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Chapitre 1

Introduction

1.1 Le cancer, une maladie complexe
Le cancer est une maladie complexe, caractérisée par l’occurrence d’ano-

malies allant du niveau moléculaire au corps entier. L’accumulation des muta-
tions et les altérations touchant la régulation de l’expression de gènes contri-
buent à la transformation maligne [MC15]. L’issue de la maladie résulte des
perturbations des systèmes qui régissent la transduction du signal dans la cel-
lule cancéreuse, de la compétition entre cellules malignes et cellules saines,
et de la capacité de la tumeur à coopter l’angiogenèse, à envahir les tissus
et à former des métastases, et à échapper aux mécanismes effecteurs de l’im-
munité antitumorale [ENW10].

chromosome 1 mutation 2 mutations n mutations

cellule saine cellule maligne

Figure 1.1 – Contribution de l’accumulation de mutations génétiques à la
transformation d’une cellule saine en cellule maligne. La majorité de ces mu-
tations n’ont pas d’effet notable, mais certaines peuvent modifier les fonctions
cellulaires. L’accumulation progressive de mutations tout au long de la vie
peut provoquer le cancer et contribue au vieillissement cellulaire.
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1.1. Le cancer, une maladie complexe

ovarian cancer patients of median age, half or more (68%, 57%,
and 51%, respectively) of the passenger somatic mutations appear
to have occurred before the tumor-initiating event.
These results have substantial implications for the interpretation

of the large number of genome-wide cancer studies now being
undertaken. They reinforce the idea that most somatic mutations
observed in common adult tumors do not play any causal role in
neoplasia; they in fact occurred in completely normal cells before
initiation. They also indicate that patient age should be consid-
ered in statistical analyses of sequencing data. Sequencing data
of younger patients’ tumors may provide more reliable distinc-
tion of driver mutations by reducing the “noise” caused by the
accumulation of passenger mutations occurring in normal tissues
as individuals age.

Materials and Methods
In this section we provide a detailed description of our mathematical model
as well as of the statistical analysis we performed. All relevant phases of a
cancer tissue’s history are included.

There are large differences among various types of tissues. In some tissues,
there is a hierarchy among cells as well as a spatial organization. For example,
the epithelial lining of the colon is divided into ∼108 crypts, each maintained
by stem cells that reside at the crypt base. In other tissues, there is no evi-
dence of a hierarchical organization and the spatial structure may be quite
fluid. We will derive formulas where cells with stem-like properties (asym-
metric division, symmetric self-renewal, and differentiation) are considered
(21). Wherever this assumption does not hold, the nonrelevant parameters
should be set equal to zero. Note that in a tissue with a hierarchical struc-
ture, the focus of the analysis should be on the stem cells that maintain the
tissue’s homeostasis, because mutations in these cells will be transferred to
all their progeny, whereas mutations occurring among the more differen-
tiated cells will eventually be lost.

Development Phase. In this phase a precursor cell, derived from the zygote,
undergoes a clonal expansion (typically in the fetus) from which the tissue
under study is formed (the headof thefish). Themathematics formodeling this
process has already been developed in Tomasetti et al. (22), where it is shown
that the expected value for the total number Ti of cells with a mutation in
a given nucleotide base i, present by the time the tissue is fully developed, is

E½Ti "=Nu log N
!

1− a=2−b
1− a− 2b−d=l

"
; [2]

where N is the total number of cells in the population (that is, in the fully
developed tissue), u is the probability of a point mutation per base per cell
division, a and b are the probabilities of asymmetric division and symmetric
differentiation (possibly equal to 0), respectively, and d and l are the average
cell death and division rates, respectively (ref. 22; Eq. 6).

From Eq. 2, it follows that the expected value for the total number
XD of point mutations found in a cell at the end of the development
process is

E½Ti "= S u log N
!

1− a=2−b
1−a− 2b−d=l

"
; [3]

where S is the total number of nucleotide bases sequenced.

Tissue Renewal Phase. Given the previously mentioned differences among
tissues in their hierarchical and spatial organization, we will model two
opposite scenarios and show that the resulting formulas are effectively
equivalent.

Consider a tissue such as the colon where, say, there are a total of C crypts,
with M stem cells per crypt (estimates found in the literature for the number
of stem cells present in each colonic crypt vary from 5 to 60). Stem cells reside

at the base of each colonic crypt. Given this spatial constraint, we can treat
the evolutionary process occurring in each crypt independently. Assume that
stem cells usually divide asymmetrically to maintain the crypt in equilibrium,
except that when a stem cell dies it is replaced via symmetric self-renewal by
another stem cell. It follows that the probability for a new point mutation
to reach fixation within a crypt is given by PFIX = 1/M. Because stem cells are
long-lived, we approximate the process by disregarding the effect of deaths
and consequent self-renewals on the number of mutational hits occurring in
the crypt. Thus, strictly speaking, this process is not a Moran model because
mutations do not occur only at self-renewal: here, the main (by approxi-
mation, the only) source of somatic mutations is given by asymmetric divi-
sions. Take the average time between a stem cell’s asymmetric divisions as
the time unit. Then, the rate at which a given point mutation occurs in a
crypt and reaches fixation within the crypt is

uPFIXM=u: [4]

Thus, the timescale for a successful, fixated mutation is given by 1/u.
Also, if the average lifespan of a stem cell was the time unit, the expected
amount of time it would take for this successful mutation to reach fixa-
tion in the crypt, TFIX, i.e., conditional upon the event of fixation, can be
calculated to be

E
#
TFIX

$$FIX
%
≈−M

&
1−PFIX

'

PFIX log
&
1− PFIX'; [5]

where FIX represent the event of fixation (A detailed proof can be found
in Durrett, ref. 23, pp 48–50). Because PFIX # 1, we can approximate the
expression in Eq. 5 by M. Thus, letting c be the average number of
asymmetric divisions occurring in the lifespan of a stem cell, the rate for
the fixation process is approximately given by 1=ðcMÞ and the timescale is
cM. Therefore, given that the timescale for the fixation process is much
smaller (i.e., faster) than the timescale for the occurrence of a successful
mutation, i.e., cM # 1/u, it follows that we can treat each successful mu-
tation hit independently from all others.

Take the average time between a stem cell’s asymmetric divisions as the
time unit. We then model the total number of asymmetric divisions occur-
ring among stem cells in one crypt by a Poisson process DðtÞ with rateM, and
the total number of successful mutations in a crypt at a given nucleotide i up
to time t, by the compound Poisson process TiðtÞ,

TiðtÞ=
XDðtÞ

j= 1

Yj ; [6]

where Yj are independent Bernoulli random variables with mean equal to
uPFIX =u=M. Given that u is very small (∼10−10), we can also regard TiðtÞ
as the probability that the crypt has been hit by a successful mutation on
base i by time t. Note that we could use different Y’s for different nucleotide
bases to allow for different mutation rates in different regions of the
genome. From Eq. 6 it follows that E½TiðtÞ"=ut. Let XSðtÞ be the total
number of point mutations found in a randomly picked stem cell at time
t (where time is measured from the start of the self-renewal phase), and
let S be the total number of nucleotide bases sequenced, as before. By dis-
regarding the possible mutations inherited from the development phase, and
by noting that XSðtÞ is a sum of compound Poisson processes, we obtain

E½XSðtÞ"= S u t: [7]

Note that this equation is similar to the one provided in ref. 2 but the
model upon which it is predicated is stochastic rather than deterministic,
and accounts for fixation and extinction of somatic mutations within the
colonic crypt.

Consider now a tissue that, unlike the colon, has no hierarchy among the
cell population and no spatial constrains. Let N be the total number of cells
in the tissue. It can be shown that the fixation of a neutral point mutation

Table 2. Fraction of somatic mutations that originated before tumor initiation in patients of various age

Tumor type 25-y-old Median age at diagnosis 85-y-old

CLL (10.09 − 5.86)/10.09 = 0.42 (18.53 − 5.86)/18.53 = 0.68 (24.16 − 5.86)/24.16 = 0.76
Uterine cancer (45.96 − 33.33)/45.96 = 0.27 (77.95 − 33.33)/77.95 = 0.57 (96.48 − 33.33)/96.48 = 0.65
Colorectal cancer (50.2 − 50.2)/50.2 = 0 (102.4 − 50.2)/102.4 = 0.51 (121.38 − 50.2)/121.38 = 0.59

2002 | www.pnas.org/cgi/doi/10.1073/pnas.1221068110 Tomasetti et al.

A

B

Figure 1.2 – A. Représentation schématique des différentes phases au cours
desquelles des mutations somatiques se produisent dans un tissu donnant
lieu à un cancer. À partir d’une seule cellule précurseur, un tissu est créé
par expansion clonale. Le tissu est soumis à des auto-renouvellements pé-
riodiques au cours duquel des mutations se produisent de manière aléatoire
et s’éteignent ou se développent au fur et à mesure de l’accumulation de
mutations successives. B. Fraction de mutations somatiques apparues avant
l’initiation de la tumeur chez des patients de différents âges pour la leucémie
lymphocytaire chronique, le cancer de l’utérus et le cancer colorectal d’après
I. Matincorena et al. [MC15].
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1.1. Le cancer, une maladie complexe

Concernant les cellules du carcinome hépatocellulaire (CHC), le plus com-
mun des cancers du foie, celles-ci présentent peu de mutations. Le diagnos-
tique est d’autant plus difficile que cette forme de cancer est presque toujours
précédée d’une cirrhose [SYL10].

foie normal cirrhose CCH

Figure 1.3 – Evolution histologique du tissu hépatique aboutissant au carci-
nome hépatocellulaire chez l’être humain. A un foie sain, succède une cirrhose
puis un carcinome hépatocellulaire.

Ces dernières décennies, les avancées de la génomique ont permis d’iden-
tifier des acteurs moléculaires essentiels de la cancérogenèse dont certains,
comme les composants de la voie oncogénique RTK (receptor tyrosine ki-
nase) - Ras - Raf - MEK (mitogen-activated ERK kinase) - ERK (extracel-
lular signal-regulated kinase), constituent des cibles thérapeutiques poten-
tielles [FMea16]. La conception d’inhibiteurs spécifiques de ces protéines
a permis de faire la preuve de principe de l’utilité de ces recherches avec,
par exemple, le ciblage thérapeutique de B-Raf1 dans le mélanome ma-
lin [CHea11]. Malheureusement, malgré un rationnel biologique établi, ces
traitements anticancéreux présentent une efficacité qui se révèle le plus sou-
vent temporaire. Après une période de temps limitée, des adaptations de
la machinerie cellulaire peuvent apparaître et, dans certains cas, se traduire
par l’inversion de l’effet du médicament, le transformant en un stimulant de
la progression tumorale [dTSea13]. Des travaux récents suggèrent que ces
remarquables propriétés d’adaptation peuvent découler de l’organisation in-
trinsèque des réseaux biologiques [JBea16]. Il est donc nécessaire de prendre
en compte l’organisation en réseaux et la régulation dynamique des cibles
biologiques : c’est un des intérêts du recours à la modélisation mathéma-
tique [BCZ09,JL13,KHGK15].
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1.2. La voie ERK comme ciblage thérapeutique

1.2 La voie ERK comme ciblage thérapeutique
La voie Ras-Raf-MEK-ERK est une voie de signalisation intracellulaire.

Elle est essentielle dans la transcription du génome et contrôle l’angiogénèse,
la survie, la prolifération ainsi que la migration et la différentiation des cel-
lules. Cette voie est souvent dérégulée dans les cancers. A titre d’exemples, la
protéine Ras est mutée dans 50% des cancers du colon [TD12] et la protéine
Raf l’est dans 60% des mélanomes [LBea10].

RAF 

MEK 

ERK 

RAS 

Stimulus cellulaire  

Une voie de transduction 
normale, mais souvent dévoyée 
dans les cancers 

Les mathématiques pour l’étude du ciblage 
thérapeutique 

Récepteurs de surface 

angiogenèse

survie
prolifération

migration

différentiation

stimulus cellulaires récepteurs de surface 

transcription du génome

dimerization.37–41 These biochemical properties allow Raf
activity to be sensitive to drugs that block protein:protein
interactions such as geldanamycin and coumermycin.49,52

Geldanamycin is a nonspecific Raf inhibitor as it also affects
the activity of many proteins including the BCR–ABL oncopro-
tein, which has a critical role in the etiology of chronic
myelogenous leukemia. Geldanamycin is currently in clinical
trials.50 Raf-specific iinhibitors have been developed. Raf
inhibitors range from small molecular weight cell membrane-
permeable drugs that bind the kinase domain to antisense
RNAs.50–55 Some of these compounds and approaches are in
clinical trials. Some of the studies performed with Raf inhibitors
have shown significant promise in the treatment of diverse
cancers, which have been difficult to treat (eg colorectal,
ovarian). The structure of some of these Raf inhibitors is
presented in Figure 4.

Currently, the mammalian Raf gene family consists of Raf-1,
A-Raf and B-Raf, which share three domains termed CR1, CR2
and CR3.4 Among these three domains, CR1 is the Ras-binding
domain; CR2 is the regulatory domain that has recently been
shown in some cells to regulate negatively Raf-1 activity by Akt
or PKA phosphorylation at S259; and CR3 is the kinase domain
which when phosphorylated on S338, tyrosine (Y) Y340 and
Y341 positively regulates Raf-1 activity.35, 56–59

There are at least 13 regulatory phosphorylation sites on Raf-
1.43–47,60–64 Some of these sites (eg S43, S259 and S621) are
phosphorylated when Raf-1 is inactive. This allows the 14-3-3
chaperonin protein to bind the Raf-1 protein and confer a
conformation which is inactive. Upon cell stimulation, S621
becomes transiently dephosphorylated and protein phosphatase
2A (PP2A) dephosphorylates S259.60 14-3-3 is then disasso-
ciated from Raf-1/.60–62 This allows Raf to be phosphorylated
at other sites including S338, Y340, Y341 and others. A Src
family kinase is likely responsible for phosphorylation at
Y340 and Y341.44–47,59 The phosphatases that dephosphory-
late S621 and other Raf phosphorylation sites, excluding S259,
are unknown.

Y340 and Y341, the phosphorylation targets of Src family
kinases, are conserved in A-Raf (Y299 and Y300), but are
replaced with aspartic acid (D) at the corresponding positions in
B-Raf (D492 and D493).44, 65–67 Hence, maximal activation of
Raf-1 and A-Raf requires both Ras and Src activity, while B-Raf
activation is Src–independent.66

A means to prevent Raf activation could be the development
of specific Src family kinase inhibitors. Indeed, we have
observed that Raf-responsive hematopoietic cells are very
sensitive to the Src kinase inhibitor herbimycin A. Herbimycin
A inhibits the c-Src kinase with an IC50 of 900 nM, whereas it
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Figure 1 Overview of Ras/Raf/MEK/ERK pathway. This figure illustrates how the Raf/MEK/ERK pathway is regulated by Ras as well as various
kinases, which serve to phosphorylate S/T and Y residues on Raf. Some of these phosphorylation events serve to enhance Raf activity (shown by a
black P in a white circle), whereas others serve to inhibit Raf activity (shown by a white P in a black circle. Moreover, there are phosphatases such
as PP2A, which remove phosphates on certain regulatory residues. Activation of the PI3K/PDK/AKT pathway is also shown, as this pathway
interacts with the Raf/MEK/ERK pathway to regulate its activity. PI3K can be activated by two mechanisms; either the p85 PI3K subunit can bind the
activated IL-3Rb chain or Ras. Activated ERK can enter the nucleus and phosphorylate transcription factors such as Ets. The downstream
transcription factors regulated by this pathway are indicated in diamond-shaped outlines.
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Figure 1.4 – Description schématique de la voie de signalisation Ras-Raf-
MEK-ERK avec la contribution de la protéine ERK dans les différents méca-
nismes du développement cellulaire. La protéine Raf mutée est présente dans
la moitié des cancers du colon et la protéine Ras est identifiée comme mutée
dans 60% mélanomes.

Eteindre cette voie de signalisation fait donc partie des traitements envi-
sagés lors de l’apparition d’un cancer dans lequel elle est suractivée. Inhiber,
sans altérer, un ou plusieurs acteurs de la voie devient un axe majeur de
la recherche thérapeutique. On cherche alors à réduire la phosphorylation,
c’est à dire l’activation de la protéine par l’action d’une protéine kinase ou
à accélérer la déphosphorylation, c’est à dire la désactivation de la protéine
par l’action de phosphatases.
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protéine protéine	phosphorylée

phosphorylation (protéine kinase) 

dephosphorylation (phosphatase) 

p

Figure 1.5 – Les deux états d’une protéine. Elle est activée par un processus
de phosphorylation qui lui ajoute un groupe phosphate et qui est catalysé
par une protéine kinase. La désactivation de la protéine consiste en la dé-
phosphorylation qui au contraire élimine son groupe phosphate.

Dans les cas avancés de CHC, le sorafénib était, depuis 2007 (et jusqu’en
2017 avec le régorafénib), le seul traitement ayant montré une efficacité. Le
sorafénib est vendu comme un inhibiteur des protéines kinases Raf. Cepen-
dant son efficacité reste mineure, prolongeant la vie de quelques mois dans
les cas où il agit. Rappelons que près de 80% des patients sont diagnosti-
qués tardivement et sont donc dans un état de développement avancé de la
maladie.

L’objectif du présent travail de thèse à l’interface entre mathématique,
biochimie et médecine, consiste à :

— améliorer la connaissance de la voie de signalisation Ras-Raf-MEK-
ERK,

— comprendre le mode de fonctionnement du sorafénib,
— identifier et contrôler la régulation de la voie.
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way to gain a further understanding of the drug’s 
molecular mechanisms of action. In addition, the 
safety profile compares well with those of previ-
ously reported systemic therapies, such as the 
PIAF regimen (cisplatin, interferon, doxorubicin, 
and fluorouracil), which was associated with more 
severe complications than those observed with 
sorafenib.21

This trial shows that sorafenib improves over-
all survival by nearly 3 months in patients with 
advanced hepatocellular carcinoma. This find-
ing is important, given the increasing incidence 
of the disease around the world22 and the lack of 
efficacious therapeutic options in this setting.2-6 
Furthermore, no consistent survival benefits for 
anticancer agents in hepatocellular carcinoma have 
been recorded in approximately 100 randomized 
studies reported during the past 30 years,2-6 in-
cluding systemic and intraarterial chemotherapy 
(predominantly doxorubicin-based or platinum-
based), various hormonal therapies (tamoxifen and 
antiandrogens), and immunotherapy (usually in-
terferon alfa).5,6,21 In some instances, such as stud-
ies of tamoxifen, encouraging data from under-
powered initial studies23,24 were not confirmed 
by subsequent large, well-designed, randomized 
studies.3,6 Thus, scientific guidelines and regula-
tory agencies have not recommended or approved 
any drug for advanced hepatocellular carcinoma, 
representing a unique situation in the treatment 
of solid tumors and clearly an unmet medical 
need.3,4

Our finding that sorafenib, a multikinase in-
hibitor, has activity in hepatocellular carcinoma 
shows the potential of molecularly targeted thera-
pies in this neoplasm. Other targeted agents that 

Figure 2. Kaplan–Meier Analysis of Overall Survival,  
the Time to Symptomatic Progression, and the Time  
to Radiologic Progression.

Among 602 patients (of whom 299 received sorafenib 
and 303 received placebo), the median overall survival 
was 10.7 months in the sorafenib group, as compared 
with 7.9 months in the placebo group (hazard ratio for 
death in the sorafenib group, 0.69; 95% CI, 0.55 to 0.87) 
(Panel A). The median time to symptomatic progression 
was 4.1 months in the sorafenib group, as compared 
with 4.9 months in the placebo group (hazard ratio for 
progression in the sorafenib group, 1.08; 95% CI, 0.88 
to 1.31) (Panel B). The median time to radiologic pro-
gression was 5.5 months in the sorafenib group, as com-
pared with 2.8 months in the placebo group (hazard ra-
tio for progression in the sorafenib group, 0.58; 95% CI, 
0.45 to 0.74) (Panel C). 

22p3

1.00

0.75

0.50

0.25

0.00

1.00

0.75

0.50

0.25

0.00

1.00

0.75

0.50

0.25

0.00

0 1 5432 76 98 1211 13 14 15 1610 17

0 1 5432 76 98 1211 13 14 15 1610 1817

0 1 5432 76 98 1110 12

Sorafenib

Placebo

Sorafenib

Placebo

Sorafenib

Placebo

P<0.001

P=0.77

P<0.001

Sorafenib
Placebo

299
303

Sorafenib
Placebo

290
295

270
272

249
243

234
217

213
189

200
174

172
143

140
108

111
83

89
69

68
47

48
31

37
23

24
14

7
6

1
3

0
0

299
303

226
259

196
229

161
184

137
157

111
126

99
117

78
87

59
63

47
47

36
39

27
28

18
18

14
13

7
8

1
5

1
3

0
1

0
0

299
303

155
142

267
275

101
78

10
3

18
10

23
11

37
21

91
62

65
41

2
1

4
1

0
0

Sorafenib
Placebo

AUTHOR:

FIGURE:

JOB:

4-C
H/T

RETAKEICM

CASE

EMail Line
H/T
Combo

Revised

 

REG F

Enon

1st
2nd
3rd

Llovet

2 of 3

06-05-08

ARTIST: ts

35823 ISSUE:

The New England Journal of Medicine 
Downloaded from nejm.org on November 4, 2018. For personal use only. No other uses without permission. 

 Copyright © 2008 Massachusetts Medical Society. All rights reserved. 

pr
ob

ab
ili

té
de

 s
ur

vi
e

mois

Figure 1.6 – Evolution de la probabilité de survie des patients sur 17 mois
après administration du sorafénib ou d’un placebo. Sur 602 patients (dont
299 sous sorafénib et 303 sous placebo), la survie globale médiane était de
10.7 mois dans le groupe sorafénib, contre 7.9 mois dans le groupe placebo
d’après J.M. Llovet et al. [LRea08].
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1.3. Modélisation déterministe des voies de signalisation

1.3 Modélisation déterministe des voies de si-
gnalisation

Les approches utilisées pour étudier les voies de signalisation intracellu-
laires reposent souvent sur l’application d’équations différentielles ordinaires
(EDO) qui permettent d’en étudier la dynamique. Ces équations peuvent,
par exemple, être construites à partir de la loi d’action de masse, ou de
la cinétique de Michaelis-Menten, quand les interactions entre composants
de ces voies sont de nature enzymatique [OSea05]. La voie Raf-MEK-ERK
est l’un des exemples de transduction oncogénique les plus étudiés sous le
prisme mathématique, en raison de son implication fréquente dans le can-
cer [FMea16, KHGK15]. La première modélisation mathématique de cette
voie oncogénique, centrée sur l’étude dynamique des composants Raf, MEK,
et ERK, a été rapportée en 1996 [HJ96]. Ce travail et plusieurs autres réalisés
depuis, ont permis d’explorer des aspects importants de la régulation dyna-
mique de cette cascade de transduction dans les cellules eucaryotes [OSea05].
Parmi les contributions les plus notables, il a été possible d’expliquer (1) la
cinétique d’activation hypersensible, en « tout ou rien », de ERK obser-
vée à l’échelle de la cellule unique [JM98], (2) d’explorer l’effet des pro-
téines d’« échafaudage » [LBS00], (3) d’expliquer les cinétiques distinctes
d’activation de ERK selon les contextes de prolifération/différenciation cel-
lulaire [SOFK04], ou encore (4) de mieux comprendre comment l’activation
de ERK est convertie en régulation transcriptionnelle [NBea10]. Nous avons
étudié la voie Raf-MEK-ERK dans les cellules de carcinome hépatocellulaire
(CHC) exposées au sorafénib [SGea17]. Des EDO non-linéaires traduisant
une cinétique enzymatique ont été utilisées pour modéliser les interactions,
dans plusieurs lignées de CHC, entre les principaux acteurs de la voie Raf :
B-Raf, C-Raf, MEK et ERK. Notre approche associant biologie et mathéma-
tiques a identifié deux points importants : (1) la grande hétérogénéité, selon
les lignées de cellules, des modes de régulation de la signalisation en aval de
Raf : l’analyse de sensibilité révèle, en effet, le rôle de régulateurs essentiels
de la voie Raf, différents dans chacune des lignées ; (2) l’importance d’une
étape insoupçonnée : l’étape de déphosphorylation des kinases ERK par les
phosphatases. En l’absence de phosphatases spécifiques de MEK et de ERK,
le sorafénib perd sa capacité de bloquer ERK dans des cellules pourtant sen-
sibles à ce médicament [SGea17]. Cette observation, quoique surprenante, le
sorafénib ayant été conçu et développé comme inhibiteur de kinases, a pu
étre validée expérimentalement. Les approches de modélisation permettent
donc de comprendre comment est régulée une voie oncogénique, comme la
voie ERK, dans un contexte thérapeutique [SGea17]. Ce type d’études per-
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met secondairement, de guider la recherche de biomarqueurs originaux. Elles
pourraient être utiles pour prédire l’efficacité du traitement et personnali-
ser la prescription du sorafénib. La modélisation mathématique révèle donc
les détails de l’architecture en réseau des kinases Raf-MEK-ERK. Ces infor-
mations cruciales dans le contexte thérapeutique peuvent être obtenues par
modélisation, même lorsque le réseau étudié est constitué d’un petit nombre
d’acteurs (ici, les kinases Raf, MEK et ERK) [SGea17, JMJ16]. Pour les ré-
seaux complexes, qui peuvent inclure des milliers d’acteurs, il est nécessaire
d’appliquer des stratégies de réduction de la complexité, comme l’analyse
modulaire (modular response analysis, ou MRA). La première étape de ce
type d’analyse repose sur l’identification des noeuds, c’est-à-dire des compo-
sants du système qui sont fortement connectés. Cette identification peut être
fondée sur des connaissances antérieures du système, ou découler d’études
statistiques (par exemple, par regroupement hiérarchique). La dynamique
entre les noeuds peut ensuite être analysée à l’aide d’EDO. Pour chaque
paramètre, un coefficient de réponse locale, qui reflète l’impact d’un noeud
sur l’autre, est défini [KSea13,HKKS16]. Ce type d’analyse a été appliqué,
par exemple, à la modélisation des interactions entre les voies oncogéniques
Raf-MEK-ERK et AKT (ou protéine kinase B)-mTOR (mammalian target
of rapamycin), dans des cellules de cancer colorectal. Elles ont permis de pro-
poser un ciblage thérapeutique amélioré, en associant l’inhibition de MEK et
de l’EGFR (epidermal growth factor receptor) [KSea13]. Ce type d’approche
permet donc d’étudier l’impact des multiples boucles de rétrocontrôle au sein
de larges réseaux de transduction.

D’un point de vue mathématique, il s’agit de décrire un ensemble de
réactions biochimiques. Pour une réaction de la forme

aA + bB
k

p

k

d

cC,

où A, B, C sont des réactifs chimiques, a, b, c, les coefficients stoechiomé-
triques, k

p

le taux de production et k
d

le taux de dégradation, pour laquelle
on définit une vitesse de réaction

v = �1

a

d[A]

dt
= �1

b

d[B]

dt
=

1

c

d[C]

dt
.

Ici [X] désigne la concentration de l’espèce chimique X exprimée en mol/L.
La loi d’action de masse stipule que le taux d’une réaction chimique élémen-
taire est proportionnel au produit des concentrations des réactifs. Cette loi,
qui décrit l’évolution temporelle de la concentration d’une espèce chimique,
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dimerization.37–41 These biochemical properties allow Raf
activity to be sensitive to drugs that block protein:protein
interactions such as geldanamycin and coumermycin.49,52

Geldanamycin is a nonspecific Raf inhibitor as it also affects
the activity of many proteins including the BCR–ABL oncopro-
tein, which has a critical role in the etiology of chronic
myelogenous leukemia. Geldanamycin is currently in clinical
trials.50 Raf-specific iinhibitors have been developed. Raf
inhibitors range from small molecular weight cell membrane-
permeable drugs that bind the kinase domain to antisense
RNAs.50–55 Some of these compounds and approaches are in
clinical trials. Some of the studies performed with Raf inhibitors
have shown significant promise in the treatment of diverse
cancers, which have been difficult to treat (eg colorectal,
ovarian). The structure of some of these Raf inhibitors is
presented in Figure 4.

Currently, the mammalian Raf gene family consists of Raf-1,
A-Raf and B-Raf, which share three domains termed CR1, CR2
and CR3.4 Among these three domains, CR1 is the Ras-binding
domain; CR2 is the regulatory domain that has recently been
shown in some cells to regulate negatively Raf-1 activity by Akt
or PKA phosphorylation at S259; and CR3 is the kinase domain
which when phosphorylated on S338, tyrosine (Y) Y340 and
Y341 positively regulates Raf-1 activity.35, 56–59

There are at least 13 regulatory phosphorylation sites on Raf-
1.43–47,60–64 Some of these sites (eg S43, S259 and S621) are
phosphorylated when Raf-1 is inactive. This allows the 14-3-3
chaperonin protein to bind the Raf-1 protein and confer a
conformation which is inactive. Upon cell stimulation, S621
becomes transiently dephosphorylated and protein phosphatase
2A (PP2A) dephosphorylates S259.60 14-3-3 is then disasso-
ciated from Raf-1/.60–62 This allows Raf to be phosphorylated
at other sites including S338, Y340, Y341 and others. A Src
family kinase is likely responsible for phosphorylation at
Y340 and Y341.44–47,59 The phosphatases that dephosphory-
late S621 and other Raf phosphorylation sites, excluding S259,
are unknown.

Y340 and Y341, the phosphorylation targets of Src family
kinases, are conserved in A-Raf (Y299 and Y300), but are
replaced with aspartic acid (D) at the corresponding positions in
B-Raf (D492 and D493).44, 65–67 Hence, maximal activation of
Raf-1 and A-Raf requires both Ras and Src activity, while B-Raf
activation is Src–independent.66

A means to prevent Raf activation could be the development
of specific Src family kinase inhibitors. Indeed, we have
observed that Raf-responsive hematopoietic cells are very
sensitive to the Src kinase inhibitor herbimycin A. Herbimycin
A inhibits the c-Src kinase with an IC50 of 900 nM, whereas it
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Figure 1 Overview of Ras/Raf/MEK/ERK pathway. This figure illustrates how the Raf/MEK/ERK pathway is regulated by Ras as well as various
kinases, which serve to phosphorylate S/T and Y residues on Raf. Some of these phosphorylation events serve to enhance Raf activity (shown by a
black P in a white circle), whereas others serve to inhibit Raf activity (shown by a white P in a black circle. Moreover, there are phosphatases such
as PP2A, which remove phosphates on certain regulatory residues. Activation of the PI3K/PDK/AKT pathway is also shown, as this pathway
interacts with the Raf/MEK/ERK pathway to regulate its activity. PI3K can be activated by two mechanisms; either the p85 PI3K subunit can bind the
activated IL-3Rb chain or Ras. Activated ERK can enter the nucleus and phosphorylate transcription factors such as Ets. The downstream
transcription factors regulated by this pathway are indicated in diamond-shaped outlines.
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Figure 1.7 – Action du sorafénib sur la voie de signalisation Ras-Raf-MEK-
ERK. Il est prescrit comme un inhibiteur des kinases impliquées dans la
phosphorylation des protéines Raf, bloquant ainsi la propagation du signal
au sein de la cellule. On note pRAF la protéine Raf sous forme phosphorylée
(qui correspond à sa forme active).

est gouvernée par le système d’équations différentielles non-linéaires suivant

d[A]

dt
= k

p

[C]

c � k
d

[A]

a

[B]

b

= production - dégradation.

De nombreuses réactions chimiques ont une énergie d’activation beaucoup
trop élevée pour se produire spontanément. Un moyen courant pour y par-
venir est une réaction enzymatique, dans laquelle une molécule auxiliaire
facilite la réaction. Cette molécule auxiliaire n’est pas utilisée dans la réac-
tion elle-même. Si on note E un enzyme servant de molécule auxiliaire et A le
substrat chimique, ils se lient d’abord et forment un complexe AE, puis l’en-
zyme laisse le substrat se transformer en un produit activé A*. Autrement
dit, les réactions sont

A + E k1

k2
AE k3 A* + E,

et la loi d’action de masse implique
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d[A]

dt
= �k

1

[A][E] + k
2

[AE]

d[E]

dt
= �k

1

[A][E] + k
2

[AE] + k
3

[AE]

d[AE]

dt
= k

1

[A][E] � k
2

[AE] � k
3

[AE]

d[A⇤
]

dt
= k

3

[AE].

site actif

complexe enzyme substrat

produits

Figure 1.8 – Représentation schématique des étapes d’une réaction enzy-
matique. L’enzyme et le substrat se lient via des sites actifs spécifiques puis
forment un complexe. Après dissociation de ce complexe, les produits de cette
réaction sont obtenus libérant ainsi l’enzyme qui est disponible pour répéter
la catalyse.

Une hypothèse de quasi-stationnarité, consistant à supposer que la pre-
mière réaction est rapide par rapport aux autres et que les concentrations
de l’enzyme et du complexe sont constantes (d[E]

dt

= 0, d[AE]

dt

= 0), permet
d’obtenir les équations de Michaelis-Menten notées

A
V1E,K1

V2E,K2
A*,

et écrites
d[A⇤

]

dt
=

V
1

[E] ([A
total

] � [A⇤
])

K
1

+ ([A
total

] � [A⇤
])

� V
2

[A⇤
]

K
2

+ [A⇤
]

avec A
total

= A + A⇤.

10



1.4. D’autres approches pour la modélisation de voies oncogéniques

où V
1

, K
1

, V
2

, et K
2

sont les constantes de Michaelis-Menten, qui dé-
pendent des constantes de réactions et des concentrations des enzymes as-
surant l’activation et la désactivation de A⇤. Leur expression respective est
donnée dans la section 2.1.2 suivante.

Un inhibiteur enzymatique I va se lier à l’enzyme et en modifier l’activité.
Un inhibiteur non compétitif va se fixer sur l’enzyme elle-même ou bien sur
le complexe enzyme-substrat, et le substrat peut se fixer sur l’enzyme ou sur
le complexe enzyme-inhibiteur :

A + E + I k1

k2
AE + I k3 pA + E + I

A + E + I k1

k2
AE + I k

I

k�I

AIE

A + E + I k

I

k�I

IE + A k1

k2
AIE

En résumé, l’activation et la désactivation d’une protéine A s’écrit

A
v1E, k1

v2E, k2, kII
A*,

et est gouvernée par l’équation différentielle non-linéaire

d[A⇤
]

dt
=

v
1

[E] ([A
total

] � [A⇤
])

k
1

+ ([A
total

] � [A⇤
])

✓
1 +

[I]

k
I

◆
↵I

� v
2

[A⇤
]

k
2

+ [A⇤
]

A
total

= A + A⇤,

avec ↵
I

> 0 si l’inhibiteur participe à un rétrocontrôle positif et ↵
I

< 0 si
l’inhibiteur contribue à un rétrocontrôle négatif sur A⇤.

La signalisation de la voie Ras-Raf-MEK-ERK repose sur des réactions
chimiques issues de la loi d’action de masse et des réactions enzymatiques
données par la loi de Michaelis-Menten.

1.4 D’autres approches pour la modélisation de
voies oncogéniques

Les exemples de modélisation des niveaux d’activation des kinases onco-
géniques que nous avons présentés reposent sur des analyses de populations
cellulaires. Ils font donc abstraction du comportement individuel des cellules.
A l’échelle de la cellule, les voies oncogéniques, comme ERK, sont activées
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ö
n
s
s
o
n
,
h
e
n
r
i
k
@

t
h
e
p
.
l
u
.
s
e
,
P

h
0
4
6
-
2
2
2
0
6
6
3
.

Figure 1.9 – Schéma de la cascade de signalisation Ras-Raf-MEK-ERK
induite ici par l’EGFR, le récepteur du facteur de croissance épidermique
d’après B. Schoeberl et al. [SEJGM02].
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préférentiellement sous la forme de pics [AMB13,VPea14], apparaissant de
façon partiellement stochastique, avec une fréquence qui conditionne les ré-
ponses des cellules, comme la mitogenèse [AMB13,VPea14]. L’état d’activa-
tion des composants d’amont (le « bruit », qui est une caractéristique des ré-
seaux biologiques), mais aussi les différentes concentrations des acteurs de la
cascade de signalisation, rendent impossible une modélisation mathématique
entièrement déterministe. La modélisation de cette composante stochastique
permet d’explorer les différences de régulation dynamique de Ras-Raf-MEK-
ERK entre cellules, et d’en trouver l’origine. On peut ainsi montrer l’im-
portance des différences qui existent entre cellules, de génomes identiques,
et qui s’exercent en amont du module MEK-ERK [RCea15, FBea16]. Cette
notion d’hétérogénéité cellulaire intra-tumorale est importante. Elle condi-
tionne en effet de nombreux aspects de la progression tumorale et la réponse
des tumeurs aux traitements médicaux [MM13]. Les travaux de modélisa-
tion des voies oncogéniques à l’échelle des cellules uniques révèlent l’exis-
tence d’une hétérogénéité phénotypique d’origine non-génétique, inhérente à
l’organisation des réseaux de transduction au sein des cellules cancéreuses
[RCea15,FBea16]. Les modèles qui incorporent une composante stochastique
permettent donc de décrire, et de comprendre en partie, cette hétérogénéité
phénotypique qui caractérise les tumeurs.

Des approches utilisant la logique booléenne, permettent également d’étu-
dier les réseaux de transduction dans les cellules cancéreuses [AJOK09,vdH-
Bea14,AJTea16]. Sur le principe, l’analyse quantitative est, dans ce type de
modèle, remplacée par des variables binaires qui décrivent la fonctionnalité
de chaque élément : l’activation de chaque acteur d’un réseau est soumise à
différentes conditions logiques, et la stabilité des réseaux booléens dépend des
connections qu’établissent les noeuds qui les constituent. Ce type de modèle
présente l’avantage de permettre l’étude de nombreux acteurs, généralement
choisis à partir de connaissances préexistantes dans le domaine. L’un des
objectifs de ce type de modélisation est d’identifier les états attracteurs, pré-
sumés représenter les états stables du système modélisé. Ces états stables
peuvent, par exemple, correspondre aux différents statuts du réseau oncogé-
nique dans un contexte de ciblage thérapeutique. L’étude de la régulation
de la protéine p53, un des déterminants de l’efficacité des chimiothérapies
anti-tumorales, offre un bon exemple d’application de la modélisation lo-
gique de la régulation de p53 en oncologie [AJOK09] (Figures 1.10-1.11). Les
modèles booléens peuvent également permettre d’appréhender certains mé-
canismes à l’origine de la plasticité phénotypique observée dans les cellules
cancéreuses. En définissant les états attracteurs dans un système booléen, il
est possible d’aborder l’existence de plusieurs états métastables au sein d’un
système biologique [AJTea16]. Une étude menée sur les cancers du poumon à
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petites cellules, montre un exemple récent d’utilisation d’un modèle booléen
fondé sur l’état d’activation de 33 facteurs de transcription. Il a en effet été
possible dans ce cas de mettre en évidence plusieurs états du réseau transcrip-
tionnel et de les relier à l’émergence d’une hétérogénéité phénotypique dans
le contexte thérapeutique [UWea17]. Des approches pratiques permettent de
contourner une limitation essentielle des modèles booléens qui tendent à re-
fléter grossièrement la réalité biologique. Une étude récente rapporte ainsi
l’intérêt d’un formalisme à l’interface entre logique booléenne et EDO afin
de modéliser la dynamique des réseaux [EDMea17]. Cette étude, qui revèle
l’existence de différences individuelles entre des lignées cellulaires cancéreuses
coliques, montre également que l’information contenue dans l’organisation en
réseau prédit la sensibilité des cellules à un panel de médicaments de ciblage
thérapeutique, indépendamment de l’analyse génomique [EDMea17]. Ce type
de modélisation apporte donc une information utile à la compréhension des
mécanismes qui rendent les cellules cancéreuses sensibles ou résistantes au
ciblage thérapeutique.
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Figure 3 
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Figure 1.10 – Composants du système et leurs interactions. Les niveaux de
p53 (ou TP53, tumor protein 53) sont régulés par l’ubiquitine ligase Mdm2
(mouse double minute 2 homolog) qui catalyse la dégradation continue de
p53. Inversement, p53 diminue les niveaux de Mdm2 nucléaire en inhibant sa
translocation vers le noyau. Dans le même temps, p53 active la transcription
du gène MDM2. Les règles logiques qui sont appliquées entre les différentes
variables sont montrées dans le panneau, avec les symboles Booléens et leur
signification : ! = NOT ; & = AND; | = OR. Dans la forme la plus simple de
logique, les variables prennent une valeur de 1 (= présent) ou 0 (= absent).
L’état actuel du système est décrit par un vecteur d’état, par exemple 0101
(c’est à dire : p53 = absent, Mdm2 cytoplasmique = présent, Mdm2 nucléaire
= absent, lésions de l’ADN = présent). En appliquant des fonctions logiques,
il est possible de déterminer l’évolution de l’état du système d’après W.
Abou-Jaoudé et al. [AJOK09].

15



1.4. D’autres approches pour la modélisation de voies oncogéniques

Figure 3
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Figure 1.11 – Evolution de l’état 0200, où trois évolutions sont possibles. On
peut identifier l’état 0110 (p53 = absent, Mdm2 cytoplasmique = présent,
Mdm2 nucléaire = présent, lésions de l’ADN = absent, souligné ici en jaune)
comme un état stable. Il est aussi possible d’appliquer des perturbations
afin d’explorer la robustesse du système, et son évolution dans différentes
conditions initiales W. Abou-Jaoudé et al. [AJOK09].
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1.5 Organisation de la thèse
Le chapitre 2 fait l’object de l’article Z. Saidak, A.S. Giacobbi C. Louandre,

C. Sauzay, Y. Mammeri, A. Galmiche, Mathematical modelling unveils the
essential role of cellular phosphatases in the inhibition of RAF-MEK-ERK
signalling by sorafenib in hepatocellular carcinoma cells, Cancer letters 392,
(2017), 1-8.

La cascade Ras-Raf-MEK-ERK est une voie clé du signal oncogénique de
transduction activée dans de nombreux types de tumeurs chez l’homme. Le
sorafénib, le traitement médical de référence contre le carcinome hépatocel-
lulaire à un stade avancé, inhibe la cascade Raf-MEK-ERK dans les cellules
CHC. Sur la base d’études antérieures suggérant que cette cascade est une
cible importante du sorafénib dans les cellules CHC, nous avons exploré sa
régulation à travers la modélisation en utilisant des équations différentielles
ordinaires non-linéaires. On cherche en particulier à comprendre la régulation
du taux de la protéine ERK sous sa forme active (pERK) au sein de la voie.
Nos différents travaux portent donc sur l’étude du comportement
de pERK en temps long.

On s’intéresse dans ce premier chapitre au coeur de la voie prenant en
compte les principales interactions chimiques. Ces interactions sont établies
à partir d’une étude statistique de la variance des données expérimentales
et sont représentées dans la figure 1.12. Elles sont décrites par le système
d’équations différentielles non-linéaires
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Figure 1.12 – Schéma représentant les étapes de phosphorylation, déphos-
phorylation entre les protéines B-Raf, C-Raf, MEK et ERK et les paramètres
cinétiques associés.

L’étude du modèle mathématique met en évidence la déphosphoryla-
tion de ERK et non l’inhibition des protéines Raf dans l’action
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anti-cancéreuse du sorafénib.

Les résultats obtenus au cours des dernières décennies confirment le rôle
essentiel de cette cascade dans l’efficacité contre le CHC. Cependant des
mécanisme de résistances font obstacles à l’efficacité thérapeutique du sora-
fénib. Entre autres, le récepteur activé du facteur de croissance épidermique
(EGFR) est capable de promouvoir la résistance des lignées cellulaires et des
tumeurs au sorafénib [ELea12,GDea13]. D’autres RTKs tels que le récepteur
de l’insuline (IR) suggèrent la nécessité de contrôler de manière robuste les
kinases oncogènes pour obtenir une efficacité thérapeutique. Bien que cibler
la cascade RTK-ERK dans le CHC puisse sembler une tâche simple, l’exis-
tence d’un câblage complexe dans les voies de transduction oncogéniques,
avec de multiples boucles de rétroaction et des redondances, constitue un
obstacle majeur à l’efficacité thérapeutique. Comprendre comment les cel-
lules résistent au traitement est alors un challenge majeur. Le troisième cha-
pitre se concentre sur l’exploration des résistances du CHC au sorafénib en
prenant en compte les principaux RTKs impliqués dans les cellules du CHC.
Les interactions entre l’EGFR et la famille des récepteurs de l’insuline, ainsi
qu’entre l’IR et l’IGF1-R (insulin-like growth factor 1 receptor), sont inclus
dans la dynamique de la voie Ras-Raf-MEK-ERK qui en devient enrichie de
quatre nouvelles équations différentielles ordinaires non-linéaires :
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Notre étude met en évidence la complexité et la versatilité de la régulation
de la voie de transduction. L’EGFR apparaît activé via le modèle mathéma-
tique et comme observé par Ezzoukhry et al. et Niu et al. [NLea17,ELea12].
D’autres synergies se mettent en place dues à différentes actions qui ont lieu
à différents niveaux de la cascade. Pour la lignée résiliente Hep3b, on observe
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que les protéines kinases B-Raf et MEK induisent une résistance au traite-
ment, et MEK est particulièrement actif dans la lignée résistante PLC/PRF5.
Un protocole thérapeutique est alors envisagé pour empêcher ces résistances.
Le contrôle optimal a permis de déterminer la meilleur stratégie théra-
peutique qui repose sur le tramétinib, un inhibiteur de MEK.

Dans le quatrième chapitre, nous nous concentrons sur l’étude théorique
du comportement spatiotemporel des solutions. Pour simplifier, on considère
le système de deux équations suivant :
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La dimension spatiale est prise en compte via le terme de diffusion.
Ainsi, chaque lignée cellulaire exhibe une dynamique bien particulière de
solutions. Les solutions correspondant à la lignée sensible sont décroissantes
et convergent vers un état d’équilibre proche de 0. Concernant la lignée résis-
tante, les solutions sont croissantes et convergent vers un point stationnaire
loin de 0. Les autres solutions, relatives à la lignée résiliente, sont quant à
elles décroissantes puis croissantes avant d’atteindre un état d’équilibre. Nous
montrons que la dynamique en temps long des solutions spatiotem-
porelles coïncide avec celle sans diffusion. Ce comportement est illustré
par des simulations numériques du modèle en 2D, puis sur des morphologies
2D et 3D, constituant un cadre plus proche de la réalité biologique quant à
la géométrie des cellules. Une méthode d’éléments finis a été utilisée pour
réaliser ces simulations.
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Chapitre 2

Methods and material

2.1 Derivation of equations
The derivation of each equation that occurs in the RAS-RAF-MEK-ERK

pathway is explained in this section. The general concept can be found in
the books [KS09,Alo06]. To simplify the readings, we consider the pathway
described by Figure 2.1.

Figure 2.1 – The full RAS-RAF-MEK-ERK pathway studied in this work.
The black arrows represent the contribution of a molecule in the activation of
the other one by activating its degradation or its production, or by inhibiting
its production. The dashed arrows describe the biological processes which
occur out of the pathway and which contribute to a molecule activation.

We can split the chemical reactions in two groups for the modelling. A first
one, including the receptors (EGFR, IR and IGF1-R) and the RAS protein, is
modeled from the mass action law as their activation are dependent on many
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2.1. Derivation of equations

types of chemical processes. The other reactions related to BRAF, CRAF,
MEK and ERK are enzymatic. We present here the general concept of the
mass action law and the enzymatic reaction model.

2.1.1 Mass action Law
We consider the simple reaction in which two reactants A and B give a

product C

aA + bB k1

k2
cC,

where a, b and c are the stoichiometric coefficients. The production rate k
1

and the degradation rate k
2

are respectively proportional to the product of
the reactants concentrations and to the concentration of the species C. The
temporal evolution of the specie A is represented by the nonlinear ordinary
differential equation

d[A]

dt
= k

2

[C]

c � k
1

[A]

a

[B]

b

= production - degradation,

where [X] denotes the concentration of the specie X in mol/L.

2.1.1.1 Dynamics of the tyrosine kinases receptors

We selected three receptors of interest for our modelling : EGFR, IR
and IGF1-R which are tyrosine kinase receptors (RTK). A lot of complexe
biological processes are involved in the production and the degradation of
these receptors. For a receptor R, its concentration [R] is described by

d[R]

dt
= production - degradation - competition - regulation.

Here, three receptors are of importance, namely EGFR, IR and IGF1R.
Autocrine loops, proportional to ERK phosphorylation, with positive feed-
back encourage the EGFR production [ELea12,SHea02] , while competition
between insulin receptors and epidermal growth factor receptors may oc-
cur [DMBea09,RPM+00]. Thus, the temporal evolution of EGFR is provided
by

d[EGFR]

dt
= [EGFR] (p

1

[ERK] + p
2

) � d
0

[EGFR]

� [EGFR] (c
1

[IR] + c
2

[IGF1R]) � (b
1

[IR] + b
2

[IGF1R]) .
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2.1. Derivation of equations

Here the parameters are nonnegative. This equation is rewritten

d[EGFR]

dt
= [EGFR] (p

e,1

[ERK] + p
e,2

)

� [EGFR] (c
e,1

[IR] + c
e,2

[IGF1R]) � (b
e,1

[IR] + b
e,2

[IGF1R]) ,

where p
e,2

2 R. Similarly, we find

d[IR]

dt
= p

i,1

[IR] � [IR] (c
i,1

[EGFR] + c
i,2

[IGF1R])

� (b
i,1

[EGFR] + b
i,2

[IGF1R]) ,

and
d[IGF1R]

dt
= p

j,1

[IGF1R] � [IGF1R] (c
j,1

[EGFR] + c
j,2

[IR])

� (b
j,1

[EGFR] + b
j,2

[IR]) .

2.1.1.2 RAS activation

The RAS activation is provided by a guanosine triphosphate (GTP) bin-
ding after receiving a signal from the growth factors using the RTK recep-
tors. The activated RAS returns to its inactivated form by splitting the GTP
bound into a GDP bound (guanosine diphosphate). Considering the partial
contributions of EGFR, IR and IGF1-R in the RAS activation, the reactions
are

RASGDP + r2EGFR r1
s1

RASGTP

RASGDP + r4IGF1 R r3
s2

RASGTP

RASGDP + r6IR
r5
s3

RASGTP.

Moreover, a feedback loop from pERK to RAS occurs in the pathway [KHGK15,
SRea09], in which pERK inhibits the RAS activation such that

RAS
GDP

RAS
GTP

pERK

r8r9

.

The term of the RAS activation depends then on
⇣
1 +

[pERK]

r8

⌘
r9

. More details
about this writing is given in the next section 1.2.1 above. The parameter r

9

is strictly positive if pERK contributes to an increase of the pathway acti-
vation or strictly negative if pERK contributes to a decrease of the pathway
activation. The RAS

GTP

evolution is given by
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2.1. Derivation of equations

d[RAS
GTP

]

dt
= (r

1

[EGFR]

r2
+ r

3

[IR]

r4
+ r

5

[IGF1R]

r6
+ r

7

)

� ([RAS
GDP

])

✓
1 +

[pERK]

r
8

◆
r9

� r
10

[RAS
GTP

].

Since the RAS protein is an enzyme, its total amount RAS
tot

, is driven by
the enzyme conservation law that gives

[RAS
tot

] = [RAS
GDP

] + [RAS
GTP

].

Finally, we get
d[RAS

GTP

]

dt
= (r

1

[EGFR]

r2
+ r

3

[IR]]

r4
+ r

5

[IGF1R]

r6
+ r

7

)

� ([RAS
tot

] � [RAS
GTP

])

✓
1 +

[pERK]

r
8

◆
r9

� r
10

[RAS
GTP

],

where r
10

= s
1

+ s
2

+ s
3

and r
7

is the contribution part out of the pathway.

2.1.2 Enzymatic reactions
The chemical reactions associated to BRAF, CRAF, MEK and ERK are

enzymatic, in which an enzyme facilitates the reaction by increasing its speed.
Such reaction enable to activate a substrat A into its activated form pA
(p for phosphorylated) after binding the enzyme E. This reaction can be
represented as follow

A + E k1

k2
AE k3 pA + E,

where AE is the enzyme-substrate complex. Note that the enzyme E is not
modified at the end of the reaction.

The mass action law implies
d[A]

dt
= �k

1

[A][E] + k
2

[AE]

d[E]

dt
= �k

1

[A][E] + k
2

[AE] + k
3

[AE]

d[AE]

dt
= k

1

[A][E] � k
2

[AE] � k
3

[AE]

d[pA]

dt
= k

3

[AE].
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2.1. Derivation of equations

We assume that the first reaction is fast and the concentration of the complex
is constant. We deduce from the enzyme conservation law [E] = [E

0

]� [AE],
with E

0

a constant,

d[AE]

dt
= 0 = k

1

[A][E] � k
2

[AE] � k
3

[AE]

= k
1

[E
0

][A] � (k
1

[A] + k
2

+ k
3

)[AE],

which implies

[AE] =

k
1

[E
0

][A]

(k
2

+ k
3

+ k
1

[A])

.

Finally, the concentration of the activated product is given by

d[pA]

dt
=

k
3

k
1

[E
0

][A]

(k
2

+ k
3

+ k
1

[A])

.

In the same way, we consider the desactivation of the product pA by a phos-
phatase P , providing back the initial substrat A according to the chemical
reactions

pA + P
e
k1

e
k3

pAP
e
k3 A + P.

It comes the differential equation

d[pA]

dt
= �

ek
3

ek
1

[P
0

][pA]

(

ek
2

+

ek
3

+

ek
1

[pA])

.

Combining the activation and the desactivation, the enzyme reaction is

A
V1E,K1

V2,K2
pA,

The Michaelis-Menten equations are found and we get

d[pA]

dt
=

V
1

[E][A]

K
1

+ [A]

� V
2

[pA]

K
2

+ [pA]

A
total

= A + pA.

where K
1

=

k2+k3
k1

, V
2

=

ek
3

[P
0

] and K
2

=

f
k2+

f
k3

f
k1

. The term V
1

[E] is provided
by the constant term k

3

[E
0

] which is dependent on the enzyme concentration
[E] through [E

0

].
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2.1. Derivation of equations

Remark 2.1 If a substrate M can be activated by two enzymes, E
1

, E
2

and
the complex E

1

E
2

, the reactions are

E
1

+ M E
1

+ pM,

E
2

+ M E
2

+ pM,

E
1

E
2

+ M E
1

E
2

+ pM,

E
1

+ E
2

E
1

E
2

.

The concentration of pM is then given by

d[pM ]

dt
=

(V
1

[E
1

E
2

] + V
2

[E
1

] +

eV
2

[E
2

])[M ]

K + [M ]

=

(� eV
1

[E
1

][E
2

] + V
2

[E
1

] +

eV
2

[E
2

])[M ]

K + [M ]

.

If V [E] := (� eV
1

[E
1

][E
2

] + V
2

[E
1

] +

eV
2

[E
2

]), the previous equation is of type
Michaelis-Menten if V � 0 and K � 0, in other words

(V
1

[E
1

E
2

] + V
2

[E
1

] +

eV
2

[E
2

]) � 0.

By conservation of mass, one can write

[E
1

] + [E
2

] + [E
1

E
2

] = [E
0

]

and we get
V
1

[E
1

E
2

] = V
1

[E
0

] � V
1

[E
1

] � V
1

[E
2

].

Finally, the nonlinear ordinary differential equation becomes

d[pM ]

dt
=

(V
1

[E
0

] + (V
2

� V
1

)[E
1

] + (

eV
2

� V
1

)[E
2

])[M ]

K + [M ]

.

Remark 2.2 In vitro experimental conditions allow to justify the quasi-
steady state approximation made in the enzymatic reactions. Indeed, the sub-
strate concentrations are much greater than the total enzyme concentrations.
We are talking about Michaelis condition.

2.1.2.1 Enzymatic inhibitions

An enzymatic inhibitor I may modify the enzyme capacity. The inhibitor
can bind to the enzyme, and prevent the primary substrate to react. The
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2.1. Derivation of equations

inhibitor is said competitive if it binds to the active site and prevents binding
of the substrate. The reactions read as

A + E k1

k2
AE k3 pA + E

E + I k1

k�I

IE.

Now, the concentrations [E] = [E
0

]� [AE]� [IE] and [I] = [I
0

]� [IE] from
the mass conservation law, and according to the quasi-state approximation,
one finds

d[IE]

dt
= 0 = k

I

[E][I] � k�I

[IE]

= k
I

([E
0

] � [AE] � [IE])([I
0

] � [IE]) � k�I

[IE]

d[AE]

dt
= 0 = k

1

[A][E] � k
2

[AE] � k
3

[AE]

= (k
1

[E
0

] � k
1

[IE])[A] � (k
1

[A] + k
2

+ k
3

)[AE],

Then, the complex are

[AE] =

k
1

k�I

[E
0

][A]

(k
3

+ k
2

+ k
1

[A])k�I

+ (k
3

+ k
2

)k
I

[I]

[IE] =

(k
3

+ k
2

)k
I

[E
0

][I]

(k
3

+ k
2

+ k
1

[A])k�I

+ (k
3

+ k
2

)k
I

[I]
.

The dynamics of the product pA is thus governed by

d[pA]

dt
=

k
3

k
1

k�I

[E
0

][A]

(k
3

+ k
2

+ k
1

[A])k�I

+ (k
3

+ k
2

)k
I

[I]

=

V
1

[E
0

][A]

K
1

+ [A] + K
2

[I]
.

The inhibitor is said uncompetitive if it binds to the AE complex and pre-
vents conversion to product, and the chemical reactions are

A + E k1

k2
AE k3 pA + E

AE + I k

I

k�I

AIE.

The concentration conservation is [E] = [E
0

] � [AE] � [AIE] that implies

[AE] =

k
1

k�I

[E
0

][A]

k
I

(k�I

[I] + k
1

[A][I]) + k
3

k�I

+ k
2

k�I

+ k
1

k�I

[A]

[AIE] =

k
1

k
I

[E
0

][A][I]

k
I

(k�I

[I] + k
1

[A][I]) + k
3

k�I

+ k
2

k�I

+ k
1

k�I

[A]

.
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2.1. Derivation of equations

We deal with similarly to get the dynamics of the product pA as the nonlinear
differential equation

d[pA]

dt
=

k
3

k
1

k�I

[E
0

][A]

k
I

(k�I

[I] + k
1

[A][I]) + k
3

k�I

+ k
2

k�I

+ k
1

k�I

[A]

=

V
1

[E
0

][A]

K
1

+ [A]

⇣
1 +

[I]

K2

⌘ .

The inhibitor is said noncompetitive (or allosteric) if it can bind to either
enzyme or enzyme-substrate complex, and the substrate can bind to enzyme
or the enzyme-inhibitor complex. In case of negative feedback, the reactions
read as

A + E + I k1

k2
AE + I k3 pA + E + I

A + E + I k1

k2
AE + I k

I

k�I

AIE

A + E + I k

I

k�I

IE + A k1

k2
AIE

Similar computations with the mass balance is [E] = [E
0

] � [AE] � [IE] �
[AIE] and the complexes [AE], [IE] and [AIE] provide the dynamics of the
product pA according noncompetitive inhibition as follows

d[pA]

dt
=

k
3

k
1

k�I

[E
0

][A]

(k
3

+ k
2

+ k
1

[A])k�I

+ (k
3

+ k
2

)k
I

[I]

=

V
1

[E
0

][A]

K
1

+ [A]

 
1

1 +

[I]

K3

!
.

In case of positive feedback, the dynamics becomes

d[pA]

dt
=

V
1

[E
0

][A]

K
1

+ [A]

✓
1 +

[I]

K
3

◆
.

Note that if n molecules of inhibitor has to fit together with the enzyme in
order for the reaction to take place, we replace [I] by [I]n.

To sum up, the activation by a phosphorylated enzyme via general non-
competitive inhibition and the desactivation by phosphatases of the protein
A are written

A
v1E, k1

v2E, k2, kII
pA,
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and are governed by the nonlinear ordinary differential equation

d[pA]

dt
=

v
1

[E][A]

k
1

+ [A]

✓
1 +

[I]

k
I

◆
↵I

� v
2

[pA]

k
2

+ [pA]

A
total

= A + pA

where ↵
I

> 0 if the feedback is positive and ↵
I

< 0 if the feedback is negative.

2.1.2.2 BRAF, CRAF

The activation of the RAF family proteins is dependent on the RAS pro-
tein which acts like an enzyme. Moreover, positive or negative feedback from
pERK may occur and are modeled by noncompetitive inhibition [KHGK15,
SRea09]. The chemical reactions related to BRAF and CRAF are

BRAF pBRAF pERK
b2RASGTP KB,1

KB,2VB,2RASGTP

↵KB,E

,

CRAF pCRAF pERK
c2RASGTP KC,1

KC,2VC,2RASGTP

�KC,E

,

where ↵ > 0 and � > 0 if pERK leads to an increase of the pathway activation
or ↵ < 0 and � < 0 if pERK leads to a decrease of the pathway activation
at the RAF level. To take into account the biological processes involved in
the BRAF and CRAF productions, which are not dependent on the ERK
pathway, a parameter has been also added for each RAF production (b

1

for
BRAF and c

1

for CRAF).

d[pBRAF ]

dt

=
(b1 + b2[RAS

GTP

])([BRAF

tot

] � [pBRAF ])

K

B,1 + ([BRAF

tot

] � [pBRAF ])

✓
1 +

[pERK]

K

B,E

◆
↵

� V

B,2[pBRAF ]

K

B,2 + [pBRAF ]

d[pCRAF ]

dt

=
(c1 + c2[RAS

GTP

])([CRAF

tot

] � [pCRAF ])

K

C,1 + ([CRAF

tot

] � [pCRAF ])

✓
1 +

[pERK]

K

C,E

◆
�

� V

C,2[pCRAF ]

K

C,2 + [pCRAF ]
.
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2.1. Derivation of equations

Remark 2.3 In Chapter 3, we take V
B,1

= b
1

+ b
2

[RAS
GTP

] and V
C,1

=

c
1

+ c
2

[RAS
GTP

] for the RAF-MEK-ERK model as the different sources of
the RAF production were not distinguish.

2.1.2.3 MEK

The MEK protein is activated in turn such that

MEK
V

M

E2,KM,1

V

M,3E2,KM,2
pMEK,

where E
2

is the contribution of the two upstream enzymes in the pathway,
pBRAF and pCRAF [KHGK15, SEJGM02]. The evolution of the pMERK
amount is given by

d[pMEK]

dt

=
(V

M,1 + V

M,2[pBRAF ] + Ṽ

M,2[pCRAF ])([MEK

tot

] � [pMEK])

K

M,1 + ([MEK

tot

] � [pMEK])

� V

M,3[pMEK]

K

M,2 + [pMEK]
.

As previously, the first parameter V
M,1

represents the effect of biological
processes out of the pathway.

d[pMEK]

dt

=
(V

M,1 + V

M,2[pBRAF ] + Ṽ

M,2[pCRAF ])([MEK

tot

] � [pMEK])

K

M,1 + ([MEK

tot

] � [pMEK])

� V

M,3[pMEK]

K

M,2 + [pMEK]
.

2.1.2.4 ERK

The activation of ERK is induced by the phosphorylated MEK as an
enzyme [KHGK15,SEJGM02] such that

ERK
V

E,2pMEK,K

E,1

V

E,3pMEK,K

E,2
pERK.

Adding a parameter V
E,1

, describing the exterior contribution in the ERK
activation, we get

d[pERK]

dt

=
(V

E,1 + V

E,2[pMEK])([ERK

tot

] � [pERK])

K

E,1 + ([ERK

tot

] � [pERK])

� V

E,3[pERK]

K

E,2 + [pERK]
.

Remark 2.4 Since we are dealing with sorafenib at constant dose in vitro
experiments, the model does not include the pharmacokinetics of sorafenib.
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2.2 Parameters estimation
After defining the model, a main issue concerns the parameters estimation

to relevant values for our biological context. Here we discuss the identifiabi-
lity, the identification and the sensitivity analysis [WP97].

2.2.1 Identifiability
To simplify the writings, let us consider the model M(✓) defined as

u0
(t) =

V
u,1

(u� u(t))

K
u,1

+ u� u(t)

✓
1 +

v(t)

K
u,3

◆�↵

� V
u,2

u(t)

K
u,2

+ u(t)
(2.1)

v0(t) =

V
v,1

u(t)(v � v(t))

K
v,1

+ v � v(t)
� V

v,2

v(t)

K
v,2

+ v(t)
(2.2)

with the parameter ✓ = (V
u,1

, V
u,2

, K
u,1

, K
u,2

, K
u,3

,↵, V
v,1

, V
v,2

, K
v,1

, K
v,2

).

Definition 2.5 The model M is identifiable if

M(✓) = M(

e✓),

then ✓ =

e✓.

A direct computation provides the system identifiability. Indeed, the second
equation (2.2)

V
1

u(v � v))

K
1

+ v � v
� V

2

v(t)

K
2

+ v
=

eV
1

u(v � v)
eK
1

+ v � v
�

eV
2

v
eK
2

+ v

can be rewritten as

(K
1

K
2

eK
2

eV
1

v + K
2

eK
2

eV
1

v2)u + v + v2

+

⇣⇣
�2

eV
1

u + 2

eV
2

⌘
v +

⇣
eK
2

+ K
2

�K
1

⌘
eV
1

u +

⇣
eK
1

�K
2

+ K
1

⌘
eV
2

⌘
v3

+

⇣
eV
1

u� eV
2

⌘
v4

=

(K
2

eK
1

eK
2

V
1

v + K
2

eK
2

V 1u v2)u + v + v2

+

⇣
(�2V

1

u + 2V
2

) v +

⇣
eK
2

� eK
1

+ K
2

⌘
V
1

u +

⇣
� eK

2

+

eK
1

+ K
1

⌘
V
2

⌘
v3

+ (V
1

u� V
2

) v4.
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Then assuming that (u
0

, v
0

) is not an equilibrium point of the system and
comparing the power uv4, v4, uv3, v3, u provide the result [DVJb00].

We deal similarly with the first equation (2.1)

V
1

(u� u)

K
1

+ u� u

✓
1 +

v

K
3

◆�↵

� V
2

u

K
2

+ u
=

eV
1

(u� u)

eK
1

+ u� u

✓
1 +

v
eK
3

◆�e↵

�
eV
2

u
eK
2

+ u

that is rewritten as
⇣
K2

e
K2 V1 u

2 + K2
e
K1

e
K2 V1 u

⌘ ✓
v

K3
+ 1

◆�↵

+ u + u

2

+

 ⇣
�2V1 u +

⇣
e
K2 � e

K1 + K2

⌘
V1

⌘ ✓
v

K3
+ 1

◆�↵

+ 2V2 u +
⇣
� eK2 + e

K1 + K1

⌘
V2

!
u

3

+

 
V1

✓
v

K3
+ 1

◆�↵

� V2

!
u

4

=

⇣
K2

e
K2

e
V1 u

2 + K1 K2
e
K2

e
V1 u

⌘ ✓
v

e
K3

+ 1

◆�e↵

+ u + u

2

+

 ⇣
�2eV1 u +

⇣
e
K2 + K2 �K1

⌘
e
V1

⌘ ✓
v

e
K3

+ 1

◆�e↵

+ 2eV2 u +
⇣
e
K1 �K2 + K1

⌘
e
V2

!
u

3

+

 
e
V1

✓
v

e
K3

+ 1

◆�e↵

� e
V2

!
u

4

One combines with the series expansion

1� ↵v

K
3

+

(↵2

+ ↵) v2

2K
3

2

� (↵3

+ 3↵2

+ 2↵) v3

6K
3

3

+

(↵4

+ 6↵3

+ 11↵2

+ 6↵) v4

24K
3

4

+. . .

2.2.2 Identification
Since our system of nonlinear differential equations is not analytically

solvable, one has to define the cost function running simulations of the model
with respect to parameters. The cost function, which is chosen stricly convex
and coercive to ensure the existence and uniqueness of the minimizer, is the
mean-square error between our available experimental data and the solution
of the model. Given the concentration of

y
exp

= (EGFR, IR, IGF1R,RAS
GTP

, pBRAF, pCRAF, pMEK, pERK)

measured at time 4, 8, and 18 hours, a mean square error can be defined as

J(p) =

MX

i=1

NX

j=1

�
yj
exp

(t
i

) � yj(t
i

, p)
�
2

�
j,i
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is minimized. Here yj(t
i

, p) denotes the output of the mathematical model
at time t

i

of the jth molecule computed with the parameter p, and yj
exp

(t
i

)

is the mean of the repeated experimental measures of the jth protein rate at
the time t

i

done with a standard deviation �
j,i

.

To ensure the convergence, our strategy consists in 3 steps.
1. We choose a set of random initial parameters.
2. The cost function is minimized using several algorithms.
3. The obtained optimal parameters is modified by random perturbations,

and the second step is redone.
Deterministic methods are used to minimize this cost function. We give the
principles below.

2.2.2.1 Simplex methods

Simplex methods are derivative-free algorithms which are widely used
for solving unconstrained nonlinear optimization problem. A simplex is the
generalization of the triangle in n dimensions, which is formed by the convex
hull of n + 1 points. Those methods are based on a simplex building, which
after several iterations, will contain the best vertices minimizing the cost
objective function.
We explain here the main idea of the Nelder-Mead algorithm [NM65]. Let S
be the simplex with the vertices x

1

, x
2

, ..., x
n+1

. At each iteration, the vertices
are ordered with respect to the objection function value

J(x
1

) < J(x
2

) < . . . < J(x
n+1

) (2.3)

where x
1

the best vertex and x
n+1

is the worst vertex. The simplex is then
modified using operations (reflection, expansion, contraction and shrink) in
order to get a new simplex with a better objective function value. The point
x
n+1

is replaced by its reflection through the centroid of the remaining n
points. If the new cost function value is better than the other points, S is
expanded in that direction. If the new point is better than the best vertex
but worse than the second best point of the vertices, we keep this point and
we start again. Otherwise, the local profile of the function is a valley and a
contraction of S is maded. If the new point obtained is not better, a shrink
of S occurs through a homothety with center x

1

, which is the best vertex
of S and a ratio �. The NM algorithm steps is given in with the standard
values (↵, �, �, �) = (1, 2, 1

2

, 1
2

).
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Algorithm 1 Nelder-Mead algorithm
1. Initialization. Choice of n + 1 points to generate the simplex.
2. Calculate f at the value of the n+ 1 vertices and sort the vertices such
that 2.3 holds.
3. Reflection. Compute x

r

= ex+↵(ex�x
n+1

). Evaluate J(x
r

). If J(x
1

) <
J(x

r

)  J(x
n

) then x
n+1

= x
r

and go to step 2.
4. Expansion. If J(x

r

) < J(x
1

) then compute the expansion point

x
e

= ex + �(x
r

� ex).

Evaluate J(x
e

). If J(x
e

) < J(x
r

) then x
n+1

= x
e

. Otherweise, x
n+1

= x
r

and go back to step 2.
5. Outside contraction. If J(x

n

)  J(x
r

) < J(x
n+1

) then compute the
outside contraction point

x
oc

= ex + �(x
r

� ex).

Evaluate J(x
oc

). If J(x
oc

)  J(x
r

) then x
n+1

= x
oc

. Otherwise, go back
to step 7.
6. Inside contraction. If J(x

r

) � J(x
n+1

) then compute the inside
contraction point

x
ic

= ex� �(x
r

� ex).

Evaluate J(x
ic

). If J(x
ic

) < J(x
n+1

) then x
n+1

= x
ic

. Otherwise, go back
to step 7.
7. Shrink. For 2  i  n + 1, compute x

i

= x
1

+ �(x
i

� x
1

).
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The COBYLA algorithm (Constrained Optimization By Linear Approxi-
mations) was implemented by Powell [Pow94]. It is based on linear approxi-
mations of the objective function and constraints using a simplex of n + 1

vertices. Here, the constraints inequalities are given by the parameters x
k

satisfying
x
k

� 0,

where 0  k  n with the parameters set P = (x
0

, x
1

, . . . , x
n

).

2.2.2.2 Methods based on the Newton algorithm

The quasi-Newton methods are used to solve unconstrained minimization
problems [BGLS06]. Considering the minimization of the convexe function
J : Rn 7! R, the optimization problem becomes looking for a vector x 2 Rn

such that

rJ(x) = 0. (2.4)

This idea is based on the Newton method where a points sequence is gene-
rated from a initial point x

0

such that

x
k+1

= x
k

�H(J(x
k

))

�1.rJ(x
k

),

such that x
k+1

get closer to the solution of (2.4) at each iteration. However,
the computation of the Hessian matrix inverse can be time-consuming with
large dimension. The quasi-newton methods provide an approximation of
H(f(x

k

))

�1 by considering a matrix B
k

which satisfies

x
k+1

� x
k

= B
k

(rJ(x
k+1

) �rJ(x
k

)),

which called is the quasi-newton relation. At each iteration, the current point
is computed by

x
k+1

= x
k

� B
k

rJ(x
k

).

The matrix B
k

is updated at each iteration and its expression depend on the
method used.

In the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method, the steps to ap-
proximate the solution of (2.4) are described in Algorithm 2.
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Algorithm 2 BFGS
Initialization. Given x

0

, B
0

. B
0

can be the identity matrix.
At each iteration k :
Calculate d

k

= �B
k

rf(x
k

).
Determinate ⇢

k

by a line-search with respect to the descent direction d
k

such that
rf(x

k

+ ⇢
k

d
k

) < rf(x
k

).

Compute x
k+1

= x
k

+ ⇢
k

d
k

.
Calculate

B
k+1

= B
k

+

y
k

yT
k

yT
k

l
k

� B
k

y
k

yT
k

B
k

lT
k

B
k

l
k

,

where y
k

= rf(x
k+1

) �rf(x
k

) and l
k

= ⇢
k

d
k

= x
k+1

� x
k

.
k=k+1.

The Sequential Quadratic Programming (SQP) method is a constrained
optimization method where the initial minimization problem with constraints
are replaced by an approximation sequence of quadratic problems with linear
constraints. This method was used to compute the optimal control (see sec-
tion 4.1.5). Considering the minimization of J : Rn 7! R and the constraints
function C : Rn 7! Rs, the initial problem is

8
><

>:

min

x2Rn
J(x)

C
i

(x) � 0, i = 1, . . . , s

In our work, the constraints are on some parameters x
i

such that x
i

� 0.
Replacing C

i

by �C
i

, the Lagrangian associated to this problem is written

L(x;�) = J(x) + �TC(x),

where � = (�
1

, . . . ,�
s

) is the Lagrange multiplier with �
i

2 R for all i =

1, . . . , s. If J and C are differentiable at x, and under some assumptions on
C, the optimal conditions for a such minimum x⇤ of J read as

rL(x⇤
;�⇤

) = 0,

with �⇤ associated to x⇤. It follows that (x⇤,�⇤
) must satisfy

8
<

:

rL(x⇤
;�⇤

) = 0

�
i

C
i

(x⇤
) = 0, i = 0, 1, . . . , s
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Using the Newton method to approximate a such (x⇤,�⇤
), those conditions

can be replaced at the iteration k by
8
<

:

H
x

L(xk;�k)d +
P

s

i=1

(↵
i

� �

i

)rC

i

(xk) = �r
x

L(xk;�k)

rC

i

(xk)Td + C

i

(xk) = 0, i = 0, 1, . . . , s

where d = x
k+1

�x
k

and H
x

L(xk

;�k

) is the Hessian matrix of the Lagrangian
in x. The Hessian matrix H of L is supposed to be inversible. These new
conditions are the Lagrange optimal conditions of the following quadratic
problem (QP)

8
><

>:

min

d2Rn
J(x

k

)

Td +

1

2

dTH
x

L(xk

;�k

)d

C
i

(xk

)

Td + rC
i

(xk

)

Td = 0, i = 0, 1, . . . , s

The problem (QP) can be seen as a minimization of the Lagrangian qua-
dratic approximation of the initial problem with linear approximation of
constraints. The SQP method is presented in Algorithm 3.

Algorithm 3 SQP with constraints inequalities
Initialization. Given J, C, x

0

an initial point, �
0

2 Rs an initial multiplier
and ✏ > 0.
k = 0.
While || rL(xk

;�k

) ||> ✏ do
(i) Solve the quadratic problem (QP)

(
min

d2Rn
J(x

k

)

Td +

1

2

dTH
x

L(xk

;�k

)d

C
i

(xk

)

Td + rC
i

(xk

)

Td = 0, i = 0, 1, . . . , s

to obtain the solution d
k

and the multiplier �0 associated to the
constraints inequalities.
(ii) x

k+1

= x
k

+ d
k

and �
k+1

= �0.
Return x

k

.

An approximation of the Hessian matrix H is usually made to get a positive-
definite matrix which gives the uniqueness of the solution with the SQP
algorithm. A BFGS algorithm can be used to do this approximation.

Parameters identification was performed thanks to these methods with the
optimize solvers of the Scipy library.
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2.2.3 Sensitivity analysis
Sensitivity analysis is used to point the most influent reactions and pa-

rameters of the model. A measure for sensitivity consists in determining the
relative change of a system feature due to a change in a parameter. In this
work, our tests are performed thanks to ANOVA, Morris and Sobol methods.
in agreement with Figure 2.2 from [IL15].

16 Global sensitivity analysis

of results. Moreover, some recent improvements have not been explained, for
example for the Morris method (Pujol [68]).

A synthesis is provided in Figure 6 which has several levels of reading:

– distinction between screening methods (identification of non-influential vari-
ables among a large number) and more precise variance-based quantitative
methods,

– positioning methods based on their cost in terms of model calls number
(which linearly depends in the number of inputs for most of the methods),

– positioning methods based on their assumptions about the model complexity
and regularity,

– distinction between the type of information provided by each method,
– identification of methods which require some a priori knowledge about the

model behaviour.

Fig. 6. SA methods graphical synthesis.

Based on the characteristics of the di�erent methods, some authors (de Roc-
quigny et al. [19], Pappenberger et al. [67]) have proposed decision trees to help
the practitioner to choose the most appropriate method for its problem and its
model. Figure 7 reproduces the flowchart of de Rocquigny et al. [19]. Although
useful to fix some ideas, such diagrams are rather simple and should be used
with caution.

Figure 2.2 – Synthesis of sensitivity analysis method with respect to the
number of parameters d [IL15].
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2.2.3.1 ANOVA

The analysis of variance, or ANOVA, is based on a statistic model to
analyze the group means in a sample and to provide estimations of the im-
portance of groups on the variance of the model output [CM06]. In order to
select the experimental data to calibrate our model, an ANOVA was perfor-
med. Let be x

i,j,n

the experimental measure of a protein X of the cell line i
at the time j. Each measure was repeated n times. In our context, the goal
of the variance analysis is to study the significant effects of the cell line i
and the time j on the measure x in order to select or not this measure for
the model calibration. We assume that the variable x

i,j,n

follows a normal
distribution with mean µ

i,j

and variance �2. One notes that the variance is
the same for each measure which ensures homoscedasticity. We consider the
linear model of 2-factor ANOVA with interactions

x
i,j,n

= µ + ↵
i

+ �
j

+ �
i,j

+ ✏
i,j,n

(2.5)

with i = 1, . . . , r , j = 1, . . . , t, n = 1, . . . , s, µ + ↵
i

+ �
j

= µ
i,j

and ✏
i,j,n

i.i.d
random variables N(0, �) for all i, j, n. The contribution of each factor, the
cell line i and the time j, is represented respectively by the variables ↵

i

and
�
j

. The interactions effect of both factors is described by the parameter �
i,j

.
We define the following variables

x =

1

rts

X

i,j,n

x
i,j,n

,

x
i,j,.

=

1

s

X

n

x
i,j,n

,

x
i,.,.

=

1

ts

X

j,n

x
i,j,n

,

x
.,j,.

=

1

rs

X

i,n

x
i,j,n

,

which are the different means over the different combinaisons of indices. Using
the variance decomposition and the model 2.5, the total variation of all the
measures SS� t can be explained by the variation related to the the i (SS

1

)
and the factor j (SS

2

), the variation of the interaction between the factors i
and j (SS

1,2

), and the unexplained variation (SS
u

) such that

SS
t

= SS
1

+ SS
2

+ SS
1,2

+ SS
u
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with

SS
t

=

X

i,j,n

(x
i,t,n

� x)

2,

SS
1

=

X

i,j,n

(x
i,.,.

� x)

2,

SS
2

=

X

i,j,n

(x
.,j,.

� x)

2,

SS
1,2

=

X

i,j,n

(x
i,j,.

� x
i,.,.

� x
.,j,.

+ x)

2,

SS
u

=

X

i,j,n

(x
i,t,n

� x
i,j,.

)

2.

The three following statistical hypothesis are then tested
⇢

H
0

: 8i,↵
i

= 0

H
1

: 9i,↵
i

6= 0

⇢
H

0

: 8
j

, �
j

= 0

H
1

: 9�
j

, �
j

6= 0

⇢
H

0

: 8(i, j), �
i,j

= 0

H
1

: 9(i, j), �
i,j

6= 0

Each test evaluates the dependence mean µ
i,j

respectively on the index i,
the index j and the interactions with respect to the following test variables

F
1

=

SS
1

rt(s� 1)

(r � 1)SS
u

,

F
2

=

SS
2

rt(s� 1)

(t� 1)SS
u

,

F
3

=

SS
1,2

rt(s� 1)

(t� 1)(r � 1)SS
u

.

If F
i

is not in agreement with the Fisher law, then the H
0

hypothesis is
rejected with i = 1, 2, 3. In this case, F

i

is greater than a threshold, calculated
from a significant level ↵ 2[0 , 1] and the two associated degrees of freedom.

2.2.3.2 Morris analysis

The Morris method [Mor91] provides a parameters ranking in three groups
with respect to their effect on the model output : negligible effects, linear ef-
fects without interaction and effects with interactions or nonlinear effects.
This method was used to identify the importance of biological processes at
different level of the ERK pathway on the pERK activity.

Let x
1

, x
2

, ...., x
d

be the model parameters with x
i

2[0 , 1]. The first step
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of the Morris method is to repeat r times an one-at-a-time (OAT) design
from the optimal parameters set. A regular grid is then generated by discre-
tizing each parameter according to q-levels. A first trajectory point
P 1

= (x
1

1, x
2

1, . . . , x1

i

, . . . , x
d

1

) is randomly chosen in the OAT design and
the model output is evaluated at this point. The second trajectory point will
differ from the first one in only one parameter. If the change of the parameter
x
i

is considered, we denote this point by

P 2

= (x
1

2, ..., x
d

2

) = (x1

1

, x1

2

, ..., x1

i

± �, ..., x1

d

),

where � =

n

q�1

with n 2 J0, q � 1K. Computing iteratively this method by
changing at each iteration one parameter, a first trajectory with d+1 points
is obtained. Repeating r times this design, we get r trajectories for which
the output model is evaluated at each point of the trajectory. A number of
r(d + 1) running is then required. For each trajectory, the output variation
is computed with respect to the variation of the parameter x

i

. It defines the
elementary effect, Ei

k

, of the parameter x
i

associated to the k-th trajectory
such that

Ei

k

=

Y (. . . , x
i

± �, . . .) � Y (. . . , x
i

, . . .)

±�

.

The mean effect of the parameter x
i

is then represented by

µ
i

=

1

r

rX

k=1

Ei

k

,

where r is the number of trajectory. Two sensitivity indices are estimated for
each parameter : the absolute mean tendency µ⇤

i

, and the elementary effect
deviation �

i

, which are define by

µ⇤
i

=

1

r

rX

k=1

| Ei

k

|

and

�
i

=

vuut 1

r � 1

rX

k=1

⇣
Ei

k

� µ
i

⌘
2

.

The indices values give the parameters ranking : if µ⇤
i

' 0, then the parameter
x
i

has no impact on the output Y (negligible effect). If µ⇤
i

� 0 and �
i

' 0,
x
i

has a linear effect without interaction on Y and if µ⇤
i

� 0 and �
i

� 0, x
i

has nonlinear effect on Y or is in interaction with Y .
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2.2.3.3 Sobol analysis

The Sobol method provides global sensitivity indices for nonlinear models
[Sob01]. As before, the first step of this sensitivity method is to generate a
sample design, here using a Monte-Carlo method, in order to represent the
uncertainties of the parameters through the model. From this design, an
estimation of the importance of each parameter on the output variance is
given using the decomposition of the variance. To evaluate the effect of the
parameter x

i

on the output variance, x
i

can be fixed at the value x and the
following quantity is considered

V
X�i(Y |x

i

= x),

where X�i

is the space containing all the parameters except x
i

. Since the
exact value of x

i

is not known, we look at the average of all the possible
values of x

i

E
Xi(VX�i(Y |x

i

)).

If this quantity is low, then fixing x
i

reduces the output variance, which
means that x

i

is of importance. Using the total variance formula, we get

V (Y ) = V
Xi(EX�i(Y |x

i

)) + E
Xi(VX�i(Y |x

i

)).

Now, if the first term is of the sum is high, x
i

is of importance. To simplify
the notation, the variance indices will be omitted. The fist-order index is
define by

S
i

=

V (E(Y |x
i

))

V (Y )

,

where S
i

represents the main contribution of the parameter x
i

on the output
variance. To compute this index, we assume that the parameters are mutually
independent. Then, I.M. Sobol shows that there is an unique decomposition
of the output (result reported in the section 4.3 of [SRAea08]) such that

Y = f(x
1

, . . . , x
d

) = f
0

+

dX

i=1

f
i

(x
i

)+

X

1�i,j�d

f
i,j

(x
i

, x
j

)+. . .+f
i,...,d

(x
i

, . . . , x
d

),

where

f
0

= E(Y )

f
i

= E(Y |x
i

) � E(Y )

f
i,j

= E(Y |x
i

, x
j

) � f
i

� f
j

� E(Y )

. . .
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2.2. Parameters estimation

Assuming that f is square integrable over the existence domain ⌦, each term
of the decomposition of Y is in L2

(⌦). Thus, the output variance V (Y ) is
written

V (Y ) =

dX

i=1

V (f
i

) +

X

i 6=j

V (f
i,j

) + . . . + V (f
1,...,d

). (2.6)

Considering the first p terms, the first-order index related to the parameter
x
i

is then

S
i

=

V (E(Y |x
i

))

V (Y )

= 1 � E(V (Y |x
i

))

V (Y )

.

The next order index S
i,j

describes the main effect of x
i

and the interaction
effects of x

i

with x
j

on the output variance such that

S
i,j

=

V (f
i,j

)

V (Y )

.

The total sum of indices including the parameter x
i

satisfies
X

i

+

X

i 6=j

S
i,j

+ . . . + S
1,...,d

= 1.

Using the total variance formula, we consider the total index of x
i

S
Ti =

E(V (Y |X�i

))

V (Y )

= 1 � V (E(Y |X�i

))

V (Y )

,

where X�i

is the space of all parameters except x
i

. This quantity represents
the indices sum with respect to the main effect of x

i

and the effects of all
the interactions including x

i

. To estimate these indices, two N -samples were
generated by Monte-Carlo. Let A and B be two N -samples that read as

A =

2

4
xA

1,1

. . . xA

1,d

. . . . . . . . .
xA

N,1

. . . xA

N,d

3

5 , B =

2

4
xB

1,1

. . . xB

1,d

. . . . . . . . .
xB

N,1

. . . xB

N,d

3

5 .

Each column of A and B corresponds to a set of N values for each para-
meter by applying an uniform distribution on [x⇤

(1� 0.1) , x⇤
(1 + 0.1)], were

x⇤ is the optimal value of the parameter. 2N values are then generated for
each parameter. A combinaison C

i

is then considered for all i = 1, . . . , d such
that

C
i

=

2

4
xA

1,1

xB

1,i

xA

1,d

. . . . . . . . .
xA

N,1

xB

N,i

xA

N,d

3

5 ,
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where the column i of A is replaced by the column i of B. Running N(d+2)

times the model is required to compute the outputs vectors for each sample.
Let Y

A

, Y
B

and C
i

be these N -dimensional vectors. The Sobol indices can be
then estimated and are given by

bS
i

=

bV
i

bV
and cS

Ti =

cV�i

bV
,

with

bV
i

=

1

N

NX

k=1

Y
B,k

(Y
Ci,k � Y

A,k

) and cV�i

=

1

N

NX

k=1

Y
A,k

(Y
A,k

� Y
Ci,k).

Here, 22 millions of samples were generated to estimate the first-order index
S
i

and the total index S
Ti .

All of the sensitivity methods, ANOVA, Morris and Sobol, were performed
using R software and the sensitivity package.

2.3 Material
To study the regulation of the RAS-RAF-MEK-ERK pathway after sora-

fenib treatment, and particularly the pERK regulation, the model needs to
be calibrated on realistic data. Thus, three human cell lines (Huh7, Hep3b
and PLC/PFR5) with a specific sensitivity profil to sorafenib, are prepared
for a western blot analysis to get such data.This method provides a detection
and an identification of specific proteins in a biological sample. The cell lines
are treated by sorafenib with a constant dose (Fig. 2.3). For each cell line,
four cellular samples are blocked respectively at 0 hour, 4 hours, 8 hours
and 18 hours after sorafenib input. Then, each cells sample corresponding
to a mix of proteins is submitted to an electrophoresis to split the proteins
with respect to the molecular weight on a gel matrix. This step is called the
migration samples. A transfer from the gel matrix to a membrane support
is made and the proteins are detected by specific anti-bodies. To reveal the
protein detection, the membrane is then incubated with a chemiluminescent
reagent in a dark room in order to provide the footprint of each protein on a
film. The film scan result is shown in Figure 2.4.

49



2.3. Material

Figure 2.3 – The Huh7 cell line after sorafenib treatment.
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Figure 2.4 – Proteins detection using Western blot analysis for the Huh7
cell line.
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From this scan, a quantification of each protein is made using ImageJ
software. The ratio r

t

of a protein activity at the time t is given by

r
t

=

NX

t

m
C

where NX

t

is the pixels number of the detection band of the protein X at
the time t and m

C

is the loading controls mean in pixels number, which have
been subtracted from the pixels number of the background to reduce the
image contrast errors. Loading controls are made to distinguish the bands
between the proteins. The molecule selected for these controls is expressed
at high-level and its amount is supposed to be constant trough the biological
experiments. Each protein ratio is then normalized with respect to the initial
ratio at t = 0. Thus, the available data used for our modelling are rates of the
protein activity without unit and not a concentration expressed in mol.L�1.
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Chapitre 3

Le rôle essentiel des

phosphatases révélé par la

modélisation du coeur de la

voie de signalisation

RAF-MEK-ERK

Mathematical modelling unveils the essential role of cellular phos-

phatases in the inhibition of RAF-MEK-ERK signalling by sora-

fenib in hepatocellular carcinoma cells

Ce chapitre fait l’object de l’article Z. Saidak, A.S. Giacobbi, C. Louandre,
C. Sauzay, Y. Mammeri, A. Galmiche, Mathematical modelling unveils the
essential role of cellular phosphatases in the inhibition of RAF-MEK-ERK
signalling by sorafenib in hepatocellular carcinoma cells, Cancer letters 392,
(2017), 1-8.

The RAF-MEK-ERK cascade is a key signal transduction pathway that
plays an essential role in the response of eukaryotic cells to various tro-
phic stimuli and growth factors, and it is activated in many human tumours
[WKM04,DHRK07]. Upon interaction with their cognate ligands, Receptors
with Tyrosine Kinase activity (RTK) activate small GTPases of the RAS fa-
mily leading to the activation of the kinases of the RAF family (CRAF/Raf-1,
BRAF, and ARAF), followed by MEK1/2 and ERK1/2, the final effectors of
the cascade [WKM04,DHRK07, LT15]. Missense mutations that constituti-
vely activate the RAS and RAF proteins are present in various solid tumours,
and have proved instrumental in establishing the role of the RAF-MEK-
ERK cascade as a driver in human carcinogenesis [WKM04,DHRK07,LT15].
The recent development of chemical inhibitors of the RAF kinases that are
clinically efficacious has established that the RAF-MEK-ERK cascade is a
valid target for the medical treatment of solid tumours [LT15,MBS16]. Re-
cently, progress has been made in our understanding of the molecular alte-
rations that drive the appearance of Hepatocellular carcinoma (HCC), the
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3. Le coeur de la voie RAF-MEK-ERK

most frequent form of primary liver cancer [ZRVNL15]. Despite this pro-
gress, analysis of the activation status and the regulation of the RAF-MEK-
ERK cascade in individual HCC remains difficult. HCC cells do not carry
somatic mutations in the genes encoding the RAF kinases, but express re-
duced levels of negative regulators of the RAF-MEK-ERK cascade, such as
the RAS GTPase activating proteins (RAS GAP), or the Raf-1 kinase in-
hibitor protein (RKIP) [DS15]. In addition, autocrine production of growth
factors, such as the Vascular endothelial growth factor (VEGF) and am-
phiregulin often leads to the activation of the corresponding RTKs and the
RAF-MEK-ERK cascade in HCC cells [CEP+06,PWP+14]. The multiplicity
of the actors that potentially regulate the RAF-MEK-ERK cascade and the
coexistence of multiple alterations constitute major obstacles in the explo-
ration of the regulation of the RAF-MEK-ERK cascade in HCC. Sorafenib,
a clinically-approved kinase inhibitor, is currently the treatment of reference
for patients with advanced HCC [GCB14]. Sorafenib was initially developed
on the basis of its ability to inhibit RAF kinases and the RAF-MEK-ERK
cascade in HCC cells [WCT+04]. Cellular studies exploring the resistance of
HCC to sorafenib have identified the RAF-MEK-ERK cascade as an impor-
tant target for this drug [ELT+12, TCM+15, BMU+14]. In HCC cells that
are resistant to clinically-relevant concentrations of sorafenib, sorafenib fails
to inhibit the phosphorylation of ERK, for example as a consequence of
the activation of the Epidermal Growth Factor Receptor (EGFR) or other
RTKs [ELT+12,TCM+15]. These studies suggest that perturbations introdu-
ced in the intrinsic regulation of the RAF-MEK-ERK cascade are a potential
source of resistance of HCC to sorafenib, a finding that highlights the crucial
importance of this cascade as a target of sorafenib in HCC. Interestingly,
clinical studies exploring the expression of phosphorylated ERK in tumour
explants and in circulating tumour cells isolated from the blood of HCC pa-
tients confirm the importance of the RAF-MEK-ERK cascade as a target of
sorafenib [GDE+13,LSZ+16]. Nevertheless, it remains unclear how sorafenib
achieves efficient control over this transduction cascade. Besides its inhibitory
activity directed against RAF kinases, sorafenib possesses multiple therapeu-
tic targets that could contribute to its anti-ERK activity. Among these tar-
gets are the RTKs, such as the VEGF Receptor [DHH+11]. Part of sorafenib
anti-ERK efficacy might come from its ability to induce a broad-range repro-
gramming of the kinome of cancer cells. Crosstalk between different MAPK
signalling pathways, involving stress pathways and phosphatases that are ac-
tive against components of the RAF-MEK-ERK cascade, may also contribute
to the anti-ERK efficacy of sorafenib in HCC cells [RDL+14,AB15,JLW08].
Finally, sorafenib’s effect on the protein secretory pathway of HCC cells might
interrupt cellular autocrine loops, further contributing to the inhibition of the
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RAF-MEK-ERK cascade in this context [YHT+12,HGB+16]. It is currently
not clear which of these mechanisms account for the ability of sorafenib
to potently inhibit the RAF-MEK-ERK cascade in HCC cells. Mathemati-
cal modelling is a useful strategy for addressing the biological behaviour of
complex pathways and transduction networks [KHGK15]. Models based on
ordinary differential equations (ODE) enable the study of cellular pathways,
such as the RAF-MEK-ERK cascade, in a non-reductionist fashion, as well
as the exploration of their responses to drugs and a variety of perturbagens
at the system level [BF00,SEJGM02,OSV+05,SRC+09,SOG+10]. Based on
previous data that have indicated the importance of the RAF-MEK-ERK
cascade as a target of sorafenib, we decided to apply mathematical model-
ling to explore the regulation of this signalling cascade in HCC cells in the
therapeutic context.

3.1 Materials and methods

3.1.1 Cell culture and reagents
The three HCC cell lines used in this study (Huh7, Hep3B and PLC/PRF5)

were obtained from Dr. Wychowski (Institut de Biologie de Lille, France) and
were authenticated using profiling of short tandem repeats at 16 loci (LGC
Standards, Strasbourg, France). The cells were cultured in Dulbecco Modified
Eagle’s Medium (DMEM) (Sigma) supplemented with 10% fetal calf serum
(Jacques Boy), 2 mM glutamine, penicillin and streptomycin. Sorafenib was
purchased from Selleck chemicals and kept as 10 mM stock in DMSO at 20
C. All other compounds were purchased from Sigma.

3.1.2 Western blots
Complete cell extracts were prepared in RIPA buffer. Proteins were pre-

cipitated, loaded on SDS-PAGE and transferred to nitrocellulose membranes
using standard procedures [GFS+08]. The primary antibodies raised against
the core components of the RAF-MEK-ERK cascade were rabbit antibodies
from Cell Signalling Technology (anti-pERK : reference 9101, ERK : 4695,
pMEK : 9154, MEK : 8727, pBRAF : 2696, BRAF : 9433, pCRAF : 9427,
and CRAF : 9422). The antibody directed against b-actin was a mouse mo-
noclonal from Sigma (A5441). All primary antibodies were used at a dilution
of 1 :2000 and incubated overnight. Secondary antibodies coupled to hor-
seradish peroxidase were from GE healthcare. The ECL reaction was used
for revelation. Western blots were scanned and quantified using the software
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ImageJ (NIH).

3.1.3 Variance analysis
Experimental data were analysed using ANOVA, comparing the three dif-

ferent cell lines and the three experimental replicas for each cell line. We used
the Varpart function in R [PNLDB06] to identify the relationships between
the different proteins of our model that exert the greatest influence on the
downstream components of the cascade.

3.1.4 Mathematical modelling of the RAF-MEK-ERK
cascade

We focused our study on the core components of the RAF cascade, i.e.
BRAF, CRAF, MEK and ERK. Based on the previous analysis of variance,
the model was restricted to five connections with the greatest importance
in the activation of ERK. To build the mathematical model, we followed
the standard strategy developed in the literature concerning the ERK pa-
thway [BF00,SEJGM02,OSV+05,SRC+09,SOG+10]. We assumed that only
two possible states can be reached by each kinase : active (phosphorylated)
and inactive (non-phosphorylated). Since we were dealing with enzymatic
reactions, the dynamics were described by Michaelis-Menten kinetics and
the governing equations were written as a system of four ordinary differen-
tial equations (ODE) as follows :

d[pBRAF ]

dt

=
V

B,1([BRAF

tot

] � [pBRAF ])

K

B,1 + ([BRAF

tot

] � [pBRAF ])

✓
1 +
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K

B,E

◆�↵

� V

B,2[pBRAF ]

K
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] � [pCRAF ])

K
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✓
1 +
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K

C,E
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V
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� V
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where [pX] denotes the phosphorylated and [X
tot

] represents the total amount
of X. The parameter K

.,.

describes the saturated maximal rate of the produc-
tion or the disappearance of a protein. The parameter V

M,1

also accounts for
the activation by the dimer pBRAFpCRAF (see Remark 3.1). The parame-
ters V

B,1

and V
C,1

represent the activation parts of the upstream components
that were omitted in our model. Two terms, V

M,1

and V
E,1

, represent the ac-
tivation of MEK and ERK that can occur independently of the RAF kinases.
The parameters, �↵ and ��, can be positive or negative corresponding to a
positive or a negative feedback loop from pERK to each RAF kinase.

Remark 3.1 Similarly to page 31, MEK can be activated by two enzymes,
pBRAF, pCRAF and the dimer pBRAFpCRAF [CHMea16]. It provides

d[pMEK]

dt
= (V

1

[pBRAFpCRAF ] + V
M,2

[pBRAF ] +

eV
M,2

[pCRAF ])

([MEK
tot

] � [pMEK])

K
M,1

+ ([MEK
tot

] � [pMEK])

� V
M,3

[pMEK]

K
M,2

+ [pMEK]

Since no experimental measure of the dimer activity is available, we assume
that

V
1

[pBRAFpCRAF ] = V
M,1

= constant.

3.1.5 Parameter estimation
The model is made up of 22 parameters that need to be determined.

Given
�
yj
exp

(t
i

)

�
, 1  i  M, 1  j  N , N experimental data at M hours,

the nonlinear least squares objective function

J(p) =

MX

i=1

NX

j=1

�
yj
exp

(t
i

) � yj(t
i

, p)
�
2

�
j,i

is minimized. Here yj(t
i

, p) denotes the output of the mathematical model at
time t

i

computed with the parameter p, and yj
exp

(t
i

) is the mean of the re-
peated experimental measures of yj

exp

(t
i

) done with a standard deviation �
j,i

.
The optimization problem was solved using the Constrained Optimization
BY Linear Approximation (Cobyla) [Pow94].

3.1.6 Sensitivity analysis
Morris global sensitivity analysis, a randomised one-at-a-time design, was

carried out to identify which of the 22 parameters produced the most signifi-
cant effects. This method, recommended for large numbers of input and time
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consuming models, is useful for studying specific behaviours of a biological
system under perturbation, allowing us to improve our understanding of a
biological process, adjust the model parameter values or confirm the model
robustness [CCS07]. This statistical method involves ranking the parameters
into three groups, according to their effects on the model output : negligible
effects, linear effects without interactions and nonlinear effects with interac-
tions. By applying perturbations of the magnitude of 10% and 30% of the
calibrated parameter values, the Morris sensitivity analysis produced predic-
tion metrics enabling us to compare the simulated population after 18 h of
sorafenib treatment. For p parameters, the elementary effects were taken into
account by their sequential displacement on l level grid with r trajectories
(here p = 22, l = 10, r = 1000) to identify the absolute mean tendency µ⇤
and the interaction effect � [Mor91,WFJ+14].

3.1.7 RNA interference
Silencer select validated siRNA directed against BRAF (reference 507)

and CRAF (11749 and 11750), and Silencer negative control (am4635) were
purchased from Applied Biosystems. Transfections were performed using the
siPORT-neoFX reagent (Applied Biosystems) and Optimem transfection me-
dium (Invitrogen), according to the manufacturer’s instructions.

3.2 Results

3.2.1 Biological analysis of the activation status of the
core components of the RAF-MEK-ERK cascade

In order to analyse the impact of sorafenib on the RAF-MEK-ERK cas-
cade in HCC cells, three cell lines with different sensitivities to sorafenib
were exposed to a clinically-relevant concentration of the drug (10µM) for
0, 4, 8 or 18 h. The human HCC cell line Huh7 was previously shown to be
sensitive to sorafenib, while Hep3B and PLC/PRF5 cells were found to be
resistant to sorafenib in terms of clonogenic growth [ELT+12]. For each cell
line, complete cellular extracts were prepared and an immunoblot analysis
was performed in order to determine the expression levels of the total and
phosphorylated, i.e. activated version of each kinase of the cascade (Fig 3.1).
The data expressed as a ratio of phosphorylated over total protein revealed
that sorafenib was able to inhibit the RAF-MEK-ERK cascade, with diffe-
rences in the kinetics and intensity between HCC cell lines. At 18 h, sorafenib
was the most potent at inhibiting ERK phosphory- lation in Huh7 cells (an
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average of 90% inhibition of the initial ratio of pERK/ERK), and the least
potent in PLC/PRF5 cells (less than 30% inhibition) (Fig 3.1). Interestingly,
differences in activation were noticed between the isoforms of RAF kinases.
In all cells examined, the levels of pBRAF decreased upon sorafenib treat-
ment. In contrast, the phosphorylation levels of CRAF increased gradually
in all HCC cell lines exposed to sorafenib (Fig 3.1).
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Figure 3.1 – Immunoblot analysis of the effect of sorafenib in three hu-
man HCC cell lines. Complete cellular extracts were prepared from Huh7,
PLC/PRF5 and Hep3B cells exposed to sorafenib at a concentration of 10
mM for 4, 8, and 18 h. The corresponding extracts were analysed by im-
munoblotting in order to determine the expression levels of the total and
phosphorylated (active) forms of BRAF, CRAF, MEK and ERK kinases. In
the lower panels, the data are expressed as a ratio of phosphorylated over
total protein, taking control conditions as reference.
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3.2.2 Model resolution
In order to identify the reactions that were most likely to be biologically

important, i.e. the biochemical reactions that best explained the variance
of pERK/ERK, we performed a preliminary statistical analysis of the data
using ANOVA and variation partitioning (Fig 3.2).
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Figure 3.2 – The Varpart function in R allowed us to study the relationships
between different variables of the RAF kinase system in HCC cells treated
with sorafenib. The variables that best explain the variance of ERK were
determined after 4 hours, 8 hours and 18 hours of sorafenib treatment.

Based on the ANOVA analysis performed on the pool of HCC cells, we
have limited our model to the five relationships that appeared to be of the
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3.2. Results

greatest importance (Fig 3.3A). A mathematical model of the RAF-MEK-
ERK cascade was constructed with four ODE that describe the enzymatic
kinetics of each reaction identified as being important by variation partitio-
ning.
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Figure 3.3 – Construction of the mathematical model based on ordinary dif-
ferential equations for in silico analysis of RAF-MEK-ERK signalling in HCC
cells. A : Schematic representation of the five main connections between the
BRAF, CRAF, MEK and ERK variables. B : A summary of the parameters
included in the model. The model presented is based on Michaelis-Menten
kinetics. For each enzymatic reaction, the parameter K

.,.

represents the sa-
turated maximal rate of the production or the disappearance of a protein,
and the Michaelis constant, V

.,.

represents the amount of the substrate that
produces a half maximal rate.

The model was constructed as described in the materials and methods
section, and calibrated for each cell line (Fig 3.4B, Table 3.1). The objective
function J computed with the COBYLA algorithm was 0.0122, 0.0646, and
0.0395 for Huh7, Hep3B and PLC/PRF5, respectively. Fig 3.4 shows the evo-
lution of the ratio of phosphorylated vs total expression of BRAF, CRAF,
MEK and ERK kinases with respect to time. Note that the values of �↵
and �� are negative, revealing that ERK generates a negative feedback on
the pathway. For Hep3b cells, an oscillatory behavior is observed. Such dyna-
mic has been already exhibit by enzymatic systems with Michaelis-Menten
kinetics [Gol13].
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Parameter Hep3B Huh7 PLC/PRF5

Objective function 0.0646 0.0122 0.0395

VB,1 1.6359 1.8305 2.1129

KB,1 1.9986 0.0003 0.0000

KB,E 0.9041 0.5119 1.1427

α 3.993 2.7735 1.6772

VB,2 0.9934 1.7369 3.8387

KB,2 1.0285 0.4570 2.4085

VC,1 1.1444 0.9749 3.9179

KC,1 1.6678 0.0000 0.0112

KC,E 0.7108 0.7633 2.3959

β 4.0724 2.6917 7.8857

VC,2 0.5433 0.9961 0.3329

KC,2 1.7492 0.8771 0.0000

VM,1 0.3428 0.8056 2.9910

VM,2 4.6631 0.2087 0.9539

ṼM,2 -3.6631 0.7913 0.0461

KM,1 0.0012 5.1693 0.0137

VM,3 0.7719 3.0186 10.2080

KM,2 1.1731 0.3544 1.3918

VE,1 0 0.0002 0.0001

VE,2 0.9761 0.6542 0.0091

KE,1 4.171 3.7975 0.0029

VE,3 3.0767 0.8302 0.2687

KE,2 1.1768 0.3401 16.8468

Table 3.1 – Parameters calibrated for each cell line.

Remark 3.2 Let us remind that the activation of MEK through the dimer
pBRAFpCRAF is taken into account by the constant term V

M,1

. Note that
V
M,1

= 0.3428, V
M,2

= 4.6631 and eV
M,2

= �3.6631 for the Hep3b cell line,
which gives

V
M,1

+ V
M,2

[pBRAF ] +

eV
M,2

[pCRAF ] � 0.
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Figure 3.4 – Calibration of the mathematical model based on ordinary
differential equations for in silico analysis of RAF-MEK-ERK signalling in
HCC cells. Simulations were performed for the three HCC cell lines. The dots
denote the experimental data.

Remark 3.3 Note that the model of the Hep3b cell line shows enzymatic
dynamics with an oscillatory behavior. This type of dynamic has already been
observed in enzymatic systems with feedback regulations and in biological sys-
tems modeled by the Michaelis-Menten equations [BGLS06].
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3.2.3 Cell heterogeneity underlined by sensitivity ana-
lysis

In order to explore the regulation of the RAF-MEK-ERK pathway using
our model, we performed a sensitivity analysis. The most influential para-
meters with respect to the absolute mean tendency µ⇤ and the standard
deviation � of the elementary effects are shown in Fig 3.5. The uppermost
parameters, i.e. those with large � values, are indicative of nonlinear and
interaction effects, while the rightmost parameters, i.e. with large µ⇤ values,
translate into linear and additive effects. All parameters are below the da-
shed line µ⇤

= 2�/
p
r, where �/

p
r denotes the standard error of the mean

and r is the number of trajectories. This translates into a confidence inter-
val of 95% [Mor91,WFJ+14]. The sensitivity analysis was performed taking
the pERK/ERK ratio at 18 h as read-out. This analysis revealed great diffe-
rences between the HCC cell lines in their regulation of the RAF-MEK- ERK
cascade, both in terms of dynamics and the parameters involved. When per-
turbations of 10% were applied, no parameters appeared to have a significant
impact in PLC/PRF5 cells. In Huh7 cells, the V

E,3

parameter that reflects
the satured maximal rate of pERK disappearance, was identified as being im-
portant for the pERK/ERK output (Fig 3.5). In Hep3B cells, the parameters
V
B,1

and V
B,2

, reflecting the saturated maximal rates of the production and
degradation of BRAF, respectively, were predicted to play a leading role in
the regulation of ERK activation (Fig 3.5). When larger perturbations were
applied, V

E,3

was identified as being influential in addition to V
B,1

and V
B,2

(Fig 3.5).
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Figure 3.5 – Absolute mean value µ⇤ vs standard deviation � of elementary
effects. The graph presents the relative importance of each parameter used
in the model, considering the pERK/ERK ratio at 18 h as read-out. Each
parameter is characterized by two Morris indices, � and µ⇤, which represent
the nonlinear effects or the interactions and the significance of the effects,
respectively. The dashed line µ⇤

= 2�/
p
r, where �/

p
r denotes the standard

error of the elementary effects mean, translates into a confidence interval of
95% over the parameter space.
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3.2.4 In silico prediction of the impact of therapeu-
tic targeting at different levels of the RAF-MEK-
ERK cascade

We explored the impact of manipulations applied at each level of the
RAF-MEK-ERK cascade in the three cell lines in silico. First, in order to
address the activity of the RAF kinases, we analysed the effect of varying
the parameter V

M,2

, which reflects the kinase activity levels of both BRAF
and CRAF toward MEK (Fig 3.6). The model predicted that V

M,2

has little
impact on the ratio of pERK/ERK at 18 h, in all three cell lines (Fig 3.6).
On the contrary, the model predicted that the parameters V

M,3

and V
E,3

,
which represent the disappearance rate of pMEK and pERK, respectively,
were two key parameters that determine the response of HCC cells to so-
rafenib. A reduction of V

E,3

abolished the inhibitory effect of sorafenib on
pERK/ERK levels in the two sorafenib-sensitive cell lines (Fig 3.6). This
prediction suggested that the direct inhibition of either RAF kinase contri-
butes only weakly to the control of pERK in HCC cells exposed to sorafenib.
Instead, the results suggested that pERK disappearance, possibly reflecting
its active dephosphorylation, was an essentiel step for the control of ERK
signalling in HCC cells in this context.

69



3.2. Results

H
uh

7 

V M
,2

 

V M
,3

 

0 

0.
3 

0.
6 

0.
9 

1.
2 

1.
5 

1.
8 

2.
1 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

0 
2 

4 
6 

8 
10

 
12

 
14

 
16

 
18

 

PL
C

/P
R

F5
 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

0 
2 

4 
6 

8 
10

 
12

 
14

 
16

 
18

 
0 

H
ep

3B
 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

0 
2 

4 
6 

8 
10

 
12

 
14

 
16

 
18

 
0 

0.
3 

0.
6 

0.
9 

1.
2 

1.
5 

1.
8 

2.
1 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

0.
3 

0.
6 

0.
9 

1.
2 

1.
5 

1.
8 

2.
1 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

0 

0.
5 

1.
0 

1.
5 

2.
0 

2.
5 

3.
0 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

0 
2 

4 
6 

8 
10

 
12

 
14

 
16

 
18

 
so

ra
fe

ni
b 

tre
at

m
en

t (
h)

 
0 

2 
4 

6 
8 

10
 

12
 

14
 

16
 

18
 

0 

0.
5 

1.
0 

1.
5 

2.
0 

2.
5 

3.
0 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

0 
2 

4 
6 

8 
10

 
12

 
14

 
16

 
18

 
0 

0.
5 

1.
0 

1.
5 

2.
0 

2.
5 

3.
0 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

V E
,3

 

0 

0.
5 

1.
0 

1.
5 

2.
0 

2.
5 

3.
0 

3.
5 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

0 
2 

4 
6 

8 
10

 
12

 
14

 
16

 
18

 
0 

2 
4 

6 
8 

10
 

12
 

14
 

16
 

18
 

0 
2 

4 
6 

8 
10

 
12

 
14

 
16

 
18

 
0 

0.
5 

1.
0 

1.
5 

2.
0 

2.
5 

3.
0 

3.
5 

0 

0.
5 

1.
0 

1.
5 

2.
0 

2.
5 

3.
0 

3.
5 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

- 5
0%

 
+ 

50
%

 
re

fe
re

nc
e 

- 1
00

%
 

+ 
10

0%
 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

so
ra

fe
ni

b 
tre

at
m

en
t (

h)
 

phospho/phospho0 

phospho/phospho0 

phospho/phospho0 phospho/phospho0 

phospho/phospho0 

phospho/phospho0 

phospho/phospho0 

phospho/phospho0 

phospho/phospho0 

Figure 3.6 – Computational simulation of the effects of selected parameter
variations on ERK activation. We present the numerical computations ob-
tained by varying the parameters V

M,2

(representing the kinase activity of
BRAF and CRAF toward MEK), V

M,3

(the rate at which pMEK disappears)
and V

E,3

(the rate at which pERK disappears). In each case, the correspon-
ding parameters were decreased or increased by 50% and 100% relative to
the reference calibrated value (in blue).
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3.2.5 Essential role of phosphatase activity in the inhi-
bition of the RAF-MEK-ERK cascade by sorafe-
nib in HCC cells

In order to challenge these predictions, we initially performed RNA inter-
ference directed against BRAF and CRAF in the Hep3B cell line. In agree-
ment with the in silico prediction, a strong reduction in the expression of
either RAF kinase isoform did not detectably change the pERK levels in
Hep3B cells under basal conditions or upon application of sorafenib (Fig
3.7A and B). In order to address the second prediction, i.e. the importance
of an active mechanism promoting the loss of pERK in cells exposed to sora-
fenib, we experimentally analysed the effect of sorafenib under pharmacolo-
gical inhibition of cellular phosphatases. We used okadaic acid (OA), a cell-
permeable, broad spectrum inhibitor of protein phosphatases of the PP2A
family [CE04]. We also tested the possible contribution of phosphatases of
the DUSP (Dual-specificity phosphatases) family, a family of phosphatases
with distinct substrate preferences for specific MAPKs. We used the chemical
inhibitor BCI, directed against the two isoforms of DUSP (DUSP1/6) known
to be active on pERK [MVB+09]. Huh7 and Hep3B cells were preincubated
with pharmacologically-active concentrations of both inhibitors (Fig 3.7C).
Both inhibitors induced significant cell toxicity in HCC cells upon long ex-
posure, either alone or in association with sorafenib. In order to minimize
possible secondary interferences and the possibility of observing non-specific
events, sorafenib was applied to HCC cells for up to 8 h, and an immuno-
blot analysis was performed in order to examine the levels of pMEK and
pERK. In striking agreement with the in silico predictions, we observed that
both phosphatase inhibitors abolished the ability of sorafenib to control ERK
phosphorylation in Huh7 and Hep3B cells (Fig 3.7C). Interestingly however,
OA was slightly less efficacious than BCI in preventing the disappearance of
pERK levels induced by sorafenib, especially at the early time points follo-
wing sorafenib application. OA prevented the inhibitory effects of sorafenib
on pMEK and pERK equally, whereas BCI strictly prevented the effects of
sorafenib on pERK (Fig 3.7C). Protein levels of the protein phosphatase
DUSP1 remained stable during this window of time. Based on these experi-
mental observations, we concluded that :
i) our mathematical model accurately predicted the effects of therapeutic
manoeuvering of the RAF-MEK- ERK cascade ; ii) the activity of MEK and
ERK phosphatases is an essential condition for a robust inhibition of the
RAF-MEK-ERK cascade by sorafenib in HCC cells.

71



3.2. Results

A

BRAF

CRAF

actin

B

Fig. 5
si ctrl si BRAF

si CRAF#1 si CRAF#2

0 5 10 0 5 10

0 5 10 0 5 10

pERK

ERK

pERK

ERK

C

sorafenib

sorafenib

+ BCI+ OA

0 1 4 8 0 1 4 8 0 1 4 8

Huh7

pMEK

pERK

MEK

ERK

Hep3B

actin

+ BCI+ OA
sorafenib (h)0 1 4 8 0 1 4 8 0 1 4 8

Figure 3.7 – Cellular phosphatase activity is essential for the inhibition of
pERK by sorafenib in sensitive HCC cells. A : The expression levels of indi-
vidual isoforms of the RAF kinases were analysed in Hep3B cells transfected
with control siRNA vs siRNA directed against BRAF or CRAF. B : An im-
munoblot analysis of ERK activation in Hep3B cells transfected with siRNA
directed against BRAF or CRAF and exposed to the indicated concentra-
tions of sorafenib (5 or 10 µM) for 18 h. C : immunoblot analysis of ERK
and MEK activation in Huh7 and Hep3B cells preincubated for 30 min with
the phosphatase inhibitors okadaic acid (100 µM) or BCI (10 µM), before
the application of sorafenib (10 µM) for the indicated time period.
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3.3 Discussion
In the present study, we explored the regulation of the RAF- MEK-ERK

cascade in HCC cells upon exposure to sorafenib, the medical treatment of
reference for this type of tumour, using a mathematical modelling approach.
Mathematical modelling based on ODE is well-suited for exploring the dy-
namics of oncogenic signalling at the system level, predicting the response
of cancer cells to drugs, and ultimately, for the design of rationally impro-
ved therapeutic strategies [KHGK15]. Two important predictions made by
the model were experimentally validated : i) HCC cells exposed to sorafenib
demonstrate marked heterogeneity in terms of regulation of the RAF-MEK-
ERK cascade in the therapeutic context ; ii) Cellular phosphatases play an
essential role in the inhibition of RAF-MEK- ERK signalling by sorafenib
in HCC cells. The observation that HCC cells show marked heterogeneity in
their response to sorafenib is not surprising, considering previous reports that
found variable effects of sorafenib on pERK expression levels in HCC cells
and tissues in culture [ELT+12,TCM+15,BMU+14,GDE+13,LSZ+16]. In the
present report, we were able to tie this variability to differences in the intrin-
sic control of the RAF-MEK-ERK cascade among HCC cells. Our sensitivity
analysis revealed that the signalling nodes, i.e. the most important points of
control for the regulation of ERK signalling, were different for each HCC cell
line. At this stage however, the biological basis for these differences remains
unknown. More work is required to understand the distinct regulation that
applies to the core components of the RAF-MEK-ERK cascade in different
HCC cells exposed to sorafenib. Strikingly, our findings indicate that cellu-
lar phosphatases are essential for a robust inhibition of the RAF-MEK-ERK
cascade by sorafenib in HCC cells. In the two cell lines, Huh7 and Hep3B,
in which sorafenib inhibited pERK signalling, pharmacological inhibition of
phosphatases prevented the effects of sorafenib. The present findings might
at first appear surprising, considering that sorafenib was initially developed
and is presumed to be a kinase inhibitor. However, several recent reports
have shown that some cellular effects of sorafenib depend on active cellular
phosphatases. Sorafenib was for example found to inhibit the transcription
factor STAT3 (Signal Transducer and Activator of Transcription factor 3) in
HCC cells via the activity of the phosphatase SHP-1 (SH2 domain- contai-
ning phosphatase 1), a member of the family of non-receptor protein tyrosine
phosphatases [CLTea09,TSC+14,SSJ+15,WYS+15,FST+15,CTH+16]. More
recently sorafenib was also shown to directly activate Protein Tyrosine Phos-
phatase 1B (PTP1B) in this contex [TCC+16]. Based on these studies and
ours, we propose that intracellular phosphatases should be explored further
as targets of sorafenib in HCC. Our pharmacological observations suggest
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that protein Ser/Thrphosphatases of the PP2A family and phosphatases of
the DUSP1/6 family both contribute to the inhibitory effect of sorafenib on
ERK signalling. Nevertheless, we observed differences between the effects of
these inhibitors in the different HCC cell lines studied. Indeed, OA essen-
tially prevented the disappearance of pMEK, while BCI strictly exerted its
inhibitory effect on pERK. This observation is in agreement with the repor-
ted ability of PP2A to mainly target pMEK, while the activity of DUSP1/6
is restricted to pERK [JLW08]. Furthermore, we found that OA displayed
a somewhat weaker and delayed efficacy compared to BCI. Based on these
observations, we suggest that phosphatases of the DUSP1/6 family might
contribute first and most importantly to the inhibitory effect of sorafenib on
ERK signalling. The precise respective contribution of each phosphatase in
this context nevertheless still remains to be determined. Finally, these fin-
dings offer new perspectives for clinical developments. Recent studies point
to phosphatases as potential regulators of HCC progression and patient prog-
nosis [HCC+16,CPM+08]. The protein phosphatase DUSP1 is of particular
importance in the context of human hepatocarcinogenesis, since decreased
protein levels of DUSP1 were reported in a subset of HCC with poor prog-
nosis [CPM+08]. The activity of ERK kinases itself regulates the ubiquitin-
dependent turn-over of DUSP1 at the protein level, thereby partially ac-
counting for the downregulation of DUSP1 protein levels in this subset of
tumours [CPM+08]. Therefore, the phosphatase activity of DUSP1 is a key
element in the restriction of the activity of ERK kinases in HCC [CPM+08].
Identification of new biomarkers based on protein phosphatases reflecting
the activity of protein phosphatases that would predict the efficacy of so-
rafenib in individual patients is a promising lead for future developments,
considering the need to personalize the medical treatment of individual HCC
tumours [GCB14]. Ultimately, a better understanding of protein phosphatase
regulation could also assist in the conception of new therapeutic strategies
for improved treatment of HCC.
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Chapitre 4

La réponse hétérogène au

sorafénib vue à travers

différents mécanismes de

résistance entre lignées

The heterogeneous response to sorafenib seen through different me-

chanisms of resistance between cell lines

Hepatocellular carcinoma (HCC), the most frequent form of primary li-
ver tumor, is medically challenging. It represents one of the solid tumours
for which physicians have the fewest therapeutic options available. Since its
introduction and the results of the pivotal SHARP trial published in 2008,
sorafenib has remained the cornerstone of the medical treatment of advanced
stages of HCC. It is currently proposed as a first line treatment for advan-
ced stages of HCC, due to its proven ability to increase overall survival of
HCC patients in this setting. Its efficacy is nevertheless limited, due to the
development of resistance [BMea14,ELea12,GDea13,RDea14].

Sorafenib is a broad spectrum kinase inhibitor active on RAF kinases
and a handful of Receptor Tyrosine Kinases (RTK). Therefore, much em-
phasis has been put on exploring the control of the cancer cell kinome as
the basis of its anti-oncogenic efficacy. As a consequence of this mode of
action, sorafenib is able to inhibit the oncogenic kinase cascade RAF-MEK-
ERK [GCB14,WCea04]. Results obtained over the past decades support the
essential role of this cascade in the efficacy of HCC. Inter alia, activated Epi-
dermal Growth Factor Receptor (EGFR) is able to promote the resistance
of HCC cell lines and tumours to sorafenib [ELea12,GDea13]. Other RTKs
such as the Insulin Receptor (IR) suggest the need to robustly control the
oncogenic kinases to achieve therapeutic efficacy in HCC. Although targeting
the RTK-ERK cascade in HCC may appear as a simple task, the existence of
complex wiring in oncogenic transduction pathways, with multiple feedback
loops and redundancies constitutes a huge obstacle to therapeutic efficacy.

Mathematical modelling offers the opportunity to address the regulation
of the oncogenic signalling [KHGK15, OSea05, SGea17, SEJGM02, SRea09].
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We have recently applied mathematical modelling based on nonlinear or-
dinary differential equations (ODE) to address the regulation of the RAF-
MEK-ERK cascade in HCC cells exposed to sorafenib [SGea17]. Based on
the principles of Michaelis-Menten enzyme kinetics, it was possible to show
the essential role of phosphatases as key regulators of ERK and MEK acti-
vation upon HCC exposure to sorafenib. Interestingly, the study pointed to
hitherto unsuspected actors involved in ERK regulation under sorafenib in
HCC cells. It also unveiled the power of mathematical modelling for the ex-
ploration of the regulation of oncogenic signalling in the therapeutic setting.
In the present study, we decided extend the mathematical model of the RAF-
MEK-ERK kinase cascade in HCC. We focused this time on exploring the
resistance of HCC to sorafenib taking into account the main RTKs engaged
in HCC cells.

4.1 Materials and methods

4.1.1 Cell culture
The HCC cell lines used in this study (Hep3B, and PLC/PRF5) were

obtained from ATCC and were authenticated using profiling of short tandem
repeats at 16 loci (LGC Standards, Strasbourg, France). Cells were cultu-
red in Dulbecco Modified Eagle’s Medium (DMEM) supplemented with 10%
fetal calf serum (Jacques Boy), 2 mM glutamine, 100 g/mL penicillin and
streptomycin. Antibodies & reagents. Sorafenib, erlotinib, linsitinib and tra-
metinib were purchased from Selleck chemicals and kept as 10 mM stock
in DMSO at -20°C. All primary antibodies were from Cell signalling. The
anti-rabbit IgG-HRP was from GE Healthcare. The ECL reaction was used
for revelation. Western blots were scanned and quantified using the software
ImageJ (NIH).

4.1.2 Variance analysis
The biological data related to the tyrosine kinase receptor (RTK) were

analyzed in order to select the most relevant components in the ERK signal-
ling. The activity of 20 tyrosine kinase receptors (RTK) were measured by
RTK array as presented in Fig. 4.1A. The undetectable data were not taken
into account in the modelling because of no substantial activity. Thanks to a
variance analysis in each cell line [PNLDB06], 3 over the remaining 7, namely
EGFR, IR and IGF1-R, were identified as the most contributor to the ERK
activity. We present in Fig. 4.1B the quantification of the EGFR, IR and
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IGF1-R activity, the three RTK selected, for each cell line. The data related
to RAS pull-down is also added.
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Figure 4.1 – A- Detection results of the RTK and RAS activations obtained
by RTK array and by pull-down assay respectively. The expression level of
20 receptor tyrosine kinases were revealed at 4, 8 and 18h after sorafenib
exposure. B- Quantification of the three selected RTK (EGFR, IGF1R, IR)
and the RAS protein after sorafenib treatment for each cell line. C- Schematic
representation of the biochemical interactions considered in the RAS-RAF-
MEK-ERK pathway model.
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4.1.3 Model of the RAS-RAF-MEK-ERK signalling
Based on the previous analysis the three tyrosine kinase receptors, EGFR,
IR and IGF1-R are included in the ERK signalling model as well as the RAS
protein and the downstream RAS-MEK-ERK pathway. In order to build the
mathematical equations, we exhibit the interactions between the components
considered in the modelling. An illustration is given in the Fig. 4.1C. The ty-
rosine kinase receptors activation leads to receptor autophosphorylation, pro-
pagation signalling by stimulating proteins and receptor degradation. EGFR
is involved in an autocrine loop with positive feedback regulating the ERK
pathway activity [SHea02]. To account this process in the model, the EGFR
activation is proportional to the ERK phosphorylated concentration. Cross-
talks between EGFR and the insulin family receptors, as well as between
IGF1-R and IR, have been reported in the literature [DMBea09, RDea14].
The IGF1-R inhibition as a targeted therapy contributes to a resistance me-
chanism in the HCC by activating EGFR. It suggests that the insulin family
receptors activation induces the EGFR degradation. Furthermore, the EGFR
degradation by itself and by insulin family receptors arises from distinct pro-
cesses. Thus, the interactions between IGF1-R, IR and EGFR are transla-
ted as competition-mutualism terms. The activate forms of IGF1-R, IR and
EGFR are enable to stimulate the RAS protein by changing its binding GDP
to GTP. The RAS activation is also controlled by a feedback loop from the
phosphorylated form of ERK. Then, RASGTP activates the RAS-MEK-ERK
downstream pathway. We refer to our previously a RAS-MEK-ERK pathway
modelling for more details [SGea17]. We deal with two states for each com-
ponent, activate form and inactivate form. The mass action law provides the
dynamics of EGFR, IGF1-R, IR and RAS, while Michaelis-Menten kinetics
described the enzymatic activity of BRAF, CRAF, MEK and ERK. The
dynamic of the RAS-RAF-MEK-ERK pathway is governed by the following
system of nonlinear ordinary differential equations :
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= (r1[EGFR]r2 + r3[IR]r4 + r5[IGF1R]r6 + r7)

([RAS

tot

� [RAS

GTP

])

✓
1 +

[pERK]

r8

◆
r9

� r10[RAS

GTP

]

d[pBRAF ]

dt

=
(b1 + b2[RAS

GTP

])([BRAF

tot

] � [pBRAF ])

K

B,1 + ([BRAF

tot

] � [pBRAF ])

✓
1 +

[pERK]

K

B,E

◆�↵

� V

B,2[pBRAF ]

K

B,2 + [pBRAF ]

d[pCRAF ]

dt

=
(c1 + c2[RAS

GTP

])([CRAF

tot

] � [pCRAF ])

K

C,1 + ([CRAF

tot

] � [pCRAF ])

✓
1 +

[pERK]

K

C,E

◆��

� V

C,2[pCRAF ]

K

C,2 + [pCRAF ]

d[pMEK]

dt

=
(V

M,1 + V

M,2[pBRAF ] + e
V

M,2[pCRAF ])([MEK

tot

] � [pMEK])

K

M,1 + ([MEK

tot

] � [pMEK])

� V

M,3[pMEK]

K

M,2 + [pMEK]

d[pERK]

dt

=
(V

E,1 + V

E,2[pMEK])([ERK

tot

] � [pERK])

K

E,1 + ([ERK

tot

] � [pERK])

� V

E,3[pERK]

K

E,2 + [pERK]

Here the amounts of the RTK active forms are denoted [EGFR], [IR], [IGF1R],
and the phosphorylated amount of the enzyme X is [pX]. The total amount
of the enzyme X is denoted by [Xtot]. The parameters in blue are known
as Michael-Menten kinetics rates and their values have been set from the
RAF-MEK-ERK model in [SGea17]. Regarding the red parameters, the de-
gradation of each receptor depends on a competition term and a regulation
term involving EGFR, IR and IGF1R. The parameters b

1

and c
1

represent
the contribution of external biological processes to the ERK pathway in the
RAF kinases production. The part of the active RAS, RAS

GTP

, in the RAF
kinases production are controlled by the parameters b

2

and c
2

. All the red pa-
rameters values are unknown, and will be calibrated to identify key features
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4.1. Materials and methods

of the resistance mechanisms to sorafenib.

4.1.4 Parameters estimation and analysis
The general least square method constrained optimization by linear approxi-
mation (COBYLA) [Pow94] is performed to calibrate the values of the 22
unknown parameters. The aim is to minimize the difference between the
experimental data (x

j,i

) and the mathematical model output (y
j

(t
i

, p)) by
considering the following objective function :

MX

i=1

NX

j=1

�
yj
exp

(t
i

) � yj(t
i

, p)
�
2

�
j,i

where M is the number of experimental data and N is the number of time
points of each experimental data assuming that the experimental errors are
independent and normally distributed with the standard deviation �

i,j

.
The Morris global sensitivity analysis [Mor91, CCS07, WFJ+12] is applied
to adjust the model parameters values and to explore the influence of each
parameter with respect to the ERK activity.

4.1.5 Optimization method to control the ERK phos-
phorylation

An optimization method to control the ERK phosphorylation is proposed in
order to investigate the resistance mechanisms to sorafenib in the HCC. To
identify the best combination of inhibitors in every steps of the RAS-RAF-
MEK-ERK pathway, one aims at finding the therapeutic strategy that mostly
reduces the ERK amount. The receptors inhibitors associated to EFGR, IR
and IGF1-R, act on the production of these activated receptors, whereas
for the remaining components of the pathway, the inhibitors can inhibit the
protein phosphorylation and/or promote the protein dephosphorylation. Ma-
thematical speaking, we define the control vector

u = (p
e,1

, p
i,1

, p
j,1

, r
7

, r
10

, b
1

, V
B,2

, c
1

, V
C,2

, V
M,1

, V
M,3

),

which contains every feasible inhibitions with respect to the inhibitors and
its action levels (Table 4.1). The optimization problem resides in finding the
control u, such that the objective function

J =

Z
T

0

[pERK(t)]2dt
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4.1. Materials and methods

is minimized. Here T = 18 hours is the treatment duration. Positive constraint
is required regarding (r

7

, r
10

, b
1

, V
B,2

, c
1

, V
C,2

, V
M,1

, V
M,3

). Sequential quadra-
tic programming (SQP) [BGLS06] is performed.

Inhibitor Target Involved mechanisms
Associated 
parameters

Sorafenib RAF
 -  phosphorylation                 

+ dephosphorylation

b1, c1                    

VB,2, VC,2

Erlotinib EGFR  - production pe,1

Linsitinib IGF1-R  - production pj,1

Trametinib MEK
 -  phosphorylation                 

+ dephosphorylation

VM,1                       

VM,3

Table 4.1 – Inhibitors used for the pharmacological tests which its target
and the associated model parameters.
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4.2. Results

4.2 Results

4.2.1 Model calibration
The mathematical model of the RAS-RAF-MEK-ERK pathway includes
eight equations describing the dynamic evolution of each component amount
after sorafenib treatment. The 22 parameters were adjusted on the expe-
riment data. The remaining parameters values were obtained from the RAF-
MEK-ERK pathway model in [SGea17] (see Table 4.2). The calibrated so-
lution are presented in Fig. 4.2. The adjustment error was 0.077 and 0.069

for PLC/PFR5 and Hep3b respectively. Each curve depicts the dynamics of
one pathway component, normalized as a ratio of activated/phosphorylated
over the total protein concentration. The duration of sorafenib treatment
efficiency is 18 hours in in vitro and in silico experiments. Parameter r

9

is
positive which means that ERK is involved in a positive feedback loop at
RAS level. These mechanisms balance the ERK-negative feedback loop (�↵
and �� negative) at RAF level obtained in our previous modelling.
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4.2. Results

Table 4.2 – Parameters calibrated for each cell line.
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Figure 4.2 – Calibrated Hep3B and PLC cell lines solution. Experimental
data are represented by the dots.
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4.2.2 Global sensitivity analysis reveals different control
mechanisms regulating the ERK phosphorylation
between the PLC/PRF5 and Hep3b cell lines

Morris sensitivity analysis was applied to investigate the most influent pa-
rameters on the model output of interest, the phosphorylated ERK, after
18 hours of sorafenib treatment. As shown in Fig. 4.3, the analysis results
highlight the ERK activation regarding the absolute mean tendency µ⇤ and
the interaction effect �. Concerning the PLC/PRF5 cell line, the pBRAF
production parameter b

2

, related to RAS activation, is the most influent on
the ERK activity and interacts linearly with the ERK phosphorylation. The
pERK dynamics is also driven by the nonlinear interactions of parameters p

e,1

and p
e,2

, which govern the EGFR production and degradation respectively.
Nevertheless, these effects are weak. About the Hep3b cell line, the pBRAF
and pCRAF production parameters b

2

and c
2

, related to the RAS activa-
tion, have the most impact and interact nonlinearly on the pERK evolution.
Note that these parameters have a greater influence than in the PLC/PRF5
cell line. This study suggests that the ERK activity in the resistant cell line
can be less controlled than the resilient cell line. This confirms the resistant
profile of the PLC/PRF5 cell line to sorafenib and implies the existence of re-
sistance mechanisms not explained by our modelling. However, we can expect
a better understanding of the components involved in those processes.
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Figure 4.3 – Morris global sensitivity analysis expressed by the absolute
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parameters ranking of their influence on the phosphorylated ERK amount
after 18 hours of sorafenib exposure and the second one gives a quantification
of the interactions and the nonlinear effects. The standard error of the mean
of the elementary effects is illustrated by the dash line and gives a confidence
interval for the parameters values.
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4.2. Results

Remark 4.1 Sobol sensitivity analysis (Fig. 4.4) confirms the importance
of pBRAF and pCRAF production parameters b

2

and c
2

related to the RAS
activation for both cell lines. Two million sample were created.
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Figure 4.4 – Sobol sensitivity analysis expressed by the main and total
effects.

4.2.3 Optimization results underlying the resistance me-
chanisms to sorafenib

In order to determine the best therapeutic strategy and to highlight pos-
sible mechanisms involved in the sorafenib resistance, we explored the pos-
sible inhibitions combinations inside the ERK pathway accounting for the
EGFR, IFG1-R and IR. Optimal control achieved to find the best inhibition
design to reduce the ERK activity (Table 4.3). The solution coming from
the calibration of the in vitro experiments is used as the reference model.
Figure 4 compares the phosphorylated ERK. To weaken the phosphoryla-
ted ERK concentration in the resistant cell lines PLC/PRF5, inhibition of
pMEK is the only powerful lever. Nevertheless, the efficiency is quite rela-
tive, the normalized pERK concentration decreased from 0.876 to 0.764 (Fig.
4.5 and Table 4.3). Parameters V

M,1

and V
M,3

are related with the degrada-
tion and the dephosphorylation of MEK (Table 4.3). No effect on pBRAF
and pCRAF are observed, which confirm resistant mechanisms to sorafenib.
This suggests a use of trametinib which is an inhibitor of pERK. Regarding
the resilient cell line Hep3b, the optimal control strategy is more efficient

93



4.2. Results

regarding the phosphorylation of ERK. One notes that the phosphorylated
ERK concentration declines from 0.390 to 0.006 (Fig. 4.5 and Table 4.3).
The optimal control hints nonetheless that it is necessary to simultaneously
bridle RAS

GTP

, pBRAF and pMEK while EGFR is boosted. This advocates
a combined use of sorafenib and trametinib.

Parameter
reference 

Hep3B

best 
inhibited 
Hep3B 

reference 
PLC/PRF5

best 
inhibited 
PLC/PRF5 

pe,2 (EGFR) -9.70E-05 -4.79E-06 -2.73E+00 -2.32E+00

pi,1 (InsR) 6.49E-05 1.48E-04 1.90E-02 2.59E-02

pj,1 (IGF1R) 7.13E-05 9.00E-04 7.11E-01 2.02E-01

r10 (RAS) 1.29E-04 1.27E-02 2.26E+01 5.47E+01

r7 (RAS) 1.37E-04 3.42E-03 2.68E-05 9.00E-05

VB,2 (BRAF) 9.93E-01 9.44E-01 3.84E+00 8.21E+00

b1 (BRAF) 1.64E+00 1.75E-01 2.11E+00 6.44E+00

VC,2 (CRAF) 5.43E-01 6.46E-01 3.33E-01 1.44E-01

c1 (CRAF) 1.15E+00 1.39E-01 3.92E+00 6.30E+00

VM,3 (MEK) 7.72E-01 2.05E+00 1.02E+01 3.29E+02

VM,1 (MEK) 3.43E-01 7.71E-01 2.99E+00 2.13E-06

pERK after 18 hours 0.39 0.006 0.876 0.764

Table 4.3 – Comparison of parameter values between the reference solution
and the optimal inhibition strategy for each cell line. The significant changes
are highlighted in bold.
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Figure 4.5 – Comparison of the pERK amount between the reference solu-
tion and the optimal design computed from the optimal control procedure.

4.3 Discussion
Therapeutic windows based on the dynamic resistances of the pERK regu-
lation could be envisioned. To avoid an almost infinite number of available
protocols, optimal control has been implemented. The results from this me-
thod were compared with in vitro experimentations thanks to four inhibitors
of the ERK pathway : erlotinib as an inhibitor of EGFR, linsitinib for IGF1-
R, sorafenib for the RAF kinases and trametinib for pMEK. Those inhibitors
are estimated with respect to the phosphorylated ERK amount using assor-
ted combinations for each cell line. As prescribed by the optimal control
strategy, it can be observed that trametinib has a greater impact on the non
phosphorylation of ERK than sorafenib for both cell lines (Fig. 4.6). Since
the sorafenib makes a difference for the resilient cell line in early treatment,
the pairing with trametinib is even more efficient. Furthermore, no visible
effect of erlotinib is revealed relating to the pERK activation for both cell
lines which is confirmed by [ZRea14]. This is underlined by the EGFR in-
creasing provided by the optimal control. Those results indicate trametinib
as a better therapeutic option in the HCC. This alternative therapy has been
made in melanoma [SF13].

Our study clearly addressed a short part of the mechanisms leading to clinical
failure. Nevertheless, combining the model with for example the pharmacoki-
netics and the pharmacodynamics of sorafenib and trametinib, could provide
personalized mathematical models of tumours that could ultimately be help-
ful to instruct the therapeutic choices.
Our study unveils the rich array of the regulation and the versatility of the
signal transduction. Because of the complexity, mathematical modelling was
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Figure 4.6 – Combinations of the pharmacological inhibitions to test the
possible control of pERK.

the essential tool to exploit the temporal regulation of the oncogenic si-
gnalling in the resilient and the resistant cell lines (Hep3b and PLC/PRF5
respectively). According to the mathematical model, EGFR was activated as
observed by [ELea12,NLea17]. Other synergies take place from simultaneous
actions at different level of this cascade, which lead to the lack of the pERK
inhibition [NLea17, ZZea17]. We noticed that the BRAF and MEK kinases
are regulators of the sorafenib resistance for the resilient cell line, whereas
MEK plays a major role in the resistance mechanisms for the resistant cell
line.
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Chapitre 5

Comportement asymptotique

de la signalisation cellulaire

sous diffusion spatiale

Asymptotic behavior of cellular signalling under spatial diffusion

This chapter is devoted to the theoretical aspects. The 3 different behaviors
of the cell lines observed inside the Raf-MEK-ERK pathway exposed to sora-
fenib, namely sensitive, resistant and resilient, are investigated with respect
to the convergence to the equilibrium (Fig. 5.1). This convergence is observed
as a function of the dephosphorylation parameters V

u,2

and V
v,2

.
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Figure 5.1 – Dynamic of pERK in long-time regarding pBRAF and pCRAF
rates in Huh7, Hep3b and PLC/PRF5 cell lines.

100



5.1. Stability of equilibrium without diffusion

A simplified model accounting for two activated proteins is considered. The
first component (u) can activate the second one (v), which balances the
dynamic with a negative feedback regulation (Fig. 5.2).

Figure 5.2 – Schematic representation of the pathway with feedback.

Let 0 < ⌧ ⌧ 1 a given tolerance. The behavior of the cell lines can be
translated as follows.

• The cell line is sensitive to sorafenib if the solution is decreasing to a
positive asymptotically stable equilibrium (u⇤, v⇤) with |v⇤|  ⌧.

• The cell line is resistant to sorafenib if the solution converges to a
positive asymptotically stable equilibrium (u⇤, v⇤) with v⇤ > ⌧ .

• The cell line is resilient if there exists a time t⇤ when the solution (u, v)
verifies v(t⇤)  ⌧ but goes to a positive equilibrium (u⇤, v⇤) with v⇤ > ⌧ .

The chapter is organized as follows. In Section 1, the asymptotic stability of
solution is proved. Section 2 deals with spatiotemporal model described by
two reaction-diffusion equations. One notes that the asymptotic behavior of
the solution is preserved.

5.1 Stability of equilibrium without diffusion
Consider the initial value problem

u0
(t) =

V
u,1

(u� u(t))

K
u,1

+ u� u(t)

✓
1 +

v(t)

K
u,3

◆�↵

� V
u,2

u(t)

K
u,2

+ u(t)
(5.1)

v0(t) =

V
v,1

u(t)(v � v(t))

K
v,1

+ v � v(t)
� V

v,2

v(t)

K
v,2

+ v(t)
(5.2)

u(0) = u
0

, v(0) = v
0

. (5.3)
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5.1. Stability of equilibrium without diffusion

We assume that kinetic parameters V
u,i

, K
u,j

, V
v,i

and K
v,i

and ↵ are positive
for i = {1, 2} and j = {1, 2, 3}.

Theorem 5.1 Let 0  u
0

 u and 0  v
0

 v. Then there exists a unique
solution (u, v) 2 C(R

+

,R
+

) ⇥ C(R
+

,R
+

) of the Cauchy problem (5.1)-(5.2)-
(5.3). Moreover, for all time t 2 R

+

,

0  u(t)  u, 0  v(t)  v.

Proof. The Cauchy problem can be rewritten as

w0
(t) = F (w) (5.4)

w(0) = w
0

, (5.5)

where w(t) =

⇣
u(t), v(t)

⌘
, w

0

=

⇣
u
0

, v
0

⌘
and F (w) =

⇣
f(u, v), g(u, v)

⌘
with

u0
= f(u, v) (5.6)

v0 = g(u, v). (5.7)

The function F is locally Lipschitz and the Cauchy-Lipschitz theorem pro-
vides local well-posedness of the initial value problem (5.1)-(5.2)-(5.3).
Moreover, the domain D = {(u, v) 2 R2, 0  u  u, 0  v  v} is positively
invariant. Indeed, the right-hand-side verifies, for (u, v) 2 D,

f(0, v) =

V
u,1

u

K
u,1

+ u

✓
1 +

v

K
u,3

◆�↵

� 0,

f(u, 0) = � V
u,2

u

K
u,2

+ u
 0,

g(u, 0) =

V
v,1

uv

K
v,1

+ v
� 0,

g(u, v) = � V
v,2

v

K
v,2

+ v
 0.

⇤

Theorem 5.2 The equilibrium (u*, v*) is globally asymptotically stable.

102



5.1. Stability of equilibrium without diffusion

Proof. Let first consider (u⇤, v⇤) the non-negative equilibrium solution of

V
u,1

(u� u⇤
)

K
u,1

+ u� u⇤

✓
1 +

v⇤

K
u,3

◆�↵

� V
u,2

u⇤

K
u,2

+ u⇤ = 0

V
v,1

u⇤
(v � v⇤)

K
v,1

+ v � v⇤
� V

v,2

v⇤

K
v,2

+ v⇤
= 0.

The Jacobian matrix is written

J =

0

@ � Vu,1Ku,1

(Ku,1+u�u

⇤)2

⇣
1 + v

⇤

Ku,3

⌘�↵

� Vu,2Ku,2

(Ku,2+u

⇤)2 � ↵Vu,1(u�u

⇤)
Ku,3(Ku,1+u�u

⇤)

⇣
1 + v

⇤

Ku,3

⌘�(↵+1)

Vv,1(v�v

⇤)
Kv,1+v�v

⇤ � Vv,1Kv,1u
⇤

(Kv,1+v�v

⇤)2 � Vv,2Kv,2

(Kv,2+v

⇤)2

1

A
.

Since (u⇤, v⇤) is the positive equilibrium, we get

f
u

, f
v

, g
v

 0, g
u

� 0.

We deduce that
det(J) � 0 and tr(J)  0,

and (u⇤, v⇤) is locally asymptotically stable.
Moreover, since D is positively invariant and Tr(J) < 0, the equilibrium is
globally asymptotically stable thanks to Bendixson’s condition. ⇤

To illustrate the cell lines differences, parameters are set to ↵ = 3.5, V
u,1

=

K
u,1

= V
u,2

= K
u,2

= K
u,3

= 1, u = 2 and V
v,1

= K
v,1

= K
v,2

= 1, v = 2 with
respect to [SGea17,KHGK15]. Parameters V

v,2

, related to dephosphorylation
of v, varies between 0.1 and 10. The numerical simulations with respect to
time are represented in the figure below. For this choice of parameters and
V
v,2

= 10, the equilibrium is equal to

v⇤ = 0.05659973.

For the sensitive cell line (Fig. 5.3), the solution (u, v) is quickly decreasing
and reaches the stable state over the time. This behavior is in agreement with
the previous study in which the cell signaling is turned off by inhibiting the
RAF activation via sorafenib. The phase portrait describes a faster decrease
of v from 1 to 0.05659973, while u decreases from 1 to 0.8. Concerning the
resilient cell line, the solution (u, v) first decreases and then increases before
10 hours, which well describes the resilient response to sorafenib (Fig. 5.4).
The solution gets to a stationary point (u⇤, v⇤) = (0.35028511, 0.284245)

over time and the equilibrium u⇤ is less than the sensitivity cell line. The
displayed trajectory well illustrates the resilient behaviour as it tends to
decrease before reaching the stable state. In the context of the resistant cell
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5.1. Stability of equilibrium without diffusion

line, the solutions u and v have an opposite behavior : v increases until 1.45

whereas u increases to 0.04 during a time period of approximatively 5 hours
after sorafenib treatment (Fig. 5.5). Then, v decreases whereas u increases
and the solutions (u, v) tends to stabilize over time but the stable state is not
reached. The amount of v is always greater than 0.8378 which characterizes
the cell resistant response to the targeted therapy.

Figure 5.3 – Spatiotemporal evolution of the solution for the sensitive cell
line (V

v,2

= 10). The solution v is decreasing to 0.05659973.
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5.1. Stability of equilibrium without diffusion

Figure 5.4 – Spatiotemporal evolution of the solution for the resilient cell
line (V

v,2

= 1). The solution v is decreasing then increasing to 0.284245.

Figure 5.5 – Spatiotemporal evolution of the solution for the resitant cell
line (V

v,2

= 0.1). The solution v is increasing then decreasing to 0.8378.
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5.1. Stability of equilibrium without diffusion

The equilibrium (u⇤, v⇤) as function of V
v,2

is represented in Figure 5.6. We
notice that the maximum value of v⇤ closed to 1 is reached when V

v,2

is small
(resistant case), while v⇤ goes to zero when V

v,2

is large (sensitive case). In
the resistant and resilient cases, the stationary point v⇤ satisfies v⇤ > ⌧ , with
⌧ = 0.1361741472737495184, which is related to a value of V

v,2

< 1. In the
sensitive case, v⇤  ⌧ and V

v,2

� 1. Regarding the point u⇤ with respect to
V
v,2

, its behavior is on the contrary described by an upward curve. Similar
behavior according to the desactivation of u, i.e V

u,2

, is observed in Figure
5.7.

τ

sensitive

re
si
lie
ntre
si
st
an

t

Figure 5.6 – The evolution of the stationary point (u⇤, v⇤) regarding the
parameter V

v,2

.
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τ

re
si
st
an

t

re
si
lie
nt

sensitive

Figure 5.7 – The evolution of the stationary point (u⇤, v⇤) regarding the
parameter V

u,2

.

5.2 Asymptotic behavior of solution with dif-
fusion

We consider in this part the spatial effect of a single cell on the chemical
reactions. The dynamic of each protein is now driven by a diffusion term
D

u

�u, where u is the protein amount, �u is the Laplacian operator and the
constant coefficient D

u

is the diffusion. We denote by Q the regular domain
describing the geometry of a cell. Here, the different compartments of a cell
such as the cytoplasm or the nucleus are not taken into account, and we
assume that the chemical reactions occur in the whole cell. Furthermore,
zero-flux boundary conditions are supposed which means that the proteins
remain inside the domain. This assumption leads to homogeneous Neumann
boundary conditions. Then, we consider the initial boundary value problem
for t � 0 and x 2 Q,

@u

@t
= D

1

�u +

V
u,1

(u� u)

K
u,1

+ u� u

✓
1 +

v

K
u,3

◆�↵

� V
u,2

u

K
u,2

+ u
(5.8)

@v

@t
= D

2

�v +

V
v,1

u(v � v)

K
v,1

+ v � v
� V

v,2

v

K
v,2

+ v
(5.9)

@u

@n
=

@v

@n
= 0 (5.10)

u(0, x) = u
0

(x), v(0, x) = v
0

(x). (5.11)
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5.2. Asymptotic behavior of solution with diffusion

5.2.1 Well-posedness of the system
Theorem 5.3 Let 0  u

0

 u and 0  v
0

 v. Then there exists a unique
weak solution (u, v) 2 L1

(R
+

, L1
(Q))⇥L1

(R
+

, L1
(Q)) of the Cauchy pro-

blem (5.8)-(5.9)-(5.10)-(5.11). Moreover, for all time t 2 R
+

, and x 2 Q

0  u(t, x)  u, 0  v(t, x)  v.

Proof. Let M > 0 and T > 0 that will be chosen later. We define the closed
ball B

T

as

B
T

= {(u, v) 2 L1
([0, T ], L1

(Q))

2, sup

t2[0,T ]

||(u, v)(t, .) � (u
0

, v
0

)||
L

1
(Q)

 M}.

We look after a fixed point of the Duhamel formulation given by the following
map for all (u, v) 2 B

T

�(u, v)(t) :=

 
K

1

⇤ u
0

(t) +

Z
T

0

K
1

(t� s) ⇤ f(u, v)(s) ds,

K
2

⇤ v
0

(t) +

Z
T

0

K
2

(t� s) ⇤ g(u, v)(s) ds

!
.

For i = {1, 2}, K
i

is here the heat kernel defined as the solution of the fol-
lowing diffusion equation with the homogeneous Neumann boundary condi-
tions

@K
i

@t
�D

i

�K
i

= 0 for x 2 Q, t � 0

@K
i

@n
= 0 on @Q.

with
R
Q K

i

(t, x)dx = 1.

According to [Ouh05], there exists a constant CQ > 0, depending only on Q,
such that the kernel satisfies

||K
i

(t, .)||
L

1
(Q)

 CQ
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5.2. Asymptotic behavior of solution with diffusion

Let (u, v) 2 B
T

, we have

|�(u, v)(t, x) � (u
0

, v
0

)(x)| 
Z

Q

K
1

(t, x� y)|u
0

(y) � u
0

(x)| dy

+

Z
T

0

Z

Q

K
1

(t� s, x� y)|f(u, v)(s, x)| dy ds

+

Z

Q

K
2

(t, x� y)|v
0

(y) � v
0

(x)| dy

+

Z
T

0

Z

Q

K
2

(t� s, x� y)|g(u, v)(s, x)| dy ds

and

||�(u, v)(t, .) � (u
0

, v
0

)||
L

1
(Q)

 2CQ
�||u

0

(.)||
L

1
(Q)

+ ||v
0

(.)||
L

1
(Q)

�

+ CQT

 
sup

t2[0,T ]

||f(u, v)(t, .)||
L

1
(Q)

+ sup

t2[0,T ]

||g(u, v)(t, .)||
L

1
(Q)

!

 2CQ
�||u

0

(.)||
L

1
(Q)

+ ||v
0

(.)||
L

1
(Q)

�
+ 2CQLT,

where L is the maximum of the Lipschitz constant of f and g.

Then, choosing T > 0 such that
2CQ

�||u0(.)||
L

1(Q) + ||v0(.)||
L

1(Q)

�
+2CQLT  M := 4CQ

�||u0(.)||
L

1(Q) + ||v0(.)||
L

1(Q)

�
,

i.e.

T 
�||u

0

(.)||
L

1
(Q)

+ ||v
0

(.)||
L

1
(Q)

�

L
,

implies that �(B
T

) ⇢ B
T

.

Let now (u, v) and (eu, ev) be in B
T

. Then, we have
�(u, v)(t) � �(eu, ev)(t)

=

 Z
T

0

Z

Q

⇣
K1(t� s, x� y)f(u, v)(s, y) �K1(t� s, x� y)f(eu, ev)(s, y)

⌘
dy ds,

Z
T

0

Z

Q

⇣
K2(t� s, x� y)g(u, v)(s, y) �K2(t� s, x� y)g(eu, ev)(s, y)

⌘
dy ds

!
.

Then,
sup

t2[0,T ]
|| �(u, v) � � (eu, ev) ||

L

1(Q)  CQT sup
t2[0,T ]

|| f(u, v)(t, .) � f(eu, ev)(t, .) ||
L

1(Q)

+ CQT sup
t2[0,T ]

|| g(u, v)(t, .) � g(eu, ev)(t, .) ||
L

1(Q)

 2CQLT sup
t2[0,T ]

|| (u, v)(t, .) � (eu, ev)(t, .) ||
L

1(Q) .
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5.2. Asymptotic behavior of solution with diffusion

Choosing T < 1

2CQL

provides an unique fixed point in B
T

using the Picard
fixed point theorem [Hen81].

The positivity is ensured by the quasi-positivity of the right-hand-side of
equation which is similar to the problem without space [Fri83]. The upper
bound is deduced from the maximum principle that implies 0  u(t, .)  a(t)
and 0  v(t, .)  b(t) where (a, b) is the solution of the ordinary differential
system

a0(t) =

V
u,1

(u� a(t))

K
u,1

+ u� a(t)

✓
1 +

a(t)

K
u,3

◆�↵

� V
u,2

a(t)

K
u,2

+ a(t)

b0(t) =

V
v,1

a(t)(v � b(t))

K
v,1

+ v � b(t)
� V

v,2

b(t)

K
v,2

+ b(t)
.

According to Theorem (5.1), the solution (a, b) is bounded by (u, v) for all
time. We deduce that for all t 2 R

+

|| u(t, .) ||
L

1
(Q)

 u and || v(t, .) ||
L

1
(Q)

 v.

⇤

5.2.2 Stability preservation
The asymptotic behavior of the reaction-diffusion equations is preserved.

Theorem 5.4 Let (u⇤, v⇤) be the equilibrium of the ordinary differential sys-
tem. Then the solution of the initial value boundary problem (5.8) � (5.9) �
(5.10) � (5.11) remains locally asymptotically stable.

Proof. Let be w =

✓
u
v

◆
. The linearization around (u⇤, v⇤) gives the system

@

@t
w =

✓
D

1

� 0

0 D
2

�

◆
w + Jw

The Laplace operator with the Neumann boundary condition (5.10) admits
an orthonormal basis of eigenfunctions (w

k

)

k�1

such as

��w
k

= k2w
k

with k2 the associated positive eigenvalues.
For k = 0, we have the problem without diffusion and the solution is asymp-
totically stable (Theorem 5.2). Using this basis, we can rewrite the solution
of the system for all k 6= 0
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5.2. Asymptotic behavior of solution with diffusion

u(t, x) =

1P
k=1

a
k

(t)w
k

(x), v(t, x) =

1P
k=1

b
k

(t)w
k

(x).

Then, the system becomes

@

@t

✓
a
k

(t)
b
k

(t)

◆
= �k2

✓
D

1

0

0 D
2

◆✓
a
k

(t)
b
k

(t)

◆
+ J

✓
a
k

(t)
b
k

(t)

◆

Since we consider the solutions with exponential growth, we have

a
k

(t) = ↵
k

e�kt and b
k

(t) = �
k

e�kt

which reduces the system as follows

�
k

✓
↵
k

�
k

◆
= (�Dk2

+ J)

✓
↵
k

�
k

◆
.

This equality shows that �
k

are the eigenvalues of the matrix �Dk2

+J. The
characteristic polynomial related to this matrix is

P (�
k

) = �2

k

��
k

⇣
tr(J)�k2

(D
1

+D
2

)

⌘
+D

1

D
2

k4�k2

(D
2

f
u

+D
1

g
v

)+det(J).

The roots of P are given by

�
k

=

1

2

⇣
H

k

±
q
H2

k

� 4g(k)

⌘

with

H
k

= tr(J) � k2

(D
1

+ D
2

)

and
g(k2

) = D
1

D
2

k4 � k2

(D
1

f
u

+ D
2

g
v

) + det(J).

To have the stability of the system around (u⇤, v⇤), the real part of �
k

must
be negative for all k 6= 0. It requires H

k

< 0 and
pH2

k

� 4g(k) < �H
k

.
Because tr(J)  0, D

1

> 0 and D
2

> 0, the first condition is satisfied. The
last condition implies that the parabolic function g in k2 must be positive.
We have

D
1

> 0, D
2

> 0, f
u

 0, g
v

 0 and det(J) > 0.

Then, g(k2

) > 0 and Re(�
k

) > 0 for all k 6= 0. ⇤

For large enough diffusion coefficients, which is not the case for cell signalling,
the asymptotic stability is exponential.
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Theorem 5.5 Let D = min(D
1

, D
2

), L = max(V
u,1

, V
u,2

, uV
v,1

, , vV
v,1

, V
v,2

).
Assume that

� = D�
2

� L > 0,

where �
2

is the second eigenvalue of the Laplace operator with Neumann
boundary condition. Then
Z

Q
(u(t, x) � u(t))2 dx +

Z

Q
(v(t, x) � v(t))2 dx  e

�2�t

Z

Q
(u

0

(x) � u
0

)

2 dx

with u(t) =

R
Q u(t, x)dx, v(t) =

R
Q v(t, x)dx.

Proof. The proof follows [Per15]. Integrating over space provides

d

dt

Z

Q
u =

Z

Q

V
u,1

(u� u)

K
u,1

+ u� u

✓
1 +

v

K
u,3

◆�↵

� V
u,2

u

K
u,2

+ u

d

dt

Z

Q
v =

Z

Q

V
v,1

u(v � v)

K
v,1

+ v � v
� V

v,2

v

K
v,2

+ v
,

or shortly

d

dt
u(t) = f(t)

d

dt
v(t) = g(t).

We deduce
@

@t
(u� u) = D

1

�u + (f � f)

@

@t
(v � v) = D

2

�v + (g � g).

Multiplying these equations by (u� u) and (v � v) respectively, one gets

1

2

d

dt

Z

Q
(u� u)

2

+ D
1

Z

Q
(ru)

2

=

Z

Q
(f � f)(u� u)

1

2

d

dt

Z

Q
(v � v)2 + D

2

Z

Q
(rv)2 =

Z

Q
(g � g)(v � v).

Since for all 0  u  u and 0  v  v,

(f(u, v)�f(u, v))(u�u)+(g(u, v)�g(u, v))(v�v)  L
�
(u� u)

2

+ (v � v)2
�
,

and according to the Poincaré-Wirtinger inequality
Z

Q
(ru)

2 � �
2

Z

Q
(u� u)

2,
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we finally obtain

d

dt

Z

Q
(u� u)

2

+

d

dt

Z

Q
(v � v)2  �2�

✓Z

Q
(u� u)

2

+

Z

Q
(v � v)2

◆
.

⇤

5.3 Numerical illustrations

5.3.1 Space and time discretization
Finite elements are used to illustrate the asymptotic behavior of the solution
according to the sensitive, resistant and resilient cell lines. Let '

1

,'
2

be test
functions, with '

i

,r'
i

in L2, for 1  i  2. Finite elements method in space
is used, while the time discretization is obtained with a semi-implicit scheme.

Algorithm 4 Semi-implicit scheme
Given u

0

, v
0

and N 2 N⇤.
for n = 1 to N do

hu
n+1 � un

�t
,'

1

i + hD
1

run+1,r'
1

i = h V
u,1

(u� un

)

K
u,1

+ u� un

✓
1 +

vn

K
u,3

◆�↵

� V
u,2

un

K
u,2

+ un

,'
1

i

hv
n+1 � vn

�t
,'

2

i + hD
2

rvn+1,r'
1

i = hVv,1

un

(v � vn)

K
v,1

+ v � vn
� V

v,2

vn

K
v,2

+ vn
,'

2

i

5.3.2 (2 + 1)�d simulations
We consider a sample of diameter 1.5cm where diffusion coefficients are equal
to 100µm2/s [MS11]. Initial datum follow a random distribution valued in
[0, 1].
As above, the cell lines differences are illustrated by choosing parameters as
↵ = 3.5, V

u,1

= K
u,1

= V
u,2

= K
u,2

= K
u,3

= 1, u = 2 and V
v,1

= K
v,1

=

K
v,2

= 1, v = 2. The parameter V
v,2

, related to dephosphorylation of v,
varies between 0.1 and 10. Figures 5.8-5.9-5.10 present the spatiotemporal
evolution of the solution. We note that v reaches the stable state at t = 48
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as the distribution of v is homogeneous in the domain when V
v,2

= 10 (Fig.
5.8) and V

v,2

= 1 (Fig. 5.9). The value of the stable state gets to almost
zero for the sensitive cell line whereas it is higher for the resilient cell line as
observed before. For the resistant context, when V

v,2

is set to 0.1 (Fig. 5.10),
the distribution of v tends to stabilize over the time but small variabilities
are still observed at the end time point t = 48.

(a) t = 0.
(b) t = 8.

(c) t = 18. (d) t = 48.

Figure 5.8 – Spatiotemporal evolution of the solution for the sensitive cell
line (V

v,2

= 10). The solution v is decreasing to 0.05656.
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(a) t = 0.
(b) t = 8.

(c) t = 18. (d) t = 48.

Figure 5.9 – Spatiotemporal evolution of the solution for the resilient cell
line (V

v,2

= 1). The solution v is decreasing then increasing to 0.2842.
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(a) t = 0. (b) t = 8.

(c) t = 18. (d) t = 48.

Figure 5.10 – Spatiotemporal evolution of the solution for the resistant cell
line (V

v,2

= 0.1). The solution v is increasing then decreasing to 0.8378.
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5.3. Numerical illustrations

Figure 5.11 – The time evolution of the spatial mean
R
Q v(t, x)dx.

Computing the spatial mean evolution over time (Fig. 5.11), the diffusion
does not affect the asymptotic behavior of solutions.

5.3.3 Influence of 2�d cells shape
We explore the influence of the shape on the signalling pathway, which can be
of importance [Fri15,LKea10]. We extract from [LKea10] the cellular shapes
of a resistant cell line (PLC) and a highly sensitive cell line (HepG2) to
perform the simulations. Here, the cells are cultivated on 2D tissue culture
plates and take a specific morphology due to the adaptation to the culture
constraints. The scale is now of order 10µm.

The simulations are presented in Figures 5.12-5.13. It starts from a random
distribution valued in [0, 1]. The solutions tend to a stable state at an ear-
lier time (t = 5). Nevertheless, the behaviour of solutions is similar to the
previous one.

Computing the spatial mean evolution over time (Fig. 5.14), the shape does
not affect the asymptotic behavior of solutions.

117



5.3. Numerical illustrations

(a) PLC cells cultured on 2D plates from
[LKea10].

(b) Finite elements mesh on the shape of
PLC cells extract from (a).

(c) t = 0. (d) t = 5.

Figure 5.12 – (a)-(b) preprocessing to extract PLC 2D shape and to create
the finite elements mesh. (c)-(d) present the spatiotemporal evolution of the
solution for the PLC cell line at t = 0 and t = 5 respectively. The solution v
is decreasing to 0.972.
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(a) HEPG2 cells cultured on 2D plates
from [LKea10]. (b) Finite elements

mesh.

(c) t = 0. (d) t = 5.

Figure 5.13 – (a)-(b) preprocessing to extract HEPG2 2D shape and to
create the finite elements mesh. (c)-(d) present the spatiotemporal evolution
of the solution for the HEPG2 cell line at t = 0 and t = 5 respectively. The
solution v is decreasing to 0.269.
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Figure 5.14 – The time evolution of the spatial mean
R
Q v(t, x)dx.

5.3.4 (3 + 1)�d simulations
3D cells cultures give new informations about the cells behaviour. Growth,
metabolism, cell-cell interactions, drugs efficacy and toxicity seems to be
different in this environnemental context in comparison with 2D cultures
[LKea10,KPea18,BO16]. Regarding the cells morphology on 3D tissue, Hep
cells are spherical, Huh7 cells are ellipsoidal and PLC cells are conical. We
build 3D finite element mesh with Freefem++ [Hec12] to simulate the model
solution in each sensitivity case in order to evaluate the impact of the cell
shape on the cellular signalling.

For each cell line, the distribution of solution v becomes homogeneous in the
domain (Figures 5.15-5.16-5.17). We observe this behavior at a later time
(t = 10) compared to the 2D shape simulations (t = 5) but at an earlier time
when the domain is a disk (t = 48). Nevertheless, the asymptotic dynamic
of the solution seems to be not altered by the cell morphology when we look
at the solution spatial mean (Fig. 5.18).
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5.3. Numerical illustrations

each other when co-cultured. All three types of spheroids showed
sufficient compactness and stability for use in further experiments.
The 3D assembly of cells and subcellular structures were examined

by SEM and TEM. While LX-2 monospheroids showed a smooth
surface, Huh-7 monospheroids had a rough surface with a bulging
arrangement of individual cells. A smooth cell surface and compact
cellular organization were seen in the mixed-cell spheroids (Figure 1B
and Supplementary Figure 1). Cells in the peripheral region of LX-2
and Huh-7 monospheroids showed an elongated spindle shape with
significant membrane ruffling (Figure 1B). At the periphery of mixed-
cell spheroids, both types of cells showed extensive membrane
protrusions (filopodium), suggesting the presence of actin-driven
invadosome formation. Cell-cell contacts were demonstrated by the
presence of gap junctions, desmosomes, and microvilli in LX-2

monospheroids and mixed-cell spheroids, while only gap junctions and
microvilli were observed in the Huh-7 monospheroids (Figure 1B). A
few necrotic cells were seen in the core region of monospheroids and
mixed-cell spheroids indicating the quiescent and necrotic state of the
innermost cells. Typical subcellular structures formed by Huh-7 and
LX-2 cells that were observed in monospheroids were also identified in
mixed-cell spheroids. For example, Huh-7 cells showed a large nucleus
with euchromatin as the predominant chromatin structure, while LX-2
cells possessed a relatively small nucleus with high levels of
heterochromatin. Glycogen particles were only seen in Huh-7 cells,
while fat particles were abundant in LX-2 cells (Figure 1B,
Supplementary Figure 1, and Supplementary Table 1). The presence
of these typical ultrastructures shows the active transcriptional and
metabolic status of the cells in the mixed-cell spheroids model.

Figure 1. Morphological characteristics of 3D mixed-cell spheroids. (A) HCC cells (Huh-7) and HSCs (LX-2) were seeded alone
(monospheroids) or in mixture (1:3 ratios, mixed-cell spheroids) and monitored for 3D growth during 5 days of culture. Scale bar, 100 μm.
(B) SEM and TEM images of mono- andmixed-cell spheroids at day 5 show peripheral cytoplasmic protrusions (red arrow) and subcellular
structures containing cell-cell interactions: microvilli (*), gap junctions (yellow arrows), and desmosomes (yellow arrow heads). Scale bar,
2 μm. H, Huh-7; L, LX-2; NC, necrotic cell; Χ, fat particles; +, glycogen particles.

Neoplasia Vol. 20, No. xx, 2018 Khawar et al. 803

(a) Huh7 cells cultured in 3D
Scaffold from [KPea18].

(b) t = 0.

(c) t = 10.

Figure 5.15 – Spatiotemporal evolution of the solution for the Huh7 (sen-
sitive) cell line. The solution v is decreasing to 0.056.
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5.3. Numerical illustrations

Fig. 2.
Effect of culture conditions on hepatocellular carcinoma cell morphology as observed by
SEM. PLC (top) and HepG2 (bottom) cells were cultured on 2D tissue culture plates,
Matrigel matrices and CA scaffolds for 10 days. The scale bar represents 10 μm.
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(a) HEP cells cultured in 3D
Scaffold from [LKea10].

(b) t = 0.

(c) t = 10.

Figure 5.16 – Spatiotemporal evolution of the solution for the Hep (resilient)
cell line. The solution v is decreasing to 0.285.
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5.3. Numerical illustrations

Fig. 2.
Effect of culture conditions on hepatocellular carcinoma cell morphology as observed by
SEM. PLC (top) and HepG2 (bottom) cells were cultured on 2D tissue culture plates,
Matrigel matrices and CA scaffolds for 10 days. The scale bar represents 10 μm.
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(a) HEP cells cultured in 3D
Scaffold from [LKea10].

(b) t = 0.

(c) t = 10.

Figure 5.17 – Spatiotemporal evolution of the solution for the PLC (resis-
tant) cell line. The solution v is decreasing to 0.839.
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Figure 5.18 – The time evolution of the spatial mean
R
Q v(t, x)dx. The

shape does not affect the asymptotic behavior of solutions.
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Chapitre 6

Conclusion et Perspectives

6.1 Conclusion à propos du CHC
La modélisation dynamique de la voie Raf-MEK-ERK dans les cellules du
carcinome hépatocellulaire exposées au sorafénib a permis de mettre en évi-
dence les mécanismes d’action du sorafénib. Bien que ce traitement ait été
prescrit comme un inhibiteur des kinases Raf, son efficacité repose sur l’acti-
vation des phosphatases liées à la déphosphorylation de la protéine ERK. De
plus, les acteurs de la régulation de cette voie de signalisation sont différents
chez les patients suivant leur profil de sensibilité. Cela suggère la mise en
place d’une thérapie ciblée en fonction du profil biologique de chaque pa-
tient. Notre étude participe ainsi à l’émergence du nouveau concept de la
médecine de demain : la médecine personnalisée.
L’étude du modèle de la voie étendu à la protéine RAS et aux trois récep-
teurs RTKs sélectionnés (l’EGFR, l’IR et l’IGF1-R) apporte des éléments de
réponse concernant la résistance de la cellule au sorafénib. Il semblerait que
les cellules résilientes au sorafénib ne répondent pas de façon optimale à la
thérapie ciblée par le biais de mécanismes de résistance liés à l’EGFR et aux
protéines Ras, B-Raf et MEK. Quant aux cellules résistantes, des processus
biologiques liés à la protéine MEK seraient en cause. Une meilleure stratégie
thérapeutique pour ces patients serait alors d’établir un plan thérapeutique
incluant le sorafénib et un inhibiteur de MEK, le tramétinib.
Enfin, l’étude théorique du modèle a montré que la prise en compte de la di-
mension spatiale de la cellule dans le modèle ne perturbait pas la dynamique
intracellulaire par rapport au modèle sans diffusion. De plus, ce résultat a été
observé sur différentes morphologies de cellule en 2D et en 3D. De nouvelles
perspectives mathématiques sont apportées dans le paragraphe suivant afin
d’approfondir nos recherches sur les possibles instabilités moléculaires qui
pourraient survenir dans la cellule.
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6.2 Perspectives mathématiques
Nous présentons ici quelques points qui n’ont pas été considérés dans le mo-
dèle de la voie ERK. Avec une meilleure prise en compte de ceux-ci, nous
pourrions affiner nos résultats concernant la régulation et les mécanismes de
résistance de la signalisation cellulaire.

Tout d’abord, le sorafénib ou tout autre thérapie ciblant la voie pourrait être
intégré à travers une étude PK/PD (pharmacokinetic/pharmacodynamic) ce
qui permettrait d’étudier de façon quantitative la relation dose-concentration-
effet du traitement sur la voie ERK. D’un point de vue mathématique, cela
consisterait à ajouter au modèle d’autres EDO non-linéaires en fonction du
mode d’administration (oral ou intra-veineuse).

Suite aux simulations numériques en 2D et en 3D du quatrième chapitre,
nous avons observé que les solutions du modèle n’étaient pas perturbées par la
morphologie cellulaire et le terme de diffusion. Une meilleure prise en compte
de ces caractéristiques est essentielle afin de s’assurer du comportement de
la voie ERK in vivo. Pour cela, nous pourrions considérer les différentes
structures de la cellule comme la membrane, le cytoplasme, le noyau ou
encore la matrice extra-cellulaire. Aussi, le coefficient de diffusion est calculé
à partir de la relation de Stokes-Einstein D =

kT

6⇡µr

où k la constante de
Boltzmann, T la température, µ la viscosité dynamique du fluide et r le
rayon de la cellule. Une alternative interessante serait de tenir compte de la
porosité P et de la tortuosité ⌧ du milieu avec la relation D'P

⌧

.

Nous introduisons ici une nouvelle perspective de modélisation de la voie
ERK. Les voies de signalisation sont connues pour avoir un fonctionnement
très complexe qui reste difficile à appréhender. Des processus biologiques
inconnus et extérieurs à la voie ERK contribuent à sa régulation. Pour cette
raison, nous proposons un modèle incluant une partie stochastique décrivant
cette contribution. On considère alors le système d’équations différentielles
stochastiques suivant

du(t) =
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u,0 + V
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127



6.2. Perspectives mathématiques

Théorème 5.1 [Oks95] Soient u
0

and v
0

deux variables aléatoires non nulles
dans L2

(⌦). Alors il existe une unique solution (u, v) dans L2

(0, T )⇥L2

(0, T )

pour le problème différentiel stochastique (6.1)-(6.3).

Contrairement au modèle en espace, on peut montrer que ce système peut-
être déstabilisé dès lors que la dérive stochastique est élevée [MAR08].

Les simulations in silico du modèle ont été réalisées à l’aide du schéma
d’Euler-Muryama (Algorithm 5) pour chaque lignée cellulaire. Elles sont
présentées dans les figures 6.1-6.2. Le choix du nombre de simulations des
processus stochastiques u et v a été fixé à 1000 afin de pouvoir obtenir une
bonne approximation de la probabilité que la solution du système tende vers
un état d’équilibre. Concernant les paramètres du système, le choix a été
fait comme précédemment : ↵ = 3.5, V

u,0

= 0, V
u,1

= K
u,1

= V
u,2

= K
u,2

=

K
u,3

= 1, u = 2, V
v,0

= 0, V
v,1

= K
v,1

= K
v,2

= 1, v = 2 et la valeur du
paramètre V

v,2

a été fixée à 1 pour la lignée résiliente.

On note que lorsque la dérive stochastique est grande (5Id), le comporte-
ment des cellules résilientes est proche du comportement de la lignée sensible
puisque l’espérance de v est proche de 0 sauf en certains points, où les cel-
lules présentent une dynamique caractéristique des lignées résistantes (Fig.
6.2). En effet, on observe des pics allant jusqu’à plus de 1. Lorsque la dé-
rive stochastique est petite, le comportement des cellules peut être différent
des cellules résilientes dans le cas déterministe. Néanmoins, le comportement
reste en moyenne assez proche du cas déterministe.

Algorithm 5 Euler-Muryama
Given u

0

, v
0

and N 2 N⇤.
for n = 1 to N do
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Figure 6.1 – Evolution en temps des solutions pour la lignée cellulaire rési-
liente (V

v,2

= 1) en fonction du processus de Wiener.
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Figure 6.2 – Evolution en temps de l’espérance de v pour la lignée cellulaire
résiliente (V

v,2

= 1) avec 0.5Id et 5Id pour la dérive stochastique.

6.3 Perspectives cliniques
Actuellement, la place du sorafénib dans le traitement du carcinome hépato-
cellulaire à un stade avancé est remise en cause [KFea18,BBea17]. Une étude
clinique récente de phase III rapporte que les patients sous lenvatinib ont
eu une survie sans progression tumorale supérieure à celle du sorafénib (7,4
vs 3,7 mois). Le lenvatinib est un inhibiteur de plusieurs récepteurs RTKs,
en particulier des récepteurs des facteurs de croissance dérivé des plaquettes
(PDGF), de l’endothélium vasculaire (VEGF) et des fibroblastes (FGF). Il
serait intéressant de pouvoir proposer à l’aide de la modélisation mathé-
matique un protocole optimal de traitement de première ligne incluant le
lenvatinib et le tramétinib en recherchant l’administration optimale de ces
deux inhibiteurs.
Par ailleurs, notre modèle reste limité à la voie de signalisation Ras-Raf-
MEK-ERK. On sait que le carcinome hépatocellulaire survient majoritaire-
ment après une cirrhose du foie (75 à 80% des cas) mais cette information
n’a pas été prise en compte dans le modèle. D’autres voies de transduction
du signal en interaction avec la voie Ras-Raf-MEK-ERK et sur lesquelles on
aurait un contrôle par le biais d’un traitement pourraient être aussi incluses
dans le modèle. Par exemple, on pourrait inclure la voie de signalisation
PI3K/AKT qui est connue pour contribuer à la résistance des cellules au
sorafénib [NLea17,ZZea17]. Pour cela, des données relatives à cette voie se-
raient nécessaires.
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Notre modèle pourrait être couplé à d’autres types de thérapies (radiothé-
rapie et/ou immunothérapie) afin d’évaluer l’efficacité de multithérapie sur
le CHC. Des travaux sur l’intérêt de l’immunothérapie dans le contexte du
CHC offre une nouvelle piste thérapeutique prometteuse. Le modèle que nous
avons construit pourrait être également appliqué dans d’autres types de tu-
meurs afin d’améliorer la compréhension de leur formation et leur prise en
charge thérapeutique. Par exemple, dans le cas du glioblastome (un type de
tumeur cérébrale), le couplage de notre modèle de la voie Ras-Raf-MEK-ERK
avec le facteur de transcription tumoral p53 pourrait apporter une nouvelle
piste thérapeutique pour contrôler la tumeur.

Les études que nous relatons apportent la preuve de principe que la modé-
lisation mathématique permet d’étudier le fonctionnement dynamique des
voies de transduction oncogéniques, et que cette information est utile afin
d’identifier des modalités de ciblage thérapeutique qui soient optimisées. Dé-
sormais, un objectif essentiel de la modélisation mathématique consiste en la
conception d’outils qui permettront d’apprécier, pour chaque patient, cette
organisation dynamique et de reconstruire in silico le réseau de transduction
oncogénique qui lui est propre, ceci dans l’optique du développement d’une
médecine personnalisée et prédictive [YQER15]. Il est donc important, après
l’étape préclinique, d’envisager désormais des études clinico-biologiques. Ceci
suppose d’appliquer la modélisation établie dans les lignées de cellules, aux
réseaux de transduction du signal présents dans les tumeurs des patients,
à partir des données biologiques accessibles dans le contexte clinique. Ces
données sont souvent limitées, notamment parce qu’elles nécessitent la réa-
lisation de biopsies. Les mathématiques offrent des solutions pratiques à
cette limitation. Une étude récente montre comment il est possible de ti-
rer parti des stratégies mathématiques d’optimisation combinatoire pour ex-
ploiter les données de phospho-protéomique obtenues à partir de biopsies de
glioblastomes [TMPea16] : associée aux connaissances préexistantes des ré-
seaux d’interaction entre protéines, et avec un nombre limité de marqueurs
analysés, la modélisation a permis de reconstruire in silico les voies de trans-
duction activées dans ces tumeurs [TMPea16]. Un deuxième objectif essen-
tiel consistera à valider le caractère prédictif des modèles mathématiques,
en les comparant notamment aux analyses « classiques », centrées sur les
éléments isolés constituant les réseaux modélisés [FHea15]. A long terme,
modéliser en clinique les voies de transduction oncogénique devrait contri-
buer à favoriser l’émergence de l’oncologie prédictive [YQER15]. L’utilisa-
tion des modèles mathématiques permet l’intégration de données obtenues
à différents niveaux. L’oncologie prédictive repose ainsi sur la conception
de larges modèles multi-échelle, qui combinent la modélisation mathéma-
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tique des voies oncogéniques, et celle décrivant les interactions entre clones
cellulaires [MTAea14,ACRea14,CLLea15,BRRea15], avec des aspects spéci-
fiques, comme la pharmacocinétique/pharmacodynamique des médicaments
[BCLea16]. Au final, la modélisation mathématique constitue une piste pro-
metteuse pour optimiser les recherches biologiques et faciliter la transposition
en clinique des connaissances qui en sont issues.
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Notations

Liste des abbréviations
DUSP : Dual-specificity phosphatases
EGFR : Epidermal Growth Factor Receptor
ERK1/2 : Extracellular signal-Regulated Kinase 1/2
HCC : Hepatocellular carcinoma
IGF1-R : Insulin-like Growth Factor 1 Receptor
IR : Insulin Receptor
MEK : derived from MAPK-ERK Kinase
ODE : Ordinary Differential Equations
PP2A : Protein Phosphatase 2A
RTK : Receptor Tyrosine Kinase
VEGF : Vascular Endothelial Growth Factor
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Modélisation dynamique de la voie RAS-RAF-MEK-ERK dans les cellules du carcinome

hépatocellulaire exposées au sorafénib

Le carcinome hépatocellulaire (CHC) est la forme la plus fréquente du cancer primitif du foie. Il ap-
paraît majoritairement comme une complication de la cirrhose du foie chez les patients exposés à des
agents toxiques (alcool, virus hépatiques).

L’étude du ciblage thérapeutique des voies oncogéniques apporte de nouvelles perspectives sur des traite-
ments anticancéreux, plus efficaces et mieux tolérés par les patients. Une voie oncogénique est retrouvée
activée dans presque tous les types de tumeurs. Il s’agit de la voie RAS-RAF-MEK-ERK. La compréhen-
sion de sa régulation reste encore mal connue à ce jour. Le sorafénib est prescrit comme un inhibiteur
des kinases RAF dans les stades avancés du carcinome hépatocellulaire. Son efficacité est relative puis-
qu’il prolonge la survie de certains patients de quelques mois. De plus, il semblerait qu’il n’apporte pas le
même bénéfice clinique chez tous les patients. Aucun biomarqueur prédictif de son efficacité n’a été mis
en évidence à ce jour, ce qui rend la personnalisation de sa prescription impossible.

Cette thèse fournit une étude des modalités de régulation de la voie RAS-RAF-MEK-ERK dans le CHC à
travers la modélisation mathématique. Cette approche novatrice permet d’améliorer la compréhension du
comportement de réseaux biologiques sans approche réductionniste. Elle est également un outil d’explora-
tion non invasive in silico pour ainsi éclairer la recherche pharmacologique et la personnalisation médicale.

L’objectif est de construire des modèles mathématiques en vue de mieux comprendre l’action du traitement
anticancéreux sur les réseaux de transduction du signal de la voie RAS-RAF-MEK-ERK, et d’apporter de
nouvelles perspectives sur le ciblage thérapeutique. Les grandes étapes du travail consistent à :

— Créer des modèles mathématiques, basés sur des équations différentielles décrivant la cinétique de
Michaelis-Menten et la loi d’action de masse.

— Développer des codes numériques en python pour la simulation numérique de ces modèles.
— Explorer différents scénarios in silico de perturbations de la voie et de personnalisation des trai-

tements.
— Proposer et mettre en place des leviers d’action in vivo.

Mots-clés : voie RAS-RAF-MEK-ERK, cancer primitif du foie, modélisation dynamique, équations dif-

férentielles, estimation de paramètres, stratégie thérapeutique.

Dynamical modelling of the RAS-RAF-MEK-ERK pathway in the hepatatocellular car-

cinoma cells exposed to sorafenib

Hepatocellular carcinoma (HCC) is the most common form of primary liver cancer. It appears mainly
as a complication of cirrhosis of the liver in patients exposed to toxic agents (alcohol, hepatic viruses).

The study of therapeutic targeting of oncogenic pathways brings new perspectives on cancer treatments
that are more effective and better tolerated by patients. An oncogenic pathway is found to be activated
in almost all types of tumors. This is the RAS-RAF-MEK-ERK path. The understanding of its regulation
is still poorly known today. Sorafenib is prescribed as an inhibitor of RAF kinases in the advanced stages
of hepatocellular carcinoma. Its effectiveness is relative since it prolongs the survival of certain patients
by a few months. Moreover, it seems that it does not bring the same clinical benefit to all patients. No
biomarker predictive of its effectiveness has been highlighted to date, which makes the customization of
its prescription impossible.

This thesis provides a study of the modalities of regulation of the RAS-RAF-MEK-ERK pathway in
HCC through mathematical modelling. This innovative approach improves the understanding of the be-
havior of biological networks without a reductionist approach. It is also a non-invasive in silico exploration
tool to inform pharmacological research and medical personalization. The aim is to build mathematical
models to better understand the action of cancer therapy on RAS-RAF-MEK-ERK signal transduction
networks, and to bring new perspectives on targeting therapeutic.

The main stages of the work consist in :
— Creating mathematical models, based on differential equations describing the kinetics of Michaelis-

Menten and the mass action law.
— Developing numeric codes in python for the numerical simulation of these models.
— Exploring different in silico scenarios of channel disruption and customization of treatments.
— Proposing and implementing in vivo levers of action.

Keywords : the RAS-RAF-MEK-ERK pathway, primary liver cancer, dynamic modelling, differential

equations, parameter estimation, therapeutic strategy.
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