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0.1 Résumé en francais de la these

Nous déterminons dans cette these I'image des groupes de Artin associés a des groupes de
Coxeter irréductibles dans leur algebre de Iwahori-Hecke finie associée. Cela a été fait en type
A dans [11] et [12]. Dans le cas générique, la cloture de Zariski de I'image a été déterminée
dans tous les cas [34]. L’approximation forte suggere que les résultats devraient étre similaire
dans le cas fini. Il est néanmoins impossible d’utiliser 'approximation forte sans utiliser de
lourdes hypotheses et limiter I'étendue des résultats. Nous démontrons dans cette these que
les résultats sont similaires mais que de nouveaux phénomenes interviennent de par la com-
plexification des extensions de corps considérées. Les arguments principaux proviennent de la
théorie des groupes finis. Nous utiliserons notamment un Théoreme de Guralnick et Saxl [23]
qui utilise la classification des groups finis simples pour les représentations de hautes dimen-
sions. Ce théoreme donne des conditions pour que des sous-groupes de groupes linéaires soient
des groupes classiques dans une représentation naturelle. En petite dimension, nous utiliserons
la classification des sous-groupes maximaux des groupes classiques de [9] pour les cas les plus
compliqués.

Les résultats que nous démontrons peuvent avoir diverses applications. Par exemple, des
groupes classiques finis ou des produits directs de groupes classiques finis apparaissent comme
des quotients finis des groupes de Artin. Ces derniers sont des groupes fondamentaux de variétés
algébriques donc cela définit des recouvrements finis de ces variétés qui peuvent étre intéressant.
Comme ces variétés sont définies sur le corps des rationnels Q, cela peut avoir des applications
au probleme de Galois inverse (voir par exemple [43] pour un exemple en type A,).

Ces résultats sont aussi intéressants du point de vue des groupes finis classiques. En effet,
nous obtenons des générateurs explicites de ces groupes vérifiant les relations de tresses. Cela
entraine des constructions intéressantes de ces groupes et de certains de leurs sous-groupes
en s’intéressant a la restriction a des sous-groupes de Artin paraboliques. Nous obtenons par
exemple une desciption intéressante du group Sping (¢) a l'aide des deux représentations de
dimension 8 en type Hy (voir section 8.4).

Dans cette these, nous donnerons tout d’abord dans la section 2.1 une introduction aux
groupes de Coxeter, aux groupes de Artin et aux algebres de Iwahori-Hecke. Nous rappelerons
la classification des groupes de Coxeter finis. Il y a quatre familles infinies A,,, B,,, D,, et I3(n).
Les groupes restant sont les groupes de Coxeter finis exceptionnels et sont noté Eg, Fr, Eg, Fy,
Hj et Hy. lls correspondent tous a des objets géométriques et ont été classifiés en utilisant des
argument géométriques par Coxeter en 1932 [15]. Nous expliquerons ensuite comment définir
les algebres de Iwahori-Hecke dans un cadre général avant de donner des définitions plus précises
sur les corps finis dans le chapitre correspondant a chaque type. Nous donnerons a la fin de
cette section une idée des modeles pour les représentations irréductibles de ces algebres.

Nous donnerons ensuite dans la section 2.2 des rappels sur les algebres symétriques et les
élements de Schur. Les éléments de Schur sont des outils qui permettent d’avoir un controle sur
la semi-simplicité des algebres symétriques. Les algebres de Hecke sont des algebres symétriques
et leurs éléments de Schur dans le cas générique ont été déterminés dans tous les cas dans [20].
Nous démontrerons apres ces rappels une version du Théoreme de déformation de Tits. Nous
utiliserons cette version du théoreme de Tits dans les différents chapitres pour montrer que
sous les bonnes conditions sur les parametres et la caractéristique du corps fini, nous pouvons
spécialiser les modeles matriciels issus du cas générique aux corps finis F,. Les algebres de
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Iwahori-Hecke seront alors semi-simples déployées et serons donc isomorphes a & M, (q).
p irr
Nous pourrons alors considérer le groupe multiplicatif Ay, =< S1,5,,...,5, > comme sous-

groupe des éléments inversibles de 1'algebre < S, 5,,...,5, >. Ce groupe sera donc un sous-

groupes du produit [] GL,,(q). Nous déterminerons a quoi ce groupe est isomorphe dans les
irr

différents types. ’

Dans la section 2.3, nous rappelons le théoreme de Aschbacher [4] sur les sous-groupes
maximaux des groupes classiques finis. Il définit dans ce théoreme 8 classes de sous-groupes
géométriques noté C;. Nous rappelons dans cette section une description rapide de ces classes.
Nous donnerons ensuite des théorémes qui permettent d’identifier les groupes classiques finis
sous certaines conditions. Nous utiliserons ces théoremes afin de déterminer I'image du groupe
Ay, dans les diverses représentations irréductibles des algebres de Hecke sur les corps finis ou
Aw.. est le groupe dérivé de Ay, .

Dans le chapitre 3, nous déterminons I'image du groupe Apg, dans son algebre de Iwahori-
Hecke associée. Nous définissons d’abord l'algebre de Iwahori-Hecke finie sur le corps F(a, ).
Les représentations irréductibles en type B, sont indexées par des doubles-partitions de n.
Les parametres « et [ correspondent aux déformations de la relation d’ordre 2 des groupes
de Coxeter dans les algebres de Iwahori-Hecke finies. Il y a deux parametres en type B, car
les générateurs ne sont pas tous conjugués. Nous devons alors considérer ’extension de corps
F,(a, B) au-dessus de F (o + o™, 8+ 57!). Les doubles-partitions avec une composante vide
nous donne les mémes résultats qu’en type A,,. Ces résultats dépendent de ’extension de corps
F,(c) au-dessus de F,(a+ a~!). Nous devrons alors distinguer les différents cas possibles pour
ces extensions de corps. Cela donne 6 possibilités et les résultats pour I'image de Ap, sont
alors différents. La preuve est dans tous les cas basée sur une récurrence ou nous déterminons
I'image pour n < 5 de diverses manieres en regardant les représentations irréductibles une a une.
Nous déterminons aussi les différentes factorisations (Proposition 3.2.4) entre les représentations
suivant les doubles-partitions qui les indexent. Ces factorisations dépendent des extensions de
corps considérées et permettent de deviner quelle sera I'image de Ap, . Nous montrons ensuite
par récurrence que le résultat annoncé est bien correct. Nous démontrons que les hypotheses
du Théoreme 2.3.2 sont vérifiées par p(Ap,) pour chaque représentation irréductible p. Nous
donnons ci-dessous le résultat pour ce type dans le cas le plus simple et un des cas les plus
compliqués.

Notons Ay, = {(A\1,0), A1 Fn}, As, = {(0,X2), Ao F n}, Ay = A1, U Ay Ae, = {(0,0) €
A, A1 pas une équerre}, €, = {\F-n, A ¢ A, A pas une équerre}, F; = F, (o).

Théoréme 1. Si F, = F (o, ) = Fy(a+ a8+ 71 et Fpla) = Fy(a + a™t), alors le
morphisme : Ap, — Hy .5~ I GL()\) se factorise a travers le morphisme surjectif
Y A-bn

q)l,n : ABn — SLn—l(q) X H SL”A(Q) X H OSP(/\)/X

(A1,0)EAen M <N (A1,0)€Aen M=),
1 1

SLu(q)* x [I SLu(@)x [ OSP().

ACen AN AEen A=)

Théoréme 2. SiF, =F,(a,8) =F,(a+a1,8) #F,(a,+ ") =Fla+a,0+571) et

Fy(a) = Fy(a + a™h), alors le morphisme Ap, — Hp, .5~ /\EnGL()\) se factorise d travers
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le morphisme surjectif

B s Ap, — SLy1(G) % I SLu(d) % [I  0SP(\x

(A,0)EAen, A1 <N, (A1,0)EAen A=),

SLn(q) ¥ 11 SLn, (q) X I1 SLy (q2)x

A€en, AN A< (N, M), A% (A2, A1) AEen AN A=(A2,A1)

I1 SU,, (q?) x 11 OSP()\) x II OSP()).

A€en AN A=(N},\}) A€en A=X A< (N, \)) A€en A=N A=(X},\})

Dans le chapitre 4, nous déterminons I'image du groupe Ap, dans son algebre de Iwahori-
Hecke associée. Ici, I'algebre est définie sur le corps F,(c) ott o correspond au parametre de
déformation de la relation d’ordre 2. Il n’y a qu’un seul parametre car tous les générateurs
sont conjugués. Cela rend les extensions de corps plus simples car il suffit de considérer FF,(«)
au-dessus de F,(«). Il faut utiliser la Proposition 2.2.4 pour montrer que la spécialisation de
cette algebre est semi-simple déployée dans le Théoreme 4.1.1.

Les représentations sont encore indexées par des doubles-partitions de n. Il y a dans ce
cas-1a un isomorphisme naturel entre la représentation indexée par la double-partition (Ay, Ay
et la représentation indexée par la représentation indexée par la double-partition (Ag, A1) car
l'action sur le double-tableau (Ty,Ty) correspond a l'action sur le double-tableau (Ty,Ty).
Les représentations indexées par des doubles-partitions de type (A1, A;) ne sont alors plus
irréductibles, elles se scindent en deux représentations irréductibles de méme dimension que
I'on note (A, A1,+) et (A1, A1, —). La régle de branchement est ainsi plus complexe et est
donnée ci-dessous.

Lemme 1. Soit n > 5 et (A, u) IF n, A > p. On a alors :

Z. Si T\ > nu _I— 1; a/ZOTS V)‘HU‘IHanlﬁa = @ Vj\nﬁ“.

2. 8iny=n,+1etpg A\ alors

Vi, o = (BVas) ® (@V5,) ® (DV,.5)-

3. Siny=mn,+1 et puCA, alors

V)‘7/J‘|HD,,1_1,Q = (@VA»[J') @ (@VS\,M) @ (@VM,S\> @ V,U,,,U,;F @ Vl"’l"af'
AiCu ACA ACA
A>p A<p

4. Siny=mn, et X\>p, alors Vayn, = (@ W) ®(DV,5)
PCp ACA

5. Si A= M, alors VAv)\’JF‘HDn_l,a = V)\J\,*\HDn_l,a = NEB V)\jﬂ.
BCh
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Cette regle de branchement permet de faire un raisonnement par récurrence comme dans
le chapitre 3. Il faut alors traiter déterminer I'image de Ap, dans l’algebre de Iwahori-Hecke
associée. On utilise pour cela les résultats de [12] et les classifications des sous-groupes maxi-
maux de certains groupes classiques sur des corps finis. La reégle de branchement et le lemme
de Goursat permettent d’obtenir le résultat suivant.

On écrit ALn = {(/\17 @), )\1 F n}, Agm = {(@, )\2), )\2 F n}, An = Al,n U Agm et
€n = {\ IF n, A not a hook}

Théoréme 3. SiF, =F,(a) =F,(a+ a™') et n est impair, alors le morphisme de Ap, dans
Hp, o= I GL,,(q) se factorise a travers le morphisme surjectif
’ A-Fn

)\1>/\2

Oyt Ap, — SLy—1(q) X SLy(q) X H SLy, (q) x H OSP(\).
A€en, A>p(X) A€en A=p(X)
A1>A2 nx>ny

SiFy; =Fy(a) = Fyla+a') et n =0 (mod 4), alors le morphisme de Ap, dans Hp, , =~

[T GL,, (F,) x [l GL,, (q) xGL,, (q) se factorise a travers le morphisme surjectif
)\)\H—;\z A=(A1,M1)Fn ’ '
1>A2

Py Ap, = SLu1(q) X SLu(q) x [ SLay(@)x ][ OSP(\)'x

AEen A>p(N) A€en, A=p(X)
)\1>)\2 >\1>)\2
[I Sim@®x II 0SP(+™
)\:()\1,)\1)Een )\:()\1,)\1)6671
A>p(A) A=p(A)

SiFq = Fpla) = Fpla+a™') et n = 2 (mod 4) alors le morphisme de Ap, dans Hp, , ~

1 GL,,(F,) x [1 GL,,  (q) xGLy, (q) se factorise d travers le morphisme surjectif
A,\#k; A=(A1,A1)Fn ’ '
1>A2

Byt Ap, = SLu1(q) x SLo(q) x  [[  SLu(e)x [[ OSP(Ox

AEen, A>p(N) A€en, A=p(A)
A1> A2 A1> A2
II SLm@*x I SLu(a)
A=(A1,\1)€E€n A=(A1,\1)€Een
A>p() A=p()

Dans tout ce qui précéde, OSP(X) désigne le groupe des isométries de la forme bilinéaire définie
en Proposition 4.1.3.

Le résultat correspondant dans le cas F, = F,(a) # F,(a + a™') est similaire. Les groupes
spéciaux linéaires sont alors remplacés par des groupes unitaires et les groupes symplectiques
et orthogonaux sont définis sur des corps plus petits. Le résultat est donné dans le théoreme
4.2.3. Cela conclut I’étude pour les cas classiques.

La seule famille infinie restante et la famille I(m), m > 5. Dans le cas m impair, les deux
générateurs du groupe de Coxeter sont conjugués. Dans le cas m pair, ils ne le sont et on a donc
deux parametres pour l'algebre de Iwahori-Hecke. On sépare donc I’étude dans le chapitre 5 en
deux sections suivant la parité de m. Dans les deux cas, les représentations irréductibles sont de
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dimension 1 ou 2. Nous déterminons dans les théoremes 5.1.2 et 5.2.2 alors I'image de p(Ap,(m)
pour les représentations irréductibles de dimension 2 en utilisant le Théoréeme de Dickson (voir
[27] Théoreme 8.27) qui classifie les sous-groupes de SLy(q). La difficulté principale pour ces
types provient des différentes factorisations possibles et de 1’étude des extensions de corps
lorsque m est pair. Les différentes extensions de corps sont décrites dans les Figures 5.1 a 5.7.
Pour étudier les factorisations possibles, il faut introduire une relation d’équivalence sur les
entiers. Elle est donnée dans les lemmes suivants qui dépendent de la parité de m.

Lemme 2. Supposons m impair et & = 67 + 6077 o1 0 est une racine primitive m-iéme de
Vunité dans F,. Soit j,1 € [1, 2% I existe un automorphisme ¥, ; de Fy, = F,(a,& +£77)
qui vérifie Uy ;(a+a ) =a+a ™t et U (&0 + 7)) = 4 €71 si et seulement si il existe r € N
tel que jp" =1 (mod m) ou jp" = —I (mod m) et (a +a )P =a+a

On dit que j ~ | si une de ces conditions est vérifiée. Cela définit une relation d’équivalence
et lorsque j ~ 1, on a PUA L ) = U, ;o0 Pil ALy (my -

Lemme 3. Supposons m pair et £ = 67 + 6077 01 0 est une racine primitive m-iéme de 'unité
dans F,. On dit que j ~ 1 si Fyla+a 1,8+ 71&) =~ Fla+at, 5+ 714E) et il existe
®; € Aut(Fy,) tel que @j(a+a ) =a+a™), @ (B+57") =0+ et ®;,(§) =&. Cela
définit une relation d’équivalence et si j ~ [ alors ®;; 0 PilAryimy = PUAL () -

On a alors les théorémes suivants

Théoréme 4. Supposons m impair et que v vérifie les conditions données au début de la section
5.1. Pour j € [1,7], on pose G; = SLs(q;) si Fy, = Fp(o, 7 +077) = Fp(a+ o, 07 + 677)

1 A , , ,
et G~ SUs(q}) si Fo, =Fp(a, 0/ +077) #Fp(a+a 07 +677).
On a alors que le morphisme de Ar,(n) dans Hy,, , =~ GLi(g))* x II GLa(g;) se
’ jel =
factorise a travers le morphisme surjectif

D . A[z(m) — H Gj.
JELL 2]/~

Théoréme 5. Supposons m pair et que o et 3 vérifient les conditions données au début de la

section 5.2. Pour j € [1, mT*Q]], on pose G; = p;i([< T, Ts >, < T}, Ts >]) .

On alors que le morphisme de A,y dans 1y, , =~ GLi(q;)*x I1 GLa(gj) se factorise
’ jel =
par le morphisme surjectif
D . Alg(m) — H Gj.

jell, 252]/~

Cela conclut I'étude pour les familles infinies de groupes de Coxeter finis irréductibles. Il
reste ensuite a traiter les groupes de Coxeter exceptionnels. C’est a dire les algebres de Hecke
associées aux groupes de Coxeter de type Fg, E7, Eg, Hs, Hy et Fy. Les représentations pour ces
algebres de Hecke sont données par des W-graphes. Nous décrivons ces objets dans le chapitre
6. La définition est la suivante. Soit W un

Définition 1. Soit W un groupe de Coxeter, K' son corps de définition, H son algébre de
Twahori-Hecke de paramétres (as)ses et K = K'((as)ses). Pour X un ensemble, on note
D(X) = {(xz,x),z € X} sa diagonale. Un W-graphe I est la donnée d’un triplet (X, I, pn) tel
que
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1. X est un ensemble et I est une application de X dans P(5),

2. p est une application de (X x X \ D(X) x S) dans K stable par Uinvolution du corps K

. . 1
qut envoie /g sur Qg .

Soit V' le K'((as)ses)-espace vectoriel de base (ey)yex. Pour tout s € S, on définit
ps V=V par

ey —ey if s e 1(y),
ey Fr Oy + > asps er ifs ¢ 1(y).

zeX,sel(x)

3. L’application Ts — ps est une représenation de H.

On sait qu’un tel W-graphe existe pour n’importe quel représentation irréductible d’une al-
gebre de Iwahori-Hecke [24]. Dans le chapitre 6, nous donnons des propriétés sur les représenta-
tions qui peuvent se déduire de ces modeles. La 2-colorabilité est une notion qui intervient dans
plusieurs propositions de ce chapitre. Les W-graphes 2-coloriables dans le cas des parametres
égaux ont été classifié par Gyoja (Voir la remarque apres le Théoreme 6.1). Les notions de
W-graphe dual de [20] et de représentation auto-duale sont données dans la Proposition 6.4 et
la Définition 6.3. Le théoréeme principal de cette section est le suivant

Théoréme 6. Soit I' = (X, I, u) un W-graphe associé a une représentation irréductible de H
tel que T soit 2-coloriable et tel que I" soit isomorphe en tant que graphe orientée pondéré au
graphe (X, I, —fi).

Soit ¢ : X — X lUautomorphisme de graphe de T' dans (X, I, —[) et T1,Ta,...,T, une
numérotation de X telle que o(x;) = Tpi1_;-

Soit (.,.) la forme bilinéaire définie par < ey, ey, >= w(es,)dint1-j, 0% w est un coloriage
de I’ par 1 et —1.

On a alors
Vs € S) vv17v2 € V7 <pF(Ts)U17pF(TS)U2> = _OZ<’U1,’U2>.

Cette forme bilinéaire est non-dégénérée et elle est symétrique si w(xi)w(z,) = 1 et anti-
symétrique si w(xy)w(x,) = —1.
La représentation associée est alors auto-duale.

On dit ensuite qu'un W-graphe auto-dual est un W-graphe vérifiant les propriétés du
Théoreme précédent. Cette propriété est vérifiée par certains W-graphes associés a des représen-
tations irréductibles auto-duales des algebres de Hecke mais pas par tous. Les W-graphes
n’étant pas unique pour une représentation donnée, on établit la conjecture suivante.

Conjecture 1. Soit W un groupe de Coxeter. Pour toute représentation irréductible auto-
duale, il existe un W-graphe auto-dual défini sur K assoicé cette représentation. Si il existe
un W-graphe I' défini sur K' associé a la représentation alors il existe un W -graphe auto-dual

IV associé a la représentation et une matrice M € GL|x|(K) telle que pour tout h € Hg,

Mpr(h)M~" = pr:(h).

La deuxieme partie de la conjecture est formulée uniquement dans l'optique de montrer la
premiere partie de la conjecture. Afin d’utiliser cette deuxieéme partie, nous montrons deux con-
ditions restrictives pour deux W-graphes soient associés a la méme représentation irréductible
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dans les Propositions 6.2 et 6.3. Nous avons ensuite démontré par des calculs avec la plateforme
de calcul HPC MatriCS [1] la conjecture pour les types Eg, Fr, Fg, Hs et Hy. Les W-graphes
auto-duaux obtenus peuvent étre téléchargés sur [17].

Les résultats du chapitre 6 permettent d’étudier les types exceptionnels. Dans le chapitre
7, nous déterminons I'image de Ag,, Ag, et Ag, dans leur algebre de Iwahori-Hecke associée.
Le groupe de Artin Ap,. s’injecte naturellement dans le groupe de Artin Ag,. Cela permet
d’utiliser les résultats du chapitre 4 pour appliquer un raisonnement par récurrence.

Nous montrons dans un premier temps en utilisant la Proposition 2.2.4 et les éléments de
Schur des algebres de Iwahori-Hecke dans le cas générique que ces algebres de Iwahori-Hecke
sont semi-simples déployées apres spécialisation sous les bonnes conditions sur les parametres
de l'algebre.

Dans la section 7.1, nous utilisons le Théoréme 2.3.2 et les Théoreme 4.2.2 et 4.2.3 pour
déterminer 'image de Ag, dans chaque représentation irréductible de ’algebre de Iwahori-Hecke
HEg . Les W-graphes auto-duaux obtenus et disponibles sur [17] permettent de déterminer
quel type de forme bilinéaire est préservée par les p(Ag,) pour les représentations irréductibles
auto-duales. Les nouveaux FEjg-graphes auto-duaux de dimension 10 et 20 sont donnés dans
la section 10.4. On voit sur ces figures que l'opération de symétrie sur les graphes inverse les
couleurs, les formes bilinéaires associées sont donc anti-symétriques. C’est le cas pour toutes
les représentations irréducibles auto-duales en type Eg. On utilise enfin le Lemme de Goursat
(Lemme 3.3.1) pour récupérer I'image totale dans 'algebre de Iwahori-Hecke Ag, 4.

Théoreme 7. Si F; = Fy(a) = Fy(a + a™'), alors le morphisme de Ag, dans My, =~
II GL,,(q) se factorise a travers le morphisme surjectif
p 1T

D : AE’(; — SL@(Q) X SPlO(Q) X SL15<(])2 X SLQ(](Q) X SPQ()(Q) X SL24<C]) X SLg[)(Q)

XSPG()(Q) X SL60(q) X SL64(q) X SPgQ(q) X SLSl(q) X Spgo(q)

Si Fy = Fp(a) # Fpla +a™t), alors le morphisme de Ag, dans Hp, , ~ I GLy,(q) se
p AT
factorise a travers le morphisme

®: Ap, — SUs(q2) x SPio(q2) x SUss(q2)2 x SUso(q2) x SPao(q2) x SUss(q2) x SUsp(q?)

XSPGQ(q%) X SU@()(Q%) X SU64(C]%) X SPBO(q%) X SUgl(q%) X SPQO(Q%)

Dans la section 7.2, nous utilisons les résultats montrés dans la section 7.1. Il n’existe
aucune représentation irréductible auto-duale de Hg, o. Ainsi, il n’y a aucune forme bilinéaire
a considérer dans ce cas-la. Le phénomene nouveau apparaissant dans le type E7 est I'existence
de deux représentations irréductibles de dimension 512 qui ne sont pas 2-coloriables. Il faut
alors considérer 'extension de corps F,(y/a) au-dessus de F,(«) et I'automorphisme de corps
d’ordre 2 associé lorsque ces deux corps sont distincts. Les factorisations possibles sont alors
déterminées en utilisant la Proposition 2.1.2 et en calculant les traces d’éléments bien choisis
a l'aide du package CHEVIE [19]. Les arguments habituels permettent alors de démontrer le
résultat suivant.
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Théoréme 8. Si F; = F,(y/a) = Fy(a + a™'), alors le morphisme de Ag, dans Hj, , =~

I1 GL,,(q) se factorise a travers le morphisme surjectif
p 1T

D : AE7 — SL?(Q) X SL15(Q) X SLQl(Q)2 X SL27(q) X SL35(Q)2 X SL56<q) X SL70(Q) X SL84(q>

X5L105(Q)3 X 5L120(Q) X SLlﬁs(Q) X SL189(Q)3 X SLQlo(Q)2 X SLQlﬁ(Q) X SLQSO(C])2

X SL315(q) X SLsss(q) X SLars(q) X SLaos(q) X SLazo(q) X SLs12(q).
Si Fp(va) # F, = Fy(a) = Fy(a + a™t) alors le morphisme de Ag, dans Hiro =
II GL,,(q) se factorise a travers le morphisme
p T

(O3 AE7 — SL7<(]) X SL15(q) X SLQl(q)Q X SL27(q) X SL35(q)2 X SL56(q) X SL7()(q) X SL84(C]>

XSL105(Q)3 X Sleo(Q) X SLlGS(Q) X SLISQ(Q)3 X SLzlo(Q)2 X SL216(Q) X SLzso(Q)2
XSL315(Q) X SL336(Q) X 5L378(Q) X SL405(Q) X SL420(Q) X SU512(C])-
Si Fy = Fy(a) # Fyla + a™h) alors le morphisme de Ap, dans My, , ~ T] GLy,(q) se

factorise a travers le morphisme

D : .AE7 — SU7(q%) XSU15(Q%) XSUQl(q%)Z XSU27(Q%) XSU35(q%)2 XSU56(Q%) XSUm(q%) XSU84(L]%)

)2

=

XSU105(Q%)3 X 5U120(q%) X SUlGS(Q%) X SU189(Q%)3 X SU210(Q%)2 X SU216(Q%) x SUszg0(q
XSU315(CJ%) X SU336(Q%) X SU378(Q%) X SU405(q%) X SU420((1%) X SU512(Q%)-

Dans la section 7.3, nous déterminons I'image de Apg, dans son algebre de Iwahori-Hecke
associée. Les preuves se font par récurrence en utilisant les résultats de la section 7.2. La
difficulté provient principalement des dimensions des représentations irréductibles auto-duales.
La représentation irréductible auto-duale de plus haute dimension est de dimension 7168. En
utilisant la conjecture, 'obtention de la forme bilinéaire associée nécessite plus d’une semaine
de calcul. Nous avons utilisé la conjecture pour obtenir toutes les formes bilinéaires associées
aux représentations disponibles dans le package CHEVIE [19] de GAP. Une fois les formes
bilinéaires obtenues, nous avons démontré la conjecture pour chaque représentation irréductible
auto-duale. Les Eg-graphes auto-duaux obtenus sont téléchargeables depuis [17]. Cela permet
d’obtenir les formes bilinéaires correspondantes en utilisant uniquement un 2-coloriage de la
représentation. En utilisant ces résultats, nous avons démontré le résultat suivant qui conclut
le chapitre 7.

Théoreme 9. Soit A un ensemble de représentants de représentations irréductibles 2-coloriables
non auto-duales pour la relation d’équivalence p = ¢ si p = ¢’ et B l’ensemble des représenta-
tions irréductibles auto-duales.

Si Fp(va) # Fy = Fy(a) = Fpla + o) alors le morphisme de Ag, dans Hy, , ~

I1 GL,,(q) se factorise a travers le morphisme surjectif
p rr

b Ap, — HSan(q) X SLaogs(q”) x HQZP(Q)

pEA pEB
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Si Fy = Fp(yVa) = Fy(a) = Fy(a + o), alors le morphisme de Ag, dans Hp, ,

I[1 GL,,(q) se factorise a travers le morphisme surjectif
p 1T

®: Ap, — [[SLn,(q) x SLaggs(q)* x HQ;;(CI)

pEA pEB

Si Fy = Fp(a) # Fp(a +at), alors le morphisme de Ag, dans Hy, , ~ II GLn,(q)
p Urr
factorise a travers le morphisme surjectif

®: Ag, — [[SU,,(¢2) x SUsss(a?) x [ (47).

pEA peEB

Dans le chapitre 8, nous considérons 'image des groupes Ap, et Apy, dans leur algebre de

~

Se

Iwahori-Hecke finie associée. L’inclusion naturelle de Ay, 5) dans Ag, fait intervernir les résul-

tats de la section 5.1. Le corps de définition de Hs et de Hy est (@[\/5], la relation d’équivalence
définie dans la section 5.1 appliquée au cas m = 5 sera alors nécessaire pour bien distinguer les
différents cas. Il y a peu de représentations irréductibles en type Hsz. En utilisant les résultats
de la section 5.1 et les classifications de sous-groupes maximaux classiques en petite dimension

[9], nous obtenons le résultat suivant.
Théoréme 10. Supposons p ¢ {2,5} et que Uordre de o ne divise ni 6 ni 20.
1. Supposons 1 ~ 2.

(a) SiFy =Fp(Va) =Fy(a) = Fy(a+ o), alors le morphisme de Ay, dans Hj, ,

GL1(q)* x GL3(q)? x GL4(q)* x GL5(q) se factorise da travers le morphisme surjectif

P . AH3 — SL3((]2) X SL4(q) X SL5((])

(b) SiF, =TF,(va)=TF,(a) £ Fy(a+a™t) et ®15(/a) = /o ' alors le morphisme de
Ap, dans My, , ~ GL1(q)* x GL3(q)* X GL4(q)* X GLs(q) se factorise d travers le

morphisme surjectif

& Ay, — SLs(q) x SUs(q2) x SUs(q2).

(c) SiF, =F,(vVa)=Fyla) #Fyla+at) et P12(v/a) = —va ', alors le morphisme
de Ag, dans Hj;, , ~ GL1(q)* x GL3(q)* x GL4(q)* x GL5(q) se factorise d travers

le morphisme surjectif

N|—=

®: Ay, — SLs(q) x SLi(q2) x SUs(q2).

(d) SiFp =F,(vVa)#Fy(a) =F,(a+a™'), alors le morphisme de Ay, dans My,

GL1(q)* x GL3(q)? x GL4(q)* x GL5(q) se factorise a travers le morphisme surjectif

d . .AH3 — SL3(q2) X SU4(q) X SL5(q)
2. Supposons 1 ~ 2. Lorsqu’il existe, on note € l'automorphisme d’ordre 2 de IFy.

18
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(a) SiF, = F,(vVa) = F,(a) # F,(a+a™) et e(/a) = /a ', alors le morphisme de
Ap, dans My, , ~ GL1(q)* x GLs(q)* X GL4(q)* x GLs(q) se factorise d travers le

morphisme surjectif

D=

®: Ay, — SUs(q2)? x SU4(q2) x SUs(q2).

(b) SiF, =F,(Va)=F,(a) #F,(a+a ) et e(y/a) = —/a ', alors le morphisme de
Ap, dans My, , ~ GL1(q)* x GLs(q)* X GL4(q)* x GLs(q) se factorise d travers le
morphisme surjectif

O Ay, — SUg(q%)2 X SL4(q%) X SU5(q%).

L’étude en type Hj est nettement plus compliquée. De nombreuses représentations irré-
ductibles sont auto-duales. De plus, il y a quatre représenations irréductibles de dimension
16. Les Hj-graphes sont donnés dans la section 10.2 de 'appendice. Il est clair en étudiant
la symétrie des graphes auto-duaux munis d’'un 2-coloriage que les forme bilinéaires associées
sont toutes symétriques. En particulier, les deux représentations auto-duales de dimension 8
font intervenir le groupe Qg (¢). Cela complique considérablement I'étude de I'image de Ay,
au sein de ces représentations. On sépare donc ’étude de Ap, en 4 sous-sections.

Dans la section 8.2, nous démontrons que 'on a bien les propriétés voulus pour la spéciali-
sation du modele aux corps finis. Nous montrons aussi certaines propriétés générales qui seront
utiles pour I’étude de chaque représentation.

Dans la section 8.3, nous déterminons I'image de Ap, dans les représentations de dimension
inférieures a 8. Pour déterminer pg (Apg,, nous montrons que ce groupes contient un groupe
suffisament grand. Pour montrer cela, nous utilisons des preuves tres calculatoires qui font
intervenir le Théoréeme de Dickson (voir [27] Théoreme 8.27) et le Lemme de Goursat (voir
Lemme 3.3.1) a diverses reprises. Il faut alors montrer que des quantités sont non-nulles en
effectuant des opérations qui s’apparentent a des divisions euclidiennes de polynémes en «.
Certains de ces calculs ont été mis dans la section 10.3.

Dans la section 8.4, nous montrons que les représentations pg, et ps,, sont liées par la trialité.
Cela fait apparaitre une construction intéressante du groupe Sping (q).

Enfin, dans la section 8.5, nous déterminons 'image de Ay, dans les représentations de
dimensions supérieures a 9. Nous concluons la section par I'image de Ay, dans toute 'algebre
de Iwahori-Hecke. Un des cas pour la représentation de dimension 48 ne peut pas se traiter
a I'aide des arguments habituels. Nous émettons alors la conjecture 8.5.1 qui donne ce a quoi
devrait étre isomorphe pys,.(Apg,). Nous avons alors le résultat suivant qui conclut le chapitre
8.

Théoréme 11. Supposons p ¢ {2,3,5} et a d’ordre ne divisant ni 20, ni 30, ni 48.
1. Supposons 1 ~ 2 et que la conjecture 8.5.1 est vraie.
(a) SiFy =TFp(Va) =Fy(a) = Fpy(a+a™t), alors le morphisme de Ap, dans Hy, , ~

I1 Gan( F,(va, &+ £7Y) se factorise a travers le morphisme surjectif
p T

@ :— SLa(q®) x Qf (¢*) x Sping (q) x SLe(g%) x Ufy(q) x SLis(q)* x s(q) x Ufz(q)

xQ1(q)? X SLas(q) x Qio(q) x SLas(q) x Qfy(q) x U (g?).
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(b) SiF, =TF,(Va) =F,(a) £ Fy(a+a?t) et Byo(/a) = a ', alors le morphisme de
Ap, dans Hy, o ~ T GLyn,(Fy(Vo, & +E71)) se factorise a travers le morphisme
p irT
surjectif

® 1 SLy(q) x4 () x Sping (q7) X SLe(q®) x (g7 ) x SUe(q7 ) x Qg (q7) x Uy (¢7)
x1(q%)? x SUss(g2) x Qify(q2) x SUs(g2) x Qfy(q2) x Q(q?).

(c) SiF, =F,(va)=Fyla) #Fla+at) et ®12(v/a) = —/a ', alors le morphisme
de Ap, dans Hyy, . ~ I GLy,(Fy(va, E+E7Y)) se factorise d travers le morphisme
p T
surjectif

N[

® = SLa(q) x O (q) x Sping (42) x SLo(q?) x Qfy(q2) x SLig(q) x Qs (q2) x Vs (q?)

xQ31(q%)? % SUss(q2) x QU(g2) x SUss(q) x Qy(g?) x Qs (q?).

(d) SiFgz =F,(Va) # Fy(a) =Fy(a+a™), alors le morphisme de Ap, dans Hi, , =

I1 Gan( L(Va, &+ E7Y) se factorise d travers le morphisme surjectif
p irr

Pd:— SL4(q2) X Qg(qQ) x Sping (q) x SLg(qQ) x Q76(q) x SL16(q2) x Q75(q) x Qfs(q)

X Q1(q)? X SLas(q) x Qiy(q) ¥ SLas(q) x Qy(q) x Us(g?).

2. Supposons 1 ~ 2. Lorsqu’il existe, on note € l'automorphisme d’ordre 2 de IF,.

(a) SiF, =F,(Va) =Fy(a) #Fyla+al) et e(y/a) = \/5_1, alors le morphisme de
Ap, dans Hiy, =~ TI GLy, (Fp(vo, & + &71) se factorise d travers le morphisme
p AT
surjectif

ww
mw
ol
ol
1\3\)—‘

) X SU16(q

® :— SUs(q2)? x QF (¢2)% x Spingd (¢7) x SUs(q2)? x Qiy(q )2 x Oy (q2)?

xs(g2) x Qi(a7)* x SU(a7) x U(a?)? x SUss(q?) x Up(g?) x Us(a?)-

(b) SiF,=F,(Va)=Fyla) #F,(a+a™?!) et 6(\/_) = —/a ', alors le morphisme de
Ap, dans Hy, o ~ T GLy,(Fy(vVo,& +E71)) se factorise a travers le morphisme
p Urr
surjectif

=

)2 x Spind (q7) x SUs(q?)? x Qo (q7) x SLig(q) x Qfs(q2)?

)-

® :— SUy(q2)? x QF (¢

w\»—A

X (%) X Qf4(g2)* x SUss(q7) x Qy(q?)? x SUse(g2) x Q(q?) x QUix(g

Dans le chapitre 9, nous déterminons I'image de Ap, dans son algebre de Iwahori-Hecke
associée. Il y a deux injections naturelles de Ap, dans A, donc nous utiliserons les résultats du
chapitre 3 pour démontrer les résultats. Il y a deux classes de conjugaison pour les générateurs
du groupe de Coxeter de type Fy. L’algebre de Iwahori-Hecke associée dépend alors de deux
parametres o et f. Comme les représentations sont données par des Fj-graphes, les modeles
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sont définis sur F,(y/a,+/3). 1l faut alors considérer I'extension de corps F,(y/a, /) au-
dessus de F,(a+a~!, 8+ 37!). Une liste exhaustive des tours d’extensions possible permet de
démontrer que cette extension est de degré au plus 2. Toutes les extensions sont décrites dans la
section 10.5. Les Fy-graphes de [20] sont aussi rappelés dans cette section, ils sont présentés de
maniere a faire apparaitre les symétries pour les Fy-graphes associés a des graphes auto-duaux.
Nous n’avons pas démontré la conjecture dans ce cas car les propriétés d’unicité démontrés
dans les propositions 6.2 et 6.3 ne sont démontrées que dans le cas des parametres égaux. Les
représentations étant toutes de dimension associée inférieure a 16, on peut déterminer par le
calcul la forme bilinéaire associée sans émettre d’hypotheses supplémentaires. Le groupe Ap,
n’est pas parfait et cela complique considérablement les preuves dans certains cas. De plus, les
restrictions aux sous-groupes paraboliques n’apportent pas autant d’informations que dans les
chapitres précédents car la cléture normale des sous-groupes paraboliques isomorphes a Ap,
est différente de Ap,. Cela nécessite de nouveaux arguments dans ce chapitre avec des preuves
parfois plus calculatoires. Le théoreme suivant donne l'image de Ap, dans son algebre de
Iwahori-Hecke associée suivant les possibles tours d’extensions de corps considérées et conclut
le chapitre 9.

Théoréme 12. On note F; = F,(vo, V/B), Fr, =Fp(a+a™') et F,, =F,(3+ 7).
Dans les cas 1, 4, 5 et 10, le morphisme de Ar, dans H, .5~ I GLn,(G) se factorise d
p irr
travers le morphisme surjectif

P . .AF4 — (SLQ(’/’Q) o SLz(TB)) X SL4(Q)2 X Qg_(Q)Z

xSLs(q)* x SLo(q)* x Qy(q) x NUs(a).
Dans les cas 11, 12, 13 et 16, le morphisme de Ap, dans Hf, , 5~ 11 GLy,(q) se factorise a
p 1T
travers le morphisme surjectif

O : Ap, = x(SLa(ra) 0 SLay(r5)) x SUs(g?)? x xQf (q7)?
xSUs(q2)*  SUs(q2)* x (q2) x Qslg?).

Dans les cas 2, 6, 9 et 15, le morphisme de Ap, dans Hy, ,5 ~ 1] GL,,(q) se factorise a
p UTT
travers le morphisme surjectif

[OX AF4 — (SLQ(?“Q) o SL2(T5>) X SL4(Q) X XQ;(Q)

xSLs(q7) x SUs(a¥) x SLo(g) x Va(g?) x Qsla*).
Dans les cas 3, 7, 8 et 14, le morphisme de Ap, dans Hy, .5 ~ I] GL,,(q) se factorise a
p T
travers le morphisme surjectif

©: Ap, — (SLa(ra) © SLa(rs)) x SLa(q) x 24 (q)

xSLs(g) x SUs(q?) x SLo(q) x Qy(g2) x U(a?).
Pour finir, dans la section 10.1 de 'appendice, nous donnons un erratum des articles [11] et
[12]. Les résultats de ces articles sont utilisés a diverses reprises dans cette thése, notamment

dans le chapitre 3. Les résultats de ces articles sont correctes mais certaines preuves sont
imprécises ou contiennent des erreurs qui sont listés dans cette section.
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Chapter 1

Introduction

1.1 General Introduction

In this doctoral thesis, we will determine the image of Artin groups associated to all finite
irreducible Coxeter groups inside their associated finite Iwahori-Hecke algebra. This was done
in type A in [11] and [12]. The Zariski closure of the image was determined in the generic case
in [34]. It is suggested by strong approximation that the results should be similar in the finite
case. However, the conditions required to use are much too strong and would only provide a
portion of the results. We show in this thesis that they are but that new phenomena arise
from the different field factorizations. The techniques used in the finite case are very different
from the ones in the generic case. The main arguments come from finite group theory. In
high dimension, we will use a theorem by Guralnick-Saxl [23] which uses the classification of
finite simple groups to give a condition for subgroups of linear groups to be classical groups in
a natural representation. In low dimension, we will mainly use the classification of maximal
subgroups of classical groups in [9] for the complicated cases.

Our results about the image of Artin groups inside the finite Hecke algebras may have various
applications. For instance, finite classical groups and direct products of finite classical groups
appear in this way as finite quotients of the Artin groups. Since the latter are fundamental
groups of algebraic varieties, this also defines étale coverings of these varieties. Since these
varieties are defined over @, this may have applications to the inverse Galois problem (see for
example [43] or [18] for applications in type A,).

They also provide new information on the finite classical groups because we get explicit
generators verifying the braid relations for those groups. This can provide interesting con-
structions of these groups and some of their subgroups by looking at restrictions to parabolic
subgroups of the Artin groups. In particular, we get a somewhat unexpected description of the
8-dimensional spin group from the two 8-dimensional representations in type H, (see section
8.4).

We find some new W-graphs in types Hy, Fg and Eg which provide different information
from the usual ones. They are all associated in a natural way to a bilinear form which is very
complicated to obtain in the previous models. In this model, the bilinear form is obtained using
only the two-colorability and its matrix in a well chosen basis is anti-diagonal. The uniqueness
properties can probably be extended in a more general setting and understanding which setting
this is may be worth considering.
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1.2 Outline of the thesis

We will begin by giving an introduction of Coxeter groups, Artin groups and Iwahori-Hecke
algebras. We then recall some properties of symmetric algebras and show that Iwahori-Hecke
algebras are symmetric. In this section, we show a specialization result which we will use
throughout the thesis to show that under certain conditions, we can specialize the models for
Iwahori-Hecke algebras in the generic case to the finite case. We will then give Aschbacher’s
theorem [4] on maximal subgroups of classical groups and recall the different classes C; and S
which are defined in this theorem.

We will then start by determining the image of Artin groups of classical types inside their
associated finite Iwahori-Hecke algebras. The matrix models in those types are given by double-
partitions of an integer n. The general idea of the proof is then similar to the proof in type A.
The image is first determined for small n. The branching rule is then used to give an inductive
proof on n to determine the image in the general case. It is first necessary to determine which
representations factor through each other via field automorphisms or the transposed inverse
automorphism. The second parameter in type B will give rise to new factorizations which did
not appear in the generic case. We will then have to separate the study in six different cases
for the field extensions which will give different results. We get that in type B, if the fields
extensions occuring are all trivial then the image of the representations associated to partitions
of n are special linear groups defined over F, if A # A" and symplectic or orthogonal groups if
A = ). In the case when the field extensions are trivial, the only factorizations appearing are
between the representations labeled by hook partitions and between the representation labeled
by a partition and the representation labeled by its transposed partition. This is summarized in
Theorem 3.2.1. When the field extensions a more complex, we get more factorizations and we
get both unitary groups or special linear groups depending on the partition we are considering.
The result for those cases are then given in Theorem 3.2.2 to Theorem 3.2.6.

In type D, the matrix models are similar but there is only one conjugacy class for the
generators therefore the field extensions are less complicated. However, there are additional
factorizations appearing which make the branching rule more complex. The result is then
similar to the one in type B except there are more representations affording groups preserving
non-degenerate bilinear forms. The results for this chapter are given in Theorem 4.2.2 and
Theorem 4.2.3.

Those results will be useful for the groups of exceptional types because of the natural
inclusions of Coxeter groups of classical types inside the exceptional types. Before treating the
groups of type H, E and F', we will determine the image for dihedral groups and general results
and W-graphs which will give us the matrix models for those exceptional types.

All the representations are 1-dimensional or 2-dimensional in dihedral type therefore deter-
mining the images inside each given representation will not be too difficult. There is a theorem
by Dickson (see [27], Theorem 8.27) classifying the subgroups of PSLy(q) which we will use
to determine the images in those cases and for 2-dimensional representations in all types. The
difficulties will arise from the field extensions which depend on primitive roots of unity. This
will lead us to define an equivalence relation between integers. The results for I5(5) will then
be useful in type H since there is a natural inclusion from I,(5) to Hs. Since SUy(q2) is con-
jugate to S Lg(q%) inside G Ly(q), we will have that the image inside every given representation
is conjugate to SLy(q2) or SLy(q). The image inside the full Iwahori-Hecke is then given in
Theorem 5.1.3 and Theorem 5.2.3.
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The matrix models for exceptional types are given by W-graphs. We will recall some general
properties for those graphs. We will then prove some uniqueness properties and establish a
conjecture for W-graphs associated to self-dual representations (see Definition 6.3 in Conjecture
6.1. We proved the conjecture in types I, H and E by computation using the HPC platform
MatriCS [1]. We assume the conjecture is true in order to find non-degenerate bilinear forms
preserved by the image of derived subgroups of Artin groups under self-dual representations.
It is clear that such a bilinear form exists for self-dual representations, however it is hard to
determine the type of this bilinear form. The conjecture will allow us to determine explicitly
those bilinear forms and to give new W-graphs, where a condition on the 2-colorability of the
graph is sufficient to determine the type of the form. We draw them in type H; and some of
them in type Eg. The remaining ones can be downloaded from [17].

We then determine the image in type H using the results in type I3(5). In type Hs, we
encounter some W-graphs which are not 2-colorable. It is then necessary to consider more
complicated field extensions. By simple computations, we can treat those more complicated
extensions and get the image inside the corresponding representations. As in the dihedral type,
we need to use the equivalence relation on integers defined in Lemma 5.1.1. In this case, we
only consider fifth roots of unity therefore the equivalence relation is only on 1 and 2. The
factorizations between the different representations will depend on whether 1 ~ 2 or 1 ~ 2. All
the groups considered in type Hs are linear or unitary depending on the field extensions. In type
Hy,, the dimensions of the representations go up to 48. There are many self-dual representations
for which we have verified the conjecture and found corresponding self-dual H,-graphs given
in the Appendix. The study of this type is quite complicated so we separate the study in four
parts. First, in section 8.2, we prove some general properties appearing in type H4 as in the
other types. Then, in section 8.3, we begin by considering the low-dimensional representations
with the representations of dimension going up to 8. In these cases, we cannot using Theorem
2.3.2 therefore we need to use some more elementary theorems and some computational proofs.
The image in the 8-dimensional representation is isomorphic to Q4 (¢) or Q4 (¢2). It is very
difficult to exclude the case 2'Q7(q). In order to do it, we provide a very computational proof
using some elements in the normalizer of the image of the derived subgroup of < S5, S35 >. Once
this result is proven, we get a nice description of the Sping (¢) groups appearing via the two 8-
dimensional representations. We explain in section 8.4 how the triality automorphism appears
between the projections of the two 8-dimensional representations. We then prove that the image
of the derived subgroup Ay, inside the product of the two 8-dimensional representations is the
universal central extension of P§2(q) which proves it is isomorphic to Sping (¢). In section
8.5, we determine the image of Ap, inside the representations of dimension greater than 8
using Theorem 2.3.2. There are four 16-dimensional representations which are not 2-colorable
which makes the study slightly more complicated but using the usual arguments, we get the
image for all groups except for the image inside the 48-dimensional representation. We did
not succeed in proving that the image is what we expect for the 48-dimensional representation
but we conjecture it is. We then use Goursat’s Lemma to recover the image inside the full
Iwahori-Hecke algebra given in Theorem 8.5.1.

The image in type F is determined using the results in type Ds5. The main difficulty in this
type was to determine the types of the bilinear forms. The high-dimensional representations
required long computations using Matrics [1]. Those computations were done assuming the
conjecture was true and we then proved the conjecture is true. Another difficulty arose in the
proof that the specialization to finite fields still gave a split semisimple algebra. Some of the
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weights of the edges on the W-graphs considered vanish and it is then necessary to prove that
the graphs remain connected once those edges vanish. Once we know if the forms are symplectic
or orthogonal and the algebra is split semisimple, the usual arguments cover most of the proofs
in those types. There are two representations in type E7 which are not 2-colorable, we compute
the traces of well-chosen elements in order to treat those cases. The main results in this chapter
are given in Theorem 7.1.1, Theorem 7.2.1 and Theorem 7.3.1.

In type Fy, there are two parameters and the representations are defined over F,(\/a, /).
This makes the field extensions much more complex. We also have that the normal closure of
parabolic subgroups does verify the properties which we can observe and use in other types. The
derived subgroup Apg, is not perfect. This complicates the use of Goursat’s lemma to determine
the image inside the full Iwahori-Hecke algebra. The uniqueness properties for W-graphs are
only proven for one parameter. It seems they do not hold in type Fj and the 2-colorability of F}-
graphs may not be stable by isomorphism of representations. We did not prove the conjecture
in this type and it may not hold. Nevertheless, the representations are of dimension at most 16,
therefore we can determine by hand the non-degenerate bilinear forms preserved by the groups.
We still get the usual results depending on the field extensions except for the 4-dimensional
representation 4; which is the central product of the 2-dimensional representations 2; and 23.
The main result in this section is given in Theorem 9.1.

1.3 Perspectives

Conjecture 6.1 does not need to be proved for classical types in order to conclude the doctoral
thesis. After the Ph.D. is finished, one area to explore would be to prove Conjecture 6.1 for
types A, B and D. A description of W-graphs affording the representations given by the
combinatorial model associated to partitions in types A and B has been given by Naruse in
[38] and [37]. Using those descriptions and trying to extend his work to type D, we hope to be
able to prove the conjectures for types A, B and D.

The notion of Hecke algebras has been generalized to complex reflection groups by M.Broué,
G. Malle and R.Rouquier [10]. It has been conjectured that there exists a symmetrizing trace
for all those algebras. If that conjecture is true then it will be possible to use Schur elements to
determine when those algebras are semisimple and specialize those algebras to finite fields. In
type G(d, 1,n), the representations are known and are labeled by d-partitions of unity and we
know the Schur elements. It is then possible to study the image of the associated braid group
inside those representations and this work seems like a natural extension of the work done in
the Ph.D. The specialization to finite fields could become complicated due to the high number
of parameters involved.

It is still an open question whether Artin groups are linear or not. A linear group is a group
for which there exists a monomorphism into some group of invertible matrices. It is also an
open question whether the morphisms from the Artin groups onto the Iwahori-Hecke algebras
are one-to-one in the generic case. If we could determine the kernels of those morphism in the
finite case, it might be possible to find elements of the kernel in the generic case and show those
morphisms are not monomorphisms. We have found some interesting elements in the kernels
of some morphisms composed with projections upon irreducible representations in type H, but
we have not yet had the opportunity to explore that question more.

In order to determine the image of the Artin group inside finite Iwahori-Hecke algebras,
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assumptions on the parameters were made for it to be semisimple. One could consider the cases
where those parameters are not semisimple and still study the same question. The Hoefsmit
models can only be specialized under some assumptions for the parameters which excludes most
of the semisimple cases. On the other hand, W-graphs afford well-defined representations for
nearly all possible representations.

The image of the Artin group inside each representation gives us a finite quotient of the Artin
group. Using rigidity techniques which can be found in [31] and [44], it should be possible to
get some results in inverse Galois theory using methods as in [43]. The key fact in this problem
is that Artin groups can be seen as fundamental groups of certain algebraic varieties defined
over Q.

1.4 Notations

We will use the following notations throughout the thesis

N* positive integers

7 ring of rational integers

Q rational field

G symmetric group

A, alternating group

AFn A is a partition of n

AEn A is a double-partition of n

TeA T is a tableau (resp double-tableau) associated to the partition
(resp double-partition) A

[a,b] set of integers in the interval [a, b]

F, finite field with q elements

M,(q) algebra of matrices over the field F,

GL,(q) group of invertible matrices over the field F,

SL.(q) group of invertible matrices of determinant 1 over F,

SU.(q) group of unitary matrices over FF 2

SP,.(q) group of symplectic matrices over F,

Q¢ (q) kernel of the spinor norm of the orthogonal group of type e

Aw, Artin group of type W,

Aw, derived subgroup of the Artin group Ay,

Z(G) center of a group G

(G,G] derived subgroup of a group G

(a,b) ged of a pair of integers (a,b)

I, identity matrix of size n x n

E;; elementary matrix with non-zero coefficient in position (i,j)

N transposed partition (or double-partition) of A

A:B split normal extension of A by B

AB normal extension of A by B which is not split

A.B normal extension of A by B which may be split

diag(ay, ag, . .., ay,) diagonal matrix with coefficients ay, ao, ..., a,

D, n-th cyclotomic polynomial
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Chapter 2

Preliminaries

2.1 Definitions and first properties of Coxeter groups,
Artin groups and Iwahori-Hecke algebras

We here recall the definitions of Coxeter groups, Artin groups and Iwahori-Hecke algebras
and give the classification of finite irreducible Coxeter groups. Those are the main objects
we will use throughout the thesis. They appear in many different fields, they can be seen as
groups generated by involutions verifying certain relations. They can also be considered as real
reflection groups as a subclass of the complex reflection groups.

Definition 2.1.1. Let W be a group with a generating set S of elements of order 2. For s, s
in S, we write ms ¢ the order of ss'. We say that (W, S) is a Cozeter system if
< S|Vs € S,Vs' € S\ {s},s* =1, (s8)™s = 1> is a presentation of W.

The Dynkin diagram associated to a Coxeter system (W, S) is the graph with elements of S
as vertices. There are mg, — 2 edges between s and t if msy < 4 and one edge with weight m,
otherwise.

A Cozeter group is said to be irreducible if there exists no non-empty disjoint subsets S
and Sy of S such that S = Sy U Sy and for any pair (s1,s2) € S1 X Sa, we have $189 = $251.

The irreducible finite Coxeter groups have been classified by Coxeter [15] and are given in
Figure 2.1

Note that the Coxeter group of type A, is the symmetric group &,,.1 generated by the
transpositions s; = (¢ ¢ + 1). The Coxeter group of type B, is the group of symmetries of
the hypercube of dimension n. The Coxeter group of type I5(n) is the dihedral group with 2n
elements.

There are natural inclusions between the groups W,, and W,,.; and between A, ; and B,,
A, and D, I5(5) and Hs, Az and Hy, D5 and Eg, B and Fy. We will use those inclusions
which remain in the Artin group context which we will define below.

Definition 2.1.2. Let (W, S) be a finite Coxeter system. To the Coxeter group W, we associate
the following Artin group Aw, where the order 2 condition has been removed

< S,V(s,t) € S? sts.., = tst.., >
—_—— N~

Ms,t Ms,t
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Figure 2.1: Classification of finite irreducible Coxeter groups

The Artin group Ay, associated to the A, type Coxeter group admits the following presen-
tation : AAn =<< (Si)ie[[l,n]]y SiSi+1S;i = Si+1SiSi+1, |Z — ]‘ > 2, 8iS; = §;8; >.

The Artin group Ap, associated to the B,, type Coxeter group admits the following presen-
tation : ABn =<1, (Si)ieﬂl,n—l]]7tslt81 = 511511, 8;5;115i = S;+15:Si+1, ‘Z — j| > 2, $iSj = §;8; >.

Definition 2.1.3. Let A be an Artin group with generators {s;}icpin. Let a € A, two expression
a = s;,..5;, and a = s;,...s5, of a are said to be equivalent if one can be deduced from the other
using the braid relations.

The following result is a fundamental result in the study of Iwahori-Hecke algebras, it can
be found for example in [20] (Theorem 1.2.2).

Theorem 2.1.1. (Matsumoto’s Theorem)

Let (W, S) be a Coxeter system with W a finite irreducible Cozeter group. We let Ay, be its
braid monoid (the monoid of positive words in the generators of Aw ). A reduced expression
o = 8;,...8;, of an element o in the braid monoid Af, is an expression where k is the minimal
number of generators necessary to write the element o in the braid monoid.

Sip---Si, and sj,...85, are reduced expressions of the same element in an Artin monoid A, if
and only if they are equivalent.

We can now define the Iwahori-Hecke algebra associated to a given Coxeter group. The
Matsumoto theorem will enable us to see it is a free algebra. We define it here in a general
setting, we will give more precise definitions in the finite case in each type in the following
chapters.

Definition 2.1.4. Let (W, S) be a Coxeter system, W the associated Artin group, R a ring and
(us)ses indeterminates such that oy = oy if s and t are conjugate in W.
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The R[uE']-Twahori-Hecke Algebra Hw,R,(us)
sentation

s associated to W is given by the following pre-
Hw, Ry (us)ees =< 115, To| T = Ty TG, (T — o) (T +1) = 0 >
msi,s]- msi,sj-

By Theorem 2.1.1, we can define the element T, =T;, ... T; for 0 =s;, ...s;. in a reduced
expression. The following proposition is then fairly easy to show

Proposition 2.1.1. The [wahori-Hecke algebra Hw g (u,).cs is a free Ruf']-module of rank

W]

seS

If we consider the case R = Z, we have that Hyz (u,),.s 15 a split semi-simple algebra
and models for its representations are then known. In types A,, B, and D,, the irreducible
representations are labeled by partitions or double-partitions of n. A partition of n is a non-

+00
increasing sequence (\;);en+ such that > \; = n. To each partition of n, we can associate a
i=1
Young diagram which is a diagram with \; boxes in the ith row. We write [22, 1] the partition
of 5 with Ay = Ay =2 and A3 = 1. There are 5 partitions of 4 given by the Young diagrams

|
][
E,I_I_I_I_L_ L

which we note respectively [11],[4],[3,1],[2,1%] and [2,2]. The irreducible representations of
the Iwahori-Hecke algebra of type A, are labeled by partitions of n. There is a basis for each
module associated to a partition of n given by standard tableaux associated to that partition.
A tableau associated to a partition of n is numbering with the integers from 1 to n. A standard
tableau is a tableau such that the numbering is increasing towards the right and downwards.
The representations labeled by the above partitions are therefore of respective dimensions 1, 1,
3, 3 and 2. A basis for the representation labeled by the partition [3, 1] is given by the standard
tableaux

12[3][1[2]4][1[3]4]
1 3 2

L g L— g L=

In type B, and D,, the irreducible representations are labeled by double-partitions of n.
A double-partition of n is pair (A, u) with A a partition of r and pu a partition of n — r.
The double-diagram associated to the double-partition (A, i) is the pair given by the Young
diagrams associated to A and p. A standard double-tableau associated to a double-partition
is a numbering of the associated double-diagram with the integers from 1 to n increasingly
towards the right and downwards within each component of the double-diagram. There are 5
double-partitions of 2 given by the double-diagrams

E, 0, (L] @>,<D,B,<@,H>,<QEL

which we note respectively ([12],0), ([2],0), ([1], [1]), (@, [1?]) and (0, [2]). The representations
labeled by the above representations are of respective dimensions 1, 1, 2, 1 and 1. A basis for the
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representation labeled by the double-partition ([1], [1]) is given by the standard double-tableaux
¢ 4, 2y 2], @),

We will give the explicit models in the following chapters.

The representations for Coxeter groups of exceptional types are afforded by W-graphs, they
will be explained in Chapter 6.

In the finite field setting, we will encounter some field automorphism through which the
representations will factor. We give here a condition for a field automorphism to give a repre-
sentation when composed with a representation of an Iwahori-Hecke algebra.

Proposition 2.1.2. Let (W,S) be a Cozeter system and Ha,),.s be a finite Twahori-Hecke
F,((as)ses)-algebra. Let ® € Aut(F,), where F, = F,((as)ses) and p be a finite dimensional
representation of Ha,)..s- We then have that there exists a character n such that (®op)®n is
a representation of Ha,),.s of and only if for all s € S, ®(a) € {a, '}

Moreover, if for all s € S, ®(ay) € {as, a5}, thenn(T,) = 1if ®(ay) = ay and n(Ts) = —ay
if @) = gt

Proof. Assume first that for all s € S, we have ®(a,) € {a,, a;'}. Tt is clear that the braid
relations are verified so we only need to check that the deformations of the relations of order 2
are verified. Let s € S, assume ®(a;) = a,. Let n(Ts) = 1, we then have

(@(p(T)n(Te) = as)(B(p(Te))n(Te) + 1) = S((p(Te) — as)(p(Ts) + 1)) = ©(0) = 0.

Assume ®(ay) = o, let n(T;) = —as, we then have

(@0 p)(T))n(T) = ) (@ o p(To)n(Te) +1) = O((—a; p(Ty) — ) (—a, ' p(T) +1))

This proves that (® o p) ® 7 is a representation of H,

O45)565‘ °

Assume now that there exists a character 1 such that (® o p) ® n is a representation of
Hay).es- Let s € S, the eigenvalues of ®(p(T%))n(T;) are then a, and —1. We also have that
the eigenvalues of ®(p(T5))n(Ts) are n(Ts)P(as) and —n (7). It follows that either —n(Ty) = —1
and n(Ts)®(as) = as or —n(Ts) = as and n(Ts)P(as) = —1. This implies that either ® (o) =
or ®(a,) = ;. The proof is thus concluded.

]

2.2 Symmetric algebras and specializations

In this section, we recall the definition and some basic properties of symmetric algebras. We
then give a version of Tits deformation theorem, which we will need to prove that the finite
Iwahori-Hecke algebras are split semisimple under the right conditions. We then give a general
result on representations of finite Iwahori-Hecke algebras, which we will use throughout the
thesis.
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2.2.1 Definition and first properties

In this subsection, we define symmetric algebreas and give some elementary properties of the
corresponding trace. The results in this section are taken from Chapter 7 of [20]. Throughout
this section A is a commutative ring and H is an A-algebra of finite rank.

Definition 2.2.1. A linear form 7 : H — A is said to be a trace if it verifies the following
condition

Va,b € H,7(ab) = 7(ba).

If there exists a trace T such that (z,y) — 7(x,y) is non-degenerate then we say that H is a
symmetric A-algebra and T is a symmetrizing trace.

Iwahori-Hecke algebras are symmetric algebras and the following proposition is given in [20]
(Proposition 8.1.1).

Proposition 2.2.1. Let W be a finite irreducible Coxeter group. The Iwahori-Hecke algebra
Hw R, (us)ocs 1S then a symmetric RuF'] algebra with symmetrizing trace T defined by 7(Tp) = 1
and 7(T,) =0 if o # 1yy.

In what follows H is a symmetric A-algebra of finite rank and 7 is a trace of H.

Definition 2.2.2. Let B be a basis for H, its dual basis with regards to T is defined to be (l;)beg,
where for all b,V in B x B, we have T(Bbl) = Oppr-

For o = s;,...s;, a reduced expression of o, we define u, = Us; -« Us;, - For the Twahori-
Hecke algebra Hw, g (u,).es: (To)oew is a basis. Its dual basis with regards to T is (uy-1T,-1).

We now consider a fixed basis B of H in what follows.

Definition 2.2.3. Let V and V' be two right H-modules. For all o € Homs(V, V"), we define
I(p) from V to V' by I(p)(v) = 3 p(vd)b.
beB

We consider A as a subset of H by considering that for a € A, a = a.1g.

Proposition 2.2.2. Let V and V' be two right H-modules and ¢ € Homa(V,V").
We then have that I(p) is independant of the chosen basis and I(p) € Homg(V, V).

The previous proposition shows that I gives us a way to obtain H-linear map from A-linear
maps.

Proposition 2.2.3. Let V, V' and V" be right H-modules and ¢ € Homy(V,V'),
€ Homa(V', V") and 0 € Homa(V", V). We have

I(pop)=1()op I(pol)=gpol(f).

Definition 2.2.4. We say an H-module V is projective if for every surjective H-module mor-
phism from M to V with M an H-module, there ezists i € Homy(V, M) such that woi = idy .

Lemma 2.2.1 (Gaschiitz-Tkeda). Let V' be an H-module which is projective as an A-module.
V' is projective as an H-module if and only if there exists ¢ € Ends(V') such that I(p) = idy.
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2.2.2 Schur elements

In this subsection, we recall the definition of Schur elements which will give us tools to under-
stand the specializations to finite fields of the irreducible representations.

Let K be a field and H a symmetric K-algebra with symmetrizing trace 7. We will use the
map I in order to define the Schur elements. We fix a K-basis B of H.

Definition 2.2.5. An H-module V' is sais to be split semi-simple if it is simple and we
havedimy (Endg (V) = 1.
A K-algebra H is said to be split if all its simple modules are split.

Theorem 2.2.1. Let V' be a split simple H-module. There exists a unique ¢y € K such that
for all p € Endg(V'), we have I(p) = cyTr(p)idy and cy only depends on the isomorphism
class of V.

cy s called the Schur element of H associated to the isomorphism class of V.

Corollary 2.2.6. Let V' and V' be two split simple H-modules with n = ny = dim(V) and
m = ny = dim(V"). Let p(resp p') be a representation of H in M, (K)(resp M, (K)), we then
have for all (i,1,k,7) € [1,n]* x [1,m]?
Zp(b)i,lp'(l;)kyj = 0, ;0kicv if Vis isomorphic to V' p=p/,
beB
= 0 if V is not isomorphic to V".

We now recall Wedderburn’s theorem on semi-simple algebras.

Theorem 2.2.2. (Wedderburn)
Let H be a finite dimensional split semi-simple K -algebra. We then have H = @H(V'), where
v

the sum is over the isomorphism classes of simple H-modules. In the above, H(V') ~ M, (Dv),
where we have Dy = Endg (V).

We now give a semi-simplicity criteria with a condition on the Schur elements.

Theorem 2.2.3. A split semi-simple H-module V' is projective if and only if ¢y # 0.
If H is split then H split semi-simple if and only if all its Schur elements are non-zero and

we then have
1
T = Z*XV
v v

where the sum is over the isomorphism classes of H-modules.

2.2.3 Specialization theorem

We now give a proposition which we will use to show that the specializations of the Iwahori-
Hecke algebras to finite fields remain split semisimple under the right conditions. This is a
version from specialization theory of symmetric algebras and Schur elements which we have not
found as such in the litterature.
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Proposition 2.2.4. Let A be a commutative integrally closed integral domain, F a field con-

taining A and H a free F-algebra of finite rank with a symetrizing trace 7.

We write FH = H® o F and consider H as a subset of FH. If B is a ring such that A C B C F,

then we consider that H C BH C F'H.

Let 0 be a ring homomorphism from A to a field L such that L is the field of fractions of 0(A).
Let O be a valuation ring of F' such that A C O and J(O) N A = ker(0), where J(O) is

the unique maximal ideal of O. Let k = O/J(O) be the residue field of O. The restriction to

A of the projection © from O to k has kernel equal to J(O) N A = ker(0). We can therefore

see L as a subfield of k.

Let F' be the field of fractions of A and B the subring of F formed of elements of the form
U (ar,a2) € A* and 0(ag) # 0. Assume FH is split. We can define an extension 0 of 0 to
B. Assume there erists a representation of every simple module V' such that for (i,j) € [1,n]?,
there exists b € B such that 6(pv(b);:) # 0. Assume there exists a basis B of BH such that
forallb € B, b € BH and 5(7)) # 0, where for b € B, b is the unique element in B such that

7(bb) = 1.

We then have that LH is split semi-simple if and only if 0(cy) # 0 for every simple F H -
module V

Proof. Assume 0(cy) # 0 for every simple F'H-module V. We then have that ¢y # 0 for all
F H-module simple V.

Let B be a basis as in the theorem, by Proposition 7.2.7 of [20], <ei,j,v = é 3 pv(b)jyilv)>
beB -
4,5,V
is a basis of BH corresponding to the isomorphism BH ~ @M, (B).
%

We have that the é(emv) are in LH. Let us show that they give us a basis affording an
explicit isomorphism from LH to @M, (L). Since L is the field of fractions of §(A), € is a
%

surjective morphism from B to L and the é(ein) give us a generating family of LH.

We have the relations 6(e; jv)0(eq jrvi) = dvyrd;00(eijiy).
2

2 -
Let (a;;v) € LV " assume Y a;;v0(eijv) = 0. Let V be a simple F'H-module

V1<ij<ny
and 1 < iy, i1, Jo, j1 < ny,. Multiplying by 6(e;, j,.1,) on the right and 6(e;, j,.1,) on the left, we
have that
0= Z Z aivjvve<ei1,j1,V0)9<ei7j7V)e(eio,jo,vo)7

V 1<ij<ny

nVO

0= aiiov0(€ir.j1.v0)0(€ijove) = s iovi0(€i jovo)-
=1

Since each A(e; ;) is non-zero, these vectors are linearly independent and the relations they
verify give us an isomorphism from LH to @M, (L). It follows that LH is split semi-simple.
%

Assume now that LH is split semi-simple. By Tits’s deformation theorem (Theorem 7.4.6
of [20]), there is an isomorphism d% between the Grothendieck groups of finite dimensional L H-
modules and finite dimensional £H-modules sending each isomorphism class of simple modules
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to a unique isomorphism class of simple modules. If V' is a simple LH-module, the unique
kH-module V' such that [V'] = d% ([V]) verifies dimy (V') = dimy (V). We have

dimg(kH) = dimg(LH) ZdlmL (V)? = dim(V')? = dimy(kh/ rad(kH)).

kH is therefore semi-simple. Since LH is split, kH is split too. By Tits’s deformation theorem
applied to the specialization 7w from O to k, FH is semi-simple and there is an isomorphism
d. sending isomorphism classes of F'H-simple modules and isomorphism classes of simple kH-
modules.

Let V be a FFH-module and py a representation of F'H in M, (F') such that for all h € H,
we have py(h) € O. By Corollary 7.2.2 of [20], we have that

bz;,gpv 1 1pv )11 = Cv,};ﬁﬂ(ﬂv(b)l,l)ﬂ(ﬂv@)l,l) =7(cv) = 0(cv).

This equality corresponds to the relation verified by the Schur element of a kH simple
module V' = kV. We then have ¢y» = 6(cy), therefore 0(cy) # 0 because kH is split semi-
simple. This concludes the proof. O

2.3 Maximal subgroups of classical groups

In this section, we recall Aschbacher’s theorem on maximal subgroups of classical groups [4]
and describe the different classes. We then give some important theorems about subgroups of
classical groups which we will use throughout the thesis.

We first recall the following definitions from [5]

Definition 2.3.1. Let G be a group.

A subnormal group H of G is a subgroup of G such that there exists a sequence H = Gy C
G, C...CG,=G and for alli € [1,n], Gi—1 <G;

A group G is quasisimple if it is perfect and G/Z(G) is simple.

The components of a group G are its subnormal quasisimple subgroups. Write Comp(X) for
the set of components of X and set E(X) = (Comp(X)).

The Fitting subgroup F(G) of G is the largest nilpotent normal subgroup of G.

The generalized Fitting group of G is the group F*(G) = F(G)E(G).

We begin by stating Aschbacher’s theorem on maximal subgroups [4]

Theorem 2.3.1. Let G be a finite group whose generalized Fitting group is a simple classical
group Gy over a finite field such that Gy # P2 (q). Let H be a proper subgroup of G such that
G = HGy. Then either H belongs to one of the geometric classes (C;)icp,g) or H belongs to the
class S.

We will not use this theorem directly but results that follow from this theorem. In particular,
we will use many tables from [9] of the maximal subgroups of classical groups in low dimension,
where all the conjugacy classes of maximal subgroups are determined. In table 2.1, we copy
table 2.1 from [9] giving a rough description of the Aschbacher classes for classical groups over
[F, (the unitary groups SU,(q) are defined over F2).
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’ C; H Rough description

C, || stabilizers of totally singular or non-singular subspaces

n

Z
Cy | stabilizers of decompositions V' = @, dim(V;) = %
i=1

Cs || stabilizers of extension fields of IF, of prime index dividing n

C, | stabilizers of tensor product decompositions V =V; ® V,

Cs | stabilizers of subfields of F, of prime index

Cs || normalizers of symplectic-type or extraspecial groups in absolutely irreducible
representations

t
C; | stabilizers of decompositions V = .®1V¢, dim(V;) = a, n = d

Cs || groups of similarities of non-degenerate classical forms

Table 2.1: Description of the geometric Aschbacher classes

By definition of the classes, no irreducible group can be included in a group of class C;, no
primitive group can be included in a group of class Cy, no group containing a transvection can
be included in a group of class C3, no tensor-indecomposable group can be included in a group
of class C4 and no group whose trace generate the field F, can be included in a maximal group
of class C5. We will use this type of argument to reduce the lists of possible maximal groups
containing the groups we consider for groups of low dimension in the following sections.

The main theorem we will use in high dimension is a theorem by Guralnick and Saxl [23]
giving conditions for subgroups of the special linear group to be classical groups. The proof of
Theorem 2.3.2 uses the classification of finite simple groups.

Theorem 2.3.2 (Gulralnick-Saxl). Let V' be a finite-dimensional vector space of dimension
d > 8,d # 10 or (d = 10 and p = 2) over an algebraically closed field F, of characteristic
p > 0. Let G be a primitive tensor-indecomposable finite irreducible subgroup of GL(V'). We
write ve(V') the minimal dimension of [8g,V] = (Bg — 1)V, for g € G and 8 € F, such that

Bg # 1. We then have either vg(V') > max(2, @) or one of the following assertions.

1. G is a classical group in a natural representation.

2. G is the alternating or the symmetric group of degree ¢ and V is the permutation module
of dimension ¢ — 1 or ¢ — 2.

The other theorems we will use are on groups generated by long-root elements, we first
recall the definition of long-root elements.

Definition 2.3.2. If G ~ SL,(q), G ~ SU,(q) or G ~ SP,(q) then a long-root element of G
s a transvection.

If G ~ Qf(q), n > 4 then a long-root element x of G is an element of the form z(v) =
v—{(v,a)b+(v,b)a for a,b in a totally singular 2-space T and (., .) the non-degenerate symmetric
bilinear form associated to G.

For example, if n = 2m > 4 is an integer then elements conjugate to elements of the form

(7(;“ t(TO)_1>, where T}, is a transvection of SL,,(q) are long-root elements of Q7 (q).
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We can now state Kantor’s Theorem on subgroups of orthogonal groups generated by long
root elements [28]. We only consider the irreducible subgroups of Q(¢) with ¢ an odd prime
because it will be the only case we will need to consider in this thesis.

Theorem 2.3.3. Let G be an irreducible subgroup of 0t (q), where n > 4 and ¢ = p® for some
prime p and positive integer s generated by a conjugacy class of long root elements, such that

0,(G) < [G, G N Z(G).
We then have that G belongs to the following list

1. Q*(¢') in a natural representation over F,, '|q,
2. Q;m(q’%) < 03.(d"), ¢lg, n =2m in a natural representation over F,
8. SUsm(q') < Q. (¢'), n = 4m in a natural representation over F,, ¢'|q

4. SUzm+1(¢") < Qums2(d'), n = 4m + 2 in a natural representation over Fy, ¢'|q,

5. G/Z(G) ~ PQT,q), 1Z(G)| = (2, — 1), G < Qf(¢) in a natural representation over
Fe d'la
q’ )

6. *Du(¢) < QF(¢?) in a natural representation over Fys, ¢°|q.

Finally we give a Theorem by Serezkin and Zaleskii for irreducible groups of the remaining
classical groups generated by transvections. (First theorem of [42]).

Theorem 2.3.4. If G is an irreducible subgroup of GL,(q) generated by transvections with

qg=1p",p>3,n>2, then G is conjugate inside GL,(q) to SL,(q), Spn(q) or SUn(cﬁ) for some
q dividing q.
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Chapter 3

Type B

In this section, we will determine the image of the derived subgroup of the Artin group of
type B,. This is a natural continuation of the work for type A, in [11] and [12]. The general
outline of the proof is based on inductive reasoning. We first give the factorizations through field
automorphisms and the transposed inverse automorphisms between irreducible representations.
The main result concerning those factorizations is given in Proposition 3.2.4. This allows us to
determine what the image in the full finite Iwahori-Hecke algebra appears to be. The remainder
of the section is the proof that the image appearing is indeed the image of the derived subgroup
Ap. of the Artin group. The main results of this section are given in Theorems 3.2.1 to 3.2.6.

Let p be a prime, n > 2 be an integer, « € F, of order a greater than n and not in
{1,2,3,4,5,6,8,10} and 8 € F,\ {—a',—(n — 1) < i < n — 1} different from 1. We set F, =
F,(a, 8). The Artin group of type B is the group generated by the elements T = Sy, Si, ..., Sp—1
Verifying the relation 50515051 = 51505150, for 4 S [[1,% - 2]], 5151“5@ = Si+1SiSi+1 and for
(,7) € [0,n — 1] such that |i — j| > 2, S;S; = S;5;. The associated Iwahori-Hecke F,-algebra
HBp,.a,pis defined by the generators indexed in the same way as for the Artin group and verifying
the previous relations and deformations of the relations of order 2 of the Coxeter groups :
(T—pB)(T+1) =0and fori € [1,n—1], (S;—a)(S;+1) = 0. In the sequel, we identify the Artin
group with its image inside the Iwahori-Hecke algebra. We write /1, /5 for the length functions
on ABn = <T, Si)ie[[l,n—l]] such that for all ¢ € [[].,TL — 1]], 61(51) = 17€1(T) = O,EQ(SJ =0 and
6(T) = 1.

In Section 3.1 we give in Theorem 3.1.1 the irreducible representations described by the
Hoefsmit model given in [20] and [26] and define a weight on standard tableaux and double-
partitions of n which allows us to define in Proposition 3.1.1 a bilinear form verifying nice
properties.

In Section 3.2, we determine all the isomorphisms between different irreducible representa-
tions and then state the main results for type B in Theorems 3.2.1 up to 3.2.6.

In Section 3.3, we prove the result in all possible cases depending on the properties of the
field extensions F, of F,(a+a™!, 8+ 87') and F,(a) of F,(a + a™1).

3.1 Hoefsmit model and first properties

In this section, we define the matrix model we will be considering throughout this section and
define a natural bilinear form appearing when we consider those models. This will establish
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the groundwork for the rest of this section.

Theorem 3.1.1. Assume « is of order greater than n and § € F,\{—a’, —(n—1) <i <n-—1}.
The following matriz model gives a list of the pairwise non-isomorphic absolutely irreducible
modules Vy of the ITwahori-Hecke algebra Hp, o labeled by double-partitions of n.

If T = (T, Ty) is a standard double-tableau, then

o if1 €Ty, then T.T = T,

e if1 €Ty, thenT.T =-T,

e S;.T=m(T)T+ (1+ mi(T))T, where T = Tisiv1 if Tisin 4s standard and 0 otherwise.
Above, we have m;(T) = —%g=—, ct(T : j) = aD=7iMg if j € Ty and ct(T : j) =

1- ct(T:3+1)

—a M= otherwise and r;(T) (resp c;(T)) is the row (resp column) of j in the tableau
of T containing j.

Proof. Let A = (Ao, A1) IF n such that ny, = dim (V) > 1.

We will show that py(Ap,) contains diagonal matrices generating the algebra of diagonal
matrices in GL,(q). By Proposition 5 of [32], it is sufficient to show that for any standard
double-tableau T associated to A, there exist two diagonal invertible matrices D, and Dy in the
basis of standard double-tableaux such that D;T = b;T and DsT = b,T and by # bs.

By [32], it will then be sufficient to show that for any couple of standard double-tableaux
(T,,T,), there exists a matrix in p(Ag,) such that a, is non-zero.

In order to do that, we will use the Jucys-Murphy elements (ay, ..., a,,) whose expressions in
this model are given in [3, Prop 3.16] and are

;. Ty = uraci~"H=T, where i is in box (ry, ¢;) of the 7(¢)-th tableau of T, and (uy, up) =

(57_1)'

Let T, = (T,,,T,,) € A. Since dim(V)) > 1, we can define { = min{j € [1,n],j ¢
T,rq)y or (j € Tprqy and (r5,¢;) # (4,1))} and we have £ > 2.

We then have k € T, ;1) and (ry, cx) = (k, 1) for all & < £. Tt follows that either £ € T, 5_-(1)
and (rg,ce) = (1,1) or £ € T, -1y and (r¢, ¢¢) = (1,2). We have

ar1.T, = u.yT, and a,. T, € {u3_T(1)a3_1Tp,uT(l)o/Tp}, therefore a,.T, # a,.T, since the
order of « is strictly greater than n and 8 ¢ {—a’, —(n —1) <i <n —1}.

Let now (T,,T,) be a pair of standard double-tableaux associated to A. There exists a
permutation of &,, which affords T, after permuting the numbers inside T,. We can decompose
this permutation in a product of transpositions (i,7 + 1) such that the path given by the
successive standard double-tableaux is composed only of standard double-tableaux. It is thus
sufficient to show that for any i € [1,n] and for any standard double-tableau T, such that
T, icvi41 is standard, we have 1+ m;(T,) # 0.

. — a—1 _ Ur(i) A d4cipi—rip1+ri—c; Ur (i)
We have m;(T,) = 1 P 1 & o = @ and T
Yr(i+1)

{1,—-8,—B71}. By the assumptions made on « and (3, it now only remains to show that
—n<l4+c¢y—rim+ri—c <nand l+4c¢yq—7rip1+71;—c¢; #0if i and i + 1 are in the same
tableau and —n+1 <14 ¢y —1ris1+7—c¢; <n—1if7and i + 1 are in different tableaux.

If i and i + 1 are in the same tableau, |¢;;1 — r;21 + 73 — ¢;| + 1 represents the number of
boxes to go through vertically and horizontally in order to go from i to i 4 1, therefore we have
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the required bounds. Moreover, this quantity is non-zero by the conditions for a tableau to be
standard and the fact that T, ;.41 is standard.

If i and 7+ 1 are in different tableaux of respective sizes 7 and n—j, we have 1 —j < ¢; —r; <
j—land1—(n—j)<riy1—cr1 <n—j—1sincel <¢,r; <jand 1 <cpyq,m41 <n—j.
It follows that —-n+1<3—n<1+4c¢y1—riy1+ri—c <n—1.

The representations V) are therefore irreducible. We have the same dimensions over C by
taking v and 3 to be irreducible parameters and the same mode. It follows that we only need
to show that those modules are pairwise non-isomorphic to conclude the proof.

Let us show that Ry ~ R, & A = pu. Assume R, ~ R,, the eigenvalues of the Jucys-
Murphy elements must be the same for both representations. We then have that for any
€ [1,n], {um@pasr 71T € A} = {uTT(i)ozci’T_”’T“_l,T € u} and each of the elements
of those sets appear with the same multiplicity. We will show that this implies that for any
i €[1,n]],y € Z, we have

card{T € A\, up) = B, cimr — 1w =7} = card{'ff‘ € WyUr(iy = B,¢5 — T 5 = v}

Let A = (A1, A2), po = (1, pe2), A1 = (A)iens, p1 = (p1)ien- and a(i, A, 8,y) be the above
quantity.

We first show that r; = ro, where A F 71 and Ay F 5. We have a(1, , 8, 0) = (;jrll)M,\lMM,
where M), is the number of standard tableaux associated to the partition A;. This is true
because counting the number of double-tableaux with 1 in the left tableau is equivalent to
choosing n — r — 1 numbers in [2,n] and counting the number of ways the numbers can
be arranged in each tableau to get a standard double-tableau. In the same way, wa have
a(l,\,—1,0) = ”gl)M,\lM,\Q. Since 1 is either in the first row and first column of the left
tableau or in the first row and first column of the right tableau for any standard double-tableau,
we have a(1, A, 5,0) = a(1, i, 5,0) and a(1, A\, —1,0) = a(1, u, —1,0). It follows that

n—1 n—1 n—1 n—1
( )MMM)Q( r >M#1M#2 = ( )MA1M>\2<n T2>M#1MH2

n—mnr 2 T1 —
(n—1)1(n—1)! (n—1)(n—1)!
(n—r)l(r1 — Dl(n — 1 — rg)lry! B ril(n—ry — Dl (n —ry)l(ry — 1)!
1 B 1
(n—r)ry  ri(n—ry)
nro —riro = Nriy — 7Ty
T = Ta.

In order to show that the quantities are equal, it is sufficient to show that for any i € [1,n],
T € XMand T € pu, we have uw(i)a‘”»?’”’f“’l = uﬁ.r(z-)aciﬁff*”ﬁ”*l if and only if un.) = ur )
and ¢;r — 11 = ¢;5 — 7. Let T € A\, T € g such that for all 7 € [1,n], un a7 =
uTT(i)acm—rin—l.
Let i € [1,n]. Assume by contradiction that w,.iy # ur.;). We then have that

~ = o —C u i — . ce e . . ™
QG T T TET T uLE; € {—fB,—p71}. Sincei is in a tableau on a different side for T and T and
7-1'1" K2

r =71\ =1y, we have that either 1 —r <rjr—c¢r <r—land1—(n—r) <c -7 g <n—-r—1
orl—(n—r)<rir—c¢r<n-—r—1and l—r<c¢g—rs<r—1 Inboth cases, we have
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2—n<c¢¢—r5+rim—cr < n—2. Byassumption, we have —f ¢ {—a’,1—n <i <n—1},
therefore it follows by contradiction that . ) = Ur (i)

Let us show now that Ay = p11 and my = m,,.

Assume by contradiction that g7 < A\i;. We write ¢ = p1; + 1. By the equality of the
eigenvalues of the Jucys-Murphy elements, there exists T € u such that U (7101 = Bai~t
since there exists a standard double-tableau associated to A with z4 141 in box (1, p31+1) of the
left tableau. By the above reasonning, we get that u,. ) = 8, therefore at1tiET%E = 1. For
any standard double-tableau associated to p and for any number ¢ in a box of its left tableau,
we have ¢; —7; < py1 —1 < py1, therefore 0 < g 1 + Tk — G < 2n < 2a, where a is the order
of av. It follows that p11 + 7,5 — ¢;5 = a. We have in the same way that v, — ¢, < m, — 1,
where m,, is the number of boxes in the first column of z;. Recall that by assumption, we have
a > n. It follows that n < a = 1 + 7,5 — ;5 < g +my, — 1. We have that py, +my, — 1
is equal to the number of boxes to go through horizontally and then vertically in order to get
from box (1, p11,1) to box (my,, 1), therefore y; 1 +m, —1 < n. This implies that n < n and we
get by contradiction that ;111 > Ay 1. In the same way, we get A\i 1 > py1, therefore A\ = p11.

Assume by contradiction that m, < m,. We write ¢ = m,, +1. There exists T € p such that
U () QT T0T = Bal~ since there exists a standard double-tableau associated to A with m,+1 in
box (my,+1,1). It follows that oI~ = 1. We then get that 0 < ¢, —r;534+m, < 2n < 2a
since ¢;  — ;5 > 1 —my, > —my,. It follows that n <a =c; 5 =75 +m, <1 +m, —1<n,
This is a contradiction, therefore my < m, and in the same way m, < m,, therefore m, = m,.
We can now complete the proof of the equalities of the quantities.

Let T € A\, T € p such that for all i € [1,n], up@asT "m0 = 4 ;a%F "t~ Let
i € [1,n], we have that u; = ur ) and QT E 6T = 1 We have that 1 — m, <
cr—rir < Ajp—land 1—-m, < Gr—rig Spip—1lsol—n< 2—myx—Ai1=2—my—p1 <

Gr—rirtrs— G < AMi+my —2= A1 +my—2<n—1. It follows by the assumptions
on the order of « that ¢;r —rir = ¢; 5 — 7, 5.

We have proved for all i € [1,n] and v € Z that a(i, A, 5,7) = a(i, p, B,7) and A\j1 = p11.
We will prove that this implies that A\ = p.

Let (A1, 0i)i<i<s, (resp (pi1k,,Ki)i<i<s,) be the extremal boxes of A; (resp jy). For all
i,j € [1,85] (vesp [1,s,]), i < j, we have that A\yj, —1; > Ay, —1; (vesp pog, — ki > pug, — k).
We have that for all i € [1,s,], 0 # a(n, A, B, M\, —1l;) = a(n, u, 5, \1;,—1;) and for all ¢ € [1,s,],
0 # a(n, p, B, pag; — ki) = a(n, A, B, pu k, — ki) since for any extremal box, there exists a tableau
with n in that box. It follows that sy = s, and for all i € [1,s,\], A1y, — ;i = pr1 6, — ki Since
A1, = M1k, we have that ky = [;.

Let us show by induction that for all i € [1,s,], we have [; = k; and Ay, = p1,. Let
j > 2, assume that for all ¢« < j — 1, (Ay,,0;) = (p1k,, ki). Assume by contradiction that
pk; < Arg. We then have k; < [; since py g, — kj = Ay, — ;. We have that a(n — (k; —
lj—1), 1, B, pr g, — lj—1) = O since there are k; —I;_; boxes below (I;_1, pt1,,) and I; — [;_; boxes
to its right and no boxes both below and to its right. On the other hand, there exist standard
double-tableaux associated to A such that n — (k; —[;_1) is in box (I; — k; +[;_1, A1;) because
lj > kj. It follows that a(n — (k; — l;-1), A, B, Ay, — (l; — kj +1;-1)) # 0. We have that
Ay, — (b —kj+ 11 = pag, — kj +kj —lj_1 = pax; — lj—1, therefore we get a contradiction.
It follows that uyx, > A1y, and in the same way, A1y, > i1, therefore Ay = pg,. We then
have that k; = [; because A1y, — l; = px, — kj.
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We can then conclude by induction that A\; have p; the same extremal boxes. This proves
that Ay = py because a partition is completely determined by its extremal boxes. We get in
the same way that Ay = o, therefore A = pu. m

We now generalize the work done in [12] for type A to type B, that is we define a bilinear form
which is fixed by the image of the derived subgroup of the Artin group of the Iwahori-Hecke

algebra. We define a weight by w(T) = wi(T)w2(T)ws(T), where wy(T) = I1 (—1),
1<j,i€T1,j€T2
wa(T) = I1 (—1) and w3(T) = I1 (—1). We then define a bilinear
i<j,i,j€T2,ri(T)>r;(T) 1<4,5,§€T1,7:(T)>7;(T)

form (.|.) by (T|T) = W(T)op 5, where T = (Ty, T}) for T = (T, Tp). In the same way
N = (A, A]) is the transpose of A = (A1, A\2).
If p is a partition of an integer m with diagonal size b(u) = max{7, p; > i}, we let v(pu) =1

if ™=t is even and —1 otherwise. Note that by Lemma 6 of [33], if i = 4/ then m%b(“) is an

2
integer and v(u) = (—1)%17(“). If A = (A1, A2) is a double-partition with A; a partition of r and
Ay a partition of n — 7, we let D(\) = v(A\)v(Ag)(—1)"=7),

We now give a proposition similar to Proposition 3.1 in [12].

Proposition 3.1.1. For all standard double-tableauz T, T, we have the following properties.
1. (S;.T[S;.T) = (—a)(T|T) and (T.T|T.T) = (—B)(T|T).
2. For allb e Ag,, (b.T|b.T) = (T|T).

3. The restriction of (.|.) to Vi when A = X and to V\ & Vy, when XA # X is non-degenerate.
Assume that X = X. Then (.,.) is symmetric on Vy if v(\) = 1 and skew-symmetric
otherwise. Moreover, its Witt index is positive.

Proof. Let T and T be two double standard-tableaux. Recall that for A I-n, T = (Ty, Ty) € A
and ¢ € [1,n], we write 7r(i) = 1 if i € Ty and 7p(i) = 2 if i € Ty. We also recall that u; = 3
and uy = —1.

1. We have (T.T|T.T) # 0 < (T|T) # 0 & T = T = (T.T|T.T) = —3(T|T) because
7r(1) = 3 — m(1). Let i € [1,n — 1], if 7r(i) = 7r(i + 1) then by [12, Prop 2.4.], we have
(5;.T|S;.T) = (T|T) because in the same way, we have w(T) = —w(Tiei41) for any standard
double-tableau T and m;(T) = m;(T,.;)) when 77(i) = 7r(i + 1).

We now assume that 7p(i) # 7r(i + 1). We have that S;.T = m;(T)T + (1 + m;(T)) Ticsita
and S;. T = m;(T)T + (1 4 m;(T))Tyeiq1. It follows that

(ScTI8:E) = md(Tyma(TY(TT) + (1 -+ ma( T (B) (T, T) + ~
ma(T) (L + 1 (F)(TTicriss) + (14 mi(T)(L 41 (0)(Tiion [Ticri).

This is non-zero only if T =T’ or T = T’,,;,,. We now have two possible cases.
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The first case is T = T'. We write a = ¢; — r; 4+ 7141 — €41 with (ri,¢i) and (741, cip1) the
boxes in T, we then have

(SiTISeT) = ma(T)my(T)eo(T) + (14 my(T))(L + (T (Tiesi1)
= —w(T) (L +m;(T) + my(T"))

a—1 a—1

Ur(it+1) Ur (i)
T
= —w(T)l+(a—-1 T ———
( ) ( ) 14+ U (i) al + uT(1+1)Oéfa +1
Ur(i+1) Ur(4)
= —a(T|T).
The second case is T = T;,,;,,, we then have

(Si.Tlsi.T) = (14 mi(T))(mi(Tisi1))w(Ticrirr) + mi(T) (1 + my(Ti i) )w(T)
= —w(T)(mi(Tir 1) — mi(T))

a—1 a—1
- _W(T) a1l T %41 - i
1 4 L@a™ 14 Yr@er
Ur (1)@ i U (1) 0SiFLT T
=0
—a(T|T).

This concludes the proof of 1. 2 follows from 1.

3. By definition, the bilinear form is non-degenerate. Assume A = (A, A2) = N. We
consider T = (T, Ty) € A. Since substituting iy < iy < ... <4;in Ty by 1 < 2 < ... <[ does not
change the product and the weight w on T € pu for p IF n satisfies w(T)w(T") = v(u) by Lemme
6 of [33], we have that w(T)w(T") = v(A)r(A2) I1 (—1). The cardinality of

1<j,i€T1,j€T2 OI i€T2,5€T1
the set {i < j,i € Ty,j € Ty or i € Ty,j € Ty} is equal to the number of pairs (i,7) with
i in Ty and j in Ty, which equals (%)% It follows that w(T)w(T’) = o(A) for any standard
double-tableau T associated to A. For any pair (T, T), we have that

(TIT) = w(T)dp 2 = #(Nw(T)or 5 = Z(N)w(T)dzp = 7(A)(T|T).
The Witt index is positive since the basis can be partitioned in pairs (T|T’). ]

We remark that we have proved that w(T)w(T’) = #(\) for any double-partition A and any
standard double-tableau T in V).

3.2 Factorization of the image of the Artin group in the
Iwahori-Hecke algebra

In this section, we first see how the different representations are related when restricted to the
derived subgroup. We see some factorisations appear between the representation associated to a
given double-partition A and the representation associated to its transposed double-partition in
Proposition 3.2.1. We also see that when the field extension is non-trivial, we have factorizations
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through field automorphism. All those results are summarized in Proposition 3.2.4. Finally, we
see that all the representations associated to hook diagrams factor through two representations
as is shown in Proposition 3.2.5.

3.2.1 Isomorphisms between representations

Let £ € End(V) be defined by T — w(T)T’. We give a generalization of Lemma 3.2. of [12].

Proposition 3.2.1. Let A\ be a double-partition of n such that X # X' (resp A = X' ). The map
L induces an endomorphism of Vy\ @ V. (resp V) which switches V\ and Vi (resp leaves V)
stable) such that the actions of S, and T satisfy

LS, L7 (—a) =187t LTL N (—B) L =T,

Proof. This follows directly from Proposition 3.1.1 by writing the matrix of the bilinear form
and the matrix of L. O

We now suppose F,(a, 8) = F,(a+a 1, 8) =F,(a, B+ 7)) #Fpla+a 5+ 571).
We then have an F,-automorphism € of order 2 such that e¢(a) = o™ and €(3) = f7*. In

[12], a function d was defined on any standard tableau T associated to a partition A of n by

d(T) = TII %, where for i € [1,n], r; denotes the row of ¢ in T and ¢; denotes
i,j77’i>7‘j o e

the column of ¢ in T.

Let (.,.) be the hermitian form defined by (T, T) = d(T)dp 5, where

H 2_‘_/8aam~—1 +/8_1051—ai’j

d(T) - CZ(TI)J(TQ) o+ a1 + @a/ai,j + /8—10[*(11',]'

1€T1,j€T2,i<y

with a;; = ¢; —r; +1; — ¢; and d induced by the d defined in [12] applied to T; and Ty by
seeing them as standard tableaux using the ordered bijections onto [1,7] and [1,n — r].

We now check that d(T) is well-defined and non-zero for any standard double-tableau. We
prove in what follows that the big product in the expression of d is indeed well-defined and
non-zero for any double-tableau with no empty components.

Let AlFn, T = (T, Ty) € XA and (4,7) a pair of integers such that ¢ < j,i € Ty and j € Ts.
We set r to be the number of boxes of Ty, we have 1 —r <¢;—r; <r—land1—(n—r) <
cj—r; <n—r—1, therefore 2—n < a =a;; <n—2. We have a+a '+ o+ o™ = (1 +
Ba® H+a B 1+ Ba ) = a(1+ Ba® 1) (1+ a2 371). This product never cancels because
B¢ {—a',1—n <i<n-—1}. Inthe same way 2+ fa* '+ 37 1a' ™ = (14 Ba* ) (1+ 7 al ™)
never cancels.

Now we have defined this hermitian form, we can generalize Proposition 3.6 from [12].

Proposition 3.2.2. The group Ap, acts in a unitary way on V with respect to this hermitian
form and this form is non-degenerate on Vy for any double-partition X of n. In particular,
for any double-partition X\ of n, there exists a matriz P € GLy,,(q) such that PRy\(T)P™' =
e(R3(T)) = RA(T) and PR\(S,)P~" = e(R5(S))).

Proof. The action of T is indeed unitary with regards to this hermitian form because fe(f) =
(—1)e(—1) = 1. Let T be a standard double-tableau and r € [1,n — 1]. If 7p(r) = 7r(r + 1)
then the result is a consequence of Proposition 3.6. in [12].
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We now assume that 7r(r) # 7r(r + 1), up to switching T and T,.,4; we can assume that
7r(r) = 1 and 7p(r + 1) = 2. It remains to show that (T, T) = (S,.T, S,.T), (Tresri1, Trori1) =
(S Tresrat, ST.']I‘N_WF}) and (S,.T, S, Typrp1) = (T, Tyisri1). In the following computation, we

write a = a; ;41 and T = T, .,4,. We have

(S,.T,S,.T) =

We also have

(8,.T,S,.T) =

Finally, we have

(S,.T, S,.T)

e (T)e(me (T)(T) + (1 + me (T))e(1 + m, (T)d(T)

-1 a p-1,-a

AT (D) () + (255 D (1 (D)1 + (D))
4(T) ( a—-1 at-1 a+a '+ pa®+ 7o a + Bat a1+[31a“>

14+ pas 1+ p-la—e 24 fat~l +p-lal=2 14 Ba® 14 F-ta—e
o )( 2—a—a! a+a1+ﬁa“+51a“>

2+ Ba’ + B la @ 2+ Ba® + B laa
d(T)
(T, T)

my (T)e(m,(T))d(T) + (1 + m,(T))e(1 + m,(T))d(T)
4(T) < a—-1 at-1 N 2+ Bat L +p7 el a4 B o alJrﬂoﬂ)
1+ 87 ta 214+ a*  a+al+fa*+ 7 la 21+ 1a* 14 fac
d(Tl‘)< 2-a-a
2+ Ba’ + fla—a
44280t + 287 a7 4 2800 4 P a2 4287 el T +a® + B e
(a+a'+pa%+ B La9)(2+ Ba’ + B la ) )
a(F) ( 2—a—a! N (a+a !+ Ba®+ B 1a™2)? >
24 Bat+ B ta  (at+al+ Ba*+ B la"9) (2 + Ba* + B~ la~9)

m,(T)e(1 + m,(T))d(T) + (1 + m,(T))e(m,(T))d(T)
o(T) ( a—1 a'+pBa® a4+al+pa®+pla*a+paa ! — 1)

14+ Ba® 14 pa® 2+ Bac—1 4+ p-lal=a 14 Bac 1+ Bas
a—1

(1 +ﬁaa>2(2+6aa—l +5_1061_a)

o Hat+a 4+ Ba’+ B a") (o + Ba”))

d(T)

((Ozil +ﬂaa)(2+6aa71 +ﬂ710417a)7

a—1
(1 +Baa)2(2+6aa—l +ﬂ—la1—a) (
ﬂ2a2a71 +fa—a— 0471 o ﬂaa o ﬂflafa o Baa o 50/172 o B2a2a71 o Ozil)
0
(T, T).

201_1 +ﬁaa—2+5—1a—a+2ﬂaa+

d(T)

]

We recall that Ap, = [Ap,, Ag,] is the derived subgroup of Ag,. When it exists, we write
e for the automorphism of order 2 of F, = F,(a, /).

Lemma 3.2.1. If X is a double-partition of n, then the restriction of Ry to Apg, is absolutely

irreducible.
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Proof. Assume first it is true for n = 2. Since Ap_ is generated by Ag, , and Ap, , we have
the result for n > 3 by the same method as in the Lemma 3.4(i) of [12].

We now show the result is true for n = 2. We only have to show it for ([1],[1]) since the
other representations are 1-dimensional. We will show in Section 3.3 (Lemmas 3.3.2 and 3.3.8)
that Ry nj(Ag,) ~ SLa(q') for some ¢'. The irreducibility then follows. O

We now show a lemma computing the normal closure of Ap,. This is a generalization to
type B of Lemma 2.1 of [12]

Lemma 3.2.2. Forn > 4, the normal closure < Ap,_, >4, of Ap,_, in Ap, is Ap,.

n—1

Proof. Let n > 4. By Lemma 2.1 of [12], we have that Ay, =< A4, , >4, , where
Aa, =< 51,52,...,S,-1 >< Ap,. We have that Ap, is generated by Ay, and Ap, , therefore
the result follows. O

We now recall Lemma 2.2 of [12].

Lemma 3.2.3. Let G be a group, k a field and Ry, Ry two representations of G in GLy(k) such
that the restrictions to the derived subgroup of G are equal and the restriction of at least one of
them is absolutely irreducible. There exists a character n: G — k* such that Ry = Ry ® 1.

Proposition 3.2.3. If A\; a partition of n then R, 0)45, = Rox)A4p, -

Proof. The action of T is diagonal and the action of S; on (Ty, () is identical to the one on
(0, Ty), therefore the proof of the result is straightforward. m

We now give a proposition stating the different possible factorizations between double-
partitions of n. In Proposition 2.7 of [34], a version of this proposition is given in the generic
case. Note that the different possible field extensions in the finite case yield many additional
factorizations.

Proposition 3.2.4. Let A and p be double-partitions of n with no empty components. We then
have the following properties.

1. IfF,=F,(a,B) =F,(a+a 5+ 87", then

(a) Bag, = Ruas, © A= u,

2. If Fy=Fy(a,8) =Fpla+a,8) =Fy(a,8+ 87" #F,(a+a ', 3+ 571, then
(a) Rjag, = Rya,, < A=p,
(b) Ryag, ~ Riya, &A=,
(¢) Ryjap, ~= €0 Ryay, & A= 11,

(d) Raja,, ~€o R} S A= p.

ulAB,
8. IfF, =Fyla,B) =Fp(a, B+ ) #F(a+a,8) =F,(a+a !, B+ 71), then

(a) Ryag, =~ Rua,, & A=p,
(b) RMABn ~ RZMBn S\ = ,u’,
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(C) RMABn = e€o0 RﬂlABn A <)‘17 )‘2) = (N/hﬂé)f
(d) Ryap, >~ €0 Ry, < (A, A2) = (2, ).

4. IfFy=Fy(a,B) =Fyla+ 04_176) # Fp(a, B+ g = Fp(a+ a ' B+ B_l); then

(a) Bxap, = Ruas, & X=p,
(b) Ryja,, ~ R.ZLABn S A=,
(¢) Rxag, = €0 Rya,, < (M, A2) = (p2, 1),
(d) Rjag, €0 Ry, < (A, A2) = (1, 1)

Proof. In all cases, (a) and (b) are the same and the proofs are identical.

(a) By Lemma 3.2.3 and Theorem 3.1.1, it is sufficient to show that if there exists 7 :
Ap, — F7 such that Ry ~ R, ® 7, then A = p. Assume such a character exists, since the
abelianization of Ag, is < T,S; >~ Z2, up to conjugation we have Ry (b) = R, (b)u’r®v?® for
some u,v € F;. Taking the eigenvalues of S; and T" on both sides of the equality we get that
{a, =1} = {ua, —u} and {B,—1} = {v3, —v}. Since a? # 1 # 32, we have u = v = 1 which
implies that Ry and R, are isomorphic representations. By theorem 3.1.1, this implies A = p.

(b) The implication A = p’ = R4, =~ R}, 4, follows from Proposition 3.2.1.

y we then have Ry, ~ Ry, =~ (R4, )= Rua,,. The

Assume now Ryja,, ~ R4,

result follow from (a).
In the same way, it is enough to show the converse implication in the remainder of the proof.
2. d) This result follows directly from Proposition 3.2.2.
2. ¢) By 2. d) and 2. b), we have

* *
€0 Ryja,, 2 €o(eo Ry, )= Ryja, = Bia,,-

3) In this case ¢(a) = o~ and ¢(3) = 8.

3. ¢) For every standard double-tableau T = (Ty,Ty), we define T by T = (T%,T,). Let
n: Ap, — Fy be the character of Ap, defined by n(T) =1 and 7(S,) = —a for all .

Let CQ : vQX1,A2) — vQA37Aé),(1F1,1T2) — (TF&,?T%), U:Vy— ‘{X,qﬁ — uJ(TF)TT.

Using the same notations as in Proposition 3.2.2, we will show that for all » € [1,n — 1] :

Q! (—a)e(Ry 3, (S,))Q = U PR\(S,) P!, Q—le(RXl,XQ (T)Q = U 'PR\(T)P'U.

Let T = (Ty,Ty) be a standard double-tableau. The second equality follows from the
equalities PRy(T)P~' = R\(T) and €(8) = 8. If T,.,,1; is non-standard, the first equality is
verified by S,. Assume T, is standard, write a = a, 1. If 7p(r) = 7p(r + 1) then in the
basis (T, T,yr11), we have :

a—1 a—a”? a~ -1 a l—a°
[ 1=as 1—a—e -1 177 _ T—ao I—q-a
R)\(Sr> = a_’_ga Oﬁl > U PR)\(ST)P U = (0% a-1_qe a-1-1 3
1-a® l—a—@ 1—aa 1—a—@

a—1 a—q

0@ (B (5)Q = _%((;_g_

1—

o 9
=
|
I}
e

) =U"'PR\(S,)P'U.

IS}
—
|
o

)

If 7¢(r) =1 and 7r(r + 1) = 2 then we have
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a—1 a+B o

0471—1 B_loz_a+0¢_1
RA(S)) = (H%aa ”ﬁ_lw) JUT'PR\(S,)P7'U = —a ( N e ) :

a+pa a—1 Bat+a~ a -1

1+ﬁaa 1+ﬁ—la—a 1+Baa 1+[3*1a*“
a—1 atp"la®
_ —a —1na — —
—aQ  e(Ry 0,)Q = —ae(| SO0 MO et | = UTIPRA(S,)PTIU.
1+Ba~®  14+p~1la®

It follows that R(A1,A2)|A3n ~e€o R(MAQ)\ABn'

3. d) This is a consequence of 3. c¢) and 3. b).

4. c) For each standard double tableau T = (Ty, Ts), we set T = (T, Ty). Letn: Ag, — F
be the character defined by n(T) = —f and n(S,) = 1 for all S,.

Let Q : Vaga, — Vaya, be T T.

Let us show that Ry, x,) = Q((€ 0 Rp,ny)) @n)Q !, where in this case e(a) = o and
€(B) = 7. The proof of the result is straightforward for T. Let r € [1,n —1]. If r and r + 1
are in the same tableau then the result is clear. Assume r is in the right tableau, r 4+ 1 is in
the left tableau and set a = a,,41. In the basis (T, T,«,+1), we have

a—1 atpla"®

o 1 a 1 —1,—a
RA(S)) = | atfae AT

1+pae 148~ 1la—a

1+~ tae  14+fae

a—1 a+fa”®
Q e(R, 0, (51))Q = ( (;i%izi 126_‘“1“) = RA(S)).
This proves that we have R, x,)4p, = €0 Ry a)4p, -
4. d) This is a consequence of 4.c) and 4.b). O

For r € [1,n — 1], we define the double-partitions Ay = ([1"7"], [r]) and A" = ([r], [1"7"]).
The following proposition is a generalization of Proposition 3.5 of [12]. The analogous propo-
sition in the generic case is given by Proposition 2.13 of [34].

Proposition 3.2.5. Forr € [1,n — 1], there exists 11,12, : Ap, — Fy; such that
R)\(T) ~ (ATR,\“)) ® Ny and Ryoy > (A"Ry1)) ® N2r -

Proof. Every double-tableau associated with A,y or A" can be mapped in a one-to-one way to
a set {iy,1s,...,1.} C [1,n] such that i; < iy < ... < i,, where i is the number in the k-th box
of the right component. We write vy the corresponding double-tableau and v; = vy;.

After computation, for k£ € [1,n — 1], we get the following properties.

1. If 1 € I then Ry (T)vr = —vr.
2. If 1 ¢ I then Ry, (T)v; = Puy.
3. If k,k+1¢ I then RA(T>(S]€)U[ = —y.
4. If k,k + 1 € I then R,\M(Sk)v[ = auy.

-1, k-1

5. ke I,k+1¢1 then Ry, (Sk)vr = rgirar=rvr + ﬁgqgkq UIA{k k4 1} -

1-k

6. Ifk ¢ I,k+1€l then Ry (Sk)vr = 5521501 + Sioerr V1A ki 1)
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Above, A is the symmetric difference : AAB = (AU B) \ (AN B).

To each set I = {iy,is,...,7,} can be given in a one-to-one way an element u; of ATR,\(I)
writing u; = v;, A vy, A ... Av;,. and these u; form a basis.

For k € [1,n — 1], we have the following properties.

L If 1 € I then A"Ry, (T)us = — Bty

2. If 1 ¢ I then A"Ry, (T)u; = B ur.

3. If k,k+1¢1 then A"Ry  (Sk)ur = (—1)"uy.

4. If k,k+1 € I then A"Ry, (Sp)ur = (=1)"awuy.
5.1 kel,k+1¢]I then

a—1 7’1(%_‘_/81]{71

A"Ry,, (Sk)ur = (-UMW“IJF( 1" Tt fighT Ualkk1y:

a k
6. If k ¢ I, k+1 e I then ATR)\(I)<S]C)’LL[ = (_1>T_1WUI -+ ( 1)T 1$um{k k-+1}-
Looking at the basis change v; + u; and the character 1, ,(h) = (—1)"~Da® gr=De(h) e
have the first part of the proposition.
In the same way, writing n,,(h) = (—1)0~Da®) (_1)=DeM) " we have the second part of
the proposition. O

3.2.2 Factorization depending on the field

In this section, we use the work from the previous sections to state the main results in type B.
As for the factorizations shown in Proposition 3.2.4, we have to distinguish cases depending on
the field extensions appearing.

The result depends on the properties of the field extension F, = F,(a, ) of F,(a+a™, 3+
B71) and the field extension F; = F,(«) of Fy(a+a™'). Let us consider the Hasse diagram for
the field extension F,(c, 8) of Fy(a +a™t 5+ 871).

/\

o, 467 pla+at, B)
Fy(a+a™ 84571

All the extensions represented by edges are of degree at most 2 since X2 —(a+a ') X +1 and
X2 —(B+ 871X +1 are the polynomials involved. Note that if F,(a, 3+ 57) = F,(a+a™ !, §)
then 8 € Fy(a, 8+ 871). Therefore Fy(a, 3+ 57') = F,(, ). This proves in particular that
F,(a, 3) cannot be an extension of degree 4 of F,,(a+a~!, 3+ 571), otherwise we would have that
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Fy(a, B+ 571) and Fy(a+a™t, B) are two subfields of degree 2 of F,(«, ) and would therefore
be equal. This would then imply that they are equal to F,(«, 8) and contradict the fact that
the corresponding extensions are of degree 2. Note that F,(a, 8+ 71) £ F(a+a™t, S+ 71
implies that we have F,(a) # F,(a + a~'). This proves that we have the six following cases to
consider

1. F,=Fy(a,8) =Fyla+a g+ 57" and Fyla) = Fy(a +a™t)

2. F,=Fy(a,8) =Fp(a+ a8+ 71 and Fy(a) # Fpla+a™)

3. Fy=Fy(a, B) =Fp(a+a',8) =Fyla, B+ 1) #Fpla+a™', B+ 571).

4. Fy =Fyla, B) = Fp(a, B+ 67) #Fpla+a ', f) =Fpla+at, B+ 571).

5 Fy =TFp(a,B) =Fpla+a™',8) #Fyla, S+ ) =Fpla+ a8+ ") and Fpy(a) #
Fp(a+a™).

6. F, =Fy(a,B) =Fy(a+at,8) #F(a, 3+ 87" =Flat+al,3+ 571 and Fy(a) =
Fpla+a™h).

We remark that in the third and fourth cases, we have Fy(a) # F,(a +a™1).
Before stating the main results for type B, we recall the two following lemmas, the first one

is Lemma 2.4 of [11] and the proof of the second one is included in the proof of Proposition 4.1
of [12].

Lemma 3.2.4. Let p be an absolutely irreducible representation of a group G in GL.(q), where
F, is a finite field such that there exists an automorphism e of order 2 of F,. If p >~ €0 p*, then

there exists S € GL,(q) such that S~ p(¢)S € GU,(q2) for all g € G.

Lemma 3.2.5. Let p and G be as in the previous lemma. If p >~ € o p, then there exists
S € GL,(q) such that S7p(¢9)S € GL,(q2) for all g € G.

In certain cases, (A1, A2) factorizes through (Mg, A;) or (A}, ), therefore we need a good
order on double-partitions of n. We first choose for » < n an order on partitions of r such that if
r has 21 partitions different from their transpose {a;, ay }icp ) and s partitions {a;1; }icp 5] equal
to their transpose then a1 < a} <as <ay <. <@ <a < a1 =a;,, <...<ays =a,. We
also require a; = [r]. This gives us that A < p implies that X < ¢/ whenever X\ # u/. If A IF ny
and p IF ny then we say A > p if ny > ny or n; = ny and A > p. We then define the order < on
double-partitions of n in the following way, where \; is a partition of 7y : (A, A2) < (u1, p2) if
ry<ryor(ry=r,and A\; < ) or (ry =17, A\ = and Ay < p19).

Lemma 3.2.6. If A = (A, \2) is a double-partition such that X # N, X # (Ao, A1) and N #
(N[, A}) then exactly one element of {\, X, (A}, A}), (A2, A1)} verifies the property :

(x) A< XN and X < (N[, \y).

Proof. Let A = (A1, A2) be a double-partition verifying the conditions in the lemma. Assume
A> X and A < (A}, A)). Since A > X, we have ry > 7y and since 7y + 7} = n, we get 7\ > 7.
Let’s show that either (X < X and N < (A, A1)) or (Mg, A1) < (A}, AL) and (Mg, A1) < (A5, A))),
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i.e. either X\ verifies (%) or (A2, A1) verifies (). Those two cases are indeed distinct because
either N < (A, A1) or (Ao, A1) < Ao If X < (A9, A1) then we are in the first case because we
assumed A > X. Let’s now assume X > (Mg, A1), we must show (A, A1) < (A}, A;). This is
obvious if 7y > §. If ry = %, then (A1, A2) = A > X = (A}, \]) implies that A; > Ay or (A; = A
and Ao > A]), which is a contradiction. Therefore A\; > A, and since A\; # Ao, this implies
Al > Ay by definition of our order on partitions of y. This shows that (A2, A1) < (A}, A)).

Assume A > X and A > (M|, \}). We then have that either X" verifies (%) or (Ag, A1) verifies
(%) in exactly the same way as in the previous case.

Assume A < X and A > (A}, A}), let us show that (A}, Ay) < (Ag, A1) and (A}, Ay) < (A1, Ae),
i.e. (A, A,) verifies (). It is enough to show the second inequality since we have the first one
by assumption. This is obvious if 7y < §. If 7y = § then A; < A; because A; # Aj, therefore
A} < Ao because A # Ay and (N, Ay) < (Mg, A1).

Assume A < X and A < (A}, A}). To conclude the proof, it is enough to show that not one
of X', (A, A) and (Ag, Ay) verifies (x) in this case. It is obvious for A" and (A}, A2). If ry < %, it
is also obvious for (g, A1) since (A2, A1) > (A}, Ay). If ry = § then since A\; < X and Ay # Ay,
we have that Ay > A|, therefore (Ao, A1) > (N[, \S). O

We are now able to state the main results for type B which are a generalization of Theorem
1.1 of [12]. The end of the proof will be in the next section. The main difference arises from
the additional factorizations in the last cases for the field extensions explicited in six different
cases at the beginning of Section 3.2. The results are given in Theorems 3.2.1 up to 3.2.6. The
analogous versions of these theorems in the generic case can be seen in Theorem 2.21 of [34].
Note here again that in type B, the complexity of the field extensions involved yields a wider
variety of results.

We write Al,n = {()\1,@),)\1 H TL},AQJL = {(@,)\2),)\2 H TL},An = Al,n U Agm. AEn =
{(A\1,0) € A1, A1 not a hook}, e, = {AF-n, A ¢ A,, X not a hook}, Fy = F,(a).

Theorem 3.2.1. IfF, =F,(a,3) =F,(a+a,8+ 71) and F,(a) = F,(a + ™), then the
morphism : Ap, — Hp .5~ I GL()\) factors through the epimorphism
o A-En

(I)l,n : ABn — SLnfl(Q) X H SLnA (q) X H OSP()\)/X

()\1 ,@)GAEH,Al <)\/1 ()\1,@)61467“)\1 :)\'1
SLu(q)*x [l SLu@x JI OSSP,
AEen AN A€en A=)\

where OSP(\) is the group of isometries of the bilinear form considered in Proposition 3.1.1.

Theorem 3.2.2. IfF, =F,(a,3) =F,(a+a™,8+ 71) and F,(a) # Fy(a +a™t), then the
morphism : Ap, — Hp o5~ 11 GL()\) factors through the epimorphism
o AHEn

Dyt Ap, — SUn_1(G2) ¥ [1  SU.L(G) % [ OSSP x

(A1,0)€Aen, 1<) (A1,0)€Aen, \1=X]
SLa(q)* x [[ SLa(q)x ] OSSP\,
AEen AN A€en A=\

where ~OSP()\) is the group of isometries of the bilinear form considered in Proposition 3.1.1
and OSP(\) is the group of isometries of a form of the same type but defined over subfield of
degree 2.

51



Theorem 3.2.3. IfF, =F,(a,8) =F,(a+a1,8) =F,(a, B+ 87") #Fpla+a 3+ 571,
then the morphism Ap, — Hy, .5~ II GL()\) factors through the epimorphism
o AR

O3, 1 Ap, = SU,_1(42) ¥ [1  SUL(G) x I OSSP\ x

(A1,0)EAen, A1 <N, (A1,0)EAen A=),

SULq2)? % T[ SUn(¢2)x [I OSP(,

AEen , AN AEen, A=)

where 0/573()\) is the group of isometries of a bilinear form of the same type as the one consid-
ered in proposition 3.1.1 but defined over Fq%.

By Proposition 3.2.4 and Lemmas 3.2.4 and 3.2.5, we have the following theorem

Theorem 3.2.4. IfF, =F,(a,) =F,(a,+ 7)) #Fpla+a,8) =F(a+a, 3+ 571,
then the morphism Ap, — Hp .5~ I1 GL(\) factors through the epimorphism
o AR

Dyt Ap, = SU,_1(G2) ¥ [1  SUL(G) x I  OSPO'x

(A1,0)EAen, A1 <X, (A1,0)EAen A=),

1
SLn(q) % II SLn, (q) % II SUn, (q%)x
A€en AN A (A],AG),A#(A2,A1) A€en , AN A=(A2,A1)

I1 SLn, (q?) x I1 OSP()\) x I1 OSP()).

AEen AN A=(N],\}) AEen A=N A< (N, \)) A€en A=N A=(XN},\})

Theorem 3.2.5. IfF, =F,(o,8) =F,(a+a,8) #F,(, 8+ 7)) =F,(a+a ', 8+ 571
and Fy(a) # Fp(a+ah), then the morphism Ap, — Hp o5~ I GL()\) factors through the
Y AHEn

epimorphism

N

®5, 1 Ap, = SUn_1(G2) x 1  SU.L(G) % [ OSSP x

(>\17®)€A5n7>\1 <A ()\1,@)614671,)\1:)\/
1 1

1
SLn(q) % 11 SLn,(q) X 11 SLy, (q7)x
AEen AN AN, AL) A (A2, A1) A€en A<V A=(A2,A1)

I1 SU,, (q?) x 11 OSP(\) x I1 OSP()).

A€en AN A=(N},\}) AEen A=N A< (N, \)) A€en A=N A=(N},\})

Theorem 3.2.6. IfF, = F,(a, §) = Fya+ o~ §) £ Fy(a, 5+ f~) = Fy(a+a~', 6+ 5
and Fyp(a) = Fp(a+a™1), then the morphism Ap, — Hp, o5~ I GL(X) factors through the
AFFn

epimorphism

6 i Ap, — SL,1(q) X 1T SLy,, (G) x 11 OSP(\) x

(A1,0)€Aen A< (A1,0)€Aen A=)\
1 1

1
SLn(q) % 11 SLn,(q) X 11 SLy, (q7)x
AEen AN AN, AL) AZ(A2, A1) A€en AN A=(A2,A1)

I1 SU,, (q?) x 11 OSP(\) x I1 OSP()\).

A€en, AN A=(A],\) A€en A=N A< (N ML) A€en, A= A=(],\))
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3.3 Surjectivity of the morphisms o,

In this section, we conclude the proof of the theorems in the previous section by showing that
for all ¢ € [1, 6], the morphism ®, ,, is surjective. The core of the proof for all i will be in Section
2.3.1. However, for small n, the different factorizations which appear in cases 4, 5 and 6 of the
field extensions described at the beginning of Section 3.2.2 change the proofs for small cases.
They require to introduce new tools and consider the maximal subgroups of some classical
groups in low dimension. Those were classified in [9] and we will use their tables in order to
treat those cases. In all cases, the proof is based on inductive reasoning. We start by proving
the result for small n and we then use Goursat’s lemma and a Theorem by Guralnick and Saxl
[9] which relies on the classification of finite simple groups and gives us a list of conditions for
a group to be a classical group. Our induction assumptions will allow us to check that all the
conditions are verified. It will be more tricky to verify those conditions in cases 4, 5 and 6
because of the additional factorizations.

3.3.1 Firstcase: F,=F,(a,[) =F,(a+a !, 3+571), Fy(a) =F,(a+a™!)

In this subsection, we prove the surjectivity of the morphism in the easiest case and establish
groundwork for the other cases. This will conclude the proof of Theorem 3.2.1. We first prove
the result for n < 4 and then use induction to get the result for all n.

We recall Goursat’s Lemma also used in [11] and [12], it was originally proven in [22] and
an english version of the proof can be found in [6] (Lemma 2.3.5) or [41] Lemma 5.2.1:

Lemma 3.3.1 (Goursat’s Lemma). Let Gi and Gy be two groups, K < Gy x Go, and write
7« K — G, the projection. Let K; = m;(K) and K' = ker(my) for {i,i'} = {1,2}. There exists
an isomorphism ¢ : K1 /K' — Ky/K? such that K = {(k1, k) € K1 x Ky, o(k; K') = ky K?}.

We first prove that if for any A\ IF n, the composition of R, with the projection on its
corresponding quasi-simple factor is surjective, then ®,,, is surjective. We will then prove by
induction that each composition is indeed surjective. In order to get the images of the hook
partitions it is enough to get the images inside the representations associated with the partitions
([1"=1,[1]) and ([1],[1""']) . We recall Wagner’s theorem which can be found for example in
[31, II, Theorem 2.3].

Theorem 3.3.1. Let F, be a finite field, n € Ny;n > 3 and G C GL,(r) a primitive group
generated by pseudo-reflections of order greater than or equal to 3. Then one of the following
properties s true.

1. SL,(7) C G C GL,(F) for some 7 dividing r.
2. SU,(72) € G C GU,(72) for some F dividing r.
3. n < 4 and the pseudo-reflections are of order 3 and G ~ GU,(2).

Proposition 3.3.1. Let n > 3 and Ry (resp Ry) be the representation associated with the
double-partition ([1"71],[1]) (resp ([1],[1"7Y])). We have Ri(Ag,) =~ Ro(Ap,) =~ SL,(q).

Proof. Let n > 3, we will use Theorem 3.3.1. The eigenvalues of R;(T) are  with multiplicity
n — 1 and —1 with multiplicity 1. The eigenvalues of R;(S;) are o with multiplicity 1, and
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—1 with multiplicity n — 1. The group G = (7' Ry(T), —R1(S1), ..., —R1(S,_1)) is generated
by pseudo-reflections. To apply Wagner’s Theorem (Theorem 3.3.1), we must show that the
group is primitive. If G was imprimitive, we could write Fy = V; @& V, & ... ® V;, where for
all ¢ and for all g € G, there exists a j such that g.V; = V. Since R, is irreducible, either
BTIR(T). Vi # Vi or there exists i < n — 1 such that —R;(S;).V;, # V;. Assume there exists
i such that —R;(S;).Vi # Vi. Up to reordering, we have Vo = —R(S;).Vi. If dim(V;) > 2,
then H_g (s, (the hyperplane fixed by —R;(S;)) has a non-empty intersection with V;. It
follows that V3 NV, # (), which is a contradiction, which proves that dim(V;) = 1. This
reasoning is valid for any V;, therefore they are all one-dimensional. Let z € V; be a non-zero
vector, it can be written in a unique way as x* = x; + x5 with x; € ker(R;(S;) + a) and
xo € H_g,(s,)- We then have that —R;(S;)x = —ax; +x2 and —R(S;)(—R(S;)z) = o2+ 25 =
alx; +z2) + (1 — a)(—ax; + x2) € Vi & Vs, Since o ¢ {0, 1} this contradicts the fact that
there exists j such that —R(S;).Vo = V;. If Vi # B7'R(T)Vy = Vo, then if # = 21 + 29 # 0
with € Vi, 21 € ker(Ri(T) + B)xs € Hg-1p, (1), we have that S7'R(T)z = —f oy + o
and S R(T) (B Ri(T)z) = B0 + 20 = B (w1 + @2) + (1 = B7) (=7 a1 + 22) € Vi @ Vi
This is absurd because ' ¢ {0,1}. This shows that G is primitive and in the same way,
G = (—Ry(T),—Ry(S1), ..., —Ry(S,_1)) is primitive and generated by pseudo-reflections of
order greater than or equal to 3. By Theorem 3.3.1, we have SL,(§) € G,G C GL,(§) or
SUn((ﬁ) cG,GcC GUn(cﬁ) for some ¢ dividing ¢. If we were in the unitary case then there
would exist an automorphism e of order 2 of Fz such that det(M) = e(det(M))~! for all M
in G or G. We also have det(3~'Ry(T)) = —B~1,det(—Ry(S;)) = det(—R,(S1)) = —a and
det(—Ry(T)) = —B. If G or G is unitary then ¢(3) = 87! and e(a) = o, therefore a+a~"' and
B+[~1 are in F;. This contradicts the fact that ¢ divides g and F, = F,(a+a~', 3+571). This
proves we have SL,(§) C G,G C GL,(§) for some § dividing ¢q. Using the determinants again,
we have o and § in Fy, therefore ¢ = q. We have SL,(q) = [G,G] = [Ri(AB,), Ri1(4g,)] =
Ri(Ag,)and SL,(q) = [G,G] = [R2(Ap,), Ra(Ag, )] = Ry(Ag,) which concludes the proof. [J

By [36], Ap, is perfect for n > 5 but not for n < 4. Those cases must then be treated
separately.

Lemma 3.3.2. If n <4 then ®,,, is surjective.

Proof. The representations labeled by double-partitions of n = 2 are all one-dimensional except
for (1], [1]). We then only need to show that Ry (Ap,) = SLa(q). We write t = Ry (T) =

5 0) L [a—1 a+8 , , 11
and s = Rpjpn)(S1) = = . First note that if P = | 441
(0 -1 (11,0 i \af+1 af—p |

then P~4P = a%rl (aﬁﬂ_—i—ll ;;ti) and P~1sP = g _01' . This proves that the roles of
a and [ are completely symmetrical in this case. It follows that up to conjugating by P, we
can exchange the conditions on « and the conditions on 3. We write G =< t,s >. We have
det(t) = —f3 and det(s) = —a. Let (u,v) € F,” such that u? = —~ and v> = —a~'. We set
F, = F,(u,v). We then have G = ({,5) = (ut,vs) C PSLy(¢'). We write &,, the permutation
group of n elements and 2, its derived subgroup. By Dickson’s Theorem [27, Chapter II,
HauptSatz 8.27], we have that G is either abelian by abelian or isomorphic to 25, &4, PSLy(q)
or PGLs(q) for a given ¢ greater than or equal to 4 and dividing ¢'.

If ut' =1 in PSLy(q), then ((—u)")* = 1. Therefore 37 = (—1)" and by the condition on
the order of o, G cannot be isomorphic to A4 or 2As.
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We now exclude the case G' abelian by abelian. If G is abelian by abelian, then [G,G] is
abelian, i.e. ab = ba for all a,b € [G, G| or equivalently ab = +ba for all a,b € [G, G]. We have
that (tst s ) (s7ltst™) — (s7 st ) (tst71s71) =

_ (8= (a=1)2(aB+1)(a+8) _ (a?B%+ap3—aB?—a?B+aB+B%—a—B)(a—1)(af+1)
) Ba2(B+ 2) a?(B+1)
(a2B%+ap®—af?— 2/9’+aﬁ+5 —a—p)(a=1)(a+p) (B=1)(e—1)*(aB+1)(a+h)
B2a?(B+1) Ba2(B+1)

This matrix is non-zero because the diagonal coefficients are non-zero by the conditions on j3.
This means that if [G, G] is abelian, then we have (tst~'s™!) (s ttst™!) + (s 1tst ™) (tst1s71) =
0, but this matrix equals

ot B+a’p?—20° 82028 +a +4o¢2,6+a[32—2o¢ —2af+a+8 7(a26+o¢,82—2a6+a+6)(a—1)(a6+1)
a2
(a26+a62—2a6+a+6)(a+ﬂ)(a 1) a*pra®p?—2a25-2a%%+a’t4a2B4a 220> ~2a ftatf
a?p? a?f

The non-diagonal coefficients are non-zero if A = o2 + a % —2a 8 + o + 3 is non-zero. If
A=0 then the bottom right coefficient of (tst='s™)(st™'s71t) + (st~ ts71t)(tst~'s™!) is equal
to m multiplied by

B+ alBt —atB? — 308 — 2028 + 50362 + 40283+
aBt =30’ -8a*F* —3aB+4a*+5aB+ 5 —20° —3apf - [ =
(@*8% — o + 203 = 20) A+ B((B — 1)A = 202(8° + 1)) = —2Ba*(5° + 1).

This is non-zero by the condition on 5. The diagonal coefficients of the difference of these two
commutators are identical to the ones of the difference of the previous commutators, therefore
they are non-zero. This proves that G is not abelian by abelian and there exists § greater than
or equal to 4 such that [G, G| =~ PSLy(q).

For H a group and A an H-module, we write Z*(H,A) = {f : H x H — A\Vz,y,z €
H,z.f(x,y)f(xy,2) = f(y,2)f(zy,z)} the group of cocyles and B*(H,A) = {f : H x H —
AJt + H — ANz,y € H, f(z,y) = t(y)t(zy)~'y.t(z)} the group of coboundaries. We
write M(H) = H?*(H,C*) = Hy(H,Z) its Schur multiplier. We have [G,G] = [G,G] C
PSLy(q), this inclusion gives a projective representation of SLo(§) with associated cocyle
c € Z*(SLy(Fg),Fy). We will show that H?*(SLy(Fg),F}) is trivial which is equivalent to
Z*(SLy(Fg),F}) = BQ(S Ly(q),Fy) which implies that this cocycle is a coboundary. We write
H = SLy(q). By the Universal Coefﬁ(nents Theorem [25, Theorem 3.2], we have the following
exact sequence

| — Ext(H,(H,Z),F) — H*(H,F}) — Hom(H,(H,Z),F}) — 1.

We have H,(H,Z) = H/[H, H] [29] and Hy(H,Z) = M(H). Since ¢ > 4, we have that SLs(q)

is perfect and the exact sequence becomes
2 * *
1 —1— H*(H,F;) — Hom(M(H),F;) — 1.

By [29, Theorem 7.1.1}, if ¢ ¢ {4,9} then the Schur multiplier M (H) is trivial, therefore this
reduces to H*(H,Fy) ~ {1}.

It remains to consider the cases ¢ = 4 and § = 9. If § = 4, we have M (H) = Z/27 and
p = 2, therefore Hom(M (H),F;) = 1. Indeed, every morphism ¢ from M(H) to [} satisfies
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1 = o(22) = ¢(x)? for all z € M(H). It follows that 0 = ¢p(x)? — 1 = (¢(z) — 1)? for all
x € M(H). This proves that ¢ is trivial. If § =9 then we have M (H) = Z/3Z and H*(H,F})
is trivial by the same reasoning as for § = 4. In all cases, we can define a representation p of

By [8], any representation o of SLs(q) in GLy(q) is up to conjugation of the form o(M) =
(M), where (M) is the matrix obtained from M by applying ¢ € Aut(F,) to all its coeffi-
cients. We have F, = F;(w) for any w generating the cyclic group ;. There exists a homomor-
phism from [, to IF sending 1 to w and stabilizing F;. We define a representatlon pof SLy(q) in
SLsy(q) such that ,5(M) p(M) for all M in SLy(G). We have p(M) = p(M) = (M) for all M
in SLy(G). We have [G, G| ~ PSLQ( 7), therefore (|G, G]) ~ PSLy(q) is conjugate to PSLy(q)
in GLy(q'). We have 9 (tst~'s71) € ¢([G, G]), therefore its trace 2— (a+a~ '+ S+ 8~ ) belongs
to ;. This shows that o+ ofl + 84 7 € F;. We also have that the trace T; of s*t~'s~%¢ and
the trace Ty of st~2s~¢* are in F;. We have T} = o fta’p? -2’4 2azﬁ2+a3+4a2’8+a62 2a2_2“f8+a+f8
We write B = a+a '+ 8+ 7. We then have T} = (a+a~')B— QB—i— 2 The quantity T has
the same expression as T} with o and 3 switched, therefore Ty = (8+37!)B—2B+2. Since B, T}
and Ty are in F;, we have (a+a~')B and (84 37!)B are in F;. We have B = a+a ' +5+ 571
It follows that B = 0 implies o € {—/3, —371}; which contradicts the assumptions on o and 3.
The quantity B is therefore non-zero, therefore o + a~! and § + 57! are in Fy, and F; = F,,.
We conclude using Lemma 2.1 of [11].

The double-partitions of n = 3 to consider are ([2,1],0), ([1],[1%]) and ([1?],[1]). We want
to show that the image of ®3 is equal to SLy(G) X SL3( ) x SLs(q). If we restrict ourselves
to the image inside SL3(q) x SLs(q), we show that it is SLs(q) x SLs(q). By Proposition
3.3.1, SL3(q) = Rp2pnj(Ap,) and Ry p2(Ap,) = SLs(q). We now use Goursat’s Lemma : we
write as in Lemma 331, K = R(AB3), Kl = R[12]7[1](.AB3), K2 = R[1]7[12] (./433) 1 (resp 7T2) the
projection onto SL3(q)(corresponding to ([1%],[1])) (resp SL3(q)) (corresponding to ([1],[1%]))),
K' = ker(m,), K? = ker(m) and ¢ the isomorphism given by Goursat’s Lemma. We have
K = {(z,y) € K; x Ky, p(zK') = yK?}. By the same reasoning as the one in Proposition
3.1. of [11], either SL3(q) x SL3(q) C K or K;/K" is non-abelian and ¢ is an isomorphism
of PSL3(q) and using the same notations, up to conjugation Ry(b) = S?(R;(b))z(b) for all
be Ap, (S=1Idor S =M+ M™1).

Let us show that the second possibility is absurd by choosing the right elements in Ap,.
For any element b of Ap,, Tr(Rpyj2(0)) = 2(b) Tr(S?(Rpey(b)). We write U = 519,V =
TS, T1S; W = 55,5,55% and X = S,T'S;T71552, they are all elements of Ap,. By explicit
computation, for both choices of S, we have :

Tr(Rpypzy(U)) = Tr(Ruypz (V) = Tr(Rpy pzy(W)) = Tr(Rpy pzy (X)) = _(04;1)’

(a—1)*

Tr(S(Rp12),1)(U))) = Te(S(Rpz), (V) = Te(S(Rpzy,y(W))) = Te(S(Rpizy (X)) = —

This shows that 2(U) = z(V) = 2(W) = 2(X) and

1= 2(U)z(W) ™ = 2(UW ) = __ia_i
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This proves ¢(a +a™') = a + a~'. We also have

3—a—a! —

— BB
¢B—a—at=p—p1)

-1

1=2UV1 =

Using ¢(a+at) = a+a™t, we have ¢(S+ 571) = B+ 571, therefore ¢ = 1. We deduce that

a—1)(af® =208 +28 - 1) —af 1420828 —ap?
af (a—1(2aB+pB2—a—-28) B2+2aB-28—a’

1=2(UX1) = (

1—af? =5 —a,(1- )1 +a)=0.

Since 3% # 1 and a? # 1, we get a contradiction. This shows that SLs(q) x SLs(q) = R(Ag,).

We now set Gy = SLs3(q) x SL3(q) and G = SLs(G), the image of ®5 is a subgroup
of G; x Gy for which the projections onto G; and G are surjective. Using again Goursat’s
Lemma and the notation there, we have K;/K' ~ K,/K?. We have a surjective morphism
from K; = Gy = SL3(q) x SL3(q) to Ky/K?, where Ky = SLy(G). If Ko/ K? was non-abelian
then we would have Ky/K? ~ PSLy(q). If the restriction ¢ (resp 1) of 1 to SL([1?],[1]) (resp
SL([1],[1?])) was not trivial then v; (resp 1) would factor into an isomorphism from P.SL3(q)
onto PSLs(q) since the center of SL3(q) would again be in the center of 1); and 5. This would
lead to a contradiction, therefore their image is trivial and v is not surjective, therefore the
quotients are abelian. This shows that K; = [K;, K;] C K! and Ky = [Ky, K] C K? then
using Goursat’s Lemma we conclude that the image of ®3 is equal to G; x GG5. This shows that
®4 is surjective.

The double-partitions of 4 in our decomposition are ([1*],0), ([2%],0), ([2,1,1],0), ([1], [1*]),
([13], [1]), ([1?], [1%]) and ([2, 1], [1]) of respective dimensions 1, 2, 3, 4, 4, 6 and 8 (we removed
the hooks, ([3],[1]) and ([1],[3])). We know the restriction to the first five is surjective by
[12] and Proposition 3.3.1, therefore we only need to show that Rj2)p2)(Ap,) = SLe(q) and

Ra,1,11) (Ap,) = SLg(q)-
Let us first consider the double-partition ([1%],[1?]). By the branching rule and the case
n = 3 above, we have

SL3(q) x SL3(q) = Rpuz)n)(Ass) X Rz (Ap,) = Rz pz)(Ap,) C Rpuzppe(As,) C SLe(q).
We can now use Theorem 3 from [11].
Theorem 3.3.2. Let I, be a finite field and T' < GLy(r) with N > 5 and q > 3 such that
1. T s absolutely irreducible,
2. T contains SL4(r) in a natural representation with a > %

If N # 2a, then I' contains SLy(r). Otherwise, either I' contains SLy(r), or I' is a subgroup
of GL%(r) 16,

We use this theorem on Rp2)2)(Ap,). To get the desired result, we only need to show
that Ryi2)p2j(Ap,) cannot be a subgroup of GL3(r) ! &,. If it were true, then we would have
Ry 2y (Ap,) C SLs(q) x SLs(g) which would contradict the irreducibility shown in Lemma
3.2.1. This shows that we have Ry 12(Ap,) = SLe(q).
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We now consider the double-partition (]2, 1], [1]). Again by the branching rule and the case
n = 3, we have that the restriction to Ap, is SL3(q) x SL3(q) x SLa(G). We now use the
fact that each of these groups is generated by transvections and the fact that Ap, is normally
generated by Ap,. When the characteristic is different from 2, we can use Theorem 2.3.4

We write G = R([271]7[1})(.AB4), H = R([271],[1})(AB3) = SLg(q) X SLg(q) X SLQ(@) and we
pick ¢; (resp ta (resp t3)) a transvection of SLs(q) x {I5} (resp {I3} x SLs(q) x {l2} (resp
{Is} x SLy(q)). We then have H = (ht;h"',h € H,i € {1,2,3}), therefore G = (ghg™',h €
H,g € G) = (gt;g', g € G,i € {1,2,3}) is generated by transvections and we can apply the
theorem. We also recall the following lemma [12, Lemma 5.6].

Lemma 3.3.3. For any prime p and m > 2, the field generated over F, by {Tr(g),g9 € SLn(q)}
is F, and for allm > 3, the field generated over ¥, by {Tx(g),g € SUn(q2)} is F,.

By Proposition 3.2.4, we know that Ry 1)11(/Ap,) preserves no non-degenerate bilinear form.
It also shows that it can preserve no non-degenerate hermitian form. Indeed, if it were to
preserve a hermitian form then we would have Tr(M) = e(Tr({M)~1)) for any M in G and we
have diag([o,a!,1,1,1,1,1,1]) and diag([3,37*,1,1,1,1,1,1]) in H C G. Therefore we would
have e(a+a™) = a+a ' and e(B+471) = +87". Since F, = F,(a, 8) = Fy(a+a™ !, 3+571),
the automorphism € of order 2 would be trivial which is a contradiction. This proves that G
is conjugate in GLg(q) to SLg(g) for some ¢ dividing q. By Lemma 3.3.3, the field generated
over F,, by the traces of the elements of G is [, therefore § = g because G contains SL3(q) in a
natural representation. This proves that the field generated by its elements contains F,. This
shows that when p # 2, G = Ra.1,11))(As,) = SLs(q).

Assume now that p = 2, we can use the following theorem [40, Theorem 1].

Theorem 3.3.3. Let V be a F,-vector space of dimension n > 4 with q even. If G is an
irreductible proper subgroup of SL(V') = SL,(q) generated by a set D of transvections of G,
then D is a conjugacy class of odd transpositions of G.

Assume that G = R(j2,1),17)(Ap, ) is different from SLg(q). We again have that G is generated
by transvections and by applying the above theorem, those transvections are in a single conju-
gacy class of G. Since O,(G) is normal in G and V' = IFZ is an irreducible F,G-module, we apply

Clifford’s Theorem [16, Theorem 11.1] and get that Resgp(G)(V) is semisimple. Since O,(G) is
a p-group, the unique irreducible F,0,(G)-module is the trivial module, therefore O,(G) acts
trivially on V. It follows that O,(G) is trivial. We can thus apply Kantor’s Theorem [28,
Theorem 11 :

Theorem 3.3.4. Let p be a prime and ¢ = p' for some | € N. Assume G is an irreducible
subgroup of SLy(q) generated by a conjugacy class of transvections, such that O,(G) < [G,G]|N
Z(@). Then G is one of the following subgroups.

1. G=SL,(¢) or G~ Spn(q') in SLy(q') or G ~ SUN(q’%) in SLy(q'), with ¢'|q.
2. G~ O0%(q) < SLu(¢), with ¢'|q.

3. G~G6, <SLy(2), where N =n—d and d = Ged(n, 2).

4. G~ 8y, in SLyy 1(2) or in SLs,(2).

5. G~ SLy(5) < SL(9).
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6. G~3.PQ;" < SLg(4).
7. G~ SU42) < SLs(4).
8. G~ Ax Sy in SLy(2"), where A is a subgroup of diagonal matrices.

Since « is of order greater than 4, we have ¢ > ¢ = 2" > 8. The group G contains
H = SL;3(q) x SL3(q) x SLy(G), therefore cases (3) to (7) are excluded. If we were in case
(8), then G would have at mose (¢ — 1)1%? = 45(¢ — 1) transvections (see proof of Theorem

1.3. page 661 of [11]). SL3(q) has % = (¢ —1)(¢* + ¢+ 1)(g + 1) transvections and
(*+q+1)(g+1) >847(q — 1) > 45(q¢ — 1). For the same reasons as when p # 2, G is neither
unitary nor symplectic nor orthogonal. The only remaining possibility is G = SLg(q) which is

a contradiction since we assumed G # SLg(q). This proves that G = SLg(q).

The restriction to each double-partition of 4 is thus surjective, it remains to show that ®; 4
is surjective using Goursat’s Lemma (Lemma 3.3.1). This means that we have to show that
the image is SLy(G) X SL3(q) X SL4(q) x SLy(q) x SLs(q).

By Theorem 1.2. of [11], the restriction to SLy(G) x SL3(q) is surjective. We write G4
the image of this restriction and Gy = Ry j13))(Ap,) = SLa(q). Let K be the image Ap, in
GG, x Gy, using the corresponding notations in Goursat’s Lemma, we have K| = G, Ky = G,
and K;/K' ~ K,/K? If these quotients are abelian then the proof of K = G; x Gy is
straightforward using Goursat’s Lemma. Since the only non-abelian decomposition factor of G
is PSL4(q) and the only non-abelian decomposition factors of Gy are PSLy(q) and PSLs(§G), we
have a contradiction if these quotients are non-abelian. Write now K = Ry 3)(As,) = SLa(q)
and let us consider the image J of Ap, inside K X K. Using again Goursat’s Lemma, this
time with K, = K, K, = K, we have K,/K' ~ K,/K?. If the quotients are abelian then
J = K x K. If the quotients are non-abelian then there is an isomorphism S? from PSLy(q) to
PSLy(q), where the first one corresponds to Ry 1)) (Ag,) and the second one to R, (Ag,).
This implies that there exists a character z from Ap, to F; such that up to conjugation, for
every h € Ha, we have Ry z(h) = S?(Ruya)(h))z(h). The isomorphism S? is of the form
[46, Section 3.3.4] M — ¢(M) or M +— ¢((M 1)), where ¢ is a field automorphism of F,. We
would then have that for all h € Ap,,

Tr(Rs)uy (h) = ¢(Tr(S (R, 3 (7)) z(h).

Writing U = S18; 1, V =TS, TS, X = SyTS,T71S5% P = 539,52, Q=T8T715",
R1 = R(“s“m and Rg = R(ULB])? we have

3—a—a ' =T(Ri(P)) = Te(R1(PQ™)) = Tr(Ra(P)) = Tr(Ra(PQ ™) = Tr((R2(PQ™1) ™)) = Tr((R2(PQ™1)™1).

It follows that 2(PQ™") = 2(P) = g52%=5. This shows that 2(Q) = 2(P)2(PQ™")™ = L.

We also have Tr(R;(Q)) = Tr(Ro(Q)) = Tr((R2(Q)™")) = 2 — a — a™!, therefore 1 = 2(Q) =

43'(2;:1&;—(1(;*11) and ®(a+ a™ ') = a+a~!. We have

Tr(R1(U)) = Tr(R1 (V) = Tr(R1(X)) = Tr(R2(U)) = Tr(R2(V)) = Tr(R2(X)) = Tr((R2(X) ™) = Tr((R2(V)™H) = Te((R2(U) ™) = 3—a—a™ .

This leads to z(U) = z(V) = 2(X) = 1. We have
Tr(Ry(UV)) = Te(Ry(UV ) = Te((Re(UV ) ) =d—a—a ' =g =71
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It follows that 2(UV ™) = 2(U)2(V)"t =1 = q)?;_(?;fa__ll))__((ﬂgfﬁ__ll))), therefore ®(8 + 71) =

B+ 7. Since F, =F,(a+a ', 3+ 57'), we have ® = I,.

2028 + aff? — o? — 5aB — B2+ a+ 20

_ 3 ’
% —2a%8 —af®+5aB —a—26+1
afs '

Tr(R(UX ™)) =

2
Te(Ry(UX 7)) = Tr((Ry(UX 1)) = =

Since 2(UX 1) = 2(U)z(X)™ ' =1 and ® = I, it follows that
a2 —202B —af?+5aB —a—28+1=—-2a°8—aB*+a* +5ab + 5% —a— 28.

This shows that o®* + 1 = o 4 %, therefore (a® — 1)(#* — 1) = 0. This contradicts the
conditions on « and . This contradiction shows that J = K x K.
We conclude using Goursat’s Lemma with R2) 12 (Ag,) = SLe(q) and then with

Ry n)(Ag,) = SLs(q). O

We now show for n > 5 that if the representation associated with each double-partition is
surjective, then @, is surjective.

Lemma 3.3.4. If n > 5 Fy(a,B) = Fy(a+ a8+ 7)) and Fyla) = Fy(a + ') and
the composition of ®1, and the projection upon each quasi-simple group associated with each
double-partition is surjective, then ®,, is surjective.

Proof. Let n > 5, we know by [12, Theorem 1.1] that the restriction to double-partitions with
an empty component is surjective. We first show that we can add the hook partitions. We then
show by induction on the double-partitions using the order we defined that ®,,, is surjective.

We write Goo = SL,—1(q) X I1 SLy, (q) % I1 OSP'(N), where OSP'(\)
()\1,0)6146”,)\1<)\/1 ()\1,@)6146”,)\1:)\’1

is the derived subgroup of the group of isometries of the Fs-bilinear form defined in [12], which
identifies to the one defined in this article. We then have by Theorem 1.1. of [12] that the
image of Ap, inside Gog is Gog. We have Go1 = Rpjpm-1)(Ap,) = SL,(q) by Proposition
3.3.1. We use Goursat’s Lemma to show that the image of Ap, inside Goo x Go 1 is equal
to Goo X Go,1. Using the notations in Goursat’s Lemma, we have K1 = Gy, Ko = Gp1 and
K,/K' ~ K,/K?. If the quotients are abelian then we are done since the groups we consider
are perfect. We assume that they are non-abelian and show there is a contradiction. The only
non-abelian decomposition factor of K, is PSL,(q). Since the finite classical simple groups are
non-isomorphic as long as n > 4 and ¢ > 4 [46, Section 1.2], there would exist a decomposition
factor of K corresponding to a double-partition A of n with its right component empty such

that PG(\) = Rx(Ap,) ~ PSL,(q) = Rq)m-1))(Ag,). Therefore, up to conjugation [46,
Section 3.3.4], we have that Ry(h) = S®(Rp),m-1)(h))z(h) for all h € Ap, with z : A, — F,
® an automorphism of F, and S being either the identity or the transpose of the inverse. Since
n > 5, we have Ap, perfect [36, Corollary], therefore z is trivial. By Lemma 3.2.3 and since the
abelianization of Ap, is the group {7, S1} ~ Z?, we have Ry(h) = S®(R 1)) (h))u?r Mo,
Since the right component of A is empty, the only eigenvalue of R)(T") is 5. On the other hand,
the eigenvalues of S?(Rpu)p—1)(T))v are equal to {v®(3), —v} or {v®(S™'), —v}. Therefore
we would have —v = v®() or —v = v®(5~') which is not possible because we have 3 # —1.
This contradiction shows that the image is equal to G x G 1.
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Assume now G = GooxGo1 and Goz = Rj,pn-1))(As,) = SLyn(q) and consider the image
of Ap, inside Gy = G2 x Gos. We use Goursat’s Lemma with K7 = G2 and Ky = Go3.
In the same way as before, it is sufficient to show that the quotients K;/K' ~ K,/K? are
abelian. The sets of eigenvalues of S®(Rypn—17)(T) are again {®(8), —1} or {®(8)~!, —1}.
If the quotients were non-abelian, we would have R pn-1))(h) = S?(Ruy,un-1))(h))z(h) for
all h € Ap, with S, ¢ and z as before. We have z trivial since Apg, is perfect, therefore
R -1 (h) = S?(R(ypn-1)(h))utr®ovf2™ Let us show that @ is trivial. We have that
Ruy,m—1)(T) and Ry j1n-17)(T") both have for eigenvalues —1 with multiplicity n —1 and 3 with
multiplicity 1. This shows that either § = v®(8) and —1 = —v or 8 = v®(8)"! and —1 = —v.
In both cases, v =1and ®(3+ ') = B+ 7' The eigenvalues of R n—1])(S1) are —1 with
multiplicity 1 and —a with multiplicity n — 1. The eigenvalues of R(j;jin-17)(S1) are —1 with
multiplicity n — 1 and « with multiplicity 1. Therefore we have either —1 = u®(a) and o = —u
or —1 = u®(a!) and a = —u. In both cases u = —a and ®(a +a™1) = a + a~!. We have ®
trivial, therefore I, = Fp(oz—i-ofl, 6+ﬁ_1). This would imply R([l]y[n—l])IABn ~ S<R([1},[1”*1])\A3n)
but ([1], [1"71)) & {([1], [n—1]), ([1], [n —1])'} when n > 2. By Proposition 3.2.4, this is absurd.
This shows the image of Ap, in Gq is equal to Gy.

For Ao € €, = {\FFn, A ¢ A,, X not a hook}, we set

Gy, = SL,_1(G) x 11 SLy,, (4) x II OSP'(\)x

(A1,0)€Aen, A1 <)) (A1,0)€Aen A=),
SLo(@?x Il SLu(@x [ O0SP'(N),
A€en, A<min(N o) AEen A=N <o

where OSP() is the group of isometries of the bilinear form defined before Proposition 3.1.1.

For the minimal element A\ of €,, we just showed the composition @, , with the projection
onto Gy, = Gy is surjective. Let us show by induction (numbering the double-partitions of n
with the order defined previously) that for all Ao, the composition of ®;, with the projection
onto Gy, is surjective.

Let A\ € €,. Assume that the composition is surjective onto G, and let us show that the
composition onto Gy,11 = Gy, X G(\g) is surjective, where G(\g) = SLn(q) if Ao # A, and
G(Xo) =~ OSP'(\) € {SPn(q),Q%4(q)} if \g = N,. We use Goursat’s Lemma with K; = G,,
and Ky = G()\g) on the image ®,, in K; x K,. As before, it is sufficient to show that the
quotients K;/K' ~ K,/K? are abelian. Assume they are non-abelian. The only non-abelian
Jordan-Holder factor of G(\g) is PG()g), therefore there exists A less than A¢ such that up to
conjugation (see [46] 3.3.4., 3.5.5. and 3.7.5) Ry(h) = S®*(Ry,(h)z(h) for all h € Ap, (there is no
triality involved since if n > 5, A = X and A € ¢, then dim(Vy) > dim(V{(2,11,12,17)) = 80 > 8). By
the same arguments as in the induction initialization, we have that A has no empty components.
Since n > 5, Ap, is perfect and z is trivial. We then have Ry, =~ S®(Ra4, ). Let us show
that @ is trivial. By Lemma 3.2.3, there exists u,v € F; such that up to conjugation, for
all b € Ap,, we have Ry,(h) = S®(Ry(h))ut®v?2™  Comparing eigenvalues of T, we get
either {3, —1} = {v®(B3), —v} or {B,—1} = {v®(B~'), —v}. In the first case, either v = 1 and
®(B) = B orv=—Fand —1 = v®(3), therefore ®(3 + ') = S+ 7. In the second case
either v = 1 and (') = B or v = —f8 and v®(B~') = —1, therefore ®(B+ 87! =+ 71
In the same way using Si, we show ®(a+a~!) = a+«a~!. This shows that ® is trivial because
F, =Fy(a+a ', 3+ 7). We then have Ry 4, = S(Ri.4,, ) which contradicts Proposition
3.2.4 since A < A\g < ;. O
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To get that @, ,, is surjective, it now only remains to show that what we assumed in Lemma
3.3.4 is true.

Theorem 3.3.5. If n > 5 then for all A -+ n double-partitions in our decomposition, we have
R\(Ap,) = G(X), where G(X) is the corresponding group in the following list.

1. SL,1(q) if »=([n—1,1],0).

SLn(G) if A= (M\1,0), M < ).

SPy(§) if A= (A, 0),\ =X, and (p=2 or (p >3 and v(\) = —1)).
Q5@ if A= (A, 0), A =N, p>3and v(\) = 1.

SLn(q) if A € {([1], [n = 1)), (1), (1"}

SLn(q) if N € e, N < N.

SPx(q) if \=X and (p =2 or v(\) = —1).

Sl S S T

QL(q) if \=N,p>3 and v(\) = 1.

Proof. Let n > 5. By [11] (Theorem 1.1.), it is sufficient to show it for A € e,.

The result is true for n = 4, therefore we can use induction and assume ®,,_; is surjective.

The first thing to do is to take care of the double-partitions such that n, > 8 and n, # 10.
For n = 5, the double partitions to consider are ([1°],[1%]), ([1%],[1%]), ([1],]2,2]), ([1],[2,1?]),
(111, 13,1]), ([2],[2,1]) and ([1%], [2, 1]) of respective dimensions 10, 10, 10, 15, 15, 20 and 20. For
n =6, they are ([12], [14), (11 [12]), ([1%), (1), ([1], [4, 1]), ([1],[2, 7)), ([1],[3, 2]}, ([1],[2%,1]),
([1, 3,1, 1)), ([2], [22]), ([27], [22), (121, 3,1]), ([1%], [3,1]),
(12],12,1%]), ([1%,[2,12)), ([3],12,1]), ([1%],[2,1]) and ([2,1],[2,1]) of respective dimensions 15,
15, 20, 24, 24, 30, 30, 36, 30, 30, 45, 45, 45, 45, 40, 40 and 80. We can now note that
if n = 6, we have n, > 15, therefore by the branching rule, if n > 6 and A is a double-
partition of €, then ny > 15. The only double-partitions A such that ny, < 8 or n, = 10
are ([1%],[1%]), ([1?],[13]) and ([1],[2,2]) which are of dimension 10. By Lemma 3.3.2 and the
branching rule, we have that Ry 22(Ap,) = SLs(q) x SL2(q), Rpusjjiz)(As,) = SLa(q) x SLs(q)
and Rpsp2(Ap,) = SLi(q) x SLe(q). By Theorem 3.3.2, we have that R 2,9 (ABs,) =
R[13]7[12} (ABs) = R[lz],[la] (AB5) ~ SLlO(q).

We now show in the same way as in [12] (Part 5), that the other assumptions of Theorem
2.3.2 are verified. In order to do this, we use the following results shown in [12].

Lemma 3.3.5. Ifd > 6 and G < GLy4(q) contains an element conjugate to an element of the
form diag(&,6711,1,...) with €2 # 1, then G is tensor-indecomposable.

Lemma 3.3.6. Ifd > 16 and G < G'L4(q) contains an element of order prime to p conjugate to
an element of the form diag(&,&,671, 671, 1,1, .., 1) with €2 # 1, then G is tensor-indecomposable
except possibly if G < G1 ® Gy with G < GLy(q).

For a block diagonal matrix with blocks By, ..., B,, we write diag(By, ..., B;).

Lemma 3.3.7. If G contains a natural SLs(q) and ¢ > 8 or G contains a twisted diagonal
embedding of SLy(q) (G D {diag(M,(M~Y),Ix_4), M € SLs(q)}), then case (2) of Theorem
2.3.2 is excluded.
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By the proof of the imprimitivity of G in [12], it is sufficient to show that Ag, is normally
generated by Ap, _, and that G contains either a transvection or an element of Jordan form
diag(ly + E1 9, Iy + E1 9, In_4) to get that G is imprimitive.

In order to show that we are in case (1) of Theorem 2.3.2, we must show that for n > 5,
that we have ¢ > 8 and that for any double-partition A of n, G = R)(Ap,) contains either a
natural SLs(q) and ny > 6 or contains a twisted diagonal embedding of SLs(q) and ny, > 16.
We must also prove that Ap, is normally generated Ap,_, and the exceptional case of Lemma
3.3.6 is impossible when ny, > 16, G contains a twisted diagonal embedding of SLy(q) but no
natural SLs(g) in an obvious way.

Let n > 5, assume the lemma is true for all m < n—1. By Lemmas 3.3.4 and 3.3.2, we have
®,,, surjective for all m < n — 1. By assumption, « is of order strictly greater than 5 and not
belonging to {1,2,3,4,5,6,8,10}. This implies that « is of order at least 7 and that ¢ > 8. If
A has at most two columns then since X € €,, A contains a natural SLs(gq). Assume now X € €,
has at least three rows or three columns.

Assume that for all g C A containing ([2, 1], [1]) or ([1],[2,1]), we have i/ C A\. We then
have that A = X and n is even. Since n is even, we have u # ' for any double-partition
i C A. Since A € €, and contains strictly more than two rows and two columns, there exists
@ C A containing ([1],[2,1]) or ([2,1],[1]). Since ®,,_; is surjective and ' C A, we have a
twisted diagonal embedding of SL,, (¢) in G = Rx(Ap,) and since n, > 8 > 2, we have a
twisted diagonal embedding of SLy(q). Otherwise there exists y C A containing ([2, 1], [1]) or
([1],[2,1]) such that ' C X. Since ®,,_; is surjective, we get that A contains a natural SL,,(q)
and, therefore contains a natural SL,(q). For double-partitions which are not of dimension
strictly greater than 16, i.e. ([1],[2,1?%]) and ([1],[3,1]), we are in the second case.

We now show that Ap, is normally generated by Ag, _, for n > 5. By [12, Lemma 2.1], we
have that A4, is normally generated by Ay, , for n > 4. Since T' commutes with S; for all
i > 2, we have the same result for Ap, for n > 4.

It now only remains to show that the exception of Lemma 3.3.6 is impossible when there
is no obvious natural SLy(q) in G. In order to do this, we show a proposition analogous to
Proposition 2.4. of [12].

Proposition 3.3.2. Let K be a field. If n > 7 and ¢ : Ag, — PSLy(K) is a group morphism
then o = 1.

Proof. Let K be a field, n > 7 and ¢ such a morphism. The restriction of ¢ to A4, < Ap,
is trivial by Proposition 2.4. of [12]. By Theorem 3.9. of [36], Ap, is generated by p, =
Sn_gs,f_ll,pl = Sn_lsn_gS;_Ql,q;:, = Sn_gS;_ll,b = Sn_25,;_115n_357:_12,7“l = TlSlT_lSn_l,qi =
Sn_ng,ll,l € 7,4 <1 <n— 2 and the following relations.

1. For 4 <j <n—2,pog; = ¢jpr and p1g; = ¢;py 'pr-
2. For | € Z,por; = rp; and pyr; = rlpglpl.

3. For3<i<j<n-—2i—j|>2¢q¢=q-

4. For 3 <i<n—3,qr =n4q.

5. pogspy - = b, pobpy ' = g5 '

6. prgspi’ = g3 b, pibprt = (a570)°q5 b,
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7. For 3 <1 <n—3,¢qi11¢ = ¢i+19i%i+1-
8. For l € Z, qn—or1Gn—2 = T1qn—271.
9. For [ € Z,T’ZT’Z_H = T1417142-

By [12, Proposition 2.4], the images of all the generators except for (r;),cz are trivial. By
the eighth relation, we get that the images of the r; are also trivial and the desired result
follows. O

This shows that if n > 7 and G < G; ® G with G; < GLs(q), then G C SL%(q) X SL%(q).
This contradicts the irreducibility. Since we need n > 7 to apply this reasoning, we must
consider separately the cases where n € {5,6} and G does not contain a natural SLs(g). Looking
at all the cases enumerated previously, the only one to consider is A = ([2,1],[2,1]). Up to
conjugation, we have H = Ry 1) 0.1](Ap;) ~ {diag(M,(M~1), N,{N~1)),M,N € SLy(q)} ~
SLao(q) x SLao(q).

Assume that G = R(2,1),2,1))(ABs) C G1 ® G2 and that G; C GLa(q). We then have a
morphism 6 from G to SLs(q) since Ag, is perfect for n > 5. If we consider the restriction of
0 to H, its kernel is a subgroup of H and its image is a subgroup of SLs(g). Since PS L (q)
is the only non-abelian composition factor of H, we have that if the image is non-abelian then
there exists a subgroup of SLs(q) isomorphic to PSLag(q). This is absurd, therefore the image
is abelian and the kernel contains the derived subgroup of H which is equal to H since H
is perfect. In the same way, for all ¢ € G, the restriction of § to gHg™! is trivial. Since H
normally generates GG, 6 is trivial which contradicts the irreducibility of G' in the same way as
in the proof of the previous proposition.

We have thus shown that we are in the first case of Theorem 2.3.2. By the same reasoning
as in [12, page 16|, we have in all cases that ¢ = ¢. If A = X, we have G C G(\) by
Proposition 3.2.1, therefore G = G(\). If A # X, G preserves no bilinear form since R, is
not isomorphic to R}. If G preserves a hermitian form then there exists an automorphism
® of order 2 of F, such that M is conjugate to ®((M)~!) for all M € G. Since G contains
a natural SLy(q), we then have Tr(diag(a,a ', 1,1,...,1)) = ®(Tr(diag(a ', o, 1,...,1))) and
Tr(diag(8, 571, 1,1,...,1)) = ®(Tr(diag(87, 8,1, ...,1))), therefore ®(a + a™!) = a+ o' and
O(8+ 1) = B+ 7. This implies that & = I; because F, = F,(a + ™!, 8+ 7). This is
absurd and we conclude that G = SL,, (q). O

By Theorem 3.3.5, Lemma 3.3.2 and Lemma 3.3.4, we have that for all n, ®; , is surjective.

3.3.2 Cases (2) and (3)

We have shown the surjectivity of @ ,, this corresponds to the first of the six possible field
extension configurations described at the beginning of subsection 3.2.2. The proof in cases (2)
and (3) only requires small changes to the one in the first case, but the new factorizations
appearing in cases (4) to (6) require more work, especially for the low dimensional representa-
tions. We treat in this section cases (2) and (3) emphasizing on the differences with the first
case. This will conclude the proof of Theorem 3.2.3 and the corresponding statement in the
second of the six cases listed at the beginning of subsection 3.2.2.

In case (2), i.e., F, = Fy(o, B) = Fp(a+ a 1,8+ 87) and Fy(a) # Fy(a + a™t), the
same arguments as the ones in case 1 work at every step of the proof. Indeed, S UQ(cﬁ) is also
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generated by a conjugacy class of transvections. Since § is a square and « is order not diving
8 by assumption, we have that ¢ > 16 and G2 > 3. We also still have that SLs(q) x SUQ(Q%)
contains SLg(q) x {3}, therefore all the arguments work in the same way. This shows that in
case (2), ®q,, is surjective for all n.

In case (3), i.e., F, =F,(a,8) =F(a+a,8) =Fy(a, B+ 7)) #Fla+a 84+ 571),
all representations are unitary. The main differences occur in the proof that when n = 4, the
direct product of two SU4(q%) is in the image, and in the conclusion of the proof of this version
of Theorem 3.3.5.

Theorem 3.3.6. If n > 5, then for all A F+= n in our decomposition, Ry(Ag,) = G(\), where
G(\) is the corresponding group in the following list.

1. SU,_1(G2) if A= (jn — 1,1],0).
2. SUN(G2) if A= (A, 0), A < N,.
@) if A=, 0, =X, and (p=2or (p>3 and v(\y) = —1)).
O (q%) A= L0, M =N, p>3andv(\) =
Un(g?) if A € {([1], [n = 1]), (1], 1))}
Un(qz) if A€ en, A < N,
SPy(qz) if A=N and (p=2 or (p >3 and 5(\) = —1.

MH

.\1.039"‘.“9@

8 Qh(q2) if A\=X,p>3 and 5(\) = 1.
Proof. We recall Proposition 4.1. of [12].

Proposition 3.3.3. Let ¢ = u?, ¢ be a non-degenerate bilinear form over IFfZV, Y a non-
degenerate hermitian form over IE‘fZV. If G € OSPy(p) NUn(¥) is absolutely irreducible, then
there exists v € GLx(q) and a non-degenerate bilinear form ¢ over FY such that*G C OSP(¢')
and ¢’ is of the same type as p.

When n = 4, the proof that ®, is surjective is the same up to the point, where we prove ®
is trivial using ®(a +a™ ') = a+a tand ®(f+ ') = S+ B7L. In case 3, @ could also be
equal to the automorphism € of order 2 of IF,. It is thus necessary to show that the following is
absurd :

a?B? —2a%B — aB?+5af —a—2B+1

afb

—2a%8 — af? +a® +5aB + % —a — 23

afs )

= ¢(

This would imply

—2a7 2871 L q71872 L 072 4 501371 4 g2 _ o1 _gg—1
&72@72

= -—28-a+B2+5a8+a’-aB? 248

0?82 2028 —af® +50f—a—28+1 =

This is absurd because it is the same equality we proved to be impossible in the first case.
We now adapt the end of the proof of the corresponding version of Theorem 3.3.5. By [12,
page 18], we are in case (1) of Theorem 2.3.2. If A # X, G contains a natural SUs(q2), therefore
g = ¢ by Lemma 3.3.3. Since G C § Unk(q%) and G preserves no bilinear form by Proposition
3.2.4, we have G ~ SU,, (q%) If A = X, we use Proposition 3.3.3 to get that G C OSP(q%). By
Lemma 3.3.3, we have that F, contains {x + €(x),z € F,}. This implies that ¢’ = g2 because
F, contains a + o' and B+ 87! and ¢ divides 2. We conclude that G ~ OSP'(q2). O
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3.3.3 Cases (4), (5) and (6)

In this subsection, we finish the proof for type B by considering the last three cases for the
field extensions listed at the beginning of subsection 3.2.2. This will conclude the proofs of
Theorems 3.2.4, 3.2.5 and 3.2.6. In these cases more factorizations appear and this complicates
greatly the proof for small n. We will use the tables of maximal subgroups of finite classical
groups in low dimension from [9]. This gives interesting techniques to determine if a certain
subgroup G of a classical group is the group itself, when given information on the subgroups of
G.

In these cases, we can still use various arguments from the first case, but except for Propo-
sition 3.3.1 which remains true in all these cases, all the low-dimensional cases must be done
again. It is not necessary to use new arguments for Lemma 3.3.4. We start by studying the
case n < 4.

Lemma 3.3.8. Fori e {4,5,6} and n < 4, we have ®;,, surjective.

Proof. For n = 2, using the same arguments as in the first case and Lemma 3.2.5, we have that
Im(®,) ~ SLy(q2).

For n = 3, we have by the factorizations in Proposition 3.2.4 that in all cases ®3 is surjective.

The only case left to consider is n = 4 and the double-partitions ([12],[1?]) and ([1], [2, 1])
of respective dimensions 6 and 8. We have to prove that R(j;2)12))(Ag,) ~ SL6<(]%) or SUg(q%)
and R1,1))(Ag,) ~ SLg(q2) or SUs(q?) depending on the case.

We start by G = Rz 2)(Ha) in case (5) or (6), where F, = Fy(a, ) = Fpa+ a7, B) #
Fplo, B+ 71 = Fy(a+ o', 8+ 47"). We then have H = R212)(Ap,) ~ SLs(q). Since
([12], [1%]) = ([1?], [12]), by Proposition 3.2.4 (4.c) and Lemma 3.2.5, up to conjugation, we have
G C SLg(q?).

We use the classification of maximal subgroups SLg(q2) [9, Tables 8.24 and 8.25] . Using
the fact that H is a subgroup of GG, we exclude the possibility that G is included in all but two
of these groups, using the divisibility of the orders that would ensue. We start by considering
the sporadic maximal subgroups in Table 8.25 and get the orders of these groups using the
atlas [14]. We list below those groups and their order or a quantity their order divides

1. 2 x 395.23, 4320,
2. 2 x 3, 2160,

3. 6, 2160,

4. (g2 —1,6) 0 22 PSLy(11),12 x 660 = 7920,
5. 67, 15120,

6. 6:PSL3(4)27,6 x 2 x 20160 = 241920,

7. 6:PSL3(4),6 x 20160 = 120960,

8. 2 M, 2 x 95040 = 190080,

9. 6,PSUL(3)25,6 x 2 x 3265920 = 39191040,
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10. 6, PSUL(3),6 x 3265920 = 19595520,
11. (g2 —1,6) 0 SL3(q2),6 x ¢2(q — 1)(q2 —1).

Since ¢ is a square and « is of order greater than 4, we have ¢ > 9. This implies that
ISL3(q)| = ¢*(¢* — 1)(¢® — 1) > 93(9% — 1)(9® — 1) = 42456960, which is greater than all the
orders in the list (the last one is of order 6¢2(q — 1)(¢® — 1) and 6 < ¢2(q+ 1)(¢2 + 1)). We
now look at the list in table 8.24 of the 18 geometric maximal subgroups of SLg (q%), which we
provide below with their order or a quantity which is divisible by their order

L By : GLs(q%),q7 (¢ = 1)(¢* = D)(g? = 1)(q — 1)(q? — 1),

2. B (SLa(q?) x SLy(q2)) : (g7 —1),¢% (62 — 1)(q2 — 1)(q — 1)%(q2 — 1),
3. E%) : (SLs(q 3) % SLs(q2)) : (g3 —1),¢% (g3 — 1)%(q — 1)%(g% — 1),

4. B'Y®: (GLa(g?) % (g7 — 1)), % (¢* — 1)(q% — 1)(q — 1)(g7 — 1),
5. EY®SLy(q2)%: (g2 —1)2,¢7 (¢ — 1)3(¢g2 — 1),
6. GLs(q?),¢°(q? — 1)(¢* — 1)(q? — 1)(¢ — 1)(g? — 1),

7. (SLa(q?) x SLa(q?)) : (7 — 1),q2(¢*> — 1)(g7 — 1)(q — 1)%(¢% — 1),

10. SLs(q2)?: (g7 —1).62,2¢2(q> — 1)(g — 1)(g% — 1),

11. SLs(q)-(q2 +1).2,2(q2 + 1)|SLs(q)],

12. SLy(g2).(g+¢2 +1).3,3¢2(¢* = 1)(g+¢> + 1),

13. SLy(q2) x SLs(q2), ¢%(q2 — 1)(q — 1),

14. SLg(go).[(£=1,6)], where q2 = g and r prime, 6|SLs(qo)|.

15. (g2 —1,3) x SO{ (¢%).2, ¢ odd, 6¢°(¢* — 1)(q% — 1)(¢ — 1),

16. (¢ —1,3) x SOg (q7).2, q odd, 6¢°(q> — 1)(q% + 1)(g — 1),

17. (g2 — 1,3) x SPs(q2),3q2 (¢ — 1)(¢* = 1)(¢* — 1) = 33 (¢ — 1)|SLa(q)],

18. SUs(q7)-(q7 — 1,6),6q7 (q% — 1)(q% + 1)(q — 1)(q7 + 1)(g= — 1).



In cases 1,2,3,4,5,6,7 and 13, the order of the maximal subgroup divides q%(q% —1)(q?
1)(q2 — 1)2(¢ — 1)2(q2 — 1). This implies that it is sufficient to show that [SLs(q)| = q3(
1)(¢*> — 1) does not divide this quantity to exclude these cases. It can be true only if ¢% — 1
divides (¢35 — 1)(¢2 — 1)2(¢ — 1)%(q2 — 1). The Euclidean remainder of those two quantities seen
as polynomials in q% is 4qg + 2¢% — Qq% —4q — 2q% + 2. Therefore, if ¢> — 1 divides the first
quantity then it divides the rlemainder, Whigh is positive. Therefore it is less than or equal to
it. We have €(a) = a~! = a?”, therefore a9’ ™! = 1. Since « is of order strictly greater than 6
by assumption, we have that q% > 6 and 4qg +2¢%* —q— 2qg —4q — 2q% +2< 4q% +2¢°+2 <
4q% +3¢? < 5q% < ¢® — 1. This gives us the desired contradiction.

Cases 8,9, 10 and 12 are excluded because ¢* is coprime to ¢" — 1 and (q + q% + 1) for every
integer 7 and ¢3 does not divide 6! or 6¢2 since ¢ = (q2)2 > 36.

In case 14, the order of the maximal subgroup M divides the quantity

6g7 (g7 — 1)(q% — 1)(g" — 1)(g> — 1)(g7 — 1),

where g3 = qo and r is a prime. If |SL3(q)| divides this quantity, then ¢* divides 6q2r. If r > 3,
then Gq% < 6(]% < ¢ because q% >8> 6 when r > 3.

It only remains to consider the case r = 2. We then have that (¢2 — 1)(q2 +1)(¢—1) divides
6(q —1)(q1 —1)(¢—1)(¢f —1)(q2 — 1), therefore ¢3 + 1 divides 6( - 1)(q4 - 1)(q2 —1). The
Euclidean remamder of the division of those two polynomials in q4 is —6q4 +6q4 +12q4 +6q4 —6.
This implies that q2 +1 d1v1des the above quantity. We have q2 > 6 and it is a square When
r= 2 Therefore q2 > 9 and q4 > 3. It follows that —6q4 +6q4 +12q4 +6q4 —6 < 6q4 —|—11q4 <
—4q4 < 0. We then have that q2 + 1 divides 6q4 —6q4 — 12q4 6q4 +6 < 6q4 < 2q4 < q2 +1,
which is absurd since both quantities are positive. Case 14 is therefore excluded.

The four last cases are of class Cg, therefore they preserve a non-degenerate bilinear form.
We cannot have PGP~ included in one of those groups because Rz 12, A, P Rz 2 As, by
Proposition 3.2.4.

The only remaining case is now cases 11 which is SL3(q).(¢2 + 1).2. We know that H =
Rz 2 (Ap,y) >~ SL3(q) normally generates G = Rp2)12))(Ag,) C P~15L¢(¢2)P for a certain
matrix P in GLg(¢). Assume PGP~ is a subgroup of M = SLs(q).(q2 + 1).2. Since SLs(q)
is perfect, PHP~! is perfect and the image of PHP~! in the quotient Z/27Z of M is trivial.
The group H is thus included in SLs(q).(¢2 + 1). Using the same argument, we have that
PHP™! is included in the SL3(q) appearing in the expression of M, therefore PH P~ is equal
to that SL3(q). For all ¢ € PGP~!, we can apply the same reasoning to gPHP g7t =
SLs(q) = PHP™!. Tt follows that PGP~! = SL3(q) = PHP™! because H normally generates
G, therefore H = G. This leads to a contradiction because G is irreducible and H is not.

This concludes the study of double-partition ([12],[1?]) in the field cases 5 and 6 and we
have Ryy2) 12(Ap,) ~ SLg(q?) in those cases.

Assume now we are in case 4, ie., F, = Fy(a,3) = Fpla, B+ ') # Fy(a+a !, 5) =
Fo(o + a8+ f7!). Then by Lemma 3.2.4 and Proposition 3.2.4, there exists a matrix
P such that PGP™' C SUs(q2) and H ~ SLs(q), writing again G = Rz iz (Ap,) and
H = Rquz)12))(Ap,). The goal this time is to show that PGP~ ~ SUs(q?).

We first consider the maximal subgroups of class S of SUs(q2) given in Table 8.27 of [9]
and give their order or a quantity their order divides.
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1. 2 x 3, 2160,

2. 2 x 3523, 4320,

3. 62, 2160,

4. (g2 +1,6) 02 Ly(11),12 x 660 = 7920,
5. 62z, 15120,

6. 6 PSL3(4),6 x 20160 = 120960,

7. 6:PSL3(4) 27, 241920,

8. 3 My, 3 443520 = 1330560,

9. 3,U4(3) : 22,6 x 3265920 = 19595520,
10. 6,U4(3), 19595520,
11. 6,U4(3)25, 39191040,
12. (g2 +1,6) 0 SUs(q2),6(q2 (¢ — 1)(¢% + 1).

As before, we have ¢ > 9. Therefore |SLs(q)| > 42456960 and the last case is excluded since
¢® does not divide 6¢2.

Consider now the maximal subgroups of geometric type. We here omit the groups of class
C, because we know that PGP™! is irreducible. The remaining maximal subgroups obtained
from Table 8.26. of [9] of SUs(q2) are the following

1. (g7 +1)°.65,720(g? + 1)°,

2. SUs(q2)* : (2 +1)%.63,6¢2 (2 + 1)%(q — 1)%,

3. SUs(q2)?: (g2 +1).62,2¢°(q> + 1)(q — 1)*(¢2 +1)%,
4. SLs(q).(q2 —1).2,2(q% — 1)|SLs(F,)],

5. SUs(q%).(q — q2 +1).3,3¢2 (¢* — 1)(q — ¢ + 1),

6. SUs(q2) x SUs(q7),¢*(q — 1)%(¢7 + 1),

7. SUs(go0)-[(£%,6)], 90 = g7, 7 odd prime, 645 (g3 — 1)(q3 — 1)(ag — 1)(a§ — 1)(a§ — 1),
8. (¢2 +1,3) x SPs(q7),3¢2 (q — 1)|SLs(q),
9. (g2 +1,3) x SO{ (q2)-2,6¢°(¢> — 1)(q* — 1)(q — 1),

10. (g2 +1,3) x SOg (¢2).2,64%(¢> — 1)(q2 + 1)(g — 1).
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In case 6, we have that the order of the maximal subgroup is ¢*(q — 1)2(q% +1). If |SL3(q)]|
divides this quantity, then ¢*> — 1 divides (¢ — 1)(q% +1) = G2 —q +q—1<qgi—1<g—1.
This is absurd, therefore this case is excluded.

In case 1, we have that ¢* divides 720 which is absurd since ¢ > 36. In the same way, cases
3
2 and 5 are excluded because ¢* does not divide 6q2.

In case 3, we have that ¢® — 1 divides 2(¢2 + 1)(q — 1)2(¢2 + 1). The Euclidean remainder
of the division of those two polynomials in q% is —4q% + 8¢ — 4q% —4q + 8q% — 4n which is
5 4 3 1 5 3 5 1
negative. We have 4¢g> — 8q2 + 4q2 + 4q — 8¢2 + 4 < 4¢q2 + 6¢2 < 5q2 < ¢ — 1 when ¢2 < 3.
This case is therefore also excluded.
In case 7, we have that ¢* divides 6¢}°> = 6g> < 6g¢ < ¢ since g2 = q > 8.

In cases 8, 9 and 10, we have PGP~ included in a subgroup preserving a non-degenerate bi-
linear form. This would imply that eo Rp2) 12) Ap, = Rp2pza,, which is absurd by Proposition
3.2.4.

The last remaining case is case 4. In the same way as in case 11 when F,(«, ) # F,(a +
a1, 3), we would have that H # G because Rz 12))(S255 ") € G\ H. Since G is normally
generated by H and gHg ! is perfect for all ¢ € G, we would have that G C SLs(q) and,
therefore G = H, which is absurd.

We have shown that PGP~! cannot be included in any maximal subgroup of S UG((]%). It
follows that PGP~ ~ SUs(q?).

The only double-partition remaining for n < 4 now is A = ([2, 1], [1]). It affords a represen-
tation of dimension 8 and satisfies A = (A}, \}).

We start by case 4, i.e., F, = Fy(a, ) =Fp(a, B+ 871 #F(a+a™ ) =F,(a+a !, 5+
B~1) and, therefore F; = F,(a + a™!') # F,(a). We then have by Goursat’s Lemma and
the result for n = 3 that H = R([271L[1D(AB3) ~ SLg(q) X SUQ(Q%) Cc G = R([Q,l],[l])(AB4)-
By Proposition 3.2.4, we know that there exists P € GLg(q) such that for all h € Hy,
PR (h) P~ = e(R(2,1,17)) (h). By Lemma 3.2.5, this implies that there exists S € G Lg(q)
such that S™'R.1,17)(Ag,)S C GLs(q?) with y~'P = ¢(5)S~! and €(P)P = ¢(7)y.

We can use the arguments used previously to see that our group is primitive, irreduciblel,
tensor-indecomposable, preserves no symmetric, skew-symmetric or hermitian form over FZ
and cannot be included in GLg(q') for ¢’ < q%. We then get that G is included in no maximal
subgroup of class Ci, Co, C4, C5 and Cg. It contains a transvection, therefore it cannot be
included in a maximal subgroup of class C3. We list below the maximal subgroups remaining
obtained from Tables 8.44 and 8.45 of [9]. We give the order of those groups or a quantity their
order divides.

1. ((8,q% + 1) 0 2146)-(SPy(2)), 2477260800
2. 4,PSLs(4), 241920

3. ((8,q2 4+ 1) 0 41)- PSLy(4), 1935360

4. (804,) PSLs(4), 1935360

5. (8 04;) PSL;(4).25, 3870720
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We have that « is of order greater than or equal to 7 and €(a) = a™!, where € is the unique

1
automorphism of order 2 of F,. It follows that a?**! = 1, therefore g +1>T7andq? > 6. We
have F; = F,(«) # F,(a + a™1), therefore é(ar) = a~!, where € is the unique automorphism of
order 2 of Fz. This implies that Gz > 6. It follows that |H| > 591963268176000. This excludes

all the maximal subgroups in the list. It follows that S~'G'S is included in no maximal subgroup
of SLg(q?), therefore G ~ SLg(q2).

We now consider cases 5 and 6, where our representation is now unitary by Proposition 3.2.4.
In both cases, there exists a matrix P such that PGP~' C SUs(q?) with G = R, (AB,)
and we have H = Rp1111))(AB,) ~ SLs(q) x SU,(G2) (resp SLy(q)) in case 5 (resp case 6). This
proves that G contains either a natural SLy(q¢) or a natural SUs(g). We then have by Lemma
3.3.5 that G is tensor-indecomposable, therefore it is not included in any maximal subgroup of
class C4 of S Ug(q%). It contains a transvection, therefore it cannot be included in any group
of class C3. We also have that GG is a primitive irreducible group preserving no symmetric or
skew-symmetric form over Fq 3 si G is included in no maximal subgroup of class C; or Cs or Cs

for ¢y = q%. Consider now the maximal subgroups of S Ug(q%) which are not of class Cy, Cs, Cs,
Cy or Cs with gy = ¢2. They are given in Tables 8.46 and 8.47 of [9] and we list them below
with their order or a quantity their order divides

8 . .
1. SUs(q0), ¢* T1 (g — (=1)") ¢* = gj, 7 odd prime

=2

2. ((8,q% + 1) 0 216)-(SPy(2)), 2477260800
3. ((8,q2 + 1) 041) PSLy(4), 1935360
4. (8 04,) PSLs(4).25, 3870720

We have that « of order greater than or equal to 7 and ¢(a) = «, where « is the au-

tomorphism of order 2 of F,. It follows that aq%*l = 1 and, therefore q% —1 > 7 and
¢z > 8. In case 5, we have F; = F,(a) # F,(a + a™'), therefore é() = a™', where € is
the automorphism of order 2 of F; and, therefore q~% > 6. In case 6, we have that § > 7
because « is of order greater than or eaqual to 7. This proves that in both cases we have
|H| > 6 x (62 — 1) x 643 x (642 — 1)(64% — 1) = 59095088588390400. This excludes the last
three cases.

Assume that G is included in the first maximal subgroup. Let r be the prime such that
1 28 14
gy = q2. We have that ¢* divides ¢3* = ¢ = ¢+ . This implies that 3 < * and, therefore

r < 134 < 5. Since r is an odd prime, we have that r = 3. We then have that (¢* — 1)

divides AH (g6 — (—=1)?). The Euclidean remainder of those two polynomials in ¢s is then

29 —2q°% +2¢% —q5 +¢% —q5 —q5 +q5 —qs —q° +Q6 —q5 —qs +q6 —C]6 +2q6 —2g5 +2.
The latter quantity is positive, therefore we have that ¢3 — 1 < 2q 6 — q T < ¢® — 1. This
contradiction shows that the first cases is also excluded, therefore GG is included in no maximal
subgroup of SUg(q%) and, therefore G ~ S Ug(q%). This concludes the proof of the lemma. [

We must now show that we can use Theorem 2.3.2. The factorizations of A = (A1, A\2)
by (A}, Ay) and by (A2, A1) change the arguments for the natural SLs(q) and twisted diagonal
embeddings of SL3(q). Let A = (A1, \2) be a double-partition of n > 5.
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We then have five different cases.

L. A# N A # (Mg, A1) and A # (M), \)). Let us show Ry(Ap,) contains a natural SLsz(q). It
is sufficient to show that there exists g C A such that g/ & A, (o, 1) ¢ Xand (p), pb) Z A

We write \; partition of ny and Ay partition of ny with n = n; +ny > 5. We only consider
double-partitions with no empty component. This implies that n; and ny are greater
than or equal to 1. Since the roles of A\; and Ay are symmetrical for this, we can assume
without loss of generality n; > no.

(a) noy = 1, we then have that Ao = \,, therefore A\; # \|. There exists u; C A; such
that p) ¢ A;. We then have that p = (u1,A2) C A, but ¢/ ¢ X and (A, 1) € A
because ny — 1 >4 > 1 and (p}, \y) A, because u} Z ;.

(b) my >ng=2and \; # X|. We set u = (A1, [1]), we have p/ and ([1], A;) Z A because
ny > ng and (A}, [1]) € X because A} # ;.

(¢) np > ng=2and Ay = N. If for all u; C Ay, g C Ag or g} C Ay, then ny = 3 and
A1 = [2,1]. This implies that either ([2],[1?]) C A or ([1?],[2]) C A. By Proposition
3.2.5, R)(Ap,) contains a natural SLsz(q).

(d) n; > ny > 3 and Ay # N,. There exists uy C Ag such that p) ¢ Ay. We then
set p1 = (A1, p2). We have that (u2, \1) & A, (ph, A]) ¢ A because ny > ny and
(N, 1h) & X because phy & As.

(e) n1 > ny > 3 and Ay = A, therefore \; # \]. We know that there exists pu; C A
such that p) & M. If (Ao, 1) C A or (Mg, 1)) C A, then py = Ay or pf = Ag. We
have that Ay = X}, therefore this contradicts pj ¢ A;. This shows that py # p). We
have that (u}, A,) ¢ X because p) Z A;.

(f) ny = ny > 3. We then have that A; # A} or Ay # A,. If Ay # N, we pick p; C Aq such
that i, & Ay and set i = (1, Ao), by the assumption on i, (¢, o) & A, (o, ) & A
and (A5, 1)) & A because Ay # A and A, # A, If Ay # A, we pick ps C Ay such
that ph ¢ Ay and p = (Aq, po) verifies the required property.

2. A= (N, A5, A # (Ao, A1) and A # X, We then have that p) C A for all g C Ay and that
for all ps C Ao, p, C Ao. We also have that ny + ny > 5.

(a) ny > ng = 1. Let uy C Ay, we set u = (p1,A2). We have that (Ao, 1) ¢ A and
@ & X because ny —1 >3 > 1and (uj, \y) C A

(b) n1 > ng > 2. We pick pg C Ay and set p = (A, u2). We have that (9, A1) ¢ X and
' ¢ A because ny > ny and (N, puh) C A

(¢) n1 = ny > 2. We pick p; C A\ and set u = (11, A2). We have that (Ag, 1) Z A
because Ay # A1 and i/ ¢ A because X, # Ay and (p), pb) C .
In case 4 for the fields, ie., F, = Fy(a,3) = Fy(a, 8+ 871 # Fyla +a™t,3), if
p # (uh, ph) then Ry(Apg,) contains up to conjugation {diag(M,e(M), I, ¢), M €
SLy(q)}, and a natural SLs(q2) if = (1, 1) (it is possible for this to be the case
for all ;1 C A if we have square partitions).
In cases 5 and 6 for the fields, i.e., F, = Fy(a, 8) = Fy(a+a™,8) # Fy(a, B+ 571,
if u # (py, p5) then Ry(Apg,) contains up to conjugation 1
{diag(M,'e(M~"),I,,, ¢), M € SL3(q)}, and a natural SUs(q2) if u = (1}, ub).
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3. A= (A2, A1) # X. We then have n; = ny > 3 and A\ = Ay # \| because X # N. We can
then pick py C Ay such that pf ¢ A} and p = (u1, A2). We have (¢}, \y) ¢ X and p/ ¢ A
because X, # A1 = Ay and (Ao, 1) C A but g # (A, 1) because ny — 1 < ny = na.

In case 4 for the fields, Ry(Ap,) contains up to conjugation
{diag(M,'e(M—1),1,, ¢), M € SL3(q)}

In cases 5 and 6 for the fields, R\(Ap,) contains up to conjugation

{diag(M, e(M), I, _s), M € SLy(q)}.

4. X =N # (N, Ny) = (A, A1), we have n; = ny > 3 and there exists u; C A such that
p1 ¢ Ay because Ay # Ao. We have p/ C X because p) C Nj = g, (Ao, 1) ¢ A since
Ay # Ay and (py, Ay) & A because Ny # Ay = N|. We have u # p/ because N, # p;.
Ry\(Ap,) contains up to conjugation {diag(M, (M1, I,, ), M € SL3(q)}.

5.0 = XN = (A, A1) = (N, A,). We then have ny = ny > 3. If A\; and )y are square
partitions, then for all p C A, we have that u = (u}, uy) # ' = (po, 1), because
Ny =no>n1 —1=ny— 1.

In case 4 for the fields, R\(Ap,) contains up to conjugation
{diag(M, (M), I,,_s), M € SUs(qz)}.

In cases 5 and 6 for the fields, Rx(Ap,) contains up to conjugation
{dlag<M7 t<M_1)7 [nA76>: M e SLS(q%)}

If A\; or Ay is a square partition, then there exists p C A such that p # u', p # (p2, p1)
and p # (pf, pb). This implies that Ry(Ap,) contains up to conjugation
{diag(M, t<M_1)a €<M)7 6<t(M_1))7 InA*12>7 M e SL3(q)}'

We now use the notations of Theorem 2.3.2. In all of the above cases except for the last
one, there exists g in Ry(Ap,) such that [g,V] < 2. This implies that vg(V) < 2, therefore

ve(V) < max(2, @) In the last case, we have in the same way an element g such that
[g,V] = 4. We also have in that case that A = X = (A, A\y) and n > 6,.This implies that

A contains ([2,1],[2,1]), which is of dimension (g) x 2 x 2 = 80. It follows that d > 80 and

@ > @ > 4. This shows that we still have vg(V) < max(2, @)

It remains to check that all the assumptions of the theorem are again verified and the
classical group we get is the one we want.

The first step is to take care separately of double-partitions A such that n, < 10. If n, = 10,
then by the conditions of Theorem 2.3.2, we can assume p # 2. The second step is to verify
that the remaining double-partitions are tensor-indecomposable. The third step is to verify
that they are imprimitive in the monomial case. The fourth step is to verify that they are
imprimitive in the non-monomial case. The fifth step is to check that we are not in case 2. of
Theorem 2.3.2. The sixth and last step is to verify that we have the desired classical groups in
each of the above cases.

First step. For n = 5, it is enough to consider ([2,2],[1]), ([2,1,1],[1]), (]2, 1],[2]) and
([13], [1%]), for which the respective ny is 10, 15, 20 and 10.
We must show that Rpusjjz))(Ap,) = SLio(q) and Rg2,ny)(Ass) ~ SLio(q?) in case 4 for
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the fields and Rp9,1))(ABp;) ~ SUlO(q%) in cases 5 and 6 for the fields. The other double-
partitions are of dimensions greater than 10. We know that G = R(;3)2))(Ap,) contains
Rsypn2))(Ap,) =~ SLa(q) x SL6(q%) and it is normally generated by this group, which is gen-
erated by transvections. Since p # 2, Theorem 2.3.4 implies that G is conjugate in G'L1o(q) to
SLio(q"), SPio(q’) or SUlO(q’%) for some ¢’ dividing q. Lemma 3.3.3 implies that ¢' = ¢q. The
groups SPio(q) and SUlO(q%) are excluded by Proposition 3.2.4, because Rps) 2]y is not iso-

morphic to its dual representation or its dual representation composed with the automorphism
of order 2 of F,. This shows that G = SLo(¢). In case 4, we know that G = R(j2,9,1))(AB;)

is conjugate to a subgroup of SLlo(q%) by Proposition 3.2.4 and Lemma 3.2.5 and that G
contains R 9,1y (Ap,) ~ SLs(q2) x SLy(q). It follows that it contains a natural SLg(¢2) and
we can apply Theorem 3.3.2 to get that G ~ SLlO(q%). In cases 5 and 6, G = R2.9111])(As,)
is conjugate to a subgroup of S Ulo(q%) by Proposition 3.2.4 and Lemma 3.2.4 and contains
R2,291,11)(AB,), which contains a natural SUs(g?) in both cases. By Theorem 1.4 of [11], we
have indeed G ~ SUjo(q?).

Second step. We now show that those representations are tensor-indecomposable. Since
([2,1,1],[1]) contains a natural SLs(q), doubles-partitions with at most two rows or at most
two columns are tensor-indecomposable by Lemmas 3.3.5 and 3.3.6. By the enumeration of
the different cases, those lemmas cover all double-partitions of n except if A = (A, Ay) = N =
(A2, A1) = (M}, \y) and neither A; nor Ay contains a sub-partition p such that g = g/. In such
a case, A contains ([2, 1], 2, 1]) which is of dimension 80 and we can use the following lemma.

Lemma 3.3.9. If d > 80 and G C GLg4(q) contains an element of order coprime to p and
conjugate in GLy(q) to the diagonal matriz diag(&,&,&,&, 671,71 6716711, ...,1) with €2 # 1,
then G is tensor-indecomposable, except possibly if G C G1 @ Go with G1 C GL,(q), a € {2,4}.

Proof. Let g = Pdiag(&ly,& 7y, I g)P~!. Assume that g = g ® g with g1 € GL,(F,), g2 €
GLy(F,) with 3 < a < b and ab = d. We have that b > V/d, therefore b > 9 because d > 80. We
write Aq, ..., A, the eigenvalues of g; and pq, ..., ity the eigenvalues of go. We then have that Vi €
[1,a], Vi € [1,0], Nipr; € {1,€,€1}. The numbers € and £~ only appear 4 times each. This im-
plies the number of couples (Aqp1;, Aapts) € {(1,€), (£,1), (£,€71)} is less than or equal to 4 as is
the number of couples (A5, Adop;) € {(1,E71), (€71, 1), (€71, €)}. For any i € [1,a], the inequal-
ity Aipti # Aopt implies that (Mg, Adop) € {(1,€), (6, 1), (L€, (€74,1), (6671, (€19} Tt
follows that there are at most 8 couples (A1p;, Agpt;) such that A\jp; # Aop;. Since b > 9, there
exists i € [1,a] such that A\ju; = Agp;. It follows that \; = Ap. In the same way, we have
that Ay = A, for all j € [1,a]. Up to reordering, we can assume Ajpy = . We then have
Aopi1 = Azpp = &. Since there are exactly 4 ways  appears as a A\;jt;, we have that a = 4.

By the assumptions on A, H = R)(Ap,_,) is a direct product of groups isomorphic to
some SLy,(q) with m > nqa1y) = 20. If G = R\(Ap,) is not tensor-indecomposable, then
G C SLy(q)® SL%(q) or G C SLy(q)® SL%(q). We then have a morphism from G into SLy(q)
or SLy(q). If we consider the restriction of this morphism to H, its kernel is a normal subgroup
of H. The only non-abelian decomposition factors of H are PSL,,(q) with m > 20. If the image
is non-abelian, then there exists a subgroup of SLy(q) or a subgroup of SL4(q) isomorphic to
some PSL,,(q). This leads to a contradiction because m > 20. It follows that the image is
abelian and since H is perfect, the kernel is equal to H. Since H normally generates G, the
morphism is trivial on G which contradicts the irreducibility of G. O
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Third step. In the monomial case, the only additional case to consider is the same one as
in the second step. Looking at the corresponding proof in [12, page 14], we get that (p—1)r < 4
with ¢ = p". We know that ¢ is a square, n > 6, « is of order greater than n and e(a) € {a,a™}.

1 1
Therefore a° ! =1 or a2’ +! = 1. In both cases ¢2 + 1 > 6, and, therefore ¢ > 6 and ¢ > 36.
The condition (p — 1)r < 4 implies that ¢ < max(5',4',32,21) = 16, therefore we have a
contradiction.

Fourth step. We know that there exists a matrix ¢ of order p such as the one in [12, page
14] or with Jordan form diag(ly + E12,Is + E12, 1o + E12, 1o + E1 2, 15, _3).

If p # 2, we can use the same arguments as in page 15 of [12] because we still have (t—1)% = 0.

Assume now that p = 2. Assume that G € H16S,, = (Hy X Hy X --- X Hp) X &,,
with Hy,...Hy, the m-copies of GLn/n(q) permuted by &,,, that V =U, @ Uy @ --- ® U,
is the direct sum corresponding to the wreath product and that ¢t ¢ Hy X --- x H,,. Assume
t ¢ Hy x---x H,. Up to reordering, we can assume tU; = U,. If dim(U;) > 5 then we
can consider linearly independent vectors vy, va, v3, v4, v5 in U; and by completing the family of
vectors (vy, tvy, vg, tug, vs, tus, vy, tuy, vs, tus) which are linearly independent because tU; = Us #
U, we get a basis upon which ¢ acts as a matrix of the form My & My & My & My & My & X
(1) (1)> This implies that the rank of ¢ — 1 is greater than or equal
to 5, which is a contradiction.

We can thus assume that dim(U;) < 4. Note that G = Ry(Ap,) and Ap, is perfect
for n > 5 [36], therefore G is perfect. If G C (Hy x Hy x --- X Hp) x G, we get G C
(Hy x Hy X -+ x Hp,) x 2, because [&,,,S,,] C 2A,,.

If ¢ is a transvection then by the same reasoning as above on the dimensions of U;, we are
in the monomial case which was done in the third step.

If t is of rank 2, then either we are in the monomial case or dim(U;) = 2. The monomial
case is done, therefore it is sufficient to prove that dim(U;) = 2 leads to a contradiction. We
take t; and 5 two such elements of rank 2. Assume dim(U;) = 2, since we have ¢t(U;) = Uy and
t1(Us) = t2(Uy) = Uy. If (ug,up) are linearly independent then (tju, — ug, t1uy — up) is a basis
of Im(¢; — 1), which is of dimension 2 and included in U; & U, for all @ ¢ {1,2}, ¢;(U;) = U;. It
follows that the projection of ¢; upon &,, from the semi-direct product is a transposition. This
is a contradiction because the projection of G upon &,, is included in 2A,,.

If ¢ is of rank 4 and R)(Ap,_,) does not contain in an obvious way any transvections or
elements ¢ of rank 2, then GG contains up to conjugation
{diag(M, (M=), e(M),"e(M1"),I,, g), M € SLy(q)}. We consider two elements ¢; and ty of
rank 4. If dlm(Ul) = 4, then if (U17 Ug, U3, U4) is a basis of Ul, (Ul — tlul, U9 _t1u27 us —t1U3, Uyg —
t1uy) is a basis of Im(¢; — 1), which is of dimension 4. It follows that the projection of ¢; upon
S, is a transposition, which is absurd.

If dim(U;) = 3, then if (uy,us,u3) is a basis of Uy, we have that Vect{t u; — uy,tjus —
ug, tiug — ug} C Im(t; — 1). If there exists i ¢ {1,2} such that ¢;(U;) # U; then in the same
way as before, there would exist a subspace of dimension 6 of Im(¢; — 1), which is of dimension
4. This shows that the projection of £; upon &,, is a transposition, which is absurd.

If dim(U;) = 2, then we can take 4 distinct non-zero elements ay, as, as, aq of F,. This

for a certain X with M, = <

is possible because q% > 6. We know that G contains up to conjugation the elements t; for
j € {1, 2, 3, 4} with t] = diag(IQ—l—ajEl,g, [2—|—ajE1,2, [2+€(aj)E172, [2+€(CLJ')E172, [n>\78)' We have
that Im(¢; — 1) is independent of j. We also have that t,(U;) = Us and t1(Us) = t3(Uy) = Uy,
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Since Im(t; — 1) N Uy & Us is then of dimension 2 and the projection of ¢; upon &,, is not a
transposition, there exists i ¢ {1,2} such that ¢;(U;) # U;. Up to reordering, we can assume
t1(Us) = Uy and t1(U,) = t3(Us) = Us. This shows that for all j € {1,2,3,4},Im(t; — 1) =
Im(t; — 1) C Uy & Uy @ Us @ U,. Since each t; is of order 2, it follows writing 7 the projection
of G upon &, that we have {m(t1), m(t2), 7(t3), 7(ts)} C {14, (12)(34), (13)(24), (14)(23)}.

Let us show that m(¢;) = I for all j. They are all conjugate in G. Since H; x Hy X
-+« X H,, is a normal subgroup of (Hy X Hy x --- X Hy,,) x &,,, it is sufficient to show it for
one of them. Assume it is false for all of them. We then have {m(t1),n(t2), 7(t3), w(t4)} C
{(12)(34), (13)(24), (14)(23)}. Therefore, there exists a pair (7, ), ¢ # j such that = (t;) = 7 (¢;)
and, therefore 7(t;t;) = I;. But the matrix of ¢;#; in the basis we chose is diag(l> + (a; +
a;)E19, I + (a; + a;)E1 2, Iy + €(a; + aj)Ey 2, s + €(a; + aj)E1 2, I, —s). We have a; +a; # 0
because p = 2 and the elements a; are pairwise distinct. It follows that ¢;¢; is conjugate to each
t;, therefore we have a contradiction. This shows that for all j € {1,4},7(t;) = I4. It follows
that t; € Hy x Hy x --- X H,,, which is normal in (Hy x Hy X --- x Hy,) X &,,. Since G is
normally generated by Ry(Ag, ,), which is normally generated by elements of the form ¢;, we
have that G C Hy; X Hy X --- x H,,. This contradicts the irreducibility of G. This is absurd
and it follows that G is a primitive group.

Fifth step. If G contains a natural SLg(q%) or a natural SUg(q%) then we can apply
the same arguments as in [12, page 13]. If G contains a twisted diagonal embedding or a
twisted diagonal embedding composed with the automorphism of order 2 of F, of SLj(q), then
we can apply the arguments of [12, page 14]. If we are not in any of the above cases, then
A =X = (A2, A1), therefore n > 6 and we are in one of the following cases.

1. R\(Ag,) contains up to conjugation {diag(M, (M), I,, ¢), M € SUg(q%)}.

)}-

NI

2. R\(Apg,) contains up to conjugation {diag(M, (M), I, ¢), M € SLs(q

3. Ry(Ap,) contains up to conjugation
{diag<M7 t<M_1)7 €<M)a tE(M_1)> In>\712)> M e SLS(Q)}

In the first two cases, we have an element g conjugate to diag(&,&, €71, 671 1,...,1) with £
of order q% —1 but the order of « is less than or equal to q% +1 in both cases. If g is an element of
S, such that [g, V] = 4, then we have (g = 01020304 is the product of 4 disjoint transpositions
and ¢ is of order 2) or (g is the product of 2 disjoint 3-cycles and g is of order 3) or (g is a
5-cycle and ¢ is of order 5) or (g is the disjoint product of 2 transpositions and a 3-cycle and g
is of order 6). Since ny > 6 and the order of « is greater than n, q% +1 > 7, therefore q% —-1>5
which contradicts all the cases except for the last one. In the last case, we have that n) > 7 by
the decomposition of g. Since A = )\, n, is even and q% —1= q% +1—2>mny—2> 6, which
contradicts the last case.

In the third case, we have an element g conjugate to
diag(&, €, 6, &, 671,671, 671,671,1,...,1) which is of order o(g) = ¢ — 1. However g2 +1 > 7,
therefore ¢ > 36. Since ¢ is an even power of a prime number, it follows that ¢ > 49 and
qg—12>49. We have [g, V] = 8. By considering the decomposition into disjoint cycles of g and
using the fact that the rank of ¢ — 1 of a cycle ¢ is equal to the length of the cycle minus 1, we
get o(g) € {lem({n; + 1}icr), Zln, = 8,n; € N*}. It follows that o(g) <30 <49 <¢qg—1=0(g)

i€

which is a contradiction.
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Sixth step. We have shown that G = R)(Ap,) is a classical group in a natural represen-
tation. The last step is to show that we have the following theorem.

Theorem 3.3.7. Ifn > 5, then for all double-partition X I n in our decomposition, Ry\(Ap,) =
G(N), where G(X) is given by the following list.

1. WhenF, =TF,(ca,3) =Fpla, B+ 1) #F(a+a ', B), and Fy = F,(a) # Fy(a+a™t)

(a) SU,_1(G2) if A= (jn —1,1],0).

(g
(b) SU,, (§2) if A= (A, 0), A < N,.
?)

(c) SP.,(q2) if \= (A\,0),\i =X, and (p=2 or (p >3 and v(\1) = —1)).
(d) Q4L(G2) if A= (M, 0), M =X, p>3 and v(\) = 1.
(e) SLn(q) if X = ([1},[n —1]).

(1) SLuy(0) i A # XA # (Yo X) and A # (o, \).
(9) SUn(2). if A= (d, M) # N,
(h) SLu,(a2),if A = (A, Ay) # V.
(1) SPy,(q), if A\ =X # (Mg, A1) and (p=2 orv(\) = —1).
) @A = X £ (s ), p£2 and v(\) = 1.
(k) SP.,(q7), if A= N = (A, A1) and (p=2 or v(\) = —1).
(1) an(q2) fA=XN=(N\),p#2and v(\) =1.
2. When By =Fp(a, B) = Fp(a+ o™, 8) # Fy(a, B+ 571),
(a) when Fz =TF,(a) =F,(a+a™t),
i. SL,—1(q) if A= ([n—1,1],0).
0. SLn, (q) if A= (A1,0), A1 < A].
iWi. SPy,(q) if A= (A,0),\1 =X, and (p=2or (p >3 and v(\;) = —1)).
Q@) if A= (A, 0),\ =X, p>3 and v(\) = 1.
(b) when F; = Fy(a) # Fy(a+a™?),

s

0.

i. SUn_1(q2) if A= ([n—1,1],0).
ii. SU,, (§2) zf)\ = (A1, 0), M < X,
iti. SP, (G2) if A=A\, 0), A\ =X, and (p=2 or (p >3 and v(\) = —1)).

. }(q%) A=(A,0),\ =X, p>3and v(\) = 1.
(¢) SLu(q) if A= ([1],[n —1]),
(d) SLn,(q) if A # N, A # (A, Ag) and X # (A2, A1),
(¢) SLny(F 3) if A= (A2s M) # N,
(f) SUny(a2) if A= (A}, Xp) # X,
(9) SPuy(q) if \= X # (M2, A1) and (p=2 orv(A) = —1),
(h) F (@) if X=X # (Ao, M), p# 2 and v(X) = 1,
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(i) SP, (q2) if A\= X = (Ao, A1) and (p =2 or v(\) = —1),
() QU (¢2) if A= N = (Ao, A1), p # 2 and v()) = 1.

Proof. 1t is sufficient to prove the result for double-partitions with no empty components which
are not hooks. We know by Theorem 2.3.2 and the previous steps that G()\) is a classical group
in a natural representation. The proof uses Proposition 3.2.4 and the separation of the cases
made before the enumeration of the six steps. We write F, the field over which our classical
group is defined. In all cases G(\) C SL,(q), therefore ¢’ divides q.

Assume F, = F, (o, ) = Fp(a, B+ 871 #Fpla+a™t, f).

LoIEXN# N N # (N, A)) and X # (A2, A1), then G(A) contains a natural SLy(g). By Lemma
3.3.3, we have that ¢’ = ¢. By Proposition 3.2.4, G(\) preserves no hermitian or bilinear
form, therefore G(\) = SL,, (q).

2. If A = (X2, A1) # N, then by Proposition 3.2.4 and Lemma 3.2.4, we have up to conjuga-
tion G(\) C SU,, (¢q2). Up to conjugation, G(\) contains {diag(M,%e(M 1), I, _¢), M €
SLs(q)}, therefore G(\) contains {diag(M, M, I, _¢), M € SUs(q2)}.

Let ¢ be the natural representation of SUs(g?) in GL3(F,) and p the diagonal represen-
tation of SUs(¢2) in GL,,(F,), given by the above subgroup of G(\).

We have p ~ ¢ @ ¢ @ 1™ 6 with 1 the trivial representation. Let o be a generator of

Gal(F,/F,). Since G()) is a classical group over F,, we have that p ~ p?, therefore
o ~ . Tt follows that for every M € SUs(q2), we have o(Tr(M)) = Tr(M). By Lemma
3.3.3, we have that F, = Fg}al(Fq/Fq/) and, therefore ¢ = ¢q. By Proposition 3.2.4, G(\)

preserves no bilinear form, therefore G(A) = SU, (q2).

3. If A = (A}, \y) # XN, then by Proposition 3.2.4 and Lemma 3.2.5, up to conjugation, we
have that G(\) C SL,, (¢2). The group G()\) contains either a natural SLs(q2) or a
group of the form {diag(M,e(M), I,,—¢), M € SL;3(q)}.

If G(\) contains a natural SLz(¢2) then by Lemma 3.3.3, we have ¢’ = ¢2. We know by
Proposition 3.2.4 that G(\) preserves no symmetric or skew-symmetric bilinear form. If
we had G(\) C SU,, (¢7), then the natural SLs(q2) in G()\) would inject itself in some
SUs(g7). This is absurd because of their orders, therefore we have G(\) ~ SL,, (¢2).

If G contains up to conjugation a group of the form {diag(M,e(M), I, —¢), M € SL3(q)}
then it contains {diag(M, M, I, _¢), M € SLs(q2)}. Let ¢ be the natural representation
of SLs(g?) in GL3(F,) and p the diagonal representation of SLs(g?) in GL,, (F,) given
by the above subgroup of G(\). We then have p ~ ¢ @ ¢ & 1™ 5. Let o be a generator
of Gal(Fq% JFy). We have p ~ p?, therefore ¢ ~ ¢?. By Lemma 3.3.3, we have that

Cal(F 1 /F,/) X )
Fq% =F, * , therefore ¢’ = ¢2. We cannot have G(X\) ~ SU,, (¢%) because SL3(q)
q2
1
would inject itself in SU6(qi) and we know that 2Ysletl |5Lq33(q”. By Proposition

q
3.2.4, G(\) cannot preserve any symmetric or skew-symmetric bilinear form, therefore
G(\) =~ SLn, (g7).

4. Case 4 is analogous to Case 3.
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5. If A = X = (A, A1), then by Proposition 3.2.4 and Proposition 3.3.3, G()\) preserves a
bilinear form of the type given by Proposition 3.1.1 defined over ]Fq%. This shows that

q < q% and it is enough to show that ¢’ = q% to conclude the proof.

If A\; and )y are square partitions, then G(\) contains up to conjugation the group
{diag(M, (M), I,, ¢), M € SUs(q2)}.

Let ¢ be the natural representation of SUs(¢2) in GL3(F,), and p the twisted diagonal
representation of SUs(¢2) in GL,, (F,) given by the above subgroup of G(A). We have
p~e®e*®1™ 0 Let o be a generator of Gal(Fq%/Fq/). Since G(\) is a classical group

a

over F,/, we have p ~ p?. It follows that ¢ ~ ¢ or ¢ ~ (¢*)?. The first possibility

Gal(F l/Fq’) 1
implies that Fq 1 = F, , therefore ¢’ = ¢2. The second possibility implies that
q2
¢ ~ 7. Therefore ¢ = g2 or o is of order 2 and SUg(q%) injects into SUg(q%), which is
a contradiction. In both cases, we have ¢’ = q% and the desired result follows.

If A\; or ) is not a square partition, then G(\) contains up to conjugation the group
{diag(M, (M=), e(M),"e(M~1),I,,—12), M € SL3(q)}, and, therefore contains its sub-
group {diag(M, (M), M, (M=), I, _15), M € SL3(¢q2)}. Let ¢ be the natural repre-
sentation of SLs(q2) in GL3(F,) and p be the representation of SLs(q?) in GL,, (F,)
given by the above subgroup G(\). We have p ~ o ® o ® ¢* ® ¢* ® 1™ ¢ . Let 0 be a
generator of Gal(Fq% JF,). Since G()) is a classical group defined over F,, we have that
p ~ p?. It follows that ¢ ~ ¢ or ¢ ~ (¢*)?. By the same arguments as before, we have
¢ = q2 or SLg(Q%) injects itself in SUg(qi), which is not possible. This proves ¢’ = ¢2
and concludes the case F, = F (o, 8) = Fp(o, B+ 87') # Fpla+ a1, f).

IfF, =F,(a,p) =F,(a+a!,3) #F,(a, 3+ 1), then all the arguments are the same up
to permutation of the different cases. O

We have determined the image of the derived subgroup of the Artin group in all cases in
type B. This is close to determining the image of the Artin group itself since Ap, /Ap, ~ Z>.
We give in the following subsection an example of how to recover the group G = R(Ap,) from
H = R(Ap,) with the representation of Hp, o 3 labeled by the double-partition ([1], [1]).

3.4 Image of the full Artin group for the 2-dimensional
representation of Hp, .5

We first recall the results for the 2-dimensional representation depending on the fields.

Proposition 3.4.1. Assume the order of  does not belong to {1,2,3,4,5,6,10} or the order
of a does not belong to {1,2,3,4,5,6,10}

1. IfF, =Fy(a,8) =Fp(a+a™ ', B+ B7Y) then Ryjpi(Ap,) = SLa(q).

2. If F, = Fpla, ) = Fyla, B+ 71 = Fpla+a,8) # Fyla+ a5+ 571 then
R[12H12} (AB2) ~ SUQ(C]%)
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3. If F, = F,(a
Rpi2) 12 (Ap,)

4. If Fy = Fp(a,8) = Fyla+a™',8) # Fpla,f+ 7") = Fpla + a7, 8+ 57 then
Rpzpp2)(Ap,) = SLa(q?).

B) = Fpla, B+ B7Y) # Fpla+a !, p) = Fyla+ a8+ 71) then

1

SLQ(q§

12

~—

Corollary 3.4.1. Under the same assumptions as in the previous proposition, we have that if

G = Rpuypi(As,), a is the order of —a and b is the order of —f then
1. IfF,=F,(a,B) =F,(a+a 8+ 87") then G ~ SLy(q) x Z/lem(a, b)Z

2. Fo(o, B) = Fplo, B+ 1) =Fyla+a™,8) A F,(a+a~t, B+ 71) then G ~ SUs(q2) %
Z/lem(a, b)Z.

a=1 oaf+1 6 0
Proof. We write s = Ryy),1)(S1) = (51; Oﬁfﬁ) and t = Ry )(T) = (0 _1>.
B+l B+1

Assume first that F, = F,(a, 8) = Fy(a + o™, 8+ f7'). By Proposition 3.4.1 and the fact
that Det(s) = —a and Det(t) = —f3, we have the following exact sequence

1 — SLy(q) — G e —a,—f>— 1.

In order to prove the result, we must show that the exact sequence is split and that <
—a, — > is isomorphic to Z/lecm(a, b)Z. We first show that the exact sequence is split.

This is equivalent to finding a subgroup N of GG isomorphic to < —a, —f > and such that

Det(N) =< —a,—f >. We have SLy(q) < G, therefore U = _01 (1)> € G. It follows that
Vestsu U= ") eq Wealsohave sts= [ © ) eGand -t = —40 €
0 —a 0 af 0 1

G. We now distinguish five possibilities depending on the orders of o and the order of 3. We
write ¢ = 2¢¢’ (resp d = 2¥d') the order of a (resp 3) with ¢ (resp d’ odd).

First case : k =1 or / = 1. By symmetry of the roles of a and f3, it is sufficient to show
the exact sequence is split when [ = 1. We then have (—a)z = (=1)“a¢ = 1, therefore —a is
of order m for some m dividing §. We also have o*” = (—a)*" = 1, therefore ¢ divides 2m.
It follows that m = ¢. The order of a being even, we have that the order of a? is also 5. The
subgroup generated by V and —t then verifies the desired conditions.

Second case : k = ¢ = 0. We then have that the order of —« is equal to the order of

—a?. We have (sts) = ((_ch(ac)d (O[C)C?(ﬁd)c> = <_01 (1)>, therefore M = (sts)“V =

0 —«
Third case : k> 1> f¢or ¢ > 1> k. It is sufficient to consider the case k > 1>1. We

(a 0 ) € (. The subgroup < M, —t > then verifies the desired conditions.

then have that —a and —a? have the same order since ¢ is odd. We have t2 = 602 ( 3)01) =
—1)2
-1 0 d a 0 .
0 1) therefore M = t2V = 0 —a € GO The subgroup < M, —t > then verifies the

desired conditions.
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Fourth case : &k > /¢ > 1or ¢ >k > 1. It is sufficient to consider the case k>/¢>1 We
62 —tgq’ 0
O (_1)2k—ld/

2k—ld/
(5 1) . We set v = izaml 7 is then of order 2¢. We have that ya? is of order r, where r

0
is an integer dividing ¢. We also have that (ya?)2 = 42~ '¢a = —1, therefore 7 does not divide

5. This implies that there exists an odd integer ¢” such that r = 2¢¢” and ¢ divides ¢. We

have 1 = (ya?)" = o*" and c divides 2r. Therefore ¢’ divides ¢’ and ya? is of order a. We then

set M = tglV = (—ya 0
0 —Q

order a because it is equal to ya?. This proves that we can take < M, —t > as our subgroup.

d
then have that the order of « is equal to the order of —a. We have t2f =

€ (G. The matrix M is of order ¢ = a and its determinant is of

d/
Fifth case: k =1 > 2. We then have that —« is of order ¢. We have t¢ = <ﬁ0 (_?)d,> =

dl
(50 _01> We set v = 8%, we have that the order of v is 2¥. The element —va? is then of

_ga ) ¢ .

The matrix M is of order ¢, therefore the subgroup < M, —t > verifies the desired conditions.

order ¢ by the same reasonning as in the fourth case. We set M =tV =

This shows that G ~ Gx < —a,—f >. It now only remains to show that < —a, — 3 >~
Z/lem(a, b)Z.

Let n = ¢ — 1, we have < —a, =3 >~< 2 2 > when it is seen as a subgroup of Z/nZ. Let
@ : Ljali x L/VZ —< %, % > be the map that maps (u,v) to u +vy. The map ¢ is a group
epimorphism and its Kernel is ker(¢) = {(u,v) € Z/aZxZ/VZ,u24v% = 0}. Let d = Ged(a, b).
We have a group isomorphism v from Z/dZ to ker(y) defined by (k) = (ka/d, —kb/d). The
map v is well-defined and is clearly one-to-one. We must show that it is onto. Let u € Z, v € Z
such that u? + v} = {n for some integer {. We have that unb = (¢b — v)na and, therefore,
ub = (¢b—v)na and ub = (b —v)%. It follows that ¢ divides u2 and ¢ divides u. This implies
that there exists k € Z such that u = k9 and the projection of w in Z/aZ only depends on the
projection of k in Z/dZ. 1t follows that 1 is indeed onto.

It follows that < —a, — >~ (Z/aZ x Z/bZ)/Z/dZ. lts order is therefore equal to % =
lem(a,b). Since it is a subgroup of Z/nZ, it is cyclic and therefore isomorphic Z/lem(a, b)Z.
This concludes the proof for F,(a, 8) = F,(a +a™ ', 3+ 7).

Assume now that F,(a, ) = Fy(a, 8+ 71) = Fp(ﬁoz + a1 B) # Fyla+a 84871,
a+
Recall that e(a) = a~! and €(8) = 871, Let P = <°‘50+1 (1)>, we then have PsP~! = ¢(%s71)

and PtP~! = e(t™!). If we set (X,Y) =" ¢(X)PY, then for all M € G, X,Y € F2, we have
(MX,MY) = (X,Y). This proves by Proposition 3.2.5 that there exists ) € GLs(q) such

that G = QGQ! is a subgroup of GUQ(q%). By Proposition 3.4.1, we have the following exact
sequence

1 — SUs(q?) — G X< —a, -8 >—> 1.

As in the previous case, it is sufficient to show that there is a splitting of < —a, =3 > in G or
in G since G ~ Q~'GQ. We have that [G,G] ~ SUg(q%) and for M € GLy(F,), M € GU,(q)
if and only if QM Q™" stabilizes the sesquilinear form defined by (X,Y) = ¢(X)PY. We have
that G contains all the matrices of determinant 1 preserving the above sesquilinear form. Let
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501) We have e(*(M~1))P = MP = PM, therefore (MX,MY) = (X,Y). Since

det(M) = 1, we have that M € G. In the same way, we have —[s € G. We then have that

_ (B
v

(—Oa _Oa> = Mstst™' € G and —t € G. This proves that we can have all the matrices

appearing in the previous case in G and, therefore that there exists a splitting of < —a, = >
in (G. This concludes the proof in this case. O

ItF, = Fp(a, B) = Fp(a, B+ 87) # Fplata™, B) =Fy(ata™, f+87") or Fy = Fy(a, ) =
Fola+a ™ 8) #F,(a,+ 7)) =F,(a+a™!, 3+ 571) then the exact sequence we consider is
not always split, therefore the situation is slightly more complex. The Ged of the order of —«
and the order of —f then divides 2 as we prove in the following lemma.

Lemma 3.4.1. IfF, =F,(a, 3) =Fy(a, B+ 87") #Fp(a+a 1, 8) =F,(a+a ™, 5+ 57" or
F,=Fy(a,8) =Fpla+a,8) #F(a, 8+ 87") =Fla+at, 5+ 871) then Ged(a,b) < 2,

where a is the order of —a and b is the order of —[3.

Proof. Since the roles of a and § are symmetric, we can assume that F, = F,(«a, 5) = Fy(a, 5+
B AF(a+a™,8)=F,(a+a !5+ 571).

Let @’ = § and b/ = %. The group F; is isomorphic to Z/nZ, where n = q — 1. Since
—a is of order a, its image in Z/nZ is of the form u? with u coprime to a. The group
generated by (3 is mapped to the group generated by % The image of (—a)“/ is then equal to

It

ua'® = u%” = ub% e< T > This proves that (—a)” €< —8 >, therefore (—a)” € IFq

follows that the polynomial R(X) = X% — (—a)? has its coefficients in Fq%.

Since Fy(a + a1, 8) # Fy(a, B), the polynomial X? + (o + a~1)X + 1 is irreducible over
Fq% and the unique automorphism e of order 2 of F, verifies e(—a) = —a~'. Since —a is

a root of R € Fq% [X], e(—a) = —a~! is also a root of R. If k € [0,a’ — 1], we have that

((—a)**d)" = (—a)* is a root of R and since kd € [0,a — d], those roots are distinct. This
proves that those are all the roots of R since its degree is a’. It follows that there exists
k € [0,a’ — 1] such that (—a)™! = (—a)'™* and, therefore (—a)*™* = 1. Tt follows that a
divides 2+ kd. We have 2 < 24+ kd <2+ (¢’ —1)d =2+ a—d and a > 1, therefore a = 2+ kd.
If d > 3 then we have 24+ kd <2+ a—d < a— 1 do we cannot have a = 2 + kd. This proves
by contradiction that d < 2. Note that we can have d = 2 or d = 1 since 2 + 2(a’ — 1) = 2d’
and 2+ (/! —2) =d'. O

1.
2

Proposition 3.4.2. Assume F, = Fy(a,3) = Fp(a, 8+ 71 # Fy(a+a™,8) = Fyla +
a B+ 7Y orF,=F,(a,B) =F,(a+a,8) #Fy(a,3+87") =F(a+a !, 3+ 57"). Let
d = Ged(a,b) < 2, where a is the order of —a and b is the order of —f3.

If d =1 then we have G ~ (SLy(q2) % Z/abZ.

If d = 2, then we have G ~ J x Z/lem(a,b)Z, where J = {M € SLs(q), Me(M)™ €
{ls,—15}} and € is the unique automorphism of order 2 of F,,.

Proof. Again, we can assume F, = Fy(a, ) = F,(a,8+ 87') # Fyla+a,8) = Fy(a+
(a+B)(a=1)

a8+ 571, Let P = ( a(gﬂ) (1)> We will first show that P[G,G]P~! C SLoy(q?).
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a—1 a+p 1
Recall that we have t = (g 01> and s = éi% 12@11 . Notethat 5 € F ,, ata ' cF

- T+ THB T ! !
and for x € F, x € Fq% if and only if €(x) = x with € the unique automorphism of order 2 of

F,. We have €(8) = § and e(a) = a~!. Let Q = e(P~!)P, we have

o (B+1)  (atB)(a=l) B+la+p)la=l) _atB
Q = [ (e +B)e =1 a(f+1) = [ (aB+1)(1-a)(B+1) = aB+l _
0 1 0 1 0 1

1
2

We then have QtQ ™ =t = ¢(t) and

A = e
QRsQ) = _aJ/r3+1 (a—fr)ﬂ = 7a(6iﬁa_1) fa(lbfgz—l) = —ae(s).

B+1 B+1 B+1 1481

It follows that for all g € [G,G], QgQ ™ = €(g) and, therefore ¢(P~')PgP'e(P) = €(g)
and e(PgP~"') = PgP~'. This proves that we have P[G,G]P~' C SLy(q2). We write in the
following G = PGP, 5 the image of PsP~!in G/[G, G] and t the image of PtP~!in G/|G,G].

We have by Proposition 3.4.1 that [G, G| ~ SLQ(q%). We now show that a is the order of
§ and b is the order of . Let r be the order of 5. We have (PsP~!)" € SLy(q?), therefore
(—a)” = det(s)” = 1 and a divides r. We have (—«a)* = 1, therefore a* = (—1)*. The
eigenvalues of PsP~! are a! and —1, therefore (PsP~1)® is conjugate to the diagonal matrix
diag(a~®, (=1)%) = (=1)°L, and, therefore (PsP~1)* = (—=1)%I, € SLs(q2). It follows that
5% =1 and, therefore r divides a. This proves that r = a. In the same way, we have b is the
order of .

We now determine G in terms of GN S Ls(q). The determinant gives us the following exact

sequence

1 — GNSLy(q) — G < —a, - >— 1.

—a 0

The matrix P commutes with all diagonal matrices, therefore sts = 0 af eGandted.
. 1 = O 1 = 1 1 0
Moreover, since SLs(q2) C G, we have u = 1 0)€ G and, therefore ut~tu = 0 —p! €
—a 0

G. Tt follows that M = stsut 'u = € G,t € G and —t € G. It follows that we

0 —«
can use the same arguments as for F, = Fy(a, §) = Fy(a +a~!, f+ f7') to get that there is a
splitting of < —a, —3 > in G. This proves that G >~ (G N SLy(q) ¥ Z/lem(a, b)Z. Tt now only
remains to determine G N SLy(q) depending on d.

First case : d = 1. Since d = 1, we have lem(a,b) = ab. It is thus sufficient to show
that SLy(q2) ~ [G,G] = G N SLy(q). The group [G, G] is a normal subgroup of G N SLy(q),
therefore we can consider the quotient of those two groups. Let M € (G'N SLy(F,))/[G,G].
Since a is the order of § and b is the order of ¢, we can write M as §*‘ with 0 < k < a — 1
and 0 < £ < b—1. The matrix M is of determinant 1, therefore (—a)*(—f3)! = 1, which is only
possible if [ = k = 0 since a and b are coprime. This proves that the quotient is trivial and,
therefore G N SLy(q) ~ SLy(q2). Tt follows that G ~ SLy(q2) x Z/abZ.
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Second case : d = 2. Since [G,G] ~ SLy(q2), we have that SLy(¢2) < G N SLy(q). Let
M € GNSLy(q) and A € SLy(q2), we then have e(M)Ae(M)™ = e(MAM™) = MAM™
since e stabilizes SLo(q?).

It follows that e(M)~ M belongs to the centralizer of SLy(q2) in SLs(g) which is equal to
{I, —I}. Tt follows that G'N SLy(q) C {M € SLy(q),e(M)"'M € {I5,—I}}. Let us show
that this inclusion is in fact an equality.

Let ¢ : GNSLy(q) — {Ia, —I5} be the map M + ¢(M)~'M. The above inclusion proves that
this map is a group morphism. We have ker(p) = {M € G N SLy(q),e(M) = M} C SLy(q?)
and SLs(qz) C G'N SLy(q), therefore ker(p) ~ SLy(q2). To conclude the proof, we only need
to show that there exists M € G N SLy(q) such that e(M)"'M = —1I5.

b

We have that (—a)% = (—=8)2 = —1 and €(e) = a~'. Let M = Ps%t2 P!, we have

(088 arpBalapi 0l s ()8 _(atB)a-D(ar(=nTal_(-1)37H)
M = (et D(B+1) ] a(BD (0B Fa+AED) .
af? (=) —af) (DZad a3 Hat (13D E1(1)2ad
(a2-1) aB+a+p+1
(1843 (“patatp-1) (-1)FHE((a4B)(a—1)(aB+1))
— aﬁ-i—a;i—ﬁ-i—l a(ﬂ}}-&-l)(a,@-ﬁ-a-ﬁ-,@-ﬁ-l)
(-12% %2 (=1)2*3 (—ap+a+p-1)
T a2 af+a+p+1
—Bata+B+-1  2(atB)(a=1)(af+1)
= (=1)% | ofraxf+l a(ftDiaBtatati)
_ _2a —aftat+B—
a?—1 aﬁ+o¢+ﬁ+1
L, [=Ba e 4Bl 2(@” ' 4B)(a” =) (e B+1)
aTo a1 —1 1 —1 1 —1 —1 1
e(M) = (=1)z Pt e S I W
a=2-1 a~1B+a~1+5+1

= (-1)= ﬁ+l+§¥5+a a(6+}3)(ﬁiézgﬁol+a)

—B+1+Ba—a  2(1+aB)(1— )(B+a))

1—a? B+1+aB+a

It follows that e¢(M)~*M = —I, which concludes the proof.
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Chapter 4

Type D

In this section, we determine the image of the Artin group of type D inside its associated finite
Iwahori-Hecke algebra. The structure of this section is similar to the one in chapter 3 for type
B. We first define the model and prove some basic properties on the irreducible representations.
We then determine the different factorizations appearing, they will be similar to the last cases
we had to consider in type B. We then state the main results for type D in Theorem 4.2.2
and Theorem 4.2.3. The last two sections prove those theorems using induction. The main
differences which will arise come from the fact that we only have to consider one parameter.
The branching rule (Lemma 4.1.1) is quite a bit more complicated and we need to prove some
results on orthogonal groups defined over finite fields in a less general setting as we did in type
B.

4.1 Definition of the model

Let n > 4, p a prime different from 2, a € F, of order greater than 2n. We set in this section
F, =F,(a). As in [20], we take for the Iwahori-Hecke algebra of type D, Hp, . the sub-algebra
of Hp, a1 generated by U = T'SiT, Sy, ... 5,-1. More precisely, we have the following definition.

Definition 4.1.1. The Iwahori-Hecke algebra of Hp, o of type D is the subalgebra of Hp, a1
generated by U = T'S\T,Sy,...S,-1. We then have (see [20] 10.4) that Hp, o is the algebra
generated by the above generators and that they verify the following relations

1. U*=(a—1)U +aq,
Vie[ln—1],8% = (a - 1)Si +a,
Vie[l,n—1]\{2},US; = S,U,
USsU = SyUS,,

Vi € [1,n — 2], SiSit15: = Si+15:Sit1,

S v e

Vi, j € [[1,n — 1]], ’Z —j‘ > 1,SiSj = SJSZ

We will now give a decomposition into irreducible modules of this algebra. In order to do
this, we give the action of Hp, , on modules generated by standard double-tableaux associated
to double-partitions of n.
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Proposition 4.1.1. Let A = (A, \2) IFn and T € X\. Fori € [1,n — 1], we write m;(T) =
1_(_1)52,066?;;”“_0“1, where i (resp i + 1) is in box (r;,¢;) (resp (riy1,¢iv1)) of a component of
T, 6; =0 if i and i + 1 are in the same component and 6; = 1 otherwise.

The action of the generators on the standard double-tableau T is then the following

1. UT =m(T)T — (1 +my (’]I‘))’]T, with T = 0 if T1o not standard T = T1.,o otherwise.

2. Vie[l,n—1], ST =m(T)T + (1 + mi(T))T with T = 0 if Tyiyq is not standard and

T = T;i41 otherwise.

We write V), for the module generated by the standard double-tableaux associated to A\. By
[20] (prop 10.4.5), we have that the action on the generators of Hp, o, commutes with the action
of o defined by o((T1,T2)) = (T3, T1). We then have that for any A = (A1, A2) IF n, Vix, ) I8
isomorphic to Vi, x,) as Hp, -module.

If A = (A1, A1), then we can consider a basis (Tq, Ty, ..., T,,0(Ty),0(Ts),...,0(T,)) of V.
We then have that V), =< T; 4+ 0(T;) >icpg and Vi - =< T; — o(T;) >icp, are submodules
of V)\.

We know by [20] (10.4) that the irreducible modules of the Iwahori-Hecke algebra of type D
in the generic case are the modules V) labeled by double-partitions (A1, A2) with A\; < Ay and
the modules Vi, z))+ and Viy, ), — for Ay F 5. We will use Proposition 2.2.4 in order to prove
that this is also the case in the finite field setting. The Schur elements are quite complicated
to write, therefore we need to introduce some new objects before giving the Schur elements.

Definition 4.1.2. Let (A, ) IFn with A= (A1,..., A, 0,...) Fny and

p= (., fm,0,...) Fny.
Ifr < m, then we set Xy, = {\i+m—i}icpqU[0,m—r—1] and Y, = {pi +m—i}icpim]-
If m > r, then we set Xy, = {\i +1r —i}ticp, and Y, = {pi +7 — i}icpmg U [0,7 — m].

For X C N and u a given parameter, we set A(X,u) = [T (uF—uh).
(k,1eX2 k>l

By [20] (10.5.7 and 9.3.6), we have the following proposition

Proposition 4.1.2. If (A\,u) IF n and X # p, then the Schur element cy, associated to the
irreducible Hp, zjuu-1)-module Vy ,, is

b(b—1)6(4b—5) I ]_k[(u%—l) 0 ﬁ(th—l)
c i kEXA’Mh=1 ZGYX’Hh=1
(=" A X )Aew) T (o)
y )\,,uX An

201y,

where b = | X .| = |Ya,l-
If (\,A) IF n, then the Schur elements associated to Vix )+ and Vixz),— are equal and are
given by

b bb=1)(4b=5) k l
U 6

I I —=1) I II(u™—1)
. ]{:EXAM\h:l lEY/\J\h:l
Cax = (u — 1)"A(Xon, w)A(Yar, u) 11 (uF + b))

(kDEXAAXYA A

We can now state the theorem giving the semi-simple decomposition of Hp, q-
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Theorem 4.1.1. Assume the order of a is greater than 2n. We then have that Hp, o is split
semi-simple and its pairwise non-isomorphic irreducibles modules are Vy,, (with A > ), V¢
and VAJ\,—'

In the following, we write V' for the direct sum of these irreducible modules.

Proof. Let A = Z[u*'], 0 : Z[u*'] — F, defined by (k) = k for k € Z and 6(u) = a. By
Proposition 2.2.4, it is sufficient to show that ¢, € B with B as in Proposition 2.2.4, that
0(cr,) # 0 and (1 + my(T))m;(T) # 0 and that they are well-defined for (X, ) I+ n, for
i € [1,n—1] and for T € (A, u) such that T;.;1q is also standard. The condition on the m;
implies that for any pair (¢, j), there exists a matrix M in the representation associated to Vy ,
such that M; ; # 0 since there exists a path between any pair of standard double-tableaux such
that any standard double-tableau in the path is obtained by transposing a pair (r,r + 1).

Let (A, p) IF n as in Definition 4.1.2, ¢ € [1,n — 1] and T € (A, p).

We first show that c,, € B, ie. 6 <(u — 1)"A(X,)AY) ) [T (uF +u£)> # 0.

(k,Z)GX%#XY)\,H
We have that 0((u — 1)") = (a — 1)" # 0.

We have A(X),,u) = I1 (¥ —af). Let (k,{) € X3, such that k > (. We
(k0)EXS k>0 ’

have 0 < ¢ < k < Ay + max(m,r) — 1 and, therefore k — ¢ < \; + max(m,r) — 1. Since
A1 + 7 — 1 is equal to the number of boxes in the first row of A, we have that Ay +r — 1 < n,.
Since m is the number of boxes in the first column of x4, we have that m < n,, therefore
A+ max(m,r) —1 = Ay +max(r —1+m —r,r—1) < ny+mn, <n < 2n. The equality
a* — af = 0 implies that o*=* = 1. This quantity is therefore non-zero because the order of a
is greater than 2n.

In the same way, we have A(Y) ,,u) # 0.

Let (k,f) € X,, % Yy,. Assume by contradiction that 6(u* + u*) = 0. We then have
of 4+ af = 0, therefore o*~ = —1 and o®*=9 = 1. We have 0 < k < \; + max(r,m) — 1
and 0 < ¢ < py + max(r,m) — 1. Therefore —2n < 1 — max(m,r) — pu; < 2(k —¢) <
2(\; + max(m,7) — 1) < 2n and we have o*~* # 1 if k # { since the order of « is greater than
to 2n. If k = ¢, then O(u* + u*) = 2a* # 0 because p # 2.

It follows that ¢, , € B.

We now show that 0(cy,) # 0, i.e.

9( bb=1)(ab=5) H H H ﬁ(u% —_ 1)) # 0.

keXy Hh’ 1 ZEY)\yuhZ].

b(b— 1)(4b 5) b(b— 1)(4b 5)

We have (2% ) = 2% # 0 because p # 2. Let k € N such that k € X, , or
(k € Yo, and 0 < h < k). We have shown that & < n, therefore f(u*" — 1)) = o*" —1 # 0
because « is of order greater than 2n. It follows that 6(cy,) # 0.

We now show that m;(T) is well-defined and non-zero.
We have that m;(T) = ol #0. It is sufficient to show that

1_(_1)6'L‘ac’b Tt 41 —Ci4+1
1 — (_1)6iaci—"'i+7"i+l_ci+1 7é 0 or aCi—Ti+7"i+1—Ci+1 7& (_1)51"
If i and i + 1 are in the same component of T, then §; = 0 and |¢; — r; + rip1 — ¢iy1| =
|c;—¢iy1+71i01—7r;| is less than the minimal number of boxes on a path within the Young diagram
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from the box where i is and the box where i + 1 is. It follows that % "t +17¢+1 £ ] bhecause
a is of order greater than 2n > max(ny,n,) > |¢; — r; + riy1 — cip1| and ¢; — 1y # g1 — i
because T is standard.

If i and ¢ + 1 are in distinct components then we have that §; = 1. It is then sufficient
to show that —2n < ¢; — r; + 101 — ¢i1 < 2n because p # 2. If ¢ is in the left tableau
and 7 + 1 is in the right tableau then we have 1 —n <1 —7r<¢ —1r, < A1 —1<n—1 and
l-n<1l-m<c1—rip < pp—1<n-—1. It follows that 2—2n < ¢;—r;+ri; 1 —cip1 < 2n—2
which proves that m;(T) is well-defined since « is of order greater than 2n. The same reasoning
shows that m;(T) is well-defined if ¢ is in the right tableau and ¢ + 1 is in the left tableau.

Finally, we show that 1 4+ m;(T) # 0. We have

o — 1 Oé(l — (—1>6iaci_7’i+7‘i+1—0i+1—1)
= L — (=1)%qeiritrici—cit B 1 — (—1)8iqeTitrisi—cit

We have shown in the previous step that —2n +2 < ¢; —r; + ri1 — ¢ip1 < 2n — 2, therefore
—2n+1<¢ —ri+ri1 — 1 < 2n — 3. Since T;.;11 is standard if ¢ and 7 + 1 are in the
same component we have in that case that |¢; — r; + 7,01 — ¢;41| — 1 > 2. This shows that
1+ m;(T) # 0 and concludes the proof. O

The branching rule for type D is more complicated, therefore we recall it in the following
proposition (a proof in a more general setting can be found in [35]).

Lemma 4.1.1. Let n > 5 and (A, u) IF n, A > u. We then have:

1 Ifny >mn, +1, then Vi, .= @ Vi
(M) CT(Ap)

2. If ny=mn,+1and p & X\, then

Viultn, o = (BVp) @ (BVi,) e (BV,5)
ACu Xca ACA
A>p A<p

3. Ifny=n,+1 and p C A, then

VA’HH{Dn_l,(X = (@V)‘nﬁ‘) @ (@Vj\,ﬂ) @ (@VM,S\> @ V.u‘nu‘)"" @ V/L,/l,—'
ACh ACA ACA
X>u X<u

4. If ny =mn, and X\ > p, then VA,MIHDH, .= (ﬂCB i) @ (D V%;\).
ACH

1 ~
ACA

. [f)\ = U, then VA,MHHD,L,LQ = VA,AFWD,L,LQ = ”Gca V>\7ﬂ.
ACh
Proof. Assume first that ny > n, +1. We then have V, , = @ F,T. Let r be the number of
Te(A,uw)
extremal boxes in the Young double-diagram associated to (A, 1) (a box is said to be extremal
if there exists a standard double-tableau containing n in that box). We write (14, s, 07)iepi,
the extremal box, where r, is the row and ¢, is the column of the box in the component the box
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belongs to and J, indicates which component the box belongs to. We then have V, , = @ @ T},
I=1j€l,

for T,;,j € I; standard tableaux associated to (A, i) such that n is in box (17, ¢, 6;).
We can then define a bijection from the basis of V) , to the standard double-tableaux basis
of @ V;, by mapping a standard double-tableau T;; to the standard double-tableau
(M) C(Ap)
T,; \ {(ri,c1,8,)} and we have X\ > ji for any (), i) C (), p) since n; > nj;. By construction,
this bijection commutes with the action of Hp,_ _, because for any ¢ € [1,n — 2], the position
of 7 and 7 + 1 is unchanged.

Assume now that ny =n, +1 and ¢ ¢ A\. We can then apply a similar reasoning except
that we can have A\ < y for some A € A\. We then map the standard tableau T, to o(T; \
{(r1,¢1,01)}). The action of Hp, , . then still commutes with the bijection since it commutes
with action of o.

Assume now that ny = n, +1 et u C X\. We keep the same bijection as in the previous
case except for the extremal box (7, ¢, d¢,), Which, when removed from the Yound double-
diagram (A, p), affords the Young double diagram associated to (u, ). We then map the
tableau Tj,fo = (TJ}@OJ? Tj,fo,Q) to Tj,fo \ {(Wm Cey) 540)} + O-(Tj,fo \ {(rloa Clo; 5l0)}) if TTj,40(1> =1
and to T;s \ {(reys Cto000)} — 0(Tjuy \ {(7, €ty 0¢o)}) otherwise. The action of Ap, , then
again commutes with the bijection because it commutes with o.

Assume now that ny = n, and A > p. The bijection is defined in the same way as before
except when A C A, where we apply o.

Assume now that A = u. We can then number the standard double-tableaux associated to
(M A) by (T, Ty, ..., Ty, 0(Ty),0(Ty),...,0(T,,)) such that n is in left component of the m first

ones and in the right component of the last m ones. We then have V) , + = éFq(Tj +o(Ty))
j=1

and V) _ = @1]F'q(']I‘j —o(Ty)).
]:

For V) 4+, we map T; + o(7}) to the standard double-tableau obtained by removing the
box of T; containing n. We have to check that the action of Hp, , . on T; + o(T,) is the
same as the one on this tableau. We have m;(T;) = m;(c(T;)),0(T})icit1 = 0(T})icit1 and
T icit1 & {1},0(T;)}, therefore the action is indeed identical.

For V) \_, we map in the same way T, — o(T;) to the standard double-tableau obtained
by removing the box of T; containing n. In order to check that the action is the same, we can
use the same arguments as for Vj » ; and check that T; i1 € {Tk}ke[[l,m]]- This is true since
we chose a numbering such that n is in the left component only for the m first tableaux and n

stays in the same box after permutation of ¢ and 7 + 1 for any ¢ < n — 2.
O

Remark : The two submodules of V) ) are not isomorphic, by the fact that n goes from
the left component to the right one or from the right component to the left one after applying
Sn—l-

We keep the same weight on double-tableaux as for type B. Let A = (A1, \2) IF n and
T = (Ty,Ty) € \. We define ¢(T) to be T" if 4/ > X and o(T’) otherwise. We define a new
7(A) to be v(A)v(Ag)(=1)™ =) if Xo > A and 7(\) = v(A)r(\;) otherwise. We define the
bilinear form (T|T) = w(T)d ) 7-
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Proposition 4.1.3. For any pair of standard double-tableauz (']T,']NI'), we have the following
properties.

1. (8;.T|S;.T) = (—=a)(T|T) and (U.T|U.T) = (—a)(T|T).
2. For all d € Ap,, we have that (d.T|d.T) = (T|T).

Those relations stay true if we substitute one or two of the standard double-tableaux by the
elements o(T) —T and o(T)+T, which form bases for Vy 1 and V\ _ for double-partitions
A of the form A = (A1, A1).

3. The restriction of (.,.) to Vx if A = @(X) # (A2, A1) and to Va® Vi if A & {@(N), (A2, A1)}
is non-degenerate with p(A) = X if ny =n,, and ' > XN, and p(\) = (N], \y) otherwise.
If X = o(A) # (Ao, A1) then (.,.) is symmetric on Vy if D(\) = 1 and skew-symmetric
otherwise.

Moreover, its Witt index is positive.

4. If n =0 (mod 4) and X\ = (A1, \1), then the restriction of (.,.) to Va4 and Vy_ if A\ =N
and to Vi1 @ Vi _ if X# X, is non-degenerate.
If X = X then (.,.) is symmetric on Vi4 and Vi _ if i(A) = 1 and skew-symmetric
otherwise. Moreover, its Witt index is positive.

5. If n =2 (mod 4) and A\ = (A1, A1) then the restriction of (.,.) to Vi & V. is non-
degenerate.

Proof. For 1. and 2., we have m;(c(T)) = m;(T), therefore the same proof as for Proposition
3.1.1 applies. The extension to elements of the bases of V} ; and V) _ follows from the bilinearity

of (.,.).

For 3., the same proof also applies because 7(\) = w(T)w(¢(T)). This is true because when
o(T) = T', »(\) does not change from the one in type B and when ¢(T) = o(T’), v()) is
multiplied by (—1)™1 =) = (T)w(a(T)).

4. We assume n =0 (mod 4). If A = (A, A1) IFnand T € A then

w(o(T)) = (=1)™ = M0)(T) = (=1)F w(T) = w(T).

For any standard double-tableaux T,T, we have that (T|T) = w(T)dp ). Since A\ =
(A1, A1), we have p(A) = X and for all T € A and all T € X', we have o(T) =T".

Let A = (A1, A1) and A = (A1, \) be double-partitions of n. If T € X\ and T € A, then we
have

(T+o(T)T+0o(T)) = (T|T) + (T|o(T)) + (¢(T)|T)) + (o(T)|o(T))
= w(T)(p s + Opyey) + w(o(T))(
= (05 + Op o1y ) (W(T) + w(o(T))
= Oppo(m), 1o (W(T) + w(o(T)))
= 20(T)dp s o(Ty Tto(f)-

In the same way, we have that (T + o(T)|T — o(T)) = (T — o(T)|T + o(T)) = 0 and
(T —o(T)|T — o(T)) = 2w(T)dp_y(1y 7—0(F)- The result follows.
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5. Assume n = 2 (mod 4).
If A= (A, A1) IFnand T € A, then w(co(T)) = (—=1)™ " ™0)w(T) = (-1
—w(T). Tt follows that if A = (A, A1) IF nand T € A, then (T + o(T)|T + o(T))

20(T)0p 4 o1y F1o(T)- The result follows. O

4.2 Factorization of the image of the Artin group inside
the finite Hecke algebra

In this section, we find the different factorizations between the irreducible representations of
Ap, . Most of the factorization results are summarized in Proposition 4.2.4. We then state the
main results for type D in Theorems 4.2.2 and 4.2.3.

We define the linear map £ from V' to V which sends T to £L(T) = w(T)p(T).

Proposition 4.2.1. Let r € [1,n — 1] and T a standard double-tableau, we then have
LS,L7HT) = (—a)(S7)NT), LUL™ = (—a)(U~)(T).

Let A = (A1, Xo) IF n. We have the following propositions.

S IFXNE{p(N), (A2, A1)}, then L stabilizes Vi @ Viny and switches Vy and V.

2. If X = (X)) # (A, A1), then L stabilizes V.

~

3. If n =0 (mod 4) and X = (A, A1) # (M}, ), then L stabilizes V\ @ Vi 4 (resp Vi _ @
Vi —) and switches Vy 4 and Vy 4 (resp Va_ and Vi _).

4. If n =0 (mod 4) and X\ = (A, A1) = (N[, \}), then L stabilizes V. and V, _.
5. If n =2 (mod 4) and X\ = (A, \1), then L stabilizes V1 & Vi _ and switches V1 and

V)\/,_.
Proof. This follows directly from Proposition 4.1.3 by writing the matrix of the bilinear form
and the matrix of L. O

Proposition 4.2.2. For r € [1,n — 1], we write \, the double-partition of n defined by \, =
([r], [1"77]) if r > § and A, = ([1"77],7) if r < 5. Taking the same notations as in Proposition
3.2.5 of type B, for all d € Ap,, we have 0 ,(d) = 12,(d) because the length in T of such an
element is even and we have = 1. We define the character n,. of Ap, by n.(d) = ni,(d) =

M2, ().
We then have by Proposition 3.2.5 that Ry, ~ (A"Ry,) @ m1, for allr € [1,n —1].

Assume F, = F,(a) # F,(a + a™!). We write € the unique automorphism of F, of order 2.
We have that €(a) = a~1. We then define for every standard double-tableau in the same way
as for type B,
2_'_0/11-,]-—1 —|—Oél_ai‘j

d(T) = J(Tl)j(TQ) H o+ Oé_l + a%i.i + v %ig

1€Tq,j€T2
i<j

and the associated hermitian form (.,.) defined by
(T,T) = d(T)ép5. We write A for the set of all double-partitions A = (A1, A2) of n such
that )\1 Z )\2.
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Proposition 4.2.3. For alld € Ap,, A € A and T € X\, we have (d.T,d.T) = (T,T). This
shows that Ap, acts in a unitary way on those irreducible modules.

Proof. The proof of the first statement follows from Proposition 3.2.2 and the second follows
from the expression of the bases of V) 1 and the Z-bilinearity of the hermitian form. O

We now prove two lemmas which will allow us to restrict ourselves to the derived subgroup
.A Dy, of A Dy,

Lemma 4.2.1. If A is a double-partition of n then the restriction of Ry to Ap, is absolutely
irreducible.

Proof. Assume first it is true for n = 2. Since Ap, is generated by Ap,_, and Ap,, we have
the result for n > 3 by the same method as in the Lemma 3.4(i) of [12].

We now show the result is true for n = 2. We only have to show it for ([1],[1]) since the
other representations are 1-dimensional. We will show in Section 3.3 (Lemmas 3.3.2 and 3.3.8)
that Rpujpj(Ap,) =~ SLa(q') for some ¢'. The irreducibility then follows. O

We now show a lemma computing the normal closure of Ap_ . This is a generalization to
type D of Lemma 3.2.2

Lemma 4.2.2. Forn > 4, the normal closure < Ap,_, >4, of Ap,_, in Ap, is Ap,.

n—1

Proof. Let n > 4. By Lemma 2.1 of [12], we have that Ay, =< A4, , >u, , where
Ay, =< 51,5, ...,5,-1 >< Ap,. We have that Ap, is generated by A4, and Ap, _, therefore
the result follows. O

The following proposition summarizes the results in this section :

Proposition 4.2.4. Let A\, pu, v and 6 be doubles-partitions of n such that dim(Vy) > 1,
AL > Ao, g > o, v1 = Y2 and 6, = 05. We have the following properties.

1. The restrictions of Ry, R, 4+ and R, _ to Ap, are absolutely irreducible.
Ryjap, =~ Ruya,, & A= pu.

R)‘|-ADn * R»y,i|ADn.

Ry +14p, =~ Rs+jap, &7 =0.

Ry 11ap, # Rs+Ap, -

S S e

Ryjap, > R4, < n=0).

If n=0 (mod 4), then

S

(a) Ryajap, = B5 4, &7 =0(0).
(b) Bysiap, # Bszia,, -

9. If n =2 (mod 4), then
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(a) Rysjap, # B5ia,, -
(b) R%i|ADn = RE,ZHADn <7 = 90<5)
10, If B, = Fy(a) # Fyla+a™), then

(a) R)‘lADn ~ EOR;MDn S A= .

(b) R)\l-ADn F*eoR, 4.

(¢) Rytjap, =€0R; 4, < 7=0.

(d) Ryxjap, # €0 RS 4, -
Proof. 1. is shown in the same way as Lemma 3.4. of [12], because Ap, is generated by Ap,
ans Ap, _,.

Using Propositions 4.2.3 and 4.2.1, it is sufficient to show 2,3,4 and 5 to conclude the proof.

In the same way as for type B, we need to use Lemma 3.2.3. If Ry, =~ R4, then there
exists a character n : Ap, — F} such that R\ ~ R, ®n. Since Ap, | Ap, =< S1 >, there exists
u € % such that for all d € Ap,,n(d) = u"¥. We have R,\(S1) = uR,(5)). By considering the
eigenvalues, we have that {a, —1} = {ua, —u}. Therefore u = 1 or o® = 1. By the conditions

on o, u =1 and Ry ~ R, therefore A = p. Since the set of eigenvalues is of R, 1(S51) is also
{a, —1}, the rest of the proof follows. O

We now give a theorem for double-partitions with an empty component and then results
for hook partitions.

Theorem 4.2.1. Let A = (A, 0) I n with A\; not a hook and G = Ry\(Ap,). We then have the

following properties

1. If F, =Fy(a) =F,(a+a™t), then
(a) if \y # N|, then G = SL,,(q),
(b) if i = N} and v(\) = —1, then G ~ SP,, (q),
(c) if My = N} and D(X\) =1, then G ~ Qf (q).

2. IfF, =F,(a) #F,(a+a™t), then
(a) if M # N, then G ~ SU,,(q2),
(b) if \y = X, and 2(\) = —1, then G ~ SP, (q2),
(c) if \y =N, and (\) =1, then G ~ Q;;(q%).

Proof. The restriction of Ry to Ap, is the same as the representation Ry, in type A. Since
(X)) = v(\1), the result follows directly from [12, Theorem 1.1] after noting that Ry(Aa,) C
Ry\(Ap,) and that we have the corresponding inclusions by Proposition 4.1.3. ]

Proposition 4.2.5. If F, = F,(a) = Fy(a + a™'), then Ryn-1up(Ap,) = SLn(q) and if
F, = IFp(a) #* IFp(oz + Ofl) then R([1n71]’[1])(ADn) ~ SUn(q%).

Proof. The proof is the same one as the proof of Proposition 3.3.1. O]
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We write again Ay , = {(A1,0),\s F n}, Aoy = {(0, \2), Ao F n}, A, = Ay, U As,, and
€n = {\ IF n, A not a hook}

Theorem 4.2.2. IfF, =F,(a) =F,(a+ a™ ') and n is odd, then the morphism from Ap, to
Hp. o~ II GL,,(q) factorizes through the epimorphism
’ A-n

)\1>/\2
Py Ap, = SLo1(q) X SLu(q) x [ SLay(@)x [ OSP(N.
A€en, A>p(A) A€en, A=p(A)
A1>A2 nyx>ny

IfFy = Fp(a) = Fp(a+a™') and n = 0 (mod 4), then the morphism from Ap, to M} , ~
[T GL,, (F,) x [1  GLn, (q) x GLyn, _(q) factorizes through the epimorphism

AHEn A=(A1,A\1)Fn
A1>)A2

Byt Ap, = SLo_1(q) x SLu(q) x  [[  SLu(@)x [[ OSP()'x

AEen A>p(N) AE€en, A=p(X)
A1>A2 A1>A2
[ Sim(@?x II OSP4
)\Z()\l,)q)Een )x:()\l,)\l)EEn
A>p(A) A=p(A)

IfFg = Fy(a) = Fy(a +a™') and n = 2 (mod 4) then the morphism from Ap, to Hp, , ~

1 GL,,(F,) x [1T GL,, (q) x GL,, (q) factorizes through the epimorphism
/\/\t; A=(A1,A1)Fn ' '
1 2

Qo t Ap, = SLy-1(q) X SL,(q) X II SL.(q) x I[I 0OSP(\)x

AEen A>p(N) AE€en, A=p(X)
A1>A2 A1 >N
II SLm@?x  II  SLu(a)
A=(A1,A1)€E€n A=(A1,\1)€E€en
A>p(A) A=p(A)

In all of the above, OSP(\) is the group of isometries of the bilinear form defined in Proposition
4.1.5.

In the unitary case, we have an analogous result.

Theorem 4.2.3. IfF, =TF,(a) # F,(a + a™') and n is odd, then the morphism from Ap, to
Hp, o> Il GL,,(q) factorizes through the morphism
’ A

A1>A2

By Ap, = SUn1(¢?) x SUL(¢*) x [  SUn(¢®)x [ OSP(N).
AE€en,A>p(N) AE€en, A=p(A)
A1>A2 ny>ny,

IfFy = Fp(a) = Fy(a+a™') and n = 0 (mod 4), then the morphism from Ap, to M} , ~

[T GL,, (F,) x [1 GL,, (q) xGL,, (q) factorizes through the morphism
)\)\2‘)7\1 )x:()q,/\l)l—n ' ’

Oy Ap, = SU,1(q2) X SUL(qZ) x [ SUn(¢)x [ OSP(O'x
AEen,A>p(N) AEen,A=p(A)
A1>A2 A1>A2
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I SUa(Z)?x [ OSP4
A=(A1,\1)€Ee€n : A=(A1,\1)€E€n
A>p(N) A=p(N)
IfFy = Fy(a) = Fy(a+a™') and n = 2 (mod 4), then the morphism from Ap, to M} , =~
()

[T GL,, (F,) x [l GL,, (q) xGL,, (q) factorizes through the morphism
)\)\H—)tz A=(A1,A\1)Fn ’ '
1>A2

Oy Ap, = SU, 1(¢2) x SUL(¢2) x [ SUn(g?)x [ OSP()'x

A1>Ao A1>A2
1 1
II SUn@)?x  JI  SUm(e?).
)\:()\1,)\1)66n )\:()\1,>\1)66n
A>p(N) A=p(N)

In all of the above, 5.\5’73()\) is the group of isometries associated with the bilinear form over
]Fq% obtained from the one in Proposition 4.1.3 using Proposition 3.3.3.

Those two theorems (except for the surjectivity) follow from Propositions 4.1.3, 4.2.1, 4.2.2,
4.2.3, 4.2.5, Theorem 4.2.1 and Proposition 4.2.4. It now remains to check that ®/,, and ®y ,
are surjective in all cases.

4.3 The case n =14

In this section, we prove the result for n = 4.

The double-partitions to consider for n = 4 are ([4],0), ([3,1],0), ([2,2],0), ([2,1,1],0),
(114, 0), (L 1), (2 10, [1]), (1% (1), (2} [20), (12}, [17) and ((17) [12).

By Proposition 4.2.1, if we know the image for A, we know the image for p(A). By Propo-
sition 4.2.1, we know the image for doubles-partitions with an empty component. By Propo-
sition 4.2.5, we know the image for ([1°],[1]) and by Proposition 4.2.2, we know the image for
([2], [1?]) using the image of ([1%], [1]). The only double-partitions left to consider are ([1%],[1?])
and ([2,1],[1]).

Lemma 4.3.1. IfF, =F,(«) = F,(a+ a7 '), then Rpq1n)(Ap,) ~ SPs(q).
1
IfF, =Fy(a) #F,(a+ a™ by, then Ria1),1)(Ap,) ~ SPs(q2).

Proof. Assume first that F, = F,(a) = Fy(a + a™'). Using Proposition 4.1.3, there exists
P € GLs(q) such that G = PRy pj(Ap,)P~" C SPs(q). Using Lemma 4.1.1, we have that
R, (Aps) = Ry X Rz X Rigip0(Ap,) = SLs(q) x SLa(q), where SLz(q) is in a twisted
diagonal embedding and SLs(q) is in a natural representation using Goursat’s Lemma and the
previous arguments. Using the same arguments as before and Lemma 3.3.3 with the natural
representation of SLs(q), we know G is primitive, tensor-indecomposable, irreducible, perfect
and cannot be realized in a natural representation over a proper subfield of IF,. This implies
that G cannot be included in a maximal subgroup of class C;,Csy,C4 or Cs. Since it contains a
transvection of SLy(q), we have that it cannot be contained in a maximal group of class Cs.
Assume that G is included in a maximal subgroup of SFPs(q). By the Tables 8.48. and 8.49. in
[9], the only possible maximal subgroups and their order or a quantity their order divides are
given below
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1. 214650 (2), 51840

2. 2160 (2), 25920

3. (SPy(q) 0o SPy(q) 0 SPy(q)).22.63,24¢3(¢* — 1)3
4. 2 PSLy(7),336

5. 2 PSLy(7)2, 672

6. 2, 720

7. 294.29, 1440

8. 2 PSLy(17), 4896

9. 22PSLs(q),q(¢*> — 1)

10. 22PSLy(¢%).3,3¢3(¢% — 1)

The order of SL3(q) x SLa(q) is ¢*(¢*> —1)*(¢* — 1), therefore cases 3, 9 and 10 are excluded.
We have that a is of order greater than 16 and p # 2, therefore we have that ¢ > 17 and,
therefore ¢ > 19 and |G| > 19%(19% — 1)(19% — 1) = 115828887772800. This excludes all the
remaining cases. It follows that G' can be included in no maximal subgroup of S Ps(q), therefore
G = SP(q).

Assume now that F, = F,(«) # F,(a + a™'). There exists P € GLg(q) such that
G = PRpan(Ap,)P ™t C SPs(q2) and G contains H ~ SUs(q2) x SUs(¢z), where SUs(q?)
is in a twisted diagonal embedding and SUQ(q%) is in a natural representation. We can no
longer use Lemma 3.3.3 in this case, but since ¢(a) = a~!, we have up to conjugation that
diag(ls, (g Oﬁl ) € G. Tt follows that o+ a~! belongs to the field generated by the traces of
the elements of G. This shows that any field over which G is realized in a natural representation
contains Fq%. By the above, in this case, we have that G is primitive, tensor-indecomposable,
irreducible, perfect and cannot be realized in a natural representation over a proper subfield

of IFq 1. This implies that G cannot be included in a maximal subgroup of SPg(q%) of class

C1,Cy,C4 or C5. It contains a transvection of SUg(q%), therefore it cannot be included in a
maximal subgroup of class C3. Assume G is included in a maximal subgroup of S Pg((]%). We
list below the possible maximal subgroups and their order or a quantity their order divides

1. 2146-505 (2), 51840

2. 21+6.0-(2), 25920

3. (SPy(q2) 0 SPy(q7) 0 SPy(q2)).22.835,24q3 (¢ — 1)°
4. 2PSLy(7),336

5. 2PSLy(7)2,672

6. 22, 720
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7. 294.2,, 1440
8. 2 PSL,y(17), 4896
9. 2PSLy(q2),q2(q— 1)
10. 2 PSLy(¢?).3,3¢2 (¢3 — 1)
We have |H| = ¢*(q — 1)2(¢% + 1). This excludes cases 3, 9 and 10. We have at? —
e(a) = a~t. Tt follows that g2 +1 > 16 and, therefore g2 > 17 because p # 2. This implies

that |H| > 34042058459136. This proves that G = SPs(q?) and concludes the proof of the
lemma. [l

Lemma 4.3.2. ]f Fq = Fp(a) = Fp(a + Oé_l), we have R ([12],[12]), (.AD4) R( 12],[12)), (.AD4) =
SLg(q) )
]f Fq = Fp(()é) 7& Fp(oz + 0471), we have R ([12],[12]), (.AD4) = ([12]7[12])7_<.AD4) ~ SU3(q§).

Proof. The result follows from Lemma 4.1.1 and the fact that R2p))(Ap,) is equal to the
group we want in both cases. O

4.4 Surjectivity of Dy, for n > 5

In this section, we use results of the previous sections to prove by induction on n the main
results for type D. We will here conclude the proof of Theorem 4.2.2.

Assume first that F, = F,(a) = F,(a + o). Using Proposition 4.2.4, by the same kind
of arguments as for type B, we can use Goursat’s Lemma to show the morphism is surjective
upon each component. This means it is sufficient to show the following theorem.

Theorem 4.4.1. Let A = (A, \2) |F n not a hook, such that \y > X\y. We write G(\) =
Ry\(Ap,) if M1 > Ao, G(A\,+) = Ry +(Ap,) and G(\,—) = R\ _(Ap, ) otherwise. We then have
the following possibilities.

1 If A= ([2,1"7%,0), then G(\) = SL,_1(q).

2. If A= ("', [1]), then G(A) = SLn(q),

3. If X € €ny, A1 > Ao and X > p(N), then G(N\) = SL,, (q),

4. If A€ €,, A1 > Ay and X\ = p(N), then we have the following possibilities.
) =

(a) If D(\) = —1, then G(\) ~ SP,,(q).
(b) If v(\) = 1, then G(\) ~ Qf (q).

Ra

If X = (A, A1) € €, then we have the following possibilities.

(a) If o(N) > A, then G(\,+) = G(\, —) ~ SL%(q).
(b) If o(\) = A, then we have the following possibilities.
i. If n=0 (mod 4) then
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A if 5\ = —1 then G(\, +) = G\, —) ~ 5Py, (q),
B. if (\) = 1 then G\, +) = G(\, =) ~ Q} (q).
i. If n =2 (mod 4) then G(\,+) = G(\,—) = SL"T)\(q).

Proof. For n = 4, we have the result by the previous section. Theorem 4.2.1 gives us the
result for double-partitions with an empty component and Proposition 4.2.5 gives us the result
for double-partitions with two rows or two columns and one of the components of size one.
For n > 5, we proceed by induction but we must first treat the following cases separately :
(12,2}, 1)), (19, [12]) and (([12], [1%]), %).

By Lemma 4.3.1, Theorem 4.2.1, Lemma 4.1.1 and Goursat’s Lemma, we have that
Rip21))(Ap,) ~ SPs(q) x SPy(q). By Theorem 2.3.4 and Lemma 5.6. of [12], we have that

R([2,2],[1])(~’4D5) € {SLlo(Q)HS’UlO(q%)aSPIO(Q)}' We have that ([2,2],[1]) = »(([2,2],[1])) and
7(2,2],[1]) = (=1)"=°(=1)= = —1. This implies by Proposition 4.1.3 that up to conjugation
in GLyo(q), we have that R9,1))(Aps) C SPio(q), therefore we have that R, (Ap;)
SPio(q)-

In the same way, we have that Rqs)pn2)(Ap,) ~ SLi(q) X SLs(q) x SLs(q), therefore
G(([1°],[1%])) = Rqs)pz)(Ap,) is in {SL1o(q), SU1o(q2), SPio(q)}. By Proposition 4.2.4, we
know that G(([1%],[1%])) preserves no bilinear form, therefore we only have to exclude the
unitary case. Assume that G(([13],[12])) is included up to conjugation in SU;o(q2). There then
exists an automorphism € of order 2 of F, such that each M in G()) is conjugate to e((M™1)).

a 0

In particular G(([1%],[1?])) contains a natural SLy(q). This implies that diag(Is, (0 o )

a 0

is conjugate to diag(_fg,te((<0 0! )~1)). Taking the traces of those matrices implies that

ela+a ! +8)=a+a!+8 We have that F, = F,(a) = Fy(a + a™'), therefore this shows
that € is trivial which is a contradiction. It follows that G(([1%],[1?])) = SL10(q).

By Lemma 4.1.1 and the fact that Rs)pz)(Ap,) = SLio(g), we have that SLio(q) C
R([13],[13]),:t<~’4D6) C SLlo(q). It follows that R([13]7[13})¢(AD6) = SLlO(q).

We now proceed to the induction on n using Theorem 2.3.2.

Let n > 5 and A IF n. Suppose the theorem is true for n — 1. We use Lemma 4.1.1 for
different possibilities to show that G(\) or G(\,£) contains a subgroup verifying the same
properties as in type B.

L. IEA = (A, A2) and Ay > Ay and A # (A) then p(A) = (A}, \)) because the order we
defined for partitions of § verifies that, if A\; # Ay and A\; > Ao, then A} > X;. We then
have A; # A} or Ay # \S.

(a) If X, # Ag, then there exists ps C Ay such that py, & Ao, We have that (A}, uh) &
A1, A2) because il Ao and (b, N A1, A2) because otherwise | = Ay and,
( Ha Hay Ay 1
therefore \;, = A;. This shows that G()\) contains a natural SLs(q).

(b) If Ao = X, and Ay # A|, then there exists py C Ay such that p) ¢ A;. We then have
(11, 25) & (A1, Az) because py & Ay and (X, p13) € (A1, A2) because Xy # Ar. This
shows that G(\) also contains a natural SLs(q) in this case.

2. It A= ()\1, >\2) = QO()\) and A\ > >\2, then
(a) If (A) = (A}, A3), then
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i. If \; and Ay are square partitions, then Ry(Ap, ,) = G(u1, Aa) X G(A1, pu2) and
since U(y, A2) = U(Aq, o) = (A), we have that :
A. If o(A) = 1, then Q:(umw(q) X Qf{m’m(q) C G\ C QZ(AMQ)(q).

B. If #(A) = —1 then SP,,, (q) X SP, . (¢) C G(A) C SPy,(q). It follows
that G()\) is an irreducible group generated by transvections because it is
normally generated by the group on the left of our inclusions, therefore by
Theorem 2.3.4, we have that G()) is equal to the group on the right and the

theorem is proved in this case.

ii. If A\; or Ay is not a square partition then there exists 1 C A such that ¢(u) # p.
It follows that ¢(u) C X or o(p(p)) C A, therefore G(\) contains a twisted
diagonal SL3(q).

(b) If p(A) = (A5, ), then if pu C Ay, we have that (A, ) C (A, Aa), (A, 1)) =
(N, 1) € (A1, A2) because A # ;. We have that (1, \]) C (A1, A2), therefore G()\)
contains a twisted diagonal SLs(q).

3. If A= (A, A1) # (M, A]), then there exists py C Ay such that p) ¢ M. It follows that
(AN, 1)) & (A, A1) and (pf, ) & (A1, A1). This shows that G(A,£) contains a natural
SL3(q)-

4. It X = (A, A1) = (M, A1) and A is not a square partition, then there exists p; C Ay such
that g # ), therefore (i, p1) # (A1, 1)) = (N}, 1f). We have that (u, N)) C (A1, A1),
therefore G(\, £) contains a twisted diagonal SLs(q).

5. If A = (A, A1) = (M}, A]) and A; is a square partition, then we have the two following
possibilities.

(a) If n = 0 (mod 4), then for all 4 C X, we have that 7(\) = v(A\)2(=1)2) =1 =
P(p). This is because if A\; is a square, then the only sub-partition p; of A\; verifies
v(p1) = v(\1). By the branching rule, we have that Qf, (¢) C G(\, £) C Q% (q). Tt

2 2

follows that G(\) ~ Q7, (¢) and the theorem is proved in this case.

(b) If n = 2 (mod 4), then () = v(A\)?> = 1 for all u C X\. The branching rule shows
that Q%, (¢) € G(\, ) C SLra(q). By Proposition 4.2.4, G(A, %) preserves no

bilinear form, therefore G(\, £) = SL%A(q).

In all the cases where G(A) or G(\,£) contains a natural SLs(q) or a twisted diagonal
SLs3(q), we can use exactly the same arguments as in [12] because if the morphism Ay, to Ap,
defined by S; — S; is trivial then Ap is trivial.

The only case we need to treat separately is (([2,1],[2,1]),%) because n = 6. We need
a separate argument to show that G(([2,1],[2,1]),+£) is tensor-indecomposable. In this case
R([2,1],[2,1])(.AD5) = G([27 1]7 [12]) x G([Qv 1]7 [2]) = SL20(Q> X SLZO(Q)' If G(([Qv 1]7 [27 1])7i) -
SLao(q) ® SLy(q), then the morphism from
R211,12,1)) (Aps) to SLa(q) is trivial. Since R(211,j2,1)) (Ap;) normally generates G(([2, 1], 2, 1]), £),
G(([2,1],[2,1]), £) is included in SL4o(q) x SLs(q). This contradicts its irreducibility.

This shows that it is sufficient to consider case 2.a.i.A. Assume we are in case 2.a.7.A.
We then have that G(\) C Q (¢) is generated by a conjugacy class of long root elements
and G(\) is irreducible. Since p # 2, if we check that O,(G(\)) C [G,G] N Z(G), then we
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can apply Theorem 2.3.3. Applying Clifford’s Theorem (Theorem 11.1 of [16]), we have that
Resgi)(‘é( /\))(V) is semisimple and since O,(G(A)) is a p-group, its only irreducible representation
over F, is the trivial one. This shows that Resgi)(‘)c( (V) is trivial, therefore O,(G(A)) = 1 and
all the assumptions of Theorem I of Kantor are verified (the minimal dimension in this case is
greater than or equal to the dimension of ([3,3,3],[2,2]) and the dimension of ([4,4,4,4], [1])
which are 42 x 2 x (f) > 5 and 17 x 24024 > 5). This shows that we are in one of the following

cases :
1. G(V) ~ Q7 (¢), and ¢]q.

2. G(\) ~Q;, (¢') € Q} (¢%),q"”|q and ny is even,

nx
3. G(\) ~ SU"TA(q,) C Qf (¢'),nx =0 (mod 4) and ¢'|q,
4. G\ € Qf (¢) and ¢|q,

5. G(\) ~ [Ga(¢), Ga(¢)] € Q:(¢") and ¢'|q,

6. G~ 3Dy(q¢) C Qf(¢") and ¢*|q.

Since n > 13, a? ! = 1 and « is of order greater than 2n, we have ¢ > 29 and n, >
min(84(f>, 17 x 24024). This proves that Cases 4, 5 and 6 are excluded by cardinality ar-
guments.

Let us show that 3. is also excluded by cardinality arguments. We write |G|, the order

L. RO N

of a Sylow p-subgroup of a group G, therefore that |SU s ()|, = ¢~ 2 . We know that
G(A) contains Qf (¢) x Qf (¢q). It follows that if A; is the square partition of r and A, is
the square partition of n — r < r, writing a; for the number of standard tableaux associated

with a square partition of [ € N*, we have that n, = (f)aran,r, n, = (Z:ll)aran,r and

Ng = (“;1) a.a,_ .. Note that a, is even because r > 1 and using the branching rule twice,

we get that a, is equal to twice the dimension of the two partitions we get by removing first
the only extremal node and then one of the two extremal nodes of the resulting partition. It

follows that €2} (q) x Qf ()], = g2 (T UHF D To exclude 3, it is sufficient to show that
e
2

D)
this quantity is strictly greater than ¢ . If we write A the ¢-logarithm of the quotient
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of those two quantities, we have that :

A= () () 2D

2 \ 2 2 \2 2
o2 ne? %2 T\
o2 T2 24
”7*2 niny—mn; Ny
T 2 Y22 Ty
(n2>\ n1)2 T\
- 2 4 2
(e (o) (o
- 2 Ty
. (“7)(5‘5”2” - @)
- 5 rln—r = =

This shows that A > 0 if and only if 2a,a,,_, (”) @ronp . Using the branching rule and the

r 4n?
hook formula, we get : a; = 1, a4 = 2, a9 = 42, a16 = 7x62x531xﬁi4x33X22 = 24024 > 81 x 162, ag; =
701149020 > 81 x 25% and asg > 81 x 36%. Let k > 6, assume a2 > 81(k?)%. The branching
rule shows that ag1y2 > 2a52 > 81(2k*) > 81(k* + 4k® + 6k* + 4k + 1) = 81((k + 1)?)?,
the last inequality being true because £ > 6. It follows that for all & > 4, we have that
a2 > 81 x (k%)2. In our case, we have that » > 16 or r = 9and n —r = 4. If r > 16 and

n —r > 2 then we have a,a, > r*(n —r)? > 4r2 > 22+ 2r(n—71) > (r+n —1r)? > n2
It follows that 2aran_r(7:) (2r—n)? > 2n2(:‘> L () > 1.If r > 16 and n — r = 1, then

an? m2 T 2

20, Ay (’:) (2;3)2 = 8"4‘1;;1 = 2“:;1 > 162 > 1. If r = 9 and n—r = 4, then 2a,a,_, (2)% =
2 X 42 X 2(193) (148;11332)2 > 1. This shows that independently of » and n — r, we have that A > 0.
This proves that 3. is excluded. .

We have that |Q;(q%)|p = q¥. The previous arguments show that 2. is also impos-
sible.

The only remaining possibility is 1 and using again the same arguments, we get ¢ > q%,
therefore ¢’ = ¢ and this concludes the proof of Theorem 4.4.1. O

In the unitary case, i.e. F, = F,(a) = F,(a + a™!), all the arguments are analogous.
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Chapter 5

Type I>(m)

5.1 m odd

The main difficulty in finding the image of Artin groups of dihedral type inside their finite
Hecke algebras arises from the various field extensions which intervene. When m is even they
can be quite complex. In this section, we only consider m odd. The outline of the proof is to
first determine the image inside each 2-dimensional using Dickson’s Theorem and then recover
the image inside the full ITwahori-Hecke algebra using Goursat’s Lemma. The main difficulty
will be in the use of Goursat’s Lemma, we will need to introduce the equivalence relation from
Lemma 5.1.1 and the the proof will be computational. The image in type /5(5) will be useful
for inductive arguments in type Hs.

Let m > 5 be an odd integer and p a prime number such that there exists a € (F,)*
of order not dividing m and not in {1,2,3,4,5,6,10} and § € F, a primitive m-th root of
unity. Moreover, we assume a + a~! # 67 4+ 677 for all j from 1 to Z5*. For j € N, we write
Fo, =Fp(o, 07 +677). We write F, for the smallest field containing all F, , for j between 1 and

1

5
Note that we have I, = [F,,, this can be seen using Chebyshev polynomials for example.
Note also that when F, = Fy(a, 07 +077) # F,(a +a~',67 + 677), the extension is always
of degree 2 since X? — (a + a )X + 1 is an irreducible polynomial of degree 2 such that
Fp(a, 07 +6077) =F,(a+a 1,07 +6077)/(X* — (a4 a )X +1). This implies that g; is a prime
1

and ¢? is well-defined.

Definition 5.1.1. The Iwahori-Hecke algebra of dihedral type I(m) which we write Hi,(m)q 15
the Fy-algebra with the following presentation :

Generators : Ty, Ty.

Relations :

(Ts — a)(Ts +1) =0,

(T — ) (T +1) = 0,

T.T,T,... =T, T,T;....

m m

We can then use the Kilomoyer-Solomon model [20] (Theorem 8.3.1).

Theorem 5.1.1. The following matriz model gives a decomposition into pairwise
non-isomorphic irreducible modules of Hr,m),q -
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1. Ind: Ty — o, T; — a.

2. €:Ts— —1,T;, — —1.

. . -1 0 a a2+609+077
3. Forj e [1,21], Ty — p;(Ts) = < 1 oz) Ty pi(Th) = (O ( . )>

Proof. We already know these models give us representations. It is thus sufficient to show that
they are still irreducible and pairwise non-isomorphic in the finite field case.

The two 1-dimensional representations are non-isomorphic because a # —1 by the condition
on its order.

Let us show that the 2-dimensional representations are indeed irreducible. Let j € [1, mT_l]]
and V' the associated H,(mn),-module.

Let W be a H,(m)-submodule of V" associated to the representation p; and x = (1, 22) €
WA {(0,0)}-

We have p;(Ts).x + 2z = (0,21 + (a + 1)z) € W, therefore it follows that (0,1) € W or
1+ (a+ 1)xe = 0.

Assume first that (0,1) € W.

We have z = x1(1,0) + 29(0,1) € W, therefore x1(1,0) € W, which implies that z; = 0 or
(1,0) e W.

If (1,0) € W then since (0,1) € W, we have V = W.

If z; = 0, then (1,0) € W or zea(2 + 67 4+ 677) = 0 since p;j(T3).x = (az; + a(2 + 67 +
0= x9, —x9) € V. If (1,0) € W, then V = W by the same reasoning as above. We have
2407 +6077 = (1467)(1+077) and 6% # 1 because m is odd, j € [1, 5] and 6 is a primitive
m-th root of unity. It follows that o (2467 +677) = 0 implies x5 = 0 and, therefore z = (0, 0),
which is absurd because we chose z € W\ {(0,0)}.

Assume now z1 + (a + 1)zy = 0.

We have p;(T;).x + © = (a0 + 1)ay + a2+ 67 + 079)29,0) € W, therefore (o + 1)z + (2 +
¢’ +6077)zy =0 or (1,0) € W.

If (a+ 1)z +(2+67 +6079)zy = 0 then by substituting x; by —(a+1)xs, we get z5(—a?* —2a —
1+ 2a+a(0? +677)) = 0, therefore 9 = 0 or a®> — (6 +077)+1 = (a—67)(a—077) = 0. We
cannot have zo = 0 because otherwise 1 = —(a+1)zy = 0 and z = (0,0). We also cannot have
a = 0% because otherwise the order of a would divide m which contradicts the assumption on
a.

If (1,0) € W, then 25 = 0 or (0,1) € W since z € W. We therefore have 5 = z; = 0 or
W =V.

This shows that in all cases W = V. This proves that V' is indeed irreducible.

It now remains to show that these representations are non-isomorphic.

Let j and [ be two integers such that 1 < j < ¢ < ™= We have Tr(p;(Ty)p;(T3)) =
(67 4+ 677). This implies that if p; is isomorphic to p, then a(67 +6077) = a(6 +6~*), therefore
07 + 077 = 0° + 0~ and, therefore (67 — 0')(1 — =¢=9) = 0. This implies that j = [ because
0</l—j<mand2<j+/<m—-1<m.

O

Theorem 5.1.2. Let j € [1,2]. If G = Ap,m), then
1 IfFy, =Fp(a,0? +077) =Fp(a+ o', 607 +077) then we have p;(G) = SLs(g;).
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2. If Fy, = Fp(a,094+077) # Fp(a+a",67+077) then we have up to conjugation in GLs(q;)
1
that p;(G) ~ SUx(q; ).

Proof. The proof of this result is done in the same way as Lemma 3.5. of [11]. The proof uses
Dickson’s theorem (see [27], Theorem 8.27. chapter 2) and shows that if we prove that p;(G) is
not abelian by abelian, p;(Ar,m) ¢ {S4, A5} up to isomorphism and that a4+ a~" and 67 467
belong to the field generated by the traces of the elements of p;(G), then we have the result

stated in the proposition. We also need to show that in the second case p,;(G) C GUg(qj% ).
We need to show that the groups considered are not abelian by abelian. In order to do this,
we will show that in both cases, we have
A= [pj(Ts), pj(T)][p;(T1) 1, pi(Ts)] = i (T) ™", p3(Te)][p5(Ts), p3(T1)] # 0 and
B = [pj(Ts), pi (T ps(T) L, pi (T)] + [p(T1) Y, £ (To)][05 (T5), i (T)] # O, where [z, y] = aya'y~".
This will prove that [p;(T5), p;(T1)][p;(Te) 7", pi(T6)] # [pi(T1) =" pi(To)]lpi(T5), pi(Ty)]. 1t
p;(G) is abelian by abelian then there exists an abelian normal subgroup H of p;(G) such that
p;j(G)/H is abelian. This implies that the derived subgroup of p;(G) is included in H and is

therefore abelian which contradicts the above inequality. We now prove that A # 0 and B # 0.

We have that the entry A; 5 of A verifies A; 5 = —(2+9j+9_j)2(aflf(a*aj)(e_j*a), therefore A is
y 3 ’ o

non-zero because we assumed that the order of o does not divide m and that € is an m-th root

of unity:.

Assume by contradiction that B = 0. We write v; = 6/+07+2. We havey; = (#7+1)(077+1) #
0.

We then have By, = —
f)/j - O. . . . .

If p = 2 then v;(—a®+ay; —1) = 0, therefore a®?+ (07 +67 +1) =0 and (a+67)(a+677) =0
This is absurd because o # 1.

Assume now p # 2, we set a = v?‘(?;él_ﬁ), b= oz2A171 and ¢ = —042A272.

J
We then have (b+2(a?—1)a— c—aa+a) = a(a® —a+1). However a = b = ¢ = 0, therefore
a? —a+1=0. It follows that a® — 1 = (a® — 1)(a + 1)(a? — a4+ 1) = 0, which is impossible

by the assumption on the order of a.

i (0?=1)(=a?yj+ayi —20v;+2a—7;)
3
(0%

= 0, therefore —ay; + ay; — 20y 4 20 —

We need to prove that p;(G) contains elements of order different from 1, 2, 3 and 5. This
will show that p;(G) is not isomorphic to 2;. We already have that it is not isomorphic to &,

since &, is abelian by abelian. The eigenvalues of p;(7) are —1 and «, therefore if p; (TS)T = Iy,
we have (a”,(—1)") € {(1,1),(—1,—1)}, therefore a®" = 1 which implies that r ¢ {1,2,3,5}
by the conditions on a.

We now show that o + o~! and 3 + 37! belong to the field generated by the traces of
elements of p;(G).
We have Tr(p;(T,T, 1)) = v — a — o and Tr([p;(Th), p;(T5)]) — 2 =y;(; — (@ +a™") = 2).
We have v; — (a+a™!) =2 = (¢ —a)(1 —a'077) # 0, therefore v; and o + o~ ! are indeed
in the field generated by traces of the elements of p;(G).

It remains to show that if Fy, # F,(a + a~',67 4 677) then we have up to conjugation in
G Ls(g;) that p;(G) C GUg(qf).
By Lemma 2.4. of [11], it is sufficient to show that there exists a matrix P € G'Ly(g;) such that
Pp;(T5)P~' = €('p;j(Ts)~") and Pp;(T;) P~ = e(*p;(T;) "), where € is the unique automorphism
of order 2 of IF,,. Since v; € Fq%, we have €(vy;) = ;. We also have (X — a)(X —a™') =

J
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X?—(a+a )X +1€F ; and a ¢ F , therefore we have e(a) = a™'.
q

9 i
atl . iy
Set P= | " . We have det(P) = e=#0@=0"") 4 ( The matrix P verifies the desired
a a+l Vi
property and the result follows. O]

We now provide a field-theoretic lemma to see when the representations are linked by
composition with a field automorphism. This is necessary to determine the image of .A12(m)
inside the full Iwahori-Hecke algebra.

Lemma 5.1.1. Let j,l € [1, ’”T_l]]2 There exists an automorphism V;; of Fy, = Fy(a, g 4+£7)
verifying ¥, j(a+a™t) = a+ oz_l and U, (& +£77) = £ 4+ &7 if and only if there exists r € N
such that jp” =1 (mod m) or jp" = —I (mod m) and (o +a )P =a+a~ L.

We say that j ~ [ if one of those conditions is verified. This is an equivalence relation and

when 7 ~ 1, we have PUA L () = U0 Pil AL (m) -

Proof. Assume there exists r € N such that jp" = | (mod m) or jp" = —I (mod m) and
(a+a ) = a+a'. Let ¥ be the automorphism of F,, defined by ¥(z) = 2" for all
x € F,,. We then have U(a+a™') = a+a~! by assumption and W (& +£77) = (& + )P =
Gr e =g

Assume now that there exists an automorphism ¥ of Fy, = F,(a, & 4 £77) verifying ¥(a +
a)=a+atand U(& + )= 4+

There exists 7 € [0,log,(¢q) — 1] such that ¥(z) = 2% for all r € N, therefore (o + ')
U(a+a') =a+a'. The map ¥ can be extended to an automorphism ¥ of F, by defining
to be the automorphism sending z to " for all 2 € F,,. We then have £+ £~ = W(& + &~ )
(& +£677) = V(&) +T(£77). Tt follows that (T(£7)E —1) (€=U (7)) =0, therefore (&)
{€ ¢71}. This proves that &7" € {71}, therefore jp” =1 (mod m) or jp" = —I (mod m).

The fact that ~ is an equivalence relation follows from the fact that for all r € N,
Ged(m,p") = 1. O

'

m |l *62 Il

Theorem 5.1.3. Assume m odd and « satisfies the conditions given at the beginning of this
section. For j € [1,752], we set G; = SLy(q;) if Foy = Fp(o, 07 +077) =Fy(a+ o t,07 +677)

1 : . . .
and G; = SUs(q}) if Fy, = Fp(a, 67 +6077) # Fy(a + a™l 07 +67).
We then have that the morphism from Ap,m) to Hp, i o = GLi(g)* x II GLa(gy)
’ jel,
factorizes through the surjective morphism : ’

D . A[z(m) — H Gj.

JelL, ]/~

Proof. We know by Theorem 5.1.2 that the composition of the morphism from A, () to ”Hg(m) o
with the projection upon each representation is surjective. We also know by lemma 5.1.1 that
the morphism to Hg(m),a factorizes through the morphism ®. We will now use Goursat’s lemma

and induction on j € [1, 1] in order to conclude the proof of this theorem.
For jo € [1,1]. We define ®;, (A, (m)) to be the image of A,y inside  TT  GLa(g;).
jeltjol/~
We know that ®;(Ap,m)) = G1. Let jo € [1, ™3], assume that ®; (Anm) = [ Gj.

J€[1,50]/~
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Consider @, 11(Anm) C [I G; x Gy, for £ the smallest positive integer such that j, ~ j for
J€[1.50]
all j € [1, jo]. We know that the projection upon each factor is surjective. Let K1 = [] G,
je[[LjOﬂ
and Ky = G4, as in Goursat’s Lemma. We then have K;/K' ~ K,/K?. If the quotients
are abelian then we are done since both groups are perfect. Assume that those quotients are

non-abelian. There is orllly one non-abelian decomposition factor of Ky and it is isomorphic to
PSLy(gjore) or PSUs(q;, ) depending on the field F,, .
PGyt The isomorphism then implies that there exists j; € [1, jo] such that pj (Apm) ~
PG}, ~ pjore(Armm). We then have that there exists z : Az, ) — F,” and ¥ € Aut(Fy, )
such that up to conjugation, for all b € Ay, ), pjo+e(h) = ¥(pj, (h))z(h). We will prove this is
absurd by considering traces of some elements in Ay, () under these representations. We may
first note that for all M € SLy(F,), we have 1 = det(z(h)M) = z(h)? det(M) = z(h)?, therefore
for all h € Ap,m), 2(h) € {—1,1}. We write as before in the sequel 7;,¢ = 690+ 4 §=(00+0) 4 2
and v;, = 070 + 60771 4 2.

We write that decomposition factor

Assume first that 2(T3T, ') = 2([T}, Ts]) = 1. We then consider the traces of those two ele-
ments inside each representation, Tr(pj,+o(TiT5 ') == ¥ (Tr(p;, (115 1)) and Tr(pjo+e([T3, T5))) =
U(Tr(pj, ([13,T5]))). This implies that

—(a+a )+ yjore=—V(a+a )+ U(y;,)

Yiore(—(@+ ™) + 900 = 2) +2=V(y; (—(a+ ") +7; —2) +2).

Since a4 a~! +7j,4¢ # 0, it follows that W (61 +6771) = ~; ¢ and then ¥(a+a ') =a+at
This implies 71 ~ jo + £, which is absurd by assumption.

Assume now z(T3T, 1) = —2([T}, Ti]) = 1. By considering the traces of the same elements,
we get
A=—(a+a ) +e=—Y(a+a )+ U(y) = ¥(A)

B = jgre(—(a+a™h) + e = 2) + 2= =¥ (y; (~(@+a™h) +75, — 2) +2) = —¥(By).
We have (T, T, [T}, Ts]) = —1, therefore

C = Te(pjp+e( LTy ' [T3, 1)) = =¥ (Ta(py (LT [T, 1)) — W(Ch)

but C = AB — A and C; = A;B; — A, therefore we have AB — A = C = —=VU(()) =
—V(A;B; — A;) = AB + A and it follows that A = 0, which is absurd as was proven before.

In the same way as above if (T, T, ') = 2([T}, Ts]) = 1, we have A = —U(A;), B = —¥(By)
and AB— A=V(A B, — Ay)) = A1 By + Ay, therefore A = A; = 0, which is absurd.

The last case remaining is —2(T;T; ') = 2([T}, Ts]) = 1. We then have
—(Oé + a_l) t Vjore = \Ij(a + 04_1> - \I{('le)

’}/joJr@(_(a + 0571) + Yjo+e — 2) +2= ‘Ij(fyjl(_(a + 0471) + Vi — 2) + 2)'

SO
Yiore(—(a+a™") + 9000 = 2) = U(y) (@ + o = v — 2).

We consider a third element in this case and distinguish two possibilities.

108



Assume first that z([T7?, Ts]) = 1. We then have that z([T;, Ty][T?, Ts)T; T, ') = —1, therefore
B = Te(pj ([T, LT, TITTY) = —W(Te(py, (T TTE TITTS ) = —W(Ey) and D —
Tr(pjoe([T7, To])) = U (Tr(p;, (T2, T4)))) = W(Dy).
We also have ABD — AD —AB+ D+ A—-2=F=—VY(AB1D) + V(A Dy) + Y(A1By) +
\I/(Dl) — \I’(A ) —2 and —\I/(El) = —\I/(AlBlDl — AlDl — AlBl + D1 +A1 — 2) It follows that
2(V(Dy) —2) = O therefore W(D; —2) = 0. We then have 0 = D; — 2 = 2 (0= _M71+2a+1
therefore a + ! = ~;, — 2 = 671 4+ 1. This would imply that o € {671,677} and therefore
a™ = 1 which contradicts our assumptions on «.

Assume now that z([T?,T,]) = —1. We then have 2([T?, Ti[T}, Ts]) = —1, therefore F' =
Te(pjo-ol[T2, T[T T)) = —U(Te(py, (T2, T[T, 1)) = —U(Fy). We also have F = BD —
B = —\I/(BlDl) — \IJ(Bl) and —\I/(Fl) = —\IJ(BlDl — Bl) = —\I/(BlDl) + \IJ(Bl) It follows
that W(B) = 0, therefore By =0 and B = V(B;) = 0.

We also have z([T}, Ti|[T?, T (T;T; 1)) = 1 and, therefore £ = W(E;). We have E = ABD —
\I}(AlBlDl — AlDl — AlBl —+ D1 -+ Al — 2) = —\IJ(AlDl) + \I[(D1> + \I/(Al) — 2. It follows that
U(A; + Dy) = 0, therefore A + D; = 0. We then have 0 = a!(a — 1)?B; + (A4, + D;) =
a—2+a" ' +7;, =0, therefore a+a~' = 2—+;,. We then have 0 = By = —(a+a™')y;, +7; —
295, +2=—=(2— )7 7 — 29, +2=27; —4y; +2=2(y;, —1)>. It follows that ~;, = 1,
therefore a + o' =2—1=1and 4; = —a—a ' +7;, = 0. We then have A = —¥(A;) =0,
therefore —a — a™ + 7,40 = 0 and 7,40 = @+~ = ~;,. This implies that jo+ ¢ = j1, which
is absurd. This concludes the proof. O

5.2 m even

Let m > 5 even, p a prime, «, 8 € F, of orders not belonging to {1,2,3,4,5,6,10} and 6 € F,
a primitive m-th root of unity. Note that p # 2 because there exists a primitive m — th root
of unity with m even. We assume that j € [1, 2], we have (a + vaB(# + 677) + )(af —
VapB(0? +6077) 4+ 1) #0. For j € N, we write F,, = Fy(a, 8, /aB(0? +677)). We write F, the
smallest field containing F,; for j in [1, 252]. Note that we have F, = F,, as in section 5.1.

Definition 5.2.1. The Iwahori-Hecke algebra of dihedral type I(m) which we write Hi,m),q 15
the F4-algebra with the following presentation

Genemtors T, T,.

Relations :

(Ts —a)(Ts+1) =0,

(T, — B)(Ty +1) =0,

T.T,T, - =TT}

m m

We then give the Kilmoyer-Solomon matrix model given in [20] (Theorem 8.3.1) in the finite
field case.

Theorem 5.2.1. Under the assumptions made on «, B and 6, the following matriz model gives
us a decomposition into pairwise non-isomorphic irreducible Hr, ) -modules

1. Ind:Ts— o, T, — 5.
2. e: Ty — —1,T; — —1.
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3. For j € [1,222], T, v p;(T.) = < 11 0) T, s po(T3) = (ﬁ a+\/_(031+9 a)+5>

Proof. We know that these models give us representations of Hr,(m)q. It is thus sufficient to
show that they are irreducible and pairwise non-isomorphic. The two 1-dimensional represen-
tations are non isomorphic by the conditions on o and . Let us show that the 2-dimensional
representations are irreducible. Let j € [1,”5%]. Let W be a non-trivial Hp,(n)4-submodule
of the module V' associated to the representation p;. Let x = (z1,22) € W\ {(0,0)}. We have
that p;(Ts) - + 2z = (0,21 + (o + 1)z2) € W, therefore (0,1) € W or 1 + (v + 1) = 0.

Assume first that (0,1) € W. Since x € W, we have that z; = 0 or (1,0) € .

If (1,0) € W then W = V.

Assume now x; = 0. We then have that p;(T;) -z +z = ((8+ 1)a1 + (a + VaB(#? +677) +
B)z2,0) € W. Tt follows that (1,0) € W or (a++/af(6¢? +077)+ )z, = 0. By the assumptions
on a, 3 and 6, we have that a + /aB(0? +6077) + 3 # 0, therefore the latter possibility would
imply = = (0,0), which contradicts our assumptions. It follows that (1,0) € W and W = V.

Assume now that =1 + (o + 1)z = 0. We consider again p;(7}) - * + = and we get that
(1,0) e Wor (B+ 1)z + (a+ VaB(#? +077) + B)ze = 0.

Assume (1,0) € W. Since x € W, we then have (0,1) € W or x5 = 0. The latter would
imply that 2o = 27 = 0 since z7 + (a + 1)zo = 0. It follows that (0,1) € W and, therefore
V=Ww.

Assume now by contradiction that (8 + 1)x1 + (a + aB(67 + 077) + f)ag = 0. We have
1 = —(a + 1)zq, it follows that (—af + aB(67 + 077) — 1)zy = 0, therefore zo = 0 and
x1 = 19 = 0. This is absurd, therefore we are in the first case and V = W.

This proves that in all cases, we have that W =V and p; is therefore irreducible.

It remains to show that those representations are pairwise non-isomorphic. Let j and ¢
be two integers such that 1 < j < ¢ < ™22 We have Tr(p;(T;)p;(T3)) = VaB(07 + 677)
and Tr(pe(T})pe(Ty)) = VVaB(0° + 6~F). Assume now that those representations are isomorphic.
We then have that /aB(67 + 079) = /aB(0° + 07%). It follows that 6/ + 07 = #° + 0~¢
and, therefore (67 — 6)(1 — 6=%7) = 0. This implies that j = ¢ since 0 < £ — j < m and
2<j4+L<m—2<m. O

The main difference between m even and m odd arises in the field extensions we have to
consider. We describe the different cases we encounter in what follows. First note that for j €

/ J —Jj
[[1,”12_2]],ifwesetPj:<0 o+ VaB(er+67)

1 0 > then by the assumptions made on «, 3 and 6,

/ J —J
the matrix P; is invertible. Moreover, we have that P;p; (T )P_ (g ot aﬁ(e_l—i_ 077) + B)
-1 0

1 g

We now fix a j € [1,%2] and we write v = /af, uj—6]+93and§—w

We set L = FP(OCJ/B?’YU,]‘)J Ll - Fp(Oé—FOé_l,ﬁ,’}/u]), L2 - p( 7675)7 ( B—i_ﬁ é)
Ky =Fyla+a',5,8), Ky = Fyla+a™, 8+ 87 yy), K = Fp(aﬂ +574,0) and K =
Fpla+a™, 8+ 571,6).

Note that L = Ly since aff —a—f+1 = (a—1)(8—1) # 0 and aﬁ_o‘aiﬁfwl = yu;. If
we consider the polynomials X? — (o + ™)X + 1 and X? — (8 + 871X + 1, we get that

and P;p;(T}) Pj—1 = ( ) This shows that the roles of @ and [ are perfectly symmetric.
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L, Ly Ls
K, Ky e
K

Figure 5.1: Field extensions in type I3(m), m even in case 1

([L . L1]7 [L . Lg], [LQ,Kl], [LQ,K:),], [Kl . K], {Kg . K]) € {1,2}6 We then have the fOHOWng

Hasse diagram
L
1,2 1,2
|

112 L,

[ ]
PN

We then see that [L : K] = [L : Lo][Ly : K ][K; : K] € {1,2,4}. Assume that [L: K| = 4,
we then have that [Ly : K] = [Ly : K3) = 2. By unicity of the subfields of degree 2, we then
have K; = K3 and, therefore o € Kj. It follows that Ky = Ly and, therefore [K; : K| = 2
which is a contradiction. This proves that [L : K] € {1,2}. By uniqueness of the subfields
of a given degree we cannot have [L : L] = [L : L3] = 2 or [y : Ky] = [L; : K3 = 2 or
(Lo : Ky = [Ly : K3) =2 or [L3 : K3] = [Ls : Ky] = 2. It follows that the possible ways L
is an extension of K corresponds to Hasse diagrams described in Figures 5.1 to 5.7. We write
in dashed red lines the extensions of degree 2, in red the subfields of degree 2 of L, in dotted
black lines the extensions of degree 1 and in black the fields equal to L.

Theorem 5.2.2. For j € [1,232], let G = [< T}, T, >, < T, T, >]. We then have

1. In case 1, p;j(G) = SLs(q;).
2. In case 2, p;(G) ~ SUg(qj%).
3. In case 3, p;(G) ~ SUg(qj%).
4. In cases 4 and 5, p;(G) =~ SLg(qj%).
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Ly Lo Ls
K, K, K
. ‘ P
~ I z
. : e
K

Figure 5.2: Field extensions in type I>(m), m even in case 2

Ll .. L2 B - L3
K ) - K, - ) K3
\\\\ K ////

Figure 5.3: Field extensions in type Io(m), m even in case 3

//L-._
‘Ll /// //<L2.” //<L3
Kl /// K2,/// /KS
K ///

Figure 5.4: Field extensions in type Io(m), m even in case 4
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Ly Ly Ls
K, Ky e
K

Figure 5.5: Field extensions in type I5(m), m even in case 5

L
L L L
. | v l‘(Q ‘,.._.-\\\ .

Figure 5.6: Field extensions in type Io(m), m even in case 6

L
A Ls
v {(2 _ /KS

Figure 5.7: Field extensions in type I>(m), m even in case 7
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5. In cases 6 and 7, p;j(G) ~ SUQ(qj%).

Proof. We write € the unique automorphism of order 2 of F,, when it exists. By symmetry
of the roles of o and g, it is sufficient to consider cases 1, 2, 3, 4 and 6. As for the proof of
Theorem 5.1.2, it is sufficient to show that

1.

2.

3.

6.

7.

A = [pi(T), pi (Tl (T2) Y, pi(T6)] = [ps(Te) =, pi (T lpi (Ts), pi(T1)] # 0,
B = [p;(Ts), ps (T (T1) 7, ps(T)] + [0 (1)~ i (T)]lpi (Ts), pi(T1)] # 0,

pj(G) contains elements of order different from 1, 2, 3 and 5.

&, a+atand B+ B! are in the field Lg generated by the traces of the elements of
pi([G,G)),

In case 2 and 3, p; ~ € otpjla
In case 4, pjja,q) = € © pjja.q)s

In case 6, pjja,q =~ € OtﬂﬁﬂG,G]'

We now prove these assertions.

1.

2.

We have that A; 5 = (B=1)(a=V)(aB—yu;+1)(atyu;+6)° # 0 by the assumptions on «, 3 and 6.

a2p2

We have that BL2 _ _(5*1)(a+1)(OlJrVUj+/3)(025+aﬂ2;gg;rﬁ*2a5+(aﬂ*a*ﬂ+1*’7“]‘)“/uj). It follows

that Byo = 0 implies t = o?8+ af*>+a+  —2a8+ (af —a— + 1 — yuj)yu; = 0.

If p # 2 then we have 0 = 5= (%(W —t)+(2- B)t) = ®g(p) .This is absurd
by the conditions on f.

If p=2then we have 0 =t = &?S+af? +a+ 4+ (af+a+ B8+ 1+ yuj)yu; =
(o +yu; + B)(af + yu; + 1) which contradicts our assumptions.

It follows that B # 0.
We have (2 — tr([p;(Ts), pj(Ty)])(a + o=t = 2) = tr([p;(Ts)?, p;j(T1)]) — 2 € Lg. We also

have C' = 2—tr([rho;(T}), p;(11)]) € Lg. We have C = (aﬁ_wﬁgﬂ(aﬂuﬁm # 0. It follows
that o + o~ ! € L.

We have that C(8+871=2) = tr([p;(T)?, p;(Ts)])—2, therefore we also have f+37! € Lg.

We have { =C — (a+a '+ 8+ 871+ 27”([’”(Ts)pj(gt)pj(Ts)’pj(Ttn € Lg. It follows that
K C Lg as required.

We can use the same arguments as for the proof of Theorem 5.1.2 to get that p,;(G)
contains elements of order different from 1, 2, 3 and 5.

In case 2, we have L = L; = Ly = Ly = Ky = Ky = K3 # K, therefore ¢(a) =

al €(B) = 87! and €(§) = €. Tt follows that e(vuj)a_lﬁ_;__?;;fi—url — yujiaﬁ_ggﬁﬂ,
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a(B+1)
therefore e(yu;) = a '8 yu;. We then set P = (‘”Wfﬂ'*ﬁ j—l) We have that
a

det(P) = %ﬁgl) # 0 and

Pomr = (o) =a( o) =emm

and

- s 0 gTto0 -
Ppy(T,)P~" = <a+7uj+ﬁ )=« Brute ) ) = e(pi(T)7).
It follows that p; ~ € otpj’l.

In case 3, we have L = L} = Ly = L3 = K| = K3 # K = K, therefore ¢(a) = a1,
e(B) = 7Y, e(yuy) = yuj et e(§) = £. Tt follows that yu; = afyu;, therefore u; = 0 or
af =1.

Assume first that u; = 0. We then have 67 + 67 = 0, therefore §% = —1 and 0% = 1.

a(f+1)
This implies that j = 7. Let P = ( 044{5 Qi1>, We have det(P) = Oé(gi;l) and

(Ppi(T) P, Ppy(T) P~1) = (e('pi (T2) ), e("(ps (T1) 71))-
Assume now that a8 = 1. We then have v = 1, it follows that o + au; + 1 = aa +
u; + o) = ala+ yu; + ) # 0. Moreover, we have that u; —2 = 67 + 677 — 2 =

a(a+1)
i —j a2t Q o a? (u;—2)
(07 —1)(1—6077) #0. Let P = ( +1g+1 a+1>,wethenhave det(P) = — T #0

and (Pp;(T) P~ Ppj(Ty) P~) = (e('p;(T) ™), e(lpi(T) 7).
We then have that in both cases p; ~ € otpj’l.

6. In case 4, we have L = Ly = Ly = K3 # L; = K; = Ky = K, therefore ¢(a) = a™!
€(B) = B, e(yu;) = yu; and €(§) = €. We have that ’yujw = ”yujw. It

follows that yu;(« — 1)*(1 — 3) = 0, therefore u; = 0 and j = o Let P = (é Oé_t;);

we have det(P) = —a # 0. We have Pp;(T,)P~! = <a 0) = —ae(p;(Ts)) and

—a -1
_ + o
Pp;(T) Pt (g 2 1 ) = ¢(p;(1};)). We then have that pjjc.a) =~ € © pjjc.q-
7. In case 6, we have that L = L = Ly = L3 = K| = K2 # K = Kj, therefore e(a) = a,
€8 =pB71) and €(&) = €. Tt follows that e(yu;) = —22- (af-a—p+1) = —f 'yu;. Let

aBlaB1—a—pB1+1) 1%
_ g+1 a+yu;+ _
— (aﬁ Dy 1 0 , we have that det(P) = —(af—vyu;+1)(a+yu;+5) #

0. We also have Pp;(T,)P~' = —ae(*(p;(Ts)™") and Pp;(Ty)P~' = e(*(p;(T,)7"). It
follows that pjjic,q) ~ € o' Pj_|[1G,G} and the proof is concluded.

]

Lemma 5.2.1. We say that j ~ 1 if Fyla+a ', 8+ 871&) 2 Fyla+a™, 8+ 57E) and
there exists ®;; € Aut(Fy,) such that ®j(a+a ') =a+a™'), ®,(B+57") =+ 5" and
D;,(&;) = & This defines an equivalence relation and if j ~ 1 then @510 pjla,. . = PiA () -
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Proof. Let us show this is an equivalence relation. Let j, I,k € [1, mT_Q]] We have j ~ j. If
Jj ~ land [ ~ K then it it clear that j ~ k. This relation is symmetric because ®;; = q);ll
verifies the desired conditions if j ~ [.

By Theorem 5.2.2, the second part of the statement is also true because SUQ(q%) ~ SLg(q%).

]

We now give the image of the derived subgroup of the Artin group in the full Iwahori-Hecke
algebra.

Theorem 5.2.3. Assume m even and o and 3 verify the conditions given at the beginning of
this section. For j € [1, mT_Q]], we set G; = p;([< T, Ts >, < T}, Ts >]) .

We then have that the morphism from Ar,n) to Hp, =~ GLi(g)* x  TI  GLa(gy)
’ jelt s
factorizes through the surjective morphism

D : Alg(m) — H Gj.

J€l, 252]/~

Proof. We know by Theorem 5.2.2 that the composition of the morphism from Ay, ) to Hz(m% q
with the projection upon each representation is surjective. We know by Lemma 5.2.1 that it
factorizes through the morphism. We will now use Goursat’s lemma and induction on j €
[1, 2] in order to conclude the proof of this theorem. For jg € [1, Z52], we define @, (A, (m))
to be the image of A, inside [T GLa(g;). We know that ®1(Apm) = Gi. Let jo €

JElL,j0]/~
I1, mT"l]], assume @, (Anm) = I G
J€[L.g0]/~
Consider @, ¢(Apm)) C I G, x G, for £ the smallest positive integer such that j, = j for
j€[1,50]
all j € [1, jo]. We know that the projection upon each factor is surjective. Let K1 = [ G

]6[17]0]]
and Ky = G4 as in Goursat’s Lemma. We then have K;/K' ~ K,/K?. If the quotients
are abelian then we are done since both groups are perfect. Assume that those quotients are
non-abelian. There is only one decomposition factor of Ky and it is equal to P.SLa(qjy+¢),

PSUg(qj%OH) or PSLg(qj%OH) depending on the field Fy, ,. We write that decomposition factor
PGjy1s. The isomorphism then implies that there exists j; € [1, jo] such that F,(a +a™t, 5+
5_1753'1) = Fp<a + O‘_17ﬁ + 5_1751'0-&-5) and P (Afz(m) = PGjl = pjo-l-é(‘AIz(m)‘ We then have
that there exists 2 : Apmm — F, and ¥ € Aut(F,; ,,) such that up to conjugation, for all
h € Apm): pjo+e(h) = V(pj, (h))z(h). We will prove this is absurd by considering traces of some
elements in Ar, () under these representations. We may first note that for all M € SLy(F,),
we have 1 = det(z(h)M) = z(h)*det(M) = z(h)?, therefore for all h € Ap,m, 2(h) € {—1,1}.
We write as before in what follows v = aB, wj,p = 070F8 4 =00+ o, = g 4 9=,
€j1 _ ujy (af—a—fB+1 _ ’Y“jou(aﬂ—a—ﬁ-i-l)_

af ) and éjOJFZ - af
1. Assume first that z([T3, T;]) = 1 and Tr(p;, ([T, T5])) # 0. We then have that
Ay = Tr(pjore([Th, T4])) = @(Tr(p (T2, Te]))) = @(Ba).

We have Te(pj, o1, 7)) = Telpgueel[T0 7)) and Te(op (T 7)) = Te(oy, (T3, 7o),
therefore 2([T; ', Ty]) = 1 because Tr(pj, ([T3, Ts])) # 0. It follows that ([T}, T][T; ', T.]) = 1
We then have

Ay = Tr(pj+e([T, T[T, 1)) = O(Tr(pjse (T, T[T, 1)) = (Bo).
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We have Ag:A%—(5+ﬂ_1—2)(A1—2)—2and 82:Bf—(5+ﬂ‘1—2)(B1—2)—2. It
follows that

Al =(B+B71=2)(A1-2)=2 = ®(B} — (B+57'=2)(B1-2)~2) = AT Q(B+57" -2)(A -2)-2.

(B+BH—@(B+8"))(A —2)=0.

We have A;—2 = —(O‘Bﬂ"ﬁgﬁ(aﬂ“ﬁﬁ) # 0 by assumption, therefore ®(3+371) = 3+37L. Note
that we also have A, = Te(py ([T, Ti)) = Te(pjose([T, T)) and By = T(py, (T, T)) =
Tr(p;, ([T1, T1])). Tt follows that 2([Ts, T])[T. 1, T3]) = 1 and

Az = Tr(pjo+e([Ts, T[T, T))) = @(Te(p;, ([T, T[T, TH)))) = @(Bs).

We have A3 = A2 — (a+a ! —2)(A; —2) —2and By =B} — (a+a ! —2)(B; —2) — 2. Tt
follows that by the same reasoning as before a + o™ = ®(a + a™).

1.1. Assume now that z([1}1,1},Ts]) = 1. We then have Ay = Tr(p;y+e([T2 1513, Ts))) =
O(tr(p;, (LT3, T4)))) = ®(By). We also have &, = 242 +2 — Ay — (a+ a7 + f+ 571)
and &, = =21 +2 - By — (a+ o' + S+ 571). Tt follows that &, 4, = ®(&;,) and, therefore
Jjo + ¢ ~ 71, which contradicts our assumptions.

1.2. Assume now that z([T;T;1;,Ts]) = —1. We then have Ay = Tr(pj,+e([T31:T%, T5])) =
O(tr(p;, ([T 11, Ts]))) = —®(By). We have z([1T,1:,T][1;,Ts]) = —1, therefore A5 =
(s (BT T T) = —0(ir(py (TTTL T[T T))) = —0(Bs). We have g =
A4A; — Ay and Bs = BBy — By, therefore AjA; — Ay = —®(By)P(By) + ®(B1) = A4A; + A;.
It follows that 2A; = 0 which contradicts our assumption since p # 2.

2. Assume now that z(|73,7s]) = —1 and Tr(p;, ([13,T])) # 0. We have that A; =
Tr(pjy ([T, Te])) = =@ (Te(py, ([T, Ti]))) = —@(By).

We then have that z([T}, Ty)) = 2([T; *, T.]) = 2([T74, T3)).

It follows that z([T}, T3|[T;*, TW]) = 2([Ts, T,)[T 1, T;]) = 1. We then have

Ay = Tr(pj+e ([T, T[T, 1)) = O(Tr(pjse (T TT, L 1)) = (Ba),

As = Tr(pjoso([To TIT T)) = ©(Te(py, (T2 TTL ' TH))) = B(By).

We have A2 = A%—(B+B_1—2)<A1—2)—2, BQ = B%—<ﬁ+ﬁ_1—2)<B1—2)—2,
Az =A? —(a+a ' =2)(A;—2)—2and By = B? — (a+a™ ' —2)(B; —2) — 2. Tt follows that

A= B+ =2)(A1-2) =2=(B}) —®(B+ 57 =2)@(B1 —2) - ®(2) = AT - ®(B+ 7 —2)(-A1 —2) -2
and
A —(a+a ™t =2)(A;-2)-2=9(B}) - P(at+a ' —2)®(B;-2)-P(2) = AT - D(a+a ' —2) (-4, —2) -2

It follows that

-1 o -1 _Al —2
B+57 =2 =B+ 57 =2 —F

and
(a+at—2)=d(a+a ' — 2);1/111__22
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2.1. Assume now that z([T?,7?]) = 1. We then have that As = Tr(pj,o([T7, T?])) =

tr—+s

O(Tr(p;, ([T2, T2]))) = ®(Bs). We have Ag = (B+ 871 —2)(a+ o' —2)(A; —2) + 2 and

tr~—s

Bs=(+ 8" =2)(a+at —2)(B; —2) + 2. Tt follows that
B+ =2 a+a =2)(A=2)+2 = OB+ =2)@(a+a”t =2)(P(B1) ~2) +2
B+B=2)(a+at —2)(4 —2) & (__21215:%21)15_ 2 B+B87 =2)(a+a! —2)
(A —2)(—=4; —2) = (A —2)?
—A2 44 = A% 4A, +4
2(43 —2A;) = 0
24,(A; —2) = 0.

This is a contradiction since p # 2, A; # 2 and, by assumption, A; # 0.
2.2. Assume now that z([T?,T?]) = —1. We then have that

As = Tr(pj+e([T7, 7)) = —@(Tr(p, ([T, T7]))) = —2(Bs).

We have Ag = (B+87'—-2)(a+a '—-2)(A;—2)+2and Bg = (B+7'-2)(a+a"1—2)(B;—2)+2.
It follows that

BB =2(a+a =2)(A41-2)+2 = B+ =2)P(a+a " —2)(®(B1) —2) -2
2
B+p7=2(ata !l =2)A-2)+2 = (AlzLA?iAzl)z_Q) B+87 =2(ata ™l —2) -2
B+B7'=2)(a+a ' —2)(A] -4 - AT +44, - 4) = —4(4+2)
B+B=2)(a+at=2)(4 —2) = —A; -2
Ag—2 = —A; -2
Ay = —A;.

2.2.1. Assume now that z([T; 15T}, Ts|) = —1. We then have z([T,TT;, Ts|[T3, Ts]) = 1,
Ay = Tr(pjo+e([TTT, To])) = @(tr (5, ([TTT, Th]))) = —2(Ba),

As = Te(pjo (LT T[T 1)) = (tr(py, (T T[T TL)))) = 9(Bs).

We have A5 = A4A1 — Al and B5 = B4Bl — Bl, therefore A4A1 — Al = (I)(B4)(I)(B1) — (I)(Bl) =
A4A; 4+ Ay, Tt follows that A4 = A; which contradicts our assumptions.

2.2.2. Assume now that z([1}113,T]) = 1. We then have Ay = Tr(p;o+e([T3 1513, Ts))) =
(tr(py, ((1VT5T3, T4]))) = ®(Ba).
2.2.2.1. Assume that 2([T7?,Ts]) = 1. We then have

Ao = Tx(ppso[T2, ) = Bt (o3 ([T T21))) = B(Bo).
We then have z([Ty, T.)[T?, T:] [T} T.T;, Ts]) = —1, therefore
Ar = (g e (To T2, TATILT, T) = —0(Te(py (T2, T[T BT ) = —(Br).

We have A7 = A1 AyAs — A1 Ay — A1 Ag — Ay — &g (A —2) and By = BBy Bs — BBy — B Bs —
By — &, (By — 2). Tt follows that &,4e = ®(&5,) 515,
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We have z([T?, T?|[T}, Ts]) = 1, therefore

Ay = Tr(pj+e ([T, T[T 1)) = @(Te(py, (77, T, T2))) = ©(Bo)-

We also have Ag = AgA; — Ag + (§jo4¢ — 1)(A1 — 2) and By = BgBy — Bs + (&5, — 1)(B1 — 2).
It follows that

Ay = As+ (Gore — V(A1 = 2) = (BsB1 — Bs + (&, — 1)(B1 — 2))
—1)

- ASAl + Ag + ((I)(fjl) (—Al — 2)
Ay =2
= AgA; — A+ (fjowm —1)(=A, - 2)
Ar+ (e — (A1 = 2) = —A1 — (§ope(A1 —2) — Ay = 2)
A+ Eore(Ar —2) = A1 +2 = —Ap = &ope(AL —2) + AL+ 2

2j0+e(A1 —2) = 0.

This implies that &1, = 0 = &;,. It then follows that u;p4, = 0 = u;,. It follows that
gro+t 4 9=Uo+t) = g 4 9=71 and, therefore (H70+ 1 — 1)(§=71 — §=Wo+)) = 0. Since we have
1<jo+/4,51 < %‘2, this implies that jo + ¢ = j; which contradicts our assumptions.

2.2.2.2. Assume now that z([T?, Ti]) = —1. We then have

Ao = Te(ppo (T2 TL)) = —0(tr(py (T2, T))) = —(Bo).
We then have z([T?, T,)[T}, Ts]) = 1, therefore
Aqg = Tr(pj0+€<[7:€27 TS][Tt’ TS])) = (I)(Tl"(pjl([TE, TS] [Tt7 TS]))) = CI)(BI(])'

We have Al() = AlAG — Al and BlO = BlB(; — Bl' We then have AlAG — Al = AlO = (I)(Blo) =
A1 Ag + Ay, therefore 24; = 0 and A; = 0. This contradicts our assumptions.

3. Assume now that Ay = Tr(pj,+e([T3, Ts])) = 0. We then have By = Tr(p;, ([13,T5])) = 0.

3.1. Assume z([T?, Ty]) = 1. We then have Ag = Tr(pjo1o([T7, 1)) = ©(Tx(p;, (17, T5)))) =
®(Bg). We also have Ag = 2(B+ 71— 1) — A (B+p1 -2 =268+ 5" —1) and
Bs=2(B+p81=1)—B(f+B1—-2)=2(B+ 71 —1). It follows that ®(8+ 3~ 1) = B+ 7L

3.1.1. Assume z([T7?,T?]) = 1. We then have

As = Tr(pjo ([T, TY])) = ©(Ta(p;, (117, T1))) = (By).
We have
Ag= B+ =2)(a+a™ =2)(A-2)+2=2-2(+5"" =2)(a+a' -2),

Bs=(B+8"'=2)(a+a ' =2)(Bi—2)+2=2-2(8+ 8" =2)(a+a ' —2).
It follows that o +a~! = ®(a +a™1).
3.1.1.1. Assume z([T}T:T},Ts]) = 1. We then have

Ay = Te(pype e [BTTL T)) = B(tr(p;, (TT.TLTL)))) = B(By).

We have &, = =42 +2— A1 — (a+a ' +5+7") and &, = 351 4+2—- By —(a+a ' +5+57).
It follows that &, = ®(§;,) and, therefore, jo + ¢ ~ j;. This contradicts our assumptions.
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3.1.1.2. Assume now z([T}TT;,Ts]) = —1. We then have Ay = —®(By). By the same
computations as in 3.1.1.1, we get that

2—A B _ 2+ B _ _
fjo+£=T4—i—2—(oz+oz Ly B+671) = @ 5 Lo~ (ata '+ B4+87Y) = B(E;,) +B(By).
We also have z([T7, Ty][T,T:T;, Ts]) = —1, therefore A1y = Tr(pjore([TE, Ts) [T TsTi, T4)))

] =
—CI)(TI'(ij([TtQ, Ts][ETsﬂa Ts]))) = _@(Bll) We also have All = A4A6 — A4 - A6 + é-joJr@(Al —
2) + 2 and B11 = B4B6 — B4 - Bﬁ + fjl (Bl - 2) + 2. It follows that £j0+f = —A6 — (I)<£J1) + 2.
We then have ®(§;,) = —Ag — Ejpre + 2 = &0 + Ay and, therefore 26, = —Ag — Ay — 2. We
have

—A6 — A4 —f- 2 = —A% — ij_MAl — ((X + Oé_l — 2)A1 —|— 2§j0+g + 2(0( —|— Oé_l — 1)

It follows that o + @~ — 1 = 0 and, therefore, 0 = a* — a + 1 = ®¢(a), which contradicts our
assumptions.

3.1.2. Assume now z([T?,T?]) = —1. We then have
As = Te(pjo+e([T7, T7))) = =@ (Tx(py, (17, T5))) = —0(Bs).
We have z([T?, T,|[T?, T?]) = —1, therefore

tr"s

Ay = Tr(pjore([T7, T2[T7, T4))) = —(Tx(py, ([17, 217, Ti]))) = —P(Bua).

We also have A12 = AgAG - A6 and B12 = BgBG - BG; therefore A8A6 — A6 = ASAG + AG and
Ag = 0. We then have

0= Ag— —(B+ 5= 2)A, + 2B+ 51 —1) = ;%(5).

This contradicts our assumptions.
3.2. Assume now z([T?, Ti]) = —1. We then have
As = Te(pjo+e([T7, T1]))) = —2(Te(p; ([T7, T2]) = —P(Bs).-

We have Ag = 2(8+ 371 —1) = Bg, therefore ®(f+31—1) = —(f+ 871 —1). We have Ag # 0,
Tr(pjore(Ti %, T4))) = Ag and Tr(p;, (1,2, Ts])) = Be. It follows that z([T; %, Ty]) = 2([T2, T.]) =
—1and 2([T2, TJJ[T; 2, T.]) = 1. We then have Ay = Tr(pj,re([T2, To)[T; %, Ts))) = ®(Byz). We
also have Ajo = A2 — (B + 871)%(Ag — 2) — 2 = Byo. It follows that

(12 4s-2) = o <(é6 +1P(46 - 2))

2
A2 A2
(f+A6+1)(A6—2) = (f—A6+1)(—A6—2)
3 2 3 2
’16+A§+A6—é6—2146—2 = —116+A§—A6—1§+2A6—2
A
694 =
2 0 0
A
76(143—4) = 0
Ag

T4 =24 +2) = 0

4B+ =D(B+B =2)(B+BT) = 0
4B D6(B)D1(8)*P4(8) = 0
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This is a contradiction by the assumptions on the order of 3. This concludes the proof. O
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Chapter 6
W-graphs

Before extending our study to types Hs and Hy, we need to introduce the notion of W-graphs
and give some properties which they verify. We also prove some new properties and propose a
new conjecture. In this section, (W, S) is a Coxeter system with W a finite Coxeter group, K’
is the splitting field of W, K = K'((\/a5)ses), K = K'((as)ses), C' is the ring of integers of
K" and C = C"((y/®s)ses). We consider the Iwahori-Hecke algebra given by the presentation
H = Hwas)es =< 11, ..., To|GTT;... = Ty ;... (T; — ag,)(T; + 1) = 0 >, where oy, = o, if
s; and s; are in the same conjugaq; class of I/V]

W-graphs were introduced in 1979 by Kazhdan-Lusztig [30] for one-parameter families and
the definition was extended to all Coxeter groups in [20]. We here give the definition from
[20]. We will prove some uniqueness properties (Proposition 6.2 and Proposition 6.3) in the
one-parameter case and establish a conjecture (Conjecture 6.1) for certain W-graphs.

ses

We here give the definition of W-graphs which can be found in [20]

Definition 6.1. For X a set, we write D(X) = {(x,z),xz € X} its diagonal. A W-graph T is
given by a triple (X, I, 1) such that

1. X is a set and I is a map from X to P(S),

2. pis a map from (X x X \ D(X) x S) to K stable by the field involution sending \/as to
Vo, b LetV be a K -vector space with basis (ey)yex. Foralls € S, we defineps : V=V

by
ey —ey if s € I1(y),
ey — O-/sey + Z )\/ Ozslui,yez Zf S ¢ ](y)

zeX,sel(x

3. The map Ts — ps affords a representation of H.

For I' a W-graph, we write pr its associated representation and Vi the corresponding
HEK (as).cs-module.

Definition 6.2. A W-graph (X, I, ) is said to be 2-colorable whenever there exists a map w :
X — {—1,1} such that for any (s, z,y) € Sx X? verifying u*(x,y) # 0, we have w(z) = —w(y).
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The data given by the triple (X, I, ;1) can be represented by a weighted oriented graph for
which the set X represents the vertices and the map I represents the weight of the vertices. The
non-zero values of the map p represent the oriented weighted edges of the graph. After they
were introduced, it was shown by Alvis and Lusztig [2] that there exist W-graphs affording all
irreducible representations of Coxeter groups of types Hs and H,. Using those results, Gyoja
[24] showed that any irreducible representation of an Iwahori-Hecke algebra associated to a
finite non-crystalographic Coxeter group in the equal parameters case could be afforded by a
W-graph. Moreover, he showed the following result

Theorem 6.1. If all the parameters of the Hecke algebra are equal, then the following state-
ments hold

1. Every irreducible Hx o-module is afforded by Vr for a W-graph ' over C'.

2. An irreducible Hy i (W)-module is afforded by Vi for a 2-colorable W -graph T over K (/)
if and only it admits a form over K(\/«). The representation is then said to be non-
exceptional.

Remark : He also classified all the exceptional representations for Iwahori-Hecke algebras,
that is, the ones which are not non-exceptional, and obtained

1. 2 irreducible representations of dimension 512 of E7,
2. 4 irreducible representations of dimension 4096 of Eg,
3. 2 irreducible representations of dimension 4 of Hj,

4. 4 irreducible representations of dimension 16 of Hy,

The link between 2-colorable representations and non-exceptionality can be seen through
the following proposition.

Proposition 6.1. If (X, I, 1) is a 2-colorable W -graph then

P(X,Ip) = P(X1,—p)-

If 0 : K((y/as)ses) = K((y/0)ses) leaves K stable and maps \/as to —/a; for all s € S
then p(XJ:*H) =00 p(X,I,,u)'

Proof. Let (X, I, ) be a 2-colorable W-graph and w : X — {—1,1} be an associated coloring.
Let £:V — V be the linear map defined by L(e,) = w(z)e, for all z € X. We have L1 = L.
Let s€ Sand y € X. If s € I(y), then

Llpxr(Lley))) = —w(y)’e,

—_= —ey

- p(lev_u‘) (ey)
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If s ¢ I(y) then

Llpxarwm)(Lley) = Llw@ase, + D Vasus,w(y)e)

zeX,s€l(x)

= wfasey+ Y Vs w@wy)e

zeX,sel(x)
= aseyt ) V(= )6
zeX,s€l(x)

= PX,I,-p) (TS)(ey)'
The second part of the proposition is proved in the same way. O

Proposition 6.1 shows that two different W-graphs can give isomorphic representations. We
now provide some uniqueness conditions with the following propositions.

Proposition 6.2. If 'y = (X, I}, 1) and 'y = (Y, I, o) are W-graphs such that pr, ~ pr,
and pr, s irreducible, then there exists a bijection p : X =Y such that for all x € X we have

I(p(x)) = L(x).

Proof. Let I'y and I's be as above. If n = 1, then the result is straightforward. Let us assume
n > 2. Let us show that for all S C S, we have

dim(sgg, ker(pr, (Ts) + 1)) = [{z € X, S C I(x)}].

If there exists xy € X such that I(xg) = ), then by definition of a W-graph, we would have

that V. = @ Ke, is a stable subvector-space of dimension n — 1 which contradicts the
ze€X\{zo}
irreducibility of pp,.
Let 8" = {5, }iepiep C S for some k € N*. We label the vertices {ezi}ie[[l,nrl}] in a such a
way that there exist r¢ € N* verifying S’ C I(xy) for all h € [1,rs] and S" ¢ I(xp) for all
h e [[TS’ + 17nF1]]'

Let = € n, ker(pr, (Ts) + 1). There exists a unique family (A;)icpine,] € K™ such that
ses’ ’
T= Y Aeég,.

Let hy € [rs + 1,nr,], we will show that Ay, = 0. There exists j € [1,k] such that
si, & 1(xn,). We then have pr, (Tsij)(x) = Qs, Ang€ay, T h;i ape,, for some aj € K.

0
Since x € ker(pr,(Ts, ) + 1), we also have pr, (Ts, )(z) = —x = — > \je,,. This implies
J ’ i€[1,nr, ]
that a,, Any = —Ang, therefore A\, = 0.

We then conclude that z € Vectz((es,)ie[iry]), therefore
SQS/ ker(prl (TS) + 1) - veth(((exi)iE[[l,rs/]])-

The reverse inclusion follows from the definition of rg.
This proves that dim( Qg/ ker(pr, (T) + 1)) = {z € X, 58" C I(x)}|.

We now have that for all 8" C S, [{z € X, 5 C Li(x)}| = {z € X,S" C L(x)}| because
the representations are isomorphic. It follows by induction on |S| — |S’| that for all S” C S,

Hre X,8" =1L(x)}| = {x € X,5" = I(z)}| which concludes the proof. O
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The next proposition gives a fairly good uniqueness property which will be used for the
computations on W-graphs.

Proposition 6.3. Let I'y = (X, I, ) and Ty = (X', I', i) be W-graphs as above and ¢ : X —
X' be a bijection such that for all x € X, I'(p(x)) = I(x). We assume that X and X' are
labeled in such a way that if I(z;) C I(x;) then i < j and p(z;) = x;. We also assume that the
images of i and (' are included in K and that p and i are independent of S. We then write
[y nstead of piy .

If there exists M € GL,(K) such that for all T € Hz, Mpp,(T)M~" = pr,(T) then M is
block diagonal with blocks of length |{x € X, I (x) = I (x;)}|.

Proof. Note first that by Proposition 6.2, we can choose a labeling as required.

We can choose numberings verifying desired by Proposition 6.2. We write (e;)ic[i,m] the
basis corresponding to I'y and (€])icu,m) the basis corresponding to I';. Assume there exists a
matrix M € GL,(K) such that for all T € Hz, Mpr,(T)M ™ = pp,(T). We will first show
that the matrix M is block lower-triangular and then that it is diagonal in the basis indexed
by the numbering we chose on the vertices. We write p; = pr,, p2 = pr, and m the dimension
of both representations for the remainder of the proof.

Let x; € X. Let s € I(z;). We then have Mp;(T;)(e;) = —Me; = —gjmme;. On the other
i=1

hand, we have py(Ts)Me; = f)mi,jpg(Ts)e; = — > a;el + > asm; jer. Since
=1 i€[1,m],s€l(z;) i€[1,m],s¢I(z;)
those two quantities are assumed to be equal, we have m;; = 0 for all i € [1,m] such that
s ¢ I(x;).
Let now (i,j) € [1,m]?* be such that I(z;) # I(z;) and i < j. By the assumption on the
numbering, we have that there exists s € I(z;) such that s ¢ I(z;). The above computation
implies that m; ; = 0, therefore M is block lower-triangular.

We have proven that for all i € [1,m], Me; = > myjel. Let i € [1,m] and jo €
j,I(xi)CI(CCj)
[1,m] such that I(x;) C I(xj,) and s € I(xj,) \ I(z;). We have
Mpi(Ts)(e;) = M(ose; +as Y puiei)
]
s€l(zy)
= o4 Z m,»Je;- + ag Z Lo Z My k€
j ¢ k
I(z;)CI(z)) s€l(ze)  I(ze)Cl(wp)
= Mg s Y migeitag Y D peamesel,
J#jo ¢ k
I(z;)CI(x;) s€1 (o)l (wr)CI(xp)

/ /
= | @sMigy + Qs Z HeiMujo | €5, T+ Zbéez-
¢ 1#30
s€l(zg)CI(zj,)

where the coefficients b, are elements of K which can be deduced from the above equalities.

125



We also have

pa(s)M(es) = — > myge;+ > mi,j (O‘863'+VO‘S > “/&J'G;Z)
J 3 (i) CI(z;),8¢1(x5) L,s€l(zy)
I(z;)CI(z))
s€l(x;)

— P .. / / ,
- —Mij, + /s Z M i3 | €jo + ZC(GZ.
J £#£350
s¢I(w;)

where the coefficients ¢, are elements of K which can be deduced from the above equalities.
Since we have assumed those two quantities to be equal, we get that

QM o + /s Z Mgy jo = =M jo + A/ Qs Z mi»jlu;o,j'
l J

s€l(ay)Cl(xs,) s¢1(x))

Since 1 + a, and /a, are K-linearly independant, we get that m; j, = 0. This is true for
all (4,7) such that I(x;) C I(xj,), therefore we have that the matrix M is block-diagonal. [

Remark : To prove that the matrix is block lower-triangular, we don’t need to assume
anything on the images of u or x4’ or on the independence with regards to S and we can take
M € GL,,(K). If we don’t assume that the image of y/ is in K then the result does not hold.
The two following W-graphs give us a counter-example in the more general setting

The green dotted edges are of weight 1+ y/a + \/a_l. The blue dashed edge indicates that
piy = —1and piy = pg’ = 0.

1000
. 01 00 .
Then the matrix M = 1010 verifies for all s € S,
01 01

MpF<T3>M71 = prv (Ts>

We now give a proposition which can be found in [20] (11.1.7) providing a construction of
a W-graph associated to the dual representation of a WW-graph.

126



Proposition 6.4. Let T' = (X, I, 1) be a W-graph. We define its dual W-graph T* = (X, I, i)
by
1. Vee X, I(z)=S\1(z),
2. V(x,y,8) € X x X\ D(X) xS, i3, = — 45 -
We then have that pr ~ p}., where p*(T,) = p(—a T ).
Definition 6.3. We say a representation p of Hy is self-dual if p ~ p*.

Proposition 6.5. If p: Hx — GL,,(K) is an irreducible self-dual representation of a Iwahori-
Hecke algebra then there is either a symmetric or skew-symmetric non-degenerate bilinear form
(.,.) associated to p in the following way

Vs € S, V(u,v) € V2 {p(Ts)u, p(Ty)v) = {u,v).

Proof. Let p : Hg — GL,,(K) be a self-dual representation. Then there exists P € GLy,(k)
such that for all s € S,
Pp(T,)P' = —a, 'p(T,) .

This implies that Pp(T,)P~! = —ay, (—a, P! 'p(T,) "' P)~! =t Pp(T,)'P~'. Tt follows that for
all s € S, ‘P71 Pp(T,)(!P~1P)~! = p(T,). Hence, for all h € Hg, PP~ Pp(h)(!P~1P)~t = p(h).
By Schur’s lemma, there exists A € F, such that ‘P7'P = X\. Thus P = \'P = X\{(\'P) = \?P.
It follows that A € {—1,1}.

This bilinear form (.|.) associated to P is non-degenerate. It is symmetric when A\ = 1
and skew-symmetric when A\ = —1. For all s € S, (u,v) € V? we have (p(Ty)u, p(T,)v) =
(p(Ts)u)Pp(Ts)v =tu(*p(Ts) Pp(Ts))v =" u(—asP)v = —as{u,v). This concludes the proof. [

Although such a bilinear form always exists for any given self-dual representation, it is
difficult to obtain the bilinear form explicitely and to determine whether it is symmetric or
anti-symmetric. Since there is a combinatorial way to define a dual W-graph, it is natural to
expect W-graphs affording self-dual representations to be isomorphic to their dual W-graph.
This seems to never be the case. Nevertheless, we have (X, I, u) ~ (X, I, —[i) in many cases.
We know by Proposition 6.1 that if (X, I, —fi) is 2-colorable, then we have Px T ) = PX.T )
When this is the case, we can define a bilinear form using only the 2-coloring of the graph. The
construction is given in the following theorem.

Theorem 6.2. Let I' = (X, 1, u) be a W-graph affording an irreducible representation of H
such that T' is 2-colorable and T' is isomorphic as an oriented weighted graph to (X, 1, —fi).

Let ¢ : X — X be the graph automorphism from T to (X, I, —[) and x1,%2,...,%, be a
numbering of X such that p(x;) = Tpi1—;.

Let (.,.) be the bilinear form defined by (ey;, €s;) = wW(€q,)dint1—5, where w corresponds to a
coloring of I with 1 and —1.

We then have

Vs € S, Yo, va € V, (pr(Ts)vy, pr(Ts)va) = —afvy, va).
This bilinear form is non-degenerate and it is symmetric if w(zi)w(z,) = 1 and skew-

symmetric if w(xy)w(x,) = —1.
The associated representation is then self-dual.
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Proof. Let I' = (X, I, ) be a W-graph as above and w : X — {—1,1} be the corresponding 2-
coloring. Let s € S and x,y € V. First note that since I(p(z)) = S\ I(x), we have (e,,e,) =0
for all z € X such that I(z) # S\ I(x). We now have four different cases to consider.

If s € I(x) N I(y) then (pr(T})es, pr(Ts)ey) = (—ex, —€y) = (€, €y) =0 = —as(€s, €).

If s e I(z), s ¢ I(y) then

(or(To)es, pr(To)e,) = (—eamasey+as D payes)
zeX,s€l(z)

- _as<6a:a ey) VALY Z Nz,y(e:m €z>

z€X,s€l(z)

= —a(es, ey).

If s¢ I(z), s € I(y) then
(pr(Ty)eqs, pr(Toey) = (ages + /s Y. Hages, —€y)

z€X,s€l(z)
= _a5<€az7 6y> — V0O Z <ez7 6y>
ze€X,s€l(z)
= —as(ey, ey).

If s ¢ I(x)UI(y) then we have (e,,e,) =0 and

<pF (Ts)eccy pF(Ts)ey> - <a56:c + Vv Qs Z ,uz,azeza asey + Vv Qs Z ;uz’,:cez’>

ze€X,s€l(z) z'eX,sel(z")

= \/Oé_s Z . ),Uz,x<ezaey> + \/Oé_s Z ( /)'uzlvy<ex’ez/>
Aot () T Vg x)yw< ")

= V(o)) @ (@) + fo@)yw(T))

= \/a_s(uw(x (go(y)) _'_:u@(x) yW( )

= Vslip@)y(W(e(y)) + w(z)).

If f1p(2),y = O then the above quantity is equal to zero. If iy, # 0 then pgy,) . # 0, therefore
w(p(y)) = —w(z) and the above quantity is again zero.

This proves that in all cases, (pr(Ts)es, pr(Ls)e,) = —as(es, ey). It only remains to show
that this bilinear form is symmetric if w(x;)w(x,) = 1 and skew-symmetric if w(z;))w(x,) = —1.
To show this, we first prove that for all z € X, we have w(z)w(p(z)) = w(x))w(z,). If T was
a disconnected graph, then p, would be reducible, therefore I' is connected. This means we
only need to show that for a given z, we have w(y)w(o(y)) = w(z)w(e(x)) for all y € X such
that ,uzy #0or py, #0,. Let z € X and y € X such that p,, # 0 or p,, # 0. Then
Po(y)o(@) 7 O OF Llp(z) o) 7é 0. This implies that w(y) = —w(z) and w(e(y)) = —w(p(x)),
therefore w(y)w(e(y)) = (—w(z))(—w(p(z)) = w(x)w(p(x )) This shows that for all z € X,
we have w(x)w(p(r)) = w(zy)w(x,). Let now (z, y) € X2 We have (e,,¢e,) = w(x)dy y@) =
w(1)w(n)w(P())dpw).e = wW(@1)w(Tn)w(Y)dzpe) (x1)w(zy)(ey, €5) as required. O

Definition 6.4. A W -graph satisfying the conditions in Theorem 6.2 is said to be self-dual.

Not all W-graphs affording self-dual representations are self-dual. For example, in type
Dy, there is an irreducible self-dual eight-dimensional representation which corresponds to the
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double Young diagram A = ([2,1],[1]). By Proposition 4.1.3, we know that the associated
bilinear form must be skew-symmetric since 7(A) = v([2,1])v([1]) = (=1)"= (=1) 7 = —1.
We can associate to this representation the following W-graph which we determined using the

restrictions to the three different A4, and A%

Here the W-graphs are presented as in [20]. If I(z) = {s3}, then we write 3 inside the vertex
x. We don’t write the edges when p,, = 0. If yu,, = 1, ., then we write non-oriented edges.
If p15,, = 1, then we do not write the weight on the edge and we write f1,, as a weight on the
edge otherwise. The W-graph does not satisfy the desired properties because the edge between
nodes 3 and 3,4 is of weight 1 whereas the edge between notes 1,2 and 1,2, 4 is of weight 2.

However, since the properties appear to be natural and are verified by some W-graphs, we
propose the following conjecture.

Conjecture 6.1. Let W be a Coxeter group. For any irreducible self-dual representation, there
exists a self-dual W-graph defined over K. If there exists a W-graph I' = (X, I, u) defined
over K' then there exist a self-dual W-graph " = (X', I', i) defined over K' and a matriz
M € GLx|(K) such that for all h € Hx, Mppr(h)M~" = pr(h).

In order to prove the conjecture for exceptional groups, we effectively find the W-graphs
verifying the right properties by assuming they exist and finding the bilinear form preserving
the W-graph we are working with. This can be seen in the following proposition.

Proposition 6.6. Assume the conjecture holds and that oy, = ag for all s,s" € S. We write
a for the unique parameter of the Iwahori-Hecke algebra. Then any bilinear form associated to
a W-graph affording an irreducible self-dual representation defined over K' is represented by a
block anti-diagonal matriz.

Proof. Assume the conjecture is true and that I' = (X, I, ) is a self-dual W-graph defined over
K'. There exists IV = (X', I, i/) such that p/(X x X \ D(X) x S) € K" and pr ~ pr. We
order the vertices of X in order to have I(z;) = I(z}) for all ¢, and if I(x;) C I(z;) then i < j.
We consider the matrices with respect to the bases corresponding to those orders.

There exists M € GLx|(K) such that for all h € Hy, Mpr(h)M~' = pri(h). By Propo-
sitions 6.2 and 6.3, M is block-diagonal. Since I" is self-dual, there exists an anti-diagonal
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matrix P corresponding to its 2-coloring such that for all s € S, Ppp(T,) P~ = —a tops (T,) 1.

We also have by Proposition 6.5 that there exists P € GLx|(K) such that for all s € S,
PPF(TS)P_l = _ath(Ts)_l'

By substituting M pp(T,)M~" = pp(T,) in the first expression, we get PM pp(Ts)M 1P~ =
—o(Mpp(T)M1)"' = —a'M~" pp(T,)~" M. Tt follows that ‘MPMpp(T,)(*MPM)~" =
—a'pr(Ts)™! = Ppr(Ts)P~'. Hence, by Schur’s lemma, there exists A € F, such that P =
MMPM. Since M is block-diagonal and P is anti-diagonal, we get that P is block anti-

diagonal. n

Remark : This proposition can be useful to to find the matrix P after assuming the conjec-
ture is true. For the W-graph associated to ([2,1],[1]), all the blocks are of size one, therefore
we only need to look for an anti-diagonal matrix. This means we have only 8 unknowns, as-
suming the 2-coloring is preserved up to permutation of vertices having the same image under
I, we get that P must be anti-symmetric, therefore we only have four unknowns.

After solving the equations afforded by each generator, we get

DO DO OO oo
OO oo o
SO N OO OO oo
o O O O

o O

|

[\
SO O OO N O OO
O OO DO OO NN O
[Nl eNoNolololl S

o O O
S OO OO

We then look for a matrix M such that M PM = P.

Using Gaussian reduction for quadratic forms, we get

OO O OO oo
O OO O OO NN O
O OO O o N OO
SO DD DO DN O OO
[ e Nel o o o Ne)
OO OO o oo
S = OO O o oo
_ o O O o o oo

By computing Mp(T,)M ™" for all s, we obtain the following W-graph.
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We obtain in the same way self-dual W-graphs for all self-dual representations in types
I(m), Hs, Hy, Es, E7 and Eg. We give the new W-graphs in type Hy in the Appendix. All the
new W-graphs can be downloaded from [17].
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Chapter 7
Type E

In this section we determine the images of the Artin groups of type F inside their associated
Iwahori-Hecke algebras. Their representations are given by W-graphs, therefore we will use
the results from Chapter 6. We have defined in that chapter self-dual representations in Def-
inition 6.3 and self-dual W-graphs in Definition 6.4. We have established the Conjecture 6.1
which states that there exists a self-dual W-graph affording any self-dual representation of a
W-graph. There are no self-dual representations in type F;. In types Eg and FEg, we have
proved the conjecture and obtained new W-graphs which are self-dual for each of the self-dual
representations. We only provide in this Appendix the graphs for the 10-dimensional self-dual
representation of Eg and its 20-dimensional self-dual representation. All the remaining ones
are of dimension greater than 60 and can be downloaded from [17].

7.1 Type Ej

Let p ¢ {2,3} be a prime and o € F, be of order not dividing 5,8,9 or 12. We write F, =
F,(a). There are 25 irreducible representations of the Iwahori-Hecke algebra Hpg, . which we
define below. They are all of dimension less than or equal to 90 and there are 5 self-dual
representations, they associated to the Fg-graphs 10,4, 204, 60,, 80, and 90,. We have found
self-dual Eg-graphs [17] for each of these representations. Using the 2-coloring, the bilinear
form defined in Theorem 6.2 is skew-symmetric for each of those self-dual representations.

Definition 7.1.1. The Iwahori-Hecke algebra Hg, o of type Eg is the Fy-algebra generated by
S1, 59,53, 84,55, 5 and the following relations

1. Vi€ {1,2,3,4,5,6}, (S; — a)(Si +1) = 0.
S15551 = S35,5;.

Vi€ {2,4,5,6}, S15: = S;S.

$5545s = S4555,.

Vi € {3,5,6}, 555; = SiSs.

Vi€ {3,4,5}, SiSii1Si = Sip1SiSisi.
355 = S5Ss.

NS v e
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8. 5356 = S655.
9. 5456 = S654.

For o in the Coxeter group Es, we set T, = S;, ...S;, whenever o = s;,...s;, s a reduced

exTPTession.

k

This means we consider Fg as in the CHEVIE package of GAP3 [19] with the following
Dynkin diagram

Proposition 7.1.1. Under our assumptions on p and o, Hg, o @5 split semisimple, the repre-
sentations afforded by the W -graphs are irreducible and pairwise non-isomorphic over F,. The
restrictions of the irreducible representations of Hgs o to Hp, o are the same as in the generic
case.

Proof. We will apply Proposition 2.2.4. Let A = Z[\/ﬂil] and F = Q(y/u). We have a
symetrizing trace defined by 7(7p) = 1 and 7(7,) = 0 for all 0 € Eg \ {1g,}. By [20], Hpgu is
then a free symmetric F-algebra of rank 51840. By [7] V.3. Corollary 1, A is integrally closed.
Let 6 be the ring homomorphism from A to L = F, defined by 6(u) = o and (k) = k. We
know F'H is split. The basis formed by the elements T,, 0 € Eg verifies the conditions of the
Proposition 2.2.4. The FEjg-graphs are still connected after specialization since all the weights
are in {—6,—4,-3,-2,-3/2,-1,—-1/2,-1/3,-1/6,1/3,1/2,1,3/2,2, 3}.

It now only remains to check that the Schur elements associated to the specialized represen-
tations are in B and do not vanish under 6 with B as in Proposition 2.2.4. The Schur elements
are given in Table 7.1. For a pair (p, p*) of representations, we only give the Schur element of
one of the representations since the other is obtained by applying the involution \/u — \/ﬂfl.
The conditions on a and p imply that the Schur elements verify the right conditions and the
proof is concluded.

O

Using the CHEVIE package of GAP3[19], we give in Table 7.2 the restriction table from
Hp, o to its subalgebra Hp, o, generated by S1, 52, 53,54 and Ss which is naturally isomorphic
to the Iwahori-Hecke of type D5 with parameter o. They correspond in the generic case to the
induction /restriction tables of the corresponding Coxeter groups.

Proposition 7.1.2. The restrictions to Ag, of the representations afforded by those Eg-graphs
are absolutely irreducible and the representations of dimension greater than one are pairwise
non-isomorphic.

Proof. As in [12] Lemma 3.4, we only need to prove that Ag, is generated by Ag, and Agg.
This true because sg = SGSflsl, sﬁsfl € Ag, and s, € Ap,.
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81,
90,

((I)4q)3q)2(1)5(1)2(138q)9(1)12 u).
(cI>4<I>3<I>2<I>5<I>2<I>12 w).

3 (DID3D2) (u).
%(@4@3@2% u).

2 (DIDID2DZ) (u).

5(@4@3@@2@9

u).

S (D3D3D1,)(u).

iy
s
2
u3

2 (PLpia2
(®4<1>3<1>4c1>2

1
ud
1
u

(DBIOEy) ().

S

u).
((I)QCD @5(1)9 u).

£ (BI0I0Y)(u).
i6((1) (I) @5@8 uj.
(@4<1>2<1>9 w).

)
)
)
)
)
)
)
(DiDID;52)
)
)
)
)
)
)
)

()
(u)
()
()
()
()
(u)
().
()
()
()
()
()
()
(w)

Table 7.1: Schur elements in type Ejg

1 [17 4 [4 |5, [5] [52 |5, |6 |10y 105 [105]105 |10 [15 15" [20 |20/
1, |1
6, |1 1
10, 1
15, 1 1
15, 1 1
20, |1 1 1 1
20, 1 |1
24, 1 1
30, 1 1 1
60, 1 |1 1 1 |1
60, 1 1 1 |1 1
64, 1 1 1 1 1 1
80, T (1 |1 [1 |1
81, R 1 1 R
90, 1 |1 1 [T |1 |1
L:([5],0), 4 ([4,1),0), 51 : ([3,2],0), 52 : ([4], [1]), 6 : ([3,1%]), 101 : ([3], [17]), 105 : ([3], [2]),

105 : ([27 2], [1]). 15 : ([3. 1], [1]) and 20 : [2,1],[2).

Table 7.2: Restriction table from Hg, o to Hp, a-
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Let p; and pp be two irreducible representations of Hpg, o such that py Ay = P2l Ap,- We
have A,/ Ap; ~< Sy >~ Z. It follows by Lemma 3.2.3 that there exists 2 € F} such that
for all i € [1,6], we have p;(S;) conjugate to xps(S;). Since the representations are irreducible
we have that the set of eigenvalues of p;i(S;) is {—1,a} and the set of eigenvalues of ps(S;)
is {—z,za}. This implies that z = 1 or (r = —a and a® = 1). The latter contradicts our
assumptions on « therefore x =1 and p; =~ ps. [

Before determining the image of the Artin groups inside this Iwahori-Hecke algebra, we need
as in the other cases a Lemma on Artin groups which will allow us to use the restriction from
/HE&Q to ,HDE)’Q.

Lemma 7.1.1. The normal closure < Ap; >4, of Ap, inside Ag, is equal to Ag,, where we
identify Ap, as a subgroup of Ag, using the natural isomorphism from Ap, to < S;,i € [1,5] >.

Proof. By [36], we have Ap, =< S3S7',519557", S4S7 ", 82871855, 53971, 9,551 > and
Ag, =< S3571,815357 ", 84571, So87 1S58, S5, 8485t SSTt >, This proves we only
need to show that SgS;' €< Ap, > up,- We have SgS555 = 5559655, therefore Sg =
555655(5556)_1 and

S6S1 ! = 95969551 (S556) ™" = ((S5S1 1) (5651 1)) (8557 1) ((S5:S7 ) (8651 1))~
This concludes the proof. O

We will now use the above information and the usual techniques to determine the image of
the Artin group inside Hpgg .

Proposition 7.1.3. IfF, =F,(a) = F,(a 4+ a™') then we have

~
s
(=2}
<
&
o)
|
(@p)
h
(=]
)
—

s}
N
S
S

~
S
e}
(=)
(=]
iS]

11. Pe4,, .AEG = SL64 q),
12. pso,

13. ps1,,
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14 poo, (Ags) = SPoo(q)-
IfF, =F,(a) # Fy(a+at) then we have

1. pe,(Ag,) ~ SUs(g?),
2. pro.(Ag,) ~ SPio(q?),
5. pis,(Ars) = SUs5(q2),
4. p1s,(Ag,) = SUs(q?),
5. paoy(An,) = SU(g?),
6. pao,(Ags) ~ SPa(q?),
7. paa,(Ags) ~ SUa(q2),
8. paoy(An,) = SUs(q?),
9. peo,(Ar,) ~ SPso(q?),

10. 1060p (AE‘6) SUGO( )

),
12. pso.(Ap,) ~ SPso(q?),

),
14. poo, (Ag,) = SPao(q?).

Proof. Assume first F, = F,(a) = F,(a + a™'). The representations considered are all defined
over F,(y/a). If F,(y/a) # Fy(a) then X? — « is an irreducible polynomial over F,(«). The
unique automorphism o of order 2 of F,(y/a) fixes F, pointwise and verifies o(y/a) = —y/cv.
Hence, Proposition 6.1 and Lemma 3.2.5 imply that the representations can be considered to
be defined over F,.

We have found non-degenerate skew-symmetric bilinear forms defined over [F,, associated to
the representation P, P Pev.s P, and Pais therefore we have all the corresponding inclusions
for the images of Ag,.

It now only remains to prove that all the inclusions are isomorphisms. We prove it separately
for 6, and 10, and we will use Theorem 2.3.2 for the remaining ones.

By Table 7.2 and Theorem 4.4.1, we have that pg, (Ap,) =~ SLs(q)x{1}. It follows by Lemma
7.1.1 that pg, (Ag,) is generated by transvections. Theorem 2.3.4 then shows that there exists ¢’
such that up to conjugation in GLg(q), we have pg, (Ag,) € {SLs(¢'), SPs(q'), SUs(¢'?)}. Since
it contains a natural SLs(q), we have that ¢’ = q and pg, (Ag,) ~ SLe(q).

By Table 7.2, we have that pio,(Apy) >~ pp,2,1(Aps). We have ¢([2,2], [1]) = ([2, 2], [1]) an
v([2,2],[1]) = v([2,2])v([1]) since [2,2]" > [1]. It follows that ©([2,2],[1]) = (-1 )4 (— 1)12
—1 and by Theorem 4.4.1, pp.2n1(Ap,) >~ SPio(q). It follows that pig, (Ags) ~ SPio(q).

m\»—A

to\»—A

N\,_. w\»—‘ l\)\»—‘ N\’—'

toh—t

11. pes,(Ags) ~ SUss(q

[\)\»—l

13. pSlp(AEG) SUBI(
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By Table 7.2, the non self-dual representations contain a natural SLy(q) and the self-dual
ones contain a twisted diagonal SL3(q). We can therefore apply Theorem 2.3.2 and Lemmas
3.3.5, 3.3.6, 8.5.1 to conclude the proof.

Assume now F, = F,(a) # F,(a+ o~ !). The representations can again be considered to be
defined over F,. We have that X? — (o + a~')X + 1 is an irreducible F,(a + a~!)-polynomial
over I, therefore we have an automorphism e of order 2 of F, mapping « to a™'. To conclude
the proof, we only need to use previous arguments if we prove that all the representations
considered verify p ~ € o p*.

First consider the non self-dual representations of dimension different from 15,20 and 60.
Let p be such a representation, we know that € o p* is an irreducible representation, therefore
we have € o p* ~ p or € o p* ~ p* since those are the only irreducible representations of the
same dimension. Assume € o p* ~ p*. Then p ~ € o p and Lemma 3.2.4 implies that up to
conjugation p < San(q%). By Table 7.2, those representations all contain a natural SU,(¢?)
with multiplicity 1 for some a > 5. This implies that SU,(¢2) is a subgroup of SL,(¢2) which is
absurd by simple cardinality arguments since a > 3. It follows by contradiction that p ~ eo p*.
The result is obvious for the self-dual representations of dimension different from 15, 20 and 60

because there is only one possibility when p ~ p*.

Consider now the 60-dimensional representations, we have pgo, ~ pgo. and pgo, % Péo,- We
know that € o pgy = pgo, or €0 pg, = peo, O €0 Py = pg, . We have € o pgy > €0 pg, ~
(€ 0 p§o,)*- This proves that the only possibility is the first one, therefore € o pg, =~ pgo,. We
have €0 pg, = pgo, Or €0 pgy = pg Or €0 pgy = peo,. The second possibility is excluded by
the same reasonning as for the representations of dimension different from 15 or 20. The third
possibility would imply that € o pgo, =~ pg, . By the above, this would imply pgo, =~ pgo, which
is absurd. It follows that € o pg, = peo,. The arguments are identical for the 20-dimensional
representations.

It only remains to consider the 15-dimensional representations. We have pi5, % Pls,» P15, *
pis,- The are therefore four 15-dimensional representations. We have € o pj; =~ p5, or €0
pis, = Pis, OF €0 pi5 = pi5, Or €0 piz =~ pi; . Using the same arguments as before we
have € o pj5 o~ Pis,- Assume now € o Pls, = pis,- We have that pis, ., = Pl @ Pl n2)
and Pl5gHpsa = P3.210 B Pp3)[2)- We know by Proposition 4.2.3 that € o p* ~ p for every
representation p of Hp,. This implies that under the assumption €o pj; =~ pi5,, we would have
Py @ P 2 Pp3,21,0 D ppg),2) which is absurd. We exclude in the same way €o pj5 =~ pj5 . It
follows that €0 pj; = pi5,. In the same way €0 pj5 =~ pi5,. This concludes the proof. O

We now state the main theorem for type FEg.
Theorem 7.1.1. Assume F, = Fy(a) = F,(a + o), we then have that the morphism from

Ag, to Hiy o = 11 GL,,(q) factorizes through the surjective morphism
p AT

P - AEG — SLﬁ(q) X SPIO(Q) X SL15((])2 X SLQ()(q) X SPQ()((]) X SL24<(]) X SL30(Q)

Xspﬁo(q> X SLG()(q) X SL64(Q) X SPgo(Q) X SLgl(q> X Spgo(Q)

Assume Fy = Fy(a) # Fp(a 4+ a™h), we then have that the morphism from Ag, to My, ., ~

I1 GLy,(q) factorizes through the surjective morphism
p 1T
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D : -AEG — SUﬁ(q%) X SPlO(q%) X SU15((]%)2 X SUQO(Q%) X SP20<q%> X SU24<Q%) X SU30(Q%)

%S Pso(q2) x SUso(q?) % SUss(q2) x SPso(q2) x SUs1(q?) % SPao(q?).

Proof. By [36], Ag, is perfect. Furthermore, Lemma 3.3.1 gives that the morphism is surjective
unless there exists two different representations p; and p, in the decomposition such that
W o piay, =~ paay, for some field automorphism W. By Proposition 2.1.2, we have that
U(a+a™') = a+ a™!'. This shows that ¥ must be trivial over Fy(a + ™). It follows by
the previous propositions that there are no such representations in the decompositions and the
proof is concluded. O]

7.2 Type E5

Let p be a prime different from 2 and 3 and « € F,, of order not dividing 8,10, 12,14 and 18.
We write F, = F,(a). There are 60 irreducible representations of Hg. o, none of them are
self-dual. The highest dimensional representation is of dimension 512. They are all 2-colorable
except for the two 512-dimensional representations.

Definition 7.2.1. The Iwahori-Hecke algebra Hg, o of type Er is the Fy-algebra generated by
S1, 59,53, 84, S5, 5,57 and the following relations

1. Vi€ {1,2,3,4,5,6,7}, (S; — a)(S; + 1) = 0.
2. 515955) = 555 5s.

3. Vi€ {2,4,5,6,7}, 515; = ;5.

4. 835155 = 51955,

5. Vi€ {3,5,6,7}, S1S; = 5; 5.

6. VZ S {3, 4, 5, 6}, S7,SH_1SZ = Si+15i5i+1.

7. 5385 = 55S53.
8. 8356 = SSs.
9. S357 = 5755.

10. S4S6 = S654.

11. S4S7 = S784. For o in the Coxeter group E;, we set T, = S;, ...S;, for any reduced

expression o = s;, ... S;, 15 a reduced expression.

This means we consider F; as in the CHEVIE package of GAP3 [19] with the following
Dynkin diagram
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Proposition 7.2.1. Under our assumptions on p and o, Hp, o s split semisimple, the repre-
sentations afforded by the W -graphs are irreducible and pairwise non-isomorphic over F,. The
restrictions of the irreducible representations of Hp, o to Hp, o are the same as in the generic
case.

Proof. We will apply Proposition 2.2.4. Let A = Z[J/u '] and F = Q(v/u). We have a
symetrizing trace defined by 7(7Tp) = 1 and 7(7,) = 0 for all ¢ € E; \ {1g,}. By [20],
Hp. . is then a free symmetric F-algebra of rank 2903040. By [7] V.3. Corollary 1, A is
integrally closed. Let 6 be the ring homomorphism from A to L = F, defined by 6(u) = o and
0(k) = k. We know FH is split. The basis formed by the elements T,, o € E; verifies the
conditions of the Proposition 2.2.4. The E;-graphs remains connected since all the weights lie
in {-3,-2,—-1,1,2,3}.

It now only remains to check that the Schur elements associated to the specialized represen-
tations are in B and do not vanish under ¢ with B as in Proposition 2.2.4. The Schur elements
are given in Table 7.3. They were obtained using Proposition 9.3.6 and Table E.6 of [20]. For
a pair (p, p*) of representations, we only give the Schur element of one of the representations
since the other is obtained by applying the involution /u — /& . The conditions on a and
p imply that the Schur elements verify the right conditions and the proof is concluded. O]

The restriction table from Hg, o to its subalgebra H g, , generated by Sy, S2, S, Sy, S5 and
S¢ which is naturally isomorphic to the Iwahori-Hecke of type Fg with parameter « is then

given by Table 7.4. Tt is obtained using the CHEVIE package of GAP3 [19]. They correspond
in the generic case to the induction/restriction tables of the corresponding Coxeter groups.

Proposition 7.2.2. The restrictions to Ag, of the representations afforded by those Er-graphs
are absolutely irreducible and the representations of dimension greater than 1 are pairwise non-
isomorphic.

Proof. As in [12] Lemma 3.4, we only need to prove that Ag, is generated by Ag, and Ag,.
This true because s; = 3751_131, 3731_1 € Ag, and s € Ag,.

We now prove the second part of the statement. Let p; and p, be two irreducible representa-
tions of Hp, o such that p1a, =~ p1j4, - By Lemma 3.2.3, there exists a character § : Ap, — F}
such that p; ~ py ® {. This means there exists © € F, such that for all i € [1,7], p:(S;) is
conjugate to xp9(.S;). We know for any representation p of dimension greater than 1, the set
of eigenvalues of p is equal to {a, —1}. This implies that {«, —1} = {za, —z}. We then have
r=1or (z=—aand —a? = —1). It follows that z = 1 and p; =~ ps. O

We now prove the usual lemma computing the normal closure of Ag, inside Ag,.

Lemma 7.2.1. The normal closure < Ap; >4, of Ap, inside A, is equal to Ap,, where we
identify Ag, as a subgroup of Ag, using the natural isomorphism from Ag, to < S;,i € [1,6] >.

139



7/
15,
21,

21/

27,

35/

35,

56/,

70/

84,

105,
105,
105,
120,
168,
189,
189,
189’
210,
210,
216/,
280/,
280,
315,
336,
378,
405,
420,
512!

(¢7®3®2®5¢3®7¢8¢9¢1¢bmq54¢ug(u)
((@7(133(132(135(1)3@8@9@10@18)(U).
Z(PIDIDIDID,) (u).

1f(¢7¢3¢ D5 P3P 5)(u).

%(®g®§®i®5q>gq>8q>lo¢lg)(u)

L (PP PP P D7 PP 1oP14) ().
%(CI%CI)ch)iq)w)(u),

(@7@3(132@3@9@10)(71).
;%(¢3¢3¢2®5®6¢8¢9¢1ﬁ(u)
3 (PIDID2DF) (u).
w(©7®3¢5¢3xu)
4%(¢7¢3®2®3®Lg(u)
L(PIDIDIDIDg) (u).
m(@7®3®2¢3¢8xuy
724((1)3(13 (I) (I>6<I>7<I>8Q>12)(u).
#(@5‘53%@3@10)(“)-

2 (PID3D2D5D 1) (u).

;%(@7¢3¢ D5 PPy Do) (u).

= (PF @3®2®5¢6¢8¢uﬁ(u)
L (PIDIPIDID 1) (u).
m(®7®3®2®3xu)

(@ ¢3¢ D57 Dg) (u).
(CI>7CI>3CI>3CI>12)(U).
—%(®3®3®2®8®9Xu)

S (DIDIDIDg) (u).
5%(@3¢3¢ P5PsD1o)(u).
;%(@§®3®§®5¢6®Uﬁ(u)
(CI>7CI>2CI>6CI>7<I>10)(U).

10 (@7@3¢3¢10>(U).

11 ((I) ©5®7¢9>(U)

Table 7.3: Schur elements in type F;
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17]6,]6,10,]15,[ 15, 15, 15:] 20, 20220, 24,] 247] 30, 30, 60,] 60, 60 64,647 80,[ 81, [817] 90,

7ol 1

15/ 1

a

21, 1 1

217 |1 1

27, |1 1 1

35] 1 1

35 1 1

56, 1 1 1

70, 1 1

84, 1 1

105! 1 1 1 1

105 1 1 1

105, 1 1

120 1 1 1

168 1 1 1

189 1 1

189; 1 1 1 1

139" 1 1

= = = =] = =

210 1 1 1

—_

210, 1 1 |1 1

216! 1 1 |1

280! 1 1

280y 1 1 |1

315! 1 1

—_| = = =] =

336, 1

378! 1 1 |1

405 1 1

= = = =] =] = =

420 1

[UY U (WY W
—_
—_| = = = =

512! 1 1 |1

Table 7.4: Restriction table from Hg, o to Hpg, -
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Proof. By [36], we have Ag, =< S15357 ", 5455, SiS1",i € [1,7] > and
-AEG =< 515381_1, 5453_1, SZSI_I,Z c ﬂl,ﬁﬂ >

This proves we only need to show that S;5;! €< Apg, > ap,- We have 575657 = 565756,
therefore S7 = 565756(5657)_1 and

SrS1! = 868715651 (8657) ™ = ((SS1) (8781 1))(S6S1 1) ((S6S7 1) (S7811)) ™
This concludes the proof. O

Note now that there are no self-dual representations in type E7, they are all 2-colorable
except for the two representations of dimension 512. We then have the following proposition.

Proposition 7.2.3. IfF, = F,(y/a) = F,(a) = F,(a+ ') then for any irreducible represen-
tation p of Hp, o, P(Ag,) ~ SLy,(q), where n, = dim(p).

IfFy(vVa) # F, = Fy(a) = Fy(a + a™t) then for any irreducible representation p of Hp, q
such that n, # 512, we have p(Ag,) ~ SLy,(q). We have psi2,(Ag,) ~ SUs12(q).

IfF, = Fy(a) # Fp(a + a™t) then for any irreducible representation p of Mg, o, we have

p(Ap,) = SU,,(¢7).

Proof. Assume first that F, = F,(a) = Fy(a + a™!). Let p be an irreducible representation
of Hp, o of dimension different from 7 and 512. The associated Er-graph is then 2-colorable,
therefore by Proposition 6.1, the image of Ag, under p is inluded up to conjugation in G Ly, (q)
even when F,(y/a) # F,(«). By Table 7.2 and Proposition 7.1.3, p(Ag,) contains a natural
SL.(q) for some r > 6 whenever n, > 1. We can therefore apply Theorem 2.3.2. We get that
p(Ag,) is a classical group over Fy in a natural representation for some ¢’ dividing ¢. Since it
contains a natural SL,(q), we get ¢ = ¢ and the representation is not unitary. By Corollary
7.2.2, it cannot preserve a bilinear form, therefore we get p(Ag,) ~ SL,,(¢). We now have to
consider the 7-dimensional representations p7, and p7, = p7, . By Lemma 7.2.1 and Proposition
7.1.3, p7,(Ag,) is normally generated by a natural SLg(q). It follows by Corollary 7.2.2 that it
is an irreducible subgroup of SLz(q) generated by transvections. We can then apply Theorem
2.3.4 and the same arguments as above give p7 (¢) ~ SL7(q). This concludes the proof for the
representations of dimension different from 512.

Consider now the representation psio. If Fy(y/a) = Fy(«) then p(Ag,) is included in
SLs12(q). By Proposition 7.1.3, it contains a natural SPs(q), therefore we can apply the above
reasoning to get that psio (Ag,) =~ SLs12(q). Assume now F,(y/a) # F,(«). We then have that
X?—q is an irreducible polynomial of degree 2 of F,,(c) such that F,(y/a) = Fy(a)/(X?—a). Tt
follows that F,(y/a) is an extension of degree 2 of F,,(«v) and there exists a unique automorphism
U of F,(y/a) which fixes F, pointwise and such that ¥(\/a) = —y/a. Note that the restriction
of psi2r and ps12, to Agg are identical, therefore we cannot get any information from this
restriction. Using CHEVIE [19], we have

Tr(ps12; (5197 15655 1535555 %)) = 228 + 5a~* — 34~ + 104~ — 189a "

+va ' — Va —189a + 10402 — 34a® + 5a’.
It follows that psio; >~ W o psi1or then /o — \/a_l = q/(\/a_l —Ja) = \/a—l — Ja.

Hence 2y/a = 2y/a " and a = 1 which contradicts our assumptions on a. This proves that
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W o ps1a, = psi2, = Paiz- 1t follows that psia; (Ag,) is included in SUs12(q) up to conjugation
in G'Ls12(q%). Since ps1o, contains a natural SPs(q), we can apply Theorem 2.3.2 and ps;, is a
classical group over F, for some ¢’ dividing ¢?. However ¢ divides ¢’ because psi2: (Ag,) contains
a natural S P (q), therefore ¢ € {q,¢*}. We know ps15, does not preserve any non-degenerate
bilinear form because P512| A, %~ P512,| A, - It follows that up conjugation in G'Ls12(q?), we have

psiz, (Ap) € {SLs12(q), SUs1a(q2), SLs12(¢%), SUs12(q)}. Assume we are in one the first two
cases, we would then have using the trace of the same element as above that /o« ! —yaeF,.
This would imply that % 5 € F,, therefore /o € F, since @ # 1 and o € F,. The thlrd

possibility is excluded since SLsi2(¢*) cannot be injected inside SUs;5(q). We can then conclude
that psi2, (Ag,) =~ SUs12(q)-

Assume now that F, = F,(a) # Fy(a +a™!). Then X? — (a+a )X +1lisa F(a+a™')-
irreducible polynomial of degree 2, andF, = F,(a+a™')/(X?— (a+a ') X +1) is an extension
of degree 2. There is a unique automorphism € of degree 2 of F,,. It fixes F,(a+ a~') pointwise

and €(a) = a~!'. We can then consider the extension F,(y/a) of F,(a). We have e(y/a)? =
e(a) = e(a) = a !, therefore e(y/a) € {—va ,v/a '}. It follows that €2(,/a) = /a which
implies that /o € F,, therefore F,(a) = F,(v/ ).

Let p be an irreducible representation of Hg, , of degree greater than 1. We have that eo p*

is an irreducible representation. Assume that the only representations of dimension n, are p
*

and p*. We then have € o p* ~ p or € o p* =~ p*. The set of eigenvalues of pg, is {o, —1}.
In the second case we would have €('p(S;)™!) conjugate to p(S;)~!, therefore {e(—1,¢(a™)} =
{—1,a} = {-1,a7'}, therefore o* = 1 which contradicts our assumptions. It follows that
p =~ eop*, and Lemma 3.2.5 gives p(Ag.) C SUnp(q%). We can then apply the same reasoning
as bove to conclude that p(Ag,) =~ SU, (¢?).

It only remains to consider the representations of dimension 21, 35, 105, 189, 210 and 280.
By Proposition 7.1.3, we only need to check that the restrictions to Hg, o, are different for the
other representations of the same dimension. This is true by Table 7.4. O

Theorem 7.2.1. Assume F, = F,(v/a) = Fy(a + o '). Then the morphism from Ag, to

Bra = 11 GLn,(q) factorizes through the surjective morphism
p irr

D : AE7 — SL7((]) X SL15((]) X SLQl(q)2 X SL27(q) X SL35(q)2 X SL56(q) X SL7Q(q) X SL84((])

><5L105(CJ)3 X SLi20(q) X SLigs(q) % SL189(Q)3 X SL210(€1)2 X SLas(q) x SL280(C])2
XSL315(Q) X SL336(Q) X SL378(Q) X SL405( ) X SL420( ) X SL512( )

Assume Fy(v/a) # Fy = Fyp(a) = Fp(a 4+ '), Then the morphism from Ag, to Hp, , ~

II GL, (@) factorizes through the surjective morphism
p T

(O3 AE7 — SL7((]) X SL15((]) X SLQl(q)2 X SL27(q) X SL35((])2 X SL56((]) X SL70((]) X SL84(C])

><5L105(Q)3 X SL120(Q) X SL168(Q) X SL189(Q)3 X SL210(Q)2 X SL216(Q) X SLzso(Q>2
XSL315(Q) X SL336(Q) X SL378(C]) X SL405(Q) X SL420(Q) X SU512(C])-

Assume Fy = Fy(a) # Fpla+ a™t). Then the morphism from Ag, to

Tro = 1] GL ,(q) factorizes through the surjective morphism
p T
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N|=

o : AE7 — SU7(q%) XSU15(q%) XSUQl(q%)QXSUQ'?(q%) XSU35(Q%)2><SU56(£]%) XSUm(q%) XSU84((] )

XSU105(Q%)3 X SU120(61%) X SU168((I%) X SU189(Q%)3 X SU210(<1%)2 X SU216((]%) X SUZSO(Q%)Q
XSU315(€1%) X SU336(Q%) X SU378(Q%) X SU405(Q%) X SU420(Q%) X SU512(Q%)-

Proof. The proof of this theorem is very similar to the proof of Theorem 7.1.1.

By [36], Ag, is perfect. We have by Goursat’s Lemma 3.3.1 that the morphism is surjective
unless there exists two different representations p; and p, in the decomposition such that there
exists a field automorphism ¥ verifying W o py, Ap; ™ P2|ag,- By Proposition 2.1.2, we have that
U(a+ a ') = a+ a . This shows that ¥ must be trivial over Fy(a + a™1). It follows by
the previous propositions that there are no such representations in the decompositions and the
proof is concluded. O

7.3 Type Ey

Let p be a prime different from 2, 3 and 5 and « € F,, of order not dividing 14, 18, 20, 24 and
30. We write F, = F,(a). There are 112 irreducible representations of Hpg o, 18 of them are
self-dual. For each self-dual representation, we have found a self dual-W-graph [17]. Using the
2-coloring of those graphs, we have that all of the associated bilinear forms are symmetric. The
highest dimensional representation is of dimension 7168.

Definition 7.3.1. The Iwahori-Hecke algebra Hg, o of type Eg is the Fy-algebra generated by
S1, 59,53, 84, S5, 5, 57, Sg and the following relations

1. Vi€ {1,2,3,4,5,6,7,8}, (S — a)(S; + 1) = 0.

515551 = S55155.

Vi€ {2,4,5,6,7,8), $15; = SiS1.

595455 = 84555;.

Vi€ {3,5,6,7,8}, S25; = 5;5.

Vi€ {3,4,5,6,7}, S;Siy15; = Sis15:Si41-

Vi€ {5,6,7,8}, S35; = 5;53.

Vi € {6,7,8}, S4S; = SiSy. For o in the Cozeter group Eg, if o = s;, ... 8;

expression we set T, = S;, ... 5;, .

This means we consider Fg as in the CHEVIE package of GAP3 [19] with the following
Dynkin diagram

ST N T T T

. 15 a reduced
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Proposition 7.3.1. Under our assumptions on p and o, Hg, o s split semisimple, the repre-
sentations afforded by the W -graphs are irreducible and pairwise non-isomorphic over F,. The
restrictions of the irreducible representations of Hpg o to Hp, o are the same as in the generic
case.

Proof. We will apply Proposition 2.24. Let A = Z[J/u" '] and F = Q(v/u). We have a
symetrizing trace defined by 7(7Tp) = 1 and 7(7,) = 0 for all ¢ € Eg \ {1g}. By [20],
Hp, . is then a free symmetric F-algebra of rank 696729600. By [7] V.3. Corollary 1, A is
integrally closed. Let 6 be the ring homomorphism from A to L = F, defined by 6(u) =
a and O(k) = k. We know FH is split. The basis formed by the elements T,, ¢ € Fg
satisfies the conditions of Proposition 2.2.4. We work with the FEg-graphs implemented in
CHEVIE [19] for the non-self dual Es-graphs. For the self-dual ones, we use the new ones we
found [17] which we denote by p if p is the initial representation, they verify the properties
of Theorem 6.2 and they all verify w(e,,)w(e;,) = —1 for any 2-coloring w. For the 4536-
dimensional representation, we need to define two different Fg-graphs over Q(y/u) because
the bilinear form is different for p = 11, therefore we work with the one in CHEVIE. Going
through the weights of the Fg-graphs in CHEVIE [19] and [17], we see that most of the Fg-
graphs considered remain connected since the weights of the Eg-graphs which do not belong to
{2240, 2240/, 4200,,, 4200/, 4480,,, 5670,,, 7168,,} belong to the set composed of —24, —16, —10,
-8, —20/3, —6, —5, —4, —10/3, —3, —8/3, —5/2, —2, —5/3, —=3/2, —4/3, —5/4, —1, —8/9,
-5/6, —3/4, —2/3, —=5/8, —3/5, —1/2, —=5/12, —2/5, —3/8, —1/3, —1/4, —1/8,1/9, 1/4, 1/3,
3/8,2/5,1/2,5/8,2/3,3/4,5/6,8/9,1,4/3,3/2,5/3,2,5/2,8/3, 3, 10/3, 4, 5, 6, 8.

We now consider the remaining FEg-graphs separately. Consider first 2240,. We have four
weighted edges which vanish when p = 7 and none otherwise. Using CHEVIE [19], when p = 7,
the edges 1572 — 12, 2183 — 1, 2229 — 1 and 2229 — 121 all vanish, therefore we need to
prove the Eg-graph remains connected when those edges vanish. The edge 1572 — 12 can be
replaced by the path 1572 — 24 — 100 — 12. The edge 2183 — 1 can be replaced by the path
2183 — 7 — 627 — 1. The edge 2229 — 1 can be replaced by 2229 — 22 — 59 — 1. The
edge 2229 — 121 can be replaced by the path 2229 — 2230 — 2234 — 121. This proves 2240,
remains connected, this is true as well for 2240/, because it is its dual Eg-graph.

Consider now 4200,. When p # 7, none of the weights vanish, therefore all the edges
remain. For p = 7, the edges 2700 — 20, 3465 — 1, 3465 — 2, 4075 — 894, 4172 — 1,
4172 — 399, 4190 — 2, 4190 — 12 and 4190 — 399 are the only ones disappearing. The edge
2700 — 20 can be replaced by the path 2700 — 563 — 630 — 20. The edge 3465 — 1 can
be replaced by the path 3465 — 103 — 119 — 1. The edge 3465 — 2 can be replaced by the
path 3465 — 217 — 287 — 2. The edge 4075 — 894 can be replaced by the path 4075 —
908 — 2900 — 894. The edge 4172 — 1 can be replaced by the path 4172 — 141 — 178 — 1.
The edge 4172 — 399 can be replaced by the path 4172 — 432 — 2150 — 399. The edge
4190 — 2 can be replaced by the path 4190 — 68 — 197 — 2. The edge 4190 — 12 can be
replaced by the path 4190 — 31 — 136 — 12. The edge 4190 — 399 can be replaced by the
path 4190 — 385 — 20 — 399. This proves 4200, and 4200; remain connected.

Consider now 4/4_§0/y When p ¢ {7,11}, none of the weights vanish, therefore all the edges
remain and the specialization is still connected. We give the proof of the connectedness for
p € {7,11} in subsection 10.6.1 of the Appendix. The information is obtained using [17].

Consider now %?O/y When p # 7, none of the weights vanish, therefore all the edges remain.
We give the proof of the connectedness for p = 7 in subsection 10.6.2 of the Appendix.
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Consider now m When p # 7, none of the weights vanish, therefore the FEg-graph
remains connected. We give the proof of the connectedness for p = 7 in subsection 10.6.3 of
the Appendix.

It now only remains to check that the Schur elements associated to the specialized rep-
resentations are in B and do not vanish under # with B as in Proposition 2.2.4. The Schur
elements are given in Tables 7.5, 7.6 and 7.7. They were obtained using Proposition 9.3.6 and
Table E.7 of [20]. For a pair (p, p*) of representations, we only give the Schur element of one
of the representations since the other is obtained by applying the involution /u \/ﬂ_l. The
conditions on « and p imply that the Schur elements verify the right conditions and the proof
is concluded. O

The restriction table from Hpg, o to its subalgebra Hg, o, generated by Si, S, Ss, Sy, S5, S6
and S7 which is naturally isomorphic to the Iwahori-Hecke of type E; with parameter « is then
given by Tables 7.8 and 7.9. It is obtained using the CHEVIE package of GAP3 [19]. They
correspond in the generic case to the induction/restriction tables of the corresponding Coxeter
groups.

Proposition 7.3.2. The restrictions to Ag, of the representations afforded by those Es-graphs
are absolutely irreducible and the representations of dimension greater than 1 are pairwise non-
isomorphic.

Proof. As in [12] Lemma 3.4, we only need to prove that Ag, is generated by Ag, and Ag,.
This true because sg = 3831_131, 3831_1 € Ag, and s € Apg,.

We now prove the second part of the statement. Let p; and p, be two irreducible representa-
tions of Hp, o such that PllAg, = Pl Ag, - By Lemma 3.2.3,there exists a character £ : Ag, — Fy
such that p; >~ ps ® £. This means there exists € F, such that for all ¢ € [1,8], p1(5;) is
conjugate to xps(S;). We know for any representation p of dimension greater than 1, the set
of eigenvalues of p is equal to {«, —1}. This implies that {a, —1} = {za, —z}. We then have
r=1or (r=—aand —a? = —1). Tt follows that x = 1 and p; =~ p,. O

We now prove a lemma computing the normal closure of Ag, inside Apg, as we did in the
other types.

Lemma 7.3.1. The normal closure < Apg, > A, of Ap, inside Ag, is equal to Ag,, where we
identify Ag, as a subgroup of Ag, using the natural isomorphism from Ag, to < S;,i € [1,7] >.

Proof. By [36], we have Ap, =< 5159357, 54551, 5;97%,i € [2,8] > and
AE7 =< 51535’1_1, 5’453_1, SZSfl,z S [[2, ﬂ] >

This proves we only need to show that SgS;' €< Ap, > Ap, - We have SgS7Ss = 575357,
therefore Sg = 575857(5758)_1 and

SsS7t = 578857511 (979s) ™ = ((S7571)(SsS1 1)) (8757 ) (5787 1) (SsS1H))
This concludes the proof. n
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.

27.

13; . (@g@%@3@%@%@7@%@9@%0@%2¢14¢15®18®20®24¢)30)(u).
8z . %((I)gq)gq)?lq)g@éq)7(1)8(I)g(b%oq)lgq)plq)mq)lgq)go)(U,).

28, :
35, :
50, :
56, :
84, :

112, :
160, :
175, :
210, :
300, :
350, :
400, :
448, :
525, :
560, :
567, :
700, :
7004, :
840, :
840, :
972, :

1008,

1050, :
1296, :

1344, :

i

6
w8

S
|

BB L0y .0) (1),

@g@%@i®5¢%¢)§@9¢10¢%2(I)lgq)24) (U)

D3P PIDZDGDs0 ) (u).
@g@é@i@g@éq)gq)%o@lg(blg)q)lg) (u) .
@%@g@ﬁ@g@%q)gq)g@%zq)wq)go) (U) .
q)gq)§®iq)5q)gq)7q)§q)gq)12q)24) (’U) .
D055 PERT) (u).
(I)gq)gq)iq)5q)éq)%2cb14q)lg> (U) .
q)gq)éq)iq)gq)7q)gq)12q)1g) (U) .
P05 PGPy ) (u).

Dy P5D5PFDrPs Dy Ply) (u).

O3 LIP5 P, Pr2) (w).

o1z (D3RP DG DFPT) (u).

u
1
wb

E@‘ —_

2
6

(PSPPI D5PEDP1oP12P1s) (u).
(P3D5PDEDPEDT, o) (1)
(D3PIPIDED Py D1 P14)(u).

(P3PPI D Dy) (u).

%(¢§@§@3@5@é®12)(m-

ot (505 DR PP 15) (u).

% (q)gq)i@g‘%@?‘bs‘b%o) (u).

D 2 (DFD3PIDED DD Drs) (u).

u

Ta

(
o (PEDGDPEDT,) (u).

u

%0 ((I)écbgq)iq)gq)7q)8q)20) (U) .

u

% (PPIDPIDEDEDD 15D 5)(u).

ble 7.5: Schur elements for non self-dual representations in type FEg
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.

1400,
1400,

1400, :

1575,
2100,
2240,

2268,

2400, :
2800, :

2835,
3200,

3240, : ~

3360, :

4096,

4096, :

4200,

4200, :
4536,
5600, :

6075,

S

e

e

g

S

e

e

O (DSOADLR0,) (u).
5 (D3OI, D15) (u).

2 (D5DID2DLEDeD ) (u).

D 3 (D5D; DT PDIDyD1s) (u).

‘w

13

DEDID2 DD D15) ().

S

10

‘w

®3®i®§®8¢%0¢14) (U)

10

(
(
(@
5 (0
(®5
(
s (

‘w

(I)éq)éq)7q)1g) (U) .

S

S

DLDID2D; PP Dy D) (1).
@

13

<

-

o ©3®4¢5¢6® D) (u).

14

DIDID2D2D; DyD15) ().

‘w :o"‘ & ‘w
—~

DIDADID; P22, (u).

12

e

S

P @%@%@7@9@15) ’LL)

11

oo

11

S

‘w

‘H

(
(
Dy DAD2D, Dy 5 ) (u).
)
(

(I)g(piq)gq)ﬁq)gq)%o) (u) .

15

e

‘H

13

S

‘w

®§®é®9®14) (’LL) .

1

IS
o

-

(
(
(
7 (PR3 PIDED1pD12) (w).
(P53
(©
(®
(

PEDLI D, D2D ) (u).

14

DD D25 DD DD Pr4) (u).

Table 7.6: Schur elements for non self-dual representations in type Eg
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10.
11.
12.
13.
14.
15.
16.
17.
18.

.70y
168, :

420, :

448, :
1134, :

1344,

1400, :
1680, :
2016,

2100, :
2688, :
3150, :
4200, :
4480, : 1
4536, :
5600,
5670,
7168,

S

g

)-
)
. 3T06 (@8(134(1)4(1)15) (u)
)

é%(@%@%@i@aﬁ(u)

35 (B304B208) (u).
i

(®8®4®4®4ﬂ ).
‘E(éééééiég@zﬂ(u»

\@

16 ((I)gq)iq)gq)ﬁq)lg) (U) .

S

[S

[\
|22

w(®§®§®iﬂﬁ2ﬂ“)

S

[\~

<
o

P(@§®§¢é@mﬂ(u»
(@

‘@

2 P3P PEPEDy) ().

16

‘H

S5 PI0GDT,) (u).
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112,
160,
168,
175,
210,
300,
350,
400,
420,
448,
448,
525,
560,
567,
700,
700,54
840,
840,
972,
1008,
1050,
1134,
1296,
1344,
1344,
1400,
1400,
1400,
1400...
1575,
1680,
2016,
2100,
2100,,

1a

L, + 7,

7 +21,

o+ 7, + 27,

15;, 4+ 35

21, + 35,

35, + 35,

1o + 21, + 27, + 35,

lo + 70 + 21, + 27, + 56/,

7+ 21, + 27, + 105,

84, + 84/,

70/, + 105,

7+ 27, + 56, + 120,

27, + 105/ + 168,

21, + 35, + 105/, + 189,

15!, 4 35, + 56/, + 105, + 189;

210, + 210,

35, + 35/ + 189, + 189/,

21, 4+ 70/, + 168, + 189;

21; + 105, 4 189/, + 210,

7+ 21 + 27, + 35, + 56/, + 105/, + 120, + 189

7+ 21, + 21, + 27, + 56, + 105, + 120, + 210,

27, + 35, + 56/, + 105, + 120, + 168, + 189;

15! + 84! + 105, + 216, + 280,

84, + 168, + 210, + 378,

105], + 168, + 189, + 378,

355 + 84, + 168, + 189/, + 216/, + 280,

21, + 27, + 56/, + 105/, + 120, + 189’ + 210, + 280/,
15!, + 355 + 105, + 189} + 210, + 216/, + 280,

189, + 189! + 378, + 378,

21, + 35, + 105, + 120, + 189, + 210, + 280, + 336,
21, + 27, + 35, + 105/, + 120, + 168, + 189; + 189, + 210, + 280,
84, + 84! 4 210, + 210, + 378, + 378!

56/, + 105, + 120, + 189, + 210, + 315, + 405,

280, + 280!, + 420, + 420/,

21/ 427, + 56, + 105/, + 120, + 168, + 189; + 189/ + 210, + 315,
15/ + 70/, + 105, + 189, + 210, + 216/, + 280, + 315/,
21, + 56/, + 105/, + 120, + 189, + 189, + 210, + 280/, + 405,
354 + 35/ + 189, + 189/ + 280, + 280/, + 336, + 336/,
70, + 70, 4+ 210, + 2105 + 216, + 216, + 512, + 512/,
35! + 105/ 4 189, + 189", 4 210, + 280/, + 336, + 336/, + 420,
105, + 105, + 189, + 189, + 336, + 336, + 420, + 420/,

Table 7.8: Restriction table from Hg, o to Hp, -
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2240, = 70, + 105, + 120, + 168, + 189; + 210, + 280, + 315/, + 378!, + 405,

2268, = 56, + 105, + 120, + 168, + 189, + 210, + 280/, + 315, + 405, + 420,
2400, = 35 + 189, + 189, + 210, + 280/, + 336, + 336/, + 405, + 420/,

2688, = 216, + 216, + 280, + 280 + 336, + 336, + 512, + 512/

2800, = 105, + 120, + 189, + 210, + 280/, + 315’ + 336/, + 405, + 420, + 420/,

2835, = 70, + 105, + 210, + 210, + 216/, + 280, + 315/, + 405, + 512, + 512/,
3150, = 70,4+ 70, + 210, + 210, 4 378, + 378, + 405, + 405/, + 512, 4+ 512/,
3200, = 84,4+ 105, + 168, + 189, + 216, + 280, + 336/, + 378, + 420, + 512, + 512,
3240, = 35, 4 56/, + 105], + 105, + 120, + 168, 4 2 x 189; + 189, 4 210,
+216/, + 280/, + 280, + 315/, + 378!, + 405,
3360, = 105, + 189, + 210, + 216/, + 280, + 280, + 315/, + 336, + 405, + 512, + 512/,
4096, = 105 + 120, + 168, + 189, + 189; + 189/ + 210,
+280/, + 280, + 315, + 336/, + 378, 4+ 405, + 420, + 512,
4096, = 105 + 120, + 168, + 189, + 189; + 189’ + 210,
4280/, + 280, + 315/, + 336,, + 378, + 405, + 420, + 512,
4200, = 105, + 168, + 189, + 210, + 210, + 216/, + 280/, + 280, + 315, + 378/, + 405,
+420, + 512, + 512),
4200, = 84,4+ 84/ + 210, + 210, + 216, + 216/, + 280, + 280;, + 378, + 378,
+420, + 420/, + 512, + 512/,
4200, = 84! 4105, + 105, + 210, + 216, + 280/, + 280, + 315/, 4+ 378, + 378,
+405, + 420/, + 512, + 512/,
4480, = 210, + 210}, + 315, + 315/, + 378, + 378], + 405, + 405, + 420, + 420, + 512, + 512/,
4536, = 280, + 280, + 315, + 315, + 336, + 336/, + 405, + 405], + 420, + 420/, + 512, + 512,
4536, = 70, + 84, + 168, + 189, + 189/ + 210, + 210; + 216, + 280, + 315/,
+2 x 378], 4 405, + 420, + 512, + 512,
5600, = 189, + 189/ + 280, + 280/, + 280, + 280; + 336, + 336, + 378, + 378,
+405, + 405, + 420, + 420/, + 512, + 512,
5600, = 105, 4+ 168, + 189, + 189, + 210, + 280/, + 315/, + 336, + 336, + 378, + 405, + 405/,
+2 x 420, + 420/, + 512, + 512),
5670, = 189, + 189/ + 280, + 280/, + 315, + 315/, + 336, + 336, + 378, + 378,
+405, + 405, + 420, + 420/, + 512, + 512],
6075, = 105.+ 189, + 189, + 189/ + 210, + 216/, + 280!, + 280, + 315/, + 336, + 336,
+378, + 378, + 2 x 405, + 420, + 420, + 512, + 512,
7168, = 210, + 210, 4 216, + 216/, + 280, + 280, + 315, + 315/, + 336, + 336, + 378, + 378,
+405, + 405, + 420, + 420, + 2 x 512, + 2 x 512

Table 7.9: Restriction table from Hg, o to Hp, o
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We now determine the image of Apg, inside each given representation. Note that the new
self-dual W-graphs we found all verify w(e;)w(e,) = 1 for any 2-coloring w, therefore the
bilinear forms appearing are self-dual. For the self-dual representation of dimension 4536, since
we do not work with the new W-graph, we use the bilinear form which is availiable at [17] and
see that it is symmetric. The Fg-graphs are all 2-colorable except for 4096,, 4096/, 4096, and
4096",.

Proposition 7.3.3. Assume F,(y/a) # F, =F,(a) = F,(a+a™'). Let p be a representation of
dimension n, associated to a W-graph. If p is not self-dual then p(Ag,) ~ SL, (q) if n, # 4096
and p(Ag,) =~ SL,,(¢?) if n, = 4096. If p is self-dual then p(Ag,) ~ Q (q)-

Assume F, = F,(y/a) = Fyla) = Fyla+ o). Let p be a representation of dimension n,
associated to a W-graph. If p is not self-dual then p(Ags) ~ SL,,(q). If p is self-dual then
p(Ags) ~ € (q).

Assume F, = F(a) # Fp(a+a™t). Let p be a representation of dimension n, associated to a

W -graph. If p is not self-dual then p(Ag,) ~ SUnp(q%). If p is self-dual then p(Ag,) ~ (q2).

Proof. Assume first F, = F,(a) = Fy(a + o '). Let p be a non-self-dual representation of
dimension n, associated to a W-graph. Assume first that the corresponding Eg-graph is 2-
colorable. We can then consider the representation is defined over .. If n, > 28 then we can
apply Theorem 2.3.2 since by Tables 7.8 and 7.9 and Proposition 7.2.3, p(Ag.) contains a natural
SL(q). It follows that p(Ag,) is a classical group over F,. We know that no non-degenerate
bilinear form is preserved by this group because the representation is not self-dual. It cannot
be unitary because it contains a natural SL7(q). We can then conclude that p(Ag) = SL,(q).
We know pg. (Apg,) is an irreducible group normally generated by ps.(Ag,). Since ps_(Ag,)
is a natural SL7(q), we have that ps, (Ag,) is an irreducible subgroup of GLg(q) generated
by transvections, therefore by Theorem 2.3.4, ps. (Ag,) is isormorphic to SLs(q¢'), SUs(¢'z) or
SPs(q') for some ¢ dividing ¢. It contains a natural SL;(q), therefore ¢ = ¢ and ps,(Ag,) =
SLs(q). Assume now that the corresponding W-graph is not 2-colorable. The representations
we have to consider are then the representations of dimension 4096. If F, = F,(y/a) = F,(«)
then we can apply the previous reasoning. If F,(v/a) #F, = F,(a) = F,(a+a™') then X? — «
is an irreducible polynomial over F,. We then have F,» = F,(y/a) = F,/(X? — «) and there is
a unique field automorphism W of degree 2 of F2, ot fixes F, pointiwise and ¥(y/a) = —/a.
By Proposition 7.2.3, for any representation ¢ of dimension different from 512 of Ag., we have
Vo ~ p. We also have ¥ o ps1p, >~ psi2.. By Table 7.9, we have that W o pyggs, is not
isomorphic to psogs, Or psogs, because otherwise we would have W o ps15, ~ psia,, therefore
p512, = psiz,. We also have that W o pygs, is not isomorphic psoge; because otherwise, we
would have W o pysg, © pasgr, therefore pyop, =~ paso, . It follows that W o pyogs, =~ paogs.. We
know by the above reasonning that psogs, (Agy) is a classical group over F, for some ¢’ dividing
¢?. Furthermore, ¢ divides ¢ since it contains a natural SLg0(q). It does not preserve any
non-degenerate bilinear form since p is not self-dual. We cannot have psogs, (Arg) = S Liogs(q)
because W o pyggs, is not isomorphic to pses,. We also cannot have pyogs, (Ars) =~ SUiso96(q)
because paggs, is not isomorphic to W o pagge . It follows that pages, (Ags) ~ S Laoos(q*). We get
the same result for the remaining representations of dimension 4096 using psoge, ~ pPigg, and

P1096. == V¥ © pPagge, -

Assume now that F, = F,(a) # Fy(a + o™ !). Then the same argument as in the proof of
Proposition 7.2.3 gives F, = F,(y/«). Using the same reasoning as above, we only need to prove
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that for any representation p, we have € o p >~ p, where € is the unique field automorphism of
order 2 of F,. The polynomial X2 — (a+«a ') X +1 is an irreducible F,(a + o~ !)-polynomial of
degree 2, therefore we have e¢(a) = a~!. We know by Proposition 7.2.3 that € o ¢* ~ ¢ for any
representation ¢ of Ag.. Finally, by Table 7.8 and Table 7.9, no pair of distinct representations
have the same restriction to Ag,. The result follows. O

We can now state the main theorem for type Es.

Theorem 7.3.1. We let A be a set of representatives of the irreducible 2-colorable non self-
dual representations for the equivalence relation p = ¢ if p = ¢’ and B be the set of irreducible
self-dual representations.

Assume Fp(y/a) # Fy = Fp(a) = Fp(a + a™'). Then the morphism from Ag, to My, ,

II GL,,(q) factorizes through the surjective morphism
p T

12

b Ap, — HSan<Q) X SL4096(Q2) X HQ:,)(Q)
pEA pEB

Assume Fy = Fp(v/a) = Fyp(a) = Fp(a 4+ o7'). Then the morphism from Ag to Hp, , ~

I1 GLy,,(q) factorizes through the surjective morphism
p 1T

®: Ag, = [[SLn,(q) X SLaggs(q)* x HQ;{,J(Q)

pEA pEB

Assume Fq = Fp(a) # Fp(a+ "), Then the morphism from Ag, to "y, ., ~ II GLn,(q)
p Urr
factorizes through the surjective morphism

®: Ap, = [[SU,(¢2) x SUsss(q2) x [T (a3).

pEA peB

Proof. By [36], Ag, is perfect. We can then apply exctly the same arguments as in the proof
of of Proposition 7.1.1. O
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Chapter 8

Type H

In this section, we determine the images of the Artin groups in types H3 and H4. The main
difference with the other types is that in the generic case, some of the irreducible representations
are defined over Q[v/5](y/u) but not Q(/u). We therefore need arguments as in the dihedral
cases to understand the field extensions. Lemma 8.1.2 summarizes the information we need
about the field extensions. The proof is then similar to the proof in the other types. We
first determine the image inside each irreducible representation and then recover the full image
using Goursat’s Lemma. In order to determine the image inside each representation, we will
use inductive arguments using the image in type I3(5) for type Hjz and the image in type
Hj for type Hy. The main results in this section are in Theorems 8.1.1 and 8.5.1. The 8-
dimensional irreducible representations in type H, use additional assumptions on the order
of a which might not be necessaray. The proof is highly computational, therefore it might
be complicated to ommit those assumptions on the order of . The image in the product of
those representations gives rise to a nice description of the Sping (¢) group as can be seen in
Proposition 8.4.3. This section uses many results from chapter 6. We proved Conjecture 6.1 in
type H, and the self-dual Hy-graphs we obtained are available in section 10.2 of the Appendix
and at [17].

8.1 Type Hj

Let p be a prime number, p ¢ {2,5} and o € (F,)* such that the order of o does not divide
20 and does not belong to {1,2,3,4,5,6,10}. Let £ € F, be a primitive fifth-root of unity. We
set F, = Fy(a) and F, = Fy(a, & +&71).

Definition 8.1.1. The Iwahori-Hecke Hp, o s the Fq-algebra generated by the generators
S1, 59,53 and the following relations :

1. Vi€ {1,2,3},(S; — a)(S; + 1) = 0.
2. 51851551 = 5551555,
3. 5185 = S35,

4. 595355 = 535553. For o in the Coxeter group Hs, if o0 = s;, ... 8;
we set T, =5, ...5

it

. s a reduced expression
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1, (D3B3 D5 DD o) (w).
5+ v/5 @5 (u) @5 (1) 1o (u)

8 : 2 u®5b( )(1)106(’&) .
3 5 — /5 B (u) @5 (u) Pro(u)
T 2 ] uds b( )(I)wb( .
5o B0 (u) ().
4 3c1>3( )05 ().

Table 8.1: Schur elements in type Hj

Proposition 8.1.1. Under the conditions we assumed on «, the Iwahori-Hecke algebra is split
semi-simple and the models given by specialization of the W -graphs are irreducible.

Proof. We want to apply Proposition 2.2.4. Let A = Z[H—Q\/g][\/ﬂﬂ], B = Frac(A) and F =
Q[v5](y/u). We have a symetrizing trace defined by 7(Ty) = 1 and 7(7,) = 0 for all o €
H3 \ {1py,}. Hp,w is then a free F-algebra of rank 120. A is an integrally closed integral
domain because Z[lg—‘/g] is integrally closed (see [7] V.3. Corollary 1 and [39] Theorem 9.20.).

Let 6 be the ring homomorphism from A to L = F, defined by 9(1+—2‘/5) =&+ 41,
O(u) = o and O(k) = k. We know F'H is split. The basis formed by the elements T,,0 € Hj
verifies the conditions of the Proposition 2.2.4.

All the W-graphs are connected and remain connected after we specialize the weights be-
cause none of them vanishes under 0. Indeed, if they were not connected then they would afford
reducible representations over Q(v/5)(y/u).

We now only need to check that the Schur elements associated to these irreducible repre-
sentations are in B and don’t vanish under #. For n € N, ®,, is the n-th cyclotomic polynomial
and ®5,(u) = u? + 1+—2*/5u + 1, ®54(u) = u? + 1_—2‘/5u +1,®10,(u) = u? — 1+—2‘/5u + 1 and
Dy p(u) = u? + %u + 1. If x is an irreducible character then the character y* associated
to the dual representation of x has a Schur element ¢« = a(c,), where a is the involution of
Q(v5)(y/u) sending /u to \/u . We define the field automorphism of Q(v/5), written z — =

by @ = ’1%\/5 and g = ¢ for all ¢ € Q. The Schur elements are given in Table 8.1 (obtained
using Table E.2. of the Appendix and corollary 9.3.6 of [20])

Since « is of order not dividing 20 and different from 6 and p # 2, we only need to check
that (355) # 0, 0355) # 0, >+ (€ +&Na+1 #0, >+ (E+ &+ Da+1 # 0,
RFE L1140

We have 9(5+‘[) = §+ 143 =2 242 =—(6—¢1)?2 £0and §(325) =
-+ 2= ( )#0

We also have o + (§ +E&Na+1=(a+&(a+E1) #0 because a is of order not dividing
20. In the same way, o> — ((+& Na+ 1= (a—&)(a—E71) # 0. The last two inequalities are
shown in exactly the same way because the order of £ is the same as the order of £2.

O

We now show a lemma on the Artin groups Ap, and Ap,5) which will be useful later on.

Lemma 8.1.1. We write Ay, =< t, 51, S2,t51t51t = 51151151, 515251 = 525152, 152 = Sot > and
A,y its subgroup generated by t and sy. It is naturally isomorphic to the Artin group of type
LI(5).
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Figure 8.1: W-graphs in type Hs

4/

The derived subgroup Ag, is equal to the normal closure of Ap,s) in Ag,.

Proof. By [36], we know that Ap,s) is generated by sit™!, ¢ts1t72 and ¢*s1¢7° and that Apg, is
generated by st 71 ts1t72, t251t 72 and sot L.

It is thus sufficient to show that sot~! can be written as a product of conjugates of the
generators of Ay, ) or of their inverses. We have

Sot Tt = 5159518, sy Tt = sy (1 ) sgs1s,  (E2) s T = (st ) sy (tsit ) sy H(tsyt ) !
[l

Proposition 8.1.2. The restrictions to Ay, of the representations of dimension greater than
1 afforded by those W -graphs are absolutely irreducible and pairwise non-isomorphic.

Proof. As in [12] Lemma 3.4, we only need to prove that A, is generated by Ay, ) and Ap, in
order to prove the absolute irreducibility. This is true because s3 = 335f151 and 538f1 € Ap,
and s; € Ap,(s)

Let p; and p; be irreducible representations afforded by Hs-graphs. Assume py Apy ™ P2\ Ay, -
By Lemma 3.2.3, we have that there exists a character n such that p; >~ ps ® n. We have
Ag, /Ay, =< S; >~ Z. Tt follows that there exists u € Ek such that pi(S7) is conjugate
to upa(S1). The eigenvalues of pi(S;) and py(S;) are —1 and «a. It follows that {—1,a} =

{—u,ua}. We then have either u = 1 or (u = —a and o? = 1). The latter contradicts our
assumptions on the order of a therefore u = 1 and 7 is the trivial morphism. It follows that
P1 = P2. ]

The four W-graphs provided in [20] (see Figure 8.1, where A = £ + 7! 4 1) then determine
all the irreducible representations of the Iwahori-Hecke algebra over I, up to taking the dual
W-graph or the algebraic conjugate by the involution x +— 7.

Before determining the image of the Artin groups inside each representation, we show that
we cannot always have 1 ~ 2 as in Lemma 5.1.1. Recall that 1 ~ 2 if there exists a field
automorphism ® of F,(a, &+ &) such that P(a+a ') =a+atand P(E+ ) =E+ 72

Lemma 8.1.2. We have 1 ~ 2 as in Lemma 5.1.1 if and only if Fy(o,& + &) = Fyla +
a~hE+E7).
If1~2and Fy(a) =F,(a+a™!) then [F
If1~2and Fy(a) # Fy(a+a™t) then [F
If 12 then Fp(a, E + €71 =Fy(a) # F,

p(@ &+ 7Y i Fy(a)] =2 and @1 5(a) = a.
(@, &+ &N Fyla)] =1 and $15(a) = o™t
(a+a™th).
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Fp(or+a7")
Figure 8.2: Field extensions in types Hs and Hy.1

Proof. The Hasse diagram representing the inclusions between fields in this case can be found
in Figure 8.2. Note that when 1 ~ 2, we have F,(a +a ', + &) £ Fy(a+a™).

Assume by contradiction that 1 ~ 2 and L; = Fy(a,§ + &) #Fp(a+a 1,6+ &7 = L.
Since 1 ~ 2, we have Ly = Fy(a+ a1, + &) # Fy(a+ ') = Ly, because otherwise, ®; 5
would stabilize F,(a + a1, &+ &71). Tt follows that [Ly : Lo] = [La : Ly] =2 and [Ly : Ly = 4.
Let Ly = Fy(a). We have [Ly : L3] <2, [Ls: Ly <2and 4 = [Ly : Ly] = [Ly : Ls][Ls : Lyl
This implies that [L; : L3] = [L3 : L4 = 2. By uniqueness of the subfield of degree 2 of L, we
have Ly = Ls. It follows that o € Ly = Fy(a + o™, & + £ 1), therefore we have that Ly = Ly
which is a contradiction.

Assume now that Fp(a+ a ', + &) # Fy(a + a™!). We then have that there exists an
automorphism @ of order 2 of F, permuting the roots of X? + X — 1. We have (£ + £ 2)* +
42— 1=+ 4248 +E62-1=050 D(2+£72) =+ &L This proves by definition
of ~ that 1 ~ 2

Assume now 1 ~ 2 and F,(a) = F,(a+ a™!). We have that ®; 5 stabilizes F,(a +a~') and
a € Fy(a+ a™!, therefore we have that ®15(a) = a.

Assume now 1 ~ 2 and F,(a) # F,(a + a!). Using the notations of the first part of the
proof, we here have that [Lg : L] = [L3 : L4] = 2. This implies that the unique automorphism
of order 2 of Lz is @15 and X? — (o + o ')X + 1 is an irreducible polynomial of L,[X]. Tt
follows that ®;5(a) = a™!.

Assume 1 » 2. We then have F,(a,& + ¢71) # Fy(a +a ', + €71, This implies that
a ¢ Fyla+a™',6+&7"). It follows that Fy(a) = Fy(a, & +&7"). We then have by the Hasse
diagram in Figure 8.2 that F,(a) # Fy(a+ a™1). O

We now determine the image in each of those representations before determining the image
in the full Iwahori-Hecke algebra.

Proposition 8.1.3. IfF, =F,(a,{ + &) =Fy(a+a ™, + &), then we have
p3, (Am,) = SLs(r) and pzr(Am,) = SLs(r).

IfF, = Fpa,§ + &) # Fpla+ a1+ &), then we have py (Ap,) ~ SUs(r2) and
pr(An,) = SUs(r3).

If1~2and Fy(a) =F,(a+a™t), then @150 P3| A, = P3U Ay
If1~2and Fy(a) # Fy(a+a™t), then @150 P3| Au, = P35l Ay -
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IfF,(a) =F,(a+at), then r = ¢*.
IfF,(a) #Fy(a+a™t), thenr =q.

Proof. First note that by Proposition 6.1 above and Proposition 4.1. of [12], we can see this
representation as a representation over F, even if F,(v/a, &+ &) #F, =F,(a, & + 7).

Let G =< a 'py (S1), 0 ps (Ss),a  ps (S3) >. Let us show that it is primitive. If G
was imprimitive, we could write F}! = V; & Vo @ ... @ V,,, where for all 7 and for all g € G,
there exists a j such that ¢g.V; = V}. Since R; is irreducible, there exists i € [1,3] such that
—R(S;).V1 # V4. Assume there exists i such that —R;(S;).V; # V;. Up to reordering, we have
Vo = —R(S;).Vi. If dim(V;) > 2 then H_p (s, (the hyperplane fixed by —R;(S;)) has a non-
empty intersection with V3, therefore ViNV5 # () which is a contradiction, therefore dim(V;) = 1.
This reasoning is valid for any V;, therefore they are all one-dimensional. Let x € V; be a non-
zero vector, it can be written in a unique way as x = 1 + x9 with x; € ker(R;(S;) + «) and
Ts € H_p,(s,). We then have that —R;(S;)zr = —ax; + 22 and —R(S;)(—R(S;)z) = oz + x5 =
a(xr+z2)+ (1 —a)(—ax; +x3) € V1 & Vs Since a ¢ {0, 1} this contradicts the fact that there
exists j such that —R(S;).Vy = V;. This shows that G is primitive.

By Wagner’s theorem on groups generated by reflections ([45] and Theorem 2.3. of [31]),
since G is primitive and is generated by pseudo-reflections, there exists 7 dividing r such that
SLy(r') < G < GL3(r') or SUs(r'2) < G < GUs(r'2).

We now show that ' must be equal to . We have det(a'p3 (S1)) = —a™!, therefore
a € F.. We also have Tr((a s (S1)atps (S2) = 1 —2a '+ a (€ + &1 +1)%) € Fy,
therefore (£ +&1+1)2 € Fo. Wehave (§4+&6 1 +1)2 =2+ 2414264287 +2 =64+ 671+ 2,
therefore it follows that £ + &' € F,v. Since F, = F,(a, & +£71), we have v’ = 7.

Assume now F, = Fy(a,& + €71 = Fyla+ a6+ &Y. If G < GUs(r2), we let € be
the automorphism of order 2 of F,. We then have e(det(a ' py, (S1)) = det((a"ps.(S1))71),
therefore e(—a™!) = —a and e(a + a™') = a +a™'.

We also have e(Tr((a " ps, (S1)ar ' p3,(52)))) = Tr(a pg, (S1)er ' pg (S2)) 1), therefore e(1—
207 +a M€+ +1)?) =1 —2a+a(§+ &+ 1)% This implies that e((§ + &7 +1)%) =
(€ + &1+ 1)?, therefore (€ + £71) = £+ €71, This would imply that £ + ¢! € IFT%, therefore
F, = IFT 3 which is absurd.

It follows that SL3(r) < G < GLs(r), therefore ps (Ap,) = [pa: (Am,), p3 (Am,)] = [G, G] =
SLg(T).

Assume now F, = F,(a,& + 7)) # Fyla+ a4+ €Y. The unique automorphism of
order 2 of T, stabilizes F, and verifies €(a) = o™ and €(§é +¢7!) = € + ¢! By Lemma 2.4.
of [11], we only need to show that ps ~ e o p4 in order to prove that ps (Ag,) < GUs(r2).
Once this is shown, we will have that there exists P € GL3(r) such that for all i € {1,2,3},
Pps, (S;)P~ = €('p3,(S;)™"). We then have that for all i € {1,2,3}, P(a'ps (T3))P~! =
ate(ty (S)7Y) = e(a ) Le(Ppa (Si)7Y) = e((a™ ps (Si))™Y), therefore G < GUs(r2).

We have e(a) = !, therefore e(y/a’) = e(v/a)? = a ~ and (e(va) — va )(e(va) +
Va ')y = 0. Tt follows that e(y/a) € {£ya '}. We will show that p3, = €0 p5 in both cases
and the proof will be completed.
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_ o+l A 0

Va
Assume €(y/a) = va ' Let P = A —Lj&l I |, we have for all i € {1,2,3},
0 1 —ex

Ja
Pps, (S;)P~' = €('p3,(S;)™"). Note that the matrix is invertible in F, because det(P) =
_(a+1)(—a$\2/ga2+a+l) = 0 would imply —£?—£72+1 = A\? = a+a '+1 and then a € {—£%, —£72}
which is absurd.

1 e g
a+1
Assume €(\/a) = —y/a . Let P = % -1 a—\ﬁ . It verifies the same conditions as
0 -

in the previous case and the determinant is again non-zero, therefore the proof is completed
for the W-graph 3..

The proof is identical for 3. Assume now 1 ~ 2.

Assume first that F,(«) = Fy(a + a!). By Lemma 8.1.2, we have that ®;5(a) = a and
D1o(N\) =P 12(E+ 1 4+1) =242 +1=-¢(—-& 1 =1—\ It follows by Proposition 2.1.2
that there exists a character  : Ay, — F)* such that ®; 50 p5 is an irreducible representation of
Hgo- We have ps;ja,, o >~ ps a6 = p1 %1, PR\ Ay = PoalArys = P2 X 1, where 1 represents
the trivial representation and ®;5 0 po >~ p;. It follows that either ®; 0 P\ Ag, = P3| An, OF

P50 P Ay = P3al Ay We have Tr(p@(SlSQSg_Q)) =a’—a+1— X a'. It follows that
CIDLQ(Tr(pi(SlSQSgQ))) =’ —a+1+A-1a .

We have Tr(ps, (S152557)) = a? —a+1+ (A —1)a~! and Tr(ps, (515255°%) = (A —Da+1—
a™t + a2 Assume by contradiction that ;5 o P31 Agr, = P3| Ay We then have

—a+l+A-Dat! = A=-Da+l—-a't+a?

a?—a? = da—-)lat
(a—aHNa+a™) = AMa—-a™)
at+al = ¢

(@ +1)(E2+a™!) = 0.

It then follows that a'® = 1 which contradicts our assumptions on the order of «. This proves
that @172 9 p?Z‘AHg ~ p32|AH3.

Assume now that F,(a) # F,(a + o !). By Lemma 8.1.2, we have that ®;(a) = a™*
and ®;2(A\) = 1 — A. By the same arguments as in the previous case, we have that either
<I>Lgop3—,slAH3 ™ P31| Ay, OF <I>Lgop3—;|AH3 ™ P3| Am, - Assume by contradiction that @ , © P A, =
P3| Ay, - We then have

a? —a + 14+ (A= Da = @1p(Tr(pz (519295 %)) = Tr(py (515255 %)) = @ —a+ 1+ (A= 1)a .

The same computation as in the previous case shows this is a contradiction and the proof is
thus completed.

We now show that r = ¢? if Fy(a) = Fyla +a™') and r = ¢ if Fy(a) # Fy(a +a™).
If 1 ~ 2, then the result follows by Lemma 8.1.2. Assume now that 1 ~ 2. Note that
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Fy(a) = Fplata™ E+&71) then Fy(a) = Fy(a, E4+E71) therefore the two former fields cannot be
simultaneously subfields of degree 2 of the latter. This implies that [F(a, E4+£71) 1 Fy(a)] < 2.
By Lemma 8.1.2, we have F,(a,& + 1) # Fyla+ o™, € + 7). The result then follows from

2

the fact that [F,(a, E+&71) 1 Fp(a)] = T (@) F (ot o) O
Proposition 8.1.4. IfF, = F,(y&) = F,(a) = F(a+a™ "), then we have py (An,) = SLa(q).

Assume that F, = Fy(y/a) = Fy(a) # Fy(a + a™') and € is the unique automorphism of
order 2 of IF,.

If e(/a) = Ja~ ', then we have pa (Am,) ~ SUL(q?).

If e(/a) = —/a ', then we have pa (Apy) =~ SLi(q2).

IfFy =F,(Va) #F, =Fy(a) =F,(a+ a™?), then we have py (Agn,) = SUs(q).

=

1 _ Va(3+2p) B+2 _ _Va(2+8)
(a+1)(B+1) B+1 (a+1)(B+1)
1 1 248 1
Proof. Let 3 = £+ &Y and M = ol gﬁa (a+1)(1+5) \/a\}ggl) , we have
1 Tkl —f (a+1)
__1 1 _B_ __1_
a+1 Va a+1 vap

5(8+1)P5(a)
det(M) = .
M) = e+ i+ g
Let p; and p, be the two 2-dimensional irreducible representations of Hp,i) =< S, 5 >

detned vy pu(5) = (7 0). s = (5 0) s = (5“7 nd s -

«Q «Q
2
(g 04_51 > We then have

M(P4’T(Sl))M_1: pl(Sl) 0 ,M(p;;;(Sg))M_l: pl(Sg) 0 .
0 p(5) 0 pa(Sa)

We set H = (p1 X p2)(Aps)) and G = py (Amy).

Assume first that F, = F,(y/a) = F,(a) = Fy(a + a™!) and 1 ~ 2. By Theorem 5.1.3, we

have p(Ap,s)) =~ SLa(¢?). More precisely, we have that py (Aps)) = {(j(;[ o O(N>) N €
1,2

SLy(¢*)} € MGM~'. Consider now the maximal subgroups of SLs(q). They are given in
Tables 8.8 and 8.9 of [9]. Since our group is irreducible, we can remove the groups of class
C;. We can also remove the groups of class C; because the field generated by the traces of
the elements of our group if F,. Note that £ + {1 ¢ F, so ¢ is an odd power of p and the
representation is not self-dual. It follows that M GM~! is included in no maximal subgroup
of Cs. The only remaining maximal subgroups are listed below with their order or a quantity
their order divides.

1. (¢—1)32.64, 24(q — 1)3

2. SLy(q)?: (¢ —1).2, 2¢*(¢* — 1)*(¢ — 1)
3. SLy(¢?).(¢+1).2,2(¢+ 1)g*(¢* — 1)
4. (402%4) &g, 92160
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40 21+4)9l5, 46080

g —1,4) 02 PSLy(7), 1344

5. (
6. ( 4)

7. (¢ —1,4) 0 22y, 20160

8. (¢ —1,4) 02 PSUL(2), 103680.

By the conditions on the order of «, we have ¢ > 8 and ¢ # 11. Since p # 2 and ¢
is an odd power of p, we have ¢ > 13. Tt follows that |H| = ¢*(¢* — 1) > 4826640. This
implies that cases 4, 5, 6, 7 and 8 are excluded. If we were in case 1, we would have that
¢* divides 24 which is absurd since p # 2. In case 2, we would have that ¢®> + 1 divides
2(¢> = 1)(g—1) = 2(¢> + 1)(¢ — 1) — 4(g — 1), therefore we would have that ¢* + 1 divides
4(q—1) < ¢* + 1 since ¢ > 13.

The only remaining case is case 3. By [36], Ap, is perfect, it would then follow that
G ~ SLy(¢?). This would imply that G = py (A, ). The coefficient on the first row and third
column of Mpy (5155 )M ™" is equal to 1 (—a — 3y/a—1)3 — (3a — 4y/a — 3).

If this is equal to zero and —a — 3y/a — 1 # 0, then = 35j;fi13 € IF, which is false.

If the coefficient is equal to zero and —a — 3y/a — 1 = 0 then o + 1 = —34/«, therefore
the coefficient is equal to 5y/a # 0 which is absurd. This proves that Mpy (S1S5)M ™1 ¢
pa (Ar, ). This proves that if Fy = F(ya) = Fp(a) = Fy(ad+a™') and 1 ~ 2 then G = SL4(q).

Assume now that F, = F,(v/a) = F,(a) = Fy(a + o ') and 1 = 2. By Theorem 5.1.3, we
have p(Ap,s)) = SLa(q') X SLy(q'), where Fy = Fp(a,§ + &1 = Fpla+a 1+ &Y. By
Lemma 8.1.2, we have that F, = [F,. By Lemma 8.1.1, G is generated by transvections. We
can then apply Theorem 2.3.4 to get that G € {SL4(q), SU4(q~%), SPy(q)} for some ¢ dividing
g. We have ¢ = ¢ because G contains a natural SLy(q). We have that G cannot be preserved
by any non-degenerate bilinear form because py is not self-dual. Assume by contradiction that

G ~ SU4(q%). There exists an automorphism € of order 2 of F, such that € o p}, ~ py,. By
Lemma 3.2.3, we can apply Proposition 2.1.2 to €. It follows that we have that e(c) € {a oz_l}
therefore e(a + ') = a + a~'. This implies that € is of order 1 since F, = F,(a + o~ '). This
is a contradiction, therefore G = SL4(q).

Assume now F, = F,(y/a) = Fy(a) # Fy(a +a') and 1 ~ 2. We have ®;5(a) = o™},
therefore ®y5(v/a) € {#/a '}. By Theorem 5.1.3, we have H ~ SL,(q).

a—\/a“rl 1 1 \/E
Va a+1
Assume first @1 5(y/a) = /a . Let R = ) N TR ) . We have
a+1 Va
\/& 1 1 Oc—\/a-‘rl
a+1 va

det(R) = s (VO P10(/a) £ () apd

a?(a+1)*
(R pay (S1)R, R pay (S2) R, R par (S3) R) = (e(*pag (S1) "), €("pay (S2) 1), €("pa (S3) ™).

It follows by Lemma 3.2.4 that up to conjugation in GL4(q), we have G < SU4(q%). We know G
is irreducible so it is included in no subgroup of class C;. We list below the remaining maximal
subgroups of S U4(q%) with their order or a quantity their order divides. The tables are obtained
using Table 8.10 and 8.11 of [9].
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1. (g2 +1)3.64, 24(¢2 +1)3
2. SUs(g2)?: (g% +1).2, 2q(q7 + 1)(g — 1)?
3. SLa(q)-(q7 —1).2, 2(q2 — 1)|SLa(q)]
4. SU4(qo), g% = qb, v odd prime, ¢§(q2 — 1)(¢3 + 1)(qi — 1)
5. SOf(g2).[(g7 +1,4)], 4q(g — 1)?
6. SO (q7).[(g> + 1,4)], 4g(¢* — 1)
7. (4021455, 92160
8. (40 21+4)-Sg, 46080
9. (q2 +1,4) 0 22 PSLy(7), 1344
10. (g2 4+ 1,4) 0 225, 20160
11. 4,PSL3(4), 5040

12. (q2 + 1,4) 0 2-PSU,(2), 207360

We have |H| = q(¢* — 1). We have ®;5(a) = a™' so a1 = 1. This implies that ¢z + 1 > 7,
therefore we have that ¢ > 49. It follows that |H| > 117600. This excludes cases 7 to 11.
We have that ¢ is a square and p is odd, therefore ¢ > 49 implies that ¢ = 49 or ¢ > 81. If
g =49 then |H| = 117600 does not divide 207360, therefore case 12 is excluded. If ¢ > 81 then
|H| > 531360. Therefore, case 12 is excluded for any g¢.

Assume by contradiction that we are in case 1. We then have that ¢ divides 24 which is a
contradiction. Case 1 is therefore excluded.

Assume by contradiction that we are in case 2. We then have that g+1 divides (g2 +1)(g—1).
It follows that ¢+ 1 divides (¢z +1)(¢+1) — (¢Z +1)(¢— 1) = 2¢2 < ¢+ 1. This contradiction
proves that case 2 is excluded.

Assume by contradiction that we are in case 4. We then have that ¢ divides ¢§ = q%. This
implies that r = 3, therefore (¢2 —1) divides (¢5 —1)(g+1)(¢3 — 1). It follows that ¢— 1 divides
(=13 —1)=¢*—qs —q3+1=¢>—1—¢q3(q—1) — ¢35 — q5 + 2. This implies that ¢ — 1
divides q% + q% — 2 < q— 1. This contradiction proves that case 4 is also excluded.

Assume now by contradiction that we are in case 3. Since G is perfect, we have that
G < SLy(q). It follows that G = H but this is absurd by the computations made when
F,=F,(va)=F,(a) =Fy(a+a')and 1 ~ 2.

Assume by contradiction that we are in case 5 or 6. By [36], we have that Ay, is perfect.
It follows that we would have G < SOjf(q%). This contradicts the fact that py is not self-dual.

It follows that G is included in no maximal subgroup of S U4(q%). This implies that G ~
S U4(q%)
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5
[a—y
[S—y

°

<,

+

[

a+l1 Va
L 1 a+y/a+l a+1 1
Assume now @ 5(y/a) = —y/a . Let R = ) zﬁ a+\/\/%+1 . . We
Va a+l1
a—\/a-‘,-l 1 1 \/a
Va a+1

have det(R') = det(R) # 0 and
(R pay (TR, R pa (SR, R par (S2) R') = (—ae(puy (T)), —ae(pay (S1)), —e(par (Sa)))-

It follows by Lemma 3.2.4 that up to conjugation in GL4(q), we have G < SL4(q%). We have
here ¢ > 49 so |H| > 117600. We can then apply the same reasoning as for F, = F,(y/a) =
F,(a) =Fy(a+a™') and 1 ~ 2 to prove that G ~ SLy(q?).

Assume F, = F,(y/a) = F,(a) # F,(a+a ') and 1 = 2. Let € be the unique automorphism
of order 2 of F,. By the same arguments as in the previous case, if e(y/a) = va~ ! then we
have that up to conjugation, G < SUy(q2). If e(y/a) = —y/a ', then we have that, up to
conjugation, G < SLy(q2). We have H ~ SU,(q2) x SUs(q2). By Lemma 8.1.1, we have that
G is normally generated by H. It follows that G is an irreducible subgroup of G'L4(q) generated
by transvections.

Assume e(v/a) = v/a '. By Theorem 2.3.4, we have that G is conjugate in GLy(q) to
SUL(¢'2), SPi(¢') or SLy(¢') for some ¢ dividing ¢. We know that G contains a natural
S Ug(q%). By Lemma 3.3.3, we have that q% divides q. py is not self-dual so the symplectic case
is excluded. The groups SLs(¢) and SLy(¢2) are not included in SU,(¢Z), therefore we have
G ~ SU4(q7) or G ~ SU4(q2). The natural SUs(q?) cannot be included in SU,(q7), therefore
we have that G ~ SU,(¢2).

Assume now that e(v/a) = —/a '. By Theorem 2.3.4 and the facts that G contains a
natural SUz(q%) and py not self-dual, we have that G is conjugate in G'L4(q) to SU4(q%),

SL4(q%) or SL4(q). G is conjugate to a subgroup of SL4(q%) therefore we have that G ~
SLa(q?).

Assume now that F2 = F,(v/a) # Fy(a) = Fy(a+a ) and 1 ~ 2. By Lemma 8.1.2, we have
that the unique automorphism of order 2 of F 2 is ®; 5 and @1 5(«) = . The polynomial X?—a

is irreducible in F,[X], therefore we have that ®; o(v/a) = —y/a. Let Q = Ey 4+ Es 3+ FE32+FEy 1,
we have that

(Qpar (S1)Q ™1, Qpar (S2)Q™ ", Qpar (93)Q 1) = (—ae(*(par (S1) 1)), —ve(*(par (S2) 1)), —cre(*(par (S3)7H)).

It follows by Lemma 3.2.4 that up to conjugation in GL4(q¢?), we have that G < SU,(q). We
have H ~ SLy(¢*). We have here ®;5(a) = «, therefore a4~! = 1. This implies that ¢ > 8
and ¢ # 11. We also have that ¢ is not a square since £ + ¢! ¢ F,. It follows that ¢ > 13 and
we can apply the same reasonning as when F, = F,(v/a) = F,(a) # F(a + a™'), 1 ~ 2 and
@1 5(y/a) = /o ' to conclude that G ~ SU(q).

Assume now that F 2 = F,(v/a) # Fy(a) = Fy(a+ a™') and 1 ~ 2. The unique automor-
phism € of order 2 of F, still verifies e(y/a) = —y/a, therefore we have that G < SUy(q)
up to conjugation in GL,(¢?). By Lemma 8.1.2 and Theorem 5.1.3, we have that H =~
SUs(q) x SUs(q). By Lemma 8.2.1, we have that Ap, is normally generated by Aj,s). It
follows that py (Ap,) is generated by transvections. The group G contains a natural SUs(q),

163



therefore by Lemma 3.3.3, we have that the field generated by the traces of the elements of

G contains F. We also have that G preserves no non-degenerate bilinear form because py; is
not self-dual. By Theorem 2.3.4, we have that G is conjugate in G'Ly(¢?) to SL4(q), SU4(q) or
SL4(q*). We can then conclude that G ~ SU,(q) conclude from the fact that G < SU,(q). O

Proposition 8.1.5. If F, = F,(a) = F,(a + o), then we have ps (Ap,) ~ SLs(q). If
F,=F,(a) #F,(a+a™t), then we have ps, (Ap,) ~ SU5(q%)

Proof. Let G = ps (Am,) and H = p5 (Ap,5). First note that by Proposition 6.1, we can
assume G < SLs(q). Let us now consider the restriction to Ap). Let M be the following
matrix

Vale+1)(B+1) —a(B+2)(B+1) Vala+1)(f+2) —a(f+2) 0
—Va(B+1) (a+1)(B+1) —va(B +2) a+1 —Va

fla+1) —Vaf B -Da+1) —VapE-—1) 0
-8 gt —p -1 B B
0 0 0 0 1

We then have det(M) = 5®5(«) # 0 and for all h € Hy,(5),a,

pi(h) 0 0
Mps (MM~ = 1| 0 py(h) 0
0 0 Ind(h)

The representations above are given in Theorem 5.1.1.

Assume now F, = F(a) = F,(a+a ') and 1 ~ 2. We then have ¢ is an odd power of p. By
Lemma 8.1.2 and Theorem 5.1.3, we have that H ~ SL,(q*). We now consider the maximal

subgroups of SLs(q) given in Tables 8.18 and 8.19 of [9]. We know that G is irreducible,
therefore it cannot be contained in any group of class C;. Since G contains H, we have that the
field generated by the elements of G contains I, therefore we have that G' cannot be included
in any group of class Cs. The group G contains a SLy(q?) twisted by the field automorphism
of degree 2 of F 2, therefore it cannot be a subgroup of S U5(q%). We know that ps, is not self-
dual, therefore G cannot preserve any non-degenerate bilinear form. It follows that G cannot
be included in any group of class Cs. We list below the remaining maximal subgroups remaining
and their order or a quantity their order divides.

1. (g —1)*: &;5, 120(q — 1)*

2. q;:11 5, 50"+ + ¢ +q+1)

3. 5472 Spy(5), 15000
4. (g —1,5) x PSLy(11), 3300
5. My, 7920

6. (¢ —1,5) x PSU4(2), 129600
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We have a?! =150 ¢—1> 7. It follows that ¢ > 9 and |H| > 531360. This excludes
cases 3 to 6.

Assume we are in case 1 or 2. We have |H| = ¢*(¢* — 1). It follows that ¢* divides 120.
This is absurd because p # 2.

It follows that G ~ SLs(q).

Assume now F, = F,(a) = Fy(a + a™!) and 1 = 2. We then have that ps (A,s) =~
SUy(q) x SUy(q). The group G is then irreducible and generated by transvections. Therefore,
by Theorem 2.3.4, we have that G € {SLs(¢")Sps(¢'), SU5(q’%), ¢'|q}. Since G contains a natural
SLy(q), we have that ¢’ = ¢. We have G # SUs(¢2) because G contains a natural SUs(q) and
G # Sps(q) because ps, % pi_. This proves that G ~ SLs(q).

Assume now that F, = F,(a) # Fy(a + a™') and 1 ~ 2. By Lemma 8.1.2 and Theorem
5.1.3, we have that H ~ SLy(q) and @, is the unique automorphism of order 2 of F,. We
have ®;5(a) = ™!, therefore by Proposition 2.1.2, we have that ®; 4 o D5, A, = P5,| A, OF
(131’2 o p5T‘AH3 >~ p5HAH3‘ We have

Tr(ps, (5192957)) = o —2a+2—a™!
©15(Te(ps,(815:55%))) = a?—2a7'+2-a
Tr(ps, (S152557)) = a?=2a7'+2—a

Ifa?—20+2—a'=a2—-2a"'4+2—a, then
0=a’—a?—(a—a)=(a—aNa+tat—1)=a?a®—-1)Pa).

This proves that ®12 0 ps,|a,, > 5|4y, therefore we have that @5 o pgr\AH3 ~ 5. Ay,- BY

Lemma 3.2.4, we have that G is conjugate in GL5(q) to a subgroup of SU5(q%).

We now consider the maximal subgroups of SUs(¢z) given in Tables 8.20 and 8.21 of [9]. G
is irreducible so it cannot be included in a maximal subgroup of class C;. It contains a diagonal
SLs(q) twisted by e, therefore it cannot be included in a maximal subgroup of class C5. We list
below the remaining maximal subgroups with their order or a quantity their order divides.

1. (q2 +1)*: &5, 120(q2 + 1)

5
2. L5 :5,5(¢" —¢* + ¢ —q+1)

3. 5472 SPy(5), 15000
4. (g2 +1,5) x PSLy(11), 3300

5. (¢ +1,5) x PSUL(2), 129600

We have |H| = q(¢* — 1). We have Qi+l — 1, therefore 2 > 6. This implies that g2 > 7
and ¢ > 49. This implies that ¢ = 49 or ¢ > 81 since ¢ is as square and p # 2. We then have
that |H| = 117600 or |H| > 531360. Cases 3, 4 and 5 are therefore excluded. We have that ¢
is a square and p # 2, therefore ¢ does not divide 120 and cases 1 and 2 are excluded.

It follows that G ~ SUs(q2).
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Assume now that F, = F,(a) # F,(a + a!) and 1 = 2. We then have by the same
arguments as in the previous case that G is conjugate in GLs(q) to a subgroup of SU;,(q%).
We have H ~ SUg(q%) X SUQ(Q%). By Lemma 8.1.1, we have that GG is normally generated by
H. This implies that G is an irreducible group generated by transvections. We also have that
GG contains a natural SUg(q%) and ps, is not self-dual. It follows by Theorem 2.3.4 that G is
conjugate in GLs(q) to SU5(q%), SL5(q%) or SLs(q). G is conjugate to a subgroup of SU5(q%)
so G ~ SUs(q2) and the proof is concluded. O

Theorem 8.1.1. Under the assumptions on a and p, we have the following results.

1. Assume 1 ~ 2.

(a) If Fy = Fp(vVa) = Fp(a) = Fyp(a + a™t), then the morphism from Ap, to My, , ~
GL1(q)* x GL3(q)? x GL4(q)? x GLs(q) factorizes through the surjective morphism

P . AH3 — SL3(q2) X SL4<Q) X SL5<q)

(b) If F, = F,(Va) =Fy(a) # F(a+a™t) and ®12(v/a@) = Va ', then the morphism
from Ag, to Hi;, , ~ GLi(q)* x GLs(q)* x GL4(q)* x GLs(q) factorizes through the
surjective morphism

® : Ay, — SLs(q) x SU(q?) x SUs(q?).

(¢) IfF, = F,(y/a) = Fy(a) # F(a+a™) and ®15(/a) = —/a ', then the morphism
from Ap, to Hi;, , ~ GL1(q)? x GLs(q)* x GL4(q)* x GLs(q) factorizes through the
surjective morphism

NI

® : Ay, — SLs(q) x SLi(q2) x SUs(q?).

(d) If Fp = F,(Va) # Fy(a) = Fp(a+ a™'), then the morphism from Ag, to Hiy, , ~
GL1(q)* x GL3(q)* x GL4(q)* x GLs(q) factorizes through the surjective morphism

O Ay, — SL3(q*) x SU4(q) x SLs(q).

2. Assume 1 = 2. When it exists, we write € the automorphism of order 2 of F,.

(a) If By = Fp(va) = Fy(o) # Fya+a ') and e(v/a) = Ja ', then the morphism
from Ag, to Hi;, , ~ GL1(q)* x GLs(q)* x GL4(q)* x GLs(q) factorizes through the

surjective morphism

)2 x SUs(q2) x SUs(q?).

D=

P AH3 — SUg(q

(b) If F, = Fy(y/a) = Fy(a) # Fy(a + oY) and e(v/a) = —/a ', then the morphism
from Ag, to Hi, , ~ GL1(q)* x GLs(q)* x GL4(q)* x GLs(q) factorizes through the
surjective morphism

®: Ay, — SUs(q2)? x SLy(q2) x SUs(q2).
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Proof. Assume first that 1 ~ 2. We then have the result by Lemmas 3.3.1 and 8.1.2 and
Propositions 8.1.3, 8.1.4 and 8.1.5.

Assume now that 1 »~ 2. By [36], Ap, is perfect, it follows that by Lemmas 3.3.1 and 8.1.2
and Propositions 8.1.3, 8.1.4 and 8.1.5, we only need to prove that in all cases there exists no
non-trivial field automorphism ¢ of () such that ¢o pg, Aszy = P3el Ay OF PO Ay ™ P31 An,
to conclude the proof. Assume there exists such an automorphism ¢. By Proposition 2.1.2 and
Lemma 3.2.3, we have that p(a) € {a,a™'}. It follows that p(a + a™') = a + a7t If
F,(a) = Fp(a + at), this proves that ¢ is trivial. If Fy(a) # Fy(a + o), then ¢ = € and
P05\ An, = PR Ay, The result thus follows from Proposition 8.1.2. O

8.2 Type H,, general aspects

Let p be a prime number, p ¢ {2,3,5} and o € F, such that the order of does not divide 20,
30 or 48. Let £ € T, be a primitive fifth-root of unity. We set F, = F,(«). The irreducible
representations are given by the Hy-graphs in subsection 10.2 of the Appendix. The highest
dimensional representation is of dimension 48 and our results for this representation are still
conjectural in some cases.

Definition 8.2.1. The Iwahori-Hecke Hp, o s the F,-algebra generated by the generators
S1, 59,53, S84 and the following relations :

1. Vi e {1,2,3,4},(S; — a)(S; + 1) = 0.
2. 515551555, = S251525, S,

3. S8 = S35,

4. 5184 = S48,

5. S5839, = S39554,

6. S5Sy = SuSs,

7. S385453 = S453S54. For o in the Coxeter group Hy, if 0 = s;, ... ;
we setT, =85, ...S

it

. 1s a reduced expression

We then use the W-graphs given in the Appendix which are the W-graphs given in [20]
together with the new ones verifying the conditions in Theorem 6.2.

Proposition 8.2.1. If the order of a does not divide 12,20 or 30 then the Twahori-Hecke algebra
is split semi-simple and the models given by specialization of the W -graphs are irreducible
and pairwise non-isomorphic. The restriction rules from the generic case then apply to the
specialized case.

Proof. As in type Hj, we let A = Z[H—Q*/g][\/ﬂﬂ] and F = Q[v/5](y/u). We have a symetrizing
trace defined by 7(7y) = 1 and 7(7,) = 0 for all 0 € Hy \ {1m,}. The algebra Hp, , is then a
free F-algebra of rank 14400. We have that A is an integrally closed integral domain because
Z[”Q—‘/g] is integrally closed (see [7] V.3. Corollary 1 and [39] Theorem 9.20.).
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Let 6 be the ring homomorphism from A to L = F, defined by Q(H—Z\/g) =&+ 41,
O(u) = « and O(k) = k. We know F'H is split. The basis formed by the elements T,,0 € Hy
verifies the conditions of the Proposition 2.2.4.

We now only need to check that the Schur elements associated to these irreducible repre-
sentations are in B and don’t vanish when specialized under 6. For n € N, &, is the n-th
cyclotomic polynomial and q)5,a(u) =u?+ %u +1, <I>57b( u) = u? + ‘[u + 1, Pipau) =
u? — ”2—\/% + 1, ®yo4(u) = u? + ‘f’lu + 1, ®i5,(u) = u 1*‘[ ud + H\[ 2 1+2fu + 1,
(1)1571)(’&) = U4+f_1U3+1 f 2"‘\/» IU“—]. (I)QOQ( ) = U4 1+f 2‘|‘1 q)go b( ) =Uu +‘f—1u2—|—1
B0 (1) :u4+1+‘[ 54 Hf 2+”fu+1 and <I>30b( ) =t 2503 4 12 4 1 fu+1
If x is an irreduc1b1e character then the character x* associated to the dual representatlon of x
has a Schur element ¢, = a(c, ), where a is the involution of Q(v/5)(y/u) sending v/u to V!

We define the field automorphism of Q(+/5), written 2 — Z by f L — ’1%‘/5 and k = k for
all k € Q. They are given Table 8.2 (obtained using Table E.2. of the Appendix and Corollary
9.3.6 of [20]).

It then only remains to check that the Hy-graphs are still connected after specialization.
We must then check which weights vanish under € since they are connected in the generic case.
The 48-dimensional H,-graph we found verifying the conditions of Theorem 6.2 is not defined
for p = 29. We therefore only use the bilinear form obtained using its existence. We consider
the one found in [2] which is also available in [20] and the CHEVIE Package of GAP3 [19].
Recall that 3 =&+ ¢+ 1 and p ¢ {2,3,5}. We first prove that for p # 19, we have

(1=3)B+128+3)(B+2)(38+4)(28+1)(B+3)(B+5) #0.

We have 1 = 8=1—-§—¢ 1 =—HE—¢+1) = —EH(P6(¢)) #
A1 = E1By(6) £ 0, A+2 = £10(€) # 0 and A = 5 1D,(€) # 0.
Assume by contradlctlon that 26+3—0 We then have § = % We have 2+ 5 —1 = 0.

It follows that 0 = Z — 5 —1= %j‘ﬁ‘ = _Z’ which is absurd.

Assume by contradiction that 38 +4 = 0. We then have § = —%. It follows that 0 =
136 — = — 1= —2, which is absurd.

Assurne by contradlctlon that 26 +1 = 0. We then have g = —%. It follows that 0 =
i = — 1= =2, which is absurd.

Assume by contradlctlon that 34+ 3 = 0. We then have £ + £~! = —3, therefore 0 =
9 — 3 — 1 =5, which is absurd.

Assume by contradiction that 3 +5 = 0. We then have & + ¢! = —5 therefore 0 =

25 — 5 —1=19. This implies that p = 19, which contradicts our assumption on p.

For the 40-dimensional representation, the only weight which can vanish is % We have that
none of the weights vanish for p ¢ {7,19}.

For p = 7, only the brown edges in the figure in the Appendix vanish for the 40-dimensional
representation. There are only 2 such edges in the Hy-graph 40,. Since the graph is symmetric,
we only need to check that the path represented by one of the brown edges can be replaced.
One of the brown edges connects the right vertex x with I(z) = {s1, s2, 54} to a vertex y with
I(y) = {s2,s4}. It can be replaced by the path going through yellow then green then black
edges with vertices xg = x, 1, 23 and x3 = y such that I(x;) = {s2, 84} and I(x9) = {s3}.

For p = 19, we only need to consider the Hy-graph 30,. Only the blue edges vanish and it is
clear from the figure in the Appendix that the graph remains connected without those edges.
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16,

((I)%(I)gq)iq)gq)%q)%oq)lgq)15@20(1)30)(U)
545 (PLD2B2ZD2D2 D5 D) (u)

2 uds 4 (u)Pro0 (1) P56 (1) Psoo(u)
5-v5  (PIDIDIDIDTP15Ps) (u)

2 udsp(u)Pigp(u)Prsp(u)Psop(u)
54+ V5 (P3PIDZDRT Do) (u)

2 u®s5 4 (u)Pro,a)y(w) Paop(u)
5—5 (0ID2D2D2 Do) (u)

2 uldsp(u) P p(u) Do

18 +8v5 (qﬂcb?cbfo)(u)

120( 92 )u6(I> ()q)%ob(u)
18 — 8v/5 (<I>2<I>2<I>%o)(U>
120( 9 >u6®§b( )@% 4 (1)
7-3V5,  (PI0EP1s)(u)
30( 2 uSPs p(u)*P15,4(u)
s T +3VE) (210205)(u)
( 2 u6(1)5a(g u)?®y5,(u)
7(¢§¢%0)(U)
1;(@%@12)(“)
L2(¢%@5©§)(u)
3—V5, (P5D%P15)(u)
30(— )uﬁcp%oﬂ(u)q)w,b(u)
3+ V5, (250515)(u)
30( 5 )uﬁ@%o’b(u)q)ma(u)
20(DD2Dy0) (1)
uSPs ()2 Do p(u)
20(03D2Ps) (1)
o B il
X 3 @2 D30) (u
30( 2\/_ uSPy p(u)? P30 o (u)
3.5 (@4@%1)30)(
30(=— )u6q>5 ()20, (1)
ub (®2q>2<1>5)(u)
(@392 w)
i0(®4q)2q>10)(u)

Table 8.2: Schur ¥éments in type Hy



We now prove that the Schur elements do not vanish under . The first 9 representations
are not self-dual and all the remaining ones are. The representations p are stable by the field
automorphism sending /5 to —/5 if and only if the representation 7 does not appear in the
list in Table 8.2.

By the conditions on «, none of the cyclotomic polynomials appearing in 8.2 cancel ae. We
have (I)S,a(I)E),b = O3, (I)lo,aq)lmb = Dy, (I)15,a<p15,b = D5, (I)2O,aq)2l),b = Py and (1)30,aq>30,b = Dy,
therefore none these polynomials cancel a.

The roles of é+&1 and £2+£72 are symmetric, therefore it remains to check that 3+&+£71 #
0,5—8(E+&1)#0,2-3(E+& ) #0and 1 —&—E71#0.

If3+&+E1 =0, then 2 — &2 — £72 = 0. Therefore (1 —&)(1 —£71) =0, which is absurd.

If5—-8(6+¢&1) =0, then £+ ¢! = 2. Therefore (2)2+2 —1=0and 25440 — 8 = 0,
which implies that 57 = 0. We then have 19 = 0 because p # 3. In F19, we have 42 +4 -1 =0
and (=5)? + (=5) — 1 = 0, therefore £ + &' € {4,14}. It follows that 5 — 8({ +&71) €
{b—8x4,5—-8x (=5)} ={-27,45}. Therefore 27 = 0 or 45 = 0 in Fyg, which is absurd.

If2—-3(+¢") =0, then £+ &' = 2. Therefore ()’ 4+ 2 —-1=0and 4+6 -3 = 0.
This would imply 7 = 0, therefore p = 7. Note that X2 + X — 1 has no roots in F; and & + ¢1
cancels X? + X — 1, therefore £ + £ ¢ Fr and £ + &' = 2 = 10 = 3. This implies 3 ¢ Fy
which is absurd.

If1—¢—¢1=0, then 2+ &2+ 2 =0. Therefore (14 &)(1+ £71) = 0, which is absurd.
This concludes the proof.

m

The restrictions of the representations to Hy, available in the CHEVIE package of GAP3
[19] are given in Table 8.3 (we don’t write the restriction of a dual representation or a rep-
resentation obtained after applying the field automorphism sending & + £~ to €2 + €72 if the
restriction of the representation is already given), where for a representation R, the dual repre-
sentation is denoted by R’. In the generic case, they are the same as the induction/restriction
tables of the corresponding finite Coxeter groups, therefore they can be computed easily.

Lemma 8.2.1. The normal closure < Apy >a,, of An, inside Ay, is equal to Ap,.

Proof. We note s1, s2, s3 and s4 the Coxeter generators of Ay, such that s;, s, and s3 generate
Ap, and $182515251 = S251595152. By [36], we have

3

_ -1 -2 2 — 3 —4 -1

-1 -2 .2 -3 3 —4 -1 -1

It follows that we only need to show that sys;' €< Az, > Ag,- This is true because

5457 = 535453(5354) 187t = (s5354) (5357 )(5354) 1 = (5357 "s457 ") (5357 ) (5357 tsasy ) h

[]

Proposition 8.2.2. The restrictions of the irreducible representations of dimension greater
than 1 of Hu, o to An, are absolutely irreducible and pairwise non-isomorphic.

Proof. As in [12] Lemma 3.4, we only need to prove that Ag, is generated by Ay, and Ag,.
This true because s4 = s4sf131 and s4sf1 € Ap, and s; € Apg,.
The proof of the second part of the statement is the same as for Proposition 8.1.2. O]
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Table 8.3: Restriction from Hp, o to Hy o

8.3 Type H,, low dimensional representations

We now determine the image of the Artin group of type H, inside the low-dimensional repre-
sentations of the Iwahori-Hecke algebra.

Proposition 8.3.1.

1. Assume 1 ~ 2.

(a) IfFy =TFp(a) =Fyla+a™’
(b) IfFy =Fy(a) #Fyla+a™

 then pa,(An,) ~ SLa(¢?).

)
), then py,(Ap,) ~ SLa(q).
2. If 1 = 2, then pa,(An,) ~ SUs(q2).

If1~2 and Fy(a) = Fyp(a+a™), then ©120 pgya,, = Pafdn,-
If1~2 and Fy(a) # Fy(a+a™h), then 120 pra,, = Payjay, -

Proof. The proof of the first part of the statement is identical to the proof of Proposition 8.1.3.

The proof of the second part of the statement follows from Proposition 8.1.3 and Table
8.3. O

Proposition 8.3.2.
1. Assume 1 ~ 2.
(a) If Fy =TFp(a) =Fp(a+a™'), then ps (An,) = Q4 (¢*).
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(b) If Fy =Fpla) # Fpla+ a_l): then pe,(Am,) =~ Qs (q).

(¢c) We have @140 P6s| A, = Po;| A, -

2. Assume 1= 2. We then have pg,(Am,) ~ Qi (q2).

Proof. Let F, = F,(a,& + &), By Proposition 6.2, we have pg, (Ag,) < Q4 (¢'), where F, =
Fp(ver, & +&71). By Proposition 6.1, we also have pg, ~ 0 o p,, where 0 = Lyp, if F, = F, and
o is the automorphism of order 2 of F, otherwise. We then have by Proposition 4.1 of [12] that
up to conjugation, we have pg, (Agm,) < Qg (r).

Assume first that 1 ~ 2. By Proposition 8.1.2, we have that F,(«,é+&71) =Fp(a+a™, E+
¢71). By Table 8.3 and Theorem 8.1.1, we have that pg, (Apg,) is up to conjugation a twisted
SLs(r). Tt follows that pg,(Ag,) is an irreducible subgroup of ¢ (r) generated by long root
clements. By Kantor’s Theorem 2.3.3, we have that pg, (Apg,) is conjugate in GLg(r) to one of
the following groups

1. Qéc(r),
2. Q5 (vr) < Qg (r).

We have |5 (v7)| = Vi (V7 + D)(Vr — 1)(7 — 1)/2. This means that if pg, (Ag, was
isomorphic to Q5 (v/7) then we would have that 73(r2 —1)(r® — 1) would divide 73(/7> +1)(r% —
1)(r — 1), therefore 73 — 1 would divide (r2 +1)(r —1) = 72 —r2 +7 — 1 < 7 — 1 which is
absurd because both quantities are positive.

We cannot have pg, (Am,) ~ Qg (r) because otherwise we would have Qg (r) < Qd(r),
therefore r%(r3 + 1)(r* — 1)(r? — 1) would divide r®(r® — 1)(r* — 1)(#? — 1). This would imply
that 73 4+ 1 divides r* — 1 which is absurd.

This implies that pg, (Agm,) ~ Qf (r).

We know that @4 o P65 A, = P6, Ay, OF ®y90 P64, ™ Poil Ay, The Table 8.3 and
Proposition 8.1.3 imply that the latter possibility is the only one possible.

Assume now 1 ~ 2. By Proposition 8.1.2, we have that F,(a,£+&71) # Fpla+a !, E+E71).
There exists then a unique automorphism e of order 2 of F,. We have ¢(a) = a~!. Tt follows by
Proposition 2.1.2 that €0 pg 4y, ~ 6, Ax, OF €006, Ay, ~ P8 As, By Table 8.3 and Proposition
8.1.3, we have that € o pg |4, =~ p6,|a,,- This implies by Proposition 4.1 of [12] that, up to
conjugation in G'Ly(r), we have pg,j4,, < Qf (r2). By Proposition 8.1.3 and Table 8.3, we have
that ps, (A, ~ SUs(r2). We can again apply Theorem 2.3.3, and we have that pg, (Ag,) is
conjugate in G'Lg(r) to one of the following groups

1 Qf(r?),

2. Qg (ri) < QF(r).

We have |SUs(rz)| = r2(r — 1)(r? + 1) and Q5 (r7)| = r2(ri + 1)(r — 1)(rz — 1)/2.
Assume by contradiction that we are in the second case. We then have that (r% + 1) divides
(ri+1)(rz —1)/2 = %(T% — 71472 —1) <72+ 1. This is a contradiction, therefore we have
that ps, (An,) = QF (r2).

The proof is then concluded by Proposition 8.1.3. O
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Proposition 8.3.3. If F, =F,(a) = F,(a+ a™'), then we have ps (Am,) ~ Q4 (q).
IfF, = Fy(a) # Fy(a+a™b), then we have ps, (Am,) ~ Q (¢2).

Proof. Assume first that F,(a) = F,(a + a™'). By Proposition 6.2, we have that G =
ps. (Am,) < QF(q) up to conjugation in GLg(q). We will use the same theorem as for the
6-dimensional representation but one of the cases will be much more technical to exclude. We
have by Table 8.3 and Theorem 8.1.1 that ps, (Ag,) is conjugate in G Lg(q) to a twisted diago-
nal SLy(q). It follows that G is irreducible and generated by long root elements. By Theorem
2.3.3, we have that G belongs to the following list

L. Q5 (q)

2. Q5 (Va)

4. G/Z(G) = PQq(q), Z(G) =2

5. 3D4(/q)

We first exclude cases 2, 3 and 5 because they cannot occur by simple cardinality arguments.
We will then exclude case 4 showing that GG contains a group which cannot be contained in a
group of the same order as in case 4. We have |SL4(q)| = ¢°(¢* — 1)(¢* — 1)(¢* — 1).

We have |Qz (V2| = va~=(va' + D(VZ - 1)(vV7 — D(/2* —1) = ¢*(¢® + 1)(¢ — 1)(¢* —

(¢*—1) = |SL4(q)|% < |SL4(q)], therefore the second case is excluded.

We have [SU4(q)| = ¢%(¢*> — 1)(¢* +1)(¢* — 1) and ¢* — 1 cannot divide ¢* + 1 because it is
greater than 2, therefore the third case is excluded.

We have |°Dy(/q)| = ¢/72(¢/0° + /7" + 1)(¢/q° — 1)(¢/q° — 1), therefore it cannot contain
a group isomorphic to SL4(q) because ¢° does not divide ¢*.

We now want to show that the fourth case is also excluded but it can contain a twisted
diagonal SL,(q). We therefore have to construct a different subgroup of our group G.

We order the vertices with the graded lexicographic order (I(xy) = {s1}, I(z2) = {s2},
I(x3) = {s1,s3}, I(x4) = {s1,54}, I(x5) = {82,583}, [(xs) = {S2,84}, [(x7) = {51, 83,54} and
I(xg) = {s2, 53, 54}) and consider the matrices with respect to the associated basis ordered the
same way.

1 0 0 10 0 0 0
0 1.0 00 1 0 0
001 00 0 1 0
00 0 01 0 0 1

Let P=1106 0 0 01 0 o —1|2d
00100 0 1 0
01 .0 00 10 0
10 0 10 0 0 0
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10 vl 0 0 0 0 0
1 vl 0 0 0 0 0
1 0 0 0 0 0 0 0
1 Rt 24l v o3 4202 o1 0 0 0 0
=10 o 0 0 0 0 1 s
0 0 0 0 0 1 0 0t
0 0 0 0 1 v27vv+1 v2fvv+1 (1}2+1)(1;27v+1)
0 0 0 0 0 0 0 1
: Np—1 _ 044(52') 0
We then have for i € {1,2,3}, Pps.(S;)P~ " = 0 g (S )
We also have for i € {2,3}, (XP)ps, (S;)(XP)™! =
p2,(5i) 0
0 —afp, (S)™!
—a 2, (S) 7 0
0 0 — tplr (Si>_1 0
0 Plr(Si)

where 2, and 1, are given by the following W-graphs and the bases are ordered in the anti-
lexicographic way for 2, (I(e;,) = {s3} and I(e,,) = {s2})

()

1, 2,

We have py (An,) = SLi(q) and by Lemma 3.5 of [11], ps, (Aa,) = SLa(q), where Ay, =<
S5,83 >. We note H = (XP)ps,(As,)(XP)"'. We will consider a large subgroup of the
normalizer of H and show it cannot be contained in a group corresponding to the fourth case
of our list. Let

n = (XP)ps,((S15552)°(5259352) ") (X P) ™",
m = (X P)ps, ((5359254)*(525359) ") (XP)~".
Let then u = [n,m]. We have for i € {2, 3},
(XP) " u(XP)ps, (i) = ps, (S:) (X P)"'u(X P), (X P)"'m(X P)ps, (i) = ps, (Si) (X P)"'m(X P).

This shows that Ny =< u,m >< Cg(H). We will now determine what this group N; is. If
we let

110 0 0 O 0 O

0 0 001 1 0 O

0 06 1. 1.0 0 0 O
n— 0o 000 0 0 1 1

0o 0 0 0 1 -10 0|

1 -10 0 0 0 0 O

0 0 0 0 0 0 1 -1

0 01 =10 0 0 O
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we have

My 0 0 O
0 My, 0 O

R_lN]_R - { 0 0 M3 0 7M17M27M3a M4 € GLQ(Q)}
0O 0 0 My
Let m,ms, ™5 and 74 be the corresponding projections and v = R™'uR,m' = R~'mR and

N; =< u/;m’ >. We will first show that 7w (N]) = SLy(q) then determine the images under
the other projections and then determine fully N using Goursat’s Lemma.

Let uy = m(u') and ny = m(m’). We have det(u;) = det(n;) = 1. As in the proof of
Theorem 5.1.2, if we prove that G; =< u;,m; > contains elements whose traces generate [,
that G; ¢ {25, &,} and that G is not abelian by abelian, then we have Gy = SLy(q).

Let us first show that G, is not abelian by abelian. Assume by contradiction that G4
is abelian by abelian, we would then have [uy,ni][us,ni'] € {F[us, ni]us,ni]}. Let Ay =

[y, na)[uy, ni ]+ [ug, ny [ur, ni] and Ay = [ug, ny][ug, nyt] — [ug, ny ) fug, nyl.
. . 4A;1[1,1]at® o
Assume A; =0, we tll:en have a; = (af1)5(a2+1)5(;4+1)¢3(ﬂ)¢6(\/a) =0 and
ay = _(a—1)6(042—1—14)1?};[‘}15]10)[@3(\/&)@6(\/&) = 0, where A[i, j] is the coefficient in row ¢ and column j

of A;. If we let v = y/a, we have
a; = v + 0" — 010 4 20 — 2012 4 20 4+ 2010 4 20% — 208 + 207 + 208 — 20t + VP v — 1,

ag = v — 0P 4+ 201 — B 1 202 — M 4+ 2010 40 4208 — 0T+ 205 P 20t P+ 202 o+ 1.

We will show that for any prime p, those two polynomials in F,[v] are coprime. We write
Rem the Euclidean remainder in F,[v]. We have

a3 = psRem(aj,ap) =—-vP+0"M =00 —0¥ -0t —0®—0v—1,

ay = Rem(as, as) = o0l 0 0 — 0 v+,

as = Rem(as, ay) =200~ — vt — v — 20 — 20— 1,

ag = 4 Rem(ay, as) =07 + 408 — 47T + 205 — vt + 0P+ 202 41,

a7 = Rem(as, ag) = —360° + 280" 4 405 — 160° + 8v* — 403 — 160% — 8,
ag = 81 x Rem(ag,ar;) = —140" 4+ 700 + 8v° — 4v* + 20® — 100* — 180 — 5,
ag = 811 Rem(az, ag) = 0% +20° + 207 — 1,

ayg = < Rem(as, ag) = 20° — 8v* — 30 +v? — v — 3,

a;] = %Rem(ag, a) =5t =P+t —v—2,

ap = 25x Rem(ayg,a1) = —23v° —27v* —3v +9,

a3 = % Rem(a;;,a;p) = —43v% — 380 — 1,

g = 43232 Rem(ajs, a;3) = 3v+8,

a5 = —% Rem(ay3,a14) = 1.

These computations are only correct if p ¢ {2,3,5,7,23,43} because the computations are
made in Q[v] and they can only be specialized if the polynomials considered are of same degree in
[F, and in Q. We have p ¢ {2, 3,5} by assumption. We check the remaining cases using the Ged
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function in GAP4 with a; and as polynomials in the indeterminate v:=Indeterminate (GF(p)).
This shows that A; cannot be equal to zero.

a15 a15
Assume now A; = 0, we then have b; = %ﬂ:i” =0, by = _(atail)(fil)f(]aulﬁ = 0 and

_ 4a1% A5[1,2] .
b3 - (042—Oc+1)(a—1)32(a2+1)3(a+1)2 - O We then ha:Ve that

by = Rem(W’ 9Rem(b3’ Rem(gmbs))) X —9v(v2+v1+1)(v4+1) =0.

We then show using the same techniques as for A; that b; and b4 are coprime for
p ¢ {2,3,5,7,11,13,17,47,167, 233, 293, 449, 5303, 13649, 15797, 25913, 245071}. Again, by as-
sumption, we have p ¢ {2,3,5} and using GAP4, we get that b; and by are coprime except for
p = 11. For p = 11, we have Ged(by,bs) = v + 602 +1 = (v? — 6v — 1)(v? + 6v — 1). Again,
using GAP4, we see that this polynomial divides v?* — 1 in Fy;[v], therefore if /o is a root
of this polynomial then o'? = 1 which contradicts our assumptions. This concludes the proof

that G is not abelian by abelian.

Assume now that G| € {25, S,}. We then have that its elements are of order less than or
equal to 5. The eigenvalues of n; are a? and a2, therefore if m;” = I, then o®" € {—1,1},
therefore o*” = 1 and r > 7 by the assumptions on «. This is absurd since the elements in
G are of order less than or equal to 5. It also implies that G; ~ &, because 25 contains no
element of order 4. We have shown above that the commutator subgroup of G was not abelian.
This leads to a contradiction because the commutator subgroup of &, is the Klein group of
order 4, which is abelian.

It only remains to show that [, is generated by traces of elements in G;. We have T,(n;) =
o +a?and Tr(u) =t + o™t — (a® + a73) + 2(a® + a™2) — 3(a® + a?) + 4. We then have
Tr(ny) +2 = (a+a')? # 0 and
Trny? +2Tr(ng) + 2 — Tr(w)
Tl."(’fh) + 2

= a—l—a’l.

This shows that o + a~! belongs to the field generated by traces of the elements of G,
therefore F, is generated by traces of the elements of G;. It follows that Gy = SLy(q).

0 1
10
Cl3n1C'1_31 = n3. We therefore get that G3 =< ug,ng >= SLy(q) and the representation s of
Nj factors through ;.

If ug = m3(u'), ng = m3(m’) and Ci3 = < ), then we have that Cy3u;C3' = ug and

We now show that if uy = m(u’) and ny = mo(m’) then Gy =< uy, ny >~ SLo(q). < a* >,
where SLs(q). < a* > denotes a group having SLs(g) as a normal subgroup and the subgroup
of F, generated by ot as its quotient group by SLs(¢q). Again as in the proof of Theorem
5.1.2, to prove that G contains SLs(q) as a normal subgroup, we only need to show that Gy
is not abelian by abelian, that G, contains elements of order greater than 6 and that the field
generated by the traces of elements of [G, Gs] is F,.

We first show that G is not abelian by abelian. Assume G5 is abelian by abelian. We then
have B) = [ug, no|[ug, ny ] — [ug, ny ] [ug, 2] = 0 or By = [ug, no][ug, ng '] + [ug, gt [ug, ng] = 0.

Assume B; = 0, we then have 0 = By[1,2] = (QLI)(asf/)ggl)B(aLlH)z, which is absurd.

15 23
Assume By = 0. We then have 0 = b, = (QQ_Qﬁ)(ff[ll)’f(]a4+l) and 0 = by = (QQ_Qﬁ)(OiQ_pl’)lga_l)Q.
It follows that
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0=0by = (a*—a®—a® —a+1)(a’® +2a° + 3a* + 20° + 3a* + 2a + 1).

O=b3=(a*+a’+a+1)(a*—a®—a*—a+1).
1
We then have 0 = by = e mervarD Rem(

aBy[1,1] _
i1 = U, therefore

by,b3) = a* —a® —a? —a+ 1.

We also have b =

0=a"—2a"%—a+a®—a?+2a" +a'—20° +3a® 30"+’ —a’ +5a® — 20 —a® —a+1.
We then have

bs =  SsRem(b,by) = 83a”+ 600 +20a — 48
be = 832Rem(by,bs) = 3la® —45a +25
b; = 312Rem(bs,bs) =2 x 3 x5 x 83%a — 186003

by = 22X Rem(bg, by) = 1.

Those computations show that 1 = 0 for p ¢ {31,83}. For p € {31,83}, we check using
GAP4 that b; and by are coprime in F,[v]. It follows that By # 0 and G is not abelian by
abelian.

We must now show that Gy ¢ {25, S,}. Assume Gy € {5, S,}. We have that the order
of ny must belong to {1,2,3,5}. The eigenvalues of ny are 1 and a~*. Therefore, if m5" = Iy,
then we have o' = 17 € {—1,1}. It follows that o' = 1. By the assumptions on the order of
a, we cannot have r € {1,2,3,4,5}, therefore we have a contradiction.

We now show that the traces of the elements of [Go, G| generate F,. Let F be the field
generated by those traces. We have C) = —(Tr([ug, na]) —4) = ® +a™® = 2(a* + a™*) + (® +
a3 — (> +a ) +2(a+a!) € F. We then have C) — 2 = (aS—l)(aZgl)(a—1)2 # 0, therefore

TI‘([['LLQ,HQ],TLQC]') - 512 + 601 —10 _ a4 4 a_4 cT.
—

It follows by induction that " + a~*" € F for all r € N.
We then have C3 =C1 +2C; =’ +a+a* +a? — (?+a ) +2(a+a ') €F.

We also have Cy = Tr([ng, ua)[us ', no] +(C1 —2)(a®+a~8) —2C2+110, — (a*+a~*)—16 € F,
therefore

Cy =

Ci=a"+a =20 +a 9 +2*+a?) -3*+a?)+a+a el
We then have

1
05 - m(TI"(H[UQ, TZQ], ng], TLQ])—(O{20+Oé_20)—52(0416+OZ_16)+(6O4+34C3—427) ((){12+O[_12))+

(60C, — 502 + 255C5 — 1601)(a® + a~®) + (210C; — 13C3 4 726C5 — 16 x 211)(a* + o~ *)+

336Cy + 1034C3 — 16 x 269) € F.
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Since C5 = a? + a2, we get that o> + a2 € F. We then have % =a+altel It
follows that F = F, and we have Gy = SLy(q).

Let uy = my(u') and ng = my(m').
v+ 430+ v+l Rt Fu+1
Let Cyy = (—114 ] 30— — 1) T have det(Cyy) = —4a(a+
D(v?+v+1).
We also have CoyusCyft =tuy ' and CaynsChyt =tnyt.

By what has been done above, we have that N| =< u/,m’ >~ m x my(N]) < SLy(q) x
GLy(q), m1(N]) = SLa(q) and SLy(q) C mo(N]). We will show that [N], Nj] ~ SLa(q) x SLa(q).
By Goursat’s lemma, we only need to show that we cannot have 777 ~ ®(73), which is equivalent
to m =~ ®(my) ® x, where x : Nj — F is a character of Ny and ® € Aut(F,). Assume such
a character exists, the following proof Wlll be quite computational. We have that there exists
M € GLs(q) such that for all h € [N{, Ni], Tr(m(h)) = ®(Tr(me(h)))x(h) and x(h) € {—1,1}.

Let Dy = Tr([ug, nq]) and Ey = Tr([ug, n2]). We have

14

—(;()Dl =02t — 2022 + 4% — &' + 9010 — 120 4+ 14012 — 120" + 908 — 80 + 40 — 20% + 1,
6\
0! 8 6 4 2
- =0 =0 —v —v + 1.
Bg(a)Ps(a)”

We have D; = ®(Ey) or D; = —®(E;). If one of them vanishes, then they both vanish
because ® is an automorphism. This proves it is sufficient to show that they cannot vanish at
the same time to prove that neither of them vanishes. Assume D; = E; = 0. We then have
that the following quantities vanish

n = Rem(—gm D1, —grdamm By = 200° + 100" 4 50 — 10
Vg = 23 Rem(—wEh v1) = —dvt — 0?42

vy = ﬁ Rem vy, v7) =11v*> — 6

vy = 112 Rem(vy, v3) =1.

For any p # 2, this proves that 0 = 1 which is absurd. It follows that neither of them van-
ishes, therefore x([u,m']) = %b}). We have Dy = Tr([u;*,n1]) and B = Tr([uy', no]), there-
fore x([uy,n1]) = x([ur’ ,nl]) and x([ur,m][uy'ni]) = 1. We let Dy = Tr(x([u1, ni][ui*ni)])
and Ey = Tr(x([uz, no)[us 'ns]). We have Dy = ®(Es).

Let D3 = Tr([u1, n}]) and E3 = [ug, n3]. We have D3 = ®(Ej3) or Dy = —®(E3), therefore if
we show that they cannot vanish simultaneously, then we have that neither of them vanishes.
Assume by contradiction that D3 = F3 = 0. We then use the Euclidean algorithm to prove
that 1 = 0 modifying it slightly using the conditions on « to dividing by non-zero quantities.
In order to complete the algorithm, we need to invert the primes 7, 13, 17, 19, 23, 47, 53, 193,
599, 881, 1471, 2503, 3559, 13967, 44101, 180811, 382843 and 981391. See subsection 10.3.1 for
the detailed computation. We check using GAP4 that those polynomials remain coprime when
p is a prime in the previous list. This is true except for p = 599.
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18
<I>6(a)

For p = 599, we have Ged(—3

4 2
% = (. We then have

1D, — E3) = v* +39%40v? +1 = 0. Let vsg901 =

(

D1 = Di—(—(?+v71%) 4397010 + v710) — 156424(v® + v %) + 61630673 (v + v~ 6) — 24282328759(v? + v %)
+9567175900402(v + v~ 2) — 3769443022429664)v59901 — 2479367974099310 X 599)

160

+®(Ey)

+®(BE; — (=0 — 078 £ 3960 + v %) — 156024(v* + v ™) + 61473061 (v? + v 2) — 24220230012)v59001 — 15930964405 X 599)
+&(15)

+15.

mmm m |

We then have 145 = 0 or 175 = 0. This concludes the proof that D3 and FEs5 are non-zero.
Case 1: Dy = ®(E,).

Case 1.1 : D3 = Tr([uy, n?]) = ®(Tr([ug, n3])) = ®(F3).

We then have Dy = D? + DDy — 4D D3 + D2 — 2Dy = ®(Ey), where Ey = E} + E1FEy —
4E1E3 + Eg — 2E2 We have

vi8(EY — 4B3E;5 + 36E} + TEZE3 + 6E1 ES — 58E? + 18E1 Eg — 116E1 E3 — 651 E4 + 5E2 E3)
(v2 = 1)8 (v 4 1)12(v6 — 1)4®g(v2)

vi0(E9Ey — 4E3E4 + T6E1 — 42E9 + 50E3 — 10E4 — 36)
(v2 = 1)8(v? 4+ 1)12(v6 — 1)4 @6 (v2) '

It follows that the same expression, where the F is replaced by D, is equal to zero but this
is equal to

(v12 20194408 —208+-40% —2024+1) (V16 — 1442012 - 30194608 —300 +20% — 02 +1) (v16 — 401448012 —8v10 4708 —8v0 +8v% —4v2+1)
022

This means that one of those three factors must vanish, we therefore treat those three cases
separately.

Cases 1.1.1 : D5 = vi=2viidv’= %”6+4”4_2”2+1 0. We then define the following elements
in order to get another polynomial in v which will vanish and we will then prove that the two
polynomials obtained this way cannot simultaneously vanish. Let us assume first that p # 7.
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Dyo1 = —%(Dl—(—(v8+v‘8>+<v6+v‘6>—(v4+v‘4>+6<v2+v‘2>+1)Ds)

w8 408 20t 402 41
vd

= Lo
= - (E1)

24

1 _ _ _ _ _ _
Dyo2 = 5(D2*(U24+U —2(0% 4072 1400 + 0720 — 12008 0T 8) 4 14010+ 010 —22(0™ 0T

+52(0v'2% +0712) — 30010 + v 710) 4 55(0% + 07 8) — 15808 + v ) — 56(v? + v ™) — 118(v? + v~ 2) + 508) Ds)

47908 — 59800 4 3110% — 598v2 + 479
4
v

= l<1>(E
= ;%52

Z(032 4 1) 4 (030 4+ 02) — (128 4 0t) 4+ 6020 4+ 00) — (024 4 v8) + 022 4 010 — 24020 4 »12) _ 17(018 4 y14) 4 416
16

Dao3 = D3z —( Ds)

12108 — 550% 4 1460% — 5502 + 121
véd

= @(E3)
D201 = 479D401 — Dso2

1077v* + 64702 + 1077
2

v

a( 479 e 1 Ba)
= ——FE1 — —-E3
7 2
1
Dao2 = 271(12113401 — D4o3)
1104 + 602 + 11
= —
a( 121E 1 Fs)
- 2 ' 16 0
_ 1,4 26
Dio1 = 772%v"°(1077D2¢g2 — 11D2g1 + 655)

= 0

= —v25(46013E; + 7539E3 — 616y — 73360)

= 6160”2 + 1) — 1232(0°° 4+ v?) + 616(v*® + v¥) — 1232(v*% + v%) 4+ 11235(0** + %) — 20006(v*? + 10) + 11851 (v*° + v1?)
—12467(v3® + v1%) + 84793(v36 4+ 16) — 148348(v3% + v18) + 86025(v32 + v20) — 77254(030 + v22) + 148964(0v28 + 032
—199634v26

We then let F} = v®°Ds and F, = —v?°(46013E; + 7539F3 — 616, — 73360). Those two
polynomials in v vanish. Let us prove that this is absurd using the Euclidean algorithm.

1
F3 = 2—4Rem(F1,F2)

= —15602200'°0 — 9842360v% — 14191400° — 109343v* — 10856302 — 272023
Fy = 225218124312 Rem(Fy, F3)
= 2890736267584v% + 1964844665950° + 2504145304402v% — 1211843170318v2 + 887713181987
P 21011237241253%510712 Rem(F3, Fs)
° 5218124312 300
= —108261500375317071v% — 36647807575597274v* + 33134576659475654v2 — 32149953533188943
Fe - 321012349210237784558932 Rem(Fa, Fs)
210112372412532510712
= 20498163516987363083353v% — 1295798974179309747129102 + 6283381428888280265305
P 20498163516987363083353> Rem(F5, F6)
233272101213913492262400449110237784558932
=  —27563129545602 + 156402674859
210112472166604992

Fg = Rem(F6, F'T)
204981635169873630833532

= 1.

This leads to the contradiction 1 = 0 if p is different from 7, 11, 37, 41, 47, 53, 101, 139,
181, 349, 431, 51071, 16660499, 262400449, 1023778455893 or 20498163516987363083353. We
are under the assumption that p # 7, therefore we first check the other primes. Using GAP4,
we see that F} and F; are coprime unless p € {139, 262400449} .
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For p = 139, we have Ged(F, Fy) = v* +820? + 1. Let then Fizg0 = v2 +v 2 +82=0. We
have

—12 —10
v

D = D;—(—(w?+0v71%) 485010 + ) — 6976(v® + v 78) + 571961 (0% + v %) — 46893847 (v + v %)
+3844723522(v2 + v 2) — 315220434992) F13901 — 185902059153 x 139

= 71

=  ®(E1)

= ®(E — (—(® + v 8 +84(% +v70) — 6888(v* + v %) + 564733(v? + v~

= ®(21)

= 21

2y — 46301220) F13901 — 27306263 x 139)

This implies 71 = 21, therefore 50 = 0 which is a contradiction since p = 139.

For P = 262400449, we have GCd(Fl, Fg) = ’U4 + 144711873U2 + 1. Let then F26240044901 =
v? + 07?2 + 144711873 = 0. We have

“12 4 144711876(0v10 4+ v 10) — 20941526621303754(v° + v ¥) + 3030487540848227798559380(v5 + v~ %)

Dy = Di—(—("?+w
—438547528139311032518667960215007(v* + v~ %) + 63463034196559901414852807139575347118760(v> + v~ 2)
—9183854544847233051891171601164688387512952822508) Fa240044901
—5064826670873590871335015289738121630701687311347 x 262400449

= 19405199

=  @(E1)

= ®(E1 — (—(v® + v 8) 4+ 14471187508 4+ v78) — 20941526476591875(v* + v %) + 3030487519906700743120001 (v + v~
—438547525108823428845860731880000) F2240044001 — 241855659926909504463506824998245 X 262400449)

= $(212787997)

= 212787997.

%)

This implies 212787997 = 19405199, therefore 193382798 = 0 which is a contradiction since
p = 262400449.

The only remaining prime is p = 7. We have

D1 — (=¥ 40 )+ +0 % — * + v ) + 602 +v" ) +1)Ds
7S + v + 20t + 02 +1)
_ =

Dy

= 0.

This leads to a contradiction because we have proven that D; # 0. This concludes the proof
of case 1.1.1.

Case 1.1.2 : Dg = 0160149912301 4608 —3004 208 —0241 _ 0
1.2 - .

We then have
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Deo1

Dego2

Deo3

D4o4

Dyos

Dio2

Dy — (=% + 078 4200 + o) = 302 + v 2) + 4)Dg
22012 — 4010 4 608 — 700 4 60* — 402 + 2)
6
v

o(E1)
Do — (b2 + 722 Z 3(62° 4 =20 4 7(018 4 o7 18) Z 14010 4 07 16) 4 19(0t 4+ o) 27012 4 v 12) 4 37(010 4 4~ 10)
—48(v% + 07 8) + 74(0% + v %) — 82(v* + v ) + 70(v? + v 2) — 52)Dg

2(24v'2 — 16010 — 2408 + 6300 — 240* — 1602 4 24)
- 6
v

O(E2)
Dy — (—(v™ + )+ 2012 4 0= 12) Z 3010 4

2(6v12 — 4010 — 608 4+ 1500 — 60% — 402 + 6)
- 6
v

—14 —10
v v

Y4+ 4@ +078) — (08 + 078 420t + vt — 7% +v72) +12)Dg

O (E3)

—12Dgo1 — Deo2

2(320% — 9600 4 1470% — 9602 4 32)
vé

®(—12E1 — Eg)

—3Dgso1 — Deo3
8(208 — 600 + 9v? — 602 +2)
U4
®(—3E1 — E3)
Dyo4 —4D405 — 6
0
®(—E2 +4E3 — 6)
5 =1 - DE® + 120> - 120 05 + 0P + DS 405 —0® 4 b,
126

—a(

Since ® is an automorphism, we have that Gy = (v® — v° +v® + 1)(v® + 05 — 0¥ + 1) = 0.
We also have by assumption G; = v°Dg = 0. The Euclidean remainder of the division of G,
by G as polynomials in v is equal to —v?(v® — 1)®g(v?)(v?* — 1)2. This leads to a contradiction
by the assumptions on « since o = v2.

16 __ 4,14 12_g,,10 8_ .6 4_ 4.2
Case 1.1.3: D7 v 4v*+48v 8v —1;71) v +8v —4v=+1 __ 0.

v

Assume first p ¢ {11,13}. We now define new quantities which will permit us to find
polynomials which vanish in v.
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Deoa = D1 — (71}6711_6 —ot—p? 73(v2+v_2)+2)D7
13012 — 23010 4 2308 — 1606 + 230* — 2302 + 13
16
= ®(E1)
Deos = Do — (v22 40722 {4(ol® 4 o7 18) 6ol 4o 16y _ 4 L 1 gp 12 4 712y (10 4 m10y 10,8 o~ 8)

+137(0% +v78) + 2320 + v ™) + 33102 + v 2) — 158)D — 7
476012 — 751010 4 83808 — 64500 + 838v* — 75102 + 476

v6
=  ®(E2)
Dgos = Ds— (—v't— o7 312 712 310 4 4710 4 208 407 8) £ 808 + 078 +26(0* +vTt) + 280 + v 2) —2)Dy
_ 149012 — 271010 4 28308 — 20800 + 283v* — 27102 + 149
= 5
= @(E3)
Deor = Df — (020 40720 _ o8 418y 716 4 716y _1g(uplt 414y 1 oa(012 407 12) _ 62(010 4+ v 10) 4 77(08 + v ®)

—82(0v°% + 07 %) 4+ 224(v* + v %) — 30(v? + v 2) + 207) D7
476012 — 751010 4 83808 — 64500 + 838v* — 75102 4 476

16
= ®(E})
Dgos = 1697Dgo4 + 13Dg05
_ 32450% — 402505 + 37360v* — 402507 + 3245
vl
= ®(1697E; + 13E3)
Dao7 = 2(149D604 + 13Dg06)

2408 — 6308 + 80v* — 6302 + 24
4
v

1
= [ ®(149B; +13Ey)

Dyos = —13Dgo5 — 476 Dgoa

118508 — 540% — 769v* — 5402 + 1185
4

v
=  ®(—13E} — 476E)

1
Doz = 1*3(24D406 — 3245D407)
_ 8295v% — 1307202 + 8295
= —
24661 3245
= o(= E1 4 24E3 — TES)
1
D2os = m(*ll%Duﬁ + 24Dy08)

57v% — 88v? + 57

v2

- e 395 By — 5699 L 8 E%)
2231111 2231111 31111

= 57Da2g3 — 8295D204 + 15144

= 0

73822 235610 22120
= @(TEl + 1368E5 — E

Dio3

E? 4+ 15144)

= & (7524038 — 4514403% + 127908032 — 214660030 + 262569028 — 32088612% + 4459890%* — 513465022 + 494686v2°

11026
—471434v'8 + 494686v1% — 5134650 + 445989012 — 320886110 + 2625690° — 2146600 + 127908v? — 4514402 + 7524)
('u16 + 4014 + gul? + 8ou1t0 + 708 + 80 4+ 8uv? + 402 + 1)).

It follows that one of the two factors inside the last expression vanishes. We separate the
two possibilities in order to make the computations easier.

Case 1.1.3.1 : Hy = v + 4™ + 8012 + 8010 + 708 + 800 + 8v* + 402 + 1 = 0. We set
H; = v°D7; = 0. We then use the Euclidean algorithm to obtain a contradiction.
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Hy =—iRem(Hy, Hy) =v"+20"+20°+0

H, = Rem(H>, H3) =602 + 508 + Tt 4 1
Hs  =6Rem(Hs, Hy)) = T7v'"%4 5%+ 57

Hs  =T7Rem(Hy, Hs) =55+ 190" +7

H;,  =5Rem(Hs, Hs) = —1080° — 2407

Hg =9Rem(Hg, Hy,v) = 161v* 463
Hy =23Rem(H;, Hg,v) = 42007

H10 :ﬁRem(Hg,Hg,U) =1.

For p = 23, we get Hg = 63 = 17 # 0, therefore for any prime different from 7, we get
a contradiction. Using GAP4, we get for p = 7 that Ged(H;, Hy) = v* + 1, which is also a
contradiction.

Case 1.1.3.2: Iy = 7524(v30 4 1) — 45144 (034 4 v?) + 127908(v32 4 v*) — 214660(v30 4 v0) + 262569 (v28 + v8) — 329886(v26 4 v10) 4

445080 (v24 4 v12) — 513465(v22 + v1%) + 204686(v20 + 1%) 471434015 — 0. We set again [; = v°D;. We then prove that
0 = 1 for most primes using the Euclidean algorithm

I3 = Rem(Ig, I71)
= 2140020 — 916685012 + 1035136010 — 7545610% + 879809v° — 1139783v* + 64026002 — 178015
I, = 223%1321% Rem(I1, I3)
= 200475369505v'2 — 267706231982010 4 178081604207v% — 175843177159v% + 298516540603v* — 183940914006v2 + 56598272159
- 52137290023232512 Rem(Zs, L)
‘ 223813212 ’
= 2220625335992657v10 — 5627663796526377v% + 6805441741717849v° — 3483903150258508v? + 8447343251775360>
+92479019896356
e — 31238947196321846692 Rem(Za, Is)
52137290023232512 ’
= 20737893552210092217v% — 729725665407160050220° + 735870187053593657910v* — 34948076592200136378v>
+5778167564925374963
Lo 3223229210363764893658217> Rem(Zs, Io)
7111131238947196321846692 ’
= 7525561044044520343864v5 — 8534947218256775108025v* + 4450478132504667710979v2 — 590406861955024796687
s — 26149734405326282424728112 Rem(Is, I7)
32232292103637648936582172 ’
= 689630866150855463473281v% — 536688784588813135219275v2 + 249996942573872461979743
31792599418320761723248544312
Ig = Rem(I7, Ig)
27103115907362824247281121497344053290023
= —343470144464v2 + 361073206339
28214668840292

I1o = Rem(Ig, Ig
792599418320761723248544312 s, 1o)

= 1.

This leads to a contradiction if p is different from 7, 23, 29, 31, 79, 103, 137, 1321, 3251,
90023, 159073, 184669, 4854431, 10363764893658217, 1497344053, 21466884029, 389471963,
599418320761723 and 628242472811. We check using GAP4 that I; and I, remain coprime
except for p € {7,103,90023, 159073}.

For p =7, we have Ged(I1, I) = v® + 0% + 40t + 02 + 1 = (v + v — 1)*(v? —v — 1)%

Ifv?=1—v,thentv* =14+ -20=2-30v, ¥ =4+9? - 120 =13 - 2lv =13 = —1
and v'® = 1, which contradicts the fact that « is of order not dividing 8.

Ifv?=v+1,then vt =02 +204+1=2+30, v® =44+ 9? + 120 = 13+ 21v = 13 = —1,
v = 1, which is a contradiction.
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For p = 103, we have Ged([y, I) = v +60v? + 1. Let then I1p30; = ”4“;'%. We then have

Dy = Dy— (=02 0712 4630010 + 0710 — 3786(v® + v %) + 2271110 + v 6) — 13622895(v? + v %) + 817146618(v2 + v 2)
—49015174220) 10301 — 28536661747 x 103

= 61
= @(E1)

= ®(Ep — (=0 — 078 46205 + 07 8) = 3720(v* + v %) + 223139(v? + v ?) — 26692311) 10301 — 7792534 X 103)

= ®(44)
= 44

This would imply 17 = 0 which is absurd since p = 103.
For p = 90023, we have Ged(1y, I) = v* + 1803002 + 1. Let then Igggas = SH180300%41 e

v
then have
Dy = Di—(—v*2 —v712 118033 + v 710) — 325134996(v® + v %) + 5862183959861 (v® + v~ %) — 105695176471158855(v* + v %)
+1905684025912810195818(v? + v~ 2) — 34359482881512791359439720) Ig002301 — 6881591066086528735823931 X 90023
= 19589
=  ®(E1)

= BBy — (—v® — 078 +18032(0% + v %) — 325116960(v* + v %) + 5861858770769(v2 + v 2) — 105689313311848112)I9002301
—21167682784276284 x 90023)

=  ©(3294)
= 3204.

This would imply that 16295 = 0 which is absurd since p = 90023.
For p = 159073, we have Ged(Iy, I5) = v* 4+ 6901802 + 1. Let then I 5007301 = %_

We then have

Dy

v

—10y _ 4763691384(v® + v 8) + 328780451871905(v® + v %)

Dy — (—v'? — v 12 4 69021 (010 + v
—22691769222531447927(v? 4+ v %) + 1566140527871895021153810(v> + v~ 2)
—108091886929970681347462210688) 15007301 — 46898504768253791840823752710 x 159073
118972

@(E7)

B(E; — (—v® — v 78 +69020(0° + v78) — 4763622360(v* + v %) + 328775687973461(v? + v 2)
—22691440427788708940) I15007301 — 9845277544193984759 x 159073)

$(105595)

105595.

This would imply that 13377 = 0, which is absurd since p = 159073.

It now only remains to consider p € {11, 13} to conclude Case 1.1.3.

Assume first p = 13. We have, using the same notations as before, that 24D 406 —3245D 497 =
0 = ®(24FE; — 3245E,). Therefore Hi30 = v?°(24E, — 3245E,) = 0. We let Hiz00 = v® D7 = 0.
We then have using GAP4 that Ged(Hi301, Hi302) = 1 which leads to a contradiction.

Assume now p = 11. We have, using the same notations as before, that —1185D407 +
24D408) =0= @(-1185E2 + 24E3) Therefore H1101 = U26(—1185E2 + 24E3) = 0. We let
Hipo = v®D7; = 0. We then have using GAP4 that Ged(Hyio1, Hi102) = 1 which leads to a

contradiction.

Case 1.2 : D3 = Tr([ug, n}]) = —®(Tr([ug, ni])) = —P(E3).
We have D3 E3 D1 E; # 0, therefore in this case, we have x([u/, m?]) = —1 and x([v/,m/]) = 1.
Therefore x([u/,m'][u/,m"?]) = —1. Tt follows that

Dy = Tr([ur, m][ur, ni]) = —@(Tr([uz, nof[us, n3))) = —P(Fy).
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We then have 0 = D1 D3 — Ds — Dy = ®(—E,E3 + Es — Ey) = 20(L,). It follows that
E1 = 0, which is absurd by what was proven before case 1.

Case 2: D; = —®(E)).

Case 2.1 : D3 = ®(FEj3).

This is the worst case in terms of computations, we will not write all the polynomials
appearing because their degree can be very high. We will give all the necessary elements to
consider and the final results of the computations. We have 2 — E; = (”1071)(”21}1)(”271)2 # 0,
therefore Dy +2 = ®71(2— E;) # 0. The elements defined in subsection 10.3.2 of the Appendix
and the corresponding computations then lead us to the contradiction 1 = 0 except for the
primes which we needed to invert in order to do the computations. We check using GAP4 that
18 Dy5 and v D, are coprime for the primes p we inverted in the computations. It is true
except for p € {7,17,43,79,1013, 1747}.

For p = 7, we have Ged(v*® D3, v™Dyp) = (v + v —1)%(v? —v — 1)3(0® + 05 — vt + 02 + 1),
therefore v® + 0% — v* + 02 + 1 = 0, because (v? + v —1)(v? —v — 1) = 0 would imply v'% =1

. 8 6_,4 2
as we have seen in case 1.1.3.2. Let now Krp = “ =54+ We then have

7(270v* — 3502 4 27
Dy =D1 — (=0 + 070 4 4(® +078) —12(0° + 078 + 31 (0% + v ) — 67(v2 + 07 2) +135) K701 = —% =o0.
v

This is absurd because we proved that we cannot have D; = 0.
For p = 17, we have Ged(v®®Dy3,v™°D1y) = $g(a) # 0, which is a contradiction.

For p = 43, we have Ged(v¥Dy3,v™Dyy) = v* + 100? + 1. We then set Ky30; = ”4“:#.
We have

Dy = Di— (-2 4072 41300 + 0710 —136(0% + v78) + 1361 (0% + v %) — 13495(0* + v7H)
+133618(v? + v~ 2) — 1322720) K4301 — 301395 X 43
= 17
= —2(E1)
= —®(E;— (- + v ¥ + 12005 +078) —120(v* + ™) + 118902 + v 2) — 11772) K301 — 2682 x 43)
=  —3(20)
= —20.

This implies that 37 = 0 which is a contradiction because p = 43.

For p = 79, we have GCd(UBﬁDlg,U7OD12) =0t + 402 + 1. Let Kqgpp = #f#, we then
have a contradiction because

Dy =D1 — (—(0'2 +v712) + 7010 + 0710) — 34(0% + v78) + 143(0% + v ) = 559(v* + vTH) + 212202 + v 2) — 7964) K7901 — 350 X 79 = 0.

For p = 1013, we have Ged (v Dy, v™0D15) = v* + 17902 + 1. Let Kz = S04 we

02
have
Dy = Di—(—('?+0v71%) 418200 + v 19) — 32584(v% 4+ v78) + 5832368(v® + v 6) — 1043961309(v? + v %)
+186863241972(v2 + v 2) — 33447476351714) K 101301 — 5909895893852 x 1013
= 824
= —®(E1)
_ 8 —8 6 —6 4 —4 2 —2
= —®(E1 — (- + 078 +181(0% + v %) — 32399(v? + v %) + 5799241 (v? + v~ 2) — 1038031742) K101301 — 183411730 x 1013)
=  —3(850)

= 163.
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This would imply that 661 = 0 which is absurd because p = 1013.

For p = 1747, we have Ged(v% Dyg, v™Dyo) = v* + 48202 + 1. Let Kiparon = “F825%55L e
have

Dy = Di—(—v2 0712 448500 + 0710 — 2337760 + v 8) + 112679561 (v® + v ) — 54311314647(v* + v~ %)

+26177940980322(v2 + v~ 2) — 12617713241200592) K 174701 — 3481216614983814 X 1747

1680

—®(Eq)

—®(Bp — (—(v® +v78) +484(v5 + v76) — 233288(v? + v 1) + 112444333(v? + v~ ?) — 54197935220) K 174701 — 14953165361 x 1747)
—®(1711)

36

This would imply 1644 = 0 which is absurd because p = 1747. This shows that Case 2.1 is
absurd.

Case 2.2 : D3 = —®(Ej).

We then have Dg = Tr([uy, n][u1, n?]) = ®(Eg) = O(Tr([ug, ns][us, n3]). We have as in case
1.2, D1D3—Dg— Dy =0=®(E 1 E3— Es+ Ey) and F1E3 — Eg — Ey = 0, therefore ®(2E;) = 0
and F; = 0 which is absurd.

We have proven (m; X mo)([Ny, Ni]) = SLa(q) x SLz(q). We now want to determine (m; X
m)(N]). Since det(u;) = det(uz) = det(ni) = 1 and det(ns) = %, we have that det((m x
m)(N])) ~< 08 >~ Z/%Z, where o(«) is the order of . Since (m X m)(Ny) <
SLy(q) x GLa(q), we have that the kernel of the determinant is contained in SLy(q) X SLa(q) and
since (m1 X m3) ([N, Ni]) = SLs(q) x SLa(q), we get that the kernel is equal to SLs(q) x SLa(q).
This shows that it is a normal subgroup of (71 X m5)(N7), the resulting quotient is a cyclic group
of order &) It follows that Nj ~ (SLy(q) X SLg(q)).Z/%Z, where this denotes

Ged(o(a),4
an extension which may be split.

Recall now that H = (XP)ps, (A, )(XP)™t ~ SLy(q), Ny =~ N{ and N; < Cg(H). Tt
follows that the order |HN;| is equal to N The intersection of H and Ny is at most

|HﬂN1| .
-, 0 0 0 L 0 0 O
7./27.. By noting that R~1 8 ]02 _012 8 R = 8 {)2 —OIQ 8 € N{, we get that the
0O 0 0 I 0O 0 0 I

)

intersection is exactly Z/2Z. It follows that the order of H N is equal to 5|SLa(q)?| m =

mq?’(f—l)?’o(a). Assume now that we are in the fourth case of Theorem 2.3.3, we would

have G ~ 2°Q;(q). It would follow that qus(cf —1)30(c) divides 2‘19(‘128613%32111))(‘16_1) -
P —1)3(¢® + 1) (¢* + ¢* +1). We would then have that o(«) divides 2 Ged(o(),4)(¢* +
1)(g* +¢*+ 1) which divides 8(¢?+1)(¢* +¢?+1). Since o(«) divides ¢> — 1, ¢* +1=¢*> —1+2
and ¢* +¢* +1=¢*— 1+ ¢* — 1+ 3, we would have o(a) divides 48 which contradicts our
assumptions on a.

Assume now that F 2 = F,(\/a) # F,(a) = Fy(a + a™'). We have, by Table 8.3 and
Proposition 8.1.4, that ps, (Ap,) ~ SUs(q). It follows that G is again an irreducible group
generated by long root elements. By Propositions 6.1 and 6.2, we have that G < Qf (¢q), up
to conjugation in GLg(g?). It follows by Theorem 2.3.3 that G is isomorphic to one of the
following groups
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L. Q5 (q)

2. 5 (/@)
4. G/Z(G) = PQu(q), Z(G) = 2
5

- 3Du(9)

By Lemma 3.5 of [11], we again have pg, (A4, 1) ~ SLa(q), where Aa,1 =< S2,S3 >. This
proves that we again have a subgroup of G of order mq?’ (¢ — 1)%0(r). This excludes
the fourth case by the same arguments as before. We also have that G contains a subgroup of
order equal to ¢®(¢* — 1)(¢* + 1)(¢* — 1).

Assume now by contradiction that G ~ Qg (,/q). We then have |G| = ¢°(¢* +1)(¢—1)(¢* —
1)(¢® — 1). Tt then follows that (¢? — 1) divides 8(¢® +1)(¢*> — ¢+ 1). We then have that ¢* — 1
divides 8(¢* + 1)(¢* — g+ 1) = 8(¢> = 1)(¢* — g+ 1) = 16(¢*> — g + 1), therefore ¢> — 1 divides
—16(¢* —q+ 1) +16(¢> — 1) = 16(q¢ — 2) = 16q — 32. We have 16q — 32 < ¢*> — 1 if ¢ > 16,
therefore ¢ < 15. By the conditions on « and p, this is absurd.

Assume now by contradiction that G ~* Dy({/g). We then have |G| = ¥q"* (/3 + 3" +
1)(#/¢° — 1)(/g° — 1). This is absurd because ¢% does not divide ¢*.

Assume now by contradiction that G ~ SU,(q). We then have |G| = ¢%(¢®> — 1)(¢ +
1)(¢* — 1). It follows that (¢*> — 1) divides 8(¢> + 1)(¢*> + 1). This implies that (¢> — 1)
divides 8(¢® +1)(¢> + 1) — 8(¢®> + 1)(¢*> — 1) = 16(¢® + 1). We then have that ¢*> — 1 divides
16(¢> + 1) — 16(¢®> — q) = 16(q + 1). Tt follows that ¢ — 1 divides 16 which is absurd by the
conditions on «a and p.

This proves that we also have G ~ Qf (q) when Fp = F,(v/a) # Fy(a) = Fy(a+a™?).

Assume now that F, = F,(v/a) = F,(a) # F,(a+ o). Let € be the unique automorphism
of order 2 of . We have ¢(a) = a~'. It follows by Proposition 2.1.2 that €0 ps 4., = ps, |4z,
Or €0 P8, (A, = P3| Ay, We have

Tr(ps, (51935, 'S;Y) = a*+a?—=5(a+a ') +8 (8.1)
e(Tr(ps, (915359, 'S 1)) = &> +a?—5(a+at)+38 (8.2)
Tr(ps,, (S1955,'5; 1)) = a*+a?=5(a+a ')+ 7 (8.3)

It follows that € o pg |4, = ps.|a,,- We then have by Proposition 4.1 of [12] that up to

conjugation in GLs(q), we have G < Qf (¢2). By Proposition 8.1.4, we have that ps (Ag,) ~
SU4(q2) or ps. (Am,) ~ SLy(q2). The computations in the first case show here that G contains

a subgroup of order divisible by %|SL2(q%)3|%. By the same arguments as for the case

Fy(a) = Fy(a+ a™t), we have that G ~ Q;(q%), -

8.4 Triality automorphism and the two 8-dimensional
representations

The two 8-dimensional representations being linked through triality, we first recall a few facts
about triality and we will then determine the image of the Artin group inside pg, x ps... We
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use the following notations, definitions and results of [13]. This phenomenon was also observed
in the generic case in Proposition 6.7 of [34].

0 I
Iy 0
algebra {T € Mg(C)'TA+ AT = 0}. We write (E; j)1<ij<a the basis of elementary matrices
Of Ms(@)

Its Cartan decomposition is given by £ =h & GE%ET, where ® = {xe; £¢;,1 <i < j <4},

Definition 8.4.1. Let A = > . The simple Lie algebra £ of type D4 over C is the matrix

for1<i<j <4,

1. eqe; = Eij — Eigjay,
2. €—e; = Bariarj + Eji,
3. €eire; = Eiarj — Ejati,
4o ey = —Eupij+ Eupj
A0 0 0
0 X 0 O
0 0 A O
0O 0 0 A
Lr = (Cer CL’rLd h = ! —Al 0 O 0 ? (Al’ )\2’ )\3’ )\4) e (C4
0 0 =X 0 0
0 0 =X
0 0 0 =N\
We let 711 = —€1 — €3, 79 = €1 — €2, T3 = €9 — €3 and 14 = €3 — €4 be the positive simple roots

of ® and ™ = {ry,re,r3,r4}. They correspond to the following Dynkin diagram

The 24 roots can then be expressed in terms of ri,ro,73 and ry. We list here the twelve
positive Toots 1 11, To, T3, T4, T1 + 73, To+ 13, 3+ 174, "1 + 7o+ 73, 71+ 73+ 74, 7o+ 73+ 7y,
T1—|—7’2+7’3+T4, T1+T2+2T3+T4.

We have then fized the constant structures {N,s,r,s € ®,r + s € O}, which are defined by
the relation [e,,es] = Ny ser4s. They have the following values :

Nﬁﬂ"s = NT2,T3 = NT37T4 = NT1+T37T4 = NT1+T37T2 = NT2+7‘3,7‘4 = NT17T3+T4 = NT2+T3,T1 = NT27T3+T4 =
NT2+7"3+7’4,7’1 - NT1+T3+7"4,7"2 - NT"1+7“2+7"3,7"4 - NT1+7"2+7“3+7"4,7"3 =L
We get the remaining ones using the facts that Ny, = —N, s and N_, _3 = —N, .

We write £ = Vecty(h,,r € m,e5,5s € ®}. We then call (h,,r € e, s € ®) the Chevalley
basis of £.
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For an element x € £, we write ad(x) : £ — £,ad(x)(y) = [z,y] = 2y —yx. For eachr € P,
since ad(e,) is a nilpotent endomorphism, we can define an element x,.(t) of Endgy(Lz ®z
Q[[t]]) by x.(t) = exp(tad(e,)). We check on the Chevalley basis that x.(t) is actually an
element of G Lz (L7 @z [t]).

We write £r, = Fy ® £5. For an element u € Fy, let 6, be the morphism from Z[t] to F,
by 0.(k) = k and 0,(t) = u. We can extend 0, to a morphism 0, from GLzy(Lz @z [t]) to
Aut(Lg,). We then define for r € ® and u € F, the elements x,(u) = 0,(z,(t)) € Aut(Lx,).

The adjoint Chevalley group £(F,) is then defined to be < z,(u),r € ®,u € F, >.

We now determine an isomorphism between the Chevalley group £(F,) and PQg (q), it can
be found in [13]. We have the following classical lemma

Lemma 8.4.1. Let A be a matriz algebra over F, with Lie bracket defined the usual way. We
then have that for any nilpotent matriz y and any matriz x,

exp(ad(y))(z) = exp(y)z exp(y) .

Proposition 8.4.1. We have PQJ(q) ~ £(F,).

Proof. The group Qf (q) is generated by long root elements which are elements of the form
Is + ue, with r € ® and u € F,, (See for example [46] 3.7.3). Since e? = 0, we have exp(ue,) =
Is + ue,. We define the morphism ¥ from Qf (¢) to £(F,) on those generators by
U(Ig +ue,) = (v — (Ig + ue,)z(lg + ue,) ' = exp(ue, )z exp(ue,) ™t = exp(ad(ue,))(x), where
the last equality follows from Lemma 8.4.1.

We then have W(Ig+ ue,) = x,.(u), therefore the morphism is surjective. Let y € ker(V¥), we
have yxy ' =z for all z € Lg,, therefore y € [, Is, where 7 is the group of invertible elements
of F,. Tt follows that ker(¥) = Z(QF (q)) and we get the desired isomorphism. O

We now recall Proposition 12.2.3. of [13].

Proposition 8.4.2. Suppose all the roots of £ have the same length and let r — 7(r) be a
map of ® into itself arising from a symmetry of the Dynkin diagram of £. Then there exists
numbers v, = +1 such that the map x,(u) — x.(r)(~,u) can be extended to an automorphism

of £(K). The ~y, can be chosen, therefore that v, =1 for allr € # U —m. For r =r; +ry, we

_ Yo Nery) r(rg)
have ~, = Ny .

We now apply this proposition with 7 the following triality automorphism of the Dynkin

diagram of type Dy
Ouln
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We choose as in the proposition v, = 1 for all r € 7 U —w. We can then compute the
remaining v, using the induction relation in the proposition. We get
—Yritrs = Vrotrs = ~Vrgtra = L,

Vritratrg = Vrotrgrs = Vritrgdrs = Vridratratrs = Vrirat+2rs+r, = 1. For the negative roots, we
use the fact that v_, =, for all r € ®.

We write in the following 7;.(u) = Ig + ue,. By Proposition 8.4.1, we get an isomorphism of
PQ{ (q) defined on the generators T, (u) by 7(Tr(ry(1rw)).

Proposition 8.4.3. Assume F, = F,(v/a) = F,(a) = Fy(a +a™'). Let G = pg, X ps,, (Am,).
We have that T o ps, | A, = Ps,| Ay, -

IfF, =F,(a) =F,(a+a™?t), then G ~ Sping (q).

IfF, =F,(a) #Fy(a+a ), then G ~ Sping (¢2).

Proof. Let us first show the first statement. By [36], we have that Ap, is generated by uy =
To, Tt uy = Ty, To, T2, ug = TfQT T3, ug = TS?’QT T4 uy =T, T and us = T, T-'. We

S1—-89 S1—-89 S1—-82 S1—7 82 8381 S4- 51

want to consider the image of pg(u;) under the triality isomorphism for all i € [0,5]. We first
have to write those elements as products of the generators 7,.(u). We order lexicographically
the vertices {z;,i € [1,8]} and {y;,7 € [1,8]} of the graphs of 8, and 8,, respectively, i.e.
I(@1) = 1(y) = {s1}, I(w2) = I(y2) = {s2}, I(w3) = I(ys) = {s1, 83}, L(24) = I(ya) = {52, 53},
I(x5) = I(ys) = {s1,s4}, I(xe) = I(ys) = {s2, 54}, I(w7) = I(y7) = {51,583, 54} and I(x5) =
I(ys) = {s2, 83, 84}

By Theorem 6.2, we have that for all i € [0, 5], Pps, (u;)P~' =tps, (u;)~" and
0 0 0o 0o 0 0 0 1
0O 0 0o 0o 0 0 -10
0O 0 0o 0o 0 1 0 O
0O 0 0o 0o -1 0 0 O
Np-1 _t -1 _
0O 010 0 0 0 O
0O -1 0 0 0 O 0 O
10 0 0 0 0 0 O
In order to write those elements in terms of the generators, we first need to work in the
0 0 0O—-1000O0O0
0 01 0 0O0O0O
0O -1 0 0 0O0O0O
right basis. Let M = (1) 8 8 8 [1) 8 8 8 , we then have
0 000 0100
0 00O 0O 0O0T1O0
0O 0 0O 0O 0O0O01
A(Mps, (ui) M~ AT =4 (Mpg, (wi) M)~
and
A(Mps,, (u) M~ AT =" (M ps, (u)) M)~
0 I . .
, where A = as in Definition 8.4.1.
Iy 0
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Let now U; = Mps,, (u)M~" and U; = Mps, (u;)M~" for all i € [0,5]. We check that
7(T;) = U, for all i € [0, 5] by explicit computations given in subsection 10.3.3 of the Appendix.
This proves that 7o pg |Am, =~ ps,,|Am,-

It follows that if F,(a) = F,(a + a™') then ps,, (An,) ~ Qf (¢) and if F,(a) # Fyla+ o)
then ps, (Am,) ~ QO (¢2) since it is generated by long root elements and irreducible.

Assume now that F, = F,(a) = F,(a + a™'). We now want to use Goursat’s Lemma (see
Lemma 3.3.1). We consider G as a subgroup of QF (¢) x Qg (¢). We write m; the projection upon
the first factor and 7, the projection upon the second factor. We write K; = m(G) ~ Q4 (q),
Ky = m(GQ) ~ Qf (q), K' = ker(my) and K? = ker(m;). By Goursat’s Lemma, there exists an
isomorphism ¢ such that G = {(z,y) € K1 X Kz, p(zK') = o(yK?*)}.

Let = € ker(m ), we have m;(x) = Is. We know that projectively, we have 7(m(z)) = ma(z),
therefore my(x) = Iy and my(z) € {&1s}.

This proves that K? < {Ig} x {£Ig} and K' < {+1I3} x {Ig}.

We have pgr((T81T53T52T84)15(T51TS3T52)720) =1y = —pgrr((T31T53T52T84)15(T51T53T82)72O).
It follows that Iy x (—I3) € G, therefore K? = Iy x (—13) and Ky/K? ~ PQ{ (q). This implies
that K;/K' ~ PQJ (q) and K' = (—1Ig) x Is.

For every = € K;, we have exactly two elements of K5 such that ¢(Z) = 7. This implies
that |G| = 2|4 (¢)|. We also know that for all z € QF(g), there exists y, € Q4 (q) such that
7(Z) = 7, and (z,y,) € G. We know there exists h € Ay, such that

x = ps,(h)ps, ((TS1T53T82T84)15(T81 T83T52)_20)

, therefore
(ajv P8y (h>p8rr((TS1T83T82T54)15(T81T53T82)_20)) = (33, _yiv) €q.

This proves that G contains {(z,y) € K1 X Ky, 7(Z) = y}. It follows using the cardinality of
those two sets that G = {(z,y) € K1 x Ky, 7(T) = 7}.

We also have that the center Z(G) of G is equal to {£1Is} x {3} since this group is included
in G and Z(QF (q)) = {£Is}. Tt follows that G/Z(G) = {(z,7(7)),x € QI (¢)} =~ PO (q).

We also have that G has two normal subgroups Z; and Z; of order 2, Z; = {£I3} x {Is}
and Zy = {Ig} x {&I3} such that G/Z; ~ G/Zy ~ Q (q). This proves that G is a double cover
of O ().

We recall here the definitions of a central extension and of a universal central extension from
[5]. A central extension of a group I is a pair (H,7), where H is a group and I[1: H — T'is a
surjective homomorphism with ker(r) < Z(H). A morphism « : (I'y, ) — (I'g, m2) of central
extensions of I' is a group homomorphism « : I'y — I's with m; = ma. A central extension
(T, 7) of I is universal if for each central extension (H,o) of G there exists a unique morphism
a: ([,7) — (H,o) of central extensions. By [5] (33.1), there exists at most one universal
central extension of a group I'. By [5] (33.4), any perfect group posseses a universal central
extension. The universal central extension I' is then called the universal covering group of T’
and ker(7) is the Schur multiplier of T".

We now show that G is the universal covering group of PQ2§ (q). We have by [21] (Theorem
6.1.4 and Table 6.1.2) that the Schur multiplier of PQ{ (q) is (Z/2Z)*. By Theorem 1.10.7 of
[21], we have that the universal cover of PQg (q) is Sping (q).

By [36], Ap, is perfect, it follows that G is perfect. We have shown above that G/Z(G) ~
PQg(q), this proves that G is a perfect central extension of G. We have Z(G) ~ (Z/2Z)?
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therefore |G| = |Sping (¢)|. By [5] (33.8), there exists an onto morphism from Sping (¢) to G.
This proves they are isomorphic since their order is equal.

All the arguments are identical for Fj(a) # Fy(a +a™?). O

Remark : Note that the restrictions to Apy, of ps. and pg.. are identical (this can be
seen on the W-graphs by removing 4 from the vertices and deleting the edges from x to y
if I(x) = I(y)), this proves that the projective twisted diagonal PSL4(q) inside PQZ(q) is
stabilized by the triality automorphism.

We also have that 7 does not extend to a morphism from Qg (¢) into itself. Assume it does,
there exists ¥ from K; ~ QF (q) to Ky ~ Q4 (¢) such that 7(z) = ¥(z) for all x € K;. We then
have that ps. (u;) = 7(ps,(u;)) = ¥(ps, (u;) for all i € [1,6], therefore there exists ¢; € {—1,1}
such that ps, (u;) = €V (ps, (u;)). By [36], we have that Ay, is perfect, therefore ¢; = 1 for all
i € [1,6] and for all h € Apg,, we have U(ps, (h)) = ps,,.(h). This is absurd because
IOSr((TS1TS3TS2TS4)15(T81T33T82>_20) - IS - _p&«r((T81T83T82T84)15(TS1T83T82)_20>‘

8.5 Type H,, high-dimensional representations

We now give two propositions, where we determine the image of A, in the remaining irreducible
representations. We could use the theorem by Guralnick and Saxl [23] for all of them but we
use arguments not requiring the classification of finite simple groups to determine those images
when possible. The first of the two following propositions does not use the classification and
the second one does.

Proposition 8.5.1. Assume 1 ~ 2.

1. IfFy = Fpla) = Fy(a+a™t), then py (Am,) =~ SLo(¢*) and pg-(Am,) ~ SLo(q®). We
also have that ®, 5 0 P57 A, ™ P9l As,

2. If Fy = Fp(a) # Fpla+ o), then py,(An,) ~ SLo(¢*) and pg-(An,) ~ SLe(¢*). We
also have that ® 4 o P57 A, ™ P9 A,

If 1 2 then we have po,(Am,) ~ SUs(q2) and po-(Am,) ~ SUs(q2).
IfFy =Fy(a) =Fpla+a™t) then pio, (Am,) = Qo(q)-
If ¥, =TFy(a) # Fypla+a™) then pio, (An,) ~ Uy(q?).

Proof. Assume 1 ~ 2 and F,(a) = Fy(a + a™'). By Table 8.3 and Theorem 8.1.1, we have
po.(Am,) =~ SL3(q*) x SLs(¢) in a natural representation. By Lemma 8.2.1, we then have
that po, (Ag,) is an irreducible group generated by transvections. We also have that pg, is not
self-dual, therefore pg, (Apg,) is included in no symplectic group. We also have that the field
generated by the traces of the elements of pg, (Ap,) contains F. It follows by Theorem 2.3.4
that po, (Asn,) = SLo(q?).

Assume 1 ~ 2 and F,(a) # F,(a+a~!'). We then have by Lemma 8.1.2 that F,(a, {+£71) =
F,(cr). We have by Theorem 8.1.1 that py.(Ag,) ~ SLs(q) x SUs(q2). It follows that po, (Ag,)
is neither unitary nor symplectic and is an irreducible group generated by transvections. We
also have that the field generated by the traces of its elements contains F,. We also have by
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Proposition 6.1 that it is conjugate to a subgroup of SLg(q). It follows by Theorem 2.3.4 that
po, (Am,) =~ SLo(q).

If 1 ~ 2, we have that ®; () € {o,a™'}. Tt follows by Proposition 2.1.2 that D1 2005, 4,,, 18
isomorphic to the restriction of an irreducible representation of Hy, o to Ag,. The factorization
result then follows by Table 8.3 and Proposition 8.1.3.

Assume now 1 ~ 2. We have by Theorem 8.1.1 that po, (Ap,) ~ SUs(q2) x SUs(q?) in a
natural representation. Let € be the unique automorphism of order 2 of F,. We have e(a) = o™,
It follows by Proposition 2.1.2 that €0 pg| 4, 1s isomorphic to the restriction of an irreducible
representation of Hy, o to Ag,. By Table 8.3, this implies that € o py | Ay = P9, An, - It follows
by Lemma 3.2.4 that up to conjugation in GLg(q), we have pg_(Aw,) < SUs(qz). We have,
by Lemma 3.3.3, that the field generated by the traces of the elements of pg_ (Ap,) contains
F,. It follows by Theorem 2.3.4 that po (Ap,) ~ S Us(q2). The same arguments show that

po-(An,) =~ SUs(g?)

Consider now the 10-dimensional representation pjo,. Let G = p1o,.(Ap,). By Proposition
6.1, we can assume that it is defined over F,,.

Assume first that F, = F,(a) = F,(a + a™'). By Table 8.3 and Theorem 8.1.1, we have
that p1g, (An,) ~ SL;(¢q) in a twisted diagonal representation. We have by Proposition 6.2 that
up to conjugation in G'Lig(q), we have G < Qfy(q). It follows by Lemma 8.2.1 that G is an
irreducible subgroup of Qf,(¢) generated by long root elements. It follows by Theorem 2.3.3
that GG is isomorphic to one of the following groups

1. (g

2. Ql_O(q%)

If p1o, (A, ) was conjugate to Q5y(¢2), then we would have that [SLs(q)| = ¢"°(¢2 — 1)(¢* —
1)(g! — (@ — 1) divides [25(a})] = ¢°(a? + 1)(g* = 1)(¢" — 1)(g — 1)(q — 1). This would
imply that ¢° — 1 divides (qg +1)(g—1) = q% —i4g—1< q% —1 = ¢ — 1, which is absurd.
This proves that po, (Am,) = Qf(q).

Assume now that F, = F,(a) # Fy(a +a™!). Let € be the unique automorphism of order 2
of F,, we have e(a) = a~*. Tt follows by Proposition 2.1.2 that € o p1g, ~ p1o,. We then have
by Proposition 4.1 of [12] that up to conjugation in GLio(q), we have G < Qfy(q2). We have
p1o, (Am,) ~ SUs(q?) in a twisted diagonal representation. By the same arguments as above,
we have G ~ Qi (q2) or G ~ Qi (q1).

Assume by contradiction that G ~ Q5,(¢g1). We then have that [SUs(q2)| = ¢°(q — 1)(¢2 +
1)(g* = 1)(g? + 1) divides |25(q7)| = ¢*(¢7 + 1)(¢* = 1)(¢ — 1)(¢ — 1)(¢> — 1). This implies
that g2 + 1 divides (¢7 +1)(¢2 —1)(g2 — 1). It follows that ¢3 + 1 divides (¢% +1)(g2 — 1)(q2 —
1) = (gF +1)(qg7 = 1)(g2 —1)(g — 1) = 2(q* — 1)(g2 — 1) = 2¢* — 2> —2¢> +2 < ¢? + 1 which
is absurd. It follows that G ~ Qf,(¢q2). O

The remaining cases will be proved as in [12] and types B and D using Theorem 2.3.2. We
first give a Lemma which will help us prove that the groups considered are tensor-indecomposable.

Lemma 8.5.1. Let { = p* with p ¢ {2,3,5} a prime and k > 1. If r > 3 then there exists
no non-trivial morphism from SL.(¢') to SLy(¢%) if 0 € {0,062, 0*} or SU.({') to SLy(¢*) if
e {07}
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Proof. Let 6 be a morphism from SLz(¢) to SLy(¢*). We have that ker(6) is a normal subgroup
of SLs(¢).

Assume this kernel is different from SL3(¢). The image of 6 is then non- abelian We get an
isomorphism from PSL;(() to a subgroup of SLy(¢). We have |PSLy(()] = oy 34 ceagr Tl (¢ —
1)(£3 — 1) and |SLy(¢*)]| = ¢4(¢3 —1). Tt follows that £3 — 1 divides 3(¢® —1). This 1mphes that
03 — 1 divides 3(¢8 — 1) — 3¢*(¢° — 1) = 3(¢* — 1). We have ¢ > 3 since p ¢ {2,3,5}, therefore
30% — 3 < 3 — 1 which is a contradiction. This proves that there is no non-trivial morphsim
from SL3(¢) to SLy(¢*). This implies in the same way that there exists no non-trivial morphism
from SL,({") to SLy(¢*) if r > 3 and ' € {, %, (1},

In the same way, if there was a non trivial morphism from SU,.(¢') to SLy(¢*) for r > 3 and
q' € {¢,(?} then we would have that ¢3 + 1 divides 3(¢*> — 1) which is also absurd. O

Proposition 8.5.2. We write € the unique automorphism of order 2 of F, when it exists. We
then have the following results.

1. IfF, = Fp(Va) = Fp(a) = Fp(a + a™'), then pis.(An,) = SLis(q) and pi,, (An,) =
SL]_ﬁ(q)

2. If Fp = Fp(Va) # Fp(a) = Fyla +a™t), then pis, (An,) = SLis(¢?) and pis,,ja,, =
P © P16,| A, » where ¢ is the unique automorphism of order 2 of IF .

3. If By = Fy(a) = Fy(va) #Fy(a+a™!) and e(va) = Va ', then pig, (Am,) =~ SUis(q?)
and prs,, (An,) = SUis(q?).

4. If By = Fyla) = Fp(va) # Fypla+a™l) and e(va) = —y/a ', then pi, (An,) ~ SLis(q)

and pie;,| Ay, = €© P16, A, -

Assume 1 ~ 2. We then have the following results

1. We have @120 pig,|a,, = PT6:| A, D120 Pou |y, P33 Ap, 2 D120 Pog|ay, Pty A, and
D12 0 30,1y, = P30| A, -

2. If Fy =Fy(a) =Fpla+a™), then pis,(An,) ~ U5(q), poa,(Am,) =~ 34(q), p2a,(An,) >
Q34(q) and pso, (Am,) ~ Qo(q)-

3. IfF, =Fp(a) # Fy(ata™), theln pre, (Am,) =~ Us(a2), pos, (Am) =~ Q51(q7), pas, (An,) ~
1(q2) and pso, (Am,) ~ Qio(q?).

Aslsume 1 = 2. We then hlave pi6.(Am) ~ Us(q?), pa,(An,) ~ Ui(q2), pas,(An,) ~
Q34(q?) and pao, (An,) =~ Qp(q?).

IfFg =Fp(a) = Fp(a+ a1, then pis, (Am,) ~ Qs(q), p2s, (An,) ~ SLas(q), pse,, (Amu,)
SLss(q) and pao, (Am,) ~ Uy(q).

]fF(l; = ]Fp(a) # Fp(OH‘Oé_l); tlhen /718,«(AH4) = Qfg(q%), /)25T(-AH4) = SU%(Q%); ,036M<~AH4) =
SUss(q%) and pao, (Am,) =~ Qip(q?).
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Proof. We first check that in all cases, the assumptions of Theorem 2.3.2 are verified. We have
as in the proof of primitivity in [12] and in type B that all the groups considered are primitive
finite irreducible subgroup of GL(V') by considering Table 8.3, because they contain either a
natural SLs(q") or a twisted diagonal SL3(q") or SUs(¢’) for ¢’ € {q%, q,q¢*}. Using again Table
8.3 and Lemmas 3.3.5, 3.3.6 and 8.5.1, all the groups considered are tensor-indecomposable.
We also have vg(V) < 2 < max(2, @) As in page 13 of [12], the restriction also shows us that
we are not in case 2 of Theorem 2.3.2. This shows that they are classical groups in a natural

representation.

Consider first the Hy-graphs 16, and 16,,.. They are not 2-colorable, therefore we cannot
apply Proposition 6.1.

Assume F, = F,(y/a) = F,(a) = Fy(a + a'). We then have by Theorem 8.1.1 that
p16, (Am,) contains a natural SLs(q), therefore the field generated by the traces of its elements
contains [F,. It follows that it is a classical group in a natural representation over F,. The natural
SLs(q) also shows that it is preserves no non-degenerate bilinear or hermitian form over F,. It
follows that pig,(Am,) = SLis(q). The same arguments show that pig., (Ap,) = SLis(q).

Assume now Fp = F,(v/a) # Fy(a) = Fy(a + a™'). By Theorem 8.1.1, we have that
p16, (Am,) contains a natural SU,(q). It follows by Lemma 3.3.3 that it is a classical group in
a natural representation over F ..

Let then ¢ be the unique automorphism of order 2 of Fp2. We have p(y/a) = —y/a and
p(a) = a. It follows by Proposition 2.1.2 that ¢ o pi,|4,, is isomorphic to the restriction of
an irreducible representation of Hp, o. By Table 8.3 and Propositions 8.1.3 and 8.1.4, we have
that ¢ o pi6,14, = p16,.|4y,- This proves by Proposition 8.2.2 that ¢ o pf6T|AH4 o ,0{6T|AH4. We
also have that pig, is not self-dual therefore pig, (Azm,) = SLig(q*). The result for 16,, follows
from the factorization.

Assume now F, = F,(y/a) = F,(a) # F,(a + a™') and €(y/a) = va ' By Lemma 8.1.2,
we have 1 ~ 2, e = ®; 5, and Py () = a~'. Tt follows by Proposition 2.1.2 that ®; 5 o P16.| As,
is isomorphic to the restriction of an irreducible representation of Hp, .. By Table 8.3, we
have pig,1a,, = p3, X P37 X Pa, X Ps,- It follows by Propositions 8.1.3, 8.1.4 and 8.1.5 that
P12 0 pr6,jay, = P37 X 3, X py X ps;. 1t follows by Table 8.3 that @15 0 pig,|a,, = pie,- By
Lemma 3.2.4, we have that pys. (Ag,) < SUs(¢2), up to conjugation in GLig(g). It contains a
natural S U5(q%), therefore it is a classical group in a natural representation over IF,. It follows
that pig, (Amg,) ~ SUlﬁ(q%). The same arguments show that pig,. (Ag,) ~ SUm(q%).

Assume F, = F,(v/a) = Fy(a) # Fyla+ a™t) and e(y/a) = —ya . We apply here the
same reasoning as before and we get that ®; 5 0 psg, A, = P37 X P3, X pa, X Py It follows by
Table 8.3 that ®; 50 pyg,| Am, 2 P16}, | An, - It follows that pig,(Ap,) preserves no non-degenerate

bilinear or hermitian form over IF,. It contains a natural S U5(q%) therefore it is a classical group
over F,. It follows that pis, (Am,) = SLis(q). The result for 16,, follows from the factorization.

All the remaining Hy-graphs are 2-colorable therefore we can assume they are defined over
Fp(a, E+&71). We know they are classical groups in a natural representation. We will show that
they are the groups given in the proposition. We first consider the Hy-graphs which contain
weights in F, (£ +¢71) ie. 16;, 24,, 24, and 30,. Note first that all of those representations are
self-dual, and by Proposition 6.2 and the Hy-graphs given in the Appendix, we have that they
preserve a non-degenerate symmetric bilinear form.
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Assume first 1 ~ 2 and F, = F,(a) = Fy(a + a™!). We then have by Lemma 8.1.2 that
Fpe=Fy(a,é+& ) =Fyla+at,E4+&1), @1y is the unique automorphism of order 2 of F
and @ 9(a) = .

Since pig, is the only 16-dimensional self-dual representation, we have by Proposition 2.1.2
that ;50 pig,| Am, = P16, A, - The representation psp, is the unique 30-dimensional irreducible
representation therefore we have @120 p30,4,, ~ p30,4,,- It follows by Proposition 4.1. of [12]
that up to conjugation, we have that pie, (An,) < Qi5(¢) and pso, (An,) < Q35(¢). They both
contain a twisted diagonal SLs(q) therefore pig, (Am,) contains an element conjugate to
diag(diag(c, a1, 1,1,1), diag(c, ™, 1,1,1), I) and pso,(Ag,) contains an element conjugate
to diag(diag(a,a™t,1,1,1),diag(a, o™, 1,1, 1), Iy). It follows that the field generated by the
traces of their elements contains 2(a+a~!). This implies that they are classical groups defined
in a natural representation over F,. It follows that pis, (Ar,) ~ Qis(q) and pso,(Ar,) ~ Q4 (q).

By Proposition 8.1.3, we have ®;5 0 p3, =~ pz- and Py 0 p3; =~ P37 It follows that ®; 4 o
P24, An, = PaL| Ay, OF ®,50 P24, A, ™ PoE| Ay, We have

Tr(pos, (5153595, 79,1)) = 4(@®+a )+ (E+E—15)(a+a ) +22-3(¢E+&7h)
D1 5(Tr(p2s, (51555515, 1)) = 4@ +a )+ (E+E 72— 15)(a+a ) +22-3(8 +£77)
Tr(pE(Slsg,SQ_lS;l)) = 4@ +a )+ (E+2-15)(a+a ) +21 -2+ €72,

It follows that @10 pos |y, =~ oL A, would imply that 0 = 1 —& —&~1 = —£~1®g(€), which is
absurd. This proves that @120 pas |a,, ~ parj As, It follows by the same arguments as before

that pos, (Am,) ~ Q5,(q) and pay, (An,) >~ Q34(q)-

Assume now 1 ~ 2 and F, = F,(a) # F,(a + a™'). We then have by Proposition 8.1.2
that F,(a,& + &) = F, and @15 is the unique automorphism of order 2 of F,. We then
have using the same arguments as before that each of the groups considered preserves a non-
degenerate bilinear form over Fq%. They each contain a twised diagonal SUj (q%), therefore they

are classical groups in a natural representation over F 1. The result then follows.
q

1.
2
Assume now 1 ~ 2. By Lemma 8.1.2, we have F,(a, & + &) = Fy(a) # Fy(a+a™!). Let €

be the unique automorphism of order 2 of F,. We have e(a) = a~!. Tt follows by Lemma 2.1.2

that € o pi6,1a,, > P16,4,, a0 €0 P30 14, 2 P30,|4,, -
By Proposition 8.1.3 and Table 8.3, we have that € o P24, Ay, = P24, Ay, OF €0 Poy Ay =
P24 Ap, - We have

Tr(p21, (51935, 7S5 1)) = 4(@” +a™) + (€ + & —15)(a+a ) +21 —2(6+£71).

Since £ + &1 € Fq%, we have e(§ +&71) = £+ ¢71. Tt follows by the same computation as in

the previous case that € o pay A, X P24,| A, - The result then follows from the same arguments
as before.

The only remaining Hy-graphs to consider are 1’8;, 25,., 36,,. and 40,.. By Proposition 6.1, we
can assume they are defined over F, = F,(«). By Proposition 6.2, we have up to conjugation
in GLs(q) that pi1s (Am,) < Qf(qg) and up to conjugation in G Lyo(q) that ps (Am,) < Qo(q).

Assume F,(a) = Fy(a + ™ '). By Table 8.3 and Theorem 8.1.1, we have that each of the
groups associated to those representations contains a twisted diagonal SL,(q). It follows by
the same arguments as before that the field generated by the traces of their elements contains
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F,(a+ o~ ') = F,. By Proposition 2.1.2, if there is a field automorphism ¢ and a character 7
such that (¢ o p) ®1n is an irreducible representation of Hp, o then ¢(a+a™) = a+a~'. This
proves that such an automorphism must be trivial. The result then follows.

Assume now F, = F,(a) # Fy(a+a™'). Let € be the unique automorphism of order 2 of F,,.
By Proposition 8.1.5, we have that eops | Ay ™ P3| Ay, - It follows by Table 8.3 and Proposition
2.1.2 that all the representations considered are unitary. We have by the same arguments
as before that the field generated by the traces of its elements contains IFq 3 It follows that

1 1
pis, (Am,) =~ Us(g?) and pao, (Am,) =~ Qio(g?). We also have that €0 pas, 4, % p25,14,, and €o
P36,0| An, % P36, Ap,- 1t follows that they cannot be classical groups in a natural representation
over Fq%. This implies that they are classical groups in a natural representation over [,

therefore pos, (Am,) ~ SUss(q2) and psg,, (Am,) ~ SUsg(q2) and the proof is concluded. O

There is now only one case remaining. We cannot apply the prev1ous theorem to it because
the restriction to Apg, only shows that vg(v) < 4 and max(2, ) V12 < 4.

Proposition 8.5.3. If 1 » 2 then we have pys,., (Ap,) ~ ng(q%).

Proof. By Proposition 6.1, we can assume that the representation is defined over F,(«a). Let
G = pas, (Am,)-

Assume now 1 « 2. By Lemma 8.1.2, we have F,(a,{ + 1) =F, = Fy(a) # F,(a+a™).
Let € be the unique automorphism of F,. We have e(a) = a~'. It follows by Proposition 2.1.2
that € o pyg,| A, = P8, | Ay, - Since we have found a symmetric non-degenerate bilinear form
preserved by G, we have by Proposition 4.1. of [12] that up to conjugation in GLys(q), we have
that G < Qf(¢?). By Theorem 8.1.1, we have that G contains a twisted diagonal SUs(q2) and
pas, (Am,) ~ SUs(q?) x SUs(q%) x SUs(q?) or pas,(Am,) ~ SUs(q?) x SLa(q?) x SUs(q?). It
follows by Lemma 3.3.6 and 8.5.1 that G is tensor-indecomposable. We have with the same
arguments as in the previous proposition that GG is a classical group in a natural representation
over Fq% therefore G ~ Qlx(¢2). O

Conjecture 8.5.1. If 1 ~ 2 then we have pus,, (Am,) =~ Qj[g(q%).

Assuming the previous proposition is correct and has been proved. We show the following
theorem which gives us the image of Apy, inside the full Iwahori-Hecke algebra.

Theorem 8.5.1. Under our assumptions on o and p, we have the following results.

1. Assume 1 ~ 2 and Conjecture 8.5.1 is true.

(a) If Fy = Fp(Va) = Fy(a) = Fy(a +a™'), then the morphism from Ay, to Hi;, , ~

I1 Gan( F,(va, &+ €7Y) factorizes through the surjective morphism
p T

® :— SLy(¢%) x QO (¢°) x Sping (q) x SLo(q?) x Qfy(q) x SLis(q)? x g(q) x Ux(q)
xQ31(q)? x SLas(q) x o(q) x SLis(q) x Qfy(q) x Qs(g?).
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(b) If F, = Fp(y/a) = Fy(o) # Fy(a+ a™) and ®1,(y/a) = a ', then the morphism
from Ap, to My, o ~ TI GLyn,(Fp(va,&+&71)) factorizes through the surjective
p T
morphism

& :— SLy(q) xQ (q) x Spind (¢7) x SLe(¢?) x Qi (q2) x SUs(q2)* x Uiy (7)) x Uiz (q2)
X 31(q2)? x SUss(q2) x Qy(q2) x SUss(q) x Qfy(q2) x Qfs(q7).

(c) If F, =F,(y/a) =F,(a) #Fy(a+a™') and &, 2(\/_) — —/a ', then the morphism
from Ap, to Hy, o~ I1 GLyn, (Fp(v/a, &+ E7Y)) factorizes through the surjective
p T
morphism

® = SLa(q) x O () x Sping (42) x SLo(g%) x Q%) x SLig(q) x Qs (q2) x Vs (q?)

xQ3,(q ) x SUss(q %> x Qg ) x SUse(q ) x Qo(q ) x Qs(q )

(d) If Fpe = Fp(y/a) # Fp(a) = Fp(a+ a™1), then the morphism from Ap, to Hjy, o ~
[1 GLn,(Fp(va,&+E7Y) factorizes through the surjective morphism
p T

P .- SL4(q2) X Qg(qQ) X Sping(q) X SLg((]Q) X Qfo(q) X SLlG(qQ) X Qfﬁ(q) X QE(Q)
x31(9)% % SLas(q) x Qy(q) x SLag(q) x () x Qs(q7).

2. Assume 1 = 2. We write € the unique automorphism of order 2 of IF,.

(a) If By = Fp(va) = Fy(o) # Fy(a+a™') and e(v/a) = Ja ', then the morphism
from Ag, to My, o~ I GLyn,(Fp(v/a,&+E71)) factorizes through the surjective
p irr
morphism

® ﬁSU4< )2 % Q4 (g %> xSpm8< 2) x SUy(q3)? x%( %>st16<q%>2er6<q%>2

(b) If F, = Iﬁ‘p(\/a) = IE'p( a) #Fyla+a™t) and e(/a) = —ﬁ‘ , then the morphism
from Ag, to Hyy, o, = TI GLy, (Fp(vVe, &+ £71) factorizes through the surjective
p irrT
morphism

O = SUL(q2)% x QO (q2)? x Sping (¢2) x SUs(g2)? x Qfy(q?) x SLis(q) x Qs(q?)?

N|=

X Qs (q7) x Q54(g2)" x SUss(q2) x Qdy(q2)? x SUss(q2) x Qy(q2) x Qfs(g?).

Proof. We have the factorizations by the previous propositions. We thus only have to show that
the considered morphisms are surjective. Since Ap, is perfect, we have by Goursat’s Lemma
3.3.1 that the morphism is surjective unless there exists two different representations p; and po
in the decomposition such that there exists a field automorphism W verifying Wopyja,, = pajay, -
By Proposition 2.1.2, we have that ¥(a + a™!) = a + a~!. This shows that ¥ must be trivial
over F,(a+a™!). Tt follows by the previous propositions that there are no such representations
in the decompositions and the proof is concluded. O
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Chapter 9
Type Fj

In this section, we determine the image of the Artin group of type Fj. This group contains
in a natural way two groups isomorphic to Ap,. We will therefore use some results from the
type B section. The Fj-graphs are graphs with two parameters since there are two conjugacy
classes in type Fj. This makes the uniqueness conditions proven in the section on W-graphs
fail. The irreducible representations are all in low dimension. We can therefore compute easily
the bilinear forms for the self-dual representations and it is not necessary to use the conjecture
on W-graphs associated to self-dual representations. It is unclear whether the conjecture is true
in type Fy because of the lack of rigidity when there are two parameters. The field extensions
involved in type F} are quite complicated, we have to distinguish 15 cases which are described in
the Appendix. Determining the image inside each representation uses arguments similar to the
other cases. The main difference comes from the fact that Ag, is not the normal closure of Ap,
in Ap,, we use the fact that there are two copies of Ap, inside A, for the inductive arguments.
The image inside the full Iwahori-Hecke algebra is also slightly more complicated because Ap,
is not perfect. This requires some additional computations for the proof of Theorem 9.1.

Let p be a prime different from 2 and 3. Let o, 3 € F,” such that o* # 1, a® # 1, o' # 1,
BU AL B AL FO=1 (5 AL (D £L (@) #1, (aB)' # 1, a ¢ {62572 and
B¢ {—a* —a?}. Write F, = F,(a, ).

There are 25 irreducible representations of Hp, o 5. The highest dimensional one is of di-
mension 16. Five of them are self-dual and they are represented by the Fy-graphs 44, 61, 65, 12
and 16 given in section 10.5 of the Appendix.

Definition 9.1. The Iwahori-Hecke algebra Hr, o5 of type Fy is the F,-algebra generated by
the generators Sy, 59,535,594 and the following relations

1. (S —a)(S1+1) = (Se — a)(Sa+1) = 0.
2. (S5—B)(S5+1) = (Sy — B) (S +1) = 0.
3. 515551 = 55555,

5155 = S55;.

5154 = S45;.

S ;A

59535253 = 55595355.

200



7. 5284 = S455.

8. 535455 = S453S4. For o in the Coxeter group Fy, if o = s;, ... s;
we set T, =5, ... 5

ik

. 1S a reduced expression

Note that we have two parameters here, therefore most of the results from the Chapter 6 do
not hold. Moreover, we have to consider the different ways F,(y/c, v/B) can be a field extension
of Fy(a + o', 8+ 7). The Hasse diagram representing the setup of the field extensions
involved is given Figure 10.4.

Note that all the extensions represented by edges are of degree at most 2 because they involve
of the following polynomials : X2—(\/B+\/371)X—1—1, X2—a, X2 8, X2~ (a+ya X +1,
X2 —B+81+2), X2 -B+8HX+1, X2—(a+aHX +1, X? — (a+a ' +2). The
roles of a and [ are perfectly symmetric in the graph, therefore we only have to consider the
cases up to permutation of o and 5. We now try to establish what all the possibilities are. Set

IFQ' = IFP(\/a’ \/B)

Assume first that F,(v/a,/B) # F,(Va, VB + VB ). We write § = ¢/2. Then Fe =
F, (v, VB) = Fo(va,vB+vB /(X2 — (VB++B )X +1). The field F has a unique

subfield of degree 2 and it is equal to F;. We have that /3 does not belong to Fj, therefore
F; # F,(v/a+a ', v/B) and Fy # F,(o, v/B). Note that in this case, we also have that 3 ¢ F;

-1
because otherwise, we would have /3 = /53 }ig:i = \/?IB\@ € [F;. It follows that F; #

F,(Va, B), and that Fp = F,(va,v/B) = Fjv/a, B) = Fyla, VB) = Fy(va+ ya ', v/B). We
have in the same way Fp = F,(\/a + va ' p) = Fp(a, B) =Fpla+a ', /B) =F,(a+a !, B).
This implies that F,(y/a, /) is an extension of degree at most 2 of F,(a + o™, 3+ 7).
Fyo(a+a !, 8+ 471) is included in F,(/a, /B + \/B_l) = IF;, therefore it is equal to Fz. We
can now complete all the edges in the Hasse diagram where we put dotted edges for extensions
of degree 1, full edges for extensions of degree 2, fields equal to Fz in blue and fields equal to
F; in red. This can be seen in Figure 10.5.

We get by symmetry that if F,(v/a,v/B) # F,(va + va ', +/B) then we have the Hasse
diagram of Figure 10.6.

We can now assume that F,(va,vB) = F,(vVa,vB + VB 1) = F,(Va + va ', vB).

Assume F,(v/a,/B) # F,(va, ). We then write F; = F,(y/a, ) and Fe = F,(/a, /D).
We then have that /3 ¢ Fj, therefore Fo = Fp(a, /) = Fy(a + a™',v/B). Note that

1
VB = %, therefore /B + B ' ¢ F;. It follows that Fz = Fy(a, /B + VB + VB =
Fyla+a™, VB + \/B_l). This proves also that F; = F,(a + o™, 8+ 37!). The only Hasse

diagram possible is then given in Figure 10.7.

We get by symmetry that if F,(v/a, /) # F,(a, /) then we have the Hasse diagram in
Figure 10.8.

We can now assume that F,(v/a, v/B) = F, (v, \/B—i-\/BﬂL\/Bil) =F,(vVa,B) =F,(a,VB) =
F,(va + va ', V/B). Assume F; = F,(vVo,8+ 87') # F,. We then get that 3 ¢ F; and
VB + \/B_l ¢ F;. The only Hasse diagram possible is then given in Figure 10.9.

We get by symmetry that if F,(a +a ™', 1/3) # F, then we get the Hasse diagram given in
Figure 10.10.
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Assume now that F; = F,(y/a++/a ', 8) # F,. We then have that /o ¢ Fy and /3 ¢ F,.
It follows that a ¢ F; since y/a = YoY We also have that /3 + B = ¢ F; since

1+a—1

—1
VB = % The only Hasse diagram possible is then given in Figure 10.11.

By symmetry, if F,(a, /3 + \/B_l) # F, then we get the Hasse diagram given in Figure
10.12.

Assume now F; = F,(«, ) # F,. We then get that /o + Ja ¢ F; and /B + VB ¢ Fs.
We then get the Hasse diagram given in Figure 10.13.

Assume now Fy = F,(va+ va ', /B + \/371) # F,. We have o ¢ F; and 8 ¢ F;. We
then get the Hasse diagram given in Figure 10.14.

We can now assume that Fy = F,(v/a, 54+6—1) = F,(va+va ', 8) = F,(Va+ya ', vB+
VB ) =Fy(e f) = Fylo VB+VE ) = Fylata™). Assume Fy =F,(Va+va ', f+57") #
F;. We then have a ¢ Fy, § ¢ Fz and /B + VB ¢ F;. This gives us the Hasse diagram in
Figure 10.15.

By symmetry, if F,(a + o™ /B + \/B_l) # F, then we get in Hasse diagram given in
Figure 10.16.

Assume now F; = F,(a+a™ 1, 8) # F,. We have a ¢ Fg, Ja+ya ¢ [F; and VB+VEB ¢
F;. We then get the Hasse diagram given in Figure 10.17.

By symmetry, if F (o, 8 + 87!) # F, we get the Hasse diagram given in Figure 10.18.

We can now assume Fy = F,(Va+va B8+ 7)) = Fyla+ o, 8) = Fyla, 3+ 571) =
Fy(a+a /B + \/Bfl). We then either have case 1 which is F,(v/a, /B) = F,(a, 3) or the
Hasse diagram given in Figure 10.19.

The Fy-graphs we will be considering are given in Figures 10.1, 10.2 and 10.3. They are
taken from [20] (11.3.2). They are slightly different because we consider left-actions instead of
right actions. We here have two parameters, therefore the rules to read the Fy-graphs are more
complicated. When there is an edge between = and y in the graph then as in [20], we use the
following conventions

L. p;,, = 0 if one of the following is satisfied

(a) I(z) consists of three elements, I(y) consists of one element and s = s;.

(b) s = s9, {s2,54} C I(z) and I(y) contains s3 but not s,.
2. If the above conditions are not verified then uj , =1 except if

(a) The is an integer labeling the edge between = and y, then My, 18 equal to that integer.

(b) If s € {s3,s4} and there is a label on the edge between z and y which is not an
integer, then pj , is equal to that label, where

0= VIV VI b = uy !
f=vVaut+vu Lg=utu L h= Vi’ +u

We now prove that the algebra is split semisimple as we did with the other types using the
Schur elements.
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Proposition 9.1. Under our assumptions on p, o and B, Hp, op 15 split semisimple over
F,(v/a,\/B), the representations afforded by the W -graphs are irreducible and pairwise non-
isomorphic over F,. The restrictions of the irreducible representations of Hp, o5 t0 Hp, ap are
the same as in the generic case.

Proof. We will apply Proposition 2.2.4. Let A = Z[\/u™", /v '] and F = Q(y/u, y/v). We have
a symetrizing trace defined by 7(7p) = 1 and 7(7,) =0 for all 0 € Fy \ {15, }. Hp,uw is then a
free symmetric F-algebra of rank 1152. A is integrally closed. Let 6 be the ring homomorphism
from A to L = F, defined by 0(\/u) = \/a, 0(y/v) = /B and 0(k) = k. We know FH is split.
The basis formed by the elements T, o € F}; verifies the conditions of the Proposition 2.2.4.
The Fy-graphs considered remain connected since the weights don’t vanish after specialization.
In order to verify this, we only need to check that 6(a) # 0, 8(b) # 0, 0(f) # 0, 0(g+ 1) # 0,
6(2—g) # 0 and (h) # 0. We have 6(a) = VayB '+ VBv/a ' = ya 'VBD(S) # 0,
0(b) = av/B ' + VBt = av/B (L4 Ba?) £ 0, 6(f) = Va+ o = a Bya) # 0,
bg+1)=a+al+1=a"'P3a) #0,02-g) =2—a—-—a!=(1-a)(l—a!) and
0(vu' +vu ) = o' + a7 = ya (P +1) £0.

We now only need to check that the Schur elements can be specialized and do not vanish
under the specialization. This is clear from Table 9.1. (This table is taken from Table 11.1.
[20])

O

Proposition 9.2. The restrictions to A, of the representations afforded by those W -graphs
are absolutely irreducible and the representations of dimension greater than one are pairwise
non-isomorphic.

Proof. As in [12] Lemma 3.4, we only need to prove that Ap, =< $1, 89, $3, 54 > is generated
by Ap, =< $1, 82,53 > and Apg,. This true because s4 = s4s§183, 34351 € Ap, and s3 € Apg,.
Let now p and p’ be two representations of Hp, o such that p Ap, = pf Ap, We know by
Lemma 3.2.3 that there exists a character x; Ap, — IF, such that p ~ p' ® x. Since Fy/Ap, ~<
51,83 >~ 77, there exists (z,y) € F. such that p(S)) = zp/(S1) and p(Ss) = yp'(Ss). The
eigenvalues of p(5;) are —1 and «, therefore {—1,a} = {—z,za}. It follows that = = 1 since
a? # 1. In the same way y = 1 since 3? # 1. It follows that p ~ p'. O

Before determining the image of the Artin groups inside this Iwahori-Hecke algebra, we need
as in the other cases a Lemma on Artin groups which will allow us to use the restriction from
E6 to D5.

Lemma 9.1. Ap, is generated by Ap,1 and Ag, 2, where we identify Ap,1 (resp Ap,2) as a
subgroup of A, using the natural isomorphism from Ap, to < s1, 52,53 > (resp < S, 3,54 >).

Proof. By [36], we have that Ap, is generated by 5231_1, 818281_2, 335‘;1 and 8483822. We have
that 3251_1 and 513231_2 belong to Ap, 1 and 335Z1 and 5433552 are in Ap, o, therefore the proof
is complete. O

We now give a proposition where we determine the image of Ag, with respect to the repre-
sentations po,, ps, and pg,. The special phenomenon appearing for the representation ps, was
also observed in the generic case, see Lemma 2.22 of [34] for an analogous result.
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10.
11.
12.
13.
14.

15.

LU0y (v)2®3(v) Pg (v

Do (1) By (1) D (1) D3 () (w? + 1) (120 + 1) Dy (wv) D () By (uv)?.
P uT0Dy (u) o (v) P (u) 3 (v) (u + v7) (u? + ) Pa () P () Pa()*
072Dy (1) 2D (1) D (1) D3 (1) B (1) D (2) (1 + u2v) (u? + v).

)P (1) B (1) D (2) (1 + v2) (uv? + 1)
203D (1) Dy (1) By (2) 2D ().

P 0T Ry (u) Py (0) P (1) Py (v) P () B (1v) P (uv)?,
P Dy (1) Oy (1) By (1) By (0) P (u) P () Pa (7).
: 3um 03P (1) 2Py (1) D (L) By ().

L 3um 03Py (1) 2By (0) D (uv) (L),

s 03Dy (1) 2Dy (1) B () B (v) (w + v2) (wv? + 1).
L w30 Dy (1) Do (0) 2B (1) B (v) (12 + v) (uPv + 1).
L (u0) 2Dy (1) Do (v) (1 + v2) (1 + 1) Py (uv) Dy (uv)?.
F (uv) 2@ (u) o (v) (1 4+ uv?) (1 + w?v)Pa(§)Po(3).
 6u 3P (1) D () Pa (L) 2Py (uv)2.

QU 3D (1) By () By (1) Dy (L),

Table 9.1: Schur elements in type F4
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Proposition 9.3. If F; =F,(a) = F,(a + a™ ') then py,(Ar,) ~ SLa(q).

IfF; =Fpy(a) 7£]F (a+a™t) then py,(Ar,) ~ SUs(G2).

IfFg =Fy(B) =F,(B + ") then po,(Ap,) ~ 5L2(§)1

IfFg =TF,(B) # Fp(B + B then pa,(Ar,) = SU(q2).

If IF(?l = ( ) I (Oé ta ) and F Fp ) Fp(ﬁ +671) then P41(-/4F4) = SLQ(‘%) ©
SLy(G2)- 1

If By =Fpla) # Fyla+a™) and Fy, = Fy(8) = F,(8 + 571) then ps, (Ap,) = SUx(GF) o
SLy(q2). 1

IfFq = Fpla) # Fpla+a™) and Fgy = Fy(B) # Fp(5 + 677) then pa, (Ar,) = SU(dF) 0
SUs(G3)-

In cases 11, 12, 13 and 16, we have py,(Ap,) ~ SUi(q%) and p,(Ap,) ~ SUi(qZ). In all
the remaining cases, we have py,(Ap,) ~ SL4(q) and ps,(Ar,) ~ SLs(q).

[SIEE)

Proof. We have that pa,y Aot is isomorphic to the representation pp 1) of Ha, .o and py, 1y dg is
isomorphic to the representation pp 1) of Ha, 3, where Ay, 1 =< 51,52 >and Ay, 2 =< 53,5, >

We have po, (S5) = p2,(Ss) = (g g) and po, (S1) = p2,(S2) = (g 2) It then follows that

p2s(AR,) = p2,(Aa,1) and po,(Ag,) = p2,(Aa,2). The result then follows from Lemma 3.5 of
[11].

We now consider the representation ps,. We order the basis indexed by the vertices in
the lexicographic way, i.e. [(z1) = {s1,s3}, [(z2) = {s1,84}, [(x3) = {s2,s3} and I(z4) =

0
{s2,84}. Let X = We then have py,pp, , = X <p23|HA2'1 )X—l

)
01
00
1 0| 0 p23|7.[A2’1
00

Ny 0

and pay(a,, , = (pleAﬂ 0 ) Note now that for any matrices M, N € GLy(F,), we
M
0 0 M

have that | ( > (N 0)] = I;. We also have that if {X( )X‘l,Nl €

SLy(F,)} N {( > Ny € SLy(F,)} = {£IL,}. We have by [36] that Ap, is generated by

8281 , 313251 , S35, L and 543334 . The result then follows from what was proven above for 2;
and 2s.

Consider now the representation py,. We know, using Table 9.1 and Table 9.2, that py, By
is isomorphic to the representation pjg) 1] ® pz0 of Hp,ap and Pas|Mp, , is isomorphic to the
representation pjg) ) ® pia)0 of Hp, ga-

By Lemmas 3.3.2 and 3.3.8, pa, (Ap, 1) € {SLs(q), SUs(q2)}, pa, (A, 2) € {SLs(q), SUs(q2)}
and p4,(Ap,) € {SLa(q), SLa(q?), SUs(q2)}. Take now a transvection ¢ of py,(Ap,). We know
that for ¢ € {1,2}, p4,(Ap,,;) is normally generated by that transvection in p4, (Ap, ;. Since Ap,
is generated by Ap,; and Ap, 2, we have that the normal closure in py,(Ag,) of ¢ is equal to
1, (Ap,). This proves that p(Ag,) is an irreducible subgroup of SLy(F,(y/a, v/B)) generated by
transvections. We can now use Theorem 2.3.4. Let F, = F,(y/a, /). There exists ¢’ dividing
qo such that py,(Ag,) is conjugate in GLy(qo) to SLi(¢'), SUy(¢'2) or SPy(¢). We also have
that py, % pj,, therefore the symplectic case is excluded. Note that py,(Ar,) contains either a
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@, [1°]) (31, 9) °], 2 @, 3) ([2, 1], 0) @ [2,1)) (21, 1D (1, 0%) [ (12D [(EAD)
1

1 1

Figure 9.1: Restriction of the 4-dimensional representations to Hp, 1 ~ Hp, a3

- (9, 1°]) (3], 0) ((1°], 0) (@, [3]) (2,1, 0) (9, [2,1]) ([21, (1] (DNE)) (11, 2 @31, 1)
1 1

4; 1 1

1 1

47 1 1

Figure 9.2: Restriction of the 4-dimensional representations to Hp, 2 ~ Hp, g.q

natural SL3(q) or a natural S Ug(q%), therefore we have that ¢ divides ¢’ and ¢’ € {q, q}-

It now only remains to show that we have the correct groups. Assume F 2 = F,(v/a, /) #
F,(a, 3) = F,. We then have F, = F,(a +a™*, 8+ 37'), therefore p4,(Ap,) contains a natural
SL3(q). There exists then a unique automorphism e of order 2 of F 2. Since I, is fixed by €, we
have that € o py, > ps, by considering the restriction to Ap, . It follows by Lemma 3.2.5 that
up to conjugation, we have p4, (Ag,) < SLy(q). This proves that ¢ = g and py, (Ar,) ~ SLs(q)
in cases 4, 5 and 10. We can now assume F,(\/a,v/B) = F,(a, 3), this implies that ¢y = q,
therefore ¢ = ¢q. This implies that py,(Ap,) is conjugate in GLy(q) to SLy(q) or SUs(q?).
If Fpla, ) = Fpla+ !, 8+ 1) then we have again ¢ = ¢ and py,(Ag,) ~ SL4(q). If
Fp(a, 8) = Fpla+ a1, 8) # Fyla+a ', 8+ 371) then we have that there exists a unique
automorphism e of order 2 of ¥, and that for all representation ¢ of Hp, o 3, We have eop* ~ .
This implies that € o pj, ~ py,. It follows that py,(Ap,) ~ SU,(¢2). Finally, if F (o, 8) =
Fp(a, B+87Y) #Fyla+a™, B) =Fy(a+a™t, B+571) then py, (Ar,) contains a natural SLsz(q),
therefore py,(Ag,) ~ SL4(q). The only remaining possibility is F,(«, 8) = Fy(a + a1, 8) #
Fp(a, 84+ 1) = Fyla+a 1,8+ 71). The arguments are identical to the previous case.
To conclude, we have py,(Ap,) ~ SUs(g2) in cases 11, 12, 13 and 16 and pa, (Ap,) ~ SLi(q)
otherwise. By the restriction table, we can apply the same reasoning to ps, and we get the
same result. O

) ~ SLs(q) andpsg( F4)1 Ls(q).
Us(q2) and ps,(Ar,) ~ (Qi)
) and p83(-AF4) SLS( )
) and ps,(Ar,) ~ SUs(q2).

Proof. Let F; = F,(y/a,+/B) and Gs, = ps,(Ar,). Consider now the representation ps,. We
have in cases 1, 4, 5, 10, 11, 12, 13 and 16 by Tables 9.2 and 9.3 and Lemmas 3.3.2 and 3.3.8
that ps,(Ap,,1) and ps,(Ag, 2) are generated by transvections. Since Ap, is generated by Ag, 1
and Ap, 2, we have that G82 is generated by transvections. We can then apply Theorem 2.3.4.
We get that there exists ¢’ dividing ¢ such that ps,(Ag,) is conjugate in GLg(q) to SLs(q'),

Proposition 9.4. In cases 1, 4, 5 and 10, we have p82 (Ap
In cases 11, 12, 13 and 16, we have ps,(Ag,) =~
In cases 2, 6, 9 and 15, we have ps,(Ap,) ~ SUg(
In cases 3, 7, 8 and 14, we have ps,(Ar,) ~ SLs(q

“‘H»

wh—t w\»—x
[NIE “"“00

@, [1°D ([31, @) (171, 0) (@, [3]) (2,1],0) (0, [2,1]) (2], [1D (DN) (1], 2D @71, 1D
8 1 1 1
sz 1 1 1
83 1 1 1 1
8% 1 1 1 1

Table 9.2: Restriction of the 8-dimensional representations to Hp, 1 ~ Hp,.q,3-
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(9, [1°]) (3], 9) (171, 0) (9, [3]) (12,1],9) (©,[2,1]) (2], [1D L %D (1], [2D (71, 1)
1 1

8] 1 1 1 1

83 1 1 1

8% 1 1 1

Table 9.3: Restriction of the 8-dimensional representations to Hp, 2 ~ Hp, g.a-

SUs(¢'2) or SPs(¢'). The symplectic case is exluded because ps, % ps,- In cases 4, 5 and
10, we have ¢ = ¢* and ps,(Ap,1) ~ SL3(q)? x SLa(r) if F, = Fy(a) = Fy(a + a™') and
ps,(Ap,1) ~ SLy(q)* x SUs(rz) if F, = Fy(a) # Fpla+ at). It follows that ¢ divides ¢’ since
G, contains a natural SLs(q). Since § = ¢?, there exists a unique automorphism ® of order
2 of F2. For any representation ¢ of Hp, 1, we have ® o ¢ ~ ¢, therefore by Table 9.2, we
have that ® o pg, ~ pg,. It follows by Lemma 3.2.5 that up to conjugation in GLg(¢?), G, is a
subgroup of SLs(q). Furthermore, Gg, ~ SLg(q) because SUs(¢2) is not conjugate in G Ls(q?)
to a subgroup of SLg(q).

In cases 1, 11, 12, 13 and 16, we have ¢ = ¢ and Gg, contains either a natural SLs(q) or a
natural SUs(g2). We then have by Lemma 3.3.3 that ¢/ = ¢. Hence Gg, = SLs(q) in case 1
and Gs, ~ SUs(q?) in cases 11, 12, 13 and 16.

Assume now F,(v/a,/B) = Fy(o, ) = F, = Fp(a + a1, 8) # Fy(a, B+ 7)) = Fpla+
a8+ 7). Then ps,(Ap,1) ~ SLi(q) x SUs(rz) if F, = F,(a) # Fy(a + a™') and
ps,(Aps1) ~ SL3(q) x SLy(r) if F, = Fy(a) = Fy(a + a™!). There exists a unique auto-
morphism e of order 2 of FF, and if we consider the representations appearing in the restriction
of pg, to Hp, 1, then €opig ) =~ ppyi2) and €0 ppzy g =~ ppj,pz) by Proposition 3.2.4. Hence Table
9.2 gives €0 ps, >~ pg; ~ pi,, and it follows that € o pg, ~ ps,. By Lemma 3.2.4, we have that
up to conjugation in GLg(q), Gs, is a subgroup of SUg(q%). By the exact same arguments as

in the proof of Lemma 3.3.8, we conclude that Gy, ~ SUg(q%). This corresponds to cases 2, 6,
9 and 15.

Assume now FP(\/a7 \/B) = Fp(a76> = Fq = ]Fp(avﬁ + 5_1) # Fp(a + 05_176) = Fp(a +
a™', B+ 1), Then ps,(Ap,1) ~ SLs(q) x SUy(rz), where F, = F,(a) # Fy(or + a™'). There
exists a unique automorphism e of order 2 of IF; and if we consider the representations appearing
in the restriction of pg, to Hp,,1, €0 p2,1) = puzyp) and €0 przpy = pz),p) by Proposition 3.2.4.
It follows by Table 9.2 that €o pg, ~ Psp- We then have by Lemma 3.2.5 that up to conjugation
in GLg(q), Gg, is a subgroup of SLg(qz). We can then again use the arguments of the proof of
Lemma 3.3.8 to get that Gy, ~ SLg(q%). This corresponds to cases 3, 7, 8 and 14.

The results for the representation pg, are symmetric with regards to o and /3 to the results
for pg, since Tables 9.2 and 9.3 are identical after permutation of 8, and 8;. ]

Proposition 9.5. In cases 11, 12, 13 and 16, we have py,(Ar,) ~ SUs(q2) and po,(Ap,) ~
1
SUg(qi).
In all the remaining case, we have pg, (Ar,) =~ SLo(q) and pe,(Ar,) >~ SLo(q).
In cases 2, 6, 9 and 15, if € is the unique automorphism of order 2 of Fy then € o po,|a,, =

P92|AF4 .
In cases 3, 7, 8 and 14, if € is the unique automorphism of order 2 of Fy then €o pg,ja,, ~

IO9/2|AF4 .

Proof. Let Fz = F,(v/a,/B) and Gy, = po,(AF,). By Tables 9.4 and 9.5, in cases 1, 4, 5, 10,
11, 12, 13 and 16, pg, (Ap, 1) and pg,(Ap,2) are generated by transvections. It follows that
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(9, [1°]) (3], 9) (171, 0) (@, [3]) (12,1],9) (©,[2,1]) (2], [1D L %D (1], [2D (71, 1)
9 1 1 1 1

91 1 1 1 1

95 1 1 1 1
9] 1 1 1 1

Table 9.4: Restriction of the 9-dimensional representations to Hp, 1 ~ Hp, a8

(9, (1°]) (3], 9) ((1°], ) (9, [3]) (12,1],9) (0,[2,1]) (2], [1D (DN) (1], [2D (%1, 1)
9 1 1 1 1
91 1 1 1 1
95 1 1 1 1
9] 1 1 1 1

Table 9.5: Restriction of the 9-dimensional representations to Hp, 2 ~ Hp, g.a-

po, (Ar,) is generated by transvections. We get by Theorem 2.3.4 that there exists ¢’ dividing
G such that Gy, is conjugate in GLg(§) to SLo(q'), SUs(q'2) or SPy(¢'). The symplectic case is
excluded since we have py, % p§ . In case 1, we have ¢ = ¢ and Fy(, 8) = Fp(a+ao7 ', 5+ 671).
By Theorem 3.2.1, Gg, contains a natural SLs3(q), therefore ¢ = ¢ and Gy, = SLg(q). In
cases 4, 5 and 10, we have § = ¢* and F, = F(a, 3) = Fy(a + o™, 3+ 87'). We then have
again by Theorem 3.2.1 that Gy, contains a natural SLs(q), therefore ¢ € {q,¢*}. There
exists a unique automorphism @ of order 2 of Fp and if we consider the restrictions of pg,
to /HB371, then ® o p[2]7[1]|AF4 >~ p[2]7[1]|J4F4 and ® o p[lL[2”AF4 >~ p[1]7[2”AF4. By Table 9.4, we
have either ® o pg, |4, > p9,|ap, OF PO po,ap, = Pyl AL, - Assume now by contradiction that
D 0 pg,|Ap, > Poylar,- There exists a character x from A, to F,2 such that ® o pg, >~ pg, ®@ X
by Lemma 3.2.3. Since Ap, /Ap, ~< Sy, S5 >, it follows that there exists y € F,2 such that
D (po, (S3)) is conjugate in GLg(q) to ypo,(S3). The eigenvalues of pg, (S3) are 5 with multiplicity
3 and —1 with multiplicity 6, therefore the eigenvalues of ®(pg,(S3)) are [ with multiplicity
6 and —1 with multiplicity 3. On the other hand, the eigenvalues of ypo,(S3) are yfS with
multiplicity 3 and —y with multiplicity 6. This implies that y5 = —1 and —y = 3. It follows
that y = —8 = —~!, therefore % = 1 which is absurd. This proves that ® o pg, ~ py,. Hence,
up to conjugation in GLg(q), G, is a subgroup of SLg(q) by Lemma 3.2.4. It follows that
Go, ~ SLgy(q) in cases 4, 5 and 10.

In cases 11, 12, 13 and 16 we have ¢ = ¢ and Gy, contains a natural SUg(q%). By Lemma
3.3.3, we have ¢ = ¢q. There exists a unique automorphism e of order 2 of I, and for any
representation ¢ appearing in the decomposition of the restriction of pg, from Hpg, to Hp, 1,
we have € o p* ~ . It follows that € o pf§ =~ py, or €0 p§ =~ py,. The eigenvalues of €(pf, (S3))
are -1 with multiplicity 3 and —1 with multiplicity 6, whereas the eigenvalues of vpy,(S3) are
v with multiplicity 3 and —v with multiplicity 6. We get in the same way as in cases 4, 5 and
10 that € o pg, >~ pg,. By Lemma 3.2.5, we get that Gy, is conjugate to a subgroup of SUg(q%),

therefore Gy, ~ SUs(q?).

Assume now Fy(va,VB) = Fy(a, ) = Fy = Fp(a +a™, 8) # Fy(a,f + 871) = Fy(a +
a~!, B+ 571). We then have py, (Ap, 1) ~ SLs(q) x SUs(rz) if F, = Fy(a) # Fy(a + ') and
po, (Aps1) =~ SL3(q) x SLy(r) if F, = Fp(a) = Fy(a+a™!). There exists a unique automorphism
e of order 2 of I, and if we consider the representations appearing in the restriction of pg, to
H B,,1, we have by Proposition 3.2.4 that € o pp 1) ~ ppy,j21 and €0 ppy 2] =~ pz,py- It follows that
€009, Ap, = P91 Ap, OF €0P9,| A, = Po,|Ap, - We have here ¢(a) = a and (3) = 87!, Assume now
by contradiction that € o pg, 4, =~ po,ap,- There exists v € Fy such that e(pg,)(S3) conjugate
to vpg, (S3). The eigenvalues of €(pg, (S3)) are S~ with multiplicity 6 and —1 with multiplicity
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3 and the eigenvalues of vpg, (S1) are v8 with multiplicity 6 and —v with multiplicity 3. This
implies that v = 1 = 372, therefore 5% = 1 which is absurd. This implies that € o pg, |4, =
P9,| A, - We will now use Theorem 2.3.2. We have that Gy, contains a natural S Ly(r) or a natural

SU,(rz). This implies that Vg, (V) < 2 = max(2, ?) and that we are not in the second case
of Theorem 2.3.2. It also implies by Lemma 3.3.5 that G, is tensor-indecomposable. However,
Ap, is not normally generated by Apg,, therefore we cannot use the same arguments as before to
show that G, is primitive in the non-monomial case. Nevertheless, we can show in the same way
that if Go, C (GL3(q) xGL3(q) xGL3(q)) xS then pg, (Ap, 1) C GL3(q) x GL3(q) x GL3(q) and
po, (Ap,2) C GL3(q) X GL3(q) x GL3(q). Since Gy, is generated by pg, (Ap,1) and py, (Ap,.2),
this contradicts the irreducibility, and Gy, is therefore primitive. It follows that Gy, is a classical
group over [Fy for some ¢’ dividing ¢ in a natural representation. We have that py,| Ap, * P, | A,
therefore Gy, preserves no non-degenerate bilinear form. We have that Gg, contains py, (Ap, 1)
M 0 0 0

which is equal up to conjugation to 0 E(g/[) ](37 8 ,M € SL3(q), N € SLy(T) ¢, where
0 0 0 1

F=rifF, =Fy(a) =Fy(a+a?t)and 7 = r2 otherwise. It follows that Gy, contains up to
conjugation diag(a, ™, 1,,at,1,1,1,1) and diag(8, 371,1,8,571,1,1,1,1). Thus, the field
generated by the traces of the elements of G, contains 5 + 2(a + a™!) and 5 + 2(8 + 7).
Since p # 2, this field contains a + o~ and B+ 871, therefore g2 divides ¢’. This implies that
Gy, is conjugate to SUg(qi), SLg(q%), SUg(q%) or SLg(q). We have €0 pg,|4,, = py,, therefore
€Op§1\AF4 ~ pg, = pg,. We have by Proposition 9.2 that pg, ., % p9,|a,, and P9 | Ar, # P91| Ap, -
It follows that Gg, ~ SLg(q). This corresponds to cases 2, 6, 9 and 15.

Assume now Fy(va,VB) = Fy(a, B) = Fy = Fp(a, 8+ 71) # Fyla+a ', 8) = Fy(a +
a~!, B+ 1), We then have py, (Ap, 1) ~ SLs(q) x SUs(r2), where F, = F,(a) # F,(a+a™?).
There exists a unique automorphism e of order 2 of F, and if we consider the representations
appearing in the restriction of pg, to Hp, 1, €0p21] = ppizypy and €oppi o) = ppj,pz) by Proposition
3.2.4. Tt follows that € o o, |4, = Po;|ap, O €0 Po,|ap = Poyjay,- We have here e(a) = a~! and
e(B) = B. We have

a?B? — 3028 — 2a8% + 202 + 508 + 82 —3a — 28 + 1

Tr(pg, (5155 935, ")) = =
e
Tr(py (515515557 )) = o?B? — 207 — 3a3% + azajﬁt 508428 —2a — 33+ 1
Tt follows that
(e —1)(3 1)

e(Tr(po, (5155 1935, 1))) — Tr(p%(SlS?_lS?’S‘*_l)) - af 70

This implies that € o pg, Ap, % Py Ap,» therefore € o pg,| Ap, = PoylAp, - We then get in the

same ways as in cases 2, 6, 9 and 15 that we can apply Theorem 2.3.2 to get that Gy, is a
1

classical group over F, in a natural representation and that ¢z divides ¢’. This implies that

G, is conjugate to SUy(q1), SLo(q?), SUs(q) or SLo(q). We have €0 po,1ur, 2 Poyar, # P,
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(9, [1°]) (3], 9) (171, 0) (@, [3]) (2,1],0) (®,[2,1]) (21, 1D L %D (1], [2D @71, 1D
61 1 1
62 1 1

Table 9.6: Restriction of the 6-dimensional representations to Hp, 1 ~ Hp, 5

@, 1°D (3], 9) ((1°],0) (9, [3]) (12,1],0) (0, [2,1]) ([21, (1) (DN (11, 2 @31, 1)
61 1 1
62 1 1

Table 9.7: Restriction of the 6-dimensional representations to Hp, 1 ~ Hp,.q,3-

and €o pgllAF4 > P9, Ar, % po,. It follows that Gy, is conjugate to SLg(q). This corresponds to
cases 3, 7, 8 and 14.

By what was proven in cases 2, 3, 6, 7, 8, 9, 14 and 15 and Table 9.5, we have the second
part of the proposition. O

Proposition 9.6. In cases 11, 12, 13 and 16, we have pg, (Ag,) ~ Qf(q2) and ps,(Ap,) ~
0 (4°).
In all the remaining cases, we have pg, (Ar,) ~ Q¢ (q) and pe,(Ar,) ~ Qf (q).

Proof. Let Fg = Fp(\/av \/B)v Ge, = pe,(Ar,) and Gg, = pe, (Ar,)-

Let P; be the anti-diagonal matrix with coefficients (1, —1,1,1, —1,1). We write the matrices
of pg, with respect to the basis (€., €y, €1y, €ays Cass €z ), Where I(xq) = {s1, 83,84}, [(22) =
{s2, 84}, I(x3) = {s3} and I(z;) = {s1, 52,583,854} \ I(wg_;) for j € {4,5,6}. We then have for
all g € Gg,, PrgP;* =t g~'. This proves that up to conjugation in GLg(§), G, < Q¢ (4). By
Proposition 6.2, we have that up to conjugation, G, < Q4 (q).

By Tables 9.6 and 9.7 and Theorems 3.2.1 to 3.2.6, we have that (pg, (Ap,1) ~ SLs(q)
or pe, (Ap,1) = SUs(g2)), (pe,(Any2) = SLs(q) or ps,(Ap1) = SUs(q?)) and (pe,(Ap,) =
SLs(q) or pe,(Ap,) ~ SLy(q2). Note that those isomorphisms are given by twisted diagonal
embeddings, therefore a transvection in SLsz(q) is mapped to a long root element of Qf (¢) by the
isomorphism pg, (Ap,1) >~ SLs(q). This proves that ps, (Ap, 1) and ps, (Ap,2) are generated by
long root elements. If ¢ is a long root element of pg, (Ap,) then its normal closure in pg, (Ap,1)
is equal to pg, (Ap, 1) and its normal closure in pg, (Ag, 2) is equal to pg, (Ag, 2). It follows that
the normal closure of ¢ in Gy, is equal to Gg, since by Lemma 9.1, Ap, ; and Ap, » generate
Ap,. This proves that Gg, is an irreducible subgroup of Q¢ (§) generated by a conjugacy class of
long root elements. Since O, (G, ) is normal in Gg, and V' = F9 is an irreducible FGs,-module,

we apply Clifford’s Theorem [16, Theorem 11.1] and get that Resgi%GGI)(V) is semisimple.

Since O,(Gg,) is a p-group, the unique irreducible F,0,(Gs,)-module is the trivial module,
therefore O,(Gg,) acts trivially on V. It follows that O,(Gs,) is trivial. By Theorem 2.3.3, Gg,
is isomorphic to one of the following groups for some ¢ dividing ¢

1. Q¢ (¢') in a natural representation,
2. Q5 (¢'2) as a subgroup of QF (¢'), where Qf (¢') is in a natural representation,
3. SUs(q') as a subgroup of Q¢ (¢'), where Q¢ (¢) is in a natural representation.

Assume now that we are in cases 4, 5 or 10. We have ¢ = ¢* and F, = F,(a, ) =
Fy(a + o™, B8 + B7'). There exists a unique automorphism ® of order 2 of F,. We have
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Do pe,Ap, 2 PoilAr, OF PO P61 A, 2 P6,y)Ar, - By Table 9.6, we cannot have ® o pg,a,, = 6,4, -
It follows that ® o pg, |4, = ps,|a,- Hence, by Lemma 3.2.4, G, is conjugate in GLg(g*) to a
subgroup of ¢ (¢). Since it contains up to conjuugation a twisted diagonal SLsz(q), it contains
up to conjugation diag(a, a1, 1,07t a, 1) and diag(s, 371, 1,871, 3,1). This implies the field
generated by the traces of its elements contains 2(« + a™!) + 2 and 2(8 + 871) + 2. It follows
that ¢’ = q.

If G, ~ SU;(q) then we would have that SL3(q) is isomorphic to a subgroup of SUs(q),
therefore ¢*(¢*> — 1)(¢® — 1) divides ¢*(¢*> — 1)(¢®> + 1). This would imply that ¢* — 1 divides
q® + 1, therefore ¢® — 1 divides ¢*> + 1 — (¢* — 1) = 2. This is absurd, therefore G, % SU3(q).

Assume now by contradiction that G61 ~ Qg (¢2). We have \Qg(q%)] = %q3(q% +1)(q —
1)( — 1) and |SL3( )| = ¢(¢* — 1)( - 1) Since Ged(¢® — 1,¢°) = 1, ¢® — 1 divides
(qz +1)(g—1) = g2 —q?+q—1<gq2—1<q®— 1. This is absurd, therefore Gg, % Qg (qz)

It follows that in cases 4, 5 and 10 , we have G, ~ Q¢ (¢).

We can now assume ¢ = ¢, therefore ¢’ divides q. By the same reasoning as above using
Lemma 3.3.3, we have that F, contains F,(a«+a~!, +37!) in all the remaining cases. In case
1, we can apply the same reasoning as above to get that G, ~ Qf (q).

In cases 11, 12, 13 and 16, there exists a unique automorphism ¢ of order 2 of F, and for
any representation ¢ of Hp, 1, we have eop* =~ ¢. It then follows by Table 9.6 that eo pg | Ap,

P61|Ap, - Then, by [12] (Proposition 4.1.), G, is conjugate in G'Lg(g) to a subgroup of Qf (q2).

It follows that ¢’ divides q%, therefore ¢’ = q% since F, contains Fp(a + o', 3+ 71 = Fq

[T

This proves that G, is isomorphic to one of the following groups
1. O (¢2) in a natural representation,
2. Qg (q7) as a subgroup of Qf (¢2), where Qf (¢2) is in a natural representation,

3. SU;(¢2) as a subgroup of Qf (¢2), where QF (¢2) in a natural representation.

Assume now by contradiction that Gg, ~ SUg(q%). We know that pg, (Ap,1) =~ SUg(q%).
We only need to show that pg, (Ag,.1) # G, -

1 o’+p
0 0 0 0 a\/E
Va(B+1) _o+B 0 0 B+D(2+8)  _ (a+B)(a?+B)
af+1 af+1 f\/_(aﬁﬂ \/Eaﬁ-i-l
_ a4 0 (a®4B)(a+B) 0 _ (a*+p)? 0
Let X = Va(ap+1) ay/Blap+1) av/ay/B(af+1)
1 __o+B 0 a?+8 0 0
Va(p+1) a(B+1)
0 _af+l 0 _ (ap+1)(e?+B) 0 0
Va(B+1) a(a+B)(6+1)
0 0 0 aB+l 0 0

a+p
We have with respect to the previous basis that for all g € Ap, 1,

0
Yo (yxt— (Pr2(9) .
pe,(9) ( 0 /)[12},[1](g>

Note that here, the matrix pg, (¢) with respect to the previous basis is again denoted by the
same symbol in order to simplify the notations.
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We have (X pg, (9357 1) X 1o = —% # 0. This proves that pe, (S35 ") € pe, (Ap, 1),
therefore Gg, 2 SUs(q2).

Assume by contradiction that Gg, ~ Qg (¢3). Then |Qg (¢7)| = %q%(q% +1)(gz —1)(qg—1),
1SUs(q2)| = q2(q — 1)(q2 +1)|, and 2 + 1 divides (¢7 + 1)(q — 1)3. Therefore, 2 + 1 divides
(cﬁ%—l)(q—l)%—(qg —1)(g-1)i=q-1< 2 +1. This is absurd. Thus, we have Gg, ~ Q¢ (¢2).

Assume now F,(v/a, /) = Fy(a, ) = F, = Fpla + a1, 8) # Fy(a, B+ 7)) = Fpla+
a8+ B71). There exists then a unique automorphism e of order 2 of F,. We have by
Proposition 3.2.4 that € o puj 24, = PRI0)lA4p,,- Lhis proves that € o pg, a4, ~ p6,045, DY

Table 9.6. We know that ¢’ € {q%,q}. We have by Proposition 9.2 that €0 pg,a,, % P61 Ap,:

therefore we cannot have ¢ = q%. It follows that ¢ = ¢. The proof then uses the same
arguments as in case 1, therefore we get that Gg, ~ Qf (¢) in cases 2, 6, 9 and 15.

Finally, assume F,(v/a,/B) = Fy(o, ) = F, = F,(a, 5+ 71 #Fpla+a,8) =Fy(a+
a8+ B71). There exists then a unique automorphism e of order 2 of F,. We have by
Proposition 3.2.4 that € o puypjjap,, = PR (2)Ap,,- This proves that € o pg a4y, = poyap, DY
Table 9.6. We know that ¢’ € {q%,q}. We have by Proposition 9.2 that € o pg,ja,, o~ P61 A,
therefore we cannot have ¢ = q%. It follows that ¢ = ¢. The proof then uses the same
arguments as in case 1, therefore we get that G, ~ Qf (¢) in cases 3, 7, 8 and 14.

By Tables 9.6 and 9.7, we only need to check that pg,(Ag,) # pe,(Ap,1) to get the same
results for the representation pg,. Let

0 0 0 0 a+p va(B+1)
0 0 Va(B+1) 0 —af—1 0
0 0 o284 0 0 0
va ﬂ ) y/B
Y = ar/B(a+1 Box
! 0 T aTpe 0 P 0
_atB Va(B+1) _Vay/B 0 _\Ba(atB)  avay/B(E+1)
aB+1 af+1 af+1 (a?2B+1)(af+1) (a?B+1)(aB+1)
af+1)(a+B)  aa(B+1)?  Vaey/BB+D)  a(+l)  oy/Bla+D)(B+1)  vay/Ba(B+1)
(a2p+1)(aB+1) (aB+1)(a2B+1)  (aB+1)(a?B+1) a?B+1 (a2B+1)(aB+1) (a2B+1)(aB+1)

We consider the matrices corresponding to the representation pg, with respect to the basis

(€x1s €ays €ay, €y €ags €ag) With I(z1) = {s1, 82}, [(22) = {s1,s3}, [(w3) = {s1,84}, I(z4) =
{s2,83}, I(x5) = {52, 54}, I(x6) = {s3,54}. We then have that for all g € Hp, 1,

0
Y , Y*l _ :0[1],[2](9) ) )
pea(9) ( 0 p1,02(9)

We have that (Y pe,(S35; )Y V)15 = —% # 0, therefore G, # ps,(Ap,1) and the proof is
concluded. O

Proposition 9.7. In cases 1, 4, 5 and 10, we have p12(Ar,) ~ Q15(q) and p1s(Ar,) =~ Qfs(q).
In all the remaining cases, we have pra(Ap,) ~ Q5 (q2) and pis(Ag,) ~ Qs(q).

Proof. Let F; = Fy(v/a, V/B), Gia = p12(Ag,) and Gi6 = p16(Ar,). In cases 1, 4, 5, 10, 11, 12,
13 and 16, G15 contains a twisted diagonal SLs(q) or a twisted diagonal SUs(q?) by Table 9.8
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@, [1°]) (31, 9) (171, 0) @, 3) ([2, 1], 9) @,[2,1]) (2], 1D (1, 01%) [ (12D [(EAD)
12 1 1 1 1

16 1 1 1 1 1 1

Table 9.8: Restriction of the high dimensional representations to Hp, 1 ~ Hp, a3

0, 1°D (31,9 1,0 @, 3D ([2,1],0) @, [2,1)) ([2], 1D (1, 0%) [ (12D (171, 11D
12 1 1 1 1

16 1 1 1 1 1 1

Table 9.9: Restriction of the high dimensional representations to Hp, 2 ~ Hp, g.a

and Theorems 3.2.1 and 3.2.3. Note that in cases 4, 5 and 10 we have that ® o p124,, > p124p,
where @ is the unique automorphism of order 2 of 3. It follows by Lemma 3.2.5 that in
cases 4, 5 and 10, G5 is conjugate in GL12(G) to a subgroup of GL12(q). We then have that
VG, (v) < 2 = max(2, @), G2 is primitive and we are not in case (2) of Theorem 2.3.2. In
order to apply the theorem we have to prove that Gy, is tensor-indecomposable but we cannot
use Lemma 3.3.6 because 12 < 16. The arguments in the proof of Lemma 3.3.6 [12] only
require d > 16 in order to have a > 3 and b > 4 if a,b > 3. This is still true for d < 16 unless
d = 9, therefore we can still apply Lemma 3.3.6. We still have to prove that we do not have
G2 < GLy(q)®GLg(q). Assume by contradiction that Gio < GLy(q)®GLg(q). We then have a
morphim from G135 to GLy(q). Consider the restriction of this morphism to p12(Ap,1). Table 9.8
and Propositions 3.3.2 and 3.3.8 give us a morphism from SLs(q) x SLs(q) or SUs(q2) x SUs(q?2)
to GLs(q). We can consider the restriction to each factor and we get a morphism from SLs(q)
to GLy(q) or a morphism from SUs(q2) to GLsy(g). If this morphism is non-trivial then we
get an isomorphism from PSLs(q) to a subgroup of GLy(q) or an isomorphism form PSUs(¢?)
to a subgroup of GLs(gq). This would imply by considering the orders of those groups that
(3,(1171) Al —1)(¢#—1) or (i,)’qlfl)q‘g(q2 — 1)(¢* + 1) divides ¢*(¢*> — 1)(¢ — 1) which is absurd
since ¢® cannot divide ¢?. This proves that the restriction of this morphism to each factor is
trivial, therefore the restriction of this morphism to pi12(Ap, 1) is trivial. The restriction to
p12(Ap, 2) is also trivial by Table 9.9 and the same arguments as above. This would imply by
Lemma 9.1 that this morphism is trivial, which contradicts the irreducibility of G15. Therefore
(G15 is tensor-indecomposable. So, we can apply Theorem 2.3.2 and we get that G5 is a
classical group in a natural representation. Consider now this representation with respect to
the basis (eg,)icp,12), Where I(x1) = {s2}, I(x2) = {ss}, I(x3) = {s1,52}, I(za) = {51,583},
I(x5) = {s1,s3}, L(x6) = {s1,54} and for j € [7,12], I(x;) = {51, S2, 53,54} \ {{(z13—;)}. Let P
be the anti-diagonal matrix with coefficients (3,3,—1,1,-3,—1,—1,—-3,1,—1,3,3). We then
have for all ¢« € {1,2} that Pp12(S;)P~" = —alp12(S;)~" and for all j € {3,4}, Pp1a(S;)P~ =
—B'%12(S;). This proves that Gy is conjugate in GL1a(q) to a subgroup of Q7,(g). Since it

contains a twisted diagonal SLs(q) or a twisted diagonal SUs(q2), the field generated by its
traces contains F,(a + ™1, 3+ f71). In case 1, 4, 5 and 10 this proves that G, is a classical
group over F, and since G, is conjugate to a subgroup of Qi;(q), we get G2 ~ Q75(q).
Assume now that we are in case 11, 12, 13 or 16. Then there exists an automorphism e of
order 2 of F,, and € o P12l Ap, = ProjAp,- 1 follows by Lemma 3.2.5 that G5 is conjugate to

a subgroup of QE((]%). Hence, G15 is a classical group in a natural representation over F
therefore Ga ~ QO (q2).

Assume now F,(v/a,/B) = Fy(o, ) = F, = Fp(a +a,8) # Fy(a, B+ 7)) = Fpla +
a™t, B+ 71). There exists then a unique automorphism ¢ of order 2 of F,. We have €0 P12\ A,

1
q?’

213



P12/ Ap, - This implies by Lemma 3.2.5 that G2 is conjugate to a subgroup of Qm(qz) We know
by Theorem 3.2.5 and Tables 9.8 and 9.9 that pia(Ap,1) ~ SLs(q) and p12(Ap,2) ~ SLs(q).
We have that G5 is primitive, irreducible and that the field generated by its traces contains
]F . Let us show that G5 is also tensor-indecomposable. If it was tensor-decomposable then

we Would have Gy < GLy(q2) © GLg(q2) or Gy < GL3(q2)®GL4(q2) By the same argument
as in the above cases, we have that Giy < GLy(q2) ® GLg(q?) is impossible.

Assume now by contradiction that G < GLg(q%) ® GL4(q%). We would then have a
morphism from G5 to GL3((]%). The restriction of this morphism from Gz to p12(Ap,,1) or to
p12(Ap,2) gives us a morphism from SLs(q) to G'Ls(qz). If this morphism is non-trivial, we
get an isomorphism from PSLs(q) to a subgroup of GLz(q2). This is absurd since |[PSLs(q)| =
(3’(1171) A2 =D —1), |GLs(q2)| = q2(q2 — 1)(g—1)(q2 — 1) and ¢* does not divide ¢2. This
proves that the restriction of this morphism to pia(Ap,1) and pia(Ag,2) is trivial. It follows
by Lemma 9.1 that this morphism is trivial and it contradicts the irreducibility of G15. This
proves that G1s is tensor-indecomposable. We will now explicitely find a matrix g € G5 such
that dim(g — I12) = 2. We consider our matrices in the same basis as before.

Let X = (X1X0X3) and Y = (Y1Y5Y3Y)), where X, Xs, X3 and Y}, Y3, Y3 and Y} are given
in section 10.7 of the Appendix.

p O 0 X
0 ph 0 0
We then have that X,012|ABS,1X_1 - 0 p[Q(]) ! €0 P2}, 0 e
0 0 0 €0 p*2] [1]

P O 0 X
0 PTQ],[I] 0 0
Y p12\A33,2Y 0 0 € O P[2),[1] 0

0 0 0 €0 Py

It follows that
Ly = (XY)(i2+ Es3 — Eg5 + Esg — E12711)(XY)_1 € XGpX 1

and
Ly =19+ FEy3— Egs + Egg — Fia11 € XGpX
We then have Lz = [Lo, [1] € XG12X~!. We have
B () Do) Vads(a)®y(af)? B,
(@26 +1)(B+1)(a+1)2 Dy ()3 (a + B)Pa(a2B)Do(B) 2%

Hence, dim((Ls — [12)V) = 2. We can then apply Theorem 2.3.2 to get that G is a classical
group in a natural representation over [, for some ¢’ dividing g. We have that ¢’ divides q%

L32112+2

Egg —2

since G152 is conjugate to a subgroup of 912(q2) We have

1, 1,01_170{, ].) € XGng_l,

. 1 1 _
diag(a, ™, 1,a o, 1, o, @

dia’g(ﬁaﬁilv 17571767 17571757 laﬁvﬁilv 1) S XGIQXil
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therefore the field F, generated by the traces of the elements of Gy contains 4(a + o~ + 1)
and 4(8 + 87! +1). Tt follows that F, contains Fy(a +a !, 8+ 71 = Fq%, therefore ¢ = qz2.

We can then conclude that Gy, ~ Qf,(¢2).

By complete symmetry of a and § for the 12-dimensional representation, we get that in
1
cases 3, 7, 8 and 14, we have G5 ~ Qf5(¢?).

Consider now the 16-dimensional representation. We consider the matrices corresponding
to the representation ps with respect to the basis (e, )icpi,16], Where (I(x;))icpi,16] is ordered
lexicographically i.e. I(z1) = {so}, I(x2) = {s3}, I(x3) = {s1,52}, [(z4) = I(x5) = I(x6) =
{s1,83}, I(x7) = I(xg) = {52,34} and I(z;) = {31,32,53,54}\ I(z17_;) for all i € [9,16] and
such that pig ., = 1 pi33 .0 = =1 Wlea = b Hilse. = 1 435, = 2 and 'u:vw zs = L
Let Pig be the symmetric antldlagonal matrix Wlth Coefﬁments with coefficients in the first
8 rows respectively equal to 1, 1, —1, —1, 1, —2, —1 and 2. We then have for all g € G,
PgP~! =t g7, Since P is symmetric, we get that G4 is up to conjugation a subgroup of
(7). Note that by Table 9.8 and Theorem 4.2.1, G4 contains up to conjugation a diagonal
SLy(r) or a diagonal SLy(rz), where F, = F,(«) in all cases. It follows that Gy is irreducible,
primitive, vg,, (V) < 2 and we are not in the second case of Theorem 2.3.2. It only remains to
show that G4 is tensor-indecomposable in order to apply Theorem 2.3.2. Note that in cases 4,
5 and 10, we have ® o pig4,, = pi6|a,,, therefore Gg is conjugate to a subgroup of 056(q). In
all the remaining cases, we have § = ¢q. By Lemma 3.3.6, we have GG14 tensor-indecomposable or
G1s < GLs(q) ® GLg(q). Depending on the cases, we have that G4 contains up to conjugation
either

M 0 0
H, = 0 tM—l o M e SLs(q) ¢,
Hy, = ) M e SLs(q
or
M 0 0 0 0
0o ‘M1t 0 0 0
Hy=<{|0 0 M) 0 0|, M € SLs(q)

0 0 0 e™) 0
0 0 0 0 1y

where € is the unique automorphism of F, (Hy and Hj only appear when F,(a, 5) # F,(a +
a ', 8+ 7). Assume by contradiction that Gig < GLa(q) ® GLg(q). The restriction of
the morphism from Gy to GLy(q) to Hy, Hy or Hj is then trivial since |PSLs(q)| does not
divide |GLs(q)|. This implies that the eigenvalues of semisimple elements of Hy, Hs or Hj all
have multiplicity divisible by 8. This is absurd because there exists { € F; such that £ 41,
H, and H, contain elements conjugate to diag(¢,&,&71, & 1, 1,1,1,1,1,1, 1, 1,1,1,1,1) or Hs
contains an element conjugate to diag(&,&,&,&, €71 6771671 1,1,1,1,1,1,1,1). Tt follows
that G4 is tensor-indecomposable in all cases. We also have that in all cases G4 contains up
to conjugation diag(a, o, a, o, o™t a7t 7t 1,1,1,1,1,1,1,1) and
diag(,8,8,8,87, 874, 87, 7,1,1,1,1,1,1,1,1), therefore the field F, generated by the
traces of the elements of G contains (o + o', 8+ 87!). Hence, by Theorem 2.3.2, Gy¢ is
a classical group in a natural representation over F,.
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Assume now we are in case 1, 4, 5 or 10. We have F, = F (o + o™, 3 + 87!), therefore
¢ = q and Gy is a classical group in a natural representation over F,. Since Gy is conjugate
to a subgroup of Qf;(q), we get that Gy >~ Qfs(q).

In all the remaining cases, there exists a unique automorphism e of order 2 of F, and
€0 P16|Ap, = P16|Ar, - It follows that G4 is conjugate to a subgroup of Q}LG(Q%). It then follows

that ¢’ = ¢2, therefore Gyg ~ Q;LG(q%), 0

Theorem 9.1. We write Fy = Fp(/o,\/B), Fr, = Fpla+ o) and F,, =F,(3 + 571).

In cases 1, 4, 5 and 10, the morphism from Ag, to Hf, , 5= 11 GL,,(q) factorizes through
p 1T
the surjective morphism

® : Ap, = (SLa(ra) 0 SLa(rg)) x SLi(q)* x Q¢ (¢)?

xSLs(q)* x SLo(q)* x Q(q) x Ay(q).

In cases 11, 12, 13 and 16, the morphism from Ap, to Hy, o5~ [ GLn,(q) factorizes through
p irr
the surjective morphism

O Ap, — X (SLy(ra) 0 SLa(rs)) x SU(q?)? x xQ (¢2)?

x SUs(q2)? x SUs(q2)? x Qf5(g2) x Qs(q?).

In cases 2, 6, 9 and 15, the morphism from Ag, to Hf, , 5 =~ lgrrGan (q) factorizes through
p
the surjective morphism

D AF4 — (SLQ(T’Q) o SLQ(TB)) X SL4(C]) X XQg(Q)

xSLs(g*) x SUs(4*) x SLo(g) x (g%) x Q(a).
In cases 3, 7, 8 and 14, the morphism from Ag, to Hy, o5 = 11 GLn,(qG) factorizes through
p irr
the surjective morphism

D : Ap, — (SLa(ry) 0 SLa(rg)) x SLs(q) x Qd (q)

x SLs(q) x SUs(q?) x SLo(q) x Qf(q?) x Qfy(q?).

Proof. Note the by [36], Ap, is not perfect, this makes the proof of this theorem more complex
than for the previous types. The result follows easily from Goursat’s Lemma in cases 2, 3, 6,
7,8,9, 14 and 15.

Assume now we are in case 1, 4 5 or 10. We must show that there exists no field au-
tomorphism ¥ and no character 2z : Agr, — F; such that pa,ja, =~ (Vo pya,) ® 2 or
Pis| AR, = (lII © p4ﬁl\AF4) ® z or P61 Ap, = (‘I] © p62|AF4) @ z or P81 Ap, = (\Ij © p82|AF4> ® z or
Psiap, = (Vo pgyap ) ® 2z 0T poyap, = (W0, a,, ) @2 0T poyjay, = (Vo pga, )@ 2. Assume by
contradiction that there exists such a field automorphism ¥ and such a character z. By [36],
.AF4 is generated by Po = SQSl_l, pP1 = 51525’1_2, qo — 3354_1 and q1 = 54535’4_2.

Assume first that pa,ja,, =~ (V0 pa,a,,) ® 2. We have Tr(pa, (po)) = Tr(pa,(po)) = 3 — (a +
a™t) and Tr(pa,(90)) = Tr(pa,(q0)) =3 — (B+ 571
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1. Assume 3 — a — ™! # 0. We have

Tr(pay (p1)) = Tr(pa, (1)) = Tr(pa, (popy 1)) = Tr(pay(popr ') =3 —a —a™t #0.

s—a—a_ therefore z(p)"! = 1 and z(py) =

It follows that z(po) = 2(p1) = z(popy') = e

z(p1) = 1.
1.1. Assume 3 — (8 + ') # 0. We have

Tr(pa,(q1)) = Tr(pa, (1)) = Tr(pay (qoar ")) = Tr(pa, (qog ) =3 — 8 — 67" #0.

It follows that z(qo) = 2(q1) = 2(qoq; ') = \If???—ﬁﬁ;% therefore z(¢q;) ™' = 1 and z(q) = z(q1) =

1. This proves that z is the trivial character. It follows that ¥(a + a™') = a + a™! and
V(B + 1) = B+ B~L. This implies that ¥ is the trivial automorphism. This would imply
that pa,ap, = pa,ap, which is absurd by Proposition 8.2.2.

1.2. Assume A =3 — 3 — 371 =0. We have

Tr(ps, (43)) = Tr(pa,(45)) = Tr(pay (a7)) = Tr(pa,(47)) = (A —2)* =4 #0.

It follows that z(q3) = 2(¢?) = ﬁ = 1. This implies that z(qp) € {£1}. We have

Tr(ps, (q0q;)) = Tr(pa, (qoqi)) = A® — TA% 4154 — 8 = -8,
It follows that z(qoq?) = 1 therefore z(qy) = 1. We also have
Tr(p, (0143)) = Te(pa,(qigg)) = A* — TA* + 154 -8 = -8

therefore 2(q1) = 1. We get as before that 2 is trivial. This implies that pa,ja,, ~ ¥ 0 pa,jap, -
It then follows from Proposition 2.1.2 that W is trivial which is absurd by Proposition 8.2.2.

2. Assume B=3—a —a ! =0. We have

Tr(ps, (1)) = Tr(pa, () = Te(paa(p) = Tr(pa, (1) = (B — 2)° = 4 0.

It follows that z(p?) = z(p?) = ﬁ = 1. This implies that z(pg) € {£1}. We have

Te(pa, (popi)) = Tr(pa,(popi)) = B* — 7TB* + 158 — 8 = =8,
It follows that z(pop?) = 1 therefore z(py) = 1. We also have
Tr(pa, (p105)) = Tr(pa,(p1pg)) = B® — 7TB* + 158 — 8 = —8

therefore z(p;) = 1.

2.1. Assume 3 — 8 — 87! # 0. By the same computations as in 1.1. we have that
z(q0) = z(q1) = 1. It follows that z is trivial. This implies that ps,ja, =~ ¥ 0 py,a,, . It then
follows from Proposition 2.1.2 that W is trivial which is absurd by Proposition 8.2.2.

2.2. Assume 3 — 38— 37! = 0. We then have o + a~! = 3 = B+ 87!, This implies that
a € {3,371} and contradicts our assumptions on a and j.

Note that all the computations above were made in Ay, or Ay, s. Since the restrictions
to those subgroups are stable by the transposed inverse operation, we have that ps, 4, =

(\I} © IO4Q|AF4> ® 2.
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Assume now pg, 4, = (V0 pe,yja,, ) @ 2. We have

Tr(pe; (P0)) = Tr(pe, (p1)) = Tr(pe; (Pop; 1)) = Tr(pes (p0)) = Tr(pey (P1)) = Tr(psy (Popy 1)) = =207 (o = 1)% #£ 0.

Tr(ps, (20)) = Tr(ps, (a1)) = Tr(ps, (q0a; ")) = Tr(pey (a0)) = Tr(pey (a1)) = Tr(pey (s0a; 1)) = =287 (8 — 1) # 0.

It follows that z(pg) = z(p1) = 2(q0) = z(¢1) = 1. We then have by Proposition 2.1.2 that ¥
is trivial therefore pg,|ap, =~ po,|Ap, -

Assume now pg,ap, = (V0 pgyiap, ) ® 2. We have

Tr(ps, (po)) = Tr(ps, (p1)) = Tr(ps, (popy ') = 6 — 2(a +a™),

Tr(ps, (po)) = Tr(ps,(p1)) = Tr(ps,(popy ) =5 = 3(a +a™).

Note that those quantities are non-zero because we have

Tr(ps, (po)) = 2(po) ¥(Tr(ps,s (Po))),

3 Tr(ps,(po)) —2Tr(ps,(po)) = 18 — 10 = 8 # 0.
It follows that z(py) = 2(p1) = z(pop;') = 1. We also have

Tr(ps,(q0)) = Tr(ps,(q1)) = Tr(ps,(qoq; ') = 6 —2(8 + 571),

Tr(ps,(q0)) = Tr(ps,(q1)) = Tr(ps,(qoqr ') =5 —=3(6+ 57).

It follows that z(qo) = 2(q1) = 1. We then have that z is trivial and ¥ is trivial therefore
P82 Ar, = PsglAp, Which contradicts Proposition 8.2.2.

All the computations above give the same results if we substitute ps, by pg;. therefore
PsalAr, 2 (V0 psiap,) ® 2.

Assume now pg, 4, = (V0 po,ja,, ) ® 2. We have

Tr(po, (po)) = Tr(po, (p1)) = Tr(pe, (Popy ') = Tr(po, (p0)) = Tr(po, (p1)) = Tr(ps, (pop; ') = —3a~'(a—1)* #0.

Tr(p91 (QO)) = Tl"(pgl <Q1)) = TI‘(pgl (qoqfl)) = Tl"(p92 (qo)) = Tr(p92 (Q1)) = Tr(p92 (QOQII)) = _35_1(6_1)2 7& 0.

It follows that z(po) = z(p1) = 2(q) = 2(q1) = 1. We then have by Proposition 2.1.2 that ¥ is
trivial therefore pg |4y, = po,jap,- All the computations give the same results if we substitute
pos by po;. This concludes the proof in cases 1, 4, 5 and 10.

In cases 11, 12, 13 and 16, we have the result using the same computations since W is either
the trivial automorphism or the unique automorphism € of order 2 of IF, if z is trivial. O
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Chapter 10

Appendix

10.1 Erratum of the papers [11] and [12] in type A

This Ph.D. thesis is mainly based on [11] and [12]. It uses many results from those papers. All
the results are correct, however some proofs are incomplete. We give here a few corrections of
those papers.

In the proof of Proposition 3.1 of [11], B,,_; should be replaced by B,,.

In section 3.2. of [11], R(B) should be replaced by —R(B,,). The determinant of a matrix
M € GU,(q2) does not verify e(det(M)) = det(M) but e(det(M)) = det(M)~L. We have
det(—R(0;)) = —a therefore e(—a) = —a~!. Tt follows that e(a + a™!) = a + a™! and the
conclusion remains true since F, = F,(a + a™').

In the proof of Lemma 3.5 of [11], in order to prove that [G,G] is not abelian by abelian,
it is necessary to check that (sysy')(s7's2) £ (s7'52)(s155") # 0. In the paper, it was only
checked that (sys5")(s7"s2) — (s7's2)(s183 ") # 0 and the matrix given is wrong. We have

L L L ) attad—a-1 ad—1

— — — — 2 2

(s183)(s1 s2) — (51 82)(s18, ) = (_a5+a4+aa32a2a1 _a4+§32a1>
(0% «

This matrix is non-zero because it is assumed in the Lemma that the order of « is not in
{1,2,3,4,5,6,10}. We have

) . ) 1 at—ad+42a2—a+1 as+1

— — — — 2 2

(s1557)(s1 s2) + (51 s2)(s18, ) = (_a5+a4+%z3+ocz+a+1 _oc4+%z?’+oc+l>
a? a?

This matrix is also non-zero by the conditions on the order of a.

In the proof of Proposition 3.7, it is not proved that e o p* is a representation of the Hecke

algebra. However, it is true by Proposition 2.1.2 of this Ph.D. thesis since ¢(a) = o™

In the proof of section 4, it should be k£ = '—%7 instead of k = \_%J in order to prove that
G, #2 A x Gy has less transvection than the natural SL,q with a > % The proof for N =5

then becomes a subcase of the proof for N > 6 because we have that £k = 3 when N = 5.

In Lemma 3.2 of [12], the action of £ satisfies £2£~ =* s~ but not fscff(:\; =tg 1

After Theorem 5.1 and Lemma 5.5 of [11] it should say that we need to prove that G is
primitive not imprimitive.
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In [11], after Lemma 5.3, Proposition 2.4. is used in order to show that a morphism from
R(Aa,) to PSLy(q) must be trivial. It is used for n > 6 eventhough Proposition 2.4 is only valid
for n > 7. The proof is therefore not correct for n = 6. The only partition to consider is [3,2, 1]
which is of dimension 16. By the induction assumption, we have R3 2 1)(Aa,) >~ SLs(q) xSLe(q).
It follows by Lemma 8.5.1 of this Ph.D. thesis that the morphism to SLs(g) is indeed trivial
and concludes the proof.

10.2 H,-graphs

Below are the W-graphs we use for type Hy, they are taken from [20] except for the new ones

we found verifying the properties of Theorem 6.2 (T6Vt, E, 24, 24,, 3’»0:, 40, and 48,,. We
rearranged the vertices in the ones taken from [20] in order to male the connected components
of the restrictions to Apg, appear. In what follows 8 = £ + ¢! and if the graph is 2-colorable
then we give a possible coloring.

® o 0 00

1, 4,

B+1  B+1 B+l
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In the 40-dimensional H4-graph, the blue edges are of weight 2, the red edges are of weight
%, the cyan edges are of weight g, the orange edges are of weight %, the green edges are of
weight %, the dark yellow edges are of weight %, the purple edges are of weight —%, the dark
gray edges are of weight —%, the yellow edges are of werght —g, the dark green edges are of
weight g, the teal edges are of weight 3, the lime edges are of weight %, the pink edges are of
weight —%, the brown edges are of weight % and the olive edges are of weight —2.

In the 48-dimensional Hy-graph, we have omitted the weights on the edges for clarity. One
can still observe the symmetry appearing in this self-dual Hy-graph.

10.3 Computations in type H,

10.3.1 Proof that E3 and D3 cannot vanish simultaneously

22

_QL()D3 = %0 — 2038 4 4930 — 83t + 11032 — 16030 + 22028 — 26026 + 3002 — 34022 + 34020 — 34018
6l
+ 300" — 260 + 220" — 1600 + 1108 — 80 + 40t — 202 + 1
_(I)UES )Eg = 32 30 28 26 o g24 22 20 g 18 L 16 g1 12 10 4 g8 6 4 2y
6la
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vs

ve

vr

v

v9

v10

v12

V14

V15

vie6

vi7

V18

v19

v20

22 »18

v
Rem(————D3, ———— E3)
@6 () @6 (a)
—5030 4 8028 4 2026 _ 2% _ 13022 4 10020 + 12018 — 7010 — 30 £ 8012 4 10010 — 1508 — WO f 20t 4802 =5
18
2 v
5% Rem(— E3)
@6 (a)

9028 — 24026 4 32024 — 14022 4 65020 — 74018 4 6401 — 440 4+ 49012 — 70010 4+ 500% — 1808 + 210% — 2602 + 10

33
= Rem(vs, vg)

12 4010 4508 — 202 41

6020 + 110%% + 16022 4 8020 4 4018 4 7010 — 201% _ 2y
22 Rem(vg, v7)
329024 + 328022 + 452020 — 230018 4+ 457016 — 218v1% + 166012 — 418010 + 3350% — 7205 4 96v* — 16402 + 67

72472

338 Rem(v7, vg)
1380022 + 2656020 — 414018 4+ 2007016 — 85301 + 1549012 — 1871010 4 6030% — 32705 + 7650 — 36102 — 11
MRem(vg vg)

72472 Yo

5006020 — 3519018 + 4857010 — 34130 + 4199012 — 4201010 4 24030 — 143706 + 15450* — 106102 + 284
25032
3252232
4190108 — 30018016 + 2430001* — 16298012 + 30252010 — 390280 + 151580 — 32440% + 1733002 — 11407
31139672
25032
1870170% — 1405750 + 5706702 + 3018700 + 611610° — 1003050° — 48597v* + 2559302 + 28241
311721921932
22139672
188627v1% — 351203012 + 243691010 — 2545620% + 4009920° — 128403v* + 16136702 — 173764

53235592

Rem(vg, v10)

Rem(v10,v11)

Rem(v11,v12)

Rem(vi2,v13)

311721921932
61741402 + 4339500 — 1711490% — 126524005 — 2050460 + 6156702 + 670171
2272441012 Rem(v
3153235592 13, v14)
1148529010 4 1104550% — 10121800° — 958108v* — 2509102 + 792599
323828432 Rem(v
2272441012 14, v15)
12959510° — 264472705 — 7090100* — 126257202 4 2357251
881214712 Rem(v1s, o16)
323828432 15,016
5888346v° + 1914360v* + 35257612 — 4674729
21319813912 Rem(v1s, v17)
881214712 ’
723244v% — 17251102 — 264507
231808112 Rem(v17, vis)
59919813912 1718
149502 — 1569
752132232 Rem(v1g, v19)
23311808112 ’

1.
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10.3.2 Computations in case 2.1.

10 — 6(4 — E1) + E3 — E? + (4 — E1)?

Ey =
2 - B
= B4t
b 10 — 6(4 + D1) + D3 — D? + (4 + D1)?
g = —
24 Dy
= ®(Eg)
_ -1 2 2 2
Eio = Tr([n2,u2][uy ", n2]) — E1Eg — 2E7 + 2Eg
—1 2 2 2
D1 = Tr([nl,ul][ul ,n1]) + D1Dg — 2D] +2Dg
= ®(E10)
Ei1 = EJ+4E} + BE1Ejo — 14E1Eg — 4E10Eg — 2EZ — 10E1o
Dy1 = D3 +44D} — Di1Dyg + 14Dy Dg — 4D19Dgy — 2D3 — 10D19
=  ®(E11)
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—486773091634646981124420181550725259305095623574103826313324090433645617Dy5)
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231181165264609558032043953885207972
(7735916375013449867448090407(7735916375013449867448090407 D45
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1
741722923114379110131365376612368487522735331219813217472
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10.3.3 Computations on triality
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4 2
Uz = T7r177'3<* )Tr1+7‘3(*") +wv *1>T'r'1(* )TT1+T3+T4<* 3

o
2v672v4+v271
v2 (vt — w2 + 1)
5016 — 180 4 30012 — 34010 4 3108 — 2100 + 10v* — 302 + 1)
(v4 — w2 +1)207(v2 — 1)
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4 2
IT—rg=rg (07 =07 4 DTy (= v7(v? —v2 4+ 1)
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—v2 41 T=ry ra ( v (vt — 02 +1) ) Tl(v47v2+1)

Ty (

)

Ty ey (—
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) Torsra ) Ty ( )
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12 _ 4010 4 508 — 500 4 4v* — 202 4+ 1
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v87'u6+'u4+1
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_ 2v 6 4 2
Us = T—py—rg(— )Try ( )Try+rg(v° =" + 07 —1)
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Trq (=v—w )Tfrl (v )Trz +r3+ry (v >T7'2 ('U>TT1 +rotrgz+ry (v™ +v%)
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10.4 FEg-graphs

We give in this section the Fg-graphs 10, and 20, which verify the properties of Theorem 6.2.
We do not give the other new FEg-graphs and FEg-graphs which were obtained because of the
large number of vertices and edges. They can be downloaded at [17].
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10.5 Fj-graphs and field extensions
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Figure 10.1: Fj-graphs
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Figure 10.2: Fj-graphs
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(va, /)

Fp(va,\/B+ /B ) F,(Va, ) Ep(e /) Fp(va+va /8

Fp(Ve, B+ 871 Fp(Va+va~l,8) Fp(va + va~t, B+\/E_l) Fp(a, B) F,,(a,\/,§+\/;§‘l> Fplat+a~t, +/8)

Fp(vVa+va=!,g+87") Fp(a+a~1,8) Fp(o, B+ 871) Fplatal,\/6+ \//?1)

Fp(a+a™t,g4+871)

Figure 10.4: Field extensions in type F}
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(va, /)

Fp(va B+ /8 ) prﬁ‘»__ﬁ) Fp(a, /) (VA + vaT, NG

BVEAEATH  REE VAL (/e e \/fu\/ Fp(2.8) /34 /8 ) Fpatal/B)

Fp(Va+va~l, g+ 871 Fpla+a1,p) Fp(a, B+ 571) Fp(a+a’1,\/5+\ﬁ

Fp(a + a1 B+ 571)

Figure 10.5: Field extensions in type F} in case 2
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(va, /)

Fp(V&, B) Fpla, \/B) Fp(va +val,\/8)

VI

Fp(a%a*l,\/B)

Fp(va, B+ 871 Fp(va++va~',8) Fp(, B)

Fp(v/a+ vat, \/E+ NI

Fp(vVa+va~t,8+871) Fp(o+ o™t B) Fp(o, B4 871 maﬂ*l,\/@\ﬁ )

Fp(a + ail,ﬁ«&» 571)

Figure 10.6: Field extensions in type F} in case 3
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FpwE /5 +1/F )

F(Vap 87 BpVatvalp)  Rp(va+valy/s+/s ) Fp(er, B) Folas\/B+/B ) Fplata l,\/8)

Fp(VatvaTl g+ a7t Fplata~',6) Fplo, B+ 671 Fplatal,\/B+ \//?1)

Fp(a + ail,B«&» ;’371)

Figure 10.7: Field extensions in type F} in case 4
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Fp(va B+ /8 ) Fp(v/a, 8) Fplay/B)

B(a@B+sT)  RatvaTe)  Fva+va /BB ) Fp(ar B) Folann/B+ /6 )

Fp(vVat Vel s+ a7 Fpla+a™l,8) Fp(a, B+ 671 Fplata~l\/B+/8 )

Fp(a + ail,B«&» ;’371)

Figure 10.8: Field extensions in type F} in case 5
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Fp(va, /B /B ) B (V@ 6) Fp(er /B) Fp(va+val\/p)

Bp(Va B+ 87 Fp(VatvaThe)  Fy(va+va! \/E+\f Fp(a, 8) Fpta /Bt /8 ) Fplatal\/B)

Fp(Va+va g +871) Fpla+a~l,p) Fp(a, B+ 671) Fp(a+a~ \/E+ Ve

Fp(a + “71%3“'/371)

Figure 10.9: Field extensions in type F} in case 6

Ep(va /B4 /B ) F(V3,8) B (/) Fp(va+vat,\/B)

Fp(va B+ 671 Fp(Vatva .8 F(va+val, 5+\/§‘1) Fp(a, 6) Fp(a,\/gﬂ/;}‘l) Fplata” L8

Fp(\/a+¢a7175+571) Fp(“"r&ilﬁﬁ) Fp(a75+571) ]Fp(oz+a71,\/g+\/g

Fp (o + (xil> B+ /3'71)

Figure 10.10: Field extensions in type F} in case 7
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Fp(va+val,\/8)

Fp(Va, §) Fp(e /)

IFp(\/E,B%ﬁ“l) *‘p(ﬁf\/_&*l,ﬂ) Fp(\/a+\/c7*1,\/§+\/§71) Fp (e, B) Fp(a,\/EJr\/E*l) Fp(a+a*1,\/5)

Fp(va+va~t g+ 871 Fp(a 4+ a— L, ) Fp(a, B+ 871) 1F,,(a+a*1,\//§+ \/E_l)

Fp(a+a™ 1l 84871
Figure 10.11: Field extensions in type F} in case 8

Fp(Va, §) Fp(as /) Fp(Va+va /)

Ep(va /8415 )

BOESTET)  RWEHVETLE  Ba+valy/a+/6 )

Fp(a, 6) wp(u‘\/§+ \/Efl) Fpla+a~t, 1/B)

Fp(Va+va g+ 871 Fp(a+a™t,B) Fp(a, B+ 571) Fp<a+(rl,\ﬁ+\/5 )

Fp (o + (xil;/r‘; + /3'71)
Figure 10.12: Field extensions in type F} in case 9

249



Fp(va, /B /B ) F(Va, ) Fp(er /B) Fp(va+val\/p)

BOEAEETD R(EEVEL) Fp(va+vaTt \/5+\/ Fp(o B) Fplann/B+\/B ) Fplatal\/B)

Fp(Va+val, g+ 8710 Fpla+a~l,p) Fp(a, B+ 871 Fp(a+a~ \/E+ Ve

Fp(a + “71%3“'/371)

Figure 10.13: Field extensions in type F} in case 10

Ep(va /B4 /B ) F(V3,8) B (/) Fp(va+vat,\/B)

BOESTAT)  RWEHVETLE  Ba+valy/a+/6 ) Fp (@, 6) Fp(a,\//;+\/g_l) Fplata LB

Fp(Va+va~l, g+ 871 Fp(a+a™l,8) Fpla, B+ 871) Fpatal,\/6+4/8

Fp (o + (xil> B+ /3'71)

Figure 10.14: Field extensions in type F} in case 11
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B(VE s+ B(atvaETLA)  Ea+valy/s+/E ) Fp e, 5) Fplo\/B+/B ) Fplata i \/B)

Fp(va+va ', 6+p71) Fp(a+a~!,6) Fp(a, 8+ 671) Fpla+a~t\/+/8 )

Fpla+a~t,8+871)

Figure 10.15: Field extensions in type F} in case 12
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Fp(V@B+67)  Fp(va+vaThe)  E(vatvaly/s+ NI Fp(a, B) Folanr/B+/B ) Fplatal\/B)

Fp(va+va~l, g+ 871 Fpla+a™l,8) Fp(a, B+ A7) Fpatal\/B+/8 )

Fpla+ a L' g+p 1)

Figure 10.16: Field extensions in type F} in case 13

10.6 Connectedness of the Es-graphs

—_—

10.6.1 4430,

If p = 7 then the edges disappearing are 493 — 50, 570 — 26, 598 — 27, 1313 — 26,
1313 — 293, 1372 — 27, 1372 — 328, 1398 — 389, 1477 — 424, 1495 — 419, 1526 — 441,
2026 — 357, 2102 — 371, 2283 — 779, 2323 — 26, 2323 — 843, 2361 — 874, 2416 — 646,
2416 — 891, 2421 — 27, 2421 — 886, 2474 — 926, 2504 — 680, 2504 — 962, 2530 — 977,
2618 — 996, 2667 — 646, 2688 — 680, 2734 — 691, 2933 — 57, 2933 — 119, 3011 — 63,
3011 — 136, 3475 — 27, 3485 — 646, 3485 — 1863, 3504 — 680, 3504 — 1951, 3519 — 1977,
3555 — 27, 3555 — 2007, 3559 — 27, 3590 — 2065, 3595 — 154, 3595 — 691, 3595 — 2060,
3601 — 691, 3607 — 691, 3607 — 2120, 3638 — 2158, 3702 — 2198, 3790 — 61, 3790 — 328,
3790 — 424, 3790 — 874, 3790 — 880, 3790 — 886, 3790 — 1747, 3801 — 47, 3801 — 50,
3801 — 977, 3801 — 1793, 3801 — 1977, 3835 — 14, 3835 — 996, 3835 — 1814, 3835 — 2065,
3864 — 424, 3870 — 441, 4040 — 26, 4040 — 27, 4040 — 611, 4040 — 2955, 4057 — 617,
4057 — 691, 4057 — 3004, 4062 — 15, 4062 — 2986, 4078 — 26, 4092 — 27, 4092 — 3083,
4110 — 2379, 4124 — 2455, 4153 — 691, 4153 — 3109, 4188 — 3168, 4245 — 27, 4312 — 112,
4327 — 886, 4345 — 57, 4345 — 1470, 4362 — 63, 4362 — 1548, 4369 — 15, 4369 — 169,
4418 — 3, 4418 — 119, 4418 — 1470, 4421 — 3, 4420 — 691, 4424 — 136, 4424 — 1548,
4431 — 27, 4431 — 680, 4431 — 3988, 4434 — 27, 4434 — 680, 4450 — 27, 4454 — 31,
4454 — 47, 4454 — 50, 4454 — 236, 4454 — 389, 4454 — 441, 4454 — 922, 4454 — 926,
4454 — 1006, 4454 — 2060, 4454 — 3109, 4454 — 3883, 4455 — 403, 4455 — 441, 4455 —
2158, 4455 — 3168, 4455 — 3911, 4466 — 112, 4466 — 419, 4467 — 646, 4478 — 60 and
4478 — 63.

They can be replaced by the paths 493 — 739 — 80 — 2323 — 515 — 50, 570 — 80 —
2323 — 2416 — 4040 — 2247 — 504 — 26, 598 — 124 — 2421 — 2530 — 523 — 27,
1313 — 80 — 2323 — 2416 — 4040 — 2247 — 504 — 26, 1313 — 1398 — 1843 — 293,
1372 — 124 — 2421 — 2530 — 523 — 27, 1372 — 3315 — 3790 — 3801 — 1668 — 328,
1398 — 178 — 293 — 389, 1477 — 1853 — 1976 — 293 — 1863 — 424, 1495 — 1875 —
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Fp(va, B+ 871) Fp(va+ Vo™l B) Fp(ﬁ+¢a—17\/g+\/;l) Fp(a, B) Fp(a,\/g+\/;§’1) F(a+a \/>

Fp(Va+va g+ sl Fplata™l,p) Fpla, B+ 870 Fplatat,\/B41/8 )

Fp(a+ (yil,ﬂ+[371)

Figure 10.17: Field extensions in type F} in case 14

DRSS BWEEVETLS mvatva \/E+\[ Fp e, §) Fpeoy/B+ /B ) Fplatal\/B)

Fo(va+ va~l, g+ Fpla+ a1, 8) Fp(a, B+ 671) Fp(a+ o \/E+\f

Fp(a+ (xil, B+ 571)

Figure 10.18: Field extensions in type F} in case 15

»(Va+ val B+ A7) Fplata?, Fp( 84 671) Fplata=t,\/B+\/6

\\//

Fp(a+a™t,g+p871)

Figure 10.19: Field extensions in type Fj in case 16
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2009 — 3666 — 2196 — 419, 1526 — 1939 — 2125 — 4378 — 3870 — 3913 — 2234 — 441,
2026 — 255 — 1888 — 357, 2102 — 261 — 357 — 371, 2283 — 2361 — 3485 — 1465 —
1885 — 2858 — 874 — 1863 — 328 — 779, 2323 — 2416 — 4040 — 2247 — 504 — 26,
2323 — 2416 — 4040 — 2247 — 504 — 26 — 90 — 843, 2361 — 2474 — 4062 — 493 —
739 — 80 — 2323 — 515 — 50 — 874, 2416 — 4040 — 2247 — 504 — 26 — 646,
2416 — 4040 — 2247 — 504 — 26 — 90 — 843 — 891, 2421 — 2530 — 523 — 27,
2421 — 2530 — 523 — 27 — 112 — 886, 2474 — 2911 — 2980 — 4144 — 3119 — 926,
2504 — 4057 — 2286 — 550 — 617 — 680, 2504 — 4057 — 2618 — 4188 — 2505 — 962,
2530 — 2618 — 4188 — 2638 — 3083 — 3168 — 886 — 977, 2618 — 3000 — 3139 — 962 —
3004 — 996, 2667 — 603 — 2424 — 646, 2688 — 2734 — 617 — 680, 2734 — 2813 —
680 — 691, 2933 — 3011 — 56 — 57, 2933 — 3011 — 92 — 119, 3011 — 3066 — 57 — 63,
3011 — 3066 — 1201 — 136, 3475 — 1499 — 197 — 27, 3485 — 1465 — 2374 — 646,
3485 — 1465 — 1885 — 2858 — 874 — 1863, 3504 — 1558 — 2491 — 680, 3504 — 1558 —
1941 — 2897 — 926 — 1951, 3519 — 178 — 293 — 1863 — 424 — 1977, 3555 — 1584 —
2540 — 27, 3555 — 1584 — 1990 — 2923 — 977 — 2007, 3559 — 2708 — 686 — 27, 3590 —
3638 — 4391 — 1526 — 1939 — 2125 — 4378 — 3870 — 3913 — 2234 — 441 — 2065,
3595 — 4062 — 455 — 475 — 15 — 154, 3595 — 4062 — 2570 — 691, 3595 — 4369 —
4454 — 3795 — 1951 — 2060, 3601 — 2743 — 2806 — 691, 3607 — 1623 — 2596 — 691,
3607 — 1623 — 2107 — 3016 — 996 — 2120, 3638 — 4391 — 4455 — 3850 — 3904 —
3168 — 3988 — 2158, 3702 — 4153 — 2618 — 3000 — 3139 — 962 — 3004 — 996 —
2120 — 2198, 3790 — 1749 — 229 — 61, 3790 — 3801 — 1668 — 328, 3790 — 3801 —
3864 — 3870 — 389 — 424, 3790 — 1885 — 2858 — 874, 3790 — 1675 — 1738 — 880,
3790 — 310 — 112 — 886, 3790 — 3801 — 1668 — 1747, 3801 — 285 — 743 — 47,
3801 — 285 — 743 — 50, 3801 — 1990 — 2923 — 977, 3801 — 3864 — 1747 — 1793,
3801 — 3864 — 3870 — 389 — 424 — 1977, 3835 — 1800 — 450 — 14, 3835 — 2107 —
3016 — 996, 3835 — 2057 — 3878 — 1814, 3835 — 3870 — 3913 — 2234 — 441 — 2065,
3864 — 3870 — 389 — 424, 3870 — 3913 — 2234 — 441, 4040 — 2247 — 504 — 26,
4040 — 2281 — 523 — 27, 4040 — 2247 — 568 — 611, 4040 — 2247 — 504 — 26 — 90 —
843 — 891 — 2955, 4057 — 2286 — 550 — 617, 4057 — 2586 — 2734 — 2813 — 680 — 691,
4057 — 2618 — 4188 — 2505 — 2628 — 3004, 4062 — 455 — 475 — 15, 4062 — 2285 —
815 — 2472 — 2606 — 2986, 4078 — 93 — 2326 — 26, 4092 — 2281 — 523 — 27,
4092 — 4188 — 4303 — 3083, 4110 — 4124 — 4220 — 2379, 4124 — 2310 — 2379 — 2455,
4153 — 2504 — 4057 — 2286 — 550 — 617 — 680 — 691, 4153 — 2504 — 4057 — 2286 —
950 — 617 — 680 — 691 — 1166 — 3109, 4188 — 2638 — 3083 — 3168, 4245 — 2549 —
686 — 27, 4312 — 2944 — 1137 — 112, 4327 — 4466 — 3197 — 1035 — 112 — 886,
4345 — 3280 — 56 — 57, 4345 — 3280 — 1415 — 1470, 4362 — 3351 — 1754 — 63,
4362 — 3439 — 4398 — 1548, 4369 — 473 — 480 — 15, 4369 — 2474 — 3504 — 169, 4418 —
2675 — 22 — 3, 4418 — 20662 — 92 — 119, 4418 — 3477 — 357 — 1470, 4420 — 2813 —
680 — 691, 4421 — 139 — 142 — 3, 4424 — 2701 — 622 — 136, 4424 — 3514 — 371 — 1548,
4431 — 3485 — 1465 — 2374 — 646 — 27, 4431 — 3485 — 1465 — 2374 — 646 — 680,
4431 — 3628 — 2158 — 4401 — 3168 — 3988, 4434 — 2678 — 646 — 27, 4434 — 2678 —
646 — 680, 4450 — 2798 — 646 — 27, 4454 — 39 — 749 — 31, 4454 — 285 — T43 — 47,
4454 — 285 — T43 — 50, 4454 — 1691 — 207 — 236, 4454 — 3783 — 1692 — 3809,
4454 — 3793 — 1763 — 441, 4454 — 1941 — 2897 — 922, 4454 — 1941 — 2897 — 926,
4454 — 3051 — 3133 — 1006, 4454 — 3795 — 1951 — 2060, 4454 — 2071 — 3892 — 3109,
4454 — 3795 — 3817 — 3883, 4455 — 3155 — 3986 — 403, 4455 — 3790 — 3801 —

254



3864 — 3870 — 389 — 424 — 441, 4455 — 3850 — 3904 — 3168 — 3988 — 2158, 4455 —
3850 — 3904 — 3168, 4455 — 3850 — 3904 — 3168 — 3988 — 2158 — 4401 — 3911,
4466 — 3197 — 1035 — 112, 4466 — 3976 — 2228 — 419, 4467 — 103 — 2356 — 646,
4478 — 2540 — 2923 — 60 and 4478 — 2506 — 57 — 63. This proves that this Eg-graph
remains connected after specialization for p = 7.

If p = 11 then the edges disappearing are 3790 — 57, 4418 — 26, 4418 — 27, 4424 — 691,
4425 — 27, 4454 — 56, 4454 — 63, 4455 — 63, 4449 — 27 and 4454 — 32. They can be
replaced by the paths 3790 — 351 — 800 — 57, 4418 — 2715 — 568 — 26, 4418 — 2675 —
646 — 27, 4424 — 2701 — 680 — 691, 4425 — 2776 — 698 — 27, 4454 — 39 — 749 — 56,
4454 — 369 — 820 — 63, 4455 — 369 — 820 — 63, 4449 — 2708 — 686 — 27 and 4454 —
1691 — 207 — 32. This proves that this Fg-graph remains connected after specialization for
p=11.

—_——

10.6.2 5670,

If p = 7 then the edges disappearing are 257 — 66, 1474 — 156, 1481 — 141, 1485 — 156,
1485 — 538, 1540 — 243, 1545 — 244, 1556 — 191, 1565 — 1724, 1571 — 247, 1610 — 171,
1610 — 280, 1634 — 171, 1686 — 191, 1724 — 1642, 1766 — 171, 1790 — 473, 1923 — 801,
1968 — 505, 1984 — 822, 2068 — 894, 2090 — 927, 2112 — 2227, 2133 — 2056, 2133 — 2324,
2141 — 1014, 2166 — 473, 2195 — 244, 2369 — 473, 2409 — 382, 2410 — 1835, 2477 — 425,
2765 — 505, 2833 — 516, 2843 — 856, 2873 — 616, 2873 — 714, 2931 — 1020, 2955 —
746, 2955 — 1019, 3040 — 631, 3063 — 1075, 3347 — 3538, 3444 — 3559, 3479 — 818,
3497 — 1417, 3570 — 793, 3591 — 818, 3615 — 3538, 3642 — 890, 3642 — 1019, 3706 — 984,
3706 — 1103, 3836 — 3261, 3947 — 4106, 3967 — 1083, 3978 — 1103, 4029 — 1192,
4029 — 3947, 4210 — 141, 4210 — 191, 4254 — 191, 4254 — 2174, 4479 — 1642, 4568 —
1693, 4568 — 1965, 4588 — 1704, 4596 — 206, 4596 — 2608, 4651 — 2740, 4652 — 2029,
4652 — 2716, 4657 — 3530, 4687 — 1965, 4744 — 3581, 4777 — 3603, 4781 — 2029,
4815 — 2828, 4849 — 3687, 4853 — 2080, 4853 — 2192, 4870 — 3748, 4878 — 243, 4878 —
2101, 4925 — 243, 4925 — 2716, 4957 — 2798, 5040 — 2631, 5055 — 2798, 5133 — 4186,
5155 — 2838, 5166 — 2906, 5166 — 3703, 5198 — 3302, 5198 — 3505, 5198 — 3881,
5246 — 3194, 5289 — 3262, 5391 — 4061, 5424 — 4100, 5427 — 3476, 5427 — 4126,
5428 — 746, 5428 — 793, 5428 — 4131, 5465 — 1075, 5480 — 1417, 5480 — 1461, 5480 —
3985, 5480 — 4115, 5500 — 3905, 5500 — 4037, 5500 — 4061, 5515 — 4186, 5515 — 4197,
5530 — 1461, 5530 — 4190 and 5605 — 5414.

They can be replaced by the paths 257 — 58 — 77 — 66, 1474 — 551 — 1585 — 156,
1481 — 1580 — 1479 — 141, 1485 — 215 — 250 — 156, 1485 — 4204 — 1478 — 538,
1540 — 2097 — 1534 — 243, 1545 — 1693 — 377 — 244, 1556 — 1692 — 1538 — 191,
1565 — 1532 — 1563 — 1724, , 1610 — 335 — 4241 — 171, 1610 — 1760 — 440 — 280,
1634 — 335 — 4241 — 171, 1686 — 399 — 4254 — 4379 — 4542 — 191, 1724 — 1667 —
1636 — 1642, 1766 — 2332 — 279 — 171, 1790 — 1921 — 485 — 473, 1923 — 2441 —
1302 — 801, 1968 — 3220 — 1141 — 505, 1984 — 1959 — 807 — 822, 2068 — 870 — 562 —
894, 2090 — 4904 — 2076 — 927, 2112 — 421 — 4346 — 2227, 2133 — 2197 — 2085 — 2056,
2133 — 2197 — 2411 — 2324, 2141 — 2313 — 1219 — 1014, 2166 — 4878 — 2537 — 473,
2195 — 2409 — 377 — 244, 2369 — 2534 — 5546 — 473, 2409 — 2477 — 409 — 382,
2410 — 2470 — 2395 — 1835, 2477 — 405 — 962 — 425, 2765 — 3967 — 1141 — 505,
2833 — 4097 — 1179 — 516, 2843 — 850 — 587 — 856, 2873 — 5189 — 3328 — 616,
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2873 — 5189 — 3524 — 714, 2931 — 3376 — 1223 — 1020, 2955 — 3059 — 2975 — 746,
2955 — 3059 — 2975 — 1019, 3040 — 619 — 584 — 631, 3063 — 3161 — 3082 — 1075,
3347 — 3260 — 3474 — 3538, 3444 — 1325 — 5250 — 3559, 3479 — 5447 — 3620 — 818,
3497 — 3435 — 1292 — 1417, 3570 — 3561 — 765 — 793, 3591 — 3606 — 3630 — 818,
3615 — 3630 — 3616 — 3538, 3642 — 3700 — 916 — 890, 3642 — 3700 — 3644 — 1019,
3706 — 959 — 409 — 984, 3706 — 1102 — 496 — 1103, 3836 — 2605 — 2020 — 3261,
3947 — 3767 — 3943 — 4106, 3967 — 1031 — 1241 — 1083, 3978 — 4126 — 1288 — 1103,
4029 — 4035 — 4004 — 1192, 4029 — 4035 — 4004 — 3947, 4210 — 4222 — 1568 — 141,
4210 — 4220 — 4217 — 191, 4254 — 4379 — 4542 — 191, 4254 — 4379 — 2236 — 2174,
4479 — 5157 — 4501 — 1642, 4568 — 5177 — 2872 — 1693, 4568 — 4588 — 1994 — 1965,
4588 — 4430 — 4640 — 1704, 4596 — 4437 — 4624 — 206, 4596 — 4437 — 2283 — 2608,
4651 — 4448 — 2295 — 2740, 4652 — 5231 — 4667 — 2029, 4652 — 5231 — 4667 — 2716,
4657 — 4452 — 3358 — 3530, 4687 — 5035 — 4712 — 1965, 4744 — 5332 — 4745 — 3581,
ATT7T — 5109 — 4801 — 3603, 4781 — 4755 — 1971 — 2029, 4815 — 5084 — 4821 — 2828,
4849 — 4864 — 3712 — 3687, 4853 — 4859 — 2117 — 2080, 4853 — 4859 — 2226 — 2192,
4870 — 4369 — 3230 — 3748, 4878 — 4906 — 2290 — 243, 4878 — 4906 — 2110 — 2101,
4925 — 4988 — 2147 — 243, 4925 — 4986 — 4934 — 2716, 4957 — 3980 — 5055 —
2343 — 482 — 2798, 5040 — 4755 — 1994 — 2631, 5055 — 2343 — 482 — 2798, 5133 —
5514 — 5146 — 4186, 5155 — 4492 — 1574 — 2838, 5166 — 5217 — 5168 — 2906,
5166 — 5217 — 5168 — 3703, 5198 — 3134 — 5223 — 3302, 5198 — 3134 — 793 — 3505,
5198 — 3134 — 1103 — 3881, 5246 — 3063 — 5177 — 3194, 5289 — 3161 — 5203 — 3262,
5391 — 3297 — 1185 — 4061, , 5427 — 5294 — 3262 — 3476, 5427 — 5442 — 4165 — 4126,
5428 — 4137 — 3574 — 746, 5428 — 3479 — 5447 — 793, 5428 — 4137 — 3574 — 4131,
5465 — 5035 — 473 — 1075, 5480 — 3873 — 2686 — 1417, 5480 — 4007 — 2772 — 1461,
5480 — 4015 — 3837 — 3985, 5480 — 4133 — 3578 — 4115, 5500 — 5116 — 2745 — 3905,
5500 — 5515 — 4086 — 4037, 5500 — 4074 — 4166 — 4061, 5515 — 5421 — 5456 — 4186,
5515 — 4199 — 4150 — 4197, 5530 — 4103 — 1449 — 1461, 5530 — 5527 — 4097 —
4190 and 5605 — 5594 — 5613 — 5414. This proves this Eg-graph remains connected after
specialization when p = 7.

10.6.3 7168

For p = 7, the edges disappearing are 3397 — 403, 3995 — 4, 4205 — 772, 4795 — &6,
4795 — 157, 4993 — 4, 5755 — 157, 5755 — 300, 5938 — 4, 6397 — 2964, 6498 — 157,
6538 — 181, 6766 — 3772, 6869 — 4, 6869 — 181, 6869 — 1414, 6988 — 86, 6988 — 300,
6988 — 631, 7012 — 4, 7012 — 671, 7012 — 1414, 7012 — 2374, 7071 — 4, 7083 — 4,
7083 — 181, 7083 — 2374, 7165 — 86, 7165 — 98, 7165 — 157, 7165 — 300, 7165 — 1231,
7165 — 2176 and 7165 — 3174.

They can be replaced by the paths 3397 — 4795 — 1156 — 1362 — 86 — 403, 3995 — 30 —
106 — 4, 4205 — 4795 — 4993 — 48 — 106 — 4 — 157 — 772, 4795 — 1156 — 1362 — 86,
4795 — 4993 — 48 — 106 — 4 — 157, 4993 — 48 — 106 — 4, 5755 — 2109 — 453 — 157,
5755 — 470 — 2264 — 300, 5938 — 30 — 106 — 4, 6397 — 6869 — 4877 — 5085 —
1414 — 2964, 6498 — 3593 — 916 — 157, 6538 — 3627 — 972 — 181, 6766 — 6869 —
4592 — 1234 — 181 — 3772, 6869 — 48 — 106 — 4, 6869 — 4592 — 1234 — 181,
6869 — 4877 — 5085 — 1414, 6988 — 2009 — 344 — 86, 6988 — 3719 — 2278 — 300,
6988 — 4969 — 3533 — 631, 7012 — 18 — 49 — 4, 7012 — 1439 — 3015 — 671, 7012 —
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5264 — 3772 — 1414, 7012 — 6766 — 7083 — 5796 — 2176 — 2374, 7071 — 30 — 106 — 4,
7083 — 30 — 106 — 4, 7083 — 2166 — 510 — 181, 7083 — 5796 — 2176 — 2374,
7165 — 2009 — 344 — 86, 7165 — 81 — 91 — 98, 7165 — 418 — 1148 — 157, 7165 —
2522 — 2577 — 300, 7165 — 2022 — 2667 — 1231, 7165 — 2022 — 854 — 2176 and
7165 — 5406 — 5623 — 3174. This proves this Eg-graph remains connected after specialization
when p =T7.

10.7 Matrices for the 12-dimensional representation of

HF4,0475

X1, Xy and X3 are respectively

0 0 0 0
0 0 0 0
0 0 0 0
a+1
1 0 -5 0
ats o _ a?4aB+a+B aftatptl
aBf+1 3(af+1)Va 3(aB+1)
2 2 2
"‘("‘B t2abts +“”B“) aB+y) (“ tabtotB) Vol  (aptatsta(atl)
«*Btolptapt %841 s(ap+1)(a2+1) s(ap+1)(a2+1)
aB +1 0 0 0
—a—f 0 0 0
0 a+ 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 VaB 4+ Vo 0 0
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Abstract en francais de la these

Nous déterminons dans cette these I'image des groupes de Artin associés a des groupes
de Coxeter irréductibles dans leur algebre de Iwahori-Hecke finie associée. Cela a été fait
en type A dans [11] et [12]. Dans le cas générique, la cloture de 'image de Zariski a été
déterminée dans tous les cas [34]. L’approximation forte suggere que les résultats devraient
étre similaire dans le cas fini. Il est néanmoins impossible d’utiliser 'approximation forte sans
utiliser de lourdes hypotheses et limiter I’étendue des résultats. Nous démontrons dans cette
these que les résultats sont similaires mais que de nouveaux phénomeénes interviennent de par
la complexification des extensions de corps considérées. Les arguments principaux proviennent
de la théorie des groupes finis. Nous utiliserons notamment un Théoreme de Guralnick et
Saxl [23] qui utilise la classification des groups finis simples pour les représentations de hautes
dimensions. Ce théoreme donne des conditions pour que des sous-groupes de groupes linéaires
soient des groupes classiques dans une représentation naturelle. En petite dimension, nous
utiliserons la classification des sous-groupes maximaux des groupes classiques de [9] pour les
cas les plus compliqués.

Mots clés : Théorie des représentations, groupes finis, combinatoire
Abstract

In this doctoral thesis, we will determine the image of Artin groups associated to all finite
irreducible Coxeter groups inside their associated finite Iwahori-Hecke algebra. This was done
in type A in [11] and [12]. The Zariski closure of the image was determined in the generic case
in [34]. It is suggested by strong approximation that the results should be similar in the finite
case. However, the conditions required to use are much too strong and would only provide a
portion of the results. We show in this thesis that they are but that new phenomena arise
from the different field factorizations. The techniques used in the finite case are very different
from the ones in the generic case. The main arguments come from finite group theory. In
high dimension, we will use a theorem by Guralnick-Saxl [23] which uses the classification of
finite simple groups to give a condition for subgroups of linear groups to be classical groups in
a natural representation. In low dimension, we will mainly use the classification of maximal
subgroups of classical groups in [9] for the complicated cases.

Keywords : Representation theory, finite groups, combinatorics
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