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Résumé en francais

Dans cette these, nous nous intéressons a des problemes de propagation d’ondes acoustiques
dans un écoulement en vue d’applications en physique solaire. En effet, la structure interne
du Soleil peut étre étudiée a partir de I'observation de ces ondes sur la surface solaire.

Dans un premier temps, nous rappelons le procédé de linéarisation des équations de la mé-
canique des fluides permettant de construire des modeles vectoriels de propagation d’ondes
en écoulement. Nous étudions alors 1’équivalence entre les modeles obtenus a partir des
linéarisations eulériennes et lagrangiennes et nous montrons que cette équivalence ne peut
pas toujours étre garantie en régime harmonique. D’un point de vue pratique, 1’exploitation
numérique de cette équivalence semble inefficace, notamment pour la reconstruction des
perturbations lagrangiennes a partir des perturbations eulériennes. Nous nous concentrons
ensuite sur I’étude d’un phénomene de résonance en régime harmonique lorsque I’écoulement
porteur a des lignes de courant fermées. Une étude modale montre que les équations con-
sidérées dégénerent sur certaines lignes de courant. Sur ces lignes, il n’est alors pas possible
de résoudre les équations. Il semble toutefois possible de résoudre ce probléeme en étudiant
ces équations dans un espace hilbertien dont les propriétés de régularités sont plus faibles
que pour les espaces de Hilbert habituellement utilisés pour I’étude des équations d’ondes
aéroacoustiques. D’un point de vue numérique, la recherche de la solution dans un tel espace
nécessite la construction de nouvelles méthodes numériques.

Dans la deuxiéme partie de ce travail, nous nous concentrons sur la construction de méthodes
numériques pour un modele aéroacoustique simple : I'équation de Helmholtz convectée. Ce
modele scalaire peut étre obtenu a partir des modeles vectoriels lorsque ’écoulement porteur
est irrotationnel. Pour cette équation, nous construisons trois variantes de la méthode de
Galerkine Discontinue Hybride (HDG). Les méthodes HDG sont des méthodes de Galerkine
Discontinues mixtes dont le colit numérique reste raisonnable grace a un procédé de con-
densation statique qui permet de réduire le probleme a un probléme posé uniquement sur
le squelette du maillage. Nous avons effectué une analyse détaillée de ces méthodes, en par-
ticulier nous avons montré le caractere bien posé des méthodes, ainsi que des estimations
de la vitesse de convergence pour des solutions régulieres. Enfin, nous avons également dis-
cuté le choix du parametre de pénalisation qui peut exercer une influence importante sur
la qualité des résultats numériques. Ces méthodes ont été implémentées dans le code open-
source Hawen et les résultats numériques ont permis d’illustrer les conclusions de notre étude
théorique. Nous avons également construit des conditions aux limites absorbantes (CLA)
d’ordre faible pour ’équation de Helmholtz convectée. Ces CLA sont obtenues par transfor-
mation de PrandtL-Glauert-Lorentz de CLA pour ’équation de Helmholtz standard lorsque
I’écoulement porteur est uniforme a 'extérieur du domaine. Ces CLA sont performantes
pour des écoulements dont le nombre de Mach est faible ou modéré et leur mise en ceuvre
dans un code éléments finis, notamment HDG, est simple.

Enfin, la troisieme partie de ce travail est consacrée a I'extension des méthodes HDG constru-
ites pour I’équation de Helmholtz convectée a des modeles plus réalistes. Dans un premier
temps, nous décrivons les changements a apporter pour traiter les cas vectoriels. La con-



struction d’une méthode HDG pour le cas vectoriel sans convection semble relativement
aisée, mais la prise en compte des phénomenes convectifs pose de nombreuses questions tant
théoriques que pratiques. Finalement, nous illustrons les possibilités des méthodes HDG sur
un probléeme scalaire issu de I’astérosismologie qui prend en compte une partie des effets liés
a la gravité. Le modele obtenu est semblable a une équation d’Helmholtz convectée par la
gravité.



Summary

In this thesis, we consider wave propagation problems in a flow arising in helioseismology.
Indeed, the Sun’s internal structure can be studied thanks to surface observations of those
waves.

In the first part of this work, we recall how vectorial aeroacoustic models can be derived by
linearizing the equations of fluid dynamics around an equilibrium state. We then study the
equivalence between the resulting equations when both lagrangian and eulerian linearization
are used. We show that this equivalence cannot always be guaranteed in the frequency
domain. From a practical point of view, exploiting this equivalence seems inefficient, when
trying to reconstruct the lagrangian perturbation from the eulerian ones. We then focus
on the study of a resonant-like phenomenon that occurs in the frequency domain when
the background flow has closed streamlines. The aeroacoustic equations are decomposed
as a modal system, which degenerates on some of those streamlines. On those resonant
streamlines it is therefore not possible to solve the equations. However, it seems possible to
overcome this difficulty by studying these equations in a Hilbert space with lower regularity
than the one commonly used from harmonic wave propagation problem. From a numerical
point of view, new numerical methods are required to look for the solution in this low-
regularity space.

In the second part of this work, we focus on the construction of numerical methods for a sim-
ple aeroacoustic model: the convected Helmholtz equation. This scalar model can be derived
from the vectorial ones when the carrier flow is irrotational. For this simple equation, we
construct three variants of the Hybridizable Discontinuous Galerkin (HDG) method. HDG
methods are mixed Discontinuous Galerkin (DG) methods whose numerical cost is reduced
thanks to a static condensation process leading to a problem only posed on the skeleton
of the mesh. For those methods, we performed a detailed analysis which includes well-
posedness results when the mesh is fine enough, as well as convergence estimates for regular
solutions. We also discussed the choice of penalization parameter, as it can impact the qual-
ity of the numerical results. Those methods were implemented in the open-source software
Hawen and the theoretical results were illustrated by the numerical simulations. Finally,
we also constructed low-order Absorbing Boundary Conditions (ABCs) for the convected
Helmholtz equation by using the Prandtl-Glauert-Lorentz transformation of ABCs for the
standard Helmholtz equation when the background flow is locally uniform in the vicinity of
the boundary of the domain. These ABCs are accurate for low intermediate Mach numbers,
easy to implement in a finite-element solver and well-suited to the HDG formulations that
we have constructed.

Finally, the last part of this work is devoted to the extension of those HDG methods to more
realistic models. We first describe the changes required to devise HDG methods for vectorial
aeroacoustic models. Even if it seems straightforward to construct HDG schemes for the
vectorial equation without convection, many theoretical and practical questions arise when
we try to take this phenomenon into account. We then illustrate the HDG methods that we
have constructed on a scalar problem arising in asteroseismology. This scalar model is similar



to a convected Helmholtz equation where the velocity field is replaced by the gravitational
one.
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In this chapter, we give a general introduction to this work. Our goal is to give some
information about the context of this thesis and more precisely on helioseismology as most
readers may not be familiar with this field. As the subsequent chapters all have their
introduction, we do not go into details here and we keep this general introduction relatively
short.

1 Mechanical waves characterize the propagation medium

Helioseismology focuses on solar oscillations to probe the solar interior. These oscillations
can be understood as aeroacoustic waves propagating inside the Sun. We would like to recall
that there is a strong link between mechanical waves and their propagation medium: indeed,
measurements of those waves on the surface of an object can be used to probe the interior
of this object. This property has been used in many applications, such as

e seismology: the interior of the Earth has been imaged using measurements of seismic

waves,

e medical imaging: doctors can "see' inside a patient using electromagnetic (MRI) or

acoustic (ultrasound imaging) waves,

e nondestructive testing: it is used to assess the quality of some industrial products.
The idea behind wave-based imaging is that waves propagating inside an object will be
reflected or scattered by the internal structure of the object, and this will reflect on the
surface measurements.

Ilustration of the interaction between waves and the propagation medium. Here,
we will illustrate the influence of the nature of the medium on wave propagation with some
numerical simulations with the Helmholtz equation

—w?p — c3Ap = 6,

where w is the frequency, ¢y is the sound-speed and ¢ is a point-source, solved in the following
cases:
e Case #1: uniform sound-speed,

13



14 CHAPTER 0. INTRODUCTION

e Case #2: one obstacle and uniform sound-speed,

e Case #3: no obstacle and an inclusion with a change in sound speed.
For each of those cases, a point-source is located at the center of the domain, which is a disk
of radius R = 1.5, and an Absorbing Boundary Condition is used on the exterior boundary
of the domain. In FIGURE 1, the results in the whole domain and measured on the circle
of radius r = 1.2 are depicted. We can clearly see that changes in the propagation medium
lead to changes in the resulting waves.

Among those three cases, the closest one to helioseismology is Case #3. Indeed, the goal
of helioseismology is to use measurements of the solar oscillations to understand how the
physical parameters (such as density, pressure, ...) change inside the Sun. As illustrated
with Case #3, wave propagation is impacted by changes in the physical parameters, even if
those changes are located in a small area in the domain.

Inverse problems. Imaging the interior of an object from surface measurements of waves
is called an inverse problem, while determining how waves propagate in a known object is
the associated direct problem that was illustrated right before.

An inverse problem can be solved either in a qualitative or quantitative way. Qualitative
inversion only focuses on the localization of structure elements. A usual example of quali-
tative inversion is found in medical imaging: when using X-rays, doctors want to determine
where the fracture in a bone is, but they do not need to obtain information about the bone’s
density. In helioseismic inversion, solar physicists are actually interested in quantitative in-
formation on the solar interior, 7.e. they want to obtain values for some parameters of interest
such as physical properties (sound speed, temperature, pressure, ...) or on the chemical
composition (abundance of certain elements).

One of the most advanced quantitative inversion procedure is the so-called full waveform
inversion (FWI) which can be summarized as follows:
1. An initial guess is made for the parameters of interest, this model is denoted by mg
2. The direct problem is solved using the initial guess leading to the numerical solution
up(mo),
3. The results from this simulation is compared with the experimental (or observational)

data Uexp

1
J(mg) == 3 || thesp — n(mo)||” + regularisation,

where J is called the misfit functional,
4. The parameters of interest are updated

Mgy1 = My + Sy,

where s, is the direction and «y is the step-size, both are determined using a gradient
descent procedure on 7,

5. Steps 2-3-4 are repeated until J(my) < tolerance or |J(my) — J(mg_1)| < tolerance.
The choice of the initial guess mg is quite important: indeed, as J may not have a unique
minimum, the algorithm could converge to a local minimum instead of the global one. If
prior information is available, it should therefore be incorporated into mg to ensure a fast
convergence to the real model. If no such information is available, a uniform initial modal
can be used, but this may lead to a local minimum and take much more time to obtain
convergence. For more details on inverse problems, we refer the reader to [Faul7].



1. MECHANICAL WAVES CHARACTERIZE THE PROPAGATION MEDIUM 15

1072
0.1 7
6.5
5-1072
i 6
502
4.5 4
T T T T T T T
-0 0 1 2 3 4 5 6
(a) Case #1: Re(p) (b) Case #1: PRe(p) measured on the circle
{r=12}
1072
‘~.__--~\ 0.1
// \ .
/ \ 5. 10—2
I‘Iiii' ) 0 2
N —
| ‘ / -2 |
\ / —5-10 0
/ \ \ \ \ \ \ \
T -0 0 1 2 3 4 5 6
(c) Case #2: Re(p) (d) Case #2: Re(p) measured on the cir-
cle {r =1.2}
1072
0.1 6
51072 1
i 5 |
0
u 0 ]
—5.1072 —2-
_4 | T T T T T T T
T -0 0 1 2 3 4 5 6
(e) Case #3: Re(p) — change of sound-speed inside(f) Case #3: Re(p) measured on the circle
the black circle {r=12}

Figure 1: Snapshots and measurements of the wave propagation the three cases described
above. The computational domain is a disk of radius R = 1.5.
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2 Solar models

Before moving to the description of the solar oscillations, we give a quick description of the
internal structure of the Sun, the interested reader can found more details in [Chr04, Sec.
3.2] or in [Chr02]. As the goal of helioseismology is to infer details about the solar structure,
we summarize how standard solar models, that describe the global structure of the Sun, are
constructed. Those models are usually constructed using ASSUMPTION 1. Even if they are
quite simple, those models are very useful in the pipeline of helioseismic inversion as they
can be used as an initial guess for the inversion procedure.

Assumption 1 (Standard solar models):

To construct a "standard" solar model, the following assumptions are made
e the internal structure is spherically symmetric,
e magnetic effects are neglected,
e rotation is neglected.

As the rotation is not taken into account by the standard model, it is usually one of the
parameters that are reconstructed by the inversion procedure.
To describe the solar structure, we introduce the solar radius R, which is approximately
700 000km. The structure described by standard solar models is stratified under gravity
with three main layers:
e The nuclear core: Deepest part of the Sun, from 0 to 0.3R, where the nuclear fusion
happens. This layer cannot be imaged using helioseismology.
e The radiative zone: Intermediate layer, from 0.3Rs to 0.7Rs, where the temperature
is so high that the energy transfer happens through radiative transfer.
e The convective zone: Outside layer, from 0.7R. to Rs, where most of the energy
transfer happens through convection.
A sketch of this structure is given in FIGURE 2. It is interesting to notice that the equations
governing this structure are quite simple

dp  Gmp

dr 2’

d

d—T = 4mr?p,

dT" dInTdp i th .

R = in nvecti n
&= dnp e convective zone,
dT 3 kp L(r) . o

T = 16rasC OT? ()’ in the radiative zone,
dL

T 47 pe,

where p is the pressure, m is the mass contained in the ball of radius r, p is the density, 7" is
the temperature, L is the flow energy per unit time through the sphere of radius r, ¢ is the
rate of nuclear energy generation per unit mass and time, u is the internal energy per unit
volume, G is the gravitational constant, ¢ is the speed of light, a is the radiation density
constant and k is the opacity.

Even if those equations are quite simple, some complexity is actually hidden. Indeed, to use
those equations, source terms must be added. Those source terms are usually expressed in
terms of the basic unknowns p, m, T, L and of the abundance of chemical species. Those
source terms are designed to fit some properties of the Sun (e.g. chemical composition,
opacity, ...) and may lead to different results even if the same "basic" equations are used.
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As an example, the density of one of the most common solar model, called Model S, described
in [CDA™96] is depicted on FIGURE 3. In this plot, we can clearly see that it is exponentially
decreasing with r and that there is a huge drop close to the solar surface. As several orders
of magnitudes are lost between the solar interior and the surface, it may be challenging to
perform numerical simulation in those settings. To illustrate this further, we also give the
values of some of the physical properties of the Sun in TABLE 1. Once again we can see a
huge drop between the core and the surface as the temperature goes from 10°K to 103K.

‘ Property ‘ Value ‘
Age 4.6 - 109 years
Mass (M) 2-10% kg
Radius (R) 700 000 km

Temperature (surf) 5770 K
Temperature (core) | 1.5-10" K

Table 1: Some physical properties of the Sun.

Convective

Radiative

Figure 2: Sketch of the internal structure of the Sun. Red arrows represent the rotation and
blue arrows represent convection bubbles that are not taken into account into the standard
models.

3 Describing solar oscillations

As the Sun is constituted of plasma, it can be described by Magneto-Hydro Dynamics (MHD)
equations, which are a coupling between Navier-Stokes’ or Euler’s equations describing the
fluid and Maxwell’s equations describing the magnetic field. However, as the MHD equations
contain both the solar oscillations and the other MHD effects occurring in the Sun, they are
not suitable for helioseismology. Indeed, the oscillations are small when compared to other
phenomena occurring in the Sun, and using MHD equations to study them would require a
very fine scale resolution of a non-linear system of PDEs. As this would be very expensive
from a computational point of view, we need to obtain a set of equations describing only the
solar oscillations.
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Figure 3: Density p (in g-cm™3) inside the Sun as predicted by Model S plotted against the
scaled radius r/ R in semi-log scale. Notice that Model S expands into the solar atmosphere,
where the density is very low.

To obtain this equation, we need to make some more simplifications. Depending on the
phenomena that we wish to study, we need to make one of those assumptions:

e Acroacoustic approximation: the magnetic effects are neglected,

e Magneto-acoustic approximation: the hydrodynamic effects are neglected.
The first approximation can be used to probe deep into the solar interior and will be used
throughout this thesis. The second one is useful to study surface phenomena such as sun
spots. Once again, we only briefly recall the main ideas here, and we refer the interested
readers to [Chr04, Chr02] for more details.

In the aeroacoustic approximation, the Sun can be described as a perfect fluid satisfying
Euler’s equations. To obtain a set of equations for the solar oscillations, the Euler’s equations
are linearized around an equilibrium state. Each physical quantity is decomposed using the
following asymptotic development

¢=q +ed +0(), <1,

where q is the total quantity, qo is the quantity in the equilibrium state or background quantity
and ¢’ is the perturbation produced by solar oscillations. When this asymptotic development
is introduced into the Euler’s equations and after identifying the powers of £, we obtain to
set of equations:

e the Euler’s equations for the equilibrium state at the zeroth order in ¢,

e an equation for solar oscillations, also called aeroacoustic equation, at the first order

in €.

If the displacement vector is used as the main unknown, the obtained aeroacoustic equation
is the so-called Galbrun’s equation

0 2 . .
Po <c’)t + ch)) £E-V [Pocgle (5)} +div (&) Vpo — V [Vepol + VeVpo — poVego = s, (1)

where
e £ is the displacement vector, which describes the solar oscillations,
® Do, Po, co and go are the background density, pressure, adiabatic sound-speed and
gravity respectively,
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e s is the source of the solar oscillations,

o V,,& is the directional derivative of £ along vg.
This equation will be derived in CHAPTER 1. From a historical point of view, it was derived
for the first time in [Gal31] and it was introduced in astrophysics in [LOG7]. It can be
decomposed into two parts. The first one,

0

Po ((% + Vvo> -V [Pocgdi" (5)] ;

is a vectorial convected wave operator and the remaining terms,
div (§) Vpo — V [Vepo] + VeVpo — poVego,

describe the interaction between the oscillations and the background flow.

Different types of waves are supported by this vectorial wave equation. As the Sun is (almost)
spherical, it is convenient to decompose the waves onto the basis of spherical harmonics. We
can then obtain a power spectrum, which is a graphical representation of dispersion relations
linking the frequency of the wave and the harmonic degree [. An example of such a power
spectrum is given in FIGURE 4. Following [Chr04, Sec. 3], we give a quick description of the
three types of waves shown on FIGURE 4 below for the simple case where vy = 0.

1000

v (uHz)

100

1 - ““;0 100 Hll(l)()O
L
Figure 4: Power spectrum computed for Model S — Frequency is plotted vs the harmonic
degree [ — Extracted from [Chr02]

Acoustic waves (p-modes). The so-called p-modes are standard acoustic waves whose
restoring force is pressure. For a wave vector k, the acoustic waves satisfy the following
dispersion relation

w? = ci|k|?.

Notice that the adiabatic sound-speed can be expressed as

vksTo
Myt

2
Cy =
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where v = 5/3 is the heat capacity ratio, kg is the Boltzmann constant, Ty the background
temperature, p is the mean molecular weight (which describes the presence of heavy elements
inside the Sun), m,, is the atomic mass unit. The sound-speed therefore depends on Ty/p as
the other quantities are constant.

Those acoustic waves can propagate deep inside the Sun through the convective and radiative
zones. To describe their radial variation, we write the wave vector k as

K = Kr€, + Kp,

and we can show that

where S; = I(I + 1)c3/r? ~ |kp|?cd is the so-called Lamb frequency. This equation has
a geometric interpretation. As the temperature increases with depth, so does the sound-
speed, we can therefore see that x, decreases with depth. On the other hand, as depicted
on FIGURE 6, S, increases with depth. As a result, the waves are refracted, and their
propagation rays are bent, this is illustrated on FIGURE 5. The turning point is located at
the depth r, where S;(r;) = w.

Finally, we would like to point out that most of the measured solar oscillations consist in
p-modes.

Figure 5: Propagation rays of p-modes inside the Sun — Extracted from [Chr(04]

Gravity waves (f- and g-modes). The second important type of waves propagating
inside the Sun are gravity waves'. The restoring force of those waves is buoyancy. They can
be separated into two types: f-modes that are surfacic gravity waves and g-modes that are
internal gravity waves. All of those modes are approximately divergence-free.

The f-modes satisfy the following dispersion relation
w? = gslwnl,

where g, is the surface gravity and Kk = k,e, + K, is the wave vector. As this dispersion
relation only depends on the surface gravity, the f-modes are independent of the internal
structure of the Sun. In the observations, they can therefore be identified even if there are
some model uncertainties. On the power spectrum of FIGURE 4, a f-mode is present. Its
frequency is similar to the frequencies of p-modes, but its harmonic degree is higher.

! Gravity waves of fluid dynamics should not be mistaken with the gravitational waves of general relativity.
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Figure 6: Characteristic frequencies inside the Sun computed with Model S: N/27 (solid
line), S;/27 (dashed lines, labelled for [) — Heavy horizontal lines describe the trapping
region of a g-mode of frequency 100 yHz and a p-mode of frequency 3000 pHz — Extracted
from [Chr04]

To describe the g-modes, we need to introduce the so-called Brunt-Vaisala frequency, or

buoyancy frequency
1 dp 1d
N2 _ ‘90’ <0 _ pO) .
Ypo dr - po dr

Notice that, despite being a squared quantity, N? can be negative. The g-modes can only
propagate when N2 > 0. This can be understood by a simple argument given in [Chr04]:

When a fluid element is displaced upwards in an adiabatic motion, its behavior
depends on the density of its new surroundings. If N2 > 0, the element is heavier
than the fluid and buoyancy forces it back into its original position leading to an
oscillatory motion. On the other hand if N? < 0, the element is lighter than the
fluid and buoyancy acts to enhance the motion.

As it can be seen on FIGURE 6, where N is depicted by a solid line, the condition N? > 0
is only achieved deep inside the Sun (in the core and in the radiative zone). In particular,
g-modes are evanescent the convective zone which is the outer layer of the Sun. As a result,
solar g-mode are difficult to measure as we only have access to surface observations.

The g-modes are described by the following dispersion relation

N

w =
1+

K2 7

lten |2

where k = K, e, + Kk, is the wave vector. Notice that we have w? < N2, so the g-modes tend
to have a low frequency as it can be seen on the power spectrum of FIGURE 4.

Damping. In the previous paragraphs, we have written dispersion relations without damp-
ing. However, it was found out in [Bal92] that all solar modes are damped. It seems that an
important contribution to the damping effect comes from the turbulence. As the modelling
of the damping effect is still an open question, we only consider a very simple damping
function in this thesis. In the frequency domain, the frequency w is replaced by

W — w + 10,
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where o is the damping parameter. This formally mimics the limiting absorption principle
coming from the analysis of the Helmholtz equation, we refer to [Wil75] for more details on
the analysis of the Helmholtz equation.

Effects of rotation. In this section, we have written down the equations without taking
the solar rotation into accounts. Considering this phenomenon can be done by simply adding

terms corresponding to the centrifugal and Coriolis forces to Galbrun’s equation (1), see
[LOG6T].

Taking the rotation into account has two main effects. Firstly, it breaks the spherical sym-
metry of the model that was obtained when the background flow only depends on the radial
coordinate. Secondly, new modes are supported by the equations such as Rossby waves,
or r-modes, whose restoring force is the Coriolis one. Those Rossby waves were recently
observed in the Sun, see [LGB™18].

Reduction to a scalar equation in simple cases. We would like to point out that it is
sometimes possible to obtain a scalar equation instead of the vectorial Galbrun’s equation
(1). Indeed, as described in [GBD™17], by taking the divergence of (1) and neglecting the
terms describing the interactions between the flow and the waves and some quadratic terms,
the following equation can be obtained

—(W? + 2iwo )Y — 2iwvg - Vi — codiv (iV[pocow]) = s, (2)
0

where s := div(s) and 1 := ¢ydiv (§). The quantity pocet is homogenous to a pressure
perturbation. When pg and ¢ are solar-like, the scalar equation (2) captures most of the
physics linked with p-modes.

Measuring the solar oscillations. At this point, we have described both a model for
solar oscillations and the kind of modes that we expect to find inside the Sun. However
all of this cannot be used if there is no observational data to compare with the results of
numerical simulation. As we already mentioned, the solar oscillations were observed for the
first time in the 1950s. Most of those observations rely on the relativistic Doppler effect:
the Doppler shift in the solar spectrum can be linked to the projection of the displacement
vector € on the line-of-sight. Some observational data for the Sun are depicted on FIGURE
7. Notice that the bottom-right ridge on the power spectrum corresponds to the f-mode of
the theoretical power spectrum of FIGURE 4.

Solar data can come from:

e ground-based observations, in this case a network of observatory is needed to continu-
ously observe the Sun, the most important ground-based solar observation program is
the Global Oscillations Network Group (GONG) which relies on six identical telescopes
located in Hawaii, California, Chile, Tenerife, India and Australia,

e space-based observations, using satellites located at the Lagrange points of the Sun-
Earth system, among others some of the famous space mission dedicated to solar
observations are

— the Solar and Heliospheric Observatory (SOHO) which has been operating for 25
years (the planned mission duration was two years),

— the Solar Dynamics Observatory (SDO), launched in 2010, which is the follow-up
mission to SOHO,

— the Solar Orbiter (SolO), launched in 2020, which aims at studying the link
between magnetic effects and solar eruptions.
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Figure 7: Observational data for the Sun.

Timeline of the discovery of solar oscillations. We end this section by recalling the

timeline? of the discovery of solar oscillations. In particular, we would like to point out that

helioseismology is quite a new branch of solar physics as the first certain observation of solar
oscillations dates back to the 1950s and the first helioseismic inference of solar properties to
the middle of the 1980s.

1962: first definitive observations by Leighton:

e roughly periodic oscillations in local Doppler velocity with period about 300s and
a lifetime of a few periods,
e convective motion at the supergranular scale,
confirmed the same year by Evans & Michard,

1970s: acoustic nature of the oscillations was understood in the works of Ulrich (1970),
Leibacher & Stein (1971), Wolff (1972), Ando & Osaki (1975),

1975: Deubner identified ridges in the wavenumber - frequency diagram describing the
modal structure of the oscillations confirmed by Rhodes et al. (1977) and constraints
on the properties of the convection zone were obtained,

1980: identification of global solar modes from observations at the South Pole by Grec,
Fossat & Pomerantz,

1983: observation of intermediate degree observations by Duvall & Harvey,

1984: first helioseismic inference of the internal solar rotation by Duvall et al.,

1985: first helioseismic inference of the internal solar sound speed by Christensen-Dalsgaard
et al..

2This timeline has been extracted from [Chr02] where more precise references can be found.
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4 Numerical methods

For a long time, solar physicits relied on semi-analytical methods to solve Galbrun’s equation
(1) by reducing the model to a scalar ODE. Even if those kinds of methods are very efficient,
they can only be used under restrictive assumptions.

As those methods can only be used for a spherically symmetric Sun, it is convenient to
introduce the spherical coordinates (r, 0, ) and the associated basis vector-fields (e,, eg, e,).
Vector-fields can then be decomposed into their radial and horizontal parts as follows

€ =¢e + Eha (3)

where &, € span(ep,e,). A similar decomposition also holds for the gradient operator,
indeed let u be a regular function, we have
u 10u 1 Ou

Vu = ger + Vyu, where Vyu:= ~ 50 €y + rsin@%ew

Assumption 2 (Deriving a semi-analytical method):
To derive a semi-analytical method to solve (1), we assume
e a null velocity field: vg = 0,
e a radial background flow: V,qy = 0 for qo € {po, po, co}-

Spherical harmonics. Let [ be a non-negative integer and m an integer such that — <
m < . We denote by S? the unit sphere. The function ¥;™ : S? — C satisfying

—AsY™(0,0) = 11+ 1)Y,™(0, ),

where Ag is the Laplace-Beltrami operator over S?, is called the spherical harmonic function
of degree I and order m. The number [ can be interpreted as the number of parallels and |m)|
as the number of meridians in the graphical representation of ¥;™. The spherical harmonics
are the eigenfunctions of the spherical Laplace-Beltrami operator. The first few spherical
harmonics are depicted on FIGURE 8.

The spherical harmonics can be expressed in terms of the associated Legendre polynomials
P™ defined by

ey (21" y dim

By (JC)ZT(l—$2)QW

the following formula links ¥;™ and P

(.I‘2 - 1)l7

Y™(0,¢) = cim Pl (cos 0)e™?,

where ¢, is a normalization constant.

As spherical harmonics constitute an orthogonal Hilbert basis of C(S?), any continuous
function over S? can be decomposed as a series of spherical harmonics: let f : S? — C be a
continuous function, we have

+o00 l
fO,0)=>" > f"Y™(0, ).
1=0 m=-1

This property is a key ingredient to devise semi-analytical methods for Galbrun’s equation

(1).
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Figure 8: Representation of the first spherical harmonics. The letters s,p,d.f...corresponds
to the valence shells in chemistry. Extracted from Wikipedia.

Reduction to a system of ODEs. The construction presented in this paragraph is a
summary of [Chr04, Chap. 4] to which we refer the interested reader for more details. To
devise a semi-analytical method, it is not really convenient to directly work with Galbrun’s
equation (1). Instead we consider the following system

*E /
pow + %vpo + Vp' =s, (4)
p =+ div (po§) =0, (5)
P+ pocgdiv (&) + & - Vpy = 0, (6)

where the eulerian perturbations of density p’ and of pressure p’ explicitly appear. As it
will be detailed in CHAPTER 1, Galbrun’s equation (1) is actually derived from the system
(4)-(5)-(6).

Using the decomposition (3) of £ into its radial and horizontal parts into (4), we can obtain
an equation for the horizontal component

0%n

PO o + Vip' = sp,

as Vppo = 0. By taking the horizontal divergence, we obtain

9?div .

8:2(5}1) + Ahp/ = leh (Sh) . (7)
Using (5), we also have

1 ar2p0£r .

p = g, Podivi (&),

so (7) becomes
82 / 1 0 2 .
P L 0TGN = divi (sn). (8)

o po  T%py Or
The radial part of (4) is

0%, p'dpy  Op
P52 %gﬂLE = Sr, (9)
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and (6) can be written as

2
; d
P+ poct (T 8£ +dlvh(€h)> +é}~ Po =0,

which leads to

1or’, 1 0r’po&,

dpo
— — r = 0. 10
p + pOCO <T2 or TQPO or + p0> +§ ( )

At this point, we notice that the partial derivatives with respect to 6 and ¢ in (8)—(9)—(10)
only appear in the A, term in (8). We therefore introduce the following decompositions onto
the spherical harmonics

oo 1
E(t,m,0,0) =Red D &um(r)Y"(0,p)e™™,

=0 m=—1
+oo )
Ptr,0,0) =Red . D Pl (0, p)e™,
=0 m=—1
(t T, 6790 Z Z plm gp)eiiwta
=0 m=—1

where we further assumed that the time dependance is harmonic. Plugging this decomposi-
tion into the system (8)—(9)—(10) and identifying each mode, we obtain the following set of
modal equations

/ 2
2 | Pim I dr pogrlm / .

- — : —l(l+1 =d 11
AT, = div (), ()

2 Pim R0 | dPiy,
- rlm = 9r,lmy 12
Pow & im + Do dr + 1 SrJ (12)

1 dr2€r Im 1 drzpofr Im pl de
_ tmy Pim e A0 13
plm + pOCO (7“2 dr rgpo dr + — o + g l dr ( )

The modal system (11)—(12)—(13) is a linear system of ODEs that can be solved indepen-
dently for each mode. A numerical solution can be obtained by truncating the series in [.
We can notice that because of the spherical symmetry, it does not depend on the order m.

Our proposed solution to go further. In the previous paragraph, we have shown how
the time-harmonic Galbrun’s equation (1) can be reduced to a linear system of ODEs (11)-
(12)—(13) for cases where ASSUMPTION 2 holds. For more realistic configurations, this cannot
be done anymore. For example, when vy # 0, it may not be possible to obtain a simple modal
system as the convection terms can couple different modes. To address those difficulties, we
propose to use different numerical methods that belong to the family of Galerkin methods,
or finite element methods.

Galerkin methods are more flexible and will allow to take more realistic configurations into
account. They are based on the discretization of a weak, or variational, formulation on an
unstructured mesh. In [GBD*17], Galerkin methods were introduced for the scalar model
(2) and interesting results were obtained. In particular, we will consider (Hybridizable) Dis-
continuous Galerkin methods for which the continuity of the solution between two elements
is only weakly enforced. Both theoretical and implementation details on the methods are
given in CHAPTER 3.
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5 Organization of this work

We end this introduction by saying a few words about the outline of this work.

e In CHAPTER 1: We describe how the aeroacoustic equations describing the solar os-
cillations can be derived from the equations describing an ideal gas.

e in CHAPTER 2: We study a resonant-like phenomenon that can occur when aeroacous-
tic waves interact with a recirculating flow.

e in CHAPTER 3: We introduce a framework for solving the convected Helmholtz equa-
tion using HDG methods, both numerical and theoretical results are obtained.

e in CHAPTER 4: We construct Absorbing Boundary Conditions (ABCs) for the con-
vected Helmholtz equation, they are based on the Lorentz transformation of the Engquist-
Madja ABCs for the standard Helmholtz equation.

e in CHAPTER 5: We give some details on how the HDG framework of CHAPTER 3
could be extended to the vectorial Galbrun’s equation, and we also point out the main
theoretical difficulties arising in this process.

e in CHAPTER 6: We use a scalar model coming from asteroseismology that takes some
effects of the gravity into account to illustrate that the HDG framework of CHAPTER 3
can be used for models that are more complex than the convected Helmholtz equation.
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Introduction

In this chapter, we recall how aeroacoustic wave equations are derived from the Euler’s
equations describing an ideal gas. Those equations are used to model the propagation of
waves in complex flows. We also discuss the equivalence between two aeroacoustic models
in time-harmonic domain: Galbrun’s equation and LEE. Finally, we give a brief reviews of
the different well-posedness results that are available for those equations.

1.1 Description of an ideal fluid

Before being able to describe the propagation of acoustic waves in a fluid, we need to have
a model for the fluid of interest.

Physical quantities : In all the document, we will use the following notations for the
physical quantities :

e p : mass density

e p : pressure

31
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v : velocity field
g : gravity field
e : internal energy
¢ : sound speed

Directional derivative for vector-fields : We will use the notation V,v to describe the
convective part of the Euler’s equations. In cartesian coordinates, it should be understood
as the product between u and the jacobian matrix of v:

duy Ouy.

aibl e 6a:d
) . Uy
Vo= : |, and uv(g—Zuza .
6vd 8’Ud .TZ

oxr1 = Oxyq

Those formulas cannot be used for other systems of coordinates, as we need to take into
account the derivatives of the basis vector fields:

u'UZ—ZUz '+ Z F U’Lu_]u
¢ i,j=1

where (I'¥) should be interpreted as the jacobian matrices of the basis vector fields. For
example, in polar coordinates, the I's' are given by

. 100 o |01
F—lo _i], and F—lo 01'

We have chosen to use the notation V,v, which is the notation for the covariant derivative,
instead of the notation (u-V)wv, which is widely used in fluid dynamics, as we find the second
notation to be quite misleading. Indeed it should be interpreted as a matrix-vector product,
but it is written as a vector-matrix product, and one should be very careful when using this
notation in non-cartesian coordinate systems. However, for scalar quantities we have

Vup :=u - Vp,

by definition of the covariant derivative.

Euler’s equation : The classical Euler’s equations read

gt + div (pv) =0, (Eul-p)
dpv
5 Tdiv(pw®v)+Vp = pg, (Eul-pv)

gt [ <||2 + e)] + div <<p|2|2 + pe +p> ) = 0. (Eul-e)

Here, ® denotes the tensor product of two vector fields, and the derivative operator acts on
second-order tensor fields. In the followings, we will only use n alternative form of (Eul-pv)
where this term does not appear. We there only give the expression of (Eul-pv) in an
orthonormal basis

d

dp
i -~ = ) V'G 1,d .
+]21 o, [pv; UJHax,» pgi, Vie[l,d]

dpv;
ot

More precisely, they are the Christoffel symbols of the second kind computed the covention Ffj =
(w', Ve, e;), where (w*)¢ is the dual basis of (e;);.
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A derivation of those equations can be found for instance in [Lio96, Ch 1].
In order to form a closed system of equations, we need to add an equation of state

p="Plpe)

The balance of momentum (Eul-pv) can be rewritten as

<aat+v 'v> +Vp = pg (Eul-v)
Indeed one has
8p + div (pv @ v) = 0pv+ + (pdiv (v))v + pV,v + (v - Vp)v
(0w ap
<8t+v ) (at—l—pdlv()—l—v-Vp)v

=0 by (Eul-p)
The balance of total energy (Eul-e) leads to the following balance of internal energy e

%pte + div (pev) + pdiv (v) =0 (1.1)

Using (1.1) together with adiabatic equation of state for a polytropic ideal gas
_r
p(y = 1)’

we obtain the following equation for pressure

0

82259 +v - Vp+qpdiv (v) = 0. (Eul-p)
In the following we will consider the system (Eul-p)—(Eul-v)—(Eul-p). This system is actually
used in helioseismology, see [Chr04, Ch. 3].

1.2 Linearized Euler’s Equations

The system (Eul-p)—(Eul-v)—(Eul-p) can be used to describe the evolution of a fluid. However
the variations due to wave propagation are small when compared to other fluid phenomena,
and the system (Eul-p)—(Eul-v)—(Eul-p) is therefore not suited to study wave propagation
in a fluid. From a numerical point of view, using a Computational Fluid Dynamics (CFD)
solver for this purpose would require a very fine mesh or a very high order and would lead to
a prohibitive numerical cost. To address this difficulty, we consider a perturbative approach
to derive an equation for wave propagation by linearizing (Eul-p)—(Eul-v)—(Eul-p) around
an equilibrium state.

Eulerian perturbations Let ¢ € {p,v,p} be a physical quantity, we assume that the
following perturbation expansion holds

q(x,t) = qo(z, t) + ed (z,t) + O(e?), (1.2)

where ¢q is the equilibrium (or background) value of ¢, ¢’ is its perturbation due to wave
propagation, and € < 1 is a small parameter.

As the space variable, x, is the same for all the quantities in (1.2), we say that ¢’ is an eulerian
perturbation. Introducing the perturbation expansion (1.2) in (Eul-p)—(Eul-v)—(Eul-p) leads
to two sets of equations: one for the equilibrium state and one for wave propagation.
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Basic assumptions on wave propagation We can now state the assumptions under
which we can derive a model for aeroacoustic wave propagation.

Assumption 3 (Basic assumptions):
To derive an equation for wave propagation, we make the following assumptions on the
physical processes
e Linear waves: (1.2) holds,
e Steady-state background flow: %if =0 for gy € {po, vo, o},
o Adiabatic waves: (Eul-p) holds for the eulerian settings and dp = c2dp for the
lagrangian settings (detailed later),

Cowling approximation: there is no perturbation of gravitation, i.e. g’ = 0.

Sound waves are usually assumed to be adiabatic. To justify this assumption, the following
reason is often quoted: the propagation of sound waves is so fast that heat exchanges do not
have enough time to take place. As discussed in [Piel9, Ch. 1], the wave propagation always
produces a thermal gradient. This heat gradient can only be neglected for low and medium
frequencies. At those frequencies sound propagation is almost an adiabatic process. As
discussed in [MMMP17], the rigorous assumption to derive an aeroacoustic wave equations
is homentropicity: the entropy of the background flow is uniform. With this assumption,
the entropy perturbation satisfies a decoupled equation and only acts as a source term in
the other equations. Notice that the assuming that the background flow is homentropic is
more restrictive than assuming it is isentropic: indeed, for in an isentropic flow the entropy
density can change between streamlines, which is not the case for a homentropic flow.

Background equations Introducing the perturbation expansion (1.2) in (Eul-p)—(Eul-v)-
(Eul-p) and collecting the zeroth-order terms in ¢ leads to the following set of equations

dpo

E + div (pQ’U()) = 0,
ov
Po <8t0 + Vvovo> + Vpo = pogo,
Ipo . .
E + v - Vpo + ’}/podlv (’UO) = 0.
Furthermore, following ASSUMPTION 3, we assume that the background flow is steady-state,
i.e.
0
% = Oa VQO € {p07’007p0}a
t
we obtain the following set of background equations
div (po’U()) = 0, (BG—po)
PoVweVo + VDo = pogo, (BG-vo)
vo - Vpo + ypodiv (vg) = 0. (BG-po)

Linearized Euler’s Equations We are now ready to obtain a system of equations for
wave propagation. Once again, this is done by introducing the perturbation expansion (1.2)
in (Eul-p)-(Eul-v)-(Eul-p). We then collect the first-order terms in ¢ to obtain

Do’ + p/div (vg) + div (pov') = 0 (LEE-p)
poDv" + poVpvo + p' (Voo — go) + VD' = s (LEE-v')
Dip/ + v - Vpo + ypodiv (v') + vp'div (vg) = 0 (LEE-p)
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where the material derivative is defined as

D, = gt + Vaos
and s is the source of sound that encompasses:

e sound generated by the moving flow, these kind of sources were introduced by Lighthill
in [LN52] and specialized to LEE in [BB.J02], roughly speaking this models the "sound
of turbulence",

e sound generated by other sources, such as artificial devices.

Using (BG-vg), we can rewrite (LEE-v') as

1
poDv" + po Vg — ([)()vp()) P+ Vp' =s,

so the gravity term go does not explicitly appear in the equation. This is interesting as the
gravity term is useful for helioseismology, but usually neglected in other applications.

We also notice that, following the Cowling approximation of ASSUMPTION 3, there is no
perturbation of gravity.

1.3 Galbrun’s Equation

In the previous section, we obtained a first set of equations (LEE-p")—(LEE-v")—(LEE-p’) for
wave propagation in a flow. Those equations are based on an eulerian linearization around
an equilibrium state. It is possible to obtain an alternative model by considering lagrangian
perturbations instead of eulerian ones.

Lagrangian perturbations and displacement To define the eulerian perturbation in
(1.2), we considered the difference between the total and background quantities at a fixed
position. In the lagrangian framework, we fix a fluid parcel? and follow its motion through
the flow. At time ¢, the parcel is at position x( in the background flow, and due to the wave
propagation, this position changes to @ = &+ €£ in the total flow. The quantity & is called
the lagrangian displacement and is sketched in FIGURE 1.1. The lagrangian perturbation is
then defined by subtracting the total and background quantities following this given parcel

edq(ao,t) = q(@o + €€, t) — qo(o, t) + O(?), (1.3)
for any physical quantity ¢ € {p,v,p}. We can rewrite (1.3) as
q(mo + €€, 1) = go(xo,t) + £dq (2, t) + O(£?), (1.4)

to mimic the structure of the perturbation expansion (1.2).

Remark 1.3.1: We have chosen to follow the convention of [Chr04] where ¢’ denotes the
eulerian perturbation of ¢ and dq denotes its lagrangian perturbation. However there is no
standard notations for those perturbations and other conventions are sometimes used in the
literature.

2A fluid parcel is a very small amount of fluid, from a physical point of view, it is an averaged quantity
at the mesoscopic scale over the actual fluid particles.
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Figure 1.1: Sketch of the lagrangian displacement £&. The trajectory of the parcel in the
background flow is depicted in solid black and its trajectory in the total flow is drawn in

dashed red.

Mixed Eulerian-Lagrangian representation We assume that there is no perturbation
at the initial time t = 0, leading to

x(0) = xo(0).

With this assumption, we can identify a given parcel by its position in the background flow
xy. Owing to its lagrangian nature, the displacement & is therefore a function of the time ¢
and of the position of the parcel in background flow .

It is also possible to express the displacement as a function of the time ¢ and the position
x leading to the so-called mized eulerian-lagrangian representation. In this framework,
lagrangian perturbations are expressed in terms of eulerian coordinates. Using the chain

rule, we have
aé(wmt) _ 85(:8, t)
o ot
where &(x¢,t) is the displacement expressed in lagrangian coordinates and &(x,t) is the
displacement expressed in eulerian coordinates. Notice that the notation & is slightly over-
loaded, but unless explicitly stated otherwise, we will always use the mixed eulerian-lagrangian
representation in the remaining of this work.

+ Vioé(@, 1) =: Di, (1.5)

Relating the displacement and the velocity For a given parcel, we denote by xg its
position in the background flow and by @ = x + £€(xg,t) its position in the total flow.
Notice that the displacement &€(x,t) is expressed in lagrangian coordinates for now. The
velocity v of a parcel is given by

. ox 8:130 0£(m0, t)

ot ot 5 e

v

and using (1.4) we also have
v = vy +edv + O(e?).
Identifying the powers of ¢ leads to

86(@0, t)

6 p—
v ot

+ O(e) = Di&(x,t) + O(e), (1.6)

where we used (1.5) to obtain the last equality linking the lagrangian and mixed represen-
tations.
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Assuming that v is regular enough, we may write the following Taylor expansion around g
v(z) = v(xy + &) = v(x0) + eVev(T0) + O(E7),
and subtracting vg(xg) leads to
v(xy + €€) — vo(To) = v(xp) — Vo(T0) + eVev(T0) + O(7).
Recalling the definitions of the lagrangian (1.3) and eulerian (1.2) perturbations, we have
edv = ev’ + eVev(xy) + O(e?),

and using the definition of the eulerian perturbation (1.2) inside the directional derivative
yields

v = v + V¢ [vg + '] + Ofe).
Then, collecting the zeroth-order terms leads to

v’ = 8v — Vevg + Ofe),
and using (1.6), we finally have

v' =D& — Vevg + O(e). (1.7)
Derivation of Galbrun’s equation We will now derive Galbrun’s equation from LEE,
by adapting the construction from [God97]. To make the notations lighter, the O(e) terms

will be omitted from now on, however one must keep in mind that the following equations
are only exact to first-order. Using (1.7), a direct computation shows that

div (v') = Dy [div (€)] — Ve [div (vo)] , (1.8)
Vo T = D; [VeT] — Ve[DT], (1.9)

where T is an arbitrary function of space and time with enough regularity for (1.9) to make

sense.
Using (1.7), (1.8) and (1.9) into (LEE-v') leads to

/
poD7€ — poVe[Dywol + vao +Vp =s. (1.10)
0

In the same time, using (1.7), (1.8), and (1.9) into (LEE-p’) leads to
Dy [0 + div (po€)] + div (vo) [p + div (po&)] = 0.
Together with the identity

D lpo (o' + div (po&))] — oD lp’ + div (po&)] L P div(po)
' Po o Po Po

Dtp07

we obtain

2D, [p’ + div (poﬁ)] N <Dtpo

Po Po
Then, the background continuity equation (BG-pg) finally yields

P+ div (Poi)] 0
Po .

+ div (vo)> (p' + div (pe&)) = 0.

poDy [

At this point, we need to make the following assumption:
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Assumption 4 (No-resonance):
The following implication is true

p'+ div (po€)
Po

poDy [ 1 = 0= p' +div(pe€) = 0.

ASSUMPTION 4 actually translates to constraints on the geometry of the background flow
that will be discussed in SECTION 1.8 and in CHAPTER 2.

In ASSUMPTION 3, we assumed that the wave propagation process is adiabatic, we therefore
have

P+ Vepo = ¢ (' + Vepo) . (1.11)
Together with ASSUMPTION 4, we have
P = —pocidiv (&) — Vepo. (1.12)

Using ASSUMPTION 4 and (1.12) into (1.10) leads to

div ,
poD7€ — poVe [Dyvo] — [()'?@Vpo — V | pocidiv (&) + Vepo| = s,

and using the background continuity equation (BG-py) we have

. . \Y%
pODtQE — V [pocgdlv (E)] + div (5) Vpo — V [Vgpo] + p&pO Vpo — png [Dtvo] = S.(1.13)

0
We notice that

—poVeDivo = —poVe [V vo] = —Ve[po Vo] 4 (Vepo) Voo vo, (1.14)

and if we combine the terms in V¢pg, we obtain

\Y 1
ﬁopo Vpo + (Vepo) Vuevo = Vepo (/)onO + Vvovo> = (Vepo)go- (1.15)
We also notice that the second term of (1.14) gives

—Ve[Vuovo] = =Velpogo — Vo, (1.16)
and combining the first term of (1.16) with (1.15), we have

(Vepo)go — Ve[pogo) = —poVego. (1.17)

Introducing (1.14), (1.15), (1.16) and (1.17) into (1.13) we obtain a first form of Galbrun’s
equation

ponf -V [ﬂocgdiV (E)} + div (6) Vpo -V [V&po] -+ ngpo — p0V£go = 8. (118)

This form of Galbrun’s equation is obtained in [LO67, Eq. (22), (25) & (28)] and in [God97,
Eq. (29)]. If we assume that the coordinates are cartesian, we can simplify (1.18). Indeed
we have

—V [Vepo] + VeVpo = —(VE) ' Vpy — VeVpo + VeVpy = —(VE) Vo,

leading to the usual form of Galbrun’s equation.

Proposition 1.3.1:
The lagrangian displacement & satisfies the following equation

poD€ — V [poc?)div (5)} + div (&) Vpo — (VE) Vo — poVego = s, (Gal)

called Galbrun’s equation.
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Remark 1.3.2: If we assume that the gravity is irrotational i.e. go = Vg, we have

poVego = poVe V.

It is interesting to notice that this term accounts for the lagrangian perturbation of the
gravity, even if there is no eulerian perturbation of gravity under Cowling’s approximation.
Indeed, if we fix a given parcel, as its position has changed because of the wave propagation,
it does not "see" the same gravitational field, as depicted on FIGURE 1.2.

@ Position in the background flow x,
Position on the total flow x
Gravitational field

Figure 1.2: Lagrangian perturbation of the gravity

Other derivations of Galbrun’s equation In the previous paragraph, we derived Gal-
brun’s equation from LEE, as it was formerly done in [God97, HB21]. However it is also
possible to derive Galbrun’s equation using a continuum mechanics point of view where the
Euler’s equations (Eul-p)—(Eul-v)—(Eul-p) are written in a lagrangian frame. It is then possi-
ble to linearize those equation using lagrangian perturbations and to obtain Galbrun’s equa-
tion by going back to eulerian coordinates. This construction can be found in [Leg03, GM14]
and in [Poi85] where second-order perturbations are also considered. Finally we would like
to mention [LLO67], where Galbrun’s equation is derived by directly computing lagrangian
perturbations in an eulerian frame, leading to a construction which is similar to the two
previous ones. In [? ] a construction similar to the one in [LOG67] is used for solar cases
when vg = 0.

On the necessity of the no-resonance assumption To derive Galbrun’s equation we
had to use ASSUMPTION 4 to relate p’ and & This is one of the weaknesses of this con-
struction: indeed when ASSUMPTION 4 does not hold, we cannot obtain Galbrun’s equation
from LEE. As there are other constructions of Galbrun’s equation, we may wonder if As-
SUMPTION 4 is really required. In [LO67, Eq. (18) & (19)] the relationship between p’ and

§
p = —div (po€) (1.19)

is given but not proven. For the constructions based on lagrangian linearization, it seems
that ASSUMPTION 4 is not required. In [GM14, Sec. 2.3.5], a weaker version of ASSUMPTION
4 is used:

Po Po

In [Poi85, Leg03] however no such assumptions are made. It is actually possible to obtain
an algebraic relationship that translates mass conservation in lagrangian coordinates which
leads to (1.19) after linearization, for more details we refer to [Sal05, Sec. 1.4 & I1.5]. Finally,
we would like to point out that even if ASSUMPTION 4 is not required to derive Galbrun’s
equation, similar problems will occur as & must satisfy the vectorial transport equation (1.7).

/ /
D, [p] =0 = £ _ constant.
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1.4 Equivalence between those models

We will now investigate the relationship between Galbrun’s equation and LEE. The following
theorem holds.

Theorem 1 : Relationship between Galbrun’s equation and LEE

The solution £ of Galbrun’s equation (Gal) and (p’,v’,p’) of (LEE-p’)-(LEE-v’)-(LEE-p’)
are linked by the following system

p = —div (po) (0 <€)
v' =D& — £ Vo, (v' <€)
P = —pocidiv (§) — € - Vpo. (' < &)

Proof : The system (p <> &)—(v' <> &)—(p <> &) has already be obtained, see (1.7) for
(v' <> &), ASSUMPTION 4 or (1.19) for (p' <> &) and (1.12) for (p’ < &).

To show that Galbrun’s equation and LEE are actually equivalent, we need to prove that
e When the solution (p’,v',p’) of (LEE-p")—~(LEE-v")—-(LEE-p’) is known, then the solu-
tion &€ of the system (p' <> £)—(v' <> €)—(p’ <> £) is also a solution of Galbrun’s equation
(Gal). This is what we have done when we derived Galbrun’s equation in the previous
section. Notice that we have to solve an overdetermined system of PDEs to construct
&, and that there may be no solution to (p' <> &)—(v' <> &)—(p' < &).
e When the solution & of Galbrun’s equation (Gal) is known, then (p',v’,p’) defined by
(P &) (v < &)-(p <> €)is a solution of (LEE-p')-(LEE-v’)-(LEE-p’). This can be
done by a lengthy direct computation detailed in APPENDIX 1.A.
|

Remark 1.4.1: Notice that because of the adiabaticity condition (1.11), (p' <> &) and
(p' > &) are equivalent.

The issues with Theorem 1 At first glance, it may seem that THEOREM 1 gives an
equivalence result between Galbrun’s equation and LEE, however some issues remain to be
dealt with:
1. As the system (p/ <> &)—(v' <> &)—(p' <> &) is overdetermined, it is not clear wether or
not it can be used to define & when (p',v’, p’) are known, as there may be no solution.
For & to be a solution of Galbrun’s equation (Gal), it must satisfy the three equations
of (¢ < &)~(v' <> §)~(v' <> §).
2. To ensure the solvability of (v' <+ &) an assumption similar to ASSUMPTION 4 will be
required, this can be critical in the time-harmonic domain.
3. Compatible boundary conditions must be derived to use this result in a practical
settings.

On the relationship between Galbrun’s equation and LEE There is an interesting
analogy that illustrates the relationship between Galbrun’s equation and LEE: Galbrun’s
equation can be seen as the "antiderivative" of LEE. Indeed, when the solution of Galbrun’s
equation is known, getting a solution of LEE only amounts to differentiating, which is
easy and always possible. On the other hand, when the solution of LEE is known, an
overdetermined system must be solved to obtain a solution of Galbrun’s equation, which is
harder and not always possible.
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We can therefore conclude that when Galbrun’s equation is well-posed, then so does LEE,
but the reciprocal may not be true.

1.5 Boundary conditions

As discussed in the previous section, the choice of boundary conditions is a difficult problem.

Usual boundary conditions in aeroacoustics In TABLE 1.1, we recall the usual bound-
ary conditions for the LEE and for Galbrun’s equation on the sliding boundary

Fo:z{weao‘vg-nzo}

of the domain. From a physical point of view, the sliding boundary cannot be crossed
by the background flow and is therefore used to models structures immersed in the flow.
One of the advantages of Galbrun’s equation over LEE is that the boundary conditions for
wave-structure interactions are naturally expressed in terms of the displacement &. For the
derivation of such boundary conditions, we refer e.g. to [Mye80] and to [God97, Sec. 3]. For
complex structure such as walls with acoustic treatment, the relevant boundary conditions
are obtained by combining the terms in TABLE 1.1. Once again, we refer to [Mye80, God97]
for more details.

In this section n always denotes the outward-oriented unit normal vector to the boundary
of the domain.

\ Boundary condition H LEE \ Galbrun \
Dirichlet v-n=0 En=0
Neumann p =0 div (&) =0
BG condition vg-n=>0 vo-n=>0

Vpoxn =20

Table 1.1: Usual boundary conditions for aeroacoustics on the sliding boundary 'y

Other parts of the boundary where vg - 1 # 0 usually are artificial boundaries on which do-
main truncation techniques, such as Perfectly Matched Layers (PMLs) or Absorbing Bound-
ary Conditions (ABCs). We would like to point out that the sign of vo - » may play an
important part in the treatment of those boundary conditions, indeed

e if vg-m < 0: the flow goes into the domain,

e if vg-m > 0: the flows goes outside the domain.
In particular, it was noted in [BBLO03] that the presence of convection may render the PMLs
unstable as it may create backward propagating modes that go back into the computational
domain. Finally, we would like to point out that other boundary conditions can be used on
those parts of the boundary. For example, there are some cases in [Gab03] where the full
displacement £ is prescribed on some parts of the boundary where vg - n < 0.

Compatibility of the boundary conditions If we are interested in using THEOREM 1
to reconstruct the solution &€ of Galbrun’s equation from the solution (p’,v’,p’) of LEE, we
need to ensure the compatibility of the boundary conditions. Indeed, as noted in [HB21],
Galbrun’s equation and LEE are equivalent in time-domain if the system (p’ <+ &)—(v’ <> &)—
(p' <> &) is satisfied at the initial time ¢ = 0 and on the boundaries of the domain O.
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Assuming that we want to reconstruct the solution of Galbrun’s equation (Gal) with the Neu-
mann boundary condition div (§) = 0 on I'y from the solution of LEE (LEE-p')—(LEE-v)-
(LEE-p'). Plugging the Neumann boundary condition into (p’ <+ &) leads to

div(€) =0 = p = —¢&- Vo,

the Neumann boundary condition of Galbrun’s equation only leads to a Neumann boundary
condition for LEE when Vpg|r, = 0, i.e. when the background pressure is uniform in a
neighborhood of T'y. Notice that once again the other way around is easier: if we want
to reconstruct a solution of LEE (LEE-p")—-(LEE-v')-(LEE-p’) with Neumann boundary
conditions from a solution of Galbrun’s equation (Gal), we obtain the following Robin-like
boundary condition

P=0 = pocadiv (&) + €& Vpy =0,

by plugging the Neumann boundary condition for LEE into (p’ <> &).

1.6 Time-harmonic solutions

In this section, we describe the time-harmonic conventions that we use to study Galbrun’s
equation (Gal) and LEE (LEE-p')—(LEE-v")—(LEE-p') in the frequency domain.

The time-domain formulation is natural as it is easy to understand the time dependance of
the underlying physical phenomena. As the time-harmonic formulation leads to studying the
wave propagation problem at fixed frequencies, things become harder to visualise. However
this formulation can be very useful despite being less natural.

As this work takes place in a project whose long-term goal is to solve realistic inverse problems
to image the solar interior, it is natural to consider time-harmonic wave propagation. Indeed,
inversion problems are easier to solve in the frequency domain as different frequencies provide
different information on the propagation medium: low frequencies are useful to reconstruct
large structure, whereas high frequencies can be used to reconstruct finer details. For a
comprehensive introduction to inverse problems, we refer to [Faul7]. We would also like to
mention that a recent work has been done to adapt the methodology of large-scale inverse
problems to time-domain, see [Jac21].

Convention for time-harmonic solutions To study the wave propagation in the fre-
quency domain, we use the following ansatz for the solution of (Gal)

£, 1) «— Re [(x)e ™,

where i is the imaginary unit i> = —1 and w > 0 is the angular frequency.
Similarly, for the solutions of (LEE-p")—(LEE-v")-(LEE-p') we have

p@.t) — R[]
v (x,t) +— Re {v’(w)e‘i“’t} :
p(x,t) +— Re {p’(az)e_w} :

In the frequency domain, partial derivatives with respect to time are transformed to multi-
plications, indeed with e~™?* convention, we have
23

e s —twt
5 < iwé(x)e ™",
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and the material derivative becomes

D = O 4 Vot (il (@) + Vo) e

If we further assume that the source term is also harmonic, i.e.
s(x,t) «— Re [s(a:)e_i”t} :
then the exponential term e~ can be factored out of the equations, leading to a family of
equations parametrized by the frequency that do not depend on time anymore. As there is

one equation for each frequency, the problem can be solved independently for each frequency
of interest.

Damping term Aeroacoustic waves propagating inside the Sun are actually damped.
Modelling the damping inside the Sun is still an open problem, and in this work we will
only consider a very simple damping term formally coming from the limiting absorption
principle. We introduce a parameter ¢ > 0, and we replace the frequency by the following
complex number

W +— w +10. (1.20)

For the standard Helmholtz equation, (1.20) models a damping term that allows to recover
the causality that was lost by going from time to frequency domain. However its physical
relevance for aeroacoustic wave propagation inside the Sun is not clear.

1.7 Numerical investigation of the equivalence in sim-
ple cases

In this section, we will investigate the equivalence result of THEOREM 1. To do so, we solve
both Galbrun’s equation and LEE, and we then reconstruct the solutions using (v’ < &).
We are therefore able to compare:
e £ obtained from solving Galbrun’s equation, and & reconstructed from the solution of
LEE,
e v’ computed from solving LEE, and v’ reconstructed from the solution of Galbrun’s
equation.
We use the numerical methods from [CD18] in the montjoie solver®, in particular we use
the PQ-formulation for Galbrun’s equation, and we will therefore only consider the simple
case of a uniform background flow for which those numerical methods have been validated.

For the transport equation (v’ <> £), we use an upwind DG method similar to the one of
[Pey13, Sec. 2 & 3].

We would like to point out that the process of reconstructing the solution of Galbrun’s
equation from the solution of LEE has a practical interest. Indeed, as noted in [CD18],
using LEE seems to give better numerical results in solar-like cases than solving Galbrun’s
equation. As & is the quantity of interest in helioseismic inversion, this could provide a more
reliable direct solver.

3montjoie is a versatile high-order finite-element solver, see http://montjoie.gforge.inria.fr/.
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Settings We consider the following background flow :

po =25, cg=08 po=1, vo= [%O] L w=21-0.78, 0=0.1 (1.21)

We choose a gaussian source centered at (z.,y.) of the form

a
s = 9(33, y)exa where g(x, y) = \/;exp [—Oé ((1‘ - 1'0)2 + (y - yc)2)}
and the constant « is chosen so that g is equal to 107¢ when
(I - xt:)z + (y - yc)2 >1

As it is shown in [CD18, Section 3| that the so-called PQ) formulation of Galbrun’s equation
exhibits good convergence for the flow (1.21), we will use it compute a reference solution &,
with Q1 elements on a regular mesh with N = 51 points in each direction.

4 4
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2 5
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—2 —2
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_4 T T 1 _4 T T T
—4 -2 0 2 4 —4 -2 0 2 4
(a) Re(&r) solution of Galbrun (b) Re(£L) reconstructed from LEE
4 4
0.2
27 27 0.1
0| 2P | 2 |
—-0.1
—2 —2
—-0.2
_4 T T 1 _4 T T T
—4 -2 0 2 4 —4 -2 0 2 4
(c) Re(vk) reconstructed from Galbrun (d) Re(v};) solution of LEE

Figure 1.3: Results for a uniform background flow — PMLs case — PMLs not displayed

Case 1: Domain surrounded by PMLs To avoid dealing with the compatibility of
boundary conditions, we consider wave propagation in an infinite medium. From a practical
point of view, we need to truncate the domain to a finite one to perform numerical simulations
and we therefore surround the domain with Perfectly Matched Layers (PMLs). In general,
one should be careful when using PMLs for convected wave propagation, but as we only
consider simple background flows they provide reliable results. Indeed, as noted in [BBL03],
PMLs can become unstable in the presence of a background flow.
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Figure 1.4: Convergence of the reconstructed displacement — PMLs case

On FIGURE 1.4, the relative error between the reconstructed field and the reference solution
for different orders of approximation is depicted. The numerical results are depicted on
FIGURE 1.3

We can see that solving LEE and reconstructing the solution of Galbrun’s equation is ineffi-
cient, even if the results look promising from a visual inspection: indeed by using a numerical
method based on Qg elements for the reconstruction process we obtain the same level of ac-
curacy as directly solving Galbrun’s equation with Qs-based method, see [CD18,; Sec. 3.
Furthermore the convergence rate of the method seems to be lost in the process.

Case 2: Periodic boundary conditions For this case, we still use PMLs on the hori-
zontal boundaries, but we enforce a periodicity condition on the vertical boundaries. Once
again, this allows us to avoid the problem of dealing with boundary conditions.

The numerical results are depicted in FIGURE 1.5 and the convergence curve of the recon-
structed displacement is depicted in FIGURE 1.6. Once again, we can see that the recon-
struction process of &€ from v’ is inefficient as the error level seem to be locked at 1075,
whereas 1079 could be achieved in the previous case and there was no locking effect in the
convergence of the numerical method in [CD18].
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(a) Re(&h) (b) Reconstructed QRe(£L)

Figure 1.5: Results for a uniform flow — Periodic case
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Figure 1.6: Convergence of the reconstructed displacement — Periodic case

Conclusion Even in the very simple case of a uniform background flow, the reconstruction
of £ from v’ is an inefficient process, as it does not exhibit a good convergence behavior. For
more complicated background flows, the well-posedness of the transport equation (v’ <> )
will become an issue. So this process should probably not be used in practice, even if it may
look appealing to reconstruct € from v’ when the numerical solution of LEE seems nicer
than the numerical solution for Galbrun’s equation: indeed, we cannot guarantee the quality
of & obtained by this process.

1.8 Review of well-posedness results

Now that we have derived Galbrun’s equation, a natural question is whether or not this
equation leads to well-posed problem. In this section, we therefore review different well-
posedness results. We recall that problem is said to be well-posed in the sense of Hadamard
if it has the following properties:

1. a solution exists,

2. the solution is unique,

3. the solution’s behaviour changes continuously with the initial or boundary data.

Time-harmonic propagation for industrial applications The time-harmonic Gal-
brun’s equation has been studied for applications in aeronautics. Although this led to many
theoretical [BMM ™12, Pey13, Leg03] and numerical [Joul0, Duc07, Gab03, Bér08] results,
they usually come with restrictive assumptions on the geometry of background flow. FIGURE
1.7 describes a typical configuration : the background is assumed to be uniform outside of a
bounded domain of interest O. Inflow and outflow boundaries I'_ and I'; are therefore de-
fined and the well-posedness is achieved when the flow «fills» the domain O in the following
sense: each point of the domain O is reached

e following a streamline,

e starting from the inflow boundary I'_,

e in a bounded time.
Such flows are said to be O-filling, and in particular configurations with recirculations (closed
streamlines) or stopping points are forbidden. For a O-filling background flow, well-posedness
is achieved in H'(O) using a regularization technique. Standard finite-element methods can
therefore be used to solve Galbrun’s equation when the background flow is O-filling.
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Figure 1.7: A typical configuration for applications in aeronautics

Time-domain propagation To the best of our knowledge, the first results for time-
domain propagations were obtained in [Ber06] for uniform flows. In particular existence
of strong solutions is obtained through standard Hille-Yosida theory. The case of general
background flows was considered in [HB21] where the authors showed the well-posedness
of LEE in the framework of Friedrichs’ systems and then exploited the equivalence between
Galbrun’s equation and LEE to obtain a well-posedness result for Galbrun’s equation. Those
results hold without the geometric assumptions on the background flow, but exponential
growth of the solution in time cannot be excluded.

Time-harmonic propagation for helioseismology As realistic solar background flows
do not belong to the class of O-filling flows, well-posedness in Hilbert space with low regu-
larity has been considered in [HH21]. In this work, the authors have shown that Galbrun’s
equation with modified damping is weakly T-coercive, which is more or less equivalent to an
inf-sup condition, in the Hilbert space

H,,(0) = {¢ € L*(0) | div (§) € L*(0), Vy,& € L*(0)} .

Those findings are consistent with those of [Chal9] for the case where vg = 0. We would
like to point out that it is not possible to use standard finite-element methods to exploit
those theoretical results. Indeed, for a function & € H,,(O), the continuity of the solution
on the interface between two elements depends on the interface:

e if vg -1 = 0: only the normal part of £ is continuous (coming from the divergence),

e if vg-mn #0: £ is fully continuous (coming from the directional derivative),
where n is a unitary normal vector to the interface. This leads us to consider (Hybridizable)
Discontinuous Galerkin methods to weakly enforce those continuity requirements on the
different interfaces of the mesh.

Long-term behaviour We would also like to mention that a lot of theoretical works have
been done to study the long-term behaviour of the solution of Galbrun’s equation to adress
the question of the stability of stars. This is usually done by studying the spectrum of
Galbrun’s equation and details can be found e.g. in [LO67, DSC79, Bey02].
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Conclusion

In this chapter, we have discussed the derivation of two aeroacoustic models, Galbrun’s
equation and LEE, by linearizing fluid dynamic equations around an equilibrium state.

Even if those two models are said to be equivalent, their unknowns are linked by an overde-
termined system of equations. It is therefore not clear wether or not the solution of Galbrun’s
equation can be reconstructed from the solution of LEE. It is also important to point out
that the equivalence can only be achieved for compatible boundary conditions that may not
be well-defined. From a numerical point of view, we have shown that trying to use the
"equivalence' leads to a larger error than directly solving Galbrun’s equation, and to a loss
of the convergence properties of the numerical methods.

We also review the existing theoretical work on Galbrun’s equation. We have noticed that
the use of a standard hilbertian settings, H'(O), in time-harmonic domain requires strong
assumptions on the background flow: closed streamlines are forbidden. As closed streamlines
arise in helioseismology, we will study this case more precisely in the next chapter. We will
then determine if we can use the H'(O)-settings despite the closed streamlines, or if we
should resort to the low-regularity H,,(O)-settings.



Appendix

1.A Proof of Theorem 1

In this appendix, we detailed the direct computations that show that a solution of LEE can
be reconstructed from a solution of Galbrun’s equation.
For p' : Plugging (p' <> &) and (v' <> &) into (LEE-p) leads to

— Dt [le (poé)] —div (p(]f) div ('Uo) + div (pthS — png’Uo)

= g 00 ()]~ Voo 01 ()] s ) v (w0} + i (s + T ou€ — o

W— Vvo [le (pof)] — div (poé) div (’Uo) + div (p//gé—k povv0£ — p0V£U0>

= — Vo [div (po€)] — div (po) div (vo) + div (0o Vo€ — POV£”0)

= — Vi, [div (po€)] — div (po&) div (vo) + po (Vo [div (§)] — Vi [di
+ (Vo€ — Vo) - Vo

= — Vi, [div (po€)] — div (div (vo) po&) + poVue [div (§)] + (Vee€ — Vevo) - Vo

= — div (podiv (vo) §) — div (§) Vepo — vo - (VﬁTVpO + V£VP0> + (V€ = Vevo) - Vg
~ (podiv (vo) + Vuepo) div () = Ve [podiv (vo)] — vo - (VE" Vo + VeVipo)
+ (Vo€ — Vevo) - Vo

= = Ve [podiv (vo)] — v - (VE" Vo + VeVo) + (Vo€ — Vewo) - Vg

=Ve [Vuopo] — vo - (VE Vo + VeVp) + (Vo€ — Vevo) - Vi

=Vevo Voo — o - (V&) Vo + (V€ — Vevo) - Vo

= (& (Voa)" — o (VE)) Vpo + (Vuo — Vewo) - Vo

=0

v (vo)])

As

i 9¢7 dpo af 3;00 85 800
T _ 7 _ _
vo- (V&) Vpy = ZUO (EJ phs 8:cj) E 08:61 i % <% Uy 05,7 ) D = V& Vo

i
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For p' :

Dy [=ypodiv (&) — Vepo] + (D€ — Vero) - Vpo + ypodiv (D€ — Vewo)

— 7 (ypodiv (§) + Vepo) div (vo)

= Vo [=710div (§)] — & - Vo VDo — VeV + 700div (Vo€ — Vevg)

— 7 (vpodiv (§) + Vepo) div (vo)

= Vo [=7p0div (§)] — & - Vi, VDo — VeVugpo + 100 (Vg [div (§)] — Ve [div (vp)])

— 7 (7podiv (&) + Vepo) div (vo)

= —7div (§) VoPo — & - Vo VDo — VeViuepo — 100 Ve [div (v0)] — 7 (7p0div (§) + Vepo) div (vo)

= —div (§) (Vuepo + 7podiv (ve)) — & - Vo Vo — VeVaepo — 7o Ve [div (vo)] — 7Vepodiv (vo)

= =& Vi Vpo — VeVaepo — 7o Ve [div (vo)] — 7Vepodiv (vo)
= —& - Vo VDo — VeViepo — Ve [7podiv (vo)]

= —V¢ [Vauepo + vpodiv (vo)]

=0

For v’ :

Vo

8 =poD7€ — poDiVevo — po€ - Vo V0o — poVeV oo + poDiVevo + div (po€) )
0

— V [pocgdiv (5) + Vgpo}
. \Y
=poD7€ — po& - Ve Vo — po VeV vo + div (€) Vo + Vgpop]:o
— V [poctdiv (vo)| — VE"Vpo — VeV
:pong -V [pocgdiv (é)} + div (E) Vpo — VéTVpO — 5 . (pOVvOVvo -+ pOVVUO'vo -+ vao)

— Vepo (Vo — o)
=poDi -V {Pocgdiv (5)} +div (&) Vpo — VE Vo — Ve [p0Vue o + Vo] + Vepogo
=poD7E — V | poctdiv (€)] + div (§) Vo — V& Vo — Ve [pogo] + Vepogo
=poD}E — V [pocddiv (€)] + div (&) Vo — VE Vo — poVego

=S
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Introduction

In this chapter, we are interested in solving Galbrun’s equation with general background flow.
In particular, special care will be devoted to recirculating flows with closed streamlines,
as they are very common in helioseismology. They are however excluded from the well-
posedness results of [BMM™*12, Pey13]. In [Benl8, BJMI18] special care was devoted to the
study of Goldstein’s equation, which is an alternative aeroacoustic model, and it was proven
that a resonant-like phenomenon can occur for recirculating flows. In this chapter, we extend
this approach to LEE and Galbrun’s equation. We will show that it is not possible to solve
the aeroacoustic models (either Galbrun’s equation or LEE) at a given frequency w if a
resonant line exists. Those frequencies are not the eigenvalues of some generalized Laplace
operator, as it is usually the case for resonant frequencies of time-harmonic wave equations.
In particular, they can constitute an uncountable set depending on the background flow.

This resonant-like phenomenon also gives a mathematical interpretation to the spurious
modes that can occur when using Lagrange finite elements to solve Galbrun’s equation.
This pollution effect was noted in [CD18] and in [DHM™14].

2.1 Model problem for recirculating flows

To study aeroacoustic wave propagation in recirculating background flow, we follow [Ben18]
and we introduce a simple model problem: the orthoradial flow in an annulus.
In this chapter, we will use cylindrical coordinates (r,6) and the classical cylindrical basis

(er,ep).

23
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The domain O is an annulus

0= {(739) eR, x[0,27) | ry<r< re},

where 0 < r; < r., and the flow vq is orthoradial
vo(r,0) 1= vo(r)ey.

We will also assume that
Vr € Ry, wo(r) >0

This situation is depicted in FIGURE 2.1. Notice that considering an annulus instead of a
circular domain prevents from dealing with a geometric singularity at » = 0.

K7

Figure 2.1: Orthoradial flow in an annulus

In this configuration, choosing vo determines py and pg. It is therefore rather easy to produce
solutions to the steady-state Euler’s equations in this case. Indeed for a given vg and
assuming that the background flow is an isentropic ideal gas, the following equation of state
holds

where v is the heat capacity ratio, defined by
cp
Y=,
Cv

with cp and ¢y the specific heat capacities at constant pressure and volume respectively. In
this case, the density and pressure do not depend on 6 and p, solves

apD r 2 2—y
o = R =0 2.2)

where we have introduced the angular velocity 2y = UOT(T)
Equation (2.2) is an ordinary differential equation which belongs to the family of Bernoulli’s
differential equations. It can be solved by a change a function. By substituting
u=p
in (2.2) we get
1 du  rQ3(r)
y—10r Ky
which is a linear differential equation, that can easily be solved compared to the steady-state
Euler’s equations (BG-po)—(BG-vo)—(BG-py), which is a set of non-linear PDEs, satisfied by

the background flow.
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2.2 Existence of resonance for the vectorial transport
equation

Before moving to time-harmonic solution, let us have a look at what happens in time domain.
From the previous chapter, we know that € and v’ are linked by the following vectorial
transport equation

D;& — Vevg = v/,
and for an orthoradial flow, this specializes to
9&r o,
ot +Qo By =1,, (23)
08y 08y o /
Q Qo — — = V. 2.4
ot a0 " (0 or )&= 24)

As the system (2.3)—(2.4) is only weakly coupled, we can solve (2.3) and use the result to
solve (2.4). We also notice that the unknowns &, and & are not differentiated with respect
to r, so the system (2.3)—(2.4) is actually a family of equations parametrized by r, and we
can independently solve the equations for fixed values of r.

Using the standard theory of transport equations, we know that
£.(r.0,t) = B(r, 0 — Qo(r +/ (r, 0+ (5 — )Q(r), 5)ds, (2.5)

where ® is an arbitrary function which is 27-periodic in its second argument. A similar
expression can be obtained for &.

From time-domain to harmonic solutions To obtain harmonic solutions of (2.3), we
use the ansatz

& (r,0,t) <— Re {57«(?", 9)6_“‘”5} , and v'(r,0,t) +— Re {v’(r, 9)6‘“’1 : (2.6)

To study the solvability of (2.3) in the time-harmonic domain, let us first focus on the
homogenous problem whose solution is denoted by u

according to (2.5), we have

u(r,0,t) = ®(r,0 — Qo(r)t),

where ® is 2m-periodic in its second argument. We can therefore use a decomposition into
Fourier series, leading to

7“ 9 t Z CI) ’L'rL (6—Q0(r Z (I) m@e—inQo(r)t'

nez neL

Let F; denotes the Fourier transform with respect to time, we have

Folul(r,0,w) = > ®,(r)e™5(w — nfQo(r)),

nez

where 6 is the Dirac distribution. We can therefore conclude that (2.3) with the ansatz (2.6)
is not uniquely solvable when w = nQy. Indeed if &.(r,0)e~™! is a solution of (2.6) then



o6 CHAPTER 2. A RESONANT-LIKE PHENOMENA

w = (&(r,0) + @, (r)e™)e~™! is also one of them. To understand this, we plug (2.6) into
(2.3) to obtain
ow
_ Ol — o
ww + a0 v,
and using that w = n{)y, we have
ow
—inf) Q -
nQow + Qo— 20 =,

Finally using the definition of w(r, 0) := &,(r,0) + ®,(r)e™? yields

&,

—inf2o&, + 20

. inf . inf /
+ —inQy®,e"™ + inlly P, = v,.

=0

Directly solving the equation in time-harmonic domain In this section, we will show
that those resonant lines also appear when we try to solve the vectorial transport equation
in time-harmonic domain. Using the same ansatz as before for time harmonic solutions

E(z, 1) «— &(z)e ™,

the vectorial transport equation (2.3)—(2.4) becomes

. a T /
_2w€r + Q0 ;9 = Upy (27)
0 0
—iw€ + ;; <QO -~ a”:) £ =, (2.8)

with the periodicity conditions

57’('7 0) = 57’('7 27T)7 and §9<'7 0) = 59('7 27T)‘ (29)

Notice that there is no derivative with respect to r, which therefore is a parameter. For
a given r, (2.7)—(2.8) is a system of weakly coupled ODEs, and we can proceed as in the
previous case by solving (2.7) and then (2.8).

Using Duhamel’s principle, we can write the solution of (2.7) as

&(r,0) = K(r)exp [2909} + Q5! /00 exp {z’go(@ — 19)} vl (r,9)dd,

where K is a function that must be determined using the periodicity condition (2.9). We
can see that

(1 — exp PWQUD = Qg / exp [2 (27 — 19)] vl (r,9)do.

It is clear that K can only be determined when
exp {2@'#;;0} #1 — ;;0 ¢ 7,
<~ w#nfy, VneZ.

As in the previous case, we can see that the time-harmonic vectorial transport equation is
not solvable when w = n{)y for some n € Z.
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Decomposition into Fourier series The two previous techniques relied on the simplic-
ity of the transport equation allowing us to solve it analytically. When moving to more
complicated systems such as Galbrun’s equation and LEE, this is not possible anymore, and
we therefore need another way to compute the resonant lines.

As the solution is 27-periodic in its second argument, we can perform a decomposition into
Fourier series with respect to 6, leading to

&(r,0) = Z £T,n(r)ei”9, and  &(r,0) = Z £g,n(r)em9. (2.10)

nez neZ

Introducing (2.10) into (2.7)—(2.8) leads to the following modal system

—iwErpn + Q&0 = Uy, (2.11)

0
_iwgé,n + inQO&@,n + <QO + 5;?) gr,n = Ué,m (212)

for all n € Z. We can see that (2.11)—(2.12) is a purely algebraic system, whereas (2.7)—(2.8)
was a system of ODEs.
Once again, it is clear that (2.11)—(2.12) can only be solved when w # n{) for all n € Z.

Distribution of the resonant lines. Following [Benl8|, we consider a simple example
to illustrate the distribution of resonant lines. We consider a potential flow in the annulus
with r; = 0.5 and r. = 3, this flow is given by

1
Vg — —€y.
T

In FIGURE 2.2, we can clearly see that the number of resonant lines increases with the
frequency. In particular, the set of resonant lines can become uncountable when the frequency
is large enough. In [Benl18, Prop. 8.3.3], it is proven that if the background flow is not locally
in solid rotation, then there exists a frequency wy such that there is at least one resonant
line for each w > wy. As we will see in the following sections, it is not possible to solve the
aeroacoustic models (either Galbrun’s equation or LEE) at a given frequency w if a resonant
line on which w = nQy(r*) exists.

°

2
: : 1

0

-1

-2

(a) w=10.2 (b) w=0.5

Figure 2.2: Resonant lines (in red) in the annulus {0.5 < r < 3.0} for three different frequen-
cies.

2.3 Existence of resonance for (GGalbrun’s equation

To study the existence of resonant lines for Galbrun’s equation (Gal), we cannot solve the
equation directly as we did for the transport equation. We therefore rely on the decomposi-
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tion into Fourier series

§e(r,0) = Z ér,n(r>ein9> and  &(r,0) = Z 59,n(r>€in97

nez nez

that led to the same resonant lines for the transport equation.

Writing down Galbrun’s equation into polar coordinates in the annulus and performing the
decomposition into Fourier series to get a modal system is a lengthy and cumberstone process
that has been detailed in [Poi85].

The following modal system is a 2D reduction of the 3D system obtained by B. Poirée in
[P0i85]

d%¢,., 1+ Xd§., 1-X A\ d n M? - X n
— & — + &, + ( )fr,n +in— [59’ ] - <2ivo>\ +n ) &)7 = Srn;
T

dr2 r dr r2 % dr r r
(2.13)
dé&, ., M\ 1+ M? 22 n
Z?’Li + <QZ + m i ) 57‘n + <n2 - ; ) 59’ = S0,n,
dr Co r ’ s T ’
(2.14)

where

A(r) == w —nf(r),

M(r) := vo(r)
co(r)’
r dpocg
X(r)=—
(r) pocd dr

Singular points of ODEs We recall the definition of a singular point in the context of
ODEs. Let us consider the equation

A(r)jjg + B(T)jq; + C(r)u = S(r). (2.15)

Définition 1

We say that r* € R is a singular point of (2.15) if A(r*) = 0.

It is possible to study the behavior of the solution of (2.15) around a singular point 7* by
extending the equation to the complex plane, i.e. solving for u(z) with z € C instead of u(r)
with » € R. If the singularity at r* is regular enough, i.e. % has a pole of order one and %
has a pole of order up to two, then Fuchs theorem states that (2.15) has a solution that can
be written as a generalized power series and can be constructed using Frobenius method.

Even if it is possible to give meaning to the solution of an ODE in the vicinity of a singular
point, let us point out some drawbacks:

e Regularity of the coefficients: as this result comes from complex analysis, the coeffi-
cients of (2.15) should be meromorphic. This will translate to regularity requirements
on the physical parameters that are not realistic.

e Regularity of the singularity: in practice, it is not possible to guarantee that the singular
points are regular.

e Not variational: the solutions defined by Fuchs theorem do not lie in the Hilbertian
settings required to use finite-element methods.
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A detailed study of an alternative aeroacoustic model called Goldstein’s equation with re-
circulating flows has been performed in [Benl8]. Thanks to Fuchsian theory, the authors
were able to devise semi-analytical methods. As the construction of those semi-analytical
methods heavily relies on the particular form of the considered problem, it may be difficult to
generalize them. Finally, we would like to recall that one of the goal of this work is to devise
numerical methods that are flexible enough to handle cases where semi-analytical methods
cannot be used.

Existence of singular points We will now show the existence of singular points for the
modal equation associated with Galbrun’s equation (Gal). Those singular points are closely
related to the resonant lines of the previous sections. Assuming that

)\22

4 n? (2.16)

we can use (2.14) to eliminate &y, from ( In particular, we have

3).

A | _ R dgm P

dr | r | dr? e
(

leading to the following second-order term in (2.13)

We can clearly see that if there exists an 7* such that A\(r*) = 0, then A(r*) =n?n2—1=0
and r* is therefore a singular point of (2.13). Those singular points are closely related to
the resonance of the previous section, indeed if A = 0, then w = nf)y for some n € Z. We
would like to point out that the resonant points of the modal system correspond to resonant
streamlines for Galbrun’s equation, and they are therefore sometimes referred to as resonant
lines.

Notice that another set of points could lead to singularity, indeed to perform the previous
computations we had to make the assumption (2.16) and the points where \*r? = ¢2n?
could also be singular. To see that they actually are not singular, it is easier to consider a
first-order system. We therefore introduce a new unknown

d&rn
Q1= ,
dr
and we rewrite (2.13)—(2.14) as
d&n
—— =0y,
dr
day,, Eon 1+ X 1—-X N
— —in— =— n — — =& 2.1
dr mdr[r] r a+< r? c3 &, (2.17)
M? - X n
— (22’00)\ + Z’I’L) SL - Sr,na
r r
d&, M 1+ M? 22 n
dr Co T ’ s T '
It \2,2
r _ 2,
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then we obtain the following decoupled system for &, ,, and o,

A&

— Oy = 07
dr @
dé, ., M 1+ M?
in3&rn + (2@ +ine T ) Ern = Som;
dr Co T ’

and we can solve (2.17) for &,,.
With this formulation we can also retrieve the singular points from before. Indeed if we
write (2.18) using «,, and if we assume that (2.16) holds, we have

M 1+ M? A2r? n
inO{n + (22 +1in * ) gr,n + <n2 — ;ﬁ ) 597 = S¢,n-

Co r & r

Using this equation to eliminate &, from (2.17) leads to the following term

AZp2\ ! da
2 2 . . 1 n
(n (n c ) ) dr’

and to the same singular points.

Designing numerical methods We have shown that it may not be possible to solve the
time-harmonic Galbrun’s equation because of resonant lines that appear when w = nf).
Indeed, for those frequencies there are resonant streamlines. Let £* = {r = r*}, with
r* € (r;,r.), be a resonant streamline and let n,« be an outward unit normal vector to L£*.
As the background flow is orthoradial, i.e. v = vg(r)ey, we have ny« x e, and therefore
Vo r Npx = 0.

At this point, we recall that there are two different Hilbertian settings for Galbrun’s equation:
the usual H'(O)-settings of [BMM"12], and the low-regularity H,,(O)-settings of [HH21],
where

H,,(0) = {¢ € L*(0) | div (§) € L*(0), Vy,& € L*(0)} .

If we approximate € in H'(QO), then the numerical method will "try" to define the behavior
of & on L£*, which will lead to bad-quality numerical results as the method will generate
spurious modes. The bad quality of the numerical results has been pointed out in [CD18],
and an example of resonant line is pictured in FIGURE 2.3 that has been obtained using the
PQ-formulation of [CD18] in the montjoie solver. In [DHM™14], it was noted that a mixed
finite-element discretization of Galbrun’s equation can produce spurious modes that pollute
the numerical solution. Those spurious modes, see e.g. [DHM™ 14, Fig. 17], are very similar
to the resonant phenomenon depicted in FIGURE 2.3.

On the other hand, if we work with the low-regularity settings and approximate & in H,,, (O),
then the numerical method will not respect the behavior of & on £* as vg - ng« = 0. Indeed,
as we discussed in the previous chapter, the continuity of & € H,,(O) is only enforced on
curves where vg - n # 0.

The previous remarks seem to favor the second approach to design numerical methods for
Galbrun’s equation. Given the properties of the space H,,,(Q), this will naturally lead us to
non-conforming numerical methods and to (Hybridizable) Discontinuous Galerkin methods
in particular.



2.4. EXISTENCE OF RESONANCE FOR LEE

-0.1

-15 -1 =05 0 0.5 1 1.5

Figure 2.3: Resonant line for Galbrun’s equation

2.4 Existence of resonance for LEE
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In the previous sections, we have pointed out that a resonant-like phenomenon can happen
for both the time-harmonic vectorial transport equation and Galbrun’s equation. In this
section, we would like to show that this phenomenon can also occur for the time-harmonic

LEE, which is more widely used than Galbrun’s equation.

We begin with writing the system (LEE-p')—(LEE-v')-(LEE-p’) for an orthoradial back-

ground flow in an annulus

00 <—zwv +QO%HI 2Q01J§> —i—%%p’—i—% = 5,
,00< zwv9+§206(;)0/ Qqv )+p0dvo ; 882;/ Sg,
—iwp’+Qog—Z;+% Y <%+1v’ + m;;) —0.

As before, the unknowns are written as Fourier series

= Z qn(r)eme’ vq S {p7 r’vaap}

nez

leading to the following modal system

d dv; 1 '
( w + nﬂo)pn + Po + pPo (ﬂ + ;’U;,n + %Ué,n> =0,

e dqp dr

, Ldpo dpy,
o (z(—w +nQo)v,.,, — 290“3,71) + e oy i

. dv .
o (i(— + 1) + Qo) + po 20l + iy = S0,

dr
de /

, dol,, 1 in
Z(_w + nQO)pn =+ _vrn + YPo <—’ + _U;n + _,Uén = 0.
dr r " r

dr

+ = Srn,

(2.19)

(2.20)

(2.21)

(2.22)
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The system (2.19)—(2.20)—(2.21)-(2.22) is a Differential Algebraic System of Equations'
(DAE): indeed (2.21) is an algebraic equation, and p}, and vj, are algebraic unknowns
that are not differentiated. To study this system of equations, we need to eliminate p/, and
pl, to obtain a usual differential system.

We begin with noticing that (2.19) and (2.22) lead to a second algebraic constraint. Indeed
by using that pocZ = ypo and by multiplying (2.19) by 2, we have

: : dpo dpo
— Qo). =i(— Qo)) — 220 2.2
Z( w+n 0)pn 7’( w+n 0)pn + ( dr Co dr ) Ur,n ( 3)

Non-resonant lines If w # nf)y, we can use (2.21) and (2.23) to obtain

?

d’U()
/ - - . Q / _ n
Vo.n po(—w + 82 [ann ( 0o+ pPo—— ar ) rn S, ] )

pl — lp/ + # % — % /U/
TRt —w4nQ \ Ydr dr )
which allows us to eliminate vg,, and p),. We can then obtain the two following differential
equations for vy, and pj,

' 1d d d d
' [Po(—w +n$o)* + f% (c 25P0 Po) — <Qo + Po(ﬁ?)] U

TRQQ dr dr
[rio 0(111;"0 a —wn—??”LQO] P %ﬁn = o —wz—?(;zﬁose’"’ (2:24)
and
7P d§;»"+ <C§;0 + @ B rpo(v—pgpj-nnﬁ) <QO +ro C;UO)) /U’/ﬂ’"
+i (_w ot — <fi°fngo>> o= I (229)

The system (2.24)—(2.25) is a differential system that can be solved if w # n$y. However,
it is clear that points 7* such that w = n€Qy(r*) are singular points of (2.24)-(2.25). It is
natural to wonder if those singular points are singular points of (2.19)-(2.20)-(2.21)-(2.22),
or if they are introduced by the reduction to the differential system (2.24)-(2.25). This will
be investigated in the next paragraph.

Resonant lines We now assume that w = nf)y, and the system (2.19)-(2.20)—(2.21)—(2.22)
reduces to

dpo dv] 1 in
/Y rn ) ) — O 226
Urn + po ( dr + Tvr,n + r Vg n ) ( )

1 dpo dp]
200t 4~ POy P 2.27
Po 0U6,n + r dr Pn + dr Sr, ( )
d

Po <Qo + d?) Uy 10D, = Son, (2.28)

dpo , dv,,, 1, in
ann + Ypo ? + ;Ur,n + 7U9n =0. (229)

We cannot use the algebraic constraint to eliminate pj, and vy, as in the previous case,
however (2.28) indicates that we may try to eliminate p], to obtain an equation for v, only.

I Differential Algebraic systems of Equations should not be confused with Algebraic Differential Equations
arising in differential algebra.
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Indeed, using (2.26) we have

m / dv;‘n de Lo /
— = —pg—— — | — + = , 2.30
Po r Vo.n Po dr <d7" + r ) o" ( )

then (2.28) says that

. dv
inpl, = po (Qo + d:) Uy, = S0

we can now rewrite (2.27) only in terms of v, , and p),

po dv;.,, dpo  po Vrn indpy , d duvg) . dsgp,
20 _— —_— — | — I Q == rn —.
0<7’ dr +<dr+r> r +rdrp”+dr Po 0+dr Urin MSrin + dr

(2.31)

Finally, multiplying (2.30) by ¢ and using the result in (2.29) leads to

dpo 2dpo _
<d7" CO? Uhn =0. (232)

So on the resonant lines, the modal system (2.19)—(2.20)—(2.21)—(2.22) reduces to (2.32). As

the coefficient

o dpo

dr O dr
in the left-hand side can vanish, it is not clear whether or not (2.32) is solvable. Moreover,
we can see in (2.30) and in (2.31) that vp, and p;, are expressed in terms of the derivative
of v],, and this quantity is not defined by (2.32). So even if v}, is defined by (2.32), the

solution of LEE may not be well-defined on resonant lines where w = n{2.

In particular, in this chapter we have considered the equation of state (2.1)
Do = Kpga
which describes an isentropic ideal gas. With this choice of equation of state, we have

dpo _ po -1dpo _ ypodpo o dpo

ar P gy po dr  Odr’

as Ypo = pocs. We can conclude that (2.32) always degenerates, and that (2.26) and (2.29)
are equivalent. The modal system (2.26)—(2.27)—(2.28)—(2.29) is therefore underdetermined.
To compute the kernel associated with a resonant line, we consider the system (2.26)—(2.27)—
(2.28) with s,, = sg,, = 0. Using (2.28), we can eliminate p/, as we have

Po (Qo + %)
mn

dp, _ o (Qo+ ) duy,  d
dr mn dr dr

dv, dA
v = A Urn _'_71]/

nr dr dr ™™

where we introduced
AP (Qo + %)
in
to make the notations lighter. Equations (2.26) and (2.27) can then be rewritten as

dv:"n 2pOQO / 1 de / dA /
n _ N _aa 2.33
dr A on T Apap Pr T g U (2.33a)
Aoy _ inpo, (1, Ldw)
i (it - 2.33b
dr r UG,n r + 00 dr v'r,n ( )
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This system can be solved only if
1 dpo ;o (dA 1 1 dpo) ’ (an(] 2,0090) ,
A - E = | Ve — +

Ar dr Pr r A Yo,

which makes (2.33a) equivalent to (2.33b). So the modal system (2.26)—(2.27)—(2.28) reduces
to the following system

dvvlzn _ mpovl . <1+1dp0> /

dr ro o r o podr )"

1 dpo , dA 1  1dpy) , inpo | 2p08\ ,
— V= U
dr r podr r A ’

which has a solution for any v ,,.

Finally we would like to point out that if we use the numerical method for LEE described
in [CD18], we obtain spurious modes that are similar to those of Galbrun’s equation. The
resonant line for LEE is depicted on FIGURE 2.4 and can be compared to FIGURE 2.3.
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Figure 2.4: Resonant line for LEE

2.5 The case of the convected Helmholtz equation

In the two previous sections, we have seen that resonant lines exist for both Galbrun’s
equation and LEE. It is interesting to study this phenomenon for the convected Helmholtz
equation, which is the simplest aeroacoustic model. LEE and Galbrun’s equations are aeroa-
coustic models that describe acoustic and hydrodynamic phenomena, whereas the convected
Helmholtz equation describes pure acoustic waves and is only valid for potential background
flow.

We consider the following convected Helmholtz equation
po (—iw + V)’ p — div (pochp) =s, (2.34)

where s is the acoustic source and p is an acoustic potential that is related to the eulerian
perturbations by the following identities

P = —poco(—iw + Vu,)p, (2.35)

/—_

v = —cyVp.
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For more details on the convected Helmholtz equation, we refer to [Pie90].
In polar coordinates, this equation reads

, dp 0%p 110 dp 0*p
Po <—w2p — 2zw§20% + Q3w> - l&" <7’pocgar + pocgw =5

We proceed as before and we perform a decomposition of p into Fourier series with respect

to 6 .
p(r,8) = > pa(r)e™,
neZ
leading to the following modal equation
2,2
PoCen 1d dp,
—po(w + nQ)*pn + 7? P (rpocgdr> = Sp. (2.36)

Contrary to the previous cases, it is clear that (2.36) cannot degenerate and that there
is therefore no resonant line. As (2.34) models pure acoustics, we can conclude that the
existence of resonant lines comes from the coupling between acoustic and hydrodynamic
effects.

Finally, we would like to point that the modal counterpart of (2.35) is

Pl = —ipoco(—w + nQo)py.

We can therefore see that even if the mode p,, associated with a resonant line where w = nf)
is well-defined, this mode does not contribute to the eulerian perturbation of pressure p’ in
the case of pure acoustics. This seems consistent with the hydrodynamic nature of the
resonant-like phenomenon.

Conclusion & perspectives

From this section we can draw several conclusions. We studied a model problem for time-
harmonic aeroacoustic wave propagation in recirculating background flows, i.e. flows with
closed streamlines, and we have shown that if

w = n(r"),

for some r* € (r;,r.) and n € Z, then the vectorial transport equation, Galbrun’s equation
or LEE cannot be solved. It is important to point out that the frequencies w for which this
phenomenon happens are not eigenvalues of the Laplace operator, and that they can consti-
tute an uncountable set. This resonant-like phenomenon gives a mathematical interpretation
of spurious modes that have been observed in some numerical methods for time-harmonic
aeroacoustic wave propagation.

As we discussed, this resonant-like phenomenon does not occur in the case of pure acoustic
wave propagation and therefore comes from the coupling between acoustic and hydrodynamic
effects in Galbrun’s equation and LEE.

Fortunately, it seems possible to study Galbrun’s equation with recirculating flows by using
the well-posedness result of [HH21], where the following Hilbert space is used

H,,(0) = {¢ € L*(0) | div (§) € L*(0), Vy,& € L*(0)} .

This functional framework does not set the behavior of £ on the resonant lines. Approxi-
mation of functions in this non-standard Hilbert space requires new numerical methods. To
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the best of our knowledge, no such result exists for either LEE or the vectorial transport
equation. Extending the work of [HH21] to those two equations seems very interesting. It
could either lead to a similar result for LEE, and therefore prove the equivalence between
LEE and Galbrun’s equation in time-harmonic domain. Or, it could exhibits configurations
where one of the model is well-posed and the other is not.
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Introduction

Nowadays the solar interior is studied by considering the propagation of aeroacoustic waves
in time-harmonic domain. Realistic models of solar oscillations require to approximate
non-standard Hilbert settings leading to non-conforming methods, such as Discontinuous
Galerkin Methods. As those methods have a very important numerical cost, we consider
the so-called Hybridizable Discontinuous Galerkin Methods (HDG), which relies on a static
condensation process to reduce the number of degrees of freedom.

As a first step towards the use of HDG in helioseismology, we construct and study HDG for
the simplest aeroacoustic model : the convected Helmholtz equation.

HDG have been used and validated by numerous authors for various problems such as elliptic
equations in [CGL09, CDGT09, CC12, CC14], acoustic wave propagation in [GM11, GSV18,
NPRC15], elastic wave propagation in [HPS17, BDMP21, CS13, FCS15, BCDL15], Maxwell
equations in [CQSS17, CQS18, CLOS20]. These methods have also been used to implement
the forward propagator in the context of quantitative inverse problems in [FS20] where a
specific formulation of the adjoint method is developed. In this paper, we will consider
the HDG+ variant of HDG, introduced in [Leh10], where different polynomial degrees are
used for the different unknowns. This HDG+ has been considered for various applications
in [CQSS17, Oik14, Oik16, Oik18, QSS16, QS16a, QS16b, Hunl9] and to the best of our
knowledge, the case of the convected Helmholtz equation has not been addressed yet.

Theory for HDGs is rather similar to the one for mixed finite elements and the actual
connection was first established by Cockburn and his coworkers in [CGS10]. For a self-
contained introduction to the theory of HDG, we refer to [DS19]. For a historical perspective
on HDG, we refer to [Cocl4].

For a comparison between HDG and Continuous Galerkin methods, we refer to [KSC12,
YMKS16]. The relationship between HDG and HHO (Hybrid High-Order, another new
generation of high-order face-based finite element method) has been studied in [CDPE16].

Main results: We construct three variants of the HDG method for convected acoustics
in the frequency domain. Our main results include a detailed analysis of those methods
where the most important properties of the method are proved including local and global
solvability, convergence rate for regular solutions. The choice of the penalization parameter
is also discussed. Finally, those three methods were implemented in hawen (see [Fau21]) and
we also provide numerical experiments. Using those numerical experiments, we can conclude
that the HDG+ and HDG-o, methods should be preferred to the HDG-q;, method as they
seem more robust.
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Organization of this chapter: This work is organized as follows:

e in SECTION 3.1: we present the convected Helmholtz equation and recall some results
on this equation, we also present two ways to reach a first-order in space formulation;

e in SECTION 3.2: we introduce some notations and the approximation spaces needed to
construct HDGs developed in this paper;

e in SECTION 3.3: we construct the HDG-o, method based on the total flux formulation
of the convected Helmholtz equation, we also provide theoretical results and discuss
the optimal choice of penalization parameter for this method;

e in SECTION 3.4: we construct the HDG-gq;, and HDG+ methods based on the diffusive
flux formulation of the convected Helmholtz equation, we also provide detailed analysis
of those methods;

e in SECTION 3.5: we give details on how those methods can be implemented in a nodal
settings;

e in SECTION 3.6: we present numerical experiments to illustrate our theoretical results,
as well as some illustrative examples.

3.1 Model problem

As a model problem we consider the so-called convected Helmholtz equation
00 (—wzp — 2iwvg - Vp+ v - V(vg - Vp)) — div (pwﬁVp) =5 (3.1)

where w is the angular frequency, pg is the density of the fluid, vg is the velocity of the fluid,
co is the adiabatic sound speed, and s is the acoustic source.

Validity of this equation: Equation (3.1) is the simplest aeroacoustic models and there-
fore has a limited validity. This equation can be used for

e a uniform background flow, in this case the unknown p can be interpreted as a pressure
perturbation,

e a potential background flow, in this case the unknown p should be interpreted as an
acoustic potential and the physical quantities can be retrieved using the following
identities

Pressure perturbation: p' = —poco(—iw + vo - V)p,

Velocity perturbation: v' = —cyVp,

see [Pie90, Sec. IL].

Combining the second-order differential operators: We will assume that the back-
ground flow is incompressible which leads to the following local mass conservation equation

div (po’l)o) = 0.
With this assumption, we have

PoVo - V(’Uo : Vp) = div (PO(UO . VP)UO) - (Uo . Vp)di 000
= div (Po(”o : VP)UO)
= div (povongp)

Leading to
20 (—w2p — 2iwvg - Vp) — div (KoVp) = s (3.2)
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where Ko = pg (chd — vovg).
It is easy to prove that

Lemma 3.1.1:
K is symmetric positive-definite and

Sp(Ko) = {pocg,po(cg - |v0|2)}

Proof: Kovg = py (3 — |vo]?) vo and Kou = pyciu for all u € vy

Fredholm type : If the background flow is subsonic, ie.
iréf (cg - |’UO|2) > 0, (3.3)

then (3.2) leads to a problem of Fredholm type. Indeed, by using LEMMA 3.1.1 we can con-
clude that —div (KoVp) is a coercive operator, and that the convected Helmholtz equation
therefore has a coercive + compact structure.

Boundary conditions: Let I' be the boundary of the domain O and let n be the outward-
facing normal vector.
We will use the following boundary conditions

Neumann: (KoVp) - n + 2iw(pove - n)p = gn onI'y  (3.4a)
Dirichlet: P=gp onI'p  (3.4b)
Impedance: (KoVp) - n+ Zp=g;s on I'; (3.4c)

and
I'=I'yUl'p I'pNI'y=9.

Remark 3.1.1: In this report, we will only consider Dirichlet (3.4b) and Neumann (3.4a)
boundary conditions. Impedance boundary condition (3.4c) is useful to consider local ab-
sorbing boundary conditions which will be considered in a future work.

3.1.1 First-order formulations

As it is usually done in the framework of HDG methods, we will rewrite (3.2) as a first-order
in space system. Notice that we have chosen to keep a second-order dependance in frequency.
Adaptation of our method to a first-order in frequency formulation is straightforward.

We will compare two different ways to reach a first-order in space formulation.

To lighten the notations in the remaining of this paper, we introduce the following vector

field
bo := povo,

that satisfies the following mass conservation equation

div (bo) =0.
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Diffusive flux formulation:
We begin by introducing the diffusive flux
q:=—KoVp
as a new unknown, leading to the following first-order in space system
Woq + Vp =0 (3.5a)
—pow?p — 2iwbg - Vp + div (q) = s (3.5b)
where

C% — |vol?

1
Wy =Ky ' = — [Id +
PoCo

Note that K is always invertible thanks to (3.3), indeed we have
det Ko = poc; (cg — ]vO\Q) # 0.

The second equality in (3.6) comes from the Sherman-Morrison formula, see [SM50] :

Lemma 3.1.2:
If A€ GL,(R) and u,v € R", then A + wwv” is invertible if and only if 1 + vT A~ u #£ 0

and
A luvT A1

T\ 41
(A—i—uv) =4 1+vTAu’
With this formulation, the Neumann boundary condition (3.4a) becomes

qg-n—2iw(by-n)p=—gn.

Variational formulation: We can now write a variational formulation for (3.5a)—(3.5Db)
: Seek (q,p) € Hy; (O) x HY(O) such that for all (r,w) € Hy,(O) x H'(O)

/ Wogq - r*dx —/ pdiv(r*)de=— [ pr‘-ndo (3.7a)
o o 00
—wQ/ popw dx + in/ pbo - Vw*dax — / q-Vw'dx
@ @ o
+/ w*q - n — 2iwpw* by - ndo = / sw*de (3.7b)
00 o

where the boundary integrals should formally be interpreted as the duality bracket (-, ~)H,% (001,53 (50)

between H~2(9O) and Hz(9O). Notice that we have not enforced the boundary conditions
in this weak formulation to keep it closer to he local problems of the HDG methods.

Total flux formulation:
As div (bg) = 0, we notice that

2iwbg - Vp = div (2iwpby) ,
and we can therefore rewrite (3.2) as

—pow?p — div (KoVp + 2iwpbg) = s.
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This leads to another possible first-order in space formulation. We introduce the total flux
o = —KoVp — 2iwpby,
leading to the following system
Woo + Vp + 2iwpWobg = 0, (3.8a)
—pow?p +div (o) = s. (3.8b)
With this formulation, the Neumann boundary condition (3.4a) becomes

O N —= —gn.

Variational formulation: We can now write a variational formulation for (3.8a)—(3.8b)
: Seek (o, p) € Hyiy(O) x H'(O) such that for all (r,w) € Hg;, (O) x H'(O)

/ Woo - r*dx — / pdiv (r*) dz + Ziw/ pWobe - r*de = — | pr*-ndo (3.9a)
@ o @ 20

—w2/ popw*dax — / o-Vuw'dzx+ [ w'o-ndo= / sw*de (3.9b)
o @ 20 o

where the boundary integrals should formally be interpreted as the duality bracket (-, -)H, }(60).1} (60)
between H~2(00) and Hz(0O). Notice that we have not enforced the boundary conditions
in this weak formulation to keep it closer to he local problems of the HDG methods.

3.2 Notations

In this section, we introduce the notations and approximation spaces that will be used to
construct the HDG methods considered in this paper.

3.2.1 Approximation spaces

We consider a mesh 7j, of the domain O of dimension n. For an element K € 7, we denote
by E£(K) the set of its edges. We also consider

The set of boundary edges: E={e=0KNT | KecT},
The set of interior edges: & ={e=0K,NOK_| K, K_€T,},
The set of all edges: Eni=EUE].

To study the convergence of the methods, we will assume that the mesh has the usual
shape-regularity property, see [EG04, Def. 1.107].

For K € T;,, we denote by Py(K) the space of polynomials of total degree at most &k defined
on K. We will also use the space of vectorial polynomials P (K) = Pr(K)". Even if those
spaces can be defined for k£ > 0, in this paper we will usually assume that & > 2 as HDG
method of lower order have little interest from a computational point of view. Indeed, for
k < 2, there is no internal degrees of freedom to eliminate. The static condensation process
leads to a problem with only one scalar unknown and therefore eliminates the local vectorial
unknown. The HDG methods with k& < 2 are therefore mixed methods with a numerical
cost similar to primal methods.
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On each element K € T, we introduce the following approximation spaces for the pressure
and the flux

Vi (K) = {q € L*(K) ’ qlx € ’Pk(K)} for the flux gy, or oy,
Wi(K) := {p € L*(K) ‘ Pl € Pg(K)} for the pressure py,.

In this work we will consider both standard HDG formulation where ¢ = k and the so-called
HDG++ formulation where ¢ = k + 1.

To construct HDG formulations, we will need to add a surfacic unknown, called the numerical
trace and denoted by pj, to the problem. This unknown will be the main unknown of the
method as the static condensation process will allow to eliminate the local unknowns to
obtain a so-called global problem. To approximate this new unknown we introduce the
following space for e € E(K)

My(e) = {,u € L*(e) ‘ e € Pk(e)}.

As those approximation spaces are discontinuous, we can construct the global approximation
spaces as the cartesian product of the local ones

Vi = [] Va(K) for the flux g, or oy,

KeTy,

W, = H Wi (K) for the pressure py,
KeTy,

My, = [ Ma(e) for the trace py.
ecép

In FIGURE 3.1, we have depicted the differences in the degrees of freedom for the continuous
(CG), discontinuous (DG) and hybridizable discontinuous (HDG) Galerkin methods. The
degrees of freedom of the HDG methods are the ones associated with the numerical trace
DPhn. As the numerical cost of the method is directly linked to the number of degrees of
freedom, we can clearly see that the HDG method is less expensive than the DG method.
We would like to recall one of the main advantages of mixed methods: as they are based
on a first-order formulation, they can be used to obtain an approximation of the gradient
of the unknown without the loss of order associated with the numerical evaluation of the
derivatives. However mixed methods are usually more expensive than primal methods from
a computational point of view and mixed DG methods usually have a prohibitive numerical
cost. HDG methods have the advantages of both DG and mixed methods for a reasonable
computational cost.

LGS

(¢c) HDG

Figure 3.1: Polynomial interpolation of degree 3

In TABLE 3.1, we give a summary of the choice of local spaces for the different variations of
the HDG method considered in this report.
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| Variable | Space | HDG (ps, o) | HDG (pn, qn) | HDG+ (pn, qn) |
Pressure py, Wi(K) Pr(K) | Prn(K)
Flux qp Or oy ‘/}L(K) ’Pk(K)
Trace py, Mjy(e) Pr(e)

Table 3.1: Choice of local spaces and penalization parameter for the different methods

Let us now introduce the orthogonal projection on the space of piecewise polynomial func-
tions on the edges

: [] LK) — Ri(0Tw) == [I I Pxle
KeTh KeTh ec€(K)

which will be required to construct the HDG+ formulation.
It is important to emphasize the difference between the space Ry (97;,) and M,,. Indeed as

My = 1] Pule) # I I Pule)

e€&y, KeTy ec€(K)

the functions in M}, are single-valued on the skeleton of the mesh, whereas the functions
in the other space are multi-valued on the interior edges. Functions in both spaces are
discontinuous at the vertices.

Remark 3.2.1: It is also possible to choose a continuous space for pj, this leads to the
so-called Locally Discontinuous but Globally Continuous method (LDGC), see eg. [ALA13,
FLdA14]. However this choice does not seem to improve the convergence rate of the method.

3.2.2 Hermitian products and norms

For an element K € Ty, we denote the standard L2-hermitian product! and its associated
norm by

(o) = [ u-vde and ullf = ()

we then introduce the broken hermitian product and norm

(wv)g, = > (W) and ullz = 3 Jlully.

KeTy, KeTy,

On the boundary of an element K, we also denote the local hermitian product by

(V) = 3 / w-vrdo and fuf2 = (i u)py

ecE(K

and the broken hermitian product is denoted by

<uvv>87’h = Z (u,v) o and |U||a’rh Z HUHBK
KeTy, KeTy,

Here we would like to point out that, depending on the regularity of v and v, (-, ),
denote either the hermitian product of L?(0K) or the duality bracket between H~
and Hz(9K).

%()

'For vector fields, the R™ dot-product is used inside the integral as the conjugate is already applied.
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We also define the following weighted norms
2 . . 1
[l i = (o, u) ¢ which satisfies |[ul| ,, - < [lpoll Zoo (16 llull
”q“%/VOK = (Woq,q) which satisfies HqHWO,K < Cwo .k llall &
where

1 2
Cwy k= |max ————
o ( K po (c§ — Ivol2)>

is the square root of the largest eigenvalue of Wy in K, see LEMMA 3.1.1.

3.2.3 Faces, jumps and averages

In this subsection, we will introduce notations for the face quantities. As usual with methods
belonging to the DG family, we will need to define jumps and averages which link the
unknowns between two elements.

Faces and normals: For an interior face £ 3 e = 0K, NJK_, we denote by n™ (resp.
n~) a unitary outgoing normal vector of 0Ky (resp. 0K _). We will always assume that the
flow vg goes from K_ to K, as depicted on FIGURE 3.2.

Vo

Figure 3.2: Outgoing normal vectors on an interior face

When the orientation of the face does not matter, we will denote by m any unitary normal
vector to e.
If e is a boundary edge, then n denotes the outward-pointing unitary normal vector.

Jumps and averages: We will often use the average operator defined by
. 1
On & >e=0K,NIK_, fed. =5 (¢" +¢7),
1
Oné& se=0KnNT, {ed. = 5

where ¢ can either be a scalar or vectorial quantity.
We will also make frequent use of the jump operator defined by

On & >e=0K,NIK_, lq], =q¢" n"+q -n",
Oné& se=0KnNT, lq], =g n,
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for a vectorial quantity. Notice that with this definition, the jump operator only controls
the normal part of the vector. For a scalar quantity, the jump operator is defined by

Oné& se=0K,NIOK_, o], :==p" —p~,
Oné& se=0KnNT, [p]. = p,

for a scalar quantity. A sketch of those quantities is given in FIGURE 3.3.

Figure 3.3: 1D-sketch of the jump and average on an interior node

3.3 HDG method for the total flux formulation

In this section, we will focus on the total flux formulation. We will first construct the HDG
method and we will then discuss its most important properties.

3.3.1 Constructing the formulation

On an element K € Ty, the construction of the HDG method relies on the following integra-
tion by parts formula, which is related to the weak formulation (3.9a)—(3.9b)

/ Woo - r*dx — / pdiv (r*) dx + 2iw/ pWobg - r*dx = — (p,r - n) 4, (3.11a)
K K K
—wz/ popw*dx +/ div (o) w'dex = / sw*de, (3.11b)
K K K
for all (r,w) € Hg;(K) x H'(K) and where (o,p) € Hy,(O) x H'(O) is the unknown.

Choice of approximation spaces: We denote by o), and p;, the approximations of o
and p on K.
For this method, we choose to use the following local approximation spaces

Vi(K) = Pr(K) for the flux o7,
Wi(K) = Pr(K) for the potential py,

where k£ > 3 is the degree of the method. We recall that if £ < 2, then there are no
interior degrees of freedom and the HDG method has little interest over the DG methods
from a computational point of view. Notice that we use the same interpolation degree for
both unknowns, which may lead to unstable continuous Galerkin methods, see e.g. [EG04,
"Checkerboard-like instablitiy" p.188]. As we will discuss later, this is not a problem for
HDG methods.
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Introduction of the hybrid unknown: To reach a HDG formulation, we introduce a
new unknown p, which is an approximation of p on &, the skeleton of the mesh 7,. We
will usually refer to pj, as the numerical trace. This unknown is the main unknown of the
HDG method. Indeed, we will be able to use a static condensation process to eliminate the
interior degrees of freedom and to obtain a so-called global problem for pj, only. To introduce
this unknown in the formulation, the boundary integral in (3.11a) is discretized as follows

pr* -mdo  becomes / prry - ndo.
oK oK

For this new unknown, we will use the following approximation space

My(e) = Prle), Ve e E(K).

Penalization parameter: The unknown pj, is often called a Lagrange multiplier. Indeed,
when going from a continuous Galerkin method to a HDG one, the continuity of the numerical
solution is not strongly enforced anymore and it is added in the method as a constraint.
The quantity pp, is therefore the Lagrange multiplier that enforces this weak continuity
requirement.

To enforce this constraint, we introduce a penalization parameter denoted by 7, and the
following boundary term

(T(pr — D), wh)or

will be added to the local problem. This boundary term can be interpreted as a weak
enforcement of the following Dirichlet boundary condition

Pn = Dn, on OK.

Practical choice of 7 will be discussed in SECTION 3.3.2.

Local problem: Using the integration by parts formula (3.11a)—(3.11b) on an element
K € Ty, we define the local problem : seek (op,pp) € Vi(K) x Wy, (K) such that

(W()O'h, ’I"h)K — (ph, div (rh))K + 2w (phWOb()) Th)}( + <]5;, Th - n)aK = O, (312&)
—w? (popns wn) e + (div (04) , wp) g + 1w (T(ph — Dn)s Wa) o — (8, 0n) = 0, (3.12D)

for all (ry,,wy) € Vi, (K) x Wj(K).

Notice that (3.12a)—(3.12b) is the variational formulation of the convected Helmholtz equa-
tion on K with weak Dirichlet boundary conditions on 0K, we can emphasize this fact by
rewriting (3.12a) as

(Woon, 1) i + (Vpn, ) i + 2iw (p, Wobo, Th) i + (Dh — P, Th - 1) 55 = 0.

However we have to chosen keep (3.12a) as it is the usual way to implement this local
equation.

Transmission condition: Due to the discontinuous nature of the approximation spaces,
we need to link all the local problems together. To this end, we introduce the numerical flux
for oy,

on M =0y N+ iwT(pn — Pn), (3.13)

which satisfies the following weak continuity equation
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<&7L7:uh>87'h\FD = Z <[[6-7L]]7Mh>e =0, (314)

e€&;

as o, € Vi, pp € W, and p,, € My, we have [o,] € M), and we therefore conclude that
[er] = 0, as [a3] is a polynomial of degree up to k orthogonal to all polynomials of degree
up to k. We recall that on an interior edge £ > e = 0K, N K _, the jump operator is
defined as

lon] =0/ n"+0o, n".

This weak continuity requirement can be expressed as the following transmission condition

(Ths ttn) oginr, + (Ph = D5 k), = (N M)t (3.15)

for all u, € M.
Notice that (3.15) enforces the normal continuity of &, on the interior faces as well as the
Neumann and Dirichlet boundary conditions on I'y and I'p.

Remark 3.3.1: The transmission condition (3.15) can be understood as a weak require-
ment of Hy;, (O)-conformity. Indeed it is shown in [PE12, Lemma 1.2.4] that o}, € Hgiy(O)
means

VK € Ty, of € Hy(K) and Ve €&, o], = 0.

The former is a consequence of the polynomial nature of the approximation spaces, and we
will now focus and the latter. Owing to the transmission condition, we have
Ve € &, 0= [on] = [on] +iw[r(pn — )]

As pp, and py, are two approximations of the same unknown p, the quantity p, —py, is expected
to be small. We can therefore conclude that [o7] is small and that

o] h;>0 0

For applications where a precise approximation of the flux is required, a post-processing

scheme producing a new approximate o) with strong Hg;,-conformity was introduced in
[CGS10, Sec. 5.1].

Compact formulation:

HDG methods are usually stated in a compact form that can be obtained by summing
the local problems (3.12a)—(3.12b) over the mesh elements and by adding the transmission
condition (3.15). This formulation reads : seek (o, pn,pn) € Vi x Wy, x M}, such that

(WgO’h, ’I"h)Th — (ph, div (’l"h))Th + 2w (phWObo, ’l"h)7-h -+ <]6;, Ty n)an = 0, (316&)
—w? (popn, wn) 7, + (div (o4) ,wh) g, + 1w (T(ph — Pr)s wh) o7, = (8, wn)7. (3.16D)
(on - m+iwT (P — Pr), ) o + Ph— 90y fin)r,, = (9N ) {3-16¢)

for all (rp,, wp, up) € Vi, x Wy, x Mj,. This formulation will be useful to perform the numerical
analysis of the method. We recall that (3.16¢) should be understood as a rewriting of the
weak continuity requirement (3.14).

Remark 3.3.2: At this point, to completely define the HDG method, it only remains to
choose the penalization parameter 7, this will be done in the next section.
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Condensed variational formulation

The compact formulation (3.16a)—(3.16b)—(3.16¢) cannot directly be used to efficiently im-
plement the HDG method. Indeed it is not clear how a formulation involving only p, can
be reached. To emphasize how it can be done, we will now write a condensed variational
formulation for p;, only.

We introduce the so-called local solvers

PX 2 (Bn, s) — 1y
Y5 (pr,s) — oF,
S (fns) — & 0 =T, ) - mot iwr (P (B, s)mn)

where (o, p) is the solution of (3.12a)(3.12b) and &, is defined by (3.13).
We can therefore rewrite the transmission condition (3.16¢) as

an(Ph, 1) = Cn(1), (3.17)

where
an(Bhs ) = (ZX(Bn, 8) - 1+ iwr (PX (B, 5) — Bi). )
Ch(pn) = (9N, ) py, + (9D> i),

dTi\T'p P ey

Equation (3.17) is the so-called global problem and is the main equation of the HDG method.
From a computational point of view, we proceed as described in ALGORITHM 1.

Algorithm 1: Solving HDG-o7,
for K € T, do
L Construct the local solvers PX, ¥ X yK

Add local contribution to the global problem (3.17)

Solve the global problem (3.17) for py, // This is the most expensive step
5 for K € T, do
L Reconstruct the local unknowns pX = P*(py, s) and oX = X (py, 5)

This algorithm is the blueprint of the practical implementation of the HDG method which
will be discussed in SECTION 3.5.

3.3.2 Choice of penalization parameter

In this section, we will show how the penalization parameter can be chosen to obtain an up-
winding mechanism with physical meaning. To do that, we will first rewrite the HDG method
as a DG one, we will then solve a Riemann problem to obtain the value of 7.

DG formulation

In this section, we will rewrite the HDG method (3.16a)—(3.16b)—(3.16¢) as a standard
discontinuous Galerkin method.
We introduce the following bilinear form

Bi(lon, pul; [rn, wil]) == (Woorn, )7, — (pr, div (74)) 7, + 2iw (pnWobo, Tr) 7,
— w? (popn, wn) 7, + (div (os) , ws) g

+ > ( Pns [ral). + (o0 - m, [[wh]]>e), (3.18)

ecly,
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from which all the mixed DG methods can be generated by choosing p, and . Notice that
prn was an unknown of the HDG method whereas it now should be chosen by the user of the
method.

For example, the LDG method is obtained by choosing

prn=A{p} +alpr] and &, = {orl} + Blon]n +v[pr]n

and the DG method with central flux is obtained by choosing

pn={pr} and o&,={o} —alp].

Proposition 3.3.1:
The HDG method (3.16a)—(3.16b)—(3.16¢), with the following of numerical flux for o,

—~ + + + o+ 4+~
Op-N- =0}, N +1WwT (ph—ph),

and the DG method associated to the bilinear form (3.18) are equivalent if and only if

Tt —717 1

{{ph}} + ﬁﬂphﬂ + m[{U}L]}, (319&)
cﬂn:{{ah}}n—kzwﬁﬂphﬂ —mﬂdh]], (319b)

for all interior edges £2 2 e = 0K, N K _ and where 7% = 7|y, .

This proposition is an intermediate result required to prove PROPOSITION 3.3.2, where values
of 7% with physical meaning will be computed.

We recall the convention for the labelling 0K 1 : vg is directed from 0K _ toward 0K, and
we denote by n any normal vector to the face when the orientation does not matter.
Proof: Writing down the transmission condition (3.16¢) on an interior face e, we have

low] + 2ico ({4} + {171ln]) — 2A b7 =0,
which leads to

[7] 1
AT }}thﬂ Qi)

and we obtain (3.19a) by developing the jumps and average terms.
As the numerical flux &7, is continuous across the interface, we have

={pn} + [o4],

Fi-n={&} n
= fou} nt+ DI (ped — ) + o M Imi]

~ o} - 0 (5l

Wﬂahﬂ> + ?{{T}}ﬂphﬂ

and we obtain (3.19b) as

I
4y

(77)? =277~ + (77)? N (TF)P+2rtr 4+ (17)* 5 Tt

2(7t +77) 2(rt 4+ 717) T+ 7

+{}=-
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We now have to show that this choice of numerical flux &}, is compatible with the HDG
method. Starting from (3.19b) we have

+ + -
—~ o+ 4+ .+ 1t T T T
o,-nt =0l n <1+7_++T_>[[Uh]]+lw7_++7_[[ph]]

+ + -
=0, -n — lon] + iw
TH 4+ 77

TF 477 [p]

on the other hand, rewriting (3.19a) gives

T ou = iwrt o}~ i+ g ]
— o] = iwt — _
Tt Priy = Ph 2(rt +717) Ph
+ ot -
At Y (T T
= iwT " (p —Dpn) + iw 5 <T++T_ 1) [pr]
ot (ot — ) — iw— T[]
= T —_— —
Pn — Pn JIp— Dn],
so we finally have
on-nt =o -nt +iwrt(pf — ).
Similar computations can be carried out on 0K _. u

Particular form of the HDG fluxes: We would like to point out that p, depends on
[or], this is a distinctive feature of HDG methods among the family of DG methods. To
understand this, let us consider DG method with the following fluxes

pr=Apn} +alpi]  and o = fon} + Slon]n +pln, (3.20)

where «, 3, are arbitrary constants. This construction is adapted from [HWO08, Sec 7.2.2].
Testing (3.18) with [ry, 0] leads to

(WOO'h, T‘h)n - (ph, div (Th))n + 2w (phWObO, ’I"h)Th + Z <]§;, [[’I“}J])e = 0.

ec&y,

Integrating by parts leads to

(Woon, rh). = — (Vpn,rn)7. — 2iw (psWobo, 7). + > [([paln, £ra}). — @, [ra]).)

ee&p

+ > e} [l (3.21)

eEE}'l
where we used the identity

(prorn-m)or = D (lpaln rn}p)e + 22 Epnd [ral).

e€ép ec&l

coming from [HWO08, Lemma 7.9]. Using the definition of p, given in (3.20), the surfacic
terms in (3.21) become

— > Alpal A} -m—alr). — DY (onrn - m), .

ect} ect}
We now introduce the lifting operator L defined by
(Lpn)s i)y, = > el frnd - n—alral), + - (pnorn - ), Vrn €V,

eES}L 665,2
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and (3.21) becomes
(Woon, 1), = (= Vi — 2iwpyWobo — L(pn), 7)1, -

We can see that o, is completely defined in terms of p;, and it is therefore not possible to
add a transmission condition, which is required to allow the static condensation process.
On the other hand, if the HDG flux

prn = {pn} + afpr] + 6[on]

is used, we will obtain an expression of a7, in terms of p;, and [o,]. We will therefore need to
add the transmission condition to close the discrete system and it will be possible to perform
the static condensation.

Computing the penalization parameter

Proposition 3.3.2:
On an interior face & 2 e = 0K, N K _ the following choice of penalization parameter

+

T = po(Co +vo- N (322)

bl

)

e

where 7F = T|gk., leads to an upwinding mechanism.

To prove this proposition, we will need to solve a Riemann problem and compare its solution
with PROPOSITION 3.3.1 to obtain a value for 7% with physical meaning. The first step to
be able to solve the Riemann problem is to rewrite the original equation as a time-domain
hyperbolic system.

Hyperbolic system: We start from the convected acoustic wave equation

) L
Po <(9t +vg - V) p — div (poc?)Vp) =0

and we write it as a hyperbolic system. First we have

Pp dp
PO@ — div (KOVP - 2P0§’UO =0,

we therefore introduce the total flux
oo dp
— = —-KoVp+ 2py——
BT oVPp+2p0 o 00

leading to the following first-order formulation

op 1. .
- 2
T podlv (o), (3.23a)
Jo dp
o = —KoVp + oniat Vo. (3.23b)

However this formulation does not have the form of a hyperbolic system.
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Using (3.23a) in (3.23b), we have

dp ..
5 = —%dlv (o), (3.24a)

Notice that we need to work with a first-order in time formulation whereas our methods are
written for second-order in time (or equivalently in frequency) formulations. However we
have the following relationship between o and o

o = iwao,

making it possible to go back to a second-order formulation.
The system (3.24a)—(3.24b) can be written as

ou_, U

o Ay TR (3.25)

where
0 —-L 0 0 0o -+
p PO PO
U= [51 v A= | = Moge —2v0 0] 5 Ayi= =My, 0 —2vg,
—Moyz —2v0y O —Moyy 0 —2ugy

To check that (3.25) is a hyperbolic system, one needs to show that for all o, 5 € R the

matrix
0 a B

PO P0
Agpg = al, + BA, = — |aMy . + Moy 2000, 2600,
aMO,yx + ﬂMO,yy 20(1}07?; 261}072/

is diagonalizable with real eigenvalues, see FIGURE 3.4.

Input:

0 a b

I T
eigenvalues [ae+bf 2au 2bul
af+bg 2av 2bv

Results: Exact forms [ [¥ Step-by-step solution ]

=0

—\r(@®ru?+2.71828a% + 2ab f + 2abruv+b>g + brv?) +aru+bry

Ay =
r

\/r(azru2 +2.71828a% + 2ab f + 2abruv+b%>g+b*>rv?) +aru+brv
A3 = :

r

Figure 3.4: Computation of the eigenvalues of A, g with the symbolic computation engine
WolframAlpha
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Riemann solver: To compute the upwind penalization parameters, we consider a vertical
interface located at x = 0 and we assume that the background flow is uniform.
We will solve the problem (3.25) with the following initial condition

U(z,y,0) = U", if z >0,

U(z,y,0) =U", if < 0.
With this choice of initial condition, we obtain a well-posed problem which is invariant with
respect to y.

Our goal is to compute U at x = 0.
Due to the invariance with respect to y, we can rewrite (3.25) as

ou ou
o0~ Mo

Furthermore, we can obtain the following system for [p,7,]7 only

Ilp|_| O —w | O [p
ot 5-;18 B _MO,m: _2U0x Ox &I ’

=:A

as the DG method is only written in terms of o - n = a,.
To compute the eigenvalues of A, we need to solve

-\ -1 M,
o =0 = A+ 200,A— —F =0,
‘_MO,MU _27)0,x - A‘ ’ * o Po !

Recalling that
Moz = POC(Q) - Povg,w
we obtain the two following eigenvalues

A= —(co+v0g),

A2 = Co — Vo g,
and the associated eigenvectors are

wy = 1 and  w, = 1
b po(co + Vo) 2 po(voz — o) |

We can now define
1 1

W =
lpo(co +v0x)  po(voz — co)]

and therefore

wl_ 1 po(co —voz) 1 :_51.
2poco |Polco +voz) —1

We have
_l’_

[5?‘| (O,t) = €1 [§+] wi + 62 [g_‘| wo

T

po(co — voz)p* + ) 1 n po(co + vo.)p” — 0, 1
2poco po(co + Vo) 2poco po(vos —co)|’
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therefore
P30 )R ) e )
2 200 2p000 v )
2 .2
5, = ; (54 +57) + Z‘JCO (65 —5,) + po o Os QC:()’”" (p* —p7).

Finally, we can infer the form of the DG flux for a generic interface

VoM

p={pr}- 2 [p] + 2t [o], (3.27a)
G-n ={&) n + "’02'(:_ [6] + poWﬂpﬂ. (3.27h)

Notice that we had to chose an orientation of the normal vector. Following our convention,
we have chosen to use n~ as it has the same orientation as vy.
Rewriting (3.27a)—(3.27b) in terms of o instead of & leads to

7 =} = 5] + 5[] (3.280)
5o = &) n+ P 6] 4 iwpy = P (3.28)

260 2C0

Comparing (3.28a)—(3.28b) with (3.19a)—(3.19b) , we see that

T+ 77 = 2pyco, (3.29a)
T 2 — (vo-n™)?

= 3.29b

T+ 77 po 2cq ( )

The system (3.29a)—(3.29b) leads to the following second-order equation
(712 = 2pocot™ + p (cg — (vo - n’)2) =0,

and to the two following families for 7+

7" = po(co+vo - m7), T, = po(co —vo-M"),
75 = polco —vo-m7), T, = polco +vo-m7).

To discriminate between 7i° and 75 we once again go back to (3.19a)-(3.19b) and we see
that the solution must satisfy

+

T — T G n-
20t +77) 2¢y
We can therefore conclude that the upwind fluxes are obtained by using the 75~ solution. We
can make this choice independent of the orientation convention by noticing that n* = —n ",
leading to

7_2:|: = pO(CO + Vo - ’I’Li).

Remark 3.3.3: To keep polynomial fluxes on the interfaces, the background quantities
will be approximated by their value at the center of the interface.
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Remark 3.3.4: In the context of DG and HDG methods, 7 is usually chosen to be of the
«order of unity» to ensure optimal convergence rate. In the error analysis of the method,
we allow the dependency to the background coefficient to be hidden in the constants, so the
choice (3.22) is actually possible.

3.3.3 Local solvability

We will now show the local solvability for the total flur formulation. Proving the well-
posedness of the local problems is always very important when working with HDG methods.
For the strongly coercive problems, for which HDG methods were initially designed, this
property usually comes directly from the continuous problem. However for harmonic wave
equations, which are only weakly coercive, things are more complicated : indeed solving
the local problem amounts to solving a wave problem with Dirichlet boundary conditions.
We therefore need to ensure that the local problem does not introduce resonance into the
method, which is the case when the elements are small enough. In this section, we will prove
that the static condensation process is well-defined when the mesh is fine enough.

Notice that in this case the proof relies on an absorption technique and is therefore very
technical. Readers who are not familiar with HDG theory should probably begin with the
proof for the diffusive flux formulation which is easier. It will be detailed in SUBSECTION
3.4.2.

First, we need to show the

Lemma 3.3.1:
For py, € Pr(K) with k& > 0, the following inverse inequality holds

1
Vs - "HaK S ||Vph||8K S hg’ ”VPhHK-

Proof:

First, we notice that if p, is constant the desired inequality reduces to 0 < 0. We therefore
only consider non-constant pj,. N

Let K be the reference unit element. We consider the map F' : K — K. We use ~ to
denote quantities on the reference element instead of the more standard notation * to avoid
confusion, as we already used * to denote the numerical fluxes.

Let ' : H2(K) — L?(dK) be the normal derivative operator in the reference element. As
7! is continuous, we have

|7 @],z S 1l S 1ol 2

The second inequality holds as p;, € Pk(,[? ) which is a finite-dimensional vector-space on
which all the norms are equivalent and pj, is not constant.
We now recall the following scaling inequalities, see [DS19, Eq (1.6), (1.7) & (1.8)]

—~ _1
|Phl, 7 Sldet Jac(F)| ™2 [|Jac(F)] |pn

1,K 5 ’ph\l,K;
l o~
hic il ore S inll oz

Due to the regularity of the mesh, we have

1
hi ||Vph : n“aK N ||vPh||K-
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Theorem 2 : Local solvability for the total flur HDG method

If 7 is chosen such that
E|T0>O, V€€€<K), 0<T0<T+b0'n,
then there exists a constant a, > 0 such that the local problem is well-posed if whg < ;..

Proof: As (3.12a)-(3.12b) is a finite-dimensional problem, we only need to prove uniqueness
of the solution. We therefore assume that p, = 0 and s = 0, and we need to show that the
system

(Woon, Th) i — (P, div (74)) ¢ + 2iw (ph Wobo, 74) 5 = 0, Vr, € Vi (K) (3.31a)
—w? (popn, wh) g + (div (1) , wh) g + 1w (TPh, Wh) o = 0, Ywy, € Wi (K).(3.31b)

has only one solution (o7, py) = (0,0).

We will prove the theorem by contradiction. We therefore assume that there is a non-zero
solution (o, pp) to (3.31a)—(3.31b).

Step 1: Energy-like identity.

We test (3.31a) with 7, = o, and conjugate the resulting equation, we then test (3.31b)
with w, = p;, and add the two resulting equations leading to

lon g s — @ a5,k — 2iw (00, DhWobo) i + iw (Tph, Pr)ox = 0-
We then focus on the third term, as Wy is real and symmetric we have
(h, PhWobo) x = (Woon, prbo) i -
Taking 7, = pp, {bo}, where {bo} is the average of by on K, in (3.31a), we have
(Woon, pr{bo}) e — (pr, {bo} - Vo) g + 21w (pnWobo, pr {bo}) . = 0,
leading to
— (Woorn, pnbo) i + (Ph, bo - Vpn) ¢ — 2iw (pWobo, prbo) o = —¢,
where
€ := (Woon, pr(bo — {bo})) x — (Pn, (bo — {bo}) - Vipn) + 2iw (p Wobo, pr(bo — {bo})) -

We chose the notation € to emphasize that this quantity is small, as it will be discussed in
Step 3.
So we have

2 2 2
ol =« Ipnlls, x + 4 1Paboll iy 1) (3.32)
— 2iw (pn, bo - Vpn) i — 2iwe + iw (Tph, Pr)gre = 0

Step 2: Boundary condition
Taking the imaginary part (3.32) leads to

2wRe (prbo, Vpu) o + W (TDh, Ph) g + 2wRee = 0,
(by LEMMA 4.1.1)  ((7 + bo - 1)ph, Dr) g = —2NRec.
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As we have chosen 7 such that there is 0 < 79 < 7+ bg - n where 79 does not depend on Ay,
we have

Inllox < el (3:33)
As we do not have shown that plsgx = 0 , we cannot use Poincaré’s inequality, however
according to [EG04, Lemma B.63 & Example B.64] we have

Ck
C -
Illsc < e < Coc IVl + oot Il

where C is the Poincaré constant of K2. Using standard scaling inequalities, we have

CK 1
Ck Sh d ——— < hi.
Ko e an meas(0K) ~ F
Using (3.33) to estimate the boundary term, this leads to
Ipalsc S e 1Pl + il 2 (3.34)

Step 3: Estimating |e| and ||pp|| . We have
2
el Shic lonllwy i 1Pallic + hc Il VPRl e + whie lpall
(by Young)  Shi llonlliw, s + (1 +whic) llpalli + R [IVonllk
2 2 2
Shic ol s + (U whie) (i Vol + haclel) + b [Vl

If hy is small enough, the term hk|e| in the right-hand side can be absorbed by the left-hand
side leading to

el Shicllonlliwg s + (1 +whi)hic [Vl
Assuming that hg is small enough, we can overestimate why < 1, leading to
2 2
el < b lonlliwe,x + P Va5 - (3.35)
Together with the generalized Poincaré’s inequality (3.34) we have
2 2
Ipallie S Wi VPRl + Bk ol e (3.36)
and using that va? + b? < |a| 4 |b| we also have
1pnll e S P (VDR i + P lonll g

Step 4: Estimating oy,
Taking the real part of the Garding’s identity (3.32), we have

lonllv, e S Iphll% + w Ipallc [ VPnllc + wle]
(by (3:36))  <w? (W% I Vpnlli + b lonlliwe 1)
+w (i [Vallc + e lomllw i) [ VPalc + el
(by Young) < (w?hf +whic) [ Vonlli +wh [ onlliy, i + whic [onlliyg x + wlel
(by (3.35)) < (w?hk +whic) IVpnll + (w?hk + whic) llon e

Swhic |Vonll +whic onlly, x

2The constant used by the authors of [EG04] is the inverse of the usual Poincaré constant.
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We obtained the last line by assuming that w?h% < why which is true if hx is small enough.
If hg is small enough the term why HU'hH%VO, 5 in the right-hand side can be absorbed by the
left-hand side, leading to

lon 3w 1 < whic [ Vpnllic - (3.37)

Step 5: Estimating ||Vpp||
Taking r, = Vp;, in (3.31a) and reverting the integration by parts, we have

IVDul|5 = (Woon, Vo) i + 2iw (s Wobo, Vpn) s + (P, Vo - 1) o]
Slonllw, x IVPRll g + w pnll & IVPRll g + |Pellox VDRl o5

1/2

(by Lenma 33.1) S lloullwy s 19nllc + lpnllc 119080+ B lonlloge [ 9all

So we have

—1/2
IVonll e Sl onllw o + @ lonllx + 2 [oallox

S llonllwe i + @ llpall + (1 + whi) b [[Vpn]l

3/2
S ||0'h||W0,K + whi [[Vpnll g + th/ Ho'h”WmK + (1 + whi)hk [ Vsl g

Finally we have
VDLl S lonllwe,ic S llonllx - (3.38)

Step 6: Contradiction
Combining (3.37) and (3.38), we have

lowllk S whic llonll5
as we assumed that o, # 0, we can divide by ||o}|| -, leading to
1 5 (,UhK,

which does not hold if whg is small enough.
This is the desired contradiction, and we can therefore conclude that (o7, pr) = (0,0) is the
only solution of the system (3.31a)-(3.31b). m

3.3.4 Error analysis

The error analysis can be carried out by following the projection analysis for the Helmholtz
equation given in [DS19, Sec. 3.5.1 & 3.5.2] with some minor changes.

This error analysis relies on the tailored HDG projection that fits the structure of the nu-
merical trace. This projection (I, II), with

(I1,T0) : Hyio(O) x HY(O) — Vi, x Wy, == P(Tr) x Pr(Tr)

is defined by the following equations

(o, rh) ;e = (0,7h) Vry, € Pr_1(K),
(Hp7 wh)K = (pa wh)K’ \V/U/h S Pk—l(K)7
(Mo - n + iwtllp, in) g = (O - 1+ 9WTD, L) 5 Yy € Re(OK).

Notice that denoting the image of (o,p) under (IL,II) by (Ile,Ilp) is a slight abuse of
notation as both components depend on o and p. However it is very convenient and often
found in the literature.
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We define the following error quantities

go=Io—0o ; o0 :=lp—p ; 6 :=p— Pyp
and
ef =Mlo—o0,€V, ; e :=lp—p, €W, ; &, := Pyp—pn € M,.

We will split the errors as

lon = o llwe. 7

< llew lwe. 7 + 1167 w75, -
1n = pll .77, < |

€kl po, 7+ 1051 50,75 5

Notice that the following estimates hold

16011 5 S AR ([Plisn, i + Tl diV |k
16711 S P (|o|ksn i + 75 |Ples1.k)

for some constants Tiax and 7*. So we only need to prove estimates for [|€7 ||y, ., [I€4 ]l
The error analysis can be summarized as follows

1. we derive an estimate for |7 ||y, - using the energy-like inequality,

2. we use a dual problem to estimate ||ep|| , - in terms of |7 |lyy, 7.,

3. those estimates are combined through a bootstrapping process.
This analysis is therefore strongly related to the Aubin-Nitsche method and only works for
regular solutions.
We will now give the main changes needed to adapt the error analysis from [DS19].
The error equations (3.30) become

p0,Th*

(Woer, rn) g — (eh, div (74)) ., + 2iw (3 Wobo, 71) 1.
+ @ mh M) or = (Wody, rn) g + 2iw (6, Wobo, 71) .

—w® (poeh, wh)g, + (div (eF) , wn) g, = —iw (7(e], — &), wn) oy, — w” (P00, wh)7,

— (e -m+iwt (e — &), bn)oy, =0
The energy-like identity of Prop. 3.7 becomes
1e7 1.7, — «* bl 7 — 2w (€7, £h Wobo), = — iw (7(ch — &h), e}, — &) o, (€7, Wod7) s,
— 2iw (e}, 6, Wobo) .
— W (o, 5z)Th ;
leading to the following estimate

2 .
e 15w, 75, + i (7(eh — E0), &b — &0 o

2
Sw llehll 7+ w €8 lvwo, 7 1071107

+w lef lwo 7 197l 75, + @ €51 0,75, 107

p0,Th p0,Th

+lew llwo, 7 107 lwo 7, -
The adjoint problem (3.31) becomes

W()E - VQ - QiWQWObO =0
—pow?0 — div (&) = &F.
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We state the elliptic reqularity assumption which is a key ingredient in the error analysis

1910 + [I€]l; 0 < Cieg llenllo

The identity of Prop. 3.8 becomes

Hgfz”io,Th =w? (po(110 — 0), €}, — 52)7; — W’ (potl — {pof} ’5£)7—h
— (Wo(II§ — &), ef — 67) . + (Wo& — {Wo&}. 67 )
— 2iw (0bg, Woey ). + 2iw (Wok, (g, — 6},)bo) 1.
+ 2iw (Wo(I1€ — €), (e}, — 6;)bo) .

leading to the following estimate

bl o7, S (Nehllpozi + 15h N0 75) + o (17 w7 + 165 lvwo.7)
+ 17 lwo.c + l1€Rll o e + 10h]] g ic

where the dependance to w has been hidden in the < symbol.

Notice that in contrast to the HDG method for the standard Helmholtz equation, both pj,
and o, have the same convergence rate.

It is now straightforward to follow the bootstrapping argument of Sec. 3.5.2 to obtain the

Theorem 3 : Convergence of the HDG method with total flux

Assuming that wh is small enough and under the elliptic regularity assumption, we have

lpn = Tpll;, = O(W*Y) 5 low — el = O(A*).

Remark 3.3.5: Some HDG methods are known to achieve super-convergence, ie taking
prn € Py leads to the following error estimate

ITIp = pull 7, = O(R?).

Superconvergence is an attractive property for a numerical scheme, indeed using a postpro-
cessing scheme it is possible to use the solution (o7, py) to construct a new approximation
prn which converges with order O(h*+2), see [Ste91], [CGS10, Sec. 5] for more details.

Here we were only able to prove optimal convergence and the use of post-processing schemes
to improve the convergence rate is therefore not possible.

3.3.5 Global solvability

The analysis that we have carried out in the previous subsection works for any solution
(oh, p, pr) of the discrete system (3.16a)—(3.16b)—(3.16¢) provided that such solution exists.
We already discussed the well-posedness of the local problems in THEOREM 2, but we have
not yet proved that the global problem (3.17) for p, was well-posed.

To do that we can either directly show the well-posedness of the global problem (3.17). Or
we can take advantage of the error estimates of THEOREM 3 as we will describe below?.

Resonant frequencies: We recall that the convected Helmholtz equation is a problem
of Fredholm type. It is therefore uniquely solvable except on a set of resonant frequencies.
For those frequencies, there exist non-zero solutions to the homogenous equation and unique
solvability cannot be guaranteed.

3In [DS19] this idea is attributed to B. Cockburn.



94 CHAPTER 3. HDG FOR THE CONVECTED HELMHOLTZ EQUATION

Main result: We can now state and prove the main result of this section.

Theorem 4 : Global solvability

Under the assumptions of THEOREM 2 and THEOREM 3 and if w is not a resonant frequency
of the convected Helmholtz equation (3.1) then the global problem is well-posed, ie p, is
uniquely defined by (3.17).

Proof: First we recall that (3.16a)—(3.16b)—(3.16¢), or equivalently (3.17), is a square system
of linear equations, we therefore only need to show the uniqueness of the solution of the
homogenous system (when gy = gp = s = 0).
Assuming that w is not a resonant frequency of (3.1), the exact solution is p = 0 and o = 0,
and therefore

Iploo=0 and ol =0

and
P __ R P
&, = —DPh ; €&, =—0Op ; &L= —Dh-

The aim of the error analysis was to prove the following inequalities when A is small enough

lebllz, < IPllso + llonllo =0 (3.39)
le7ll7, < llpllso + llonll,o =0 (3.39b)

Notice that we have hidden the powers of h in < as they do not play a role here.
Therefore using (3.39a) and (3.39b) we have shown that

ppn=0 and o, =0

when h is small enough.
For all K € T, we can now rewrite (3.12a) as

<]/7;,'I°h : n)aK - 07 V'r'h € WZ(K)a

which leads to

phEO.

3.4 HDG(+) methods for the diffusive flux formulation

In this section, we will construct HDG methods based on the diffusive flur formulation,
where q is used instead of . We will mostly describe the HDG+ method where different
polynomial degrees are used for the different unknowns, as it the most important novelty
of this paper. Adaptation of the formulation construction and theoretical results to a more
standard HDG method with the same polynomial interpolation for all the unknowns is
straightforward. The main differences between the HDG and HDG+ methods are stated
but the details are left out.

The global solvability will not be included in this section as the adaptation of the result from
the previous section is immediate.
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3.4.1 Construction of the method

On an element K € Ty, the construction of the HDG method relies on the following integra-
tion by parts formula, which is related to the weak formulation (3.7a)—(3.7b),

/ Woq - r*dx — / pdiv (r*)de + (p,r - n) 4 = 0, (3.40a)

K K

—w2/ popw*dx — in/ bo - pr*dw—l—/ div (@) w*dx :/ sw*dx,  (3.40b)
K K K K

for all (r,w) € Hg;(K) x H'(K), and where (q,p) € Hg;,(O) x H*(O) is the unknown.

Choice of approximation spaces: For the HDG+ method, the choice of approximation
spaces is different from the choice made for the previous HDG method. We consider the
following local approximation spaces

Vi(K) = Pr(K), for the flux g,

Wih(K) = Pry1(K), for the potential py,,

where k > 2 is the degree of the method. The use of a higher polynomial degree for py, is
the distinctive feature of the HDG+ method.

Introduction of the hybrid unknown: As we did before, we introduce the numerical
trace pp which approximates p on the skeleton &, of the mesh. As before the boundary
integral in (3.40a) will be discretized as

pr* -ndo  becomes / prTy - ndo.
oK oK

For the HDG+ method, we use the following approximation space for py,
Mh(e) = 'Pk(e), Ve € E(K)

With this choice, p, and p, do not have the same polynomial degree and we therefore have
two approximations of p with different polynomial degrees on the skeleton of the mesh. We
therefore need to change the penalization term to

T(Pypn — Pn), (3.41)

where Py, is the L?-orthogonal projection onto M. This is called the reduced stabilization
and it was introduced in [Leh10]. It allows to get convergence rate of k + 2 for p;, for the
cost of a method of degree k. A large penalization parameter 7 ~ hx ' is needed to obtain
optimal convergence as it will be detailed in SUBSECTION 3.4.3.

Local problem: Using the integration by parts formula (3.40a)—(3.40b) on an element
K € Ty, we define the so-called local problem : seek (qn,pn) € Vi(K) x Wy, (K) such that

(Woqn, ) = (pn, div (74)) ¢ + (Ph, T - 1) g = 0, (3.42a)

—w? (popn, wh) ¢ — 2iw (bo - Vpr, wn) ¢ + (div (gn) , wn)
+2iw (T(Prpn — Dh) — Tupw(Ph — Dh)» Wh) g = (8, Wh) ¢ 5 (3.42D)
for all (7, wy) € Vi (K) x Wy(K).
Following [QS16a], we have introduced a second penalization parameter 7,y defined by
Tupw := max(bg - 1, 0).

To understand why this second parameter is required, we recall that in HDG methods the
penalization serves two purposes:
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1. it enforces the Dirichlet boundary condition for the local problems,

2. it controls the stability of the method.
Here as g, does not take the convection into account, the penalization term (3.41) with 7
only stabilizes the diffusion. We therefore need to add a second penalization to stabilize the
convection. We denoted it 7,y as it leads to an upwinding behavior that will be detailed in
the next paragraph.

Transmission condition: Following the previous example, we introduce the following
numerical flux
qn-n:=qp-n+ 2wt (Pypn — Dn), (3.43)

where 7 = O(hg™"). As discussed before, we need to require the normal continuity of the
total flur on the interface between two elements, ands the quantity @ - n only takes the
diffusion into account. To deal with convection we add a second numerical flux

2iwppbo - 1 = 2iw(bg - n)pr, + 2iwWTypw(Pr — Pn)- (3.44)

It is important to notice that this flux has an upwind behavior. Let e = 0K, NOK_ be an
interior edge with bg - n_ > 0 on 0K_. We have

On 0K _: Tupw ‘= max(bg - m,0) = by -m, s0 2iwp;l;0 -m = 2iw(bg - n)pp,(3.45a)
On 0K : Tupw := max(bg - m,0) = 0, 0 2iwprbe - M = 2iw(bg - n)Pr.(3.45b)

So on the outflow boundary we use the interior value pj,, whereas on the inflow boundary
we use the trace value pj,.
Finally we write the transmission condition as

(@ — 2iwpnbo) - m, ,uh>87_h\FD +(Pn = 9o, n)r, = (9N tin)ry - (3.46)

This formulation enforces normal continuity of the total flux between the elements and the
boundary conditions on I'p and T'y.

Remark 3.4.1: To ensure the well-posedness of the local problems, the second penalization
must be

Tupw(Ph — D),
and not
Tupw (PvPh — Dh);
see THEOREM 5.

Remark 3.4.2: We would like to point out the main theoretical difficulty of this method
: when the background flow is not constant, the second flux (3.44) leads to non-polynomial
terms on the skeleton. This is usually avoided as much as possible in HDG methods.

Adaptation to a standard HDG method: With this formulation, it is also possible to
consider a standard HDG method by using the same polynomial degree for p, and gy, i.e. by
using the following local approximation spaces

Vi(K) = Pr(K), for the flux gy,
Wh(K) = Pr(K), for the pressure py,.
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In this case, as W), and M), have the same polynomial degree, the projection term becomes
simpler, indeed
Pypr = ph.

For this formulation, we do not require a large penalization parameter anymore, and we only

need 7 = O(1).

Compact formulation of the methods:

HDG methods are usually stated in a compact way that can be obtained by summing the local
problems (3.42a)—(3.42b) over the mesh elements and by adding the transmission condition
(3.46). This formulation reads : seek (qp,pn,pn) € Vi X Wy, X My, such that

(quh7 rh)’Th - (ph7 div (Irh)>7-h + <]/?;7 Ty - n){)Th = 07 (347&)
—w? (popn, wy) 7 — 2iw (b - Vpn, wp) . + (div (gn) , wn) 7 (3.47Db)
+2iw <T(PMph - @) - 7—upw(ph - ]/7;)7 wh>37’h - (3’ wh)frh

(@ — 2iwpnbo) - m, 1) + (Pn = 9o, pin)ry, = (9n> kn)py, - (3.47¢)

9T \I'p

for all (rh,wh,,uh) eV, x W, x M,

Condensed variational formulation

The compact formulation (3.47a)—(3.47b)—(3.47¢) cannot be used to efficiently implement
the HDG method, indeed with this formulation it is not clear how the global problem for p,
only can be obtained. To describe this process , we will now write a condensed variational
formulation for p;, only.

We introduce the so-called local solvers

PX " (Bn,s) — pr,
QX : (pn,s) — ay,

~

Q" (B s) = @ ' = QN (B, ) — 2iwwr (PuP™ (B 8) = i) = 2isoTugw (PX (P 5) = )

where (g, p&) is the solution of (3.42a)(3.42b) and @, is defined by (3.43).
We can therefore rewrite the transmission condition (3.47¢) as

an (P, i) = Cn(p), (3.48)

where

an (B ) = (Q (P, 8) - 1 + 20wt (PurP™ (B, 5) = Pi) + 20w Tupne (P By 5) = Bi). pn )

+ <@7/”'h>I‘D7
eh(/lh) = <gN7 :uh>FN + <gD7 Mh)FD .

Equation (3.48) is the so-called global problem and is the main equation of the HDG method.
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From a computational point of view, we proceed as described in ALGORITHM 2.
Algorithm 2: Solving HDG+

for K € T, do
L Construct the local solvers PX, QF, Q¥

Add local contribution to the global problem (3.17)

Solve the global problem (3.17) for py, // This is the most expensive step
5 for K € T, do
| Reconstruct the local unknowns pf = P*(py, s) and gf = Q% (pn, 5)

3.4.2 Local solvability

It is worth remembering that HDG methods were originally developed for elliptic problems
and that harmonic wave equations are only coercive. It is well-known that solving those
equations with Dirichlet boundary conditions* leads to numerical pollution due to the res-
onance phenomenon. In this section we will show that the static condensation process is
well-defined when the mesh is fine enough, ie. the local problem does not produce resonance.
Before actually showing the local solvability, we need to prove the following lemma.

Lemma 3.4.1:
Ifp e H(K) and by € L*(K)NC(O), where C(O) is the space of vector functions continuous
in the domain O, then the following identity holds

1
Re (pbOJ vp)K - 5 <(b0 : n>p7p>8K :

Proof: We use an integration by parts to obtain a relationship between (pbg, Vp), and its
complex conjugate :

2Re (pbo, VD), = (Pbo, V) + (pbo, V)

= (pbo, Vp) i + (Vp, pbo)

= — (div (pbo) , p)  + {(bo - 1), P}y + (VP, pbo) i
(diV (b0> = O) = - (Vp,pbo)K + <(b0 : n)p7p>8K + (Vpapb0>;(

= ((bo - m)p. p) oy -

We can now state and prove the main result of this section.

Theorem 5 : Local solvability for the HDG+ methods
If

Vee E(K), Tle<0 (3.49)
and if

(NI

2
—Cwi, ¢ 100l 1 10y + (Civo ¢ 1801172y + l190l] e )
Cwo,xkC HPO”Loo(K)

whi (3.50)

where C' > 0 is a constant that depends only on the shape regularity of K, then the local
solver

(Pn,s) = (pn, qn)

is well-posed.

4Which is what the local solver does.
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Proof:
As the local problems have a finite dimension, we only need to prove uniqueness of the
solution. We therefore assume that p, = s = 0 and we need to prove that the system

(Wogqn, ) — (pn, div (7)) = 0, (3.51a)
—w? (popn, wn) e — 2iw (bo - Vg, wp) i
+ (div (qn) , wn) j¢ + 2iw (TPrpr — TupwPhs Wh) g = 0, (3.51b)

has only one solution : (pp,gn) = (0,0).

We will prove the theorem by contradiction. We therefore assume that the system (3.51a)—
(3.51b) has a non-zero solution (pp, qn).

Step 1: An energy-like system

We begin by testing (3.51b) with w;, = py,

—w? ||ph”;270,K + 2iw (pabo, Vo) i + (div (gn) , pr) g + (2iwT Pypn — 20T apwDh, Ph) o = 0
(3.52)

Then, (3.51a) is tested with 7, = @, and conjugated :

@13, ic = (div (@) n) e = 0 (3.53)
We now add (3.52) and (3.53) leading to
lgnllvg s — @ Il 1 + 2iw (Pabo, Vpn) i + (26T Parpn — 2iwTupwn, Pr)oge = 0 (3.54)

We now obtain the following system by taking the real and imaginary parts of (3.54)

Re : lgnllyy, i — w0 lpnll, i — 2wIm (prbo, Vin) x = 0 (3.55)
Jm : Re (prbo, Von) i + (TPuPh: Ph) g = (TupwPhs Ph) g (3-56)

Indeed, as Pyp, € M}, and 7 is constant on each edge, one has
(TPrph, Pr)gie = (TPubhy Pupn) g € R

Step 2: We focus on (3.56) to express pp|ok-
By the LEMMA 4.1.1 we have

1
Re (prbo, Vph)K = 2 ((bo - n)phaph>{)K

and (3.56) becomes

—_

5 <(bo : n)ph;ph>aK + <7'PMph7ph>aK = <Tupwph7ph>aK
For the sake of simplicity, we assume that the sign of by - n is constant on each edge. It
amounts to assuming that hy is small enough. For a given edge e € £(K), the three following
cases are exhaustive:

e Case 1: by -mn < 0: therefore 7,5 := max(bg - m,0) = 0 and

<0

1
<TPMph, PMph>6K —5 (‘bo ) n|ph7ph>8K =0

<0 by (3.49) as 7 <0
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e Case 2: bg-m > 0: therefore 7, := max(bg - 1,0) = bp - n and

(|bo - 1|pr, Pr) oxc + (TPupPhy Prpn) g = ([bo - 1|pn, Pr)oxe

<0

DN | —

1
<~ <7'PMph: PMPh)aK D) <’b0 : n\ph>ph>aK =0

<0 by (3.49) as 7 <0

e Case 3: bg-m = 0: in this case we only have

(T Pripns Pupn) g = 0.

In the first two cases we have py,|9gx = Pypr, = 0 and in the third one we only have Pypy, = 0.
In particular, the following identity holds for all the three previous cases

/BK ppdo =0, (3.57)

indeed as Py;py, is the L?-orthogonal projection of pj, onto M, we have

/ PMphu}kldaz/ prppdo,  Yup € My = H Pr(e),
oK oK ecs(K)

and the previous identity is obtained by taking u, = 1.

Step 3: Contradiction

As py € Pri1(K), we have p;, € H'(K) and the following Poincaré-Friedrichs inequality
holds®

Ipallsc < Chic [Vpnllc + [ pudo (3.58)

see [EG04, Lemma B.66] with f(v) = [y, vdo. The constant C' is the same one as in (3.50).
Using (3.57), the inequality (3.58) becomes

Ipull e < Chi |Vonl|f -

Going back to (3.51a), integrating by parts and testing it with r, = Vp;, we have

IVpull% = [(Wogn, Vipu) |
< Owo i ll@nllwy i VDRl &
VDl e < Cwo,x [ Gnllw, x (3.59)

On the other hand, from (3.55) we see that

lgnllvg i = @ Ipall?, i + 20T (prbo, Vpn)
2
< W lpol poo i) PRl + 200 10l oo 0y 1901 11V P2 ¢
2 2 2
th”Wo,K <C? HpOHLOO(K) Wi | Vpnl[y + 2C HbOHLOO(K) whie [[Vn |l (3.60)

Combining (3.59) and (3.60) we have

2 2 2
IVpnlli < Chvgic [C2 Nlpoll o ay i IVl % + 2C B0l oo ey w0l [ Va5

SWhen bg - n # 0 we can use the standard Poincaré inequality instead.-
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as we assumed (g, p) # (0,0) we can divide by ||[Vpy||, to obtain
1< Ol [C* l1oll oo ey B +2C [Boll e whir ] (3.61)
We now define the function
frar— C‘Q/VO,KCQ HPO”Loo(K) a? + 2012%,1(0 HbOHLoo(K) a—1
Rewriting (3.61) in terms of f gives
f(th) 2 0.
We notice that f is a second-order polynomial whose roots are

1
i ,
—Cwpic [1Boll o 1y £ (Clr i b0l 3210 + 190l peaey)

a4y =

Cwo,kC HPO”Loo(K)
As the leading coefficient of f is positive, we know that
Va € (a—aa-i-)a f(Oé) <0

and it is obvious that a_ < 0 and a; > 0.
Finally, we can see that the assumption on why (3.50) is exactly

0 <whg < ay,

which means

f(th> < 0.

This is the desired contradiction and concludes the proof, as we necessarily have p, = 0 and
qr, =0. "

Remark 3.4.3: For triangular elements, the constant C satisfies

1
C < —.

(e

Remark 3.4.4: when by = 0, the solvability assumption (3.49) becomes

1
why <

1
CCwo,x Hpouioo(f()

which is similar to the ones given in [DS19, Prop. 3.9] and [Hun19, Prop. 3.4.2].

Remark 3.4.5: this proof is written for the HDG+ method, for the more standard HDG
method only minor changes are needed : in Step 2, Py;p should be replaced by p. Assumption
(3.49) can therefore be replaced with

1
Vee E(K), Tle<0 or T\e>meax<2]b0.n]).
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3.4.3 Error analysis of the HDG+ method

In this section we will carry out a detailed error analysis of the HDG+ method. The adap-
tation of this process to the HDG method is straightforward, see SUBSECTION 3.4.4.

We chose to use the orthogonal L? projections instead of the tailored HDG(+) projections
that fit the numerical trace. As we study problems involving convection, the design of a new
projection would be required as using the standard HDG(+) projection would not lead to
cleaner error system. The design of such a projection seems very difficult when bg is not
constant.

We denote by 7y, my and Py the L2-orthogonal projections onto Vj,, W), and M;, respec-
tively.

We recall the following estimates due to standard approximation theory for polynomials and
trace inequalities which will be useful for our analysis, see e.g. [EG04, Prop. 1.135] :

lp = mwpllo S b Ipllo 0<s<h+2, (3.62a)

lg = mvalo < ldllo 0<t<h+1, (3.62b)

lp = Parpllo, <52 llplo 1<s<h+1, (3.62¢)

Ip = wpllore S B2 IIplls k. I<s<k+2,  (3.62d)
lg-n—7mvg-nl S P 2)qlux, 1<t <k+1, (3.62¢)

where a < b means that there exists a constant C' > 0 independent of the mesh size and
frequency such that a < Cb.
We will also frequently use the following inverse inequality

lwllox < h 5 |lwllx,  Yw € Wi (3.63)

Error equations

Let (p,q) be the solution of the original problem (3.7a)—(3.7b). We define the projection
errors -

Sp=myq—q ; 6 =mwp—p ; O :=p— Pup
and

€ =Tvqd—qn€Vy ; g i=mwp—pn €Wy 5 &= Pup—pn € M,
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Lemma 3.4.2:
The error quantities (7, e}, &%) satisfy the following error equations:

(Woeg, mu) g, — (b, div (rh)) 7, + (s 7 - Moy, = (Wodj, Th) 1,
(3.64a)

—w? (poeh, wh) . + 2iw (ehbo, Vwy) 7. — (€F, Vwn)r + <Q n—0Qp-n, wh>aTh
—w? (podt, wp) 7. + 2iw (6,bo, W) 1. (3.64Db)
<Q n— Q- n, ”h>a”rh 0 (3.64c)

where R
Q-n=gq-n—2iwby-n)p ondTy,

and

Q-n—0Qp-n=cl n—2wby n)& + 2wt (Pyeb — &) — 2iwTypy (- — &%)

—879 .1 — 2iw(bg - 1)F — 2iwT PP + 2iwTyne (67 — 6F) (3.65
h h h P h h

Proof: Notice that (p, q) satisfy the equations (3.47a)—(3.47b)—(3.47¢), introduce the pro-
jections wherever possible and subtract the actual discrete equations. n

A useful estimate: We will need to use the following estimate for || Ve[, to carry out
our analysis

Lemma 3.4.3:
The following estimate holds

1
IVeb 7, < Coworr (lefllworm, + 108lwe7) + C irlE (Pueh — &),

Proof: Going back to (3.64a), testing with r;, = Ve} and integrating by parts leads to
2
(Woei, Vg’é)Th + ||VE€1||T;L + (&, — &k, Vey, - n>aT,L = (Wody, VgZ)T,L
As e} € W), Vel - n € Py, and we can use the following property of the projection Py :
(Pasel, Ve - 1)y, = (€l Vb - ) o

Using the Cauchy-Schwartz inequality we get

|(&h — b, Veh - n)yr | = |(Eh — Pueh, Veh - n) o,

< CllPuey, = &l Verllor,

for some constant C' > 0.
Using the following trace inequality (3.63)

_1
Vw e Wy, |wl|lsre < Chi? ||wl|
we have

2 _1
HVSZHTh < Owe, i HEZHWO,K vazfi”n"‘HPMgz - gszaTh Chy? vamThWLCWo,K ”52HWO,K HVEZHTh

which is the desired estimate as 7|x = O(hg'). =
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Using the Poincaré-Wirtinger inequality: We denote by {u} the L2-projection of u
on Py, ie

1
VK € T, {u}\K:W/Kuda:

We will need to subtract {u} from the equations to apply the Poincaré-Wirtinger inequality

lu = {u}lly, < Ch[IVullg . (3.66)

We can do that thanks to the following property of the projections my and 7y, indeed we
have for £ and q

(mva, {Wo€}); = (a.{Wo€});, as {Wo&} € PoC Py

therefore

(65, Wo&) 7. = (q — mvq, Wo€), = (g — mvq, Wo§ — {Woé}), . (3.67)

Similar results can be obtained in the same way for the other quantities.

Best approximation property of P,;: During the analysis, we will often need to com-
pare quantities like ||u — Pyu| 55 and |lu — {u}||x-

Lemma 3.4.4:
For u € Py41(Tr), the following inequality holds

l|lu — PMUH(’)K N {U}HaK

Proof:

We recall that M), := [[.ce, Pr(e) is a finite-dimensional vector subspace of L*(97,). We
recalled that functions in M), are bi-valued piecewise polynomials of degree up to k on the
skeleton of the mesh.

On an internal edge e = 0K _ N 0K, we define

{u} on K_
{u*} on K,

+

{u}, = ,  where u* = u|g+.

With this definition {u}, is a bi-valued piecewise constant on the skeleton of the mesh, and
therefore {u}, € M.
As Py, is the orthogonal projection onto M}, we can use the Hilbert projection theorem to
obtain

Ju — PMUHaTh < Uief}\gh Ju— UHaTh :

We can therefore conclude that
[ PMUHaTh < lu — {u}eHaTh .

When no confusions are possible, we will denote {u}, by {u}. m
This property will often be referred to as the best approrimation property of Pyy.
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Discrete energy-like equality: We will now establish a discrete energy-like equality
which will be one of the key ingredients to study the convergence of our method.

Lemma 3.4.5:
The following discrete energy-like equality holds

1 : p_ Zp
(160 nl)" (ch— &
OTh
—2wIm (ehbg, Veh)
= _WQ (poé‘za 62)[{ + 2iw (51}11)1)07 VE;Z)K + (627 WO(SZ)K
+ <6Z -+ 2iw(bg - n)gz + 2iwT Ppdh — 2iwTypw (6£ - 3§> ,Eh — éﬁ>g?%h68)

2 2 0 1 .
el m = lehlln,  — 2iw||i|? (Puch — 1), — 2iw

Furthermore if p € H*(O) and q € H*(O) where s € [1,k+ 2] and t € [1,k + 1] then the
following estimate holds

2

3771) ‘

2 1 —
S 115+ 1z, (ellowe 7, + A gl o+ ir1# Prrch = 80 - + bl 0)

1
2 . 1 2 1 2
[E— (H\TMPM&% ] H (X1bo- i) (& — 2

s 2 s—
+ el 7, (P lallo + wh llpll, o) + 1 lall} o + wh* = [Ipll 0 2 llall,o
1 g
+ 1712 (Pueh, = &), («h* " Pl + A lgllo) (3.69)

where
h:= Irpea%; hi.
Proof: Test (3.64a)—(3.64b)—(3.64c) with (ef, el &) and sum the resulting equations to
obtain
el tvg i — @ ]2, i + 20w (ehbo, Ve) o +(Q - m— Q- n—ef -m.ef — &) =
—w* (pody, 1) + 2iw (9bo, Vep) e + (€7}, Wodj))

We will now compute the boundary terms using (3.65).
Boundary terms involving Pyy:
Notice that, as Pyel — &) € M, (K) and 7 € Ry , we have

(r(Puep, — &), Puep)ox = (T(Pugh — ), €5) o

and therefore

1
TQ(PMé“Z—é\Z

(T(Pyel, — &7), el — En)oxe = (T(Pueh, — &7), Pueh, — &h) o = ‘ )HaK

We also have the following estimate
20 (T PuF, € — &) o | < 20 [(I7| Putdh, Prrehy — 8007 |
1 1
< 2w ‘<|T|255, 7|2 (Pye? — @;’L)>WJ

1 1
S w|Irlz(Pueh = )|, 1717 1671157

— s— 1
(r=0(h™) and by 3.62)) S wh*™" |Ir[2(Puch — )|, Ipll.o
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Boundary terms involving convection:

As in Step 2 of the proof of THEOREM 5, we will separate the volumetric term involving bg

into its real and imaginary parts. By the LEMMA 4.1.1 we have

Re (ehbo, Vei) e = 5 ((bo - )k, 21) o

DO | —

and we can now obtain the second boundary norm

1
n)ey, ey, — Ap>a7‘h ) ((bo - m)ep, €€L>67~h + (Tupw(eh — ER)s €l — gz>an

((bo
1 1

=< HC —eh>,e¢;—a';> — 5 (B - 1) By + (Tl — 1),

0T

OTh

indeed as &) is single-valued across the skeleton of the mesh we have

((bo - m)EL, Eh) oy, = ([ERbol, Er) oy =0
and we also use that
Tupw — §(b0 . 'n/) = §|b0 . n| 2 O

to use the square root.
We will now eliminate the terms involving 7, from the right-hand side.

S llek — g;”an
oTh

S llek = Pugillor, + 1Pueh — Eillor,
(by LEMMA 344 and 7 = O(h™Y) < leh — {eb}lor + A2

1 % p P~
(510 ml)" (e — &)

1
712 (Puch — &)
(by (3.63)) S h7z b — {h}l, +h
1 1
(by (3.66)) < h?||Vebl,. + h?

L p_ op H
i (Puch - ),

OTh

7|2 (Paely — &0)

- gg)an

(3.70)

oTh

1 1
(by Lonnia 343) S b¥ (lefllwy z, + 1651 + irl(Purch = 20)] )

(by (3:626)) S b (Ilelworn + b Illo + 17l (Prseh -

Using the following inequalities that can be derived from (3.70)

1
Tupw S §|b0 -n|

1
b0n§§|b0n|

)

(3.71)
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and using (3.62d) with s — 1 instead of s to keep s < k + 2, we deduce that
- 1 1
2w ((bo - m)Op,eh — &) =2w((bo-n)25}, (bo - m)2 () — @7;)>8Th

1 1 1
< 20 ((bo - m)39], (b0 )} (] — £0))

OTh

T

1
Sl | (5100 l) 61 =2

OTh

_3
5 wh®™2 HpHs,(’)

1 3
(510 ml)" (e — D)
T

S wh ™ (leflwom + b Il
1
+ir Pt = ), ) 1o

and

1
20 (rup (07, — 01, €h —&h) S wdh =), (rupw - ;bo : n) NCE)

OTh

1 1
Swh' | (Slbo-ml) " (ch &)

I12ll5.0
o,

S b (el + 4 gl o
1
+ir Pt = )|, ) 1o

Boundary term involving &7

q p P _ q p p p P
(6h - m,ep — Eh)or. = (0, - M, &, — Parel, + Pugy, — &) o7

= (04 - m, &) — Puep)or, + (65 - 1, Puch, — €)o7,

=T =:T5

Using a weighted Cauchy-Schwartz inequality and recalling that 7 = O(h™!) we have
1 1
To < |Irl2 (Pueh, = )], 12 187 o,

1
(by (3.620)) b |[rl2(Puseh, — 1), llall.o

Ty = (8 - m. e, — Puch)or,
S 16kllo7, llen — Pruehllor,
(by LEMMA 3.4.4) S (183117, lleh — {eh} lom,
(by (3.62¢) and (3.62d)) S A% [lqll,o % e, — {=h} 15,
(by (3.66)) <A llall, o IVErll,
)

~Y

1
S gl (bl + 16217 + [Ir5(Pust — 2] )

1 2
by (3620) S llalho (Ieflhwy z, + 1712 (Puch = D). ) + 5%l

(by LEMMA 3.4.3
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Therefore
1 2
(88 - m,ch — &) or SH' lall, 0 (Hezuwoﬂ-h + |I712 (Parel, - @',;>Hm) + 0 |lall} o

Volumetric terms: By similar computations using the Cauchy-Schwartz inequality, the pro-
jection estimates in (3.62) and LEMMA 3.4.3 we can show that

)Th S wh ||p||s,o ||51;L||Th
1
i S b Ilo (Iellwor + o lallo + irl*(Pust — )], )
(Woel. 80)7. S [1e8llwe.r, a0
)

1
2 (ehbo, Veh), S bl (el + Al + [ir1¥ (Pusch = )] )

Ld2 (P05£a
(5pb0, Véh

We can rewrite estimate (3.69) in a more readable form :

Corollary 3.4.1:
The following estimate holds

2
6%)‘

2 1 2 1 2 2 = 2
Se (ledllwe.7 + 17|12 (Pueh — &) + = (W bl + 2% llalls o + @R Ipll; o
T I

1
2 . 1
S (H|T|2<PMez—@7;>HW | (3t nl)” - e

Proof: apply the weighted Young’s inequality to the right-hand side of (3.69). The value of
e will be discussed later. u

Adjoint problem

As the identity (3.68) does not allow us to directly obtain any error estimate, we need to use
a duality argument. For an introduction to the Aubin-Nitsche method we refer to [EG04, Sec.
2.3.4], similar processes for HDG(4) methods in the context of wave equations have been
carried out in [QSS16], [Hunl9, Sec. 3.5] and [DS19, Sec. 3.5.2] and for coercive problems
with convection in [QS16a].

The adjoint problem is

W — Vo =0 in O

—pow?0 — 2iwbg - VO — div (¢) = &, in O
=0 onI'p
£-n—2iwby-n)f =0 on I'y

and (&,0) € H*(O) x H?(O) satisfy the following discrete problem for all (v, wp, pus) €
‘/h X Wh X Mh

(Wo&,m1) + (0,div (r)) = — (0,7 1), (3.73a)
w? (pob, wp) 7.+ (2iw0bg + &, Vwy) . = —(§ -1 — 2iw(bo - n)0, wy) 57 + (€}, wn)A3.73b)
<€ ', ,uh>a7’h\pD =0 (373C)

The last equation (3.73c) translates the continuity of £ - n between the elements and should
be interpreted as a jump term. Indeed by the same argument as when we discussed weak
continuity of g, - m in SUBSECTION 3.4.1, we can show that (3.73c) is equivalent to

2 / §-nupdo = ) / [€]prdo — / £ nudo. (3.74)

KeTy, eSl
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Remark 3.4.6: The functional framework for (3.73c) is a bit complicated. Indeed the
interior integrals should formally be interpreted as duality brackets between H ~2 and H?
and the restriction of those distributions to a segment is not defined. Notice however that
the right-hand side of (3.74) is well-defined, therefore giving meaning to the left-hand side.
Moreover, as we assume additional regularity (€¢,0) € H*(O) x H?*(O) for the solution of
the adjoint problem and as we will work with polynomial quantities at the discrete level,
this is not problematic.

In our analysis we will need to use the following elliptic regularity estimate for the dual
problem

1910 + [I€ll1.0 < Creg llello - (3.75)

This estimate holds when € and 6 are regular enough, which amounts to requiring enough
regularity on the background quantities pg, ¢y and bg, and the convexity of the domain O.

Lemma 3.4.6:
We have the following dual identity :

b7, = — (Woefl, wvé — &), +w® (poch, mwl — 8), + 2iw (Ve (mwf — 6)bo)
— 2iw ((bo - m)ey, Tw — 0) 57
+ (Wodj, mv€), — w? (pod?, Tw) s + 2iw (6,0, V(mw0)) 1
+ 2iw ((bo - m)&, — 7 (Pue), — &) + Tupw (€, — &) s Twb — Pub) o
— 2iw ((bo - 1)0) — TPy}, + Tupw (05 — %) , mw6 — Pu)
+ (0} - m, w0 — Pu0) oy

OTh

Proof: Introducing the projections in (3.73a)-(3.73b)—(3.73¢c) and testing with (e, e}, &%)

(Womrv€,€0)y + (mwb, div (€0))y — (Pub, el - ),y = (Wo (€ — €),€0),.(3.76a)

—w? (pomwt, eh) 7. + 2iw ((mw0)bo, Ver) . — (div (wy€) ,eh) s — 2iw ((bo - n)mw b, €h) o7 =

(eh,en)y. — w? (po(mw 0 — 0),€h) 7 + 2iw (7w — 0)bo, Vep,) . — 2iw ((bo - ) (mw — 0),€}) o7
(3.76b)

(mv€ - n, 51}98771 =0 (3.76¢)

Now conjugate and sum those equations and compare with the sum of (3.64a)—(3.64b)-
(3.64¢) tested with (v &, w6, Pr0).

(Wl )y, — (ch div (&) + (& e - m)yy = Gi(mve)  (3.77a)
—w? (poeh, Tw0) . — 2iw (Vep, (mw8)bo) 1 (3.77b)

+ (div (e})) , mw0) 1. + 2iw ((bo - n)ey,, Tw ) 57 = La(Tw0)
—(ef -, Pu0) 5 = l3(Pas0) (3.77¢)
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where
li(myv€) == (Wody, mv€)
lo(mw ) := — w? (podh, 7rw9) + 2iw (01 by, VWWH)
+ 2iw ((bo - n)&;, — 7 (Puey, — E,) + Tupw (€5 — &1) ™ 0) 5
+ <6Z -1+ 2iw(bg - 1)0F + 2iwT Pyoh — 2iwTupe (87 — 0F), 7th9>
l3(Py0) == — 2iw ((bo - m)&} — 7 (Pue), — &) + Tupw (€, — &) s Pub) o7
— <5}qL - + 2iw(bg - )5p + 2iwT Pprdh — 20w Ty (5 Y ) ,PM0>

T

Y

0T
Notice that an integration by parts has been carried out in /5.
As Wy is real and symmetric, we have

(WorvE.el)y, = (mve Woel),,

and we can therefore notice that the left-hand sides of (3.76a)—(3.76b)—(3.76¢) and (3.77a)—
(3.77b)—(3.77¢) (after being conjugated) are the same, leading to

(Woell, mv€ — &)y + (eh,eh)r. — W (poch, mwb — 0) 1
—2iw (Veh, (mw 0 — 0)bo) . + 2iw ((bo - n)eh, Tyl — 0)or.
= li(mv&) + la(mw0) + l5(Prr0)
And the identity is obtained by a reorganisation of the different terms. u

Remark 3.4.7: conjugating gives the good sign for the convection term, indeed : [iz]* =
—iz*, therefore

[2iw ((mw0)bo, Vep)y | = —2iw (Ve}, (mwb)bo) .
Lemma 3.4.7:
Assuming that the regularity assumption (3.75) holds and that w?h?||po,, CregC' (Where

C is the constant of THEOREM 5) is small enough, if p € H*(O) and ¢ € H*(O) where
s€[l,k+2]and t € [1,k + 1] then

lehll, S B4 (14w) gl o +h° (1wtw?) lIpl, o +eh |72

73 (Pyeh = &), +1(140) leflswg 7,

where

h := max hx
KeTy,

Proof: we are going to estimate the terms in the right hand side of the LEMMA 3.4.6.
Volumetric terms involving &7 :

(Woefl, € = mv€)y, < hliefliwy i [1€lo < 1 ledliw, 7, Iy, (3.78a)
and
(Wodf, v €y, | = |(WodH, &), — (Wodi, & — ),
(by (3.67)) :\ (87, Wot — {Wos}m (Wodf & — mvé);,

S g —7mvallg, W€ — {Woéll7, + llg — mvally, [1€ — 7vElls,

(by (3.66) and (3.62b)) < ' lall, 0 M€l + 1 llall, 0 B €] o
(by regularity (3.75)) < ' llqll, o by, (3.78b)
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Volumetric term involving 7 :

W (ool mw — 0), S h bl e 180 S 0?0 bl (3.75¢)
and

[ (podh, 7w )7, | = (P00}, 0)7; — (poh, 0 — 7w 6), |
(by (3.67))  =w?|(d}. pof — {po0})7, — (pud}, 0 — mw )|
S @ |lp = mwplg, 100 = {pot}ll7, +w? llp = mwpll7, 10 — 7wl

(by (3.66) and (3.62a)) < w?h* [|pll, 0 hl0l0 +w?*h* [Ipll, 0 A 10]],0
(by regularity (3.75)) < w*h*" Ipll, 0 llebll 7, (3.78d)

Volumetric convection term :

2w (Vey, (mwl = 0)bo) 7, S w Vel [lmwd — 0|7,

(by LEMMA 34.3) < w (Hagu%% 1180, + |

rH(Pueh, = )|, ) It = 6l

using (3.62b), (3.62a), (3.66) and (3.75), we have

rH(Pueh, = ), ) BlIkl,
S w(Bllellwos + 0 Il (3.75¢)

L p_ op p
(Pt = ), ) Ikl

S (lefllworm + 4 gl o+ |

+h‘

and
2w |(0hbo, V(mwb)) 7, | = 2w |(85bo, VO) 7. — (4bo, V(0 — 7w b)),

(by (3.62a)) Swllp—mwolly 1900
(by (3.62a) and (3.75)) S wh’[|pl, e bl (3.78f)

Boundary terms involving bg - m : As we want to keep s < k + 2, we will use (3.62¢) with
s — 1 instead of s.
As

((bo - )&y, mwt — Prr0)5r = ((bo - m)EL, mwt — 0) 57
we focus on
2w ((bo - m)(e) — &), Tt — 9)67‘h Swler — 52“3’/@ w0 — 9”87,1

by B70) S @l bl | Nty + A lalo (375

+|irlbPuct - ), |

and
2w ((bo - n)}, Tt — PM0>8Th <w Haz”zm 17w — Pafl o7
(by (3.62d) and (3.62c)) < wh* "% |[pll, o b2 0],
(by (3.75)) S wh’lIpll, o bl (3.78h)
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Boundary terms involving 7:

2w <T<PM€;Z —%),WWH—PMO)QE SWHT(PM&JZ—é\p
(r=0h") <wh:

S wh |7 (Pyeh - @;’Z)HM [Eq= (3.781)

)HaTh 7w 0 — PM@HaTh

h
1 P p H 3
72 (Pyey, — &) anm HGHQ,O

and

2w (T Py0fy, mwt — Pub) o = 2w (T Par0y, Prr (w0 — 0)) o
Sw ||TPM5£H8771 | P (0 — 7TWe)”afrh
(r=0Mh") Swh™|p- TPl o7, 10 — 7w llo7
(by (3.62d) S wh B2 [lpllo0 b2 16l
S wh? ||P”5,o ||5ZH7;L (3.78j)

Boundary terms involving 7,w: As we want to keep s < k+2, we will use (3.62c) with s —1
instead of s.

2w (Tupw (eh — &1) s w0 — Pub) o Swlleh — Epllor lmwt — Palllyr,
s—32 3
Swh' 2 ||p||5,(')h2 id 2,0
S wh? Ipll, o llebll7 (3.78Kk)

and

20 (Tupw (0% = OF) s 7wt = Pasb), S wh®[[pll,0 100
S wh® Ipll, o llhlA (3.781)

Boundary term involving &7

1

(67 - w0 — Pud)yr S 1 Nl o h? 10,0 (by (3:62¢) and (3.620))
S lall o lleRll (3.78m)
The desired estimate can now be obtained by collecting the estimates (3.78a), (3.78b),

(3.78¢), (3.78d), (3.78e), (3.78f), (3.78g), (3.78h), (3.78i), (3.78j), (3.78k), (3.781) and (3.78m),
and using that h — 0. "

Bootstraping process

We will now combine the results of COROLLARY 3.4.1 of LEMMA 3.4.5 and LEMMA 3.4.7
through a bootstrapping process to obtain a convergence result.
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Theorem 6 : Convergence of the HDG+ method

Assuming that the regularity assumption (3.75) holds and that w?h?||po,, CregC' (Where
C is the constant of THEOREM 5) is small enough, if p € H*(O) and ¢ € H*(O) where
s€[l,k+2]and t € [1,k + 1] then

aTh)

Skl + 2 pll,o

1 1 2
IeBllwo s + V2 (H\T|2<PM8¢; ~2),, + H(2|bo ) (& -

and
lebls < (L +w) (B a0+ 2 lpll,0)
Optimal error estimates are

lmwp _thﬁL = O(hk+2) and |myq— qh””rh _ O(hk—l-l)’

and
lp = pully, = O(R**?) and  |lq — qully, = O™,

Proof: to make the computations easier we introduce the following notations

1
P=wlely ; Q:=leillw,rn i T::‘ﬂ(PMe’,Z—?Z)Haﬁ

and
Byi=wh Hpll,o 5 Qn=""lgl,0

B = |l (Pt = D)., + | (5100 nl)” € - 2D

9Th
a:=(wH+wHh ; B:= (1—|—w+w2)h ooy i=w?h
With those shorthands the estimate of LEMMA 3.4.7 can be rewritten as
P < (w+w)hQn + (1 +w+w?)hPy + w*hT + (w + w2) hQ
S aQp+ Py +9B +aQ (3.79)

and the estimate of COROLLARY 3.4.1 can be rewritten as

1
Q*+2wB* 5 |Q* - 2iwB?| S e (Q*+T2) + - (P + Q} + )
5
< 2 2\, Lo 2 2
<2(Q +B)+€(P +Q} + P?) (3.80)
Taking the square of (3.79) and using Young’s inequality leads to
P? < a’Qi + PP +v*B% + o’ Q. (3.81)

Using (3.81) in (3.80) gives
Q%+ 20B* < <1+i) [(1+0?) Q7+ (1+8%) P + <5+72 <1+i)>32

+ <€+a2 (1+i>) Q.
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Let C} denote the constant hidden in <. Choosing ¢ so that Cie < 1 and assuming that h
is small enough the last two terms of the right hand side can be absorbed by the left hand
side, leading to

Q? +2wB* < (1+i> (1+?)Qh+ (1+8%) P

As e does not depend on w and h, we can hide the first factor of the right-hand side into <

leading to
Q° +2wB* < (1 + 042> Q7 + (1 + 62> P

As a, f = O(h), we can overestimate a, < 1 leading to
Q* +2wB?* < Q3 + P2
And finally we have
Q+V2wB < P+ Qn (3.82)
Now by taking s = k+2 and ¢t = k+ 1 in (3.62b) and (3.62d), we can see that
Q=0(R"") and B=O0(R" (3.83)
and finally by using (3.82) in (3.79), we have
P = O(h*?). (3.84)

It is also possible to obtain a convergence result for the trace p, which is the main unknown
of the method :

Corollary 3.4.2:
Under the assumptions of THEOREM 6, the following error estimates for p, hold

[Ehllo, = O(1*2) and  |lp = Billy, = O(h**3).
Proof: We have

| Prenllor, + 1Pl — Exllor,

ehllon, <
1 1
<Py, + 1 171 (Puch — 20)|

|
(r=0(h7") <

OTh

1 1
S llekllog, + 2 |[I712 (Pue, — &,

(Pys continuous ) HaTh

i P _ D
712 (Puch = &),
= O(h™2h**2 4+ hap)
= O(h*3),

)
(by (3.63) <Az ||eb]l, + h?
(by (3.83) and (3.84))

which is the first estimate. The second one comes from (3.62¢) with s = k + 1. m
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3.4.4 Error analysis of the HDG method with diffusive flux

As the error analysis for the HDG method is very similar to the one for the HDG+ method we
only state the main theorem. The intermediate results (error equations, Garding’s equality,
dual estimate, ...) are stated without proof in APPENDIX 3.A.

Theorem 7 : Convergence of the HDG method with diffusive flux

Assuming that the regularity assumption (3.75) holds and that w?h?||po| , CregC' (Where
C is the constant of THEOREM 5) is small enough, if p € H*(O) and ¢ € H*(O) where
s,t € [1,k + 1] then

3 _ . )
Imwp = pally, = O(W**2) 5 |Pup = Ballos, = O(h*%) 5 and  |wve —anly, = O(R*2),
and

Ip = pully, = O™ 5 Ip = Billay, = O(B**2) 5 and  |lg — anlly, = O(h*+2).

Remark 3.4.8: Some HDG methods are known to achieve superconvergence, ie taking
pn € Pi leads to the following error estimate

Imwp = pull;, = O(RF*),
this is not possible for this method because of the convection term

20 |(7bo, V(rwb)) 7, | S wh* Ipll, 0 lI€h]| 7

in the dual estimate which locks the convergence rate to O(h*™1) for the scalar variable pj,.
Superconvergence is an attractive property for a numerical scheme, indeed using a postpro-
cessing scheme it is possible to use the solution (pp, gn) to construct a new approximation
pn which converges with order O(h*+?2), see [Ste91], [CGS10, Sec. 5] for more details.

3.5 Implementation

In this section, we will give details on how we have implements the HDG(+) methods. For
the sake of simplicity, we will assume that the physical coefficients are constant on each
element. In this case, the integrals may be computed using

e an analytic integration procedure that relies on the decomposition of the basis functions

in the monomial basis,

e high-order quadrature rules.
Taking into account the variations of the physical parameters inside the elements only re-
quires a straightforward generalization of the material presented here. However this imple-
mentation is only possible if quadrature rules are used to evaluate the integrals.

To make the notations lighter, we will drop the subscript A in this section. The quantities
(g, p,p) will denote the solutions of (3.47a)—(3.47b)—(3.47c) and (g, p’, p°) their restrictions
to an element K € T, and an edge e € &, respectively.

In TABLE 3.2, we recall the main differences between the three variants of the HDG methods
considered in this work.
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\ Variable H Space \ HDG (pp, o) \ HDG (pn, qn) \ HDG+ (pn, qn) \
Pressure py, Wi(K) Pr(K) | Prn(K)
Flux gy, or o, Vi(K) Pr(K)

Trace py, My(e) Pr(e)
Penalization 7|k O(1) \ O(hy)

Table 3.2: Choice of local spaces and penalization parameter for the different methods

3.5.1 Framework and notations

In this section we present the notations used in [BCDL15, FS20] which are very close to the
ones used in hawen®. We will then give details on how the matrices are assembled.

Local problem: The discretization of the local problem (3.47a)—(3.47b) leads to the fol-
lowing system

AKWE 4 CKAK = SF, (3.85)
where

T T

and p denotes the vector of the coefficients of p;* in the basis of W, (K).

Global problem: The discretization of the transmission condition (3.47¢) leads to

S BAWE +LEAR =0 (3.86)
KeTy,

We denote by A the global trace approximation and for each element K € 7, we introduce
the connectivity map which is the operator Ag such that”

ArA = AE.
Using (3.85), we can express WX in terms of A
WK = (%) 7'8% — (a%) 7 C¥ Ak

and we can finally construct the global problem using (3.86)

> Ak

KeTh

—BX (4%)CF 4 LK} Ach=— Y ALBF(AF)7'SK. (3.87)
KeTy,

For conciseness, we will denote

KN = BN (AK) TCK LK, K= Y ARKKAx and §:=— Y ALBF(AK)SK.

KeTh KeTh

Remark 3.5.1: the invertibility of matrix AX was the subject of THEOREM 2 (HDG-o7y,)
and THEOREM 5 (HDG+ and HDG-q;) and the invertibility of the global matrix K was the
subject of THEOREM 4.

6See https://ffaucher.gitlab.io/hawen-website/.
"The aim of operator Ay is to copy the global informations to the local solver, depending on the element
it may be a simple copy or also involve reordering.
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Remark 3.5.2: to efficiently implement the HDG(+) methods, we will need to compute
the inverse of A®. As this matrix is not too large, it is possible to perform this operation
using lapack. However the discretization of the global problem will lead to a large sparse
system which will be solved using mumps.

Solving HDG: In ALGORITHM 3, we describe how the HDG method can be efficiently
implemented. Details on the construction of the local matrices A%, CX, BX and LX and on
the implementation of boundary conditions will be given in the next sections.

Algorithm 3: Solving HDG

/* Step 1: Construction of the local and global problems */
for K € T, do

Construct the local matrices AKX, CX, BX and LK

Compute (A%)~! using lapack

Compute KX = BX (AK)'CK 4 LK

Modify K to enforce the boundary conditions

Use the connectivity operator Ag to add the local contribution to the global matrix K

/* Step 2: Construction of the source term */
Localize the source

8 for K € T, where s # 0 do

10
11

12

13

14

Construct the local source term S
Compute —IB%K(AK)_ISK
Use the connectivity operator Ag to add the local contribution to the global source &

/* Step 3: Resolution of the global system */
Solve KA = § with mumps

/* Step 4: Reconstruction of the solution */
for K € T, do

t Compute the local unknowns W% = (AK)_ISK — (AK>_1CKAKA

Convention for the indices: we will always use the following convention for the indices

index of basis functions : ¢ (test), j (trial), r (other)

component of a vector : u,v € {z,y, z}

global number of an edge : m

local number of an edge : ¢

polynomial degree : k

The global number of the ¢-th face of element K will be denoted by g(K,¢).

Dimension of polynomial spaces: We recall that the dimension of the space of polyno-
mials of n variables and of degree up to k is given by

dim (Py(K)) = <k i ”) —. dy(k), for K CR",

3.5.2 Implementation of the diffusive lux HDG method

In this section, we focus on the implementation of the HDG-q;, method.
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Definition of the elementary matrices

We introduce the basis (97 );-lz(lk) of Pr(K) and (\Ife) ) of Pr(e) and we decompose the
unknowns as

dn () dn (K) dn—1(k)
Z O g = qn 0 Pz = Y PV

Jj=1

for u € {z,y,2}, K € T, and e € &,.
We introduce the following matrices

u,tg

MK:/ PEOEdy DX :/ K9, 0K dx
1] K 7 J K J ?
B, = /a Lol F = [ w0k (3.88)

— [ wrerds

where g(K,¢) is the global number of the ¢-th face of element K and m is also the global
number of the edge e,,.

Notice that all those matrices except FX (which has dimension d,(k) x d,,_1(k)) are square
matrices and that all the elementary matrices are real.

Local problem

We introduce the following shorthand to make the algebra easier

o = gl}l{rgl(bo -n,0) and  tuypwe = Ig}&g{(bo ‘m,0)

it corresponds to using the expression (3.45a)—(3.45b) of the numerical flux. From an imple-
mentation point of view, this can be evaluated using array slicing or a ternary operator.
Using the elementary matrices introduced in (3.88) we can write (3.47a) as

> WoeuM¥ql — DI p™ + Z nfAFEpED =0, Yo € {x,y, 2} (3.89)
and (3.47b) as
—w?poM" P + 2iw > b DI P™ + 3 (D) g

+22w aFEPIEN —t e BE D™ + Ty (BE P — FEprE0)| = s% 3.90
pw b=l 7 [N [

Matrix form: To construct the global problem (3.87) we need to construct the matrices
AX and C¥ of the local problem (3.85) using (3.89) and (3.90).
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Matrix AKX :
| | |
AK P S
|
—pow*ME + 21wy, bO,qu (Df)T : (]D)f)T (]Df)T
|

PR 20w (e — tupw,e) EF

|
qr —-DX | WonM | Was,M* | WoisM
e T - - - - - - - - - - -~ T - - - - - - - - - - -~ T - - - - - - - - - - - ="
| | |
ﬁ —]Dé( : W()K21MK : WfQQMK : W({ggMK
| T
C]? _Df : WoKslMK : Wo{(zmMK : WOK:BMK

The red terms can be used instead of the black ones, depending on wether or not an inte-
gration by parts is performed.
Matrix CX:

CK PIUED

K )
X x
—_— - - - - - - - - = = = + 77777777777 4{ 7777777777777777777777777
\ \
K KATK | K2mK | K3mK KARK
q, n, Iy | () | ny, 3 ny, Iy
e oo T T T T T T T
K KK ! K2mK ! K3mK ! KARK
z n, IFl I n, FQ I n, F?; I n, ]F4

Remark 3.5.3: We chose to write the matrix form of the method with the equation for
pX first which is the opposite of the system (3.47a)—(3.47b)—(3.47c). This convention is
interesting because the matrices for the method in dimension n are submatrices of the ones
for dimension n + 1.

Global problem

The transmission condition (3.47¢) can be written as

S (Sl

KL N u

+2iw [ = (GIIOFID 1t o(BE)TPE) + 7 (FF)Tp — GIROp 0] ) = 0(3.91)

Matrix form: We will now use (3.91) to construct the matrices B¥ and L of (3.86).
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Matrix B¥:
BX P~ ‘ ar ‘ @ ‘ "
| 2t~ B G R T
s || 20eo(rs — bupna) (FE)T | nE2(ER)T | nK2(EK)T | <2 (BT
ez || 2w(m ~ bu) 2 )7 ) )7 i)
e | 2y = b)) | E(EE)T | 2 (EE)T | (E)T
|| 2oy — bupna) (FLT | nEAER)T | KA (ER)T | (BT
Matrix L%
LK ﬁg(K’l) i ﬁg(K 2) i ]/)\g(K,Z&) i p\g(K 4)
e | ~2n g -
ey 3 —2iw(Ty + ) GIK2) 3 3
3 202 )G o L
L lw(n og)@Y
€4 3 3 3 —2iw(Ty + ) GIEA

Boundary conditions:

The transmission condition (3.47c) was also used to weakly enforce the boundary conditions

q-n —2iw(by-n)p=gn on I'y
P=49p on I'p

Neumann boundary condition: If we want to enforce the Neumann boundary condition
on edge ¢ of element K we only need to add a right-hand side to (3.91) :

GQ(K’K)gN

where we assumed that
gN = Z gn,iVi.

Weak Dirichlet boundary conditions: However if we want to enforce the Dirichlet
boundary condition on edge ¢ of element K we need to change the matrices BX and L. This
first method of implementation corresponds to weakly enforcing the boundary conditions, ie
using the expression

<ﬁ - gD?H’>FD = 0.

This method is used for a modal implementation of the HDG method. It can be implemented
as follows described in ALGORITHM 4.
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Algorithm 4: Implementation of weak Dirichlet BC

The corresponding row of B is set to 0 : BX[e,,:] =0
The corresponding entry of X is changed : L[e,, p9(5:9)] = GI(KH)
The following right-hand side is added : GIU<0 gp, where gp = >, gp ;¥

Strong Dirichlet boundary conditions: For a nodal implementation of the HDG method,
it is also possible to strongly enforce the boundary condition on I'p :

p/\h = Jgbp,
on edge ¢ of element K. We need to change the local contribution
-1
KE — LK _ BK(AK) CK’

to the global problem as described in ALGORITHM 5. We recall that KX has the same shape
as LK.

Algorithm 5: Implementation of strong Dirichlet BC

The corresponding entries of KX are replaced with an identity block : K¥[e,, p?9] = Id
The following right-hand side is added : [gp(z,)]L, where @, € dof (eg (K, e))

3.5.3 Implementation of the total lux HDG method

Using the same notations as in the previous section, we can write the discrete form of the

total flur HDG method (3.16a)—(3.16b)—(3.16¢).

Local problem

The local problem (3.12a)-(3.12b) can be written as

Z Wouon — DI p" + 2iw <Z W vub()u) MFp* + Zn FEpPED =0, Vo€ {,y,e}

—w?poM"p" + 3D ol +iwd 7 (Ee p* — Ffﬁg(K@) =Sk
u V4
Matrix form: Matrix A® : We introduce 8, := 3, Wo.pubo.u-

p \ g

|
ok —DX + 2iwpB,MK } Wi, M* | ‘ W({{?)QMK ‘ W({§3MK
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Matrix CX:
| | |
K K1 K2 K3 K4
C ]39( ) 139( ) ﬁg( B3 ]39( 4)
K ‘ L K K
D —iwn F]' 1 —wnlfy 1 —iwmsFs 1 —iwnylFy
i | | |
|
K KIpK | K2pK | K3pK | KARK
Oy Ny ]Fl PNy ]FZ L ]F?) PNy ]F4
- ---==-- - Fo——— == -
| | |
K KIpK | o K2pK | o K3RK | KARK
oy n, Iy - n, F5 oy Fs oy Fy
|
K KIpK | K2pK | o K3pK | KARK
O, ny FY o nFy o 2t Fy o n

Global problem

The discrete transmission condition (3.15) can be written

> [P EF) ol +iwor! ((FEF)p" — GDp0)] = 0
K0

Matrix form: Matrix BX:

IBK K

Matrix LE:

LE pIED : P2 : PIED) : P
e; || —iwr GIED : : :

| | |
ey H I
es | — Ty GISD) :
e | tm— - —— = - — - - == = o m ==
e3 : : —iwT3GIU3) |

| | |
| I
€4 : : | —iwr, GIUA

3.5.4 Implementation of the HDG+ method

As p¥ € Py (K), ¢ € Pr(K) and p° € Pyi(e), one should be very careful while writing
the matrix form of the system, indeed we have

pX e C™ and  g" e CM (= ¢ e C"W u e {a,y, 2})

so some of the elementary matrices will be rectangular.
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Definition of the elementary matrices

Let (@Kk)d" be the basis for P(K) and (U5 k) "'® he the basis for Py(e).
The unknowns are therefore decomposed in the followmg way

dn (k+1)

= >

J=1

dn (k)

Z a7

K@K,k‘—i-l .

for u € {x,y, z}.
We define the following elementary matrices :

’C:/ DEFP K g

DXk / LD, o e DIk = / L1, BEF
FEF _ PEF IOk, FEHR+LE _ q)K k+1\11g(K 0k, (3.92)
0,37 DKL ? J Lig K¢

Kk Kk 5 K,k
’ OK*

= [ wrtertao

where g(K,¢) is the global number of the ¢-th face of element K and m is also the global
number of the edge e,,.
Most of those matrices are not square matrices and their sizes are recalled in TABLE 3.3.

‘ Matrix H Rows ‘ Columns ‘

K,k

Matrix H Rows \ Columns \ %HK,k,kﬂ ZnEZg d Cé?_@w
MIFT [ dy (k1) [ dalk+ 1) i k) | o)
g’l;{’k:5+l dnc(lk +1) | dn(k+1) (b) Matrices needed for (3.47a)

u n(k) dp(k+1)
Ff’kﬂ’k do(k+1) | do1(k) ’ Matrix H Rows \ Columns \
T | dy(k+1) | do(k+1) FEF d,, (k) dy 1 (k)
B, [ dak+ ) [ da(k+1) | [FEFF T (k4 1) | dpt(F)

(a) Matrices needed for (3.47b) G;”’k dy—1(k) dy1(k)

(¢) Matrices needed for (3.47¢)

Table 3.3: Summary of the dimensions of the local matrices

The matrix Tf’kﬂ will be used to evaluate the projection Pyp and will be defined in (3.96).
It was added to TABLE 3.3 for completeness.

Remark 3.5.4: To compute the integrals involving polynomials of different degrees in a
nodal framework, it is possible to directly use the expressions given in (3.92) or to use the

following trick. Let (x k“)] 1) he the degrees of freedom associated with Prr1(K). We

define the projection matriz P by

Kk k+1

= O F (k).
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P k+1) n (k1)
il

Seeing <I>ZK as as polynomial of degree k + 1, we can express it in the basis (®; o

Due to the nodal nature of the basis functlons, we have

dn(k+1) dp (k+1)
K, K, K 1
q) k _ Z q) k k:+1 (I)Kk-H Z P . (I)Kk:ﬂ
r=1

The matrix DF##*1 is therefore given by

DEkk+1 _ pEkk+1pK k+1

Evaluating the projection:

The evaluation of the term
(T Parpn, wn) (3.93)

where wy, € Pri1(K) is a difficult part of the implementation of the HDG+ method.
Notice however that the implementation of the term

<PMph7 ,uh>3[( ) M € Mh(aK)

arising in the discretization of the transmission condition (3.47c) is straightforward. Indeed
as i, € Px(e), by definition of Py, we have

(Pripn, Mh>aK = (Pn, Nh>aK

In this section we present three techniques to compute (3.93).

Efficient implementation using a hierarchical basis: The easiest way to compute
(3.93) is to use a hierarchical and orthogonal basis for Py (K). Let (®ff )d”(lerl be such a

basis, then (CI)JK)?Q(IM is a basis for Py(K). Therefore if

dn(k+1)

then
dn (k)

PMpK = Z p]KCI)JK.

j=1
A good choice for such a basis would probably be Dubiner’s one which is L2-orthogonal if

the reference element is
e in 2D: the triangle with vertices

Ty = (_17 _]') y L2 = (17 _1> ; I3 = (_17 1)7
e in 3D: the tetrahedron with vertices
xy1=(—1,-1,-1) ; xzo=(1,-1,—-1) ; x3=(-1,1,-1) ; x4 =(-1,-1,1).

See [Dub91, Kir04] for more details.
As our solver is developed in the framework of nodal discontinuous Galerkin methods, we
will not use this method for our implementation.
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Efficient implementation through Gauss-Legendre quadrature: As 7 is constant
on each edge, we have

<TPMph7 U)aK = <7'PMph> PMU)@K .

This integral can be efficiently computed in two dimensions by using a Gauss-Legendre
quadrature. This trick is described in [Oik14, Sec. 3.4]. In two dimensions, the edges of a
triangle is a one-dimensional interval /. For simplicity, we assume that I = [—1, 1].

Denote by G, the k points Gauss-Legendre quadrature rule. For a function f, it is given by

G [f] = ;wif<ai)

where (w;)iepi,x) are the quadrature weights and (a;)ici,5 are the quadrature points. If the
function f is regular enough, then G, approximates the integral of f over I. In particular
Gr11 is exact for polynomials of degree up to 2k + 1. The usual stabilization term with
p,u € Pri1(K), can be exactly computed with the k& 4+ 2 quadrature rule Gi.o (which is
exact for polynomials of degree up to 2k + 3), i.e.

Grra[Tpu] = (TP, u) oy
If the k + 1 points rule Gy, is used instead, the HDG+ stabilization term is obtained

gk+1[7pu] = <7_PMp7 PMU>3K'
Lemma 3.5.1:

Vu,v € Prya(I), Griruv] = /IPMuPMvdJ:

Proof: Let ¢,, be the Legendre polynomial of order m > 0. On I, we can write

k+1 E+1
U= Z u;p; and v = Z Vi;.
1=0 i=0

Due to the hierarchical nature of the Legendre polynomials, we know that

k k
Pyu = Z u;p; and  Pyv = Zvigoi.
=0 i=0
We recall that G, is exact for polynomials of degree up to 2k + 1 and that .1 vanishes
at the quadrature points, ie.

Vi € [[1, k + 1]], <pk+1(ai) =0.

Then we have
k+1 l k+1 k+1 ]

Gr1uv] = Z w; Z uepe(a;) Z Umm (@)
=1 =0 m=0
k+1

_ ; [wi Ezk(:) ugpe(ag) néo UmSOm(az')]

= ; wi(Prru)(a;)(Pyv)(a:)
= Gps1[PruPpv]
= /IPMuPMvdx,

as deg(PyuPyv) = 2k.
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Remark 3.5.5: the decomposition onto the Legendre basis is needed to prove the result,
but another basis (eg. Lagrange’s nodal basis) can be used in the implementation of the
method.

Remark 3.5.6: unfortunately this result is not yet generalized for three-dimensional prob-
lems.

Generic implementation: We will now present a way to compute (3.93) that works for
every choice of polynomial basis in every space dimension. As this technique requires to
precompute the projections for all the basis functions of order k + 1, the nodal HDG+
method may be less attractive when p-adaptivity is needed.

We assume that

dn (k+1)
Z pJKCDJK’kH and wy = @f’kﬂ
j=1
(3.93) therefore becomes
dn (k+1)
Kk K k+1
<PMth’wh>aKé’ = 2 pJK <PM(I)J' e >aKf' (3.94)
j=1
The next step is to decompose 1’:’1\4<I>§(”“rl onto the basis of M,(0K)
wrrn Y ke ok
PM(p] ’ — Z 9]’71 ‘ij.’ 5
r=1
and we can construct a linear system for QJK’Z using the definition of P,
) k Kl K+l ek
ek e, Jk+ e, .
Zjl (Wb, wek) O = (@ wet) Vi€ [1,du o ()]
or in matrix form
K0 pKt _ Kt
G )gj =5
where
Kt . [ a Kkl ek
sy = (@7 W >W .
Plugging this result into (3.94), we have
Kk+1 &L A (V) Kt K k+1
+ K e,k +
(Pupy, @] >W = Z Z o (Ui, @] >W . (3.95)
We define the following matrix
TR ) K k+1,k gK L
ZU Z IFK ir 9]7“ ) (396)
where we recall that
ﬁ]lj:-i-l,k _: (I)K,k—i-l\Ij?(K,é),kdO’
’ oK*

and we can rewrite (3.95) in matrix form

dyp (k+1

4 +1)
<PMph,(I)Kk+l> K:ez; z:l g(warl JK
=1 j=
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Local problem

Using the elementary matrices introduced in (3.92) we can write (3.47b) as

_p0w2MK,k+1]£ 124w Z bgﬂ)iﬁk—i—l]ﬁ 4 Z(Df,k,k-i-l)quIf

+2%w ZTE (Tf,kﬂi _ FK,k—f—l,kEg(K,Z)) i Z [agIFK’kH’k;Q (K,0) + tupw,ZEfJﬁ_l]i} _sK
¢ 1
(3.97)
and (3.47a) as
> WowuaMSFgl — DEREE 4 an’eFf’k@g(K’@ =0 Yo e {z,y,z} (3.98)
u 4

Using TABLE 3.3 it is easy (and important) to check that (3.97) has d,(k+ 1) equations and
(3.98) has d,, (k) equations.

Matrix form: We can now construct the matrices A% and C¥ for the local problem (3.85).
Matrix AX : (size : (d,(k + 1) + 3d,(k))?)

K K ! K ! K ! K
A 297 I qi I qi I qi
2K k41 . K+l | ‘ ‘
—pPoWw M + + 21w Zu bO,uDu KL I I
| | |
| | |
K . K,k+1 [ K,kk+1\T | K,k,k+1\T | K, k,k+1\T
P —2iw Zf tUPW,fEE [ (]Dx ) [ (]Dy ) [ (]Dz )
| | |
. K. kt1 | | |
+2iw Y, 7T ! ! \
| | |
| o T T T T o T T T T T
K K.kk+1 ! K piKk | K piKk | K K.k
dy D | Wo,nM » WoieM  WoasM
-—l----——_-——_-——_—___ - ——— - - == 4 - - - - l——— === == e
| | |
K K.kk+1 K Kok K K.k K Kok
qy D, | W MR 1 W5 MR 1 W 53 M
-y - ~"""""""">""~>">"”"”>"”"”""53°" “"“~“~“~"“~"~-/” °~ o T T T T roT T T T T T
K K.kk+1 ! K piKk | K piKk | K K.k
q, —D7 | W0731M | WO732M | WO733M

Matrix C*: (size: (dn(k + 1) 4 3dn(k)) x (4dn-1()))

K K1 ! K2 ! K ! KA
C ]39(,) | 259(,) | ﬁg(ﬁ) | ﬁg(,)
| | |
. K k+1,k K k+1,k . K k+1,k . K k+1,k
PR || =2iw(m + a))FP 0 —2iw(my 4 ao)F " 1 — 26w (s + ag)F3 T 1 —2iw (1 + ay)FyETE
— | | |
7777777777777777777\ 777777777777777 [ o T T T
K K1k ! K2omik ! K 3mik ! KAapKk
qy n, Iy | n, “IFy | n, °Fs | n, "Iy
g e e e — - - - — ] e e e e - — - — — e e — - — — -
| | |
K K1mpik | Komik | K 3mik | KApKk
q, n, Iy | n, Iy | n, Ky | n, Iy
I [ o0
K K 1Kk ! K 2Kk ! K3mKk ! KApK.k
q, n, I | n, “IFy | n, °Fs | n, "Iy

Global problem

Using the elementary matrices introduced in (3.92) we can write (3.47¢c) as
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)

0

(3.99)

Once again, TABLE 3.3 should be used to check the dimensions of the matrices involved in

(3.99).

Matrix form: We will now use (3.99) to construct the matrices B and L of (3.86).

Matrix B": (size: 4d,—1(k) X (dn(k + 1) 4 3d,(F)))

BX ¥ S S R )

1| 2t EER G Y
o | 20(7: — b (B RYT | IS (BN | nfS2 (BT | K247
ez | 2l — b (BT ) T mET
o |20~ tanea) (BT ST ST T
o | 20—t ) ERFIOT | S A(ERRT | S (BT AR

LK P : poE2) : pI) : pIEA)

er || —2iw(r + ap)GIEDE | | ‘

es 3 —2iw(Ty + ap)GIE2E 3 3
e __ .. o ___ o ___.
€3 3 3 —2iw(T3 + a3)GIKES)k i

ey 3 3 3 —2iw(Ty + 0g)GIAR

3.5.5 Comparison of the cost of the HDG and HDG+ methods

Now that we have written down the discrete systems for the HDG and HDG+ methods, it
is interesting to compare the sizes of systems that we need to solve.

In TABLE 3.4 we have written down the sizes of the matrices for both methods.

We can see

that the global problem K of the HDG+ has the same dimension as the one of the HDG
method of degree k. As the resolution of the global problem is the most expensive step in
the resolution of the method, the cost of the HDG+ method is therefore similar to the cost
of the HDG method of degree k, while yielding to an order of convergence of k + 2 instead
of k 4+ 1. We can also notice that the cost of the local problems of the HDG+ method is
intermediate between the cost of the local problems of the HDG methods of degree k and
k + 1. However this has a really limited impact on the computational cost.
We denote by Ngj; the number of elements in the mesh, ie Ny, = card(7y), and by Ng,ee the

number of faces in the mesh.
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[ Matrix | HDG & | HDG+ | HDG k + 1 |
AR (4d,(k))? (dn(k +1) + 3d,(k))? (4d,(k +1))?
cK Ad, (k) % ddy_1 (k) | (dn(k + 1) + 3dn(k)) X (ddy_y(K)) | 4dn(k + 1) x ddn_1 (k + 1)
BX Ady 1 (k) % 4dn (k) | Adn_1 (k) % (dp(k + 1) + 3dn(K)) | 4dn_1(k + 1) x ddy(k + 1)
L (41 (k))* (41 (k))* (4dn_1(k +1))°

‘ K H ~ <Nfacedn*1<k))2 ‘ ~ (A]\[facednfl(k))2 ‘ ~ (Nfacedn,1<k + 1))2 ‘

Table 3.4: Size of the matrices for the HDG and HDG+ methods in 3D

In FIGURE 3.5, we have plotted the number of degrees of freedom for local problems (N%$)
and for the global problem (Nil)?b) with N, = 10% for several polynomial degrees in 3D.
Notice that AX has dimension (N2$)? and K has dimension (N59”)2.

-10%
HDG & e HDG & g
8007 . HDG+ 57 -x- HDG+ P
-» HDG k+1 e -» HDG k +1 x .
600 - 4 .
g3 X 2 > X
= ¥ ws | T
400 - PR = 3 >
g P 4 X
% X 2 .
200 o 7 o
% 14@
T T T T T T T T T T T T
3 4 5 6 7 8 3 4 5 6 7 8
k k

(a) Local number of degrees of freedom  (b) Global number of degrees of freedom
with Ney, = 103

Figure 3.5: Local and global number of degrees of freedom for the three HDG methods in
3D

To put these different costs in perspective, we can also compare them to the cost of two
standard DG methods: the SIPDG method which uses a primal formulation with only one
scalar unknown, and the LDG method which is a mixed DG method with four unknowns
on each elements. First we recall that each element has four faces in 3D and that a face is
common to two elements, i.e.

4
Nface ~ §Ne1t ~ 2Nelt'

Using TABLE 3.4, we know that the number of degrees of freedom of the HDG method of
degree k is

Ndli]f)G_k ~ Nfacedn—l(k) = Nface< n—1

—1
) ~ 2kn_l]Velta

whereas the number of degrees of freedom of a SIPDG method of degree k is
k
Nagi ™~ Netedn () = Nelt< . n) ~ K" New,
n
and the number of degrees of freedom of a LDG method of degree k is

k
NIRGF AN d, (k) = 4Nelt< Z”) ~ 4" Ny,
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which becomes much larger as k increases. Those sizes have been depicted in FIGURE 3.6,
with and without the LDG method to see the difference between HDG and SIPDG more
clearly. We have depicted both the HDG methods with interpolation degrees k and k + 1
as the HDG+ method has an intermediate cost between those two standard HDG methods.
For orders up to 6, the HDG and SIPDG methods have similar costs, while the LDG method
is clearly more expensive. Using the HDG method instead of the SIPDG one has one major
advantage: the flux can be evaluated without any loss of order as it is an unknown of the
HDG method, and the HDG method is therefore a mixed method with the cost of a primal
one. We can also see that for orders higher than 7, the HDG method is cheaper than both
LDG and SIPDG methods, and we can clearly see the advantage of using a HDG method
over a DG one.
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Figure 3.6: NiRG*k NHDGE+1 - NSIPDGE and NIRGF in 3D with Ny, = 10°

3.6 Numerical experiments

In this section we will provide some numerical experiments for the three HDG methods that
were described and analysed in this paper. We will first focus on the simple case of duct
modes propagating in a waveguide to obtain convergence curves and validate the theoretical
results of the previous sections. We will then provide some illustrative examples to show
that those methods can be used in more realistic cases.

3.6.1 Convergence rate

In this subsection, we will present some numerical experiments to illustrate our theoretical
results. As most of the estimates obtained in our analysis involve projection errors of the
form

lpn —7wplly,  or llan — vl
we will need to evaluate those projections before actually computing errors. In TABLE 3.5

we recall the different projections used for the analysis of the three different variants of the
HDG method that we considered.



3.6. NUMERICAL EXPERIMENTS 131

‘ Method H ™wW ‘ Ty ‘ PM ‘
HDG q | L2 | L% | L?
HDG + L? L? L?
HDG o | HDG | HDG | L?

Table 3.5: Summary of the different projections used for the analysis of the HDG methods

Geometric settings: As depicted on FIGURE 3.7 we consider a uniform directional flow
vg = Mcye,, where M is the Mach number.

Vo

Vo

Vo
€y

Figure 3.7: Sketch of the geometric configuration

Unless stated otherwise, we will always use the following parameters for the convergence

tests
O =(0,2)x(0,1) ; po,co=1 ; w=5.55m,

and the choice of M will be specified for each numerical experiment.

Analytic solution: The duct modes are a family of analytic solutions of (3.1) in a waveg-
uide, see [BBLO3]. They are given by

1 i:p
p(z,y) = €0, (y)

where
. L kM k2 - B2 (1 - M)
n < Ny : 5,” = Ve
. 22
n> N gr - TRMENEQ M)
" 1— M2
with w v
k=— and M=-=
Co Co
N Kl
0 w1 — M?
and
poly) = VI
©on(y) == V20~ cos (nzy) , neN*

The choice of n will be specified for each numerical experiment.
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Evaluating the projections: Here we give the details for evaluating the L? projection
onto W}, the process is very similar for the other projections.
We recall that the dimension of the polynomial spaces is given by

n+k
n

dim Py (K) = ( ) =:d,(k), for K C R".

All the projections considered are local to an element K, so evaluating them amounts to
solving a linear system on each K. Indeed, the definition of the L? projection onto W} (K) =
Pr(K) gives

: Kk _ Kk
Vi [Ldu(k)], (mwp,@%) = (p,@") .
As myp € Wy (K), we can write

dn (K)

Kk
™Wp = Z qu’j )
j=1

where m = (7;); is the vector of the coordinates of myp in the basis (®F); of Py(K). We
therefore obtain the following system

Vi e [1,d,(k)], dnz(f) m; (cpfﬂ@fﬂk)}{ _ <p7 (I)ZK,k)K’

=1

or in matrix form
Kk__ _ o Kk
M™" r = s, where s; = (p,@Z )K
The integral in the right-hand side is evaluated using a 91 points Gauss-Lobatto quadrature
formula and the linear system can be solved using lapack.

Evaluating the L2-error: Now that the projections can be evaluated, it remains to com-
pute the L? norms. As the numerical solution and the projections are polynomial quantities,
this can be done using the mass matrix. Indeed, for u € Py(K) we have

2 b K.k b K.k
ull% = Z u; e, Z u;
j=1 i=1 %
dn (k)
— Z uju; (@f’k,q)f(’k)l(
ig—=1
da(k)  dn(k)
K.k
=D u; Y Mty
i=1 j=1
_ Q*MK’ICU

To obtain more meaningful results, we will use relative errors instead of the standard L?-
error. This choice allows us to compare the errors computed on different meshes without any
pollution coming from the different number of elements. The relative error for py, is given by

e, I mwply

lmwpllz,

and similar expressions will be used for the other volumetric quantities.
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Some notation: To allow the comparison between the HDG+ method and the two HDG
methods, we would like to emphasize that k& always denotes the polynomial degree used to
approximate the trace unknown p,. We have chosen to plot the relative errors against the
quantity % which is proportional to the number of degrees of freedom per wavelength. We
would like to point out that all the plots in the next sections will use a log-log scale.

Hardware configuration: Those numerical experiments were carried out on a miriel
node on the plafrim cluster®. This node is equipped with a 2 dodeca-core Haswell Intel
Xeon E5-2680 v3 with a clock rate of 2.5 GHz and 128 Go of memory.

Acoustic case without flow

A first important test to validate our implementation in the acoustic case without flow. In
this case, the convected Helmholtz equation reduces to the standard Helmholtz equation
and the HDG methods, either with the diffusive or total flux, are the same when there is
no convection. We should therefore be able to reproduce the super-convergence of the HDG
method for the Helmholtz equation , i.e.

gp = O(hk+2)a

when an approximation of degree k is used for all the unknowns.
Here we have chosen to use the following parameters

n=0, and M =0,

which correspond to a plane-wave.
The resulting convergence curve is depicted on FIGURE 3.8 and we can clearly see that the
super-convergence is obtained.

107! 5 P
—9 ; +P4
10 E —+—Ps
1073 E . O(hS'O)
1074; I 0(h6'0)
& E I 7.0
N 10-5 1 O(h™)
1076 4
107 é
1075 5

T T T T
101.2 101.4 10146 101.8 102
k
h

Figure 3.8: Convergence history for the HDG method without flow for the volumetric un-
known py,

Low Mach

We then move to a flow with a low Mach number. In this case we have used the following
parameters
n=3, and M =0.2.

8See http://www.plafrim.fr.
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(a) HDG with diffusive flux gy, (b) HDG with total flux o,

Figure 3.9: Low Mach convergence history for the volumetric unknown p; for both the
diffusive and total flux HDG method

The convergence history for the volumetric unknown p, is displayed on FIGURE 3.9 for
both of the HDG methods. We can see that the diffusive fluz formulation achieves an order
of convergence of k + 3/2 as expected. On the other hand the total flux formulation also
achieves an order of convergence of k + 3/2 which is better than the expected order k + 1.
However for uniform flows and upon well choosing the penalization parameters both of those
methods are algebraically equivalent and we therefore expect to obtain the same order of
convergence for p,. On FIGURE 3.10 the convergence rate for the volumetric unknown py,
for the HDG+ method is displayed. As expected the optimal convergence rate of k + 2 is
obtained. As discussed in TABLE 3.6, it is clear that the use of the HDG+ method is less
expensive than the use of the HDG methods.
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wn. » E o O(hSO)
o - 0e)
1075 1 - O(h™9)
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Figure 3.10: Low Mach convergence history for the volumetric unknown p; for the HDG+
method
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Figure 3.11: Low Mach convergence history for the first component of volumetric unknown
qy, for the HDG+ method
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(b) HDG with total flux o,

Figure 3.12: Low Mach convergence history for the first component of the volumetric flux
unknown

If we now move to the flux unknown, we can see on FIGURE 3.11 that g, converges with the
optimal order k+1 as expected. For the HDG methods, the convergence histories for q; and
o, are depicted on FIGURE 3.12. The diffusive flurz formulation achieves a convergence order
of k+1/2 as expected, whereas the total flur formulation outperforms the theoretical results
and achieves an order of k4 3/2. For this formulation it was however expected that both pj,
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and o, converge with the same order, which is actually the case. Finally we would like to
point out that the choice between the formulations with q; or o, is application dependent.
Finally information regarding the size of the global problems for a fixed number of degrees
of freedom per wavelength are given in TABLE 3.6. We have included the HDG+ method
with (k,k — 1) and the HDG+ method with (k + 1,k). When using the HDG+ method
with (k,k — 1), a smaller global problem is solved to obtain the same convergence rate as
the HDG methods. When using the HDG+ method with (k + 1,k), larger elements can
be used to obtain the same number of degrees of freedom per wavelength because of the
higher polynomial interpolation degree. We can clearly see that the HDG+ methods are
computationally less expensive than both of the HDG methods.

k| h/k HDG-q;, | HDG-o, HDG+ HDG+
(k,k—1) | (k+1,k)
nnz 20 384 20 384 10 968 8 720
30107 [mz LU | 36872 | 36872 | 15216 | 9800 |
" MUMPS time | 25107 [ 16102 [ 1.8 102 | 1.7-10°7
nnz 872 216 872 216 481 528 467 280
30102 [z LU [ 3572752 | 3572 752 [ 1835 148 1673 560
" MUMPS fime | 027 | 023 | 015 | 010 |
nnz 17 130 17 130 8 720 4 980
4107 [mnz LU 947195 | 24125 | 0800 | 4644
" MUMPS time | 10107 | 2.0-102 [ 1.7-102 | 9510
nnz 752 330 752 330 467 280 423 600
4107 [z L0 [ 2874075 | 2874 075 | 1673 560 | 1307 418
"MUMPS time | 010 | 017 | 010 | 86-10°7
nnz 12 552 12 552 4 980 4 332
50107 [z LU | 2112 | 14112 [ 4644 | 4068 |
" MUMPS fime | 17107 | 27-102 [ 05-10° | 9.9 10
nnz 672 840 672 840 432 600 414 456
50102 [z L0 [ 2 400 006 | 2 409 006 | 1 397 418 | 1333 368
" MUMPS time | 012 | 011 [ 86-102 68 107

Table 3.6: Size of the global systems and mumps elapsed time for different interpolation
degree k for the low Mach case with a fixed number of degrees of freedom per wavelength

Notice that the numerical experiments performed here lead to relatively small linear system.
Indeed our goal was to validate the numerical method rather than showing the ability of
hawen to handle large numerical simulations.

In TABLE 3.7, we review the size of the global system for various interpolation degrees k
with a fixed error threshold for p,. As we did before, we use the relative L?-error defined by

P lpn — mwpll 7,
{2 THA TR
Imwpll 7,

We can clearly see that, when the desired error is smaller than 1072, increasing the interpo-
lation degree and thus the order of the method leads to solving a smaller linear system to
obtain the same error level. This less visible for an error threshold of 1072, as this accuracy
can be obtained with relatively large elements even with a low interpolation degree. For this
error level, we can also see that there is no real difference in the size of the linear systems
of HDG and HDG+ methods. This is expected as there is no real difference between the
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different interpolation degrees for this error threshold. However for smaller error thresholds,
we can see that the HDG-q;, HDG-o, and HDG+ with (k,k — 1) lead to linear systems
with similar sizes, which is expected as they share the same order. The HDG+ method with
(k4 1, k) also has a higher convergence rate and therefore lead to significantly smaller linear

system for the same error level.

k] & HDG-g, | HDG-0, | HDG+ HDG+
(k,k—1) | (k+1,k)
nnz 49784 | 39 216 37 200 26 920
311072 |{nnz LU | 116 208 | 85416 | 97371 | 53088 |
| MUMPS time | 3.1-1072 | 1.8-1072 [ 2.5-107% | 1.3-107? |
nnz 99920 | 102800 | 92040 49 784
3/107% [nnzLU | 293 328 | 293328 | 283155 | 116 272 |
| MUMPS time | 3.0-1072 [ 2.8-1072 [ 3.2-107%2 | 1.9-10% |
nnz 210 360 | 267 784 | 255552 | 140 640
31107 |{nnz LU | 689 568 | 926 352 | 944826 | 440584 |
| MUMPS time | 4.9-1072[6.2-1072 | 8.1-10°% | 3.63- 1072
nnz 28240 | 28240 26 920 28 240
411072 [nnz LU~ 7] 51050 | 51150 | 53088 | 51050 |
| MUMPS time | 2.3-1072 [ 1.4-1072[ 1.3-1072 | 1.4-107% |
nnz 58 560 | 58 560 49 784 42 050
411073 [nnz LU | 126 350 | 126 450 | 116272 | 84075 |
| MUMPS time | 1.9-1072 [ 2.0-1072] 1.9-1072 | 2.2-107% |
nnz 106 880 | 151 600 | 140 640 77 770
41107 [nnz LU | 284 050 | 433 450 | 440584 | 182875 |
| MUMPS time | 2.5-1072 [ 3.2-1072 [ 3.63- 1072 | 2.1-107? |
nnz 255 580 | 255580 | 372640 | 156 100
41107 |[nnz LU | 787925 | 787925 | 1383296 | 446 855 |
| MUMPS time | 3.9-1072 [ 41-1072] 0.10 | : 3.4-107% |
nnz 24660 | 24660 28 240 24 660
501072 [nnz LU~ | 34740 | 34740 | 51050 | 34740 |
| MUMPS time | 1.1-1072 | 1.4-1072 [ 1.4-107% [ 1.9-107% |
nnz 40 656 | 40 656 42 050 40 656
501073 [z LU | 7 73440 | 73296 | 84075 | 73512 |
| MUMPS time | 1.6-1072 [ 1.4-1072] 2.2-1072 | 1.3-10"% |
nnz 84312 | 88200 77 770 60 540
501074 |{nnz LU | 181944 | 192996 | 182875 | 120636 |
| MUMPS time | 2.6-1072 [ 1.9-10"2[ 2.1-1072 | 1.5-107% |
nnz 148 704 | 153888 | 156 100 | 111 972
5(107° [z LU~ | 392580 | 409 752 | 446 855 | 263 340 |
| MUMPS time | 3.1-1072[2.9-1072 [ 3.4-107% | 2.5-1072 |

Table 3.7: Size of the global systems and mumps elapsed time for different interpolation

degree k for the low Mach case with a fixed error threshold &,

Large Mach

Finally we also considered a flow with a large March number. In this case, we used the

following parameters

n=3,

and M =0.8.
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As the simulations of acoustic wave propagation in flows with large Mach numbers is known
to be more challenging, we expect to see worse performances than in the previous subsection.
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(a) HDG with diffusive flux ¢ (b) HDG with total flux o

Figure 3.13: Large Mach convergence history for the volumetric unknown p;, for both of the
HDG methods
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Figure 3.14: Large Mach convergence history for the volumetric unknown p;,, for the HDG+
method

The convergence history for the volumetric unknown is depicted in FIGURE 3.13 for both of
the HDG methods. We can see that the total flur formulation still achieves the convergence
order of k + 3/2 whereas the behaviour of the diffusive flur formulation seems less robust.
The same convergence history for HDG+ method is displayed on FIGURE 3.14 and we can
see that it still achieves the optimal convergence rate of k + 2.
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Figure 3.15: Large Mach convergence history for the second component of the volumetric
flux unknown

The convergence history for the volumetric flux unknown gy or oy is depicted in FIGURE
3.15 for the HDG methods and in FIGURE 3.16 for the HDG+ method. As in the low-Mach
case, the HDG methods have a convergence rate of k£ + 3/2 and the HDG+ method has a
convergence rate of k + 1. Notice that the HDG-o}, method seems to be the most robust
method for the approximation of the flux unknown for high Mach numbers.
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Figure 3.16: Large Mach convergence history for the second component of the volumetric
unknown g, for the HDG+ method
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3.6.2 A posteriori error estimate

In this section, we will show that it is possible to compute a simple a posteriori error
indicator. For more complete approach to a posteriori error analysis for HDG methods, we
refer to [CZ12, CZ13]. We introduce the relative jump error

B \/ZK,e \Dn — ph“?ﬂd

Ejump = —
\V ZK,E ”ph”aKf

which measures the jump between p, and p;,. For the HDG+ method, p;, should be replaced
with P MPh-

Jump error and residuals for the HDG methods: To understand the importance of
this quantity, we introduce the residuals

O = —w’popp +div (o) —s, and Ay := Wy + Vs + 2iwp, Wobg.

We have chosen to work with the HDG-o, formulation as we recommend it over the HDG-gqy,
one, but the adaptation to the HDG-q; formulation is immediate.
Reverting the integrations by parts in (3.12a)—(3.12b), we have

(Ah7 ’rh)K = <ph — ]/7;7 L n>8K7
(Ons wn) e = —1w (T(ph — Pr)s Wh) o »
as 0p, and A, are usually not polynomial quantities this means that
(PVAha Th)K = (Ph — DhyTh n>aK,
(Pwon, wp) ¢ = —1w (T(Ph — DPn)s Wh) gk »

where Py and Py are the L2-orthogonal projections onto V;,(K) and Wj(K) respectively.
Notice that if 6, and Ay are actually polynomials things are even simpler as Py d, = 0
and Py A, = Ay. Taking r, = Py A, and w, = Pydy,, and using the following inverse
inequality
_1
lwnllore < Chy® [wnll g s Vwn € Wi,

leads to
1 .
| Pv Al < Cahg’ |l — Pullox
1
[ Pwonllx < Cshy® |lpn — Dallok -

As
10nll e < 1P 0nll e + [[(1d = P )0 |l ¢ (3.100)

we can see that the size of the residuals and hence the quality of the approximation depends
only on the size of the jump p;, — py, (first term of the rhs) and the approximation properties
of Wi (K) (second term of the rhs).

When p € H*(K) with s € [0, k + 1], we have

Ip = Pwpllx < Chie 1Pl

so the penalization term 7(py, — p) will ensure the stability of the method. Indeed (3.100)
will therefore lead to

_1 .
0l < Cshg® o — Pullgge + CR 0wl »
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and assuming that Ay is small enough, we have

_1 .
10nl x < Ch® llpn = Pallok »

as the last term of the right-hand side can be absorbed by the left-hand side. A similar
result can be obtained for Ay,.

To illustrate this, we have depicted &jump for the HDG methods for a low-Mach flow in
F1GURE 3.17 and for a large-Mach flow in FIGURE 3.18.
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Figure 3.17: Low Mach convergence history for the jump error
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Figure 3.18: Large Mach convergence history for the jump error

Adaptation to the HDG+ method: For the HDG+ method, nothing changes for the
vectorial residual Ay, but things are a little different for the scalar residual d;,. Indeed this
time we have
1Pwonlc S hi? (171(Pupn = )l + I 7ms (on — Bl )
_1 e
S b I [(Prrpn — Dr)llpge »
_3 .
(as 7= O(hK_l)) S b (| Parpn — Pl g -

To illustrate this, we have depicted &y, for the HDGH method for a low-Mach flow in

FI1GURE 3.19 and for a large-Mach flow in FIGURE 3.20. Once again, we can see that these
quantities are clearly decreasing.
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Figure 3.19: Low Mach convergence history for the jump error for the HDG+ method
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Figure 3.20: Large Mach convergence history for the jump error for the HDG+ method

3.6.3 Is the upwinding mechanism necessary ?

In this section we investigate the numerical impact of upwinding mechanisms. We have
performed the same numerical simulations with the three methods with and without those
mechanisms. For the HDG-q;, and the HDG+ methods, deactivating the upwinding mech-
anism corresponds to taking 7.,w = 0. For the HDG-oy, it corresponds to taking 7 = 1
instead of the value given by the Riemann solver.

As it can be seen on FIGURE 3.21 the HDG-gq;, without upwinding leads to poor numerical
results, whereas the two other methods seem to perform well.

’ Method ‘ With upwinding ‘ Without upwinding ‘

HDG-gqj, 4.3-1077 0.53
HDG-o;, 4.9-1077 5.8-1077
HDG+ 6.3-1078 5.77-1077

Table 3.8: Jump error &ymp for the different method

We have also computed the jump error &, as quality indicator of the numerical solution.
The values are given in TABLE 3.8. Even if the error is higher without upwinding for the
HDG+ and HDG-o,, it seems to remain at a reasonable level. For the HDG+ method,
we can conclude that the 7., penalization seems optional. This can be understood as we
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need to choose 7 = O(hgk ") which is large, so the method seems less sensitive to changes
in the penalization. On the other hand, this 7, penalization is mandatory to make the
HDG-gq;, formulation work. Finally, for the HDG-o, we still recommend to use the upwind
penalization parameter 7 as it leads to a method with no arbitrary choice to make.
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Figure 3.21: py, for the different HDG methods with and without upwind

3.6.4 Point-sources in a uniform flow

For many practical applications it is necessary to consider point-sources. In this section, we
show that our method can be used for such computations.

Settings: We consider a uniform flow in an infinite plane. We use a Dirac point source
s = 0(0,0) located at the origin. We write bg as

bo = M (cos ae, + sinae,),

where M is the Mach number, a the angle between by and the horizontal axis, and we
normalize pg, co = 1.

The physical domain Oppys is surrounded with PMLs, see FIGURE 3.22 for a sketch of the
geometric settings.
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Figure 3.22: Geometric settings

We have depicted the solution for a large Mach number (M = 0.8) in FIGURE 3.23 and for a
low Mach number (M = 0.4) in FIGURE 3.24. The presence of convection leads to a clearly
visible Doppler effect : indeed because of the convection, the apparent frequency changes in
the domain. The apparent frequency is higher in the bottom-left part of the domain than in
the top-right part. The artifacts in the top-right part of the domain are due to the PMLs.
Notice that the artifacts are more visible for the large Mach flow.

1 0.1
X\\ 51072
N
\h 0
—5-1072
—0.1
(a) Numerical result (b) Analytic solution

Figure 3.23: p;, computed with the HDG-o}, method for w = 67, M = 0.8 and a = 7/4.
PMLs are not displayed. The colorbar is the same for the two pictures.
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0.1

51072

-0.1

(a) Numerical result (b) Analytic solution

Figure 3.24: p;, computed with the HDG-o}, method for w = 67, M = 0.4 and a = 7/4.
PMLs are not displayed. The colorbar is the same for the two pictures.

Analytic solution: In this context it is possible to write an analytic solution for (3.1).
Following [HPN19], we first need to introduce the so-called Prandlt-Glauert-Lorentz trans-
formation in the frequency domain. This transformation maps & = (x,y) to € = (Z,y) and
w to W, where

<1+M2 cos? o ) M2cosasma
B+ ) B1+p) 7

- Mgcosasma ( e sin o )
sa+s U g

with 8 :=+v1— M?2. As a shorthand, we write this transformation

B(1+8) B(1+B)

2cosasina 2 sin? o
M (1+ 075555

r = Ax, with A =

(1 + M2 cos® a ) M2cosas1na
)

B(1+8)

This Prandtl-Glauert-Lorentz transformation is closely related to the Lorentz transform aris-
ing in special relativity. It is well-known that, when the background coefficients are uniform,
these transformation maps the convected Helmholtz equation to a standard Helmholtz equa-
tion, see eg. [MBAG20, HPN19]. This can be understood as the Lorentz transformation was
introduced as the transformation between two inertial frames that preserves wave equations,
for a deeper insight of the connection between flow acoustics and Lorentzian geometry we
refer to [Vis98]. The analytic solution is given by

w
exac ) H —|A Az b
PDexact (T, w) = ~15'h ( | w|>exp[5 x 0]
where Hél) is the Hankel function of the first kind of order 0 and

ri= \/m

Even if there is an analytic solution in this case, we were not able to obtain meaningful
convergence plots due to the bad quality of the PMLs.

Computational cost: In TABLE 3.9 we have written down the sizes of the linear systems
to solve for the different HDG methods using an interpolation of order 5 for the trace
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variable. To give a reference, we also added the size of the system obtained when solving
the convected Helmholtz equation (3.1) with a continuous finite element method (CG) with
same interpolation degree using the montjoie solver’. We have also added the size of the
system obtained when solving the standard Helmholtz equation with a Local Discontinuous
Galerkin method (LDG), which is a first-order DG method, using the montjoie solver (as
LDG methods are not implemented for the convected Helmholtz equation in montjoie).

| Method | HDG-q, | HDG-0p, | HDG+ | CG | LDG |
k 5 5 4 5 5
nnz 12237 750 [ 12237 750 | 6243750 | 1353 750 | 46 862 808

nnz LU | 67 515 161 | 67 515 161 | 34 244 845 | 39 008 186 | 259 272 979
Eump 1.4-107% | 1.0-107° | 89-107*

Table 3.9: Size of the linear system to solve for the Dirac in a uniform flow

We can see that using HDG instead of LDG leads to significantly smaller linear systems. For
the convected Helmholtz equation, it is possible to use the CG method which less expensive
than the HDG ones, see [CD16]. However, we would like to point out that the CG method is
known to give bad numerical results for more realistic aeroacoustic models such as Galbrun’s
equation, see [CD18].

Local refinement: To handle the point-sources, a mesh with a local refinement around
the source should be used, otherwise artifacts could be present in the numerical solution.
With the HDG method, those artifacts seem really limited when no local refinement is used,
see FIGURE 3.25.

0.1

51072

—5-1072

—0.1

Figure 3.25: Point-source without local refinement

Illustrative example: To show that our method can handle more complex simulations,
we consider the same test-case as before but with two point-sources located near the origin.
On FIGURE 3.26, we can still see the changes in the apparent frequency due to the Doppler
effect, but also interference patterns due to the interactions between the two sources.

‘montjoie is a versatile and well-tested high-order finite element solver. For more informations about the

numerical method used to solve the convected Helmholtz equation, see http://montjoie.gforge.inria.
fr/helmholtz.php.


http://montjoie.gforge.inria.fr/helmholtz.php
http://montjoie.gforge.inria.fr/helmholtz.php
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0.1

Figure 3.26: Interference between two point-sources

3.6.5 Gaussian jet

In this section we focus on a space-varying flow. We will use a gaussian jet, which is a
common test-case in the literature, see e.g. [MMMP17, Sec. 3]. To work with parameters
and unknowns without dimension, we choose

POZCOEL

and we consider the following gaussian jet flow

2
vo = My(y)e,, where My(y):= My + pexp <—> ,

which is a gaussian perturbation of the uniform flow vg = M e, .
For this simulation, we work with the following values for the parameters

Ophys = (0,3) x (=1,1) ; w=67 ; s=00,05 ;

and

My =01; p=03; R=0.35.
The physical domain Opyys is surrounded by PMLs.
Notice that these kind of jet-flows are not potential flows and should therefore not be used
with the convected Helmholtz equation. However, as discussed in [MMMP17], with this
choice of parameters the vorticity of the low stays small and can be neglected. The convected
Helmholtz equation is therefore a good approximation of the more realistic models.

1072
1 4
200 - \
0 0

T T T T T

T T T T 1
01 02 03 04 50 100 150 200 250 30
(a) Mo(y) (b) Numerical solution

o S

Figure 3.27: RRepy, for the gaussian jet, obtained with the HDG+ method
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On FIGURE 3.27, we can see that there is a phase-shift inside the jet, as it is expected :
this refraction-like effect can be seen in the center-left and center-right parts of the domain
at the limit between the jet and uniform flows. There is also a small Doppler effect as the
apparent frequency changes in the domain : it is different in the the bottom-left part of the
domain and in the center-right one. However this effect is less obvious than in the previous
example as the Mach number is significantly lower.

Conclusion

In this chapter, we have introduced three HDG methods to solve the convected Helmholtz
equation. Two of them are standard HDG methods that use the same polynomial degree
for the approximation of all the unknowns. The third one is less standard and uses a higher
polynomial degree for the scalar unknown and a reduced stabilization process.

For all of those methods, detailed theoretical results on convergence and well-posedness are
provided. It is important to note that we could not obtain the super-convergence prop-
erty for the two standard HDG methods because of convection. We also provided numer-
ical experiments that are consistent with the absence of super-convergence. The HDG+
method achieves optimal convergence. Due to the reduced stabilization this leads to a
"'super-convergence like behaviour" as we obtain a convergence rate of k + 2 for the cost of
a HDG method of degree k without post-processing.

During the numerical experiments, it occurred to us that the HDG+ and HDG-o, methods
seemed more robust than the HDG-q;, method. In particular, they are less sensitive to the
choice of penalization parameter.
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Appendix

3.A Intermediate results for the error analysis of the
HDG method with diffusive flux

In this appendix we state the intermediate results allowing to adapt the analysis conducted
in SUBSECTION 3.4.3 to prove the convergence of the HDG method stated in THEOREM 7.
The proofs are omitted but are very similar to the ones given in SUBSECTION 3.4.3.

The main differences to keep in mind are : s € [1, k+1] instead of s € [1,k+2] and 7 = O(1)
instead of 7 = O(h™1).

Gradient estimate: this corresponds to LEMMA 3.4.3
Lemma 3.A.1:
The following estimate holds

_1
IVerllg, S lleillwoz + 10217 + 772 lleg — Eillor,

Energy-like equality: this corresponds to LEMMA 3.4.5.

Lemma 3.A.2:
The following energy-like equality holds

2
1 3
2 2 . 2
e 7 = 0 b — 200 (uez &l + | (3100 ) 1 -2 )
aT,
= — w’ (podh, €h) 7. + 2iw (Ohbo, Ver) . + (Woef, 81) 7. + 2wIm (ehbo, Veh)
+ (85 - + 2ico(Bo - )} — 2007 (3, — ) + 2icwTupw (5] — 5F),h — &)

Furthermore if p € H*(O) and g € H*(O) where s,t € [1,k + 1] then the following estimate

holds
2
a’rh)

2 _1 s
Sw? 1515 + wliehlls (lefliwg 7 + b lall,o + 272 e — Ellop, + wh® lIpll.0)
S 2
+letlwoz (B lallo +wh® Ipll,0) + B llall} o
_1 3
+h72 ||} = Ellom (wh llpll, 0 + b lall,o0)

1 o
2 0 2
el 7, — 2 (Haﬁ — & llom + H(grbo nl)’ (-2
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Dual identity: this corresponds to LEMMA 3.4.6.

Lemma 3.A.3:
The following dual identity holds
I€b]5 = — (Woel, mv€ — €)1 +w® (poch, mwb — 0) . + 2iw (Veh, (mw — 0)bo) .

— 21w <(b0 . ’I’I,)€Z, 7TWe — 9)67-}1
+ (Wi, mv€) . —w? (podh, mwl) . + 2iw (8hbo, V(mw b)),
+ 2iw ((bo - n)&}, — 7 (e}, — &}) + Tupw (€}, — 1), Twl — Par0) 5
— 2iw ((bo - n)0} — 7(5 — 0F) + Tupw (9 — 0F) , mw — Purf)
== <(5Z : ’I’L,’/TV[/Q — PM9>8T;L

OTn

Dual estimate: this corresponds to LEMMA 3.4.7.

Lemma 3.A.4:

Assuming that the regularity assumption (3.75) holds and that w?h? ||pol|,, CregC (where
C is the constant of THEOREM 5) is small enough, if p € H*(O) and ¢ € H*(O) where
s,t € [1,k + 1] then

leflly, < A A+ w) llgllo + (1 +w+ W) [lpll, o + (L +w) lledllw, 7,

where

h := max h
KeTy, K
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Absorbing Boundary Conditions for
the convected Helmholtz equation
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Introduction

Domain truncation is an important problem of computational wave dynamics. Indeed in

many applications, the waves propagate in an infinite medium which must be truncated to

a finite one to allow numerical simulation using finite element methods. The introduction

of an artificial boundary should be treated carefully to avoid numerical pollution due to

reflections at the boundary. Among others, the two most popular truncation techniques are

e Perfectly Matched Layers (PMLs), introduced in [Ber94], which consist in surrounding
the computational domain by a layer in which the waves are highly absorbed,
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e Absorbing Boundary Conditions (ABCs), introduced in [EM77], which minimize the
reflected waves generated by waves impinging the boundary introduced for truncating
the computational domain.

It is worth remembering that ABCs are often expressed in terms of non-local operators and
that finding efficient local approximation of those operators is usually a challenging problem.

In this chapter we consider the convected Helmholtz equation which is the simplest model
for acoustic wave propagation in a flow. It has been shown that standard PMLs are un-
stable because of the existence of back-propagating modes. In [BBLO03|, stable PMLs for
the convected Helmholtz equation were derived, and this work was generalized to more gen-
eral configurations in [MBAG20]. The key ingredient of those stable PMLs is a change of
variables that transforms the convected Helmholtz equation into the standard one. The
so-called Prandtl-Glauert-Lorentz transformation (PGL) of [HPN19] is the most common
example of such a change of variables. Similar work for time-domain acoustics has been
performed in [DJO6]. On the other hand, ABCs for the convected Helmholtz equation in a
waveguide were derived in [Kim14] and [MAGB21]. For industrial applications in which an
exact radiation condition is required, a FEM-BEM coupling that approximates the non-local
Dirichlet-to-Neumann operator has been considered in [CES14, BCD*14].

Herein, we construct a family of local ABCs based on the Prandtl-Glauert-Lorentz transfor-
mation for the convected Helmholtz equation. Those ABCs are constructed from the ABCs
formerly derived for the standard Helmholtz equation in [EM77]. As the Prandtl-Glauert-
Lorentz transformation is only used to compute the impedance operator on the artificial
boundary, the new ABCs are valid for a flow that varies inside the domain but becomes
uniform at infinity. Those new ABCs are efficient for low and intermediate Mach numbers
and are easy to implement in an existing finite-element solver.

This chapter is organized as follows:
e in SECTION 4.1, we recall some results on the convected Helmholtz equation and pre-
cisely state the assumptions under which the new ABCs are derived,
e in SECTION 4.2, we use the Prandtl-Glauert-Lorentz transformation to construct the
new ABCs,
e in SECTION 4.3, we present numerical results to illustrate the performance of the new
ABCs.

4.1 Model problem and geometric settings

In this section, we introduce the convected Helmholtz equation and recall some of its prop-
erties. We also precisely state the assumptions under which the new Absorbing Boundary
Condition are constructed. Finally, we show that on a bounded domain the convected
Helmholtz equation with absorbing boundary conditions is a well-posed problem.

4.1.1 Equation and carrier flow

We consider the following convected Helmholtz equation written in pressure formulation
—w?p — 2iwvg - Vp +vg - V]vg - Vp| — div (c%Vp) = s, (4.1)

where p is the acoustic potential, vg is the velocity of the carrier flow, ¢y is the adiabatic
sound speed and s is the acoustic source.
In this chapter, we use the following convention for time-harmonic solutions

p(x,t) = p(x,w)e ™" (4.2)

To make the notations lighter, the e~ factor is omitted.
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As there are several ways to write the convected Helmholtz equation, see [Pie90], we have
chosen the simple form (4.1) as a model problem for this chapter. The construction of the
ABCs presented here can then be adapted to the other forms of the equation without major
difficulties.

Assumptions on the carrier flow. In this chapter we will make the following usual
assumptions on the carrier flow:

Assumption 5 (Conservation of mass):
The velocity vg satisfies the following mass conservation equation

div (’U()) =0.

Assumption 6 (Subsonic flow):
The carrier flow is subsonic, i.e.

il(})f (cg - |'vo|2) > 0.

Second-order operator: We introduce the matrix
Ky := cJId — v,
using ASSUMPTION 5, (4.1) can be rewritten as
—w?p — div (Ko Vp + 2iwpvg) = s. (4.3)

The quantity
o :=—KyVp — 2iwpvg

is called the total flur and will be convenient to derive absorbing boundary conditions.
Indeed, let I' be a curve and mr its unitary normal vector, then the acoustic energy flux
going through I' is proportional to | - nr.

4.1.2 Absorbing boundary condition, weak formulation and well-
posedness

Truncated domain. Equation (4.3) is posed on the free space R™ for n = 2 or 3. Even
if we only present numerical examples in two dimensions, the ABCs derived here are also
valid in dimension 3. However to perform numerical simulation we need to work on a finite
domain. In practice, we introduce a boundary ¥, the so-called artificial boundary, which
limits a region including the support of the acoustic source and thus defines a bounded
computational domain . The ABC is then set on the artificial boundary 3.

Boundary condition. There exists an exact boundary condition which makes the artificial
boundary transparent. It can be written as

o-n+DtN(p)=0, on?X, (4.4)
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where DtN is the Dirichlet-to-Neumann map which is a non-local operator. In the context
of convected acoustics, the quantity o - n should be interpreted as —d,,p. We have therefore
chosen to call DtN the operator involved in the exact radiation condition.

In this chapter, we will approximate (4.4) by the following local absorbing boundary condition

oc-n+Zp=0, on, (4.5)

where Z € C is a local approximation of the DtN-operator which will be determined later.

The condition (4.5) has the form of an impedance boundary condition and we refer to Z as
an impedance-like coefficient.

For now we will make the following assumption on Z and we will later show that it holds.

Assumption 7 (Value of Z):
The value of Z is chosen such that

JmZ # wvg - N,

and the sign of JmZ does not change on X..

Weak formulation: Equation (4.3) and the impedance boundary condition (4.5) lead to
the following problem:

Seek p € H'(O) such that a(p,wy) = £(wy,), for all w, € H'(O), (4.6)
where
a(p,wy) == /o KoVp - Vwj + 2iwpvg - Vw) — w?pwide — /80 Zpw;do, (4.7a)

L(wy,) ::/ swyde. (4.7b)
o
Notice that this formulation can only be obtained when ASSUMPTION 5 is true.

Well-posedness. Before actually showing the well-posedness of the problem (4.6), we
recall the LEMMA 4.1.1 from CHAPTER 3.

Lemma 4.1.1:
Under ASSUMPTION 5 and if p € H'(O) and vy € L*(O) N C(O), the following identity
holds

1
D%e/ pvgo - Vp'de = —/ (vo - m)|p|*do.
o 2 Jao

Using this lemma, we can now prove that the convected Helmholtz equation with absorbing
boundary conditions is a well-posed problem.

Theorem 8

Under ASSUMPTION 5, ASSUMPTION 6 and ASSUMPTION 7, the problem (4.6) has a unique
solution p € H'(O).



4.1. MODEL PROBLEM AND GEOMETRIC SETTINGS 161

Proof : When ASSUMPTION 6 holds, Ky is a symmetric positive-definite matrix and its
spectrum is given by

Sp(Ko) = {cg,cg - |'v0|2}.
The problem (4.6) is therefore of Fredholm type and existence of the solution will follow

from its uniqueness.
Taking wy, = p in (4.7a) and s = 0 in (4.7b) leads to the following energy-like identity
) 2
WQVp — P ply + 20 [ poo- Vprdz— [ ZpPdo =0, (4.8)
o o 80

where |||, is the norm of L*(0O).
Taking the imaginary part of (4.8) leads to

2w9‘ie/ pvg - Vp'de — Jm/ Z|p|*de = 0,
o 20
and using LEMMA 4.1.1, we have
w/(m.mmmw—Jm/ Zlp2do = 0,
le) 20
which yields
/ (wvg - m — ImZ)|p|*do = 0.
00

Finally we obtain that p|so = 0 if ImZ # wvy - n and if the sign of ImZ does not change.
On 00 we have
Vp = (Onp)n + Vaop,

where Vo is the tangential gradient on 00. As p|ao = 0, we have Vyop = 0 and therefore
Vp = (Onp)n.
Owing to boundary condition (4.5), we also have
o-n=0,

and7 as p|(9(9 = 07

0= (KoVp) -n = (0,p)n" Kon,

——
>0

which finally leads to 0,p = 0 as Ky is positive-definite.

To prove the uniqueness of the solution we rely on the unique continuation principle: let P
be a second-order differential operator

- o? “ 0
P: Z aiji—i—Zaj——l—a
ij=1 89618% j=1 8xj
that satisfies the ellipticity condition

n

> &g > €)%, forall € = (&)L,

1,7=1

and let S be an hypersurface located at xy then

Pu=20
u|s =0 = u = 0 in a neighborhood of zy,
Qnu|5 =0

where 0, is the normal derivative on S. For more details, we refer to [Pro59].
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4.1.3 Geometric assumptions for the background flow

As the absorbing boundary conditions will be constructed using the Prandtl-Glauert-Lorentz
transformation, the background flow must be locally uniform around the artificial boundary.
We therefore make the following assumption.

Assumption 8 (Uniform flow outside O):
There exists a compact K C O such that vy and ¢y are constant outside K.

ASSUMPTION 8 is a reasonable assumption: in practice we can always assume that the
background flow becomes uniform if the artificial boundary is located far away from the
acoustic source. It is also worth noticing that a similar assumption is usually used to derive
ABCs for the standard Helmholtz equation. A sketch of this configuration is given in FIGURE
4.1.

Figure 4.1: Flow around an aircraft, the flow is uniform outside of K

4.2 Prandtl-Glauert-Lorentz transformation and approx-
imate ABCs

In this section we introduce the Prandtl-Glauert-Lorentz transformation, which is the main
tool for the construction of the new ABCs. We recall that the Prandtl-Glauert-Lorentz
transformation maps the convected Helmholtz equation into the standard one. As for the
Helmholtz equation, the behaviour of the solution of the convected Helmholtz equation
at infinity must be specified to ensure its uniqueness, leading to the notion of outgoing
solution. In this section, we prove that the Prandtl-Glauert-Lorentz transformation of an
outgoing solution of the standard Helmholtz equation is an outgoing solution of the convected
Helmholtz equation. We then show how the boundary conditions are transformed under this
change of coordinates.

4.2.1 Prandtl-Glauert-Lorentz transformation

We define the Lorentz factor
a:=+vV1-— M?
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where M is the Mach-number defined as

1
MO = —7o, and M := |M0|

Co

Following [HPN19], we use the following transformation

t=at+ ozlcO(MO ‘x) ; T=Ax .= (Id + OMMOM()T> x. (4.9)
This transformation called Lorentz transformation in [MBAG20], Prandtl-Glauert trans-
formation in [Cha00] and Prandtl-Glauert-Lorentz transformation in [HPN19]. The term
Lorentz transformation is used as this transformation is close to the Lorentz transformation
arising in special relativity.

Using the Sherman-Morrisson formula [SM50], it is easy to show that

1
Al'=1d - ——MyM{.
14+«

We can therefore write the inverse Prandtl-Glauert-Lorentz transformation

1 1
b= - —(My-&) ; 2= A% :— (Id - HMOMOT) 3 (4.10)
(6%

« acy

4.2.2 Transformation of the convected Helmholtz equation

In this subsection, we prove that the Prandtl-Glauert-Lorentz transformation maps the con-
vected Helmholtz equation to the standard Helmholtz equation. The material covered here
is standard and can be found e.g. in [HPN19]. We have added it here for the sake of com-
pleteness. We would like to point out that as the Prandtl-Glauert-Lorentz transformation is
a spacetime transformation, it is easier to work in time-domain. Then we go back to the
frequency domain thanks to a Fourier transform.

Transformation of the time-domain wave equation. Let us consider the time-domain
convected wave equation

2
(aat—i—'v(yV) p—cAp = s, (4.11)

where s denotes a source term.

Lemma 4.2.1:
If ¢y and vg are constant, the quantity

p(@,t) := p(x, t), (4.12)
satisfies the following wave equation

0%p — cAAp = 3, (4.13)
where A is the Laplace operator with respect to & and (&, ) is defined by (4.9).

Proof : To make the proof more concise, we only consider the case where My = Me,.
The other cases reduce to this one by rotation. In this case, (4.11) can be rewritten as
8%p 2 2
o+ 200Mp — (1-M*) 25 -5 =, (4.14)
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and the Lorentz factor is still given by
a=+v1-— M3

Using the chain rule and (4.10), we have

1 0%
25
M2 9% 2M M? M2 \* 9%p
Oop = —=—-—|1- o; 1— — 4.15b
aal a3 02 acq 1ta) %= * 1+a) 027 ( )
d%p
2 ~
~p = —. 4.15¢
5= 5.0 (4150
We notice that
M? 1— M? 1
1 - ta_aol+a) (4.16)
1+« I+ a 1+«
As (4.13) can be rewritten as
02p — §0%p — 0P = 3,
using (4.15a)—(4.15b)—(4.15¢) and (4.16) immediately leads to (4.14). u

Transformation of time-harmonic solutions. We will now derive a relationship be-
tween the solutions in the frequency domain.

Lemma 4.2.2:

Let p be a solution of (4.3) and let p be defined by (4.12). If ¢y and vg are constant, the
following identity holds

Fpl(x,w) = aexp [’iw ] Flpl(x,w), (4.17)

a?cy

where F denotes the Fourier transform with respect to time and the relationship between

the frequencies is
o="2 (4.18)

a
The same identity holds for the source-term s, i.e.
M, -
FI3(&,®) = avexp liw > "’1 Fls(x, w).

a“Co

Proof : As discussed in (4.2) we chose the e=™* convention for time-harmonic solutions, we
shall therefore use the following convention for the Fourier transform with respect to time

Flpl(@,w) = [ pla,t)eat.

Let us begin with the solution in Lorentz coordinates, the frequency domain solution is given
by

Flpl(@.@) = [ o@D
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and (4.9) implies

o~ M, -
— / p(x, )™ exp (z&z 0 :c) adt,
R

Qo

and we have

Finally, we get that

Fpl(®,w) = aexp (i@]\ioc. :z:) Flpl(x, a®), (4.19)
0
Taking w = aw in (4.19) leads to (4.17) and (4.18). =

To summarize, when ¢y and vg are constant, then LEMMA 4.2.1 and LEMMA 4.2.2 imply
that the Prandtl-Glauert-Lorentz transformation maps the convected Helmholtz equation
(4.3) into the following Helmholtz equation

w\? _ OV
_(a) p—caAp=3.

4.2.3 Transformation of the boundary condition

We will now focus on how the boundary conditions are changed under the Prandtl-Glauert-
Lorentz transformation.

We denote by X the artificial boundary in physical coordinates and ¥ the artificial boundary
in Lorentz coordinates. We will choose a circle centered on the origin for ¥, ¥ will therefore
be an ellipse. An example is depicted on FIGURE 4.2.

- . by
P N
7 by
’
/ N
7/ \
17 / \
/ \
I \
! \
1 \
I |
0! |
! 1
1 I
\ 1
\ !
\ /
1 \ ’
—1 4 N ,
N
N
~ z
~ o ~

Figure 4.2: ¥ and ¥ for My = [0.6 0.2]” and R = 2

More precisely, the following lemma holds.
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Lemma 4.2.3:
Let R > 0. If the artificial boundary in Lorentz coordinates satisfies

> ={z | = R?} = {% = R(cos(t)e, +sin(t)e,) |t €S},
then the artificial boundary in physical coordinates satisfies
= {z | |Az| = R*} = {x = R(cos(t) A, +sin(t)Ay) | t €S},

where A, and A, are the first and second columns of A~'.

Remark 4.2.1: At first glance, the other choice (taking a circle in physical coordinates
and an ellipse in Lorentz coordinates) may seem more natural. However ABCs for the
Helmholtz equation on an ellipsoid are more complicated to implement. If they are derived
using an analytical point of view, those ABCs are expressed using special functions whose
numerical evaluation may be unstable, see [BST12, Sai08]. On the other hand, if a geometric
point of view is used, the resulting ABCs involve curvature operators that are difficult to
approximate, see [BT80, ABB99].

Transformation of the impedance boundary condition. We will now state and prove
the main result of this chapter.

Theorem 9

Let p be the solution of

—w?p — div (Ko Vp + 2iwwvg) = s, in O, (4.20a)
o-n+Zp=0, on Y, (4.20b)

then if vg and ¢y are constant, p defined by (4.17) satisfies

—*p— EAp =3, in O, (4.21a)
O~p+ Zp=0, on %, (4.21b)

if the impedance operators satisfy

2
Z(x,w) = — L Z(%,3) + iwve - 1, (4.22)
7

and p = |A"Tn|™! is a scaling factor.

Remark 4.2.2: In (4.22) we can see that the impedance-like coefficient for the convected
Helmholtz equation is the impedance coefficient of the standard Helmholtz equation scaled
and shifted with a correction term that takes convection into account.

Proof : The equivalence of the volumetric parts (4.20a) and (4.21a) is a direct consequence
of LEMMA 4.2.1 and LEMMA 4.2.2. Let us now focus on the boundary conditions (4.20b)
and (4.21b). This is adapted from [HPN19, Sec. 3].
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We assume that ¥ and & have the following cartesian equations
Y {P(x) =0},
> {o@) =0}

Step 1:
Because of the chain rule, we have the following relationship between their normal directions

0b 0T ID =
Vo= = = ATV (4.23)

Let n and 7 be the unit normal vectors to ¥ and & respectively. We have

1 —=
'ﬁ, — ﬁV@,
Vo
which becomes thanks to (4.23)
1
= —— ATV
|A-TV | ’
then, since V& = |V®|n, we have
Vol
=——— A
|A-TVO| ’
which implies
n=pA"Tn,
where p is a scaling factor that ensures that |n| = 1.
Step 2:
We have
- 1 | Mo?
A1M=<Id—MMT>M= 1— M, = aM,.
0 11 oMo 0 1+ a 0o = alVlp

Starting from [HPN19, Eq. (11)], multiplying by A~! on the left and by A=T on the right,
we have

ceMoMg —cild= —cgA7'A™T = AT'AT =1d - MM .
Step 3:

We recall that :
iw

p(x, ) = aaexp { M, - w} p(x,w).

¢y

Using the chain rule, we have

w

%p = A TVp, and v {aexp { M, - :12” = ;) Qexp [ i

¢y
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and therefore

0;p="-Vp
= qexp z2w M, x| n’ <A_TVp+ Z;J pA_TM0>
La?cy l o’
= aexp Zzw My x| ynTA™? (A_TVp—i- MpM())
LO“Co
[ w 1 7 T W
=aexp | Mo x| pn ((Id — MoMy )Vp +i—pMy
L*Co | Co
= aexp Z;) My - x %nT KoVp + 2iwpvg —iwpvg
_Oé CO i CO
= aexp Z;) M, -z % (Zp — iwpvg - N)
La?cy 4
Using (4.22) and
(2,0) = ~ e[ 2 Mo - 2| 5@, )
T,w) = —ex cx| p(x,0
bz, o p 06200 0 plx, 9
we have
0:p = —Zp,
which concludes the proof. "

Remark 4.2.3: The minus sign in (4.22) comes from the fact that we have chosen to work
with o - n which should be interpreted as —0,p. As described in CHAPTER 3, this choice of
unknown is convenient for constructing mixed finite element methods.

Alternative flux. Up to this point, we have worked with the total flur o which is a
convenient quantity to work with mixed finite-element methods. However when working with
continuous primal finite-element methods, it is possible to obtain a symmetric formulation,
which would lead to an alternative boundary flux [HPN17, HPN19, LMG*20]. This flux is

g = —caVp+ (—iwp + vg - Vp)vg = —KoVp — iwpvyg.
This alternative flux is related to o by
g = o + iwpvy,
and we can define the following ABC
g-n+Zgsp=0.

Corollary 4.2.1:
The impedance operator Z4 satisfies

The ABCs derived here can therefore be easily adapted to other finite-element formulations.
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4.2.4 Outgoing solutions of the convected Helmholtz equation

The existence of outgoing solutions for an equation is the key condition for obtaining absorb-
ing conditions that can give well-posed boundary problems. In this section, we will prove
that the notion of outgoing solution for the convected Helmholtz equation can be inher-
ited from the one for the standard Helmholtz equation through the Prandtl-Glauert-Lorentz
transformation.

Lemma 4.2.4:

The Prandtl-Glauert-Lorentz transformation maps outgoing solutions of the convected
Helmholtz equation to outgoing solutions of the Helmholtz equation. More precisely, the
following diagram is commutative

pconv(m7t> H*OO> pCOHV,w<w)
lPGLt PGL(le

ﬁstd(iv {) = ﬁstd 5(57>

where peony and pgiq are the time-domain solutions of the convected and standard wave equa-
tions, and peony, and Dsta,5 are outgoing solutions of the convected and standard Helmholtz
equations. In particular, we have

M() -
o3¢y

ﬁstd@(i) = ¢ exp [ZW ] pconv,w(m)-

This result is proven by using the limiting amplitude principle which consists in studying
the long-term behaviour of the time-domain solution with the following source term

N s(x)e ™ ift>0
g(w>>_ 07 1ft<0’

where s is a function in L?*(O) with compact support. As the proof of this lemma is rather
long and technical, it is given in APPENDIX 4.A.

4.2.5 New ABCs for the convected Helmholtz equation in 2D

In this section, we derive the practical values used for the impedance-like operators for the
convected Helmholtz equation from Absorbing Boundary Conditions formerly derived for
the Helmholtz equation.

Lorentz ABCs

In this section, we recall some absorbing boundary conditions on a circle for the Helmholtz
equation. The ABCs of this section are specific to the 2D setting, however the extension to
3D is straightforward as the result of THEOREM 9 holds for any dimension. Notice that even
if THEOREM 9 is stated for a uniform flow, the new Absorbing Boundary Conditions can be
used in the more general case described by ASSUMPTION 8. Indeed as the Prandtl-Glauert-
Lorentz transformation will only be used to construct the impedance operator, the carrier
flow only needs to be locally uniform close to the artificial boundary, which we can always
assume if the boundary is located far away from the source. Those conditions will define the
zZ operator applied on Y. The value of Z will then be obtained using the transformation of
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the time-harmonic solutions described in LEMMA 4.2.2 and the transformation of impedance-
like coefficients described in THEOREM 9.

We will consider the Engquist-Madja absorbing boundary conditions, see [EM77], in the
Lorentz variable.

We assume that the artificial boundary in Lorentz coordinates S is a circle of radius R.

Proposition 4.2.1:
The ABCs constructed as the Prandtl-Glauert- Lorentz transformation of the Engquist-Madja
ABCs are

e ABC of order 0:

oc-n+Zp=0, Wich::i<co—|—'v0-n>w, (ABCO0)
ap
e ABC of order 1:
. —0(2) . [ Co
oc-n+Zp=0, withZ:=——+i|—+vo-n|w. (ABC1)
2uR oL

As a comparison point, the ABC that selects the outgoing planewaves that are locally or-
thogonal to the boundary is

o-n+Zp=0, with Z:=i(co+ vo-n)w. (ABC-PW)
For all of those three ABCs, AsSUMPTION 7 holds and (ABC0), (ABC1) and (ABC-PW) all

lead to a well-posed problem.

ABC of order 0 The zeroth order ABC reads

(aﬁ - z’““’) 5=0.
Co

The impedance-like operators are therefore defined by

Z:=—Y and Z.=i (CU + vo - n) w. (4.24)
Co ap

It is now clear that ASSUMPTION 7 holds, so the ABC (4.24) leads to a well-posed problem.
In the remaining of this chapter, this ABC will be called ABCO.
ABC of order 1 The first order ABC reads

W Iy -
<a,~l—lco+2fg>p—0.

The impedance-like operators are therefore defined by

~ @ 1 —c? o
Zi=—i= 4+ — d Z2.=—L4i|= : . 4.25
‘o tar ™ 2uR+Z<&M+UO ")w (4:25)

Once again it is clear that ASSUMPTION 7 holds, so the ABC (4.25) also leads to a well-posed
problem. In the remaining of this chapter, this ABC will be called ABCI.
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Plane-wave ABC

To dispose of comparison elements, we will derive an absorbing boundary condition that
selects outgoing plane-waves that are locally orthogonal to the artificial boundary . In the
remaining of this chapter, it will be called ABC-PW.

We begin by computing the plane waves for the convected Helmholtz equation (4.1). We
write p as

1R
Ppw = Po€

where py € C and where k is the wave vector.
We can rewrite (4.1) as

Do —w? 4 2wy - K+ IQTKOR] =0,

and therefore
—p0w2 + 2wp0'vo ‘R + poC(2)|K',|2 - ,00(’00 : F-',)Q = 0. (426)

As we only have one equation for two unknowns, we make the following assumptions

K=K [Zloj z] , where 0 € [0, 27) is assumed to be known,
. cos Oy
v = Mcy [sin 90] , where 0y € [0, 27).

With those assumptions, (4.26) becomes
—w? 4 2wKMecqg (cos By cos 6 + sin 0 sin 0) + 22 — M2c2k? (cos By cos 0 + sin B sin 0)* = 0,
or equivalently
—w? 4+ 2wk Mcg cos(0 — ) + cir? (1 — M? cos?(0 — 90)) =0.

Solving this last equation for x leads to the two following solutions

—Ww w

= d ry= .
T (= Mceos(—6)) T (1 Meos(6— 6y))

Notice that k can be rewritten as
R4

K= e (008(9 — 0p)vo + sin(0 — 00)1)3) :
The plane-wave solutions of (4.3) are therefore

Tw
co(1 £ M cos(6 — 6y))’

1K+ :
ppw = poe™T,  with ki =

and the total flux opy therefore satisfies

.CoR+
TeW = T

((1 — M?) cos(6 — 0y)vg + sin(f — Qo)vé) PoeT.

As we want to select plane-waves that are locally orthogonal to the artificial boundary X,
we have

" ky| |sind

K4 [COS 9]

leading to
vo-n = Mcycos(0 —6y), and vy -n = Mcysin(d — 6p).
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We then have
o-n = —iwcy (1 + Mcos(d —6y))p=—iw(co £ vo-n)p.

We can now define the impedance-like operator Z as

—Opw- "N

Z = :iw(co—l—vo-n),

Prw
which leads to (ABC-PW)
o-n+iw(c+ ve-n)p = 0.
We have chosen the ABC with the + sign as a consequence of the convention e~ that we
use for time-harmonic solutions .
Once again ASSUMPTION 7 holds, so using this ABC leads to a well-posed problem.

4.3 Numerical experiments

The numerical experiments of this section will be performed using the HDG-o method of
CHAPTER 3, which uses the following first-order in space and second-order in frequency
formulation:

o+ KoVp + 2iwpvg = 0,
—w?p +div (o) = s.
As the total flux o is an unknown of the method, it is very natural to work with the absorbing

boundary condition (4.5).
This method has been implemented in the hawen solver, see [Fau2l].

4.3.1 Experiments with a uniform flow

We consider a point-source in a uniform flow

cos bty
sin 00

MOZIM[ ], S:(S()7 C(]:l, w = 67.
Using LEMMA 4.2.2 and standard theory on the Helmholtz equation we can express the
reference solution as

I 1 o
Pret(®, @) = 7 3 (@7),
which leads to

1w

_ g (w ) <
re ) = —H, —|A -
DPref(T, W) 10 Ho QI x| | exp e
Unless stated otherwise, we will use 6y = 7 in this section as it leads to a circular artificial
boundary in both physical and PGL coordinates. The effect of 6y will only be illustrated in

the end of this section.

M, - :v) | (4.27)

Validation of the ABCs.

We define the relative error as

g@ .: ZK,i |9{€(ph - pref)(mZK)|2
ki |1 Re(prer) (2) 2
where pj, is the numerical solution and (zX); are the degrees of freedom in element K € Tj,.

As the solution p, is singular at & = (0,0), the error will be computed on O\ B(0, p) where
B(0, p) is the open ball centered on & = 0 with radius p = 2h.
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Low Mach number. The relative error £» for various values of R is given in TABLE 4.1
for a low Mach number M = 0.4. In this case, we can see that the three ABCs perform well,
even if the two PGL-based ABCs ((ABCO0) and (ABC1)) perform better than (ABC-PW).
As expected, (ABC1) performs better than (ABCO0) and for M = 0.4, we can see that a
relative error of ~ 0.1% is obtained even with R = 0.5.

| R || (ABCO) | (ABC1) | (ABC-PW) |
0.5 349% | 0.11% 4.69%
1.0 1.73% | 0.15% 4.57%
1.5 1.16% | 0.15% 3.89%
20 0.86% | 0.14% 3.56%

Table 4.1: Relative error £» in the domain for M = 0.4

Intermediate Mach number. In TABLE 4.2, the relative error £ is computed for several
values of R for M = 0.6. In this case (ABC-PW) performs badly, leading to an error level
of ~ 10%, whereas the PGL-based ABCs give good numerical results with an error level of
~ 1%. This is also illustrated in FIGURE 4.3. Once again (ABC1) performs better than
(ABCO). Indeed (ABC1) leads to an error level below 1% even for very small values of R
whereas a larger R is required to obtain a similar error level with (ABCO).

| R || (ABCO) | (ABC1) | (ABC-PW) |
0.5 3.20% | 0.91% 10.14%
1.0 1.58% | 0.82% 9.02%
1.5 1.17% | 0.83% 9.60%
20 098% | 0.75% 8.23%

Table 4.2: Relative error £» in the domain for M = 0.6

(b) (ABC-PW)

Figure 4.3: Comparison between two ABCs for M = 0.6 and R = 2

To understand the distribution of the error in the domain, we also consider the error in
decibel (dB)

Pn

Eap =201 _—
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Notice that we have added absolute values and a small term in the denominator to avoid
invalid values due to floating-point arithmetic inside the logarithm.

10

(a) (ABC1) (b) (ABC-PW)

Figure 4.4: Error in dB |&4p| in the domain for M = 0.6 and R = 2

In FIGURE 4.4, the error in decibel in plotted for (ABC1) and (ABC-PW) for M = 0.6 and
R = 2. For (ABC1), we cannot really see a pattern for the error distribution. For (ABC-PW)
however there is a clear pattern: the ABC performs better in the top-right and bottom-left
parts of the domain. This can be understood as this ABC is constructed to select outgoing
plane-waves that are locally orthogonal to the boundary. By looking at FIGURE 4.3, we can
see that p is almost orthogonal to the boundary in the top-right and bottom-left parts of the
domain where (ABC-PW) performs well. However due to the presence of convection, p is
clearly not orthogonal to the boundary in the top-left and bottom-right parts of the domain,
where ABC-PW exhibits its worst behavior.

To further illustrate this idea, we also consider the local error on the artificial boundary ¥

gE = ’me(Ph - pref)‘E’ .

This error is depicted in FIGURE 4.5 for (ABC1) and (ABC-PW). For (ABC-PW), the
same effect as in FIGURE 4.4 can be seen. For (ABC1) however, we notice that most of
the error is located in bottom part of the domain. The effects of the flow angle 6y on this
error distribution will be discussed in TABLE 4.4 at the end of this section. We would like
to point out that the error levels for (ABC1) are one order of magnitude lower than those

of (ABC-PW) as expected.
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0/00100
0/00075
0/00050
\, 0/00025

180°

(a) (ABC1)
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(b) (ABC-PW)

Figure 4.5: Local error & on X for M = 0.6 and R = 2

Large Mach number. For a large Mach number, the use of the PGL-based ABCs leads
to a higher error. It therefore seems natural to consider larger domain, but as it can be
seen in TABLE 4.3, even for R = 10 the error does not get below 2% with (ABC1). It also
seems that in this case, using (ABC1) instead of (ABCO0) does not improve the quality of

the solution.

R || (ABCO) | (ABCI) | (ABC-PW) |

3

2.71% 2.69%

16.92%

10

2.06% 2.05%

14.87%

Table 4.3: Relative error £y in the domain for M = 0.8

In FIGURE 4.6 we have plotted the numerical solution py, obtained with (ABC1) and (ABC-PW)
for the smaller domain. Even if we can see some artifacts in the bottom-left part of the do-
main with (ABC1), the quality of the result is clearly far superior than with (ABC-PW).

0.1

51072

—5-1072

—0.1

0.1

51072

—5-1072

-0.1

(b) (ABC-PW)

Figure 4.6: Comparison between two ABCs for M = 0.8 with R =3

In FIGURE 4.7 we have depicted the numerical solution p, and the error in decibel E4p for
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(ABC1) with R = 10. Even if the relative error £o is of 2.05%, by looking at the plot of &g
it seems possible to trust the solution far enough from the artificial boundary.

0.1 10
8
5-1072
N 7 6
0
4
] I
5-10 9
—0.1 T 0
(a) Numerical solution pj (b) Ean

Figure 4.7: Results and error for (ABC1) with M = 0.8 and R = 10

Finally we would like to point out that considering a larger domain leads to a much more
expensive problem from a computational point of view. The numerical experiments were
runned on a miriel node of the plafrim cluster! equipped with 2 dodeca-core Haswell Intel
Xeon E5-2680 v3 with a clock rate of 2.5 GHz and 128 Go of memory. The case in the small
domain with R = 3 ran in 1min, whereas for the test with R = 10, it took 1h15min to run.

Influence of the flow angle

In this section, we try to understand the influence of the flow angle 6, on the performance of
the ABCs. In TABLE 4.4 the errors obtained when using (ABC1) are given for various values
of 0y. We can clearly see that £ is smaller when the flow is aligned with one of the axis (for
0y = 0 or 6y = 7/2). This can be understood as the change of spatial coordinates A~!, which
is used to construct the ABCs, is contracting: the domain is smaller in physical coordinates
than in PGL ones. When 6, = 0 or /2, this contraction only occurs in one direction,
whereas it occurs in both directions for the other values of 8y. The error is therefore smaller
when the flow is aligned with one of the axis. The maximal error appears to be achieved for
0o = m/4 which is the angle with the highest contraction, as both directions are contracted
in the same way.

’ Flow angle 6, ‘ Error £p ‘

0 1.38-1073%
/3 0.40%
/4 0.65%
7/6 0.41%
/2 1.37-10%%

Table 4.4: Domain error o for M = 0.6 with (ABC1) and R = 2.5

As the error seems minimal for a flow aligned with one of the axis, performing a rotation
should therefore be considered before using those ABCs. However as the relative error stays
below 1%, results obtained for other values of 6, are exploitable.

1See https://www.plafrim.fr.
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Some of the cases of TABLE 4.4 are depicted in FIGURE 4.8. On those figures, the elliptical
shapes of the domain can clearly be seen when 6y # /4, as well as the contraction effect
due to the change of coordinates.

0.1 ] 0.1

| 5.1072 51072

] 0 0

| —5.102 —5-1072
—0.1 -0.1

(c) 6o =73

Figure 4.8: Numerical examples for various values of 6y with M = 0.6 and (ABC1)

Illustrative examples with multiple sources

To illustrate the ability of the ABCs to handle more complex cases, we consider multiple
point-sources in a uniform flow. For the numerical simulations, the following parameters are
used .

M:06, 9021, w:67r, R =2

The sources will be located at (£0.1,40.1) for the case with two point-sources and at
(£0.1,£0.1) and (£0.1, F0.1) for the case with four point-sources.

In FIGURE 4.9 the results obtained with the above parameters and (ABC1) are depicted.
We can clearly see the interference patterns between the sources as well as changes in the
apparent frequency due to the Doppler effect. Those physical phenomena seem to be handled
well by the ABC and it looks like there is no numerical pollution inside the domain

4.3.2 Experiments with a potential flow

In this section, we give illustrative examples where the PGL-based ABCs are used with a
non-uniform flow. As the convected Helmholtz equation is only valid for potential flows, we
focus on the case of a potential flow around a circular obstacle.
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0.1 0.1
5. 102 | 5-1072
0 0
—5.1072 | —5.1072
—0.1 ‘ ‘ T ‘ ‘ —0.1

(a) Two point-sources (b) Four point-sources

Figure 4.9: Interferences between multiple point-sources for M = 0.6 with (ABC1)

We have constructed ABCs for an artificial boundary > centered on the source. The expres-
sion for the potential flow should therefore be translated as it is usually written for a circular
obstacle located at (0, 0).

We assume that the obstacle has a radius of R¢ and its center is located at o = (z¢, yo)-
For a point @ = (z,y), we define the translated polar coordinates around x¢ by

r:=|r—xc|, and 6 :=arctan (y_yc> .

r — T

Let M., be the Mach number of the flow at infinity, the potential flow is naturally expressed
in the previous polar coordinates by

R2 R?
Vo = My [(1 - 20) cosfe, — (1 + 20) sin 969] ,
r r
leading to the following expression in cartesian coordinates
— R2 — R2
’U():Moo[<x e (1—20>C089+y yo <1+§>Sin9>ex
r r r r

— 2 _ 2
+ <y Tyc <1_1j2c> cosf — = rﬂfc (1—!—];0) sin@) e,

The configuration for this case is depicted in FIGURE 4.10.
In FIGURE 4.11, we depicted p;, obtained with the following parameters

wc = (£1,0), Rc =05, My =04, w=6m.

It seems there is no reflection at the artificial boundary ¥ and the expected physical phenom-
ena are visible. We can clearly see a change in apparent frequency due to the Doppler effect,
phase-shifts due to a refraction-like effect and an interference pattern due to the reflection
of the wave on the obstacle. For the upstream example, we can also see a silent zone behind
the obstacle as expected. For the downstream case, creeping waves can be seen around the
obstacle, and a constructive interference pattern is visible behind the obstacle.

Similar cases to the downstream one have been considered in [LMG™20] and in [BCD*14].
The results obtained by the authors are depicted on FIGURE 4.12, and they are very similar
to the ones of this paper, therefore validating the new ABCs that we have constructed.
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P 4

N .S PN

Figure 4.10: Sketch of the settings: in blue: streamlines of vg, in red: artificial boundary
>, in green: artificial boundary in PGL coordinates, in magenta: point-source, in black:
obstacle

0.1

0.1

51072 5-1072

N
)’
MY

1

",
«/Ill
A\

—5-1072

—r/ \M
-
/ﬁ\\
AN //
/)

7 _
l“

-5-1072

—0.1

—0.1

V//

4(((
7
([

(a) Downstream obstacle (b) Upstream obstacle

Figure 4.11: Point-source in a potential flow around a circular obstacle for M., = 0.4
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Figure 4.12: Similar cases found in the literature
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Conclusion

In this chapter, we have seen that the use of the Prandtl-Glauert-Lorentz transformation
to construct ABCs for the convected Helmholtz equation leads to very good results for low
and intermediate Mach numbers. For higher Mach numbers, a very large domain seems to
be required and the ABCs constructed in this chapter should be used carefully. Due to the
presence of convection, the usual idea of selecting waves that are locally orthogonal to the
boundary leads to bad results, and the PGL-based ABCs should be preferred. Among those
ABCs, the use of ABC1 instead of ABCO gives better results for no additional cost. Finally
we would like to point out that the ABCs constructed in this chapter are really easy to
implement in an existing finite-element solver for the convected Helmholtz equation as the
PGL transformation is only required to compute the impedance-like operator Z.

In [Gab03, Chap. 3] and [Bér08, Chap. 5], ABCs for Galbrun’s equation are studied.
Galbrun’s equation is an aeroacoustic model which is more realistic than the convected
Helmholtz equation as it allows for more general background flows. However the ABCs
derived in those dissertations were only illustrated with uniform flows for which the two
models are equivalent. This can clearly be seen as the reference solution used in [Bér08,
p. 129 - last equation] is the same as the one we described in (4.27). Even if various
conditions are described, the best performing one is somewhat similar to the ABC-PW
condition (ABC-PW) of this chapter, and the authors only obtained an error level of 4.5%
for M = 0.3 and w = 67. Extending the results of could therefore lead to better ABCs for
Galbrun’s equation.

For the convected Helmholtz equation, usual PMLs are known to be unstable. In [BBL03]
stable PMLs for the convected Helmholtz equation were derived, but only for propagation in
a waveguide. This work was extended to arbitrary geometries in [MBAG20], this formulation
is also based on the Prandtl-Glauert-Lorentz transformation. For high Mach numbers, the
so-called Lorentz PMLs of [MBAG20] seem to perform better than the ABCs of this chapter.
Indeed, the authors were able to obtain an error level fo 1.2% using a smaller domain for
M = 0.8. However this formulation seems difficult to implement in the context of HDG
methods and, as stated in [MAGB21], their efficiency for non-uniform flows remains unclear.
Finally, we would like to point out that similar PMLs have been derived for time-domain
convected acoustic wave equation in [DJ06].

Perspectives Even if we only presented 2D results, the extension of this work to 3D is
straightforward as the result of THEOREM 9 relating Z and Z holds for any dimension.

Extension of this work to higher order boundary conditions is possible even if the expected
gain is not clear. As pointed out in [ABB99] higher order ABCs for the Helmholtz equation
are expressed as perturbations of low order ABCS. These perturbations involve curvature
operators (Gaussian and mean curvatures essentially) and their derivatives which are can-
celed for a circle. Hence there is no expected gain in 2D in using higher order ABCs. The
question remains open in 3D.

Extension to more realistic aeroacoustic models seem possible. The most straightforward
model to consider for this extension is Goldstein’s equation [MMMP17] which consists in a
coupling between a convected Helmholtz equation and a vectorial transport equation. The
ABCs of this chapter could be used for the convected Helmholtz equation and it is possible
to obtain an exact outgoing condition for the transport equation. Extension to Galbrun’s
equation [BMM™12] or to the Linearized Euler’s Equations [BBJ02] seems more complicated,
mostly due to the lack of a "standard" equation for which ABCs can be derived.



Appendix

4.A Proof of Lemma 4.2.4

In this appendix, we prove the result of LEMMA 4.2.4. As the numerical examples of this
chapter are in 2D, we have chosen to prove the result in the same dimension. Extension
to 3D is straightforward and would involve the 3D Green functions instead of the Hankel
functions.

Proof : This result is proven by using the limiting amplitude principle which consists in
studying the long-term behaviour of the time-domain solution with the following source term

(@.1) = s(x)e™™, ift>0
REE = 0, ift<0’

where s is a function in L?(0Q) with compact support.
Step 1: Green functions in time-domain.
The Green function for the two-dimensional acoustic wave-equation in time-domain reads

Gstd(il?,t) — M

27, 12 — ’;—;
0

where H is the Heaviside function and r = |x|. For the proof, we refer to [DJ06G, Th. 1] or
[Ver10, Sec. A.4.2].

The Green function for the convected wave equation in time-domain has been computed
in the case My = Me, using the Cagniard-de Hoop method in [DJO6, Th. 6]. The case
of a generic My reduces to this one by rotation. In [DJ06], the parameter ¢ denotes the
absorption parameter used in PMLs, so we take 0 = 0 leading to A = B = 0 in [DJ06, Th.
6].

With the assumption that My = Me,, the Prandtl-Glauert-Lorentz transformation reads

~ 1 ~
t=at+—Mzx, T= E, =y, =147, Qzarctang. (4.28)
acy Q T

We define the following change of variables in space

T = E, and ¢ = g (4.29a)
o «
In polar coordinates, we also define
P2 =224+9% and 0 =arctan g (4.29b)
z
It is straightforward to check that
r= 1, and 0 =40
o

181
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The Green function corresponding to the convected acoustic wave equation reads
H(t — (1 — M cost))
21y 1 — MQ\/(t+ Af—(fcos&)? -

Using the intermediate change of variables (4.29a)—(4.29b) and expressing in terms of the
Prandt-Glauvert-Lorentz coordinates (4.28), we have
H(t+ 50— %)

27ra\/(t + %:%)2 — %

H(t+ Mz 1)

Gconv<w7 t) =

Gconv(w: t) =

27ra\/ (t+ 227)° -

H(t+ Ao — 1)

a? co aco

2m\/ (t+ 250)? =

B (2 ot + 20— 7))

€0

Y

27roza\/(ozt + TCOx)Q %7
_a-g)

277“t2 — ?
0

— Gstd<5§) E)

As Geony is mapped to Ggq through the Prandtl-Glauert-Lorentz transformation, we can
therefore prove that this transform also maps outgoing solutions to the convected Helmholtz
equation to outgoing solutions to the standard Helmholtz equation by using standard argu-
ments of the limiting amplitude principle.

Step 2: Limiting amplitude principle for the standard Helmholtz equation.

We recall that the following identities hold

teo eiwt dt = 1 oo iwrcosh&d‘g _ ZH(l) 4.30

where we used the following change of variables t = rcoshf and the integral form of the
Hankel function, see [OLBC10, Eq. 10.9.10].
Using the integral representation we have

Psta (@, 1) = / / Gsa(z1,t1)g(x — 21, — t1)dt1dey,

using the integral identity (4.30) for the Hanekl function, we have

+oo —
-/ ﬁ 9@ =21 1) 4y
R2 1 |9312|
\/ €0

and since g(x,t) = s(x)e ™' H(t), where s is a L?-function with compact support, we obtain

zwtl
= s(x —x)e —iwt —dt1dx;
R2 =1l 2 |w1|2
0 2T t

— s(x —x)e —iwt LlHé <co|m1|) +tstd] dx,

R2
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zwtl

where tyq(x1,t) = \/7

/ (x — oy _WMHS ) <w|m1|) dz; + R,
4 Co

dt; with ¢ > 211

and

zwt1

2m, [t — [
C0

We now prove that Rgq(x, t) T 0. The first step is to show that the integral defining

. . +oo
Raa(x, t) = e ! /}R2 s(@—x1)tga(xy, t)dx; = —e‘“"t/ s(x—x /t —dt;dx;.

tyq is actually finite-valued. We have

400 zwtl
tstcl Ty, t) = 2
oo [t — |$1|
‘30
‘ ezwtl A tlethl
=— Ahm = + / +dity
—+ . 2\ 2
N\ | 2imw, [t — Lcclzl boog (t2 |mcl| )2
0 t 0
<+ o0,
as
‘ 6iwA tleiwtl tl 1
Ahm = = 0, and = | = T, t—z
—+00 A - 2\ 5 2 1—>oo
Qimw. ] A2 — Ia}l o (t2 \wll )2 o (t2 \wll )2
0 C0 C0

We can therefore express tyq as

wt

e +00 tieh
tota(x1,1) = - —/ N
Dimwy[2 — BT g (1 Iy
0 €
and Rgq as

s(x —x - +00 tieh
Reta(, 1) / V /2 dx, + e_m/ s(x — :1:1)/ ! ~dt dx;.
R2 |a:1 R2 t

(-

We can now show that both of these quantities vanish at infinity. Let us first focus on the

first term in Ryq
(x—x
/ 1 dwl.
R 27, [12 — ‘wlIQ

As we are interested in the limit as ¢ — +o00 and as the space integral is over a compact
domain, we can assume that

dt,

37752 |5171|2
4 &’
which leads to
s(x —z1)|  [s(xz— 1)

2 . ’
2, [t2 — % mt|
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and we have

/ M /| z))|d@ —— 0,
R? wi]

om, 12 — |m1|2

as the last integral is over a compact domain. By taking the limit in the previous inequality,

we have

lim sle—m) day = 0.

t—+oo JR2 x1|?

We can now work on the second term.
As we are interested in the limit as ¢ — +o00 and as the space integral is over a compact
domain, we can assume once again that

32 3¢t x4 |?
P8 =

_ = - 5

4 4 &
which leads to
t1 ty 4
3 T3 2
2 |a;1‘2 2 7t1 ﬂ-tl
GRS
We therefore have
400 t iwty +ool
/ . ~r|dh <o / 7 S
t 2 |f'31\ 2 o
o (t 2, )
Finally we have
+oo zwtl 4
/ |s(x — @1 |/ 5| dtidey </ |s(x — @1)| —da,
|m1|2)5 R2 Tt
i)

4
|S(33 — Cl)'l)|d331 m} 0.

N
7t JrR2

Notice that the last integral is finite as the support of s is compact. By taking the limit in

the previous inequalities, we have

zwtl

—+00
lim |s(x — x; |/ 5
t—+oo JR2 t2 |a:1\2 3
b

dtldﬂ:l =0.

We therefore have
=0, Vx e R

lim |Rsta (e, t)

t—+

Now, we define the time-harmonic Green function by
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We end up with the limiting amplitude principle

tILIgo pstd(wv t) - pstd,w<w)€7thH = 07
where psaw := Wata(,w) * s is the outgoing solution of the standard Helmholtz equation.

Step 3: Limiting amplitude principle for the convected Helmholtz equation. We have

p(x,t) :/R2/RGconv(wlat1)g(w_mlat_tl)dtldwl
o~ DU RS 1 o ~
:/ /Gstd(:nl,tl)g (A 1(w—x1),(t—t1)+M0-(w—w1) dt;dz;
R2 acy

—A&/mg (@ =3, 2 h) — A Mo (B 5)

o1 ~ ~ 12
27413 — [z
€

using that g(x,t) = s(ax)e “*H(t), where s is a function with compact support
g g(x,t) = s(x) : p pport,

. e~ Moz g otet
~ ~ —_ —_— — . C;
= [ (A7 @ — e T M Mo [

R2 21| ~ > 12
€0 2w t% — LIQI
€0

= S(A_l(fi‘ . il))e_iw(a acoMO m)e—iawToMoE1 {ZH(SI) <Oj;|i1|) + tconv] diﬁl
0

R2 4
QLM()-:IH Z

1 o
iwt HY (“’ yAm1\> Ay + Reon.
4 oy

dt;da,

_ 7
= Jo g S@ T @) e e

where teony and Reony are defined as tvyq and Rgq in the previous step. By using similar
arguments to the ones in the previous step, we can show that

lim ||Reonv(-,t)]] = 0.

t——+o0
We now define the time-harmonic Green function by

W

1
Wconv(maw) = —€exXp |:_ M ] H(l) <W|Am|> ,
« 4 Qcy

o3¢y

and we can also obtain the limiting amplitude principle for the convected Helmholtz equatio
hm Hp x,t) pconv’w(a:)e”'”tH =0,

where peonyw = Weonv (s, w) * s is the outgoing solution of the convected Helmholtz equation.
Step 4: Equivalence under Prandtl-Glauert-Lorentz transformation.
We notice that

w w

Z;J MO : 33:| Wstd (53, > ;
Co «

1
M, - ] H(l) <w |Am|> = —exp {—
4 acy «Q

We recall that s is defined by

1

M()'-fC

o3¢

] s(x,w),

5(x,w) = aexp [z'w

and we define
Pras = Waa(-8) x5 = [ 3(- = &) Wiua(@1,2)d1.
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We have
Pra (@) T (@)
~I) = aex wW— conv,w L),
pstd,w p a200 D )
indeed
Pras(®) = [ |5(@ = &) Waa(@1,0)dz,
M,y - (x — M, - d
:/ Q exp [z’w 0 (:: wl)] s(x — x1)aexp [iw(;wl] Wconv<m17w)ﬂ7
R2 ¢ ¢ «
Mo -
= aexp lz’w (2) a:]/ s(x — x1)Weony (1, w)dx;.
a?cy R2

So the outgoing solutions to the convected Helmholtz equation are mapped to outgoing
solution to the standard Helmholtz equation through the Prandtl-Glauert-Lorentz transfor-
mation.
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Introduction

In this chapter, we perform some illustrative numerical simulations to show how the HDG
solver introduced in CHAPTER 3 could be used to perform pure acoustic simulation with
solar-like parameters. We will then describe the difficulties encountered when trying to
extend this solver to the more realistic Galbrun’s equation.

5.1 Solar-like numerical simulations

As discussed in the introduction, the convected Helmholtz equation can be used to study
the propagation of pure acoustic waves, or p-modes, inside the Sun. This simple model has

191
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already been studied in e.g. [GBD"17] using the numerical methods described in [CD16].
In this section, we will show that the HDG solver described in CHAPTER 3 can be used to
perform numerical simulation in solar-like settings.

Evaluation of the physical parameters. Let R, = 696340 - 103m be the solar radius.
For this application, we use scaled coordinates so the computational mesh is a circle of
radius 1.0007126. The background physical parameters py and ¢g come from the Model S of
[CDA'96]". For r < 1, the Model S describes the solar interior, and for » > 1 it describes
the solar atmosphere. They are interpolated in the computational domain using a spline
representation and converted into ST units instead of the cgs units used in [CDAT96]. As no
velocity field is provided by the Model S, we have chosen to use an orthoradial flow

Vo = MC()Eg,

where the Mach number M is chosen so that there is no convection in the radiative zone
(0 < r < 0.6Rg) and the velocity |vo| is 30% of the sound-speed ¢, in the convection zone
(r > 0.6Rs). This choice of velocity field also satisfies the mass-conservation property

div ('U()) =0.

Nondimensionalization. As we are interested in waves with a frequency of several mHz,
we need to perform a nondimensionalization of the system. This will allow us to work with
quantities having the same order of magnitude leading to more stable numerical methods.
We denote by @ the physical coordinates inside the Sun

0< ‘$| gR@a

and by & = ®/R the normalized coordinates used to perform the numerical simulations

i
0<|z|=— < 1.
< |z R, S
For a quantity f defined in the Sun, we can evaluate it on the mesh using the normalized
coordinates

f(@) = f(=).
The derivatives in scaled coordinates can then be evaluated using the chain rule, and we

have ) )
Ve ==V, and div, = ——div;.
Rq Rq
The convected Helmholtz equation
—pow’p — 2iwpoVo - Vap — dive (KoVep) = s,

therefore becomes

21w 1
2~ ~
—powWp — ——povo - V3P — —5

R R%

le% (K()VE]Aj) =S,
and we multiply by R2 leading to
—pod*p — 2iBpowo - Vb — divz (KoVzP) = 3,

where & = Row and § = R%s. This multiplication by R% allows us to work with the correct
nondimensionalization with minimal changes: we only need to modify the frequency in the
input file, and we do not have to make any change inside the code.

Values for this model can be obtained here: https://phys.au.dk/~jcd/solar_models/.
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Boundary conditions. For solar applications, the acoustic source must be located in
the vicinity of the surface, so the Prandtl-Glauert-Lorentz based ABCs of CHAPTER 4 do
not seem to be well-suited for those applications : indeed to use the PGL-based ABCs, we
would need to consider a computational domain centered on the source, and the domain of
interest would represent only about half of the computational domain. We will therefore use
the ABC-PW that selects outgoing plane-waves that are locally orthogonal to the boundary.
Even if the quality of this ABC is lower than the quality of the PGL-based ones, using it here
should be sufficient as our goal is only to illustrate the robustness of the HDG solver to solar-
like configuration. More realistic ABCs for helioseismology were derived in [BCD*17, BEP19]
by carefully studying the solar atmosphere when no velocity field is present. However, it is
not clear how those ABCs should be extended in the presence of a background flow.

Numerical results. On FIGURE 5.1, some numerical results obtained with HDG-o method
in those settings are depicted. We have used a complex frequency to model the damping

W — w + 10,

and we have considered w = 2.6-10° after nondimensionalization, which corresponds to about
3mHz in physical values, and three values for o: o, = 2.6-10%, 05 = 1.2-10% and 03 = 6.0-10*
(corresponding to 10%, 5% and 2.5% of w respectively) after nondimensionalization. As we
can see on FIGURE 5.1, this is quite effective as a higher value for ¢ leads to more attenuated
waves in the domain, however it is not clear if this is a good model for the physical damping
process occurring in the Sun. We can also see on those simulations that the acoustic waves
do not propagate through the solar core, as predicted by the asymptotic theory. Finally,
we would like to mention that we had to use a mesh refined near the surface to account for
the rapid variations of the background parameters in this particular area of the Sun. Some
elements on the size of the numerical problem are given in TABLE 5.1, and we can see that
simulation ran fast even if the problem is quite large.

Number of triangles 214 562
nnz LU 449 043 667
MUMPS time 11 min
Memory used 13 GiB

Table 5.1: Size of the numerical problem

5.2 Approximation of Galbrun’s equation in the low-
regularity settings

As we discussed in CHAPTER 2, using standard finite-element methods to solve Galbrun’s
equation in H' leads to bad numerical results, due to the presence of spurious modes. In
a recent work, [HH20], a well-posedness result was obtained for Galbrun’s equation in the
low-regularity space

H,,(0) = {£ € L*(0) | div (§) € L}(0), V¢ € L*O)}.

As this space does not define the behavior of £ on the resonant lines that we have computed in
CHAPTER 2, trying to approximate Galbrun’s equation in H,,(O) instead of H'(O) could
lead to better numerical results. In [HH20] the authors have proven that the variational
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(c¢) Damping o3

Figure 5.1: Numerical results for the Sun.
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form associated to Galbrun’s equation is weakly T-coercive on H,,(O), which leads to a
"Fredholm-like" behavior where existence and unicity are equivalent.
As discussed in CHAPTER 1, the continuity of a function & € H,,(O) on the interface
between two elements depends on the interface:

e if vy - m = 0: only the normal part of £ is continuous (coming from the divergence),

o if vy -m # 0: £ is fully continuous (coming from the directional derivative),
where n is a unitary normal vector to the interface. Because of this non-standard continuity
between elements, it seems rather difficult to devise a conforming method for H,,,(O), leading
us to consider HDG methods instead.

5.2.1 Different notions of coercivity

As mentioned in the previous section, the authors of [HH20] used the notion of weak T-
coercivity to prove the well-posedness of Galbrun’s equation in H,,(O). As this notion is
not very common, we will investigate it in this section. In particular, we will focus on how
weak T-coercivity can be used to devise numerical methods. Let a : V x V — C be a
continuous sesquilinear form.

Définition 2 : Coercivity

We say that
e a is V-coercive if
Ja >0, Yo eV, |a(v,v)] = a|v|},

e a is weakly V -coercive if there exists a compact operator ¢ such that a + ¢ is coercive,
e a is T-coercive if

3T € L(V), bijective, Ja >0, Yo € V, |a(v, Tv)| = a|v|},

e a is weakly T-coercive if a(-, T-) is only weakly coercive in the previous definition.

Remark 5.2.1: In the previous definition, we can notice that the weak notions have the
same structure: they can be decomposed as the strong one and a compact perturbation.

The notion of T-coercivity was introduced to deal with problems with sign-changing coeffi-
cients, see e.g. [CC12]. For applications of this notion to more usual wave problems, we refer
to [Cial2]. Weak T-coercivity is a less common notion, other examples of weakly T-coercive
problems can be found in [Hal19a, Hal19b]. Before further investigating this notion, we recall
the Banach-Necas-Babushka (BNB) theorem on the well-posedness of variational problems,
for the proof we refer to [EG04, Th. 2.6].
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Theorem 10 : Banach-Necas-Babushka

Let a : V x V — C be a continuous sesquilinear form and ¢ € V', then the problem
Seek v € V, such that a(v,w) = (¢, v)yy for all w € V,

is well-posed if, and only if, a satisfies
e the inf-sup (or stability) condition

Ja >0, Yv eV, sup M

2 a|lv|y, (5.1)
wev\oy  lwlly v

e the unicity condition
Vw eV, a(v,w) =0) = v=0.

To discretize continuous problems in the framework of THEOREM 10, we usually require that
the stability condition (5.1) holds uniformly, i.e. that there is a sequence of finite-dimensional
Hilbert spaces (V},), where the index h is a small parameter that can be interpreted as the
mesh size? and V;, C V, such that

ElaT? EIhT? Vh € (O,hT>, VUh - Vh; sup M

> a ||lvally, -
wnevingoy  wally v

5.2.2 Numerical approximation of weakly T-coercive problems

In this section, we will focus on the numerical approximation of weakly T-coercive problems
using a conforming method where the discrete space V}, is a subset of the continuous space
V. Some of the most common examples of conforming numerical methods are Lagrange
finite-elements used to discretize problems posed in the Sobolev space H', and Hermite
finite-elements that are used for problems in the Sobolev space H2. However Discontinuous
Galerkin Methods do not belong to the category of conforming numerical methods.

2Even if there is no mesh in this abstract analysis, in practice the space V}, will be associated with a mesh
of the domain to perform numerical simulations.



5.2. APPROXIMATION OF GALBRUN’S EQUATION 197

Proposition 5.2.1:
Let V be a Hilbert space endowed with its hermitian product (-,-),, and associated norm
IIlly;- Let b: V xV — Cand c: V xV — C be two continuous sesquilinear forms such that

e b is T-coercive,

e c is compact.
Let a = b+c be a continuous sesquilinear form on V', and £ € V’. We consider the variational
problem

Seek v € V, such that a(v,w) = (¢, v)y/y for all w € V. (5.2)

Let (V4)n be a family of finite-dimensional subsets of V' that satisfy the following approwi-
mation property

Yv eV, %ing)( 1nf lv — vl > = 0. (5.3)

v EV)

Assuming that
e the continuous problem (5.2) is well-posed, i.e. the operator A associated with the
sesquilinear form a is invertible with bounded inverse,
e the sesquilinear form b satisfies the following discrete Tj-coercivity property

Ela*,ﬁ* > 0, Yh > 0, T, € ﬁ(Vh), H’Thm ﬂ and Vv, € Vh|b(?}h,Th’Uh)| H?}hHV,
(5.4)
then a satisfies the following uniform discrete stability condition

g > 0, Fhy > 0, Vh € (0, hy), Von € Vs, sup 10 0n)]

Z ai floally - (5.5)
wr €V \{0} ||wh||V

Proof : 3 This result will be proven by contradiction. We assume that

VO&T, VhT’ Jh e (O, hT)a Juy, € Vi, sup M

< a ||l
wnevinfoy  llwnlly v

which is the negation of (5.5).
We can therefore extract a subsequence (Vi )ren+ of (Vi)p with limg, 1 by = 0, and con-
struct a sequence (up, )gen of strictly positive real numbers that tends to 0 such that

a(v) w
=1 and sup 7| ( L )

Vk € N*, Juv) €V,
wp,, €V, \{0} ||whk||V

~X hk'

0
)Uhk 1%

In the following, we will denote those quantities by (Vi)n, (un)n and (v]), to make the
notations lighter.
Step 1: For w € V, h > 0 and Ywy, € V}, we have

a(v), w)| = ’a vy, wy) + a(v, w —wp)],
|

N

a(vy, wy)| + (Avh,w wh)v

/N

|a(vh, wn)l + (Al

o], Il = willy,
=1
< pun [[wnlly + AN [l = wal]y,

3The blueprint for this proof was found in an exam given at ENSTA Paris by P. Ciarlet and A.-S.
Bonnet-BenDhia. This result on the approximation of weakly T-coercive problems seems clearer than the
ones usually found in the literature.
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As this inequality holds for any wy, € V,, we can chose wy, = P‘}h (w) where P&h denotes the
orthogonal projection onto V}, and we therefore have

o = wlly = inf. o = vl

Using this with the approximation property (5.3) and using that limj,_,o p5, = 0, we have
Yw €V, lima(v),w)=0. (5.6)
h—0

Step 2: Let w € V, as A is bijective so is its adjoint A* and there exists w € V such that
w = A*w. We therefore have

lim (vhw),, = lim (vf, A®) = lim (Avg, @), =0,

h—0

where we used (5.6). We can therefore conclude that

vy — 0.

h—0

Step 3: Let h > 0 and let Tj, be the operator defined in (5.4), we have

b(v), Trod)| ‘ a(v), Tpo)) — c(vy), Tl
‘ a(vy), Tho)) — (th, Thvh)V’
< (n+ e, ) [ Tok],

where C is the operator associated with the sesquilinear form c.
As C is compact and v converges weakly to 0 in V', we know that

lim HCU?LH =0.
h—0 |4
Using this and the fact that lim,_,o un, = 0, we have
li 0 T 0y —
pam [b(vh, Thop)| =0,
which leads to a contradiction. Indeed, owing to the discrete T-coercivity of b, we also have

2
|b<vh7 Thvh) > a” U?Lva

where the term in the right-hand side does not tend to 0. "

PROPOSITION 5.2.1 can be summarized by saying that if a continuous problem has the
structure "T-coercive 4+ compact', then it can be discretized using conforming numerical
methods. We would like to point out that the assumption of the discrete T-coercivity for
b is not too restrictive in the framework of conforming methods. Indeed, it is proven in
[Cial2, Cor. 1] that for those methods, the discrete T-coercivity can be inherited from the
continuous one.

Finally, we would like point out that there are two ways to discretize a T-coercive sesquilinear
form:
e the Petrov-Galerkin approach, where the coercive form b(-, T-) is discretized and the
space of test-functions is different from the space of trial-functions, see [CC12],
e the T-conform mesh approach, where the knowledge of T is translated into constraint
on the mesh so that TV, C V}, see [CC12, Sec. 4].
However, it is not clear how those techniques should be translated for "T-coercive + compact"
problems. As the proof presented here to derive an inf-sup condition is not constructive, it
also seems difficult to use this condition directly to devise numerical methods.
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5.2.3 Theoretical gaps for the non-conforming discretization of
(weakly) T-coercive problems

In the previous section, we have seen that the conforming discretization (i.e. with V;, C
V') of weakly T-coercive problems is possible. However, as we already discussed, devising
conforming approximation spaces for H,,(O) turns out to be difficult. It seems natural to
consider non-conforming discretization methods instead. Indeed, using a (H)DG method
to solve Galbrun’s equation in H,,(O) would allow us to require weakly the continuity
constraints associated with this space, leading to a more natural numerical method. To the
best of our knowledge, there is no theory allowing us to do that, and we use this section
to state some of the open questions that should be answered before using such a numerical
method to solve Galbrun’s equation:

e With non-conforming methods, the discrete T-coercivity is not inherited from the
continuous one and should be proven by hand in a discrete mesh-dependent norm,
how is this norm chosen for (H)DG methods ? What is the relationship between the
discrete operator T, and the continuous one T 7

e As the Petrov-Galerkin approach seems difficult for weakly T-coercive problems, how
can we build (weak T)-conform meshes for those problems 7

e How can we use the (discrete) weak T-coercivity to prove the well-posedness of the
local problems of the HDG methods ?

e Proofs of convergence of HDG methods usually rely on some Aubin-Nitsche-like tech-
niques and therefore require very regular solutions, can we prove the convergence of

HDG methods in H,,(O) ?

Notice that some of those questions are specific to HDG methods as we prefer them over
usual DG methods to reduce the cost of the numerical simulations. Using DG methods
instead may lead to simpler answers to some of those questions, in particular results on
the convergence of DG methods to low-regularity solutions can be found e.g. in [PE12; Sec.
4.2.5]. To the best of our knowledge no such results are available for HDG methods and the
extension of the DG results to HDG does not seem straightforward?.

5.3 Towards the construction of a HDG method for
Galbrun’s equation

Before actually trying to devise a HDG method for Galbrun’s equation, we will consider
a simpler vectorial wave problem: the velocity formulation of the Helmholtz equation. It
is interesting to notice that Galbrun’s equation reduces to this model when there is no
convection and no hydrodynamic terms. We will then present a way to add the convection
terms to the HDG method for this model.

5.3.1 Velocity formulation of the Helmholtz equation
First we consider the following equation

—pow’€ — V [pocgdiv (5)] = s, in O, (5.7a)
codiv (&) —iw€ -m =0, on 00.

4Those results are usually proven for SIPDG-like formulations and extended to other DG flavors by
proving that the method can be locally rewritten as a primal formulation, for HDG methods this can only
be done globally.
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To reach a first-order formulation we introduce the lagrangian pressure

p = —pocydiv (€),

leading to the following system

_p0w2£ + VP = 8, in Oa
p . .

—— +div =0, in O,

Bt (g
ﬁ—mg-n:o, on 00.
Po

In [Chal9, Th 3.2] it is proven that if s € L2(0O), then € € Hy;,(O) and p € H'(0O).

Weak formulation. By multiplying by a test-function and integrating over an element
K € Ty, we obtain the following weak formulation: seek (&,p) € Hy (K) x H'(K) such
that

—w2/ poﬁ-r;:da:—l—/ Vp-r,dx :/ s-rpde,
K K K

%w}idw - / £ - Vu,de +/ £ nw;do =0,
K pPoCg K oK

for all (’rh,wh) S Hdiv<K) X Hl(K)

Approximation spaces. To reach a HDG formulation we introduce the following approx-
imation spaces

Vi(K) == Pi(K) for &,
Wi(K) = Pr_1(K) for ph.

The interpolation degree for & is higher than the one for p as & is the main unknown
of the model. If we assume that &, € Pjy(K) it is therefore natural to assume that

pn = div (&) € Pr(K).

Numerical trace. As usual with HDG methods, we also introduce a numerical trace.
Although it may look at appealing to use an approximation of £ - i as it would lead to a
scalar global problem, this oriented quantity is dual-valued on interior edges, indeed we have

€ n,=-¢n., on€ de=0K_NoK,,
where the normal continuity of £ over e was assumed. However, we can notice that
(€& ny)n,=E n)n_, on& de=0K_NoK,,

we therefore introduce a new unknown A, which approximates & on &,. We will only require
normal continuity leading to the following stabilization term

iw (T (Pu(&n) 1 — A m)m, ) o -
For this new unknown A, we introduce the following approximation space

M (e) = Pi-1(e), Ve e E(K).
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Construction of the local problems. We can now construct the local problems by
approximating the weak formulation on an element K € Tj: seek (pp, &) € Wi (K) x V,(K)
such that

<ph2’ wh) = (&ns Vwn) i + (An - 1, wi) e = 0,
K

PoChH
—w? (pokn, 1) i + (V0n, 1) ¢ + 1w (T (Par(€r) -1 — Ap - ), 1) o0 = (8, 71) o (5.10a)

for all (wp,ry) € Wi(K) x V,(K). The boundary term in (5.10a) corresponds to a weak
enforcement of Dirichlet boundary conditions on 0K . This amounts to requiring the normal
continuity of &, between two elements. The projection Py; has been added to deal with the
different interpolation degrees of &, and \;.

Transmission condition. Asp e H'(O), we need to enforce the continuity of p; between
two elements. To this end, we introduce the numerical flux for py,

prn = ppm + iwT (Py(€n) -m— Ay -m)n € My,

where 7 # 0 is a stabilization parameter. We have written the flux using p,n instead of p, to
make things easier when we will add the convection to the model. If one is only interested in
a HDG method for the problem without convection, then a scalar flux can be used instead.
This flux p,n satisfies the following transmission condition

(pam, N>afrh\rD + (o +iw[r€p -n — (T + DAy - nln, p)r =0, (5.11)

for all g € Mj,. Notice that (5.11) enforces the continuity of p, on the interior edges, indeed
we have
<ﬁn7 :u’>87‘h\FD = Z <[[p/\h]]7 l’l’>e =0.
6682
As ppn € My, we have [py] € M), and therefore [p,] = 0.
We can notice that (5.11) also enforces the absorbing boundary condition which has been
discretized as
]/); — iw}\h -n = 0.

Local solvability. We can now prove the local problems are well-posed.

Proposition 5.3.1:
There is a constant Cy,, > 0 such that if whgx < Cyoy and 7 # 0, then the local problem is
uniquely solvable.

Proof : As the local problems are finite-dimensional, we only need to prove the uniqueness
of the solution. If there are two distinct solutions (p}, €}) and (p?, €7), then their difference
(pn, &) with pp, = p? — p} and &, = &€ — £} satisfies the following system

<ph27 'U)h) - (Eha vwh)K = 0, (512&)
PoCo K
—w? (pokns 1) i + (Von, 1) ¢ +iw (TPar(€r) - My mp, - M) e = 0, (5.12b)

with s = A, = 0. We will prove the result by contradiction. We therefore assume that the
system (5.12a)—(5.12b) has a non-zero solution (pp,, &) € Pr_1(K) X Pr(K).
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Testing (5.12a)—(5.12b) with wy, = p, and r, = &, and adding the resulting identities after
conjugating (5.12a) leads to

— W ||Vpoknllz + iw (TPy& -, Pap - m)yye =0, (5.13)

H \ POCO
where we used that
(TPv&r -1, & - ) g = (TPu&n - 1, Py&n - M) gy, as deg(Puy&n) =k — 1,

to obtain the boundary term.
Splitting the energy-like identity (5.13) into its real and imaginary parts, we obtain

Re : H — W || /ponl% =0, (5.14a)

\/ 000

As 7 #0, (5.14b) leads to Py, -n =0 on 0K.
Going back to (5.12a) and testing with w;, = 1 leads to
{ph} - 07

where {-} denotes the average value over the element. We can therefore use the following
Poincaré-Wirtinger inequality

lpnll = llpn = {Pn}ll e < Chic [[Vpnll i - (5.15)
Testing (5.12b) with 7, = Vpj, leads to

IVnll = @ [(po&n: Von) el < w0 llponll i IV onll

As we assumed that p, # 0 and we have proven that {p,} = 0, we have Vp; # 0 and we
can divide by ||Vpy||, to obtain

IVPul% S w lv/Poall (5.16)

where the constant hidden in < accounts for the changes involving py.
Going back to (5.14a) we have

2

Pn
\/pOC(Q) K

2

S llpnll

(by (5.15) < A% || Vpnls
(by (5.16)) < w'h% ||v/poknll% -

2
As we have assumed that &, # 0, we can divide by w? H\/%E}LHK to obtain

W || v/Pokall = ‘

272
1 S why,
if we denote by C2, the constant hidden in <, we have

w’hy > C2

solv>

which is in contradiction with the assumption that whx < Csy. We therefore obtained
a contradiction and we can conclude that (pp,&,) = (0,0). The system (5.12a)—(5.12b) is
therefore uniquely solvable. u
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Characterization of the global problem. As we have proven that the local problems
are well-posed, we can introduce the so-called local solvers that satisfy

P =PX (M) +Pli(s), and X ==(\) + =L (s),

where (PX(Xy), Z%(A\y)) is defined by
(Pp(fc)\%h) s wh> — (EK(Ah), th)K = — <)\h ‘n, wh)aK y (517&)
—? (pE (M) rn) A (VPR ), ) = —iw (7(PuE (M) = Xn) - m,mp-m) (5.17D)

(s),=E (s)) is defined by

) ==src

for all (wp,, ) € Wi(K) x V;,(K) and (PE,

K
(P;rgc(g)j u}h> - (Egc(s)a th)}( — O’
K
e (pOEsIfc(S)a rh)]{ + (Vpgc(s), 'rh)K + 1w <7—<PME§C(S) : n), T n>aK = (3’ 'rh)K :

for all (wp, ry) € Wi(K) x Vi (K).
We want to obtain a characterization of the global problem

ah()\h, [1,) = E([JJ)

As they do not depend on A, the terms involving PX (s) and =X (s) can be moved into

src ==src

{(p), and we will only focus on the terms involving PX(X;,) and =X ().

Proposition 5.3.2:
The bilinear form ay, of the global problem satisfies

ap, )\h, = 5 — w2 OEK(A}L 9 OEK
(An, 1) ( Tt Tt (VA= (), Vo= (W)

+iw<T(PMEK()\h)-n—)\h-n),PMEK(M)-n—p,-n>

+iw (A m,pn)p

T

for all p € Mj,.
Proof : We recall that the transmission condition (5.11) reads
(pn +iwT (Py&n-m — X - n) - )y —iw (A - m,p-m)p =0,
for all p € M, and we rewrite it as
ap(An, ) == — <PK()\h) + iwT (PMEK()\h) ‘M= Ap - n) N n>8Th+z’w An-m,p-n)p = (p).

Going back to (5.17a) written for an arbitrary g € M), conjugating it and summing over
the elements, we obtain

(wh, PK(I?)ﬁ - (thaEK(M))T

PoCo h

+ <wh7 M n)a’Th = 07
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testing this last equation with wy, = PX(\;,) we obtain

(PK(A,» PX (1)

We therefore have

ah<)\h,y,) _ (PK()\h) PK(UJ) o (VPK(/\h),EK(M))T
Th

) - (VPK(Ah),EK(,u,))Th =—(PX(\). - n>87_h.
Th

h

Going back to (5.17b), testing with 7, = =¥ (u) and summing over the elements, we have

—w? (VP (M), \/;TOEK(,,L))% +iw (7 (Pu= (M) = X -n)m, 25 () - n)
== (VP¥ (), =" (w))

T
,7—h7

which leads to

VIS (), V=" ()

h

+iw<T(PMEK()\h) 'n—}\h-n),EK(u)~n—u-n>8Th

The desired characterization is obtained by noticing that

(r(PuE"M) - m=2n-n) =) - n) = (7 (Pu="(M)-n—X-n), Pu=" () -n)

T .’

as deg {7’ (PMEK()\h) -n—)\h-n)} =k —1. "

We can clearly see that a; has the expected structure of the discretization of a harmonic
wave equation: it is symmetric but can become indefinite if w is large enough.
If we take p = A, we can also obtain the following Garding-like inequality

2

PX(An)
\ Pocs

where the right-hand side should be interpreted as a weighted Hy;,(O)-norm. This suggests
that the global problem is uniquely solvable when w is not a resonant frequency.

Rean(Mn, An) + (@7 + 1) [ VAEE ()] > o VZEae ]

Th

5.3.2 Adding the convection to the numerical method

We will now show a way to add convection to this method. We consider the following
equation
—pow?€ — 2iwpo Vo€ + po Vo [ Vo] — V [pocidiv (£)] = s,

instead of (5.7a). Contrary to the scalar case, we cannot combine the two second-order terms
into only one anisotropic Laplace operator. We will therefore use a construction similar to
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the extended scheme of [DS19, Sec. 4.4]. We therefore add an additional unknown to the
problem

q = V€.

With this choice, a boundary term involving vg - n will be added to the problem. Even if
boundary terms involving background coefficient should be avoided as much as possible in
the context of HDG methods, this one can be handled in a way that is quite similar to the
HDG+ scheme for the convected Helmholtz equation.

We obtain the following first-order formulation

—powQE — 2iwpo V& + poVaeeq + Vp = s,
p .

— +div (§) =0,

POC% ( )

poq — poVu,€ = 0.

In the previous case, a vectorial unknown was used for the numerical trace to ensure the
solvability of the method for the velocity formulation of the Helmholtz equation. We can
therefore use this vectorial unknown to enforce the full continuity when vg - n # 0 without
having to add a second skeleton unknown associated with q. So even if the size of the local
problems is increased when the convection is added to the model, the size of global problem
(which is the main problem of the HDG method) does not change.

To reach a HDG formulation we introduce the following approximation spaces

Vi(K) == Pr(K) for &y,
Wi(K) :== Pr_1(K) for py,
Qn(K) :==Pr1(K) for qy,.

Depending on the expected regularity for the solution of Galbrun’s equation, multiple choices
are possible for the flux q;, which has the form

g, = (continuity of q,) + (penalization)(Pp&n — Ar),

where the first term can be:
e (vo - m)g to translate full continuity of g, on the interfaces where vg - 1 # 0,
e (vo - n)(gn - n)n to translate the normal continuity of g, on the interfaces where
vo - N #£ 0,
and the penalization term can be chosen among:
e the most natural choice vg - n to enforce the full continuity of £ on interfaces where
vo - N # 0,
e some kind of upwinding parameter such as max(vp - m,0) which mimics the 7, pa-
rameter of the scalar case.
In the weak formulation the term V,,q will appear either as

(V'voqa rh)K , Or - (q7 div (’Uo X ,rh))K + <('l70 : n)q7 Th)aK 5
and both of those expressions make sense only if we assume that
ge{£c L*0) | Vit € L} 0)}.

This is quite similar to what happened in the case without convection: even if we only had
€ € Hy;,(0), it was possible to prove that p = pocgdiv (€) € H'(O). However this additional
regularity for g, or equivalently for V, &, is not proven and we should remain careful when
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using it. Indeed, as we have discussed in CHAPTER 2, requiring too much regularity may
lead to spurious oscillations in the numerical results. It therefore seems natural to consider
the following numerical flux for q

qn = (vo - ) [qn + iwTy(Py&n — An)] -

Notice that we have multiplied the penalization term by iw7,: the multiplication by iw was
performed to ensure the solvability of the local problems as it was the case for the previous
models, and we added the parameter 7, as HDG methods with different polynomial orders
on one element usually require large penalization values to converge.

We notice that
div (povo ® v) = po Vv + div (pyvo) v,

together with the usual continuity equation
div (po’Uo) = 0,
this leads to
div (po’UO & ’U) = povvov,

and we therefore have

(P0Vwokn, v) i = — (&n, div (povo ® v)) i + (po(vo - )&, V) o
= — (&n, Vo) i + (po(vo - 1)&n, v) o

introducing the numerical trace Aj, into the boundary term, we obtain

= — (&, Vo) ¢ + (po(vo - 1) An, 0) o -

We can now construct the local problems: seek (pp, qn,&n) € Wi(K) x Qi (K) x V3, (K) such
that

(pil?’ wh) - <€h7 th)K + <)‘h 'n, wh)aK =0,
PoCo K

(POQha v)K + (Eha Povvov)]( - <p0(’U0 ’ ’I’L)Ah, v)@K = O’
—w® (po&nsTh) g + 2w (PoVuo&, Th) i + (P0 Vo @h, Th) i + (VDhs Th) e

Fiw (T (P (&) -1 — A -m) e+ 74(vo - 1) (Prn — An) ) g = (8:70)

for all (wp,v,7) € Wi(K) x Qn(K) x V,(K). We can also write the transmission condition
on the interior edges as

(P 4 (vo - n)gn + iwT (Pyrp - 1 — Ap - m)n +iwrg(vo - 1) (Par — An) + @n oy, = 0,

for all p € Mj,.
Here we have chosen to write the transmission condition on the interior edges only, as the
choice of boundary conditions for Galbrun’s equation is quite difficult.

Due to the lack of theory that we have discussed earlier, we cannot prove that the choices
that we presented here to construct a HDG method for Galbrun’s equation are actually the
best ones, even if they seem reasonable.
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Characterization of the global problem Assuming that the local problems are well-
posed, we can introduced the local solvers

& == (M) + Z5(s), pi =P () +PL(s), @y = Q" (M) + Q(s),
where (PX(An), Q%(A\n), =X (Ap)) is defined by
(PK(Ah)

2
PoC

,wh> - (EK()‘h)» th)K =—(A\nm, wh>8K

<pOQK(>‘h)7 v)K + (EK(Ah>7 vavOU)K = <p0<’00 ' ’I’I,))\h, v>8K

—w? (pOEK()‘h)a rh)}( + 2iw (pOVUOEK<)\h>’ Th)K
n (ngvOQKO‘h)’ ’I“h)K + (VPK()\h)’ ’l“h)K
+itw <T(PMEK()\h) 1= Ap - n)n A+ Tg(ve - ) (P =" (An) = An), rh>8K =9,

for all (wy, v, 74) € Wi(K) x Qun(K) x W, (K). The local solvers PX _(s), QX (s) and =& _(s)
are defined as in the previous section, and the terms involving those solvers can be moved
to the right-hand-side and we will therefore omit them for the sake of conciseness.

Making only minor changes to the proof of PROPOSITION 5.3.2, we can obtain a characteri-
zation

ah(AhJ /‘1’) = g(l"’)’
of the global problem.

Proposition 5.3.3:
The bilinear form a;, associated with the global problem satisfies

an(An, 1) = (Pw%) PJp(T) — (VAo (), Q" () .~ (VAo=" (M), Z(w))

+ 210 (V= ), 25 ).
+ iw <T(PMEK(>\h) n—X-n)n, =5 (p) — p
—iw (po(vo - ) (PuEN (M) = M), E¥ () — 1),

for all p € Mj,.

Once again, we would like to point out that we have neglected the boundary terms as the
choice of boundary conditions for the Galbrun’s equation is a difficult problem.

Using this characterization we can see the major difficulty arising when trying to solve
Galbrun’s equation. Indeed, the term

(PK(/\h) PX (1)

) = (VPR (), /@ (1)
Th

is equivalent to

(Vpocodiv (&), \/_Cole(Th)) (\/_Vv05h7\/_vvo”°h)
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in primal form. This last form does not seem correspond to a coercive operator, but the
second term is expected to be smaller than the first one if the flow is subsonic, i.e. if
c2 > |vg|?. To illustrate this we recall the main step of the analysis of Galbrun’s equation
in the regularized framework of [Pey13]. In this framework, the solution & is looked for in
H'(0) and a regularization term

(\/ﬁococurl (&), v/pycocurl (rh))Th

is added to the variational formulation. The authors can then prove that

(vpocodiv (&) , v/pocodiv (1)) . + (v/pococurl (§) , v/pococurl (rr)) = (v/pocoVE, v/pocoVTh) 1

+ compact perturbation,

leading to
(VAchdiv (€), Vucodiv (€)).. = (/AoVauk: AoVaub)r, > inf(ch — [wol?) [ VE].

However, this identity cannot be used for the low-regularity settings & € H,,,(O), and the
well-posedness of this discrete formulation should be studied using discrete weak T-coercivity.

Conclusion

In this section we have presented how the numerical tools described in the previous chapters
could be used or extended to perform realistic simulations of wave propagation inside the
Sun.

It seems possible to use the HDG solver of CHAPTER 3 to perform numerical simulations
in solar-like configurations, even if some more precise boundary conditions that work in the
presence of convection would be required to obtain better numerical results.

We have also considered the well-posedness of Galbrun’s equation obtained in [HH20]. Even
if this result seems to fit quite naturally in the framework of Galerkin methods, it is not quite
usable yet. As we discussed, well-posedness results based on T-coercivity or its variants can
only be used to devise conforming numerical method. However the space H,,(O) in which
Galbrun’s equation is well-posed is too complicated to devise such methods onto and we have
to rely on non-conforming numerical methods instead. We have shown that a HDG method
can easily be built for the velocity formulation of the Helmholtz equation, which is essentially
Galbrun’s equation without convection, that has the usual properties of a discretization of
a wave equation. Unfortunately, due to the lack of theory linking T-coercivity and non-
conforming methods, as well as some more precise regularity estimates for the solution of
Galbrun’s equation, it seems very difficult to extend this HDG method to the full Galbrun’s
equation.
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Chapter 6

A scalar model with gravity
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Introduction

In a previous chapter, we have constructed HDG methods for the convected Helmholtz
equation. In CHAPTER 5, we have used the HDG methods of CHAPTER 3 to perform some
numerical simulations in solar-like settings. To further illustrate how this method can be
useful in the context of helioseismology, have chosen to use it on a scalar model involving
gravity coming from asteroseismology that was introduced in [LG09]. This will therefore
show the possibility to use the HDG framework of CHAPTER 3 to study more complex
problems.

6.1 Total field

The scalar model that we will use in this chapter can take gravity and some of the effects of
rotation into account. We begin with recalling the FEuler’s equations in a rotating frame.

6.1.1 Euler’s Equations in a rotating frame

We consider an ideal gas in rotating frame that satisfies the following set of equations

211
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Zi + div (pv) =0, (6.1)
pg::Jerv%—Qva +Vp=plg—2x(Qxax), (6.2)
g]t) +v - Vp+ ypdiv (v) =0, (6.3)
p="P(p). (6.4)

Equation (6.4) is an equation of state that is required to close the system. One of the most
simple example of such equations is the equation of state for a polytropic ideal gas

po = Kp’,

where K is a positive constant and y is the adiabatic index’.
The centrifugal force is potential, indeed we have

1
Qx(ﬂxx):—vbmxmﬁ]
We can therefore define the effective gravity
1 2
go=—-V {90—2|Q><a:\ }

where ¢ is the gravitational potential solving Poisson’s Equation :

Ap = 4nGp

6.1.2 Can we neglect the Coriolis force ?

As described in [Tas00, Sec 2.2.3|, we can study the influence of the Coriolis force by defining
the Rossby number Ro as

R Acceleration in the rotating frame |0pv + Vv
0: =

~ Acceleration due to the Coriolis force 12 X v|

For high Rossby numbers, the contribution of the Coriolis force to the acceleration is small
when compared to the acceleration in the rotating frame, and the Coriolis force can therefore
be neglected. In the frequency domain, the Rossby number becomes

| —iwv 4+ V|

R
¢ 12Q x v

and it is therefore possible to neglect the Coriolis force when the frequency w is large enough.

In SECTION 6.2 we will derive a scalar model for acoustic waves in the presence of gravity.
However this model is valid only when the Coriolis force 22 x v can be neglected. This can
be done by neglecting the effets of rotation altogether, i.e. by setting 2 = 0, but also when
the frequency w is large enough. We would like to point out that even if the Coriolis force
is neglected, the model will still encompass some of the effects of rotation as the centrifugal
force is still present.

1We have v = 2 where ¢, is the isobaric (constant pressure) specific heat index and ¢, is the isochoric
(constant volume) specific heat index.



6.2. REDUCTION TO A SCALAR MODEL WHEN THE CORIOLIS FORCE CAN BE NEGLECTED

6.2 Reduction to a scalar model when the Coriolis force
can be neglected

To obtain the underlying scalar model, we focus on eulerian perturbations
eq'(z,t) = q(x, 1) — qolz, 1) + O(e), (6.5)

for a physical quantity ¢ € {p, p, v}, and € being a small parameter. Moreover, we will make
the Cowling approximation: acoustic wave propagation does not create a perturbation of
gravity.

The assumptions required to derive the scalar model are stated in ASSUMPTION 9.

Assumption 9 (Scalar model with gravity):
To derive the scalar model with gravity, we assume that
e the Coriolis force can be neglected (no rotation or w large enough),
the asymptotic expansion (6.5) holds,
the Cowling approxzimation holds: g’ = 0,
the background flow is steady-state:

0
Vaqo € {po, o}, % =0,

the background velocity field is null: vg = 0.

6.2.1 Background flow

As it was stated in ASSUMPTION 9, we assume that the background velocity field is null and
that the background flow is steady-state. Introducing the asymptotic expansion (6.5) into
the Euler’s equations (6.1), (6.2) et (6.3) and identifying the zeroth order terms in e, we
obtain the equations satisfied by the background flow.

They consist of to the following set of steady-state Euler’s equations

1
Vpo = pogo = poV |po + §|Q x z|?| (6.6)
po = Polpo), (6.7)
Aypy = 4G py.
It is important to note that if vg = 0 and
dpo
0
ot ’
then (6.1) degenerates to
div (0) =0,

and there is therefore no further constraints on py.
We can now define the adiabatic sound speed ¢, using the equation of state (6.7): the square
of the adiabatic sound speed is given by

P
dpo

and we have
PoCy = Po-



214 CHAPTER 6. A SCALAR MODEL WITH GRAVITY

6.2.2 Linearized Euler’s Equations without the Coriolis force

Introducing the asymptotic expansion (6.5) into the Euler’s equations (6.1), (6.2) et (6.3)
and identifying the first order terms in €, we obtain the Linearized Fuler’s Equations that
describe the acoustic perturbation.

op' )

a*/; +div (pev') = 0 (6.8)

ov’
Pogy = VP 090 (6.9)

¢

o' .
e +v" - Vpy + ypodiv (v') =0 (6.10)
Following [LLG09], we will now derive a single scalar equation from the system (6.8)—(6.9)-

(6.10).

We begin by rewriting (6.10) in a more convenient way

ypodiv (v') = pocidiv (v'),
= ¢y [div (pov') — v"- Vol ,

so we finally have
/

Egz—l—v“Vpo =c l+v"Vp0] (6.11)

Elimination of v'. We begin by reordering the terms in (6.11)

a" o’
&+U-Vpo—c§[at+v-Vp0],

oy’ o’

7815 = 0(2)7825 +v (c(z)Vpo — Vpo) R

o' L,0p >+ (Vpo  Vpo
a = Coa ChU - s

and we obtain

oy L,0p 9 <V;00 Vpo)
W2 o - [0 Yo 6.12

Then, (6.12) is derived with respect to time, leading to

o°p' 2P 5 OV (Vpg Vg
52~ Vo T\ e T A )
Po YPo

The derivative of v’ can now be eliminated thanks to (6.9)

2,/ 2
Op —i—cz(vm—%)-Vp/:cg[ap —l—ng’},

o2 O\ po poc? ot?

where N¢ is the Brunt-Viisdld or buyoancy frequency defined by

Po YPo
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We would like to point out that even if it is a squared quantity, NZ can be negative. We
already discussed this phenomenon when we described the g-modes, or internal gravity waves,
in the Introduction as g-modes can only propagate when N2 > 0. We recall the explanation
for this phenomenon given in [? |:

When a fluid element is displaced upwards in an adiabatic motion, its behavior
depends on the density of its new surroundings. If NZ > 0, the element is heavier
than the fluid and buoyancy forces it back into its original position leading to an
oscillatory motion. On the other hand if N7 < 0, the element is lighter than the
fluid and buoyancy acts to enhance the motion.

Using the background equations (6.6)—(6.7), we notice that

Voo Vpo <Vﬂo Vpo) go
_= gO .

po P ) lgol*’

£o YPo

and we obtain

%' N cANg
ot? |90|2

v = |20 Ny (6.13)
go- VD =G 12 0P || .

Taking the derivative of (6.8) with respect to time and using (6.9) leads to

2 ./

.
52 T div (p'go) = AP (6.14)

Time-harmonic solutions. In order to obtain a single scalar equation, we consider time-
harmonic solutions

q(x, t) = Re (q(a:)e’m) :

The two final equations of the previous paragraph (6.14) and (6.13) therefore become

—w?p' +div (p'go) = Ap/, (6.15)
cANE

c {Ng — wﬂ pl=—wp + |90|(2) go- V. (6.16)

From (6.16) we obtain

2 2
/ —W / NO /
p = P+ 9o Vp'|,
g (N§g —w?)”  |gol* (NG — w?)

(6.17)

and using (6.17) in (6.15) leads to

[ Wt N ( w2 )1 - Ng ( V)Q .
div .
& (Ng = w?) AN —w) T ) |V T gor (NG — ) o ¥ P

< (7 )~ (gorevt o)
g | 5+ —5 | +div 0 -V = Ap.
[(N&—cﬂ) 2" 1gol? 9o (NZ —w2)%0) | 90
We notice that

Ng
|9o|* (NG — w?)

2

. N, .
- = (000 ¥ ) v

Ng
|9o|” (NG — w?)

Qo) QO'VP’a
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so the scalar equation becomes

oWt e A
G —w?) T \@mg-w®) P
w? 1 Ng .
(3 o) 905 T =0

o

where the anisotropy tensor Kj is defined by

2

N,
Ky =1d — 0 T
0 go]? (N — w2) 7090

As discussed in CHAPTER 3, it is convenient to write the convective term gqo-Vp' in divergence
form to derive HDG methods. In this regard, we have

W < 1N ) ( o ( 1N
_ A Vp =—div| ——— (5 + —2 | g
g (Ng —w?) \c§  Igol? (NZ—w?) \@ " lgol?) " ™"

i w? 1 N Ng
Wl |5 t—5
PN =) \@ T lgol?) )

so the scalar model becomes

w2

N2
2 : 0 /
W | ————— +div
[cg (NG — w?) (]go|2(N02 —w2)go>]p

2 1 N2
—le <KOVp/ + ]\[02(/0_&)2 < —'— 0 > p/g()> = 0

073 \90’2

Finally we end up with the following model:
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Proposition 6.2.1:
In the time-harmonic domain, the eulerian pressure pertubation satisfies either
e the equation in diffusive flux formulation

w—4 — di w—Q /
FMG—w?) T\ GME-w1)”)]"
w? 1 N .
NZ — w? <2 + |90|2> go - Vp' — div (KoVp') = 0, (6.18a)

Co

e or the equation in total flux formulation

R )
——— Vv
& (N — w?) gol> (N —w?)%° ) | P

) e 1 N2
—div (K()Vp/ + m (C% + |g()0|2> p’go> = 0. (618b)

The eulerian density perturbation satisfies

2 2
/ —W / NO /
9= p+ go - VD,
g (Ng —w?)"™  |gol* (N§ — w?)

and the eulerian velocity perturbation satisfies

/

/
o — _Vp _ .
iwpy  wpo

The tuple (p/,v’,p’) is a solution to the Linearized Euler’s Equations (6.8)—(6.9)—(6.10) in
time-harmonic domain.

Remark 6.2.1: In [L.G09], where this model was introduced, the authors did not directly
solve (6.18a) or (6.18b). Instead, they considered the asymptotic behaviour when w? > NZ
and used the WKB approzimation

p/ — Re (Aeie(oc)—iwt) 7
to obtain an etkonal equation, that can be solved using ray methods.

Relationship with convected Helmholtz equation. We would like to point out that
(6.18a) is similar to the convected Helmholtz equation

—pow?p — 2iwpyvg - Vp — div (KoVp) = s.

The HDG framework that have constructed in CHAPTER 3 is therefore well-suited to perform
some numerical simulations using this model. To emphasize the relationship between these
two equations, we can make the following approximations:
o Approzimation 1: if we assume that N3 = 0 (which is relevant in the convective zone,
i.e. when r > 0.7R; where R is the solar radius, then (6.18a) becomes

1
[—uﬂ + c3div (ng())] P +go-Vp —caAp =0.
0
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e Approximation 2: if we consider the asymptotic regime in w, i.e. if we assume that
w? > N2, then we have

UJ2 N2 N2
0 0
0 W

and (6.18a) therefore becomes

2 1 1N NG
l—w? + div (290)] o+ <2 - 02> go-Vp' —div ((Id + 2029095> Vp') =0
2 ct & gol w?|gol

where the term involving gravity in the second-order operator is small.

However, we would like to point out one important difference in the physics involved within
those two models. In CHAPTER 3, the waves were convected by a velocity field vy that
satisfied the local steady-state mass conservation equation

div (po’Uo) = 0.

In (6.18a) on the other hand, the waves are convected by the gravity field go for which this
mass conservation property does not hold.

Source term. Adding a source term s in the RHS of (6.9) leads to the following source
term s in (6.18a) or (6.18b)

pocg NG
[gol* (NG — w?)

2 A72
Pow NO . <
5= — go - s + div
90> (NG — w?)

(9o - 8)90) + div (s) , (6.19)

where

e the first term comes from —w?p’ term in (6.15),

e the second term comes from div (p'ge) term in (6.15),

e the third term comes from div (pyv’) term in (6.8).
We will assume that the source term is compactly supported in O and regular enough for
(6.19) to be well-defined.
If the support of s is entirely included in the convective zone (r > 0.7), it may be reasonable
to assume that NZ ~ 0 and to use

s ~ div (s)

instead of (6.19).

Dimensional analysis. As the model described in PROPOSITION 6.2.1 is not a standard,
it seems important to check the homogeneity of (6.18b). We denote the dimension of a
physical quantity ¢ by [¢], and the dimension of mass, time and length by M, T and L
respectively, finally we use 1 for physical quantities without dimension. For the background
parameters we have

[C«J] = T_l, [po] = ML_S, [Co] = |_T_17 [p()] = ML_lT_2, [g()] = LT_2,

where go is homogenous to the gravitational acceleration. We recall that the dimension of
the derivatives of a physical quantity ¢ is

o -1
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First we notice that v ML
[ 100] — LT727 — T72

(o] ML-=3 ’

so NZ is homogenous to a squared frequency as expected. To lighten the notations, we
rewrite (6.18b) as

[N(ﬂ = [go]

Ap' — div (KoVp' — Bp'go) = s.

We can now focus on the reaction term. We have

[c% (N?— (,u?)] = [fzg]] =L as lwgd_wz)] —1,

and we also have
) Ng . _ _
[dew <|90’2 (N§ — w2)go>] =T72L 1[90] L— L 2’

[Ap] = L7*[p].
We then work on the Laplace operator. We begin by noticing that
[KO] =1,

so we have

so we have

[div (KoVp')] = L72[p].
We can now focus on the convection term, and we have

N2l orT o, o, 1
e =7 =T =[] -

so we have

[Bgo) = TPLAT 2= L7,

and therefore
[div (Bp'ge)] = L*[p'].

We can finally conclude this dimensional analysis. Indeed, we have
[Ap'] = [div (KoVp')] = [div (Bp'go)] = L~*[p],

so (6.18b) is actually homogeneous.

6.2.3 Well-posedness of the scalar model

In this section, we recall some elements of the theory of elliptic partial differential equations
to prove the well-posedness of the scalar model of PROPOSITION 6.2.1. This well-posedness
result will be proven under the following assumptions.

Assumption 10 (Well-posedness of the scalar model with gravity):
We assume that

e the frequency is large enough: w? > NF,

e the following boundary conditions are enforced

P =1, on I'p,
w? 1 Ng
KOVPI+W<03+W P'go| - m = s, on Iy,
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with 00 = FD U FN and FD 7é .

A well-posedness result for elliptic PDEs

In this section, we state a well-posedness result for elliptic PDEs. For the sake of simplic-
ity, we consider only homogenous Dirichlet boundary conditions, but the extension to the
boundary conditions of ASSUMPTION 10 is immediate and can be found e.g. in [GT01, Ch.
8 — Notes]

Let O be an open bounded subset of R", a;; be C*(O) functions and a; be C(O) functions.
We consider the following weak formulation

Seek p' € Hy(O), st a(p',q) ={(q) Yq € Hy(O). (6.20)

with

ou Ov ou
a(u,v) ::/O%aijaxiaxjdx+/(9;aiaxivdx+/Oaguvdx,

{(v) ::/Ofvdx.

We recall the following result coming from [Bre87, Th I1X.23].

Theorem 11

If the variational problem (6.20) satisfies the following uniform ellipticity condition

Ja >0, Ve € R", Y ajmz; > alz|, (6.21)
0]

then the two following propositions are true:
1. If f = 0 then there is a d-dimensional linear subspace of H}(O) of solutions to (6.20).
2. If f # 0, then there exists a d-dimensional linear subset F' C L?*(O) such that

((6.20) admits a unique solution in Hy(0)) <= Yv e F, (f,g)o=0.

Remark 6.2.2: We would like to point out that THEOREM 11 is nothing but a Fredholm
alternative and the problem (6.20) has the same behavior as a harmonic wave equation.
For the scalar model of PROPOSITION 6.2.1, this means that eigenmodes can exist for some
frequencies.

Remark 6.2.3: If the coefficient ay in (6.20) is positive, it is possible to prove that the
problem is always uniquely solvable using the mazimum principle. For the scalar model of
PROPOSITION 6.2.1, we cannot guarantee the sign of a,.

A quick way to prove that the ellipticity condition (6.21) holds is to study the spectrum of
A = (a;;);;- Indeed, we denote by A\; < --- < A, the eigenvalues of A and wy,...,w, be
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the associated basis of eigenvectors, we have
Z a;jT;v; = AT - x,
.3
g (gae).
() (i)
By
oA

where A\_ := mingcpn A;. Notice that for the scalar model of this section, A has only three
eigenvalues.

Application to the scalar model of Proposition 6.2.1.

We recall the anisotropy tensor of the scalar model is
2

Ko :=1d — .
° 90| (NG — w?)

gogga
the second-order part of the primal variational formulation is therefore
a(p',q) = / KoVyp' - Vg*dx + low-order terms,
o

and we now need to study the spectrum of K.

Lemma 6.2.1:
The spectrum of gogg is

Sp(g095) = {0, |90/’ }

and the spectrum of K therefore is

w2
Sp(Ko) = {L WQ_N[%} s

Proof:
Step 1: Let v € R™ be a vector such that go L v, we have

gogg'v =0.

In dimension n and if gg # 0, the space of vectors orthogonal to go has dimension n — 1.
The eigenspace

Eo(gogs) = {'v e R" ‘ Gogov = O}
therefore has dimension n — 1. We also have

909590 = |90 |290-

The eigenvalues of gogd therefore are 0 and |go|*.
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Step 2: Let v be an eigenvector of Kg and A be the associated eigenvalue, we have
Ng

|go* (NG — w?)

|90/ (NG — w?)

Kogv =\ <= v — gogav = Av,

<:>9095U = (1 _)‘) N2 v,
0
so we have | |2 (N2 2)
g —w
(1—))=2 N°2 € Sp(gogq )
0
and the result is immediate. ]

This immediately leads to the following result.

Corollary 6.2.1:
Under AsSUMPTION 10, the scalar model of PROPOSITION 6.2.1 is well-posed except on a
set of resonant frequencies.

Proof: Using the assumption on the frequency, we can see that both the eigenvalues of K
computed in LEMMA 6.2.1 are positive, so we can use THEOREM 11. L

Remark 6.2.4: The assumption w? > N2 is really important here, indeed if w? < NZ then

w2

—— <0
w2 — N ’

and we cannot use THEOREM 11.

6.3 Numerical aspects

Axisymmetric domain. To obtain 3D solutions using the 2D solver described in CHAP-
TER 3, we consider an azisymmetric domain. We denote by (7,0, z) the 3D-cylindrical
coordinates and by (e,, ey, e,) the associated basis vector-fields. Numerical results in 3D are
obtained by performing 2D numerical simulations in the (r, z)-plane and a modal decompo-
sition into Fourier series in the #-variable.

Assumption 11 (Axisymmetric domain):
We assume that the background quantities only depend on (r, z).

An immediate consequence of ASSUMPTION 11 is that

. Ipo Ipo
va - (97’ €r + 82 €,

together with the background balance of momentum (6.6), we have
go = gr€r + g.€,.

The anisotropy tensor
2

Ko:=1d - .
° |9o? (NG — w?)

90937

therefore becomes

Krr 0 Krz
Ko=|0 1 0|,
Kzr 0 Kzz



6.3. NUMERICAL ASPECTS 223

with

1N g (0 ) - N
|gol? (NG — w?)™" gol* (NG —w?) 7

oot NE g (N —w) - Vi
|go|? (NG — w?)”* gol? (NG —w?) 7

N2
Kzr = K’r’z = - 2 ryz-
gol? (NG —w2)"?

Development of the equation in cylindrical coordinates. We recall that the scalar
equation (6.18b) reads

2 2 2 2

9 w . No , . , w 1 N
EE——] —d K,V _— =0
N L%(Ng—oﬂ)* ”(|go|2<zv3—w2>g°>]p ( ° “N@—w?( 0 |2>pg°> !

developing the operators in cylindrical coordinates (7,0, z) leads to

10 op op' 0 op' op 1 0%
A - T 5 Krr Krzi B T | — — Krzi Kzzi - B z ' ) = 07
P e [r ar Ty Tgp] 8,2[ ar TN, TP | T e
(6.22)
where
w* Ng
A= —F5—— 2di
g —wn) (rgo|2<N2 >g°> |
ST )
Ng —w? \c§ |90l
Decomposition into Fourier series. The unknown p’ is expanded as
(r,0,2) =Y pl,(r,2)e™. (6.23)

mEZ

Introducing (6.23) into (6.22) and identifying each mode leads to the following modal equation

m? 10 op! op! 0 op! op!

A+ — | P ——% K., —" K..—" —rBg, | — o K..—" +K..— — Bg. ' =0,
( +7"2>pm Tﬁr[r or gy TR Ty, or s 9P
which can be rewritten as

Appl, — div (KoVp), — Bp},go) = 0, (6.24)

where A, := A+ m?/r? and the differential operators only act on r and z.

First-order formulation. To use a HDG method to solve (6.24), we need to reach a
first-order in space formulation. As we have chosen to work with (6.18b), it is natural to use
the HDG-o, method of CHAPTER 3. We therefore introduce the total fluz

on = —KoVpl, + Bp,,9o,
leading to the total flux formulation
Ko ‘o + Vo, — Bp, Ko 'go =0,
Anpl, +div (o,,) = s.

Using the Sherman-Morisson formula we have

WO = Koil =1d — ngogT.
w?[go[>”™7°
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HDG formulation. We can now write the local problems of the HDG method in polar
coordinates. The global problem, which translates the continuity of o, is the same as the
one for the convected Helmholtz equation. On an element K € 7T, we multiply the system
by the test-function (v, w) leading to

/ (Wypor + W0, — Bp(W,gr + Wi2g.)) vprdrdz
K

lﬁrw N ov,
r Or 0z

+/ (W0 + W0, — Bp(W,..9, + W,.,g.)) v, rdrdz — / P < > rdrdz
K K

+ pv - nrds = 0,
oK

and

1 Oro, 2 , "
/ Apmp + 10ro + do w rdrdz + / iT(p— p)wrds = / swrdrdz.
K r Or 0z K K

Using the matrix notations of CHAPTER 3 this can be written as

3
> rW.M¥o)f — Br ( > ngv) M5 p" —rDf pi — M*p" + 3" e B Y = 0,

ve{r,z} ve{r,z} =1

3
> erMKaf—rB( > ngv) MRS — DS + Y SN =0,

ve{rz} ve{rz} /=1

3
TAmMK]i + T(Df)Ti + MKi + r(Df)Ti +1 Z’I“Tg (Ef}f — Ffﬁg(K’K)) =rSK,
=1

and we can finally get the matriz form of the local problem

ju p‘g(K:l)
AK Of,( —|—(CK ﬁg(K,Q) :SK,
ok PIUG3)

which allows the elimination of the local unknowns through static condensation. The matri-
ces A¥ and CX are given by
Matrix A® : We introduce 3, = Br Y, Wu.g. to lighten the notations.

AK K ! K
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Matrix CX:

Evaluation of the physical quantities and nondimensionalization. As we already
discussed in CHAPTER 5, we need to perform a nondimensionalization of the problem in order
to get stable numerical methods. We denote the solar radius by R, the physical coordinates
inside the Sun by & and the normalized coordinates used to perform the numerical simulation
by & = ®/R. For a quantity f defined in the Sun, the associated quantity in normalized
coordinates is defined by

(@) = f(@) = f(Ro).
The values for the physical parameters, pg, po and ¢y come from the Model S of [CDA™96].
We use the same convention as in [FFP20]?, where the scaled pressure and gravitational

potential

~ po(Ro) wo(Rox)
Po(Z) = ——— =——",
R Rz

are used instead of the usual background quantities. As the sound-speed is related to the
pressure by

. and @o(a) :

2 7Po
cg=—),
’ Po
this naturally leads to a scaled sound-speed
<~ co( Rodot)
co(x) = ————=.
0 R,

As the unknown p’ is homogenous to a pressure, we follow this convention and we define the
scaled unknown ) _
=~ P (Ro)

P(x) = ———.
R

If we compute the auxiliary physical parameters using the scaled quantities, e.g.

~ ~ = =~ (Vi Vi) =
go = —Vz;po, and N§:=go- ipo - fﬁo = Ng,
Po YPo
then the equation for ;’ is the same as the one for p’. Indeed, if p’ satisfies (6.18b), then ;’
satisfies s o
Ap — divy (KOVE];/ — Bﬁgf,) =3.

2The values for those scaled quantities can be obtained here : https://phaidra.univie.ac.at/view/o:
1097638.
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Numerical results. We end up this chapter with some numerical results. On FIGURE
6.1, we have depicted the mode m = 0 in the (r, z)-plane for a frequency of 3mHz. The
source term is Dirac mass located close to the axis of symmetry and to the surface at the
point (1072,0.9). Using three different saturation levels, we can see that there is a wave
propagating close to the surface. This is consistent with the fact that the scalar model of
this chapter was derived to support surfacic gravity waves, or f-modes. We would also like to
point out that the amplitude of the solution decreases as the index m increases. To illustrate
this we have depicted the solutions for indexes m = 2 and m = 4 in FIGURE 6.2. We have
also plotted 3D results for modes m = 0 in FIGURE 6.3, m = 1 in FIGURE 6.4 and m = 4 in
FIGURE 6.5. As the amplitude of the modes decreases, there is almost no visual difference
between the mode m = 0 and the truncated sum

N N
S pm(r,2)e™ = po(r,z) + 2> p(r, z) cos,
m=—N

m=1

that we have depicted in FIGURE 6.6. Notice that the last equality holds as m only appears
as m? in the modal equations, so we have p,,(r, z) = p_n(r, 2).

1072
T 100 1
I P I

* 1 50 N \ 0.5
N 0 N 0
* —50 * -0.5

—100 —1

(a) Low saturation (b) Medium saturation (c) High saturation

Figure 6.1: Numerical results for mode m = 0 in the (r, z)-plane.

Conclusion

In this chapter we have illustrated the possibility of using the HDG framework introduced in
CHAPTER 3 to more complex wave-like equations. To this end, we have considered a scalar
model involving gravity for wave propagation inside a star. The coefficients of this model
are more complicated than the ones of the convected Helmholtz equation. It is worth noting
that this model could be used to validate other numerical solvers. Indeed, when Galbrun’s
equation is solved for realistic solar-like applications, there is no reference solution to validate
the numerical results. This scalar model could be used as a comparison point to validate the
results obtained with a numerical solver for Galbrun’s equation with gravity. However, we
would like to point out that there is still some work to do. In particular, questions regarding
boundary conditions and source terms should be addressed carefully before using this model
as a reference one.
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.10—2 1 _10—4 .
s I i I
- 0.5 a 0.5
- 0 - 10
- —0.5 A —0.5
I — -1 I — —1
(a) Mode m = 2 (b) Mode m =4

Figure 6.2: Numerical results for modes m = 2 and m = 4 in the the (r, z)-plane.
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Figure 6.3: 3D numerical result for mode m = 0.
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Figure 6.4: 3D numerical result for mode m = 1.
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Figure 6.5: 3D numerical results for mode m = 4.
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Figure 6.6: 3D numerical result, summing mode for |m| = 0 to 6.
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Conclusion

The main contribution consists of a computational framework based upon HDG formulations
for convected Helmholtz equations. This piece of software has been developed from scratch
and is meant to become part of a helioseismic branch of the open-source software hawen.

Modelling aspects

Summary of our contributions. During the first part of this study, we have considered
the existence of a resonant-like phenomenon for aeroacoustic propagation in a recirculating
flow. We are particularly interested in this question because it is crucial for the modelling
of the interior of the Sun where flows are recirculating. Previous well-posedness results for
time-harmonic aeroacoustic wave models specifically excluded those background flows, while
they are common for applications in helioseismology. We have shown that a resonant-like
phenomenon can occur if the symbol of the material derivative vanishes inside the computa-
tional domain. This phenomenon gives a mathematical interpretation for the spurious modes
that have been reported when Lagrange finite-elements are used to solve Galbrun’s equation.
Finally, when this phenomenon occurs, the equivalence between aeroacoustic models, such
as Galbrun’s equation and LEE, cannot be guaranteed.

Perspectives: using the low-regularity settings. As we have mentioned, the well-
posedness of Galbrun’s equation has also been studied in a Hilbert space H,,(O) with lower
regularity requirements than H'(O). Functions belonging to H,,(O) do not have a trace
on the resonant lines that we have computed. The approximation of Galbrun’s equation
in H,,(O) instead of H'(O) could lead to new numerical methods and better numerical
results. At this point, the only results available in this settings is the well-posedness of
Galbrun’s equation. A next step could be the derivation of sharper regularity results for the
solution to allow a rigorous construction of numerical methods.

Perspectives: solving the equations in time-domain. In this thesis, we have con-
sidered time-harmonic solutions to aeroacoustic models. The meaning of these solutions is
given by the limiting amplitude principle: they can be interpreted as the limit of time-domain
solutions as time goes to infinity. In other words, we show that time-harmonic solutions cor-
respond to the established regime of time-dependent solutions letting ¢ to infinity So there is
a hidden physical assumptions for the time-harmonic solutions to make sense: the physical
parameters must be "nice" enough to allow this periodic regime. It turns out that it is not the
case for realistic applications in helioseismology. Hence more reliable results could perhaps
be obtained by solving these equations in time-domain instead of the time-harmonic domain.
The numerical methods constructed in this thesis could be used for the semi-discretization
in space in a time-domain aeroacoustic solver.
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Perspectives: considering non-linear wave models. The models considered in this
thesis are obtained by linearizing the equations of fluid dynamics around an equilibrium
state. Some of the difficulties encountered when trying to solve those equations may be
linked to the linear nature of those models. Indeed, if an instability occurs in a linear model
it can only grow exponentially. On the other hand, some non-linear effects can contain those
instabilities as it happens with the Kelvin-Helmholtz instability. Taking some of the non-
linear effects into account could be a way to obtain better results. In particular, using the
second-order asymptotic expansion

q=qo+eqd +%" + 0O,

leads to the equations of weakly non-linear acoustics. Those equations consist of a coupled
system of two Galbrun’s equations, one for each perturbation order. It is possible that the
non-linear and the coupling terms help controls the resonant-like phenomenon that we have

described.

Numerical aspects

Summary of our contributions. In a second part of this work, we have introduced a
HDG framework for the convected Helmholtz equation. To the best of our knowledge, this
is an original contribution. HDG methods are mixed DG methods that rely on a static
condensation process to eliminate the interior degrees of freedom. This allows to keep all the
advantages of DG methods for a reduced numerical cost. Among other advantages, DG meth-
ods are easily implemented in a parallel way with hp-adaptivity and arbitrary high-order.
In particular, their non-conforming nature seems well-suited to work with the low-regularity
space H,,(O). As the theory for the convected Helmholtz equation is well established and
quite standard, we were able to derive precise theoretical results on the HDG methods that
we have introduced, including well-posedness of both the local and global problems, as well
as a detailed convergence analysis. We have also proposed a simple technique to construct
Absorbing Boundary Conditions (ABCs) based on the Prandtl-Glauert-Lorentz transforma-
tion, that maps the convected Helmholtz equation to the standard one. This provide ABCs
that are both efficient for low and intermediate Mach numbers and easy to implement in any
finite-element solver. In particular, the resulting ABC is easily included in the HDG formu-
lation which is not obvious in general. Finally we have shown that this HDG framework can
be extended to handle more complex problems.

Ongoing work: toward the extension to Galbrun’s equation. We have also briefly
presented a way to extend this HDG framework to the full Galbrun’s equation, which is
a vectorial and more realistic aeroacoustic model. As we have introduced a rigorous HDG
framework for convected acoustics, it seems possible to extend these methods to more realistic
aeroacoustic models. Even if these constructions will be less rigorous, it can lead to efficient
numerical methods. One way to avoid the resonant-like phenomenon that we have described
is to study this equation in a low regularity settings. The continuity of functions belonging to
this space between two mesh elements is interface-dependent, making it difficult to construct
conforming approximation spaces. One way to derive suitable numerical methods could
be then to use Hg;,(O)-conform finite elements with a penalization term to enforce this
interface-dependent continuity between mesh elements. This is an ongoing work in the team
of T. Hohage in Gottingen in the framework of project C04, and it turns out that this
approach leads to a non-conforming method. If we have to use a non-conforming method,
it occurs to us that it is easier and more natural to consider HDG approximations in the
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continuity of our work on the convected Helmholtz equation. Whatever the approach is,
we will end up with the same difficulty of approximating T-coercive problems with non-
conforming methods.

Perspectives: choosing the penalization parameters. One of the main drawbacks
of HDG methods is the necessity to choose the penalization parameters. Indeed, if those
parameters are badly chosen the quality of the numerical solutions are poor. For the HDG+
variant, the penalization parameters should be very large to ensure optimal convergence,
and this method therefore seems less sensitive than standard HDG methods to the choice
of penalization parameters. If the solved system is hyperbolic, we have presented a choice
penalization parameter with physical meaning by solving a Riemann problem on the interface
between two elements. It is not clear how to extend this method to problems whose transient
counterpart is not hyperbolic, but it could be very attractive as the method would become
parameter-free.

Perspectives: inverse problems. The methods that we have constructed in this thesis
were implemented in the hawen solver. This solver is dedicated to solving both direct and
quantitative inverse problems. Therefore, it offers us the computational framework to per-
form the inverse problem using the Full Waveform Inversion (FWI) technique. In particular,
we could reconstruct solar parameters such as the background flow vg, the sound-speed cg
or the density po.
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Dans cette thése, nous nous intéressons a des problémes de propagation d’ondes acoustiques dans un écoulement en vue
d’applications en physique solaire. En effet, la structure interne du Soleil peut étre étudiée a partir de 'observation de ces ondes sur
la surface solaire.

Dans un premier temps, nous rappelons le procédé de linéarisation des équations de la mécanique des fluides permettant de construire
des modeles vectoriels de propagation d’ondes en écoulement. Nous étudions alors '’équivalence entre les modéles obtenus a partir
des linéarisations eulériennes et lagrangiennes et nous montrons que cette équivalence ne peut pas toujours étre garantie en régime
harmonique. D’un point de vue pratique, 'exploitation numérique de cette équivalence semble inefficace, notamment pour la
reconstruction des perturbations lagrangiennes a partir des perturbations eulériennes. Nous nous concentrons ensuite sur I'étude
d’'un phénoméne de résonance en régime harmonique lorsque ’écoulement porteur a des lignes de courant fermées. Une étude modale
montre que les équations considérées dégéneérent sur certaines lignes de courant. Sur ces lignes, il n’est alors pas possible de résoudre
les équations. Il semble toutefois possible de résoudre ce probléme en étudiant ces équations dans un espace hilbertien dont les
propriétés de régularités sont plus faibles que pour les espaces de Hilbert habituellement utilisés pour I'étude des équations d’ondes
aéroacoustiques. D’un point de vue numérique, la recherche de la solution dans un tel espace nécessite la construction de nouvelles
méthodes numériques.

Dans la deuxiéme partie de ce travail, nous nous concentrons sur la construction de méthodes numériques pour un modele
aéroacoustique simple : I'équation de Helmholtz convectée. Ce modéle scalaire peut étre obtenu a partir des modeles vectoriels lorsque
I'écoulement porteur est irrotationnel. Pour cette équation, nous construisons trois variantes de la méthode de Galerkine Discontinue
Hybride (HDG). Les méthodes HDG sont des méthodes de Galerkine Discontinues mixtes dont le colit numérique reste raisonnable
grace a un procédé de condensation statique qui permet de réduire le probléme a un probléme posé uniquement sur le squelette du
maillage. Nous avons effectué une analyse détaillée de ces méthodes, en particulier nous avons montré le caractére bien posé des
méthodes, ainsi que des estimations de la vitesse de convergence pour des solutions réguliéres. Enfin, nous avons également discuté
le choix du parameétre de pénalisation qui peut exercer une influence importante sur la qualité des résultats numériques. Ces méthodes
ont été implémentées dans le code open-source Hawen et les résultats numériques ont permis d’illustrer les conclusions de notre
étude théorique. Nous avons également construit des conditions aux limites absorbantes (CLA) d’ordre faible pour I'équation de
Helmholtz convectée. Ces CLA sont obtenues par transformation de PrandtL-Glauert-Lorentz de CLA pour I'équation de Helmholtz
standard lorsque I'écoulement porteur est uniforme a I'extérieur du domaine. Ces CLA sont performantes pour des écoulements dont
le nombre de Mach est faible ou modéré et leur mise en ceuvre dans un code éléments finis, notamment HDG, est simple.

Enfin, la troisieme partie de ce travail est consacrée a 'extension des méthodes HDG construites pour I'équation de Helmholtz
convectée a des modeles plus réalistes. Dans un premier temps, nous décrivons les changements a apporter pour traiter les cas
vectoriels. La construction d’'une méthode HDG pour le cas vectoriel sans convection semble relativement aisée, mais la prise en
compte des phénomenes convectifs pose de nombreuses questions tant théoriques que pratiques. Finalement, nous illustrons les
possibilités des méthodes HDG sur un probleme scalaire issu de I'astérosismologie qui prend en compte une partie des effets liés a la
gravité. Le modéle obtenu est semblable a une équation d’Helmholtz convectée par la gravité.
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