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Say not all are fighting, what
use is my lone call for peace?

You’re not one, but thou-
sands; light your beacon

Rumi
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Abstract

Abstract

This thesis is devoted to the study of random perturbation of two models of in-
teracting particle systems related to quantum mechanics. First is a one-dimensional
unpinned disordered chain of quantum harmonic oscillators, where a hydrodynamic
limit in the hyperbolic scaling of time and space is proven; distribution of the elon-
gation, momentum, and energy converges to the solution of the Euler equation in
this scaling. Anderson localization decouples the mechanical and thermal energy,
providing the closure of the macroscopic equation out of thermal equilibrium, and
indicating that the temperature profile does not evolve in time. Decay of correlation-
type phenomena facilitates dealing with the quantum nature of the system. To the
best of our knowledge, this is among the first examples where one can prove the
hydrodynamic limit for a quantum system rigorously.
In the second model, a mass conserving stochastic perturbation of a certain class
of discrete non-linear Schrödinger equations is introduced, modeling the action of a
heat bath at a given temperature. The corresponding Gibbs measure is the unique
invariant measure of the dynamics, providing ergodicity and time-mixing properties.
As an application, it is proved that in the one-dimensional cubic focusing case, the
large time, continuum approximation, and the low-temperature limit of the solution
converges to the steady wave of the continuous non-perturbed equation that mini-
mizes the energy for a given mass.

Keywords: Hydrodynamic limits, Disordered quantum harmonic chains, Euler
equation, Thermal conductivity, Anderson localization, Decay of correlation, Dis-
crete non-linear Schrödinger equation, Non-linear Schrödinger equation, Stochastic
processes, Hypoelliptic diffusion, Solitary waves, Large deviations

Résumé

Cette thèse est consacrée à l’étude de la perturbation aléatoire de deux modèles de
systèmes de particules en interaction, liés à la mécanique quantique. Le premier est
une chaîne désordonnée unidimensionnelle d’oscillateurs harmoniques quantiques,
où une limite hydrodynamique dans l’échelle hyperbolique du temps et de l’espace
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est prouvée ; l’élongation, la quantité de mouvement et l’énergie convergent vers la
solution de l’équation d’Euler dans cette échelle.
Dans le deuxième modèle, une perturbation stochastique conservant la masse d’une
certaine classe d’équations de Schrödinger non-linéaires discrètes est introduite,
modélisant l’action d’un bain de chaleur à une température donnée. La mesure de
Gibbs correspondante est la seule mesure invariante de la dynamique, fournissant
des propriétés d’ergodicité et de mélange temporel. En guise d’application, on étudie
la limite de grand temps, l’approximation du continuum, et la limite de basse tem-
pérature dans le cas cubique unidimensionnelle focalisant.

Mots clés : Limites hydrodynamiques, Chaînes harmoniques quantiques dé-
sordonnées, Équation d’Euler, Conductivité thermique, Localisation d’Anderson,
Décroissance de la corrélation, Équation de Schrödinger non-linéaire discrète, Équa-
tion de Schrödinger non-linéaire, Processus stochastiques, Diffusion hypoelliptique,
Ondes solitaires, Grandes déviations
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Preface

This dissertation concerns two distinct research projects. They share the same spirit
in the following sense: in both of these problems, an interacting particle system
related to quantum mechanics is perturbed by some "random" noise/disorder. These
perturbations change the nature of the dynamics and lead to novel and interesting
phenomena.

The first project concerns a hydrodynamic limit for a disordered chain of quan-
tum harmonic oscillators. The second one is about a stochastic perturbation of a
certain class of discrete non-linear Schrödinger equations and its applications. A de-
tailed introduction to these problems, including the obtained results, brief reviews
of some related works, descriptions of our contributions, and collections of open
problems, is given in Section 1.1, and Section 1.2 of Chapter 1, respectively. Section
1.1 contains a part concerning Anderson localization providing a short introduction
to this subject which can be skipped completely by readers familiar with the matter
(except Lemma 1.1.2).

Treatment of the disordered chain constitutes the second chapter of this thesis,
which is extracted from [125]: Hannani, A. Hydrodynamic Limit for a Disordered
Quantum Harmonic Chain. Commun. Math. Phys. 390, 349–423 (2022). Chapter
3 is devoted to the project concerning discrete non-linear Schrödinger equations.
This is extracted from arXiv:2109.01389 [math-ph] [127] which is a joint work with
Prof. Stefano Olla.
One can read Chapters 2 and 3 independently; all the notations are recalled when
needed. The same rule applies to Sections 1.1 and 1.2 of Chapter 1.
A French summary (résumé) of this dissertation is provided before the first Chapter.
This "résumé" is a summarized version of Chapter 1.
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Résumé

I Chaîne désordonnée

I.I L’hydrodynamique en quelques mots
Considérons un système macroscopique, un récipient de gaz, par exemple. Sup-
posons que nous soyons intéressés par la description de l’évolution de ce système.
Acceptant les lois fondamentales de la physique non-relativiste, qu’il s’agisse de la
mécanique classique ou quantique, on peut modéliser ce système comme une col-
lection de particules évoluant selon ces règles. Sur l’échelle microscopique, si nous
faisons un zoom, disons dans une fenêtre de 10−8 à 10−10 m de long, et que nous
suivons un couple de particules pendant un temps très court, leur trajectoire con-
firme la validité de notre modèle de manière satisfaisante. Cependant, la résolution
simultanée de l’équation d’évolution pour toutes les particules ne semble pas utile,
ni possible dans de nombreux cas, même numériquement 1.

D’autre part, la dynamique macroscopique de ce système peut être décrite par
des équations autonomes phénoménologiques telles que l’équation d’Euler ou les
équations de Navier-Stokes. Ces équations ont été comprises depuis des siècles à
partir de considérations sur le continuum. Cependant, la dérivation exacte de ces
équations à partir de lois fondamentales est extrêmement difficile.

État d’équilibre

Afin de mieux comprendre le lien entre les images microscopiques et macroscopiques,
nous suivons l’approche de la physique statistique initiée par Boltzmann et Maxwell
(cf. [40], [170]). Pour le moment, nous supposons que la dynamique sous-jacente
est donnée par la mécanique newtonienne. Tout d’abord, nous examinons l’état
d’équilibre du système. Cet état peut être caractérisé par certains paramètresmacro-
scopiques correspondant aux caractéristiques thermodynamiques du système, noté
{Pα}kα=1. Par exemple, dans notre cas (récipient de gaz), on peut penser à la tem-
pérature, la densité et la pression, comme les quantités macroscopiques souhaitées.
Remarquez que ces paramètres sont conjugués aux quantités localement conservées
du système.

1En gros, la mémoire nécessaire pour stocker l’espace de phase d’un système classique à 1023

particules est cent fois supérieure à la capacité de stockage de données mondiale actuelle.
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CONTENTS I. CHAÎNE DÉSORDONNÉE

Équilibre local

Bien que la connaissance des états d’équilibre puisse être intéressante dans de nom-
breux systèmes, en pratique, les caractéristiques d’équilibre de notre gaz varient
lentement à l’échelle macroscopique. Par conséquent, nous introduisons la notion
d’équilibre local. Supposons que notre gaz soit confiné dans la boîte Λ = [0, L]d ; con-
sidérons un point macroscopique u ∈ Λ, soit B(u) un voisinage de u. B(u) doit être
suffisamment petit par rapport au volume macroscopique du système, et suffisam-
ment grand à l’échelle microscopique, c’est-à-dire qu’il doit être suffisamment grand
pour être considéré comme un système «macroscopique»(bien que petit). Pour notre
système, on pourrait penser que cette échelle est de l’ordre de 10−4m, c’est-à-dire
l’échelle typique où varierait une caractéristique macroscopique du système telle que
la température. On pourrait s’attendre à ce que dans chaque voisinage B(u), le sys-
tème atteigne un état d’équilibre, décrit par les caractéristiques thermodynamiques
susmentionnées {Pα(u)}kα=1 en fonction du point macroscopique u, où ces fonctions
varient de manière régulière dans l’espace.
Nous nous attendons à ce que l’évolution de cet état d’équilibre local soit néglige-
able à l’échelle de temps microscopique2, puisque cet état est localement invariant
sous la dynamique, grâce à la construction. Cependant, si nous observons notre
récipient de gaz dans une fenêtre de temps macroscopique, nous nous attendons à ce
que l’énergie, la quantité de mouvement et les particules soient transportées sur des
distances macroscopiques. En fait, si l’équilibre local est maintenu, au temps macro-
scopique t, on peut s’attendre à ce que l’image de l’équilibre local évolue et que le sys-
tème puisse être décrit par de nouveaux paramètres : {Pα(u, t)}kα=1, où ces champs
varient régulièrement dans le temps en suivant le système approprié d’équations
différentielles partielles autonomes, c’est-à- dire l’équation hydrodynamique.

Espace-temps mise à l’échelle

Avant de poursuivre, nous soulignons que la relation entre les images microscopiques
et macroscopiques implique une mise à l’échelle spatio-temporelle. Prenons un
paramètre d’échelle n, qui va à l’infini. L’espace et le temps macroscopiques, y et t,
sont alors donnés par ny = x, t = ϑ(n)τ , où x et τ désignent respectivement l’espace
et le temps microscopiques. Nous nous attendons à ce que l’image précédente de-
vienne "exacte" dans la limite où n → ∞. Remarquez que le choix de ϑ(n) = n,
correspond à l’échelle hyperbolique où nous nous attendons à obtenir l’équation
d’Euler. En revanche, certains phénomènes tels que la conductivité thermique sont
généralement censés se produire dans une échelle de temps plus lente. Pour observer
ces phénomènes, nous devons redimensionner le temps dans une échelle de temps
diffusive ϑ(n) = nα, avec α = 2 ou dans une échelle de temps super-diffusive (α < 2).

2Par exemple, on pourrait considérer l’échelle de temps microscopique comme le temps libre
moyen entre les collisions de particules.
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I. CHAÎNE DÉSORDONNÉE CONTENTS

Ergodicité

Bien que l’idée d’équilibre local remonte à C.Morrey (cf. [177]) dans les années cin-
quante, le traitement rigoureux de ce problème pour les systèmes hamiltoniens est
encore inaccessible. La principale difficulté consiste à prouver le fait que l’équilibre
local est maintenu (hypothèse d’équilibre local). Le consensus est que l’ergodicité du
système est nécessaire à cette fin, et prouver l’ergodicité pour les systèmes purement
hamiltoniens semble hors de portée pour le moment. Soulignons la conviction que
l’ergodicité est une partie essentielle de ce tableau avec les citations suivantes :

« Despite many efforts, this program has not been completely achieved for Hamil-
tonian systems where particles evolve deterministically according to Newton’s equa-
tions, mainly due to the lack of good ergodic properties of the system. »
du Scaling Limits of Interacting Particle Systems par C. Kipnis, et C. Landim
(cf.[137] Page un).

« Unfortunately, despite intense efforts, for many degrees of freedom determin-
istic chaos remains a poorly understood subject. I am convinced that deterministic
chaos on the small scale is needed in order to have the kind of large scale dynamics
we actually see. »
du Large Scale Dynamics of Interacting Particles par H. Spohn (cf. [212] Page deux).

Afin de clarifier les concepts susmentionnés, nous donnons un exemple concret
(chaîne d’oscillateurs (an-)harmoniques classiques) dans la Section 1.1.1. Dans cet
exemple, nous définissons rigoureusement l’état d’équilibre. Nous apportons une
définition de l’équilibre local dans (1.1.8) et (1.1.9). Remarquez que, mathématique-
ment, la notion d’équilibre local a plus de sens dans la limite d’échelle. Enfin, nous
esquissons la limite hydrodynamique en supposant l’équilibre local dans (1.1.10) et
(1.1.12). Nous ne présentons pas cet exemple ici par souci de brièveté, car il n’est
pas crucial pour notre propos, et il ne fait qu’expliquer les concepts abstraits que
nous avons exposés ci-dessus.

La preuve de l’équilibre local est penseé être liée à l’ergodicité du système.
D’ailleurs, Olla, Varadhan et Yau ([186]) ont établi que l’ergodicité du système
infini est suffisante pour prouver la limite hydrodynamique. Plus précisément, dans
notre cas, le système infini est ergodique, si chaque probabilité "régulière" (densité
d’entropie finie), invariante en translation et stationnaire ν est une combinaison
convexe de mesures de Gibbs dµτ,p,β (1.1.4), de manière équivalente par équivalence
d’ensemble cela signifie que les seules quantités conservées locales, invariantes par
translation, pour la dynamique infinie sont données par l’énergie, la quantité de
mouvement et la densité.
Bien que l’on s’attende à ce que le fait d’avoir un potentiel non-linéaire dans l’hamiltonien
puisse fournir une telle ergodicité, prouver ceci est difficile (cf. [102] de Fritz, Funaki
et Lebowitz pour plus de détails).
L’une des principales stratégies pour obtenir l’ergodicité consiste à ajouter du bruit
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stochastique (échange aléatoire de vitesses, changement aléatoire du signe de la
vitesse, etc. par exemple) pour éliminer toutes les quantités conservées (possi-
bles), sauf celles souhaitées (cf. [186],[49], [144] comme exemples de cette stratégie).
Le principal outil mathématique permettant de contrôler l’évolution macroscopique
dans ces exemples est la méthode de l’entropie relative introduite dans [226] par Yau
(cf. [186] également). Il est intéressant de mentionner que dans certaines limites,
lorsque nous avons la conservation de l’énergie, cette méthode ne fonctionne pas
et les méthodes basées sur les distributions de Wigner peuvent être exploitées (cf.
[146]).

Notes complémentaires et commentaires. Pour prouver les limites hydro-
dynamiques, au lieu de perturber la dynamique hamiltonienne avec un bruit con-
servateur, nous pouvons considérer la dynamique microscopique stochastique plutôt
que la dynamique hamiltonienne. Dans cette approche, la dynamique sous-jacente
est supposée être complètement aléatoire, par exemple cf. [119], [226], [137] et
les références y afférentes, [212] Section II et les références y afférentes, [83] et les
références y afférentes, notamment [138], [198]. Ces modèles peuvent ne pas sembler
aussi "fondamentaux" que les modèles hamiltoniens. Cependant, ils sont capables de
décrire une gamme assez vaste de phénomènes. Dans ce cas, nous voudrions men-
tionner que le travail pionnier de Guo, Papanicolaou et Varadhan [119], inspiré par
Fritz ( [101]), est particulièrement important. Ils suivent l’évolution de l’entropie rel-
ative entre la loi du processus et l’équilibre global. Cette approche a été généralisée
par Yau [226] en prenant l’entropie relative par rapport à l’équilibre local. En citant
Yau : « On pense que la principale difficulté dans l’étude de l’hydrodynamique est
l’absence d’une norme stable contrôlable mathématiquement », nous aimerions men-
tionner que récemment d’autres normes utiles ont été exploitées à cette fin, telles
que la norme H−1 et la distance de Wasserstein (cf. [117]).

I.II Modèle et résultats
Cette section est consacrée à l’explication du modèle principal de la première partie
de cette thèse, de sa signification et des résultats.

Jusqu’à présent, la situation peut être résumée comme suit : l’obtention de
l’évolution macroscopique des quantités conservées et de leurs courants correspon-
dants pour un système "physique" à partir de sa dynamique microscopique, égale-
ment connue sous le nom de limite hydrodynamique, est un problème mathéma-
tique difficile. L’un des cas les plus intéressants de ce programme est celui où la
dynamique microscopique sous-jacente est donnée par les théories "fondamentales",
c’est-à-dire soit la dynamique newtonienne/hamiltonienne, soit la dynamique de
Schrödinger/Heisenberg pour les systèmes classiques et quantiques, respectivement.
Dans les systèmes classiques, la preuve mathématique reste difficile à obtenir en
raison des difficultés à prouver les propriétés ergodiques du système. De plus, il
est généralement admis que l’ergodicité est un élément omniprésent de ce tableau.
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La situation n’est pas différente lorsque la dynamique sous-jacente est donnée par
la mécanique quantique. En fait, à notre connaissance, il n’existe aucun exem-
ple où l’on prouve rigoureusement une limite hydrodynamique pour un système
quantique déterministe, sauf dans [181], où est adaptée aux systèmes quantiques la
méthode de l’entropie relative. Cependant, leur travail est basé sur une hypothèse
d’ergodicité (cf. hypothèse III de [181]), qui est assez difficile à prouver pour les
systèmes physiques.

L’un des principaux objectifs et l’une des principales nouveautés de ce travail
est de prouver la limite hydrodynamique pour un système quantique simple en in-
teraction : une chaîne unidimensionnelle non épinglée d’oscillateurs harmoniques
quantiques avec des masses aléatoires. La principale nouveauté vient du fait que
ce modèle est parmi les premiers exemples où l’on peut prouver la limite hydrody-
namique d’un système quantique de façon rigoureuse. En effet, nous prouvons qu’à
partir d’un état d’équilibre local (locally Gibbs state), après une remise à l’échelle
hyperbolique du temps et de l’espace, la distribution de l’élongation, de la quantité
de mouvement et de l’énergie convergent vers la solution de l’équation d’Euler. De
plus, notre résultat indique que le profil de température n’évolue dans aucune échelle
spatio-temporelle ; en particulier, le coefficient de diffusion thermique disparaît.
Un résultat similaire a été obtenu pour l’homologue classique de ce système dans
[35]. Ces deux modèles partagent une caractéristique surprenante : ils ne sont
pas ergodiques ; en fait, ils sont complètement intégrables avec un ensemble com-
plet de quantités conservées. Cependant, nous sommes toujours capables de fermer
l’équation macroscopique avec trois quantités conservées, à savoir la quantité de
mouvement, l’élongation et l’énergie, hors de l’équilibre thermique. Nous tenons à
souligner que ce résultat semble contre-intuitif (en raison du manque d’ergodicité),
si l’on croit au tableau général bien établie que nous avons décrite dans la Section I.I.
Nous soulignerons plus tard les différences entre les systèmes classique et quantique
(cf. Section I.III).

Nous obtenons le résultat mentionné ci-dessus grâce à deux phénomènes prin-
cipaux dans cette chaîne. Le premier est la localisation d’Anderson, qui dissocie
l’énergie mécanique et l’énergie thermique, ce qui permet de fermer l’équation de
l’énergie ; un phénomène similaire se produit également dans la chaîne classique
[35]. Le second phénomène découle simplement de la nature quantique du système :
il est similaire à une sorte de phénomène de décroissance de la corrélation, qui nous
permet de contourner les difficultés découlant du fait que les états de Gibbs ne sont
pas des produits en raison de la nature quantique du système.

Nos résultats mettent en lumière les propriétés de transport de la chaîne dé-
sordonnée non épinglée à l’échelle de l’espace-temps hyperbolique ; le transport de
l’énergie mécanique est balistique, tandis que le transport de l’énergie thermique et
des autres quantités conservées sera supprimé grâce à la localisation d’Anderson.
En outre, concernant l’autre échelle, nous observons que le transport de l’énergie
thermique sera supprimé à toute échelle de temps plus grande.
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Modèle et résultats

Formellement, ce système peut être décrit par l’hamiltonien suivant :

Hn = 1
2

n∑
x=1

(
p2
x

mx

+ (qx+1 − qx)2
)
, (i)

où qx est l’opérateur de position de la particule x, px est l’opérateur d’impulsion cor-
respondant, avec [qx, py] = iδxy, où l’on prend ~ = 1. De plus, mx désigne la masse
de la particule x, où elles seront prises comme des variables aléatoires i.i.d., définies
sur un espace de probabilité (Ω,F ,P). Nous désignons l’espérance par rapport à P
par E et E(mx) = m̄ ; de plus, nous désignons la loi de distribution des masses par
µ. Enfin, nous avons des conditions aux bords libres : q0 = q1 et qn = qn+1.
Nous aimerions mentionner que ce modèle pourrait être compris comme un modèle
des degrés de liberté de vibration dans le réseau cristallin3 (cf. [141] Chapitre 2, [13]
Chapitre 23, [180]). En particulier, cela signifie que les particules sont marquées par
des points du réseau et qu’elles sont distinguables, même si toutes les masses sont
similaires. La distinguabilité devient encore plus évidente pour la chaîne désordon-
née, puisque toutes les particules ont des masses différentes, presque sûrement.

L’évolution temporelle est donnée par la dynamique de Heisenberg générée par
Hn, c’est à dire :

ṗx = i[Hn, px] = (∆q)x, q̇x = i[Hn, qx] = px
mx

, (ii)

où ∆ est le laplacien discret défini dans (2.1.8).

Cette dynamique possède n quantités conservées ; cependant, nous ne nous in-
téressons qu’aux trois principales suivantes : l’énergie totale : Hn := ∑n

x=1 ex, la
quantité de mouvement totale : ∑n

x=1 px, et l’élongation totale : ∑n−1
x=1 rx, où nous

avons noté :
rx = qx+1 − qx, ex = 1

2

(
p2
x

mx

+ r2
x

)
. (iii)

Remarquez que l’énergie totale Hn et la quantité de mouvement totale ∑n
x=1 px sont

réellement conservées. En revanche, l’élongation totale ∑n−1
x=1 rx est conservée locale-

ment, et la conservation globale de l’élongation se rompt à la frontière en raison des
conditions aux bords q0 = q1 et qn = qn+1. Nous discutons des autres quantités
conservées dans la Remarque I.6.

Tout d’abord, nous laissons la chaîne se trouver dans un état de Gibbs local
correspondant aux quantités conservées susmentionnées. Cet état est hors équilibre

3On pourrait imaginer ces particules comme des ions/atomes dans un isolant, interagissant avec
leurs voisins les plus proches. En prenant les masses aléatoires, nous pouvons imaginer que nous
avons un alliage aléatoire où nous avons une combinaison de différents ions/atomes dans le réseau.
En particulier, en ayant cette image à l’esprit, il devient clair que bien que chacun de ces ions
puisse être un boson/fermion en tant que particule quantique, ils sont distinguables.
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thermique avec un profil de température régulier β ∈ C0([0, 1]) et hors équilibre
mécanique avec un profil régulier de quantité de mouvement et d’élongation p̄, r̄ ∈
C1([0, 1]), avec r̄(0) = r̄(1) = 0. De plus, nous supposons que le centre de masse
macroscopique de la chaîne est fixe, c’est-à- dire que

∫ 1
0 p̄(y)dy = 0 (Nous discutons

de cette hypothèse dans l’Annexe 2.B et la Remarque 2.B.1). L’opérateur de densité
de cet état est noté ρnβ,p̄,r̄, et est défini dans (2.1.9). Ensuite, nous laissons la chaîne
évoluer dans le temps, selon l’équation de Heisenberg et désignons par rx(t), px(t),,
ex(t) la solution de cette équation, c’est-à-dire la solution aux lois de conservation
locales suivantes correspondant à nos quantités conservées :

ṙx(t) = px+1(t)
mx+1

− px(t)
mx

, ṗx(t) = rx(t)− rx−1(t),

ėx(t) = px+1(t)rx(t) + rx(t)px+1(t)
2mx+1

− px(t)rx−1(t) + rx−1(t)px(t)
2mx

,

(iv)

où dans la deuxième équation, nous avons souligné le fait que px+1rx 6= rxpx+1.
Étant donné le profil de température β ∈ C([0, 1]) et la distribution des masses
µ, le profil d’énergie thermique macroscopique est noté par fµβ : [0, 1] → R, défini
dans (2.4.5). Nous discutons de cette fonction dans la Section 2.4.1 et l’Annexe
2.A. Soulignons qu’a priori, d’après la définition, il n’est pas clair si cette fonction
est "locale". Cependant, dans la Proposition 2.A.1.2 nous prouvons que fµβ (y) =
fµ(β(y)), où fµ : (0,∞) → R est la fonction correspondante en équilibre thermique
(cf. (2.4.35) pour la définition, voir également les Remarques I.5, I.1).
En conséquence, en désignant par m̄ = E(mx), où E désigne l’espérance par rapport
à µ, les profils macroscopiques r(y, t), p(y, t) et e(y, t) évoluent selon les lois de
conservation suivantes avec des conditions aux bords appropriées :

∂tr(y, t) = 1
m̄
∂yp(y, t), ∂tp(y, t) = ∂yr(y, t), ∂te(y, t) = 1

m̄
∂y(r(y, t)p(y, t)),

r(y, 0) = r̄(y), p(y, 0) = p̄(y), e(y, 0) = 1
2

(
p̄(y)2

m̄
+ r̄(y)

)
+ fµβ (y),

r(0, t) = r(1, t) = 0.

(v)

Remarquez que la quantité de mouvement totale
∫ 1
0 p(y, t)dy, est conservée par

l’équation d’évolution (v), grâce aux conditions aux bords r(0, t) = r(1, t) = 0. Ce
fait justifie par ailleurs l’hypothèse

∫ 1
0 p̄(y)dy = 0.

Le principal résultat de ce manuscrit est que, après une remise à l’échelle hyper-
bolique du temps et de l’espace, la densité empirique d’élongation, de quantité de
mouvement et d’énergie, c’est-à-dire r, p, e, moyennée sous l’état localement Gibbs
ρnp̄,r̄,β, converge vers la solution de l’équation macroscopique (v). L’énoncé précis du
résultat est donné dans le Théorème 2.1.1.

Remarque I.1. Remarquez que dans le cas classique pour β̃ ∈ (0,∞), fµ(β̃) = β̃−1,
alors que dans le cas quantique on peut observer que cette fonction dépend de tous les

xxi



CONTENTS I. CHAÎNE DÉSORDONNÉE

moments de la distribution de probabilité des masses, µ. Grâce à cette observation, il
est intéressant de mentionner que dans le cas classique, les équations macroscopiques
ne reflètent que l’espérance des masses E(mx), alors que dans le cas quantique, la
distribution entière apparaît dans l’image macroscopique à travers la fonction fµ. Ce
fait pourrait être contre-intuitif, dans le sens où pour deux distributions des masses
avec une moyenne similaire, nous pouvons observer une énergie thermique moyenne
différente.

L’histoire du modèle

Les oscillateurs harmoniques ont été utilisés pour modéliser les propriétés thermo-
dynamiques des solides et des fluides. En équilibre, le modèle des oscillateurs har-
moniques peut prédire la chaleur spécifique des cristaux à haute température comme
dans la loi de Dulong-Petit (cf. [89], [151] Section VI). Ces modèles peuvent être
utilisés pour prédire la capacité thermique des solides à plus basse température,
comme dans le modèle d’Einstein en considérant la nature quantique des oscilla-
teurs. Par la suite, en prenant en compte les interactions comme dans le modèle de
Debye, nous pouvons également prédire la capacité thermique à basse température
(cf. [81], [91], Section VI de [151]).

Bien que ces prédictions concordent de manière satisfaisante avec l’expérience, les
modèles purement harmoniques4 tant quantiques que classiques ne sont pas suffisam-
ment complexes pour prédire les phénomènes hors-équilibre tels que la conduction
thermique.
Expérimentalement, depuis les travaux de Fourier en 1822 [21], on s’attend à ce que
le transfert de chaleur dans le matériau soit diffusif 5, et satisfasse la loi de Fourier :

J(T ) = −κ(T )∇T ; cv(T )∂T
∂t

= ∇.(κ(T )∇T ), (vi)

où κ(T ) est le coefficient de diffusion, correspondant à la conductivité du matériau,
et cv(T ) est la chaleur spécifique par unité de volume. T : Rd × R+ → R est le
profil de température du matériau à l’instant t ∈ R+, et J est le flux thermique,
c’est-à-dire la quantité de chaleur transportée à travers une unité de surface par
unité de temps.
Rider, Lebowitz et Lieb ([201]), ont étudié une chaîne classique unidimensionnelle
d’oscillateurs harmoniques de masses identiques. Ils ont préparé la chaîne en con-
tact avec deux bains de chaleur modélisés par des opérateurs de type Fokker-Planck
aux frontières avec des températures respectives TL et TR. Ils ont observé qu’à
l’état stationnaire, le flux thermique est proportionnel à la différence de tempéra-
ture |TR − TL|, plutôt qu’au gradient de température |TL − TR|/n 6 comme cela est

4Par «modèles purement harmoniques», nous entendons modèles où toutes les masses sont égales
et où l’interaction est donnée par des formes quadratiques.

5Nous parlons ici du comportement "général" des solides, et nous ne sommes pas concernés par
les contre-exemples techniques ou exotiques.

6Ici n représente le nombre de particules dans la chaîne.
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prescrit par la loi de Fourier. Cela indique que l’énergie se propage de manière bal-
istique plutôt que diffuse, et que la conductivité thermique est proportionnelle à la
taille du système. Ce résultat confirme que les modèles (purement) harmoniques ne
sont pas assez complexes pour modéliser le transfert de chaleur, ce qui a été compris
depuis les travaux de Peierls [189], [190].

Dans les modèles purement harmoniques, les phonons se propagent de manière
balistique, et la conductivité thermique diverge en fonction de la taille du système.
Afin d’enrichir le modèle pour refléter les observations physiques, nous devons pren-
dre en compte la diffusion des phonons. Ceci peut être fait en ajoutant des caractéris-
tiques supplémentaires au modèle (anharmonicité, bruit stochastique ou impuretés).
Bien qu’il existe une littérature considérable concernant les propriétés thermiques
des chaînes d’oscillateurs (plus d’études numériques et d’arguments heuristiques et
moins de résultats rigoureux), nous n’avons pas l’intention de les passer en revue
ici. Nous nous référons à [41], [155] pour des revues générales. Nous apportons
également des exemples concernant les mécanismes ci-dessus dans la Section 1.1.2,
juste pour donner une image générale.

Ici, nous nous intéressons principalement au cas des harmoniques désordonnées,
où les effets de diffusion des phonons peuvent être observés en ajoutant des im-
puretés. Pour modéliser les impuretés, on peut considérer des chaînes harmoniques
désordonnées (classiques). Ce cas a notamment été étudié par Casher et Lebowitz
dans [63], et Rubin et Greer dans [203]. Par désordonné, nous entendons que les
masses des particules sont des variables aléatoires i.i.d.. En présence d’un poten-
tiel de pinning, cette chaîne sera un isolant parfait, et la conductivité thermique
disparaît lorsque n → ∞ (ceci est démontré rigoureusement dans [33]). Cepen-
dant, en l’absence de pinning, en conséquence de la conservation de la quantité de
mouvement, nous avons un effet surprenant comme il est observé dans [85], [86] : la
conductivité thermique dépend des conditions aux bords et des propriétés spectrales
du bain de chaleur.
Dans [63], les auteurs ont étudié la chaîne harmonique classique désordonnée en con-
tact avec des réservoirs de chaleur modélisés par des processus d’Ornstein-Uhlenbeck
à des températures TL, TR. Ils en ont déduit que la conductivité thermique dis-
paraît et que le courant thermique à l’état stationnaire décroît comme E(Jn) ∼
(TL − TR)n− 3

2 , où n désigne la taille du système et E désigne l’espérance par rap-
port aux masses. [6] contient une preuve rigoureuse de cette dernière affirmation.
[203] est examiné un problème similaire, où est modélisé un bain de chaleur avec des
chaînes infinies d’oscillateurs. Cette étude a été rendue rigoureuse dans [222].
Enfin, nous pouvons mentionner [2] et ses références, plus particulièrement [180]
comme exemples d’étude de chaînes harmoniques quantiques désordonnées. Dans
ce corpus de travaux, la localisation dynamique de la chaîne en termes de borne
de Lieb-Robinson à vitesse nulle a été étudiée. Il est à noter que ces modèles sont
similaires au cas pinné et qu’ils ne présentent pas la divergence de la longueur de
localisation dans la partie basse du spectre (nous en discutons dans la section suiv-
ante).
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I.III Le phénoménologie et l’idée de la preuve
Équilibre thermique

Rappelons l’hamiltonien (i), prenons mx = 1 pour tout x, on appelle cette chaîne
une «chaîne propre». Pour une chaîne propre, en équilibre thermique (en prenant
β(y) = β pour y ∈ [0, 1]) le résultat du Théorème 2.1.1 est toujours vrai. La distri-
bution de l’élongation, de la quantité de mouvement et de l’énergie, moyennée sous
l’état de Gibbs local, convergent vers la solution de (v) dans l’échelle hyperbolique,
où l’on doit modifier les conditions aux bords et la constante m̄ = 1 dans (v), en
conséquence. Remarquez qu’ici notre état de Gibbs est en équilibre thermique avec
la température inverse β ∈ (0,∞), et hors de l’équilibre mécanique avec le pro-
fil de quantité de mouvement et le profil des élongations p̄, r̄ ∈ C1([0, 1]). Nous
avons prouvé le théorème susmentionné dans la Section 1.1.3, en particulier voir le
Théorème 1.1.1, pour une chaîne avec des conditions aux bords périodiques, où l’on
doit modifier l’équation macroscopique comme dans (1.1.33).
Remarquez que dans ce cas la fonction fµβ ≡ fβ est constante dans l’espace et qu’elle
est donnée comme suit (nous apportons une expression générale, où la masse de
la particule est égale à m et la dépendance à la ~ est également représentée):
∀y ∈ (0, 1),

fβ(y) = fβ = β−1
∫ 1

0

β~√
m

sin(πk) coth
(
β~√
m

sin(πk)
)
dk. (vii)

Remarque I.2. Le Théorème 1.1.1 implique que notre résultat est vrai en équili-
bre thermique pour une chaîne propre. La même conclusion est valable dans le cas
classique, pour une chaîne propre en équilibre thermique, où dans l’équation macro-
scopique nous avons fβ(y) = β−1 (cf. [35] Section 1.1). Remarquez que la constante
dans (vii), dans la limite classique ~ → 0, converge vers la valeur précédente de
fβ = β−1. De plus, l’asymptotique de fβ dans (vii) pour les grandes masses ou les
hautes températures (m� 1 ou β−1 � 1) est également égale à β−1.

Remarque I.3. Le Théorème 1.1.1 se base sur l’homogénéité de l’espace, sinon ce
théorème échouait même dans l’homologue classique de notre système. Par exemple,
si l’on considère que notre système est hors équilibre thermique avec un profil de
température inhomogène, on peut observer que le Théorème 1.1.1 n’est plus valide.
En fait, on peut facilement adapter l’argument de la Section 1.1 de [35] et observer
que pour une chaîne propre, avec un profil de température variable, bien que nous
ayons l’équation d’onde, l’évolution de l’énergie n’est pas gouvernée par l’équation
d’Euler, aussi bien dans le cas quantique que classique. Dans ce cas, l’évolution de
l’énergie thermique n’est pas autonome (cf. [35] pour plus de détails dans le cas
classique).

Chaîne désordonnée : phénoménologie

Dans la section précédente, le comportement hydrodynamique d’une chaîne propre
est expliqué. Puisque la chaîne est harmonique, l’évolution microscopique de r, p
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est linéaire. Par conséquent, dans l’échelle hyperbolique, la limite macroscopique
est donnée par les équations d’onde dans (v). Pour une chaîne propre, en équilibre
thermique, l’évolution de l’énergie suit l’équation d’Euler : l’énergie mécanique suit
l’équation d’Euler et la fluctuation thermique n’évolue pas dans le temps. Hors de
l’équilibre thermique, l’évolution de r, p est toujours gouvernée par l’équation des
ondes. Par conséquent, l’évolution de l’énergie mécanique est donnée par la solu-
tion de l’équation d’Euler. Cependant, en raison du gradient de température, la
fluctuation thermique n’est plus constante dans le temps, et les ondes thermiques
transportent l’énergie thermique dans le système.

Le fait de considérer les masses des particules comme des variables aléatoires
i.i.d. modifie considérablement cette image : l’évolution de r et de p est toujours
gouvernée par l’équation d’onde ; cependant, la preuve de ce fait nécessite une cer-
taine homogénéisation sur les masses. Remarquez que seule la valeur d’espérance des
masses, E(mx), apparaît à l’échelle macroscopique. L’énergie mécanique est traitée
de manière similaire à la chaîne propre. L’effet principal du caractère aléatoire des
masses apparaît dans la suppression des ondes thermiques et nous permet de déduire
que l’énergie thermique n’évolue pas dans le temps. Dans ce qui suit, nous tentons
d’expliquer ce phénomène.

Un résultat similaire a été obtenu pour l’homologe classique de ce système dans
[35]. Comme nous l’avons mentionné, la première caractéristique de ces systèmes
qui supprime l’onde thermique, nous permet de fermer l’équation de l’énergie, et
prouve la limite hydrodynamique est le phénomène de localisation exprimé dans le
Lemme 2.5.2, mathématiquement. Comme nous l’avons observé dans la Section I.II,
les modèles de chaînes harmoniques désordonnées (classiques et quantiques) ont été
beaucoup étudiés dans la littérature (cf. [6], [222], [63], [85], [203] pour les classiques
et [180] pour les quantiques). La plupart de ces modèles présentent des propriétés
similaires à l’isolant d’Anderson [9], c’est-à-dire que certains modes propres de ces
chaînes sont spatialement localisés (nous donnons une brève introduction à la locali-
sation dans la Section 1.1.4). Dans notre cas, la matrice aléatoire apparaissant dans
l’analyse de notre système est M−1∆, où M est la matrice diagonale des masses.
Nous désignons l’ensemble des vecteurs propres de M−1∆ par {ψk}n−1

k=0 , ordonnés de
manière croissante en fonction de leurs valeur propre correspondante. Remarquez
que ces vecteurs apparaissent dans la solution de l’équation d’évolution temporelle
(2.2.22). Dans le cas d’une chaîne propre, cette solution est donnée par (1.1.31), où
dans ce cas ces vecteurs sont simplement des coefficients de Fourier.
Dans le cas désordonné, on peut déduire de la conservation du momentum que l’état
fondamental de M−1∆ est fixe, également connu sous le nom de «mode protégé
par symétrie»[124]. Par conséquent, la longueur de localisation diverge lorsqu’on
s’approche de l’état fondamental, à savoir pour k ∼ nγ, où γ ∈ [0, 1

2) est choisi cor-
rectement. En fait, on peut observer que la longueur de localisation ξk se comporte
asymptotiquement comme ξk ∼ ω2

k ∼ ( k
n
)2 (si nous prenons la limite k

n
→ 0 cor-

rectement, cf. [222] Théorème 1, estimation 3.8, ou (4.2) dans [6]), où ωk désigne la
valeur propre de la chaîne propre avec m = 1, c’est-à-dire ωk = |2 sin

(
π k
n

)
|. De plus,
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les modes élevés (lorsque k n’est pas proche de zéro, k �
√
n) sont complètement

localisés.
Au niveau microscopique, les modes avec k �

√
n restent étendus, c’est-à-dire

similaires aux modes propres de la chaîne propre (modes de Fourier). D’abord,
l’évolution macroscopique de r, p suit ces modes bas, ceci est prouvé via une ho-
mogénéisation de masse dans la Section 2.3. Au niveau microscopique et macro-
scopique, nous décomposons l’énergie en partie thermique et mécanique. Au niveau
macroscopique, en résolvant (v), l’évolution de l’énergie est purement mécanique ;
au niveau microscopique, les modes bas transportent l’énergie mécanique, ce fait est
prouvé dans le Lemme 2.5.1. En fait, la convergence de l’énergie mécanique micro-
scopique vers l’énergie macroscopique peut être déduite des résultats de la Section
2.3 ; en particulier, la convergence de la quantité de mouvement et de l’élongation
à l’étape 4 de la Section 2.3. À l’échelle macroscopique, la partie thermique de
l’énergie n’évolue pas dans le temps, puisque l’évolution macroscopique de l’énergie
est purement mécanique. Au niveau microscopique, le phénomène similaire peut
être prouvé par la localisation que nous avons exprimée dans les Lemmes 2.5.2 et
2.5.3, en exploitant les estimations apparues dans [35], [6], [222]. Cette estimation
est donnée explicitement dans le Lemme 1.1.2. En effet, puisque les modes élevés,
i.e., k �

√
n sont localisés, la partie thermique de l’énergie (fluctuations thermiques)

n’évolue pas dans le temps, ceci a été prouvé dans le Lemme 2.5.4. La remarque
suivante est une conséquence directe de ce lemme.

Remarque I.4. Dans le Lemme 2.5.4, la preuve peut être facilement adaptée pour
d’autres échelles de temps, où nous rééchelonnons le temps par un facteur nα avec
α ≥ 1. Par conséquent, le profil de la température n’évolue pas dans le temps à toute
échelle de temps nαt pour α ≥ 1, y compris à l’échelle de temps de diffusion, ce qui
signifie que le coefficient de diffusion thermique disparaît.

Nature quantique du système : nouveauté technique

La principale différence de notre modèle avec son homologue classique [35] provient
du fait que l’état de Gibbs ρnp̄,r̄,β (2.1.9) n’est pas un état produit, puisque les énergies
des particules les plus proches ne commutent pas entre elles dans le cas quantique.
Cela a des conséquences à la fois mathématiques et physiques. Sur le plan mathéma-
tique, cette caractéristique entraîne certaines difficultés techniques qui peuvent être
traitées par des arguments similaires à ceux du type décroissance de la corrélation.
Physiquement, cette différence apparaît dans l’équation d’évolution macroscopique
via la fonction fµβ (y) (cf. (2.4.5)). Soulignons le fait que cette fonction dépend de
la distribution des masses (et pas seulement de ses premiers moments tels que la
moyenne et la variance), alors que dans le cas classique elle était égale à 1

β(y) . Ex-
pliquons un peu plus cette différence.
Tout d’abord, cette question entraîne quelques difficultés techniques pour l’obtention
de certaines limites, qui sont traitées en diagonalisant le pseudo-hamiltonien Hn

β

(2.1.10), apparaissant dans la définition de ρnp̄,r̄,β.
Le problème plus fondamental qui se pose ici est que pour une réalisation fixe des
masses, 〈ẽx〉ρn , c’est-à-dire, la moyenne de l’énergie thermique de la particule x, qui
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est calculée dans (2.2.47) et (2.2.46), dépend de toute la configuration des masses
et de tout le profil de la température (β( 1

n
), . . . , β(n

n
)). En revanche, dans le cas

classique, elle était simplement égale à β−1
x = β(x

n
)−1. Cette différence se reflète

également dans l’équation macroscopique (v) dans la fonction fµβ , qui est définie
dans (2.4.5). Contrairement au cas classique, où elle était égale à 1

β(y) . Remarquez
que la nature quantique de notre système ne survit dans la limite macroscopique
que grâce à cette fonction. En effet, dans la limite ~ → 0, cette fonction converge
vers son homologue classique 1

β(y) .
Puisque pour une réalisation fixe des masses, l’énergie thermique microscopique〈
ẽ[ny]

〉
ρn

dépend de toute la configuration des masses, on doit la considérer comme
une variable aléatoire. De plus, a priori, il n’est pas clair que l’objet limite désiré
limn→∞

1
n

∑n
x=1 f(x

n
) 〈ẽx〉ρn , pour une fonction test f , soit déterministe. De plus, il

n’est pas évident, d’après la construction, que cet objet soit local au sens où il ne
dépendrait que de la température macroscopique β(y). Nous consacrons la Section
2.4.1 et l’Annexe 2.A à ces questions. Afin de montrer que cette limite est détermin-
iste, nous prouvons qu’en chaque point x, la dépendance de l’énergie moyenne à la
masse d’une particule y, éloignée de x, décroît suffisamment. Nous utilisons ensuite
la loi forte des grands nombres pour les variables aléatoires faiblement dépendantes.
Afin de prouver ce fait, nous utilisons des arguments similaires à la décroissance de
la corrélation. Ici, nous utilisons le fait que f(z) =

√
z coth

√
z est analytique dans

un certain domaine, alors nous représentons l’énergie thermique comme 〈ẽx〉ρn en
termes de f(Aβp ) + f(Aβr ), pour certaines matrices Aβp , Aβr (cf. (2.2.52), (2.2.25)).
Nous développons f en série de Taylor, et nous utilisons le fait que les matrices
Aβp , A

β
r apparaissant dans le développement sont locales, c’est-à-dire, la masse de

la particule x n’apparaît que sur les entrées proches du terme diagonal (Aβp )xx ;
ainsi, l’espérance des premiers termes |x−y|2 est factorisée, et le reste est petit. Ceci
fournit une décomposition suffisante pour prouver la loi des grands nombres pour
1
n

∑
x f(x

n
) 〈ẽx〉ρ. Par des arguments similaires, on peut montrer que fµβ (y) est continu

et local.

Remarque I.5. Remarquez que lorsque n est fini,
〈
ẽ[ny]

〉
ρ
dépend de tout le profil

de température (β( 1
n
), . . . , β(1)). Nous prouvons que lorsque n → ∞, pour tout

y ∈ (0, 1), fµβ (y) ne dépend que de la température macroscopique β(y). En fait, dans
la Proposition 2.A.1.2, nous prouvons que fµβ (y) = fµ(β(y)) pour tout y ∈ (0, 1). Ici,
fµ(β̃) est la fonction correspondante en équilibre thermique à température inverse β̃,
c’est-à-dire le cas où β(y) = β̃, pour tout y ∈ [0, 1]. Nous définissons cette fonction
dans (2.A.1.2) et nous observons qu’elle est bien définie (ne dépend pas de y) dans
le Corollaire 2.A.21.

I.IV Autres commentaires
Autres quantités conservées

Ces dernières années, l’idée d’obtenir l’évolution macroscopique des quantités con-
servées et de leurs charges correspondantes (limites hydrodynamiques) a été adaptée
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aux systèmes intégrables avec un nombre infini de quantités conservées via la théorie
de l’hydrodynamique généralisée et en introduisant l’ensemble de Gibbs généralisé
(GGE) : [38],[64], [213].
Puisque la chaîne harmonique désordonnée est intégrable, on peut légitimement se
questionner sur les autres quantités conservées, nous abordons cette question dans
la remarque suivante.

Remarque I.6. Puisque d’autres quantités conservées peuvent être écrites comme
des gradients supplémentaires de p et r (voir In dans (2.3.6) comme exemple), en
utilisant la même stratégie que nous avons utilisée pour l’énergie, nous pouvons
les décomposer en deux parties : l’une impliquant des contributions mécaniques, et
l’autre impliquant des contributions thermiques, de manière similaire à (2.5.49). En
utilisant l’argument similaire que nous avons utilisé pour l’énergie thermique, grâce
à la localisation les termes thermiques sont constants dans le temps. Cependant,
puisque les quantités conservées ont été obtenues en prenant le gradient supplémen-
taire de r et p, les termes mécaniques disparaissent dans l’échelle hyperbolique du
temps et de l’espace, grâce à la régularité du profil initial macroscopique. Par con-
séquent, dans l’échelle hyperbolique, toutes les autres quantités conservées n’évoluent
pas dans le temps.

Nous soulignons que la dernière remarque concerne l’opérateur de densité corre-
spondant à β, p, r. Cela signifie que nous considérons initialement l’état localement
Gibbs correspondant à β, p, r. En fait, le rôle du désordre est de fournir la fermeture
de l’équation macroscopique correspondant à e, de sorte que nos équations devien-
nent autonomes.
Nous devons souligner que cette remarque ne concerne pas la situation où initiale-
ment nous préparons notre système dans le GGE avec un ensemble complet de
quantités conservées. Cependant, grâce à la construction, on peut s’attendre à ce
que ces quantités aient un faible poids dans le GGE.

Nous fournissons quelques problèmes ouverts et esquissons les directions futures
possibles dans la section 1.1.5.

II NLS

II.I NLS en un coup d’œil
Considérons l’équation de Schrödinger non-linéaire (NLS) en dimension d :

i∂tψ(x, t) = −∆ψ(x, t) + κ|ψ|p−1ψ(x, t);
ψ : Ωd × R+ → C; ψ(x, 0) := ψ0(x),

(i)

où ∆ désigne le laplacien sur Rd, p > 1 détermine l’intensité de la non-linéarité, et
κ ∈ {1,−1}, avec κ = −1 correspond au cas focalisant et κ = 1 au cas défocalisant,
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Ω = R, ou Ω = T1
L, le cercle de longueur L, pour le cas des conditions aux bords

périodiques. De plus, nous supposons que ψ0 ∈ H1(Ωd).
Cette équation et ses variations apparaissent dans de nombreux domaines de la
physique, tels que l’optique non-linéaire, la physique de la matière condensée, la
biophysique et d’autres domaines (cf. [228] : NLS en mécanique des fluides ; [224] :
étude mathématique du minimiseur de DNLS ; [205], [97] : mécanique statistique
de DNLS ; BEC et NLS : [39] ; biophysique : [105], [106], [176]).
Mentionnons quelques-uns de ces exemples. Par exemple dans d = 3, p = 3 avec
κ = −1, (i) décrit, dans certains régimes, l’onde de Langmuir dans un plasma (évo-
lution temporelle de l’enveloppe du champ électrique se propageant), d = 2, p = 3
correspond à un champ laser se propageant dans un milieu non-linéaire (cf. [154] et
ses références). L’évolution de la condensation de Bose-Einstein (BEC) peut égale-
ment être modélisée par cette équation. Celle-ci peut être dérivée rigoureusement
de modèles microscopiques (cf. [93], [94], [140] pour une dérivation rigoureuse de
l’équation NLS à partir de la dynamique microscopique ; cf. le Chapitre un de [217]
et les références qui s’y trouvent pour une introduction plus générale aux applica-
tions physiques de l’équation NLS ; cf. [3] également).

Mathématiquement, cette équation appartient à la famille des EDP non-linéaires
dispersives, qui est un domaine de recherche très actif avec de nombreuses con-
jectures et problèmes ouverts (même au niveau de l’heuristique, il y a beaucoup
d’inconnues dans ce domaine). De cette famille, on peut citer KdV, l’équation
des ondes non-linéaires (NLW), l’équation de Benjamini Ono, etc. Pour une liste
assez complète (mais ancienne) de résultats concernant l’existence globale et lo-
cale de la solution, ainsi que certaines estimations de décroissance et des résul-
tats de diffusion, on peut consulter la page web suivante de Terry Tao et. al.
https://www.math.ucla.edu/ tao/Dispersive/. Ce livre de Tao (cf.[218]) fournit
également une très bonne introduction. Concernant l’équation NLS, nous nous
référons aux notes de cours de Cazenave (cf. [66]) et au livre de Bourgain (cf. [45])
pour les résultats classiques concernant la théorie de Cauchy et le comportement
qualitatif des solutions. Pour une revue des résultats relativement récents sur le
blow-up dans le cas focalisant, on peut se reporter aux notes de cours de Raphaël
(cf. [194]).

NLS sur Rd

Prenons Ω = R. Dans ce qui suit, nous rappelons certaines des caractéristiques bien
connues de NLS, majoritairement nous suivons [194]. Tout d’abord, observons que
l’équation NLS possède deux quantités conservées importantes, l’hamiltonien H et
la masseM :

H(ψ) = 1
2

∫
Rd
|∇ψ(x)|2dx+ κ

p+ 1

∫
Rd
|ψ(x)|p+1dx, M(ψ) =

∫
Rd
|ψ(x)|2dx. (ii)

Le momentum est une autre quantité conservée Im (
∫
∇uu∗). En fait, on peut

considérer l’équation NLS comme un flux hamiltonien de dimension infinie avec
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l’hamiltonien H.

Le cas défocalisant (κ = 1) est considéré comme mieux compris. En plus de la
théorie générale et de l’existence de la solution (cf. [66], [218]), dans certains cas
nous avons également des informations sur son comportement à long terme. En fait,
sous des hypothèses assez générales, on s’attend à ce que les solutions de l’équation
NLS défocalisant se dispersent et se comportent qualitativement de manière similaire
au cas linéaire (κ = 0) . En d’autres termes, pour une classe générale de conditions
initiales ψo, pour tout ensemble compact K, nous avons : limt→∞

∫
K |ψ(x, t)|2 → 0

où ψ(x, t) désigne la solution forte de (i). Ceci peut être obtenu grâce à certaines
estimations de décroissance (estimations de Strichartz et Morawetz cf. [218] Section
3.5, [66] Section 7).

Dans ce manuscrit, nous nous concentrons principalement sur le cas focalisant
(κ = −1). Dans ce cas, l’existence locale de la solution peut être déduite des
travaux de Ginibre et Velo (cf. [112]) dans un certain régime de paramètres. Un
outil important dans l’étude de l’équation NLS est les inégalités d’interpolation de
Gagliardo-Nirenberg : pour tout u ∈ H1(Rd) avec p ≤ 1 + 4

d
, il existe une constante

C(p, d) > 0 telle que :
∫
Rd
|u(x)|p+1dx ≤ C(d, p)

(∫
Rd
|∇u(x)|2dx

) d(p−1)
4

(∫
Rd
|u(x)|2dx

) p+1
2 −

d(p−1)
4

. (iii)

Par (iii), on peut déduire l’existence globale de la solution pour p < 1+ 4
d
: pour tout

t, ψ(t) est borné dans H1, et c’est une solution de (i) avec une donnée initiale dans
H1. Ce régime (p < 1 + 4

d
) est appelé régime sous-critique. À partir de maintenant,

nous supposons que p < 1 + 4
d
, sauf indication contraire.

Ondes solitaires sur Rd

Il est généralement admis que le comportement à long terme du cas focalisant est
sensiblement différent de celui du cas défocalisant. En particulier, l’absence de
dispersion peut être observée grâce à la classe spéciale suivante de solutions : ondes
solitaires, ou ondes stationnaires, que nous appelons également solitons. Ce sont
des solutions périodiques dans le temps de la forme : ψ(x, t) = eiωtφ(x) avec ω > 0.
ψ(x, t) est une solution H1 de (i), si φ résout l’EDO elliptique non-linéaire suivante :

∆φ− ωφ+ |φ|p−1φ = 0, (iv)
avec φ ∈ H1(Rd). Prenez ω = 1 ; en général, on peut construire différentes solutions
à (iv) (cf. [28]). Cependant, sous certaines hypothèses, (iv) a une solution unique.
Par exemple, dans d = 1, toutes les solutions de (iv), sont des translations spatiales

de Q(x) =
(

p+1
2 cosh2( (p−1)x

2 )

)p−1
. De plus, pour d > 1, si nous supposons que φ est une

solution de (iv) et, de plus nous supposons que φ est non négatif, alors φ devrait
être la translation d’un profil radial Q(r) exponentiellement décroissant. En fait,
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Q(r) est la solution unique, non négative et radialement symétrique de (iv), qui
est appelée soliton d’état fondamental, (rappelons que nous prenons ω = 1) (cf.
[194] Proposition 1.2 et Proposition 1.3 ; pour plus d’informations [218] Annexe B ;
originellement : [111] [150]).

Le profil Q mentionné ci-dessus a une caractérisation variationnelle (ceci est dû
à Cazenave et à Lions cf. [65]), qui s’avère être très utile ; en particulier, pour nos
objectifs. Rappelons que nous sommes dans le régime masse-sous critique p < 1+ 4

d
.

Proposition II.0.1. Prenons ω = 1 et soit Q la solution unique, radialement
symétrique et non-négative de (iv). Fixez m > 0, et considérons le problème de
minimisation suivant :

Eo(m) := inf
ψ∈H1,M(ψ)=m

H(ψ). (v)

Le minimiseur de (v) est atteint par la famille

Qλ(m)(.− xo)eiγo , xo ∈ Rd, γo ∈ R, (vi)

où Qλ(x) := λ
2
p−1Q(λx) et où λ(m) est l’ unique solution de l’équationM(Qλ(m)) =

m.
De plus, toute séquence minimisante φn de (v) est relativement compacte dans H1 à
une translation spatiale, et multiplication par une phase constante près: eiγnkφn(.+
xnk)→ Qλ(m) dans H1.

En fait, la proposition mentionnée ci-dessus est similaire à la Proposition 1.5 de
[194] dont nous esquissons la preuve (qui repose sur l’argument de «concentration-
compacité») dans la Section 1.2.4.

L’une des conséquences directes de la caractérisation variationnelle ci-dessus est
la stabilité orbitale des solitons. Nous disons que l’état fondamental Q est stable
orbitalement dans l’espace fonctionnel X si pour tout ε > 0 il existe δ(ε), tel que
pour tout ψo ∈ X , avec ||ψo −Q||X < δ(ε), nous avons pour tout t ∈ R+ :

inf
xo∈Rd,γ∈R

||ψ(t, x)−Q(x− xo)eiγ||X ≤ ε, (vii)

où ψ(t, x) désigne la solution de (i), avec la donnée initiale ψo. La stabilité orbitale
de Q dans H1(Rd) est une conséquence directe de la Proposition II.0.1, et de la con-
servation de l’énergie et de la masse (ceci est prouvé pour la première fois dans [65]).

Une autre signification des solitons est qu’on croit généralement qu’ils appa-
raissent dans le comportement à long terme de l’équation NLS focalisant (i). En
fait, l’étude du comportement à long terme de l’équation NLS est un domaine de
recherche très actif. Nous en donnons un très bref aperçu dans la Section 1.2.1.

En particulier, une des questions dans cette direction concerne le comportement
générique à long terme de NLS. En effet, de nombreuses évidences numériques et
théoriques suggèrent que le comportement asymptotique à long terme de l’équation
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NLS, pour des données initiales "génériques", se décompose en une partie dispersive
et une autre partie non-dispersive correspondant à un couple de solitons se déplaçant
à des vitesses différentes (partie "localisée"). C’est le contenu de ce qu’on appelle la
conjecture de résolution des solitons (cf. [218] p. 154), qui est un problème ouvert
majeur dans le domaine. Remarquez que cet énoncé est plutôt vague, et que l’on doit
formuler ces mots vagues en un énoncé rigoureux, afin de résoudre cette conjecture.
En particulier, cette description n’est pas vraie pour toutes les données initiales,
et rendre ces mots rigoureux implique également la définition de "générique". Plus
précisément, nous nous intéressons au travail de [67], où Chatterjee a étudié cette
conjecture dans un certain sens probabiliste, en discrétisant le domaine (nous y re-
viendrons plus tard). En fait, notre travail dans le Chapitre 3 est motivé par cette
conjecture et le travail de Chatterjee.

NLS sur T

Rappelons l’équation de Schrödinger non-linéaire (i), dans cette section nous prenons
Ω = T. Les NLS sur Td sont considérés comme plus compliqués et moins explorés
que ceux sur Rd. En particulier, la compréhension du comportement en temps long
semble plus complexe. Naïvement, cette difficulté provient du fait que sur un do-
maine borné, notre champ ne peut pas "s’échapper" à l’infini (cf. Section 1.2.1).

Dans ce qui suit, nous allons rappeler certains résultats concernant les solutions
de type «ondes stationnaires»dans le cadre d’une configuration périodique. À notre
connaissance, ces solutions sont surtout étudiées pour d = 1. Afin de profiter de
la littérature sur les EDPs, nous nous limitons à la configuration suivante. Comme
précédemment, nous nous intéressons au cas focalisant, nous nous limitons au cas
cubique (p = 3), unidimensionnel, avec des conditions aux bords périodiques 7.

Plus précisément, considérons l’équation de Schrödinger cubique non-linéaire
suivante :

i∂tψ(x, t) = −∂xxψ(x, t)− |ψ(x, t)|2ψ(x, t), (t, x) ∈ R+ × R,
ψ(x, 0) = ψ0(x), ψ0 ∈ H1

per([0, L]),
(viii)

où nous supposons les conditions aux bords périodiques par la définition deH1
per([0, L]) =

H1(TL) comme : H1(TL) := H1
per([0, L]) = {u ∈ H1

loc(R,C)|∀x ∈ R, u(x + L) =
u(x)}, avec des normes et un produit scalaire approprié.
L’existence de la solution globale de ce problème est établie dans [45], [66], en par-
ticulier : ∀t > 0, ψ(x, t) ∈ H1

per[0, L]. Comme pour (ii), cette équation a trois
importantes quantités conservées 8. L’énergie ou l’hamiltonien H, la masseM et le

7Bien que cette équation soit intégrable, nous n’utilisons pas l’intégrabilité, et à partir du
Chapitre 3 nous brisons l’intégrabilité par discrétisation et ajout d’une perturbation stochastique.

8En fait, comme cette équation est complètement intégrable, nous avons une infinité de quantités
conservées. Cependant, la plupart des résultats de cette note peuvent être généralisés aux non-
linéarités qui ne sont pas intégrables: nous pouvons changer le terme de non-linéarité dans (viii)
en |ψ|p−1ψ avec sous-critique p : 1 < p < 5.
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momentum P , qui peuvent être définis comme (Im(z) représente la partie imaginaire
de z) :

HL(ψ) = 1
2

∫ L

0
|∂xψ|2 −

1
4

∫ L

0
|ψ|4.

ML(ψ) =
∫ L

0
|ψ|2, P(ψ) = Im(

∫ L

0
∂xψψ̄).

(ix)

De nouveau, comme pour (iv), nous pouvons construire différentes classes de solu-
tions périodiques dans le temps pour (viii). Ces solutions appelées «ondes station-
naires» ou «ondes périodiques» (puisqu’elles sont spatialement périodiques), et ont
la forme suivante :

ψ(x, t) = eiωtu(x). (x)

Si ψ(x, t) = eiωtu(x) est une solution de (viii), alors u(x) devrait satisfaire l’EDO
suivante :

u′′(x)− ωu(x) + |u(x)|2u(x) = 0, (xi)

où u est spatialement périodique.
Une des différences entre la situation précédente et la situation périodique repose
sur le fait que les solutions de (iv) sont bien comprises en général par rapport aux
solutions de (xi).

On peut trouver différentes classes de solutions régulières de (xi) (cf.[120], [188],
[108]), en utilisant les propriétés des fonctions elliptiques de Jacobi (cn(·), sn(·), dn(·)),
également connues sous le nom d’ondes dnoïdales, cnoïdales et snoïdales. Nous
définissons ces fonctions dans la Section 1.2.1. (cf. Chapitre 2,3 de [152] pour les
propriétés de ces fonctions).
Rappelons la définition de la stabilité orbitale (vii). La stabilité orbitale des ondes
stationnaires par rapport à différentes perturbations (différents espaces fonctionnels
X ) n’est pas triviale. Cette question a été étudiée au cours des dernières décennies
(cf. [188] pour une introduction générale). Nous rappelons quelques résultats dans
cette direction dans la Section 1.2.1. Ces résultats reposent principalement sur des
méthodes similaires à celles utilisées par Grillakis-Shatah-Strauss (cf. [115], [116]),
où il s’agit de propriétés spectrales de l’opérateur L = − d2

dx2 − c + dnc, contraire-
ment au cas précédent (NLS sur Rd), où la stabilité orbitale était prouvée par des
méthodes variationnelles.

Ce n’est que récemment qu’une approche variationnelle similaire a été adaptée
dans [120] pour prouver la stabilité orbitale des ondes stationnaires périodiques,
où ils récupèrent les résultats susmentionnés via une caractérisation variationnelle
des ondes dnoïdales, cnoïdales et snoïdales, sur des espaces fonctionnels appropriés.
Parmi les caractérisations dans [120], le résultat suivant sera utilisé (de manière
cruciale) dans notre analyse. Il est donné dans ([120], Proposition 3.2), et caractérise
dn comme le minimiseur de HL(ψ) sous la contrainte queML(ψ) = m.
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Proposition II.0.2. Fixez m,L ∈ R+, et considérez le problème de minimisation
suivant :

E0(m,L) := inf{HL(u)|ML(u) = m, u ∈ Hper([0, L])}. (xii)

alors on a : −∞ < E0(m,L) < 0, et

1. Si 0 < m ≤ π2

L
, alors la fonction constante Qm,L(x) = (2m

L
) 1

2 est l’unique
minimiseur de (xii). Cette unicité est jusqu’à une multiplication par une phase
constante près.

2. Si π2

L
< m, alors Qm,L(x) := αdn(λx, k) est l’unique minimiseur de (xii), à

une translation et une multiplication par une phase constante près. De plus,
α, λ > 0, k ∈ (0, 1) sont déterminés de manière unique par m,L.

De plus, nous avons la compacité de la séquence minimisante jusqu’à multiplication
par une phase constante et translation près dans H1

per([0, L]), c’est-à-dire, pour toute
séquence un dans H1

per([0, L]), telle que H(un)→ E0(m,L), lorsque n→∞, il existe
une suite unk et des suites γk ∈ [0, 2π) et xk ∈ [0, L], telles que eiγkunk(.+xk)→ Qm,L

dans H1
per([0, L]).

La preuve de la Proposition II.0.2 est plus ou moins similaire à la preuve de
la Proposition II.0.1. En fait, parmi les ondes périodiques, dn a la caractérisation
la plus "évidente", et on peut suivre les étapes similaires, avec quelques modifica-
tions (cf. Section 1.2.1). En particulier, nous utilisons ici l’inégalité de Gagliardo-
Nirenberg dans le cas périodique :

|u|4L4(T) =
∫ 1

0
|u|4 ≤ C(|∂xu|L2(T)|u|3L2(T) + |u|4L2(T))

= C

(( ∫ 1

0
|u|2

) 3
2
( ∫ 1

0
|∂xu|2

) 1
2

+
( ∫ 1

0
|u|2

)2
)
.

(xiii)

II.II Approche de la mécanique statistique et mesure de
Gibbs

Les mesures de Gibbs sont généralement perçues comme fournissant des informations
utiles concernant le comportement "typique" (à long terme) des systèmes hamil-
toniens. Éclairons un peu plus cette idée. La "mesure de Lebesgue" est invari-
ante pour le flux hamiltonien, par conséquent, la mesure de Gibbs avec la densité
exp(−βH) par rapport à la "mesure de Lebesgue" est également invariante. Si
l’hamiltonien fournit des propriétés "ergodiques" suffisantes, on peut s’attendre à ce
que cette dernière soit la seule mesure invariante, et que le comportement à long
terme de notre système puisse être décrit par cette mesure. En d’autres termes,
notre système se thermalise après un temps suffisamment long. En considérant
NLS comme un flux hamiltonien, l’argument mentionné ci-dessus donne une forte
motivation pour étudier la mesure de Gibbs associée à NLS. Soulignons que prou-
ver l’ergodicité même dans le cas d’une discrétisation est extrêmement difficile, et
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nous fournissons l’ergodicité par une perturbation stochastique appropriée. De plus,
l’équation NLS cubique dans d = 1 est complètement intégrable et ce schéma (sans
la perturbation stochastique) échoue.

Mesure de Gibbs : bref examen

L’idée d’étudier la mesure de Gibbs de l’équation NLS remonte aux travaux pionniers
de Lebowitz, Rose et Speer [154]. Ils procèdent comme suit. Le premier obstacle à
l’étude de cette mesure est que l’équation NLS est un flux de dimension infinie, et
qu’une telle mesure de Lebesgue n’existe pas en dimension infinie. Pour NLS sur
TL, cette mesure peut être écrite formellement :

dνβL = 1
ZL(β) exp(−βHp

L(u))Πy∈TLdu(y), (xiv)

où Hp
L = 1

2
∫ L

0 |u′|2 − 1
p+1

∫ L
0 |u|p+1. Ce problème peut être contourné en absorbant

l’énergie cinétique dans la mesure de Lebesgue "formelle" et en obtenant la mesure
de Wiener appropriée :

dνβL = 1
ZL(β) exp

(
β

p+ 1

∫ L

0
|u(y)|p+1dy

)
dWβ,L, (xv)

où dWβ,L est la mesure de Wiener appropriée, induite par le pont brownien. L’autre
difficulté provient du fait que Hp

L est non minorée, ceci peut être résolu en re-
streignant la mesure aux boules telles que ML ≤ m, pour une constante m. Par
conséquent, dans [154], il est prouvé qu’une telle mesure est bien définie dans d = 1,
pour 1 < p < 5 et pour p = 6 avec de petitsm (c’est le même domaine de paramètres
où l’équation a des solutions globales).
Avant de poursuivre, mentionnons que la construction de la mesure de Gibbs dans
le cas du continuum est un problème difficile. Nous passons brièvement en revue
certains des résultats les plus célèbres dans cette direction dans la Section 1.2.2.

Le comportement qualitatif de la mesure de Gibbs est informatif et intéressant
en soi (cela devient encore plus intéressant, lorsque nous ajoutons la perturbation
stochastique à notre dynamique). Pour autant que nous le sachions, ce problème
est moins étudié dans la communauté mathématique. Nous décrivons brièvement
certains des résultats intéressants dans cette direction dans la Section 1.2.2 (cf. [139]
pour une revue). Remarquez que dans de nombreux cas, la version "discrétisée " de
la mesure de Gibbs est étudiée pour éviter les complications concernant l’existence.
Nous comparons également la force et la faiblesse de nos résultats par rapport aux
premiers dans la Section 1.2.3.

Mesure microcanonique. Du point de vue de la mécanique statistique, en
considérant la mesure de Gibbs de l’équation NLS, nous étudions le système dans
l’ensemble "canonique"9. Si l’on croit en l’efficacité de l’approche de la mécanique

9Citation de [154] : NLS is a effective equation describing many degrees of freedom. The idea
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statistique, il serait naturel d’explorer également l’ensemble microcanonique de l’équation
NLS. Dans la communauté des physiciens, il existe certains travaux concernant cette
question pour l’équation de Schrödinger non-linéaire discrète (DNLS) (cf. [205],
[206], [114] et leurs références).
Mathématiquement, Chatterjee et ses coauteurs ont une série de travaux dans cette
direction (cf. [69], [68], en particulier [67]), remarquez que dans ce cas la discréti-
sation semble inévitable. En particulier, il prouve une version probabiliste de la
conjecture de résolution de soliton dans [67] en analysant l’ensemble microcanon-
ique. Comme notre travail est partiellement motivé par ce travail, nous expliquons
son résultat principal dans la Section 1.2.2.

II.III Bruit stochastique et résultats
Jusqu’à présent, la situation peut être résumée comme suit : le comportement à
long terme de l’équation NLS focalisant est insaisissable. Les approches de mé-
canique statistique, comme l’étude de la mesure de Gibbs, se sont avérées utiles.
Bien qu’elles fournissent une mesure invariante naturelle pour la dynamique, on ne
peut pas garantir la convergence du flux NLS vers cette mesure, principalement en
raison de la difficulté à prouver l’ergodicité (dans le cas du NLS cubique dans d = 1,
nous n’avons même pas d’ergodicité du tout).
L’un des principaux objectifs du Chapitre 3 est d’introduire une perturbation stochas-
tique conservant la masse (M) de NLS, de telle sorte que la mesure de Gibbs devi-
enne l’unique mesure invariante. On pourrait considérer l’action de ce bruit, comme
un bain de chaleur à température constante β−1.
Rappelons l’équation (viii) (avec une non-linéarité générale p), avec l’hamiltonien
HL et la masseML (ix), où nous considérons une non-linéarité générale p. Formelle-
ment, une façon de définir une telle dynamique stochastique est de considérer l’EDP
stochastique :

i∂tψ(x, t) = −∆ψ(x, t) + κ|ψ|p−2ψ(x, t)− γψ(x, t)
(
iβ−1 − δH(ψ))

δθ(x)

)

+
√

2γβ−1ψ(x, t)W (x, t),
(xvi)

où θ(x) est la phase de ψ(x) (ψ(x) = |ψ(x)|eiθ(x)),W (x, t) est le bruit blanc standard
(blanc dans l’espace et le temps), et γ > 0 est un paramètre qui régule l’intensité
du contact avec le bain de chaleur. Cela correspond à des rotations aléatoires mais
continues de la phase de ψ(x) indépendamment en chaque point x avec une drift
qui a en quelque sorte pour but d’aligner les phases de la particule. Remarquez que
δH(ψ))
δθ(x) = Im[ψ(x)∗∆ψ(x)], et que (xvi) doit être entendu au sens d’Itô. Par con-
séquent, la masseM(ψ) est toujours formellement conservée par cette dynamique.
En raison de la singularité dans l’espace du bruit blanc multiplicatif W et des non-

of coarsening the system into an effective equation, then refining it by considering the Canonical
ensemble may seem artificial; however, "there are often good reasons for wanting to focus attention
on the collective variables of the field rather than on the atomic degree of freedom e.g, in fluid
turbulence it is in hydrodynamic modes that interesting action take place."
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linéarités présentes dans (xvi), il est très difficile de donner un sens à la solution
de cette équation. Il existe une littérature considérable sur l’équation NLS avec un
bruit multiplicatif corrélé dans l’espace (cf. [75], [76])10, mais elle n’inclut pas les
non-linéarités comme ψ(x)∆ψ∗(x). Des bruits additifs ont également été introduits
(cf. [153], [60]), mais ils ne conservent généralement pas la masse et la dynamique
correspondante a la mesure de Gibbs grand canonique comme stationnaire. Nous in-
troduisons à la place une discrétisation spatiale de (xvi), voir (3.1.8), dont la solution
peut être définie globalement. La version à température infinie de cette évolution
stochastique a été introduite dans (cf. [156]).
Alternativement, ce bruit peut être décrit par son générateur. Bien que cette dy-
namique soit définie dans la Section 3.111 , rappelons-la brièvement ici . En général,
nous considérons le domaine hTdn comme une discrétisation de la boîte [0, nh]d, où h
est la "mesh size". Corrélativement, la discrétisation de HL etML à la "mesh size"
h est définie comme suit : pour tout ψ ∈ Cnd nous avons

Hn := s
∑

|x−y|=1
h−2|ψ(x)− ψ(y)|2 + sκ

p+ 1
∑
x∈Tdn

|ψ(x)|p+1, Mn(ψ) = s
∑
x

|ψ(x)|2.

(xvii)
Le choix de h = L

n
et s = 1

nd
correspond à la discrétisation de (ix), tandis que prendre

s = hd, et n, h tels que h → 0, n → ∞, nh → ∞ correspond à la discrétisation de
(ii).
L’équation de Schrödinger non-linéaire discrète peut être vue comme une dynamique
hamiltonienne correspondant à Hn, avec le générateur suivant :

An = 1
s

∑
x∈Tdn

(∂ψi(x)Hn)∂ψr(x) − (∂ψr(x)Hn)∂ψi(x), (xviii)

où ψr, ψi désignent la partie réelle et imaginaire de ψ: ψ(x) = ψr(x) + iψi(x). On
désigne la phase de ψ(x) par θ(x) (ψ(x) = |ψ(x)|eiθ(x)), le générateur du bruit à la
température β−1 est donné par :

Sn := β−1 ∑
x∈Tdn

eβHn∂θ(x)e
−βHn∂θ(x). (xix)

Par conséquent, pour toute γ > 0, le générateur de notre dynamique est donné par :

Ln = An + γSn. (xx)
De la définition du générateur, il est clair que la masse Mn(ψ) est conservée par la
dynamique. Par conséquent, en partant d’une configuration avec Mn(ψo) = m, la
dynamique est confinée dans la sphère Snm := {ψ ∈ Cnd |Mn(ψ) = m}. Dénotant
la mesure uniforme sur Snm par µnm, la mesure de Gibbs est donnée par dµnβ,m =

10Nous n’avons pas l’intention de passer en revue cette vaste littérature ici, et nous ne mention-
nons que le travail pionnier de de Bouard, et Debussche, par la suite il y a beaucoup de travaux
dans la littérature concernant l’équation NLS stochastique et ses variations ; cependant, leur point
de vue est assez différent du nôtre, où nous nous intéressons à la thermalisation.

11Bien que ces définitions soient répétitives, elles rendent notre introduction plus compréhensible.
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1
Zn

exp(−βHn)dµnm, et est l’analogue discret de (xv) (que nous devrions contraindre
à la boule de masse inférieure à m cf. (1.2.21)). Cette mesure est bien définie et
invariante pour la dynamique engendrée par Ln.

Le premier résultat du Chapitre 3 est que µnβ,m est la mesure invariante unique
pour la dynamique générée par Ln (xx). Le générateur est hypoelliptique et pour
tout n fixé, la distribution du processus partant d’une condition initiale arbitraire
converge exponentiellement en norme de variation totale vers la mesure stationnaire.
L’énoncé de ce résultat est donné dans le Théorème 3.1 et la Proposition 3.1.3.
La nouveauté de notre travail est qu’il s’agit du premier résultat concernant la
perturbation conservatrice de masse de l’équation DNLS telle que la mesure de
Gibbs soit l’unique mesure invariante, déterminant le comportement à long terme
de la dynamique. Nous devons mentionner que dans la Section 6 de [59], un bruit
conservateur de masse est proposé de manière que la mesure canonique de Gibbs
reste invariante par la dynamique. Cependant, cette dynamique n’est pas étudiée
dans [59], et ce travail est concerné principalement une autre dynamique, qui ne
conserve pas la masse et converge vers la mesure grand-canonique. De plus, la
dynamique conservant la masse mentionnée ci-dessus est différente de la nôtre ; en
fait, une analyse directe suggère que notre dynamique est plus dégénérée (nous avons
un processus de Wiener à n-dimensions sur la sphère 2n − 1, alors qu’ils ont une
mesure de Wiener à 2n − 1-dimensions sur une sphère de dimension 2n − 1). De
plus, la généralisation de leur bruit à des cas plus généraux ne semble pas simple.

Remarque II.1. Il convient de mentionner que le résultat rapporté ci-dessus est
général dans le sens où il ne dépend pas des paramètres h, s, γ, β dans notre défini-
tion. Plus important encore, ce résultat est vrai pour toute puissance de non-linéarité
et toute valeur de κ ∈ {−1, 0, 1}. En fait, on peut remplacer la non-linéarité |ψ|p+1,
par toute non-linéarité de la forme F (|ψ|), avec F ∈ C2, et obtenir le même résultat.
Par conséquent, on peut perturber n’importe lequel des modèles discrets de la Section
1.2.2, ou d’autres DNLS appropriés (cf. [135] et ses références) avec notre bruit,
et grâce au théorème susmentionné, le comportement à long terme de la dynamique
émergente sera donné par la mesure de Gibbs correspondante. Remarquez que dans
beaucoup des modèles mentionnés ci-dessus, le comportement de la mesure de Gibbs
est relativement bien compris. Bien que notre résultat soit général dans le sens ci-
dessus, notre choix de discrétisation est important (jusqu’à changer les paramètres
d’échelle), et le générateur hamiltonien An a un rôle important.

Le reste du Chapitre 3, concerne une application du résultat mentionné ci-dessus.
A partir de la Section 3.2 du Chapitre 3, nous nous concentrons sur l’équation NLS
cubique focalisant unidimensionnelle sur le tore (d = 1, p = 3, κ = −1). Rappelons
la solution d’onde stationnaire de l’équation NLS cubique focalisant unidimension-
nelle sur le tore, et en particulier, la définition et les propriétés du minimiseur de
l’énergie sous contrainte de masse Qm,L à partir de la proposition II.0.2.
Tout d’abord, nous discrétisons cette équation. Cela correspond au choix de d = 1,
s = h = 1

n
(prendre le volume macroscopique égal à un), p = 3 dans l’hamiltonien

(xvii), et par conséquent dans les générateurs An et Sn. Soit ψn(j, t) la solution de

xxxviii



II. NLS CONTENTS

la dynamique discrète stochastique correspondante. Le but du Chapitre 3 est de
montrer que ψn est "proche" de Qm,1 ≡ Qm pour de grands t et de grands n, où nous
ré-échelonnons β par n de telle sorte que dans cette limite, la température converge
vers zéro assez rapidement. Remarquez que pour donner un sens à cette affirmation,
nous devrions définir une norme pour comparer ψn et Qm. Pour cela, nous prenons
simplement l’interpolation linéaire de ψn, (3.2.17) et nous la comparons à Qm dans
une norme H1 qui ne prend pas en compte la translation et de la multiplication par
une phase constante (3.2.18) : ||u− v||H̃1 = infθ,x ||eiθu(· − x)− v||H1 .
En d’autres termes, si µβn,n,mt est la loi du processus généré par Ln alors notre
résultat principal est que pour tout ε > 0 :

lim
n→∞

lim
t→∞

µβn,m,nt

(
||ψ̄n −Qm||H̃1 < ε

)
→ 1, (xxi)

où ψ̄n désigne l’interpolation linéaire de ψn, et βn = ϑ(n)β∗ avec ϑ(n)� n. L’énoncé
du résultat est donné dans le Théorème (3.2.2).

La dernière limite (xxi) est une façon d’interpréter la conjecture de résolution des
solitons (SRC) dans le cas périodique, où il n’y a aucune possibilité pour l’énergie de
s’échapper à l’infini. Intuitivement, dans le cas périodique, notre dynamique dans
la limite de température nulle, agit comme un bain de chaleur et dissipe l’excès
d’énergie sans perdre de masse, forçant le système à se rapprocher de l’état fon-
damental lorsque t → ∞. Ce mécanisme imite en quelque sorte la dynamique
de l’équation DNLS dans [67], où l’énergie se disperse à l’infini via une partie
"rayonnante" du champ, portant une masse arbitrairement petite. Comme nous
l’avons mentionné, notre dynamique est partiellement motivée par [67], où Chatter-
jee prouve une version "probabiliste" de la SRC (cf. Section 1.2.2). En particulier, le
Théorème 3.1 de [67] prouve que presque toutes les mesures invariantes ergodiques
satisfont le SRC au sens de la moyenne temporelle. Notre dynamique stochastique
fournit l’unicité de la mesure ergodique invariante et la propriété de mélange tem-
porel.

Idées de la preuve

La dynamique dans la limite de t → ∞ converge vers la mesure de Gibbs. Ceci
suit l’ergodicité de la dynamique qui repose sur deux faits cruciaux. Le premier est
l’hypoellipticité du générateur de la dynamique qui est prouvée dans le Lemme 3.B.1.
Puisque les parties réelle et complexe de notre champ sont quelque peu symétriques
dans le bruit, cela rend la preuve du Lemme 3.B.1 plus compliquée que d’habitude,
et le calcul de trois commutateurs imbriqués est nécessaire cf. (3.B.4) (plutôt qu’un
ou deux dans la chaîne d’oscillateurs cf. [32] Lemme 5.3). Le deuxième ingrédient
est l’unicité de la mesure invariante, qui est prouvée dans le Théorème 3.1, grâce à
la séparation du bruit en une partie phase et une partie amplitude.

Après avoir étudier la limite en t, la deuxième étape de la preuve, concerne la
compréhension du comportement de la mesure de Gibbs µnβ,m (3.2.15). En fait,
nous devons prouver que la mesure de Gibbs se concentre sur des configurations

xxxix



CONTENTS II. NLS

discrètes avec une "énergie proche du minimum" pour n suffisamment grand, où βn
est rééchelonné par un facteur ϑ(n) � n. Ici, par énergie minimale, nous faisons
référence au minimiseur de l’hamiltonien discret sous la contrainte de masse (En

0 (m)
défini dans (3.3.1)). Cette tâche est réalisée dans le Théorème 3.4.1, esquissons ce
théorème : notre dynamique est confinée sur la sphère à 2n dimensions Snm, et la
mesure de Gibbs a une densité exp(−βHn) par rapport à la mesure uniforme sur
cette sphère µnm. En divisant l’énergie en parties cinétique Gn et potentielle Vn :
Hn = Gn−Vn comme dans (3.2.8), on peut observer qu’une configuration "typique"
par rapport à µnm a une énergie cinétique d’ordre n2. Plus généralement, les esti-
mations des grandes déviations dans la Section 3.A, en particulier la Proposition
3.A.1, revient à dire que pour 0 ≤ a ≤ 2, le "facteur d’entropie" se comporte comme
µnm(Gn ∼ na) ∼ µnm(Hn ∼ na) ∼ n−(2−a)n lnn, où la première estimation est une con-
séquence de l’inégalité discrète de Gagliardo-Nirenberg (GN) (3.C.8) pour a > 0.
Par conséquent, en tenant compte du facteur dit de Boltzmann exp(−βHn), on ob-
serve pour 0 < a ≤ 2 : µnβ,m(Hn ∼ na) ∼ e−βnn

a
e−(2−a)n lnn. En optimisant cette

dernière pour tout a ∈ [0, 2), on obtient pour βn ∼ O(1) que la mesure de Gibbs se
concentre sur des configurations plutôt non régulières avec |ψ(j)−ψ(j−1)| ∼ 1√

n
et

Hn ∼ Gn ∼ n. Cela correspond au fait que la mesure de Wiener est concentrée sur
les configurations régulières de 1

2
−-Hölder. La dernière estimation suggère que pour

que µnβn,m se concentre sur des configurations régulières (|ψ(j)−ψ(j− 1)| ∼ 1
n
) avec

Hn ∼ O(1), nous devons rééchelonner βn par un facteur d’au moins n. Remarquez
que les configurations d’énergie minimale, que nous appelons Solitons discrets, ont
également une énergie (négative) d’ordre un, grâce à l’inégalité de GN. Cependant,
cette mise à l’échelle n’est pas suffisante pour que cette mesure se concentre sur un
petit voisinage de solitons discrets et nous devons aller plus loin. Enfin, grâce à
l’estimation de la grande déviation (3.A.11), nous déduisons dans le Théorème 3.4.1
que la mise à l’échelle de βn par tout facteur ϑ(n)� n (3.2.19) est suffisante.
Dans la dernière étape de la preuve, nous montrons dans la Proposition 3.3.1 que si
ψn est une configuration avec une énergie proche de E0

n(m), alors son interpolation
linéaire (ψ̄n) est proche de Qm,L dans la norme H̃1 pour n suffisamment grand. À
cet égard, nous observons d’abord qu’avoir une énergie proche de En

0 (m) signifie que
la configuration est régulière Gn ∼ O(1), grâce à l’inégalité de GN discret. Ensuite,
nous observons que pour une configuration régulière ψn nous avons : Hn(ψn) est
proche deH(ψ̄n) (cf. Corollaire 3.3.3.1, en effet, ce n’est pas vrai pour une configura-
tion "typique" non régulière). Enfin, nous concluons le résultat grâce à l’observation
ci-dessus, où nous utilisons la compacité de la séquence minimisante correspondant
au problème de minimisation continu qui caractérise les solitons (3.2.6).

Le plan du Chapitre 3 est le suivant : les propriétés d’ergodicité et de mélange
temporel de la dynamique sont prouvées dans la Section 3.1. Le fait que la mesure
de Gibbs discrète (finie n) se concentre assez rapidement dans un petit voisinage
de solitons discrets, repose sur les propriétés de grande déviation de la mesure de
Gibbs discrète, qui sont prouvées dans la Section 3.4. Ces estimations de grandes
déviations sont basées sur certaines grandes déviations précises de la mesure de
probabilité uniforme sur la sphère complexe de dimensionm, que nous prouvons dans
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l’Annexe 3.A, et la version discrète de l’inégalité de Gagliardo-Nirenberg, prouvée
dans l’Appendice 3.C. Dans la Section 3.3, la relation souhaitée entre les solitons
discrets et continus est prouvée. L’Annexe 3.B contient la preuve de l’hypoellipticité
de la dynamique stochastique discrète, nécessaire pour la preuve de l’ergodicité de
la Section 3.1.

Background

Nos résultats, peuvent être comparés à deux corpus de travaux différents dans la
littérature. Le premier concerne la perturbation stochastique de l’équation NLS, et
le second le comportement de la mesure de Gibbs de de l’équation DNLS. Dans la
Section 1.2.2, nous fournissons une liste non exhaustive des travaux connexes con-
cernant la mesure de Gibbs. Dans la Section 1.2.3, nous soulignons les similitudes et
les différences cruciales entre notre modèle et les résultats concernant la mesure de
Gibbs. Nous présentons ici un bref résumé de ces comparaisons, et nous renvoyons
à la Section 1.2.3 pour plus de détails.
Avant de poursuivre, notez que nous avons déjà souligné la nouveauté de notre dy-
namique stochastique par rapport à des travaux existants dans la section précédente,
et que pour plus de détails, vous pouvez vous reporter à la Section 1.2.3 (pour faire
court : notre bruit conserve la masse, il "thermalise" le système, et fait de la mesure
de Gibbs la seule mesure invariante, et ces caractéristiques en font une nouveauté).

La mesure de Gibbs des "DNLS" a été étudiée à la fois dans la communauté
des mathématiciens (cf. [69], [67]) et des physiciens cf. [135] et les références qui
s’y trouvent, en particulier : [196], [205], [132] ; voir également [114]. Dans la
communauté des physiciens, il est habituel de prendre l’énergie cinétique avec un
signe négatif et d’étudier la mesure correspondant au hamiltonien (xvii), en prenant
h = 1. Bien que ce régime soit sensiblement différent du nôtre, et ne corresponde
plus à une discrétisation d’un profil continu, des phénomènes intéressants tels que
le breather discret sont observés (cf. [97], [224]).
Dans la communauté mathématique, on peut citer notamment [69] et [67] (cf.
[139] pour une revue). Dans [69], l’hamiltonien (xvii) est considéré dans le régime
Nh2 → 0, h→ 0 et N →∞, où N désigne le nombre de particules, et h la distance
interparticulaire. Ces hypothèses ne semblent naturelles qu pour d ≥ 3. Dans ce
régime, une certaine transition de phase se manifeste : lorsque βm2 < θc, la mesure
de Gibbs se concentre sur des configurations telles que ψn(j) ∼ o(n), alors que pour
βm2 > θc des structures de type breather apparaissent où un seul site a une masse
macroscopique. En [67], le modèle est défini sur la boîte [0, nh]d telle que h → 0,
n→∞ avec nh→∞. Dans ce régime, la mesure microcanonique correspondant à
l’énergie E et à la masse m se concentre sur les configurations de type soliton dans
Rd.
En comparant nos résultats avec ceux de [69] et de [67], nous soulignons le fait
qu’une mise à l’échelle différente des paramètres h, n conduit à des phénomènes
substantiellement différents : dans [69], la limite Nh2 → 0 rend le terme de gradient
négligeable et la transition de phase est une conséquence de la compétition entre
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l’énergie potentielle et la contrainte de masse. Dans le cas de [67], nh→∞, l’énergie
cinétique et l’énergie potentielle deviennent comparables ; cependant, la masse par
particule va jusqu’à zéro dans la limite, démontrant le volume infini macroscopique,
facilitant la fuite de l’énergie vers l’infini et résultant en un comportement de type
soliton. En revanche, dans notre cas, nous prenons n → ∞ et nh = 1, représen-
tant le volume macroscopique fini et une masse par particule positive dans la limite
macroscopique. Cette mise à l’échelle donne une énergie cinétique dominante pour
les configurations typiques sur la sphère de masse constante, et la remise à l’échelle
de βn rend les énergies cinétique et potentielle comparables.
En particulier, ces différentes mises à l’échelle modifient nos estimations de grands
deviation (3.A.1) et (3.A.11) par rapport aux estimations de [67] (voir la Section 10
du [67]).

Problèmes ouverts et directions futures

Il existe de nombreux problèmes ouverts et inconnus concernant la dynamique que
nous avons introduite. En fait, comme cette dynamique est plutôt nouvelle, beau-
coup de ses caractéristiques n’ont pas été étudiées, et de nombreuses recherches
peuvent être extraites dans cette direction. Nous présentons divers problèmes ou-
verts dans la Section 1.2.4. Ces questions peuvent être divisées selon le thème général
suivant : question concernant le temp de convergence vers l’équilibre pour n fixe,
changement de l’ordre des limites en t, n (ou les prendre ensemble avec une certaine
mise à l’échelle), limite hydrodynamique dans l’échelle de temps diffusive, comporte-
ment général de notre dynamique lorsque nous changeons les paramètres de mise à
l’échelle et les grandes déviations plus précises. Pour une description détaillée de
ces questions, nous renvoyons à la Section 1.2.4.
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Chapter 1

Introduction

1.1 Disordered Chain

1.1.1 Hydrodynamic limits in a nutshell
Consider a macroscopic system, a container of gas, for instance. Suppose that we are
interested in describing the evolution of this system. Then, believing in the funda-
mental rules of non-relativistic physics, either classical or quantum mechanics, one
can model this system as a collection of particles evolving following these rules. On
the microscopic scale, if we zoom in, let’s say in a window of length 10−8 to 10−10m,
and follow a couple of particles for a very short time, their trajectory confirms the
validity of our model in a satisfactory manner. However, solving the evolution equa-
tion for all the particles simultaneously does not seem useful, or possible in many
cases, even numerically 1.

On the other hand, the macroscopic dynamics of this system can be described by
phenomenological autonomous equations such as the Euler equation or the Navier-
Stokes equations. These equations have been understood for centuries from contin-
uum considerations. However, the exact derivation of these equations from funda-
mental laws is extremely challenging.

Equilibrium state

In order to better understand the connection between microscopic and macroscopic
pictures, we follow the statistical mechanics’ approach initiated by Boltzmann and
Maxwell (cf. [40], [170]). For the moment, let us assume that the underlying dynam-
ics is given by the Newtonian mechanics. First, we examine the equilibrium state
of the system. This state can be characterized by a few macroscopic parameters
corresponding to the thermodynamic characteristics of the system, and denoted by
{Pα}kα=1. For example, in our case (container of gas), one could think of tempera-
ture, density, and pressure, as the desired macroscopic quantities. Notice that these

1Roughly speaking, memory which is needed to store the phase space of a classical system with
1023 particles is hundred times the current global data storage capacity.
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parameters are conjugate to the locally conserved quantities of the system.

Local equilibrium

Although knowing the equilibrium states can be interesting in many systems, in
practice, the equilibrium characteristics of our gas vary slowly on a macroscopic
scale. Hence, we introduce the notion of local equilibrium. Assume that our gas is
confined in the box Λ = [0, L]d; consider a macroscopic point u ∈ Λ, let B(u) be a
neighborhood of u. B(u) should be small enough compared to the macroscopic vol-
ume of the system, and large enough microscopically, i.e., it should be large enough
to be considered a "macroscopic" system (although small). Mathematically, this
notion makes more sense in the scaling limit, and we clarify it a bit more later by
a concrete example (see (1.1.8)). On the physical ground one could think of this
scale to be of order 10−4m in our system, i.e., the typical scale where a macro-
scopic characteristics of the system such as temperature varies. One could expect
that in each neighborhood B(u), the system reaches an equilibrium state, described
by the aforementioned thermodynamic characteristics {Pα(u)}kα=1 depending on the
macroscopic point u, where these functions vary smoothly in space.
We expect this local equilibrium state’s evolution to be negligible in the microscopic
time scale,2 since this state is locally invariant under the dynamics thanks to the
construction. However, if we observe our container of gas in a macroscopic time
window, we expect the energy, momentum, and particles to be transported over
macroscopic distances. In fact, if the local equilibrium is maintained, at macro-
scopic time t, we could expect the local equilibrium picture to be evolved and the
system can be described by new parameters: {Pα(u, t)}kα=1, where these fields vary
smoothly over time following the appropriate system of autonomous partial differ-
ential equations, i.e., hydrodynamic equation.

Space-time scaling

Before proceeding, we emphasize that the relation between the microscopic and
macroscopic pictures involves space-time scaling. Take a scaling parameter n, which
eventually goes to infinity. Then the macroscopic space and time, y and t, is given
by ny = x, t = ϑ(n)τ , where x and τ denote the microscopic space and time, respec-
tively. We expect the previous picture to become "exact" in the limit as n → ∞.
Notice that the choice of ϑ(n) = n, corresponds to the hyperbolic scaling, where we
expect to obtain the Euler equation. In contrast, certain phenomena such as ther-
mal conductivity are generally believed to happen in a slower time scale. We need
to rescale time in a diffusive time scale ϑ(n) = nα, with α = 2 or in a super-diffusive
time scale (α < 2) to observe these phenomena.

2For instance, one could think of the microscopic time scale as the mean free time between
particle’s "collision".

2
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Ergodicity

Although the idea of local equilibrium can be traced back to C.Morrey (cf. [177]) in
the fifties, the rigorous treatment of this problem for purely Hamiltonian systems is
still elusive. The main difficulty lies in proving the fact that the local equilibrium
is maintained. The consensus is that the ergodicity of the system is needed for this
purpose, and proving ergodicity for purely Hamiltonian systems seems out of reach
for the moment. Let us highlight the belief that ergodicity is an essential part of
this picture with the following quotes:�

"Despite many efforts, this program has not been completely achieved for Hamil-
tonian systems where particles evolve deterministically according to Newton’s equa-
tions, mainly due to the lack of good ergodic properties of the system."
from "Scaling Limits of Interacting Particle Systems" by C. Kipnis, and C. Landim
(cf.[137] Page one).

"Unfortunately, despite intense efforts, for many degrees of freedom determin-
istic chaos remains a poorly understood subject. I am convinced that deterministic
chaos on the small scale is needed in order to have the kind of large scale dynamics
we actually see."
from "Large Scale Dynamics of Interacting Particles" by H. Spohn (cf. [212] Page
two).

Example: classical chain of oscillators

In order to further illuminate the above concepts, we bring a concrete, simple exam-
ple, mostly from [145]. Consider a classical chain of one dimensional (an-)harmonic
oscillators. The phase space is given by Ωn = (R × R)n for the finite system,
and Ω = (R × R)Z for the infinite system. A typical configuration is given by
{(qx, px)|x = 1, . . . n}, where we label the particles by indices x ∈ {1, . . . , n}; fur-
thermore, qx, px, and mx denote the position, momentum, and mass of the particle
x, respectively. Each particle interacts with its nearest neighbors, and the inter-
action is described by a potential V (rx), where rx is the inter-particle distance:
rx := qx+1 − qx, and V : R → R, is a "reasonable" potential. The Hamiltonian of
the system reads

Hn =
n∑
x=1

( p2
x

2mx

+ V (rx)
)

=:
n∑
x=1

ex. (1.1.1)

Formally, the evolution of the chain is given by the following Hamiltonian dynamics:

∂trx(t) = px+1(t)
mx

− px(t)
mx

,

∂tpx(t) = V ′(rx(t))− V ′(rx−1(t)),

∂tex(t) = px+1(t)
mx+1

V ′(rx(t))−
px(t)
mx

V ′(rx−1(t)).

(1.1.2)

3
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We take all the masses equal to one. This dynamics has three obvious (locally)
conserved quantities:

n∑
x=1

rx,
n∑
x=1

px,
n∑
x=1

ex, (1.1.3)

corresponding to the total volume, momentum, and energy of the chain. One could
regard these quantities as the macroscopic thermodynamic characteristics of the
system. Correspondingly, these conserved quantities assist us to describe the equi-
librium state by a family of stationary probability measures over the phase space,
i.e., (Canonical) Gibbs states. These states are parameterized by tension, velocity,
and inverse temperature τ, p, β, and given by:

dµnτ,p,β =
n∏
x=1

exp
(
− β

(
ex − ppx − τ rx

)
− G(τ, p, β)

)
drxdpx, (1.1.4)

where G(τ, p, β) is the free energy, which is defined such that dµnτ,p,β be a probability
measure.

Denote the average w.r.t (1.1.4), by 〈.〉τ,p,β. Thanks to the local equilibrium, we
can obtain the internal energy u(τ, β) = 〈ex〉τ,p,β −

p2

2 , and length r(τ, β) = 〈rx〉τ,p,β
as functions of inverse temperature, velocity, and tension:

r(τ, β) = β−1∂τG(τ, p, β),
u(τ, β) = −∂βG(τ, p, β) + τr,

p = β−1∂pG(τ, p, β).
(1.1.5)

Accordingly, we can define the thermodynamic entropy S(u, r) by the Legendre
transform:

S(u, r) = inf
τ,β

{
− βτr + βu+ G(τ, 0, β)

}
, (1.1.6)

which leads us to the following relations:

β(u, r) = ∂uS(u, r), τ(u, r) = −β−1(u, r)∂rS(u, r). (1.1.7)

Let us take a chain with periodic boundary, and macroscopic volume one. Corre-
sponding to the smooth macroscopic profiles τ, p : T→ R, β : T→ R+ a prototypical
local equilibrium state can be defined as:

dµτ(.),p(.),β(.) =
n∏
x=1

exp
(
− β(x

n
)
(
ex− p(x

n
)px− τ(x

n
)rx
)
−Gn(τ(.), p(.), β(.))

)
drxdpx.

(1.1.8)
One can observe that for a suitable potential, and proper boundary conditions, this
state has the "nice" properties we outlined above; in particular, in the macroscopic
point y we are locally in equilibrium with parameters τ(y), p(y), and β(y). This can
be expressed in the following weak sense: for any smooth function f : T → R, we
have:

lim
n→∞

1
n

n∑
x=1

f
(
x

n

)
〈rx〉µτ(.),p(.),β(.)

→
∫
T
G(y)r(y)dy, (1.1.9)

4
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where r(.) is determined from τ(.), and β(.) via (1.1.7). Notice that the same re-
lation is true for the corresponding profile of energy and velocity as well. In fact,
many authors define the local equilibrium state as any sequence of states having
the property (1.1.9), or slightly modified version of this property (cf. [37] Section 4,
[212] 2.40 and 2.39, [137] Section 2, definition 2.2)�.

Starting from the local equilibrium state, we are interested in the macroscopic
evolution of (rx, px, ex), in the hyperbolic space-time scaling (nt, ny). In this scaling
we expect that (rx, px, ex) converges weakly to the solution of the following hyperbolic
system of PDEs equipped with proper boundary conditions and initial datum (a.k.a.
compressible Euler system of equations) in the smooth regime:

∂tr(t, y) = ∂yp(t, y),

∂tp(t, y) = ∂yτ
(

u(t, y), r(t, y)
)
,

∂te(t, y) = ∂y

(
τ
(

u(t, y), r(t, y)
)

p(t, y)
)
,

(1.1.10)

where u = e− p2

2 is the internal energy. This means for any continuous test function
f : T→ R, we expect:

lim
n→∞

1
n

n∑
x=1

f
(x
n

)rx(nt)
px(nt)
ex(nt)

→ ∫ 1

0
f(y)

r(t, y)
p(t, y)
e(t, y)

 dy. (1.1.11)

Assuming the maintenance of local equilibrium, we have the following heuristics for
(1.1.11):

− d

dt

1
n

n∑
x=1

f
(x
n

)〈rx(nt)〉µn〈px(nt)〉µn
〈ex(nt)〉µn

 =

−
n∑
x=1

f
(x
n

) 〈px+1(nt)〉µn − 〈px(nt)〉µn
〈V ′(rx(nt))〉µn − 〈V ′(rx−1(nt))〉µn

〈px+1(nt)V ′(rx(nt))〉µn − 〈px(nt)V ′(rx−1(nt))〉µn

 ∼
1
n

n∑
x=1

f ′
(x
n

) 〈px+1(nt)〉µn
〈V ′(rx(nt))〉µn

〈px+1(nt)V ′(rx(nt))〉µn

 ∼ ∫ 1

0
f ′(y)


p(t, y)

τ
(
u(t, y), r(t, y)

)
p(t, y)τ

(
u(t, y), r(t, y)

)
 dy,
(1.1.12)

where in the first line we used (1.1.2), then we performed a summation by parts. In
the last step, local equilibrium is assumed.

It is believed that proving local equilibrium is related to ergodicity of the system.
In fact, in [186] Olla, Varadhan, and Yau established that ergodicity of the infinite
system is sufficient for proving the hydrodynamic limit. More precisely, in our case,

5
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the infinite system is ergodic, if every "regular" (finite entropy density), translation
invariant, and stationary probability ν be a convex combination of Gibbs measures
dµτ,p,β (1.1.4), equivalently by equivalence of ensemble this means that the only lo-
cal translation invariant conserved quantities for the infinite dynamics are given by
energy momentum, and density.
Although it is expected that non-linear potential V could provide such ergodicity,
proving this is still quite challenging and unreachable, (cf. [102] by Fritz, Funaki,
and Lebowitz for more details).
One of the main strategies to obtain ergodicity is adding certain stochastic noise
(random exchange of velocities, random velocity flip, etc. for example) to kill all the
(possible) conserved quantities except the desired ones (cf. [186],[49], [144] as exam-
ples of this strategy). The main mathematical tool for controlling the macroscopic
evolution in these examples is the relative entropy method introduced in [226] by
Yau (cf. [186] as well). It is worth mentioning that in certain limits when we have
energy conservation, this method does not work, and methods based on Wigner
distributions can be exploited (cf. [146]).

Further notes and comments. For proving hydrodynamic limits, instead
of perturbing the Hamiltonian dynamics with a conservative noise, we can consider
stochastic microscopic dynamics rather than the Hamiltonian ones. In this approach,
the underlying dynamics are assumed to be completely random, for example, (cf.
[119], [226], [137] and references therein, [212] Section II and references therein, [83]
and references therein, notably [138], [198]). These models may not seem as "fun-
damental" as Hamiltonian models. However, they are able to describe a fairly vast
range of phenomena. In this case, we would like to mention that the pioneering
work of Guo, Papanicolaou, and Varadhan [119], inspired by Fritz (cf. [101]), is
particularly important. They follow the evolution of the relative entropy between
the law of the process and global equilibrium. This approach has been generalized
by Yau [226] by taking the relative entropy w.r.t. local equilibrium. Quoting Yau:
"It is believed that the main difficulty in studying hydrodynamics is the lack of a
stable mathematically controllable norm", we would like to mention that recently
other useful norms have been exploited for this purpose, such as H−1 norm and
Wasserstein distance (cf. [117]).

1.1.2 Model and Results
This section is devoted to explaining the main model of this thesis’ first part, its sig-
nificance and the results. We also provide a very rough background of the model by
mentioning a handful of the most famous results in the literature concerning chain
of oscillators. We also bring a few other examples where we find them inspiring.

So far the situation can be summarized as follows: obtaining the macroscopic
evolution of conserved quantities and their corresponding currents for a "physical"
system from its microscopic dynamics, also known as hydrodynamic limit, is a chal-

6
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lenging mathematical problem. One of the most interesting cases of this program
is when the underlying microscopic dynamics is given by the fundamental theories,
i.e., either Newtonian/Hamiltonian dynamics or Schrödinger/Heisenberg dynamics
for classical and quantum systems, respectively. In classical systems, having a math-
ematical proof is still elusive due to difficulties in proving the ergodic properties of
the system. Moreover, it is believed that ergodicity is an omnipresent part of the
picture. The situation is not different when the underlying dynamics is given by
quantum mechanics. In fact, to the best of our knowledge, there are no examples
where one rigorously proves a hydrodynamic limit for a deterministic quantum sys-
tem, except in [181], where they adapted the relative entropy method to quantum
systems. However, their work is based on an ergodicity assumption (cf. assumption
III of [181]), which is quite challenging to prove for physical systems.

One of the main purposes and novelties of this work is proving the hydrodynamic
limit for a simple interacting quantum system (one-dimensional unpinned chain of
quantum harmonic oscillator with random masses). The main novelty comes from
the fact that this model is among the first examples where one can prove the hy-
drodynamic limit for a quantum system rigorously. In fact, we prove that starting
from a locally Gibbs state, after hyperbolic rescaling of time and space, the distri-
bution of the elongation, momentum, and energy converges to the solution of the
Euler equation. Moreover, our result indicates that the temperature profile does
not evolve in any space-time scale; in particular, the thermal diffusion coefficient
vanishes.
A similar result has been obtained for the classical counterpart of this system in
[35]. These models both share a surprising feature: they are not ergodic; actually
they are completely integrable with full set of conserved quantities. However, we are
still able to close the macroscopic equation with three conserved quantities namely
momentum, elongation, and energy, out of thermal equilibrium. We would like to
emphasize that this result seems counter-intuitive (due to lack of ergodicity), if one
believes in the general well-established picture we outlined in Section 1.1.1. We will
outline the differences between the classical and quantum systems later (cf. Section
1.1.3).

We obtain the above-mentioned result thanks to two main phenomena in this
chain. First is the Anderson localization, which decouples the mechanical and ther-
mal energy, providing the closure of the equation for energy, similar phenomena
happens in the classical chain as well [35]. The second phenomenon is purely quan-
tum mechanical: it is similar to some sort of decay of correlation phenomena, which
lets us circumvent the difficulties arising from the fact that Gibbs states are not
product due to the quantum nature of the system.

Our result shed light on the transport properties of disordered unpinned chain
in the hyperbolic space-time scale; mechanical energy’s transport is ballistic, while
thermal energy and other conserved quantities’ transport will be suppressed thanks
to Anderson localization. In addition, concerning the other scaling, we observe

7
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that the transport of the thermal energy will be suppressed at any larger time-scale.

Model and Results

Formally, this system can be described by the following Hamiltonian:

Hn = 1
2

n∑
x=1

(
p2
x

mx

+ (qx+1 − qx)2
)
, (1.1.13)

where qx is the position (multiplication) operator acting on particle x, px is the
corresponding momentum operator with [qx, px] = i, where we take ~ = 1. More-
over, mx denotes the mass of particle x, where they will be taken as i.i.d random
variables, defined on a probability space (Ω,F ,P). We denote the the expectation
w.r.t P by E, and E(mx) = m̄; furthermore, we denote the law of the distribution of
the masses by µ. Finally, we have free boundary conditions: q0 = q1 and qn = qn+1.
Notice the difference between (1.1.1), and (1.1.13), where we quantized the former.
Moreover, the state space in the later is given by L2(Rn) rather than (R× R)n.
We would like to mention that this model could be understood as a model of vibra-
tion degrees of freedom in crystal lattices 3 (cf. [141] Chapter 2, [13] Chapter 23,
[180]). In particular, this means that the particles are labeled by lattice points and
they are distinguishable, even in case of the clean chain. Distinguishability becomes
even more obvious for the disordered chain, since all the particles have different
masses, almost surely.

The time evolution is given by the Heisenberg dynamics generated by Hn, i.e.

ṗx = i[Hn, px] = (∆q)x, q̇x = i[Hn, qx] = px
mx

, (1.1.14)

where ∆ is the discrete Laplacian defined in (2.1.8).

This dynamics has n conserved quantities; however, we are only interested in the
following three main ones: total energy: Hn := ∑n

x=1 ex, total momentum: ∑n
x=1 px,

and total elongation: ∑n−1
x=1 rx, where we denoted:

rx = qx+1 − qx, ex = 1
2

(
p2
x

mx

+ r2
x

)
. (1.1.15)

Notice that total energy Hn and total momentum ∑n
x=1 px are truly conserved.

In contrast, total elongation ∑n−1
x=1 rx is locally conserved, and global conservation

of elongation breaks at the boundary due to boundary conditions q0 = q1, and
qn = qn+1. We discuss the other conserved quantities in Remark 1.1.7.

3On the physical ground, one could think of these particles as ions/atoms in an insulator
crystal interacting with their nearest neighbors. By taking masses random we can imagine that
we have a random alloy where we have a combination of different ions/atoms in the lattice. In
particular, having this picture in mind, it becomes clear that although each of these ions could be
bosons/fermions as a quantum particle, they are distinguishable.

8
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First, we let the chain to be in a locally Gibbs state corresponding to the afore-
mentioned conserved quantities. This state is out of thermal equilibrium with a
smooth temperature profile β ∈ C0([0, 1]), and out of mechanical equilibrium with a
smooth profile of momentum and elongation p̄, r̄ ∈ C1([0, 1]), with r̄(0) = r̄(1) = 0.
Furthermore, we assume the chain’s macroscopic center of the mass is fixed i.e.,∫ 1

0 p̄(y)dy = 0 (We discuss this assumption in Appendix 2.B and Remark 2.B.1).
The density operator of this state is denoted by ρnβ,p̄,r̄, and is defined in (2.1.9).
Then, we let the chain evolve in time, according to the Heisenberg equation of mo-
tion and denote rx(t), px(t), ex(t) to be the solution of this equation, i.e. the solution
to the following local conservation laws corresponding to our conserved quantities:

ṙx(t) = px+1(t)
mx+1

− px(t)
mx

, ṗx(t) = rx(t)− rx−1(t),

ėx(t) = px+1(t)rx(t) + rx(t)px+1(t)
2mx+1

− px(t)rx−1(t) + rx−1(t)px(t)
2mx

,

(1.1.16)

where in the second equation, we emphasized the fact that px+1rx 6= rxpx+1.
Given the temperature profile β ∈ C([0, 1]), and the distribution of the masses µ, the
macroscopic thermal energy profile is denoted by fµβ : [0, 1]→ R, defined in (2.4.5).
We discuss this function in Section 2.4.1, and Appendix 2.A. Let us emphasize that
a priori from the definition it is not clear if this function is "local". However, in
Proposition 2.A.1.2 we prove that fµβ (y) = fµ(β(y)), where fµ : (0,∞) → R is the
corresponding function in thermal equilibrium (cf. (2.4.35) for the definition, see
also Remarks 1.1.6, 1.1.1).

Correspondingly, denoting m̄ = E(mx), where E denotes the expectation w.r.t
µ, the macroscopic profiles r(y, t), p(y, t), e(y, t) evolve according to the following
conservation laws with proper boundary conditions:

∂tr(y, t) = 1
m̄
∂yp(y, t), ∂tp(y, t) = ∂yr(y, t), ∂te(y, t) = 1

m̄
∂y(r(y, t)p(y, t)),

r(y, 0) = r̄(y), p(y, 0) = p̄(y), e(y, 0) = 1
2

(
p̄(y)2

m̄
+ r̄(y)

)
+ fµβ (y),

r(0, t) = r(1, t) = 0.
(1.1.17)

Notice that total momentum
∫ 1

0 p(y, t)dy, is conserved by the evolution equation
(1.1.17), thanks to the boundary condition r(0, t) = r(1, t) = 0. This fact further
justifies our assumption

∫ 1
0 p̄(y)dy = 0.

The main result of this manuscript is that, after hyperbolic rescaling of time and
space, the empirical density of elongation, momentum, and energy, i.e. r, p, e, aver-
aged under the locally Gibbs state ρnp̄,r̄,β, converge to the solution of the macroscopic
equation (1.1.17). The precise statement of the result is given in Theorem 2.1.1.

Remark 1.1.1. Notice that in the classical case for β̃ ∈ (0,∞), fµ(β̃) = β̃−1,
while in the quantum case one can observe that this function depends on all the

9
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moments of the probability distribution of the masses, µ. Thanks to this observation,
it is worth mentioning that in the classical case, the macroscopic equations only
reflect the expectation of the masses E(mx), whereas in the quantum case the whole
distribution appears in the macroscopic picture through the function fµ. This fact
could be counterintuitive, in the sense that for two distribution of the masses with
similar mean, we can observe different average thermal energy.

Background

Before proceeding, let us briefly highlight some of the well-known results connected
to this model in the literature 4. In this section, we generally talk about one-
dimensional models.
Harmonic oscillators have been used to model the thermodynamic properties of
solids and fluids. In equilibrium, model of harmonic oscillators can predict the spe-
cific heat of crystals at high temperature as in Dulong–Petit law (cf. [89], [151]
Section VI). These models can be used to predict the heat capacity of the solids at
lower temperatures, as in the Einstein’s model by considering the quantum nature
of the oscillators. Subsequently, taking into account the interactions as in Debye’s
model, we can predict the heat capacity at low temperature as well (cf. [81], [91],
Section VI of [151]).

Although these predictions agree with the experiment satisfactorily, pure clas-
sical and quantum harmonic models 5 are not complex enough to predict out of
equilibrium phenomena such as heat conduction.
On the physical ground, since the work of Fourier in 1822 [21], one expects heat
transfer in the bulk of material to be diffusive and satisfies the Fourier’s law 6:

J(T ) = −κ(T )∇T ; cv(T )∂T
∂t

= ∇.(κ(T )∇T ), (1.1.18)

where κ(T ) is the diffusion coefficient, corresponding to conductivity of the material,
and cv(T ) is the specific heat per unit volume. T : Rd × R+ → R is the material’s
temperature profile at time t ∈ R+, and J is the heat flux, i.e. the amount of heat
transported through a unit surface per unit time.
In [201], Rider, Lebowitz, and Lieb studied a classical one-dimensional chain of har-
monic oscillators. The Hamiltonian of this model is given by (1.1.1) with V (rx) = r2

x,
and all the masses are equal. They prepared the chain in contact with two heat baths
modeled by Fokker-Planck type operators at the boundaries with respective tem-
peratures TL and TR. They observed that in the stationary state the heat flux is
proportional to the temperature difference |TR − TL|, rather than temperature gra-
dient |TL − TR|/n 7 as it is prescribed by Fourier’s law. This indicates that the

4This section narrates my personal history toward this problem, rather than a brief literature
review.

5 By pure harmonic models, we refer to models where all the masses are equal, and the inter-
action is given by quadratic forms.

6Here we talk about "general" behavior of solids, and we are not concerned by engineered or
exotic counterexamples

7Here n represents the number of particles in the chain.

10
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energy propagates ballistically rather than diffusively, and heat conductivity is pro-
portional to the size of the system. This result confirms that pure harmonic models
are not complex enough to model the heat transfer, this has been understood since
the works of Peierls [189], [190].

In purely harmonic models, phonons propagate ballistically, and thermal conduc-
tivity diverges by the system’s size. In order to enrich the model to reflect physical
observations, we need to take into account the phonon scattering. This can be done
by adding extra features to the model (anharmonicity, stochastic noise, impurities).
Although there exists an extensive literature concerning thermal properties of chain
of oscillators (more numerical studies and heuristic arguments and less fully rigor-
ous results), we do not intend to review them here. We refer to (cf. [41], [155]) for
general reviews. We bring here a few examples which are related to our analysis,
and a handful of results only to give a general picture (most of these results have
been chosen based on personal taste).

Either of the above-mentioned mechanisms can somehow mimic the phonon scat-
tering and produce rich phenomena: considering anharmonic interactions as it has
been done in the seminal work of Fermi–Pasta–Ulam–Tsingou (cf. [96]) may seems
the most "natural" way; however, its rigorous treatment is extremely cumbersome.
In this case, anharmonicity affects the conductivity, and it is possible to observe
diffusive behavior J ∼ 1

n
(cf. [11]), or anomalous behavior J ∼ n−

3
5 (cf. [165]). Let

us mention that it is believed that when potential only depends on the displacement
(unpinned case) the anomalous behavior is expected in d = 1 i.e, J ∼ nα, with
α < 1, and in d = 2, J ∼ nα, or J ∼ log n.

The second idea imitates anharmonicity effect qualitatively by a stochastic noise,
conserving the total energy and possibly total momentum. Although this family of
models may seem "artificial", their rigorous treatment is more plausible. Actually
one can argue that these noises can model the "unknown" effect of the environ-
ment, or other degrees of freedom, and they are not completely "hypothetical".
Moreover, they can be designed to reproduce the thermal behavior of anharmonic
solids suitably at a qualitative level. As an example, the conductivity of a one-
dimensional unpinned chain8 subject to momentum and energy conserving noise
diverges in d = 1, d = 2, and it is finite and positive in d = 3. Furthermore, the con-
ductivity is positive and finite (J ∼ 1

n
) in the case of pinned chain in all dimensions

in this model. (cf. [23], [36], cf. [22] for a review on rigorous results in this domain).

Lastly, phonon scattering effects can be seen by adding impurities. To model
impurities, one can consider disordered harmonic (classical) chains. This case was
first investigated by Casher and Lebowitz in [63], and Rubin and Greer in [203]. By
disordered we mean that the mass of the particles are i.i.d random variables with
nice law in (1.1.13). In the presence of pinning potential, this chain will be a perfect
insulator, and thermal conductivity vanishes as n→∞ (this is shown rigorously in

8By "pinned" we refer to a chain, with pinning potential at each site, i.e., in (1.1.1) we have a
term of the form:

∑n
x=1 V(qx).

11
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[33]). However, in the absence of pinning, as a consequence of momentum conserva-
tion, we have a surprising effect as it is observed in [85], [86] : thermal conductivity
depends on the boundary conditions and spectral properties of the bath.
In [63], authors studied the classical disordered harmonic chain in contact with heat
reservoirs modeled by Ornstein–Uhlenbeck processes at temperatures TL, TR. They
deduced that thermal conductivity vanishes, and the steady state heat current de-
cays as E(Jn) ∼ (TL − TR)n− 3

2 , where n denotes the system’s size, and E denotes
the expectation with respect to the masses. This has been made rigorous in [6]. In
[203], they examined the similar problem, where they model their heat bath with
infinite chains of oscillators. Their study made rigorous in [222].

The classical disordered harmonic chains have been studied in higher dimen-
sions as well [70], where they put the chain in contact with Langevin thermostats.
They observed heuristically (by kinetic theory type arguments) and numerically,
that steady state current’s scaling depends on the boundary conditions, as well as
the presence of the pinning potential. In particular, they recovered Fourier’s law
heuristically for three dimensional pinned system.

One can apply any combination of the aforementioned machineries (disorder,
noise, anharmonicity) and study the corresponding dynamics. In fact, there are nu-
merous works (rigorous and non rigorous) in that direction, such as [33] [210], [34],
[130], [51], [87].

Finally, we can mention [2] and references therein, most notably [180] as instances
of investigating disordered quantum harmonic chains. In this body of work, the dy-
namical localization of the chain in terms of zero-velocity Lieb Robinson bound has
been studied. Notice that these models, are similar to the pinned case and they do
not have the divergence of the localization length in the lower part of the spectrum
(we discuss this in the next Section). Moreover, we should emphasize that although
these systems and our model are many body quantum systems, embody localization
phenomena, they are not example of "real" Many body localization (cf. [24], [1],
[193]), since we can map them to effective one-particle Hamiltonian, and the local-
ization mechanism in these models are more or less similar to one-body Anderson
localization (we discuss this further in the next section).

Before proceeding, we should like to recall that studying quantum chains and
their thermal properties (quantum spin chains) is a very active and growing field of
research. However, reviewing this immense literature is out of our scope. Concerning
these systems, their thermalization, and questions such as many body localization,
entanglement, and eigenstate thermalization hypothesis we refer to [1], and [74]
for a general review (mostly non-rigorous and physics oriented). Regarding open
quantum systems, we refer to historical papers (cf. [26], [100], [99], [98]) modeling
quantum heat bath by chain of oscillators and obtaining quantum Langevin equation
(cf. [14] for a rigorous treatment). For a general theory of open quantum systems,
where one can model the heat bath by Lindblad operators, we refer to [50]. (cf.

12
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[7], cf. [15] for more rigorous account). We mention [88] as an example of a clean
quantum harmonic chain in contact with a heat bath. Notice that engineering a bath
(rigorously) such that it thermalizes a quantum chain by acting from the chain’s two
ends with the same temperature is a challenging problem.

1.1.3 Phenomenology and idea of the proof
In this section, first we consider a clean9 quantum harmonic chain in thermal equi-
librium, and out of mechanical equilibrium. We show Theorem 2.1.1 holds in this
case. Then we argue that out of thermal equilibrium, our result does not remain
true. Subsequently, we illustrate the role of the disorder. We explain that disorder
changes the nature of the system by modifying the chain’s eigenmodes. Then we
sketch the proof of Theorem 2.1.1.

Thermal equilibrium

Let us emphasize that for the sake of brevity, our definitions and arguments in this
section are not fully rigorous. However, it is possible to fill the gaps easily. In fact,
all the hand-waving arguments of this section is made rigorous in Chapter 2.
Denote the space variable by ξ ∈ Rn, and let the Hilbert space Hn = L2(Rn, dξ),
where dξ denotes the Lebesgue measure on Rn, be the state space of our model with
n distinguishable particles. We denote the elements of Hn by |.〉 notation 10. As
usual for x ∈ Tn = {1, 2, . . . , n}, qx denotes the position operator acting on particle
x, i.e,

qx |ψ(ξ1, . . . , ξx, . . . , ξn)〉 = ξx |ψ(ξ1, . . . , ξx, . . . , ξn)〉 .

Moreover, px = −i ∂
∂ξx

denotes the corresponding momentum operator, where we
take ~ = 1, and we have the canonical commutation relation (CCR): [qx, py] = iδxy,
[qx, qy] = 0, [px, py] = 0, where [a, b] = ab − ba. The Hamiltonian of the system is
given by:

Hn = 1
2

n∑
x=1

(
p2
x + (qx − qx−1)2

)
, (1.1.19)

where we assumed periodic boundary conditions with fixed total volume, i.e, there
exists a constant operator ˆ̄ro such that q0 ≡ qn − ˆ̄ro, and q1 ≡ qn+1 − ˆ̄ro 11. We
take mass of all the particles equal to one. Let us define the elongation operator as
rx := qx − qx−1, representing the operator corresponding to the length of the spring
between particles x, and x + 1. Notice that the (CCR) in terms of this operator
reads:

[rx, py] = i
(
δxy − δ(x−1)y

)
, [rx, ry] = [px, py] = 0. (1.1.20)

9As usual, by clean we refer to the case where all the masses are equal to one.
10Notice that starting from next chapter, |ψ〉 denotes the element of Rn, and |ψ〉|ψ〉|ψ〉 denotes the

elements of Hn. These notation will be defined accordingly.
11This assumption is not necessary; in fact, starting from next chapter we describe our system

with fixed boundary condition. These assumptions make the computation easier. One should think
of ˆ̄ro as a vanishing constant in large n limit.
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In terms of the elongation operator, Hamiltonian reads:

Hn = 1
2

n∑
x=1

(p2
x + r2

x) =:
n∑
x=1

ex, (1.1.21)

where we defined ex := 1
2(p2

x + r2
x) as the energy of the x-th oscillator. Notice that

px, and rx, and consequently ex, and Hn are essentially self-adjoint on S(Rn) (space
of Schwartz function from Rn → C). We denote their closure with the same symbols
(cf. [197], [180]).
The time evolution of these operators is given by the Heisenberg dynamics generated
by Hn. Thanks to spectral theory for self adjoint operators, for all t ∈ R, eitHn is
well defined. Therefore, by using the Stone’s theorem, we are able to define a one
parameter group of automorphism τnt on B(Hn) (space of bounded operators on
Hn):

a(t) := τnt (a) = eitHnae−itHn . (1.1.22)
By using Stone’s theorem, we can extend the domain of this dynamics to cer-
tain unbounded operators. In particular, rx(t) := τnt (rx), px(t) := τnt (px), and
ex(t) := τnt (ex) are well defined (cf. [197], [180]). Moreover, one can verify that these
operators (and all the subsequent operators we will encounter) solve the Heisenberg
equation in the strong sense on a proper dense domain:

∂ta = i[Hn, a]. (1.1.23)

Notice that thanks to the canonical commutation relation (1.1.20), denoting ȧ :=
∂ta, we have :

ṗx = rx+1 − rx, ṙx = px − px−1. (1.1.24)
The evolution equation (1.1.24), can be solved by diagonalizing the Hamiltonian
via a discrete Fourier transform and introducing proper bosonic operators. For
k ∈ In := {0, 1

n
, . . . , n−1

n
} define

r̂k = 1√
n

n∑
x=1

e−(2πi)kxrx, p̂k = 1√
n

n∑
x=1

e−(2πi)kxpx. (1.1.25)

Denote the adjoint of an operator a by a∗ and observe r̂∗k = r̂1−k, p̂∗k = p̂1−k.
Moreover, define the bosonic operators ak, and a∗k for k ∈ Ion := { 1

n
, . . . , n−1

n
} as

follows (ωk := 2| sin(πk)| denotes the dispersion relation):

ak = 1√
2ωk

( ωkr̂k
1− e−2πik + ip̂k

)
, a∗k = 1√

2ωk
( ωkr̂

∗
k

1− e2πik − ip̂
∗
k). (1.1.26)

From (1.1.20), and (1.1.25), we have for k, k′ ∈ In:

[r̂k, p̂k′ ] = iδk+k′(1− e−2πik), [r̂k, r̂k′ ] = 0, [p̂k, p̂k′ ] = 0. (1.1.27)

Consequently, from (1.1.26), and (1.1.27), we get the following commutation rela-
tions for k, k′ ∈ Ion:

[ak, ak′ ] = [a∗k, a∗k′ ] = 0, [ak, a∗k′ ] = δkk′ . (1.1.28)

14
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The Hamiltonian in terms of these coordinates is given by12:

Hn = 1
2
(
ˆ̄r∗o ˆ̄ro + p̂∗0p̂0

)
+
∑
k∈Ion

ωk
(
a∗kak + 1

2
)

= 1
2
∑
k∈In

(r̂∗kr̂k + p̂∗kp̂k) . (1.1.29)

Thanks to (1.1.29), and commutation relations (1.1.28), we can solve the evolution
equation (1.1.24):

ak(t) = e−iωktak(0), a∗k(t) = eiωkta∗k(0), p̂0(t) = p̂0(0), ∀k ∈ Ion, (1.1.30)

px(t) = 1√
n

p̂0 +
∑
k∈Ion

e2πikn
√
ωk
2 (−i)

(
e−iωktak(0)− eiωkta∗1−k(0)

) ,
rx(t) = 1√

n

ˆ̄r0 +
∑
k∈Ion

e2πikn1− e−2πik
√

2ωk

(
e−iωktak(0) + eiωkta∗1−k(0)

) .
(1.1.31)

Take β > 0, and p, r ∈ C1([0, 1]), such that p(0) = p(1), r(0) = r(1), and∫ 1
0 r(y)dy =

∫ 1
0 p(y)dy = 0. Initially, assume that our chain is in a mixed state,

described by a density operator ρn ∈ B(Hn), (ρn is a trace class, positive, bounded
operator on Hn, with Tr(ρn) = 1). For any operator a, such that aρn is trace-class,
we denote the average of a w.r.t ρn by 〈a〉ρn := Tr(ρna). Moreover, we assume ρn
has the following properties. By abusing notation, for any two operators a, b, denote
Cov(a, b) := 〈ab〉ρn − 〈a〉ρn 〈b〉ρn

13:

1. 〈px〉ρn = p(x
n
), 〈rx〉ρn = r(x

n
), 1 ≤ x ≤ n 14,

2. Covρn(rx, ry) = Covρn(px, py) = C̃β
n (x− y) 1 ≤ x, y ≤ n, with

C̃β
n (x− y) = εo + 1

βn

∑
k∈Ion

e2πik(x−y)ωkβ

2 coth
(
ωkβ

2

)
. (1.1.32)

3. Covρn(rx, py) = i
2(δ(x− y)− δ(x− y − 1)) 1 ≤ x, y ≤ n,

where εo is a vanishing constant, we choose later. Notice that the "locally Gibbs
state" corresponding to β, p, and r satisfies these conditions as well 15. We define
this state at the end of this section.

12Notice that here ˆ̄ro is the constant corresponding to length of the chain, and p̂0 is the total
momentum operator.

13Note that Cov(a, b) is not equal Cov(b, a), unless in case [a, b] = 0.
14This assumption implicitly means that we should take the constant ˆ̄ro corresponding to length

of the chain equal to ˆ̄ro :=
∑n
x=1 r̄(

x
n ).

15Later, we discuss the construction of our locally Gibbs state, every "reasonable construction",
satisfy the above mentioned conditions up to a vanishing error (cf. Appendix 2.B in Chapter 2).

15



CHAPTER 1. INTRODUCTION 1.1. DISORDERED CHAIN

In the macroscopic level, recall the following system of hyperbolic conservation laws,
where we modify the initial condition:

∂tr(y, t) = ∂yp(y, t), ∂tp(y, t) = ∂yr(y, t), ∂te(y, t) = ∂y(r(y, t)p(y, t)),

r(y, 0) = r(y), p(y, 0) = p(y), e(y, 0) = 1
2

(
p(y)2 + r(y)2

)
+ fβ,

r(0, t) = r(1, t), p(0, t) = p(1, t),

(1.1.33)

where fβ can be obtained explicitly: we express following general relation, in case
all the particles have mass m instead of one:

fβ = β−1
∫ 1

0

β~√
m

sin(πk) coth
(
β~√
m

sin(πk)
)
dk. (1.1.34)

For any k ∈ In, we denote the discrete Fourier transform of C̃β
n by Ĉβ

n (k). One can
observe that Ĉβ

n (k) = ωk
2 coth

(
βωk

2

)
. Notice that fβ = limn→∞

∑
k Ĉ

β
n (k). Assuming

ρn satisfies assumptions 1, 2, and 3, we have the following theorem as a counterpart
of Theorem 2.1.1: let r̄x(nt) := 〈rx(nt)〉ρn , p̄x(nt) = 〈px(nt)〉ρn , ēx(nt) := 〈ex(nt)〉ρn
for every x ∈ Tn, and t ∈ [0, T ] for a fixed T > 0.

Theorem 1.1.1. Denote un(x, t) := (r̄x(nt), p̄x(nt), ēx(nt)), for x ∈ Tn, then
un(x, t) converges weakly to u(y, t) := (r(y, t), p(y, t), e(y, t)) i.e, for every smooth
test function f ∈ C0([0, 1]):

1
n

n∑
x=1

un(x, t)f
(x
n

)
→
∫ 1

0
u(y, t)f(y)dy, ∀t ∈ [0, T ], (1.1.35)

as n→∞.

In the rest of this section, we sketch the proof of Theorem 1.1.1. As we mentioned
before, filling the gaps are rather easy thanks to the arguments in Chapter 2.

Remark 1.1.2. Theorem 1.1.1 implies that our result is true in thermal equilibrium
for a clean chain. The same conclusion holds in the classical case, for a clean chain
in thermal equilibrium i.e., the microscopic dynamics converges to the solution of
the Euler equation (1.1.33), with fβ(y) = β−1 (cf. [35] Section 1.1).

Notice that the the constant in (1.1.34), in the classical limit ~ → 0, converges
to the previous value of fβ = β−1. Moreover, the asymptotic of fβ in (1.1.34) for
large masses or high temperatures (m� 1 or β−1 � 1) is equal to β−1 as well.

Sketch of proof of Theorem 1.1.1. Recall the evolution equation (1.1.24), since this
equation is linear, thanks to linearity of the trace, and Assumption 1, we deduce
that p̄x(nt) and r̄x(nt) satisfy the following system of ODEs as functions on Rn:

˙̄px = r̄x+1 − r̄x, ˙̄rx = p̄x − p̄x−1.

p̄x(0) = p(x
n

), r̄x(0) = r(x
n

).
(1.1.36)
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For any k ∈ Z, p̂(k), r̂(k) denote the Fourier transform of r, and p on the circle.
Observe that for any fixed k ∈ Z, 1√

n
ˆ̄r k
n
→ r̂(k) and 1√

n
ˆ̄p k
n
→ p̂(k), where ˆ̄p k

n
, ˆ̄r k

n
are

discrete Fourier transform of r̄x and p̄x. Consequently, for k ∈ Z, define

c
(k
n

)
:=
( ω k

n

1− e−2πi k
n

ˆ̄r k
n

+ i ˆ̄p k
n

)
,

and observe: 1√
n
c
(

k
n

)
→ i(p̂(k) − r̂(k)) := ϕ−(k), and 1√

n
c∗
(
1 − k

n

)
→ i(p̂(k) −

r̂∗(k)) := ϕ+(k).
Thanks to (1.1.36), we have for k := k

n
: c(k, t) = e−iωktc(k), and c∗(k, t) = eiωktc∗(k).

Therefore, we get for k ∈ Z:

1√
n
c
(k
n
, nt

)
→ e−2πiktϕ−(k), (1.1.37)

as n→∞. From (1.1.37), using the definition of c we have:

1√
n

ˆ̄r
(k
n

)
→ i

2(e−2πiktϕ−(k) + e2πkitϕ+(k)) = r̂(k, t),

1√
n

ˆ̄p
(k
n

)
→ −i2 (e−2πiktϕ−(k)− e2πiktϕ+(k)) = p̂(k, t).

(1.1.38)

where r(y, t), p(y, t) are solutions to the wave equation in (1.1.33), and p̂(k, t), r̂(k, t)
are their Fourier transforms. Notice that in (1.1.38), we take advantage of the
explicit solution of the wave equation.
Finally, (1.1.38) basically finishes the proof of (1.1.35) for r and p. Notice that
thanks to regularity of r, and p one can say more:� we can deduce that

r̄[ny](nt)→ r(y, t), p̄[ny](nt)→ p(y, t). (1.1.39)

as n→∞. Notice that one can adapt the argument in Section 2.3 of Chapter 2 for
this purpose as well. In fact, this case is much simpler since we do not need any
homogenization over the masses and estimates (2.3.7), and (2.3.8), are enough to
prove the pointwise convergence. These estimates are direct consequences of regu-
larity of r and p, as well as conservation laws of the dynamics.

Proof of the limit in (1.1.35) corresponding to e, relies crucially on the following
observation (recall the bosonic operator (1.1.26)):

Cov(a∗k, ak′) = δk,k′

(
1

exp(βωk)− 1

)
=⇒ Cov(a∗k(t), ak′(t)) = δk,k′

(
1

exp(βωk)− 1

)
,

(1.1.40)
where the first identity follows by a straightforward computation from the definition
of ak, a∗k, (1.1.26), definition of r̂k, p̂k (1.1.25), and assumptions (2), and (3). The
second equality comes from the time evolution identity in (1.1.30).
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Plugging (1.1.40) into the time evolution (1.1.31) we get (up to a vanishing error,
thanks to the definition of fβ):

〈
p2
x(nt)

〉
ρn

= p̄2
x(nt) + 1

βn

∑
k∈Ion

βωk
2 coth

(
βωk

2

)
+ εn = p̄2

x(nt) + fβ + ε′n

〈
r2
x(nt)

〉
ρn

= r̄2
x(nt) + 1

βn

∑
k∈Ion

βωk
2 coth

(
βωk

2

)
+ εn = r̄2

x(nt) + fβ + ε′n.

(1.1.41)

Thanks to the definition of ex(nt) we deduce:

〈ex(nt)〉ρ = p̄2
x(nt) + r̄2

x(nt) + fβ + εn. (1.1.42)

Taking the limit n → ∞ in the later expression, we can conclude (1.1.35), thanks
to the convergence results corresponding to r, p, namely (1.1.39).

Remark 1.1.3. Theorem 1.1.1 is still true, if one replace C̃β
n in Assumption 2,

with an appropriate sequence of functions C̃n : {1, . . . n} → R. More specifically,
it is sufficient that C̃n has the following properties: denoting the discrete Fourier
transform of C̃n by Ĉn, Ĉn is positive, and symmetric (Ĉn(k) = Ĉn(1 − k) for
k ∈ In). Moreover, fC := limn→∞

∑
k Ĉn(k) exists. In this case one should replace

fβ in (1.1.33), with fC.

Notice that in the proof, proving the propagation of the local equilibrium is not
needed.

One can take ρn to be the locally Gibbs state of the local equilibrium correspond-
ing to the profile p, and r, and temperature β−1 > 0. Inspiring from the classical
counterpart of this system one is tempted to define this state as:

ρn = 1
Z ′n

exp
(
−βHn − β

n∑
x=1

(
pxp(x

n
) + rxr(x

n
)
))

= 1
Zn

exp
(
−β2

n∑
x=1

((
px − p(x

n
)
)2

+
(
rx − r

(x
n

))2
))

.

(1.1.43)

Notice that ρn can be viewed as exp
(
−βH̃n

)
, where H̃n is a "displaced" version of

Hn. Defining p̃x = px − p
(
x
n

)
, and r̃x = rx − r

(
x
n

)
, one could define the discrete

Fourier transform of p̃x and r̃x as ˆ̃pk, ˆ̃rk similar to (1.1.25), and diagonalize H̃n in
terms of these new operators:

H̃n = 1
2

ˆ̃p2
0 + 1

2
∑
k

ωk(ˆ̃p∗k ˆ̃pk + ˆ̃r∗k ˆ̃rk) = 1
2

ˆ̃p2
0 +

∑
k

ωk(ã∗kãk + 1
2), (1.1.44)

where ãk, ã∗k is defined similar to ak, and a∗k (1.1.26) in terms of ˆ̃pk and ˆ̃rk rather than
r̂k, and p̂k. The later diagonalization suggests that H̃n has a continuous spectrum.
Moreover, one can observe that ρn is not trace-class. This technical difficulty stems
from the fact that in our description we do not consider the center of the mass, and
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center of mass momentum p̂0 = ∑
x px. However, p̂0 is conserved by the dynamics,

and one could circumvent this difficulty in different ways: classicaly, we can describe
our system by an observer in the center of the mass. Hence, our system is defined
on an n − 1 dimensional Manifold M. Then, we can quantize the corresponding
system. In this case ρn will be a trace-class operator on L2(Rn−1). We follow this
line in Section 2.1 of Chapter 2. Alternatively, we can "fix" the total momentum
as follows: we can separate our Hilbert space into two parts: one corresponding to
the center of the mass, and the rest (classicaly corresponds to other n − 1 degrees
of freedom). Initially, we assume that the center of the mass is described by a pure
state φ ∈ L2(R). Then we can modify ρn as tensor product of the pure state |φ〉〈φ|
and ρ̃n = exp

(
−H̃+

n

)
, where H̃+

n = Hn − p̂2
0
2 , we proceed this way in Appendix 2.B

of Chapter2 16.
In either case, ρn is a density operator, mimicking the behavior of (1.1.44). In fact,
effectively it can be considered as exp

(
−βH̃+

n

)
, where H̃+

n is digonalized in (1.1.44)
as sum of independent displaced oscillators. Moreover, its eigenvalue and eigen-
functions are completely understood in terms of Hermite polynomials (cf. Section
2.2 in Chapter 2). Therefore, computing the averages of ãk, ã∗k, and ã∗kãk w.r.t ρn
is straightforward, upto a vanishing error which comes from our construction (cf.
Proposition 5.2.28 of [48], and Appendix 2.C):

〈ãk〉ρn = 〈ã∗k〉ρn = 〈ã∗kã∗k′〉ρn = 〈ãkãk′〉ρn = 0, 〈ã∗kã∗k′〉ρn = δkk′

(
1

exp(βωk)− 1

)
.

(1.1.45)

Therefore, thanks to (1.1.45), and definition of ãk we can verify that ρn satisfies all
the assumptions of Theorem 1.1.1.

Remark 1.1.4. Theorem 1.1.1 relies on the translation invariance of C̃, this theo-
rem fails even in the classical counterpart of our system, when C̃ is space inhomo-
geneous. For example, if we take our system to be out of thermal equilibrium with
an inhomogenous temperature’s profile, one can observe that Theorem 1.1.1 is not
valid anymore. In fact, one can easily adapt the argument in Section 1.1 of [35] and
observe that for a clean chain, with a varying temperature’s profile, although we have
the wave equation, the evolution of the energy does not govern by the Euler equation,
both in quantum and classical case. In this case, the evolution of the thermal energy
is not autonomous (cf. [35] for more details in the classical case).

Disordered chain: phenomenology

In the previous section, the hydrodynamic behavior of a clean chain is understood.
Since the chain is harmonic, the microscopic evolution of r, p is linear and similar
to the classical case. Therefore, in the hyperbolic scaling the macroscopic limit is

16There are other ways to overcome this difficulty. For example, taking an site potential, which
makes H̃n having a discrete spectrum, and sending this potential to zero very fast in large n limit.
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given by the wave equations in (1.1.33). Notice that this does not depend on the
temperature’s profile.
In the macroscopic level (1.1.33), the evolution of the energy can be solved explic-
itly thanks to the regularity of r, and p. This evolution is given by a mechanical
part 1

2(p2(y, t) + r2(y, t)), and a thermal part fβ which is constant in time. In the
microscopic level, we have a similar decomposition thanks to (1.1.45), and (1.1.30).
For a clean chain, out of thermal equilibrium, the evolution of r, p are still governed
by the wave equation. Consequently, the evolution of the mechanical energy is given
by the solution of the Euler equation. However, due to temperature gradient, the
thermal fluctuation is not constant in time anymore, and thermal waves transport
the thermal energy in the system.

Taking mass of the particles to be i.i.d random variables modifies this picture
extensively: the evolution of r, and p is still governed by the wave equation; how-
ever proving this fact needs certain homogenization over the masses. Notice that
only the expectation value of the masses, E(mx), appears in the macroscopic scale.
The mechanical energy is treated similar to the clean chain. The main effect of
randomness appears in suppressing the thermal waves and permitting us to deduce
that thermal energy does not evolve in time. In the following, we try to explain this
phenomena.

A similar result has been obtained for the classical counterpart of this system
in [35]. As we mentioned, the first feature of these systems which suppresses the
thermal wave, permits us to close the equation for the energy, and proves the hydro-
dynamic limit is the localization phenomena expressed in Lemma 2.5.2, mathemat-
ically. As we observed in Section 1.1.2, models of disordered harmonic chains (both
classical and quantum mechanical) have been studied extensively in the literature
(cf. [6], [222], [63], [85], [203] for classical and [180] for quantum mechanical). Most
of these models exhibit properties similar to the Anderson insulator [9], i.e., cer-
tain eigenmodes of these chains are spatially localized (we give a brief introduction
to localization in Section 1.1.4). In our case, the random matrix appearing in the
analysis of our system is M−1∆, where M is the diagonal matrix of the masses.
We denote the set of eigenvectors of M−1∆ by {ψk}n−1

k=0 , where they are ordered
increasingly according to their corresponding eigenvalues. Notice that these vectors
appear in the solution of the time evolution equation (2.2.22). In the case of a clean
chain this solution is given by (1.1.31), where in this case these vectors are simply
Fourier coefficients.
In the disordered case, one can deduce from the conservation of momentum that
the ground state of M−1∆ is fixed, also known as "symmetry protected mode" [124].
Consequently, the localization length diverges as we approach the ground state,
namely for k ∼ nγ, such that γ ∈ [0, 1

2) is chosen properly. In fact, one can observe
that the localization length ξk behaves asymptotically as ξk ∼ ω2

k ∼ ( k
n
)2, as we take

the limit k
n
→ 0 properly (cf. [222] Theorem 1, estimate 3.8, or (4.2) in[6]), where

ωk denotes the eigenvalue of the clean chain with unit mass, i.e. ωk = |2 sin
(
π k
n

)
|.
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Moreover, high modes (when k is not close to zero, k �
√
n) are completely local-

ized.
In the microscopic level, the modes with k �

√
n remain extended, i.e., similar to

the eigenmodes of the clean chain (Fourier modes). First, the macroscopic evolution
of r, p follows this low modes, this is proven via a mass homogenization in Section 2.3.
In the microscopic and macroscopic level, we decompose the energy into the thermal
and mechanical part. In the macroscopic level, by solving (1.1.17), the evolution of
the energy is purely mechanical; in the microscopic level low modes transport the
mechanical energy, this fact is proven in Lemma 2.5.1. In fact, the convergence of
the microscopic mechanical energy to the macroscopic one can be deduced from the
results of Section 2.3; in particular, the pointwise convergence of the momentum and
elongation in Step 4 of Section 2.3. In the macroscopic scale, the thermal part of
the energy does not evolve in time, since the macroscopic evolution of the energy is
purely mechanical. In the microscopic level, the similar phenomenon can be proven
thanks to the localization where we expressed in lemma 2.5.2, 2.5.3, exploiting the
estimates appeared in [35], [6], [222]. In fact, since the high modes, i.e. k �

√
n are

localized, the thermal part of the energy (Thermal fluctuations) does not evolve in
time, this has been proven in Lemma 2.5.4. Notice that the following remark is a
direct consequence of this lemma:

Remark 1.1.5. In Lemma 2.5.4, the proof can be adapted easily for other time
scales, where we rescale time by a factor nα with α ≥ 1. Therefore, the temperature’s
profile does not evolve in time at any time scale nαt for α ≥ 1, including diffusive
timescale, which means that the thermal diffusion coefficient vanishes.

Quantum nature of the system: technical novelty

The main difference of our model with its classical counterpart [35] stems from the
fact that the Gibbs state ρnp̄,r̄,β (2.1.9) is not a product state, since the energies of
nearest neighbor particles do not commute with each other in the quantum case.
This has both mathematical and physical consequences. Mathematically, this fea-
ture causes certain technical difficulties which can be treated by arguments similar
to decay of correlation type arguments. Physically, this difference appears in the
macroscopic evolution equation via the function fµβ (y) (cf. (2.4.5)). Let us empha-
size the fact that this function depends on the distribution of the masses (and not
only on its low moments such as mean and variance), whereas in the classical case
it was equal to 1

β(y) . Let us explain this difference a bit more.
First, this issue leads to some technical difficulties for obtaining certain bounds,
which is treated by diagonalizing the pseudo-Hamiltonian Hn

β (2.1.10), appearing in
the definition of ρnp̄,r̄,β.
The more fundamental issue arising here is that for a fixed realization of the masses,
〈ẽx〉ρn , i.e., the average of the thermal energy of the particle x, which is computed
in (2.2.47) and (2.2.46), depends on the whole configuration of the masses and the
whole profile of the temperature (β( 1

n
), . . . , β(n

n
)). In contrast, in the classical case

it was simply equal to β−1
x = β(x

n
)−1. This difference also reflects in the macroscopic

equation (1.1.17) in the function fµβ , which is defined in (2.4.5). In contrast to the
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classical case, where it was equal to 1
β(y) . Notice that the quantum nature of our

system survives in the macroscopic limit only through this function. In fact, in the
limit ~→ 0, this function converges to its classical counterpart 1

β(y) .
Since for a fixed realization of the masses the microscopic thermal energy

〈
ẽ[ny]

〉
ρn

depends on the whole configuration of the masses, one should think of it as a ran-
dom variable. Moreover, a priori, it is not clear that the desired limiting object
limn→∞

1
n

∑n
x=1 f(x

n
) 〈ẽx〉ρn , for a test function f , is deterministic. Furthermore, it

is not obvious from the construction, if this object would be local in the sense that
it only depends on macroscopic temperature β(y). We devote Section 2.4.1 and
Appendix 2.A to these issues. In order to show that this limit is deterministic,
we prove that at each point x, the average energy’s dependence on the mass of a
particle y, far away from x, decays sufficiently fast. Then we use the Strong Law
of Large Numbers for weakly dependent random variables. In order to prove this
fact, we use arguments similar to decay of correlation. Here, we use the fact that
f(z) =

√
z coth

√
z is analytic in a certain domain, then we represent the thermal

energy as 〈ẽx〉ρn in terms of f(Aβp ) + f(Aβr ), for certain matrices Aβp , Aβr (cf. (2.2.52),
(2.2.25)). We expand f in terms of its Taylor series, and we use the fact that the
matrices Aβp , Aβr appearing in the expansion are local, i.e., the mass of particle x only
appears on the entries close to the diagonal term (Aβp )xx; hence, the expectation of
the first |x−y|2 terms is factorized, and the rest is small. This provides a sufficient
decay to prove the law of large numbers for 1

n

∑
x f(x

n
) 〈ẽx〉ρ. By similar arguments

we can show fµβ (y) is continuous and local.

Remark 1.1.6. Notice that when n is finite,
〈
ẽ[ny]

〉
ρ
depends on the whole profile

of temperature (β( 1
n
), . . . , β(1)). We prove that as n→∞, for any y ∈ (0, 1), fµβ (y)

depends only on the macroscopic temperature β(y). In fact, in Proposition 2.A.1.2,
we prove that fµβ (y) = fµ(β(y)) for all y ∈ (0, 1). Here, fµ(β̃) is the corresponding
function in thermal equilibrium at inverse temperature β̃, i.e., the case where β(y) =
β̃, for all y ∈ [0, 1]. We define this function in (2.A.1.2), and we observe that it is
well defined (does not depend on y) in Corollary 2.A.21.

1.1.4 Localization
In this section, we present a very brief introduction to localization. As we already
mentioned, our result in Chapter 2 crucially rests on localization of the eigenmodes
of the random matrice M−1∆. The necessary localization estimates for our proof is
stated in Lemma 2.5.2 without any proof, directly from [35], [6], and [222]. Using
this estimate we prove 2.5.3 as another necessary estimate. This makes our result
rather mysterious for readers without a priori knowledge about localization, since
we bring Lemma 2.5.2 without any explanation. In this section, we briefly introduce
the notion of localization, review related results concerning localization in the liter-
ature, and explain the underlying mechanism, heuristically, without proof. Notice
that the concept of localization is studied extensively in the context of disordered
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quantum systems, and the underlying mechanism is similar to the one we are using.
Therefore, in this section we use notations and definitions from the former context.
This part can skipped by readers familiar with localization. For more general intro-
duction one can see (cf. [62], [216]).

We begin with a cartoonish picture. Consider a deterministic large matrice with
size n, such as the discrete Laplacian ∆: (∆f)x = fx+1− 2fx+1 + fx−1. This matrix
can be diagonilized and its eigenvectors, ψ1, . . . , ψn, are Fourier modes ψkx ∼ e2πi

k
nx√
n

.
The normalized eigenvectors behave typically as follows: most of their entries are of
order 1√

n
, and they seem "extended". Now, take certain entries of the matrix to be

i.i.d random variables, for example, the diagonal entries. Then "typical behavior" of
this new matrice’s eigenvectors changes significantly. Notice that these new vectors
are random. However, it turns out that in large n limit, they "typically" (for "most"of
realizations of the random variables) share a similar feature, namely, most of their
entries are extremely small, except few of them whom carry the mass 17 of the vector.

Definition

Let us make the above-mentioned heuristics more clear via a concrete example:
Anderson tight-binding model [9] 18.

Let d be the space dimension, Λn = [0, n]d∩Zd, |.| denotes the lattice norm, and
consider the Hilbert spaces H = `2(Zd), with inner product 〈., .〉, and Hn = `2(Λn).
We use the Dirac notation: denote the elements of Zd, by |ψ〉. In particular, for
x ∈ Zd, we denote |x〉 := δx. Define the "discrete Laplacian" 19 as an operator on
H: for ψ ∈ H (Hoψ)(x) = −∑y∈Zd,|y−x|=1 ψ(y). Let (vx(ω))x∈Zd be i.i.d random
variables defined on (Ω,F ,P), with "nice"�(compactly supported and smooth) law µ.
Define the random potential Vω : Zd → R, as Vω(x) = vx(ω). Correspondingly, for
λ > 0 the Anderson model is defined as the following Hamiltonian operator on H:

Hω := Ho + λVω. (1.1.46)

This model is attributed to Anderson [9] 20, describing behavior of a single electron
in a disordered media (more on this latter).
First, observe that Hω is an operator-valued function on (Ω,F ,P), and its spectral
properties depend on ω. We are mainly interested in "almost sure" properties. For
any operator-valued functions Hω, denote its spectrum by σ(Hω), and its pure point
spectrum by σp(Hω). Notice that σ(Hω) = σ(Ho) + supp(µ) = [−2d, 2d] + supp(µ).

First notion of localization can be defined as follows: we say Hω exhibit spectral
localization in an energy interval [a, b], if σ(Hω) ∩ [a, b] ⊆ σp(Hω), almost surely

17By mass we refer to `2 norm.
18All the notations of this sections are only used here.
19We absorb the diagonal terms in the potential
20In the Anderson model, the random potential is uniformly distributed on the interval [−W2 ,

W
2 ].
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w.r.t P 21.
Moreover, Hω exhibits exponential spectral localization in [a, b], if Hω has spectral
localization in [a, b], and eigenfunctions corresponding to the eigenvalues in [a, b]
decay exponentially: for almost all ω, Hω has a complete set of eigenfunctions
(ψω,n)n∈N in the energy interval [a, b], such that:

|ψω,n(x)| ≤ Cn,ω exp(−c|x− xn,ω|), (1.1.47)

where c > 0 depends on [a, b], and it corresponds to the localization length, Cn,ω is
uniformly bounded in n and ω, a.s., and xn,ω is the localization center.

If one thinks of H as the Hamiltonian of a quantum system (H is a "nice"
self-adjoint operator), localization of H affects transport properties of this system.
By transport properties, one should think of the Schrödinger evolution of a wave
function, corresponding to H. More precisely, how does this evolution "spread"
a finitely supported wave function in space. For example, one should recall that
for a free Hamiltonian we have a ballistic transport. In particular, from spectral
localization of H we can deduce absence of the ballistic transport in the following
sense (cf. [208]).
Recall that the Hamiltonian of the system is given by H, let the initial state be given
by ψo ∈ H, then at time t the time evolution is given by Schrödinger dynamics:
ψ(t) = e−itHψo, where e−itH is defined thanks to spectral theory. Take an energy
interval I := [a, b], let χI be the characteristic function of I, and denote: ψI(t) :=
e−iHtχI(H)ψo. Denote the position operator on H by X, i.e, for ψ ∈ H, (Xψ)(y) =
yψ(y). Then we define the p-th moment of X, projected into I, at time t, starting
from ψo as 〈|X|p(t)〉I,ψo := 〈ψI(t), |X|pψI(t)〉.
Then the relation among spectral localization, and absence of ballistic transport can
be expressed as follows. If H has spectral localization in I, and ψo be compactly
supported, then we have(cf. [208]):

lim
t→∞

〈X2(t)〉I,ψo
t2

= 0,

almost surely. Having in mind the Anderson model, one would expect stronger
form of transport’s suppression. However, there exists pathological examples (cf.
[82], Appendix 2) of non-random operators H, exhibiting spectral localization with
"almost" ballistic transport: H has exponential spectral localization in the whole
spectrum, and for a suitable compactly supported ψo, we have: limt→∞

〈X2(t)〉
I,ψo

t2−δ
=

∞, for all δ > 0.
These examples inevitably lead us to a stronger definition for localization. dynamical
localization. Recall H = `2(Zd), and for x ∈ Zd, |x〉 = δx.22 We say H exhibits

21Notice that localization may depends on the corresponding "eigenvalue", in some part of the
spectrum the corresponding eigenvectors are localized, and in other part of the spectrum the
eigenvectors are extended.

22By this notation we mean |x〉 is a function from Zd to C such that it returns 1 at point x and
zero otherwise.
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dynamical localization in an interval I ⊂ R, if there exists 0 < c,C <∞, such that

E
(

sup
t

∣∣∣∣〈x, e−itHχI(H)y〉
∣∣∣∣) ≤ Ce−c|x−y|,∀x, y ∈ Zd, (1.1.48)

where c corresponds to the localization length.
From (1.1.48), one can deduce absence of "any transport" in the following sense. For
all p > 0, and ψo compactly supported, we have:

sup
t
|| |X|pe−itHχI(H)ψo||2 <∞, (1.1.49)

almost surely. Notice that combining (1.1.49) with RAGE ( Ruelle, Amrein, Georcescu,
and Enss) theorem, (cf. [92], [8] [204]) we can deduce that Dynamical localization
implies spectral localization.

Brief review

Let us briefly review a couple of the most important results concerning Anderson
localization. Subsequently, we observe the connection between some of these results
and our model.
Recall the Anderson model (1.1.46). In his seminal paper [9], Anderson predicted
that this model exhibits localization in the sense of (1.1.49), for d = 1, 2, and for
d = 3 with sufficiently large noise (λ should be sufficiently large). Recall that An-
derson Model, try to describe the behavior of an electron in a disordered media.
Therefore, localization in the sense of (1.1.49), means that we do not have any elec-
tric transport in the system and electron diffusion coefficient vanishes, this means
that our system is an electric insulator a.k.a Anderson insulator. We stress that
our system of disordered chain was a thermal insulator. In both of these systems,
mechanism of transport’s suppression is due to localization.
Localization in the strong sense in d = 1 with proper µ has been proven by Kunz
and Souillard in 81’ (cf. [149]). Subsequently, Carmona et. al. extended this result
(d = 1) to certain singular potentials in 87’ (cf. [61]).

Before proceeding, we should mention that the mechanism of localization in
d = 1 is fundamentally different from d > 1. In particular, mathematical methods
which have been used to proof localization in d = 1, are substantially different from
d > 1. In fact, in d = 1, transfer matrix approach is proven to be useful and let
us to benefit from strong tools from one dimensional dynamical systems, such as
asymptotic of product of two by two random matrices. This approach fails in higher
dimensions. Let us emphasize that in this manuscript we are mainly interested in
one-dimensional systems; particularly, in our system in chapter (2), localization es-
timates has been obtained based on variation of these methods.

Although we are not interested in higher dimensions, let us review some of the
results in d > 1 concerning Hω (Anderson model). There are two main tools in
proving localization in d > 1. First, is the multiscale analysis exploited by Frölich
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and Spencer in 83’ (cf. [103]). In case of large disorders or small energies, they
obtained estimates for the decay of resolvent: 〈x, (Hω − E)−1y〉 ≤ Cω,xe

−c|x−y|,
for fixed E ∈ σ(Hω), and a.a. ω, this also implies vanishing conductivity, using
Kubo formula. Subsequently, Martinelli, and Scoppola 85’(cf. [169]) deduced the
absence of absolutely continuous spectrum for large disorders or small energies. In
86’ Simon and Wolff (cf. [209]) concluded the spectral localization in the sense of
σ(Hω)∩ [a, b] ⊂ σp(Hω), and exponential decay of eigenfunctions for large disorders
in the entire spectrum, or for low energies and small disorders, by using methods
developed in [103].
The second method in d > 1 is known as Fractional moments and is due to
Aizenman and Molchanov 93’ (cf.[5]). They proved localization at large disorder
and extreme energies. Their method is based on decay of fractional moments of
the Green function. Let G(x, y; z) := 〈x, (Hω − z)−1y〉, then they showed that
E(|G(x, y;E + iε)|s) ≤ Ce−c|x−y|, for a fixed 0 < s < 1, uniformly in ε 6= 0, and
E ∈ (a, b). Notice that these estimates are quite powerful, since they give dynamical
localization in (a, b), as well as level repulsion (cf. [175]).

Transfer matrix approach: naive scheme

As we mentioned, for proving localization in d = 1, one can benefit from rather
strong tools from dynamical systems, thanks to transfer matrix approach. In this
section, we give a general picture about this scheme, and illustrate its connection to
the model of disordered chain.
Recall the Anderson Hamiltonian Hω (1.1.46), for a fixed energy E, we are looking
for a solution u ∈ H, to the following eigenvalue problem: (Hω−E)u = 0. By using
the definition of Hω, this means:

u(x+ 1) + u(x− 1) + (Vω − E)u(x) = 0. (1.1.50)

Define the vector u :=
(
u(x+ 1)
u(x)

)
, and the matrix

Tx(ω) := Tx(E,ω) :=
(
E − Vx(E) −1

1 0

)
, (1.1.51)

We can observe that u(x+ 1) = Tx+1u(x).
Let Φx(E) := Φx(ω,E) := Tx(E,ω)Tx−1(E,ω) . . . T1(E,ω). Assuming the initial
condition u(0), we define the solution of (Hω − E)u = 0 "to the right" as

u(x) = Φx(E)u(0). (1.1.52)

Similarly, one can define the solution of (Hω − E)u = 0 "to the left" as u(−x) =
Φ−x(E)u(0), where Φ−x(E) := T−1

−x+1(E) . . . T−1
0 (E), and T−1

y (E) denotes the inverse
of Ty(E).
Accordingly, we can define the Lyapunov exponents

ξ±(ω,E) := lim
N→±∞

1
|N |

ln(||ΦN(ω,E)||),
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where ||.|| denotes the matrix norm. In an intuitive level, one can see that if ξ± be
well-defined, and positive, almost surely, we can observe the exponential spectral
localization, thanks to (1.1.52).
In fact, from the work of Fustenberg and Kesten in 60’ (cf. [104])23 one can deduce
that for a fixed E, and almost all ω, both limits in the definition of ξ± exists, they are
independent of ω, and ξ(E) := ξ+(E) = ξ−(E) is a well defined Lyapunov exponent.
Furthermore, by Oseledets multiplicative ergodic theorem (cf. [187], [12]), one can
deduce the following. Positive ξ(E) implies exponentially growing or exponentially
decaying solution for Hωu = Eu. Finally, by Kotani’s result in 84’ (cf. [147]) we
can deduce ξ(E) > 0 for almost all E ∈ R. Concluding the dynamical localization
in this model can be done thanks to the result of Kunz and Souillard (cf. [149]).

Connection to disordered chains

So far, we observed mathematical definition of localization, and outlined the scheme
of transfer matrix approach in Anderson model. As we pointed out, in disordered
harmonic chains, both quantum and classical, for our purposes, it is essential to
understand the eigenmode’s behavior of the random matrix M−1∆, where ∆ is the
discrete Laplacian, andM is the diagonal matrix of the (random) masses. We apply
the previous scheme here, where one should modify the transfer matrices properly.
Let ψ be the eigenmode corresponding to the fixed eigenvalue γ. Then we define:
(let us neglect the dependence on the event ω).

Tx(γ) :=
(

2−mxγ
2 −1

1 0

)
. (1.1.53)

Similar to (1.1.52), localization of the eigenmodes is closely connected to the norm
of the following matrix product: ||Φn(γ)|| := ||Tn(γ)Tn−1(γ) . . . T1(γ)||. Again, we
can use similar multiplicative ergodic theorems (cf. [12]) and deduce that ||Φn(γ)||
grows as enξ(γ), where ξ(γ) ≥ 0 is the Lyapunov exponent. The main difference of
our disordered chain (without pining, with momentum conservation) with Anderson
model is the Lyapunov exponent’s scaling as γ → 0. In the Anderson model (d = 1),
ξ(γ) is positive uniformly in γ. However, for the disordered chain ξ(γ) scales as γ2,
when γ → 0. This means that localization length (∼ 1

ξ(γ)) diverges as γ → 0,
representing extended states in the lower edge of the spectrum. The later estimate
is observed in [63], [184] [6], [222] (cf. [222] Theorem 1, estimate 3.8, or (4.2) in [6]).
In fact, since the work of O’Connor (cf. [184]) it is understood that for γ > n−

1
2 +ε

with small ε > 0, Φn(γ) decays exponentially. The behavior of the low modes,
γ < n−

1
2 +ε, is further studied in [222], [6]. In [6], by a change of variable each

transfer matrix is viewed as a Möbius transform. Subsequently, elements of Φn(γ)
are represented in terms of an amplitude and a phase. In this representation, one can
see the phase evolution as a discrete time Markov chain on a circle. This facilitates
the essential estimates corresponding to low modes, by enabling to control the phase
and amplitude jointly.

23 Their result concerns a rather general class of stationary stochastic processes, instead of Tx.
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Combing the above-mentioned tools, in particular estimates from [6], and [222],
one can deduce the following form of localization 24 (cf. [35] Section 5.3). Recall
the definition of M−1∆n, where ∆n is the n × n matrix of discrete Laplacian with
free boundary condition, M is the diagonal matrix of masses (i.i.d random variables
on (Ω,F ,P) with nice law). Denote the normalized eigenvectores of this matrix
by {ψk}n−1

k=0 , where we ordered them in the increasing order corresponding to their
eigenvalues, i.e, if γk denotes the eigenvalue corresponding to ψk, then 0 = γ0 ≤
γ1 ≤ · · · ≤ γn−1.
Lemma 1.1.2. Let 0 < α < 1

2 , and let I(α) := (N1−α, N − 1)∩Z, then there exists
0 < c,C <∞ uniformly in n such that

E

 ∑
k∈I(α)

|ψkxψky |

 ≤ Ce−cξ(α)|x−y|, (1.1.54)

where ξ(α) = n−2α.
Let us emphasize that Lemma 2.5.2 is a direct consequence of (1.1.54). In fact,

Lemma 2.5.2 can be obtained from (1.1.54) by Chebychev’s inequality.

1.1.5 Further comments, and open problems
We conclude the first part of this chapter, by a couple of rather scattered remarks,
and outline possible future directions.

Other conserved quantities

In recent years, the idea of obtaining the macroscopic evolution of conserved quan-
tities and their corresponding charges (hydrodynamic limits) has been adapted to
integrable systems with infinite conserved quantities via the theory of generalized hy-
drodynamic and introducing the generalized Gibbs ensemble (GGE) [38],[64],[213].
Since the disordered harmonic chain is integrable, one could rightfully ask about
other conserved quantities, we address this question in the following remark.
Remark 1.1.7. Since other conserved quantities can be written as further gradients
of p and r (See In in (2.3.6) as an example), by using the same strategy as we used
for the energy, we can decompose them into two parts: one involving mechanical
contributions, and the other involving thermal contributions, similar to (2.5.49).
The thermal terms is constant in time, using the similar argument we used for the
thermal energy, thanks to the localization. However, since the conserved quantities
have been obtained by taking further gradient of r and p, the mechanical terms vanish
in hyperbolic scaling of time and space, thanks to regularity of the macroscopic initial
profile. Therefore, in the hyperbolic scaling, all the other conserved quantities do not
evolve in time.

24This estimate is similar to dynamical localization, however, it is more convenient to express it
in terms of finite dimensional spaces.
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We emphasize that the later remark concerns the density operator corresponding
to β, p, r. This means initially we consider the locally Gibbs state corresponding to
β, p, r. In fact, the role of disorder is that it provide the closure of the macroscopic
equation corresponding to e, such that our equations become autonomous.
We should emphasize that this remark does not address the situation where initially
we prepare our system in the GGE with full set of conserved quantities. However,
thanks to the construction one would expect that these quantities bears a small
weight in the GGE.

Possible open problems

In this section, we briefly mention possible future directions and open problems.
These problems have been chosen based on personal interest.
In chapter 2, we study the average of the fields r[ny](nt), p[ny](nt), e[ny](nt) w.r.t the
Gibbs state ρnp̄,r̄,β. One could investigate the fate of the higher moments of these
fields, such as their fluctuation.
In classical systems, hydrodynamic limits can be proven in the following sense: let
µnt be the law of the microscopic dynamics, this can be understood as the evolved
Liouville measure in the Hamiltonian dynamics, or law of the microscopic stochastic
process either in the case of lattice systems or stochastic perturbation of the Hamil-
tonian dynamics. Let %[ny] denotes a microscopic quantity of interest, (in our model
it could be either r, p, e), and r(y, t) denotes its macroscopic counterpart, which is
obtained as a solution to the corresponding hydrodynamic equation. Then for a
proper initial condition, and a proper test function f we have for any ε > 0:

lim
n→∞

µnnαt

(
| 1
n

n∑
x=1

f(x
n

)%x −
∫
f(y)r(y, t)| > ε

)
→ 0, (1.1.55)

or alternatively one can prove µnnαt(|...|) = 0. Notice that heuristically, the differ-
ence among (1.1.55) and our result (2.1.1), (1.1.35), is as follows: in (1.1.55), we are
basically saying that starting from "most" of the initial configurations, we end up
in the hyperbolic scaling near the solution to the macroscopic equation, where this
"most" should be understood w.r.t the initial local equilibrium measure. However,
(2.1.1) means we end up near the solution to the macroscopic equation in average.
Somehow, this difference involves a law of large numbers type argument.
The open question is how can we define such a measure for a quantum system, cor-
responding to macroscopic profiles β, r, p? Notice that the density operator could
be understood as a measure on eigenvectors of the Hamiltonian, where we would
like to define a measure on the whole configuration space. If we could define such a
measure, does our result hold in the sense of (1.1.55) for this measure? More pre-
cisely, can we prove the following statement: in the hyperbolic scaling, for "most"
of the initial states (pure state) the average of r, p, e in those states, is given by
solution to the Euler equations, where "most" should be understood w.r.t this mea-
sure? Notice that for our system, where at each lattice point we have an infinite
dimensional Hilbert space, this problem could be more challenging, mathematically.
We expect that in spin systems with finite dimensional state space, the formulation
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of this question be less difficult mathematically. Moreover, one could expect that
this question be closely related to the notion of ETH (eigenstate thermalization
hypothesis, (cf. [214], [74])). Finally, we hope that the previous question (higher
moments) could be related to this question as well.

The last open question is rather vague. In classical systems, there exists a suc-
cessful strategy in proving hydrodynamic limits, namely, adding conservative noises.
We are wondering if it is possible to adapt such strategies to quantum systems? One
should probably first think of an easier problem: finding the quantum counterpart of
hydrodynamic results concerning lattice models such as simple exclusion processes
(probably these are good starting points in that regard: cf. [30], [31]).

1.2 NLS
In this Section, we provide a brief introduction to Chapter 3. First, we briefly review
some basic preliminaries concerning non-linear Schrödinger equation (NLS) on Rd,
and Td. Then we review some results regarding NLS’s Gibbs measure, and discrete
non-linear Shcrödinger equation. Laying the groundwork, we describe our model as
a mass conserving stochastic perturbation of the DNLS that models the action of
a heat bath at a given temperature. Afterwards, we present our result, where we
prove that the corresponding Gibbs distribution is the unique invariant measure.
Moreover, in the one-dimensional cubic focusing case on the torus, we prove that in
the limit for large time, continuous approximation and low temperature, the solution
converges to the steady wave of the continuous equation that minimizes the energy
for a given mass. Then we compare our results with other relevant works. Finally,
we finish this section by plenty of open questions arising from the above-mentioned
dynamics.

1.2.1 NLS in a glance
NLS on Rd

Consider the following non-linear Schrödinger equation25 (NLS) in d space dimen-
sion.

i∂tψ(x, t) = −∆ψ(x, t) + κ|ψ|p−1ψ(x, t);
ψ : Ωd × R+ → C; ψ(x, 0) := ψ0(x),

(1.2.1)

where ∆ denotes the Laplacian on Rd, p > 1 determines the strength of the non-
linearity, and κ ∈ {1,−1}, with κ = −1 corresponds to the focusing, and κ = 1

25It is called semi-linear Schrödinger equation as well.
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to the defocusing case, in this section, we take Ω = R. Moreover, we assume that
ψ0 ∈ H1(Rd).
This equation and its variations appear in many areas of physics, such as non-linear
optics, condensed matter physics, biophysics and other areas (cf. [228]: NLS in fluid
mechanics; [224]: mathematical study of DNLS’s minimizer; [205], [97]: statistical
mechanics of DNLS; BEC and NLS: [39]; biophysics: [105], [106], [176]).

Let us mention a couple of these examples from [154]. For instance in d = 3,
p = 3 with κ = −1, (1.2.1) describes, in certain regimes, the Langmuir wave in a
plasma (time evolution of the propagating electric field’s envelope), d = 2, p = 3
corresponds to laser field propagating in non-linear medium (cf. [154] and references
therein). The evolution of Bose Einstein condensation (BEC) can also be modeled
by this equation. This can be derived rigorously from microscopic models (cf. [93],
[94], [140] for rigorous derivation of NLS from microscopic dynamics; cf. Chapter
one of [217] and references therein for a more general introduction into the physical
applications of NLS; cf. [3] as well).

Mathematically, this equation belongs to the family of dispersive non-linear
PDEs, which is a very active field of research with numerous conjectures and open
problems (even at the level of heuristics, there are many unknowns in this field).
From this family, one can mention KdV, non-linear wave equation (NLW), Ben-
jamini Ono equation, etc. For a rather comprehensive (but old) list of results con-
cerning global and local wellposedness of these equations, as well as certain decay
estimates and scattering results, one can see the following webpage by Terry Tao
et. al. https://www.math.ucla.edu/ tao/ Dispersive/. This book of Tao (cf.[218])
also provides a very good introduction. Concerning NLS, we refer to lecture notes
of Cazenve (cf. [66]), and Bourgain’s book (cf. [45]), for classical results such as
Cauchy theory, and solutions’ qualitative behavior. For a review of relatively recent
results about blow-up in the focusing case, one can see lecture notes of Raphaël (cf.
[194]).

In the following, we recall some of the well-known features of NLS, which we are
interested in, mostly from (cf. [194]). First, observe that NLS has two important
conserved quantities. Hamiltonian H, and massM:

H(ψ) = 1
2

∫
Rd
|∇ψ(x)|2dx+ κ

p+ 1

∫
Rd
|ψ(x)|p+1dx, M(ψ) =

∫
Rd
|ψ(x)|2dx.

(1.2.2)
Momentum is another conserved quantity Im (

∫
∇uu∗). In fact, one can view NLS

as an infinite dimensional Hamiltonian flow with Hamiltonian H.
The defocusing case (κ = 1) is considered to be more understood. Besides the gen-
eral theory, and wellposedness (cf. [66], [218]), in certain cases we have information
about its long time behavior as well. In fact, under rather general assumptions,
one expects that solutions to the defocusing NLS disperse, and behave qualitatively
similar to the linear case (κ = 0) . In other words, for a general class of ψo ∈ H1,
for any compact set K, we have: limt→∞

∫
K |ψ(x, t)|2 → 0, where ψ(x, t) denotes

the strong solution to (1.2.1). This can be obtained thanks to the proper decay
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estimates (Strichartz and Morawetz estimates cf. [218] Section 3.5, [66] Section 7).

In this manuscript, we mainly focus on the focusing case (κ = −1). The local
well-posedness of (1.2.1) can be deduced from (cf. [112]), for 1 < p < q∗(d) − 1,
where q∗ is the Sobolev exponent of the injection Ḣ1 → Lq

∗ : q∗(d) =∞ for d = 1, 2,
and q∗(d) = 2d

d−2 for d ≥ 3. This means that there exists 0 < T ≤ ∞, such that
ψ(t, x) ∈ C([0, T ), H1(Rd)). Notice that (cf. [112]) also implies that for the maximal
T : if T <∞, then limt→T ||ψ(x, t)||H1 =∞.
An important tool in studying NLS is Gagliardo-Nirenberg interpolation inequalities:
for any u ∈ H1(Rd) with p ≤ 1 + 4

d
, there exists a constant C(p, d) > 0, such that:

∫
Rd
|u(x)|p+1dx ≤ C(d, p)

(∫
Rd
|∇u(x)|2dx

) d(p−1)
4

(∫
Rd
|u(x)|2dx

) p+1
2 −

d(p−1)
4

. (1.2.3)

Thanks to (1.2.3), we have a priori bound on ||ψ(t)||H1 for p < 1 + 4
d
; therefore,

we can deduce the global well-posedness for p < 1 + 4
d
. Hence, for any t, ψ(t) is

bounded in H1, and it is a solution to (1.2.1) with initial datum in H1. This regime
(p < 1+ 4

d
) is called the mass sub-critical regime. From now on, we assume p < 1+ 4

d
,

unless stated otherwise.

Solitons on Rd

It is believed that the long time behavior of the focusing case is substantially different
from the defocusing case. In particular, absence of dispersion can be observed
thanks to the following special class of solutions: solitary waves, or standing waves,
where we also call them solitons. These are time periodic solutions of the form:
ψ(x, t) = eiωtφ(x), with ω > 0. ψ(x, t) is an H1 solution to (1.2.1), iff φ solves the
following non-linear elliptic ODE:

∆φ− ωφ+ |φ|p−1φ = 0, (1.2.4)

with φ ∈ H1(Rd). Take ω = 1, generally, one can construct different solutions to
(1.2.4) (cf. [28]). However, under certain assumptions (1.2.4) has a unique solu-
tion. For instance in d = 1, all the solutions to (1.2.4), are space translation of

Q(x) =
(

p+1
2 cosh2( (p−1)x

2 )

)p−1
. Moreover, in d > 1, if we assume that φ is a solution

to (1.2.4), and additionally we suppose φ to be nonnegative, then φ should be trans-
lation of an exponentially decreasing C2, radial profile Q(r). In fact, Q(r) is the
unique, nonnegative radially symmetric solution to (1.2.4), which is called ground
state soliton (recall that we take ω = 1) (cf. [194] Proposition 1.2 and Proposition
1.3; for more information [218] Appendix B; originally: [111] [150]). Let us empha-
size the fact that the uniqueness of positive solutions will be crucial later.
The above-mentioned profile Q, has a variational characterization (this is due to
Cazenave, and Lions cf. [65]), which turns out to be very useful; in particular, for
our purposes. Recall that we are in mass-sub critical regime p < 1 + 4

d
:
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Proposition 1.2.0.1. Take ω = 1, and let Q be the unique, radially symmetric,
and non-negative solution to (1.2.4). Fix m > 0, and consider the minimization
problem

Eo(m) := inf
ψ∈H1,M(ψ)=m

H(ψ). (1.2.5)

The minimizer of (1.2.5) is attained on the family

Qλ(m)(.− xo)eiγo , xo ∈ Rd, γo ∈ R, (1.2.6)

where Qλ(x) := λ
2
p−1Q(λx), and λ(m) is uniquely determined by m such that

M(Qλ(m)) = m.
Moreover, any minimizing sequence φn of (1.2.5), is relatively compact in H1 up to
a translation and phase shift: eiγnkφn(.+ xnk)→ Qλ(m) in H1.

In fact, the above-mentioned proposition is similar to Proposition 1.5 of [194],
and one can find the proof there.
First, notice that bothM, and H are invariant under spatial shift, and multiplica-
tion by a constant phase, this justifies (1.2.6). The proof of Proposition 1.2.0.1, rests
on Lions’ concentration-compactness technique (cf. [161], [162]), which let us deduce
that any minimizing sequence of (1.2.5) has a convergent subsequence in Lp+1, and
consequently in H1. Afterwards, by using the fact that

∫
|∇|u||2 ≤

∫
|∇u|2, we can

assume our minimizer u is real and positive. Therefore, by an Euler-Lagrange argu-
ment we can deduce that u is a positive solution to (1.2.4), where ω plays the role of
Lagrange multiplier (in fact, by Pohazaev integration ω is uniquely determined by
m: ω(m) = d+2−p(d−2)

m( d(p−1)
2 −2)

Eo(m) > 0). Finally, we observe that v(x) = ω
1
p−1u(ω 1

2x) is
positive and satisfies (1.2.4) (with ω = 1); therefore, by using the fact that positive
solutions to the later is unique and equal to Q up to a translation, we can conclude
the proof of Proposition (1.2.0.1) 26.
We stress that in Proposition 1.2.0.1, the characterization of the minimizer relies on
the good understanding of the solution to the ODE (1.2.4).

One of the direct consequences of the above variational characterization, is the
orbital stability of the ground state solitons. We say the ground state Q is orbitaly
stable in the functional space X , if for all ε > 0, there exists δ(ε), such that for all
ψo ∈ X , with ||ψo −Q||X < δ(ε), we have for all t ∈ R+:

inf
xo∈Rd,γ∈R

||ψ(t, x)−Q(x− xo)eiγ||X ≤ ε, (1.2.7)

where ψ(t, x) denotes the solution to (1.2.1), with initial datum ψo. Orbital sta-
bility of Q in H1(Rd) is a straightforward consequence of Proposition 1.2.0.1, and
conservation of the energy and the mass (this is first proven in [65]).

Another significance of the solitons is that they are believed to be involved in
the long time behavior of focusing NLS (1.2.1). In fact, studying NLS’s long time

26Notice that we used the fact that for the minimizer
∫
|∇u|2 =

∫
|∇|u||2, and therefore, we only

can multiply v by a constant phase or translate is spatially, in case of non-real solutions.
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behavior is a very active field of research. For example, one would like to know
if besides stability, do we have asymptotic stability? In the following sense that:
do the solutions converge to the ground state in certain norms or semi-norms as
t → ∞? (cf. [58], [110], [202], [211], [148], [167] for progress in case of other non-
linearities/dispersive equations).
Another closely related question concerns the generic long time behavior of NLS.
In fact, numerous numerical and theoretical evidences suggest that asymptotic long
time behavior of the NLS, for a "generic" initial data, decouples into a dispersing part
(vanishing in L∞/"radiating part"), and another non-dispersive part corresponding
to a couple of solitons moving at different speeds ("localized" part). This is the
content of so-called Soliton Resolution Conjecture (cf. [218] p. 154,), which is a ma-
jor open problem in the field. Notice that this statement is rather vague, and one
needs to formulate these vague words into a rigorous statement, in order to solve
this conjecture. Particularly, this description is not true for all initial data, and
making these words rigorous involves the definition of "generic", as well. Regarding
current progress in this direction, one can mention (cf [202], where a similar result
is proven for KdV equation, and [168], where similar theorem is proven for a very
specific non-linearity for NLS (not a pure-power)). Notice that in case p = 3, d = 1,
due to integrability, the asymptotic stability is wrong (cf. [227]).
More specifically, we are intrested in [67], where Chatterjee studied this conjec-
ture in certain probabilistic sense, by discretizing the domain (more on this later).
In fact, our work in chapter 3 is motivated by this conjecture, and Chatterjee’s work.

Let us conclude this section by mentioning that in the super-critical regime
p > 1 + 4

d
, solitons can be used to construct blow-up solutions (solutions with

diverging H1 norm in finite time). In case we do not have any blow-up, it is believed
that soliton resolution conjecture is still true in this regime.

NLS on T

Recall the non-linear Schrödinger equation (1.2.1), in this section we take Ω = T.
NLS on Td is believed to be more complicated and less explored comparing to Rd.
In particular, understanding long time behavior seems to be more involved. Naively,
this difficulty stems from the fact that on a bounded domain, our field cannot "es-
cape" to infinity. Let us illustrate this complication by an example. The defocusing
(κ = 1), cubic (p = 3), NLS on Rd with d > 1 has dispersive behavior under general
assumptions. However, if we take the cubic defocusing NLS� on Td (or any rational
tori) with d > 1, one can construct solutions with arbitrarily small initial Hs norm
(for any s > 1), such that after a sufficiently large time, their Hs norm be arbitrarily
large. This happens due to energy transfer from low modes to higher modes (energy
cascade) 27 (cf. [71], [207]).

In the following, we are going to recall certain results concerning "soliton-like"
27Notice that for d = 1 the cubic NLS is integrable, and energy cascade is absent, since we can

control higher Sobolev norms thanks to higher order conserved quantities.
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solutions in the periodic set-up. As far as we are aware, these solutions are mostly
studied in d = 1. In order to benefit from PDEs’ literature, we restrict ourselves to
the following set-up. As before, we are interested in the focusing case, we restrict
ourselves to the cubic (p = 3), one-dimensional case, with periodic boundary condi-
tion 28.

More specifically, consider the following non-linear cubic Schrödinger equation:

i∂tψ(x, t) = −∂xxψ(x, t)− |ψ(x, t)|2ψ(x, t), (t, x) ∈ R+ × R,
ψ(x, 0) = ψ0(x), ψ0 ∈ H1

per([0, L]),
(1.2.8)

where we assume the periodic boundary condition by the definition of H1
per([0, L]) =

H1(TL) as: H1(TL) := H1
per([0, L]) = {u ∈ H1

loc(R,C)|∀x ∈ R, u(x + L) = u(x)},
with the following norms and inner product (v̄ indicates the complex conjugate):

||u||Lp = (
∫ L

0
|u|p)

1
p , (u, v) =

∫ L

0
uv̄, ||u||H1 = (

∫ L

0
|∂xu|2 + |u|2) 1

2 . (1.2.9)

Global wellposedness of this problem is established in [45], [66], in particular, ∀t >
0, ψ(x, t) ∈ H1

per[0, L]. Similar to (1.2.2) this equation has three important conserved
quantities 29. The energy or Hamiltonian H, mass M, and momentum P , which
can be defined as (Im(z) stands for the imaginary part of z):

HL(ψ) = 1
2

∫ L

0
|∂xψ|2 −

1
4

∫ L

0
|ψ|4.

ML(ψ) =
∫ L

0
|ψ|2, P(ψ) = Im(

∫ L

0
∂xψψ̄).

(1.2.10)

Again, similar to (1.2.4), we can construct different class of time periodic solutions
to (1.2.8). These solutions called the "standing waves" or "periodic waves" (since
they are spatially periodic), and have the following form:

ψ(x, t) = eiωtu(x). (1.2.11)

If ψ(x, t) = eiωtu(x) be a solution to (1.2.8), then u(x) should satisfy the following
ODE:

u′′(x)− ωu(x) + |u(x)|2u(x) = 0, (1.2.12)

where u is spatially periodic.
One of the differences between the previous set-up and the periodic set-up rests on
the fact that solutions to (1.2.4) are well understood in general in comparison to

28Although this equation is integrable, we do not use integrability, and from Chapter 3, we break
integrability by discretization and adding a stochastic perturbation.

29In fact, since this equation is completely integrable, we have infinitely many conserved quan-
tities. However, most of the results in this note can be generalized to the non-linearities that are
not integrable, i.e., we can change the non-linearity term in (3.2.1) into |ψ|p−1ψ with sub-critical
p: 1 < p < 5.
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solutions to (1.2.12)30.

One can find different class of smooth solutions to (1.2.12) (cf. [120], [188], [108]),
using the properties of Jacobi elliptic functions (cn(·), sn(·), dn(·)), also known as
dnoidal, cnoidal, and snoidal waves. We define these functions in Section 1.2.1.
(cf. Chapter 2,3 of [152] for properties of these functions). Recall the definition of
orbital stability (1.2.7). Orbital stability of standing waves w.r.t different perturba-
tions (different functional spaces X ) is not trivial. This question has been studied
in recent decades (cf. [188] for a general introduction). Let us briefly recall a couple
of results in this direction. Adapting the celebrated methods of Grillakis-Shatah-
Strauss (cf. [115], [116]) to our setup, Pava proved that dnoidal waves with period
L are orbitaly stable in X = H1

per([0, L]) (cf. [10]), the same result is proven for
snoidal waves under certain conditions (cf. [107]); moreover, in the same work, the
orbital stability w.r.t L

2 periodic perturbations of cnoidal waves with small amplitude
is established. By methods using integrability (cf. [42], [109]), one can prove the
stability of the snoidal waves w.r.t perturbations with any multiple of the principal
period: X = H1

per(0, nL). On the other hand, cnoidal waves are not orbitaly stable
w.r.t perturbations with large enough multiple of their period (cf. [120], see also
[108]).

The previous results mostly rest on Grillakis-Shatah-Strauss type methods, where
it involves spectral properties of the operator L = − d2

dx2 − c+ dnc, in contrast to the
previous case (NLS on Rd), where orbital stability was proved by varitional methods.
Notice that in the later the proof only relies on the variational characterization of
the ground state and conservation laws.

Only recently a similar variational approach has been adapted in [120] to prove
the orbital stability of standing waves, where they recover the above-mentioned
results via variational characterization of the dnoidal, cnoidal, and snoidal waves,
on proper functional spaces (a variational problem similar to (1.2.0.1), with ψ ∈
H1
per([0, L]), for dn, and ψ belongs to half anti-periodic functions for cn). Among

characterizations in [120], the following result will be used (crucially) in our analysis.
It is given in ([120], Proposition 3.2), and characterizes dn as the minimizer ofHL(ψ)
under the constraint thatML(ψ) = m.

Proposition 1.2.0.2. Fix m,L ∈ R+, and consider the following minimization
problem:

E0(m,L) := inf{HL(u)|ML(u) = m, u ∈ Hper([0, L])}. (1.2.13)

then we have: −∞ < E0(m,L) < 0, and

1. If 0 < m ≤ π2

L
, then the constant function Qm,L(x) = (2m

L
) 1

2 is the unique
minimizer of (1.2.13). This uniqueness is up to a multiplication by a constant
phase.

30In fact, solution to the periodic ODE for a general p are poorly understood; therefore, we
restrict ourselves to the case p = 3.
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2. If π2

L
< m, then Qm,L(x) := αdn(λx, k) is the unique minimizer of (1.2.13),

up to a translation and multiplication by a constant phase. Moreover, α, λ >
0, k ∈ (0, 1) are determined uniquely by m,L.

Furthermore, we have compactness of the minimizing sequence up to a phase shift
and translation in H1

per([0, L]), i.e., for any sequence un in H1
per([0, L]), such that

H(un) → E0(m,L), as n → ∞, there is a subsequence unk , and sequences γk ∈
[0, 2π), and xk ∈ [0, L], where eiγkunk(.+ xk)→ Qm,L, in H1

per([0, L]).

The proof of Proposition 1.2.0.2, is more or less similar to proof of Proposition
1.2.0.1. In fact, among the periodic waves, dn has the most "obvious" characteri-
zation, and one can follow the similar steps, with following modifications (we only
sketch the differences). First, one should recall that the Gagliardo-Nirenberg in-
equality in the periodic case reads:

|u|4L4(T) =
∫ 1

0
|u|4 ≤ C(|∂xu|L2(T)|u|3L2(T) + |u|4L2(T))

= C

(( ∫ 1

0
|u|2

) 3
2
( ∫ 1

0
|∂xu|2

) 1
2

+
( ∫ 1

0
|u|2

)2
)
.

(1.2.14)

Similar to the previous case, we can deduce that any minimizing sequence has a
convergent subsequent, converging to u, subsequently, by an Euler-Lagrange argu-
ment we can characterize the minimizer as a real solution to (1.2.12). Moreover,
one can observe that if we fix the L and ω > 0, and assume u to be real-valued,
positive, and non constant solution to (1.2.12), then u can be written in terms of
Jacobi elliptic functions as u(x) = αdn(λx, k), where k ∈ (0, 1), α, and λ > 0 are
uniquely determined by ω(m), and L (cf. Lemma 2.1 [120]).
The last step involves proving the fact that Qm,L is constant iff π2

L
≤ m.

Let us finish this section by the definition of Jacobi elliptic functions.

Jacobi elliptic functions

Given k ∈ (0, 1), the incomplete elliptic integral of the first kind, for any φ ∈ R is
defined as:

x = F (φ; k) :=
∫ φ

0

dθ√
1− k2 sin2(θ)

.

Consequently, one can define cn(·), sn(·), dn(·) via the inverse of F (·; k):

sn(x, k) := sin(φ), cn(x, k) := cos(φ), dn(x, k) :=
√

1− k2 sin2(φ). (1.2.15)

From (1.2.15), it is straightforward to see that for all x:

sn2(x, k) + cn2(x, k) = k2sn2(x, k) + dn2(x, k) = 1. (1.2.16)

Moreover, the derivative (w.r.t x) of these functions can be obtained directly from
the definition:

∂xsn(x, k) = cn(x, k)dn(x, k), ∂xcn(x, k) = −sn(x, k)dn(x, k),
∂xdn(x, k) = −k2cn(x, k)sn(x, k).

(1.2.17)
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Furthermore, the period of these functions is given via the following complete elliptic
integral:

K(k) := F (π2 ; k), (1.2.18)

where dn is 2K periodic and even, sn and cn are 4K periodic, where sn is 2K anti-
periodic and odd, and cn is 2K anti-periodic and even.
Notice the limiting cases: K(k)→ π

2 , as k → 0, andK(k)→∞ as k → 1. Moreover,
as for k = 0, sn(x, 0) = sin(x), cn(x, 0) = cos(x), dn(x, 0) = 1. Furthermore,
sn(x, 1) = tanh(x), cn(x, 1) = dn(x, 1) = sech(x).
Finally, notice that from (1.2.17), one can deduce that 1

α
dn(x

β
, k), 1

α
cn(x

β
, k), and

1
α
sn(x

β
, k) are solutions to (1.2.12) where α, β, k are determined by ω, L in each

case, respectively. Notice that as L → ∞, we have: k → 1, and dn converges to
solitons on real line.

1.2.2 Statistical mechanics approach and Gibbs measure
Gibbs measures are generally perceived to provide useful information regarding the
"typical" (long time) behavior of Hamiltonian systems. Let us illuminate this idea
a bit more. The "Lebesgue measure" is invariant for the Hamiltonian flow, conse-
quently, the Gibbs measure with density exp(−βH) w.r.t the "Lebesgue measure"
is invariant as well. If the Hamiltonian provides sufficient "ergodic" properties, one
could expect that the later is the unique invariant measure, and long time behav-
ior of our system can be described by this measure. In other words, our system
thermalizes after sufficiently long time. Considering NLS as a Hamiltonian flows
the aforementioned argument gives a strong motivation to study the Gibbs measure
associated to NLS. Let us emphasize that proving ergodicity even in the "discretize"
setup is out of reach, and we provide ergodcity by an appropriate stochastic pertur-
bation. Moreover, the cubic NLS in d = 1 is completely integrable and this scheme
(without the noise) fails.

Gibbs measure: brief review

The idea of investigating the NLS’s Gibbs measure dates back to the pioneer work
of Lebowitz, Rose, and Speer [154]. They proceed as follows. First obstacle to
study this measure is that NLS is an infinite dimensional flow, and such a Lebesgue
measure does not exist in infinite dimension. For NLS on TL, this measure can be
written formally:

dνβL = 1
ZL(β) exp(−βHp

L(u))Πy∈TLdu(y), (1.2.19)

where Hp
L = 1

2
∫ L

0 |u′|2− 1
p+1

∫ L
0 |u|p+1. This problem can be circumvented by absorb-

ing the kinetic energy into the "formal" Lebesgue measure and obtaining the proper
Wiener measure:

dνβL = 1
ZL(β) exp

(
β

p+ 1

∫ L

0
|u(y)|p+1dy

)
dWβ,L, (1.2.20)
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where dWβ,L is the proper Wiener measure, induced by the Brownian bridge. The
other difficulty arises from the fact that Hp

L is unbounded from below, this can be
solved by restricting the measure to the balls such thatML ≤ m, for a constant m.
Consequently, in [154], it is proven that such a measure is well defined in d = 1, for
1 < p < 5, and for p = 6 with small m (this is the same range of parameters where
the equation is globally well-posed).
Before proceeding, let us mention that constructing the Gibbs measure in the con-
tinuum setup is a challenging problem, we briefly review some of the most famous
results in this direction. Notice that this measure in the defocusing case in the con-
tinuum is closely related to the quantum field theory. In the defocusing case, Glimm
and Jaffe (cf.[113]) showed that in d = 1, this measure exists for all p. In d = 2,
after proper wick ordering, the existence is proven for p ≤ 5, and in d = 3 for p ≤ 3.
Notice that this problem in d = 4 is very difficult. Moreover, Bourgain proved that
this measure is actually invariant for the dynamics of NLS for p = 3, and p = 5 (cf.
[45], [43]) (in his construction, he truncates the Fourier modes and takes the limit
properly). In the focusing case in d = 1, for application and further investigation
of this measure, one can see (cf. [171], [174], [173], [172], [200], [199]). In d = 2
the construction of Jaffe (see references in [153]), and in d = 3 work of Brydge and
Slade can be mentioned, where they observed that the "natural construction" (due
to Jaffe) does not work in d = 3 (cf. [52]).
Although construction of the Gibbs measure is challenging by itself, it has several
applications concerning constructing Global solutions with rough initial data (Hs

with proper s < 1). In this situation, the flow is not globally well-posed; however,
combining the Gibbs measure with Bourgain spaces (Xs,b) one can construct global
solutions for "most" (w.r.t this Gibbs measure) initial data. In that regard, one could
mention pioneering work of Bourgain (cf. [43], [44], [46]), and further development
by Tzvetkov, Oh and coauthors concerning dispersive equations (cf. [54], [55], [56],
[220], [219], [221], [72], [182], [57], [27] and references therein, see also [84], [183],
[185]) .

Somewhat "inverse" idea has received attention recently. In the previous setup,
one extracts information about the dynamics by constructing the Gibbs measure
and observing that it is invariant under the dynamics. Conversely, one could con-
struct a dynamics by modern methods such as theory of rough paths, paracontrol
distributions, and regularity structure such that the "formal" Gibbs measure be the
unique invariant measure, and correspondingly one can "construct" such measure by
using properties of the dynamics (In this direction one can see the construction of
φ4

3 cf. [118] and references therein).

Gibbs measure’s behavior

The qualitative behavior of the Gibbs measure is informative and interesting by
itself (this becomes even more interesting in the next section, when we add the
noise to our dynamics). As far as we know, this problem is less investigated in the
mathematics community. In this subsection, we briefly outline some of the relevant
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results in this direction (cf. [139] for a review). We also compare the strength and
weakness of our results in comparison to the former in the next section.
Recall that the Gibbs measure in the focusing case in d = 1 is well defined thanks
to [154]. Fix p = 3, this measure can be written as (take 0 < δ < 1):

dνβ,mL = 1
ZL(β,m) exp

(
β

4

∫ L

0
|u(y)|p+1dy

)
1ML∈[mL(1−δ),mL]dWβ,L, (1.2.21)

where we restrict ourselves to the ball with L2-norm equal tomL. In [154], numerical
simulations suggests a possible phase transition: as we move from high temperatures
to low temperatures (and from low masses to higher masses), a "typical field" under
this Gibbs measure looks more "localized" (typical should be understood as result of
a Monte-Carlo Simulation). Another numerical simulation in (cf. [53]) excluded the
phase transition’s possibility (actually, we believe that our result could shed light
on this problem: cf. Section 1.2.3)�.
In [200], following [172], [173], [174], the Gibbs measure studied in the thermody-
namic limit, i.e., as L→∞, where the mass of the field is equal to mL, with a finite
m. In this regime, Rider proved that

lim
L→∞

1
L3 logZL(1,m) = −Eo(m), (1.2.22)

where Eo(m) is the ground state energy (1.2.5). Moreover, he proved that in the
thermodynamic limit, νβ,mL converges to the trivial measure, where all the mass
concentrates on the zero path. Notice that at a heuristic level this result is not sur-
prising as it has been mentioned mentioned in [154]. In the thermodynamic limit,
since the Hamiltonian is unbounded, field concentrates the possible mass locally.
Subsequently, Rider in [199] investigated the fluctuation of the same measure with
spatial discritization, and assuming the field to be real. He concluded that in the
thermodynamic limit for m sufficiently large, the rescaled field

√
Lu converges to

the white noise.
In [134], [133] Jordan, Josseran, and Turkington studied the Gibbs measure in
the finite (fixed) volume with fixed mass, where they modified the non-linearity
to g(|u|2)u instead of |u|2u, where g should be positive, bounded, increasing, and
xg′(x) is bounded as x approaches ∞. In this setup, they considered the spec-
tral truncation of the measure νβnn , and they proved that as n → ∞, we have:
limn→∞

1
βn
νβnn (u ∈ S) = − infu∈S I(u), where they rescaled βn by n. Here S ⊂ L2,

and I(u) = Hg
L(u) − Eg

0(m,L) is a good rate function. Moreover, Eg
0(m,L) de-

notes the ground-state energy of Hg
L with fixed mass, where we replace |u|p+1 by

the primitive of g in the Hamiltonian. Notice that, this means that this measure
concentrates on the ground states in this limit. However, we should mention that
their methods is limited to a specific class of non-linearities and one cannot adapt
their methods to the cubic NLS.
Finally, in d ≥ 3, Chatterjee and Kirkpatrick (cf. [69]), studied the spatially dis-
cretization of the the measure (1.2.21), in the thermodynamic limit as n → ∞
(number of lattice sites), with nh2 →∞, where h is the interparticle distance. No-
tice that nh2 → ∞ only seems natural in d ≥ 3. They proved a phase transition
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in this setup: under this Gibbs measure, one can observe the following phenomena
with probability one as n → ∞ 31: if βm2 < θc, with θc is a critical value, the free
energy is equal to log(mπe), and all the sites has macroscopically vanishing mass.
If βm2 > θc, then the free energy is given by log(mπe) + g(βm2) with a explicit g.
In this regime, we have "localization" in the sense that there is a single site with
macroscopic non-vanishing mass. Moreover, if we begin with a configuration sam-
pled from this measure (therefore, it is "localized"), the "localization" persists for a
exponentially long time, under the flow of DNLS (since we are in a dicretized setup,
our flow is the dicretized version of NLS). In both regimes, the discrete H1 norm of
the field diverges.

Microcanonical measure

From a statistical mechanics’ point of view, by considering the NLS’s Gibbs mea-
sure, we study the system in the "canonical" ensemble32. If you believe in efficacy
of statistical mechanics approach, it would be natural to explore the NLS’s micro-
canonical ensemble as well. In physics community, there are certain works regarding
this issue for the discrete non-linear Schrödinger equation (DNLS) (cf. [205], [206],
[114] and references therein).
Mathematically, Chatterjee and coauthors have a series of works in this direction
(cf. [69], [68], in particular [67]). In particular, he proves a probabilistic version
of soliton resolution conjecture in [67] by analyzing the microcanonical ensemble.
Since our work is partially motivated by [67], we explain its main result here.

For the NLS, microcanonical ensemble corresponds to the "uniform measure" on
set of functions u ∈ H1, such that for proper values of E and m, we have H(u) = E,
and M(u) = m, i.e, S(E,m) := {u ∈ H1(Rd)|H(u) = E, M(u) = m}. Notice
that at a heuristic level this "measure" would be invariant for the NLS via Liouville
type argument. Constructing such a measure in the continuum is challenging and
spatial discretization seems inevitable. In fact, in [67] the "discretized" version of
S(E,m) is considered.
Let us consider the focusing NLS in d space dimension, with 1 < p < 1 + 4

d
. Let

Hh,n and Mh,n denotes the descretized version of H, andM, with nd lattice points,
and mesh size h (we define Hh,n, Mh,n in (1.2.25), we restrict ourselves to the box
[0, nh]d: s = hd).
In this setup, the configuration space is given by discrete functions u : Tdn → C, and
their continuum image should be understood as proper step functions ũ : [0, nh]d →
C, where for y ∈ [0, nh]d, ũ(y) = u([ y

h
]). Accordingly, we can define Sε,n,h(E,m) :=

{u ∈ Cnd
∣∣∣ |Mh,n(u) −m| ≤ ε, |Hh,n(u) − E| ≤ ε}. This set is supposed to mimic

31In fact, these events’ probabilities can be bounded from below by 1 − e−cna with c > 0, and
a > 0.

32Quoting from [154]: NLS is a effective equation describing many degrees of freedom. The idea
of coarsening the system into an effective equation, then refining it by considering the Canonical
ensemble may seem artificial; however, "there are often good reasons for wanting to focus attention
on the collective variables of the field rather than on the atomic degree of freedom e.g, in fluid
turbulence it is in hydrodynamic modes that interesting action take place."
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the set S(E,m) in the limit as n→∞, h→ 0, with nh→∞. Denote the uniform
measure on Sε,n,h by µε,n,h. Chatterjee proved (cf. [67] Theorem 2.1) that in the
proper limit (n → ∞, h → 0, nh → ∞), this measure concentrates on solitons in
the following sense: there exists a sequence (εk, hk, nk), with εk → 0, hk → 0, and
nkhk →∞ as k →∞, such that for any δ > 0 and q ∈ (2,∞], we have:

lim
k→∞

µεk,nk,hk
(
||ũ−Qλ(m)||L̃q > δ

)
= 0, (1.2.23)

where Qλ(m) is the Soliton appeared in Proposition 1.2.0.1, and L̃q is a semi-norm
similar to Lq-norm, which does not take into account the phase multiplication and
translation symmetry: ||u− v||L̃q = infy,θ ||u− eiθv(· − y)||Lq .
Although (1.2.23) implies that the microcanonical measure concentrates on the soli-
tons, it does not provide information about the long time behavior of the corre-
sponding DNLS flow by itself, since we do not know if the dynamics is ergodic. In
[67], author settles this difficulty in the following way: he proves (cf. [67] Theorem
3.1) that in the proper limit of n, h, ε nearly all ergodic components of the µε,n,h
satisfy the soliton resolution conjecture in the Césaro sence:

ν
(
u ∈ Cnd : lim sup

t→∞

1
t

∫ t

0
1||T̃su−Q||L̃∞>δ

ds < δ
)

= 1,

where T̃su denotes the flow of the DNLS acting on u, where the proper continuum
image is taken afterwards. Moreover, almost all should be understood w.r.t the
measure induced by µε,n,h, on the set of all ergodic invariant probability measures
of the map T1, via Choquet representation theorem.
One of our motivations in the next section is to introduce a stochastic noise that
provides such ergodicity, which is needed in the later theorem. Connecting the later
theorem to soliton resolution conjecture could be a matter of contention. In partic-
ular, the relation between the abstract measure in this theorem with the "physical"
configurations is not straightforward: we do not know starting from which class
of initial conditions, we end up in a "good" ergodic component. For example, is
it possible to end up in a "bad" ergodic component starting from a large class of
initial conditions? Moreover, behaviors such as multi-solitons moving with different
speeds, has not been captured in this theorem.

1.2.3 Stochastic noise and results
So far, the situation can be summarized as follows: long time behavior of the focusing
NLS is elusive. Statistical mechanic approaches, such as studying the Gibbs measure
is proven to be useful. Although they provide a natural invariant measure for the
dynamics, one cannot guarantee the convergence of the NLS flow to this measure,
mainly due to difficulty in proving ergodicity (in case of cubic NLS in d = 1, we
even do not have ergodicity at all).
One of the main purposes of Chapter 3 is to introduce a mass (M) conserving
stochastic perturbation of NLS, such that the Gibbs measure becomes the unique
invariant measure. One could think of action of this noise as a heat bath at constant
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temperature β−1.
Recall (1.2.8) (with any non-linearity p), with Hamiltonian HL , and mass ML

(1.2.10), where we consider a general non-linearity p. Formally one way to define
such stochastic dynamics is to consider the SPDE:

i∂tψ(x, t) = −∆ψ(x, t) + κ|ψ|p−1ψ(x, t)− γψ(x, t)
(
iβ−1 − δH(ψ))

δθ(x)

)

+
√

2γβ−1ψ(x, t)W (x, t),
(1.2.24)

where θ(x) is the phase of ψ(x) (ψ(x) = |ψ(x)|eiθ(x)), W (x, t) is the standard space-
time white noise, and γ > 0 is a parameter that regulates the intensity of the contact
with the heat bath. This corresponds to random but continuous rotations of the
phase of ψ(x) independently at each point x with a drift which somehow intends to
align the particle’s phases.
Notice that δH(ψ))

δθ(x) = Im[ψ(x)∗∆ψ(x)], and that (1.2.24) should be intended in
the Ito’s sense. Consequently, the mass M(ψ) is still formally conserved by this
dynamics.
Because of the singularity in space of the multiplicative white noise W and the
non-linearities present in (1.2.24), it is very hard to give sense to the solution of
this equation. There is an extensive literature on the NLS with space correlated
multiplicative noise 33 (cf. [75], [76]), but it does not include non-linearities like
ψ(x)∆ψ∗(x). Additive noises have also been introduced (cf. [153], [60]), but usually
do not conserve the mass, and the corresponding dynamics have the grand canonical
Gibbs measure as stationary. We introduce instead a space discretization of (1.2.24),
see (3.1.8), whose solution can be defined globally. The infinite temperature version
of this stochastic evolution was introduced in (cf. [156]).

Alternatively, this noise can be described via its generator. Although this dy-
namics is defined in Section 3.1, let us briefly recall it here 34. Generally, we consider
the domain hTdn as a discretization of the box [0, nh]d, where h is the mesh size. Cor-
respondingly, the discretization of HL, andML at mesh size h is defined as follows:
for any ψ ∈ Cnd we have:

Hn := s
∑

|x−y|=1
h−2|ψ(x)− ψ(y)|2 + sκ

p+ 1
∑
x∈Tdn

|ψ(x)|p+1, Mn(ψ) = s
∑
x

|ψ(x)|2.

(1.2.25)
The choice of h = L

n
, and s = 1

nd
corresponds to the descritization of (1.2.10),

whereas taking s = hd, and n, h such that h → 0, n → ∞, nh → ∞ corresponds to
the discretization of (1.2.2).
The discrete non-linear Schrödinger equation, can be viewed as a Hamiltonian dy-

33We do not intend to review this extensive literature here, and we only mention the pioneering
work of de Bouard, and Debussche, subsequently there are many works in the literature concerning
the stochastic NLS and its variations; however, their point of view is rather different from ours,
where we are concerned with thermalization.

34Although these definitions are repetitive, they make our introduction more understandable.
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namics corresponding to Hn, with the following generator:

An = 1
s

∑
x∈Tdn

(∂ψi(x)Hn)∂ψr(x) − (∂ψr(x)Hn)∂ψi(x), (1.2.26)

where ψr, ψi denote the real and imaginary part of ψ: ψ(x) = ψr(x) + iψi(x).
Denoting the phase of ψ(x) by θ(x) (ψ(x) = |ψ(x)|eiθ(x)), the generator of the noise
at temperature β−1 is given by:

Sn := β−1 ∑
x∈Tdn

eβHn∂θ(x)e
−βHn∂θ(x). (1.2.27)

Consequently, for any γ > 0, the generator of our dynamics is given by

Ln = An + γSn. (1.2.28)

From the definition of the generator it is clear that the mass Mn(ψ) is conserved
by the dynamics. Therefore, starting from a configuration with Mn(ψo) = m,
the dynamics is confined in the sphere Snm := {ψ ∈ Cnd |Mn(ψ) = m}. Denot-
ing the uniform measure on Snm by µnm, the Gibbs measure is given by dµnβ,m =
1
Zn

exp(−βHn)dµnm, and is the discrete analogous of (1.2.21). This measure is well-
defined and invariant for the dynamics generated by Ln.

The first result of Chapter 3 is that µnβ,m is the unique invariant measure for the
dynamics generated by Ln (1.2.28), the generator is hypoelliptic and for any fixed n,
the distribution of the process starting from an arbitrary initial condition converges
exponentially in total variation norm to the stationary measure. The statement of
the result is given in Theorem 3.1, and Proposition 3.1.3.
Let us emphasize that to the best of our knowledge, the novelty of our work is that
it is the first result concerning mass conserving perturbation of the DNLS (discrete
non-linear Schrödinger) such that the Gibbs measure is the unique invariant mea-
sure, determining dynamics’ long-time behavior.We should mention that in Section
6 of [59], a mass conserving noise is proposed such that the canonical Gibbs measure
remains invariant by the dynamics. However, this dynamics is not studied, and [59]
mainly concerns another dynamics, which does not conserve the mass and converges
to the grand canonical measure. Moreover, the above-mentioned mass conserving
dynamics is different from ours; in fact, a straightforward analysis suggests that
our dynamics is more degenerate (we have a n- dimensional Wiener process on the
2n − 1 sphere, where they have a 2n − 1 dimensional Wiener measure on a 2n − 1
dimensional sphere . Moreover, generalization of their noise to more general cases
does not seem straightforward).

Remark 1.2.1. It is worth mentioning that the above mentioned result is general
in the sense that it does not depend on the parameters h, s, γ, β in our definition.
More importantly, this result is true for other powers of non-linearity and any value
of κ ∈ {−1, 0, 1}. In fact, one can replace the non-linearity |ψ|p+1, with any non-
linearity of the form F (|ψ|2), with F ∈ C2, and obtain the similar result.
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Therefore, one can perturb any of the discrete models outlined in Section 1.2.2, or
other appropriate DNLSs (cf. [135] and references therein) with our noise, and
thanks to the above-mentioned theorem the long time behavior of the emerging dy-
namics is given by the corresponding Gibbs measure. Notice that in many of the
aforementioned models the Gibbs measure’s behavior is understood relatively well.
Although our result is general in the above sense, our choice of discretization is im-
portant (up to changing the scaling parameters), and the Hamiltonian generator An
plays an important role.

The remaining of Chapter 3, concerns an application of the above-mentioned
result. From Section 3.2 of Chapter 3, we concentrate on the one-dimensional fo-
cusing cubic NLS on the torus (d = 1, p = 3, κ = −1). Recall the standing wave
solution of one dimensional focusing cubic NLS on the torus. In particular, recall
the definition and properties of the minimizer of the energy under mass constraint
Qm,L, from Proposition 1.2.0.2.
First, we discretize this equation. This corresponds to the choice of d = 1, s = h = 1

n

(take the macroscopic volume one), p = 3 in the Hamiltonian (1.2.25), and conse-
quently in the generators An, and Sn. Let ψn(j, t) denotes the solution to the
corresponding stochastic discrete dynamics. The purpose of Chapter 3� is to show
that ψn is "close" to Qm,1 ≡ Qm for large t, and large n, where we rescale β by n
such that in this limit, temperature goes to zero fast enough. Notice that in order
to give sense to this statement, we should define a norm to compare ψn and Qm. For
this purpose, we simply take the linear interpolation of ψn, (3.2.17) and compare it
with Qm in a H1 norm which does not take into account the translation and phase
multiplication (3.2.18): ||u− v||H̃1 = infθ,x ||eiθu(· − x)− v||H1 .
In the other words, let µβn,n,mt be the law of the process generated by Ln, then our
main result states that for any ε > 0:

lim
n→∞

lim
t→∞

µβn,m,nt

(
||ψ̄n −Qm||H̃1 < ε

)
→ 1, (1.2.29)

where ψ̄n denotes the linear interpolation of ψn, and βn = ϑ(n)β∗ with ϑ(n) � n.
The statement of the result is given in Theorem (3.2.2).

The later limit (1.2.29) is a way to interpret the soliton resolution conjecture
(SRC) in the periodic case, where there is no possibility for the energy to escape
to infinity. Intuitively, in the periodic case, our dynamics in the zero temperature
limit, acts as a heat bath and dissipate the excess of the energy without losing any
mass, forcing the system to approach the ground state as t→∞. This mechanism
is somehow mimicking the dynamics of DNLS in [67], where energy disperse to
infinity via a "radiating" part of the field carrying arbitrarily small mass. As we
mentioned, our dynamics is partially motivated by [67], where Chatterjee proves a
"probabilistic" version of the SRC (cf. Section 1.2.2). In particular, in Theorem 3.1
in [67] it is proven that almost every ergodic invariant measure satisfies the SRC
in the time average sense. Our stochastic dynamics provides the uniqueness of the
invariant ergodic measure and the time mixing property.
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Idea of the proof

In the following, we give a brief sketch of proof of Theorem 3.2.2. The dynamics
in limit of t → ∞ converges to the Gibbs measure. This follows from ergodicity
of the dynamic which relies on two crucial facts. First, is the hypoellipticity of the
dynamics’ generator which is proven in Lemma 3.B.1. Since the real and complex
part of our field are somehow symmetric in the noise, this makes the proof of Lemma
3.B.1 more complicated than usual, and computing three nested commutator is
necessary cf. (3.B.4) (rather than one or two in chain of oscillators cf. [32] Lemma
5.3 ). The second ingredient is uniqueness of the invariant measure, which is proven
in Theorem 3.1, thanks to separation of the noise into phase and amplitude part.

Knowing the limit in t, the second step of the proof concerns understanding
the behavior of the Gibbs measure µnβ,m (3.2.15). In fact, we need to prove that
the Gibbs measure concentrates on discrete configurations with "close to minimal
energy" for sufficiently large n, where βn is rescaled by a factor ϑ(n) � n. Here
by minimal energy, we refer to the minimizer of the discrete Hamiltonian under the
mass constraint (En

0 (m) defined in (3.3.1)). This task is done in Theorem 3.4.1,
let us sketch this theorem. Our dynamics is confined on the 2n-dimensional sphere
Snm, and the Gibbs measure has a density exp(−βHn) with respect to the uniform
measure on this sphere µnm. Splitting the energy into the kinetic Gn and potential
Vn parts: Hn = Gn−Vn as in (3.2.8), one can observe that a "typical" configuration
w.r.t µnm has kinetic energy of order n2. More generally, large deviations estimates in
Section 3.A, in particular Proposition 3.A.1, is basically saying that for 0 ≤ a ≤ 2,
the "entropy factor" behaves as µnm(Gn ∼ na) ∼ µnm(Hn ∼ na) ∼ n−(2−a)n lnn, where
the first estimate is a consequence of discrete Gagliardo-Nirenberg (GN) inequality
(3.C.8) for a > 0. Therefore, taking into account the so-called Boltzmann fac-
tor exp(−βHn), we observer for 0 < a ≤ 2: µnβ,m(Hn ∼ na) ∼ e−βnn

a
e−(2−a)n lnn.

Optimizing the later for any a ∈ [0, 2), yields: for βn ∼ O(1), the Gibbs mea-
sure concentrates on rather rough configurations with |ψ(j)− ψ(j − 1)| ∼ 1√

n
, and

Hn ∼ Gn ∼ n. This corresponds to the fact that Wiener measure is concentrated on
1
2
−-Hölder regular configurations. The later estimate suggests that in order for µnβn,m

to concentrates on smooth configurations (|ψ(j)− ψ(j − 1)| ∼ 1
n
) with Hn ∼ O(1),

we should rescale βn by a factor of at least n. Notice that minimal energy config-
urations, where we call them discrete Solitons, has (negative) energy of order one
as well, thanks to the GN inequality. However, this scaling is not enough for this
measure to concentrate on a small neighborhood of discrete solitons and we need
to go further. Finally, thanks to large deviation estimate (3.A.11), we deduce in
Theorem 3.4.1 that scaling βn by any factor ϑ(n)� n (3.2.19) is sufficient.
In the last step of the proof, we show in Proposition 3.3.1 that if ψn be a config-
uration with energy close to E0

n(m), then its linear interpolation ( ψ̄n) is close to
Qm,L in H̃1 norm for n sufficiently large. In that regard, first we observe that having
energy close to En

0 (m) means that the configuration is smooth Gn ∼ O(1), thanks
to discrete GN inequality. Subsequently, since for smooth configurations Hn(ψn)
is close to H(ψ̄n) (cf. Corollary 3.3.3.1, in fact, this is not true for a "typical" non
smooth configuration), one can conclude by compactness of the minimizing sequence

46



1.2. NLS CHAPTER 1. INTRODUCTION

corresponding to the continuous minimization problem which characterizes solitons
(3.2.6).

The plan of Chapter 3 is as follows. The ergodic and time mixing properties of
the dynamics is proved in Section 3.1. The fact that the discrete Gibbs measure
(finite n) concentrate fast enough in a small neighbor of discrete solitons, relies on
large deviation properties of the discrete Gibbs measure, which are proved in Section
3.4. These large deviations estimate are based on some precise large deviations of the
uniform probability measure on the complex n-dimensional sphere, that we prove in
Appendix 3.A, and the discrete version of the Gagliardo-Nirenberg inequality, proven
in Appendix 3.C. In Section 3.3 the desired relation between discrete and continuous
Solitons is proved. Appendix 3.B contains the proof of the hypoellipticity of the
discrete stochastic dynamics, necessary for the proof of the ergodicity of section 3.1.

Background

Our results, can be compared to two different body of works in the literature. First
is the stochastic perturbation of the NLS, and the second is the behavior of DNLS’s
Gibbs measure. In Section 1.2.2, we provide a very brief (and not comprehensive
by any means) list of related works concerning the Gibbs measure. In the following,
we highlight similarities and crucial differences among our model and those results
concerning Gibbs measure.
Before addressing these issues, we mention a handful of results regarding stochastic
perturbation of NLS.

As we mentioned before, various stochastic perturbation of NLS have been stud-
ied in both mathematics and physics literature. In physics literature, one can men-
tion [19], where a stochastic NLS is derived as an effective equation, describing dy-
namics of excitons in contact with thermal phonons (see also [195]). This equation
has a multiplicative noise, colored in space, which conserve the mass. Subsequently,
in mathematics literature, this equation and its variation have been considered by
many authors. In fact, there is an extensive literature on NLS with space corre-
lated stochastic noise. Most remarkably one can mention (cf. [75], [76], [77] and
references therein). Notice that these works are usually concerned with questions
such as well-posedness of the dynamics in different regimes, as well as blow up of
the solutions (cf. [80], [20] ), rather than thermalization and invariant measure.
Besides these multiplicative perturbations, there are numerous works regarding per-
turbation of NLS by additive white noise (cf. [153], [60] and references therein).
In these works, the grand canonical measure is invariant and convergence to this
measure is observed. However, they are not mass conserving. In this direction,
we can also mention [78], where convergence to the Gibbs measure is proven for a
one-dimensional defocsuing NLS with an additive noise. Notice that in this work
the mass is not conserved and the Gibbs measure should be understood without
confining to configurations with a fixed mass.
Finally, as we mentioned, in Section 6 of (cf. [59]) a strategy to constructing a mass
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conserving multiplicative white noise which leaves the Gibbs measure invariant is
introduced. However, this noise have not been studied and it is different from ours.
Notice that by discretizing the space, and studying the long time behavior of the dy-
namics through understanding the Gibbs measure’s behavior, somehow we followed
a rather different path comparing to the above-mentioned works.

Regarding the statistical mechanics and Gibbs measure of DNLS, there exists
several studies both in mathematics (cf. [69], [67]) and physics community (cf. [135]
and references therein: in particular, [196], [205], [132]; see also [114]). In physics
community, one usually takes the kinetic energy with a negative sign and study the
measure corresponding to Hamiltonian (3.1.2), by taking h = s = 1. Although this
regime is substantially different from ours, and does not correspond to discretization
of a continuous profile anymore, interesting phenomena such as phase transition and
localized structures (discrete breathers (cf. [97], [224])) is observed .
The fate of the dynamics, as well as Gibbs measure typical behavior depends on
the parameter h, s, and mass per particle. Consequently, one can consider differ-
ent regimes: taking h = 1, s = 1 and finite mass per particle, corresponds to the
above-mentioned literature. On the other hand, one can take h = s = 1, and define
the model on an unbounded domain Zd, with total mass ν. This corresponds to
vanishing mass per particle regime. In this regime, certain localized modes have
been observed in mass subcritical regime (cf. [139], [224], See also [215]); moreover,
the scaling ν →∞ is studied as well, which leads to configurations with single site
concentration (cf. [224]; cf.[192], [136], [191], for spectral properties and stability).

Before proceeding, let us mention that discretization of NLS can be subtle: we
dicretize NLS by taking the Hamiltonian generator (1.2.26). However, there exists
other discretization of this equation. We can mention Ablowitz-Ladik (AL) dis-
cretization (cf. [3]), where the term |ψ(x)|2ψ(x) is replaced by |ψ(x)|2(ψ(x − 1) +
ψ(x + 1). We observed that NLS with p = 3, d = 1 is integrable; however, our
discretization is not integrable generally in this case, whereas the AL discretization
remains integrable.

In mathematics community, we already mentioned a couple of related results in
Section 1.2.2. Notice that, here we are mainly concerned with the regime h → 0,
which approximates the continuum. However, there are still different ways of send-
ing h to zero.
In particular, [69], and [67] is related to our work. In fact, we inspired by [67], and
some of his ideas has been adapted to our set up. For example, we get the discrete
GN on T thanks to his result on GN inequality on Rd. However, the differences of
our work with [67], and [69] is summarized as follows: recall in [69], the Hamilto-
nian (1.2.25) with s = 1

N
is considered such that Nh2 → 0 as h → 0, and N → ∞

where N denotes the number of particles and h is the inter-particle distance. These
assumptions only seem natural in d ≥ 3. In [67], the model is defined on the box
[0, nh]d, such that h → 0, n → ∞, with nh → ∞, and the microcanonical measure
is considered. Comparing our result with [69], and [67], we highlight the fact that
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different scaling among the parameters h, n leads to substantially different phenom-
ena. In [69], Nh2 → 0 makes the Gradient term negligible, reducing the analysis
of the system to Bose-Hubbard model (cf. [67], [131]). Consequently, the phase
transition is a consequence of competition among potential energy and mass con-
straint. In [67], nh→∞, kinetic and potential energy become comparable; however,
mass per particle goes to zero in the limit, demonstrating the macroscopic infinite
volume, facilitating the escape of the energy to infinity, and resulting in soliton like
behavior. In contrast, in our case we take n → ∞, and nh = 1, representing the
finite macroscopic volume and positive mass per particle in the macroscopic limit.
This scaling yields a dominant kinetic energy for typical configurations on the sphere
of constant mass. However, by rescaling βn, our measure concentrates on smooth
configurations, such that kinetic and potential energy become comparable.
In particular, these different scalings change our large deviation estimates (3.A.1),
and (3.A.11) comparing to estimates in [67] (cf. Section 10 of [67]).

Let us mention that the result of Rider (cf. [200]), stated in (1.2.22) about the
continuum version of our measure in the infinite volume, is different from ours in
the following sense. In [200], the concentration of the Gibbs measure on the "zero"
path is due to the fact that in the infinite volume, gradient term explodes for non-
trivial configurations, and the measure concentrate on the minimal energy at any
temperature. However, in our case since the volume is finite, we should send the
temperature to zero to see the minimal energy.

Finally, let us mention that comparing our result with other large deviation
estimates, it is apparent that choice of scaling plays an important role. In particular,
we believe that the phase transition observed in [154] is due to the fact that in their
simulation they had only n = 40 lattice sites, and consequently the temperature,
and mass vary in different scaling regimes in their simulation, causing the "phase
transitionish" graph (cf. Fig 1 in [154]).

1.2.4 Open problems, and future direction
We finish our introduction by proposing a couple of open questions and possible
future directions. Since our noise is relatively new, we believe that many interesting
questions related to this noise can be studied. In this section, we discuss a couple
of these questions, in the order of personal preferences.

As we mentioned, our dynamics can be applied to many variations of NLS by
changing several parameters (κ, d, n, h, even form of the non-linearity). In each
of these cases the dynamics become ergodic and the long time behavior is given
by the corresponding Gibbs measure. However, Gibbs measure’s behavior is sub-
stantially different in each of these cases. Moreover, the dynamics’ feature such as
convergence rate depends on the choice of these parameters. Therefore, each of these
setups should be studied separately. In particular, we find he following questions
interesting.
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The first obvious question which we are currently investigating, concerns the
Gibbs measure’s behavior in case where we rescale βn by n. In this case, we expect
the energy to remain finite, and the measure concentrates on a set of configurations
with finite energy, far from the ground sate.

The second question concerns the exchange of limits in (1.2.29), we expect that
if we first take the limit of n → ∞, such that we rescale βn → ∞ fast enough, we
recover the deterministic NLS. In particular, we expect that if take t, n→∞, where
we scale tn by n such that tn � βn, then the noise vanishes and we get the deter-
ministic NLS. This will be investigated in a future work [126] (see also Remark 3.2.1.)

There are two shortcomings in our result (1.2.29), first , is that in this limit, we
first take the limit in t, and then the limit in n. A natural question would be to study
these limits together. In particular, we would like to find the rate of convergence
as a function of n. Presence of the non-linearity, as well as the degeneracy of the
dynamics makes this problem hard. Therefore, classical methods such as Poincaré
inequality, or Log-Sobolev inequalities do not work here, and one needs to use more
advanced tools such as hypocoercivity (cf. [223]), and entropic hypocoercivity (cf.
[157]), or probably more "miraculous" ideas similar to [163] is needed. However, a
"naive" version of hypocoercivity (where the inner product is constructed by taking
only one commutator) is not sufficient and one probably needs to define more com-
plicated inner products due to the fact that in our noise the real and imaginary part
of the field are "mixing". Although in the first glimpse this noise is similar to the
ones where we perturb the positions in a chain of classical oscillators (cf. [23]), this
degeneracy and "mixing" makes the treatment of this problem harder.

One way to make the above-mentioned problem more accessible is to consider
the linear case κ = 0. In this case, our Gibbs measure (with proper scaling) corre-
sponds to the Berlin-Kac model (cf. [29]). Our dynamics in this case is ergodic and
this measure is the unique invariant measure. In fact, we know that in d ≥ 3, this
measure exhibits condensation (cf. [164]) similar to Bose-Einstein condensation. As
before, one could study the rate of convergence in this setup (even in this case most
of the above-mentioned challenges is hard to overcome). Another interesting ques-
tion is the formation of the condensate. Starting from an arbitrary configuration,
how long does it take for the condensate to appear in our dynamics and how does
it evolve afterwards?

Another set of problems concerns the hydrodynamic limit of the model in the
diffusive time-scale. In the linear case κ = 0, since the grand canonical measure
is Gaussian, proving the hydrodynamic limit seems doable by adapting ideas from
[143]. Notice that in the linear case, considering the infinite temperature version of
our noise, one can prove the convergence of the empirical distribution of |ψ(x)| to
the solution of the heat equation in the diffusive time-scale (cf. [156]).
In the finite temperature case, hydrodynamic limit can be connected to the previous
questions. Can we understand the evolution of the condensate from the macroscopic
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equation appearing in the hydrodynamic limit?
In the non-linear setup, questions regarding the hydrodynamic limit seem relevant;
however, they will be much more challenging (even computing the diffusion coeffi-
cient, using Kubo formula does not seem straightforward).

Besides the aforementioned questions, where at least we have a clear picture
about the way we should proceed, we can mention a couple of other open questions.
These questions seem a bit more vague. Since our dynamics is inspired by the soli-
ton resolution conjecture, we are wondering if our dynamics can be connected to
the long time behavior of DNLS? More specifically, is there any class of configura-
tions, such that our dynamics and DNLS remain close to each other, starting from
these configurations? Having a clear answer for this question, may lead to a better
understanding about SRC.

The second shortcoming of our result, comes from the semi-norm H̃1. This semi-
norm, does not capture the evolution of the profile. Using this norm in our result,
we can determine the limiting shape of the profile; however, it is not clear how does
this shape evolve itself in the macroscopic time-scale due to our dynamics. This
shortcoming stems from the fact that our proof relies on the variational characteri-
zation of the solitons.

Applying our dynamics to mass super critical dynamics, may lead to new infor-
mation concerning blow-up solutions, since one expect the Gibbs measure concen-
trate on "exploding" configurations in this setup.

Finally, questions regarding the definition of the dynamics in the continuum
setup, and properties of this noise in the continuum such as well-posedness, blow-up,
connection to NLS and rate of convergence in continuous case all seem interesting,
but out of scope of our work.
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Chapter 2

Hydrodynamics

We study the hydrodynamic limit, in the hyperbolic space-time scaling, for a one-
dimensional unpinned chain of quantum harmonic oscillators with random masses.
To the best of our knowledge, this is among the first examples where one can prove
the hydrodynamic limit for a quantum system rigorously. In fact, we prove that
after hyperbolic rescaling of time and space, the distribution of the elongation, mo-
mentum, and energy averaged under the proper locally Gibbs state converges to
the solution of the Euler equation. Moreover, our result indicates that the temper-
ature profile is frozen in any space-time scale; in particular, the thermal diffusion
coefficient vanishes. There are two main phenomena in this chain that enable us to
deduce this result. First is the Anderson localization, which decouples the mechani-
cal and thermal energy, providing the closure of the equation for energy. The second
phenomenon is similar to some sort of decay of correlation phenomena, which let us
circumvent the difficulties arising from the fact that our Gibbs state is not a product
state due to the quantum nature of the system.
This chapter is extracted from [125]: Hannani, A. Hydrodynamic Limit for a Dis-
ordered Quantum Harmonic Chain. Commun. Math. Phys. 390, 349–423 (2022)
[125], where here certain proofs is explained in more detail.

2.1 Model Description and Results
We set the following conventions:

• In := {1, . . . , n}.

• I0
n := {0, 1, . . . , n}.

• Denote the set of n× n real matrices byMn(R), for A ∈Mn(R) define A† to
be the transpose of A.

• We denote the inner product in Rn by 〈,〉n. Moreover, for x ∈ In, |x〉 stands
for the following member of the canonical basis of Rn: (0, . . . , 0, 1, 0, . . . , 0),
where 1 appears in the xth position. We usually denote vectors of Rn by Greek
letters |ψ〉 , |φ〉 , |ϕ〉 , ....
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CHAPTER 2. HYDRODYNAMICS 2.1. MODEL DESCRIPTION AND RESULTS

• Let a be an operator (possibly unbounded), defined on a dense subset of the
Hilbert space Hn = L2(Rn−1), we denote the adjoint of a by a∗.

• diag(λ1, . . . , λn) denotes the diagonal matrix with values λi, i ∈ In on the
diagonal.

The finite volume system of size n is defined as follows: Let Hn be the Hilbert
space Hn = L2(Rn−1) = ⊗n−1

x=1 L
2(R), denote the elements of Hn by bold ket nota-

tion: |ψ〉|ψ〉|ψ〉, and 〈ψ|φ〉〈ψ|φ〉〈ψ|φ〉 stands for the usual inner product in Hn.
We denote the space variable by ξξξ ∈ Rn−1. Let S(Rn−1) be the Schwartz space

of functions from Rn−1 to C, which is dense in Hn. For each x ∈ In−1, define the
elongation operator rx on S(Rn−1) as follows: ∀ξξξ ∈ Rn−1, and |ψ〉|ψ〉|ψ〉 ∈ S(Rn−1), we
have

rx|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉 = ξxξxξx|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉.

One could think of rx as the operator denoting the elongation of the spring between
the particle x and (x+1). Moreover, for each x ∈ In, define the momentum operator
px on S(Rn) as: px = −i( ∂

∂ξξξx−1
− ∂

∂ξξξx
) i.e. for |ψ〉|ψ〉|ψ〉 ∈ S(Rn−1),

px|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉 = −i
(

∂

∂ξξξx−1
− ∂

∂ξξξx

)
|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉|ψ(ξ1, . . . , ξx, . . . , ξn−1)〉,

where, we assume the free boundary condition r0 = rn = 0. This means p1 = i ∂
∂ξξξ1

,
and pn = −i ∂

∂ξξξn−1
, or ∂

∂ξ0
= ∂

∂ξn
= 0. This condition means that the center of mass

momentum vanishes, i.e. p̂o := ∑n
x=1 px = 0. Notice that this boundary condition

can be understood as q0 = q1, and qn = qn+1, in the position picture (cf. Appendix
2.B).

Although this system is usually described in terms of the position and momen-
tum operators as in (1.1.13), it is more convenient to work with elongation operators
instead of position operators. For the reader’s convenience, in Appendix 2.B we il-
lustrate the relation between these two pictures.

The canonical commutation relations (CCR) in this coordinates read:

[rx, ry] = [px, py] = 0, [rx, py] = i
(
δx,(y−1) − δx,y

)
, ∀x ∈ In−1, y ∈ In, (2.1.1)

where [a, b] = ab− ba.
In terms of these operators, Hamiltonian operator is defined on S(Rn−1) by

Hn = 1
2

n∑
x=1

(
p2
x

mx

+ r2
x

)
, (2.1.2)

where {mx}∞x=1 are i.i.d positive random variables, defined on a probability space
(Ω,F ,P). We assume that the the law of these random variables have a smooth
density µ(x), compactly supported on the set [mmin,mmax], where mmin > 0. We
denote the expectation with respect to P by E, and E(mx) = m̄. These assumptions
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inspired from [35], [6], in order to facilitate the application of the results concerning
Anderson localization.

Furthermore, for any x ∈ In, define the operator ex = 1
2( p

2
x

mx
+ r2

x) as the energy
of the particle x. It is well known that px, rx, hence ex and Hn are essentially self-
adjoint [197]. Consequently we can consider their closure on Hn, that we denote
with the same symbols (cf. [197], [180]). The domain of Hn will be denoted by
D(Hn) ⊂ L2(Rn−1).

The time evolution of the chain is given by the so-called Heisenberg dynamics
generated by the Hamiltonian Hn. Since Hn is self-adjoint, by spectral theory e−iHnt
is well defined for any t ∈ R. Furthermore, using Stone’s theorem, we define the one
parameter group of authomorphism τnt on B(Hn) as follows:

a(t) := τnt (a) = eitHnae−itHn , ∀a ∈ B(Hn), (2.1.3)

where B(Hn) denotes the set of bounded operators on Hn. Notice that a(t) is the
solution of Heisenberg equation:

ȧ = i[Hn, a], a(0) = a0, (2.1.4)

where [a, b] = ab − ba, and we use the notation ȧ(t) := ∂ta(t). This equation holds
in the strong sense on the proper domain.
Again by using Stone’s theorem, one can extend the domain of this dynamic to
certain unbounded operators. Here we can do this task for operators such as rx, qx,
and ex = 1

2( p
2
x

mx
+ r2

x) (cf. [180],[197],[47] [48]). We denote τnt (rx), τnt (px), and τnt (ex)
by rx(t), px(t), ex(t), respectively. In particular, using the canonical commutation
relations (CCR), these operators satisfy the following equations:

ṗx(t) = rx(t)− rx−1(t), ∀x ∈ In,

ṙx(t) = px+1(t)
mx+1

− px(t)
mx

, ∀x ∈ In−1,
(2.1.5)

where one should recall the boundary condition: r0 = rn = 0, in the first equation.

Let M = diag(m1, . . . ,mn)) denotes matrix of masses, ∇− ∈ Rn×(n−1) be the
matrix of discrete gradient with fixed boundary condition, and∇+ ∈ R(n−1)×n be the
discrete gradient with free boundary condition. These matrices have the following
explicit form:

M(x, y) = mxδx,y 1 ≤ x, y ≤ n,

∇−(x, y) =


1 x = y, 1 ≤ x, y ≤ n− 1,
−1 x = y + 1, 1 ≤ y ≤ n− 1,
0 otherwise, 1 ≤ x ≤ n, 1 ≤ y ≤ n− 1,

∇+ = −(∇−)†,

(2.1.6)

where (.)† represents the transpose (in case of complex matrices complex conjugate)
of a matrix. Formally, we have: for f ∈ Rn−1, (∇−f)x = fx − fx−1, for x ∈ In with
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fn = 0, and for f ∈ Rn, (∇+f)x = fx+1 − fx, for every x ∈ In−1.

Taking advantage of these matrices, one can write the equation of motion (2.1.5)
in the following form:

ṗ = ∇−r, ṙ = ∇+M
−1p, (2.1.7)

where p and r denote the vector of momentum and elongation operators, i.e. p =
p(t) = (p1(t), p2(t), . . . , pn(t)), and r(t) = (r1(t), r2(t), . . . , rn−1(t)). Notice that this
equation can be solved explicitly, we do this task in the next section. In fact, given
the explicit expression for p(t) and r(t) from (2.2.22), one can check that (2.1.7)
holds in strong sense on D(Hn), and this solution can be extended to the proper
domain 1 by linearity.
Finally, define ∆, the discrete Laplacian matrix with free boundary condition, as

∆ = ∇−∇+. (2.1.8)

Hence, we have ∀f ∈ Rn, (∆f)x = fx+1− 2fx + fx−1, for x ∈ In, with free boundary
condition fn+1 = fn, f0 = f1.

Given p̄, r̄ ∈ C1([0, 1]), such that r̄(0) = r̄(1) = 0,
∫ 1
0 p̄(y)dy = 0, and β ∈

C0([0, 1]), such that ∀y ∈ [0, 1], 0 < βmin ≤ β(y) ≤ βmax, correspondingly, we define
the locally Gibbs state as the density matrix operator acting on Hn given by

ρnp̄,r̄,β = 1
Zn

exp
(
−1

2

n∑
x=1

[
β(x

n
)

mx

(px − p̄(
x

n
)mx

m̄
)2 + β(x

n
)(rx − r̄(

x

n
))2
])
, (2.1.9)

where one should recall m̄ = E(mx) is the expectation of the masses. This means
initially we let the chain to be in the locally Gibbs state such that the elongation
and momentum be out of mechanical equilibrium, and their initial "average" coming
from a smooth profile. Moreover, we have a smooth profile of temperature. We drop
the subscript and superscripts of ρ whenever it makes no confusion. Here Zn is a
normalizing constant such that Tr

(
ρnp̄,r̄,β

)
= 1. Note that in this expression p̄(x

n
),

r̄(x
n
) have been multiplied by the identity operator. It is more convenient to define

the density operator in terms of the following pseudo-Hamiltonian:

Hn
β = 1

2

n∑
x=1

(
βx
mx

(
px − (mx

m̄
)p̄x
)2

+ βx(rx − r̄x)2
)
, (2.1.10)

where we wrote the following terms in shorthanded manner: βx := β(x
n
), p̄x :=

p̄(x
n
), r̄x := r̄(x

n
). Note that it would be more appropriate to write this operator as

Hn
β(.), since it actually depends on the function β(.). However, we use the notation

Hn
β , whenever it does not make any confusion. Then we have

ρnp̄,r̄,β = exp
(
−Hn

β

)
. (2.1.11)

1One can take ∩n−1
k=1(D(b̂k) ∩ D(b̂∗k)) as the proper domain, which is dense in Hn.

56



2.1. MODEL DESCRIPTION AND RESULTS CHAPTER 2. HYDRODYNAMICS

First, observe that Hn
β is essentially self-adjoint on S(Rn−1) (cf. [197], [180], [48]),

and denote its closure with the same symbol. Furthermore, one can check that
Hn
β has a discrete spectrum with non-negative eigenvalues. In fact, we can write

Hn
β in terms of the sum of free bosonic operators, and we can obtain the spectrum

explicitly. We do this task in details in Section 2.2 . Hence, using spectral theory
and properties of β(.) in our assumption, one can observe that ρ is well defined and
trace-class.
Therefore, for every operator a, if aρ is a trace class operator, we can define the
"average of the observable a in the state ρ", i.e. 〈a〉ρ as:

〈a〉ρ = Tr(ρa). (2.1.12)

In particular, one can observe that 〈px〉ρ, 〈rx〉ρ, and 〈ex〉ρ are well defined.
Fix T > 0, and consider the following system of conservation laws:

∂tr(y, t) = 1
m̄
∂yp(y, t),

∂tp(y, t) = ∂yr(y, t),

∂te(y, t) = 1
m̄
∂y(r(y, t)p(y, t)),

(2.1.13)

where r(y, t) ∈ C1([0, 1]× [0, T ]), p(y, t), e(y, t) ∈ C1([0, 1]× [0, T ]). We impose the
following boundary condition

∀t ∈ [0, T ], r(0, t) = r(1, t) = 0, (2.1.14)

and we add the following initial datum:

r(y, 0) = r̄(y), p(y, 0) = p̄(y), e(y, 0) = 1
2

(
p̄(y)2

m̄
+ r̄(y)2

)
+ fµβ (y). (2.1.15)

Here p̄ and r̄ are the same functions that appeared in the definition of the Gibbs
state (2.1.9), and fµβ (y) = fµ(β(y)), where fµ(βeq) for βeq ∈ (0,∞), is a function
which can be determined uniquely by the law of the distribution of the masses µ.
(cf. (2.4.5), (2.4.35) for the definition, Section 2.4.1 and Appendix 2.A).
One should recall

∫ 1
0 p̄(y)dy = 0, and r̄(0) = r̄(1). Observe that

∫ 1
0 p(y, t)dy is

conserved by (2.1.13), thanks to the boundary condition (2.1.14), justifying the as-
sumption

∫ 1
0 p̄(y)dy = 0 (cf. Remark 2.B.2, 2.B.1).

Note that since the initial datum for r and p is regular, this equation has a
unique classical solution in r and p, (cf. [95], Section 7).

Now we are prepared to present the main theorem of this manuscript, which
states that the empirical distribution of the average of (r, p, e) with respect to initial
state ρ, after hyperbolic scaling of time and space converges to the solution of
(2.1.13) with (2.1.14) and initial datum (2.1.15). Precisely, we have:
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Theorem 2.1.1. Let f ∈ C0([0, 1]) be an arbitrary test function. Fix T > 0 and let
t ∈ [0, T ]. Recall the definition of the initial state ρ (2.1.9), and let p̄, r̄, and β satisfy
the assumptions stated in the definition of (2.1.9). Then, let (r(nt), p(nt), e(nt))
be the evolved operators in the Heisenberg picture with the dynamics generated by
the Hamiltonian (2.1.2). Moreover, let the (r(y, t), p(y, t), e(y, t)) be the solution
to (2.1.13) with boundary condition (2.1.14) and initial datum (2.1.15). Then as
n → ∞, we have the following almost sure convergence with respect to distribution
of the masses:

1
n

n∑
x=1

f(x
n

) 〈rx(nt)〉ρ →
∫ 1

0
f(y)r(y, t)dy, (2.1.16)

1
n

n∑
x=1

f(x
n

) 〈px(nt)〉ρ →
∫ 1

0
f(y)p(y, t)dy, (2.1.17)

1
n

n∑
x=1

f(x
n

) 〈ex(nt)〉ρ →
∫ 1

0
f(y)e(y, t)dy. (2.1.18)

The rest of this paper is devoted to the proof of Theorem 2.1.1. The sketch
of the proof and organization of the paper is as follows: One can recall a similar
theorem for the classical harmonic chain from ([35], Theorem 1), the main difference
here lies in the fact that we cannot write our Gibbs state ρ as a product state, since
the energy of each site does not commute with its neighbors. In order to deal with
this difficulty, we write Hn

β , which appeared in the definition of ρ = exp
(
−Hn

β

)
, in

terms of free bosonic operators (using Bogoliubov or quantum canonical transforma-
tion), and then compute the average of suitable operators in this new basis. These
computations enable us to obtain appropriate bounds in order to prove Theorem
2.1.1.

Moreover, we use the explicit form of the solution to the equation of motion
(2.1.7) in our proof; hence, we use another Bogoliubov transformation in order to
solve the equation of motion. We devote Section 2.2 to these transformations and
corresponding bounds.

Then we deal with the evolution of (r, p) in Section 2.3. This part is similar
in spirit to the classical case, since all the operators can be written as the linear
combination of bosonic operators. However, our proof will be different from the one
in [35].

We devote the last two sections to prove (2.1.18). As we sketched before, to
prove (2.1.18) at t = 0, we need SLLN (Strong Law of Large Numbers) for 〈ex〉ρ.
In order to prove the SLLN, we need to show that the dependence of 〈ex〉 on mz is
exponentially decaying for z being far away from x, we devote Section 2.4.1 to prove
this fact.

Finally, in Section 2.5, we exploit the localization phenomenon in order to prove
(2.1.18) for any t ∈ (0, T ], as we explained in Section 1.1.3.
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2.2 Preliminary Bounds

2.2.1 Hamiltonain diagonalization
Recall the HamiltonianHn (2.1.2), and the operatorHn

β(.) acting on L2(Rn−1). These
operators have discrete spectrums, and the full set of their eigenvalues and eigen-
functions can be represented rather explicitly, thanks to the quantum canonical
transformation also known as Bogoliubov transformation (cf. [47],[79],[180] for a
through discussion). We recall here these transformations in details.
Let us mention that the idea of diagonalizing many-body Hamiltonians via Bogoli-
ubov transformations for one-dimensional integrable systems have been used exten-
sively since 1960s (cf. Lieb-Liniger model as an example: [159], [158]; see also [160]
Chapter 4,5 and references therein). The new feature of our model comparing to
the later is as follows: in the later examples, desired "deterministic" transformation
is obtained rather explicitly. Moreover, one needs only one set of transformation in
order to "solve" the system. In our case, we have two sets of transformations: one
for solving the equations of motion (cf. ϕk in (2.2.3)), and the other for comput-
ing certain averages w.r.t ρ (cf. ψk (2.2.26)). Solution to the equations of motion
is expressed in terms of the former coordinates which are functions of the masses
and random; moreover, they have the localization property, enabling us to close the
equation and prove the hydrodynamic limit. In thermal equilibrium, ψk, and ϕk

coincide with each others. However, out of thermal equilibrium, we need to under-
stand the relation among these transformations (cf. (2.2.56)) in order to obtain the
crucial bounds (2.2.55). The difference among ψk and ϕk leads to complications in
proving the fact that fµβ is local (cf. Appendic 2.A).

Let 〈, 〉n denotes the inner product in Rn, we drop the subscript whenever it does
not make any confusion. We express the canonical basis of Rn by |x〉, for x ∈ In. By
abusing the notation, we use the same symbol for a linear combination of operators
or for the product of two vector of commuting operators. Using this notation we
have:

Hn = 1
2
(
〈p,M−1p〉n + 〈r, r〉n−1

)
. (2.2.1)

Consider the following matrix:

A0
p := M− 1

2 (−∆)M− 1
2 ∈ Rn×n, (2.2.2)

this matrix is symmetric, positive semidefinite and almost surely, it has a non-
degenerate spectrum (it is evident by using proposition II.1 of [149]). Let 0 =
ω2

0 < ω2
1 < · · · < ω2

n−1, be the set of eigenvalues of this matrix in the increasing
order, and let {ϕk}n−1

k=0 be their corresponding eigenvectors, such that they form an
orthonormal basis for Rn, where we have 〈ϕk, ϕj〉 = δk,j. Observe that we have
ϕ0 = (∑n

x=1mx)−
1
2M

1
2 |1〉, where |1〉 denotes the vector (1, 1, . . . , 1)†.

Define the operators p̂k, ∀k ∈ I0
n−1 to be the following linear combination of px:

p̂k = 〈ϕk,M− 1
2p〉n =

n∑
x=1

ϕkx√
mx

px. (2.2.3)
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Taking into account the definition of ϕ0, one can check that p̂o := ∑n
x=1 px = 0 =

(∑n
x=1mx)

1
2 p̂0, thanks to the imposed boundary condition.

On the other hand let
A0
r := −∇+M

−1∇−, (2.2.4)
due to the positivity assumption onM , one can observe that A0

r is a (n−1)×(n−1)
positive symmetric matrix. Moreover, if we let for k ∈ In−1, φ

k := 1
ωk
∇+M

− 1
2ϕk,

we have:

A0
rφ

k = − 1
ωk
∇+M

−1∇−
(
∇+M

− 1
2ϕk

)
= 1
ωk
∇+M

− 1
2
(
M− 1

2 (−∆)M− 1
2
)
ϕk

= 1
ωk
∇+M

− 1
2 (ω2

k)ϕk = ω2
kφ

k,

〈φk, φk′〉n−1 = 1
ωkωk′

〈∇+M
− 1

2ϕk,∇+M
− 1

2ϕk
′〉n−1 = 1

ωkωk′
〈ϕk,M− 1

2 (−∆)M− 1
2ϕk

′〉n

= ωk′

ωk
〈ϕk, ϕk′〉n = δk,k′ .

(2.2.5)

Hence, {φk}n−1
k=1 is the full set of eigenvectors for A0

r with the same set of eigenvalues
as A0

p: {ω2
1, . . . ω

2
n−1}. Therefore, they form an orthonormal basis for Rn−1. Now

define r̂k, for every k ∈ In−1 as

r̂k := 〈φk, r〉n−1. (2.2.6)

Let us denote the operator sx := −i∂/∂ξξξx , so we have px = −(sx − sx−1), more
precisely, thanks to the definition of ∇− and the boundary condition r0 = rn = 0,
we have:

p = −∇−s. (2.2.7)
The canonical commutation relation in the s coordinates reads:

∀x, y ∈ In−1, [rx, sy] = iδx,y. (2.2.8)

Therefore, one can compute [rk, pk′ ]:

[rk, p′k] =
[ 〈
φk, r

〉
n−1

,
〈
ϕk
′
,M− 1

2p
〉
n

]
=
[ 〈
φk, r

〉
n−1

,−
〈
ϕk
′
,M− 1

2∇−s
〉
n

]
=
[ 〈
φk, r

〉
n−1

,
〈
ωk′∇+M

− 1
2ϕk

′
, s
〉
n−1

]
= ωk′

[ 〈
φk, r

〉
n−1

,
〈
φk
′
, s
〉
n−1

]

= ωk′
n−1∑
x,y=1

φkxφ
k′

y [rx, sy] = ωk′
n−1∑
x,y=1

φkxφ
k′

y iδx,y = iωk′
n−1∑
x=1

φkxφ
k′

x = iωkδk,k′ ,

(2.2.9)

where we used the identities (∇−)† = −∇+ and ∇+M
− 1

2ϕk = ωkφ
k as well as the

fact that {φk}(n−1)
k=1 is an orthonormal basis. Since [rx, ry] = [px, py] = 0, we can sum

up the commutation relation for our new coordinates as follows:

∀k, k′ ∈ I0
n−1, [r̂k, p̂k′ ] = iωkδk,k′ , [r̂k, r̂k′ ] = [p̂k, p̂k′ ] = 0. (2.2.10)
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Later, we benefit from the inverse of (2.2.3) and (2.2.6). Let O and Õ be orthog-
onal matrices of eigenvectors of A0

p and A0
r, respectively. Hence, O†O = OO† = In,

Õ†Õ = ÕÕ† = In−1. In other words: ∑n−1
k=0 ϕ

k
xϕ

k
y = ∑n−1

k=1 φ
k
xφ

k
y = δx,y. Therefore,

the inverse expressions read:

p = M
1
2Op̂, px = √mx

n−1∑
k=0

ϕkxp̂k,

r = Õr̂, rx =
n−1∑
k=0

φkxr̂k.

(2.2.11)

Here, p̂, r̂ denote the vector of corresponding operators in the transformed coordi-
nate.
The Hamiltonian Hn can be written in terms of these new coordinates:

Hn = 1
2(〈p,M−1p〉n + 〈r, r〉n−1) = 1

2
(
〈M

1
2Op̂,M− 1

2Op̂〉n + 〈Õr̂, Õr̂〉n−1
)

= 1
2(〈p̂, p̂〉n + 〈r̂, r̂〉n−1) = 1

2 p̂
2
0 + 1

2

n−1∑
k=1

(p̂2
k + r̂2

k) = 1
2

n−1∑
k=1

(p̂2
k + r̂2

k),
(2.2.12)

where we used the identities O†O = OO† = In, Õ
†Õ = ÕÕ† = In−1 and the fact

that p̂0 = 0. We introduce the operators b̂k with their adjoints b̂∗k as follows:

b̂k = 1√
2ωk

(r̂k + ip̂k), (2.2.13)

b̂∗k = 1√
2ωk

(r̂k − ip̂k). (2.2.14)

Notice that (2.2.14) was deduced from the fact that p̂k, r̂k are self-adjoint. These
operators are the bosonic creation and annihilation operators. Using (2.2.10), one
can verify that they satisfy the annihilation-creation form of the canonical commu-
tation relation:

[b̂k, b̂∗k′ ] = δk,k′ [b̂k, b̂k′ ] = [b̂∗k, b̂∗k′ ] = 0. (2.2.15)

Furthermore, we can express the Hamiltonian as follows, using the identity ωkb̂∗kb̂k =
1
2(r̂2

k + p̂2
k − ωk

2 ), thanks to (2.2.10):

Hn =
n−1∑
k=1

ωk(b̂∗kb̂k + 1
2). (2.2.16)

Having (2.2.16), with the commutation relation (2.2.15), full spectrum of Hn

(which is discrete) and the corresponding eigenfunctions are quite well known (cf.
[123] Section 9 or [180]).
We describe this spectrum and its corresponding eigenfunctions as follows: recall
the space variable ξξξ ∈ Rn−1, similar to (2.2.6), define the new space coordinate
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ξ̂ξξk :=
〈
φk, ξξξ

〉
n−1

for k ∈ I0
n−1. Let |Φ0〉|Φ0〉|Φ0〉 ∈ L2(Rn−1) be the unique normalized

solution of

∀k ∈ In−1, b̂k|Φ0〉|Φ0〉|Φ0〉 = 1√
2

(
r̂k√
ωk

+√ωk∂/∂ξ̂ξξk
)∣∣∣Φ0(ξ̂ξξ1, . . . , ξ̂ξξn−1)

〉∣∣∣Φ0(ξ̂ξξ1, . . . , ξ̂ξξn−1)
〉∣∣∣Φ0(ξ̂ξξ1, . . . , ξ̂ξξn−1)
〉

= 0.

Then, |Φ0〉|Φ0〉|Φ0〉 will be the ground state ofHn with the corresponding eigenvalue (energy)
E0 = 1

2
∑n−1
k=1 ωk = 1

2 Tr
(
ω

1
2
)

= 1
2 Tr

(
(−∆M−1) 1

2
)
, where ω = diag(ω2

1, . . . , ω
2
n−1).

Let N be the set of nonnegative integers, for every θ̄ ∈ Nn−1, θ̄ = (θ1, . . . , θn−1)
define Eθ̄ as:

Eθ̄ = E0 +
n−1∑
k=1

ωkθk. (2.2.17)

Then E = {Eθ̄|θ̄ ∈ Nn−1} is the set of eigenvalues of Hn with the corresponding
eigenfunctions |Φθ̄〉|Φθ̄〉|Φθ̄〉, where they form an orthonormal basis for Hn. One can write
these eigenfunctions as follows:

|Φθ̄〉|Φθ̄〉|Φθ̄〉 =
n−1∏
k=1

(b̂∗k)θk√
θk!
|Φ0〉|Φ0〉|Φ0〉. (2.2.18)

One can describe |Φθ̄〉|Φθ̄〉|Φθ̄〉 more precisely as

∣∣∣Φθ̄(ξ̂ξξ1, . . . , ξ̂ξξn−1)
〉∣∣∣Φθ̄(ξ̂ξξ1, . . . , ξ̂ξξn−1)
〉∣∣∣Φθ̄(ξ̂ξξ1, . . . , ξ̂ξξn−1)
〉

=
∏
k

fθk(ξ̂ξξk), fθk(x) = 1√
θk!

(ωk
π

) 1
4 e−

ωkx
2

2 Hθk(
√

2ωkx),

where Hj stands or the j-th hermite polynomial. Note that the aforementioned set
E is the full spectrum of Hn, and it’s a complete orthonormal basis for L2(Rn−1).

Finally, we address the time evolution of the momentum and elongation operator.
First, the time evolution of the bosonic operators b̂k and b̂∗k, i.e. the action of the
Heisenberg dynamic τnt (2.1.3) on these operators is given by:

τnt (b̂k) =: b̂k(t) = e−iωktb̂k(0), τnt (b̂∗k) =: b̂∗k(t) = eiωktb∗k(0), (2.2.19)

where the current form of the Hamiltonian (2.2.16), and the commutation relations
(2.2.15), have been used, with b̂k(0) = b̂k and b̂∗k(0) = b̂∗k. Note that τnt (b̂k) =:
b̂k(t) = e−iωktb̂k(0) is the unique solution of the Heisenberg evolution equation ˙̂

bk =
i[Hn, b̂

k] = −iωkb̂k, where we used (2.2.15). This equation holds in the strong sense
on D(Hn) and the solution can be extended to D(b̂k) by linearity.
Rewriting p̂k(0), r̂k(0), for k ∈ In−1 in terms of creation and annihilation operators
from (2.2.13) and (2.2.14) gives:

p̂k(0) = i

√
ωk
2 (b̂∗k(0)− b̂k(0)), r̂k(t) =

√
ωk
2 (b̂k(0) + b̂∗k(0)). (2.2.20)
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By applying (2.2.19), we end up with:

p̂k(t) = i

√
ωk
2 (b̂∗k(0)e−iωkt − b̂k(0)eiωkt) = cos(ωkt)p̂k(0)− sin(ωkt)r̂k(0)

= 〈M− 1
2ϕk, p(0)〉 cos(ωkt)− 〈φk, r(0)〉 sin(ωkt),

r̂k(t) =
√
ωk
2 (b̂k(0)e−iωkt + b̂∗k(0)eiωkt) = cos(ωkt)r̂k(0) + sin(ωkt)p̂k(0)

= 〈φk, r(0)〉 cos(ωkt) + 〈M− 1
2ϕk, p(0)〉 sin(ωkt).

(2.2.21)

Lastly, exploiting the relation (2.2.11) the time evolution of p and r i.e. p(t) :=
τnt (p) and r(t) := τnt (r) is given by:

p(t) =
n−1∑
k=0

M
1
2ϕkp̂k(t) =

n−1∑
k=0

(
cos(ωkt)p̂k(0)− sin(ωkt)r̂k(0)

)
M

1
2ϕk

=
n−1∑
k=0

(
〈M− 1

2ϕk, p(0)〉 cos(ωkt)− 〈φk, r(0)〉 sin(ωkt)
)
M

1
2ϕk,

px(t) =
n−1∑
k=0

√
mxϕ

k
xp̂k(t) =

n−1∑
k=0

(
cos(ωkt)p̂k(0)− sin(ωkt)r̂k(0)

)√
mxϕ

k
x,

r(t) =
n−1∑
k=1

φkrk(t) =
n−1∑
k=1

(
cos(ωkt)r̂k(0) + sin(ωkt)p̂k(0)

)
φk

=
n−1∑
k=1

(
〈φk, r(0)〉 cos(ωkt) + 〈M− 1

2ϕk, p(0)〉 sin(ωkt)
)
φk,

rx(t) =
n−1∑
k=1

φkxrk(t) =
n−1∑
k=1

(
cos(ωkt)r̂k(0) + sin(ωkt)p̂k(0)

)
φkx.

(2.2.22)

Remark 2.2.1. It is worth mentioning that following [180], the process of rewrit-
ing a quadratic Hamiltonian in terms of free bosons can be done in a more gen-
eral setting. In fact, this task is doable for any Hamiltonian of the form H =
1
2 〈(q, p), A(q, p)〉2n, such that A ∈ M2n(R) is a positive symmetric matrix. This
fact is a direct consequence of Williamson’s theorem (cf. [225], and [79] Section
8.3). This theorem states that any positive symmetric matrix A ∈ M2n(R) can be
diagonalized via a sympletic matrix S. Recall that S is sympletic, if and only if we
have SJS† = J , where

J =
[

0 In
−In 0

]
.

Using this theorem, one can define the new coordinates (p̂, q̂)† = S−1(p, q)†. Here v†
denotes the transpose of the vector v. Thanks to the properties of S (cf. Remark 2.4
of [79]) the canonical commutation relation for these new coordinates is evident i.e.
∀x, y ∈ In, [p̂x, p̂y] = [q̂x, q̂y] = 0, and [q̂x, p̂y] = iδx,y. Moreover, S diagonalizes A,
i.e. SAS† = λ2, where λ2 = diag(λ2

1, . . . , λ
2
n, (λ′1)2, . . . , (λ′n)2). And the Hamiltonian

reads: H = 1
2
∑n
x=1(λ′x)2(p̂2

x+γ2
xq̂

2
x), with γx = λx

λ′x
. Finally, the bosonic operators are

given by Bx = 1√
2(√γxq̂x + ip̂x√

γx
), where [Bx, By] = [B∗x, B∗y ] = 0, and [Bx, B

∗
y ] = δx,y.
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Moreover, the Hamiltonian can be written as H = ∑n
x=1(λ′x)2γx(B∗xBx + 1

2), which
is sum of free bosons as we desired.

In a more physical setup, we have H = 1
2(〈p, Vpp〉n+〈q, Vqq〉n), such that Vp, Vq ∈

Mn(R) are positive and symmetric. In this situation, we can express the desired
transformation in the following explicit manner: In this case since V

1
2
q VpV

1
2
q is pos-

itive and symmetric, let O be the orthogonal matrix such that O†V
1
2
p VqV

1
2
p O = γ2 =:

diag(γ2
1 , . . . , γ

2
n). Then S (the sympletic transformation introduced above) has the

following form:

S =
V 1

2
p O 0
0 V

− 1
2

p O

 .
Moreover, the Hamiltonian can be written as:

H = 1
2

n∑
k=1

p̂2
k + γ2

k q̂
2
k =

n∑
k=1

γk(B∗kBk + 1
2),

where the bosonic operators are defined as before: Bk := 1√
2(√γkq̂k + i p̂k√

γk
). In this

remark, we followed the notation in [73]. Notice that in order to diagonalize Hn and
Hβ
n , we adapted the same strategy to our setup, where we have the Hamiltonian in

terms of r coordinates. 2

2.2.2 Density operator diagonalisation
Recall the definition (2.1.9) of locally Gibbs state ρ = exp

(
−Hn

β

)
, where Hn

β is de-
fined in (2.1.10). In this section, we recall the necessary transformation for rewriting
Hn
β in terms of free bosons, following the lines of Remark 2.2.1. This helps us to

compute certain averages with respect to ρ.
We begin by defining the following operators:

p̃x := px −
mx

m̄
p̄x, ∀x ∈ In,

r̃x = rx − r̄x, ∀x ∈ In−1,
(2.2.23)

Observe that Hn
β can be written as:

Hn
β = 1

2
(
〈p̃,M−1

β p̃〉n + 〈r̃, βor̃〉n−1
)
, (2.2.24)

whereMβ = Mβ̃−1, with β̃ := diag(β( 1
n
), . . . , β(n

n
)) and βo := diag(β( 1

n
), . . . , β(n−1

n
)).

Define Aβp and Aβr , similar to A0
r and A0

p as:

Aβp = M
− 1

2
β (−∇−β0∇+)M− 1

2
β , Aβr = (βo) 1

2 (−∇+M
−1
β ∇−)(βo) 1

2 . (2.2.25)
2This modification stems from the fact that in our case Vx is not positive definite and has a

zero eigenvalue.
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Since Aβp is symmetric positive semidefinite with almost sure non-degenerate spec-
trum, let {ψk}n−1

k=0 be the orthonormal set of eigenvectors for Aβp , such that they
form a basis for Rn. Then the corresponding set of increasing eigenvalues is given
by {0 = γ2

0 < γ2
1 < · · · < γ2

n−1}. Denote the matrix of these eigenvectors by Oβ. We
have OβO

†
β = O†βOβ = In, 〈ψk, ψk

′〉 = ∑n
x=1 ψ

k
xψ

k′
x = δk,k′ , and

∑n−1
k=0 ψ

k
xψ

k′
y = δx,y.

Note that we have ψ0 = (∑n
x=1

mx
βx

)− 1
2M

1
2
β |1〉. Moreover, Aβr is symmetric positive

definite, and one can see if for k ∈ In−1,

ψ̃k := 1
γk

(βo) 1
2∇+M

− 1
2

β ψk,

then {ψ̃k}n−1
k=1 is the set of eigenvectors of Aβr with similar eigenvalues γ2

1 < · · · <
γ2
n−1. Hence, they form an orthonormal basis for Rn−1. Denote the matrix of

these eigenvectors by Õβ, with ÕβÕ
†
β = Õ†βÕβ = In−1. This claim follows from the

following computation:

Aβr ψ̃k = 1
γk

(βo) 1
2 (−∇+M

−1
β ∇−)(βo)∇+M

− 1
2

β ψk = 1
γk

(βo) 1
2∇+M

− 1
2

β Aβpψ
k = γ2

kψ̃
k.

Define another set of coordinates p̃k, r̃k, similar to 2.2.3, 2.2.6, for k ∈ I0
n−1:

p̃ = O†βM
− 1

2
β p̃, p̃k = 〈ψk,M− 1

2
β p̃〉n =

n∑
x=1

√
βx
mx

ψkxp̃x,

r̃ = Õ†β(βo) 1
2 r̃, r̃k = 〈(βo) 1

2 ψ̃k, r̃〉n−1.

(2.2.26)

Let us define pk, rk as

pk = 〈ψk,M− 1
2

β p〉n, rk = 〈(βo) 1
2 ψ̃k, r〉n−1. (2.2.27)

Notice that pk and rk, differs with p̃ and r̃k only by a constant, respectively. In
particular, thanks to the expression of ψ0 we have:

p̃0 =
(

n∑
x=1

mx

βx

)− 1
2
(

n∑
x=1

px −
n∑
x=1

p̄(x
n

)mx

m̄

)
=: −λΠ0, (2.2.28)

where we take advantage of the fact ∑n
x=1 px = 0, and we defined the (random)

constants

λ :=
(

n∑
x=1

mx

βx

)− 1
2

, Π0 :=
n∑
x=1

p̄(x
n

)mx

m̄
. (2.2.29)

Similar to the previous section, we have the inverse transformations:

p̃ = M
1
2
β Oβ p̃, p̃x =

√
mx

βx

n−1∑
k=0

ψkxp̃k,

r̃ = (βo)− 1
2 Õβ r̃, r̃x = 1√

βx

n−1∑
k=1

ψ̃kx r̃k.

(2.2.30)

65



CHAPTER 2. HYDRODYNAMICS 2.2. PRELIMINARY BOUNDS

We express Hn
β in terms of these new coordinates, and obtain the desired diagonal-

ization in terms of independent oscillators:

Hn
β = 1

2(〈p̃,M−1
β p̃〉n + 〈r̃, βor̃〉n−1) =

1
2

(
〈M

1
2
β Oβ p̃,M

− 1
2

β Oβ p̃〉+
〈
(βo)− 1

2 Õβ r̃, (βo)
1
2 Õβ r̃

〉
n−1

)
= 1

2(〈p̃, p̃〉n + 〈r̃, r̃〉n−1) =

p̃2
0

2 + 1
2

n−1∑
k=1

(p̃2
k + r̃2

k) = λ2Π2
0

2 + 1
2

n−1∑
k=1

(p̃2
k + r̃2

k),

(2.2.31)

where we used the identities OβO
†
β = In and ÕβÕ

†
β = In−1. Moreover, we take

advantage of (2.2.28) to replace p̃2
0 with a constant. The fact that (2.2.31) is sum

of free uncoupled oscillators is a direct consequence of the following commutation
relations:

[p̃k, p̃k′ ] = [̃rk, r̃k′ ] = 0, [̃rk, p̃k′ ] = iγkδk,k′ , ∀k, k′ ∈ In−1. (2.2.32)

The first relation in (2.2.32) is evident from the definition. The second relation can
be justified as follows: Recall the operator sx = −i∂/∂ξξξx , where we had [rx, sy] =
iδx,y. For any v, w ∈ Rn−1 we have (here we drop the subscript n− 1 in the 〈〉n−1 ):

[〈v, r〉 , 〈w, s〉] =
n−1∑
x,y=1

vxwy[rx, sy] =
n−1∑
x,y=1

vxwyiδx,y = i
n−1∑
x=1

vxwx = i 〈v, w〉n−1 .

(2.2.33)
Therefore, by using the relation p = −∇−s, and thanks to(2.2.33), the definition of
Aβp and its eigenvectors ψk, we compute:

[̃rk, p̃k′ ] = [〈(βo) 1
2 ψ̃k, r〉n−1, 〈ψk

′
,M

− 1
2

β p〉n] = −[〈(βo) 1
2 ψ̃k, r〉n−1, 〈ψk

′
,M

− 1
2

β ∇−s〉n]

= [〈(βo) 1
2 ψ̃k, r〉n−1, 〈∇+M

− 1
2

β ψk
′
, s〉n−1] = i〈(βo) 1

2 ψ̃k,∇+M
− 1

2
β ψk

′〉n−1

= i
1
γk
〈M− 1

2
β (−∇−βo∇+)M− 1

2
β ψk, ψk

′〉n = i

γk
〈Aβpψk, ψk

′〉n = iγkδk,k′ .

(2.2.34)

In the first equality we substitute r̃ and p̃ with r and p, since they only differ in a
constant.

Now designate the bosonic operators b̃k, b̃∗k for k ∈ In−1 similar to (2.2.13). Their
commutation relations, which can be deduced from (2.2.32), reads:

b̃k = 1√
2γk

(r̃k + ip̃k), b̃∗k = 1√
2γk

(r̃k − ip̃k),

[b̃k, b̃∗k′ ] = δk,k′ , [b̃k, b̃k′ ] = [b̃∗k, b̃∗k′ ] = 0.
(2.2.35)

The expression of Hn
β in terms of these operators is as follows:

Hn
β = λ2Π2

0
2 +

n−1∑
k=1

γk(b̃∗kb̃k + 1
2). (2.2.36)
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Let us denote the constant λ2Π2
0

2 by E0. Owing to (2.2.36), and the commutator
relations in (2.2.35), we can treat Hn

β as sum of independent oscillator. Therefore,
we can deduce that this operator has a full discrete spectrum, which can be described
along with their corresponding eigenfunctions explicitly; Let |Ψ0〉|Ψ0〉|Ψ0〉 ∈ L2(Rn−1) be the
the ground state ofHn

β , with corresponding energy (eigenvalue) Ẽ0 = E0+ 1
2
∑n−1
k=1 γk.

Then the set of eigenvalues and eigenfunctions can be labeled by θ̄ := (θ1, . . . , θn−1) ∈
Nn−1

0 :

Eθ̄ = Ẽ0 +
n−1∑
k=1

θkγk, |Ψθ̄〉|Ψθ̄〉|Ψθ̄〉 =
n−1∏
k=1

(b̃∗k)θk√
θk!
|Ψ0〉|Ψ0〉|Ψ0〉. (2.2.37)

By abusing the notation, we write
∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 ≡ |(θ1, . . . , θn−1)〉|(θ1, . . . , θn−1)〉|(θ1, . . . , θn−1)〉 instead of |Ψθ̄〉|Ψθ̄〉|Ψθ̄〉. Here the

eigenfunction
∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 corresponds to the eigenvalue Eθ̄. Moreover, {

∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉|θ̄ ∈ Nn−1} forms
an orthonormal basis for L2(Rn−1). Notice that these functions can be obtained
rather explicitly, similar to |Φθ̄〉|Φθ̄〉|Φθ̄〉. Here, they are functions of ξ̃ξξ1, . . . ξ̃ξξn−1, where
∀k ∈ In−1, ξ̃ξξk can be defined similar to (2.2.26) as: ξ̃ξξk := 〈(βo) 1

2 ψ̃k, ξ̃ξξ〉n−1, while in
the previous case they are written as a function of ξ̂ξξ1, . . . , ξ̂ξξn−1.
Let us mention the fact that (2.2.36) is sum of "shifted" harmonic oscillators, rather
than normal harmonic oscillators, since all the bosonic operators are shifted by a
constant. Therefore, obtaining the ground state |Ψ0〉|Ψ0〉|Ψ0〉, and other eigenstates of this
operator is slightly different from |Φ0〉|Φ0〉|Φ0〉 and other eigenstates of Hn. Notice that,
this shift does not change the spectrum, and consequently it does not affect our
computation.
In fact, if one construct bk, and b∗k from (2.2.27), similar to (2.2.35), then Hn

β is
shifted version of H̃n

β = E0 +∑
k γk(b∗kbk + 1

2). The ground state of the later is well-
understood and can be obtained similar to |Φ0〉|Φ0〉|Φ0〉. Let us denote the ground state
of H̃n

β by
∣∣∣Ψ̃0

〉∣∣∣Ψ̃0
〉∣∣∣Ψ̃0
〉
, then applying the displacement operator we obtain

∣∣∣Ψ̃0
〉∣∣∣Ψ̃0
〉∣∣∣Ψ̃0
〉

= D
∣∣∣Ψ̃0

〉∣∣∣Ψ̃0
〉∣∣∣Ψ̃0
〉
.

Here the displacement operator D is a unitary operator which can be define as
follow: let bk := b̃k − bk be the displacement constant for k-th oscillator. Then
Dk = exp(bkb∗k − b∗kbk) and D = D1 . . .Dn−1.

2.2.3 Ensemble average
Since we established the eigenfunctions and eigenvalues of Hn

β , using spectral the-
orem one can write Hn

β = ∑
θ̄∈Nn−1

0
Eθ̄
∣∣∣θ̄〉〈θ̄∣∣∣∣∣∣θ̄〉〈θ̄∣∣∣∣∣∣θ̄〉〈θ̄∣∣∣, where ∣∣∣θ̄〉〈θ̄∣∣∣∣∣∣θ̄〉〈θ̄∣∣∣∣∣∣θ̄〉〈θ̄∣∣∣ is the projection operator

on the subspace generated by {
∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉}, for θ̄ ∈ Nn−1

0 . Moreover, one can observe
that exp

(
−Hn

β

)
is trace-class, thanks to the properties of γks, and can be written

as exp
(
−Hn

β

)
= ∑

θ̄∈Nn−1 e−Eθ̄
∣∣∣θ̄〉〈θ̄∣∣∣∣∣∣θ̄〉〈θ̄∣∣∣∣∣∣θ̄〉〈θ̄∣∣∣, thanks to spectral theorem. Recall the num-

ber operator b̃∗kb̃k, then we can compute the average of the bosonic operators and
number operators in the locally Gibbs state ρ (also known as thermal state). This
computation is classical (cf. Proposition 5.2.28 of [48]).

Lemma 2.2.2. Recall the density state ρ (2.1.9), and the operators b̃∗k, b̃k defined in
(2.2.35). Moreover, recall the definition of 〈〉ρ (2.1.12). Then, we have the followings
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∀k ∈ In−1: 〈
b̃∗k
〉
ρ

=
〈
b̃k
〉
ρ

=
〈
b̃kb̃k′

〉
ρ

=
〈
b̃∗kb̃

∗
k′

〉
ρ

= 0,〈
b̃∗kb̃k′

〉
ρ

= δk,k′

eγk − 1 ,
〈
b̃kb̃

∗
k′

〉
ρ

= δk,k′

eγk − 1 + 1.
(2.2.38)

Proof. One can find the rather straightforward computation of this lemma in Ap-
pendix 2.C.

In the rest of this section, we compute the average of certain observables namely
momentum, elongation, and energy at each site at time zero, as an application of
(2.2.38). Before proceeding, let us define for x ∈ In:

Exn := mx

βx
λ2Π0 = mx

βx

(
n∑
x=1

mx

βx

)−1 ( n∑
x=1

p̄(x
n

)mx

m̄

)
, (2.2.39)

Note that mx
βx

(∑n
x=1

mx
βx

)−1
≤ C

n
, where C = mmaxβmax

βminmmin
is a constant independent

of n. Therefore, thanks to the Strong Law of Large numbers and the assumption∫ 1
0 p̄(y)dy = 0, we have for y ∈ [0, 1], E[ny]

n → 0 almost surely:

|E[ny]
n | ≤ C

∣∣∣∣ 1n
n∑
x=1

p̄(x
n

)mx

m̄

∣∣∣∣ = C
Π0

n
→
∫ 1

0
p̄(y)dy = 0, (2.2.40)

almost surely as n→∞.
Corollary 2.2.2.1. Recall the coordinates p̃x(0) and r̃x(0) from (2.2.23), as a direct
consequence of Lemma 2.2.2 we have:

∀x ∈ In, 〈p̃x(0)〉ρ = 〈p̃x〉ρ = −Exn,
〈r̃x(0)〉ρ = 〈r̃x〉ρ = 0.

(2.2.41)

Note that these expressions denote the average of momentum and elongation at time
zero. This also implies:

〈px〉ρ = mx

m̄
p̄x − Exn, 〈rx〉ρ = r̄x. (2.2.42)

Proof. By (2.2.35), and (2.2.30) ∀x ∈ In, we can write p̃x and r̃x as linear combina-
tion of b̃ks and b̃∗ks; moreover, p̃0 appears in case of p̃x as well. Then, since 〈.〉ρ is a
linear operator, we can deduce (2.2.41).
To be more precise, from (2.2.35) we have:

p̃k = i

√
γk
2 (b̃∗k − b̃k), r̃k =

√
γk
2 (b̃∗k + b̃k). (2.2.43)

Hence, if we substitute p̃k and r̃k with the later in (2.2.30), use the definition ψ0
x =

λ
√

mx
βx

as well as the expression (2.2.28), we obtain

p̃x =
√
mx

βx

[
ψ0
xp̃0 +

n−1∑
k=1

ψkx

(
i

√
γk
2 (b̃∗k − b̃k)

)]
= −mx

βx
λ2Π0 +

n−1∑
k=1

ψkx

(
i

√
γk
2 (b̃∗k − b̃k)

)
,

r̃x = 1√
βx

n−1∑
k=1

ψ̃kx

(√
γk
2 (b̃∗k + b̃k)

)
.

(2.2.44)
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Since 〈.〉ρ is linear, thanks to identities
〈
b̃∗k
〉
ρ

=
〈
b̃k
〉
ρ

= 0 (2.2.38), we get
(2.2.41). In order to obtain (2.2.42) from (2.2.41) it’s enough to recall these defini-
tions: p̃x = px − mx

m̄
p̄x, r̃x = rx − r̄x.

The average of momentum and elongation in our thermal state is understood
in (2.2.42). Later we need their fluctuation as well. Hence, we define the following
operators, we may refer to them as thermal coordinate, since they correspond to the
thermal fluctuation:

p̃x := px − 〈px〉ρ = px − p̄x
mx

m̄
+ Exn = p̃x + Exn, ∀x ∈ In,

r̃x := rx − 〈rx〉ρ = rx − r̄x = r̃x, ∀x ∈ In−1,
(2.2.45)

Notice that these coordinate are similar to p̃, and r̃ up to a vanishing error.
Let us compute the fluctuation of px and rx in the state ρ:
Corollary 2.2.2.2. As another straightforward consequence of Lemma 2.2.2 we
have:

〈p̃2
x〉ρ
mx

= 1
βx

n−1∑
k=1

(ψkx)2γk
2 coth

(
γk
2

)
, (2.2.46)

〈
r̃2
x

〉
ρ

= 1
βx

n−1∑
k=1

(ψ̃kx)2γk
2 coth

(
γk
2

)
. (2.2.47)

Proof. From (2.2.43) and (2.2.38) one can observe:

〈p̃ip̃j〉ρ = 〈r̃ir̃j〉ρ = δi,jγi

( 1
eγi − 1 + 1

2

)
= δi,j

γi
2 coth

(
γi
2

)
, ∀i, j ∈ In−1,

〈p̃ip̃0〉ρ = δi,0λ
2Π2

0, ∀i ∈ In,
(2.2.48)

where in the second expression we take advantage of the fact that p̃0 is a constant
given in (2.2.28), and 〈p̃i〉ρ = 0 for i > 0.
Thanks to (2.2.45), we have p̃x = p̃x + Exn, and r̃x = r̃x. If one replace p̃x, and r̃x
with corresponding expressions from (2.2.30) and use the definition of Exn, and p̃0 it
is clear that:

p̃x =
√
mx

βx

n−1∑
k=1

ψkxp̃k, r̃x = 1√
βx

n−1∑
k=1

ψ̃kx r̃k. (2.2.49)

We compute 〈p̃
2
x〉

mx ρ
and 〈r̃2

x〉ρby squaring these expressions, and then taking the
ensemble average 〈〉ρ. Therefore, the linearity of the trace and the identities in
(2.2.48) give us the result:

p̃2
x = mx

βx

n−1∑
k,k′=1

ψkxψ
k′

x p̃kp̃k′ , =⇒
〈
p̃2
x

〉
ρ

= mx

βx

n−1∑
k,k′=1

ψkxψ
k′

x 〈p̃kp̃k′〉ρ .

〈p̃2
x〉ρ
mx

= 1
βx

n−1∑
k,k′=1

ψkxψ
k′

x δk,k′
γk
2 coth

(
γk
2

)
= 1
βx

n−1∑
k=1

(ψkx)2γk
2 coth

(
γk
2

)
.

(2.2.50)

The exact same computation using (2.2.30) and (2.2.48), gives us corresponding
expression in (2.2.47) for 〈r̃x〉ρ.
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Remark 2.2.3. Notice that for a clean chain (all masses equal to m), in thermal
equilibrium at temperature β−1

eq , with periodic boundary conditions, we can obtain
ψk by discrete Fourier transform. In this case, γk = ωk = 2| sin

(
π( k

n
)
)
|. Therefore,

since boundary effects disappear in the limit as n → ∞, we get up to a vanishing
error: 〈

r̃2
x

〉
ρ

= 1
βeq

1
2n

n−1∑
k=1

βeqωk
2
√
m

coth
(
ωkβeq
2
√
m

)
+ εn. (2.2.51)

The same expression can be obtained for 〈p̃x〉ρ
m

, for a clean chain in thermal equilib-
rium. Taking the limit of n→∞, we obtain the constant fβ in (1.1.34).

Notice the difference of (2.2.47) and (2.2.46) with the classical case, where these
averages are simply equal to β−1

x . Moreover observe that clearly for each config-
uration of the masses the averages 〈p̃2

x〉ρ /mx and 〈r̃2
x〉ρ depend on the whole con-

figuration of the masses, due to the fact that γk and ψk (ψ̃k) are eigenvalues and
eigenvectors of Aβp = M

− 1
2

β (−∇−β0∇+)M− 1
2

β

(
Aβr = (βo) 1

2 (−∇+M
−1
β ∇−)(βo) 1

2
)
.

For our purposes, in particular, in Section 2.4.1, it would be useful to rewrite
(2.2.46),(2.2.47) in the following form: recall the definition of |x〉n3 for x ∈ In, as
the canonical basis of Rn, i.e., |x〉n = (0, . . . , 0, 1, 0 . . . , 0)†, where 1 is at the xth
position. So we can write ψkx = 〈x, ψk〉n. Similarly, let |x〉n−1 for x ∈ In−1, denotes
the canonical basis for Rn−1. We drop the subscript of |x〉n, whenever it does not
make any confusion. Then we have:

〈p̃2
x〉ρ
mx

= 1
βx

〈
x,

(Aβp ) 1
2

2 coth
(Aβp ) 1

2

2

x〉
n

,
〈
r̃2
x

〉
ρ

= 1
βx

〈
x,

(Aβr ) 1
2

2 coth
(Aβr ) 1

2

2

x〉
n−1

.

(2.2.52)
Here by convention, formally we denote 0 coth(0) = 04.
Since Aβp (Aβr ) is positive semidefinite (definite) one can define by spectral theorem
the following matrices

Ap :=
(Aβp ) 1

2

2 coth
(Aβp ) 1

2

2

, Ar = (Aβr ) 1
2

2 coth
(Aβr ) 1

2

2

.
So if we expand (2.2.52) in the basis of ψk, and use the identity ∑n−1

k=0

∣∣∣ψk〉〈ψk∣∣∣ = In,
we get the exact same expression as in (2.2.46):

〈x,Apx〉 =
n−1∑
k=0

〈
x, ψk

〉 〈
ψk,Apx

〉
=

n−1∑
k=0

γk
2 coth

(
γk
2

)〈
x, ψk

〉 〈
ψk, x

〉

=
n−1∑
k=1

γk
2 coth

(
γk
2

)
(ψkx)2.

(2.2.53)

3Notice the difference between the notation |Ψ〉|Ψ〉|Ψ〉 which is used for denoting the member of the
Hilbert space, and |ψ〉 which denotes the finite dimensional vector spaces.

4We will modify this convention later.
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Similarly, we can justify the expression in (2.2.52) for 〈r̃2
x〉. Using spectral properties

of Ar.
Recall the canonical transformations (2.2.3), (2.2.6), (2.2.11), we define yet an-

other set of operators: let ˆ̃p and ˆ̃r to be the transformed form of r̃ and p̃, respectively:

ˆ̃p := O†M− 1
2 p̃, ˆ̃pk := 〈M− 1

2ϕk, p̃〉n,
ˆ̃r := Õ†r̃, ˆ̃rk := 〈φk, r̃〉n−1.

(2.2.54)

Since we use the explicit solution of equations of motion, terms like
〈
(ˆ̃pk)2

〉
ρ
and〈

(ˆ̃rk)2
〉
ρ
arise in our calculations, and the following lemma permits us to deal with

them. Note that this lemma reflects one of the technical differences of this model
with its classical counterpart.

Lemma 2.2.4. Considering the above definitions, there exists a deterministic con-
stant C > 0 independent of n, such that for any realization of the masses and any
k ∈ In: 〈

(ˆ̃pk)2
〉
ρ
< C,

〈
(ˆ̃rk)2

〉
ρ
< C,

〈
ˆ̃pk
〉
ρ

=
〈

ˆ̃rk
〉
ρ

= 0. (2.2.55)

Proof. Plugging p̃x and r̃x from (2.2.49) into the definition (2.2.54), we get the
following linear relation between these two sets of transformed operators:

ˆ̃pk =
n−1∑
i=1
〈ϕk, β−

1
2ψi〉p̃i, ∀k ∈ I0

n−1,

ˆ̃rk =
n−1∑
i=1
〈φk, β−

1
2 ψ̃i〉r̃i, ∀k ∈ In−1.

(2.2.56)

Since p̃i and r̃i are linear combinations of bosonic operators b̃i, b̃∗i ; obviously we have
〈r̃i〉ρ = 〈p̃i〉ρ = 0. Hence, by linearity of 〈.〉ρ, we have

〈
ˆ̃pk
〉
ρ

=
〈

ˆ̃rk
〉
ρ

= 0. For the
purpose of establishing the bounds in (2.2.55), we square the expression (2.2.56) and
by using (2.2.48), we have:

〈
(ˆ̃pk)2

〉
ρ

=
n−1∑
i,j=1
〈ϕk, β−

1
2ψi〉〈β−

1
2ψj, ϕk〉 〈pipj〉ρ =

n−1∑
i,j=1
〈ϕk, β−

1
2ψi〉〈β−

1
2ψj, ϕk〉δi,j

γi
2 coth

(
γi
2

)
=

n−1∑
i=1

∣∣∣〈β− 1
2ϕk, ψi〉

∣∣∣2γi2 coth
(
γi
2

)
.

(2.2.57)

Since γi are the eigenvalues of Aβp = M
− 1

2
β (−∇−β0∇+)M− 1

2
β , ∀i, γi ≤ ||Aβp ||2, where

||.||2 denotes the matrix norm induced by the Euclidean norm.5 However, the
5For every linear function f : Rn → Rm with corresponding m×n matrix A, we define ||A||2 =

sup|x|n=1
|Ax|m
|x|n , where |.| denotes the Euclidean norm in Rn: |x|n = (

∑n
i=1 x

2
i )

1
2 .
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following bound is evident from the definition of the matrices appearing in Aβp :
||Aβp ||2 ≤ ||M

− 1
2

β ||22||βo||2||∇−||2||∇+||2 ≤ 4β2
max

mmin
. This bound holds uniformly in n,

for any realization of the masses, since the distribution of the masses is bounded,
and β is continuous. Therefore, we deduce that there is a deterministic c > 0, inde-
pendent of n such that for any realization of the masses ||Aβp ||2 ≤ c. Furthermore,
since the function f(x) = x coth x is continuous in (0, c), the expression γi

2 coth
(
γi
2

)
is nonnegative and bounded by a constant c′, independent of n, so we have for any
realization of the masses:

〈
(ˆ̃pk)2

〉
≤ c′

n−1∑
i=1
|〈β−

1
2ϕk, ψi〉|2 = c′|β−

1
2ϕk|2 ≤ c′||β−

1
2 ||22|ϕk|2 ≤ c′βmin ≤ C.

(2.2.58)
The sum in this expression is the expansion of the vector β− 1

2ϕk in the basis of ψi.
We also used the fact that |ϕk|2 = 1, and norm of β− 1

2 is bounded by β−
1
2

min. For〈
(ˆ̃rk)2

〉
ρ
, we proceed similarly and get the following expression:

〈
(ˆ̃rk)2

〉
ρ

=
n−1∑
i=1
|〈β−

1
2φk, ψ̃i〉|2γi2 coth

(
γi
2

)
, (2.2.59)

which can be treated exactly similar to the previous bound.

Remark 2.2.5. Recall the averages 〈r̃2
x〉ρ and 〈

p̃2
x〉ρ
mx

from (2.2.52):

〈p̃2
x〉ρ
mx

= 1
βx

〈
x,

(Aβp ) 1
2

2 coth
(Aβp ) 1

2

2

x〉
n

,
〈
r̃2
x

〉
ρ

= 1
βx

〈
x,

(Aβr ) 1
2

2 coth
(Aβr ) 1

2

2

x〉
n−1

.

In the proof of Lemma 2.2.4, we observed that the the norm of the matrices appearing
in the above expression are bounded by a constant c′, uniformly in n. Therefore, we
can deduce that there exists a constant C uniform in n such that for any realization
of the masses: 〈

r̃2
x

〉
≤ C,

〈p̃2
x〉

mx

≤ C, (2.2.60)

where we used the fact that β is continuous, with βmin ≤ β(y) for all y ∈ [0, 1], with
βmin strictly positive.

2.3 Wave Equation
In this section, we are going to show the limits (2.1.16) and (2.1.17). Since our
system is harmonic, the dynamic is linear. As we already observed our chain evolves
in time according to the Heisenberg dynamics generated by the Hamiltonian (2.2.16).
Recall the definition of the dynamic: ∀a ∈ B(Hn) define a(t) as follows:

a(t) := eiHntae−iHnt. (2.3.1)
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Since Hn is self-adjoint, using Stone’s theorem, (2.3.1) is the continuous one pa-
rameter group of authomorphisms. Moreover, we can extend the definition of this
evolution to certain unbounded operators, such as bk and b∗k, where we have:

bk(t) = e−iωktbk, b∗k(t) = eiωktb∗k. (2.3.2)

By using linearity, we obtain the explicit time evolution for elongation and momen-
tum operators in (2.2.22). One may use this explicit solutions in order to demon-
strate the limits (2.1.17) and (2.1.16). However, we proceed using the equation of
motions and certain homogenization lemmas.
Recall the definition of the thermal state ρn (2.1.9), and the thermal average:
〈a〉ρn := Tr(ρna) for an observable a, such that aρn be trace class. Since ρn =
exp

(
−Hn

β

)
, thanks to the spectral theory we observed that ∀x, ρnpx, rxρn, ρnr2

x,
and ρnp2

x are trace class. Since the solution in (2.2.22) is linear, we can deduce that
∀x,∀t,∈ [0, T ], px(nt), rx(nt), p2

x(nt), and r2
x(nt) are trace class. Hence, we can

introduce the following notation:

p̄x(nt) := 〈px(nt)〉ρn , r̄x(t) := 〈rx(t)〉ρn . (2.3.3)

Recall that according to (2.2.42), we have ∀x ∈ In:

p̄x(0) = mx

m̄
p̄x − Exn, r̄x(0) = r̄x. (2.3.4)

Moreover, the time evolution of p̄x(nt) and r̄x(nt) can be represented as a system
of coupled ODEs. First, observe that the dynamic defined in (2.3.1), gives us the
equations of motions as (2.1.7), then by the following simple computation we have:

d

dt
p̄x(t) = 〈ṗx(t)〉ρn = 〈rx(t)− rx−1(t)〉ρn = (r̄x(t)− r̄x−1(t)) = (∇−r̄(t))x,

d

dt
r̄x(t) = 〈ṙx(t)〉ρn =

〈
px+1(t)
mx+1

− px(t)
mx

〉
ρn

=
(
p̄x+1(t)
mx+1

− p̄x(t)
mx

)
= (∇+M

−1p̄(t))x,

(2.3.5)

where, ∇− and ∇+ were defined in (2.1.6). The justification for this computation
is as follows: the operator ρnpx(nt) is bounded, and the time derivative exists in
the operator norm (for this bounded operator) and we can change the trace and
derivative by a simple argument.

Comparing the functions p̄(nt) : Rn → R, and r̄(nt) : Rn−1 → R for t ∈ [0, T ],
with their classical counterpart in [35], it is evident that they satisfiy the same
coupled system of linear ODEs, with the same initial conditions up to a vanishing
purturbation Exn (for each realization of the masses). Therefore, these functions are
very similar, and we can adapt the method of section 3 of [35], and prove (2.1.16)
and (2.1.17) in theorem 2.1.1. This conclusion is obtained from the fact that in the
harmonic systems, both the classical and quantum evolutions are linear. Although,

73



CHAPTER 2. HYDRODYNAMICS 2.3. WAVE EQUATION

the result of [35] is applicable here, their proof is not optimal and has a certain
gap6. Moreover, we need to take care of Exn separately, hence we state a modified
version of that proof here. In fact, we prove this theorem assuming the function β is
Lipschitz continuous, since this proof is shorter and better illustrate the idea, then
we bring the proof of general case β ∈ C0([0, 1]) afterwards.

Proof of (2.1.16), and (2.1.17) with β Lipschitz. We divide the proof into two steps:
Step1. A priori bound:
Define H̄n(t) and Īn(t) as follows:

H̄n(t) :=
n∑
x=1

p̄2
x(t)

2mx

+
n−1∑
x=1

r̄2
x(t)
2 = 1

2
〈
p̄(t),M−1p̄(t)

〉
n

+ 1
2 〈r̄(t), r̄(t)〉n−1 ,

Īn(t) :=1
2

n∑
x=1

(
r̄x(t)− r̄x−1(t)

)2

mx

+ 1
2

n−1∑
x=1

(
p̄x+1(t)
mx+1

− p̄x(t)
mx

)2

=1
2
〈
∇−r̄(t),M−1∇−r̄(t)

〉
n

+ 1
2
〈
∇+M

−1p̄(t),∇+M
−1p̄(t)

〉
n−1

.

(2.3.6)

From the time evolution (2.3.5), it is evident that ∀n ∈ N the quantities in (2.3.6)
are conserved. The first quantity H̄n(t), can be viewed as the mechanical energy.
We will see later that the average of the energy 〈Hn〉ρn , can be decomposed into
the mechanical and thermal parts, where H̄n is the mechanical part. The second
quantity Īn, shows us a typical way of constructing the other conserved quantities
by taking further gradients (cf. Remark 1.1.7).

The conservation of Īn(t) and H̄n(t) in (2.3.6), the regularity assumptions, where
r̄, p̄ ∈ C1([0, 1]), and the properties of the masses, give us the following bounds: there
exists a deterministic C > 0, such that for every n ∈ N and t ∈ [0, T ], we have:

n∑
x=1

(
p̄2
x(nt) + r̄2

x(nt)
)
≤ Cn, (2.3.7)

n∑
x=1

(
r̄x(nt)− r̄x−1(nt)

)2
≤ C

n
,

n−1∑
x=1

(
p̄x+1(nt)
mx+1

− p̄x(nt)
mx

)2
≤ C

n
. (2.3.8)

Notice that these bounds hold for every time scale nαt, for α > 0. First, observe that
(2.3.7), is bounded by 2(1 + mmax)H̄n(nt), and expressions in (2.3.8) are bounded
by and 2(1 + mmax)Īn(nt). By the conservation of Īn(t) and H̄n(t) in (2.3.6), it is
enough to show H̄n(nt) ≤ Cn, and Īn(nt) ≤ C

n
for t = 0. But this is obvious: Since

r̄, p̄ ∈ C1([0, 1]), p̄2
x and r̄2

x are bounded for every x, which gives (2.3.7). Moreover,
(r̄x − r̄x−1)2 = (r̄(x

n
) − r̄(x−1

n
))2 ≤ c2

n2 , since r̄ ∈ C1([0, 1]) (choose c2 = ||r̄′||L∞).
Moreover, thanks to (2.3.4) we have

(
p̄x+1(0)
mx+1

− p̄x(0)
mx

)2
≤ 2
m̄2

(
p̄
(x+ 1

n

)
− p̄

(x
n

))2
+ 2

( Ex+1
n

mx+1
− Exn
mx

)2
≤ c3

n
. (2.3.9)

6The gap is as follows: comparing the relations (3.11), (3.12) with (3.14),(3.15) is not sufficient
to close the argument, since the derivative of f and g appears in the RHS instead of f and g.
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Note that in (2.3.9), first, we apply the property p̄ ∈ C1([0, 1]). Then we take
advantage of the identity Exn

mx
= (β(x

n
))−1(∑n

x=1
mx
βx

)−1(∑n
x=1 p̄(xn)mx

m̄
) and we bounded

| 1
βx
− 1

βx−1
| ≤ c′3

n
by using the assumption that β is Lipschitz and 0 < βmin < β(y) <

βmax. Finally, we bounded the rest by a constant thanks to the properties of p̄
and mx. (Note that this is the only place where we use the assumption that β is
Lipschitz.

From (2.3.7), (2.3.8) by Cauchy-Schwartz inequality we can deduce that r̄x(nt),
p̄x(nt) are Hölder regular and bounded, in the following sense: there exists a de-
terministic constant C > 0, such that for every n and every x, x′ ∈ In we have:

|r̄x(nt)− r̄x′(nt)| ≤
C|x− x′| 12√

n
,

∣∣∣∣ p̄x(nt)mx

− p̄x′(nt)
mx′

∣∣∣∣ ≤ C|x− x′| 12√
n

. (2.3.10)

Moreover thanks to (2.3.7) and (2.3.10), there exists C ′ > 0, such that ∀n and
∀x ∈ In, we have:

|r̄x(nt)| ≤ C ′, |p̄x(nt)| ≤ C ′, (2.3.11)

Step2. Mass Homogenization
For every f ∈ C0([0, 1]) and t ∈ [0, T ], as N →∞ we have:

1
N

N∑
x=1

f( x
N

) p̄x(Nt)
mx

(mx − m̄)→ 0, (2.3.12)

1
N

N∑
x=1

f( x
N

)
(
p̄x(Nt)
mx

)2
(mx − m̄)→ 0, (2.3.13)

almost surely with respect to the distribution of the masses, where m̄ = E(mx).
This step permits us to deal with the randomness of the masses by homogenizing
them. The second limit (2.3.13) will be used in the next section.

Proof. For the proof of this step, one can see Lemma 2 in [35]. Let us emphasize the
fact that this lemma’s proof only need estimates (2.3.10), and (2.3.7). Therefore,
we can use Lemma 2 of [35] here.

Step3. Weak Convergence to the solution of the wave equation with a C2 test
function.
In this step, we prove the convergences (2.1.16), (2.1.17), for a special class of test
functions. In the next step, we complete the proof by using the Hölder bounds
in (2.3.10). Notice that here, we follow a different path in comparison to [35].
Let ∀t ∈ [0, T ], and f, g ∈ C2([0, 1]), such that f(0) = f(1) = 0, g(0) = g(1).
Moreover, f and g are continuously differentiable at 0 and 1, with g′(0) = g′(1) = 0
and f ′(0) = f ′(1) (f, g are periodic, with Dirichlet boundary condition for f , and
Neumann boundary condition for g). Then, we have:

75



CHAPTER 2. HYDRODYNAMICS 2.3. WAVE EQUATION

1
n

n∑
x=1

f(x
n

) 〈rx(nt)〉ρ = 1
n

n∑
x=1

f(x
n

)r̄x(nt)→
∫ 1

0
f(y)r(y, t)dy, (2.3.14)

1
n

n∑
x=1

g(x
n

) 〈px(nt)〉ρ = 1
n

n∑
x=1

g(x
n

)p̄x(nt)→
∫ 1

0
g(y)p(y, t)dy, (2.3.15)

almost surely, with respect to the distribution of the masses as n → ∞, where
r(y, t) and p(y, t) are the unique strong solutions to the following system of conser-
vation laws (2.1.13), (2.1.14), and (2.1.15).

Proof of Step 3. First, for every f, g ∈ C0([0, 1]), such that f(0) = f(1) = 0, g(0) =
g(1), define the following kernels:

R(f, t) :=
∫ 1

0
r(y, t)f(y)dy, P (g, t) :=

∫ 1

0
p(y, t)g(y)dy. (2.3.16)

In particular, if we assume f, g ∈ C2([0, 1]) satisfying the assumption of this Step,
we can argue as follows: Since the solutions of (2.1.13) are explicit, and the unique
weak solution coincide with the strong solution (cf. [95]), by using the explicit
form of the solution, we have a uniform bound on the time derivative of r and p.
Therefore, by using the dominated convergence theorem we have:

∂sR(f, s) =
∫ 1

0
∂sr(y, t)f(y)dy = 1

m̄

∫ 1

0
∂yp(y, t)f(y)dy = − 1

m̄

∫ 1

0
p(y, t)f ′(y)dy

= − 1
m
P (f ′, t),

(2.3.17)

where we integrated by parts, and used the property f(0) = f(1) = 0. Similarly,
using the boundary condition r(1, s) = r(0, s), implies:

∂sP (g, s) =
∫ 1

0
∂sp(y, s)g(y) =

∫ 1

0
∂yr(y, t)g(y)dy = −

∫ 1

0
r(y, t)g′(y)dy

= R(g′, t).
(2.3.18)

Therefore, by using (2.3.17), (2.3.18), we can characterize R(f, t) and P (g, t), for
the aforementioned f, g ∈ C2([0, 1]), with proper boundary conditions, as follows:

R(f, t) = R(f, 0)− 1
m̄

∫ t

0
P (f ′, s)ds,

P (g, t) = P (g, 0)−
∫ t

0
R(g′, s)ds.

(2.3.19)

Notice that we have:

R(f, 0) =
∫ 1

0
r̄(y)f(y)dy, P (g, 0) =

∫ 1

0
p̄(y)g(y)dy. (2.3.20)
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In the microscopic level, for n ∈ N, we define the kernels Rn(f, t) and Pn(g, t), for
t ∈ [0, T ] and f, g ∈ C0([0, 1]):

Rn(f, t) = 1
n

n∑
x=1

f(x
n

) 〈rx(nt)〉ρ = 1
n

n∑
x=1

f(x
n

)r̄x(nt),

Pn(g, t) = 1
n

n∑
x=1

g(x
n

) 〈px(nt)〉ρ = 1
n

n∑
x=1

g(x
n

)p̄x(nt).
(2.3.21)

In particular, for f, g ∈ C2([0, 1]), satisfying the assumptions of this step, we can
characterize Rn(f, t), Pn(f, t) as follows:

Rn(f, t) = Rn(f, 0) +
∫ t

0
∂sRn(f, s)ds = Rn(f, 0) +

∫ t

0

1
n

n∑
x=1

f(x
n

)∂s
(
r̄x(ns)

)
ds =

Rn(f, 0) +
∫ t

0

n∑
x=1

f(x
n

)
(
p̄x+1(ns)
mx+1

− p̄x(ns)
mx

)
ds =

Rn(f, 0)−
∫ t

0

n∑
x=1

(
f(x
n

)− f(x− 1
n

)
)
p̄x(ns)
mx

ds,

(2.3.22)

where we used the time evolution of r̄(t) from (2.3.5) in the second line, then we
performed a summation by parts, using the assumption f(0) = f(1) = 0. Since
f ∈ C2([0, 1]), we get f(x

n
) − f(x−1

n
) = 1

n
f ′(x

n
) + εxn

n2 , where εxn is bounded by a
constant C > 0, uniformly in x and n. Hence, we have:

Rn(f, t) = Rn(f, 0)−
∫ t

0

1
n

n∑
x=1

f ′(x
n

) p̄x(ns)
mx

ds+ εn, (2.3.23)

where εn is the remainder term and one can observe εn → 0 in a deterministic way,
as n → ∞. Moreover, we can use the result of Step 2, namely (2.3.12), in order to
replace mx by m̄ and get

1
n

n∑
x=1

f ′(x
n

) p̄x(ns)
mx

− 1
n

n∑
x=1

f ′(x
n

) p̄x(ns)
m̄

= ε′n(s),

where ε′n → 0, almost surely as n → ∞. Note that ε′(s) is bounded thanks to
(2.3.11), and by dominated convergence theorem, ε̄n =

∫ t
0 ε
′(s)ds→ 0, almost surely.

Hence, by using the definition of Pn(g, s), we have:

Rn(f, t) = Rn(f, 0)− 1
m̄

∫ t

0
Pn(f ′, s)ds+ ε̄n, (2.3.24)

where ε̄n → 0, as n→∞, almost surely. We can proceed similarly in order to obtain
the counterpart of (2.3.24) for Pn(f, t). Notice that for Pn(g, t), homogenization over
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the masses is not necessary.

Pn(g, t) = Pn(g, 0) +
∫ t

0
∂sPn(g, s)ds = Pn(g, 0) +

∫ t

0

1
n

n∑
x=1

g(x
n

)
(
∂sp̄x(ns)

)
ds =

Pn(g, 0) +
∫ t

0

n∑
x=1

g(x
n

)
(
r̄x(ns)− r̄x−1(ns)

)
ds =

Pn(g, 0)−
∫ t

0

n∑
x=1

r̄x(ns)
(
g
(x+ 1

n

)
− g

(x
n

))
ds,

(2.3.25)

where we advanced similar to (2.3.19), using (2.3.5) and the microscopic boundary
condition r̄0(s) = r̄n(s) = 0, for the summation by parts. Again, since g ∈ C2([0, 1]),
we shall write g(x+1

n
)− g(x

n
) = 1

n
g′(x

n
) + ε̃nx, where |ε̃nx| ≤ C′

n2 , for a C ′, uniform in x
and n. Therefore, by using the bound |r̄x(ns)| ≤ C, and the definition of Rn(g′, s),
we have:

Pn(g, t) = Pn(g, 0)−
∫ t

0

1
n

n∑
x=1

r̄x(ns)g′(
x

n
) + ε̃n = Pn(g, 0)−

∫ t

0
Rn(g′, s)ds+ ε̃n,

(2.3.26)
such that ε̃n → 0 as n→∞.

For every continuous f, g (therefore, for f, g satisfying our assumptions), we have
the following observation: One can obtain the solution to the system of ODEs (2.3.5)
explicitly 7 and observe that for any fixed continuous (f, g): ∀n,Rn(f, t), Pn(g, t) are
smooth in time (at least C1). Moreover, by computing their derivatives, we obtain
a uniform bound C̄ > 0 (uniform in t and n):

|∂tRn(f, t)| =
∣∣∣∣ n−1∑
x=1

f(x
n

)
(
p̄x+1(nt)
mx+1

− p̄x(nt)
mx

)∣∣∣∣ ≤ C1

n∑
x=1

∣∣∣∣ p̄x+1(nt)
mx+1

− p̄x(nt)
mx

∣∣∣∣ ≤
C1(

n∑
x=1

∣∣∣∣ p̄x+1(nt)
mx+1

− p̄x(nt)
mx

∣∣∣∣2) 1
2 (n) 1

2 ≤ C1n
1
2 (C
n

) 1
2 ≤ C̄,

(2.3.27)

where we used the Cauchy Schwartz inequality and the bound in (2.3.8). Simi-
larly, using the other inequality in (2.3.8), we have the similar uniform bound C̄ for
|∂tPn(g, t)|.

For proving this step, we show that Rn(f, t) → R(f, t) and Pn(g, t) → P (g, t),
almost surely as n→∞, for every f and g, satisfying the smoothness and boundary
condition assumption, and every t ∈ [0, T ]. First, notice that for t = 0, we have
Rn(f, 0) = 1

n

∑n
x=1 f(x

n
)r̄(x

n
), hence, the convergence to R(f, 0) =

∫ 1
0 f(y)r̄(y)dy is

evident.
For Pn(g, 0) = 1

n

∑n
x=1 g(x

n
)p̄x(0) = 1

n

∑n
x=1 g(x

n
)mx
m̄

(p̄x − Exn), where we used the

7These solutions are exactly similar to (2.2.22), where the operators at time zero replaced by
the averaged function at time zero.
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definition of p̄x(0) from (2.3.4), we can deduce 1
n

∑n
x=1 g(x

n
)mx
m̄

(p̄x) → P (g, 0) =∫ 1
0 g(y)p̄(y) almost surely, by the Strong Law of Large Numbers. Moreover,∣∣∣∣ 1n

n∑
x=1

g(x
n

)Exn
∣∣∣∣ ≤ C

n

n∑
x=1
|Exn| =

C

n

∣∣∣∣ n∑
x=1

p̄(x
n

)mx

m̄

∣∣∣∣→ 0,

almost surely, where we use the definition of Exn (2.2.39), and the fact that
Π0
n
→ 0 almost surely (2.2.40). Combining the last two convergences we obtain

Pn(g, 0)→ P (g, 0) almost surely for any continuous g.
We use the characterizations (2.3.19), (2.3.24), and (2.3.26) in order to prove the

result for t ∈ (0, T ].
Fix proper f and g, and consider the families of functions {(Rn(f, .)}n, {Pn(g, .))}n.

These families are equicontinuous, since we established a uniform bound on their
derivatives8. Hence, by Arzelà-Ascoli theorem, there exist continuous functions
ϕ̃fr (t), ϕ̃gp(t) on [0, T ], such that a subsequence of Rn(f, t) and Pn(g, t) converges to
these functions, respectively.

In particular, we can take fk(y) = sin(kπy) and gk(y) = cos(kπy), for every
k ∈ N0. Denote R(fk, t) and P (fk, t) by ϕkr(t) and ϕkp(t), respectively. Since R
and P are linear in their first arguments, f ′k = πkgk and g′k = −πkfk, by using the
characterization (2.3.19), we have ϕkp and ϕkr for every k ∈ N0, satisfy the following
system of ODEs:

ϕkr(t) = ϕkr(0)− πk

m̄

∫ t

0
ϕkp(s)ds, ϕkp(t) = ϕkp(0) + πk

∫ t

0
ϕkr(s)ds. (2.3.28)

Recall the continuous functions ϕ̃fkr and ϕ̃gkp as the limit of a subsequence of
Rn(fk, t) and Pn(fk, t) and denote them by ϕ̃kr and ϕ̃kp, respectively. Recall the
characterizations (2.3.24) and (2.3.26), observe that Pn and Rn are linear in their
first argument and take the limit of these characterizations for the subsequences
converging to ϕ̃kr and ϕ̃kp. By using the dominated convergence theorem (since these
functions are bounded on a compact domain), we deduce that ϕ̃kr and ϕ̃kp satisfy the
exact same system of ODEs as (2.3.28), almost surely. Moreover, we observed earlier
the convergence at time zero i.e ϕ̃kr(0) = ϕkr(0) and ϕ̃kp(0) = ϕkp(0) almost surely.
Therefore, by a uniqueness argument, we have ϕ̃kr(t) = ϕkr(t) and ϕ̃kp(t) = ϕkp(t), for
every t in [0, T ] almost surely.
Notice that this argument is valid for any limiting point of Rn(fk, t) and Pn(fk, t).
Hence, ∀k ∈ N0, and ∀t ∈ [0, T ], we have Rn(fk, t) → R(fk, t) and Pn(gk, t) →
P (gk, t), as n→∞, almost surely.

Finally, using the fact that the sets {fk}∞k=0 and {gk}∞k=0 are orthonormal (Fourier)
basis of L2([0, 1]), we can finish the proof with an ε

3 argument, thanks to the fact
that Rn(., t) and Pn(., t) are linear in their first argument.

8For every ε > 0, take δ = ε
C̄
, then for every φ in this family, and t, t′ ∈ [0, T ], if |t− t′| < δ, we

have |φ(t) − φ(t′)| ≤ |t − t′||φ′(t∗)| ≤ C̄|t − t′| ≤ ε, for t < t∗ < t′, since all the functions in this
family are smooth, and their derivative are uniformly bounded.
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Step4: The pointwise convergence of r̄ and p̄:
In this step, we prove the pointwise convergence r̄[ny](nt)→ r(y, t) and p̄[ny]

m[ny]
→ p(y,t)

m̄
,

almost surely, exploiting the "Hölder" bounds in (2.3.10). Concretely, ∀y ∈ (0, 1)
and t ∈ [0, T ] we have:

r̄[ny](nt)→ r(y, t), p̄[ny](nt)
m[ny]

→ p(y, t)
m̄

, (2.3.29)

almost surely, with respect to the distribution of the masses.

Proof. Fix y ∈ (0, 1), and take ε1 > 0 such that y ∈ (2ε1, 1−2ε1). Let ζ be a positive
symmetric mollifier, i.e., ζ ∈ C∞c (R) (infinitely differentible, compactly supported,
with supp(ζ) = [−1, 1]), and∫

R
ζ(y′)dy′ = 1; ζ(y) ≥ 0; ζ(y) = ζ(−y).

Let ζε := 1
ε
ζ(y

ε
), for 0 < ε < ε1, be a regularizing family, notice that we have

ζε ∈ C∞c (R), supp(ζε) = [−ε, ε], and
∫
R ζε(y′)dy′ = 1, as well as ζε(y) ≥ 0.

Since
∫
R ζε(y′)dy′ = 1, multiplying by r̄[ny](nt), we have ∀ε1 > ε > 0:

r̄[ny](nt) = r̄[ny](nt)
∫
R
ζε(y − y′)dy′ =

∫
R
ζε(y − y′)r̄[ny](nt)dy′ =∫

R
ζε(y − y′)

(
r̄[ny](nt)− r̄[ny′](nt)

)
dy′ +

∫
R
ζε(y − y′)r̄[ny′](nt)dy′.

(2.3.30)

Since ζε(y − y′) is supported on (y − ε, y + ε), we have:∣∣∣∣ ∫
R
ζε(y − y′)(r̄[ny](nt)− r̄[ny′](nt))dy′

∣∣∣∣ ≤ sup
y′∈(y−ε,y+ε)

|r̄[ny](nt)− r̄[ny′](nt)|
∫
R
ζε(y′)dy′

= sup
y′∈(y−ε,y+ε)

|r̄[ny](nt)− r̄[ny′](nt)| ≤ C
√
ε,

(2.3.31)

where the last bound is deduced from (2.3.10), since |y − y′| ≤ ε. In order to deal
with the second term in (2.3.30), notice that by the choice of ε1, supp(ζε) ⊂ (0, 1),
hence we have∫
R
ζε(y − y′)r̄[ny′](nt)dy′ =

∫ 1

0
ζε(y − y′)r̄[ny′](nt)dy′ =

n−1∑
x=0

∫ x+1
n

x
n

ζε(y − y′)r̄[ny′](nt)dy′

=
n∑
x=1

r̄x(nt)
∫ x+1

n

x
n

ζε(y − y′)dy′ =
1
n

n∑
x=1

r̄x(nt)ζε(y −
x

n
)

+
n∑
x=1

r̄x(nt)
∫ x+1

n

x
n

(
ζε(y − y′)− ζε(y −

x

n
)
)
dy′,

(2.3.32)

where we used the fact that ζε is smooth, and r̄[ny′](nt) is a step function. Since ζε
is smooth (C∞) and compactly supported, |

∫ x+1
n

x
n

(ζε(y − y′) − ζε(y − x
n
))dy′| ≤ M

n2 ,
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where M is a constant independent of n (for example, one can take M as sup |ζ ′ε|).
Therefore, thanks to the bound on r̄x(nt) in (2.3.11), the last term is bounded by
c′

n
, where c′ is a constant uniform in y and n 9. After all, we have ∀ 0 < ε < ε1:

r̄[ny](nt) = 1
n

n∑
x=1

r̄x(nt)ζε(y −
x

n
) + ε′(ε) + ε′′(n), (2.3.33)

where |ε′(ε)| is bounded by C
√
ε, and |ε′′(n)| is bounded by c′

n
.

However, observe that thanks to the choice of ε, ∀ε, ζε(y−.) satisfies the properties
of the test function f , in the step 3. Therefore, by using (2.3.14), and (2.3.15), for
f(.) = ζε(y − .) and taking the limit n→∞ in (2.3.33), we get ∀ε > 0, as n→∞:

r̄[ny](nt)→
∫ 1

0
ζε(y − y′)r(y′, t) + ε′(ε), (2.3.34)

almost surely. Taking the limit ε → 0, in (2.3.34), since the left hand side is
independent of ε, thanks to the continuity of r(y, t), and properties of ζε, the first
term converges to r(y, t). The second term converges to zero, thanks to the bound
ε′(ε) ≤ C

√
ε. This finishes the proof of r̄[ny](nt)→ r(y, t).

In order to deal with p̄[ny](nt), we can proceed similarly. First, for the sake of
obtaining the counterpart of (2.3.31), we may use the second bound in (2.3.10),
where | p̄x(nt)

mx
− p̄x′ (nt)

mx′
| ≤ C |x−x

′|
1
2√

n
. Then we will get the following expression, similar

to (2.3.33) (where we used the bound p̄x
mx
≤ C, as well):

p̄[ny](nt)
m[ny]

= 1
n

n∑
x=1

p̄x(nt)
mx

ζε(y −
x

n
) + ε̃′(ε) + ε̃′′(n), (2.3.35)

where similar to the previous case, |ε̃′(ε)| ≤ C
√
ε, and |ε̃′′(n)| ≤ c′

n
. Here, since

1
n

n∑
x=1

ζε(y −
x

n
) p̄x(nt)
mx

= 1
nm̄

n∑
x=1

ζε(y −
x

n
) p̄x(nt)
mx

(m̄−mx) + 1
n

n∑
x=1

ζε(y −
x

n
)px(nt)

m̄
,

we can replace mx with m̄ in (2.3.35), with the cost of an error term (the first term
in the last relation), that goes to zero almost surely, thanks to the result (2.3.12)
from Step 2. Since ζε(y − .) satisfies the criteria of g in Step 3, by using the result
of this step and taking n→∞ in (2.3.35), we have:

p̄[ny]

m[ny]
→
∫ 1

0

p(y′, t)
m̄

ζε(y − y′)dy′ + ε̃′(ε), (2.3.36)

almost surely. Taking ε → 0 similar to the previous case, the continuity of p(y, t),
and the fact that ε̃′(ε) ≤ C

√
ε, finish the proof of this step.

9Notice that we misuse the bound of the sums in the last expression thanks to the support of
ζε.
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Step 5. Finishing the proof
In this step, we finish the proof of the first part of 2.1.1, namely the convergences
(2.1.16), (2.1.17). Take f ∈ C0([0, 1]), then as n→∞ we have:

1
n

n∑
x=1

f(x
n

) 〈rx(nt)〉ρ = 1
n

n∑
x=1

f(x
n

)r̄x(nt)→
∫ 1

0
f(y)r(y, t)dy, (2.3.37)

1
n

n∑
x=1

f(x
n

) 〈px(nt)〉ρ = 1
n

n∑
x=1

f(x
n

)p̄x(nt)→
∫ 1

0
f(y)p(y, t)dy, (2.3.38)

almost surely, with respect to the distribution of the masses.

Proof. In order order to prove (2.3.37), notice that we have:

1
n

n∑
x=1

r̄x(nt)f
(
x

n

)
=
∫ 1

0
f
( [ny]
n

)
r̄[ny](nt)dy.

Using the pointwise convergence result (2.3.29), from the previous step, and the
continuity of f , we have the pointwise convergence: f( [ny]

n
)r̄[ny](nt) → f(y)r(y, t),

almost surely. Thanks to the bound |r̄[ny](nt)| ≤ C, in (2.3.11), we deduce the result
i.e. (2.3.37), by dominated convergence theorem. Finally, to prove (2.3.38), we write
the right hand side as:

1
n

n∑
x=1

f(x
n

)p̄x(nt) = 1
n

n∑
x=1

f(x
n

) p̄x(nt)
mx

(mx − m̄) + m̄

n

n∑
x=1

f(x
n

) p̄x(nt)
mx

. (2.3.39)

The first term in the latter goes to zero almost surely, thanks to (2.3.12). For the
second term we can argue similar to the term corresponding to r: it converges to∫ 1

0 f(y)p(y, t), almost surely, thanks to the pointwise convergence: f( [ny]
n

) p̄[ny](nt)
m[ny]

→
f(y)p(y,t)

m̄
in (2.3.29), the bound |p̄x(nt)| ≤ C in (2.3.11), and the dominated con-

vergence theorem. This finishes the proof.

Remark 2.3.1. Notice that we only use the fact that β : R → [0, 1] is Lipschitz
in the bound (2.3.9). In particular, if we have Exn = 0 for all x, the same result
(2.3.37), (2.3.38) holds with β ∈ C0([0, 1]). In fact, if p̄x(nt) and r̄x(nt) denote the
solution of time evolution (2.3.5) with initial condition p̄x(0) = mx

m̄
and r̄x(0) = r̄x

then we can deduce (2.3.37), (2.3.38), and (2.3.29) with β ∈ C0([0, 1]).

Proof of (2.1.16) and (2.1.17) in general case. As we observed in Remark 2.3.1, in
case Exn = 0 for all x, we have (2.3.37), and (2.3.38). Since the evolution of p̄(nt),
r̄(nt) (2.3.5) is linear, to prove (2.1.16) and (2.1.17) it is sufficient to prove the
following: For any n, let π(nt) ∈ Rn %(nt) ∈ Rn−1 be the solution of (2.3.5) with
initial datum

πx(0) = −Enx, %x(0) = 0.
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Then for any test function f ∈ C0([0, 1]), we have:

1
n

n∑
x=1

f
(x
n

)
πx(nt)→ 0,

1
n

n∑
x=1

f
(x
n

)
%x(nt)→ 0,

(2.3.40)

almost surely as n→∞. Since πx(nt), ρx(nt) solves (2.3.5) we have the conservation
of the mechanical energy H̄n(t):

H̄n(t) = 1
2

n∑
x=1

(
(πx(nt))2

mx

+ (%x(nt))2
)
.

By a Cauchy-Schwartz inequality we get:
∣∣∣∣ 1n

n∑
x=1

f
(x
n

)
πx(nt)

∣∣∣∣ ≤
(

1
n

n∑
x=1

f 2
(x
n

)) 1
2
(

1
n

n∑
x=1

π2
x(nt)

) 1
2

≤

∣∣∣∣Cn H̄n(t)
∣∣∣∣ 12 =

∣∣∣∣Cn H̄n(0)
∣∣∣∣ 12 =

∣∣∣∣Cn
n∑
x=1

(Exn)2
∣∣∣∣ 12 → 0,

(2.3.41)

almost surely, where we used the initial datum, as well as the fact that E[ny]
n → 0

almost surely thanks to its definition (2.2.39), and (2.2.40). We can proceed similarly
for %(nt), and this finishes the proof.

2.4 Energy at Time Zero

2.4.1 Strong law of large numbers for energy at time zero
In order to prove the convergence of the distribution of the energy to the solution
of the Euler equation (2.1.18), first, we need to show this convergence at time zero,
for any test function g ∈ C0([0, 1]), almost surely i.e.

1
n

n∑
x=1

g(x
n

) 〈ex〉ρ →
∫ 1

0
g(y)

(
p̄(y)2

2m̄ + r̄(y)2

2 + fµβ (y)
)
dy. (2.4.1)

First, we decompose the energy into the mechanical and thermal (fluctuation)
part: Recall the definition of p̃x and r̃x as p̃x = px − 〈px〉ρ = px − mx

m̄
p̄x + Exn, and

r̃x = rx − 〈rx〉ρ = rx − r̄x, respectively. Then we have:

〈ex〉ρ =
〈
p2
x

2mx

+ r2
x

2

〉
ρ

= 1
2(
〈px〉2ρ
mx

+ 〈rx〉2ρ +
〈p̃2
x〉ρ
mx

+
〈
r̃2
x

〉
ρ
). (2.4.2)

Moreover, observe that

1
n

n∑
x=1

1
2g(x

n
)
(〈px〉2ρ
mx

+ 〈rx〉2ρ
)
→
∫ 1

0
g(y)

(
p̄(y)2

2m̄ + r̄(y)2

2

)
dy, (2.4.3)
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almost surely, with respect to the distribution of the masses. Notice that (2.4.3) is
a direct consequence of Corollary (2.2.2.1), where we have 〈rx〉ρ = r̄x = r̄(x

n
) and

〈px〉ρ = mx
m̄
p̄x − Enx. Then we applied the Strong Law of Large Numbers for {mx}

and take advantage of the fact that p, r, g are continuous. Moreover, we use the fact
that terms corresponding to Exn are vanishing (2.2.39), (2.2.40). Therefore, in order
to deduce (2.4.1), we shall show the following convergence:

1
n

n∑
x=1

g(x
n

)1
2

(〈p̃2
x〉ρ
mx

+
〈
r̃2
x

〉
ρ

)
→
∫ 1

0
g(y)fµβ (y), (2.4.4)

almost surely. Before proceeding, we define the function fµβ (y) as follows: denote
ẽ[ny] := 1

2( p̃
2
[ny]
mx

+ r̃2
[ny]) and define:

fµβ (y) := lim
n→∞

E
( 〈
ẽ[ny]

〉
ρ

)
. (2.4.5)

We prove the existence of this limit in the Appendix 2.A. Moreover, we show
that fµβ is continuous.

In pursuance of establishing the limit (2.4.1), it is sufficient to prove a sufficient
decay of the following covariance: E(〈ẽx〉ρ 〈ẽx′〉ρ) − E(〈ẽx〉ρ)E(〈ẽx′〉ρ). The rest will
be the proof of SLLN for weakly correlated random variables, where we will follow
the line of [166]. Precisely, we express this decay in the following lemma: First, for
every random variables X, Y , define Cov(X, Y ) := E(XY )− E(X)E(Y ),
Lemma 2.4.1. There exists 0 < c,C, C <∞, independent of n, such that for every
n we have ∀ x, x′ ∈ In:

|Cov(〈ẽx〉ρ , 〈ẽy〉ρ)| =
∣∣∣E( 〈ẽx〉ρ 〈ẽx′〉ρ )−E( 〈ẽx〉ρ )E( 〈ẽx′〉ρ )∣∣∣ < C exp(−c|x− x′|)+C

n
.

(2.4.6)
In order to proof (2.4.1), first, we rewrite 〈ẽx〉ρ as:

〈ẽx〉ρ =1
2

(〈
r̃2
x

〉
ρ

+
〈p̃2
x〉ρ
mx

)

= 1
2βx

〈x,
√
Aβr

2 coth


√
Aβr

2

x〉
n−1

+
〈
x,

(Aβp ) 1
2

2 coth
(Aβp ) 1

2

2

x〉
n

,
(2.4.7)

thanks to (2.2.46). Then, we use the analyticity of the function f(y) = √y coth
(√

y
)
,

and expand the matrix
√
Aβp
2 coth

(√
Aβp
2

)
, in terms of its Taylor series around an ap-

propriate point. By using the fact that Aβp is tridiagonal, and mass terms appear
locally in this matrix, we observe that first |x − x′| terms in E(〈ex〉ρ 〈e′x〉ρ), can be
factorized, and the rest of the expansion is exponentially small. This proves (2.4.6).
In the rest of this section, first, we make this argument rigorous, and then, we prove
the SLLN, by using the results form [166].

In the succeeding lemma we observe that ((Aβp )k)xx = 〈x, (Aβp )kx〉, only depends
on the masses in the interval [x− [k2 ], x+ [k2 ]] ∩ N.
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Lemma 2.4.2. Recall the definition of the matrix Aβp = M
− 1

2
β (−∇−β0∇+)M− 1

2
β ,

where Mβ = Mβ−1, M = diag(m1, . . . ,mn), and {mx} are i.i.d random variables
with smooth (w.r.t Lebesgue) density, dµ = µ(x)dx. Moreover, recall the notation
of the canonical basis of Rn i.e. |x〉 for x ∈ In. Take x ∈ In, then for any k ∈ In,
denote the xth diagonal element of (Aβp )k by ϑk(x) := (Apβ)kxx = 〈x, (Aβp )kx〉, as a
function of masses m1, . . .mn. Then, ϑk(x) only depends on mi, for i ∈ I(x, k),
where I(x, k) is defined as follows:

I(x, k) =
[

min{x− [k2 ], 1},max{x+ [k2 ], n}
]
∩ N. (2.4.8)

In other words, for a fixed realization of the masses, the function ϑ̃(y) := ∂ϑk(x)
∂my

is
supported on I(x, k).

Before proving lemma 2.4.2, we deduce the following corollary:

Corollary 2.4.2.1. For x, y ∈ In, and k + k′ < 2|x− y|, we have:

E
(
〈x, (Aβp )kx〉〈y, (Aβp )k′y〉

)
= E

(
〈x, (Aβp )kx〉

)
E
(
〈y, (Aβp )k′y〉

)
. (2.4.9)

Proof. We deduce this corollary directly from (2.4.8), since the assumption k+k′ <
2|x− y|, implies that I(x, k)∩ I(y, k′) = ∅. Therefore, 〈x, (Aβp )kx〉, and 〈y, (Aβp )k′y〉,
are functions of two disjoint set of random variables, and we get the result (2.4.9).

Before proceeding, we state the proof of Lemma 2.4.2:

Proof of Lemma 2.4.2. Recall the definition of Aβp = M
− 1

2
β (−∇−β0∇+)M− 1

2
β , and

observe that it’s a symmetric matrix, which can be expressed in the following explicit
way (Here βn+1 = 0):

(Aβp )11 = β2
1

m1
, (Aβp )xx = βx(βx + βx+1)

mx

, 1 < x ≤ n,

(Aβp )x(x+1) = −βx
√
βxβx+1√

mxmx+1
, 1 ≤ x ≤ n− 1.

(2.4.10)

Now, consider the expression 〈x, (Aβp )kx〉, we rewrite this expression by multiplying
the identity matrix for k − 1 times. Denote these k − 1 matrices by ∑n

xj=1 |xj〉〈xj|,
for j = 1, . . . , k − 1:

〈x, (Aβp )kx〉 =
n∑

x1,...xk−1=1
〈x,Aβpx1〉〈x1, A

β
px2〉 . . . 〈xk−1, A

β
px〉. (2.4.11)

Since Aβp is tridiagonal, each term of the form 〈xj, Aβpxj+1〉 is zero, unless xj = xj+1,
or xj = xj+1 ± 1. Hence, each non-zero term in the sum (2.4.11), is corresponding
to a sequence (x, x1, . . . , xk−1, x). This sequence can be interpreted as a discrete
random walk path from point x, at time zero, to the same point x, at time k, where
at each time-step, one can choose to go right i.e., z → z + 1, or left, i.e., z → z − 1,
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or stay at the same position, i.e., z → z. However, since the path should return
to point x, it is supported on the interval I(x, k). Furthermore, using the explicit
form of Aβp from (2.4.10), each term 〈xj, Aβpxj′〉, depends on 1√

mjmj′
, for j = j′,

or j = j′ ± 1. Hence, for each path, the corresponding contribution to (2.4.11)
only depends on the masses of the points where the path is crossing. Therefore,
〈x, (Aβp )kx〉 only depends on the following set of masses: {mi|i ∈ I(x, k)}.

Note that the same line of reasoning can be done for Aβr . Since Aβr is symmetric,
and can be expressed as follows:

(Aβr )xx = βx

(
βx
mx

+ βx+ 1
mx+1

)
,

(Aβr )xx+1 = βx+1

mx+1

√
βxβx+1.

(2.4.12)

By using the similar argument as in the previous lemma, we deduce that ∀x ∈ In−1,
and k < n − 1, 〈x, (Aβr )kx〉, only depends on the masses mi, for i ∈ Ĩ(x, k), where
we have:

Ĩ(x, k) =
[

min{1, x− [k2 ]},max{n, x+ [k2 ] + 1}
]
. (2.4.13)

Similar to the corollary 2.4.2.1, with the exact same argument we deduce the fol-
lowing:

Corollary 2.4.2.2. For x, y ∈ In, and k + k′ < 2|x− y| − 2, we have:

Cov
(
〈x, (Aβr )kx〉, 〈y, (Aβr )k′y〉

)
= 0,

Cov
(
〈x, (Aβp )kx〉, 〈y, (Aβr )k′y〉

)
= 0.

(2.4.14)

Remark 2.4.3. One can observe that in (2.4.14), and (2.4.9), we can substitute Aβp
and Aβr , respectively with Aβp − cIn and Aβr − cIn−1, for some constant c. This is
straightforward, since adding a constant to the diagonal elements does not change
the support of ϑ(y) and ϑ̃(y). Therefore, we can repeat the same argument with these
new set of matrices, and obtain for any x, y ∈ In, and k + k′ < |x− y|+ 1:

Cov
(
〈x, (Aβp − cIn)kx〉, 〈y, (Aβr − cIn−1)k′y〉

)
= 0,

Cov
(
〈x, (Aβp − cIn)kx〉, 〈y, (Aβp − cIn)k′y〉

)
= 0,

Cov
(
〈x, (Aβr − cIn−1)kx〉, 〈y, (Aβr − cIn−1)k′y〉

)
= 0.

(2.4.15)

In order to proof lemma 2.4.1, define the function f : C→ C as follows:

f(z) =

z
1
2 coth

(
z

1
2
)
, z 6= 0,

1, z = 0.
(2.4.16)

One can easily observe that the poles of the function z 1
2 coth

(
z

1
2
)
is the following

set: {z ∈ C|z = −k2π2, k ∈ Z}, and this function is analytic on the rest of the
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complex plane. However, the point zero is a removable pole, and by redefining
the function at zero, we can remove this pole: It is well known that the function
coth(z) has the following Taylor series expression for 0 < |z| < π: coth(z) =
z−1 +∑∞

n=1 anz
2n−1, where an = 22nB2n

(2n)! , and B2n are Bernoulli numbers. Hence, we
have z coth(z) = 1 + ∑∞

n=1 anz
2n, and z 1

2 coth
(
z

1
2
)
is given by the following Taylor

series: 1 + ∑∞
n=1 anz

n for 0 < |z| < π2. Hence, the pole of f is given by the set
{z ∈ C|z = −k2π2, k ∈ N, k > 0}.

Finally, we can state the proof of Lemma 2.4.1:

Proof of Lemma 2.4.1. First, from Section 2.2.3, recall that there is a constant
c0 > 0, uniform in n10, such that for any configuration of the masses, we have
||Aβp ||2, ||Aβr ||2 ≤ c0. Define α := 1

2(c0 + 1), let R := α + π2, by the above argument
f(z) is analytic in the open disk |z − α| < R, and R is the radius of convergence
for the Taylor expansion of f, f(z) = ∑∞

k=0 ak(z − α)k. Moreover, by the choice of α
and c0, one can easily observe that all the eigenvalues of Aβp and Aβr lies in the disk
|z − α| < R. Explicitly, ∀k ∈ In−1, we have |γ2

k − α| < R. Hence, we can write the
following Taylor expansions for f(Aβp ) and f(Aβr ) (For the proof of this fact one can
see Theorem 4.7 of [128]).

f(Aβp ) =
∞∑
k=0

ak(Aβp − αIn)k, f(Aβr ) =
∞∑
k=0

ak(Aβr − αIn−1)k. (2.4.17)

Comparing the definition of f in (2.4.16), where f(0) = 1, with the expression
(2.2.52), where we had 0 coth(0) = 0 by convention, we deduce the following ex-
pression for 〈ẽx〉ρ:

〈ẽx〉ρ = 1
βx

(
〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n − (ψ0

x)2
)

= 1
βx

(
〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n −

mx
βx∑n

x=1
mx
βx

)
,

(2.4.18)

where we used the equality ψ0 = (∑n
x=1

mx
βx

)− 1
2M

1
2
β |1〉. We denote

mx
βx∑n

x=1
mx
βx

by εxn.
Notice that |εxn| is bounded by C0

n
, where C0 is independent from n 11, thanks to

the assumptions on the distribution of the masses, and temperature profile β(y).
Moreover, since ||Aβp ||2 and ||Aβr ||2 are bounded by c0, uniformly in n for any real-
ization of the masses. By using the fact that f is continuous and increasing in the
interval [0, c0], ||f(Aβr )||2 and ||f(Aβp )||2 are bounded by a constant c1

12, independent
of n, for any realization of the masses. Therefore, |〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n| is
bounded by 2c1. Taking advantage of the aforementioned bounds, we can deduce

10This constant can be taken equal to 4 β
2
max

mmin
.

11Precisely, one can choose C0 to be equal to mmaxβmax

mminβmin
.

12One can choose c1 = f(c0).
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the following inequality:∣∣∣Cov(〈ẽx〉ρ , 〈ẽx′〉ρ)
∣∣∣ =

1
βxβx′

∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n − εnx), (〈x′, f(Aβr )x′〉n−1〈x′, f(Aβp )x′〉n − εnx′)

)∣∣∣
≤ 1
β2
min

[∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n), (〈x′, f(Aβr )x′〉n−1 + 〈x′, f(Aβp )x′〉n)

)∣∣∣+∣∣∣Cov
(
εnx, (〈x′, f(Aβr )x′〉n−1 + 〈x′, f(Aβp )x′〉n

)∣∣∣+∣∣∣Cov
(
εnx′ , (〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n

)∣∣∣+ ∣∣∣εnx,x′ ∣∣∣],
(2.4.19)

where we denote εnx,x′ := Cov(εnx, εnx′). Since |εnx|, |εnx′| ≤ C0
n
, and |〈x, f(Aβr )x〉n−1 +

〈x, f(Aβp )x〉n|, |〈x, f(Aβr )x′〉n−1+〈x′, f(Aβp )x′〉n| ≤ 2c1, |εnx,x′| is bounded by 1
β2
min

8c1
C0
n

+
o( 1

n2 ). Therefore, there exists C independent of n, such that∣∣∣Cov(〈ẽx〉ρ , 〈ẽx′〉ρ)
∣∣∣ ≤

1
β2
min

∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n), (〈x′, f(Aβr )x′〉n−1 + 〈x′, f(Aβp )x′〉n)

)∣∣∣+ C
n
.

(2.4.20)

First term can be written as the sum of the following terms:∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1 + 〈x, f(Aβp )x〉n), (〈x′, f(Aβr )x′〉n−1 + 〈x′, f(Aβp )x′〉n)

)∣∣∣ =∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1), (〈x′, f(Aβr )x′〉n−1)

)
+ Cov

(
(〈x, f(Aβr )x〉n−1), (〈x′, f(Aβp )x′〉n)

)
+

Cov
(
(〈x, f(Aβp )x〉n), (〈x′, f(Aβr )x′〉n−1)

)
+ Cov

(
(〈x, f(Aβp )x〉n), (〈x′, f(Aβp )x′〉n)

)∣∣∣ ≤∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1), (〈x′, f(Aβr )x′〉n−1)

)∣∣∣+ ∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1), (〈x′, f(Aβp )x′〉n)

)∣∣∣
+
∣∣∣Cov

(
(〈x, f(Aβp )x〉n), (〈x′, f(Aβr )x′〉n−1)

)∣∣∣+ ∣∣∣Cov
(
(〈x, f(Aβp )x〉n), (〈x′, f(Aβp )x′〉n)

)∣∣∣.
(2.4.21)

In order to complete the proof, we observe that each of the terms in (2.4.21) are
exponentially small. We show this fact for one of these terms, and the rest can be
treated exactly in the same way. We do this task, using the Taylor series (2.4.17).
We divide the series into two parts: The first |x− x′| terms, and the rest, which is
exponentially small. Let us define f≺ and f�, as follows 13:

f≺(Aβr ) :=
|x−x′|−1∑
k=0

ak(Aβr − αIn−1)k, f≺(Aβp ) :=
|x−x′|−1∑
k=0

ak(Aβp − αIn)k,

f�(Aβr ) :=
∑

k>|x−x′|−1
ak(Aβr − αIn−1)k, f�(Aβp ) :=

∑
k>|x−x′|−1

ak(Aβp − αIn)k.

(2.4.22)
13Note that these definition depends on the n, x, x′.
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Notice that f(Aβr ) = f≺(Aβr )+f�(Aβr ), and f(Aβp ) = f≺(Aβp )+f�(Aβp ), we substitute
f(Aβr ) in the first term of (2.4.21) with this expression (all the inner products should
be understood in Rn−1 in this expression, and we drop the subscript n− 1 here):∣∣∣Cov

(
(〈x, f(Aβr )x〉n−1), (〈x′, f(Aβr )x′〉n−1)

)∣∣∣ =∣∣∣Cov
(
(〈x, (f≺ + f�)(Aβr )x〉n−1), (〈x′, (f≺ + f�)(Aβr )x′〉n−1)

)∣∣∣ =∣∣∣Cov
(
(〈x, f≺(Aβr )x〉), (〈x′, f≺(Aβr )x′〉)

)
+ Cov

(
(〈x, f�(Aβr )x〉), (〈x′, f≺(Aβr )x′〉)

)
+

Cov
(
(〈x, f≺(Aβr )x〉), (〈x′, f�(Aβr )x′〉)

)
+ Cov

(
(〈x, f≺(Aβr )x〉), (〈x′, f≺(Aβr )x′〉)

)∣∣∣.
(2.4.23)

The first term in (2.4.23) is equal to zero, thanks to the third equality in (2.4.15) in
Remark 2.4.3:

Cov
(
(〈x, f≺(Aβr )x〉n−1), (〈x′, f≺(Aβr )x′〉n−1)

)
=∑

k,k′<|x−x′|−1
akak′Cov

(
(〈x, (Aβr − αIn−1)kx〉), (〈x′, (Aβr − αIn−1)k′x′〉)

)
= 0, (2.4.24)

where each term in the sum is equal to zero, thanks to Remark 2.4.3.
We take care of the remaining terms, by using properties of Taylor series. First,

observe that by the choice of α, we have ||Aβr − αIn−1||2 ≤ α. Moreover, α+ 1 < R
so the series ∑∞k=0 ak(α + 1)k is convergent, and there exist a constant M > 0
(independent of x, x′ and n), such that ∀k, |ak(α + 1)k| ≤ M , and by denoting
% = α

α+1 , we get:

||f�(Aβr )||2 = ||
∑

k>|x−x′|−1
ak(Aβr − αIn−1)k||2 ≤

∑
k>|x−x′|−1

|ak|||Aβr − αIn−1||k2

≤
∑

k>|x−x′|−1
|ak|αk =

∑
k>|x−x′|−1

|ak|(α + 1)k%k ≤M
∑

k>|x−x′|−1
%k ≤ C1%

(|x−x′|).

(2.4.25)

Considering the fact that ||f(Aβr ))||2 ≤ c1, and f(Aβr ) = f≺(Aβr ) + f�(Aβr ), as a direct
consequence of (2.4.25), we have: ||f≺(Aβr )||2 ≤ c2, where c2 is a constant uniform
in n. Therefore, we have:∣∣∣Cov

(
(〈x, f�(Aβr )x〉n−1), (〈x′, f≺(Aβr )x′〉n−1))+

Cov((〈x, f≺(Aβr )x〉n−1), (〈x′, f�(Aβr )x′〉n−1)
)∣∣∣ ≤ 4||f�(Aβr )||2||f≺(Aβr )||2 ≤ 4c2C1%

|x−x′|,∣∣∣Cov
(
(〈x, f�(Aβr )x〉n−1), (〈x′, f�(Aβr )x′〉n−1)

)∣∣∣ ≤ 2||f�(Aβr )||2||f�(Aβr )||2 ≤ 2C2
1%

2|x−x′|.

(2.4.26)

Notice that all the bounds here are deterministic and independent of the realization
of the masses. Combining (2.4.23), (2.4.24) and (2.4.26), there exists a deterministic
constant independent of n and realization of the masses, C2, such that we have:∣∣∣Cov

(
(〈x, f(Aβr )x〉n−1), (〈x′, f(Aβr )x′〉n−1)

)∣∣∣ ≤ C2%
|x−x′|. (2.4.27)
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Recall (2.4.21)-the other terms can be treated exactly similar to (2.4.27)- f can be
divided as in (2.4.22). Then, we obtain the same expression as in (2.4.23), where
the first term is equal to zero, thanks to the second and third equality in (2.4.15),
and the remainder can be bounded with the exact same bound. Hence, there exist
a constant C > 0 uniform in n, such that:

1
β2
min

∣∣∣Cov
(
(〈x, f(Aβr )x〉n−1+〈x, f(Aβp )x〉n), (〈x′, f(Aβr )x′〉n−1+〈x′, f(Aβp )x′〉n)

)∣∣∣ ≤ C%|x−x
′|.

(2.4.28)
Comparing (2.4.28) and (2.4.20), and recalling the fact that 0 < % = α

α+1 < 1, where
α is independent of n, we get the constants 0 < c, C, C <∞, independent of n, such
that:

|Cov(〈ẽx〉ρ , 〈ẽx′〉ρ)| ≤ C exp(−c|x− x′|) + C
n
. (2.4.29)

Thanks to the the exponential decay of covariances (2.4.6), we have the SLLN
(2.4.1). For proving the SLLN from this decay, we follow the lines of [166]:

Theorem 2.4.4. Recall the definition of density state ρn from (2.1.9), and the
definition of the ensemble average with respect to this state by 〈.〉ρn from (2.1.12).
Let g ∈ C0([0, 1]), be a test function. Then we have the following convergence,
almost surely with respect to the distribution of the masses.

lim
n→∞

1
n

n∑
x=1

g(x
n

) 〈ẽx〉ρn →
∫ 1

0
g(y)fβµ (y)dy, (2.4.30)

where fβµ (y) is defined in (2.4.5).

Proof. Define the random variable Y n
x := g(x

n
)
(
〈ẽx〉ρn − E(〈ẽx〉ρn)

)
. First, notice

that E(Y n
x ) = 0, and by the definition of g, and the fact that 〈ex〉ρn is bounded (we

established this fact in Lemma 2.2.3), |Y n
x | is uniformly bounded by a constant C0.

Moreover, thanks to the Lemma 2.4.1, and inequality (2.4.6), and the fact that g is
bounded we have:

E(Y n
x Y

n
y )| ≤ C1 exp(−c|x− y|) + C

n
, (2.4.31)

for some constant C1, c, C, uniform in n. Let Sn = 1
n

∑n
x=1 Y

n
x , by using (2.4.31),

we have E(S2
n) ≤ C2

n
. Hence, ∀ε > 0, ∑∞n=1

1
n
E(S2

n)
ε2

< ∞. On the other hand, by
Cauchy condensation lemma, we know if ∑∞n=1

bn
n
< ∞, with bn ≥ 0, then there

exists a sequence nk of integers, such that ∑∞k=1 bnk < ∞, and limk→∞
nk+1
nk

= 1,
(for the proof of this fact one can see Lemma 3 in [90]). Therefore, there exists a
subsequence Snk , such that limk→∞

nk+1
nk
→ 1, and

∀ε > 0,
∞∑
k=1

E(S2
nk

)
ε2

<∞.
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Hence, by Borel-Contelli lemma, since ∀ε > 0, ∑∞k=1 P(|Snk | > ε) ≤ ∑∞
k=1

E(S2
nk

)
ε2

, we
have limk→∞ Snk → 0, almost surely. Now take n such that nk ≤ n < nk+1; then,
by using the fact that ∀n, ∀x ∈ In, |Yx| ≤ C0, we have:

|Sn − Snk | ≤
1
nk

nk∑
x=1
|Y n
x − Y nk

x |+
1
nk

n∑
x>nk

|Y n
x | ≤

1
nk

nk∑
x=1
|Y n
x − Y nk

x |+ C0
n− nk
nk

.

(2.4.32)
Since nk+1

nk
→ 1, for any ε > 0, there exits N∗, such that if nk > N∗, then for the

second term in (2.4.32), we have: C0
n−nk
nk

< ε
4 . Moreover, by the Lemma 2.A.2 in

Appendix 2.A, for nk sufficiently large, we have ∀x ∈ Ink , with n∗ < x < n − n∗:
|Y n
x − Y nk

x | ≤ ε
2 , where n∗ is independent of nk. Moreover, the terms corresponding

to 1 ≤ x ≤ n∗ can be bounded by ε
4 , since n∗ does not depend on nk, and Y n

x

is uniformly bounded. Hence, the first term in (2.4.32) is bounded by 3ε
4 , for nk

sufficiently large. Therefore, for every ε > 0, there exist N , such that for nk > N ,
|Sn − Snk | < ε 14. Since limk→∞ Snk → 0, almost surely, we deduce that Sn → 0
almost surely. Hence,

1
n

n∑
x=1

g(x
n

)
(
〈ẽx〉ρn − E(〈ẽx〉ρn)

)
→ 0, (2.4.33)

almost surely. This gives us the result (2.4.30), thanks to the definition of fβµ in
(2.4.5), Corollary 2.A.1.1, and dominated convergence theorem.

2.4.2 Thermal equilibrium
Recall the definition (2.1.9) of density operator ρnβ,p̄,r̄ corresponding to our locally
Gibbs state. We denote the density operator corresponding to thermal equilib-
rium at inverse temperature βeq ∈ (0,∞), by ρn,βeqp̄,r̄ . Recall that by thermal equi-
librium, we refer to the case where the temperature profile β(.) is constant, i.e.,
∀y ∈ [0, 1], β(y) = βeq. In this case, the matrices Aβp , and Aβr have the following
form:

Aβeqp = (βeq)2M− 1
2 (−∆)M− 1

2 = β2
eqA

0
p, Aβeqr = (βeq)2∇+M

−1∇− = β2
eqA

0
r.

Therefore, in thermal equilibrium, the average of the fluctuation part of the kinetic
and potential energy (〈r̃2

x〉ρ and 〈
p̃2
x〉ρ
mx

) is given as follows:

〈
r̃2
x

〉
ρ

=
〈
x,

(A0
r)

1
2

2 coth
βeq(A0

r)
1
2

2

x〉
n−1

,
〈p̃2
x〉ρ
mx

=
〈
x,

(A0
p)

1
2

2 coth
βeq(A0

p)
1
2

2

x〉
n

.

(2.4.34)
In the finite system, one can see from these expressions (by analyzing their Taylor
expansions) that E(

〈
ẽ[ny]

〉
) 6= E(

〈
ẽ[ny′]

〉
), for y, y′ ∈ (0, 1). However, if we take

14This bound is true for every configuration of masses.
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the limit as n → ∞, thanks to Corollary 2.A.1.2 in Appendix 2.A, we recover the
space homogeneity in the bulk, i.e., denoting the limn→∞ E(

〈
ẽ[ny]

〉
ρn,βeq

) in thermal
equilibrium by fµβeq we have:

∀y, y′ ∈ (0, 1), fµβeq(y) = fµβeq(y
′).

Take y ∈ (0, 1), since fµβeq(y) is independent of y, we define the function fµ(βeq) to
be the thermal equilibrium average at inverse temperature βeq ∈ (0,∞):

fµ(βeq) := fµβeq(y) = lim
n→∞

E
( 〈
ẽ[ny]

〉
ρn,βeq

)
. (2.4.35)

Thanks to Proposition 2.A.1.2, out of thermal equilibrium with a proper β ∈
C0([0, 1]) satisfying the assumption of definition (2.1.9), we can express the function
fµβ(.) (2.4.5), in terms of fµ(β) as follows:

∀y ∈ (0, 1), fµβ(.)(y) = fµ(β(y)), (2.4.36)
where in the second expression, the equilibrium average is computed at inverse tem-
perature βeq = β(y).

2.5 Energy Evolution
In this section, we finish the proof of Theorem 2.1.1 by proving (2.1.18). The idea is
as follows: We can decompose the energy into the mechanical and thermal parts in
both microscopic (〈ex(nt)〉ρ) and macroscopic (e(y, t)) scale. The contribution of the
mechanical part in the left hand side (LHS) of (2.1.18) converges to the mechanical
part in the right hand side, thanks to (2.3.13) and (2.3.29). The contribution of the
thermal energy in the LHS of (2.1.18) converges to the thermal part of the RHS,
thanks to (2.4.1), at time zero. Finally, the thermal energy in the LHS of (2.1.18)
remains constant in the limit as n → ∞, thanks to the localization phenomena,
similar to the RHS of (2.1.18), where the contribution of the thermal part is given
by a function constant in time. This constant function can be obtained by solving
(2.1.13), and finding the explicit solution for e(y, t). We make this heuristic rigorous
in this section.

2.5.1 Mechanical energy
Before proceeding, we state the following lemma, in order to deal with the mechanical
part.
Lemma 2.5.1. For any test function g ∈ C0([0, 1]), by recalling the notation
p̄x(nt) = 〈px(nt)〉ρn, and r̄x(nt) = 〈rx(nt)〉ρn, we have:

lim
n→∞

1
n

n∑
x=1

g(x
n

)
(〈px(nt)〉2ρn

2mx

+
〈rx(nt)〉2ρn

2

)
→
∫ 1

0
g(y)

(p(y, t)2

2m̄ + r(y, t)2

2

)
dy, (2.5.1)

almost surely, w.r.t the distribution of the masses.

92



2.5. ENERGY EVOLUTION CHAPTER 2. HYDRODYNAMICS

Proof. Denote the solution of the evolution equation (2.3.5), with initial datum
p̄x(0) = p̄x

mx
m̄
, and r̄x(0) = r̄x with π̄x(nt) and %̄x(nt). Moreover, we denote the

solution of (2.3.5) with initial datum πx(0) = −Exn, and %x(0) = 0 by πx(nt), and
%x(nt), respectively. Thanks to linearity of the evolution equation we have for any
x:

〈px(nt)〉ρ = π̄x(nt) + πx(nt), 〈rx(nt)〉ρ = %̄x(nt) + %x(nt). (2.5.2)

First, since %̄[ny](nt) → r(y, t), a.s. by (2.3.29), we have (%̄[ny](nt))2 → r2(y, t).
By using the fact that g( [ny]

n
)→ g(y), we get:

1
2n

n∑
x=1

g(x
n

)(%̄x(nt))2 = 1
2

∫ 1

0
g( [ny]

n
)(r̄[ny](nt))2dy →

∫ 1

0
g(y)r2(y, t)dy, (2.5.3)

almost surely, by dominated convergence theorem. The fact that %̄[ny](nt)2 is bounded
and hence integrable is obvious from the conservation of the energy bounds in (2.3.7).
The momentum part can be treated by (2.3.13) as follows:

1
2n

n∑
x=1

g(x
n

)(π̄x(nt))2

mx

= 1
2n

n∑
x=1

g(x
n

)(π̄x(nt))2

m2
x

mx = 1
2n

n∑
x=1

g(x
n

)( π̄x(nt)
mx

)2m̄+

1
2n

n∑
x=1

g(x
n

)
(
π̄x(nt)
mx

)2
(mx − m̄) = m̄

∫ 1

0
g( [ny]

n
)
(
π̄[ny]

m[ny]

)2
dy+

1
2n

n∑
x=1

g(x
n

)
(
π̄x(nt)
mx

)2
(mx − m̄)→

∫ 1

0
g(y)p(y, t)2

2m̄ ,

(2.5.4)
almost surely as n → ∞, where the last sum converges to 0, almost surely, thanks
to (2.3.13). The last integral in the second line converges to

∫ 1
0 g(y)p(y,t)2

2m̄ , using the
convergence π̄[ny]

m[ny]
→ p(y,t)

m̄
a.s, in (2.3.29), and dominated convergence theorem.

On the other hand, for πx(nt) we have:∣∣∣∣ 1n
n∑
x=1

g
(x
n

)π2
x(nt)
mx

∣∣∣∣ ≤ C

n

n∑
x=1

π2
x(nt)
mx

≤ C ′

n

n∑
x=1

(Exn)2 → 0, (2.5.5)

where we used the conservation of the energy as well as the properties of Exn (2.2.40).
We can argue similarly and obtain∣∣∣∣ 1n

n∑
x=1

g
(x
n

)%2(nt)
mx

∣∣∣∣→ 0. (2.5.6)

almost surely, as n → ∞. Using the decomposition (2.5.2), and combining (2.5.3)
and (2.5.4), with (2.5.5) and (2.5.6), and taking advantage of a Cauchy-Schwartz
inequality yield the result (2.5.1).

One can think of 〈px(nt)〉2ρn
2mx + 〈rx(nt)〉2ρn

2 as the mechanical energy of the particle
x ∈ In, and p2(y,t)

2m̄ + r2(y,t)
2 as the mechanical energy of the macroscopic material

coordinate y ∈ I. This lemma is basically saying that the microscopic Mechanical
energy converges to the macroscopic one, almost surely, in the sense of (2.5.1).
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2.5.2 Thermal energy and localization
In this section, we provide the necessary tool in order to deal with the thermal
energy, i.e., localization of the "high modes" of the chain, which enables us to close
the equation in (2.1.18). We state the localization in the sense of the following
lemma. This lemma is a consequence of the well known locaization phenomena in
the disordered chain of harmonic ocillators (cf. [149], [6], [4],[222],[35]), and we bring
it here directly from ([35] Lemma 3, Section 5) without a proof.

Lemma 2.5.2. Recall the definition of the random matrix A0
p = M− 1

2 (−∆)M− 1
2 ,

from Section 2.2, where M is the diagonal matrix of the masses, and ∆ is the
matrix of discrete Laplacian (2.1.8). Moreover, recall the ordered eigenvalues of
A0
p : 0 = ω0 < ω1 · · · < ωn−1, and their corresponding eigenvectors: {ϕk}n−1

k=0.
Denote ϕ̃k := M− 1

2ϕk.
Fix α, η > 0, such that 0 < 2α < η < 1. Recall the distribution of the masses
P, then there exists almost surely, n0 ∈ N such that ∀ n > n0, and ∀ k ∈ I(α) :=
(n(1−α), n−1]∩Z, there exists an interval J(k) ⊂ [0, n] with |J(k)| ≤ 2nη, such that:

∀x /∈ J(k), |ϕ̃kx| ≤ n−
1
η . (2.5.7)

Equivalently, |ϕkx| ≤ n−
1
η
√
mmax.

Exploiting this lemma, one can deal with the contribution of the momentum
to the thermal energy. In order to deal with the contribution of the elongation,
one needs to establish the localization of the eigenvectors of A0

r. However, since
the eigenvectors of A0

r i.e. φk are related to ϕk by the following identity φk =
1
ωk
∇+M

− 1
2ϕk, we do not establish the localization directly. Instead, we control the

contribution of the elongation to the thermal energy, by using lemma 2.5.2 as well as
the following lemma (Notice that the contribution of the elongation to the thermal
energy has not been discussed throughly in [35]):

Lemma 2.5.3. Recall the set-up of Lemma 2.5.2, for every ϕ̃k satisfying (2.5.7), i.e.
there exists an interval J(k) with |J(k)| ≤ 2nη, such that ∀ x /∈ J(k), |ϕ̃kx| ≤ n−

1
η ,

there exists a constant c independent of n, with 1
ωk
≤ cn

3η
2 . In particular, we have:

∀x ∈ J̃(k), |φkx| =
∣∣∣∣ 1
ωk
∇+ϕ̃

k
x

∣∣∣∣ ≤ 2cn−
1
η

+ 3η
2 , (2.5.8)

where J̃(k) is the interval: [min{J(k)}+ 1,max{J(k)} − 1].

Proof. First, recall∑n
x=1 |ϕkx|2 = 1, therefore∑n

x=1 |ϕ̃kx|2 ≥ 1
mmax

. On the other hand,
using the assumption (2.5.7), since |J(k)c| < n, we have ∑x/∈J(k) |ϕ̃kx|2 ≤ n−

2
η

+1.
Combining last two inequalities, we have

∑
x∈J(k)

|ϕ̃kx|2 ≥
1

mmax

− 1
n

2
η
−1
≥ c0

mmax

,
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where c0 is a constant independent of n, and the last inequality is deduced from the
fact that 0 < η < 1, and mmax is bounded. Consequently, since |J(k)| = 2nη, we
can choose x0 ∈ J(k) such that:

c1

n
η
2
≤ |ϕ̃kx0|, (2.5.9)

where c1 is a constant independent of n. Now, choose x1 /∈ J(k) to be the closest
member of J(k)c to x0. Using the assumption |ϕ̃kx| ≤ n−

1
η , and the inequality (2.5.9),

we have(assume x0 > x1, the other situation will be exactly similar):

c2n
− η2 ≤ c1n

− η2 − n−
1
η ≤ ||ϕ̃kx0| − |ϕ̃

k
x1|| ≤ |ϕ̃

k
x0 − ϕ̃

k
x1 | = |

x0−1∑
j=x1

∇+ϕ̃
k
j | ≤

x0−1∑
j=x1

|∇+ϕ̃
k
j |

≤ |x1 − x0| max
j∈[x0,x1]

|∇+ϕ̃
k
j | ≤ 2nη max

j∈[x0,x1]
|∇+ϕ̃

k
j |,

(2.5.10)
where ∇+ϕ̃

k
j = ϕ̃kj+1 − ϕ̃kj . Here, c2 is a constant independent of n, and we used

the choice of x1: since x0 ∈ J(k), |x0 − x1| ≤ |J(k)| = 2nη. Therefore, there exists
j0 ∈ In−1, and a constant c3, such that:

|∇+ϕ̃
k
j0| ≥ c3n

− 3η
2 . (2.5.11)

Finally, we use the fact ∑n−1
x=1 |φkx|2 = ∑n−1

x=1
|∇+ϕ̃kx|2

ω2
k

= 1, and thanks to (2.5.11), we
obtain:

ω2
k ≥ |∇+ϕ̃

k
j0 |

2 ≥ cn−3η, (2.5.12)

where, this finishes the proof of the bound 1
ωk
≤ cn

3η
2 . Since we assumed ∀x /∈ J(k),

|ϕ̃kx| ≤ n−
1
η , hence, ∀x /∈ J̃(k), |ϕ̃kx+1−ϕ̃kx| ≤ 2n−

1
η . Now, using the bound 1

ω2
k
≤ cn3η,

and the definition φkx = 1
ωk

(ϕ̃kx+1 − ϕ̃kx), give us the estimate (2.5.8) as well.

We finish this section, by expressing the following lemma: Recall the "thermal"
operators p̃x and r̃x, defined in (2.2.25). These operators can be defined at any time
t:

p̃x(nt) = px(nt)− 〈px(nt)〉ρ , r̃x(nt) = rx(nt)− 〈rx(nt)〉ρ . (2.5.13)

Notice that here 〈px(nt)〉ρ, should be understood as the constant times the identity
operator. Then we have:

Lemma 2.5.4. For any test function g ∈ C0([0, 1]), define T gN(t) as follows:

T gn(t) := 1
n

n∑
x=1

g(x
n

)
(〈p̃2

x(nt)〉ρ
2mx

+
〈r̃2
x(nt)〉ρ

2

)
. (2.5.14)

Then, ∀g ∈ C1([0, 1]):
lim
n→∞

T gn(t)− T gn(0)→ 0, (2.5.15)

almost surely.
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One can see T gn(t) as the contribution of the thermal energy in the LHS of
(2.1.18). Observe that limn→∞ T

g
n(0) =

∫ 1
0 g(y)fµβ (y)dy, ∀g ∈ C0([0, 1]), by (2.4.1).

Proof. We denoted the average with respect to ρ with 〈.〉ρ, and the inner product in
Rn with 〈., .〉n. Only in this proof, for the convenience and in order to prevent any
confusion, we will denote the average with respect to ρ with 〈.〉ρ〈.〉ρ〈.〉ρ, whenever these
two appear in the same expression.
We use the explicit solution of the evolution equation, since (px(nt), rx(nt)), and
(〈px(nt)〉ρ, 〈rx(nt)〉ρ) are respectively solutions to the similar linear equations (2.1.7),
and (2.3.5), by linearity, p̃(nt) and r̃(nt) can be obtained directly from (2.2.22):

p̃(nt) =
n−1∑
k=0

(
cos(ωknt)ˆ̃pk(0)− sin(ωknt)ˆ̃rk(0))M 1

2ϕk =:
n−1∑
k=0

(ˆ̃pk(nt)
)
M

1
2ϕk,

r̃(nt) =
n−1∑
k=1

(
cos(ωknt)ˆ̃rk(0) + sin(ωknt)ˆ̃pk(0)

)
φk =:

n−1∑
k=1

ˆ̃rk(nt)φk,

(2.5.16)
where

ˆ̃rk(0) =
〈
φk, r̃(0)

〉
n−1

=
〈
φk, r(0)

〉
n−1
−
〈
φk, r̄(0)

〉
n−1

,

ˆ̃pk(0) =
〈
M

1
2ϕk, p̃(0)

〉
n

=
〈
M

1
2ϕk, p(0)

〉
n
−
〈
M

1
2ϕk, p̄(0)

〉
n
,

(2.5.17)

were defined in (2.2.54). Moreover, the definition of ˆ̃rk(nt), and ˆ̃pk(nt) are implicit
in this expression.

We prove this lemma in the following steps:
Step1. Contribution of the low modes tends to zero.
Define p̃o and r̃o to be the low mode portion of p̃ and r̃, respectively, for proper
0 < α < 1. The choice of α will become clear later:

p̃ox(nt) :=
∑

k∈Z∩[0,n(1−α)]

ˆ̃pk(nt)
√
mxϕ

k
x, r̃ox(nt) :=

∑
k∈Z∩[1,n(1−α)]

ˆ̃rk(nt)φkx. (2.5.18)

Then we have for any fixed t ∈ [0, T ]:

Lgn(t) := 1
n

n∑
x=1

g(x
n

)
(〈(p̃ox(nt))2〉ρ

2mx

+
〈(r̃ox(nt))2〉ρ

2

)
→ 0, (2.5.19)

as n→∞.
First, observe that 〈

(p̃ox)2〉
ρ

2mx , and 〈
(r̃ox)2〉

ρ

2 are positive. This is elementary since p̃ox
and r̃ox are self-adjoint. Therefore, since g is bounded, we proceed as follows (Notice
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that r̃on is zero by boundary condition):

|Lgn(t)| ≤ ||g||∞2n

n∑
x=1

〈
(p̃ox)2

2mx

+ (r̃ox)2

2

〉
ρ

≤

C

2n

〈[n1−α]+1∑
k,k′=0

ˆ̃pk(nt)ˆ̃pk′(nt)
n∑
x=1

ϕkxϕ
k′

x

〉
ρ

+
〈[n1−α]+1∑

k,k′=1

ˆ̃rk(nt)ˆ̃rk′(nt)
n−1∑
x=1

φkxφ
k′

x

〉
ρ

 =

C

2n

〈[n1−α]+1∑
k,k′=0

(ˆ̃pk(nt)ˆ̃pk′(nt) + ˆ̃rk(nt)ˆ̃rk′(nt))(δk,k′)
〉
ρ

=

C

2n

〈[n1−α]+1∑
k=0

(ˆ̃pk(nt))2 + (ˆ̃rk(nt)2)
〉
ρ

,

(2.5.20)
where we substitute p̃ox and r̃ox by their definitions in (2.5.19), and obtain the double
sum, then we benefited from the linearity of tr: 〈.〉ρ, and the fact that {ϕk} and
{φk} are orthonormal basis for Rn and Rn−1, respectively, hence ∑n

x=1 ϕ
k
xϕ

k′
x =∑n

x=1 φ
k
xφ

k′
x = δk,k′ . Notice that by abusing the notation, we start the last two sums

from k = 0, in spite of the fact that ˆ̃r0 has not been defined and by convention one
can take ˆ̃r0 ≡ 0, at any time.
On the other hand, one can see that ˆ̃p2

k + ˆ̃r2
k is conserved in time, ∀k ∈ In, by the

direct computation from the definition (2.5.16):

(ˆ̃pk(nt))2 + (ˆ̃rk(nt))2 = (ˆ̃pk(0))2 + (ˆ̃rk(0))2 +
(

ˆ̃pk ˆ̃rk + ˆ̃rk ˆ̃pk
)
×(

sin(ωknt) cos(ωknt)− cos(ωknt) sin(ωknt)
)

= (ˆ̃pk(0))2 + (ˆ̃rk(0))2.
(2.5.21)

Hence, using the bounds in (2.2.55), i.e.,
〈
(ˆ̃pk(0))2

〉
ρ
< C,

〈
(ˆ̃rk(0))2

〉
ρ
< C, from

Lemma 2.2.4, we obtain:

|Lgn(t)| ≤ C

2n

[n1−α]+1∑
k=0

〈
(ˆ̃pk(nt))2 + (ˆ̃rk(nt))2

〉
ρ

= C

2n

[n1−α]+1∑
k=0

〈
(ˆ̃pk(0))2 + (ˆ̃rk(0))2

〉
ρ
≤

C ′
n(1−α)

n
,

(2.5.22)

which clearly goes to zero as n → ∞, by the choice of 0 < α < 1. Hence, we get
(2.5.19).
Step2. Localization and freezing of the high modes.
In this step, we prove that the part of thermal energy coming from high modes is
frozen in time, thanks to the localization Lemmas 2.5.2 and 2.5.3. In the same spirit
of the previous step (2.5.18), recall I(α) = (n(1−α), n− 1]∩Z, and define p̃•x(nt) and
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r̃•x(nt) as:

p̃•x(nt) := p̃x(nt)− p̃ox(nt) =
∑

k∈I(α)

ˆ̃pk(nt)
√
mxϕ

k
x,

r̃•x(nt) := r̃x(nt)− r̃ox(nt) =
∑

k∈I(α)

ˆ̃rk(nt)φkx.
(2.5.23)

Moreover, define Ugn(t) as:

Ugn(t) := 1
n

n∑
x=1

g(x
n

)
(〈(p̃•x(nt))2〉ρ

2mx

+
〈(r̃•x(nt))2〉ρ

2

)
. (2.5.24)

Then we have for any t ∈ [0, T ], and g ∈ C1[0, 1]:

Ugn(t)− Ugn(0)→ 0, (2.5.25)

almost surely.
In order to prove (2.5.25), we decompose Ugn(t) into two parts, one which is

constant in time, and the other which is small.
For a fixed n, a function g : [0, 1]→ R, and a vector of n operators p, let g.p denotes
the following vector of operators: g.p(x) = g(x

n
)px, ∀x ∈ In. Moreover, for a vector of

n−1 operators r, g.r is the following vector of operators: g.r(x) = g(x
n
)rx, ∀x ∈ In−1.

Since n is fixed in our computation, this notation does not cause any confusion.
Using this notation and linearity of the trace one can rewrite Ugn(t) as follows:

Ugn(t) = 1
2n〈
〈〈

n∑
x=1

g(x
n

)( p̃
•
x(nt)2

mx

+ r̃•x(nt)2)〉ρ〉ρ〉ρ =

1
2n〈
〈〈
〈
g.p̃•(nt),M−1p̃•(nt)

〉
n

+ 〈g.r̃•(nt), r̃•(nt)〉n−1 〉ρ〉ρ〉ρ.
(2.5.26)

By the resolution of the identity i.e. In = ∑n−1
k=0

∣∣∣ϕk〉 〈ϕk∣∣∣, and In−1 = ∑n−1
k=1

∣∣∣φk〉 〈φk∣∣∣
in Rn, and Rn−1, we expand the later in the basis of φk and ϕk. We also split M−1

and recall the definition ϕ̃k = M− 1
2ϕk:

Ugn(t) = 1
2n

〈〈〈
n∑
k=1

〈
g.p̃•(nt), ϕ̃k

〉
n

〈
ϕ̃k, p̃•(nt)

〉
n

+
n−1∑
k=1

〈
g.r̃•, φk

〉
n−1

〈
φk, r̃•(nt)

〉
n−1

〉
ρ

〉
ρ

〉
ρ

= 1
2n

〈〈〈 ∑
k∈I(α)

(〈
g.p̃•(nt), ϕ̃k

〉
n

ˆ̃pk(nt) +
〈
g.r̃•(nt), φk

〉
n−1

ˆ̃rk(nt)
)〉

ρ

〉
ρ

〉
ρ

.

(2.5.27)
Notice that in order to obtain the second line, we used the following identities:

∀k ∈ I(α) :
〈
ϕ̃k, p̃•(nt)

〉
n

= ˆ̃pk(nt), ∀k /∈ I(α) :
〈
ϕ̃k, p̃•(nt)

〉
n

= 0,

and their counterparts for r̃•(nt), thanks to the definition of p̃•(nt) and r̃•(nt) in
(2.5.23).
Now, let us split g for each k. For each k ∈ I(α), recall the interval J(k) given by
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the Lemma 2.5.2, and let xk be the center of this interval. Then, let gk(x) := g(xk
n

),
∀x ∈ In, be the constant vector for each k ∈ I(α), and define g̃k(x) = g(x)− gk(x),
∀x ∈ In. We simply have: ∀k ∈ I(α), g = g̃k + gk. By linearity of g.p, and 〈.〉n, we
rewrite (2.5.27) as follows:

Ugn(t) = 1
2n

〈〈〈 ∑
k∈I(α)

(〈
gk.p̃

•(nt), ϕ̃k
〉
n

ˆ̃pk(nt) +
〈
gk.r̃

•(nt), φk
〉
n−1

ˆ̃rk(nt)
)〉

ρ

〉
ρ

〉
ρ

+

1
2n

〈〈〈 ∑
k∈I(α)

(〈
g̃k.p̃

•(nt), ϕ̃k
〉
n

ˆ̃pk(nt) +
〈
g̃k.r̃

•(nt), φk
〉
n−1

ˆ̃rk(nt)
)〉

ρ

〉
ρ

〉
ρ

.

(2.5.28)
In the later decomposition the first line is constant in time, and the second line
vanishes as n → ∞. Let Ugn(t) = Ūgn(t) + Ũgn(t), where Ūgn(t) is the first line in
(2.5.28), and Ũgn(t) is the second line. Since for each k, gk is constant in x, we can
factor it and observe:

Ūgn(t) := 1
2n

〈〈〈 ∑
k∈I(α)

g(xk
n

)
(〈

p̃•(nt), ϕ̃k
〉
n

ˆ̃pk(nt) +
〈
r̃•(nt), φk

〉
n−1

ˆ̃rk(nt)
)〉

ρ

〉
ρ

〉
ρ

= 1
2n

〈〈〈 ∑
k∈I(α)

g(xk
n

)
(

ˆ̃pk(nt)2 + ˆ̃rk(nt)2
)〉

ρ

〉
ρ

〉
ρ

= Ūgn(0),

(2.5.29)
where we take advantage of the identity

〈
ϕ̃k, p̃•(nt)

〉
n

= ˆ̃pk(nt), for k ∈ I(α), and the
similar identity for r̃•(nt), as in (2.5.27). Moreover, we already observed in (2.5.22),
that the expression ˆ̃pk(nt)2 + ˆ̃rk(nt)2 for each k -which represents the thermal energy
of the kth mode- is conserved by the dynamics. Hence, Ūgn(t) = Ūgn(0) is constant
in time.
In the rest of this step, we prove that Ũgn → 0, almost surely as n → ∞. In
preparation of this proof, we need to use the following form of the Cauchy Schwartz
inequality. For certain operators a and b, we have:

| 〈ab∗〉ρ |
2 ≤ 〈aa∗〉ρ 〈bb

∗〉ρ . (2.5.30)

In order to deal with Ũgn(t), first, we bound 〈〈〈
〈
g̃k.p̃

•(nt), ϕ̃k
〉2

n
〉ρ〉ρ〉ρ as follows: Recall

Lemma 2.5.2, since this lemma is valid for any choice of 0 < 2α < η < 1, we take
η < 2

3 . Then, there exists a constant c > 0, independent of n, such that for any
k ∈ I(α), and n > n0, where n0 is given by 2.5.2, we have:

〈〈〈〈
g̃k.p̃

•(nt), ϕ̃k
〉2

n

〉
ρ

〉
ρ

〉
ρ
≤ c

n1−3η ,
〈〈〈〈

g̃k.r̃
•(nt), φk

〉2

n−1

〉
ρ

〉
ρ

〉
ρ
≤ c

n1−3η , (2.5.31)

almost surely. These bounds can be achieved by expanding the inner product, and
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performing the following computation:〈〈〈〈
g̃k.p̃

•(nt), ϕ̃k
〉2

n

〉
ρ

〉
ρ

〉
ρ

=
n∑

x,y=1
g̃k(

x

n
)g̃(y

n
)ϕ̃kxϕ̃ky〈〈〈p̃•x(nt)p̃•y(nt)〉ρ〉ρ〉ρ ≤

n∑
x,y=1

∣∣∣∣g̃k(xn)g̃(y
n

)ϕ̃kxϕ̃ky
∣∣∣∣∣∣∣∣〈〈〈p̃•x(nt)p̃•y(nt)〉ρ〉ρ〉ρ∣∣∣∣ ≤

n∑
x,y=1

∣∣∣∣g̃k(xn)g̃(y
n

)ϕ̃kxϕ̃ky
∣∣∣∣(〈〈〈p̃•x(nt))2〉ρ〉ρ〉ρ

) 1
2
(
〈〈〈p̃•y(nt))2〉ρ〉ρ〉ρ

) 1
2 =

( n∑
x=1

∣∣∣g̃k(x
n

)ϕ̃kx
∣∣∣(〈〈〈p̃•x(nt))2〉ρ〉ρ〉ρ

) 1
2
)2
≤
( n∑
x=1

∣∣∣g̃k(x
n

)ϕ̃kx
∣∣∣2)( n∑

x=1
〈〈〈(p̃•x(nt))2〉ρ〉ρ〉ρ

)
.

(2.5.32)

The second inequality obtained using the aforementioned form of Cauchy-Schwartz
inequality in (2.5.30), and the last inequality is evident, using the Cauchy- Schwartz
inequality for finite dimensional vectors.
In the following computation, using the definition of p̃•x(nt) (2.5.23), and getting a
double sum, we bound the second term in (2.5.32) by c0n, where c0 > 0 is a constant
independent of n:

n∑
x=1
〈〈〈p̃•x(nt)2〉ρ〉ρ〉ρ ≤

n∑
x=1

mmax

mx

∑
k,k′∈I(α)

mxϕ
k
xϕ

k′

x 〈〈〈 ˆ̃pk(nt)ˆ̃pk′(nt)〉ρ〉ρ〉ρ ≤

c1
∑

k,k′∈I(α)
〈〈〈 ˆ̃pk(nt)ˆ̃pk′(nt)〉ρ〉ρ〉ρ

n∑
x=1

ϕkxϕ
k′

x =
∑

k∈I(α)
〈〈〈(ˆ̃pk(nt))2〉ρ〉ρ〉ρ ≤ c14C|I(α)| ≤ c0n.

(2.5.33)
In the last line, we bounded 〈〈〈(ˆ̃pk(nt))2〉ρ〉ρ〉ρ ≤ 4C (2C works as well, with conservation
argument), by using the explicit form of ˆ̃pk(nt) = cos(ωknt)ˆ̃pk − sin(ωknt)ˆ̃rk:

〈〈〈(ˆ̃pk(nt))2〉ρ〉ρ〉ρ = 〈〈〈 ˆ̃pk(0)2 cos2(ωknt) + ˆ̃rk(0)2 sin2(ωk(nt))−
sin(ωknt) cos(ωknt)(ˆ̃rk(0)ˆ̃pk(0) + ˆ̃pk(0)ˆ̃rk(0))〉ρ〉ρ〉ρ ≤
〈〈〈(ˆ̃pk(0))2〉ρ〉ρ〉ρ + 〈〈〈(ˆ̃rk(0))2〉ρ〉ρ〉ρ + |〈〈〈 ˆ̃pk(0)ˆ̃rk(0)〉ρ〉ρ〉ρ|+ |〈〈〈ˆ̃rk(0)ˆ̃pk(0)〉ρ〉ρ〉ρ| ≤
〈〈〈 ˆ̃pk(0))2〉ρ〉ρ〉ρ + 〈〈〈(ˆ̃rk(0))2〉ρ〉ρ〉ρ + 2〈〈〈(ˆ̃pk(0))2〉ρ〉ρ〉ρ

1
2〈〈〈ˆ̃rk(0))2〉ρ〉ρ〉ρ

1
2 ≤ 4C,

(2.5.34)

where we bounded | sin(.)| and | cos(.)| by one, used Cauchy Schwartz (2.5.30) in
the second line, and used the appropriate bound from Lemma 2.2.4 in the last line.
Moreover, we can bound the first term in the RHS of (2.5.31) by c1

n2−3η , almost surely,
thanks to (2.5.7), and regularity of g. Recall the definition of J(k) from lemma 2.5.2,
then we can rewrite the later as:

n∑
x=1
|g̃k(

x

n
)ϕ̃kx|2 =

∑
x∈J(k)

|g̃k(
x

n
)ϕ̃kx|2 +

∑
x/∈J(k)

|g̃k(
x

n
)ϕ̃kx|2 ≤

c′1
∑

x∈J(k)
|g̃k(

x

n
)|2 + c′2

∑
x/∈J(k)

|ϕ̃kx|2 ≤ c′1C1
∑

x∈J(k)

|x− xk|2

n2 + c′2n
− 2
η |J(k)c|

≤ 2c′1C1

nη∑
j=0

j2 + c′2n
− 2
η

+1 ≤ C ′1
n3η

n2 + c′2n
− 2
η

+1 ≤ c1

n2−3η ,

(2.5.35)
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where in the second inequality, we bound |ϕ̃kx|, in the second term by n−
1
η , almost

surely, for x /∈ J(k), thanks to the bound (2.5.7) in Lemma (2.5.2). In the second
inequality, for the first term, we exploited the definition of g̃k(xn) = g(x

n
)− g(xk

n
), as

well as the fact that g ∈ C1([0, 1]), and therefore, there exists a constant C1 > 0 15,
such that |g(x

n
)− g(xk

n
)| ≤ C1|xn −

xk
n
|. In the third inequality, we applied the defini-

tion of xk as the center of the interval J(k), we also used the fact that |J(k)| = 2nη,
and |J(k)c| = n− 2nη < n.

By inserting the bounds

n∑
x=1
〈〈〈p̃•x(nt)2〉ρ〉ρ〉ρ ≤ c0n,

n∑
x=1
|g̃k(

x

n
)ϕ̃kx|2 ≤

c1

n2−3η ,

from (2.5.33), and (2.5.35), in the expression (2.5.32), we obtain the first bound in
(2.5.31), which is the product of these two bounds, namely:

〈〈〈〈
g̃k.p̃

•(nt), ϕ̃k
〉2

n

〉
ρ

〉
ρ

〉
ρ
≤
( n∑
x=1
〈〈〈p̃•x(nt)2〉ρ〉ρ〉ρ

)( n∑
x=1
|g̃k(

x

n
)ϕ̃kx|2

)
≤ c0n×

c1

n2−3η ≤
c

n1−3η .

The second bound in (2.5.31), corresponding to the elongation operator r, can be
treated similarly, with a small modification (using Lemma 2.5.3 instead of Lemma
2.5.2).
Performing the exact same computation as in (2.5.32), one can obtain the following
bound using the Cauchy Shwartz inequality twice:

〈〈〈〈
g̃k.r̃

•(nt), φk
〉2

n−1

〉
ρ

〉
ρ

〉
ρ
≤
( n−1∑
x=1
|g̃k(

x

n
)φkx|2

)( n−1∑
x=1
〈〈〈(r̃•x(nt))2〉ρ〉ρ〉ρ

)
, (2.5.36)

Again, similar to (2.5.33), we have:

n∑
x=1
〈〈〈(r̃•x(nt))2〉ρ〉ρ〉ρ =

n−1∑
x=1

∑
k,k′∈I(α)

φkxφ
k′

x 〈〈〈ˆ̃rk(nt)ˆ̃rk′(nt)〉ρ〉ρ〉ρ =
∑

k,k′∈I(α)
〈〈〈ˆ̃rk(nt)ˆ̃rk′(nt)〉ρ〉ρ〉ρ

n−1∑
x=1

φkxφ
k′

x

=
∑

k∈I(α)
〈〈〈ˆ̃rk(nt)2〉ρ〉ρ〉ρ ≤ 4C|I(α)| ≤ c′0n,

(2.5.37)

where we bounded 〈〈〈ˆ̃rk(nt)2〉ρ〉ρ〉ρ ≤ 4C, exactly similar to (2.5.34), using the explicit
form of ˆ̃rk(nt) = cos(ωknt)ˆ̃rk(0) + sin(ωknt)ˆ̃rk(0), and the bounds in Lemma 2.2.4.
Dealing with the first term in the RHS of (2.5.36) requires more attention (this
problem have not been addressed in [35]). We can proceed similar to (2.5.35),

15One can simply take C1 = ||g′||∞.
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recalling J̃(k) from Lemma 2.5.3:
n−1∑
x=1
|g̃k(

x

n
)φkx|2 =

∑
x∈J̃(k)

|g̃k(
x

n
)φkx|2 +

∑
x/∈J̃(k)

|g̃k(
x

n
)φkx|2 ≤

c′′1
∑

x∈J̃(k)

|g̃k(
x

n
)|2 + c′′2

∑
x/∈J̃(k)

|φkx|2 ≤ (c′′1C1
∑

x∈J̃(k)

|x− xk|2

n2 ) + (c3n
− 2
η

+3η|J̃(k)c|) ≤

(2c′′1C1

nη∑
j=0

j2) + (c3n
− 2
η

+3η+1) ≤ C ′1
n3η

n2 + c3n
− 2
η

+3η+1 ≤ c1

n2−3η ,

(2.5.38)
where these computation can be justified similar to (2.5.35), except from the fact
that on the second inequality we exploited the bound (2.5.8): |φkx| ≤ 2cn−

1
η

+ 3η
2 from

Lemma 2.5.3. Moreover, in the last inequality, by using the assumption η ∈ (0, 2
3),

we deduced that 3η − 2 > − 2
η

+ 3η + 1, and n3η−2 > n−
2
η

+3η+1. Hence, we have the
last bound by choosing the proper constant. Finally, notice that here we can replace
J(k) by J̃(k), since |J(k)| ≥ |J̃(k)|.
By inserting (2.5.37) and (2.5.38) into (2.5.36), we obtain the second bound in
(2.5.31):〈〈〈〈

g̃k.r̃
•(nt), φk

〉2

n−1

〉
ρ

〉
ρ

〉
ρ
≤
( n−1∑
x=1
|g̃k(

x

n
)φkx|2

)( n−1∑
x=1
〈〈〈(r̃•x(nt))2〉ρ〉ρ〉ρ

)
≤ c1

n2−3η×c
′
0n ≤

c

n1−3η .

(2.5.39)
Recall the definition of Ũgn(t)

Ũgn(t) := 1
2n

∑
k∈I(α)

〈〈〈〈
g̃k.p̃

•(nt), ϕ̃k
〉
n

ˆ̃pk(nt) +
〈
g̃k.r̃

•(nt), φk
〉
n−1

ˆ̃rk(nt)
〉
ρ

〉
ρ

〉
ρ
, (2.5.40)

by using the Cauchy Schwartz inequality (2.5.30), we have16:

|Ũgn(t)| ≤ 1
2n

∑
k∈I(α)

∣∣∣∣〈〈〈 〈g̃k.p̃•(nt), ϕ̃k〉n ˆ̃pk(nt)
〉
ρ

〉
ρ

〉
ρ

∣∣∣∣+ ∣∣∣∣〈〈〈 〈g̃k.r̃•(nt), φk〉n−1
ˆ̃rk(nt)

〉
ρ

〉
ρ

〉
ρ

∣∣∣∣
≤ 1

2n
∑

k∈I(α)

〈〈〈〈
g̃k.p̃

•(nt), ϕ̃k
〉2

n

〉
ρ

〉
ρ

〉
ρ

1
2〈〈〈 ˆ̃pk(nt)2〉ρ〉ρ〉ρ

1
2 +

〈〈〈〈
g̃k.r̃

•(nt), φk
〉2

n−1

〉
ρ

〉
ρ

〉
ρ

1
2〈〈〈ˆ̃rk(nt)2〉ρ〉ρ〉ρ

1
2

≤
√
C

n

∑
k∈I(α)

〈〈〈〈
g̃k.p̃

•(nt), ϕ̃k
〉2

n

〉
ρ

〉
ρ

〉
ρ

1
2 +

〈〈〈〈
g̃k.r̃

•(nt), φk
〉2

n−1

〉
ρ

〉
ρ

〉
ρ

1
2 ≤
√
C

n

2
√
c

n
1
2−

3η
2
|I(α)|

≤ C0

n
1
2−

3η
2
→ 0,

(2.5.41)
where in the first inequality, we used Cauchy-Schwartz (2.5.30). In the second
inequality, we exploited the bounds 〈〈〈 ˆ̃pk(nt)2〉ρ〉ρ〉ρ ≤ 4C, 〈〈〈ˆ̃rk(nt)2〉ρ〉ρ〉ρ ≤ 4C, as we already

16We already discussed the positivity of the terms under the square root in the second line,
which can be obtained by the fact that these operators are linear combination of bosonic operators
b̃k, and their adjoints, and they are self adjoint, hence, by using Lemma 2.2.38, we obtain the
positivity (more abstract proof is of course possible).
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did in (2.5.33) and (2.5.37). In the third inequality, we benefited from the bounds
in (2.5.31). Hence, if one takes η < 1

3 , one can deduce |Ũgn(t)| → 0, almost surely.
Lastly, recall that we expressed Ugn(t) = Ūgn(t) + Ũgn(t), we sum up the result of this
step as follows:
|Ugn(t)− Ugn(0)| = |Ūgn(t) + Ũgn(t)− (Ūgn(t) + Ũgn(t))| = |Ũgn(t)− Ũgn(0)| ≤
|Ũgn(t))|+ |Ũgn(0))| → 0,

(2.5.42)

almost surely, thanks to Ūgn(t) = Ūgn(0) from (2.5.29), and (2.5.41). This finishes the
proof of this step (2.5.25).

Step3. Summing up.
In this step, we finish the proof of Lemma 2.5.4,(the limit (2.5.15)), by combining
the results from previous steps (2.5.19), (2.5.25). In fact, the later expressions let
us conclude that |Ugn(t) + Lgn − Ugn(0) − Lgn(0)| → 0, almost surely. By comparing
T gn(t), and Ugn(t) + Lgn, one can see it is sufficient to control the following term in
order to obtain (2.5.15) 17.

Egn(t) := 1
n

n∑
x=1

g(x
n

)
(〈〈〈p̃ox(nt)p̃•x(nt)〉ρ〉ρ〉ρ

mx

+ 〈〈〈r̃ox(nt)r̃•x(nt)〉ρ〉ρ〉ρ
)
. (2.5.43)

However, this term can be treated as usual, using the Cauchy Schwartz inequality
(2.5.30):

|Egn(t)| ≤
∣∣∣∣ 1n

n∑
x=1

∣∣∣g(x
n
)

mx

∣∣∣|〈〈〈p̃ox(nt)p̃•x(nt)〉ρ〉ρ〉ρ|∣∣∣∣+ ∣∣∣∣ 1n
n−1∑
x=1
|g(x
n

)||〈〈〈r̃ox(nt)r̃•x(nt)〉ρ〉ρ〉ρ|
∣∣∣∣ ≤∣∣∣∣ 1n

n∑
x=1

∣∣∣g(x
n
)

mx

∣∣∣|〈〈〈(p̃ox(nt))2〉ρ〉ρ〉ρ
1
2〈〈〈(p̃•x(nt))2〉ρ〉ρ〉ρ

1
2 |
∣∣∣∣+ ∣∣∣∣ 1n

n−1∑
x=1
|g(x
n

)||〈〈〈(r̃ox(nt))2〉ρ〉ρ〉ρ
1
2〈〈〈(r̃•x(nt))2〉ρ〉ρ〉ρ

1
2 |
∣∣∣∣

≤
∣∣∣∣ 1n

n∑
x=1

∣∣∣g(x
n
)

mx

∣∣∣〈〈〈(p̃ox(nt))2〉ρ〉ρ〉ρ
∣∣∣∣ 12 ∣∣∣∣ 1n

n∑
x=1
|
g(x

n
)

mx

|〈〈〈(p̃•x(nt))2〉ρ〉ρ〉ρ
∣∣∣∣ 12

+
∣∣∣∣ 1n

n−1∑
x=1
|g(x
n

)|〈〈〈(r̃ox(nt))2〉ρ〉ρ〉ρ
∣∣∣∣ 12 ∣∣∣∣ 1n

n−1∑
x=1
|g(x
n

)|〈〈〈(r̃•x(nt))2〉ρ〉ρ〉ρ
∣∣∣∣ 12

≤
√

2c̃0C1

 1
n

n∑
x=1
|g(x
n

)|
(〈〈〈(p̃ox(nt))2〉ρ〉ρ〉ρ

mx

+ 〈〈〈(r̃ox(nt))2〉ρ〉ρ〉ρ
) 1

2

≤
(
c̃0C1C

′n(1−α)

n

) 1
2
→ 0,

(2.5.44)
The first inequality is obtained by (2.5.30). In the second inequality, the Cauchy-
Schwartz has been used. Then by taking c̃0 = max{c0, c

′
0}, we take advantage of the

following bounds:
1
n

n−1∑
x=1
〈〈〈(r̃•x(nt))2〉ρ〉ρ〉ρ ≤ c′0,

1
n

n∑
x=1
〈〈〈(p̃•x(nt))2〉ρ〉ρ〉ρ ≤ c0

17Recall that all the expressions corresponding to the nth component of the r operator is zero,
and we bring them in the same sum just to lighten the notation.
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from (2.5.37) and (2.5.33). Then, we used the inequality
√
a +
√
b ≤

√
2(a+ b).

The last inequality can be obtained exactly similar to (2.5.20) and (2.5.22), where
we bounded |Lgn(t)| ≤ C ′ n

(1−α)

n
.

Finally, we prove |T gn(t)− T gn(0)| → 0, almost surely, by using (2.5.19), (2.5.25),
and (2.5.44). First, recall p̃x(nt) = p̃ox(nt) + p̃•x(nt), and r̃x(nt) = r̃ox(nt) + r̃•x(nt), for
all x ∈ In. By using the later, and comparing the definition of T gn(t) (2.5.14), Lgn(t)
(2.5.19), Ugn(t) (2.5.24), and Egn(t) (2.5.43), it is evident that:

T gn(t) = Lgn(t) + Ugn(t) + Egn(t). (2.5.45)

Therefore, we can conclude:

|T gn(t)− T gn(0)| =|Lgn(t) + Ugn(t) + Egn(t)− (Lgn(0) + Ugn(0) + Egn(0))|
≤|Ugn(t)− Ugn(0)|+ |Lgn(0)|+ |Lgn(t)|+ |Egn(0)|+ |Egn(t)| → 0,

(2.5.46)
almost surely, where |Ugn(t) − Ugn(0)| → 0 almost surely, by (2.5.25). Moreover,
|Lgn(0)| + |Lgn(t)| → 0, since (2.5.19) is valid for any t, and |Egn(0)| + |Egn(t)| → 0 as
a consequence of (2.5.44), which holds for all t ∈ [0, T ]. This finishes the proof of
(2.5.15) and Lemma 2.5.4.

Remark 2.5.5. For a clean chain in thermal equilibrium, we have:
〈
ẽ[ny](nt)

〉
ρ
−〈

ẽ[ny](0)
〉
ρ
vanishes as n→∞. One can observe this by using the fact that Aβr and

A0
r can be diagonalized in the same basis for this chain, and hence this difference

can be computed explicitly. Therefore, a simple calculation shows that in this case,
we can obtain (2.5.15). Notice that the rest of the proof for a clean chain in thermal
equilibrium is exactly similar to the disordered case; therefore, we can obtain the
(2.1.1) for this chain, with corresponding fβ from (1.1.34).

2.5.3 Decomposition
In this section, we finish proof of (2.1.18) for any test function g ∈ C1([0, 1]). We
will extend this result to continuous test functions in the next section.

Proof of (2.1.18) with C1 test function. First, we can solve the macroscopic equa-
tion explicitly. In fact, thanks to the regularity assumption: r̄(y), p̄(y) ∈ C1([0, 1]),
the wave equation (two first equation in (2.1.13), with boundary conditions (2.1.14),
(2.1.15)) for r and p can be solved explicitly, by expanding in the Fourier basis and,
we have a smooth in time, strong solutions, such that p(y, t), r(y, t) ∈ C1([0, 1]).
Moreover, one can observe that the solution to the equation (2.1.13), (2.1.14), and
(2.1.15) for e is given by:

e(y, t) = p2(y, t)
2m̄ + r2(y, t)

2 + fµβ (y). (2.5.47)

One can justify this solution by simply taking the derivative and plug-in the solution
to the wave equation. Notice that this formal argument is legitimate, thanks to the
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regularity of r and p.
Fix g ∈ C1([0, 1]), then the LHS of (2.1.18) is given by:

∫ 1

0
g(y)e(y, t)dy =

∫ 1

0
g(y)

(p2(y, t)
2m̄ + r2(y, t)

2

)
dy︸ ︷︷ ︸

Kg :Macroscopic Mechanical energy

+
∫ 1

0
g(y)fµβ (y)dy︸ ︷︷ ︸

Tg :Macroscopic Thermal energy

,

(2.5.48)
where we defined Kg(t) and Tg(t) ≡ Tg, to be the Macroscopic Mechanical energy,
and macroscopic Thermal energy, respectively. At the macroscopic level, we already
observed the following decomposition 18:

1
n

n∑
x=1

g(x
n

) 〈ex(nt)〉ρ = 1
n

n∑
x=1

g(x
n

)
(〈(px(nt))2〉ρ

mx

+
〈
(rx(nt))2

〉
ρ

)
︸ ︷︷ ︸

Kg
n(t):Microscopic Mechanical Energy

+ 1
n

n∑
x=1

g(x
n

)

〈
(px(nt)− 〈px(nt)〉ρ)2

〉
ρ

mx

+
〈
(rx(nt)− 〈rx(nt)〉ρ)

2
〉
ρ


︸ ︷︷ ︸

T gn(t):Miscroscopic Thermal Energy

,

(2.5.49)
where we defined Kg

n(t) to be the microscopic Mechanical energy. Recalling the
definition p̃x(nt) = px(nt)−〈px(nt)〉ρ, and r̃x(nt)−〈rx(nt)〉ρ, the second term T gn(t)
is the microscopic Thermal energy, which is defined in (2.5.14).
Comparing these two expressions, (2.5.48) and (2.5.49), the rest of the proof becomes
clear. In step one, we proved that the microscopic Mechanical energy converges to
the macroscopic counterpart: Kg

n(t)→ Kg(t) in (2.5.1). In the previous section, we
proved that the microscopic Thermal energy is frozen in time i.e. T gn(t)−T gn(0)→ 0,
in (2.5.15). Finally, in Section 2.4.1, we proved that T gn(0) → Tg, in (2.4.30). All
these limit are almost surely w.r.t P. Combining these three argument finishes the
proof:

1
n

n∑
x=1

g(x
n

) 〈ex(nt)〉ρ = Kg
n(t) + T gn(t) = Kg

n(t) + T gn(0) + (T gn(t)− T gn(0))

→ Kg(t) + Tg + 0 =
∫ 1

0
g(y)

((p2(y, t)
2m̄ + r2(y, t)

2

)
+ fµβ (y)

)
dy =

∫ 1

0
g(y)e(y, t)dy,

(2.5.50)
almost surely, where these three limits have been deduced from (2.5.1), (2.4.30) and
(2.5.15) respectively. This finishes the proof of (2.1.18) for g ∈ C1([0, 1]).

Notice that the only limit among those, where we needed the stronger assumption
g ∈ C1([0, 1]), rather than g ∈ C0([0, 1]), was the last one: T gn(t) − T gn(0) → 0.
We will circumvent this obstacle in the next section, using the energy estimate:
1
n

∑n
x=1 〈ex(nt)〉ρ ≤ C.

18Notice that we come back to the notation where we denote the thermal average by 〈.〉ρ instead
of 〈.〉ρ〈.〉ρ〈.〉ρ, since there is no confusion here.
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2.5.4 From C1 to C0

This section extends the previous result and omits the additional regularity as-
sumption on f , and finishes the proof of Theorem 2.1.1. As we already mentioned,
the essential tool for this purpose is the following energy estimate: there exists a
constant C > 0 independent of n, such that for all t ∈ [0, T ]:

1
n

n∑
x=1
〈ex(nt)〉ρ ≤ C. (2.5.51)

The later is rather straightforward due to our previous calculations. First, notice
that since the total energy is conserved we have:

1
n

n∑
x=1
〈ex(nt)〉ρ = 1

n

n∑
x=1
〈ex〉ρ .

On the other hand we have:

1
n

n∑
x=1
〈ex〉ρ = 1

n

n∑
x=1

(〈px〉2ρ
2mx

+
〈rx〉2ρ

2

)
+ 1
n

n∑
x=1

(〈p̃2
x〉ρ

2mx

+
〈r̃2
x〉ρ
2

)
, (2.5.52)

where p̃x = px − 〈px〉ρ, r̃x = rx − 〈rx〉ρ. The first sum in (2.5.52), is bounded by a
constant C1 > 0, since we have 〈px〉ρ = mx

m̄
p̄x − Enx, 〈rx〉ρ = r̄x from (2.2.42), where

p̄x = p̄(x
n
), r̄x = r̄(x

n
), and Enx is given in (2.2.39). Notice that we used the fact that

|Exn| is bounded by a deterministic constant, which is evident from its definition and
properties of mx, β and p̄.

The second sum in (2.5.52), is bounded by C2 > 0 independent of n, which is
given in (2.2.60) in Remark 2.2.5. Therefore 1

n

∑n
x=1 〈ex〉ρ is bounded by another

deterministic constant C, uniform in n.

Proof of (2.1.18) for f ∈ C0. After all, we can state the proof of (2.1.18) for a test
function f ∈ C0([0, 1]). Fix f ∈ C0([0, 1]) and recall the definition of the regularizing
family ζε, for any ε > 0 as follows.
Let ζ ∈ C∞c (R), with

supp(ζ) = [−1, 1];
∫
R
ζ(y′)dy′ = 1; ζ(y) ≥ 0; ζ(y) = ζ(−y).

Let ζε := 1
ε
ζ(y

ε
), for 0 < ε < 1. Notice that we have ζε ∈ C∞c (R), supp(ζε) = [−ε, ε],∫

R ζε(y′)dy′ = 1, and ζε(y) ≥ 0 for any 0 < ε < 1.
For any δ > 0, let fδ : [0, 1]→ R be defined as

fδ(y) := (f ∗ ζδ)(y) =
∫
f(y′)ζ(y − y′)dy′.

By properties of convolution, we have fδ ∈ C1([0, 1]),∀δ > 0.
Fix t ∈ [0, T ], and ε > 0, we are going to introduce a proper δ: recall the solution
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to the macroscopic equation e(y, t) = p2(y,t)
2m̄ + r2(y,t)

2 + fµβ (y), as we already observed
p2(y,t)

2m̄ + r2(y,t)
2 is continuous, thanks to the regularity assumption on r̄ and p̄. More-

over, we proved the continuity of fµβ (y) in Proposition 2.A.1.1, hence e(y, t) is positive
and continuous on [0, 1] (positivity of fµβ (y) is evident from the construction), and∫ 1

0 e(y, t) is bounded by a constant C0 > 0. Let C̃ = max{C0, C}, where C is the
uniform bound on 1

n

∑n
x=1 〈ex〉ρ. Since f is continuous on [0, 1], it will be uniformly

continuous, so there exists δ(ε) > 0, such that if y, y′ ∈ [0, 1], |y − y′| ≤ 2δ, then
|f(y) − f(y′)| ≤ ε

4C̃ . This choice of δ, besides the properties of ζδ, in particular,
the fact that supp(ζδ) = [−δ, δ], and

∫
ζδ(y)dy = 1, lead to the following estimate:

supy |fδ(y)− f(y)| ≤ ε
4C̃ , this can be observed from the definition of fδ:

|(f − fδ)(y)| =
∣∣∣∣f(y)−

∫
f(y′)ζδ(y − y′)dy′

∣∣∣∣ =
∣∣∣∣ ∫ f(y)ζ(y − y′)dy′ −

∫
f(y′)ζδ(y − y′)dy′

∣∣∣∣
≤
∫
|f(y)− f(y′)|ζδ(y − y′)dy′ =

∫ y+δ

y−δ
|f(y)− f(y′)|ζδ(y − y′)dy′

≤ sup
|y−y′|≤2δ

(|f(y)− f(y′)|) ≤ ε

4C̃
.

(2.5.53)
Notice that this bound is valid for any y, so we can take the sup over y. By using
the later, again, thanks to the choice of δ, definition of ζδ, and C̃ we obtain∣∣∣∣ 1n

n∑
x=1

(f − fδ)(
x

n
) 〈ex(nt)〉ρ

∣∣∣∣ ≤ sup
y
|(f − fδ)(y)| 1

n

n∑
x=1
〈ex(nt)〉ρ ≤

ε

4C̃
C ≤ ε

4 ,∣∣∣∣ ∫ 1

0
(f − fδ)(y)

∣∣∣∣e(y, t)dy ≤ sup
y
|(f − fδ)(y)|

∫ 1

0
e(y, t)dy ≤ ε

4C̃
C0 ≤

ε

4 ,
(2.5.54)

uniformly in n. Now let us bound:∣∣∣∣ 1n
n∑
x=1

f(x
n

) 〈ex(nt)〉ρ −
∫ 1

0
fδ(y)e(y, t)dy

∣∣∣∣ =
∣∣∣∣( 1
n

n∑
x=1

(
f(x
n

) 〈ex(nt)〉ρ +

〈ex(nt)〉ρ (f − fδ)(
x

n
)
))
−
( ∫ 1

0
fδ(y)e(y, t) +

∫ 1

0
(f − fδ)(y)e(y, t)dy

)∣∣∣∣ ≤∣∣∣∣ 1n
n∑
x=1

fδ(
x

n
) 〈ex(nt)〉ρ −

∫ 1

0
fδ(y)e(y, t)dy

∣∣∣∣+ ∣∣∣∣ 1n
n∑
x=1

(f − fδ)(
x

n
) 〈ex(nt)〉ρ

∣∣∣∣+∣∣∣∣ ∫ 1

0
(f − fδ)(y)e(y, t)dy

∣∣∣∣ ≤ ε

2 + ε

4 + ε

4 .
(2.5.55)

The last two term were bounded by (2.5.54). In order to treat the first term,
note that as we observed fδ ∈ C1([0, 1]), so we can use the result of the previous
section i.e. (2.5.50) for fδ:

lim
n→∞

1
n

n∑
x=1

fδ(
x

n
) 〈ex(nt)〉ρ →

∫ 1

0
fδ(y)e(y, t)dy, (2.5.56)

almost surely.
Hence, there exists N , such that for n > N , we have | 1

n

∑n
x=1 fδ(xn) 〈ex(nt)〉ρ −∫ 1

0 fδ(y)e(y, t)dy| ≤ ε
2 , almost surely, and this finishes the proof of Theorem 2.1.1.
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2.A Properties of the Limiting Function
In this section, we study the properties of fµβ , which is defined in (2.4.5). We prove a
couple of lemmas to facilitate the proof of Theorem 2.4.4. In particular, we prove the
existence of the limit (2.4.5), this means that fµβ is well-defined. Moreover, we show
that this function is continuous. Furthermore, we treat the equilibrium case and
demonstrate that the function fµ(βeq) is well defined, i.e. fµβeq(y) does not depend
on y. Then we demonstrate the relation (2.4.36). Finally, we prove a lemma which
has been needed in 2.4.4. All the proofs in this section share the same spirit: We
represent 〈ẽx〉ρ in terms of the Taylor series, then cut the series similar to (2.4.22),
and control the expressions depending on the first part of the Taylor series, using
the fact that the number of these terms is finite, β is continuous and bounded, and
the distribution of the masses is compactly supported. Finally, we use the fact that
the terms depending on the remainder of the series is small.

Notice that since n is not fixed here, we denote the ensemble average with 〈〉ρn ,
in order to emphasize the dependence on n. Before proceeding, recall the definition
of Aβp , and Aβr from (2.2.25), since here n is not fixed and we study matrices with
different sizes, we change our notations only in this section and denote these matrices
by Apn, and Arn, respectively i.e.

Apn := M
− 1

2
β (−∇−β0∇+)M− 1

2
β , Arn := (βo) 1

2 (−∇+M
−1
β ∇−)(βo) 1

2 ,

where Mβ = Mβ−1, with M = diag(m1, . . . ,mn), β = diag(β( 1
n
), . . . , β(n

n
)), and

βo = diag(β( 1
n
), . . . , β(n−1

n
)).

Since all these proofs share the same spirit, we set a handful of notation here:
Recall the average expression 〈ẽx〉ρn from (2.4.18):

〈ẽx〉ρ = 1
βx

(
〈x, f(Arn)x〉n−1 + 〈x, f(Apn)x〉n + εxn

)
. (2.A.1)

Thanks to (2.4.17), the part corresponding to p can be written as follows:

〈x, f(Apn)x〉n =
∞∑
k=0

ak〈x, (Apn − αIn)kx〉n. (2.A.2)

As we argued in Section 2.4.1, there exists a constant c0 > 0, such that for every
realization of the masses, and ∀n, ||Anp ||2 ≤ c0. Therefore, using the properties of
Taylor series as in (2.4.25), we observe that ∀ε > 0, there exists K∗(ε) ∈ N, such
that ∀n, ∀x ∈ In, and any realization of the masses we have:∣∣∣∣ ∑

k>K∗(ε)
ak〈x, (Apn − αIn)kx〉n

∣∣∣∣ ≤ ε. (2.A.3)

Notice that we can choose K∗(ε), such that the same bound (2.A.3) holds when we
substitute Apn with Arn. Hence, given ε > 0 one can define fε≺(.) and fε�(.) as follows:

fε≺(Apn) :=
K∗(ε)∑
k=0

ak(Apn − αIn)k, fε�(Apn) :=
∞∑

k>K∗(ε)
ak(Apn − αIn)k. (2.A.4)

108



2.A. PROPERTIES OF THE LIMITING FUNCTION CHAPTER 2. HYDRODYNAMICS

In particular, we can rewrite (2.A.3) in the following way: For any ε > 0 there exits
K∗(ε) such that for any n and x ∈ In we have:

|〈x, fε�(Apn)x〉n| ≤ ε, |E(〈x, fε�(Apn)x〉n)| ≤ ε,

|〈x, fε�(Arn)x〉n−1| ≤ ε, |E(〈x, fε�(Arn)x〉n−1)| ≤ ε.
(2.A.5)

Fix (k, n) ∈ N2, denote Apn−αIn by Ãpn, take x ∈ In, and consider the following term:
〈x, (Ãpn)kx〉. Here we represent this term in a more appropriate manner, introducing
following notations. First, recall the random walk representation of 〈x, (Ãpn)kx〉:

〈x, (Ãpn)kx〉 =
n∑

x1,...xk−1=1
〈x, Ãβpx1〉〈x1, Ã

β
px2〉 . . . 〈xk−1, Ã

β
px〉. (2.A.6)

Denote the set of indices with non-zero contribution, in RHS of (2.A.6) by Ix,pn,k:

Ix,pn,k := {(x1, . . . xk−1) ∈ Ik−1
n |〈x, Ãpnx1〉〈x1, Ã

p
nx2〉 . . . 〈xk−1, Ã

p
nx〉 6= 0}, (2.A.7)

where Ãpn = Apn−αIn. We denote the elements of Ix,pn,k by x := (x1, . . . , xk−1). Notice
that there is a bijection between Ix,pn,k and the set of paths in [0, k]×[0, n]∩Z2 from the
point (x, 0) to (x, k), consisting of the following vectors: (−1, 1), (0, 1), (1, 1) ∈ Z2.
In fact, this bijection is given as follows: ∀x ∈ Ix,pn,k, assign to x the path which is
given by the following points: (0, x), (1, x1),. . . , (j, xj), . . . ,(k − 1, xk−1), (k, x).

Let Ĩx,pn,k be the set where every element of Ix,pn,k shifted by the vector (x, . . . , x) ∈
(In)k−1, precisely define:

Ĩx,pn,k := {(x1 − x, . . . , xk−1 − x)|x ∈ Ix,pn,k}. (2.A.8)

We denote each element of Ĩx,pn,k by η = (η1, . . . , ηk−1). Notice that η corresponds to
a path from (0, 0) to (0, k) in [0, k]× [−x, n−x]∩Z2 consisting of the aforementioned
vectors. Finally, define Ĩk as follows:

Ĩk := {η ∈ Zk−1|∀i ∈ Ik, |ηi − ηi−1| ≤ 1, with η0 = ηk = 0}. (2.A.9)

Observe that each η ∈ Ik, corresponds to a path from (0, 0) to (0, k) in Z2 consisting
of (−1, 1), (0, 1), (1, 1) ∈ Z2.
Having in mind the geometric interpretation of Ĩx,pn,k and Ĩk, one can observe19:

Ĩx,pn,k ⊂ Ĩk, |Ĩx,pn,k| ⊂ |Ĩk| ≤ 3k,

Ĩx,pn,k = Ĩk iff [k2 ] ≤ x ≤ n− [k2 ].
(2.A.10)

By using (2.A.8), we can rewrite the sum in (2.A.6), as a sum over the set Ĩx,pn,k. Here
we introduce a set of notations in order to rewrite each term in (2.A.6) in a more

19This bound is obvious, since |Ĩk| is the solution to the problem of the number of path from
(0, 0) to (k, 0) consisting of the vectors (1, 1), (1,−1), (1, 0), this is equivalent to the number of
solution of s1 + · · ·+ sk = 0, for si ∈ {−1, 0, 1}, which is obviously bounded by 3k. This bound is
not sharp and a better asymptotic will be c3k

√
k
for c around 1

2 , but 3n∗ is sufficient for our purposes.
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suitable way.
Fix k ∈ N, and take η ∈ Ĩk, then consider the set of indices j = (j−[ k2 ], . . . , j0, . . . , j[ k2 ]+1)
∈ Z2[ k2 ]+2, where ji 6= ji′ for i 6= i′. Correspondingly, let mk denotes a vector
of 2[k2 ] + 2 masses indexed by j, i.e. mk = (mj−[ k2 ]

, . . . ,mj[ k2 ]+1
), notice that we

extended the set of i.i.d random variables {mx}nx=1 to the set of i.i.d random vari-
ables {mx}x∈Z20. Moreover, let bk ∈ [βmin, βmax]2[ k2 ]+2 denotes the following vector:
bk = (b−[ k2 ], . . . , b[ k2 ]+1). We define Fk,η(mk, bk) as follows:

Fk,η(mk, bk) = θη0η1 . . . θηiηi+1 . . . θηk−1ηk ,

θηiηi+1 =


bηi(

bηi
mjηi

+ b(ηi+1)
mj(ηi+1)

)− α if ηi = ηi+1,

− bη̂i
mjη̂i

√
bη̂ib(η̂i+1) if ηi 6= ηi+1,

(2.A.11)

where we denoted η̂i = min{ηi, ηi+1}, and η0 = ηk = 0. The following properties of
Fk,η are straightforward, since the distribution of the masses is compactly supported
and Fk,η is continuous on a compact set:

• Fk,η(mk, bk) is uniformly continuous in the second component, uniformly in
the distribution of the masses. More precisely, ∀ε > 0, there exists δ > 0 such
that if |bk1 − bk2| < δ,21 then for any realization of the masses, |Fk,η(mk, bk1) −
Fk,η(mk, bk2)| ≤ ε.

• Consider two different set of masses mk
1 and mk

2, since masses are i.i.d, we
have: E(Fk,η(mk

1, b
k)) = E(Fk,η(mk

2, b
k)). Notice that we used the assumption

ji 6= ji′ for i 6= i′.

• From the above properties, it is clear that taking two set of masses mk
1 and

mk
2 we have: ∀ε > 0, there exists δ > 0 such that if |bk1 − bk2| < δ, then
|E(Fk,η(mk,1 b

k
1))− E(Fk,η(mk

2, b
k
2))| < ε.

Recall that we fixed k and η ∈ Ĩk. Let us take n ∈ N and x ∈ In, then we define
the vectors mk(x, n), bk(x, n) as follows:

mk(x, n)ji = mx+i, −[k2 ] ≤ i ≤ [k2 ] + 1,

bk(x, n)i =


β(x+i

n
) if 0 ≤ x+ i ≤ n,

β(1) if n < x+ i,

β(0) if 0 < x+ i,

− [k2 ] ≤ i ≤ [k2 ] + 1.
(2.A.12)

Finally, by combining the above notations and definitions, in particular (2.A.8),
(2.A.11), and (2.A.12), we end-up with the following identity for [k2 ] + 1 ≤ x ≤

20This extension is not necessary, it is done to make our notation coherent; however we do not
use of this extension.

21Here |.| denotes the Euclidean distance in R2[ k
2 ]+2.
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n− [k2 ] + 1:

〈x, (Ãpn)kx〉n =
∑

η∈Ĩx,p
n,k

Fk,η
(
mk(x, n), bk(x, n)

)
=
∑
η∈Ĩk

Fk,η
(
mk(x, n), bk(x, n)

)
,

(2.A.13)
where we have the second equality thanks to (2.A.10) and the choice of x. No-

tice that to check this identity one should compare the definition of Fk,η with the
definition of the matrix Ãpn in (2.4.10). Moreover, this identity holds for x < [k2 ] + 1
and x > n− [k2 ] + 1 if one slightly modifies the definition of Fk,η. However, the cur-
rent form of this identity is sufficient for our purposes. It is worth mentioning that
〈x, (Ãrn)kx〉n−1 can be written in the similar fashion, where one should define F̃k,η
similar to Fk,η. One can check that F̃k,η has the three aforementioned properties.
Since this task is rather straightforward, we only treat the terms corresponding to
p and the terms corresponding to r can be treated similarly.
Thanks to (2.A.4) and (2.A.13), we can establish the existence of the following limit:
limn→∞ E(

〈
ẽ[ny]

〉
ρn

), for every y ∈ [0, 1]. We prove this fact by showing that the

sequence E(
〈
ẽ[ny]

〉
ρn

) is a Cauchy sequence.

Lemma 2.A.1. Recall the assumption on the distribution of the masses, where
µ(x) is smooth and supported on [mmin,mmax], 0 < mmin < mmax < ∞. We have
∀y ∈ [0, 1], and ∀ε > 0, there exists N0, such that ∀n, l > N0, we have |E(

〈
ẽ[ny]

〉
ρn

)−

E(
〈
ẽ[ly]

〉
ρl

)| ≤ ε.

Proof. Take ε > 0, and recall (2.A.1) then we have:
∣∣∣E( 〈ẽ[ny]

〉 )
− E

( 〈
ẽ[ly]

〉 )∣∣∣ =
∣∣∣∣E( 1

β[ny]

(
〈[ny], f(Arn)[ny]〉n−1 + 〈[ny], f(Apn)[ny]〉n + ε[ny]

n

))
− E

( 1
β[ly]

(
〈[ly], f(Arn)[ly]〉l−1 + 〈[ly], f(Apl )[ly]〉l + ε

[ly]
l

))∣∣∣∣.
(2.A.14)

Since β is continuous, and 0 < βmin ≤ β(y) ≤ βmax, we have β[ny] = β( [ny]
n

) and
β( [ly]

l
) are sufficiently close. In addition, f(Arn) ,f(Apn) are uniformly bounded in n.

Hence, it is sufficient to show∣∣∣E(〈[ny], f(Arn)[ny]〉n−1 + 〈[ny], f(Apn)[ny]〉n + ε[ny]
n

)
−

E
(
〈[ly], f(Arl )[ly]〉l−1 + 〈[ly], f(Apl )[ly]〉l + ε

[ly]
l

)∣∣∣ < ε,
(2.A.15)

for n, l > N0 with N0 large enough. But the terms |ε[ny]
n | and |ε[ly]| are bounded by

C
n
and C

l
, respectively. Therefore, for N0 large enough, they will be small, and it is

enough to show:∣∣∣E(〈[ny], f(Arn)[ny]〉n−1+〈[ny], f(Apn)[ny]〉n
)
−E

(
〈[ly], f(Arl )[ly]〉l−1+〈[ly], f(Apl )[ly]〉l

)∣∣∣ < ε,
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for proper N0. Actually, we prove that there exists N0, such that for n, l > N0,∣∣∣E(〈[ny], f(Apn)[ny]〉n
)
− E

(
〈[ly], f(Apn)[ly]〉l

)
| < ε. (2.A.16)

The term |E(〈[ny], f(Arn)[ny]〉n−1 − E(〈[ly], f(Arl )[ly]〉l−1| can be treated exactly the
same way. In order to demonstrate (2.A.16), recall the definition of f

ε
4
≺(Apn) and

f
ε
4
�(Arn) from the expression (2.A.4), and recallK∗( ε4), which is given in this definition.
Taking advantage of (2.A.5), we get∣∣∣∣E(〈[ny], f

ε
4
�(Apn)[ny]〉n

)
− E

(
〈[ly], f

ε
4
�(Apl )[ly]〉l

)∣∣∣∣ ≤ ε

2 .

By using the fact that f(Apn) = f
ε
4
≺(Apn) + f

ε
4
�(Apn), and f(Apl ) = f

ε
4
≺(Apl ) + f

ε
4
�(Apl ), it is

sufficient to prove that for n, l > N0:∣∣∣∣E(〈[ny], f
ε
4
≺(Apn)[ny]〉

)
− E

(
〈[ly], f

ε
4
≺(Apl )[ly]〉

)∣∣∣∣ ≤ ε

2 . (2.A.17)

Since K∗( ε4) is independent of n and l, it is enough to prove that ∀ε̃ > 0, there exist
N0 such that ∀k ∈ {0, . . . , K∗( ε4)} and ∀n, l > N0:∣∣∣E(〈[ny], (Apn − αIn)k[ny]〉

)
− E

(
〈[ly], (Apl − αIl)k[ly]〉

)∣∣∣ < ε̃. (2.A.18)

Then, taking ε̃ = ε
2cK∗( ε4 ) , where c is the bound on |a0|, . . . , |aK∗( ε4 )|, completes the

proof. We can obtain (2.A.18) by using (2.A.13) and properties of Fk,η as follows:
Let us assume y ∈ (0, 1)22, fix k ∈ {1, . . . K∗( ε4)}, and take N ′ such that for n, l > N ′

we have: K∗( ε4) < [ny] < n−K∗ ε4 and K∗( ε4) < [ly] < l −K∗( ε4). By this choice we
can use (2.A.13) and observe:∣∣∣E(〈[ny], (Apn − αIn)k[ny]〉n

)
− E

(
〈[ly], (Apl − αIl)k[ly]〉l

)∣∣∣ =∣∣∣∣∣ ∑
η∈Ĩk

(
E
(
Fk,η

(
mk([ny], n), bk([ny], n)

))
− E

(
Fk,η

(
mk([ly], l), bk([ly], l)

)))∣∣∣∣∣.
(2.A.19)

Thanks to the third property of Fk,η, ∀ ε′ > 0, there exists δη(ε′) such that for
|bk([ly], l)− bk([ny], n)| ≤ δη(ε′), we have∣∣∣∣E(Fk,η(mk([ny], n), bk([ny], n)

))
− E

(
Fk,η

(
mk([ly], l), bk([ly], l)

))∣∣∣∣ ≤ ε′.

On the other hand, since β(.) is continuous, there exist Nk
η such that for n, l > Nk

η

and for all −[k2 ]− 1 < i < [k2 ] + 1, we have

|β( [ny] + i

n
)− β( [ly] + i

l
)| ≤

δη( ε̃

3K∗(
ε
4 ) )√

k + 3
.

22The case y = 0 or y = 1, corresponds to the paths which are constructed by vectors of the
form (1, 0), (1,−1), for y = 0, and (1, 0), (1, 1) for y = 1. In either case, our argument is similar,
where we can modify the set Ĩk and function F accordingly.
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Hence, thanks to the definition of bk (2.A.12), for n, l > Nk
η we get |bk([ly], l) −

bk([ny], n)| ≤ δη( ε̃

3K∗(
ε
4 ) ). Consequently, if we take Nk = max{η∈Ĩk}{N

k
η , N

′}, ∀n, l >
Nk, we have ∀η ∈ Ĩk:

∣∣∣∣E(Fk,η(mk([ny], n), bk([ny], n))
)
− E

(
Fk,η(mk([ly], l), bk([ly], l))

)∣∣∣∣ ≤ ε̃

3K∗( ε4 ) .

Combining the later with the estimate |Ĩk| ≤ 3k ≤ 3K∗( ε4 ), we get (2.A.18). Finally,
taking N0 = max{k∈IK∗( ε4 )}{Nk, N

′} finishes the proof.
Notice that in order to deal with the term |E(〈[ny], f(Arn)[ny]〉n−1−E(〈[ly], f(Arl )[ly]〉l−1|
one should properly modify the definition of Fη,k and Ĩx,pn,k. In particular, in this case
Fη,k is given by:

F̃n,η(mk, bk) = θη0η1 . . . θηiηi+1 . . . θηk−1ηk ,

θηi,ηi+1 =


bkηi(

bkηi
mηi+k

+ bηi+1
(mηi+1)

− α if ηi = ηi+1,

− bkhatηi+1
mη̂i

√
bkη̂ib

k
η̂i+1 if ηi 6= ηi+1.

(2.A.20)

Since this function satisfies the same properties, the rest of the proof is exactly
similar to the previous case.

As an obvious consequence of Lemma 2.A.1 we have:
Corollary 2.A.1.1. ∀y ∈ [0, 1], the limit limn→∞ E(

〈
ẽ[ny]

〉
ρn

) exists, and the func-
tion fµβ is well-defined.

Moreover, following the proof of Lemma 2.A.1, we can deduce the following
corollary as well:
Corollary 2.A.1.2. In thermal equilibrium i.e. when for βeq ∈ (0,∞), β(y) = βeq
is constant in y, we have:

∀y, y′ ∈ (0, 1), fµβ (y) = fµβ (y′). (2.A.21)

In particular, the function fµ(.) in (2.4.35) is well defined.
Proof. In order to proof (2.A.21) it is enough to show that

lim
n→∞

E(
〈
ẽ[ny]

〉
ρn,βeq

)− E(
〈
ẽ[ny′]

〉
ρn,βeq

) = 0.

We omit the subscript of ρ since it is clear that we are in thermal equilibrium. Take
ε > 0, first recall the expression of

〈
ẽ[ny]

〉
ρ
(2.A.1), then rewrite f(.) = f

ε
4
≺(.) + f

ε
4
�(.)

as it has been defined in (2.A.4) and observe:∣∣∣E( 〈ẽ[ny]
〉
ρn,βeq

)
− E

( 〈
ẽ[ny′]

〉
ρn,βeq

)∣∣∣ ≤
1
βeq

∣∣∣∣E(〈[ny], f
ε
4
≺(Apn)[ny]〉) + 〈[ny], f

ε
4
≺(Arn)[ny]〉

)
−

E
(
〈[ny], f

ε
4
≺(Apn)[ny]〉+ 〈[ny′], f

ε
4
≺(Arn)[ny′]〉

)∣∣∣∣+ ε

(2.A.22)
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where we bounded the terms involving f
ε
4
� by ε

2 , thanks to (2.A.5). Moreover, |ε[ny]
n |+

|ε[ny′]n | is bounded by C
n
; therefore, it has been bounded by ε

2 , by taking n > N1, for
proper N1. Lastly, recall K∗( ε4) from (2.A.4), and choose N2 such that for n > N2,

[
K∗( ε4)

2 ] + 1 < [ny] < n− [
K∗( ε4)

2 ]− 1, [
K∗( ε4)

2 ] + 1 < [ny′] < n− [
K∗( ε4)

2 ]− 1.

Thanks to this choice, and by using (2.A.13), for any k ∈ {1, . . . , K∗( ε4)} we have:

|E(〈[ny], (Apn − αIn)k[ny]〉n)− E(〈[ny′], (Apn − αIn)k[ny′]〉n)| =∣∣∣∣∣ ∑
η∈Ĩk

(
E
(
Fk,η(mk([ny], n), bk([ny], n))

)
− E

(
Fk,η(mk([ny′], n), bk([ny′], n))

))∣∣∣∣∣ = 0,

(2.A.23)

where, first, we used the fact that in thermal equilibrium we have bk([ny], n) =
bk([ny′], n), then we took advantage of the second property of Fk,η. Therefore, by
using the definition of f

ε
4
≺, the term in second line of (2.A.22) is zero, for n > N2 (the

part corresponding to Arn is completely analogous). Hence taking n > max{N1, N2}
gives us the desirable result.
Proposition 2.A.1.1. The function fµβ (y) : (0, 1)→ R is continuous.

Proof. Fix ε > 0, and observe

|fµβ (y)− fµβ (y′)| ≤ |fµβ (y)− fµβ,n(y)|+ |fµβ,n(y)− fµβ,n(y′)|+ |fµβ,n(y′)− fµβ (y′)|, (2.A.24)

where fµβ,n(y) := E(〈ẽ[ny]〉ρn). Since limn→∞ fµβ,n(y) = fµβ (y), if we take n > N1(ε),
then

|fµβ (y)− fµβ,n(y)|+ |fµβ,n(y′)− fµβ (y′)| ≤ ε

2 .

Moreover, we claim that there exist N2(ε), such that for n > N2(ε), there exists δ
such that for |y − y′| < δ, |fµβ,n(y)− fµβ,n(y′)| < ε

2 . Proving this claim completes the
proof, since we can take n > max{N1(ε), N2(ε)} and observe that for |y − y′| < δ,
we have |fµβ (y)− fµβ (y′)| < ε.

However, the proof of this statement follows the same lines of Lemma 2.A.1 and
Corollary (2.A.1.2). Similar to (2.A.22), we divide f(.) = f

ε
4
≺(.) + f

ε
4
�(.), and take

N3(ε) such that for n > N2(ε) we have

[
K∗( ε4)

2 ] + 1 < [ny] < n− [
K∗( ε4)

2 ]− 1, [
K∗( ε4)

2 ] + 1 < [ny′] < n− [
K∗( ε4)

2 ]− 1.

Therefore, we have:∣∣∣E(
〈
ẽ[ny]

〉
ρn

)− E(
〈
ẽ[ny′]

〉
ρn

)
∣∣∣ ≤ 1

β( [ny]
n

)

∣∣∣∣E(〈[ny], f
ε
4
≺(Apn)[ny]〉) + 〈[ny], f

ε
4
≺(Arn)[ny]〉

)
−

E
(
〈[ny], f

ε
4
≺(Apn)[ny]〉+ 〈[ny′], f

ε
4
≺(Arn)[ny′]〉

)∣∣∣∣+
ε

2 + |ε[ny]
n |+ |ε[ny

′]
n |+ C

(
β−1( [ny′]

n
)− β−1( [ny′]

n
)
)
,

(2.A.25)
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where we can find N4 and δ0 such that the last line will be bounded by 3ε
4 , for

n > N4 and |y−y′| < δ0. Let us take N2(ε) = max{N3(ε), N4}. Recall the definition
of f

ε
4
≺(.) (2.A.4) as a Taylor sum up to K∗( ε4) terms. By using the choice of N2(ε)

rewrite each term of this sum as a sum over the paths η ∈ Ĩk as in (2.A.13). The
rest of the proof boils down to demonstrating the fact that for n > N2(ε), for all
1 ≤ k ≤ K∗( ε4), and for all η ∈ Ĩk, we have: ∀ε̂ > 0 there exist δk,η(ε̂) > 0, such that
if |y − y′| < δk,η(ε̂) then∣∣∣∣E(Fk,η(mk([ny], n), bk([ny], n))

)
− E

(
Fk,η(mk([ny′], n), bk([ny′], n))

)∣∣∣∣ < ε̂.

(2.A.26)
However, recalling the definition of bk([ny], n) from (2.A.12), since β(.) is continuous,
one can observe that if |y− y′| < δ̃, |bk([ny], n)− bk([ny′], n)| is sufficiently small for
a proper choice of δ̃. Therefore, by using the third property of Fk,η, we obtain the
desired δk,η(ε̂). Finally, taking

ε̂ = ε

3K∗( ε4 )K∗( ε4)4c
, δ = min

0<k≤K∗( ε4 )
{δ0,min

η∈Ĩk
{δk,η}}

finishes the proof. Notice that here c is the uniform bound on Taylor coefficients
|a0|, . . . |aK∗( ε4 )|. Moreover, the choice of ε̂ is justified by the bound |Ĩk| ≤ 3k.
Furthermore, as usual the part corresponding to r can be treated exactly in the
same way.

The next proposition proves (2.4.36), and illustrates the fact that fµβ (y) is in
fact a function of inverse temperature at point y i.e. β(y). Since the proof of this
proposition is similar to the previous lemma and proposition, we just sketch the
proof and only highlight the differences:

Proposition 2.A.1.2. Let β ∈ C0([0, 1]) satisfying the assumptions stated in the
definition (2.1.9). Recall the definition of fµβ : [0, 1] → R from (2.4.5), and fµ :
(0,∞)→ R from (2.4.35), then we have ∀y ∈ (0, 1):

fµβ (y) = fµ(β(y)). (2.A.27)

Proof. Fix y ∈ (0, 1) and recall that we denote the average in Gibbs state in thermal
equilibrium at inverse temperature βeq, with 〈.〉ρn,βeq . Since in thermal equilibrium,
we have translation invariance in the limit thanks to (2.A.21) in Corollary 2.A.1.2,
it is enough to prove that ∀ε > 0, there exist N(ε), such that for n > N(ε):∣∣∣E( 〈ẽ[ny]

〉
ρn

)
− E

( 〈
ẽ[ny]

〉
ρn,β(y)

)∣∣∣ ≤ 2ε. (2.A.28)

Let us denote the matrices corresponding to thermal averages at temperature profile
β(.) (2.2.25) by Ap,β(.)

n and Ar,β(.)
n , only for the sake of this proposition. Similarly,

denote the same matrices in thermal equilibrium at temperature β(y) by Ap,β(y)
n ,

Ar,β(y)
n . The proof goes as follows: we rewrite (2.A.28) in terms of f(Ap,β(.)

n ), f(Ar,β(.)
n ),

f(Ap,β(y)
n ), and f(Ar,β(y)

n ) thanks to (2.A.1), up to a vanishing error. Then we decom-
pose f(.) = f

ε
4
≺(.) + f

ε
4
�(.) and we bound all the terms corresponding to f

ε
4
�(.) by ε

2 ,
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thanks to (2.A.5). Notice that the definition of f, fε� and fε≺ depends on the matrices
through the constants α and K∗(ε). Here, we take the definition which is given by
matrices Ap,β(.)

n and Ar,β(.)
n . Then it is straightforward to check that f(Ar,β(y)

n ) and
f(Ap,β(y)

n ), are well defined and they satisfy the same bounds as in (2.A.5), since
βmin ≤ β(y) ≤ βmax, and the same uniform bound c0 in Lemma 2.4.1 holds for
||Ap,β(y)

n || and ||Ar,β(y)
n ||. The terms involving f

ε
4
≺ can be treated similar to Proposi-

tion 2.A.1.1, we sketch the terms related to p, the other ones is similar. First, we
choose N0(ε) such that for n > N0(ε), K∗( ε4) ≤ [ny] ≤ n −K∗( ε4), then we expand
each term of the sum appearing in f

ε
4
≺(.) by using the random walk representation in

(2.A.13), similar to (2.A.26), it is enough to show that for any ε̂ > 0, 1 ≤ k ≤ K∗( ε4)
and η ∈ Ĩk there exists N such that for n > N , we have:∣∣∣∣E(Fk,η(mk([ny], n), bk([ny], n))

)
−E

(
Fk,η(mk([ny], n), b̃k([ny], n))

)∣∣∣∣ ≤ ε̂, (2.A.29)

where b̃k([ny], n) is defined analogous to bk([ny], n) (2.A.12) for a constant profile
of temperature at inverse temperature β(y) i.e. b̃k([ny], n)i = β(y) for −[k2 ] ≤ i ≤
[k2 ] + 1. However, existence of N such that for n > N (2.A.29) holds is evident from
the third property of Fk,η and the fact that β(.) is continuous.

Recall the definition of Y n
x = g(x

n
)(〈ẽx〉ρn − E(〈ẽx〉ρn)), and the sequence nk in

the proof of 2.4.4, where nk → ∞ with nk+1
nk
→ 1. The following lemma was an

essential part of the proof:

Lemma 2.A.2. Fix ε > 0, then for every realization of the masses, there exists N∗
such that, for every nk > N∗ and every n with nk ≤ n < nk+1, we have: ∀x ∈ Ink ,
with n∗ < x < nk − n∗, |Y n

x − Y nk
x | ≤ ε. Here, n∗ is a constant only depending on ε.

Proof. Fix ε > 0, and recall the definition of Y n
x , we have

∣∣∣Y x
n − Y x

nk

∣∣∣ =
∣∣∣∣g(x
n

) 〈ẽx〉ρn − g(x
n

)E
(
〈ẽx〉ρn

)
− g( x

nk
) 〈ẽx〉ρnk + g( x

nk
)E
(
〈ẽx〉ρnk

)∣∣∣∣ ≤∣∣∣∣g(x
n

) 〈ẽx〉ρn − g( x
nk

) 〈ẽx〉ρnk
∣∣∣∣+ ∣∣∣∣g(x

n
)E
(
〈ẽx〉ρn

)
− g( x

nk
)E
(
〈ẽx〉ρnk

)∣∣∣∣.
(2.A.30)

The second term in (2.A.30) can be treated by using Lemma 2.A.1, and continuity
of g (note that we used the choice of n and nk, where n

nk
→ 1, as well). Hence, there

exits N1, such that for nk > N1, we have:

∣∣∣∣g(x
n

)E
(
〈ẽx〉ρn

)
− g( x

nk
)E
(
〈ẽx〉ρnk

)∣∣∣∣ ≤
c1

∣∣∣∣g(x
n

)− g( x
nk

)
∣∣∣∣+ c2

∣∣∣∣E( 〈ẽx〉ρn )− E
(
〈ẽx〉ρnk

)∣∣∣∣ ≤ ε

2 ,
(2.A.31)

where c1 is the bound on |g|, and c2 is the bound on |E(〈ẽx〉ρnk )|.
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Similarly, for the first term in (2.A.30) |g(x
n
) 〈ẽx〉ρn − g( x

nk
) 〈ẽx〉ρnk |, it is enough

to deal with | 〈ẽx〉ρn − 〈ẽx〉ρnk |. Thanks to the expression of 〈ẽx〉ρn in (2.A.1), for
proper N2, we have for n > N2:

c1

∣∣∣ 〈ẽx〉ρn − 〈ẽx〉ρnk ∣∣∣ ≤ c1C0

(∣∣∣〈x, f(Apn)x〉n − 〈x, f(Apnk)x〉nk
∣∣∣+∣∣∣〈x, f(Arn)x〉n−1 − 〈x, f(Arnk)x〉nk−1

∣∣∣+ ε

6

)
,

(2.A.32)

where we chose N2 such that |εxn| + |εxnk | ≤
ε
6 . From now on, let us show ε

c1C0
by ε.

Now it is enough to find N3, such that for nk > N3,∣∣∣〈x, f(Apn)x〉n − 〈x, f(Apnk)x〉nk
∣∣∣ ≤ ε

6 .

Let us decompose f(.) = f
ε
12
≺ (.) + f

ε
12
� (.) as in (2.A.4), recall K∗( ε

12) from (2.A.4) and
let n∗ = K∗( ε

12), notice that n∗ only depends on ε. Therefore, thanks to (2.A.5) we
have:

∣∣∣〈x, f(Apn)x〉n − 〈x, f(Apnk)x〉nk
∣∣∣ ≤ ∣∣∣〈x, f ε12

≺ (Apn)x〉n − 〈x, f
ε
12
≺ (Apnk)x〉nk

∣∣∣+ ε

12 . (2.A.33)

Now, it is sufficient to show that∣∣∣〈x, f ε12
≺ (Apn)x〉n − 〈x, f

ε
12
≺ (Apnk)x〉nk

∣∣∣ ≤ ε

12 , (2.A.34)

for nk sufficiently large. In order to control this term, recall the definition of bk from
(2.A.12) and notice that for any δ > 0, there exists N4(δ) such that for nk > N4(δ),
|bk(x, n) − bk(x, nk)| < δ, since β is continuous, nk ≤ n < nk+1, and nk+1

nk
→ 1. By

using the first property of Fk,η, we choose δ > 0 such that

|Fk,η(mk(x, n), bk(x, n))−Fk,η(mk(x, nk), bk(x, nk))| ≤
ε

12c1n∗3n∗
,

where c1 is the uniform bound on coefficients a0, . . . , an∗ in (2.A.4).
Taking n > max{N1, N2, N3, N4(δ), n∗}, and combining this last estimate with the
expression of f

ε
12
≺ in (2.A.4) as well as the random walk representation relation

(2.A.13), gives us (2.A.34) for any n∗ < x < n − n∗. The term corresponding
to r can be bounded by ε

6 similarly.

2.B Alternative Coordinates
Since it is more fashionable to treat quantum harmonic chains in terms of p and q
coordinates, in this section, we introduce our model in terms of these coordinates
and rewrite the main transformations in terms of q coordinates, in order to illustrate
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the link between our setup and the conventional one. Define on the Hilbert space
L2(Rn), the following Hamiltonian operator:

Hn = 1
2

n∑
x=1

( p
2
x

mx

+ (qx+1 − qx)2), (2.B.1)

where for each x ∈ In, qx denotes the position operator of the particle x, i.e. denot-
ing the space variable by ζζζ ∈ Rn, for any |ψ〉|ψ〉|ψ〉 ∈ L2(Rn), qx|ψ(ζ1, . . . , ζx, . . . , ζn)〉|ψ(ζ1, . . . , ζx, . . . , ζn)〉|ψ(ζ1, . . . , ζx, . . . , ζn)〉 =
ζxζxζx|ψ(ζ1, . . . , ζx, . . . , ζn)〉|ψ(ζ1, . . . , ζx, . . . , ζn)〉|ψ(ζ1, . . . , ζx, . . . , ζn)〉, and px denotes the corresponding momentum operator px =
−i∂ \∂ζζζx . Moreover, we assume the free boundary condition: q0 = q1 and qn = qn+1.
Here mx are positive i.i.d random variables.
The Hamiltonian (2.B.1) can be diagonalized with a linear transformation and writ-
ten as sum of free bosons:

Hn = p̂2
0 +

n−1∑
k=1

ωk(b̂∗kb̂k + 1
2), (2.B.2)

where bk and b∗k are bosonic annihilation and creation operators with commutation
relations [b̂∗k, b̂k′ ] = δk,k′ , [b̂∗k, b̂∗k′ ] = [b̂k, b̂k′ ] = 0. Here p̂o = ∑n

x=1 px is the total
momentum operator. Since [p̂0, Hn] = 0, and the Hamiltonian Hn is translation
invariant, after a straightforward analysis, the expression (2.B.2) indicates that Hn

has a purely continuous spectrum (cf. Remark 3.3 of [179], and Remark 3.6 of [178]
for more details). However, one can observe that the Heisenberg dynamics generated
by (2.B.2) on L2(Rn) is similar to (2.2.22). Up to a p̂0 = (∑n

x=1mx)−1px operator
which is constant in time.
Another technical problem arising in this description, concerns the density operator
ρnp̄,r̄,β = exp

(
−H̃n

β

)
(2.1.9). The pseudo-Hamiltonian H̃n

β can be written as

H̃n
β = p̃2

0
2 +

n−1∑
k=1

γk(b̃∗kb̃k + 1
2), (2.B.3)

where b̃∗k and b̃k are another set of bosonic operators (2.2.35), (2.B.14), and

p̃0 = (
n∑
x=1

mx

βx
)− 1

2
( n∑
x=1

px − Π0
)

= (
n∑
x=1

mx

βx
)− 1

2 (p̂o − Π0), (2.B.4)

Thanks to the definition of p̃0 one can observe that similar to Hn, H̃n
β has a con-

tinuous spectrum as an operator on L2(Rn) in this coordinates. Moreover, ρnp̄,r̄,β is
not trace-class in this description, anymore. Although, ρnp̄,r̄,β seems to be a natural
choice for our locally Gibbs state corresponding to r̄, p̄, β, we need to slightly modify
it, in order to circumvent the above mentioned technicalities. Recall that total mo-
mentum p̂o = ∑n

x=1 px is conserved by the dynamics. Ideally, one would be tempted
to fix the total momentum apriori to the value prescribed by the macroscopic profile
i.e.,

Π0 =
n∑
x=1

p̄(x
n

)mx

m̄
. (2.B.5)
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However, this is not convenient for technical reasons, instead we modify our ini-
tial locally Gibbs state as follows: Let us denote L2(Rn) by Hn, only in this sec-
tion. Inspiring from diagonalization (2.2.31), we decompose Hn as follows: Let
ζ̃ζζ0 := (∑n

x=1
mx
βx

)− 1
2
∑n
x=1

mx
βx
ζζζx, and V ⊥

ζ̃ζζ0
⊂ Rn, be the orthogonal complement of

Span(ζ̃ζζ0). Denote the Lebesgue measure on V ⊥
ζ̂ζζ0
⊂ Rn, by dνn−1, then we have:

Hn = L2(R, dζ̃ζζ0) ⊗ L2(V ⊥
ζ̃ζζ0
, dνn−1) ≡ Ho ⊗ H−n−1. Again appealing to (2.2.31), ob-

serve that H̃n
β = 1

2 p̃
2
0 +Hn,−

β , where

p̃0 = (
n∑
x=1

mx

βx
)− 1

2
( n∑
x=1

px − Π0
)

= (
n∑
x=1

mx

βx
)− 1

2 (p̂o − Π0), (2.B.6)

only acts on Ho and
Hn,−
β := H̃n

β −
1
2 p̃

2
0, (2.B.7)

only acts on H−n−1.
Take |φ〉|φ〉|φ〉 ∈ L2(R, dζ̃ζζ0) such that 〈φ|φ〉〈φ|φ〉〈φ|φ〉 = 1, 〈φ|〈φ|〈φ|p̃0|φ〉|φ〉|φ〉 = 0, 〈φ|〈φ|〈φ|p̃2

0|φ〉|φ〉|φ〉 = 1, this means
the total momentum has the following average and uncertainty: 〈φ|〈φ|〈φ|p̂o|φ〉|φ〉|φ〉 = Π0 and
〈φ|〈φ|〈φ|p̂2

o|φ〉|φ〉|φ〉−Π2
0 = (∑n

x=1
mx
βx

), (cf. Remark 2.B.2), then we define the locally Gibbs
state with "fixed total momentum" as:

ρnp̄,r̄,β = 1
Zn

(
|φ〉〈φ||φ〉〈φ||φ〉〈φ| ⊗ exp

(
−Hn,−

β

))
, (2.B.8)

where |φ〉〈φ||φ〉〈φ||φ〉〈φ| denotes the projection operator into the subspace spanned by the pure
state |φ〉|φ〉|φ〉. Observe that Hn,−

β = H̃n
β −

p̃2
0
2 is essentially self-adjoint on S(Rn−1) (cf.

[197], [180], [48]), and denote its closure with the same symbol. Notice that Hn,−
β

can be mapped into Hn
β (2.1.10) by a unitary transformation. Consequently, one

can check that Hn,−
β has a discrete spectrum with non-negative eigenvalues (with a

process similar to Section 2.2). We can express Hn,−
β in terms of the sum of free

bosonic operators, and obtained the spectrum explicitly similar to what we did in
Section 2.2. Hence, using spectral theory, one can observe that ρnp̄,r̄,β is well defined
and trace-class.
Therefore, for every operator a, if aρ is a trace class operator, we can define the
"average of the observable a in the state ρ", i.e. 〈a〉ρ as:

〈a〉ρ = Tr(ρa). (2.B.9)

As before, one can observe that 〈px〉ρ, 〈rx〉ρ, and 〈ex〉ρ are well defined, this suggests
that (2.B.8) is an appropriate modification of (2.1.9) in this coordinate.
In order to avoid the aforementioned difficulties, we describe our model in terms
of elongation operators. One can argue that elongation operators are "physically"
relevant, since in the classical counterpart of our system the elongation is the "real"
physical variable, rather than the position of the particles. Let us highlight the
relation between these models by a couple of remarks:
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Remark 2.B.1. Notice that same result of Theorem 2.1.1 holds for this system, as
well. In fact, initially the previous description can be mapped into this new descrip-
tion via a unitary transformation (cf. Remark 3.3 in [179]).
The proof in this new coordinate is basically identical, except for some considerations
concerning center of mass, which makes the proof even simpler. For example Enx in
(2.2.41) does not appear anymore thanks to the proper choice of |φ〉|φ〉|φ〉.
In the previous description (2.1.2), by definition we have ∑n

x=1 px = 0. This is
because we begin the description of the system by quantizing the classical descrip-
tion corresponding to the observer in center of the mass. Consequently, we should
take

∫ 1
0 p̄(y)dy = 0. In this new coordinates, since we describe the center of mass

separately by |φ〉|φ〉|φ〉, we can take any p̄ ∈ C1([0, 1]) with non zero average.

Remark 2.B.2. Physically the initial state (2.B.8), means that initially we prepare
our system in the lab such that our system’s center of the mass is known and is given
by the wave function |φ〉|φ〉|φ〉, such that the above mentioned averages (momentum and
kinetic energy contribution) is prescribed by the macroscopic profile of momentum
and temperature, and other degrees of freedom are subjected to the thermal and
mechanical fluctuations. Mathematically, this state is more convenient. We should
emphasize that the assumption, 〈φ|〈φ|〈φ|p̂2

o|φ〉|φ〉|φ〉−Π2
o = (∑n

x=1
mx
βx

) is not crucial. Our result
holds as long as we replace (∑n

x=1
mx
βx

) with any constant of order n. One can replace
the pure state |φ〉〈φ||φ〉〈φ||φ〉〈φ| with any mixed state ρo acting on Ho, with Tr(ρo) = 1, such
that

Tr(ρop̂o) = Π0, Tr
(
ρop̂

2
o

)
− Π2

o ∼ O(n),

and obtain the similar result in Theorem 2.1.1.
Notice that the aforementioned constants are random and they have been defined for
a realization of the masses. However, in the thermodynamic limit Π0

n
→

∫ 1
0 p̄(y)dy,

and 1
n

∑n
x=1

mx
βx
→

∫ 1
0

m̄
β(y)dy, almost surely, thanks to law of large numbers, which

further justifies our choice.
Finally, one can construct such |φ〉|φ〉|φ〉 easily, via an inverse Fourier transform (in ζ̃0̃ζ0̃ζ0
variable) of a Gaussian function.

We show our main transformations in terms of q coordinates: Rewrite the Hamil-
tonian in q coordinate as:

Hn = 1
2(〈p,M−1p〉n + 〈∇+q,∇+q〉n−1)) = 1

2〈p,M
−1p〉n + 〈q,−∆q〉n).

The proper transformation of q in order to diagonalize the Hamiltonian is

q̂k = 〈ϕk,M 1
2 q〉n =

n∑
x=1

√
mxϕ

k
xqx,

where p̂k is defined as before. We can find the following relation between q̂k and r̂k:

r̂k = ωkq̂k. (2.B.10)
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Canonical commutation relation (CCR) in terms of q reads:

[q̂k, p̂k′ ] = iδk,k′ , [q̂k, q̂k′ ] = [p̂k, p̂k′ ] = 0. (2.B.11)

The inverse is given by

q = M− 1
2Oq̂, qx = 1

√
mx

n−1∑
k=0

ϕkxq̂k,

and the Hamiltonian reads

Hn = p̂0

2
1
2

n−1∑
k=1

(p̂2
k + ω2

kq̂
2
k), (2.B.12)

The bosonic operators have the following form in terms of q̂ coordinates:

b̂k = 1√
2

(√ωkq̂k + i
1
√
ωk
p̂k), b̂∗k = 1√

2
(√ωkq̂k − i

1
√
ωk
p̂k).

In order to expose the aforementioned link further, we introduce the coordinate
q̃k similar to q̂k:

Define q̄x as follows: First, construct q̄x, for x ∈ In, from r̄x, by defining q̄1 =
q̄0 = c (c is an arbitrary constant, corresponding to the macroscopic position of the
first particle) and let q̄x = ∑x−1

y=1 r̄y + q̄1. Then, we have q̃x = qx− q̄x, which gives us:

H̃n
β = 1

2(〈p̃,M−1
β p̃〉n + 〈∇+q̃, β

o∇+q̃〉n−1) = 1
2(〈p̃,M−1

β p̃〉n + 〈q̃,−∇−βo∇+q̃〉n).

Therefore, q̃k is defined as:

q̃ = O†βM
1
2
β q̃, q̃k = 〈ψk,M

1
2
β q̃〉n =

n∑
x=1

√
mx

βx
ψkx q̃x.

Moreover, it is illuminating to know the relation between r̃k and q̃k:

r̃k = γkq̃k.

The inverse relation for q̃k is given by:

q̃ = M
− 1

2
β Oβ q̃, q̃x =

√
βx
mx

n−1∑
k=0

ψkxq̃k.

Finally, the pseudo-Hamiltonian is diagonalized as follows:

H̃n
β = p̃

2 + 1
2

n−1∑
k=1

(p̃2
k + γ2

k q̃
2
k), (2.B.13)

Commutation relation is given by

[q̃k, q̃k′ ] = [p̃k, p̃k′ ] = 0, [q̃k, p̃k′ ] = iδk,k′ , ∀k ∈ I0
n−1,

and the bosonic operators are given by:

b̃k = 1√
2

(√γkq̃k + i
1
√
γk

p̃k), (2.B.14)

b̃∗k = 1√
2

(√γkq̃k − i
1
√
γk

p̃k). (2.B.15)
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2.C Average of Bosonic Operators
Recall the average of bosonic operators (2.2.38) from Lemma 2.2.2. One can compute
these averages and proof the lemma as follows (Notice that since E0 is a constant,
we can simply omit it from our computation and it does not change the desired
averages) :

Proof. First we compute Zn := Tr
(
exp

(
−Hn

β

))
, using spectral theory, we expand

the trace in the basis of eigenvalues of Hn
β i.e. {

∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉|θ̄ ∈ Nn−1}. Then, the following
computation gives us the result: (we abbreviate ∑n−1

k=1 θkγk by θ̄.γ̄, where γ̄ stands
for the vector γ̄ := (γ1, . . . , γn−1)) 23

Zn = Tr
(
exp

(
−Hn

β

))
=

∑
θ̄∈Nn−1

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣ exp

(
−Hn

β

)∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 =
∑

θ̄∈Nn−1

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣ exp

(
−θ̄.γ̄

)∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉〈θ̄∣∣∣θ̄〉〈
θ̄
∣∣∣θ̄〉〈
θ̄
∣∣∣θ̄〉

=
∑

θ̄∈Nn−1

exp
(
−θ̄.γ̄

)
=

n−1∏
k=1

(
∞∑
θk=0

e−θkγk) =
n−1∏
k=1

1
1− e−γk .

(2.C.1)

Now from (2.2.32), (2.2.37), observe that

b̃k|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉 =
√
θk|(θ1, . . . , θk − 1, . . . , θn−1)〉|(θ1, . . . , θk − 1, . . . , θn−1)〉|(θ1, . . . , θk − 1, . . . , θn−1)〉,

b̃∗k|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉 =
√
θk + 1|(θ1, . . . , θk + 1, . . . , θn−1)〉|(θ1, . . . , θk + 1, . . . , θn−1)〉|(θ1, . . . , θk + 1, . . . , θn−1)〉.

Therefore, since
∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 are orthonormal, we have

∀
∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉, ∀k,

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣b̃k∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 =

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣b̃∗k∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 =

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣b̃kb̃k′∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 =

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣b̃∗kb̃∗k′∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 = 0.

Moreover, if k 6= k′, we have
〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣b̃kb̃∗k′∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 =

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣b̃∗k′ b̃k∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 = 0.

Since
∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 are orthonormal, if we expand Tr

(
exp

(
−Hn

β

))
in the basis ofHn

β , we deduce
the first set of equalities in (2.2.38). Furthermore, for k 6= k′, we deduce

〈
b̃kb̃

∗
k′

〉
ρ

=〈
b̃∗k′ b̃k

〉
ρ

= 0 as well.
On the other hand, if k = k′, the same relations (2.4.21), (2.2.32)imply:

b̃∗kb̃k|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉 = θk|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉|(θ1, . . . , θk, . . . , θn−1)〉,

23We do not explain the proof in details since this is a classical result one can find [48].
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thus, we have
〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣b̃∗kb̃k∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 = θk. Consequently, we can compute

〈
b̃∗kb̃k

〉
ρ
:

〈
b̃∗kb̃k

〉
ρ

= Tr
(
ρb̃∗kb̃k′

)
= 1
Zn

Tr
(
e−H

n
β b̃∗kb̃k′

)
= 1
Zn

∑
θ̄∈Nn−1

〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣ exp

(
−Hn

β

)
b̃∗kb̃k′

∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉

= 1
Zn

∑
θ̄∈Nn−1

θk
〈
θ̄
∣∣∣〈θ̄∣∣∣〈θ̄∣∣∣ exp

(
−Hn

β

)∣∣∣θ̄〉∣∣∣θ̄〉∣∣∣θ̄〉 = 1
Zn

∑
θ̄∈Nn−1

θk exp
− n−1∑

j=1
θjγj


= 1
Zn

−∂Zn
∂γk

= 1
eγk − 1 .

(2.C.2)

Since we have the commutator relation [b̃k, b̃∗k] = 1, we obtain the last equality:〈
b̃kb̃

∗
k

〉
ρ

= 1
eγk−1 + 1.
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Chapter 3

Stochastic DNLS

We introduce a mass conserving stochastic perturbation of the discrete non-linear
Schrödinger equation that models the action of a heat bath at a given temperature.
We prove that the corresponding canonical Gibbs distribution is the unique invariant
measure. In the one-dimensional cubic focusing case on the torus, we prove that
in the limit for large time, continuous approximation, and low temperature, the
solution converges to the steady wave of the continuous equation that minimizes the
energy for a given mass.
This chapter is extracted from arXiv:2109.01389 [math-ph][127] (submitted article),
with certain add-ins; in particular, Section 3.A.1 inside Appendix 3.A, containing
more precise large deviation estimates, is added.

3.1 Stochastic Dynamics
Fix n ∈ N, let χ = Cnd be the configuration space, and denote a typical element of
χ by {ψ(x)}

x∈T̃dn
, where T̃n = Z/nZ is the discrete Torus of size n. Equivalently,

one can see a function on T̃dn, ψ : T̃dn → C, as the discretization of a function u
on the d-dimensional torus of length size nh, u : Tdnh → C, with mesh size h > 0,
i.e., ψ(x) = u(hx), for x ∈ T̃dn. Then the discrete non-linear Schrödinger equation
(DNLS) is the following system of ODEs:

i
dψ(x, t)
dt

= −∆dψ(x, t) + κ|ψ(x, t)|p−1ψ(x, t), x ∈ T̃dn (3.1.1)

where ∆d is the d-dimensional discrete Laplacian:

∆dψ(x) = h−2 ∑
|y−x|=1

(
ψ(y)− ψ(x)

)
.

These equations conserve the energy, given by the Hamiltonian

Hn(ψ) = s
∑

x,y∈T̃dn,
|x−y|=1

h−2

2 |ψ(x)− ψ(y)|2 + sκ

p+ 1
∑
x∈T̃dn

|ψ(x)|p+1, (3.1.2)
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and the mass, given by the `2 norm:

Mn(ψ) = s
∑
x∈T̃dn

|ψ(x)|2. (3.1.3)

Here s > 0 is a scaling parameter that we will choose opportunely later.
Denote ψ(x) = ψr(x)+iψi(x) = |ψ(x)|eiθ(x), the deterministic evolution equation

(3.1.1) can be regarded as a Hamiltonian dynamics with the following generator:

A = s−1 ∑
x∈T̃dn

(∂ψi(x)Hn)∂ψr(x) − (∂ψr(x)Hn)∂ψi(x). (3.1.4)

Moreover, define the operator ∂θ(x) acting on a suitable function F : χ→ C as

∂θ(x)F (ψ) = (ψr(x)∂ψi(x) − ψi(x)∂ψr(x))F (ψ). (3.1.5)

Corresponding to a positive temperature β−1 > 0, define:

S = β−1 ∑
x∈T̃dn

eβHn∂θ(x)e
−βHn∂θ(x). (3.1.6)

Fix β > 0, γ > 0, and consider the Markov process with values in χ, generated
by

L = A+ γS, (3.1.7)

where S and A are defined in (3.1.6) and (3.1.4). Since ∂θ(x)ψ(x) = iψ(x), we have

Sψ(x) = −ψ(x)
(
β−1 + i∂θ(x)Hn(ψ)

)
= −ψ(x)

(
β−1 + is Im[ψ∗(x)∆dψ(x)]

)
,

hence system of stochastic differential equations generated by (3.1.7) read:

dψ(x, t) =i[∆dψ(x, t)− κ|ψ(x, t)|p−1ψ(x, t)]dt− γψ(x, t)(β−1 + i∂θ(x)Hn(ψ))dt

− i
√

2γβ−1ψ(x, t)dw(x, t), x ∈ T̃dn,
(3.1.8)

where {w(x, t), x ∈ T̃n} are real independent Wiener processes.
We observed that AMn(ψ) = 0, one can check that SMn(ψ) = 0. Therefore,

mass is a conserved quantity for the dynamics (3.1.7). Hence, if we assume the
initial condition ψ(0, t) = ψ0 ∈ Cnd , such thatMn(ψ0) = m, then our dynamics is
confined in the compact manifold with Mn(ψ) = m, which is a (2nd − 1)-sphere.
We denote this sphere by Snm,s:

Snm,s = {ψ ∈ Cnd |Mn(ψ) = m}. (3.1.9)

Proposition 3.1.1. The generator L is hypoelliptic1.
1This should be understood up to the above mentioned kernel.
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The proof follows from Hörmander characterization, i.e., that the Lie algebra
generated by {A, ∂θ(x), x ∈ T̃dn} generates the tangent space of Snm,s. This is proven
in Appendix 3.B.

Let dµnm,s be the uniform probability measure on Snm,s, one can define this measure
as the projection of the Lebesgue measure on Snm,s, properly normalized. Define the
canonical Gibbs measure with inverse temperature β on Snm,s as

dµnβ,m,s = 1
Zn(β,m, s)e

−βHn(ψ)dµnm,s, (3.1.10)

Here Zn(β,m, s) is the partition function:

Zn(β,m, s) =
∫
Snm,s

e−βHn(ψ)dµnm,s. (3.1.11)

Note that, since Hn is a smooth function on a compact set and therefore, bounded
from below, Zn(β,m, s) is finite, and consequently, the existence of dµnβ,m,s is evident.

The observation that ∀f ∈ Cb(Snm,s),
∫
Cn Lfdµ

n
β,m,s = 02, implies that dµnβ,m,s is

an invariant measure for the dynamics (3.1.7)((3.1.8)). In fact, if we fix m, γ, β > 0
this measure is the unique invariant probability measure:

Theorem 3.1.1. Fix real positive parameters h, s, γ > 0, the mass of the field
m > 0, inverse temperature β > 0, and κ ∈ R, the measure dµnβ,m,s is the unique
invariant measure for the dynamics generated by (3.1.7).

Proof. Without losing generality we can fix h = s = 1. Since the generator L is
hypoelliptic, the stationary measure must have density w.r.t dµnm,s, and then also
w.r.t dµnβ,m,s. Denoting f(ψ) the density w.r.t dµnβ,m,s, it must satisfy the equation

0 = L∗f = (−A+ γS)f, (3.1.12)

where L∗ denotes the adjoint of L in L2(dµnβ,m,s). Since L is hypoelliptic, f is smooth
and (3.1.12) is valid pointwise. Multiplying by f and integrating w.r.t dµnβ,m,s, we
have

0 = γ < f(−S)f >= γ
∑
x∈T̃dn

< (∂θ(x)f)2 >, (3.1.13)

where < · > denotes integration w.r.t dµnβ,m,s. This means that ∂θ(x)f = 0 dµnβ,m,s-
a.e., and Af = 0. We want to conclude that f = 1, dµnβ,m,s-a.e.. Since ∂θ(x)f = 0
for any x, then f = f̃(|ψ(x)|2, x ∈ T̃dn). The operator A can be written as A0 +Ap,
with

A0 =
∑
x∈T̃dn

{
(∆dψi(x)) ∂ψr(x) − (∆dψr(x)) ∂ψi(x)

}
, (3.1.14)

and

Ap = κ
∑
x∈T̃dn

|ψ(x)|p−1
{
ψi(x)∂ψr(x) − ψr(x)∂ψi(x)

}
= κ

∑
x∈T̃dn

|ψ(x)|p−1∂θ(x). (3.1.15)

2Here Cb(Snm,s) denotes the set of continuous bounded functions on Snm,s.
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It is immediate that Apf = 0, hence, A0f = 0, pointwise. Let us denote a(x) :=
|ψ(x)|2, and the canonical basis of Rd by {ej}dj=1, then we have:

0 = A0f = 2
∑
x∈T̃dn

{(∆dψi(x))ψr(x)− (∆dψr(x))ψi(x)}
[
∂a(x)f̃

]
(|ψ(y)|2, y ∈ T̃dn)

= 2
∑
x∈T̃dn

d∑
j=1
∇j

+(ψr(x)ψi(x− ej)− ψi(x)ψr(x− ej))
[
∂a(x)f̃

]
(|ψ(y)|2, y ∈ T̃dn)

= 2
∑
x∈T̃dn

d∑
j=1

[ψr(x)ψi(x− ej)− ψi(x)ψr(x− ej)]
[
(∂a(x) − ∂a(x−ej))f̃

]
(|ψ(y)|2, y ∈ T̃dn)

= 2
∑
x∈T̃dn

d∑
j=1

sin
(
θx−ej − θx

)
|ψ(x)||ψ(x− ej)|

[
(∂a(x) − ∂a(x−ej))f̃

]
(|ψ(y)|2, y ∈ T̃dn),

(3.1.16)

where ∇j
+ denotes the discrete gradient in the ej direction (∇j

+g)(x) = g(x+ ej)−
g(x). Since this relation is true pointwise for any ψ ∈ Snm,s, by choosing a proper
ψ (for example one can take θy equal to zero, for y ∈ T̃dn, except θ(x), and take
|ψ(y)| = 0, for all |y − x|d = 1, except x− ej), we have that

(∂a(x) − ∂a(x−ej))f̃(a(y), y ∈ T̃dn) = 0, (3.1.17)

pointwise for every x ∈ T̃dn, and any 1 ≤ j ≤ d.
From (3.1.17), we conclude that (∂a(x) − ∂a(z))f̃(a(y), y ∈ T̃dn) = 0 for any x, z ∈

T̃dn. This implies

f̃(a(y), y ∈ T̃dn) = F

∑
y∈T̃dn

a(y)

 = F (m).

which yields the result.

Remark 3.1.2. Similar to Remark 3.B.1, the proof of Theorem 3.1, can be adapted
to the case where the non-linearity appearing in the Hamiltonian is given by N (ψ(x)) ∼
f(|ψ(x)|2), with f sufficiently smooth, instead of Nn(ψ(x)) ∼ |ψ(x)|4.

By classical theorems in control theory, given the Hörmander condition, and
the existence of a unique invariant measure with full support on Snm,s, it follows
the strict positivity of the probability transition (cf. [121], proof of Theorem 2.1)
and the following proposition. For any proper signed measure µ, denote its total
variation norm by ‖µ‖TV = supA µ(A)− infA µ(A) (cf. Sect. 3 of [25]):

Proposition 3.1.3. Consider the dynamics generated by (3.1.7), denote the law
of this process by µβ,n,mt with initial condition µβ,n,m0 = δψ0, where ψ0 ∈ Snm,s

3.

3Notice that with our definition, µβ,n,mt actually depends on ψ0. However, we omit ψ0 to lighten
the notation.
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There exists γ0 = γ0(n,m, β, s) > 0, and C = C(n,m, β, s) > 0 such that for any
ψ0 ∈ Snm,s, we have:

‖µβ,n,mt − µnβ,m,s‖TV ≤ Ce−γ0t. (3.1.18)

In particular, we have the weak convergence:

µβ,n,mt −→
t→∞

µnβ,m,s. (3.1.19)

Proof. Since µnβ,m,s is the unique invariant measure (ergodicity), with full support
(for any open set A ⊂ Snm,s, µnβ,m(A) > 0), given the Hörmander condition we can
use the result of [121], (proof of Theorem 2.1 in [121]) and deduce the strict posi-
tivity of the probability transition. Furthermore, having the strict positivity of the
probability transition, compactness of the phase space, as well as the hypoellipticity
of the generator, we can conclude by Theorem 8.9 of [25]. Notice that the fact that
C is independent of ψ0 is deduced from compactness of the phase space.

The novelty of the stochastic perturbation (3.1.6) can be described as follows:
it’s a mass-conserving white noise, such that the Gibbs measure is the unique in-
variant measure for the dynamics, and it provides good ergodic properties as in
Proposition 3.1.3. This perturbation is quite "powerful" in the sense that its ergodic
properties do not depend on the non-linearity, and we can consider either focusing
or defocusing non-linearity. In either of these cases the long time behavior is given
by the corresponding Gibbs measure. However, depending on the choice of param-
eters d, s, h, κ many interesting phenomena can be observed in the large scale limit.
In the rest of this note, we focus on one particular case: one-dimensional focusing
non-linear Schrödinger Equation on the torus.

3.2 Large Scale Limit and Main Result

3.2.1 Preliminaries about periodic cubic non-linear Schrödinger
equation

In this section, we recall rather basic results about the focusing non-linear Schrödinger
equation (NLS) with periodic boundary conditions. Consider the following non-
linear cubic Schrödinger equation:

i∂tψ(x, t) = −∂xxψ(x, t)− |ψ(x, t)|2ψ(x, t), (t, x) ∈ R+ × R,
ψ(x, 0) = ψ0(x), ψ0 ∈ H1(TL),

(3.2.1)

where we assume the periodic boundary conditions by the definition of H1(TL) as:
H1(TL) = {u ∈ H1

loc(R,C)| ∀x ∈ R, u(x + L) = u(x)}, with the following norms
and inner product (v̄ indicates the complex conjugate):

‖u‖Lp =
(∫

TL
|u|pdx

) 1
p

, (u, v) =
∫
TL
uv̄dx, ‖u‖H1 =

(∫
TL

(
|∂xu|2 + |u|2

)
dx
) 1

2
.

(3.2.2)
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Global wellposedness of this problem is established in [45], [66]; in particular, ∀t >
0, ψ(x, t) ∈ H1(TL). Note that this equation has two important conserved quantities
4: the energy or Hamiltonian H, and L2 norm or massM, defined by

H(ψ) = 1
2

∫
TL
|∂xψ|2dx−

1
4

∫
TL
|ψ|4dx, M(ψ) =

∫
TL
|ψ|2dx. (3.2.3)

One of the main features of this equation is the existence of a special class of
solutions called the "standing waves" or "periodic waves". These are time periodic
solutions having the following form:

ψ(x, t) = eiωtu(x). (3.2.4)

If ψ(x, t) = eiωtu(x) be a solution of (3.2.1), then u(x) should satisfy the following
ODE, with periodic boundary condition:

u′′(x)− ωu(x) + |u(x)|2u(x) = 0. (3.2.5)

Notice that the solution of (3.2.5) characterizes the minimum of the energy H(u),
under the constrainM(u) = m, where the frequency ω plays the role of Lagrange
multiplier.

In general, we should consider complex valued solutions of (3.2.4). On the other
hand, writing this solution as u(x) = ρ(x)eiθ(x), the corresponding energy is given
by

H(u) = 1
2

∫
TL

(
|ρ′(x)|2 + ρ(x)2|θ′(x)|2

)
dx− 1

4

∫
TL
|ρ(x)|4dx.

This shows that the minimum of the energy H(u), under the constrain M(u) =
m is attained for θ(x) = constant. Consequently, this minimum are defined up
to a constant phase and we can choose positive real solutions. Also notice that
translations uy(x) = u(x+ y) do not change energy and mass.

Here, if we fix the L, and assume u to be real-valued, and positive, and fix the
mass of u to beM(u) = m, then under these assumptions, (3.2.5) has a unique (up
to a translation) smooth solution, this solution can be written in terms of Jacobi
elliptic functions as u(x) = αdn(λx, k), where k ∈ (0, 1), α, and λ > 0, ω > 0 are
uniquely determined by m, and L (cf. [120], [188], [108], cf. Appendix 1.2.1 for the
definition of dn). We recall the following crucial result from [120], Proposition 3.2,
which characterizes this solution as the minimizer of H(ψ) under the constraint that
M(ψ) = m.

Theorem 3.2.1. Fix m,L ∈ R+, and consider the following minimization problem:

E0(m,L) := inf{H(u)|M(u) = m, u ∈ H1(TL)}, (3.2.6)
then we have: −∞ < E0(m,L) < 0, and

4In fact, since this equation is completely integrable, we have infinite conserved quantities.
However, most of the results in this note can be generalized to the sub-critical non-linearities that
are not integrable, i.e., we can change the non-linearity term in (3.2.1) into |ψ|p−1ψ with 1 ≤ p < 5.
Notice that if p 6= 3, w do not have the explicit characterization of the Solitions
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1. If 0 < m ≤ π2

L
, then the constant function Qm,L(x) = (m

L
) 1

2 is the unique
minimizer of (3.2.6). This uniqueness is up to a multiplication by a constant
phase.

2. If π2

L
< m, then Qm,L(x) := αdn(λx, k) is the unique minimizer of (3.2.6),

up to a translation and multiplication by a constant phase. Moreover, α, λ >
0, k ∈ (0, 1) are determined uniquely by m,L.

Furthermore, we have compactness of the minimizing sequence up to a phase shift
and translation in H1(TL), i.e., for any sequence un in H1(TL), such that H(un)→
E0(m,L), as n → ∞, there is a subsequence unk , and sequences γk ∈ [0, 2π), and
xk ∈ TL, where eiγkunk(.+ xk)→ Qm,L, in H1(TL).

Since each solution of (3.2.5) (and consequently a solution to (3.2.1)) corresponds
to the minimization problem (3.2.6), by abusing the terminology, we use the term
"standing wave" or Soliton for Qm,L.

Notice that multiplying (3.2.5) by ū and integrating, we obtain the following
relation

E0(m,L) = 1
4

∫
TL
u4(x)dx− ωm

2 .

that implies ω ≥ 1
2m
∫
TL u

4(x)dx+ m
2L2 .

3.2.2 Stochastic perturbation of discrete focusing NLS
In this section, we are going to perturb the NLS (3.2.1), with the stochastic heat
bath, which we defined in Section 3.1, namely (3.1.6). Without loosing generality,
in order to simplify notation, we fix the macroscopic length L = 1. This means
that we fix the following parameters h = 1

n
, s = 1

n
, d = 1, p = 3, κ = −1. Here, we

briefly recall the dynamics of Section 3.1 in this particular setup, in order to set the
notations.
Fix n ∈ N, the configuration space is χ = Cn and denote a typical element of χ
by {ψ(x)}

x∈T̃n , with T̃n = {1, 2, . . . , n} is the discrete torus of size n. Equivalently,
a function ψ on T̃n can be seen as discretization of a function u on a unit torus,
u : T→ C, with mesh size 1

n
, i.e., ψ(x) = u(x

n
), for x ∈ T̃n. Then the discrete cubic

focusing non-linear Schrödinger equation (DNLS) is the following system of ODEs:

i
dψ(x, t)
dt

= −∆ψ(x, t)− |ψ(x, t)|2ψ(x, t), (3.2.7)

where ∆ψ(x, t) = n2(ψ(x+1)−2ψ(x)+ψ(x−1)), and we imposed periodic boundary
condition ψ(0) ≡ ψ(n). Notice that we define ∆ such that formally in the limit
n→∞, this definition coincides with the continuous Laplacian on a unit torus.

Similar to the continuous case, we have the energy or Hamiltonian Hn : Cn → R
as a conserved quantity, that is defined by:

Hn(ψ) = 1
n

∑
x∈T̃n

n2

2 |ψ(x)− ψ(x− 1)|2 − 1
4n

∑
x∈T̃n

|ψ(x)|4 = Gn(ψ)− Vn(ψ), (3.2.8)
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where we have denoted the kinetic energy Gn(ψ) and the potential energy Vn(ψ) as:

Gn(ψ) = 1
n

∑
x∈T̃n

n2

2 |ψ(x)− ψ(x− 1)|2, Vn(ψ) = 1
4n

∑
x∈T̃n

|ψ(x)|4. (3.2.9)

The other conserved quantity is given by the massMn : Cn → R, defined by:

Mn(ψ) = 1
n

∑
x∈T̃n

|ψ(x)|2. (3.2.10)

Notice that we scaled (3.2.8) and (3.2.10), such that in the limit as n→∞, we
recover H, andM formally.

The stochastic perturbation we consider will only conserve the mass. Recall
ψ(x) = ψr(x)+ iψi(x) = |ψ(x)|eiθ(x), the generators of the Hamiltonian and stochas-
tic noise at temperature β−1 read

An = n
∑
x∈T̃n

(∂ψi(x)Hn)∂ψr(x) − (∂ψr(x)Hn)∂ψi(x), (3.2.11)

Sn = β−1 ∑
x∈T̃n

eβHn∂θ(x)e
−βHn∂θ(x). (3.2.12)

Fix β > 0, γ > 0, then the generator of the dynamics and corresponding system
of stochastic partial differential equations with values in χ, are as follows:

Ln = An + γSn, (3.2.13)

dψ(x, t) =i[∆ψ(x, t) + |ψ(x, t)|2ψ(x, t)]dt− γψ(x, t)(β−1 + i∂θ(x)Hn(ψ))dt

− i
√

2γβ−1ψ(x, t)dw(x, t),
(3.2.14)

where {w(x, t), x ∈ T̃n} are real independent Wiener processes.
Due to the mass conservation, having an initial condition ψ(0, t) = ψ0 ∈ Cn

such that Mn(ψ0) = m, our dynamic will be confined in the sphere Snm = {ψ ∈
Cn|Mn(ψ) = m}. Denote the uniform probability measure on Snm by dµnm, and
define the canonical Gibbs measure with inverse temperature β on Snm as

dµnβ,m = 1
Zn(β,m)e

−βHn(ψ)dµnm, (3.2.15)

Here Zn(β,m) =
∫
Snm
e−βHn(ψ)dµnm. As we observed, Zn(β,m) is finite, and conse-

quently, the existence of dµnβ,m is evident, since Hn(ψ) is bounded from below in
Snm. However, one can find a lower bound for Hn(ψ), which is uniform in n, using
a version of Gagliardo-Nirenberg inequality in the discrete periodic setup. This will
be discussed broadly in the Section 3.3 and Appendix 3.C.
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Applying the result of Section 3.1, we have the following results: By Theo-
rem 3.1 we know that dµnβ,m is the unique invariant measure for the dynamics
(3.2.13)((3.2.14)). Moreover, let µt denotes the law of the process at time t ≥ 0,
generated by (3.2.13), with initial condition µ0 = δψ0 , where ψ0 is an arbitrary el-
ement of Snm5. Then, thanks to Proposition (3.1.3), for any ψ0 ∈ Snm, there exists
C = C(n,m) > 0 and γ0 = γ0(n,m) > 0 such that

‖µt − µnβ,m‖TV ≤ Ce−γ0t. (3.2.16)

If we run our dynamics for a long time, then take the limit of large n and small
temperature β−1 properly, we end-up near Solitons or standing waves (Q1,m from
Theorem 3.2.1), with probability one. Notice that here we can take the limit in
β and n simultaneously, where we scale β by a factor of ϑ(n). In order to make
these words rigorous, and connect the discrete setup to the continuous one, we need
to introduce some notations. For any ψn ∈ Cn, we define its linear interpolation
ψ̄n : T→ C, on a unit torus by

ψ̄n(y) =ψn
(
[ny]

)(
[ny] + 1− ny

)
+ ψn

(
[ny] + 1

)(
ny − [ny]

)
, ∀y ∈ T, (3.2.17)

where [ny] denotes the greatest integer less than ny. Denote H1(T) by H1
per([0, 1]) =

H1
per. For x ∈ T, let τx denotes the translation operator on H1

per, i.e. (τxf)(y) =
f(x+y), then, in order to deal with the phase multiplication and translation, define
the following seminorm as in [67]:

∀f, g ∈ H1
per, ‖f − g‖H̃1

per
:= inf

γ∈[0,2π],x∈T
‖eiγτxf − g‖H1

per
. (3.2.18)

In the following we set Q1,m =: Qm. Now we can state the main theorem of this
section:

Theorem 3.2.2. Fix m > 0, γ > 0, and β > 0, let βn = ϑ(n)β, where ϑ(n) > 0 is
a scaling parameter, such that

lim
n→∞

ϑ(n)
n
→∞. (3.2.19)

Let µβn,n,mt be the law of the process given by its generator (3.2.13), with the initial
condition µn,m0 = δψn,m0

, where ψn,m0 is a sequence of proper initial conditions, i.e.,
for all n, ψn,m0 ∈ Snm. Then ∀ ε > 0, we have:

lim
n→∞

lim
t→∞

µβn,n,mt

(
‖ψ̄n −Qm‖H̃1

per
< ε

)
→ 1. (3.2.20)

We briefly sketch the proof: we have already proved that µβnn,m is the limit in t
of µβn,n,mt . Consequently, all we have to prove is that

lim
n→∞

µβnn,m

(
‖ψ̄n −Qm‖H̃1

per
< ε

)
→ 1. (3.2.21)

5Notice that as before, with our definition, µt actually depends on ψ0. However, we omit ψ0 to
lighten the notation.
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We can prove that the measure µβnn,m concentrates all its mass on the (discrete)
configurations having close to the minimal energy, when we send temperature to
zero with a proper speed. It turns out that the proper speed here is to scale β by
ϑ(n), satisfying (3.2.19). Finally, we show that if a configuration has energy close
to the minimal, it will be close to Qm in the sense of (3.2.20). This can be done by
adapting certain form of concentration compactness argument to the discrete setup.

Remark 3.2.1. About the exchange of limits in (3.2.20): In the evolution
equation (3.2.14) the drift term ∂θ(x)Hn(ψ) = 1

n
Im[ψ(x)∆ψ∗(x)] would became very

singular when n → ∞ keeping the temperature positive. But with βn → ∞ fast
enough the solution should became enough regular in space so that the corresponding
limit as n → ∞ should be given by the continuous deterministic NLS. This will be
investigated in a future work [126]. The later suggests that one could study the joint
limit n, t→∞, with tn = nαt. We address the case tn � βn in [126]. However, the
case βn � tn seems more challenging.

3.3 Discrete "Soliton"
As we already observed in Theorem 3.2.1, the function Qm (Solitons) can be char-
acterized as the minimizer of a certain variational problem, where we have the com-
pactness of the minimizing sequence. Therefore, one can observe that for a function
u ∈ H1

per([0, 1]), with M(u) = m, having "close to minimal" energies, means the
function itself is close to Qm in the following sense:

Lemma 3.3.1. Assume u ∈ H1
per andM(u) = m, then, ∀ε > 0, ∃ δ > 0, such that

if H(u) ≤ E0(m) + δ, then there exists γ ∈ [0, 2π], x ∈ [0, 1], such that ‖eiγu(. +
x)−Qm‖H1

per
< ε, equivalently ‖u(x)−Qm‖H̃1

per
< ε.

Proof. This is straightforward by the compactness of the minimizing sequence in
Theorem 3.2.1.

In this section, we establish a similar result in the discrete setup (cf. Proposition
3.3.1). There are several works in the literature regarding relation among continuous
and "discrete" solitons also known as discrete breathers (cf. [18], [17] and references
therein for unbounded domain). Since our proposition is slightly different from
these existing works, to be self-contained and for the sake of completeness, we bring
a different proof for the above-mentioned proposition. This proof is adapted to our
case with bounded domain.

Similar to (3.2.6), fix n > 1,m > 0 and define En
0 (m) as follows:

En
0 (m) := inf{Hn(ψn)|ψn ∈ Snm}. (3.3.1)

Since Hn(ψn) is a continuous function from the compact set Snm to R, the image
of this function is compact, hence, −∞ < En

0 (m), and this infimum is achieved in
a compact set, which will be called the set of "discrete Solitons" and denoted by
∅ 6= Qnm ⊂ Snm. By the same argument as in the continuous case, discrete solitons
are real-valued and positive up to a constant phase.
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For ψn ∈ Snm, we define ‖ψn‖
p

`p(T̃n)
= 1

n

∑
j |ψn(j)|p. Then we can write Hn(ψn) =

Gn(ψn) − 1
4‖ψn‖

4
`4(T̃n)

, and by using the discrete Gagliardo-Nirenberg inequality
(3.C.11), we have:

−θ(m) ≤ En
0 (m) < 0, (3.3.2)

where θ(m) = C2

64m
3 + C

4m
2. First inequality is a direct consequence of (3.C.11), and

the second one can be deduced by considering the constant function ψn(x) =
√
m,

for all x ∈ T̃n.
From (3.3.2) we establish a simple but useful lemma:

Lemma 3.3.2. For every ε > 0, there exists C(m, ε), such that for all n ∈ N and
ψn ∈ Smn , with Hn(ψn) ≤ En

0 (m) + ε, we have Gn(ψn) ≤ C(m, ε).

Proof. Consider the inequality (3.3.2), and (3.C.11); denote x = Gn(ψn) 1
2 so x ≥ 0.

If Hn(ψn) ≤ En
0 + ε then, thanks to (3.C.11) we have

En
0 (m) + ε ≥ x2 − c′m

3
2 − c′m2 =⇒ x ≤ C

1
2 (m, ε). (3.3.3)

where C 1
2 (m, ε) is given by C 1

2 (m, ε) = c′m3+
√
c′m3+4(c′m2+En0 (m)+ε)

2 , where the expres-
sion under the square root is clearly positive, thanks to the expression of θ(m).

Lemma 3.3.2 states that if the energy is "small" (O(1)), then the configuration
should be "smooth" i.e., Gn ∼ O(1).

In the rest of this section, we prove that ψ̄n, the linear interpolation of a config-
uration ψn, is arbitrarily close to Qm in H̃1

per, if we take n sufficiently large, and the
energy of ψn, Hn(ψn), sufficiently close to En

0 (m). The proof relies on the fact that
the configurations with close to minimal energies are smooth in the sense that their
linear interpolation’s norm (Lp, H1 or even the energy) is close to the corresponding
discrete norms. This result heavily depends on the inequality of Appendix 3.C. We
begin by stating this result:

Proposition 3.3.1. Fix m > 0, for any ε > 0, there exists η(ε) and N0(ε), such
that for n > N0(ε), if Hn(ψn) ≤ En

0 (m) + η, then we have: ‖ψ̄n −Qm‖H̃1
per

< ε.

We divide the proof of (3.3.1), into a couple of simple lemmas. The advantage of
the linear interpolation (3.2.17) is that it conserves the kinetic energy, i.e., Gn(ψn) =
1
2
∫ 1
0 |∂xψ̄n|2. But unfortunately, in general, we have ‖ψn‖`p(T̃n) ≥ ‖ψ̄n‖Lp for p ≥ 1,

thanks to the Jensen inequality. Consequently, in general we have Hn(ψn) ≤ H(ψ̄n)
and Mn(ψn) ≥ M(ψ̄n). However, the following lemma helps to establish the fact
that these quantities are "close", for configurations with near minimal energies.

Lemma 3.3.3. For all n ∈ N, if ψn ∈ Snm we have:

∣∣∣∣‖ψ̄n‖pLp(T) − ‖ψn‖
p

`p(T̃n)

∣∣∣∣ ≤ p(2Gn(ψn))1/2
(
m1/2 +Gn(ψn)1/2

)p−1

n
,
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Proof. We have ψn ∈ Smn , and define `n = min{|ψ(x)|
∣∣∣x ∈ T̃n}, clearly `n ≤

√
m.

Moreover, for any x ∈ T̃n, we have:

|`n−ψn(x)| ≤
n∑
j=1
|ψn(j)−ψn(j−1)| ≤

√
n

 n∑
j=1
|ψn(j)− ψn(j − 1)|2

1/2

=
√

2Gn(ψn),

where we used a Cauchy-Schwartz inequality. Therefore, we can deduce that

sup
x
|ψ(x)| ≤ c1 = m

1
2 + (2Gn(ψn)) 1

2 .

Moreover, thanks to the definition of ψ̄n(y), we have |ψ̄n(y)| ≤ c1, for all y ∈ T.
Then we can simply compute:∣∣∣∣‖ψ̄n‖pLp(T) − ‖ψn‖

p

`p(T̃n)

∣∣∣∣ ≤ n−1∑
x=0

∫ x+1
n

x
n

∣∣∣∣|ψn(x)|p − |ψ̄n(y)|p
∣∣∣∣dy

≤pcp−1
1

n∑
x=1

∫ x
n

x−1
n

∣∣∣∣|ψn(x)| − |ψ̄n(y)|
∣∣∣∣dy

≤ pcp−1
1
n

n∑
x=1
|ψn(x)− ψn(x− 1)| ≤ pcp−1

1 (2Gn(ψn)) 1
2

n
,

(3.3.4)

where the first inequality comes from the definition, in the second inequality we used
the fact that ψn(x) and ψ̄n(y) are bounded uniformly in x and y, and in the third
inequality we used the definition of ψ̄n(y):∣∣∣|ψn(x)| − |ψ̄n(y)|

∣∣∣ ≤ |ψn(x)− ψ̄n(y)| ≤ |ψn(x)− ψn(x+ 1)|.

Notice that the last inequality in (3.3.4) is obtained as above.

As a straightforward consequence of Lemma 3.3.3, we can deduce the following
corollaries:

Corollary 3.3.3.1. For any c > 0, there exist C1(c,m), such that for every n ∈ N,
and ψn ∈ Snm, such that Gn(ψn) < c, then |H(ψ̄n)−Hn(ψn)| ≤ C1(c,m)

n
.

Proof. Thanks to the definition of ψ̄n (3.2.17), the weak derivative of ψ̄n is given as
follows: for any y ∈ [0, 1], if x

n
≤ y < x+1

n
with x ∈ T̃n, then ∂yψ̄n(y) = n(ψn(x +

1)−ψn(x)). Therefore, we have: 1
2
∫ 1

0 |∂yψ̄n|2 = n
2
∑n
x=1 |ψ(x)−ψ(x−1)|2 = Gn(ψn).

Hence, we have: ∣∣∣Hn(ψn)−H(ψ̄n)
∣∣∣ = 1

4

∣∣∣∣‖ψ̄n‖4
L4(T) − ‖ψn‖4

`4(˜̃Tn)

∣∣∣∣,
and we can conclude thanks to Lemma 3.3.3.

Corollary 3.3.3.2. For any δ > 0, there exist η > 0 and N0(δ), such that for
n > N0(δ) if Hn(ψn) ≤ En

0 (m) + η then H(ψ̄n) ≤ En
0 (m) + δ.
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Proof. It follows immediately from Corollary 3.3.3.1 and Lemma 3.3.2.

Proposition 3.3.2.
lim
n→∞

En
0 (m)→ E0(m). (3.3.5)

Proof. Before proceeding, we emphasize the fact that all the constants c, c1, c2, c′, . . .
are independent of n in this proof.
Recall the definition of Qm as the minimizer of (3.2.6). Moreover, recall the defini-
tion of set of discrete Solitions Qnm, as the set of mininizer of (3.3.1). Take qn ∈ Qnm,
notice that thanks to the inequality |ψn(x) − ψn(x − 1)| ≥ ||ψn(x)| − |ψn(x − 1)||,
we can take qn to be real-valued and positive. Then we have: H(Qm) = E0(m), and
for all n, Hn(qn) = En

0 (m).
thanks to Lemma 3.3.2 there exists c > 0 uniform in n, such that Gn(qn) ≤ c.
Therefore, we can use the result of Corollary 3.3.3.1, and deduce that there exists
C1 independent of n, such that:

|H(q̄n)−Hn(qn)| ≤ C1

n
. (3.3.6)

For any ψ ∈ H1
per([0, 1]), define λn(ψ) as follows:

λn(ψ) =
(

m

M(ψ)

) 1
2

. (3.3.7)

In particular, let λn = λ(q̄n) and observe that for n sufficiently large, |λ2
n − 1| ≤ c0

n
,

with c0 independent of n, thanks to Lemma 3.3.3. More precisely, we can take
c0 = 2c̃

m
, for n sufficiently large, where c̃ is given by Lemma 3.3.3. Now, if we use

the definition of H, for n sufficiently large we obtain:

|H(λnq̄n)−H(q̄n)| ≤ |λ2
n − 1|

∫ 1

0

|∂y q̄n(y)|2
2 dy + |λ

4
n − 1|

4

∫ 1

0
|q̄n(y)|4dy

≤ c1

n
,

(3.3.8)

where c1 is independent of n, and we used the estimate |λ2
n − 1| ≤ c0

n
; more-

over, in order to treat the first term, we take advantage of the fact that Gn(qn) =∫ 1
0
|∂y q̄n(y)|2

2 dy ≤ c. Lastly, the second term is bounded as follows: we used the bound
‖qn‖`4(T̃n) ≤ c′ (thanks to Lemma 3.3.2 and (3.3.2)), then we conclude by using the
fact |‖qn‖`4(T̃n) − ‖q̄n‖L4(T)| ≤ c̃′

n
which is a direct consequence of Lemma 3.3.3.

Notice thatM(λnq̄n) = m; therefore, E0(m) ≤ H(λnq̄n). Combining this fact with
(3.3.6) and (3.3.8), for n large enough we have:

E0(m) ≤ En
0 (m) + c′′

n
, (3.3.9)

where c′′ is a constant independent of n, and we used the fact that Hn(qn) = En
0 (m).
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On the other hand, recall thatQm is smooth, real-valued and non-negative thanks
to Theorem 3.2.1. Define Qn

m : T̃n → C as Qn
m(x) = Qm(x

n
), for x ∈ T̃n. Let

λ̃n :=
(

m

Mn(Qn
m)

) 1
2

.

Thank to the properties of Qm (in particular the fact that Qm is smooth with
bounded H1 and L4 norm), for n large enough we have:

|λ̃2
n − 1| ≤ c2

n
, (3.3.10)

where one can take c2 = 4‖Qm‖L∞‖Q′m‖L∞
m

(Q′ denotes the derivative of Q). Moreover,
since Qm is smooth, Gn(Qn

m) and Vn(Qn
m) are bounded uniformly in n by ‖Q

′
m‖L∞

2 ,
and ‖Qm‖

4
L∞

4 , respectively. Hence, thanks to (3.3.10) for n sufficiently large we have:

|Hn(λ̃nQn
m)−Hn(Qn

m)| ≤ c3

n
. (3.3.11)

Again, since Qm is at least C3, by a simple computation we get for n sufficiently
large:

|Hn(Qn
m)−H(Qm)| ≤ 1

2

n∑
x=1

∫ x
n

x−1
n

∣∣∣∣∣∣n2
∣∣∣∣Qm

(x
n

)
−Qm

(x− 1
n

)∣∣∣∣2 − |∂yQm(y)|2
∣∣∣∣∣∣dy+

1
4

n∑
x=1

∫ x
n

x−1
n

∣∣∣∣|Qm

(x
n

)
|4 − |Qm(y)|4

∣∣∣∣dy ≤ ‖Q′′m‖L∞‖Q′m‖L∞n
+ ‖Q

′
m‖L∞‖Qm‖3

L∞

n

≤ c4

n
.

(3.3.12)

Therefore, combining the estimates (3.3.11) and (3.3.12), and recalling the fact that
H(Qm) = E0(m), we have for n large enough:

|Hn(λ̃Qn
m)−H(Qm)| ≤ c

n
=⇒ En

0 (m) ≤ E0(m) + c

n
, (3.3.13)

where we used the fact that M(λ̃nQn
m) = m, hence En

0 (m) ≤ Hn(λ̃nQn
m). Finally,

taking the limit of n → ∞ in (3.3.13) and (3.3.9), properly (lim sup and lim inf,
respectively), we deduce the result (3.3.5).

We finish this section by proving the Proposition 3.3.1:

Proof of Proposition 3.3.1. In consequence of corollary 3.3.3.2 and Proposition 3.3.5
we have that for any δ > 0, there exist η > 0 and N0(δ), such that for n > N0(δ) if
Hn(ψn) ≤ En

0 (m) + η then H(ψ̄n) ≤ E0(m) + 2δ. Define

λψ̄n =
( m

M(ψ̄n)
) 1

2 ≥ 1,
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so thatM(λψ̄nψ̄n) = m. Furthermore by Lemma 3.3.3 λψ̄n → 1. We also have that

H
(
λψ̄nψ̄n

)
= H(ψ̄n) + (λ2

ψ̄n
− 1)Gn(ψn)− (λ4

ψ̄n
− 1)V (ψ̄n)

≤ E0(m) + 2δ + (λ2
ψ̄n
− 1)C,

(3.3.14)

where we bounded Gn thanks to Lemma 3.3.2. By lemma 3.3.1, we have ‖λψ̄nψ̄n −
Qm‖H̃1

per
< ε/2, and since

‖λψ̄nψ̄n − ψ̄n‖H̃1
per
≤ |λ2

ψ̄n
− 1|1/2‖ψ̄n‖H̃1

per
< ε/2

for n large enough, we conclude the proof.

3.4 Large Deviation Estimates
In Proposition 3.3.1, we proved that if the energy Hn(ψn) is sufficiently close to the
minimal energy E0

n(m) for n sufficiently large, then the linear interpolation of a con-
figuration ψn is close to Qm in H̃1-norm. In this section, we prove that the measure
µnβn,m (3.2.15) concentrate on configurations with minimal energy as n → ∞, if we
set βn = ϑ(n)β, where ϑ(n) satisfies (3.2.19). As m is fixed in this section, we will
drop it from the notations.

Theorem 3.4.1. Recall βn = ϑ(n)β, where ϑ(n) satisfies (3.2.19). For any ε > 0,
we have:

lim
n→∞

µnβn(Hn(ψn) ≤ En
0 + ε) = 1, (3.4.1)

The proof of Theorem (3.4.1) depends on two large deviation estimates for the
uniform probability measure dµnm that are proven in appendix 3.A:

1. For any n and any 0 < g we have:

µnm(Gn(ψn) < g) ≤ exp(−2n lnn)
(2g
m

)n−1
2n, (3.4.2)

This bound is proven in Lemma 3.A.1, following the same spirit as in [67],
Section 10. However, because of our special scaling in Gn, one should follow
the dependence of the rate function on n carefully, in contrast to the estimate
in [67]. This lemma provides the aforementioned upper bounds. Combining
(3.4.2) with Gagliardo-Nirenberg inequality, we can deduce a suitable upper
bound for Hn.

2. For any ε > 0, there exists d = d(ε), such that for n > 2:

µnm(Hn(ψn) < En
0 + ε) ≥ dne−2n lnn. (3.4.3)

This is proven in Lemma 3.A.2.
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We will proceed as follows: first, we state a proof of (3.4.1), when βn = βn lnn.
This proof is quite simple and illustrates how does the above estimates are involved.
Finally, we prove the general case βn = ϑ(n)β.

Proof of Theorem 3.4.1 with βn = βn lnn. Assume 0 < ε < 1, in order to prove
(3.4.1), it is sufficient to prove that:

pn :=
∫
Snm

1{Hn(ψn)−E0
n≥ε}e

−βnHn(ψn)dµnm∫
Snm

1{Hn(ψn)−E0
n<

ε
2}e
−βnHn(ψn)dµnm

−→
n→∞

0. (3.4.4)

Thanks to the lower bound (3.4.3), there exists d > 0 such that:
(∫

Snm

1{Hn(ψn)−E0
n<

ε
2}e
−βnHn(ψn)dµnm

)−1

≤ eβn(En0 + ε
2 )
[
µnm

(
Hn(ψn)− E0

n ≤
ε

2

)]−1

≤ e
n lnn

(
β(En0 + ε

2 )+2
)
−n ln d

.

(3.4.5)

Let c > ε + 2
β
; recall Lemma 3.3.2 and let c′ = C(m, c) > 0, which is given by this

lemma. By using (3.4.2) there exists N2, such that for n > N2:∫
Snm

1{Hn−E0
n(m)≥ε}e

−βnHndµnm =∫
Snm

1{c>Hn−E0
n(m)≥ε}e

−βnHndµnm +
∫
Snm

1{Hn−E0
n(m)≥c}e

−βnHndµnm

≤ e−βn lnn(En0 (m)+ε)µmn (Gn < c′) + e−βn lnn(En0 (m)+c)

≤ e
−n lnn

(
β(E0

n(m)+ε)+2
)

+n ln(4c′/m) + e−βn lnn(En0 (m)+c),

(3.4.6)

where in the second line we used the fact that {c > Hn−En
0 (m) ≥ ε} ⊂ {Gn ≤ c′},

thanks to the choice of c′, see Lemma 3.3.2. Finally, taking N > N2, and combining
(3.4.5) and (3.4.6), gives us the following:

0 ≤ pn ≤ e−n(lnnβε2 −ln(4c′/dm)) + e−n(lnn(cβ−βε2 −2)−ln d) −→
n→∞

0, (3.4.7)

thanks to the choice of c.

Now we prove Theorem 3.4.1 in the general situation with βn = βϑ(n) satisfying
(3.2.19):

Proof of Theorem 3.4.1 with βn = ϑ(n)β. Fix 0 < ε < 1, (the other cases will be
straightforward). In order to prove (3.4.1), it is sufficient to prove (3.4.4). As for
(3.4.5), there exist d > 0 such that :

(∫
Snm

1{Hn−E0
n<

ε
2}e
−βnHndµnm

)−1

≤ eβϑ(n)(En0 + ε
2 )(d)−ne2n lnn. (3.4.8)
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Let us decompose the numerator of (3.4.4) into two parts and denote them by qn
and q′n: ∫

Snm

1{Hn−E0
n≥ε}e

−βnHndµnm =
∫
Snm

1{lnn>Hn−E0
n≥ε}e

−βnHndµnm︸ ︷︷ ︸
qn

+

∫
Snm

1{Hn−E0
n≥lnn}e

−βnHndµnm︸ ︷︷ ︸
q′n

.
(3.4.9)

We simply bound q′n ≤ e−βn(E0
n+lnn) and observe that:

(∫
Snm

1{Hn−E0
n(m)< ε

2}e
−βnHndµnm

)−1

q′n ≤ e− lnn(βϑ(n)−2n)eβϑ(n) ε2−n ln d −→
n→∞

0,

(3.4.10)
as n→∞, where we used the fact that d is a constant independent of n, as well as
the condition limn→∞

ϑ(n)
n

=∞.
Now we treat the term corresponding to qn, thanks to (3.4.2). First, observe that
for any E0

n(m) < a ≤ n, thanks to the inequality (3.C.11), if we have Hn(ψn) ≤ a,
we can deduce Gn(ψn) ≤ c1(m) + 2a, where c1(m) is a constant independent of n.
(in fact, c1(m) = (c̃2m3 + 2c̃m2), with c̃ = C

4 and C is the constant in (3.C.11));
consequently, we have for any E0

n(m) < a ≤ n:

µnm(Hn ≤ a) ≤ µnm
(
Gn ≤ 2a+ c1(m)

)
. (3.4.11)

Recall (3.4.2): for any 0 < α < 2n denote αo = 2α
m
, then

µnm
(
Gn ≤ α

)
≤ 2nαn−1

o e−2n lnn (3.4.12)

holds. Therefore, for large n thanks to (3.4.11), (3.4.12), we have for any E0
n(m) <

a ≤ n:
µnm(Hn ≤ a) ≤ 2ne−2n lnn

(4a+ 2c1(m)
m

)n−1
. (3.4.13)

Take h > 0 independent of n, let N = lnn
h
. Then we have for n sufficiently large:

qn =
N−1∑
j=0

∫
Snm

1{En0 +ε+jh≤Hn<En0 +ε+(j+1)h}e−βnHndµnm ≤

N−1∑
j=0

e−βn(En0 +ε+jh)µnm

(
En

0 + ε+ jh ≤ Hn < En
0 + ε+ (j + 1)h

)
≤

2ne−2n lnn
N−1∑
j=0

e−βn(En0 +ε+jh)
( 4
m

)n−1
e

(n−1) ln
(
En0 +ε+(j+1)h+ c1(m)

2

)
=

2n
( 4
m

)n−1
e−2n lnneβn(h+ c1(m)

2 )×
N∑
j=1

exp
(
−βn(En

0 + ε+ jh+ c1(m)
2 ) + (n− 1) ln

(
En

0 + ε+ jh+ c1(m)
2

))
,

(3.4.14)
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where we take advantage of the estimate (3.4.13) in the second line. Notice that the
term En

0 + c1(m)
2 > 0 thanks to the lower bound (3.3.2). Recall that βn = ϑ(n)β,

with limn→∞
ϑ(n)
n
→ ∞. Therefore, for n sufficiently large −βn + n−1

x
< 0, for any

x ∈ [h, 2 lnn]. However, the later expression is the derivative of −βnx+(n−1) ln(x),
hence, this function is decreasing on the interval [h + En

0 + ε + c1(m)
2 , 2 lnn] for

any n sufficiently large, and −βnx + (n − 1) ln(x) achieves its minimum at x =
h+En

0 + ε+ c1(m)
2 in the aforementioned interval. Combining this fact with (3.4.14)

we get:

qn ≤ 2n
( 4
m

)n−1
e−2n lnneβn(h+ c1(m)

2 )×

N exp
(
−βn(En

0 + ε+ h+ c1(m)
2 ) + ln

(
En

0 + ε+ h+ c1(m)
2

))

= 2n
( 4
m

)n−1
e−2n lnnN exp

(
−βn(En

0 + ε) + (n− 1) ln
(
En

0 + ε+ h+ c1(m)
2

))
.

(3.4.15)

Notice that 0 < (En
0 + ε + h + c1(m)

2 ) < (ε + h + c1(m)
2 ) =: c′, and c′ is a constant

independent of n. Combining the later estimate (3.4.15), with (3.4.8) we get for n
sufficiently large:(∫

Snm

1{Hn−E0
n(m)< ε

2}e
−βnHndµnm

)−1

qn ≤ e−βn
ε
2

(
d−n2n( 4

m
)n−1(c′)n−1

)
lnn
h
→ 0,

(3.4.16)

as n → ∞. Notice that (3.4.16) is evident, since the first term e−βnn is super-
exponentially small thanks to the assumption βn = βϑ(n) with limn→∞

ϑ(n)
n

= ∞
and the second term is bounded by enc̃, where c̃ is a constant independent of n.
Finally, recalling the decomposition (3.4.9) and combining (3.4.16) with (3.4.10)
gives us (3.4.4) and finishes the proof.

Finally, the proof of Theorem 3.2.2 is a direct consequence of Proposition 3.3.1,
and Theorem 3.4.1:

Proof of Theorem 3.2.2. Fix ε > 0, thanks to the Proposition (3.1.3), in particular
(3.1.19), we have:

lim
n→∞

lim
t→∞

µβn,n,mt

(
‖ψ̄n −Qm‖H̃1

per
< ε

)
= lim

n→∞
µnβn,m

(
‖ψ̄n −Qm‖H̃1

per
< ε

)
.

On the other hand let us take δ = δ(ε), which is given by Proposition 3.3.1, then
for all n > N0(ε) thank to this proposition we have:

1 ≥ µnβn,m

(
‖ψ̄n −Qm‖H̃1

per
< ε

)
≥ µnβn,m

(
|Hn(ψn)− En

0 (m)| < δ
)
. (3.4.17)

However, notice that limn→∞ µ
n
βn,m

(
|Hn(ψn)−En

0 (m)| < δ
)

= 1, thanks to Theorem
3.4.1, in particular (3.4.1), and this finishes the proof of Theorem 3.2.2, i.e.,(3.2.20).
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3.A LD estimates for µnm
We collect here some large deviation estimates concerning µnm, the uniform probabil-
ity on the complex n-dimensional sphere Snm, and in particular the estimates (3.4.2)
and (3.4.3). Note that in this appendix we slightly change our notations and denote
the elements of Cn by z or z instead of ψ.
Lemma 3.A.1. For any n ∈ N, let 0 < g. For any 0 < δ < 1 we have:

µnm(Gn(ψn) < g) ≤ 1
δ(1− δ)n−1

(2g
m

)n−1
exp(−2n lnn). (3.A.1)

Proof. Let {Zj}∞j=1, be a sequence of i.i.d standard complex normal random variables
on (Ω,F ,P), i.e, for any n > 0, the probability density function of (Z1, . . . , Zn) is
given by:

f(z) =
n∏
j=1

e−|zj |
2

π
, z := (z1, . . . , zn) ∈ Cn. (3.A.2)

Consequently, the random vector {Ψn(j) =
√
mnZj

(∑`
|Z`|2)1/2 , j = 1, . . . , n} is dis-

tributed uniformly on Smn . For k ∈ T̃n, let the random variable Ẑk be defined
as the Fourier transform of Z1, . . . , Zn:

Ẑk = 1√
n

n∑
j=1

e−2πj k
nZj. (3.A.3)

Notice that (Ẑ1, . . . , Ẑn), has the same distribution as (Z1, . . . , Zn). Moreover, we
have the following identities thanks to the properties of discrete Fourier transform:

n∑
j=1
|Zj|2 =

n∑
k=1
|Ẑk|2, (3.A.4)

n∑
j=1
|Zj − Zj−1|2 =

n∑
k=1

ω2
k|Ẑk|2, (3.A.5)

where ωk = 2| sin
(
π k
n

)
|. Denote

go := 2g
n2m

, (3.A.6)

and take 0 < λ such that, 0 < 1− goλ. By using Chebyshev’s inequality, as well as
(3.A.4) and (3.A.5), we have:

µmn (Gn(ψn) ≤ g) = P
(
n2m

∑n
j=1 |Zj − Zj−1|2∑n

j=1 |Zj|2
≤ 2g

)

= P
( n∑
k=1

ω2
k|Ẑk|2 ≤

n∑
k=1
|Ẑk|2go

)
= P

(
exp

(
−

n∑
k=1

λ
(
ω2
k − go

)
|Ẑk|2

)
≥ 1

)

≤ E
(

exp
(
−

n∑
k=1

λ
(
ω2
k − go

)
|Ẑk|2

))
=

n∏
k=1

E
(
exp

(
−λ(ω2

k − go)|Ẑ1|2
))

=
n∏
k=1

1
λ
(
ω2
k − go

)
+ 1

.

(3.A.7)
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Notice that in the first line, we used the fact that Ψn is uniformly distributed on
Smn , and in the last line we used the fact that Ẑk are independent complex Gaussian
variable with the same distribution as Zi, as well as the choice of λ, which permits
us to compute the last expectation. We emphasize the fact that the last bound
holds for any 0 < λ < g−1

o = n2m
2g , which can depend on n. In fact, our choice of λ

depends on n.
Before proceeding, let us recall the following trigonometric identity:

n−1∏
k=1

sin
(
πk

n

)
= n

2n−1 , =⇒ 1∏n−1
k=1 ω

2
k

= 1
n2 . (3.A.8)

For any 0 < δ < 1, let us take λ = (1−δ)
go

. Notice that we have 1− λgo = δ. Thanks
to the choice of λ, by using (3.A.7) and (3.A.8), we obtain

µmn (Gn(ψn) < g) ≤
n∏
k=1

1
λ
(
ω2
k − go

)
+ 1
≤ 1
δ

n−1∏
k=1

1
λω2

k

≤ 1
δ

1
(1− δ)n−1g

n−1
o

1
n2

= 1
δ(1− δ)n−1 exp(−2n lnn)

(2g
m

)n−1
.

(3.A.9)

Notice that the bound (3.4.2) corresponds to the choice δ = 1/2. Moreover,
optimizing (3.A.1) over δ yields: for any n ∈ N, and g > 0 we have:

µnm(Gn(ψn) < g) ≤ 4n
(2g
m

)n−1
exp(−2n lnn). (3.A.10)

We obtain now the lower bound (3.4.3), indicating that set of configurations with
close to minimal energy is "large enough".

Lemma 3.A.2. For any ε > 0, there exists a constant c = c(ε), independent of n,
such that for n > 2 we have:

µnm(Hn < En
0 + ε) ≥ cne−2n lnn. (3.A.11)

Proof. Denote by Q a discrete Soliton, we have that En
0 = Hn(Q) = Gn(Q)−Vn(Q).

we know from the results of Section 3.3 that Q is uniformly bounded in n as well as
Gn(Q) and Vn(Q). Observe that

{ψ ∈ Snm : Hn(ψ) < En
0 + ε} ⊃

{ψ ∈ Snm : |Gn(ψ)−Gn(Q)| ≤ ε/2, |Vn(ψ)− Vn(Q)| ≤ ε/2} .
(3.A.12)

Consequently, we need to construct a neighborhood Ã ⊂ Snm of Q that is contained
in the set on the RHS of (3.A.12), and such that µnm(Ã) ≥ cne−2n lnn for some
constant depending on ε.
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Let us identify Cn ∼ R2n, and denote the corresponding real components of Q
by (q1, . . . , q2n), and the components of a generic ψ ∈ Snm ∼ S2n√

nm as (x1, . . . , x2n).
We can choose the discrete Soliton Q, such that q2n ≥ qj ≥ 0.

For any small δ > 0, define the set Ãδ ⊂ R2n−1 as follows:

Ãδ =
{
ξ ∈

[
− δ

2n,
δ

2n

]2n−1
∣∣∣∣∣
∣∣∣∣ 2n−1∑
j=1

ξjqj

∣∣∣∣ ≤ q2nδ

2
√
n

}
. (3.A.13)

The volume of this set can be easily estimated by

vol(Ãδ) ≥
1
3

(
δ

n

)2n−1

. (3.A.14)

We postpone the proof of (3.A.14) later.
We now define our neighborhood of Q as

Ãδ =
{
x ∈ S2n√

nm : xj = qj + ξj, j = 1 . . . , 2n− 1; ξ ∈ Ãδ
}
. (3.A.15)

Notice that if x ∈ Ãδ, we have automatically that x2n = (nm −∑2n−1
j=1 (qj + ξj)2) 1

2 .
Furthermore, we have that

|x2n − q2n| ≤
2δ√
n
. (3.A.16)

It is easy to check that if x ∈ Ãδ then |Vn(x) − Vn(Q)| ≤ 2cδ/n ≤ 2cδ, where c
is a constant independent of n. About the gradients term, denoting ξ2n = x2n− q2n,
we have

Gn(ξ) = n

2

n−1∑
j=1

(ξi+1 − ξi)2 + n

2 (ξn − ξ1)2

+ n

2

n−2∑
j=1

(ξn+i+1 − ξn+i)2 + n

2 (ξ2n − ξ2n−1)2 + n

2 (ξ2n − ξn+1)2 ≤ 6δ2,

(3.A.17)

and

|Gn(x)−Gn(Q)| =

∣∣∣∣∣∣n
∑
j

(qj − qj−1)(ξj − ξj−1) +Gn(ξ)

∣∣∣∣∣∣
≤ (2Gn(Q))1/2

(
2Gn(ξ)

)1/2
+Gn(ξ)

≤ C
(
2Gn(ξ)

)1/2
+Gn(ξ) ≤ C ′δ.

(3.A.18)

It follows that, choosing δ < min{ε/2C ′, ε/2c}, the set Ãδ is contained in the set
defined in (3.A.12).

In order to compute µnm(Ãδ) we use the following change of variable formula for
any measurable f : S2n

r → R: (cf. Appendix A of [16])

∫
S2n
r

f(x)dσ2n
r (x) = r2 ∫

B2n−1
r

f(y,
√
r2 − ‖y2‖) + f(y,−

√
r2 − ‖y2‖)√

r2 − ‖y‖2
dy1 . . . dy2n−1,

(3.A.19)
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where ‖.‖ denotes the Euclidean norm in R2n−1, and 2r2nnV (B2n
1 ) V (B2n

1 ) = πn

n!
denotes the volume of the unit ball. Applying the above formula and noticing that
nm ≥

√
nm− ‖y‖2, we have

µnm(Ãδ) = mn!
2(nm)nπn

∫
B2n−1√

nm

1Ãδ(y,
√
nm− ‖y‖2) + 1Ãδ(y,−

√
nm− ‖y‖2)√

nm− ‖y‖2
dy1 . . . dy2n−1

≥ n!
2n(nm)nπn

∫
B2n−1√

nm

[
1Ãδ(y,

√
nm− ‖y‖2) + 1Ãδ(y,−

√
nm− ‖y‖2)

]
dy1 . . . dy2n−1

= n!
n(nm)nπn

∫ δ
n

− δ
n

· · ·
∫ ε

n

− δ
n

1Ãδ
(ξ)dξ1 . . . dξ2n−1 ≥

n!
n(nm)nπn

1
3

(
δ

n

)2n−1

(3.A.20)

and by Stirling approximation we have the desired lower bound.

Proof of (3.A.14). Let {ξj}∞j=1 be a sequence of i.i.d random variables uniformly
distributed on [− δ

2n ,
δ

2n ]. Thanks to Chebyshev’s inequality we get:

P
(∣∣∣∣ 2n−1∑

j=1
ξjqj

∣∣∣∣ ≤ q2nδ

2
√
n

)
= 1− P

(∣∣∣∣ 2n−1∑
j=1

ξjqj

∣∣∣∣2 > (
q2nδ

2
√
n

)2
)
≥

1− 4n
q2

2nδ
2E
(∣∣∣∣ 2n−1∑

j=1
ξjqj

∣∣∣∣2
)
≥ 1− 4n

δ2 E(ξ2
1)

2n−1∑
j=1

(
qj
q2n

)2

= 1− 1
3n

2n−1∑
j=1

(
qj
q2n

)2

≥ 1− 2
3 ,

(3.A.21)

where we used our choice of the discrete Soliton 0 ≤ qj ≤ q2n.

3.A.1 More Precise LD estimates
We conclude this section mentioning some more precise limits on the large devia-
tions for the uniform measure on the sphere, with a matching lower bound for Large
deviation estimate (3.A.1) for g < n2− . These results are not used for proving theo-
rem 3.4.1 and theorem 3.2.2. However, they have their own interest as it presents a
matching lower bound for Large deviation estimate (3.A.1) in certain range. More-
over, these estimates play an important role in our future work [126].
For 0 ≤ a < 2 we have:

lim sup
n→∞

1
n

ln
(
e(2−a)n lnnµnm(Gn < cna)

)
≤ ln

(2c
m

)
. (3.A.22)

lim inf
n→∞

1
n

ln
(
e(2−a)n lnnµnm(Gn ≤ cna)

)
≥ ln

(2c
m

)
. (3.A.23)

Before proving above estimates, first we treat the easier case, without correction
terms, in Proposition 3.A.1. Then we prove (3.A.22), (3.A.23) in Corollary 3.A.2.1,
thanks to the estimates we developed in Proposition 3.A.1.
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Proposition 3.A.1. For 0 ≤ a < 2, and for any c > 0 independent of n, we have:

lim
n→∞

1
n lnn lnµnm(Gn(ψn) < cna) = −(2− a). (3.A.24)

In particular, for a = 0

lim
n→∞

1
n lnn lnµnm(Gn(ψn) < c) = −2. (3.A.25)

Proof. Step1. Upper bound.
First we prove the upper bound:

lim sup
n→∞

1
n lnn lnµnm(Gn(ψn) < cna) ≤ −(2− a). (3.A.26)

Recall the estimate (3.A.1) from Lemma 3.A.1. Let us choose g = cna, and denotes
co := 2c

m
, then we have:

µmn (Gn(ψn) < cna) ≤ 1
ε
× 1

(1− ε)n−1 ×
1
na
× cn−1

o

n(2−a)n (3.A.27)

Since 0 < ε < 1 and co are independent of n, for any δ > 0, there exists N∗ such
that for n > N∗ we have

1
n lnnµ

n
m(Gn(ψn) ≤ cna) ≤ −(2− a) + δ, (3.A.28)

This means ∀δ > 0,

lim sup
n→∞

1
n lnnµ

n
m(Gn(ψn) ≤ cna) ≤ −(2− a) + δ.

Since the later is true for any δ > 0, taking the limit δ → 0+, finishes the proof of
(3.A.26).

Step2. Lower Bound
Now we can prove the following lower bound by a proper change of measure:

lim inf
n→∞

1
n lnn lnµnm(Gn(ψn) ≤ cna) ≥ −(2− a). (3.A.29)

Notice that we can adapt the proof of Lemma 3.A.2 as we discussed in Remark
3.A.2 in order to obtain (3.A.29). However, here we bring a slightly longer proof,
adapting the idea of [67] to our setup. Although this proof is longer, it illuminates
the underlying nature of the problem, since we can obtain the second order correction
to (3.A.29) similar to (3.A.22) with this method.
Recall the sequence of i.i.d standard complex normal random variables {Zj}∞j=1. Fix
n and recall {Ẑk}nk=1 as the discrete Fourier transform of (Z1 . . . , Zn) (3.A.3), as well
as the corresponding identities (3.A.4), (3.A.5). Moreover, let λ = (1− ε)n2−a

co
, with

co = 2m
c

and 0 < ε < 1
2 (we eventually take the limit ε→ 0 after taking the limit n
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to infinity). Let us denote αk := 1 + λ(ω2
k − cona−2) = ε + 1−ε

co
n2−aω2

k, we proceed
similar to (3.A.7), and perform the following change of measure:

µnm(Gn(ψn ≤ cna)) = P
(

n∑
k=1

(
|Ẑk|2(ω2

k − cona−2)
)
≤ 0

)
(3.A.30)

Denote the set Aco,a := {∑n
k=1 |Ẑk|2(ω2

k − cona−2) ≤ 0} and observe:

µnm(Gn ≤ cna)) =
∫
Cn
1Aco,a

n∏
k=1

e−|ẑk|
2

π
dẑkdẑ

∗
k =

n∏
k=1

1
αk︸ ︷︷ ︸

p̃1

∫
Cn
1Aco,a

n∏
k=1

e(αk−1)|ẑk|2αk
e−αk|ẑk|

2

π
dẑkẑ

∗
k︸ ︷︷ ︸

p̃2

,
(3.A.31)

where we denoted p̃1 and p̃2 implicitly. Let us first establish a lower bound for p̃2.
Take c = 4co and δ > 0, and denote Ãc := {−cδna−1 ≤ ∑n

k=1 |Ẑk|2(ω2
k − cona−2) ≤

0} = {−cδ ≤ 1
n

∑n
k=1 |Ẑk|2(n2−aω2

k − co) ≤ 0} ⊂ {∑n
k=1 |Ẑk|2(ω2

k − con
a−2) ≤ 0}.

Since Ãc ⊂ Aco,a we have:

p̃2 ≥
∫
Cn
1Ãc

e
∑n

k=1(αk−1)|ẑk|2
n∏
k=1

αk
e−αk|ẑk|

2

π
dẑkẑ

∗
k =

∫
Cn
1Ãc

e
∑n

k=1 λ(ω2
k−con

a−2)|ẑk|2dγnα

≥ e−cδn
a−1λ

∫
Cn
1Ãc

dγnα = e−nδ(c
1−ε
co

)Pnα
(
− cδ ≤ 1

n

n∑
k=1
|Ẑk|2(n2−aω2

k − co) ≤ 0
)
,

(3.A.32)

where we denoted α = (α1, . . . , αn), and dγnα := ∏n
k=1 αk

e−αk|ẑk|
2

π
dẑkẑ

∗
k. Notice

that γnα is a Complex Gaussian distribution with mean zero and covariance matrix
diag(α1, . . . , αn), and correspondingly {Zk}nk=1 are independent complex Gaussian
random variable with mean zero and E(|Ẑk|2) = 1

αk
.

In the following we observe that the last term in (3.A.32) can be bounded from
below by a term of order e−δn. Let us split Zn := 1

n

∑n
k=1 |Ẑk|2(n2−aω2

k − co) into
two parts:

Z+
n := 1

n

n−1∑
k=1
|Ẑk|2(n2−aω2

k − co), Zon := − 1
n
|Ẑn|2co,

notice the fact that ωn = 0, and Zn = Z+
n + Zon.

We denotemn := E(Z+
n ), sn := E((Z+

n −mn)2) and observe thatmn → co
1−ε and sn →

0, as n→∞: take a′ such that a
2 < a′ < 1, define I< := ([1, na′)∪(n−na′ , n−1])∩Z,

and I> := ([1, n− 1] ∩ Z) \ I< and decompose Z+
n := Z+

n,< + Z+
n,> as follows:

Z+
n,< :=

∑
k∈I<
|Ẑk|2(n2−aω2

k − co), Z+
n,> :=

∑
k∈I>
|Ẑk|2(n2−aω2

k − co). (3.A.33)

Then by using the fact that E(|Ẑk|2) = 1
αk
, with αk = (ε+ n2−a(1−ε

co
)ω2

k), we get:

|E(Z+
n,<)| ≤ 2

n

∑
k<na′

∣∣∣∣∣ n2−aω2
k − co

n2−aω2
k

1−ε
co

+ ε

∣∣∣∣∣ ≤ 2
n

∑
k<na′

(
co

1− ε + co
ε

)
≤ 2c1n

a′

n
→ 0,

(3.A.34)
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as n→ 0, where c1 is a constant independent of n. Note that for k ∈ I<, ωk > 0.
On the other hand, there exists N1 such that for n > N1, n2a′−2 < ω2

na′
≤ ω2

k for all
k ∈ I>. Therefore, we have:

0 ≤ 1
n

∑
k∈I>

1
αk

= 1
n

∑
k∈I>

1
n2−aω2

k(1−ε
co

) + ε
≤ co

(1− ε)n
∑
k∈I>

1
n2a′−a ≤

co
(1− ε)n2a′−a → 0,

(3.A.35)
as n → ∞, thanks to the choice of a

2 < a′. The last expression leads us to the
following:

(1− ε
co

)E(Z+
n,>) = 1

n

∑
k∈I>

(1−ε
co

)n2−aω2
k + ε− 1

(1−ε
co

)n2−aω2
k + ε

= |I>|
n
− 1
n

∑
k∈I>

1
αk
→ 1, (3.A.36)

as n→∞, where we take advantage of (3.A.35) as well as the fact that n−2na′−3 ≤
|I>| ≤ n− 2na′ + 1 and hence, limn→∞

|I>|
n
→ 1 by the choice of a′ < 1. Therefore,

by using (3.A.36) and (3.A.34) we have:

mn = E(Z+
n ) = E(cZ+

n,<) + E(Z+
n,>)→ co

1− ε, (3.A.37)

as n→∞. Recall sn = E((Z+
n −mn)2) = Var(Z+

n ), observe that E(|Ẑk|4) = 2
α2
k
and

Var(|Ẑk|4) = 1
α2
k
. Therefore, thanks to and independence of {Ẑk}nk=1 we have:

0 ≤ sn = 1
n2

n−1∑
k=1

(
n2−aω2

k − co
n2−aω2

k(1−ε
co

) + ε

)2
≤ 2
n2

n−1∑
k=1

((
co

1− ε

)2
+
(
co
ε

)2
)
≤ 2c2

1
n
→ 0,

(3.A.38)
as n→∞. Thanks to (3.A.38), by applying the Chebyshev’s inequality there exist
N3 such that for n > N3 we have:

P(|Z+
n −mn| <

cδ

8 ) = 1− P(|Z+
n −mn| ≥

cδ

8 ) ≤ 1− sn
( cδ8 )2 ≥

1
2 , (3.A.39)

Moreover, thanks to (3.A.37) we can chooseN4 such that for n > N4, |mn− co
1−ε | ≤

cδ
8 .

Therefore, for any n > max{N3, N4}, we have:

P(|Z+
n −

co
1− ε | ≤

cδ

4 ) ≥ 1
2 . (3.A.40)

Now recall the definition of Zon = − co
n
|Ẑn|2, where from expression (3.A.32) it is clear

that Ẑn is a complex Gaussian random variable with probability density function
f(z) = ε e

−ε|z|2

π
. Therefore, we can choose N5 such that for n > N5 we have:

P
(
−
(

co
1− ε + 3cδ

4

)
≤ Zon ≤ −

(
co

1− ε + cδ

4

))
≥ 1

2 exp
(−n2ε

1− ε

)
, (3.A.41)
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where we performed a Gaussian integration, then we chose N5 properly. Notice that
since Zn = Z+

n + Zon we have{
− ( co

1− ε + 3cδ
4 ) ≤ Zon ≤ −( co

1− ε + cδ

4 )
}⋂{

co
1− ε −

cδ

4 ≤ Z
+
n ≤

co
1− ε + cδ

4

}
⊂ {−cδ ≤ Zn ≤ 0}.

(3.A.42)

Therefore, since Zon and Z+
n are independent, we can factorize the corresponding

probabilities. By plugging (3.A.40) and (3.A.41) into (3.A.32), for n > max{N3, N4, N5}
we get:

p̃2 ≥ exp(−nδ4(1− ε))P(−cδ ≤ Zn ≤ 0) ≥ exp(−nδ4(1− ε))× 1
2 ×

1
2 exp

(
−nε 2

1− ε

)
.

p̃2 ≥
1
4 exp

(
−nε(1 + 2

1− ε)
)
,

(3.A.43)

where we chose δ = ε
4(1−ε) in the last expression, notice that this choice is legitimate

6 since 0 < δ < 1 was arbitrary and 0 < ε < 1
2 .

Now we treat the first term in (3.A.31) p̃1. Recall a′ where a
2 < a′ < 1, and

the definition of I< and I>, where we used in (3.A.33). Observe that for k ∈ I<,
ω2
k ≤ 4π2n2a′−a. Since 2a′ − a > 0, there exist N ′1 such that for n > N ′1, we have
ε+ n2−aω2

k(1−ε
co

) ≤ 2π2n2a′−a(1−ε
co

), and

∏
k∈I<

1
αk

=
∏
k∈I<

1
ε+ n2−aω2

k(1−ε
co

) ≥
(

4π2n2a′−a(1− ε
co

)
)−2na′

= C−2na′
1 exp

(
−c1n

a′ lnn
)
,

(3.A.44)
where C1 > 0 and c1 > 0 are independent of n.
On the other hand, for any k ∈ I>, n2−aω2

k ≥ n2a′−a for n sufficiently large. Hence,
∀ ρ > 1 there exist N2(ρ, ε), such that for n > N2(ρ, ε) we have ρn2−aω2

k(1−ε
co

) ≥
ε+ n2−aω2

k(1−ε
co

), and we can obtain the following bound:

∏
k∈I>

1
αk

=
∏
k∈I>

1
ε+ n2−aω2

k(1−ε
co

) ≥
(
n2−a

)−n+2na′−1(ρ(1− ε)
co

)−n+2na′−1 ∏
k∈I>

1
ω2
k

.

(3.A.45)
Observe that for k ∈ I< ω2

k ≥ 1
n2 , with n sufficiently large, thanks to (3.A.8) we

have: ∏
k∈I>

1
ω2
k

=
n−1∏
k=1

1
ω2
k

∏
k∈I<

ω2
k ≥ ( 1

n2 )2na′ . (3.A.46)

Therefore, thanks to (3.A.45), and (3.A.46) we get:

p̃1 =
n∏
k=1

1
αk

= 1
ε

∏
k∈I<

1
αk

∏
k∈I>

1
αk
≥ n−n(2−a)

(
ρ(1− ε)

co

)−n
En, (3.A.47)

6We only did this choice to make computation easier.
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where En is sub-exponential i.e. limn→∞
1
n

ln(En) = 0.

Combining (3.A.31), (3.A.43), and (3.A.47), for any δo > 0, if we take n suffi-
ciently large, we have:

1
n lnn lnµnm(Gn(ψn) ≤ cna) ≥ −(2− a)− δo. (3.A.48)

Taking lim infn→∞, and taking δo → 0+ finishes the proof of (3.A.29).
Corollary 3.A.2.1. The expressions (3.A.26), and (3.A.29) are basically saying
that the probability of the event {Gn ≤ cna} for 0 ≤ a < 2, has a super exponential
upper and lower bound respectively.
However, by using the expression (3.A.27), we can deduce that in the next order,
the upper bound has a exponential correction, which can be expressed explicitly. For-
mally, we have:

lim sup
n→∞

1
n

ln
(
e(2−a)n lnnµnm(Gn < cna)

)
≤ ln

(2c
m

)
. (3.A.49)

Moreover, the expressions (3.A.47), (3.A.32) and (3.A.43) give us the same correc-
tion for the lower bound (3.A.29):

lim inf
n→∞

1
n

ln
(
e(2−a)n lnnµnm(Gn ≤ cna)

)
≥ ln

(2c
m

)
. (3.A.50)

Proof. Notice that it is straightforward to deduce (3.A.22) from (3.A.27). Let

an := 1
n

ln
(
e(2−a)n lnnµnm(Gn < cna)

)
,

first we can deduce that for any δ > 0 there exists N∗ such that an ≤ δ+| ln(1− ε)|+
ln(co), which means lim supn an ≤ δ + | ln(1− ε)| + ln(co). Since the later holds for
any δ > 0, taking the limit δ → 0+, we have lim supn an ≤ | ln(1− ε)| + ln(co). On
the other hand, this inequality is true for any 0 < ε < 1, taking the limit ε → 1−
yields the result.
In order to prove (3.A.23), let us denote

a′n := 1
n

ln
(
e(2−a)n lnnµnm(Gn ≤ cna)

)
,

and recall the expression (3.A.31), as well as the estimates (3.A.43) and (3.A.47),
then observe that for n sufficiently large we get:

a′n ≥ ln(co)− ln(ρ(1− ε))− ε(1 + 2co
1− ε) + 1

n
ln
(En

4

)
, (3.A.51)

Therefore, we have

lim inf
n→∞

a′n ≥ ln
(2c
m

)
− ln(ρ(1− ε))− ε(1 + 2co

1− ε),

The last expression is true for any ε > 0 and ρ > 1, taking the limit ε → 0+ and
ρ→ 1+ finishes the proof.
Remark 3.A.2. Notice that we can adapt the proof of Lemma 3.A.2 in order to
obtain the lower bound (3.A.29)(in the proof we did not use this lower bound). How-
ever, this proof does not provide the "correction" term in (3.A.23).

151



CHAPTER 3. STOCHASTIC DNLS 3.B. HYPOELLIPTICITY

3.B Hypoellipticity
In this section, we prove that the generator (3.1.7), is hypoelliptic, and therefore
the invariant measure has a smooth density. Notice that we add the subscript n, to
emphasize the dependence on n.

Lemma 3.B.1. Recall the operator Ln = An + Sn, where An = A and Sn = S are
given by (3.1.4), (3.1.6), respectively. Then Ln is hypoelliptic. Consequently, the
invariant measure has smooth density with respect to dµmn .

Proof. Let us the fix the parameters h = s = γ = 1, the proof for other cases is
similar. In order to prove this lemma, it is sufficient to show that Ln satisfies the
so-called Hörmander condition. Then the hypoellipticity, and smoothness of the
invariant measure follow by the Hörmander’s Theorem (hypoellipticity follows from
Thorem 22.2.1 of [129], for a general review one can also see [25], and [122]). We
prove this condition in the case d = 1 in details, the generalization to higher dimen-
sions is a matter of messier algebra (We comment on this at the end of the proof).
Let us denote Y0 = An and Yx = ∂θ(x) for x ∈ T̃n. Ln satisfies the Hörmander’s
condition if the Lie algebra generated by the family

{Yx}nx=1, {[Yx, Yy]}nx,y=0, {[[Yx, Yy], Yz]}nx,y,z=0, . . . ,

has full rank (here 2n− 1) at every point ψ ∈ Smn .
Let us define the following notation: for x, y ∈ T̃n and symbols i, r, we define Rxi,yr ,
Rxi,yi , Rxr,yr , and Rxr,yi as the following rotations:

Rxr,yr = ψr(x)∂ψr(y) − ψr(y)∂ψr(x), Rxr,yi = ψr(x)∂ψi(y) − ψi(y)∂ψr(x),

Rxi,yr = ψi(x)∂ψr(y) − ψr(y)∂ψi(x), Rxi,yi = ψi(x)∂ψi(y) − ψi(y)∂ψi(x).
(3.B.1)

We can rewrite ∂θ(x), and the Hamiltonian operator An in terms of these rotations:

∂θ(x) = Rxr,xi ,

An =
∑
x∈T̃n

R(x+1)r,xi +Rxr,(x+1)i − 2Rxr,xi + κ|ψ(x)|p−1Rxr,xi . (3.B.2)

Observe that for any α1, α2, α3, α4 ∈ {xµ|x ∈ T̃n, µ ∈ {r, i}}, (these indices are of
the form xi,xr), we have (recall [a, b] = ab− ba):

[Rα1,α2 ,Rα3,α4 ] =δα1,α4Rα2,α3 + δα2,α3Rα1,α4 − δα1,α3Rα2,α4 − δα2,α4Rα1,α3 =
4∑

i,j=1
δ{i+j−5}Rαiαjδαk,αl(−1)i+j+1,

(3.B.3)

where {k, l} := {1, 2, 3, 4} \ {i, j}.
We rewrite the following commutators in terms of these rotations for every x ∈ T̃n:
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∂θ(x) = Rxr,xi ,

Ax := [An, ∂θ(x)] = Rxr,(x+1)r +Rxi,(x+1)i −R(x−1)r,xr −R(x−1)i,xi ,

Ax,x+1 := [[An, ∂θ(x)], ∂θ(x+1)] = Rxr,(x+1)i −Rxi,(x+1)r ,

Ax,x+1,x := [[[An, ∂θ(x)], ∂θ(x+1)], ∂θ(x)] = Rxr,(x+1)r +Rxi,(x+1)i .

(3.B.4)

We can compute the following commutators: A(2)
x,x+1 := [Ax,x+1,Ax+1,x+2,x+1] and

[A(2)
x,x+1, ∂θ(x+2)] thanks to (3.B.3), and observe thatRxr,(x+2)i−Rxi,(x+2)r andRxr,(x+2)r

+Rxi,(x+2)i belong to our Lie algebra. Repeating this process, following an induction,
we observe that for x, y ∈ T̃n the following terms are in the Lie algebra generated
by {Yx}nx=1, {[Yx, Yy]}nx,y=0, {[[Yx, Yy], Yz]}nx,y,z=0,. . . :

Gon := {Rxr,xi ,Rxr,yi −Rxi,yr ,Rxr,yr +Rxi,yi

∣∣∣x, y ∈ T̃n}. (3.B.5)

Notice that in the linear case (absence of non-linearity i.e., p = 2), the terms ap-
peared in (3.B.5) represent a basis for the Lie algebra. (All the elements are linear
combination of these terms).
In the following, we observe that Gon (3.B.5), has rank 2n − 1 for any ψ ∈ Sn =
{ψ ∈ Cn|∑n

x=1 |ψ(x)|2 = 1}, notice that we consider Sn as a 2n−1 real sphere S2n−1

(the case where we replace Sn by Snm can be treated similarly). Let us prove by an
induction. The case n = 1 is trivial, since ∂θ1 = ψr(1)∂ψi(1) − ψi(1)∂ψr(1) has rank
one for any ψ(1) ∈ S1 (|ψr(1)|2 + |ψi(1)|2 = 1).
Assume Gon has rank 2n − 1 at every point of S2n−1, we prove that Gon+1 has rank
2n+ 1 at every point of S2n+1. We split the proof into two cases:
Case 1.
Take ψ ∈ Sn+1, and assume that there exists at least one point x, such that
|ψ(x)| = 0, we can take x = n + 1, since we are in the periodic setup. We have
ψr(n+ 1) = ψi(n+ 1) = 0; therefore, ψ̂ = (ψ1, . . . , ψn) ∈ Sn, and Gon has rank 2n− 1
by induction hypothesis. On the other hand, since ψ̂ ∈ Sn, there exists y ∈ T̃n, such
that |ψ(y)| 6= 0. First, observe that

B :={ψr(y)∂ψi(n+1) − ψi(y)∂ψr(n+1), ψr(y)∂ψr(n+1) + ψi(y)∂ψi(n+1)} =
{Ryr,(n+1)i −Ryi,(n+1)r ,Ryr,(n+1)r −Ryi,(n+1)i} ⊂ Gon+1,

(3.B.6)

has rank two (this is straightforward, since (ψr(y), ψi(y)) 6= 0, and one can see a
linear combination of elements of B is zero iff |ψ(y)| = 0). Then the result follows
from the induction hypothesis, as well as the fact that B is orthogonal to Gon.
Case2.
Take ψ ∈ Sn+1 and assume |ψ(x)| 6= 0 for all x ∈ T̃n+1. In this case, we claim the
set

G1
n+1 := {R(n+1)r,(n+1)i ,R(n+1)r,xi −R(n+1)i,xr ,R(n+1)r,xr +R(n+1)i,xi

∣∣∣x ∈ T̃n} ⊂ Gon,
(3.B.7)
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has rank 2n + 1. In fact, this set has 2n + 1 elements, where we observe that they
are linearly independent. Take real 7 coefficients {ax, bx, c}nx=1 such that

cR(n+1)r,(n+1)i +
n∑
x=1

ax

(
R(n+1)r,xi −R(n+1)i,xr

)
+ bx

(
R(n+1)r,xr +R(n+1)i,xi

)
= 0.

Computing the coefficients of ∂ψr(x) and ∂ψi(x), for any x ∈ T̃n we get:(
bxψr(n+ 1)− axψi(n+ 1)

)
∂ψr(x) = 0,(

axψr(n+ 1) + bxψi(n+ 1)
)
∂ψi(x) = 0.

(3.B.8)

Notice that if (ax, bx) 6= 0, then det
(
bx −ax
ax bx

)
> 0. However, in order to (3.B.8)

holds, the later cannot happen, since (ψr(n+1), ψi(n+1)) 6= 0; therefore ax = bx = 0
for all x ∈ T̃n, and we can deduce c = 0, which yields the result in the case d = 1.
In order to prove the result for d > 1, for any x, y ∈ T̃dn, and any µ, ν ∈ {r, i}, we
define Rxµ,yν , similar to (3.B.1). Recall {ej}dj=1 as the canonical basis of Rd, then
(3.B.2) will be modified as:

∂θ(x) = Rxr,xi ,

An =
∑
x∈T̃n

d∑
j=1

(
R(x+ej)r,xi +Rxr,(x+ej)i − 2Rxr,xi

)
+
∑
x∈T̃n

κ|ψ(x)|p−1Rxr,xi .
(3.B.9)

The identity (3.B.3) remains true by taking α1, α2, α3, α4 ∈ {xµ|x ∈ T̃dn, µ ∈ {r, i}}.
This leads to the following modification of (3.B.4), for any x ∈ T̃dn, and 1 ≤ k ≤ d:

Ax := [An, ∂θ(x)] =
d∑
j=1
Rxr,(x+ej)r +Rxi,(x+ej)i −R(x−ej)r,xr −R(x−ej)i,xi ,

Ax,x+ek := [[An, ∂θ(x)], ∂θ(x+ek)] = Rxr,(x+ek)i −Rxi,(x+ek)r ,

Ax,x+ek,x := [[[An, ∂θ(x)], ∂θ(x+ek)], ∂θ(x)] = Rxr,(x+ek)r +Rxi,(x+ek)i .

(3.B.10)

Following the exact same strategy as in the previous case, by an induction we ob-
serve that all the terms of the form Rxr,(x+lkek)i − Rxi,(x+lkek)r and Rxr,(x+lkek)r +
Rxi,(x+lkek)i , for any x ∈ T̃dn, any 1 ≤ k ≤ d, and any lk ∈ T̃n, belong to our Lie
algebra. Notice that thanks to (3.B.3), we have:

[Rxr,(x+lkek)i −Rxi,(x+lkek)r ,R(x+lkek)r,(x+lkek+lk′ek′ )i −R(x+lkek)i,(x+lkek+lk′ek′ )] =
−
(
Rxr,(x+lkek+lk′ek′ )r +Rxi,(x+lkek+lk′ek′ )i

)
[Rxr,(x+lkek+lk′ek′ )r +Rxi,(x+lkek+lk′ek′ )i ,Rxr,xi ] = Rxi,(x+lkek+lk′ek′ )r −Rxi,(x+lkek+lk′ek′ )r .

(3.B.11)
7Notice that we are considering the Field R here, by decomposing ψ into real and imaginary

parts.

154



3.C. DISCRETE GAGLIARDO-NIRENBERG CHAPTER 3. STOCHASTIC DNLS

Repeating the above procedure for d − 1 times, we can deduce the following set is
included in our Lie algebra:

Go,dn := {Rxr,xi ,Rxr,yi −Rxi,yr ,Rxr,yr +Rxi,yi |x, y ∈ T̃dn}. (3.B.12)

Recall that we observed that the rank of Gon is 2n − 1. However, due to symmetry
one can observe that Gond and Go,dn has the same rank and this finishes the proof.

Remark 3.B.1. In the above proof, An is the Hamiltonian generator corresponding
to the Hamiltonian (3.1.2), where the non-linearity is given by Nn(ψ(x)) ∼ |ψ(x)|4.
The proof of Lemma 3.B.1 can be adapted to more general cases where the non-
linearity is given by N (ψ(x)) ∼ f(|ψ(x)|2), where f is a sufficiently smooth function.

3.C Discrete Gagliardo-Nirenberg
We present different versions of the Gagliardo-Nirenberg inequality. This inequality
is crucial in the study of the sub-critical non-linear focusing Schrödinger equation,
for proving the well-posedness and characterization of the Solitons (cf. [66],[194],
[218],[120]). In particular, this inequality has been used in the the proof of Theorem
3.2.1 in [120]. We take advantage of the discrete version of this inequality, so we can
establish properties of configurations with minimal or close to minimal energy.
Gagliardo-Nirenberg inequality states that for every u ∈ H1(Rd), and 1 < p < 1+ 4

d
,

there exists a constant C(p, d), such that (cf. [66],[194],[218]):

‖u‖p+1
Lp+1 =

∫
|u|p+1 ≤ C(d, p)

( ∫
|∇u|2

) d(p−1)
4
( ∫
|u|2

) p+1
2 −

d(p−1)
4
. (3.C.1)

While we are focusing on the case where d = 1, and p = 3 < 1 + 4
d

= 5 and
the domain is periodic, we state the following version from [[120] Section 3.2, [154]
Lemma 4.1]. For all u ∈ H1

per = H1(T), there exists a constant C > 0:

‖u‖4
L4 =

∫ 1

0
|u|4 ≤ C(‖∂xu‖L2‖u‖3

L2 + ‖u‖4
L2)

= C

(( ∫ 1

0
|u|2

) 3
2
( ∫ 1

0
|∂xu|2

) 1
2

+
( ∫ 1

0
|u|2

)2
)
.

(3.C.2)

We need counterparts of these inequalities in the discrete setting, in order to
obtain these inequalities, we generalize results from [[67] Section 17]. First, let us
define a handful of notations. Fix n > 0, and consider a function f : T̃n → C, define
the discrete `p(T̃n) norm of f , for p ≥ 1, as:

‖f‖
`p(T̃n) =

( 1
n

∑
x∈T̃n

|f(x)|p
) 1
p

. (3.C.3)

Notice that our definition differs from the conventional one by a factor n−
1
p . This

difference is motivated by the fact that in the limit as n → ∞, we can recover the
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continuous Lp norm, formally. Define the H1
per(T̃n) norm of f as follows:

‖f‖
H1(T̃n) :=

( 1
n

∑
x∈T̃n

n2|f(x)− f(x− 1)|2 + 1
n

∑
x∈T̃n

|f(x)|2
) 1

2
. (3.C.4)

We can also define the space `p(Z), with the following norm: For f : Z → C and
p ≥ 1 define:

‖f‖`p(Z) =
(∑
x∈Z
|f(x)|p

) 1
p

. (3.C.5)

As usual we have: `p(Z) = {f : Z → C|‖f‖`p(Z) < ∞}. We denote the discrete
gradient energy of f : Z→ C by G(f), and define it as:

G(f) := 1
2
∑
x∈Z
|f(x)− f(x− 1)|2. (3.C.6)

Note the difference between G(f) and Gn(f) in (3.2.9), where we scale the second
definition by n2 in order to get the continuous counterpart, formally.

The first version of the discrete Gagliardo-Nirenberg inequality can be recalled from
Proposition 17.6 of [67] with a small modification: For every 1 < p ≤ ∞, let
θ = 1

2 −
1
p+1 , obviously θ ∈ (0, 1), we have: there exists a constant C(p) > 0, such

that ∀f ∈ `p(Z) ∩ `2(Z) :

‖f‖`p+1(Z) ≤ C(p)
(
‖f‖`2(Z)

)1−θ
(G(f))

θ
2 . (3.C.7)

In particular, for p = 3, we have ∀f ∈ `4(Z) ∩ `2(Z), there exists a constant C such
that:

‖f‖4
`4(Z) ≤ C(‖f‖`2(Z))3(G(f)) 1

2 . (3.C.8)
We can deduce the following lemma from the later, which is crucial for our purposes.

Lemma 3.C.1. Recall the definition of Gn (3.2.9), and ‖.‖
`p(T̃n) (3.C.3), for every

f : T̃n → C, there exist a constant C independent of n such that:

‖f‖4
`4(T̃n) ≤ C

(
(‖f‖

`2(T̃n))
3(Gn(f)) 1

2 + ‖f‖4
`2(T̃n)

)
, (3.C.9)

we write this inequality in this open form:

1
n

∑
x∈T̃n

|f(x)|4 ≤ C

( 1
n

∑
x∈T̃n

n2

2 |f(x)−f(x−1)|2
) 1

2
( 1
n

∑
x∈T̃n

|f(x)|2
) 3

2
+
( 1
n

∑
x∈T̃n

|f(x)|2
)2
.

(3.C.10)
Usually we have 1

n

∑
x∈T̃n |f(x)|2 = m, hence, we have:

1
n

∑
x∈T̃n

|f(x)|4 ≤ C
(
m

3
2Gn(f) 1

2 +m2
)
. (3.C.11)
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Before proceeding, let us mention that above inequality in more general form can
be found in the literature (cf. [142] (1.6), Theorem 3.2., Theorem 3.3.). However,
we find the following demonstration illuminating.

Proof. We prove this lemma by constructing a function f̃ ∈ `4(Z) ∩ `2(Z), from f
as follows: Translate f such that |f(x)|2 achieves its minimum at x = n. By this
construction, we have |f(n)|2 ≤ 1

n

∑
x∈T̃n |f(x)|2 = m. Define f̃ on Z as:

f̃(x) =



f(x), ∀x ∈ {1, . . . , n},
f(n)(2− x

n
), ∀x ∈ {n+ 1, . . . , 2n},

f(n)(1 + x
n
), ∀x ∈ {−n, . . . ,−1},

f(n), if x = 0,
0 otherwise.

(3.C.12)

By the definition of f̃ , for every p ≥ 1 we have:

‖f̃‖p`p(Z) =
∑
x∈T̃n

|f(x)|p + |f(n)|p
n−1∑
x=0

2(x
n

)p + |f(n)|p. (3.C.13)

By estimating 1
n

∑n
x=1(x

n
)p with its integral value, we have c1(p) > 0, c2(p) > 0

independent of n, such that:

‖f‖p
`p(T̃n)

+ c1(p)|f(n)|p ≤ 1
n
‖f̃‖p`p(Z) ≤ ‖f‖

p

`p(T̃n)
+ c2(p)|f(n)|p. (3.C.14)

Moreover, we can compute G(f̃):

G(f̃) =
∑
x∈Z

1
2 |f̃(x)− f̃(x− 1)|2 = 1

2

n∑
x=1
|f(x)− f(x− 1)|2+

|f(n)|2(
0∑

x=−n

1
2n2 +

2n∑
x=n+1

1
2n2 ) = 1

n
Gn(f) + 1

n
|f(n)|2.

(3.C.15)

Since we fix n, by (3.C.14) f̃ ∈ `2(Z)∩ `4(Z); therefore, we can apply the inequality
(3.C.8). By using the fact that |f(n)|2 ≤ 1

n

∑
x∈T̃n |f(x)|2 = ‖f‖2

`2(T̃n)
, and estimates

(3.C.15) and (3.C.14), we get:

‖f‖4
`4(T̃n) ≤

1
n
‖f̃‖`4(Z) ≤ C

( 1
n
‖f̃‖2

`2(Z)

) 3
2
(
nG(f̃)

) 1
2

≤ C
(
‖f‖2

`2(T̃n) + c2(2)|f(n)|2
) 3

2
(
Gn(f) + |f(n)|2

) 1
2

≤ C ′
(
‖f‖2

`2(T̃n)

) 3
2
(
Gn(f) + |f(n)|2

) 1
2

≤ C ′
(
‖f‖2

`2(T̃n)

) 3
2Gn(f) 1

2 + C ′
(
‖f‖2

`2(T̃n)

) 3
2‖f‖4

`2(T̃n).

(3.C.16)

This inequality proves the lemma, since C ′ = C(1+c2(2)) 3
2 is a constant independent

of n. In the last line, we used the inequality
√
a+ b ≤

√
a+
√
b for a, b > 0.
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Limites hydrodynamiques, Chaînes harmoniques quantiques désordonnées, Équation d’Euler, Conductivité
thermique, Localisation d’Anderson, Décroissance de la corrélation, Équation de Schrödinger non-linéaire
discrète, Équation de Schrödinger non-linéaire, Processus stochastiques, Diffusion hypoelliptique, Ondes
solitaires, Grandes déviations

RÉSUMÉ

Cette thèse est consacrée à l’étude de la perturbation aléatoire de deux modèles de systèmes de particules en interaction,
liés à la mécanique quantique. Le premier est une chaîne désordonnée unidimensionnelle d’oscillateurs harmoniques
quantiques, où une limite hydrodynamique dans l’échelle hyperbolique du temps et de l’espace est prouvée ; l’élongation,
la quantité de mouvement et l’énergie convergent vers la solution de l’équation d’Euler dans cette échelle.
Dans le deuxième modèle, une perturbation stochastique conservant la masse d’une certaine classe d’équations de
Schrödinger non-linéaires discrètes est introduite, modélisant l’action d’un bain de chaleur à une température donnée. La
mesure de Gibbs correspondante est la seule mesure invariante de la dynamique, fournissant des propriétés d’ergodicité
et de mélange temporel. En guise d’application, on étudie la limite de grand temps, l’approximation du continuum, et la
limite de basse température dans le cas cubique unidimensionnelle focalisant.

ABSTRACT

This thesis is devoted to the study of random perturbation of two models of interacting particle systems related to quantum
mechanics. First is a one-dimensional disordered chain of quantum harmonic oscillators, where a hydrodynamic limit in
the hyperbolic scaling of time and space is proven; elongation, momentum, and energy converge to the solution of the
Euler equation in this scaling.
In the second model, a mass conserving stochastic perturbation of a certain class of discrete non-linear Schrödinger
equations is introduced, modeling the action of a heat bath at a given temperature. The corresponding Gibbs measure
is the unique invariant measure of the dynamics, providing ergodicity and time-mixing properties. As an application, it is
proved that in the one-dimensional cubic focusing case, the large time, continuum approximation, and the low-temperature
limit of the solution converges to the steady wave of the continuous non-perturbed equation that minimizes the energy for
a given mass.

KEYWORDS

Hydrodynamic limits, Disordered quantum harmonic chains, Euler equation, Thermal conductivity, Anderson
localization, Decay of correlation, Discrete non-linear Schrödinger equation, Non-linear Schrödinger equation,
Stochastic processes, Hypoelliptic diffusion, Solitary waves, Large deviations
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