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A B S T R A C T

Graphs are ubiquitous as most real-world data can be naturally represented
in the form of graphs. Capturing information from graph-structured data, i.e.
graph mining or graph representation learning, has thus long become and
remains an important topic. In this dissertation, we present a series of research
contributions on subjects of machine learning on graphs using kernel methods
and the emerging graph neural networks (GNNs).

In the first part, we present a novel framework for constructing a valid optimal
assignment graph kernel that computes the similarity between two graphs by
computing a correspondence of their node embeddings residing in the same
space. Using a clustering algorithm, we construct a hierarchy of the vertices in
this space, through which the proposed kernel can find an optimal matching of
the vertices that maximises the overall similarity of all the pairs. This framework
is not limited to graphs. It can be used to compare any objects that are set of
vectors. Moreover, the kernel feature map is a more expressive node embedding
than the original embedding methods. We demonstrate the efficiency of the
proposed kernel empirically on graph classification, link prediction and text
categorisation tasks.

The second part of this dissertation is devoted to the GNNs, particularly
the Message-Passing Neural Networks (MPNNs), a dominating class of GNNs.
As an emerging model, the MPNN soon became a leading tool for graph
representation learning, mainly due to its power of projecting attributed graphs
into high-level embeddings, making it versatile to different types of graphs and
different application areas.

We first demonstrate the power of MPNNs by an application in the field of
temporal networks. We tackle the evolution prediction of dynamic graphs by
proposing a sequential framework. Precisely, we use MPNNs to encode the
sequence of evolving graphs into a sequence of embeddings in a latent space
correlated by time. A recurrent architecture then generates the prediction of
embedding at the next timestep. Finally, a generative model is employed to re-
construct the graph instance corresponding to that prediction of embedding in
the latent space. GNNs significantly improve the performance against traditional
models such as random graph models on predicting the topology of evolving
graphs.
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The following two works move closer to the fundamentals of MPNNs by
addressing their limitations in terms of computational cost and robustness
against structural noise. We notice that the MPNN can be divided into two
disjoint steps: one is related to the graph structure, namely the aggregation step,
and the other only concerns node features, namely the update step. Through
extensive experiments, we found that the update step seems to play a less
important role in model performance, as it can be substantially simplified by
sparsifying, or in some cases, even omitting the whole, as long as the non-linear
activation stays.

This finding indicates that the MPNN might be vulnerable to graph-structural
noise. Indeed, if the main contribution to model performance comes from the
aggregation step, then the impact of structural noise would also be amplified.
This work proposes a theoretical model based on random matrix theory to
analyse the interaction between graph structure information and node feature
information, precisely when graph structure is heavily perturbed. The main
result is that graph structural noise will heavily overshadow node feature
information. When a graph is structurally perturbed enough, node feature
information will have no contribution to model performance. Even itself might
be informative. This theoretical finding inspires us to robustify MPNNs against
graph structural noise with a node feature kernel. Empirical evaluations show
the effectiveness of our proposed kernel as it improves the model performance
significantly when the graph structure is heavily perturbed.
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R É S U M É E N F R A N Ç A I S

Les graphes sont omniprésents en tant que structure de données, de par leur
capacité à modéliser des informations relationnelles entre objets. La capture
d’informations à partir de données structurées en graphes, soit l’exploration
de graphes ou l’apprentissage de la représentation de graphes, est donc un
sujet important. Dans cette thèse, nous présentons une série de contributions
de recherche sur les sujets de l’apprentissage automatique sur les graphes en
utilisant des méthodes à noyau et les émergents réseaux neuronaux de graphes
(RNGs).

Dans la première partie, nous présentons un nouveau modèle pour construire
un noyau de graphe optimal en un certain sens, qui calcule la similarité entre
deux graphes en calculant une correspondance de leurs plongements de nœuds
résidant dans le même espace. En utilisant un algorithme de clustering, nous
construisons une hiérarchie des sommets dans cet espace, à travers laquelle le
noyau proposé peut trouver une correspondance optimale des sommets qui
maximise la similarité globale de toutes les paires. Ce modèle n’est pas limité
aux graphes. Il peut être utilisé pour comparer tout objet qui est un ensemble
de vecteurs. De plus, la carte de caractéristiques du noyau est un plongement
de nœuds plus expressif que les approches de plongement originales. Nous
démontrons l’efficacité du noyau proposé de manière empirique sur des tâches
de classification de graphes, de prédiction de liens et de catégorisation de textes.

La deuxième partie de cette thèse est consacrée aux RNG, en particulier aux
réseaux de neurones à passage de messages (RNPM), une classe dominante
de RNG. En tant que modèle émergent, le RNPM est rapidement devenu
un des premiers outils pour l’apprentissage de la représentation de graphes,
principalement en raison de sa capacité à projeter des graphes attribués dans
des plongements de haut niveau, ce qui le rend polyvalent pour différents types
de graphes et différents domaines d’application.

Nous démontrons d’abord la puissance des RNPMs par une application dans
le domaine des réseaux temporels. Nous nous attaquons à la prédiction de
l’évolution de graphes dynamiques en proposant un modèle séquentiel. Pré-
cisément, nous utilisons les RNPMs pour encoder la séquence de graphes en
évolution en une séquence de plongements dans un espace latent corrélés par le
temps. Une architecture récurrente génère ensuite la prédiction du plongement
au prochain pas de temps. Enfin, un modèle génératif est utilisé pour reconstru-
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ire l’instance de graphe correspondant à cette prédiction de plongement dans
l’espace latent. Les RNGs améliorent considérablement les performances par
rapport aux modèles traditionnels, tels que les modèles de graphes aléatoires,
pour la prédiction de la topologie des graphes évolutifs.

Les deux travaux suivants se rapprochent des principes fondamentaux des
RNPMs en abordant leurs limites en termes de coût de calcul et de robustesse au
bruit structurel. Nous remarquons que le RNPM peut être divisé en deux étapes
disjointes : l’une est liée à la structure du graphe, à savoir l’étape d’agrégation,
et l’autre ne concerne que les caractéristiques des nœuds, à savoir l’étape de
mise à jour. Grâce à des expériences extensives, nous avons constaté que l’étape
de mise à jour semble jouer un rôle moins important en terme de performance
du modèle, car elle peut être considérablement simplifiée en sparsifiant, ou dans
certains cas, même en omettant la phase de mise à jour, tant que l’activation non
linéaire reste.

Ce résultat indique que le RNPM pourrait être vulnérable au bruit de struc-
ture des graphes. En effet, si la principale contribution à la performance du
modèle provient de l’étape d’agrégation, alors l’impact du bruit structurel serait
également amplifié. Ce travail propose un modèle théorique basé sur la théorie
des matrices aléatoires pour analyser l’interaction entre l’information sur la
structure du graphe et l’information sur les caractéristiques des nœuds, lorsque
la structure du graphe est fortement perturbée. Le résultat principal est que
le bruit structurel du graphe éclipse fortement l’information sur les caractéris-
tiques des nœuds.Lorsqu’un graphe est suffisamment perturbé sur le plan
structurel, l’information sur les caractéristiques des nœuds ne contribuera pas à
la performance du modèle, même si elle peut elle-même être informative. Cette
découverte théorique nous inspire à renforcer les RNPMs contre le bruit struc-
turel du graphe avec un noyau de caractéristiques de nœuds. Les évaluations
empiriques montrent l’efficacité du noyau que nous proposons, car il améliore
de manière significative les performances du modèle lorsque la structure du
graphe est fortement perturbée.
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1
I N T R O D U C T I O N

1.1 context and scope

We live now in a networked world. With the fast growth of social networks in the
last two decades, we witness a blossom of theories, models and tools in network
science. From network property analysis such as small-world phenomenon
(Buchanan, 2003; Watts and Strogatz, 1998) to link prediction (Lü and Zhou,
2011), from community detection (Leskovec et al., 2009) to recommendation (Fan
et al., 2019; Wang, Tan, and Zhang, 2010), from academic networks of citations or
co-authors (Tang et al., 2008) to web and blog networks of hyperlinks (Leskovec
et al., 2009), social network analysis is the driving force that pushes forward the
research in graph mining or graph representation learning.

Graphs do not only shine in the field of social networks. As a natural rep-
resentation for modelling relations between objects, graphs are perhaps the
most frequent data modality that we retrieve from the real world. They have
demonstrated their power of providing meaningful information about relation-
s/interactions in a plethora of applications. In biology, the graph is a straightfor-
ward representation of molecules (Kriege and Mutzel, 2012). In bioinformatics,
the graph is used to model the precise interaction between biological or chem-
ical compounds, such as protein-protein interaction (Borgwardt et al., 2005).
In neural science, connections between neurons in the brain are represented
as graphs (networks), which has inspired the design of the first Multi-Layer
Perceptron (MLP) (LeCun, Bengio, and Hinton, 2015).

Moreover, graphs can even be extended to areas where data does not contain
an inherent graph structure. For example, in natural language processing, a
sentence/piece of text can be transformed into a graph, called Graph-of-Word
(Rousseau and Vazirgiannis, 2013), whose vertices are the unique terms and the
edges represent term proximity, i. e., co-occurrence relationships. In computer
vision, the images can be converted to k-regular graphs whose vertices are the
super-pixels, i. e., small regions of homogeneous intensity in images, and edges
represent spatial proximity between these super-pixels, constructed in a fashion
of k-nearest neighbours (Achanta et al., 2012; Knyazev, Taylor, and Amer, 2019).

1
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Figure 1.1: Illustration of a Graph-of-Word (Rousseau and Vazirgiannis, 2013) which is
an unweighted and directed graph. The edge indicates that the two terms
(vertices) it connected co-occurred at least once (with the same direction as
the edge) in a window of 3 in the text.

However, the omnipresence of graphs has brought many challenges for graph
learning as it is tough to analyse the various types of graphs from different
areas under a unified framework. Indeed, we have directed/undirected, weight-
ed/unweighted, dynamic/static and heterogeneous/homogeneous graphs. Each
requires different methods to process.

Despite the difficulties, researchers were still able to propose some efficient
and effective algorithms for specific graph-related problems. These algorithms
are usually related to the random graph theory, such as random walks, e. g., the
PageRank algorithm (Page et al., 1999), or graph combinatorics, such as graph
kernels (Haussler, 1999; Kondor and Lafferty, 2002). Inspired by kernel methods
in classic machine learning, graph kernels utilise hand-crafted combinatorial
features to measure the similarity between two graphs. They enjoy the advan-
tages of kernel methods as being easy to train and with provable theoretical
guarantees.

Seeing the success of deep learning (Goodfellow, 2016) in classic machine
learning, such as computer vision, the researchers are also motivated to bring
the power of deep learning into graph analysis. However, this migration is
not straightforward. Unlike in computer vision, where the data (images) is
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euclidean in the form of a regular grid, graph-structured data usually has a
non-uniform distribution of vertices, is permutation invariant and often has
extra attributes on the edges. These properties make it challenging to define
a convolution operation on graphs which is the essential part of Convolutional
Neural Networks (CNNs). Initial attempts begin from the spectral domain of
graphs, as convolution is a more natural notion there. The spectral Graph Neural
Networks (GNNs) have some success (Bruna et al., 2014; Duvenaud et al., 2015;
Henaff, Bruna, and LeCun, 2015), but they suffer from high computational
cost and a lack of induction ability. Kipf and Welling (2017) proposes Graph
Convolutional Neural Network (GCN), which defines the convolution operation
on the spatial domain of graphs and paves the way to Message-Passing Neural
Networks (MPNNs), the current dominating paradigm of GNN designs. The GNNs

inherit the expressive power of deep learning and soon take over as the primary
tool in graph representation learning. However, just like their parent in classic
machine learning, we do not have theoretical guarantees or even understand
how GNNs work.

Graph kernels and MPNNs are the two main subjects of this dissertation. The
explosion of graph-structured data always calls for more advanced algorithms
that are powerful, resource-friendly, and we have a deeper understanding. We
will introduce in the next section the improvement we made towards these
directions on the two methods.

1.2 outline and contributions

In this dissertation, we contribute new graph learning algorithms, models and
tools with different applications. In particular, we have developed

• a new class of optimal assignment kernel for graph classification which
leverages the expressiveness of bag of vectors representations for graphs
and the validity of histogram intersection kernel,

• an encoder-decoder framework for predicting the topology evolution of tem-
poral graphs: this approach takes a GNN as the encoder, a graph generation
model as the decoder and a Recurrent Neural Network (RNN) residing in
the code space to capture the temporal information,

• a series of parsimonious GNN models which are smaller and cheaper in
practice without performance loss for various graph learning tasks: these
models reduce the number of parameters by successively sparsifying the
Update step in existing GNN architectures,
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• a robust GNN architecture along with theoretical insights from random
matrix theory to improve the model performance against graph structural
noise: this approach enhances the information from node features by
inserting a node feature kernel in the graph propagation step.

Indeed, the ultimate goal of our research is to provide more effective, more
efficient, more robust and more versatile algorithms for graph-related tasks. We
will elaborate on our contributions, and introduce the outline of this dissertation
as follows.

In Chapter 2, we begin with some useful notions of graphs and graph theory.
We then introduce the machine learning tasks that involve graph-structured
data and two major classes of graph representation learning methods that
we focus on in our work: Graph Kernel and Graph Neural Network (GNN). We
conclude this chapter by presenting a set of essential libraries that we use in our
implementation and a brief introduction to the datasets we experiment on in
the following chapters.

Part i is dedicated to the study of graph kernel methods. Most existing
kernels belong to the class of R-convolution kernel. It decomposes graphs
into substructures and obtains the similarity between each pair of graphs by
computing and adding the similarities between every pair of their substructures.
This exhaustive computation sometimes causes the problem of diagonal dominance
where the graph is only similar to itself under the R-convolution kernel.Another
class of kernels called assignment kernels improves expressiveness by finding
an optimal correspondence between the substructures, but it is not always
positive semi-definite. In Chapter 3, we propose a new framework to construct
an optimal assignment kernel that is guaranteed to be valid. The framework
consists of two steps. In the first step, with the help of node embedding methods,
we represent each graph as a bag of vectors that is assumed to reside in the same
embedding space. We recursively split the space into irregular multi-resolution
partitions by clustering in the second step. A corresponding hierarchy is then
constructed on which the distance between nodes (substructures) measures their
correspondence. Finally, we obtain a histogram whose entry corresponds to a
vertex of the hierarchy for each graph. A histogram intersection kernel can then
be applied. Our proposed framework can measure the similarity between any
set of vectors object, including but not limited to graphs. Moreover, its kernel
feature map is a more expressive embedding for nodes than the original vectors.
Experiments on graph classification, link prediction and text categorisation tasks
show that the proposed kernel outperforms state-of-the-art baselines and is thus
effective.
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Part ii is devoted to Graph Neural Networks, with particular emphasis on
MPNN, a dominating class of GNN models. We begin by showing the power
of GNNs on graph-related tasks with a concrete example in Chapter 4. We
study the problem of predicting the graph’s topology at the next timestep given
a sequence of evolving graphs. It is traditionally tackled by random graph
models such as Kronecker graphs (Leskovec et al., 2010). These models generate
graphs that exhibit specific properties of real-world networks, e. g., shrinking
diameter or densification power law (Leskovec, Kleinberg, and Faloutsos, 2005).
We propose an encoder-decoder framework for a precise prediction of the topology
evolution. The encoder is a GNN that maps the graph into an embedding, and
the decoder is an autoregressive graph generation model that reconstructs the
graph topology as a sequence of adjacency vectors from an embedding. The
choices of GNNs and graph generation models are flexible. This framework takes
as input a sequence of graphs, passes them through the GNN and transform the
graphs into a sequence of embeddings. Then this sequence is processed by a
RNN in order to plug in the temporal relation. The output of RNN is considered
as dynamic graph embedding as it captures both temporal dependencies of a
sequence and structural information from a graph. The decoder then reconstructs
the topology at the next timestep from this output. The framework is end-to-end
trainable with a cross-entropy loss over the prediction of adjacency. Experiments
on synthetic and real-world dynamic graphs show that our proposed model has
a significant advantage over random graph models on predicting the evolving
topology at the next timestep, where its prediction is most similar to the ground
truth, measured by a graph kernel.

Chapter 5 focuses on simplifying GNNs, specifically the MPNN. Noticing that
the MPNN can be divided into a graph-related Aggregation step and a graph-
agnostic Update step, we study the role of the Update step by successively
sparsifying its linear transform layer and monitoring the performance change.
Our model differs from the current neural network sparsification literature
dominated by pruning methods in that the proposed model can identify the
sparse sub-network only based on graph properties without training. In our
work, we identify the sub-network as an expander subgraph from the original
bipartite fully connected layer, because of the good property of this type of graph
of being sparse and highly connected at the same time. Extensive experiments
on three graph learning tasks and various datasets from different domains
unanimously drive us to the conclusion that the linear transform layer of the
Update step can be sparsified almost arbitrarily without performance loss in
most cases. Moreover, this layer can even be wholly omitted on some tasks and
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datasets, leaving only the nonlinear activation while the model performance
remains unharmed.

This observation indicates that the Update step plays a less important role than
the Aggregation step in a MPNN in terms of model performance. A natural con-
cern then arises: what if the graph structure is perturbed? Since the graph-related
part contributes more to the model performance, the MPNNs are supposed to be
vulnerable to graph structural noises. In Chapter 6, we further study the inter-
action between the graph-related step and the graph-agnostic step, particularly
under a noisy setting with structural perturbation. We propose random GCN,
where the weight of the linear transform layer in the Update step is a random
Gaussian matrix sampled before training and kept unchanged afterwards. We
demonstrate empirically that this random GCN performs as well as the vanilla
GCN in high-dimensional regimes. This model, although lacking practical im-
portance as it can only match the performance of the vanilla model when the
dimension is high enough, allows us to introduce tools from random matrix
theory and analyse the relation between graph structure information (in the
Aggregation step) and node feature information (in the Update step) theoretically.
With certain assumptions on the data, we can conclude that perturbation on graph
structures heavily overshadows information from node features. Specifically, if the
graph structure is completely perturbed, we can not benefit from node feature
information. Inspired by the theoretical results, we propose adding a node
feature kernel to the message-passing step to robustify the GCN model against
structural noise. Experiments demonstrate that our proposed kernel is very
effective against graph structural perturbations, especially in the edge-insertion
case, where random edges are added to the original graph.

Finally, we conclude this dissertation in Chapter 7 by detailing our contribu-
tions and sharing insights on future research directions.



2
B A S I C N O T I O N S A N D P R E L I M I N A R I E S

In this chapter, we will provide the definitions and background materials used
throughout this dissertation. In Section 2.1, we present the notions and tools
of graphs and graph theory. We give an introduction to some problems in
the graph learning area in Section 2.2. Then, Section 2.3 and Section 2.4 are
dedicated to introducing graph kernels and MPNNs, the two main subjects of
this dissertation. Finally, we provide an overview of the software and the major
datasets we used, in Section 2.5 and Section 2.6, respectively.

2.1 definitions , properties and functions of graphs

definition 2 .1 (graph). A graph or a network is a structure amounting to a
set of entities with some relationships. Commonly it is represented as an ordered pair
G := (V, E) in which V is a set of vertices and E is a set of edges with E ⊆ V × V.
Given two nodes vi, vj ∈ V, we denote eij = (vi, vj) ∈ E as the edge pointing from
vi to vj.

definition 2 .2 (adjacency matrix). The adjacency matrix of a graph
G = (V, E) is defined as A = {Aij}|V|×|V| with

Aij =





1 if (i, j) ∈ E,

0 otherwise.

definition 2 .3 (labelled graph). A graph G = (V, E) is a node-labelled
graph if it is associated with a function ϕ : V 7→ Σ ⊂ N that assigns labels (integers)
to the vertices of the graph from a discrete set of labels Σ. We denote τv as the label
vector for the nodes where [τv]i = l(vi).

Similarly we can define edge-labelled graph endowed with the function ψ : E 7→
R ⊂ N and label vector τe for the edges.

7
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definition 2 .4 (attributed graph). A graph G = (V, E) is a node-
attributed graph if it is associated with a function f : V 7→ Rd that assigns assigns
real-valued vectors to the vertices of the graph. We denote X ∈ R|V|×d as the feature
matrix for the nodes where Xi = f (vi).

Similarly we can define edge-attributed graph endowed with the mapping f ′ :
E 7→ Rd′ and feature matrix E ∈ R|V|×d′ for the edges.

definition 2 .5 (heterogeneous and homogeneous graph). A het-
erogeneous graph is a graph of form G = (V, E, F, ϕ, ψ) with F being the node
feature set, ϕ : V 7→ Σ and ψ : E 7→ R being the node/edge label (or type) mappings
that satisfy |Σ|+ |R| > 2. Denote Vσ as the node set of label σ ∈ Σ, the feature set
F is composed of |Σ| feature matrix,

F = {Fσ|σ ∈ Σ}, F ∈ R|Vσ|×dσ .

where dσ stands for the feature dimension of nodes with label σ. A homogeneous
graph is then defined as a graph with a single type of nodes and a single type of edges.

remark 2 .1 .1. Apart from (V, E), a graph can also be represented by its adjacency
matrix and/or its node/edge labels and/or features (A, τv, τe, X, E). We obtain differ-
ent classes of graphs, depending on the existence of label mapping or feature mapping
and their types. Note that in this dissertation, we focus only on the homogeneous
graph. In Part i, our main research object is the node-labelled graph (A, τv), while in
Part ii, our main research object is the attributed graph (A, X, E). The difference in
the complexity of these two objects reflects the difference in the expressive power of
the two methods studied respectively in this dissertation.

definition 2 .6 (directed and undirected graph). A directed graph
is a graph G = (V, E) where every edge e(vi, vj) is an ordered pair of nodes that
links node vi to vj. An undirected graph is a special case of directed graph where
if e(vi, vj) ∈ E then e(vj, vi) ∈ E. Apparently, the adjacency matrix A for an
undirected graph is symmetric.

In this dissertation, we focus mainly on the undirected graphs and thus, all
the graphs mentioned afterwards are undirected without specification. Note
that however, both methods in Part i and Part ii can be extended to the directed
case by choice of node embedding methods and GNNs.
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definition 2 .7 (neighbourhood). Given a node vi ∈ V, we define its
neighbourhood or the neighbours of vi as N (vi) = {vj ∈ V|(vi, vj) ∈ E}.

definition 2 .8 (degree). Given an undirected graph G = (V, E) and vertex
vi, the degree of vi is defined as the number of edges incident to vi,

degG(vi) = |{vj|e(vi, vj) ∈ E}| = N (vi).

definition 2 .9 (induced subgraph). Given a graph G = (V, E) and a
subset of vertices S ⊆ V, the subgraph of G induced by S is GS = (S, ES) where the
vertex set is S and the edge set ES is

ES = {(vi, vj) ∈ E|(vi, vj) ∈ S}.

definition 2 .10 (walk , path , circle). A walk on a graph G = (V, E)

is defined as a sequence of vertices W = {v1, v2, . . . , vl} ⊆ V, where for all
1 ≤ i ≤ l − 1, we have (vi, vi+1) ∈ E. The length of the walk is equal to the number
of edges in the sequence, i. e., l in the above case. If there is no repeated nodes in the
sequence, then the walk is called a path. If vl = v1, it is called a circle.

definition 2 .11 (shortest path and diameter). A shortest path from
vertex vi to vertex vj of a graph G is a path from vi to vj such that there exist no
other path between these two vertices with smaller length. The diameter of a graph
G is the length of the longest shortest path between any pair of vertices of G.

definition 2 .12 (tree). A tree is an undirected graph in which any two vertices
are connected by a unique path, i. e., a connected acyclic undirected graph.

definition 2 .13 (bipartite graph). A bipartite graph is a graph whose
vertices can be divided into two disjoint and independent sets U and Γ such that
every edge connects a vertex in U to one in Γ.
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Figure 2.1: Left: Illustration of a product graph. Right: All 3,4,5-nodes Graphlets (Rah-
man et al., 2014).

definition 2 .14 (product graph). Given two graphs G = (V, E) and
G ′ = (V′, E′), the product of these two graphs G ×G ′ is defined as G× = (V×, E×),
with

V× = {(vi, v′j)|vi ∈ V ∧ v′j ∈ V′},

E× = {
(
(vi, v′i), (vj, v′j)

)
∈ V× × V×}.

G× is called a product graph. An illustration is given in Figure 2.1.

definition 2 .15 (graphlet). A graphlet is a denomination for a small sub-
graph of a large network parameterised by its size. A network can contain many
graphlets of different sizes. An illustration is given in Figure 2.1.

definition 2 .16 (connectedness). Given an undirected graph G = (V, E),
two vertices vi and vj are connected if there is a path in G from node vi to node vj.

definition 2 .17 (boundary). The boundary of a set S ⊆ V denoted ∂S is the
set of all vertices, which are connected to a vertex in S by an edge but are not in S.
The boundary of a single vertex v is its neighbourhood N (v).

definition 2 .18 (expander graph). For 0 < δ ∈ R, a graph G is an
δ-expander graph if for all S ⊆ V such that |S| ≤ |V|

2 , we have |∂S|
|S| ≤ δ.

definition 2 .19 (expander ratio). The expansion ratio h(G) of a graph G
is defined to be the minimal δ such that G is an δ-expander graph.
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In graph theory, Expander graphs are a well-studied class of graphs, intuitively
understood as highly connected, sparse graphs (Hoory, Linial, and Widgerson,
2006; Lubotzky, 2012), characterised by the expansion ratio. A high expansion
ratio indicates that each small set of vertices has a relatively large neighbourhood
in comparison, which ties in nicely with the qualitative definition as highly
connected sparse graphs by Lubotzky (2012). We will demonstrate further in
Chapter 5 how the notion of expander graph is helpful in graph learning
problems.

definition 2 .20 (graph laplacian). Given a graph G = (V, E), its
adjacency matrix A and the degree matrix D which is a diagonal matrix with
Dii = ∑j Aij, we define the graph laplacian as

L = D − A,

and the normalised Laplacian as

L̃ = I|V| − D− 1
2 AD− 1

2 ,

where I|V| is the identity matrix.

definition 2 .21 (graph fourier transform and inverse fourier

transform). Given a graph G = (V, E), let X ∈ R|V|×d denotes a graph signal
associated with the node feature mapping f : V 7→ Rd, we define the graph Fourier
transform on the signal X as

F (X) = U⊺X,

where U is the matrix of eigenvectors of the normalised graph Laplacian. As L̃ is a
real symmetric positive semi-definite matrix, it can be factorised as UΛU⊺ with Λ
being a diagonal matrix of the eigenvalues. The inverse Fourier transform is then

F−1(X ′) = UX ′.
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2.2 problems on graphs

2.2.1 Graph Similarity and Isomorphism

In a graph comparison problem, we measure the closeness between two graphs.
It can be formulated formally as finding a mapping from graph space to a real
value that quantifies the similarity between the two graphs.

definition 2 .22. (Graph Comparison Problem) Given two graphs G,G ′ ∈ G, the
graph comparison problem aims to find a mapping s

s : G × G 7→ R

where s(G,G ′) measures the similarity between G,G ′.

The measurement for similarity or closeness is related to the notion of graph
isomorphism.

definition 2 .23 (graph and subgraph isomorphism). Given two
graphs G = (V, E) and G ′ = (V′, E′), G and G ′ are isomorphic if and only if
there exists a mapping f : V 7→ V′ such that ∀vi, vj ∈ V, if e(vi, vj) ∈ E, then
e
(

f (vi), f (vj)
)
∈ E′. The mapping f is called an isomorphism.

If, without loss of generality, assuming G contains a subgraph S that is isomorphic
with G ′, then G and G ′ are subgraph isomorphic.

However, both graph isomorphism and subgraph isomorphism are NP prob-
lems, with subgraph isomorphism being NP-complete. Thus measuring graph
similarity with isomorphism is in general infeasible for relatively large graphs.
Efficient approximation methods that accurately measure the similarity between
two graphs within a reasonable (polynomial) time are needed.

2.2.2 Machine Learning Tasks on Graphs

node classification The objective is to find a mapping f : V 7→ N, which
categorises nodes into discrete classes.

node regression The objective is to find a mapping f : V 7→ R, which
assigns continuous value to each node.

edge classification The objective is to find a mapping f : E 7→ N, similar
to node classification.
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Figure 2.2: Illustration of a Link Prediction problem. The dash lines between (b, c) and
(a, d) in the right part indicates potential links.

link prediction The objective is to find a mapping f : V × V 7→ {0, 1},
which predicts the existence of potential connections when given two
nodes. Figure 2.2 gives an illustration of the link prediction problem.

graph classification The objective is to find a mapping f : G 7→ N, which
categorises graphs into discrete classes.

graph regression The objective is to find a mapping f : G 7→ R, which
predicts continuous value for each graph.

2.3 graph kernel

2.3.1 Kernel Methods

definition 2 .24 (positive semi-definite matrix). A real matrix Mn×n

is positive semi-definite if

Q(v) = v⊺Mv ≥ 0, ∀v ∈ Rn.

definition 2 .25 (positive semi-definite kernel). Let X be a non-
empty set, a symmetric function K : X × X 7→ R is called positive semi-definite
kernel if the matrix Kn×n with Kij = K(xi, xj) is a positive semi-definite matrix.

A kernel function is a symmetric continuous function that measures the
similarity between two objects. The positive semi-definiteness assures that it can
be represented as the inner products between the vector representations of these
objects and links the kernel to a Hilbert space. Precisely, if we define a kernel K
on X ×X , then there exists a mapping ϕ : X 7→ H from X to a Hilbert space H
with inner product ⟨·, ·⟩H, such that,

K(xi, xj) = ⟨xi, xj⟩H, ∀xi, xj ∈ X .
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H is also known as Reproducing Kernel Hilbert Space (RKHS) (Aronszajn, 1950).
The kernel methods can be naturally generalised to the graph space:

definition 2 .26 (graph kernel). The graph kernel K is a positive semi-
definite function G × G 7→ R defined on G × G with a corresponding Hilbert space
H, inner product ⟨·, ·⟩H and a mapping ϕ : G 7→ H such that:

K(G,G ′) = ⟨ϕ(G), ϕ(G ′)⟩H ∀G,G ′ ∈ G.

2.3.2 R-convolution Kernel

As mentioned above, it is often hard to measure the similarity between two
graphs because of the complexity of graph isomorphism. The standard approxi-
mation method decomposes the graph into smaller subgraphs and measures
similarities between the small pieces instead. A dominating class of graph ker-
nels built upon this concept is the R-convolution kernel. It decomposes the
input two graphs into two sets of small substructures, computes the similarity
between every pair of substructures from these two sets respectively, and then
sums the computed values together as the total similarity between two graphs.

definition 2 .27 (decomposition). A decomposition R of graph G = (V, E)

is a set of graphs {S1,S2, . . . ,Sn} where Si,∀i=1,...,n is a subgraph of G such that
⋃

1≤i≤n Si = G and ESi

⋂
ESj = ∅, ∀i, j.

definition 2 .28 (R-convolution kernel). The R-convolution kernel
between two graphs G, G ′ is defined as

Kconv(G,G ′) = ∑
S∈RG

∑
S ′∈RG′

Kbase(S ,S ′)

where R is the decomposition of graph which decomposes the graph into a set of
substructures {S} and Kbase is usually a simple function, i. e.,

Kbase(S ,S ′) = 1 if S ,S ′ isomorphic,

= 0 otherwise.
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2.3.3 Some Examples of R-Convolution Kernel

2.3.3.1 Random Walk Kernel (Nikolentzos, Siglidis, and Vazirgiannis, 2019)

The random walk kernel counts common walks (of potentially infinite length)
on the input graphs, where the matching walks can be seen as a random walk
performed on their product graph. Given input graphs G and G ′, the product
graph G× = G × G ′ and its adjacency matrix A×, we have

K(G,G ′) =
|V×|
∑

p,q=1

∞

∑
l=0

[λl Al
×]pq = 1⊺(I|V×| − λA×)−11,

where the weight coefficient λ ∈ R≥0.

2.3.3.2 Shortest Path Kernel (Borgwardt and Kriegel, 2005)

The shortest path kernel decomposes input graphs into shortest paths and
compares their length and/or labels of the endpoints. We first transfer the input
graphs G = (V, E) to shortest-path graphs S = (V, E′), where

E′ = {(vi, vj)|vi and vj are connected in G}.

Each edge of S is also assigned with a label that equals the length of the shortest
path between the two endpoints in the original graph G. Then, given G, G ′, and
their shortest-path graphs S , S ′, we have

K(G,G ′) = ∑
e∈E

∑
e′∈E′

K(1)
base(e, e′),

with K(1)
base(e, e′) being a positive semi-definite kernel comparing the edge walks

of length 1 by,

K(1)
base(e, e′) = Kv

(
l(vi), l(v′i)

)
Ke
(
l(e), l(e′)

)
Kv
(
l(vj), l(v′j)

)

+ Kv
(
l(vi), l(v′j)

)
Ke
(
l(e), l(e′)

)
Kv
(
l(vj), l(v′i)

)
,

where e = (vi, vj) and e′ = (v′i, v′j). Kv and Ke are simple functions, e. g., Dirac
kernel, that compare between node labels and edge labels.
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2.3.3.3 Graphlet Kernel (Shervashidze et al., 2009)

The graphlet kernel decomposes input graphs into limit-size subgraphs called
graphlets. Given a set of graphlets {S1,S2, . . . ,Snk} the complete set of max
k-size graphlets, we count the frequency of occurrence of graphlet Si in the
original graph G, denoted as fi. Then the vector fG = ( f1, f2, . . . , fnk) is called
the k-spectrum of G and we have:

K(G,G ′) = f ⊺G fG ′ .

2.3.3.4 Weisfeiler-Lehman Subtree Kernel (Shervashidze et al., 2011)

The Weisfeiler-Lehman Subtree Kernel comparing the number of shared subtrees
extracted from input graphs under the Weisfeiler–Lehman framework inspired
by the Weisfeiler–Lehman test of graph isomorphism.

Given two inputs G and G ′, let us define Σi ⊆ Σ as the set of letters that
occur as node labels at least once in G or G ′ at the end of the ith iteration of the
Weisfeiler-Lehman algorithm. Let Σ0 be the set of original node labels of G and
G ′. Assume all Σi are pairwise disjoint. Without loss of generality, assume that
every Σi = {σi,1, . . . , σi,|Σi|} is ordered. Define a map ci : {G,G ′} × Σi 7→ N such
that ci(G, σi,j) is the number of occurrences of the letter σi,j in the graph G.

The Weisfeiler-Lehman Subtree Kernel on G and G ′ with h iterations of the
Weisfeiler-Lehman algorithm is then defined as

K(G,G ′) =
〈
ϕh(G), ϕh(G ′)

〉
,

with

ϕh(G) =
(

c0(G, σ0,1), . . . , c0(G, σ0,|Σ0|), . . . , ch(G, σh,1), . . . , ch(G, σh,|Σh|)
)

,

ϕh(G ′) =
(

c0(G ′, σ0,1), . . . , c0(G ′, σ0,|Σ0|), . . . , ch(G ′, σh,1), . . . , ch(G ′, σh,|Σh|)
)

.

2.3.4 Optimal Assignment Kernel

Similar to the R-convolution kernel, the optimal assignment kernel also decom-
poses the graph into small pieces. However, instead of computing similarity
between every pair of them, the optimal assignment kernel finds a bijection
(assignment) between the two sets of substructures that maximises the total
similarity.
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definition 2 .29 (optimal assignment kernel). The optimal assignment
kernel Kassign : G × G 7→ R is defined for every G,G ′ ∈ G as

Kassign(G,G ′) =





maxπ∈Γn ∑n
i=1 Kbase(Si,S ′

π(i)) if |R′| > |R|,

maxπ∈Γn′ ∑n′
i=1 Kbase(Sπ(i),S ′

i ) otherwise.

where R = (S1,S2, . . . ,Sn) is a decomposition of G and Γn is the set of all possible
permutations of n elements.

Comparing to the R-convolution kernel, the optimal assignment kernel can
reveal the structural correspondence between two graphs and is less likely to
have the diagonal dominance problem1 which is common in the R-convolution
kernel.

However, Vert (2008) has given a counterexample showing that the optimal
assignment kernel is not in every case positive semi-definite.

theorem 2 .3 .1 (Vert , 2008). The optimal assignment kernel is not always
positive semi-definite.

2.4 graph neural network

In recent years, GNNs have become a highly impactful model type for the analysis
of graph-structured data. This is mainly due to their ability to process attributed
graphs composed of node information and an underlying graph structure, and
their dominating empirical performance in various application areas, including
chemistry (Duvenaud et al., 2015), social networks (Monti et al., 2019), natural
language processing (Yao, Mao, and Luo, 2019) and neural science (Griffa et al.,
2017).

Among various GNN models, the MPNN draws our attention as a prominent
paradigm that arose recently for performing machine learning tasks on graphs.

2.4.1 Message-Passing Neural Network

Given graphs as G = (A, X, E) with A ∈ {0, 1}n×n being the adjacency matrix
which contains the information of the graph’s vertex set V, X ∈ Rn×d. being the

1 Mathematically, diagonal dominance indicates that for every row i of the kernel matrix K, |Kii| ≥
∑i ̸=j |Kij| where | · | denotes the absolute value. In a practical sense of graph comparison, the
graphs will be only similar to themselves and dissimilar to all the others, which does not yield
a meaningful comparison.
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node features and E ∈ Rn×d′ . being the edge features, a graph representation
learning task aims at learning meaningful embeddings (high-level representa-
tions) on the node or graph level that can be used in downstream tasks. MPNNs,
probably the current most common class of GNNs, learn such embeddings by
iteratively aggregating information from the neighbourhoods of each node and
updating their representations based on this information. Precisely, the learning
procedure of MPNNs can be divided into the following phases:

initial (optional) In this phase, the initial node features X is mapped from
the feature space to a hidden space by a parameterised neural network
Φ(0), usually a fully-connected linear layer.

H(1) = Φ(0)(X) =
(

h(1)
1 , . . . , h(1)

n

)
,

where the hidden representation of node i is denoted as h(1)
i , which will

be used as the initial point for later iterations. A similar operation could
be performed on edge features E, but is less common.

aggregation In this phase, MPNNs gather, for each node, information from
the node’s neighbourhood N (i), and its incident edges. The gathered
pieces of information are called messages, denoted by mi. Formally, if
Ψ(l)(·) denotes the aggregation function at iteration l, then

m(l)
i = Ψ(l)

(
h(l)

i ,
{

h(l)
j , Eij|j ∈ N (i)

})
.

Due to the isotropic nature of graphs (arbitrary node labelling), this func-
tion needs to be permutation equivariant or invariant. It also has to be
differentiable so that the framework will be end-to-end trainable.

update The nodes then update their hidden representations based on their
current representations and the received messages. Let Φ(l) denote the
update function at iteration l. For node i, we have

h(l+1)
i = Φ(l)

(
h(l)

i , m(l)
i

)
.

The Aggregation step and the Update step sometimes are informally referred
to as graph propagation or message-passing procedure (hence the name
Message-Passing Neural Network) in this dissertation. After k iterations
of the message passing procedure, each node obtains a feature vector that
captures the structural information within its k-hop neighbourhood.
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readout (optional) After L Aggregation and Update iterations, depending
on the downstream tasks, the MPNN will either output node representa-
tions directly or generate a graph representation via a differentiable and
permutation invariant readout function,

g = Θ
({

h(L)
i |i ∈ V

})
.

2.4.2 Some examples of Message-Passing Neural Network

2.4.2.1 Graph Convolutional Neural Network (Kipf and Welling, 2017)

The message-passing procedure in GCN, at iteration l, can be written as

m(l)
i =

1√
di

∑
j∈N (i)

h(l)
j

1√
dj

, (2.1)

h(l+1)
i = σ(m(l)

i W (l)), (2.2)

where di is the degree of node i, σ(·) is the activation function and W (l) is the
weight matrix of the linear transform layer in the lth Update step. Equation 2.1
corresponds to the Aggregation step that constructs message as a weighted average
of the neighbours’ embeddings, then equation 2.2, as the Update step, updates
node i’s representation based on the constructed message.

2.4.2.2 Graph Isomorphism Network (Xu et al., 2019)

The message-passing procedure of the Graph Isomorphism Network (GIN) is very
similar to that of the GCN, except that, at the Aggregation step, the GIN takes
into account the central node’s representation parameterised by a learnable
coefficient. Precisely,

m(l)
i = (1 + ϵ)h(l)

i + ∑
j∈N (i)

h(l)
j . (2.3)

The Update step is the same with equation 2.2.
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2.4.2.3 GraphSage (Hamilton, Ying, and Leskovec, 2017)

GraphSage also incorporates explicitly the central node’s representation in the
Aggregation step by concatenating with the embeddings from the neighbourhood.
The message-passing procedure is then,

m(l)
i =

[
h(l)

i

∥∥∥ max
j∈N (i)

σ(h(l)
j W (l)

1 )

]
, (2.4)

h(l+1)
i =

ĥi
(l+1)

∥∥∥ĥi
(l+1)

∥∥∥
2

, ĥi
(l+1)

= σ(m(l)
i W (l)

2 ). (2.5)

where max(·) takes maximum along each feature dimension, σ(·) is the acti-
vation function and W (l)

1 , W (l)
2 are the weight matrices of the linear transform

layer in the Aggregation and Update steps respectively.

2.4.2.4 Principle Neighborhood Aggregation (Corso et al., 2020)

In the Aggregation step, the Principle Neighborhood Aggregation (PNA) model
concatenates the messages obtained via different combinations of scalars (coeff-
cients) and aggregators (functions). This step can be written as,

m(l)
i =

⊕

j∈N (i)

σ
(

h(l)
j W (l)

)
, (2.6)

where
⊕

is a concatenation of the tensor product, denoted by ⊗, between the
arrays of scalars and aggregators as follow,




I

S(D, α = 1)

S(D, α = −1)




︸ ︷︷ ︸
scalars

⊗




mean

std

max

min




︸ ︷︷ ︸
aggregators

,

where S(D, α) is a degree-based normalisation coefficient defined in Corso
et al. (2020) and std is the standard deviation aggregation. For example, for
combination S(D, α = 1) ∗ std(·), we have

[m(l)
i ]S(D,α=1),std =

log(di + 1)
δ

stdj∈N (i)

[
σ
(

h(l)
j W (l)

)]
,



2.4 graph neural network 21

where δ is a data-dependent normalisation factor. The Update step is the same
as equation 2.2.

2.4.3 Relation between GCN and spectral GNNs

The MPNN belongs to the class of spatial GNN where the convolution operation
is defined on the spatial domain as the aggregation over neighbourhoods of
each node. There exists another class of GNNs called spectral GNN where the
convolution operation is defined on the spectral domain as,

X ∗ g = F−1 (F (X)⊙F (g)) = U (U⊺X ⊙ U⊺g) ,

where ∗ is the convolution operation following classic signal processing (Mallat,
2009), X and g are the graph signal and the filter respectively. Parameterising
the convolution kernel U⊺g as θ, we have,

X ∗ g = U (U⊺X ⊙ θ) = U (θ⊙ U⊺X) = UgθU⊺X,

where gθ in the simplest form is a diagonal matrix with diagonal θ. Intuitively,
the procedure of spectral GNN can be understood as follow: the graph signal
is first transformed from the spatial domain to the spectral domain by graph
Fourier transform. It is filtered in the spectral domain with the filter gθ, and
then transformed back to the spatial domain by the inverse Fourier transform.

It is interesting to show the relation between GCN, one of the first spatial GNNs,
and the spectral GNNs. Indeed, let us write the message-passing procedure of the
GCN in a matrix form,

H(l+1) = σ
(

ÃH(l)W (l)
)

,

where Ã = D− 1
2 AD− 1

2 .2 We have

ÃH(l) = D− 1
2 AD− 1

2 H(l) = (I|V| − L̃)H(l) = U(I|V| − Λ)U⊺H(l),

with gθ = I|V|−Λ ∈ (−1, 1). Thus, GCN can be written in the form of the spectral
GNN and serves as a low-pass filter in the graph spectral domain (Balcilar et al.,
2021; NT and Maehara, 2019; Zhou et al., 2020).

2 Note that here A corresponds to the original graph with self-loops Aorigin + I.
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2.5 software and libraries

The primary software and libraries that we use in this thesis are listed below:

• PyTorch (Paszke et al., 2019). A Python machine learning library that
provides strong Graphics Processing Unit (GPU)-accelerated tensor com-
putation and deep neural network implementations built on a tape-based
auto-grad system.

• PyTorch Geometric (Fey and Lenssen, 2019). A PyTorch-based library
designed to facilitate the implementation and training of Graph Neural
Networks.

• Deep Graph Library (Wang et al., 2019). Another library designed to facil-
itate the implementation and scalable training of Graph Neural Networks.
Compatible with PyTorch, TensorFlow (Abadi et al., 2015) and Apache
MXNet (Chen et al., 2015).

• NetworkX (Hagberg, Schult, and Swart, 2008). A Python library for the
creation, manipulation, and study of the structure, dynamics, and functions
of complex networks.

• Igraph (Csardi and Nepusz, 2006). A library for the creation and manipu-
lation and fast analysis of (large) graphs.

• Numpy (Harris et al., 2020). A Python library for scientific computing that
supports large, multi-dimensional arrays and matrices.

• Scikit-learn (Pedregosa et al., 2011). A Python machine learning library
that provides simple and efficient tools for predictive data analysis.

• Matplotlib (Hunter, 2007). A Python-based comprehensive library for the
creation of static, animated, and interactive visualisations.

2.6 overview of datasets

tu datasets TU Benchmark datasets (Morris et al., 2020) are mainly small and
medium-sized benchmark datasets for graph classification or regression.
In this thesis, we use

• datasets of small molecules including MUTAG, PTC-MR, NCI1 and
ZINC, where for each graph, the nodes represent atoms, the edges
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are chemical bonds, and they are annotated by the atom and bond
types. Additional chemical attributes are possibly available.

• datasets of proteins including D&D, ENZYMES and PROTEINS,
where for each graph, the nodes are secondary structure elements
and two nodes are connected if they are neighbours along the amino
acid sequence or one of the three nearest neighbours in space. The
node labels encode their type, i. e., helix, sheet or turn, and several
physical and chemical information (Borgwardt et al., 2005).

• datasets of social networks including IMDB-BINARY, IMDB-MULTI,
REDDIT-BINARY, REDDIT-MULTI-5K and REDDIT-MULTI-12K, where
the IMDB graphs are the ego-network of actor collaborations and the
REDDIT graphs are discussion threads where the nodes represent
users, and the edges correspond to the responses from one user to
the comments of the other.

ogb benchmark datasets OGB Benchmark datasets (Hu et al., 2020) is a
collection of large-scale and diverse datasets for graph classification or
regression, link prediction and node classification. In this thesis, we use

• dataset of the citation network between all Computer Science arXiv pa-
pers, ogbn-arxiv, where each node represents a paper, and a directed
edge is added between two papers if one cited the other. The nodes
are annotated by the average of word embeddings in the paper’s title
and abstract.

others Other than the two primary sources of benchmark datasets for graph
learning algorithms evaluation, we also use in this thesis,

• datasets of computer vision, including MNIST and CIFAR10, where
the images are transferred into graphs following Knyazev, Taylor,
and Amer (2019), with the nodes being super-pixels, and the edges
corresponding to their spatial proximity in the two-dimensional space.

• datasets of the citation networks including Cora, CiteSeer, PubMed
(Yang, Cohen, and Salakhutdinov, 2016) and an extended version of
Cora, CoraFull (Shchur et al., 2018).

• dataset of the co-author network, CS (Shchur et al., 2018), part of
the Microsoft Academic Graph, where the nodes represent authors
in the Computer Science area, and two nodes are connected if the
two authors co-authored a paper. The nodes are annotated by the
keywords of the author’s papers.
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• datasets of the co-purchase network, Photo, segment of the Amazon
co-purchase graph, where the nodes represent goods, and edges
indicate that the two goods are frequently bought together. The nodes
are annotated by the bag of words representation of product reviews.

The statistics of the datasets mentioned above are summarised in Table 2.1.
Note that “#Features” corresponds to the dimension of feature vectors if the
graph is attributed and the dimension of one-hot embeddings of the categorical
value if the graph is labelled.
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3
A VA L I D O P T I M A L A S S I G N M E N T K E R N E L

As an extension of kernel methods onto graphs, graph kernels were and remain
today a favourable approach in graph classification for tackling the graph
similarity and learning tasks at the same time. Most graph kernels are instances
of the R-convolution framework. These kernels decompose graphs into their
substructures and sum over all pairs of these substructures. A more promising
family of kernels are the assignment kernels, which compute a matching between
substructures of two objects such that the total similarity between the matched
substructures is maximum.

In this chapter, we present a kernel which compares graphs by computing an
assignment of their node embeddings. After embedding the vertices of all graphs
in a vector space, we construct a hierarchy of the vertices using a clustering
algorithm. Based on this hierarchy, we define a kernel that computes an optimal
assignment of the vertices of two graphs.

The proposed kernel is not limited to graph comparison, but can be applied
to measure the similarity between any objects represented as sets of vectors. The
proposed kernel is evaluated on several graph classification, link prediction and
text categorisation datasets. Our results indicate that the proposed approach
either outperforms or performs comparably to traditional and the state-of-the-art
techniques.

3.1 introduction

In recent years, graph-structured data has experienced an enormous growth
in many domains, ranging from social networks to bioinformatics. Several
problems of increasing interest call for the use of machine learning techniques
on graph-structured data. As a consequence, graph classification has emerged
as a very important task, and has found applications in several fields such as
in computational biology (Schölkopf, Tsuda, and Vert, 2004), in information
retrieval (Hermansson et al., 2013) and in cybersecurity (Gascon et al., 2013).

Although in the past few years several neural network models have been
generalised to work on graph-structured data (Kondor et al., 2018; Niepert,
Ahmed, and Kutzkov, 2016; Zhang et al., 2018), graph kernels are still the

27
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dominant approach for the classification of small and medium-sized graph
datasets.

A graph kernel is a symmetric, positive semi-definite function on the set
of graphs G. Have we defined such a function k, it is known that there exists
a map ϕ : G → H from the graph space into a Hilbert space H such that
k(G,G ′) = ⟨ϕ(G), ϕ(G ′)⟩H for all G,G ′ ∈ G. Hence, a graph kernel k implicitly
computes the inner product between the representations of the input graphs
in the Hilbert space H, and allow kernel classifiers such as Support Vector
Machine (SVM) to work directly on graphs.

The majority of graph kernels are instances of the R-convolution framework
(Haussler, 1999). These kernels decompose each graph into a set of substructures
and compute the similarity of two graphs by comparing each possible pair
of these substructures. Different types of substructures give rise to different
kernels. Hence, there are kernels that compare graphs based on shortest paths
(Borgwardt and Kriegel, 2005), subtrees (Ramon and Gärtner, 2003) or graphlets
(Shervashidze et al., 2009), just to name a few.

A more promising family of kernels are the assignment kernels. In general,
these kernels compute a matching between substructures of one object and
substructures of a second object such that the overall similarity of the two
objects is maximised. Such a matching can reveal structural correspondences
between the two objects. Furthermore, the emerging kernel matrices do not
suffer from the diagonal dominance problem (Yanardag and Vishwanathan,
2015). Unfortunately, the assignment functions are not in general positive semi-
definite which complicates their use in kernel methods. For example, an optimal
assignment kernel that was proposed in the early days of graph kernels to
compute a correspondence between the atoms of molecules (Fröhlich et al., 2005),
was later proven not to always be positive semi-definite (Vert, 2008). Despite
the difficulty of defining valid assignment kernels, there are some assignment
methods that respect the constraint of positive semi-definiteness, such as a
method that capitalises on the well-known pyramid match kernel to match
the node embeddings of graphs (Nikolentzos, Meladianos, and Vazirgiannis,
2017). More importantly, it was recently shown that there exists a class of base
kernels used to compare substructures that guarantees positive semi-definite
optimal assignment kernels (Kriege, Giscard, and Wilson, 2016). While the above
work paves the way for breaking away from the R-convolution framework and
for designing new kernels based on optimal assignments, to the best of our
knowledge, no subsequent papers have considered this problem.
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In this work, we design an assignment kernel between sets of vectors. We cap-
italise on the work of Kriege, Giscard, and Wilson (2016), and we propose a base
kernel for comparing vectors which approximates the linear kernel. In contrast
to the linear kernel, the proposed base kernel guarantees positive semi-definite
assignment kernels. The base kernel is obtained from a hierarchical partition of
the input space allowing the optimal assignment to be computed in linear time
by histogram intersection. We use the proposed kernel to compare graphs and
textual documents by comparing their parts (i. e., their node embeddings and
word embeddings respectively). We evaluate the proposed approach on several
datasets from graph classification, link prediction and text categorisation.

Our main contributions are summarised as follows:

• We take as starting point, the theory of valid optimal assignment kernels
developed by Kriege, Giscard, and Wilson (2016), and we propose a kernel
that computes a correspondence between two sets of vectors.

• We demonstrate the utility of the proposed kernel in concrete applica-
tions, namely, in the tasks of graph classification, link prediction and text
categorisation.

• We show that our proposed kernel is very competitive comparing with
several state-of-the-art graph kernels.

The rest of this paper is organised as follows. Section 3.2 provides a detailed
description of the proposed method that computes an optimal assignment of sets
of embeddings. Section 3.3 evaluates the proposed framework on several stan-
dard datasets from graph classification, link prediction and text categorisation.
Finally, Section 3.4 concludes.

3.2 proposed kernel

In this section, we first present the set of vectors representation for graphs
and how the nodes of the graphs are embedded in the vector space. We then
introduce the notion and theory of valid optimal assignment kernels. We finally
present the our proposed approach for computing an optimal correspondence
between set of vectors (graphs).
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3.2.1 Preliminaries

3.2.1.1 Graph as Bag of Vectors

Bag of words is a common term in Natural Language Processing (NLP), which
refers to representing a document as a set of its containing words, ignoring their
order. Though one may expect that word order could play an important role in
linguistics, this method works surprisingly well in some specific tasks of NLP.

This notion can be naturally generalised to the case of graphs, where each
graph is represented as a set of the nodes. In fact, it might be more natural than
the notion in linguistics as there is no canonical ordering of the nodes in a graph.
As each node is represented by a vector in the Euclidean space, a graph will
finally become a bag of vectors. The essential part of this method is the vector
representation of the vertices, commonly referred to as Node Embedding, which
corresponds to a mapping that maps the nodes into a low-dimensional vector
space while keeping some invariant properties on graphs.

definition 3 .1 (bag of vectors). A graph G = (V, E) can be represented
as a set of vectors {x1, x2, . . . , x|V|} with xi ∈ Rd and xi = f (vi), ∀i, where

f : V 7→ Rd and dV(vi, vj) = dRd( f (vi), f (vj)),

dV, dRd are similarity measures defined respectively on V and Rd.

There are various node embedding methods, differing from each other in
terms of the invariant properties that they keep. Most of these methods can be
unified under a general framework of matrix factorisation (Qiu et al., 2018). In
this work, we mainly use a simple embedding method based on eigenvector
decomposition of graph adjacency matrix. However, it should be noted that
the proposed framework is flexible with the different embedding methods
and indeed they have an impact on the expressive ability of the kernel, as
demonstrated in Section 3.3.2.

3.2.1.2 Embeds graph by Adjacency Matrix Decomposition

Given a graph G = (V, E), an embedding algorithm projects the vertices of G
into a vector space. Embedding graphs into low-dimensional vector spaces has
proven to be valuable in many tasks such as in node classification and in link
prediction. In case these embeddings are consistent across different graphs, it
can also be useful for graph comparison.
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In this work, we generate embeddings for the vertices of a graph G = (V, E)

using the eigenvectors of its adjacency matrix A. Given the eigenvalue decompo-
sition of the adjacency matrix A = UΛU⊺ , the ith row ui of U corresponds to the
embedding of vertex vi ∈ V. Since the signs of these eigenvectors are arbitrary,
we replace all their components by their absolute values. Specifically, we embed
all vertices in the d-dimensional vector space Rd using the eigenvectors of the d
largest in magnitude eigenvalues. In case of multiple graphs such as the task in
Section 3.3.1, we generate low-dimensional representations for vertices of each
graph and assume they reside in the same Rd space.

Instead of the adjacency matrix, we could have employed other matrices
derived from graphs such as the Laplacian matrix, or other more sophisticated
methods for generating embeddings (Donnat et al., 2018; Grover and Leskovec,
2016; Ribeiro, Saverese, and Figueiredo, 2017). Note that the operation of the
proposed approach remains the same regardless of the embedding algorithm.

3.2.2 Valid Optimal Assignment Kernel

3.2.2.1 Strong Kernels and Hierarchies

Let X, X′ be two sets containing d-dimensional vectors. In our setting, X and X′

are the bag of vectors representation of two graphs G and G ′. Note, however, that
the two sets are not limited to embeddings of vertices, they may contain feature
vectors extracted from any substructure of the two graphs. For simplicity, we
assume that the size of both sets is the same.

Let B(X, X′) denote the set of all bijections between the two sets. We are
interested in computing the overall similarity of the two sets by matching their
elements as follow:

KB(X, X′) = max
B∈B(X,X′)

∑
(x,x′)∈B

⟨x, x′⟩ (3.1)

A kernel (which we call base kernel) is employed to measure the similarity
between the elements of the two sets. In the above definition, we use the linear
kernel k(x, x′) = ⟨x, x′⟩ as our base kernel.

Unfortunately, the above function KB(X ,X ′) is not always a valid kernel as
we mentioned in Section 2.3.4. More specifically, Kriege, Giscard, and Wilson
(2016) show that KB(X, X′) can be a valid kernel if the base kernel k is strong.
They define a strong kernel as follow
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definition 3 .2 (strong kernel). A function k : X × X → R≥0 is called a
strong kernel if

k(x, y) ≥ min{k(x, z), k(z, y)}, ∀x, y, z ∈ X.

The authors also introduce another class of kernels that is derived from a
hierarchy on the set X ∪ X′. More specifically, let T be a rooted tree such that
the leaves of T are the elements of X ∪ X′. Let V(T) be the set of vertices of T.
Each inner vertex v in T corresponds to a subset of X ∪ X′ comprising all leaves
of the subtree rooted at v. Let w : V(T) → R≥0 be a weight function such that
w(v) ≥ w(p(v)) for all v in T where p(v) is the parent of vertex v. Then, the
tuple (T, w) defines a hierarchy. Let lca(u, v) be the lowest common ancestor
of vertices u and v, that is, the unique vertex with maximum depth that is an
ancestor of both u and v.

definition 3 .3 (hierarchy-induced kernel). Let H = (T, w) be a
hierarchy on X, then the function defined as k(x, y) = w(lca(x, y)) for all x, y in
X is the kernel on X induced by H.

The authors show that the above two classes of kernels are equivalent.

theorem 3 .2 .1 (Kriege , Giscard , and Wilson , 2016). A kernel k on X

is strong if and only if it is induced by a hierarchy on X.

Sketch of proof. We can prove “a hierarchy-induced kernel is a strong kernel”
by contradiction. Suppose a hierarchy-induced kernel is not strong, then there
exists at least three leaves x, y, z satisfy k(x, y) < min{k(x, z), k(z, y)}, i. e.,
w(lca(x, y)) < w(lca(x, z)) and w(lca(x, y)) < w(lca(z, y)). By definition of
a tree, there is a unique path from x to the root that contains lca(x, z) and
lca(x, y), and a unique path from y to the root that contains lca(z, y) and
lca(x, y). Since w(·) is a decreasing function along the path from leave to root,
we have lca(x, y) as the ancestor of both lca(x, z) and lca(z, y). Then we find
the contradictory as there exists two paths from z to root: z → lca(z, y) →
lca(x, y) → root and z → lca(x, z) → lca(x, y) → root.

We prove the inverse direction by construction. We can show that a hierarchy
can be constructed from a strong kernel by successively inserting element of X

into a tree. The idea is to insert the new element to the location closest to the the
existing element to which it is the most similar under the given strong kernel,
i. e., inserting a parent inner vertex to the tree so that the two nodes become
child nodes to this vertex.
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The relation between strong kernel and hierarchy-induced kernel can also be
demonstrated by the ultrametric.

definition 3 .4 (ultrametric). A metric space (X, d) is said to be ultrametric
if

d(x, y) ≤ max{d(x, z), d(z, y)}, ∀x, y, z ∈ X

theorem 3 .2 .2 (Ismagilov , 1997). Any ultrametric space admits an isometric
embedding in a Hilbert space.

In fact, for every ultrametric d on X, we can find a rooted tree T with leaves X

that satisfies the properties:

• d is the path length between leaves in T,

• the path lengths from a leaf to the root are all equal.

Theorem 3.2.2 tells us that for every ultrametric, there also exists an isometric
embedding in the Hilbert space, from which we have an associated kernel k and
the following relation,

d2(x, y) = d2
H(x, y) = ⟨ϕH(x)− ϕH(y), ϕH(x)− ϕH(y)⟩

= k(x, x) + k(y, y)− 2k(x, y).

Set w(a) := k(x, y) where a is a inner vertex of T and the lca of leaves x and
y, (T, w) is then a hierarchy and k is a (T, w)-induced kernel. k is also a strong
kernel by the property of ultrametric. Precisely, for every (x, y, z) in X, we have

d2(x, y) ≤ max{d2(x, z), d2(z, y)},

which is the same with

k(x, x) + k(y, y)− 2k(x, y) ≤ max{k(x, x) + k(z, z)− 2k(x, z),

k(z, z) + k(y, y)− 2k(z, y)}.

For the isometric embedding associated with the ultrametrix, we also have
k(x, x) = k(y, y) = k(z, z), see Ismagilov (1997, pp. 188). Thus, we obtain the
strong property

k(x, y) ≥ min{k(x, z), k(z, y)}.



3.2 proposed kernel 34

3.2.2.2 Kernel Construction

In the previous section, we learn that the design of a valid optimal assignment
kernel is related to deriving a hierarchy and a strong kernel. In this section, we
will propose our approach to find the hierarchy and using the hierarchy-induced
(strong) kernel to build a valid kernel that is an optimal assignment between
substructures of two graphs1.

from vectors to hierarchies Since we are interested in computing a
valid kernel that approximates the function defined in Equation 3.1, we design
a hierarchy-induced kernel which approximates the linear kernel.

By constructing a hierarchy on the set of node embeddings, we can derive a
strong kernel k and ensure that the emerging function Kk

B(X, X′) defined below
is a valid kernel:

Kk
B(X, X′) = max

B∈B(X,X′)
∑

(x,x′)∈B

k(x, x′) (3.2)

To build the hierarchy, we resort to clustering. By embedding the vertices of
all graphs into a common vector space and employing a clustering algorithm,
we can create the tree T and then, by defining a valid weight function w(·), a
strong kernel on the set of embeddings is directly produced.

Hierarchical clustering techniques, such as agglomerative clustering, are
particularly attractive for this task, since they represent the hierarchy of clusters
as a tree allowing us to directly generate T. Such methods, however, turn out to
be problematic when the number of input graphs and their sizes (i. e., number
of vertices) increase, since they require computing the similarities (i. e., inner
products) between all vertices of all graphs. In such cases, hierarchical clustering
techniques are not feasible. Instead, we generate the tree of the hierarchy by
repeatedly performing a variant of k-means clustering which uses the inner
product as a similarity measure, and which is known as spherical k-means
(Dhillon and Modha, 2001).

Given a set of embeddings which are encoded as unit-norm vectors x ∈ Rd,
and a parameter k ∈ N, spherical k-means maximises the following function:

Q({Ci}k
i=1) =

k

∑
i=1

∑
x∈Ci

⟨x, ci⟩

1 The substructures correspond to the vertices in our case
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where C1, . . . , Ck and c1, . . . , ck are the k clusters and their normalised centroids,
respectively.

Spherical k-means scales well to large number of samples, however, it con-
verges to a local optimum and not necessarily to the global optimum. To generate
the tree T, we initially perform spherical k-means on the set of embeddings from
all graphs and we cluster them into k top-level groups. Then, the clustering is
repeated recursively on each of these clusters until each cluster contains a single
vertex. The number of levels L of the emerging tree T is equal to the length of
its longest path.

If the initial corpus of embeddings is very large, for computational purposes,
we may not execute the algorithm up to the point where each cluster contains a
single vertex, but we may terminate it earlier. Each cluster of vertices corresponds
to an inner vertex in the generated hierarchy. For example, the set of all data
points corresponds to the root r of the tree T, while the k clusters that are
produced from those data points correspond to the k children of the root vertex
r. The clustering process, and hence, the structure of the emerging hierarchy
depends on two parameters:

• the branching factor k,

• the number of levels in the tree L.

The former is a trade-off parameter between the the breadth and the depth of
the tree T, while the latter can reduce the number of inner vertices.

Let T be the tree that emerges after performing the clustering process de-
scribed above. Since a hierarchy H is a tuple (T, w), besides T, it is necessary to
define a weight function w : V(T) → R≥0 such that w(v) ≥ w(p(v)) for all v in
T where p(v) is the parent of vertex v.

We set the weights of all inner vertices of T equal to the minimum of the
inner product between the data points of the cluster and its normalised centroid.
Therefore, given, an inner node v that corresponds to a cluster C of data points,
its weight is set equal to:

w(v) = min
x∈C

⟨x, c⟩

where c is the normalised centroid of the cluster. The weight of the leaf vertices
is set equal to 1, that is, if v is a leaf, then w(v) = 1.

Let S be a set of data points and µ their mean vector. Let also C1, . . . , Ck and
c1, . . . , ck be k clusters and their centroids, respectively, that we obtain after
running the spherical k-means clustering algorithm described above on the set
S. If v is the vertex of T that corresponds to S and u1, . . . , uk the vertices that
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Figure 3.1: An illustration based on real data for the algorithm. The red points represent
embeddings in the vector space and they are recursively separated by the
dash lines. Blue points are the centroids.

correspond to C1, . . . , Ck, then, in order for w(v) ≤ w(u) to hold, it is necessary
that

min
x∈S

⟨x, µ⟩ ≤ min
x∈Ci

⟨x, ci⟩, ∀i = 1, . . . , k.

Although this holds in almost all practical settings, there are some extreme cases
where it may not hold. In such cases, we set the weight of the child equal to that
of its parent. Note that the weight of all inner vertices of the tree T is at most
equal to 1. The equality holds only if the data points of the cluster have equal
coordinates. Hence, if v is a leaf and u an inner vertex, it holds w(v) = 1 ≥ w(u),
and the emerging hierarchy H = (T, w) is valid.

Algorithm 1 shows the pseudo code for constructing the hierarchy with spher-
ical k-means. An illustration of this procedure based on real data is also given
in Figure 3.1. Note that the idea of recursively dividing the embedding space
is reminiscent of the Pyramid Matching Kernel (Nikolentzos, Meladianos, and
Vazirgiannis, 2017) where the authors divide the space with uniform regular
grids, which would fail to capture non-uniform distribution of graph embed-
dings, as shown by the irregular cluster of embeddings on the top-left corner of
this illustration.

feature map With the built hierarchy, we next derive the explicit feature
map of the strong kernel k that is induced by the hierarchy H = (T, w) defined
above. Let ω : V(T) → R≥0 be an additive weight function defined as ω(v) =
w(v) − w(p(v)) and ω(r) = w(r) for the root r. Note that the property of a
hierarchy assures that the values of the ω(·) function are non-negative. For
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Algorithm 1: Hierarchy Construction by Spherical k-means
Data: A set of vectors X = {xi}, branching factor k, tree max depth L.
Result: Constructed hierarchy H = (T, w).
Initialisation: create cluster set S0 = ∅, create tree T with root r and set
weight w(r) = minx∈X⟨x, µ⟩, where µ is the mean vector of X;

while i ≤ L do
if i = 0 then

Apply spherical k-means on X;
for j = 1, . . . , k do

Add {C0
j , c0

j } to S0;
Add vertex c0

j to T and attach to r;
Set w(c0

j ) = minx∈C0
j
⟨x, c0

j ⟩;
end
Create cluster set S1 = ∅;

else
for every (CL−1

i , cL−1
i ) ∈ SL−1 do

Apply Spherical k-means on CL−1
i ;

for j = 1, . . . , k do
Add {CL−1

i,j , cL−1
i,j } to SL;

Add vertex cL
i,j to T and attach to cL−1

i ;

Set w(cL
i,j) = minx∈CL

i,j
⟨x, cL−1

i,j ⟩;
end

end
end

end

v ∈ V(T) let P(v) ⊆ V(T) denote the vertices on the path from v to the root
r. The strong kernel k induced by the hierarchy H can be defined using the
mapping ϕ : X → Rn, where n = |V(T)| and the components indexed by
v ∈ V(T) are

ϕ(v) =





√
ω(u) if u ∈ P(v),

0 otherwise.
(3.3)

proposition 3 .2 .3. ϕ(·) defined in equation 3.3 is a feature map corresponding
to the strong kernel k : X × X 7→ R, such that:

k(x, y) = ⟨ϕ(x), ϕ(y)⟩Rn ∀x, y ∈ X
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Figure 3.2: Left: An example of a hierarchy where each vertex v is annotated by its
weights w(v) : ω(v) and its colour indicates the graph to which it belongs;
Right: the derived feature vectors.

Proof. By definition,

k(x, y) = w(lca(x, y)) = ∑
v∈P(x)∩P(y)

ω(v)

From equation 3.3, we have also

[ϕ(x)]v[ϕ(y)]v =





ω(v) if v ∈ P(x) ∩ P(y),

0 otherwise.

Thus ϕ(x)⊺ϕ(y) = ∑v∈P(x)∩P(y) ω(v) = k(x, y).

Being the mapping of vertices to the Hilbert space, ϕ(·) can also be seen as an
embedding method for nodes, which could be useful for some tasks, e. g., Link
Prediction, which we will elaborate in Section 3.2.3.2.

Figure 3.2 shows an example of a valid hierarchy and the derived feature
vectors.

So far, we have assumed that the embeddings are unit vectors with non-
negative components. When dealing with such kind of vectors, there is a close
relationship between Euclidean distances and inner products.

lemma 3 .2 .4. Let x, y, z be three non-negative valued unit vectors, x, y, z ∈ Rd.
Then, it holds that

∥x − y∥2 ≥ ∥x − z∥2 if and only if ⟨x, y⟩ ≤ ⟨x, z⟩.
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Proof. For a unit vector x it holds that ∥x∥2 =
√
⟨x, x⟩ = 1 and therefore,

⟨x, x⟩ = 1. The Euclidean distance between two unit vectors x and y is defined
as

∥x − y∥2 =
√
⟨x, x⟩ − 2⟨x, y⟩+ ⟨y, y⟩

=
√

2(1 − ⟨x, y⟩).

Then, if we know that z is closer to x than y to x, we have:

∥x − y∥2 ≥ ∥x − z∥2

⇔
√

2
(
1 − ⟨x, y⟩

)
≥
√

2
(
1 − ⟨x, z⟩

)

⇔ 2
(
1 − ⟨x, y⟩

)
≥ 2

(
1 − ⟨x, z⟩

)

⇔ ⟨x, y⟩ ≤ ⟨x, z⟩.

Hence, for unit vectors, the squared Euclidean distance is inversely propor-
tional to the inner product.

We next give a lower bound on the inner product between the data points of
a cluster.

proposition 3 .2 .5. Let C be the set of points of a cluster and c its centroid. Let
also x, y be any two points of C. Then, it holds that

⟨x, y⟩ ≥ 4 min
z∈C

⟨z, c⟩ − 3.

Proof. From Lemma 3.2.4, it is clear that the lowest inner product between the
data points of a cluster is the one between those whose distance is maximum.
Let v, w be these two data points. Let also u be the data point whose distance
from the centroid of the cluster c is maximum,

u = arg max
z∈C

∥z − c∥2 = arg min
z∈C

⟨z, c⟩,

and let d∗ be that distance. Then,

∥u − c∥2 =
√

2
(
1 − ⟨u, c⟩

)
= d∗.



3.2 proposed kernel 40

Note that this data point is not necessarily one of the two most distant data
points v and w. Clearly, the distance between v and w will be at most 2d∗. Then,
for any two points x, y ∈ C,

∥x − y∥2 =
√

2
(
1 − ⟨x, y⟩

)
≤ ∥v − w∥2

≤ 2d∗

= 2
√

2
(
1 − ⟨u, c⟩

)
.

Therefore,
√

2
(
1 − ⟨x, y⟩

)
≤ 2

√
2
(
1 − ⟨u, c⟩

)

⇔ 2
(
1 − ⟨x, y⟩

)
≤ 8

(
1 − ⟨u, c⟩

)

⇔ ⟨x, y⟩ ≥ 4⟨u, c⟩ − 3.

The above bound is useful especially for clusters that appear at the low levels
of the hierarchy. For such clusters that contain a small number of vertices and
the pairwise inner products of all their points are very high, the bound becomes
tight. Hence, for data points that are sufficiently close to each other and appear
together in the same cluster, we can accurately estimate the real values of the
inner products. Since we are interested in matching highly similar data points, in
cases where such pairs of data points exist, the proposed kernel can approximate
accurately the function shown in equation 3.1, and remain at the same time
positive semi-definite.

kernel computation Let H = (T, w) be a hierarchy on the set of the
embeddings of all graphs X. The hierarchy H induces a strong kernel k with
feature mapping ϕ(·). The kernel Kk

B defined in equation 3.2 can be computed
in linear in the number of vertices of the tree T time by histogram intersection.

definition 3 .5 (histogram). The histogram of a graph with set of vertices X

generated by the feature mapping ϕ(·) is

HX = ∑
x∈X

ϕ(x)⊺ϕ(x).

An illustration is given in Figure 3.3.
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Figure 3.3: Histograms of graph G1, G2, G3 corresponding to the feature mapping in
Figure 3.2.

theorem 3 .2 .6 (Kriege , Giscard, and Wilson, 2016). Given the hi-
erarchy H = (T, w), two graphs G, G ′ and their histograms HX, HX′ computed as
above, we define the histogram intersection kernel as,

K(G,G ′) =
|V(T)|
∑
i=1

min
(
[HX]i, [HX′ ]i

)
.

Then we have,
K(G,G ′) = Kk

B(X, X′)

Proof. As Kk
B(X, X′) = maxB∈B(X,X′) ∑(x,x′)∈B k(x, x′) and k(·, ·) is a strong ker-

nel, we can rewritten the equation as,

Kk
B(X, X′) = max

B∈B(X,X′)
∑

(x,x′)∈B

∑
v∈P(x)∩P(x′)

ω(v) = max
B∈B(X,X′)

∑
v∈V(T)

cB
v ω(v).

where cB
v is the times of repetition of tree node v in the assignment B.

We have also histogram intersection kernel as,

KH(X, X′) =
|V(T)|
∑
i=1

min
(
[HX]i, [HX′ ]i

)
= ∑

v∈V(T)
min

(
|Xv|, |X′

v|
)
ω(v).

Denote cv = min
(
|Xv|, |X′

v|
)
. As cB

v counts only when v is common ancestor
of x and x′ (and for all x ∈ X, x′ ∈ X′ only counted once), while cv counts
when v is an ancestor of x or x′, we have naturally cB

v ≤ cv, ∀B ∈ B. Thus the
histogram intersection kernel is the upper bound of the optimal assignment
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kernel defined in equation 3.2 and the upper bound is reached when we have
the optimal assignment B.

The histogram intersection kernel is known to be a valid kernel on Rn (Barla,
Odone, and Verri, 2003; Swain and Ballard, 1991). Hence, the proposed optimal
assignment kernel is also a valid kernel. Its complexity depends on the size
of the tree T, which, as mentioned above, depends on the L parameter. Thus,
by setting L to small values, we can reduce the number of vertices of T, and
therefore, the complexity of the kernel.

More concretely, given a pair of graphs G,G ′ ∈ G, let X, X′ ⊆ X be their
sets of vertex embeddings and HX and HX′ their histograms. The size of these
histograms is equal to the number of vertices of the tree T (denoted by n), and
are generated as follows for each graph: each embedding x ∈ X corresponds to
a leaf v of the tree T and there is a single path from the root r to that leaf. Let Px

denote the set of vertices in that path. For each embedding of the graph and for
each vertex u ∈ Px, we increase the value of the component of HX corresponding
to vertex u by ω(u). Then, to compute the kernel between the two graphs, we
have,

K(G,G ′) =
n

∑
i=1

min
(
[HX]i, [HX′ ]i

)
.

By Theorem 3.2.6, this kernel is the optimal assignment kernel Kk
B(X, X′). In

what follows, we denote the kernel described above by E-OA.
Besides E-OA, we also computed a variant of it, by designing an alternative

hierarchy H′ = (T′, w′). Specifically, to create the tree T′, we performed k-
means on the unnormalised embeddings (instead of spherical k-means on the
normalised embeddings). We defined the weighting function w′(·) implicitly by
directly defining an ω′(·) function.

Regarding the ω′ value of the root r, we set it equal to 1. For each vertex
v ∈ V(T′), we directly set ω′(v) = d(v,r)−1

d(v,r) where d(v, r) is the length of the path
between the root r and vertex v. Hence, ω′(·) weights more vertices appearing
lower in the hierarchy than those appearing higher. We denote this variant of
the proposed kernel by E-OA-SP.

E-OA-SP seems naive compared to E-OA, since it does not take into account
the true similarity between matched embeddings. For example, given two pairs
of matched embeddings where the lowest common ancestor of both pairs is
at the same level of the hierarchy H′, the kernel values of the two pairs are
considered to be equal to each other regardless of their true similarity.
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3.2.3 Extensions

3.2.3.1 Text Categorisation

Our approach is not limited to the graphs. It is straightforward to apply it to
any case where we need to deal with a set of vectors, e. g., in text mining, we
can represent the document as a set of words (vectors). Efficiency of our method
in this task will be demonstrated in Section 3.3.3.

3.2.3.2 Link Prediction

As stated in Section 2.2.2, the Link Prediction problem is that given an observed
network, we want to predict the likelihood of the existence of potential links
between two nodes. It has different concrete meanings in different scenarios: in
Social Networks, we predict the future association between two nodes (evolution
of network); in Biology, we infer links that are likely to exist, but are missing
in the observation (invisible) due to certain constraints, e. g., observation noise,
resolution of the equipments, etc.

Most common method to tackle this problem is by heuristics, based on the
hypothesis that if two nodes share neighbourhood with similar properties, they
are likely to be connected. Here, we focused on two heuristics:

• Adamic-Adar Index. L(u, v) = ∑w∈N (u)∩N (v)
1

log |N (w)|

• Jaccard Index. L(u, v) = |N (u)∩N (v)|
|N (u)∪N (v)|

where N (·) denotes the neighbourhood of the node.
Grover and Leskovec (2016) propose that this problem could be formulated

as a supervised problem, that given an observed network, we could use the
features of existing edges as the input to train a model and then use the model to
predict the existence (or nonexistence) of potential links. The feature of an edge
can be represented by a combination of its two ends. In Grover and Leskovec
(2016), they propose that

f (e) = xv ⊙ xw ∀v, w ∈ V, e = (v, w) ∈ E.

where x is the vertex embedding, ⊙ is the Hadamard product and f (e) is the
feature of edge e (or edge embedding).

Seeing the feature map ϕ(·) of our approach as a new type of node embed-
ding, it is also useful in Link Prediction problems. With the hierarchy H = (T, w)
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derived from the original embeddings {x}, one may naturally think of repre-
senting an edge by the path between its two ends in the tree T. This intuition
can be unified with Grover and Leskovec (2016)’s framework as:

proposition 3 .2 .7. Define

f (e) =
(
ϕ(v)⊙ ϕ(v)

)
⊕
(
ϕ(w)⊙ ϕ(w)

)
∀v, w ∈ V, e = (v, w) ∈ E,

where ϕ(·) is the vertex embedding induced by the feature map in Section 3.2.2.2, ⊕
is the exclusive dis-junction operator (XOR). Then f (e) can be written as

f (e = (v, w)) =





ω(u) if u ∈ P(v) ∩ P(w),

0 otherwise.

which is the path between a and b in tree T.

We demonstrate empirically in Section 3.3.2 that f (e) is also an expressive
representation of edges in Link Prediction problem. The common evaluation
procedure is that with a given network, we mask a certain percentage of its
edges, use edges in residual network and a set of randomly-sampled non-edges2

as training data, and evaluate by the performance of the predictive model on
the existence of previously masked edges. Details can be found in Section 3.3.2.

3.3 experiments and discussion

In this section, we empirically evaluate our proposed kernel on real-world data,
of three different tasks: graph classification, network link prediction and text
categorisation, and compare with several baseline methods.

3.3.1 Graph Classification

3.3.1.1 Datasets

We evaluate the proposed framework on 10 publicly available graph classifi-
cation datasets from the TU benchmark, including 5 bioinformatics datasets:
MUTAG, ENZYMES, NCI1, PTC-MR and D&D, as well as 5 social network
datasets: IMDB-BINARY, IMDB-MULTI, REDDIT-BINARY, REDDIT-MULTI-5K
and REDDIT-MULTI-12K.

2 They serve as negative samples, usually the same number with the existing edges
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Note that the bioinformatics datasets come with vertex labels, however, we do
not take these labels into account in our experimental evaluation. The proposed
approach can be easily modified to account for such labels by creating a separate
histogram for vertices sharing each label, and computing a different kernel for
each type of vertices. Then, the overall kernel can be obtained as the sum of the
separate kernels. The summary of statistics of the 10 datasets can be found in
Table 2.1.

3.3.1.2 Experiment Setup

We compare the proposed kernel against several state-of-the-art graph kernels.
More specifically, our baseline competitors are the graphlet kernel (GL) (Sher-
vashidze et al., 2009), the shortest path kernel (SP) (Borgwardt and Kriegel,
2005), the Weisfeiler-Lehman subtree kernel (WL) Shervashidze et al., 2011,
the Weisfeiler-Lehman optimal assignment kernel (WL-OA) Kriege, Giscard,
and Wilson, 2016, and the pyramid match graph kernel (PM) (Nikolentzos,
Meladianos, and Vazirgiannis, 2017).

It should be mentioned that the proposed kernel is very related to the pyramid
match graph kernel. However, instead of partitioning the feature space into
uniformly-shaped regions, the proposed kernel uses an adaptive grid whose
boundaries depend on the distribution of the input data (i. e., node embeddings),
allowing it to remain accurate even in the case of high-dimensional data.

To perform graph classification, we employ the LIBSVM implementation of
the C-SVM classifier (Chang and Lin, 2011) and perform 10-fold cross-validation.
The whole process was repeated 10 times with random fold assignments for
each dataset and each kernel. Within each fold all necessary parameters, such
as the parameter C of the SVM and any parameters of the kernels, were selected
by cross-validation based on the training set.

We chose parameters for the graph kernels as follows. For the Weisfeiler-
Lehman subtree kernel and for the Weisfeiler-Lehman optimal assignment
kernel, we chose the number of iterations from h = {4, 5, 6, 7}. For the pyramid
match graph kernel, the dimensionality of the embeddings was chosen from
d = {4, 6, 8, 10} and the number of levels was selected from L = {3, 4, 5, 6}.
Note that the Weisfeiler-Lehman kernels assume node-labelled graphs. Since
the graphs contained in our datasets are either unlabelled or we ignore the
node labels, we set the label of each vertex equal to its degree. The graphlet
kernel that we implemented samples 500 graphlets of size up to 6 from each
graph, while the shortest path kernel is a Dirac kernel that counts shortest
paths of equal length. As regards the proposed kernel, the dimensionality of
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the embeddings was chosen from d = {4, 6, 8, 10}, the branching factor k of
the clustering procedure was chosen from k = {2, 5, 10, 20}, while we did not
restrict the depth of the generated trees (i. e., using parameter L). The proposed
kernel was implemented in Python based on Scikit-learn (Pedregosa et al., 2011).

3.3.1.3 Results

Table 3.1 illustrates average prediction accuracy and standard deviations. We
observe that the proposed assignment kernels that compute a correspondence
between node embeddings outperform the baselines on 4 out of the 10 datasets,
while they provide the second or third best accuracy on the rest of the datasets.
The most successful kernel is WL-OA which performs best on 5 of the 10
datasets, Furthermore, on 3 of them it outperforms the proposed kernels with
quite wide margins (on the other 2, the proposed kernels are the second best).
Note, however, that we could have combined the proposed kernels with the WL
relabelling procedure to also improve their performance.

On most datasets, GL and SP fail to yield accuracy comparable to those of
the optimal assignment kernels. This indicates that optimal assignment kernels
better capture the similarity between graphs than R-convolution kernels in the
considered classification tasks.

As regards the two variants of the proposed kernel, quite surprisingly, E-OA-
SP outperforms E-OA on most datasets. One possible explanation for this is
that some useful information about the structure of the graph is lost due to the
normalisation of the embeddings.

3.3.2 Link Prediction

3.3.2.1 Datasets

The performance of our proposed kernel on the link prediction task is evaluated
on 8 real-world network datasets, same as in Zhang and Chen (2017). They
are USAir, NS, PB, Yeast, Celegans, Power, Router, and E.coli. USAir, Power
and Router are real networks: USAir is the US Air lines network; Power is
the electrical grid network in western US and Router is a router-level Internet
network. NS and PB are social networks with NS being the collaboration net-
work of researchers who publish papers on network science and PB being a
network of political blogs in the US. The rest are biological networks: Yeast is
the protein-protein interaction network in yeast, Celegans is the neural network
of Caenorhabditis elegans and E.coli is the pairwise reaction network of metabo-
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Table 3.2: Statistics of 8 real-word networks for Link Prediction

USAir NS PB Yeast Celegans Power Router E.coli

#Nodes 332 1, 589 1, 222 2, 375 297 4, 941 5, 022 1, 805
#Edges 2, 126 2, 742 16, 714 11, 693 2, 148 6, 594 6, 258 14, 660

lites in Escherichia coli. A summary of statistics of these datasets is shown in
Table 3.2.

3.3.2.2 Experiment Setup

We compared our proposed kernel with two commonly used heuristics that
we introduce in Section 3.2.3.2: Adamic-Adar index and Jaccard index. We also
compared with the framework proposed in Grover and Leskovec (2016) where
they use hadamard product over node embeddings to generate vector represen-
tation for edges. Three different node embedding methods were implemented
for this task in our experiments: wavelet2vec (a spectra-based algorithm named
GraphWave in Donnat et al. (2018)), node2vec (Grover and Leskovec, 2016), and
eigen-vectors of adjacency matrix. These methods are tested in the case that we
removed 10%, 50% and 75% edges of the original networks. Their performances
were then evaluated under a supervised learning setting, where we employed
logistic regression classifier and Area Under Curve (AUC) score as the metric.
Hyper-parameters of the logistic regression classifier were optimised using
10-fold cross validation, same with the graph classification task.

3.3.2.3 Results

Table 3.3 shows the results of our experiments. One general conclusion we can
make is that our framework, the EOA embedding combined with "xor" operator
performs better that the original node embedding combined with hadamard
product in term of AUC score, sometimes with up to 20% improvement (see
Router). It achieve the best results on most of the experiments, especially in
cases when we have little information (with 50%/75% edges removed), where
the embedding methods tend to perform more robustly. Among the embed-
dings methods, node2vec seems to have a relatively stable performance over
all datasets, potentially because it is a method that depend less on the one-hop
neighbourhood structure (adjacency matrix).
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Table 3.4: Statistics of 5 real-word networks for text categorisation. CV stands for Cross
Validation.

BBCSport Subjectivity Polarity TREC Twitter

#Training examples 348 10, 000 10, 662 5, 452 3, 115
#Test examples 389 CV CV 500 CV
Vocabulary size 14, 340 21, 335 18, 777 9, 513 6, 266

#Classes 5 2 2 6 3

3.3.3 Text Categorisation

3.3.3.1 Datasets

To demonstrate the versatility of the proposed kernel to compare any type of
objects represented as sets of embeddings, we applied it to the text categorisation
problem. We evaluated the variants of the proposed kernel on five standard
datasets for text categorisation:

• BBCSport (Greene and Cunningham, 2006), which consists of sports news
articles from the BBC Sport website.

• Subjectivity (Pang and Lee, 2004), which consists of subjective sentences
gathered from the Rotten Tomatoes website and objective sentences gath-
ered from the Internet Movie Database.

• Polarity (Pang and Lee, 2004), which contains positive and negative snip-
pets acquired from the Rotten Tomatoes website.

• TREC (Li and Roth, 2002), which consists of a set of questions classified
into 6 different types.

• Twitter (Sanders, 2011), which contains a set of tweets labelled by its
sentiment.

A summary of statistics of the 5 text categorisation datasets can be found in
Table 3.4.

3.3.3.2 Experiment Setup

In this experiment, each document is represented as a set of word embeddings,
which are obtained from a publicly available pretrained model consisting of
300-dimensional vectors (Mikolov et al., 2013). Words that are not contained in
this model are initialised to random vectors. Besides pretrained vectors, we also
used randomly initialised vectors, denoted as “RAND-OA”.
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Table 3.5: Classification accuracy of the 3 variants of the proposed kernel (using pre-
trained and randomly initialised embeddings), the bag-of-words representa-
tion with TF-IDF weights (BOW TF-IDF) and the centroid representation (CR)
on the 5 text categorisation datasets. The format follows Table 3.1.

Method

Datasets
BBCSport Subjectivity Polarity TREC Twitter

BOW TF-IDF 98.38 90.67 77.14 97.00 75.12

CR 99.59 90.90 77.79 96.60 72.65

RAND-OA 96.08 89.89 75.72 97.00 75.25

E-OA-SP 99.05 91.25 76.96 97.00 75.41

E-OA 99.45 91.92 77.87 97.80 76.34

We compare “RAND-OA” along with the other two pretrained vectors-based
variants against

bow tf-idf where each document is represented as a “Bag Of Words” vector
with the entry being 1 if and only if the corresponding word presents
in the document, otherwise 0. This vector is then weighted by the Term
Frequency–Inverse Document Frequency (TF-IDF) (Leskovec, Rajaraman,
and Ullman, 2014, pp. 8-9).

cr where each document is projected into the word embedding space as the
centroid of the point cloud that its words form, i. e., the mean vector of the
embeddings of a document’s terms.

To perform graph classification, both baselines are combined with a linear
SVM classifier.

3.3.3.3 Results

Table 3.5 illustrates the performance of the proposed kernel and the baselines
on the five datasets.

E-OA outperforms the other methods on all datasets except one (BBCSport)
where CR yields the best performance. In contrast to the graph classification
task, in this setting, E-OA outperforms E-OA-SP on all datasets. BOW TF-IDF
achieves very good accuracy on all datasets, considering that it does not utilise
word embeddings.

Our baseline kernel with all word embeddings randomly initialised (RAND-
OA) is generally outperformed by the two kernels that use pretrained embed-
dings. However, on the TREC and Twitter datasets, it performs comparably to the
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rest of the methods. In general, we expected larger performance gains through
the use of pretrained vectors. Hence, our results suggest that the pretrained
embeddings may not consistently yield good results across all datasets.

3.4 chapter conclusion

In this work, we propose a kernel for comparing sets of vectors. The kernel
computes an optimal assignment between the elements of the sets. We applied
the kernel to the problem of graph comparison, where each graph is represented
as a set containing the embeddings of its vertices. After embedding the vertices
of all graphs in a vector space, we construct a hierarchy of them using clustering.
Based on this hierarchy, we define a kernel that computes an optimal assignment
of the vertices of two graphs. The proposed kernel can be applied to any problem
where instances are represented as sets of vectors.

The kernel is evaluated on standard graph classification, link prediction and
text categorisation datasets, where it shows a great performance with respect to
traditional and state-of-the-art techniques.
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G R A P H N E U R A L N E T W O R K S



4
S H O W C A S E : T O P O L O G Y P R E D I C T I O N F O R D Y N A M I C
G R A P H S

Bringing the expressive power of deep learning into non-Euclidean data such
as graphs, GNNs have emerged in recent years as an effective tool for analysing
graph-structured data (Gilmer et al., 2017; Wu et al., 2021). In this chapter, we
demonstrate the power of GNNs over traditional methods on a long-existing
problem of topology prediction of dynamic graphs. Predicting the evolution of
dynamic graphs is a task of high significance in the area of graph mining as most
real-world networks are evolving over time. Despite its practical importance,
the task has not been explored in depth so far, mainly due to its challenging
nature. In this work, we propose a GNN-based model to tackle this problem.
Specifically, we use a MPNN along with a recurrent architecture to capture the
temporal evolution patterns of dynamic graphs. Then, we employ a generative
model which predicts the topology of the graph at the next (or future) time
step and constructs a graph instance that corresponds to that topology. We
evaluate the proposed model on several synthetic datasets following common
network evolving dynamics, as well as on real-world datasets, and demonstrate
the effectiveness of our proposed model over traditional methods.

4.1 introduction

Neural networks for structured data such as graphs have been studied exten-
sively in recent years (Wu et al., 2021; Zhou et al., 2020; Zhou, Zheng, and Huang,
2020). They have demonstrated convincing performance in several graph mining
tasks, including graph classification (Morris et al., 2019), link prediction (Zhang
and Chen, 2017), and community detection (Chen, Li, and Bruna, 2019). So far,
the bulk of research GNNs focused mainly on tasks that involve static graphs.
However, most real-world networks are dynamic, e. g., nodes and edges are
added or removed over time. Despite the success of GNNs in various applications,
it is still not clear if these models are useful for learning in dynamic scenarios.

Among the few models that have been applied to this type of data, most stud-
ies focused on predicting a low-dimensional representation (i. e., embedding)
of the graph for the next time step (Goyal et al., 2018; Li, Guo, and Mei, 2016;

54
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Nguyen et al., 2018; Pareja et al., 2020; Seo et al., 2018). These representations
can then be used in downstream tasks (Goyal et al., 2018; Li, Guo, and Mei,
2016; Meng et al., 2018; Pareja et al., 2020). However, predicting the topology of
the graph (and not only its low-dimensional representation) is a task that has
not been properly addressed yet.

Graph generation, another important task in graph mining, has attracted
a lot of attention from the deep learning community in recent years. The
objective of this task is to generate graphs that exhibit specific properties,
e. g., degree distribution, node triangle participation, community structure, etc.
Traditionally, graphs are generated based on some network generation model
such as the Erdős-Rényi model (Erdős and Rényi, 1960). These models focus
on modelling one or more network properties, and neglect the others. Neural
network approaches, on the other hand, can better capture the properties of
graphs since they follow a supervised approach (Bojchevski et al., 2018; Grover,
Zweig, and Ermon, 2019; You et al., 2018). These architectures minimise a loss
function such as the reconstruction error of the adjacency matrix or the value of
a graph comparison algorithm.

Capitalising on recent developments in neural networks for graph-structured
data and graph generation, we propose in this work, to the best of our knowl-
edge, the first framework for predicting the evolution of the topology of networks
in time. The proposed framework can be viewed as an encoder-predictor-decoder
architecture. The encoder network takes a sequence of graphs as input and uses
a GNN to produce a low-dimensional representation for each of these graphs.
These representations capture structural information about the input graphs.
Then, the predictor network employs a recurrent architecture which predicts a
representation for the future instance of the graph. The decoder network corre-
sponds to a graph generation model which utilises the predicted representation,
and generates the topology of the graph for the next (or future) time step. The
proposed model is evaluated over a series of experiments on synthetic and
real-world datasets, and is compared against several baseline methods.

To measure the effectiveness of the proposed model and the baselines, the
generated graphs need to be compared with the ground-truth graph instances
using some graph comparison algorithm. To this end, we use the Weisfeiler-
Lehman subtree kernel which scales to very large graphs and has achieved state-
of-the-art results on many graph datasets (Shervashidze et al., 2011). Results
show that the proposed model yields good performance, and in most cases,
outperforms the competing methods.
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The rest of this chapter is organised as follow. Section 4.2 provides an overview
of the related work and elaborates our contribution. Section 4.3 introduces
some preliminary concepts and definitions related to the graph generation
problem, followed by a detailed presentation of the components of the proposed
framework. Section 4.4 evaluates the proposed model on several tasks. Finally,
Section 4.5 concludes.

4.2 related work

Our work is directly linked to the line of research in random graph models.
These models are very popular in graph theory and network science. The Erdős-
Rényi model (Erdős and Rényi, 1960), the preferential attachment model (Albert
and Barabási, 2002), and the Kronecker graph model (Leskovec et al., 2010) are
some typical examples of such models. To predict how a graph structure will
evolve over time, the values of the parameters of these models can be estimated
based on the corresponding values of the observed graph instances, and based
on the estimated values, these models are able to generate graphs that have not
been observed yet.

Other work along a similar direction includes neural network models which
combine GNNs with RNNs (Manessi, Rozza, and Manzo, 2020; Pareja et al., 2020;
Seo et al., 2018). These models use GNNs to extract features from a graph and
RNNs for sequence learning from the extracted features. Some similar approaches
do not use GNNs, but instead they perform random walks or employ deep auto-
encoders (Goyal et al., 2018; Nguyen et al., 2018).

All these works focus on predicting how the node representations or the
graph representations will evolve over time. However, some applications require
predicting the topology of the graph, and not just its low-dimensional represen-
tation. The proposed model constitutes the first step towards this objective.

4.3 evonet : a neural network for predicting graph evolution

In this Section, we begin by introducing basic concepts of dynamic graph
and formalise our task. We then present EvoNet, the proposed framework for
predicting the evolution of graphs. Since the proposed model comprises of
several components, we describe all these components in detail.
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4.3.1 Preliminaries

Let G = (V, E) be an undirected, unweighted graph, where V is the set of
nodes and E is the set of edges. We will denote by n the number of vertices
and by m the number of edges. We define a permutation of the nodes of G as a
bijective function π : V → V, under which any graph property of G should be
invariant.

We are interested in the topology of a graph which is described by its adja-
cency matrix Aπ ∈ Rn×n with a specific ordering of the nodes π1. Each entry
of the adjacency matrix is defined as Aπ

ij = 1(π(vi),π(vj))∈E where vi, vj ∈ V. In
what follows, we consider the topology, structure and adjacency matrix of a graph
equivalent to each other.

In many real-world networks, besides the adjacency matrix that encodes
connectivity information, nodes and/or edges are annotated with a feature
vector of dimension d or d′, which we denote as X ∈ Rn×d and E ∈ Rm×d′ ,
respectively. Hence, a graph object can be also written in the form of a triplet
G = (A, X, E). In this work, we use this triplet to represent all graphs. If a graph
does not contain node/edge attributes, we assign to it some artificial attributes
based on local properties (e. g., degree, k-core number, number of triangles, etc).

An evolving network is a graph whose topology changes as a function of
time. Interestingly, almost all real-world networks evolve over time by adding
and removing nodes and/or edges. For instance, in social networks, people
make and lose friends over time, while there are people who join the network
and others who leave the network. An evolving graph is a sequence of graphs
{G0,G1, . . . ,GT} where Gt = (At, Xt, Et) represents the state of the evolving
graph at time step t. It should be noted that not only nodes and edges can
evolve over time, but also node and edge attributes. However, in this work, we
keep attributes of each node and edge fixed, and we allow only the node and
edge sets of the graphs to change as a function of time. The sequence can thus
be written as {Gt = (At, X, E)}t∈[0,T]

2.
We are often interested in predicting what “comes next” in a sequence, based

on data encountered in previous time steps. In our setting, this is equiva-
lent to predicting Gt based on the sequence {Gk}k<t. In sequential modelling,
we usually do not take into account the whole sequence, but only those in-
stances within a fixed small window of size w before Gt, which we denote as

1 For simplicity, the ordering π will be omitted in what follows.
2 Note that here At corresponds to the vertex set V that contains all the nodes which have

appeared on the evolving graphs within the time range of interest. Nodes that are not on Gt at
time step t are considered as isolated nodes of Gt.
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{Gt−w,Gt−w+1, . . . ,Gt−1}. We refer to these instances as the graph history. The
problem is then to predict the topology of Gt given its history.

4.3.2 Proposed Architecture

The proposed architecture is very similar to a typical sequence learning frame-
work. The main difference lies in the fact that instead of vectors, in our setting,
the elements of the sequence correspond to graphs. The combinatorial nature
of graph-structured data increases the complexity of the problem and calls for
more sophisticated architectures than the ones employed in traditional sequence
learning tasks.

Specifically, the proposed model consists of three components:

1. a GNN which generates a vector representation for each graph instance,

2. a RNN for sequential learning,

3. a graph generation model for predicting the graph topology at the next
time step.

This framework can also be viewed as an encoder-predictor-decode model. The first
two components correspond to an encoder network which maps the sequence
of graphs into a sequence of vectors and another network that predicts a
representation for the next in the sequence graph. The decoder network is the
last component of the model, and transforms the above representation into a
graph. Figure 4.1 illustrates the proposed model. In what follows, we present
the above three components of EvoNet.

4.3.2.1 Encoding Graphs using Graph Neural Networks

Graph Neural Network (GNN) has recently emerged as a dominant paradigm for
performing machine learning tasks on graphs. Its ability of learning meaningful
low-dimensional embedding from graph structure makes it a natural choice for
the encoder component of our framework. From various GNN models, We pick
MPNN as the implementation choice. Described in Section 2.4.1, the learning
process of MPNN can be divided into three phases: (1) aggregation, (2) update,
and (3) readout.

aggregation In this phase, for each node of the graph, the network com-
putes a message, which is the aggregation of the representations from its neigh-
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Figure 4.1: Illustration of the proposed architecture

bourhood. Formally, at iteration step l + 1, a message vector ml+1
v is computed

from the representations of the neighbours N (v) of v by

ml+1
v = f1(xl

v) + ∑
w∈N (v)

xl
w f2(evw), (4.1)

where xl
w is the hidden embedding of node w at iteration l, evw is the edge

embedding between node v and w, and f1(·), f2(·) are two MLPs. Suppose m
and x are both vectors of the same dimension d, note that f2(·) transform the
edge vector evw ∈ Rd′ into Rd∗d.

update The new representation xl+1
v of v is then computed by combining its

current feature vector xl
v with the message vector ml+1

v :

xl+1
v = GRU

(
xl

v, ml+1
v
)
, (4.2)

where GRU is the Gated Recurrent Unit (GRU) (Cho et al., 2014), a class of RNN

whose exact form is:

zl+1
v = σ(Wzml+1

v + Uzxl
v + bz)

rl+1
v = σ(Wrml+1

v + Urxl
v + br)

x̂l+1
v = ϕ

(
Whml+1

v + Uh(rl+1
v ⊙ xl

v) + bh
)

xl+1
v = (1 − zl+1

v )⊙ xl
v + zl+1

v ⊙ x̂l+1
v .

(4.3)
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where W , U, h are the weights and bias, σ(·), ϕ(·) are sigmoid activation
function and hyperbolic tangent activation function respectively. The aggregation
and update steps are similar to those of Li et al. (2016).

readout After repeating aggregation and update steps for L iterations, we
get a sequence of node representations {xL

v}v∈V. They are then merged into a
single vector which corresponds to the representation of the entire graph at the
readout step:

g = set2set

({
xL

v | v ∈ V
})

, (4.4)

where set2set is a iterative attention-based method that can learn the represen-
tation from a set (Vinyals, Bengio, and Kudlur, 2016). Its exact form is:

qk = lstm(q∗
k−1)

αi,k = softmax(xiq
⊺
k ) =

exiq
⊺
k

∑n
j=1 exjq

⊺
k

rk =
n

∑
i=1

αi,kxi

q∗
k = [qk, rk],

(4.5)

where the final output g = q∗
K is twice the dimension of the node representation

x. This vector captures the topology of the input graph. Of course, as stated
in Section 2.4.1, there are many choices for the global pooling function of the
readout step, as long as it is differentiable and permutation invariant. Other
functions, e. g., a simple sum, were indeed considered, but were found less
effective in preliminary experiments.

4.3.2.2 Predicting Graph Representations using Recurrent Neural Networks

Given an input sequence of graphs, we use the aforementioned MPNN to gen-
erate a vector representation for each graph in the sequence. Then, to process
this sequence, we use the Recurrent Neural Network (RNN). The RNNs use
their internal state, i. e., memory, to preserve sequential information. These net-
works exhibit temporal dynamic behaviour, and can find correlations between
sequential events.
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Specifically, a RNN processes the input sequence in a series of time steps, e. g.,
one for each element in the sequence. For a given time step t, the hidden state
hGt at that time step is updated as:

hGt = Θ(hGt−1 , gt) (4.6)

where Θ is a non-linear function, whose exact form depends on the choice of
the RNN.

The generative RNNs output a probability distribution over the next element
of the sequence given its current state. Precisely, they are able to predict the next
element (e. g., graph embedding) in the sequence, by learning the conditional
distribution p(hGt |g1, . . . , gt−1).

In our implementation, we use Long Short-Term Memory (LSTM) network
that reads sequentially the vectors {gi}i∈[t−w,t−1] produced by the MPNN, and
generates a vector hGt that represents the embedding of Gt. The embedding incor-
porates topological information and will serve as input to the graph generation
module.

The MPNN component presented above can be seen as a form of an encoder
network. It takes as input a sequence of graphs and projects them into a low-
dimensional space. Then, this RNN component takes the sequence of graph
representations as input and predicts the representation of the graph at the next
time step. We name the predicted representation as dynamic graph embedding, for
that it captures both the structure of a graph and the temporal dependency of
the sequence.

4.3.2.3 Graph Generation

To generate a graph that corresponds to the evolution of the current graph
instance, we capitalise on a sequential framework for learning generative models
of graphs (You et al., 2018). This framework models a graph in an auto-regressive
manner (i. e., a sequence of additions of new nodes and edges) to capture the
complex joint probability of all nodes and edges in the graph. Formally, given a
node ordering π, it considers a graph G as a sequence of vectors:

Sπ
G = (sπ

1 , sπ
2 , . . . , sπ

n ) (4.7)

where sπ
i = [a1,i, . . . , ai−1,i] ∈ {0, 1}i−1 is the adjacency vector between node π(i)

and the nodes preceding it ({π(1), . . . , π(i − 1)}). We adapt this framework to
our supervised setting.
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The objective of the generative model is to maximise the likelihood of the
observed graphs of the training set p(G|θ). Since a graph can be expressed as
a sequence of adjacency vectors (given a node ordering), we consider instead
the likelihood p(Sπ

G |θ), which can be decomposed in an auto-regressive manner
into the following product:

p(Sπ
G |θ) =

n

∏
i=1

p(sπ
i |sπ

k:k<i, θ) =
n

∏
i=1

i−1

∏
j=1

p(aπ
ji |aπ

li:l<j, sπ
k:k<i, θ) (4.8)

This product can be parameterised by a neural network. Following You et al.
(2018), we use a hierarchical RNN consisting of two levels:

1. a graph-level RNN which generates new nodes by updating the state of
adjacency vectors, i. e., learns the distribution p(sπ

i |sπ
k:k<i),

2. a edge-level RNN which generates links between current generated node
and those previously-generated, i. e., learns the distribution p(âπ

ji |âπ
li:l<j)

More formally, we have:

h0 = hGT hi = Θ1(hi−1, sπ
i−1)

e0,i = hi ej,i = Θ2(ej−1,i, âπ
j−1,i)

âπ
j,i ∼ p p(âπ

j,i = 1) = f (ej,i)

(4.9)

where hi is the state vector of the graph-level RNN (Θ1) that encodes the current
state of the graph sequence {sπ

k:k<i} and is initialised by hGT , the predicted
embedding of the graph at the next time step T. The output of the graph-level
RNN corresponds to the initial state of the edge-level RNN (Θ2), whose state at
the last time step is then processed by a function f to produce the probability
of existence of an edge âj,i,3 e. g., MLP stacked with a sigmoid function. In other
words, the model learns the probability distribution of the existence of edges
and a graph can then be sampled from this distribution, which will serve as the
predicted topology for the next time step T.

To train the model, the cross-entropy loss between existence of each edge and
its probability of existence is minimised:

L = −
n

∑
i=1

i−1

∑
j=1

[
aπ

j,i log
(

p(âπ
j,i = 1)

)
+ (1 − aπ

j,i) log
(
1 − p(âπ

j,i = 1)
)]

(4.10)

3 We denote the predicted adjacency value as âj,i in order to distinguish from the ground truth
value aj,i.
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Path Graph n = 15, m = 14 Cycle Graph n = 15, m = 15 Ladder Graph n = 30, m = 43

Figure 4.2: Illustration of synthetic graphs. n is the number of nodes; m is the number
of edges.

4.4 experiments and discussion

In this section, we evaluate the performance of EvoNet on synthetic and real-
world datasets for predicting the evolution of graph topology, and we compare
it against several baseline methods.

4.4.1 Datasets

4.4.1.1 Synthetic Datasets

The synthetic datasets consist of sequences of graphs where there is a specific
pattern on how each graph emerges from the previous graph instance, i. e.,
adding/removing some graph structure at each time step. The patterns we
experimented on are paths, cycles and ladders. An illustration of these patterns
can be found in Figure 4.2.

The real-world datasets correspond to single graphs whose nodes incorporate
temporal information, which We decompose into sequences of snapshots based
on their timestamps. The size of the graphs in each sequence ranges from tens
of nodes to several thousand of nodes. We summarise the statistics of these
datasets in Table 4.1.

4.4.1.2 Synthetic Datasets

path graph We denote a path graph of n nodes as Pn. It can be drawn
such that all vertices and edges lie on a straight line, i. e., the path graph Pn is
a tree with two nodes of degree 1, and the other n − 2 nodes of degree 2. We
consider two scenarios. In both cases the initial graph in the sequence is P3.
In the first scenario, at each time step, we add one new node to the previous
graph instance and we also add an edge between the new node and the last
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node according to the previous ordering. The second scenario follows the same
pattern, however, every three steps, instead of adding a new node, we remove
the first node according to the previous ordering (along with its edge).

cycle graph A cycle graph Cn is a graph on n nodes containing a single
cycle through all the nodes. Note that if we add an edge between the first and
the last node of Pn, we obtain Cn. Similar to the above case, we use C3 as the
initial graph in the sequence, and we again consider two scenarios. In the first
scenario, at each time step, we increase the size of the cycle, e. g., we obtain Ci+1

from Ci by inserting a new node between the first and the last node according to
the previous ordering and connect them. In the second scenario, besides adding
a new node at each time step, every 3 (or other value) steps, we also attach a
special structure to the newly added node (e. g., K3 or K5

4).

ladder graph The ladder graph Ln is a planar graph with 2n vertices
and 3n − 2 edges. It is the Cartesian product of two path graphs, as follows:
Ln = Pn × P2. As the name indicates, the ladder graph Ln can be drawn as
a ladder consisting of two rails and n rungs between them. We consider the
following scenario: at each time step, we attach one rung (P2) to the tail of the
ladder. The two nodes of the rung are then connected to the two last nodes
according to the previous ordering, respectively).

For all synthetic graphs, we set the attribute of each node equal to its degree,
while we set the attribute of all edges to the same value (e. g., to 1).

4.4.1.3 Real-World Datasets

We also evaluate our model on six real-world datasets. They can be divided into
three groups based on the nature of their sources.

bitcoin transaction networks This group contains graphs derived
from the Bitcoin transaction network, a who-trust-whom network of people who
trade using Bitcoin (Kumar et al., 2018, 2016). Due to the anonymity of Bitcoin
users, platforms seek to maintain a record of users’ reputation in Bitcoin trades
to avoid fraudulent transactions. The nodes of the network represent Bitcoin
users, while an edge indicates that a trade has been executed between its two
endpoint users. Each edge is annotated with an integer between −10 and 10,
which indicates the rating of the one user given by the others. The datasets are
collected separately from two platforms: Bitcoin OTC and Bitcoin Alpha. For

4 Complete graph with n nodes is denoted as Kn. e. g., K3 is a triangle.
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Table 4.1: Statistics of 6 real-world datasets.

#Nodes #Edges % Pos.Edges Timespan
Begin End

BTC-OTC 5, 881 35, 592 89% 2010-11-08 2016-01-25

BTC-Alpha 3, 783 24, 186 93% 2010-11-08 2016-01-22

UCI-Forum 899 33, 720 — 2004-05-15 2004-10-26

UCI-Message 1, 899 59, 835 — 2004-04-15 2004-10-26

EU-Core 986 332, 334 — 1970-01-01 1972-03-14

DNC 1, 891 39, 264 — 2013-09-16 2016-05-25

all graphs in these two datasets, we set the attribute of each node equal to the
average rating that the user has received from the rest of the community, and
the attribute of each edge equal to the rating between its two endpoint users.

social networks This group contains graphs generated from an online
social network at the University of California, Irvine (Opsahl, 2013; Opsahl and
Panzarasa, 2009). It has two datasets: one is derived from the private message
exchange between users (UCI-Message); the other is based on the same user
community, but focuses on their activity in the forum, i. e., public comment on a
specific topic (UCI-Forum). The nodes of the networks represent users and the
edges represent a message exchange or a shared interest (on a topic). All graphs
in these two datasets are unweighted and unlabelled, thus we simply set the
attribute of each node equal to its degree.

email exchange networks This group contains two datasets derived
from different sources. The first is generated using email data from a large
European research institution (Paranjape, Benson, and Leskovec, 2017), i. e., all
incoming and outgoing email between members of the research institution. The
second is collected from the 2016 Democratic National Committee (DNC) email
leak (Rossi and Ahmed, 2015), where the links denote email exchanges between
DNC members. Similar to social network datasets, the graphs in these two
datasets are also unweighted and unlabelled. We treat them the same way.

4.4.2 Baselines

We compare EvoNet against several random graph generators, which are the
traditional methods to study the topology evolution of temporal graphs, by
proposing a driven mechanism behind the evolution. These models distinguish
between each other by their rules to connect new emerged nodes with existing
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ones. They usually have an initial graph, from which they gradually grow into
the graph with expected size following the rule. To be precise, we have,

• Erdős-Rényi (ER) model proposed by Erdős and Rényi (1960). The topology
of predicted graph at time step t is a binomial graph of size nt whose
edges are sampled from a binomial distribution B(nt(nt−1)

2 , p), where p is
a tunable parameter;

• Barabási–Albert (BA) model proposed by Albert and Barabási (2002). At
each step, a new node k is added to the graph, and connect to every
existing node i with a probability di

∑j∈V\k dj
. The topology of predicted

graph at time step t is the result of such process;

• Powerlaw Clustering (Power) model proposed by Holme and Kim (2002).
An improved version of Barabási–Albert model, where, after adding a
node, an extra step is performed that every edge will be connected to its
neighbours (forming a triangle) by a chance;

• Stochastic Block model (SBM) proposed by Airoldi et al. (2008). The topol-
ogy of predicted graph at time step t is a Stochastic Block Model (SBM)
graph of size nt with 3 communities and fixed probabilities to connect
within and between the communities;

• Kronecker Graph (Kron-fix, Kron-rand) model proposed by Leskovec
et al. (2010). The topology of predicted graph at time step t is the Kro-
necker product Gt = Gt−1

⊗ Gbase, i. e., the tth Kronecker power of Gbase,
which is the initial graph at time step 0. “Kron-fix” means that the initial
graph is fixed and deterministic. “Kron-rand” corresponds to the stochas-
tic Kronecker graph model, where the initial graph is a random graph
parameterised by some tunable probabilities.

4.4.3 Experimental Setup and Evaluation Metric

In general, it is very challenging to measure the performance of a graph genera-
tive model since it requires comparing two graphs to each other, a long-existing
problem in mathematics and computer science (Conte et al., 2004). We propose
to use graph kernels to compare graphs to each other, and thus to evaluate the
quality of the generated graphs.

Graph kernels are considered as one of the most effective tools for graph
comparison (Nikolentzos, Siglidis, and Vazirgiannis, 2019). A graph kernel is a
symmetric positive semi-definite function which takes two graphs as input, and
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measures their similarity. In our experiments, we employ the Weisfeiler-Lehman
subtree kernel which counts label-based subtree-patterns (Shervashidze et al.,
2011). Note that we normalise the kernel values, so that the emerging values lie
between 0 and 1.

As previously mentioned, each dataset corresponds to a sequence of graphs
of length k. where each sequence represents the evolution of the topology of a
single graph in k time steps. We use the first 80% of these graph instances for
training and the rest of them serve as our test set. The window size w is set
equal to 10, which means that we feed 10 consecutive graph instances to the
model and predict the topology of the instance that directly follows the last of
these 10 input instances. Each graph of the test set along with its corresponding
predicted graph is then passed on to the Weisfeiler-Lehman subtree kernel which
measures their similarity and thus the performance of the model.

The hyperparameters of EvoNet are chosen based on its performance on a
validation set. The parameters of the random graph models are set under the
principle that the generated graphs need to share similar properties with the
ground-truth graphs. For instance, in the case of the Erdős-Rényi model, the
probability of adding an edge between two nodes is set to some value such
that the density of the generated graph is identical to that of the ground-truth
graph. However, since the model should not have access to such information
(e. g., density of the ground-truth graph), we use an MLP to predict this property
based on past data (e. g., the number of nodes and edges of the previous graph
instances). This is in par with how the proposed model computes the size of the
graphs to be generated (i. e., using also an MLP).

4.4.4 Experiment Analysis

We next present the experimental results and compare the performance of
EvoNet against that of the baselines.

synthetic datasets Figure 4.3 illustrates the experimental results on the
synthetic datasets. Since the graph structures contained in the synthetic datasets
are fairly simple, it is easy for the model to generate graphs very similar to
the ground-truth graphs (normalised kernel values > 0.9). Hence, instead of
reporting the kernel values, we compare the size of the predicted graphs against
that of the ground-truth graphs. The figures visualise the increase of graph size
on real sequence (orange) and predicted sequence (blue).
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Figure 4.3: Comparison of graph size: predicted size (blue) vs. real size (orange). From
left to right: Path graph, Ladder graph and Cycle graph.
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Figure 4.4: 2D projection of dynamic graph embeddings. Left: synthetic datasets follow-
ing different dynamics. Right: synthetic datasets with different structures.

For path graphs, in spite of small variance, we have an accurate prediction
on the graph size. For ladder graph, we observe a mismatch at the beginning
of the sequence for small size graphs but then a coincidence of the two lines
on large size graphs. This mismatch on small graphs may be due to a more
complex structure in ladder graphs such as cycles, as supported by the results
of cycle graph on the right figure, where we completely fail to predict the size
of cycle graphs. In fact, we were not able to reconstruct the cycle structure in the
prediction, with all the predicted graphs being path graphs. This failure could be
related to the limitations of GNN model mentioned in Xu et al. (2018). Additional
results of synthetic graphs, such as similarity histograms, size comparison for
more complex dynamic scenario, and examples of generated graphs can be
found in Appendix A.

dynamic graph embedding It is also important to check whether, in our
encode-decoder framework, the learned code, which we refer to as “dynamic graph
embedding”, is really meaningful, i. e., whether it is capable of capturing both
structural feature of the graph class and temporal evolution of the series. We
design two experiments to verify the effectiveness of our embedding, with the
help of synthetic graphs.
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Figure 4.5: Similarity histograms on real-world datasets. Blue one is the result of EvoNet,
which is compared against 6 random graph models. From top to bottom,
from left to right: BTC-OTC, BTC-Alpha, UCI-Forum, UCI-Message, EU-
Core-Emails and DNC datasets.

In the first experiment, we take as input two sequences of graphs belonging to
the same class but following different evolution dynamics. Specifically, we took
path graph and path graph with removal. In the second experiment, we control the
evolution dynamic and vary the structures of graphs, where we use path graph
and ladder graph following the same evolution of increasing size.

The dynamic graph embeddings of different datasets learned from these
experiments are recorded and visualised in Figure 4.4. Each point represents the
projections of embeddings of each graph in the sequence into a 2-dimensional
space by Principle Component Analysis (PCA). As we can see from the figure,
embeddings learned from different datasets, either with different dynamics
or with different structure, are both well separated, which suggests that the
embeddings are meaningful and can be use to predict the graph at the future
time step. Those from the same dataset form special patterns such as a line in
the space, which suggests a temporal dependency between these embeddings
as they are learned from sequential data.
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Table 4.2: Statistics on the similarity distribution of different models. The best results
are set to bold and the second best ones are underlined.

Model
Stat. BTC-OTC BTC-ALPHA UCI-Forum

Mean 90%ile Mean 90%ile Mean 90%ile

ER 0.28 0.40 0.22 0.32 0.15 0.16
SBM 0.21 0.30 0.18 0.27 0.10 0.10
BA 0.35 0.48 0.23 0.28 0.29 0.31
Power 0.35 0.48 0.23 0.28 0.29 0.31
Kron-Rand 0.62 0.64 0.44 0.47 0.59 0.62
Kron-Fix 0.21 0.23 0.08 0.11 0.44 0.47

EvoNet 0.82 0.84 0.55 0.59 0.64 0.68

Model
Stat. UCI-Mesg EU-Core DNC

Mean 90%ile Mean 90%ile Mean 90%ile

ER 0.16 0.26 0.06 0.09 0.82 1.00
SBM 0.13 0.22 0.03 0.05 0.84 1.00
BA 0.23 0.33 0.12 0.16 0.85 1.00
Power 0.23 0.33 0.12 0.16 0.85 1.00
Kron-Rand 0.62 0.65 0.60 0.65 0.01 0.02
Kron-Fix 0.18 0.20 0.53 0.55 0.01 0.06

EvoNet 0.71 0.75 0.76 0.81 0.83 1.00

real-world datasets Finally, we analyse the performance of our model
on the six real-world datasets. We obtain the similarities between each pair of
real and predicted graphs in the sequence and draw a histogram to illustrate
the distribution of similarities. We show in Figure 4.5 the histogram plots of the
six datasets. Among all the traditional random graph models, Kronecker graph
model with learnable parameter (“Kron-Rand”) performs the best. However, on
every dataset (except DNC), our proposed method EvoNet (in blue) outperforms
tremendously all the other methods. Statistics of the similarity distribution (e. g.,
average similarity, the value at 90th percentile) of all datasets are summarised in
Table 4.2, where we find that our proposed model has a consistent advantage
over the traditional methods.

Overall, despite a failure in capturing some specific structures discovered in
synthetic datasets, our experiments demonstrate the advantage of EvoNet over
the traditional random graph models on predicting the evolution of dynamic
graphs, especially for real world data with complex structures.
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4.5 chapter conclusion

In this work, we propose EvoNet, a model that predicts the evolution of dynamic
graphs, following an encoder-decoder framework. The proposed model consists
of three components:

1. a graph neural network which transforms graphs to vectors,

2. a recurrent architecture which reads the input sequence of graph embed-
dings and predicts the embedding of the graph at the next time step,

3. a graph generation model which takes this embedding as input and
predicts the topology of the graph.

We also propose an evaluation methodology for this task which capitalises on
the well-established family of graph kernels. We apply the above methodology
to demonstrate the predictive power of EvoNet. Experiments show that the pro-
posed model outperforms traditional random graph methods on both synthetic
and real-world datasets.

Improving the efficiency of the proposed model and its scalability on large
graphs are potential directions for future work, as this model currently is not
very computational friendly. This motivates us to simplify the “encoder” module
in this framework, in particular, the MPNN, which we are going to present in the
next chapter.



5
S I M P L I F I E D G R A P H N E U R A L N E T W O R K S

In this chapter, we focus on the sparsification of GNN models, in particular the
MPNN, that we used in Chapter 4. Indeed, the high complexity and computa-
tional cost of the EvoNet model proposed in Chapter 4 motivates us to find
a fast, light-weight and efficient alternative. Concurrently attracting a great
amount of academic and industrial interest, the sparsification of neural network
models become a promising direction to follow.

Thus, we conduct a structured study of the effect of sparsification on the
trainable part of MPNNs known as the Update step. To this end, we design a
series of models to successively sparsify the linear transform in the Update step.
Specifically, we propose the Expander GNN model with a tuneable sparsification
rate and the Activation-Only GNN, which has no linear transform in the Update
step. In agreement with a growing trend in the literature the sparsification
paradigm is changed by initialising sparse neural network architectures rather
than expensively sparsifying already trained architectures.

Our novel benchmark models enable a better understanding of the influence
of the Update step on model performance and outperform existing simplified
benchmark models such as the Simple Graph Convolution (SGC) (Wu et al.,
2019). The Expander GNNs, and in some cases the Activation-Only models, achieve
performance on par with their vanilla counterparts on several downstream tasks,
while containing significantly fewer trainable parameters. In experiments with
matching parameter numbers our benchmark models outperform the state-of-
the-art GNN models.

5.1 introduction

Among various GNN models, MPNNs (Gilmer et al., 2017) and their variants
are currently considered to be the dominating class. In MPNNs, the learning
procedure can be separated into three major steps: Aggregation, Update and Read-
out, where Aggregation and Update are repeated iteratively so that each node’s
representation is updated recursively based on the transformed information
aggregated over its neighbourhood.

72
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There is thus a division of labour between the Aggregation and the Update
step, where the Aggregation utilises local graph structure, while the Update step
is only applied to single node representations at a time independent of the local
graph structure. From this a natural question then arises:

What is the impact of the graph-agnostic Update step on the performance of
GNNs?

Since the Update step is the main source of model parameters in MPNNs,
understanding its impact is fundamental in the design of parsimonious GNNs.

Wu et al. (2019) first challenged the role of the Update step by proposing
the SGC model where they removed the non-linearities in the Update steps
and collapsed the consecutive linear transforms into a single transform. Their
experiments showed, surprisingly, that in some instances the Update step of
GCN (Kipf and Welling, 2017) can be left out completely without the models’
accuracy decreasing.

In the same spirit, we propose in this work to analyse the impact of the Update
step and its sparsification in a systematic way. To this end, we propose two
nested model classes, where the Update step is successively sparsified. In the
first model class which we refer to as Expander GNN, the linear transform layers
of the Update step are sparsified; while in the second model class, the linear
transform layers are removed and only the activation functions remain in the
model. We name the second model Activation-Only GNN and it contrasts the SGC

where the activation functions where removed to merge the linear layers.
Inspired by the recent advances in the literature of sparse CNN architectures

(Prabhu, Varma, and Namboodiri, 2018), we propose to utilise a random sparsi-
fication scheme, which is motivated by the study of expander graphs (hence the
model’s name).

Here the sparsification is performed at intialisation and accordingly saves
the cost of more traditional methods, which often iteratively prune connections
during training.

Through a series of empirical assessments on different graph learning tasks
(graph and node classification as well as graph regression), we demonstrate that
the Update step can be heavily simplified without inhibiting performance or
relevant model expressivity. Our findings partly agree with the work in Wu et al.
(2019), in that dense Update steps in GNN are expensive and often ineffectual.
In contrast to their proposition, we find that there are many instances in which
leaving the Update step out completely significantly harms performance. In
these instances our Activation-Only model shows superior performance while
matching the number of parameters and efficiency of the SGC.
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Our contributions can be summarised as follows.

1. We explore the impact of the Update step and its sparsification in MPNNs

through the newly proposed model class of Expander GNNs with tune-
able density. We show empirically that a sparse Update step matches the
performance of the standard model architectures.

2. As an extreme case of the Expander GNN, as well as an alternative to the SGC,
we propose the Activation-Only GNNs that remove the linear transformation
layer from the Update step and keep non-linearity in tact. We observe the
Activation-Only models to exhibit comparable, sometimes significantly
superior performance to the SGC while being equally time and memory
efficient.

Both of our proposed model classes can be extrapolated without further efforts
to a variety of models in the MPNN framework and hence provide practitioners
with an array of efficient and often highly performant benchmark models.

The rest of this chapter is organised as follows. In Section 5.2, we provide an
overview of the related work. Section 5.3 presents in detail our two proposed
model classes. Section 5.4 discusses our experimental setting and empirical
evaluation of the proposed models in a variety of downstream graph learning
tasks.

5.2 related work

In recent years the idea of utilising expander graphs in the design of neural networks
is starting to be explored in the CNN literature. Most notably, Prabhu, Varma,
and Namboodiri (2018) propose to replace linear fully connected layers in deep
networks using an expander graph sampling mechanism and hence, propose a
novel CNN architecture they call X-nets. The great innovation of this approach is
that well-performing sparse neural network architectures are initialised rather
than expensively calculated. Furthermore, they are shown to compare favourably
in training speed, accuracy and performance trade-offs to several other state-
of-the-art architectures. McDonald and Shokoufandeh (2019) and Kepner and
Robinett (2019) build on the X-net design and propose alternative expander
sampling mechanisms to extend the simplistic design chosen in the X-nets.

Independent of this literature branch, Bourely, Boueri, and Choromonski
(2017) explore 6 different mechanisms to randomly sample expander graph
layers. Across the literature the results based on expander graph layers are
encouraging.
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The Sparisification and Pruning of neural networks is a very active research topic
(Blalock et al., 2020; Hoefler et al., 2021). In particular, a wealth of algorithms
sparsifying neural network architectures at initialisation has recently been
proposed (Lee, Ajanthan, and Torr, 2019; Tanaka et al., 2020; Wang, Zhang, and
Grosse, 2020). While these algorithms make pruning decisions on a per-weight
basis, Frankle et al. (2021) find that these algorithms produce equivalent results
to a per-layer choice of a fraction of weights to prune, as is directly done in our
chosen sparsification scheme. All of these research efforts are pruning CNNs,
typically the VGG and ResNet architectures. To the best of our knowledge, our work
is the first investigating the potential of sparsifying the trainable parameters in GNNs.
This allows us to observe that conclusions drawn for CNNs do not directly carry
over to GNNs. We observe that in the majority of cases pruning 90% of trainable
weights at initialisation using our relatively simple sparsification scheme comes
at no performance cost. The presence of the Aggregation step in the graph neural
network architecture appears to significantly impact the response of the model
to pruning.

Both Wu et al. (2019) and Salha, Hennequin, and Vazirgiannis (2019) observed
that simplifications in the Update step of the GCN model is a promising area of
research. Wu et al. (2019) proposed the SGC model, where simplification is
achieved by removing the non-linear activation functions from the GCN model.
This removal allows them to merge all linear transformations in the Update
steps into a single linear transformation without sacrificing expressive power.
Salha, Hennequin, and Vazirgiannis (2019) followed a similar rationale in their
simplification of the graph autoencoder and variational graph autoencoder
models. These works have had an immediate impact on the literature featuring
as benchmark models and object of study in many recent papers: The idea of
omitting the Update step guided Chen et al. (2020) in the design of simplified
models and has found successful application in various areas where model
complexity needs to be reduced (He et al., 2020; Waradpande, Kudenko, and
Khosla, 2020) or very large graphs need to be processed (Salha, Hennequin, and
Vazirgiannis, 2020). In our work we aim to extend these efforts by providing
more simplified benchmark models for GNNs without a specific focus on the
GCN.

5.3 investigating the role of the update step

We present in this section the two proposed model classes, where we sparsify or
remove the linear transform layer in the Update step of MPNNs, with the aim to
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systematically analyse the impact of the Update step. We begin in subsection 5.3.1
by introducing the model structure of MPNN that we choose to work with.
We then demonstrate how the Expander GNN and Activation-Only GNN are
constructed in subsections 5.3.2 and 5.3.3, respectively.

5.3.1 Message-Passing Neural Networks

The general model structure of MPNNs has been introduced in subsection 2.4.1.
Note that various choices of Aggregation, Update and Readout functions are
proposed in the literature. To avoid shifting from the subject of this work, we
stay with the simplest and most widely used function choices, such as sum,
mean and max aggregators for the Aggregation, the MLP for the Update step
and summation for the Readout. As an example to visualise our models in
subsections 5.3.2 and 5.3.3 we use the following matrix representation of the
GCN’s model equation,

H(L) = σ
(

Â . . . σ
(

ÂH(1)W (1)
)

. . . W (L)
)

, (5.1)

where σ denotes a nonlinear activation function, W (i) contains the trainable
weights of the linear transform in the Update step and Â = D̃− 1

2 ÃD̃− 1
2 is the

symmetric normalised adjacency matrix with Ã = A + I denoting the adjacency
matrix with added self-loops and D̃ being the corresponding degree matrix.

5.3.2 Sparsifying the Update step: Expander GNN

In this subsection we propose the ExpanderGNN model where sampled expander
graphs are used to initialise sparse linear layers in the Update step. We begin
by discussing how linear layers in a neural networks can be represented by
bipartite graphs.

5.3.2.1 Linear Layer as a graph

The fully-connected linear transform layer in the MLP can be represented by a
bipartite graph B(S1, S2, E), where S1 and S2 are two sets of nodes and E the
set of edges that satisfy

∀u ∈ S1, ∀v ∈ S2, ∃(u, v) ∈ E;

∀u, v ∈ S1(resp.S2),∄(u, v) ∈ E.
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The number of edges, i. e., parameters, is |S1||S2| and the edges can be encoded
in matrix form by W ∈ R|S1|×|S2|, the weight matrix in (5.1), that maps the input
node features of dimension |S1| to output node features of dimension |S2|.

5.3.2.2 Expander Linear Layer

Given the bipartite graph corresponding to a linear transform layer B(S1, S2, E),
we follow the design of Prabhu, Varma, and Namboodiri (2018) to construct the
sparsifier by sampling its subgraph of specific expander structure.

definition 5 .1 (expander linear layer). Suppose |S1| ≤ |S2|. For each
vertex u ∈ §1, we uniformly sample d vertices {vu

i }i=1,...,d from S2 to be connected
to u. Then, the constructed graph B′(S1, S2, E′) is a subgraph of B with edge set
E′ = {(u, vu

i ) : u ∈ S1, i ∈ {1, . . . , d}}. Else if |S1| > |S2|, we define the expander
sparsifier with the roles of S1 and S2 reversed meaning that we sample nodes from
S1. We call a linear layer with a computational graph B′(S1, S2, E′) an expander
linear layer.

The theoretical computational cost of an expander linear layer is then equal
to 2nd min(|S1|, |S2|) Floating Point Operations (FLOPs). The tunable parameter
d can therefore lead to significant computational savings as the computational
cost of a fully connected linear layer equals 2n|S1||S2| FLOPs.

We refer to the density of the expander linear layer as the ratio of the num-
ber of sampled connections to the number of connections in the complete
bipartite graph. For example, the fully-connected layer has density 1. The sam-
pling scheme in Definition 5.1 returns an expander linear layer of density
d/ max(|S1|, |S2|).

When we replace all linear layers in the Update steps of a GNN with expander
linear layers constructed by the sampling scheme in Definition 5.1, we get the
Expander GNN. An illustration can be found in Figure 5.1.

When compared to pruning algorithms which sparsify neural network layers
by iteratively removing parameters according to certain metric during training,
the expander sparsifiers have two advantages:

1. The expander design assures that paths exist between consecutive layers,
avoiding the risk of layer-collapse that is common in many pruning algo-
rithms, where the algorithm prunes all parameters (weights) in one layer
and cuts down the flow between input and output (Tanaka et al., 2020).

2. The expander sparsifier removes parameters at initialisation and keeps
the sparsified structures fixed during training, which avoids the expensive
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Figure 5.1: Illustration of the main computational steps in Expander GNNs. (Left) Aggre-
gation or graph propagation step and (Right) Update step. The red lines in the
Update step represent preserved connections in MLPs sampled as expander
sparsifier structures. In the Aggregation step only a subset of the exchanged
messages are illustrated.

computational cost stemming from adapting the neural network architec-
ture during or after training and then retraining the network as is done in
the majority of pruning algorithms (Frankle and Carbin, 2019; Han et al.,
2015).

5.3.2.3 Motivation of Expander Linear Layer

The sampling scheme in Definition 5.1 samples bipartite graphs with good ex-
pansion properties, which are commonly discussed in the field of error correcting
codes under the name “lossless expanders” (Hoory, Linial, and Widgerson, 2006,
pp. 517-522). Expander graphs can be informally defined to be highly connected
and sparse graphs (Lubotzky, 2012). They are successfully applied in communi-
cation networks where communication comes at a certain cost and is to be used
such that messages are spread across the network efficiently (Lubotzky, 2012).

Equally, in a neural network each parameter (corresponding to an edge in
the neural network architecture) incurs a computational cost and is placed to
optimise the overall performance of the neural network architecture. Therefore,
the use of expander graphs in the design of neural network architectures is
conceptually well motivated.

In Bölcskei et al. (2019), the connectedness of a sparse neural network ar-
chitecture was linked to the complexity of a given function class which can
be approximated by sparse neural networks. Hence, utilising neural network
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parameters to optimise the connectedness of the network maximises the expres-
sivity of the neural network.

In Kepner and Robinett (2019) and Bourely, Boueri, and Choromonski (2017)
the connectedness of the neural network architecture graph was linked – via the
path-connectedness and the graph Laplacian eigenvalues – to the performance
of neural network architectures. Therefore, for both the expressivity of the
neural network and its performance, the connectedness, which is optimised in
expander graphs, is a parameter of interest.

5.3.2.4 Implementation of Expander Linear Layer

The most straightforward way of implementing the expander linear layer is to
store the weight matrix W as a sparse matrix. Sparse matrix multiplications can
be accelerated on several processing units released in 2020 and 2021 such as
the Sparse Linear Algebra Compute (SLAC) cores used in the Cerebras WSE-2
(Cerebras Systems, INC, 2021), the Intelligence Processing Unit (IPU) produced
by Graphcore (Moor Insights and Strategy, 2020) and the NVIDIA A100 Tensor
Core GPU (NVIDIA, 2020).

However, since we ran experiments on a NVIDIA RTX 2060 GPU, we use
masks in our implementation, similar to those of several existing pruning
algorithms, to achieve the sparsification. A mask M ∈ {0, 1}|S1|×|S2| is of the
same dimension as weight matrix and Mu,v = 1 if and only if (u, v) ∈ E′. The
entrywise multiplication, denoted by ⊙, is then applied to the mask and the
weight matrix so that undesired parameters in the weight matrix are removed,
i. e., (5.1) can be rewritten as,

H(L) = σ
(

Â . . . σ
(

ÂH(1)M(1) ⊙ W (1)
)

. . . M(L) ⊙ W (L)
)

. (5.2)

5.3.3 An Extreme Case: Activation-Only GNN

In Gama, Ribeiro, and Bruna (2020) it is argued that the non-linearity present in
GNNs, in form of the activation functions, has the effect of frequency mixing in
the sense that “part of the energy associated with large eigenvalues” is brought
“towards low eigenvalues where it can be discriminated by stable graph filters.”
The theoretical insight that activation functions help capture information stored
in the high energy part of graph signals is strong motivation to consider an
alternative simplification to the one made in the SGC.

In this alternative simplification, which we refer to as the Activation-Only
GNN models, we remove linear transformations instead of activation functions
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such that each message-passing step is immediately followed by a point-wise
activation function. The resulting model can be seen as a natural extension of the
Expander GNN, where the linear transformation of the Update step is completely
forgone. Hence, in a Activation-Only GNN, (5.1) will be rewritten as,

H(L) = σ
(

Â . . . σ
(

ÂH(1)
))

. (5.3)

This proposed simplification is applicable to a wide variety of GNN models
as we will demonstrate in our extensive set of experiments in Section 5.4. For
comparison we display the model equation of the SGC (Wu et al., 2019),

H(L) = ÂLH(1)Θ, (5.4)

where Θ = W (1) . . . W (L). Here the nonlinear activation functions have been
removed and the linear transformations have been collapsed into a single linear
transformation layer.

Interestingly, we observe that the repeated application of the symmetric matrix
Â to the input data X is equivalent to an unnormalised version of the power
method approximating the eigenvector corresponding to the largest eigenvalue
of Â. Hence, if sufficiently many layers L are used then inference is drawn in
the SGC model simply on the basis of the first eigenvector of Â.

5.4 experiments and discussion

In order to study the influence of the Update step in GNNs, we proposed a series
of models in Section 5.3, where its linear transform is gradually sparsified. By
observing the trend of model performance change (on downstream tasks) with
respect to the sparsity of the linear transform layer, we measure the impact of the
Update step. In subsection 5.4.1 we provide an overview of our experimentation
setup. Then, in subsections 5.4.2, 5.4.3 and 5.4.4, we observe the performance
of the proposed benchmark models on the tasks of graph classification, graph
regression and node classification, respectively. In subsection 5.4.5, we compare
the performance of Expander GNNs and vanilla GNNs when they have equally
many parameters and in subsection 5.4.6 we compare the convergence behaviour
of the studied models.
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5.4.1 General Settings and Baselines

5.4.1.1 Considered GNNs

Throughout this section we refer to the standard, already published, architec-
tures as “vanilla” architectures. We compare the performance of the vanilla
GNN models, the Expander GNN models with different densities (10% and 50%),
the Activation-Only GNN model (we report the best result obtained from the
ReLU, PReLU and Tanh activation functions), as well as the SGC for the GCN

models. To ensure that our inference is not specific to a certain GNN architecture
only, we evaluate the performance across four representative GNN models of
the literature state-of-the-art. The considered models are the GCN (Kipf and
Welling, 2017), the GIN (Xu et al., 2018), the GraphSage (Hamilton, Ying, and
Leskovec, 2017), and the PNA (Corso et al., 2020). The precise model equations
of our proposed architectures applied to these GNNs can be found in Table 5.1.

5.4.1.2 Datasets

We experiment on eleven datasets from areas such as chemistry, social networks,
computer vision and academic citation, for three major graph learning tasks.

For graph classification, we have four TU datasets (Kersting et al., 2016)
which are either chemical or social network graphs, and two Image datasets
(MNIST/CIFAR10) that are constructed from original images following the
procedure in Knyazev, Taylor, and Amer (2019). To perform this conversion they
first extract small regions of homogeneous intensity from the images, named
“Superpixels” (Dwivedi et al., 2020), and construct a K-nearest neighbour graph
from these superpixels. The technique we implemented to extract superpixels,
the choice of K and distance kernel for constructing a nearest neighbour graph
are the same as in Knyazev, Taylor, and Amer (2019) and Dwivedi et al. (2020).

For graph regression, we consider molecule graphs from the ZINC dataset
(Irwin et al., 2012). And for node classification, we use four citation datasets (Hu
et al., 2020; Sen et al., 2008; Wang et al., 2020), where the nodes are academic
articles linked by citations. Details of the used datasets can be found in Table 2.1.

5.4.1.3 Experimentation Details

Since we aim to observe the performance of our benchmark models independent
of the GNN choice, we use the model hyper-parameters found to yield a fair
comparison of GNN models in Dwivedi et al. (2020).
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Specifically, we follow the same training procedure, such as train/valid/test
dataset splits, choice of optimiser, learning rate decay scheme, as well as the
same hyper-parameters, such as initial learning rate, hidden feature dimensions
and number of GNN layers. We also implement the same normalisation tricks
such as adding batch normalisation after non-linearity of each Update step.

For the node classification task on citation datasets, we follow the settings
from Wu et al. (2019). Our experiments found that the node classification task
on citation graphs of small to medium size can be easily overfit and model
performances heavily depend on the choice of hyper-parameters. Using the
same parameters with Wu et al. (2019), such as learning rate, number of training
epochs and number of GNN layers, helps us achieve similar results with the
paper on the same model, which allows a fair comparison between the proposed
Activation-Only models and the SGC. Our implementation is built upon the open
source library Deep Graph Library (DGL) (Wang et al., 2019). The experiments
are run on a Intel(R) Xeon(R) W-2123 processor with 64GB ram and a NVIDIA
GeForce RTX 2080Ti GPU with 12GB ram.

5.4.1.4 Loss functions

After L message-passing iterations, we obtain

H(L) =
[

h(L)
1 , . . . , h(L)

n

]T
∈ Rn×p,

as the final node embedding, where we denote p as its feature dimension.
Depending on the downstream task, we either keep working with H(L) or
construct a graph-level representation g from H(L),

g =
1
n ∑

i∈V

h(L)
i ,

which we referred to as the Readout step in Section 2.4.1. g or H(L) is then fed
into a fully-connected network (MLP) to be transformed into the desired form of
output for further assessment, e. g., a scalar value as a prediction score in graph
regression. We denote this network as f (·), which, in our experiments, is fixed
to be a three-layer MLP of the form

f (x) = σ(σ(xW1)W2)W3,

where W1 ∈ Rp×(p/2), W2 ∈ R(p/2)×(p/4), W3 ∈ R(p/4)×k with k being the
desired output dimension. The final output, either f (g) or f (H(L)), is compared
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to the ground-truth by a task-specific loss function. For graph classification and
node classification, we choose cross-entropy loss and for graph regression, we
use Mean Absolute Error (MAE).

5.4.2 Graph Classification

Table 5.2 shows the experiment results of the vanilla GCN/GIN models and
their Expander and Activation-Only variants on the ENZYMES, DD, PROTEINS
and IMDB-BINARY datasets for graph classification. The evaluation metric is
classification accuracy, where the average accuracy, obtained from a 10-folder
cross validation, is used. Note that we also report in Table 5.2 the number of
parameters of the different models, normalised by the number of parameters in
the vanilla model, e.g. 0.37 means that the number of parameters in Activation-
Only model is 37% of the vanilla one.

One direct observation from Table 5.2 is that the Expander GCN models, even
at 10% density, perform on par with the vanilla models. Surprisingly, the same
is true for the Activation-Only model on the ENZYMES, DD and PROTEINS
datasets. IMDB-BINARY is our only graph classification dataset where the node
attributes are initialised to all be equal. This uninformative initialisation seems
to lead to an increased performance if the linear Update step is present, visible
in the performance gap of the Activation-Only models and the Expander GCN

models. While for GIN model we still observe the Activation-Only model and to
match the performance of the vanilla and Expander GIN. In most cases, the SGC

performs worse than the Activation-Only GCN model.
Table 5.3 shows the graph classification results for the MNIST and CIFAR10

datasets. Due to the large computational cost implied by the size of these
datasets we were unable to produce confidence intervals for the provided
results. The GCN Activation-Only model outperforms the SGC by a larger margin
than we observed on the TU datasets in Table 5.2. It seems that especially for
these computer vision datasets the presence of activation functions in the GCN

architecture has a large positive impact on model performance in the graph
classification task. Additional experiments on the GIN architecture reaffirm the
conclusions drawn on the GCN model on graph classification.

5.4.3 Graph Regression

In Table 5.4 the MAE of our studied and proposed models on the ZINC dataset
for graph regression is displayed. Similar to the graph classification task, the
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Table 5.3: Results of the GCN/GIN on graph classification for the MNIST/CIFAR10

datasets. The format follows Table 5.2.

MNIST CIFAR10

GCN ACC. Params. ACC. Params.
Vanilla 90.77 1.00 52.04 1.00

SGC 24.48 0.36 27.90 0.36
Expander-50% 90.75 0.57 50.69 0.57
Expander-10% 89.00 0.23 50.27 0.23

Activation-Only 83.84∗ 0.36 48.31∗ 0.36

GIN ACC. Params. ACC. Params.
Vanilla 90.33 1.00 42.46 1.00

Expander-50% 92.31 0.56 40.35 0.56
Expander-10% 88.73 0.20 35.93 0.20

Activation-Only 79.49 0.11 39.71 0.11

Expander GCN and Expander GraphSage models are on the same level with their
corresponding vanilla models, regardless of their densities. The performance
of the Expander GIN and Expander PNA models exhibits greater variance across
the different densities, especially in the case of the PNA models the performance
increases as the network gets denser indicating that the density of the Update
step does positively contribute to the model performance of the PNA for the task
of graph regression on the ZINC dataset. The Activation-Only models perform
worse than their Expander counterparts on this task, again confirming the insight
from the results of the Expander GNNs that the linear transform in the Update
step does improve performance in this graph regression task. Again we see that
Activation-Only GCN outperforms the SGC benchmark in this set of experiments.

Hence, for the task of graph regression we observe that both the linear
transformation and non-linear activation function in the Update step have a
positive impact on model performance. We might have been able to expect that
the addition of the transformation performed in the Update step is of greater
impact in a regression task, which is evaluated on a continuous scale, than in a
classification task, where only a discrete label needs to be inferred.
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5.4.4 Node Classification

Results from the node classification experiments on four citation graphs (CORA,
CITESEER, PUBMED and ogbn-arxiv) can be found in Table 5.5. For medium-
sized datasets such as CORA, CITESEER and PUBMED, we have the same
observation as for the graph classification and graph regression tasks discussed
in Sections 5.4.2 and 5.4.3, the Expander models, regardless of their sparsity,
are performing on par with the vanilla ones. Only on the CITESEER dataset,
we observe that the Expander GIN model with 10% density shows a small but
non-negligible drop in performance compared to the vanilla model; while the
50% and 90% dense Expander models remain comparable to the vanilla one.
The Activation-Only models also perform as well as or even better than (on
CITESEER) the vanilla model. The performance of the GCN Activation-Only
model and SGC is equally good across all three datasets.

These conclusions remain true for the large-scale dataset ogbn-arxiv with
169, 343 nodes and 1, 166, 243 edges. The ExpanderGCNs are on par with the
vanilla GCN while the Activation-Only model and SGC perform slightly worse.
However, the training time of Activation-Only model and SGC is five times
faster than that of the Expander and vanilla models. The Activation-Only model
outperforms the SGC.

We observe that in the node classification task both the linear transformation
and the non-linear activation function offer no benefit for the medium scale
datasets. For the large-scale dataset we find that the linear transformation can
be sparsified heavily without a loss in performance, but deleting it entirely does
worsen model performance.

5.4.5 Expander Sparsification

different samplers In Figure 5.2(a) we compare the results from an Ex-
pander GCN to those achieved by a GCN model, where the expander linear layer,
presented in Definition 5.1, is replaced by a deterministic sparsification construc-
tion from Bourely, Boueri, and Choromonski (2017) the “Regular Rotating Edge
Construction (RREC)”. Bourely, Boueri, and Choromonski (2017) observe that
sparsifiers obtained from the RREC sampler have a significant lower algebraic
connectivity than the Expander Linear Layer sampler which we chose to utilise
in the Expander GNNs. We observe that Expander GCN outperforms the RREC

sampled GCN for almost all parameter budgets. Therefore, we confirm that the
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Figure 5.2: (a,b): Accuracy vs. Number of parameters plot on a logarithmic x-axis
on (a) ogbn-arxiv for GCN models with different sparsifiers and (b) on
CORA/CITESEER/PUBMED for vanilla and Expander GCN under the same
parameter budget.

Expander Linear Layer is an appropriate choice for the Expander GNN model
class.

sparse wide model vs . dense narrow model The experiments in Sec-
tions 5.4.2, 5.4.3 and 5.4.4 show that the linear transform layer in the Update step
of GNNs can often be sparsified to an arbitrary level without loss of performance.
From this a natural question then arises:

Will a shrunk model, i. e., a model with a smaller hidden dimension
used in the Update step, matching the number of parameters of the
sparsified Expander GNN, perform on par with its Expander GNN

counterpart?

To study this question we compare the performance of vanilla GCNs to Ex-
pander GCNs with equally many parameters, but doubling the size of the hidden
dimension of the vanilla GCN. Figure 5.2(b) shows the experiment results on
the three citation datasets. We observe that for most parameter values the Ex-
pander GCN outperforms the vanilla GCN. This phenomenon becomes more
evident when the number of parameter is small. In conclusion, it seems to be
beneficial to choose a sparsified large model rather than a compact model with
equally many parameters.
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Figure 5.3: Training loss (cross-entropy) convergence behaviour of the different model
types for the GCN used for graph classification on the PROTEINS dataset.

5.4.6 Convergence Behaviour

In Figure 5.3 we observe the training loss convergence of the vanilla GCN,
Expander GCNs, Activation-Only GCNs and the SGC. When training these models
we have implemented a learning rate decay scheme, where the training process
is terminated if the learning rate drops below 10−6. We are able to observe,
that the number of epochs required for convergence is roughly equal for the
Activation-Only GCN and SGC, as well as the Expander GCN and the vanilla GCN.
For both pairwise comparisons we are able to observe, that our proposed models
converge to a lower training loss than their counterparts.

5.5 chapter conclusion

With extensive experiments across different GNN models and graph learning
tasks, we are able to confirm that the Update step can be sparsified heavily
without a significant performance cost.

In fact for seven of the eleven tested datasets across a variety of tasks we found
that the linear transform can be removed entirely without a loss in performance,
i. e., the Activation-Only models performed on par with their vanilla counterparts,
with around 70% reduction in number of parameters. The Activation-Only GCN

model consistently outperformed the SGC model and especially in the computer
vision datasets we witnessed that the activation functions seem to be crucial for
good model performance accounting for an accuracy difference of up to 59%.
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In Wu et al. (2019) it is hypothesised that “the non-linearity between GCN

layers is not critical - but that the majority of the benefit arises from the local
averaging.” The above findings partially support this hypothesis as our results
on the Expander GNNs also indicate that the Update step can be simplified
significantly without a loss in performance. Contrary to Wu et al. (2019), we
find that in many tasks and datasets, nonlinear activation functions result in a
significant accuracy boost and it is in fact the linear transformation in the Update
step that can be removed or heavily sparsified.

The Activation-Only GNN is an effective and simple benchmark model frame-
work for any Message-Passing Neural Network. It enables practitioners to test
whether they can cut the large amount of model parameters used in the linear
transform of the Update steps. If the linear transform does contribute positively
to the model’s performance then the Expander GNNs provide a model class of
tuneable sparsity which allows efficient parameter usage.

The finding in this work also raises a disturbing concern:

Since the Aggregation step of graph structure plays a most important
role in the MPNN, will it as well be more vulnerable to the graph
structure noise?

We will investigate this issue in the next chapter on how will the disturbance of
graph structure impact the learning process of the MPNN.



6
R O B U S T G R A P H C O N V O L U T I O N A L N E U R A L N E T W O R K S

In this chapter, we further investigate the division of labour between the Ag-
gregation and the Update step in MPNNs and how one impacts the other. We
learned from Chapter 5 that the Aggregation step which incorporates graph
structure information plays a more important role than the Update step that
utilise node feature information. Does there exist an approach to enhance the node
feature information in MPNNs? This question is in particular useful under the noisy
setting when the graph structure is perturbed, to which the MPNN architecture
is a priori vulnerable.

Thus in this work, we study the robustness of MPNNs to perturbations of their
input. We focus on the much used GCN and introduce the random GCN for which
a random matrix theory analysis is possible. This analysis suggests that if the
graph is sufficiently perturbed, or in the extreme case random, then the GCN

fails to benefit from the node features. It is furthermore observed that enhancing
the message passing step in GCNs by adding the node feature kernel to the
adjacency matrix of the graph structure solves this problem. An empirical study
of a GCN utilised for node classification on both synthetic and six real datasets
further confirms the theoretical findings and demonstrates that perturbations of
the graph structure can result in GCNs performing significantly worse than MLPs

run on the node features alone. In practice, adding a node feature kernel to the
message passing of perturbed graphs results in a significant improvement of the
GCN’s performance, thereby rendering it more robust to graph perturbations.

6.1 introduction

With GNNs being a more and more impactful model type for the analysis of
graph data, many architectures have been proposed in recent years, successively
improving on weaknesses of previous architectures (e.g. Corso et al. (2020),
Hamilton, Ying, and Leskovec (2017), and Xu et al. (2019)). A popular GNN archi-
tecture which has remained a benchmark throughout the past years, partly due
to the simplicity of its model equation and partly due to its good performance is
GCN (Kipf and Welling, 2017). The GCN is part of the MPNN model class, where
the computations are split into a message passing step in which node features

93
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are aggregated over neighbourhoods in the underlying graph structure and an
update step in which node features are processed, most commonly by a MLP.

While much work is being done in the empirical exploration of GNNs, relatively
fewer advances have been made in their theoretical analysis. A major advance in
the theoretical line of research was the expressivity analysis of different message
passing operators performed by Xu et al. (2019) and Morris et al. (2019). These
analyses inspired many researchers to further investigate the expressivity of
GNNs and resulted in a multitude of new architectures being proposed (Dasoulas
et al., 2020; Maron et al., 2019). Another upcoming topic in the development
of GNNs is their robustness to perturbations of the underlying graph structure
(Sun et al., 2018; Zügner and Günnemann, 2019).

In this work, we introduce the random GCN, in which parameters of the Update
step are randomly sampled from Gaussian distributions rather than trained
as is commonly the case. The random GCN allows us to make use of several
powerful random matrix theory tools to gain a theoretical understanding of the
factors driving the inference obtained from the GCN model. Our most insightful
hypothesis obtained in this way is that,

the message passing step dilutes (or in the extreme case completely ignores)
information present in the node features if the underlying graph structure
is noisy (or in the extreme case completely random).

In our theoretical analysis we observe that if information of the node features
is introduced to the message passing operation, then this loss of information
is avoided. This leads us to hypothesise that the addition of the node feature
kernel to the message passing operators in GNNs could render them more robust
to noise or mispecification of the underlying graph structure.

In a second part of our presented work we test the hypotheses, obtained in our
study of the random GCN, on the state-of-the-art GCN architecture applied to both
synthetic and six real-world benchmark datasets. This allows us to empirically
verify our theoretical insight, rendering the random features approach for
theoretical analysis a promising avenue for further theoretical study of GNN

architectures, and the inclusion of node feature information in the message
passing step a valid method to increase the robustness of GNNs.

Our main findings may be summarised as:

1. We contribute both a theoretical and an empirical understanding of how
graph and node feature information is processed by the GCN.

2. Most importantly, we find that the preservation of node feature information
is entirely dependent on an informative underlying graph structure.
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3. We furthermore, propose a novel GCN message passing scheme which
results in more robust inference from a GCN to structural noise.

The remainder of this paper is organised as follows. In Section 6.2 we intro-
duce related literature. In Section 6.3 we propose the random GCN and analyse it
using tools from random matrix theory. The theoretical insight from Section 6.3
is then empirically verified in Section 6.4, where we confirm our hypotheses on
the standard GCN on synthetic and six real benchmark datasets and observe the
robust performance of the GCN when the node feature kernel matrix is added
in the message passing step.

6.2 related work

The robustness of GNNs to perturbations of their input is becoming a topic
of increasing importance. There exists an extensive literature branch which
studies adversarial attack and defence strategies on graph data in the context of GNNs

summarised in Günnemann (2022), Zhou, Zheng, and Huang (2020) and Sun
et al. (2018) with the latter pointing out directly the need for the development
of more robust GNNs. In this work, we present one approach to robustifying
the performance of GNNs to graph perturbations. In this literature the focus
often lies on specific attack strategies perturbing the graph structure in order to
alter the inference obtained from a GNN, most commonly the GCN, and defence
strategies which aim to develop methodology which is robust to these attacks.

Recent advances in this literature include, Zügner and Günnemann (2019)
proposing a meta learning approach to find optimal graph perturbations. Their
perturbation mechanism is found to drastically decrease the global performance
of GNNs to be in some cases worse than simple benchmarks such as logistic re-
gression run on the node features only. Zügner and Günnemann (2020) propose
an algorithm which certifies robustness of individual nodes for the GCN used
for node classification under perturbations of the graph structure. In Geisler,
Zügner, and Günnemann (2020) and Jin et al. (2021) the message passing opera-
tor in the GCN is replaced by the Soft Mediod function and the sum of several
distance based adjacency matrices, respectively, with the aim of more robust
GCN performance. Jin et al. (2020) propose to learn the graph structure jointly
with the GNN parameters to robustify performance and also Entezari et al.
(2020) propose to alter the graph structure by using a low rank approximation of
the adjacency matrix. The works of Zhu et al. (2019) and Zhang and Zitnik (2020)
are most closely related to our proposition of using a node feature kernel to
reweight edges in Section 6.3.3 as they both propose to reweight edges based on
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the node features. Our theoretical findings in Section 6.3 support this approach
of more directly taking the node features into account in the aggregation scheme
of GNNs to increasing their robustness.

This work distinguishes itself from adversarial attacks and defence literature
fundamentally in that we study untargeted, random graph perturbations which
arise as a result of mispecification of the data or uncertainty in the recording
methods of the networks. For this kind of perturbation we are able to provide
both theoretical (on a toy data example) and empirical understanding, which
enables us to offer a distinction between the node feature data and the graph
data in networks data sets and how these different information sources are
processed by a GNN architecture.

Our work is also related to the literature studying the challenges that het-
erophilic graphs pose for GNNs (Pei et al., 2020; Zhu et al., 2021, 2020). This
literature distinguishes homophilic and heterophilic graphs, in which edges in
the graph predominantly connect nodes of equal and unequal classes, respec-
tively. Both of these structures can be, from a theoretical standpoint, equally
class-informative, it is only the structure of the class-information which varies.
In our work here we consider an orthogonal problem, which is the situation
of a diminishing class-structure in the graph, independent of its homo- or het-
erophilic nature, and the effect this diminishment has on the ability of GNNs to
process the information contained in the node features.

6.3 analysis of the random gcn

In this section we present our theoretical analysis and main findings. Specifically,
we consider a random GCN model1, defined as

Φ = σ(ÃXW), (6.1)

where Ã ∈ Rn×n denotes the normalised adjacency operator encoding the
graph structure (see (6.3) for its definition), X ∈ Rn×p corresponds to the node
features, W ∈ Rp×d is a random matrix with Wij ∼ N (0, 1) independent and
identically distributed (i.i.d.) and σ is an activation function applied entry-wise.

1 In Section 6.4.2.1, we show that the performance of the large random GCN matches that of the
vanilla GCN.
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In particular, we will study the spectral behaviour of the Gram matrix2 defined
as

G =
1
d

ΦΦ⊺ =
1
d

σ(ÃXW)σ(W⊺X⊺Ã⊺). (6.2)

Before getting into the analysis of G we require assumptions on the node
features and graph structure.

assumption 1 (node features). We suppose that X⊺ = [x1, . . . , xn] ∈
Rp×n, where x1, . . . , xn are independent node feature vectors, each being a sample
from one of k = 2 distribution classes C1 and C2. We further assume that the
node feature vectors xi follow a Gaussian mixture model; Specifically, for xi ∈ Ca,
xi = (−1)a µ√

p + zi for some vector µ ∈ Rp and zi ∼ N (0, Ip/p).

We stress that Assumption 1 can be relaxed to a larger class of random
vectors x ∈ X , where X denotes any normed space, satisfying the concentration
property,

P(|φ(x)− E[φ(x)]| > t) ≤ Ce−(t/σ)q
,

with q ∈ R+, for all 1-Lipschitz functions φ : X → R.
Such vectors are called random concentrated vectors and have the particular

property to be stable by Lipschitz transformations (Louart and Couillet, 2018).
The simplest example of concentrated vectors is the standard Gaussian vector
z ∼ N (0, Ip) (Ledoux, 2001). A more complicated class of examples arises from
the fact that the concentration property is stable through Lipschitz maps:

remark 6 .3 .1. if z ∈ Rd is concentrated and g : Rd → Rp is 1-Lipschitz, then
g(z) is also concentrated.

A large family of generative models falls under this more complicated class of
examples, such as, the “fake” images generated by due to these images being
constructed as Lipschitz transformations of random Gaussian vectors (Seddik
et al., 2020).

Now we introduce the underlying model that defines the graph structure. We
assume that the adjacency matrix A of the graph is generated by a SBM (Karrer
and Newman, 2011).

assumption 2 (graph structure). We assume that the entries of A are
independent (except for Aii = 1 for all i) Bernoulli random variables with parameter

2 G provides access to the internal functioning and performance evaluation of the random GCN.
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πij = q2Cab ∈ (0, 1) for xi ∈ Ca and xj ∈ Cb. In particular, q ∈ (0, 1) represents
the probability of an edge occurring between two nodes, while Cab represents the
probability of an edge arising between nodes in classes Ca and Cb.

Note that self-loops are implicitly added in Assumption 2, where we assume
Aii = 1 for all i. Therefore, we consider that the normalised adjacency operator
in (6.1) is defined as

Ã =
1√
n
(A − qq⊺) , (6.3)

where q = q1n
3. The centring with qq⊺ is necessary for the eigenvectors corre-

sponding to the extremal eigenvalues of the operator to be class informative
(Li, Han, and Wu, 2018), i.e., the centring operation removes the uninformative
eigenvector corresponding to the largest eigenvalue of the adjacency matrix,
simplifying the theoretical analysis. Specifically, for our analysis in the asymp-
totic regime where n → ∞ (see Assumption 3 subsequently), the centring with
qq⊺ and the normalisation by 1√

n are required so that Ã has a bounded spectral
norm asymptotically. In practice, the centring by qq⊺ is not feasible as it results
in a dense matrix. In our experiments in Section 6.4, we see this discrepancy to
be of little consequence in practice.

remark 6 .3 .2. Assumption 2 allows us to sample directed as well as undirected
graphs. Often the spectral analysis of graphs needs to be restricted to undirected
graphs, since the analysis of complex-valued spectra arising for directed graphs poses
a significant challenge. We are able to include directed graphs since the Gram matrix,
analysed in Section 6.3.1, and X̃X̃⊺, analysed in Section 6.3.2, have real spectra even
if the underlying graph structure is directed.

6.3.1 Spectral Behaviour of the Gram Matrix

Let X̃⊺ = [x̃1, . . . , x̃n] = X⊺Ã ∈ Rp×n, the entries of the Gram matrix defined in
(6.2) are given by

Gij =
1
d

σ(W⊺x̃i)
⊺σ(W⊺x̃j) =

1
d

d

∑
ℓ=1

σ(w⊺
ℓ x̃i)σ(w

⊺
ℓ x̃j),

3 The vectors q can be consistently estimated through the degree vector d = A1n as q ≈ d/
√

d⊺1n.
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where w⊺
ℓ denotes the ℓ-th row of W⊺. Since all the wℓ follow the same distri-

bution N (0, Ip), taking the expectation over w ∼ N (0, Ip) (conditionally on X
and A) yields the average Gram matrix Ḡ defined with entries

Ḡij = E
w|X,A

[
σ(w⊺x̃i)σ(w⊺x̃j)

]
. (6.4)

In particular, in the large n, p, d limit, it has been shown in Louart, Liao, and
Couillet (2018) that the spectrum (and largest eigenvectors) of G are fully
described by Ḡ. Specifically, the resolvent of G defined as,

Q(z) = (G + zIn)
−1 , (6.5)

for z ∈ C+ (with ℑ(z) > 0), has a deterministic equivalent Q̄(z) (conditionally on
X and A).

definition 6 .1 (deterministic equivalent). A squared deterministic
matrix Q̄(z) is said to be a deterministic equivalent for the symmetric random
matrix Q(z) if, for all deterministic matrix M ∈ Rn×n and vectors u, v ∈ Rn of
bounded norms (spectral and Euclidean, respectively), we have, as n → ∞, with
some probability or almost surely

1
n

Tr (M(Q(z)− Q̄(z))) → 0, u⊺(Q(z)− Q̄(z))v → 0,

which we will simply express using the notation Q(z) ↔ Q̄(z).

remark 6 .3 .3. The notion of deterministic equivalent of a resolvent matrix Q is
related to the existence of a non-asymptotic deterministic matrix having, in probability
or almost surely, the same scalar observations as the random observations through Q.

remark 6 .3 .4. Such a deterministic equivalent is a standard object within random
matrix theory (Hachem, Loubaton, and Najim, 2007) since it allows us to characterise
the behaviour of the eigenvalues of G as well as its largest (often informative)
eigenvectors. Specifically, the spectral measure of G,

µn =
1
n

n

∑
i=1

δλi(G),



6.3 analysis of the random gcn 100

where λi(G) denotes the ith eigenvalue of G, is related to Q(z) through the Stieltjes
transform

qn(z) =
∫
(t − z)−1µn(dt) =

1
n

Tr(Q(−z)).

While the eigenvector ûi ∈ Rn corresponding to eigenvalue λi(G) is related to
Q(z) through the Cauchy-integral ûiû

⊺
i = −1

2πi

∮
Γi

Q(−z)dz where Γi is a positively
oriented complex contour surrounding λi(G).

A large dimensional growth rate assumption provides the existence of Q̄(z).

assumption 3 (growth rate). As n → ∞,

1. p/n → c ∈ (0, ∞) and d/n → r ∈ (0, ∞);

2. lim supn ∥X̃∥ < ∞4 and |Ca|/n → ca ∈ (0, 1);

3. σ is λσ-Lipschitz continuous with λσ > 0 constant.

Under Assumption 3, we have from (Louart, Liao, and Couillet, 2018)

Q(z) ↔ Q̄(z) =
(

Ḡ
1 + δg(z)

+ zIn

)−1

, (6.6)

where δg(z) is the unique positive solution to the fixed point equation δg(z) =
1
n Tr(ḠQ̄(z)).

From (6.6), to describe the behaviour of G one needs to address the non-
linearity σ in the matrix Ḡ, this is achieved by approximating Ḡ by a more
tractable form in the large n limit. An additional regularity condition on σ is
needed which we formulate now.

assumption 4 (regularity of σ). Suppose that σ is twice differentiable with
lim supn,x∈R |σ′′(x)| < ∞. Furthermore, for ξ ∼ N (0, 1) suppose E[σ(ξ)] = 0
and E[σ2(ξ)] = 1.

Denote the quantity bσ = E[σ′(ξ)]. Under Assumptions 3-4, from (Fan and
Wang, 2020, Lemma F.1), the average Gram matrix Ḡ can be approximated by
the n × n matrix G̃ = b2

σX̃X̃⊺ + (1 − b2
σ)In, since almost surely as n → ∞

1
n
∥Ḡ − G̃∥2

F → 0. (6.7)

This approximation ensures in particular that Ḡ and G̃ share the same spectrum.

4 This assumption holds if additional assumptions on the node feature mean vector µ and the
graph parameters Cab, which shall be provided Assumption 5, are placed.
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remark 6 .3 .5. The approximation of Ḡ by G̃ in (6.7) is valid when the matrix
X̃X̃⊺ is of bounded spectral norm. This will be ensured in Assumption 5 where
additional assumptions are placed on our model parameters µ and Cab. Furthermore,
since the node features xi follow a Gaussian mixture model (as per Assumption 1), if
Ã has a bounded spectral norm , then the matrix X̃ falls under the setting of (Fan
and Wang, 2020) in which the relation in (6.7) holds.

Since the behaviour of the average Gram matrix Ḡ reduces to the analysis of
the spectral behaviour of the matrix X̃X̃⊺ as per the approximation in (6.7), we
will analyse X̃X̃⊺ for the remainder of Section 6.3.

6.3.2 Spectral Behaviour of X̃X̃⊺

We first need further controls on the quantities µ and Cab as we describe in the
following assumption.

assumption 5. As n → ∞,

1. lim supn ∥µ∥ < ∞;

2. Caa = 1 + ηa√
n for a ∈ {1, 2} and Cab = 1 for a ̸= b ∈ {1, 2}, where

ηa = (−1)aη and lim supn η < ∞.

remark 6 .3 .6. Assumption 5.2 defines a dense graph such that the clustering with
spectral methods is not asymptotically trivial. Real-World graphs are usually sparse
and fall within our theoretical analysis by considering the entry-wise multiplication of
the adjacency matrix A by a random binary mask as is done by Zarrouk et al. (2020).
Furthermore without loss of generality, we have specified ηa = (−1)aη for clarity
of exposition of our theoretical results (Theorem 6.3.7), which can be generalised to
different choices of the inter-class similarities (choices of ηa).

Our main result (Theorem 6.3.7) provides a deterministic equivalent for the
resolvent of X̃X̃⊺ defined as

QX̃(z) =
(
X̃X̃⊺ + zIn

)−1 . (6.8)
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theorem 6 .3 .7. Define the quantities γ f = ∥µ∥2, γg = q2η, ν = q2(1− q2) and

the matrices U =
[
ȳ ϕ

]
∈ Rn×2,

B =


γ2

g(
γ f
c + 1) γg(

γ f
c + 1)

γg(
γ f
c + 1)

γ f
c


 , T =


1 0

0 ν


 ,

where ȳ = y√
n (with y ∈ {−1, 1}n the vector of labels) and ϕ = 1√

n Nȳ with
N ∈ Rn×n a random matrix having random i.i.d. entries with zero mean and variance
ν. Under Assumptions 1, 2, 3 and 5, the resolvent QX̃(z) has a deterministic5

equivalent defined as

Q̄X̃(z) = ζ · (1 + δ1)

(
In − ζU

[
B−1 + ζT

]−1
U⊺
)

,

where ζ = 1+δ2
ν+z(1+δ1)(1+δ2)

and (δ1, δ2) is the unique couple solution of the fixed
point equations system

δ1 =
1
c

ν(1 + δ1)

ν + z(1 + δ1)(1 + δ2)
, δ2 =

ν(1 + δ2)

ν + z(1 + δ1)(1 + δ2)
.

Sketch of proof. The proof starts by determining a random equivalent of the
adjacency matrix A. Since Aij is Bernoulli distributed (see Assumption 2) with
parameter q2(1+ (−1)ki δki=kj η/

√
n) with ki ∈ {1, 2} the class of node i, we may

write Aij = q2 + q2(−1)ki δki=kj η/
√

n + Nij where Nij is a zero mean random

variable with variance ν + O(n− 1
2 ). Hence, ∥Ã − (q2ηȳȳ⊺ + 1√

n N)∥ → 0 as
n → ∞. Finally, exploiting standard random matrix theory tools from (Hachem,
Loubaton, and Najim, 2007; Louart and Couillet, 2018) provides the deterministic
equivalent Q̄X̃(z).

In essence, Theorem 6.3.7 shows that the deterministic equivalent Q̄X̃(z) is
composed of two main terms: a diagonal matrix

ζ · (1 + δ1)In,

5 The matrix Q̄X̃(z) is not deterministic since it depends on the random vector ϕ. However, since
we are interested in evaluating quantities of the forms 1

n Tr(MQ̄X̃(z)) or u⊺Q̄X̃(z)v for M, u
and v independent of ϕ, Q̄X̃(z) has a deterministic behaviour asymptotically as n → ∞.
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Figure 6.1: (a) Eigenvalues distribution of X̃X̃⊺ versus the theoretical density as per
Theorem 6.3.7 (the theoretical density is obtained as f (x) = 1

π limϵ→0 ℑ[q(x+
iϵ)] where q(z) = 1

n Tr(Q̄X̃(z))). (b) Eigenvector of X̃X̃⊺ corresponding to
its largest eigenvalue which correlates with ȳ.

which describes the behaviour of the noise in the data model (both adjacency
and node features), and an informative rank-2 matrix

U
[

B−1 + ζT
]−1

U⊺,



6.3 analysis of the random gcn 104

which correlates with the vector of labels ȳ if the adjacency matrix and/or the
node features are informative, i. e., values γg and γ f , respectively, are sufficiently
large.

An example with parameters p = 1000, n = 200, q = 0.5, η = 4 and µ =

[2, 0p−1]
⊺ is illustrated in Figure 6.1. Figure 6.1(a) depicts the histogram of the

eigenvalues of X̃X̃⊺ which converges to the limiting distribution described by
Theorem 6.3.7, as well as (b) shows its dominant eigenvector which correlates
with ȳ.

Importantly, our analysis allows us to conclude that when the graph structure
is completely noisy (i. e., η = 0), the dominant eigenvector of X̃X̃⊺ is no longer
aligned with ȳ even if the node features are informative (i.e., γ f large) as will
be clarified in Corollary 6.3.8.

corollary 6 .3 .8 (case η = 0). Recall the notation and Assumptions of
Theorem 6.3.7, for η = 0 (i.e., a non-informative graph structure), Q̄X̃(z) takes the
form

Q̄X̃(z) = ζ · (1 + δ1)

(
In −

ζ2γ f

c + ζνγ f
ϕϕ⊺

)
. (6.9)

And, for ŷ the eigenvector of X̃X̃⊺ corresponding to its largest eigenvalue, |ȳ⊺ŷ|2 −−−→
n→∞

0.

Sketch of proof. Expression (6.9) follows from Theorem 6.3.7 by simply taking
the limit as η → 0. The second part of the Corollary is obtained by computing

|ȳ⊺ŷ|2 =
−1
2iπ

∮

Γ
ȳ⊺QX̃(−z)ȳdz,

where Γ is a small positively oriented complex contour surrounding the largest
eigenvalue of X̃X̃⊺.

Hence, using Q̄X̃(z) as a proxy allows us to state

|ȳ⊺ŷ|2 + 1
2iπ

∮

Γ
ȳ⊺Q̄X̃(−z)ȳdz → 0

almost surely as n → ∞.
The final result is obtained by showing that ȳ⊺ϕϕ⊺ȳ concentrates around its

expectation with

E [ȳ⊺ϕϕ⊺ȳ] =
1
n

Var[ȳ⊺Nȳ] =
ν

n
→ 0,
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Figure 6.2: Alignment between the largest eigenvector of X̃X̃⊺ and the labels vector ȳ
for different added node feature kernel message passing strategies in terms
of η. The kernel matrix has entries Kij = x⊺i xj, mean and std computed over
100 runs. The GCN with message passing operator Ã + PKP outperforms
other models when the graph structure is noisy (i.e., low values of η).

and by evaluating
1

2iπ

∮

Γ
ζ(−z)(1 + δ1(−z))dz = 0.

The main conclusion from Corollary 6.3.8 is that when the graph structure
is completely random (when η = 0, ∥Ã − 1√

n N∥ → 0), the largest eigenvector

of X̃X̃⊺ (which is intuitively supposed to be informative) does not correlate
with the labels vector ȳ independently of the information contained in the node
features. To overcome this issue, we propose in the now following subsection
6.3.3 to utilise node feature kernels to ensure the preservation of node feature
information.

6.3.3 Message Passing through Node Feature Kernels

As discussed in subsection 6.3.2, when the graph structure (in the extreme case)
is completely random, the random GCN model fails to extract information from
the node features. To make the message passing informative and thereby to
robustify the GCN, we propose to consider the operator Ã + K̄ instead of Ã,
where K̄ is a kernel matrix computed on the node features X. Indeed, let K be a
matrix with entries Kij = κ(x⊺i xj) for some smooth function κ : R → R. Relying
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on (El Karoui, 2010), the kernel matrix K can be approximated in spectral norm
asymptotically as n → ∞ by

K̃ = κ(0)1n1⊺n + κ′(0)
(

γ f

c
ȳȳ⊺ + ZZ⊺

)
+ ∆, (6.10)

where ∆ = κ′′(0)
2p 1n1⊺n + (κ(1)− κ(0)− γ f

c κ′(0))In. Hence, considering the matrix

Ã+PKP, where P = In − 1
n 1n1⊺n (the centring matrix), maintains the informative

nature of the message passing step (through the term
γ f
c ȳȳ⊺) even in the case

where the operator Ã is not informative. Intuitively, the addition of the node
feature kernel can be interpreted as considering both the originally recorded
graph and a node feature similarity graph in the message passing architecture.
This addition gives GNNs the necessary expressive ability to preserve information
present in the node features, which is lost in the case of uninformative or noisy
graph structures.

Figure 6.2 shows the performance of different message passing strategies
(compared to random MLP and spectral clustering; involving only node features
or adjacency matrix, respectively) on an example with parameters p = 500, n =

250, q = 0.4, µ = [1.7, 0p−1]
⊺, which confirms the effectiveness of introducing a

node feature kernel in the regime where the graph similarity is noisy (i.e., low
values of η), a property which is also validated for practical GCNs as we will
discuss in Section 6.4.

6.4 experiments and discussion

In order to validate our theoretical findings in real-world scenarios, we ex-
periment on the node classification task using GCNs on perturbed data. In
subsection 6.4.2, we begin by justifying the use of the random GCN in the theoret-
ical analysis. Then, we discuss results from experiments on both synthetic and
real-world graphs involving a perturbation scheme on their edges. We show
that the observed phenomena extend to deeper GCN models under structural
perturbation. Importantly, we demonstrate that, under this setting, our proposed
method is comparable with state-of-the-art GNN models also placing a particular
emphasis on the node features and can be further improved when combined
with other techniques. Finally, we examine the robustness of our proposed
method under the setting where node features are also perturbed.



6.4 experiments and discussion 107

6.4.1 Datasets and Implementation Details

We work on synthetic SBM graphs aligned with Assumption 5, with the intra-
community link probability being q2(1 + η√

n ) and the inter-community link

probability being q2. We vary the parameter η to generate SBM graphs with
different types of community structure and keep other parameters fixed as
q = 0.5, p = 2500, n = 1600, µ = (2, 0, . . . , 0).

We furthermore work with six real-world datasets which often serve as node
classification benchmarks. These are the three well-studied citation networks
of Cora, CiteSeer and PubMed (Sen et al., 2008), an extended version of Cora
(Bölcskei et al., 2019), called CoraFull, an Amazon co-purchase graph of Photo
and a Co-author network from the authors of Computer Science (CS) (Shchur
et al., 2018).

We follow the semi-supervised node classification setting proposed by Yang,
Cohen, and Salakhutdinov (2016), i.e., we use their train/valid/test split for
Cora/CiteSeer/PubMed, and we randomly sample 20 nodes from each class
as training set, 500 nodes as validation set and another 1000 nodes as test set
for CoraFull/Photo/CS. The statistics of these aformentioned datasets can be
found in Table 2.1.

In line with our theoretical analysis, the main GCN architecture on which
we experimented in this paper is a single-layer GCN (one iteration of message
passing) stacked with a Multi-Layer Perception (MLP). The objective of the
experiments is to validate our theoretical hypotheses and experiment with the
robustness of GCN models under graph structure perturbation.

We also study empirically to what extent the validated hypotheses extrapolate
to scenarios where deeper GCN architectures with multiple layers of graph
propagation are used and/or node features are also perturbed. In comparison
to the state-of-the-art models, in particular to those which also place particular
emphasis on the node features, we demonstrate that our proposed method
has superior or comparable performance and can be further improved when
combined with other techniques.

All the experiments are performed using the Adam optimiser (Kingma and Ba,
2015) and the same set of hyper-parameters, with learning rate being 1e-2, num-
ber of epochs being 200 and hidden feature dimension being 128. We repeat each
experiment 10 times and report the resulting means and standard deviations
to accurately report the impact of random initialisation. Our implementation is
built upon the open source library PyTorch Geometric (PyG) under MIT license
(Fey and Lenssen, 2019). The experiments are run on a Intel(R) Xeon(R) W-2123
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processor with 64GB ram and a NVIDIA GeForce RTX 2080Ti GPU with 12GB
ram.

perturbation scheme The studied perturbation scheme involves both
edge-deletion noise, where a certain amount of existing edges are randomly
sampled and removed from original graph, and edge-insertion noise, where we
add a certain amount of connections sampled from the non-existing edges in
the original graph. We consider scenarios where edges are removed or added or
both. The ratio of edges changed, i. e., the perturbation ratio, is denoted by α for
edge-deletion and β for edge-insertion.

A node feature kernel matrix is added to study its impact in practice, as
shown in the following equation,

X(i+1) = σ
(
(ϵÂ + (1 − ϵ)N (K))X(i)W

)
, (6.11)

where Â is the GCN message passing operator of the perturbed graph, N (K) =

D−1/2
K KD−1/2

K is the normalised kernel matrix built from node features (DK =

diag(K1n)). We are degree normalising the kernel to match the graph represen-
tation of the GCN message passing operator.

node feature kernels As stated in Section 6.3.3, we use the kernel to
introduce information from the node features to the message passing structure.
The choices of qualified smooth kernel functions are many. In our experiment,
we perform a proof of concept using the simple linear kernel, defined as the
inner product between node features Kij = x⊺i xj.

kernel sparsification Using the full kernel matrix, where the kernel
value is recorded between every pair of nodes, is both computationally costly and
may incorporate redundant information. Therefore, we adopt a sparsification
method using the adjacency matrix of the graph, with which (6.11) can be
rewritten as,

X(i+1)=σ
(
(ϵÂ + (1 − ϵ)N (K ◦ Â))X(i)W

)
, (6.12)

where ◦ denotes Hadamard product. A consequence of this sparsification
method is that the added computational cost stemming from the consider-
ation of the node feature kernel is linear in the number of edges in the graph |E|,
where E denotes the graph’s edge set, and the node feature dimension p, i.e., of
order O(|E|p). Our initial experiments sparsifying the kernel matrix by using a
threshold below which all entries are set to zero resulted in worse performance
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Figure 6.3: Performance change over the embedding dimension with different models:
random GCN, vanilla GCN and MLP.

and introduced the threshold as an extra hyperparameter. Therefore, we chose
to only pursue the sparsification scheme in (6.12). This preliminary observation
could be a result of the particular node features that are recorded in the datasets.

6.4.2 Experiment Analysis

6.4.2.1 Asymptotic Analysis of Random GCN

To validate the practical applicability of the theoretical analysis in Section 6.3,
we study the asymptotic behaviour of the random GCN, the vanilla GCN and a
MLP baseline when the hidden dimension of node features grows. In Figure
6.3, we observe that with increasing hidden dimension, the performance of both
the vanilla GCN and MLP remains stable, while the performance of random
GCN converges to vanilla GCN’s accuracy. Between hidden dimensions of 2000
and 3000 the performance of random GCN starts to match that of vanilla GCN.
Hence, we have given an empirical indication of the conditions under which
our theoretical model, the random GCN, and the vanilla GCN are equivalent.

6.4.2.2 Robustness to Structural Noise: Synthetic SBM

We first test the performance of the proposed model on synthetic SBM graphs.
Three types of SBM graph are considered, which are distinguished by the param-
eter η. η = 0, η = 4 and η = −4 correspond to the cases where the synthetic
graph has no, a homophilic and a heterophilic community structure, respectively.
We experiment on perturbation scenarios with different egde-deletion and edge-
insertion ratios. For each scenario, we record the performance of the vanilla GCN
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Table 6.2: Performance of MLP using only node features on six real-world datasets.
Cora CiteSeer PubMed CoraFull Photo CS

MLP 57.88 ± 0.58 57.23 ± 0.73 72.94 ± 0.32 41.56 ± 1.34 76.06 ± 0.95 87.97 ± 0.67

as well as its performance after adding the node-feature kernel, denoted by an
appendage "-k"6 in Table 6.1.

When a graph has no community structure, structural perturbation has little
impact and adding node-feature information boosts the performance. When
the graphs are homophilic and with a clear community structure, the impact
from graph-structural noise become more visible. Adding a node-feature kernel
significantly improves the model’s robustness against edge-deletion and edge-
insertion noise and their mix. The same conclusion can be drawn on heterophilic
graphs perturbed by edge-insertion noise.

6.4.2.3 Robustness to Structural Noise: Real-World datasets

In this set of experiments, we study the change of model performance under
the same perturbation setting on real-world datasets. Table 6.3 shows the results
over different perturbation scenarios.

Naturally the performance decreases gradually when edges are removed or
added, as we can see from each column. Edge-insertion noise seems to have a
larger impact on the performance than the edge-deletion noise on these real-world
datasets. When the noise ratio is large, the performance of vanilla GCN starts to
be outperformed by the MLP that utilise only node feature information, whose
results are shown in Table 6.2. But this influence can be largely compensated by
adding the node feature kernel. Unlike results from synthetic SBM graphs, for
edge-deletion noise, the addition of the kernel on real-world datasets seems to
have almost no impact.

6.4.2.4 Deeper GCN architecture and Benchmark Models

The previous experiments are based on a single-layer GCN model. In practice, the
best-performing GCN models on these datasets often contain several message-
passing layers and therefore, we want to observe whether our theoretical results
can be extrapolated to the multi-layer case. We build a 4-layer GCN model and
repeat our experiments on the Cora and CS datasets.

The results are shown in Table 6.4. Results of the remaining datasets can be
found in the Appendix B.4.2. Moreover, we also consider varying the weight

6 If not specified, the weight coefficient ϵ of the added kernel in graph propagation is set to 0.5.
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Table 6.5: Performance of GCN with and without node-feature kernel under both graph-
structural and node-feature perturbation on PubMed dataset. The format
follows Table 6.1.

γ = 0.5 γ = 1.0 γ = 5.0

(α, β) GCN GCN-k GCN GCN-k GCN GCN-k

(0.0, 0.0) 72.78 ± 1.62 73.88 ± 2.04 68.40 ± 2.95 66.82 ± 1.81 42.43 ± 2.95 39.14 ± 2.60

Deletion (0.2, 0.0) 70.11 ± 2.77 71.95 ± 1.70 68.28 ± 2.77 67.19 ± 1.62 40.23 ± 3.27 40.04 ± 2.43

(0.5, 0.0) 71.61 ± 1.31 70.33 ± 2.38 63.81 ± 3.43 64.93 ± 2.14 40.41 ± 1.92 38.11 ± 1.99

Insertion (0.0, 0.5) 62.93 ± 2.23 70.52 ± 2.08 59.85 ± 1.66 64.77 ± 2.37 40.00 ± 1.20 38.92 ± 1.71

(0.0, 1.0) 58.23 ± 1.79 68.14 ± 1.67 55.37 ± 3.33 63.35 ± 2.30 38.25 ± 1.93 38.72 ± 1.93

coefficient of the added node-feature kernel in graph propagation and compare
with two models specifically proposed for deep GNN architectures: Jumping
Knowledge (JK, Xu et al. (2018)) and a GCN with residual connections and an
identity mapping (GCNII, Chen et al. (2020)). Although not designed to tackle
the graph-structural perturbation problem that we study in this work, the two
models both utilise node feature information, which makes them reasonable
competitors to our proposed method.

As we can see from Table 6.4, there is no fundamental change in the trends
observed for the single-layer model. Adding node-feature kernel helps robustify
model performance against perturbation when edges are inserted and/or re-
moved. The improvement is even more significant when the weight coefficient
ϵ on the kernel in graph propagation is increased. Additionally, our proposed
method, with a high weight on the kernel, is comparable to GCNII model and
in general performs better than the JK model. However, since JK can easily be
combined with our method, the node-feature kernel and JK architecture yields
the best-performing model as can be seen in the rightmost column of Table 6.4.

6.4.2.5 Node feature noise

We now study how node feature noise interacts with our proposed model. We
perform the experiments with the same perturbation setting on the PubMed
dataset. But add Gaussian noise N (0, γ diag(σi)) to the node features where
σi is the estimated variance of the ith feature and γ is a scaling parameter. The
results are recorded in Table 6.5. We observe that only when the node feature
noise is five times larger than the graph structure noise (γ = 5), the addition of
the node feature kernel stops to benefit the model performance. Our previous
findings still hold if the node feature noise is reasonably small (γ ≤ 1).
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6.5 chapter conclusion

In this work, we have introduced , for the first time to the best of our knowledge,
the random GCN, which we analysed theoretically using random matrix theory.
Our analysis shed light on the way in which the GCN processes the different
sources of information present in attributed graphs. In particular, this leads us
to conclude that

Perturbations of the graph structure strongly influence the perfor-
mance of the GCN regardless of the information contained in the
node features.

For SBM graphs the presence of community structure (and the degree to which
this structure is present) is required (beneficial) for a message passing scheme
which leads to eigenvectors of the message passing operator’s Gram matrix
that align with the node labels. These conclusions were confirmed in multiple
experiments with the standard GCN architecture on synthetic and real-world
datasets.

As expected from our theoretical analysis, we empirically observed graph
structure perturbations to have a strong negative impact on the performance
of standard GNN architectures, which drops rapidly below the performance of
a MLP using only node features. And on both synthetic and real-world data
we observe the introduction of a node feature kernel to the GCN’s message passing
scheme to significantly improve the performance of the GCN in the presence of a noisy
graph structure. We believe that the introduced random GCN model is likely to be
a suitable analysis framework for further GNN models, which combined with
random matrix theory can allow us to gain further insight into the inference
obtained from these models.
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7
C O N C L U S I O N

In this dissertation, we navigate the topic of graph representation learning
from graph kernels to graph neural networks. Both methods are migrated from
approaches in the classic machine learning domain, kernel methods and neural
networks, respectively, to graph-structured data. They also inherit the advantages
and drawbacks of their parents, with one being theoretically motivated, rigor-
ous, effective with limited data but not very scalable. The other is end-to-end,
powerful, scaling well to big data but lacking theoretical justification. With this
in mind, our research focuses on tackling the drawbacks and developing more
effective, efficient and robust methods for graph representation learning.

In the following sections, we summarise our main contributions reported in
detail in the previous chapters and discuss future research directions that were
not explored at the time of writing.

7.1 summary of contributions

The contributions of the thesis can be summarised as follow:

valid optimal assignment kernel We propose in Chapter 3 a novel ker-
nel that finds an optimal assignment between the graph substructures
and is guaranteed to be valid. We first represent the graphs as a set of
node embeddings. These node embeddings are generated as the eigen-
vectors of the graph adjacency matrix, where structural information is
naturally encoded. Assuming that all node embeddings from all graphs of
the dataset reside in the same vector space, we then recursively partition
this space by clustering methods and create a hierarchy corresponding to
these hierarchical partitions, which includes a tree and a weight function
defined on each cluster centroid that is associated with the compactness
of the cluster. This hierarchy enables us to construct a histogram of each
graph whose entry is the inner vertex of the tree. A histogram-intersection
kernel is then applied to compare the similarity between the two graphs
and assures the validity of the proposed kernel constructed following the
procedure mentioned above. Our framework is flexible as we can switch
between the node embedding methods as well as clustering algorithms. We

117
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demonstrate that the proposed kernel is a competitive method to compare
sets of vectors on graph classification and text categorisation tasks. We also
show that the feature map of the vertices associated with the proposed
kernel can be seen as a new and more expressive node embedding method
compared with the original node embedding by experiments on the link
prediction task.

predicting topology evolution of temporal graphs Since its birth,
GNNs have soon become the dominating force in the field of graph repre-
sentation learning. In Chapter 4, we demonstrate the power of GNNs over
traditional methods on a long-existing problem of predicting the topology
evolution of dynamic graphs. We propose an encoder-decoder framework, as
one may frequently see in classic machine learning. The ability of GNNs of
transforming attributed graphs into vector representations makes them the
perfect fit for the role of the encoder in this framework. The transformed
embeddings are processed by an LSTM and output a prediction of the
future embedding at the next time step. A decoder reads this embedding
and generates the prediction of graph topology with the help of an autore-
gressive graph generation model. The proposed framework is flexible with
the choice of GNNs, graph generation models, and the RNN that encodes
temporal information, e. g., adding attention mechanism. These variants
are not fully explored in our work. However, the primary choice, as we
showed in Chapter 4, has already demonstrated a superior advantage
over traditional methods such as random graph models in predicting the
topology of future graphs that is the most similar to the reality (measured
by the graph kernel), by experiments on both synthetic and real-world
datasets.

analysing the role of the update step in mpnn We observe that the
MPNN, the primary class of GNN, has two disjoint parts: one is the Aggre-
gation step which utilises the graph structure information, and the other
is the Update step which is graph-agnostic and only concerns node fea-
ture information. In Chapter 5, we study the role of the Update step in
the MPNN framework. To this end, we monitor the performance change
of the MPNN model while we sparsify the weight W of the Update step
to different levels, even to an extreme case where the W corresponding
to the linear transform is completely omitted. We denote the sparsified
model as Expander GNN and the extreme model as Activation-Only GNN.
Extensive experiments on graph classification, graph regression and node
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classification over datasets across domains from biology to social networks
have led us to two conclusions:

1. the Aggregation step plays a more critical role in GNN learning than
the Update step as the Update step can be sparsified to an arbitrary
level without undermining the model performance,

2. the non-linear activation function is a valuable component in MPNNs

as removing the activation is consistently outperformed by keeping
this component.

towards a more robust gcn In Chapter 6, we further investigate the inter-
action between graph structure information and node feature information
in the GCN model. We start from a simple synthetic example which is a 2-
community SBM graph with node features being random vectors following
2 distinct multi-variate Gaussian distribution. We then propose a random
GCN model, whose weight W in the Update step is a high-dimensional
random Gaussian matrix fixed during training. Performance of this model
approaches asymptotically that of a vanilla GCN, as the dimension of W
is high enough (∼ 103 in practice). The assumption on the data and the
random GCN allow us to introduce the tools from the random matrix theory
developed in recent years to analyse classic machine learning. Theoretically,
we analyse the spectral behaviour of the model after graph propagation
and show that the noise in graph structure will heavily shadow the infor-
mation from node features. If the graph structure is sufficiently perturbed,
the node features cannot contribute to the model performance even if
they are precise and informative. Inspired by the theoretical results, we
propose adding a node feature kernel directly to the graph propagation
step to robustify the model performance against structural perturbation.
Experiments on node classification of both synthetic and realistic datasets
demonstrate the effectiveness of the proposed node feature kernel in
lessening the impact of graph structure noises.

7.2 future directions

We discuss in this section the future research interests and highlight two exciting
directions that remain to be investigated.

sparsifying the aggregation step in mpnn Chapter 5 proposes sparsi-
fying the linear transform in the Update step in MPNNs to reduce computa-



7.2 future directions 120

tional costs. However, the conclusion lead us to believe that sparsifying the
Aggregation step could be more beneficial. A natural question then arise:

Does there exist a sparse subgraph in the graph structure that
reduces computational cost without losing performance?

This question is similar to the lottery ticket hypothesis in a classic machine
learning setting (Frankle and Carbin, 2019). It is argued that there exists
a sub-network in the original neural network, which can achieve compa-
rable performance to the original one with a heavily reduced number of
parameters. This sub-network is usually obtained by successively pruning
the network weights during training.

There have also been efforts in the GNN area to reduce the computational
cost of graph propagation. Most GNN models following the message-
passing framework will face exponential growth of neighbourhoods and
cause severe memory and time cost. Researchers tried to tackle this neigh-
bours explosion by sampling strategies. Hamilton, Ying, and Leskovec (2017)
first proposed randomly sampling a fixed number of neighbours for each
node in graph propagation rather than using the whole neighbourhood, in
order to make the GNN more scalable. Chen, Ma, and Xiao (2018) proposed
to sample a set of nodes as a shared neighbourhood for all nodes at each
propagation, by which they can limit the growth rate of the neighbourhood
to linear. More recently Zeng et al. (2020) proposed to sample subgraphs
as input to GNNs instead of the original graph. All these works speed up
the training of GNNs and make GNNs available to large graphs.

Differing from the sampling strategy, we are more interested in finding a
single, fixed subgraph that replaces the original graph without harming
performance. The closest work to our knowledge might be Chen et al.
(2021), where the authors performed the same pruning on the adjacency
matrix during GNN training and identified at the end a winning subgraph
that is sparse and high-performing.

Encouraged by the finding in Chen et al. (2021), we believe our work
in Chapter 5 can be extended to the Aggregation step in MPNNs. Since
we demonstrated that other than pruning during training, the winning
lottery ticket in neural networks can also be identified by a pre-defined sub-
graph that exhibits good properties, e. g., expander graphs are sparse but
highly-connected. The same logic may apply to GNNs as we can identify a
subgraph which is sparse or with heavily reduced size but, under some
measure, is not too far away from the original graph, such as subgraphs ob-



7.2 future directions 121

tained by K-core decomposition (Alvarez-Hamelin et al., 2005) or spectral
approximation (Hermsdorff and Gunderson, 2019).

combining kernel and neural network There is a growing interest in
linking kernels and neural networks. The initial motivation is theoretical,
as our sound understanding of kernels can provide some new perspectives
for deep neural networks. For example, the learning dynamics of gradient
descent for over-parameterised deep neural networks are shown to be
governed by a particular kernel obtained at the initialisation (Bietti and
Mairal, 2019; Jacot, Hongler, and Gabriel, 2018). However, researchers soon
realised that there is also a benefit to combining these two methods in
practice. Mairal (2016) propose combining kernel with CNNs. This new ar-
chitecture can encode the invariance with the kernel and thus improve the
performance over vanilla CNNs. Chen, Jacob, and Mairal (2019) proposed a
combination of kernel methods and RNNs and showed its advantage over
existing methods for modelling biological sequences.

Indeed, kernels and neural networks have different characteristics. The ker-
nels are unsupervised, easy-to-regularise and decoupled from downstream
tasks, while the neural networks are scalable and end-to-end trainable.
Bridging the gap between the two methods seems beneficial to inherit both
their advantages.

It is also an exciting direction for us, as working throughout this disserta-
tion, we have already set foot on both fields of Graph Kernels and Graph
Neural Networks. Several links have been drawn between both methods.
Nikolentzos et al. (2018) proposed generating features for a graph by com-
puting its similarity with a series of pre-defined indicator graphs using
graph kernels. The features are then fed into a traditional neural network
for downstream tasks. Du et al. (2019) presented a new class of graph
kernel, which is equivalent to infinitely-wide GNNs initialised with ran-
dom weights and trained with gradient descent, and thus enjoys the full
expressive power of GNNs. Chen, Jacob, and Mairal (2020) and Nikolentzos
and Vazirgiannis (2020) both proposed an end-to-end trainable kernel GNN

by leveraging the specific type of kernels (random walk kernel for one
and path kernel for the other) and their continuous relaxation or kernel
approximation.

One possible extension of our work towards this direction might be to
explore further the optimal assignment kernel framework proposed in
Chapter 3. This framework has two essential steps: (1) generating a bag of
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vectors for each graph, (2) constructing a valid kernel that can compute
similarities/distances between sets. A new kernel class might be designed
by leveraging the recent advance in optimal transport kernel (Mialon
et al., 2021) and the expressive power of GNNs for node embeddings
(Mrabah et al., 2021). Another possible direction is based on Nikolentzos
et al. (2018), where the authors proposed obtaining graph feature maps
using graph kernels with pre-defined indicator graphs. These graphs are
fixed before training, but it will be interesting to update them according
to the loss during training. As we do not want to limit the choices of
graph kernels, unlike in Chen, Jacob, and Mairal (2020) and Nikolentzos
and Vazirgiannis (2020), this problem is complex as graph kernels, in
general, is not differentiable. In this case, gradient-free optimisation such
as evolutionary algorithms or functional gradient descent (Shen et al.,
2020) that restricts all operations in the Hilbert space instead of the graph
space might be helpful.

7.3 epilogue

The domain of graph representation learning has grown very fast in recent
years. Exciting works come out every day and week. I am fortunate to spend my
doctoral years during this era as I witnessed closely the emerge of Graph Neural
Networks and the shift of paradigm since then in the graph representation
learning area. Significant advances have been made, but many questions and
challenges remain. I sincerely hope that the works described in this dissertation
will help research move forward and shed some light on future studies towards
more efficient, robust and versatile algorithms for graph-structured data.
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a.1 additional experiments

a.1.1 Synthetic Datasets

graph size comparison We compare the size of generated graph with the
real graph at the corresponding time step in Figure A.1. We show two scenario:
Path graph with removal and Cycle graph with adding extra structure. Both
show similar behaviour with the scenario considered in Figure 4.3.

similarity histogram We record the similarity histogram of synthetic
graphs in Figure A.2. As stated in Section 4.4, our proposed method is able to
generate graphs very similar to the ground truth.

examples of the prediction We show some examples of the predicted
graph and compare them with the ground truth. See Figure A.3, A.4, A.5, A.6,
A.7, A.8, respectively for Path graphs, Ladder graphs with small size, Ladder
graphs with large size, Cycle graphs, Path graphs with removal, Cycle graphs
with adding extra structures. Our model is able to reconstruct some characteristic
structures from the ground truth, but the exact size recovery is still difficult, in
particular for the complex scenario.
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Figure A.1: Comparison of graph size: predicted size (blue) vs. real size (orange). Left:
Path graphs with removal; Right: Cycle graphs with adding extra structures.
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Figure A.2: Similarity histograms on synthetic datasets. Blue one is the result of EvoNet,
which is compared against 6 random graph models. From top to bottom:
Path graphs; Path graphs with removal; Ladder graphs; Cycle graphs; Cycle
graphs with adding extra structures.
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Real graphs Predicted graphs

Figure A.3: Examples of predictions on Path graphs. Left: Real graphs; Right: Predicted
graphs.
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Real graphs Predicted graphs

Figure A.4: Examples of predictions on small sized Ladder graphs. Left: Real graphs;
Right: Predicted graphs.



A.1 additional experiments 129

Real graphs Predicted graphs

Figure A.5: Examples of predictions on large sized Ladder graphs. Left: Real graphs;
Right: Predicted graphs.
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Real graphs Predicted graphs

Figure A.6: Examples of predictions on Cycle graphs. Left: Real graphs; Right: Predicted
graphs.
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Real graphs Predicted graphs

Figure A.7: Examples of predictions on Path graphs with removal. Left: Real graphs;
Right: Predicted graphs.
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Real graphs Predicted graphs

Figure A.8: Examples of predictions on Cycle datasets with adding extra structures.
Left: Real graphs; Right: Predicted graphs.



B
A P P E N D I X T O C H A P T E R 6

b.1 preliminaries of random matrix theory

We begin recalling several random matrix theory tools that are needed to
establish our main results. First, we recall a fundamental result (Theorem B.1.1)
from Louart and Couillet, 2018 which provides a deterministic equivalent for
the resolvent of a sample covariance matrix.

theorem b .1 .1 (deterministic equivalent for sample covari-
ance matrices , Louart and Couillet, 2018). Let M ∈ Rn×n such
that ∥MM⊺∥ < ∞1 w.r.t. n and Z̃ ∈ Rn×p some random matrix with i.i.d. entries
having zero mean, unit variance and a finite forth order moment. In the limit n → ∞

with p/n → c ∈ (0, ∞), the resolvent Q(z) =
(

1
p MZ̃Z̃⊺M⊺ + zIn

)−1
for z ∈ C

with ℑ(z) > 0, admits a deterministic equivalent Q̄(z) defined as

Q̄(z) =
(

MM⊺

1 + δ(z)
+ zIn

)−1

,

where δ(z) is the unique solution to the fixed point equation δ(z) = 1
p Tr (M⊺Q̄(z)M).

Proof. Denote ai = Mz̃i, hence

Q(z) =

(
1
p

n

∑
i=1

aia
⊺
i + zIn

)−1

= Q−i −
Q−i

1
p aia

⊺
i Q−i

1 + 1
p a⊺

i Q−iai
,

where Q−i =
(

1
p ∑n

j ̸=i aja
⊺
j + zIn

)−1
, and we also have

Q(z)ai =
Q−iai

1 + 1
p a⊺

i Q−iai
.

1 ∥MM⊺∥ remains constant as n goes to infinity.
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A deterministic equivalent for Q(z) (which approximates E[Q(z)]) is of the
form Q̄(z) = (F + zIn)

−1 for some deterministic matrix F, by computing the
difference Q̄(z)− E[Q(z)] using the above identities, we obtain

Q̄(z)− E[Q(z)] =
1
n

n

∑
i=1

E

[
Q−i

(
aia

⊺
i

1 + 1
p a⊺

i Q−iai
− F

)
Q̄(z)

]

+
1
n2

n

∑
i=1

E
[
Q−i(z)aia

⊺
i Q−i(z)FQ̄(z)

]
.

It can be shown that the matrix 1
n2 ∑n

i=1 E
[
Q−i(z)aia

⊺
i Q−i(z)FQ̄(z)

]
has a van-

ishing operator norm as n → ∞. Therefore, F can be taken as

F =
E
[
aia

⊺
i
]

1 + E
[

1
p a⊺

i Q−iai

] =
MM⊺

1 + 1
p Tr(M⊺E [Q−i] M)

Which provides the defined deterministic equivalent in Theorem B.1.1.

Another useful result which is known as the perturbation lemma (Silverstein
and Bai, 1995) is also needed here.

lemma b .1 .2 (perturbation lemma , Silverstein and Bai , 1995).
Let A, B ∈ Rn×n some symmetric matrices, u ∈ Rn, γ ∈ R and z ∈ C with
ℑ(z) > 0, then

∣∣∣Tr
(

A(B + γuu⊺ + zIn)
−1
)
− Tr

(
A(B + zIn)

−1
)∣∣∣ ≤ ∥A∥

|ℑ(z)| .

In particular, for A = 1
n In, we have 1

n Tr(B + γuu⊺+ zIn)−1 = 1
n Tr(B + zIn)−1 +

O(n−1), which shows that the spectral measure of B + γuu⊺ is asymptotically close
to that of B in the large n limit.

Finally, we will need the Woodbury matrix identity from the following
Lemma.

lemma b .1 .3 (woodbury identity). Let A ∈ Rn×n and B ∈ Rk×k invertible
and U ∈ Rn×k, then

(A + UBU⊺)−1 = A−1 − A−1U
(

B−1 + U⊺A−1U
)−1

U⊺A−1.
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b.2 proof of theorem 3 .4

The proof starts by establishing a random equivalent for the normalised Ad-
jacency operator given by Ã = 1√

n (A − qq⊺). By Assumptions 2, 3 and 5, we
have straightforwardly that, almost surely

∥∥∥∥Ã −
(

q2ηȳȳ⊺ +
1√
n

N
)∥∥∥∥→ 0, (B.1)

where N is a random matrix with i.i.d. entries of zero mean and variance
ν = q2(1 − q2). Besides, since E [XX⊺] =

∥µ∥2

c ȳȳ⊺ + In, letting γ f = ∥µ∥2 and
γg = q2η, we consider the equivalent multiplicative model for Y defined as

Y =

(
γgȳȳ⊺ +

1√
n

N
)(

γ f

c
ȳȳ⊺ + In

) 1
2

Z,

where Z is random matrix with i.i.d. entries of zero mean and variance 1
p . Condi-

tionally on N, applying Theorem B.1.1 for M =
(

γgȳȳ⊺ + 1√
n N
) (

γ f
c ȳȳ⊺ + In

) 1
2 ,

a deterministic equivalent of QY(z) = (YY⊺ + zIn)
−1 is given by

Q̄Y |N(z) =




(
γgȳȳ⊺ + 1√

n N
) (

γ f
c ȳȳ⊺ + In

) (
γgȳȳ⊺ + 1√

n N
)

1 + δ1(z)
+ zIn




−1

(B.2)

=

(
UBU⊺ + 1

n NN⊺

1 + δ1(z)
+ zIn

)−1

(B.3)

where

U = [ȳ, ϕ] ∈ Rn×2, B =


γ2

2
(γ1

c + 1
) (γ1

c + 1
)

γ2(γ1
c + 1

)
γ2

γ1
c


 (B.4)

with ϕ = 1√
n Nȳ, ȳ = y/

√
n and δ1(z) = 1

p Tr
((

UBU⊺ + 1
n NN⊺

)
Q̄Y |N(z)

)
.

Applying Lemma B.1.2, δ1(z) is simply the solution to δ1(z) = 1
p Tr

(
1
n NN⊺Q̄Y |N(z)

)
.

Moreover, defining the matrix Q̄−B
Y |N(z) =

(
1
n NN⊺

1+δ1(z)
+ zIn

)−1

, we have by Lemma

B.1.3

Q̄Y |N(z) = Q̄−B
Y |N(z)− Q̄−B

Y |N(z)U
(
(1 + δ1(z))B−1 + U⊺Q̄−B

Y |N(z)U
)−1

U⊺Q̄−B
Y |N(z).

(B.5)
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Again by Theorem B.1.1, a deterministic equivalent of Q̄−B
Y |N(z) is given by

Q̄−B
Y (z) =

(
νIn

(1 + δ1(z))(1 + δ2(z))
+ zIn

)−1

=
(1 + δ1(z))(1 + δ2(z))

ν + z(1 + δ1(z))(1 + δ2(z))
In

(B.6)

where δ2(z) is the unique solution to δ2(z) = 1
n Tr

(
νIn

(1+δ1(z))
Q̄−B

Y (z)
)
= ν(1+δ2(z))

ν+z(1+δ1(z))(1+δ2(z))
,

and similarly δ1(z) satisfies δ1(z) = 1
c

ν(1+δ1(z))
ν+z(1+δ1(z))(1+δ2(z))

. Therefore, replacing

Q̄−B
Y |N(z) in (B.5) by its deterministic equivalent Q̄−B

Y (z) and since U⊺U → T
almost surely, provides the final result of Theorem 3.4.

b.3 proof of corollary 3 .5

Following the same procedure as in Section B.2, when η = 0, a deterministic
equivalent for QY(z) takes the form

Q̄Y(z) = ζ(z)(1 + δ1(z))

(
In −

ζ2(z)γ f

c + νγ f ζ(z)
ϕϕ⊺

)
. (B.7)

By definition of the deterministic equivalent, we have almost surely

|ȳ⊺ŷ|2 =
−1
2πi

∮

Γ
ȳ⊺QY(−z)ȳdz →n→∞

−1
2πi

∮

Γ
ȳ⊺Q̄Y(−z)ȳdz. (B.8)

Hence, we need to evaluate the Cauchy-integral −1
2πi

∮
Γ ȳ⊺Q̄Y(−z)ȳdz. In partic-

ular, the quadratic form ȳ⊺Q̄Y(z)ȳ evaluates as

ȳ⊺Q̄Y(z)ȳ = ζ(z)(1 + δ1(z))

(
1 − ζ2(z)γ f

c + νγ f ζ(z)
ȳ⊺ϕϕ⊺ȳ

)
→n→∞ ζ(z)(1 + δ1(z)).

Indeed, since the mapping X 7→ 1√
n ȳ⊺Xȳ is 1√

n -Lipschitz transformation w.r.t.
the Frobenius norm ∥ · ∥F, then we have the concentration inequality, for all
t ≥ 0

P

(∣∣∣∣
1√
n

ȳ⊺Nȳ − E

[
1√
n

ȳ⊺Nȳ
]∣∣∣∣ > t

)
≤ C e− (

√
n t/ν)2

, (B.9)
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Table B.1: Performance of the GCN with and without node-feature kernel under pertur-
bation on six real-world datasets with multiple train/valid/test splits. The
format follows Table 6.1.

Cora CiteSeer PubMed

(α, β) GCN GCN-k GCN GCN-k GCN GCN-k

(0.0, 0.0) 76.25 ± 2.32 75.48 ± 1.87 66.31 ± 2.04 66.53 ± 2.10 74.80 ± 2.07 76.93 ± 2.20

Deletion (0.2, 0.0) 74.82 ± 1.68 73.26 ± 1.88 64.96 ± 1.57 64.27 ± 2.34 75.14 ± 2.06 74.21 ± 2.84

(0.5, 0.0) 70.78 ± 1.53 70.80 ± 1.83 63.14 ± 1.49 62.74 ± 1.80 74.17 ± 1.75 74.11 ± 2.06

Insertion (0.0, 0.5) 67.01 ± 2.11 71.96 ± 1.79 57.35 ± 2.02 62.19 ± 1.68 63.70 ± 2.95 71.62 ± 2.01

(0.0, 1.0) 58.92 ± 2.29 68.50 ± 1.45 50.53 ± 2.13 59.60 ± 2.04 57.07 ± 1.94 69.56 ± 1.92

CoraFull Photo CS

(α, β) GCN GCN-k GCN GCN-k GCN GCN-k

(0.0, 0.0) 58.42 ± 2.12 57.64 ± 1.45 91.48 ± 0.94 91.05 ± 1.28 92.09 ± 0.98 92.62 ± 0.92

Deletion (0.2, 0.0) 56.36 ± 1.70 57.18 ± 1.68 90.51 ± 1.29 91.30 ± 1.22 91.37 ± 1.26 91.79 ± 0.91

(0.5, 0.0) 54.58 ± 1.33 53.44 ± 1.47 90.07 ± 1.63 90.16 ± 1.10 89.78 ± 1.04 91.08 ± 1.27

Insertion (0.0, 0.5) 48.53 ± 1.58 53.55 ± 1.44 81.77 ± 2.31 83.52 ± 1.43 88.19 ± 0.96 91.25 ± 1.00

(0.0, 1.0) 43.18 ± 1.73 50.77 ± 1.89 75.21 ± 4.30 79.02 ± 3.04 83.83 ± 1.60 90.32 ± 0.89

for some constant C ≥ 0 independent of n. In particular, since E
[

1√
n ȳ⊺Nȳ

]
= 0,

we have

P

(∣∣∣∣∣

(
1√
n

ȳ⊺Nȳ
)2

− E

[(
1√
n

ȳ⊺Nȳ
)2
]∣∣∣∣∣ > t

)
≤ C e−

√
n t

2ν , (B.10)

which shows that ȳ⊺ϕϕ⊺ȳ =
(

1√
n ȳ⊺Nȳ

)2
concentrates around its mean value,

with

E

[(
1√
n

ȳ⊺Nȳ
)2
]
=

1
n

Var [ȳ⊺Nȳ] =
1
n

n

∑
i,j=1

ȳ2
i ȳ2

j Var[Nij] =
∥ȳ∥4 ν

n
→ 0.

Therefore, ȳ⊺ϕϕ⊺ȳ → 0 almost surely as n → ∞. The final step consists in
evaluating the integral 1

2πi

∮
Γ ζ(−z)(1 + δ1(−z))dz = 0 since the function z 7→

ζ(−z)(1 + δ1(−z)) does not have singularities on the contour Γ. Indeed, this
integral corresponds to the only noise case from the data model (i.e., Y =

1√
n NZ).
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b.4 additional experiments

b.4.1 Multiple Splits

Shchur et al. (2018) argue that different train/valid/test splits of datasets may
have a non-negligible impact on the performance of GNN models for the
node classification task. To investigate the influence of different splits on our
hypothesis, we construct train/valid/test split for each dataset following Yang,
Cohen, and Salakhutdinov (2016) over 10 random seeds. As each experiment
is repeated 10 times, a total of 100 results is obtained for a specific setting,
i.e., specific α, β or ϵ. Similar to the results of one split, we report the mean
and standard deviations of the 100 results in Table B.1. Although the standard
deviation increases since we introduce more variation in the multi-split setting,
the general trend remains the same, as shown in Table B.1. Our conclusion
drawn in the main paper still holds: perturbations of the graph structure strongly
influence the performance of the GCN and adding a node feature kernel can robustify
the GCN against such perturbations.

b.4.2 Models beyond GCN

We also study the behaviour of our proposed method in a more general MPNN

setting beyond GCN. We choose three characteristic models, which are GIN (Xu et
al., 2019), GraphSage (Hamilton, Ying, and Leskovec, 2017) and Graph Attention
Network (GAT) (Velickovic et al., 2018) models, and observe their performance
under graph structural perturbation with node feature kernel (our proposed
method) on three citation datasets. The models are also implemented as a single
graph-propagation layer followed by a MLP readout, as was the case for the
GCN. Results are gathered in Table B.2. Similar to the results of the GCN, we
can observe from Table B.2 that on every model and every dataset, adding
a node-feature kernel in the graph propagation helps to robustify the model
performance against structural noises, in particular when edges are added. This
empirical evidence demonstrates the versatility of our proposed method for a
general MPNN model.

b.4.3 Deeper GCN architecture and Benchmark Models

In this set of experiments, we observe to what extent the conclusions drawn in
our theoretical analysis carry over to deeper GCN architectures, and how our
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Table B.2: Performance of the GIN/GraphSage/GAT with and without node-feature
kernel under perturbation on three citation datasets. The format follows
Table 6.1.

Cora

(α, β) GIN GIN-k Sage Sage-k GAT GAT-k

(0.0, 0.0) 78.56 ± 1.12 78.59 ± 0.8 75.94 ± 0.25 77.12 ± 0.65 78.20 ± 0.54 78.55 ± 0.69

Deletion (0.2, 0.0) 76.61 ± 0.58 76.73 ± 1.79 73.87 ± 0.92 75.29 ± 1.25 75.54 ± 0.77 77.01 ± 0.30

(0.5, 0.0) 71.31 ± 1.06 70.57 ± 0.63 67.35 ± 0.92 71.98 ± 0.99 71.25 ± 0.89 72.37 ± 0.74

Insertion (0.0, 0.5) 71.08 ± 1.08 72.19 ± 0.87 70.24 ± 1.01 71.42 ± 1.23 67.45 ± 1.21 72.13 ± 0.53

(0.0, 1.0) 66.21 ± 1.52 67.96 ± 0.67 66.0 ± 1.23 70.57 ± 0.95 62.14 ± 1.46 67.68 ± 0.89

Delet.+Insert. (0.5, 0.5) 56.82 ± 1.35 62.41 ± 1.07 61.86 ± 1.32 63.61 ± 0.94 53.82 ± 0.86 61.04 ± 1.24

(0.5, 1.0) 51.20 ± 2.04 59.28 ± 0.97 60.56 ± 0.81 64.13 ± 0.52 46.97 ± 1.15 52.13 ± 1.36

CiteSeer

(α, β) GIN GIN-k Sage Sage-k GAT GAT-k

(0.0, 0.0) 66.24 ± 0.89 66.96 ± 0.86 67.74 ± 0.85 68.97 ± 0.60 68.19 ± 0.92 67.82 ± 0.87

Deletion (0.2, 0.0) 62.24 ± 1.19 66.70 ± 1.44 65.97 ± 1.06 66.22 ± 0.78 66.31 ± 0.93 66.90 ± 0.94

(0.5, 0.0) 62.01 ± 1.01 62.30 ± 1.24 63.24 ± 0.59 64.97 ± 1.03 63.61 ± 1.03 65.43 ± 0.83

Insertion (0.0, 0.5) 58.90 ± 1.31 64.75 ± 1.49 64.71 ± 0.94 66.21 ± 0.72 59.44 ± 1.34 62.61 ± 1.30

(0.0, 1.0) 54.61 ± 1.28 59.25 ± 0.99 62.08 ± 0.99 63.04 ± 1.07 50.34 ± 0.99 58.46 ± 0.98

Delet.+Insert. (0.5, 0.5) 50.46 ± 2.02 57.90 ± 1.51 57.88 ± 1.35 63.56 ± 0.67 50.75 ± 1.21 55.81 ± 1.04

(0.5, 1.0) 43.98 ± 1.55 48.40 ± 1.47 58.51 ± 1.13 59.52 ± 1.07 43.56 ± 1.19 50.17 ± 1.35

PubMed

(α, β) GIN GIN-k Sage Sage-k GAT GAT-k

(0.0, 0.0) 77.13 ± 0.36 77.02 ± 0.58 76.44 ± 0.59 77.09 ± 0.64 76.08 ± 0.81 76.63 ± 0.47

Deletion (0.2, 0.0) 75.96 ± 0.47 75.45 ± 0.44 75.38 ± 0.34 75.83 ± 0.83 75.93 ± 0.46 76.17 ± 0.55

(0.5, 0.0) 74.29 ± 0.79 76.09 ± 0.45 72.10 ± 1.60 76.24 ± 0.49 73.46 ± 0.45 76.05 ± 0.51

Insertion (0.0, 0.5) 71.85 ± 0.79 73.63 ± 1.10 73.48 ± 0.48 74.18 ± 0.43 67.42 ± 0.63 69.80 ± 0.69

(0.0, 1.0) 64.27 ± 1.60 69.61 ± 1.30 74.37 ± 0.72 74.44 ± 0.32 64.73 ± 0.98 65.38 ± 0.73

Delet.+Insert. (0.5, 0.5) 64.65 ± 1.07 68.24 ± 0.61 72.59 ± 0.61 74.87 ± 0.37 62.66 ± 0.81 66.51 ± 0.90

(0.5, 1.0) 59.12 ± 1.19 63.20 ± 1.41 73.77 ± 0.37 72.64 ± 0.45 58.58 ± 0.80 63.60 ± 1.27

proposed model performs against similar methods in the deeper architecture
setting. We add three extra message passing layer to the previous single-layer
model and repeat our experiments on this deeper model as well as two state-
of-the-art methods, the Jumping Knowledge (JK) and the GCN with residual
connections and an identity mapping (GCNII), which are specifically designed
for deeper models and take also advantage of the node feature information.
Part of the results have already been shown in Section 4.1 of the main paper. In
Table B.3 we show the results of the remaining four datasets, which agree with
the trends observed in the main paper.
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Table B.3: Performance of the GCN with and without node-feature kernel under pertur-
bation on deep GCN models, compared with jump knowledge and GCNII.
The format follows Table 6.1, where in addition we underline the second best
result.

CiteSeer

(α, β) GCN GCN-k (ϵ = 0.5) GCN-k (ϵ = 0.2) GCN-jk GCNII GCN-k-jk

(0.0, 0.0) 66.72 ± 1.93 66.76 ± 0.78 67.75 ± 1.39 68.70 ± 1.06 67.59 ± 0.81 69.10 ± 0.92

Deletion (0.2, 0.0) 66.57 ± 1.66 66.27 ± 1.34 66.91 ± 1.63 67.21 ± 0.41 66.13 ± 1.31 67.06 ± 0.97

(0.5, 0.0) 62.68 ± 1.39 64.52 ± 2.03 62.72 ± 1.65 65.49 ± 0.94 61.91 ± 1.52 63.82 ± 2.01

Insertion (0.0, 0.5) 55.76 ± 1.54 57.8 ± 0.99 62.44 ± 0.94 61.17 ± 0.85 60.52 ± 1.82 63.15 ± 1.39

(0.0, 1.0) 45.14 ± 1.89 48.39 ± 1.88 56.69 ± 1.91 53.26 ± 1.44 57.41 ± 1.67 62.83 ± 1.06

Delet.+Insert. (0.5, 0.5) 39.68 ± 1.96 48.26 ± 1.91 51.10 ± 1.26 49.50 ± 0.86 53.19 ± 1.58 58.12 ± 1.02

(0.5, 1.0) 33.19 ± 2.1 40.5 ± 2.51 47.24 ± 2.41 44.8 ± 0.93 50.25 ± 1.2 55.3 ± 0.92

PubMed

(α, β) GCN GCN-k (ϵ = 0.5) GCN-k (ϵ = 0.2) GCN-jk GCNII GCN-k-jk

(0.0, 0.0) 76.50 ± 0.71 77.82 ± 0.86 77.80 ± 0.92 77.36 ± 0.74 78.14 ± 0.87 77.56 ± 1.62

Deletion (0.2, 0.0) 74.80 ± 1.29 74.91 ± 1.33 77.01 ± 0.74 75.37 ± 0.94 75.83 ± 0.81 76.67 ± 1.20

(0.5, 0.0) 73.92 ± 0.64 74.53 ± 0.97 76.19 ± 0.73 73.00 ± 0.93 75.00 ± 0.65 75.60 ± 1.09

Insertion (0.0, 0.5) 57.89 ± 8.91 71.41 ± 0.91 75.23 ± 0.94 70.62 ± 0.97 72.01 ± 1.00 73.71 ± 1.10

(0.0, 1.0) 46.98 ± 2.87 68.29 ± 7.93 72.42 ± 1.11 65.01 ± 1.70 72.86 ± 0.75 73.20 ± 0.89

Delet.+Insert. (0.5, 0.5) 62.35 ± 1.01 65.19 ± 1.78 70.79 ± 1.08 65.07 ± 0.83 69.06 ± 0.67 66.28 ± 1.37

(0.5, 1.0) 44.52 ± 0.88 55.64 ± 4.64 66.16 ± 1.57 65.20 ± 0.74 70.22 ± 0.65 66.29 ± 0.70

CoraFull

(α, β) GCN GCN-k (ϵ = 0.5) GCN-k (ϵ = 0.2) GCN-jk GCNII GCN-k-jk

(0.0, 0.0) 49.33 ± 0.61 55.27 ± 0.97 52.38 ± 1.62 58.56 ± 1.20 56.83 ± 0.67 56.10 ± 0.89

Deletion (0.2, 0.0) 48.74 ± 1.34 50.71 ± 0.90 52.08 ± 1.26 57.09 ± 1.16 52.87 ± 1.06 53.61 ± 0.91

(0.5, 0.0) 46.80 ± 1.35 45.33 ± 1.37 46.71 ± 1.12 51.42 ± 1.48 51.57 ± 1.03 51.76 ± 1.32

Insertion (0.0, 0.5) 17.53 ± 3.15 24.48 ± 3.19 33.3 ± 2.78 49.47 ± 1.56 51.19 ± 0.94 53.67 ± 1.19

(0.0, 1.0) 3.52 ± 0.76 9.60 ± 2.62 19.59 ± 2.42 42.07 ± 0.92 48.79 ± 1.28 52.00 ± 0.87

Delet.+Insert. (0.5, 0.5) 7.10 ± 1.60 12.98 ± 1.56 22.06 ± 1.27 38.74 ± 0.86 41.27 ± 1.31 45.74 ± 1.22

(0.5, 1.0) 3.69 ± 0.49 3.98 ± 1.15 5.33 ± 1.39 26.71 ± 0.77 42.11 ± 1.48 43.23 ± 1.33

Photo

(α, β) GCN GCN-k (ϵ = 0.5) GCN-k (ϵ = 0.2) GCN-jk GCNII GCN-k-jk

(0.0, 0.0) 87.67 ± 1.59 89.59 ± 0.63 88.64 ± 1.19 91.82 ± 0.58 92.05 ± 0.88 92.42 ± 0.58

Deletion (0.2, 0.0) 90.35 ± 0.41 88.22 ± 0.77 85.66 ± 0.62 91.86 ± 0.70 92.58 ± 0.57 90.85 ± 0.59

(0.5, 0.0) 88.04 ± 1.02 88.81 ± 0.33 87.23 ± 1.20 90.44 ± 1.07 87.65 ± 1.85 91.45 ± 0.52

Insertion (0.0, 0.5) 35.12 ± 6.56 42.44 ± 11.1 47.5 ± 14.67 83.34 ± 2.74 87.54 ± 1.40 83.04 ± 4.58

(0.0, 1.0) 27.75 ± 3.39 29.6 ± 3.22 24.05 ± 2.56 77.54 ± 3.44 85.68 ± 1.94 81.89 ± 3.24

Delet.+Insert. (0.5, 0.5) 31.27 ± 4.58 27.65 ± 6.01 29.32 ± 4.17 75.38 ± 5.41 87.32 ± 1.11 73.57 ± 5.92

(0.5, 1.0) 28.39 ± 2.12 24.89 ± 1.09 25.41 ± 4.25 62.97 ± 6.77 81.10 ± 1.22 68.29 ± 3.92

b.4.4 Node Feature Noise

We now provide further experiment results in Figure B.1 studying how node
feature noise interacts with our proposed model. We observe that only when
the node feature noise is five times larger than the graph structure noise, it
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Figure B.1: Experiment Results with the co-appearance of graph structural noise and
node feature noise on three citation datasets. The vertical line at a rate
of 1 represents the performance on the unperturbed graph. On its left is
the edge deletion case, with rate less than 1, where the most perturbed case
corresponds to rate 0; on the right is the edge insertion case, where the
perturbations grow with the rate. Different colours represent the extent of
node feature perturbation.

starts to overshadow the benefit of adding the node feature kernel, as we can
see from the pink curves, with-kernel (dashed or dotted line) performs worse
than without-kernel (solid line). Otherwise, the performance of our kernel is
robust and matches the observed trend repeatedly demonstrated in the previous
experiments.



B I B L I O G R A P H Y

Abadi, Martín et al. (2015). TensorFlow: Large-Scale Machine Learning on Hetero-
geneous Systems. Software available from tensorflow.org. url: https://www.
tensorflow.org/ (cit. on p. 22).

Achanta, Radhakrishna, Appu Shaji, Kevin Smith, Aurélien Lucchi, Pascal Fua,
and Sabine Süsstrunk (2012). “SLIC Superpixels Compared to State-of-the-Art
Superpixel Methods.” In: IEEE Trans. Pattern Anal. Mach. Intell. 34.11, pp. 2274–
2282. doi: 10.1109/TPAMI.2012.120 (cit. on p. 1).

Airoldi, Edoardo M., David M. Blei, Stephen E. Fienberg, and Eric P. Xing
(2008). “Mixed Membership Stochastic Blockmodels.” In: J. Mach. Learn. Res. 9,
pp. 1981–2014. url: https://dl.acm.org/citation.cfm?id=1442798 (cit. on
p. 66).

Albert, Réka and Albert-László Barabási (2002). “Statistical mechanics of complex
networks.” English. In: Reviews of Modern Physics 74.1, pp. 47–97. issn: 0034-
6861. doi: 10.1103/RevModPhys.74.47 (cit. on pp. 56, 66).

Alvarez-Hamelin, J. Ignacio, Luca Dall’Asta, Alain Barrat, and Alessandro
Vespignani (2005). “k-core decomposition: a tool for the visualization of large
scale networks.” In: CoRR abs/cs/0504107. arXiv: cs/0504107. url: http:
//arxiv.org/abs/cs/0504107 (cit. on p. 121).

Aronszajn, N. (1950). “Theory of Reproducing Kernels.” In: Transactions of the
American Mathematical Society 68.3, pp. 337–404. issn: 00029947. url: http:
//www.jstor.org/stable/1990404 (cit. on p. 14).

Balcilar, Muhammet, Guillaume Renton, Pierre Héroux, Benoit Gaüzère, Sébastien
Adam, and Paul Honeine (2021). “Analyzing the Expressive Power of Graph
Neural Networks in a Spectral Perspective.” In: 9th International Conference
on Learning Representations, ICLR 2021, Virtual Event, Austria, May 3-7, 2021.
OpenReview.net. url: https://openreview.net/forum?id=-qh0M9XWxnv (cit.
on p. 21).

Barla, Annalisa, Francesca Odone, and Alessandro Verri (2003). “Histogram
intersection kernel for image classification.” In: Proceedings of the 2003 Inter-
national Conference on Image Processing, ICIP 2003, Barcelona, Catalonia, Spain,
September 14-18, 2003. IEEE, pp. 513–516. doi: 10.1109/ICIP.2003.1247294
(cit. on p. 42).

142

https://www.tensorflow.org/
https://www.tensorflow.org/
https://doi.org/10.1109/TPAMI.2012.120
https://dl.acm.org/citation.cfm?id=1442798
https://doi.org/10.1103/RevModPhys.74.47
https://arxiv.org/abs/cs/0504107
http://arxiv.org/abs/cs/0504107
http://arxiv.org/abs/cs/0504107
http://www.jstor.org/stable/1990404
http://www.jstor.org/stable/1990404
https://openreview.net/forum?id=-qh0M9XWxnv
https://doi.org/10.1109/ICIP.2003.1247294


bibliography 143

Bietti, Alberto and Julien Mairal (2019). “On the Inductive Bias of Neural Tangent
Kernels.” In: Advances in Neural Information Processing Systems 32: Annual Con-
ference on Neural Information Processing Systems 2019, NeurIPS 2019, December
8-14, 2019, Vancouver, BC, Canada. Ed. by Hanna M. Wallach, Hugo Larochelle,
Alina Beygelzimer, Florence d’Alché-Buc, Emily B. Fox, and Roman Garnett,
pp. 12873–12884. url: https://proceedings.neurips.cc/paper/2019/hash/
c4ef9c39b300931b69a36fb3dbb8d60e-Abstract.html (cit. on p. 121).

Blalock, Davis W., Jose Javier Gonzalez Ortiz, Jonathan Frankle, and John V.
Guttag (2020). “What is the State of Neural Network Pruning?” In: Proceedings
of Machine Learning and Systems 2020, MLSys 2020, Austin, TX, USA, March
2-4, 2020. Ed. by Inderjit S. Dhillon, Dimitris S. Papailiopoulos, and Vivienne
Sze. mlsys.org. url: https://proceedings.mlsys.org/book/296.pdf (cit. on
p. 75).

Bojchevski, Aleksandar, Oleksandr Shchur, Daniel Zügner, and Stephan Gün-
nemann (2018). “NetGAN: Generating Graphs via Random Walks.” In: Pro-
ceedings of the 35th International Conference on Machine Learning, ICML 2018,
Stockholmsmässan, Stockholm, Sweden, July 10-15, 2018. Ed. by Jennifer G. Dy and
Andreas Krause. Vol. 80. Proceedings of Machine Learning Research. PMLR,
pp. 609–618. url: http://proceedings.mlr.press/v80/bojchevski18a.html
(cit. on p. 55).

Bölcskei, Helmut, Philipp Grohs, Gitta Kutyniok, and Philipp Petersen (2019).
“Optimal Approximation with Sparsely Connected Deep Neural Networks.”
In: SIAM J. Math. Data Sci. 1.1, pp. 8–45. doi: 10.1137/18M118709X (cit. on
pp. 78, 107).

Borgwardt, Karsten M. and Hans-Peter Kriegel (2005). “Shortest-Path Kernels on
Graphs.” In: Proceedings of the 5th IEEE International Conference on Data Mining
(ICDM 2005), 27-30 November 2005, Houston, Texas, USA. IEEE Computer
Society, pp. 74–81. doi: 10.1109/ICDM.2005.132 (cit. on pp. 15, 28, 45).

Borgwardt, Karsten M., Cheng Soon Ong, Stefan Schönauer, S. V. N. Vish-
wanathan, Alexander J. Smola, and Hans-Peter Kriegel (2005). “Protein func-
tion prediction via graph kernels.” In: Proceedings Thirteenth International
Conference on Intelligent Systems for Molecular Biology 2005, Detroit, MI, USA,
25-29 June 2005, pp. 47–56. doi: 10.1093/bioinformatics/bti1007 (cit. on
pp. 1, 23).

Bourely, Alfred, John Patrick Boueri, and Krzysztof Choromonski (2017). “Sparse
Neural Networks Topologies.” In: CoRR abs/1706.05683. arXiv: 1706.05683
(cit. on pp. 74, 79, 89).

https://proceedings.neurips.cc/paper/2019/hash/c4ef9c39b300931b69a36fb3dbb8d60e-Abstract.html
https://proceedings.neurips.cc/paper/2019/hash/c4ef9c39b300931b69a36fb3dbb8d60e-Abstract.html
https://proceedings.mlsys.org/book/296.pdf
http://proceedings.mlr.press/v80/bojchevski18a.html
https://doi.org/10.1137/18M118709X
https://doi.org/10.1109/ICDM.2005.132
https://doi.org/10.1093/bioinformatics/bti1007
https://arxiv.org/abs/1706.05683


bibliography 144

Bruna, Joan, Wojciech Zaremba, Arthur Szlam, and Yann LeCun (2014). “Spectral
Networks and Locally Connected Networks on Graphs.” In: 2nd International
Conference on Learning Representations, ICLR 2014, Banff, AB, Canada, April 14-16,
2014, Conference Track Proceedings. Ed. by Yoshua Bengio and Yann LeCun. url:
http://arxiv.org/abs/1312.6203 (cit. on p. 3).

Buchanan, Mark (2003). Nexus: small worlds and the groundbreaking science of
networks. W. W. Norton & Company. isbn: 978-0393324426. doi: 10.5860/
choice.40-3362. url: https://books.google.fr/books?id=vdB83tHSZooC
(cit. on p. 1).

Cerebras Systems, INC (2021). Cerebras White Paper 3: Cerebras Systems: Achieving
Industry Best AI Performance Through A Systems Approach. https://cerebras.net/wp-
content/uploads/2021/04/Cerebras-CS-2-Whitepaper.pdf. accessed May 2021

(cit. on p. 79).

Chang, Chih-Chung and Chih-Jen Lin (2011). “LIBSVM: A library for support
vector machines.” In: ACM Trans. Intell. Syst. Technol. 2.3, 27:1–27:27. doi:
10.1145/1961189.1961199 (cit. on p. 45).

Chen, Dexiong, Laurent Jacob, and Julien Mairal (2019). “Recurrent Kernel
Networks.” In: Advances in Neural Information Processing Systems 32: Annual
Conference on Neural Information Processing Systems 2019, NeurIPS 2019, De-
cember 8-14, 2019, Vancouver, BC, Canada. Ed. by Hanna M. Wallach, Hugo
Larochelle, Alina Beygelzimer, Florence d’Alché-Buc, Emily B. Fox, and Ro-
man Garnett, pp. 13431–13442. url: https://proceedings.neurips.cc/
paper/2019/hash/d60743aab4b625940d39b3b51c3c6a78-Abstract.html (cit.
on p. 121).

Chen, Dexiong, Laurent Jacob, and Julien Mairal (2020). “Convolutional Kernel
Networks for Graph-Structured Data.” In: Proceedings of the 37th International
Conference on Machine Learning, ICML 2020, 13-18 July 2020, Virtual Event.
Vol. 119. Proceedings of Machine Learning Research. PMLR, pp. 1576–1586.
url: http://proceedings.mlr.press/v119/chen20h.html (cit. on pp. 121,
122).

Chen, Jie, Tengfei Ma, and Cao Xiao (2018). “FastGCN: Fast Learning with
Graph Convolutional Networks via Importance Sampling.” In: 6th International
Conference on Learning Representations, ICLR 2018, Vancouver, BC, Canada, April
30 - May 3, 2018, Conference Track Proceedings. OpenReview.net. url: https:
//openreview.net/forum?id=rytstxWAW (cit. on p. 120).

http://arxiv.org/abs/1312.6203
https://doi.org/10.5860/choice.40-3362
https://doi.org/10.5860/choice.40-3362
https://books.google.fr/books?id=vdB83tHSZooC
https://doi.org/10.1145/1961189.1961199
https://proceedings.neurips.cc/paper/2019/hash/d60743aab4b625940d39b3b51c3c6a78-Abstract.html
https://proceedings.neurips.cc/paper/2019/hash/d60743aab4b625940d39b3b51c3c6a78-Abstract.html
http://proceedings.mlr.press/v119/chen20h.html
https://openreview.net/forum?id=rytstxWAW
https://openreview.net/forum?id=rytstxWAW


bibliography 145

Chen, Ming, Zhewei Wei, Zengfeng Huang, Bolin Ding, and Yaliang Li (2020).
“Simple and Deep Graph Convolutional Networks.” In: Proceedings of the
37th International Conference on Machine Learning, ICML 2020, 13-18 July 2020,
Virtual Event. Vol. 119. Proceedings of Machine Learning Research. PMLR,
pp. 1725–1735. url: http://proceedings.mlr.press/v119/chen20v.html
(cit. on pp. 75, 114).

Chen, Tianlong, Yongduo Sui, Xuxi Chen, Aston Zhang, and Zhangyang Wang
(2021). “A Unified Lottery Ticket Hypothesis for Graph Neural Networks.”
In: Proceedings of the 38th International Conference on Machine Learning, ICML
2021, 18-24 July 2021, Virtual Event. Ed. by Marina Meila and Tong Zhang.
Vol. 139. Proceedings of Machine Learning Research. PMLR, pp. 1695–1706.
url: http://proceedings.mlr.press/v139/chen21p.html (cit. on p. 120).

Chen, Tianqi, Mu Li, Yutian Li, Min Lin, Naiyan Wang, Minjie Wang, Tianjun
Xiao, Bing Xu, Chiyuan Zhang, and Zheng Zhang (2015). “MXNet: A Flexible
and Efficient Machine Learning Library for Heterogeneous Distributed Sys-
tems.” In: CoRR abs/1512.01274. arXiv: 1512.01274. url: http://arxiv.org/
abs/1512.01274 (cit. on p. 22).

Chen, Zhengdao, Lisha Li, and Joan Bruna (2019). “Supervised Community
Detection with Line Graph Neural Networks.” In: 7th International Conference
on Learning Representations, ICLR 2019, New Orleans, LA, USA, May 6-9, 2019.
OpenReview.net. url: https://openreview.net/forum?id=H1g0Z3A9Fm (cit.
on p. 54).

Cho, Kyunghyun, Bart van Merrienboer, Çaglar Gülçehre, Dzmitry Bahdanau,
Fethi Bougares, Holger Schwenk, and Yoshua Bengio (2014). “Learning Phrase
Representations using RNN Encoder-Decoder for Statistical Machine Trans-
lation.” In: Proceedings of the 2014 Conference on Empirical Methods in Natural
Language Processing, EMNLP 2014, October 25-29, 2014, Doha, Qatar, A meeting
of SIGDAT, a Special Interest Group of the ACL. Ed. by Alessandro Moschitti, Bo
Pang, and Walter Daelemans. ACL, pp. 1724–1734. doi: 10.3115/v1/d14-1179
(cit. on p. 59).

Conte, Donatello, Pasquale Foggia, Carlo Sansone, and Mario Vento (2004).
“Thirty Years of Graph Matching in Pattern Recognition.” In: Int. J. Pattern
Recognit. Artif. Intell. 18.3, pp. 265–298. doi: 10.1142/S0218001404003228 (cit.
on p. 66).

Corso, Gabriele, Luca Cavalleri, Dominique Beaini, Pietro Liò, and Petar Velick-
ovic (2020). “Principal Neighbourhood Aggregation for Graph Nets.” In:
Advances in Neural Information Processing Systems 33: Annual Conference on

http://proceedings.mlr.press/v119/chen20v.html
http://proceedings.mlr.press/v139/chen21p.html
https://arxiv.org/abs/1512.01274
http://arxiv.org/abs/1512.01274
http://arxiv.org/abs/1512.01274
https://openreview.net/forum?id=H1g0Z3A9Fm
https://doi.org/10.3115/v1/d14-1179
https://doi.org/10.1142/S0218001404003228


bibliography 146

Neural Information Processing Systems 2020, NeurIPS 2020, December 6-12, 2020,
virtual. Ed. by Hugo Larochelle, Marc’Aurelio Ranzato, Raia Hadsell, Maria-
Florina Balcan, and Hsuan-Tien Lin. url: https://proceedings.neurips.
cc/paper/2020/hash/99cad265a1768cc2dd013f0e740300ae-Abstract.html

(cit. on pp. 20, 81, 82, 93).

Csardi, Gabor and Tamas Nepusz (2006). “The igraph software package for
complex network research.” In: InterJournal Complex Systems, p. 1695. url:
http://igraph.sf.net (cit. on p. 22).

Dasoulas, George, Ludovic Dos Santos, Kevin Scaman, and Aladin Virmaux
(2020). “Coloring Graph Neural Networks for Node Disambiguation.” In:
Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intel-
ligence, IJCAI 2020. Ed. by Christian Bessiere. ijcai.org, pp. 2126–2132. doi:
10.24963/ijcai.2020/294 (cit. on p. 94).

Dhillon, Inderjit S. and Dharmendra S. Modha (2001). “Concept Decompositions
for Large Sparse Text Data Using Clustering.” In: Mach. Learn. 42.1/2, pp. 143–
175. doi: 10.1023/A:1007612920971 (cit. on p. 34).

Donnat, Claire, Marinka Zitnik, David Hallac, and Jure Leskovec (2018). “Learn-
ing Structural Node Embeddings via Diffusion Wavelets.” In: Proceedings of
the 24th ACM SIGKDD International Conference on Knowledge Discovery & Data
Mining, KDD 2018, London, UK, August 19-23, 2018. Ed. by Yike Guo and
Faisal Farooq. ACM, pp. 1320–1329. doi: 10.1145/3219819.3220025 (cit. on
pp. 31, 48).

Du, Simon S., Kangcheng Hou, Ruslan Salakhutdinov, Barnabás Póczos, Ru-
osong Wang, and Keyulu Xu (2019). “Graph Neural Tangent Kernel: Fusing
Graph Neural Networks with Graph Kernels.” In: Advances in Neural Informa-
tion Processing Systems 32: Annual Conference on Neural Information Processing
Systems 2019, NeurIPS 2019, December 8-14, 2019, Vancouver, BC, Canada. Ed. by
Hanna M. Wallach, Hugo Larochelle, Alina Beygelzimer, Florence d’Alché-Buc,
Emily B. Fox, and Roman Garnett, pp. 5724–5734. url: https://proceedings.
neurips.cc/paper/2019/hash/663fd3c5144fd10bd5ca6611a9a5b92d-Abstract.

html (cit. on p. 121).

Duvenaud, David, Dougal Maclaurin, Jorge Aguilera-Iparraguirre, Rafael Gómez-
Bombarelli, Timothy Hirzel, Alán Aspuru-Guzik, and Ryan P. Adams (2015).
“Convolutional Networks on Graphs for Learning Molecular Fingerprints.”
In: Advances in Neural Information Processing Systems 28: Annual Conference on
Neural Information Processing Systems 2015, December 7-12, 2015, Montreal, Que-
bec, Canada. Ed. by Corinna Cortes, Neil D. Lawrence, Daniel D. Lee, Masashi

https://proceedings.neurips.cc/paper/2020/hash/99cad265a1768cc2dd013f0e740300ae-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/99cad265a1768cc2dd013f0e740300ae-Abstract.html
http://igraph.sf.net
https://doi.org/10.24963/ijcai.2020/294
https://doi.org/10.1023/A:1007612920971
https://doi.org/10.1145/3219819.3220025
https://proceedings.neurips.cc/paper/2019/hash/663fd3c5144fd10bd5ca6611a9a5b92d-Abstract.html
https://proceedings.neurips.cc/paper/2019/hash/663fd3c5144fd10bd5ca6611a9a5b92d-Abstract.html
https://proceedings.neurips.cc/paper/2019/hash/663fd3c5144fd10bd5ca6611a9a5b92d-Abstract.html


bibliography 147

Sugiyama, and Roman Garnett, pp. 2224–2232. url: https://proceedings.
neurips.cc/paper/2015/hash/f9be311e65d81a9ad8150a60844bb94c-Abstract.

html (cit. on pp. 3, 17).

Dwivedi, Vijay Prakash, Chaitanya K. Joshi, Thomas Laurent, Yoshua Bengio,
and Xavier Bresson (2020). “Benchmarking Graph Neural Networks.” In: CoRR
abs/2003.00982. arXiv: 2003.00982 (cit. on p. 82).

El Karoui, Noureddine (2010). “The spectrum of kernel random matrices.”
English. In: The Annals of Statistics 38.1, pp. 1–50. issn: 0090-5364. doi: 10.
1214/08-AOS648 (cit. on p. 106).

Entezari, Negin, Saba A Al-Sayouri, Amirali Darvishzadeh, and Evangelos E
Papalexakis (2020). “All you need is low (rank) defending against adversarial
attacks on graphs.” In: Proceedings of the 13th International Conference on Web
Search and Data Mining, pp. 169–177 (cit. on p. 95).
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Titre : Apprentissage de la Représentation des Graphes : des Noyaux aux Réseaux Neuronaux

Mots clés : Noyau de Graphe, Réseaux Neuronaux de Graphes, Apprentissage de la Représentation, Graphe
Dynamique, Sparsification des Réseaux Neuronaux, Matrice Aléatoire

Résumé : Les graphes sont omniprésents en tant
que structure de données, de par leur capacité à
modéliser des informations relationnelles entre objets.
Ainsi, la capture d’informations à partir de données
structurées en graphes, soit l’exploration de graphes
ou l’apprentissage automatique des graphes, est un
sujet important. Dans cette thèse, nous présentons
une série de contributions de recherche sur les sujets
de l’apprentissage automatique des graphes en utili-
sant des méthodes à noyau et le modèle émergent
des réseaux neuronaux de graphes (RNGs). Dans la
première partie, nous présentons un nouveau noyau
de graphe qui calcule la similarité entre deux graphes
en calculant une affectation optimale de leurs plon-
gements de nœuds dans le même espace vecto-
riel. En utilisant un algorithme de clustering, nous
construisons une hiérarchie des sommets dans cet
espace, à travers laquelle le noyau proposé peut trou-
ver une correspondance optimale des sommets qui
maximise la similarité globale. L’efficacité de ce noyau
est démontrée empiriquement sur plusieurs datasets
de classification de graphes. La deuxième partie de
cette thèse est consacrée aux RNGs. Nous appli-
quons d’abord cette avancée récente au domaine

des réseaux temporels, en proposant un modèle
séquentiel pour prédire l’évolution des graphes dyna-
miques. Plus précisément, nous utilisons les RNGs et
une architecture récurrente pour encoder la séquence
de graphes en évolution dans un espace latent, puis
nous employons un modèle génératif pour prédire la
topologie du graphe à l’étape suivante et construire
l’instance de graphe correspondant à cette topologie
à partir de l’espace latent. Les travaux suivants se
rapprochent des principes fondamentaux des RNGs
en abordant leurs limites en termes de coût de calcul
et de robustesse au bruit structurel. Dans le premier
cas, nous démontrons que les réseaux de neurones
de passage de messages, un type courant de RNG,
peuvent être considérablement simplifiés en sparifiant
ou, dans certains cas, en omettant leurs étapes de
mise à jour. Pour le second, nous proposons de ro-
bustifier les RNGs avec un noyau de caractéristiques
de nœuds pour contrer les perturbations potentielles
sur les structures de graphes. Tous les modèles pro-
posés sont évalués empiriquement sur des tâches
correspondantes et se montrent compétitifs par rap-
port aux méthodes de référence.

Title : Graph Representation Learning: from Kernel to Neural Networks

Keywords : Graph Kernel, Graph Neural Networks, Representation Learning, Dynamic Graph, Neural Net-
work Sparsification, Random Matrix

Abstract : Graphs are ubiquitous as they can natu-
rally represent most real-world data. Thus, capturing
information from graph-structured data, i.e., graph mi-
ning and machine learning for graphs, has long be-
come and remains an important topic. In this the-
sis, we introduce a series of research contributions
on subjects of machine learning for graphs using ker-
nel methods and the emerging graph neural networks
(GNNs) framework. In the first part, we present a no-
vel graph kernel that computes the similarity between
two graphs by computing an optimal assignment of
their node embeddings in the same vector space.
Using a clustering algorithm, we construct a hierar-
chy of the vertices in this space, through which the
proposed kernel can find an optimal matching of the
vertices that maximizes the overall similarity. The ef-
ficiency of this kernel is demonstrated empirically on
several graph classification datasets. The second part
of this presentation is devoted to GNNs. We first ap-
ply this recent advancement to the field of temporal

networks, proposing a sequential framework to pre-
dict the evolution of dynamic graphs. Specifically, we
use GNNs and a recurrent architecture to encode the
sequence of evolving graphs into a latent space and
then employ a generative model to predict the topo-
logy of the graph at the next step and construct the
graph instance corresponding to that topology back
from the latent space. The following work moves clo-
ser to the fundamentals of GNNs by addressing their
limitations in terms of computational cost and robust-
ness against structural noise. For the first one, we de-
monstrate that message-passing neural networks, a
common type of GNNs, can be substantially simplified
by sparsifying, or in some cases omitting their update
steps. For the second, we propose to robustify GNNs
with a node feature kernel to counter potential pertur-
bations on their graph structures. All proposed models
are evaluated empirically on corresponding tasks and
are proven to be competitive with state-of-the-art me-
thods.
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