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Résumé. La these étudie les problemes de Dirichlet linéaires et semilinéaires pour différents opérateurs
du type Laplacien fractionnaire. Les données peuvent étre des fonctions réguliéres ou plus généralement
des mesures de Radon. Le but est de classifier les solutions qui présentent une singularité au bord du
domaine prescrit.

Nous remarquons d’abord l’existence de toute une gamme de fonctions harmoniques explosants aw bord
et nous les caractérisons selon une nouvelle notion de trace au bord. A laide d’une nouvelle formule
d’intégration par parties, nous élaborons ensuite une théorie faible de type Stampacchia pour étendre la
théorie linéaire a un cadre qui comprend ces fonctions : nous étudions les questions classiques d’existence,
d’unicité, de dépendance a l'égard des données, la régularité et le comportement asymptotique au bord.

Puis, nous développons la théorie des problemes sémilinéaires, en généralisant la méthode des sous-
et sursolutions. Cela nous permet de construire l’analogue fractionnaire des grandes solutions dans la
théorie des EDPs elliptiques nonlinéaires, en donnant des conditions suffisantes pour l’existence.

La thése se termine par la définition et l’étude d’une notion de courbures directionnelles nonlocales.

Mots clés: Laplacien fractionnaire, opérateurs nonlocaux, grandes solutions, solutions faibles L!, équa-
tions elliptiques nonlinéaires, probléme de Dirichlet, singularité au bord, courbures nonlocales.

Abstract. The thesis studies linear and semilinear Dirichlet problems driven by different fractional
Laplacians. The boundary data can be smooth functions or also Radon measures. The goal is to classify
the solutions which have a singularity on the boundary of the prescribed domain.

We first remark the existence of a large class of harmonic functions with a boundary blow-up and
we characterize them in terms of a new notion of degenerate boundary trace. Via some integration by
parts formula, we then provide a weak theory of Stampacchia’s sort to extend the linear theory to a
setting including these functions: we study the classical questions of existence, uniqueness, continuous
dependence on the data, reqularity and asymptotic behaviour at the boundary.

Afterwards we develop the theory of semilinear problems, by adapting and generalizing some sub- and
supersolution methods. This allows us to build the fractional counterpart of large solutions in the elliptic
PDE theory of nonlinear equations, giving sufficient conditions for the existence.

The thesis is concluded with the definition and the study of a notion of nonlocal directional curvatures.

Keywords: fractional Laplacian, nonlocal operators, large solutions, L! weak solutions, nonlinear elliptic
equations, Dirichlet problem, boundary singularity, nonlocal curvatures.
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Resume

Ce manuscrit présente I'étude des solutions avec explosion au bord pour deux différents opérateurs
intégro-différentiels, I'un et 'autre appellés Laplacien fractionnaire. Ce type d’opérateurs a été étudié
intensivement dans les derniéres années, parce qu’ils montrent beaucoup de ressemblances avec la théorie
classique des opérateurs elliptiques, tandis qu’ils sont souvent définis comme opérateurs intégraux avec
noyaux singuliers et interactions & longue portée, ce qui les rend des opérateurs nonlocaur'. En méme
temps, ils apparaissent naturellement dans des applications concrétes, notemment, pour modéliser des
phénomeénes ou des interactions & longue portée sont présents. On a par exemple : modéles de transition
de phase [79], dislocation des cristaux [84], probléme de I'obstacle [78], propagation des flammes [80],
surfaces minimales [17], finance [29], et sciences des matériaux [9].

Le Laplacien fractionnaire. On va appeler le premier de ces deux opérateurs simplement? Laplacien
fractionnaire et on le dénote par (—A)*. Fixée s € (0,1), pour une fonction® u : RY — R cet opérateur
admet différentes définitions équivalentes et il peut étre introduit :

e comme un opérateur intégral avec noyau singulier [37]
u(@) — u(y)
A =C . ———=d
(=) u(z) N,s p-U /RN |z — y|[N+2s
ot “p.v.” dénote l'intégral au sens de la valeur principale, Cy s est une constante positive de
normalisation et vaut (e.g. [74, formula (A.1)])
N
45T(5 +5) s
wN/2 ria-s)’

CN,S =

e comme un opératuer pseudo-différentiel [37, 50]
Fl(=2)"u](€) = [&* Fu(€)
ou F dénote la transformée de Fourier ;
e comme un opérateur Dirichlet-to-Neumann [18]

div (' 7> U(z,t)) =0 r€RN t>0
U(z,0) = u(x) r e RY

~ (=A)’u(z) = —C(N,S)ltig)ltl_% U (x,t)

ou ¢(N, s) est une constante positive de normalisation ;

LA noter que les opérateurs elliptiques, comme tout opérateur différentiel, sont purement locaux.

21l est appellé aussi Laplacien fractionnaire restreint lorsque 1’attention est fixée seulement sur les fonctions qui s’annulent
en dehors d’un domaine fixé, voir par exemple [86].

3Ce n’est pas notre intention dans cet Resumé de fournir les hypothéses optimales de regularité ot inteégrabilité sur u
pour que les définitions aient un sens : on travaille seulement formellement ici.
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e comme le générateur infinitesimal du semigroupe de la chaleur e!® dans RY subordonné au sens
de Bochner avec fonction de Bernstein corréspondante 7 — 7° [76, Section 13.1]

(=A)u(z) = F(ls, 5 /000 (u(x) _:mu(x)) % ;

e comme le générateur infinitesimal d’un processus stochastique a-stable (X;),-, ot a = 2s

sy iy W) — Ea[u(Xo)]
(=A)’u(z) = ltlfél . .

L’opérateur se révéle “nonlocal” au sens que pour le calculer (sur une fonction donnée et en un
point fixé) ce n’est pas suffisant de connaitre la fonction dans un voisinage du point ; inversement, une
modification de la fonction loin du point concerne quoi qu’il en soit la valeur au point méme (cette
caractéristique est claire en utilisant la premiére définition) ; ceci n’est pas du tout le cas, par exemple,
pour le Laplacien classique —A\. Les différentes, pourtant équivalentes, définitions pour (—A\)® permet-
tent de prendre des approches différents lorsqu’on veut résoudre les problémes associés, en engendrant
une interaction fructueuse entre techniques variationelles, la théorie des opérateurs pseudo-différentiels,
I’analyse fonctionelle et la théorie du potentiel.

Le Laplacien fractionnaire spectral. Le deuxiéme opérateur que l’'on va étudier est un autre opéra-
teur nonlocal dont la définition dépend fortement du domaine pris en considération. Fixons un domaine
borné Q C RV, s € (0,1) et dénotons §(x) = dist(x, ). Pour une fonction mesurable* v : Q — R
lopérateur (—A|,)" peut étre défini :

e comme un opérateur intégral avec noyau singulier [82]

(—Alg) u(x) = po. /Q[u(z) —u(y)] J(z,y) dy + w(x)u(z), reN

ou J(x,y) et x(x) sont fonctions données par

B s * palt,z,y) o 3(2)d(y) . !
Jzy) = T(1-s) /o . |z —y|V Tz —yl?+0(2)d(y)

et pa(t, z,y) est le noyau de la chaleur de 2 avec conditions homogeénes ;

e via la décomposition spectrale de u : étant donnée {¢p; }jeN une base hilbertienne de L?(£2) con-
stituée par les fonctions propres du Laplacien de Dirichlet —A|, associées & les valeurs propres
)\j, 7 €N,

(Al ul@) = Y N es(x), G, = /Quj%';
j=1
e comme un opérateur Dirichlet-to-Neumann [16, 23]

div (' 7> U(,t)) =0 TN t>0
U(z,t) =0 x€ed, t>0 ~
U(z,0) =u(r) z€
~ (=Ag) u(z) = —C(N,S)ltig)lﬁl_% U (,t)

ot ¢(NN, s) est une constante positive de normalisation ;

4Comme auparavant, ici on travaille seulement formellent.
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e comme le générateur infinitesimal du semigroup de la chaleur e*“le dans © subordonné au sens de
Bochner avec fonction de Bernstein corréspondante 7 — 7° [76, Section 13.1] (et aussi [47])

(ol = mr [ (2 e:mw(z)) x

e comme le générateur infinitesimal d’un processus de Wiener arrété subordonné (Xy),-

s (@) — By [u(X)]
(=Alg) u(x) = lim ; :

A notre connaissance la définition via la décomposition spectrale est la plus utilisée dans un contexte
d’EDP. Cependant elle cause restrictions sur le domaine de I'opérateur, et aucune théorie de conditions
au bord non homogenes était disponible jusqu’a ce travail ; cela est une des contributions de cette thése,
voir Chapitre 7. Voild pourquoi on va utiliser surtout la définition avec le noyau singulier ou celle obtenue
par la subordination au sens de Bochner.

Interprétation stochastique et le nom des opérateurs. Comme on I’a déja mentionné, les deux
opérateurs ont un lien profond avec la théorie des processus stochastiques. En effet ils générent des
processus de Lévy avec sauts, c’est-a-dire dont les trajectoires sont discontinues. L’opérateur (—A)°
génére un processus (2s)-stable dans R, ce qui signifie que sa distribution a une homogénéité d’ordre
2s dans le temps. Ce processus peut étre construi aussi en subordonnant un mouvement Brownien dans
le temps : étant donné un mouvement Brownien (By)¢>o, au lieu de considérer un temps continu, on
va Pévaluer dans des temps aléatoires (1});>0 qui sont croissants presque strement. De cette facon on
construit un nouveau processus (Br, );>0. Le temps aléatoire T; n’est pas supposé avoir des trajectoires
continues. Dans cette approche, on obtient finalement un processus de Lévy dont les sauts sont dus
aux sauts temporels, comme si 'on était en train d’enregistrer le mouvement aléatoire d’une particule
mais en arrétant 'appareil d’une fagon aléatoire, ensuite on le réallume et on repéte (on pourrait aussi
accélérer ou ralentir ’écoulement du temps). On rappelle que le générateur du mouvement Brownien est
le Laplacien classique (negatif) —/\. Si le subordinateur est bien choisi, alors I'opération stochastique de
la subordination a comme homologue analytique le calcul d’une puissance fractionnaire du générateur :
c’est 1a qu’on voit apparaitre (—A)°.

Le méme type de construction serait valable aussi pour (—A|,)®, mais avec une différence importante.
Avant de subordonner, on I'arréte lors de la premiére sortie de €. Pour cela on a dit que il génére un
mouvement Brownien arrété subordonné. Le mouvement Brownien arrété est engendré par le Laplacien
de Dirichlet —A|, et la subordination fournit sa puissance fractionnaire (—A|,)°. Ceci explique pourquoi
on a choisi cette notation au lieu d’utiliser la plus commune A;.

Nous précisons enfin que nous ’avons appelé Laplacien fractionnaire spectral pour nous conformer a
comment il est appelé dans la bibliographie disponible. On pourrait aussi I’appeler Laplacian de Dirichlet
fractionnaire et cela prendrait plus en compte la fagon dont il est construit. Le mot spectral risque d’étre
trompeur, parce qu’il rappelle la définition via la décomposition spectrale qui a des restrictions assez
naturelles & respecter et qui ne peut pas étre appliquée a I’entiére classe de fonctions qu’on va considérer
ici. Dans le méme ésprit on pourrait aussi appeler Laplacien fractionnaire de Dirichlet ’'opérateur obtenu
avec une restriction du Laplacien fractionnaire & les fonctions avec condition au bord nulles. En effet,
cet opérateur génére un mouvement Brownien subordonné arrété, c’est-a-dire le processus obtenu en
arrétant le processus de Lévy (2s)-stable lors de la premiére sortie du domaine fixé. On remarque que
“subordonné arrété” et “arrété subordonné” sont différents en nature et que de méme “fractionnaire de
Dirichlet” et “de Dirichlet fractionnaire” ne sont pas la méme chose.

Solutions avec explosion au bord. Dans la théorie des équations elliptiques semilinéaires, une
fonction qui résout
—Au+ f(u)=0 dans Q c RY ouvert et borné,
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avec condition au bord

lim u(z) = +o0,
z— 00

est appelée solution avec explosion au bord ot aussi grande solution. On a énormément de bibliographie
disponible sur ce sujet qui remonte & Bieberbach [10], pour N =2 et f(u) = e*. Keller [56] et Osserman
[70] indépendamment ont établi une condition nécessaire et suffisante sur la nonlinéarité f pour l'existence
d’une solution avec explosion au bord : elle est

oo gt
VE®)

et elle est connue comme condition de Keller-Osserman. On peut trouver ces solutions avec singularité
au bord dans nombreuses applications : par exemple, Loewner et Nirenberg [63] ont étudié le cas f(u) =

on F'=f>0

wNH2/(N=2) " N > 3 qui est strictement lié au probleme de Yamabe singulier en géometrie conforme,
tandis que Labutin [59] a complétement caractérisé la classe des ensembles 2 qui admettent une grande
solution pour f(u) = u?, ¢ > 1, a travers des méthodes de capacité inspirés par la théorie des spatial
branching processes, qui sont des processus stochastiques particuliers ; voir aussi les travaux purement
probabilistes de Le Gall [61] et Dhersin, Le Gall [35] traitants le cas ¢ = 2 et le cas délicat des domaines
non lisses. Mselati [68] a complétement classifié les solutions positives en fonction de la trace au bord, qui
peut étre +oo sur une partie du bord et une mesure qui ne se concentre pas sur des ensemble de capacité
zéro ; voir aussi Dumont, Dupaigne, Goubet, Ridulescu [40] pour le cas d’une nonlinéarité oscillante.
On se référe au trés recent livre de Marcus et Véron [65, Chapitres 5 et 6] pour d’autres références.

Fonctions s-harmoniques grandes, formules d’intégration par partie et théorie faible L!.
Dans le contexte fractionnaire, notre point de départ est que des solutions avec explosion au bord
apparaissent méme dans des problémes linéaires. En particulier, il est possible de donner des fonctions
s-harmoniques grandes, c’est-a-dire des fonctions qui résolvent

(=A)’u=0 dans Q

_ —Al)u=0 dans Q
u=0 dans RV \ © (=Alg)"

) and lim u(z) = +o0
lim u(z) =400 z— 00
z— 00 €N

zEQ
voir Lemmata 2.11, 7.10 and (7.20) ci-dessous.

Ces exemples montrent que d’un coté les problémes pour (—A)* sont mal posés au sens de Hadamard
si seulement les valeurs & l'extérieur de ) sont données et différentes conditions au bord doivent étre
prises en consideration, tandis qu’ils montrent le besoin de conditions au bord non nulles pour (—A|,)°.
Cela veut dire aussi qu’on a besoin des notions de solution faible qui puissent traiter cettes nouvelles
conditions au bord. On référe & Grubb [50, Theorémes 4 et 5] pour des résultats trés récents pour la
théorie de regularité pour les problémes de ce type impliquants le Laplacien fractionnaire, et on cite
Dhifli, Maagli et Zribi [36] ot un premier essai a été fait sur le Laplacien fractionnaire spectral. On
répond a ces questions dans la Section 2.2 et le Théoréme 6.5 : la trace est une limite au bord pondérée
avec puissances de la distance au bord, §(x)!~u(z) dans le cas du Laplacien fractionnaire et §(z)?~25u(z)
dans celui du Laplacien fractionnaire spectral.

Dans les deux cas on a eu besoin de développer une théorie faible L' de type Stampacchia avec
des mesures comme données, capable de traiter aussi cette nouvelle classe de fonctions s-harmoniques.
Solutions de®

(=A)*u =X dans Q .
Ny = (—=A|g)u=¢ dans Q
u=p dans R™ \ Q and U
U — = sur 02
— =v sur JQ2 w2
wy

5Tci w1 et wo vont dénoter des fonctions de référence définies dans Q dont le comportement est comparable respectivement
a ceux de 651 et §25—2: il faut interpreter la condition au bord comme une limite lorsq’on approche un point du bord.
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ot \,& € M(Q), u € MRN\Q), v,¢ € M(99) sont des mesures de Radon qui satisfont certaines
hypothéses, vont ressembler &

Jut-oyo = [oan— [ oyedns [ £ @ uell@.xal-2)0 € CE@)
Q Q RN\Q 2Q a0

0 s
[ut-alo = [oa— [ Pac ue IO, 3(a)dr), (~Alg)'6 € O2(9).
Q Q o oV

Elles seront présentées dans les Sections 2.3 et 7.4. Ces définitions sont inspirées de et, d’une certaine
maniére, généralisent des formules d’intégration par parties. Les techniques sont basées surtout sur
I’analyse du potentiel, et exploitent la représentation via la fonction de Green, les noyaux de Poisson
et de Martin, dont la construction est incluse. Une présentation plus précise des résultats et 1’énoncé
rigoureux des découvertes principales se trouvent dans les Chapitres 1 et 6.

Problémes nonlinéaires. Jusque la on a vu que des singularités au bord peuvent apparaitre méme
en presence de donnée assez réguliéres. Lorsqu’on s’occupe d’un probléme nonlinéaire, cette perte de
régularité au bord donne lieu & une grande classe de solutions avec une singularité prescrite au bord,
presentée dans le Chapitre 3 et la Section 8.1. On va étudier les problémes du type

(=A)u= f(z,u) dans Q (_A|Q)Su = f(xz,u) dans Q

u=g dans RV \ ot w
u —=h sur 0f).
—=h sur 02 wa
w1

Dans ces cas 14, les fonctions s-harmoniques grandes peuvent étre utilisées comme sous- et sursolution si
le signe de la nonlinéarité le permet. Pour cela, on a résolu ces problémes nonlinéaires en adaptant les
techniques de Clément et Sweers [28] et Montenegro et Ponce [67].

Si 'on prend par exemple la donnée h = 1, elle va nous donner une solution avec une explosion
au bord d’ordre §*~! et §2°72. Pourtant cette solution ne sera pas grande, dans le sens suivant. Dans
la théorie classique du Laplacien, les grandes solutions sont engendrées par une compensation entre la
condition au bord - qui essaie de relever la solution & I'infini - et la nonlinéarité - qui la pousse vers le bas,
en raison du signe negatif. La nonlinéarité doit fournir une réponse assez forte a la condition au bord,
et dans ce sens 1a la condition de Keller-Osserman quantifie le niveau nécessaire pour que ce phénoméne
ait lieu. Mais pour l'instant, dans le contexte fractionnaire, on a seulement presenté des solutions dont
la singularité au bord est due & des caractéristiques linéaires des opérateurs. Alors, encore une question
attend une réponse : est-il possible de trouver des solutions dont la singularité au bord soit engendrée
non pas par les caractéristiques de 'opérateur, mais plutot par un phénomeéne de compensation ?

Grandes solutions pour le Laplacien fractionnaire. On commence & répondre dans les Chapitres
4 et 8, en donnant des conditions suffisantes pour I'existence d’une solution & (—A)*u + f(u) = 0 et
(—=Alg)’uw + f(u) = 0 avec une singularité au bord qui soit d’ordre supérieur a ceux décrits dans le
paragraphe précédent, de sorte que les conditions au bord seront

M +o00 sur 9f2 et L 400 sur 9f)
w1 w2

qui sont équivalentes &

52—25

51_%‘60 = 400 et u‘ag = +o00.

Le cas de la nonlinéarité de type puissance f(u) = u? pour (—A)" a été étudié par Felmer et Quaas
[43] et Chen, Felmer et Quaas [25]. On va étendre ces résultats en montrant des bornes éxplicites sur p,
qui sont

2
pe <1+25,1+ ° >
1—s
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en admettant des nonlinéarités plus générales et un endroit plus clair ou travailler, surtout lorsqu’on
parle de condition au bord. On démontre aussi 'estimation ponctuelle suivante, qui est valable dans le
domaine entier :

Fen [ e
= f, > ;
u(z) VF(t)
cette borne supérieur vient d’un calcul explicit d’une sursolution pour le probléme. Dans le cas particulier

ou f(u) = uP elle devient
u < C52s/(p=1)

Dans le cas du Laplacien fractionnaire spectral, on va étudier les nonlinéarités de type puissance. On
regarde

(—Alg)’u=—uP dans Q
82725y = 400 sur 09,

et on prouve l'existence d’une solution u € L*(Q, d(z)dx) pour

pE <1+s,1+ ° )
1—5

La aussi on a une estimation ponctuelle, qui est derivée d’une sursolution, et qui est

u < 05 2/®=1) dans Q.

Cette croissance coincide avec celle du Laplacien classique et elle est optimale pour s = 1.

Lorsqu’on s’occupe de f(u) = u? pour (—A)” ou (—A|,)", une question naturelle est de savoir
si les gammes des exposants admissibles convergent asymptotiquement lorsque s 1 1 vers la gamme
des exposants admissibles pour —A, qui est donnée par la condition de Keller-Osserman et qui est
p € (1,400). La réponse est non, clairement. Si d’un coté on a

2
1+ i — +00 et 1+ i — 400 lorsque s 1 1,
1—s 1—s5
de ’autre on a seulement que
1+2s—3 et 1+s—2 lorsque s 1 1.

Pourtant cela n’est pas décourageant. Dans le deux contextes fractionnaires on a besoin respectivement
de u € L*(Q) et u € LY(Q, §(z)dz) pour donner un sens aux opérateurs. Celle-1a est une hypothése que
I’on n’a pas dans le probléme classique, et il est donc raisonnable d’obtenir des gammes plus petites pour
p. De plus, on sait que la solution classique se comporte comme

u = §-2/ =D

et qu’elle est dans L1(Q) si p > 3, alors qu’elle est dans L'(Q,(z)dz) si p > 2; ainsi, en ce sens 14, on a
la convergence asymptotique des gammes des exposants admissibles.

Courbures directionelles nonlocales. Dans le dernier chapitre du manuscrit on va étudier une
notion fractionnaire de courbure directionelle pour des variétés lisses de dimension N — 1 dans RY. Cet
interét est motivé par le contexte fractionnaire dans lequel beaucoup des problémes classique on été
reformulés. En particulier, en géométrie différentielle et en analyse géométrique, beacoup de nouveaux
résultats ont été obtenus & regard de la diffusion par courbure moyenne et le probléme lié des surfaces
minimales dans un contexte nonlocal.

Comme ’on va voir, le concept de courbure moyenne nonlocale peut étre naturellement associé a la
moyenne des courbures directionelles appropriées, qui asymptotiquement convergent & leur homologues
classiques. Par ailleurs, les courbures nonlocales semblent avoir un comportement plus désordonné et



RESUME — XI

fantaisiste de celles classiques. En particulier, les courbures directionelles minimale et maximale ne sont
pas atteintes, en général, le long de deux directions orthogonales et les ensembles ot elles sont atteintes
peut méme étre préscrit d’une facon arbitraire®
dans le Paragraphe 9.2.2.

. Des raisons pour introduire ces objets sont données

PARTIE I : GRANDES SOLUTIONS POUR (—A)’

Dans la premiére Partie on va étudier une notion de solution faible & des problémes sémilinéaires
pour le Laplacien fractionnaire (—A)®, c’est-a-dire 'opérateur integral défini par (voir par exemple Di
Nezza, Palatucci et Valdinoci [37] pour une introduction)

oy =cn,pv [ TDTW
RN [z —y|
ou Cn 5 est la constante positive de normalisation définie dans (3).

Pour pouvoir faire cela, on aura besoin de développer une théorie pour le probléme de Dirichlet avec
le Laplacien fractionnaire et des mesures comme données (voir Karlsen, Petitta et Ulusoy [55] et Chen
et Véron [26] pour des résultats récents en cette direction). On va se concentrer sur les solutions avec un
comportement explosif au bord du domaine prescrit, connues dans la littérature comme grandes solutions
ou solutions avec explosion au bord.

On rappelle que dans le cas classique (voir [5, Théoréme 6.9]), & toute mesure non negative de Borel
€ M(0OB) il est possible d’associer, en utilisant le noyau de Poisson, une fonction harmonique dans B
qui a p pour trace au bord. Inversement, toute fonction harmonique sur la boule B admet une trace sur
OB qui est une mesure de Borel non negative (voir [5, Théoréme 6.15]).

Lorsqu’on étudie le probléme sémilinéaire pour le Laplacien, les solutions peuvent atteindre la valeur
+oo comme donnée au bord. Plus précisément, si €2 est un domaine lisse borné et ouvert, et si f est
croissante avec f(0) = 0, d’apreés les travaux de Keller [56] et Osserman [70], on obtient que 1’équation

Au = f(u) dans Q CRY
lim u(z) =400

xz— 00
TES

posséde une solution si et seulement si f satisfait la condition de Keller-Osserman (déja nommée en
haut).
Dans le contexte fractionnaire, notre point de départ est que I’on peut fournir des fonctions telles que

(=A)’u =0 dans une région bornée et ouverte Q C RY,
lim w(z) = 4oc.

x— 00
zES

Par exemple une fonction s-harmonique grande sur la boule B est

pEr B D(V/2) sin(rs)
Ug(x) = glszP)a 0 (0,1-5), ¢(N,s)= #
T mEE e

En plus, lorsque ¢ — 1 — s on rétrouve ’exemple suivant donné par Bogdan, Byczkowski, Kulczycki,
Ryznar, Song, et Vondracek [13], qui est qualitativement différent du précédent :
N
_AN.s) ’S)H in B,
wos(@) = (1—[z)

in RV \ B.

60n peut trouver I’énoncé rigoureux de ces résultats dans le Paragraph 9.2.3.
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La fonction uq_4 définie ainsi satisfait

(=A)’u=0 inB
u=0 inRY\B

et montre comme les problémes ot seulement les valeurs extérieures sont préscrits sont mal posés en sens
classique. Différentes conditions au bord doivent étre considérées : en effet, dans le premier cas on a
une fonction s-harmonique associée aux valeurs prescrites de u, a l'extérieur de B; dans le deuxiéme cas
toute la masse de la donnée se concentre sur B. Cela veut dire que I’on a besoin d’une notion de solution
faible qui puisse affronter en méme temps cettes deux données au bord, une sur le complémentaire du
domaine et une sur le bord. On renvoi & Grubb [50, Théoréme 4 et 5] pour des résultats trés récents sur
la régularité du Laplacien fractionnaire traitant ces types de problémes.

La notion de fonction s-harmoniques. On commence par la définition de fonction s-harmonique,
en suivant Landkof [60, §6.20]. On dénote

¢(N,s)

— = lz[>1
n(@) =4 2" (|22 - 1)
0 lz] <1
et
c(N,s)r?
1 x N s o |(E| >,
ne@) =g (5) =1 lal¥ (a2 =)

0 |z <.

La constante ¢(V, s) est choisie d’une fagon telle que

[z = [ @) de =1

et en conséquence, voir [60, §6.19],

La définition de fonction s-harmonique est donnée par

DEFINITION | On dit que une fonction mesurable u : RV — [0, +00] est s-harmonique sur un ensemble
ouvert Q C RN siu € C(Q) et pour tout x € Q et 0 < r < dist(x,09)

= C(N,S)T2S u = *Uu)(x
W) = [ I ey 0 = e o)

Une formule d’intégration par parties

Pour toute couple de fonctions u,v dans la classe de Schwartz S, le fait que (—A)® soit auto-adjoint

/RNU(—A)SD - /RN (=A)uw,

et cela suit de la représentation du Laplacien fractionnaire via la transformée de Fourier, voir [37,

implique que

Paragraph 3.1]. Si I'on coupe en deux morceaux I’espace R on obtient

/Qu(—A)Sv—/Q(—A)SuU - /RN\Q(—A)Suv—/RN\Qu(—A)SU.

On dénote par

C%+e(Q) = {v: RY = R telle que v € C(Q) et pour chaque K CC Q
il existe o = a(K,v) tel que v € C*T*(K)}.
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PROPOSITION | Soit Q C RY ouvert et borné. Si u € C*T¢(Q) N L®[RN) et v = 0 in RV \ Q,
v € CPHE(Q)NCRY) et (—A)°v € LYRY), alors

A&m&fvlkﬁfuvAQvJMAfu

La preuve se trouve dans la Section 2.2.1.
A partir de maintenant I'ensemble @ C R sera un domaine ouvert et borné avec bord C''. On va
montrer dans la Section 2.2

PROPOSITION | Soit §(x) = dist(x, 0Y) pour tout v € RN, et u € C?57¢(Q) telle que

|u(z)| dx
ol+|z/N T2 oz

5 < +00.

) ux) e C@) et L

Soit
a) Ga(z,y), x,y € Q, x £y, la fonction de Green du Laplacien fractionnaire sur ), c’est-a-dire

—CN —s
Go(zr,y) = ﬁ—HQ(ﬂﬁ,y)

et Hg la seule fonction dans C*(RY) qui résout

(—A)*Ho(z,) = 0 in Q
*CN,fs

Hq(x,y) = |N_2s in RN \ Q

lz—y
ponctuellement,”
b) Po(z,y) = —(—A)°Galx,y), » € Q,y € RV \ Q, le noyau de Green correspondant,

c¢) pour x € Q,0 € 902

MML@::hmgﬂiﬁ,
y—0 0(y)
yeQ

d) pour 6 € 09,

Eu(d) = 1
u(®) zgggQMmLW)mawy

ot la limite est bien définie grdace auw Lemme 2.7 en bas.

Alors on a la formule d’intégration par parties

1¥M—Afv::lk—Afuv—AQ“#M—Afv+EmEu@ﬂ%M@de)

ol
Do) = tim 2 geon

06(x)°’
=24 (@)

pour toute v € C*(RYN) telle que (—A\)°v|g € C°(Q) et v =0 dans RN \ Q. Une telle limite existe et
elle est continue en 0 grice au Lemme 2.12. En plus, on a la formule de répresentation

u(z) = [ Gl y)(— ) uly) dy - /

(~A)Galey) uly) dy + / D.Ga(x,0) Bu(6) dH(9).
RN\ 29

"La construction de H peut étre trouvée dans la preuve du Théoréme 2.1.
8Ceci est un noyau de Martin de Q réadapté.
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Le probléme de Dirichlet

Etant fixé z € €, le noyau de Poisson satisfait
0< —(~0)'Galw,y) < cmin {oy) "8 "}, yeRV\D

pour quelque constante ¢ > 0 indépendante de y, en consequence de (2.11) et (2.19) en bas. En particulier,
toute condition de Dirichlet u = g dans RV \ Q qui satisfait (1) en bas est admissible dans la formule de
réprésentation. On démontre le suivant

THEOREME | Soit f € C*(Q) pour quelque a € (0,1), g : RV \ Q — R une fonction mesurable qui
satisfait

[ lswimin {5,607} dy < oc 0

et h € C(00Q). Alors la fonction définie par

f(y) Galy, z) dy — / o) (~A) Galw,y) dy +
Q RN\Q e

+/ h(0) Moz, 0) dH(0),
o0 _
9(@), ze RN\ Q

appartient a C?**=(Q), satisfait (1.8), et elle est la seule solution ponctuelle de
(=AN)u=f inQ,
u=g inRV\Q,
Eu=nh on 0N.
En plus, si g € C(VZ) pour quelque e >0, ot Vo = {x € RN\ Q:6(z) < e} et h=0, alors u € C(Q).

REMARQUE | Meéme si ce n’est pas important d’écrire fRN\Q ou f]RN\ﬁ’ par la deuxiéme notation on
veut souligner que le bord 92 a une importance non triviale en cet endroit.

REMARQUE | Vu que 99 € C%1, on va exploiter le comportement de la fonction de Green et du
noyau de Poisson décrit par [27, Théoréme 2.10 et équation (2.13) resp.] : ils existent ¢; = ¢1(£,s) > 0,
co = (9, 8) tels que
i(z)°
s s N
c16(y)” (146(y))" |z —yl

—(=A)°Ga(z,y) <
re, yc RV \Q,

< c10(x)®
T W) (L 6() e -yl
et
ﬁ (lz = yI> A 6(2)d(y))" < Galz,y) <
2 ! Co s X,y € Q.
= Etgm(w—yPAéuw@»

REMARQUE: CONSTRUCTION DE FONCTIONS s-HARMONIQUES GRANDES | Le casou f =0
dans le Théoréme au dessus correspond aux fonctions s-harmoniques : lorsque & # 0 on a que v automa-
tiquement est singuliére quelque part au bord (par définition de FE), tandis que si h = 0 des fonctions
s-harmoniques grandes peuvent étre construites comme suit. On prends une g positive quelconque avec

lim ¢g(x) = +oo
&@wﬂ)
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et soit g, = min{g,n}, n € N. D’aprés le Théoréme au dessus, les solutions correspondantes u,, € C(f2).
En particulier, u,, = n sur 9§ et par le Principe du Maximum {u,},y est croissante. Alors

@ = = [ o)A Caley) dy

augmente jusqu’a une fonction s-harmonique u telle que

liminf u(x) > liminf u, (z) = n, pour tout n € N.
z €N z €
z— 00 z— 00

Ensuite, on a le droit d’introduire ’espace des fonctions test
T() ={p e C®(R): il existe 1 € CZ() tel que
(—A)°¢ =1 dans Q, ¢ =0 dans RV \ Q, E¢ = 0 sur 09}

A noter que T(Q) C C*(RYN), grace & [73, Proposition 1.1]. Inspirée par la formule d’intégration par
parties, on donne la suivante définition de solution faible

DEFINITION | Etant donnée trois mesures de Radon A € M(Q2), p € M(RN \ Q) et v € M(99), telles
que

/ 5(a)* dM|(2) < +o0, [ min{s()~*,6(2) "N 2"} dlul(x) < +oo, [1]() < +o0
Q RN\Q

on dit que une fonction u € L'(Q) est une solution de
(=A)’u=X\ dans Q
u=p dans RN \ Q
Eu=v sur 0f)

si pour tout ¢ € T (§2)

/ u(@)(~A) $(z) do = / o(x) d\(z) — / (A (@) du(x) + [ Dagl(6) du().
Q Q RN\Q

o0

Les intégrales dans la définition sont tous bien définies d’aprés le Lemme 2.12. Grace a la formule
d’intégration par partie, on montre

THEOREME | Etant donnée deuz mesures de Radon A € M(Q) et u € M(RN \ Q) telles que
[ Gatw) dNw) < +oe, and [ (-8)Galey) dlul(y) <+
Q RN\Q

pour presque tout x € Q, et une mesure de Radon v € M(9R) telle que |v|(0Q) < 400, le probléme

(=A)’u=X dans Q
w=p dans RV \Q
Eu=v surdf)

admet une solution unique u € L*(2) en un sens faible. De plus, on a la formule de réprésentation

u(z) = / Galz,y) dA(y) - / (~A)Gala,y) duy) + | Male,y) dv(y)
Q CcQ o0

lull o < € (166" N adcey + I min{a() ™, 5) ™7} il syammy + 17 amcom)

pour quelque constante C' = C(n,s,Q) > 0.
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On va conclure la Section 2.2 avec

PROPOSITION | La solution faible de

1
—AN)’u(z) = dans
(e = o
u=0 dans RN \
Eu=0 sur 0f)
satisfait
c10(z)” <u(z) < c2d(x)’ pour 0 < 8 < s,
L1 1
c3d(x)” log ) < wu(zr) < eqd(x)” log 3@ pour B = s,
es6(x) P < u(z) < cd(x) P pour s < 3 <1+s.

En plus, ils existent deux constantes ¢ = ¢(n,s,Q) > 0 et ¢ =7¢(n, s,) telles que la solution de

(=) ’u=0 dans Q
u=g dans RN\ Q
Eu=0 dans 0

satisfait
cg(d(z)):=c inf g(y)<wu(z)<c sup gy) =¢g(d(z)) xeQ,
0(y)=6(z) 0(y)=6(z)

pour toute g admissible et telle que g, g sont des fonctions croissantes en 0 et

li t) = .
img(t) = +oo

Le probléme de Dirichlet semilinéaire

On va considérer f: Q x R — R sous les hypothéses
f1) feCQxR), feL>*(xI)pour chaque I C R borné
f-2) f(x,0) =0 pour tout = € Q, et f(x,t) > 0 pour tout x € Q, t > 0,

et tous les données au bord g admissibles.
Une fois que ’on a construit les fonctions s-harmoniques grandes, on démontre tout d’abord le résultat
suivant.

THEOREME | Soit f: Q x R — R une fonction qui satisfait f.1). Soit g : RV \ Q — R une fonction
mesurable bornée. On suppose que le probléme nonlinéaire
(=A)'u = —f(x,u) dans Q
u=yg dans RN \ Q
Eu=0 sur 0f2

admet une soussolution u € L' (2) et une sursolution uw € L' () au sense faible

(=A)’u < —f(x,u) dans Q (=A)u > —f(x,u) dans Q
u<g dans RN\Q and u>g dans IRN\Q
Eu=0 dans 00 Fu=0 sur Of)
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c’est-a-dire que pour toute ¢ € T(Q), (—A)°¢la >0
[ucaros- [ sewo- [ _geaye [acoyez-[reme- [ g0y
Q ) RN\D Q ) RN\D

On suppose aussi que v < T dans 2, et u,w € L>(2) N C(Q). Alors le probléme nonlinéaire admet une
solution faible u qui satisfait
u<u<u.

En plus,

o si [ est croissante dans la deuziéeme variable, i.e. f(x,s) < f(x,t) lorsque s < t, pour toute x € Q,
alors il existe une seule solution,

e sinon, il y a une seule solution minimale uy, ce qui veut dire une solution uy telle que u < uy <v
pour toute sursolution v > wu.

Au cas ou la donné au bord g est une fonction positive bornée, alors le Théoréme (avec f.2) aussi
comme hypothése) fournit une seule solution parce qu’on peut considérer © = sup g et u = 0. Ensuite on
peut attaquer le probléme avec données non bornées, et on est specialement interessé aux données avec
une explosion sur Jf). L’existence de solution s-harmoniques grandes est la clé pour résoudre tous les
théorémes suivants.

THEOREME: CONSTRUCTION DE GRANDES SOLUTIONS | Soit f : Q x R — R une fonction qui
satisfait f.1) and £.2). Ils existent u, v : RN — [0, +-00] telles que

(=A)u=—f(z,u) dans Q (=A)’v = f(x,v) dans Q
lim wu(z) = +o0, et lim v(x) = +oo.
z— 00 z— N
€N e

Selon la nature de la nonlinéarité f on peut étre plus précis pour ce qui concérne les valeurs de
Dirichlet de u.

THEOREME | Soit f: Q x R — R une fonction qui satisfait f.1) et f.2), et g : RN \ Q — [0, +o0] une
fonction mesurable admissible ; soit aussi h € C(02), h > 0. Le probléme semilinéaire

(=A)’u(x) = —f(z,u(x)) dans Q
u=g dans RN \ Q
Eu=nh sur 0f2

satisfait les énoncés suivants:
i si h =0, I’équation a une solution faible pour tout g,

it si h Z 0 alors

e le probléeme a une solution faible si ils existent a1, az > 0 et p € |0, if;) tels que

f(xat) < ay + ast?, pour t > 0,
e le probléme n’admet pas de solution si ils existent by, T > 0 tels que
flz,t) > bﬂf%, pourt > T.

Si, en plus, f est croissante dans la deuxiéme variable alors le probléme admet une seule solution.

REMARQUE | A notre connaissance, les seuls résultats disponibles traitant les problémes semilinéaires
pour le Laplacien fractionnaire sont [43] et [25], comme annoncé dans 'introduction. Le théoréme au
dessus les améliore des facons suivantes :
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1. on a des hypothéses assez générales sur la nonlinéarité, alors que dans [43] et [25] considérent
seulement des nonlinéarités du type puissance,

2. on donne la valeur exacte pour la croissance critique (i.e. f(t) ~ t(1+)/(1=5)) qui sépare I'existence
et la non existence des solutions,

3. on spécifie en quel sens les solutions explosent au bord via 'opérateur de trace E, de cette maniére
on explique pourquoi les auteurs dans [43] et [25] trouvent une infinité des solutions.

Par ailleurs, on ne trouve pas toutes les solutions avec explosion au bord qui sont traitées dans [43] et
[25] : elles correspondent aux données au bord h = +oo ou bien g € L'(CQ) non admissible. Cette
question sera étudié dans la suite.

THEOREME | Soit f: Q x R — R une fonction qui satisfait f.1) et f.2), et g : RN \ Q — [0, +00] une
fonction mesurable admissible; soit aussi h € C(92), h > 0. On suppose aussi que

flz,t) <A(t), pour tout x € Q, t>0

ot A € CY(0,+00) est concave et A'(t) 12 0. Alors il existe une solution faible w au probléme
semilinéaire
(=A)’u(x) = f(z,u(z)) inQ
u=g in RV \ Q
Eu=h on 0f).

THEOREME | Soit f : Q@ x R = R une fonction qui satisfait f.1) and f.2). Pour 0 < <1 —s, on
considére les probléemes

(=A)’u(x) = Af(z,u(z)) dans Q

(%) u(z) = 6(x)" dans RN \ Q
Eu=0 sur 0f2
(=A)’u(x) = Af(z,u(z)) dans Q

(*%) u(z) =0 dans RN \ Q
Eu=1 sur 0S).

Euxistence. Si ils existent ay, az, T'> 0 et p > 1, tels que
fla,t) Sar+astt, 2€Q t>T.

et pf < 1+ s, alors il existe Ly > 0 qui dépend de 3 et p tel que le probléme (x) admet une solution
faible u € LY(Q) pour tout X € [0, L1]. De la méme facon, si p(1—s) < 1+ s, il existe Ly > 0 qui dépend
de p tel que le probleme (xx) admet une solution faible u € L*(Q) pour tout X € [0, Lo].

Nonezistence. Si ils existent ,b, T > 0 et ¢ > 0, tels que

bt? < f(x,t), axeQ t>T.

et g8 > 1+ s, alors le probléme (x) admet une solution faible seulement pour A = 0. De la méme fagon,
siq(1 —s8) > 1+ s, alors le probleme (%x) admet une solution faible seulement pour A = 0.

On remarque finalement, que, avec la définition de solution faible que I'on utilise, la nonexistence
implique I’explosion compléte :
DEFINITION | Si pour chaque suite croissante {fr},c.n de fonctions continues telles que f 1 f
ponctuellement lorsque k 1 +o0, et toute suite {uy}, o de solutions positives
(=A)*uy = fr(w,ux) and Q
ug =g and RN\ Q
Eug, =h sur 02,
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on a
ug(x
im k( S)
kt+oo §(x)
alors on dit qu’on a explosion compléte.

= 400, uniformement pour x € €,

THEOREME | Soit f : Q x R — R une fonction qui satisfait £.1) and f.2) et g : RN\ Q — [0, +00] une
fonction mesurable admissible ; soit aussi h € C(02), h > 0. Sl n’y a aucune solution de
(=A)u = f(z,u) inQ
u=g in RN\ Q
FEu=nh on 012,

alors on a explosion compléte.

L’interét dans des solutions encore plus grandes

Jusque la on a démontré I'existence de solutions avec explosion au bord avec une donnée négative dans
I’équation ; de toute fagon ce comportement singulier est du & un phénoméne linéaire plutot que a
une compensation entre la nonlinéarité et explosion (comme dans le cas classique). En effet aucune
hypothése sur f apparait, sauf lorsque A # 0 ol on a besoin que

flz,6(x)* 1) 6(x)* do < oo
Q

pour pouvoir donner un sens & la définition de solution faible L.
Pour cette raison, dans ce qui suit on va étudier ’existence des solutions au problémes de la forme

(=2 = —f(u) dans Q
u=g dans RV \ Q@ ¢>0, / g0 *min{1,5 V%) = +oo0.
N
51 = 400 sur 0f) e

et on donnera des conditions suffisantes pour leur solvabilité. En faisant cela, on commence & répondre
a la question laissée ouverte dessus. Les résultats dans le Théorémes 1.21 et 1.23 peuvent étre appliqués
aussi au probléme fractionnaire de Yamabe singulier, voir par exemple Gonzélez, Mazzeo et Sire [49].

Vers une condition de Keller-Osserman fractionnaire
Dans le Chapitre 4 on va travailler dans les hypothéses suivantes :

e ) est un domaine ouvert borné de regularité C?,

e f est une fonction C*! croissante avec f(0) = 0,

e [ est la primitive de f qui s’annule en O :
t
F(t) := / f(r) dr,
0

e ils existent 0 < m < M, tels que

tf'(t)
f(®)
et donc f satisfait la condition de Keller-Osserman parce que en intégrant I'inégalité de gauche, on
obtient

1+m<

<1+ M,

f@&) > ft*t™  and  F(t) > éég%%t2+”h

et on peut aussi définir
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e f satisfait
+oo
/ o)V dt < +oc.
1

Dans ce qui suit, on va utiliser ’expression g < h ot g, h : (0,4+00) — (0, +00) pour raccourcir

il existe C' > 0 tel que (— < g(t) < Ch(t), pour tout ¢ > 0.

C
REMARQUE | La fonction ¢ : (0,4+00) — (0,400) est decroissante et
li = li =0.
im () = +oo,  lim ¢(t) =0
En plus
1
/
u) = — .
o) =~
est du méme ordre de —(u f(u))~'/2, vu que pour tout ¢ > 0 et quelque 7 € (0,t)
1
F(t) f(7) =R,
= - par le Théoréme de Cauchy.
tf@)  fo+7f(r) | o1
24 m

1/2

Cela implique que l'ordre de ¢(u) est le méme de (u/f(u))'/?, en effet pour u > 0 et quelque ¢ € (0,u)

v e "}in SOOI

—f)

qui appartient a (m, M) d’aprés ’hypothése technique sur le rapport entre f et sa derivée. A noter que
I’hypotheése sur l'intégrabilité de f sera équivalente &

I (ﬁ)* &t < too

REMARQUE | Dans [56] et [70] il a été montré que la condition de Keller-Osserman est nécessaire et
suffisante pour ’existence d’une solution de

{ —Au = —f(u) dans Q,

lim wu(z) = +oo.
z— 00

Si 'on pose s = 1 dans ’hypothése sur 'intégrabilité de f

+oo +oo t +oo t
+oo>A (b(t)th/u 1/mthL Wdt
)

on obtient la condition pour forcer la solution classique u & étre dans L'(Q2). En effet, dans [40, Théoréme
1.6] il est prouvé que une solution u satisfait

¢(u(z))

e—=00  0(w)

=1

qui implique que u € L'(Q) si et seulement si ¢!, la fonction inverse de ¢ (on rappelle qu’elle est
décroissante), est intégrable dans un voisinage de 0, c’est-a-dire que avec un changement de variable

+oo +oo t
) dr = (1) dt = dt.
+oo>/ ot r= /¢1(n)t|¢(t)| t /to 90 t
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Nos résultats principaux peuvent étre récapitulés ainsi.

THEOREME | On suppose que le terme nonlinéaire f satisfait les hypothéses au dessus et

“+o0
/ fOE 2079 4t < 4o0.

to

Alors le probléme

(=A)’u=—f(u) dans Q
u=0 dans RN \ Q
55 = +oo sur 0f)

admet une solution u € L1 (). En plus il existe ¢ > 0 avec lequel
d(u(x)) > cé(x)® pres de 0€2.

REMARQUE | La condition u € L!(Q) est nécessaire pour donner un sens au Laplacien fractionnaire,
comme toutes les différentes définitions indiquent (voir au dessus). A remarquer aussi le comportement
asymptotique donné par le Théoréme et celui de la solution classique.

THEOREME | On suppose que le terme nonlinéaire f satisfait les hypothéses au dessus et

g:RV\Q—[0,+00), g€ L'RV\Q)
o(g(x)) > o(x)®, pres de OS).

Le probléeme
(=A)’u=—f(u) dansQ
u=g dans RN \ Q

admet une solution u € L*(Y). En plus, il existe ¢ > 0 avec lequel
d(u(x)) > cé(x)® pres de 0€2.

A remarquer que dans ce dernier probléme on ne prescrit pas la trace singuliére sur 9.

PARTIE II : GRANDES SOLUTIONS POUR (—A|y)’

Etant donné un domaine borné € de I’éspace RN, Vopérateur Laplacien fractionnaire spectral (=Aly)°
pour s € (0,1) classiquement est défini comme une puissance fractionnaire du Laplacien couplé avec
des conditions de Dirichlet homogénes, vu comme un opérateur auto-adjoint sur ’espace de Lebesgue
L?(Q2). Cela donne un opérateur nonlocal de type elliptique avec conditions de Dirichlet homogénes.
Bibliographie récente sur cet opérateur peut étre trouvée dans Bonforte, Sire et Vazquez [14], Grubb
[50], Caffarelli et Stinga [20], Servadei et Valdinoci [77].

Un aspect de la théorie n’est toujours pas exploré : la formulation de conditions nonhomogénes au
bord naturelles. On trouve un premier essai dans le travail de Dhifli, Maagli et Zribi [36]. Les recherches
qu’on a developpées dans cette Partie donnent quelques réponses dans cette direction. On va donner une
formulation faible, qui est bien posée en sense de Hadamard, pour les problémes linéaires de la forme

(—Alg)’u= p in Q,

hﬁlz ¢ on 99,

ol hy est une fonction de référence avec un comportement singulier au bord. Plus precisement, h; est
bornée entre deux multiples de §~(3~2%) et la condition au bord doit étre interprétée comme une limite
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lorsque 0 converge & zero. Autrement dit, contrairement & ce que 'on a dans le probléme de Dirichlet
pour 'opérateur de Laplace, les conditions au bord doivent étre singuliéres. En plus, si les données p, ¢
sont lisses, la solution explose? a la vitesse fixée §—(2-25), En effet, dans le cas particulier des fonctions
s-harmoniques positives, lorsque p = 0, la condition au bord singuliére était déja identifiée dans des
travaux précédents qui insistaient sur les aspects probabilistes et de théorie du potentiel : voir par
exemple Song et Vondracek [82], Glover, Pop-Stojanovic, Rao, Siki¢, Song and Vondracek [47] et Song
[81].

Dés que I’on s’occupe des problémes nonlinéaires, des conditions encore plus singuliéres peuvent étre
atteintes : si u = —uP, pour certaines valeurs de p on pourrait choisir ( = +o00, et la solution aura une
explosion au bord d’ordre supérieur par rapport & 6~ (2729 et controlé par le comportement §—25/(P—1).
A noter que la valeur ¢ = +oco n’est pas admissible dans un probléme linéaire. Cela a été observé dans
le contexte du Laplacien fractionnaire et c’est ce que ’on montrera aussi pour le Laplacien fractionnaire
spectral. Il est interessant de remarquer que les exposants admissibles p sont différents selon ’opérateur
que l'on considére.

Reésultats principaux
On rappelle d’abord les définitions qu’on va utiliser.

DEFINITION | Soit Q C RY un domaine borné et soit {p; }jen une base hilbertienne de L?(Q) constituée
par les fonctions propres du Laplacien de Dirichlet —/\|,, associées auz valeurs propres \j, j € N, i.e.
0 € HH(Q)NO®(Q) et —Ap; = \jp; dans Q. Etant donné s € (0,1), on considére I'éspace de Hilbert

o0

H(2s):= qv=> Bjp; € L*(Q) : [[vll300) = D AT 05]° < 00
j=1 Jj=0

Le Laplacien fractionnaire spectral de u € H(2s) est la fonction de L?(Q) donnée par la formule
(~Llg)u = Y Xj0;
j=1

A noter que C°(Q2) C H(2s) — L*(Q). Donc l'opérateur (—A|,)" est non borné, défini sur un
sous-espace dense et avec inverse borné (—A|,)”* dans L?(£2). Autrement, pour tout z € €,

(~Alg)ulz) = PV / (u(z) — (@) (. 9) dy + rz)ulz),

ot, si pa(t, z,y) denote le noyau de la chaleur de —A|g,

Tew) = 5 /OOO 2o tY) gy and w(e) = ﬁ/ﬂ (1—/ng(t,x,y) dy) -

sont respectivement!® le noyau de saut et la mesure d’arrét, voir Song et Vondracek [82, formules (3.3)
et (3.4)]. On suppose pour le reste du Chapitre que

Q est de classe C1L.

En particulier, des bornes précises pour pg sont connues et donnent des estimations précises pour J(x,y),
d’une fagon telle que les intégrales restent bien définies pour u € C'ZQOSCJrg (Q)N LY, §(x)dx) pour quelque
e > 0. Cela permet de définir le Laplacien fractionnaire spectral sur des fonctions qui ne s’annulent pas
sur le bord de Q. Par exemple u(z) = 1, x € Q, n’appartient pas & H(2s) si s > 1/4, mais elle résout le

probléme au dessus pour p = k et ( = 0 quoi qu’il en soit.

9Ceci est trés proche a la théorie de conditions nonhomogénes pour le Laplacien fractionnaire - méme si dans ce cas 1a
Pexplosion est d’ordre = (1=5) - comme analysé dans la Partie T de ce manuscrit et d’une perspective différente par Grubb
[50].
10avec le langage de la théorie du potentiel d’un processus stochastique arrété. Ta premiére intégrale doit étre interpretée

au sens de la valeur principale.
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DEFINITION | La fonction de Green et le noyau de Poisson du Laplacien fractionnaire spectral sont
définis par

1 o0
Gfﬂ(zay) = —/ pﬂ(tazay) t571 dta €T,y S Q,:L' # Y, s S (07 1]7
I'(s) Jo

et par

0
Pl‘_a(x,y) = - — Glsﬂ(x,y), x € Qy e onN.
Ovy

ot v est la derivée normale exterieure sur Of).

Dans la Section 7.1, on va montrer que Py, est bien défini (voir Lemma 7.4) et on va réviser des
identités sur la fonction de Green Gfﬂ et le noyau de Poisson PlsQ

DEFINITION | On considére l’espace de fonctions test

T(Q) = (=Alg) "CZ ()

(&

et le poids
hi(x) = / Po(z,y) do(y), x €
o

Etant données deuxr mesures de Radon € M(Q) et ¢ € M(99Q) avec

/Q 5(@) dlul@) < oo 1C1(09) < oo,

1

une fonction u € Lj,,

(Q) est une solution faible de

(=Alg)’u= p dans Q
u

i 0
I ¢ surod

[uolye = [ - % e,

aq OV

si pour tout ¢ € T (§2)

On montrera que T (2) C C}(Q2), voir Lemme 7.18, et donc les intégrales au dessus sont bien définies.
La définition qu’on vient d’énoncer est une formulation faible du probléme comme le Lemme suivant dit.

LEMMA | 1. (solutions faible sont solutions au sens des distributions) On suppose que u € L}, ()

est une solution faible. Alors uw € L'(,6(z)dz) et (—A|g)°u = p au sens des distributions i.e.
pour tout ¢ € C°(2), % est borné et

| ut=alyo = [ v,

2. (si les données sont lisses, la solution faible est classique) On suppose que u € L () est une
solution faible, ot p € C*(Q) pour quelque o tel que o+ 2s ¢ N et ¢ € C(99Q). Alors (=) u
est bien défini ponctuellement pour tout x € Q, (—Alg) u(x) = p(z) pour tout x € Q et pour tout

o € 012,
u(z)

lim
zgzgo hi(x)

= ((wo).

3. (les solutions classique sont faibles) On suppose que u € Ci2t2(Q) est telle que u/hy € C(Q). Soit

loc

p=(=A0lg) u et ¢ = u/hi|yq. Alors u est une solution faible.

On va présenter les fonctions harmoniques dans la Section 7.2 en regardant leur trace au bord dans
la Section 7.3. En effet on peut montrer
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THEOREME | Soit ¢ € L'(09Q) et

u@) = [ Rale.s) o)

Alors pour tout ¢ € C°(Q) on a

1 T ]
[ B Pt ct dot)) s — [ o) o) dotw)

o)<ty M 10 Jaq
En plus on a aussi

THEOREME | Pour tout u € M(Q), telle que

[ ol <.
Q

et tout ¢ € C°(Q) on a

%/{amg} ;z(é)) (/Q Clalo.v) du(y)) o

On va montrer que le probléme linéaire est bien-posé dans la Section 7.4, et plus précisément,

THEOREME | FEtant données deur mesures de Radon i € M(Q) et ¢ € M(OQ) il eviste une seule

onction u € L} (Q) qui soit solution faible du probléme au dessus. En plus, pour presque tout x € €,
loc

u(z) = /Q Gl ) du(y) + /6 Pie.) déto)

et
lullLr@s@yaey < CELN,s) (10ullrm) + 1< meon)) -

On a aussi les estimations suivantes :

. N +1
lullLr(,5(0)de) < Crlldpllame) si¢=0etpe [1, m)
lullco@ < Co(llullpew) + Il rmoe) siw CCQetac(0,2s)
[ullcrera@) < Cs(lullce@) + I<rmeoo) siwCCQet2s+agN.

ou C1 = C1(Q, N, s,p), C2 = C2(Q,w, N, s,a), C3 = C3(Q,w, N, 5, ).
Dans la Section 8.1 on résout les problémes nonlinéaires.

THEOREME | Soit g(z,t) : Q x Rt — RT une fonction de Carathéodory et h : Rt — R une fonction
croissante tels que g(x,0) = 0 et pour presque tout x € Q et tout t > 0,

0<g(z,t)<h(®) ou  h(~22)5ec LYQ).

Alors le probléme
(—Alg)’u= —g(z,u) dans Q

= sur 02

a une solution u € LY(Q,d(z)dx) pour tout ( € C(9),( > 0. Sit s g(z,t) est croissante alors la
solution est unique.

Enfin, dans la Section 8.2, on va prouver que
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THEOREME | Soit

1
p€<1+s, >
1—s

Alors il existe une fonction u € L*(Q,6(z)dx) N C*(2) qui résout

(—Alg)’u= —uP  dans Q,

I = 4+oo  sur Of)

au sens suivant : la premiére eqgalité est ponctuelle et au sense des distributions, la condition au bord est
une limite ponctuelle. Il existe aussi une constante C' = C(Q, N, s,p) telle que

2s
-1,

0<u<Cod»
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Introduction

This manuscript presents the study of boundary blow-up solutions for two different integro-differential
operators, both called fractional Laplacian. Operators of this sort have been intensively studied in recent
years, since they show many resemblances with the classical theory of elliptic operators, whereas they
are often defined as integral operators with singular kernels and long-range interactions, making them
nonlocal operators'!. At the same time, they naturally appear in concrete applications, most of all to
model phenomena where long-range interactions are present. We have for example: phase transition
models [79], crystal dislocation [84], the obstacle problem [78], flame propagation [80], minimal surfaces
[17], finance [29], and materials science [9].

The fractional Laplacian. We call the first one of these operators simply'? fractional Laplacian and
we denote it by (—A)®. Fixed s € (0,1), for a function'® v : R — R this operator can be defined in a
number of different equivalent ways:

e as an integral operator with singular kernel [37]

(-0 ule) = Capo [ D 2)

o Jo— gz Y

where “p.v.” stands for the integral in the principal value sense, C s is a positive renormalizing
constant and it equals (e.g. [74, formula (A.1)] and [34, formula (1.3) and following])

451"(%—1—3). s
wN/2 ria-s)’

Cns = (3)

e as a pseudodifferential operator [37, 50]
Fl=2)u) (&) = [€* Fu(€) (4)
where F denotes the Fourier transform;
e as a Dirichlet-to-Neumann map [18]: let U : RY x [0, +00) solve
{div(tl_QsU(:E,t))zo reRN t>0
U(z,0) = u(x) reRY
then
(=N u(x) = fc(]\f,s)ltiir})ltk25 U (z,t) (5)

where ¢(N, s) is the positive renormalizing constant

4
(N +2—2s)7N/2+sT (N/2 + 5)’

¢(N,s) = (6)

' Note that all differential operators, such as the classical Laplacian —A\, are purely local.

121t is sometimes called restricted fractional Laplacian when restricted only to functions who are supported in a fixed
bounded region, see for example [86].

137t is not not our purpose in this Introduction to provide thorough regularity or integrability assumptions on u in order
to make sense of the definitions: let us work only formally at this stage.
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e as the infinitesimal generator of the heat semigroup e** in RV subordinated in the sense of Bochner
with corresponding Bernstein function 7 — 7° [76, Section 13.1]

(=A)u(z) = F(li 5 /000 (u(z) :mu(z)> %; (7

e as the infinitesimal generator of a symmetric a-stable stochastic process (X;),~, for o = 2s

~—

(8)

, _ iy @) — Eofu(X)]
(=) u(z) = ltlg)l . .

The operator turns out to be “nonlocal” in the sense that to compute it (on a given function and at
a fixed point) it is not sufficient to know the values of the function in a neighbourhood of the point;
conversely, modifying the function far away from the point affects the value at the point itself (this
feature is clear when using the representation in (2)); this is not at all the case, for instance, for the
classical Laplacian —A. The different, yet equivalent, definitions for (—A)*
approaches in solving related problems, creating a fruitful interplay between e.g. variational techniques,
the theory of pseudodifferential operators, functional analysis and potential theory.

allow to take very different

The spectral fractional Laplacian. The second operator we deal with is another nonlocal operator
whose definition strongly depends on the domain taken into account. So, fix a bounded domain Q C RY,
s € (0,1) and denote by §(z) = dist(x, Q). For a function'® u :  — R the operator (—A|,)® can be
defined

e as an integral operator with singular kernel [82]
(=Alg) u(z) = pv. /Q[U(z) —u(y)]J(z,y) dy + w(z)u(z), v (9)

where J(x,y) and k(z) are the functions given by

B s * palt,z,y) _ _O(x)d(y) 1
T@wy) = iy /0 e P P R (E L)

0 = g (o fmeen) i < o

and pq(t,x,y) is the heat kernel of 2 associated to homogeneous boundary conditions;

e via the spectral decomposition of u: given {y;},  a Hilbert basis of L2(2) consisting of the
eigenfunctions of the Dirichlet Laplacian —A|, associated to the eigenvalues \;, j € N

(—Blg)u(@) = 3 X0, 9; (), @ZLW%Q (10)
j=1

e as a Dirichlet-to-Neumann map [16, 23]: let U : Q x [0, +00) solve

div (' 7> U(z,t)) = xreQ, t>0
Uz, t) = z€ed, t>0
U(x,0) = ( ) e
then
(—Alg) u(x) = —¢(N, S)ltiﬁ)ltl_% U (2,1) (11)

where ¢(N, s) is the positive renormalizing constant defined in (6);

14 As before, let us work only formally for the moment.
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e as the infinitesimal generator of the heat semigroup e*#le in Q subordinated in the sense of Bochner
with corresponding Bernstein function 7 +— 7° [76, Section 13.1] (and also [47])

(Al u(z) = FOS_ - /0°° (u(z) - e:Algu(z)) %; (12)

e as the infinitesimal generator of a subordinate killed Brownian motion ()zt)t>0

) o u(@) — Byfu(X))]
(=Alg) u(x) = lim ; :

(13)

To our knowledge, definition (10) is the most commonly used in the PDE framework. Still it bears some
restrictions on the domain of the operator, and no theory for nonhomogeneous boundary conditions for
(—Alg)® was available until this work: this is one of the contributions of this thesis, see Chapter 7. This
is why we will mostly exploit definitions (9) and (12).

Some stochastic interpretation and the names of the operators. As mentioned above, both
operators reveal a deep connection with the theory of stochastic processes. Indeed they generate Lévy
processes with jumps'®, i.e. whose paths are discontinuous. The operator (—A)" generates a so called
(2s)-stable process in RY, and in particular the distribution law at a fixed time is homogeneous of order
2s. This process can be built also by subordinating a Brownian motion in time: given a Brownian motion
(a Wiener process) (B;):>0, one evaluates it at random times (73);>( rather than at the deterministic
time, which are almost surely increasing according to a linear (2s)-stable process. This way we provide a
new process (Br,)i>0- The random time T} has not continuous trajectories in general. In this approach,
we finally obtain a Lévy process whose jumps are due to jumps taken in time, as we were recording the
random movement of a particle but we stop our camera randomly and then turn it on again (and we
might also speed up and slow down the time flow). Recall that the generator of the Brownian motion is
the classical (negative) Laplacian —A. If the subordinator is well chosen, then the stochastic operation
of subordinating has as analytical counterpart taking a fractional power of the generator: at this point
(—A)® comes forth.

The same kind of construction works for (—A|,)” but with an interesting difference. Before sub-
ordinating, one kills the process upon leaving the domain €). For this reason we have written that it
generates a subordinate killed Brownian motion. The killed process is generated by the Dirichlet Lapla-
cian —A|q and the subordination provides its fractional power (—A|g,)°. For this reason we have chosen
this notation for the spectral fractional Laplacian rather than the common one Aj.

Let us finally mention that we call it spectral fractional Laplacian to comply with the usual way it is
referred to in the bibliography. We might call it also fractional Dirichlet Laplacian, and this would take
more into account the way it is constructed. The word spectral might be misleading, since it recalls the
definition via the spectral decomposition which has some natural restrictions and does not apply to the
full class of functions we consider here. In this spirit we might also call Dirichlet fractional Laplacian
the operator obtained by restricting the fractional Laplacian to function with null boundary conditions.
Indeed, such an operator generates a killed subordinate Brownian motion, i.e. the process obtained by
killing the (2s)-stable Lévy process upon leaving a fixed domain. Mind that “killed subordinate” and
“subordinate killed” are different in nature and in the same way “Dirichlet fractional” and “fractional
Dirichlet” would not be the same thing.

Boundary blow-up solutions. In the theory of semilinear elliptic equations, functions solving

— Au+ f(u) =0, in some Q C RY open and bounded (14)

15 This type of processes are sometimes called Lévy flights in physics.
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coupled with the boundary condition
lim u(x) = 400
z—0Q
are known as boundary blow-up solutions or large solutions. There is a huge amount of bibliography
dealing with this problem which dates back to the seminal work of Bieberbach [10], for N = 2 and
f(u) = e*. Keller [56] and Osserman [70] independently established a sufficient and necessary condition
on a nondecreasing nonlinearity f for the existence of a boundary blow-up solution: it takes the form

et
/ < oo, where F' = f >0 (15)

VE®

and it is known as Keller-Osserman condition. One can find these solutions with singular behaviour at
the boundary in a number of applications: for example, Loewner and Nirenberg [63] studied the case
flu) = uN+2/IN=2) " N > 3 which is strictly related to the singular Yamabe problem in conformal
geometry, while Labutin [59] completely characterized the class of sets ) that admit a large solution for
fw) =wui, g > 1, with capacitary methods inspired by the theory of spatial branching processes, that
are particular stochastic processes; see also the purely probabilistic works by Le Gall [61] and Dhersin
and Le Gall [35] dealing with ¢ = 2 and the delicate case of nonsmooth domains. Mselati [68] completely
classified positive solutions in terms of their boundary trace, which can be +o0o on one part of the
boundary and a measure that does not charge sets of zero boundary capacity on the remaining part; see
also Dumont, Dupaigne, Goubet and Radulescu [40] for the case of oscillating nonlinearity. We refer to
the very recent book by Marcus and Véron [65, Chapters 5 and 6] for further readings and developments
in this direction.

Large s-harmonic functions, integration by parts formulas and weak L' theories. In the
fractional context, our starting point is that boundary blow-up solutions arise even in linear problems.
In particular, it is possible to provide large s-harmonic functions, i.e. functions satisfying

(=A)’u=0 in

_ ~Al)u=0  inQ
u=0 mRV\Q (=Alg)"w .

and lim u(z) =400 (16)
lim u(x) =400 z— 00
x— 0 zeQ

€N
see e.g. Lemmas 2.11, 7.10 and (7.20) below.

These examples show on the one hand how problems for (—A)® where only outer values are prescribed
are ill-posed in the classical sense and different kinds of boundary conditions have to be taken into account,
while for (—Alg)° they show the need for nonzero boundary conditions. This means in turn that we
need notions of weak solutions that can deal with these new boundary data. We provide answers to these
questions respectively in Section 2.2 and Theorem 6.5: the trace is a limit at the boundary weighted
with powers of the distance to the boundary, §(x)!~%u(z) in the case of the fractional Laplacian and
§(x)?>7?%u(z) in the spectral fractional Laplacian case. We refer also to Grubb [50, e.g. Theorems 4 and
5] for very recent results on the fractional Laplacian, while we mention the work by Dhifli, Maagli and
Zribi [36] for a first attempt on the spectral fractional Laplacian.

In both cases we needed to develop a weak L'-theory of Stampacchia’s sort with measure data, able
to treat this class of s-harmonic functions as well. We consider the following nonhomogeneous problems

(=A)’u=X inQ s )
u=p inRN\ﬁ (=Alg)u=¢ inQ

U
— = on 0f2
i:,/ on 0f2 w2 ¢
w1

and
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and we show how are well-posed when )\, & € M(Q2), u € M(RN\Q), v, € M(99) are Radon measures
satisfying assumptions

/ 5* dA| < 400, / 5 €] < +oo

Q Q

/ s min{1,6 N7} d|u| < +o0
RN\G

[v](09)) < 400, [C1(092) < 400

and w; and wsy are reference functions'® defined in Q whose behaviour is comparable respectively with
6—(1=%) and §—(2-29)_ The solutions are functions satisfying respectively

s s ¢ 1
—A = d)\ — —A d — d L () 0
fucare = [oo [ coreans [ & a werio) semo),
[ut-alw'e = [ ode- % i we LY(Q,6(2)dx), ¢ € T3(9)
Q Q on ov

and the test function spaces are defined as
(=A)’p =17 inQ, el )
Ti(Q) = {pecCRY): p=0 inRV\Q :
817G =0 on 09

T2(Q) = {9 €CLQ): (—ALlg)d=v¢inQ, € C(N)}.
These results are contained respectively in Sections 2.3 and 7.4. These definitions are inspired by and, in a
sense, extend some integration by parts formulas. The techniques are mainly based on potential analysis,
exploiting the representation via the Green functions, Poisson and Martin kernels, whose constructions

are included in the treatment. A more precise presentation of the results and the rigorous statements of
the main findings are included in the introductory Chapters 1 and 6.

Nonlinear problems. So we have seen how boundary singularities can show up even in presence
of quite smooth data. When turning to nonlinear problems, this lack of smoothness at the boundary
provide a wide class of solutions with a prescribed singularity at the boundary, presented in Chapter 3
and Section 8.1. There, we deal with problems

(=) u = f(z,u) in Q
u=yg in R\ Q and U
—=h on 00

B h on 0N w2
w1

(=Alg)’u= f(z,u) inQ

In these cases, large s-harmonic functions can be used as sub- or supersolutions whenever the sign of the
nonlinearity f allows it. Indeed we solved these nonlinear problems using some sub- and supersolution
methods by adapting the arguments in Clément and Sweers [28] and Montenegro and Ponce [67].

Taking, for example, datum h = 1 will provide solutions with a boundary explosion of the rate §°~!
and 22 respectively. These solutions are not large though, in the following sense. In the classical theory
for the Laplacian, large solutions are generated by a compensation between the boundary condition -
which tries to push the solution to infinity - and the nonlinearity - which pulls it down, in view of the
negative sign. The nonlinearity must provide a sufficiently strong answer to the boundary condition, and
in this spirit the Keller-Osserman condition quantifies the necessary rate in order for this phenomenon to
take place. Yet so far, in the fractional context, we have actually introduced solutions whose boundary
singularity is just due to linear features of the operators. So, at this stage one question is still left
unanswered: is it possible to find solutions with a singularity at the boundary generated not by the
features of the operator, but rather due to a compensation phenomenon?

16Here the boundary datum has to be taken as the limit as approaching a point on the boundary.
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Large solutions for fractional Laplacian operators. We produce initial answers in Chapters 4
and 8, stating sufficient conditions on the nonlinearity in order for solutions to (—A)*u + f(u) = 0 and
(—Alg) u+ f(u) =0 to exist, with a singularity at the boundary which is higher order with respect to
the ones described in the previous paragraph, so that the singular boundary conditions read as

i:—l—ooon&Q, ﬂ:—i—ooonaQ

w1 w2

which are equivalent to
0175w = +00 on 09, 62725y = 400 on I9N.

The case of the power nonlinearity f(u) = u? for (—A)® has been studied by Felmer and Quaas [43]
and Chen, Felmer and Quaas [25]. We extend those results by providing explicit bounds on p for the
existence, which are

2
p€<1+25,1+1—8>, (17)
— S

allowing more general nonlinearities and a clear framework to work in, especially when speaking of
boundary conditions. We also prove the following pointwise bound holding throughout the domain

Fr=f;

< dt
— co(x)?,

this upper bound is computed via an explicit supersolution for the problem. In the particular case where
f(uw) = uP this yields
u < C §—2s/(p=1)

In the case of the spectral fractional Laplacian, we study power-like nonlinearities. We deal with

(—Ag) u=—uP in Q
52725, = 400 on 9N

proving the existence of a solution v € L*(£2,§(x)dz) for

— S

pe(1+s,1+13 ) (18)

Also in this case we provide the following upper bound, coming from the construction of a supersolution,
on the solution
w < Co7/P7D Q.

This rate coincides with the case of the fractional Laplacian and is sharp in the case s = 1.

Let us mention that we suspect (17) and (18) to be optimal, but at present we cannot provide a
proof. When p is too large (i.e. it exits the ranges from above), then the candidate supersolution will
not fulfil the boundary condition. Moreover, in this case no solution with bounded boundary datum
can exist (see Theorem 1.13 and Lemma 4.11 below) so we do not expect the large problem to admit a
solution either. Conversely, when p is too small, then we lose the necessary integrability on the candidate
supersolution in order to compute its (spectral or not) fractional Laplacian. In both cases we lose some
tools necessary for a sub- and supersolution’s type method, such as comparison principles, uniqueness
of solutions, precise boundary behaviour and the ability to compute sharp subsolutions. These lacks
indicate that the theory is just at the beginning and much work can be still done.

When looking at f(u) = u? both for (—A)® and (—A|,)", a natural question would be if the ranges
(17) and (18) of admissible exponents p’s asymptotically converge as s T 1 to the set of admissible

exponents for —A\, which is given by (15) and simply reduces to p € (1,400). The answer is clearly no.
While both

2
1—1—18 — 400 and 1+1S

— S — S

— 400 as s 11,
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we only have
1+25s—3 and 1+s5—2 as s T 1.

This is not discouraging, though. In both fractional settings we need respectively that v € L!(Q2) and
u € LY(,8(x)dz) to make sense of the operator, see for example definitions (2) and (9). This is an
additional assumption we do not have in the classical problem, so it is reasonable to get smaller ranges
for p. Moreover, the classical solution to the large problem is known to behave like

u = 6_2/(1’_1)

and such a v is L'(Q) when p > 3, while it belongs to L'(Q,§(x)dx) for p > 2; so, in this sense, we
actually have the asymptotic convergence of the admissible ranges of p.

Nonlocal directional curvatures. In the final chapter of the manuscript we introduce a fractional
notion of directional curvature for (N — 1)-dimensional smooth manifolds in RY. This interest is moti-
vated by the fractional Laplacian context in which several classical problems have been recently rephrased
by attracting the attention of a large number of researchers. In particular, in the differential geometry
and geometric analysis framework, several new results have been recently obtained for the diffusion by
mean curvature and the closely related problem of minimal surfaces in a nonlocal setting.

As we shall see, the concept of nonlocal mean curvature is naturally associated to a suitable average of
appropriate nonlocal directional curvatures, which asymptotically approach their classical counterpart.
On the other hand, the nonlocal curvatures seem to have a more messy and fanciful behaviour than
the classical ones. In particular we show how, differently from the classical case, minimal and maximal
nonlocal directional curvatures are not in general attained at orthogonal directions and the set of extremal
directions for nonlocal directional curvatures can be prescribed somehow arbitrarily'”. Some motivations
for introducing these new objects can be found in Paragraph 9.2.2.

7The precise statements of these results are listed in Paragraph 9.2.3.
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Part I
( Boundary blow-up solutions for (—A)?







Chapter 1

Overview and main results

In this first Part we study a suitable notion of weak solution to semilinear problems driven by the
fractional Laplacian (—A)®, i.e. the integral operator defined as (see e.g. Di Nezza, Palatucci and
Valdinoci [37] for an introduction)

@) - )

(=A)°f(z) =Cns PV Nt2s

(1.1)
RN |z — |

where C'y s is the normalizing constant defined in (3).

In order to do this, we will need to develop a theory for the Dirichlet problem for the fractional
Laplacian with measure data (see Karlsen, Petitta and Ulusoy [55] and Chen and Véron [26], for earlier
results in this direction; in particular, look at Paragraph 5.4 for a comparison with [26]). We pay
particular attention to those solutions having an explosive behaviour at the boundary of the prescribed
domain, known in the literature as large solutions or also boundary blow-up solutions.

Let us recall that in the classical setting (see Axler, Bourdon and Ramey [5, Theorem 6.9]), to any
nonnegative Borel measure u € M(9B) on 0B it is possible to associate, via the representation through
the Poisson kernel, a harmonic function in B with p as its trace on the boundary. Conversely, any
positive harmonic function on the ball B has a trace on 9B that is a nonnegative Borel measure (see [5,
Theorem 6.15]).

When studying the semilinear problem for the Laplacian, solutions can achieve the boundary datum
400 on the whole boundary. More precisely, take 2 a bounded smooth domain and f nondecreasing
such that f(0) = 0. According to the works of Keller [56] and Osserman [70], the equation

Au= f(u) in Q CRY

has a solution if and only if f satisfies the so called Keller-Osserman condition (15).
In the fractional context, our starting point is that it is possible to provide functions satisfying

(=A)’u =0 in some open bounded region Q C RY,
lim wu(z) = +oc0. (1.2)

z— 00
e

An example of a large s-harmonic function on the unit ball B is

NS T(N/2) si
(2> = 1)7
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See Lemma 2.11 below. Moreover, letting ¢ — 1 — s we recover the following example found in Bogdan,
Byczkowski, Kulczycki, Ryznar, Song, and Vondracek [13], qualitatively different from the previous one:

¢(N, s)

ui—s(x) = (1- |:1:|2)17S B
0 in RV \ B.

in B,
The function uj_, so defined satisfies

(=A)Y’u=0 in B
u=0 inRY\B
and shows how problems where only outer values are prescribed are ill-posed in the classical sense.
Different, kinds of boundary conditions have to be taken into account: indeed, in the first case we have
an s-harmonic function associated to the prescribed data of u, outside B; in the second case all the mass
of the boundary datum concentrates on dB. This means that we need a notion of weak solution that
can deal at the same time with these two different boundary data, one on the complement of the domain
and the other one on its boundary. We refer to Grubb [50, e.g. Theorems 4 and 5] for very recent results
on the regularity theory for the fractional Laplacian, dealing with this kind of problems.

The notion of s-harmonic function. We start with the definition of s-harmonicity, found in Landkof
[60, §6.20]. Denote by

# |z > 1
n(@) =9 lal” (lz2 = 1)
0 x| <1
and by
c(N, s)r?s
1 x — x| >,
(@) =50 (3) =3 Rl (P -2

0 x| < 7.

The constant ¢(N, s) above is chosen in such a way that

/RN n(x) de = /RN ne(x) de =1 (1.3)

and therefore, see [60, §6.19]
I'(N/2) sin(7s)

(N, s) = 1+N/2

The definition of s-harmonicity is given via a mean value property, namely

DEFINITION 1.1: s-HARMONIC FUNCTION | We say that a measurable nonnegative function u :
RN — [0, 400] is s-harmonic on an open set Q@ C RN if u € C(Q) and for any x € Q and 0 < r <
dist(z, 0Y)
N 2s
uta) = | A
RN\ B,.(z) ly — [V (ly — x> —r?)

u(y) dy = (nr*u) (x). (1.5)

1.1 AN INTEGRATION BY PARTS FORMULA

For any two functions u, v in the Schwartz class S, the self-adjointness of the operator (—A)* entails

/RN w(=A)v = /RN v(=A)a,
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this follows from the representation of the fractional Laplacian via the Fourier transform, see [37, Para-
graph 3.1]. By splitting R” into two domains of integration

/Qu(—A)SU—/QU(—A)Su - /RN\QU(—A)SU—/ w (=AY, (1.6)

Denote by

C?*te(Q) = {v: RY — R such that v € C(Q) and for any K CC Q
there exists a = a(K,v) such that v € C*T*(K)}.

PROPOSITION 1.2 | Let Q C RY open and bounded. If u € C**7(Q)NL>(RY) and v = 0 in RV \ ,
v e CHETE(Q)NC(RY) and (—A)°v € LY(RY), then

/Qu(—A)SU—/QU(—A)Su - —/RN\QU(—A)SU. (1.7)

The proof can be found in Paragraph 2.2.1.

From now on the set 2 C RY will be an open bounded domain with C'*' boundary. More generally,
we will prove in Section 2.2 the following

PROPOSITION 1.3 | Let §(x) = dist(x,08) for any x € RN, and u € C?**¢(Q) such that

5(2) *u(z) e @) and /m 1 JT:ETA?S . 5(d;)5 < to0. (1.8)

Let

a) Ga(z,y), x,y € Q, x £y, be the Green function of the fractional Laplacian on Q, that is

*CN,fs

— N—3s Ho(x,y)
[z -y

Ga(zr,y) =

and Hq is the unique function in C*(RYN) solving

(=A)Hg(z,) =0 in Q
Ho(e,y) = — s inRY\Q
|z —yl
pointwisely,
b) Po(z,y) = —(—A)’Galz,y), v € Qy € RN\ Q, be the corresponding Poisson kernel (where the

fractional Laplacian is computed in the variable y € CQY and treating x € Q) as a fized parameter),

c) forx € Q,0 € 90,2

Mo(z,0) = tim 2288
y—=0 6(y)
yeQ
d) for 6 € 09,
Eu(f) = lim u(z)

gi?(ze fafz Maq(x,0") dH(0")’

where the limit is well-defined in view of Lemma 2.7 below.

'The construction of H can be found in the proof of Theorem 2.1 below.
2This is a readaptation of the Martin kernel of .
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Then the integration by parts formula
/ u(=A)’v = / (=A)’uw —/ _u(=A)v+ Eu(0) Dsv(0) dH(0) (1.9)
Q Q RN\Q o0

holds, where

D) = tim 2EL geon
v 0@

for any v € C3(RY) such that (—A)°v]qg € CX(Q) and v = 0 in RN \ Q. Such a limit exists and is
continuwous in 0 in view of Lemma 2.12. In addition, we have the representation formula

u(x) = / Gal(z,y)(—=N)u(y) dy—/ (=AY Gal(z,y) uly) dy+ D;Gq(z,0) Eu(f) dH(6). (1.10)
Q RN\Q 09

The present Part is organized as follows. Section 2.1 relates Definition 1.1 with the fractional Lapla-
cian (—A)®. Section 2.2 recalls some facts on Green functions and Poisson kernels and it studies the
linear Dirichlet problem both in the pointwise and in a weak sense. Chapter 3 deals with the nonlinear
problem. Now, let us outline the main results in Section 2.2 and Chapter 3.

1.2 THE DIRICHLET PROBLEM
For a fixed z € Q the Poisson kernel satisfies
0< —(—A)°Galz,y) < c min{a(yrS,a(y)*N*?S} . yeRM\DQ

for some constant ¢ > 0 independent of z and y, as a consequence of (2.11) and (2.19) below. In particular
any Dirichlet condition u = ¢ in R\ Q satisfying (1.11) below is admissible in the representation formula,
(1.10). We prove the following

THEOREM 1.4 | Let f € C*(Q) for some a € (0,1), g : RN\ Q — R be any measurable function
satisfying’
/ _Ig(y)lmin{5(1/)75,5@)7%25} dy < 400 (1.11)
RN\T

and h € C(09). Then, the function defined by setting

[ S Gotwaray= [ o) (-5)Gate.y) dy +

zell (1.12)

+/ h(0) M (z,0) dH(0),
o0 —
9(z), z e RN\ Q

belongs to C*7¢(Q), fulfils (1.8), and u is the only pointwise solution of

(=AN)u=f inQ,
u=g inRV\Q,
Eu=h on0S.

Here Eu has been defined in Proposition 1.3. Moreover, if g € C(V:) for some ¢ > 0, where V. = {z €
RN\ Q:§(x) <e} and h =0, then u € C(Q).

REMARK 1.5 | Even if it is irrelevant to write f]RN\Q or f]RN\ﬁ in formula (1.12), with the latter notation
we would like to stress on the fact that the boundary OS2 plays an important role in this setting.

3Compare also with equation (2.18) below.
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REMARK 1.6 | Since 992 € 1!, we will exploit the behaviour of the Green function and the Poisson
kernel described by [27, Theorem 2.10 and equation (2.13) resp.]: there exist ¢; = ¢1(€,s) > 0, ¢ =
c2(£2, s) such that
o(x)”
ad(y)” (1+6())" e —y™

_(_A)SGQ(‘T’ y) <

e6(2)° re, yeRYV\Q, (1.13)
T ) (L4 0y) e =yl
and
o (fe ol A @))€ Galey) <
e |z —yl .  zyeq (1.14)
< Ej%wﬁfoQAﬁwﬂwf

REMARK 1.7: CONSTRUCTION OF LARGE $s-HARMONIC FUNCTIONS | The case when f =0 in
Theorem 1.4 corresponds to s-harmonic functions: when A # 0 then u automatically explodes somewhere
on the boundary (by definition of E), while if h = 0 then large s-harmonic functions can be built as
follows. Take any positive g satisfying (1.11) with

lim ¢g(x) = +oo
meﬂ)

and let g, = min{g,n}, n € N. By Theorem 1.4, the corresponding solutions u,, € C(Q). In particular,
un, = n on J and by the Maximum Principle {u,}, .y is increasing. Hypothesis (1.11) guarantees a

uniform pointwise bound far from 092 on {u,} Then

neN*
(@) = = [ 0u)(-5)Gaav) dy

increases to a s-harmonic function » such that

liminf u(x) > liminf u, (z) = n, for any n € N.
z €N z €
z— 00 z— 00

Next, in view of Theorem 1.4, we introduce the test function space

T(Q) ={¢ € C>®(Q) : there exists ¢ € C2°(2) such that
(—A)'¢p=1inQ, ¢=0in RV \Q, E¢=0on 0Q}.
Note that 7(2) € C*(RY), by [73, Proposition 1.1]. Starting from the integration by parts formula

(1.9), we introduce the following notion of weak solution

DEFINITION 1.8: WEAK L! SOLUTION | Given three Radon measures A € M(Q), u € M(RY \ Q)
and v € M(0R), such that

/Qé(z)S d|M(z) < 400, - min{d(z) "%, 6(x) "N "2} d|p|(x) < +oo, V() < +oo
we say that a function u € L'(Q) is a solution of
(=AN)’u=X inQ
u=p inRY\Q
Fu=v ondf
if for every ¢ € T () it holds

/Q (@) (~0) () dr = / b(x) dN(z) - / (—0)6(x) du(x) + | D.s(0) dvd).  (1.15)

RN\Q o0
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The integrals in the definition are finite for any ¢ € 7(Q) in view of Lemma 2.12.
Thanks to the representation formula (1.10), we prove

THEOREM 1.9 | Given two Radon measures A € M(Q) and p € M(RN \ Q) such that
[ Gate)dNw) <+, and — [ (-8)Galw.y) dlul(y) <+
Q RN\Q

for a.e. x € Q, and a Radon measure v € M(0S) such that |v|(0Q) < +o0, the problem

(=N)u=X inQ
u=p inRV\Q
FEu=v on 0

admits a unique solution u € L*(Q) in the weak sense. In addition, we have the representation formula

u(z) = / Galz.y) dAy) — / (~A)Gala,y) duy) + | Male,y) dv(y)
Q CcQ oN

and
lullzrge < € (162)* Ay + I min{5() ™, 5) ™Y ullyyqamyay + Wmcom

for some constant C = C(n, s,) > 0.
We will conclude Section 2.2 by showing that

PROPOSITION 1.10 | The weak solution of

(—A)*u(z) = 5(# inQ, Be(01+s)
u=0 in RV \ Q
Eu=0 on 0N
satisfies
c10(z)” < u(x) < ex6(x)’ for 0 < B < s,
c36(x)” log ) < u(z) < c46(x)’ log ﬁ for B =s, (1.16)
e56(x) 7P < u(z) < ced(x) TP fors<f<1+s.

Moreover, there exist constants ¢ = ¢(n, s,Q) > 0 and ¢ =¢(n, s,Q) > 0 such that the solution of

(=A)’u=0 inQ
u=g inRV\Q

Eu=0 ondQ
satisfies
cg(6(z)):==c inf g(y)<u(x)<e sup g(y) =:2g(é(z)) z€Q, (1.17)
= o(y)=d(x) 5(y)=d(x)

for any g satisfying (1.11) such that g, g are decreasing functions in 0% with g <gand

limg(t) = +oc.
img(t) = +oo
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1.3 SEMILINEAR DIRICHLET PROBLEMS
In the following,  Cc R will always be a bounded open region with C*!' boundary. We consider
nonlinearities [ : ) x R — R satisfying hypotheses
f1) feCxR), feL>*(xI)for any bounded I C R
f-2) f(x,0) =0 for any x € Q, and f(z,t) > 0 for any x € , ¢t > 0,

and all positive boundary data ¢ that satisfy (1.11).
After having constructed large s-harmonic functions, we first prove the following preliminary

THEOREM 1.11 | Let f: QxR — R be a function satisfying f.1). Let g : RV \ Q — R be a measurable
bounded function. Assume the nonlinear problem
(=) u=—f(x,u) inQ
u=g in RV \ Q
Fu=0 on 082

admits a subsolution u € LY () and a supersolution u € L*(2) in the weak sense

(=A)u < —f(z,u) inQ (=AN)°u > —f(x,u) inQ
u<yg in RV \Q  and > g in RV \ Q
Fu=20 on 0f) Fu=0 on 0f)
i.e. for any ¢ € T(Q), (=A)°¢lq > 0, it holds
[ueoyos- [ t@wo- [ geare [acayez- [ fwmo- [ -0y
Q Q RN\Q Q Q RN\Q

Assume also u < @ in Q, and u,uw € L>®(Q) N C(Q). Then the above nonlinear problem has a weak
solution w in the sense of Definition 1.8 satisfying

u<u <.

In addition,

o if f is increasing in the second variable, i.e. f(x,s) < f(x,t) whenever s <t, for all x € Q, then
there is a unique solution,

e if not, there is a unique minimal solution i, that is a solution uy such that u < uy < v for any
other supersolution v > u.

In case our boundary datum ¢ is a nonnegative bounded function, then Theorem 1.11 (with f.2) as an
additional assumption) provides a unique solution since we may consider @ = sup g and u = 0. Then we
attack directly the problem with unbounded boundary values, and we are especially interested in those
data exploding on 9f2. The existence of large s-harmonic functions turns out to be the key ingredient to
prove all the following theorems, that is,

THEOREM 1.12: CONSTRUCTION OF LARGE SOLUTIONS | Let f : Q@ x R — R be a function
satisfying f.1) and f.2). Then there exist u, v : RY — [0, 4+00] solving

(=A)’u=—f(x,u) inQ (=A)v = f(x,v) inQ
lim u(z) =400 and lim v(z) = +oo,
x— 00 x— 00
€N €N

in a weak L' sense.
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Depending on the nature of the nonlinearity f one can be more precise about the Dirichlet values of
u. Namely,

THEOREM 1.13 | Let f : Q x R — R be a function satisfying f.1) and £.2), and g : RN \ Q — [0, +oc]
a measurable function satisfying (1.11); let also be h € C(992), h > 0. The semilinear problem

(=A)’u(x) = —f(x,u(x)) inQ
u= in RNV \ Q
Eu=nh on 0N

satisfies the following:
i) if h =0, the equation has a weak solution for any g satisfying (1.11),
ii) if h £ 0 then

o the problem has a weak solution if there exist a nondecreasing function A : (0,400) — (0,00)
and a > 0 such that
flz,t) < Aat), fort>0

and A(6°71)6% € L1(Q),

e the problem does not admit any weak solution if there exist by, T > 0 such that
fz,t) > biti==,  fort>T.

If, in addition, f is increasing in the second variable then the problem admits only one positive solution.

REMARK 1.14 | To our knowledge, the only previous results dealing with semilinear problems driven
by the fractional Laplacian are [43] and [25], as mentioned in the Introduction. On the one hand the
above theorem improves them in the following ways:

1. we have quite general assumptions on the nonlinearity, while in [43] and [25] only power-like non-
linearities are taken into account,

2. we give the exact value of the threshold growth (i.e. f(t) ~ t(1+%)/(1=%)) distinguishing the existence
and the nonexistence of solutions,

3. we specify in what sense solutions blow up at the boundary via the E trace operator, clarifying
why the authors in [43] and [25] find infinitely many solutions.

On the other hand we do not find all boundary blow-up solutions which are proved to exist in [43] and
[25]: these correspond to boundary data h = +o0o or g € L}(RY \ Q) not satisfying (1.11). This last
question will be studied in the following.

THEOREM 1.15: SUBLINEAR SOURCE | Let f : Q x R — R be a function satisfying f.1) and f.2),
and g : RN\ Q — [0, +00] a measurable function satisfying (1.11); let also be h € C(9Q), h > 0. Suppose
also that

flz,t) <A®t), forallz€Q,t>0

where A € C1(0,+00) is concave and A (t) 120, Then there esists a positive weak solution u to the
semilinear problem
(=2 u(x) = f(z,u(z)) inQ
u= in RN\ Q
Eu=h on 0€).
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THEOREM 1.16: SUPERLINEAR SOURCE | Let f: Q xR — R be a function satisfying f.1) and f.2).
For 0 < B < 1— s, consider problems

(=A)u(@) = Mf(z,u(z)) inQ
(%) u(z) = 5(z)”" in RV \ ©
Eu=20 on 0f)
(—2)%u(@) = Af(z,u(z)) inQ
(*%) u(z) =0 in RV \ Q
Eu=1 on 0f2.

Ezistence. If there exist a1, az, T > 0 and p > 1, such that
flz,t) <ap+axt?, e, t>T

and pB < 1+ s, then there exists Ly > 0 depending on [ and p such that problem (x) admits a weak
solution u € LY(Q) for any \ € [0, L1]. Similarly, if p(1 —s) < 1+ s, then there exists Ly > 0 depending
on p such that problem (»x) admits a weak solution u € L*(Q) for any \ € [0, La].

Nonexistence. If there exist b, T > 0 and q > 0, such that

bt? < f(x,t), ze t>T

and g8 > 1 + s, then problem (%) admits a weak solution only for A = 0. Similarly, if (1 —s) > 1+ s,
then problem (xx) admits a weak solution only for A = 0.

We finally note that, with the definition of weak solution we are dealing with, the nonexistence of a
weak solution implies complete blow-up, meaning that:

DEFINITION 1.17: COMPLETE BLOW-UP | If for any nondecreasing sequence {fy},cy of bounded
functions such that fi 1 f pointwisely as k T 400, and any sequence {uy},y of positive solutions to

(=2 ’up, = fr(z,ug) in Q

ug =g in RV \ Q
Eup =h on 0%,
there holds
kl&nm ?EQSS) = +o0, uniformly in x € Q,

then we say there is complete blow-up.

THEOREM 1.18 | Let f : Q xR — R be a function satisfying f.1) and £.2) and g : RN\ Q — [0, +00] a
measurable function satisfying (1.11); let also be h € C(0Q), h > 0. If there is no weak solution to

(=2)u = f(z,u) inQ
u=g in RN\ Q
Eu=nh on 052,

then there is complete blow-up.

1.3.1 The interest in larger solutions

So, we have achieved the existence of boundary blow-up solutions to nonlinear problems with negative
right-hand side, provided by Theorem 1.13; anyhow this singular behaviour is driven by a linear phe-
nomenon rather than a compensation between the nonlinearity and the explosion (as in the classical
case), indeed no growth condition on f arises except when h # 0, where one essentially needs

/Q 61 6(x)* der < oo
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in order to make sense of the weak L' definition.
For this reason in what follows we address the question of the existence of solutions to problems of

the form )
(=A)u = —f(u) in Q
u=yg inR¥Y\Q g¢>0, / g0 *min{1,5 V%) = fo0.
N
1% = 400 on 0f) FRe

providing sufficient conditions for the their solvability. In doing so, we start answering the question
left opened in Remark 1.14. The results listed in Theorems 1.21 and 1.23 below can be applied for a
particular case of the fractional singular Yamabe problem, see e.g. Gonzalez, Mazzeo and Sire [49].

1.4 TOWARDS A FRACTIONAL KELLER-OSSERMAN CONDITION

In Chapter 4 we will work in the following set of assumptions:
e Q) is a bounded open domain of class C2,

e f:R — R satisfies
f is an increasing C! function with f(0) =0 (1.18)

e Fis the antiderivative of f vanishing in 0:

t
F(t) = / F(r) dr, (1.19)
0
e there exist 0 < m < M, such that
tf'(t)
14+m< <14 M, 1.20
70 20

and thus f satisfies (15) because, integrating the lower inequality, one gets

f@&)> f(Ott™  and  F(t) > S t2rm.

T 24+m
we can therefore define the function
tooat
u) = , 1.21
o) = [ o (1.21)
e | satisfies
—+oo

/ p()Y* dt < +oo. (1.22)

1

In what follows we will use the expression g < h where g, h : (0,4+00) — (0, +00) to shorten

h(t
there exists C' > 0 such that het) < g(t) < Ch(t), for any t > 0.

REMARK 1.19 | The function ¢ : (0, +00) — (0, 4+00) is monotone decreasing and

li = li =0.
im () = +oo,  lim ¢(t) =0
Moreover .
¢'(u) = —
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is of the same order as —(u f(u))~'/? since for t > 0 and some 7 € (0, 1)

1
>
Fe) @) T2+ M
70 " IO T 70 ; 1 by the Cauchy Theorem.
T 2+m

This entails that the order of ¢(u) is the same as (u/f(u))/? indeed for u > 0 and some t € (u, +00)
_u_ f@) | fO)—tf' (1)
Vit sV e g
¢(u) ¢'(t) —ft) ft)
which belongs to (m, M) by hypothesis (1.20). Note that hypothesis (1.22) is therefore equivalent to

/1+OO (%)_ dt < +oo. (1.23)

REMARK 1.20 | In [56] and [70] condition (15) is proven to be necessary and sufficient for the existence

of a solution of
{ —Au=—f(u) in Q,

lim wu(z) = 4o0.
x—00

Note that if we set s =1 in (1.22) then

oo [Taa [T [ [T

we get the condition to force the classical solution u to be L(Q). Indeed in [40, Theorem 1.6] it is proved
that a solution w satisfies

m 20@) (1.24)

a0 8(z)

which yields that u € L(Q) if and only if ¢!, the inverse function of ¢ (recall it is monotone decreasing),
is integrable in a neighbourhood of 0, i.e. with a change of integration variable

n . - “+oo , - “+o0o t
+oo>/0 61(r) dr—/(bl(n)ﬂqﬁ (t)|dt—/to -

Our results can be summarized as follows.

THEOREM 1.21 | Suppose that the nonlinear term f satisfies hypotheses (1.18), (1.20), (1.22) and

—+o0
/ FO2078) dt < 4o0. (1.25)
to
Then problem
(=A)’u=—f(u) in )
% = +o00 on 0N

admits a solution u € L*(Q). Moreover there exists ¢ > 0 for which
d(u(x)) > co(x)® near OS). (1.27)

REMARK 1.22 | The condition v € L(2) is necessary to make sense of the fractional Laplacian, as any
different possible definition points out (see the Introduction). Also, compare the boundary behaviour in
this setting expressed by equation (1.27), with the classical one in equation (1.24).
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THEOREM 1.23 | Suppose that the nonlinear term f satisfies hypotheses (1.18), (1.20), (1.22) and

g:RN\Q —[0,+00), geL'RN\Q)
o(g(x)) > d(x)°, near OS).

Then problem

(=A)’u=—f(u) in Q
u=g in RV \ Q

admits a solution u € L*(Q). Moreover there exists ¢ > 0 for which

o(u(z)) > co(x)® near 0S).

Mind that in problem (1.29) we do not prescribe the singular trace at 0S).

Notations

In the following we will always use the following notations:
e CQ, when Q C RY is open, for RV \ Q,
e §(x) for dist(z,0) once Q C RY has been fixed,

e M(Q), when Q C R, for the space of measures on €,

(1.28)

(1.29)

e H, for the n — 1 dimensional Hausdorff measure, dropping the “n — 1” subscript whenever there is

no ambiguity,

e fAg,when f, g are two functions, for the function min{f, g},

e 0?5%5(Q) = {v: RN — R and for any K compactly supported in €, there exists o = a(K,v) such

that v € C?5T(K)}.



Chapter 2

Linear fractional Dirichlet problems

2.1 A MEAN VALUE FORMULA

Definition 1.1 of s-harmonicity turns out to be equivalent to have a null fractional Laplacian. Since
we could not find a precise reference for this fact, we provide a proof. Indeed, on the one hand we have

that any function w which is s-harmonic in an open set €2 solves
(—=A)’u(z) =0 in Q,

indeed condition (1.5) can be rewritten, using (1.4),

u(y) — u(x) :
s dy=20 for any r € (0, dist(x, 002
fopr T o= (0t 052
and therefore
: u(y) —u(x)
0 = hm/ s dy
ri0 Jep,(x) [V — 2N (ly —z[? — r?)
u(y) —u(x) (—2) u(z)
py [ g, - S/
/RN ly — a2 s
Indeed, by dominated convergence, far from z it holds
u(y) —u(x) ri0 / u(y) —u(x)
s dy — TN
/CB1(z) ly =2V (ly — =* = 1?) By () [y — [V H2e

Now, any function u s-harmonic in 2 is smooth in Q: this follows from the representation through the
Poisson kernel on balls, given in Theorem 1.4, and the smoothness of the Poisson kernel, see formula

(2.21) below. Since w is a smooth function, a Taylor expansion when |y — z| < 1

u(y) —u(z) = (Vu(z),y —x) +0(y —x), where [0(y—z) <Cly—azf?

implies

1/r 1\~
< Cr2_2s/ ¢ [(1 — —2) - 1] dt — 0
1 t 0

u(y) —u(x) u(y) — u(x)
N s s Y~
Bi(2\Bn(x) [ — 2N (ly — [ —r2) Bi1(2)\Br(z) |y — |

Oy —x 1 1
S/ 9 13| 2,2\ 55 | Ay
BienB @) |y—z|N \(y—2>=r2)" |y -2z

<C ! (1 _r ) 1| d
< —~N 373 - - Y
Bi(@)\Br(x) |y — x| ¥ 2T ly — |2

dy‘
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as it can be checked for example with the L’Hopital’s rule. So any u which s-harmonic function in 2
satisfies (—A)’u = 0 in Q. The converse follows from the following theorem.

THEOREM 2.1 | Let u : RN — R a measurable function such that for some open set Q C RY is

u € C?%7¢(Q). Also, suppose that
lu(y)]
ELICHI B NN
/]RN 1+ |y|N+25

Then for any x € Q and r > 0 such that B,.(x) C Q, one has

u(z) = /C ) ule =) dy+ (Vs ) (=A) ), AN )

for some z = z(z,s,r) € B.(x).

Proof. Suppose, without loss of generality, that x = 0. Let v = I'y — H, where 'y is the fundamental
solution! of the fractional Laplacian

T,(z) = —Cn—s

and H solves in the pointwise sense

(~=AYH=0 in B,
H=T, inCB,.

We claim that H satisfies equality

H(a) = @)= [ Tula =)o) dy = (0 0))
Indeed

1. (=A)°H; =0 in B, because Hy = I's xn,., (=A)°Ts = &y in the sense of distributions and 7, = 0
in B,

2. since (cf. Appendix in [60, p. 399ss])
[ na-mnwd= [ Te-pn@d=T@, >
RN CB,

then H; =T's in CB,., as desired.

Finally, as in 1., note that
(=A)’H(z) =nr(z), when |z| > 1.

Since u € C*7¢(Q), (—=A)°u € C(Q) C C(B,), see [78, Proposition 2.4] or Lemma 2.3 below. Mollify u
in order to obtain a sequence {u;}; C C°°(R"). Hence,

/Brv'(A)suj /B Ty (—A)u;— | H-(—A)u; =

B,
= / T, - (—A)Suj - H - (—A)Suj = u;(0) —/ uiny,  (2.2)
RN RN CB,

LOne possible construction and the explicit expression of the fundamental solution can be found in [18, paragraph 2.2].
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where we have used the integration by parts formula (1.7) and the definition of I'y. On the one hand we

have now that (—A)%u; ST, (— A)*u uniformly in B, since

sup |(—=A)%u;(z) = (=4)u(z)| =

rzeB,

e py [ @) ) ) vl

= sup :
RN |$ _ y|N+25

r€eB,

IN

dy
CN,SHUJ' 7u||025+5(37‘+5) sup / N—¢ +
e€B, JB, 5 [T — Yl

Ui — W|| [ =+ (us — U
N CN,S/ luj — ullL=(s,) A|V+g2(sy) )l .
RN\B,.15 (lyl =)

while on the other hand
u; (0) 225 (0), / gy I / wn,
CB, CB,

so that we can let j — 400 in equality (2.2). Collecting the information so far, we have

o) = [ e / (A= / e+ (A)u(e): / K (2.3)

for some |z| < r, by continuity of (—A)%u in B, and since v > 0 in B,.. The constant (N, s,r) appearing
in the statement equals to fB V.
Let us compute v(N, s,7) = fB v. If we consider the solution s to

(7&)5905 =1 in Brr+§
0s =0 in CByys

and we apply formula (2.3) to ¢s in place of u to entail

%(0):/ %er(*A)S%(Z)'/ v:/ %w/ v
CB,. B, B,5\Br B,

The solution ;s is explicitly known (see [73, equation (1.4)] and references therein) and given by

ps(r) = )

- 2251'\(%) F(l—i—s) ((T+5)2 - |$|2)S'

Hence, by letting § | 0,

. ['(N/2) 2
N, s,r) = =1 0) = : s,
(N, s,7) /Brv lim 5 (0) T () (15 5) |

2.1.1 The Liouville theorem for s-harmonic functions

Following the proof of the classic Liouville Theorem due to Nelson [69], it is possible to prove the
analogous result for the fractional Laplacian. In the following we denote by wy_1 = HYN"1(0B), the
(N — 1)-dimensional Hausdorff measure of the unit sphere.

THEOREM 2.2 | Let u : RN — R be a function which is s-harmonic throughout RYN. Then, if u is
bounded in RY, it is constant.
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Proof. Take two arbitrary points 1, o € RY. Both satisfy for all r > 0

u(zy) = /C o ) () = /C ey — x2) uly) dy.

BT(IZ)

Denote by M := supgn |u|, which is finite by hypothesis:

lu(z1) —u(x2)] =

/ nr(y — 1) u(y) dy—/ nr(y — w2) u(y) dy
CB,(x1)

CB,(x2)

IN

/ nr(y—:cl)Mdy+/ ey —x2) M dy +
CB,(21)NBy(z2) CBr(z2)NBy(x1)

+/ Ine(y —x1) — 0 (y — x1)| M dy.
CB,(z1)NCBy(x2)

Define ¢ := |21 — x3|. The first addend (and similarly the second) vanish as r — +oo:

c(N,s)r?s
ey —x1)dy < / v W
/CBT(zl)ﬂBr(mz) B,y5\Br ly|N (Jy[2 = r?)

r+d d
; P
= walc(N,S) 7’2 /
rop(pP—r?)e

1 r+4§ d . oo
< WNflc(N, S) s / 7/) JL—) 0.
= -
The third one is more delicate:
7”25 7”25
/ N 2,2y N 5oy | W
CB,(x1)NCB,(z2) ly — 21|V (ly — 212 —12) ly — 22N (ly — 22* —12)
1 1
= z1|N z1|2 s 2 |N z2 |2 s dy
CB(z1/m)CBwayr) | Y= SN (ly = 22 = 1) |y — 2N (Jly— 2> -1)
/ ‘ 1 1 J
- - Ta—x1 Ta—x1 s Yy
canen(zzzeny | YN (Jyl? = 1) |y — 227N (Jy — 2782 - 1)
[setting @, = (z2 — x1) /7, |2:| =6/ — 0 as r — +o0]
1 1
- N (14]2 s N 2 S|
esreBy | YN (Y2 =1y =z [V (ly — 2> = 1)
[taking wlog z, = 6% and defining H, = {z e RN 121 > 2, |z — 2, > 1}]
1 1
-2/, | : | o
o Ly =N (ly =22 = 1) JyV (Jyl* —1)°
—+00 1 N—1
< 2wN,1/ — dp
- e =1 (DN ((p+ 2)2 - 1)
+oo N-1
1 1 P rT+oo
< 2wN—1/ - dp 0
1o p(+ )N [(02 —0° ((p+9)2 - 1)51
thanks to the Monotone Convergence Theorem.
2.1.2 Asymptotics as s T 1
First of all, the proof of Theorem 2.1 implies
) [(N/2) , 1% T(N/2) 2
lim~y(N,s,r)=v(N,1,r) = —w—a"—71"= —+ — - = —
Iy (N sm) =N L r) = ey 4 YT(N/2) 2N

Also

c(N,s)r? 2sin(ms)
12/ nr (Y dy=/ ———5 dY where ¢(N, s) = ————=.
cB, W) ca, ™ (Jyl? —r?) TWN_1
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Then

QSin(ﬂs)/ r2s QSin(ﬂs)/ 1
] = S T gy = Cdy =
mwn-1 Jes, WY (lyl> —7?) mwn-1 Jeg Y (lyl? —1)
_ 2sin(ms) / { /*‘” dp _S} v-1(g) — 25n(ms) /*‘” do__
TWN-1 JoB LJ1 p(p*—1) ™ 1 p(p*—1)

With similar computation

/ ne(y) u(z —y) dy = M/@ Ulm%dp} dHN1(8).

CB, Q p(p

Fix a 0 € 0B and consider the difference

2sin(ms) [T u(x — rph) R 2sin(ms) [ |u(z —rpd) —u(z —r)|
e e L 9)‘< - EN A

since we are handling C? functions we can push a bit further the estimate to deduce

. +oo _
e
1

™ p(p?—1)°
< 2sin(7s) /1+60(p1)1;s d 2sin(7s) /+oo |u(x—rp9)27u(f—r9)| dp—0
™ 1 p(p+1) ™ 145 p(p*—1) s11
therefore
1
- uwlx—y)dy — ——m——— w(z —y) dHN "1 (y).
/CBTn(y) (z —y) dy ety /BBT (x —vy) (y)

The choice of the point z € B, in (2.1) depends on the value of s, but since these are all points belonging
to a compact set, we can build {s;}reny C (0,1), sy — 1 as k — 400, such that z(sx) — 29 € B,.. Since
it is known (see [37, Proposition 4.4]) that

1&1%111 (—A)’u = —Au,
then
|(=A)"u (2(s1)) + Duz0)] < [(=2)°u (2(sk)) = (=A)°u (20)] + [(=5)°u (20) + Dulz0)]| =25 0.

Finally we have proven that

u(x) = / () u(z — y) dy + (N, 5,7) (—A) u(z(s8)
CB,.

k—4o00 1 N—1 r
—y)d _ A
o N /mutv y) dH" " (y) = 5 Dulzo)

which is a known formula for C? functions, see e.g. [41, Proposition A.1.2].

2.2 EXISTENCE AND UNIQUENESS

Assume Q C R” is open and bounded, with C*! boundary.
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2.2.1 Proof of Proposition 1.2

Assume first that u € S and v = 0 in RV \ Q, v € C?**¢(Q) N C(Q) and (—A)*v € L} (RY); then we can
regularize v, via the convolution with a mollifier {oy,(z) = kN (k) : a(x) = 0 for |z| > 1}, in order
to obtain a sequence {vj, := ay * v}y € C2°(RY) C S converging uniformly to v in RY. Also,

(=D =vx (=A) oy

indeed
s Vp\T) — U
(=A)v(x) = Cns PV/ Lj\,igys) dy
BV [z —y|
P Y AT R R LY
el0 JeB, (z) |2 — y|
: ap(r —z) —ar(y — 2)
= (Cnslim v(z / dy dz
el0 JrN =) CB.(x) |z — |V T2
: ar(r — z) — ar(y)
= C Shm/ vz/ dy dz
Mo tlo RN =) CB.(z—z) |:Efz—y|N+2S
where we have
Oék(SC) — Ok (y) s . . N
Cn.s —— 2. @y — (=L) ag(x), uniformly in R
CB.(x) |z —| el0

since, see [37, Lemma 3.2],

‘(A)Sak(@ - CN,S/ ox(2) ~ oxly) dy| =

CB(z) |o—y/N T

= |On. PV / ax(@) — axly) — fgy) (2.4)
B.(z) |z —yl
Cn,s ag(r +y) + ax(r —y) — 2ax(v)
2 " d‘”
Cn.s llaklle2(s. @) / dy
< L E 2.5
2 B. |y|N+2‘S*2 ( )

COn,s lokll 2y dy
< 2 / N+25—2 7
B. |y e40

Following the very same proof up to (2.5), since v € C?¥%¢(Q), it is also possible to prove

(~0)"vi(@) = (i * (~A)"0) (@), for 8(x) >

e

Since (—A)*v € C(RYN \ Q), see [78, Proposition 2.4], we infer that

(=) () FreT (=A)’v,  for every x € RV \ 9.

We give now a pointwise estimate on (—A)’ay(z), € By . Since ay, € C2°(RY), we can write (see
[78, Paragraph 2.1])

(—o) an(e) = [(~4) 7 o (—4)] ar(@) = (=) =k Aa(ka)] =

ENT2Aal(ky
= CN,—s+1/ % dy
RN [z —y|
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With a change of variable we entail

s s AO{ )
(—A) ap(x) = On, 41 KV T2 / WC@
and therefore
wN s
() ax(a)] < FAES kY2 Ao e e, (26)

Indeed,

/ |Z N+25 2

is a bounded function of z, having in z = 0 its maximum 2“8’—

/, o b
|Z N+25 2 BﬂB(z) |Z*’IJ|N+2S?2

=5

Indeed,

dy

N s—
/B\B(z> |z —y| VT2

dy

/ Wy / R —
N s— N s—
sose) [y I szyl e

N s— T N+25—2 T N+25—2
sose) [y TP I e By | T

Using (2.6), the Ll-norm of (—A\)’v; can be estimated by

[ I8y u@) s -
RN

- / (0 (—A) ax)(2)] di + / (o * (~A)0) ()] da
{6(z)<1/k} {0(x)>1/k}

IN

IN

Clloallpo e :
< e =AY vy,

so that, by the Fatou’s Lemma we have
/ [(=A) | < hmmf/ [(=A)’vg| < limsup
RN kt+oo JrN k400
which means

(=) vl 2 (RN) T (=4

Apply the Fatou’s lemma to |(—A) vg| + [(—=A)°v| — |(—

/ / () (=AY an(e — )| dy de + /
{6(z)<1/k} J By p(x) {8(z)>1/k}

/ / C(S(y)skN-‘rQSHACYHLoo(RN) dy dr + ak(y)/ [(=A)’v(x —y)| dz dy
{6(z)<1/k} J By (x) Bk RN

A)S’Uk — (—

[ o

[l -2yve - )l dy do
Bk

Y < [ 1=a)d

)*0l 1y

A)*v| > 0 to deduce

2 [ oyl <timint [ (-0 0]+ (8"l = [(=8) " = (~2)'0]) =

k1400

:2/RN|(—A

and conclude

)*0] — lim sup / =2 (A

k1400

I(=2) ok = (=) vl 1@y ——— 0

and, for any u € S,

/ w(—AN) v ——
RN kT+OO ]RN

Qp RN ]RN

. k .
since ||vg — v|| oo (mY) K19, 0, and this concludes the proof.

Note now that

kt+4o0

u(—A)%.

/Q o(=A)u
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2.2.2 Preliminaries on fractional Green functions, Poisson kernels and Martin
kernels

Consider the function Gq : Q x RY — R built as the family of solutions to the problems

(=A)'Ga(r,) =6 inQ,

for any =z € Q { Gol(z,y) =0 in CQ.

This function can be written as the sum
G(Z(x7y> = Fs(y - SC) - H(SC,y),
where I' is the fundamental solution to the fractional Laplacian, and

(=A)’H(z,-) =0 in Q,
f Q
orany T € { H(x,y) =Ts(y—2x) inCQ.

LEMMA 2.3 | Fizz € Q. Then H(x,-) € C*T¢(Q)NC(Q).

Proof. Take r = r(z) > 0 such that B,(z) C Q and & a cutoff function

0<k<1inRY, keC®RY), k=1inCQ, ~=0in B,(2)

and define v5(y) == k(y)Ls(y — z): 75 € C®(RY),vs =T in CQ, 75 = 0 in B,(z). Then establish the
equivalent problem
(=AN)H(z,-) =0 in Q
v Q
e { H(z,y) =7s(y—2) inCQ
and by setting h(x,y) := H(x,y) — vs(x,y) we obtain

(=A)h(z,) = —=(=L)"y inQ,

veel { h(z,y) = 0 in CO.

Note that (—A)°ys € L (RY) N C>=(RY) (see [78, Proposition 2.7]): from this we deduce that h(z,-) €
C*7e(Q)NC*(RY) by [78, Proposition 2.8] and [73, Proposition 1.1] respectively and then also H(x,-) €
C25+<(Q) N C*(RV). m

LEMMA 2.4 | The function Gq(x,y) we have just obtained satisfies the following properties:
i) Gq is continuous in Q x Q0 except on the diagonal?,
i) (—=0)°Go(z,-) € LY(CQ) for any x € Q,

i) for any u € C*T¢(Q) N L°(RY) and z € Q

ulz) = / (=) uly) Gale,y) dy — /C uly) (~A) Gale.y) dy. (2.7)

and this formula is a Green’s representation formula (Gq is the Green function while its fractional
Laplacian is the Poisson kernel),

w) (—N)*Ga(x,y), r € Q, y € CQ is given by the formula

Ga(z,z)

(=A) Ga(z,y) = —Cn,s Tz — gV

dz, (2.8)

v) Galz,y) >0 for a.e. (2,9) € QA xQ, x#y, and (—N)’Gq(x,y) <0 for any x € Q, y € CL,

2where its singularity is inherited by the singularity in 0 of I's
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vi) it holds
Iy —x) = —/ Ls(y —2) - (=A)°Go(w, 2) dz for x € Q, y € CQ, (2.9)
cQ

Gao(z,y) —Ts(y — ) = — /CQ Ls(y —2) - (=A)°Go(z, 2) dz forxzeQ, ye Q. (2.10)

Proof. We prove all conclusions step by step.
Proof of ii). First of all, we use the estimate

Ih(z,y)] < CH(=L)"7s(2, )|l 3(y)*,
where h solves
(=A)°h(z,) = —(=A)ys  inQ

0
Ve {h(:c,y)zo in €O

and ; is a regularization of I' as in Lemma 2.3; for the inequality we refer to [73, Proposition 1.1]. We
deduce that, for y sufficiently close to 02, it holds

|Ga(z,y)| = Ts(y —2) — H(z,y)| = [1s(y — 2) — H(z,y)| = [h(z,y)| < Cl[(=L) 7s(2, ) [0 ()"
Then, for y € CQ,
Gal(z,z) — Ga(z,y)

(-8 Gate)] = o, pv [ Co0 e |-
2.11
_c Go(z,z) C/ (2.11)
=Cns |y — Z|N+25 |y — Z|N+25
and
0(z)°
/ |( )GQ(.Ty|dy<C /Wdzdyg
° P (2.12)

Foo C dz
< 71 25d d _/
‘C/Q / PE=5s Josr ST

Proof of iii). The function Gq(z,y) = I's(y — ) — H(z,y) can be integrated by parts against any
u € C2FE (RN \ Q) N L*°(RY), since, according to Lemma 2.3, H(x,-) € C?*7¢(Q)NC(Q) and so we can
apply Proposition 1.2. Hence,

ulz) = / (=) uly) Gale,y) dy — /C uly) (~A) Gale.y) dy.

Proof of iv). We point how the computation of (—A)°’Gq(z,y), * € Q, y € CQ reduces to a more
readable formula:

s GQ(Z‘,Z) - GQ(SC,]J) / GQ(SC,Z)
—(=A — Cn.PV dz = =Cpy, | =282 _ 4
(=4) Ga(z,y) = Cu, /]RN [z — y|NF2s < Ch, o |z -yt

by simply recalling that Gq(x, 2) = 0, when z € CQ.
Proof of v). Gq(z,y) > 0 for (z,y) € Q x Q, v # y, in view of Lemma 2.8 below applied to the
function H(x,-). Also, from this and (2.8) we deduce that

— (=A) Galx,y) = Cwé/%dzzo. (2.13)

Proof of vi). Tt suffices to apply (2.7) to the solution H(z,y) of

{ (=A)’H(x,-) =0 in O
H(z,y) =Ts(y—x) inCQ
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to infer
Is( / Ts(y ~N)’Gq(z,2)dz  for x € Q and y € CQ,
c

/ s (y N)’Gal(z,2) dz for z € Q and y € Q.
co

LEMMA 2.5 | For any x € Q, 0 € 99 the function

Go(z,y)
M, 0) = lim ———
Q(za ) yIEQ (5( )
y—0

is well-defined in Q x 9Q and for any h € C(00Q), ¥ € C°(Q) one has

/Q ( ” Mq(z,0) h(0) dH(O)) Y(x) de = /{m h(0) Dyp(0) dH(6),

where
D.op = I (y) and (ﬁ = (;52 X x) dx

Proof. For a small parameter ¢ > 0 define Q. = {x € Q: 0 < §(z) < £}: associate to any = € Q a
couple (p, 0) where p = §(x) and 6 € 02 satisfies | — 0] = p: such a 6 is uniquely determined for small
e since 9Q € CHL. Take also ¢ € C*(R), with ¢(0) = 1 and supported in [—1,1]. With a slight abuse
of notation define

o) = o) =) LD = = [ty an (214)

Consider the functions

= / f-(y) Ga(z,y) dy,
Q

and any function ¢ € C°(Q):

R R [/w ) Gale,y dw} dy—/ h(ﬂy))%ﬁ“w [/Qw(:c)ca(x,y) dz dy

[ o 1 o]

Note that the function ¥1(y) = [, ¥(z) Ga(z,y)d(y)” " dx is continuous in €., as a consequence of the
boundary behaviour of GQ, see [27, equation (2.13)]. Then

p(py)/e) __ ! ® olr . .
1000 2B ) ay = i [etore) ([ @) ) o
£l0 B . Ga(r,y) .
2 [ w0 in0.0) ano) = [ 10) [ v lim S g0 ango)

Hence

s¢0
/ et X% /Q ( [ Mo(a.0) 100 dH(G)) () da (2.15)
where Calz.1)
Ql\T,y
Mole 0= 0 T

y—0
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Note that, always in view of the boundary estimates on Ggq, the function Mq(z,-) € L*°(02) for any
fixed x € Q. In addition,

_ p(p(y)/e) ) Golra) de| dy —
[ = [ non 2B [ 0) Gatey) de| ay
= [ wioty ZELELO o)y [ o) Dote) anee). (216)
Q. o

So the limits (2.15) and (2.16) must coincide. O

REMARK 2.6 | The function Mq(x,0) we have just introduced is closely related to the Martin kernel

based at xg € Q)
— . GQ(x,y)
Mo(z,0) = lim —20Y)
a(.6) v e Gal(xo,y)
y—0

For this reason we borrow the usual notation of the Martin kernel.

LEMMA 2.7 | For any h € C(0N2) define

u(z) = | Ma(z,0)h(0) dH(9), T €.
o0
Then for any 0* € 0N)
Eu(0*) := 1 = h(0%).
u(") mgg Toq Ma(z,0) dH(0) (6%)

Proof. Denote by

L(z) = 6(x)' * , Mq(z,0) dH(P), xeQ

[ i <zw < [ 200 aug)
o)

acle -0~ oq |z — 0N

for which we have

and so L is a bounded quantity. Indeed, referring to estimates on the Green function in [27, equation
(2.13)], we have inequalities

L)SN < Mq(z,0) < Lx)N z€Q,0€ 00 (2.17)
cle — 0 | — 0]
Thus,
0@) "u(@) ol _ |3 . e 2@ .
o) e o [ 100) = h(e)]
o [ Mala.0) 0) = o) dr(0) < O )/BQ T o)

Call 0, € 09 the point satisfying §(x) = |z — 6,|. Describe 9 as a graph in a neighbourhood of 0, i.e.
' C 09 open, and

I'>60=(0,6(¢)) for some ¢ : B. CRN=1 = R, (0,4(0)) = 0,,
¢ € CHY(B(0)), Vé(0) = 0.

It holds #* € T for x close enough to 0*. Let us now write,

[n(8) = h(6*)] h(0) = h(6")|
/F o =" = /F |2 — 0012 + 00 — 0]2 — 2(x — 0., 0, — O))? H ()
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where

x—0, 0;—10
|z — 0. |0 — 0

2(m—91,91—9>:2|x—9m|-|9z—9|< >§2,u|x—91|-|9z—9|, el

for some p < 1, since z — 0, is normal to 0f), while 8, — 6 is “almost tangent” to 2. Then

[7(6) — h(67)] 1 [7(6) — h(67)]
/p z— 0~ HE) (1_N)N/2/F[|x—9m|2+|9m—9|2]N/2 HE)

IN

Suppose without loss of generality that #, = 0 and denote by w the modulus of continuity of h:

|h(0) — h(07)| supp w(|0 — 6%|) de’
/F S MO < /B

<
(W= )™2 iy (a2 + 1072 + 002"
<SupFw(|9_9*|)/T pN "2 dp
T A= o (a2 4 2N T

_ suprw(f — 6] / dp___ suppe(o—0°))
STA= o WP A2 S Rl (-2

and therefore

5(x) /BQM aH (o) 5(;0)/FW d7—[(9)+5(z)/ [16) = O] g9y <

j — 0" oor |z —0Y
_ suppw(0 — 0]

ST AN e +o0(6(x)).

Now, since supp w(|0 — %) < w(diamI'), where diamI" = supy g |0/ — ¢'[, and I" is arbitrary, we deduce

5(x) /BQ 110) = MO 0y — 0.

lz— 0|~ 0

2.2.3 Linear theory for smooth data: proof of Theorem 1.4
We start by stating

LEMMA 2.8: MAXIMUM PRINCIPLE | Let O C RY be an open set such that @ C O. Letu: RN — R
be a measurable function in C*T¢(Q) N C(O), and

lu(y)| (=A)Y’u<0 inQ
B CLC) R d
/RN e w<0 in CQ.

Then v <0 in Q.

Proof. Call QT = {2 € RY : 4 > 0}: QF is an open set contained in 2. Assume by contradiction that
QF # (. By continuity of u in QF C O, there exists 2o € QF such that u(zo) = max{u(z) : z € Q+};
moreover, o € Q7, since v < 0 on 9QT. This point x¢ will be also a global maximum for u since outside
Q1 the function u is nonpositive. Thus

u(zo) — u(y)

y|N+2s >0

(=2 u(xg) = Cn s PV/

RN |70 —

contradicting our hypotheses. Therefore Q% is empty. [l
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By splitting g into its positive and negative part, it suffices to prove Theorem 1.4 in the case where
g > 0. So, from now on we will deal with nonnegative boundary data g : C2 — [0,+00) which are
measurable functions with

0< */ 9(y) - (—L)°Ga(z,y) dy < +o0 x €. (2.18)
9)

Note that, in view of equation (2.11), for z € Q, y € CQ

; (y)* e dp C 1
0< —(—A)Galx,y SC’/ 7dz§0/ - = — - 2.19
( ) Gal(z,y) caly— Z|N+2s 5) plts s 6(y)° ( )

Proof of Theorem 1.4. We split the proof by building the solution associated to each datum f, g and h
separately.

First case: f, h=0. We present here a readaptation of [60, Lemma 1.13].
The function u defined by equation (1.12) is continuous in 2 as an application of the Dominated Con-

vergence Theorem and inequality (2.19). The continuity up to the boundary is postponed to Paragraph
2.4.2.

For the sake of clarity we divide the proof in four steps: for special forms of g, for g regular enough,
for g bounded and finally for any other g.
Step 1. Suppose we have a measure v, such that v(£2) = 0 and

glw) = /C Tie—y)drly) veco.

Then set
u(z) = / Ds(x —y) dv(y) for any x € RV :
RN

a) @ = g in CS), since v is supported in C{2,

b) u=wuin , where u is given by

indeed,
—/Cﬂg(y)-(—A)SGn(w,y) dy = —/CQ(—A)SGQ(%?/) (/CQ I's(z—y) dV(Z)) dy

- 7/69 </CQ Ds(z —y) - (—L)°Gal(z,y) dy> dv(z)

[in view of equation (2.9)]

— [ nGe-p i) = ),
cQ

¢) u is s-harmonic in Q:

@ = [ wea iy = [ oo ([ re-nae)

- / ) ( /C PRCEEATRE dy> du(z) = / Ti(e—2)dv(z) = u()

by choosing 0 < r < §(x) < |z — x| and exploiting the s-harmonicity of T's.
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Step 2. If g € C*(CQ) and supp g is bounded, then g admits an extension § € C>°(RY) and (see [60,
Lemma 1.1]) there exists an absolutely continuous measure v, with density W, such that

g(z) = / Iy(z —y) dv(y) for any x € RV,
cQ

Denote by vq the measure obtained by restricting v to €, i.e. vo(A) = v(AN Q) for any measurable A
and vq has density Vg = Uyq, and

o () = { Jo (=2)Ga(2,y) dva(x) = — [ (=A)°Ga(z,y) Ya(z) dz y € CQ
ol¥ 0 y e

the integral is well-defined because W € L'(2) while (—A)°Ga(-,y) € C(Q) for any fixed y € CN as a
consequence of Gq(-,y) € C(Q) and equation (2.8). Define v = v — v + 1, which is a measure supported
in CQ). Then, when z € C2,

[ n b = [ ([ re-n 07 Galen dy) i) = [ Tufo ) vt

where we have used (2.9). Therefore

/ Ls(z —y) dy(y) = / Ls(z —y) dv(y) = g(z)
cQ cQ
so that we can apply the previous step of the proof.

Step 3. For g € L>°(C?), consider a sequence {g,}, oy
pointwisely to g. The corresponding sequence of s-harmonic functions u,, converges to u, since

C C*(CQ) uniformly bounded and converging

un () = - /m gn(y) (L) Ga(x,y) dy —— u(r) = — /CQ 9(y) (=2) Ga(z,y) dy

ni+oo
by Dominated Convergence. Then, again by the Dominated Convergence theorem we have
Up = Ng* Uy —> N5k u, in
therefore
u = limu, = ns*u, in ),

i.e. u is s-harmonic in ).

Step 4. For a general measurable nonnegative g it suffices now to consider an increasing sequence
gn converging to g, e.g. g, = min{g,n}. Then the corresponding sequence of s-harmonic functions wu,,
converges to u. Moreover, the sequence {uy}, oy is increasing:

Uny1(T) = — /CQ Int1(y) (=1) Galz,y) dy > — /CQ In(y) (=A)°Gal(z,y) dy = un(z).

Then, thanks to the Monotone Convergence theorem we have
Uy = Ng* Uy —> N5 *ku, in
therefore
u=limu, =ns*xu, in Q.

Uniqueness. Finally, if g € C(CQ), the solution we have built is the only solution in C(Q) as an
application of Lemma 2.8.

REMARK 2.9 | Suppose to have g : CQ2 — [0, +00) for which (2.18) fails and there is a set O C Q,
|O| > 0, in which

—/ 9(y) (—2)*Ga(z,y) dy = +oo, r€O.
CcQ
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It is not possible in this case to have a pointwise solution of

(=A)Y’u=0 inQ,
u=gqg in CSL.

Indeed, if we set g, = min{g,n}, n € N, then g,, converges monotonically to g, and
s nt+4oo
u(@) 2 = [ gu(w) (-2 Galay) dy " oo
cQ

for all z € O.

Regularity. As a last step we notice that the C'*° regularity is a consequence of the representation
on balls and the regularity of the associated Poisson kernel therein. Properties listed in (1.8) are a
consequence of Paragraph 5.3 below and the estimates on (—A)*Gq(z,y), z € Q, y € CQ.

Second case: g, h = 0. Use the construction of G to write for x € )
uw) = [ 1) Golwa) dy = [ )Tty =) dy = [ 1) Hlva) dy:
)

the first addend is a function u(x) which solves (—A)*u; = fxq in RY, let us turn to the second one:

wie) = [ @G = - [ 10 [ IRV (o dz} dy

- [coraes | [ rore -2 o] e
cQ Q
= —/ (=N’ H(z,2)ui(2) dz = —/ u1(2) (=A)°Ga(z, 2) dz.
cQ 1)
According to the Step 4 above, uy solves

(_A)SUQ =0 in Q
U2 = Uq in CQ

therefore v = u; — ugy and

{ (A u=(=A)ur — (=A)’uz = inQ (2.20)

u=1uy —us =0 in CS).
Finally, u € C**7(2) thanks to [78, Proposition 2.8], while for inequality
lu(@)] < Cllflloc 6(2)°
we refer to [73, Proposition 1.1].

REMARK 2.10 | Note that these computations give an alternative integral representation to the one
provided in equation (2.7) for u, meaning that we have both

/Q Goliry) (=8)"uly) dy = u(e) = | Galya) (=)"uty) dy.

so we must conclude that Go(z,y) = Ga(y,x) for x,y € Q, = #y.
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Third case: f, g =0. The function u(z) = [,, Ma(z,0) h(0) dH(0) is s-harmonic: to show this we
use both the construction of Mq(x,0) and the mean value formula (2.1). Using the notations of (2.14),

for any 0 < r < d(x) there exists z € B,(x)
wlw)= [ el ) dy g s A ) = [ e ) dy (V) 62
B (x B, (x

where the equality (—A)*u. = f. holds throughout €. Letting ¢ | 0 we have both

0

us(z) == u(z) = Mq(z,0)h(0) dH(0)
o0
and
fe(2) &40, 0, for any z € Q.

If now we note that, for any p € [1, N/(N — 2s)) it holds by the Jensen’s Inequality

[l < 1505ty [ [ Gatey dr dy
Q QJQ

which is a quantity bounded independently of & (see also Theorem 2.19 below), we deduce that {u.}.
is an equibounded and equicontinuous family in L!(£2) and so the convergence u. — u holds in L().
Moreover, when z is far from 99 and ¢ < §(z)

ue(z) = /Q Gal,y) f-(y) dy < C /{ 5)7-(y) dy

6(y)<e}

which again is bounded independently on €. So we have boundedness in L7° (€2) and convergence in
L'(Q). This implies that we have equality

u(z) = /C ) ute ) dy

i.e. w is s-harmonic.
The fact that §'~*u € C(Q) is done in Lemma 2.7, while the C*° regularity can be done once again
with the representation on balls. [l

LEMMA 2.11: AN EXPLICIT EXAMPLE ON THE BALL | If0 < o < 1 — s, the functions

¢(N, s)

= . s — . 2\1—s
R I R F s 2] > 1
(o[> = 1)7

are s-harmonic in the ball B = B1(0), where ¢(N, s) is given by (1.4). Moreover in this case

. Gy(x,y)  C(1—|2?)°
M . B5Y) _ = C(N, s).
p(z,0) ylemﬂ ) PR for some C' = C(N, s)
y—0€02

Proof. According to [60, equation (1.6.11°)] and in view to the computations due to Riesz [72], the
Poisson kernel for the ball B of radius 1 and centered at 0 has the explicit expression

S s ~e(Nys) (11— z2\° _ T(N/2) sin(ms)
— (=L)°Gi(z,y) = P (|y|2 — ) c(N,s) = — Nz (2:21)
We construct here the s-harmonic function induced by data
N
h(e)zoa ga(y):C( ’S+U) O0<o<l1-—s.

(lyP =17’
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Indeed, it can be explicitly computed
(1= [2*)" ug (@) =
(=) [ o) (-2 Gato)dy = |

T gl¥ (g =1
_ [ Ao (1~ a2
cB |z =y (Jy|2 —1)°*°

2\s+to
oN.5) {1zl ))s 9oly) dy =

dy = —c(N,s) /CB(—A)‘S*”GSB”(WJ) dy = c(N,s)

therefore the function

N
0(7’82)0_ r e B
Ug () = (1—z[?)
g ¢(N,s+ o) ccn
(oP-17 °
solves the problem
(=A)’ue =0 in B
¢(N,s+o) .
Ug(z) = go(z) = (eE=17 ™ CB.

We are interested in letting 0 — 1 — s. Obviously,

(NN, s) .
s _ B
UU(SC) ii.‘i} ’LL(SC) — (1 _ |$|2)1—s n
0 inCB

everywhere in RY \ B. The s-harmonicity is preserved, since for € B and any r € (0,1 — |z|),

u(@) = lim ug(z) = lim - uo () nr(z —y) dy =
= lim ug(y) nr(r —y) dy + lim 9o (y) nr(z —y) dy =
o—1—s CB,NB o—1—s cB
= / u(y) ne(r —y) dy = / u(y) n-(r —y) dy
CB,NB CB,

since g, 22175 0 in LY(CB), while n,.(- — z) is bounded in CB for 0 < r < §(x). For any ¢ € C2°(B)
we have

[ v == /C (@) [ 92) () Cp(z.a) dz do =

¢(N,s+o0)
= /CB (eF =1 /1/) G%(z,2) dz du.

/ungH> uw:c(N,s)/ ﬂsdw
B

B B (1—|z%)"

Then on the one hand

On the other hand

_/CB |i\|72=i4r10 /w Gplz,2) dzdr = |
- /% [ w2 (L) o] e

[ Westoyes) [ 01D T
7/(;3 (|z|271)a+s L|f/’(> |z — x|V d‘| dx.
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Note that the function [, () - A=l gy s C(CB) in the z variable, since ¢ € C°(B). Splitting

|z—x|N _
x € CB in spherical coordinates, i.e. © = pf, p = |z| € (1,+00) and |0| = 1, and denoting by ¢ € C()
the function satisfying (—A)°¢lq = ¥, ¢ = 0 in CQ,

(—=4)"¢(x) /+°O ¢(N, s+ 0)c(N,s) N-1
—CN,5+U/ ——=dr = — ~1(p)p dp 2.22
( ) CB (|:L.|2_1) 1 (p271) + 1( ) ( )
where Y1 (p) = [55 [59( |Z p9|1)V dz dH(0) is continuous on [1,+00) and has a decay at infinity which

is comparable to that of p‘N Therefore, as 0 — 1 — s,

(=2)"¢(2) w1( ) _
—C(N,S-FU)/CBWCL’I]—)C(NS ( 1/2 =
_ c(N,s)¢(N,1/2) (1=
/BB/ REETLE dz dH(0).
Indeed, by the definition of ¢(N,s) in (1.4), it holds
teo pdp _ c¢(N,s+0) ot1-s c(N,1/2)
_C(N;S+U)/1 (p271)0+s __2(17870') o7

and, since in (2.22) the product vy (p) pV =2 € C([1, +0)),

(=4)"¢(x) (1)
—¢(N,s+0) /CB rE=17 dx — ¢(N,s)e(N,1/2) 5

/}wh_(Ns ¢(N,1/2) AB/‘ 1—%23 0z dH(6).

(N, s) c(N,1/2) (1—Jz[*)°
u(w) = : AglzfﬂN d(6)

and then the kernel Mp(x,#) for the ball is

So

i.e.

. Gxx,y) (1—1z?)°
)= 1 o=
p@0) =l =50 P
y—0€02
where C' = C(N, s). O

2.3 THE LINEAR DIRICHLET PROBLEM: AN L' THEORY

We define L solutions for the Dirichlet problem, in the spirit of Stampacchia [83]. A proper functional
space in which to consider test functions is the following.

LEMMA 2.12: TEST FUNCTION SPACE | For any ¢ € C°(Q) the solution ¢ of
(~0)'6=1¢ inQ
¢=0 1inCSQ
E¢=0 on 092

satisfies the following



THE LINEAR DIRICHLET PROBLEM: AN L' THEORY — 41

1. (=0)’¢ € LY(CQ) and for any x € CS
/1/) N)’Golz,x) dz, (2.23)

2. for any 0 € 02
/ Mq(x,0)¥(x) de = Dysp(0). (2.24)

Proof. The solution ¢ is given by ¢(z) = [zn ¢¥(y) Ga(y, ) dy € C?*T5(Q) N C(Q). Also, when z € CQ,

(~0y'0ta) = ~Cw. [ |yiz|ws -/ C;T;HS [ [ v)Gateun) dz} dy =
- [ve [cN,s [ G| @ = [0 -8y Gaten) d

Thanks to the integrability of (—A)*Gq(z, ) in CQ, also (—A)*¢ € L(CQ), so that ¢ is an admissible
function for the integration by parts formula (1.7). Moreover,

Mq(z,0))(x) de = Dsp(0).

Q

Indeed,

_ ( _ Y(x) Ga(r,2) . @)
/QMQ(:C’G ) do = /1/} zhenslz §(2) de = zhenslz/ zeaé() = Ds(6).

Then, our space of test functions will be

(=A)'¢=1v inQ
TOQ)=dpcCRY):{ ¢=0 in CQ , when ¢ € CX(Q) 3.
E¢p=0 in 00

Note that the map Dy is well-defined from 7 () to C(9€2) as a consequence of the results in [73, Theorem
1.2]. We give the following

DEFINITION 2.13: WEAK L! SOLUTION | Given three Radon measures A\ € M(S), u € M(CQ)
and v € M(09Q), we say that a function u € L' (Q) is a solution of

(=DN)u=X inQ
w=yp 1inCSQ
FEu=v on 0

if for every ¢ € T(Q) it holds

o0

/Q (@)~ L) $(z) dx = / o) dA(x) — /CQ<—A>S¢<x> du(x) + [ Duo(0) (o) (2.25)

_ ¢()
where Dsgp(0) = Ihéng 5

PROPOSITION 2.14 | Solutions provided by Theorem 1.4 are solutions in the above L' sense.
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Proof. Indeed, if

u(z) = / f(y) Galy, x) dy — / 9(y) (—A)'Galz.y) dy+ | Ma(x,6) h(8) dH(6),
Q CcQ

[o19)

then for any ¢ € T (),

[ ule) (-7 6(@) do =
Q

- / [ / £(4) Galy.z) dy - / 9lu) (~0) Galwy) dy + /6  Ma(a.0) h(0) d%(f))} (—0) ¢(x) da

/ Iy / (2) Gay. z) do dy — /C o) [ (—A)'6(x) (~A)Galz, y) dx dy +
+ / 1O) [ Ma(z,0)(~0) 6(x)dH(0).
o0 Q

Apply now (2.23) and (2.24) to deduce the thesis.

Proof of Theorem 1.9. In case v = 0, we claim that the solution is given by formula
uw) = [ Galyn) ax) — [ (~2)Gale.y) duty).

Take ¢ € T(2):

[t oo = [ | QGQ@,@ A0 - [ (-8)Gate) du(yﬂ (- AV b() do =

_ / U(_A) o(x) Galy, )dm} /CQ U SAYN A) Galw, y)d} d(y)

= [ ot ax) — [ (=270) duty
again using (2.23). Then, we claim that the function

u(z) = Maq(z,0) dv(6)
o0

solves problem

u=0 in CQ,

(=A)’u=0 inQ,
Fu=v on 09.

This, along with the first part of the proof, proves our thesis. Take ¢ € T(2) and call ¢ = (—

C(9). Then

L ([ mate.syave)) viwras = [ ([ awoyote) o) avto)
Ll )
/{m zhemQ (/ w ) dv(8)

/| 1im ¢<)du<e> _ [ D,6(6) aw(0).

szggﬂs() bs19)

A)’¢la €

The uniqueness is due to Lemma 2.16 below. Theorem 2.17 below proves the estimate on the L!

norm of the solution.

O
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COROLLARY 2.15 | The solution provided by Theorem 1.9 satisfies, for any open A C Q such that
ACQ and any ¢4 € T(A),

(@)~ D) $a(z) d — / (—A)"6(x) du(z).

cQ

[ @ =07 64w do = [ oa@) ir@ - [

\A

Proof. For the sake of clarity we give the proof in the particular case p = v = 0; the other cases follow
with the same computations with the necessary modifications. Establish problem

(7&)511,14:/\ in A
Usg = U inCA
Fusa =0 on 0A

we want to prove that uy = u in A. The function u 4 is given by
wr() = [ Gale.2) )~ [ (-2 Cala2)ulz) ds
A Q\A

= /AGA(:c,z) d\(z) — /Q\A (—=A)°Galz,2) [/Q Gal(z,v) d)x(y)] dz

:/AGA(:C,Z) d/\(z)f/A

- / [/ (_A)SGA(‘Tay) GQ(y’ Z) dy‘| d)‘(z)
o4 [ Jaa

Since now, by construction of Green functions,

/ (~A)*Galz,y) Caly. 2) dy] dA(z)
o\A

GA(:C,Z)*/ (7A>SGA(SC7y> GQ(Z/,Z) dy:GQ(ZL',Z> €, z GAv

Q\A

/ (_A)SGA(‘T’Q) GQ(y,Z) dy = (_A)SGQ(:EaZ) HAES Aa S CAa
Q\A

we deduce ug(x) = u(z), x € A. O
LEMMA 2.16: MAXIMUM PRINCIPLE | Let u € LY(Q) be a solution of

(=A)Y’u<0 inQ,
u<0 inCQ,
Fu<0 on 0.

Then uw < 0 a.e. in RN.

Proof. Take ¢p € C°(Q), v > 0 and the associated ¢ € T(Q) for which (—=A)%¢|q = 4: it is ¢ > 0 in Q,
in view of Lemma 2.8. This implies that for y € CQ) it holds

LON

aly—zN

<0,

(=2)"¢(y) = —C.s

and also D¢ > 0 throughout 0f2. In particular

/Qm/)SO

as a consequence of (2.25). O
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2.3.1 Regularity theory

THEOREM 2.17 | Given three Radon measures A € M(Q), p € M(CQ) and v € M(09), consider the
solution u € L'(Q) of problem
(=AN)u=X inQ,
u=ypu inCQ,
Eu=v on 0.
Then
[ullLi) < C (”/\”M(Q,(S(z)s dz) + 1l pmice,6(2) - no(@) =725 da) + ||V||M(BQ)) :
Proof. Consider ¢ to be the solution of
(=A)¢C=1 inQ
(=0 incCQ
EC=0 ondQ)

which we know to satisfy 0 < {(x) < C'é(x)® in , see [73]. Note also that, by approximating ¢ with
functions in 7 () and by (2.23), for z € CQ

(—=0)*¢(z) = / (=N’ Galz,x) dz, x € CA,

Q

and therefore, when z € CQ and d(z) <

oo dt C
< < —
0=~ /|y |N+2‘S _C/é(z) tis  5(x)s”

while for z € CQ2 and 6(z) > 1

Ciy)®

s c S
0<—(=4) C(w)ﬁ/ﬂmdyﬁm Q(S(y) d

Furthermore, D4( is a well-defined function on 92, again thanks to the results in [73, Proposition 1.1].
Indeed, consider an increasing sequence {9y}, € C2°(€2), such that 0 <+ <1, ¢ 11 1in Q. Call ¢y
the function in 7(9) associated with vy, i.e. (—A)°¢x|o = . In this setting

. C(Z)fd)k(z) BERT G(Z(yv ) k—4o00
OS%%W Zhé?g/fl 3(2)° (1 —n(y) dyS/QMQ(%o) (1 —x(y)) dy ——— 0,

hence D,((0) is well-defined and it holds

0) /QMQ(x,e) do

Finally, we underline how D { € L*°(2), thanks to (2.17).
We split the rest of the proof by using the integral representation of u:

¢ the mass induced by the right-hand side is

/Ggy,)d)\()‘dx<//GQy, ) dz |\ (y /g ) N (y <c/5 * Ay

11 the one induced by the external datum

J

/ (=N’ Gz, y) duly ‘dx</ / VGal(x,y) do d|pl(y) =
cQ cQ Q

s C C
= [ —carau aun < [ (5o A s ) dulo)
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i77 finally the mass due to the boundary behavior

J

Mo(z,0) du(@)‘ dxg/m [ Mo(a.6) do dpi(0) =

o0

_ / D¢(0) dlp|(6) < | DsCloo [¥](09).
o0

Note that the smoothness of the domain is needed only to make the last point go through, and we can
repeat the proof in case v = 0 without requiring 09 € C1. O

To gain higher integrability on a solution, the first step we take is the following

LEMMA 2.18 | For any q > N/s there exists C = C(N,s,Q, q) such that for all € T(Q)
9
55

Proof. Call as usual ¢ = (=A)%¢la € C°(Q). Let us work formally
9
68

where % + % = 1. Thus we need only to understand for what values of p we are not writing a trivial

< C(=2)°9l e
Lo(Q)

|Galw, )l :
| Gates) ol dy < sup O (-0) 0] g,

< sup
L>(Q) zeQ 5(:5)5

inequality. The main tool here is inequality

GQ(xa y) < C(s(x)s

< m(lw—yls/\&y)s), (2.26)

which holds in C*! domains, see [27, equation 2.14]. We have then

Ga(z,y)|” / 1 1
———| dy<c| ——=(lz—y/PAIW)?) dy<c¢ | ———
L5 wvse | g (oot oo vse [ oy
which is uniformly bounded in x for p < N/(N — s). This condition on p becomes ¢ > N/s. O

In view of this last lemma, we are able to provide the following theorem, which is the fractional
counterpart of a classical result (see e.g. [41, Proposition A.9.1]).

THEOREM 2.19 | For any p < N/(N — s), there exists a constant C such that any solution u € L*(£2)

of problem
(=AN)’u=X\ inQ

u=0 inCQ
Fu=0 on 09

has a finite LP-norm controlled by
[ullr@) < C ML (@.5(2) dx)
Proof. For any ¢ € C°(Q), let ¢ € T(2) be chosen in such a way that (—A)’@|lq = ¥. We have

|9()|
o 0(x)*

where ¢ is the conjugate exponent of p, according to Lemma 2.18. By density of C2°(€2) in L9(Q2) and
the isometry between LP(£2) and the dual space of L%(2), we obtain our thesis. O

() dk(x)' < -0(2)” d|A|(z) < Cllwllm(n)/ o(x)” dA|(2)-
Q Q

/Q u(z) () da
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2.4 ASYMPTOTIC BEHAVIOUR AT THE BOUNDARY

2.4.1 Right-hand side blowing up at the boundary: proof of (1.16)

In this paragraph we study the boundary behaviour of the solution u to the problem

(=A)’u(z) = (5(30)_5 inQ, 0<B<1l+s
u=20 in CQ)
Fu=0 on 0f)

starting from the radial case {2 = B. Then

o GB('rvy)
u(x)i/ﬂf 3(y)” w

and by using (1.14), up to multiplicative constants,

uw) < [ o= s ns@iw] gy

o —y|™ 3(y)”
Set
g:=0(z) and z = (1 — g)eq, 9:—%,r d(y) and y = (1 —1r)d
Y

and rewrite

[(1—¢)ey — (1—7“)6’|2/\(€rS 1— N1
/ / . } ! 72 dr dHN 7 (6).
SN-1 [(1—¢)er — (1 —1)0| r

Split the angular variable in § = (01, 0") where ; = (0,e1) and 67 + |¢'|> = 1: then, for a general F,

/SM F(O)dHN 1 (0) = /SM (/_11 (1—02)" Feoy,0) dol) dHN2(0)),

and we write

! o\ (N—=3)/2
</ / (1—91 /
SN-2.J0

{ [(1T—e)2+(1—7)2—=2(1—¢)(1—r)] /\ET} —r)N-1
[(1—e)2+(1—r)2—2(1—e)(1—r)0 )28

_ 4/ N—2/QN-2 ' _ 02 (N=3)/2 !
=HYTHSY) | (1)

0
{lA—e2+1—r)2-201—e) (1 -] Aer} 1 —r)" !
[(1—e)24 (1—r)2—2(1—¢e)(1—r)0y]"? 8

dr dfy dHN2(0')

dr db.
From now on we will drop all multiplicative constants and all inequalities will have to be interpreted to
hold up to constants. Let us apply a first change of variables

_1—r
T 1-—¢

— r=1—(1-e)t
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to obtain
" Lo sy (M09
(z) < /O (1-67) /O (2.27)
{l[—e2+1—e)22—2(1—e)th]Ane(l— (1—e)t)}” (1 —e)NtN-1 it db
[(1—e)2+ (1 — )22 — 2(1 — £)2t6,])"/? (1—(1—e))’

N (v VA=) [(1—e)?(1+t* —2t0) Ae(1— (1 —e)t)]” . (N-1

- /0 (1-6) /0 (142 — 2t6,)V/? (1-(1-e))’ At din
V= (=6 + 2to) Ae[l = (1= )]}y a0 tN-1

: /0 /0 (1= )2 + 20072 7 TE— (2.28)

where 0 =1 — #;. We compute now the integral in the variable o. Let ¢’ be defined by equality

(1= 1)2+2t0" = [l — (1— )] PN o e[l —(1 762);5] —(1-1)?

and let
o* = max{o’,0}.
The quantity ¢* equals 0 if and only if
l—(1 -] <(1—1t)?
and it is easy to verify that this happens whenever

_5—524_5\/252_25—1—5, £>ty(e) ::1_‘_—54—524_5\2/52_254—5.

REMARK 2.20 | For small ¢ > 0 we have #5(e) < 72, 0 < t1(e) < 1

t<ti(e):=1

Hence
el —(1—e)t] — (1 —1)?
o* =max{o’,0} = 2t

We split now integral (2.28) into four pieces, as following

= 1
/ dt/ do =
0 0
ta(e) o* ta(e) 1 t1(e) 1 — 1
:/ dt/ da+/ dt/da—i—/ dt/da+/ dt/do, (2.29)
tl(E) 0 t1(8) o* 0 0 tQ(E) 0

and we treat each of them separately:

e for the first one we have
o” (N=3)/2 1 o"
o s—3/2
do < / 1—t)?+2to do <
/0 [(1—1)2 + 2t0]V/27 (2t) N 72 I ]
1 1

< - -
= iN-D2 g _ %

[ 2 (1= (=) ™ g

and therefore the first integral is less than

ta(e) t(N—l)/Q 1
/ s — |- - ) A I L (2.30)
tie) (L—(1—e)t)” s—3
note now that tz(¢) — t1(e) ~ &, up to a multiplicative constant, and = — 1 ~ ¢ and thus (2.30)

is of magnitude
E—ﬂ +2s.
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e for the second integral we have

*

/1 O'(N_3)/2 d 1
o<
o [(1—1)2 + 2t0])/? (2t)(N =3/

1
— ¢(N=1)/2

and therefore the second integral is less than
H(N—1)/2

/tQ(E)
ne (1—(1—e)n)’

and (2.31) is of magnitude

e - —gnT?

€*ﬁ+2s;

e for the third integral we have

o(N—=3)/2 1

/ [(1— )2 +2to] > do <
0

— (14 t3)"V2| at

1 1

1
do <
/0 [(1— )2 + 2t0]™/?

so that the third integral is less than

! d
/ o
tN=R2 o 11— )2 4 2t0]%

S0 T

dt -

t1(e) t(N=1)/2 s dt t1(e)
/ s . S Es/
o (I—(1—ep)’ " 1-t o (1—1)

(1-(1—e)t)™

e(l-t(e)’ &

f1(€) dt
< 55/ =
0 S

if 8 # s and (2.32) is of magnitude

e’ for 0 < B < s,
e’ log% for g = s,
e B+ fors< f<1+s;

e for the fourth integral we have

o(N=3)/2 1

1
do <
/0 [(1— )2 + 2t0]™/?

so that the fourth integral is less than

B—s B—s

dt

/175 t(N_l)/Q Es dt /175
. < e’ —
e 1-1—e)t)’™ t-1 e (t—1) (1-1-e))’

and (2.33) is of magnitude
1

5/176 dt S
& e — ~ £
tae) (t—1)"7F!

1

- dt
e’ —— ~c¢'logd
/tQ(E) t— 1 €

1

g

s T dt
ta(e) — 1 /tz@) (1-(1—ep)’

~ g B+2s

for 0 < B < s,

for 8 =s,

fors<p<1+s.

[5—1/2 (1= (1—e)t) Y2 - (1442)"1/2

(2.31)

(2.32)

(2.33)
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Resuming the information collected so far, what we have gained is that, up to constants,

5(x)® for 0 <3< s,
; 1
u(z) < { () log 5@ for B =s, (2.34)
§(z) P fors<pf<1l+s.

This establishes an upper bound for the solutions. Note now that the integral (2.28) works also as a
lower bound, of course up to constants. Using the split expression (2.29) we entail

u(xz) >
/Sa/d{K1—QQ+1+2uﬂAsﬂ—(l—5M}s(Ns) (i

o 2 dg —— 2
[(1—1)2 + 2t0]™/ ! (1—(@1-ep)’ “

t1(e) tN—-1.s 1 0_(N—3)/2
Z/ 5 s / N7a do dt,
0 (1—-(1—e)) 0o [(1—1)2+ 2to]

where we have used only the expression with the third integral in (2.29). We claim that

/1 AN S 1 (2.35)
g ~ = 5 -
0 [(1—1)2+ 2t0]"/? 1—t " 1-(1-e)t

where the inequality is intended to hold up to constants. In case (2.35) holds and 8 # s we have

t1(e) tN-1.s 1 O.(N—3)/2 t1(e) tN-1gs
/ —/ . -
0o (I—(1—e)) 0 [(1—1t)2+ 2to] 0o (I1—(1—e))

ti(e) 1(©) 9 s
B N-—1 /t tN=2¢ .
(1-e)B=95)Jo (QA-(1-en) "

The integral on the second line is a bounded quantity as € | 0 since < 1+ s. Now, we are left with

1 tN_lgs

1-a)B—5) (1-(1-ep)’"

0

( ) €7ﬁ+2s es
u(x -
T B-s p-s
so that
et when 0 < < s

1
u(xr) > ¢ e°log— when B=3s
€
eF+2% when s < f<1+s.

We still have to prove (2.35): note that an integration by parts yields, for N > 4,

1 (N=3)/2
/ y d : 1 +
o= .
0 [(1*t)2+2tU]N/2 2t (1—N/2) [(1 *t)2+2t]N/271

1 1 o(N=5)/2
+ / Nj2—1 do
20(N/2=1) Jo [(1—1t)2+ 2t0]

so that we can show (2.35) only in dimensions N = 2, 3 and deduce the same conclusions for any other
value of N by integrating by parts a suitable number of times. For N = 2

do T

/o Vol =82 +2t0] _ VRi(l 1)

/1 do 11 1
0 [(1—t)2+2t0]3/2 o4t \1—t 1+t

For N =3
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which completely proves our claim (2.35).
So far we have worked only on spherical domains. In a general domain Q with C'*! boundary, split
the problem in two by setting v = uj + us, for 0 < f < 1+ s and a small 69 > 0

s X{6>6 . s X{s6<4 .
(=A)uy = % in Q (=A) ug = % in Q
u =0 in CQ2 Uz =0 in CQ2
Fu; =0 on 0, Fus =0 on 0f).

Note that u; € C*(RY), see [73, Proposition 1.1]. Since 90 € C1!, we choose now dy sufficiently small
in order to have that for any y € Q with §(y) < d¢ it is uniquely determined 6 = 0(y) € 99 such that
ly — 0] = 6(y). Then in inequalities (see (1.14))

/ [|x —y* A 6(x)6(y)r Galz,y) dy <
{6(y)<d0}

dy < ua(z) = /
e |z —y[N 8(y)” tsw<soy  d(y)°

e [lz = yl* A 6(2)3(y)
< / 5 dy
{6(y)<do} [z =y é(y)

v(0), 6 € 99, the outward unit normal to 9 at 6,
e:=4d(x), 0* =0(x), and x =0* — v (6%),
0=0(y), r:=0(y), and y =0 —rv(0).

Then, using the Fubini’s Theorem, we write

[|$_y| A 6(x) do |9 —ev(0*) — 0+ rv0) /\ET}S
/ / / = dH(0) dr. (2.36)
Gw<sy |z —yNay)’ o0 0% —ev(0*) — 0 +rv()|" rP

set,

Split the integration on 0f) into the integration on I' := {0 € 92 : |0 — 6*| < 01} and 9\ T, and choose
§1 > 0 small enough to have a C!+! diffeomorphism

ga:fQSNﬁl

— T
w — 0

= p(w).

We build now _
?:0x(0,60) € Br — {yeQ:6(y) <do, |0(y) =07 < o1}
1-dw=w-0w — y=0-35v0) =¢pw)—odv(pw)),

where we suppose e; € I' and qﬁ(el) = 0*. With this change of variables (2.36) becomes

S

[|$*y|2/\ () Jo 6175617w+rw|2/\5r
|Dg(w)| dH(w) dr
/{5(y)<50} |xfy|N5( / / ler —eey —w+rw|Nr5

which, since |Dg(w)| is a bounded continuous quantity far from 0, is bounded below and above in terms

of .
o [(1—¢)eg — (1 — r)w|2 A ET}
/ / = dH(w) dr
17561 (17T)w| Tﬁ

i.e. we are brought back to the spherlcal case.

2.4.2 Boundary continuity of s-harmonic functions
Consider g : CQ2 — R and
uw) = = [ o)~ Gata.y) dy
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and think of letting x — 6 € 0€). Suppose that for any small £ > 0 there exists § > 0 such that
lg(y) — g(0)] < e for any y € CQAN Bs(#). Then

[u(e) — 9(6)] = \ [ 60~ sy Gaten) dy\ <

< / 1(9(0) — 9())(=2) Ga(z,y)| dy + / 1(9(0) — 9(¥)) (=) Gal(z,y)| dy.
CQNBs(0) CO\Bs(6)
The first addend satisfies
/ [(9(0) — 9(¥)(=L) Galz,y)| dy < *6/ (=A)°Ga(z,y) dy < e.
CONBs(0) CONBs(0)

For the second one we exploit (1.13):

e e1(9(6) — 9(v)
/C o 00~ 9B Gl )l dy < o(2) /C e

which converges to 0 as z — 6 € 0). So we have that

lim |u(z) — g(8)| <,

z—0 -

and by arbitrarily choosing ¢, we conclude

lim u(x) = g(0).

z—6

2.4.3 Explosion rate of large s-harmonic functions: proof of (1.17)

We study here the rate of divergence of
u(z) = —/ 9() (=A)°Galz,y)dy asx — 0Q, z €
cQ
which is the solution to
(=A)Y’u=0 inQ
u=g inCQ
Fu=0 on 0Q
in case g explodes at ).
REMARK 2.21 | The asymptotic behaviour of u depends only on the values of g near the boundary,
since we can split
9 = 9X{d<n} T IX{d>n}
and the second addend has a null contribution on the boundary, in view of Paragraph 2.4.2. Therefore

in our computations we will suppose that g(y) = 0 for 6(y) > 7.

In the further assumption that g explodes like a power, i.e. there exist 7, k, K > 0 for which

k K

<g(y) < ——, for0<7<o<1l-—s 0<d(y)<n

sy =YY= Sy

(the choice ¢ < 1 — s is in order to have (2.18), see (1.13) above) our proof doesn’t require heavy
computations and it is as follows.

Dropping multiplicative constants in inequalities and for Q, = {y € CQ: d(y) < n}:

5(x) u(x) = —b(x)” /C 9l (~A)Galr.y) dy <

IN

(S(.’L')S-i-o' B o o eis i
/m T L e = S~ ) O e d < 1
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Similarly one can treat also the lower bound:

5(x) u(x) = —b(z)" /C gly)- (=2 Gala.y) dy >

() [ s
> , - dy>— [ xo,@y) (—0)TTGHT (2, y) dy —— 1.
/Qn 5yt (1+0(y))° |z —ylV | X W) (ZA) G (@ y) dy

The limit we have computed above is the continuity up to the boundary of u solution of
(- TTa=0 in Q,
u= X, in CQ,
Eu=0 on 0f).

REMARK 2.22 | Both the upper and the lower estimate are optimal, thanks to what have been shown
in Example 2.11.

In the case of a general boundary datum g we start from the case 2 = B, recalling that in this setting,
according to [60, equation (1.6.117)],

2 Galag) = S (LY

|z —y ¥ \lyl* =1

w1 [, 25 ()

Suppose without loss of generality

and therefore

r=(1—-¢c)ey e=0d(x)
y=04r0 r=4y), 06=:=%L, 0 =e-0

(1+7r)N"1ar.

= ! C(N,S) 6(2—6) s ,
u(ﬂﬁ)—/o [/BB |(1—5)2+(1+T)2—2(1—6)(1+r)91|N/2 (T(2+7’)) g( 9) dH(@)

Denote now by g(r) = sup, <;<, SuPs(4)= 9(), which is decreasing in 0. Splitting the integral in the ¢
variable into two integrals in the variables (61,6’) where 67 + |¢'|> = |0|?> = 1, up to constants we obtain

l Ve (1 - 62)V=3)/2 ol N
| )S/O Vl (It (14220 -1+ 7 dal] glr) (1+7)7" dr <
o n 1 (1 _ 9%)(N—3)/2 §(r) ;
- /0 /—1 (L= 22+ (1472 —2(1— )1+ )0 dal] pe A (237)

Define M := }—f; > 1 and look at the inner integral:

1 (1 _ 9%)(N73)/2 o 1 (1 _ 9%)(N73)/2 5 <
N/2 1= 2 21 N/2 L=
—1 |14+ M2 —2M6,| 11 —62+ (M —61)?

1
S/ 11— 607+ (M —6,)2| % doy.
-1
The integral from —1 to 0 contributes by a bounded quantity so that we are left with
' —3/2 ! 32
ue) < /’1_91+(M_91)2‘ o :/\T+(M—1+T)2! dr
0 0
1 B —1/2|1 1 1—¢
< M —1)2 3/2d — 9 M—1)2 1/2 - _ -
< [reor-v e - capror-ap) s e - B
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Thus

<

u(x)SES/On_(T).l_Edr<ES/O E(r). 1 dr—l—/ln/Ey(ET) ! dr.

rs r+e - rs r+e ™ 14T
Our claim now is that this last expression is controlled by g(e) as e | 0. Since g is exploding in 0, for
small ¢ it holds g(r¢) < g(e) for 7 > 1 and

1 [Eg 1 too 1
—/ G . dr §/ dr.
1 1

g(e) T$ 1+71 e

_6_/ g((’), L gre S /g((’)dT
ge) Jo 1 r+e ege) Jo r*

To compute the limit as € | 0 we use a Taylor expansion:

For the other integral

1 € 2
_/ G(r) dr = G(e) + G'(2) 5 + o(e?),
e Jo 2

where we have denoted by G(¢) = e *g(s). Thus

e [fgr) 1 G'e) [
y<a>/o e rre TS agE et (G(a))'

We are going to show now that

Indeed

TG'(€) T dg
- [ G d£</€ T = c<cwm

which is guaranteed by the fact that G is integrable in a neighbourhood of 0.

These computations show that, in the case of the ball, the explosion rate of the s-harmonic function
induced by a large boundary datum is the almost the same as the rate of the datum itself.

Note now that up to (2.37) the same computations provide a lower estimate for u if we substitute g
with g(r) = infs(,)—, g(v). Then

(O~

/1 (1 _ 9%)(N—3)/2 /1 (1 _ 9%)(N—3)/2

91 = d(gl Z
114 M2 —2M6, N S 1= 624 (M —6y)2"?

1 gN=3)/2 1
- / Nz 4o =

0 o+ (M—1+0)2" M -1
where the last inequality is (2.35). Finally we need only to repeat the above computations replacing g
with g and other minor modifications.

In the case of a general smooth domain, we can reduce to the spherical case as we did to conclude
Paragraph 2.4.1.
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Chapter 3

Semilinear fractional Dirichlet problems

3.1 THE METHOD OF SUB- AND SUPERSOLUTION:
PROOF OF THEOREM 1.11

The proof is an adaptation of the result by Clément and Sweers [28].
Ezistence. We can reduce the problem to homogeneous boundary condition, indeed by considering

the solution of )
(=A)’v=0 inQ

v=g in CQ
Ev=0 on o
we can think of solving the problem (note that the boundedness of g implies (1.11))
(=A)’u=—f(r,v+u) inQ
u=0 in CQ)
Eu=20 on OS2

therefore from now on we will suppose g = 0. Note also that since v is continuous in €2 and bounded
then (x,t) — f(x,v(z) + t) satisfies f.1) too.
Modify f by defining

F(z,u) =< f(z,u) if u(z) <wu <u(z) for every 1 € Q, u € R :
flzyu(x)) if u<u(z
the function F(x,u) is continuous and bounded on © x R, by hypothesis f.1) and the boundedness of
u,u. We can write a solution of

(—=A)’u=—F(x,u) inQ
(%) u=0 in CQ)
Eu=0 on 02
as a fixed-point of the map obtained as the composition
L>* Q) — L>(Q) —  L>®(Q)
(=A)'w = —F(z,u(z)) in Q,
w=0in CQ, Fw =0 on 9N.
The first map sends L°°(Q) in a bounded subset of L>°(£2), by continuity of f and boundedness of u, @.

The second map is compact since w € C*(R™), thanks to the results in' [73, Proposition 1.1]. Then the
composition admits a fixed point in view of the Schauder Fixed Point Theorem.

u —  —F(x,u(z)) — ws.t.{

IThe notion of solution used in [73] is different from the one we use here, but look at Section 5.2.
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Note that a solution to the original problem lying between w and @ in €, is also a solution of (x).
Moreover, any solution of (x) is between u and w. Indeed consider A := {z € Q : u(z) > w(x)}, which is
open by the continuity of v and @. For any ¢ € C°(A), ¢ > 0, with the corresponding ¢4 € T(A), by
Corollary 2.15,

[ = — [ Fea@)oaw do- [ uw) (-2)0a) ds
A A Q\A
= [ P @) oa@) do- [ (o) (~2)'6a(0) da
A Q\A
< / u(x) Y(x) do
A
which implies v < W in A, by positivity of v, proving A = ().
Uniqueness. If we have two continuous solutions u and w
(=A)u = —f(x,u) in Q (—A)’'w = —f(z,w) inQ
u=gq in CQ w=g in CQ2
Fu=20 in 02 Fw=0 in 0Q

then for the difference u — w it holds
(=0 (u—w) = —f(z,u) + f(z,w) in
u—w=>0 in CQ)
Fu—Fw=0 in 09Q.

Defining Q; = {z € Q : w(x) < u(z)}, thanks to the monotony of f,

(=AY (u—w) <0 in O
u—w<0 inC
Fu—Fw=0 1in 0%
but then, according to Lemma 2.16, © < w in 3. This means ; is empty. By reversing the roles of u

and w, we deduce u = w in Q.
Minimal solution. We refer the reader to the proof in [40, Corollary 2.2].

3.2 PROOF OF THEOREM 1.12

In the case of negative right-hand side, Theorem 1.12 follows from Theorem 1.13. So, assume the
right-hand side is positive and consider

We look for a suitable shape g of v outside €2 and exploding at 92: the large s-harmonic function vg

induced by ¢ in Q will be a subsolution of our equation, and in particular will imply that the blow-up

condition at 0f2 is fulfilled. Then, in order to prove the existence part, we need a supersolution.
Consider F': R — R continuous, increasing and such that F(t) > f(z,t) for any t > 0: for example,

F(t) = 75 + max [magf(x,r)} .

0<r<t | e

Choose
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where ¢ = ¢(N, s,) is the constant of equation (1.17) giving the upper control of large s-harmonic func-
tions in terms of the boundary datum (see Paragraph 2.4.3), and define for z € RY, §(z) < max,, .5 6(z')

d
I(z) = min CN,S/ 2 €, 6(2) = b(x) },
co [z =y

while I(z) = 0 when z € CQ, §(x) > maxd(z'). Note that when §(z) is small
' €Q

T g Cn.s 1
P N,s WN—1
I(z) < Cnswn— / = ’ . )
(z) Nys WN—1 5(z) plt2s 25 5(90)25

Such g satisfies hypothesis (2.18), since when §(x) is small

4s 1—s

_ 4s 1
F(t) >t = F_l(t) <t®m = F~! (I(x)) < (CN’SWN 1) nyE
3(a) "/

Call vg the solution to
(—A)S’UO =0 in Q,

vg =g inCQ,
Evg=0 on 99.

Denote by w := v — vg: our claim is that problem

(=A)’'w = f(x,v0 +w) inQ
w =0 in CQ
Ew=0 on 0

admits a solution w. Indeed, we have a subsolution which is the function constant to 0 in Q and xgq
turns out to be a supersolution. To show this we consider the problem

(=A)’w > Fvg+w) inQ
w =0 in CQ
Ew=0 on 0N}
and observe that, when x € Q
s dy
(=A) " xa(r) =CnNs — N7 = I(z)
ca |z =yl
and

F(vo(x) +1) < F(eg(z) +1) = F(F~'(I(x))) = I(2).

Finally, the property F(vg + w) > f(x,v9 + w) concludes the construction of the supersolution. Then
Lemma 3.2 below provides the existence of a solution.

3.3 PROOF OF THEOREM 1.13

For any n € N, denote by g, = min{g,n}. Also, with the notation of equation (2.14), for a small
parameter » > 0 denote by

5 = o0 = h@) 2 g = [ o) )50 d

T
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and recall that this is an approximation of the h boundary datum. Finally call u,, , the minimal solution
of
(_A)S“n,r(x) = —f(z,unr(z)) + fr(z) inQ

Up,r = Gn in CQ
Eup =0 on 00

provided by Theorem 1.11, with u = 0 and @ = u! defined below. Note that for any r > 0, the sequence
{tn,rtnen We obtain is increasing in n: indeed, u,+1,, is a supersolution for the problem defining w,, ,,
since it has larger boundary values and the minimality property on w, , gives uy , < un41,-. Moreover,

{unﬁ,«}neN is bounded by the function u? associated with the linear problem with data g and f,, i.e.

(=AUl = f, inQ,
u =g inCQ,
Eu?=0  on 9.

Therefore u, , admits a pointwise limit in R as n 1t +oco. Call u, this limit: obviously u, = g in CQ.
Take any nonnegative ¢ € T () with 0 < ¢ = (=A)°¢lg € C°(Q): then

[ () = o < timint /Q @ uny) — frl 6=

nt+oo
3 n 7A d) — — 7A Q),
- linsup/ u 11/1/} g ( ) / u ,'l/} / g( )

where we have used the Fatou lemma and the continuity of the map ¢ — f(x,t). This means that u, is
a subsolution.

We are left to prove that u, is also a supersolution. Call ' = suppy CC Q and build a sequence
{Q%} pen such that Q" C Qp € Q and Q7 Q. Since ¢ € C°(Qy) for any k, then the we can build the
sequence of functions ¢y € T () induced by ¢: this sequence is increasing and converges pointwise to
¢. Moreover, for any k, since (—A)°¢r < 0 in CQy

/Q F@w) — file= lim [ @ uns) — £l b

nt+4oo Qp

= lim */ Un,r"/)f Un,r —-A S¢k)
”T+°°< Q CQ ( )

letting both sides of the inequality pass to the limit as k& T 400 we obtain

[ s =s1o= = [wi [ a-aye

because recall that for x € CQ C CQy,
-8y oule) = [ R ay
Q. |z — vyl
increases to —(—A) ¢(x).
This means that u,. is both a sub- and a supersolution and it solves
(7A)Sur(x) = 7f(xvur(x)) + fr(z) in Q,
u=g in CQ, (3.1)
Fu=0 on 0f).
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REMARK 3.1 | Note that we have just solved all problems with null » boundary datum, i.e.

(=A)*u(x) = —f(x,u(x)) inQ
u=g in CQ
Fu=20 on Of)

since in this case f, = 0.

We want now to push r | 0. We claim that the family {u,}, is uniformly bounded and equicontinuous
on every compact subset of : there would exist then a u € L'(Q) and a sequence {ry},y such that
rp — 0 as k — +o00 and u,, — v a.e. in £ and uniformly on compact subsets. Then for any ¢ € T(Q)

/Q umim% - - /Q f(f,um)aﬁ T /Qifmfb - /mgemsas

/Qu(—A)SQS —/Qf(z,u)aﬁ +/BQhDS¢ —/CQg(fA)Saﬁ

where the convergence [, f(x,ur, )¢ = [, f(z,u)¢ holds since

fx,un)|é] < Alau,, ) C6% < Aaug) C§* < A(CS*1) 6% € LH(Q).

We still have to prove that our claim is true. The uniform boundedness on compact subsets of {u,}, is
a consequence of inequalities

0<u, <ul 49, ug, for any 7,
where .
(=AUl =f, inQ (=A)up=0 in
uw=g inCQ ug =g in CQ
Eug =0 on 0, Eug=h on 09,

and the convergence of v, to ug is uniform in compact subsets of Q2. Then

|ur(z) = ur(2)] =

| (Gae) = Gae.) 1= w0, 0) + 1:0)] dy}

< / (Gala,y) = Ga(z,y)| (a1 + Cazd(y)"* ™) dy + / Gale.y) — Galz,y)| Co(y)~" dy
Q Q

implies the equicontinuity. If there exist by,T > 0 such that

f(z,t) > bytis,  fort>T.
and h # 0, then a solution would satisfy
fGu)é® & LY(Q);
in this case the integration by parts formula defining a weak solution would not make sense.
Note that this proof exploits the negativity of the right-hand side only in considering the s-harmonic
function induced by ¢ and h as a supersolution of problem
—(=AY’'u= f(z,u) inQ
u=g in CQ
Fu=nh in 0Q2.

With minor modifications to the proof we can state
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LEMMA 3.2 | Let f: Q xR — [0,+00) be a function satisfying f.1) and f.2). Let g : CQL — R* be a
measurable function satisfying (1.11) and h € C(92), h > 0. Assume the nonlinear problem

(=2 ’u = f(z,u) inQ
u=g in CS)
Eu=nh on 0$2

admits a subsolution u € L*(Q) and a supersolution u € L*(2). Assume also u < U in Q. Then the
above nonlinear problem has a weak solution u € L*(Q) satisfying

u<u<u.

Proof. Replace, in the above proof, the function u° with the supersolution 7. O

3.4 SUBLINEAR NONNEGATIVE NONLINEARITY:
PROOF OF THEOREM 1.15

We first prove a Lemma which will make the proof easily go through.
LEMMA 3.3 | There exists m = m(A) > 0 sufficiently large for which any problem of the form
(=A)’u(x) = Au(z))  in Q,
U= mCQ, g>m >0,
Eu=nh on 0%,

is solvable.

Proof. We can equivalently solve the integral equation

u(@) = uolz) + / Gale.y) Mu(y)) dy,

where wg is the s-harmonic function induced by ¢ and h in .
Define the map
K : LY Q) — LYOQ)

u(e) > unle) + [ Galoy) Auly) dy
Q

The condition g > m in CQ) entails ug > m in §; also, for any w € Ll(Q), w > 0 implies Kw > ug > m,
therefore K sends the subset D,, := {w € L*(Q) : w > m} of L(Q) into itself. Moreover, for u,v € D,,

[ uta) = Kute)] do < [ [A(n) = Ao()] [ Galary) do dy <

2 2

< [l 519 A u(a)) [ Jul) = )] dy < ¢’ (m) [ Juty) = o(0)]
zEQ Q Q
where ((y) = [, Ga(z,y) dz. Now, if m is very large, we have
[¢llooA (m) < 1,

i.e. K is a contraction on D,,, and K has a fixed point in D,,. O

In general, for the problem
(=A)’u= f(z,u) inQ,
u=gqg in C(),
Eu=h on 0f),
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we have a subsolution which is the s-harmonic function satisfying the boundary conditions.
But we are now able to provide a supersolution: this can be done by setting g,, = max{g, m} and by
solving, for some large value of m,

It is sufficient to apply the classical iteration scheme starting from the s-harmonic function ug and
with iteration step

(7A)suk = f(za ukfl('r)) in Qa
for any k € N Up =g in CQ,
Fur =h on 0f).

In such a way we build an increasing sequence {uy }xen € L'(€2) which is uniformly bounded from above
by u. Indeed, on the one hand we have that

(=) (ur —ug) = f(z,up(x)) >0 inQ
Uy — upg = 0 in CQ
E’U,l - EUO =0 on 02
entails that w; — ug > 0, while on the other hand an induction argument relying on the monotony of

t — f(z,t) finally shows that uj increases. Call u(z) := limy, ug(z), which is finite in view of the upper
bound furnished by @. Then

u(z) = k?floo ug(z) = uo(z) + k#ifloo/ﬂf(y,mq(y)) Ga(z,y) dy = = uo(z) + 5 f(y,uly)) Ga(z,y) dy.

3.0 SUPERLINEAR NONNEGATIVE NONLINEARITY:
PROOF OF THEOREM 1.16

We give the proof for problem

(=AN)’u=Af(z,u) inQ
u(z) =6(x)"  inCQ 0<B<1l—s
Eu=0 on 0f2

while for the other one it is sufficient to replace 8 with 1 — s and repeat the same computations.
To treat the case of a general nonlinearity we use again the equivalent integral equation

u(@) = uolz) + A /Q Gl ) f(y, uly)) dy.

where ug is the s-harmonic function induced in € by the boundary data. In this case the computations
in Section 2.4 on the rate of explosion at the boundary turn out to be very useful. Indeed on the one
hand we have that wug inherits its explosion from the boundary data g and h: briefly, in our case

g(x) = 0<p<l—s — < < wup(z) <

8(x)" 5(x)” 8(x)”

Since ug is a subsolution, our first goal is to build a supersolution and we build it of the form

E:’“04’C5
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where )
(=A)’¢C=6(x)"7 iInQ, >0

(=0 in CQ,
EC=0 on 0f).
Recall that, (1.16) says
c10(z)’ if0<~v<s,

s 1 .
((z) > < c30(x) log 5@ if v =s,
cs0(x) 7T ifs<vy<l+s.

The function w is a supersolution if

() > uo(z) + A A Galz,y) f(4,(y)) dy.

or, equivalently formulated

() 2 A [ Gale.g) F(w.uol) + ) d.
Q
If f(z,t) has an algebraic behavior?

f(z5t)§al+a2tp; a17a2>05p21

then .
Fly.uo(y) +C() < a1+ a2 (uo(y) + ()" < 5($)pc |
W if v—2s> 0.
In case 7 — 2s < 8 we have
ca C6(x)° if pB < s
s 1 —
/Gsz(z,y)f(y,w(y) +C(y) dy<{ 05(5) log sy ifpB=s
) ﬁ if s <pB<l+s

again in view of Paragraph 2.4.1, so that we can choose v = pf provided pg — 2s < .

If this is not the case then it means we need powers v satisfying v — 2s > 8. If v — 2s > 3 we have

e C6(z)” if p(y—2s) < s

R »
[ Gote) 1(wulo) + <o) ay < { 4O 08 gy 0200 =
CGC

3P0 29 if s <p(y—2s)<1l+s
T

and a suitable choice for v would be

2
yzmax{ﬁ,ﬁ—i—ls—i—a}
p—1

which fulfils both inequalities
y=2s>8,  v>p(y—2s)

This is an admissible choice for v provided v < 1+ s, i.e. only if p > (1 + s)/(1 — s); in case p doesn’t

satisfy this lower bound then

1 1
p<2 = pp<Eig< gy
1—s 1—s

2For p < 1 we are actually in the case of the previous paragraph.
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and we are in the previous case.
Finally, if ¢8 > 1 4 s then a solution u should satisfy, whenever §(x) < 1,

Fla,u(@) > bu(z)? > bug(z)? > cd(z)” "
which would imply

/QGsz(x,y) [y, u(y)) dy = +oo, z€Q,

which means that the problem is not solvable.

3.6 COMPLETE BLOW-UP: PROOF OF THEOREM 1.18

Consider a nondecreasing sequence {fx}ren of bounded functions such that fr 1 f pointwisely as
k 1 400, as in Definition 1.17. Let us first prove the theorem in the case of null boundary data. The
first claim is that

/kaw,uk(x)) 5x)" de ) oo

Suppose by contradiction that the sequence of integrals is bounded by a constant C. Consider an
increasing sequence of nonnegative {1}, .y € C2°(Q2) such that ¢, T 1 in Q and pick ¢, € T(2) in
such a way that (—A)®¢,, = 1, holds in Q. Then

/Ukwn = / fe(@,ug) dn < ¢ | frlz,ur(x))d(z)” do
Q Q Q

for some constant ¢ > 0 not depending on n, see [73, Proposition 1.2]. By letting n 1 400, we deduce
that wuy is a bounded sequence in L!(Q2). Take now u,; as the minimal solution to the k-th nonlinear
problem: since (—A) uy,y = fog1(@, uypyq) > fu(@, ;) then u,, is an increasing sequence and it admits
a pointwise limit w. This u is limit also in the L'-norm, since w, is bounded in this norm. But then, for
any ¢ € T(), we have by the Monotone Convergence Theorem

Jucayo=tm [wars=tm [ fieuo= [ f@us

kT+o00 kT+

that is u € L1(2) would be a weak solution, a contradiction.
Our second claim is that

> [ [ 510,00 500 dy} 5(2)",

for some constant ¢ > 0 independent of k. To do this, we exploit (1.14). Call Q;(x) ={y € Q: |y —2| <
5(x)o(y)}, Qa(z) ={y e Q: |y —z| > d(x)d(y)} and d(Q) = sup{|ly — | : =, y € Q}:

u(r) = /Q Gal(x,y) fr(y,u.(y)) dy

2s s s dy
> 02/Q [Iw =yl ANo(x) (y)" | frly, ur(y)) P
= o Awm®) Tt ad@) [ 80 Rl ) —
Q1 (x) lz =yl Qa(x) lz —y
- x)°6(y)° u dy e x)° ? u
2 o o T ) e o) [ 60 ety a0 dy
> =2

R §5(x)° /Q 6(y)° ey, uy(y)) dy.
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Let now k 1 +o00: by the monotone pointwise convergence of fj to f and by the monotonicity of {u; }en
(as noticed above), the last term in the inequalities above converges to +o0, and we see then how we
have complete blow-up.

In the case of nonhomogeneous boundary conditions, we consider the s-harmonic function uy induced
by data g and h, and we denote by F(z,t) = f(x,uo(z) +t) for x € Q, ¢ > 0. By hypothesis we have
then that there is no weak solution to

(=A)’v=F(z,v) in Q,
v=20 in CQ),
Ev=0 on 0f).

Since any monotone approximation on f is also a monotone approximation of F', then there is complete
blow-up in the problem for v and this bears the complete blow-up for the problem on w.



Chapter 4

A Keller-Osserman condition for (—A)*

In this Chapter we are going to provide the proofs of the results listed in Section 1.4. Recall the list of
assumptions we have set ourselves in.

4.1 PRELIMINARIES

Hypothesis (1.20) implies that f(¢)t~1= is monotone decreasing and f(¢)t~1~™ is monotone in-
creasing, since

d 1) _ 1 (f’(t)-(1+M)@) <o 240 _ 1 (f’(t)—(1+m)@) > 0

EtlJrIV[ t1+IV[ dt t1+m = t1+m —

we write this monotonicity conditions as
AT < flet) < M, c>1,t>0. (4.1)

The function F satisfies two inequalities similar to (1.20):

t f(t)
24m < o < 2+ M, (4.2)

indeed by integrating (1.20) we deduce
t
(1+m)F(t) < / rF(r) dr = (1) — F(2).
0

Let ¢ = ¢~ ! be the inverse of ¢, so that

—+o0
v o= / dt , v > 0. (4.3)
vy VF(t)

The function v is decreasing and ¥ (v) 1 400 as v | 0. Moreover, by Remark 1.19 and (4.2), for u > 0
and some y € (u, +00)

2
1

[ee] - > —

o(u) _ VFE@w) [T dt _ V@) _ 1 =M

ul¢! (u)] u u /F(t 1 _yf) yfly) _q 2

(®) VF(y) 2F(y)?/? 2F (y) < -

which in turn says that it holds, by setting v = ¢(u),
2 vy’ (v)]

< 2 <

M = ()

2
ma
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and one can also prove
Y(ew) < HMy),  ce(0,1), v>0. (4.5)

as we have done for (4.1) above. Also, by (4.2) and (4.4),

) | P f) | R PWW) R0
e T 2w @R b (4.6)

4.2 CONSTRUCTION OF A SUPERSOLUTION

In this paragraph we prove the key point for the proof of Theorems 1.21 and 1.23, that is we build a
supersolution to both problems by handling the function U defined in (4.7) below.

Since by assumption 9 € C?, the function dist(z, Q) is C? in an open strip around the boundary,
except on 0F2 itself. Consider a positive function d(x) which is obtained by extending dist(x, 9€2) smoothly
to RV \ 99. Define

Uz) = ¢(6(x)*), r e RV, (4.7)

LEMMA 4.1 | The function U defined in (4.7) is in L'(£2).

Proof. Since both 1 and §° are continuous in €2, then U € Li (92). Fix §y > 0 small and consider

loc

Qo ={zreQ:0(z) <dp}. We have (using once the coarea formula)

do
P(6(x)®)dx < C P(t*) dt -

Qo 0
apply now the transformation ¢ (t°) = n to get

+oo

[ vras < o[ nom® )y
Qo

o

where, by Remark 1.19,

/ 1 n

= d Y

9" (n)] 0 an o(n) ek
therefore )
+oo 55

d C L) d
fo@a < e[ (5) o
which is finite by (1.23). O

PROPOSITION 4.2 | The function U defined in (4.7) satisfies for some C, 69 > 0
(=AU > -CfU), inQs, ={xe€Q:d(x) <dp} (4.8)
Proof. We start by writing, for x € Q

(8] U@) _ Y(6(2)*) = P(5(y)*) Y(6()°) — P (6(y)*)
s = PV/Q PEET dy + - FIEEE dy.

Let us begin with an estimate for

Y(6(z)*) —(d(y)*)
PV/Q E— dy.

N+2s

Split the integral into
P(0(2)*) — (0(y)*)

|z —y| N+

P(0(2)*) — (0(y)*)

|z —y| N+

$((2)*) — ¥ (6(y)*) dy

|z —y| N+

dy + PV
Qo

dy +
Q3

931
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where we have set

Q=0 UQUQs, with: Q; = {y €Q:d(y) > §5(:0)}
1 3
0= {yc0: 506a) <a) < 3ot}

Q= {y €Q:dy) < la(x)} .

In ©; we have in particular §(y) > 6(z) so that, since ¢ decreasing function, the first integral contributes
by a positive quantity.

Now, let us turn to integrals on Qo and Q3. Set z = 0 + 6(x)V(z), 0 € 9Q: up to a rotation
and a translation, we can suppose that § = 0 and ¥(x) = ey. By compactness, 9§} can be covered
by a finite number of open portions I'; C 92, j = 1,...,n. For any j = 1,...,n, the function  —
dist(n, 02\ IT';) is continuous in 9N and so is 7 — max; dist(n, 9Q \ T';): there is a point n* € 9Q where
1 — max; dist(n, 9Q\T';) attains its minimum. Such a minimum cannot be 0 because n* belongs at least
to one of the I';. This implies that for any n € 0 there exists ¢ € {1,...,n} for which

dist(n, 02\ I';) > maxdist(n*,0Q\T';) (4.10)
J

and this in particular implies 77 € T';. Let I" be a neighbourhood of 0 on d€2 chosen from {I';}7_, and for
which (4.10) is fulfilled. Let also

w={yeRY :y=n+d(y)v(y), n €T}
The set I' C 99 can be described via as the graph of a C? function
y:BLO)CRY! — R
no— ) stn=(,y()) el

satisfying v(0) = |vy(0)| = 0.

The integration on (22 U 3) \ w is lower order with respect to the one on (€2 U23) Nw since in the
latter we have the singular in « to deal with, while in the former |z — y| is a quantity bounded below
independently on 2. Indeed when y € (Q3 U Q3) \ w

2~ 9l > 0+ 6(u)B(w)| — 5(x) > Inl — 8(y) — 5(x) > dist(0, 00\ T) — 26()

where §(z) is small and the first addend is bounded uniformly in « by (4.10).
We are left with:

C-PV /QW w(é(ﬁ)s)y}ﬁ(i@)s) dy +C

Let us split the remainder of the estimate in steps.
First step: the distance between x and y. We claim that there exists ¢ > 0 such that

$(6(2)*) — ¥ (6(y)*) dy.

|z —y| N+

Q3Nw

o —y* > c(lé(z)fa(y),|2+ln’l2), y € (QUs)Nw, (4.11)

y=n+0)v(y), n=0"v(1n)).

Since in our set of coordinates x = d(z)en, we can write

|z —y|* = |6(z)en — d(y)en + 6(y)en —ynen —y'|> >
> [0(z) — 8(y)|> — 2[6(x) — 6(y)| - 16(y) —yn |+ 16(y) —ynl* + [/ °.

We concentrate our attention on |§(y) — yn|: the idea is to show that this is a small quantity; indeed,
in the particular case when I" lies on the hyperplane yy = 0, this quantity is actually zero. As in the
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definition of w, we let y = n+4d(y)Vé(y) and n = (n',v(n')) € T': thus yy = v(n') +0(y)(Vo(y), en) where
Vo (y) is the inward unit normal to 9 at the point 7, so that

(=w('),1)

Y e

and
p_ Sy () 0(y) (4.12)

Yy =n - ;YN =) F ——.
VIvm))2 +1 [y ()2 + 1

Now, since y € Q2 U 3, it holds |6(x) — d(y)| < d(z) and

1

VI @2 +1

where, in this case, C' = ||v||¢2(p,) depends only on the geometry of 92 and not on x. By (4.12), we

20(y)* [y ()2
[y (m)]? +1
so that [7'|> < C|y’|?> when 6(z) is small enough. Finally

6(y) —yn| < v +6(y) (1 - ) < Chy'[? +2C5(x)y'[?

have

In'[> <2ly')* + <2l |2 4 2C5(y)? 0|2 < 20y + O3 (x)* /|2,

|z —y|* > |6(x) — 6(y) > + |y'|* — 2/6(x) — 6(y)| - 16(y) — yn| >
> [6(z) — 6(y)* + cln'|> — 2C6(x) ',

where, again, C' = ||v|[c2(p,) and (4.11) is proved provided x is close enough to €.
Second step: integration on Qs Nw. Using the regularity of ¢ and § we write

D(8(2)*) = ¥(6(y)*) = Vw0 6°)(x) - (x = y) = [|D*(¢ 0 6°) || Low @ | — ¢l

where / 2 1 /
. 0° 0° -1 0°
D2(¢h 0 6%) = 3?1§S)D25+ %v&@vwr%v&@v&
so that
s ’l/)/ 53 ’l/)” 55 ’l/}l 58
||D2(1/) ) )HL“’(QQI’TUJ) < C H 51(_ ) +C 62£23) +C 62(—5) .
Lo (Q2Nw) L°(Q2Nw) L (Q2Nw)

By definition of 25 and by (4.5) we can control the sup-norm by the value at a:

CACICH | S CIC P CACICI |
5

2 s - <
1D 0 6°) || Lo (2rw) < C (2)1—> 5(z)2—2s 3(z)2s

<

P(6(x)%)
< C §(x)22s §5(z)2*

and using equation (4.6) we finally get

. ,L/J// 6 S
ID?(1h 0 6°) | Lo () < C%-

If we now retrieve the whole integral and exploit (4.11)

$(9(2)°) —¥(5(y)*) ¥"(0(x)°) dy
R e T s /QMW =
V" (0(x)°) dy
g R Sl e A .
S /Qm (16(z) — 8(y)|2 + [n[2) V2272

V
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We focus our attention on the integral on the right-hand side: by the coarea formula

I z ]
Q2Nw (|5(:L'> — 5(y>|2 + |77|2)(N+2572)/2

36(x)/2 dHN-1
= / dt/ 27‘[ Q(U()N+2572)/2
5(x)/2 {6)=t}nw (|0(x) —t[* + [n]?)

36(x)/2 i

: C/ dt/ N+2s—2)/2
8(x)/2 B, (|6(z) — t|2 + |ny|2) N H2572)/
36(x)/2 r N2

- C/ dt/ dp
d(x)/2 o (|6(z) —t]2+ p2)(N+2s—2)/2

<

36(x)/2 T p 36(x)/2 dt
e[ Taf e B
5(x)/2 0 (|6(x) — t|2 + p2)PsTH/2 s(zy/2 |t —o(@)[*~t

We can retrieve now the chain of inequalities we stopped above:

Y(3(2)*) = (3()°) Y (0(x)*) [P dt P
fon e 2 O [ e 2 OV

Third step: integration on Q3 Nw. We use (4.11) once again:

/ $(0(2)°) — (o)) ,
Q3Nw

o =

$(0(y)*) $(6(y)*)
E dy > =C Ni2s d
2 T 2 O

o(x)/2 ’l/)(ts) C 3(x)/2 s
) Tz ), v

0

y =

Y]

The term we have obtained is of the same order of §(x) =259 (5(x)%), by (4.4):

5(x)/2 5(x)/2 s 5(x)/2
/ B(t%) dt = / P () dt = 28y (5(:”) ) - 1/ B(t°) dt
0 0 0

2s 28 s
so that 502
| e @< s = e % (4.13)

Recall now that ¢ (5(x)*)d(x)~2% is in turn of the same size of 1" (5(z)*) by (4.6).
Fourth step: the outside integral in (4.9). We focus now our attention on

Vo)) — vea))

|z —y| N+

cQ

First, by using the monotonicity of ¢, we write

Y(0(y)*) — ¥(d(x)*) Y(0(y)*) — ¥(d(x)*)
dy < d
cQ |z — y|N+25 v /{yECQzé(y)<5(w)}ﬂw |z — y|N+2S v
P(O(y)*) —P(d(x)*)
dy.
- /{yECQ:J(y)<5(m)}\w |z — y|N+2s Y

The second integral gives

0(y)®) —v(d(x)®
“ (|yx))y|1:/p£2s( Y dy < Cllo(°)]lzr @)

/{yeCQ:6(y)<6(l)}\w
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because the distance between x and y is bounded there. Again we point out that

Y(6(y)*) — ¥ (d(z)*) 6(x) V() = $(0(@)*)
/{6<y><6< ) I W= C/o |0(2) +t|1+2s dt <

_ C’/5@?)/2 W(t) dt+c/5(w) W(t)
~ Jo |6(x) + t|HH2s s(x)/2 10(z) +¢[1+2s

o(x)/2 s 3(x)
ca(x)—l-%/o W(E°) di + T (5(2””5) )/5( @ 07

IN

&(x)
< co) > [ ute) diok Cutola))ata) >

which is of the order of 1" (6(x)®), by (4.13) and (4.6).

Conclusion. We have proved that for §(z) sufficiently small
(=A)°U(x) = =Cy"(3(x)*).
Recall now that ¢”(6%) = f(¢ 06*)/2 and U = 4 0 6% in €, so that
(~A)U = —CU)

holds in a neighbourhood of 0f2. O

4.3 EXISTENCE

LEMMA 4.3 | If the nonlinear term [ satisfies the growth condition (1.25) then the function U defined
in (4.7) satisfies

3 1—s _
Il_l{gg (x) ~°U(x) = +oo.

Proof. Write

N 1—s S\ qro s 1;75
hzgggllfé(z) P(0(x)®) = linﬁgfué(u) .

Such a limit is +oo if and only if

. [T at
lim inf 47—

- =400
ut+oo u  \2F(1)

[ i

ufs/(lfs)

If we use the L’Hopital’s rule to

we get the ratio ui/\/QF(u) and applying once again the L’Hopital’s rule, this time to uﬁ/F(u), we
get utss /f(u) which diverges by hypothesis (1.25). Indeed, since f is increasing,

_14s 1—s [T —2/(1—s) e —2/(1-s)
uT ) = fw) t dt < foe dt 0.

O

LEMMA 4.4 | Let v : RN — R be a function which satisfies (—A\)°v € C(Q). If there exist C, 5o > 0
such that
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Proof. Define & : RN — R as the solution to
(=A)¢=1 in Q
£=0 inCO (4.14)
E£E=0  on 0N
and consider T = pv + A, where p, A > 1. If C € (0,1] then (—=A)°v > —f(v) in Qs,, so choose p = 1.
If C > 1, then choose p = C'/M > 1 in order to have in Qj,

(=) A+ f(@) = (=A)°(uv + X&) + f(pv + X) > —uCf(v) + f(uw) >
> (—pC+p ™M) flv) =0

where we have heavily used the positivity of £ and (4.1). Now, since (—A)°v € C(Q\ Q5,) we can choose
A = pll(=4) ] L= @\05,) S0 that also in Q\ Qs

(—0)°T = (~A) (v + A§) = p(=L)*v + A > 0 > —f(@).
O

Collecting the information so far, we have that Lemmas 4.1, 4.4 and 4.3 fully prove the following
theorems.

THEOREM 4.5 | If the nonlinear term f satisfies (1.18), (1.20), (1.22) and the growth condition (1.25),
then there exists a function u supersolution to (1.26). Moreover

u = pp(0°) + AS, in Q

where & is the solution of (4.14), A > 0, u = max{1,C/M} where C' > 0 is the constant in (4.8) and
M > 0 the one in (1.20).

THEOREM 4.6 | If the nonlinear term f satisfies (1.18), (1.20), (1.22), then there exists a function u
supersolution to (1.29). Moreover

u = u(0°) + AE, in Q

where & is the solution of (4.14), A > 0, u = max{1, CY/M} where C' > 0 is the constant in (4.8) and
M > 0 the one in (1.20).

4.3.1 Proof of Theorem 1.21

Theorems 4.5 bears as a consequence the following. Build the sequence of weak solutions to problems

(=A)’up = —f(ug) inQ
up, = 0 in CQ) (4.15)
Fu, = k on 02, keN.

The existence of any uy can be proved as in Theorem 1.13, in view of hypothesis (1.25), since it implies

do
f(65H6% ds < Hoo0.
0

We need here auxiliary regularity results that will be proved in the next chapter. Using Lemma 5.2 and
Corollary 5.3, we deduce that uj, € C?**(Q) and

(=)’ ur(z) = —f(ur(z)), for any z € Q

in a pointwise sense.
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Step 0: {uy}ren is increasing with k. Consider

(=2)* (upgr —ur) = f(uk) = f(urs1) in Q2
Uk+1 — Uk = 0 in CQ)
E(ups1 —uk) = 1 on 9.

Call Q) = {uy > ugy1} which satisfies @ C Q as it is implied by the singular boundary trace. In
@ C Q the difference uy — ug11 attains its maximum at some point xx: at this point we must have
(=)’ (ug, — ugs1)(zx) > 0 because it is also a global maximum. But at the same time f(ujy1(2x)) —
flug(zr)) <0, because f is increasing, proving that Qg must be empty.

Step 1: {ug}ren has a pointwise limit. Any wy, lies below @: since E(u—wuy) > 0, there exists a compact
set Uy C Q for which up <@ in Q\ Ug. Inside Uy we have

(=)@ —wr) > fluw) —f(@  inUy
u—ur > 0 in CUy,
Eau, (ﬂ — uk) =0 on OUy

in a pointwise sense, where uy,@ € C2*+¢(U},). Then an argument similar to the one in Step 0 yields
ur < w also in Uy.
Finally, {uy}ren is increasing and pointwisely bounded by @ throughout . This entails that

= i
u(x) g (x)
is well-defined and finite for any z € Q. Also, 0 < u <% in Q and since u € L'() by Lemma 4.1, then
u € LY(Q).

Step 2: uw € C(). Fix any compact D C € and choose a ¢ > 0 for which §(z) > 2¢ for any x € D. Let
D:={yeQ:i(y) > c}. Forany k, j € N it holds

(=) (upgs — ur) = flur) — f(urgs) <0, in D

and therefore

0 < s (@) — wn(a) < /C Pp(ey) s ) — ()] dy

where P (z,y) is the Poisson kernel associated to D, which satisfies (see [27, Theorem 2.10])

Po(ey) < Coplx)°

—_— €D, yeCD.
= S -y T

When z € D C D one has |z —y| > ¢ for any y € CD, and therefore

0 < upyj(x) — up(z) < C’/CB W dy < C/c5 U(yé)y(;;z;(y) dy

where the last integral converges by Monotone Convergence to 0 independently on z. This means the
convergence uy, — u is uniform on compact subsets and since {uy}reny C C(Q2) (cf. the proof of Theorem
1.13, Section 3.3), then also u € C(Q).

Step 3: w € C?(Q). This is a standard bootstrap argument using the elliptic regularity in [78, Propo-
sitions 2.8 and 2.9].
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Step 4: u solves (1.26) in a pointwise sense. The function (—A)°u(x) is well-defined for any z € Q
because u € C%(Q2) N LY(RY). Using the regularity results in [78, Propositions 2.8 and 2.9], we have

(7&)511, = k%‘l}rnoo (7A)5uk = — k%‘l}rnoo f(uk) = 7f(’u)

Also, §'7%u > §'~*uy, holds in § for any k € N. Therefore, for any k € N,

CIN 1-s . 1-s _
linié%fé(z) u(x) > 11—1>HBlQ 0(x) "Puk(x) > NEug, = Mk

for some constant A > 0 depending on €2 and not on k. This entails

3 1—s _
zg%lﬂ O(x) Pu(x) = 400

and completes the proof of Theorem 1.21.

REMARK 4.7 | The proof of Theorem 1.23 is alike. Indeed, in the same way, the sequence of solutions

to
(*A)Suk = —f(ug) in Q
up = gr:=min{k,g} InCQ, keN (4.16)
Eu, = 0 on 0,

approaches a solution of problem (1.29) which lies below the supersolution provided by Theorem 4.6.

4.4 EXAMPLES

EXAMPLE 4.8: Power nonlinearity | Let us consider f(t) = t?, for p > 1. In this case

tf'(t)
ft)

The function ¢ reads as (cf. (1.21))

Foo 1 e 2 1) 1
¢(u)=/u ,/%tédt:,/%uz

and hypothesis (1.22) can then be written

+oo 1p
/ nF dn < 400
that holds if and only if p > 1 + 2s. On the other hand hypothesis (1.25) becomes

1+s
1—s

p— < -1, ile. p<
1—s

¢

In the next two examples we look at the two critical cases in the power-like nonlinearity, adding a
logarithmic weight.

EXAMPLE 4.9: Lower critical case for powers | We consider here f(t) = t!725In®(1 +¢), a > 0.
In this case

tf’(t)_(1+25)f(t)+(1+%+n(8m 4o at

0 - @) ST O Ny




S

74 — AKeller-Osserman condition for (—A)

Condition (1.23) turns into

+oo t 1/(25) +oo dt
/ - dt:/ ——— < 400
W AT (141) w14 p)

which is fulfilled only for o > 2s. Also, hypothesis (1.25) becomes

+oo
/ 1272/ 0= (1 4 ) dt < 400
to

which is satisfied by any « > 0 since (1 +2s)(1 —s) =2 <s— 1. ¢

EXAMPLE 4.10: Upper critical case for powers | We consider here f(t) = = ln_’ﬁ(l +t), 8> 0.

In this case

s Btf(t
RO =10k (1+{)(121t 1+ Bt

f(t) f(t) S l-s (14+t)In(l+1)
Hypothesis (1.23) turns into

1/(2s)
oo MinP (1 4+ 1) oo Inf/ () (1 4 ¢)
/u (t(1+5)/(15) dt:/u t1/(1=s) dt < +oo

which is fulfilled for any 8 > 0. Also, hypothesis (1.25) becomes

—+oo
/ t P14 t)dt < +oo
to

which is satisfied by any 8 > 1. ¢

4.5 COMMENTS ON HYPOTHESES (1.22) AND (1.25)

The present section will be devoted to the explanation of the difficulties of problem (1.26) when one
of hypotheses (1.25) or (1.22) fails.

We recall that hypothesis (1.22) is the one needed to guarantee that that the function U defined in
(4.7) belongs to L(Q) (cf. Lemma 4.1), while (1.25) has been used to show that EU = +oo (cf. Lemma
4.3). These features are essential in proving that U is a supersolution to (1.26). Roughly speaking,
condition (1.22) gives a lower growth condition at infinity of the nonlinear term f: in the power case
f(t) = t? it corresponds to p > 1 + 2s (cf. Example 4.8). On the other hand hypothesis (1.25) gives
an upper growth condition. Note that in case (1.25) fails, we have two issues: not only the candidate
supersolution U does not satisfy EU = +o0, but also the approximate problem (4.15) does not have any
solution.

LEMMA 4.11 | In case (1.25) fails, problem

(=) ’uy = —f(uy) inQ
u = 0 in CQ (4.17)
EFu =1 on 0N

does not admit any weak or pointwise solution.

Proof. In both cases the solution would satisfy u; > ¢§°~1 in €, for some ¢ > 0. If u; was a weak solution
then for any ¢ € T()

Jurores [ e = [ Do

o
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where

F)o = C [ fles )5 = 400
Q Q

because (1.25) does not hold, a contradiction.

If u; was a pointwise solution, then by Lemma 5.4 it would be a weak solution on any subdomain
D C D C 9. Therefore

ui(z) = —/DGD(:E,y)f(U1(y))dy+ CDPD(w,y)m(y) dy.

If up denotes the s-harmonic function induced by Fu = 1, then u; < ug in € and

w(z) < - /D Gp(@,y) flur(y)) dy + /C Pp (e, y) uoly) dy = — / Gp(z,y) fur(y)) dy + uo(z).

D D

Fix z € Q. Letting now D  Q we have that Gp(z,y) T Ga(x,y) and

/ Galz,y) fur(y) dy > cb()® / 5(y)® Flur(y)) dy = +oo
Q

{28(y)<s(2)}

because (1.25) does not hold, a contradiction. O
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Chapter 5

Final remarks

In this Chapter we would like to point out some elements that may risk to be unclear if left implicit.
In the first paragraph we discuss the relation between pointwise solutions and weak L' solutions. The
second paragraph states in what sense the singular boundary trace is attained by weak solutions, when
the data are not smooth. The third and paragraph deals with the definition of weak L' solution given
by Chen and Véron [26], which amounts to be equivalent to Definition 1.8.

5.1 POINTWISE SOLUTIONS VS. WEAK L! SOLUTIONS

LEMMA 5.1 | Solutions provided by Theorem 1.9 are distributional solutions, meaning that for any

b€ C(Q) it holds
Juaye = [var= [ oyvan

Proof. Consider a sequence {nk}keN of bump functions, such that 0 < ... < < mpy1 < ... <1 and
e T xa. Define fi := np(—A)°y € C(Q) and the corresponding ¢5 € T (). Then we know that

/Qufk - /Qm dA—/m<—A)S¢k du+/mDs¢k v,

Since |fi| < |(—=A)%)| < C in €, the left-hand side converges to [, u(—A)*y by dominated convergence.
In the same way [¢r| < [, Ga(-,y)|fr(y)|dy < C6* and
: 5(y)" L v
(oY) < Oxe [ L <o [ T < ) ming,ae) ),
|z —yl |z —yl

thus we have the convergence on the first and the second addend on the left-hand side. Finally, we have
that ¢ 0~ ° converges uniformly towards ) §~% in €, so that Dspp — Dgp = 0 as k T +o0; this, along
with

|Dsor(2)] =

/ Maq(z, 2) fr(x) dx
Q

would prove the convergence

< / Mgq(z, 2) [(=2)°Y(x)| de < C(N,Q, s)
Q

Dybpdv ——— | Dapdv =0
kT+oo

o0 o2

completing the proof of the lemma. Indeed, by (2.26), it holds

|¢x(z) — P(z)] < /Q Gal(z,y)(1 = ne(y) [(=2) (@) dy < 6(2)° (L)l L (o) / o

N—s
Q. |z —y|

where Qj, := {m < 1} C Q has measure converging to 0, if the sequence {ny}, .y is properly chosen. [
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LEMMA 5.2 | Suppose f € L2.(Q), and consider a u € LY(RN | (1 + |z|)"N=2%dz) satisfying

loc

(=A)’u = f in a distributional sense

i.e. for any ¢ € C°(Q)
Jut=oyv = [ o= [ u-oyw.
Q Q cQ

Then u € CP(Q) for any B € [0,25). If f € C2.(Q) for some o > 0 such that o + 2s ¢ N, then
u € CEEro(Q).

Proof. This can be proved as in [78, Proposition 2.8]. O

COROLLARY 5.3 | Take f € C .(Q) for some a > 0 such that o + 2s ¢ N with

loc
[ 1180 < +0,
Q
a Radon measure p € M(CQ) such that

s min{1,6 N} dju| < +oo,
co

a finite Radon measure v € M(9Q) and u : RY — R a weak L' solution to
(—A)u= f in Q
U= [ in CS)
Eu= v on 0Q.
Then (=) u(x) = f(z) holds pointwisely for any x € Q.
Proof. This is a combination of the previous Lemma with [78, Proposition 2.4]. O

LEMMA 5.4 | Take f € C2.(Q) for some a € (0,1), h € C(92) and u : RN — R a pointwise solution

to
(=A)’u= f in
u=g in CQ (5.1)
Eu= h on 0.
If

/ [f|6° < 400, / lg|d = min{1,6 N =*} < 400, h e C(09)
Q O
then w is also a weak L' solution to the same problem.

Proof. We refer to Theorem 1.9 for the existence and uniqueness of a weak L' solution v to problem
(5.1). By Corollary 5.3, v € C257%(Q) and (—A)*v = f holds pointwisely in €. So

loc

(=2 (u—v)= 0 in
u—v= 0 in CQ
E(u—v)= 0 on 0.

in a pointwise sense. In particular, u — v € C() since harmonic functions are smooth. Define Q1 :=
{z € Q:u(x) >v(x)}: u—vis anonnegative s-harmonic function and, by [12, Lemma 5 and Theorem
1], it decomposes into the sum of the s-harmonic function induced by the Fq+ (u — v) trace and the one
by its values on CQT. But Eqg+(u —v) = 0 on QT as it is implied by the singular trace datum in (5.1)
and the continuity on QT N Q, while u — v < 0 in CQT. This yields Q" = 0 and v > u in Q. Repeating
the argument we deduce also u < v and this completes the proof of the lemma. O
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5.2 VARIATIONAL WEAK SOLUTIONS VS. WEAK L' SOLUTIONS

DEFINITION 5.5 | Given f € L*(Q), a variational weak solution of

(=A)’u=f inQ 5o
u=0 inCQ (5:2)

is a function u € H*(RYN) such that u =0 in CQ and for any other v € H*(RY) such that v =0 in CQ

it holds
/ (—A) P (=N) 2y = /fv.
RN Q

LEMMA 5.6 | T(Q2) C H*(RY).

Proof. Consider ¢ € T (). The fractional Laplacian (fA)S/ ¢ is a continuous function decaying like
|z]~N=* at infinity. So ||(7A)S/2¢||L2(]RN) < oo and we can apply [37, Proposition 3.6]. O

PROPOSITION 5.7 | Let f € L>®(Q). Let u be a variational weak solution of (5.2). Then it is also a
weak L' solution to the problem
(=N)’u=f inQ
u=0 1inCQ
Eu=0 on 0.

Proof. Consider ¢ € T(Q):

Jut-oyo= [ orPucayo= [ so
Q RN Q
where we have used Lemma 5.6 on ¢. O
PROPOSITION 5.8 | Let f € L>=(Q2). Let u be a weak L' solution to the problem
(=N)’u=f inQ
u=0 1inCQ

Eu=0 on 0Q.

Then it is also a variational weak solution of (5.2).

Proof. Call w the variational weak solution of (5.2). By the previous Lemma, w is also a weak L'
solution. We must conclude v = w by the uniqueness of a weak L' solution. O

5.3 TRACES

With Section 2.4 and Lemma 2.7 we provided some facts on the boundary behaviour of solutions to
linear problems with some assumptions on the data. In this section we recover the boundary behaviour
in presence of rough data. We use the notion of weak trace introduced by Ponce [71, Proposition 3.5].

PROPOSITION 5.9 | Let A € M(Q) be a Radon measure such that
/ 5 AN < +oc. (5.3)
Q

Then the weak solution to
(=A)u=X inQ
u=0 11 CQ
Eu=0 on o)
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satisfies
1
lim — S(x)' " u(z)de = 0. (5.4)
O J{5(x)<n}

Proof. By using the Jordan decomposition on A\ = AT — A™, we can suppose that )\ is a nonnegative
measure without loss of generality. Fix o € (0, s) and exchange the order of integration in

[ s uede= [ 5@ [ Galwy) drw) de
{0(z)<n} 5(x)<n Q

Our claim is that

Cn'tos(y) 7 if o
| Gl 5 xgo 6a) ds < { 75() ) >

Cno(y)® if 0(y) <

This would prove

%/Q (/Q Gal(z,y) 6(x) X (0, (0(x)) d:z:> d\(y) <

< Cn"/ 8(y)*7 d\(y) +C/ 5(y)® dA(y)
{6(y)=>n}NQ {6(y)<n}nNQ

where the second addend converges to 0 as n | 0 by (5.3). For the first addend, we have that n7d(y)*~7
converges pointwisely to zero for any y € Q and n7§(y)*~7 < d(y)® if y € QN {6(y) > n}, therefore we
have the convergence to 0 by dominated convergence.

We turn now to the proof of (5.5). For any y € {2 one has

/ Galz,y) 0(x)' *X(0.m (6(2)) da < 771+U/ Gaola,y)d(x)™*"7 de < Cn'*oé(y)* 7 (5.6)
Q 0

where we have used the regularity at the boundary in (1.16). In particular (5.6) holds when d(y) > 7.
To prove the other part of (5.5) we write (dropping from now on multiplicative constants depending
on N, and s)

/Gg(x,y) 5(2) ™ X (0. (0(2)) d < nl—s/ (0(2)d(y) Az —y[*)”
Q

O(x )175dz
{5(z)<nynQ |z —y|Y

and, by exploiting Lemma (8.10) below, we are allowed to perform the computations only in the case
where 012 is locally flat where the above reads as

z A( "1+ |zn — 3H°
[ / o A~y o —uw s gt gy
—y |2 + ey —ynl?)

where z = (2/,2y) € RY"! xR and y = (3, yn) € R¥~! x R. First note that we can suppose y' = 0
without loss of generality and a Ab < 2ab/(a + b) when a,b > 0. With the change of variable xy = yn ¢
and =’ = yn £, we reduce to

n/yn ds
1+s/ / ) _ dt
Buiyy (€2 +t - |>N/“ (12 + [t =12 +1)

and, passing to polar coordinates in the £ variable

y]lv‘f‘s/n/yN /1/yN tpN72 . dp iy <
o b papp e Ear-pry CS

_ y1+s /n/yw /1/yN tp . dp dt
~ N 0 o (p2+|t_1|2)3/2—s (p2+|t71|2+t)5
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We deal first with the integral in the p variable!

t/l/yN : : d <
o (P4 [t—12)F (P HE-1P2 41" T

¢ /1 p 1/yn p
< 3 dp+t/ d
([t =120 Jo (p2 4 [t —1]2)** N e

1
t (p2+|t71|2)71/2+s

< .
— (t=12 410’ 25— 1

t
(L[t — 1)

p=0

We then have

t/l/yN : : 4 <
0 (P t-1PP (P HE 1P+ T

' + ! €(0,1/2)
S ) 9y
(=12 407 =172 (=1
t(+]t—12)° ¢
(1+] 2|)S 73 se(1/2,1).
(Jt=1P+1) 1+t —1J2)
The two quantities are both integrable in ¢t = 1 and converge to a positive constant as ¢t 1 400, therefore
n/yn  rl/yn + pN—2 d
1+s P P s s
Y / / — - s dt < nyy =n6(y)
NJoooh i A 1ETD v
completing the proof of (5.5). O
PROPOSITION 5.10 | Let € M(CQ) be a Radon measure such that
/ 67 min{1,0 "V} d|u| < H+oo. (5.7)
cQ
Then the s-harmonic function u induced in Q by p satisfies
1
lim — S(x)' " u(z)de = 0. (5.8)

O 1) {5(x)<n}

Proof. Again, we can assume without loss of generality that p is a nonnegative measure. Recall that u
is represented by

u(@) = - /C () Galwy) duy), w9
and by (1.13) 5(a)° aul)
x)* 1y
w) < [ ol 5w L+ 5w

Choose R > 0 large enough to have 2 CC Bp and split

b= 1+ 2 1= XBri + XCBrlb

note that

e [ 0@ die(y) . dpz(y)
o /c P TR mINR ’/CBR 5 (1+8w)

which converges uniformly to 0 as 6(«) | 0 in view of (5.7). Thus we can suppose that x is supported in

BR and
1 1 ) d
_/ 5(90)175 u(z) de < / —/ (x)N dx M(ys)
1 Jisy<m co \ 1 Jis@<nt |z —yl 3(y)

I The computation which follows is not valid in the particular case s = 1/2, but with some minor natural modifications
the same idea will work.
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Once again, we reduce to the flat case as we did in (and with the same notation of) the last proposition.
Let y = (0, —yn) with yy > 0. We have to handle

1 [ _
—/ / TN [(xN+yN)2+|x’|2} N/de/ dxy.
nJo JB

With the change of variable ' = (xn + yn)¢ we have

1 [ ~N/2 1 /M = ~N/2
o lan )+ P e day = [T 1+ 122 de don
nJo JB 0 B

n IN YN IBy sy 4un)

which is uniformly bounded in 7 for yx > 0. Moreover,

1 - ! -
nJo JB 0o JB
1
<o [ o)
0

converges to 0 as i | 0 for any yx > 0. Therefore, since 6~y is a finite measure on CS2, by dominated

convergence the limit
1 ) d
lim - / (x)N da “(y? -0
MO Jea \ 1 J{s)<n} |2 — y| i(y)*

holds. O

5.4 THE TEST FUNCTION SPACE

In [26] the following definition of weak solution is given.

DEFINITION 5.11 | Given a Radon measure v such that §° € L'(Q,dv) a function u € L'(Q) is a weak
solution of

(=) u+ f(u) = v in Q
u= 0 inCQ
if f(u) € LY(Q, 6% dx)
[uores [ e = [ ¢a
for any ¢ € X, € C(RY), i.e.
1. suppé CQ
2. (=A)°&(x) is pointwisely defined for any x € Q and ||[(—=A)°€||L=(0) < +00

3. there exist a positive p € L1(Q,8%dx) and g9 > 0 such that

(=) (x)] = /c o) — &) dx| < ¢(z) for all € € (0, ).

B.(x) |T —y|[N T2 N

The test space Xy in Definition 5.11 is quite different from the space 7 (€2) which is used in Definition
1.8. Still, testing a Dirichlet problem against one or the other does not yield two different solutions, i.e.
the two notions of weak L' solutions are equivalent. We split the proof of this fact into two lemmas.

LEMMA 5.12 | T(Q) C X,.
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Proof. Pick ¢ € T(§2). Properties 1. and 2. of Definition 5.11 are satisfied by construction. In order to
prove 3. write for d(x) < 2¢

—A = — L T A7
( )s¢(9ﬁ) Y(z) PV/BE(I) |z — y|N+2s
¢(x) — o(y) ¢(x) — o(y)
= — PV dy — —————=dy. (5.9
¥(z) /195<I)/2(w) |z — y[N+2s Yy /Bg(m)\BS(IW(I) |z — y|[Nt2s y. (5.9)
with ¢ := (=A)%¢lq € C°(Q). Consider a € (0, s). For the first integral
o) — o), dy

ST —

Bs(zy/2(z

pv [ HES
B(;(m)/g(x) |$ - y|N+26

= [gllgans wno (0))"
C25+%(Bs(g)/2()) o )

) |z =y«

where, by [78, Proposition 2.8]

||¢||025+Q(BS(I)/2(I)) = 22s+a5(z)_28—a <

¢<z+@~)

CZs+a(B)

< Co(z)~ 2@ Hqﬁ <z+@ ) +Hw <z+M )
2 =) 2 Jlcws)
< 08(2) 2 (I8l (3wt + @) [0 (B 2000
< CO() 7 ([l e S(2)° + 8@) [llnam) < Cllllennd(e) .

The integration far from x gives

o(x) — o(y) dy
/ z =gz W) = Idllo-en EErLE
Be(2)\Bj(ay2(z) 1T — Y Be (2)\Bj(ay2(2) 1T — Y

dz WN - 2\’
< ||¢||C5(]RN)/ _|z|N+5 < ||¢| C*(RN) p 1 <5(x)> .

RN\ Bs(2)/2

All this entails
8(x)°|(=A)2¢(x)] < 6(x)°[(x)] + CllPllca@yyd(@)* ™ + Clldllcsmyy,  when §(z) < 2e.

For 0(z) > 2¢ one does not have the second integral on the right-hand side of (5.9) whereas the first one
is computed on the ball of radius e, but the same computations can be run. This proves the statement
of the Lemma. O

LEMMA 5.13 | Given a Radon measure v € M(Q) such that 6° € L*(Q,dv), if a function u € L*(Q)
satisfies

/ u(—N)°¢ = / & dv, for any € € T(Q), (5.10)
Q Q
then the same holds true for any £ € X;.

Proof. Pick £ € X,: by definition, ¢ := (=A)%¢ € L>°(Q2). Consider the standard mollifier n € C2°(RY)
and 7. (z) := e Vn(x/e). Then

¢ = (xa*n: € C¥(RY) and ||¢e|l L) < I¢]lL=(0)- (5.11)
Define &, as the solution to
(_A)Sga = ¢ in O
&= 0 in CQ
E& = 0 on 09.
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Also, for p > 0 small consider
Q,:={xeQ:(z) > p}

and a bump function b, € C°(RY) such that
b,=1inQy, b, =0in RN\ Q,, 0<b, <1in RV,

Then (., :=b,( € C5°(R2). Let &, € T(Q2) be the function induced by (. ,. By (5.10),

/Q uCep = /Q ¢, dv. (5.12)

It holds (. , — ¢c as p | 0, with [|¢c ,ll= () < I¢ellz (o) and
Sep(@)] < CllCeplle@d(@)” < Gl @)d(@)”
so that we can push equality (5.12) to the limit to deduce, by dominated convergence,

/ugE = & dv. (5.13)
Q Q

Similarly, since [|¢c ||z ) < [IC]|z~(q), letting e | 0 yields

/ngz/ggdy.
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( Boundary blow-up solutions for (—=A|g)







Chapter 6

Introduction and main results

Given a bounded domain € of the Euclidean space RY, the spectral fractional Laplacian operator
(=Alg)°, s € (0,1), is classically defined as a fractional power of the Laplacian with homogeneous
Dirichlet boundary conditions, seen as a self-adjoint operator in the Lebesgue space L%(), see (6.2)
below. This provides a nonlocal operator of elliptic type with homogeneous boundary conditions. Recent
bibliography on this operator can be found e.g. in Bonforte, Sire and Vazquez [14], Grubb [51], Caffarelli
and Stinga [20], Servadei and Valdinoci [77].

One aspect of the theory is however left unanswered: the formulation of natural nonhomogeneous
boundary conditions. A first attempt can be found in the work of Dhifli, Maagli and Zribi [36]. The
investigations that have resulted in the present Part turn out, we hope, to shed some further light on
this question. We provide a weak formulation, which is well-posed in the sense of Hadamard, for linear
problems of the form

(—Alg)’u= p in €,

6.1
L — ¢ ondQ, (6.1)
h1

where hy is a reference function, see (6.8) below, with prescribed singular behaviour at the boundary.
Namely, h; is bounded above and below by constant multiples of 6~ (2725 and the left-hand side of
the boundary condition must be understood as a limit as § converges to zero. In other words, unlike
the classical Dirichlet problem for the Laplace operator, nonhomogeneous boundary conditions must be
singular. In addition, if the data p, ¢ are smooth, the solution blows up! at the fixed rate 6~ (2=2%). In
fact, for the special case of positive s-harmonic functions, that is when g = 0, the singular boundary
condition was already identified in previous works emphasizing the probabilistic and potential theoretic
aspects of the problem: see e.g. Song and Vondragek [82], Glover, Pop-Stojanovic, Rao, Siki¢, Song and
Vondracek [47] and Song [81] for the spectral fractional Laplacian.

Turning to nonlinear problems, even more singular boundary conditions arise: in the above system,
if 4 = —uP for suitable values of p, one may choose { = 400, in the sense that the solution u will blow
up at a higher rate with respect to 6~(2=2%) and controlled by the (scale-invariant) one §=2°/(=1, Note
that the value ¢ = +o00 is not admissible for linear problems. This has been already observed in the
context of the fractional Laplacian in the previous Part, see [2], and this is what we prove here for the
spectral fractional Laplacian. Interestingly, the range of admissible exponents p is different according to
which operator one works with.

I This is very similar indeed to the theory of nonhomogeneous boundary conditions for the fractional Laplacian - although
in that case the blow-up rate is of order 6= (1=5) - ag analysed in Part I of this manuscript and from a different perspective
by Grubb [50].
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6.1 MAIN RESULTS

For clarity, we list here the definitions and statements that we use. First recall the definition of the
spectral fractional Laplacian:

DEFINITION 6.1 | Let Q C RY a bounded domain and let {p, }ien be a Hilbert basis of L?(Q) consisting

of eigenfunctions of the Dirichlet Laplacian —A|,, associated to the eigenvalues \;, j € N, i.e.? ¢; €
HY(Q)NC>®(Q) and —Ap; = Njp; in Q. Given s € (0,1), consider the Hilbert space®

H(2s):= v ="> Bp; € L(Q) : [0ll3000) = D_ AI5;]” < 00
j=1 j=0

The spectral fractional Laplacian of u € H(2s) is the function belonging to L*(Q) given by the formula

(~Alp)"u = Y Xj9;. (6.2)

Jj=1

Note that C°(Q) C H(2s) < L*(2). So, the operator (—A|g)" is unbounded, densely defined and
with bounded inverse (—A|,)”* in L?(£2). Alternatively, for almost every x € €,

(~Alg)ulz) = PV / fu(z) — (@) (. 5) dy + rl)ulz), (6.3)

where, letting po(t, x,y) denote the heat kernel of —A|,,

J(x,y) = 1_‘(18_ 5 /OOO pgg’fs’ y) dt and k(z)= ﬁ/{) <1 — /ngz(t,z,y) dy> tld% (6.4)

are respectively? the jumping kernel and the killing measure, see Song and Vondracek [82, formulas (3.3)
and (3.4)]. For the reader’s convenience, we provide a proof of (6.3) in Paragraph 8.3.1. We assume from
now on that

Q is of class C'11.

In particular, sharp bounds are known for the heat kernel P, see (7.9) below, and provide in turn sharp
estimates for J(z,y), see (7.13) below, so that the right-hand side of (6.3) remains well-defined for every
x € Q under the assumption that u € C?57¢(Q) N L (Q, 6(z)dx) for some £ > 0. This allows us to define
the spectral fractional Laplacian of functions which do not vanish on the boundary of €. As a simple
example, observe that the function u(z) = 1, = € Q, does not belong to H(2s) if s > 1/4, yet it solves
(6.1) for 4 =k and ¢ = 0.

DEFINITION 6.2 | The Green function and the Poisson kernel of the spectral fractional Laplacian are
defined respectively by

1 o0
Gfﬁ(zay) = m/ pﬂ(tazay) t571 dta T,y E Q,:L' # Y, s € (07 1]7 (65)
0
where po denotes the heat kernel of —Alg,, and by

s 9 s
Hﬂ(xvy) = 87 G|Q(x7y)a T e Qay € 0. (66)

Y

where v is the outward unit normal to OS2.

2See Brezis [15, Theorem 9.31].

3When Q is smooth, H(2s) coincides with the Sobolev space H?%(Q) if 0 < s < 1/4, H5,(Q) if s € {1/4,3/4}, H3*(Q)
otherwise; see Lions and Magenes [62, Theorems 11.6 and 11.7 pp. 70-72].

4in the language of potential theory of killed stochastic processes. Note that the integral in (6.3) must be understood
in the sense of principal values. To see this, look at (7.13).
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In Section 7.1, we shall prove that P\?z is well-defined (see Lemma 7.4) and review some useful
identities involving the Green function Gfﬂ and the Poisson kernel P‘E Now, let us define weak solutions
of (6.1).

DEFINITION 6.3 | Consider the test function space
T(Q) = (-Alp)"C= (@) (6.7)

c

and the weight
m) = [ FalpdHe),  cen (6.8)
o0
Given two Radon measures p € M(Q) and ¢ € M(0) with

/Q 5(@) dlul(z) < oo |C(0) < oo (6.9)

a function u € L}, .(Q) is a weak solution to

(—Alg)u= p in Q
u (6.10)
o ¢ on0Q
if, for any v € T(Q),
s _ oY
[ucalore = [van- [ Fhac (6.11)

We shall prove that 7(Q2) C C3(Q), see Lemma 7.18, so that all integrals above are well-defined.
Equation (6.11) is indeed a weak formulation of (6.10), as the following lemma shows.

LEMMA 6.4 | 1. (weak solutions are distributional solutions) Assume that u € L, () is a weak

solution of (6.10). Then in fact, u € L' (2, §(z)dz) and (—A|g) w = p in the sense of distributions
i.e. for any ¢ € C(9Q), % is bounded in Q and

[ u=ale= [ wan

moreover the boundary condition holds in the sense that for every ¢ € C(Q)

! u(x)
lim —
0 t Jis(a)<ty M(2)

¢(x) dH(z) = [ o(x) d((x)
o2

whenever u € M(Q) satisfies (6.9) and ¢ € L*(09Q).
2. (for smooth data, weak solutions are classical) Assume that u € L} () is a weak solution of
(6.10), where u € C*(Q) for some « such that o+ 2s € N and ¢ € C(9Q). Then, (—Al|y) u is
well-defined by (6.3) for every x € Q, (—A|g) u(x) = p(x) for all x € Q and for all z9 € 09,

o u(x)
lim = ((xo).
J:m—éﬂl&o hi(x)

3. (classical solutions are weak solutions) Assume that u € C?*7¢(Q) is such that u/hy € C(Q). Let
p=(=Alg) u be given by (6.3) and ¢ = u/hi|,q. Then, u is a weak solution of (6.10).

We present some facts about harmonic functions in Section 7.2 with an eye kept on their singular
boundary trace in Section 7.3.
We prove the well-posedness of (6.10) in Section 7.4, namely
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THEOREM 6.5 | Given two Radon measures y € M(Q2) and ¢ € M(9Q) such that (6.9) holds, there
exists a unique function u € L} () which is a weak solution to (6.10). Moreover, for a.e. = € €,

loc
uw) = [ Gate) dut)+ | Pates) ) (6.12)
2
and
lull Lr@,60)d) < C(Q N, s) ([00] pmee) + < meo0)) - (6.13)

In addition, the following estimates hold.

. N +1
ull Lr@.6()dey < Chlldpll e if (=0andpe [1, m) (6.14)
lullco@y < Co (lullpoew) + I<aeon) if wCC Q and a € (0,2s) (6.15)
lullc2ste@ < Cs (H,U/”Ca(w) + HCHM(@(Z)) if wCcC Q and 2s+ o ¢ N. (6.16)

In the above C; = C1(Q, N, s,p), Ca = C2(Q,w, N, s,a), C3 = C3(Q,w, N, s, ).
In Section 8.1 we solve nonlinear Dirichlet problems, by proving

THEOREM 6.6 | Let g(z,t) : Q x RY — RT be a Carathéodory function and h : Rt — RT ¢
nondecreasing function such that g(x,0) =0 and for a.e. x € Q and all t > 0,

0 < g(x,t) < h(t) where h(6~ =25 € LY(Q).
Then, problem
(=Alg) u= —g(z,u) in

. g (6.17)

has a solution u € LY (Q,6(x)dx) for any ¢ € C(99),¢ > 0. In addition, if t — g(x,t) is nondecreasing
then the solution is unique.

Finally, with Section 8.2 we prove

THEOREM 6.7 | Let

1
pE (1+s,—>.
1—s

Then, there exists a nonnegative function u € LY (Q, §(x)dz) N C>(Q) solving

(=Alg)’u= —uP inQ,

6.18
Y +o00  on 0N ( )

hy

in the following sense: the first equality holds pointwise and in the sense of distributions, the boundary
condition is understood as a pointwise limit. In addition, there exists a constant C = C(Q, N, s,p) such
that

0<u<Cs ot



Chapter 7

Nonhomogeneous boundary conditions

7.1 GREEN FUNCTION AND POISSON KERNEL

In the following three lemmas!, we establish some useful identities for the Green function defined by
(6.5).

LEMMA 7.1 | ([48, formula (17)]) Let f € L*(Q). For almost every x € Q, Gio(x,-)f € L'(Q) and

(—=Llg) " f(z) = /QGfQ(SC,y)f(y) dy  for a.e. x €.

Proof. If ; is an eigenfunction of —A|,, then
oo ts—l
/an(z,y)sﬁj(y) dy = / —/psz(t,x,y)%(y) dy dt
Q o I'(s) Jo

st t _ )‘j el NS, — S,
- /0 me K (Pj(x) it = m%(w)/o t e dt = )\j (P](x) _(_A|Q) QDJ(‘T)'

By linearity, if f € L?(Q) is a linear combination of eigenvectors f = Zﬁl j?jcpj, then

M M
/Q Colen) S Fros) dy = 3 A 0;(a)
j=1 j=1

and so, letting

Glof = / Gio) F(v) dy. (7.1)
we have
M o~
1Gi 2y = S22 FEAT = )20 (7.2)
j=1

Thus the map GfQ S f — GlsQf uniquely extends to a linear isometry from L2(2) to H(2s), which
coincides with (—A|g)”". It remains to prove that the identity (7.1) remains valid a.e. for f € L*(Q).
By standard parabolic theory, the function (¢,z) — [, pa(t,z,y)dy is bounded (by 1) and smooth in
[0,7] x w for every T > 0, w CC Q. Hence, for every z € Q, GfQ(x,-) € LY(Q). Assume first that
f =1 € () and take a sequence {1r}; oy in the linear span of the eigenvectors {¢;} . such that
{¥r}ren converges to ¢ in L?(Q). The convergence is in fact uniform and so (7.1) holds for f = .
Indeed, by standard elliptic regularity, there exist constants C = C(N,Q),k = k(N) such that any
eigenfunction satisfies
190l o= (2 < (CX)*llpjll L2y = (CA)*.

Lwhich hold even if the domain  is not C11
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In particular, taking C' larger if needed,

’ THLw(m < (CM)F. (7.3)

Now write ¢ = Z;’il ’l/p\j(pj and fix m € N. Integrating by parts m times yields

1@=/ij=—Aij/QwAgoj=—Aij/QAWj:._.:(

which implies that

1A L2

71 < 4
B < =, (7.4)

i.e. the spectral coefficients of i) converge to 0 faster than any polynomial. This and (7.3) imply that
{1} e converges to 1) uniformly, as claimed.

Take at last f € L? and a sequence {fi}, oy in C2°(Q) of nonnegative functions such that {fi}, oy
converges to |f| a.e. and in L?(Q2). By (7.2), ||G felle < || fxllz2 and by Fatou’s lemma, we deduce
that G (z,-)f € LY(Q) for a.e. € Q and the desu‘ed identity follows. O

LEMMA 7.2 | ([48, formula (8)]) For a.e. z,y € Q,

| Gl (@ 6nle.0) dé = Glotan) (7.5)
Proof. Clearly, given an eigenfunction ¢;,
(_A|Q)_s(_A|Q)S_1‘Pj = )‘;S)‘Tl%‘ = (_A|Q)_1‘Pj

0 (=Aly) "o (=Aly)* " = (=Aly) "' in L2(Q). By the previous lemma and Fubini’s theorem, we
deduce that for ¢ € L*(Q) and a.e. z € Q,

| Gl oG et ddy = [ Glolanet) dy
and so (7.5) holds almost everywhere. O
LEMMA 7.3 | For any ¢ € C°(Q),
(—Alg)Y = (=A)o(=Alg) ' = (=Alg) o (A). (7.6)

Proof. The identity clearly holds if ¢ is an eigenfunction. If ¢ € C°(Q), its spectral coefficients have
fast decay and the result follows by writing the spectral decomposition of 4. Indeed, thanks to (7.4) and
(7.3), we may easily work by density to establish (7.6). O

Let us turn to the definition and properties of the Poisson kernel. Recall that, for x € Q,y € 99, the
Poisson kernel of the Dirichlet Laplacian is given by

5}
Ph(e.) = - 2= Glales)
y
LEMMA 7.4 | The function
S a S
P\sz(fcvy) = T o G\Q(»’va)
y

is well-defined for x € Q,y € 9 and Plsg(x, ) € C(0Q) for any x € Q. Furthermore, there exists a
constant C' > 0 depending on N, s, only such that

1 o(x)

C|.’L‘— |N+2 2s —

o(z)

P\Q(x y) C|.’L‘ . y|N+2_25

(7.7)

and

/G\lszs(xvf)%(f,y) d¢ = Po(z,y). (7.8)
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REMARK 7.5 | When Q is merely Lipschitz, one must work with the Martin kernel in place of the
Poisson kernel, see [47].

Proof. of Lemma 7.4. Take z,z € Q, y € 0Q2. Then,

Guws) 1 = rgy P e
52) _F(S)5(2)/0 pa(t,z,2)t dt‘F<s)6(z>/o palle el 2 dr

Since © has C'!' boundary, given = € Q, po(-,z,-) € C'((0,+00) x Q) and the following heat kernel
bound holds (cf. Davies, Simon and Zhang [32, 33, 88]):

5(x)8(y) L la—y2/(eat) 3(2)o(y) _e—cale—yl®/t
[ ; Al CltN/Qe <palt,z,y) < ; Al tN/2€ , (7.9)
where ¢, co are constants depending on €2, N only. So,
|2 — x| 2 s—1 25— N—2 s—2-N/2_—ca/T
ngﬂzf:d T, L, 2)T <C|z — z| o(x)T e (7.10)

and the reverse inequality

llz _ x|2s—N—25(x)75—2—N/2€—1/(027) < |z — $|2Spg(|z _ $|2T’x’ Z)Ts_l

C — d(2)
also holds for 7 > §(x)d(z)|z — x| 72. As z — y € 99, the right-hand-side of (7.10) obviously converges in
LY(0, 400, d7) so we may apply the generalized dominated convergence theorem to deduce that P, (:c y)
is well-defined, satisfies (7.7) and

S a GTQ(:E’Z) 1 > a s—1

z—Yy

From this last formula we deduce also that, for any fixed 2 € {2, the function Pg,(x,-) € C(9€2): indeed,
having chosen a sequence {yy.}, .y C 0 converging to some y € 952, we have

57 dt

<o 0
R - Pato)| < g5 [ | goraltoa ) = goema(tan

where, by (7.9)

c16(x) e—c2le—yl*/t < c1d(z )67525(1)2#

‘—pg(t z,y)‘ < N < N for any y € 012,

so that ‘Pfﬂ (x,yr) — P (, y)‘ — 0 as k T oo by dominated convergence.

By similar arguments, G, is a continuous function on 5 \{(z,y) : = = y}. And so, by (7.5), we

have 5
o / Gl (@,)Ga () dE = Ph(.y).

Let us compute the derivative of the left-hand side alternatively. We have

/ Gig (2,6 ——— Cia®,2) d§ = f(t,€, 2) dtde,
( ) Rt xQ

where, having fixed z € Q,

Glo*(x,€)

f(t,f,z) _ W})Q(t,f,z)t571 < C|$ - §|257N [5(35)5(5) 1} ts—QfN/25(£)€fcz\zfﬁ\z/t-

|z — ]2
For a fixed ¢ > 0, and £ € Q\ B(y,¢), z € B(y,¢/2), we deduce that

F(t,€,2) < Cla — g~ Nesm27N2e e/t € LY((0, +00) x Q)
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Similarly, if ¢t > ¢,
F(t,6,2) < Cla = &P New2" N2 € L((e, +00) x Q).

Now,

c le—=|? +oo
/ t5717N72€762 T odt < |§ _ Z|257N/ 7_sflfN/Qefcg/'rdT.
0 0

Hence, there exists a constant C' > 0 independent of € such that
/ f(t,€ 2)dt d¢ < Ce*T2,
(0,e)x B(y,e)
It follows from the above estimates and dominated convergence that

Ph(a,y) = lim (66,2 dede = | Gl (. OP(E v (7.11)
7Y J(0,400)xQ Q

i.e. (7.8) holds. O

REMARK 7.6 | Thanks to the heat kernel bound (7.9), the following estimate also holds.

e (102 <y s — S (10 S)

Cla—y/N % |z — yl? |z — y| v —y[?

for some constant C' = C(2, N, s). Also observe for computational convenience that

1/, 86 5(x) 8(y) 5(x) 6(y)
2 <“ |ac—y|2>S 5@ 6 + [ — 9P = (“ |x—y|2)'

7.2 HARMONIC FUNCTIONS AND INTERIOR REGULARITY

By the heat kernel bound (7.9), there exists C' = C(€2, N, s) > 0 such that

1 5(2)5(y) ] C [6<x>6<y>
- A < J(z,y) < - Al
Cla —yN*? [Ifc—yl2 jz—y)N | |z -yl

(7.13)

DEFINITION 7.7 | A function h € LY(Q,6(z)dx) is s-harmonic in Q if for any ¢ € C2°(2) there holds

/ h(—Alg) = o.
Q
The above definition makes sense thanks to the following lemma.

LEMMA 7.8 | For any ) € C(Q), (—Alg)* € CH(Q) and there exists a constant C = C(s, N, Q,¢) >
0 such that
I(=Alg)*w] < €6 in Q. (7.14)

In addition, if ¥ > 0, ¢ # 0, then
(=Alg)*y < =C8  in Q\ supp. (7.15)

Proof. Thanks to (7.3) and (7.4), (—A|g) "¢ € CZ(Q) and

®j
5

e Sl
j=1

Le(Q)
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and (7.14) follows. Let us turn to the case where ¢» > 0, ¢» £ 0. We apply formula (6.3) and assume
that € Q \ suppy. Denote by 2* a point of maximum of ¢ and let 2r = dist(z*,supp ). Then for
y € By(z*), it holds ¥(y),d(y) > c1 > 0, 7 < |z —y| < ¢ and so, applying (7.13),

(—Alg) ¢(x)

7/ Y(y) J(z,y) dy
Q

5(x)d
S / v l @) , 1} "
By (a*) [ =y |z =yl
a [dx)eq }
< -C- / { A1l dy
By L
< —Cé(x).
(I
LEMMA 7.9 | The function P4 (-, 2) € LY(Q,(x)dx) is s-harmonic in 2 for any fized z € OS).
Proof. Thanks to (7.7), Pg,(-, 2) € LY(Q,8(x)dx). Pick ¢ € C2°() and exploit (7.6):
/Kz P\??(’ Z) (_A|(2)Sw - /Q P\E(’ z) (_Algz)s_l[_A"/]]'
Applying Lemma 7.1, the Fubini’s Theorem and (7.8), the above quantity is equal to
[ Phta) -0 =0,
Q
(I
LEMMA 7.10 | For any finite Radon measure ¢ € M(0R), let
h(z) = [99 Po(z, 2) d(=), x € Q. (7.16)
Then, h is s-harmonic in Q. In addition, there exists a constant C = C'(N,s,Q) > 0 such that
1B/l L1 (2,6(2)dz) < ClICI rco0)- (7.17)

Conversely, for any s-harmonic function h € L*(Q,5(x)dx), h > 0, there exists a finite Radon measure
¢ € M(09), ¢ >0, such that (7.16) holds.

Proof. Since Pyg,(x,-) is continuous, h is well-defined. By (7.7),

d|¢](2)

< L S
s <o | S

so that h € L1(,§(x)dx) and (7.17) holds. Pick now 1 € C°(Q):

[ 1o (sl v an= [ < | Pl ) (01 w(@) dz> a(z) = 0

in view of Lemma 7.9. Conversely, let h denote a nonnegative s-harmonic function. By Definition 7.7
and by equation (7.6), we have for any ¢ € C°(Q)

0= / h(a)(— Alg) b (x) d = / W) (—Al0)" " o (—A) (x) da

— [([ e em@ac) - 2pio i
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so that [, G1 “(z,&)h(€)d¢ is a (standard) nonnegative harmonic function. In particular (cf. e.g. [5,
Corollary 6. 15]) there exists a finite Radon measure ¢ € M(9Q) such that [, G‘lg_s(x,g)h(f)df =
Joa Plol@,y)d¢(y) € C*(Q2). We now exploit equation (7.8) to deduce that

[enwe e~ [ R a-o

/Q p1(x) (/Q Gio (@, €)n(E) d«s) dxz/ﬂh(—mﬂ)s—l@l — %/ﬂh% < o0,

it holds [, G‘lQ *(z,&)h(&)d¢ € LY(Q,6(z)dx). Thanks to (7.12), we are allowed to let Gjq act on it. By

(7.5), this leads to

Since

| Gt [~ [ raten et ac=o.

Take at last ¢ € C2°(Q2) and ¢ = (—A|g) 4. Then,

_ 1 o S _ o S
0= [ vt | [ Glawo) m0) -~ [ Ptenactn] a|as = [ v me) - [t acin] ae
and so (7.16) holds a.e. and in fact everywhere thanks to Lemma 7.11 below. O

LEMMA 7.11 | Take o > 0 such that 2s + a €N and f € C2(Q). If u € LY(Q,5(x)dx) solves

loc

(_Alfl)su =f in D/(Q)7

then u € Cfosja(ﬂ), the above equation holds pointwise, and given any compact sets K CC K' CC Q,
there ezists a constant C = C(s, N,a, K, K',Q) such that

ullg2eveaiy < C (I fllcairry + 1ull L1 (@,5(2)de)) -
Similarly, if f € LiS.(Q2) and o € (0,2s),
ullcacxy < C(I1f ey + lullLr@,5()da)) -

In particular, if b is s-harmonic, then h € C*°(Q) and the equality (—Alg,) h(x) = 0 holds at every point
x €.

Proof. We only prove the former inequality, the proof of the latter follows mutatis mutandis. Given

x €, let
= /QGES(:E,Z/)U(Z/) dy.

vl 21 (@,6(x)dz) < O, N, 8)||ull 1(Q,6(2)da) (7.18)

Observe that v is well-defined and

Indeed, letting 1 > 0 denote an eigenvector associated to the principal eigenvalue of the Laplace
operator, it follows from the Fubini’s theorem and Lemma 7.1 that

[ @ [ Gl dyds =X [ uts)lor) v

In addition, —Av = f in D’'(Q), since for ¢ € C(Q),

[or-oom frcous
Q
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thanks to the Fubini’s theorem, equation (7.6), Lemma 7.1 and Definition 7.7. Observe now that if

v € CX(§), then
+oo _ o —tAg
RN i pp—— / AR (i E— 2 I}
( |Q) ¥ F(l — S) 0 t

The above identity is straightforward if ¢ is an eigenfunction and remains true for ¢ € C2°(Q2) by density,
using the fast decay of spectral coefficients, see (7.4). So,

/wpdmz/v(—&b)kstpdx =
Q Q
0 _ L —tA
= // vt (P28 ") Grde =
= ;//mwtsfl ﬂ dt dx
F(l—S) QJo t

u:#/-"_oots—l ﬂ dt.

Choose f € C&(RY) such that f = fin K, || fllce@®~) < C||f|lcacxr) and let

and

(o) = v [ ool F ) dy

solve (—A)*u = f in RY. Tt is well-known (see e.g. [78]) that ||T||czs+a®y) < C| fllcomny, for a constant
C depending only on s, a, N and the measure of the support of f. It remains to estimate u — . Letting

5(55) == CN,l—s/ |$ - y|_(N_2(1_S))ﬂ(y) dya
RN

we have as previously that —AT = f and

T= —— /+OO pot (20T g

N — lz—y|®
where this time e 47 (x) = m Jan €™ 7 0(y) dy. Hence,

LA =9) ) = /Om ps-1 ((U —v) —e —5)) dt+/0+oo g1 (e_ml‘”’ - ft%) dt.

S t t

Fix a compact set K" such that K cC K” cC K’. Since v — ¥ is harmonic in K’,
H’U — 5chs+a+2(Ku) S CH’U — EHLl(K’) S CHUHLl(Q,&(m)dz)

By parabolic regularity,

‘/Omtsl ((vﬂ)etm(v@)dt

In addition, the function w = e ~*?lay — e7*27 solves the heat equation inside Q with initial condition
w(0,-) = v—"1. Since A(v—7) = 0in K, it follows from parabolic regularity again that w(t, z)/t remains

bounded in C**T%(K) as t — 07, so that again

’ /+oo ts—l (e—tAQ,U _ €_tA5) it
O t

< Cllullr(@,8(z)da)-
C2ste (K)

< COllullr(0,6(2)da)-
C2te(K)
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LEMMA 7.12 | Take o > 0, a ¢ N, and u € CZ*(Q) N LY, 0(x)dz). Given any compact set

loc

K CcC K' CCQ, there exists a constant C = C(s, N, o, K, K', Q) such that

[(=Alg) ullcaxy < C ([[ullcosraixry + lullLr@,s6e)de)) -

Proof. With a slight abuse of notation, we write

(=8l ™ u(o) = [ Gla* @) ulw) dy.

By Lemma 7.11 we have

||(*A|Q>s_1u||c2+a(1() <C (HUHCZSM(K') + H(*A|Q)S_1U|\L1(Q,a(z)dz)) <
< C (lullcretaxry + lulli,s)ds)) -

Obviously it holds also
I(=2) 0 (=Alg)  ullgax) < I(=Ale)" ullczra).

By (7.6),
(=A)o (=Alg) lu=(-Aly)u  inD'(Q),

which concludes the proof. [l

PROPOSITION 7.13 | Let f € L'(Q,(x)dx) and u € L, (). The function

loc

u() = / Gial,y) F(y) dy

N+1
belongs to LP(Q), 6(x)dx) for any p € [ i )

1, —
N+1-—2s

Proof. We start by applying the Jensen’s Inequality,

[ Goten 1) W <11 s [ Sl | 5 ) ay
| Clal® S L @b@)dz) | |7 5(y) ,
so that »
G (x,y
lu(z)|Po(x) dz < ||f||}£1(§2 5(x)dz) sup/ M §(z) da
Q ’ yeQJQ 5(9)

and by (7.12) we have to estimate

sup/ L Oy dx
veaJo |z —y|N 2P (lo =y 4+ 6(2)d(y)]"

Pick £ > 0. Clearly,

1 §(z)Ptt
sup / — . dz < C..
(e szey Ja o —y| NP (lz =y +6(2)o(y)]"

Thanks to Lemma 8.10, we may now reduce to the case where the boundary is flat, i.e. when in a
neighbourhood A of a given point y € Q such that d(y) < e, there holds A N JdQ C {yy = 0} and
ANQ C {yn > 0}. Without loss of generality, we assume that y = (0,yy) and x = (2/,zy) €
B x (0,1) C RN=1 x R. We are left with proving that

e 1 x;]avﬂ
dx / dxn ) .
/B 0 |22 + |on — yn )N 7202 (1277 + |ow — yw | + vyn]”
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is a bounded quantity. Make the change of variables zy = ynt and pass to polar coordinates in z’, with
|#'| = ynp. Then, the above integral becomes

y—(N+172s)p+N+1 /1/yN dp/l/yN dt PN . - ) (7.19)
N 0 0 (02 + |t — 12N 290/2 [p? 4 [t — 1|2 + 1"

Now, we split the integral in the t variable into 01/2 +f13//22 +f31//2yN. Note that the exponent —(N +

1—2s)p+ N + 1 is positive for p < (N 4+ 1)/(N + 1 — 2s). We drop multiplicative constants in the
computations that follow. The first integral is bounded above by a constant multiple of

1/yn 1/2 pN—2 (p+1 1/yn pV =2
/ dp/ dt N 35573 T3 pg/ dp Nt2—2s)p/2
0 0 [p2+ 1]( —2s)p/ [p%2 +1+1] 0 [p2+ 1]( +2-2s)p/

which remains bounded as yy | 0 since

N -1

>m implies (N+2-2s)p—N+2>1.

p=>1

The second integral is of the order of

Vux 32 N2 !
Lo, S e -
0 12 [pP+t—1P7 wlz[p? +1]
1/yn 1/2 N-2 1
= / dp/ dt £ N—28)p/2  [,2 P
0 0 [p? 4 12N 72902/2 [p2 + 1]

1/yn pN—l—(N—Qs)p 1/(2p) 1
= dp ———— dt —————————
/o SENVEESL /0 [1 4 ¢2) (N =20/

0o pN—l—(N—Qs)p
S / dp — 55—
0 [p* +1]

which is finite since p < (N +1)/(N +1 —2s) < N/(N — 2s) implies N —1 — (N — 2s)p > —1 and
p>1>N/(N+2—2s)implies 2p— N +1+ (N —2s)p > 1.
We are left with the third integral which is controlled by

1/yn N 1/yn 1
- <
/0 dp p /3/2 di [p2+t2](N+2—25)p/2 =

/1/yN N (N41-25) 1/(ynp) tp+1
< dp pm T ”/ dt :
0 3/(2p) [1 + t2](N+2—25)p/2

< L N—(N+1-2s)p
S dp p :
0

The exponent N — (N +1—2s)p > —1 since p < (N +1)/(N +1 —2s), so this third integral is bounded
above by a constant multiple of y;,l_NJr(NH_%)p which simplifies with the factor in front of (7.19). O

7.3 BOUNDARY BEHAVIOUR

We first provide the boundary behaviour of the reference function hy. Afterwards, in Proposition
7.15 below, we will deal with the weighted trace left on the boundary by harmonic functions induced by
continuous boundary data.

LEMMA 7.14 | Let hy be given by (6.8). There exists a constant C = C(N, 2, s) > 0 such that

%642*25) < hy < CH (2729, (7.20)
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Proof. Restrict without loss of generality to the case where x lies in a neighbourhood of 0Q2. Take
x* € 09 such that |z — 2*| = 6(z), which exists by compactness of 9. Take I' C 9Q a neighbourhood
of 2* in the topology of 9. By Lemma 8.10 in the Appendix, we can think of I' C {zy = 0}, 2* =0
and x = (0,6(z)) € RV~ x R without loss of generality. in such a way that it is possible to compute

5(x) _ o(x /
/F |z — z|N+2-2s dH(z) = /BT /2 + 0(x)2]N/2+1— dz'.

Recalling (7.7), we have reduced the estimate to

[ Rate.) auie) =
o0

/ o(x) & /T §(x)tN—2 gt
= 2 =
e e Rl S R P e

B r/6(x) (S(.’L')NtN_Q G- s S r/0(x) tN=2 gt
= ; [5(z)2t2+5(z)2]]\7/2+175 - (:C) 0 [t2+1]N/2+175

and this concludes the proof, since

r/6(x) tN_2 dt 1
o [t2+1]N/2+1fs -

In the following we will use the notation
Plog = | Pal-.0)0(0) dn(0)

where o denotes the Hausdorff measure on 952, whenever g € L*(Q).
PROPOSITION 7.15 | Let ( € C(99). Then, for any z € 9,

]P)S
h?i(;) j—igj ¢(z) uniformly on OS). (7.21)

Proof. Let us write

PloC(z) RS . _ hi(@)¢(2)
2oy | = [ Pt o) ¢ anie) - EEE <
L o [ IO~ C(2)
< it | PR 010 )| an) < cstap [ KOO ayge) <

It suffices now to repeat the computations in Lemma 2.7 to show that the obtained quantity converges

to 0 as x — z. O

With an approximation argument started from the last Proposition, we can deal with a ¢ € L'(9)

datum.

THEOREM 7.16 | For any ( € L'(99) and any ¢ € C°(Q) it holds

1 PioC (@)
t /{6(z)§t} Cha(x) () de ti_()) o o(y) C(y) dH(y).
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Proof. For a general ¢ € L*(99), consider a sequence {(x},cy € C(99) such that

[ 16w - cwlant) o 79
o0 (o'}
For any fixed k € N, we have
1 Pio((2)
t /{5(m)<t} hl(x) #lw) dz = 0 (z) ¢(z) dH ()] <
1 PloC(@) — PloCr(x) S
t /{6<m><t} hi(z) ¢le) d (7.23)
1 Pfszgk(x)
+ n /{6(1)<t} T(SC) ¢(-T) dx — o0 ¢(-T) Ck (-T) dH(.r) (7_24)
+ () Ce(2) dH(z) — [ ¢(x) ((x) dH(z)]. (7.25)
o9 20

Call g := ( — (: the term (7.23) equals
) Pr k() | P (2, )
= 2 b)) dH(x) = = I b(x) da | M () dH ().
t /{MM o ola) i) A(t /{W} S 0la) do | Mly) dH(y)

PS
®(t,y) == 1/ 7‘(2(%@ o(x) dx.
{§(z)<t}

Call

t hl (m)

Combining equations (7.7), (7.20) and the boundedness of ¢, we can prove that ® is uniformly bounded
in ¢ and y. Indeed,

{ {

N t sa)<ty |z —y|N+2=2s = 3 sa)<ty [T =yl

and reducing our attention to the flat case (see Lemma 8.10 in the Appendix for the complete justification)
we estimate (the ’ superscript denotes an object living in RV 1)

1/t TN 1/t d¢ d¢
E//de’dmﬁz//, PR N/zdzNS/,72 Nz
o B [|2f* + a}y] o /By, [l +1] RN -1 [[E]2 + 1]

Thus [, ®(t,y) A\ (y)dH(y) is arbitrarily small in & in view of (7.22).
The term (7.24) converges to 0 as t | 0 because the convergence

PfQCk(z) zEQ
T o) 255 () of2)

is uniform in z € 992 in view of Proposition 7.15.
Finally, the term (7.25) is arbitrarily small with k T 400, because of (7.22). This concludes the proof
of the theorem, because

lim <
10

t/{5(r)<t} hi(x) o) dv 090 (z) C(x) dH(x)

< 10 e 000y 00 /8 16(0) = ) aHE) + [l om /8 160) = €| )

and letting k& 1 +o0o we deduce the thesis as a consequence of (7.22). O

Moreover we have also
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THEOREM 7.17 | For any pn € M(R), such that

/6d|u| < oo, (7.26)
Q
and any ¢ € C°(Q) it holds
1/ Gfﬁﬂ(x)
- ZI ) de — 0. 7.27
(a<ty (@) (@) t40 (7.27)

Proof. By using the Jordan decomposition of ;4 = u™ — u~ into its positive and negative part, we can
suppose without loss of generality that ;4 > 0. Fix some s’ € (0,s A 1/2). Exchanging the order of
integration we claim that

Ct272s’ 5 2s’ 5 >t
/ Gio(z,y) §(x)? %% de < { ) ) = (7.28)
{8(2)<t} Cto(y) 6(y) <t

where C' = C(N, €2, s) and does not depend on ¢, which yields

1 dl‘ _92g' s
;/ / Glo(@,y) 3—— | duly) < C'7 / 5(y)* du(y)+0/ 5(y) dp(y).
o \J{s)<t} 1() (6(y)>1) {6(x)<t}

The second addend converges to 0 as t | 0 by (7.26). Since ¢'=25'§(y)2%" converges pointwisely to 0 in
Qast ] 0and t1=256(y)% < 6(y) in {8(y) > t}, then the first addend converges to 0 by dominated
convergence. This suffices to deduce our thesis (7.27).

Let us turn now to the proof of the claimed estimate (7.28). For the first part we refer to [36,
Proposition 7] to say

/ Gio(z,y) §(x)* > da < 272 / Gio(z,y) §(x) 22 de < 01272 6%

{8()<t} {8()<t}

We focus our attention on the case where 0f is locally flat, i.e. we suppose that in a neighbourhood A
of y it holds AN I C {xnx = 0} (see Lemma 8.10 in the Appendix to reduce the general case to this
one). So, since 6(x) = xy and retrieving estimate (7.12) on the Green function, we are dealing with (the
" superscript denotes objects that live in RV 1)

/ / A : da’ dxy
() |2/ —y'|2 + (2ny —yn)2 + 2N YN |2/ — /|2 + (zn *yN)Q](N_%)/Q

From now on we drop multiplicative constants depending only on N and s. Suppose without loss of
generality ¢y’ = 0. Set xy = yyn and switch to polar coordinates in the 2’ variable:

t/yn 5 2s 3 2s N-2 .
. dn
/ /0 7’2+yN 1) FNYR 12 4y (g — 1)

and then set r = ynp to get

t/yn 1/yn pN—2 dp
yJQV/ 773—25/ ) ) dn <
0 0 [p2 + (TI o 1)2](1\/—25)/2 p2 + (77 _ 1)2 +n

t/yn 1/yn
_ p dp

S y2/ 773 25/ . d?’]
N Jo o [P -1YC 22 P+ (n-1)2+7

Consider now s € (1/2,1). The integral in the p variable is less than

1/yn p "
< _ — s
/0 (0% + (1 — 1)2]=2972 dp < |n—1]
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so that, integrating in the n variable,

2 t/yN 2 2
yN/ NP7 =17 dn < tyn
0

and we prove (7.28) in the case s € (1/2,1). Now we study the case s € (0,1/2]. Split the integration in
the 7 variable into f02 and f21/yN: the latter can be treated in the same way as above. For the other one
we exploit the inequality p? 4+ (n — 1)2 + 7 > 2 to deduce?:

2 1/yN
2 3-2s p dp
y /77 / 35773 dn <
Mo (0 (02 + (7 — 1)2 4 7)) p2+(771)2>

2 2 5 s 1/yn p ) ) 2 773_25 . )
< -2 < o < .
. yN/o ! / o2+ (= 2 ”—yN/o fn— 1= =

Note now that, in our set of assumptions, yy = d(y) < t. So y% < tyny and we get to the desired
conclusion (7.28) also in the case s € (0,1/2]. O

7.4 THE DIRICHLET PROBLEM

Recall the definition of test functions (6.7).

LEMMA 7.18 | T(Q) C C3(Q) N C>®(Q). Moreover, for any v € T(Q) and z € 02,
0 , s

506 = [ Ral2) (<Ala) 0l dv. (7.29)

Proof. Take ¢ € T(Q) and let f = (—A|g)"9. Since f € C(12), the spectral coefficients of f have fast

decay (see (7.4)) and so the same holds true for ¢. Tt follows that ¢ € C3(Q) and T(Q) C C4(Q). By
Lemma, 7.1, for all z € (,

vle) = | Giale.s) 1) dy
Using Lemma 7.4, (7.10) and the dominated convergence theorem, (7.29) follows.

Since (—Alg)” is self-adjoint in H(2s), we know that the equality (—A|)°¢ = f holds in D’(Q2) and
the interior regularity follows from Lemma 7.11. O

LEMMA 7.19: MAXIMUM PRINCIPLE FOR CLASSICAL SOLUTIONS | Consider u € C?**¢(Q) N
LY(Q,6(x) dz) such that

—Alg)’u>0 inQ lim inf > 0.
(—=A]g) u>0 inQ, iﬂé%u(x)_O

Then u > 0 in Q. In particular this holds when u € T(Q).
Proof. Suppose z* € Q such that u(z") = n%%nu < 0. Then

(—Alg) u(z™) = /Q[u(z*) —u(y)] J(z,y) dy + K(z")u(z") <0,

a contradiction. O

LEMMA 7.20: MAXIMUM PRINCIPLE FOR WEAK SOLUTIONS | Let u € M(Q),{ € M(9Q) be
two Radon measures satisfying (6.9) with > 0 and ¢ > 0. Consider u € L}, () a weak solution to the
Dirichlet problem (6.10). Then u > 0 a.e. in .

Proof. Take f € C*(Q), f > 0 and ¢ = (=Alg) °f € T(Q). By Lemma 7.19, ¢» > 0 in Q and by
Lemma 7.18 fg:/j > 0 on 092. Thus, by (6.11), fQ uf > 0. Since this is true for every f € C°(Q), the
result follows. O

2Tn the computation that follows, in the particular case s = % the term |1 — 7|25~ must be replaced by —In |1 — 5|, but
this is harmless.
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7.4.1 Proof of Theorem 6.5

Uniqueness is a direct consequence of the Maximum Principle, Lemma 7.20. Let us prove that formula
(6.12) defines the desired weak solution. Observe that if u is given by (6.12), then v € LY(Q,d(z)dx).
Indeed,

J

This, along with Lemma 7.10, proves that u € L'(£,§(x)dz) and (6.13). Now, pick v € T () and
compute, via the Fubini’s Theorem, Lemma 7.1 and Lemma 7.18,

dr < A /Q Gl y)e1 (2)dz || (y)

1
_Ai

o1(2) /Q Gl y)du(y)

e1(y) dlpl(y) < Cllopl|m)-  (7-30)

/ w(@)(~Alg) b (x) do =

/Q (/ Glale,y)duly ) (=&lg)™ d””""/Q (/ Pz, 2) d((z ) (=Alg)*Y(x) doe =
= [ (et i) i+ [ ( [ Bote )l ote) ) act) =

_ /Q o) dut) — | 222 dee).

o0 OV

7.4.2 Proof of Lemma 6.4

Proof of 1. Consider a sequence {ny}reny C C°(€2) of bump functions such that 0 < < ... <1y <
M1 < ... < 1and ng(x) T xo(x) as k T co. Consider ¢ € C2°(Q) and define fi := ni(—A|g) Y €

C=(Q), vi = (—A|g) " fr € T(Q).
Let us first note that the integral

u (_A|Q)81/’

makes sense in view of (7.14) and (6.13). The sequence {fy}, oy trivially converges a.e. to (—A|g)%1),
while

() — ()] < / Gl ) (= Bl ()] - (1 - () dy

converges to 0 for any x € Q) by dominated convergence. Since u is a weak solution, it holds

1o}
/Ufk = /Wdu— ;}k
Q Q an oV

By dominated convergence [, u fr — [, u(—Al]g)" ) and [, r dp — [, 9 dp. Indeed for any k € N,

(=Alg)"Y
¥1

) 1
| frl < [(=D]g)° and [vn| < Y 1,

L>=(Q)

where the latter inequality follows from the maximum principle or the representation formula ¢y (z) =
Jo GlsQ(z, y)[r(y)dy. Finally, the convergence

0Py,
/BQ ov d¢ kfoo 0

O
o0 81/

holds by dominated convergence, since

ac = /P ¢
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by the Fubini’s Theorem, and P5,¢ € L'(2,6(z)dz) while |fx| < |[(—=Alo) | < C§ by Lemma 7.8, so

[

that
/anka Fren /]P)\SQCf =0
Q too Ja

because P/ ¢ is s-harmonic and f € C2° ().

The proof of the boundary trace can be found in Theorems 7.16 and 7.17, by recalling the represen-
tation formula provided by Theorem 6.5 for the solution to (6.10). O
Proof of 2. Recall that u is represented by

u(z) =/QGfg(w,y)u(y) dy+/6Q Po(x,y) C(y) dH(y).

By Point 1. and Lemma 7.11, u € C257*(Q). Moreover, u € L*(£, §(z)dx) thanks to (6.13). So, we can

compute pointwise (—A|,) u by using (6.3) and (8.6): this entails by the self-adjointness of the operator
in (8.6) that

[ olwe= [w-slgye= [ w.  torayvec@)
Q Q Q

and we must conclude that (—A|,)"u = p a.e. By continuity the equality holds everywhere.
We turn now to the boundary trace. The contribution given by GlsQu is irrelevant, because it is a
bounded function as it follows from

s dy
(Glan(@)] < Clull oy | —
Q lz—yl

where we have used (7.12). Therefore, by Proposition 7.15, there also holds for all zg € 99,

u(x) — lim Gfaﬂ(z) +]P)‘SQC('I) = Clap).

za;ﬁeﬂ h1 (m) T—x0,2EQ h1 (x)

Proof of 3. By Lemma 7.12 p € C¢

loc

(Q). In addition, we have assumed that ¢ € C(99). Consider

o(z) = A G, y) ily) dy + /a Pi,2)((2) dH ()

the weak solution associated to data p and (. By the previous point of the Lemma, v is a classical
solution to the equation, so that in a pointwise sense it holds

u—v

(—=Alg)(u—v) =0in Q, =0 on 99.

1

By applying Lemma 7.19 we conclude that |u — v| < ehy for any € > 0 and thus u — v = 0. O
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Chapter 8

Nonlinear problems and large solutions for the power
nonlinearity

8.1 THE NONLINEAR PROBLEM
LEMMA 8.1: KATO’S INEQUALITY | For f € LY(Q,d6(z)dx) let w € LY (Q, §(x)dz) weakly solve

{(A|Q)Swf in Q
w
h—lf() on 0f).

For any conver ® : R — R, ® € C?*(R) such that ®(0) =0 and ®(w) € L}

loc

(), it holds
(—Alg) @(w) < @' (w)(=Alg) w.
Moreover, the same holds for ®(t) =tT =t A 0.

Proof. Let us first assume that f € C (). In this case, by Lemma 7.11, w € C75%(Q) and the equality
(—=Alg)°w = f holds in a pointwise sense. Then

(=Alg) @ ow(x) = /Q[@(w(x)) = (w(y)]J (2, y) dy + r(x) (w(z))
= @'(W(w))/g[w(x) —w(y)] J(z,y) dy + k(z) @(w(z))

- / () — w(y)? J(zy) / " (w(z) + tlw(y) — w(@)])(1 — 1) dt dy
Q 0
< ¥ (w(@) (~Alg) w(z)

where we have used that ®” > 0 in R and that ®'(¢) < ¢®(¢), which follows from ®(0) = 0.

We deal now with f € L>(€2). Pick {f;},y € C2°(2) converging to f in LY(Q,6(x), dz) and bounded
in L>(Q). The corresponding {w; = Gg,f;},cy converges to w in LY(Q,6(z)dx), is bounded in L>(Q)
and without loss of generality we assume that f; — f and w; — w a.e. in Q. We know that for any

YeTE), v20
[owy -2y v < [ o).
Q Q

By the continuity of ® and ® we have ®(w,) — ®(w), ' (w;) — ®'(w) a.e. in Q and that {P(w;)}

JEN
{®'(w;)},cy are bounded in L>(€2). Since {f;}, \ is converging to f in LY(Q,6(z)dx), then

| o) ole— [owolye amd [ pewp— [ rewe



108 — Nonlinear problems and large solutions for the power nonlinearity

by dominated convergence.

For a general f € L'(Q,(z)dx) define f;x := (f Aj)V (=k), j,k € N. Also, split the expression of
® = & — d5 into the difference of two increasing function: this can be done in the following way. The
function @’ is continuous and increasing in R, so that it can either have constant sign or there exists
to € R such that ®'(tp) = 0. If it has constant sign than ® can be increasing or decreasing and we can
choose respectively &1 = &, 5 =0 or &7 = 0, Py = —P. Otherwise we can take

(L) t>to

(I)l(t) = { and (I)Q(t) = {

D(ty) < to

0 t >ty
D(tg) — B(t) t<to

We already know that for any ¢ € T(Q2), ¢ >0

[ 20w < [ @ .
Q Q

On the right-hand side we can use twice the monotone convergence, letting j 1 oo first and then k£ 1 co. On
the left hand side, by writing ® = ®; — ®, again we can exploit several times the monotone convergence
by splitting

AwwmeAMW=1ﬁm%wwAMWF—A®mwn@mmwr+
[ @atwn) (Bl w1+ [ Dol [(-2la) )
Q Q

to deduce the thesis.
Finally, note that ®(¢) = ¢ can be monotonically approximated by

1 1 t 1
@j(i) 5 t2+3—+§*2—j

which is convex, C? and ®;(0) = 0. So

[ -2 s [ rejwe
Q Q

Since ®;(t) T ¢+ and 20/ (t) T 1+ sgn(t) = 2x(0,4-0)(t), we prove the last statement of the Lemma. O

THEOREM 8.2 | Let f(z,t) : Q@ x R — R be a Carathéodory function. Assume that there exists a
subsolution and a supersolution u,u € L'(Q,§(x)dz) N LS.(Q) to

(=Alg)uw= f(z,u) in €,

8.1
Y =0 on 0N. (8.1)
hy

Assume in addition that f(-,v) € LY(Q,6(z)dz) for every v € LY(Q,5(x)dx) such that u < v < T a.e.
Then, there exist weak solutions uy,us € LY(Q,6(x)dx) in [u,u] such that any solution u in the interval
[u, U] satisfies

u<u <u<Lu <u a.e.

Moreover, if the nonlinearity f is decreasing in the second variable, then the solution is unique.
Proof. According to Montenegro and Ponce [67], the mapping v — F(-,v), where
F(x,t) := f(x, [t ANa(x)] V u(x)), z €N teER,
acts continuously from L!(Q,§(x)dx) into itself. In addition, the operator
K: LY9Q,6(x)dr) — L (Q 5z
v(z) / Gio(x,y)F(y, v(y))dy
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is compact. Indeed, take a bounded sequence {v,}, .y in L'(Q,6(2)dz). On a compact set K CC €,
u,u are essentially bounded and so must be the sequence {F(-,v,)}, cy. By Theorem 6.5 and Lemma
7.11, {K(vn)}, ey is bounded in Cf) (K) N LP(Q, 6(x)dx), p € [1, (N +1)/(N +1 - 2s)). In particular, a

loc
subsequence {vy, };cy converges locally uniformly to some v. By Holder’s inequality, we also have

[vny, — vllz1@\K 6(2)dz) < [[Vny, — vl Le@\K.6(x)dn) XK | Lo (00 i, 6(2) da) -

Hence,
vn, = vllzr@6@)de) < lvne = vllLe (k5(2)d2) [0l 21 () + Clixar |l v o\ k.5(2)da-

Letting £ — 400 and then K — €, we deduce that I is compact and by the Schauder’s Fixed Point
Theorem, K has a fixed point u € L'(Q,6(z)dz). We then may prove that u < v < U by means of the
Kato’s Inequality (Lemma 8.1) as it is done in [67], which yields that u is a solution of (8.1).

The proof of the existence of the minimal and a maximal solution uy,us € L'(Q,6(z)dz) can be
performed in an analogous way as in [67], as the only needed tool is the Kato’s Inequality.

Ag for the uniqueness, suppose f is decreasing in the second variable and consider two solutions
u,v € LY(Q,6(z)dx) to (8.1). By the Kato’s Inequality Lemma 8.1, we have

(_A|Q)S(u - U)+ S X{u>7j}[f($au) - f((E,’U)] S 0 in Q)

which implies (u — v)* < 0 by the Maximum Principle Lemma 7.20. Reversing the roles of u and v, we
get also (v —u)T <0, thus u = v in Q. O

8.1.1 Proof of Theorem 6.6

Problem (6.17) is equivalent to

(—Alg)"v = g(z,PlsQC —) in Q
8.2
B on 0f) (82)
h1
that possesses u = PlsQC as a supersolution and u = 0 as a subsolution. Indeed, by equation (7.20) we
have

0 < Pio¢ < [ICllne(@yhs < ClI¢N poeayd™ 372,

Thus any v € L'(2, §(x)dx) such that 0 < v < P§,( satisfies
g(z,v) < h(v) < h(cd~ P29y ¢ LY(Q, §(z)dx).

So, all hypotheses of Theorem 8.2 are satisfied and the result follows. O

8.2 LARGE SOLUTIONS
Consider the sequence {u;} . built by solving

(=Alg) u; = —uf in

(8.3)

Y

I =7 on 0f).

Theorem 6.6 guarantees the existence of such a sequence if 6~=29P ¢ L1(Q, §(z)dz), i.e. p < 1/(1—s).
We claim that the sequence is increasing in €: indeed the solution to problem (8.3) is a subsolution for
the same problem with boundary datum j+ 1. In view of this, the sequence {u;};en admits a pointwise
limit, possibly infinite.
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8.2.1 Construction of a supersolution

LEMMA 8.3 | There exist 69, C > 0 such that

2s

(=Ag)%6™ > —Co7 P, for 6 < dg and o = T
D

Proof. We use the expression in equation (6.3). Obviously,

(~810)'5 () = [

9[5(z)_a —6(y)" ] (z,y) dy + 0(z)"“k(x) = / [0(2)™" = 0(y)~ | (2, y) dy.

Q

For any fixed x € 2 close to 02, split the domain € into three parts:
3
O = {y eN:d(y) > 56(3@)},

QQ{yeﬂ:%5(x)<5(y)<gé(z)},

0 = {y € 2:00) < 330}

For y € O4, since d(y) > 6(x), it holds §(x)~* — d(y)~* > 0 and we can drop the integral on ;. Also,

since it holds by equation (7.13)
C

N+42s?
—yl

J(z,y) <
|

the integration on 25 can be performed as in Second step in Proposition 4.2 providing
PV/ [6(x)~ = 8(y) "] J(x,y) dy > —C §(x)~*"% = —C 6(x)~P.
Q2

To integrate on €23 we exploit once again (7.13) under the form

J(z,y) < C- 6(36)13%123
lz =yl
to deduce ()1
T — N J(x — x y - .
[ o) e a2 0o [

Again, a direct computation as in Third step in Proposition 4.2 yields

/Q [5(2) " — 8(y)~"] () dy > —C5(x) =2 = —C ().

(|
LEMMA 8.4 | If a function v € L'(Q,6(z)dx) satisfies
(—Alg)v e LS.(Q), (=Alg)*v(x) > —Cuo(z)?, when §(z) < do, (8.4)
for some C, 6y > 0, then there exists u € L'(Q, §(x)dz) such that
(—Alg)u(z) > —u(z)?, throughout Q. (8.5)

Proof. Let A :=CY®=1) v 1and Q= {z € Q:5(z) < o}, then
(=Alg)" (W) > —(A\v)”, in Q.
Let also p 1= A[|[(=A[g) 0| L (@\0y) and define @ = puGf,1 + Av. On 7 we have

(—Alg)° T = p+ A=Alg) v > A(=Alg) v + A(—=Alg)°v > —uP  throughout €.
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COROLLARY 8.5 | There exists a function u € L'(Q, §(x)dz) such that the inequality
(-Alg)’u > —u?, in Q,
holds in a pointwise sense. Moreover, uw = §~25/(P—1),

Proof. Apply Lemma 8.4 with v = §=2/(P=1): the corresponding @ will be of the form

U= pGigl + A6~2/@- 1,

8.2.2 Existence

LEMMA 8.6 | For any j € N, the solution u; to problem (8.3) satisfies the upper bound
u; < u, in €,
where w is provided by Corollary 8.5.
Proof. Write u; = jh1 — v; where
(—=Alg)*vj = (jh1—v;)P  inQ

Z—i: 0 on 0.

and 0 < v; < jhy. Since (jhy —v;)” € L2.(Q2), we deduce that v; € C2.(Q) for any « € (0,2s). By
bootstrapping v; € C*°(Q) and, by Lemma 7.11, also u; € C*(€). This says that u; is a classical
solution to problem (8.3). Now, we have that, by the boundary behaviour of u stated in Corollary 8.5,

u; <7 close enough to 9 (depending on the value of j) and

(=Dg)" @ —uy) > uf =P, in Q.
Since v} — P € C(Q) and lim;—,p0 u} —uP = —oo, there exists xg € 2 such that w;(2o)? — U(zo)? =
m =: maxgeq (uj(x)? —w(x)?). If m > 0 then (—Al|,)" (W — u;)(zo) > m > 0: this is a contradiction, as
Definition 6.3 implies. Thus m < 0 and u; <@ throughout €. O

1
THEOREM 8.7 | For anyp € (1 + s, 1 ) there exists a function u € LY(, §(x)dx) solving

(—Alg) u=—-u? inQ
02"y =400 on 9N

both in a distributional and pointwise sense.

Proof. Consider the sequence {u;} ey provided by problem (8.3): it is increasing and locally bounded
by Lemma 8.6, so it has a pointwise limit « < u, where u is the function provided by Corollary 8.5.
Since p > 1 +s and @ < C5~ /=1 then u € L'(Q,5(x)dx). Pick now ¢ € C°(Q), and recall that
5 H(=Alg)*Y € L*>(Q): we have, by dominated convergence,

/Quj‘(*Ab)s?/J};j/ﬂu(*Ab)sw, /Qufz/1~—+ uPe)

Jrteo Jo
/Qu(*Akz)s?/} = */Quplb-

Note now that for any compact K CC €, applying Lemma 7.11 we get for any « € (0, 2s)

so we deduce

luglen) < C (Il iy + il 205w ) < C (11 ey + 1T 21 @, 500100))
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which means that {u;},_y is equibounded and equicontinuous in C'(K). By the Ascoli-Arzela Theorem,
its pointwise limit « will be in C'(K) too. Now, since

(—Alg)u = —uP in D'(Q),

by bootstrapping the interior regularity in Lemma 7.11, we deduce u € C*°(Q). So, its spectral fractional
Laplacian is pointwise well-defined and the equation is satisfied in a pointwise sense. Also,

lim inf u(z) > hmlnf u; (@) =
e—0Q hi(x) — e—oQ hi(x)

and we obtain the desired boundary datum. O

8.3 APPENDIX

8.3.1 Another representation for the spectral fractional Laplacian

LEMMA 8.8 | For any u € H(2s) and almost every x € ), there holds

(=A]g) u(z) = PV/ [u(z) —u(y)]J(z,y) dy + x(x)u(z),

Q

where J(x,y) and k(z) are given by (6.4).

Proof. Assume that u = ¢, is an eigenfunction of the Dirichlet Laplacian associated to the eigenvalue
)\]—‘ Then, (7A|Q)Su = )\ju, etA|Qu = fQ pQ(t7 .7y> u(y) dy = e iy and for all z €

LA=9) Al ue) =

/OOO (u(z) — ¢ Alou(a)) tff (8.6)
[ (w0~ [ oottt an)

=t [T ettt — st dy g+ [ ute) (1= [ oo ) G

— PV /Q () — w@) I (. 5) dy + r(@)u(). (8.7)

By linearity, equality holds on the linear span of the eigenvectors. Now, if u € H(2s), a sequence {un}, oy
of functions belonging to that span converges to u in H(2s). In particular, (—A|,)u, converges to
(—Alg)w in L*(Q2). Note also that for v € L?(12),

/Q/OOO (u(m) _ etA\nu(x)) tldfs . Z AL

so that we may also pass to the limit in L?(Q2) when computing (8.6) along the sequence {u,}, .. By
the Fubini’s theorem, for almost every x € 2, all subsequent integrals are convergent and the identities
remain valid. O

T < Jull s 0]l 2o

8.3.2 The reduction to the flat case

In this paragraph we are going to justify the computation of the asymptotic behaviour of integrals of the
type

F(o(x),0(y), |z —yl)dy  as d(z) |0,
ANQ
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where A is a fixed neighbourhood of x with A N 9Q # (), by just looking at

/01 dt/B dy’ F(5($),t, \/|y/|2 - 5(m)|2) _

The first thing to be proved is that

|z = y|* = [zo — yol* + |0(x) — 8(y) I,
where g, yo are respectively the projections of x,y on 0f2.

LEMMA 8.9 | There exists € = ¢(2) > 0 such that for any x € Q, x = o + §(x)V(z0), xo € 0N, with
d(x) < e and any y € Q with §(y) < € and |yo — xo| < &

(lzo = yol* +18(x) = 6(y)I*) < o = yl* < 5 (Jwo — ol + |0(2) — 8(y)[?) -

Proof. Call Q. ={z € Q:6(x) <e}. Write x = a0 + 6(x)V0(z0),y = yo + 6(y)V(yo). Then

3
2

N =

[z —yl* = |20 — yol* + [8(z) = 6(y)|* + 6(y)*[W(x0) — V6(yo)|? + 2[6(x) — 6(y)]{xo — yo, V(o)) +
+ 20(y)(zo — Yo, Vé(xo) — V6(y0)) + 26(y)[6(z) — 6(y)](Vo(z0), Vé(z0) — Vo(y0)). (8.8)
Since, for ¢ > 0 small, § € C*!(Q.) and
V8(x) = Vo (y)[* < [10]121a 0z =yl
(0 — yo, 8(z0)) = O(|zo — ol*)
[(zo — Yo, V8(z0) — V6(yo))| < [16]lcrr |20 — wol?

[6(2) = d(y)| = 0llcr1 (el =yl
[(V0(0), Vé(20) = Yo (yo))| < 16]lcr1(0.)lx0 — wol

The error term we obtained in (8.8) can be reabsorbed in the other ones by choosing ¢ > 0 small enough
to have

8(y)*|v8(xo) — ¥B(yo)[* + 2[6(x) — 5(y)| - [{zo — yo, Y (w0))| + 26(y)|(x0 — yo, V(o) — W(yo))| +
20(y)[6(x) — 8(y)| - (VB (wo), Wo(x0) — ¥(yo))| < 5 (Iz0 — yol” + |6(2) = 6(y)I) -

N | —

O

LEMMA 8.10 | Let F: (0,+00)® — (0,+00) be a continuous function, decreasing in the third variable
and Q. = {x € Q : 0(z) < e}, with ¢ = () > 0 provided by the previous lemma. Consider x =
2o + 0(x)V(x0), xo € O, and the neighbourhood A of the point x, defined by A = {y € Q.

Yo + 8(y)V(y0), |xo — yo| < €}. Then there exist constants 0 < c; < ca, ¢1 = ¢1(Q), ca = c2(Q) such that

cl/ dt/ dy’F( ).t eav/ Y12 + |t — 6( /F y), |z —y|) dy
0 B!
< o / dt / ay' 6(z>,t,cl¢|y'|2+|t75<:c>|2)
0 L

where the ’ superscript denotes objects that live in RV 1,

Proof. By writing y = yo + d(y)V(yo), yo € 9 and using the Fubini’s Theorem, we can split the
integration into the variables yo and ¢ = §(y):

[ Fow sl -ay< [ - ( | re >,t,|w—yo—tv6<yo>|>dt) M (o).
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Using the monotony of F' and the above lemma, we get

[ Fo@ s —as [ ([ F(3)teer/ o0 =P T~ ) at) anon)

where c is a universal constant. Representing Be (z0) N 91 via a diffeomorphism v with a ball B, ¢ RV ~!
centered at 0, we can transform the integration in the yg variable into the integration onto B.. The volume
element |D~y| will be bounded above and below by

0<c1 <|Dy|<ey,

in view of the smoothness assumptions on 9f2. O
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Chapter 9

Nonlocal directional curvatures

In this Chapter we study a nonlocal notion of curvature of a surface. For some bibliography dealing with
the motion by mean curvature and minimal surfaces, see e.g. [4, 8, 24, 17, 19, 22, 21, 38, 45, 53, 75] as
well as [85] for a recent review.

The Chapter is organized as follows: the introductory Section 9.1 recalls some basic definitions and
facts on classical curvatures of smooth surfaces (of course, this part can be skipped by the expert reader
but we included it in order to make a clear comparison between the classical setting and the nonlocal
one); in Section 9.2 we introduce a definition of nonlocal directional curvature and give some ideas of
the context in which it arises; finally, we state some theorems which compare similarities and differences
between the local and the nonlocal setting. The remaining sections are devoted to proofs and explicit
computations.

Though the motivation of the present Chapter arises in the framework of nonlocal minimal surfaces
and integro-differential operators of fractional type, which are subjects that involve a very advanced
technology, the Chapter itself is completely self-contained and no prior knowledge on the topic is required
to follow the involved proofs. Also, we put an effort in keeping all the arguments as elementary as possible
and accessible to a wide audience.

Notation

In the following we will always use:

e N to denote the dimension of the Euclidean space RY, with N > 3, whose points are sometimes
written in the form x = (2/,xx) € RV 71 x R,

e CFE to denote the complementary set of £ C RV, ie. CE := RN\ E,
e HV=2(E) to denote the (N — 2)-dimensional Hausdorff measure of a set E,
e SNV=2 to denote the (N — 2)-dimensional unit sphere in RN ~! namely
SN=2 .= {ec RV le| =1},
with a slight abuse of notation, we will also identify S~ =2 and the set
{(@,zn) eRNTIxR:|2/| = 1,2y =0} C RN :

note that the latter set is simply an (N — 2)-dimensional sphere lying in an (N — 1)-dimensional
subspace of RN and this justifies our notation,

e wy_o to denote the (N — 2)-dimensional Hausdorff measure of the (N — 2)-dimensional sphere,
that is wy_g 1= HN72(SN=2),
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e xg, where E C RV, for the characteristic function of E, i.e.

@ {1 HreF
XEXE) =00 if 2 € CE,

e Y g for the difference xg — xcg, namely

)= {1 TER,
XEWE) =21 ifz e CE,

o (Ar,x), when A is an N x N real symmetric matrix and z € RY, to denote the quadratic form on
RY represented by A and evaluated at z, i.e. if A = {Aij}ij=1,. n, then

N
(Az,x) = Z Az,

ij=1

1
° ][ , when Q C R has finite measure, for the integral operator ﬁ / .
Q Q

Also, we will sometimes write multiple integrals by putting in evidence the integration variables according
to the expression

/Xdz/ydy/zdz f(z,y,2)  in place of /X [/Y sz(x,y,z) dz} dy] da.

Moreover, we will reserve the name s for a fractional parameter that, in our scaling, is taken in (0,1/2).

9.1 SUMMARY ON CLASSICAL CURVATURES

In order to make a clear comparison between some classical facts and their corresponding nonlocal
counterparts, we recall here a few basic results. Namely, some well-known facts on the classical concept
of curvature show a nice and deep interplay between geometry, analysis and algebra that can risk to be
not evident from the beginning. In particular, the mean curvature, which is a geometrical object, can be
described in normal coordinates by the Laplacian, which comes from analysis, and also can be seen as
the trace of a linear map, and here an algebraic notion shows up. The interplay between these disciplines
has some striking consequences: let, us recall two of them.

First of all, we recall that, given a C? surface ¥, a point p € ¥ and a vector e in the tangent space
of ¥ at p, one may define the classical notion of directional curvature of ¥ at p in direction e by the
curvature at p of the curve C' lying in the intersection between ¥ and the two-dimensional plane spanned
by e and the normal vector of ¥ at p. We denote by K. the directional curvature in direction e.

It is well-known that this directional curvature may be easily computed in normal coordinates.
Namely, suppose we are given a set £ C RY such that 0 € 9F, and suppose that ¥ = OF is de-
scribed as a graph in normal coordinates, meaning that, in an open ball B, C RY, 0F coincides with
the graph of a C? function ¢ : B, NRY~! — R with ¢(0) = 0 and Wp(0) = 0. Then the directional
curvature in direction e is given by

K. = (D*p(0)e,e) = D?¢(0), ec RN |e|=1

where D?(0) is the Hessian matrix of ¢ evaluated at 0.

Since DQQO(O) is a real symmetric matrix, it will admit N — 1 real eigenvalues \; < ... < Ay_1
called principal curvatures. Moreover, associated to these eigenvalues, there is an orthonormal basis of
eigenvectors vy, ...,vy—1 called principal directions.
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The arithmetic mean of the principal curvatures is called mean curvature and we denote it by H,

namely
) VR B
gaoo Mt AN
N -1
The above mentioned algebraic formulation implies that the principal directions vq,...,vxy_1 can be

always chosen orthogonally, which is a somehow surprising geometric outcome that allows to easily
compute any directional curvature once the principal curvatures are known:

THEOREM 9.1 | Let ¥ be a C? surface described as the graph of the C? function ¢ : B, NRN =1 - R
with ©(0) = 0 and Vp(0) = 0. Every directional curvature can be calculated using principal curvatures,

i.e. the eigenvalues \1,...,A\n_1 of the matriz D?¢(0), and principal curvatures, i.e. an orthonormal
basis v1,...,uN_1 of eigenvectors; given a vector e = ayv1 +...+an_1UN—1, witha}+...+a%_; =1,
then

K. = (D*p(0)e,e) = \af + ...+ Av_10%_1-

REMARK 9.2 | We point out that Theorem 9.1 implies also that all directional curvatures are bounded
below by A\; and above by Ay_; and that A\; and A\y_; are attained along orthogonal directions. In par-
ticular, when N = 3, the two principal curvatures are the minimum and the maximum of the directional
curvature K, for e € S1.

REMARK 9.3 | In a sense, Theorem 9.1 shows a sort of linear phenomenon that drives the classical
directional curvatures. As we will see in forthcoming Remark 9.9, this linear feature cannot be recovered
in the case of nonlocal directional curvatures, that are somewhat intrinsically nonlinear in nature.

Furthermore, the spherical average of directional curvatures may be reconstructed by the arithmetic
mean of the principal curvatures, that is the normalized integral of K, over e € S™V~2 coincides with
the normalized trace of the Hessian matrix, thus reducing the (difficult, in general) computation of an
integral on the sphere to a (simple, in general) sum of finitely many terms (that are the eigenvalues of
the Hessian matrix) and this clearly provides an important computational simplification:

THEOREM 9.4 | Let ¥ be a C? surface described as the graph of the C? function ¢ : B, NRN~! R
with p(0) = 0 and Vip(0) = 0. The mean curvature can be defined

A+ AN
Mt AN or equivalently H = K. dHN2(e),
N-1 on-

H =

since

]l Ke d,HN72(e) :][ <D2<,0(0) e, e) d’HN*Q(e) — w
SN-—2 SN-2 N —1

Proof. By symmetry

/SM o2 dHN2(a) = / o} dHN (o) 9.1)

SN -2

for any ¢ € {1,..., N — 1}. By summing up in (9.1) we obtain

N-1
WN_2 = / LdHN 2(a) = / Z a? dHN 2(a) = (N — 1)/ o dHY 72(a).
SN -2 SN -2 S

: N-2
i=1

Using again (9.1) we deduce from the identity above that

wn_2 = (N — 1)/ o dHN72(a)
SN72

for any ¢ € {1,..., N —1}. As a consequence
1 1
/ (D?*p(0) e, e) dHN "%(e) = / (Maf+ ...+ A1) dHY P (a) =
WN—-2 JgN-2 WN-2 JgN-2
-1
1 M+ AN _
_ Z)‘i/ 0? dHN"*(a) = 1+ F A1 wNo2
WN -2 P SN-—2 WN -2 N -1

as desired. O
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Associated with these concepts, there is also a theory of motion by mean curvature. Let us think of a
bounded set Q2 C RY whose shape changes in time according to local features of its boundary, i.e. each
point xg of the boundary moves along the normal direction to 99 at xo and with a speed given by the
mean curvature of 9Q at zg. In [66], with the aid of [54] and [42], it is possible to find the following
approximation of this motion. Let evolve the function X according to the heat equation

{ Ou(z,t) = Au(x,t),

u(@,0) = Talo). 92)

Then the set Q. = {u(x,e) > 0}, for small € > 0, has a boundary close to the evolution of 9 by mean
curvature. Before passing to the nonlocal case, we would like to bring to the reader’s attention two facts:

1. we underline how the evolution of a point zy € 9 depends only on the shape of  in a neighborhood
of Zo,

2. we recall that if a set £ has minimal perimeter in a region U, then it has zero mean curvature at each
point of 9ENU, see [46], and we can say that this is the Euler-Lagrange equation associated to the
minimization of the perimeter of a set; therefore a set with minimal perimeter will be a stationary
solution to the motion by mean curvature.

9.2 NONLOCAL DIRECTIONAL CURVATURES

From now on we take s € (0,1/2) and a set £ C RY, with C? boundary 9F.

9.2.1 Nonlocal definitions

We introduce here the nonlocal objects that will play the role of directional and mean curvatures (for
details, heuristics and justifications of our definitions see Section 9.2.2).

DEFINITION 9.5: NONLOCAL MEAN CURVATURE | The nonlocal mean curvature of OF at the point

p € OF is
H e / Xe(@) (9.3)
wN—2 Jp~ |z — p|NH2

Denote now by v be a normal unit vector for OF at p. Let also e be any unit vector in the tangent
space of OF at p and'let 7(e) the two-dimensional open half-plane

m(e) :={y e RY :y=pe+hv, p>0, h € R}.

We endow 7(e) with the induced two-dimensional Lebesgue measure, that is we define the integration

over m(e) by the formula
+oo
/( )g(y) dy = / dp/ dh g(pe + hv). (9.4)
(e 0 R

DEFINITION 9.6: NONLOCAL DIRECTIONAL CURVATURE | We define the nonlocal directional
curvature of OFE at the point p € OF in direction e the quantity

_ Iy —p'|N 2 Xe(y)
K., = /ﬂ(e) Ly, (9.5)

INotice that 7(e) is simply the portion of the two-dimensional plane spanned by e and v given by the vectors with
positive scalar product with respect to e. We point out that a change of the orientation of v does not change 7(e) which
is therefore uniquely defined. Needless to say, such two-dimensional plane plays an important role even in the classical
setting.
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Without loss of generality, we can consider now a normal frame of coordinates in which p coincides
with the origin 0 of R", and the tangent space of S at 0 is the horizontal hyperplane {zy = 0}. In this
way we can take also

v=(0,...,0,1). (9.6)
With this choice, (9.3) and (9.5) becomes
1 Xe(x)
WN—z /RN |z[NF2s x (9.7)
" I Xe(w)
ylIm " xely
Koo= / W XEW) 4. 9.8
7(e) |y|N+ZS ( )

As a matter of fact, since the function Yg(x)/|z|V*+2% is not in the space L*(RY), the integral in (9.7)
has to be taken in the principal value sense, that is

. xe(@) .
hm/c d (9.9)

el Jop, |x[NF2s T

Similarly, the integral in (9.8) may be taken in the principal value sense as

/|N—2>~<E(y)
e

lim v (9.10)
&40 Jr(e)\Be

Next observation points out, that these definitions are well-posed, in view of the smoothness of E:
LEMMA 9.7 | The limits® in (9.9) and (9.10) exist and are finite.

We postpone the proof of Lemma 9.7 to Section 9.8. Though the definition of the nonlocal direction
curvature may look rather mysterious at a first glance, it finds a concrete justification thanks to the
following result:

THEOREM 9.8 | In the setting above
H, = Ko dHN2(e).
SN—Z

Namely, Theorem 9.8 states that the nonlocal mean curvature is the average of the nonlocal directional
curvatures, thus providing a nonlocal counterpart of Theorem 9.4. See Section 9.3 for the proof of
Theorem 9.8.

In the particular case when the set E is characterized as the subgraph of a function f € C?(RV~1)
(that, due to our normalization setting, satisfies f(0) = 0 and Vf(0) = 0), namely if £ = {xy < f(z)},
then formula (9.8) can be written directly in terms of f, according to the expression

K. = 2/+oo dp pN 2 /f(pe) S (9.11)
s,e 0 o (p2 + h2)5+N/2 . .
The proof of (9.11) is deferred to Section 9.4.

REMARK 9.9 | We point out that if f is a radial function, i.e. f(pe) = ¢(p) for some ¢ : [0,4+00) — R,
equation (9.11) becomes

(p)

+oa 1 e dh +oa 1 = d
Ks,e:2/ d02—+2/ ,m:?/ dpw/ —— =
0 PP o (14 pm2h2)s TN 0 P o (142t

e ¢(p)
| ()

2Similar statements can be found in [17, Theorem 5.1], where less regularity is asked on E and only the limsup is
calculated, and [53, Lemma 1]; we add here the finiteness of the nonlocal directional curvature.
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where ,
F(t):= / (1+ 72)7571\7/2 dr.
0

We observe that the function F' is nonlinear, thus the nonlocal directional curvature depends on the
graph of the set in a nonlinear fashion. Comparing this remark with Theorem 9.1, we notice that this
phenomenon is in sharp contrast with the classical case.

REMARK 9.10 | In our setting K, _. is, in general, not equal to Kj ., differently from the classical
case in which K_, = K,. For a notion of fractional directional curvature that is even on S™~2 one can
consider f(sﬁ = (Ks,e + K5 _¢)/2. Of course the results presented in this paper hold for f(sﬁ too (with
obvious minor modifications).

9.2.2 The context in which nonlocal curvatures naturally come forth

We now give some further motivation for the study of curvatures of nonlocal type. A few years ago the
notion of s-minimal set has been introduced, see [17]. Roughly speaking, one can think of the problem
of minimizing functionals which have a strong nonlocal flavor, meaning that these functionals take into
account power-like interactions between distant objects. In particular, one is interested in the functional

dx dy
A, B)
JAB) = o 1// oy

for every measurable sets® A, B C RY, and in the minimization of the functional
Pery(E,U) =J(ENUU\E)+J(ENUCENCU)+J(E\UU\E),

called the s-perimeter of E in U, where E,U C RN are measurable sets and U is bounded.

A set B, C RY that minimizes Pers(E,U) among all the measurable sets £ C RY such that £\ U =
E,\ U is called s-minimal. In this framework, U can be viewed as an ambient space, meaning the space
in which one is free to modify the set E, while the shape of E is fixed outside U and E'\ U plays the role
of a boundary datum.

As the reader may have noticed, the notation Pers(F,U) and the name “s-perimeter” strongly remind
the notation Per(E,U) for the perimeter of a set E in U, see [46] (and indeed s-minimal sets are the
natural nonlocal generalizations of sets with minimal perimeter). For instance, it is proved in [21, 4]
that, as s 1 %, the s-perimeter reduces to the classical perimeter, namely

lim (1 — 2s) Pery(E, B,) = Per(E,B,) for a.e. > 0. (9.12)
5T2
Also, asymptotics of the s-perimeter as s | 0 are studied in [38].
While, in the classical setting, sets with minimal perimeter satisfy the zero mean curvature equation,
it is proved in [17] that if E, is an s-minimal set and p € F, then

/ _Xe@) oy (9.13)
R

o oV

Of course this equation makes sense if OF, is smooth enough near p, so in general [17] has to deal with
(9.13) in a suitable weak (and in fact viscosity) sense. In this setting, one can say that (9.13) is the
Euler-Lagrange equation of the functional Pery and so, by analogy with the classical case, it is natural
to consider the left hand side of (9.13) as a nonlocal mean curvature.

This justifies Definition 9.5. Furthermore, in [53, 19] a nonlocal approximation scheme of motion by
mean curvature has been developed. This scheme differs from the classical one recalled in Section 9.1
since it substitutes the standard heat equation in (9.2) with its nonlocal counterpart

{ Ou(z,t) = —(—=A0)°u(z,t)
u(z,0) = Xa(x).

3We refer here to sets as in [22, footnote 1].
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With this modification it has been proved that the counterpart of the normal velocity at a point zy € 92
is given by the quantity (see [17] and references therein)

Xa(z)

9.2.3 Some comparisons between classical and nonlocal directional curvatures

Now we turn to the study of the objects that we have introduced in the last paragraph, by stating some
properties. Our goal is threefold: first we study the directions in which maximal curvatures are attained,
then we are interested in asymptotics for s 1 1/2, finally we present an example dealing with the relation
between the nonlocal mean curvature and the average of extremal nonlocal directional curvatures.

First of all, we establish that the counterparts of Theorem 9.1 and Remark 9.2 do not hold in the
nonlocal framework. Indeed, the direction that maximizes the nonlocal directional curvature is not, in
general, orthogonal to the one that minimizes it. Even more, one can prescribe arbitrarily the set of
directions that maximize and minimize the nonlocal directional curvature, according to the following
result:

THEOREM 9.11: DIRECTIONS OF EXTREMAL NONLOCAL CURVATURES | For any two disjoint,
nonempty, closed subsets
E—a E-‘r - SN_2)

there exists a set E C RN such that OF is C?, 0 € OF and
Koo <Kse<Kspe.,, for anye_ € X_, ec SN2 \(ZLUX), ey € X4,

and the minimum and mazimum of the nonlocal directional curvatures are attained at any point of 3_
and ¥ respectively.

We remark that, in the statement above, it is not necessary to assume any smoothness on the
boundary of the sets ¥_ and X in SV~2.

Next result points out that the definition of nonlocal directional curvature is consistent with the
classical concept of directional curvature and reduces to it in the limit:

THEOREM 9.12: ASYMPTOTICS TO 1/2 | For any e € SN2
lim(1 — 2s)Ks,. = K, (9.15)
ST%
and
lim(1 —2s)H, = H,
ST%
where K. (resp., H) is the directional curvature of E in direction e (resp., the mean curvature of E) at
0.

Notice that Theorem 9.12 can be seen as an extension of the asymptotics in (9.12) for the directional
and mean curvatures.

A further remark is that, differently from the local case, in the nonlocal one it is not possible to
calculate the mean curvature simply by taking the arithmetic mean of the principal curvatures (this
in dimension N = 3 reduces to the half of the sum between the maximal and the minimal directional
curvatures). This phenomenon is a consequence of Theorem 9.12 and it may also be detected by an
explicit example:

EXAMPLE 9.13 | Let F = {(z,y,2) € R3 : 2 < 82%y?}. Let H, be the nonlocal mean curvature at
0 € OF. Let also K, . be the nonlocal curvature at 0 in direction e,

A_:=min K, and Ay :=max K.
ecSt ecSt

Then \_ is attained at (0,1), A, is attained at (v/2/2,v/2/2), and Hy # (A_ + \y)/2.
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Of course, Example 9.13 is in sharp contrast with the classical case, recall Remark 9.2. For the proof
of the claims related to Example 9.13 see Section 9.7.

9.3 PROOF OF THEOREM 9.8

Given a function G, we apply (9.4) to the function g(y) := |y/|Y ~2G(y). For this, we recall the normal

coordinates in (9.6) and, with a slight abuse of notation we identify the vector e = (e1,...,exy_1,0) € RV
with (eq,...,en_1) € R¥71 so that we write
mw(e) 2y = pe+ hv = (pe, h). (9.16)

Then (9.4) reads
—+oo
[ avlyc / dp/dhpN 2G(pe, h).
m(e)

We integrate this identity over e € SN¥~2: by recognizing the polar coordinates in RN~ we obtain

/ dHN*2(e)/ dy |y'|N2G(y /dh/ dHN7( / dp pN2G(pe, h) =
SN—2 m(e) SN-2
/dh/ dr' G(z',h) = / dx G(z).
]RN 1

We apply this formula to G(y) := Xe(v)/|y| T2* and we recall (9.7) and (9.8), so to conclude that

N—-2
e K= [ i) [ ag WO [ S0y
/sm ) Kae= [ A @) | W e T [ s S en

establishing Theorem 9.8. O

9.4 PROOF OF (9.11)

We exploit again the notation in (9.16) and (9.4) applied to g(y) := |v/|¥ 2Xe(y)/|y|V T2, to see

that | . . )
Y = P “XE (pe, h

/ﬂe) W IyIN“s / dp / dh (T RNz (9.17)

Now we observe that xg(pe,h) = 1if h < —|f(pe)| and Xe(pe,h) = —1if h > [f(pe)|, being E the

subgraph of f. Therefore, for any fixed e € SV =2 the map

PN *Xs(pe, h)

(2 + h2)s+N/2
is odd for h € R\ [—|f(pe)l,|f(pe)|] and therefore

h —

N-—2
" ~“Xe(pe, h)
dp L_XEWPS T (9.18)
/R\[—If(pe)Llf(pE)l] (p? + h2)s+N/2

The subgraph property also gives that

£ (pe) N2 oo

2 / dh ———m——7s  if f(pe) 20

/f(pe) pN=2Yp(pe, h) 0 (p? + h2)s+N/2
dn P XEPS, 1)

)| (PP RE)sEN/2

0 pN—2
_2/—|f<pe>| " (p® + h2)s+N/2 if f(pe) <0

f(pe) prz
2/0 dh (p? +h2)s+N/2'
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This, (9.17) and (9.18) give that

Y [N 2XE(y) / oo / flee) pN—2
ay W XEW) d ah — P~
/Tr(e) Y |y|N+2s 0 g 0 (p? + h2)s+N/2’

and so (9.11) follows now from (9.8). O

9.5 PROOF OF THEOREM 9.11

In RY define the set £ = {x = (2/,2n5) € RV "L xR : ax < f(2')}. We will construct f in such a
way to make it a regular function, say at least C2. For this, we fix two closed and disjoint sets ¥_ and
Y4 in SV2 and we take a € C°°(SN=2,[0,1]) in such a way that

a(e) =0 forany e e ¥_|
a(e) € (0,1) forany e e SN2\ (Z_UXy), (9.19)
ale) =1 for any e € ¥

The existence of such an a is warranted by a strong version of the smooth Urysohn Lemma (notice that
a € C*(SN=2) in spite of the fact that no regularity assumption has been taken on ¥_ and ¥, and
that a takes values 0 and 1 only in X_ U X ). We provide the details of the construction of a for the
facility of the reader. For this we observe that ¥ _ is a closed set in RNV ~!. So, by Theorem 1.1.4 in [58],
there exists f_ € C°°(RY~1) such that f_(p) =0 for any p € ¥_ and f_(p) # 0 for any p € RN "1\ ¥ _.
Then the function g_(p) := (f_(p))2 satisfies that g_(p) = 0 for any p € X_ and ¢g_(p) > 0 for
any p € RV=1\ ¥_. Similarly, there exists g, € C°(RY~1!) such that g.(p) = 0 for any p € 34
and g, (p) > 0 for any p € RV~ \ ¥,. Then the function

g-(p)

R op—alp) = 9+(p) + 9-(p)

satisfies (9.19) as desired.
Now we take an even function ¢ € C5°(R, [0, 1]) with ¢(p) > 0if p € (1,2),
1~ /! — 1~ / _ 1~ _ 0
Jim, ¢"(p) Jim, o' (p) i, o(p)

Then we define f using the polar coordinates of RV~ namely we set

/
f(@") = ale)p(p), where p = [2/| and e = |z_/|
T
By construction f is C? in the whole of R¥~! (in particular, in a neighborhood of 0). Also
0= ale_)(p) < B(p)ale) < (p)ales) for all p > 0,¢ € SN2 (9.20)

whenever we choose e_ € ¥_, e, € X1 and e € SV=2\ (X_UX,), and strict inequalities occur whenever
p € (1,2). Therefore, by (9.11) and (9.20),

+ood Noo d(p)ale-) dh
K&L:O:Q/ PPi/ —— =
0 0 ( )S+N/2

p2 + h2
+oo d(p)a(e) dh
S 2/ dp pN72/ . = Ks,e
0 0 (p2 + h2)*TN/2
and
+o0 #(p)ale) dh
K56:2/ dpprQ/
0 0 (p2 +h2)S+N/2

IN

+oo Noo P(p)aley) dh
2/ dp P - / N NG Ks,e )
0 0 (p2 +h2)&+N/2 +
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hence K, . attains its minimum at any point of ¥_ and its maximum at any point of ¥, (and only
there). O

9.6 PROOF OF THEOREM 9.12

For simplicity, we consider here the case in which F is a subgraph, namely that there exists f €
C?(RN-1), such that f(0) =0, Vf(0) =0 and E = {(2/,2y) €e RN "I xR : 2y < f(z/)} € RY. Such
assumption can be easily dropped a posteriori just working in local coordinates and observing that the
contribution to K, . coming from far is bounded uniformly* when s 1 1/2 and so it does not contribute
to the limit in (9.15).

So, to prove Theorem 9.12, we take equation (9.11) and split the integral in > 0

n s f(pe) dh +o0 N_o f(pe) dh ( )
Ks,e=2/ dp p ‘/ —,+2/ dpp_/ _— 9.21
0 0 (p? + h2)s TN/ n 0 (p? + h2)‘S+N/2

Let us start from the second addendum:
+oo f(pe) dh +oo +oo pN—2
dpp“/ = s/ dp/ h—L <
\/r’ 0 (p2 +h2)S+N/2 " 0 (p2 +h2>S+N/2

+ + 2 2\(N—2)/2 + (9-22)
o0 o0 h — o0
< / dp / dhw—)’-lrlm < / |$|7272s de — 2ﬂ_/ L ﬁnfzs_
" 0 (p* +h2)° R*\B, n 5
Now we look at the first addendum in (9.21): for this we write, for € (0,1) sufficiently small,
2 p’ 2 P
Def(0)5 —elp) < flpe) < Def(0)5 +elp),  pe(0m) (9.23)
where € : (0,17) — (0,400) is defined as
2 2 p’
e(p) = sup [DZf(E) = DCf(0)] 5
[§1<p
Let also 0 1
€
B(n) := sup =52 == sup |D2f(¢) — DZF(0)].
0<psn P l€"1<n
and observe that
E(n) 10 asn 0. (9.24)

Then, if we denote by D := 2D?f(0), we have that

fpe) 1 Dp?
/”dpde/ P dh - D /dppNﬁ/p dh)N27 D
0 o (p? + h2)* TN/ 1—2s 0 o (p2+ 2N 1—-2s
n Noo f(pe) dh n N9 Dp? dh
Ao p ERTICE v N e
0 o (pPP+n2) 0 o (p?+h?)°

1 Dp? dh
/ dp pN_Q/ S+N/2
" o (pPP+h?)

4In further detail, recalling (9.4),

/ ly' IV 2 Xe(y) dy </ [y N2 xcB, () dy <
re\B, lylNt2s = Jr(e) y|N+2s -

+oo +oo
< / dp/ dh xr\(~1,1) (P> + h?) (p* + %) 7175 < /
0 —oo R2\ B,

+ (9.25)

+

—+ o0
de|z| 7272 = 27r/ drr=172 = =
1 S

that is uniformly bounded as s T 1/2. This means that we can suppose that JF is a graph in, say, B1 and replace it outside
B without affecting the statement of Theorem 9.12.
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The latter term is uniformly bounded as s 1 1/2: indeed

1 Dp? dh 1 |D|p? L D
~ _ P |D|
dppNQ/ —S/dppNQ- Sz/dp—s
/n 0 (p2+h2)S+N/2 " pN+2 " p2

1— 771725
= |D| —— — —|D|1 2
D > 1Dl (9.26)
and therefore, for s close to 1/2,
! Dp? dh -
dp pNﬁQ/ —— | < =D an, (9.27)
/’17 0 (p2 +h2)s+N/2

where D is a positive constant depending only on D.
The central term in (9.25) may be estimated using (9.23): indeed

n f(pe) dh n Dp? dh
/ dp pN—2 / —S+N/2 — / dp pN—Q / S+N/2
0 0 (p? + h?) 0 o (p2+h?)

n fpe) n — Dp?
< dp N2 _dh y-2lflee) = Dp7| ) (9.28)
0 Dp2  (p?+ h2)*TN/2 0 pN+2s
" e(p) T o nto
=P < E Sdp = E(n)- .
/0 pa= dp < E(n) /O p~ = dp ) 1T,

It remains now to estimate the first term on the right hand side of (9.25). For this we apply the
change of variable t = h/p and we see that

Dp? dh
N-2 —2s
p / ———————Dp
0 (p?+ B2

02

I S R dh
= |D|p ’ D 2/ s+N/2 -1
P Jo (1+ h2)

=|D|p™*

1 /DP dt )
DpJo (142)"tN/2

)S+N/2

Now, since the map ¢ — 1/ (1 + 2 is decreasing, we have that
) g

1 _ ][lDlp dt -
(14 D2p2)" N2 = o (422 =

o 1 |Dlp dt
=[D[p* | 1- —/ L INA
Dlp Jo (1412

S+N/2) S |D|p_25 : (6D2p2) = ﬁ|D|3p2—23

Using this and a Taylor expansion, we obtain

Dp® dh
N—2 —2s
p / —— o~z Dr
0 (p2 h2) +N/2

1
L+ D%0?)

<|D[p~** (1 -

for any p € (0,1), where S is a suitable positive constant only depending on N. By integrating this
estimate over the interval (0,1) we conclude that

! Dp? dh D
d N—2/ _
/0 pPp 0 (0 + h2)s+N/2 1—2¢

< B,
(9.29)

1 Dp? dh
dp pN—2 / - Dp—QS
/0 [ 0 (p2 +h2)S+N/2




128 — Nonlocal directional curvatures

for a suitable B possibly depending on D and N, but independent of s.
Resuming all this calculations in one formula and putting together the information in equations
(9.21), (9.22), (9.25), (9.27), (9.28) and (9.29), we obtain that

2D 21 .~ nl=2s ~
Keo——— | < 2502 _Dlnn+2Em)- 23, 9.30
K- | < X w28 - T 425 (9.30)
hence
. 2D
limsup(l —2s) |Kse — ——— | < 2E(n).
ST% 1—2s

But, by (9.24), E(n) is arbitrarily small. Hence we can conclude

2D
1—2s

lim(1 — 2s) ‘ K. —

1
sT3

which also implies
lim(1 — 25)K, . = 2D = D2 f(0),

ST%
that is the desired claim. Moreover, since estimate (9.30) is uniform on S¥~2 we have also the conver-
gence

1-2 1
(1—2s)H, = ° / Ky dHY2(e) —
WN—-2 JgN-2 sT% WN—2

[S D) dHY () = .

This completes the proof of Theorem 9.12. (]

9.7 PROOF OF THE CLAIMS IN EXAMPLE 9.13

In R? define
E={(z,y,2) e R®: 2 < f(x,y) = 82°y°}

and denote by (p, 0, z) the cylindrical coordinates, i.e.

= V21, L inf— —79
p 2 +y cos \/m sin \/W

In this way, we set e := (cos 6, sinf) € S and we have that (x,y) = pe. Notice that

4 8220/
1 —cosdf =1 — cos® 20 + sin® 20 = 2sin? 20 = 8sin2900529~p—4 = LQ
reo (@ +y?)

therefore the function f, written in terms of (p, ), becomes
f(x,y) = fpe) = [(p,0) = (1 — cos40)p".

With a slight abuse of notation, we denote by Ky the nonlocal directional curvature of £ at 0 in
direction e = (cosf,sinf) (i.e. Ksp is short for K (cos0,sin)). We recall that, in this case, we can
compute nonlocal curvatures exploiting identity (9.11), i.e.

+oo f(pve) p

In the above domain of integration it holds that

0<z< f(p,0) = (1 — cos4h)p*
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and so

p> i A when cos46 # 1.

1 —cos4’
Therefore, integrating first in the p variable, we deduce from (9.31) that

—s—1/2 | P=F0

+oo “+o00 “+o00 2 2

2 + z
Ko :/ / £ 5 _ovst3/2 :/ dz _(p ) 1
(0 + 22) 0 —5—3

1—cos 49

P=V oo (9.32)

/ dz 2 /+°° (1 — cos4@)s/2+1/4 g
= = - 4
28 + 1 0 (Z2 P )‘5+1/2 28 + 1 0 (ZQ /1 — cos 49 + \/E)5+1/2

+ 1—cos 46

We concentrate now on maximal and minimal nonlocal directional curvatures. Since K g is a nonnegative
quantity (because f(p, 0) is a nonnegative function) and since K, o = K, /2 = 0, then Ky attains its
minimum in 0 and 7/2. Also, f(p, w/4) > f(p, 0) for every positive p and 0 € [0, 7), thus K ¢ attains its
maximum for § = 7/4. On the one hand we have that the arithmetic mean of the maximal and minimal
nonlocal principal curvatures is given by

Koo+ Kpn 1 28/2H1/4 - ee d
AT Dt / - (9.33)
0

= _Ks,ﬂ'/4 = s )
2 2 2s+1 (\/§Z2+\/E) +1/2

thanks to (9.32).
On the other hand, the nonlocal mean curvature is

1 2m
— Ko do

5227'(

and we are going to estimate this quantity, in order to show that it is not equal to the arithmetic mean
of the principal nonlocal curvatures (i.e. to the quantity in (9.33)). Note that

1 [ K.y df— /27r /+°° (1 — cos4@)s/2+1/4
5 0
2m (2s+1)m (2y/T—cosdl + vz)
1 e d
> 7/ (1 — cos46)*/>T1/4qp / c 5
(25 + 1) Jo o (V224 vz)
1 27 9s/2+1/4  ptoo d 9.34
- W/ (1 — cos46)*/>F1/4dp - / - s+1/2 3
T2 o 2s+1 Jy (\/522_,_\/;)
=K. na/2

1 27T s/24+1/4 1
W/o (1 — cos4)*/ /d9-§K87w/4,

On the other hand, with the substitution ¢ := 460 and recalling that s +1/2 € (1/2,1), we see that

1 m Jas1) 1 [ [ [1—cosy e 1 [ o SH1/2
B s/2+41/4 _ L —— in £
7r25/2+1/4/0 (1 — cos46) @ = 1 (,/ ; ) dip = 7T/0 (sin2) " de
1 [ 2 g
—/ sinfdgp:f—cosf =—->1.
T Jo 2 T 21, T
By combining this with (9.33) and (9.34) we conclude that
1 Kso+ Kgr
Hy > =K,y = B0 F Romja
2 7 2

This establishes the claims in Example 9.13.
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9.8 PROOF OF LEMMA 9.7

We prove now (9.10), while (9.9) can be deduced with minor modifications with respect to the proof

below. Let Neo
” ,7/ 1y [ *XEe(y) dy
.= 2 A2 dy.
renp.  |yNt2

Notice that, for any € > ¢’ > 0,

ly'IN 2XEe(y)

loer — oc| =

m(e)N(Be\B.1)
Since OF is C2, in normal coordinates we may suppose that, for small € > 0,
ENB. C{x=(a",2n) eRY : oy < M|2']?} and (CE)NB. C{zxcRY : zy > M|z},

for a suitable M > 0. This provides a cancellation of the contributions outside the set E. ., := {z €
B:\ Bo @ xy < M|2'|?}, namely

|N2
<

' 1" Xe () ‘ _

'[N X E(y)
Y1 __XBAY) WI__XBW) g
|y|N+2s wonE, . |yl

|y |V —2 / XEe. . (y)
< dy < s dy,
/7r(e)mE |y|[ N +2s re) |Y/[FT2e

e,e!

m(e)N(B:\B.r)

since |y| > |y|. Note now that in E. . we have
|.CC/|2 Z |€I|2 o |:CN|2 Z |€/|2 o M2|.CC/|4 Z |€I|2 o M2€2|SC/2|

and therefore
le"?

2
|:L'| _1+M227

e
That is, by (9.4),

N— 2 ]\/Ip £ 2M ok 1—2s
|y| dy / dp/ 2725§2M/ dpp725: (5 5)
-

1—2s

T(@N(B\B,) |?/|N+25

which is infinitesimal with e (recall that s € (0,1/2) by assumption). This and (9.35) imply that for any
en 40, o, is a Cauchy sequence, as desired. O
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