
rc204 3 884.75 3 886.23 3 884.75 3 887.10 3 884.97 0.02 -0.14 0.02 -0.24 2.94
rc205 3 1259.69 3 1262.22 3 1259.69 3 1289.08 3 1249.56 -0.80 -1.00 -0.80 -3.07 4.13
rc206 3 1189.11 3 1206.09 3 1189.11 3 1200.74 3 1187.40 -0.14 -1.55 -0.14 -1.11 3.22
rc207 3 985.67 3 993.26 3 997.04 3 985.67 3 996.63 1.11 0.34 -0.04 1.11 3.36
rc208 3 833.12 3 839.71 3 833.12 3 836.93 3 833.12 0.00 -0.78 0.00 -0.45 3.17

Average -0.34 -0.99 -0.13 -1.58 2.56
BKS denotes the best known solution. For each solution method, the number of vehicles m, the total distance ϕD

and the percentage gap ∆D of the best solution obtained in 10 runs of our algorithm are presented. For our solution
method average run-times are presented in column t (in minutes).
1 Intel Xeon E5 processor with 3.30 GHz speed and 32 GB RAM.
2 Intel Core i7 processor with 3.60 GHz speed and 16 GB RAM.
3 Intel Xeon 2643 processor with 3.30 GHz speed and 4 GB RAM.
4 Intel Core i5-5300U processor with 2.30 GHz speed and 8 GB RAM.
− Solution uses different number of vehicles.
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the art methods and it is considerably faster with a computer that seems to have less
computational power.

3.4.4 Results on the small E-VRPTWsc instances

In this subsection the benefit of visiting customers by walking is analyzed, by comparing
the results of the EVRP-TWPR with the results of E-VRPTWsc. EVRP-TWPR best
known solutions are taken from the literature, and results for E-VRPTWsc are obtained
by executing the hybrid ILS 10 times. The results on small-size instances are shown in
Table 3.6.

Table 3.6 – Results for the Small Instances for the E-VRPTWsc

EVRP-TWPR EVRP-TWsc
Inst. m ϕD ϕR m st ϕD ∆D ϕR ∆R t

C101-5 2 257.75 894.39 2 2 165.73 -35.70 575.07 -35.70 0.36
C103-5 1 175.37 608.53 1 2 100.00 -42.98 354.45 -41.75 0.48
C206-5 1 242.56 841.68 1 2 145.10 -40.18 503.48 -40.18 0.71
C208-5 1 158.48 549.93 1 2 117.97 -25.56 456.66 -16.96 0.60
R104-5 2 136.69 66.98 2 0 136.69 0.00 66.98 0.00 0.22
R105-5 2 156.08 76.48 2 0 156.08 0.00 76.48 0.00 0.19
R202-5 1 128.78 63.10 1 1 126.40 -1.85 61.94 -1.85 0.55
R203-5 1 179.06 87.74 1 0 179.06 0.00 87.74 0.00 0.76
RC105-5 2 233.77 91.17 2 0 233.77 0.00 91.17 0.00 0.44
RC108-5 2 253.93 99.03 2 0 253.93 0.00 99.03 0.00 0.35
RC204-5 1 176.39 68.79 1 0 176.39 0.00 68.79 0.00 0.80
RC208-5 1 167.98 65.51 1 0 167.98 0.00 65.51 0.00 0.52
C101-10 3 388.25 1347.23 3 4 250.30 -35.53 1000.77 -25.72 0.95
C104-10 2 273.93 950.54 2 3 188.10 -31.33 681.20 -28.34 0.94
C202-10 1 304.06 1055.09 1 3 185.15 -39.11 684.76 -35.10 2.53
C205-10 2 228.28 792.13 2 3 183.22 -19.74 662.91 -16.31 0.67
R102-10 3 249.19 122.10 3 1 248.84 -0.14 121.93 -0.14 0.77
R103-10 2 206.12 101.00 2 1 205.18 -0.46 100.54 -0.46 0.89
R201-10 1 241.51 118.34 1 1 234.76 -2.79 115.33 -2.55 3.13
R203-10 1 218.21 106.92 1 1 214.75 -1.59 105.23 -1.59 2.92
RC102-10 4 423.51 165.17 4 0 423.51 0.00 165.17 0.00 0.43
RC108-10 3 345.93 134.91 3 0 345.93 0.00 134.91 0.00 0.58
RC201-10 1 412.86 161.02 1 1 410.28 -0.63 160.01 -0.63 2.83
RC205-10 2 325.98 127.13 2 1 323.67 -0.71 126.23 -0.71 0.61
C103-15 3 348.46 1209.16 3 5 273.99 -21.37 950.75 -21.37 2.09
C106-15 3 275.13 954.70 3 4 229.37 -16.63 795.91 -16.63 1.09
C202-15 2 383.62 1331.16 2 5 273.69 -28.66 949.69 -28.66 2.07
C208-15 2 300.55 1042.91 2 3 225.05 -25.12 826.82 -20.72 1.81
R102-15 5 412.78 202.26 5 1 410.19 -0.63 201.75 -0.25 1.28
R105-15 4 336.15 164.71 3 1 331.60 -1.35 162.49 -1.35 1.40
R202-15 2 358.00 175.42 2 1 355.23 -0.77 174.06 -0.77 2.20
R209-15 1 313.24 153.49 1 1 312.47 -0.25 153.40 -0.06 9.87
RC103-15 4 397.67 155.09 4 0 397.67 0.00 155.09 0.00 1.69
RC108-15 3 370.25 144.40 3 0 370.25 0.00 144.40 0.00 1.19
RC202-15 2 394.39 153.81 2 4 383.70 -2.71 149.64 -2.71 1.68
RC204-15 1 403.38 157.32 1 2 371.87 -7.81 145.93 -7.24 14.93
Average -10.66 -9.66 1.79
The number of vehicles m, number of visited RS st., the total distance performed
by the vehicles ϕD, the total time spent at RS ϕR, the percentage gap ∆D for the
total distance and the percentage gap ∆R for the total recharging time are presented.
Average run-times are presented in column t (in seconds).

The results demonstrate important reductions in terms of total charging time and
total distance by EVs when the customers are clustered. However, the random and
random-clustered instances might represent geographical scenarios where the large dis-
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tances between customers and RS are not suitable for going by walking, as it can be
expected. This reinforces the idea that our variant is focused on a city logistics frame-
work. According to Table 3.6, allowing satellite customers can reduce the total charging
time by 9.66% and the vehicle distance by 10.66%, on average, compared to the BKS for
the E-VRPTWPR.

Comparing the reductions obtained between the c sets of 5, 10 and 15 customers, a
slight decrease of the distance and recharging time improvements can be observed. It is
obvious that the potential reduction in distance and time is correlated with the number
of visits to RSs and the number of customers. The larger the ratio between the number
of visits to RSs and the number of customers, the bigger the reduction in vehicle distance
and total energy consumed can be achieved, with the proposed variant.

Table 3.7 – Results for the Small Instances for the E-VRPTWsc

CPLEX Hybrid ILS
Inst. m ϕD ϕR t m ϕD ∆D ϕR ∆R t

C101-5 2 165.73 575.07 144.37 2 165.73 0.00 575.07 0.00 0.36
C103-5 1 100.00 354.45 220.55 1 100.00 0.00 354.45 0.00 0.48
C206-5 2 145.10 503.48 7200 1 145.10 0.00 503.48 0.00 0.71
C208-5 2 117.97 456.66 3625 1 117.97 0.00 456.66 0.00 0.60
R104-5 1 136.69 66.98 567.09 2 136.69 0.00 66.98 0.00 0.22
R105-5 1 156.08 76.48 234.14 2 156.08 0.00 76.48 0.00 0.19
R202-5 2 126.40 61.94 2065 1 126.40 0.00 61.94 0.00 0.55
R203-5 2 179.06 87.74 7200 1 179.06 0.00 87.74 0.00 0.76
RC105-5 1 233.77 91.17 7200 2 233.77 0.00 91.17 0.00 0.44
RC108-5 1 253.93 99.03 6768 2 253.93 0.00 99.03 0.00 0.35
RC204-5 0 176.39 68.79 7200 1 176.39 0.00 68.79 0.00 0.80
RC208-5 3 167.98 65.51 3443 1 167.98 0.00 65.51 0.00 0.52
C101-10 2 308.57 1070.74 7200 3 250.30 -18.88 1000.77 -6.53 0.95
C104-10 1 208.71 750.59 7200 2 188.10 -9.87 681.20 -9.24 0.94
C202-10 2 185.15 684.76 7200 1 185.15 0.00 684.76 0.00 2.53
C205-10 3 183.22 662.91 7200 2 183.22 0.00 662.91 0.00 0.67
R102-10 2 248.84 121.93 237.77 3 248.84 0.00 121.93 0.00 0.77
R103-10 0 206.18 101.03 7200 2 205.18 -0.48 100.54 -0.48 0.89
R201-10 1 246.67 121.16 7200 1 234.76 -4.83 115.33 -4.82 3.13
R203-10 1 214.75 105.23 7200 1 214.75 0.00 105.23 0.00 2.92
RC102-10 4 423.51 165.17 7200 4 423.51 0.00 165.17 0.00 0.43
RC108-10 3 345.93 134.91 7200 3 345.93 0.00 134.91 0.00 0.58
RC201-10 1 412.31 160.80 7200 1 410.28 -0.49 160.01 -0.49 2.83
RC205-10 2 323.67 126.23 7200 2 323.67 0.00 126.23 0.00 0.61
C103-15 3 305.89 1061.44 7200 3 273.99 -10.43 950.75 -10.43 2.09
C106-15 2 243.55 845.12 7200 3 229.37 -5.82 795.91 -5.82 1.09
C202-15 2 295.13 1024.10 7200 2 273.69 -7.27 949.69 -7.27 2.07
C208-15 2 253.73 883.03 7200 2 225.05 -11.30 826.82 -6.37 1.81
R102-15 OM∗ OM∗ - 5 410.19 - 201.75 - 1.28
R105-15 3 331.60 162.49 7200 3 331.60 0.00 162.49 0.00 1.40
R202-15 OM∗ OM∗ - 2 355.23 - 174.06 - 2.20
R209-15 OM∗ OM∗ - 1 312.47 - 153.40 - 9.87
RC103-15 4 397.67 155.09 7200 4 397.67 0.00 155.09 0.00 1.69
RC108-15 3 370.25 144.40 7200 3 370.25 0.00 144.40 0.00 1.19
RC202-15 2 392.37 155.15 7200 2 383.70 -2.21 149.64 -3.55 1.68
RC204-15 1 389.58 151.94 7200 1 371.87 -4.55 145.93 -3.95 14.93

Average -2,31 -1,79 1,79
The number of vehicles m, the total distance performed by the vehicles ϕD, the total
time spent at RS ϕR, the percentage gap ∆D for the total distance and the percentage
gap ∆R for the total recharging time are presented. Average run-times are presented
in column t and CPLEX execution time in column t (in seconds).
OM∗ Out of Memory.

A second numerical test is done with the small size instances. The performance of the
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hybrid ILS and the commercial software CPLEX on small instances of the E-VRPTWsc
is compared. The mathematical model presented in Section 3.2 is used in this test. In
the model the set F ′ determines the number of RS copies and, implicitly, the number of
times that a RS can be visited. On one hand, in accordance with the problem definition,
one RS can be visited several times. It can be represented by a large number of RS
copies. On the other hand, the larger the F ′ set is the more complex the graph is. For
solving the instances with CPLEX an iterative procedure is followed. The first the model
is solved with no RS copies. If the problem is solved to optimality, a new iteration
adding one copy of each RS is done. The process is repeated until the optimal value
of two consecutive iterations is equal, or until the current iteration cannot be solved to
optimality with a time limit of 7200 seconds. The comparison is presented in Table 3.7.
In column ϕR proven optimal solutions are underlined and best solutions are bold. Bold
values in columns ∆D and ∆R show that Hybrid ILS finds a feasible solution better than
feasible solution provided by CPLEX (for non optimal solutions).

The results show that the Hybrid-ILS is able to find all the optimal solutions obtained
by CPLEX. Likewise, the hybrid ILS always finds a solution better than the upper bound
provided by CPLEX after being executed for 2 Hours. On average it provides solutions
with a GAP of −2.31% in the total distance and a GAP of −1.79% in the total time
spent at RS, in less than 2 seconds.

3.4.5 Results on the large E-VRPTWsc instances

The proposed Hybrid ILS is used to solve large-size instances. In Tables 3.8- 3.10 the
results of the computational test are shown. The results are presented in three sets
according to the α value.

Results demonstrate that allowing visits by walking could reduce the total time at
RSs and the total distance of the EVs in the three proposed scenarios compared with
the BKS for the e-VRPTWPR (note that the BKS are updated according to the results
obtained in Section 3.4.3).

Doing an analysis by subset of instances, the faster the alternative mode is (smaller
values of α), the larger is the reduction obtained in total distance and total time at RS.
Strictly speaking, when α is 1.5 it is possible to reduce by 3.53% total time spent at
RS and by 3.75% the total distance of EVs. For α equal to 2 total time spent at RS is
reduced 2.33% and the total distance 2.56%. And a reduction of 0.79% on the total time
spent at RS and of 0.82% on the total distance is achieved when α is 4. According to
this, it is clear that a vehicle that moves faster allows you to get better results, as would
be expected.
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Table 3.8 – Detailed results for the large-size E-VRPTWsc instances with α = 1.5

e-VRPTWPR EVRP-TWsc α = 1.5
Inst. m ϕD ϕR m ϕD ∆D ϕR ∆R t nRS St. ϕCT ϕWT ϕR − ϕCT

c101 12 1043.38 3 537.06 12 992.71 -4.86 3365.30 -4.86 2.61 15 13 3365.29 1774.55 0.01
c102 11 1017.70 3 450.00 11 913.03 -10.29 3103.82 -10.03 2.38 15 14 3095.16 1966.40 8.66
c103 10 971.19 3292.33 10 847.33 -12.75 2880.61 -12.51 3.13 15 14 2872.43 2017.53 8.18
c104 10 884.38 2998.04 10 802.48 -9.26 2722.25 -9.20 3.75 15 15 2720.42 2462.99 1.83
c105 11 1015.79 3443.52 11 922.40 -9.19 3175.66 -7.78 3.12 16 15 3126.93 2173.56 48.73
c106 11 1009.33 3421.61 11 904.69 -10.37 3132.49 -8.45 3.07 15 15 3066.89 2219.77 65.60
c107 10 1046.50 3547.63 10 895.37 -14.44 3112.34 -12.27 3.13 15 14 3035.31 2104.04 77.03
c108 10 1022.48 3466.20 10 875.34 -14.39 2998.60 -13.49 3.27 16 15 2967.39 2205.39 31.21
c109 10 940.38 3187.90 10 821.30 -12.66 2819.95 -11.54 3.99 15 14 2784.20 2225.80 35.75
c201 4 629.95 1436.28 4 608.51 -3.40 1387.39 -3.40 2.39 9 9 1387.39 1108.48 0.00
c202 4 629.95 1436.28 4 606.66 -3.70 1383.17 -3.70 2.68 10 10 1383.17 1224.02 0.00
c203 4 629.95 1436.28 4 601.88 -4.46 1372.28 -4.46 3.53 9 8 1372.28 1101.43 0.00
c204 4 628.91 1440.21 3 581.98 -7.46 1332.74 -7.46 3.47 9 9 1332.74 1234.60 0.00
c205 4 629.95 1442.58 4 601.60 -4.50 1377.65 -4.50 2.61 8 8 1377.65 1067.97 0.00
c206 4 629.95 1442.58 4 597.25 -5.19 1367.70 -5.19 3.09 9 9 1367.70 1222.04 0.00
c207 4 629.95 1442.58 4 596.95 -5.24 1367.01 -5.24 3.63 8 8 1367.01 1181.24 0.00
c208 4 629.95 1442.58 4 589.38 -6.44 1349.69 -6.44 3.15 8 8 1349.69 1196.20 0.00
r101 18 1606.98 771.35 18 1579.05 -1.74 761.75 -1.24 3.41 22 10 757.94 206.72 3.81
r102 15 1461.23 701.39 15 1400.79 -4.14 673.85 -3.93 3.65 20 11 672.38 233.36 1.47
r103 13 1212.37 581.94 13 1166.23 -3.81 563.98 -3.09 3.81 16 9 559.79 196.49 4.19
r104 11 1051.41 473.14 11 1014.91 -3.47 459.17 -2.95 3.91 15 12 456.71 257.40 2.46
r105 14 1347.80 646.94 14 1304.98 -3.18 626.39 -3.18 3.66 18 12 626.39 245.88 0.00
r106 13 1256.19 602.97 13 1204.79 -4.09 579.67 -3.87 3.83 16 11 578.30 240.89 1.37
r107 12 1108.47 498.81 11 1066.91 -3.75 480.31 -3.71 3.37 16 10 480.11 219.25 0.20
r108 11 1020.52 479.64 10 968.39 -5.11 457.57 -4.60 3.65 16 11 455.14 228.99 2.42
r109 12 1185.77 545.46 12 1131.62 -4.57 523.76 -3.98 4.08 16 11 520.55 223.50 3.22
r110 11 1070.99 481.95 11 1031.28 -3.71 465.82 -3.35 4.28 13 8 464.08 169.97 1.75
r111 11 1072.46 493.33 11 1034.68 -3.52 475.95 -3.52 3.58 15 8 475.95 169.81 0.00
r112 11 1001.79 460.82 10 969.09 -3.26 446.15 -3.18 4.46 13 9 445.78 183.04 0.37
r201 3 1255.81 200.93 3 1249.36 -0.51 199.90 -0.51 3.77 7 5 199.90 97.36 0.00
r202 3 1051.46 136.69 3 1040.71 -1.02 135.29 -1.02 2.94 5 4 135.29 87.90 0.00
r203 3 895.54 143.29 3 885.79 -1.09 141.73 -1.09 3.56 6 5 141.73 111.13 0.00
r204 2 780.91 93.71 2 767.87 -1.67 92.18 -1.63 5.06 5 4 92.14 84.70 0.04
r205 3 987.22 148.08 3 973.71 -1.37 146.06 -1.37 3.47 5 4 146.06 90.91 0.00
r206 3 922.70 156.86 3 913.82 -0.96 155.35 -0.96 3.59 7 6 155.35 124.55 0.00
r207 2 843.20 92.75 2 839.48 -0.44 92.34 -0.44 4.50 4 4 92.34 80.03 0.00
r208 2 736.12 103.06 2 726.83 -1.26 101.76 -1.26 4.55 5 4 101.76 95.29 0.00
r209 3 863.36 138.14 3 858.36 -0.58 137.39 -0.54 3.20 5 4 137.34 81.49 0.05
r210 3 843.36 134.94 3 832.39 -1.30 133.18 -1.30 3.28 7 5 133.18 107.29 0.00
r211 2 826.88 90.96 2 824.23 -0.32 90.67 -0.32 4.91 4 4 90.67 76.63 0.00
rc101 15 1648.99 626.62 15 1646.23 -0.17 625.57 -0.17 3.34 21 5 625.57 97.11 0.00
rc102 14 1510.16 573.86 14 1496.72 -0.89 568.75 -0.89 3.13 18 6 568.75 131.48 0.00
rc103 12 1346.83 511.80 12 1321.30 -1.90 502.10 -1.90 3.24 15 7 502.09 153.78 0.00
rc104 11 1175.06 446.52 11 1150.18 -2.12 439.90 -1.48 3.00 12 7 437.07 174.58 2.83
rc105 14 1446.30 549.60 13 1424.16 -1.53 541.18 -1.53 3.02 17 4 541.18 81.11 0.00
rc106 13 1383.14 526.66 13 1377.88 -0.38 523.60 -0.58 3.15 14 3 523.59 62.19 0.00
rc107 12 1244.83 473.03 12 1237.82 -0.56 470.37 -0.56 3.09 14 4 470.37 88.55 0.00
rc108 11 1154.14 438.57 11 1150.76 -0.29 437.29 -0.29 3.15 15 4 437.29 83.82 0.00
rc201 4 1443.07 202.03 4 1431.83 -0.78 200.46 -0.78 2.92 7 4 200.46 101.82 0.00
rc202 3 1403.32 154.37 3 1392.35 -0.78 153.16 -0.78 3.91 5 3 153.16 66.67 0.00
rc203 3 1060.32 148.44 3 1062.11 0.17 148.70 0.17 3.61 6 4 148.70 95.16 0.00
rc204 3 884.75 168.10 3 872.88 -1.34 165.85 -1.34 3.36 5 4 165.85 98.35 0.00
rc205 3 1249.56 187.43 3 1222.27 -2.18 183.34 -2.18 4.82 9 4 183.34 95.45 0.00
rc206 3 1187.40 154.36 3 1173.62 -1.16 152.57 -1.16 3.73 5 3 152.57 75.73 0.00
rc207 3 985.67 137.99 3 971.08 -1.48 135.95 -1.48 3.74 5 3 135.95 79.70 0.00
rc208 3 833.12 149.96 3 825.31 -0.94 148.56 -0.94 4.32 7 5 148.55 103.84 0.00

Average -3.75 -3.53 3.52 915.80 601.57 5.38
m number of vehicles, total distance performed by the vehicles ϕD, total time spent at RS ϕR, gap percentage

∆D for total distance, gap percentage ∆R for total recharging time. Average run-times are presented in column t
(in minutes). Number of visits to RS nRS, number of satellite customers St., charging time ϕCT , and ϕWT total
walking time are presented as well. Finally, column ϕR − ϕCT shows the amount of extra time spent at the RS due
to walking
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Table 3.9 – Detailed results for the large-size E-VRPTWsc instances with α = 2

e-VRPTWPR EVRP-TWsc α = 2
Inst. m ϕD ϕR m ϕD ∆D ϕR ∆R t nRS St. ϕCT ϕWT ϕR − ϕCT

c101 12 1043.38 3 537.06 12 994.53 -4.68 3371.49 -4.68 2.00 15 13 3371.45 1 930.15 0.04
c102 11 1017.70 3 450.00 11 934.65 -8.16 3174.41 -7.99 1.85 12 11 3168.48 1591.99 5.93
c103 10 971.19 3 292.33 10 851.85 -12.29 2936.13 -10.82 2.90 13 12 2887.77 1817.09 48.36
c104 10 884.38 2998.04 10 820.17 -7.26 2780.38 -7.26 3.39 14 13 2780.38 1940.96 0.00
c105 11 1015.79 3443.52 11 978.55 -3.67 3317.31 -3.67 2.81 18 13 3317.27 1795.43 0.04
c106 11 1009.33 3421.61 11 936.53 -7.21 3237.32 -5.39 3.20 16 13 3174.82 2025.13 62.50
c107 10 1046.50 3547.63 10 931.43 -11.00 3228.79 -8.99 3.13 14 13 3157.55 2045.75 71.24
c108 10 1022.48 3466.20 10 884.49 -13.50 3048.56 -12.05 3.01 10 8 2998.41 1415.12 50.15
c109 10 940.38 3187.90 10 837.99 -10.89 2912.25 -8.65 3.70 14 12 2840.79 1858.28 71.46
c201 4 629.95 1436.28 4 610.38 -3.11 1392.90 -3.02 1.67 7 7 1391.66 881.30 1.24
c202 4 629.95 1436.28 4 610.63 -3.07 1392.23 -3.07 1.98 7 7 1392.23 907.55 0.00
c203 4 629.95 1436.28 4 606.59 -3.71 1383.02 -3.71 3.31 9 8 1383.03 1226.58 0.00
c204 4 628.91 1440.21 4 599.74 -4.64 1373.40 -4.64 3.94 9 9 1373.40 1260.51 0.00
c205 4 629.95 1442.58 4 603.90 -4.13 1382.93 -4.13 2.55 8 8 1382.93 1209.07 0.00
c206 4 629.95 1442.58 4 599.62 -4.81 1373.13 -4.81 3.06 8 8 1373.13 1249.95 0.00
c207 4 629.95 1442.58 4 598.90 -4.93 1371.48 -4.93 3.33 8 8 1371.48 1174.30 0.00
c208 4 629.95 1442.58 4 593.58 -5.77 1361.21 -5.64 3.40 8 8 1359.30 1228.58 1.91
r101 18 1606.98 771.35 18 1600.74 -0.39 768.36 -0.39 3.17 22 4 768.36 79.57 0.00
r102 15 1461.23 701.39 15 1472.88 0.80 709.28 1.13 3.39 22 8 706.98 173.86 2.30
r103 13 1212.37 581.94 13 1197.93 -1.19 575.01 -1.19 3.56 18 6 575.01 128.45 0.00
r104 11 1051.41 473.14 11 1028.61 -2.17 463.80 -1.97 3.73 14 9 462.87 200.14 0.93
r105 14 1347.80 646.94 14 1311.36 -2.70 631.14 -2.44 3.56 20 12 629.45 254.50 1.68
r106 13 1256.19 602.97 13 1224.60 -2.51 589.10 -2.30 3.61 17 9 587.81 203.34 1.29
r107 12 1108.47 498.81 11 1088.56 -1.80 493.82 -1.00 3.25 14 10 489.85 221.40 3.97
r108 11 1020.52 479.64 10 995.50 -2.45 470.33 -1.94 3.69 15 9 467.88 196.74 2.45
r109 12 1185.77 545.46 12 1147.24 -3.25 530.34 -2.77 3.68 13 8 527.73 169.17 2.60
r110 11 1070.99 481.95 11 1040.83 -2.82 469.68 -2.55 4.09 13 8 468.37 172.59 1.30
r111 11 1072.46 493.33 11 1046.19 -2.45 481.89 -2.32 4.13 14 7 481.25 134.22 0.65
r112 11 1001.79 460.82 10 978.38 -2.34 450.06 -2.34 3.73 13 7 450.06 152.11 0.00
r201 3 1255.81 200.93 3 1250.29 -0.44 200.05 -0.44 3.54 7 4 200.05 80.52 0.00
r202 3 1051.46 136.69 3 1043.66 -0.74 135.68 -0.74 2.84 5 5 135.68 98.19 0.00
r203 3 895.54 143.29 3 884.99 -1.18 141.60 -1.18 3.49 7 4 141.60 91.48 0.00
r204 2 780.91 93.71 2 768.80 -1.55 92.26 -1.55 4.94 3 3 92.26 71.43 0.00
r205 3 987.22 148.08 3 978.27 -0.91 146.74 -0.91 2.61 4 4 146.74 80.93 0.00
r206 3 922.70 156.86 3 930.09 0.80 158.11 0.80 3.29 6 4 158.11 90.62 0.00
r207 2 843.20 92.75 2 843.00 -0.02 92.73 -0.02 4.57 3 2 92.73 36.94 0.00
r208 2 736.12 103.06 2 728.57 -1.03 102.00 -1.03 4.14 4 4 102.00 69.20 0.00
r209 3 863.36 138.14 3 863.63 0.03 138.18 0.03 3.15 4 4 138.18 82.41 0.00
r210 3 843.36 134.94 3 837.98 -0.64 134.08 -0.64 2.92 4 4 134.08 80.04 0.00
r211 2 826.88 90.96 2 822.03 -0.59 90.42 -0.59 4.65 3 2 90.42 38.31 0.00
rc101 15 1648.99 626.62 15 1646.24 -0.17 625.69 -0.15 2.93 21 5 625.57 104.82 0.11
rc102 14 1510.16 573.86 14 1507.28 -0.19 572.77 -0.19 2.67 19 2 572.77 38.42 0.00
rc103 12 1346.83 511.80 12 1348.50 0.12 512.55 0.15 2.91 16 4 512.43 97.24 0.12
rc104 11 1175.06 446.52 11 1173.11 -0.17 445.78 -0.17 3.51 13 7 445.78 153.27 0.00
rc105 14 1446.30 549.60 14 1440.89 -0.37 547.54 -0.37 2.69 14 2 547.54 40.00 0.00
rc106 13 1383.14 526.66 13 1382.21 -0.07 525.24 -0.27 2.86 16 2 525.24 46.42 0.00
rc107 12 1244.83 473.03 12 1243.08 -0.14 472.37 -0.14 2.89 12 3 472.37 62.00 0.00
rc108 11 1154.14 438.57 11 1154.11 0.00 438.56 0.00 2.58 12 2 438.56 40.00 0.00
rc201 4 1443.07 202.03 4 1440.82 -0.16 201.72 -0.16 2.69 7 3 201.71 71.46 0.00
rc202 3 1403.32 154.37 3 1411.69 0.60 155.29 0.60 3.80 4 1 155.29 26.49 0.00
rc203 3 1060.32 148.44 3 1051.91 -0.79 147.27 -0.79 3.60 6 2 147.27 53.46 0.00
rc204 3 884.75 168.10 3 874.10 -1.20 166.08 -1.20 3.39 7 4 166.08 102.31 0.00
rc205 3 1249.56 187.43 3 1246.91 -0.21 187.04 -0.21 4.36 9 4 187.04 84.97 0.00
rc206 3 1187.40 154.36 3 1199.77 1.04 155.97 1.04 3.75 7 2 155.97 44.97 0.00
rc207 3 985.67 137.99 3 987.01 0.14 138.87 0.63 3.85 5 4 138.18 86.82 0.68
rc208 3 833.12 149.96 3 836.23 0.37 150.52 0.37 3.71 6 5 150.52 115.82 0.00

Average -2.56 -2.33 3.31 932.39 529.15 5.91
m number of vehicles, total distance performed by the vehicles ϕD, total time spent at RS ϕR, gap percentage

∆D for total distance, gap percentage ∆R for total recharging time. Average run-times are presented in column t
(in minutes). Number of visits to RS nRS, number of satellite customers St., charging time ϕCT , and ϕWT total
walking time are presented as well. Finally, column ϕR − ϕCT shows the amount of extra time spent at the RS due
to walking
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Table 3.10 – Detailed results for the large-size E-VRPTWsc instances with α = 4

e-VRPTWPR EVRP-TWsc α = 4
Inst. m ϕD ϕR m ϕD ∆D ϕR ∆R t nRS St. ϕCT ϕWT ϕR − ϕCT

c101 12 1043.38 3537.06 12 1030.64 -1.22 3493.88 -1.22 1.72 13 7 3493.87 1294.48 0.01
c102 11 1017.70 3450.00 11 978.12 -3.89 3344.67 -3.05 1.90 11 6 3315.84 1163.09 28.83
c103 10 971.19 3292.33 10 933.29 -3.90 3186.07 -3.23 3.10 12 8 3163.87 1328.28 22.20
c104 10 884.38 2998.04 10 856.49 -3.15 2912.83 -2.84 3.13 11 8 2903.51 1539.82 9.32
c105 11 1015.79 3443.52 11 1007.48 -0.82 3415.35 -0.82 2.02 12 5 3415.36 712.15 0.00
c106 11 1009.33 3421.61 11 990.76 -1.84 3358.68 -1.84 2.12 9 6 3358.68 987.74 0.00
c107 10 1046.50 3547.63 10 1008.47 -3.63 3418.71 -3.63 2.64 14 9 3418.71 1479.80 0.00
c108 10 1022.48 3466.20 10 966.62 -5.46 3276.84 -5.46 2.73 11 7 3276.84 1215.11 0.00
c109 10 940.38 3187.90 10 906.86 -3.57 3074.24 -3.57 3.45 11 5 3074.25 901.49 0.00
c201 4 629.95 1436.28 4 619.44 -1.67 1412.32 -1.67 1.52 5 4 1412.31 547.74 0.01
c202 4 629.95 1436.28 4 619.00 -1.74 1411.32 -1.74 1.89 4 4 1411.32 628.05 0.00
c203 4 629.95 1436.28 4 615.47 -2.30 1403.27 -2.30 2.44 5 5 1403.27 724.76 0.00
c204 4 628.91 1440.21 4 614.16 -2.35 1406.43 -2.35 4.21 7 7 1406.43 1051.85 0.00
c205 4 629.95 1442.58 4 616.17 -2.19 1411.03 -2.19 2.12 6 6 1411.03 866.47 0.00
c206 4 629.95 1442.58 4 611.54 -2.92 1403.91 -2.68 4.03 7 7 1400.44 1211.93 3.47
c207 4 629.95 1442.58 4 614.18 -2.50 1406.80 -2.48 4.29 9 7 1406.47 954.60 0.33
c208 4 629.95 1442.58 4 611.93 -2.86 1401.36 -2.86 3.03 7 7 1401.32 1187.68 0.04
r101 18 1606.98 771.35 18 1605.27 -0.11 770.53 -0.11 2.86 22 2 770.53 53.89 0.00
r102 15 1461.23 701.39 15 1457.14 -0.28 699.63 -0.25 3.04 22 2 699.43 42.63 0.20
r103 13 1212.37 581.94 13 1210.53 -0.15 581.06 -0.15 3.29 20 1 581.05 21.31 0.00
r104 11 1051.41 473.14 11 1050.22 -0.11 472.60 -0.11 3.75 11 2 472.60 42.63 0.00
r105 14 1347.80 646.94 14 1341.09 -0.50 643.72 -0.50 3.25 20 3 643.72 77.09 0.00
r106 13 1256.19 602.97 13 1254.83 -0.11 602.32 -0.11 3.43 18 5 602.32 119.72 0.00
r107 12 1108.47 498.81 11 1101.31 -0.65 495.59 -0.65 3.04 17 5 495.59 124.41 0.00
r108 11 1020.52 479.64 11 1019.03 -0.15 478.95 -0.15 3.62 15 3 478.94 70.52 0.00
r109 12 1185.77 545.46 12 1171.93 -1.17 539.09 -1.17 3.54 16 3 539.09 68.63 0.00
r110 11 1070.99 481.95 11 1067.26 -0.35 480.27 -0.35 3.95 16 2 480.27 42.63 0.00
r111 11 1072.46 493.33 11 1065.85 -0.62 490.29 -0.62 3.96 14 4 490.29 96.52 0.00
r112 11 1001.79 460.82 11 998.42 -0.34 459.27 -0.34 3.19 13 4 459.27 96.52 0.00
r201 3 1255.81 200.93 3 1251.29 -0.36 200.21 -0.36 3.12 7 3 200.21 77.09 0.00
r202 3 1051.46 136.69 3 1047.45 -0.38 136.17 -0.38 2.52 4 2 136.17 55.78 0.00
r203 3 895.54 143.29 3 893.19 -0.26 142.91 -0.26 2.83 4 3 142.91 77.09 0.00
r204 2 780.91 93.71 2 781.22 0.04 93.75 0.04 4.98 3 2 93.75 42.63 0.00
r205 3 987.22 148.08 3 986.39 -0.08 147.96 -0.08 2.71 5 2 147.96 49.20 0.00
r206 3 922.70 156.86 3 929.47 0.73 158.01 0.73 3.14 5 2 158.01 47.31 0.00
r207 2 843.20 92.75 2 844.49 0.15 92.89 0.15 3.97 3 1 92.89 27.89 0.00
r208 2 736.12 103.06 2 733.36 -0.37 102.67 -0.37 3.31 4 2 102.67 49.20 0.00
r209 3 863.36 138.14 3 865.07 0.20 138.41 0.20 3.03 4 3 138.41 77.09 0.00
r210 3 843.36 134.94 3 842.81 -0.07 134.85 -0.07 3.00 3 2 134.85 42.63 0.00
r211 2 826.88 90.96 2 838.67 1.43 92.25 1.43 3.97 3 2 92.25 49.20 0.00
rc101 15 1648.99 626.62 15 1658.89 0.60 630.38 0.60 2.64 21 1 630.38 18.00 0.00
rc102 14 1510.16 573.86 14 1509.09 -0.07 573.46 -0.07 2.46 19 1 573.45 18.00 0.00
rc103 12 1346.83 511.80 12 1345.21 -0.12 511.18 -0.12 2.74 17 1 511.18 18.00 0.00
rc104 11 1175.06 446.52 11 1173.46 -0.14 445.92 -0.14 2.70 13 1 445.91 18.00 0.00
rc105 14 1446.30 549.60 14 1446.30 0.00 549.60 0.00 2.66 15 1 549.59 18.00 0.00
rc106 13 1383.14 526.66 13 1387.60 0.32 527.29 0.12 2.68 15 1 527.29 18.00 0.00
rc107 12 1244.83 473.03 12 1240.71 -0.33 471.47 -0.33 2.83 14 0 471.47 0.00 0.00
rc108 11 1154.14 438.57 11 1158.81 0.40 440.35 0.40 2.68 13 0 440.35 0.00 0.00
rc201 4 1443.07 202.03 4 1441.75 -0.09 201.85 -0.09 2.38 6 2 201.85 52.00 0.00
rc202 3 1403.32 154.37 3 1405.73 0.17 154.63 0.17 3.63 5 0 154.63 0.00 0.00
rc203 3 1060.32 148.44 3 1067.60 0.69 149.46 0.69 3.74 6 1 149.46 26.00 0.00
rc204 3 884.75 168.10 3 890.17 0.61 169.13 0.61 2.57 6 2 169.13 52.00 0.00
rc205 3 1249.56 187.43 3 1244.23 -0.43 186.64 -0.43 4.49 9 1 186.63 26.00 0.00
rc206 3 1187.40 154.36 3 1198.47 0.93 155.80 0.93 3.48 6 1 155.80 26.00 0.00
rc207 3 985.67 137.99 3 988.50 0.29 138.39 0.29 3.56 5 1 138.39 26.00 0.00
rc208 3 833.12 149.96 3 838.20 0.61 150.88 0.61 3.27 4 1 150.88 26.00 0.00

Average -0.82 -0.79 3.08 969.34 349.80 1.15
m number of vehicles, total distance performed by the vehicles ϕD, total time spent at RS ϕR, gap percentage

∆D for total distance, gap percentage ∆R for total recharging time. Average run-times are presented in column t
(in minutes). Number of visits to RS nRS, number of satellite customers St., charging time ϕCT , and ϕWT total
walking time are presented as well. Finally, column ϕR − ϕCT shows the amount of extra time spent at the RS due
to walking
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Additional information as number of visits to RSs, number of visits to RSs, number
of satellite customers, recharging times and walking times are presented for the solutions
presented in Table 3.11. Likewise, column ϕR − ϕCT shows the amount of extra time
spent at the RS due to walking. If we look at instance c107 in Table 3.8, we can find
the largest value of additional time due to visiting a satellite customer. Comparing the
77.03 units of time with the total recharge time, this represents 2.3% of the recharging
time. When the difference is equal to zero, it means that walking time is a hidden time
that does not affect the duration of the route. Therefore, it is verified that the variant is
taking advantage of the dead times caused by the recharging activity.

A resume for the three sets of instances is provided in Table 3.11. Looking for the type
of geographical distribution, the c instances are where greater reductions in time at RSs
and distance can be obtained. It follows the behavior observed in the small instances and
shows the benefit of allowing satellite customers when using EVs in clustered scenarios
or in a city logistics context.

On average, the proposed method obtains high quality solutions in 3.30 minutes. The
results show that when α is 1.5 the algorithm takes longer than when α is 4. This happens
because with better walking speeds the number of potential customers that can be visited
by walking increases. Finally, the Hybrid-ILS takes longer to solve e-VRPTWsc instances
compared to the results reported for the EVRP-TWPR. This is caused by the walking
evaluations.
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3.4. COMPUTATIONAL EXPERIMENTS
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3.5. CONCLUSIONS

3.5 Conclusions

In this chapter the Electric Vehicle Routing Problem with Time Windows and Satellite
Customers is introduced as a novel variation of the E-VRPTW. A modern objective
function is proposed. It is the minimization of the time spent at recharging stations.
This also allows a reduction in the total vehicle distance. A mathematical model is
presented and a solution method based on an ILS structure is designed. A generalized
cost function, forward functions, backward functions and concatenation operators are
proposed to evaluate most of the local search movements in constant time.

Computational experiments show that, allowing the visits to the customer by an
alternative mode enable us to: 1) reduce total recharging time, which means a reduction in
total vehicle distance; and 2) avoid part of the idle times during the intra-route recharging
activities. The efficiency of the algorithm is recognized by the tests on a special case,
e-VRPTWPR where new BKS solutions are found and the average computational time
is less than the time reported for State-of-the-art algorithms.

In the current version of the problem, only one customer can be visited during the
recharging of the EV. One of the research perspectives is to explore the possibility of vis-
iting more than one customer which will bring the concept of secondary routes. Likewise,
considering different charging fees for RS and depot are part of our research perspectives.
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Chapter 4

Branch and price algorithm to solve
the capacitated profitable tour problem
with electric vehicles and mandatory
stops

4.1 Introduction

As discussed in previous chapters, moving towards the use of electric vehicles requires
to adapt the operational decision tools by including the aforementioned characteristics.
However, state of the art contributions including electric vehicles treat the charging time
as an idle time. Additionally, drivers’ mandatory break times are not explicitly con-
sidered.

In the work of Morganti and Browne (2018) operators mention that an eventual boost
charging, in a fast-charging station, allows to recharge up to 80% battery in about 30
minutes. New battery technologies and developments in fast-charging station enable the
use of the EV throughout the day. In addition, two operators highlight the importance
of being able to synchronize the recharging time and the lunch time as a way to mitigate
the impact of recharge time and the risk of waiting for recharge.

In this chapter, a novel variant of a routing problem with profits where it is pos-
sible to recharge the EVs during the lunch time is explored. Unlike Chapter 3, in this
variant two mandatory tasks are synchronized, both recharging and lunch break. Lunch
breaks are considered a mandatory stop for each vehicle. One of the advantages of syn-
chronizing those activities is having the possibility to have agreements with restaurants
or restaurant chains. The agreement could include that restaurant must provide a re-
charging spot/recharging station (RS) to be used every day during lunch time. Thus,
recharging task and lunch break can be done simultaneously. Each agreement has asso-
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4.1. INTRODUCTION

ciated a fixed cost which is related to provide food and recharging services. In this sense,
visiting a restaurant can be seen as a location decision. Likewise, an estimated profit for
visiting customers is defined. The proposed problem is to select which customers to visit,
in which sequence, ensuring that each route stops at a restaurant during lunch break, be-
ginning and finishing the day at the depot (see Figure 4.1). The objective is to maximize
the total operational benefit, in other words, total customer profit minus total routing
and restaurant costs. The proposed problem generalizes the capacitated profitable tour
problem (CPTP), where decisions related to visit or not certain nodes must be made.
Our variant is called the capacitated profitable tour problem with electric vehicles and
mandatory stops (e-CPTPMS).

Figure 4.1 – Example e-CPTPMS non-clustered version.

Two versions of the problem are presented in this chapter: One where each restaurant
has a cost per agreement, and a second version where restaurants are grouped in clusters,
the agreement with each cluster has a fixed cost that allows to visit any restaurant that
belongs to it. For both versions an exact solution method based on a Branch-and-Price
is presented.

The chapter is structured as follows: in section 4.2, the problem and the two lin-
ear models are presented. The Branch-and-Price algorithm is presented in Section 4.3.
Finally, computational results are shown in Section 4.4 and conclusions are in Section 4.5.
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4.2 Problem description

Two versions of the problem are presented below. The first one is the case where the
agreements are done per restaurant, in other words, there is a fee for each of the res-
taurants visited, named as the Non-clustered Version. In the second version, the fee is
charged for the right to visit a cluster of restaurants. It is identified as the Clustered
Version.

4.2.1 Non-clustered version

The non-clustered version of the capacitated profitable tour problem with electric vehicles
and mandatory stops is defined on a graph G = (V ′0,N+1, A) with a set of vertices V ′0,N+1 =

{V ∪ F ′ ∪ {0, N + 1}} and a set of arcs given by A = {(i, j)|i, j ∈ V ′0,N+1, i 6= j}. Let be
V = {1, ..., N} the set of customers, F = {0, ...,M} the set of restaurants which provides
recharging stations, and G′f is the set of dummy vertex which represents all the visits to
restaurant f ∈ F . F ′ =

⋃
f∈F G

′
f is the set of restaurants and its dummy vertices. The

depot is denoted as 0 when it is a departing node, and denoted as N+1 when it is the end
of a route. With these notations, the subsets which include one or both depot vertices
are given by subscripting the respective set. For example, V ′N+1 contains all customer
vertices, all restaurants vertices and the arrival depot vertex.

For each arc (i, j) a distance dij between vertex i and j is given. The driving time
through an arc (i, j) depends on the average EVs speed ϑ and it is computed as tij =

dij
ϑ
.

Each vertex i ∈ V ′0,N+1 has: a non-negative demand qi (qi = 0, i /∈ V ), a non-negative
service time si (si = 0, i /∈ V ) and a profit per visit pi (pi = 0, i /∈ V ). Each restaurant
i ∈ F ′ has a hard time window [ei, li]. It represents the lunch time established by the
restaurant or by the company policies. Likewise, selecting a restaurant f ∈ F has a fixed
cost Cf related to the food and recharge service. The time window [0, TMax] at the depot
express the maximum tour duration.

A homogeneous electric vehicle fleet of size P is available at the depot. Q is the
maximum cargo loading per vehicle. On each visit to the restaurant, the lunch time is
denoted as ξ and it is considered constant. Also, we assume that during that time the
vehicle is charged to the maximum battery level B. Energy consumption is described as
a linear relation between dij and the consumption rate γ.

For every arc (i, j) ∈ A the binary decision variables xij are equal to 1 if the arc (i, j) is
traversed, 0 otherwise. The binary decision variable zf is equal to 1 if an agreement with
restaurant f is done, 0 otherwise. rsi is also a binary variable equal to 1 if a restaurant
is already visited when the EV arrives at vertex i. It is used to guarantee that each route
does a lunch break. Positive variables: ui define the remaining space, τi define the arrival
time and yi the remaining charge level of the vehicle on arrival at vertex i ∈ V ′0,N+1. Table
4.1 summarizes sets, variables, and parameters of the model.
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4.2. PROBLEM DESCRIPTION

Table 4.1 – Variable and parameter definitions of the non-clustered version e-CPTPMS
model.

Sets
V Set of customer vertices.
F Set of restaurants.
G′

f Set of dummy vertices which represents all the visits to restaurant f ∈ F .
F ′ Set of all visits to restaurants.
0, N + 1 Depot nodes.
V ′
0,N+1 Set of nodes, restaurant visits and depot nodes V ′ = {V ∪ F ′ ∪ {0, N + 1}}.

Parameters
P Number of electric vehicles.
Q EV load capacity.
B EV battery capacity.
qi Demand of customer i ∈ V .
si Service time of customer i ∈ V .
ξ Lunch time.
ef Earliest start time for lunch break at restaurant f ∈ F ′.
lf Latest start time for lunch break at node f ∈ F ′.
dij Distance between vertices i ∈ V ′ and j ∈ V ′.
ϑ Vehicle speed.
tij Travel time dij/ϑ between vertices i ∈ V ′ and j ∈ V ′.
γ Consumption rate.
r Inverse recharging rate.
Cf Cost by having an agreement with restaurant f ∈ F .
Decision Variables
τi Arrival time at node i ∈ V ′

0,N+1.
ui Remaining cargo on arrival at node i ∈ V ′

0,N+1.
xij Boolean variable indicating if arc (i, j) ∈ A is traversed.
yi SoC on arrival at node i ∈ V ′

0,N+1.
zf Boolean variable indicating if an agreement with the restaurant f ∈ F is done.

Thus, the problem can be formulated as the following mixed-integer linear program
(MILP).

max
∑
i∈V ′

∑
j∈V ′N+1

pixij −
∑
i∈V ′0

∑
j∈V ′N+1

dijxij −
∑
f∈F

cfzf (4.1)

Subject to:

∑
j∈V ′N+1,i 6=j

xij ≤ 1 ∀i ∈ V (4.2)

∑
j∈V ′N+1,f 6=j

xfj ≤ zk ∀f ∈ G′k,∀k ∈ F (4.3)

∑
j∈V ′N+1,i 6=j

xij −
∑

j∈V ′0 ,i 6=j
xji = 0 ∀i ∈ V ′ (4.4)

∑
i∈V ′

x0i ≤ P (4.5)

ui − qixij +Q(1− xij) ≥ uj ∀i ∈ V ′0 ,∀j ∈ V ′N+1, i 6= j (4.6)
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ui ≤ Q ∀i ∈ V ′ (4.7)

τi + (si + tij)xij − lN+1(1− xij) ≤ τj ∀i ∈ V0,∀j ∈ V ′N+1, i 6= j (4.8)

τf + (ξ + tfj)xfj − lN+1(1− xfj) ≤ τj ∀f ∈ F ′, ∀j ∈ V ′N+1, f 6= j (4.9)

ef ≤ τf ∀f ∈ F ′N+1 (4.10)

τf ≤ lf ∀f ∈ F ′N+1 (4.11)

yi − γdijxij +B(1− xij) ≥ yj ∀i ∈ V0,∀j ∈ V ′N+1, i 6= j (4.12)

B − γdfjxfj +B(1− xfj) ≥ yj ∀f ∈ F ′,∀j ∈ V ′N+1, f 6= j (4.13)

yi ≤ B ∀i ∈ V ′0,N+1 (4.14)∑
i∈V0

∑
f∈F ′

xif =
∑

i∈V ′N+1

x0i (4.15)

rsi − (1− xij) ≤ rsj ∀i ∈ V ′0 ,∀j ∈ VN+1, i 6= j (4.16)

rsi + 1− (1− xif ) ≤ rsf ∀i ∈ V0, ∀f ∈ F ′, i 6= f (4.17)

xij ∈ {0, 1} ∀i, j ∈ V ′0,N+1, i 6= j (4.18)

zf ∈ {0, 1} ∀f ∈ F (4.19)

rsi ∈ {0, 1} ∀i ∈ V ′0,N+1 (4.20)

ui, τi, yi ≥ 0 ∀i ∈ V ′0,N+1 (4.21)

The objective function (4.1) aims to maximize the total operational income computed
as the sum of the profits minus the operational cost associated with the total distance
and the restaurant service. Constraints (4.2) state that all customers must be visited at
most once. The relation between routing variables x and restaurant selection variables
z is represented in constraints (4.3). Those constraints ensure that if there is an arc
(f, j) leaving any vertex f , which is a dummy vertex of restaurant k, an agreement with
restaurant k must be done. Flow conservation constraints (4.4) guaranteed for each vertex
that the number of incoming arcs is equal to the number of outgoing arcs. Fleet size is
guarantee by constraints (4.5). Load flow and fulfillment of demand are represented by
constraints (4.6). Vehicle capacity is restricted by constraints (4.7). For the arrival times
at each vertex two scenarios have to be considered, constraints (4.8) link arrival time of
a vertex i preceded by a customer while constraints (4.9) link arrival time of a vertex j
preceded by a restaurant f . Restaurant time windows and route duration are represented
by constraints (4.10) and (4.11).

Battery level at a vertex succeeding a customer is set by constraints (4.12) while
constraints (4.13) set the battery level at a vertex succeeding a restaurant. Battery
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capacity is guaranteed by constraints (4.14). Constraints (4.15) establish the number of
visits to restaurants, according to the number of routes while (4.16) and (4.17) guarantees
at most one visit per route. Finally, domain variable definitions are defined in constraints
(4.18) - (4.21).

4.2.2 Clustered version

The clustered version of the e-CPTPMS can be obtained from the definition presented
in Section 4.2.1 by applying few changes, given below.

Table 4.2 – Changes over Variable and parameter definitions for the clustered version
e-CPTPMS model.

Sets
Γ Set of clusters of restaurants.
Gk Set of restaurants that belongs to cluster k ∈ Γ
G′

k Set of dummy vertices which represents all the visits to restaurants that belongs
to cluster k ∈ Γ.

Parameters
ck Cost by having an agreement with cluster k ∈ Γ.
Decision Variables
zk Boolean variable indicating if an agreement with cluster k ∈ Γ is done.

Let be Γ the set of all clusters composed of restaurants. Each restaurant belongs to
one and only one cluster. Gk is the set of restaurants that belongs to cluster k ∈ Γ. G′f
definition changes to G′k and it is the set of dummy vertex which represents all the visits
to restaurant that belongs to cluster k ∈ Γ. For this version zk is is equal to 1 if an
agreement with the cluster of restaurants k ∈ Γ is done, 0 otherwise. Finally, ck is the
cost of having an agreement with cluster k ∈ Γ. In Table 4.2 a resume of the changes is
presented.

The mixed-integer linear program (MILP) for the non-clustered version can be adap-
ted using the new definitions and by replacing: First, the objective function (Eq. 4.1)
with

max
∑
i∈V ′

∑
j∈V ′N+1

pixij −
∑
i∈V ′0

∑
j∈V ′N+1

dijxij −
∑
k∈Γ

ckzk, (4.22)

seconds, constraints (4.3) with∑
j∈V ′N+1,i 6=j

xfj ≤ zk ∀f ∈ Gk,∀k ∈ Γ, (4.23)

and, lastly, variable domain constraints (4.19) with

zk ∈ {0, 1} ∀k ∈ Γ. (4.24)
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As can be seen, the changes are made on those constraints that originally depended on
set F and in the new version it is replaced with set Γ. However, note that the definition
of set F ′ remains the same so the associated constraints do not require changes.

4.3 Branch-and-price methodology

Branch-and-Price (BP) algorithms are proven to be a successful approach when solving
routing problems. Boussier et al. (2007) propose a BP to solve routing problems with
profits, specifically for the Team Orienteering Problem. Later, some authors have exten-
ded the methodology to improve the results and to solve new types of routing with profit
problems (see Archetti et al. (2013, 2009) for the Capacitated TOP and CPTP).

Using as reference the methodology presented by Boussier et al. (2007), a BP al-
gorithm is proposed as solution method. The arc-based formulations presented in Section
4.2.1 and 4.2.2 can be rewritten as a route-based formulation as follows.

Non-clustered version

Let Ω be the set of feasible vehicle routes. In other words, the set of arcs in A issued from
the depot, visiting one restaurant, going back to the depot, satisfying capacity, battery,
restaurant time window constraints, and visiting at most once each customer. Let ρr be
the income of the route r ∈ Ω. Let air be a binary parameter equal to 1 if route r visits
node i, 0 otherwise. Let bijr be a binary parameter equal to 1 if route r passes over arc
(i, j) ∈ A, 0 otherwise. Let γfr be a binary parameter equal to 1 if route r visits restaurant
f ∈ F , 0 otherwise. Note that ρr =

∑
i∈V0

∑
j∈V ′N+1

bijr(pj − dij), air =
∑

j∈VN+1
bijr and

γfr =
∑

j∈VN+1
bfjr. Binary variable θr is equal to 1 if route r is part of the solution, 0

otherwise. Binary variable µf indicates if an agreement with restaurant f is done or not.
Each restaurant f ∈ F has a fix food and recharge service cost cf when it is selected in
the solution.

Thus, the model can be described with the following set-packing model (SPM):

(SPM) max
∑
r∈Ω

ρrθr −
∑
f∈F

cfµf (4.25)

∑
r∈Ω

θr ≤ P (4.26)

∑
r∈Ω

airθr ≤ 1 ∀i ∈ V (4.27)

∑
r∈Ω

γfrθr ≤ Pµf ∀f ∈ F (4.28)

θr ∈ {0, 1} ∀r ∈ Ω (4.29)
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µf ∈ {0, 1} ∀f ∈ F (4.30)

The objective function (4.25) aims to maximize the income computed as the total
income per route minus the cost associated with the restaurant services. Constraint (4.26)
limits the number of vehicles that are used. Constraints (4.27) guarantee that customers
can be served at most once. Constraints (4.28) indicate if restaurant f is visited in the
solution. Finally, variable domains are defined in constraints (4.29) - (4.30).

Clustered version

For the clustered version, as it is done previously, instead of defining a variable or a
parameter for each restaurant it is defined for each cluster k ∈ Γ. Thus, γkr is equal to
1 if route r visits cluster k ∈ Γ, so γkr =

∑
f∈Gk

∑
j∈VN+1

bfjr. The objective function
(4.25) is replaced by

max
∑
r∈Ω

ρrθr −
∑
k∈Γ

ckµk (4.31)

Constraints (4.28) and (4.30) are replaced by∑
r∈Ω

γkrθr ≤ Uµk ∀f ∈ Γ (4.32)

and
µk ∈ {0, 1} ∀k ∈ Γ (4.33)

respectively.

4.3.1 Algorithm overview

An overview of the proposed Branch-and-Price algorithm is presented in Algorithm 3.
The BP method begins by creating an initial set of columns (paths) Ω′. It is done

following a randomized greedy procedure presented in Section 4.3.2. Each iteration begins
by updating the graph G of the relaxed master problem RMP by modifying the set of arcs
A according to the branching strategies presented below. Later, the column generation
procedure is executed (See Section 4.3.3) and the new columns are added to Ω1. If the
RMP solution is not feasible for the SMP, in other words, if the variable values are not
integer, the branching procedure is executed (lines (13-31)). Branching strategies are
introduced in Section 4.3.5. The set of branches Υ is decreasingly sorted by the objective
value g(S). The iterative process is executed until every branch is explored or until the
value of the current best feasible solution f(S∗) is greater than the value of solution f(S)

of the top branch of set Υ.
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Algorithm 3 Branch-and-Price for e-CPTP
1: procedure Branch-and-Price
2: Ω′,Υ← {∅};
3: S, S∗ ← {∅};
4: A← (i, j) ∀i ∈ V ′0,N+1,∀j ∈ V ′0,N+1 / j 6= i;
5: ~λ∗, ~α∗ ← ~0;
6: Ω′ ← GenerateInitialColumns(A);
7: Υ← RootNode(Ω′);
8: do
9: SelectBranch(Υ);
10: Ã, Ω̃′ ← UpdateGraphAndColumns(A,Ω′);
11: Ω̃′ ← Ω̃′ ∪ ColumnGeneration(Ã, Ω̃′);
12: Ω′ ← Ω′ ∪ Ω̃′;
13: S ← RMP(Ã, Ω̃′);
14: if S is not integer then
15: if µi is not integer then
16: Υ← Υ∪BranchEnforcingAgreement(µi);
17: Υ← Υ∪BranchDenyingAgreement(µi);
18: else
19: if Flow over node i is not integer then
20: Υ← Υ ∪ BranchEnforcingVisit(i);
21: Υ← Υ ∪ BranchDenyingVisit(i);
22: else if Flow over arc (i, j) is not integer then
23: if Visit to node i or j is already enforced then
24: Υ← Υ ∪ BranchEnforcingArc(i, j);
25: Υ← Υ ∪ BranchDenyingArc(i, j);
26: else
27: Υ← Υ ∪ BranchEnforcingVisitandArc(i, j);
28: Υ← Υ ∪ BranchEnforcingVisitAndDenyingArc(i, j);
29: Υ← Υ ∪ BranchDenyingVisit(i);
30: end if
31: end if
32: end if
33: else if g(S) > g(S∗) then
34: S∗ ← S;
35: end if
36: while Υ 6= {∅} ∨ g(S) < g(S∗)
37: return (S̃∗);
38: end procedure

4.3.2 Initial set of columns

The initial set of columns Ω′ is composed of a determined number of paths (INIPOP ).
Each column is generated following a randomized greedy procedure. The procedure
creates a column selecting randomly one restaurant f ∈ F . Later, it selects randomly
a customer and it is inserted following a best insertion strategy in the current path. If
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the insertion is not feasible, the customer is not inserted. It is done until every customer
insertion is evaluated. This procedure does not vary depending on the version of problem,
non-clustered version or clustered version. In the proposed approach, INIPOP is set to
50 columns.

4.3.3 Column Generation

Since the number of routes in Ω is exponential in the number of customers and the number
of clusters/restaurants, the set-packing model (4.25-4.30) cannot be easily managed with a
basic branch-and-bound approach. This issue is commonly tackled by using a restricted
set Ω′ where Ω′ ⊂ Ω and |Ω′| � |Ω|. Later, variables (routes/columns) are included
dynamically by a column generation procedure. In the following the linear relaxation of
the SPM is called Master Problem (MP).

The column generation procedure is composed of two components: the restricted
master problem (RMP) and an auxiliary problem, called subproblem or pricing problem.
The restricted master problem is obtained by replacing in the MP the set Ω with the set
Ω′. Iteratively, the RMP is solved, the dual values of the RMP are obtained and then the
pricing problem uses the dual values to look for routes with positive reduced cost which
are added to RMP (see Figure 4.2). When no route with positive cost exists, the solution
is optimal for the linear relaxation of SPM.

Restricted Master Problem (RMP)

Pricing Problem

Dual valuesNew columns

Figure 4.2 – Interaction between Restricted Master Problem and Pricing Problem.

Restricted Master Problem

The restricted master problem RMP(Ω′) is obtained from the MP considering only a
subset Ω′ ⊂ Ω of variables. In the following RMP (Ω′) is presented.

(RMP (Ω′)) max
∑
r∈Ω′

ρrθr −
∑
f∈F

cfµf (4.34)

Subject to:
λ0 −→

∑
r∈Ω′

θr ≤ P (4.35)
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λi −→
∑
r∈Ω′

airθr ≤ 1 ∀i ∈ V (4.36)

αf −→
∑
r∈Ω′

γfrθr − Uµf ≤ 0 ∀f ∈ F (4.37)

θr ≥ 0 ∀r ∈ Ω′ (4.38)

µf ≥ 0 ∀f ∈ F (4.39)

Dual program

Let D(Ω1) be the dual of RMP (Ω′):

(D(Ω′)) min Pλ0 +
∑
i∈V

λi (4.40)

Subject to:
λ0 +

∑
i∈V

airλi +
∑
f∈F

γfrαf ≥ ρr ∀r ∈ Ω′ (4.41)

Pαf ≥ cf ∀f ∈ F (4.42)

λ0 ≥ 0 (4.43)

λi ≥ 0 ∀i ∈ V (4.44)

αf ≥ 0 ∀f ∈ F (4.45)

where λ0 is the non-negative dual variable associated to fleet size constraint (4.35),
λi is the non-negative dual variable associated with constraint (4.36) and αf is the non-
negative dual variable associated with the use of restaurant f (constraint (4.37)).

RMP (Ω′) and D(Ω′) presented above correspond to the non-clustered version of e-
CPTPMS. For the clustered version, in the two models instead of using the set of res-
taurants F it must be replaced with the set of clusters Γ, and definition of parameter
γfk changes as it is explained in section 4.3. Applying these changes the formulations
remains the same.

4.3.4 Pricing Problem

Once the RPM(Ω′) is solved, optimal dual values λ∗0, λ∗i and α∗f are obtained. The purpose
of the pricing problem is twofold: to find routes r ∈ Ω \ Ω′ with positive reduce cost or
to prove that none exists.

For the non-clustered version of e-CPTPMS, routes with positive reduces cost are
routes such that:
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ρr − λ∗0 −
∑
i∈V

airλ
∗
i −

∑
f∈F

γfrα
∗
f > 0 (4.46)

Condition (4.46) is obtained from constraint 4.41 of the dual program D(Ω′). It can
be also expressed as:

∑
i∈V0

∑
j∈V ′N+1

bijr(pi − dij − λ∗i )−
∑
f∈F

∑
j∈V ′N+1

bfjr(dfj + α∗f ) > 0 (4.47)

For the clustered version of e-CPTPMS, a route has a positive reduce cost if it holds:

ρr − λ∗0 −
∑
i∈V

airλ
∗
i −

∑
k∈Γ

γkrα
∗
k > 0 (4.48)

In other words, if:

∑
i∈V0

∑
j∈V ′N+1

bijr(pi − dij − λ∗i )−
∑
k∈γ

∑
j∈V ′N+1

∑
f∈G′k

bfjr(dfj + α∗k) > 0 (4.49)

Expressions (4.47) and (4.49) show that the pricing problem is equivalent to an Ele-
mentary Longest Path Problem with Resource Constraints.

In this chapter, two labeling algorithms are presented to solve the pricing problem.
The first seeks to find elementary paths from 0 to N + 1 maximizing the reduce cost and
satisfying a set of resource constraints. The second version seeks to find ng-paths instead
of elementary paths.

An elementary path is a path visiting a subset of nodes where each node is visited at
most once (Irnich and Desaulniers, 2005). An ng-path is a path visiting a subset of nodes
(even more than once) (Baldacci et al., 2011). Each customer i ∈ V ′ has a neighborhood
Ni ⊆ V ′ including i itself. The subset of customers Ni, also called ng-set, is built by
selecting the nearest nodes of i, including i. Those nodes are the set of "potential nodes"
that can be visited more than once by doing an extension from i. The cardinality of Ni

is a parameter. For a given path Ui =< 0, n1, . . . , nu−1, nu > composed of a sequence of
nodes finishing at vertex nu = i, the set Π(Ui) representing the set of customers to which
extensions of path Ui can not be done, is computed. It is done by comparing the sets of
neighbors Nnj

of each node nj ∈ Ui. The set Π(Ui) can be defined as follows:

Π(Ui) =

{
nj ∈ Ui \ {i} : nj ∈

u⋂
s=j+1

Nns

}
∪ {i} (4.50)

In short, a ng-path allows multiple visits to a customer i if at least one customer j
such that i /∈ Nj is visited between the last |Ni| successive visits (Pecin et al., 2017).
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Symmetrical labeling algorithm

The algorithm presented in this chapter to solve the pricing problem is an extension of
the classical Bellman’s algorithm. The main idea is that to each possible partial path is
associated a label. In the classical algorithm the labels are extended checking the resource
constraints until the best feasible paths are obtained. In the proposed algorithm, because
of the symmetries on the paths, the extensions are done until the paths reach a restaurant.
Later, a concatenation phase is executed until the best feasible paths are obtained. The
concatenation procedure is explained in detail in the following subsection.

In elementary path algorithm, a partial path Ui from 0 to a vertex i ∈ V ′N+1 is repres-
ented by a label L(Ui) = (costUi

, RSUi
, timeUi

, durUi
, loadUi

, batUi
, revUi

, T (Ui)). ng-paths
label is represented as L(Ui) = (costUi

, RSUi
, timeUi

, durUi
, loadUi

, batUi
, revUi

,Π(Ui)).
Label resources are presented in Table 4.3.

Table 4.3 – Resources for a given label L(Ui) of path Ui.

costUi Reduced cost of path Ui.
RSUi

Accumulated number of visits to restaurants along path Ui.
timeUi

Earliest service start time at vertex Ui.
durUi

Accumulated duration along path Ui.
loadUi

Load delivered along path Ui.
batUi Energy consumption since last recharge along path Ui

revUi Indicates the type of path for the concatenation phase.
T (Ui) Set of nodes visited along path Ui.
Π(Ui) Set of prohibited extensions of path Ui.

The paths finishing at restaurants might be reversed and concatenated (see Section
4.3.4). There are three types of paths. Each label has this information thanks to revUi

.
If revUi

= 0, then the path is feasible in both its current form and in the reverse sense.
If revUi

= 1 means that path is only feasible in the current form, and revUi
= 2 indicates

that the path is exclusively feasible on its reversed form. Path Ui containing the arc
(j, i) can be unfeasible in its current form, but feasible in its reversed form, if during the
branching phase (see Section 4.3.5) the arc (i, j) is enforced, so arc (j, i) is forbidden.

In the labeling algorithm Resource Extension Functions (REFs) are used to check
feasibility and dominance between a pair of partial paths arriving at the same node.
Given the partial path Ui ending at vertex i, and L(Ui) a label associated with path Ui,
a new partial path U ′j can be obtained by extending the path Ui to a vertex j. The new
label L(U ′j) can be obtained following the REFs equations (4.51)-(4.59) for the resources
introduced in Table 4.3. These functions are used to solve the pricing problem for the
non-clustered version of e-CPTPMS.

costUj
=

costUi
+ pj − dij − λ∗j if j ∈ VN+1

costUi
− dij − α∗j if j ∈ F

(4.51)
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RSUj
= RSUi

+

1 if j ∈ F

0 otherwise
(4.52)

timeUj
=

timeUi
+ si + tij if i ∈ VN+1

max{ej, timeUi
+ si + tij} if i ∈ F

(4.53)

durUj
= durUi

+ si + tij (4.54)

loadUj
= loadUi

+ qj (4.55)

batUj
=

batUi
+ γdij if i ∈ VN+1

γdij if i ∈ F
(4.56)

revUj
=


1 if revUi

= 0 ∧ (j, i) /∈ A

2 if revUi
= 0 ∧ (i, j) /∈ A

revUi
otherwise

(4.57)

T (U ′j) = T (Ui) ∪ j (4.58)

Π(U ′j) = Π(Ui) ∩Nj ∪ j (4.59)

For the clustered version of the e-CPTPSM, the REF associated to resource cost
(4.51) must be replaced with:

costUj
=

costUi
+ pj − dij − λ∗j if j ∈ VN+1

costUi
− dij − α∗k if j ∈ F, j / j ∈ Gk

(4.60)

A new path U ′j created from the extension of path Ui to vertex j is feasible if it holds:

(a) ((i, j) ∈ Ã∧ (revUi
= 0 ∨ revUi

= 1))∨ ((j, i) ∈ Ã∧ (revUi
= 0 ∨ revUi

= 2))

(b) RSUj
≤ 1

(c) timeUj
≤ lj

(d) timeUj
≤ l0

(e) loadUj
≤ Q

(f) batUj
≤ B

(g) j /∈ T (Ui) for the elementary paths version

(g’) j /∈ Π(Ui) for the ng-paths version
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To reduce the number of possible paths, a dominance rule is incorporated into the
algorithm. Given the labels of two paths L(Ui) and L(Wi) ending at vertex i, path Ui

dominates path Wi if every feasible extension of Wi yields to a path with reduced cost
smaller than the feasible path obtained by applying the same extension from Ui and using
more resources. Thus, the following domination rules are established. Ui dominates Wi

if:

(a) costUi
≥ costWi

(b) timeUi
≤ timeWi

(c) durUi
≤ durWi

(d) loadUi
≤ loadWi

(e) batUi
≤ batWi

(f) revUi
= revWi

(g) T (Ui) ⊆ T (Wi) for the elementary paths version

(g’) Π(Ui) ⊆ Π(Wi) for the ng-paths version

Concatenation phase

Given two partial paths Uf = {0, u1, . . . , un−1, un} andWf = {0, w1, . . . , wn−1, wn} ending
at restaurant f (un = wn = f), a new path Y0 = {0, u1, . . . , un−1, k, wn−1, . . . , w1, 0} can
be created by concatenating path Uf with the reversed path

←−
Wf . It is possible due to the

symmetries in the graph G and to the fact that restaurants are the only type of vertex
with time windows. Thus, path Y0 = Uf ⊕

←−
Wf is feasible if it holds:

(a) (revUf
= 0 ∨ revUf

= 1) ∧ (revWf
= 0 ∨ revWf

= 2)

(b) timeUf
+ S + durWf

≤ l0

(c) loadUf
+ loadWf

≤ Q

(d) T (Uf ) ∩ T (Wf ) = ∅ for the elementary paths version

(d’) Π(Uf ) ∩ Π(Wf ) = ∅ for the ng-paths version

For the e-CPTPMS non-clustered version, the reduced cost of new path Y0 ending at
depot (0) is computed as:

costY0 = costUf
+ costWf

− λ∗0 + α∗f (4.61)

And for the clustered version it is calculated as:

costY0 = costUf
+ costWf

− λ∗0 + α∗k k / f ∈ Gk (4.62)
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In practice, every label of a path ending at a restaurant f ∈ F is added to a sorted
list. The list is sorted decreasingly according to cost. Once a new label is added to the
list, the algorithm tries to concatenate the associated path with the paths already in the
list. The list is explored until a concatenation with a non positive reduce cost occurs,
because the following paths have smaller cost values. This avoids having to test with
every path in the list, in most of the cases.

In order to improve the performance, both the pricing problem with elementary paths
and the pricing problem with ng-paths have a heuristic version of the algorithm where
dominance conditions (g) and (g’) are relaxed. When the heuristic version cannot find a
new route with positive reduced cost, the exact version is executed. Note that finding the
path with maximal reduce cost is only required at the last iteration. So if a sufficiently
large number of positive reduce cost paths are found, the pricing algorithm stops and
these paths are added into Ω′.

4.3.5 Branching Strategy

If the optimal solution of RMP is not integer, branching decisions must be made. Three
strategies are applied (see Figure 4.3) and are explained below.

The first type of branching focus on the variable µf of the MP. In the e-CPTPMS
non-clustered version, it indicates if an agreement with restaurant f ∈ F is done or not,
while in the clustered version µk refers to the decision of having an agreement with cluster
k ∈ Γ. In both cases, if there are µ variables with fractional values, the one with the
largest associated cost cf or ck is selected respectively. Two branches are created. The first
branch enforces to have an agreement with restaurant f /cluster k. It implies to include
the opening cost cf or ck, and allowing to visit the restaurant f in the non-clustered
version, or the set of restaurants Gk in the clustered version. The second branch forbids
the visit of restaurant f /cluster k. At the RMP(Ω′) level the following constraints are
added:

µf =

1 in the branch where an agreement with f is done

0 in the branch where an agreement with f is denied

At the pricing problem level, on the first branch there is not an impact, but on the
second branch the graph is modified. For the pricing problem obtained in the second
branch, for the non-clustered version, every arc connected with restaurant f is deleted.
In other words, arcs (i, f) and (f, i) where i ∈ V ′0,N+1 are removed from Ã. For the
clustered version, arcs linked with restaurants of cluster k are removed. It means arcs,
(i, f) and (f, i) where i ∈ V ′0,N+1 and f ∈ Gk are eliminated from Ã.

Once all µ variable values are integer, flow over each node is checked. If there are
vertices with fractional flow, the one with the largest (pi−λ∗i ) is selected. From this node,
two new branches are created. In the first branch, visiting customer i is mandatory, while
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Branching on agreement’s decisions

Agreement No agreement

Root node

Branching on flow over customers

Visit customer i No visit customer i

Branching over arcs

(i, j) ✟✟❍❍(i, j)

Case 1 Case 2

Visit i ∧ (i, j) Visit i ∧✟✟❍❍(i, j) Not visit i

Figure 4.3 – Branching strategies scheme.

in the second branch visiting it is forbidden. Enforcing or forbidding to visit customer i
is done in the RMP(Ω′) by updating constraint (4.35) as follows:

∑
r∈Ω′

aikθk

+ yi = 1 in the branch where customer i has to be visited

= 0 in the branch where visiting customer i is forbidden

Virtual variables yi are created for every node i ∈ V to handle some infeasible situ-
ations in the RMP(Ω′) when new branches are created. This variable is added with a
large negative value in the objective function.

In the pricing problem the graph is affected when it is forbidden to visit node i. In
that case, every arc (j, i) and (i, j) where j ∈ V ′0,N+1 is removed from Ã. This branching
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is done in the same way for non-clustered and clustered versions.
Finally, if all µ variables are integer and the flow over each vertex are integer for every

node, the third branching strategy is applied. The arc (i, j) with non integer flow and
with the largest (pi − λ∗i /2 − λ∗j/2) is selected. From this, two or three branches are
created. If one of the nodes i or j is already constrained to be visited, two branches are
created. One branch forcing the arc (i, j) and other branch forbidding it. If neither i
nor j are constrained to be visited, three branches are created: Two where the node i
is enforced to be visited, and the arc (i, j) is enforced or forbidden respectively; And a
third branch forbidding the visit to node i, which also results in removing arc (i, j).

When an arc (i, j) is enforced or forbidden, the graph changes at the pricing level.
When the arc is enforced, arcs (i, k) where k ∈ V ′0,N+1 ∧ k 6= j and arcs (l, j) where
l ∈ V ′0,N+1 ∧ l 6= i are deleted from Ã. In the second case, the arch (i, j) is excluded from
Ã. This is done regardless of whether it is a non-clustered or clustered version.

4.4 Computational Results

42 sets of e-CPTPMS instances are created based on the instances proposed by Chao
et al. (1996) for the TOP and 6 sets based on the Schneider et al. (2014) instances for the
E-VRPTW. Instances for non-clustered version and clustered version are built following
the procedure explained below.

The BP is implemented in C++ and linear relaxations are solved by CPLEX 12.8. The
algorithm is executed on a machine with Intel(R) Core(TM) i5-5300U CPU @2.30GHz
2.30GHz and 8 GB RAM. The execution time is limited up to 2 hours.

4.4.1 Instances generation

Chao et al. (1996) instances proposed for the TOP are composed of 387 instances that
can be grouped in 7 sets according to the number of nodes, varying between 21 and
102. Into each set, the only differences between instances are path length and number
of paths. Number of paths vary from 2 to 4. The length of the path is represented
by a letter at the end of the name of the instance, however an identical letter does not
necessarily corresponds to an identical path length. To adapt these instances to the
e-CPTPM non-clustered version, the:

• Departing node is considered as depot node, and arriving node is considered as
a restaurant. It is because both nodes do not have an associated profit. The
remaining nodes are considered as customers. Profits and geographical distribution
remain the same.

• Number of EV is equal to the number of paths.
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• The number of restaurants is defined as
⌈
|V | ∗ 0.1

⌉
. The position of the restaurants

is defined randomly.

• The agreement cost of each restaurant is set as

⌈
rand(MaxProfit−MinProfit)/2+minProfit+(MaxProfit−MinProfit)/3

⌉
• ϑ and γ are equal to 1. So path length becomes Tmax.

• Assuming that Tmax is equivalent to a 9-hour day, restaurant time windows are
defined as [4th hour, 5th hour], and lunch time is equivalent to one hour.

• For each Chao et al. (1996) instance, 3 new instances are generated with different B
values. Bsmall where B = 0.4 ∗ Path length, Bmedium where B = 0.55 ∗ Path length
and Blarge where B = 0.7 ∗ Path length.

For the clustered version:

• The restaurants are grouped in clusters with sizes:

– Set 2: 1.
– Sets 1, 3: 2.
– Sets 4, 5, 6, and 7: between 2 and 5.

• The agreement cost is the sum of the individual cost.

It is important to clarify that, even if agreement cost and profits are taken from the
non-clustered version, it is not possible to make a direct comparison between both non-
clustered and clustered instances. Note that clusters are generated randomly without
any additional information. These new sets of instances are hereinafter referred to as CH
instances.

Schneider et al. (2014) instances are explained in Section 3.4. For adapting these
instances to the e-CPTPM non-clustered version:

• Time windows are discarded.

• 2 sets of instances are created: One with 30 customers and other with 50 customers.
The customers are selected randomly from the instances of size 100.

• The number of restaurants is defined as
⌈
(Size/100 ∗ nbRS) ∗ 0.7

⌉
where size is

the new number of customers, nbRS is the original number of RS. The restaurants
nodes are selected randomly from the set of RS proposed.

• The agreement cost of each restaurant is set as
⌈
rand(MaxDist − MinDist) +

minDist+ (MaxDist−MinDist)/2
⌉
.

• The customer profits are set as
⌈
rand(MaxDist−MinDist) ∗ 0.8 +minDist

⌉
.
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• 3 sets of instances are generated by changing the Tmax value. Tmax is set to 0.4, 0.6

and 0.8 of the original Tmax.

• Assuming that Tmax is equivalent to a 9-hour day, restaurant time windows are
defined as [4th hour, 5th hour], and lunch time is equivalent to one hour.

• Finally B value is adjusted to max(B, (dist ∗ 4) ∗ 0.8).

As it is done previously, for the clustered version the restaurants are grouped in set
with size between 1 and 5, and agreement cost is the sum of the individual cost. These
new sets of instances are hereinafter referred to as SC instances.

4.4.2 Non-clustered version results

An outline of the results on the CH instances non-clustered version is presented in Tables
4.4 - 4.6. In those tables, n is the number of customers, and rs is the number of available
restaurants. Op is number of optimal solutions reached by the algorithm over the set’s
size N . topt is the average computational time (in seconds) to reach the solution for those
instances solved to optimality under the time limit. When none of the instances are solved
to optimality the column is left empty (-). t is the average solution time of the set of
instances. Because of there is a huge variation in computational times into each set, the
standard deviation of solution time σt is presented. The quality of the linear relaxation
or upper bound (UB) at the root node of the BP is presented. The UB is compared to
the optimal solution, when it is known, and Qroot represents the gap percentage measured
as ((UB − opt)/opt) ∗ 100. ∆op is the average optimality gap of the solutions within the
time limit. Due to there are instances that its root node is not solved into the 2 hours,
∆op value includes exclusively instances that its root node is solved under the time limit.
If no root node is solved, the column is left empty (-).

Table 4.4 – Computational results with Bsmall - Non-clustered version

BPel BPng

n rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

Set-1 30 4 54/54 0.04 0.04 0.09 13.36 0.00 54/54 0.03 0.03 0.05 13.43 0.00 0.06
Set-2 19 3 33/33 0.03 0.03 0.03 4.43 0.00 33/33 0.04 0.04 0.05 4.43 0.00 0.00
Set-3 31 4 60/60 14.22 14.22 72.95 2.53 0.00 60/60 3.96 3.96 17.28 2.86 0.00 0.31
Set-4 98 12 36/60 268.83 3041.30 3474.12 12.65 0.11 42/60 405.85 2444.10 3295.75 12.68 1.40 3.47
Set-5 64 8 65/78 141.93 1318.27 2718.88 26.20 0.05 76/78 205.86 385.20 1435.88 23.18 0.02 1.45
Set-6 62 8 39/42 121.07 626.71 1926.81 21.50 0.03 42/42 159.38 159.38 915.88 20.49 0.00 0.32
Set-7 100 13 41/60 550.14 2606.21 3373.57 15.38 0.26 51/60 390.30 1411.75 2676.44 15.69 0.85 4.78
Average 156.61 1086.68 1652.35 13.72 0.06 166.49 629.21 1191.62 13.25 0.32 1.48

Solved instances 328/387 358/387

A comparison between the two BP versions is proposed. BPel are the results for
the version of the BP where the pricing problem is solved using elementary paths, while
BPng are the results of the algorithm solving the pricing allowing ng-paths. Finally, as
should be remembered, using ng-paths represents an additional relaxation to the master
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problem, so ∆UBroot is the gap percentage of the upper bound at the root node of the
version with ng-paths compared to the version with elementary paths. Detailed results
for each instance are presented in Appendix B.1.

Table 4.5 – Computational results with Bmedium - Non-clustered version

BPel BPng

n rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

Set-1 30 4 54/54 3.55 3.55 16.93 12.27 0.00 54/54 0.34 0.34 1.58 12.32 0.00 0.05
Set-2 19 3 33/33 0.03 0.03 0.04 6.40 0.00 33/33 0.04 0.04 0.05 6.40 0.00 0.00
Set-3 31 4 55/60 12.64 611.58 2004.14 2.31 0.01 60/60 84.18 84.18 479.40 2.80 0.00 0.20
Set-4 98 12 24/60 490.57 4516.23 3415.55 9.69 0.07 33/60 331.72 3422.45 3514.65 9.13 1.81 2.24
Set-5 64 8 51/78 166.01 2600.85 3394.33 14.63 0.24 65/78 123.89 1303.24 2681.67 12.79 0.55 1.17
Set-6 62 8 34/42 178.62 1516.03 2859.24 13.52 0.05 38/42 16.77 700.88 2134.73 12.63 0.39 1.64
Set-7 100 13 31/60 141.38 3553.05 3574.97 13.73 1.20 47/60 375.32 1854.00 2997.81 14.73 1.04 4.38
Average 141.83 1828.76 2180.74 10.36 0.22 133.18 1052.16 1687.13 10.12 0.54 1.38

Solved instances 282/387 330/387

Table 4.6 – Computational results with Blarge - Non-clustered version

BPel BPng

n rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

Set-1 30 4 54/54 21.65 21.65 139.57 11.92 0.00 54/54 0.80 0.80 4.73 11.95 0.00 0.03
Set-2 19 3 33/33 0.03 0.03 0.02 7.48 0.00 33/33 0.03 0.03 0.02 7.55 0.00 0.07
Set-3 31 4 55/60 46.58 642.70 2010.06 2.24 0.02 60/60 107.45 107.45 736.89 2.63 0.00 0.19
Set-4 98 12 24/60 563.01 4545.20 3414.38 10.01 0.18 33/60 411.56 3466.36 3521.14 9.31 1.54 1.95
Set-5 64 8 51/78 230.90 2643.28 3384.49 14.93 0.23 65/78 144.24 1320.20 2681.66 13.12 0.59 1.24
Set-6 62 8 34/42 227.75 1555.80 2884.26 12.86 0.13 38/42 20.14 703.94 2134.10 12.00 0.42 1.49
Set-7 100 13 31/60 169.22 3567.43 3566.75 14.22 0.67 46/60 372.25 1965.39 3029.99 15.23 1.09 4.35
Average 179.88 1853.73 2199.93 10.52 0.18 150.92 1080.59 1729.79 10.25 0.52 1.33

Solved instances 282/387 329/387

Likewise, the results on SC instances non-clustered version are summarized in tables
4.7 - 4.9. Detailed results for each instance tested are presented in Appendix B.2.

Table 4.7 – Computational results with Tmax_small - Non-clustered version

BPel BPng

Set n rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

C1 30 5 3/3 3.71 3.71 5.74 4.36 0.00 3/3 2.81 2.81 4.33 4.59 0.00 0.20
C2 30 5 0/3 - 7200.00 0.00 - 1.41 2/3 2494.42 4062.95 3367.01 1.50 0.01 0.34
R1 30 5 3/3 0.05 0.05 0.06 18.06 0.00 3/3 0.05 0.05 0.05 18.06 0.00 0.00
R2 30 5 3/3 207.24 207.24 309.94 0.41 0.00 3/3 56.56 56.56 80.08 0.43 0.00 0.02
RC1 30 5 3/3 0.02 0.02 0.01 8.17 0.00 3/3 0.02 0.02 0.02 8.17 0.00 0.00
RC2 30 5 2/3 681.87 2854.58 3773.40 0.60 1.08 2/3 88.52 2459.02 4106.19 0.78 0.29 0.13
C1 50 8 3/3 29.12 29.12 31.54 8.71 0.00 3/3 17.12 17.12 20.17 9.07 0.00 0.32
C2 50 8 0/3 - 7200.00 0.00 - - 1/3 711.88 5037.29 3745.92 0.00 0.95 0.83
R1 50 8 3/3 0.30 0.30 0.08 38.17 0.00 3/3 0.26 0.26 0.09 38.17 0.00 0.00
R2 50 8 0/3 - 7200.00 0.00 - - 0/3 - 7200.00 0.00 - 3.32 1.23
RC1 50 8 3/3 0.10 0.10 0.08 15.35 0.00 3/3 0.08 0.08 0.06 15.35 0.00 0.00
RC2 50 8 0/3 - 7200.00 0.00 - - 0/3 - 7200.00 0.00 - 6.40 1.57
Average 115.30 2657.93 343.40 11.73 0.28 337.17 2169.68 943.66 9.61 0.91 0.39

Solved instances 23/36 26/36
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Table 4.8 – Computational results with Tmax_medium - Non-clustered version

BPel BPng

n rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

C1 30 5 3/3 549.63 549.63 937.46 9.30 0.00 3/3 881.42 881.42 1520.41 9.33 0.00 0.03
C2 30 5 3/3 520.24 520.24 341.77 2.50 0.00 3/3 297.39 297.39 418.55 2.59 0.00 0.09
R1 30 5 3/3 2.20 2.20 2.21 29.28 0.00 3/3 1.36 1.36 1.13 29.28 0.00 0.00
R2 30 5 3/3 117.02 117.02 148.51 0.58 0.00 3/3 55.65 55.65 73.18 0.72 0.00 0.14
RC1 30 5 3/3 0.18 0.18 0.03 16.69 0.00 3/3 0.14 0.14 0.04 17.65 0.00 0.83
RC2 30 5 3/3 210.48 210.48 312.81 0.73 0.00 3/3 345.76 345.76 505.57 1.30 0.00 0.56
C1 50 8 2/3 2044.02 3762.68 3009.39 13.40 0.13 2/3 1563.91 3442.61 3402.80 13.55 0.09 0.09
C2 50 8 0/3 - 7200.00 0.00 - - 0/3 7200.00 7200.00 0.00 - 1.80 0.34
R1 50 8 3/3 299.42 299.42 407.74 30.60 0.00 3/3 365.46 365.46 546.60 30.73 0.00 0.11
R2 50 8 0/3 - 7200.00 0.00 - - 0/3 - 7200.00 0.00 - 4.87 1.23
RC1 50 8 3/3 6.40 6.40 1.78 40.32 0.00 3/3 4.66 4.66 1.28 40.32 0.00 0.00
RC2 50 8 0/3 - 7200.00 0.00 - - 1/3 5425.70 6608.57 1024.39 1.01 1.08 0.59
Average 416.62 2255.69 430.14 15.94 0.01 1467.40 2200.25 624.50 14.65 0.65 0.33

Solved instances 26/36 27/36

Table 4.9 – Computational results with Tmax_large - Non-clustered version

BPel BPng

n rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

C1 30 5 3/3 177.44 177.44 279.97 8.23 0.00 3/3 161.78 161.78 169.13 8.51 0.00 0.26
C2 30 5 3/3 344.95 344.95 424.64 2.50 0.00 3/3 594.22 594.22 902.04 2.71 0.00 0.20
R1 30 5 3/3 24.33 24.33 38.70 20.25 0.00 3/3 25.38 25.38 40.83 20.39 0.00 0.13
R2 30 5 3/3 116.63 116.63 147.87 0.58 0.00 3/3 101.43 101.43 139.92 0.72 0.00 0.14
RC1 30 5 3/3 0.97 0.97 0.28 13.41 0.00 3/3 0.78 0.78 0.24 13.98 0.00 0.51
RC2 30 5 3/3 214.57 214.57 320.80 0.73 0.00 3/3 282.26 282.26 385.76 1.30 0.00 0.57
C1 50 8 0/3 - 7200.00 0.00 - 6.14 2/3 916.99 3011.33 3664.09 16.14 0.20 0.00
C2 50 8 0/3 - 7200.00 0.00 - - 0/3 - 7200.00 0.00 - 7.34 2.02
R1 50 8 1/3 510.25 4970.08 3862.33 24.51 2.30 1/3 309.57 4903.19 3978.19 24.82 1.89 0.17
R2 50 8 0/3 - 7200.00 0.00 - - 0/3 - 7200.00 0.00 - 4.83 1.31
RC1 50 8 3/3 536.59 536.59 517.56 28.20 0.00 3/3 314.44 314.44 322.40 28.28 0.00 0.06
RC2 50 8 0/3 - 7200.00 0.00 - - 1/3 6523.21 6974.40 390.74 1.19 1.09 0.61
Average 240.72 2932.13 466.01 12.30 0.94 923.01 2564.10 832.78 11.80 1.28 0.50

Solved instances 22/36 25/36

Results show that both algorithms solve to optimality most instances of all tested
sizes. 1269 instances were used to test both algorithms. BPel is capable to solve 892
CH instances and 72 SC instances, while BPng solves 1017 CH instances and 78 SC
instances. BPng algorithm is able to solve all instances solved by BPel algorithm, except,
for instance p4.4.o.Bsmall (see Table B.4).

With regard to the computational time it is not easy to compare the performance just
by looking the column topt, because the number of optimal solutions found by the methods
differ in most of the cases. Additionally, for CH instances, even if each subset of instances
has the same number and geographical distribution of customers and restaurants, note
that route duration increases from instance to instance, it is denoted with a letter in the
instance name. Thus, instances among the same subset has different complexities and
if BPng founds a solution that was not found by BPel, surely the solution time is large
compared to the other ones, which prevents a fair comparison. These differences between
the computational times among the same subset of instances are represented by the large
standard deviation values presented in column σt.

However, due to t includes all the instances within the subset a fairer comparison
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can be done. BPel average computational time is 1589.72 seconds for CH instances
and 2615.24 seconds for SC instances while BPng average computational time is 920.66
seconds for CH instances and 2311.34 seconds for SC instances. According to the results,
the usage of ng-paths in solving the pricing problem improves the performance of the
algorithm not only because BPng is capable to solve more instances but also because is
faster than BPel.

As stated above, the ng-paths are a relaxation of the elementary paths. This implies
that the quality of the upper bound at the root node is sacrificed seeking to be able to
solve the price problem faster. Note that Qroot value cannot be used to compare the
methods since it has the same problem as topt value (different number of solved instances
for each method), so ∆UBroot value is used to compare the quality of the UB. In average
the UB at the root node of BPng is 1.4% larger than the UB in BPel for CH instances,
and 0.4% in SC instances. According to this, ng-paths usage deteriorates the UB on no
more than two percent on average, and it allows to have better results.

Finally, detailed results in Appendix B show that, once the length of the routes
increases, it becomes more difficult to reach an optimal solution within the time limit, in
most of the cases. Note that length of the route increases when Tmax, or battery capacity
B increases. This is expected due to having more resources (time or energy) increases the
number of feasible paths and thus the complexity of the pricing problem. So, the latter
is going to take longer to be solved by the labeling algorithm.

4.4.3 Clustered version results

A review of the results on the CH instances clustered version is presented in tables 4.10
- 4.12. The description of the tables remains the same as in the previous subsection, but
column cl is included to describe the number of clusters in each set. Detailed results for
each instance tested are presented in Appendix C.1.

Table 4.10 – Computational results with Bsmall - Clustered version

BPel BPng

n cl rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

Set-1 30 3 4 54/54 0.03 0.03 0.04 8.26 0.00 54/54 0.02 0.02 0.04 8.32 0.00 0.06
Set-2 19 3 3 33/33 0.03 0.03 0.02 4.43 0.00 33/33 0.05 0.05 0.05 4.43 0.00 0.00
Set-3 31 3 4 60/60 13.29 13.29 74.46 2.40 0.00 60/60 5.15 5.15 24.52 2.69 0.00 0.27
Set-4 98 5 12 38/60 135.19 2842.00 3414.33 13.54 0.13 42/60 229.21 2328.81 3249.72 13.58 1.37 2.87
Set-5 64 4 8 66/78 75.45 1234.78 2642.05 13.00 0.10 73/78 111.15 565.57 1906.94 12.54 0.09 1.92
Set-6 62 4 8 39/42 26.20 538.62 1873.47 24.76 0.04 42/42 30.73 30.73 95.89 23.70 0.00 0.19
Set-7 100 6 13 44/60 475.27 2168.75 3214.32 26.41 0.14 54/60 137.71 933.40 2257.08 25.09 0.32 4.61
Average 103.64 971.07 1602.67 13.26 0.06 73.43 551.96 1076.32 12.91 0.26 1.42

Solved instances 334/387 358/387
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Table 4.11 – Computational results with Bmedium - Clustered version

BPel BPng

n cl rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

Set-1 30 3 4 54/54 3.65 3.65 17.33 8.99 0.00 54/54 0.33 0.33 1.50 9.02 0.00 0.03
Set-2 19 3 3 33/33 0.04 0.04 0.07 6.40 0.00 33/33 0.05 0.05 0.06 6.40 0.00 0.00
Set-3 31 3 4 55/60 22.91 621.00 2004.76 2.21 0.01 60/60 137.12 137.12 666.29 2.68 0.00 0.16
Set-4 98 5 12 25/60 312.93 4407.17 3418.17 10.67 0.42 32/60 206.31 3531.94 3523.38 9.43 1.86 1.68
Set-5 64 4 8 53/78 144.07 2490.81 3324.50 7.62 0.04 65/78 108.93 1290.77 2684.62 7.70 0.54 1.56
Set-6 62 4 8 35/42 358.39 1498.66 2780.83 15.25 0.08 39/42 190.02 690.73 2098.05 14.89 0.10 2.27
Set-7 100 6 13 32/60 180.40 3554.32 3552.23 20.00 1.01 45/60 337.14 2052.85 3164.30 19.82 1.34 4.09
Average 146.06 1796.52 2156.84 10.16 0.22 139.98 1100.54 1734.03 9.99 0.55 1.40

Solved instances 287/387 328/387

Table 4.12 – Computational results with Blarge - Clustered version

BPel BPng

n cl rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

Set-1 30 3 4 54/54 19.08 19.08 116.88 8.70 0.00 54/54 0.70 0.70 4.14 8.71 0.00 0.02
Set-2 19 3 3 33/33 0.03 0.03 0.02 7.48 0.00 33/33 0.05 0.05 0.05 7.55 0.00 0.07
Set-3 31 3 4 55/60 28.46 626.09 2004.65 2.11 0.02 60/60 119.32 119.32 825.00 2.46 0.00 0.14
Set-4 98 5 12 24/60 514.94 4525.98 3417.60 10.96 0.34 33/60 218.45 3375.72 3519.27 9.32 1.58 1.68
Set-5 64 4 8 53/78 180.09 2503.05 3318.10 7.35 0.10 65/78 139.34 1316.11 2689.56 7.47 0.64 1.51
Set-6 62 4 8 35/42 493.62 1611.35 2928.17 14.30 0.00 38/42 22.74 706.29 2133.34 14.15 0.13 2.17
Set-7 100 6 13 31/60 219.14 3593.22 3562.08 19.84 0.31 44/60 169.30 2044.15 3164.74 20.00 1.02 4.10
Average 207.91 1839.83 2192.50 10.10 0.11 95.70 1080.33 1762.30 9.95 0.48 1.38

Solved instances 285/387 327/387

Likewise, results on SC instances clustered version are summed up in tables 4.13 -
4.15. Detailed results for each instance tested are presented in Appendix C.2.

Table 4.13 – Computational results with Tmax_small - Clustered version

BPel BPng

n cl rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

C1 30 3 5 3/3 1.40 1.40 2.12 1.02 0.00 3/3 0.52 0.52 0.82 1.02 0.00 0.00
C2 30 3 5 0/3 - 7200.00 0.00 - 1.89 2/3 2370.50 3980.33 3429.17 1.17 0.06 0.35
R1 30 3 5 3/3 0.03 0.03 0.02 7.40 0.00 3/3 0.02 0.02 0.02 7.40 0.00 0.00
R2 30 3 5 3/3 121.29 121.29 186.38 0.19 0.00 3/3 22.39 22.39 32.12 0.19 0.00 0.00
RC1 30 3 5 3/3 0.01 0.01 0.00 0.00 0.00 3/3 0.00 0.00 0.00 0.00 0.00 0.00
RC2 30 3 5 2/3 228.54 2552.36 4028.49 0.00 0.65 2/3 39.91 2426.60 4134.02 0.17 0.17 0.13
C1 50 5 8 3/3 5.74 5.74 6.24 3.73 0.00 3/3 0.98 0.98 1.13 3.79 0.00 0.06
C2 50 5 8 0/3 - 7200.00 0.00 - - 1/3 233.51 4877.84 4022.11 0.00 0.89 0.67
R1 50 5 8 3/3 0.10 0.10 0.04 19.22 0.00 3/3 0.06 0.06 0.01 19.22 0.00 0.00
R2 50 5 8 0/3 - 7200.00 0.00 - - 0/3 - 7200.00 0.00 - 0.46 0.68
RC1 50 5 8 3/3 0.04 0.04 0.02 3.34 0.00 3/3 0.02 0.02 0.01 3.34 0.00 0.00
RC2 50 5 8 0/3 - 7200.00 0.00 - - 1/3 1672.39 5357.46 3191.37 0.00 0.04 0.52
Average 44.64 2623.41 351.94 4.36 0.28 394.57 1988.85 1234.23 3.30 0.13 0.20

Solved instances 23/36 27/36

The same analysis presented in the previous section for the non-clustered instances is
presented below for the clustered instances.

Results show that both algorithms solve to optimality most instances of all tested
sizes. Once again, 1269 instances were used to test both algorithms. BPel is capable to
solve 906 CH instances and 73 SC instances, while BPng solves 1013 CH instances and
82 SC instances. BPng algorithm is able to solve all instances solved by BPel algorithm,
except, for instance cp4.4.p.Bsmall (see Table C.4). BPel average computational time
is 1535.81 seconds for CH instances and 2437.95 seconds for SC instances while BPng
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Table 4.14 – Computational results with Tmax_medium - Clustered version

BPel BPng

n cl rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

C1 30 3 5 3/3 151.15 151.15 255.29 3.96 0.00 3/3 180.05 180.05 310.45 3.99 0.00 0.03
C2 30 3 5 3/3 321.61 321.61 273.67 2.01 0.00 3/3 219.69 219.69 333.54 2.04 0.00 0.02
R1 30 3 5 3/3 0.14 0.14 0.10 19.65 0.00 3/3 0.08 0.08 0.03 19.65 0.00 0.00
R2 30 3 5 3/3 90.15 90.15 138.40 0.19 0.00 3/3 21.99 21.99 29.52 0.19 0.00 0.00
RC1 30 3 5 3/3 0.04 0.04 0.02 8.09 0.00 3/3 0.04 0.04 0.02 8.09 0.00 0.00
RC2 30 3 5 3/3 252.97 252.97 413.07 0.09 0.00 3/3 136.38 136.38 210.44 0.28 0.00 0.20
C1 50 5 8 2/3 2034.66 3756.47 3221.96 10.72 0.74 2/3 707.08 2871.39 3787.68 11.37 0.55 0.38
C2 50 5 8 0/3 - 7200.00 0.00 - - 2/3 3631.73 4821.15 2061.37 0.00 0.55 0.14
R1 50 5 8 3/3 2.25 2.25 1.14 23.79 0.00 3/3 0.94 0.94 0.55 23.99 0.00 0.16
R2 50 5 8 0/3 - 7200.00 0.00 - - 1/3 7080.34 7160.11 69.09 0.08 2.91 0.71
RC1 50 5 8 3/3 0.84 0.84 0.21 30.69 0.00 3/3 0.32 0.32 0.11 30.69 0.00 0.00
RC2 50 5 8 0/3 - 7200.00 0.00 - - 1/3 3806.96 6068.99 1958.97 0.11 0.44 0.50
Average 317.09 2181.30 358.66 11.02 0.08 1315.47 1790.09 730.15 8.37 0.37 0.18

Solved instances 26/36 30/36

Table 4.15 – Computational results with Tmax_large - Clustered version

BPel BPng

n cl rs Op/N topt t σt Qroot ∆op Op/N topt t σt Qroot ∆op ∆UBroot

C1 30 3 5 3/3 5.97 5.97 2.47 3.01 0.00 3/3 4.43 4.43 5.61 3.41 0.00 0.38
C2 30 3 5 3/3 321.05 321.05 406.34 2.01 0.00 3/3 234.81 234.81 370.33 2.04 0.00 0.03
R1 30 3 5 3/3 21.00 21.00 35.48 12.43 0.00 3/3 7.58 7.58 12.76 12.45 0.00 0.02
R2 30 3 5 3/3 101.12 101.12 157.04 0.19 0.00 3/3 22.19 22.19 29.52 0.19 0.00 0.00
RC1 30 3 5 3/3 0.25 0.25 0.24 9.56 0.00 3/3 0.12 0.12 0.07 9.56 0.00 0.00
RC2 30 3 5 3/3 339.41 339.41 558.92 0.09 0.00 3/3 141.16 141.16 218.10 0.28 0.00 0.20
C1 50 5 8 1/3 710.76 5036.92 3746.56 19.14 0.90 3/3 375.71 375.71 292.08 16.21 0.00 0.03
C2 50 5 8 0/3 - 7200.00 0.00 - - 1/3 4774.50 6391.50 1400.36 0.30 2.04 1.22
R1 50 5 8 2/3 147.17 2498.11 4074.31 21.41 0.21 2/3 37.76 2425.17 4135.26 22.13 0.46 0.46
R2 50 5 8 0/3 - 7200.00 0.00 - - 0/3 - 7200.00 0.00 - 2.76 0.71
RC1 50 5 8 3/3 185.83 185.83 202.35 27.84 0.00 3/3 81.48 81.48 93.39 28.04 0.00 0.16
RC2 50 5 8 0/3 - 7200.00 0.00 - - 1/3 3023.32 5807.77 2411.41 0.12 1.51 0.80
Average 203.62 2509.14 765.31 10.63 0.12 791.19 1890.99 747.41 8.61 0.56 0.33

Solved instances 24/36 25/36

average computational time is 910.25 seconds for CH instances and 1889.98 seconds for
SC instances. According to the results, the usage of ng-paths in solving the pricing
problem improves the performance of the algorithm not only because BPng is capable to
solve more instances but also because is faster than BPel.

∆UBroot value is used to compare the quality of the UB. On average the UB at the
root node of BPng is 1.4% larger than the UB in BPel for CH instances, and 0.23% in SC
instances. According to this, as seen in the previous section, ng-paths usage deteriorates
the UB on no more than two percent on average, and it allows to have better results.

In general, the behavior of the results for clustered instances is the same as for non-
clustered instances.

4.5 Conclusion

To sum up, the electric capacitated profitable tour problem with mandatory stops is
presented as a novel variant of routing problem with profits, where decisions about where
to recharge are made. Also, synchronization between recharging stops and lunch stops
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allows to take advantage of lunch breaks. Two versions of the problem are presented, the
first where agreements for lunch and recharge services are made individually with each
restaurant. The second version allows to have agreements with a cluster of restaurants
which corresponds to scenarios where agreements can be done with restaurant chains.

A branch-and-price algorithm structure is presented to solve both non-clustered and
clustered versions. According to the results the benefit of including ng-path relaxation is
proved, as well as their performance to manage problems with large sizes. At the same
time, the results show that solution method has a weaker performance when solving
problems where solution is composed of few routes with many customers. To improve the
quality of the linear relaxation of the MP when using ng-paths, some subtour elimination
cuts should be added, in this case a Branch-and-Cut must be tested. Likewise, it is
interesting to determine if it is necessary to include some dual variable stabilization
techniques to enhance the solution method.
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Chapter 5

A 2-phase metaheuristic framework for
the capacitated profitable tour problem
with electric vehicles and mandatory
stops

5.1 Introduction

In previous chapter results show that the proposed branch-and-price can not solve all
large instances proposed in less than 2 hours. Results reveal that the computational time
increases dramatically as the number of customers increases. Therefore, in this chapter,
we present a 2-phase metaheuristic framework which aims to find very good solutions for
the Electric Capacitated Profitable Routing Problem with mandatory stops (e-CPTPMS)
in short time.

The e-CPTPMS is introduced in Chapter 4. Two versions of the problem are presen-
ted: non-clustered and clustered version. Although in the previous chapter was presented
a mathematical model for each of the variants, in this chapter the solution method is de-
scribed for the clustered version. This is because mathematical models differ significantly
from each other. In addition, for the metaheuristic method, non-clustered version of the
problem can be treated as a special case of the clustered version where each cluster con-
tains just one restaurant. In few words the e-CPTPMS is a routing with profits problem
where the fleet is composed of EVs. The recharging policy is to recharge the EVs during
the lunch time. Lunch break is considered a mandatory stop. Additionally, it is assumed
that, it is possible to have an agreement with a set of restaurants which provides a RS
and priority to recharge during lunch. The aim is to benefit from idle time caused for the
lunch break, by synchronizing it with EV recharging. A fixed cost is associated with the
selection of a cluster of restaurants. It represents the cost established for each restaur-
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ant chain to provide a prioritized access for food and recharging service. So, selecting a
restaurant can be seen as a location decision. Likewise, an estimated profit for visiting
customers is defined. The objective is to maximize the total operational benefit.

The chapter is structured as follows: the metaheuristic framework is presented in Sec-
tion 5.2. The algorithm performance is tested over the different set of instances, proposed
in the previous chapter, for both clustered and non-clustered versions. Computational
results are shown in Section 5.3, and conclusions are displayed in Section 5.4.

5.2 2-phase Metaheuristic framework

A metaheuristic framework is proposed as a solution method. It is composed of two
phases. The first phase is a heuristic route generation, where promising routes are gen-
erated and improved by a neighborhood-based metaheuristic looking for a large variety
of good solutions. In the second phase a set packing problem is solved using the routes
generated in the first phase as the set of routes Ω. The main advantage of this method
is that first phase can be designed to handle customer visits and routing decisions, while
the second phase is in charge of cluster agreement decisions, which are more difficult to
manage during the local search in the first phase. It is clear that good solutions can be
reached if a large diversity of routes during the first phase is provided.

Algorithm 4 2-phase metaheuristic
1: procedure 2-phase_Metaheuristic(NbRestarts)
2: best_cost←∞;
3: i← 0;
4: S̃ ← 0, S∗ ← 0;
5: Ω ← ∅;
6: while i ≤ NbRestarts do
7: S ← RandomizedParallelInsertion();
8: S ← VND (S);
9: Ω ← Ω ∪ S;
10: i← i+ 1 ;
11: if f(S) ≤ best_cost then
12: S∗ ← S;
13: best_cost← f(S);
14: j ← 0;
15: end if
16: end while
17: S̃ ← SetPacking(Ω);
18: return (S̃);
19: end procedure

Algorithm 4 presents the pseudo-code of the proposed method. For the first phase,
a greedy randomized adaptive search procedure (GRASP) is implemented. The GRASP
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was introduced by Feo and Resende (1989). The principle is to create a new solution
each iteration, independent of the following. First, an initial solution is built by inserting
randomly a restaurant to each route and then inserting customers with a greedy algorithm
(see Section 5.2.1). Later, a Variable Neighborhood Descend is executed as a local search
strategy. It is explained in detail in Section 5.2.2. At each GRASP iteration the best
solution S∗ is saved. When first phase finished NbRestarts iterations, the Set-Packing
problem (introduced in Section 5.2.3) is solved, and the final solution S̃ is obtained. S∗

is used later to compare the effectiveness of including the SPM phase.

5.2.1 Initial solution

Algorithm 5 Initial solution
1: C Set of customers;
2: D Set of unvisited customers;
3: nc : number of customers;
4: P : number of vehicles;
5: procedure RandomizedParallelInsertion(φ)
6: S ← BuildEmptyRoutes(P );
7: D ← ∅;
8: for i = 0 to P do
9: S ← InsertRandomRS();
10: end for
11: C ← SortCustomers(C); . Customer set sorted by decreasing pi/(d0,i + di,0)
12: for i = 0 to nc do
13: j ← SelectRandomCustomerFromTop(φ);
14: if FeasibleInsertion(j,S) then
15: S ← CustomerBestInsertion(j,S);
16: else
17: D ← D ∪ {j};
18: end if
19: C ← RemoveCustomer(j);
20: end for
21: return (S,D);
22: end procedure

The initial solution of the GRASP is described by the process presented in Algorithm
5. First, P routes are opened. Second, for each route a random restaurant is selected
and it is included into the route. In other words, up to this step the each route is a
round-path departing from the depot, visiting a RS and going back to the depot. Later,
the set of customers is sorted in decreasing order of the rate pi/(d0,i+di,0), which includes
the profit pi and the round distance to the depot (d0,i + di,0). Then, a random customer
from the first φ customers is selected. The node is inserted at a feasible position following
a best insertion strategy. If a customer insertion cannot be done because any feasible
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position is found, the customer is included in a set of unvisited nodes. The procedure is
performed until all customers are inserted, either in the initial solution or in the set of
unvisited customers.

5.2.2 Local search

The Variable Neighborhood Descend (VND) is a variant of the variable neighborhood
search metaheuristic where the neighborhood is changed systematically each time that
no improvement is found by the current local search (Mladenović and Hansen, 1997).
In the proposed method the best improvement strategy is followed. In order to explain
each neighborhood included in the VND, a solution S is represented by a set of routes
R and a set of unvisited nodes D. Let r =< 0, . . . , i, j, k, . . . , x, y, z, . . . , 0 > and r′ =<

0, . . . , i′, j′, k′, . . . , x′, y′, z′, . . . , 0 > be two routes in R, and let v ∈ D be an unvisited
customer. The proposed operators included in the set of neighborhoods in the VND are
described below:

• SwapVisitedUnvisited: Exchanges a customer that is part of a route with a
customer in the unvisited set D. i.e. swapping node j with node v, so new route
r =< 0, . . . , i, v, k, . . . , x, y, z, . . . , 0 > is obtained and node v is removed fromD and
node j is included in D. The change in the objective function ∆f(S) is computed
as (pv − div − dvk)− (pj − dij − djk).

• Relocate: Removes one node from its current route and reinserts it elsewhere. It
can be done in both intra-route and inter-route move, as follows:

– Inter-Route: Removing node j and inserting it between nodes x′ and y′ in
r′, so new routes r =< 0, . . . , i, k, . . . , x, y, z, . . . , 0 > and r′ =< 0, . . . , i′, j′, k′,

. . . , x′, j, y′, z′, . . . , 0 > are obtained. The change in the objective function
∆f(S) is computed as (dij + djk)− (dx′j + djy′).

– Intra-Route: Removing node j and inserting it between nodes x and y, so
new route r =< 0, . . . , i, k, . . . , x, j, y, z, . . . , 0 > is obtained. The change in
the objective function ∆f(S) is computed as (dij + djk)− (dxj + djy).

• InsertUnvisited: Insert an unvisited customer in a route of the current solution.
i.e. Inserting node v between nodes i and j, so new route r =< 0, . . . , i, v, j, k, . . . , x,

y, z, . . . , 0 > is obtained and node v is removed from D. The change in the objective
function ∆f(S) is computed as (pv − div − dvj) + (dij).

• Swap: Exchanges two non consecutive nodes between them. It can be done in
both intra-route and inter-route move, as follows:
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– Inter-Route: Exchanging node j with node y′, so new routes r =< 0, . . . , i, y′

, k, . . . , x, y, z, . . . , 0 > and r′ =< 0, . . . , i′, j′, k′, . . . , x′, j, z′, . . . , 0 > are ob-
tained. The change in the objective function ∆f(S) is computed as (dij +

djk)− (diy′ + dy′k) + (dx′y′ + dy′z′)− (dx′j + djz′).

– Intra-Route: Exchanging node j with node y, so new route r =< 0, . . . , i, y,

k, . . . , x, j, z, . . . , 0 > is obtained. The change in the objective function ∆f(S)

is computed as (dij + djk)− (diy + dyk) + (dxy + dyz)− (dxj + djz).

• ReplaceRS: Exchange the restaurant with a different restaurant in the complete
set of restaurants, i.e. assuming that node j is a restaurant node, it is replaced for
a node f ∈ F , so new route r =< 0, . . . , i, f, k, . . . , x, j, z, . . . , 0 > is obtained. The
change in the objective function ∆f(S) is computed as (dij + djk)− (dif + dyf )+ :

– -Cg, if restaurant f belongs to cluster g that is not visited in the other routes.

– Cg, if restaurant j belongs to cluster g that is not visited in the other routes.

• RemoveCustomer: Removes a visit to a customer, i.e. removing node j from
route r, so new route r =< 0, . . . , i, k, . . . , x, y, z, . . . , 0 > is obtained and node j
is added to set D. The change in the objective function ∆f(S) is computed as
(dij + djk)− (pj − dik).

To check if a move is feasible, the information about energy consumption, arrival
times and slack times (with respect to restaurant time window and Tmax) at each node
are required to perform an evaluation in constant time. In Table 5.1 the variables required
to estimate the objective function, the time window penalty and the battery penalty are
presented.

Table 5.1 – Variables employed to evaluate feasibility

−−→
bati Energy consumed from last recharging station/depot to node i.
←−−
bati Energy required from i to arrive to next recharging station/depot.
τi Earliest arrival time at a vertex i
ωi Waiting time because time window at a vertex i
sli Slack time at node i with respect to restaurant time window and Tmax

Variables
−−→
bati, τi, and ωi are computed in a forward sense. In the following, the

equations to extend each variable from vertex i to a vertex j are presented.

−−→
batj =

0 if j ∈ F ′
−−→
bati + γdij otherwise

(5.1)

τj =

max{ej, τi + S + tij} if i ∈ F ′

max{ej, τi + si + tij} otherwise
(5.2)
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ωj = max{ej − τj, 0} (5.3)

Variables
←−−
bati, and sli are computed in a backward sense. In the following, the equa-

tions to extend each variable from vertex j to a vertex i are presented.

−−→
bati =

0 if i ∈ F ′
−−→
batj + γdji otherwise

(5.4)

sli = min{(li − τi), slj}+ ωi (5.5)

Using the variables defined above a new route r′′ =< 0, . . . , i, j, k, . . . , 0 >, created by
inserting node j between nodes i and k, is feasible if holds:

(a)
−−→
bati + γdi,j + γdj,k +

←−−
batk ≤ B, if j is a customer.

(b)
−−→
bati + γdi,j ≤ B ∧ γdj,k +

←−−
batk ≤ B, if j is a restaurant.

(c) τj ≤ lj if j is a restaurant.

(d) tij + ωj + sj + tjk − tik ≤ slk.

Finally, any route created by removing a customer from a feasible route remains
feasible.

In the VND first the inter-routes moves are evaluated. Later, InsertUnvisited and the
intra-route versions of the moves are executed. At the end ReplaceRS and RemoveCus-
tomer are applied looking for a better agreement with restaurants and for cleaning the
solution of non profitable customer visits.

5.2.3 Set packing component

Let Ω be the set of vehicle routes created from the first phase of the algorithm. Let ρk be
the income of the route k ∈ Ω. Let aik be a binary parameter equal to 1 if route k visits
node i, 0 otherwise. Let γfk be a binary parameter equal to 1 if route k visits restaurant
in cluster f ∈ Γ, 0 otherwise. Binary variable θk is equal to 1 if route k is part of the
solution, 0 otherwise. Binary variable µf indicates if an agreement with cluster f is done
or not. Each cluster of restaurants f ∈ F has a fix food and recharge service cost Cf
when it is selected in the solution.

Thus, the model can be described with the following set-packing model (SPM):

(SPM) max
∑
k∈Ω

ρkθk −
∑
f∈Γ

cfµf (5.6)

∑
k∈Ω

θk ≤ P (5.7)
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∑
k∈Ω

aikθk ≤ 1 ∀i ∈ V (5.8)

∑
k∈Ω

γfkθk ≤ Uµf ∀f ∈ Γ (5.9)

θk ∈ {0, 1} ∀k ∈ Ω (5.10)

µf ∈ {0, 1} ∀f ∈ Γ (5.11)

The objective function (5.6) aims to maximize the total operational income (ρk),
computed as the sum of the profits minus the operational cost associated with the total
distance, minus total cost associated with cluster agreements. Constraints (5.7) limits
the number of vehicles that are used. Constraints (5.8) guarantee that customers can be
served at most once. Constraints (5.9) indicate if a cluster of restaurants is visited in the
solution. Finally, domain variable definitions are defined in constraints (5.10) - (5.11).

5.3 Computational experiments

The set of instances created for the e-CPTPMS in Chapter 4 are used to test the proposed
method. A detailed description of the set of instances is provided in Section 4.4.1. The
2-phase metaheuristic is implemented in C++ and SPM is solved by CPLEX 12.8. The
algorithm is executed on a computer with Intel(R) Core(TM) i5-5300U CPU @2.30GHz
2.30GHz and 8 GB RAM.

5.3.1 Parameter setting

Table 5.2 – Parameter settings for NbRestarts and φ.

NbRestarts
500 1000 2000 4000

φ

10%
∆fbest 0.95 0.82 0.63 0.5

∆f 1.85 1.61 1.15 0.83
t 1.11 3.34 11.24 32.5

15%
∆fbest 0.61 0.46 0.3 0.21

∆f 1.32 0.81 0.59 0.42
t 1.43 3.34 10.7 33.93

20%
∆fbest 0.59 0.42 0.18 0.11

∆f 1.17 0.76 0.53 0.35
t 1.44 3.45 10.95 55.92

100%
∆fbest 0.18 0.04 0.03 0.01

∆f 0.66 0.35 0.24 0.08
t 1.58 3.8 11.63 54.68

The proposed method has two parameters to be tuned: φ, and NbRestarts (see
Section 5.2). The size of the subset of candidate customers to be inserted φ is used
for building the initial solution at each iteration and it is presented as a percentage of
the total number of customers. NbRestarts defines the number of iterations in the first
phase. The influence of modifying φ and NbRestarts parameters is evaluated by running
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five times a subset of 18 instances with different parameter combinations. Table 5.2
shows the different combinations of parameters tested, the average objective function
gap in percentage of the best of 5 (∆fbest), the average objective function gap of 5, in
percentage (∆f). Gaps are measured with respect to the best solution found for each
instance during the entire test.

The results show that significantly smaller GAPs can be obtained by setting φ as 100%

of the number of customers, and fixing NbRestarts to 4000. Even if the computational
time is larger than the other configurations, it is short enough so the algorithm can be
considered efficient and competitive. Note that according to the results, having a com-
pletely random selection of customers during the constructive phase allows the method
to reach more promising results for this type of instances.

5.3.2 Results non-clustered version

A summary of the results on CH instances non-clustered version of the e-CPTPMS is
given in Tables 5.3 - 5.5. A comparison between the 2-phase method and the branch-
and-price (BPng) introduced in Chapter 4 is presented.

Table 5.3 – Computational results with Bsmall - non-clustered version

BPng GRASP 2− phase method
n rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

Set-1 30 4 54/54 0.03 0.25 0.25 0.07 46 0.17 0.17 0.62 53
Set-2 19 3 33/33 0.04 0.01 0.01 0.05 33 0.00 0.00 0.73 33
Set-3 31 4 60/60 3.96 0.01 0.01 0.10 60 0.00 0.00 1.06 60
Set-4 98 12 42/60 2444.10 -3.18 -2.35 2.55 37 -3.63 -3.48 20.59 42
Set-5 64 8 76/78 385.20 -0.18 0.12 0.81 62 -0.32 -0.29 11.27 76
Set-6 62 8 42/42 159.38 0.30 0.31 0.39 40 0.29 0.29 7.72 40
Set-7 100 13 51/60 1411.75 -1.00 -0.44 1.49 43 -1.23 -1.12 12.87 51
Average 629.21 -0.54 -0.3 0.78 -0.67 -0.63 7.84

Table 5.4 – Computational results with Bmedium - non-clustered version

BPng GRASP 2− phase method
n rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

Set-1 30 4 54/54 0.34 0.22 0.26 0.09 48 0.00 0.00 0.76 54
Set-2 19 3 33/33 0.04 0.00 0.00 0.06 33 0.00 0.00 0.90 33
Set-3 31 4 60/60 84.18 0.03 0.09 0.15 59 0.00 0.03 1.26 60
Set-4 98 12 33/60 3422.45 -3.55 -2.62 4.40 22 -4.21 -4.04 26.94 33
Set-5 64 8 65/78 1303.24 -0.40 0.23 1.34 43 -0.74 -0.66 13.82 64
Set-6 62 8 38/42 700.88 -0.20 -0.16 0.78 38 -0.20 -0.20 10.37 38
Set-7 100 13 47/60 1854.00 -1.62 -0.77 2.44 37 -2.00 -1.93 15.82 47
Average 1052.16 -0.79 -0.42 1.32 -1.02 -0.97 9.98

In the tables, n is the number of available customers, rs is the number of available
restaurants, Op/Inst is number of optimal solutions reached by the BP over the set
size, and tBP is the average computational time (in seconds). ϕBP is the gap percentage
of the best solution found after executing 10 times the algorithm and the optimal value
obtained with the BP. ϕBP and t are the average gap value of the solution and the average
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computational time (in seconds) over the 10 runs. The ϕBP and ϕBP are obtained by
comparing with the results obtained by BP method. nbOp count the number of optimal
solutions (according to the BP) found by the algorithm in each set of instances. Results
obtained by executing just the GRASP phase are also compared with those obtained by
executing the 2-phase method. This is done to evaluate the contribution of solving the
SPM as a post optimization phase. Detailed results for each instance tested are presented
in Appendix D.

Table 5.5 – Computational results with Blarge - non-clustered version

BPng GRASP 2− phase method
n rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

Set-1 30 4 54/54 0.80 0.05 0.08 0.09 49 0.00 0.00 0.76 54
Set-2 19 3 33/33 0.03 0.00 0.00 0.06 33 0.00 0.00 0.86 33
Set-3 31 4 60/60 107.45 0.01 0.04 0.15 60 0.00 0.00 1.25 60
Set-4 98 12 33/60 3466.36 -3.66 -2.69 4.54 22 -4.27 -4.04 26.73 33
Set-5 64 8 65/78 1320.20 -0.31 0.36 1.39 42 -0.62 -0.57 13.98 64
Set-6 62 8 38/42 703.94 -0.24 -0.18 0.84 38 -0.25 -0.25 10.60 38
Set-7 100 13 46/60 1965.39 -1.80 -0.97 2.46 34 -2.20 -2.13 16.09 46
Average 1080.59 -0.85 -0.48 1.36 -1.05 -1.00 10.04

Likewise, the results on SC instances non-clustered version are summarized in Tables
5.6 - 5.8. Detailed results for each instance tested are also presented in Appendix D.2.

Table 5.6 – Computational results with Tmax_small - non-clustered version

BPng GRASP 2− phase method
n rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

C1 30 5 3/3 2.81 0.01 0.01 0.60 3 0.00 0.00 13.56 3
C2 30 5 2/3 4062.95 0.01 0.01 0.94 2 0.00 0.00 10.96 2
R1 30 5 3/3 0.05 0.01 0.01 0.43 3 0.00 0.00 14.36 3
R2 30 5 3/3 56.56 0.01 0.01 1.08 3 0.00 0.00 13.52 3
RC1 30 5 3/3 0.02 0.00 0.00 0.25 3 0.00 0.00 11.25 3
RC2 30 5 2/3 2459.02 0.13 0.30 1.08 1 -0.10 0.18 11.69 2
C1 50 8 3/3 17.12 0.10 0.33 1.55 2 0.00 0.01 37.06 3
C2 50 8 1/3 5037.29 -1.99 -1.24 1.50 1 -3.18 -2.31 10.58 1
R1 50 8 3/3 0.26 0.01 0.04 0.81 3 0.00 0.00 53.85 3
R2 50 8 0/3 7200.00 -3.83 -3.43 2.19 0 -3.83 -3.74 15.10 0
RC1 50 8 3/3 0.08 0.01 0.01 0.65 3 0.00 0.00 47.01 3
RC2 50 8 0/3 7200.00 -3.75 -2.50 2.20 0 -5.84 -3.89 13.07 0
Average 2169.68 -0.77 -0.54 1.11 -1.08 -0.81 21.00

Results show that both algorithms GRASP and 2-phase method are able to find
good solutions in short time. GRASP finds 879 optimal solutions on CH instances and
60 optimal solutions on SC instances while 2-phase method finds the optimal solution for
1012 SC instances and for 78 SC instances.

On one hand, best solutions of the 10 runs of the GRASP has an average GAP of
-0.73% on CH instances and -0.38% on SC instances. Average solution values of the 10
runs have an average GAP of -0.40% on CH instances and 0.04% on SC instances. On
the other hand, best solutions of the 10 runs of the 2-phase method have an average GAP
of -0.91% on CH instances and -1.72% on SC instances. Average solution values of the
10 runs have an average GAP of -0.86% on CH instances and -1.34% on SC instances.
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Table 5.7 – Computational results with Tmax_medium - non-clustered version

BPng GRASP 2− phase method
n rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

C1 30 5 3/3 881.42 0.01 0.01 0.83 3 0.00 0.00 19.24 3
C2 30 5 3/3 297.39 0.01 0.01 0.99 3 0.00 0.00 14.31 3
R1 30 5 3/3 1.36 0.88 1.27 0.83 2 0.00 0.30 23.98 3
R2 30 5 3/3 55.65 0.01 0.01 1.08 3 0.00 0.00 13.77 3
RC1 30 5 3/3 0.14 0.01 0.29 0.62 3 0.00 0.04 16.64 3
RC2 30 5 3/3 345.76 0.01 0.01 0.99 3 0.00 0.00 14.30 3
C1 50 8 2/3 3442.61 0.89 1.49 2.56 0 0.00 0.01 60.14 2
C2 50 8 0/3 7200.00 -0.92 -0.41 2.15 0 -6.60 -3.76 15.44 0
R1 50 8 3/3 365.46 1.41 2.83 2.29 1 0.00 0.08 78.20 3
R2 50 8 0/3 7200.00 -0.73 -0.37 2.56 0 -0.99 -0.82 20.97 0
RC1 50 8 3/3 4.66 0.76 2.17 1.92 1 0.00 0.20 62.99 3
RC2 50 8 1/3 6608.57 -2.21 -1.02 2.78 1 -10.89 -8.13 21.87 1
Average 2200.25 0.01 0.52 1.63 -1.54 -1.01 30.16

Table 5.8 – Computational results with Tmax_large - non-clustered version

BPng GRASP 2− phase method
n rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

C1 30 5 3/3 161.78 0.46 0.46 0.80 1 0.00 0.03 23.11 3
C2 30 5 3/3 594.22 0.01 0.01 0.99 3 0.00 0.00 14.17 3
R1 30 5 3/3 25.38 1.23 1.71 1.07 2 0.00 0.00 33.78 3
R2 30 5 3/3 101.43 0.01 0.01 1.05 3 0.00 0.00 14.01 3
RC1 30 5 3/3 0.78 0.01 0.01 0.89 3 0.00 0.00 21.15 3
RC2 30 5 3/3 282.26 0.01 0.01 0.99 3 0.00 0.00 14.24 3
C1 50 8 2/3 3011.33 1.25 2.44 2.99 0 -0.10 0.01 86.87 2
C2 50 8 0/3 7200.00 -6.34 -5.77 2.52 0 -18.99 -16.73 18.27 0
R1 50 8 1/3 4903.19 -0.30 0.82 3.51 0 -1.10 -1.10 125.32 1
R2 50 8 0/3 7200.00 -0.67 -0.32 2.60 0 -0.94 -0.77 21.61 0
RC1 50 8 3/3 314.44 1.87 3.51 2.96 0 0.00 0.06 101.98 3
RC2 50 8 1/3 6974.40 -2.21 -1.11 2.85 1 -9.42 -8.04 22.42 1
Average 2564.1 -0.39 0.15 1.93 -2.55 -2.21 41.41

The impact of adding a second phase can be seen not only in the improvement of
the solution’s quality, but also on the computational time. The average computational
time of GRASP is 1.15 seconds on CH instances and 1.56 seconds SC instances while
for 2-phase method is 9.28 seconds on CH instances and 30.86 seconds SC instances.
According to this, solving the Set-Packing problem on SC instances is more costly in
time than for CH instances. Despite this, if we compare both methods with the average
time of the BP method, we consider that the small sacrifice in time of including the
second phase is worth it because of the solution quality.

5.3.3 Results clustered version

A summary of the results on CH instances clustered version for the e-CPTPMS is shown
in Tables 5.9 - 5.11. The same methodology followed with the non-clustered version
instances are applied with the clustered version instances. Tables description remains the
same as in the previous subsection, but column cl is included to describe the number of
clusters. Detailed results for each instance tested are presented in Appendix E.1.
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Table 5.9 – Computational results with Bsmall - Clustered version

BPng GRASP 2− phase method
n cl rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

Set-1 30 3 4 54/54 0.02 0.35 0.35 0.07 45 0.27 0.27 0.66 53
Set-2 19 3 3 33/33 0.05 0.01 0.01 0.03 33 0.00 0.00 0.35 33
Set-3 31 3 4 60/60 5.15 0.02 0.02 0.11 55 0.00 0.00 1.10 60
Set-4 98 5 12 42/60 2328.81 -4.10 -3.28 2.47 32 -4.52 -4.37 23.73 42
Set-5 64 4 8 73/78 565.57 -0.12 0.31 0.83 67 -0.27 -0.25 12.37 73
Set-6 62 4 8 42/42 30.73 0.00 0.12 0.44 42 0.00 0.01 8.97 42
Set-7 100 6 13 54/60 933.40 -0.25 0.56 1.46 42 -0.59 -0.38 15.50 54
Average 551.96 -0.58 -0.27 0.77 -0.73 -0.67 8.95

Table 5.10 – Computational results with Bmedium - Clustered version

BPng GRASP 2− phase method
n cl rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

Set-1 30 3 4 54/54 0.33 0.32 0.34 0.11 48 0.00 0.00 0.85 54
Set-2 19 3 3 33/33 0.05 0.00 0.00 0.04 33 0.00 0.00 0.41 33
Set-3 31 3 4 60/60 137.12 0.01 0.04 0.17 56 -0.03 -0.01 1.41 60
Set-4 98 5 12 32/60 3531.94 -4.84 -3.55 4.18 24 -5.38 -5.18 28.27 30
Set-5 64 4 8 65/78 1290.77 -0.47 0.61 1.51 45 -0.77 -0.71 19.93 64
Set-6 62 4 8 39/42 690.73 -0.97 -0.67 0.88 39 -0.97 -0.97 12.65 39
Set-7 100 6 13 45/60 2052.85 -1.88 -0.84 2.37 38 -2.40 -2.30 20.45 45
Average 1100.54 -1.12 -0.58 1.32 -1.37 -1.31 12.00

Table 5.11 – Computational results with Blarge - Clustered version

BPng GRASP 2− phase method
n cl rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

Set-1 30 3 4 54/54 0.70 0.05 0.08 0.11 48 0.00 0.00 0.85 54
Set-2 19 3 3 33/33 0.05 0.00 0.00 0.04 33 0.00 0.00 0.41 33
Set-3 31 3 4 60/60 119.32 -0.01 0.04 0.17 57 -0.03 -0.03 1.40 60
Set-4 98 5 12 33/60 3375.72 -5.32 -4.04 4.29 24 -5.98 -5.75 30.16 33
Set-5 64 4 8 65/78 1316.11 -0.51 0.54 1.47 45 -0.77 -0.71 15.54 64
Set-6 62 4 8 38/42 706.29 -0.39 -0.06 0.93 38 -0.39 -0.38 13.35 38
Set-7 100 6 13 44/60 2044.15 -1.76 -0.62 2.39 37 -2.26 -2.12 20.26 43
Average 1080.33 -1.14 -0.58 1.34 -1.35 -1.28 11.71

Results on SC instances clustered version are summarized in Tables 5.12 - 5.14. De-
tailed results for each instance are presented in Appendix E.2.

Table 5.12 – Computational results with Tmax_small - Clustered version

BPng GRASP 2− phase method
n cl rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

C1 30 3 5 3/3 2.81 0.01 0.01 0.65 3 0.00 0.00 16.43 3
C2 30 3 5 2/3 4062.95 0.01 0.01 1.03 2 0.00 0.00 12.77 2
R1 30 3 5 3/3 0.05 0.00 0.00 0.49 3 0.00 0.00 16.56 3
R2 30 3 5 3/3 56.56 0.01 0.01 1.23 3 0.00 0.00 15.76 3
RC1 30 3 5 3/3 0.02 0.00 0.00 0.28 3 0.00 0.00 13.32 3
RC2 30 3 5 2/3 2459.02 0.22 0.39 1.23 1 0.00 0.29 14.00 2
C1 50 5 8 3/3 17.12 0.01 0.26 1.70 3 0.00 0.00 44.93 3
C2 50 5 8 1/3 5037.29 -1.79 -0.98 1.76 1 -4.03 -2.22 12.92 1
R1 50 5 8 3/3 0.26 0.01 0.01 0.83 3 0.00 0.00 61.18 3
R2 50 5 8 0/3 7200.00 -1.41 -1.28 2.49 0 -1.42 -1.42 18.97 0
RC1 50 5 8 3/3 0.08 0.01 0.01 0.76 3 0.00 0.00 54.53 3
RC2 50 5 8 0/3 7200.00 -2.63 -0.64 2.45 1 -5.85 -2.80 16.17 1
Average 2169.68 -0.46 -0.18 1.24 -0.94 -0.51 24.8
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Table 5.13 – Computational results with Tmax_medium - Clustered version

BPng GRASP 2− phase method
n cl rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

C1 30 3 5 3/3 881.42 0.01 0.01 0.92 3 0.00 0.00 24.53 3
C2 30 3 5 3/3 297.39 0.01 0.01 1.05 3 0.00 0.00 16.33 3
R1 30 3 5 3/3 1.36 0.07 0.13 0.93 2 0.00 0.00 29.97 3
R2 30 3 5 3/3 55.65 0.01 0.01 1.21 3 0.00 0.00 16.60 3
RC1 30 3 5 3/3 0.14 0.01 0.37 0.72 3 0.00 0.00 19.93 3
RC2 30 3 5 3/3 345.76 0.01 0.01 1.13 3 0.00 0.00 16.72 3
C1 50 5 8 2/3 3442.61 0.37 1.42 2.90 0 -0.31 -0.31 69.96 2
C2 50 5 8 0/3 7200.00 -1.09 -0.17 2.41 2 -5.05 -4.04 18.78 2
R1 50 5 8 3/3 365.46 1.01 6.34 2.72 2 0.00 0.00 95.38 3
R2 50 5 8 0/3 7200.00 -1.90 -1.89 2.88 1 -1.91 -1.91 23.53 1
RC1 50 5 8 3/3 4.66 0.24 2.16 2.10 2 0.00 0.01 79.55 3
RC2 50 5 8 1/3 6608.57 -1.73 -0.43 3.06 1 -10.08 -7.95 27.29 1
Average 2200.25 -0.25 0.67 1.84 -1.45 -1.18 36.55

Table 5.14 – Computational results with Tmax_large - Clustered version

BPng GRASP 2− phase method
n cl rs Op/Inst tBP ϕBP ϕBP t nbOp ϕBP ϕBP t nbOp

C1 30 3 5 3/3 161.78 0.99 0.99 0.95 1 0.00 0.17 28.92 3
C2 30 3 5 3/3 594.22 0.01 0.01 1.07 3 0.00 0.00 17.21 3
R1 30 3 5 3/3 25.38 1.23 1.97 1.22 2 0.00 0.00 42.21 3
R2 30 3 5 3/3 101.43 0.01 0.01 1.25 3 0.00 0.00 16.32 3
RC1 30 3 5 3/3 0.78 0.01 0.01 1.01 3 0.00 0.00 25.19 3
RC2 30 3 5 3/3 282.26 0.01 0.01 1.12 3 0.00 0.00 15.89 3
C1 50 5 8 2/3 3011.33 1.73 3.21 3.46 0 0.00 0.04 88.10 3
C2 50 5 8 0/3 7200.00 -4.65 -2.70 2.74 1 -12.28 -10.91 23.81 1
R1 50 5 8 1/3 4903.19 1.54 7.06 3.79 0 -0.16 0.44 137.52 2
R2 50 5 8 0/3 7200.00 -1.91 -1.90 2.83 0 -1.91 -1.91 24.79 0
RC1 50 5 8 3/3 314.44 2.71 5.85 3.43 0 0.00 0.22 112.18 3
RC2 50 5 8 1/3 6974.40 -1.75 -1.40 3.17 1 -16.18 -10.67 27.47 1
Average 2564.1 -0.01 1.09 2.17 -2.54 -1.89 46.63

The same analysis presented in the previous section for the non-clustered instances is
presented below for the clustered instances.

Results show that both algorithms GRASP and 2-phase method are also able to find
good solutions for the clustered version in short time. GRASP finds 881 optimal solutions
on CH instances and 68 optimal solutions on SC instances while 2-phase method finds
the optimal solution for 1007 SC instances and for 85 SC instances.

On one hand, best solutions of the 10 runs of the GRASP has an average GAP of
-0.94% on CH instances and -0.23% on SC instances. Average solution values of the 10
runs have an average GAP of -0.47% on CH instances and 0.52% on SC instances. On
the other hand, best solutions of the 10 runs of the 2-phase method have an average GAP
of -1.14% on CH instances and -1.64% on SC instances. Average solution values of the
10 runs have an average GAP of -1.09% on CH instances and -1.19% on SC instances.

The impact of adding a second phase can be seen not only in the improvement of
the solution’s quality, but also on the computational time. The average computational
time of GRASP is 1.14 seconds on CH instances and 1.74 seconds SC instances while for
2-phase method is 10.88 seconds on CH instances and 35.99 seconds SC instances. As
seen in the results of the non-clustered version, solving the Set-Packing problem on SC
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instances is more costly in time than for CH instances. Despite this, once again, if we
compare both methods with the average time of the BP method, we consider that the
small sacrifice in time of including the second phase is worth it because of the solution
quality.

5.4 Conclusion

A two-phase metaheuristic framework to solve the e-CPTPMS is presented. As the first
phase of the method, a GRASP metaheuristic is applied while in the second phase a
set-packing problem is solved. Instances for both the non-clustered version and clustered
version of the e-CPTPMS were tested. Results show that the algorithm is capable to
find the optimal solution for instances up to 100 customers and 13 restaurants, and to
find better solutions than the BP presented in Chapter 4 (for no optimal solutions) with
an average improvement of 1.35%. Solutions can be obtained in less than 1 minute (on
average) which is a large time diminution in comparison with the average computational
time reported for the BP (more than 20 minutes, on average).

Additionally, the impact of including a second phase solving the SPM is presented.
The results show that the most part of the computational time is used to solve the SPM.
This allows to improve the quality of the solution. The total average GAP of solutions
found by GRASP is -0.57% and average GAP of solutions found by 2-phase method is
-1.35%. Thus, the second phase allows to reach better solutions.

Contributions

Preliminary results of this chapter were presented at:

• D.L. Cortés-Murcia, C. Prodhon, H.M. Afsar (2019). A matheuristic framework for
profitable tour problem with electric vehicles. Metaheuristics International Confer-
ence, MIC 2019. Jul, 2019. Cartagena, Colombia.
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Chapter 6

Branch and price algorithm to solve
the multi-period capacitated profitable
tour problem with electric vehicles and
mandatory stops

6.1 Introduction

In previous chapters the Electric Capacitated Profitable Routing Problem with mandat-
ory stops (e-CPTPMS) is introduced. In this problem it is possible to make agreements
with restaurants which provide food and recharging services. The e-CPTPMS mixes op-
erational (routing) and tactical decisions (location, namely agreements with restaurants).
In literature, multi-period scenarios are considered to evaluate, more fairly, the influence
of the operational decisions on the tactical decisions, and vice versa. For example, the
hub location problem (Gelareh et al., 2015), the multi-period vehicle routing problem
(Dayarian et al., 2015), or the inventory location-routing problem (Guerrero et al., 2013).

In practice, due to choosing where to lunch and recharge is more interesting to evaluate
for a midterm period, in this chapter a multi-period version of the e-CPTPMS is presented
(e-MPCPTPMS). In this problem the agreements with clusters of restaurants are made
for a number of periods with a fixed cost, and a set of customers with profits must be
visited at most once within the horizon (see Figure 6.1).

A branch-and-price (BP) method inspired by the method presented in Chapter 4 is
adapted and the set-packing formulation of the mono-period version is reinforced and
adapted for the multi-period version. Likewise, the impact of using elementary paths and
ng-paths to solve the pricing problem is analyzed.

The chapter is structured as follows: The problem description and a flow-based linear
model is introduced in Section 6.2. The Branch-and-Price algorithm is presented in
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Figure 6.1 – Example e-MPCPTPMS.

Section 6.3. Adapted instances and computational results are shown in Section 6.4 and
conclusions are in Section 6.5.

6.2 Problem description

The multi-period capacitated profitable tour problem with electric vehicles and man-
datory stops is defined on a graph G = (V ′0,N+1, A) with a set of vertices V ′0,N+1 =

{V ∪F ′∪{0, N+1}} and a set of arcs given by A = {(i, j, p)|i, j ∈ V ′0,N+1, i 6= j ∧ p ∈ P}.
Let be V = {1, ..., N} the set of customers, F = {0, ...,M} the set of restaurants which
provides recharging stations. Let be Γ the set of clusters composed of restaurants. Each
restaurant belongs to one and only one cluster. Gk is the set of restaurants that belongs
to cluster k ∈ Γ. G′k is the set of dummy vertex which represents all the visits to res-
taurants that belong to cluster k ∈ Γ. F ′ =

⋃
k∈ΓG

′
k is the full set of restaurants and

its dummy vertices. P is the set of periods. The depot is denoted as 0 when it is a
departing node, and as N + 1 when it is the end of a route. With these notations, the
subsets which include one or both depot vertices are given by subscripting the respective
set. For example, V ′N+1 contains all customer vertices, all restaurants vertices and the
arrival depot vertex.

For each pair of nodes (i, j) a distance dij between vertex i and j is given. The driving
time through an arc (i, j) depends on the average EVs speed ϑ and it is computed as
tij =

dij
ϑ
. Each vertex i ∈ V ′0,N+1 has: a non-negative demand qi (qi = 0, i /∈ V ), a

non-negative service time si (si = 0, i /∈ V ) and a profit per visit %ip for a given period

124



CHAPTER 6. BRANCH-AND-PRICE FOR THE E-MPCPTPMS

p ∈ P . Each restaurant i ∈ F ′ has a hard time window [ei, li]. It represents the lunch
time. Having an agreement with the cluster of restaurants k ∈ Γ has a fix cost ck. The
time window [0, TMax] at the depot express the maximum tour duration per period.

A homogeneous electric vehicle fleet of size U is available at the depot. Q is the
maximum cargo loading per vehicle. On each visit to the restaurant, the lunch duration
is denoted as ξ and it is considered constant. Also, we assume that during that time the
vehicle is charged to the maximum battery level B. Energy consumption is described as
a linear relation between dij and the consumption rate γ.

Table 6.1 – Variable and parameter definitions of the e-MPCPTPMS model.

Sets
V Set of customer vertices.
F Set of restaurants.
P Set of periods.
Γ Set of clusters of restaurants.
Gk Set of restaurants that belong to cluster k ∈ Γ.
G′

k Set of dummy vertices which represents all the visits to restaurants that belong
to cluster k ∈ Γ.

F ′ Set of all visits to restaurants.
0, N + 1 Depot nodes.
V ′
0,N+1 Set of nodes, restaurant visits and depot nodes V ′ = {V ∪ F ′ ∪ {0, N + 1}}.

Parameters
U Number of electric vehicles.
Q EV load capacity.
B EV battery capacity.
qi Demand of customer i ∈ V .
si Service time of customer i ∈ V .
ξ Lunch duration.
%ip Profit of visiting customer i ∈ V in perdiod p ∈ P .
ei Earliest start time for lunch break at restaurant f ∈ F ′.
li Latest start time for lunch break at node f ∈ F ′.
dij Distance between vertices i ∈ V ′ and j ∈ V ′.
ϑ Vehicle speed.
tij Travel time between vertices i ∈ V ′ and j ∈ V ′. (dij/ϑ).
γ Consumption rate.
r Inverse recharging rate.
ck Cost by having an agreement with cluster k ∈ Γ.
Decision Variables
τi Arrival time at node i ∈ V ′

0,N+1.
ui Remaining cargo on arrival at node i ∈ V ′

0,N+1.
xpij Boolean variable indicating if arc (i, j, p) ∈ A is traversed.
yi State of charge on arrival at node i ∈ V ′

0,N+1.
zk Boolean variable indicating if an agreement with cluster k ∈ Γ is done.

For every arc (i, j, p) ∈ A the binary decision variables xpij are equal to 1 if the arc
(i, j) is traversed in period p, 0 otherwise. The binary decision variable zk is equal to 1 if
an agreement with cluster k is done, 0 otherwise. rsi is also a binary variable equal to 1

if a restaurant is already visited when the EV arrives at vertex i. It is used to guarantee
that each route does a lunch break. Positive variables: ui define the remaining space, τi
define the arrival time and yi the remaining charge level of the vehicle on arrival at vertex
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i ∈ V ′0,N+1. Table 6.1 summarizes sets, variables, and parameters of the model.
Thus, the problem can be formulated as the following mixed-integer linear program

(MILP).

max
∑
i∈V ′

∑
j∈V ′N+1

∑
p∈P

%ipx
p
ij −

∑
i∈V ′0

∑
j∈V ′N+1

∑
p∈P

dijx
p
ij −

∑
k∈Γ

ckzk (6.1)

Subject to:

∑
j∈V ′N+1,i 6=j

∑
p∈P

xpij ≤ 1 ∀i ∈ V (6.2)

∑
j∈V ′N+1,i 6=j

∑
p∈P

xpfj ≤ zk ∀f ∈ Gk,∀k ∈ Γ (6.3)

∑
j∈V ′N+1,i 6=j

xpij −
∑

j∈V ′0 ,i 6=j
xpji = 0 ∀i ∈ V ′, ∀p ∈ P (6.4)

∑
i∈V ′

xp0i ≤ U ∀p ∈ P (6.5)

ui − qixpij +Q(1− xpij) ≥ uj ∀i ∈ V ′0 ,∀j ∈ V ′N+1, i 6= j,∀p ∈ P (6.6)

ui ≤ Q ∀i ∈ V ′ (6.7)

τi + (si + tij)x
p
ij − lN+1(1− xpij) ≤ τj ∀i ∈ V0, ∀j ∈ V ′N+1, i 6= j,∀p ∈ P (6.8)

τf + (ξ + tfj)x
p
fj − lN+1(1− xpfj) ≤ τj ∀f ∈ F ′,∀j ∈ V ′N+1, f 6= j,∀p ∈ P (6.9)

ef ≤ τf ∀f ∈ F ′N+1 (6.10)

τf ≤ lf ∀f ∈ F ′N+1 (6.11)

yi − γdijxpij +B(1− xpij) ≥ yj ∀i ∈ V0,∀j ∈ V ′N+1, i 6= j,∀p ∈ P (6.12)

B − γdfjxpfj +B(1− xpfj) ≥ yj ∀f ∈ F ′,∀j ∈ V ′N+1, f 6= j,∀p ∈ P (6.13)

yi ≤ B ∀i ∈ V ′0,N+1 (6.14)∑
i∈V0

∑
f∈F ′

xpif =
∑

i∈V ′N+1

xp0i ∀p ∈ P (6.15)

rsi − (1− xpij) ≤ rsj ∀i ∈ V ′0 ,∀j ∈ VN+1, i 6= j,∀p ∈ P (6.16)

rsi + 1− (1− xpif ) ≤ rsf ∀i ∈ V0, ∀f ∈ F ′, i 6= f, ∀p ∈ P (6.17)

xpij ∈ {0, 1} ∀i, j ∈ V ′0,N+1, i 6= j,∀p ∈ P (6.18)

zk ∈ {0, 1} ∀k ∈ Γ (6.19)

rsi ∈ {0, 1} ∀i ∈ V ′0,N+1 (6.20)
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ui, τi, yi ≥ 0 ∀i ∈ V ′0,N+1 (6.21)

The objective function (6.1) aims to maximize the total operational income computed
as the sum of the profits minus the operational cost associated with the total distance
and the restaurant service. Constraints (6.2) state that all customers must be visited
at most once throughout all periods. The relation between routing variables and cluster
selection variables is represented in constraints (6.3). Those constraints ensure that if
there is an arc (f, j, p) leaving any vertex f , which is a dummy vertex of restaurant
that belongs to cluster k, an agreement with cluster k must be done. Flow conservation
constraints (6.4) guarantee for each vertex that the number of incoming arcs is equal
to the number of outgoing arcs per each period. Fleet size per period is guaranteed by
constraints (6.5). Load flow and fulfillment of demand are represented by constraints
(6.6). Vehicle capacity is restricted by constraints (6.7). For the arrival times at each
vertex two scenarios have to be considered, constraints (6.8) link arrival time of a vertex i
preceded by a customer while constraints (6.9) link arrival time of a vertex j preceded by a
restaurant f . Restaurant time windows and route duration are represented by constraints
(6.10) and (6.11).

Battery level at a vertex succeeding a customer is set by constraints (6.12) while
constraints (6.13) set the battery level at a vertex succeeding a restaurant. Battery
capacity is guaranteed by constraints (6.14). Constraints (6.15) establish the number
of visits to the restaurants according to the number of routes while (6.16) and (6.17)
guarantee at most one visit per route. Finally, variable domains are defined by the
constraints (6.18) - (6.21).

6.3 Branch-and-price methodology

The arc-based formulations presented in Section 6.2 can be rewritten as a route-based
formulation as follows.

Let Ω be the set of feasible vehicle routes. In other words, the set of arcs in A issued
from the depot, visiting one restaurant, going back to the depot, satisfying capacity,
battery, restaurant time window constraints, and visiting at most once each customer.
Let ρpr be the income of the route r ∈ Ω in period p. Let air be a binary parameter
equal to 1 if route r visits node i, 0 otherwise. Let bijr be a binary parameter equal to
1 if route r passes over arc (i, j) ∈ A, 0 otherwise. Let γikr be a binary parameter equal
to 1 if route r visits a restaurant that belongs to cluster k ∈ Γ after visiting customer
i ∈ V , 0 otherwise. Note that ρpr =

∑
i∈V0

∑
j∈V ′N+1

bijr(%jp − dij), air =
∑

j∈V ′0 bjir and
γikr =

∑
f∈G′k

bifr. Binary variable θpr is equal to 1 if route r is performed in period p

in the solution, 0 otherwise. Binary variable µk indicates if an agreement with cluster
k is done or not. Each cluster k ∈ Γ has a fix service cost ck when it is selected in the
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solution.
Thus, the model can be described with the following set-packing model (SPM):

(SPM) max
∑
r∈Ω

∑
p∈P

ρprθ
p
r −

∑
k∈Γ

ckµk (6.22)

∑
r∈Ω

θpr ≤ U ∀p ∈ P (6.23)

∑
r∈Ω

∑
p∈P

airθ
p
r ≤ 1 ∀i ∈ V (6.24)

∑
r∈Ω

γikrθ
p
r − µk ≤ 0 ∀k ∈ Γ,∀i ∈ V, ∀p ∈ P (6.25)

θpr ∈ {0, 1} ∀r ∈ Ω,∀p ∈ P (6.26)

µk ∈ {0, 1} ∀k ∈ Γ (6.27)

The objective function (6.22) aims to maximize the income computed as the total
income per route per period minus the cost associated with the restaurant cluster services.
Constraints (6.23) limits the number of vehicles that are used per period. Constraints
(6.24) guarantee that customers can be served at most once. Constraints (6.25) indicate
if an agreement with cluster k is done in the solution. Those constraints are reinforced
compared to constraints (4.28) proposed in Chapter 4. The reinforced constraints exclude
the use of big M by using the incoming arcs to cluster k instead of use the vertex into
the cluster. Finally, variable domains are defined in constraints (6.26) - (6.27).

6.3.1 Algorithm overview

An overview of the proposed Branch-and-Price algorithm is presented in Algorithm 6. The
BP method begins by a pre-processing (Section 6.3.2). Later, an initial set of columns
(paths) Ω′ is created. It is done following a randomized greedy procedure presented
in Section 6.3.3. Each iteration begins by updating the graph G of the relaxed master
problem RMP modifying the set of arcs A according to the branching strategies presented
below. Later, the column generation procedure is executed (See Section 6.3.4) and the
new columns are added to Ω1. If the RMP solution is not feasible for the SMP, in other
words, if the variable values are not integer, the branching procedure is executed (lines
(13-35) in Algorithm 6). Branching strategies are introduced in Section 6.3.6. The set
of branches Υ is decreasingly sorted by the objective value g(S). The iterative process
is executed until every branch is explored or until the value of the current best feasible
solution f(S∗) is greater than the value of solution f(S) of the top branch of set Υ.
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Algorithm 6 Branch-and-Price for e-MPCPTPMS
1: procedure Branch-and-Price
2: Ω′,Υ, S, S∗ ← {∅};
3: A← (i, j) ∀i ∈ V ′0,N+1,∀j ∈ V ′0,N+1 / j 6= i;
4: ~λ∗, ~α∗ ← ~0;
5: Ω′ ← GenerateInitialColumns(A);
6: Υ← RootNode(Ω′);
7: do
8: SelectBranch(Υ);
9: Ã, Ω̃′ ← UpdateGraphAndColumns(A,Ω′,Υ);
10: Ω̃′ ← Ω̃′ ∪ ColumnGeneration(Ã, Ω̃′);
11: Ω′ ← Ω′ ∪ Ω̃′;
12: S ← RMP(Ã, Ω̃′);
13: if S is not integer then
14: if µi is not integer then
15: Υ← Υ∪BranchEnforcingAgreement(µi);
16: Υ← Υ∪BranchDenyingAgreement(µi);
17: else
18: if Flow over node i is not integer then
19: Υ← Υ ∪ BranchEnforcingVisit(i);
20: Υ← Υ ∪ BranchDenyingVisit(i);
21: else if Flow over arc (i, j) is not integer then
22: if Visit to node i or j is already enforced then
23: for p = 0 to P do
24: Υ← Υ ∪ BranchEnforcingArc(i, j, p);
25: end for
26: Υ← Υ ∪ BranchDenyingArc(i, j);
27: else
28: for p = 0 to P do
29: Υ← Υ ∪ BranchEnforcingVisitandArc(i, j, p);
30: Υ← Υ ∪ BranchEnforcingVisitAndDenyingArc(i, j, p);
31: end for
32: Υ← Υ ∪ BranchDenyingVisit(i);
33: end if
34: end if
35: end if
36: else if g(S) > g(S∗) then
37: S∗ ← S;
38: end if
39: while Υ 6= {∅} ∨ g(S) < g(S∗)
40: return (S̃∗);
41: end procedure

6.3.2 Pre-processing

In the pre-processing step, every vertex that cannot be part of a feasible solution, i.e., their
inclusion leads to a constraint violation, are removed. Let Ri be the closest restaurant to
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node i. A node i is removed if one of the following conditions holds:

1. t0i + si + tiRi
> lRi

2. γ(d0i + diRi
) > B

Rule 1 eliminates nodes because of time windows violations considering the best pos-
sible restaurant option, while rule 2 removes nodes because of run out of energy consid-
ering also the best possible restaurant option.

6.3.3 Initial set of columns

The initial set of columns Ω′ is composed of a determined number of paths (INIPOP ).
Columns are generated following a randomized greedy procedure. The procedure creates
a column selecting randomly one restaurant f ∈ F . Later, it selects randomly a customer
that is inserted following a best insertion strategy in the current path for the first period
p. If the insertion is not feasible, the customer is not inserted. It is done until every
customer insertion is evaluated. Route profits for every period are updated. In the
proposed approach, INIPOP is set to 50 columns.

6.3.4 Column Generation

Since the number of routes in Ω is exponential in the number of customers, in the number
of clusters/restaurants and in the number of periods, the set-packing model (6.22 - 6.27)
cannot be easily managed with a basic branch-and-bound approach. So a restricted
version of the SPM using set Ω′ where Ω′ ⊂ Ω and |Ω′| � |Ω| is solved. Later, variables
(routes/columns) are included dynamically by a column generation procedure. In the
following the linear relaxation of the SPM is called Master Problem (MP).

As done in Chapter 4, the restricted master problem (RPM) is obtained by replacing
in the MP the set Ω with the set Ω′. Iteratively, the RMP is solved, the dual values of the
RMP are obtained and then the pricing problem uses the dual values to look for routes
with positive reduced cost in at least one period which are added to RMP. When no route
with positive reduced cost is found, the solution is optimal for the linear relaxation of
SPM.

Restricted Master Problem

The restricted master problem RMP(Ω′) is obtained from the MP considering only a
subset Ω′ ⊂ Ω of variables. In the following RMP (Ω′) is presented.

(RMP (Ω′)) max
∑
r∈Ω′

∑
p∈P

ρprθ
p
r −

∑
k∈Γ

ckµk (6.28)
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Subject to:
βp −→

∑
r∈Ω′

θpr ≤ U ∀p ∈ P (6.29)

λi −→
∑
r∈Ω′

∑
p∈P

airθ
p
r ≤ 1 ∀i ∈ V (6.30)

αpik −→
∑
r∈Ω

γikrθ
p
r − µk ≤ 0 ∀k ∈ Γ,∀i ∈ V, ∀p ∈ P (6.31)

θpr ≥ 0 ∀r ∈ Ω′,∀p ∈ P (6.32)

µk ≥ 0 ∀k ∈ Γ (6.33)

Dual program

Let D(Ω1) be the dual of RMP (Ω′):

(D(Ω′)) min
∑
p∈P

Uβp +
∑
i∈V

λi (6.34)

Subject to:
βp +

∑
i∈V

airλi +
∑
k∈Γ

∑
i∈v

γikrα
p
ik ≥ ρpr ∀r ∈ Ω′,∀p ∈ P (6.35)

∑
i∈V

∑
p∈P

αpik ≥ ck ∀k ∈ Γ (6.36)

βp ≥ 0 ∀p ∈ P (6.37)

λi ≥ 0 ∀i ∈ V (6.38)

αpik ≥ 0 ∀k ∈ Γ,∀i ∈ V, ∀p ∈ P (6.39)

where βp are the non-negative dual variables associated to fleet size constraints (6.29),
λi are the non-negative dual variables associated with constraints (6.30) and αpik are the
non-negative dual variables associated with having an agreement with the cluster of
restaurants k (constraints (6.31)).

6.3.5 Pricing Problem

Once the RPM(Ω′) is solved, optimal dual values β∗p , λ∗i and αp∗ik are obtained. The
purpose of the pricing problem is twofold: to find routes r ∈ Ω \ Ω′ for a period p with
positive reduced cost or to prove that none exists. Routes with positive reduced cost are
routes such that:

ρpr − β∗p −
∑
i∈V

airλ
∗
i −

∑
k∈Γ

∑
i∈V

γikrα
p
ik > 0 (6.40)
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Condition (6.40) is obtained from constraints (6.35) of the dual program D(Ω′). It
can be also expressed as:

∑
i∈VN+1

∑
j∈V ′0

bjir(%ip − dji − λ∗i )−
∑
k∈γ

∑
j∈V ′N+1

∑
f∈G′k

bjfr(djf + αp∗jk)− β
∗
p > 0 (6.41)

Expression (6.41) shows that the pricing problem is equivalent to solve an Elementary
Longest Path Problem with Resource Constraints for each period p.

In this chapter, following the methodology presented in Chapter 4, two labeling al-
gorithms are presented to solve the pricing problem. The first using only elementary
paths, while the second allows to have ng-paths. The definitions of an elementary path
and an ng-path are introduced in Section 4.3.4.

Symmetrical labeling algorithm

The algorithm presented in section 4.3.4 can be modified and used to solve the pricing
problem presented in the previous section. In the following, the main changes of the
algorithm are explained. For a detailed description of the algorithm, the reader is re-
ferred to the description of the labeling algorithm to solve the clustered version of the
e-CPTPMS introduced in section 4.3.4 starting on page 93.

The most noticeable change relates to the incorporation of the periods, so labels are
adapted. The only resource that depends on the period is cost. Thus, for the elementary
path algorithm a partial path Up

i from 0 to a vertex i ∈ V ′N+1 in period p is represented by
a label L(Ui, p) = (costUi(p), RSUi

, timeUi
, durUi

, loadUi
, batUi

, revUi
, T (Ui)). ng-paths la-

bel is represented as L(Ui, p) = (costUi
(p), RSUi

, timeUi
, durUi

, loadUi
, batUi

, revUi
,Π(Ui)).

Except for the resource cost, the definition of the other resources remains the same. The
new definition of costUi

(p) is the reduced cost of path Ui performed during period p.
In the labeling algorithm Resource Extension Functions (REFs) are used to check

feasibility and dominance between a pair of partial paths arriving at the same node.
Given the partial path Ui ending at vertex i, and L(Ui) a label associated with path Ui,
a new partial path U ′j can be obtained by extending the path Ui to a vertex j. The new
label L(U ′j) can be obtained following the same REF equations (4.52)-(4.59) presented
for the mono-period case plus the adapted REF equations for cost, as follows:

costUj
(p) =

costUi
(p) + %pj − dij − λ∗j if j ∈ VN+1

costUi
(p)− dij if j ∈ F

(6.42)

Note that the dual variable αp∗ik is not included in the REF, but it is in the concat-
enation phase. If it is included when a path is reversed during the concatenation phase,
it is going to cause problems. It is because the definition of the dual variable takes
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into account the direction of the arcs, specifically the arcs incoming to the cluster of
restaurants.

A new path U ′j created from the extension of path Ui to vertex j is feasible if it holds
the same condition presented for the mono-period case:

(a) ((i, j) ∈ Ã∧ (revUi
= 0 ∨ revUi

= 1))∨ ((j, i) ∈ Ã∧ (revUi
= 0 ∨ revUi

= 2))

(b) RSUj
≤ 1

(c) timeUj
≤ lj

(d) timeUj
≤ l0

(e) loadUj
≤ Q

(f) batUj
≤ B

(g) j /∈ T (Ui) for the elementary paths version

(g’) j /∈ Π(Ui) for the ng-paths version

Given the labels of two paths L(Ui, p) and L(Wi, p) ending at vertex i for the same
period p, path Ui dominates path Wi if every feasible extension of Wi yields to a path
with reduced cost smaller than the feasible path obtained by applying the same extension
from Ui and using more resources. Thus, Ui dominates Wi if:

(a) costUi
(p) ≥ costWi

(p)

(b) timeUi
≤ timeWi

(c) durUi
≤ durWi

(d) loadUi
≤ loadWi

(e) batUi
≤ batWi

(f) revUi
= revWi

(g) T (Ui) ⊆ T (Wi) for the elementary paths version

(g’) Π(Ui) ⊆ Π(Wi) for the ng-paths version

Concatenation phase

Given two partial paths Uf = {0, u1, . . . , un−1, un} andWf = {0, w1, . . . , wn−1, wn} ending
at restaurant f (un = wn = f) in the period p, a new path Y0 = {0, u1, . . . , un−1, k, wn−1,

. . . , w1, 0} can be created by concatenating path Uf with the reversed path
←−
Wf as is done

for the mono-period case. Thus, path Y0 = Uf ⊕
←−
Wf is feasible if holds:

(a) (revUf
= 0 ∨ revUf

= 1) ∧ (revWf
= 0 ∨ revWf

= 2)
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(b) timeUf
+ S + durWf

≤ l0

(c) loadUf
+ loadWf

≤ Q

(d) T (Uf ) ∩ T (Wf ) = ∅ for the elementary paths version

(d’) Π(Uf ) ∩ Π(Wf ) = ∅ for the ng-paths version

The reduced cost of new path Y0 ending at the depot (0) in period p is computed as:

costY0(p) = costUf
(p) + costWf

(p)− β∗p − α
p∗
un−1k

k / f ∈ Gk (6.43)

In order to improve the performance, both the pricing problem with elementary paths
and the pricing problem with ng-paths have a heuristic version of the algorithm where
dominance conditions (g) or (g’) are relaxed respectively. When the heuristic version
cannot find a new route with positive reduced cost, the exact version is executed. The
pricing problem is solved sequentially for each period p ∈ P . Note that finding the path
with the maximal reduced cost among all periods is only required at the last iteration.
So, if a sufficiently large number of positive reduced cost paths are found, the pricing
algorithm stops and these paths are added into Ω′.

6.3.6 Branching Strategy

If the optimal solution of RMP is not integer, branching decisions must be made. The
branching strategy proposed for the mono-period case is adapted for the multi-period
case.

The first type of branching focus on the variable µk of the MP. If there are µ variables
with fractional values, the one with the largest associated cost Ck is selected. Two
branches are created. The first branch enforces to have an agreement with cluster k. It
implies to include the agreement cost Ck, and allowing to visit the set of restaurants Gk.
The second branch forbids the visit of restaurants on cluster k. At the RMP(Ω′) level
the following constraints are added:

µk =

1 in the branch where an agreement with cluster k is done

0 in the branch where an agreement with cluster k is denied

At the pricing problem level, there is not an impact on the first branch, but on the
second branch the graph is modified. For the pricing problem obtained in the second
branch, arcs linked with restaurants of cluster k are removed. It means arcs, (i, f, p) and
(f, i, p) where i ∈ V ′0,N+1, p ∈ P and f ∈ Gk are eliminated from Ã.

Once all µ variable values are integer, flow over each node is checked. If there are
vertices with fractional flow, the one with the largest (

∑
p∈P %

p
i − λ∗i ) is selected. From
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this node |P |+ 1 new branches are created. In the first |P | branches, visiting customer i
in period p is mandatory, while in the last branch visiting customer i is forbidden in every
period. Enforcing or forbidding to visit customer i is done in the RMP(Ω′) by updating
constraint (6.30) as follows:

∑
r∈Ω′

∑
p∈P

aikθ
p
k

+ yi = 1 in the branch where customer i has to be visited

= 0 in the branch where visiting customer i is forbidden

Virtual variables yi are created for every node i ∈ V to handle some infeasible situ-
ations in the RMP(Ω′) when new branches are created. This variable is added with a
large negative value in the objective function.

In the pricing problem the graph is affected. When it is mandatory to visit node i
in period p, every visit to i in a different period is prohibited. This is done by removing
every arc (j, i, t) and (i, j, t) where j ∈ V ′0,N+1 and t ∈ P ∧ t 6= p from Ã. When it is
forbidden to visit node i, every arc (j, i, t) and (i, j, t) where j ∈ V ′0,N+1 and t ∈ P is
removed from Ã.

Finally, if all µ variables are integer and the flow over each vertex are integer for every
node, the third branching strategy is applied. The pair of nodes (i, j) with non integer
flow and with the largest (

∑
p∈P %

p
i − λ∗i /2− λ∗j/2) is selected. From this, two or 2|P |+ 1

branches are created. If one of the nodes i or j is already constrained to be visited, it
is forced to be visited in a specific period p and two branches are created. One branch
forcing the arc (i, j, p) and other branch forbidding it. If neither i nor j are constrained
to be visited, 2|P |+ 1 branches are created: 2|P | where for each period p ∈ P the node i
is enforced to be visited, and the arc (i, j, p) is enforced or forbidden respectively; And a
last branch forbidding the visit to node i, which also results in removing arcs (i, j, p) for
every period p.

When an arc (i, j, p) is enforced or forbidden, the graph changes at the pricing level.
When the arc is enforced, arcs (i, k, p) where k ∈ V ′0,N+1 ∧ k 6= j and arcs (l, j, p) where
l ∈ V ′0,N+1 ∧ l 6= i are deleted from Ã. In the second case, the arch (i, j, p) is excluded
from Ã.

6.4 Computational Results

Instances for the e-MPCPTPMS are designed from the instances proposed in Section
4.4.1 for the clustered version. 21 sets of instances are created based on the instances
proposed by Chao et al. (1996) and 3 sets based on the Schneider et al. (2014) instances
for the E-VRPTW.

The BP is implemented in C++ and linear relaxations are solved using CPLEX
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12.8. The algorithm is executed on a machine with Intel(R) Core(TM) i5-5300U CPU
@2.30GHz 2.30GHz and 8 GB RAM. The execution time is limited to 2 hours.

6.4.1 Instances generation

The instances description for the mono-period case is done in Section 4.4.1. For the
multi-period scenario, it is assumed that there are 3 periods. Customers have a different
profit for each period. The profits associated with the mono-period case remains as the
profits for the first period. The profits for the other two periods are generated randomly
with the following uniform distributions:

• For Chao et al. (1996) based instances: [minProfit,maxProfit].

• For Schneider et al. (2014) based instances: [minProfit, 0.8(maxDist−minDist)
+minDist].

Finally, the agreement cost with clusters for the three periods is 2.5 times the cost
of the mono-period case. It might be seen as the cost per period is cheaper, but it is
important to clarify that there is not a direct comparison between the mono-period and
the multi-period case. Both problems are completely different.

6.4.2 Computational Results

An outline of the results on the CH instances is presented in Tables 6.2 - 6.4. In those
tables, n is the number of customers, cl is the number of clusters and rs is the number
of available restaurants. Op is number of optimal solutions reached by the algorithm
over the set’s size D. topt is the average computational time (in seconds) to reach the
solution for those instances solved to optimality under the time limit. When none of the
instances are solved to optimality the column is left empty (-). t is the average solution
time of the set of instances. Since there is a huge variation on computational times of
each set, the standard deviation of solution time σt is presented. The quality of the linear
relaxation or upper bound (UB) at the root node (Qroot) of the BP is presented. The
UB is compared to the optimal solution, when it is known, and Qroot represents the gap
percentage measured as ((UB − opt)/opt) ∗ 100. ∆op is the average optimality gap of
the solutions within the time limit. As there are instances that no feasible solution is
obtained at the root node, ∆op value includes exclusively instances that its root node is
solved under the time limit. If no instances of the set are solved on the root node, the
column is left empty (-).

It must be remembered that these instances are grouped according to battery size:
Bsmall, Bmedium, and Blarge. A comparison between the two BP versions is proposed.
BPel are the results for the version of the BP where the pricing problem is solved using
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Table 6.2 – Computational results with Bsmall

BPel BPng

n cl rs Op/D topt t σt Qroot ∆op Op/D topt t σt Qroot ∆op ∆UBroot

Set-1 30 3 4 54/54 0.13 0.13 0.25 4.86 0.00 54/54 0.14 0.14 0.29 4.91 0.00 0.06
Set-2 19 3 3 33/33 0.10 0.10 0.10 8.73 0.00 33/33 0.08 0.08 0.06 8.72 0.00 0.00
Set-3 31 3 4 60/60 0.89 0.89 3.02 3.89 0.00 60/60 2.78 2.78 8.62 3.91 0.00 0.03
Set-4 98 5 12 41/60 248.07 2533.76 3340.72 23.34 0.84 37/60 1224.34 2877.98 3483.29 24.62 2.15 1.76
Set-5 64 4 8 68/78 509.59 1318.73 2614.77 33.88 0.10 56/78 1833.55 2177.56 3214.16 37.82 1.64 0.48
Set-6 62 4 8 41/42 41.67 247.78 1134.99 24.69 0.03 37/42 927.48 927.48 2355.05 25.54 0.43 0.26
Set-7 100 6 13 48/60 222.05 1727.47 2880.19 34.76 0.20 33/60 2653.30 3259.53 3595.78 32.31 4.43 2.46
Average 146.07 832.69 1424.86 19.16 0.17 948.81 1320.79 1808.18 19.69 1.24 0.72

Solved instances 345/387 310/387

elementary paths, while BPng are the results of the algorithm solving the pricing allowing
ng-paths. Finally, as should be remembered, using ng-paths represents an additional
relaxation to the master problem. So ∆UBroot the gap percentage of the upper bound at
the root node of the version with ng-paths is compared with the version with elementary
paths. Detailed results of each instance are presented in Appendix F.

Table 6.3 – Computational results with Bmedium

BPel BPng

n cl rs Op/D topt t σt Qroot ∆op Op/D topt t σt Qroot ∆op ∆UBroot

Set-1 30 3 4 54/54 1.22 1.22 4.42 3.79 0.00 54/54 0.99 0.99 4.17 3.81 0.00 0.02
Set-2 19 3 3 33/33 0.12 0.12 0.12 6.36 0.00 33/33 0.11 0.11 0.10 6.36 0.00 0.00
Set-3 31 3 4 60/60 3.60 4.39 18.61 2.66 0.00 60/60 6.98 6.98 23.62 2.72 0.00 0.06
Set-4 98 5 12 30/60 316.61 3867.02 3535.70 17.54 0.55 31/60 722.37 3710.38 3520.25 18.03 0.79 3.81
Set-5 64 4 8 60/78 103.43 1990.36 3185.64 19.93 0.71 55/78 1349.12 2324.27 3245.34 20.94 1.05 0.52
Set-6 62 4 8 37/42 48.00 1017.77 2398.99 18.69 0.01 36/42 768.37 1227.77 2691.98 18.82 0.68 0.42
Set-7 100 6 13 39/60 17.39 2751.63 3377.13 26.24 0.31 39/60 1272.36 2754.27 3391.81 27.77 1.52 1.99
Average 70.05 1376.07 1788.66 13.60 0.23 588.61 1432.11 1839.61 14.06 0.58 0.97

Solved instances 313/387 308/387

Table 6.4 – Computational results with Blarge

BPel BPng

n cl rs Op/D topt t σt Qroot ∆op Op/D topt t σt Qroot ∆op ∆UBroot

Set-1 30 3 4 54/54 1.07 1.07 4.18 3.80 0.00 54/54 0.92 0.92 3.60 3.83 0.00 0.03
Set-2 19 3 3 33/33 0.10 0.10 0.06 6.48 0.00 33/33 0.09 0.09 0.06 6.49 0.00 0.02
Set-3 31 3 4 60/60 1.03 2.20 5.13 4.40 0.00 60/60 8.53 8.53 35.70 4.44 0.00 0.05
Set-4 98 5 12 30/60 88.85 3750.31 3504.18 17.47 0.43 32/60 506.49 3572.97 3479.61 17.84 0.59 3.22
Set-5 64 4 8 58/78 173.28 2109.60 3183.85 19.91 0.90 52/78 1522.28 2564.65 3563.37 21.25 1.43 0.92
Set-6 62 4 8 36/42 97.03 1156.36 2563.79 18.95 0.00 35/42 615.97 1243.04 2708.17 19.15 0.71 0.22
Set-7 100 6 13 38/60 21.18 2854.31 3402.47 25.40 1.06 39/60 1089.44 2718.92 3383.42 26.95 1.30 1.84
Average 54.65 1410.56 1809.09 13.77 0.34 534.82 1444.16 1881.99 14.28 0.57 0.90

Solved instances 309/387 305/387

Likewise, the results on SC instances clustered version are summarized in tables 6.5 -
6.7. Detailed results for each instance tested are presented in Appendix F.2.
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Table 6.5 – Computational results with Tmax_small

BPel BPng

n cl rs Op/D topt t σt Qroot ∆op Op/D topt t σt Qroot ∆op ∆UBroot

C1 30 3 5 3/3 1.33 1.33 1.66 5.77 0.00 3/3 0.87 0.87 1.14 6.10 0.00 0.30
C2 30 3 5 3/3 132.20 132.20 222.97 - 0.00 3/3 26.37 26.37 32.50 1.40 0.00 0.37
R1 30 3 5 3/3 0.09 0.09 0.12 8.73 0.00 3/3 0.03 0.03 0.03 8.73 0.00 0.00
R2 30 3 5 3/3 39.51 39.51 16.49 2.03 0.00 3/3 47.79 47.79 28.38 3.22 0.00 1.17
RC1 30 3 5 3/3 0.07 0.07 0.10 2.57 0.00 3/3 0.02 0.02 0.01 2.57 0.00 0.00
RC2 30 3 5 3/3 48.38 48.38 62.01 1.73 0.00 3/3 49.86 49.86 70.27 2.33 0.00 0.59
C1 50 5 8 3/3 44.07 44.07 66.60 18.31 0.00 3/3 39.17 39.17 48.60 18.37 0.00 0.05
C2 50 5 8 1/3 6170.79 6170.79 1788.09 - - 2/3 3747.65 3747.65 2993.26 5.18 0.08 1.00
R1 50 5 8 3/3 0.20 0.20 0.12 34.06 0.00 3/3 0.15 0.15 0.02 34.06 0.00 0.00
R2 50 5 8 2/3 2889.95 2889.95 3733.72 - - 0/3 7204.29 7204.29 1.92 - 6.67 1.83
RC1 50 5 8 3/3 0.08 0.08 0.03 5.62 0.00 3/3 0.08 0.08 0.03 5.62 0.00 0.00
RC2 50 5 8 1/3 6881.83 6881.83 552.90 - - 0/3 7201.09 7201.09 1.09 - 2.92 1.13
Average 1350.71 1350.71 537.07 9.85 0.00 1526.45 1526.45 264.77 8.76 0.81 0.54

Solved instances 31/36 29/36

Table 6.6 – Computational results with Tmax_medium

BPel BPng

n cl rs Op/D topt t σt Qroot ∆op Op/D topt t σt Qroot ∆op ∆UBroot

C1 30 3 5 3/3 31.12 31.12 46.30 12.46 0.00 3/3 21.43 21.43 32.23 13.14 0.00 0.60
C2 30 3 5 3/3 59.41 59.41 93.50 1.53 0.00 3/3 1390.52 1390.52 2377.41 2.19 0.00 0.66
R1 30 3 5 3/3 0.51 0.51 0.05 32.75 0.00 3/3 0.38 0.38 0.02 33.13 0.00 0.30
R2 30 3 5 3/3 34.29 34.29 10.83 2.07 0.00 3/3 55.92 55.92 41.09 3.27 0.00 1.18
RC1 30 3 5 3/3 0.24 0.24 0.13 28.67 0.00 3/3 0.19 0.19 0.11 28.91 0.00 0.19
RC2 30 3 5 3/3 38.37 38.37 47.61 1.54 0.00 3/3 81.08 81.08 107.51 2.86 0.00 1.30
C1 50 5 8 3/3 1431.87 1431.87 2306.95 26.87 0.00 2/3 2442.39 2442.39 4120.60 28.93 0.06 0.58
C2 50 5 8 2/3 4296.34 4296.34 3520.26 - - 2/3 6551.23 6551.23 919.39 6.44 3.39 1.61
R1 50 5 8 3/3 16.25 16.25 20.72 42.30 0.00 3/3 10.15 10.15 9.98 42.79 0.00 0.35
R2 50 5 8 2/3 2897.86 2897.86 3726.25 - - 0/3 7201.48 7201.48 1.39 - 8.20 2.05
RC1 50 5 8 3/3 2.66 2.66 1.26 46.47 0.00 3/3 1.66 1.66 0.69 46.45 0.00 0.05
RC2 50 5 8 1/3 6557.32 6557.32 1113.89 - - 0/3 7202.96 7202.96 1.54 - 7.01 1.68
Average 1280.52 1280.52 907.31 21.63 0.00 2079.95 2079.95 634.33 20.81 1.55 0.88

Solved instances 32/36 28/36

Table 6.7 – Computational results with Tmax_large

BPel BPng

n cl rs Op/D topt t σt Qroot ∆op Op/D topt t σt Qroot ∆op ∆UBroot

C1 30 3 5 3/3 10.27 10.27 15.38 10.90 0.00 3/3 6.73 6.73 9.46 11.84 0.00 0.83
C2 30 3 5 3/3 48.18 48.18 73.05 1.53 0.00 3/3 1337.18 1337.18 2288.74 2.21 0.00 0.67
R1 30 3 5 3/3 3.38 3.38 1.47 24.04 0.00 3/3 12.65 12.65 17.63 25.21 0.00 1.03
R2 30 3 5 3/3 33.87 33.87 10.52 2.07 0.00 3/3 56.85 56.85 44.30 3.27 0.00 1.18
RC1 30 3 5 3/3 0.89 0.89 0.42 24.71 0.00 3/3 0.71 0.71 0.17 25.15 0.00 0.36
RC2 30 3 5 3/3 38.93 38.93 48.96 1.63 0.00 3/3 36.15 36.15 30.54 2.85 0.00 1.20
C1 50 5 8 3/3 76.78 76.78 36.64 27.33 0.00 3/3 172.82 172.82 234.79 28.39 0.00 0.83
C2 50 5 8 3/3 1336.84 1336.84 801.17 - - 1/3 4966.89 4966.89 3871.68 7.31 5.59 1.75
R1 50 5 8 3/3 52.75 52.75 55.89 40.53 0.00 3/3 2296.93 2296.93 2973.10 41.62 0.00 0.80
R2 50 5 8 2/3 2900.45 2900.45 3727.26 - - 0/3 7202.72 7202.72 1.81 - 8.21 2.05
RC1 50 5 8 3/3 10.61 10.61 0.94 35.51 0.00 3/3 12.01 12.01 7.42 36.16 0.00 0.48
RC2 50 5 8 2/3 5870.48 5870.48 1277.63 - - 0/3 7200.89 7200.89 0.34 - 6.60 1.70
Average 865.29 865.29 504.11 18.69 0.00 1941.88 1941.88 790.00 18.40 1.70 1.07

Solved instances 34/36 25/36

Results show that the proposed algorithm is capable of solving optimally instances
of all sizes of tested instances. Contrary to what was observed in the results of the
mono-period case (Section 4.4.3), the usage of ng-paths while solving the pricing problem
do not represent an improvement of the algorithm’s performance. 1269 instances were
used to test both algorithms. BPel solves 967 CH instances and 97 SC instances, while
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BPng solves 923 CH instances and 82 SC instances. In contrast to the results obtained
in Chapter 4 no one method is capable of solving all the instances that the other one
is capable of solving. Detailed results in Appendix F show that, the BPel is capable of
solving 53 instances that cannot be solved with the BPng. Likewise, the BPng is capable
of solving 9 instances that cannot be solved with the BPel.

With regard to the computational time. BPel average computational time is 1206.44
seconds for CH instances and 1165.50 seconds for SC instances while BPng average com-
putational time is 1399.02 seconds for CH instances and 1849.42 seconds for SC instances.

In addition, as is seen in the mono-period case, once the length of the routes increases,
it becomes more difficult to reach an optimal solution within the time limit, in most of
the cases. Note that length of the route increases when Tmax, or battery capacity B

increases. This is expected due to having more resources (time or energy) increases the
number of feasible paths and thus the complexity of the pricing problem. So, the latter
is going to take longer to be solved by the labeling algorithm.

As mentioned before, it is not possible to do a fair comparison between the results
presented in Chapter 4 (mono-period case) and the results of the multi-period case.
However, It is interesting to mention that in the solutions it was observed that agreement
with a cluster of restaurants decisions change between the mono and the multi-period
scenarios, for some instances. It must be remembered that in the instances of the multi-
period case the first period profits corresponds to the profits of the mono-period case.
This gives clues to show that evaluating the decisions over multiple periods affects the
decisions over the clusters of restaurants and allows us to have more robust results.

6.5 Conclusion

To sum up, the electric multi-period capacitated profitable tour problem with mandatory
stops is presented as a novel variant of routing problem with profits. In addition to
synchronization between recharging stops and lunch stops, decisions of visiting customers
over different periods are integrated.

A branch-and-price algorithm structure is presented to solve the problem. One BP
version using elementary paths and another version using ng-paths are tested. According
to results it is not possible to conclude that one of the versions outperforms the other
one. At the same time, the results show that solution method has a weaker performance
when solving problems where solution is composed of few routes with many customers.

In addition, results show that performing an analysis over multiple periods can change
the agreement with restaurants decisions in comparison with the results obtained for the
mono-period case.

To improve the quality of the linear relaxation of the MP when using ng-paths, some
sub-tour elimination cuts should be added, in this case a Branch-and-Cut must be tested.
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Chapter 7

Conclusions

This thesis is dedicated to routing problems with electric vehicles and integrated location
decisions. New strategies, and solution tools for transportation, namely routing problems,
in a city logistics context are proposed. Seeking to promote the transition to EVs, the
problems presented in this thesis aim to tackle some issues related to the usage of EVs.

A literature review is presented. There, the relevance of transportation and its huge
impact on the environment can be identified on a number of literature reviews and the
increasing number of publications on this topic. In addition, since the reduction of envir-
onmental impact is relevant to the transportation activities, the inclusion of alternative
fueled vehicles, especially the electric vehicles, becomes a trendy topic for the academic
community. Thus, the number of contributions on Green Vehicle Routing Problems (G-
VRP) and Electric Vehicle Routing Problems (E-VRP) increases rapidly. In this order,
a huge variety of variants are addressed in the literature. However, in most of the papers
presented, vehicles are recharged in a conductive way and recharging times are considered
idle time. Also, hours of service regulations, for example lunch time, are not considered.
So, three new routing problems are presented aiming to tackle two issues related to the
usage of EVs, the impact of the idle times caused by recharging times and the issues
related to warrantying a place where to recharge.

First, the electric vehicle routing problem with time windows and satellite customers is
introduced as a novel variation of the E-VRPTW. Its objective is the minimization of the
time spent at recharging stations. This objective, indirectly, allows to reduce the energy
consumption and therefore the total distance covered by the vehicles. A mathematical
model is presented and a solution method based on an Iterated Local Search procedure is
designed. Results show that, allowing the visits to the customer by an alternative mode
enables us to: 1) reduce total recharging time; and 2) avoid part of the idle time during
the intra-route recharging activities. The efficiency of the algorithm is recognized by the
tests on a special case, e-VRPTWPR where new BKS solutions are found and the average
computational time is less than the time reported for state of the art algorithms. In the
current version of the problem, only one customer can be visited during the recharging
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of the EV.
Future work on this problem must be dedicated to explore the possibility of visiting

more than one customer which will bring the concept of secondary routes. Likewise,
considering a non-linear recharging function, a non-linear energy consumption function,
and different charging fees for recharging stations and depot can help to model a more
realistic scenario.

Second, the electric capacitated profitable tour problem with mandatory stops (E-
CPTPMS) is presented as a variant of the routing problem with profits, where decisions
about where to have lunch and recharge are made. In this variant, we look for synchron-
ization between recharging stops and lunch stops to take advantage of lunch breaks. Two
versions of the problem are presented, the first where agreements for food and recharge
services are made individually with each restaurant (non-clustered). The second version
allows to have agreements with a set of restaurants (clustered) which corresponds to
scenarios where agreements can be done with restaurant chains. Part of the agreements
involves having a recharge point available during lunch.

A branch-and-price (BP) algorithm is presented to solve both non-clustered and
clustered versions. Two pricing algorithms are tested, one using elementary paths and
other using ng-paths. Results show the benefit of including ng-path relaxation and the
BP performance to manage problems with large sizes. At the same time, the results show
that solution method has a weaker performance when the optimal solution is composed
of few routes with many customers. So, a two-phase metaheuristic framework to solve
the e-CPTPMS is presented to manage large size problems. As the first phase of the
method, a GRASP metaheuristic is applied, and in the second phase a set-packing prob-
lem is solved. Results show that the algorithm is capable of finding optimal solutions
for instances up to 100 customers and 13 restaurants, and improve the lower bounds
produced by the BP. Solutions can be obtained in less than 1 minute (on average) which
is a large time diminution in comparison with the average computational time reported
for the BP (more than 20 minutes, on average). Additionally, the impact of including a
second phase solving the SPM is presented.

Third, the electric multiperiod capacitated profitable tour problem with mandatory
stops is presented (e-MPCPTPMS). In addition to synchronization between recharging
stops and lunch stops, decisions of visiting customers over different periods are integrated.
Because it is more interesting to evaluate in midterm, the location decisions related to
where to have lunch and recharge. The branch-and-price algorithm is adapted to solve
the problem. Again, two BP versions using elementary paths and ng-paths are tested.
For this problem, results show that it is not possible to conclude that one of the versions
outperforms the other one. And, as expected, the results show that solution method
has a weaker performance when the optimal solution is composed of few routes with
many customers. The analysis of the multi-period case show that the agreement with
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restaurants decisions can change in comparison with the results obtained for the mono-
period case. This allows us to have more robust results.

With respect to the branch-and-price methods, future work should focus on improving
the method, for example the quality of the linear relaxation of the master problem when
using ng-paths. For this, some subtour elimination cuts should be added. Also, another
type of cuts inspired on capacity constraints considering the battery capacity can be
explored. In other words, a Branch-and-Price-and-Cut should be tested. Additionally, it
is interesting to determine if it is necessary to include some dual variable stabilization
techniques to enhance the solution method.

With reference to price collecting problems, important applications can be found by
applying these variants in tourist trip problems with electric vehicles. In this field can
be interesting to consider the peak hours in the tourist sights, the parking lots with
recharging stations and the traditional restaurants of each city. Likewise, to include the
electric vehicles in the team orienteering problem with hotel selection.

In general, on the routing problems with electric vehicles field, there is a lot of work
to be done. One of the first things is to include the strong stochastic nature of some
aspects as: the energy consumption that can be affected by traffic conditions or the
driver behavior; and the recharging stations availability which in some cases implies to
wait to recharge, and adding queuing theory can enhance the analysis. Including the
stochastic component might allow to propose robust solutions, minimizing the impact of
the random events while operating electric vehicles.Another important aspect that must
be considered is the different type of recharging stations, in other words, different types
of technologies, different types of recharging models and different prices.

Finally, some new benchmark instances for electric vehicle routing problems, inspired
on real scenarios in big cities are needed. It might allow to have more interesting conclu-
sions on the different variants. The trends of the literature on E-VRPs make us believe
that it will continue to increase in the following years. We hope that the contributions of
this thesis and the research clues identified through it will help for future developments.
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Annexe A

Résumé en français

A.1 Introduction

Les sensibilités environnementales du 21e siècle nous amènent à chercher des solutions à
des problèmes tels que la pollution de l’air. L’une des principales préoccupations à court
terme des autorités locales est d’améliorer la qualité de l’air environnant Nesterova and
Quak (2015). Depuis la publication du Protocole de Kyoto en 1998 (Jing et al., 2016) et
depuis que l’Organisation Mondiale de la Santé a déclaré que la mauvaise qualité de l’air
constituait un risque grave pour la santé, les gouvernements et les décideurs politiques
du monde entier ont essayé de s’attaquer aux émissions de carbone et aux gaz à effet de
serre (GES). Cependant, réduire l’impact négatif sur la société et sur l’environnement est
un défi difficile. Selon Olivier et al. (2017), même si l’augmentation des émissions de gaz
à effet de serre en 2016 a été la plus lente depuis le début des années 1990, et la tendance
des émissions mondiales de CO2 s’est plus ou moins maintenue entre 2014 et 2016, il
n’y a aucun signe d’une diminution des émissions de GES. En outre, Ils affirment qu’en
moyenne 72% du total des émissions mondiales de gaz à effet de serre sont constituées
de CO2. L’autre pourcentage des émissions est constitué de 19% de méthane (CH4), 6%
d’oxyde nitreux (N2O) et 3% de gaz fluorés (F gazes).

Comme l’ont indiqué la Commission européenne (European Commission, 2016) et
l’Agence internationale de l’énergie (International Energy Agency, 2018), 25 % des émis-
sions de GES de l’Europe et 24% des émissions mondiales de CO2 en moyenne proviennent
des activités de transport. Les activités de transport sont l’un des moteurs les plus impor-
tants de nombreuses activités économiques et le transport routier est le mode dominant
des activités de distribution terrestre. Malheureusement, le transport routier est le plus
gros consommateur d’énergie (76%), selon le conseil mondial de l’énergie (World Energy
Council, 2011). En 2008, le transport dépendait à 98% du pétrole fossile, qui est extrê-
mement affecté par les changements dans les ressources énergétiques (Jing et al., 2016).
La principale difficulté pour réduire les émissions de GESs est liée au fait que la majeure
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partie de la flotte utilisée par les entreprises est composée de véhicules avec des moteurs
à combustion interne (VCIs).

Les stratégies pour atteindre les objectifs fixés par les accords internationaux et par
les gouvernements locaux sont conçues dans la logistique verte et les chaînes d’approvi-
sionnement durables. Il s’agit d’études de pratiques visant à réduire les impacts environ-
nementaux des opérations logistiques, principalement liés aux émissions de gaz à effet de
serre, au bruit et aux accidents ; et donc développer un équilibre durable entre objectifs
économiques, environnementaux et sociaux (Psaraftis et al., 2016).

Grâce à la recherche opérationnelle (operations research, OR) qui joue un rôle impor-
tant dans les activités logistiques, chaque année le nombre d’articles qui étudient l’impact
et proposent des stratégies pour minimiser les impacts environnementaux augmente. Cer-
taines analyses documentaires des contributions de la OR sur la logistique verte et les
chaînes d’approvisionnement durables sont proposées par différents auteurs (e.g. Bektaş
et al. (2018) ; Dekker et al. (2012) ; Demir et al. (2014) ; Dukkanci et al. (2019) ; Sbihi
and Eglese (2010)). En ce qui concerne le transport, certaines décisions peuvent être
améliorées pour atteindre l’objectif de logistique verte (c’est-à-dire le choix du mode de
transport ou la répartition modale, l’utilisation du transport intermodal, le choix des
équipements, le choix des carburants, etc.) Comme nous l’avons dit plus haut, l’un des
principaux problèmes liés au transport réside dans les émissions de GESs générées par
les activités terrestres. Les VCIs contribuent grandement à la pollution atmosphérique en
raison des émissions de dioxyde de carbone (CO2), d’oxydes d’azote (NOx), de carbone
élémentaire et de carbone organique.

Une alternative pour réduire l’impact est de diminuer l’utilisation des VCIs. Cela
peut se faire en remplaçant les VCIs par des véhicules à carburant de remplacement
(VCRs). Les VCRs sont des véhicules qui fonctionnent avec des sources de carburant
respectueuses de l’environnement plutôt qu’avec des carburants à base de pétrole, et qui
produisent moins d’émissions que les véhicules à base de carburant. Parmi les options,
les véhicules électriques (VE) suscitent l’intérêt des entreprises depuis quelques années.
Pelletier et al. (2016) présentent un aperçu de l’utilisation des VE pour la distribution des
marchandises. Ils montrent que même si la part de marché des VE est encore relativement
faible, les véhicules électriques sont aujourd’hui l’une des alternatives pour remplacer les
VCIs.

Les VE représentent non seulement l’un des moyens de transport les plus propres
dans les zones urbaines, mais présentent également un rendement élevé du réservoir à la
roue. Les VE représentent un transport plus propre parce qu’ils n’émettent pas de gaz à
effet de serre localement et qu’ils produisent un bruit minimal par rapport aux VCIs. En
outre, un bilan zéro émission peut être obtenu si des sources d’énergie renouvelables sont
utilisées pour produire de l’électricité. De plus, les coûts d’exploitation et d’entretien des
VE seraient inférieurs à ceux des VCIs (Davis and Figliozzi, 2013; Pelletier et al., 2016).
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D’autre part, il est essentiel de remédier à certains inconvénients (Nesterova and Quak,
2015). Par exemple, le coût d’acquisition est plus élevé pour les VE que pour les VCIs. En
outre, l’autonomie limitée, la faible vitesse du véhicule, la charge utile limitée, et le temps
de charge relativement long affectent les décisions opérationnelles. En outre, le manque de
l’infrastructure de charge est considéré comme un obstacle. Selon Morganti and Browne
(2018), en France et au Royaume-Uni, les sociétés de transport urbain de marchandises
et de services rapportent que la portée limitée et le risque de files d’attente aux stations
de recharge (SR) sont deux des principaux obstacles techniques et opérationnels après
avoir adopté les VE dans leurs opérations.

Malgré les inconvénients susmentionnés, les VE attirent de plus en plus l’attention des
entreprises et des gouvernements en raison des technologies de pointe, des subventions
gouvernementales et des nouvelles politiques de soutien visant à faciliter leur mise en
œuvre. De plus, l’utilisation du véhicule électrique dans les transports est un domaine
de recherche à la mode. Cela peut être prouvé par le nombre croissant de projets et
d’initiatives nationales des pays européens visant à faciliter la mise en œuvre des VE.
De même, il existe des initiatives privées d’entreprises comme UPS, La Poste et TNT
Express qui ont inclus les VE dans leurs opérations de livraison (Nesterova et al., 2013).
Ainsi, dans cette thèse, l’utilisation des VE dans les problèmes de transport en logistique
urbaine est explorée.

Dans la recherche opérationnelle, l’un des problèmes de transport les plus étudiés et
les plus connus est le problème de tournées des véhicules (vehicle routing problem, VRP).
Ces dernières années, le nombre d’études sur les VRP qui envisagent l’utilisation des VE
a augmenté (Afroditi et al., 2014; Dascioglu and Tuzkaya, 2019). Premièrement, Erdoğan
and Miller-Hooks (2012) a proposé un problème de tournées des véhicules verts (green
vehicle routing problem, GVRP). Dans ce document, la flotte est composée de VCRs. Plus
tard, Schneider et al. (2014) présentent l’étude du problème de tournées des véhicules avec
VE et fenêtres du temps (electric vehicle routing problem with time windows, E-VRPTW).
Par la suite, l’e-VRP est étudié par des auteurs différents. D’une manière générale, les
études sur les problèmes de tournées des véhicules électriques visent à fournir des outils
d’aide à la décision et à favoriser le passage aux énergies vertes, notamment aux VE.

L’objectif principal de cette thèse est de continuer à encourager la transition vers les
VE en proposant de nouvelles stratégies et des outils de solution pour le transport, appelés
les problèmes de transport dans un contexte logistique urbain. En plus de promouvoir
la transition vers les VE, les problèmes présentés dans cette thèse visent à aborder deux
questions liées à l’utilisation des VE, l’impact des temps d’inactivité causés par les temps
de recharge et les questions liées à la disponibilité de l’infrastructure de rechargement.

Le Chapitre 3 présente le problème de tournées des véhicules électriques avec des
fenêtres du temps et des clients satellites (the electric vehicle routing problem with time
windows and satellite customers, e-VRPTWsc). Il s’agit d’une variante du problème de
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tournées des véhicules électriques avec des fenêtres du temps où les visites aux clients
satellites par un autre mode de transport sont autorisées. Une visite à un seul client est
permise pendant que les VEs restent à une station de recharge pour recharger la batterie.
Cette variante cherche à profiter du temps d’inactivité provoqué par l’activité de recharge.
L’objectif est de minimiser le temps passé aux bornes de recharge. Une recherche locale
itérative (iterated local search, ILS) hybride est proposée comme méthode de résolution.
Il est testé sur des instances de référence. De nouvelles instances pour le e-VRPTWsc
sont créées et résolues avec la méthode proposée.

Au Chapitre 4, nous présentons le problème de tournées avec profit et capacité, en
utilisant des véhicules électriques et avec des arrêts obligatoires (electric capacitated profi-
table tour problem with mandatory stops, e-CPTPMS). Dans cette variante du problème,
la flotte est composée de VE. De plus, les conducteurs doivent prendre une pause déjeuner
pendant la journée et celle-ci est synchronisée avec l’activité de recharge. L’endroit où
déjeuner est une décision à prendre et deux versions du problème sont explorées. Une où
les accords pour le déjeuner et les services de recharge peuvent être faits par restaurant,
et une deuxième version où un accord peut être fait avec un ensemble de restaurants.
Comme méthode de résolution, une méthode de « branch-and-price » est proposée. Elle
est testée sur un nouvel ensemble d’instances créé à partir de 2 ensembles d’instances de
référence de deux problèmes connus.

Une méthode métaheuristique pour résoudre le e-CPTPMS est présentée au Cha-
pitre 5. La métaheuristique proposée comporte deux phases. La première phase cherche
à construire un ensemble de routes prometteuses, et elle se fait selon une procédure de
recherche adaptative randomisée et gloutonne (greedy randomized adaptive search proce-
dure, GRASP). Dans une deuxième phase, un problème de « set-packaging » est résolu
pour trouver la meilleure solution en utilisant les routes créées dans la première phase.
La métaheuristique est utilisée pour résoudre les instances créées dans le Chapitre 4.

Enfin, au Chapitre 6, nous présentons une version multi-périodique de l’e-CPTPMS.
La méthode « branch-and-price » est modifiée pour gérer la version avec différentes pé-
riodes. De plus, la procédure BP est renforcée par l’ajout d’un pré-traitement pour iden-
tifier les nœuds non réalisables, et en négligeant l’utilisation de la méthode Big M sur le
problème maître. Les exemples créés pour le cas d’une période unique sont modifiés en
incluant plusieurs périodes. Enfin, les instances sont résolues avec les deux versions de la
méthode BP, et une analyse des résultats est présentée.

Bien que chaque chapitre comporte une sous-section de conclusions, le chapitre 7
présente une conclusion générale de la thèse et des pistes pour les recherches futures.
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A.2 Recherche locale itérative et hybride pour le pro-

blème de tournées des véhicules électriques avec

des fenêtres de temps et des clients satellites

A.2.1 Introduction

Dans les problèmes de tournées des véhicules électriques le temps de recharge intra-route
est souvent considéré comme un temps d’arrêt. C’est parce que les temps de recharge
pourraient augmenter suffisamment pour affecter le temps total d’opération par rapport
au routage VCIs. Ainsi, dans le Chapitre 3, une nouvelle variante de l’e-VRP qui vise
à tirer parti du temps de recharge intra-route est présentée. Dans cette variante, il est
permis de rendre visite à un client par un autre moyen pendant que le véhicule électrique
est à une station de recharge (SR). En d’autres termes, pour chaque visite à une SR, il
est possible de passer voir un client pendant que le véhicule est en cours de chargement.
Ces clients sont appelés clients satellites. Par souci de simplicité, le mode alternatif est
traité dans ce document comme la marche à pied, mais il pourrait représenter tout type
de véhicule alternatif (vélos, drones, segways, etc.). En outre, le problème proposé tient
compte d’une politique de recharge partielle, des fenêtres du temps, de la capacité des
véhicules, de la capacité des batteries et de la demande des clients.

En général, les stations de recharge sont gérées comme des parcs de stationnement
en raison des longs temps de recharge. Ainsi, le coût opérationnel d’une visite en SR
n’est pas seulement donné par la quantité d’énergie rechargée, mais aussi par le temps
passé pendant que le véhicule occupe le stationnement. Il y a même des stationnements
avec SR où le prix de la recharge dépend uniquement du temps où le véhicule reste sur
place. Dans le problème proposé, le temps de stationnement peut être plus long que le
temps de recharge en raison des clients satellites. En ce qui concerne la recharge, on
suppose que l’état de charge (state of charge, SoC) augmente linéairement en fonction
d’un taux de recharge et du temps passé en la SR. Par conséquent, la fonction-objectif
est la minimisation du temps total passé en la SR. Cet objectif implique la réduction de
la distance totale étant donné que le temps de recharge dépend des besoins en énergie et
que, en retour, il dépend de la distance parcourue. De plus, il est considéré que le passage
par un mode alternatif est généralement plus lent que le passage par le VE. Ainsi, cette
fonction-objectif permet d’éviter des scénarios indésirables pour les praticiens où, du fait
de la réduction de la distance totale, le temps de marche augmente et la durée du parcours
est affectée.

En résumé, la variante proposée vise à tirer parti du temps de recharge intra-route
et à réduire la distance totale effectuée par les VE. Cette variante est plus pertinente
pour le transport de petits colis ou pour les industries de services sans capacité dans un
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contexte de logistique urbaine, non seulement en raison des distances entre les clients,
mais aussi parce que le mode alternatif a une capacité de charge réduite. Cette variante
est appelée « le problème de routage des véhicules électriques avec les fenêtres de temps et
les clients satellites » (the electric vehicle routing problem with time windows and satellite
customers, e-VRPTWsc).

A.2.2 Description du problème

Le problème de tournées des véhicules électriques avec les fenêtres de temps et des clients
satellites est défini sur un graphique dirigé complet G = (V ′, A) avec un ensemble de
sommets V ′ = {V ∪ F ′ ∪ {0, N + 1}} et un ensemble d’arcs donné par A = {(i, j)|i, j ∈
V ′, i 6= j}. Soit V = {1, ..., N} l’ensemble des clients, F = {0, ...,M} l’ensemble des
stations de recharge et F ′ l’ensemble comprenant les sommets fictifs qui représentent les
visites multiples aux sommets sur F . Les sommets 0 et N + 1 indiquent que le dépôt
est respectivement le noeud partant et arrivant. Il existe une taille fixe de P véhicules
électriques homogènes avec une capacité de charge de Q et une capacité de batterie B.
Chaque client i a une demande associée qi, un temps de service si et une fenêtre de
temps dure [ei, li]. La consommation d’énergie d’un VE traversant un arc (i, j) ∈ A est
déterminée par la distance dij de l’arc et le taux de consommation γ.

L’E-VRPTWsc cherche à trouver au maximum les itinéraires P au départ du dépôt
visitant tous les clients et revenant au dépôt. Les itinéraires comprennent les arrêts à
la SR et les clients visités à pied en cas de besoin. Pour chaque visite en SR, un client
au maximum peut être visité à pied. La fonction-objectif vise à minimiser le temps total
passé en SR. Ce temps est composé : du temps de mise en place de la flotte en début de
journée, et du temps passé en SR pendant l’horizon opérationnel.

Le problème peut être formulé sous la forme d’un programme linéaire à nombres entiers
mixtes (MILP). La fonction-objectif (3.1) minimise le temps total de recharge au dépôt et
aux stations de recharge. Les contraintes (3.2) stipulent que tous les clients doivent être
visités une seule fois. Les contraintes (3.3) indiquent que les stations de recharge et les
sommets fictifs doivent être visités au maximum une fois. Les contraintes de conservation
des flux (3.4) garantissent pour chaque sommet que le nombre d’arcs entrants est égal au
nombre d’arcs sortants. La taille de la flotte est prise en compte par les contraintes (3.5).
Le flux de charge et la satisfaction de la demande sont représentées par des contraintes
(3.6) pour chaque sommet, et par des contraintes (3.7) pour les sommets visités après avoir
visité une station de recharge où un client satellite est visité. La capacité des véhicules
est limitée par des contraintes (3.8). Le temps total passé aux bornes de recharge est
régi par t′i représenté par les contraintes (3.9), et par t′′ij défini par les contraintes (3.10).
Les SoC requises au dépôt sont représentées dans les contraintes (3.11). Pour les heures
d’arrivée à chaque sommet, trois situations doivent être prises en compte : les contraintes
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(3.12) lient l’heure d’arrivée à un sommet j dans un itinéraire de véhicule, les contraintes
(3.13) lient l’heure d’arrivée à un client j visité à pied, tandis que les contraintes (3.14) et
(3.15) lient les heures d’arrivée pour un sommet j visité après une visite SR i. Les plages
horaires sont respectées par les contraintes (3.16).

Le niveau de batterie à un sommet succédant la visite d’un client est fixé par des
contraintes (3.17) tandis que les contraintes (3.18) fixent le niveau de batterie à un sommet
qui succède à une visite de station de recharge. La capacité de la batterie est garantie
par les contraintes (3.19) et (3.20). Les contraintes (3.21) établissent le nombre maximal
de clients du satellite pour chaque visite à une station de recharge. La relation entre les
variables x et z est représentée par des contraintes (3.22). Enfin, (3.23)-(3.26) sont le
domaine de définition des variables.

A.2.3 Méthode de résolution

Le E-VRPTWsc est une extension du VRP et fait partie des problèmes NP-hard. L’ob-
jectif de ce document est de résoudre les cas importants dans un délai raisonnable. Il
est bien connu que l’utilisation de la métaheuristique est une façon efficace de traiter ce
type de problèmes. Par conséquent, notre méthode de résolution est basée sur un cadre
métaheuristique de Recherche Locale Itérée (iterated local search, ILS).

L’ILS est une méthode efficace pour plusieurs problèmes de routage de véhicules. Il
génère une séquence d’optima locale en alternant recherche locale et perturbation. Pour
améliorer ce cadre de base, notre ILS est hybridé avec un « Variable Search Descending
algorithm (VND) » comme composant de recherche locale et avec un modèle de parti-
tionnement défini comme phase post-optimisation. VND est une variante de la « variable
neighborhood search » métaheuristic changeant systématiquement le voisinage chaque fois
qu’aucune amélioration n’est trouvée par la recherche locale courante.

Le « set partitioning component » utilise un programme linéaire à nombres entiers
mixtes (mixed integer linear program, MILP) pour sélectionner un sous-ensemble de routes
(colonnes dans le modèle de set partitioning) parmi un ensemble de routes réalisables de
manière à ce que chaque client soit visité une fois. Dans l’algorithme proposé, ces routes
réalisables sont générées et stockées pendant la phase ILS. L’ajout d’un set partitioning
à une structure ILS a été utilisé pour résoudre d’autres variantes VRP démontrant de
bonnes performances.

Tout d’abord, une solution initiale S̃ est générée à l’aide d’une heuristique d’insertion
parallèle randomisée. Au cours de cette étape, les dépassements de la fenêtre de temps
et de la limite de batterie sont autorisés. La solution initiale commence par la génération
d’une solution initiale à l’aide d’une heuristique gloutonne d’insertion parallèle randomi-
sée. Un nombre P d’itinéraires sont ouverts. Deuxièmement, l’ensemble des clients est
trié par ordre décroissant en fonction de leur dernière heure d’arrivée indiquée dans leur
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fenêtre du temps. Ensuite, un client au hasard est sélectionné. En utilisant la fonction de
coût généralisé comme critère, le nœud est inséré selon une stratégie de « meilleure inser-
tion ». Pendant la procédure, la contrainte de capacité du véhicule est toujours respectée.
Cette procédure est répétée jusqu’à ce que tous les clients soient affectés à un itinéraire.
Après cela, il peut subsister des itinéraires infaisables avec la batterie et la fenêtre de
temps. Enfin, la recherche locale est appliquée pour réparer la solution initiale. À la fin,
la solution initiale peut encore contenir des dépassements de délai et de limite de batterie
qui seront gérés par les pénalités pendant la phase ILS.

Étant donné que le problème a de nombreuses restrictions, le fait de permettre à la
recherche de visiter l’espace des solutions irréalisables peut être prometteur pour faciliter
l’exploration. Pour traiter les itinéraires irréalisables, la fonction-objectif d’une solution
S prend en compte le temps total passé aux SR, la pénalité de la fenêtre de temps et la
pénalité de batterie.

Une fois la solution initiale trouvée, des mouvements de perturbation sont effectués. La
perturbation consiste à supprimer un nombre η des clients aléatoires, puis à les regrouper
dans un ensemble de nœuds supprimés. Plus tard, un nœud est sélectionné au hasard
et inséré dans une position arbitraire. La nouvelle position doit être diffèrente à celle de
l’emplacement d’origine et la contrainte de capacité doit être garantie. Cela se fait un par
un, pour tous les clients retirés. Si un client ne peut pas être inséré dans un itinéraire en
raison d’une contrainte de capacité, le processus est relancé.

Après la perturbation, la recherche locale est effectuée par la composante VND. Le
VND est composé d’un ensemble de voisinage basé sur des opérateurs classiques (Relo-
cate, Swap et 2-OPT* ). De plus, les opérateurs InsertSR et RemoveSR pour insérer et
supprimer les visites aux stations de recharge sont inclus. Ces opérateurs sont utilisés
avec succès par Schneider et al. (2014) et Goeke and Schneider (2015) qui font preuve de
performances élevées.

Relocate et Swap sont utilisés pour les déplacements intra- et inter-route, 2-OPT*
est dédié aux déplacements inter-route. Swap est déterminé à ne traiter que les clients.
Relocate s’occupe des clients et pour les déménagements intra-route, il s’occupe des RS.
2-OPT* n’est appliqué que pour les déplacements inter-route. De plus, de nouveaux
opérateurs s’appuient toujours sur les stratégies de Relocate et Swap.Dans le VND, les
déplacements inter-routes sont évalués en avance, afin d’effectuer une recherche locale en
temps constant. Plus tard, les versions InsertionSR et intra-route des déplacements sont
exécutées. A la fin, RemoveSR est appliqué en cherchant à nettoyer la solution des arrêts
SR inutiles.

En résumé, le VND est composé d’opérateurs classiques adaptés à la gestion des SR
et des clients satellites. Il est important de souligner que l’évaluation des mouvements
implique : le calcul du changement de la fonction objectif, la vérification de la faisabilité
de la capacité du véhicule, et le calcul de la fenêtre de temps et des pénalités de batterie.
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Pour une évaluation efficace des voisinages, il est nécessaire de prendre en compte que
le temps à pied affecte le temps passé aux SR. Cela signifie que la durée minimale de
l’itinéraire dépend du temps de déplacement, du temps de recharge, du temps à pied et
des fenêtres temporelles. La complexité de la gestion de la variation temporelle affecte
l’évaluation de la fonction-objectif et des pénalités. Dans la méthode proposée, les éva-
luations des pénalités des fenêtres du temps et des pénalités de batterie sont adaptées à
celles proposées par Schiffer and Walther (2017). Pour évaluer les pénalités en fonction
du créneau horaire et de la batterie, ils proposent une approche de pénalité basée sur le
corridor du temps. Le concept de voyage dans le temps (Time Warp) est utilisé et permet
de calculer les violations sans surpénaliser les segments de route (cf. Nagata et al. (2010)
et Vidal et al. (2013)). Cette méthodologie permet d’évaluer les mouvements inter-route
en temps constant, tandis que pour les mouvements intra-route, il est nécessaire de mettre
à jour les informations du segment de route affecté par le mouvement. Le dernier peut
être réalisé en ayant une évaluation efficace du mouvement. Ainsi, les fonctions avancées,
les fonctions arrières et les opérateurs de concaténation sont nécessaires et sont présentés
dans la Section 3.3.2.

Une fois la perturbation et les procédures VND appliquées, une solution S est obtenue.
S est composé d’un ensemble de routes qui sont ajoutées à Ω, l’ensemble des "meilleures"
routes. Le composant ILS (perturbation + recherche locale) est exécuté jusqu’à ce qu’un
nombre MaxILSIter d’itérations ou un nombre NbNoImp itérations sans amélioration
soit atteint. À la fin, le modèle de partitionnement est exécuté en utilisant Ω comme
ensemble de colonnes. Il est expliqué à la Section 3.3.6.

A.2.4 Expérimentations numériques

Un ensemble d’instances pour E-VRPTWsc peut être obtenu à partir des instances e-
VRPTW parce que l’e-VRPTW est un cas particulier de l’E-VRPTWsc où aucun client
n’est assigné pour être visité à pied et où les batteries sont entièrement rechargées.

L’ensemble d’instances proposé par Schneider et al. (2014) pour l’e-VRPTW est fondé
sur les instances de référence proposées par Solomon (1987) pour le VRPTW. Les ins-
tances sont classées en trois groupes : distribution client en groupe (c), distribution client
aléatoire (r) et un mélange entre distribution client aléatoire/groupée (rc).

Étant donné que la variante proposée comprend un mode de transport alternatif,
elle est prévue pour un usage dans un cadre logistique urbain. Ainsi, les c instances sont
intéressantes à analyser car elles représentent des scénarios géographiques où les distances,
les temps et les vitesses permettent de profiter des temps de rechargement.

Pour les instances de grande taille, trois ensembles sont créés et le paramètre α est fixé
à 1.5, 2 et 4. Il représente des scénarios avec trois types de vitesses de marche différentes,
en d’autres termes, trois types de modes alternatifs. Pour les instances de petite taille,
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le paramètre α est fixé à 2. α = 2 = 2 signifie que le temps de parcours d’un arc à pied
prend deux fois le temps nécessaire à l’VE pour parcourir la même distance. Le nombre
de véhicules est établi en utilisant les valeurs des meilleures solutions connues (best known
solutions, BKS) pour l’e-VRPTWPR à jour. A notre connaissance, ces BKS se trouvent
dans les résultats présentés par Keskin and Çatay (2016), Schiffer and Walther (2017) et
Hiermann et al. (2019).

L’ILS hybride est implémenté en C++. La méthode est exécutée sur une machine
équipée d’un processeur Intel Core i5-5300U avec une vitesse de 2.30 GHz et 8 Go de
RAM.

Pour valider la performance de l’approche ILS hybride proposée, cette méthode est
utilisée pour résoudre les instances EVRP-TWPR. Ainsi, dans la composante VND, toute
évaluation impliquant des nœuds visités à pied est supprimée.

Dans la section 3.4.3, les meilleures solutions, obtenues après exécution de l’ILS hy-
bride 10 fois pour chaque cas, sont indiquées. Ces résultats sont comparés aux BKS
trouvées par les algorithmes les plus récents. Comme aucune des méthodes ne trouve le
BKS pour toutes les instances, une comparaison individuelle avec chaque méthode est
également présentée. Les résultats pour les autres auteurs correspondent également à la
meilleure solution trouvée sur 10 essais.

Les résultats montrent que notre algorithme est capable d’atteindre des solutions pour
l’e-VRPTWPR avec un écart moyen de -0.34% par rapport au BKS. De plus, il est capable
d’améliorer la solution la plus connue de 25 cas. En comparant notre méthode avec le
Adaptive large neighborhood search ALNS présentée par Keskin and Çatay (2016), l’écart
moyen est de -0.99%. De même, en comparant notre méthode avec les résultats obtenus
par Schiffer and Walther (2017), l’écart moyen est de -0.13%. Enfin, l’écart moyen de
notre méthode par rapport à l’algorithme génétique hybride (hybrid genetic algorithm,
HGA), présenté dans Hiermann et al. (2019), est de -1.58%.

Il est difficile d’effectuer une comparaison exacte en ce qui concerne le temps de calcul
en raison de la nette différence entre les caractéristiques des postes de travail utilisés
par les autres auteurs. L’algorithme de Keskin and Çatay (2016) rapporte un temps
d’exécution moyen de 16.77 min pour résoudre l’ensemble des grandes instances. Schiffer
and Walther (2017) ALNS montrent un temps moyen de 4.31 minutes. HGA de Hiermann
et al. (2019) rapporte un temps de calcul moyen de 9.96 minutes. Enfin, la durée moyenne
de notre ILS hybride est de 2.56 minutes. Nous pouvons voir que l’ILS hybride est très
performant par rapport aux méthodes les plus récentes et qu’il est considérablement plus
rapide avec un ordinateur qui semble avoir moins de puissance de calcul.

Sur les petites instances E-VRPTWsc, l’avantage des clients en visite à pied est ana-
lysé, en comparant les résultats de l’EVRP-TWPR avec ceux de l’E-VRPTWsc. Les
résultats montrent des réductions importantes en termes de temps de charge total et de
distance totale par VE lorsque les clients sont regroupés. Toutefois, les instances aléa-
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toires et les groupes aléatoires pourraient représenter des scénarios géographiques dans
lesquels les grandes distances entre les clients et SR ne sont pas bien adaptées pour se
déplacer à pied, comme on peut s’y attendre. Cela renforce l’idée que notre variante est
centrée sur le cadre logistique urbain.

Un deuxième test numérique est effectué avec les instances de petite taille. La per-
formance de l’ILS hybride et du logiciel commercial CPLEX est comparée. Les résultats
montrent que l’Hybrid-ILS est capable de trouver toutes les solutions optimales obtenues
par CPLEX. De même, l’ILS hybride est toujours une meilleure solution que la limite
supérieure fournie par CPLEX après 2 heures d’exécution. En moyenne, il fournit des
solutions avec un ecart de -2.31% de la distance totale et un ecart de -1.79% du temps
total passé chez SR, en moins de 2 secondes.

Finalement, L’ILS hybride proposé est utilisé pour résoudre des instances de grande
taille. Les résultats sont présentés en trois ensembles selon la valeur de α. Les résultats
montrent que le fait d’autoriser les visites à pied pourrait réduire la durée totale des
visites aux points de service et la distance totale des VE dans les trois scénarios proposés
par rapport au BKS pour l’e-VRPTWPR.

En moyenne, la méthode proposée permet d’obtenir des solutions de haute qualité en
3.30 minutes. Les résultats montrent que lorsque α est 1.5, l’algorithme est plus long que
lorsque α est à 4, car avec de meilleures vitesses de marche, le nombre de clients potentiels
qui peuvent être visités par la marche augmente. Enfin, l’ILS hybride prend plus de temps
à résoudre les instances e-VRPTWsc que les résultats rapportés pour l’EVRP-TWPR.
Elle est causée par les évaluations des clients satellites.

A.2.5 Conclusions

Le problème de routage des véhicules électriques avec les fenêtres temporelles et les clients
satellites est présenté comme une nouvelle variante de l’E-VRPTW. Une fonction-objectif
est proposée. C’est la minimisation du temps passé aux bornes de recharge. Il est prouvé
que la fonction-objectif proposée permet également de réduire la distance totale du vé-
hicule. Un modèle mathématique est présenté et une méthode de résolution basée sur
une structure ILS est conçue. De plus, pour pouvoir disposer d’une méthode efficace,
une fonction de coût généralisée, des fonctions avancées, des fonctions rétrogrades et des
opérateurs de concaténation sont proposés pour évaluer la plupart des mouvements de
recherche locale en temps constant. Les expériences de calcul montrent que les visites
chez le client par un mode alternatif permettent : 1) réduire le temps total de recharge,
ce qui signifie réduire la distance totale parcourue par le véhicule ; et 2) éviter une partie
des temps morts pendant les activités de recharge intra-route. L’efficacité de l’algorithme
est reconnue par les tests sur un cas particulier, e-VRPTWPR où de nouvelles solutions
BKS sont trouvées et le temps de calcul moyen est inférieur au temps rapporté pour les
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algorithmes les plus récents.
Dans la version actuelle du problème, un seul client peut être visité lors de la recharge

du VE. L’une des perspectives de recherche est d’explorer la possibilité de visiter plus
d’un client, ce qui apportera le concept de routes secondaires. De même, le fait d’envisager
de facturer des frais de SR et de dépôt peut être pris en considération dans le cadre de
recherches futures.

A.3 Algorithme de « branch-and-price » pour résoudre

le problème de tournées avec profit et capacité, en

utilisant des véhicules électriques et avec des arrêts

obligatoires

A.3.1 Introduction

L’évolution vers l’utilisation de véhicules électriques nécessite d’adapter les outils d’aide
à la décision opérationnelle. Cependant, les contributions les plus récentes, y compris les
véhicules électriques, considèrent le temps de charge comme un temps d’inactivité. De
plus, les temps de pause obligatoires du conducteur ne sont pas explicitement pris en
compte.

Dans le Chapitre 4, une nouvelle variante d’un problème de tournées des véhicules
avec bénéfice, où il est possible de recharger les VE pendant l’heure de la pause-déjeuner,
est explorée. Contrairement au Chapitre 3, dans cette variante, deux tâches obligatoires
sont synchronisées, soit la recharge et la pause-déjeuner. Les pauses-repas sont considérées
comme un arrêt obligatoire pour chaque véhicule. L’un des avantages de la synchronisation
de ces activités est d’avoir la possibilité d’avoir des accords avec des restaurants ou des
chaînes de restaurants. L’entente pourrait prévoir que les restaurants doivent fournir un
point de recharge ou une station de recharge à utiliser tous les jours à l’heure du déjeuner.
Ainsi, la tâche de recharge et la pause-déjeuner peuvent être effectuées simultanément.

Chaque accord est associé à un coût fixe qui est lié à la fourniture de services de
restauration et de recharge. Dans ce sens, la visite d’un restaurant peut être considérée
comme une décision d’emplacement. De même, le bénéfice estimé pour visiter chaque
client est donné. Le problème proposé est de choisir les clients à visiter et dans quel
ordre, en s’assurant que chaque tour s’arrête à un restaurant pendant la pause déjeuner,
en sachant qu’il faut commencer et finir la journée au dépôt. L’objectif est de maximiser
le revenu total, en d’autres termes, le bénéfice total des clients visités moins les coûts de
routage et les coûts de restaurant. Le problème proposé généralise le problème de tournées
avec profit et capacité (capacitated profitable tour problem, CPTP), où la décision relative
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à la visite ou non de certains nœuds doit être prise. Notre variante s’appelle le problème
généralisé de tournées avec profit et capacité, en utilisant des véhicules électriques et avec
des arrêts obligatoires (electric capacitated profitable tour problem with mandatory stops,
e-CPTPMS).

Deux versions du problème sont présentées dans ce chapitre : Une où chaque restaurant
a un coût par accord, et une deuxième version où les restaurants sont regroupés en
« clusters » et l’accord avec chaque cluster a un coût fixe qui permet de visiter tout
restaurant qui lui appartient. Pour les deux versions, une méthode de résolution exacte
basée sur une « branch-and-price » (BP) est présentée.

A.3.2 Description du problème

Deux versions du problème sont présentées ci-dessous. Le premier est le cas où les accords
ont été conclus avec un restaurant, en d’autres termes, il s’agit d’un accord avant la visite
de chacun des restaurants, désigné sous le nom de version non-groupée. Dans la deuxième
version, le coût est perçu pour le droit de visiter un groupe de restaurants. Celui est
identifié comme la version groupée.

Pour la version non-groupée, le dépôt est le point de départ, le temps de conduite
dans un arc dépend de la vitesse moyenne des VE. Chaque sommet a : une demande non
négative, un temps de service non négatif et un bénéfice par visite. Chaque restaurant a
une fenêtre de temps stricte. Il représente l’heure du déjeuner établie par le restaurant
ou par les politiques de l’entreprise. De même, le choix d’un restaurant a un coût fixe lié
au service de restauration et de recharge. La fenêtre de temps du dépôt indique la durée
maximale de la visite.

Une flotte de véhicules électriques homogène est disponible au dépôt. L’heure du
déjeuner est considérée comme constante. De plus, nous supposons que pendant ce temps,
le véhicule est chargé au niveau maximum de la batterie. La consommation d’énergie est
décrite comme une relation linéaire entre la distance et le taux de consommation.

La formulation mathématique du problème est présentée dans les équations (4.1)
- (4.21). La fonction-objectif (4.1) vise à maximiser le revenu total calculé comme la
somme des bénéfices moins le coût d’exploitation associé à la distance totale et au service
de restauration. Les contraintes (4.2) stipulent que les clients doivent être visités au
maximum une fois. La relation entre les variables de routage et les variables de sélection
de restaurant est représentée dans les contraintes (4.3). Ces contraintes garantissent que
s’il y a un arc (f, j) laissant un sommet f , qui est un sommet fictif du restaurant k,
un accord avec le restaurant k doit être conclu. Les contraintes de conservation des flux
(4.4) garantissent pour chaque sommet que le nombre d’arcs entrants est égal au nombre
d’arcs sortants. La taille de la flotte est garantie par des contraintes (4.5). Le flux de
charge et la satisfaction de la demande sont représentés par des contraintes (4.6). La
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capacité des véhicules est limitée par des contraintes (4.7). Pour les heures d’arrivée à
chaque sommet, deux scénarios doivent être considérés, les contraintes (4.8) lient l’heure
d’arrivée d’un sommet i précédé par un client et les contraintes (4.9) lient l’heure d’arrivée
d’un sommet j précédé par un restaurant f . Les fenêtres de temps des restaurants et la
durée de l’itinéraire sont représentées par des contraintes (4.10) et (4.11).

Le niveau de batterie à un sommet succédant à un client est défini par des contraintes
(4.12) tandis que les contraintes (4.13) définissent le niveau de batterie à un sommet
succédant un restaurant. La capacité de la batterie est garantie par des contraintes (4.14).
Les contraintes (4.15) établissent le nombre de visites aux restaurants en fonction du
nombre de trajets, tandis que (4.16) et (4.17) garantissent au maximum une visite par
trajet. Enfin, le domaine des variables est présenté dans les contraintes (4.18) - (4.21).

La version groupée de l’e-GCPTPMS peut être obtenue à partir de la définition présen-
tée pour la version non-groupée en appliquant quelques modifications, qui sont montrées
dans la section 4.2.2. Dans ce cas, chaque restaurant appartient à un seul cluster. Les
changements sont faits sur ces contraintes qui dépendaient à l’origine de l’ensemble des
restaurants et dans la nouvelle version, il est remplacé par un ensemble de clusters.

A.3.3 Méthodologie du « branch-and-price »

Les algorithmes Branch-and-Price (BP) se sont avérés être une approche efficace pour
résoudre les problèmes de routage. Boussier et al. (2007) proposent un BP pour résoudre
les problèmes de routage avec bénéfices, spécifiquement pour le « Team Orienteering
Problem » (TOP). Plus tard, certains auteurs ont étendu la méthodologie pour améliorer
les résultats et résoudre un nouveau type de routage avec les problèmes de bénéfices (voir
Archetti et al. (2013, 2009)).

En utilisant comme référence la méthodologie présentée par Boussier et al. (2007), un
algorithme BP est proposé comme méthode de résolution.

Le modèle peut être décrit à l’aide du modèle SPM (Set-Packing Model) présenté à la
Section 4.3. Le SPM présume qu’il existe un ensemble Ω de toutes les routes de véhicule
possibles. En d’autres termes, l’ensemble des arcs en A qui sortent du dépôt, visitent
un restaurant, retournent au dépôt, satisfait les contraintes de capacité, de batterie, de
fenêtre du temps du restaurant, et visitent au plus une fois chaque client. Comme le
nombre de routes dans Ω est exponentiel en nombre de clients et en nombre de clus-
ters/restaurants, le modèle SPM (4.25-4.30) ne peut pas être facilement géré avec une
approche de séparation et d’évaluation progressive (Branch and Bound). Ce problème est
couramment abordé en utilisant un ensemble restreint Ω′ où Ω′ ⊂ Ω et |Ω′| � |Ω|. Plus
tard, les variables (routes/colonnes) sont incluses dynamiquement par une procédure de
génération de colonnes.

L’algorithme proposé pour le BP est présenté dans la section 4.3.1. La méthode BP
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commence par créer un ensemble initial de colonnes (routes). Plus tard, il sélectionne au
hasard un client et il est inséré en suivant une stratégie de « meilleure insertion » dans
le chemin courant. Si l’insertion n’est pas possible, le client n’est pas inséré. Cela se fait
jusqu’à ce que chaque insertion de client soit évaluée. Cette procédure ne varie pas en
fonction de la version du problème, version non-groupée ou version groupée.

Plus tard, la procédure de génération des colonnes est exécutée et les nouvelles co-
lonnes sont ajoutées. La procédure de génération de colonnes est composée de deux com-
posants : le problème maître restreint (restricted master problem, RMP) et un problème
auxiliaire, appelé sous-problème ou pricing problem. De façon itérative, le RMP est ré-
solu, les valeurs duales du RMP sont obtenues, puis le sous-problème utilise les valeurs
duales pour rechercher les routes à coût réduit positif qui sont ajoutées au RMP. Lorsqu’il
n’existe pas de route à coût positif, la solution est optimale pour la relaxation linéaire du
RMP.

Pour le pricing problem, une fois le RMP est résolu, les valeurs duales optimales sont
obtenues. L’objectif du pricing problem est double : trouver des routes à coût réduit ou
prouver qu’il n’en existe pas. Deux algorithmes d’étiquetage sont présentés pour résoudre
le pricing problem. Le premier cherche à trouver des chemins élémentaires maximisant les
coûts réduits et la satisfaction d’un ensemble de contraintes de ressources. La deuxième
version cherche à trouver ng-paths au lieu de chemins élémentaires.

L’algorithme présenté dans ce chapitre pour résoudre le pricing problem est une ex-
tension de l’algorithme classique de Bellman. L’idée principale est qu’à chaque chemin
partiel possible est associé une étiquette. Dans l’algorithme classique, les étiquettes sont
étendues en vérifiant les contraintes de ressources jusqu’à ce que les meilleurs chemins
possibles soient obtenus. Dans l’algorithme proposé, en raison des symétries sur les che-
mins, les extensions se font jusqu’à ce que les chemins atteignent un restaurant. Plus tard,
une phase de concaténation est exécutée jusqu’à ce que les meilleurs chemins possibles
soient obtenus.

Dans la procédure de concaténation, chaque étiquette d’un chemin se terminant dans
un restaurant est ajoutée à une liste triée. La liste est triée par ordre décroissant en
fonction du coût. Une fois qu’une nouvelle étiquette est ajoutée à la liste, l’algorithme
essaie de concaténer le chemin associé avec les chemins déjà dans la liste. La liste est
explorée jusqu’à ce qu’une concaténation avec une réduction de coût non positive se
produise, car les chemins suivants ont des valeurs de coût inférieures. Ceci évite d’avoir
à tester chaque chemin de la liste, dans la plupart des cas.

Afin d’améliorer les performances, le pricing problem avec les chemins élémentaires et
pricing problem avec ng-paths ont une version heuristique de l’algorithme où les conditions
de dominance sont relaxées. Lorsque la version heuristique ne peut pas trouver un nouvel
itinéraire avec un coût réduit positif, la version exacte est exécutée.

Les stratégies de branchement sont présentées à la section 4.3.5. Bref, le premier type
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de branchement se concentre sur la variable qui indique si un restaurant est visité ou non.
Le deuxième type est fait en fonction de flux sur les nœuds, et le troisième type est fait
en fonction de flux sur les arcs.

L’ensemble des branches est trié par ordre décroissant en fonction de la valeur de l’ob-
jectif g(S). Le processus itératif est exécuté jusqu’à ce que chaque branche soit explorée
ou jusqu’à ce que la valeur de la meilleure solution actuelle f(S∗) soit supérieure à la
valeur de la solution f(S) de la branche supérieure de l’ensemble des branches.

A.3.4 Expérimentations numériques

42 ensembles d’instances e-CPTPMS sont créés à partir des instances proposées par Chao
et al. (1996) pour le TOP CH instances et 6 ensembles à partir des instances de Schneider
et al. (2014) pour l’E-VRPTW SC instances. Les instances sont adaptées d’un côté pour
la version non-groupée et pour la version groupée de l’autre.

Le BP est implémenté en C++ et les relaxations linéaires sont résolues par CPLEX
12.8. L’algorithme est exécuté sur une machine avec processeur Intel(R) Core(TM) i5-
5300U CPU @2.30GHz 2.30GHz et 8 GB RAM. Le temps d’exécution est limité à 2
heures.

Pour la version groupée, les résultats montrent que l’algorithme proposé est capable de
résoudre de manière optimale des instances testées de toute taille. Sur les 1269 instances
utilisées, BPel est capable de résoudre 892 CH instances et 72 SC instances, tandis que
BPng résout 1017 CH instances et 78 SC instances. L’algorithme BPng est capable de
résoudre toutes les instances résolues par l’algorithme BPel, sauf par exemple p4.4.o.Bsmall

(voir Tableau B.4).
Le temps de calcul moyen de BPel est de 1589.72 secondes pour les CH instances et

2615.24 secondes pour les SC instances, tandis que BPng est de 920.66 secondes pour les
CH instances et 2311.34 secondes pour les SC instances. Selon les résultats, l’utilisation
de ng-paths pour résoudre le pricing problem améliore les performances de l’algorithme
non seulement parce que BPng est capable de résoudre plus d’instances mais aussi parce
que BPel est plus rapide.

Comme mentionné plus haut, les ng-paths sont une relaxation des chemins élémen-
taires. Cela implique que la qualité de la borne supérieure au nœud racine est sacrifiée en
cherchant à résoudre plus rapidement le problème du prix. En moyenne, l’UB au noeud
racine de BPng est supérieur de 1, 4% à l’UB dans BPel pour les CH instances, et de 0, 4%

dans les SC instances. D’après ce qui précède, l’utilisation de la BU ne se détériore pas
de plus de deux pour cent en moyenne, et cela permet d’obtenir de meilleurs résultats.

Enfin, les résultats détaillés en annexe B montrent que lorsque la longueur des routes
augmente, il devient plus difficile de trouver une solution optimale dans le délai imparti,
dans la plupart des cas.
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Comme il a été vu avec la version non-groupée d’e-CPTPMS, l’utilisation de ng-paths
améliore les performances de l’algorithme. De nouveau, 1269 instances ont été utilisées
pour tester les deux algorithmes. BPel est capable de résoudre 906 CH instances et 73 SC
instances, tandis que BPng résout 1013 CH instances et 82 SC instances. L’algorithme
BPng est capable de résoudre toutes les instances résolues par l’algorithme BPel, sauf par
exemple cp4.4.p.Bsmall (voir Tableau C.4).

Enfin, comme il a été identifié dans les résultats de la version non groupée, la perfor-
mance de l’algorithme diminue lorsque la longueur des routes augmente. En général, le
comportement des résultats pour les instances groupées est le même que pour les instances
non-groupées.

A.3.5 Conclusions

En résumé, le problème généralisé de tournées avec profit et capacité, en utilisant des
véhicules électriques et avec des arrêts obligatoires est présenté comme une nouvelle
variante du problème de routage avec bénéfices, où les décisions concernant l’endroit
où recharger sont prises. De plus, la synchronisation entre les arrêts de recharge et les
arrêts déjeuner permet de profiter du temps des pauses-repas. Deux versions du problème
sont présentées, la première où les accords pour le déjeuner et le service de restauration
sont faits individuellement avec chaque restaurant. La seconde version permet d’avoir des
accords avec un cluster de restaurants qui correspond à des scénarios avec des chaînes de
restaurants.

Une structure d’algorithme « branch-and-price » est présentée pour résoudre à la
fois la version simple et la version groupée. Selon les résultats, le bénéfice d’inclure la
relaxation ng-path est prouvé, ainsi que leur performance à gérer les problèmes avec de
grandes tailles. En même temps, les résultats montrent que la méthode de résolution
est moins performante pour résoudre des problèmes où la solution est composée de peu
d’itinéraires avec de nombreux clients. Pour améliorer la qualité de la relaxation linéaire
du problème maître lors de l’utilisation de ng-path, certaines coupes d’élimination de
sous-tours peuvent être effectuées, dans ce cas un Branch-and-Cut doit être testé.
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A.4 Un cadre métaheuristique en deux phases pour le

problème de tournées avec profit et capacité, en

utilisant des véhicules électriques et avec des arrêts

obligatoires

A.4.1 Introduction

Dans le Chapitre 4, les résultats montrent que le « branch-and-price » proposé ne peut
pas résoudre toutes les grandes instances utilisées en moins de 2 heures. Les résultats
révèlent que le temps de calcul augmente considérablement à mesure que le nombre de
clients augmente. Par conséquent, dans le Chapitre 5, il est présenté une métaheuristique
qui a pour objectif de trouver de très bonnes solutions pour le problème de tournées
avec profit et capacité, en utilisant des véhicules électriques et des arrêts obligatoires
(e-CPTPMS) dans un court délai.

L’e-CPTPMS est présenté dans le chapitre 4. Deux versions du problème sont propo-
sées : version non-groupée et version groupée. Bien que le chapitre précédent ait présenté
un modèle mathématique pour chacune des variantes, la méthode de résolution est décrite
dans le chapitre 5 pour la version groupée. En effet, les modèles mathématiques diffèrent
considérablement les uns des autres. De plus, pour la méthode métaheuristique, la ver-
sion non-groupée du problème peut être traitée comme un cas particulier de la version
groupée où chaque groupe contient un seul restaurant.

En quelques mots, l’e-CPTPMS est un problème de tournées de véhicules avec profit
où la flotte de véhicules est composée de véhicules électriques (VE). La politique de
recharge consiste à recharger les VE pendant l’heure du déjeuner. La pause-déjeuner est
considérée comme un arrêt obligatoire. De plus, il est supposé qu’il est possible d’avoir
un accord avec un groupe de restaurants qui fournit une station de recharge (SR) et
une priorité de recharge pendant le déjeuner. L’objectif est de profiter des temps morts
causés par la pause-déjeuner et de les synchroniser avec la recharge des VE. Un coût
fixe est associé à la sélection d’un groupe de restaurants. Il représente le coût établi
pour chaque chaîne de restaurants pour fournir un accès prioritaire à la nourriture et
au service de recharge. Ainsi, le choix d’un restaurant peut être considéré comme une
décision d’emplacement. De même, une estimation du gain pour chaque visite aux clients
est définie. L’objectif est de maximiser le revenu opérationnel total.

A.4.2 Structure de la métaheuristique proposée

Un cadre métaheuristique est proposé comme méthode de résolution. Il se compose de
deux phases. La première phase est une génération de routes heuristique, où les routes
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prometteuses sont générées et améliorées par un métaheuristique de voisinages à la re-
cherche d’une grande variété de bonnes solutions. Dans la deuxième phase, un problème
de set-packing est résolu en utilisant les routes générées dans la première phase. Le prin-
cipal avantage de cette méthode est que la première phase peut être conçue pour gérer
les visites des clients et les décisions de routage, tandis que la deuxième phase est en
charge des décisions d’accord avec des clusters, qui sont plus difficiles à gérer pendant la
recherche locale dans la première phase. Il est clair que de bonnes solutions peuvent être
trouvées si une grande diversité d’itinéraires est fournie au cours de la première phase.

L’algorithme 4 présente le pseudocode de la méthode proposée. Pour la première
phase, une GRASP est mise en œuvre. Le principe est de créer une nouvelle solution à
chaque itération, indépendamment de ce qui suit.

Tout d’abord, une première solution est construite en insérant au hasard un restaurant
dans chaque itinéraire et en insérant ensuite les clients dans une position réalisable en
suivant une stratégie de « meilleure insertion ». Si l’insertion d’un client ne peut être
effectuée parce qu’il est impossible de trouver des positions réalisables, le client est inclu
dans un ensemble de nœuds non-visités. La solution initiale du GRASP est décrite par le
processus présenté dans l’algorithme 5.

Après, un « variable neighborhood descend (VND) » est exécuté comme stratégie de
recherche locale. Le VND est une variante de la métaheuristique « variable neighnorhood
search » où le voisinage est changé systématiquement chaque fois qu’aucune amélioration
n’est trouvée par l’actuelle recherche locale. Les opérateurs proposés inclus dans le VND
sont : échanger des clients visités et non visités, supprimer un client de sa route actuelle et
le réinsèrer ailleurs inter-route et intra-route, insérer un client non visité dans la route de
la solution actuelle, échanger deux clients non-consécutifs entre eux inter-route et intra-
route, échanger le restaurant avec un restaurant différent dans l’ensemble des restaurants
et supprimer une visite chez un client.

Pour vérifier la faisabilité d’un mouvement, les informations sur la consommation
d’énergie, les heures d’arrivée et les temps morts (en ce qui concerne la fenêtre du temps
du restaurant et le temps maximal) à chaque nœud doivent être calculées pour pouvoir
réaliser une évaluation en temps réel. Dans le VND, les mouvements inter-routes sont
évalués en premier lieu. Plus tard, « insérer un client non visité » et les versions intra-
route des déplacements sont exécutées. À la fin, « échanger le restaurant » et « supprimer
une visite chez un client » sont appliqués à la recherche d’un meilleur accord avec les
restaurants et pour nettoyer les solutions des clients non rentables.

A chaque itération GRASP, la meilleure solution S∗ est sauvegardée. Lorsque la pre-
mière phase finie selon le critère d’arrêt « nombre d’itérations redémarrées », le problème
du Set-Packing est résolu, et la solution finale est obtenue. S∗ est utilisé plus tard pour
comparer l’efficacité d’inclure la phase Set-Packing. Le modèle de set-packing est introduit
dans la Section 5.2.3.
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A.4.3 Expérimentations numériques et conclusions

Les instances créées pour l’e-CPTPCMS dans le chapitre 4 sont utilisées . La metaheu-
ristique est implémentée en C++ et le SPM est résolu par CPLEX 12.8. L’algorithme est
exécuté sur un ordinateur avec processeur Intel(R) Core(TM) i5-5300U CPU @2.30GHz
2.30GHz et 8 GB RAM.

Les résultats pour les instances de la version non-groupée montrent l’efficacité de l’al-
gorithme proposé. Les algorithmes GRASP et 2−phase method sont capables de trouver
de bonnes solutions en peu de temps. GRASP trouve 879 solutions optimales sur les CH
instances et 60 solutions optimales sur les SC instances, tandis que 2 − phase method

trouve la solution optimale pour 1012 SC instances et pour 78 SC instances.
D’une part, les meilleures solutions des 10 exécutions du GRASP ont un GAP moyen

de -0.73% sur les CH instances et -0.38% sur les SC instances. Les valeurs moyennes
des solutions des 10 exécutions ont un GAP moyen de -0.40% sur les CH instances et
0.04% sur les SC instances. D’autre part, les meilleures solutions des 10 exécutions de la
méthode 2− phase method ont un GAP moyen de -0.91% sur les CH instances et -1.72%

sur les SC instances. Les valeurs moyennes des solutions des 10 exécutions ont un GAP
moyen de -0.86% sur les CH instances et -1.34% sur les SC instances.

L’impact de l’ajout d’une deuxième phase se traduit non seulement par l’amélioration
de la qualité de la solution, mais aussi sur le temps de calcul. Le temps de calcul moyen
de GRASP est de 1,15 secondes pour les CH instances et de 1,56 secondes pour les SC
instances et de 9,28 secondes pour les CH instances et de 30,86 secondes pour les SC
instances. D’après cela, résoudre le problème de Set-Packing sur les SC instances est plus
coûteux en temps et en argent que pour les CH instances. Malgré cela, si l’on compare les
deux méthodes avec le temps moyen de la méthode BP, on considère que le petit sacrifice
dans le temps d’inclure une deuxième phase en vaut la peine en raison de la qualité de la
solution.

Par rapport à la version groupée les résultats montrent que les algorithmes GRASP
et 2−phase method sont également capables de trouver rapidement de bonnes solutions.
GRASP trouve 881 solutions optimales sur les CH instances et 68 solutions optimales
sur les SC instances, tandis que 2− phase method trouve la solution optimale pour 1007
SC instances et pour 85 SC instances.

D’une part, les meilleures solutions des 10 exécutions du GRASP ont un GAP moyen
de -0.94% sur les CH instances et -0.23% sur les SC instances. Les valeurs moyennes
des solutions des 10 exécutions ont un GAP moyen de -0.47% sur les CH instances et
0.52% sur les SC instances. D’autre part, les meilleures solutions des 10 exécutions de la
méthode à 2phases ont un GAP moyen de -1.14% sur les CH instances et -1.64% sur les
SC instances. Les valeurs moyennes des solutions des 10 exécutions ont un GAP moyen
de -1.09% sur les CH instances et -1.19% sur les SC instances.
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A.4.4 Conclusions

En résumé, une métaheuristique en deux phases pour résoudre l’e-CPTPMS est présen-
tée. Dans la première phase de la méthode, une métaheuristique GRASP est appliquée
tandis que dans la deuxième phase, un problème de set-packing est résolu. Les instances
pour les deux versions (non-groupée et groupée) du e-CPTPMS ont été testées. Les ré-
sultats montrent que l’algorithme est capable de trouver des solutions optimales pour
les instances avec 100 clients et 13 restaurants, et de trouver des solutions avec un écart
moyen pas plus grand que 0.3% en moins de 1 minute. De plus, l’impact de l’ajout d’une
deuxième phase pour résoudre le set-packing est exposé. Les résultats montrent que la
plupart du temps de calcul est utilisé pour résoudre le set-packing . Cela permet d’amé-
liorer la qualité de la solution. L’écart moyen total des solutions trouvées par GRASP
est de 0.25% et l’écart moyen des solutions trouvées par la méthode à deux phases est de
0.02%. Ainsi, la deuxième phase améliore la qualité de la solution par 85%, en moyenne.

A.5 Algorithme de « branch-and-price » pour résoudre

le problème de tournées avec profit et capacité, en

utilisant des véhicules électriques et avec des arrêts

obligatoires multi-période

A.5.1 Introduction

Dans les chapitres précédents, l’e-CPTPMS est présenté. Dans ce problème, il est possible
de conclure des accords avec des restaurants qui fournissent des services de restauration
et de rechargement. Le e-CPTPMS combine les décisions opérationnelles (routage) et
tactiques (localisation, notamment les accords avec les restaurants). Dans la littérature,
les scénarios multi-périodes sont considérés pour évaluer, de façon plus juste, l’influence
des décisions opérationnelles sur les décisions tactiques, et vice-versa. Par exemple, le
problème d’emplacement du hub (Gelareh et al., 2015), le problème des tournées de
véhicules multi-périodes (Dayarian et al., 2015), ou le problème de localisation et de
tournées des stocks (Guerrero et al., 2013).

En pratique, étant donné qu’il est plus intéressant d’évaluer à mi-parcours le choix
de lieu de déjeuner et de recharge, nous présentons dans le Chapitre 6 une version multi-
période du e-CPTPMS. Dans ce problème, les accords avec les clusters de restaurants
sont conclus pour un certain nombre de périodes avec un coût fixe, et un ensemble de
clients avec des bénéfices doit être visité au plus une fois dans l’horizon.

Une méthode branch-and-price (BP) inspirée de la méthode présentée au chapitre
4 est adaptée et la formulation set-packing de la version mono-période est renforcée et
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adaptée pour la version multi-période. De même, l’impact de l’utilisation des chemins
élémentaires et des ng-paths pour résoudre le sous-problème est analysé.

A.5.2 Description du problème

L’objectif du problème est de trouver un ensemble d’itinéraires réalisables pour chacune
des périodes, de telle sorte que le bénéfice net soit maximisé à la fin de l’horizon. Le
dépôt est le point de départ, le temps de conduite dans un arc dépend de la vitesse
moyenne des VE. Chaque sommet a : une demande non-négative, un temps de service
non-négatif et un bénéfice par visite et par période. Chaque restaurant a une fenêtre
de temps stricte. Il représente l’heure du déjeuner établie par le restaurant ou par les
politiques de l’entreprise. De même, le choix d’un cluster a un coût fixe lié au service de
restauration et de recharge pendant tout l’horizon. La fenêtre de temps du dépôt indique
la durée maximale de la visite.

Une flotte de véhicules électriques homogène est disponible au dépôt pour chaque
période. La durée de la pause-déjeuner est considérée comme constante. De plus, nous
supposons que pendant ce temps, le véhicule est chargé au niveau maximum de la batterie.
La consommation d’énergie est décrite comme une relation linéaire entre la distance et le
taux de consommation.

Enfin, les décisions à prendre sont les suivantes : quel itinéraire doit être pris, dans
quelle période et quel cluster de restaurants doit être choisi.

La formulation mathématique du problème est présentée dans les équations (6.1) -
(6.21). La fonction objectif (6.1) vise à maximiser le revenu opérationnel total calculé
comme la somme des bénéfices moins le coût opérationnel associé à la distance totale et
au service de restauration. Les contraintes (6.2) indiquent que tous les clients doivent être
visités au maximum une fois pendant toutes les périodes. La relation entre les variables
de routage x et les variables de sélection de cluster z est représentée dans les contraintes
(6.3). Ces contraintes assurent que s’il y a un arc (f, j, p) laissant un sommet f , qui est
un sommet fictif de restaurant appartenant au cluster k, un accord avec le cluster k doit
être fait. Les contraintes de conservation des flux (6.4) garantissent pour chaque sommet
que le nombre d’arcs entrants est égal au nombre d’arcs sortants pour chaque période. La
taille de la flotte par période est garantie par des contraintes (6.5). Le flux de charge et
la satisfaction de la demande sont représentés par des contraintes (6.6). La capacité des
véhicules est limitée par des contraintes (6.7). Pour les heures d’arrivée à chaque sommet,
deux scénarios doivent être considérés, les contraintes (6.8) lient l’heure d’arrivée d’un
sommet i précédé par un client tandis que les contraintes (6.9) lient l’heure d’arrivée
d’un sommet j précédé par un restaurant f . Les fenêtres temporelles des restaurants et
la durée de l’itinéraire sont représentées par des contraintes (6.10) et (6.11).

Le niveau de batterie à un sommet succédant un client est défini par des contraintes
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(6.12) tandis que les contraintes (6.13) définissent le niveau de batterie à un sommet
succédant un restaurant. La capacité de la batterie est garantie par des contraintes (6.14).
Les contraintes (6.15) établissent le nombre de visites aux restaurants en fonction du
nombre d’itinéraires alors que (6.16) et (6.17) garantissent au plus une visite par itinéraire.
Enfin, les domaines des variables sont définies dans les contraintes (6.18) - (6.21).

A.5.3 Méthodologie du « branch-and-price »

En utilisant comme référence la méthodologie présentée dans le Chapitre 4, l’algorithme
BP proposé comme méthode de résolution pour le cas mono-période est adapté pour le
cas multi-période.

La méthode BP commence par un pré-traitement. Dans cette phase, tous les sommets
qui ne peuvent pas faire partie d’une solution réalisable, c’est-à-dire que leur inclusion
entraîne une violation des contraintes, sont supprimés. Plus tard, un ensemble initial de
colonnes (routes) est créé. Les colonnes sont générées en suivant une procédure gloutonne
randomisée. La procédure crée une colonne en sélectionnant au hasard un restaurant.
Plus tard, il sélectionne au hasard un client et il est inséré suivant une stratégie de «
meilleure insertion » pour la première période. Si l’insertion n’est pas possible, le client
n’est pas inséré. Cela se fait jusqu’à ce que chaque insertion de client soit évaluée pour la
première période. Les bénéfices de la nouvelle colonne est mis à jour pour chaque période.

Postérieurement, la procédure de génération des colonnes est exécutée et les nouvelles
colonnes sont ajoutées. Comme dans le chapitre 4, le problème maître restreint (restricted
master problem, RMP) est obtenu en remplaçant dans le problème maître l’ensemble Ω

par l’ensemble Ω′. De façon itérative, le RMP est résolu, les valeurs duales du RMP sont
obtenues, puis le pricing problem utilise les valeurs duales pour rechercher les routes à coût
réduit positif, sur au moins une période, qui sont ajoutées au prix de revient. Lorsqu’il
n’existe pas de route à coût positif, la solution est optimale pour la relaxation linéaire du
set-packing. Le problème est également résolu à l’aide d’un algorithme des étiquettes et
d’une phase finale de concaténation.

De la même façon, afin d’améliorer les performances, le pricing problem avec les che-
mins élémentaires et pricing problem avec ng-paths ont une version heuristique de l’al-
gorithme où les conditions de dominance sont relaxées. Lorsque la version heuristique ne
peut pas trouver un nouvel itinéraire avec un coût réduit positif, la version exacte est
exécutée.

Les stratégies de branchement sont présentées à la section 6.3.6. En résumé, le premier
type de branchement se concentre sur la variable qui indique si un accord est conclu avec
un cluster ou non. Le deuxième type est fait en fonction de flux sur les nœuds par période,
et le troisième type est fait en fonction de flux sur les arcs par période.
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A.5.4 Expérimentations numériques et conclusions

Les instances du e-MPCPTPMS sont conçues à partir des instances proposées dans la
section 4.4.1 pour la version groupée. 21 ensembles d’instances sont créés à partir des
instances proposées par Chao et al. (1996) et 3 ensembles à partir des instances Schneider
et al. (2014) pour le E-VRPTW.

Le BP est implémenté en C++ et les relaxations linéaires sont résolues avec CPLEX
12.8. L’algorithme est exécuté sur une machine avec processeur Intel(R) Core(TM) i5-
5300U CPU @2.30GHz 2.30GHz et 8 GB RAM. Le temps d’exécution est limité à 2
heures.

Les résultats montrent que l’algorithme proposé est capable de résoudre de manière
optimale la plupart des instances de toutes tailles d’instances testées. Contrairement à ce
qui a été observé dans les résultats du cas monopériode (Section 4.4.3), l’utilisation de
ng-paths tout en résolvant le pricing problem ne représente pas une amélioration sur les
performances de l’algorithme. Contrairement aux résultats obtenus au chapitre 4, aucune
méthode n’est capable de résoudre tous les cas que l’autre est capable de résoudre. Les
résultats détaillés en annexe F montrent que le BPel est capable de résoudre 53 instances
qui ne peuvent être résolues avec le BPng. De même, le BPng est capable de résoudre 9
instances qui ne peuvent être résolues avec le BPel.

En ce qui concerne le temps de calcul, il faut 1206.44 secondes au BPel sur les instances
CH et 1165.50 secondes sur les instances SC, tandis que le temps de calcul moyen BPng
est de 1399.02 secondes sur les instances CH et 1849.42 secondes sur les instances SC.

En outre, comme on le voit dans le cas mono-période, une fois que la longueur des
routes augmente, il devient plus difficile de parvenir à une solution optimale dans le délai
imparti, dans la plupart des cas. On s’y attend parce qu’on dispose de plus de ressources
(temps ou énergie), ce qui augmente le nombre de voies possibles et donc la complexité
du pricing problem.

A.5.5 Conclusions

En résumé, le problème de tournées avec profit et capacité, en utilisant des véhicules
électriques et avec des arrêts obligatoires est présenté comme une nouvelle variante du
problème de routage avec profits. En plus de la synchronisation entre les arrêts de re-
charge et les arrêts déjeuner, les décisions des clients à visiter sur différentes périodes sont
intégrées.

Une structure d’algorithme de branch-and-price est présentée pour résoudre le pro-
blème. Une version de BP utilisant elementary paths et une autre version utilisant ng-paths
sont testées. Selon les résultats, il n’est pas possible de conclure que l’une des versions
surpasse l’autre. En même temps, les résultats montrent que la méthode de résolution
est moins performante pour résoudre des problèmes où la solution est composée de peu
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d’itinéraires avec de nombreux clients. Pour améliorer la qualité de relaxation linéaire du
MP lors de l’utilisation de ng-paths, quelques coupes d’élimination de sous-tours devraient
être ajoutées, dans ce cas un Branch-and-Cut doit être testé.

A.6 Conclusions générales

Cette thèse est dédiée aux problèmes de tournées des véhicules électriques et aux décisions
de localisation intégrée. De nouvelles stratégies et des outils de solution pour le transport,
dans un contexte de logistique urbaine, sont proposés. Dans le but de promouvoir la
transition vers les VE, les problèmes présentés dans cette thèse visent à aborder certaines
questions liées à l’utilisation des VE.

Une analyse de la littérature est présentée. La pertinence du transport et son im-
pact considérable sur l’environnement peuvent être identifiés sur le nombre de revues
de littérature et le nombre croissant de publications sur ce sujet. De plus, depuis que
la réduction de l’impact environnemental est devenue pertinente dans les activités de
transport, l’inclusion des véhicules à carburant alternatif, particulièrement les véhicules
électriques, devient un sujet à la mode dans la communauté académique. Ainsi, le nombre
de contributions sur les problèmes verts de tournées des véhicules écologiques (G-VRP)
et les problèmes des tournées des véhicules électriques (E-VRP) augmente rapidement.
Dans ce contexte, une grande variété de variantes sont abordées dans la littérature. Ce-
pendant, dans la plupart des articles présentés, les véhicules sont rechargés de manière
conductive et les temps de rechargement sont considérés comme des temps morts. De
plus, les règlements sur les heures de service, par exemple l’heure du déjeuner, ne sont
pas pris en compte. Ainsi, trois nouveaux problèmes de routage sont présentés visant à
résoudre deux problèmes liés à l’utilisation des VE, l’impact des temps d’inactivité causés
par les temps de recharge et les problèmes liés à la disponibilité de l’infrastructure de
rechargement.

Tout d’abord, le problème du routage des véhicules électriques avec les fenêtres de
temps et les clients satellites est présenté comme une nouvelle variante de l’E-VRPTW.
Son objectif est de minimiser le temps passé aux stations de recharge. Cet objectif, indirec-
tement, permet de réduire la consommation d’énergie et donc la distance totale parcourue
par les véhicules. Un modèle mathématique est présenté et une méthode de résolution ba-
sée sur une métaheuristique de recherche locale itérée est conçue. Les résultats montrent
que, les visites chez le client par un mode alternatif nous permettent de : 1) réduire le
temps total de recharge ; et 2) éviter une partie des temps morts pendant les activités
de recharge intra-route. L’efficacité de l’algorithme est reconnue par les tests sur un cas
particulier, e-VRPTWPR, où de nouvelles solutions BKS sont trouvées et le temps de
calcul moyen est inférieur au temps rapporté pour les algorithmes les plus récents. Dans
la version actuelle du problème, un seul client peut être visité lors de la recharge du VE.
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Les travaux futurs sur ce problème doivent être consacrés à explorer la possibilité de
visiter plus d’un client, ce qui apportera le concept d’itinéraires secondaires. De même, la
prise en compte d’une fonction de recharge non linéaire, d’une fonction de consommation
d’énergie non linéaire et de redevances différentes pour les stations de recharge et les
dépôts peut aider à modéliser un scénario plus réaliste.

Deuxièmement, le problème de tournées avec profit et capacité, en utilisant des vé-
hicules électriques et avec des arrêts obligatoires E-CPTPMS est présenté comme une
variante du problème de routage avec profits, où les décisions concernant l’endroit où
déjeuner et la recharge sont prises. Dans cette variante, nous recherchons la synchronisa-
tion entre les arrêts de recharge et les arrêts déjeuner pour profiter des pauses déjeuner.
Deux versions du problème sont présentées, la première dans laquelle les accords pour la
nourriture et les services de recharge sont conclus individuellement avec chaque restau-
rant (non-groupés). La deuxième version permet d’avoir des accords avec un cluster de
restaurants (groupés) qui correspond à des scénarios où des accords peuvent être conclus
avec des chaînes de restaurants.

Une structure d’algorithme de branch-and-price (BP) est présentée pour résoudre à
la fois les versions non-groupées et groupées. Deux algorithmes de BP ont été testés, un
BP de base et un BP utilisant des ng-paths. Les résultats montrent l’avantage d’inclure
la relaxation ng-path et la performance du BP pour gérer les problèmes avec de grandes
tailles. En même temps, les résultats montrent que la méthode de résolution est moins
performante pour résoudre des problèmes où la solution est composée de peu d’itinéraires
avec de nombreux clients. Ainsi, un cadre métaheuristique en deux phases pour résoudre
le e-CPTPMS est présenté pour gérer des problèmes de grande taille. Comme première
phase de la méthode, une métaheuristique GRASP est appliquée et dans la deuxième
phase, un problème du set-packing est résolu. Les résultats montrent que l’algorithme est
capable de trouver une solution optimale pour des exemples allant jusqu’à 100 clients et
13 restaurants, et de trouver de meilleures solutions que le BP présenté au chapitre 4
(pour des solution non-optimales). Les solutions peuvent être obtenues en moins d’une
minute (en moyenne), ce qui représente une forte diminution du temps par rapport au
temps de calcul moyen rapporté pour le BP (plus de 20 minutes, en moyenne). De plus,
l’impact de l’inclusion d’une deuxième phase de résolution du SPM est présenté.

Troisièmement, le problème de tournées avec profit et capacité, en utilisant des véhi-
cules électriques et avec des arrêts obligatoires multi-période est présenté. En plus de la
synchronisation entre les arrêts de recharge et les arrêts déjeuner, les décisions des clients
en visite sur différentes périodes sont intégrées. C’est parce qu’il est plus intéressant
d’évaluer à moyen terme le choix de l’emplacement par rapport à l’endroit où déjeuner et
se recharger. La structure de l’algorithme de branch-and-price est adaptée pour résoudre
le problème. Encore une fois, une version de BP utilisant elementary paths et une autre
version utilisant ng-paths sont testées. Pour ce problème, les résultats montrent qu’il n’est
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pas possible de conclure qu’une des versions de BP surpasse l’autre. Et, comme prévu,
les résultats montrent que la méthode de résolution est moins performante pour résoudre
des problèmes où la solution est composée de peu d’itinéraires avec de nombreux clients.

En ce qui concerne les méthodes de branch-and-price les travaux futurs devraient
se concentrer sur l’amélioration de la méthode, par exemple la qualité de la relaxation
linéaire du problème maître lorsque l’on utilise les ng-paths. Pour ce faire, il convient
d’ajouter quelques coupes d’élimination des sous-tours. De plus, un autre type de ré-
ductions inspirées des contraintes de capacité compte tenu de la capacité de la batterie
peut être exploré. En d’autres termes, un branch-and-price-and-cut devrai être testés. En
outre, il est intéressant de déterminer s’il serait nécessaire d’inclure certaines techniques
de stabilisation des variables duales pour améliorer la méthode de résolution.

Enfin, de nouvelles instances de référence pour les problèmes de tournées des véhicules
électriques, inspirées de scénarios réels dans les grandes villes, sont nécessaires. Cela
pourrait permettre d’avoir des conclusions plus intéressantes sur les différentes variantes.
Les tendances de la documentation sur les EVRP nous portent à croire qu’elle continuera
d’augmenter dans les prochaines années. Nous espérons que les contributions de cette
thèse et les pistes de recherche qu’elle a permis d’identifier faciliteront les développements
futurs.
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Appendix B

Detailed results e-CPTPMS
non-clustered version

Detailed results of e-CPTPMS non-clustered version are presented in Tables B.1 - B.8.
Inst. is the instance name. Z is the objective function value. t. is the computational time
in seconds. GAPrt show the gap between the upper bound and the lower bound at the root
node, measured as ((UB−LB)/LB)∗100. When the root node is not solved, the column
is left empty (-). The UB at root node is also compared to the optimal solution, when it
is known, and Qroot represents the gap percentage measured as ((UB − opt)/opt) ∗ 100.

A comparison between the two Branch-and-Price versions is proposed. BPel are the
results for the version of the BP where the pricing problem is solved using elementary
paths, while BPng are the results of the algorithm solving the pricing allowing ng-paths.
Finally, as should be remembered, using ng-paths represents an additional relaxation to
the master problem, so ∆UBroot is the gap percentage of the upper bound at the root node
of the version with ng-paths compared to the version with elementary paths.

Finally, it must be remembered that there are three type of instances according to the
battery capacity: small battery (Bsmall), medium battery (Bmedium), and large battery
(Blarge).
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B.2. DETAILED RESULTS SCHNEIDER INSTANCES
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Appendix C

Detailed results e-CPTPMS clustered
version

Detailed results of e-CPTPMS clustered version are presented in Tables C.1 - C.8. Inst.
is the instance name. Z is the objective function value. t. is the computational time in
seconds. GAPrt show the gap between the upper bound and the lower bound at the root
node, measured as ((UB−LB)/LB)∗100. When the root node is not solved, the column
is left empty (-). The UB at root node is also compared to the optimal solution, when it
is known, and Qroot represents the gap percentage measured as ((UB − opt)/opt) ∗ 100.

A comparison between the two Branch-and-Price versions is proposed. BPel are the
results for the version of the BP where the pricing problem is solved using elementary
paths, while BPng are the results of the algorithm solving the pricing allowing ng-paths.
Finally, as should be remembered, using ng-paths represents an additional relaxation to
the master problem, so ∆UBroot is the gap percentage of the upper bound at the root node
of the version with ng-paths compared to the version with elementary paths.

Finally, it must be remembered that there are three type of instances according to the
battery capacity: small battery (Bsmall), medium battery (Bmedium), and large battery
(Blarge).
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Appendix D

Detailed results e-CPTPMS
non-clustered version

Detailed results of e-CPTPMS non-clustered version are presented in Tables D.1 - D.8.
Inst. is the instance name. Z is the objective function value of the best solution found
by each method. BP corresponds to the best solutions obtained by the exact meth-
ods presented in Chapter 4. Results obtained by executing just the GRASP phase are
presented, as well as the results obtained by executing the 2-phase method. ∆Z is the
gap percentage of the best solution found after executing 10 times the algorithm and
the optimal value obtained with the BP. Z is the average objective function value of the
solution over the 10 runs. ∆Z and t are the average gap value of the solutions and the
average computational time (in seconds) over the runs.
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D.2. DETAILED RESULTS SCHNEIDER INSTANCES
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Appendix E

Detailed results e-CPTPMS clustered
version

Detailed results of e-CPTPMS non-clustered version are presented in Tables E.1 - E.8.
Inst. is the instance name. Z is the objective function value of the best solution found
by each method. BP corresponds to the best solutions obtained by the exact meth-
ods presented in Chapter 4. Results obtained by executing just the GRASP phase are
presented, as well as the results obtained by executing the 2-phase method. ∆Z is the
gap percentage of the best solution found after executing 10 times the algorithm and
the optimal value obtained with the BP. Z is the average objective function value of the
solution over the 10 runs. ∆Z and t are the average gap value of the solutions and the
average computational time (in seconds) over the runs.
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Appendix F

Detailed results e-MPCPTPMS

Detailed results of e-MPCPTPMS instances are presented in Tables F.1 - F.8. Inst. is
the instance name. Z is the objective function value. t. is the computational time in
seconds. GAPrt show the gap between the upper bound and the lower bound at the root
node, measured as ((UB−LB)/LB)∗100. When the root node is not solved, the column
is left empty (-). The UB at root node is also compared to the optimal solution, when it
is known, and Qroot represents the gap percentage measured as ((UB − opt)/opt) ∗ 100.

A comparison between the two Branch-and-Price versions is proposed. BPel are the
results for the version of the BP where the pricing problem is solved using elementary
paths, while BPng are the results of the algorithm solving the pricing allowing ng-paths.
Finally, as should be remembered, using ng-paths represents an additional relaxation to
the master problem, so ∆UBroot is the gap percentage of the upper bound at the root node
of the version with ng-paths compared to the version with elementary paths.

Finally, it must be remembered that there are three type of instances according to the
battery capacity: small battery (Bsmall), medium battery (Bmedium), and large battery
(Blarge).
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Problèmes de tournées des véhicules 
électriques avec décisions 
d’emplacement intégrées 
 
 
Aujourd'hui, la réduction des impacts négatifs sur la 
société et sur l'environnement est un défi difficile 
pour les entreprises. La principale difficulté réside 
dans le fait que la majeure partie de la flotte utilisée 
est composée de véhicules à combustion interne. 
Afin de réduire les impacts négatifs sur l'environ-
nement, les véhicules électriques sont aujourd'hui 
considérés comme une option appropriée pour rem-
placer les véhicules conventionnels dans les opéra-
tions du dernier kilomètre. Bien que l'utilisation de 
véhicules électriques présente de nombreux avan-
tages, elle présente certains inconvénients qui limi-
tent une adoption massive. Certains des inconvé-
nients des véhicules électriques sont une autonomie 
limitée, une faible vitesse, des temps de charge 
relativement longs, une charge utile limitée et le 
manque d'installations de recharge. Cette thèse est 
consacrée aux décisions conjointes de localisation 
et de routage lorsque la flotte est constituée de 
véhicules électriques. 
L'objectif principal de cette thèse est de continuer à 
encourager la transition vers les VE en proposant de 
nouvelles stratégies et des outils de solution pour le 
transport, appelés les problèmes de transport dans 
un contexte logistique urbain. En plus de promouvoir 
la transition vers les VE, les problèmes présentés 
dans cette thèse visent à aborder deux questions 
liées à l'utilisation des VE, l'impact des temps 
d'inactivité causés par les temps de recharge et les 
questions liées à la disponibilité de l'infrastructure 
de rechargement. 
 
 
Mots clés : véhicules électriques – problèmes de 
transport (programmation) – logistique urbaine – 
optimisation combinatoire – métaheuristiques – 
recherche opérationnelle – programmation linéaire. 
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Electric  Routing  Problems  with  Inte-
grated Location Decisions 
 
 
 
In present-day logistics, reducing negative impacts 
on society and on the environment is a difficult chal-
lenge for companies. In transportation, the main 
difficulty lies in the fact that most of the fleet used 
for inland shipping, is composed of conventional 
internal combustion vehicles. Thus, in order to re-
duce negative environmental impacts, nowadays 
electric vehicles are considered a suitable option to 
replace conventional vehicles in last mile opera-
tions. Although usage of electric vehicles comes 
with many benefits, it has some disadvantages that 
are restricting a massive adoption. Some of the 
disadvantages of electric vehicles are limited mile-
age range, low vehicle speed, relatively long charg-
ing times, limited payload, and lack of recharging 
facilities. This thesis is devoted to the joint location 
and routing decisions where the fleet is constituted 
of electrical vehicles. The location decisions concern 
where, when and how to recharge the vehicles while 
the routing optimization will decide which custom-
ers to serve and in which order.  
The main goal of this thesis is to continue the en-
couragement to the transition to EVs by proposing 
new strategies, and solution tools for transportation, 
namely routing problems, in a city logistics context. 
Additionally to promote the transition to EVs, the 
problems presented in this thesis aims to tackle two 
issues related to the usage of EVs, the impact of the 
idle times caused by recharging times and the is-
sues related to availability of recharging infrastruc-
ture. 
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