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PREFACE

This work is an approach to the asymptotic analysis of classical fields in General
Relativity, a field of research at the intersection between a large variety of ! mathematics.
The main problem under study can be stated vaguely as follows: given an equation on a
Lorentzian manifold, what can be said « at large times » of the behaviour of a solution,
supposing some initial data?

Over the years, the theory has developed from the relentless study of a handful of
examples and has lead to a number of techniques to formulate mathematically and address
the general problem. One can perhaps quote four predominant domains, the spectral
analysis of self-adjoint operators on Hilbert spaces and extensions thereof, microlocal
analysis, vector field methods and geometric compactifications.

It is of course no surprise that the actual geometry and equation under consideration
condition largely to what extent certains ideas can be applied, and no one formalism, as
of yet, provides any systematic treatment of the general problem. The study of specific
examples is therefore an important part of research in the field. Black-hole geometries
are of particular interest, not only for their physical significance, but also because they
have features that illustrate concrete obstructions to the applications of some of these
techniques. A classical example of this is the phenomenon of super-radiance which prevents
the classical energy functional of a Klein-Gordon field from being positive-definite, thus
complicating the setup for an analytical scattering problem.

The first major project of this thesis was to study the example of Dirac fields on an
extremal black-hole background; the equation under study is the Dirac equation. The
precise black-hole model is that of extreme Kerr-de Sitter, which is a rotating black-
hole in a universe with positive cosmological constant. This model is studied in detail in
Chapter 2. Besides the rotation, the particularity of the extreme model is the coincidence
of two of the so-called horizons. This causes technical difficulties for a scattering theory
due to the appearance of long-range potentials. It is shown in this thesis that one can
formulate the problem as a Schrodinger type equation on a Hilbert space for which one

can identify the asymptotic dynamics and construct an analytical scattering theory; this

1. beautiful and fascinating



is the object of Chapter 3.

The second major project, discussed in Chapter 4, will take the reader into the realm
of geometric compactifications. In thisapproach,theideais to explicitly construct and
append, to the bulk manifold, a geometric boundary that is identified with « infinity ».
Of course, this has to be done in such a way that there is enough compatibility with
the geometric structure of the original manifold so that it is possible to extend objects
definedon thebulkto theboundary Thehopethenis thattheseextensionscan be
used to infer information about their asymptotic behaviour. In this work, the emphasis
will be on projective compactifications. W e will construct projectively invariant versions
of the Klein-Gordon and Proca equations on so-called projective tractor bundles and
establish results that are parallel to those available for conformally compact manifolds. In
particular, we will show in both cases that there is a natural boundary calculus that leads
to a formal solution operator which produces correctly the dominant asymptotic profiles
on asymptotically de-Sitter manifolds as shown by microlocal techniques.

In the course of this thesis, the author has been introduced to an entirely different
way of thinking about differential geometry than what is taught in most undergraduate
courses. However, the material may not be particularly well known to everyone in the

field. Consequently, the reader will find introductions in Chapters 1 and 4.
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CHAPTER 1

INTRODUCTION

Although this work is mainly about linear partial differential equations that arise in
physics and their solutions, I have as often as possible endeavoured to see things through
the eyes of a geometer, rather than those of an analyst. In this first chapter, the reader will
find a short introduction to the geometric langage used throughout this text and that may
be unfamiliar to those having dabbled less in geometry. In particular, we discuss the basic
theory of Principal Fibre Bundles and connections. It should be noted that Chapter 3 is
relatively independent from this section, save the short preamble on spinors, as unfortu-
nately the techniques used there have eluded as of yet any geometric understanding on
my part. The present section is nevertheless a pre-requisite for Chapter 4.

Throughout this section, we will work in the category of smooth (C'*°) manifolds. In
this context, all maps will be assumed smooth and the terms « smooth » and « differen-
tiable » may be used interchangeably. Unless stated otherwise, until the end of this section,
M will be a smooth manifold of dimension n € N*. Last of all, the identity element of a

generic group G will be written e.

1.1 Vocabulary and notation

1.1.1 The abstract index notation

For most of the tensor calculus in this text we will make use of Penrose’s abstract index
notation. Here we give a short overview and refer the reader to [PR84] for a thorough
account. The main idea is to keep track of the nature of a tensor by appending indices to
the label that represent its arguments'. These indices should be understood as distinct
from coordinate indices used in physics literature. More precisely, let £ be a vector bundle
over M and I'(E) the C>(M)-module of smooth sections of E. We consider isomorphic
copies of the module I'(E), that we denote by E?, E°, .... In this way to each X € I'(E)

1. In finite dimensions, we can think of a tensor as a multilinear form

13



Introduction

there are corresponding elements X € E?, X" ¢ E°, ... The dual modules will be written

Q1,...,0p

Eq, Ey, ... and a general tensor product £ @ --- @ B @ Ep @ -+ @ Ey, Eb17...7bq .

Let us now describe how this is used to write out the usual elementary operations of
tensor calculus. As a first example, the tensor product X ® Y of two vector fields will be
written X?Y?. We can see now why it was necessary to introduce an infinite number of

modules, one can write: X ® X unambiguously X*X?°.
Contraction will be indicated by the use of repeated indices as in the following exam-

ples:

- Y, X% is the scalar function Y (X),

- if T' is a simple tensor:
T:X1®-~-®Xj®--~®Xp®Y1®---®Yi - @Y?1e(E)®* @ T'(E")®,
then the contraction:
CiIT=Y'(X)X1® X, 10X;11® - 0X,0Y'® Y 'Y @Y
will be written:
T e -X%?X;X;ﬁl . .X;pybll . 'YbininH . Yb(f,-

b1...bj_1cbj+1...bn J bi+1

0y will denote the identity map, i.e. 02X°¢ = X, 6°Y,. = Y,, and, last of all, symetrisa-

tion/antisymetrisation will be written as follows:

1
j}m an) — a,
yeen o (1) Qo (n)?
n!OGGn
1
Tiay,an] = ol Z €<0->Tag(1)7"'aa(n)'
: Ueen
1.1.2 Concrete indices
Since abstract indices are not relative to any local frame ¢, . . . , € of the vector bundle,

we will need another notation for the components in such a frame. The solution we will
adopt is to use either bold characters, the latin letters i, j, k or Greek letters. Unlike ab-

stract indices, concrete indices do have integer values, hence, using Einstein’s summation

14
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convention: .

X =X%L=> X'e.
i=1
In the above X (or X*) are scalar functions. Finally, if €2 is the dual local frame, then:
eg X" = X
chel = esdie = o,

where 0 is, consequently, the identity matrix.

Remark 1.1.1. Despite the resemblance with the summation convention, there is no im-

plicit sum in the notation: XY, for contraction with abstract indices, nevertheless:
XYY, = X%2elY, = X0y, = XY,

and in the last equality there is implicit summation over the index a.

1.1.3 The vocabulary of Lorentzian geometry

A real vector space V is said to be « Lorentzian » if it is equipped with a symmetric
bilinear form g of signature (n, 1), also written, (—, +,...,+)?. Due to its significance in
physics, a specific language has developed for Lorentzian signature bilinear forms. Vectors

are classifed according to the sign of g(z,x),z € V:
1. x # 0 is causal if g(z,x) <0,
2. x is time-like if g(z,x) <0,
3. = # 0 is isotropic, null or light-like, if g(z,x) = 0,
4. x space-like si g(z,z) > 0.

Similarly, subspaces of V' are classified according to the signature of the induced bilinear

form. In particular, if F' is a vector subspace of V', F' is said to be:
1. time-like if g|p is Lorentzian,
2. isotropic, null or light-like if g|r is degenerate,

3. spacelike if g|g is positive definite.

2. In Chapter 3, however we will adopt the opposite signature convention (1,n).

15



Introduction

The lightcone is the hypersurface € defined by the equation g(x,z) = 0. A time-orientation
of V' is a choice between one of the two connected components of €\ {0}: all of the non-zero
causal vectors inside the chosen component will be said future-oriented; correspondingly,
those in the other component will be said past-oriented. A time-like vector x € V and a
causal vector y € V' have same time-orientation i.e. are inside the same component of the
punctured lightcone, if and only if g(x,y) < 0. Note also that two linearly independent
causal vectors cannot be orthogonal. Incidently a time-orientation can be thought of as
choice of non-zero causal vector.

A Lorentzian manifold is a pseudo-Riemannian manifold (M, g) such that the metric
tensor g has Lorentzian signature. A time-orientation for M is a choice of a continuous non-

vanishing causal vector field. Finally a spacetime is a time-oriented Lorentzian manifold.

1.2 Principal fibre bundles

1.2.1 Definition

Principal fibre bundles offer a unified perspective of many of the geometric concepts
that we will encounter. Spinors, tractors, densities and even usual tensors can all be
described in a particularly efficient manner in terms of a fibre bundle. They can also be
used to give a more general definition of the notion of connection. Without further a-due,

here is the definition.

Definition 1.2.1. Let G be a Lie group and M a smooth manifold. A G-principal fibre
bundle with base M, written (P, 7, M) or (P,G,m, M), is a smooth manifold P equipped
with a smooth surjective map m : P — M and a smooth right-action of G on P that

satisfies:

— For any © € M, there is an open neighbourhood U of z and a diffeomorphism
¢: 1 (U) — U x G such that:

o(p-g) = o) -9,

where, on the right-hand side, ¢(p) - g is the canonical right action of G on U x G.
Such an open neighbourhood U will be called a « trivialising neighbourhood » and
the couple (¢, U) « bundle chart ».

16
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— If my : U x G — U denotes the canonical projection, then:

T (d(p)) = 7(p).

When the base manifold is clear from the context, we will simply write (P, 7) or (P, G, ).
Finally, when z € M, the set 7=!({z}) is called the « fibre above x ».

Before discussing a fundamental and illuminating example, let us first quote the fol-

lowing properties:

Proposition 1.2.1. In the notation of the definition:
1. The right-action of G on P preserves the fibres in the sense that for anyp € P, g € G,
we have: w(pg) = 7(p).
2. G acts freely on P.
3. wY{m(p)}) is the orbit of p under the action of G.

Proof. 1. Let p € P, and choose a bundle chart (¢, U) near m(p), then:

o(p)g = ¢(pg),

so pg € 7~ H(U). Moreover:

Tu(6(p)g)
T (6(p)g)

T (é(p)) = 7 (p),
mu(é(pg)) = m(pg),

which proves the first point.

2. Let p € P, g € G that stabilises p and (¢, U) a bundle chart. By assumption, pg = p
so ¢(pg) = ¢(p), hence: ¢(pg) = ¢(p)g = ¢(p) and g fixes ¢(p) in U x G. Since the
canonical right-action of G on U x G is free, it follows that g = e.

3. Fix p € P, since 7(pg) = 7(p), {pg,9 € G} C 7' ({w(p)}). For the other inclusion,
choose r € 7~ '({n(p)}) and (¢,U) a bundle chart near w(p) = 7(r) = z. Write,
¢(r) = (v,9') and ¢(p) = (v,9),9,9' € G, then: ¢(r) = ¢(p)g~'g" = d(pg~'9").
Thus, since ¢ is injective, r = pg~'¢q'.

The final point of the preceding Propositionimpliesthateachof thefibresof P is dif-
feomorphic (as a manifold), in a non-canonical way, to the group G. Just like in affine
space there is no privileged choice of identity and the fibres do not have a canonical group

structure. To clarify further this structure, we shall now introduce a model example.
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1.2.2 The frame bundle of a vector bundle

In this section we will discuss how to naturally associate with any vector bundle
(E,mg, V) with base M and m-dimensional fibre V', a GL(V')-principal fibre bundle L(FE)
over M, called the « frame bundle » of E. A generic fibre L(F), over a point z € M will

intuitively be the set of all linear frames of the fibre E, = 7' ({z}). Formally, we set:
L(E) = {(z,u,), v € M,u, € GL(V, E,)} . (1.1)

The projection map for the principal bundle, 7, is defined by 7(z,u,) = = and we shall
make GL(V') act from the right on L(F) according to the equation:

(x,u.)g = (x,uz 09g),9 € GL(V).

In order to make L(F) into a smooth fibre bundle, we need to ascribe it a topology and
differential structure. To this end, consider a bundle atlas 7 of F, i.e. a family of (vector)
bundle charts (¢, U) where ¢ : 75" (U) — U x V is a diffeomorphism such that for each
x € U the restriction of ¢ to the fibre E, above x induces a vector-space isomorphism
between F, et V, and, where U runs over an open cover of the base M. For each chart
(1, U), define a family of isomorphisms a, € GL(V, E,),z € U by v — ¢~ !(z,v) and set:

- N U) — UxGLYV)

(z,u;) — (z,a; 0u,) (1.2)

1) is easily seen to be bijective, and:
# = {471(0),(¥,U) € #/,0 CU x GL(V) open },

is a basis for a topology on L(E) which promotes each ¥ to a homeomorphism. About
each point p € L(E) one can shrink U so that is the domain of some coordinate chart
(¢,U) on M and construct a local chart 1 : = (U) = ¢(U) x GL(V) by composing 1)

with:
(bX IdGL(V) UxGE — (ZS(U) X G,

(z,9) — (o(2),9)-
This specifies a differential atlas that makes the 1Z diffeomorphisms.

It follows from our discussion that on each smooth n-dimensional manifold M, one can
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construct a GL,(R)-principal fibre bundle: the linear frame bundle of its tangent bundle
TM. In the sequel, we will see how one can describe the usual tensor bundles over T'M

using GL,,(R) and how to construct new vector bundles.

1.3 Principal connections

We come now to the important topic of connections on a principal fibre bundle. In
theoretical physics, fibre bundles are used to write down gauge theories, and the notion
of connection we now seek to define enables the definition of a covariant derivative for
particle fields. In geometry, connections (on the frame bundle) are used to define geodesics
and curvature. There are at least three equivalent definitions of a connection, each with
its own conceptual or computational advantages. In order to introduce the first definition,
we shall first translate into the language of fibre bundles the more familiar notion of affine
connection that is used in classical texts on Differential Geometry. We recall first, for

instance from [Car92], the following definition:

Definition 1.3.1. An affine connection on the tangent bundle is a map: V : I'(T'M) x
I(TM) — I'(TM) such that:

1. For any Y € T'(TM), X — VxY is a linear endomorphism of the C*°(M)-module
[(TM) of vector fields over M,

2. For each XY e I'(TM) and f € C*(M), Vx(fY) = X(f)Y + fVxY.

Using Penrose’s abstract index notation [PR84], a connection is therefore an operator V,

that, for any vector field X ® a nd s mooth function f , satisfies:
Va(fX") = (Vof) X" + [V X",

where V, f is simply the differential o f f.

1.3.1 Affine connection and local mo ving frames

Consider now an open set U C M and (ey,...,e,) an n-tuple of smooth vector fields
definedon U suchthatforeachz € U, (e;(z),...,e,(x))is a basisof the tangent space
T.M. We will now switch to the notation described in 1.1.1. Each vector field X% on U
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can be written X¢ = X%, where the X are smooth functions on U. Let us calculate
VX%

VX = Vy(X%5) = (Ve X%)ea + X Ve, 13)

— (VpXV)el + Ve X e (-

It transpires from the final equation that the local action of the affine connection can be
described in terms of the matrix of differential forms w%, = eZVeg. This can equivalently
be seen as a differential form with values in M, (R)® that we will call a: « local connection
form ».

To picture this, one can imagine the data contained in the vector fields (e%) as attaching
a local frame of the tangent space to each point x € U that « moves » smoothly as x varies.
The « infinitesimal » change in the frame as it moves from z to a point x + dx, to first
order in 0z, is described by an element of M,(R) = gl,(R), the Lie algebra of GL,(R),
which corresponds to: (w%).

A natural question arising now is: given two non-disjoint open sets U and V' and two
moving frames (e;) and (é;) on U and V respectively, what relation exists between the
two corresponding local connection forms w = (w’;) and & = (&%) on U N V? To answer
this, let us define for each x € UNV, P(z) = (Pj(z)) the change of basis matrix from
(ei(x)) to (&(x)), and denote by Q’(z) its inverse. Let X be a fixed vector field defined

on U NV, one has:

@ij(X) =& (Vxé;) = Qinemvx(Pfek),
= Q. X(PF)e™(er) +QLwh(X)PF,
6m

= QL X(P") + Qi (X)PE

(1.4)

Denoting by dP(z) the matrix whose coefficients are the differentials of those of P(x) we
can rewrite (1.4):
O(X) =P 'dP(X) + P 'w(X)P. (1.5)

This short analysis shows that an affine connection in the sense of Definition 1.3.1 can be
encoded in a family of matrix valued forms, satisfying the compatibility condition (1.5),
defined on a bundle atlas of M. It is easily seen that if (e;) is a coordinate basis 8%2-
associated to some local chart, then (w!) encodes the familiar Christoffel symbols.

Furthermore, the two terms on the right-hand side of (1.5) have a natural interpreta-

3. i.e. a section of the vector bundle A*(T*U) ® (M x M,(R)), see also Appendix C.
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tion in terms of the multiplication in the Lie group GL,(R). If ¢ € GL,(R) then define

the maps:

— Lyt A e GL,(R) — gA
— Ady: A gAgH,
— ad, € L(gl(R)) the differential at Id of Ad,.

The map L, gives rise to a canonical gl,, (R)-valued differential form* on GL,(R) defined
by:
0(X)(9) = dLg—lg(Xg)a

for any vector field X € I'(T'GL,(R)). This form is known as the « Maurer-Cartan form ».
We note at this point that none of these objects are specific to GL,(R) and can be defined
mutatis mutandis on any Lie group G. Nevertheless, for matrix Lie groups, for which the
tangent spaces can be identified with vector subspaces of M, (R), these maps are easily

determined. In particular, (1.5) can in fact be written for any x € UNV:
Wy = (P*Q)m + aDpfl(x)(wx). (16)

In the above formula, P* is the pullback of the Maurer-Cartan form 6 by the map = +—

P(z), ie. (P*0),(X,;) = Op(z)(dP, - X;), for each x € UNV, X, € T, M. We justify the

first term: let X, € T, M and 7 be a smooth curve such that v(0) = z,4(0) = X, then:
d

AP,(X,) = T PG (1)

t=0

Furthermore: t + P(v(t)) is a curve 4 in G L, (R) that satisfies 7(0) = P(z) and 7(0) =
%P(V(t))‘tzo, therefore:
d

(P70)o(Xo) = dLp()=1 py (AP (Xa)) = (P@) ' P((t)) = Px) ' dP.(X,).

Up to now, we have yet to discuss what any of this has to do with L(T'M). We first need

to introduce a little extra material.

4. which also gives a global trivialisation of the tangent bundle of GL, (R)
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1.3.2 Local sections of a principal fibre bundle, transition func-

tions

Definition 1.3.2. Let (P,G,m, M) be a principal fibre bundle, and U an open subset of
M. A local section of P on U is a smooth map oy : U — P such that for each z € U,

m(oy(z)) = x.

Proposition 1.3.1. Retaining the notation introduced in the previous definition, any lo-
cal section on U determines a local bundle chart (1, U) and, conversely, every local bundle

chart (¢, U) determines a local section.

Proof. If oy is a local section, define ¢ : 771 (U) — U x G by:

¢(ou(x) - g) = (2,9).

In the above equation, oy (m(p)) is used to identify the fibre above 7(p) = z to G by
mapping oy (m(p)) to e. Conversely, if (¢, U) is a local bundle chart, then oy (z) = ¢~ (z, €)

is a local section.

Local sections of L(T'M) are closely related to the intuitive notion of moving frames used
earlier. To see this, suppose that oy is such a local section of L(TM). By definition of
L(TM), this is equivalent to a family (u,).cp of linear maps u, € GL(R"™, T, M). Such a
family determines a basis of each T, M: the image of the canonical basis of R™. It is clear
that a moving frame is equivalent to such a family and therefore to a local section.

Now, if (¢,U) and (¢, V') are two local bundle charts with U NV # () and we write
o(p) = (m(p),su(p)) and ¥(p) = (7(p),sv(p)), then for each x € U NV, the element
sy(p)(sy(p))~! € G is in fact independent of the choice of p in the fibre above z, 7~ ({z}).

Indeed, if » = pg is another element in the fibre then:

sy(r)su(r)™! = sv(pg)su(pg) " = sv(p)g(su(p)g) ™ = sv(p)su(p)™

This leads to the following definition:

Definition 1.3.3. Using the same notation as above, the smooth map defined for each
xeUNV by:

gvu(z) = sv(p)(su(p) ",

where p € 7! ({x}) is arbitrary, is called a transition function.
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The transition function describes how to change the local bundle chart. This can be seen

through inspection of the map ¥ o ¢~ on (UNV) x G given by:

oo Hz,g) = (z,9vu(z)g).

Indeeda for p= ¢71(l‘a 6)7 gVU(CB) = SV(qbil(xa 6)) and:

Yoo H(x,g) = (z,5v(0 (2,9))) = (.5v(6 " (z,€)9)) = (z,5v(¢ ™ (x,€))g).

The transition functions satisfy the following properties:

Proposition 1.3.2.
guu =€, guv=Gyy. Juvgvwowu = €. (1.7)

It is in fact the case that the transition functions contain all of the information of
the fibre bundle; the above properties guarantee that local bundle charts can be glued
together appropriately. They are easily interpreted in terms of the local sections oy and
oy determined by (¢,U) and (¢, V): on UNV, oygyy = oy. On L(T M), thinking of local
sections as moving frames, gyy is just the change of basis matrix from oy (x) to oy (). We
can now reformulate our previous conclusions as follows: an affine connection on L(T'M)
is equivalent to the data consisting of a matrix-valued differential form wy on each local
bundle chart (¢,U) of L(TM). On the intersection of any two local bundle charts U et

V', the forms wy and wy must satisfy:

wy = (g5v0) + abg{ﬂl/(wU). (1.8)
This leads to the first definition of a connection on a principal fibre bundle:
Definition 1.3.4. Let (P, 7, M) be a G-principal fibre bundle over M, a connection on
P is the data consisting of a differential form wy with values in the Lie algebra g of G

for each local section o of P, such that if two local sections are related by oy = oyguy
then:

wy = (givba) + aaga\l/(wU)7 (1.9)

where 0 is the Maurer-Cartan form of G.
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1.3.3 Vertical vectors

The above definition is very useful for local computations on manifolds, and is used
extensively in the Physics literature. However, from a conceptual perspective it is inter-
esting to point out that these local connection forms actually stem from a global object
defined on P. To see this we first need to study the projection map 7 of a G-principal
fibre bundle (P, m, M) in more detail.

According to Definition 1.2.1, # : P — M is a smooth surjection. In fact, 7 is a
submersion since, if p € P, one can always find a local section oy (cf. Proposition 1.3.1),
that satisfies oy (7(p)) = p. Such a section is a differentiable right inverse of 7 and the
tangent map doy, is a right inverse of dr,, () = dm,. Consequently, (V,)pcp, where V, =
ker dm, is a smooth distribution of T'P.

Elements of V,,,p € P will be referred to as vertical vectors. Intuitively, they are the
vectors in T}, P that have no component in the direction of the basis. In other words, they

are the tangent vectors to curves entirely contained in one of the fibres of P.

Definition 1.3.5. Denote the Lie algebra of G by g and let A € g. A gives rise to a
vector field, called the fundamental field, A*, according to the formula:

A2 = L pexp(an)

= — 1.10
Poodt ( )

t=0

For fixed p, A7 is nothing more than the image of A under the tangent map at e of the
map %, : G — P, given by £,(g9) = pg. Hence, for fixed p, A + A7 is linear, and we
claim that it is injective: suppose that A7 = 0 for some A € g, and let s € R, then:

= < exp(i))

t=0 t=s

— 4 pexp((t + £)4))

0= S es(tA)exp(sd) = 5

dt

It follows that s — pexp(sA) is the constant map s — p. Since the group G acts freely
on P necessarily exp(sA) = e for every s € R. However, exp : g — G is a local

diffeomorphism near 0, so A = 0. Last of all, A} € V), for each p, since:

d
= —7(p)
e dt

any(45) = S (r(pesp(A)

t=0

Consequently, this induces a vector space isomorphism V,,= g, and at each p € Pwe have
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the following short exact sequence:
0—=9g—=>T1,P— TrpyM — 0.
A local section oy right splits the sequence:

0—=9—To,@P — 1M — 0,

vz

so that we have the isomorphism: 75, )P = g ® T, M.

1.3.4 Connection as a g-valued differential form on P

We can now introduce the second definition of a connection that we alluded to at the
beginning of the preceding paragraph. To illustrate the construction, we return to the
example of an affine connection; our arguments are, however, completely independent of
this choice and can be applied to any connection as defined by Definition 1.3.4.

Suppose that we have a local connection form wy on each local bundle chart (¢, U)
of L(TM) and that they are compatible in the sense of (1.8) on the intersection of any
two charts. For any given chart (¢,U), let oy denote the section of L(T'M) given by
oy(x) = ¢~ (x,e). In light of the concluding remarks of the previous paragraph, for each
() L(M) — M, (R) by:

r € U we define a linear map: wo (2 : Toy

We then extend the definition to other points in the fiber above x by imposing the equiv-
ariance:
Rjw = ad,w, (1.12)

where R, is the smooth map p — pg. This means that for any p € 7~ '({z}), g € GL,(R):

Wyg(ARy(X)) = ad, 1w,(X), X € T,P. (1.13)

In this way we get a smooth matrix valued differential form on the bundle 7 ~!(U), that,
additionally, satisfies:
w(A*) = A. (1.14)

This can be seen in the following manner. Let p € 7~}(U) and set x = 7(p). One can find
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g € GL,(R) such that p = oy(x)g, hence:
wp(Ay) = A0 g-1Wey, () (dRg-1 (A})).

Moreover, for any A € g:

. d _ d
dRy-1 (Ap) = &(pexp(flt)g o= T (pg'gexp(At)g™)|
t=0 t=0

d
=5 (pg exp(aDgAt)) N

= (a044)7, ()

Consequently: w,(45) = ad,1a0,A = A.

In order to complete the construction of a differential form on L(T'M), it remains to
show that the definition is consistent on the intersection of any two bundle charts U, V.
Let (¢,U) and (¢, V) be two local bundle charts and denote by o, oy the associated
local sections. Finally, we call wY and w" the forms on 77 *(U) and 7=1(V) respectively,
constructed as described above from local connection forms wy and wy on U and V

respectively.

The invariance (1.12) implies that it is sufficient to check that for z € UNV: w) ) =

va(x). Additionally, (1.14) implies that we only need to show that for any vector field
Y el, M:
Wy @y (dov (V) = Wl (o (dov,(Y)).

Let us evaluate the right-hand side:

%Uv(x) (dov,(Y)) = wgy(x)gUV(:r) (d(ovguv)(Y)),
= &l o) (W01 (@907 (V) + ARy 0, (A1) )

ou(z)guv ()
(g, (V)

U(xg UV (x)

= @y (11l oy (dor (V) + <d$

v(@)guv (z) ) 90v ()

In the last two lines we recall that .%,,p € L(T'M) is defined by: g — pg. Let us focus

our attention on the second term of the final equation. Choose a curve v on M such that
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~v(0) =z and 4(0) =Y, and note that:

ALy 0y, (v oY) = S G0 (@)auv (1)

Y

=0 1.15
. (1.15)

= 5 (ov(@avv (@) gov (1(0)

t=0

From the final equation we see the left-hand side is actually a tangent vector to a curve
in the fibre of L(M) containing oy (z); in other words it is a vertical vector field. To
determine to which element A € gl,(R) it corresponds, we only need to calculate the

derivative at 0 of the curve in GL,(R) given by t — gyv(z) 'guy(7(t)). The result is:
dLng(w)*lgUV(x)(ngVx(Y)) = (9{10).(Y). Therefore, using (1.8):

ng(z) (dUVx(Y)) = aagUV(x)*lex(Y> + (gEVQ)I(Y)7

1.16
= wa(Y). ( )

Since w? et w" coincide on their common domain of definition, we have thus shown that
they can be glued together to yield a matrix valued differential form on L(T'M). This

leads to the following definition:

Definition 1.3.6. Let (P, G, m, M) be a smooth principal fibre bundle. A connection on

P is a smooth g-valued differential form w that satisfies:
1. w(A*) = A,

2. R;w = a0, 1w.

As remarked above, our previous computations generalise without essential modification
to the case of an arbitrary Lie group G with Lie algebra g. Furthermore, they are the
hard part of the proof that Definition 1.3.6 is equivalent to Definition 1.3.4. To obtain wy

from w, it suffices to pullback along the local section oy *: wy = ojw.

1.3.5 Principal connection as a G-equivariant horizontal distri-

bution

To close this discussion on principal connections, we would like to mention that there

is a third equivalent definition, which is conceptually useful:

5. This is quite natural given the short exact sequences at the end our discussion on vertical vectors.
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Definition 1.3.7. A principal connection on principal fibre bundle (P, G, 7, M) is a
smooth G-equivariant distribution complementary to the vertical vector distribution i.e.

a family of vector subspaces (Hp)yep, H, C T,P such that for any p € P,g € G.
1. T,P = H,®V,,
2. (dR,)(H,) = H,,. (equivariance)

3. The association p — H, is smooth in the sense that on a neighbourhood of any
point p € P one can find n vector fields that generate H, at each point ¢ in the
neighbourhood.

For a proof of the equivalence with our previous definitions, we refer the reader to [Nab10;
Ble05).
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1.4 Associated bundles

Throughout this work we will tend to think of principal bundles as a general frame
bundle. The following construction further justifies this point of view and is probably one
of the most important applications of principal fibre bundles used in this thesis.

To introduce our point of view, let us borrow, as we often do, a situation from Physics.
Imagine that we would like to describe the movement of a particle in Newton’s absolute
space. To do this, we set up a frame of reference and a system of cartesian coordinates
(z,y, z). With respect to this frame of reference, we measure a certain number of physical
quantities, of different nature such as the position, velocity or angular momentum, associ-
ated with the movement of the particule. These quantities can each be represented as one
or a collection of real numbers. It is natural to ask, how can we compare our measurements
with those carried out in another frame of reference ? Do these numbers change, and if
so, how 7 To simplify things a little, assume that the reference frames are anchored in
the same point so that the transformation group is simply the familiar group of rotations
SO(3). In this situation, we will find that if we rotate our frame using A € SO(3), then
the 3 real numbers that describe the velocity (v;)ief1,2,33 change according to the following
rule: o' = (A™")%07. In view of this, we will say that the velocity is a « vector » quantity;
similarly, the mass, which will not change, will be said to be a « scalar » quantity. In
other words, we classify quantities according to the representation of the rotation group
to which they correspond.

In General Relativity, tensor quantities of this type are still used to describe systems,
the difference being that the transformation group applies to local frames. The machinery
that we are now going to describe, enables us to construct a vector bundle over a manifold
M, given any G-principal fibre b undle over M - w hich c ontains t he i nformation about
local frames - and a linear representation (V,p) of the group G. We will denote this
vector bundle by P xg V, the fiber above any p oint of t his bundleis a vector s pace of
quantities with the transformation rule prescribed by the representation. More generally,
an adaptation of our discussion enables the definition of associated bundles P x ¢ X for

a number of differentiable actions of t he group G on a manifold X.
1.4.1 Constructing an associated vector bundle

Let (P,G, 7, M) be a G-principal bundle over M and (V, p) a smooth finite dimensional
linear representation (to simplify: Va K", K =R, C ) of G. The construction of P x5V
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is largely inspired by our usual experience of tensor fields. Consider the product manifold
P x V and the smooth left action of G on P x V given by:

Gx(PxV) — PxV

! (1.17)
(g, (r,v) = (rg,p(g)""v).

P x ¢V is simply defined as the quotient space (P x V)/G.

To motivate this choice, it is illuminating to think of a pair (r,v) as the data consisting
of a local frame r and the coordinates of a vector v in that frame. Multiplying from the
right a frame by an element g € G corresponds to changing frame (g is the change of basis
matrix) and, accordingly, the components of the vector v should change according to the
usual change of basis rule in linear algebra.

The proof of the fact that P x5 V is a vector bundle over M with fibre V is often
left as an exercise in the literature. For the benefit of impatient readers, we sketch the
proof below. To simplify notations a little we introduce the notation £ = P xg V. Let
p: P XV — P XgV be the canonical projection. Let (¢, U) be a local bundle chart and
suppose that p € U, ¢(p) = (7(p), su(p)). Shrinking, if necessary, U we can assume that it

is the defining domain of a local chart (x,U) on M. Set now:

z: T U)XV — z(U)xV
(o) = (@(m(r), p(sulr))v).

Observe that it factors to a map:  : p(7~H(U)x V) — z(U)x V. Indeed, if (r,v) ~ (', v")
then one can find g € G such that 7’ = rg and v' = p(g) 'v. Hence:

1

{ (n(r)) = z(n(rg)) = a(x(r)),

p(su(r))v" = p(su(rg))p(g~ v = p(su(r)g)p(g) " v = p(su(r))p(9)p(9) v = p(su(r))v.

We will now show that the maps Z are a bundle atlas for E. This relies on two lemmata:

Lemma 1.4.1. Let G be a topological group and (X, ) a topological space on which G
acts continuously from the left, i.e. the map (g,x) — g -z is continuous for the product
topology. In this case, if O is an open set in X and A C G, then the set A- O =
{a-z,a € A,z € O} is open.

Proof. For any fixed g € G, the map = > g-x is a homeomorphism with inverse x — g~1-x;

in particular it is an open map. Hence, g - O is open. The result follows for an arbitrary
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subset A C G by an arbitrary union of open sets.
Lemma 1.4.2. The canonical projection map p is open.

Proof. Let O be an open subset of P x V. By definition of the quotient topology the set
p(O) is open if and only if p~*(p(0)) is open, but:

P (p(0)) = {(r,v) € P x V.p(r,v) € p(O) },

{(r,v) € Px V,3(r',v") € O,p(r,v) = p(r',v")},
= {(T,U) e PxV,3(r'v)e0,3g € G,(r,g) = (r/g,p(g)_lv)},
g-0.

Since the action defined by (1.17) is continuous, we conclude by the previous Lemma.

It follows that the defining domain of Z, p(7~*(U) x V), is an open subset of E. Define

now the surjective map:
T PxV — M

(p,v) +— 7(p),

which factors, like Z, to a surjective map: 7 : E — M. Moreover:
T (U) =p (771 (V)).
Therefore, since p is surjective, one has:
p(7~H(U)) =7 (U),
furthermore, 7=1(U) = 7= }(U) x V, thus:
1 U) =p(x 1 (U) x V).©

Overall: 7 : 7= 4U) — z(U) x V. .C R" x V. To show that Z is itself a homeomorphism,

we describe explicitly its inverse. Choose an arbitrary element g € G and set:

L) xV — FHU) =p(r T (U) x V) (1.18)

(
(a,b) = p(e~"(z7(a),9),p(g)"" b))

6. This is actually sufficient to prove that it is open.

31



Introduction

As a composition of continuous functions, ¢ is continuous and is actually independent of

the choice of g 7. Moreover:

3@ (p(r,v))) = o((x(m(r)), p(su(r))v)) = p(¢~ (7 (1), 9), p(9) " p(su(r))V)).

Define 7' = ¢~!(n(r), g), clearly: 7' € 7! (m(r)) so r’ and r are in the same orbit, hence

we can find ¢’ € G satisfying ' = r¢’ i.e. r = r’¢'~!. By consequence:

(', p(g) " p(sul(r’g ™ o)
(rg’, p(g)*lp(w)p(g”)v),

Hence:
¢(x(p(r,v))) = p(rg’, p(g) " 'v) = p(r,v),

and ¢ is a right inverse of Z. Let us compute now z(¢(a, b)):

Z(p(a,b)) = z(p(¢~"(z7"(a),9), p(g)~'D)),
(¢~ (x 7 (a), 9), p(g)~'D),

= (a,p(g9)p(g)~'b) = (a,b).

Consequently, ¢ is the inverse map to z, which is a homeomorphism. If we consider the
maximal atlas containing all charts constructed in this manner, it is not difficult to see
that this is a smooth structure for £ which is hence a smooth manifold of dimension
dim M + dim V. Furthermore, studying the form of these charts, one can see that E
is a vector bundle over M with model fibre V. For instance, a fibre V, = 771({z}) =
p(m 1 ({q})) = p(m ' ({q}) x V), ¢ € M is naturally equipped with a vector space structure
induced by that of {r} x V for each r € 7=!({z}). Indeed, if v; = p(r,v) and vy = p(r’,v’)
are two elements of V,, then, since ' € 7= '({n(r)} = {q}), one can find g € G such that

r =r'g. In particular: vy = (r, p(g)~'v’). Consequently we set:

by + vy = p((r,v) + (r, p(g) ")) = p(r,v + p(g) " '0"),

7. It would have been simpler to take directly g = e.
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this is independent of the choice of representative and so we have a well-defined addition
+. Analogously, if A € K, we set:

Ao = p<)‘ ) (Tv U)) = p((T’, AU))

Once more, linearity of the representation can be used to show that this definition is

independent of the choice of (r,v) in the class p(r,v):

p((r, ) = p(rg, p(g) " (M) = p(rg, Ap(g) " 'v).

This linear structure is chosen so that ¢, = Tip-10qn © Va — {z(q)} X V becomes a

vector space isomorphism:

()

= (x(q), Ap(su(r)).v1 + pp(su(r))v2)),
(q), p(su(r))-v1) + p((q), p(su(r))va),

Oq(01) + pdg(02); A p €K, v; €V,

We omit the proof that the action is proper which implies that P x4V is indeed Hausdorff.

1.4.2 Examples of associated bundles

We will now give some examples of associated bundles, the first of which are the usual
tangent and cotangent bundles T'M et T M:

1. TM is the associated bundle to L(T'M) corresponding to the fundamental repre-
sentation of GL,(R),

2. T*M is the associated bundle L(T'M) corresponding to the dual or contragredient
representation: P~ tP71,

3. more generally, the bundle of tensors of type (p, q) is the associated bundle to L(T M)
corresponding to the representation (p, @ T4R™), defined by:

p(P1 @ @0, '@ @l"=(Pv)® - ®(Pv,) @ (‘P ") - ("P'19).

The following example is important for Chapter 4, so we present it as a definition:
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Definition 1.4.1. Let w € C, a projective density of weight w® is a smooth section of
the bundle £(w) associated to L(T'M) with the representation of GL,(R) on R given by:

GL.(R) xR — R
(A,v) — |det A

—w
n+1 V.

If % is any fibre bundle on M, we will write #(w) for Z ® £(w).

Note that £(w) is a trivial line bundle; one can construct a non-zero global section using

a partition of unity.

1.4.3 Covariant derivative on an associated vector bundle

A principal connection w on a principal fibre bundle (P, G,r, M) induces an affine
connection in the sense of Definition 1.3.1 on any associated vector bundle. In Physics
literature this is often referred to as a covariant derivative. The following definition will

help us simplify the construction:

Definition 1.4.2. Let (P,G,7) and (P’,G’, ") be two fibre bundles over M and ¢ : P —

P’ be a smooth map. ¢ is a principal bundle morphism if:

1. there is a group homomorphism ¢ : G — G’ such that for any p € P, g € G:

d(pg) = ¢(p)w(9),

2. the following diagram is commutative:

p—% ,p

NS

Presently, an interesting example is given by the following lemma:

Lemma 1.4.3. Let (P,G, 7, M) be a principal fibre bundle and P xg V an associated
vector bundle corresponding to a representation (V, p) of G. In this case, there is a princi-
pal bundle morphism P — L(P x¢ V') where L(P x¢ V') is the frame bundle of P xcV

8. We may also speak of densities of projective weight w
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(cf. Paragraph 1.2.2) given by:

®: P — L(PxgV)

ro— (w(r),u,). (1.19)

In the above, u, € GL(V,(P Xg V)x) ts defined by v — p(r,v) and p is the canonical
projection from P XV onto P xq V.

Proof. We simply check that: ®(rg) = ®(r)p(g); for which it is sufficient to show that
Urg = U, 0 p(g). For each r € P, g € G: u,y(v) = p(rg,v) = p(r, p(g)v) = u-(p(g)(v)).

It follows that a local section oy of P, gives rise to a local section of L(P xg V') according
to the formula 6y = ®ooy. Furthermore, the tangent map to the representation morphism
p at the identity of G induces a Lie algebra representation of g that we will call p,. The
local connection form wy = of;w induces a local connection form on L(P X V') according
to: Wy = pwy.

To convince ourselves that this is indeed a connection, let us verify that (1.8) holds
for @. Let oy be another local section such that U NV # (). Since ® is a principal fibre
bundle morphism, 6y = ®(oyguv) = P(oy)p(guv) and:

Wy = puwy = p(gpvt) + PxO0 -1 (wo)-
The result follows from:

p*aagg‘l/ (wr) = dpe o d(Adg(}‘l/)E(wU)a
— d(po Ady 1 )(w),
= d(Adp(guv)*1 0 p)e(wy) = aap(guv)*l(‘DU)a

and:
pguvl = dpeodLy  (dguv),
= d(p © Lga‘lf)ng (ngV)7
= de(gUV)_lp(gUV)(dngV o dguv),

= dLP(QUV)_lp(gUV) (dp(ng)>-
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1.4.4 Fibre bundle reductions and geometric properties

The final t opic t hat we wish t o t ouch upon briefly in this walkthrough on Principal
fibre bundles is that of fibre bundle reductions. Our interest in this is mainly conceptual:

orientation or metric tensors can be reinterpreted as reductions of L(M) to an H-principal
fibre bundle where H C G L,,(R) is a closed subgroup.

Definition 1 .4.3. Let H be a closed subgroup of a Lie group G, (P, m, M ) a G-principal
fibre bundle and ¢ : H — G the canonical injection. A reduction of P is a H-principal fibre
bundle (P’, 7', M) and a principal bundle morphism ¢ such that: ¢(qh) = ¢(q)c(h),q €
P',h € H. In this case: ¢ is an immersion and we have the isomorphism P’ xy G = P

where H acts on G by left multiplication.

The existence of a reduction is generally subject to topological constraints. (reference?)
For instance, if G = GL,(R), H = {Id} and P = L(T'M) then there is a reduction P’
if and only if M is parallelisable. In a similar fashion, if H = GL,(R)", the subgroup
of matrices with positive determinant, then the existence of a reduction is equivalent to
orientability. This is more easily seen when thinking in terms of an orientation atlas: one
can construct the bundle P’ by imitating the method described in Paragraph 1.2.2 but
restricting to positively oriented frames: the orientation atlas is exactly what is needed to
guarantee that this is possible. In terms of transition functions, a reduction translates to
the possibility to restrict their values to a subgroup. Finally, a choice of metric is equally
equivalent to a reduction of the frame bundle which restricts to orthonormal frames: one
can choose a covering such that the transition functions take their values in O(p, q). If

furthermore M is orientable, one can work with positively oriented orthonormal frames.
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CHAPTER 2

KERR-DE SITTER SPACETIMES

2.1 Preamble

The original aim of this part of my work was to give a classification of the different types
of geometries within the Kerr-de Sitter family in order to formulate a precise definition
of the so-called « extreme » case. This was in preparation for the scattering theory to be
constructed in Chapter 3 and to the author’s knowledge the result given here was absent
from the literature.

As with all such classifications for analytical black-holes it is based on the study of
the roots of a polynomial depending on the physical parameters of the family. In the case
of Kerr-de Sitter spacetimes, excluding the scalar-flat case, the polynomial is of degree
4. The black-hole is called « extreme » when one of the roots is of multiplicity greater
than one; we determine here the conditions on the parameters for this to occur. This is
achieved solely through algebraic methods.

The significance of these roots is that they correspond to poles in the coefficients of
the black-hole metric. However, these poles are not true physical singularities since it
is possible to analytically extend the manifold through them, obtaining hypersurfaces
referred to as « horizons ». The author’s interest in understanding precisely what this
means caused the work to grow into a larger article that addressed the extension problem
that we describe below. Although its solution is considered known by the community, no
mathematical account existed in the literature and this work fills that hole.

Often, a black-hole geometry arises as a solution to Einstein’s field equations with
apparent singularities in the metric. For instance, the Schwarzschild blackhole (with mass

m) is M = R;x]0, +oo[,xS?, equipped with the metric g:

2 2m\ 1
g= <1 - m) dt* — <1 - m) dr? — r*do? (2.1)
r

r

where do? is the usual round metric on S2.
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The expression of g is clearly problematic at points p € M such that r(p) = 0 or
r(p) = 2m. So at this stage, it is only really sensible to consider it separately on the
open subsets U; = Rx]0,2m[xS? and Uy = Rx |2m, +00[xS5? of R x R x S%. We
therefore have two Lorentzian manfiolds (Uy, g1 = g|v,) and (Us, g2 = g|u,) which, to begin
with, are unrelated. It is nevertheless natural to wonder if it is possible to find another
Lorentzian manifold (N, g), in which we can isometrically embed each of the manifolds
(Ui, gi),1 € {1,2} and such that the metric § extends g to one or several points where
it is not defined. Ideally, we would also like the values of § to be completely determined
by those of g near these points. We will study this extension problem in the category
of analytical! Lorentzian manfiolds. Consequently, if there is a solution, it is unique by
analytical continuation.

In the case of Schwarzschild’s metric (2.1), the extension problem posed above has
a solution for points where r = 2m. It can be constructed by performing the following

change of coordinates :

Rx]2m, +oo[xS? — Rx]|2m, +oo[x5?

: (2.2)
(t,r,9) — (t—F(r),r,9)

where F(r) = r + 2mIn(|r — 2m/|). In these new coordinates (¢#,7',9’) - known as the

outgoing Eddington-Finkelstein chart - the metric g has the form :

(1 _ 2;”) At 4 2dr'dt’ — r'2do?, (2.3)
which is regular at all points {r' = 2m}. One can then define t he L orentzian manifold
N =R xR*, x 52, with metric given by (2.3) and it is easily seen that (Uj, g;) and (Us, g;)
can be isometrically embedded into N. The function " analytically extends r, and, in NN,
{r" = 2m} is an isotropic hypersurface, which is referred to as an « event horizon ». The
situation is not as favourable at » = 0 : inspecting geodesics, one can show that there is
no analytic solution to the extension problem there and in this sense it is a true geometric
singularity.

Besides the apparent singularities in the metric, the Schwarzschild blackhole as defined
above has another drawback : a number of its geodesics are incomplete, i.e. there are
maximal solutions to the geodesic equation that are not defined over all of R. Given their

classical physical interpretation, it seems natural to attempt to extend again the manifold

1. We restrict to analytical transition maps, and assume that the metric components are analytical
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to remedy this, at least for geodesics that do not run into the singularity. If one can find an
extension that satisfies this additional condition, it will be said to be a maximal extension.
Our extension N above, is not maximal in this sense, but there are global coordinates that
do lead to a maximal extension. They are known as the Kruskal-Szekeres coordinates, the
interested reader can find the details of this in [Wal84].

This work lead to a publication [Borl8] in Classical and Quantum Gravity available
at : https://iopscience.iop.org/article/10.1088/1361-6382/aae3dc.
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Maximal Kerr-de Sitter spacetimes

The following is the author’s final preprint of the eponymous article [Bor18] published in
Vol. 35 No. 21 of Classical and Quantum Gravity.

2.2 Introduction

Over the past decade or so, there has been increasing interest in asymptotically de
Sitter spacetimes, as opposed to the better-studied asymptotically flat spacetimes, notably
due to the experimental evidence that our universe is actually in expansion, and that this
expansion is accelerating. De Sitter spacetime, named after the Dutch mathematician and

astronomer Willem de Sitter, is one of the simpler models of such a universe. It can be
n+1

seen as the submanifold of equation —zg + Y z7 = o”,a € R in (n + 2)-dimensional
i

Minkowski space and is a maximally symmetric vacuum solution to Einstein’s equation

with positive cosmological constant A = %; the parameter « is also related to the Ricci

scalar by R = ”(Zgl). In this paper, we are interested in 4-dimensional Kerr-de Sitter

spacetimes describing a rotating black hole on a de-Sitter background. These solutions
where first d iscussed by B randon C arter [ Car09], b ut m ore t horough s tudies o f them,
and in particular of the structure of the roots of the polynomial A, according to the
values of the parameters a,l and M, have been delayed, until recently, due to its supposed
more geometrical than physical significance. In recent articles, several authors have shown
interest in Kerr-de Sitter spacetimes, and a numerical study is proposed in [AM11].

In this work we give complete and relatively simple characterisations of the Kerr-
de Sitter analogs of “fast”, “extreme” and “slow” Kerr spacetime and describe in detail
the construction of a maximal analytical extension of the Kerr-de Sitter solution in each
case. The text is organised as follows: in Section 2.3 we give a succinct description of
the geometric properties of the Kerr-de Sitter metric in Carter’s Boyer-Lindquist like
coordinates; the principal result of interest is the computation of the curvature forms
Qij. Following [GH77; AM11], the sign convention for A is opposite to that in Carter’s
original work. In Section 2.4, we discuss the root structure of the family of polynomials A,
according to the values of the parameters (a, , M). After writing this article, we discovered
that a similar study had already been lead in [LZ15]; our results confirm and complete
theirs. In Section 2.5, we describe the construction of maximal Kerr-de Sitter spacetimes,

the criterion for maximality being the completeness of all principal null geodesics that
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2.3. The Kerr-de Sitter metric

do not run into a curvature singularity. The results of Section 2.3 confirm the fact that
only minor adaptations of the methods used in [ONel4] are required, however, some of the
proofs are repeated and complements are provided in appendices so that the text is as self-
contained as possible. We decided not to discuss more general geodesics than the principal
nulls used in the construction of maximal extensions, but found that recent articles had
ventured into this terrain: a classification of null geodesics is proposed in [CS17] and a
discussion on all causal geodesics is given in [ZS17].

The signature convention used in this work is (—, 4+, +, +) and, when units are relevant,

formulae are written in geometric units where G =1 and ¢ = 1.

2.3 The Kerr-de Sitter metric

In this section we will define the Kerr-de Sitter (KdS) metric g and calculate the
curvature forms Qij on each of the so-called “Boyer-Lindquist blocks” in an appropriate
frame. The algebraic structure of the curvature tensor encoded in these forms will show
that, like that of the Kerr metric, the Weyl tensor of the Kerr-de Sitter metric is of Petrov
type D at each point of these blocks.

The components g;; of the Kerr-de Sitter metric on the connected components of the
manifold (R; x R,) x S2\ X UH, H = {A, = 0}, = {p? = 0}, referred to as the
Boyer-Lindquist (BL) blocks, are given in table 2.1; some useful alternative expressions
are also given in appendix A.4. When [ = 0, these expressions reduce to those of the
usual Kerr metric. The coordinates (¢, 7,0, ¢) will be referred to as Boyer-Lindquist(-like)

coordinates. The parameters a, M and A have their usual physical interpretation: M is the

Kerr metric Kerr-de Sitter Metric
a? sin? 0— T
Jit -1+ 2;]2‘/[ %
2 2
Grr N er
960 P’ zﬁ,
9o r? + q? 4 Mo sinZ6 “;;in29 sin? 6 | [Ag(r? + a?)? — A,a?sin?0 | —Spigéf
9ot —72TMZzsm29 7“552229 (A, — Ag(r?* + a?))
Other All zero All zero
ZQZ% =E=1+10%? Ag =1+ %a*cos? 6
A=A —1Pr?(r? + a?) p? =r?+a’cos? 0 A =7r?>—2Mr+ a?

Table 2.1 — Metric tensor elements in Boyer-Lindquist like coordinates
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mass of the black hole, a its angular momentum per unit mass and A is the cosmological
constant.

As in the case of the Kerr metric, the Kerr-de Sitter metric line element can be divided
into two parts that clearly have an unique analytic extension to all of (R; xR,.) x S\ BUH
(whereas the expressions in table 2.1 are a priori only valid at points where sin 6 # 0).

More precisely we have ds? = g,,.dr? + Q + Q' where Q and Q' are the two quadratic

forms given by:

Q = gudt® + 294 dedt, (2.4)

A ! M
— 20— (F(ﬁ +ad)+ 2T> ([dt — asin’6dg]” — a? sin* 6d¢2> ,
= = p

—

2 =
Q' = good” + gopde® = P a0+ (H (1 - l2r2) + de?. (2.5)

2Mr\ a?sin* 0
A, AV

2 =2
P =

In the last expression do? = df#? + sin? #d¢? is the usual line element of the sphere, which
is naturally extendable to the poles. Moreover, the form asin? 0d¢ is well defined ? on all
of S%. Hence, the above expressions have unique analytic extensions to the points of the
“axis” A = R? x {p+} where py are the poles of the sphere.

The set X is the ring singularity of the Kerr-de Sitter spacetime and the zeros of A, will
give us the number of Boyer-Lindquist blocks as well as the position of the horizons when
we construct a maximal analytical extension of the Boyer-Lindquist blocks in section 2.5.
Its sign will also be of importance since, as seen from the expression in table 2.1, it
determines the nature® of the coordinate vector fields d;, 9., 0. The properties of A, will
be studied in section 2.4. For now, we write ¢ = sgn(A,) and define an orthonormal frame

(Ei)ic {0,...,3y on each Boyer-Lindquist block as follows:

V= eA
Ey=—+——, FE/ = "0,
S (2.6)
VA =W
Ey=—=0p E3=—""F——.
p sin 0/ Agp

The choice of vector fields V = (12 + a?)0; + ady and W = 9y + asin® 69, to replace 0,

and 0, reduces the indeterminacy of the nature of the vectors to the sign of A, which

2. In cartesian coordinates it is a(zdy — ydz)
3. space-like g(v,v) > 0, time-like g(v,v) < 0, light-like or isotropic g(v,v) =0
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2.3. The Kerr-de Sitter metric

will be constant on each Boyer-Lindquist block. It is identical to that in [ONel4] for the
Kerr metric, where they play an important role; this will also be the case for the Kerr-de

Sitter metric. The dual frame is readily determined from (2.6):

A, in?6 /e,
0o_ f g @sin Hﬁ do, wlz\/%dr, W2 P a0,
=p p= eA,
B (r2 + cﬂ)ﬁ/Ag sin 9d¢ B a\/Agfine &t
p= p =

This furnishes a more compact expression of the line element:

ds? = —e(W®)? + e(wh)? + (W) + (W*)?,
A, .9 2 p? o, p? o, Npsin?l
= [dt — asin? d)] —I—Krdr +A—9d0 T

=2 52
=2p

(2.8)

[(TQ + a*)d¢ — adt}2 :

From these expressions one can determine the connexion forms* v — w';(v) = w'(V,Ej),
characterised uniquely by the first structural equation dw’ = — 3, w’ A w™, and the

curvature forms ', = dw’; + 3, w',, Aw™. The curvature forms are:

Q% = (2] + 1w’ Aw! + 28 Juw? A W?,
Q% = —eJw' AN + (I = P)w?* AP,
Q% =cJw Aw? — (I — 1P’ AW?,
QY= (I — P! Aw? —eJuw® AW,
Q= —(I — P! Aw® +eJu® Aw?,
0% = 2JwW Aw + (21 + 1P)w? A WP

where: [ = %(72 —3a?cos? ) and J = M‘;%%Osg(?)rz —a?cos? ). When [ = 0 these formulae

coincide with those in [ONel4]”. It is surprising to find that the additional contribution
due to the presence of a positive cosmological constant A is completely separate from that

of the curvature due to the black hole.

The curvature forms are related to the Riemann curvature tensor by:

w'(R(E., Eq)Ey) = R, = Q% (E., Ey). (2.10)

4. given in appendix A.1
5. It should be noted that there is a small error in the expression of 23 given on page 98 of [ONel4],
it should read: QOS = —JwO A W3 +eJw! Aw?
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As in the case of Kerr metric, the presence of the factor p=% in these formulae indicates
that the loci of p? = 0 is a real curvature singularity and that there is no sensible extension
of the Boyer-Lindquist block containing ¥ to include these points. Using (2.9) we find that
the Ricci tensor is given by:

Rap = 3290 = Agap, (2.11)

and so the Kerr-de Sitter metric is indeed a vacuum solution to Einstein’s field equations

with cosmological constant:
1
Rab — §Rgab + Agab =0. (212)

The relative simplicity of (2.9) is reflected in the algebraic decomposition of the Riemann

curvature tensor. In particular, we find that the conformal Weyl tensor © is given by:

Cabcd = Rabcd - l2 (gacgbd - gadgbc)- (213)

We can deduce from this that the conformal properties of the KdS-Boyer-Lindquist blocks
are exactly those of the Kerr Boyer-Lindquist blocks (I = 0). In particular:

Proposition 2.3.1.
1. At each point of the Boyer-Lindquist blocks the Weyl tensor has Petrov type D.

2. The principal null directions are determined by the rays of Ey & E; or equivalently,
+0, + V.

Remark 2.3.1. The normalisation chosen here is different from that in [AM11], our choice

is justified by the following lemma.

Proposition 2.3.1 is a statement about the algebraic structure of the Weyl tensor. On
a four dimensional Lorentzian manifold (M, g), Hodge duality can be used to define a
complex structure on the A*(T, M) at each point x € M. Exploiting its symmetries and
trace free property, the Weyl tensor at a given point can be interpreted as a symmetric
linear map C, on A*(T,, M) (with respect to g, ), that is C-linear with respect to this struc-
ture. The Petrov classification is based on a discussion on the eigenvalues of C,; Petrov
type D is the case in which C, is diagonalisable and has exactly two distinct eigenvalues.

In this case, the Principal Null Directions are determined by specific eigenvectors. We

6. Cabcd = Rabcd - % (gacRbd - gadec + Racgbd - Radgbc) + %(gacgbd - gadgbc)-
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refer to [ONel4, Chapter 5] for more details. We note also that there is a shorter root to
defining the Principal Null Directions provided by Penrose’s spinor formalism, we refer to

either [Wal84, Chapter 13| or [PR88, Chapter 8].

Lemma 2.3.1. On each Boyer-Lindquist block the integral curves of +0, + A%V are

geodesics.

Proof. This is actually a consequence of the Petrov type of the Weyl tensor C' 7, but since
we have at our disposition all of the connection forms, we can also verify it directly. The
geodesic equations are given in appendix A.2. Consider an integral curve v : [ — KdS of

O, + A%V. It satisfies for t € I:

A(t) = Vjﬁv(t)a(t) + %ww» (2.14)

Setting I'* = I'?> = 0 in the left-hand side of the equations in the appendix, shows that

the last one is trivial and the remaining three reduce to:

TO(t) = —;1 (@) » O()rY(t), (2.15)
Fi(t) = _; (@) . (r)” (2.16)
(T°(1))* = (T'(1))*. (2.17)

Equation (2.17) is clearly satisfied and, substituting the expressions of I'” and I'! into the
right-hand side of (2.15) equation, we find:

o ()
) or e\,

v(t)

7. cf. Goldberg-Sachs theorem [GS09].
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Similarly, for the right-hand side of (2.16):

()L 0= ()

_ : 0 p
o P05 ()
= T1(¢).

v(t)

The remaining case is similar.

2.4 Fast, Extreme and Slow Kerr-de Sitter

In this section we study the structure of the roots of the family of polynomials:
A (a, 1, M) =1*—2Mr +a* — I*r*(r* + a?). (2.18)

Throughout the following discussion we will assume that all of the parameters are non-
zero, this guarantees that we are really on a de Sitter background and excludes Schwarzchild-
de Sitter which is studied in [AM11]. Moreover, we assume a > 0, [ > 0. There is no loss
of generality in assuming a > 0 as all of the results of this section remain valid under
the substitution a <> |al|, alternatively, we can always reverse the orientation of the axis
of rotation. The restriction [ # 0 also guarantees that deg A, = 4. In the analytical
extensions constructed in section 2.5, each root of A, will give rise to a totally geodesic
null hypersurface, that we will refer to as a horizon. Under the hypothesis that [ # 0, it
is clear that :

A, =1 =2Mr+a® -Pri(r*+ad®) =0 rt - P22 — L =0, (2.19)

To simplify notations we introduce A = ¢ and m? = IMQ, and will therefore study the

structure of the roots of the degree 4 polynomial with real coefficients:

1= 14 A2

_ y4
P=X 2

X2 +2m*X — A% (2.20)

Let us call (z1,x9, 3, 74) the (not necessarily distinct) complex roots of P. Writing out

the Vieta formulae for this polynomial we know that the roots of P must satisfy the
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following system:

Ty +wxo+ 23+ 124 =0, (4)
o A2l4_1 ..
T1%9 + L123 + T1Ty + Tolly + Loy + Taxg = 5, (id) (2.21)
T1ToT3 + T1ToTa + T1T3T4 + ToT3xy = —2m>, (171)
T1ToT3T4 = —A?, (iv)

We can deduce immediately from equation (iv) that for all positive real values of the
parameters A, m?, [ the polynomial P will always have at least two distinct real roots
with opposite sign; these are the cosmological horizons. In particular, there is always a
horizon “inside” the singularity (r < 0). Moreover, the multiplicity of any root is at most

3 and there is at most one root with multiplicity > 1.

2.4.1 Extreme Kerr-de Sitter

For the usual Kerr metric, extreme Kerr corresponds to the case where the polynomial
A, has a double root, i.e. the two black hole horizons coincide. A necessary and sufficient
condition for this is that M? = a?. In this section we characterise the analogous case for

the KdS metric. In fact, we find that there are three cases where horizons coincide:
1. Three horizons situated in the region r > 0 coincide.
2. The two black hole horizons coincide.
3. The outer black hole horizon coincides with the outer cosmological horizon.

We begin by proving the following proposition:

Proposition 2.4.1. Let a,M,l € R* and P be defined by (2.20). P has a root with
multiplicity exactly 2 if and only if the parameters satisfy both of the following conditions:

(1) al <2 —+/3,

1 —a?1?)(a™l* + 34021 + 1) £ /6
5412 '

(i1) M* = (

6= (al — (2 —V3))3(al + 2+ V3)3(al +2 — V3)3(al — (2 + V3))*.

al =2 — /3,

Furthermore: [P has a root with multiplicity 3] <
[ plicity 5] { M2 — % V3a3l.,
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Proof. Firstly, a necessary and sufficient condition for the polynomial P to have a root
with multiplicity > 1 is that its discriminant, A(P), should vanish. We recall that the
discriminant is related to the resultant® R(P, P') of P and its formal derivative P’ by:

n(n—1)

Ay =SV gy, (2.22)

Qn

In the above formula, n is the degree of the polynomial, and a,, is the coefficient of the

leading term. Here:

16 L
A(P) == 55 (a0 +40%° + 61" +27 M1 + 417
+ (a®1° + 3301 — 330%1 — 1) M? + ?)

16

T (27M1 + (a1 = 1)(a™I* + 340’1 + 1)M? + a*(a®1” + 1)) .

Thus:
A(P) =0 < 2TM*? + (a®1? — 1)(a1* + 34a®* + 1)M? + a*(a®* + 1)* = 0. (2.23)

This is a second order polynomial equation in M?2. We require that the roots be real and at
least one of the roots be positive. However, as a?(a?l*>+1)* > 0 if one root is positive both
of them are. Moreover, since the sum of the roots is given by —(a?1> —1)(a*l* +34a21*> 4+ 1)

when the roots exist and are real, they are both positive if and only if al < 1.

The solutions are real if and only if the discriminant ¢ of the order two polynomial
Q = 27X + (a®I* — 1) (a™l* + 34a*1* + )X + a®*(a®* + 1)*,
is positive. We find that:

§= {(1 — a®1®) (a1t + 34a%1? + 1) — 6v/3al(a®? + 1)2}
x [(1 = a’1?)(a"1* + 34 + 1) + 6V/3al(a’* + 1)°] .

Assuming as necessary al < 1 we see that ¢ has the same sign as:

olal) = (1 — a®1?)(a1* + 34a®1® + 1) — 6v/3al(a®? + 1)2.

8. The definition of the resultant is recalled in appendix A.3
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Defining y = al, we are therefore interested in the sign of ¢(y) for y €]0,1[. One can
check? that 2 — /3 and 2 + /3 are a roots of ¢ and that

d(y) =—(y— (2-V3)*(y+2+V3)".

For y > 0, we find that ¢(y) has opposite sign to y — (2 — v/3) and so is positive if and
only if y < (2 —+/3) < 1.
Therefore, we have shown that P has a root with multiplicity > 1 if and only if :

(1 —a®?)(a*l* + 340> + 1) £ V0

< (2 — 2=
al < (2—+/3) and M e

We will now show that when P has a root with multiplicity > 1 it is of multiplicity 3
if and only if al = (2 — v/3).

Suppose now that P has a root x with multiplicity > 1. In particular the above
conditions are satisfied. x is of multiplicity at least two, and so, we can assume r3 = x4 = .

Vieta’s formulae (2.21) then reduce to:

Ty + xy = -2z, (i)
— 32 = A%4—1 -/
./L'le X 12 Y (Z/L) (224)
T Tox — 23 = —m?,  (id)
T1Tow? = — A% (iv')

Equation (iv') show that as A > 0 no root is zero so the system (2.24) is equivalent to:

T1+ Ty = —21’, (’L,)
Bot 4 L0102 4 A2 =0, (i) (2.25)
zt —m?x + A2 =0, (4" '
T1x0x? = — A2 (1)
Finally combining (i7”) and (#ii") we see that (2.25) is equivalent to:
T+ a9 = =21 (')
AL=102 + 3mPxr — 242 =0 (ii") (2.26)
ot —mir+ A2 =0 (i13") .
11T = — A? (iv")

9. either by direct calculation or assuming simply a2l +2v/3al — 1 =0
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We assume now that al = 2 — /3. It follows that 6 = 0, furthermore, noting that

a’l? + 2v/3al — 1 = 0, it is straightforward to verify that:
atl* + 34a%1% + 1 = 48a4%12,
and therefore: 6
M2 = ja?)l\/g.
Consider now ("), which, written in terms of a is:

a?l? -1, 9 a’
2 2+ 3m x—21—2:O.

We find that the equation has one double root given by:

m2l\/3

T = .
4a

Now, the other two roots 1, x5, are the roots of the polynomial
R = X2 — (1'1 + $2)X + T129.

By (2.26) one has:
2

_ 2
the reduced discriminant ¢’ of R is given by:
2
12 a

Since:

, 3 L1 VBa*PP V3a

T 2T 3 BeE 30
it follows that: . .
a a 9
2p SV p TV

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

Hence: §' = 4z? and the roots of R are x and —3xz. The roots of P and their multiplicities

are then (z,3),(—3x,1). Conversely, assume that P has a root of multiplicity 3, say,

without loss of generality: x; = = and 2y = x3 = x4 = ¥y, Vieta’s formulae (2.21) reduce
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this time to:

a)
b)

3zy? + 9% = —2m?,  (c)

xy? = — A2 (d)

xr = _3y7
A5t =3y + 3y,

(2.32)

~—~

As before, equation (d) forbids that one of the roots be zero so (2.32) is equivalent to:

T = -3y, (a')
6 2 _ 1-A214 %

y 12 ) ( ) (233)
4y3 — m2’ (C,)

Equation (¢) shows that 3* > 0 and so y > 0 too, hence equation (V') gives:

VI AP

Equations (/) and (d') are compatibility equations, using the expression for y we find
that:

A? = 121l4(1 — A%M? (2.34)

2 (1 — A24)
2= 21— A2 2.35

As m? > 0 there is no loss of information in squaring (2.35) to find that:

L2 (1A

m =

27 2 ’
or, in terms of M and a:
2 (1 — A%4)3
2 _ -
M= = o7 2 : (2.36)
Expanding (2.34) yields a second order equation for A%
12421 = (1 — A%1")? & (AN 4+ 2V3BAP% — 1)(A%* — 2V3AI2 —1) = 0. (2.37)

The equation 0 = A%*— 2¢/3A1% — 1 = > — 2¢/3al — 1 cannot give any solutions
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compatible with the condition al < 2 — V3 < 1 as in this case
a2l =2V3al+1>1

Consequently, we consider only the solutions of A%[* 4+ 2v/3A41%> — 1 = 0. They are:

2-vV3 243
22

Aed{ }.

As we assume A > 0 the second solution is excluded so A must equal 2_12‘/5 which gives:

al =2 — /3. (2.38)

Using the equation a?l? + 2v/3al — 1 = 0 we see that (2.36) becomes:

M=\ ") _ =

2 (1—A%Y) 2 (1-a?)? 2 (2V3al)® 16 ,
= ) 2V A3,
27 2 27 2 27 P2 galv3

(2.39)

Comparing (2.39) and (2.28) we see that the condition A(P) = 0 is satisfied, which

concludes the proof.

We have now characterised all the cases where P has a root with multiplicity > 1, in

the case of the double root we can also show:

Proposition 2.4.2. If P has a root x with multiplicity exactly 2 and

2 — (1 — a1?) (a1 ES;QQF +1)+ 5\/57 ce {11}, (2.40)
then:
12617 + (1 — a*P?)(1 — a®* + e /7)  12a°P 4 (1 — a®1?)(1 — a** +e,/7)
e 18m?24 N 18M1? (24D
where:

v = (a*? —1)? = 12a%12 = (a*1? — 2v/3al — 1)(a®1® + 2v/3al — 1).

Proof. To find t he e xpression o f z , s olve e quation (") o f ( 2.25) for z ?, and t hen use
equation (i) of (2.26) to find z. To decide which r oot t o t ake for 2, i ntroduce € ' €
{—=1,1} in front of the radical in the expression for z* and then square the expression

obtained for . Injecting into this new expression those of M? and 2, it is straightforward
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to obtain an expression for ev/d. After simplification we find that ev/d = &' v/ Hence,

using the lemma below: &’ = ¢.

Lemma 2.4.1. § = 3

Using this result, we can study the relative position of the double root x with respect to
the other two roots; the above expression (2.41) shows immediately that > 0. As before,

the other roots are those of the polynomial:

2

2 a

As expected one of the roots (z_) will be negative and the other positive, the positive

a?
Ty = —x + |2+ gz (2.42)

We see that z, > x if and only if /22 + % > 2x > 0. This holds if and only if:

root is given by:

2

a 2
W > 3x s
Or, equivalently:
1 1a?
x [
312
As 2t = m?x — ‘;—22, we deduce that:
a2
>rer< - — 2.43
T4 > ST < oo (2.43)

Note that x = %% corresponds to the case where there is a triple root. Rewriting (2.41)

we have:
4 a? el + (1 —a??)e\/y
r=-——

3M 18M1? ’

(2.44)

So if ¢ =1 then % > (0 and so z < x. In this case the outer black hole horizon
coincides with the cosmological horizon.
If ¢ = —1 we show that H%A;g)ﬁ < 0 and so x; > x; the two black hole horizons

coincide. This is the closest Kerr-de Sitter analog of extreme Kerr.

In order to show that: % < 0 we only need to study the sign of /57— (1—a?).
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i.e. the sign of:

Fly) = (1 —2)2 — 1202 — (1 - 3?),

when 0 < y < 2 — /3. However, f(y) has same sign as :

F) (=22 =122 + (1 — ) = (1 - 2)? — 12 — (1 - »)?,
= —124? < 0.

To summarise, we have found three cases where horizons coincide:

Proposition 2.4.3. Let (a,l, M) € RY, then 2 horizons coincide if and only if the both

of the following conditions are satisfied:

(1) al <2 —+/3,

(1 —a??)(a*l* + 340> + 1) £ V0

(ii) M?* = P =m3.

More precisely:

— If M? = m? then the outer black hole horizon coincides with the the other cosmo-

logical horizon.
— If M? = m? then the two black hole horizons coincide.

Finally, if al = 2 — /3 and M? satisfies (ii) then all three horizons situated in the region

r > 0 coincide.

2.4.2 Fast and slow Kerr-de Sitter

We will now move on to study the Kerr-de Sitter equivalents to the usual so-called
“fast” and “slow” Kerr black holes. Fast Kerr usually correspond to the case where there
are no horizons. It owes its name to the fact that when [ = 0, it is completely characterised
by the condition a? > M?2. “Slow” Kerr, on the other hand, is characterised when [ = 0
by the condition a? < M?. In terms of the roots of the polynomial these cases correspond
respectively, when [ = 0, to A, having no roots, or A, having two distinct real roots. As
we have already noted, there are always two distinct roots with opposite sign in the case
[ > 0 of Kerr-de-Sitter which correspond to the cosmological horizons inside and outside
the singularity. Hence, in terms of roots the natural analogs for the Kerr-de Sitter metric

are:

— P has 4 distinct real roots (“Slow” Kerr-de Sitter),
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— P has a complex root (“Fast” Kerr-de Sitter).

A further accommodating consequence of the necessary existence of two distinct real
roots is that we can distinguish between the above cases using the sign of A(P). Indeed,
let us denote the roots of P by z1, 22, x3, 24 and assume, without loss of generality, that
x1 and z9 are both real and distinct.

From Proposition A.3.3 of appendix A.3 we can write (in C):
A(P) = (l’l — ZL‘Q)Q([El — .173)2(171 — ZL‘4)2(ZL‘2 — ZL’3)2(fL’2 — l’4)2(l’3 — ZE4)2.

From this expression we see that if z3 € R, A(P) > 0. If, however, 3 = z € C\ R then

x4 = Z, hence:

A(P) = (21 — 22) (21 — 2)* (21 — 2)* (22 — 2)* (22 — 2)%(2i3(2))?,

= —4S3(2)* (21 — x9)*|21 — 2|*|m2 — 2|* < 0.

Therefore, P has two conjugate complex roots if and only if A(P) < 0. We recall the

expression of A(P) of the previous section:

1
A(P) = _lf) (27M*12 + (a1 = 1)(a"1* + 340’1 + )M + *(@®* + 1)') . (245)

The expression 27M*1? + (a?1? — 1)(a*l* + 34a21> + 1) M? + a*(a?I> + 1)* is a second order

polynomial in M? whose discriminant is given by:
0=7"=(y—2-V3) (y+2+V3)’(y +2 - V3)’(y - (2 +V3))*,

where y = al. From this factorisation we deduce the sign of § given in table 2.2, and the

following cases:
(1) 0<al <2—+/3:
In this case A(P) = —22(M?* — m2)(M? — m?) where 0 < m? < m?2. It follows
that if M? € [m?,m2] then A(P) > 0 otherwise, A(P) < 0.
(ii) 2 — V3 <al <2+ /3:

Here A(P) never vanishes for any value of M?. Since for M? = 0, A(P) < 0 and
A(P) is a continuous function of M? A(P) < 0 for all values of M?.

10. The discussion in the previous section shows that necessarily z4 € R too.
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(i41) al > 2+ /3:

A(P) = =22 (M?* + m?)(M? + m?) where 0 < m2 < m2 Therefore, for all values
of M >0, A(P) < 0.

Table 2.2 — Sign of

y=ual | 0 2 -3 243 +00

Sign of § + 0 — 0 +

Combined with the results of the previous section and preserving the terminology
introduced at the beginning of this section, we have thus shown:
Proposition 2.4.4.

— “Slow” Kerr de Sitter is characterised by the following conditions on the parameters

(a,l, M) e R :

(1) al <2 —+/3,
() M? €lm?,m3 | where m3 = (1_a212)(a4l45Z?24a2l2+1)i\/3.

— “Fast” Kerr-de Sitter corresponds to the cases:

>0 < al < 92— \/§ and M2 ¢ [m%,mi] where in — (1—a212)(a4l45_zl324a2l2+1):|:\/5'

This is the case that most ressembles the usual fast Kerr spacetime.

> al > 2 — /3.

In the above proposition we see the black hole horizons exist on a de Sitter background
only under relatively strict conditions on the parameters, we have notably, for a given
value of A, upper and lower bounds on the mass, as well as a restriction on the rotation
parameter a of the black hole. Let us concentrate for a moment on the upper bound for
the mass for a given values of a,l,al < 2 — /3 of a slow KdS spacetime. According to

condition (i7), we must have:

(1 —a?)(a*l* + 34a*1> + 1) + V6

2
<
M” < 5412

(2.46)
Despite our assumption that a > 0, setting a = 0 and taking the square root furnishes a
well known result in Schwarzschild-de Sitter spacetime [SH99]:

1
M < W (2.47)
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More generally, the map y — (1—y?)(y*+34y?+1)+ \/@ , is well defined and continuous
for y € [0,2 — /3] and attains a maximum at y = 2 — /3. This yields a global bound
on the mass: M < % where C' = %\/26\/§ — 45 = 0.4215. Studying how the expression
of the upper bound depends on a, it can be shown that in fact the minimum value is
attained for a = 0: rotating black holes can be slightly more massive than non-rotating
black holes and still maintain their horizon structure.

We conclude this section by addressing one last question regarding slow Kerr-de Sitter
black hole: can there be more than one horizon inside the singularity, i.e. in the region

r < 07 The answer is negative, as shown in the following lemma.

Lemma 2.4.2. We suppose a # 0. In slow Kerr-de Sitter only one horizon lies in the

region r < 0.

Proof. It has already been noted that there must always be at least one negative root;
an even number of both positive and negative roots is excluded again by equation (iv) in
(2.21). The statement of the lemma is therefore equivalent to the fact that there cannot
be 3 negative roots. As usual, denote by w1, x9, x3, x4 the 4 roots of A,. By hypothesis,
they are all real. Suppose, without loss of generality, x1xs < 0. It follows that xz3xy > 0
from equation (iv) of (2.21). Call P = x3x4 and S = x5+ 4. Equation (7) of (2.21) gives:
S = —(x1 4 x2). Equation (ii) of (2.21) yields:

A? 9 1 —a??
which is equivalent to:
1 —a?l? A?
2 (Lo am a0
PS ( B +P>S+P 0.

The sum of the roots of this polynomial is given by # and the product by ﬁ—i. As

A 2 . . . . .
& th bgthyrogts hav samy sign, furghermore, as al <9 ~ Vi3 < L, their sum is positive,

are both positive.

2.4.3 Boyer-Lindquist blocks

We are now in a position to give a more precise description of the Boyer-Lindquist

blocks. We will do this first in the slow case, where there are four distinct roots, say,
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r__,r_,ry,r. ordered as:
T__<O<T_ST+ST++.

In table 2.3 we give the sign of A, as r varies and the chosen numbering for the Boyer-
Lindquist blocks. We also give the sign of the diagonal metric tensor elements g;;. The

o” means that the sign changes within the block. That g4y > 0 for r > 0 is not clear

from the initial expression of g4, given in table 2.1, however one can write:

o6 = <(r2 +a?) + ZMTZ;:siHQ 9) sir;2 (9. (2.48)
r —00 r— 0 r— T+ T+ +00

A, - 0 + o -0 + 0 -
Boyer

Lindquist A% v I11 II I
blocks

gt + U + ° +

Grr — + — - —

9oo =+ + + + +

9o —~ . n " n i

g(V.,V) + - + - +

g(W., W) + + + + +

Table 2.3 — Sign of A, and Boyer-Lindquist blocks

Up to now, we have not addressed the question of the time-orientation ' of the man-

ifolds under consideration. The time-orientability of each Boyer-Lindquist block is clear

11. A time orientation of a Lorentzian manifold is a choice of a globally defined n owhere vanishing
non-spacelike continuous vector field. A vector field is said to be time-orientable if such a ve ctor field
exists
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from table 2.3, so each Boyer-Lindquist block can separately become a spacetime. For
the usual Kerr metric and the Schwarzchild metric, the time parameter ¢ coincides with
the proper time of a distant stationary observer in the limit » — oco. In this case, time-
orientation of the Boyer-Lindquist block that lies beyond all black hole horizons can be
chosen naturally under the prescription that 0, is future-pointing when non-space-like.
This interpretation of ¢ fails for the Kerr-de Sitter metric, but we still have a number
of partial results. First, under the assumption that our visible universe is not beyond a
cosmological horizon and not between two black hole horizons, block II (cf table 2.3) is
identified as the most physically relevant block. On this block ¢ is still a “time function”

in the following sense:

Lemma 2.4.3. On block II, the hypersurfaces “t = ty” are spacelike.

Proof. At each point p of such a surface the tangent space is given by the kernel of
dt,, or, equivalently (Vt(p))*. But, Vt is timelike on block II ( minus axes ) since '?
g(Vy, Vi) = gt = —%. This also holds for points on the axes, as this expression
extends continuously to such points.

Corollary 2.4.1. Along any non-spacelike C* curve o in block II, t o «v is strictly mono-

tonic.

The region in the Kerr-Boyer-Lindquist blocks where g;; > 0 is known as the “ergosphere”.
It has interesting physical properties explored in [ONel4] in the Kerr case, the most
notable of which being the possibility to extract energy from a Kerr black hole. In the
case of the Kerr-de Sitter metric it is no longer guaranteed that the ergosphere does not

cover all of block II, unless we impose further conditions:

Proposition 2.4.5. Suppose a?l> < 1, then a sufficient condition for there to be an

interval I C RY such that g, < 0 when r € I is that:
2TM?1* < (1 — a®l?)>. (2.49)

Proof. Rewrite gy as:

1 22 -1 2M
G = e a? cos® 0(1*a®sin® 0 — 1) +1*r (7“3 + T(a 2 ) + 05 ) :

<0

12. Refer to lemma A.4.2/A.4.3 in appendix A .4
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a’l? < 1, hence [?a?sin?# < 1, so the first term is always non-positive. The sign of the

second term is determined by that of the polynomial:

22 1 oM
2 TR

P=x%+x2

P can become negative on R if and only if there is a positive real root, hence its discrim-
inant must be positive. This is because if there is only one real root, it must be negative

as 2l—2M > (. The discriminant of P is given by:
A(P) = (1 — a*1?)® — 2TM?1?,

it is positive if and only if 27M?2*> < (1 — a®?)? and in this case all roots are real, but

they cannot all be negative since their sum must vanish.

t is nevertheless a “function of time” and, even though there are cases where 0, is
always space-like, its gradient always furnishes on block II a time-like vector field that
can be used to time-orient it. By analogy with the Kerr case, we choose to time-orient

block II by specifying that —Vt is future-pointing.

2.5 Maximal Kerr-de Sitter spacetimes

In this section we will cease to consider the Boyer-Lindquist blocks as separate space-
times and construct analytical manifolds containing isometric copies of these blocks, of
which the union is dense, and to which the Kerr-de Sitter metric extends analytically.
In order for these manifolds to be spacetimes they will be constructed in such a way to
ensure that they are time-orientable. The methods used here are adapted from [ONel4]
and are still applicable due to the remarkable algebraic decomposition of the Riemann

curvature tensor described in section 2.3.

2.5.1 KdS* et *KdS spacetimes

The first two analytical manifolds will be constructed by choosing coordinates for the
Boyer-Lindquist blocks in which one of the two null geodesic congruences generated by
the vector fields
V. (2.50)
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are coordinate-lines. Recall from proposition 2.3.1 that at each point p € B of any Boyer-
Lindquist block B the rays generated by the vectors Ni(p) define the principal null di-
rections. The geometric significance of these directions justifies using them to construct

an analytical extension.

Definition 2.5.1. We define KdS* coordinates by:

t*=t+T(r),
r*=r

’ 2.51
0 =40, (2:51)
¢" = ¢+ A(r),

similarly, * KdS coordinates are defined by:

t=1t—T(r),
r=r

’ 2.52
0 =40, (2:52)
*¢ = ¢ - A(T)7

(r? + a?)= a=

where T'(r) = /Tdr and A(r) :/ A dr.

T

2.5.2 KdS*

Proposition 2.5.1. Let B be a Boyer-Lindquist block and A = Ry xR, x {p+}; p+ denote
the poles of the S?. Define: ®* : B\ A — Ry X R x S? by:

O*(t,7,0,0) = (t + T(r),r,0,¢0 + A(r)),

then ®* is an analytic diffeomorphism of B\ A onto an open subset of Ry X Ry« x S2.

Proof. That ®* is analytic is clear; fix (t,7,0,¢) € B\ A, then the Jacobian matrix is
given by:

1 == 0 0
0 1 00

J(p)(t,r,0,0) =
(0)( ?) o o0 10
0 2 01

<
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Thus, det J(¢)(t,r,0,¢) = 1. It follows that ®* is a local analytic diffeomorphism at each
point of B\ A. It suffices to show that ®* is injective to conclude that it is a global

diffeomorphism. Injectivity is clear however, as, according to Definition 2.5.1:

t+T(r)=t +T(r"), t="1,

r=r r=r

O*(r,t,0,¢) = & (v, ¢, 0,¢) = ’ & ’
%:6,9) = 2°(r.2.6,9) o0, o0,
¢+ A(r),= ¢+ A(r), ¢=4d.

(t*,r,0,¢*) are therefore coordinates functions on B \ A

Lemma 2.5.1. The coordinate vector fields Oy, Opx, Op+, 0+ are given on each Boyer-
Lindquist block by:

Op =0y O =0, — —V,=—N_  Op=0p Oy =0, (2.53)

Plm

Furthermore, in KdS* coordinates the line element can be written:

2 2a sin?
ds® = gudt™ + gogdd** + gopdd*® + = dt*dr* — %W 6" + 2gsdt™dp*.  (2.54)

—

Corollary 2.5.1. On each Boyer-Lindquist block B the integral curves of N_ are the

coordinate lines r* = rq.

Inspecting the form of (2.54) and comparing with the discussion at the beginning of

section 2.3 we deduce:
Corollary 2.5.2. By analogy with the notations used in section 2.3, let:
Sr={(t"r", 0%, 0") € Ryr X Rps X S22 4 g% cos? 0F = 0},

then the line element (2.54) extends analytically to all of Ry x Ry« X S?\ ¥* as a non-

degenerate metric tensor.

This last result leads us to define:

Definition 2 .5.2. We call K dS* the analytical manifold Ry x R, x 5%\ 3* equipped with

metric tensor g* defined by (2.54) and time-oriented such that —0,«is future-pointing.
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Remark 2.5.1. — Time-orientation is chosen here so that the integral curves (and co-
ordinate lines) of N_ are future-oriented.
— It is consistent with the choice that —Vt is future-pointing on block II, since, using
(2.54) and Lemma A.4.3 in appendix A.4, it is easily seen that ¢*(—0,+, —Vt) =
g (0, Vt) = =2 (r* + %) < 0.

Define now the subsets B* of KdS* by the same inequalities as the corresponding
Boyer-Lindquist blocks B, then:

Lemma 2.5.2. ®* has an analytic extension to a diffeomorphism of B onto B*.

Proof. For o € R, let R, : S?> — S? be the restriction of the rotation of angle a about
the z-axis in R? to S?. The map ¢ : R, x S — 52 defined by ¢(r,q) = Rap)(q) is

analytic everywhere except at values of » where A, = 0. Then:

- B — B*
(t,r,q € S%) = (t+T(r),r,d(rq)

is the desired extension.

Corollary 2.5.3. Fach Boyer-Lindquist block B can be identified isometrically with an
open subset of KdS*.

The vector fields 0, 0, Oy are, a priori, only well defined on each B*, but, in view of
equation (2.53), Oy, Oy+, Oy« are analytic extensions of these fields to all of KdS*. Hence,
we define 0;, Jy and 0, by equation (2.53) on all of KdS™.

The hypersurfaces 7 * defined by the equations r = r* =r; (i € {——, —, 4+, ++}) are
now well-defined submanifolds of KdS*, it is easy to show that, as is custom with black

hole horizons:

Proposition 2.5.2. Each J* is a totally geodesic null hypersurface of KdS*. In partic-
ular, forp e J7*:

1,7 = V;;L = span ((Or)p; (0n)p, (9)p)) = span (Vy, (0)p, (0p)p)

We shall now address the question of the integral curves of N, in KdS*, the situation

is not symmetrical with that of N_, as, in terms of the KdS* coordinate fields:

2=
Ny =8+ oV
+ + A,
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Thus, N, is still undefined on the horizons .77, moreover, N, is not always future-pointing

since:
2p
A,

This can be remedied by considering reparametrisations of the integral curves of N, that

g*(N—H _87"*> -

are integral curves of ny = %NJF. The integral curves of n are all future-oriented since

g (ny,—0) = _E—’f < 0.

Definition 2.5.3. On KdS* we will call:

1. “Ingoing principal null geodesics” the integral curves of the vector field N_ extended
to all of KdS* by (2.53).

2. “Outgoing principal null geodesics” geodesic reparametrisations of the integral curves
of n,. These curves coincide on B* with the images of the principal null geodesics
of the Boyer-Lindquist blocks by ®* = i*.

In figure 2.1, we give a schematic representation of KdS* spacetime that will be useful
in the following. The principal null geodesics are represented by oriented line segments;
horizontally, the “ingoing” principal null geodesics run from r = +o00 to r = —o0 - we
will say that they are “complete” -, vertically, the “outgoing” principal null geodesics are
confined within a given Boyer-Lindquist block. We have not represented the principal null

geodesics that are confined within the horizons.

— 00 r_ r_ T+ 4+ T4+
4 A \ 4 \
r__ T_ T+ T++
— OO < < < < —+00
r__ r__ T4+ T+ —+00
Figure 2.1 — Schematic representation of KdS™* spacetime: horizontally, the ingoing prin-
cipal null geodesics run unimpeded from r = 400 to r = —oo, vertically, the outgoing

principal null geodesics are confined within a given Boyer-Lindquist block and on the
horizons.

2.5.3 *KdS

Repeating the above arguments, using instead * K'dS coordinates, yields the following

results:

64



2.5. Maximal Kerr-de Sitter spacetimes

Lemma 2.5.3.
1. On each Boyer-Lindquist block (*t,*r,*0,*¢) are well defined coordinate functions.
2. In these coordinates the line element can be written:

2 24 sin? ¢
ds® = gud't* + guo &0 + gpo & ¢ — =d'td'r + 2P d* ¢ + 25 IS, (2.55)

—

This expression has an unique analytic extension to all points of Ry x R+, x S?\ *X.

3. The coordinate vector fields are:

8*T - 3T + V - N+, 3*t - 8t, 8*9 - 89, 8*(;5 - 8¢ (256)

|

r

Proposition 2.5.3. Define the Lorentizan manifold *KdS to be the analytic manifold
Rt X R, x S22\ *S equipped with the metric *g defined by equation (2.55) and time-
oriented such that the globally defined vector field O«, is future-pointing then:

1. The submanifolds * 7€ of equations r = r;,i € {——, —,+,++} are totally geodesic

null hypersurfaces.

2. Defining *B by the same inequalities as the Boyer-Lindquist block B, then *B and B

are isometric, i.e. *KdS contains isometric copies of each Boyer-Lindquist block.

Definition 2.5.4. On *KdS we will call:

1. “Outgoing principal null geodesics” the integral curves of the vector field N, ex-

tended to all of *KdS by (2.56).

2. “Ingoing principal null geodesics” geodesic reparametrisations of the integral curves

of the everywhere future-pointing vector field n_ = %N_.
T__ rT__ T4+ T+ —+ 00
A A A \ J
r__ r_ T+ T++
—00 > > > > > +00
— 00 r— r_ T++ T4+

Figure 2.2 — Schematic representation of *K d.S spacetime
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In figure 2.2, we give the corresponding schematic representation of *KdS. Again, the
principal null geodesics are represented by oriented line segments. Here though, horizon-
tally, are the outgoing principal null geodesics running from r = —oo to r = 400 and
vertically, the ingoing principal null geodesics confined within a single Boyer-Lindquist
block *B. Again, we have omitted the ingoing principal null geodesics trapped in the
horizon.

The asymmetric treatment of the outgoing and ingoing principal null geodesics shows
that *KdS and * K dS are certainly not the same spacetime. Nevertheless, there is a natural
isometry p between *BB and B* for each Boyer-Lindquist block B, in coordinates it can be

written:

p(*t, r, 0,7 ¢) = ("t + 27'(r),*r, "0, ¢ + 2A(r)), (2.57)

from which we deduce that:

. o=
Ap(0r) = 07 + 3V

Hence: )

2p

(=0, dp(0+r ) = ———.

(=00 ) = %

Therefore, u preserves time-orientation on blocks IT and IV (see table 2.3) but reverses it
on blocks I, IIT and V.

We conclude this section defining two more spacetimes:

Definition 2 .5.5. We define Kd S* and *K dS’to be the spacetimes obtained from KdS*

and *KdS respectively by reversing time orientation.

Lemma 2.5.4. For each Boyer-Lindquist block B, the isometries *B — B*' and *B' —
B* defined in coordinates by (2.57) preserve time-orientation on blocks I, [T and V, but

reverse it on blocks Il and IV.

After reversing time-orientation, the principal null geodesics are now past-oriented.
Their orientation should be reversed so that they are future-oriented, but because this
changes the sign in front of 0, in the original expression, we also adapt terminology: an
orientation reversed integral curve of 0,« (resp. 0-,) will become an outgoing principal null
geodesics in KdS*' (resp. *KdS’) and similarly for the integral curves of ni. The reason
for this is purely semantic, in the next section we will seek to extend the incomplete
outgoing principal null geodesics by gluing together along the Boyer-Lindquist blocks
combinations of the four manifolds of this section, the change of vocabulary ensures that

we always extend outgoing principal null geodesics using outgoing principal null geodesics.
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2.5.4 Maximal slow Kerr-de Sitter spacetime

In the previous section we constructed four isometric - but not identical - analytic
extensions of the KdS-Boyer-Lindquist blocks. In one case, ingoing principal null geodesics
are complete, and in the other outgoing principal null geodesics are complete. In this
section, we seek an analytical extension of these spacetimes such that all principal null
geodesics, save those that run into the singularity, are complete, i.e. a maximal extension
of these curves is definedonallofR. Asfor Kerrspacetime in [ ONel4], t he maximal
extensions by “gluing” together the aforementioned manifolds in an elaborate fashion.

By “gluing” two semi-Riemannian manifolds X and Y, we mean that we construct
a new manifold () containing isometric copies of X and Y and equipped with a metric
extending that of both X and Y. A natural way of doing this is to specify two open
sets U C X and V C Y that are identified by anisometry ¢ : U — V', in this case we
denote the new manifold by X [[, Y. It comes with two “canonical” embeddings 7 : X —
Q,7:Y — Qand i(X)Nj(Y) =iU) = j(V). A brief outline of the construction is
given in appendix A.5, however we note here that whilst most topological properties of
the new space () follow directly from those of X and Y, separation is not guaranteed.
Nevertheless, we have a technical criterion- proved in appendix A.5 - that will suffice for

all cases encountered in the sequel:

Lemma 2.5.5. If X and Y are two manifolds and there is no sequence (T, )nen of points

in U converging to a point in U\ U and such that ¢(z,)nen converges to a point in V\'V,
then () is Hausdorff.

Throughout this section, we assume that the conditions of slow KdS as described in
section 2.4 are satisfied. In particular, we assume that A ,has four distinct roots. Whilst
some of the more technical results in this section are independent of this hypothesis, the

gluing pattern is dependent of this choice.

Kruskal domains

Rather than directly gluing the manifolds KdS*,* KdS and their orientation reversed
counterparts, the pattern is more conveniently described by first ¢ onstructing smaller
manifolds, called “Kruskal domains”, from selected open sets of these manifolds. Four
such domains are required, one per horizon; they are illustrated in figure 2 .3 a nd are

destined to be assembled by gluing along Boyer-Lindquist blocks sharing identical labels.
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Unprimed labels indicate that the blocks are time-oriented according to KdS*, primed

labels are worn by blocks with the opposite time-orientation.

+00 T4 r_ Ty
voo T'rl IT' e I A o
Tt o "o Tt g T+
rel IIrde I |roo 0 II" " IIT' |7
T+ +00 T++ r—
(a) Z(r4+) (b) Z(r4)
4 [ —00 r_
e+ IIIY] IV |- —oo| V| IV |
A T (A N
r| IV | III | | IVH- W e
[ [ T_ —00
(c) 2(r-) (d) 2(r—-)

Figure 2.3 — Kruskal domains, the black square is the crossing-sphere (see section 2.5.4)

The Kruskal domains are also built in two stages. First, chosen open sets - that contain
selected Boyer-Lindquist blocks - are glued together using the isometries discussed at the
end of section 2.5.3; the result of this will be a manifold %y(r;). However, closer analysis
of the principal null geodesics contained within the horizons of KdS* and *KdS will show
that Zy(r;) does not complete all principal null geodesics as required and will also need
to be extended.

Let us consider, as an example, Zy(r, 1 ); the other domains can be constructed simi-

larly. Zy(r44) is built according to figure 2.4. The details are as follows:

1. Begin with the manifold K; consisting of the open set containing blocks I* and IT*
in KdS*. The “outgoing” principal null geodesics of block I* are future-incomplete.
In order to extend them, glue the open set of *KdS’ containing blocks *IT and *I
onto K, using the time-orientation preserving isometry of section 2.5.3 to identify
the blocks I* and *I. It is necessary to use * K dS’ as opposed to *KdS to ensure that
the isometry preserves time-orientation. It may surprise the reader that, according

to our terminology, we are extending an outgoing principal null geodesic using an
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—"_% T+ U
A
g i GO
+00 .
T = T
.
Kds*' A
Bl +oo Y T4 r | 7
1 1 T+
+00 I' Th+ +00 I T+ II T+ / ry} II' .
| *Kd5'= L R KdS i
++
T4 II ry T+ II g I +o0 . I .
r | T4+ R +00 e
s KdS*
. / ..... " T4+ Ty
A
' T+ Th+
/ - II I +00
.................. - — _

Figure 2.4 — Building %y(r+)

ingoing principal null geodesic. This is not really the case, as inspection of figure 2.1
reveals that the “outgoing” principle null geodesic of block I, is actually a badly

named “ingoing” principle null geodesic, since dr*(n+) < 0 on block I.

We verify briefly on this example that the condition of Lemma 2.5.5 is satisfied.

Here the coordinate expression of ¢ : I* — *I is
Ot r*, 0%, 0%) = (t" = 2T (r*),r*, 0% ¢" — 2A(r")).

Suppose that (z,)neny = (£, 77,07, ¢F) is a sequence of points in U = I* converging
to a point on the horizon r* = r, ., in particular the sequence (t*),en has a finite

limit, but |T'(r)| 7 0080 (¢(x))nen cannot converge.
T+

. Call K5 the manifold obtained after step 1. We extend the outgoing principal null

geodesics of block II in the same way, except that we use *KdJS, since on block II
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«

time-orientation is preserved by the isometry of section 2.5.3

3. Complete the manifold K3 resulting from steps 1 and 2 by gluing the open set of
KdS* containing blocks I’ and I’ onto K3 identifying, using the isometries of 2.5.3,

I’ and I’ with those contained in Kj.

Crossing spheres

Our ambition is to construct a spacetime in which all principal null geodesics are
complete (except those that run into the singularity). Until now, we have payed very little
attention to those which are trapped in the horizons. To fix notations, consider KdS*, but
this discussion also holds with very minor modifications in * KdS. Recall from section 2.5.2
that outgoing principal null geodesics are defined as geodesic reparametrisations of the

integral curves of n, = %&,* + V. For any point p on a horizon €, ny(p) = V(p) € T,5€.

Lemma 2.5.6. Leti € {——,— +,++}, then for any p € H;:
1 2 2 | 2
(vVV)’p == (T'i — M —IFri(2r; +a )) V.
Lemma 2.5.7. Call k; = meflzg(Zr?JraQ)’Z. e{——,—,+,++} then:
l2
ki = —2?(T++ =1 )(reg — ) (req —r2) <0, (2.58)
12
ky = 2?(74 =1 )(req = r3)(re —r2) >0, (2.59)
l2
k_ = —2—:(7: —r__)(ryp —r_)(ry — ) <0, (2.60)
l2
k__ = 2—:(r++ —r__)(ry —r__)(r— —r__) > 0. (2.61)
Proof. Follows immediately from the relation: r; — M — ?r;(2r? + a®) = 3 ZA,|  after
factorisation of A,: A, = —[? H(r —1y).
Corollary 2.5.4. Leti € {——,—,+,++}, then, if r; is a root with multiplicity > 1 of

A,, then for any p € J:
(VyV)l, = 0.

Proposition 2.5.4.
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1. On horizons arising from a root of multiplicity > 1 of A,, the integral curves of V

are complete.

2. On the other horizons the integral curves of V' are not complete.

Proof. For the first point, according to Corollary 2.5.4 the integral curves of n, are already
geodesically parametrised. Furthermore, since V' is a constant linear combination of the
coordinate fields O+, 0y~ its integral curves are complete (i.e. they can be extended so
that the interval of definition is R).

Assume now that r; is a simple root of A,, then according to the above: k; # 0, and
the integral curves of n, are not geodesically parametrised. A generic integral curve of

n, on JZ is given in KdS* coordinates by:
v(s) = ((r? +a*)s + t5,75,00,a5 + @), s € R.

Since 4+ and O+ are global Killing fields on KdS*, it suffices to consider the case where
ty = ¢5 = 0. When geodesically parametrised and the affine parameter chosen so that

A =y os(A) is future-oriented, we have:
5/()\) = ((7’3 + CL2>]€,;1 ll’l(l{?z)\>, Ti, 90, ak;l 11’1(]{71)\)> ,kl)\ > 0, (262)
which cannot be extended though A — 0.

Remark 2.5.2.  — On KdS*' where orientation is reversed, the future-oriented geodesic

parametrisation of the integral curves is:
F) = (7 + a®) k7 In(=ki\), 74, 00, ak  In(—Ki\) ) kid < 0. (2.63)
— The formulae for *KdS et *KdS’ are obtained by the substitution:
t" =t 9" — T

Sending A — 0 in formulae (2.62),(2.63), it would seem that 4(\) approaches a point
that would be located at the center of each of the diagrams of figure 2.3. We now seek to
construct an analytic extension Z(r;) of each Zy(r;) that contains such a limit point, this

will be achieved by building a new system of coordinates.
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Definition 2.5.6.

a a a a

Alr) = 5 In|r—r__| —£1n|r—r,|+mln|r—r+|—mln]r—r++,
2 2 2 2 2 2

T(r):7T77+a ln]r—r__]—rf—i_a ln]r—r_|+r++a In|r—ry|
2K__ _
2 2

_,fti;tf;1n|r__r++L
2K 44
ki = sgn(k)k;,, 1€ {—— — +,++}

The proofs of the following technical lemmata are left to the reader:

Lemma 2.5.8. For eachi € {——, —,+,++}, A(r) — %T(T) is analytic at r;.
r?+a
Lemma 2.5.9. Leti € {——, —, +,++}: On any Boyer-Lindquist block (minus points on
) ) 1
the azxis A), the functions (*t,t*,0,¢"), where ¢' = 5 <*¢—|— o — %(*t + t*)> form
2+ a

a coordinate chart.

We specialise now to Z(r;):

Definition 2.5.7. Define maps UTH, V" on 2(ry,) by:

t t
Ut = —exp (45) U = - e (55 )
Onl: * ; On II: i ,
++ — Rt ++ Figg
V exp (== ) \%4 —exp |~ )
t *t
Utt = exp (T';+++a2> , Utt = exp (T§+++a2> ,
On II': - Onl A .
++ — _ Kay ++ _ K4y
V exp (== ) V N

Recall that on LI’ »r > ry and on ILII" ry <7 < 7ry.

Lemma 2.5.10.

UTH, VT 0 and ¢t have analytic extensions to all of Do(riy) \ {axis points}
(that we will denote by the same symbols). Furthermore n™+ = (UTT, V1T 6, ¢1T)

is a coordinate system on Py(ri4) \ {axis points}.

0t has an analytic extension to a diffeomorphism of Zy(ry ) onto R?\{(0,0)} x S2.

— 1 has an analytic extension to all of Ry++ x Ry++ x S2.
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—r = Gt(r) = ﬁ is an analytic function of r & {r_,ry,r__} that never

vanishes.

Proposition 2.5.5. In the coordinates n* of Po(ro+) \ {azis points}, the line element

can be expressed as:

A (r2, +a®)GT?(r)a®sin? 0 p* o
ds* = 2 = — = ) | s 2 =k 2 (2.64)
A5 (r—ryp)(r2 +a?)=2p r’+a® rii+a

% <V++2 dUT+2 4 Ut+? dv++2)
+ good0® + g3, do”
A (ry, +a)’ G (r)

(( P! 1 Piy _ )dU++ v+t

2% (r — ryq ) p?=2 r?+a’)?  (riy+a?)
asin? G+t (r
= (r) Ag(r +ry)(r* +a?)
P22k,

_ ATP?F+ ) dptt (V++ dUTt — Uttaytt )
=Tt
Aga?sin? O(r +r, 4 )?

2 272
AR p°=E

(V++ dU — Ut dV**)Q 7

where p3, =13, + a®cos? 0.

The above expression extends analytically to all of (Ry++ x Ry++) x S? and it is straight-
forward to verify that it is non-degenerate at points of {(0,0)} x S2 This concludes
the construction of Z(r,,) which is defined as (Ry++x Ry++) x S 2equipped with the
metric (2.64). Similar expressions for the metric can be obtained on the other Kruskal
domains. We can now check that these extra points really do enable the extension of in-
complete principal null geodesics contained in the horizons by welding together those from
the different Boyer-Lindquist blocks. Recall from equation (2.63) the geodesic parametri-
sation of a generic integral curve, expressed in KdS* coordinates, contained in the horizon
J# and coming from KdS*' (see figure 2.4):

FO) = (734 + a®)k i In(=k g4 A), 73, o, akyIn(—ky 4 A)) , A >0,
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this curve is past-incomplete and its expression in Kruskal coordinates is:

Utt = O,
Vit = _k:-i--‘r)\a
AeRY 2.65
6= b, €RL, (2.65)
a
++ — 1 [
¢ - TEPJ}JF A(T) T'_%__,_ +a2T<T)a

from these expressions we see that when A — 0, v approaches a point on the crossing-
sphere (Ut =V =0).
If we consider now a similar curve in the horizon coming from KdS*, then its geodesic

parametrisation in KdS* coordinates is, from (2.62):
FO) = (2 + @)k (ki A), as, O, ak In(ki g A)) A < 0,

This curve is future incomplete; converting to Kruskal coordinates:

U++ — O,

VIt = —kii A,

00, AER”. (2.66)
++ — i — L

¢ - ng_l_'_ A(T‘) 7“<2k+ + a2T<T)7

The curves clearly analytically extend one another to form a complete geodesic. Through
this example, we see that the role of the crossing-sphere (U™t = V*+ = 0) really is to
join together the two “vertical” horizons in figure 2.4 to form a single null hypersurface of
equation UTT = 0. The results are similar when considering the principal null geodesics

in the “horizontal” horizons of figure 2.4.

Building maximal slow Kerr-de Sitter KdS;

We will now describe how to combine the Kruskal domains of section 2.5.4 to build the

maximal slow Kerr-de Sitter spacetime K dS;; the gluing pattern is illustrated in figure 2.5.

To realise the gluing, begin with the two manifolds K7, K5 defined by:

— K is the manifold obtained by considering two sequences (D;")icz, (D} )jez of iso-

metric copies of Z(ry) and 2(r_) respectively. Define: X = [[ D, Y = [[ D;. We
( J
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D(r PD(ry)
= T IV.L.»""/ r—-) I, "
é (7’_).’ 9 D (1
Y QI H/ (r++) . 7(r-)
o P )
7oy
P(ri+) D(r_) o
L IV/ N I ++
o (r--) @(T‘—F):
1y .

D(r ,)

Figure 2.5 — Gluing pattern to construct KdSs; the roman numeral labels indicate which
Boyer-Lindquist block is used for the gluing

introduce some notations useful in the sequel:
— For each k € Z denote by % : Dif ~ P(r;) = X and i* : Dj, ~ P(r_) =Y
the canonical injections.
— For any Boyer-Lindquist block B C 2(r.), Bif will denote the image of that
block by the isometry 2(ry) ~ Di.
— Bi =i (BY).
Define now ": Ky = X [[,Y where ¢ : [[; I11; UIII] — Y is constructed using the

universal property of coproducts from the maps:
¢ [I;UIII, C D} — IIL;UIII, | CY,

which, when restricted to I11; (resp. I1I]) and expressed in Boyer-Lindquist coor-
dinates, is simply the identity map.

— Ky = ([ D) TI(J] D; ™) is the disjoint union of the sequences (D} )iez, (D} 7 )jez
i J

of isometric copies of D" ~ Z(r, ;) and D; = ~ P(r__).

As illustrated in section 2.5, KdSs can be built from K; and K, by gluing infinitely

13. see appendix A.5
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many copies of these manifolds along blocks with the same label. More precisely, consider
two sequences (M;);ez and (Nj),ez of manifolds. This time, for each ¢ € Z, M; (resp.
N;) is an isometric copy of K; (resp. K3). Define X =1LM,Y = [1; M; and denote by
I,: M; » X and J, : N; :— Y the canonical injections. KdS, will then be X]_Lp Y for a
well chosen isometry .

1 can be specified in several stages from maps (1&,2'”')(1-’,6)622:

PO ILUIL C DY — TG UITE, Y,
—i - ++ - v
Gy IV UV C Dy — IV UTV Sy C Y,

where, II(JQJCL) = Ji oif;}y(IT) and i}, is the canonical injection of D, into Nj; the
other sets are defined similarly. Again, when restricted to a given Boyer-Lindquist block
and expressed in Boyer-Lindquist coordinates, these are just the identity maps. Using a
natural generalisation of point 3 of proposition A.5.1 in appendix A.5, for every ¢ € N

this specifies a map:

oo | i anu ) iV, u IV c My - Y
k €Z

These maps, using the universal property of coproducts, define together an isometry:

o1 U SPan o) ui™ v, u v c M; — Y.

€Lk €L

2.5.5 Maximal extreme and fast KdS spacetimes

Straightforward adaptations of the techniques of the previous section enable us to
construct the maximal extreme and fast KdS spacetimes. For the extreme spacetimes, as

discussed in Section 2.4, there are three cases: ry =r_, ryy =ryorry, =7y =7r_.

KdSt:ry =r_

We begin with the case where the two black hole horizons coincide and in which
the Boyer-Lindquist block III disappears. The Kruskal domains 2(r__) and Z(r;) are
unchanged, but the domains Z(r) and Z(r_) are to be replaced by the domains I; and
15 given in figure 2.6. The form of t hese d omains can b e understood from t he fact that
the horizon .77, now arises from a double root and the principal null geodesics trapped in

it are complete; in particular there are no crossing spheres on the double horizons. The
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[ [ r__ T4+
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Figure 2.6 — Kruskal domains

slightly simpler gluing pattern is illustrated in figure 2.7. As before, the roman numeral
labels indicate the blocks that are identified.

Figure 2.7 — Gluing pattern for KdS,
Ty =T_

Kng Ty =T

The second case is when the cosmological horizon r,, coincides with the outer black
hole horizon 7. Here the Kruskal domains Z(r__) and Z(r_) are unchanged and the
remaining blocks are replaced by the domains illustrated in figure 2.8. The stranger gluing

pattern is illustrated in figure 2.9.

3. e — o —
KdS; :ryy=ry=r_=x

When A, has a triple root x, we saw previously that all the horizons in the region

r > 0 coincide; Boyer-Lindquist blocks II and III consequently vanish. Contrary to the
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Figure 2.8 — Kruskal domains
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Figure 2.9 — Gluing pattern for KdS?
Ty =T+

other cases, only two Kruskal domains are required to construct a maximal extension:
the domain Z(r__), as illustrated in 2.3, and the domain %y(x) = Z(r,) illustrated in
figure 2.10.

Diagram 2.10 has a striking ressemblance to that of 2(r, ) in figure 2 .3, b ut is
profoundly different d ue t o t he a bsence o f t he ¢ rossing s phere. H ence, w hilst correctly
depicting the assembly process leading to Zy(x), it is misleading for the interpretation of
the geometry. In particular, like for the double horizons, Kruskal coordinates do not have
analytic extensions to the whole domain.

As expected, the gluing pattern for KdS2, illustrated in figure 2.11, is much simpler

than in the other cases due to the fewer number of horizons and Boyer-Lindquist blocks.
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Figure 2.10 — Yy(x) = D(r14)
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Figure 2.11 — Gluing pattern for KdS?
Tip =T4=7T_=2 r__=23T

Maximal Fast KdS spacetimes

This final case, where A . has only two simple real roots r __and r,,isin all points
analogous to slow Kerr-spacetime as presented in [ONel4]; the main qualitative difference
is that time orientation is reversed. There are only two Kruskal domains, Z(r, ) and
P(r__) as illustrated in figure 2.3, with the exception that, due to the absence of blocks
Il and II1 ,labels I and I’ in figure 2.3 should be replaced by I Vand IV’ respectively.
The gluing pattern is identical to that in figure 2.11.

2.6 Conclusion

The aim of this rather technical note was to give a detailed mathematical discussion
regarding the construction of maximal analytical extensions to the Kerr-de Sitter solution

to Einstein’s equation with cosmological constant, as well as a review of the basic geomet-
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ric properties of these spacetimes. The latter discussion can be found in Section 2.3. To
the best of the author’s knowledge, in existing literature, the construction is only briefly
commented upon and is not carried out explicitly as in Section 2.5.

Section 2.4 is devoted to the study of the roots of the polynomial A, in terms of
the parameters (a,l, M), and hence, the horizon structure of the blackhole. The referees
brought to the attention of the author that similar discussions, although less mathemat-
ical, are present in earlier publications, namely [SS04] for Kerr-de Sitter and [SHO0] for
the more general situation of Kerr-Newmann black holes on a background with non-zero

cosmological constant.
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CHAPTER 3

AN ANALYTICAL SCATTERING THEORY
FOR MASSIVE DIRAC FIELDS IN EXTREME
KERR-DE SITTER SPACETIME

3.1 Preamble

In this chapter, we will study the Dirac equation near an extreme Kerr-de Sitter
blackhole. More specifically, we are interested in t he case w here t he t wo b lackhole hori-
zons coincide (see [Borl8, Proposition 4]) to form what we will call a double horizon. In
physics, the Dirac equation describes free spin-1/2 particles, like the electron. Although
physicists are more interested in the second quantised version, we study here the classical
equation. We also consider the equation on a fixed geometric b ackground, t herefore ig-
noring the retroaction of the particle on the gravitational field; this is known as the linear
approximation. Our fields will evolve in a region B situated b etween t he d ouble horizon
and the cosmological horizon. Both will be treated as asymptotic regions: no boundary
conditions will be set there. The choice of this particular region B is motivated by a
number of interesting properties that lead us to suspect that it was possible to adapt and
generalise the methods in [NH04; Daul0] in order to construct a scattering theory. On

one hand, there is a global Killing field ¢ on B associated with a function ¢ whose level
ot
hypersurfaces are spacelike and isometric. This means that we can assimilate B to the

direct product R x 3 where X is a fixed R iemannian 3-fold, and r eformulate t he Dirac
equation as an evolution problem on Y. An advantage of Dirac fields, as opposed to Klein-
Gordon fields, is t hat despite superradiance due to the rotation, there is still a conserved
current leading to a natural norm (and inner product) on space-like slices and giving the
necessary framework for spectral methods.

The setting is hence as follows: we have a Hilbert space .7 and a self-adjoint operator

H on s with dense domain D(H). Near the horizons, H intuitively approaches a simpler
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operator Hy; our aim is to understand to what extent this comparison is meaningful. More
precisely, we seek to show the existence of strong limits of the following type:

s— lim eHote=illt = () (3.1)

(2, is known as a wave operator; when it exists, it satisfies for any ¢ € F7:

HefiHotQJrqu . efth%H tjoo 0.

Therefore, as long as we replace the initial data ¢y by €2, ¢g, we can use Hy to describe the
solution in the limit ¢ — +o0. In general, {2, will not be defined on all of 7. At best, it will
be defined on the subspace . composed of all vectors x € 7 whose spectral measure
tz(S) = (E(S)x, x) is absolutely continuous with respect to the Lebesgue measure. In our
particular case, the Dirac equation is fully separable and the existence of the cosmological
horizon excludes the possibility for any discrete spectrum [BC09; BC10]. Moreover, via
Mourre theory [Mou81]', we will show that there is no singular continuous spectrum.
These facts imply that: 72 = 2.

Nonetheless, we will not be able to prove the existence of (3.1) directly, and will
need to adjust the definition of €2, to take into account some long-range effects. This
is because the usual elementary methods to prove the existence of the wave operators
rely on the assumption that H — Hj is short-range in a neighbourhood of the asymptotic
regions, which is not satisfied near the double horizon. Furthermore, the rotation of the
blackhole adds a certain amount of anisotropy to the picture. We will show that all of
these difficulties can be overcome through several intermediate comparisons and an ad
hoc decomposition of the Hilbert space, which, surprisingly, enables us to reduce our
problem to a spherically symmetric one. Mourre theory will play an important role in
this part of the proof, since it will enable us to establish so-called « asymptotic velocity
estimates » [SS88; GF98] which are essential in the proof of the existence of some of our
intermediate wave operators. Last of all, at the double horizon, we will need to slightly
modify Hy to compensate for the fact that H — Hy is long range there. To this end, we will
perform a Dollard type modification [DV66] which consists in incorporating to e®*?0 the
time evolution of the Coulomb potential terms that obstruct the existence of the classical
wave operators.

An important prerequisite underlying the techniques used in this part of the work

1. see also Section 3.5
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is the ability to construct a good functional calculus. Formulae like that of Helffer-
Sjostrand [HS87] are key, for instance, in showing that some of the operators we study
are compact. This perspective was particularly elucidating whilst studying [AMG96]; a
key reference for the techniques in the main text.

The following text is in a large part taken from a prepublication [Bor20] submitted
for publication in the Annales de [’Institut Fourier. I have additionally included in the

preamble a short discussion on the geometry of Dirac fields.

3.2 A short note on spinors and spin structures

The Dirac equation, in itself, is a fascinating mathematical object. Before our pre-
sentation of the analytical scattering theory in extreme Kerr-de Sitter spacetime, it is
worth inspecting some of the geometry behind it. The first feature we should point at
is the nature of the unknown. The Dirac field, or spinor, is different in nature from the
tensor fields that appear in most equations in Physics, indeed, they do not correspond
to a representation of the proper Lorentz group SO, (1,3), but rather of a particular 2
leaf covering?, Sp(1,3), which, due to an accidental isomorphism in dimension 4 can be
identified with SL(2,C).

The exceptional isomorphism can be described as follows: first we identify R* with the

vector space of 2 x 2 Hermitian matrices via:

Zo
1 (.1'0"‘1’3 iEl—iLL'g)
= . =,
T3 T1+ 1Ty To— T3
T3
The relation:
A(A)x = AzA*, A€ SL(2,C), A" = tfl, (3.2)

then defines a representation of SL(2,C). One can show that A maps SL(2,C) onto
SO, (1,3) and that its kernel is {—1,1}.

The group Sp(1, 3) is defined as a subgroup of the group of invertible elements of the
Clifford algebra Cl; 3(R). In brief, Cl; 3(R) is the « most general » real algebra with unit

2. which is simply connected so it is in fact the universal covering
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containing R* such that for any v € V,
3
V> =n(v,v)- 1, nlv,v) =—vi+ > v
i=1
Sp(1,3) is the identity component of the group generated by the set:

{vy...v9,p € N,v; € R n(v;) = +1}.

The geometric explanation to this definition is that if v € R* with n(v,v) = %1, then v is

invertible in the algebra and the inverse is given by v~ = n(:})v)' Consequently the map
r € R* — —vxv~! is an endomorphism of R* and:
v v, T
—vzv ! = —vx =z — 217( )v.
(v, v) n(v,v)

Lis the reflection about the plane orthogonal to v. Since such reflec-

Hence, x — —vxv™
tions generate O(1, 3), after correctly generalising x — —vzv~! to more general elements
of Cl; 3(R)*, we have a way of reproducing O(1,3). Restricting to an even number of
factors, we get SO(1,3). The important point is that the algebra multiplication has a
strict relationship with the metric 7.

A spinor representation is a complex representation of Sp(1,3) induced by a repre-
sentation of the Clifford algebra, Cl; 3(R). The isomorphism SL(2,C) = Sp(1,3), means
that? it is not necessary for us to delve deeper into this side of things, and we can just
think of spinors as corresponding to complex representations of SL(2, C). The link between
SL(2,C) and SO, (1,3) is what justifies the point of view that these spinor representa-
tions are in some sense representations of SO, (1,3). For our needs, the most important

representations are:

- 2-spinors : the fundamental representation p; de SL(2,C),

- pointed 2-spinors : the representation py.: A — A,

- Dirac spinors : the direct sum of the dual representation to p; and py,
- complexified vectors : the product representation py ® py..

In order to speak of spinor fields on an oriented Lorentzian manifold (M, g), we need to

construct vector bundles corresponding to these spinor representations. This should be

3. much to my dismay
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done in such a way that the Clifford algebra behind the spin representation, corresponds
to the fibrewise metric of each tangent space. The solution involves a « reduction » % of the
positive orthonormal frame bundle .%y(M) that lifts in each fibre SO, (1,3) to SL(2,C).

The precise definition, in 4 dimensions, is as follows:

Definition 3.2.1. Let M be a smooth manifold of dimension 4, a spin structure is
an SL(2,C)-principal fibre bundle (S(M), ) over M and a fibre bundle morphism
A S(M) — Fo(M) into a reduction of L(T'M) to a SO, (1,3)-principal fibre bun-
dle over M, (Fo(M), ), such that for any s € S(M), and g € SL(2,C):

T(A(s)) = 7s(s), (3.3)
A(sg) = A(s)A(g), (3.4)

where the morphism A : SL(2,C) — SO4(1,3) is defined by Equation (3.2).

The definition can be generalised to arbitrary dimension and signature (p,q) but this
requires a little more theory than we can afford to explore here. We refer the interested
reader to [Fri00; LM89]. We have also chosen to present the metric structure (hidden in
the bundle Fy(M)) as derived from the spin structure. In practice, however, the metric
structure, and by extension, the bundle .%,(M), is already given in advance and we seek a
spin structure compatible with it. This problem can always be solved locally, for instance,
in a local bundle chart of the bundle .%y(M), however, there may be an obstruction to
a global solution [Ger68; Ger70]. For our needs, the following result of Geroch [Ger68,;
Ger70] will be sufficient:

Theorem 3.2.1. An orientable and globally hyperbolic 4-dimensional spacetime has a

spin structure.

Unfortunately, a spin structure is generally not unique, see for example the n-spheres [Tra93].
The importance of this choice is however a global question and will not concern us.

We should mention some consequences of Definition 3.2.1. First of all, the Lie group
homomorphism A induces a Lie algebra isomorphism between sl,(C) and so0; 3(R), hence,
a connection on either one of the bundles S(M) or .Zy(M) automatically determines one
on the other: S(M) will be systematically assumed to be equipped with the connection

induced by the Levi-Civita connection on .%o(M).

4. The terminology in English is unfortunate, the French word « élargissement », describes better the
situation we consider here...
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If a 4-dimensional Lorentzian manifold M has a spin-structure, « spinor » bundles are
defined as associated vector bundles to (S(M), A). We will write S and S’ for the bundles
corresponding respectively to the 2-spinor and pointed 2-spinor representations. The fibre
bundle morphism A guarantees the compatibility of S(M) with the Lorentzian structure

of the base M by inducing a vector bundle isomorphism:

SS 2CTM.

When using the abstract index notation (cf. Paragraph 1.1.1), sections k and y of S
and S’ respectively will be written k4, and y*'. There is also an anti-linear isomorphism

between S and §', obtained by factorising complex conjugation. We will write:

=%

Somewhat abusively, the inverse map will be written in the same way: Y4 = ¥*.

Last of all, there is a canonical linear map:
e:T(S)AT(S) — C™(M),

written €45 and satisfying ¢,, = €ap€arp, Where g is the metric tensor on M. In each
of the fibres of S it restricts to a symplectic form. Just like a metric, € 45 can be used to
identify S to its dual:

kY kteap = kp.

Due to the fact that it is anti-symmetric, we need to be a little more careful when raising

and lowering indices, for example:

kA — €ABk'B — —k'BEBA,
A A
kp = k"cap = —epak”,
B B AB BA B
0o =€0 = =c€ace”” = —€ace " = —€" (.

The above properties of spin structures, as well as the close relationship with the bundle
Fo(M) encourage us to think of S(M) as analogous to a « square root » of Fy(M). In
fact, in [PR84], Penrose argues that the spin structure is in some sense more fundamental
than .%y(M). Elementary particles like electrons or quarks seem to be spinorial, so, if

General Relativity has any part to play in a quantum theory of gravity, a spin structure
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is a pre-requisite. Spin structures are also topologically more restrictive than metrics,
although Geroch’s result points out that the restriction is transparent for many physically
reasonable metrics. Nevertheless, we could imagine starting out with SL(2,C) = Sp(1,3)
principal fibre bundle S(M) over a manifold M and seeking fibre bundle morphisms A
from S(M) to the frame bundle L(T'M) over the base. If we find such a A, we can then
identify the image as a positive orthonormal frame bundle .%,(M), then deduce the metric
and orientation from it; which indicates that all the essential information of the spacetime

is encoded in the spin structure.
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Scattering theory for Dirac fields near
an Extreme Kerr-de Sitter black hole

The following is a modified version of the author’s final preprint of the eponymous
article submitted to Annales de ’Institut Fourier in May 2020

3.3 Introduction

Over the past two decades or so there has been quite a bit of mathematical interest
in scattering theories for particles in black-hole type geometries. This is useful for the
understanding of these geometries and the detection of black holes but also in the study
of Quantum Field Theory on curved spacetimes, see for example [DMP11; GHW20].

For rotating black holes, due to super-radiance, it is well known that the usual energy
functional of integer spin particle fields, described for instance by the wave or Klein-
Gordon equation, is no longer positive-definite, this leads to obvious technical difficulties
that have nevertheless been overcome in a handful of situations, such as the Klein-Gordon
equation on (De Sitter) Kerr spacetimes [GGH17; Haf03], the wave equation on Kerr
spacetime [DRS14] or the Maxwell equation on the Reissner-Nordstrém de-Sitter space-
time [Mok16].

On the other hand, for Dirac fields, there is still a conserved current which leads
to a natural Hilbert space framework adapted to a spectral theory approach. Scattering
theories for massive or massless Dirac fields have been constructed in this manner in the
exterior region of Reissner-Nordstrom, slow Kerr and Kerr-Newman black holes [Dau04;
NHO04]. More recently, there has been interest in non-asymptotically flat backgrounds
such as Schwarzschild-de Sitter [Idel6], slow Kerr Newman-de Sitter [DN16] and slow
Kerr-Newman-AdS [BC10] black holes.

In this paper we study the case of an extreme Kerr-de Sitter black hole in a region
situated between what we will refer to as a “double” horizon and a usual “simple” one
(the cosmological horizon). The “double” horizon is the hypersurface resulting from the
coincidence of the two inner black hole horizons®, and differs quite significantly from
the exterior horizon of, for instance, Kerr spacetime. The extreme case is of particular

interest for the understanding of mechanisms behind stability/instability of black hole

5. which occurs for special choices of the parameters of the family
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type spacetimes as it presents features of both types. This is analysed thoroughly in the
case of an Extreme Reissner-Nordstrom black hole in [Arella; Arellb], and complemented
by the remarks in [BS07] on the asymptotic behavior to the wave equation. Regarding the
Dirac equation, an integral representation of the Dirac progagator in the extreme Kerr
metric is derived in [BF13]. Our main theorem, Theorem 3.7.1, formulated in Section 77,
is the asymptotic completeness of the Dirac operator in an extreme Kerr-de Sitter black
hole, which can perhaps be interpreted in this context as a stability feature of these

spacetimes.

Our global strategy follows closely that of [Dau04; DaulO; NHO04]: we will adopt the
point of view of a class of observers for which the two horizons are asymptotic and will
show in Section 3.5 that a conjugate operator in the sense of Mourre theory [AMGO6;
Mou81] can be constructed in an analogous fashion to that in the exterior of a Kerr
black hole as in [Dau04; NHO04|. Furthermore, it has already been noted, for example
in [BC10], that the presence of the simple horizon is enough to ensure that the usual
proof of the absence of eigenvalues — via a Gronwall inequality exploiting the separability
of the Dirac equation — follows through without modification. However, our results do
not follow directly from these works due to long-range potentials at the extreme horizon
and a significantly perturbed angular operator. In particular, the decomposition of the
Hilbert space into spin harmonics, essential to the reduction to the spherically symmetric
case treated in [Daul0] is no longer stable. A key ingredient to our analysis, carried out
in Section 3.6.4 is constructing operators at both asymptotic ends with similar adapted
decompositions and of which the full Dirac operator is a short-range perturbation. Fur-
thermore, it is worth noting that since the mass terms do not survive at either of the
horizons, despite constituting a long-range potential near the double one, some of the

arguments in [Daul0] can be simplified.

3.3.1 The Kerr-de Sitter metric

Throughout this text, we will mainly use the usual Boyer-Lindquist like coordinates

(t,r,0,¢) in which the Kerr-de Sitter metric is known to be (signature (+, —, —, —)):
A, ;2 o Poa P Dgsin®d 5, 2
g= =2, [dt — asin® Ody]” — A—Tdr — A—edﬁ — W[(r +a”)dp — adt]®, (3.5)
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where:

A
== A, =r* = 2Mr +a® — Pr3(r* + a?),

3 (3.6)
E=14+d*?% Ag=1+d*cos’0, p*>=r?+a’cos’d.

It depends on three parameters a, M, A, the angular momentum per unit mass of the
black hole, the mass of the black hole and the cosmological constant, respectively. We will
always assume [ > 0.

The above expression is singular when A, = 0 or p = 0, however, the manifold can be
analytically extended across the singularities {A, = 0}. In such an extension, the roots of
A, give rise to null hypersurfaces that we will refer to as horizons. They will be labelled
by the root r; to which they correspond as so: J.. If r; is a double (resp. simple) root of
A,, 7. will be said to be a “double" (resp. “simple”) horizon. In, for instance, [Borl§],

it is shown that the roots of A, can be labelled such that either:
Lr_<0<r_<ry<ryy

ro_ <0<r_=ry <ryy

ro_<0<r_<ry=riy

ro_<0<r_=ry—riy

AN o

ro_<ryg,r_,rp € C\R.

We will refer to case (2) as extreme Kerr-de Sitter; a necessary and sufficient condition
for this is:
lall <2— /3,
1 —a?1?)(a*l* + 340> + 1) — 7% (3.7)
5412 ’

— 12a?1%. In this situation the double root is given by:

P

where v = (1 — a?1?)?
6 _ 12a*1? + (1 — a*1?)(1 — a®1* — \/7)
18M1? .

Te

(3.8)

For future reference, we quote the following useful properties of r, :

4a®
0<r.<3% (3.9)
Prt+a?= Mr..

Finally, we note that the other two roots r,, and r__ are equally those of the polynomial:

6. In [Borl8] it was denoted by z

90



3.3. Introduction

2

2 a/
X + QTGX — W (310)

To avoid unnecessarily complicated subscripts, we will now rename the roots of A, as
follows:

ro <0 <r.<ry.

The region, B, in which we will study the scattering of Dirac fields is defined in the
coordinates (¢,7,0,p) by r. < r < r,. In essence, B = Rx|r.,r, [xS? with the metric
given by (3.5), that extends analytically to the poles. It is between two horizons, one

double, one simple and it is the effect of the double horizon that we wish to understand.

The scattering problem will be considered from the point of view of a stationary

observer with world-line:
r=rp, 0 =0 ©=wt+ ¢y, w€ R 1y Elre,r4[, 6 €]0,7[, o €]0, 27].

Proper time for such an observer differs from the coordinate function ¢ only by a mul-
tiplicative constant depending on the parameters of the trajectory. For this family of
observers photons travelling, say, along a principal null geodesic, which are in some sense
the most direct trajectories for light to travel towards one of the horizons, will not reach
it in finite time. For instance, the coordinate time t necessary for a photon, emitted from

r =rg at t = ty, to reach 7, travelling along such a curve is:

ro =2 2
t—to=/+“(r;a)dr:+oo. (3.11)
0 r

In fact, for our purposes, it will be appropriate to replace the coordinate r, by the Regge-
=(2 1 2
=(re+a
Wheeler type coordinate r* = / (7

A dr appearing in this computation. By defini-

tion:
=2(r? + a?)
A,

It will be useful to calculate an explicit expression for r* by a partial fraction decompo-

dr* = dr. (3.12)

sition of the integrand:

r? + a? Q@ I6; vy )
= + + + .
(r—r_)(r—r)?(r—ry) r—r_ r—Ty T —T, (r—rme)?

(3.13)
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The coefficients «, 3,7, are given by:

Te r? —|—a l Te r2+a?

S<0, B=oy ot >0
2 (re —r_ P M (ry —r.)? ’

122 (r? +a) 21 3( — TMr, + 6a?)
SMr, —4a2 = GMr,— 4222~

The sign of v follows from the following relations:

r22(r? + a*) = r? 4+ a* — 2Mr,
0 < 3Mr, —4a® — 2r21%(r? + a®) = TMr, — 6a* — 2r2.

The expression of r* is therefore:

. E e, (lr—rgn\, 2l +a) E
r*=—/—1In
20V M lr — ry |+ 3Mr, —4a%r —r, (3.14)
27"2’(27‘2—7]\47“6—1-6@2)_1 | R '
Elnlr—r, :
(3Mr, — 4a?)? 0
T‘2 (12
Above, Ry is an arbitrary real constant and ny = ﬁ
From (3.14), one can deduce the following asymptotic equivalences:
Lemma 3.3.1.
_2 Mo
— ~ =N4 Te
ry T e , (3.15)
2002 1L g2)2 1
r—r, Te (re +a ) (316)

~ _—
r*——oco 3Mr, — 4a? r*

(3.15) is true for a suitable choice of Ry: it is the usual behaviour that we have come to
expect at a simple black hole horizon. The decay near the double horizon, however, is a
lot slower and will be the source of technical difficulties when constructing a scattering

theory.

3.3.2 The Dirac equation
Notations

On B, A, > 0 and the coordinate ¢ is a “time function”, providing a foliation (X;)cr

of B into spacelike Cauchy hypersurfaces. B is therefore an orientable globally hyperbolic
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4-manifold and as such, by a result due to R. Geroch [Ger68; Ger70], possesses a global

spin structure.

The Dirac equation is most conveniently expressed with Penrose’s abstract index no-
tation” denoting by S# the module of sections of the two-spinor bundle S and, S#', that
of the pointed two spinor bundle S’; lowered indices are used for sections of the dual
bundles. We recall that S# is identified with S4" via complex conjugation and to S, via

the canonical symplectic form 45 according to:

v ke S
kY = gA

_ LA _ A
{HB—H €EAB = —E&€BAK",

)

The bundle S ® S’ can be identified with the complexified tangent bundle C ® T'B and
finally:

€ABEA'B’ = YJab-
Following [Nic02], we will refer to elements of S, ®S*" as Dirac spinors, the massive Dirac

equation for a spin—% Dirac spinor (¢4, x?) is then:

p=—. (3.17)

VA4 = ux?, m
Vaax? = —uga, V2

As mentioned in the introduction, it is well known that the equation has a conserved

current, namely:

jaar = Gada + XaXa.

Thus the total charge:
Q= /E T jawys,. (3.18)

is conserved. w, s, = (/AL —5L%—dr* A (sin 0df A dy) is the induced volume form on ¥, ®
9,5 Ay P

(r2+a?)=2

and T is colinear to V and normalised, for convenience, such that 7T, = 2.

@ defines an inner product on spinors defined on any slice?, 3, t € R, and gives rise

to a Hilbert space 7. Solving the Dirac equation can be thought of as finding a family

7. See again [PR84].

8. Oriented by —Vt.

9. These can be thought of as either sections of the pullback bundle of S via the canonical injection,
or, sections of the spinor bundle on X;; there is an identification between them since dim B = 4.
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of isometries U(u, s) : 7 — 5, such that for any u,s,w € R :
U(s,s) =1d, U(u,s)U(s,w) = U(u,w).

The framework sketched here can nevertheless be significantly simplified since 9, is a
global Killing field on B. All slices ¥; are thus isometric, in particular, B is isometric to
R x ¥ for some fixed Y. Furthermore, the 7 can all be identified and so one can view
the problem as an evolution problem on a fixed Hilbert space .7#. For these reasons, we
will seek expressly to write the Dirac equation as a Schrodinger type equation. Moreover,
we will work directly with spinor densities '” on ¥, i.e. the section of (S & §') ® £(—2£)
given by:

(64, X wgnl?. (3.19)

After a choice of spin-frame, this means that our Hilbert space ¢ can be assimilated
with L?(X) ® C* = L*(R,+ x S?) ® C* equipped with its natural inner product :

(6, 9) = / (6, D)eadr*dQ,  dQ = sin fdfdp,

We refer to [Nic02] for a more detailed discussion on the framework outlined above.

To convert Equation (3.17) this into a system of four scalar equations we will use the

local spin-connection forms a“;_ of a local normalised spin frame (£4)aco.11 defined by:
P Ba A {0,1}

A _ Ay _B
a’g, = €gVdln-

Given any orthonormal frame g2 and a normalised spin frame ¢4 such that the vector

fields:

i ! !
1°=efells n®=efed; mo=glel;
of the Newman-Penrose tetrad (1%, n% m®, m?®) satisfy:
) ) )
Jo — g +97
\/5 9
n% = 90\;591 , (320)
a __ 95tig5
mt = =7,

10. An orientation on ¥ can be seen as a bundle morphisme between A"T*Y and the density bundle.
See also Definition 1.4.1.
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then the spin connection forms are given in terms of the local connection forms w*; in the

basis g3 by:

WO + w? w? + w? .
o _ %1 3 1 _ Yo 1
040—72 , Qg = 5 +1 5

A spin connection is a sl(2, C)-valued one-form, so necessarily:
ay = —ay.

In terms of the covariant derivative, this is equivalent to the requirement that V,e g = 0.

The forms a%;,, = A/ (V.e5)) satisfy:

‘g, = aty, (3.22)

Remark 3.53.1. 1t should be remarked that our conventions differ slightly from those
in [PR84], namely, we identify R* to H(2,C) via the isomorphism :

R* — H(2,C)
Zo
Y Ty To+T1 To—iX3
— '
T To +1r3 Tog— T1
T3

Remark 3.3.2. Consider the Lie group morphism A : SL(2,C) — SO,(1,3) defined
by associating to any A € SL(2,C) the matrix A(A) of the linear map u defined by
u(z) = o1 (Ap(z)A*),z € R* expressed in the canonical basis of R*. Then, viewing
w = (w)ijepos and o = (a’p)a,Befo,1} as matrix valued one-forms, it follows that for
any (p,v) € TM:

o (v) = A (w, (v),

where A, is the Lie algebra isomorphism induced by A.

Once a choice of spin-frame has been made, Equation (3.17) can be written as four scalar
equations in terms of the components ¢?, y 4 of the spinor fields. For instance, the equa-
tion:

VAA" pA=-pA" |
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becomes,

A A B c _C’
Vaard™ + 0"y ceiEpear = —pXar-

For A = (/, this translates to :
1°V 8" + moV,0! + ¢° (a%al“ + aloam“) + ¢! (aolal“ + allam“) = — X,
or, equivalently:
1*Va1 — M Vago + 61 (1" + a'ym™) — o (a1 + 'y ;m) = iy
Overall, we obtain the following system of equations for the components:

1V X" + mVox" + X" F + VG = —pud,
m*Vox? +nVox" + x0Gi + x ' Fi = —puo,

v (3.23)
m*V,p1 —n*Vado + ¢1G1 — ¢oF1 = —px”,
1"V o1 — m"Vago + 1 F — doG = px",
where we have defined:
F=a%,1"+aly,m*, G=a%, 1"+ a",m",
= ozolam“ + ocllan“, G, = ozooam“ + ozloan“,
and used the fact that, by Equation (3.22), for any complex vector fields u®, v*:
a1t 4 a5y 00 = oty ut + a5, v
Dirac equation in the “Boyer-Lindquist" frame
We will first use the results in [Borl8] to write the Dirac equation in the frame:
0 = 9 9 0 VA,
0 = 0 0 7 = O,
gOaxa p /Ar ((T +CL> t+a’¥7)7 glaxa P (324)

0 VA 0 = .9
g =0, g = 19, 00, ) .
p % Byre ~ sin 0v/Ag p ( b T asin t)
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The expressions for F, G, I, G are given by:

1 A
F=—— (=L + A7), Fi=-F G, =G,
2\/5 /—ATP3<2P 7’) 1 1
1

G pr—
2v/2v/ Ay sin 03

(iaAg sin? 07 + cos 0p* (1 + a1 008(20))) :

where A/ = 28 and 7 = (r + iacosf). In matrix form, with ¢ = * (qﬁo,gzﬁl,xol,xl/),

Equation (3.23) is then:
i(y0, + V) = map.

In the above: B B
0 0 iF G
0 0 G —iF

FiG 0 0

iG —iF 0 0

V=2

. E(r*4a?) 0 il _iasinéE 0 o,
! VA2 \ —il, 0 VA2 \ o, 0 )

. A 0 o, o . Do [ 0 o,
=1 _— s =1 _— s
7 p2 o, 0 7 p2 Oz 0

—

o = a= 0 il _ = 0 o,
VA2 \ —il, 0 VAgp?sing \ o, 0 '

The " are the so-called “gamma matrices” that satisfy the Clifford algebra anti-commutation

relations:
{277} =2¢"1ds.

0, 0y,0, are the Pauli matrices,

01 0 — 1 0 4
Op = , Oy = ‘ , Oy = = —10,0y.
10 1 0 0 —1
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Change of spin-frame

Whilst adapted to the study of the algebraic structure of the curvature of the Kerr-de
Sitter metric, the orthonormal frame g¢ and its associated normalised spin-frame &4 !
are not well aligned with the foliation of B with the space-like level hypersurfaces of ¢,
in the sense that gJ is not parallel to V?t. Following [Dau04; NH04|, we switch to a new
frame in which the timelike vector is colinear to the future pointing vector field V¢¢. Since

Vett = span(9,, dp, 0,) we make the simplest choice:

Vet w0 1

9'8 = g1 = 0
VetV t| =~ 0x° —Grr
0 1 0 1
’a /a
g =——=0, ¢ = Op.
2 Dxa NETT) 0> 93 9a — Gy ®

The matrix P of the Lorentz transformation L2 that sends g¢ to ¢’¢ is given by:

\/A_O(;"2+a2) 0 0 _asinz\/E
0 1 0 0
P = Mg;a’gzé(fd) = 0 01 0 , (3.25)
__asin S-\/E O O \/A_G(;Z +a2)
where we have defined:
0? = Ng(r* + a*)? — Aya*sin? 6. (3.26)

Up to sign, the spin transformation A € SL(2;C) that corresponds to P is:

[ ia sin 0v A,

20 \/ 200
A= iasmova; \/T: ) (3.27)
\/2004 20

in the above formula o, = o + v/Ag(r* + a?). It is useful to note that o satisfies:
o} —a’sin’0A, = 200,

The appropriate change of basis matrix in Sy, ® S]’;" at each point p of block II is given

11. determined up to sign
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- tA=t 0 in 6/ — 0
P= 0} = [y, sinOVA, (=, . (3.28)
0 A 20 V200, 0 o,
The equation satisfied by 9’ = P~ 4 is hence:
iP (40, + V)P = map'. (3.29)

The left-hand side is:

where:
r ~r 6 ”‘9 ind ~ EO’ 0 21—2
R DT VBB ( ~il, 0 )
— 9 . —_
o AE¢’p 0 iy ) ;=P 0 oy 3.30
K oV ANy \ —il, 0 osind \ o, 0 )’ (3:30)
. 9P A, 0 —o, . P A, 0 o,
prry Ol Yo [0 T eyl Y, 7.
or P Oy 0 06 —0o, 0

In the above formulae, we have introduced the following notations:
¢* = (Do(r® +a*) = A)p ™,

. asin 0v/Ag (—A;(TQ a4 QTAT> = CaV/A(r Cﬂ)gos@E'

202/ A, 2 202/ Ny

We conclude this section by writing the equation satisfied by the spinor density. In the

trivialisation of the density bundle determined by |dr* A dQ|% the density can be written:

Arp202 i
o = ! 31
<Ag(r2 + a2)254> ¥ (3.31)

a(r,)~1
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® satisfies almost the same equation as @’ except for two additional terms:
iy 0, (Ina(r, 0))® + iv?Os(In a(r, 0))P.
Overall the equation becomes:
i7°0,® + i7" 0,® + i7°0p® + i7°0,® + iV, = m®, (3.32)

with: _ _
0 0 iF iG
o . F
Vi — 0~ o~ iG —i | (3.33)
iF iG 0 0
iG —iF 0 0

povar Y3 VS
G\/_G—\/_ \/_

Oy Ina(r, ),
(3.34)

OpIna(r,0).
More explicitly:

/A . A 2 2 = /A\..a? sin? A/
_ racos&_za\/ - (1% +a”) cos + ra” S 0( " (r +a)—2rAr>,

203 202p 2p02(r2 +a?) \ 2

&S]

= 1algsin? Or + cos 0p*= — 3a?1% sin? 0 cos 0 p? \/ pa’ sin 0 cos 6 _
G = - (( a®)Z — 2M7’>
2v/Ag sin 0p? 2p02
iasin 0/ Ay A,
_W <2TAT—2(7" +G) s

Rewriting Equation (3.32) as an evolution equation, and introducing ® g2, the Dirac op-

erator on the 2-sphere, we obtain the following form of the Dirac equation:

A/B, \/_A aq?p? VAL, (12 VB
0 + =2 =10, - &y 2<1>+mgpa@<1>+zash’;99<’;— :(’)r%@@

\/A Ag \/A A@

=

pv1<1> - mI°®. (3.35)
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0P
This can be written as a Schrodinger equation za = H® with H given by:

A v \/ Ae ag’p® Ay A <02 VA9> 3D
o2 v

=
g =

H=—rV=om1 D, + Dg2 + D, + :
osinf
\/A Ag

VA A
p

—_
—

Py + mI°.  (3.36)

In the above, we have adopted similar notations to [Dau04]:
D, = —i0,, D,=—i0,, Dy= —i0p,

® g2 is the Dirac operator on the 2-sphere:

tand D
Dy = (DQ—ZCO an )r e s,

sin 0

the matrices I'* are defined by:

0 I o, 0 0
o —; 2|, 0 =diag(—1,1,1,-1), 2= | 7 = % .
-1, 0 0 o, 0 -0,

M, 0
Defining an operator operation cXM with ¢ € C and M = ( 01 L ) a block-diagonal
2

M
ema— M0}
0 &M,

the potential V; can be written:

matrix by:

v, = F&F1+<é—m”9 ”A9>&r2.

2p
For computational purposes it is worth noting that the operation X enjoys the following
properties:

1. X is distributive with respect to addition,

2. It is C-homogenous in M and R-homogenous in c,

3. (cXM)* =cX M*,

4. IfceR, c XM =cM,
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5. If M is hermitian, (—i(cX M))* = —i(c X A) + 2iR(c) M.

3.4 Analytic framework

3.4.1 Symbol spaces

In what follows we will attempt to treat the operator H defined by Equation (3.36)
as a perturbation of another operator. In order to have a succinct language in which to
distinguish the asymptotic behaviour of the coefficients of H, we introduce the following

symbol spaces:
M={feCe(x),0m05202°f oy € L*(Jre, 74 [x5?), 1 € N}

For (m,n) € N%

(e—mmr*)
r*—4o00

+ Oél'EN
9. (w¥m)

*Nn+o
—oo \T 1

Smn = f € O%(S), 9095200 f o' =

r*

¥ and ¥* denote the coordinate charts (r, 0, ¢) and (r*, 0, ) respectively and & is defined

by:
I |M
K==—4/—. (3.37)
=N+ Te

By extension, if M € C*(X) @ My(C),we will also write M € S™" (resp. M € II) if

the operator norm of the matrix M, ||M||, is an element of S™™ (resp. II); this is of

course equivalent to the requirement that each of its components satisfies the appropriate

condition. Finally, we define:

Soon = 8™, 8™ =()8"" (3.38)

Many of the functions f at hand will be naturally expressed in the coordinate chart

1, the following results will enable us to infer rapidly the asymptotic behaviour of the
function when expressed in the chart ¢)*. The only missing information is the relationship
between partial derivatives with respect to r and those with respect to r*. From (3.12),

one has:
A,

2(r2 4+ a?) "

Oy = (3.39)
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So the question is settled by:

Ay
E(r2+a?)’

Lemma 3.4.1. Define the map o on ¥ by its coordinate expression: co =1 =
then o € %2

Proof. Remark first that, from equations (3.15) and (3.16), since . is a double root of

the polynomial A,, we have:

1 e
AT - r*—>O—oo (7’*2) ’ AT - T*—Q‘roo (6 i ) ’

] (3.40)
-0 (3
r*——oo \ r*
Hence: 1
afr)=__0 ( - ), ar)= 0 (e*),
r*——oo0 \ 1 21 T —H—oo( ) (341)
000y = 0 (). aal=_0_ ().

For any n > 2, it is easy to see that 0'a(r*) = O(1). Now, Op-a(r*) = a(r*)0, a(r),
so we have the correct behaviour at infinity after the first derivative. We claim that for
n > 1:

Opea(r') = i Fr(r)(@ra(r)) P (a(r))F, (3.42)

where o, € N, fi, € IT and Sy 4+ 2k > n + 2 for each k € [1,n].

This is obvious for n = 1 and if such a relationship is true for some n > 1, after

differentiation one has:
o la(r) = z 0, 1) (Brar)) (@) + B fi ()PP (r) (B,a(r)) ™ (o))
¥ z Jlr ) @) (a ().
Therefore, 9% a(r*) satisfies (3.42), with:

T

Bn-i-l - maX(07 571 - 1)7
st = O fa(D,0) Pt 4 3, 1,020,
flzflz 1761:51‘1‘ l=n+1

103



Partie , Chapter 3 — An analytical scattering theory for massive Dirac fields in extreme Kerr-de
Sitter spacetime

and for k € [2,n]:

B, = min(S, + 1, max(0, By — 1)),
Fi = 0 fi1(0,0) 7% 4 By i1 020(Dpa(r)) 5 I £ (D)

The f, clearly satisfy the required hypothesis; if 5, # 0, then, either 3, = 8, + 1 or
By = Br_1 — 1. In the first case, then:

B+ 2k > n + 4,

in the second case:
Be+2k>n+2+2—1=n+3.

If Bk = 0, then necessarily this implies 5,_; < 1. By hypothesis, §;_; satisfies: 8,_1+2k >
n + 4, so, 2k > n + 3, and the hypothesis is equally satisfied. Hence, the result follows
by induction. The asymptotics can now be read from (3.42), each term in the sum is

O(a) = O(e=2"") at 7* — +o0 and every term in the sum is O(r*~ ")) at * — —co.
One can now use the Faa di Bruno formula '? to show that:
fell= fe 8% o,.fec 8% (3.43)

In particular, if f € I and f(r*) = O () then f € %L

r* 00

3.4.2 p-invariance

The metric on B does not depend on the coordinate ; this invariance will be ex-
ploited in two ways in this paper. Firstly, diagonalising D, with anti-periodic boundary

conditions, any ¢ € ¢ can be represented as:

o(r,0,p0) = Z gzﬁp(r,@)eip“’.

p€Z+%

The subspaces of this Hilbert sum are stable under the action of H, and we could just
consider the restriction of H to any such subspace; this would enable us to treat the

terms with factor D, as potentials. However, some terms contain explicit coordinate

12. See, appendix B.2
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singularities. To avoid technical difficulties due to this, it is more convenient to work with

the operator H? formally defined on ¢ by:
2 2

AN A VAA VAN~ VAA
Hp:ﬁierlDr‘FHie@S?_M%—i—%pmﬂ)—kaq;}p
Zo Zo o= =0 o
IN AL [ A2
VA (p - f") . (3.44)
osinf \ o =
The function Voiﬁe (’f - \/EA_9> is well-defined and bounded, because '*:

=2pt — Ago?

RV/ VI
5,02 + v A@O’ 7

P -
o = o=
and:
Z2pt — Ayo?® = a*sin® 6 (AgAT +22(r* + a®)(I’r? — 1) + a*sin® 0(Z2 — I*(r* + a?) )) :

HP coincides with H on the subspace corresponding to the eigenvalue p € Z + % of D,
and the coordinate singularity is absorbed into ® g2 which is well-defined as an operator

on the sphere.
In later analysis, it will also prove convenient to rotate the coordinate system so as
7’24#(127 the

to cancel some of the effects of rotation at the double horizon. Setting ¢y =
coordinate transformation is:

= 0 =0, ¢ =¢—ct.

Naturally, ¢ and ¢’ are circular coordinates. Due to the p-invariance of the metric, H?

transforms very little under this change of coordinates, in fact, we just have to perform

the substitution:
H? — H? — ¢yp.

From now on, unless otherwise stated, we will work in the rotated coordinates. For conve-

nience however, we will continue to call ¢ the new circular coordinate ¢ — ¢ot. Thanks to

the p-invariance of our problem this should not cause any confusion.

13. o is defined by Equation (3.26). One has: 02 = Z(r? + a2)p + 2Mra?sin? 0 > Z(r2 + a?)r?
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3.4.3 A comparison operator

Almost all the operators we will study in this paper are perturbations of a single

operator H, given by:
H(] = FlDr* + g(r*)@ + f(’f’*) (345)

The functions g and f satisfy:

VA,

E(r? 4+ a?)

est fry=_2L __ WP . go1 (3.46)

g(r*> = ,’n2+a2 7~2+a2

whilst, the operator ® is defined by:
1 1
D =A;DsAj. (3.47)

The structure of this comparison operator is very similar to that of those used in [NHO04;
Dau04], except that, here, the angular part © is a perturbation of the Dirac operator
on the sphere ® g2, rather than g2 itself. The spectral properties of the latter, which
are well-documented ', were quite essential to the analysis in [NH04; Dau04], luckily, ©

shares many of them.

Lemma 3.4.2. Let S be the self-adjoint extension in L*(S?) @ C? of the operator:

defined on the subset of [C°°(S?)]* with anti-periodic boundary conditions in p. Denoting
its domain D(S), S = AJSA} is self-adjoint on D(S) and has compact resolvent.

Proof. S has a core consisting of smooth functions on which a simple calculation shows

that:
fsinf
o

~ e i a*l? cos

The expression extends to all of D(S) by continuity in the graph topology. The estimates:

14. see, for example [Abr02; CH96; Tra93]
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Ng—1 a?l?
0< VA —1<
o \/_+1— 9

3.48)
212 fsin 8 2 4l4 (
i, Sl < SRR, e (s
together imply for u € D(S):
2l2 f<in 6 212
H u—iaxa;()\/SA_:mu < L (1Sul| + |[ul]) - (3.49)

It is easy to see from (3.7) that % < 1. Thus, by the Kato-Rellich Perturbation The-
orem [Lax02; Kat80], S is self-adjoint on D(S). In order to show that S has compact
resolvent, it suffices to show that there is a z € p(S) such that R(S, z) is compact, for, by
the resolvent identity, the property will follow for all z € p(S). In fact, in this perturbation
theory setup, it is sufficient to show that there is some z € p(S) such that the following
inequality holds:
212 a2l
—||R(z S| + —||SR(Z S| <1, (3.50)
where R(z,S) denotes the resolvent of the operator S at z. Indeed, assuming (3.50), it
follows from (3.49) that for any u € L?*(S?, C?):

2[2 2 2

1(S = S)R(z, S)ul| < 7HSR(Z S)ull + 7HR(Z Syull < full-

(S —S)R(z,S) is therefore a bounded linear operator and I 4 (S — S)R(z, S) is invertible

with bounded inverse. Moreover:
S—2I=8S+8—85—z2I=I+(S—S)R(28)(S — zI).
Consequently, S — zI has bounded inverse given by:

R(z,8)(I+ (S —S)R(z,8))™*

R(z,8) is compact because S has compact resolvent, so (S — zI)~' = R(S, z) is compact.

We now show there is z € p(S) such that (3.50) is satisfied. By self-adjointness, it
suffices to seek z of the form z = ic. A classical resolvent estimate shows then that:
IR 9 < &

C| so that ||R(z, 5)|| is arbitrarily small for |c| large enough. Furthermore,

107



Partie , Chapter 3 — An analytical scattering theory for massive Dirac fields in extreme Kerr-de
Sitter spacetime

for any z € p(S) we have ||SR(z,S)|| < 1, since % < 1, (3.50) holds for any |c| > 2.

Lemma 3.4.3. Let S be as in Lemma 3.4.2, the following properties hold:
— —a(8) =0a(9),
— o(S)N] - 1,1[= 0.
In particular, the eigenvalues (A )gez+ can be indexed by Z*, in such a way that A==\

for each k € Z*. Furthermore, for each k € Z*, there is a subset J, C Z + 1 5, such that

Oék,n(0> eimp c L2(S2,C2),Hwk,n” = 1’
Bk’,n(e)

unique up to a complex phase, satisfying gwkn = AUkn. Necessarily, these form a total

for each n € Ji, one can find Yy, (0, ) = (

orthonormal family of eigenvectors for S.

Proof. To prove that the spectrum of S is disjoint from the open unit interval, it is

sufficient to notice that, as a quadratic form, S? > 1. Indeed, for any u € D(S):
(Su, Su) = (/A SA u, SAeu ) > |ul?, (3.51)

because Ay > 1. The other points will be proved in a slightly more involved case in
Section 3.6.4.

Due to the block diagonal form of ®, the following is an immediate consequence of

the above:

Corollary 3.4.1. The family:

n _ 0 .
{77&2:”:(77&/8 )ﬂkaZ( wk,n),kGZ,nEJk},

is a total orthonormal family of eigenvectors of ©.

These results are sufficient to construct a natural decomposition of .7# that can be used
to obtain a convenient representation of the operator Hy. However, we begin by noting
that the subspaces L*(R) ® span{ty,,, V¢, },k € Z*,n € Ji, are not stable under the
action of I''. Indeed, if v is an eigenvector with eigenvalue A of @, then, since I'' anti-
commutes with I'> and I'®, T''¢ is an eigenvector with eigenvalue —\. In particular, the
block diagonal form of "' implies that I''¢;;,, and ¢~ , must be colinear (because 1y, is

unique up to scaling). In fact, I'' being unitary and symmetric, one has Flw,fn = ilﬂfk,n-
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The family ¢y, remains total and orthonormal if ¢_j ,, is rescaled to absorb the sign, so

one can assume that: ¢ = ¢*, . The subspaces:

i = L*(R) @ span {0, ¥F G ¥} b € NTm €

i

are then naturally stable under I'* and therefore, under Hy, and J# = @%’im For each
k,n

(k,n), #., can be isometrically identified to [L?(R)]* by the map:

bk,n : %f,n — [L2 (R)]4

U1 — U2

u1¢2:n + Uijk,n 1 U + Uz (352)
_ NG
+us 77ZJI§,n + u4¢—k,n U + Uy
U3 — Uy
Through this identification the restriction, H(]f ™. of Hy to 74, can be written:

Hy™ =T Dy — Aong(r)T2 + f(1). (3.53)

This is clearly a bounded perturbation of the self-adjoint operator I''D,. with domain

[H'(R)]?, hence it is self-adjoint on the same domain.

We are now ready to use the lemma below '° to obtain a description of a domain where

the formal expression for H is self-adjoint.

Lemma 3.4.4. Let X be a Hilbert space and (X, )nen a family of subspaces of X such
that:

L
X = @Xn,

neN

where the sum is topological. Let (Ap)nen be a sequence of operators A, on X, such that
for each n, A, is self-adjoint on its domain D(A,). Then the operator A defined by:

Ar = Z Az,

15. see [NHO4, Lemma 3.5]
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ifx =Y x,,x, € X, for any n € N is self-adjoint on:

D(A) = {{E =) z,eX, ) [|Anzn||? < oo} :
n neN

Proof. 1t is clear that A is densely defined. In order to show that A is closed, denote
by P, the orthogonal projection onto X for each & € N and suppose that (z),en is a
sequence of points of D(A) such that 2™ — z and Az™ — y in X. Then for any k € N,
P.a™ — Pyx and P Ax™ = ApPyax™ — P,y by definition, but since A, is closed, it
follows that Pyx € D(Ag) and Py = ApPyx. Thus, X || Ax Bz ||> = Xk || Py |? < 400 so
z € D(A) and Az = y.

To prove that A is self-adjoint we show that A + z has dense range for any z € C\ R.
Let y € X be such that (Ax + zz,y) = 0 for any = € D(A). In particular, for each k € N,
and every x € D(Ag), (Agz + zx, Pry) = 0, but then, since Ay is self-adjoint, Py = 0 for
any k € N, i.e. y = 0.

The natural domain for Hy, which is always meaningful in the distributional sense, is
certainly {u € 5, Hyu € '}, this, in fact, coincides with the domain of the operator

given by the previous lemma:

D(Hp) ={u=> up, € 5, [ Hy ™ g |2 < 00}
k,n k.n
The proof is analogous to that of [NH04, Lemma 3.5].
Since for each k € N* n € J, , D (Hg’”> is isometric to [H*(R)%], and .#(R) '° is dense
in H'(R), we deduce immediately a core for Hy, that we will simply denote by .. This
core will be convenient for many computations, in particular, it will justify the use of the

Leibniz rule when computing commutators. More precisely:

L
Lemma 3.4.5. ¥ = P (R) ® spcm{wzn,wfk,m%;mi/ik,n} is a core for Hy.

k,n

Proof. For any k,n, Hy™ is self-adjoint on D(HE™) = ben([HY(R)]*) (bey, is defined
by Equation (3.52)) and [“(R)]* is dense in [H'(R)]*. Denote by Py, the orthogonal
projection onto J,,. Let u € D(H,) and € € R%. For each k,n, one can find ¢, €

16. .(R) denotes the Schwartz space of rapidly decaying functions.
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[ (R)]* such that:

2_k+72L+2
[0k P = Oronl iy < € o
k
where C = Ag||9]|oo + || f]|oo + 1, it follows that:
; [Pty — by (drn)|]? < €%, ; | Ho(Penth — by (drn))|IP < €. (3.54)

Therefore, > P nt) — b;;(gbkn) converges to some y € D(Hy). Set ¢ = ¥ — y, then
k,n
l|¢ — || + ||Ho(¢ — 1)|| < 2¢, and for every k, n:

Pen®d = Pyt — Prpy = b;;i(@,n),

i.e. ¢ € Y. € being arbitrary this concludes the proof.

3.4.4 Short and long-range potentials

The construction of the wave operators, modified or not, will mainly be based on
Cook’s method '” or minor variations thereof. Because of this, it will be interesting to
investigate the integrability of the matrix-valued coefficients appearing in our differential
operators. Amongst those, we will call “potentials”, the parts of the order 0 component
of its symbol that vanish on the horizons. For our purposes, they will be split into merely

three groups. Namely a potential V' is:
— short-range at +o00 (resp. —oo) if:

sup |[(r)*V]| <+ oo (resp. sup [[(r")*V|| <+ o0) (3.55)
r*>0,9€52 r*<0,0€52

for some a > 1,
— long-range otherwise,

— of Coulomb-type at +oo (resp. —oo) if V' is long-range there and (3.55) holds with
a=1.
The norm here is the operator norm on M4(C) and (.) denotes the Japanese bracket
(ry = v/r? 4+ 1. In relation with the symbol spaces we introduced previously, let m,n € Z
and suppose V' € §™" then:

17. See for example [Lax02, Chapter 37]
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— m > 1 = V short-range at +o0,
— n > 2 = V short-range at —

— n=1=V of Coulomb type at —

3.4.5 Self-adjointness of H”

It is now relatively easy to prove the self-adjointness of HP, we first introduce the

function:
2 1 2
hr,0) = AJ /2L (3.56)
o
it satisfies the following properties:
h? —1] <1-ad? <1, (3.57)

(r? 4+ a*)a®sin 6 cos 0=

Oph = A,
b Qh\/ AQU?’

€ S*2. (3.58)

Proof. The first property follows from the following chain of inequalities:
A,a?sin? 0
(a +vVAg(r? + a?) )
a?
)

Aya?sin?0  a?
S I

0<h?®—

272
= Gal <1-—d%".

< < <
1—a22 — /(1 — a?2)? — 12a2[?

By Equation (3.7), 1 — a®l* < 1, the conclusion follows.

The boundedness of 0,-h =
[Hy, h] is defined on D(Hy) and:

Orh and Oph shows that h € B(D(H,)). Indeed,

2+2

VAA,

E(r2 + a?)

[Hy, hju = —iT' Ophu — i [20phu, u € D(Hy).

Consequently, for any u € D(H)):
|[Hohul| < [|hHoul| + [|[Ho, hlul| < C(|[Houl| + [[ul]), (3.59)

for some constant C'€ R?.. The following relationship between Hyand H?is therefore
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meaningful:
H? = hHoh + Ve + Vs, (3.60)
with:
Ve — _apy/Ag N alg(r* +a*)p aArp N ap(h? — 1)
o o? o? r2 + a?
alg/ A, Al
+i l (w — <2mr - S+ a2)>> < FQ]
—z' Z'AT\/AQ(IHCOSQ B iaA,/Dg(r? + a?) cos 6 2T, (3.61)
2p%0= 203
NNy (P VA VAA jay/A, sin Or A
Vo= Yorot (Lo Y20 popy Moo | (YIS0 TR (3.62)
osinf \ o = = 2p%0=2

In the above, we have sorted the terms according to their asymptotic behaviour at —oo,
since at +oo all the potentials are short-range. More precisely, the terms in Vg are short-
range at —oo and those of Vi are of Coulomb-type there. Equation (3.58) means that
h|Hy, h| is short-range at both infinities.

Using Equation (3.60), one shows that:
1
Lemma 3.4.6. H? is self-adjoint on D(Hy), for any p € Z + 2.

Proof. 1t follows from Equation (3.60) that:
H? = Hy + (h* — 1)Hy + h[Hy, h] + Vo + Vs,
since [Hy, h| is bounded, H? is Hy-bounded and, using the fact that :
R? -1 <1-a** <1,

the result follows from the Kato-Rellich Perturbation Theorem.

3.4.6 Further properties of H

Let us pursue the study of the simplified operator Hy; we aim to describe its domain

as well as to generalise a useful criterion for proving compactness of functions of Hj.
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Lemma 3.4.7. As quadratic forms on ., HZ and Q = D% + ¢*(r*)®? are equivalent.

Proof. On ., the following equation makes sense:

HY = D24 g0 + 07+ T 0710 4 290D 107) + {76, T De}

Furthermore, for any u € .

(({f (). T D bu, w)| < (T Dy, f(r*)u)| + | (f (7w, T Dy

< 2 Dyl £l .

< 9| |l T Dy (3:63)

< P Deul? + 21111l
It follows that:

SD% 42 2 (F67), T D} 2~ 0% — 207
Exploiting the fact that |¢'(r*)| < C|g(r*)| for some C' > 0, one has:
Fl 1/ % 1/ %
g/ ()0, )| < g ()l lull,
< 1ealld ol + Pl (364

1 *
< lg(r)Dul? + C?[Jul]*.
We thus conclude that:
1 2/ % 2 2 Fl 1/ % 1 *\ 282 2
79 D7+ C7 2 —g (1) = =7 g(r")"0" — C~.
i
In Equation (3.64), we have used the fact that:

9/2(7"*)92 S 0292(7”*)@2.

This follows from the functional calculus, since, if Z is an even function in the second

18. {A, B} denotes the anti-commutator AB + BA of two operators A and B, defined, if necessary, as
a quadratic form.

114



3.4. Analytic framework

variable:
(Z(* D), u) =Y / Z(r* Mo [t [Padr™,
k,n
U= Z b,;}tuk,n, U € [LQ(R)P,
k,n

and so inequalities valid for Z pass to the operators, here:
Z(x,y) = g'(x)*y,
which clearly satisfies: Z(x,y) < C?g(x)%*y*. Finally:

(2g(r")Df(r*)u, )

=2/(g(r")Du, f(r)u)l,
<2[[f{lollg(r*)Dul[[ul],

1
< Na(r)Dull® + 4l FI1ul

Thus: . )
19(7“*)2@2 + 4112 = 29(r) f(r)D > —19(7"*)292 — 4| f11%,

and therefore: )
HZ > §<Dz* + g(r*)*@?) — ',

where C" = T7||f||%, + C? > 0. Overall :
1 I < 2 < !
562_0 < H; <20+ (",
which concludes the proof.

Lemma 3.4.7 has the following important consequences:

Corollary 3.4.2. D(Hy) C H}, continuously and we have the following criterion for

compactness'?:

If f,x € Co(R) then f(r*)x(Hy) is compact.

In the above corollary, C(R) is the set of continuous functions that vanish at infinity.

Corollary 3.4.3. T'D,. and g(r*)® are elements of B(D(H,), 7).

19. The criterion is a consequence of the Rellich-Kondrachov theorem. See for example [Eval0].
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The relationship between the operators @ and HZ goes even further. Using similar

arguments to those in [NHO4], one can show that:

D(Hg) = D(Q) (3.65)

3.5 Mourre theory

3.5.1 DBrief overview

Mourre theory is a very powerful tool for constructing analytical scattering theories.
It has been used in many different situationsincluding t he q uantum N -particle prob-
lem [DG97] and for scattering of classical fields — with or without s pin — in a range of
black-hole type geometries [Haf03; Dau04; NHO4]. The theory has been refined since E.
Mourre’s original article [Mou81] following, in particular, the theoretical developments
in [AMGY96]. There, it is discussed that one can substitute a certain regularity condi-
tion for some of the technical conditions in Mourre’s original work. We present here a
non-optimal “working” version of the theory. Mourre theory is a very powerful tool for
constructing analytical scattering theories. It has been used in many different situations
including the quantum N-particle problem [DG97] and for scattering of classical fields -
with or without spin- in a range of black-hole type geometries [Haf03; Dau04; NH04]. The
theory has been refined since E. Mourre’s original article [Mou81] following, in particular,
the theoretical developments in [AMG96]. There, it is discussed that one can substitute
a certain regularity condition for some of the technical conditions in Mourre’s original

work. We present here a non-optimal “working” version of the theory.

We begin by making precise the aforementioned regularity condition :

Definition 3 .5.1. Let A, H be two self-adjoint operators on a Hilbert space 7. We will
say that H € C'(A) if for any u € # the map s — eA(H — 2)~Le~"4y is of class C* for
a (and therefore all) z € p(H).

In other words, Definition 3.5.1 states that, in a certain sense, the resolvent of H evolves

smoothly under the action of A?°. An interesting technical consequence of this regularity

20. This interpretation fits nicely i nto t he H eisenberg p icture, w here o perators e volve i nstead o f the
wave function
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is that (in the form sense) the following equation makes sense on .77
[A7 (H - Z)_l] = (H - Z)_I[Hv A](‘H - z)_la

we refer to [AMG96] for more details.

Definition 3.5.2. A pair (A, H) of self-adjoint operators on a Hilbert space s such
that H € C'(A) will be said to satisfy a Mourre estimate (with compact error) on some
energy interval I C R if there is a compact operator K and a strictly positive constant p
such that:

1,(H)i[H,A|l1;(H) > pl,(H) + K.

This will be written more briefly:
L (H)i{H, AL(H) 2 e (D). (3.66)

The heart of Mourre theory is contained in the following theorem; the statement here
differs from that in Mourre’s original article [Mou81]; here we follow [Daul0; NH04].

Theorem 3.5.1 (Mourre). Suppose that :

1. i[H, A] defined as a quadratic form on D(H) N D(A) exstends to an element of
B(D(H), ),

2. [A,[A, H]] defined as a quadratic form on D(H)ND(A) extends to a bounded operator
from D(H) to D(H)*.

3. (A, H) satisfy a Mourre estimate on I C R.

Then, H has no singular continuous spectrum in I, and H has at most a finite number

of eigenvalues, counted with multiplicity, in I.

When a pair (A, H) satisfy the conditions of Theorem 3.5.1, A will be said to be a

conjugate operator for H on I.

3.5.2 Our conjugate operators

We will now proceed to describe our choice of conjugate operators for Hy and a class
of perturbations of Hy that will include H?,p € Z + ; Mourre theory is very flexible in

that the notion of conjugate operator is local in energy but also, using cut-off functions,

117



Partie , Chapter 3 — An analytical scattering theory for massive Dirac fields in extreme Kerr-de
Sitter spacetime

in space-time; this is well-illustrated in [Dau04; NHO4]. As a consequence, determining a
candidate for the conjugate operator of a given operator H can be a very creative process,
although in many examples from physics, the generator of dilatations, or minor variations
thereof, is usually a good candidate. We will see that, despite the extreme blackhole
geometry, our case is no exception. As in [Dau04], the full conjugate operator will be a
combination of two operators A, and A_ tailored to deal with the distinct natures of
the geometry at the two asymptotic ends. Throughout the sequel we separate the two
infinities using smooth cut-off functions, j.,j_, j; satisfying:

1 ift<-2 j (t)=0 ift>-3
jr@) =1 ift> -1, ji(t)=0 ift<-1, (3.67)

1

ift>-1, 5(t)=0 ift<-3.

j— and 7; should be chosen such that their supports are disjoint.

At the simple horizon

Near 4, we will follow the treatment in [Dau04] and set:
A-l—(S) = R+ (’I"*, Q)Flv (368)

where:

(3.69)

* _ .—1
R 9) = (7 = - (),

S

Since |®| > 1, the same arguments in the proof of [Dau04, Lemma IV.4.4] can be used to
show that:

Lemma 3.5.1. For any S > 1, uniformly in A\, k € N*:
|Ry(r*, \p)| < C{r*). (3.70)

In the above, C' is a positive constant and R, (r*, \x) denotes the restriction of Ry (r*, D)

to G, .

Despite the strange argument in the cut-off f unction, t his ¢ hoice i s s urprisingly simple

and is essentially : I''r*. This is motivated by the observation that, under the unitary
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ik~11n(|D|)D,.

transformation: U = e~ *, the toy model on R, x S? given by:

H=T'D, + e D+,

transforms to :

o * @
— FlDr* R .
H +e D] +c

The commutator with I''r7* is then easily seen to be :

o) * @
i T ] =14 2re™™ T
D
Restricting to a compact energy interval using x(H), x € C§°(R), the second term will
lead to a compact error by Corollary 3.4.2. Note that without the unitary transformation
U the commutator is :

i T ] =14 2r*e ™ DI

K KT*

Here the second term is problematic, as r*e™" does not decay faster than e™" and

hence we cannot control ||[r*e™ D|| with ||e=*" D|].

Near the double horizon

Let us start our discussion at 77, by motivating the coordinate transformation we

performed in Section 3.4.2.

At the double horizon (r* — —o0), the function g appearing in the expression for

—r*

Hy decays as O ( 1 ) This is significantly slower than the exponential decay at a simple
horizon, and is similar to the behaviour at space-like infinity in an asymptotically flat

spacetime. In fact, when r* — —oo the principal symbol of H, formally ressembles:

~ C
H: FlDT* - 7@,
r
which is the massless Dirac operator (for the spinor density) for the asymptotically flat

metric on R* x S? :

K\ 2
o2 ax2 (T i 2
N = di® — dr (C) Ao

This suggests that we should try to treat the double horizon in a similar manner to space-
like infinity, and in particular that A = ; {D,~, r*} should be a reasonable candidate for
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a conjugate operator there; indeed,

i Al = 1 (3.71)

However, had we used the original Boyer-Lindquist like coordinates (t,r,6, ), near

r* — —oo, we would have been lead to set:

Hy =T'D,. + g(r*)® + f(r*),

ap
) r2 4 a?
hence be : H+ cop. Since A commutes with constants, we need to modify it to generalise

where f € §°° and J_i}rg f(r*) = cop = The corresponding toy model would

Equation (3.71). This can be achieved simply by appending I'ycor* to A. However, in
doing so, we are immediately confronted to similar issues (that are carefully avoided by
the unitary transformation U) described above at the simple horizon. The solution relies
on the morphism properties of exp and the fact that r*ef+" = Lo OO(1). In our situation,

even if we can imagine trying to exploit the morphism properties of ¢ — %, with a unitary

—3 PP} the error may not be compact simply because

transformation such as U = e
there is no decay left ! The coordinate change performed in Section 3.4.2 circumvents the
problem entirely by shifting the potential to the simple horizon, where we know how to

treat it. In the sequel we set:

A(S) = ;{R_(r*),DT*}, (3.72)
where, .
R_(r*) = jﬁ(%)r*, (3.73)

{-, -} denotes the anti-commutator and S > 1 is a real parameter.

The conjugate operator A; will vary depending on the energy interval I, in fact we
will show that there is S; € [1, +00) such that on I either:

AL(S)) + A_(S)) it I C (0, +00),

(3.74)
A (Sr) = A_(S1) it I C (—00,0),

is a conjugate operator on I.
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3.5.3 The technical conditions

Despite being the key assumption in Mourre theory, the estimate (3.66) alone is not
sufficient for the conclusion of Theorem 3.5.1. This section is devoted to the proof of the

following results:

Proposition 3.5.1. For any S > 1, AL(S) and A, (S) £ A_(S) are essentially self-
adjoint on 7.

Proposition 3.5.2. Let H be an operator on € defined by :
H = hHyh +V, (3.75)

where?! :
— V is a matriz-valued potential such that V € SU1
— h € C° (R« x]0,7[) such that h > 0, |h?* — 1| < ¢ <1, O+h,0ph, h* — 1 € SHL.

Any such operator is self-adjoint on F with domain D(Hy) by the Kato-Rellich theorem.
Furthermore for any A € {AL(S), AL (S) £ A_(S)} :

1. The quadratic forms i[H, A] and i[[H, A], A] on D(H)N D(A) extend to elements of
B(D(H), ),
2. H e C*(A).

We record here the following useful properties of the operators H defined in the previous

Proposition:
Lemma 3.5.2. D(H?) = D(H?).

For a proof we refer to [NHO4, Lemma 4.6].
We also note that the functions h and V' = Vi + Vs of H? satisty slightly better

conditions than those above :

Lemma 3.5.3.
— The function h defined by FEquation (3.56) satisfies :

h2 —1,0,.h, dph € S>2.

21. These assumptions are not optimal
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— Let Vo and Vs be as in Equations (3.62) and (3.61) then :

Vo € Sl’l,VS e St2

We begin our presentation of the proof by remarking that the condition H € C'(A) is
quite difficult to check directly, despite the following characterisation:

Theorem 3.5.2 ( [AMG96, Theorem 6.2.10] ). H € C*(A) if and only if the follow-

ing two conditions are satisfied:

— there is ¢ € Ry such that for allu € D(A)N D(H):
|(Au, Hu) — (Hu, Au)| < c(|[Hul[* + [Jul|*), (3.76)
— for some z € p(H) the set:
{u € D(A),(H—2)"'ue D(A) and (H — 2)"'u € D(A)},
is a core for A.

To overcome this, there is a useful scheme, based on Nelson’s commutator theorem [RS75,
Theorems X.36, X.37], that greatly simplifies the proof that H € C'(A) in many cases.

We first recall Nelson’s theorem:

Theorem 3.5.3 (Nelson). Let N be a self-adjoint operator with N > 1. Let A be a

symmetric operator with domain D that is also a core for N. Suppose that:

— For some c and ally € D,
[Ap]] < c]|NY]|. (3.77)

— For some d and all ¢ € D:
(A, Nop) = (N9, Ag)| < d| N7 (3.78)

Then A is essentially self-adjoint on D and its closure is essentially self-adjoint on

any other core for N.

Remark 3.5.1. Note that it follows that D(N) C D(A) and A is essentially self-adjoint
on D(N).
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The scheme is to find a third operator N — that we will refer to as the comparison operator
— whose domain is a core for both H and A; which we establish using Nelson’s lemma.

We then seek to apply the following:

Theorem 3.5.4 ( [GL02, Lemma 3.2.2] ). Let (H, Hy, N) be a triplet of self-adjoint
operators on €, with N > 1, A a symmetric operator on D(N). Assume that:

1. D(H) = D(Hy) D D(N),
2. D(N) is stable under the action of (H — 2)7",
3. Hy and A satisfy (3.77) and (3.78),
4. for some ¢ >0 and any uw € D(N), (3.76) is satisfied.
Then:
— D(N) is dense in D(A) N D(H) with norm ||Hul|| + ||Aul|| + ||ul],

— the quadratic form i[H, A] defined on D(A)ND(H) is the unique extension of i[H, A|
on D(N),

— H e CYA).

Our proof shall follow this outline.

3.5.4 The comparison operator N

Before identifying the comparison operator N, we begin with an important stability

lemma:

Lemma 3.5.4. For any n € N* z € p(Hy), the domain of (r*)" is stable under the
resolvent (Hy — z)™* and x(Hy) for any x € C§°(R). The statement remains true if Hy is
replaced with H.

The proof is identical to that of [Dau04, Proposition IV.3.2] and will not be repeated
here. This lemma is very important for scattering purposes since it is an indication of
how decay rates behave under the action of H, but it also serves to justify the use of the

following comparison operator **:

N = D2 + g(r*)D* + (") = Q + ()% (3.79)

22. That has an almost uncanny ressemblance to the harmonic oscillator...
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Decomposing # as in Section 3.4.5, Lemma 3.4.4 and equation (3.65) imply that:
D(N) = D(Q)n D({r")*) = D(Hg) N D({r")?). (3.80)
Finally (3.80) and Lemmata 3.5.4 and 3.5.2, together lead to:

Vz € p(Ho), (Ho—2z)"'D(N)C D(N),

(3.81)
Vz € p(H), (H—2)""D(N)c D(N).

Thus, the first two conditions of Theorem 3.5.4 are satisfied by the triplet (H, Hy, N).

3.5.5 Nelson’s lemma

We will now check that Hy and AL (S) satisfy the hypotheses of Theorem 3.5.3. To
simplify notations, we will omit to specify the dependence on the real parameter S of the
operator Ay in this paragraph, as all the results discussed here hold for any S > 1. As a

first step, we deduce immediately the following useful estimates from (3.79):

Lemma 3.5.5. For any u € D(N) :

1 " 1

[T Dy | < ||N2ul], |[g(r*)Dul| < [|NFul],
1 1

[ ul| < [INZul], [[ul| < [[NZull.

(3.82)

Lemma 3.5.6. With N as comparison operator, Hy satisfies Equations (3.77) and (3.78).

Proof. Fix u € D(N), from Lemma 3.5.5, we have:

|Houl| < |0 Dyeu]| + |lg(r)Dul] + [| ()],
< (24 [|f]]o0) [N 2], (3.83)
< 2+ |If] o) | N,

this proves (3.77).
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Moreover:

([N, Hou, u)| <2|/(Tr"u, w)| + 2T g/ (r")g(r")D%u, u))|

+2{| £/l ocl | Druul[[[ul| + 2/ Dyl [[]g' (") Dull,
<2(|[r*ullllul] + Cllg(r*)Dul (3.84)
+ 11 F'llol Dyl [[u]| + C||Dyeul|[|g(r)Dul]),

<21+ [Flloe + 2C) INul
In (3.84), we have used the fact that there is C' € R* such that:
lg'(r)| < Clg(r™)],

and the functional calculus as in the proof of Lemma 3.4.7.

In order to establish analogous estimates for A_, we will also need the following esti-

mates:

Lemma 3.5.7. For any u € D(N),

[17%ul[® < [|Nul[* + [lull?,

) ) ) (3.85)
|Qul[* < || Nul[ + [|ul]".
Proof. As usual, we will prove it for u € .. One has:
[ Nul|* =(N*u, )
=[1Qul* + |Ir**ul|* + [[u]* + (Qu,r**u) (3.86)
+ (ru, Qu) + 2(Qu, w) + 2||r*ul®.
Since, for any v € D(Q), (Qu,v) = |[[T*D2v||* + [|g(r*)Dv]|[* > 0, it follows that:
[Nul? = [|Qulf* + [lr**ul* + [[ull* + (Qu, 7" u) + (r**u, Qu). (3.87)
Now,
(Qu, r*u) = (r*Qu, r*u) = (Qr*u, r*u) + (2iDyu, r*u), (3.88)
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and so, adding the hermitian conjugate (r*?u, Qu), one obtains:

(Qu, **u) + (r**u, Qu) = 2(Qr*u, r*u) + (2ir* Dy, u) — (20 D1, u)
= 2(Qr*u,r*u) = 2[ul[* > =2|Jul[*.

Hence,
[INul? = [|Qul* + ||r**ul | — [Jul|*. (3.89)
Lemma 3.5.8. There is a constant d > 0 such that for any v € D(Q) = D(HZ),
1 D7 ull* < d(|Qul|* + [Jul ). (3.90)
Proof. As quadratic forms on .%:

QZ :D4*

?—i[{Dy, g}, 9(r")]®?, (3.91)

>D! — 20",

where we have used the fact that |¢/(r*)] < C|g(r*)].

Combining Lemmata 3.5.7 and 3.5.8 yields:

Corollary 3.5.1. r** D2 € B(D(N), ).

We are now ready to prove:

Lemma 3.5.9. A_ satisfies (3.77) and (3.78).
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Proof. Until now we have not discussed the domain of A_ and will simply consider it as

being defined for u € ., which is a core for N. Then, the following estimates hold:

I|A_ul||* =(R_(r*)Dy~u, R_(r*)Dysu) + }||R’_(r*)u||2
_ ; ((R_(+*) Dy, iR () + iR, R_(+*)Dye))

* * * * 1 *
<(R-(r")Dyewt, R_(r*) Dy-w) + ||RL(r) R (r")ul | Dy + [ R (r )l [*
Since R’ (r*) is a bounded operator, using Lemma 3.5.5 one can see that:

|BZ () R (r*)ul[[| Dyeu

1 . L 1
|+ FIBL O )ul® < IR |loolIN 2wl + IR [ul?
< IR [foo (1 + | B |oo) | Nl .

Moreover, by Lemmata 3.5.7 and 3.5.8:

(R (+*) Doty R (1) Dyot)| = |(R2 ("), D) + 2R ()R- (r*)u, D)
< VB [Nul” + 2| R [l | Nu] [

Combining the above gives (3.77). To prove (3.78) we start with the following estimates:

(N, A_Ju,w) =]<—;<R&°’><r Jusw) = i({D2, B (") }u, )

*

+ 22(7“*2]2(5) u) + (2ig'(r*)g(r*) R-(r")D%u, u)|,

:| — i({Dy, R_(r*) Dy bu, u) — ;({Dr*a RY(r") yu, )

*

+2i(r *232(5) u) + (2ig'(r*)g(r*) R-(r")D%u, u))|,

1
| (HR’IlooHDr*u [+ IR el

2lli- (Sl + 20196 Dulllg' () B ()0 |

S

The only term that may pose problem is:

|R-(r")g' (r")Dul|. (3.92)
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However,

R_(r")g'(r) = g(r")j2 (r")r" (_ Y __ra, ) : (3.93)
E(r2+a?)  E(r2+a?)?
and the term between brackets is . _)O_Oo(ri) because when r* — —o0, r approaches 7., the
double root of A,, hence, both A, and A/ are at least Tgm(r—re) and r—r, = TQOO(TL*) 23
In conclusion, there is C' € R* |R_(r*)g'(r*)| < C|g(r*)| and thus, by the functional
calculus:

1R-(r")g' (r)Dul| < Clg(r*)Dull. (3.94)

Overall,

(N, A Ju,w)] <

IR |lo + 2 (1R [Joo + C + 1)) || N 2ul? (3.95)

According to the above result, we can conclude that A_ is essentially self-adjoint on
D(N); the analogous result for Ay is proved in [Dau04, Lemma IV.4.5], the arguments
are identical. Theorem 3.5.3 also applies to A = A, + A_. In all cases, we will consider

the operators and their domains as being defined by the conclusion of Theorem 3.5.3.

3.5.6 Proof that Hy, H € C'(A)

In order to prove that H, Hy € C'(A), we require one more estimate that will be the
object of this section. According to Theorem 3.5.4 it is sufficient to prove that for some

¢ >0 and any v € D(N) one has the estimate:
|(Hu, Ayu) — (Agu, Hu)| < c(||[Hul[* + [[ul]*). (3.96)

As before, we will focus our attention on A_ and refer to [Dau04, Lemma IV.4.7] for A,.
In order to apply Mourre theory, we will additionally need to show that i[H, A] extends
to a bounded operator from D(H) = D(H,)?* to 5. Both of these are covered by the

following estimates, established, first, on the common core .¥’; we begin with H.

23. Note that in (3.93) Al = aaArr

24. This equality is to be understood to imply that the graph norms are equivalent.
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Let u € .7, then:

[[i[ Ho, A_Jul| =T R () Do — ;rlRi(r*m — R_(r")g' (r*)®u — R_(r*) f'(r*)u

:

1 * *
<IB ool [Dretl| + SHEZ ool [l | + [|B-(7)g" (r)Dul | + [ B[] [oo]ul]
Using (3.94) and Corollary 3.4.3, we thus conclude that for some ¢ > 0 and any u € %
|li[Ho, A_Jul| < c(|[Houl| + [|ul]). (3.97)

Hence, i[Hy, A_] extends uniquely to an element of B(D(Hy), ) and (3.96) holds. In

order to establish the analogous result for H, we write:
[H,A_| = h[Hy, A_)Jh +i(hHoR_(r*)h + R_(r*)h'Hoh) + iR_(r*)V".

Since h, R' (r*) € B(D(H,y)), h[Ho, A_]h and R (r*)h' Hyh extend to elements of B(D(H,), 7).

For similar reasons to h, R_(r*)h’ € B(D(H,)) also, and, using Equation (3.43), R_(r*)V' €

B(). 1t follows then that [Hy, A_] extends to a bounded operator D(Hy) — 2.
Assembling all the results above, we have thus shown that Hy, H € C'(A) and that

the first two assumptions of Theorem 3.5.1 are satisfied. It remains to verify the final

assumption regarding the double commutator.

3.5.7 The double commutator assumption

Theorem 3.5.1 only requires that the double commutator extends to a bounded op-
erator from D(H) to D(H)*, this section will be devoted to showing a slightly stronger

result:

Lemma 3.5.10. [A,[A, Ho)] and [A, [A, H]] extend to elements of B(D(H), 7).

The consequence will be that H and H, are in fact C?(A) (see [AMG96, Chapter 5]),
proving the final point of Propostion 3.5.2. Beginning with Hy, it is sufficient to prove
this for the four double commutators [AL, [A+, Ho|] separately; we will mainly concentrate

on A_, but it will also be informative to consider the mixed terms [AL, [A+, Hyll.
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(a) [[Ho,A_],A_] A short calculation shows that:

(=1)[ilHo, A-], A-] =(—i)< - ;FlR’ (r)R”(r") = i(R_(r))°T" D,

+iR_(r)R" (r)['D,. — %FlR, (F)R" (1) (3.98)

i) (B ) DD + (R0 )

Many of the terms in (3.98) extend clearly to elements of B(D(H),.7Z), either because
they are bounded on .57 or using Corollary 3.4.3. The term that merits comment is

underlined; it expands as follows:
R_(r)g" (r)D + R_(r*)g' (r")D. (3.99)

We have already shown how to deal with the second term, and the first is treated very

similarly as it is easily seen that |g”(r*)| < C|g(r*)| for some C' € R?.

(b) [{[Ho, A_], A+] This double commutator, as a quadratic form on ., can be computed

as:
(=i)lil[Ho, A-), As] =(=i) ([T" R (") Dy, Ad] = 2R-(r)g/ () R (r*, D)T'D) .
The first term vanishes, since on .¥ it can be evaluated as:
T'R_(r*)D,+, Ay] = —R_(r*)R (r*, D),

and j; and j_ have disjoint support (cf. (3.67)). The second term, which, on first glance,
seems difficult to control, will equally vanish entirely due to our choice cut-off functions

J+sJ—,J1. To see this, recall that:

. - o (" =Kk 1In|D
Ry (r*,®) = (r —/ﬁlln‘@’)ji< 5 | |>

Hence, since j; satisfies j;(t) = 1,¢ > —1, then:

* o, T
R+(T ,@) :]%(7

<R (7, D). (3.100)
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It follows that:

*

2R_(r')g (") Ra(r*, D)T'D = 2R_(r")j3(g )9/ (") Ry (", D)T'D,

but, j_ and j; are chosen such that supp j_ Nsupp j; = (), therefore this term vanishes.

(c) [i[Ho, Ay],A_] Here, we start from*°:
i[HO7 A+] = R;(T’*, ®> + QZg(T*)©R+<7"*, ©)F17

this leads to:

[i[Ho, A4, A-] = RL(™, D)R-(r") + 2i (9(r*) Ry (", D)) R- ()T
Since (3.100) is equally true if R (r*,®) is replaced by its first or second derivative with
respect to r*, one can argue as before and find that this double commutator vanishes
entirely. We refer to [Dau04] for the appropriate treatment of [[Hy, A4], A4].
This concludes the proof that (Hy, A) satisfies the first hypotheses of Mourre theory.
To show that this is equally true of (H, A), we proceed as before using (3.60). For example:

[H,A_],A_] = h[[Ho, A_], A_]h + 2ih[Ho, A_|R_(r*)R'
4 2R_ (W [Ho, A_Jh — 2h'R_(r*) HoR_ () I
— RHoR(r*)(R_ (")) — R_(r*)(R_(r*)Y Hoh — R_(r*)(R_(r*)V"Y.

This extends to an element of B(D(H), ), thanks to the decay of A/, V', etc. Similar
computations show that this is equally true of the other double commutators. The reader
may be concerned that a long-range potentiel may jeopardise our effortsin t he mixed
commutators, causing unbounded terms to appear. However, this is not the case since
either commutation with A_ introduces the necessary decay through differentiation or
terms vanish entirely due to the choice that j; and j_ have disjoint supports. For the first

point, more precisely, if, for instance, f € .#(R), then :

[f(r), Al = iR_(r") f'(r").

25. In this equation R'(r*, ©) denotes the operator obtained after differentiating with respect to r*
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In all cases encountered, f, when expressed as a function of r, has bounded derivative
and therefore, at least, [f(r*), A_] = O(%).

r*

3.5.8 Mourre estimates for H

We shall now move on to derive Mourre inequalities, naturally, we will treat 77, and
L,

7. separately.

Near the double horizon

We begin with:

Lemma 3.5.11. Let x € C§°(R) then for any S > 1;

* *

X(Ho)ilHo, A—(S)x(Ho)  x(Ho)j-(g) Hoj—(g)x(Ho), (3.101)
where ~ is used to denote equality up to a compact error.
Proof. One has:
i[Ho, A_(S)] =T R (+*) D, — ;rlR” (r*) = R (r*)g’(r*)@ —R_(™)f'(r)

=i (T D () + 25 () ()T

v ., ..t ir* ) (3.102)
—gjf(g)‘?f(g) T g2 (J (g))
wr* ,ort r*

-5 ) - R G + 107,

Note that if 0 < y < 1 is a smooth function with compact support in R, since j' has
compact support, Corollary 3.4.2 implies that the terms underlined above will only lead

to compact terms in x(Hp)i[Ho, A—(5)]x(Hp), consequently:

O D, () + 275 ()i

) e,

X (Ho)i[Ho, A—(S)Ix(Ho) ~ x(Ho) <j—(7;

LR (D + £6) )><<Ho>. (3.103)

Using Corollary 3.4.3, one can show that 2r*j_(™=)j" (% )" D,-x(Ho) is also compact.
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Indeed, let v(r*) = 2r*j_(%)j" (%) and note that v € C§°(R). For any u € J#, one has:
Y(r ) Dy x (Ho)u = T Doy (r*) x (Ho )u + i (r*) x (Ho )u. (3.104)
Corollary 3.4.3 implies that there is C; > 0 such that for any u € D(H,).

[T D,

| < Cr(l[Houl| + [[ul])-

Hence:
|7 (r* )L Dy x (Ho)ul| < [T Dy (r*) x (Ho)ul| + |7/ (r*)x (Ho)ul],

< Cy[[Hoy(r*)x(Ho)ul| + Culr(r*)x(Ho)ul|
+ 1 (r)x (Ho)ull,
< Cil[y(r) Hox (Ho)ul| + Cuf (") x(Ho)ul|
+ (14 C)IY (r)x(Ho)ull.
According to Corollary 3.4.2 the operators v(r*) Hox(Hy), v(r*)x(Ho) and v/ (r*) x(Hy) are

all compact and so it follows from a simple extraction argument that v(r*)I'*D,.x(Hy)

must be too. Thus:

*

7,,*

rp.i (-
S) .y (S)

— R_() (¢ (7)D + /(")) x(Ho). (3.105)

X (Ho)i[Ho, A—(S)Ix(Ho) ~ x(Ho)j(

Now, (3.105) can be rewritten:

X(Ho)ilHo, A_(S)]x(Ho) aox(Ho)j (") () x(Fio)

= x(Ho)j2 () (9(r) + g’ (")) Dx(Hy)

= X(Ho)72 (~g) (f (") + 7 f'(r")) x(Ho).

Since f(r*) 4+ r*f'(r*) — 0 when r* — —oo, it follows from Corollary 3.4.2 that the
terms in the last line of the previous equation are compact. The compactness of those on

the middle line is also a consequence of Corollary 3.4.2, because near the double horizon
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r. — — o0 (r — r¢) one has:

w0+ 900 = (1 sy 0 () ) o)

2(r2 4+ a?) 2 r*

and:

AL =20(r —re)(re — r-)(ry —7re) + O((r = 1)?),
(3Mr, — 4a*)(r —r.)

S 2 +O((r —re)?).
Using (3.16) we obtain that:
21092 1
A= pletd)E L L
/r.* T*
From which it follows:
rrg (") + g(r*) = o(g(r")). (3.106)

Therefore, there is a continuous function £ € C(R) such that:

,r‘*

12 ("g (") + g(r)Dx(Ho)l| = [lg(r)D=(r")x(Ho),
< [[Hoe(r")x(Ho)l[ + [le(r*)x (Ho)] |-

Compactness then follows with a similar argument as before.

We are now ready to prove:

Proposition 3.5.3. Let x be of a compact support contained in (0,400) and p > 0 be
such that supp x C [p, +00) then for any S > 1:

*

X(HO)ilHo, A (S)]x(Ho) 2 ix(Ho) s (g )x(Ho). (3.107)

The result holds also if supp x C (—o0,0), if we replace A_(S) by —A_(S).

Proof. Using Lemma 3.5.11, it is sufficient to prove that:

* * *

r r

) Hoi- ()X (Ho) 2 ix(Ho) ()x(Ho).

X(Ho)j—( g
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Our first step is to note that, although x(Hp) and j_ (%) do not commute, their commu-
tator is a compact operator. This can be seen using the Helffer-Sjostrand formula [HS87,

Proposition 7.2] %°, for one has:

*

(1) (5)] = 5= [ox@)H — 27,5 (5= nds,

O (Hy — 2) "'z Adz (3.108)

_ _%/852(2)(1{0 —2) ' [Ho,j-(5

The second equation makes sense since j_(%) is bounded and [Hy, j_(%)] extends to a
bounded operator on 7. Furthermore, the integral exists in the norm topology, so the
compactness of the commutator follows from that of the integrand which, again, is a
consequence of Corollary 3.4.2 since:

* N *

[Ho,j-()) = — 5T (g

S s)'

Now x(Ho)j— (%) Hoj— (% )x(Ho) is equal to

*

r

S

(%) (Ho)Hox(Ho)j (%

)
i C W CHO) Bl (), XCH)] + [x (o). - () () (Fo).

The underlined terms form a symmetric compact operator and denoting °” E the operator-

valued spectral measure, for any u € J:

* * * *

(- (g X (Ho) Hox(Ho)j— (g )u, u) = (x(Ho) Hox(Ho)j- (g Ju i (g ),

In other words:

; (3.109)

26. See also Appendix B.1
27. following the notations of [Lax02].
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where we have used once more the compactness of the commutator [x(Hy), j— (% )]. Similar

arguments prove the final point.

At the simple horizon

The decomposition of the Hilbert space constructed in Section 3.4.3 and the results
discussed there concerning the properties of the eigenvalues, mean that the proof of the
Mourre estimate at the simple horizon in [Dau04], applies to our case without any essential

modification. Hence we quote without proof:

Proposition 3.5.4 ( [Dau04, Lemma IV.4.11] ). Let Ay € R, then there are x €
Cg°(R) such that X\o € supp x and p € R% such that:

*

r

(o). (3.110)

X (Ho)i[Ho, A4 (S)]x(Ho) % ﬂX(HO)j%(

for large enough S € RY..

Remark 3.5.2. 1t is interesting to remark the difference in the formulation of Proposi-
tions 3.5.3 and 3.5.4. Only the latter truly restricts the size of the neighbourhood on
which we have a Mourre estimate, Proposition 3.5.3 on the other hand, simply forbids a

Mourre estimate on a neighbourhood of 0.

Combining the two previous results leads to:

Proposition 3.5.5. Let \y € R*:

— If Ao > 0, then one can find an interval I C (0,400) containing \g and p > 0 such
that:
1;(Ho)i[Ho, A(S) + A-(5)]1;(Ho) % 111 (Ho), (3.111)
for large enough S € RY..

— If Mg <0, then one can find an interval I C (—o0,0) containing Ao and > 0 such
that:
L(Ho)ilHo, A, (S) — A-(S)]L1(Ho) 2 it (Ho) (3.112)

for large enough S € R*..
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3.5.9 Mourre estimate for H

Now that we have at our disposition a Mourre estimate for Hy, we can deduce from
it Mourre estimates for any operator H satisfying (3.75). Their spectral theory is closely
related to that of Hy as illustrated by the following lemma.

Lemma 3.5.12. For any x € C°(R), (Hy — i)' — (H — i)' and x(Hy) — x(H) are

compact. In particular, Hy and H have the same essential spectrum.(Weyl’s Theorem,).

Proof. One has for any z € C\ R:

(Hy—2)"'—(H—2)"'=(H —2)""(H — Hy)(Hy — 2)*,
= (H—2)""(F* = 1) Hy+ V)(Hy—2)"",

for some matrix V whose coefficients are in C (R). Compactness of (Hy—1)~' — (H —i)~"
is, once more, a consequence of Corollary 3.4.2. That of x(Hy) — x(H) follows from this

since the Helffer-Sjostrand formula #® leads to:

N(H) = x(Ho) = 5 [ 0:X(2) ((H = 2)™* = (Ho = 2) ) dz A dz, (3.113)
T
the integral converges in norm so compactness of the integrand implies that of the integral.

An immediate consequence of Lemma 3.5.12 is that for any x € C5°(R):
X(H)[iH, A(S)[x(H) ~ x(Ho)[iH, A(S)]x(Ho). (3.114)
Now, writing H = Hy + (h* — 1)Hy + h[Hp, h] + V, let us consider:
X(Ho)[(h* = 1)Hy + h[Ho, h] + V, AL (S)]x(Ho),
we will in fact find that it is compact, so that:
X(H)[iH, A]x(H) ~ x(Ho)[iHo, Alx(Ho)- (3.115)

We recall our main tool:

Corollary 3.5.2. Corollary 3.4.2, Section 3./.

28. see [HS87, Proposition 7.2
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If f,x € C then f(r*)x(Hy) is compact.

To simplify notations we drop the dependence on S of the operator A_. Consider first:

[(h? — 1)Hy, As] = (h* — 1)[Hy, AL] — [Ax, h* — 1]H,. (3.116)

(h?—1) € S™! s0, by Corollary 3.4.2, (h*—1)x(Hy) is compact. Therefore, so is: x(Hy)(h?—
1) = ((h* — 1)x(Hy))*. Since [Hy, Ax] € B(D(Hy), ), we conclude that x(Hp)(h* —
1)[Ho, A+]x(Hp) is compact. Moreover:

[A_,h? — 1] = —iR_(r*)2hh' € 8§,
so [A_, h? — 1]x(H,) is also compact.

Next we consider the term:

[Ap,h? = 1) = T (R (", D) (B — 1) — ((Re (", D) (W — 1))").

Note that:
Ry (r*, D)(h* = 1) = Ry (r*, D) (r) " (r*)(h* — 1),
= R (D)) () ) (07 = 1),

The last equality is a consequence of the choice of support of j; and j,: recall that j; (t) = 1

for t > —1 and r* > —S when jA%lln‘@l) # 0 so jQ(%) = 1 whenever the term is

non-zero. (r*)j(%)(h? — 1)x(H,) is therefore compact because ji(%)(h* — 1) € §1.

Additionally, Lemma 3.5.1 implies that R, (r*,D)(r*)~! extends to a bounded operator
on 7. The compactness of x(Hy)[(h* — 1)Hy, A+]x(Hy) follows. The term:

[‘/a A-l—} = [VR-I—(T*’ ©)F1 - FIR-F(T*?@)V],

is treated identically:
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and ji(%)V € 81 so R, (r*,D)Vx(Ho) is compact. Lastly using:

[V,A_] =iR_(r*)V' € 8§

h[Ho, h) = —ih(T'0,-h + \/Agg(r*)T?yh)
[h[Ho, h], A_] =R_(r*)[I(T*h + T2/ Dgg(r*)8gh) + hT 82*
+hr2\fg )0 ammr?fg ")oph| € 81,
[(B[Hy, ], Ay] = —iT [hdh, Ry (r*,D)] — illy/Dog (r*)T20ph, T* Ry (r*, D)),

and similar arguments as before, we conclude that the remaining terms are also compact.

Therefore, we have proved the following:

Proposition 3.5.6. Let H be an operator defined by (3.75), then the conclusion of Propo-
sition 3.5.5 is true with H in place of Hy.

3.5.10 Propagation estimates and other consequences of the Mourre

estimate
On the spectrum of Hy and H

The first important consequence of the estimate above is that Theorem 3.5.1 applies to
H and H,, on any interval disjoint from {0}. Hence, H and Hj have no singular continuous
spectrum and all eigenvalues, other than possibly 0, are of finite multiplicity. In fact, H,

has no eigenvalue, as the following classical “Gronwall lemma” argument shows.

Proof that Hy has no pure point spectrum. We only need to seek eigenvalues for H, on
each of the subspaces 4., which, we recall, can be identified with [L*(R)]*. Let A € R
and suppose that u € [L*(R)]* satisfies:

k,n ap ap
Hy"u = <A+r2 +a2 r2+a2)u’
+ e

then v € [H'(R)]* and u vanishes at infinity. Thisis also true of the function w : r *+

e~ Ay (r*). w additionally satisfies:

W' (r*) = e TN (=i (Au(r*) = TP Dyeu(r)),

— e—iFlz\r* (—iFl)I(r*)eirl’\r*w(r*),
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where: I(r*) = (—/\kg(r*)F2 + f(r*) — (ri“faQ - @?ﬁ))' From this, we deduce:

()l < [ 16N o)) i,

Because ||I|| is integrable near 400, it follows from the integral form of Grénwall’s lemma,
that w = 0 and therefore u = 0.

Using the separability of the Dirac equation in Kerr-de Sitter, a modified version of this
argument shows that the full Dirac operator has no eigenvalues, we refer to [BC09]. We

summarise these conclusions in the following lemma:

Lemma 3.5.13. Let H be an operator defined by (3.75) then:

— H has no singular continuous spectrum,
— Uess(H) = R;

— o,p(H) C {0} and if 0 is an eigenvalue then it has infinite multiplicity. *

Strict Mourre estimates

Let H € C'(A), (H,A) is said to satisfy a strict Mourre estimate on some interval
I C R, if it satisfies a Mourre estimate with vanishing compact error. This slightly stricter
condition will be required shortly for the important conclusion of Theorem 3.5.5. Never-
theless, if (H, A) satisfies a Mourre estimate on some open interval I C R, then for any
A € [ that is not an eigenvalue of H, one can find a small neighbourhood J = (—e+X\, A—¢)
of A € I such that it satisfies a strict Mourre estimate on J. To see this we give a simpli-
fied version of the argument in the proof of [AMG96, Lemma 7.2.12]: let, for any n large
enough such that (== + A, A+ 1) C I, E, = E((—+ + X\, A+ 2)); where E is the spectral
measure of H. Then:

s lim B, = E({A}) =0,

as A is not an eigenvalue. It follows that for any compact operator K:

lim £, KE, = 0.

n—oo

29. opp(H), the pure-point spectrum, is the set of all eigenvalues of H. It is not to be confused with
the discrete spectrum, ogise(H) = R \ 0ess(H), the set of all isolated eigenvalues with finite multiplicity.
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Therefore, if € > 0, one can find N, such that for any n > N :
(B K Ey|z) < 6||x||27

so that for n > N:
E,.KE, > —¢= E,KE, > —cE,,.

Hence, if 1;(H)i[H, A|1;(H) > p+ K, then:
Ei[H,AlE, > (1 —¢)E,.

Consequently, on small enough intervals around any non-eigenvalue, one has a strict
Mourre estimate for any v € (0, ).

In the case of H and Hj, the only possible eigenvalue is 0. All our estimates avoid this
point, therefore they can all be upgraded to strict estimates on small enough intervals

around any point of R*.

Minimal velocity estimate

One of the most powerful consequences of the hypotheses of Mourre theory, largely
discussed and optimised in [AMG96], is that it leads to a (generalised) limiting absorption
principle. In our case, thanks to Proposition 3.5.2, Hy, H € C*(A), and we directly have

access to an abstract propagation estimate due to Sigal-Soffer [SS8S]:

Theorem 3.5.5. Let (H, A) be a pair of self-adjoint operators on a Hilbert space €.
Suppose that A is a conjugate operator for H on I C R and that H € C'**(A), (¢ € R%).
Let € R be such that:

1;(H)ilH, Al1;(H) = p1;(H).

Then, for any b, x € C§(R) such that supp x C I and supp b C (—oo, i) one has:

2 dt

+oo .
e, | Hb(’f)xw)e% L < Clfulp
1

A ,
s—limb <t) x(H)e ™ = 0.

t——+00

(3.117)

The importance of Theorem 3.5.5 is more obvious when the conjugate operator can be

replaced by simpler operators that help to understand the propagation of fields. In [Daul0,
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Lemma IV.4.13], it is shown that in the case of the operators under consideration here,

A can be replaced with |r*|, and we obtain:

Proposition 3.5.7. Let x € C§°(R) such that supp x N {0} = 0, then for any H defined
by Equation (3.75), there are €y, C € R such that for any ¢ € € :

2

dt

[ele} 7"* -
/1 ||1[o,ax1 (‘ ; ‘) X(H)e "ol = < Cllg|P, (3.118)
Furthermore: o
. r* i
St:>-1i-1<gl Lo, ( ; )X(H)e HE— . (3.119)

This “minimal velocity estimate” means that, given a certain energy interval, all fields
with energy in that interval, must be outside of the “cone” {|r*| < ¢t} at late times; it

will be crucial to the construction of the wave operators.

Maximal velocity estimate

Independently of Mourre theory, one can show that we also have a natural “maximal

velocity estimate”, that is a consequence of the geometry:

Proposition 3.5.8. Let 0 € (0,1),b € C§°(R) be such that supp bN[—1— 6,1+ ] =0,
then there is some constant C' € R* such that for any u € J:

+o00 * .
/ Hb(r)e—thu
1 t

Furthermore, for any b € C*(R) such thatb =0 on [-1—0,1+] and b =1 for |r| large,
then:

2 dt
— < Clul. (3.120)

*

BT T\ —itH _
St_}clgn b(—t Je =0 (3.121)
The proof is identical to that of [Dau04, Proposition 1V.4.4].

What of t - —oc0?

Up to now, we have only discussed estimates in the far future, and have said nothing
of the far past. After thorough inspection, one can convince onself that all the results

here hold for —H (the conjugate operator should also be replaced by its opposite), but,
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there is a faster way to see this. The Kerr-de Sitter metric (3.5) is invariant under the
simultaneous substitutions:

t— —t a— —a.

This is intuitively reasonable because a time reversed black-hole will rotate in the opposite

way. Consequently, all the results in the section have suitable analogs at ¢t — —oc.

3.6 Intermediate wave operators

3.6.1 Overall strategy

In this section our goal is to show that, despite the long-range non-spherically sym-
metric potentials at the double horizon, it is still possible to reduce the scattering problem

to a 1-dimensional one. To this end, we introduce the following operators:

Hy=Hy+h 'Weh™, (3.122)
H, = Hy + g(r*)9(0), (3.123)
with:
ﬁ(e)_aZSine l27“g—1 8y 4 Fo_asirlﬁre\/A»~ (3.124)
T VB, \r2ygz ) PTLT 2p? " '

. 0
pe =12+ atcos?f, 7= ( ‘; ) . (3.125)

g

Finally, Vi and Vg are defined by equations (3.61) and (3.62), their asymptotic behaviour

is described in Lemma 3.5.3.

Both H; and H, are of the prescribed form (3.75), hence the theory presented in
Section 3.5 applies to them. We will show that we can compare the full operator H =
HP = hHyh 4+ Vs + Vi to simplified dynamics as so:

H, *—> H,
— r*—400
r*—+oo Hl — He
r*——o00
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3.6.2 First comparison

The first step is to compare H to H;. Here, there is no distinction between the be-

haviour at the different horizons because:

H — H, = (h? —1)Hy + h[Hy, h] + Vs + (h* — 1)h V¢
= (h? — 1)H, + Vs + h[Hy, h],

652’2
and Vg + h[Hy, h] = Vs is short-range. Proposition 3.5.7 is the key to prove:

Proposition 3.6.1. The generalised wave-operators:

QL = st;ilm et p (M),
°" (3.126)

51 L itH —itH
Q] = ts_—)ligée e "M P.(Hy),

exist, where, for any self-adjoint operator B, P.(B) denotes the projection onto the abso-

lutely continuous subspace of B.

Proof. We show the existence of the first limit at ¢ — 400 the other cases are similar.

We begin by remarking that:

U  x(H)# =P(H)2,
X€C§°(R)
supp xN{0}=0

so it is sufficient to prove the existence of the limit:

13 itHy —itH
i e H)e

for every x € C§°(R),supp x N {0} = (. Consider then such a x and let €, be defined
by Proposition 3.5.7. Choose jo € C5°(R) such that supp jo C (—¢y,¢y) and j = 1 on a
neighbourhood of 0. Set 7 =1 — jo. (3.119) implies that:

s—lim eitHle(%)e_itHx(H) = 0.

t—o00

It remains to prove the existence of:

s—lim eitHlj(%)X(H)e_itH.

t—o00
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For this, we apply the methods of Cook and Kato*’, who remarked that the convergence,

for every u in a dense set of 77, of the integral:

teod /oy, T —itH )
[ (i Conme )

was a sufficient condition for the limit to exist. To prove the convergence of the integral,
there are two model arguments that will both be illustrated on this simple example. To

begin with, let u € D(H) = D(H,) then & (e“Hlj(§)X(H)6_“H> u equates to:

; Y e, rr YN i
et (i) = 7 () = J(P)id ) x(He
= et (i) Hy = 1) 45 (0 = T () ) e,

The treatment of the first term, illustrates the first type of argument. Consider first:
H, — H=(h*—1)H, + Vs.

On supp j, one must have r* > et for some € € R, thus, % < é on supp j. Consequently,
F(Z)(h? = 1) = O(t72) and j(%)Vs = O(t~2). Because Hyx(H) is bounded®', the term:

*

itHy oo —i
() (Hy — H)x(H)e
is therefore integrable.

The final term, €11 (Fl - %) §' (%) x(H)e ™ u, that is not clearly integrable in

the sense of Lebesgue, requires a different treatment, which will serve as illustration for
the second type of argument we use. Lebesgue integrability is in fact sufficient, but not
necessary; the key to Cook’s argument is simply that for any € and any ¢y, t5 sufficiently

large:

. r . . r .
e (H)e = () (H)e | < e

30. see for example [DGI7; Lax02]
31. H; is continuous on D(H)
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Moreover, by the Hahn-Banach theorem, there is v € 52, ||v|| < 1 such that:

e o (H e — e (G (e
= (0, "M (H)e = I () (H)e ),

2 d ( im 77 —itH )
= = (et (S (H)e™ .
3 (v, " (e JIx(H)em ) ) dt

So, one only needs to verify that for ¢, ¢y sufficiently large the integral:

/t2 v g (6itH1j<r*)X(H)6_itHU> dt
t1 ’ dt t ’

can be made arbitrarily small. Choose now y € C§°(R) such that supp x N {0} = 0 and

XX = X, 7 € C(R), that vanishes on a neighbourhood of zero and satisfies jj/ = j'.
Notice then that:

—_
3

*

~|
|7
| =

P
-
1
|
O
o
=
U
=
—
ay
N—
|
=
—~
=
S—
o
—~
S—

+
=
|
““ﬂ*u-

—
p1
3
|
*@..‘
SN—
>
—~
=
Pt
<o
N
—

SR i
=
*

—~
’1
e
L
<!
—~
|3
b
>0
—~
=
=
=
—~
T
S~—

The last three terms are O(t72) so are integrable, this is not changed by multiplying to
the left with et and to the right with e=®. Now, for any v € J#, one certainly has:

|<U, et 15((H1)5(7:)(F1 _ 7: )i(i)jl(i)X(H)e_nHU”
- ‘(\;Zj(rt)(rl - %)5(%)5(([—[1)672”{1 7;%],(2 )X(H)eitHu) )

for some K € R’. In the above we have used the fact that:

* *

I =) € BOE),
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Applying the Cauchy-Schwarz inequality, we get the following estimate:

* *

& it L1 o ARy A —itH
et T iy Cox e ) dr
1 t . th 1 . th 1
2 ||~ r*. i 2 2, r* — 2
< i ([ [ ) ([ e )
t1 t t t1 t t

However, it follows from Proposition 3.5.7 that there is some constant C' € R’ such that:

t2 248\ 2 ([ e 2 qt\ ?
i F) ')
t2 * 2 dr\*
< il ( Y
t1

g7 —1
7' ()x(H)e
2 2 g
<C (/t dt) .
- t1 t

t
In the last inequality we have specialised to the case where ||v|| < 1. This quantity can be

.~ r*

JER(H e e

*

J X

*

7 X (H)e

made arbitrarily small, for large enough ¢, t5, again by Proposition 3.5.7. The existence
of the limit then follows.

3.6.3 Second comparison

Our aim now is to show that asymptotically the dynamics of H; can again be simplified.
However, the comparisons we will make in this section depend on the asymptotic region
we consider. We will separate incoming and outgoing states using cut-off functions, c.,
that are assumed to satisfy: cx € C*°(R), cx = 1 in a neighbourhood of +o0o0 and that

vanish in a neighbourhood of Foo. We then seek to show that the following limits exist:

O, =5 im e, () P (Hy),
Q% , =s-lim e™Mle, (r*)e ot

Q2 . = s-lim e (), (1)),
Qi%e = st:)liorgl eic_(r*)e Help(H,)

This appears to introduce a certain arbitrariness into the construction, the following

lemma shows that this is not the case:
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Lemma 3.6.1. If the limits (3.127) exist, then they are independent of the choice of

cut-off functions cy.

Proof. The main point is that two such functions can differ on at most a compact set,
i.e. their difference is an element of C{°(R). So let us prove that if ¢ € C§°(R), then, for
instance:
i, —iH
- lim e (s )P (Hy) =0,
the other cases will be similar. As before, by density, we only need to prove that:

1: iHot * —iH1t —
s lime™ (1) x (Hy)e 0,

for any y € C5°(R), supp x N {0} = 0.
Let x be as so and let M € R* be such that suppc C [-M, M]. Choose j, € C°(R)
with support contained in (—&,,¢€,) such that, say, jo(s) =1 for any s € [—=*, =|. Then,

202
for any t > 1, jo(%) = 1 for any |r*| < <t. Hence, for t > %,

*

c(r*) = c(r*)jo(%), for any r* € R.

It follows that:

*

i * —i i w (T —i
s lim e e(rt)x (H)e " =g lim e e(r) jo(—)x (Hn)e ™™,

which vanishes by Proposition 3.5.7.

We now argue that the limits (3.127) exist, with emphasis on:

s—lim e (r*)e "' P.(H,), (3.128)

t—4o00

the other cases being similar.

Lemma 3.6.2. H, — H,. is short-range near the double horizon.

Proof. Note that:

—_— 2 .
_ = (p VA asin Or ~
Ve =g < : ( — :9> p + pmI® — 27 \/AW), (3.129)

o =

O(r,0)
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(r*~1), which leads to:

0
T—Te r*——00

Proof of the existence of (3.128). As before, we only need to prove the existence of:

St;_l‘_lo%l 6z’Hetc_ (T*>X(H1)6_iHlt,

for any x € C§°(R) with supp x N {0} = 0.

Let x be as so, and jg, 7 be as in the proof of Proposition 3.6.1, then:

T*

)x(Hy)e "Mt =0,

R E iHet ®\ .
o el
ES

. r )
and we must prove the existence of sthlrlm elHetc_(r*)j(?)x(Hl)e_’Hlt. To simplify nota-
—+00

tions, set M (t) = e'felc_(r*)j(5)x(Hy)e "™, its derivative, M’(t), is given by:

* * * *

e (it (7)) = Se- ()7 () = e () )i ) x(Hye

The term between parentheses is:

(i H, = H) + T e ()i () = e ()
= e ()i(iCH, — ) + T () + e () = (%),

however this vanishes when ¢ is sufficiently large be cause ¢’ has compact support and j
vanishes on a neighbourhood of 0. Moreover, since H, — H; is short-range near the double
horizon and c¢_ vanishes on a neighbourhood of +o0, the first two terms are O (t72) and

hence integrable. The last term is treated as at the end of the proof of Proposition 3.6.1.
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3.6.4 The operator H,

The expression of H, suggests that we seek to understand the precise spectral theory

of the operator, defined on the sphere by:
D, =D +9(0). (3.130)

In particular, we would like to show that there is a Hilbert space decomposition of L?(S?)®
C* which enables us to decompose the full Hilbert space 5# into an orthogonal sum of
stable subspaces, that can be used to study H,. Since J(0) is a bounded operator it is an
immediate consequence of the Kato-Rellich perturbation theorem that ©. has compact
resolvent. However, we require a slightly more thorough understanding of the structure

of the spectral subspaces and in particular how I'* acts on them.

Dimension of spectral subspaces

Decompose L?*(5?%) ® C* in the usual manner by diagonalising D, with anti-periodic
boundary conditions, and consider the restriction ®” of ®. to the subspace with eigenvalue
n € Z+ % In the following F, will denote the spectral subspace of A € R for this restricted

operator.

An element f in this subspace is an eigenvector with eigenvalue A € R of ®7 if and

only if it is a solution to the first order ordinary differential equation:

. A ~
VA FQDgf—< o +cot0>F2f—ar651n9 eif

N 202
VA 612 1
+ (Y 6n—i—a sin p| T3 f + pemI®f — Af = 0. (3.131)
sin 6 7“2—1— 2P

Note that since I'" anti-commutes with T, T, T'? and 7, if f is a solution to (3.131) then
I'' f is a solution to the analogous equation for —), in fact, I'! is an isometry between £
and E_,. The study of (3.131) is slightly easier after the substitution z = cos 6, after

which we obtain:

a1 (2)T2D, + ag(2)T2f + as(2)T f + as(2)7f + ao(2)T°f — Af =0, (3.132)
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where:
ag(z) = pem, a1(z) = —\/AgV1 — 22,
. T2
ag(z):—i _QQZQZV z 4 y4 ’
2 vV Ag vV 1-— 2’2
VA a*1—221%r2 -1 (3.133)
a3(2) = mn+ \/A_O T§+a2p )
VA
as(z) = —av'1 — 22 5 20.
Pe
Save the expressions /1 — 22, ——— all other functions appearing in the coefficients (3.133)

Vi
of the equation can be extended to analytic functions on a disc centered in 0 and with ra-

dius 1+¢ for some ¢ > 0, the reason for this is that the parameters satisfy: |al| < 2—/3 < 1
and x > |a|. This suggests that (3.132) extends naturally to a differential equation ex-

pressed on an open subset of the 1-dimension complex manifold S:
S={(z,w)eC?zeB0,1+¢),2>+w® =1},

where z is used as local coordinate - the implicit function theorem implies that this can
be done in a neighbourhood of any point in S save (1,0), (—1,0). The functions z,w are

globally defined and holomorphic on S and (3.132) can be rewritten:

—/AguI?D, f — % (-&ﬂjz_ v Z) 2y
0

VA aw Pr? —1
+ n+
w VAg 72 + a?

p> M3f— awﬁw +pemIVf —Af =0. (3.134)
By the Cauchy-Lipschitz theorem the set of solutions to Equation (3.134) on 8\ {(1,0), (—1,0)}
is a 4-dimensional vector space. The solutions to (3.132) will be the restrictions to | —1, 1],
(i.e. z €] — 1,1[,w > 0) of those of (3.134). Amongst these, we must pick out those in
L% — 1,1]. Since D, has compact resolvent we already know that they exist only for a
countable number of values of A\. We will not seek the exact condition for this, but, a
simple analysis of the behaviour of the solutions near a point where w = 0 will enable us
to see that the subspace of L?] — 1, 1[ solutions is at most of dimension 2. To this end, we
switch to local coordinates defined around such a point, say, (—1,0). In fact, again using

the Implicit Function Theorem, one can choose w as local coordinate on a neighbourhood
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of (—=1,0), the equation then becomes:
' VA a’w *r? —1
JAGD2D, f — = [ —a?2 4+ 2| 12 d ¢ rs
o= / 2( ¢ \/Ag—i_w U w n+\/A97‘g+a2p /

”Qijfyf + pemIOf — Af =0. (3.135)

— aw

(3.135) has a singular-regular point at w = 0°?) hence, one can apply the Frobenius
method, i.e. there are solutions of the form f(w) = w® Y, apw®. Plugging this anstaz

into (3.135) we find that ay must be in the null space of the map:
~ Lo 3
M(a) =i(a+ 5)1“ +nl™. (3.136)

The kernel is non-trivial only if « satisfies:

1 1
(a—n+§)2(a+n+§)2 =0. (3.137)

For each solution to (3.137), the kernel of M («) is of dimension 2, and so one can generate

1

two linearly independent solutions for each a®. Only a = |n| — 5 can yield square

integrable solutions to (3.132), thus it follows that:

Lemma 3.6.3. In the notations of this paragraph, if n € Z + % and A € o(D7), then

We now complete the proof of Lemma 3.4.3 ; the eigenequation §¢k,n = MWk 18
the special case of (3.132), where r. = p = m = 0. In this case, the equation has

another symmetry that amounts to saying that I'? and I'* anti-commute with the matrix

0 I
= I 02 . Hence, P, like T'!, is an isometry of E) onto E_,, however for any
2
u € C*\ {0}, Pu and I''u are linearly independent, so that we must have equality in
Lemma 3.6.3. The form of the solutions follows from the block diagonal form of the

equations.

32. see [Inch6]
33. Note that, since the roots of (3.137) differ by a positive integer, the anstaz will need to be modified
to include possible logarithmic terms in the solution when o = —|n| — %
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A reduction of H,

Denote now:
— 0(®.) U{0} = (u)kez, enumerated such that p_j = —pug, for each k € Z.

— For each k € Z, J(k) the set of integers ¢ € Z such that py is an eigenvalue for
1
D72 note that also J(k) = J(—k).

— Itk € Z,q € J(k), Ei, the spectral subspace of the eigenvalue iy, of DI, By
convention, if 0 € o(D.), we set J(0) = {0} and Eyo = {0}.

. 1
— For each k € N* and fixed ¢ € J(k), Eyy = L*(R) @ (Eyy ® E_k,)-
— Eog=L*(R)® Eyq,q € J(0)

The subspaces Ekyq are, by construction, stable under the action of H, and:

A= @ B,

keN,qeJ (k)

Now, let k € N*,q € J(k), if (€i)ic[1.dimE,,] I8 an orthonormal basis for Ej,, then
(Flei)ie[[l,dim By, 1s an orthonormal basis of F_, , and so, since Ey, and E_j , are orthog-
onal, one can concatenate these two bases to obtain an orthonormal basis Ej , ® E_j 4.
This enables us to identify, isometrically, Ey , with [L?(R)]24™ Fra via the natural isomor-

phism:
dimEkyq
((Uz‘)ie[u,dimEk,q]}’ (Ui)ie[[LdimEk,q]}) — Z (Uz + Uirl)ei-
i=1

Through this isomorphism, the restriction, H?" of H, to Ek,q corresponds to the following

operator:
LD} + g (r)T + (),
0 I im o I im 0 . .
where T' = dmPro | = dim Bh,g and satisfy the impor-
]dim By, 0 0 _Idim Ey.q

tant property that {I, f‘} = 0. It is easily seen to be unitarily equivalent to:

DD} — pueg(r )T + f(r") - if dim By g = 2,

(3.138)
—0,D; + pg(r*)o, + f(r*) if dim Ey, = 1.

If 0 € 0(®,) then, dim Ey, € {1,2}, for any ¢ € J(0) and through the natural identi-

fication described above is of the form I'D,.«+ f(r*) where I" here is just some unitary
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matrix. This is in all points analogous to (3.53), and we will now be able to complete the
scattering theory in a unified fashion. It also follows that H. has no eigenvalues by the

same Gronwall lemma argument that was used for Hy in Section 3.5.10. In short we have:

Lemma 3.6.4. o(H,.) = 0,.(H.), consequently, P.(H.) = Id.

3.6.5 The spherically symmetric operators

The final step required in order to obtain the full scattering theory is to compare

H, and H, to their natural asymptotic profiles, I''D,. 4 c4+ at r* — Zoo respectively;

__ap _ _ap _
cy = i T it and c_ = 0.

In the previous paragraph, we established that the Hilbert space .7 could be decom-
posed into an orthogonal sum of stable subspaces on which H, reduces to a spherically
symmetric operator ; this was also shown to be the case of Hy in Section 3.4.3. Con-
sequently, in order to construct wave operators, we only need to work on one of these
subspaces. Additionally, the similarities between the reduced forms of H. and Hy imply

that we, in fact, only need to know how to construct the wave operators for **:
b =T Dy — pg(r )T + f(r*), (3.139)

on [L?(R)]*, and under the assumption that we have minimal/maximal velocity estimates.
This is manifestly the case for our operators because the estimates are stable under
restriction to a stable subspace.

The important point is that the operator b in (3.139) is formally similar to the restric-
tion to a spherical harmonic of the (charged) Dirac operator of the Reissner-Nordstrém
black hole given in [Daul0, Equation 3.6]. The extreme black hole horizon (r* — o)
can be assimilated with spacelike infinity and the symbols f, g have the same asymptotic
behaviour at both infinities as the corresponding ones in [Daul0, Equation 3.6]. It follows
that we can apply the results of [Daul0] to our case. We note that, in fact, our operator is

simpler than the one studied in [Dau04; Daul0] since there are no surviving mass terms.

Precisely, using [Daul0, Propositions 5.6 and 5.7] we find that:

Proposition 3.6.2 (Microlocal velocity estimate). Let x € C°(R) be such that supp xN
{0} = 0 and choose 0 < 01 < 6, then there is a constant C > 0 such that for any

34. We choose to discuss the case where dim Ej, ; = 2, but the reasoning is independent of this choice.
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u € [L*(R)]*:
oo [y T —ith 2 dt 2
/1 1[91702}(7)@ - 7))((@)6 ull 4 < Cllul]”. (3.140)
Furthermore: - )
. r »
§51im L, 0,) (=) (I = —)x(b)e ™™ = 0. (3.141)

Analogous results can be established at t — —o0, but one must replace I'* with —I'!.

For the specific treatment of our operators, due to the lack of mass terms, it is possible
to simplify the proofs in [Daul0], avoiding in particular the use of pseudo-differential
operators. We shall proceed to show this.

The proof of Proposition 3.6.2 will be split into two cases. First, we will restrict to the
part of the field that is escaping towards the simple horizon, this part of the proof is in

all point analogous to Daudé’s:

Proof of Proposition 3.6.2, first case . Instead of (3.140), let us seek to estimate:

2

*

| = Do

dt
: 7 S Cllull?, (3.142)

where F' € C3°(R), F' = 1 on a neighbourhood of [0y, 65] and x;, 61, 0 satisfy the hypotheses
of Proposition 3.6.2; the conditions on F' restrict to the region r* > 0. It is enough to
assume that [0y, 6] is a neighbourhood of [e,, 1], for this covers the region where we lack

information. Now define for each ¢t > 1:

/r,*

o) = x(0)F(5) (R + (0 = DR

) FCOx(m).

*2

R € C§°(R) is assumed to satisfy R’ = 0 on a neighbourhood of 0 and R(r*) = -

20n

supp F'. ¢ is uniformly bounded in ¢ and:

86 =~ x0) P () (R

S0
[y
=
SN—
o
Py
.
S—
/N N
=
=
@b—‘\g
SN—
+
Py
=
|
| =
S~—
=
P

W T o+
w‘ﬁ
!
=
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Moreover:
i, o(0)) =x(0) (F() (- imale) 2 TR F( ) )
s B (R + 0 = RCD) P ) -
+ 0P (R + = DR PP Nm)
+ox)FC = R R )
So the Heisenberg derivative of ¢ is :
+ 1X(5)F(’:> (R(T;) + (I — T)R’(T)) F’(T)(F1 - T)x(h) (3.145)
X0 F () (—ing ()T TR () F (- )x(9)
P = Dr et = TEC )

Consider the first term, and let £ € C$°(R) be such that supp F C] — 00, 61 U [6s, +00]

* *

and FF' = F' on supp F'. It can now be written: %X(h)F(L)B(t)F(L)X(b), where B(t)

t t
is uniformly bounded, so, there is a constant M > 0 such that:

o)t =) (R + (0 - DR ) FCOX)
R ULRERN()

Moreover, according to the minimal and maximal velocity estimates, there is C' > 0 such
that for any u € [L*(R)]*:

/Jroo
1

The same reasoning applies for the second term. The third term is treated in the following

2 de

-~ r* —
A el & < ol

manner: g € S*!, which means in particular that: g(r*) = 0 (r*~%), thus:
r* sl w21 T T M, [
COF g TR FC () > =M (v)F () th),
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for some M; > 0, and one certainly has:

2 de

+o00 r* i
[ P me™ | G < el

for any u € [L*(R)]* and some constant C; > 0. The desired estimate follows because
R” =1 on supp F and ¢ is uniformly bounded, we refer to [DG97, Lemma B.4.1] for the
details.

The argument used to treat the third term in (3.145) will not go through at the double
horizon, simply because the potential g(r*)I'? is of Coulomb type. This was, of course,
already the case at spacelike infinity in the Reissner-Nordstrom case. The origin of this
troublesome term is simply the matrix-valued coefficients of our operator and the simple
fact that [I'', I'?] is non-zero. However, rather large spectral subspaces of by sit in one of the
spectral spaces of I'! and, restricted to these subspaces, the commutator is zero. This will
turn out to be sufficient to conclude, since the Coulomb decay is enough for the Helffer-
Sjostrand formula to enable a control of operators of the form F(%-)(x(ho) — x(h)). This
rough idea is made very precise thanks to the notion of locally scalar operators introduced
in [GMO1]. The definition is as follows:

Definition 3.6.1. Let E be a finite-dimensional complex Hilbert space and [ : R — B(FE)
a continuous function such that I(p) is symmetric for any p € R. Define the operator
Lo = I(D,) on L*(R) ® E, then, L is said to be scalar on an open subset I C R if there
is a Borel function i : R — R such that:

Lo1;(Lo) = p(Dz)11(Lo). (3.146)

If A € R, Ly is said to be scalar at A, if the above holds on some open neighbourhood of
A. Finally, Lg is locally scalar on an open set [ if and only if it is scalar at every point in
1.

The authors of [GMO01] had Dirac operators in mind as the main application of their
theory and so it is no surprise that our 1-dimensional Dirac operators I''D,.. + ¢4 satisfy
the hypothesis of the definition. We will nevertheless work out the details and show that
they are locally scalar on R\ {c4 }; as it is a good illustration of the terms in the definition.

t35

The most direct °° way to do this is to use the Fourier transform and work with the matrix-

35. and informative
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valued multiplication operators I''p + c. For each p this is a diagonal hermitian matrix
that has only two eigenvalues |p| + cx+ and —|p| + c4.

Let A€ R\ {cy} and let I C R\ {c+} be any open interval containing A, then, since
I is connected, IN]cy, +oo[= 0 or IN] — 0o, c+[= 0. Suppose the latter, then 1;(T''p+ c4)
acts on u € L*(R) ® F by projecting u(p) onto the eigenspace of the eigenvalue |p|+ c4 of
the matrix I''p+ cy for each p. Therefore, (ITp+cy)1; (T p+cy) = (|p|+cx)1/(Tp+cy),

which, after returning to the original representation, equates to:

(T'Dys + 1)1 (T Dy + 1) = (| Dype| 4+ )1, (T Dy + ).

This does not hold on any neighbourhood of c; for there would always be two distinct
eigenvalues.

Now, let Ly be scalar on some interval I and define:
Q ={peR,a(llp)N1#0}, (3.147)

where, o(I(p)) denotes the spectrum of the operator I(p). Then, in fact, the function
p in (3.146) can be chosen arbitrarily on R\ €; this is clear in the Fourier transform

representation: 17(I(p)) acts on u € L*(R) ® E according to:

(L(IP)uwp) = >, L(NPI®)ulp),p €R,
)

where P, denotes projection onto the A-eigenspace of the matrix I(p). Consequently, if
p € R\ Qr then (1(I(p))u)(p) = 0.

To see how to exploit this remark, let us study £2; in the specific case of our Dirac
type operators; where we have already seen that u(p) = |p| + c+. To determine €2; choose
A €]cy, +oo] and € > 0 such that I =]\ — e, A+ ¢[C ]eg, +00], then :

Q1) ={p e R [lp| = (A —cx)| <&}

This is the union of two disjoint subsets on each side of 0, one can therefore assume that
outside of €, u(p) is extended to a function p € C§°(R) and in this case we will also
have:

'1(T Dy + cs) = p/ (Do) 14(T' Dy + 1)

Again pi’ can be replaced with v(p) = £¢(p) where ¢ € C*(R),((p) = 1 outside a small
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neighbourhood of 0 and {(p) = 0 on a neighbourhood of 0. On this subspace, the operator
is reduced to a pseudo-differential operator with symbol v(p).

We now have the tools necessary to complete the proof at the double horizon, although,
we will not need to exploit the above remark to its full extent, contrary to [Daul0], since
the mass terms do not survive at the double horizon. We therefore propose a simpler
proof, slightly different in spirit, in which the aim is to pinpoint exactly at which moment
the locally scalar properties of the operator intervene.

Let 61,05 and x be as before, and, this time choose, F' € C§°(R) identically equal to 1
on [—0, —64], to single out the double horizon. Without loss of generality, we can assume
that supp x is a closed interval of R. Choose now, a connected open neighbourhood I of
supp x disjoint from 0, and suppose, say, that I CJ0,+oo[ (the other case is identical),
then hy = I'' D, is scalar on I. Finally, let ¥ € C$°(R) such that suppx C suppx C I
and Y = 1 on a neighbourhood of supp .

Proof of Proposition 5.6.2, second case . Now, the proof begins exactly as before, but we

treat the term with g(r*) more carefully, recall its expression:

* * * * *

XO)FC g TR ()R x(h) = ~20x(0) P g ) R EC T (),

It is straightforward to see that:

* *

X(0)F (S )ug ()R () F (

r* r* *
t t

T () = x(0)F( g ) R PP (o) (1)

* *

FxO)FC g R FCT (R(6) — X(bo))x(b).

The second term is O(t~2) because R'(%-) = =~ on supp F, r*g(r*) = O(1) and F(%-)(x(h)—
X(ho)) is O(t™1). The first term can be decomposed further as follows:

t
g () B (S F ()X (o) D X (Bo)x(b) ~ (3.148)

The first and second terms are O(¢t~?) using the Helffer-Sjéstrand Formula, the last term,
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on the other hand vanishes. To see this, let us study:

N (ho)I*T % (ho) = X(ho)17(ho) T 11 (o)X (ho)-

Via Fourier transform, 1;(ho)T?T17() is unitarily equivalent to the matrix-valued mul-
tiplication operator: 1;(T''p)I™T' 1;(T'p), however, for p € Q;:

1,(Mp)r2 L

| |11(F1p) = 1;(T''p)I*T 1 (I p),
p

— _1,(Tp)IIT21(Tp) = —1I(r1p)r2|;11(r1p).

Hence, all terms in the above equality vanish; Proposition 3.6.2 follows.

The first consequence of (3.140) is
Lemma 3.6.5. Let x € C°(R), such that 0 & supp x, and let 0 < 0y < 0y, then

)T = —)x(h)e™™ = 0. (3.149)

hm 1[91 92]( ‘

t—>

Proof. As before, assume that 6, < e, et 65 > 1. It is a direct consequence of the
estimate (3.140) that, if the limit exist, it should be 0. Let F' € C§°(R) such that supp F' C
[—0y, —01] U [0y, 5], let us show that for any u € D(h) the following limit exists:

* *

lim_[|F(Z)(C" = = )x(b)eul”.

t——+o0

The desired result follows immediately as this limit is necessarily 0. We only need to show
that the Cauchy criterion is satisfied by the above by studying the integral :
b2 d ith 21 2 —ith
| e X OF P = (e u)dt,u € Do)
1

The derivative evaluates to:

(i, x (D) F/() (T = TR (B )
wx(®)e™ P = T () (e
+( ><2(h) t<$*>< i*) (:*)X(b) ) 150
~(u, LX) F (L) = 2 F (S )x(B)e™ )
(1, 26X () F () g (r*) [0 TP (5 )e ™)
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In order to show that the integral is arbitrarily small as long as ¢, t5 are large enough, the
first three terms are treated as at the end of the proof of Proposition 3.6.1, more precisely,
one exploits the different velocity estimates according to the supports of F' and F’; the
last term is dealt with as in the second part of the proof of Proposition 3.6.2, one again
uses the locally scalar properties to reveal that it is in fact O(t72) and hence integrable
on [1,40o0].

Proposition 3.6.2 is known as a microlocal velocity estimate. It completes the asymp-
totic information about the operator TT — which is itself to be thought of as an approximate
velocity operator — provided by minimal and maximal velocity estimates. For instance,

combining the three, we show that:

Corollary 3.6.1. For any J € C(R):

IR TIV N 1\, —ith _
sHJlrlorge (J( ; )—J(I7))e 0, (3.151)
Proof. First, by density, it is sufficient to consider J € C§°(R). For such J, the Helffer-
Sjostrand formula can be used to show that the following holds for any j, € C5°(R):

() - J(Fl))j[)(f) - 2; [o-d)rt -2 (2 - z) (T — T:)jo(::)dz Adz

r

= B = )jol ).

The B(t) are uniformly bounded in ¢. By a further density argument we only need to
prove that for any x € Cg°(R), 0 & supp x:

s—lim ei”’(J(%) — J(TY))x(h)e~™ = 0.

t—+o00

Fix x and introduce a smooth partition of unity, 71, 2, 73 subordinate to the open cover:

5 5
shUz={lal > 1+ 2} U = { e, =0 < o] < 1+4},

U1:{|ZL’|<€X—2

where ¢, is given by Proposition 3.5.7 and § € (0, 2¢,). Then:

* * *

r

e (I() = JO)x(b)e™™ = 30 BT = )i )x(B)e

The result now follows from the minimal, maximal and microlocal velocity estimates.
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3.6.6 Asymptotic velocity operators and wave operators for the

spherically symmetric operators

The first application of the results in the previous section is the proof of the existence

of asymptotic velocity operators; they are usually defined by:

*

£\ o Tiva oith 7T —ith
J(P )—St_>:1|:1(££l6 J(t)e ,J € Co(R). (3.152)

Provided that these limits exist, one can show® that there is a unique operator, P,

possibly non-densely defined, satisfying the above, we write:

Pt =5 C, lim eitb(%)e_m’.

t—+oo

We prove the following lemma:

Lemma 3.6.6. The following limits exist:

s—1lim ™ te=h,
t—+oo

Proof. As usual, we will only discuss the t — +o0o case. By density, one only needs to

prove the existence of:
5~ Tim ey ()T (h)e™,

t—+o0

for any x € C§°(R) such that {0} & supp x. Furthermore, as in the proof of Proposi-

tion 3.6.1, Proposition 3.5.7 implies that it is sufficient to prove the existence of:

*

s lim e ()i ()T x(B)e™,

t—+oo

where j € C*°(R) is a bounded function that vanishes on a neighbourhood of 0 and such
that supp j' C (—¢y, £y) with €, given by Proposition 3.5.7. We apply Cook’s method and
calculate the derivative on D(h), one finds:

1 e, T

e"x(h) (trl(rl - ?)J‘/(?) +i[l?, Fl]g(r*)j(t)> x(h)e ™.

The first term can be treated again as in the proof of Proposition 3.6.1, the second requires

a bit more effort, but the method is essentially that of Proposition 3.6.2. First, without

36. see for example the appendices in [DGI7].
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loss of generality assume that supp x is a closed interval contained in, say (0, +o00), and
let x € C§°(R) satisfy supp x C suppx C (0, +00), xX = X. Introduce equally a partition
of unity jo, j1 such that j;(s) =1 for s > 2 and vanishes for s < 1. Then:

* * * * *

i T g(r ) () = i T (o )i () + 0% T ()i ()i ().

g(r")j1(5)3 (%) = O(t72) so the second term is integrable.
Now:

* *

r

X(h)2i* T g(r)jo(—)i (= )x(h) = x(b)x (bo)2'iF2Flg(7"*)jo(%)j(*)X(h)

FX(B)(R(D) = Koo () (1)2TT g (r)x(h),

w\**

¥
t

Again, the second term is O(¢~2) and the first has to be further decomposed:

* *

xR 9o ) (B) =x D)X BOTT gl )i RB)x (),
=X (OO oo )5, X(0)]x(h)
+x(0) ()T T (K (b) <ho>>g<r*>Jo<:>9<T>x<h>

+ ()X (00) T K (b)g (oS (T X ().

The last term vanishes, and one can use the Helffer-Sjostrand formula to show that the
others are O(t2).

Corollary 3.6.1 can now be used to show the existence of asymptotic velocity operators

which are defined as the limits 37

ort
P* =s-C,-lim e’tb?e_”h.

t—+oo

In Lemma 3.6.6, we showed the existence of: St;ilm e™(£IM)e ™ consequently:

Pt =s-lim eith(j:f‘l)e_ith,
fmraeo (3.153)
o(P*) ={-1,1}.

37. See the appendices of [DGI7]
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3.6.7 Modified wave operators in the spherically symmetric case

The final stage of the construction is to prove the existence of the (modified) operators
in the spherically symmetric case. Here, the operators P* can be used to distinguish
between the incoming and outgoing states instead of cut-off functions. The simplicity of

their spectrum means in particular that:
H = %n % %uta

where: %n == 1{,1}(Pi), %ut = 1{1}(P:t).

At the simple horizon, the asymptotic dynamics is given by b; = I'' D, + <T2aﬂ2 — T2iaQ> p.
+ e
The difference between this and the operator § is short range when r* — +o00. Hence,

the existence of the wave operators on 7;,; can be shown in exactly the same manner as
that of (3.128).

At the double horizon, it is necessary to modify slightly the comparison dynamics in
order to take into account the long range potentials, as in [Daul0], we choose to use the
Dollard [DV66] modification; in particular, the existence of the modified wave operator is
contained in the results presented in [Daul0, Sections VII.B (Theorem 7.2), VII.C].

We briefly recall the main idea of the Dollard modification. We seek to compare h =
D — pug(r)T% + f(r*) to b = T D,~ on J%,. Several remarks are in order: both the
potentials are long-range near the double horizon and {T'?, hp} = 0. This anti-commutation
property means that the corresponding term can be thought of as an “artifical” long-
range term; it is no obstruction to the existence of wave operators. This is perhaps best

understood by looking at h?:

b? = D%+ pPg(r*)* + f(r)? + Ti{ Dy, f(r7)} — 20 f (1) g ()T
— {0 1%} g(r*) Dye +ipg' ()T,
=0
We observe that there are no surviving long-range times containing g.

The main idea of the Dollard modification can be explained as follows: if the potential

f(r*) commuted with by, one could expect on a purely formal level that:

oMt o —if (r*)t p=ibot _ i(ho—pug(r*)T2)t o +if (r*)t ,—if (")t ,—ibot

— oilbo—pg(r*)T*)t ,—ibot
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Hence, modifying the asymptotic dynamics with /(") would enable us to construct a
wave operator. Now, of course f does not commute with by, but, Proposition 3.6.2 and
Corollary 3.6.1 suggest that, in some sense, r* ~ I''t when ¢t — +o0, therefore it could
be a good idea to attempt to approximate f(r*) with f(I''t), which does commute with
ho! We are therefore lead to try the above reasoning with the dynamics U(¢,¢y) generated
by f(tT'!). In fact, the comparison only interests us for r* < 0, so we will consider the
dynamics generated by f(tI'") = j(tT'')f(tI'") where j € C®(R) is a smooth cut-off
function satisfying j(s) = 0 if s > 1 and j(s) = 1 if s < &. Since t —~ f(tI'!) = V(?) is
uniformly bounded in ¢, U(t,ty) of this time-dependent operator is given by the Dyson

series, or, time-ordered exponential:

+o0 AL
Ultte) = 3¢ ,> / TV (t) ... V(t)dt, . .. dE

— n! [to,t]™

t
— Texp ((—z’) / V(s)ds) .
to
In the above, the operator T" denotes time ordering of the operators which is defined as:
T(V(t).. = Y 1toq) > to@) > > tom)Vte@) - - V(tom))-
ceG,

The uniform-boundedness of the operators V(¢) implies that this expansion converges in

norm. We quote its main properties, let (¢, s,t) € R3:

(iU(t to) = =iV (t)U(t, to), U(t,t) =1d,
iU(t, s) =1iU(t,s)V(s), Ult,tg) =U(t,s)U(s,to).

ds

Set U(t) = U(t,0), then according to [Daul0, Section 7.2]:

Proposition 3.6.3. The following limits exist:

s—lime™e "1y (£T),

t—=oo

hm ey (PF),

b» 00

8- hme”bU() Th0T (DY),

t—+o0

(3.154)

s—lim e U ()" ™11y (PF).

t—+oo
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Once more, we note that the proof in [Daul0, Section 7.2] is complicated by the presence
of a mass term absent from our operators. To illustrate this we shall prove the existence
of:

s— lim e"™U(t)e "1, ,(T). (3.155)

t— 400

Proof of the existence of (3.155). The asymptotic velocity operator is simply T'' for by
which is the reason why we use it to split incoming and outgoing states for hy. The
first step is to replace the projection with an operator that is more convenient to work
with. First of all, for any J € C§°(R) such that, suppJ C (—o00,0) and J(—1) = 1,
J(I'') = 1;_1;(T""). Furthermore for each ¢, one has:

*

()T ()™ = U (R)e 0 (M0 T (S )e 0 — J(I))

t (3.156)

+ MU (t)e " g ().

Now, U (t)e~0 is uniformly bounded in ¢ so applying*® Corollary 3.6.1 to b, we find
that the strong limit of the first term exists and is 0, so, using another classical density

argument we only need to prove the existence of:

*

s— lim eMU@)J(

t——+o00 t

)e_ithOX(ho)v

for any x € C§°(R),0 & supp yx, this in particular implies that x = 0 on a neighbourhood
of 0. Once more, we use Cook’s method and to that end we calculate the derivative; one
finds:

*

r

. . r* % 1 y r* —3
e (1) (=g 4+ 57/ ()T = ) ) x(Bo)U e
) - r* * . T* r —itho
e (175010 = (D FEr) ) x(bo)U (e
The term involving J’ can be treated by the second method explained in the proof of

Proposition 3.6.1; we will not repeat the reasoning here.

Let us examine the first term:

*

T = 6“"(U(%)(—u)g(r*)ﬁe_”"“U(t)X(ho)’

where we have used the fact that T'' commutes with by, hence U(t) commutes with

38. although it is simpler for hg

166



3.6. Intermediate wave operators

x(ho) and e~ Since I'? anti-commutes with T, T2U(t) = U(t)I'%, where® U(t) =

T exp(if(—Tt)), so one can rewrite T} as follows:

*

ith; 70" $\TT () o—itho i —i
T = el () (=p)g(r)U (e e Te 0 x(by).
Set E(t) = [y eI 2e~h0y(hy)ds. I'? anti-commutes with by, therefore:

E(t) =T* /t e 210y (o) ds.

0

However, it follows from the bounded functional calculus that:

= sup
AeR

t )
/ e 25 A\ (N)ds| .

0

/t e 2%y (ho)ds

0

Since xy = 0 on a neighbourhood of 0, this is finite and bounded independently of ¢, so
E(t) is a uniformly bounded function of t. Now, for any ¢1,t5 > 1,

to

/t2 Ty (t)dt = {eitbiJ(i)(—N)g(r*)U(t)eithoE(t) }

t1 t1

_ ("5, (e”h(iJ(rt*)(—u)g(r*)f](t)em’o) E(t)dt (3.157)

t1

Since J vanishes on a neighbourhood of 0, and E(t) is uniformly bounded, the term in

the squared brackets vanishes as tq,ty — —+o00:

* *

I (=090 W) | = 0 (o)1 ()
“ol}).

Additionally, due to the further derivative, the integrand in the second term is O(¢t~2) and

(3.158)

hence integrable. It remains to treat the final terms:

7, = ¢ (115 0°) = I () FEr) ) x(bo)U ().

39. The operators under consideration here are all bounded, the series defining U (¢) converges in norm

an.d1 f is continuous and bounded, so one only needs to check the anti-commutation property on polyno-
mials.
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Notice first that, supp J C (0, —0), so J(”T) = J(%)j(r*) and:

T*

T, = ig (%) (F) = FTh) x(bo)U(B)e ™.

It follows from (3.43) and the subsequent remarks that f e 8% and one can use the
Helffer-Sjéstrand formula to obtain an expression for (f(r*) — f(tI'"))J (%) as in the proof
of Lemma 3.6.1:

* * *

T r3 r T T
(Fr) = Fer) gy = B - 5ya),
where B is a uniformly bounded operator in ¢. The desired integrability result is hence a

consequence of the microlocal velocity estimate (3.140); the existence of (3.155) follows.

3.7 The full scattering theory

In the previous two sections, the original scattering problem was progressively reduced
to a one-dimensional problem via two intermediate comparisons. We discussed the proof
of the existence of a number of strong limits that are to be identified with intermediate
waves operators. In this section, we assemble these results into the scattering theory we
set out to construct; the whole construction was broken up into three comparisons as

illustrated in Figure 3.1.

EHHHI

Figure 3.1 — Successive comparisons

H, H Asymptotic profiles ]

Hy H Asymptotic profiles J

3.7.1 Comparison I

The difference between H; and H being a short-range potential at both infinities, there

was no obstruction to the existence of the classical wave operators (Proposition 3.6.1):

Ql — St*ilm eitHlefitHPc(H)’
e (3.159)

A - itH —itH
Q) = %;jlgo%le e P.(Hy).
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The properties of these operators are well known *’, they satisfy:

*

QL =0L", QLH =HQL,

Intertwining relation (3 . 160)

QL"QL = P(H), QLQL" = P.(H)),

as such they are isometries between the absolutely continuous subspaces of H and Hjy;

the intertwining relation shows that H and H; are unitarily equivalent.

3.7.2 Comparison 11

The second comparison was established in Section 3.6.3 and required to distinguish
between states scattering to the double horizon .77, and those scattering to the simple
horizon 7, . This distinction was accomplished using smooth cut-off functions c,, van-
ishing on a neighbourhood of Foo and equal to 1 on a neighbourhood of 4+o00; we will
denote by %% the subset of smooth functions with these properties. We have shown the

existence of the limits, for ¢y € €4:

2 : iHot *\ —iH1t

Qi’=%+ = St:)ilclgl e 0 C+(7' e ! PC(H1)7

QQ ) — thm eiHlt —iHot
:t"jfu— t—=o0 ’

QQ _ 71- 1Het * —iHltP H (3161)
G, =55 lim e e (M)e o(H1),
(

tHqt *

)
ci(re

)
Qi%e =s—lime r*)e Het,

t—=o0

C_ (&

The limits are independent of the choice of cy; recall also that both H, and Hy only have
absolutely continuous spectrum. [RS79, Proposition 4| shows that the ranges of both
Qi,yf;e and Qijfu are subsets of the absolutely continuous subspace of Hi, it follows
then that:

*

2 02 2 _ 0O)2*
B, =P, Bm, =Vim, (3.162)

One also has the intertwining relations on the absolutely continuous subspace of Hi:

HOQ?t,%@ = Q?t,,}f”rHla (3.163)
HeQijﬁe = Qi;{qe H;. (3.164)

40. see, for example, [Lax02, Chapter 37]
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Together, Equations (3.160), (3.163) and (3.164) give:
HoQ% s Q= Q% g, QpH, HQL 4 QL = Q2 5, QLML (3.165)

Now, since the limits are independent of the choice of c;. € %, one can always choose c4

such that ¢2 + ¢2 = 1, consequently:

* *

in,ffre Qi,fﬁe + QQi,yﬁ+ Qi,y@ = P.(H,). (3.166)

One could have also chosen cy such that their supports were disjoint, therefore, we
must also have:

2 2% 2 2%

Vo Ve, =, i, =0 (3.167)

In other words, relation (3.166) is an orthogonal sum decomposition of the absolutely

continuous subspace of H; and the operators (3.161) are partial isometries. We therefore

have a decomposition of P.(H;) into incoming and outgoing states. In what follows, to

simplify notations, we consider only the direct wave operators, analogous statements can

be formulated for the reverse ones. Define:

out

Xin' = (ker Q7 )", Xgi = (ker @2, )™

In virtue of Equation (3.166), these subspaces have nice characterisations, indeed: X2 is
exactly ker Qi’%+ N P.(H,)# and ¢ € ker Qi’jfu N P.(H,)#, if and only if :

. *\ _—itHq _
Jim_ e (r*)e 0] = 0.

for any ¢, € €,. In other words, the states in X are exactly those whose energy is

concentrated on R_ at late times. Similarly, ¢ € X! if and only if:

. *\ _—itHq _
i [le-(7)e " 6]| =0,
for any ¢ € €_. An important point is that Qi s, Maps XM onto a similar subspace
for H, (and similarly at 7, for Hy). If ¢ is in the range of Qi,%y then there is ¢ € X/
such that:

: —itH, _ *\ _—itHy _
i fle ey — e (+)e ]| =

for any c_ € ¥_. Hence for any ¢, € €, one can choose c_ € €_ with support disjoint
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from that of ¢, so that:

o . *\ —itHe o * *\ _—itHq
0= Jim_les ()0 — e, (e (r)e g

o : *\ _—itH,
= i [fey () ).

*

Conversely, all such states are mapped into Xifl by 2 A,

Incoming and outgoing subspaces for H, and H, were originally defined using the
asymptotic velocity operators constructed in Section 3.6.6. These operators were con-
structed on each of the stable subspaces of the respective orthogonal sum decompositions
associated to each of the operators, they are:

P =s-lime™etem#He P — g im eHo e Ho,
t——+o0 t——4o00

and satisfy for any J € Co(R):

J(PS) =s-lim eitHeJ(r—)e_“He,
fore 7}5 (3.168)

Y\ o Vi oitHo 7T —itHy

J(PO)—st_}}_lgle J(t)e :

In terms of these operators, X{i¢ = Ranlg_(P}) = Ranl{_;}(P;}). Using (3.168), one

can show that X/ as defined above coincides exactly with the image Q%r %eXgl, for

instance, for any ¢ € ¢,
YV — INRT itHe 707\ —itH.
Ly ()6 = J(PF)o = Jim_ ey (" )eteg,

for any J € C§°(R) such that supp J C (—o0,0), J(—1) = 1. Hence, for any ¢, € €:

*

lim cy(r)e ™1, ,(P)¢ = lim c+(r*)J(%)e_itHegb = 0.

t——+o0 t——+00

The other inclusion is proved in a similar manner, one can show for example that:
lim ¢y (r*)e ¢ = 0,for any ¢, € €, = ¢ € Ranly(P5)* . (3.169)

t——+o00

Indeed, let ¢ satisfy the condition and let ¢ € Ranly;(PF). A similar argument to the
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one above shows that for any c_ € ¢_:

. *\ _—itHe,/, __
tl}ﬁnoo c_(r)e Y =0.

Choose now ¢y € €, ,c_ € €_ such that ¢, +c_ =1, then for t € R:

(6,9) = (e7"eg, e ey,

3.170
_ (C.;.(?”*)e_itHEgﬁ, €_itHeQ/J) + (6_itHe§Z§, c. (T*)e_itHel/J). ( )

By the Cauchy-Schwarz inequality, it follows that for any ¢ € R:

(@, )| < [ Iex (r)e™ |l + [|gl]][e- (r*)e ™ =],

The right-hand side approaches 0 as ¢ — 400 so that:

(¢, 9)] = 0.

We can therefore define a global wave operator from the absolutely continuous subspace
of H; onto the external direct sum Ranly_qy(P.") @ Ranlg (Fy").

QQ.

2 X o X

out

— Ranl{_l}(Pj) ) Ranl{l} (POJF)
(3.171)
(D1, ¢2) +—> (Qi%e o1, Qi,jﬁ+ ¢2).

3.7.3 Comparison III

Although the results in Section 3.6.5 can be used to construct a scattering theory for
H, and H, on the whole Hilbert space, the previous discussion shows that, for our needs,
it only relevant to do this on Ranl; qy(P.") for H. and on Ranlyy(Fy") for Hy. The

asymptotic profiles are given by:

H .= T'D,,
a a (3.172)
Jo

2 +a?  r2+a?

H+oo - FlDT* + <

172



3.7. The full scattering theory

The outgoing and incoming states are identical for both of these operators and given by:
A = Ranl{l}(Fl), T = Ranl{_l}(Fl).

Due to the stability of the subspace under I'', H,, H.,, the results in Section 3.6.5 prove

that the following strong limits exist:

3 — o Tipn pitHpoo ,—itHo +
Q+7%;>+ = s)ﬁ_}}rlorge e 1, (Fy),

t *

3 e T oitH—oo A —itH, +
QL ., = %ﬁjlgorgle (Texp( 2/0 f(r s)ds)) e 1z (PF),
A . itHo —itH o
Pom, =l et e 1r, (1,

Q= %;Jlrlg e™eT exp <—z'/0 f(Fls)ds) e M- (I,

One also has: Qi,t%ﬁ = Q3*+’_}f”r and similarly for ., this gives rise to a unitary

map:
Qi_ : Ranl{,l}(Pj) @D Ranl{l}(PJ“) — I~ AT =H

(01, ¢2) — (2, 01,0 s, 62)-
Finally, composition of Q! , Q2 Q2 yields a unitary map W, between P.(H) = X & X,
and 7, where:
Xl = (ker % ,, )", XU = (ker O e, QL)
given by:

W.: XHa X1 — 4ot =n

out

G1+ g2 = Qf e OF 4 QLo +Q3—,3ﬁ-+93,%-+9}5—¢2'

Remark 3.7.1. A simple application of the above result is to define the asymptotic velocity
operator for the full dynamics. It is defined by the limits for J € C(R),

J(P*) = s lim ethJ(%)e_th — W J(IYW,,

t——+00

Using the results discussed in Section 3.6.6, it follows that: Pt = WiI''W,.

173



Partie , Chapter 3 — An analytical scattering theory for massive Dirac fields in extreme Kerr-de
Sitter spacetime

3.7.4 Scattering for the Dirac operator

We now return to the notations we adopted prior to Section 3.6, where we dropped
the explicit dependence of our operator H? for notational convenience. We recall from
Section 3.4.2 that HP? coincides with the full Dirac operator on each of the subspaces
associated with the eigenvalue p € Z—l—% of Dy. The global wave operators obtained in the
previous section, although defined on all of 77, also depend on the parameter p. However
the p-eigenspace is stable so that to obtain the scattering theory for the Dirac operator
one only need to reassemble each of the harmonics. Since the Dirac operator has no pure
point spectrum *!, there is no need to project onto the absolutely continuous subspace.

Therefore, we state our final theorem:

Theorem 3.7.1. For any ¢ = Y ¢,(r*,0)e™” € A set:

p€Z+%

Pro=>" Bioe™?, (3.173)

pEZ+%

then P, is a bounded symmetric operator with spectrum {—1,1}, and for any J € C(R),

*

J(P2,) =s-lim ethJ(%)e’th.

t—+o00
Moreover, defining:
Xm = Ran 1{_1}(@+), Xout = Ran 1{1}(32+),
then, 7 = X;, ® X, and the operator:

Whe = > Whe,e™?, (3.174)

pEZ+%

s a unitary operator such that:

QB+Xm - %, m]+X0ut - %_,

41. see again [BC09]
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and for the full Dirac operator H + i 550y, with H defined by Equation (3.36):
H_OOQI]+1{_1}(<@+) + H+OOQU+1{1}<<@+) — QU_;_H,

with:
a a

2 +a? 12+ a?

Hio=T'D,. + ( ) Dy, H_o=TD,

3.8 Conclusion

In this paper we have proposed an analytical construction for a scattering theory for
particules in a region situated between a double and simple horizon of an extreme Kerr-de
Sitter blackhole. The presence of the simple horizon alone simplified t he problem consid-
erably, being an obstruction to the existence of pure-point spectrum, and the existence
of a conjugate operator in the sense of Mourre theory ruled out the possibility for any
singular continuous spectrum. The setting was therefore ideal for an analytic scattering
theory.

We found that, from an analytical point of view, the double horizon region was anal-
ogous to that of spacelike infinity i n K err-Newmann s pacetime. T he t heory i sin fact
slightly easier because the mass terms do no persist at the horizons, meaning that things
appear to boil down to the massless case. As in this case, the reasoning hinges on the
ability to obtain a minimal velocity estimate.

The main difference a nd n ovelty is t hat t he d ouble h orizon e xacerbates t he effects
of the rotation of the black hole by complicating the structure of the angular operator;
the mass also plays a lesser role here. However, this did not prove to be an essential
difficulty fo r th e an alytic me thods us ed in th is pa per, which is an other il lustration of
their robustness.

The methods used here do however have the clear disadvantage of not being very
geometrical. In some sense, the study of the effects oft he d ouble horizon is reduced to
the distinction between long and short-range potentials; it would be considerably more

satisfying to seek a proof of the results in this paper with a clearer geometrical meaning.
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CHAPTER 4

PROJECTIVE DIFFERENTIAL GEOMETRY
AND ASYMPTOTIC ANALYSIS

4.1 Introduction

« What is geometry 7 » : It was long thought that the geometry we learn about in our
early years at school, that is, in a naive sense, the study of figures in a plane or in 3D
space, was the only sort of geometry. By this [ mean that the popular sentiment amongst
anyone interested in such questions was that the basic underlying axioms, upon which
the rest of the theory is built, are so plain and clear that it would seemingly be nonsense
to exclude any of them. Of course, there was always the famous « Parallel postulate »,
which, dealing with infinity, was arguably less obvious than the others, but there was a
strong belief that, in fact, it was not an Axiom, but a Theorem that could be proved. In
the XIXth century, it was established that the « Parallel postulate » is actually logically
independent from the other axioms, and thus flourished a whole panoply of new examples
of « geometries » in which it is false, such as projective, hyperbolic or spherical geometry.
Naturally, this lead to the question of a possible common framework in which to think
about all of these examples and it was F. Klein and his Erlangen program, that gave the

answer which pervades the modern conception of geometry.

Post-Klein, geometry is the study of a (transitive) action on a set X, by a group of
« symmetries » G. Since, for a transitive action, the set X is in one-to-one correspondence
with the quotient set G/H where H is the stabiliser of any point of X, and the action is
equivalent to the natural action of G on G/H, one can first restrict to this case. In fact,

all the « classical » geometries are covered by this :
— Affine geometry : G = Aff(n) = R" x GL,(R), H = GL,(R),

— Euclidean geometry : G = R" x SO, (R), H = SO,(R),
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— Projective geometry : G = GL,11(R) and:

A
H= {( A ;’1 ) € GLpi1(R), ) € R, A € GL,1(R) }

— Lorentzian geometry, G = R" x SO, (1,n), H = SO, (1,n).

In all the above examples, G is a Lie group and H a closed subgroup of G; therefore the
quotient space GG/H has a natural manifold structure. The reader may be surprised by
the groups used in our description of projective geometry, as she probably expected to see
the usual projective group GL,.1(R)/N where N is the normal subgroup formed by the
homothetic transformations of R"*!. There is, in fact, a diffeomorphism : GL, 1 (R)/H =
(GL,+1(R)/N)/(H/N); the advantage of the groups above is that they are matrix Lie
groups.

E. Cartan took Klein’s program further, by defining curved versions of Klein geome-
tries, known as Cartan geometries, of which more familiar pseudo-Riemannian geometry
is actually an example. Before exploring this direction further in paragraph 4.1.1, let us
first note that on the same manifold X, it is completely possible to consider the smooth
action of different groups nested in one another. In our particular case it will be inter-
esting to consider a larger group than the initial group G. This will possibly result in
reducing the number of geometric invariants, causing a probable loss of information, but,
it is sometimes the case that the weakened structure has an extension to a larger space
containing X. It is in this spirit, that in General Relativity, we sometimes seek what is
known as geometric compactifications of a pseudo-Riemannian geometry (M, g). The most
prominent example being that of conformal compactifications. In a sense to be later made
precise, a spacetime (M, g) is a curved version of Lorentzian geometry as described above.
To construct a possible conformal compactification, we weaken the geometric structure
by allowing conformal variations of the metric ¢ — Q%g. The metric g itself is therefore
no longer a geometric invariant, but its conformal class [g] is. Via this operation we have
implicitly replaced the G of Lorentzian geometry by the larger conformal group C(1,n).

A conformal compactification is possible when M can be made into the interior of a
larger manifold with boundary M = M UOM such that the conformal class extends to the
boundary OM. The boundary is then referred to as the (conformal) infinity of spacetime
and one can use M to study the asymptotic behaviour of objects living in M. The reader
will find an excellent introduction to this topic in [18].

Conformal geometry is very rich, and conformal compactifications can be useful in
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the study of the wave equation. The underlying reason for this success is, in addition to
the existence of a conformally invariant Laplace operator, that the light-cone structure
remains a geometric invariant. However, for fields with mass on asymptotically flat space-
times, it is likely that this is not the right structure, because the part of the boundary
where we would want to encode the asymptotic information is generally reduced to two

points !

As a possible remedy to this drawback, in what follows we shall consider a different
type of geometric compactification, first introduced in [CG14], known as a projective
compactification. The picture is very similar to the conformal case: we want to weaken
the geometric structure of (M, g), but, instead of just the light cone, we would like the set
of all oriented unparametrised geodesics to be a geometric invariant of the new geometry.
Therefore it is the Levi-Civita connection of g, rather than g itself, that will be at the heart
of our considerations. The idea is to consider the class [V ] of all torsion-free connections
V on T'M that have the same unparametrised geodesics as V4. We will find that, from
the perspective of Klein/Cartan, the group R"™ x SO, (1,n) is enlarged to SL,1(R).

Minkowski spacetime has a projective compactification, that we will describe in Sec-
tion 4.4, and the projective infinity has a very interesting structure: it splits up into
different orbits, each of which one can identify with either timelike, spacelike and lightlike
infinity, and, what is more, time-like infinity is not just a singleton. This turns out to
be characteristic of possible projective compactifications of scalar flat pseudo-Riemannian
manifolds, cf. [FG18]. It is our hope that, thanks to this, the projective compactification
will enable us to develop analogous techniques to those of conformal geometry to massive

equations on asymptotically flat spacetimes.

Other results corroborate the hope we place in projective compactifications, and in
particular, a result due to L. Hormander [H6r97, Theorem 7.2.7] with an implicit projec-
tive flavour. Hérmander derives an asymptotic expansion of solutions to the Klein-Gordon

equation on Minkowski space time M = R*™ in which the coefficients are only dependent
T
terms of the projective compactification. However, his proof relies on a decomposition of

on the projective parameter %, which leads us to believe that they can be interpreted in

the field into positive and negative frequency parts. This is achieved through the diago-

nalisation, in Fourier space, of the Klein-Gordon operator with domain L*(R") x H'(R")

defined by:
o2
KG — 0 A—m '
1 0
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This « diagonalisation » reduces the study of the equation %—f = KG1 to that of two uncou-

pled equations involving the pseudo-differential operators +iv/—A + m?2. The asymptotic
expansion results from a precise study of an integral formula for the solutions to these

equations. Precisely, Hormander shows that if u € S’(R'*") is a solution of :

{ O = i(—A + 1),
U(O, l‘) = QD(ZL‘), Y e S(Rn)a

then u(t, z) = Up(t, z) + UL (t, 2)er, with Uy € S(R¥™), p = (2 — |z[2)"%, and !:

Uy (t,x) ~ (40 +ip)2 > plw;(t, z).

Setting & = pr and writing the Fourier transform of ¢, ¢, we have furthermore:
2m) 2 1 4+ |E12o(—7) if t2 > |z)?,
wnfton)  { @OEIEPE-E) £ > |o
0 otherwise.

t?
is also the case for w;, 7 > 0. Moreover, the functions (p,Z) define a coordinate system

From this, we notice immediately that wy is a function of #; it can be shown that this
on the interior of the future lightcone {¢ > |z|}. These coordinates are regular at p = 0,
which can be identified with future timelike infinity in the projective compactification.
This gives further motivation to the conjecture that the coefficients w; can be interpreted

geometrically in terms of the compactified space.

However, a major difficulty of projective geometry in the study of equations with
physical meaning, is that the connections in a projective class p = [V] are not necessarily
the Levi-Civita connection for some metric. Hence, unlike in conformal geometry, there
is no induced change on the metric when we change connection : ¢ is fixed and may, or
may not, have an extension to the boundary. By consequence, once we have parted from
the physical Levi-Civita connection, not of all the operators we can write down will have
a clear-cut physical interpretation. For instance, even if V is projectively equivalent to
the Levi-Civita connection of some metric g, then gab@a@b is not, a priori, the Laplace

operator for some other pseudo-Riemannian metric.

For a general projective class p, the presence of a Levi-Civita connection is governed

L. (+0+ip)™/? = lim._,o+ exp(Z log(e +ip)) = p"/2e™™/* where log the Principal complex logarithm.
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by the so-called Metrisability equation [EMOS]:

2
n+1

V.o — Vo5t = 0. (ME)
In the above, the unknown is 0% € S2T'M (—2) 2. The Metrisability equation is projectively
invariant, i.e. if 0% satisfies (ME) for some connection V € p then it satisfies it for any
connection V in the class. When there is a solution the projective class is said to be

metric.

Any solution 0% to the Metrisability equation induces a symmetric bilinear form

= 00 whose Levi-Civita connection is in the projective class. Here :

anbn,

2 aiby o
- ,

0= Ealag...(znln...bno-

and €2 . ., ., is the canonical® map A"T'M ® A"T'M — &(2n + 2).

The precise geometry of solutions to (ME) and the relationship with projective com-
pactifications are studied in [FG18]. In our particular problem, we start with a Lorentzian
manifold (M, g), which leads to a solution of (ME). So we are mainly interested in the

b corresponds to

consequences that this has, in particular, the fact that each solution o
a section HAB of a certain « tractor » bundle. These bundles will be introduced in Sec-
tion 4.3 and we will discuss Equation (ME) in more detail in Section 4.5.1. For now, we
note simply that they can be defined as tensor powers of the 1-jet prolongation of & (1),
J'&(1) and its dual; this is the approach adopted in [BEG94; CGM14; CG14]. Our path

will be closer in spirit to Cartan’s work.

The fact that we work with a class of affine connections, rather than one in particular,
means that many of the expressions involving a covariant derivative that we write on T'M
will not make sense on the projective manifold (M, p). This is because they will depend
on the connection used to write them down. It is sometimes possible to recover invariance
if we work with weighted tensors, as was the case in the Metrisability equation (ME).

Another example of this is the Projective Killing Equation :

V(avb) = 0, (4.1)

2. Recall that if B is a vector bundle on M, B(w) is the tensor bundle B ® &(w) where &(w) is the

bundle of projective densities of weight w € R, cf. Definition 1.4.1.
3. A"T'M ® A"TM is canonically oriented, so this map exists even if M is not orientable, if M is
oriented, then we can consider the « square » of a volume form.
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which is projectively invariant if v, € &,(2). Alternatively, a very important property of
the tractor bundles is that a projective class p of affine connections on T'M determines an
affine connexion on them. This connection enables us to define an operator on projective
densities and weighted tractors, known as the Thomas D-operator, D4, which satisfies
the Leibniz rule and can be iterated. It is a major tool for producing projectively in-
variant differential operators. In particular, equipped with a solution to the Metrisability
equation, one can consider the operator H48D,Dp; a natural candidate for a projec-
tive Laplacian operator. Unfortunately, for scalar flat metrics, H 4%is degenerate and the
operator HA2 D 4Dp, will contain no terms that we can assimilate to a mass.

The work presented in this final chapter are the first steps towards understanding how
one apply these results to the asymptotic analysis of fields. The original ambition was to
obtain a geometric proof, via methods of projective differential geometry, of Hormander’s
result in Minkowski spacetime. However, it turned out that Minkowski spacetime and,
more generally, scalar flat metrics are an exceptional case where a part of t he structure
degenerates, and it is not quite clear as to how one can overcome the obstructions this
entails. This realisation lead me to study in deeper detail the non-scalar flat case, where a
number of results already exist in conformal geometry and to question to what extent there
are projective analogues. The main bulk of this work is presented in Section 4.7 where a
projective exterior tractor calculus is developed that enables us to obtain a formal solution
operator for the Proca equation, extending to projective geometry results parallel to those
developed in [GW14; GLW15] in Conformal geometry.

My understanding of the topic was significantly a dvanced d uring a trip t o Auckland
in New Zealand financed by the University of Western Brittany, t he Brittany region and
ED MathSTIC to whom I express once more my gratitude.

4.1.1 Cartan geometries

In his article [Car23], E. Cartan gives an alternative definition of a ffine connections
to the one used in standard textbooks on Differential G eometry. T his d efinition is also
distinct, although closer in spirit, to the Principal Connection version we discussed in
Section 1.3 : it is based on a aff(n)- valued differential form (as opposed to a g [, valued
one). The picture behind Cartan’s definition isto first im agine at taching to ea ch point
of a manifold a copy of affine space. In Cartan’s mind, the information then required to
locally identify a small open subset of the manifold to an open subset of affine spaceis a

« rule » that describes how to merge into one the affine spaces attached to neighbouring
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points. Assume we assign to each point an affine frame, based at that point, of the space
attached to it in such a way that they vary smoothly. After merging the affine spaces
attached to two infinitely neighbouring points, then, the relationship between the two
frames is an affine transformation « infinitely close » to the Identity map : this can be
encoded in an element of aff(n), and, in fact, all the useful information of the « merging
rule » is contained in this form.

Cartan generalises these ideas to the projective group in [Car24] and later, to other
Klein geometries G/H. Over the space G/H there is a canonical structure that globally
encodes the information of the « infinitesimal transformations » described above: the
Maurer-Cartan form of G. Recall that it is the g-valued differential form defined for any
vector field X € I'(T'G) by:

0c(X)(9) = (dLg-1)4(X).

With the canonical projection of G onto G/H, G can be seen as a smooth H-principal
fibre bundle over the base G/H, which we will think of as a frame bundle. With respect

to this structure, 6 satisfies the following :
1. Vh € H, RZQG = abh_1eg.
2. For any X € b, the fundamental field* X* satisfies:

0c(X*) = X.

3. For each p € G, 0, : T,G — g is a vector space isomorphism.

4.
1 :
dfc + 5[QG NbOg] =0.° (4.2)

To recover Cartan’s local gauge version, we can simply take a section G/H — G, and use
it to pull-back 65 over X. The section can be thought of as the smooth assignment of a
frame in the affine space attached to each of the points we mentioned in the introduction.

The above properties have a close ressemblance to Definition 1.3.6, but, 64 is clearly
not a principal connection on G (seen as a H-principal bundle over G/H) since it maps

to g and not h. Furthermore, Condition 3 shows that at each point the kernel is {0} and

4. cf. Definition 1.3.5
5. If a, B are g valued 1-forms then for all vector fields X, Y, we set: [a A B](X,Y) = [a(X), B(Y)] —
[a(Y),B(X)] where [ , ] is the Lie bracket in g, see also Appendix C.
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so it does not define an interesting horizontal distribution.

Equation (4.2), in fact, characterises locally the manifold G/H; it is an integrability
condition. Due to this, the equation should not be imposed in the curved version: the
failure to respect this condition is a measure of curvature. We are therefore lead, to the
following definition (cf. [Sha97, Definition 5.3.1})

Definition 4.1.1. Let G be a Lie group, H a closed subgroup of G and g, § be their re-
spective Lie algebras. A Cartan geometry, (P,w) modeled on (G, H) is a smooth manifold
M and:

— a H-principal fibre bundle over M, (P,m, M),

— a g-valued differential form, w, on P that satisfies :
1. for any h € H, Rjw = adp-1w,
2. for any X € b, w(X*) = X,

3. for eachp € P, w, : T,P — g is a vector space isomorphism.

Although the Cartan connection w is not a principal connection on P, it induces a principal
connection « on the associated fibre bundle Q = P xy G where H acts on G by left
multiplication. .

Note that Definition (4.1.1) has an equivalent version analogous to Definition 1.3.4:

Definition 4.1.2. Let G be a Lie group, H a closed subgroup and g, b their respective
Lie algebras. A Cartan connection on M is a family of g-valued differential forms, (wy),
associated with an open cover % of the manifold M, and a family of transition functions
hyy : UNV — H UV € % such that wy,mod h : T,M — g/b is a vector space

isomorphism for each x € U and:

where 6y is the Maurer-Cartan form of H.

Remark 4.1.1. The definition given here is apparently more restrictive than the one
in [Sha97] because we require that the transition functions hyy be given in advance.
Sharpe [Sha97] shows that this is really superfluous when the largest normal subgroup of
G contained in H is simply {e}; if this condition is satisfied, the geometry is called an

effective Cartan geometry.

6. For instance, we can construct w in local bundle charts of Q.
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In conclusion to this introduction, we would like to explain the link between Cartan’s
notion of affine connection and the classical Definition 1.3.1. Suppose that P is a Cartan
geometry on a manifold M modeled on affine space. The key is to note that the so-called
adjoint representation of GL,(R) on aff,(R) is reducible and has the following stable
direct sum decomposition :

aff,,(R) = gl,,(R) & R". (4.4)

Consequently, the Cartan connection w can be split as: w = a + 7. Since gl,,(R) is stable
under the adjoint action of GL,(R) on aff,(R), « is actually a Principal Connection on
P. Similarly, studying the restriction of this action on the stable subspace R", we find
that 7 is an equivariant © (R}n = g~'n) and horizontal (if X € kerdm,,7,(X) = 0) R"-
valued one form ® known as the solder form. The pair («, n) is completely equivalent to w.
However, on the frame bundle L(T'M) of the tangent bundle, there is a canonical choice
for n, specifically p = (z,u,) € L(T'M), X € T,L(TM),

(X)) = ug (dmy(X)).

It follows that one only needs to specify a principal connection on L(7T'M) in order to
define an affine connection in Cartan’s sense. Note that this generalises mutatis mutandis
to the frame bundle of any vector bundle. Our usual affine connections on vector bundles
are therefore equivalent to Cartan affine connections, with the canonical choice of solder

form.

4.2 Projective differential geometry

4.2.1 The Model

Unlike Cartan we will not quite work with classical projective space per se. In fact our

model is an oriented version of projective geometry : SL,1(R)/H. Here :

H = { ( (det(gl))l ;}1 ) € SL,.1(R),A € GL}(R),v € M;,(R) = (R")* } . (45)

7. For the fundamental representation of GL,(R).
8. This means that it is a T'M-valued one form, see Appendix C.
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The model is easier to imagine as the set of all oriented rays? P, (R"™), in R"™! or,
equivalently, the quotient space of R"*1\ {0} under the natural action of the multiplicative
group R% on R™"!. The reader can find a very complete introduction to the topic in [Sto87].

For our needs, a major advantage is that the action of SL,,1(R) on P, (R™*!), defined
by the commutative diagram in Figure 4.1, is effective. One can also remark that the
largest normal subgroup of SL, . 1(R) contained in H is {Id}, and so it is also an effective

Klein geometry .

R\ {0} —25 R {0)

iy iy

P, (Rr+1) 2B pogutty.

Figure 4.1 — Definition of the action of SL,1(R) on P, (R""!), 7 is, as usual, the canonical
projection. B € SL,1(R).

Topology-wise, P (R™"1) is homeomorphic to the n-sphere S™ and is a two-sheeted
covering of usual Projective space; for this reason we will also refer to P, (R"™!) as the
« projective sphere ». The notion of homogenous coordinates naturally carries over : the
fibre of 7 : R"*1\{0} — P, (R™*!) above a point p, is the oriented ray R u = {\u, A € R* }
for some certain non-zero vector u. The homogenous coordinates of p are defined to be
the equivalence class of all the coordinates of non-zero vectors in the ray, with respect to
the canonical basis of R"*1; we will simply write : [u1, ..., u,1]. This leads to a natural

description of a differential atlas made up of the open sets :

U = {p € Pr(R"),u;, > 0,u € 7 ({p})},
Uy =1{p € PL(R™™),u;, < 0,ue 7 '({p})},

20

where the coordinate maps are defined by:

Uy Ujp—1 Uig+1 Un+1> c R™

[UI7 » io 7un+1] <|ui0|7 7 |ui0| 7 |ui0| 7 7 |ui0|

For later reference, we would like to point out that on, for instance, U, ,, there is a

9. as opposed to the set of all lines
10. cf. [Sha97, Chapter 4, §3].
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4.2. Projective differential geometry

local section SL,1(R) — SL,1/H = P, (R") given by:

1 0
:[ulw"?un-‘rl]'_)( )7

O+
Un+1 7([“1, e ,un+1]) ]n
Ul
Un+1

Yu, s tna]) =

Un
Un+1

Moreover, if p = [u1, ..., u,11] € U,5,;, then setting X;(p) = ok, the pull-back by oy, of

the Maurer-Cartan form wg can be expressed as :

0 0 . 0

. dX; 0 ... 0
Ut e T : N (4.6)

dX, 0 ... 0

It will be useful to have this in mind when we discuss the projective compactifications of
affine and Minkowski space in Paragraph 4.4.

Similarly to classical projective geometry, there is also an affine model of oriented
projective space : consider in R"*! the two affine hy perplanes Hy = {z ,,,;= +1}. Any
oriented ray, not lying in the hyperplane H,, = {x,.1 = 0}, meets exactly one of H. at
exactly one point. P, (R"™) \ 7(H, \ {0}) is hence in one-to-one correspondence with
the union of these two planes. m(H, \ {0}) plays once more the role of « hyperplane at
infinity ». One can think of H yasthe two faces of a same sheet of paper, t he front-side
being positively oriented and the back-side negatively so.

The primitive objects of this geometry are « oriented subspaces ». In order to preserve
the useful notion of projective duality, if Z and %’ are two bases of the same linear
subspace V' C R"*! we are lead to distinguish the image of the subspace generated by %
from that of %’ when the two bases have different orientation. T he important p oint for
us, specifically for our later d escription o f t he projective c ompactification of Minkowski
spacetime, is that if we restrict to one of the faces of oriented projective space, we recover
a model for an oriented vector space. Additionnally it is compactified by, intuitively,
appending two points to each line.

In what follows, we will refer to a Cartan geometry over M with model geometry
(SL,+1(R), H) (H is defined by (4.5)) as a projective structure over M.
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4.2.2 Projectively equivalent affine connections

Given a smooth manifold M and an affine connection V on its tangent bundle, the
unparametrised geodesics of V give rise to a projective structure, in the sense defined
above, on M. This result was discovered independently by E. Cartan [Car24] and T.
Thomas [Tho34]. In his work, Cartan focusses on the projective connection, whereas
Thomas defines an affine connection in the usual sense on a new vector bundle, later
to be called the « tractor bundle » when the theory was rediscovered by T.Bailey, M.
Eastwood and A. R. Gover. In their founding article [BEG94], they translate Thomas’
work into more modern language and give an efficient introduction to the theory.

In this section, we will adopt an intermediate perspective between that in [Car24]
and [Tho34]. Unless otherwised specified, M is a smooth orientable manifold; the ori-
entability assumption serving only as a means to simplify our discussion. We recall that

an affine connection is torsion-free when :

VxY - Vy X = [X,Y].

J
frame (e;) of TM with dual basis (w’) this is expressed as:

In terms of the local connection form (w!);<; j<, associated to an arbitrary local moving

dw' +wi Aw” =0, (First structure equation). (4.7)

Remark 4.2.1. 1f n is the canonical solder form, then the torsion free assumption can be

expressed as : dVn = 0, where dV is the exterior covariant derivative. (cf. appendix C).

Definition 4 .2.1. Let V, V be two torsion-free affine connections (as defined in Defini-
tion 1.3.1) on the tangent bundle TM. We will say that V, V are projectively equivalent
if and only if they have the same unparametrised geodesics. A projective structure on
M, written, p or [V], is an equivalence class of projectively equivalent torsion-free affine

connections. We will refer to (M, p) as a projective manifold.

We begin our study of this structure, with a useful characterisation, due to Weyl, of

projectively equivalent connections.

Proposition 4.2.1. Two torsion-free affine co nnectionsV et V are projectively equiv-
alent if and only if one can find a form T € I'(T*M) such that for anyn, £ € T(T'M):
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4.2. Projective differential geometry

Ven = Ven + T(n)€ + Y(E)n. (4.8)

We will write:
V=V+T. (4.9)

Remark 4.2.2. In the abstract index notation, Equation (4.8) can be written:
Van’ = Vil + Tensh + Tarl® = Van” + 27 001", (4.10)

Proof. For the proof, we will continue to use Penrose’s abstract index notation, which
greatly clarifies the main arguments. First note that the map n® — @anb — Vb is

tensorial ' | so, one can find I'2, € £, such that for each n’:
@anb — Vanb = cmnc.

The torsion-free assumption leads to the symmetry : I, € &, i.e. [, = T, Hence it is
sufficient to determine I'’ i for any € T'(T'M); T'®_ is determined by the polarisation
identity.

The value of T'® nn® = @,777 — V,n at a given point p € M only depends on that of
n(p), so we can evaluate it by following a geodesic V that satisfies the initial conditions

~v(0) = p,¥(0) = n(p). By the geodesic equation, we have :
Loen™n® = Nif',

for some scalar field A. Since the left-hand side is quadratic, one can find T, such that
A =2T,n* and, hence :

4.2.3 Thomas’ projective differential invariant and the projec-
tive connection associated with a projective class [V]
We will now choose a local section oy of the linear frame bundle L(7'M) and denote

by (e;) the associated local frame on U. Concordantly, we write (w) for the dual frame.

Equation (4.10) can be re-written in terms of the respective local connection forms wy =

11. In this context, a C°°(M) linear map.
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(w';) and &y = (&%) of V et V in the following way :
&' = w4 T(ej)w' + T4 (4.11)
If we take the trace in this expression, then :

O — Wk = (n+ 1T, (4.12)

Moreover, if we reinject (4.12) into (4.11), we find that:

1, |

A7 ~k i ~k ¢t i k ¢i
W' — n+1wk(ej)w - n+1wk5j—wj—mwk(€])w mwxﬁj (4.13)
Thus, the quantity:
i Ly i L
Vi T @

is independent of the choice of connection in the class [V]. Let us call it : II; = (H;)
Note that, like wy, [Ty satisfies Equation (4.7), i.e.

dw® + i AW = 0. (4.14)

Nonetheless, the family (IT;;) does not define an affine connection on L(T M), unless we
restrict to transition functions with positive unit determinant. Indeed, if oy = oyg, g :
UNnV — GL,(R), then on U NV

Iy =g 'dg+ g 'yg —

1 1
[tr(g™dg) L — —— g7 Ag, (4.15)

n + n—+1

where A is the matrix-valued differential form A% = tr(g~"dg(e;))w’.

However, it is possible to view II;; as a submatrix of a projective connection ¥y with
values in s[,, 1 (R). To this end, we use the orientability assumption to restrict to transition
functions g(x) € GL,(R) with positive determinant, det(g(xz)) > 0. Our question is
whether or not one can lift each g(z) to an element h(z) € H and find sl,1(R) valued

forms, ¥y, subject to the transformation rule given by Equation (4.3). Let us set :

det(g) 71 0
p— [ detlo)r T ) eHand 9y = U e sl (R),
0 det(g) g Bu Uy
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where v, ayy and [y are unknowns. Evaluating h*0y = h~'dh, one finds:

. = 4 — 1 _tr(g~?
hldh = ( — D det(g) i dy — det(g) TTg~ dg + det(g) T M)y ) |

gldg — T

Additionally, ad,-19y = h™19yh is:

— det(g)™Tyg By apg — det(g) ™ Tyg By — (det(g)) T iyg g (4.16)
g By det(g)™ g By + ¢ yg.

Their sum must be equal to 8y. We inspect each component separately, beginning with

[T;. Our constraints translate to the fact that Sy et v must satisfy :

o _ _ tr(g'd
det(g) 719 Buy + g Mg + g 'dg — wl =y,
taking into account Equation (4.15) this reduces to:
det(g) g™ Buy = ———g' Ag (4.17)
v n+1 ' '

According to (4.16), under change of basis Sy behaves like a column vector of 1-forms, in
which each component transforms like an element of the dual basis. We therefore have a

solution if we set :

w

-y

BU Y e (g> 1n + 1gv ( )
wn
where we define : 7' = ( tr(g7tdg(er)) ... tr(g7'dg(e,)) ) . In this case we also have :
o tr(g~'dg)
— d t n+1 1 = = 7.
etg)™ g By = —

and the condition on the first component of the matrix is immediately satisfied. It only
remains to choose oy ; a straight-forward computation shows that:
d tr(g~dg) Lody gty

_ M99 qet(g)
y il " et(g) 1t
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and,
1 =1 tr(g~'dg)
== —d t ntl ——— —~ 7y,
V9 Buy etlg) ™ — 1
Therefore, we must have :
dy'  tr(g~'dg) , 04
= — — Iy g. 4.19
v = vy =m0 T gy VIt s (4.19)

The solution now is to use Il to form quantities of the right nature and study their
transformation rules. We also note that when, for any x € UNV, det g(z) =1, i.e. when

Iy behaves like an affine connection, then Equation (4.19) reduces to ay = ayg.

There is a natural quantity one can construct from Iy, namely :
QU = dHU + HU VAN HU;

when Iy behaves like a connection this is its usual curvature form. The interesting point

is that the column vector : .

n—1

Qij(‘7€i)7

where €' are the components of €, transforms exactly according to Equation (4.19).

The proof of this is given in Appendix D, as it gives no further insight.

Putting these steps together, we have constructed a solution to our initial problem :

Oy = ( 0 35(e) ) , (4.20)

w' HU

Lifting a transition function g to h defined by:

(4.21)

( (det g) 75 —(det g) =1 tr(g~dg(e;)) )
0 (det g)71g '

One can show that the resulting family satisfies Proposition 1.3.2 and can be used to
construct the H-principal bundle over M of Definition 4.1.1. For this, one considers the
quotient space [[U x H/ ~ of the coproduct [[U x H indexed by an orientation atlas of
the base M for the equivalence relation ~ defined on [[U x H by :

relUny,

) eUXx H~(x,hy) €V X HS
(#: ) (& h2) {hQZhUV(I)lhla
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where hyy () is the lift of gy defined according to Equation (4.21).
Incidentally and contrary to the impression given by some of the apparently arbitrary
choices made in our construction, this projective connection is in fact uniquely determined

by conditions we will describe in the next section.

Remark 4.2.3. The matrix notation we used throughout this section corresponds to the

following direct sum decomposition of sl,,(R):
st (R) = R* @ gl,(R) © (R")" = g1 @ g0 ® g1

This is in fact a |1|-grading of the Lie algebra. Although it may seem quite inessential in
our presentation, such a |k|-grading of the Lie algebra is the theoretical origin for some of
the nicer properties of parabolic geometries. We refer the interested reader to the textbook
reference [AJ09]. It should be noted that this decomposition should be distinguished from

the one in Equation (4.4), because it is not stable under the adjoint action of H on

5[77,—0—1 (R)

4.2.4 The geodesics of a projective connection

We will now describe in what sense the above projective connection induced by a class
of projectively equivalent affine connections is unique. Following Cartan, we will generalise
the notion of geodesics to a projective connection. An alternative description can be found
in [Sha97].

Let M be a smooth manifold with projective structure (P,w). Let us consider the

associated bundles :
Q =P Xy SLnJrl(R) and E = Q X 8L 41(R) SLnJrl(R)/H

In the second case, SL,11(R) acts on SL,1(R)/H in the usual way by left multiplication;
the bundle F is probably the closest thing to Cartan’s idea of gluing a copy of projective
space to each point of M. In this paragraph, we describe how to use the Cartan connection
to define a Parallel Transport operator on E. This enables us to carry points from nearby
fibres into the one above the point xy. To simplify notation, we set in this paragraph
G = SL,+1(R). The reader might note that this part of the discussion is essentially
independent of the Lie groups G and H.

Firstly, F has a canonical section, analagous to a « choice of origin » in each of its
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fibres. To see this, first note that F and () are respectively quotient spaces of the manifolds
Q) x G/H and P x G. Thus, elements of E are in fact equivalence classes {(¢,gH)},q €
Q,g € G such that {q¢', g 'gH} = {q,gH} for any ¢’ € G. Similarly, elements of @ are
equivalence classes : [p,g|,p € P,g € G that satisfy [ph,h~1g] = [p,g] for any h € H.
With this notation, set for any = € M:

s(x) ={lp, €], eH}.

In the above p an arbitrary element of the fibre over x in P. s(z) is completely independent
of the choice of p as if h € H then:

{lphel,eH} = {[p,hl,eH} = {[p,e] - h,eH} = {[p, ], hH} = {[p, e], eH }.

We now pause to discuss how a Cartan connection defines a parallel transport on E.
Let g € M and v a curve on M subject to the initial condition v(0) = x¢. Recall that, w
induces a principal connection on () which allows us to horizontally lift vector fields over
M to vector fields over @. Therefore, for each element ¢ in the fibre Q) over v(0), we

can formulate the Cauchy problem :

’

{ 3(t) = Hor(5(t)),
7(0) = ¢.

where Hor(7(t)) is the horizontal lift of the velocity field of . By consequence, for suffi-

ciently small values of ¢, one can define an invertible operator,
T;/(O),v(t) : Qq(0) = Q-

Since a maximal solution to the Cauchy problem is unique, one has :

T2 0)0(29) = Ty (@)9- (4.22)

Parallel transport on E, can then be defined by :

{a.9H} = {17 ) ) (a), gH}. .

12. The formula can be understood as follows: the parallel transport of a point expressed as gH in the
frame g, is the point that is expressed as gH in the frame obtained by parallel transporting q along ~.
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Equation (4.22) guarantees that this is well-defined.

Using the section s for any sufficiently small values of ¢, one can pull s(v(t)) from the
fibre E. ;) over v(t) into the fibre above 7(0), E, (). This results in a curve 7 in £y, known
as the development of 7. A « geodesic » of the projective connection w will be defined
as a curve v whose development is contained in a projective line. In paragraph 4.2.3, the
projective geodesics of our projective connection are the unparametrised geodesics of the

class of affine connections [V].

In his article [Car24], E. Cartan studies under what circumstances two projective con-
nections w and w’ have the same geodesics. He shows that there is in fact a certain amount
of freedom in the projective curvature form Q = dw + 3[w A w]. Exploiting this freedom
to simplify the projective curvature form, Cartan then determines a unique projective

connection known as the Cartan « normal » connection.

To describe this « simplification », Cartan first notes that it is always possible to choose
a connection such that €2 is in fact h-valued. When this condition is satisfied, the section
is said to be « torsion free » '*. Equation (4.14) is the local coordinate expression of the

fact that the projective connection (4.20) is torsion-free.

Cartan then shows that one of the « traces » of €2 can be set to 0. More specifically,
if Qij is the local form of the curvature €, then, for any j € [1,n], one can impose the

condition that: "
2 () =0, (4.23)

without changing the projective geodesics. Here, the basis (e;) is not arbitrary (otherwise

the condition would not be invariant), it is determined by the direct sum decomposition:
sl (R) =R" @ gl,(R) & (R")".

Breaking up the connection form according to this decomposition, the R™ term is a vector
of 1-forms (w?) that constitue a local frame of T*M '* ; the basis (e;) in the above formula
is the dual basis to (w?). It is easy to check that our projective connection in 4.2.3 satisfies
this condition and is therefore Cartan’s normal connection. One might also remark that,

a Cartan connection satisfying the above described conditions determines an equivalence

13. Definition 5.3.1 in [Sha97]
14. Recall that the local connection forms restrict to isomorphisms T, M — g/b.
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class of affine connections. Suppose the local form of U is given by :

—tr(Il) «;
W' II .

If tr(IT) # 0 then one can remove it by performing a local projective transformation of

1 v
01, |

where the components of the column vector v correspond exactly to the coordinates of

the form

tr(IT) in the basis (w"). After this, one can use Equation (4.13) to determine an affine

connection w’; for any arbitrary choice of T = wjy.

Remark 4.2.4. Our « normalisation » condition (4.23) is a literal translation of the one
Cartan gave in [Car24]; in this form, to the author, it remains relatively inextricable.
According to [Sha97], there is nevertheless a more geometric interpretation if one studies

a little more the curvature form.

4.3 Projective tractors and their calculus

4.3.1 Definition

We finally have all the material required to introduce the tractor bundle alluded to in
the introduction. Let us define, once more, Q = P Xy SL,.1(R), where H acts by left

multiplication.

Definition 4.3.1. The tractor bundle 7 is the associated vector bundle Q) X gy, ., (®) R+

where SL,1(R) acts on R"™ in the usual canonical way. In abstract index notation the

n+1

module of smooth sections of 7~ will be written £4 1°.

The specific form of our transition functions defined by Equation (4.21) furnishes
important information about the structure of the bundle 7. Using our notation from

Paragraph 1.4.2 and Definition 1.4.1, one has :

Proposition 4.3.1. There is a short exact vector bundle sequence:

0— E(-1) T L TM(-1) — 0. (4.24)

15. i.e. capital latin letters will be used to denote tractor indices.
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4.8. Projective tractors and their calculus

Furthermore, choosing a connection in the class V € p, the sequence right-splits and we
have the non-canonical isomorphism:

v
~

T E(—1) e TM(-1).

Proof. The maps in the sequence can be read off from Equation (4.21) and are all con-

structed in the same manner as the map giving the isomorphism, so we will only prove
this final point. Let V € p and consider the following collection :

o/ ={(U,op), U open ,oy : U — L(TM) is a local section}.

We assume that the open sets U cover M. Let gyy denote the transition functions and

(wr)% the local connection forms. One can think of TM(—1) as the quotient space

(Hvan)/~,

where (z,v1) € Uy x R™ and (z,vy) € Uy x R™ are equivalent if:

1 —
Vg = det(gU1U2 (I’))’”‘l qJuLU, (l’) 11)1, re U NUs.

By construction, 7 itself can be described as H U xR"!/ ~ for the equivalence relation
Ued

(x,Vl) - U1 X RnJrl ~ ($,‘/2) - U2 X RnJrl = ‘/2 = hUle(x)il‘/l,l’ - U1 N UQ,

where hy,p, is obtained from gy, p, using Equation (4.21). Now, the right-inverse we need
to construct can be described by first defining for each x € U a linear map :

oU: R — R

o ( (@)D () ) |

For each U € o we set : ¢y : U x R" — U x R™™ where ¢y (z, V1) = (z,¢YV1). The
change of chart rule for the connection forms implies that :

Y ((det(gov(2)) )™ gov () "'0) = hoy(z) " ¢Y (v),
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which is sufficient to show that (¢r) can be smoothly glued together and factor to a vector
bundle morphism TM(—1) — T.

According to this result a choice of connection V, in the projective class, enables us

to write sections of T — tractor fields — as columns:

V(l
p Y
where v* € T'(TM(—1)),p € T'((—1)). When we change connection according to V, =

Va+ T, then we get a new description ,

related to the previous one by:

{ v (4.25)

Finally it will be convenient to identify the maps X and Z in Proposition 4.3.1 with
sections X4 € £4(1), Z% € £4(—1); these maps are canonical as they do not depend on
a choice of connection. The non-canonical maps that split the sequence will be identified
with sections Y4 € E4(—1) and WA € £4(1). Note that :

XY, =1, Z9WA =67, 24X =0, WAY, = 0.

In this notation, one has:

( Y ) = pXA + v W
p

4.3.2 Change of connection

Although tractors have an invariant meaning, in practice, to work with them, we
will often choose a connection and split the short exact sequence. In this context, it
is important to relate various non-invariant quantities, such as curvature or covariant

derivatives, between two projectively equivalent affine connections, V and V. Recall that
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4.8. Projective tractors and their calculus

we write V= V47T, T € [(T*M), when for any vector fields 7, &:

Ven = Ven + T(n)E + Y(E)n.

As we have previously remarked in Equation (4.11), this implies that the connection forms
are related by :

& =W+ Tej)w' + Yo (4.11 revisited)

We can deduce from this the change in covariant derivative of any section of any as-
sociated vector bundle to the frame bundle L(T'M), simply by applying the induced Lie
algebra morphism to (4.11) in order to determine the local connection forms. For instance,
projective densities of weight w correspond to the representation p : A — |det A|ﬁr1, the
induced Lie algebra morphism is p, : M > n%rltr(M ). Hence, for any density o of projec-
tive weight w,

Voo = Vo + v (T(ej)wj + nTa)) o =Vq.o+wY,o.

n—+1 ¢

Similarly, for one forms p,, which correspond to the contragredient representation A —

tA=1, the corresponding Lie algebra morphism is : M +— —!M and we find that :
vAb,ua - Vb/La - Taﬂb - Tb,ua-

We move now to curvature. Generally, the Riemann tensor of any torsion-free affine

connection admits a unique decomposition as :
Ro'a = Wa'a + 205,54 + Babdys (4.26)

where : W, %, is trace-free and 3, is antisymmetric. Taking traces of the above expression

Bap and Py, are easily shown to be related to the Ricci tensor Ryy = R,

{ (n — 1>Pab = Ry + ﬁaba (4.27)

ﬁab = - %_HR[ab} .

We refer to W ¢ as the projective Weyl tensor and to Py, as the projective Schouten ten-
ab d

sor. The following lemma describes how these quantities are related between two
torsion-

free projectively equivalent affine connection :
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Lemma 4.3.1. Let V=V + Y then :
— W, bcd = Wbcd7

a a

— Aab - Pab - va’rb + TaTba
7 Bab = Bap + 2V[aTb]-

4.3.3 Special connections

In projective geometry, densities (cf. Definition 1.4.1) play an important role. As we
have previously remarked, for some equations, like the geodesic equation [GST20] or the
Killing equation (Equation (4.1)), considering weighted tensors, i.e. sections of B ® &(w)
for some tensor bundle B and some weight w € R*, as opposed to usual tensors, can make
the equation projectively invariant. Densities also appear naturally in the splitting of the
tractor bundle in Proposition 4.3.1. We discuss here a further application : generalising
the notion of scale, naturally present in conformal geometry.

A connection V in a projective class p is said to be special if it preserves a nowhere
vanishing density o. Such a density is unique up to a constant factor and will be said to
be the scale determined by V. Although all connections are not special, there is always
a special connection in any projective class, as given any nowhere vanishing density o €
I'(E(w)) and V € p, the connection V = V — L1571V ,0 preserves o, i.e. Vao = 0.
Correspondingly, V is said to be the scale determined by o.

Special connections have useful properties, particularly with regards to curvature. We
note first that the projective density bundles are flat, indeed, if V preserves a nowhere
vanishing density o € I'(€(w)), then any other such section p can be expressed as p = fo

for some smooth function f, thus :
(VaVb - vaa)p = ((VaVb — vaa)f)U = 0,

since we work with torsion-free connections. This has consequences on the Riemann tensor,

as if we recall the decomposition :
Ro'a = Wa'a + 200, Pya + Babd’y,
then, one can show that for any w € R* and any section p € I'(£(w)) :

(VoVy— ViVo)p = whapp. (4.28)
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4.8. Projective tractors and their calculus

We thus conclude that for special connections: By, = —%HR[QI,] = 0. This implies that the
Ricci and Schouten tensors are both symmetric, and that all the density bundles are flat.

For future reference, we summarise this in:

Lemma 4.3.2. If V is a special connection, then the corresponding Ricci and Schouten

tensors are symmetric and all the density bundles are flat.

4.3.4 The Tractor Connection

The local connection forms (Equation (4.20)) of the Cartan connection on P induce
a principal connection a on ). Adapting our construction in Paragraph 1.3.4, «;, in turn,
according to the procedure described in Paragraph 1.4.3, induces an affine connection V7
— the tractor connection — on the vector bundle 7 and, a fortiori, on its tensor algebra.
Choosing a connection in the projective class and identifying 7 ~ E(-1)®TM(-1), the

tractor connection can be shown to act as follows :

v
Proposition 4.3.2. Let V € p. In terms of the isomorphism T = &E(—1) & TM(—-1),
the connection Y7 acts on the tractor T Y ( v
P

o [ V) 2 Yo ) (4.29)
Y vbp_PbaVa

In the above, P, is the projective Schouten tensor defined in Section /.3.2. The notation:

) according to the equation :

Va

TY ( should be understood to mean that the column vector on the right-hand side
P

corresponds to the components of the tractor T, after splitting T with V.

After a choice of connection V € p, one can equip any tensor bundle :
T T & TM ' T*M ® E(w),

with a natural connection by mixing V7 and V ', by abuse of notation, we will call this

connection V. Doing this enables us to summarise the action of V7 quite succinctly in

16. we impose the Leibniz rule on simple tensors.
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terms of the splitting tractors X4, Z4, WA Y, :

VoYa = PuZ},
VaZi = —0oYa,
VXA =WA,
VW = =P X

(4.30)

Tractor curvature

It will be convenient to have at our disposal the expression of the tractor curvature
tensor Q_,“p in a splitting determined by a connection V € p. It is a short computation
that we carry out here to illustrate working with the splitting tractors introduced in
Section 4.3.4. Let us work with a fixed connection V € p, and observe that any (1,1)-

tractor LY, can be decomposed as :
LY, = fXYp + ua X728 + v WAYp + X, Wz, (4.31)

for f € C®°(M), v € T(T*M), p € I'(TM), A € End(T'M); the components are not
weighted. In order to determine the components, we only need to calculate the action of
Q,,¢p on an arbitrary tractor TP = pXP? + 1*W}E. By definition :

Q¢ pTP =2V, VyTC,

let us now evaluate the right-hand side, using Equation (4.30) :

VoViTC =V, | VipX© + p Vi XC +Vw WE + 0V, |,
we —P, XC
= Va ((vbp - PchC)XC) + (vbyc + pélf)WcC) )
= (Vapr - (Vanc)Vc - 2P(a|c|Vb)yc - pPab)XC

+ (260, Vyp + VaVor© — B 05)WE .
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Thus, using Equation (4.28) and the fact that p has weight —1, we find :

2V VT = 2V Vyp — Yasar’ — 2pPay)) X + 2V Vyr© — 26 Py )WE
= Yo' XY + (R, 0 — Bapl® — 25(;Pb)dyd)wf ,
= Y X + (W, deVd)WC-

a C

In the above, we have introduced the projective Cotton tensor Y. = 2V, Py, and, in
the second equation we have used the fact that : 2P, = —Ba.
Applying TP to Equation (4.31), one can then identify the components of the tractor

curvature that we find to be, very simply :
0Cp = —YapaXCZE + W, s WEZ, (4.32)

Of course, the simplicity of the curvature tensor is a direct consequence of the choices

made in Section 4.2.4.

4.4 Projective Compactifications

We come now to the notion of projective compactifications. In Paragraph 4.2.3 we
have shown that to any pseudo-Riemannian (M, g) with Levi-Civita connection V| or,
more generally, any smooth manifold equipped with a torsion-free affine connection, one
can ascribe a Cartan projective structure whose projective geodesics are precisely the
unparametrised geodesics of V. The structure is unique, under the condition that we
require that the restrictions described by Paragraph 4.2.4 are satisfied.

The question underlying the ideas of projective compactification can be expressed as
follows: let M = M U OM be a manifold with boundary, whose interior, M, is equipped
with a pseudo-Riemannian structure that does not extend!” to its boundary dM, is it
possible that the associated projective structure extends nevertheless to OM and, if so,
what can be said of the geometry of 9M? Our starting point will be the following definition
of [CGM14; CG14]:

Definition 4.4.1. Let M = MUIM be a smooth manifold with boundary, whose interior
is M, and let V be an affine connection on M. A boundary defining function is a map p
that satisfies :

17. For instance, because it is geodesically complete
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1 Z(p) = {w € M, plx) = 0} = OM,
2. dp # 0 on OM.

We will say that V is projectively compact of order o € R7 if for every point xy € OM,
one can find a neighbourhood U of xo in M and a boundary defining function p such that
the connection'® on U N M :

V=V+ @, (4.33)

ap

has a smooth extension to the boundary, i.e. for instance, the local connection forms of
V, defined on U N M, in any frame (e;) on U that is smooth up to the boundary, extend
to OM.

The definition is independent of the choice of defining function p, as any other defining
function on U can be written p = e¥p and in this case dp = pdk + e*dp oc dp on U NIM.
On the other hand, the parameter «, cannot be removed. This is clearer if we introduce

the notion of boundary defining densities :

Definition 4.4.2. A boundary defining density is a global section of 0 € £(w) for a
fixed weight w € R’ vanishing exactly on M and such that its expression in any local
trivialisation on a neighbourhood of a boundary point x5 € OM is a boundary defining

function.

The parameter w is fixed : suppose that o € £(w), 6 € £(w') are two defining densities
such that w < '. Let 7 be a density of weight w that is non-vanishing on a neighbourhood
U of a boundary point o € M, and write ¢ = p7 on M N U, p is therefore a boundary
defining function. Since o*'/* is also non-vanishing on M NU, it follows that 5 = efo*'/* =
ef p'lwre/v 79/ s also non-vanishing on U, so we conclude that e/ p*'/* is a boundary

defining function, therefore :
d(ef p'19) = ef p? o df + p'/ Ldpef £ 0 on OM,

sow' = w.
The following lemma relates boundary defining densities and projectively compact

connections of order a:

18. cf. Proposition 4.2.1.
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Lemma 4.4.1 ( [CG14, Proposition 2.3 (4)] ). Let M be a manifold with boundary
equipped with a projective structure [V]| on the interior M that extends to the bound-
ary OM. Suppose that o € E(«) is a boundary defining density and let V be the scale

determined by o on M, then: V s projectively compact of order «.

The cases covered the most in examples and in the literature are o € {1,2}, this is
because there are well understood model cases. We also quote the following completeness

result:

Proposition 4.4.1 ( [CG14, Proposition 2.4] ). Let V be an affine connection on M
which is projectively compact of order a < 2. Assume that v is a projective geodesic that
reaches xo € OM with tangent vector transverse to OM . In this case, one can find an affine
parametrisation c : [0, 00[— M (with respect to V) of part of v such that ¢([0,00[) C M

and tLleroo c(t) = xo.

In the next paragraph, we will study in detail the case of Minkowski spacetime, which
we will find to be projectively compact of order 1. We will also explain how its metric
structure is encoded projectively in a parallel 2-tractor and that its projective infinity

inherits a metric projective structure.

4.4.1 Affine space

It is no surprise that the projective compactification of affine space A™ and, by exten-
sion, that of Minkowski spacetime, involves the central projection of R"*. We will first
look at this using the language of Paragraph 4.2.3 : identify A™ to R™ with its canonical
affine structure, let (ey,...,e,) be the canonical basis and (w') = (dz’) the dual basis;
they are all parallel with respect to the canonical affine connection (which corresponds
exactly to the Maurer-Cartan form of the affine group). Thomas’ projective invariant I1
(cf. Equation (4.13)), that is globally defined, vanishes and the (local) normal Cartan
connection is nothing more than :

0 0
(20)

This is identical to the expression of the Maurer-Cartan form of the (oriented) projective
group in an affine chart that we gave in Equation (4.6)! So we recover the expected result

by reasoning locally.
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One can also interpret this globally in terms of tractors. The first point we make
towards this is that the tractor bundle 7 on the projective sphere is trivial. Indeed, unlike
the H-principal bundle (P = SL,1(R), 7 : SL,+1(R) — SL,+1(R)/H), the associated
bundle Q = P Xy SL,.1(R) has a canonical global section : pH + [p, p~!| furnishing an

inverse to the bundle map :

PxyG — SLyi(R)/H x SLy.i(R)
[p,g] (7(p), pg)-

In the above, we view elements of P xy G as equivalence classes of pairs (p,g) €
SLpi1(R) x SLy1(R). The map is well-defined as for any h € H:

m(ph) = m(p)w(h) = 7(p) and (ph)(gh)~" = phh™'g = pg.

Additionally, the Maurer-Cartan form of SL,;(R) induces the trivial connection on
SLy+1(R)/H x SL,+1(R), as can be seen by examining the local connection forms. Since
Q is the frame bundle of the tractor bundle, it follows that : 7 = S™ x R"*!. We can

therefore view parallel tractors on the projective sphere as constant vectors of R"*!.

Exploiting its definition as a quotient space, other geometric quantities on the projec-
tive sphere have similar interpretations in terms of R"™!. For instance, functions on S™
are in one-to-one correspondence with functions on R\ {0} that are invariant under
the natural action of R% on R™™ ie. f(tz) = f(x) for all z € R"" and any ¢t € R%;
densities of weight w can be identified with w-homogenous functions on R™™ \ {0}, i.e.
flte) =t f(z), x € R™ ¢ € R%. This last identification follows from the fact that the
frame bundle of densities of weight 1 can be identified with R"*!\ {0}, for instance as

follows :

R\ {0} — ST X RL

(X1, 1) — ([x1, . s |2+ 4 |2aga])
In a similar vein, the map X in the short exact sequence (4.24) of Proposition 4.3.1,
can be thought of as the homogenous coordinates of a point on S™. Finally, Z can be
identified u sing t he u sual i nterpretation o f v ector fi elds as di fferential ope rators:it is
the map that restricts a differential o perator v on R™"\ {0} t o t he s pace o f smooth
R* -invariant functions. However, the result of v is not a vector field on S™. Instead, v( f)

is a homogenous function on R"™!\ {0} of weight —1, hence we have a weighted vector
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field with weight —1.

Consider now the hyperplane z,,; = —1 in R"*. In order for the canonical action of
SL,1(R) on the projective sphere to induce, via central projection, a group action on the
plane, we must reduce the group by demanding that the co-vector I = ( 0O --- 01 )
be preserved. This is tantamount to introducing a parallel co-tractor /4 on the projective

sphere. The elements of the subgroup of SL,,1(R) that preserves I have the form :

A b
( 0 ) A€ SL,(R),be R

so it is easily recognised to be the affine group, and it acts as such on the hyperplane. The
projective compactification of affine space can therefore be understood to be obtained
directly from the projective sphere by choosing a parallel cotractor I, and demanding
that it be preserved by the structure. This splits the projective sphere into three orbits,
two of which can be identified with the hyperplane, (points with homogenous coordi-
nates [z1,...,x,, £1]) and the third, formed by points with homogeneous coordinates
[1,..., %y, 0], is what we will identify as the boundary at infinity. Note that the weight
one density, ¢ = X?1,, corresponding to the homogeneous function of weight 1 given by

the (n + 1)-th homogeneous coordinate, x,.1, is a defining density for the boundary.

4.4.2 Minkowski spacetime

To introduce additional structure on the hyperplane, for instance a pseudo-Euclidean
structure, one should reduce the projective group SL,.1(R) further by requiring that a

constant metric on (R"*1)* H, be preserved. Let :

I, 0 0
H=|o0 -1, 0 |,
0 0 0

and note that H4%1, = 0. The subgroup that preserves H and [ is given by : R* x.SO(p, q)

that we identify with the matrices :

A b
( 01 ) ,A€e SO(p,q),b e R,
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Studying the orbits of the action of this group on the projective sphere, one observes that,
there are again two orbits that can be identified with pseudo-Euclidean space, however, in
addition, the boundary at infinity - i.e. points with homogenous coordinates [z1, .. ., z,, 0]
- splits into orbits classified by the sign of H(z, z), where x is the vector in R"™! formed by
the homogenous coordinates. In the specific case of a Lorentzian signature (—, 4+, ..., 4+),
the 3-orbits can be interpreted as timelike (H(z,z) < 0), spacelike, (H(x,z) > 0) and
null infinity (H(z,z) = 0).

Once more, 0 = [4X* is a weight one boundary defining density, therefore, (d + 1)-
dimensional Minkowski spacetime is projectively compact of order o = 1. The bilinear
form H is to be identified with a parallel 2-tractor on the projective sphere. The structure
described here is, in fact, the generic model for projectively compact metrics of order 1;
this is explained in [FG18].

Up to now, we have viewed things from the point of view of an ambient projective
sphere, producing a projective compactification of pseudo-Euclidean space by embedding
it directly into the n-sphere. Nevertheless, one can argue that it is more natural to adopt
the opposite point of view, and attempt to construct a compactification from the inside

out.

For definiteness, let us restrict now our discussion to n = d+ 1 dimensional Minkowski

spacetime, that is to say : R® = R!'™¢ with its usual Cartesian coordinates Xy, ..., Xy and
the usual (+, —, ..., —) Minkowski metric. Generic coordinates of points in R**! = R?*2
shall be written (xg,...,7441) and homogenous coordinates in P, (R"*1) = P, (R4+?),
[0, ..., Tar1]-

Trivialising the density bundle with various densities enables us to deduce boundary
defining functions that can be used to define local coordinates charts well-adapted to the
projective compactification. For instance, consider the usual Euclidean norm || - ||o; it
defines a homogenous function of weight 1 on R%*2 hence a projective density of weight
1 on S*'. As before, the boundary defining density ¢ = X414 corresponds to the ho-
mogenous function given by the last coordinate in z4y; in R2. In the local affine chart

UJ—i—l o~ Rd-i—l of Sd+1 .

Ti41 = ﬂlH : H2,
with :
P (X, X)) — 1

VI1+X2 44 X2
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Another interesting example is the local trivialisation given by the homogenous func-

tion :
f@on o wain) = —/lad —af = —al,
on points such that z4y; < 0 and % — 23 — - -+ — 2% # 0. Writing 24,1 = pf, we find:
p(Xo, ..., Xq) = ! . (4.34)
VIXG = X5~ = X3

The function p can be used to construct future timelike infinity directly. Indeed, the
surfaces p = ¢ furnish a foliation of the interior of the future light-cone .t represented

in Figure 4.2. In the coordinate chart (p, Z1,...,%4) on T defined by : Z; = pX;, which

Figure 4.2 — Foliation of the interior light-cone by hyperbolic sheets

is adapted to this foliation, the usual Minkowski metric takes the form :

dp? 1 B d
= = 8 — —2_ ) dz,dz;, |z =Y 72 4.35
g p4 pg%( J 1—|—|j‘|2> J | | 2:21 4 ( )
ngij

In fact, [CG14, Theorem 2.6] shows that projective compactness of order 1 follows directly
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from this expression; the compactification being obtained by appending the hypersurface
{p = 0}. In this simple case, it is nonetheless straightforward to verify this directly: the
coordinates (p, Z1;...,Zq) identify T with |0, +00[xR™, that is naturally viewed as an
open-subset of [0, +00[xR™. To prove projective compactness of order 1, it is necessary to
show that the connection V = V + d—;, has a smooth extension to points where p = 0. The
associated coordinate basis (a@p, (%)ie[{ldﬂ) on .+, has a natural extension to [0, oo[ xR,
hence it is sufficient to calculate the local connection form in this local frame. First, those

of the Levi-Civita connection are :

d , dz;
wOO:—Q—p; Wy = — ° ,
p p
W = —pd; + . +| Ek:x di = p Zgjkdxk, (4.36)
o d dp

Hz
R H?

i 5 Z 2pdZy — 0;— P =Tip* Y gindEy — 65—
z| p p p
Those of the connection V = V + d—pp are obtained by applying Equation (4.11):
QY = @'y =0,
P = w0j> (4.37)
& = Ep” Y giedin,
k

& <°
. ©

and clearly have smooth extensions to points where p vanishes, which proves projective

compactness of order 1.
Using Equation (4.35), one easily identifies a metric on the boundary :

dp? BT
h: 2 e —— = 5“—71 J T ~',
P (g p4> 2 < Y1y |:7:|2> A

1’7J

Although this is not obvious from the outset, one can show that V restricted to the

boundary is the Levi-Civita connection for h.

Minor modifications of p can be used to construct past-timelike infinity and spacelike
infinity by a similar coordinate based method. On the other hand, projective null infinity
requires a slightly different treatment. It can in fact be obtained by projectively compact-
ifying the incomplete spacelike and/or timelike projective infinity, w hich is projectively

compact of order 2.
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4.4.3 de-Sitter spacetime

Another interesting example is that of de-Sitter space, a Minkowski signature analogue
of the Euclidean sphere. In 4 dimensions, it is the hypersurface {n(z,z) = k? = € R°} in
R5 equipped with the standard (—, +, +, +, +) signature metric 5. As with the sphere, the
parameter k € R is a scaling of curvature and has no importance for us, we will henceforth

set k = 1. The geometry can be described as R, x 5% with the metric :
g = —dy? 4 cosh® Ydo?, (4.38)

where do? is the usual Euclidean metric of the unit 3-sphere in R*. A coordinate based

approach to the compactification is to consider, for instance, the scalar field p = m
In this case: 1 12
P 1 P 3
=——4+ — (- d .
J 4p2+2p< 1—2p+0>
Since h = —% + do® extends smoothly to s = 0, [CG14, Theorem 2.6] allows us

to conclude immediately that de-Sitter space is projectively compact of order 2. This
fact can of course be verified directly upon inspection oft he c onnection f orms given in

Appendix F.

A more geometric view of the compactificationisto first recall th at de-Sitter space
is the homogeneous space SO(4,1)/S0(3,1). Thanks to its embedding in R5, it is easily
identified with a subset of t he projective sphere S *via central projection. Consider now
the projective sphere with its canonical projective structure and introduce the standard
signature (4,1) metric H4? on R®", i.e. a parallel 2-tractor on S*. Demanding that the
structure preserve the metric results in the reduction of SLs(R) to SO(4,1) and enables
us to retrieve the usual geometric structure on de-Sitter space. Within the projective
sphere, de Sitter corresponds to the set of points with homogenous coordinates X such
that the weight 2 density 0 = HapX4XP? > 0. This density is also a natural defining
density for the boundary and, as with Minkowski space, trivialising it with respect to other

non-vanishing 2-densities on the projective sphere yields boundary defining functions.

The defining function used above in the coordinate based approach comes from trivi-

alising o with the 2-density corresponding to the weight 2 homogenous function on R®:
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X3P+ + X3, one has :

X3
X2+ X2+ X2

function defined on the projective sphere

oc=—-Xg+ X+ X2+ XI= 1 (X7 +- 4+ X5).

In the curved coordinate chart (¢, 99), ¢ € R, 9 € S® this function is exactly 1—tanh®1 =
m ; had we chosen to trivialise with the 2-density || - ||2 we would have found the
boundary defining function p = m

A striking difference with the compactification of Minkowski spacetime is that the
action of SO(4,1) on the projective sphere does not restrict to an action on the boundary
o = 0 of de-Sitter space and, consequently, we do not get a projective structure on the

boundary, instead it inherits a conformal structure.

The above examples are model cases for the local geometry of solutions to the so-called
Metrisability equation. In both cases, a symmetric bilinear form on the cotractor manifold
HAPB plays an important role, and will also be an important tool in the lifting of equations
on the base to the tractor bundle. In the next section, the reader will find a brief review of
the theory of the Metrisability equation establishing the correspondence between solutions

to the Metrisability equation and symmetric bilinear forms on the cotractor bundle.

211



4.5. A brief primer on the Metrisability equation

4.5 A brief primer on the Metrisability equation

4.5.1 General theory

In [EMOS], the presence of a connection within a given projective class p on a projective
manifold (M, p) was shown to be governed by the existence of solutions to the following

(overdetermined) projectively invariant equation with unknown o € I'(€(—2)):
V.o — Lvdad@éb) = 0. (ME)
n+1 ¢

Equation (ME) states simply that the trace-free part of V,.0% must vanish, and its

projective invariance follows directly from this observation since if V=V + T :

Voo™ = V0% + Tyo 6 + T 106" = Voo™ + 27 10%6Y) .
~—_—————

trace term

Hence, the trace-free parts are identical. If 0% is a non-degenerate solution to this equa-

tion, then we define:

o= 521.__%%__,)”0“1”1 ..o = det 0.
Even on non-orientable manifolds M the bundle A"T'M @ A™T' M is canonically oriented
and we denote by €2, ., the canonical section that identifies A"T'M @ A"TM to the
density bundle £(2n + 2). In case there is an orientation, we can instead use the dual of
the volume form w? % and identify the bundles using w®®wt» In any case, o is a
weight two density, and, if 0? is non-degenerate, o is nowhere vanishing so one can define
a metric, g, by: ga = 0 '04. The scale determined by o, V7, can then be shown to be
the Levi-Civita connection for g.

It turns out that the solutions to (ME) are in one-to-one correspondence with 2-tractors

HAP that satisfy the equation :
2
V.HAP + ZxUw Bl HPF = . (ME2)
n

This result can be obtained by prolongation® of (ME), which consists, briefly, in adding

variables in order to obtain a closed system. Here, we recall the explanation given in [CGM14]

19. [Bra+06]
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using the projective tractor calculus. The first remark is that there is a canonical projec-

tively invariant operator : T*M — End(7) that acts on 1-forms as :
Up — XAZ%UZ,.
This induces an operator * : A*T*M ® S*T — A*1T*M ® ST that acts as :

HAB, — XUAHDC, Z¢.
To understand how this operators acts in the column vector notation, we note first
that after splitting the sequence (4.24) with a choice of connection V, an arbitrary section

of S*T can be written :
HAP = ¢ WAWE + 2N X AW + 7 XAX P,
where ¢ € T(S*TM(-2)), A € [(TM(-2)),7 € T'(E£(—2)). Therefore, if we write :
Hlﬁ?bk, = I()llb...kac;qu + 2A21...ka(AWzF) + 7oy, XX,

it follows that: BC
(a*H)lf‘f.bk = X(Ach ...kaé*

2

_ rcb X(AWbB)‘i‘)\c XAXB.

cby...by, cba...by,

(4.39)

This enables us to verify that, in fact : 9* o 0* = 0, and hence that we have a chain

complex. It turns out that in addition to this we have so-called splitting operators:
Theorem 4.5.1. Let (% € T(S?TM(-2)), then there is a unique section L(C) of S*T
that satisfies:

— Z{ZEL(ON =,

— O(VTL(C) = 0.

If V € p then we have :

Vacab
n+1

PuC®(n+1) + V, V(2
n(n+1)

L(Q) T ¢mwiwf — 2= x U 4 XAXE, (4.40)

Furthermore :

2
Z,%Z%VCL(C)AB = VcCab - mvdgd(aés)-
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We seek now to prove the equivalence between solutions to (ME2) and those of (ME).
This proof is already available in [CGM14], but it is an interesting exercise to carry out
these steps here as it helps to apprehend the articulations between the different notions
of curvature, as well as the roles they each play in the projective structure. First let us

observe that (ME2) can in fact be rewritten:
2
V.HAB = —58*(ch(AFHB)F).

Hence, any H4 satisfying (ME2), satisfies 0*V.H4# = 0, which implies that H4% = L(()
where (% = Z9Z%HAZ. Furthermore, since it is in the image of 9%, Z4Z%V . HAP = 0.
Therefore, any HAP that satisfies (ME2) is L(¢) for a solution ¢ of the metrisability

equation. The proof of the converse is more involved. Let us assume that ( is a solution
to (ME) and denote by HA? the tractor L(¢). Let V € p and rewrite (4.40):

Cab gab
AB VY — V¢
H - )\b - : n+1 .
PapC? VaVpct
T bn + n(nj—l)
A simple calculation leads to:
V(™ + 2X050)
VHP Z | VA = (P, + 70
VCT — 2Pcb)\b

If (% is solution to the metrisability equation then the top slot cancels. Let us now
calculate V.V (% :

VeVaC™ = VaVel™ 4+ R 1Y + Ry ¢ — 28.4¢",

2
= vdvfgf(aég) + Rcdafcdf - (Rcf + ﬁcf> Caf - Bcfgafa
n+1 —_—

(n_l)Pcf

AL AL

+ Wy %Y + 260 Py (Y — (n— 1) PpC,

n—+1 n—+1
V.Vl VaV¢fise u . u
= anl + ni 7 + W %Y + 02 PyCY — nPpC.
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Therefore:

n
n+1

V4V ¢lse
n+1
= n(76¢ — Pey(’) + WY,

V. V(™ = + W, %Y + 60 Py (Y — nPpC,

Thus, after rearrangement :

(VA" — Pyl + 768) = =W, %Y.
We now aim to perform a similar calculation for V.r = V. ( F “l;fab + Vn“(ﬁ%b) To begin
with : .
chaVbCa
vc = vcpa ab Pa Vc ab - 1
n(Ver) = (VePu)C® + Pu Ve + =20
V.V VbC“b
= (V.P, ab_gpa A\agh) 4 Teraros
( b)C b c + n+1 Y
V.V VbC“b
— P ab cVvVa o P a o b
(vc ab)C + n+ 1 ac)\ cb)\ )
PcaAa_ﬁac)\a
V.V.,V ab
- (chab><ab + 7& - 2Pcb/\b + BacAa-
n—+1

Let us focus now on: V,.V,V,(%:

VVaVi(™ = VoVe V(™ +R,"Vil!" + R, V(™ — RV ¢ = 2B.,Vi(®,
N——
—(n+1)Ae
=+ D)VoV A+ (n+ DR N +2(n + 1) B\
Therefore:

vcvavbgab

=— A — 1PN M.
n+ 1 Vavc + (TL ) cf +5cf

From our previous computation :

|
V.V =V, (Pcfgfa s — nwcdafgfd>

1 1
= VT + (Vo Pe)(P = (n 4+ 1) PN — =W, % Val!? = =V W, %77
n n
We appeal now to (E.1) which shows that :

vachafod =(n— 2)chfgfd7
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thus :
1 n—2
}/;dfgfda
n

=Ver + (VaPep) (I = (4 Py N = — W, Vo =
—2
n }/;dfcfda

V, VA =
= =V + (VoPop)I* = (n+ PN + ZW, %206 —
\n_v_/

= 0 since W is tracefree

n—2
Yo (Y.
n

VT + (VoPep) T — (n+ 1) Popdf —

Overall :
V. V.V, —2
VeVaVie™ = VT — (Vo Pop)C'* 4+ 20PN + i YoarCY + Bep M.
n-+1 n
Therefore:
n — 2 a
}/cdfcdf - (VaPcf)Cf )

(n — 1)(Vor — 2P\ = (V. Py) (% +
n—1
=2 Yeqr Y.
mn

Hence: 5
(VCT — 2PCb)\b) = ﬁ Cdfé'df'

Finally, we conclude that :
0

- ch af <df

V. HAP X
2V CY

S|

Now, using Equation (4.32) we see that :
20, L HPT = 2V, M XAW) 42w, 4 CTWAWE — 2N Y, XAXE

Hence, according to (4.39):
0

0729, pHPT) = —2¢ Yoy XAXP 4 2¢TW, 0 X AW T | ¢cefw, b,
_2}/cef<ef

Which shows that Equation (ME2) is satisfied and proves the equivalence. Due to this
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result, we will sometimes also refer to (ME2) as the metrisability equation.

4.5.2 Normal solutions

If we inspect the hypothesis of Theorem 4.5.1, we observe that there is a special class
of solutions to the metrisability equation: those ¢ such that HAP = L(¢) is parallel for
the tractor connection. They will be referred to as normal solutions, and it is shown
in [CGM14] that they are intimately related to Einstein manifolds. Indeed, recall that:

Cab Cab vccab + 2)\(1)52)
HAPEZ | e | =] Y L VHAP Z | VN0 — (PP, + 76
)\ T Ver = 2PN

In the scale V determined by o = det (%, which is the Levi-Civita connection of the
metric gg, = 0 '(a, away from where o vanishes, A\’ = 0 and the condition V.H4Z = 0

implies that :

¢*P, _ Pl
ca n c?
hence : ;
P.(C*
P = J;f G- (4.41)

Furthermore, since nt = (*P,;, and V.7 = 0, it follows that (4 is Einstein.
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4.6 Projective Laplace operator and Boundary cal-

culus

4.6.1 The Thomas D-operator

We have now laid out the basic tools that we have at our disposal on projectively
compact pseudo-Riemannian manifolds and can at last proceed to discuss how one may
seek to use these new tools in the asymptotic analysis of second order partial differentiation
equations from Physics. The main idea is to construct a tractor version of the usual
differential operators, that can be used to write down a similar equation on the tractor
bundle. Equations obtained in this way are projectively invariant by construction and one
can hope that it is possible to extract asymptotic information from the version expressed
in the scale V that extends smoothly to the boundary. A basic tool in the construction

of these projectively invariant operators is the Thomas D-operator:

Definition 4.6.1. Let F° be an arbitrary section of a weighted tractor bundle ?" of weight

w. In a given scale V, the projective Thomas D-operator is defined as :

DAF° Z WY F° 4 Vo F°Z%.

A

The definition is independent of the choice of scale since if V =V+7 then : V,F =
V.JF'+wY, F and f/A =Y, —T,2Z%, so:

WYAF + Z8V o F = WYAF + (Vo F + WY F) 2% = WY F + V, FZ5.

We note here that the operator XD, %' is the weight operator w : .F(w) — F(w)
defined on an arbitrary weighted tractor bundle % (w) by : F — wF.
The Thomas D-operator is closely analogous to a covariant derivative with tractor

indices and satisfies, in particular, the Leibniz rule:
DA(F°G®) = (DAF°)G° + F°(DAG®).

It is interesting to note that this was not the case for the conformal equivalent of the

Thomas D-operator. It holds here because the projective structure is, in some sense, first

20. ° denotes an arbitrary set of tractor indices.
21. X4 is the canonical tractor.
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order whereas the conformal structure is second order : projective tractors are 1-jets and

conformal tractors, 2-jets.

4.6.2 A projective Laplace operator and its boundary calculus
First attempt

Our original interest in Laplace-type operators that can act on tractors arose from the
hope that they may provide a framework for the geometric interpretation of Hérmander’s
scattering result at timelike infinity for Klein-Gordon fields in Minkowski space-time dis-
cussed in the introduction. The Laplace operator ¢**V,V, is not, of course, projectively
invariant. However, much like in the conformal case, it can be made projectively invariant
by working with projective densities of arbitrary weight.

Consider a Lorentzian manifold (M, g) of dimension n and denote by [V] the projec-
tive class of its Levi-Civita connection. If o € I'(T*M(w)), then observe that g**V,o,

transforms under a change of connection V = V + T according to:

g“b@aab = gabvaab + waUb — Tbab — Op Tb
= gabvaab + (w — Z)TbO'b.

It is therefore immediately invariant if w = 2, however, we can avoid fixing the weight
(that we hope to identify with a mass term) if we consider instead an operator of the
form V, + (,, where the form ( depends on the connection in the class and transforms

according to:

A~

Ca = ga - (w - Q)Ta-

It is possible to construct such a co-vector from any non-degenerate symmetric tensor hy,

indeed, (, = %h“cvchab, is a suitable choice since:

hN chay = hV chay — 2h%hay Lo — h%hae Ty — Yah®he,
= h“CVchab - 2Tb - nTb — Tb
= h“cvchab - (n + 3)Tb

With any such choice of ¢, the quantity:

gab<@a + Ca)o-lh
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is projectively invariant. Studying similarly the transformation rule for V,7 we find that
for any 7 € £(w), &4 = h%V hay, h € S*(T*M), non-degenerate:

ab w—2 )( w )
g (Va+n+3£a Vb+n+3£b T,

is also projectively invariant. The operator can be extended to weighted tractors simply

by coupling with the tractor connection.

Since we already have a metric g at our disposal, it seems natural to set h = g in the
above. The resulting operator is a candidate for a D’Alembertian type operator, however,
in the Levi-Civita scale the term &, vanishes and does not, therefore, provide a mass

term...

Restricting the problem to Minkowski spacetime, we can try to solve the mass issue
by exploiting some of the freedom left in the construction outlined above. Let p be the
boundary defining function defined by Equation (4.34) on the future region of the future
light cone of the origin of Minkowski spacetime. We note immediately that, with the

Levi-Civita connection:
Op=—(n—3)p*, V°Vaep=p"
Set hap = f(p)gap, SO that the new &, is given by:

Ea =S+ (F(0) ' f' () Vap.

Studying the form of V%, and £%,, it transpires that an interesting choice for f is

flp) = e_%, for some o € C. For such a choice, expressed in the Levi-Civita scale:

- v, - e
f=a pf, £8, =a% V%, =—a(n—1)p,

—9 -
so that, if we write: Jr = g% (Va + wfa) (Vg, + d &,) 7, then in the Levi-Civita
n+3 n+3

scale: 5 . 5 )
Jr = ¢V, Vr — a(n — 1) pwt + 7@ — )g“bﬁavzﬂ' + (CLETL_+ );)1204

n—+3
Setting w = 1 rids us of the first order term and setting v = im(n + 3) we arrive, again
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in the Levi-Civita scale, at:
Jdr +im(n — 1)pr = (O + m?)T.

This has apparently given us what we sought; but perhaps in a trivial way. Indeed, there is
no guarantee here that 3 has an interesting extension to the boundary (or is defined there),
and, our development depends in a non-trivial way on the boundary defining function,
which is inherently dissatisfying. Finally, since 7 is of weight 1, and Minkowski spacetime
is projectively compact of order 1, then 7 = ¢o, where o € £(1) is a boundary defining
density. Hence, if ¢ extends to the boundary, so does 7 but with vanishing boundary value.
Working out the action of the operator on the component of 7 expressed in a trivialisation
that is valid up to the boundary, we find unfortunately that our concerns are founded as it
has smooth coefficients that tend to 0 at the boundary and reduces there to multiplication

by m?2.

A more natural operator

On a n-dimensional projective manifold (M, p) equipped with a solution H4% = L(()
to the metrisability equation (ME2), D provides a natural candidate for a projectively

invariant Laplacian operator, namely :
AT = H*3D,Dp.

During my trip to Auckland University, A.R. Gover suggested to me that this operator
would likely play a key role and may be a more successful candidate. We also note that
it has already appeared in the literature [GS18]. Of course, the results in Section 4.5.1
corroborate this, given the geometric significance of H4?. This is also a closer analogue to
the operator « I-D » in conformal tractor calculus [18, Chapter 3, §3.9] than the previous
attempt.

The analogy with the conformal case is in fact complete in the case where HAP is
non-degenerate. In the early stages of his on-going thesis work, Samuel Porath, a student
of R. Gover, developed a boundary calculus in this case, that is in all points analogous to
the results in [GW14]. In fact, the important point is that A7 defined above is part of an
sly algebra.

Proposition 4.6.1 (S. Porath). Suppose (M, g) is projectively compact of order a = 2,

221



4.6. Projective Laplace operator and Boundary calculus

HAP non-degenerate, and let:
— x be the operator of multiplication by a boundary defining density o,
— y=——=75A", with I’ = H** D 0 Dgo,
— h=w+ %2

Then x,y, h form an sly-triple i.e.
[,y =h, [hz]=2x, hy =2y

It is interesting to note that Proposition 4.6.1 is not specific to normal solutions to the
Metrisability equation. The consequence of this that interests to us, is that following
the same procedure as in [GW14], S. Porath developed a Boundary Calculus from which
follows a formal solution operator that we relate to the asymptotics of solutions, we will
discuss this in Section 4.6.4.

Let us begin our discussion here by studying how A7 acts on weighted densities. Let

feT(E(w)) and V € p, then:

DaDpf < (w— DwfYaVp +2(w — VDV fYaZpy + (VoVif +wPaf) 252}

Hence, writing HAP < (OWAWS — 2%ell X (A7) 4 (Ll 4 SoWuel) X4 ¥E, we find
that:

Pabcab Vavbcab
n n(n+1)

ATFE o(w—1) ( ) f+ ¢ (VaVif +wPaf) — 2ﬁvaca”vbf-

In the scale V¢ the expression reduces to :

Ve w(w+n—1)Py(™®

AT f [+ ¢V, Vo f. (4.42)

This indicates that in the case where the density P,,¢* is parallel for V., AT is a pro-
jectively invariant generalisation of the Klein-Gordon operator, with the proviso that the
order-0 term be identified with t he m ass. U nfortunately, in t he c ase o f s calar-flat met-
rics like Minkowski spacetime, the term vanishes altogether and we have but a projective
wave operator. We will see that scalar-flatness is also an obstruction to our next develop-
ments, as well as Proposition 4.6.1. The above formulae generalise to the case where f is

a weighted tractor by coupling a connection on M with the tractor connection.
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Let us now restrict to the case in which our projective manifold is the projective
compactification M of a connected oriented n = (1 4 d)-dimensional Lorentzian manifold
(M, g). That is to say, we assume that:

Hypothesis A.
— M s a manifold with boundary OM such that int M = M,
— M is a connected, oriented manifold equipped with a smooth Lorentzian metric g,

— The Levi-Civita connection V9 of g does not extend smoothly to any point on the

boundary,

— The projective class [VY] extends to the boundary.

Let w, denote the volume density for g and set for a € {1,2}, 0 = (w,) #+2. Then
C = O’i%g_l
tractor H4P that is a solution of Equation (ME2), equally on M. Since Equation (ME2)

can be rewritten as V.HA? = 0 for an obvious modification V of the tractor connection,

is a solution to the metrisability equation (ME) on M, and gives rise to a

we can observe that our assumptions imply that V extends smoothly to the boundary
and, consequently, H4Z can be extended by parallel transport to M. Projecting onto
the invariant component, Z4Z%HA? = (% shows that ( itself extends smoothly to the
boundary, furthermore, its extension is degenerate on dM since if this was not the case
V, would extend to the boundary. According to whether HAP is non-degenerate (o = 2)
or g is Ricci-flat (aw = 1) we are now in one of the situations described in [FG18, Theorems
3.6 or 3.14] and o is a boundary defining density in each case.

Consider now as in Proposition 4.6.1, x, the operator acting on weighted tractors that

multiplies by ¢ and define the weight o« — 1 co-tractor I, = D 40, then :

Lemma 4.6.1. 1o

2, A7) = T (2w +d + a)
«
where: I*> = HAP 1,15 and w = XA Dy is the weight operator.

Proof. In the scale V,, o is parallel, so it commutes with V,. However, it does not com-
mute with the weight operator as it increases weight by «. Hence, if F' is an arbitrary

tractor of weight w then :

Pab Cab

[, AT)F = (ww+d) = (w+a)(w+a+d) 2

oF.

22 P

Again, in the scale V,, Iy = acY, and I? = oo s>~ and the result ensues.
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If g is Ricci-flat (« = 1) then on M, P, = 0 and I? = 0. Furthermore, I, is parallel for
the tractor connection and extends naturally to M, hence I? also extends smoothly to 0
on M. So [z, A7] = 0 in this case. On the other hand, if H4” is non-degenerate on M
(a = 2), the function ¢~'I? is non-vanishing on M and, defining y = —— A7, we have
reproduced Proposition 4.6.1.

We see here directly the unfortunate consequences of Ricci-flatness, Proposition 4.6.1
cannot hold in the case a = 1 because z and A7 commute and generate a trivial sub-Lie

algebra.

4.6.3 Asymptotics of solutions to the Klein-Gordon equation in

de-Sitter spacetime

As mentioned above, in the non-degenerate case, the sly-triple in Proposition 4.6.1 is
the basis of a so-called Boundary Calculus. This enables us to formally generate approx-
imate solutions to yf = 0 off the boundary. To study this, we first consider the specific
case of (14 d)-dimensional de-Sitter spacetime and return to the notations introduced in
Section 4.4.3. Let o € £(2) be the defining density for the boundary constructed from the

volume form w, by o = |wg\_di+2 and (® = 07 '¢%. In the scale defined by o :
ab 1 ab -1
Cpab:gc Rab:O' (d+1)
so Equation (4.42) becomes :

N (wlw+d)f +g"VuVaf). (4.43)

This is the Klein-Gordon operator with mass defined by the relation w(w + d) = —m?.

Vice versa, for a given value of m there are therefore two weights on which A7 acts exactly

as the Klein-Gordon operator with mass m :

W € {;(—d+§),§2:d2—4m2},

generically, ¢ is complex.
On de-Sitter spacetime, the operator y is simply y = —A7, therefore the equation y f =
0 for f € E(wy), in the scale determined by o, is the Klein-Gordon equation for a classical

scalar field with mass m. More precisely, solutions to the Klein-Gordon equation with

224



Partie , Chapter 4 — Projective differential geometry and asymptotic analysis

mass m on de-Sitter space are in one-to-one correspondence with densities of weight w,
in kery; the correspondance being accomplished naturally via the map ¢ — ¢o 2" = fo-
The operator y = ;—QIH 4B D, D has the advantage that it is well-defined on the boundary
and therefore, expressed in a scale that is regular at the boundary, it can be used to study
the asymptotic behaviour of solutions to the Klein-Gordon equation. Let us work this out
explicitly on our example. Introduce the coordinate functions (¢,9),v € R,J € S™ and

0

recall that p = is a boundary defining function. Each local frame (w°,...,w?) on

1
2 cosh? 1
T*M defines a positive density of any weight w that we will call [w® A -+ A w?|"#2. For
simplicity : let w?, ..., w? be dual to an orthonormal frame on 7S¢ and write w!A- - -Aw? =

dQ?. Then |dp A dQ%| 7% is smooth up to the boundary and:
o =2p(1 — 2p)T2|dp A Q| 752

By construction, the connection V* =V, + g—z extends to the boundary and preserves the
2-density s = %a; the scale s can therefore be used to study y near the boundary o = 0.

Using the change of connection formulae, we find:

Sflpflgab

HAP L2 | 2571(1 — 2p) 0"
2571
Hence, if expressed in terms of the connection V*, for f € £(w) :
uf = 257 (w — Deof + 457 (L = 2p)(w — DIV Sf + ¢ (VAVIF +wPhf).  (444)
Writing f = ¢s%, and using the fact that Vs = 0, Lemma F.1.3, shows that:
yf =52 1p 0,0+ 4sH(w—1)(1 — 20)0,0 + 25w + d — 1)wg)
= 2557 2020080 4 2o - A= 20) + QoD+ MO0y

+ Aga + w(w+d— 1)¢>.
Therefore, near the boundary, yf =0, f = ¢s? is equivalent to:

—2p(1 = 2p)P2 + (1 + (1 = 2p)(d — 3+ 20))3p¢ + Agudp + w(w + d — 1) = 0.
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Exploiting the spherical symmetry of the above equation by decomposing onto a spherical
harmonic A = [(l 4+ d — 1), the problem is reduced to the ODE:

—2p(1 = 2p)05¢ + (14 (1 = 2p)(d — 34 2w))p¢ + (w(w +d —1) = X)p = 0. (4.46)

Since all coefficients are analytic functions of p, it is well adapted to the Frobenius

method [Inc56] and so we seek solutions of the form :

¢ =p” Z Oélcpk-

k>0

Plugging this ansatz into Equation (4.46) yields the indicial equation :
v(2w+n —2v) =2v(hyg—v—1) =0, (4.47)

where we have introduced hg = hf = w+% and h is the operator defined in Lemma 4.6.1.
Hence:

v=0orv=hyg—1.

For k > 1, the coefficients oy, satisfy the following recurrence relation :
2w+ k) (ho—k—1—v)ar=2v+k—-1)2v+k+1—2h) +ww+n—1) — X)) a1,

which is readily solved for any given «g provided that for all k € N, k # hg — 1 (when
v=20)ork# —(hg—1) when (v = hg — 1). In a generic case hy € C\ R, and there is
no obstruction to the existence of the series. Under the assumption that we avoid these
special cases, the Frobenius method yields two independent solutions to the equation, and

generic smooth solutions can be written :

Qb = ¢0 + pho_lgblv

where ¢g, @1 are regular up to the boundary. Now, returning to the scale V,

w|E
vl

f=00% = gp?st.

Hence:
G =cop 2 +p"" 2 p = gop T + ﬂ%+g¢1- (4.48)
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Choosing w € {3(—d + £),&* = d* — 4m?}, Equation (4.48) describes the asymptotic be-
haviour of solutions to the Klein-Gordon equation near the projective boundary. Observe
from (4.48) that the precise choice of weight in the identification ¢ — ¢o? is inconsequen-
tial and switching between the two possible values at fixed mass m amounts to exchanging

¢o and ¢;. Overall, solutions behave asymptotically as :

¢ ¢ p4(d—\/m _|_¢ p% d+\/m).

Where v/d? — 4m? is a (perhaps complex) square root of d> — 4m?. This result should be
compared with [Vas10, Theorem 1.1].

4.6.4 Formal solution operator

As stated previously, using Proposition 4.6.1, one can formally generalise the previous
result, in the same manner as (GW14] in the conformal case, to the more general framework
of the rather general hypotheses A with the additional assumption that the solution H4?
to the Metrisability equation (ME2) is non-degenerate; recall that this implies that the
order of the compactification is 2. The idea is to look for formal operators A, generated
by % a € C (r = ¢) and y, that annihilate y from the right, i.e. that satisfy yA = 0.

Inspired by the Frobenius method, one can seek solutions of the form:
o]
A=za" Z apztyk.
k=0

Now, note the same reasoning outlined in the proof of Lemma 4.6.1, can be used to prove

that for any complex v € C,
(2", y] = 2" 'w(h+v —1). (4.49)

Hence, formally :

yA:yx”Zakxkyk:x”Zakyxkyk ”12 (h + v — Dagz®y",

k=0 k=1
="y o™yt = Ak (h+ k= Doyt — 2! Z v(h+ v — Dagaty*
k=0 k=0 k=0
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4.6. Projective Laplace operator and Boundary calculus

Considering the action of A on an eigenspace of the operator h = w + % with a fixed

eigenvalue hg, we have :

yA = 2¥ Z aprlyftt — Z 2" Ue(hg — k — Dagy® — 21 Z v(ho + v — DagatyF,
k=0 k=0 k=0

= ¥t <Z ap12"y* — (ho — 1) > kaygay"
k=1

k=0

+ i Eapr*y® —v(ho +v —1) i akxkyk> :
k=0 k=0

In order to ensure Ay = 0, we demand that the operator between brackets vanish iden-

tically. To find a solution, it is necessary to be a little more precise about how we would

like A to act. In fact, the idea would be to take some smooth data fy on the boundary,

extend it arbitrarily to fy over M and Af, should satisfy yAf, = 0 and 2=V Af, should

restrict to fy on the boundary. In other words, ag = 1. Thus, after rewriting the above

equation in terms of a formal series F(2) := > az2" € C[[z]], where 2F =: (zy)* := a*yF,
k=0
we see that necessarily:
vihg+v—1)=0. (4.50)

Taking this into account, we find that the formal series F' satisfies the ODE:
(2F") —(hg — 1) F' + F = 0.

Equation (4.50) should be compared with the indicial equation (4.47) we obtained when
applying the Frobenius method in de-Sitter space.
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4.7 Exterior tractor calculus

In this section, we will enrich the boundary calculus in Lemma 4.6.1 for tractor forms
in order to develop similar projective methods for Proca style equations on k-forms. We
return to the general setting of a n-dimensional projective manifold (M, p). The first
stage is to understand the exterior algebra of projective co-tractor k-forms, we begin by
describing how the splitting of the exact sequence in Proposition (4.3.1) induces a splitting
of AFT™:

Lemma 4.7.1. Let (M,p) be a projective manifold of dimension n, k € [1,n + 1] and
V € p then:

1R

ART* = (AT M) (k) @ (AT M) (k).

Any section Fy, . a, can be expressed as:

ai...ag

I’La L a a a a a
FAlmAk = ( ’ k) = k,anmaka[AleQQ e ZA]Z] + fal-nakZAllZAQQ e ZAIZ' (4'51)

(The second component vanishes if k = n+1). Under the change of connection V=V+T

the components transform according to:

= (4.52)
E=E+T Ap.

The reader will find a proof of Lemma 4.7.1 in Appendix E.2.

4.7.1 Wedge product and exterior derivative

The next stage is to describe how the usual operations of exterior calculus work with

respect to the representation in Lemma 4.7.1. The wedge product is relatively simple:

Lemma 4.7.2. Let F' € A*T*, G € A'T*, and V € p on a projective manifold (M, p).
Suppose that:

then:
k
FAGZ(“MH(_U“V). (4.53)
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4.7. Exterior tractor calculus

A tractor analogue of the exterior derivative is, as for the Laplacian, provided, by the

Thomas D-operator (Definition 4.6.1). The result can be stated as follows:

Proposition 4.7.1. Let D4 denote the projective Thomas D-operator then one can define

a co-chain complex:
2 2
v Gy, (W) = Eaya) (W — 1) = Gy, ) (W —2) — -
The operator 2 is defined on a section F' € Ea, .. a,(w) by

PF = (k+1)Dy, Fa,.

"Ak:+1]’

Furthermore, in terms of Lemma /.7.1, if F < (ﬂa?"a’“ ) then:

ai--ag

(4.54)

v (w+ k)€a2"'ak+1 - kv[azﬂa:smakﬂl
9F (k+1)! ‘
(k + 1)v[a1£(l2~"ak+1] + WP[GIGQM‘ZS“'GIC*FI]

Proof. First, we prove the expression for ZF in the splitting associated with some con-
nexion V € p. Let F' € A*T*(w) be such that:

v a a a a a
Fayag.n, = kttay..a Y[, 255 - 235 + &ara, 24,20, - - - 24

By definition:

DaFs .8, =wWFaa5..4,Ya+ Z4VaF 4 4,..4,-
Let us first concentrate on V,F4, 4, a,. Using Equation (4.30), we find that:
vaFAlAg...Ak = kvaﬂag...aka[Al ZZQQ cee ZZIZ} + kpa[al,uag‘..ak}zzll cee Zﬁ\z
k
+ Vabar..an 24, - - Zj’z —&ay. Z Zy . Zj"i‘_ll 001Y 4, ZZTI . fo";,
i=1

in which the last term simplifies to:

_kéaagA..akYr[Alzgé s ZZIZ]
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Hence, in column vector form this can be written as:

VaF _ Va,u/az,..ak - Saaz...ak .
Vagal...ak + kPa[al,uag...ak}

Since ZF = (k+ 1)D[AFA1A2___Ak], any terms containing two Yy, will not contribute in the

final expression, furthermore for an arbitrary (weighted) tensor 7, ,,:
Tal...akZ[aAll ... ZZZ} - T'[ay..ak]Z;’ill e ZZ’Z

Hence:
v al a a r7a2 a
PE b Vo YaZ8, - 23 R+ 1) Tt~ oo o Vi 225 - 23,
((k+ D)Vaba,ap + bk + 1) Paay flas. ) ) Z3Z5, - 255

Swapping A and A; in the underlined term in order to respect the sign conventions laid out
implicitly in Lemma 4.7.1 we arrive at the desired result. We now proceed to calculate 22 F
using 4.54. For readability, we treat each slot in the column vector notation separately.

First of all, in the top slot we have:

(k +1)!
(w + k)(k + 1)v[a2€a3"'ak+2] + (w + k)(l{:_li!P[agagﬂm...akH]
—(k+1)(w 4 k) Viaslas..arsa] — Kk + 1)V ey Vg lay...ap,o] (4.55)
k+1
- (w + k>Ek;F)[a2a3:u’a4 apqa] T k<k + 1)v[a2va3ﬂa4...ak+2]'

As for the bottom slot, we have:

k+ 2)!
(B +2)(k+1)Via, Vayas..anin) + Ek 1; Va1 Pasas Hay--ap )
(k+2)! (k+2)!
k! (k—1)!
(k+2)!
k!

(w + k)P[a1a2€a3-~~ak+2] P[amg vag/vba44..ak+2]

(4.56)
— (k + 2)(k + 1)V[a1va2§a3...ak+2] +

(W + k)P[awzga& ‘A 42]

(k+2)!
(/{: — 1>!Y[a1a2aaua4-~ak+2]'

Where we recall that Y. := 2V, Py).. Expressions (4.55) and (4.56) simplify enormously
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4.7. Exterior tractor calculus

in the case that V is a special connection (cf. Section 4.3.3). Since there is always a special
connection in any projective class??, there is no loss in generality if we restrict to this

case. We appeal now to Lemma 4.3.2, which states that P,, is symmetric so that:

2 V ~d’p
P°F = ( d2§> . (4.57)

d denotes here the covariant exterior derivative on the weighted tensor bundles. In general,
d* # 0, however, here, using again Lemma 4.3.2, the density bundles are flat so we can
conclude that:

P°F = 0.

Remark 4.7.1. In the preceding proof, one can avoid choosing a particular scale and di-
rectly use the fact that 2P, = —S4 to show that the final expressions in equations (4.55)
and (4.56) vanish.

4.7.2 Tractor Hodge duality derived from a solution of the metris-

ability equation

Towards our aim to formulate a tractor version of the Proca equation, we describe
here how one can use a solution to the metrisability equation to define a tractor Hodge
star operator. The setting is as follows, we suppose we have a projective manifold with
boundary (M, p), with oriented interior M and boundary OM, in addition to a solution
¢ of the metrisability equation with degeneracy locus D(¢) = OM and such that HAP =
L(¢%) is non-degenerate on M.

On M, ¢* is non-degenerate and defines a smooth metric on the weighted cotangent
bundle T*M (1). The orientation on M induces a natural orientation on (A"T*M)(n), so
it makes sense to talk of the positive volume form (induced by ¢) w € T' ((A"T*M)(n)).
To define an orientation on the tractor bundle, we introduce: o = |w|™2 € T'(£(2)); it
is a positive defining density for the boundary. Set Iy = Do € E4(1), since HAP is
non-degenerate, the smooth function ¢=1I? is non-vanishing on M, and so one can define
on M:

o= 1]

22. We assume that a manifold’s topology is second-countable.
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i

¢) induces an orthonormal family of

Since any positively oriented orthonormal frame (w
tractors J5 = Z%wi, we define an orientation of the tractor bundle by declaring that
JOA - A J"is positive. Since (JO, ..., J") is an orthonormal family with respect to HAZ,
this procedure also yields a local expression of the positive tractor volume form in the

splitting of the Levi-Civita connexion V, of g* = ¢(® on M:

1
202

Q& | Vieor”
0

We can now state the following result:

Proposition 4.7.2. In the notation of the preceding paragraph, let V € p and F' € A*T*
be such that: Fa, a, v Ettay..ap Y4, 228, - ZZ’Z] + Earan 2, - Z3% then on the interior
M:

. S (1 €+ Tolup)

= 7%12 202 kb b ) (458)
N T Y F=veT {(—1) "N +T /\TJ(*M)}
where: T" = —%ﬂvaC“b, b denotes the lowering of indices using u, and s denotes con-

traction.

Proof. Let us first verify that the formula is reasonable on M in the splitting determined

by V,. Since T' is zero in this scale, the formula reduces to:

1

-1 k__ 202

*F %2 =1 |"_IIQ|*€
o 212

— %
24/ |o—112| H

Using Equation (4.53) let us calculate F' A xF in the scale V. The result is:

cr_%f2 20%
— U N\ % AR
FaxF = | o/ it M Ems A (4.59)
0

Recall that the inner product h on A¥T* is defined by:

1
h(F,G) = HHAlBl . HYP¥Fy 4,Gp, .5,
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4.7. Exterior tractor calculus

Since, in the splitting given by V,, we have that: H45 L CPWAWE + L Py XAXB,
hence:

M(F, F) = ¢ Pu 1. ) + C(6.6),

where, Py is the projective Schouten tensor in the scale V4 and, for any section of v of
(A*T*M)(k + w), ((v,v) is shorthand for:

1
aib arb
7< L. 'C k kyal...akybl...bk'

k!

v
In order to have a totally invariant formula, we observe that Iy = Do = 20Y}, thus:

4
I2 igabpab?

where P, is calculated in the scale V4. Hence:

CabPab B [20—2
n 4

Consequently:
072

h(E, F) = ¢, 1) + C(€,€)

Evaluating the top slot in Equation (4.59), we find:

oL 20 ¢ pag = e e
— C(p, p)w
9 |0—1[2 / —1]2 / —1]2‘ lo-112]
2 £
:h(F,F)iw.
Canvs

Therefore:
FAxF = h(F, F)Qr,

as desired. To verify that the result is correct for any connection in p, we only need
to verify that the components in Equation (4.58) transform correctly under a change of
connection V. — V 4+ T = V. According to Equation (4.52), the top slot, (T'S), must be
. . . ;o ~ b ab
invariant. To check this, note that £ = {+T Ap and i = p. Furthermore, 7% = — - +1 V(
and:

VeC™ = ToC® + TuC08 + Ta8?,
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which leads to:
@acab _ vacab + (7’L + 1)Ta<’ab‘

Therefore:
T=T—-"'and T’ =T —1T. (4.60)

Since § = £+ T A 1, Proposition E.3.1 shows that:
*E = *E+*(T A p) =+ + (=) % p.
Thus, overall:

(=) &+Taxji=(—1)"*E+Taxp—Toxp+Taxp,
= (—1)k*f+TJ*,u,

proving the projective invariance of the top slot as desired.
Referring again to Equation (4.52), we must now show that the bottom slot (BS) of
Equation (4.58) satisfies:
(BS) = (BS) + T A (TS).

Observe that, since, ji = p the first term in (BS) is invariant, moreover, the second term

can be written: —T°A(T'S), so the desired result follows immediately from Equation (4.60).

4.7.3 Tractor co-differential and Hodge Laplacian

In the previous sections we have sufficiently enhanced the structure on the tractor
tensor algebra to introduce a tractor co-differential operator. Towards this, let s denote

the sign of the determinant of (** on M, and set:
e =sgn(o ' 1?);

observe that the sign of the determinant of H4Z is then se. For future convenience, we

introduce the notations:

f=o0"'1?, f =df. (4.61)

Now:

Definition 4.7.1. By analogy with the usual exterior calculus, we define a tractor cod-
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ifferential on k-cotractors by:

9 = (=14 s @ &

In the scale V4, on M, for any F i (Z) € T[(A*T*)(w)):

a7 () o —op ) (4.62)

‘@*F = w—+n o1
(2f<f> # 6 + §¢ — Ltz T,
In the above equation, we have introduced the notation (f)# = (%®V,f € £(-2).

Proof. We prove Equation (4.62): applying successively Equations (4.58) and (4.54) to
P (2‘) € T[(AFT™)(w)], we find:

1 1
(w+n+1fli)07§f 1+ 2(— k+1d< o \2 * >
P *xF = 2712 porey (f) ‘ ,

(55 )
21712 b

M 205 (M (1 g d
_ 2/f]2 lth 1512 1< R (*5))
c 2 g1 o 2f
M RISy

Applying once more the tractor Hodge star to this n + 1 — (k — 1) form of weight w — 1,
we find:

_1\n—k
D F = (21|f\ (f’/\*,u)—i-( ll)fl f*d*u
o Y R T s (—1)k+1y /
T**p—i— 7] (——*(f /\*§)+*d*§)

- (_1><n+1><k+1>3( . @Z(f) o+ g770m )
Lot — o (G () o + 6€)

Equation (4.62) now follows from the fact that € = sgn(c~'1?) = sgn(f).

The exterior differential c alculus we h ave d eveloped a bove leads us t o d efine a new
Laplacian operator, analogous to the Hodge or de-Rham Laplacian. In general, it is to be
distinguished from HAZD4Dp that we studied in Section (4.6.2). The remainder of this
section is devoted to obtaining an expression for 2*9 + 29*= {2, 2*}. In order to
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simplify the computation, we will work exclusively with the Levi-Civita connection V, of
g = o717 on M; any identities will extend by density to M. We first remark that the

weight 2 density I? is, in general, not parallel in the scale V,.

Lemma 4.7.3. In an arbitrary scale V € p:

8y Ao

VI’ CTYoes = — Va0 (W,
n ce

n

Proof.
Ve I? = (VHP) 4Ip + 2H*P(V,14) 1.

The second term is easily seen to cancel, and we evaluate the first one using Equa-
tion (ME2) and the calculations we did in Section 4.5.1. Finally, we have I, = 20Y4 +
V.0Z9, thus:

2X AW, L HP [y 1p = —80*C! Yooy + 40V ,0C W1

Let F' denote an arbitrary section of (A*7T*)(w) given in the scale V, by:

Equation (4.54) yields directly the expression for ZF, which, due to the symmetry of P,

g & (w+k)§ —du
d¢ '

In the above expression d denotes, abusively, the covariant exterior derivative?

simplifies to:

3 on the

weighted bundles. Now:

(_1)k+1@*d§
* 9F = ) 1712
oLy (@ + k) x €~ wdp)

We apply again &, observing first that xZ2F isa (n+1— (k+1)) = n — k form of weight

23. cf. Annexe C
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w — 1, thus:
ek (w4 k) € = xdp) +2(~ 1) (2 x dg )
D% PF = 2(|flo)2 1 |2
(o7t (k) xg—sdw).

For readability, we will now proceed to treat the top and bottom slots separately. Let us

begin with the unevaluated differential in the top slot:

1 / 1
2 1 d 2
d(" *d§> :_UQJ;A*er 77 dxde.

lik

Downstairs we have:

o3 , B a_%f -
4|f|%f A(w+ k) %€ *du)+2|f|%((w+k)d*§ d*dp) .

Applying again the Hodge star to this (n 4 1 — k)-tractor form of weight (w — 2) leads to

a new k-tractor form of weight w — 2 with, in the top slot:

(_1)1+k(n—k)$

2|f]

(10D

(W B = ()P ode) + ~—5

((w+ k)d& — ddp).

As for the bottom slot, it evaluates to:

(w—1+n—Fk)f}(=1)knks
4[flo

((w+ k)& — dp) + OO <(f/)#Jd£

i s+ chdf) .

Overall:

_1)1+k(n—k)g , , kg
*D*xDF = (U);'f ((w+ R E = () sdin) + = (w0 + k)€ — ddp) )
o w=14+n—k) f2(=1)kn -k _1)k(n—k)+1g N
(on=R S OB (0 + g — dp) + CLE0e (U2 poae)

It remains only to correct the sign ! The result is:

e (LI ) s )
— LB (w + k)§ — dp) + (L57% + 5dg)

Calculating 27* is slightly less involved as we have only to apply Equation (4.54) to
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Equation (4.62), taking care to note that Z*F is a k — 1 form of weight w — 1.

—(w+k—2)(w+n+1—k)

U:fu + (w+k—2) <2lf(f’)#_n§ + 55)
« 11 Vg
79E = —d(;f(f’)#m) T dop

dog + d(35 (1) 28) — (wHn+1—k)Zd(fu)
We summarise these computations in:

Proposition 4.7.3. In the scale V,, {2*, P} acts on F i (g) e I'((AM(T*)(w)) as:

{d, o} — 20 + (w—l—k—l)%ﬁ]ﬁu — %Efflﬁf,u _ (W+k—2)(W+n—|—1—k)‘7_4lfﬂ

{d,8Ye 1% dp—(wnt 1—k) (' A )+ 3L o1 € — (k) (w—L4n—k) I
(4.63)
In the above we have introduced the Lie derivative Lx extended to weighted vector fields

X by the formula:

£X§a1...ak - Xavagal...ak + k(v[alXa)£|a|a2...ak]‘

4.7.4 Weitzenbock identity

Having already introduced the Laplacian type operator A7 = HAZD,Dg on generic
tractor k-coforms in Section 4.6.2, it is interesting to explore how it compares to {Z, Z*}.
It turns out the relationship between them is completely analogous to that between the
Bochner Laplacian and the de-Rham Laplacian on the base manifold. As before, we per-

form all calculations in the Levi-Civita scale V. Recall from Equation (4.42) that then:

(wW+n-—1wfo?

HAPD,DyF = .

F +(*V,V,F,

where for a weighted k-cotractor form in an arbitrary scale V:

Vav as...a _2va as...a _k:P aMas...a
V.V, F v ( blas...ap, (aSb) I blafh k] ) ‘

VaVibar..ap + 2k Pajja, Vip) | Has...ar] T K (VaPrjar) as...ar) — 5 Pajar§bla..a]

To simplify computations a little, we restrict now to normal solutions of the Metris-
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ability equation (see Section 4.5.2), for which a number of terms in the above expressions,
and in particular Equation (4.63), vanish. Furthermore, in the scale V,, Equation (4.41)
holds which, recast in terms of our current notations, becomes:

fo!

Pot = =—Cat ((4.41)-2)

Finally, VP.; and all derivatives of f vanish. Overall, performing all the preceding sim-

plifications, we have, for an arbitrary k form:

HAPD, DoF % Oy + 26¢ +_(1w(w +n—1)—(n+1- k)zf":u
06+ L2—dp+ (w(w+n—1) — k) L2—¢ 7

where we define: Oy = ¢V, V.
Similarly, Equation (4.63) simplifies to:

. {d, 6}y — 266 — (wHk—2)(w+n+1-k) =Ly
{2,9*}F =

{d, 0}~ L2 dp—(wtk) (w—1+n—k) 12=¢

From these expressions we will show:

Proposition 4.7.4. Let F € T((A*T*)(w)) and suppose that HAP is a normal solution
to the Metrisability equation, then:

* C
({D7'D }F)Al-uAk = _(HABDADBF)AL-Ak + k(k + 1)}IABQ[AUEH AlﬂC|A2...Ak]'

In the above, Q5% = Q,C p 24284 and Q,C, is the tractor curvature tensor. (cf. Equa-
tion (4.32) and the end of Section (4.3.4)).

Proof. We first inspect the difference between the order zero terms in each slot of the two

tractors:

(wWH+k—=2)wH+n+1—-k)=ww+n—-1)—n+1—-k) —(k—1)(n+1—k),

(4.64)
(wWH+k)(w+n—1—-k)=ww+n—-1)—k+k(n—k).

Moreover, in index notation the usual Weitzenbock identity extended to weighted tensors
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reads:

k
{d7 6}501...ak + CabVaVbéal...ak - Z CabRaiacb€a1...aiflcalurl...ak

=1
k (4.65)
+ Z Z CabRaiaca]- €a1...aj,10aj+1...ai,lbaprl...ak .
1=1 j=1
i#i
Now, appealing to Equations (4.26) and ((4.41)-2), we have:
C C C C fo-_l
Rya = Wa s + (056G — 05Caa) R
Therefore:
CabRaiacb£a1...aiflcaprl...ak = CabWaiabeal...ai,1cai+1...ak
fo-_l a C (&
+ 4 C b (5(11-((1() - 5aca¢b) £a1...aiflca¢+1...ak
(n—1)3,
a ¢ fo!
= C bWaia bfal...aiflcaprl...ak + T(n - 1)€a1...ak7
and:
CabRaiacajgm...aj_1caj+1...ai_lbai+1...ak - Cab aiacaj5&1...aj_1ca]-+1...ai_1bai+1...ak
fa_l a C (&
+ TC b (5(11-(@%‘ - 5aCaiaj) 5@1...aj,1caj+1...aiflbaHl...ak ’
:*gal.”ak
So Equation (4.65) can be written:
Terms involving fo!
{d7 5}§a1...ak + (abvavb&zy..ak = + [(n B 1)k - k<k B 1)] 7&11..-%‘
Weyl tensor ~ 4
=k(n—k

The second term in the above equation accounts exactly for the differences observed in
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4.7. Exterior tractor calculus

Equation (4.64) and it follows that:

k—1
ab c
Z g Waia bual---ai—lcai+1---ak—1
i=1
k—1k—1
ab c
+ Z ZC Waia aj/’I/al...ajflcaj+1.‘.a1‘71bai+1...ak71'
v i=1 j=1
{D,D*}F + HAPD,DgF = | i
ab c
ZC Waia bfal---ai—lcai+l---ak
i=1
k k
ab c
+ Z ZC Waia aj5(11...ajflcajJrl...aiflbaprl...ak'
i=1 =1
J#i

We must now attempt to identify the tractor on the right-hand side of the above equation.
. o c
We claim that it is exactly k(k + 1)HABQ[A|B| A Flopa,.. a,)- Where:

QABCD - QabCDZZlZ% v:g WabchcCZgZ%ZEi)‘

The calculation is « merely » technical and presents no conceptual subtleties, therefore we
will only carry it out here fully on the bottom component and leave the upper component
to the reader. We first write:

1 c
AB c AB
k(k+1)H Q[A\B\ AlFIC\Az--Ak] =H (k—1)! Z 8(U)QDau)B 0(2)F0D0<3>~-Da(k+1)'

T o0€Bk4

For convenience, we have introduced a new set of indices {D;} defined by:
D1 = A, Dz = Ai_l,i Z 2.
Specialising to the Levi-Civita scale V, the right-hand side is:

> ‘g(O-)WdledicCZ%lg(l)Z%Z%Q Fep

1 ..D .
— o (2) o(3)Ho(k+1)
(k—1!, der.,

v
Now: HABZY =2 (W ¢ so we must calculate:

T = Z E(U)CabeWdledQWcCZdD o

S F
o(1) “Do2)” CDo(3)Dokt1)
€611
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Partie , Chapter 4 — Projective differential geometry and asymptotic analysis

v
In order to isolate the bottom slot, consider F4, 4, = ar...ay fofl .. ZZ’Z. In this case,

a C d 1
T= Z e(o)¢ beWdlb doSds...dy 1 WCZC ZD (1)Z%QU<2)Zd3 /s

Dy (3) Do (k41)?
UEGk+1 _(5C
o abyr/A c da ds di+1
= Z E(U)C Wa Wdlb d2€cd3...dk+1 ZD o (1) ZDU(2) ZDU(B.) oo ZDU(k:-'rl).
0€G 41
Observe now that T can be rewritten:
—_ ab A c d1 d2 d3 dk+1
T = Z E(U)C Wa Wda(l)b d[,<2>€cdo(3)---d0(k+1)ZD1 D2“ D3 * ZDk+1’
066k+1
— ab A korl
D D[S L UM IR o4 3 S
O’EGk+1
_ d1b do rzds dk+1
- Z ( )C o(l)b da(2)§Cdo(3) a(k+1) ZAl ZA2 ’ Z :
066k+1

If o(1) = 1, then the summand vanishes leading to:

dib ¢ do rrds d
T= > elo)” Wi, dU(Q)fch(S)...da(kH)ZA";ZA e

UEGk_;,_l
o(1)#1

We now seek to exploit the antisymmetry of £, first we note that:

k+1
dibyys da d’““
T = Z Z o) dbd0(2)€Cdo’(3) k+1)ZA1 ay
=2 0€6 1

o(1)=t

It is interesting to split the inner sum into two further sums as follows:

d
Z ‘g(U)Cdldebdlgcd(,(g) rr(k+1)Z Z LA

U€6k+1
o(1)=t
o(2)=1
:Tli
k+1
+3 Y e(o)ctt W, € 2RI .. I
dbd ey (3)--do(kt1) :
J=20€6 41
J#i o(2)=j

o(l)=:

:Tzi

243



4.7. Exterior tractor calculus

Consider now a generic term in the sum T}. If we define:

di = ¢;dy = dpi1),2 <1< ks

then:

Considering the permutation s given by:

o () -1 if 1 <1<,

s(l) =
oM l+1)—1 ifi<I<k,

which satisfies s(1) = 1, and, by Appendix E.2, (s) = (—1)""'e(o), then we have:

fcdo(3)~~-da(k+1) = gdl..dk = (_1>i_15(0)€¢1~5<1)..d§(,€) = (_1)i_15(‘7>§cd2...di—1di+1dk+1'

Overall:
i i—1 +~d1b d d. d
le - (k - 1)'(_1)1 C ! WdibCd1§Cd2---di—1di+1dk+1ZAiZAz s A]::_l'
Hence:
1 k+1 k+1 i J J d
] i—1 b
(k — 1)' Z le - Z(_l)l C ! Wdibcdl€Cd2~--di71di+ldk+1ZA21 A32 SR A];jla
t =2 1=2
k+1 J J 4
i—1 ~ab c
- Z(_1>Z Ca Wdi_lb a§5d1~-~di—2dideA11 ZA22 ce ZAZ?
=2
i d d d
b
— Z CWy sl dsredidn 20, 252 - - 25
=1

We move on now to study a generic term a(o,1, j) in Ty:

.. di1b d d. d
CL(U, Za]) = g(U)C ! Wdibcdj50do'(3)"'do'(k+l)ZA21 ZA32 s AIZH’

It can be handled by the same reasoning as before, but now we should distinguish between

the cases i < 7 and j > 4. In the first case, s(j) = 1 and:

AN i—1 ~d1b c do ds korl
a(0727j) - <_1) ¢ Wdib djgdlmdjflCdqul~~-di71di+1~--dk+1ZA1ZA2 LA
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Partie , Chapter 4 — Projective differential geometry and asymptotic analysis

In the second case: s(j — 1) = 1, and:

s\ i—1 ~d1b c do r7d3 di4+1
CL(O? Zvj) - (_1) ¢ Wdib djgdl---di—ldi-&-l---dj—ICdj+1---dk+1ZA1 ZA2 e LAy
Overall:
1 i—1 J J i
i i—1 ~d1b c 2 7d3 k1
(k’ _ 1)'T2 - Z(_l) C Wdib djfdl~--dj71Cdj+1~~-di71di+1~--dk+l ZA1 ZAQ ce LA
! =
k+1 J
1—1 dlb c dQ d3 k+1
+ Z <_1) C Wdib djfdl~~-di71di+1~--dj—ICdj+1~~-dk+1ZA1ZA2 s LA
j=it1

Reindex now as follows:

i—1

i—1 ~ab c dy rzdo dy;
Z(_l) € Wdlb dj71gadl...dj_zcdj...di_gdi...dkZA1 ZA2 ce ZAk’
Jj=2
1—2
_ i—1 ~ab c dl d2 dk
- (_1) g Wdib djgadl---dj—ICdj+1---di—2di---dkZA1 ZA2 ce ZAk’
Jj=1

and similarly for the second sum so that:

1 k+1 ) 1 k -
b= > L
(k - 1)! i=2 (k - 1)! i=1 ’
P& d d d
b .
= Z Z Ca Wdzbcdj (_1)Z§adl~-~dj—10dj+1-~~di_1di+1...dkZAll ZA22 .. ZA’Z’
=1 =1
T
P& d d: d
b
= Z Z Ca WdibCdjgdl-~dj—16dj+1~-~di—1adi+1~-dkZA11 ZA22 s ZAIZ
i=1j=1
J#i

This proves the result for the bottom slot. We briefly outline the proof for the top slot, it

is simpler to work directly with Fl4, 4, = /7<:/uLa2,__akY[Alfof2 . Zi’z],

1

FAl...Ak = m Z 5(0')/%%-%}/140(1)2220(2) SR Z:Z\]Z(k)
oEeG

k
_} : i—1 ay Ai—1 r7Qi41 ag
- (_]‘> Mal---aiflazﬁ»l---akYAiZAl e Ai_1ZA7;+1 o ZAk
=1
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4.7. Exterior tractor calculus

In this case:

A di  rpdy  rpd3 r7d; diva  rrdegn
I'= Z VW W sy Heds.didsa i 2D, o £, o Dty 20, Y PateirfDiirny ZD 0y

”66k+1

Note that the index i starts at 2 since the first term vanishes as YoW¢ = 0. We then

apply the same method of computation as before to transform the sum over Gy ;.

4.7.5 Operator algebra

The projectively invariant operators ¥, Z* and o are the beginnings of an operator
algebra that we will seek to exploit to write down a tractor version of the Proca equation.
The commutators [Z, o] and [Z*, o] are directly related to the weight 1 tractor: [4 = Dao,

as follows:

Lemma 4.7.4. Define the operators: I : Ea, . a0(W) = &y, ap ) (w + 1) and I -
S[AL..-,AM (w) — S[A1,~--,Ak71](w + 1) by:

SIF=INF, where I, = D 40,
T — 88(—1)(k+1)(n+1)+1 % .7 %

Then, in the scale V, on M, for Fy, . a, Yo ('g) € &y, A0 (W);

() (0) e (- () e

{faf*} - -
(2,0] =7, [T } (4.66)
I f*2:0

Furthermore:

%f and %J* play an analogous role to %.@, %.@* with respect ¢. In the case of normal

solutions to the Metrisability equation, we can push things a little further:

Lemma 4.7.5. In the case that H*P is a normal solution to the metrisability equation
then:

(4.67)

(7, V= (wrn+1-k),{2, 77 =—" (wt+k),

INERSN
o~
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Partie , Chapter 4 — Projective differential geometry and asymptotic analysis

where w and k are respectively the weight and degree operators. Furthermore:
{9, 9y +{9, 9"} = —fh,

with: h = w + 254
In particular, we have the following statement that generalises Lemma 4.6.1 to forms.

Corollary 4.7.1. Suppose that HAB is a normal solution to the metrisability equation

and set:

(22" + 9°9) |

then (z,9,h) is an sly-triple.

Proof. x increases weight by 2 and ¢ decreases weight by 2, hence: [h, z] = 2z and [h, ] =

—27, lastly, using the above results:

[l’,g}: ([0799*]+[079*9D7

([0, 212" + D0, 2" + 0,272 + P*[0, D)) ,
=— {77 +{2.77))
= h.

Remark 4.7.2. The commutator also follows from the Weitzenbock identity in Proposi-
tion 4.7.4 and S. Porath’s sly in Proposition 4.6.1.

4.8 Asymptotic analysis of the Proca equation

We have now developed enough tools in order to write down a Maxwell type system

for general k-cotractor forms.
9F =0,
D*F = 0.
However, we have not yet reaped all the benefits of Equation (4.67), which, in fact, contains

important information on the cohomology spaces of the co-chain complex defined by Z.
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4.8. Asymptotic analysis of the Proca equation

Note first that: [Z,w +k] = 0 = [.#*,w+k]. Therefore, if w+k # 0 and F' € &4, 0, (w)
satisfies ZF = 0, then, according to Equation (4.67):

2
I|\——-- 'F | =F.
( flw+ k) )
In other words:

Proposition 4.8.1. Let w # 0, then the cohomology spaces of the following co-chain

complex are trivial:

9=D 1 17 q
NEW) —"Enw—-1) L ... L Earnilw—(n+1)).

Proof. The case k > 0 has already been treated. The case k = 0 is easily seen as follows.

In any scale V in the projective class:

_ v (wf _
O—DAf—(vaf):f—O,

because w # 0.

The above Proposition simply means that as long as w # —k there is always a tractor
potential ! Thus, in this case, ZF =0 < F = YA and the co-tractor Maxwell system is
completely equivalent to:

F = 9A,
DDA = 0.

(4.68)

The potential formulation has a manifest gauge symmetry and if one works in a Lorenz

type gauge: 2*A = 0, the second equation becomes:
gA = 0.

Let us study what the equations 2*ZA = 0 and Z*A = 0 mean for the components of
A in the Levi-Civita scale. Given our hypotheses, from Equation (4.62) we see that the

gauge condition is:
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Partie , Chapter 4 — Projective differential geometry and asymptotic analysis

from which we deduce that:

4o

M:f(w+n+1—k)6§’

provided that w +n + 1 — k # 0. Moreover, since:

79" )L . Odp = (w+ k)og . (4.69)
¢ 0dé+ 12— (w—14n—k)dpy — L2~ (w—1+n—k)(w+ k)¢

4 4

we see that the component £ satisfies a P roca e quation with s ource w here t he m ass is

defined by:
m? = (w—1+n—k)(w+k).

Now, let ¢q, 4, be a k-form on M. We can construct a weight (w + k), k-form in a

natural manner by setting:

wtk
fal...ak = ¢a1.,.ak0— 2.

¢ is then easily transformed into a weight w co-tractor k-form via the map:

al ag
£a1...ak — fal,,,akZAl e ZAk.

Setting A = &40, 2%, ... Z3% we see that the equation Z*PA = 0 expressed in the
Levi-Civita scale implies the gauge condition 2*A = 0 and implements on £ the Proca
equation with mass defined above in the L orenz gauge. T he t ractor f ormalism w e have
developed can therefore be used to study the asymptotics of &, through the study of A
and the equation gA = 0.

Since, according to Corollary 4.7.1, (x,y,0) form satisfy the same formal relations as
the triplet (x,y,0) we studied in Section 4.6.2. One can repeat the steps carried out in

Paragraph 4.6.4 and produce a formal solution operator for .

4.9 Conclusion

In this chapter, we have established, on a class of projectively compact manifolds,
results that are parallel to those available in the case of conformally compact manifolds.
In particular, we have constructed an exterior tractor calculus on order 2 projectively

compact manifolds. It is hoped that this will constitute a basis for a geometric approach to
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4.9. Conclusion

the asymptotic analysis of classical fields on such backgrounds that would be an alternative
to microlocal analysis. There are still some outstanding questions that we have not been
able to touch upon. In particular, it is not yet clear how to give a clear-cut analytical
meaning to the formal solution operators we obtain, and the question of how to treat the
asymptotically flat case, in which the structure at the basis of the formal construction

becomes trivial, remains open. This will be the object of work in the near future.
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APPENDIX A

APPENDIX TO Maximal Kerr-de Sitter

spacetimes
A.1 Connection forms
W’ = Fu® — glilgr\/A»gsin Ow?,
0 VAga?sinfcos , eAacost
Wy = — 5 W — ————w",
p p
o VelApacosl ,  cary/Agsing |
W'y = 3 w® — 5 w,
P P A1
) a’sinfcos /Ay VeEA, (A1)
wy = — 2 w' —er——w?,
p p
1 . AV Ag 0 hV4 SAT 3
w'y = —earsinf——w" —er———uw”,
p p
VeEA, VA G
w?; = —a cosfe 63 W’ — (cotaun&(?"2 + a2)730 + ) w?,
p P p

where: F' = 2 ( EPAT> and G = 2 (\/A_9>

A.2 Geodesic equations “a la Cartan"

Let v : I — KdS, be a curve on one of the Boyer-Lindquist blocks of Kerr-de

Sitter spacetime. Decomposing on the orthonormal frame one has at each point ¢t € I,
V() =T () Ei(v(t)) = T'() Ei(t), so:

Dst) = (V)0 = TOE() + THOT(0)(V 5By e

dt
= DU Ei(t) + T (O (6)(@') 0 (Ew(t) Ei(t).
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If v is a geodesic, using (A.1) we find that the components satisfy the following system
of differential equations:
. A
0 + FT°T — 2ear sin QTeIﬂfg — a’sinf cosf 5
p p
VA VA
39F0F3 — a®sinf cos 6 39F2F1
p p

Ve A,

VB,

'r? = o,

Il + F(I%)? — 2carsin 6

Ve,

22 32 _
—EfTT(F ) —Er p3 (F ) = O,
: VA Ve A, VA
I'2 — ca?sinf cos e 9(r%? - 2za cos gpg I°T® 4 ea’sin f cos 6 > 2(rh?
VeEA VA
+r 53 ) (cotan@(r2 + az)Te + G) (T*)? =0,
p pPp

. VEA, VA G
I3+ T%FIF?’ + (Cotan@(r2 + az)TO + ) Ir? = 0.
p ©op

A.3 Resultant

Let k be a field, and k[X] denote the ring of polynomials with coefficients in k. If
n € N*, k,[X] will denote the subspace of k[X] of polynomials with degree at most n.

Let P,Q € k[X], n = deg P, m = deg Q). We suppose n > 0 and m > 0 so that neither

P nor (@ is zero. Consider the equation:
UP+VQ =0, (A.2)

where U et V' are two elements of k[X].

(A.2) is clearly equivalent to UP = —V' Q. Let D denote the pged of P and @ then
P = DP’ and Q = DQ'" where pged(P’, Q') = 1.

With these notations (A.2) is equivalent to UP' = =V @', but, as pged(P’, Q') = 1
and k[X] is principal, then this implies that P’ divides V. There is therefore a polynomial
C € k[X] such that V = P'C, and so U = —@Q'C. The set of solutions to (A.2) is hence:

((-8e.b).cenm)

. From this, we deduce that there is a solution (U, V') € ky,,_1[X]| X k,_1[X] if and only if
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pged(P, Q) # 1. We can also express this in another way. Define a linear map ¢pg by:

Em1[X] X kn1[X] — Ekngm-1[X]

(A.3)
(U, V) — UP+VQ

¢P,Q :

According to the preceding discussion we see that, ¢p is injective if and only if pged(P, Q) =
1.

The transpose of the matrix of ¢p expressed in the bases
((x™10),...,(1,0),(0,X"7),...,(0,1))

(xmAn=l o xmen=2 X 1)

of k| X] X k,[X] and kypyn—1[X] respectively is called Sylvester’s matrix S(P, Q) and its
determinant, denoted by R(P, ), (and thus the determinant of the endomorphism ¢p )
is called the resultant of P and Q).

Proposition A.3.1. Let P = Z a; X', Q= Z b; X7 be two polynomials with coefficients
i=0 7=0
in k then the Sylvester matriz S(P, Q) is given by:

ap +vv oo ... ag O
0O a ... ... ... a O
... 0 Qp, PO ¢ 74
S(P,Q)=1| bm ... ... by O P { (A.4)
0 b b 0 0
0 m - bp O

From our previous discussion we have:

R(P,Q) = 0 pged(P,Q) # 1

If we move instead to an extension L of K containing all the roots of P and (), then this

condition is equivalent to the fact that P and () have a common root in L. We recall the
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following result regarding the resultant:

Proposition A.3.2. Let P,Q € k[X], deg P =n, deg@Q = m. Let L be a splitting field

of P and ay, ..., be the (not necessarily distinct) roots of P, then:
R(P,Q) = i T[ Qo).
In this formula, a, is the coefficient of X™ in P.

Definition A.3.1. When deg P’ = n—1 (which is always the case when the characteristic
of k is 0), the discriminant of P is defined by:

n(n—1)

Ay = ST oy

From Proposition A.3.2 we deduce:

Proposition A.3.3. Let P € k[X] and suppose that P’ is of degree n — 1 then, in a
splitting field of P:
A(P) = ay" " [[ (i — ew)?

i<k

Where aq, ..., a, are the (not necessarily distinct) roots of P.

A.4 Diverse useful formulae in Boyer-Lindquist like

coordinates
Lemma A.4.1.
2 ATAQ SiIl2 0
GopGtt — Gpr = — =5
Lemma A.4.2.
=4 54
B singdgbAgAT 0 0 sin? 99A¢:Ag
. 0 L 0
(97) = g
0 0 = 0
gy " g E*
SinZ0A, Ay 0 0 —g2 0A, g
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Lemma A.4.3. The metric-dual of dt is given by:

—4

= m(—gw@: + 9410s)

Lemma A.4.4. In Boyer-Lindquist-like coordinates one can write:

—

asin® 6 2Mr

1 2M
It = =5 <_1+ QT +l2(r2—|—a28in2 0))
= p

—

A.5 Gluing topological spaces

Let X and Y be two topological spaces, U and V' be open subsets of X and Y respec-
tively and ¢ be a homeomorphism of U onto V. We outline here the construction of a new
topological space containing both X and Y and where U and V have been identified. In
a sense, we will have glued X to Y along U and V. Let X [TY denote their coproduct (or
disjoint union) and i : X — X [[Y,j:Y :— X [[Y the canonical injections. Define an

equivalence relation on X [TY by:

p~qe (p=qorp=i(z),q=j(¢(x)),z €Ul or[qg=i(z),p=je)),zec Ul
(A.5)
Denote by X [[,Y the quotient space of X [[Y by this equivalence relation and 7 :
XTIY — X4 Y the canonical projection. We quote without proof the following results:

Proposition A.5.1. 1. j=moj,i=moi are continuous injective and open maps. X
and Y can then be identified with the open subsets i(X) and j(Y) of X 1I,Y .
2.i(X)Nj(Y) =i(U) = j(V)

3. If F is an arbitrary topological space, f : X 11,Y — F is continuous if and only if
the maps foi et foj are.

4. T 1S an open map

Points 2 and 3 can be useful for constructing maps on X ][,Y from maps f,g defined
on X and Y'separately. In fact, it suffices that they satisty f(x) = g(¢(x)) for every
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r € U for them to piece together to form a well-defined continuous map on X [],Y.
This is sometimes called the mapping lemma; it has natural generalisations to maps and
manifolds with more regularity. The above proposition also serves to prove the following

results:

Proposition A.5.2. 1. If X and Y are both locally Fuclidean, then X 11,Y is too.
2. If X and 'Y are both second-countable, X 1], Y is too.

It is well known that separation properties of a quotient are relatively independent of the
separation properties of the original space, however since the canonical projection map is

open one has the following result:

Lemma A.5.1. X [[,Y is Hausdorff if and only if R = {(p,q) € (XIIY)* p ~ ¢} is
closed in (X 11Y)?

With this result we can prove a technical criterion that will guarantee separation in all

cases of interest in the text:

Lemma A.5.2. Suppose that X and Y are Hausdorff and first countable then if there is
no sequence (Tp)nen of points in U converging to a point in U\ U and such that ¢(2,)nen
converges to a point in V\V, X [ Y is Hausdorff.

Proof. By Lemma A.5.1 it suffices to show that R = {(p,q) € (XIY)? p ~ ¢} is closed
in (X [[Y)? Furthermore, as X and Y are first countable, it suffices to show that if two
sequences (pp)nen and (¢n)nen of points in X [[Y are such that Vn € N,p, ~ ¢, and
Pn =2 Dy4n —2 q then p~gq.

Let (pn)nen and (g, )nen be two such sequences. We can restrict ourselves to the case
where p € i(X) and ¢ € j(Y) as p and ¢ play symmetric roles and if p € i(X) (resp. j(Y))
then ¢ € i(X) (resp. j(Y)) then for all large enough n, p, € i(X) and ¢, € i(X), as i(X)
is open in X [[Y, hence:

AN e N,Vn> N,p, =¢, = p=q.

Assume now that p € i(X) and ¢ € j(Y), we distinguish 3 cases:

Case 1: p € i(X) \ i(U), then there is N € N such that Vn > N,p, € i(X) \ i(U), but as
Gn ~ pp for every n € N it follows that for all n > N,p, = ¢, so p = ¢q. Which is
excluded as i(X)Nj(Y) =10
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Case 2: p € i(U), then again, there is N € N such that ¥Yn > N, p, € i(U). Since ¢ € j(Y)
there is also N’ € N such that VYn > N’ ¢, € j(Y). Moreover, as for every n €
N, p, ~ ¢, it follows from (A.5) that:

Qn :j(yn>7:‘/n eV
Vn > max(N,N'),$ p, =i(z,), 2, €U

Yn = ¢(In)

As i and j are homeomorphisms onto their ranges, the sequences (x,) and (y,)
converge to points x € X and y € Y respectively. Furthermore, ¢ being continuous,

one must have y = ¢(x) so: p ~ q.

Case 3: p € i(U) \ ¢(U), if only a finite number of points of the sequence lie in i(U) then
there is a rank N above which ¢, = p, so ¢ = p which is excluded as ¢ € j(Y).
Thus, we can assume that one can extract a subsequence (Py(n))ne n Of (Pn)nen such
that for all n € N, py(n) € i(U). Necessarily, ¢ € j(V), but ¢ € (V) as this would
imply p € i(U), so ¢ € 5(V)\ j(V). However, as Vn € N, g, ~ p, there must exist
sequences (z,) and (y,) of points of X and Y respectively such that (x,,) converges
to a point in U \ U, (y,) to a point in V' \ V and y, = ¢(x,) for sufficiently large

n, but this contradicts our hypothesis. Hence p ~ ¢ and R is closed.
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APPENDIX B

APPENDIX TO Scattering theory for Dirac

fields near an Extreme Kerr-de Sitter

black hole

B.1 The Helffer-Sjostrand formula

At several points in the text the Helffer-Sjostrand formula is used quite liberally to
establish results about commutators. In this appendix, the reader will find some more

details about this formula.

B.1.1 Almost-analytic extensions

Let f € C*(R), one can extend f to C in the following manner: let n > 1 and
7 € C*(R) be a smooth cut-off function satisfying: 7(s) = 1 for |s| < 1 and 7(s) = 0 for
|s| > 2, then we set for z € C, z = z + iy, (z,y) € R%:

) (o
f(Z)ZG(x,y)Z%f (@)

rl

(iy)",

(B.1)
—
e =~ ()
f is R-smooth and:
i i i ") (g
o.F = Lo frinfy =Ly (f f )<z'y>’“) (0.0 + i,0)
2 2= 7! » (B.2)
oo y? ) (iy)".

2 n!
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Since (0,0 +10,0) # 0 only if (z) <y < 2(x) then if z is fixed and y — 0, the expression
in (B.2) implies that |9:f(2)| < O(|y|") when y — 0; in particular, it is 0 if z € R.

B.1.2 The formula

The Helffer-Sjostrand formula gives a convenient form of the functional calculus for a
class of symbols f. In [Dav95], it is used to construct the entire functional calculus, but it
was originally proved assuming the usual function calculus in [HS87]. The formula makes

sense for symbols f for which there is some § € R, such that, for all n € N:

sup | F (2) ()" TP| < 4o00.
Te

Following [Dav95], let us denote this set .o/, examples of elements of &7 are elements in

S The result can be stated as:

Theorem B.1.1. Let f € &7, then if A is a self-adjoint operator on a separable Hilbert
space F:

F(A) = Qir/cagf(z)(A — )z A dz (B.3)

The integral converges in the operator norm topology and is independent of the choices of

n and o in the almost-analytic extension.

The integral above can be interpreted as a Bochner integral and its convergences follows

from the following estimate on C \ R of the norm of the integrand:
10:()(A = 2) 7Y < e X1 (@) (@) 1o (2, y) + cf @)y v (z,y),  (B4)
r=0

for some ¢ € R ; U = {(z,y) € R?, (z) <y < 2(z)} and V = {(z,y) € R%,0 <y < 2(x)}.

B.2 The Faa di Bruno formula

Let f,g € C*(R), then for any n > 1:

n!f(m1+"'+mn) og n

.H (g(j)>mﬂ' :

mq!1lmimgl2ime - om, Inlmn e

n

I, ={(m,...,m,) € N",> " jm; = n}.

Jj=1
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APPENDIX C

VECTOR VALUED DIFFERENTIAL FORMS

In the literature on principal connections, we are inevitably confronted with the notion
of vector valued differential forms. In this appendix, for completeness, we recall some of
the definitions and vocabulary useful for the main text and that one comes across in
textbooks on the topic. We will mainly follow [Ble05], who adopts a point of view close
to that predominant in Physics literature. We will also discuss equivalent ways to think

about so-called « basic » or « tensorial » forms and forms with values in a vector bundle
V over M.

C.1 Definitions

Definition C.1.1. Let V be a fixed finite dimensional vector space and P a smooth

manifold, a V-valued differential form is a section of the vector bundle :
A (P, V) = AMT*P)@ (P x V).

If (P, 7, M) is a G-principal fibre bundle and (V, p) is a representation of G we will say
that a € T(A*(P,V)) is:
— equivariant if Ry = p(g) "o,

— horizontal if for all vector fields on P (X7,..., X}), at least one of which vertical,
then a(Xy,...,Xx) =0.

A form that is both horizontal and equivariant is said to be tensorial.

Proposition C.1.1. Let (P,m, M) be a G-principal fibre bundle, and (V, p) a finite di-
mensional representation of G. A tensorial V-valued differential form on P is equivalent

to a section of the vector bundle over M :

A(T*M) @ (P xgV).
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Proof. Let us first point out that the base of the bundle A*(T*M)® (P x V) is indeed M
and not P. The equivalence is quite clear in one direction, if we allow ourselves to choose

a connection on P. In this case, the projection 7 of P induces a vector space isomorphism:
d’/Tp : Hp C Tpp — Tﬂ(p)M,

which enables us to horizontally lift vector fields over M to vector fields over P. If X is a
vector field over M, let us call X its horizontal lift. We will also denote by p the canonical
projection mapping P x V onto P X V (cf. Paragraph 1.4). With these notations, if «
is a tensorial k-form over P then for any vector fields Xi,..., X, over M, x € M and

p € m 1 ({x}), the equation :
O./MJ(Xl, e ,Xk) = p((l/p(Xl, Ce ,Xk)),

is independent of the choice of p and the horizontal lift and thus defines a section of
AN (T*P)® (P xg V).

The other direction is slightly more subtle. Let ap; be a section of A*(T*M)®(PxgV).
Of course, the idea is to consider the pullback of o by the projection 7, 7*a,,, however,
Ty is a priori only a section of A¥(T*P) @ n*(P xg V), where : 7*(P x¢g V) is the
pullback bundle of P xg V' by 7 defined by :

(P xg V) = {(p,0),€ Px (P xg V),7(v) =w(p)} = [ {(p,v),v € (P X6 V)an) } -

peP

In the above, we have borrowed notation from Paragraph 1.4 and have introduced the
projection P x¢ V — M, 7. The remainder of the proof is dedicated to showing that the
bundle 7*(P X V) is in fact trivial. Let » € P and set :

V.o — 7' ({=(n})

plr): v — p((r,v)).

As for any v € V, g € G, p((rg,v)) = p((r, p(g)v)), one has

p(rg) = p(r)p(g).
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One can then define a map from 7*(P X V) into P x V by :

(p,v) = (p, p(p) " '0). (C.1)

We leave the proof of the smoothness of our maps to the reader. Minus this detail, the
above shows that 7*(P x g V') is actually parallelisable, because the vector bundle mor-
phism defined by (C.1) is a vector space isomorphism on each of the fibres. The explicit
form of the map shows that, after untangling the pullback bundle, 7*«a;; is indeed a

tensorial form on P.

C.2 A few usual operations

C.2.1 The case of a Lie algebra

Let g be a Lie algebra, with bracket [ , ]. For g valued differential forms, there is a
natural generalisation of the wedge product. Let o and [ be respectively g valued k-form

and [-form, one defines :

aABI( X1, ..., X)) = Pl S (o) Xoqys s Xowy), B Ko@), - - - Xowern)]-

In the special case that g is a Lie subalgebra of the usual matrix algebra gl,(R) then in
fact :
[aABl=aAnB— (DB Aa,

where a A [ is matrix product where component-wise multiplication is replaced by the

usual wedge product.

C.2.2 Exterior covariant derivative

Let (P,m, M) be a G-principal bundle, V' a finite d imensional vector s pace, « a V-

valued k-form on P, and, (E;) an arbitrary basis of V. Writing o = a'E};, one sets:
da = do'E;.

This definitionis, in fact, independent oft he choice ofb asis and inherits all t he usual

properties of the exterior derivative on forms. When there is a connection, w, on Pwe
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can define a covariant exterior derivative that sends tensorial forms to tensorial forms.

Indeed, call the horizontal component of an arbitrary vector X, X and set :

d“a(Xy,..., X,) =da(X{ .. X,

n

d“« is clearly horizontal and one can check equivariance as follows :
* _ * —1
Rjda = dRja = p(g~)da.

If p is a representation and p, is the induced Lie-algebra homomorphism g — gl(V)

then for a V-valued tensorial k-form «, and an arbitrary g valued [-form,  one can define:

. 1
BAa(Xy, ..., Xku) = T > e(0)p(B(Xoq)s - Xow)) - U Xos1), - Xoqan)-

: U€6k+l
This leads to a useful formula for the exterior covariant derivative:

Lemma C.2.1. Let (P,m, M) be a G-principal bundle, w a principal connection on P,
V' a finite dimensional vector space, p : G — GL(V) a representation and o a V-valued
tensorial k-form on P, then :

d“a = da + wAa. (C.2)
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APPENDIX D

THE TRANSFORMATION LAW FOR

We follow the notation introduced in paragraph 4.2.3. Recall that in the equation:
Qu = dlly + 1y A 1y,

A is the matrix product where component-wise multiplication is replaced with the exterior
product of differential forms and dII is the matrix (dII)} = d(II?). We recall also that the

transformation law for Iy is given by (4.15) :

_ r
tr(g~dg)l, — ——g ' Ag, (D.1)

Iy =g 'dg+ g 'yg —
v=9 dg+g lvg——— I

where A} = tr(g~'dg(e;))w’ and the local sections are related by oy = opg for some
g:UNV = GL,(R).
To determine the transformation law for (Q}(-,e;)) we first compute Qy in several

steps. First of all, dIly :

dlly = — g 'dgg ' ANdg — ¢t dgg  ANllyg + ¢t dllyg — g I A dg

1 1 1
tr(g 'dgg™ ' Adg)l + ——g 'dgg' N Ag — ——g1dA
+ o trle dgg g + 9 dgg 9= 19 49 (Do)

1 1
—q "AANdg.
+n+1‘q g
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Followed by :

1
Oy Ally = ¢ Iy Allyg + g 'y Adg — mg_lﬂ(]g Atr(g=tdg)l

1
n+1

1 1
1 -1 1 -1
dg Nt dg)l — —— d Ag —

g "My ANA)g+g'dgng 'Tlyg+ g 'dgn g 'dg

tr(gtdg)I A ¢ 11
— ] 1r(g g) I Ng lyg

(D.3)

1
1tr(g_1dg)l A g tdg +

(n+11)2 tr(g~'dg) Atr(g~'dg)) I

1 1 1
— ey de) [ Ag Ag— —— g TAATIpg— ——g AN
+(n+1)2r(g gl Ag—Ag— —=97 ANlyg — ———g ANdg
1 1
— g MANA)g+ ———g  Ag A tr(g T dg)T
+(n+1)29( )9+(n+1)29 g Ntr(g— dg)

When we sum together (D.2) and (D.3), the terms in (D.3) underlined by a straight line
cancel exactly those in (D.2). The terms in (D.3) underlined with a wavy line cancel
between themselves by anti-symmetry of the usual exterior product because I commutes

with any matrix. After simplification, we find that :

1
Qy =¢710Q tr(g tdgg P Adg)] — —— g tdA
v =g Qug+ ——tr(gdgg™ Ndg)l — ———g" dAg -
L L -1 '
- - il - .
1Y (Ily A A)g 1Y (AN U)g+(n+1)2g (AN A)g

Now, denote by (¢&;) the moving frame associated with oy, then, for each i, & = gFey.

Consequently, calling the components of €2y, Q; :
QL&) = gF Qi en) = (9) 5 (-, en).

Therefore, we only need to multiply (D.4) by ¢g and evaluate the trace in the basis (e;).
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Computing each term separately :
(AATIy)5( ZZtr “dg(em))w® ATIT(-, ex),
= ZZtr g tdg(ey,) ZH?(ei)wk Aw' (-, ep),
k m i
=5 S trly dglen) ST (e0) e — ),
—(n—1) ; 117tr(g~ ' dg(em)),
—(n =Dy Iy);.

Similarly :
(ITy A A)?(-,ek) = —tr(g ' dgle;)) Y D IIF (e :
m
(ANA)S(rer) = —(n—1)tr(g dgle;))tr(g ™ dg),
—(n —1)tr(g~"dg)y;,
tr(g 'dgg™" A dg) = 0.

The term dA is slightly more complicated :

(dA); = d(Aj) = — tr(g~"dgg ™ dg(e;)) Aw' + tr(g™ d(dg(e;))) A w’

+tr(g ' dg(e;))dw'.

Using the structure equation (4.14) the last term is seen to be:
tr(g~'dg(e;))dw’ = —tr(g~'dg(e;)) (1T}, A wh).

Since,
H}; A wk(-, i) = H};(em)wm A wk(-, e;)
= T () (™8 — 67)
= —H};(ei)wk,

we conclude that :

tr(g~'dg(e;))dw' (-, e;) = tr(g dg(e;)) DD TIF (e )w™.
m Tk
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The remaining terms evaluate to the following expressions :

tr(g~'d(dg(e;))) Aw'(-,e;) = (n — D)tr(g~'d(dg(e;))),
—tr(g~'dgg~ dg(e;)) Aw' = —(n — 1)tr(g~ dgg ™ dg(e;)), (D.10)
—tr(g~'dgg'dg(e;)) Aw' +tr(g  d(dg(e;))) Aw'(- &) = (n—1)d;.

Putting together equations (D.5),(D.6),(D.9) and (D.10), it follows that:

Nl o5\ O p on—1. ,4, n-1/, k
Qj('7€i) = Qk('uei)gj - dekg' + m(V HU)kgj o (

n—1

mtr(g‘l)y,;gf, (D.11)

which is nothing more than (n — 1) times Equation (4.19).
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APPENDIX E

PROOFS THAT ARE NOT ESSENTIAL TO
THE MAIN TEXT

E.1 Calculating V, W,

The computation is based on the second Bianchi identity :
d
V[aRbc] e - 0
In this case of interest this leads to :

0=V.R, "+ VRy" s+ VaR, ",
= V.R., "y — VRy + ViR,
= VaWCdaf + QVG(Sﬁ:Pd}f + 3V (Ba — (n—1)Yeq,
= VWi +3Vefay — (n — 2)Yeqr-

Hence :

VWi = (n = 2)Yeqr — 3V Bayp)- (E.1)

E.2 Proof of Lemma 4.7.1

Let us prove the transformation law (4.52) for the components of a k-cotractor form
when we change connection according to V = V+7Y. This can be done by induction. The

case k = 1 is well known, but we prove it here for completeness. Consider:

A v ?
Ha fla
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then for any tractor T4 ¥ pYa + VWA v pY s + DPWY:
FuTA = po + v’ = pé + i’
Using Equation (4.25), it follows that:
po + up’ = (p — To*)6 + fipt.
Hence:

plo = &) + V(s + To6 — ) = 0,

since this holds for arbitrary p, #® we conclude that:

g =0
fi = i + Tyo.

Assume now that (4.52) is true for k-forms, we prove that it then holds for k + 1 forms.
Let Fla,.. Y (k+ Dttay.ap Yias 28 - - Z30 s+ Cayarn 228, - 2345 As in the case

Agt1 Api1]

kE=1,let T4 ad pXA + "W be an arbitrary tractor, we calculate the contraction:

FAl...Ak+1TAk+1 = ((_1)kp:ua1ak + ’Sal...akbyb>Zzll s Z‘Z}Z
+ (k + 1):ua2...ak+1Y’[A1 ZZQQ ZZkJrl WAkJrl

L4

The final term requires special attention:

a a A
(k + 1)““2-~~ak+1y[z41Z,422 - ZA]ZHl W k1 _

1 a A b
7! Z &(0) thas.. art1 YA ()ZAU(Q)”'ZAI:(rkl-s-l)W o

F0€GK 4

If (1) = k + 1, then the summand is zero, hence:

as . Al+1 Ak+1 b
Z S(U)II"LGZ---ak+1YAo‘(1)ZAU(Q) ZAo(k+1)W

o €6y

ak41 Akt1 b
Z >, (0 tasani Ya 245, v LAy We '

=1 U€6k+1
o(1)=t
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Reorganising the terms in the product, we have that:

as k41 Apt1 b _
Ma2~--ak+1YAiZAa(2) Ak W, v

a__1 a_ 1, a_—1,. a__1 A
o o—1(1) o= 1(i—1) o~ 1(i+1) o= 1(k) k+1,,b
- I’LGZ---ak—Q—lYAi ZA1 T ZA.L',l ZAi+1 o ZAk+1 Wb v,
_ Q41 al Aq—1 Aj41 ag
= Hag(a)api)V YAiZA1 ce A¢—1ZA¢+1 T ZAk’
_ i—1 k1 as Ai—1 rzQi41 ag
- (_1) E(O_)H’al(m...aiflaprl...ak+1V YAiZA2 ‘e Ai—IZAiJ,-l Ce ZAk'

The final equation comes from the following observation. If we relabel:

,uac,@)...ac(kﬂ) = ual...dk ;

then for any s € &y,
Hagyasz)-tsr)y = Hag(sys1)-ao(sr)+1)"

Since o({2,...k}) = [1,k + 1] \ {i}, we can reorder the indices such that we have

Hay...airaisr...ans, I We choose s such that :

o)1 it1<j<i
s(7) = , o
o tj+1) -1 ifi<j<k.

The signature of this permutation can be determined ' to be (—1)"1g(c). One can observe

that in the quotient group R*/R%:

e(s) =[] s(0)—s(m),

1<m<i<k
~ Moo T o+ -0 m) [[ o'+ 1) — o (m+ 1),
1<m<l<i 1<m<i<I<k i<m<I<k
= H U_l(l) — U_I(m) H O'_I(Z) — U_l(m) H cr_l(l) — 0_1(m).
1<m<i<i 1<m<i<I<k+1 i+1<m<I<k+1

This differs from £(c~!) by the sign of :

II 1-=07'(m)=(-1)""mod R%.

1<m<i

1. in a rather tedious way
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Overall, we find that :

FAl...AkHTAl = ((_1)kpﬂa1---ak +Vb§ba1---ak)Zzll e Zi’; +kﬂa2a3---akak+1yak+l [AIZ;L;QQ e Zj\l;]'
This is a k-cotractor, therefore, according to the induction hypothesis we must have:

ﬂag...akbyb = ﬂag...akbﬁba
(_l)kﬁﬂab--ak + ﬁbgal---akb = (_1)kp:ua1---ak + €a1---akbyb + kT[mMaz...ak]byb'

Plugging the first equation into the second and using Equation (4.25), we have

fal...akbyb = I/b fag.‘.akb + kT[al/’LQQ...CLk}b + (_1)kfrb:ua1.‘.ak

k’r[al.“‘a?“akb]

The tractor T4 being arbitrary, it follows that :

p= [,
=+ T Ap,

and the result follows by induction.

E.3 Hodge star of wedge product

Proposition E.3.1. Let & and Y be respectively a k-form and a 1-form on a pseudo-

Riemannian manifold (M, g), then :

(T AE) = (=1)"T7(xE) (E.2)

Proof. The reason is essentially the fact that contraction and wedge product are adjoint

operators. Precisely, if £ is k-form and a an arbitrary (k + 1)-form then:

g(YT ANE ) =g(€ THa). (E.3)
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Postponing for now the proof of (E.3), we prove Equation (E.2). For any k + 1-form «:

a AX(T AE) = gl T A&,

= g<TﬁJa7 f)wg
= (TMO&) A €.

Since, T*. (a Ax€) = (Yila) Ax€ — (—1)ka A (YFL % €) it follows that for any a:
=0

a A ((—1)’“Tﬂ_| *5) = g, *(T A §))w,
This property uniquely defines the Hodge star, therefore :
*KTAE) = (=T

We prove now (E.3), for instance, using the abstract index notation:

g(TAE )= (k + 1)!ga1b1 S g O (kA 1) T (0, o 1] Qb b
N k'(kl‘f'l)' 06%“ €(U)ga1b1 B ‘gakﬂbkﬂT"“UU)gaa@)--'%(k+1)ab1-~-bk+17
= k;‘(k:—l)' ae%;,ﬂ (o) g™be@ . gWrbe e Y €y s
- M Ue%};ﬂ e(a)g™™ - 'gak+1bk+1Taléag...akJrlOdba_l(l)...bo_l(k+1)7
k Bk +1)! ae%; lgalbl e gUEIY L E a Olbybps
= ;!gagba .. 'gak+1bk+1£a2...ak+1galb1 Talabl...bk+1,
= g(&, Y aa).
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APPENDIX F

USEFUL FORMULAE IN DE-SITTER
SPACETIME

F.1 Connection forms

In appropriate coordinates (14n)-dimensional de-Sitter space (dS, g) is the « warped »
direct product of the pseudo-Riemannian manifolds (Ry, —dy?) and (S™, do™), where do™
is the usual round metric in n dimensions. In other words, dS = R x S™ but the metric is
given by :

g = —dy® + f(¥)do", f(v)) = cosh® ¢,

The function f is responsible for the « warping » of the direct product. In well-chosen
local frames of dS™ that are adapted to the direct sum decomposition of dS into R x S™,
it is possible to determine the local connection forms in terms of those of do™ on S™ and
—dy? on R .

For our purposes we will work on a coordinate patch where ¢ can be replaced by the

1

TooshZD We recall that g is then given by :

boundary defining function p =

dp?

I T 2)

1
+ —do".

2p
Choosing a local orthonormal frame on S™ and writing 9; for the local connection forms
on S™ in this basis then the matrix-valued local connection form for the Levi-Civita

connection of g is:
Lemma F.1.1.

(F.1)

_lszH 0‘;_%

1 1 J
(Wij>1<ij<n+1 = <(12p a ;)i dp _<1 a 2p)w9) .
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From this it follows that :
Lp = gabvavbp = 2p(n -2+ 2p(3 - TL)), (FQ)

and the local connection form matrix in the same local-frame corresponding to the con-
nection V=V + (21—5 is:

Lemma F.1.2. '
i —(1- 2p>wz)

AT 1-2
(@ h<igentr | 7 Z.
0 o

Using this one can show by a direct computation that, acting on scalar fields:

Lemma F.1.3.

gV, V, = —4p*(1 — 2p)8§ +2p(2p(1 —n) +n)0, + 2pAgn.
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Résumé La thése comporte deux projets
principaux. En premier lieu, la construction d’'une
théorie de scattering analytique pour des champs
de Dirac (massifs ou non) a I'ex-térieur d’'un trou
noir de type de Sitter-Kerr ex-tréme : un trou noir
en rotation dont les ho-rizons coincident pour
former un trou noir « double » ou extréme. Les
effets conjugués de la rotation, la constante
cosmologique, et I'horizon double, se traduisent
dans l'expres-sion de l'opérateur de Dirac par des
poten-tiels de type Coulomb a I'horizon et une per-
turbation de I'opérateur de Dirac sur la sphére. Dans
ces travaux, les méthodes de Nicolas—Hafner,
s’appuyant sur la théorie de Mourre, sont
adaptées pour montrer la complétude
asymptotique. En particulier, une étude pré-cise
de la partie angulaire montre qu’il est pos-sible de
décomposer l'opérateur de fagon a

pouvoir appliquer les résultats de T. Daudé,
développés pour traiter le cas dun trou noir de
Reissner-Nordstrom. Ce travail a également donné
lieu a une classification compléte de la famille des
trous noirs de de Sitter-Kerr et a une étude et
construction détaillée des exten-sions maximales.
Le deuxiéme projet explore I'application des outils
de Ila géométrie projec-tive a [I'étude du
comportement asymptotique de champs massifs de
spin entier (champs de « Proca »). Une théorie
analogue a celle déve-loppée par A.R. Gover, E.
Latini et A. Waldron dans le cas de variétés
admettant une com-pactification conforme est
obtenue dans le cas de variétés Einstein
projectivement compactes et asymptotiquement de
Sitter, dont en par-ticulier, un calcul extérieur pour
les tracteurs projectifs donnant lieu a un calcul a la
frontiére et des opérateur de solution formelle.

Title: Analytical and projective scattering on spacetimes with positive cosmological constant.

Keywords: asymptotic analysis, extreme Kerr-de Sitter black hole, Dirac equation, projective

compactification, Proca equation, projective exterior tractor calculus

Abstract: The thesis is composed of two prin-cipal
projects in the domain of asymptotic anal-ysis in
General Relativity. First of all, the thesis details the
construction of an analytical scat-tering theory for
Dirac fields (massive or not) outside an extreme
de Sitter-Kerr black hole. This is a geometric model
for a rotating black hole in a de Sitter type universe
for which two of its horizons coincide, forming a so-
called extreme horizon. The conjugated effects of the
rotation, the cosmological constant and the extreme
horizon translate into long-range po-tentials and a
perturbation of the Dirac oper-ator on the sphere in
the expression of the global Dirac operator. In this
work, the meth-ods used by J.P. Nicolas and D.
Hafner, based on Mourre’s theory, are adapted to this
situa-tion to prove asymptotic completeness. In
particular, a thorough inspection of the angular part of
the operator shows that it is possible to reduce the

problem to a spherically symmet-ric problem to
which the results, developed by T. Daudé, for a
Reissner-Nordstrom  blackhole can be  applied.
This work also gives a com-plete classification

of the de-Sitter Kerr fam-ily and a detailed
study and construction of their maximal
analytical extensions. The  sec-ond project
explores how to apply tools from projective
differential geometry to the study of the

asymptotic behavior of massive fields with integer
spin (« Proca » fields). The thesis de-velops, for
the case of projectively compact Einstein
asymptotically de-Sitter manifolds, re-sults that are
parallel to those obtained by A.R. Gover, E. Latini
and A. Waldron for confor-mally compact
manifolds. It builds, in particu-lar, an exterior
tractor calculus that leads to a boundary calculus

283 and formal asymptotic so-lution operators.



	Introduction
	Vocabulary and notation
	The abstract index notation
	Concrete indices
	The vocabulary of Lorentzian geometry

	Principal fibre bundles
	Definition
	The frame bundle of a vector bundle

	Principal connections
	Affine connection and local moving frames 
	Local sections of a principal fibre bundle, transition functions
	Vertical vectors
	Connection as a g-valued differential form on P
	Principal connection as a G-equivariant horizontal distribution

	Associated bundles
	Constructing an associated vector bundle
	Examples of associated bundles
	Covariant derivative on an associated vector bundle
	Fibre bundle reductions and geometric properties 


	Kerr-de Sitter spacetimes
	Preamble
	Introduction
	The Kerr-de Sitter metric
	Fast, Extreme and Slow Kerr-de Sitter
	Extreme Kerr-de Sitter
	Fast and slow Kerr-de Sitter
	Boyer-Lindquist blocks

	Maximal Kerr-de Sitter spacetimes
	KdS* et *KdS spacetimes
	KdS*
	*KdS
	Maximal slow Kerr-de Sitter spacetime
	Maximal extreme and fast KdS spacetimes

	Conclusion

	An analytical scattering theory for massive Dirac fields in extreme Kerr-de Sitter spacetime 
	Preamble
	A short note on spinors and spin structures
	Introduction
	The Kerr-de Sitter metric
	The Dirac equation

	Analytic framework
	Symbol spaces
	-invariance
	A comparison operator
	Short and long-range potentials
	Self-adjointness of Hp
	Further properties of H0

	Mourre theory
	Brief overview
	Our conjugate operators
	The technical conditions
	The comparison operator N
	Nelson's lemma
	Proof that H0,HC1(A)
	The double commutator assumption
	Mourre estimates for H0
	Mourre estimate for H
	Propagation estimates and other consequences of the Mourre estimate

	Intermediate wave operators
	Overall strategy
	First comparison
	Second comparison
	The operator He
	The spherically symmetric operators
	Asymptotic velocity operators and wave operators for the spherically symmetric operators
	Modified wave operators in the spherically symmetric case

	The full scattering theory
	Comparison I
	Comparison II
	Comparison III
	Scattering for the Dirac operator

	Conclusion

	Projective differential geometry and asymptotic analysis
	Introduction
	Cartan geometries

	Projective differential geometry
	The Model
	Projectively equivalent affine connections
	Thomas' projective differential invariant and the projective connection associated with a projective class []
	The geodesics of a projective connection

	Projective tractors and their calculus
	Definition
	Change of connection
	Special connections
	The Tractor Connection

	Projective Compactifications
	Affine space
	Minkowski spacetime
	de-Sitter spacetime

	A brief primer on the Metrisability equation
	General theory
	Normal solutions

	Projective Laplace operator and Boundary calculus 
	 The Thomas D-operator 
	A projective Laplace operator and its boundary calculus
	Asymptotics of solutions to the Klein-Gordon equation in de-Sitter spacetime
	Formal solution operator

	Exterior tractor calculus
	Wedge product and exterior derivative
	Tractor Hodge duality derived from a solution of the metrisability equation
	Tractor co-differential and Hodge Laplacian
	Weitzenbock identity
	Operator algebra

	Asymptotic analysis of the Proca equation
	Conclusion

	Appendix to Maximal Kerr-de Sitter spacetimes
	Connection forms
	Geodesic equations ``à la Cartan"
	Resultant
	Diverse useful formulae in Boyer-Lindquist like coordinates
	 Gluing topological spaces

	Appendix to Scattering theory for Dirac fields near an Extreme Kerr-de Sitter black hole
	The Helffer-Sjöstrand formula
	Almost-analytic extensions
	The formula

	The Faà di Bruno formula

	Vector valued differential forms
	Definitions
	A few usual operations
	The case of a Lie algebra
	Exterior covariant derivative


	The transformation law for (ij(,ei))
	Proofs that are not essential to the main text
	Calculating aWcdfa
	Proof of Lemma 4.7.1
	Hodge star of wedge product

	Useful formulae in de-Sitter spacetime
	Connection forms

	Bibliographie

