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Résumé Les grandes matrices aléatoires se sont révélées depuis quelques temps être fondamentales
en mathématiques (statistiques en grande dimension, algèbre d’opérateur, combinatoire, théorie des
nombres, ...) et en physique (physique nucléaire, théorie quantique des champs, chaos quantique, ...).
Leur utilisation en traitement statistique du signal et analyse des séries temporelles est en revanche
plus récente. Elles s’avèrent être utiles quand les observations sont issues de séries temporelles mul-
tivariées de grande dimension (notéeM) et que la taille de l’échantillon (noté N) n’est pas beaucoup
plus grande que M , une situation qui devient très courante en raison du développement spectac-
ulaire des dispositifs d’acquisition de données et des réseaux de capteurs. Ce contexte soulève un
certain nombre de questions qui sont beaucoup étudiées par les chercheurs de la communauté des
statistiques en grande dimension. L’exemple le plus parlant est lié au problème fondamental de
l’estimation de la matrice de covariance car il est connu que son estimateur empirique classique se
comporte mal quand N n’est pas significativement plus grand que M . Par conséquent, les schémas
d’inférence statistique conventionnels basés sur des fonctionnelles de la matrice de covariance em-
pirique peuvent mal se comporter. Afin de résoudre ce type de problème, les approches les plus
populaires proposées sont basées sur une hypothèse de parcimonie des paramètres sous jacents.
Malheureusement cette hypothèse n’est pas toujours valide. L’application de la théorie des grandes
matrices aléatoires est une alternative prometteuse car, sous certaines hypothèses, il est possible
de comprendre le comportement de fonctionnelles de la matrice de covariance empirique quand M
et N sont simultanément grand, et d’utiliser ces résultats afin de proposer de nouvelles techniques
d’inférence plus performantes. Bien qu’un certain nombre de travaux récents aillent dans cette
direction, il reste un travail considérable à accomplir pour étudier des schémas d’inférence statis-
tique basés sur des estimateurs empiriques des statistiques du second ordre de séries temporelles
de grande dimensions. Le travail présenté est donc à l’interface entre grandes matrices aléatoire et
statistiques des séries temporelles multivariées.

Mots clés: matrice aléatoires, statistique en grande dimension, traitement du signal,
cohérence spectrale

Cette thèse a été préparée au Laboratoire IGM (CNRS, Univ. Paris-Est/MLV), 5 Boulevard
Descartes, 77454 Marne-la-Vallée, France.
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Abstract Large random matrices have been proved to be of fundamental importance in mathe-
matics (high dimensional probability, operator algebras, combinatorics, number theory,...) and in
physics (nuclear physics, quantum fields theory, quantum chaos,..) for a long time. The use of large
random matrices is more recent in statistical signal processing and time series analysis. The corre-
sponding tools turn out to be useful when the observation is a large dimension (sayM) multivariate
time series and the sample size N is not much larger thanM , a situation that becomes very common
due to the spectacular development of data acquisition devices and sensor networks. This context
poses several new difficult statistical problems that are intensively studied by the high-dimensional
statistics community. The most significant example is related to the fundamental problem of esti-
mating the covariance matrix of the observation because the standard empirical covariance matrix
is known to perform poorly if N is not significantly larger than M . As a result, the conventional
statistical inference schemes that are based on functionals of the empirical covariance matrix may
perform poorly. To mitigate this conceptual difficulty, the most popular approaches were based on
the design of inference schemes using some possible degree of sparsity of the underlying parameters.
However, sparsity is a property that does not necessarily hold. The use of large random matrix
theory is an appealing alternative because, under some assumptions on the observations, it is pos-
sible to identify the behaviour of certain functionals of the empirical covariance matrix when M
and N are both large, and to use the corresponding results to design new improved performance
inference schemes. While some papers produced several valuable results, considerable work remains
to be done to exploit the potential of large random matrix techniques in the context of statistics of
high-dimensional Gaussian time series. The proposed works in this thesis are thus at the interface
between large random matrices and the statistics of multivariate time series.

Keywords: random matrix, high-dimensional statistics, signal processing, spectral
coherency

This thesis has been prepared at Laboratoire IGM (CNRS, Univ. Paris-Est/MLV), 5 Boulevard
Descartes, 77454 Marne-la-Vallée, France.
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3.4 Approximation results for Ĉy(ν) in the high-dimensional regime . . . . . . . . . . . 166

3.4.1 Signal-free case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
3.4.2 Noise-free case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
3.4.3 The signal-plus-noise case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

3.5 A new consistent test statistic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
3.6 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

3.6.1 Case K = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
3.6.2 Case K > 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Appendices 179
3.A Useful results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
3.B Proof of Theorem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

3.B.1 Reduction to K = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
3.B.2 Reduction to B = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
3.B.3 Periodization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
3.B.4 Control of δ1(ν) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
3.B.5 Control of δ2(ν) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

3.C Proof of Theorem 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
3.D Proof of Corollary 3.1, Corollary 3.2 and Proposition 3.1 . . . . . . . . . . . . . . . . 189

3.D.1 Proof of Corollary 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
3.D.2 Proof of Corollary 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
3.D.3 Proof of Proposition 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

3.E Proof of Corollary 3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
3.F Proof of Proposition 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

4 Extension to the case of non-vanishing SNR per sensor 195
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
4.2 Statement of the results under our new assumption . . . . . . . . . . . . . . . . . . . 196
4.3 Numerical simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

4.3.1 Definition of an alternative . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
4.3.2 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

III Maximum of the sample spectral coherency estimator 203

5 Maximum sample spectral coherence 205
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

5.1.1 The addressed problem and the results . . . . . . . . . . . . . . . . . . . . . . 205
5.1.2 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
5.1.3 On the literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

5.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
5.2.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
5.2.2 Statement of the result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

5.3 Application to testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
5.3.1 New proposed test statistic . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
5.3.2 Type I error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
5.3.3 Power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

5.4 Proof of Theorem 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212



8

5.4.1 General approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213
5.4.2 Proof of Proposition 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
5.4.3 Proof of Proposition 5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

Appendices 221
5.A Proof of Proposition 5.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
5.B Proof of Proposition 5.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224
5.C Proof of Proposition 5.3: moderate deviations of s̃ij(ν) . . . . . . . . . . . . . . . . . 230



List of Figures

1.1 Linear Spectral Statistics vs the correction term. f(λ) = (λ − 1)2, (N,B,M,L) =
(10119, 1600, 800, 21), and θ = 0.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

1.2 Evolution of the error of 1
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Introduction

This thesis is devoted to the asymptotic study of estimates of the spectral coherency matrix of large
dimensional Gaussian time series. If one denotes by M the dimension of the time series and by N
the number of observations collected, classical time series analysis usually deals with the case where
M is fixed and N → +∞. This context enables us to derive several important asymptotic results.
These low-dimensional results in general break down when M is considered as a function of N ,

such that M(N)
N→+∞−−−−−→ +∞. Modern statistical problems are commonly faced with this context,

either because the dimensionalityM of the problem is large, or because it is not possible to collect a
sufficiently large number of observations N so that N is in practice not much greater than M (this
can happen for instance because the observed time series is not stationary and its parameters are
rapidly evolving, or because the duration of the observation period is small). In these situations,
it becomes tricky to apply low-dimensional results from statistical analysis. This relatively new
asymptotic regime motivated a certain number of research papers, and an important proportion of
them considered using results from random matrix theory. Random matrix theory is concerned with
asymptotic properties of the eigenstructure of high-dimensional random matrices when bothM and
N are diverging such that M/N → c ∈ (0,+∞). This approach turned out to be insightful, and in
particular shed light on the behaviour of the eigenvalues and eigenvectors of sample covariance and
correlation matrices, both objects which are of prime importance for statistical analysis applications.
This random matrix-based approach also allowed to design new improved performance approaches.
However, other properties related to the behaviour of time series requires more information than
those provided by the covariance matrix, and some applications may require detailed knowledge of
the spectral density and spectral coherency matrices in the high-dimensional regime. The goal of
this manuscript is to present some results obtained on the behaviour of a well-known estimator of
the spectral coherency matrix of a high-dimensional Gaussian time series, and how these results
can be used to address some important statistical signal processing problems in particular whether
the components of the M–dimensional time series are independent or not.

0.1 Motivation

We consider an M–dimensional stationary complex Gaussian1 time series y. A time series (yn)n∈Z

is said to be Gaussian if and only if for any finite set of time points N1, N2, . . . , Nk, yN1 ,yN2 , . . . ,yNk

are jointly normally distributed. If we denote Ru = E[yn+uy∗
n] its autocovariance at lag u, one can

define the spectral density matrix at frequency ν by

S(ν) = (sij(ν))
M
i,j=1 =

∑
u∈Z

Rue
−i2πuν (1)

1The complex circular Gaussian distribution with variance σ2 is denoted as NC(0, σ
2) and defined as X1 + iX2

where X1,X2 ∼ N (0, σ2/2) i.i.d. A random vector x of Cn follows the NCn(0,R) distribution if b∗x ∼ NC(0,b
∗Rb)

for all deterministic (column) vector b and a fixed n× n positive definite matrix R.

13
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and the spectral coherency matrix (see for instance [13, Chapter 7-6], [52, Chapter 5.5]) at frequency
ν, an analogue of correlation in the frequency domain, by

C(ν) = (cij(ν))
M
i,j=1 = dg(S(ν))−

1
2S(ν)dg(S(ν))−

1
2 (2)

where dg(S(ν)) = S(ν)⊙ IM , with ⊙ denoting the Hadamard product (entrywise product) and IM
is the M–dimensional identity matrix.

These quantities, S(ν) and C(ν), provide useful information about the second-order dynamics
properties of y, which from a statistical point of view could be important to understand and extract
from a finite sample of (yn)n=1,...,N . In other words, spectral density aggregates information of
autocovariance of different lag orders l at a specific frequency ν ∈ [−1

2 ,
1
2 ]. For instance, it is shown

in [68] that cij(ν), the coherence between the time series i and j at frequency ν, is equivalent to
the squared correlation between ν-oscillatory components of the two time series. Note also that the
autocovariance function can be recovered from the spectral density by

Rl =

∫ 1
2

− 1
2

e2iπlνS(ν) dν

In this manuscript, we will detail some applications in statistical analysis and signal processing,
such as the test of independence between the M components of y, and the detection of a low-rank
spatially correlated signal within a high-dimensional noise. To achieve these goals, we will rely on
the smoothed periodogram estimator of S(ν) (also called averaged periodogram estimator in the
literature) of y at frequency ν defined by

ŜN (ν) = (ŝN,ij(ν))
M
i,j=1 =

1

B + 1

B/2∑
b=−B/2

ξN

(
ν +

b

N

)
ξN

(
ν +

b

N

)∗
(3)

where B is an even integer, which represents the smoothing span, and

ξN (ν) =
1√
N

N∑
n=1

yne
−2iπ(n−1)ν

is the renormalized Fourier transform of (yn)n=1...,N . The corresponding estimated spectral co-
herency matrix is defined as:

ĈN (ν) = (ĉN,ij)
M
i,j=1(ν) = dg

(
ŜN (ν)

)− 1
2
ŜN (ν)dg

(
ŜN (ν)

)− 1
2

(4)

The following chapters of this manuscript are motivated by the understanding of some properties
of ĈN (ν) when the dimension M of y is large and the components of y are independent time series.
Before stating the obtained results, we recall that the properties of quantities derived from ŜN (ν)
and ĈN (ν) have first been studied in the regime where N → ∞ and M is fixed, a regime that we
will call low-dimensional in the rest of this manuscript. It is well known (see the paragraph on the
literature review paragraph below for more details) that ŜN (ν) and ĈN (ν) are consistent estimates
of S(ν) and C(ν) in the low-dimensional regime if B → +∞ and B

N → 0. Under mild assumptions

on the memory of the time series (yn)n∈Z, ŜN (ν) is moreover an asymptotically normal estimate
of S(ν), which can, in turn, be used to study the asymptotic performance of various tests based on
ĈN (ν).

In the case where M → +∞, to ensure that ŜN (ν) is still a consistent estimator of S(ν), it is
necessary that M

B → 0. A simple example which shows this is the following: consider (yn)n∈Z a
sequence of i.i.d. NC(0, 1) random variables. In this context, for each ν, the renormalized Fourier
transform vectors (ξN (ν+ b/N))b=−B/2,...,B/2 are mutually independent NC(0, IM ) random vectors.
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The spectral density estimate ŜN (ν) thus coincides with the sample covariance matrix of these
(B +1) M–dimensional vectors. If one denotes by cN the ratio M

B+1 and suppose that cN → c, it is

known since [63] that ∥ŜN (ν)− S(ν)∥ N→+∞−−−−−→ (1 +
√
c)2 − 1 almost surely. This quantity is null if

and only if c = 0, which means that M
B → 0.

Nowadays, in many practical applications involving high-dimensional signals and/or moderate
sample size, the ratio M

N may not be small enough to be able to choose B so that M
B is much smaller

than 1 and B
N small enough. In this context, the behaviour of ĈN (ν) is not accurately predicted

by the results obtained in the low-dimensional regime (BN → 0 with either M fixed or M
B → 0). In

particular, ĈN (ν) has no reason to be close from C(ν). In this situation, it appears more relevant
to choose B of the same order of magnitude as M , and to rely on the high-dimensional regime in
which M := M(N), B := B(N) and N converge to infinity such that M

B converges to a positive
constant c ∈ (0,+∞) while B

N converges to zero. As seen below, large random matrix methods then

allows to have a good understanding of the behaviour of ĈN (ν). In the following, we moreover
assume that

B = O(Nα) for some α ∈
(
1

2
, 1

)
Of course, since M

B → c ∈ (0,+∞), it is clear thatM is also O(Nα) for α ∈
(
1
2 , 1
)
, and M

N → 0. Note
that α is taken greater than 1

2 so that M is not too small compared to N . Otherwise, it becomes
again reasonable in applications to find a B such that simultaneously M ≪ B and B ≪ N . This
means that, in the case α < 1

2 , choosing B of the same order of magnitude as M has, in practice,
little interest and would only make our results more complex to state. This is why we discard this
case. Lastly, in the case where M

N → c ∈ (0,+∞) (so B must also be chosen of the same order of

magnitude as N andM) the entries of ŜN (ν) are not even consistent. Analysis based on the spectral
density is not recommended anymore, and one has to rely on other tools, such as the behaviour of
the eigenvalues of empirical covariance matrix from random matrix theory. The conclusion of this
paragraph is that in this manuscript, we will rely on the following high-dimensional regime defined
by:

M =M(N), B = B(N), B = O(Nα) for α ∈
(
1

2
, 1

)
, while

M

B + 1
:= cN

N→+∞−−−−−→ c ∈ (0,+∞)

(5)

which will be abbreviated by
N→+∞−−−−−→. This regime is relevant to study ŜN (ν) defined in (3) using

large random matrix methods, since it can be written as ŜN (ν) = ΣN (ν)ΣN (ν)
∗ where ΣN (ν) is

the M × (B + 1) matrix defined by

ΣN (ν) =
1√
B + 1

(
ξN

(
ν − B

2N

)
, . . . , ξN

(
ν +

B

2N

))
.

This can be seen as the empirical covariance matrix applied to the Fourier transforms vectors
ξN (ν − B

2N ), . . . , ξN (ν +
B
2N ), It can thus be expected that random matrix theory provides tools to

understand the eigenvalues of ŜN (ν) under our high-dimensional regime.

We finish this paragraph by making more precise the two quantities derived from ĈN (ν) that
will be studied in this manuscript when the components of y are assumed independent. First, if
one denotes λ̂1(ν), . . . , λ̂M (ν) the eigenvalues of ĈN (ν), a quantity of interest to study is the Linear
Spectral Statistic (LSS) (see [5])

∑M
m=1 f(λ̂m(ν)) for some function f defined on R+ satisfying some

regularity conditions. This quantity is related to the empirical eigenvalue distribution of ĈN (ν)
since writing Fν the empirical eigenvalue distribution function defined by:

F̂ν(t) =
1

M
card{λ̂m(ν) : λ̂m(ν) ≤ t}
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we see that the LSS corresponds to test the empirical probability distribution against the function
f . Moreover, this quantity is of importance for testing the independence of theM–time series, since
it can be used to compare the eigenvalue distribution of ĈN (ν) with the distribution expected under
the null hypothesis H0 where the time series are independent. Still motivated by the independence
test, the second object of interest will be the off-diagonal entries of ĈN (ν), and more precisely
supν supi ̸=j |ĉN,ij(ν)|2. This manuscript compiles results obtained on the behaviour of these two

objects (LSS and maximum off-diagonal entry of ĈN (ν)) under various model assumptions for the
time series (yn)n∈Z in the high-dimensional asymptotic regime described above.

0.2 Literature review

In this section, we present some important results related to the questions addressed in this
manuscript. We will divide this section into two paragraphs: the first one presents some of the typi-
cal topics of interest around the spectral density and coherency of time series in the low-dimensional
regime, while the second one presents some of the main useful results in random matrix theory.

0.2.1 On the spectral density/coherency matrices

Multivariate spectral density estimation is an important problem in time series and signal processing.
The spectral density of a stationary multivariate time series is the frequency domain analogue of
covariance and is based on the Fourier transform of the autocovariance function. It aggregates
information across different lags and among the components of a multivariate time series. Compared
to the Pearson correlation matrix, it provides a richer description of a potential cross-sectional
dependence. While most of the classical results on time series analysis through frequency domain
tools are available in [13] and [14], we recall in this paragraph some of them to help the reader be
familiar with the objects used in this manuscript.

Periodogram. As this manuscript is interested in the behaviour of the smoothed periodogram
estimator, it could be of importance to collect some results concerning the periodogram estimator,
which is defined as ξN (ν)ξN (ν)

∗, or simply |ξN (ν)|2 in the univariate case. The periodogram is a
fundamental tool in spectral analysis. In the case where (yn)n∈Z is a complex Gaussian time series,
it can be shown that the Fourier transform at frequencies ν1, . . . , νL written ξN (ν1), . . . , ξN (νL)
are asymptotically independent NC(0,S(νl)) random variables. Moreover, in the univariate case,
it is known that |ξN (ν)|2 is asymptotically unbiased for s(ν) but not consistent due to its non-
diminishing variance. For instance, for i.i.d Gaussian white noise yn ∼ N (0, σ2), the variance of
|ξN (ν)|2 is of the order σ4 [14, Proposition 10.3.2]. Moreover, it is shown in [30] that for any
sequence of independent, normally distributed random variables with mean zero and finite variance
σ2, the random variables {|ξN ( kN )|2, k ∈ {0, . . . , N − 1}} are independent and have exponential
distributions with σ2 as their common mean. It is also shown in [1] that for a stationary ergodic
process satisfying infν∈[0,1] s(ν) > 0 and additional moment assumptions on the innovations, then
almost surely:

lim
N→+∞

sup
ν∈[0,1]

|ξN (ν)|2

s(ν) logN
= 1

Smoothed periodogram. While these results for the periodogram ξN (ν)ξN (ν)
∗ are useful, they

suffer as shown above from the non-consistency of this estimator in the regime where M is fixed
and N → +∞. To achieve consistency, it is common to resort to smooth periodograms over nearby
frequencies. An example of estimator in this more general class of estimator is called the smoothed



17

periodogram and is defined as follows:

ŜN (ν) =
1

B + 1

B/2∑
b=−B/2

ξN

(
ν +

B

N

)
ξN

(
ν +

B

N

)∗

where B is a parameter called the spectral window. Under mild assumptions on the spectral
window, some distributional results are also available for the windowed periodogram estimator, see
for instance [13], [10], [66],[20],[57] and [97].

Before moving to the next section, we note that it is possible to define more general estimator of
smoothed periodogram using arbitrary functions, but this manuscript only considers the smoothed
periodogram estimator defined by (3) (also called the averaged periodogram). This allows to keep
computations tractable and as simple as possible while providing clues on the behaviour of high-
dimensional phenomena. We believe that considering the more general class of estimator would not
change much our understanding of the asymptotic properties of the spectral coherency estimator in
high dimension (up to some constants independent of N , but the speed of convergence would remain
unchanged), but would greatly increase the derivation complexity and decrease the readability of
our results.

0.2.2 On large dimensional general sample covariance matrices

Even though this manuscript is interested in understanding the behaviour of an estimator of the
spectral density matrix of high-dimensional stationary processes, it has been seen that our smoothed
periodogram estimator can be seen as the empirical covariance matrix of the Fourier vectors associ-
ated with the observations (yn)n=1,...,N , so it is insightful to review some of the known results from
random matrix theory on the sample covariance matrix.

While the behaviour of the eigenvalues of sample covariance matrices is well-known in the low-
dimensional regime (where the dimension M is fixed while the sample size N → +∞) since the
foundation work in [2], the high-dimensional regime requires more work. The aim of this subsection
is of course not to provide a general overview of the results developed regarding the behaviour of the
eigenvalues of large dimensional sample covariance matrices, but instead to introduce the reader to
the main ideas used later in this manuscript. This subsection will cover several subjects, from the
pure white noise model to several extensions incorporating dependence between the entries, either
within the rows (which will sometimes be called time dependence) or within the columns (which
will sometimes be called spatial dependence).

Marcenko-Pastur distribution. For the rest of this section we consider the sample covariance
matrix 1

NYNY
∗
N where YN is a matrix of size M ×N , and the asymptotic regime considered will

be M,N → +∞ such that M
N −→ c ∈ (0,+∞). We stress that this notation is not the one that

will be used in this manuscript (we will use M × (B + 1) matrices such that M
B+1 → c ∈ (0,+∞)),

but is a standard one used in the random matrix literature. [63] is one of the first papers which
realized that there might be new problems in estimating the spectral properties of large-dimensional
covariance matrices when M

N is not small. In particular, they showed the surprising result that in
the case of i.i.d. data with variance 1, the eigenvalues of the sample covariance matrix 1

NYNY
∗
N

do not concentrate around 1 (the value of all population eigenvalues), but rather were spread out

on the interval [(1 −
√

M
N )2, (1 +

√
M
N )2] when M ≤ N (otherwise, the matrix 1

NYNY
∗
N is rank

deficient and there are almost surely exactly M − N zero eigenvalues). This implies that when
the ratio M

N is not small, the sample covariance matrix is not a good estimator of the population
covariance. Fortunately, they also have shown that the empirical eigenvalue distribution of the
sample covariance matrix is asymptotically non-random, which enables the design of new improved
estimators, a better understanding of the quantities related to sample covariance matrices, and
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more generally the foundations of random matrix theory applied to statistical data analysis. More
precisely, consider YN anM×N matrix with i.i.d. N (0, 1) entries and consider the random measure
µ̂N defined by

dµ̂N =
1

M

M∑
m=1

δλ̂m,N

where λ̂1,N , . . . , λ̂M,N are the M eigenvalues of 1
NYNY

∗
N and δx the Dirac measure at point x. It

is shown in [63] that there exist a non-random measure µmp,c, depending on c := lim M
N ∈ (0,+∞),

such that almost surely
µ̂N − µmp,c

w−−−−−→
M→+∞

0

where the convergence is the weak convergence of measures. The measure µmp,c is defined by:

dµmp,c(λ) =

(
1− 1

c

)
+

δ0(λ) +

√
(λ+ − λ)(λ− λ−)

2cπλ
1[λ−,λ+](λ) (6)

where (·)+ = max(·, 0) and λ± = (1±
√
c)2. When c > 1, theM−N zero eigenvalues are represented

by the term
(
1− 1

c

)
+
δ0(λ). When c < 1, the Marcenko-Pastur distribution is supported on the

interval [λ−, λ+], also called the bulk of the distribution. Their method relies on the Stieltjes
transform of the empirical eigenvalue distribution, defined as:

m̂N (z) =

∫
R

dµ̂N (λ)

λ− z
, for all z ∈ C \ R+

or equivalently by the resolvent ( 1
NYNY

∗
N − zIM )−1 since m̂N (z) can also be expressed as follows:

m̂N (z) =
1

M
tr

(
1

N
YNY

∗
N − zIM

)−1

.

The authors of [63] showed that the function m̂N satisfies asymptotically the equation zcX2 + (z+
c− 1)X + 1 = 0, which admits the solution z 7→ t(z) in the set of Stieltjes transforms equal to:

t(z) =
−(z + c− 1) +

√
(z − λ+)(z − λ−)

2zc

where for z = ρeiθ,
√
z =

√
ρeiθ/2 for θ ∈ (0, 2π). For a sequence (cN )N≥1, we denote

tN (z) =
−(z + cN − 1) +

√
(z − λ+)(z − λ−)

2zcN

where it is understood that λ± = (1±√
cN )

2. It will be convenient in the next chapters to introduce
now the Stieltjes transform of 1

MY∗
NYN :

m̂N (z) =
1

N
tr

(
1

M
Y∗
NYN − zIN

)−1

(( 1
MY∗

NYN − zIN )
−1 is sometimes called the co-resolvent) and it can be shown equivalently that

m̂N converges asymptotically to t̃, satisfying:

t̃(z) = ct(z)− 1− c

z
.
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Lastly, t(z) and t̃(z) can be expressed as the unique solution in the set of Stieltjes transforms carried
by R+ of the following coupled equations:

t(z) =
−1

z(1 + t̃(z))
, t̃(z) =

−1

z(1 + ct(z))
.

Similarly, for a sequence (cN )N≥1, we denote:

tN (z) =
−1

z(1 + t̃N (z))
, t̃N (z) =

−1

z(1 + cN tN (z))
. (7)

It is also of interest to consider the limiting spectral distribution of the sample correlation
matrix defined by dg( 1

NYNY
∗
N )

− 1
2

1
NYNY

∗
Ndg(

1
NYNY

∗
N )

− 1
2 . It was first studied by [46] under

second-moment conditions, where the author showed that in the white noise case, the limiting
spectral distribution of the sample correlation also almost surely converges weakly towards the
Marcenko-Pastur distribution.

Extensions with spatial dependence. While the limiting spectral distribution of the white
model (with no correlation between the rows and the columns of YN ) has been studied in detail
in [85],[84] and [4], there has also been a large amount of effort made to relax the independence
structure imposed between the entries Yij , and understand how dependence between the entries of
YN have an impact on the limiting spectral distribution of the sample covariance matrix. We start
with the model where the samples y1, . . . ,yN are independent, but the components of yi are not

independent. The authors in [85] considered the case where YN = Σ
1
2
NXN , and XN is a matrix of

size M ×N with i.i.d. entries of finite second moment while ΣN is a non-negative definite matrix
independent of XN . The Marcenko-Pastur equation corresponds to the case where ΣN = IM . In
the other case, where ΣN ̸= IM , YN contains spatial correlation. Under the assumption that
the spectral distribution of the matrices (ΣN )N≥0 almost surely converges weakly to a probability
density function H, then with probability one as N → +∞ while M

N → c, the empirical spectral
distribution of 1

NYNY
∗
N almost surely converges weakly to a non-random p.d.f. This limiting

spectral distribution is given implicitly by an equation whose Stieltjes transform z 7→ m(z) is the
unique solution in the set {m ∈ C : −1−c

z + cm ∈ C+} of:

m(z) =

∫
R

dH(t)

t(1− c− czm(z))− z

Note that in the white noise case, H = δ1, and we recover the equation defining the Marcenko-
Pastur distribution. Moreover, [86] derived analytical properties concerning the limiting spectral
distribution from the study of this equation.

Another model of importance for applications and specifically for Chapter 3 and Chapter 4 is the
well-known spiked model. This corresponds to the case where ΣN is a finite K-rank perturbation
of the identity:

ΣN = BN + IM , with BN positive and rank(BN ) = K

so that the M − K smallest eigenvalues of ΣN are equal to 1. It is then of interest to study the

eigenvalues of 1
NYNY

∗
N = 1

NΣ
1
2
NXNX

∗
NΣ

1
2
N where XN is an M × N matrix of i.i.d. zero-mean

variance one entries. This model is also called the multiplicative spiked model and has been studied
in [6] and [7]. Denoting µ̂N the empirical eigenvalue distribution of 1

NYNY
∗
N , it is shown that

almost surely,
µ̂N

w−−−−−→
N→+∞

µmp,c

However, all the eigenvalues of 1
NYNY

∗
N do not concentrate around the bulk [(1−

√
c)2, (1+

√
c)2].
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It is shown in [7] that the K largest eigenvalues λ̂1,N , . . . , λ̂K,N of 1
NYNY

∗
N can converge to limits

outside of the bulk if the K non-zero eigenvalues of BNB
∗
N converges towards the sufficiently large

values λ1, . . . , λK . More precisely, for any k = 1, . . . ,K,

λ̂k,N
a.s.−−−−−→

N→+∞

{
(λk+1)(λk+c)

λk
if λk > 1 +

√
c

(1 +
√
c)2 else.

Note that λk > 1 +
√
c implies that (λk+1)(λk+c)

λk
> (1 +

√
c)2, which means that asymptotically the

k–th largest eigenvalues will effectively leave the bulk of the eigenvalues, and create a spike localised
around the values (λk+1)(λk+c)

λk
.

Extensions with time dependence. We now focus on the case where the samples y1, . . . ,yN are
correlated through time instead of correlated through space. There are several ways of considering

such a model. For instance, one could consider YN = XNΣ
1
2
N , (instead of YN = Σ

1
2
NXN in the

previous paragraph) and study the sample covariance matrix Σ̂N = 1
NYNY

∗
N = 1

NXNΣNX
∗
N .

However, it can be seen that this model is not so different than the one developed from [85], as one

could consider instead Σ̂N = 1
MY∗

NYN = 1
MΣ

1
2
NXNX

∗
NΣ

1
2
N , whose limiting eigenvalue distribution

is known. It remains to observe that Σ̂N and Σ̂N have exactly the same eigenvalues, except N −M
zeros if N > M (M −N zeros otherwise).

Another model, which will be of great importance in Chapter 2 is the following: suppose that
there exists an N ×N positive Hermitian matrices Θ1, . . . ,ΘM such that ym,1

...
ym,N

 = Θ
1
2
m

xm,1
...

xm,N


where (xm,1, . . . , xm,N ) ∼ NC(0, IN ) and (xm1,1, . . . , xm1,N ) is independent of (xm2,1, . . . , xm2,N ) for
m1 ̸= m2. This model, studied in [92] and [48], is useful to represent M–dimensional observations,
where the dimensions are independent, but each one has its own covariance structure described by
Θm. This model will be treated in detail in Chapter 2.

Lastly, a model related to those developed in this manuscript is to suppose that each dimen-
sion is generated as a time series. This model is of importance since an important problem in
applications is to test whether a collection of time series are uncorrelated or not. In this case, the
Marcenko–Pastur distribution is not anymore a good approximation of the eigenvalue distribution of
the sample covariance matrix, and moreover this model cannot be expressed as Silverstein’s sample
covariance matrices from the previous paragraph. For instance, the author in [98] considered that
each dimension of y is generated as an independent univariate linear process:

ym,n =
∑
k≥0

akϵm,n−k

where for each m, (ϵm,n)n∈Z is a real-valued and weakly stationary white noise with mean zero
and variance 1. Under the assumption that the filtering sequence is summable (

∑
k≥0 |ak| < +∞)

and moment condition on the innovations (Eϵ4n < +∞), it is shown that the spectral distribution
of 1

NYNY
∗
N converges towards a non-random probability distribution F whose Stieltjes transform

z 7→ m(z) satisfies:

z =
−1

m(z)
+

∫ 1

0

1

cm(z) + cs−1(ν)
dν

where s is the spectral density of the linear process (ym,n)n≥0 (by assumption, the spectral densities
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for all the dimensions are identical) equal to:

s(ν) =

∣∣∣∣∣∣
∑
k≥0

ake
2iπkν

∣∣∣∣∣∣
2

.

The assumption that each time series is generated by the same linear filter is quite strong, and
in this manuscript, we will not suppose this, which means that we suppose that there exists M
sequences of filtering coefficients (a1,k)k≥0, . . . , (aM,k)k≥0 (with additional assumptions that will be
made precise in the following chapters) such that

ym,n =
∑
k≥0

am,kϵm,n−k

where the noises are still independent weakly stationary white noise.

Extensions with spatial and time dependence. Naturally, one may ask whether it is possible
to simultaneously handle dependence within rows and columns since multivariate populations with
spatio-temporal dependence can be found in many practical situations and are of considerable
interest in statistical methods and applied areas. For instance, it is of interest to consider a general

sample covariance matrix model of the form 1
NT

1
2
2NX

∗
NT1NXNT

1
2
2N , where T1N and T2N and non-

negative sequence of matrices, and T1N are Hermitian, whose size coincides with XN ∈ CM×N . In
the case where T1,N is positive semidefinite, this model is known as the separable covariance model,
since the covariance of the data matrix is the Kronecker product of T1,N and T2,N . Among the
works which studied this model, we can refer to [71], [49], [18], [37] and the reference therein.

0.2.3 Previous works using the asymptotic regime (5)

Relatively few papers studied the behaviour of the smoothed periodograms ŜN (ν) under the regime
defined by (5). For instance, it was observed in [11] that as the dimension of the time series
increases, the estimation risk of the smoothed periodogram also increases. This observation led to
new directions of research to improve estimation and testing performance, using methods relying
on shrinkage, thresholding (see e.g. [87]), and random matrix theory. The authors of [11], inspired
by the well-known spreading phenomena of the eigenvalues of high-dimensional sample covariance
matrices around the population eigenvalues, defined a shrinkage estimator by:

Ŝ
(shrink)
N (ν) = p(ν)ŜN (ν) + r(ν)IM

for some explicit functions p and r controlling the shrinkage level for each frequency, and proved
that this method can reduce the risk associated with the estimation of the spectral density matrix.
Note that the asymptotic regime they considered is similar to the one used in this manuscript, as
they required:

0 < inf
N≥1

M

B
≤ sup

N≥1

M

B
< +∞ and

√
MB

N
→ 0

which is equivalent to M = o(N2/3) (and we recall that in this manuscript, we will assume M =
O(Nα) for some 1

2 < α < 1). This approach has been improved later in [29] and the reference
therein.

Another related approach to test the independence of high-dimensional time series is found in
[61] and [60]. The authors consider L consecutive observations of the m–th time series starting at
time n, namely

yLm,n = [ym,n, . . . , ym,n+L−1]
T
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and from this built an ML–dimensional column vector

yLn = [(yL1,n)
T , . . . , (yLM,n)

T ]

They denote by RL the ML×ML covariance matrix of this random vector, i.e. RL = E[yLn (y
L
n )

∗]
where (·)∗ stands for transpose conjugate. This matrix is sometimes referred as the spatio-temporal
covariance matrix. Clearly, theM series ((ym,n)n∈Z)m=1,...,M are uncorrelated if and only if for each
integer L, matrix RL is block-diagonal, namely

RL = Bdiag(RL)

where, for an ML ×ML matrix A, Bdiag(A) is the block-diagonal matrix of the same dimension
whose L×L blocks are those of A. We notice that the L×L diagonal blocks of Bdiag(RL) are the
L× L Toeplitz matrices Rm,L, m = 1, . . . ,M , defined by

(Rm,L)kk′ = rm(k − k′)

where (rm(k))k∈Z is the covariance sequence of the m–th time series. [61] and [60] denote by Rcorr,L

the block correlation matrix defined by

Rcorr,L = Bdiag(RL)
− 1

2RLBdiag(RL)
− 1

2 .

Consequently, RL is block diagonal for each L if and only if Rcorr,L = IML for each L. A possible
way to test whether the M components of the time series (yn)n∈Z are uncorrelated thus consists in
estimating Rcorr,L for a suitable value of L, and subsequently comparing the corresponding estimate

with IML. For this, the authors consider the standard sample estimate R̂corr,L defined by

R̂corr,L = Bdiag(R̂L)
− 1

2 R̂LBdiag(R̂L)
− 1

2

where R̂L is the empirical spatio-temporal covariance matrix given by

R̂L =
1

ML

N∑
n=1

yLn (y
L
n )

∗

and where Bdiag(R̂L) is the corresponding block diagonal matrix:

Bdiag(R̂L) =

R̂1,L

. . .

R̂M,L


with R̂m,L for m = 1, . . . ,M , denoting the corresponding L × L diagonal blocks. Under the
assumption of independence of the M components of the time series and under the asymptotic

regime where ML
N

N→+∞−−−−−→ c, they showed that∫
f(λ) dµ̂N (λ)−

∫
f(λ) dµmp,c −→ 0

where dµ̂N = 1
ML

∑N
k=1 δλ̂k , and (λ̂k)k=1,...,ML are the eigenvalues of R̂L.



23

0.3 Contributions of the thesis

The general topic of this thesis is to understand the properties of the smoothed periodogram es-
timator of the spectral coherency matrix of an M–dimensional time series y when M is large
and the components of y are independent. For all chapters, we will use the high-dimensional
regime defined above in (5) that we recall here: M and B are integer functions of N such that
M
B

N→+∞−−−−−→ c ∈ (0,+∞) and M = O(Nα) for 1
2 < α < 1. In this section, we will sometimes omit

the explicit dependencies on the frequency ν and on the complex number z to reduce notations.

0.3.1 Contribution of Chapter 1

The motivation of this chapter is to evaluate the behaviour of certain Linear Spectral Statistics (LSS)
of ĈN (ν) defined in (4) under the hypothesis H0 that the M components (y1,n)n∈Z, . . . , (yM,n)n∈Z

of y are mutually uncorrelated and in our high-dimensional asymptotic regimes. Let the empirical
spectral measure of ĈN (ν) be defined by

dµ̂N,ν =
1

M

M∑
m=1

δλm(ĈN (ν))

where (λm(A))m=1,...,M represents the M eigenvalues of the M ×M matrix A, and δx is the Dirac

mass at point x. An LSS of ĈN (ν) can be written
∫

R f(λ) dµ̂N (ν, λ) or equivalently
1
M tr f(ĈN (ν))

for some function f defined on R+ satisfying some regularity assumptions if needed. In this chapter,
we study the quantity

sup
ν∈[0,1]

∣∣∣∣ 1M tr f(ĈN (ν))−
∫

R
f dµmp,cN

∣∣∣∣
to show that the empirical eigenvalue distribution of ĈN (ν) converges towards the Marcenko-Pastur
distribution. In order to study this quantity, we first work with a fixed ν, and later extend our
results over ν ∈ [0, 1] using a Lipschitz argument. For each fixed ν, we consider the intermediate
quantity C̃N (ν) defined by

C̃N (ν) = dg (S(ν))−
1
2 ŜN (ν)dg (S(ν))

− 1
2

and show that C̃N (ν) can be written

C̃N (ν) =
XN (ν)XN (ν)

∗

B + 1
+ ∆̃N (ν)

where XN (ν) is an M × (B + 1) matrix with i.i.d. NC(0, 1) entries and ∆̃N (ν) is an error term
converging towards 0 in spectral norm at rate B

N (see below for more details on matrix ∆̃N (ν)). We

now state the global decomposition used to approach the quantity of interest 1
M tr f(ĈN (ν)):

1

M
tr f(ĈN (ν)) =

(
1

M
tr f(ĈN (ν))−

1

M
tr f(C̃N (ν))

)
+

(
1

M
tr f(C̃N (ν))− E

1

M
tr f(C̃N (ν))

)
+

(
E

1

M
tr f(C̃N (ν))− E

1

M
tr f

(
XN (ν)XN (ν)

∗

B + 1

))
+

(
E

1

M
tr f

(
XN (ν)XN (ν)

∗

B + 1

)
−
∫
f dµmp,cN

)
+

∫
f dµmp,cN

Concerning the first step of the decomposition, we use the Helffer-Sjöstrand formula, which makes
possible to transfer the study of the LSS to the resolvents Q̃N (z) := (C̃N − zIM )−1 and Q̂N (z) :=
(ĈN − zIM )−1. Under assumptions on f (regularity and compactness of its support), the Helffer-
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Sjöstrand formula states that∫
f dµ =

1

π
Re

∫
C+

∂̄Φk(f)(x, y)sµ(x+ iy) dx dy

where sµ is the Stieltjes transform of µ, ∂̄ = ∂x + i∂y and Φk(f) : C → C the function defined on C
by

Φk(f)(x, y) =

k∑
l=0

(iy)l

l!
f (l)(x)ρ(y)

where ρ : R → R+ is smooth, compactly supported, with value 1 in a neighbourhood of 0. Function
Φk(f) coincides with f on the real line and extends it to the complex plane. Applying this in our
context, we write that

1

M
tr f(ĈN (ν))−

1

M
tr f(C̃N (ν)) =

1

π
Re

∫
C+

∂̄Φk(f)(x, y)
1

M
tr (Q̂N (x+ iy)− Q̃N (x+ iy)) dx dy.

It is then possible to study the difference

1

M
tr (ĈN − zIM )−1 − 1

M
tr (C̃N − zIM )−1 =

1

M
tr
(
Q̂N (z)(C̃N − ĈN )Q̃N (z)

)
To state our quantitative result about the behaviour of 1

M tr (ĈN − zIM )−1 − 1
M tr (C̃N − zIM )−1,

we first need to define the concept of stochastic domination, where we say that the family of non-
negative random variables X = (XN )N≥1 is stochastically dominated by the deterministic sequence
(uN )N≥1 if for all ϵ > 0, there exists N0(ϵ) large enough and some γ(ϵ) > 0 such that for any
N > N0(ϵ):

P [XN > N ϵuN ] ≤ exp−Nγ

If (XN )N≥1 is stochastically dominated by (uN )N≥1 we use the notation XN ≺ uN , and if for some
complex valued family X we have |X| ≺ uN , we also write X = O≺(uN ). With this tool at hand,
we show that the following stochastic domination holds uniformly in ν ∈ [0, 1]:

1

M
tr f(ĈN (ν))−

1

M
tr f(C̃N (ν)) = −

(
1

M

M∑
m=1

s′′m(ν)

2sm(ν)

)
vN < D̃N , f > +O≺

(
1

B
+

1√
B

B

N
+

(
B

N

)3
)

where vN =
(

1
B+1

∑B/2
b=−B/2

(
b
N

)2)
and < D̃N , f > corresponds to the action of the distribution D̃N ,

whose Stieltjes transform is explicitly known, on f (this quantity will be made precise later). This
allows us to focus on the behaviour of C̃N (ν). We then show by standard Gaussian concentration
inequalities, that

1

M
tr f(C̃N (ν))− E

1

M
tr f(C̃N (ν)) = O≺

(
1

B

)
so it remains to study E 1

M tr f(C̃N (ν)). Under the assumption that the M components of the time

series are independent, we show that C̃N (ν) is well approximated by a white noise Wishart matrix
for each ν:

C̃N (ν) =
XN (ν)XN (ν)

∗

B + 1
+ ∆̃N (ν)

where XN (ν) is an M × (B + 1) matrix with i.i.d. NC(0, 1) entries, supν∈VN
∥∆̃N (ν)∥ = O≺(

B
N )

and VN = { kN , k = 0, . . . , N − 1}. After Gaussian computations (using especially the Gaussian
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integration by part formula), it is possible to obtain the following estimation:

E

[
1

M
tr f(C̃N (ν))

]
− E

[
1

M
tr f

(
XN (ν)XN (ν)

∗

B + 1

)]
=

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

− 1

M

M∑
m=1

s′′m(ν)

2sm(ν)
< D̃N , f > vN +O

(
1

N
+

(
B

N

)3
)

where DN is another distribution whose Stieltjes transform is explicitly known. The strategy

to obtain this result consists in considering E
[

1
M tr Q̃N (z)

]
− E

[
1
M tr QN (z)

]
, where QN (z) =

(XN (ν)XN (ν)∗

B+1 − zIM )−1 is the resolvent associated with XNX
∗
N . Using long and very tedious Gaus-

sian calculations, it holds that

E

[
1

M
Tr(Q̃N (z)−QN (z))

]
= −

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)
p̃N (z) vN+(

1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

pN (z) vN +Oz

(
B

N

)3

where p̃N is the Stieltjes transform of the compactly supported distribution D̃N introduced previ-
ously, pN is also the Stieltjes transform of another compactly supported distributions DN . Their
close-form expression is known:

p̃N (z) = (ztN (z))
′, pN (z) =

−cN (ztN (z)t̃N (z))3

1− cN (ztN (z)t̃N (z))2

where we recall that tN and t̃N have been defined in (7). It remains to state a classical result from
random matrix theory which ensures that for complex Gaussian white noise matrix XN (ν),

E

[
1

M
tr

XN (ν)XN (ν)
∗

B + 1

]
−
∫
f dµmp,cN = O

(
1

B2

)
where µmp,cN is the Marcenko-Pastur distribution with parameter cN = M

B+1 . Combining all the
previous estimations, we obtain that for each ν,

TN (ν) = O≺

(
1

B
+

1√
B

B

N
+

(
B

N

)3
)
.

where

TN (ν) =
1

M
tr ĈN (ν)−

∫
f dµmp,cN −

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

This result informally states that under the assumption of independence of the components of
the multidimensional time series, the empirical eigenvalue distribution of ĈN (ν) is close to the
Marcenko-Pastur distribution, up to a correction of order O(BN )2 and an error rate of order 1

B +
1√
B
B
N +

(
B
N

)3
. By a union bound over the grid VN of cardinality N , it is clear by the definition

of the stochastic domination that supν∈VN
|TN (ν)| ≺ 1

B + 1√
B
B
N +

(
B
N

)3
. It remains to show that

ν 7→ TN (ν) is Lipschitz with a Lipschitz constant of order Np for some finite p to obtain the desired
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result:

sup
ν∈[0,1]

|TN (ν)| ≺
1

B
+

1√
B

B

N
+

(
B

N

)3

However, we remark that this result does not allow to propose a statistical test since nothing is
known about the asymptotic distribution of supν∈[0,1] |TN (ν)|, so it impossible to design a test with
a controlled type-I error. Nevertheless, the results obtained in this chapter represent a first step
toward obtaining the asymptotic distribution of supν∈[0,1] |TN (ν)|. This will be discussed in more
details in the Perspectives section 0.4.

0.3.2 Contribution of Chapter 2

To evaluate explicitly the O(BN )2 correction term in the expression of 1
M tr ĈN (ν) −

∫
f dµmp,cN ,

the approach used in Chapter 1 turns out to require extremely long and tedious calculations. In
this chapter, we propose an alternative approach that allows us to recover this quantity much more
easily. Instead of using the decomposition:

E

[
1

M
tr C̃N (ν)

]
−
∫
f dµmp,cN = E

[
1

M
tr C̃N (ν)

]
− E

[
1

M
tr

XN (ν)XN (ν)
∗

B + 1

]
+ E

[
1

M
tr

XN (ν)XN (ν)
∗

B + 1

]
−
∫
f dµmp,cN

we propose to directly study the behaviour of the resolvent E(C̃N (ν) − zIM )−1 by using the co-
variance structure of the Fourier transforms (ξN (ν +

b
N ))b=−B/2,...,B/2 and Gaussian calculus. Note

that C̃N (ν) = dg(S(ν))−
1
2ΣN (ν)ΣN (ν)

∗dg(S(ν))−
1
2 where

ΣN (ν) =
1√
B + 1

(
ξN

(
ν − B

2N

)
, . . . , ξN

(
ν +

B

2N

))
so C̃N (ν) can be interpreted as the empirical covariance matrix of dg(S(ν))−

1
2ΣN (ν). Under the

assumption of spatial independence, the rows of dg(S(ν))−
1
2ΣN (ν) are independent. We define

ΘN,m(ν) the covariance matrix of the normalized Fourier transforms at frequency ν of the m–th
component of the time series:

ΘN,m(ν) = E

(
ξN,m

(
ν − B

2N

)√
sm(ν)

, . . . ,
ξN,m

(
ν + B

2N

)√
sm(ν)

)∗(
ξN,m

(
ν − B

2N

)√
sm(ν)

, . . . ,
ξN,m

(
ν + B

2N

)√
sm(ν)

)

By classical results on Fourier transforms (see [13]), for any m ≥ 1,

Cov

(
ξN,m

(
ν +

b

N

)
, ξN,m

(
ν +

b′

N

))
= sm

(
ν +

b

N

)
1(b = b′) +O

(
1

N

)
This implies that for each m and ν, ΘN,m(ν) is approximately the identity matrix, and means that

the columns of dg(S(ν))−
1
2ΣN (ν) are almost independent. This model allows explicit calculations

for the behaviour of Q̃N (z) := (C̃N (ν) − zIM )−1. We show that for each z ∈ C+, there exists
deterministic matrices T̃N (z, ν) such that

1

M
tr EQ̃N (ν, z)−

1

M
tr T̃N (ν, z) = Oz

(
1

B2

)
where Oz(

1
B2 ) means that there exists polynomials whose constants and degrees are independent of

N and z such that this quantity is less than P1(|z|)P2(
1

Imz )
1
B2 . Moreover, using proper assumptions
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on the time series, it is possible to show that Oz(
1
B2 ) is uniform in ν. Finally, the matrix T̃N (ν, z)

is deterministic and is defined implicitly by the unique solution of equation:

T̃N (ν, z) = dg

(
−1

z(1 + δN,m(ν, z))
,m = 1, . . . ,M

)
where the (δN,m)m≥1 are defined as the solution of the system of M equations:

δN,m(ν, z) =
1

B + 1
tr

(
−zIB+1 +

c

M

M∑
k=1

ΘN,k(ν)

1 + δN,k(ν, z)

)−1

ΘN,m(ν), m ∈ [M ]

We now use the fact that the columns are almost independent, so that it is reasonable to recover a
Marcenko-Pastur type behaviour for T̃N . We show that the following estimates hold:

sup
m≥1

sup
ν∈[0,1]

∥ΘN,m(ν)− IB+1∥ = O
(
B

N

)
1

B + 1
sup
m≥1

sup
ν∈[0,1]

tr (ΘN,m(ν)− IB+1)−ΥN,m(ν) = O
(
B

N

)3

where ΥN,m(ν) is the O(BN )2 term equal to ΥN,m(ν) = 1
2
s′′m(ν)
ŝm(ν)vN . This allows to prove that

T̃N (z)− tN (z)IM → 0 for any z ∈ C+, and obtain that for any f ∈ Cp with p large enough,

E
1

M
tr f(C̃N (ν))−

∫
f dµmp,cN =

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

−

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)2

< D̃N , f > vN +O

(
1

B
+

1√
B

B

N
+

(
B

N

)3
)

where the O(·) is uniform in ν ∈ [0, 1], and where D̃N and DN are distributions whose Stieltjes

transforms at point z are equal respectively to (ztN (z))
′ and −cN (ztN (z)t̃N (z))3

1−cN (ztN (z)t̃N (z))2
.

0.3.3 Contribution of Chapter 3

In this chapter, we consider an M–dimensional time series (yn)n∈Z defined as

yn = un + vn

where (un)n∈Z represents a useful signal and where (vn)n∈Z represents an additive noise. The useful
signal is modeled as the output of an unknown stable M × K MIMO filter (Hk)k∈Z driven by a
non-observable K–dimensional complex Gaussian white noise (ϵn)n∈Z with E[ϵnϵ∗n] = IK , i.e.

un =
∑
k∈Z

Hkϵn−k

with probability one. We notice that K represents the number of sources in the context of array
processing. For each ν ∈ [0, 1], we denote by H(ν) the Fourier transform of (Hk)k∈Z:

H(ν) =
∑
k∈Z

Hke
−i2πνk
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We suppose that the signal satisfies the following short-memory assumption:

sup
m≥1

∑
k∈Z

(1 + |k|)∥Hk∥ < +∞

while its magnitude is scaled such that

lim
M→∞

max
m=1,...,M

max
ν∈[0,1]

∥hm(ν)∥2 = 0.

where ∥hm(ν)∥22 =
∑K

k=1 |(H)m,k(ν)|2 represents the total power received by the sensor m from the
K–dimensional signal at frequency ν. This implies that the total power of the signal is equal to

E∥um,n∥2 =
∫ 1

0
∥hm(ν)∥2 dν = o(1)

Concerning the noise, (vn)n∈Z is modeled as an M–dimensional stationary complex Gaussian
time series such that its component time series (v1,n)n∈Z, . . . , (vM,n)n∈Z are mutually independent.
We assume that the noise satisfies the short-memory assumption:

sup
m≥1

∑
k∈Z

(1 + |k|)2|rm(k)| < +∞

where rm(k) = E[vm,nvm,n−k], and that the spectral density is uniformly bounded from below:

inf
m≥1

inf
ν∈[0,1]

sm(ν) > 0

where sm(ν) =
∑

k∈Z rm(k)e
−i2πνk. This assumption implies that the total noise power satisfies the

following: there exists constants 0 < C1 ≤ C2 < +∞ such that

C1 < inf
N≥1

1

M
E∥vN∥2 ≤ sup

N≥1

1

M
E∥vN∥2 < C2

Therefore, the signal to noise ratio E∥uN∥2
E∥vN∥2 satisfies E∥uN∥2

E∥vN∥2 = O( 1
M ). The objective of Chapter 3 is

to detect the presence of the signal in this context. We start by noticing that the spectral density
matrix Sy of (yn)n∈Z is given by

Sy(ν) = H(ν)H(ν)∗ + Sv(ν)

where Sv(ν) = dg (s1(ν), . . . , sM (ν)). Similarly, by the definition of the spectral coherency matrix,
it holds that

Cy(ν) = (dg(H(ν)H(ν)∗) + Sv(ν))
− 1

2 (H(ν)H(ν)∗ + Sv(ν)) (dg(H(ν)H(ν)∗) + Sv(ν))
− 1

2

Under the assumptions on the total power of the signal (un)n∈Z, it is reasonable to approximate

dg(Sy(ν))
− 1

2 = (dg(H(ν)H(ν)∗) + Sv(ν))
− 1

2 by Sv(ν)
− 1

2 and Cy(ν) by

Cy(ν) ≈ Sv(ν)
− 1

2 (H(ν)H(ν)∗ + Sv(ν))Sv(ν)
− 1

2 = IM + Sv(ν)
− 1

2H(ν)H(ν)∗Sv(ν)
− 1

2

To estimate Cy, we consider the frequency-smoothed periodogram ĈN,y defined by (4). We first

prove that Ĉy(ν) behaves asymptotically as a colored Wishart matrix with a population covariance
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equal to IM + Sv(ν)
− 1

2H(ν)H(ν)∗Sv(ν)
− 1

2 in spectral norm, and uniformly in ν:

max
ν∈VN

∥∥∥∥ĈN,y(ν)−Ξ(ν)
1
2
XN (ν)XN (ν)

∗

B + 1
Ξ(ν)

1
2

∥∥∥∥ a.s.−−−−→
M→∞

0

where VN is the set of Fourier frequencies
{
k
N , k = 0, . . . , N − 1

}
,

Ξ(ν) = IM + Sv(ν)
− 1

2H(ν)H(ν)∗Sv(ν)
− 1

2 .

and XN (ν) is an M × (B + 1) matrix with i.i.d. NC(0, 1) entries. This result, used in conjunction
with Weyl’s inequalities [43, Th. 4.3.1], implies in particular that each eigenvalue of the spectral
coherency matrix ĈN,y(ν) behaves as its counterpart of the Wishart matrix

WN (ν) = Ξ(ν)
1
2
XN (ν)XN (ν)

∗

B + 1
Ξ(ν)

1
2

that is

max
m=1,...,M

max
ν∈VN

∣∣∣λm (ĈN,y(ν)
)
− λm (WN (ν))

∣∣∣ a.s.−−−−→
M→∞

0.

We remark now that Ξ(ν) is a finite rank K perturbation of the identity matrix IM . This suggests
to use the results of the spike model covariance matrix from [7] to describe precisely the behaviour

of the largest eigenvalues of Ξ(ν)
1
2
XN (ν)XN (ν)∗

B+1 Ξ(ν)
1
2 . This enables to design a statistics to test for

H0 against H1 defined by:

H0 : (yn)n∈Z = (vn)n∈Z

H1 : (yn)n∈Z = (un)n∈Z + (vn)n∈Z

We consider the largest eigenvalue of ĈN (ν) over the frequencies of VN , and compare it with λ+:

TN,ϵ = 1[λ++ϵ,∞)

(
max
ν∈VN

λ1

(
ĈN,y(ν)

))
.

where we recall that λ+ = (1 +
√
c)2. This test is proven to be consistent in our high-dimensional

regime as follows: if under Hypothesis H1, there exists γ∞ ≥ 0 such that

max
ν∈VN

λ1

(
Sv(ν)

− 1
2H(ν)H(ν)∗Sv(ν)

− 1
2

)
−−−−→
M→∞

γ∞ >
√
c

then defining

ϕ(x) =

{
(x+1)(x+c)

x if x >
√
c

λ+ if x ≤
√
c

we prove that for all 0 < ϵ < ϕ(γ∞)− λ+ and i ∈ {0, 1},

Pi

(
lim
M→∞

TN,ϵ = i

)
= 1

where Pi is the underlying probability measure under Hypothesis Hi. Note that γ∞, the maximum
eigenvalue of the finite rank perturbation, may be interpreted as a certain SNR metric in the
frequency domain. Finally, we prove that a test based on the linear spectral statistics of ĈN (ν)
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does not allow discrimination between these two hypotheses. Consider the linear spectral statistics

LN,φ(ν) =
1

M

M∑
m=1

φ
(
λm

(
ĈN,y(ν)

))
where φ belongs to a certain class of functions, and here we require that φ ∈ C1 ((0,+∞)). It will
be proved that

max
ν∈VN

∣∣∣∣LN,φ(ν)− ∫
R
φ(λ)f(λ)dλ

∣∣∣∣ a.s.−−−−→
M→∞

0

where f is the density of the Marcenko-Pastur distribution for c < 1 given by

f(λ) =

√
(λ− λ−)(λ+ − λ)

2πcλ
1[λ−,λ+](λ)

with λ± = (1±
√
c)

2
. This shows that linear spectral statistics of the sample spectral coherency

matrix converge to the same limit regardless of whether the observations contain only pure noise or
signal-plus-noise contributions. This shows that any test statistic solely relying on linear spectral
statistics of the sample spectral coherency matrix is unable to distinguish between absence or
presence of useful signal, and cannot be consistent in the high-dimensional regime.

0.3.4 Contribution of Chapter 4

In this chapter we consider the same settings and context as that of Chapter 3, except that we
do not assume that limM→∞maxm=1,...,M maxν∈[0,1] ∥hm(ν)∥2 = 0. This assumption implied that
the total power received by each sensor m from the K–dimensional signal at frequency ν converges
toward zero. In some context, it can be of interest to not rely on this assumption, and it will
be seen that computations can still be done explicitly. The main consequence of this is that we
cannot anymore rely on the approximation dg(Sy(ν)) ≈ dg(Sv(ν)) and we instead have to write
dg(Sy(ν)) = dg(H(ν)H(ν)∗) + Sv(ν). We denote Du(ν) = dg(H(ν)H(ν)∗) and suppose that there
exists for each ν ∈ [0, 1] a sequence of M ×M diagonal matrices (Du,∞(ν))N≥1 with a bounded
number of non-zero entries such that

∥Du(ν)−Du,∞(ν)∥ N→+∞−−−−−→ 0.

The condition on the number of non-zero entries of Du,∞(ν) ensures that this matrix rank remains
asymptotically finite, which will be useful to apply results on spike models from [7]. Using the same
strategy as in Chapter 3, we show that for each ν ∈ VN , there exist a random matrix XN (ν) with
i.i.d. NC(0, 1) entries such that

max
ν∈VN

∥∥∥∥ĈN (ν)−Ξ(ν)
1
2
XN (ν)XN (ν)

∗

B + 1
Ξ(ν)

1
2

∥∥∥∥ N→+∞−−−−−→ 0

where

Ξ(ν) = IM + (Du,∞(ν) + Sv(ν))
− 1

2 (H(ν)H(ν)∗ −Du,∞(ν)) (Du,∞(ν) + Sv(ν))
− 1

2

This is in contrast to the result from Chapter 3, where the population covariance matrix was equal
to IM +Sv(ν)

− 1
2 (H(ν)H(ν)∗) (Sv(ν)

− 1
2 . The new expression of Ξ(ν) implies that the perturbation

term may contains negative spike since the matrix H(ν)H(ν)∗−Du,∞(ν) is not necessarily positive
definite. Moreover, as the rank of H(ν)H(ν)∗ −Du,∞(ν) is finite, results on spike models from [7]

prove that the largest and smallest eigenvalues of ĈN (ν) may leave the bulk of the Marcenko-Pastur
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distribution if a certain SNR condition is respected. A new statistical test to detect the presence
or absence of signal (un)n∈Z is proposed:

Tϵ = 1

(
sup
ν∈VN

λ1(Ĉy(ν)) > λ+ + ϵ or inf
ν∈VN

λM (Ĉy(ν)) < λ− − ϵ

)

and it is shown that this test is consistent to test between the null hypothesis H0 and the alternative
H1 if

γ+∞ >
√
c or γ−∞ < −

√
c.

where γ+∞ and γ−∞ are defined as:

max
ν∈VN

λ1 (Ω(ν)) −−−−→
M→∞

γ+∞ >
√
c

min
ν∈VN

λM (Ω(ν)) −−−−→
M→∞

γ−∞ < −
√
c

with Ω(ν) = (Du,∞(ν) + Sv(ν))
− 1

2 (H(ν)H(ν)∗ −Du,∞(ν)) (Du,∞(ν) + Sv(ν))
− 1

2 .

0.3.5 Contribution of Chapter 5

This chapter stands apart from all the other chapters, as it is not interested in the eigenvalue
behaviour of the spectral coherency matrix, but instead is interested in the behaviour of its in-
dividual entries. More precisely, we consider M jointly stationary complex Gaussian time series
(y1,n)n∈Z , . . . , (yM,n)n∈Z and for all i, j ∈ {1, . . . ,M}, we denote by sij and cij the spectral density
and spectral coherence between (yi,n)n∈Z and (yj,n)n∈Z given respectively by sij(ν) = (S(ν))ij and
cij(ν) = (C(ν))ij where S(ν) and C(ν) are respectively the spectral density/coherency matrices
defined in (1) and (2). This chapter is motivated by the problem of testing the independence of a
large number of Gaussian time series:

H0 : max
1≤i<j≤M

max
ν∈[0,1]

|sij(ν)|2 = 0,

or equivalently

H0 : max
1≤i<j≤M

max
ν∈[0,1]

|cij(ν)|2 = 0,

This suggests to compute consistent estimators of these quantities, and test their closeness to zero.
Assuming that N observations (y1,n)n=1,...,N , . . . , (yM,n)n=1,...,N are available for each time series,
we consider the frequency smoothed estimate ĉN,ij of cij given by (4). Under the hypothesis

H0 : (y1,n)n∈Z, . . . , (yM,n)n∈Z are mutually uncorrelated,

and some technical assumptions on the spectral densities of the M time series, it is shown that in
the high-dimensional regime described above in (5),

P

(
(B + 1) max

(i,j,ν)∈IN
|ĉN,ij(ν)|2 ≤ t+ log

N

B + 1
+ log

M(M − 1)

2

)
N→+∞−−−−−→ e−e

−t
(8)

where
IN := {(i, j, ν) : i, j ∈ [M ] such that i < j, ν ∈ GN}
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with [M ] = {1, . . . ,M} and where

GN :=

{
k
B + 1

N
: k ∈ N, 0 ≤ k ≤ N

B + 1

}
is the subset of the Fourier frequencies

VN :=

{
k

N
: k ∈ N, 0 ≤ k ≤ N − 1

}
with elements spaced by a distance (B + 1)/N . Thus, (8) states that max(i,j,ν)∈I |ĉN,ij(ν)|2, after
proper normalization and centering, converges in distribution to a type I extreme value distribution,
also known as Gumbel distribution. As it will be clear in the proof, the term log M(M−1)

2 is related
to the maximum over (i, j) while the term log N

B+1 is related to the maximum over ν ∈ GN . The
main steps of the proof are as follows. We start by writing the linear causal representation

ym,n =
∑
k≥0

am,kϵm,n−k

where (ϵ1,k)k∈Z, . . . , (ϵM,k)k∈Z are mutually independent sequences of NC(0, 1) i.i.d. random vari-
ables, and (a1,k)k∈N, . . . , (aM,k)k∈N ∈ ℓ2(N). Denote

hm(ν) =
+∞∑
k=0

am,ke
−2iπkν

so that |hm(ν)|2 = sm(ν). It is shown in [94] (and extended under weaker assumptions in [67] and
[19]) that the Fourier transforms ξN,ym(ν) behaves like hm(ν)ξN,ϵm(ν) in the following way: for any
κ > 0:

P

[
lim

N→+∞
|ξN,ym(ν)− hm(ν)ξN,ϵm(ν)| > κ

]
= 0 (9)

This suggests to define s̃N,ij(ν), an approximation of ŝN,ij(ν) := (ŜN (ν))ij where ŜN (ν) is defined
by (3), as:

s̃N,ij(ν) =
1

B + 1

B/2∑
b=−B/2

hi

(
ν +

b

N

)
hj

(
ν +

b

N

)
ξN,ϵi

(
ν +

b

N

)
ξN,ϵj

(
ν +

b

N

)

Equation (9) is then key to prove that (B + 1) supi,j,ν |ĉN,ij(ν)|2 has the same limiting distribution

as (B + 1) supi,j,ν |c̃N,ij(ν)|2 where c̃N,ij(ν) =
|s̃N,ij(ν)|2
σ2
N,ij(ν)

with

σ2N,ij(ν) =
1

B + 1

B/2∑
b=−B/2

si

(
ν +

b

N

)
sj

(
ν +

b

N

)

This decomposition is helpful since we decoupled the action of the filter from the innovations, so
that it remains now to deal with the Fourier transforms of the i.i.d. random variables ϵm,n. In order
to show the limiting Gumbel distribution for supi,j,ν |c̃N,ij(ν)|2, we rely on a Poisson approximation
from [3] based on the Chen-Stein method. This method has been used by [45] to study the behaviour
of the largest entry of the Pearson correlation matrix of i.i.d. data. Moreover, this method requires
to compute the two following moderate deviations: there exists a constant η > 0 such that for any
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C > 0, we have

max
t∈[0,CBη ]

max
(i,j,ν)∈I

∣∣∣∣∣P
(
(B + 1)

|s̃N,ij(ν)|2

σ2N,ij(ν)
> t2

)
et

2 − 1

∣∣∣∣∣ −−−−→N→∞
0 (10)

and

max
t,s∈[0,CBη ]

max
(i,j,ν)∈I

(i′,j′,ν)∈I(i,j,ν)

∣∣∣∣∣P
(
(B + 1)

|s̃N,ij(ν)|2

σ2N,ij(ν)
> t2, (B + 1)

|s̃N,i′j′(ν)|2

σ2N,i′j′(ν)
> s2

)

× et
2+s2 − 1

∣∣∣∣∣ −−−−→N→∞
0.

Using these estimates ends the proof of (8).

0.4 Perspectives

We end this Introduction by stating some possible directions of future works which could improve
the results presented in this manuscript.

• First, as mentioned in the contributions of Chapter 1, more information about the asymptotic
distribution of

TN = sup
ν∈[0,1]

∣∣∣∣∣∣ 1M tr f(ĈN (ν))−
∫
f dµmp,cN −

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

∣∣∣∣∣∣
is needed to control the type-I error of a statistical test based on it (for instance 1(TN > κ) for
some threshold κ). However, we feel that it is very difficult to obtain such a result. A more rea-
sonable approach would be the following one: write, as in Chapter 5, the linear causal represen-
tation ym,n =

∑
k∈Z am,kϵm,n−k with (ϵ1,n)n∈Z, . . . , (ϵM,n)n∈Z mutually independent sequences

of NC(0, 1) i.i.d. random variables, and (a1,k)k∈Z, . . . , (aM,k)k∈Z ∈ ℓ2(N). Define hm(ν) =∑
k∈Z am,ke

−2iπkν , H(ν) = dg(h1(ν), . . . , hM (ν)), and ξN,ϵ(ν) = (ξN,ϵ1(ν), . . . , ξN,ϵM (ν))T .
Using the well-known approximation ξN,y(ν) ≈ H(ν)ξN,ϵ(ν), which has already been used in

Chapter 5, it makes sense to consider ŠN (ν), an approximation of ŜN (ν), defined by

ŠN (ν) =
1

B + 1

B/2∑
−B/2

H

(
ν +

b

N

)
ξN,ϵ

(
ν +

b

N

)
ξN,ϵ

(
ν +

b

N

)∗
H

(
ν +

b

N

)∗

and ČN (ν), an approximation of ĈN (ν) defined by

ČN (ν) = dg(ČN (ν))
− 1

2 ČN (ν)dg(ČN (ν))
− 1

2 .

For ν1 ̸= ν2 ∈ GN :=
{
kB+1

N : k ∈ N, 0 ≤ k ≤ N
B+1

}
, ξN,ϵ(ν1) is independent of ξN,ϵ(ν2), so

it is clear that 1
M tr f(ČN (ν1)) is also independent of 1

M tr f(ČN (ν2)). This should enable to
obtain the asymptotic distribution of ŤN defined by

ŤN = sup
ν∈GN

∣∣∣∣∣∣ 1M tr f(Č(ν))−
∫
f dµmp,cN −

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

∣∣∣∣∣∣
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It would remain then to control the error rate between ČN (ν) and ĈN (ν) to ensure that
1
M tr f(ČN (ν)) and 1

M tr f(ĈN (ν)) follow asymptotically the same distribution. This would
represent an improvement over our results from Chapter 1 and Chapter 2, since it would allow
us to control the type-I error of the test statistics 1(supν∈GN

|TN (ν)| > κ). However, it is still
unclear how to control the supremum over the continuous range of frequencies [0, 1] instead
of the discrete grid GN .

• In chapter 1 we focused on supν |TN (ν)|, but it could be useful for the applications to study
some kind of integrated statistics as was done in [25], such as

∫
ν∈[0,1] |TN (ν)|

2 dν.

• Once the asymptotic distribution of TN is known under H0, it would be natural to study the
power of such a test under a defined class of alternatives where the spectral density matrix
S(ν) is not diagonal for every ν, using similar tools as those used in [15] for instance.

• The Gaussian assumption on the time series is crucial in all the chapters in this manuscript,
and it could be of interest to extend our results to non-Gaussian time series. For instance, in
Chapter 1, the Gaussian assumption on the observations was necessary to approximate C̃N (ν)
by 1

B+1XN (ν)XN (ν)
∗ where XN (ν) is an M × (B + 1) matrix with i.i.d. entries. Without

the Gaussian assumption, the entries of XN (ν) are not anymore i.i.d., thus preventing us to
follow the strategy used in the proofs of Chapter 1. However, the approach used in Chapter
2 seems more adapted to handle non-Gaussian cases, as the corresponding model was first
studied in [92] under condition of finite moment of order eight. However, the majority of the
remaining work would be about controlling the new error rates implied by the weaker moment
conditions.

• It should be possible to obtain results about the local behaviour of the eigenvalues of ŜN (ν)
and ĈN (ν). For the applications in signal detection, it would be valuable to prove a Tracy-
Widom behaviour for the largest eigenvalues of the spectral density/coherency matrices.

• Lastly, we stress the fact that we systematically approximated ĈN (ν) by C̃N (ν) =

dg(S(ν))−
1
2 ŜN (ν)dg(S(ν))

− 1
2 , and then studied C̃N (ν) instead of ĈN (ν). The advantage

of C̃N (ν) over ĈN (ν) is that the renormalization by dg(S(ν))−
1
2 is not random anymore.

Nevertheless, it also requires that dg(S(ν)) does not vanish, therefore imposing the technical
condition infν∈[0,1] infm≥1 sm(ν) > 0. It could be of interest to find another approach to avoid
having to rely on this assumption.

0.5 Journal/Conference papers associated with the manuscript

• Chapter 1 has been accepted by the Electronic Journal of Statistics, and will soon be published.

• Chapter 3 has first been published at the ICASSP conference: Alexis Rosuel et al. “On the
frequency domain detection of high dimensional time series”. In: ICASSP 2020-2020 IEEE
International Conference on Acoustics, Speech and Signal Processing (ICASSP). IEEE. 2020,
pp. 8782–8786, and later extended and published by IEEE Transactions on Signal Processing:
A. Rosuel et al. “On the Detection of Low-Rank Signal in the Presence of Spatially Uncorre-
lated Noise: A Frequency Domain Approach”. In: IEEE Transactions on Signal Processing
69 (2021), pp. 4458–4473. doi: 10.1109/TSP.2021.3099644. We only present in this
manuscript the IEEE TSP paper in Chapter 3.

• Chapter 5 is currently under review by the Journal of Multivariate Analysis.

https://doi.org/10.1109/TSP.2021.3099644
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0.6 Notations

• We assume that M := M(N) and B = B(N) are integer functions of N , and that

M(N), B(N)
N→+∞−−−−−→ +∞ in such a way that cN := M

B+1 satisfies 0 < infN≥1 cN ≤
supN≥1 cN < +∞ and cN

N→+∞−−−−−→ c ∈ (0,+∞). Moreover, there exists 1
2 < α < 1 such

that B = O(Nα). This implies in particular that B
N

N→+∞−−−−−→ 0 and M
N

N→+∞−−−−−→ 0. This regime
will be referred as N → +∞ in the following.

• The various quantities introduced above and studied in the manuscript will usually depend
on N and ν, but we choose to omit the explicit notation on the dependence of these pa-
rameters when the context is clear in order to simplify the notations. For instance, Ŝ can
be used to represents ŜN (ν), which is the estimated spectral density matrix at frequency ν
obtained from the sample y1, . . . ,yN . Similarly, ĈN (ν), ĉN,ij(ν), ξN (ν), . . . can be represented

by Ĉ, ĉij , ξ, . . ..

• R+ and R− represent respectively the set of all non-negative numbers and non-positive num-
bers, and we denote R∗ = R \ {0}, R∗

+ = R+ \ {0} and R∗
− = R− \ {0}. We also define

C+ = {z ∈ C : Im(z) > 0}.

• By a nice constant, we mean a positive deterministic constant which does not depend on the
parameters M , B and N , or on the complex variable z. In the following, C will represent a
generic nice constant whose value may change from one line to the other. A nice polynomial
P is a polynomial whose degree and coefficients are nice constants.

• For a matrix A, the notations ∥A∥ and ∥A∥F represent its spectral norm and Frobenius norm
respectively. The transpose and the conjugate transpose of A are respectively denoted by AT

and A∗. For a matrix B of the same size, A ≥ B stands for A −B is non-negative definite.
If moreover A is a square matrix, Im(A) is the Hermitian matrix defined by Im(A) = A−A∗

2i .

• Cc(R,R) represents the set of all real valued compactly supported functions defined on R.
C(k)(R,R) represents the set of all real valued k–differentiable functions defined on R. C1(I)
(resp. C1

c (I)) represents the set of continuously differentiable functions (resp. continuously
differentiable functions with compact support) on an open set I.

• If ζ is a random variable, we denote by ζ◦ the zero mean random variable defined by ζ◦ = ζ−Eζ.

• The complex circular Gaussian distribution with variance σ2 is denoted as NC(0, σ
2) and

a random vector x of Cn follows the NCn(0,R) distribution if b∗x ∼ NC(0,b
∗Rb) for all

deterministic (column) vector b and a fixed n× n positive definite matrix R.



36 INTRODUCTION



Introduction (Français)

Ce manuscrit de thèse est consacré à l’étude asymptotique de la matrice de cohérence spectrale
estimée de séries temporelles gaussiennes de grande dimension. Si l’on désigne par M la dimension
de la série temporelle et N le nombre d’observations, la théorie des séries temporelles classique traite
le cas où M est fixé et N → +∞. Ce contexte permet de déduire plusieurs résultats importants.
Ces résultats étudiés en petite dimension échouent en général quand M est considéré comme une

fonction de N , de façon que M(N)
N→+∞−−−−−→ +∞. Les problèmes statistiques actuels sont souvent

confrontés à ce contexte, soit parce que la dimension M du problème est grande, soit parce que
ce n’est pas possible de collecter un nombre suffisamment grand d’observations N de façon que
N soit en pratique pas beaucoup plus grand que M (ce peut être le cas par exemple parce que
la série temporelle observée n’est pas stationnaire et que ses paramètres évoluent rapidement, ou
parce que la durée de l’observation est petite). Dans ces situations, il devient délicat d’appliquer
les résultats théorie statistique en petite dimension. Ce nouveau régime asymptotique a suscité une
certaine quantité de travaux de recherche, et une importante proportion d’entre eux a utilisé les
résultats de la théorie des matrices aléatoires. La théorie des matrices aléatoires étudie les propriétés
asymptotiques des valeurs propres de grandes matrices aléatoires quand M et N divergent de façon
que M/N → c ∈ (0,+∞). Cette approche s’est révélée intéressante, et en particulier a permis
de mettre en évidence les propriétés des valeurs propres et des vecteurs propres des matrices de
covariance et de corrélation, qui sont des objets de première importance pour les applications
statistiques. Cette approche basée sur les matrices aléatoires a également permis de concevoir de
nouvelles approches plus performantes. Cependant, d’autres propriétés liées au comportement de
la série temporelle nécessitent plus d’informations que celles fournies par la matrice de covariance,
et certaines applications peuvent nécessiter des informations détaillées sur la matrice de densité
spectrale et la matrice de cohérence spectrale dans le régime asymptotique des grandes dimensions.
Le but de ce manuscrit est de présenter quelques résultats obtenus sur le comportement d’un
estimateur bien connu de la matrice de cohérence spectrale d’une série temporelle gaussienne de
grande dimension, et de montrer comment ces résultats peuvent être utilisés pour étudier quelques
problèmes importants de traitement du signal, notamment pour tester si les composantes d’une
série temporelle M -dimensionnelle sont indépendantes ou non.

0.7 Motivation

Considérons une série temporelle stationnaire complexe Gaussienne2 de dimension M . Une série
temporelle (yn)n∈Z est dite Gaussienne si et seulement si pour tout ensemble fini d’instant
N1, N2, . . . , Nk, yN1 ,yN2 , . . . ,yNk

sont normalement distribués. Si on note Ru = E[yn+uy∗
n] son

autocovariance au lag u, on peut définir la matrice spectrale de densité S(ν) à la fréquence ν par

S(ν) = (sij(ν))
M
i,j=1 =

∑
u∈Z

Rue
−i2πuν (11)

2La distribution circulaire Gaussienne de variance σ2 est notée NC(0, σ
2) et définie par X1 + iX2 où X1, X2 ∼

N (0, σ2/2). i.i.d. Un vecteur aléatoire x dans Cn suit la distribution NCn(0,R) si b∗x ∼ NC(0,b
∗Rb) pour tous les

vecteurs (colonne) b déterministes et un matrice n× n positive définie R.
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et la matrice de cohérence spectrale (voir par exemple [13, chapitre 7-6], [52, chapitre 5.5]) à la
fréquence ν, un analogue de la corrélation dans le domaine fréquenciel, par

C(ν) = (cij(ν))
M
i,j=1 = dg(S(ν))−

1
2S(ν)dg(S(ν))−

1
2 (12)

où dg(S(ν)) = S(ν)⊙ IM , avec ⊙ désignant le produit Hadamard (produit entrée par entrée) et IM
désignant la matrice identité de taille M .

Ces quantités, S(ν) et C(ν), fournissent des informations utiles sur les propriétés dynamiques
de second ordre de y, ce qui, du point de vue statistique, pourrait être important à comprendre
et à extraire d’un échantillon fini (yn)n=1,...,N . En effet, la densité spectrale combine l’information
de l’autocovariance de différents lags l à une fréquence ν ∈ [−1

2 ,
1
2 ]. Par exemple, il est montré

dans [68] que cij(ν), la cohérence entre les séries i et j à la fréquence ν, est équivalente au carré de
la corrélation entre les composantes ν-oscillatoires des deux séries temporelles. On note aussi que
l’autocovariance peut être retrouvée à partir de la densité spectrale par

Rl =

∫ 1
2

− 1
2

e2iπlνS(ν) dν

Dans ce manuscrit, nous détaillerons quelques applications en analyse statistique et en traitement
du signal, telles que le test d’indépendance entre les M composantes de y, et la détection d’une
signal de petit rang corrélé spatialement dans un espace de grande dimension. Pour atteindre ces
objectifs, nous nous appuierons sur le périodogramme moyenné, un estimateur de S(ν) à la fréquence
ν défini par

ŜN (ν) = (ŝN,ij(ν))
M
i,j=1 =

1

B + 1

B/2∑
b=−B/2

ξN

(
ν +

b

N

)
ξN

(
ν +

b

N

)∗
(13)

où B est un entier pair, qui représente la taille du fenêtrage, et

ξN (ν) =
1√
N

N∑
n=1

yne
−2iπ(n−1)ν

est la transformée de Fourier renormalisée de (yn)n=1...,N . Le matrice de cohérence spectrale estimée
est alors définie comme ceci:

ĈN (ν) = (ĉN,ij)
M
i,j=1(ν) = dg

(
ŜN (ν)

)− 1
2
ŜN (ν)dg

(
ŜN (ν)

)− 1
2

(14)

Les chapitres suivants sont motivés par la compréhension de certaines propriétés de ĈN (ν) quand
la dimension M de y est grande et les composantes de y sont indépendantes. Avant de mentionner
les résultats obtenus, nous rappelons que les propriétés de quantités dérivées de ŜN (ν) et ĈN (ν)
ont d’abord été étudiées dans le régime où N → ∞ et M est fixe, un régime que nous appellerons
des petites dimensions dans le reste de ce manuscrit. Il est bien connu (voir le paragraphe sur la
revue de la littérature ci-dessous pour plus de détails) que ŜN (ν) et ĈN (ν) sont des estimateurs
consistants de S(ν) et C(ν) dans le régime des petites dimensions si B → +∞ et B

N → 0. Sous

des hypothèses supplémentaires sur la mémoire des séries temporelles (yn)n∈Z, ŜN (ν) est en outre
un estimateur asymptotiquement normal de S(ν), qui peut, à son tour, être utilisée pour étudier la
performance asymptotique de différents tests basés sur ĈN (ν).

Dans le cas oùM → +∞, pour que ŜN (ν) soit toujours un estimateur consistante de S(ν), il est
nécessaire que M

B → 0. Un exemple simple qui illustre cela est le suivant. Considérons (yn)n∈Z une
suite de variables aléatoires indépendantes NC(0, 1). Dans ce contexte, pour chaque ν, les vecteurs
de Fourier (ξN (ν+ b/N))b=−B/2,...,B/2 sont des vecteurs de variables aléatoires indépendantes de loi
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NC(0, IM ), et la densité spectrale estimée ŜN (ν) est égale à la matrice de covariances de ces (B+1)
vecteurs M–dimensionnel. Si on désigne par cN le ratio M

B+1 et on suppose que cN → c, il est connu

depuis [63] que ∥ŜN (ν) − S(ν)∥ N→+∞−−−−−→ (1 +
√
c)2 − 1 presque sûrement. Cette quantité est nulle

si et seulement si c = 0, ce qui signifie que M
B → 0.

De nos jours, dans la plupart des applications impliquant des signaux de grande dimension et/ou
un petit échantillon, le rapport M

N peut ne pas être suffisamment petit pour choisir B de manière

à satisfaire M
B et B

N nettement inférieur à 1. Dans ce contexte, le comportement de ĈN (ν) n’est
pas bien prédit par les résultats obtenus dans le domaine des petites dimensions (BN → 0 avec M

fixé ou M
B → 0). En particulier, ĈN (ν) n’a pas de raison d’être proche de C(ν). Dans ce cas, il

semble plus intéressant de choisir B du même ordre de grandeur queM , et de se baser sur le régime
des grandes dimensions dans lequel M := M(N), B := B(N) et N convergent vers l’infini tel que
M
B converge vers une constante positive c ∈ (0,+∞) tandis que B

N converge vers zéro. Comme
on le voit ci-dessous, les méthodes de grandes matrices aléatoires rendent alors possible une bonne
compréhension du comportement de ĈN (ν). Dans ce qui suit, on suppose en outre que

B = O(Nα) pour un certain α ∈
(
1

2
, 1

)
Bien entendu, puisque M

B → c ∈ (0,+∞), il est clair que M est également O(Nα) pour α ∈
(
1
2 , 1
)
,

et M
N → 0. On note que α est pris supérieur à 1

2 de manière à ce que M ne soit pas trop petit par
rapport à N . Dans le cas contraire, il apparâıtrait de nouveau intéressant de choisir B de manière
à ce que simultanément M ≪ B et B ≪ N . Ceci signifie que, dans le cas α < 1

2 , choisir B du
même ordre de grandeur que M ne présente pas d’intérêt et ne ferait que rendre nos résultats plus
complexes à exposer. C’est pourquoi nous écartons ce cas. Enfin, dans le cas où M

N → c ∈ (0,+∞)

(de sorte que B doit aussi être choisi du même ordre de grandeur que N etM), les entrées de ŜN (ν)
ne sont même pas consistantes. Une analyse basée sur la densité spectrale n’est plus recommendable,
et il faut alors se fier à d’autres approches, telles que celles basées sur le comportement des valeurs
propres de la matrice empirique de covariance issue de la théorie des matrices aléatoires. Pour
conclure ce paragraphe, nous allons dans la suite de ce manuscrit nous appuyer sur le régime des
grandes dimensions défini par M =M(N), B = B(N) avec:

B = O(Nα) pour α ∈
(
1

2
, 1

)
, tandis que

M

B + 1
:= cN

N→+∞−−−−−→ c ∈ (0,+∞) (15)

qui sera abrégé par
N→+∞−−−−−→. Ce régime est pertinent pour étudier ŜN (ν) défini dans (13) en

utilisant des méthodes de matrices aléatoires en grande dimension, puisque l’on peut écrire ŜN (ν) =
ΣN (ν)ΣN (ν)

∗ où ΣN (ν) est la M × (B + 1) matrice définie par

ΣN (ν) =
1√
B + 1

(
ξN

(
ν − B

2N

)
, . . . , ξN

(
ν +

B

2N

))
.

Cela représente la matrice de covariance empirique appliquée aux vecteurs de Fourier ξN (ν −
B
2N ), . . . , ξN (ν + B

2N ), et il est donc attendu que la théorie des matrices aléatoires fournisse des

outils pour comprendre les valeurs propres de ŜN (ν) sous notre régime des grandes dimensions.

Nous terminons ce paragraphe en précisant les deux quantités dérivées de ĈN (ν) que nous
étudierons dans ce manuscrit lorsque les composantes de y sont supposées indépendantes.
Premièrement, si l’on note λ̂1(ν), . . . , λ̂M (ν) les valeurs propres de ĈN (ν), on peut considérer la
Statistique Linéaire Spectrale (LSS en anglais) défini par

∑M
m=1 f(λ̂m(ν)) pour une fonction f définie

sur R+ satisfaisant des conditions de régularité. Cette quantité est liée à la distribution empirique
des valeurs propres de ĈN (ν) puisque, en notant Fν la distribution empirique des valeurs propres
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définie par:

F̂ν(t) =
1

M
card{λ̂m(ν) : λ̂m(ν) ≤ t}

On voit que la LSS correspond à tester la mesure de probabilité empirique contre la fonction
f . De plus, cette quantité est importante pour tester l’indépendance des M séries temporelles,
puisqu’elle peut être utilisée pour comparer la distribution des valeurs propres de ĈN (ν) avec
la distribution attendue sous l’hypothèse nulle H0, où les séries temporelles sont indépendantes.
Toujours motivé par le test d’indépendance, le second objet d’intérêt sera les entrées hors-diagonales
de ĈN (ν), et plus précisément supν supi ̸=j |ĉN,ij(ν)|2. Ce manuscrit compile les résultats obtenus sur

le comportement de ces deux objets (LSS et maximum des entrées hors-diagonales de ĈN (ν)) sous
différentes hypothèses de modèle pour les séries temporelles (yn)n∈Z dans le régime asymptotique
des grandes dimensions décrit ci-dessus.

0.8 État de l’art

Dans cette section, nous présentons quelques résultats importants liés aux questions traitées dans
ce manuscrit. Nous diviserons cette section en deux paragraphes: le premier présente les principaux
sujets d’intérêt autour de la densité et cohérence spectrale de séries temporelles dans le régime
des petites dimensions, tandis que le second présente quelques résultats importants en théorie des
matrices aléatoires.

0.8.1 Autour de la matrice de densité/cohérence spectrale

L’estimation de la matrice de densité spectrale est un problème important en traitement du signal.
La densité spectrale d’une série temporelle stationnaire est l’analogue en domaine fréquentiel de la
covariance et est basée sur la transformée de Fourier de la fonction d’autocovariance. Elle agrège
l’information au travers de différents lags et parmi les composantes d’une série temporelle multi-
variée. Comparée à la matrice de corrélation, elle offre une description plus riche d’une potentielle
dépendance croisée. Alors que la plupart des résultats classiques sur l’analyse des séries temporelles
utilisant des outils du domaine fréquentiel sont disponibles dans [13] et [14], nous en rappelons ici
quelques-uns pour aider le lecteur à se familiariser avec les objets utilisés dans ce manuscrit.

Periodogramme. Ce manuscrit étant intéressé par le comportement du périodogramme moyenné,
il peut être important de réunir d’abord quelques résultats concernant le périodogramme, qui
est défini comme ξN (ν)ξN (ν)

∗, ou simplement |ξN (ν)|2 dans le cas univarié. Le périodogramme
est un outil fondamental en analyse spectrale. Dans le cas où (yn)n∈Z est une série temporelle
complexe gaussienne, il est possible de montrer que la transformée de Fourier à des fréquences
ν1, . . . , νL écrite ξN (ν1), . . . , ξN (νL) sont des variables aléatoires asymptotiquement indépendantes
de loi NC(0,S(νl)). De plus, dans le cas univarié, il est connu que |ξN (ν)|2 est un estimateur asymp-
totiquement non-biaisé de s(ν) mais pas consistant à cause de sa variance qui ne tend pas vers zéro.
Par exemple, pour un bruit blanc gaussien i.i.d. yn ∼ N (0, σ2), la variance de |ξN (ν)|2 est de
l’ordre σ4 [14, Proposition 10.3.2]. De plus, il est montré dans [30] que pour n’importe quelle suite
de variables aléatoires indépendantes, gaussiennes, centrées, et de variance finie σ2, les variables
aléatoires {|ξN ( kN )|2, k ∈ {0, . . . , N − 1}} sont indépendantes et ont une distribution exponentielle
avec σ2 comme valeur pour leur espérance commune. Il est également montré dans [1] que pour un
processus stationnaire ergodique satisfaisant infν∈[0,1] s(ν) > 0 et des hypothèses supplémentaires
sur les innovations, alors presque sûrement :

lim
N→+∞

sup
ν∈[0,1]

|ξN (ν)|2

s(ν) logN
= 1
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Périodogramme moyenné. Bien que ces résultats sur le périodogramme ξN (ν)ξN (ν)
∗ soient

utiles, ils souffrent toutefois comme montré ci-dessus de la non-consistance de cet estimateur dans
le régime où M est fixe et N tend vers l’infini. Pour atteindre la consistance, il est commun
de recourir à une moyennisation des périodogrammes sur des fréquences proches. Un exemple
d’estimateur dans cette classe plus générale d’estimateurs est appelé le périodogramme moyenné et
est défini comme suit :

ŜN (ν) =
1

B + 1

B/2∑
b=−B/2

ξN

(
ν +

B

N

)
ξN

(
ν +

B

N

)∗

où B est un paramètre appelé fenêtre spectrale. Sous des hypothèses supplémentaires sur la fenêtre
spectrale, certains résultats de distribution limite sont également disponibles pour le périodogramme
moyenné, voir par exemple [13], [10], [66],[20],[57] et [97].

Avant de passer à la section suivante, nous précisons qu’il est possible de définir plus
généralement un estimateur de la densité spectrale à l’aide d’une fonction de fenêtrage arbitraire,
mais ce manuscrit ne traitera que de l’estimateur de la densité spectrale à l’aide d’une fonction
de fenêtrage définie par (13) (aussi appelé l’estimateur de la densité spectrale moyennée). Cela
permet de garder les calculs tractables et aussi simples que possible tout en fournissant des indices
sur le comportement de cet estimateur en grande dimension. Nous pensons que considérer la classe
plus générale d’estimateur ne changerait pas substantiellement notre compréhension des propriétés
asymptotiques de l’estimateur de la cohérence spectrale en grande dimension (à des constantes
près indépendantes de N et avec une vitesse de convergence inchangée), mais cela augmenterait
considérablement la complexité des preuves et réduirait la lisibilité de nos résultats.

0.8.2 Autour des grandes matrices de covariance empirique

Bien que ce manuscrit a pour objectif de comprendre le comportement du spectre de la matrice
de cohérence spectrale d’un processus stationnaire en grande dimension, il a été observé que le
périodogramme moyenné peut être vu comme la matrice de covariance empirique des vecteurs de
Fourier associés aux observations (yn)n=1,...,N , il est donc intéressant de revoir certains résultats
connus de la théorie des matrices aléatoires sur la matrice de covariance empirique.

Bien que le comportement des valeurs propres de la matrice de covariance empirique en petite
dimension est bien connu depuis les travaux fondateurs de [2], le grande dimension nécessite une
plus grande attention. L’objectif de cette section n’est bien entendu pas de fournir une vue ex-
haustive des résultats développés concernant le comportement des valeurs propres d’une matrice de
covariance empirique de grande dimension, mais plutôt d’introduire le lecteur aux idées principales
utilisées plus tard dans ce manuscrit. Cette section couvrira plusieurs sujets, allant du modèle blanc
jusqu’à plusieurs extensions incorporant une dépendance au sein des lignes (qui sera parfois appelée
dépendance temporelle) ou au sein des colonnes (qui sera parfois appelée dépendance spatiale).

Distribution de Marcenko-Pastur. Pour la suite de cette section, nous considérons la matrice
de covariance empirique 1

NYNY
∗
N , où YN est une matrice de taille M ×N , et le régime considéré

sera M,N → +∞ tel que M
N −→ c ∈ (0,+∞). Nous soulignons le fait que cette notation n’est pas

celle que nous utiliserons dans ce manuscrit (nous utiliserons des matrices de taille M × (B+1) tel
que M

B+1 → c ∈ (0,+∞)), mais est une notation utilisée classiquement dans la littérature sur les
matrices aléatoires. Le travail de [63] est un des premiers qui a réalisé que l’estimation des propriétés
spectrales de matrices de covariance empirique de grande dimension pose de nouveaux problèmes
quand M

N n’est pas petit. Ils ont montré que dans le cas d’entrées i.i.d. avec variance 1, les valeurs
propres de la matrice de covariance empirique 1

NYNY
∗
N ne se concentrent pas autour de 1 (l’unique

valeur propre population), mais se répartissent sur l’intervalle [(1−
√

M
N )2, (1+

√
M
N )2] quandM ≤ N
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(sinon, la matrice 1
NYNY

∗
N est dégénérée et il y a presque sûrement exactement M − N valeurs

propres nulles). Ceci implique que quand le rapport M
N n’est pas petit, la matrice de covariance

empirique n’est pas un bon estimateur de la matrice de covariance. Néanmoins, ils ont également
montré que la distribution empirique des valeurs propres de la matrice de covariance empirique est
asymptotiquement non-aléatoire, ce qui permet d’une part la construction de nouveaux estimateurs
améliorés, d’autre part une meilleure compréhension des quantités spectrales liées à la matrice de
covariance estimée, et à plus généralement fondé les bases de la théorie des matrices aléatoires
appliquée à l’analyse statistique des données. Plus précisément, considérons YN une matrice de
taille M ×N avec des entrées i.i.d. N (0, 1) et considérons la mesure aléatoire µ̂N définie par

dµ̂N =
1

M

M∑
m=1

δλ̂m,N

où λ̂1,N , . . . , λ̂M,N sont lesM valeurs propres de 1
NYNY

∗
N et δx la mesure de Dirac au point x. Il est

montré dans [63] l’existence d’une mesure non-aléatoire µmp,c, dépendante de c := lim M
N ∈ (0,+∞),

telle que presque sûrement

µ̂N − µmp,c
w−−−−−→

M→+∞
0

où la convergence est la convergence faible des mesures. La mesure µmp,c est définie par:

dµmp,c(λ) =

(
1− 1

c

)
+

δ0(λ) +

√
(λ+ − λ)(λ− λ−)

2cπλ
1[λ−,λ+](λ) (16)

où (·)+ = max(·, 0) et λ± = (1 ±
√
c)2. Quand c > 1, les M − N valeurs propres nulles sont

représentées par le terme
(
1− 1

c

)
+
δ0(λ). Quand c < 1, la distribution de Marcenko-Pastur est

supportée sur l’intervalle [λ−, λ+], qui est appelé le bulk de la distribution. Leur méthode de preuve
repose sur la transformée de Stieltjes de la distribution empirique des valeurs propres, définie comme:

m̂N (z) =

∫
R

dµ̂N (λ)

λ− z
, pour tout z ∈ C \ R+ (17)

ou de manière équivalente par la résolvante ( 1
NYNY

∗
N−zIM )−1 puisque m̂N (z) peut aussi s’exprimer

comme suit:

m̂N (z) =
1

M
tr

(
1

N
YNY

∗
N − zIM

)−1

.

Les auteurs de [63] ont montré que la fonction m̂N satisfait asymptotiquement l’équation zcX2 +
(z+c−1)X+1 = 0, qui admet pour solution z 7→ t(z) dans l’ensemble des transformées de Stieltjes
égale à:

t(z) =
−(z + c− 1) +

√
(z − λ+)(z − λ−)

2zc
(18)

où pour z = ρeiθ,
√
z =

√
ρeiθ/2 pour θ ∈ (0, 2π). Étant donné une suite (cN )N≥1, nous noterons

tN (z) =
−(z + cN − 1) +

√
(z − λ+)(z − λ−)

2zcN

où il est entendu que λ± = (1±√
cN )

2. On va maintenant introduire la transformée de Stieltjes de
1
MY∗

NYN :

m̂N (z) =
1

N
tr

(
1

M
Y∗
NYN − zIN

)−1
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(( 1
MY∗

NYN − zIN )
−1 est parfois appelée la co-résolvante) et on peut montrer de la même manière

que m̂N converge asymptotiquement vers t̃, satisfaisant:

t̃(z) = ct(z)− 1− c

z
.

Enfin, t(z) et t̃(z) peuvent être exprimés comme l’unique solution dans le domaine des transformées
de Stieltjes portées par R+ des équations couplées suivantes :

t(z) =
−1

z(1 + t̃(z))
, t̃(z) =

−1

z(1 + ct(z))
.

De la même manière, pour une suite (cN )N≥1, nous noterons :

tN (z) =
−1

z(1 + t̃N (z))
, t̃N (z) =

−1

z(1 + cN tN (z))
. (19)

Il est aussi intéressant de considérer la distribution spectrale limite de la matrice de corrélation
empirique définie par dg( 1

NYNY
∗
N )

− 1
2

1
NYNY

∗
Ndg(

1
NYNY

∗
N )

− 1
2 . Cette distribution a été étudiée

pour la première fois par [46] sous des conditions de second moment fini, où l’auteur a montré que,
dans le cas blanc, la distribution spectrale limite de la matrice de corrélation empirique converge
faiblement vers la distribution de Marcenko-Pastur.

Extensions avec dépendence spatiale. Bien que la distribution spectrale limite dans le cas
blanc (indépendance entre les lignes et les colonnes de YN ) ait été étudiée en détail dans [85],[84] et
[4], il y a eu une grande quantité de travaux écrit afin de relaxer la structure d’indépendance entre
les entrées Yij , et comprendre comment les dépendances entre les entrées de YN ont un impact sur
la distribution spectrale limite de la matrice de covariance empirique. Nous commençons avec le
modèle où les échantillons y1, . . . ,yN sont indépendants, mais les composantes de yi ne sont pas

indépendantes. Les auteurs dans [85] ont considéré le cas oùYN = Σ
1
2
NXN , etXN est une matrice de

taille M ×N avec des valeurs i.i.d. de deuxième moment fini tandis que ΣN est une matrice définie
positive indépendante de XN . Le modèle de Marcenko-Pastur correspond au cas où ΣN = IM .
Dans le cas contraire, où ΣN ̸= IM , YN contient de la corrélation spatiale. Sous l’hypothèse
que la distribution spectrale des matrices (ΣN )N≥0 converge presque sûrement faiblement vers une
densité de probabilité H, alors avec une probabilité égale à 1, étant donné que N → +∞ tandis que
M
N → c, la distribution spectrale empirique 1

NYNY
∗
N converge presque sûrement faiblement vers une

densité de probabilité non-aléatoire. Cette distribution spectrale limite est donnée implicitement
par une équation dont la transformée de Stieltjes z 7→ m(z) est l’unique solution dans l’ensemble
{m ∈ C : −1−c

z + cm ∈ C+} de:

m(z) =

∫
R

dH(t)

t(1− c− czm(z))− z

On note que dans le cas du bruit blanc, H = δ1, on retrouve l’équation définissant la distribution de
Marcenko-Pastur. De plus, [86] déduit des propriétés analytiques concernant la distribution limite
des valeurs propres à partir de l’étude de cette équation.

Un autre modèle important pour les applications et, plus particulièrement, pour le Chapitre 3
et le Chapitre 4, est le modèle connu sous le nom de modèle spike. Il correspond au cas où ΣN est
une perturbation de rang fini K de l’identité :

ΣN = BN + IM , avec BN positif et rank(BN ) = K

de sorte que les M − K premières valeurs propres de ΣN sont égales à 1. Il est alors intéressant
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d’étudier les valeurs propres de 1
NYNY

∗
N = 1

NΣ
1
2
NXNX

∗
NΣ

1
2
N où XN est une matrice de tailleM×N

à éléments i.i.d. de moyenne nulle et variance un. Ce modèle est aussi appelé modèle multiplicatif
spike et a été étudié dans [6] et [7]. En notant µ̂N la distribution empirique des valeurs propres de
1
NYNY

∗
N , il est montré que presque sûrement,

µ̂N
w−−−−−→

N→+∞
µmp,c

Toutefois, les valeurs propres de 1
NYNY

∗
N ne se concentrent pas toutes autour de l’intervalle [(1−√

c)2, (1 +
√
c)2]. Il est montré dans [7] que les plus grandes valeurs propres λ̂1,N , . . . , λ̂K,N de

1
NYNY

∗
N peuvent converger vers des valeurs hors de l’intervalle [(1 −

√
c)2, (1 +

√
c)2] si les K

valeurs propres positives de BNB
∗
N convergent vers des valeurs suffisamment grandes λ1, . . . , λK .

Plus précisément, pour tout k = 1, . . . ,K,

λ̂k,N
p.s.−−−−−→

N→+∞

{
(λk+1)(λk+c)

λk
si λk > 1 +

√
c

(1 +
√
c)2 sinon.

On note que λk > 1 +
√
c implique que (λk+1)(λk+c)

λk
> (1 +

√
c)2, ce qui signifie que, asymptotique-

ment, les valeurs propres les plus grandes vont effectivement quitter l’intervalle [(1−
√
c)2, (1+

√
c)2],

et créer un spike localisé autour de la valeur (λk+1)(λk+c)
λk

.

Extensions avec dépendance temporelle. Nous étudions maintenant le cas où les échantillons
y1, . . . ,yN sont corrélés temporellement plutôt que corrélés spatialement. Il existe plusieurs

manières de considérer un tel modèle. Par exemple, on pourrait considérer YN = XNΣ
1/2
N , (au

lieu de YN = Σ
1/2
N XN dans le paragraphe précédent) et étudier la matrice de covariance empirique

Σ̂N = 1
NYNY

∗
N = 1

NXNΣNX
∗
N . Cependant, il apparâıt que ce modèle n’est pas tellement différent

que celui développé dans [85]: il suffit de considérer Σ̂N = 1
MY∗

NYN = 1
MΣ

1/2
N XNX

∗
NΣ

1/2
N , dont la

distribution limite des valeurs propres est connue. Il reste à observer que Σ̂N et Σ̂N ont exactement
les mêmes valeurs propres, à l’exception de N −M zéros si N > M (M − N zéros sinon), pour
décrire complètement les valeurs propres de ce modèle.

Un autre modèle qui aura une importance cruciale dans le Chapitre 2 est le suivant : supposons
qu’il existe des matrices positives Hermitiennes Θ1, . . . ,ΘM de taille N ×N telles que ym,1

...
ym,N

 = Θ
1
2
m

xm,1
...

xm,N


où (xm,1, . . . , xm,N ) ∼ NC(0, IN ) et (xm1,1, . . . , xm1,N ) est indépendant de (xm2,1, . . . , xm2,N ) pour
m1 ̸= m2. Ce modèle, étudié dans [92] et [48], est utile pour représenter des observations M -
dimensionnelles, où les dimensions sont indépendantes, mais chaque dimension a sa propre structure
de covariance décrite par Θm. Ce modèle sera traité en détail dans le Chapitre 2.

Pour finir, un modèle lié à ceux développés dans ce manuscrit est de supposer que chaque
dimension est générée comme une série temporelle. Ce modèle est d’importance puisque l’un des
problèmes importants dans les applications est de tester si une collection de séries temporelles
sont corrélées ou non. Dans ce cas, la distribution de Marcenko-Pastur n’est plus une bonne
approximation de la distribution des valeurs propres de la matrice de covariance empirique, et
d’autre part, ce modèle ne peut être exprimé sous la forme du modèle développé dans [85]. Pour
prendre un exemple, [98] considère que chaque dimension de y est générée par un processus linéaire
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scalaire indépendant des autres dimensions :

ym,n =
∑
k≥0

akϵm,n−k

où pour chaque m, (ϵm,n)n∈Z est une série de valeurs réelles et stationnaires à moyenne nulle et
de variance 1. Sous l’hypothèse que le filtre est sommable (

∑
k≥0 |ak| < +∞) et une condition de

moment fini sur les innovations (Eϵ4n < +∞), il est montré que la distribution limite des valeurs pro-
pres de 1

NYNY
∗
N converge vers une distribution de probabilité déterministe F dont la transformée

de Stieltjes z 7→ m(z) satisfait :

z =
−1

m(z)
+

∫ 1

0

1

cm(z) + cs−1(ν)
dν

où s est la densité spectrale du processus linéaire (ym,n)n≥0 (toutes les dimensions m = 1, . . . ,M
ont la même densité spectrale par hypothèse) égales à :

s(ν) =

∣∣∣∣∣∣
∑
k≥0

ake
2iπkν

∣∣∣∣∣∣
2

.

L’hypothèse que chaque série temporelle est générée par le même processus est assez forte, et
dans ce manuscrit, nous ne supposerons pas cela, ce qui veut dire que nous supposerons qu’il existe
M filtres (a1,k)k≥0, . . . , (aM,k)k≥0 (avec des hypothèses supplémentaires qui seront précisées dans
les chapitres suivants) tels que

Ym,n =
∑
k≥0

am,kϵm,n−k

où les innovations sont comme précedement du bruit blanc.

Extensions avec de la dépendance temporelle et spatiale. Naturellement, on peut se de-
mander s’il est possible de traiter simultanément la dépendance sur les lignes et les colonnes, puisque
des échantillons avec dépendance spatio-temporelles peuvent être l’objet de nombreuses situations
pratiques et sont d’intérêt dans le domaine du traitement du signal par exemple. Par exemple, il est

intéressant de considérer un modèle de covariance plus général de la forme 1
NT

1
2
2NX

∗
NT1NXNT

1
2
2N ,

où T1N et T2N sont des suites de matrices positives, et les T1N sont hermitiennes, dont les taille
cöıncident avec celles des XN ∈ CM×N . Dans le cas où T1,N est semi-définie positive, ce modèle
est connu sous le nom de modèle à covariance séparable, puisque la covariance des données s’écrit
comme le produit de Kronecker des matrices T1,N et T2,N . Parmi les travaux qui ont étudié ce
modèle, on peut citer [71], [49], [18], [37] et les références citées dans ces papiers.

0.8.3 Travaux précédents utilisant le régime asymptotique (15)

Relativement peu de travaux ont étudié le comportement du périodogramme moyenné ŜN (ν) dans
le régime défini par (15). Par exemple, il a été observé dans [11] que, quand la dimension de
la série temporelle diverge, le risque d’estimation du périodogramme moyenné diverge également.
Cette observation a conduit à de nouvelles directions de recherche pour améliorer les performances
d’estimation et de test, en utilisant des méthodes reposant sur le shrinkage, le thresholding (voir par
exemple [87]), et la théorie des matrices aléatoires. Les auteurs de [11], inspirés par le phénomène
bien connu de répartition des valeurs propres de la matrice de covariance empirique de grande
dimension autour des valeurs propres population, ont défini un estimateur de shrinkage par:

Ŝ
(shrink)
N (ν) = p(ν)ŜN (ν) + r(ν)IM
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pour des fonctions explicites p et r contrôlant le niveau de shrinkage pour chaque fréquence, et ont
démontré que cette méthode peut réduire le risque associé à l’estimation de la matrice de densité
spectrale. On note que le régime asymptotique qu’ils ont considéré est similaire à celui utilisé dans
ce manuscrit, puisqu’ils utilisent :

0 < inf
N≥1

M

B
≤ sup

N≥1

M

B
< +∞ et

√
MB

N
→ 0

ce qui est équivalent àM = o(N2/3) (et on rappelle que dans ce manuscrit, on supposeM = O(Nα)
pour 1

2 < α < 1). Cette approche a été améliorée plus tard dans [29] et les références citées dedans.

Une autre approche liée aux séries temporelles de grande dimension est présente dans [61] et
[60]. Les auteurs considèrent L observations consécutives de la m-ème série temporelle à partir du
temps n :

yLm,n = [ym,n, . . . , ym,n+L−1]
T

et à partir de ceci construisent un vecteur ML-dimensionnel

yLn = [(yL1,n)
T , . . . , (yLM,n)

T ].

Ils désignent par RL la matrice de covariance ML×ML de ce vecteur aléatoire, c’est-à-dire RL =
E[yLn (y

L
n )

∗] où (·)∗ signifie le transposé conjugué. Cette matrice est parfois appelée matrice de
covariance spatio-temporelle. Il est clair que les M séries ((ym,n)n∈Z)m=1,...,M sont indépendantes
si et seulement si pour chaque entier L, la matrice RL est diagonale, c’est-à-dire

RL = Bdiag(RL)

où, pour une matrice ML×ML A, Bdiag(A) est la matrice diagonale de la même dimension dont
les L×L blocs sont ceux de A. On remarque que les L×L blocs diagonaux de Bdiag(RL) sont les
L× L matrices Toeplitz Rm,L, m = 1, . . . ,M , définies par

(Rm,L)kk′ = rm(k − k′)

où (rm(k))k∈Z est la séquence de covariance de la m–ème série temporelle. [61] et [60] définissent
par Rcorr,L la matrice de corrélation bloc-diagonale par:

Rcorr,L = Bdiag(RL)
− 1

2RLBdiag(RL)
− 1

2 .

De cette manière, RL est bloc-diagonale pour tout L si et seulement si Rcorr,L = IML pour tout L.
Une manière de tester si les M composantes de la série temporelle (yn)n∈Z sont décorrélées consiste
à estimer Rcorr,L pour des valeurs de L adéquates, puis comparer ces estimées avec IML. Pour faire

cela, les auteurs considèrent l’estimateur classique R̂corr,L défini par:

R̂corr,L = Bdiag(R̂L)
− 1

2 R̂LBdiag(R̂L)
− 1

2

où R̂L est la matrice de covariance spatio-temporelle empirique définie par

R̂L =
1

ML

N∑
n=1

yLn (y
L
n )

∗
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et où Bdiag(R̂L) est la matrice bloc-diagonale correspondante:

Bdiag(R̂L) =

R̂1,L

. . .

R̂M,L


avec R̂m,L pour m = 1, . . . ,M , représentant les L × L blocs-diagonaux correspondants. Sous
l’hypothèse d’indépendance desM composants de la série temporelle et sous le régime asymptotique

où ML
N

N→+∞−−−−−→ c, ils montrent que∫
f(λ) dµ̂N (λ)−

∫
f(λ) dµmp,c −→ 0

où dµ̂N = 1
ML

∑N
k=1 δλ̂k , et (λ̂k)k=1,...,ML sont les valeurs propres de R̂L.

0.9 Contributions de cette thèse

Le sujet général de cette thèse est de comprendre certaines propriétés de quantités issues du
périodogramme moyenné de séries temporelles M–dimensionnelles y quand M est grand et les
composantes de y sont indépendantes. Dans tous les chapitres suivant, nous utiliserons le régime
des grandes dimensions défini plus haut dans (15) que nous rappelons ici : M et B sont des fonctions

de N à valeur entières telles que M
B

N→+∞−−−−−→ c ∈ (0,+∞) et M = O(Nα) pour 1
2 < α < 1. Dans

cette section, nous omettrons parfois la dépendance explicite en la fréquence ν et en le complexe z
afin de simplifier les notations.

0.9.1 Contribution du Chapitre 1

La motivation de ce chapitre est d’évaluer le comportement de certaines statistiques linéaire des
valeurs propres (LSS) de ĈN (ν) définies en (14) sous l’hypothèse H0 que les M composantes
(y1,n)n∈Z, . . . , (yM,n)n∈Z de y sont mutuellement décorrélées et dans notre régime asymptotique

des grandes dimensions. Soit la mesure spectrale empirique de ĈN (ν) définie par

dµ̂N,ν =
1

M

M∑
m=1

δλm(ĈN (ν))

où (λm(A))m=1,...,M représentent les M valeurs propres de la matrice A de taille M ×M , et δx
est la mesure de Dirac au point x. Une LSS de ĈN (ν) peut alors s’écrire

∫
R f(λ) dµ̂N (ν, λ) ou de

manière équivalente 1
M tr f(ĈN (ν)) pour une certaine fonction f definie sur R+ satisfaisant certaines

propriétés de régularité si nécessaire. Dans ce chapitre, nous étudions la quantité

sup
ν∈[0,1]

∣∣∣∣ 1M tr f(ĈN (ν))−
∫

R
f dµmp,cN

∣∣∣∣
et montrons que la mesure empirique des valeurs propres de ĈN (ν) converge vers la distribution
de Marcenko-Pastur. Afin d’étudier cette quantité, nous travaillons d’abord à ν fixé, et étendons
ensuite notre résultat uniformément sur ν ∈ [0, 1] en utilisant un argument de Lipschitzité. Pour
chaque ν fixé, nous considérons l’intermédiaire de calcul C̃N (ν) défini par

C̃N (ν) = dg (S(ν))−
1
2 ŜN (ν)dg (S(ν))

− 1
2
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et montrons que C̃N (ν) peut s’écrire sous la forme

C̃N (ν) =
XN (ν)XN (ν)

∗

B + 1
+ ∆̃N (ν)

où XN (ν) est une matrice M × (B + 1) à entrées i.i.d. NC(0, 1) et ∆̃N (ν) est un terme d’erreur
convergeant vers 0 en norme spectrale à la vitesse B

N (voir plus bas pour plus de détails sur la

matrice ∆̃N (ν)). Nous énonçons maintenant la décomposition utilisées pour étudier la quantité
1
M tr f(ĈN (ν)):

1

M
tr f(ĈN (ν)) =

(
1

M
tr f(ĈN (ν))−

1

M
tr f(C̃N (ν))

)
+

(
1

M
tr f(C̃N (ν))− E

1

M
tr f(C̃N (ν))

)
+

(
E

1

M
tr f(C̃N (ν))− E

1

M
tr f

(
XN (ν)XN (ν)

∗

B + 1

))
+

(
E

1

M
tr f

(
XN (ν)XN (ν)

∗

B + 1

)
−
∫
f dµmp,cN

)
+

∫
f dµmp,cN

Concernant la première étape de cette décomposition, nous utilisons la formule de Helffer-Sjöstrand,
qui permet de transférer l’étude des LSS vers celle des résolvantes Q̃N (z) := (C̃N − zIM )−1 et
Q̂N (z) := (ĈN − zIM )−1. Sous hypothèses sur f (régularité et support compact), la formule de
Helffer-Sjöstrand fournit que∫

f dµ =
1

π
Re

∫
C+

∂̄Φk(f)(x, y)sµ(x+ iy) dx dy

où sµ est la transformée de Stieltjes de µ, ∂̄ = ∂x + i∂y et Φk(f) : C → C est la fonction définie sur
C par

Φk(f)(x, y) =

k∑
l=0

(iy)l

l!
f (l)(x)ρ(y)

où ρ : R → R+ est smooth, à support compact, de valeur 1 dans un voisinage de 0. La fonction
Φk(f) coincide avec f sur l’axe réel et l’étend sur le plan complexe. Dans notre contexte, nous
pouvons écrire que

1

M
tr f(ĈN (ν))−

1

M
tr f(C̃N (ν)) =

1

π
Re

∫
C+

∂̄Φk(f)(x, y)
1

M
tr (Q̂N (x+ iy)− Q̃N (x+ iy)) dx dy.

Il est ensuite possible d’étudier la différence

1

M
tr (ĈN − zIM )−1 − 1

M
tr (C̃N − zIM )−1 =

1

M
tr
(
Q̂N (z)(C̃N − ĈN )Q̃N (z)

)
Pour énoncer notre résultat sur le comportement de 1

M tr (ĈN −zIM )−1− 1
M tr (C̃N −zIM )−1, nous

avons préalablement besoin de définir le concept de domination stochastique, où l’on dit que qu’une
famille de variable aléatoire positive X = (XN )N≥1 est stochastiquement dominée par une suite
(uN )N≥1 si pour tout ϵ > 0, il existe N0(ϵ) suffisamment grand et un certain γ(ϵ) > 0 tel que pour
tout N > N0(ϵ):

P [XN > N ϵuN ] ≤ exp−Nγ

Si (XN )N≥1 est stochastiquement dominé par (uN )N≥1, nous utilisons la notation XN ≺ uN , et si
pour tout famille de variable aléatoire complexe X nous avons |X| ≺ uN , nous écrirons aussi X =
O≺(uN ). En utilisant cette notation, nous montrons que le résultat suivant est valide uniformément
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en ν ∈ [0, 1]:

1

M
tr f(ĈN (ν))−

1

M
tr f(C̃N (ν)) = −

(
1

M

M∑
m=1

s′′m(ν)

2sm(ν)

)
vN < D̃N , f > +O≺

(
1

B
+

1√
B

B

N
+

(
B

N

)3
)

où vN =
(

1
B+1

∑B/2
b=−B/2

(
b
N

)2)
et < D̃N , f > correspond à l’action de la distribution D̃N , dont

la transformée de Stieltjes est explicitement connue, sur f (cette quantité sera précisée plus loin).
Cela nous permet de nous concentrer sur l’étude du comportement de C̃N (ν) au lieu de celui de
ĈN (ν). Nous montrons ensuite, via des arguments de concentration gaussienne, que

1

M
tr f(C̃N (ν))− E

1

M
tr f(C̃N (ν)) = O≺

(
1

B

)
afin que de cette manière il ne reste qu’à étudier E 1

M tr f(C̃N (ν)). Sous l’hypothèse d’indépendance

desM composantes de la série temporelle, nous montrons que C̃N (ν) peut s’approximer pour chaque
ν par une matrice de Wishart de bruit blanc:

C̃N (ν) =
XN (ν)XN (ν)

∗

B + 1
+ ∆̃N (ν)

où XN (ν) est une matrice de taille M × (B + 1) à éléments i.i.d. NC(0, 1), supν∈VN
∥∆̃N (ν)∥ =

O≺(
B
N ) et VN = { kN , k = 0, . . . , N − 1}. Après quelques étapes de calcul gaussien (en particulier la

formule d’intégration par partie gaussienne), il est possible d’obtenir l’estimation suivante:

E

[
1

M
tr f(C̃N (ν))

]
− E

[
1

M
tr f

(
XN (ν)XN (ν)

∗

B + 1

)]
=

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

− 1

M

M∑
m=1

s′′m(ν)

2sm(ν)
< D̃N , f > vN +O

(
1

N
+

(
B

N

)3
)

où DN est une autre distribution dont la transformée de Stieltjes est aussi connue explicitement.

La stratégie pour obtenir ce résultat consiste à considérer E
[

1
M tr Q̃N (z)

]
− E

[
1
M tr QN (z)

]
, où

QN (z) = (XN (ν)XN (ν)∗

B+1 − zIM )−1 est la résolvante associée à XNX
∗
N . Après de long et fastidieux

calcul gaussiens, on montre que

E

[
1

M
Tr(Q̃N (z)−QN (z))

]
= −

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)
p̃N (z) vN+(

1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

pN (z) vN +Oz

(
B

N

)3

où p̃N est la transformée de Stieltjes de la distribution à support compact D̃N introduite
précedemment, et pN est aussi la transformée de Stieltjes d’une autre distribution à support compact
DN . Leur expression exacte est connue:

p̃N (z) = (ztN (z))
′, pN (z) =

−cN (ztN (z)t̃N (z))3

1− cN (ztN (z)t̃N (z))2

où nous rappelons que tN et t̃N ont étées définies dans (19). Il reste alors à énnoncer un résultat
bien connu en matrice aléatoire qui assure que pour une matrice de bruit blanc gaussien complexe
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XN (ν),

E

[
1

M
tr

XN (ν)XN (ν)
∗

B + 1

]
−
∫
f dµmp,cN = O

(
1

B2

)
où µmp,cN est la distribution de Marcenko-Pastur de paramètre cN = M

B+1 . En rassemblant toutes
les estimations précédentes, nous obtenons que pour chaque ν,

TN (ν) = O≺

(
1

B
+

1√
B

B

N
+

(
B

N

)3
)
.

où

TN (ν) =
1

M
tr ĈN (ν)−

∫
f dµmp,cN −

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

De manière informelle, ce résultat indique que sous l’hypothèse d’indépendance des séries tem-
porelles, la distribution empirique des valeurs propres de ĈN (ν) est proche de la distribution de

Marcenko-Pastur, à une correction près d’ordre O(BN )2 et à une erreur près d’ordre 1
B+ 1√

B
B
N+

(
B
N

)3
.

Par une borne d’union sur la grille VN de cardinal N , il est clair, par la définition de la domination

stochastique, que supν∈VN
|TN (ν)| ≺ 1

B + 1√
B
B
N +

(
B
N

)3
. Il reste à montrer pour obtenir le résultat

final que ν 7→ TN (ν) est Lipschitz avec une constante de Lipschitz d’ordre Np pour un certain p
fini:

sup
ν∈[0,1]

|TN (ν)| ≺
1

B
+

1√
B

B

N
+

(
B

N

)3

Cependant, nous remarquons que ce résultat ne permet pas de proposer un test statistique
car la distribution asymptotique de supν∈[0,1] |TN (ν)| reste inconnue. Il est donc impossible de
contrôler l’erreur de première espèce de cette statistique de test. Néanmoins, le résultat obtenu
dans ce chapitre représente un premier pas vers l’obtention de la distribution asymptotique de
supν∈[0,1] |TN (ν)|. Ce sujet sera décrit plus en détail dans la section Perspectives 0.10.

0.9.2 Contribution du Chapitre 2

Pour évaluer explicitement le terme de correction d’ordre O(BN )2 dans l’expression de 1
M tr ĈN (ν)−∫

f dµmp,cN , l’approche utilisée dans le Chapitre 1 se révèle être extrêmement longue et fastidieuse
en terme de calculs. Dans ce chapitre, nous proposons une approche alternative qui permet de
retrouver cette quantité bien plus simplement. Au lieu d’utiliser la décomposition :

E

[
1

M
tr C̃N (ν)

]
−
∫
f dµmp,cN = E

[
1

M
tr C̃N (ν)

]
− E

[
1

M
tr

XN (ν)XN (ν)
∗

B + 1

]
+ E

[
1

M
tr

XN (ν)XN (ν)
∗

B + 1

]
−
∫
f dµmp,cN

nous proposons d’étudier directement le comportement de la résolvante E(C̃N (ν) − zIM )−1 en
utilisant la structure de covariance des transformée de Fourier (ξN (ν+

b
N ))b=−B/2,...,B/2 et du calcul

gaussien. Notons que C̃N (ν) = dg(S(ν))−
1
2ΣN (ν)ΣN (ν)

∗dg(S(ν))−
1
2 où

ΣN (ν) =
1√
B + 1

(
ξN

(
ν − B

2N

)
, . . . , ξN

(
ν +

B

2N

))
donc C̃N (ν) peut s’interpréter comme la matrice de covariance empirique de dg(S(ν))−

1
2ΣN (ν).

Sous l’hypothèse d’indépendance spatiale, les lignes de dg(S(ν))−
1
2ΣN (ν) sont indépendantes. Nous

définissonsΘN,m(ν) la matrice de covariance des transformée de Fourier renormalisées à la fréquence
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ν de la m–ème composante de la série temporelle:

ΘN,m(ν) = E

(
ξN,m

(
ν − B

2N

)√
sm(ν)

, . . . ,
ξN,m

(
ν + B

2N

)√
sm(ν)

)∗(
ξN,m

(
ν − B

2N

)√
sm(ν)

, . . . ,
ξN,m

(
ν + B

2N

)√
sm(ν)

)

D’après des résultats classique sur les transformée de Fourier (voir [13]), pour tout m ≥ 1,

Cov

(
ξN,m

(
ν +

b

N

)
, ξN,m

(
ν +

b′

N

))
= sm

(
ν +

b

N

)
1(b = b′) +O

(
1

N

)
Ceci implique que pour tout m et ν, ΘN,m(ν) peut s’approximer par l’identité IB+1, ce qui signifie

que les colonnes de dg(S(ν))−
1
2ΣN (ν) sont presque indépendantes. Ce modèle permet d’expliciter

un équivalent déterministe de Q̃N (z) := (C̃N (ν)− zIM )−1. On montrera que pour tout z ∈ C+, il
existe une matrice déterministe T̃N (z, ν) telle que

1

M
tr EQ̃N (ν, z)−

1

M
tr T̃N (ν, z) = Oz

(
1

B2

)
où Oz(

1
B2 ) indique qu’il existe des polynômes P1 et P2 dont les constantes et degrés sont

indépendants de N et z tel que la quantité en question soit bornée par P1(|z|)P2(
1

Imz )
1
B2 . De

plus, sous certaines hypothèses sur les séries temporelles, il est possible de montrer que la quantité
Oz(

1
B2 ) est en fait indépendante de ν. Finalement, la matrice T̃N (ν, z) est déterministe et est définie

implicitement par l’unique solution de l’équation:

T̃N (ν, z) = dg

(
−1

z(1 + δN,m(ν, z))
,m = 1, . . . ,M

)
où les (δN,m)m≥1 sont définis par la solution dans l’ensemble des transformée de Stieltjes du système
de M équations suivantes:

δN,m(ν, z) =
1

B + 1
tr

(
−zIB+1 +

c

M

M∑
k=1

ΘN,k(ν)

1 + δN,k(ν, z)

)−1

ΘN,m(ν), m ∈ [M ]

Nous utilisons maintenant le fait que les colonnes sont presque indépendantes, et il est donc
raisonnable de s’attendre à retrouver un comportement de type Marcenko-Pastur pour T̃N . Nous
montrerons que l’estimation suivante est valide:

sup
m≥1

sup
ν∈[0,1]

∥ΘN,m(ν)− IB+1∥ = O
(
B

N

)
1

B + 1
sup
m≥1

sup
ν∈[0,1]

tr (ΘN,m(ν)− IB+1)−ΥN,m(ν) = O
(
B

N

)3

où ΥN,m(ν) est le terme d’ordre O(BN )2 égal à ΥN,m(ν) =
1
2
s′′m(ν)
ŝm(ν)vN . Ceci permet de prouver que

T̃N (z) − tN (z)IM → 0 pour tout z ∈ C+, et d’obtenir que pour tout f ∈ Cp avec p suffisamment
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grand,

E
1

M
tr f(C̃N (ν))−

∫
f dµmp,cN =

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

−

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)2

< D̃N , f > vN +O

(
1

B
+

1√
B

B

N
+

(
B

N

)3
)

où le O(·) est uniforme en ν ∈ [0, 1], et où D̃N et DN sont des distributions dont la transformée de

Stieltjes au point z sont égales respectivement à (ztN (z))
′ et −cN (ztN (z)t̃N (z))3

1−cN (ztN (z)t̃N (z))2
.

0.9.3 Contribution du Chapitre 3

Dans ce chapitre, nous considérons une série temporelle M–dimensionnelle (yn)n∈Z définie par

yn = un + vn

où (un)n∈Z représente le signal utile et où (vn)n∈Z représente un bruit additif. Le signal utile est
modélisé comme la sortie d’un filtre MIMO M ×K inconnu et stable (Hk)k∈Z dont l’entrée est un
bruit blanc gaussien K–dimensionnel non-observable (ϵn)n∈Z avec E[ϵnϵ∗n] = IK , i.e.

un =
∑
k∈Z

Hkϵn−k

avec probabilité 1. Nous remarquons que K représente le nombre de sources dans le contexte du
traitement d’antenne. Pour tout ν ∈ [0, 1], nous notons H(ν) la transformée de Fourier de la
séquence (Hk)k∈Z:

H(ν) =
∑
k∈Z

Hke
−i2πνk

Nous supposons que le signal satisfait l’hypothèse suivante dite de mémoire courte:

sup
m≥1

∑
k∈Z

(1 + |k|)∥Hk∥ < +∞

où la magnitude du signal satisfait

lim
M→∞

max
m=1,...,M

max
ν∈[0,1]

∥hm(ν)∥2 = 0.

où ∥hm(ν)∥22 =
∑K

k=1 |(H)m,k(ν)|2 représente la puissance totale reçue sur le capteur m par le signal
K–dimensionnel à la fréquence ν. Ceci implique que la puissance totale du signal est d’ordre

E∥um,n∥2 =
∫ 1

0
∥hm(ν)∥2 dν = o(1)

Concernant le bruit, (vn)n∈Z est modélisé par une série temporelle gaussienne complexe M–
dimensionnelle telle que ses composantes (v1,n)n∈Z, . . . , (vM,n)n∈Z sont mutuellement indépendantes.
Nous supposons que le bruit satisfait aussi une hypothèse de mémoire courte:

sup
m≥1

∑
k∈Z

(1 + |k|)2|rm(k)| < +∞

où rm(k) = E[vm,nvm,n−k]. Nous supposons aussi que les densités spectrales associées à ces séries
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temporelles sont uniformément bornées inférieurement par zéro:

inf
m≥1

inf
ν∈[0,1]

sm(ν) > 0

où sm(ν) =
∑

k∈Z rm(k)e
−i2πνk. Cette hypothèse implique que la puissance totale du bruit satisfait

la condition suivante: il existe des constantes 0 < C1 ≤ C2 < +∞ telles que

C1 < inf
N≥1

1

M
E∥vN∥2 ≤ sup

N≥1

1

M
E∥vN∥2 < C2

Ainsi, le rapport signal-sur-bruit (SNR) E∥uN∥2
E∥vN∥2 vérifie E∥uN∥2

E∥vN∥2 = O( 1
M ). L’objectif du Chapitre 3

est de détecter la présence de signal dans ce contexte. Pour commencer, nous remarquons que la
matrice de densité spectrale Sy de (yn)n∈Z est donnée par

Sy(ν) = H(ν)H(ν)∗ + Sv(ν)

où Sv(ν) = dg (s1(ν), . . . , sM (ν)). De manière similaire, par la définition de la matrice de cohérence
spectrale,

Cy(ν) = (dg(H(ν)H(ν)∗) + Sv(ν))
− 1

2 (H(ν)H(ν)∗ + Sv(ν)) (dg(H(ν)H(ν)∗) + Sv(ν))
− 1

2

Sous les hypothèses sur la puissance du signal et du bruit, il est raisonnable d’approximer

dg(Sy(ν))
− 1

2 = (dg(H(ν)H(ν)∗) + Sv(ν))
− 1

2 par Sv(ν)
− 1

2 et Cy(ν) par

Cy(ν) ≈ Sv(ν)
− 1

2 (H(ν)H(ν)∗ + Sv(ν))Sv(ν)
− 1

2 = IM + Sv(ν)
− 1

2H(ν)H(ν)∗Sv(ν)
− 1

2

Afin d’estimer Cy, nous considérons l’estimateur de la cohérence spectrale construit à partir du

périodogramme moyenné, noté ĈN,y et défini en (14). Nous montrons en premier que Ĉy(ν) se com-
porte asymptotiquement en norme spectrale et uniformément en ν comme une matrice de Wishart
”coloré” dont la matrice de covariance population est égale à IM + Sv(ν)

− 1
2H(ν)H(ν)∗Sv(ν)

− 1
2 :

max
ν∈VN

∥∥∥∥ĈN,y(ν)−Ξ(ν)
1
2
XN (ν)XN (ν)

∗

B + 1
Ξ(ν)

1
2

∥∥∥∥ p.s.−−−−→
M→∞

0

où VN est l’ensemble des fréquences de Fourier
{
k
N , k = 0, . . . , N − 1

}
,

Ξ(ν) = IM + Sv(ν)
− 1

2H(ν)H(ν)∗Sv(ν)
− 1

2 .

et XN (ν) est une matrice de taille M × (B + 1) à entrées i.i.d. NC(0, 1). Ce résultat, utilisé en
conjonction avec les inégalités de Weyl [43, Th. 4.3.1], implique en particulier que chaque valeur
propre de la matrice de cohérence spectrale estimée ĈN,y(ν) se comporte comme sa contrepartie
Wishart:

WN (ν) = Ξ(ν)
1
2
XN (ν)XN (ν)

∗

B + 1
Ξ(ν)

1
2

c’est à dire

max
m=1,...,M

max
ν∈VN

∣∣∣λm (ĈN,y(ν)
)
− λm (WN (ν))

∣∣∣ p.s.−−−−→
M→∞

0.

Nous remarquons maintenant que Ξ(ν) est une perturbation de rang fini K de l’identité IM . Ceci
suggère d’utiliser les résultats concernant les modèles spike multiplicatif développés dans [7] afin de

décrire précisément le comportement des plus grandes valeurs propres de Ξ(ν)
1
2
XN (ν)XN (ν)∗

B+1 Ξ(ν)
1
2 .

Ceci permet de proposer une statistique permettant de tester l’hypothèse H0 contre l’hypothèse H1
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définies par :

H0 : (yn)n∈Z = (vn)n∈Z

H1 : (yn)n∈Z = (un)n∈Z + (vn)n∈Z

Nous considérons la plus grande valeur propre de ĈN (ν) à travers les fréquences de Fourier VN , et
comparons cette valeur à λ+ :

TN,ϵ = 1[λ++ϵ,∞)

(
max
ν∈VN

λ1

(
ĈN,y(ν)

))
où nous rappelons que λ+ = (1 +

√
c)2. Nous montrons que ce test est consistant sous le régime

asymptotique des grandes dimensions : si sous l’hypothèse H1, il existe γ∞ ≥ 0 tel que

max
ν∈VN

λ1

(
Sv(ν)

− 1
2H(ν)H(ν)∗Sv(ν)

− 1
2

)
−−−−→
M→∞

γ∞ >
√
c

alors, en définissant

ϕ(x) =

{
(x+1)(x+c)

x if x >
√
c

λ+ if x ≤
√
c

nous montrons que pour tout 0 < ϵ < ϕ(γ∞)− λ+ et i ∈ {0, 1},

Pi

(
lim
M→∞

TN,ϵ = i

)
= 1

où Pi est la mesure de probabilité sous-jacente à l’hypothèse Hi. On note que γ∞, la limite de la
plus grande valeur propre de la perturbation de rang K, peut s’interpreter comme un certain SNR
dans le domaine fréquentiel. Finalement, nous montrons qu’un test basé sur les statistiques linéaires
des valeurs propres de ĈN (ν) ne permet pas de séparer les deux hypothèses. On considère la LSS
suivante :

LN,φ(ν) =
1

M

M∑
m=1

φ
(
λm

(
ĈN,y(ν)

))
où φ appartient à une certaine classe de fonction, ici cette classe étant φ ∈ C1 ((0,+∞)). Nous
montrerons que

max
ν∈VN

∣∣∣∣LN,φ(ν)− ∫
R
φ(λ)f(λ)dλ

∣∣∣∣ p.s.−−−−→
M→∞

0

où f est la densité de la distribution de Marcenko-Pastur pour c < 1 donnée par

f(λ) =

√
(λ− λ−)(λ+ − λ)

2πcλ
1[λ−,λ+](λ)

avec λ± = (1±
√
c)

2
. Ceci montre que les LSS de la matrice de cohérence spectrale estimée con-

vergent vers la même limite, indépendamment du fait que les observations contiennent uniquement
du bruit ou du bruit et signal. Ceci montre que toute statistique de test se reposant uniquement
sur une LSS de la matrice de cohérence spectrale estimée est incapable de distinguer de manière
consistante la présence ou l’absence de signal dans notre régime des grandes dimensions.
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0.9.4 Contribution du Chapitre 4

Dans ce chapitre nous considérons le même contexte que dans le Chapitre 3, à l’exception que nous
ne supposons plus que limM→∞maxm=1,...,M maxν∈[0,1] ∥hm(ν)∥2 = 0. Cette hypothèse indiquait
que la puissance totale émise par le signal K–dimensionnel reçue à la fréquence ν sur chaque capteur
m converge vers zéro. Dans certain cas, il peut être d’intérêt de ne pas supposer que c’est le cas,
et nous montrons qu’il est encore possible d’explicitement écrire le comportement au premier ordre
des valeurs propres spike de la matrice de cohérence spectrale estimée dans ce cas plus général.
La conséquence principale de cet affaiblissement d’hypothèse est que l’approximation dg(Sy(ν)) ≈
dg(Sv(ν)) n’est plus valide, et nous devons à la place écrire dg(Sy(ν)) = dg(H(ν)H(ν)∗) + Sv(ν).
Nous notons Du(ν) = dg(H(ν)H(ν)∗) et supposons qu’il existe pour chaque fréquence ν ∈ [0, 1]
une séquence de matrices diagonale (Du,∞(ν))N≥1 de taille M ×M avec un nombre fini d’entrées
non-nulles telle que

∥Du(ν)−Du,∞(ν)∥ N→+∞−−−−−→ 0.

La condition sur le nombre d’entrées non-nulles de Du,∞(ν) assure que cette matrice reste de rang
fini asymptotiquement, ce qui sera utile pour appliquer les résultats sur les modèles spike issus de
[7]. En utilisant la même stratégie qu’en Chapitre 3, nous montrons que pour tout ν ∈ VN , il existe
une matrice aléatoire XN (ν) à entrées i.i.d. NC(0, 1) telle que

max
ν∈VN

∥∥∥∥ĈN (ν)−Ξ(ν)
1
2
XN (ν)XN (ν)

∗

B + 1
Ξ(ν)

1
2

∥∥∥∥ N→+∞−−−−−→ 0

où
Ξ(ν) = IM + (Du,∞(ν) + Sv(ν))

− 1
2 (H(ν)H(ν)∗ −Du,∞(ν)) (Du,∞(ν) + Sv(ν))

− 1
2

Ceci est en contraste avec le résultat du Chapitre 3, où la matrice de covariance population s’écrivait
IM +Sv(ν)

− 1
2 (H(ν)H(ν)∗) (Sv(ν)

− 1
2 . Cette nouvelle expression de Ξ(ν) nous indique que le terme

de perturbation peut induire des spikes négatifs, car la matrice H(ν)H(ν)∗ − Du,∞(ν) n’est pas
nécessairement définie positive. De plus, comme le rang de H(ν)H(ν)∗ − Du,∞(ν) est fini, les
résultats sur les modèles spike de [7] prouvent que la plus grande et plus petite valeur propre de
ĈN (ν) peut s’échapper du bulk de la distribution de Marcenko-Pastur si une certaine condition
sur le SNR est respectée. Une nouvelle statistique pour tester la présence ou l’absence de signal
(un)n∈Z est en conséquence proposée:

Tϵ = 1

(
sup
ν∈VN

λ1(Ĉy(ν)) > λ+ + ϵ ou inf
ν∈VN

λM (Ĉy(ν)) < λ− − ϵ

)

et il est montré que cette statistique est consistante pour séparer l’hypothèse nulleH0 de l’alternative
H1 si

γ+∞ >
√
c ou γ−∞ < −

√
c.

où γ+∞ et γ−∞ sont définis par:

max
ν∈VN

λ1 (Ω(ν)) −−−−→
M→∞

γ+∞ >
√
c

min
ν∈VN

λM (Ω(ν)) −−−−→
M→∞

γ−∞ < −
√
c

avec Ω(ν) = (Du,∞(ν) + Sv(ν))
− 1

2 (H(ν)H(ν)∗ −Du,∞(ν)) (Du,∞(ν) + Sv(ν))
− 1

2 .
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0.9.5 Contribution du Chapitre 5

Ce chapitre se démarque des autres, car il s’interesse non pas aux valeurs propres de la ma-
trice de cohérence spectrale estimée, mais plutôt au comportement de ses entrées individuelles.
Plus précisement, nous considérons M séries temporelles gaussiennes complexes stationnaires
(y1,n)n∈Z , . . . , (yM,n)n∈Z et pour tout i, j ∈ {1, . . . ,M}, nous notons sij et cij la densité spectrale et
la cohérence spectrale entre (yi,n)n∈Z et (yj,n)n∈Z données respectivement par sij(ν) = (S(ν))ij et
cij(ν) = (C(ν))ij où S(ν) et C(ν) sont respectivement les matrices de densité/cohérence spectrales
définies en (11) et (12). Ce chapitre est lui aussi motivé par le problème du test d’indépendance
d’un grand nombre de séries temporelles gaussiennes:

H0 : max
1≤i<j≤M

max
ν∈[0,1]

|sij(ν)|2 = 0,

ou de manière équivalente

H0 : max
1≤i<j≤M

max
ν∈[0,1]

|cij(ν)|2 = 0,

Ceci suggère de calculer un estimateur consistant de ces quantités, et de tester s’ils sont
suffisamment proches de zéro. Étant donné N observations pour chaque série temporelle
(y1,n)n=1,...,N , . . . , (yM,n)n=1,...,N , nous considérons l’estimateur issu du périodogramme moyenné
ĉN,ij de cij donné par (14). Sous l’hypothèse

H0 : (y1,n)n∈Z, . . . , (yM,n)n∈Z sont mutuellement décorrélés,

et quelques hypothèses techniques supplémentaires sur les densités spectrales des M séries tem-
porelles, nous montrons que dans le régime des grandes dimensions décrit en (15),

P

(
(B + 1) max

(i,j,ν)∈IN
|ĉN,ij(ν)|2 ≤ t+ log

N

B + 1
+ log

M(M − 1)

2

)
N→+∞−−−−−→ e−e

−t
(20)

où
IN := {(i, j, ν) : i, j ∈ [M ] tel que i < j, ν ∈ GN}

avec [M ] = {1, . . . ,M} et où

GN :=

{
k
B + 1

N
: k ∈ N, 0 ≤ k ≤ N

B + 1

}
est l’ensemble inclut dans celui des fréquences de Fourier

VN :=

{
k

N
: k ∈ N, 0 ≤ k ≤ N − 1

}
dont les éléments sont séparés d’une distance (B + 1)/N (au lieu de 1/N dans le cas de FN ).
Ainsi, (20) annonce que max(i,j,ν)∈I |ĉN,ij(ν)|2, après un recentrage et une renormalisation adaptée,
converge en distribution vers une distribution des valeurs extrêmes de type I, aussi connue sous le
nom de distribution de Gumbel. Il apparâıtra alors clair au cours de la preuve que le terme en
log M(M−1)

2 est lié au fait de prendre le maximum sur (i, j) ∈ [M ]2 avec i ̸= j, tandis que le terme
en log N

B+1 est une conséquence du maximum sur ν ∈ GN . Les étapes essentielles de la preuve sont
les suivantes. Nous écrivons la représentation linéaire causale

ym,n =
∑
k≥0

am,kϵm,n−k
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où (ϵ1,k)k∈Z, . . . , (ϵM,k)k∈Z sont des séquences mutuellement indépendantes de variables aléatoires
NC(0, 1) i.i.d, et (a1,k)k∈N, . . . , (aM,k)k∈N ∈ ℓ2(N). On note aussi

hm(ν) =

+∞∑
k=0

am,ke
−2iπkν

tel que |hm(ν)|2 = sm(ν). Il est montré dans [94] (et étendu sous des hypothèses plus faibles dans
[67] et [19]) que les transformées de Fourier ξN,ym(ν) se comportent comme hm(ν)ξN,ϵm(ν) au sens
suivant: pour tout κ > 0:

P

[
lim

N→+∞
|ξN,ym(ν)− hm(ν)ξN,ϵm(ν)| > κ

]
= 0 (21)

Ceci suggère de définir s̃N,ij(ν), une approximation de ŝN,ij(ν) := (ŜN (ν))ij où ŜN (ν) est défini par
(13), comme:

s̃N,ij(ν) =
1

B + 1

B/2∑
b=−B/2

hi

(
ν +

b

N

)
hj

(
ν +

b

N

)
ξN,ϵi

(
ν +

b

N

)
ξN,ϵj

(
ν +

b

N

)

L’équation (21) est ensuite clé pour prouver que (B + 1) supi,j,ν |ĉN,ij(ν)|2 a la même distribution

limite que (B + 1) supi,j,ν |c̃N,ij(ν)|2 où c̃N,ij(ν) =
|s̃N,ij(ν)|2
σ2
N,ij(ν)

avec

σ2N,ij(ν) =
1

B + 1

B/2∑
b=−B/2

si

(
ν +

b

N

)
sj

(
ν +

b

N

)

Cette décomposition permet de découpler l’action du filtre des innovations, afin qu’il ne reste qu’à
gérer des transformées de Fourier de séquences i.i.d. de variables aléatoires notées ϵm,n. Afin de
montrer que supi,j,ν |c̃N,ij(ν)|2 suit asymptotiquement une loi Gumbel, nous utilisons un théorème
d’approximation Poisson issu de [3] basé sur la méthode de Chen-Stein. Cette méthode a été
utilisée dans [45] afin d’étudier le comportement de la plus grande entrée hors-diagonale de matrice
de corrélation construite à partir d’entrées i.i.d. Cette méthode nécessite de prouver le résultat de
déviation modérée suivant : il existe une constante η > 0 telle que pour tout C > 0,

max
t∈[0,CBη ]

max
(i,j,ν)∈I

∣∣∣∣∣P
(
(B + 1)

|s̃N,ij(ν)|2

σ2N,ij(ν)
> t2

)
et

2 − 1

∣∣∣∣∣ −−−−→N→∞
0 (22)

et

max
t,s∈[0,CBη ]

max
(i,j,ν)∈I

(i′,j′,ν)∈I(i,j,ν)

∣∣∣∣∣P
(
(B + 1)

|s̃N,ij(ν)|2

σ2N,ij(ν)
> t2, (B + 1)

|s̃N,i′j′(ν)|2

σ2N,i′j′(ν)
> s2

)

× et
2+s2 − 1

∣∣∣∣∣ −−−−→N→∞
0.

Ceci permet de terminer la preuve de (20).
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0.10 Perspectives

Nous clôturons cette Introduction en énonçant quelques directions possibles qui permettraient de
prolonger les travaux présentés dans ce manuscrit.

• Tout d’abord, tel que mentionné dans le paragraphe exposant les contributions du Chapitre
1, plus d’information sur la distribution limite de

TN = sup
ν∈[0,1]

∣∣∣∣∣∣ 1M tr f(ĈN (ν))−
∫
f dµmp,cN −

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

∣∣∣∣∣∣
est necessaire pour controler l’erreur de type-I d’une statistique de test basée dessus (tel
que par exemple 1(TN > κ) pour un certain seuil κ). Cependant, nous pensons qu’il sera
difficile d’obtenir ce résultat. Une approche plus raisonnable serait la suivante : à partir de
la représentation linéaire causale, tel que fait dans le Chapitre 5, ym,n =

∑
k∈Z am,kϵm,n−k où

(ϵ1,n)n∈Z, . . . , (ϵM,n)n∈Z sont des sequences mutuellement indépendantes de variables NC(0, 1)
i.i.d, et (a1,k)k∈Z, . . . , (aM,k)k∈Z ∈ ℓ2(N). Definissons hm(ν) =

∑
k∈Z am,ke

−2iπkν , H(ν) =
dg(h1(ν), . . . , hM (ν)), et ξN,ϵ(ν) = (ξN,ϵ1(ν), . . . , ξN,ϵM (ν))T . En utilisant l’approximation
ξN,y(ν) ≈ H(ν)ξN,ϵ(ν), qui a déjà été utilisé dans le Chapitre 5, il fait sens de considérer

ŠN (ν), une approximation de ŜN (ν), définie par

ŠN (ν) =
1

B + 1

B/2∑
−B/2

H

(
ν +

b

N

)
ξN,ϵ

(
ν +

b

N

)
ξN,ϵ

(
ν +

b

N

)∗
H

(
ν +

b

N

)∗

et ČN (ν), une approximation de ĈN (ν) définie par

ČN (ν) = dg(ČN (ν))
− 1

2 ČN (ν)dg(ČN (ν))
− 1

2 .

Pour ν1 ̸= ν2 ∈ GN :=
{
kB+1

N : k ∈ N, 0 ≤ k ≤ N
B+1

}
, ξN,ϵ(ν1) est indépendant de ξN,ϵ(ν2),

et il est donc clair que 1
M tr f(ČN (ν1)) est aussi independent de

1
M tr f(ČN (ν2)). Ceci devrait

permettre d’obtenir la distribution asymptotique de ŤN define par

ŤN = sup
ν∈GN

∣∣∣∣∣∣ 1M tr f(Č(ν))−
∫
f dµmp,cN −

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

< DN , f > vN

∣∣∣∣∣∣
Il resterait à controler le terme d’erreur entre ČN (ν) et ĈN (ν) pour s’assurer que
1
M tr f(ČN (ν)) et 1

M tr f(ĈN (ν)) suivent asymptotiquement la même distribution. Ceci
représenterait une amélioration de notre résultat présenté en Chapitre 1 et Chapitre 2, car cela
permettrait de controler l’erreur de type-I de la statistique de test 1(supν∈GN

|TN (ν)| > κ).
Cependent, la manière de gérer le supremum sur l’interval continu de fréquences [0, 1] à la
place de la grille discrete GN reste peu claire.

• Dans le Chapitre 1 nous nous sommes concentrés sur supν |TN (ν)|, mais il aurait aussi pu être
intéressant d’étudier des statistiques intégrées sur les fréquences, tel que cela a été fait dans
[25], où l’auteur s’est intéressé à des statistiques de la forme

∫
ν∈[0,1] |TN (ν)|

2 dν.

• Une fois la distribution asymptotique de TN sous H0 obtenu, il serait naturel d’étudier la
puissance de test sous une certaine classe d’alternative où la densité spectrale S(ν) n’est pas
diagonale pour tout ν, en utilisant des outils similaire à ceux utilisés dans [15] par exemple.

• L’hypothèse de gaussianité des séries temporelles est cruciale dans tous les chapitres de ce
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manuscrit, et il pourrait être intéressant d’étendre nos résultats dans le cas de séries tem-
porelles non-gaussiennes. Par exemple, dans le Chapitre 1, l’hypothèse de gaussianité était
nécessaire pour approximer C̃N (ν) par

1
B+1XN (ν)XN (ν)

∗ où XN (ν) est une matrice de taille
M × (B + 1) à entrées i.i.d. Sans l’hypothèse gaussienne, les entrées de notre matrice XN (ν)
ne serait plus i.i.d. (mais seulement de covariance nulle), ce qui empêcherait de poursuivre
la stratégie de preuve utilisée dans le Chapitre 1. Cependant, nous remarquons aussi que
l’approche utilisée dans le Chapitre 2 semble plus adaptée à manipuler le cas non-gaussien,
car le modèle correspondant a été historiquement étudié dans [92] sous une hypothèse de
moment-fini d’ordre huit. Cependant, la majorité du travail restant serait de contrôler les
nouveaux termes d’erreurs qui apparâıtraient du à cette condition plus faible.

• Il devrait être possible d’obtenir des résultats concernant le comportement local du spectre de
ŜN (ν) et ĈN (ν). Concernant les applications en détection de signal, il serait utile de prouver
un comportement de type Tracy-Widom pour la plus grande valeur propre de la matrice de
densité/cohérence spectrale.

• Enfin, nous soulevons le fait que nous avons systematiquement approximé ĈN (ν) par C̃N (ν) =

dg(S(ν))−
1
2 ŜN (ν)dg(S(ν))

− 1
2 , puis étudié C̃N (ν) au lieu de ĈN (ν). L’avantage de C̃N (ν) sur

ĈN (ν) est que la renormalisation en dg(S(ν))−
1
2 n’est plus aléatoire. Néanmoins, ceci necessite

maintenant que dg(S(ν)) ne s’annule plus, ce qui impose donc la condition technique suivante
infν∈[0,1] infm≥1 sm(ν) > 0. Il pourrait être interesant de trouver une approche alternative
pour ne pas avoir besoin de cette hypothèse.

0.11 Papiers de Journal/Conférence associés à ce manuscrit

• Le Chapitre 1 a été accepté à Electronic Journal of Statistics, et sera prochainement publié.

• Le Chapitre 3 a été d’abord publié à la conférence ICASSP : Alexis Rosuel et al. “On the
frequency domain detection of high dimensional time series”. In: ICASSP 2020-2020 IEEE
International Conference on Acoustics, Speech and Signal Processing (ICASSP). IEEE. 2020,
pp. 8782–8786, et plus tard republié sous une version étendue dans IEEE Transactions on
Signal Processing: A. Rosuel et al. “On the Detection of Low-Rank Signal in the Presence
of Spatially Uncorrelated Noise: A Frequency Domain Approach”. In: IEEE Transactions
on Signal Processing 69 (2021), pp. 4458–4473. doi: 10.1109/TSP.2021.3099644. Nous
présentons dans ce manuscrit au Chapitre 3 uniquement la version acceptée à IEEE TSP.

• Le Chapitre 5 est en ce moment en review à Journal of Multivariate Analysis.

0.12 Notations

• Nous supposons queM :=M(N) etB = B(N) sont des fonctions à valeur entières deN , et que

M(N), B(N)
N→+∞−−−−−→ +∞ tel que cN := M

B+1 satisfait 0 < infN≥1 cN ≤ supN≥1 cN < +∞ et

cN
N→+∞−−−−−→ c ∈ (0,+∞). De plus, nous supposons qu’il existe 1

2 < α < 1 tel que B = O(Nα).

Ceci implique en particulier que B
N

N→+∞−−−−−→ 0 et M
N

N→+∞−−−−−→ 0. La notation N → +∞ fera
reférence à ce regime dans toute la suite.

• Les quantités introduites et étudiées au cours de ce manuscrit vont généralement dépendre de
N et ν, mais nous choisirons, quand le contexte le permettra, de supprimer la dépendance ex-
plicite afin de simplifier les notations. Par exemple, Ŝ pourra être utilisé pour représenter
ŜN (ν), l’estimateur de la matrice de densité spectrale à la fréquence ν obtenue à partir

https://doi.org/10.1109/TSP.2021.3099644
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des observations y1, . . . ,yN . De manière similaire, ĈN (ν), ĉN,ij(ν), ξN (ν), . . . pourront être

représentés par Ĉ, ĉij , ξ, . . ..

• R+ et R− représentent respectivement l’ensemble des réels positifs et négatifs, et nous notons
R∗ = R \ {0}, R∗

+ = R+ \ {0} et R∗
− = R− \ {0}. Nous définissons C+ = {z ∈ C : Im(z) > 0}.

• Par ”nice constant”, nous désignerons une constante déterministe positive qui ne dépend ni
des paramètres M , B et N , ni de la variable complexe z. Dans la suite, C représentera une
constante générique donc la valeur exacte n’a pas d’importance et qui pourra changer d’une
ligne à l’autre. Un ”nice polynomial” P est un polynôme dont le degré et les coefficients sont
des ”nice constants”.

• Pour une matrice A, les notations ∥A∥ et ∥A∥F représentent respectivement la norme spec-
trale et la norme de Frobenius. La transposée et la transconjugué de A sont respectivement
noté AT et A∗. Pour une matrice B de la même taille que A, A ≥ B indique que A−B est
définie positive. Si de plus A est une matrice carré, Im(A) désigne la matrice Hermitienne
définie par Im(A) = A−A∗

2i .

• Cc(R,R) représente l’ensemble des fonctions à valeur réelle à support compact définie sur R.
C(k)(R,R) représente l’ensemble des fonctions k–differentiables à valeur réelle définies sur R.

• Si ζ est une variable aléatoire, nous noterons ζ◦ la variable aléatoire centrée définie par ζ◦ =
ζ − Eζ.

• La distribution gaussienne complexe circulaire de variance σ2 sera notée NC(0, σ
2) et un

vecteur aléatoire x dans Cn suivra la distribution NCn(0,R) si b∗x ∼ NC(0,b
∗Rb) pour tout

vecteur colonne déterministe b et une matrice R de taille n× n définie positive.



Part I

Linear spectral statistics of the
estimated spectral coherency
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Chapter 1

Approach based on the approximation
of the estimated coherency matrix by
a Wishart matrix

1.1 Introduction

1.1.1 The addressed problem and the results

We consider an M–variate zero-mean complex Gaussian stationary time series 1 (yn)n∈Z and as-
sume that the samples y1, . . . ,yN are available. We introduce the traditional frequency smoothed
periodogram estimate Ŝ(ν) of the spectral density of y at frequency ν defined by

Ŝ(ν) =
1

B + 1

B/2∑
b=−B/2

ξy

(
ν +

b

N

)
ξy

(
ν +

b

N

)∗
(1.1)

where B is an even integer, which represents the smoothing span, and

ξy(ν) =
1√
N

N∑
n=1

yne
−2iπ(n−1)ν (1.2)

is the renormalized Fourier transform of (yn)n=1...,N . The corresponding estimated spectral co-
herency matrix is defined as:

Ĉ(ν) = dg
(
Ŝ(ν)

)− 1
2
Ŝ(ν)dg

(
Ŝ(ν)

)− 1
2

(1.3)

where dg(Ŝ(ν)) = Ŝ(ν) ⊙ IM , with ⊙ denoting the Hadamard product (ie. entrywise product)
and IM is the M–dimensional identity matrix. Under the hypothesis H0 that the M components
(y1,n)n∈Z, . . . , (yM,n)n∈Z of y are mutually uncorrelated, we evaluate the behaviour of certain Linear

Spectral Statistics (LSS) of the eigenvalues of Ĉ(ν) in asymptotic regimes where N → +∞ and
both M = M(N) and B = B(N) converge towards +∞ in such a way that M(N) = O(Nα) for

α ∈ (1/2, 1) and cN = M(N)
B(N) → c where c ∈ (0, 1). We denote by µ

(c)
MP the Marcenko-Pastur

distribution with parameter c < 1 defined by

dµ
(c)
MP (λ) =

√
(λ+ − λ)(λ− λ−)

2πcλ
1λ∈[λ−;λ+](λ) dλ, λ± = (1±

√
c)2

1any finite linear combination x of the components of (yn)n∈Z is a complex Gaussian random variable, i.e. Re(x)
and Im(x) are independent zero-mean Gaussian random variables having the same variance
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and define the sequences (uN )N≥1 and (vN )N≥1 by

uN =
1

B
+

√
B

N
+

(
B

N

)3

(1.4)

and

vN =
1

B + 1

B/2∑
b=−B/2

(
b

N

)2

. (1.5)

We notice that

uN = O
(
1

B

)
1 1

2
≤α≤ 2

3
+O

(√
B

N

)
1 2

3
≤α≤ 4

5
+O

(
B

N

)3

1α≥ 4
5

(1.6)

and vN = O
(
(BN )2

)
, as well as uN

vN
→ 0 if α > 2/3 and uN

vN
→ +∞ if α < 2/3. Then, if (sm)m=1,...,M

represent the spectral densities of the scalar time series ((ym,n)n∈Z)m=1,...,M , for each function f

defined on R+ and C∞ in a neighbourhood of the support [λ−;λ+] of µ
(c)
MP , it holds that for each

ϵ > 0, there exist a γ(ϵ) := γ > 0 such that for each N large enough:

P

[
sup
ν∈[0,1]

∣∣∣∣ 1M Tr
(
f(Ĉ(ν))

)
−
∫

R+

f dµ
(cN )
MP − rN (ν) ϕN (f) vN 1α>2/3

∣∣∣∣ > N ϵuN

]
≤ exp−Nγ (1.7)

where rN (ν) is defined by

rN (ν) =

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

(1.8)

and where ϕN (f) is a deterministic O(1) term which coincides with the action of func-
tion f on a certain compactly supported distribution DN (to be made precised later)

depending on the Marcenko-Pastur distribution µ
(cN )
MP . In other words, under H0, uni-

formly w.r.t. the frequency ν, 1
MTr

(
f(Ĉ(ν))

)
behaves as

∫
R f dµ

(cN )
MP . If α ≤ 2/3, with

high probability, the order of magnitude of the corresponding error is not larger than

uN = 1
B = O( 1

Nα ). If α > 2/3, 1
MTr

(
f(Ĉ(ν))

)
−
∫

R f dµ
(cN )
MP behaves as the deterministic

O(BN )2 term rN (ν) ϕN (f) vN , and the rate of convergence towards 0 of the corrected statistics
1
MTr

(
f(Ĉ(ν))

)
−
∫

R+ f dµ
(cN )
MP − rN (ν) ϕN (f) vN 1α>2/3 appears to be uN which satisfies uN

vN
→ 0.

Our approach is based on the observation that in the above asymptotic regime, Ŝ(ν) can be
interpreted as the sample covariance matrix of the large vectors (ξy(ν+

b
N ))b=−B/2,...,B/2. Classical

time series analysis results suggest that the vectors (ξy(ν+
b
N ))b=−B/2,...,B/2 appear as ”nearly” i.i.d.

zero mean complex random vectors with covariance matrix S(ν) where S(ν) = dg (s1(ν), . . . , sM (ν)).
Ĉ(ν) can be interpreted as the sample autocorrelation matrix of the above vectors. As it is well-
known that the empirical eigenvalue distribution of the sample autocorrelation matrix of i.i.d.
large random vectors converges towards the Marcenko-Pastur distribution (see e.g. [46]), it is not

surprising that 1
MTr

(
f(Ĉ(ν))

)
behaves as

∫
R+ f dµ

(cN )
MP . Our main results are thus obtained using

tools borrowed from large random matrix theory (see e.g. [70], [5]) and from frequency domain time
series analysis techniques (see e.g. [13]).



65

1.1.2 Motivation

This chapter is motivated by the problem of testing whether the components of y are uncorrelated
or not when the dimension M of y is large and the number of observations N is significantly larger
than M . For this, a possible way would be to estimate the spectral coherency matrix, equal to IM
at each frequency ν under H0, by the standard estimate Ĉ(ν) defined by (1.3) for a relevant choice
of B, and to compare, for example, the supremum over ν of the spectral norm ∥Ĉ(ν) − IM∥ to a
threshold. To understand the conditions under which such an approach should provide satisfying
results, we mention that under some mild extra assumptions, it can be shown that

sup
ν

∥Ŝ(ν)− S(ν)∥ a.s.−−−−−→
N→+∞

0

as well as
sup
ν

∥Ĉ(ν)− IM∥ a.s.−−−−−→
N→+∞

0

in asymptotic regimes where N,B,M converge towards +∞ in such a way that B
N → 0 and M

B → 0.

Therefore, Ĉ(ν) is likely to be close to IM for each ν if both B
N and M

B are small enough. However,
if M is large and the number of available samples N is not arbitrarily large w.r.t. M , it may be
impossible to choose the smoothing span B in such a way that B

N ≪ 1 and M
B ≪ 1. In such a context,

the predictions provided by the asymptotic regime B
N → 0 and M

B → 0 will not be accurate, and

any test comparing Ĉ(ν) to IM for each ν will provide poor results. To solve this issue, we propose
to choose B of the same order of magnitude as M . In this case, Ĉ(ν) has of course no reason to be
close to IM for each ν. If MN , or equivalently if BN is small enough, the asymptotic regime where both
M and B converge towards +∞ at the same rate appears relevant to understand the behaviour of
Ĉ(ν). We mention in particular that the condition α > 1/2 implies that the rate of convergence of
M
N towards 0 is moderate, which is in accordance with practical situations in which the sample size
is not arbitrarily large. Our asymptotic results thus suggest that if M

N is small enough and if B is
chosen of the same order of magnitude as M , then it seems reasonable to test that the components
of y are uncorrelated by comparing

1

uN
sup
ν∈[0,1]

∣∣∣∣ 1M Tr
(
f(Ĉ(ν)

)
−
∫

R+

f dµ
(cN )
MP − r̂N (ν) ϕN (f) vN 1α>2/3

∣∣∣∣
to a well chosen threshold, where r̂N (ν) represents an estimate of rN (ν) accurate enough to keep
equal to uN the convergence rate towards 0 of the modified statistics. We notice that our results just
characterize the order of magnitude of the above statistics under H0, and that we do not provide
asymptotic approximation of its distribution. While the derivation of such an approximation would
be quite useful to design a well defined statistical test and to study and compare its performance
with existing approaches, our results represent a first necessary step that has its own interest. We
notice that we consider the supremum on the whole frequency interval [0, 1] because, compared to
a solution where the maximum is over a low number of fixed frequencies, this allows to increase the
power of the test in contexts of alternatives for which, under H1,

ν →
∣∣∣∣ 1M Tr

(
f(Ĉ(ν))

)
−
∫

R+

f dµ
(cN )
MP − r̂N (ν) ϕN (f) vN 1α>2/3

∣∣∣∣ (1.9)

exhibits narrow peaks that would not be visible on a low density frequency grid. We also mention
that other statistics could also be considered, e.g. the integral on the frequency domain of function
(1.9) or of the square of this function.

We finally remark that the most usual asymptotic regime considered in the context of large
random matrices is M → +∞, N → +∞ in such a way that M

N converges towards a non zero
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constant. In this regime, it is still possible to develop large random matrix-based approaches testing
that the components of y are uncorrelated or not, see e.g. the contribution [69] to be presented
below which, under the extra assumption that the components of y share the same spectral density,
is based on a Gaussian approximation of linear spectral statistics of the empirical covariance matrix
R̂N defined by

R̂N =
1

N

N∑
n=1

yny
∗
n (1.10)

under H0. However, when the ratio M
N is small enough, the asymptotic regime considered in the

present chapter seems more relevant than the standard large random matrix regimeM → +∞, N →
+∞, and test statistics that depend on the estimated spectral coherency matrix Ĉ(ν) should provide
better performance than functionals of the matrix R̂N .

1.1.3 On the literature

The problem of testing whether various jointly stationary and jointly Gaussian time series are
uncorrelated is an important problem that was extensively addressed in the past. Apart from a few
works that will be discussed later, almost all the previous contributions addressed the case where
the number M of available time series remains finite as the sample size increases. Two classes of
methods were mainly studied. The first class uses lag domain approaches based on the observation
thatM jointly stationary time series (y1,n)n∈Z, . . . , (yM,n)n∈Z are mutually uncorrelated if and only

if for each integer L, the covariance matrix of the ML dimensional vector y
(L)
n defined by

y(L)
n = (y1,n, . . . , y1,n+L−1, . . . , yM,n, . . . , yM,n+L−1)

T

is block diagonal. The lag domain approach was in particular used in [38] for M = 2, and extended
and developed in [51], [55], [40], [42], [22] and [41].

The second approach is based on the observation that the M jointly stationary time se-
ries (y1,n)n∈Z, . . . , (yM,n)n∈Z are uncorrelated if and only the spectral density matrix S(ν) of
yn = (y1,n, . . . , yM,n)

T is diagonal for each frequency ν, or equivalently, if its spectral coherence
matrix C(ν) is reduced to IM for each ν. [93] is one of the first related contribution. This work
was followed by [24], [88], as well as [25].

We now review the existing works devoted to the case where the number M of time series
converges towards +∞. The particular context where the observations y1, . . . ,yN are i.i.d. and
where the ratio M

N converges towards a constant d ∈ (0, 1) is the most popular. In contrast to the
asymptotic regime considered in the present chapter, M and N are of the same order of magnitude.
This is because, in this context, the time series are mutually uncorrelated if and only the covariance
matrix E[yny∗

n] is diagonal. Therefore, it is reasonable to consider test statistics that are functionals
of the sample covariance matrix R̂N defined by (1.10). In particular, when the observations are
Gaussian random vectors, the generalized likelihood ratio test (GLRT) consists in comparing
the test statistics log det(ĈN ) to a threshold, where ĈN represents the sample autocorrelation
matrix. [46] proved that under H0, the empirical eigenvalue distribution of ĈN converges almost

surely towards the Marcenko-Pastur distribution µ
(d)
MP and therefore, that 1

MTr
(
f(ĈN )

)
converges

towards
∫
fdµ

(d)
MP for each bounded continuous function f . In the Gaussian case, [47] also

established a central limit theorem (CLT) for log det(ĈN ) under H0 using the moment method.

In the real Gaussian case, [21] remarked that
(
detĈN

)N/2
is the product of independent beta

distributed random variables. Therefore, log det (ĈN ) appears as the sum of independent random
variables, thus deducing the CLT. More recently, in [64] is established a CLT on LSS of ĈN in
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the Gaussian case using large random matrix techniques when the covariance matrix E[yny∗
n] is

not necessarily diagonal. This allows studying the asymptotic performance of the GLRT under a
certain class of alternatives. We also mention that [45] studied the behaviour of maxi,j |(ĈN )i,j |
under H0, and established that maxi,j |(ĈN )i,j |, after recentering and appropriate normalization,
converges in distribution towards a Gumbel distribution, which, of course, allows to test the
hypothesis H0. This first contribution was extended later in several works, in particular in [17] who
considered the case where the samples y1, . . . ,yN have some specific correlation pattern. Still, in
the asymptotic regime M

N → d, [69] proposed to test hypothesis H0 when the components of y share
the same spectral density. In this case, the rows of the M ×N matrix (y1, . . . ,yN ) are independent
and identically distributed under H0. [69] established a central limit theorem for linear spectral
statistics of the empirical covariance matrix R̂N defined by (1.10), and used this test statistics to
check whether H0 holds or not. We notice that the results of [69] are valid in the non-Gaussian case.

In our knowledge, no existing work studied the behaviour of linear spectral statistics of the
matrix Ĉ(ν) in the asymptotic regime defined in the present chapter. However, we mention that
this regime was considered in [11] to solve a completely different problem, i.e. the use of shrinkage
in the frequency domain in order to enhance the performance of the spectral density estimate (1.1)

when the components of y are not uncorrelated. We notice that B3/2

N is supposed to converge
towards 0 in [11]. When B = O(Nα), this condition is equivalent to α < 2/3, while we rather
study situations where α > 1/2. We finally mention that our works [77] and [76] also consider the
present asymptotic regime and study respectively the behaviour of supi<j,ν∈GN

|Ĉi,j(ν)| (GN is the

set {kB+1
N , k = 0, . . . , N

B+1}) and the largest eigenvalues of Ĉ(ν) in the presence of an extra signal,
independent from y, and having a low-rank spectral density matrix.

1.1.4 General approach

To simplify the notations, we denote by ψN (f, ν) the statistics defined by

ψN (f, ν) =
1

M
Tr
(
f(Ĉ(ν))

)
−
∫

R+

f dµ
(cN )
MP − rN (ν) ϕN (f) vN 1α>2/3. (1.11)

To be able to study the behaviour of supν |ψN (f, ν)|, we establish exponential concentration inequali-
ties that allow to evaluate P(|ψN (f, ν)| > N ϵuN ) for each ν as well as P(supν∈VN

|ψN (f, ν)| > N ϵuN )
for some relevant finite discrete grid VN of the interval [0, 1]. (1.7) is then obtained by using
Lipschitz properties of function ν → ψN (f, ν).

To evaluate P(|ψN (f, ν)| > N ϵuN ) for each ν, we use the following approach:

• We first study the behaviour of the modified sample spectral coherency matrix C̃(ν) defined
by

C̃(ν) = dg (S(ν))−
1
2 Ŝ(ν)dg (S(ν))−

1
2 . (1.12)

We notice that C̃(ν) is obtained from Ĉ(ν) by replacing the estimated diagonal matrix

dg
(
Ŝ(ν)

)
by its true value dg (S(ν)). Using classical results of [13], we establish that for

each ν, C̃(ν) can be represented as

C̃(ν) =
X(ν)X∗(ν)

B + 1
+ ∆̃(ν) (1.13)

where X(ν) is anM× (B+1) random matrix with NC(0, 1) i.i.d. entries, and ∆̃(ν) is another
matrix such that, for any ϵ > 0, there exists γ > 0, independent from ν, such that for each
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large enough N ∈ N:

P

[
∥∆̃(ν)∥ > N ϵ B

N

]
≤ exp−Nγ .

We deduce from (1.13) that Ĉ(ν) can be written as

Ĉ(ν) =
X(ν)X∗(ν)

B + 1
+∆(ν) (1.14)

where ∆(ν) satisfies the concentration inequality

P

[
∥∆(ν)∥ > N ϵ

(
1√
B

+
B

N

)]
≤ exp−Nγ

for each ϵ > 0, where γ does not depend on ν. Using (1.13) and (1.14), we establish that the
eigenvalues of C̃(ν) and Ĉ(ν) are localized with high probability in a neighbourhood of the

support of the Marcenko-Pastur distribution µ
(c)
MP .

C̃(ν) appears as a useful intermediate matrix because the study of 1
MTr

(
f(Ĉ(ν))

)
−∫

R+ f dµ
(cN )
MP is based on the evaluation of each term of the following decomposition:

1

M
Tr
(
f(Ĉ(ν))

)
−
∫

R+

f dµ
(cN )
MP =

1

M
Tr
(
f(Ĉ(ν))

)
− 1

M
Tr
(
f(C̃(ν))

)
+

1

M
Tr
(
f(C̃(ν))

)
− E

[
1

M
Tr
(
f(C̃(ν))

)]
+

E

[
1

M
Tr
(
f(C̃(ν))

)
− 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
+

E

[
1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
−
∫

R+

f dµ
(cN )
MP . (1.15)

Using the above-mentioned results related to the localization of the eigenvalues of C̃(ν) and
Ĉ(ν), we also argue that it is sufficient to do so when f is compactly supported.

• The term 1
MTr

(
f(Ĉ(ν))

)
− 1

MTr
(
f(C̃(ν))

)
is studied using the Helffer-Sjöstrand formula

which allows, in a certain sense, to be back to the study of 1
MTr

(
Q̂(z)− Q̃(z)

)
for z ∈ C+,

where Q̂(z) and Q̃(z) represent the resolvents of matrices Ĉ(ν) and C̃(ν) (see below for a

formal definition). Using (1.13) and (1.14), we express 1
MTr

(
Q̂(z)− Q̃(z)

)
in terms of the

resolvent Q(z) of the matrix X(ν)X∗(ν)
B+1 . As the matrix X(ν) is Gaussian, it is possible to use

standard Gaussian tools (Poincaré-Nash inequality and the integration by parts formula) to
have a good understanding of the behaviour of Q(z), and to prove that for each ϵ > 0, there
exists γ independent from ν such that

P

(∣∣∣∣ 1M Tr
(
f(Ĉ(ν))

)
− 1

M
Tr
(
f(C̃(ν))

)
−(

1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)
ϕ̃N (f) vN 1α>2/3

∣∣∣∣∣ > N ϵuN

)
≤ exp−Nγ

where ϕ̃N (f) is a deterministic term defined as the action of f on a compactly supported

distribution D̃N depending on µ
(cN )
MP .

• Using a standard Gaussian concentration inequality as well as the structure of the matrix
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C̃(ν), we obtain that for each ϵ > 0, there exists γ independent from ν such that

P

[∣∣∣∣ 1M Tr
(
f(C̃(ν))

)
− E

[
1

M
Tr
(
f(C̃(ν))

)]∣∣∣∣ > N ϵ 1

B

]
≤ exp−Nγ (1.16)

for each N large enough.

• We then analyse the deterministic term E
[

1
MTr

(
f(C̃(ν))

)
− 1

MTr
(
f(X(ν)X∗(ν)

B+1 )
)]

using the

Helffer-Sjöstrand formula. We first show that for each z ∈ C+, E
[

1
MTr(Q̃(z)−Q(z))

]
is a

O(BN )2 term, a non obvious result because the relation (1.13) just leads to the conclusion that
the above term is O(BN ). Moreover, using long and very tedious Gaussian calculations, we
obtain that if α > 2

3 , it holds that

E

[
1

M
Tr(Q̃(z)−Q(z))

]
= −

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)
p̃N (z) vN+(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

pN (z) vN +O
(
B

N

)3

where pN and p̃N are the Stieltjes transforms of the compactly supported distributions DN

and D̃N introduced previously. This immediately implies that if α ≤ 2
3 , then

E

[
1

M
Tr
(
f(C̃(ν))

)
− 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
= O

(
B

N

)2

= o

(
1

B

)
= o(uN )

while if α > 2
3 , then,

E

[
1

M
Tr
(
f(C̃(ν))

)
− 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
=

−

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)
ϕ̃N (f) vN +

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

ϕN (f) vN +O(uN )

because (BN )3 ≪ uN if 2/3 < α ≤ 4/5 and (BN )3 is equivalent to uN if α > 4/5.

• Finally, classical results imply that

E

[
1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
−
∫

R+

f dµ
(cN )
MP = O

(
1

B2

)
= o(uN ).

Gathering the above approximations and using the Lipschitz properties of function ν → ψ(f, ν),
we finally obtain (1.7).

We also indicate how the use of lag window estimators of the spectral densities (sm)m=1,...,M

allows to design an estimator r̂N (ν) of rN (ν) defined by (1.8) for which the rate of convergence
towards 0 of the statistics ψ̂N (f, ν) obtained by replacing rN (ν) by r̂N (ν) in Eq. (1.11) is still uN .

In particular, we establish that for each ϵ > 0, P
(
supν |ψ̂N (f, ν)| > N ϵuN

)
converges towards 0

exponentially.
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1.1.5 Assumptions and general notations

Assumption 1.1. For each m ≥ 1, (ym,n)n∈Z is a zero mean stationary complex Gaussian time
series, ie.

1. E[ym,n] = 0 for any m ≥ 1 and any n ∈ Z

2. every finite linear combination x of the random variables (ym,n)n∈Z is a NC(0, σ
2) distributed

random variable for some σ2, i.e. Re(x) and Im(x) are independent and N (0, σ2/2) dis-
tributed.

Assumption 1.2. If m1 ̸= m2, then the scalar time series (ym1,n)n∈Z and (ym2,n)n∈Z are indepen-
dent.

We now formulate the following assumptions on the growth rate of the quantities N,M,B:

Assumption 1.3.

B,M = O(Nα) where
1

2
< α < 1,

M

B + 1
= cN , cN −−−−−→

N→+∞
c ∈ (0, 1).

As M = M(N) converges towards +∞, we assume that an infinite sequence
(y1,n)n∈Z, (y2,n)n∈Z, . . . , (yk,n)n∈Z, . . . of mutually independent zero mean complex Gaussian time
series is given.

We denote by (sm)m≥1 the corresponding sequence of spectral densities (i.e. sm coincides with
the spectral density of the times series (ym,n)n∈Z). For each m ≥ 1, we denote by rm = (rm,u)u∈Z

the autocovariance sequence of (ym,n)n∈Z, i.e. rm,u = E[ym,n+uy∗m,n]. We formulate the following
assumptions on (sm)m≥1 and (rm)m≥1:

Assumption 1.4. The time series ((ym,n)n∈Z)m≥1 are such that:

inf
m≥1

inf
ν∈[0,1]

|sm(ν)| > 0 (1.17)

and
sup
m≥1

∑
u∈Z

(1 + |u|)γ0 |rm,u| < +∞ (1.18)

where γ0 ≥ 3. Assumption (1.18) of course implies that the spectral densities (sm)m≥1 are C3

and that
sup
m≥1

sup
ν∈[0,1]

|s(i)m (ν)| < +∞

for i = 0, 1, 2, 3 (s
(i)
m represents the derivative of order i of sm). We notice that (1.18) holds as soon

as we have

sup
m≥1

|rm,u| ≤
C

|u|1+γ0+δ

for each u ̸= 0 as well as supm≥1 |rm,0| <∞ (C > 0 and δ > 0 represent constants). If z represents
the backward shift operator, a simple example of time series satisfying Assumption 1.4 is to consider
an ARMA time series generated as

ym,n = [hm(z)]ϵm,n

where ((ϵm,n)n∈Z)m≥1 are mutually independent i.i.d. NC(0, 1) sequences, and where hm(z) =
bm(z)
am(z) ,

am and bm being 2 polynomials having no pole or zero in the closed unit disk D. Moreover,
supm≥1max(deg(am), deg(bm)) < +∞, and if (zk,m)k=1,...,deg(bm) and (pk,m)k=1,...,deg(am) are the
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zeros of bm and am, then we should have

inf
m≥1

inf
k
dist(zk,m,D) > 0, inf

m≥1
inf
k
dist(pk,m,D) > 0

sup
m≥1

sup
k

|zk,m| < +∞, sup
m≥1

sup
k

|pk,m| < +∞.

It is easy to check that (1.18) holds for each γ0 > 0, and that (1.17) is verified as well.

Notations. A zero mean complex valued random vector y is said to be NC(0,Σ) distributed if
E(yy∗) = Σ and if each linear combination x of the entries of y is a complex Gaussian random vari-
able, i.e. Re(x) and Im(x) are independent Gaussian random variables sharing the same variance.
If x is a random variable, we denote by x◦ the random variable defined by

x◦ = x− E[x]. (1.19)

If A is a P × Q matrix, ∥A∥ and ∥A∥F denote its spectral norm and Frobenius norm
respectively. If P = Q and A is Hermitian, λ1(A) ≥ . . . ≥ λP (A) are the eigenvalues of A. The
spectrum of A, which is here the set of its eigenvalues (λk(A))k=1,...,P , is denoted by σ(A). For A
and B square Hermitian matrices, if all the eigenvalues of A−B are non negative, we write A ≥ B.
We define ReA = (A+A∗)/2 and ImA = (A−A∗)/2 where A∗ is the conjugate transpose of the
matrix A.

Cp represents the set of all real-valued functions defined on R whose first p derivatives exist and
are continuous, and Cpc is the set of all compactly supported functions of Cp.

We recall that S(ν) represents the M ×M diagonal matrix S(ν) = dg(s1(ν), . . . , sM (ν)). We
notice that S depends on M , thus on N (through M :=M(N)), but we often omit to mention the
corresponding dependency in order to simplify the notations. In the following, we will denote by
ym the N–dimensional vector ym = (ym,1, . . . , ym,N )

T .

A nice constant is a positive a constant that does not depend on the frequency ν, the time series
index m, the complex variable z of the various resolvents and Stieltjes transforms used throughout
the chapter, as well as on the dimensions B,M and N . A nice polynomial is a polynomial whose
degree and coefficients are nice constants. If z ∈ C+ and if P1 and P2 are two nice polynomials,
terms such as P1(z)P2(

1
Imz ) play an important role in the following. C and C(z) will represent a

generic notation for respectively a nice constant and a term P1(z)P2(
1

Imz ), and the values of C and
C(z) may change from one line to the other.

If (aN )N≥1 and (bN )N≥1 are two sequences of positive real numbers, we write aN << bN if
aN
bN

→ 0 when N → +∞.

We also recall how a function can be applied to Hermitian matrices. For an M × M Her-
mitian matrix A with spectral decomposition UΛU∗ where Λ = dg(λm,m = 1, . . . ,M) and the
(λm)m=1,...,M are the real eigenvalues of A, then for any function f defined on R, we define f(A)
as:

f(A) = U

f(λ1) . . .

f(λM )

U∗

C+ is the upper half-plane of C, i.e. the set of all complex numbers z for which Im z > 0.
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For µ a probability measure, its Stieltjes transform sµ is the function defined on C \ Suppµ as

sµ(z) =

∫
dµ(λ)

λ− z
. (1.20)

We recall that

|sµ(z)| ≤
1

Im z
(1.21)

for each z ∈ C+. Moreover, if µ is carried by R+, then for any a > 0, the function − 1
z(1+asµ(z))

is

also the Stieltjes transform of a probability distribution carried by R+, a property which implies
that ∣∣∣∣ 1

1 + asµ(z)

∣∣∣∣ ≤ |z|
Imz

(1.22)

for each z ∈ C+ (see [35], Proposition 5-1, item 4).

If λ1, . . . , λM denote the eigenvalues of a Hermitian matrix A and if µ := 1
M

∑M
i=1 δλi denotes

the empirical eigenvalue distribution of A, then we have the following relation:

sµ(z) =
1

M
tr QA(z)

where QA(z) represents the resolvent of A defined by

QA(z) = (A− zIM )−1. (1.23)

We finally mention the following useful control for the norm QA. For each z ∈ C+, we have

∥QA∥ ≤ 1

Im z
. (1.24)

1.1.6 Overview of the chapter

We first recall in Section 1.2 useful technical tools: in Paragraph 1.2.1, the concept of stochastic
domination adapted from [27] which allows to considerably simplify the exposition of the following
results, in Paragraph 1.2.2 some useful properties of the extreme eigenvalues and of the resolvent
of large Wishart matrices, two well-known Gaussian concentration inequalities expressed using the
stochastic domination framework in Paragraphs 1.2.3 and 1.2.4, and the Helffer-Sjöstrand formula
in Paragraph 1.2.5. We establish in Section 1.3 the stochastic representations (1.13) and (1.14) of
C̃(ν) and Ĉ(ν). In Section 1.4, we prove for each ν the concentration of |ψN (f, ν)| defined by (1.11),
and indicate how it is possible to estimate the term rN (ν) in order to keep equal to uN the rate of
convergence of the statistics ψ̂N (f, ν) obtained by replacing rN (ν) by r̂N (ν) in (1.11). In Section
1.5, we establish Lipschitz properties for the functions ν → ψN (f, ν) and ν → ψ̂N (f, ν) that allow
to establish the concentration of supν |ψN (f, ν)| and supν |ψ̂N (f, ν)|. We finally provide in Section
1.6 some numerical simulations that support our results.

1.2 Useful technical tools

1.2.1 Stochastic domination

We now present the concept of stochastic domination introduced in [27]. A nice introduction to
this tool can also be found in the lecture notes [8].
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Definition 1.1. Stochastic Domination. Let

X = (X(N)(u) : N ∈ N, u ∈ U (N)), Y = (Y (N)(u) : N ∈ N, u ∈ U (N))

be two families of nonnegative random variables, where U (N) is a set that may possibly depend on
N . We say that X is stochastically dominated by Y if for all (small) ϵ > 0, there exists some γ > 0
(which of course depends on ϵ) such that:

P
[
X(N)(u) > N ϵY (N)(u)

]
≤ exp−Nγ

for each u ∈ U (N) and for each large enough N > N0(ϵ), where N0(ϵ) is independent of u, or
equivalently

sup
u∈U(N)

P
[
X(N)(u) > N ϵY (N)(u)

]
≤ exp−Nγ . (1.25)

for each large enough N > N0(ϵ). If X is stochastically dominated by Y we use the notation
X(N)(u) ≺ Y (N)(u). To simplify the notations, we will very often denote X(N) ≺ Y (N) or X ≺ Y
when the context will be clear enough. Moreover, if for some complex valued family X we have
|X| ≺ Y we also write X = O≺(Y ).

Finally, we say that a family of events Ξ = Ξ(N)(u) holds with exponentially high (small)
probability if there exist N0 and γ > 0 such that for N ≥ N0, P[ΞN (u)] > 1 − exp−Nγ

(P[ΞN (u)] < exp−Nγ) for each u ∈ U (N).

Remark 1.1. Suppose (XN )N∈N is a sequence of positive random variables, satisfying XN ≺ aNN
ϵ

for any ϵ > 0 for some positive real numbers sequence (aN )N∈N. It turns out that this precisely
means that XN ≺ aN . Indeed, consider an arbitrary ϵ′ > 0. By the stochastic domination property
of XN , one can take ϵ such that 0 < ϵ < ϵ′ and write

P
[
XN > aN ×N ϵ′

]
≤ P

XN > aN ×N ϵ ×N ϵ′−ϵ︸ ︷︷ ︸
≫1

 ≤ P [XN > aN ×N ϵ]

which goes to zero exponentially since XN ≺ aNN
ϵ for the ϵ chosen. This argument will be used in

the proof of Lemma 1.7.

Lemma 1.1. Take four families of non negative random variables X1, X2, Y1 and Y2 defined as in
Definition 1.1. Then the following holds:

X1 ≺ Y1 and X2 ≺ Y2 =⇒ X1 +X2 ≺ Y1 + Y2 and X1X2 ≺ Y1Y2.

We omit the proof of this lemma.

Remark 1.2. Note that Definition 1.1 is slightly different from the original one [27] which states
that the left hand side of (1.25) should be bounded by a quantity of order N−D for any finite D > 0.
In the present chapter, all the random variables are Gaussian, and exponential concentration rates
can be achieved.

1.2.2 Properties of the eigenvalues and of the resolvent of large Wishart matri-
ces

In this chapter we will at multiple occasion use properties of the eigenvalues of matrices
XNX∗

N
B+1

where XN is anM×(B+1) complex Gaussian matrix with i.i.d. NC(0, 1) entries whenM =M(N)
and B = B(N) follow Assumption 1.3.
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Concentration of the largest and the smallest eigenvalues

We first recall concentration results of the largest and smallest eigenvalue of
XNX∗

N
B+1 due to [34]. We

have for any ϵ > 0

P

[
λM

(
XNX

∗
N

B + 1

)
< (1−

√
c)2 − ϵ

]
≤ (B + 1) exp−C(B + 1)ϵ2 (1.26)

P

[
λ1

(
XNX

∗
N

B + 1

)
> (1 +

√
c)2 + ϵ

]
≤ (B + 1) exp−C(B + 1)ϵ2 (1.27)

for some nice constant C.

Consider for ϵ > 0, the ϵ–expansion of the support of the Marchenko-Pastur distribution µ
(c)
MP :

Suppµ
(c)
MP + ϵ :=

[
(1−

√
c)2 − ϵ, (1 +

√
c)2 + ϵ

]
and the event:

ΛN,ϵ =

{
σ

(
XNX

∗
N

B + 1

)
⊂ Suppµ

(c)
MP + ϵ

}
. (1.28)

It is clear that using (1.26) and (1.27), ΛN,ϵ holds with exponentially high probability for any
ϵ > 0. This will be of high importance in the following since it will enable us to work on events

of exponentially high probability where the norm of
XNX∗

N
B+1 and the norm of its inverse are bounded.

Finally, the following (weaker) statement is a simple consequence of the equations (1.26) and
(1.27), which will sometimes be enough in the following:

λ1

(
XNX

∗
N

B + 1

)
+

1

λM

(
XNX∗

N
B+1

) ≺ 1. (1.29)

We finally notice that if we consider a family XN (u) ∈ CM×(B+1) with i.i.d. NC(0, 1) entries,
u ∈ U (N), where U (N) is a certain set possibly depending on N , then (1.26) and (1.27) hold for
each u ∈ U (N) because the constant C in (1.26) and (1.27) is universal. This implies that the
stochastic domination (1.29) is still satisfied by the family XN (u), u ∈ U (N). Moreover, the family
of events ΛN,ϵ(u) defined by (1.28) when XN is replaced by XN (u) still holds with exponentially
high probability.

Asymptotic behaviour of the resolvent of
XNX∗

N
B+1

We next review known results related to the asymptotic behaviour of the resolvent QN (z) of matrix
XNX∗

N
B+1 that can be deduced from standard Gaussian tools. The Poincaré-Nash inequality (see e.g.

[70, Proposition 2.1.6] in the Gaussian real case and Eq. (18) in [36] in the complex Gaussian case)
implies immediately that the following Lemma holds.

Lemma 1.2. Consider deterministic M ×M and (B + 1)× (B + 1) matrices A and Ã. Then, it
holds that

Var
1

M
tr AQi

N (z) ≤ C(z)

M2

1

M
tr AA∗ (1.30)

Var
1

M
tr

(
XÃX∗

B + 1
Qi
N (z)

)
≤ C(z)

M2

1

B + 1
tr ÃÃ∗ (1.31)

for i = 1, 2



75

We recall that C(z) represents a generic notation for P1(z)P2(
1

Imz ) where P1 and P2 are nice
polynomials.

The integration by parts formula states that if h(X,X∗) is a C1 function of the entries of X and
X∗ with polynomially bounded first derivatives, then, it holds that

E(Xijh(X,X
∗)) = E|Xij |2E

[
∂h

∂Xij

(X,X∗)

]
. (1.32)

(1.32), in conjunction with the Poincaré-Nash inequality, allows to evaluate easily the asymptotic
behaviour of the entries of E(QN (z)) (see e.g. [70]). We first notice that properties of the distribution
of the matrix XN immediately imply that E(QN (z)) is reduced to βN (z)IM where βN (z) coincides
with E(Qm,m(z)) for each m. Then, it holds that

βN (z) = tN (z) + ϵN (z) (1.33)

where the error term ϵN (z) satifies |ϵN (z)| ≤ C(z)
M2 and where tN (z) is the Stieltjes transform of

the Marcenko-Pastur distribution µ
(cN )
MP . In other words, tN (z) is the unique Stieltjes transform

satisfying the equation

tN (z) =
1

−z + 1
1+cN tN (z)

. (1.34)

It is also convenient to define t̃N (z) by

t̃N (z) = − 1

z(1 + cN tN (z))
(1.35)

so that tN (z) is also given by

tN (z) = − 1

z(1 + t̃N (z))
. (1.36)

It is well-known that t̃N (z) is the Stieltjes transform of the probability distribution

cNµ
(cN )
MP + (1− cN )δ0.

We finally mention that E(Q′
N (z)) = E(Q2

N (z)) = β′N (z)IM (where ′ stands for the derivative
w.r.t. z), and that ϵ′N (z) = β

′
N (z)− t′N (z) still satisfies

|ϵ′N (z)| ≤
C(z)

M2
. (1.37)

1.2.3 Concentration of functionals of Gaussian entries

It is well-known (see e.g. [89, Th. 2.1.12]) that for any 1-Lipschitz real valued function f defined
on RN and any N–dimensional random variable X ∼ N (0, IN ), there exists a universal constant C
such that:

P [|f(X)− Ef(X)| > t] ≤ C exp−Ct2. (1.38)

This inequality is still valid when X ∼ NC(0, IN ): in this context, f(X) is replaced by a
real-valued function f(X,X∗) depending on the entries of X and X∗. f(X,X∗) can of course
be written as f(X,X∗) = f̃(

√
2Re(X),

√
2Im(X)) for some function f̃ defined on R2N . As

(
√
2Re(X),

√
2Im(X)) is N (0, I2N ) distributed, the concentration inequality is still valid for

f(X,X∗) = f̃(
√
2Re(X),

√
2Im(X)). We just finally mention that f , considered as a function

of (X,X∗), and f̃ have Lipschitz constants that are of the same order of magnitude. More precisely,
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if we define the differential operators ∂
∂z and ∂

∂z̄ by

∂

∂z
=

∂

∂x
− i

∂

∂y
,

∂

∂z̄
=

∂

∂x
+ i

∂

∂y

we can verify immediately that

N∑
i=1

(∣∣∣∣ ∂f∂Xi

∣∣∣∣2 + ∣∣∣∣ ∂f∂X∗
i

∣∣∣∣2
)

= ∥ (∇f)(X,X∗) ∥
2 = 4∥

(
∇f̃
)
(
√
2Re(X),

√
2Im(X))

∥2.

Within the stochastic domination framework, the concentration inequality (1.38) implies that
for a family XN (u) ∼ N (0, IN ) for u ∈ U (N):

|f(XN (u))− Ef(XN (u))| ≺ 1

The proof is immediate: consider ϵ > 0 and obtain that

P[|f(XN (u))− Ef(XN (u))| > N ϵ] ≤ C exp−CN2ϵ

for each u as expected. This result can easily be extended in the complex case, ie. when XN (u) ∼
NC(0, IN ).

1.2.4 Hanson-Wright inequality

The Hanson-Wright inequality [79] is useful to control deviations of a quadratic form from its
expectation. While it is proved in the real case in [79], it can easily be understood that it can be
extended in the complex case as follows: let X ∼ NC(0, IN ) and A ∈ CN×N . Then

P[|X∗AX− EX∗AX| > t] ≤ 2 exp−Cmin

(
t2

∥A∥2F
,

t

∥A∥

)
. (1.39)

We now write (1.39) in the stochastic domination framework. Consider a family of independent
NC(0, 1) random variables (Xn(u))n=1,...,N where u ∈ U (N) and a sequence of N×N matrices AN (u)
that possibly depend on u. Take ϵ > 0 and t = N ϵ∥AN (u)∥F . Since ∥AN (u)∥ > 0, ∥AN (u)∥F > 0,
and ∥AN (u)∥ ≤ ∥AN (u)∥F :

min

(
t

∥AN (u)∥
,

t2

∥AN (u)∥2F

)
= min

(
N ϵ ∥AN (u)∥F

∥AN (u)∥
, N2ϵ ∥AN (u)∥2F

∥AN (u)∥2F

)
≥ min(N ϵ, N2ϵ) = N ϵ.

Denote XN (u) = (X1(u), . . . , XN (u))
T . For any u ∈ U (N), it holds that:

P [|X∗
N (u)AN (u)XN (u)− EX∗

N (u)AN (u)XN (u)| > N ϵ∥AN (u)∥F ] ≤ 2 exp−CN ϵ. (1.40)

We can therefore rewrite (1.40) as the following stochastic domination:

|X∗
N (u)AN (u)XN (u)− EX∗

N (u)AN (u)XN (u)| ≺ ∥AN (u)∥F . (1.41)

1.2.5 Helffer-Sjöstrand formula

If µ is a probability measure, the Helffer-Sjöstrand formula can be seen as an alternative to the
Stieltjes inversion formula that allows to express

∫
fdµ in terms of the Stieltjes transform sµ(z) of

µ (see (1.20)) when f is a regular enough compactly supported function. In order to introduce this
tool, we consider a class Ck+1 compactly supported function f for a certain integer k, and denote
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by Φk(f) : C → C the function defined on C by

Φk(f)(x+ iy) =
k∑
l=0

(iy)l

l!
f (l)(x)ρ(y)

where ρ : R → R+ is smooth, compactly supported, with value 1 in a neighbourhood of 0. Function
Φk(f) coincides with f on the real line and extends it to the complex plane. Let ∂̄ = ∂x + i∂y. It
is well-known that

∂̄Φk(f)(x+ iy) =
(iy)k

k!
f (k+1)(x) (1.42)

(a proof of this result can be found in [23] or [39]) if y belongs to the neighbourhood of 0 in which
ρ is equal to 1. The Helffer-Sjöstrand formula can be written as∫

f dµ =
1

π
Re

∫
C+

∂̄Φk(f)(z)sµ(z) dx dy. (1.43)

In order to understand why the integral at the right hand side of (1.43) is well defined, we take, to
fix the ideas, ρ ∈ C∞ such that ρ(y) = 1 for |y| ≤ 1 and ρ(y) = 0 for |y| > 2, and denote by [a1, a2]
an interval containing the support of f . Then, it appears that the integral on C+ is in fact over the
compact set D = {x + iy : x ∈ [a1, a2], y ∈ [0, 2]}. Moreover, as |sµ(z)| ≤ 1

y if z ∈ D (see (1.21)),
(1.42) for k = 1 leads to the conclusion that

|∂̄Φk(f)(z)sµ(z)| ≤ C

for z ∈ {x+ iy ∈ D, y ≤ 1}. Therefore, the right hand side of (1.43) is well defined.

We finally mention that the Helffer-Sjöstrand formula continues to remain valid for any com-
pactly supported distribution D (see e.g. [59], section 9). The Stieltjes transform of D, de-
noted by sD(z), is defined for each z ∈ C+ as the action of the function λ → 1

λ−z on D, i.e.

sD(z) =< D, 1
λ−z >, and satisfies

|sD(z)| ≤ C

(
1 +

1

(Imz)n0

)
for each z ∈ C+ where n0 is related to the order of the distribution. We refer the reader to [16]
(Theorem 4.3) and the references therein for more details on Stieltjes transforms of distributions.
Then, if f is a C∞ function supported by [a1, a2], < D, f > is given by

< D, f >=
1

π
Re

∫
D
∂̄Φk(f)(z)sD(z) dx dy (1.44)

for k ≥ n0. We also recall that an alternative expression for < D, f > is given by the Stieltjes
inversion formula, also valid for distributions, i.e.

< D, f >=
1

π
lim
y→0

∫ a2

a1

f(λ) ImsD(λ+ iy) dλ. (1.45)

1.3 Stochastic representations of C̃(ν) and Ĉ(ν)

The first step is to show that C̃(ν) and Ĉ(ν) can be approximated by the sample covariance matrix
of a sequence of i.i.d. Gaussian random vectors, and to control the order of magnitude of the
corresponding errors. This is the objective of the following result.

Theorem 1.1. Under Assumptions 1.1, 1.2, 1.3 and 1.4, for any ν ∈ [0, 1], there exists an M ×
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(B+1) random matrix XN (ν) with NC(0, 1) i.i.d. entries, and two matrices (∆̃N (ν),∆N (ν)) such
that:

C̃N (ν) =
XN (ν)X

∗
N (ν)

B + 1
+ ∆̃N (ν), ∥∆̃N (ν)∥ ≺ B

N
(1.46)

ĈN (ν) =
XN (ν)X

∗
N (ν)

B + 1
+∆N (ν), ∥∆N (ν)∥ ≺ 1√

B
+
B

N
. (1.47)

Remark 1.3. Therefore, up to small additive perturbations, C̃N (ν) and ĈN (ν) appear as empirical
covariance matrices of i.i.d. NC(0, IM ) random vectors. We thus expect that C̃N (ν) and ĈN (ν) will
satisfy a number of useful properties of empirical covariance matrices of i.i.d. NC(0, IM ) random
vectors.

In particular, Theorem 1.1 allows to make precise the location of the eigenvalues of C̃N (ν) and
ĈN (ν). In order to formulate the corresponding result, we define some notations. We introduce the

events ΛC̃
N,ϵ(ν) and ΛĈ

N,ϵ(ν) defined by

ΛC̃
N,ϵ(ν) = {σ(C̃N (ν)) ⊂ Suppµ

(c)
MP + ϵ} (1.48)

ΛĈ
N,ϵ(ν) = {σ(ĈN (ν)) ⊂ Suppµ

(c)
MP + ϵ}. (1.49)

Then, we establish in the following the Corollary:

Corollary 1.1. For each ϵ > 0, the family of events ΛC̃
N,ϵ(ν), N ≥ 1, ν ∈ [0, 1] and ΛĈ

N,ϵ(ν), N ≥
1, ν ∈ [0, 1] hold with exponential high probability.

Remark 1.4. In the following, we will often omit to mention that the various matrices under
consideration depend on N and ν. Matrices ĈN (ν), C̃N (ν),XN (ν),∆N (ν), . . . will therefore be

denoted by Ĉ(ν), C̃(ν),X(ν),∆(ν), . . . or Ĉ, C̃,X,∆, . . .. We will also denote ΛC̃
N,ϵ(ν) and ΛĈ

N,ϵ(ν)

by ΛC̃
ϵ (ν) or ΛC̃

ϵ and ΛĈ
ϵ (ν) or ΛĈ

ϵ .

The proof of Theorem 1.1 will proceed in three steps: first we provide the result for matrix C̃(ν),

then control the deviations between dg(S(ν))−
1
2 and dg(Ŝ(ν))−

1
2 , and finally extend the stochastic

representation of C̃(ν) to Ĉ(ν).

1.3.1 Step 1: Stochastic representation of C̃

In order to establish (1.46), we prove the following Proposition.

Proposition 1.1. Under Assumptions 1.1, 1.2, 1.3 and 1.4, for any ν ∈ [0, 1], there exist an
M × (B + 1) random matrix XN (ν) with NC(0, 1) i.i.d. entries, and another matrix ΓN (ν) such
that:

C̃N (ν) =
(XN (ν) + ΓN (ν))(XN (ν) + ΓN (ν))

∗

B + 1
(1.50)

where the family of random variables ∥ΓN (ν)∥2
B+1 , ν ∈ [0, 1] satisfies

∥ΓN (ν)∥2

B + 1
≺ B2

N2
. (1.51)

Proof. Denote by Σ the M × (B + 1) random matrix defined by

Σ =

(
ξy(ν −

B

2N
), . . . , ξy(ν +

B

2N
)

)
(1.52)
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where we recall that the normalized Fourier transform ξy is defined in (1.2), so that Ŝ defined in
(1.1) is equal to ΣΣ∗/(B + 1). Denote by ωm the m–th row of Σ. In other words, ωm coincides
with the (B + 1)–dimensional Gaussian complex row vector defined by:

ωm =

(
ξym(ν −

B

2N
), . . . , ξym(ν +

B

2N
)

)
.

The covariance matrix E[ω∗
mωm] of ω is given by:

E[ω∗
mωm] = E

[{
ξym(ν +

b1
N

)∗ξym(ν +
b2
N

)

}B/2
b1,b2=−B/2

]

By Lemma 1.12 in Appendix, we have for b and b1 ̸= b2:

E

[∣∣∣∣ξym (ν + b

N

)∣∣∣∣2
]
= sm

(
ν +

b

N

)
+O

(
1

N

)
E

[
ξym(ν +

b1
N

)∗ξym(ν +
b2
N

)

]
= O

(
1

N

)
where the error is uniform over m ≥ 1 and ν ∈ [0, 1]. Therefore one can claim that there exists
some Hermitian matrix Υm(ν) and some nice constant C such that:

E[ω∗
mωm] = dg

(
sm

(
ν +

b

N

)
: b = −B/2, . . . , B/2

)
+Υm

where Υm satisfies

sup
m≥1,b1,b2

∣∣∣(Υm)b1,b2

∣∣∣ ≤ C

N
.

Moreover, the regularity of the mapping ν 7→ sm(ν) specified in Assumption 1.4 implies that
there exists quantities ϵm such that:

sm(ν +
b

N
) = sm(ν) + s′m(ν)

b

N
+

1

2
s′′m(ν) (

b

N
)2 + ϵm(ν +

b

N
)

where:

sup
m≥1

sup
−B/2≤b≤B/2

|ϵm(ν +
b

N
)| ≤ C

(
B

N

)3

for some nice constant C. Therefore, it holds that

dg

(
sm(ν +

b

N
) : b = −B/2, . . . , B/2

)
= sm(ν)IB+1 + s′m(ν) dg

(
b

N
: b = −B/2, . . . , B/2

)
+

1

2
s′′m(ν) dg

(
(
b

N
)2 : b = −B/2, . . . , B/2

)
+

dg

(
ϵm(ν +

b

N
) : b = −B/2, . . . , B/2

)
.

If we define matrix Φm as:

Φm =
1

sm

[
Υm + dg

(
sm(ν +

b

N
)− sm(ν) : b = −B/2, . . . , B/2

)]
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then the following relations hold:

E[ω∗
mωm] = sm (IB+1 +Φm) , sup

m≥1,b1 ̸=b2
|(Φm)b1,b2 | ≤

C

N
, sup

m≥1,b
|(Φm)b,b| ≤

CB

N
(1.53)

as well as
1

B + 1
tr Φm =

1

2

s′′m(ν)

sm(ν)
vN +O

((
B

N

)3

+
1

N

)
(1.54)

where we recall that vN is defined by (1.5). The spectral norm of Φm can be roughly bounded by
the following inequality:

sup
m≥1

∥Φm∥ ≤ sup
m≥1

sup
−B/2≤b1≤B/2

B/2∑
b2=−B/2

|(Φm)b1,b2 | ≤ C
B

N
.

Moreover, it is easily checked that the Frobenius norm of Φm
B+1 satisfies∥∥∥∥ Φm

B + 1

∥∥∥∥
F

≤ C

√
B

N
= O(uN ). (1.55)

Using the Gaussianity of the vector ωm and the expression (1.53), we obtain that ωm can be
represented as

ωm =
√
sm xm (I+Φm)

1/2 , xm ∼ NC(0, IB+1) (1.56)

where xm1 and xm2 are independent for m1 ̸= m2. This comes from the mutual independence of

the time series ((ym,n)n∈Z)m=1,...,M . It is clear that (I+Φm)
1/2 can be written as

(I+Φm)
1/2 = I+Ψm (1.57)

where the matrix Ψm satisfies

sup
m

∥Ψm∥ ≤ C
B

N
(1.58)

Therefore, it holds that:

ωm =
√
smxm (I+Ψm) =

√
sm (xm + xmΨm)

We denote by X and Γ the M × (B + 1) matrices with rows (xm)m=1,...,M , and (xmΨm)m=1,...,M

respectively. Then, it holds that

Σ = dg (
√
sm,m = 1, . . . ,M) (X+ Γ) (1.59)

where we recall that Σ is defined by (1.52). We recall the definition of the matrix C̃ given by

C̃ = dg(
√
sm,m = 1, . . . ,M)−1/2 Ŝ dg(

√
sm,m = 1, . . . ,M)−1/2 (1.60)

= dg(
√
sm,m = 1, . . . ,M)−1/2 ΣΣ∗

B + 1
dg(

√
sm,m = 1, . . . ,M)−1/2.

The representation (1.59) implies that C̃ can also be written as

C̃ =
(X+ Γ)(X+ Γ)∗

B + 1
.
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Equivalently, for each m1,m2, the entry (C̃)m1,m2 is given by

(C̃)m1,m2 =
1

B + 1
xm1(I+Φm1)

1/2(I+Φm2)
1/2x∗

m2
. (1.61)

This completes the proof of (1.50). It remains to show (1.51). We denote by Z the M ×M
matrix Z = 1

B+1ΓΓ
∗. As ∥Z∥ satisfies

∥Z∥ ≤ ∥Z− EZ∥+ ∥EZ∥

it is enough to prove the two following facts:

∥EZ∥ ≤ C
B2

N2
(1.62)

∥Z− EZ∥ ≺ B2

N2
. (1.63)

We start with (1.62). The definition of Γ leads to

E[Zi,j ] =
1

B + 1
E[ΓΓ∗]i,j =

1

B + 1
E[xiΨiΨ

∗
jx

∗
j ] = δij

1

B + 1
tr ΨiΨ

∗
j

so that it is clear that E[Z] is the diagonal matrix with diagonal entries ( 1
B+1tr ΨmΨ

∗
m)m=1,...,M .

By the estimation in equation (1.58), we easily have (1.62).

It remains to prove (1.63). We use the observation that ∥Z−E[Z]∥ = max∥h∥=1 |h∗(Z− E[Z])h|,
and use a classical ϵ–net argument that allows to deduce the behaviour of ∥Z − E[Z]∥ from the
behaviour of any recentered quadratic form g∗Zg − Eg∗Zg where g ∈ CM is a deterministic unit
norm vector. We thus first concentrate g∗Zg − Eg∗Zg using the Hanson-Wright inequality (1.41).
For this, we need to express g∗Zg as a quadratic form of a certain complex Gaussian random vector
with i.i.d. entries. We denote by z the M–dimensional random vector z = Γ∗(ν)g√

B+1
. Its covariance

matrix G = G(ν) is equal to

G(ν) = E[zz∗] =
1

B + 1

M∑
m=1

|gm|2(Ψm(ν))
∗Ψm(ν).

Therefore, z can be written as z = G1/2w for some w ∼ NC(0, IM ) random vector. As a conse-
quence, the quadratic form g∗Zg − Eg∗Zg can be written as

g∗Zg − Eg∗Zg = w∗Gw − Ew∗Gw.

The Hanson-Wright inequality (1.41) can now be applied:

|w∗Gw − Ew∗Gw| ≺ ∥G∥F . (1.64)

Since
∑M

m=1 |gm|2 = 1, it is clear that ∥G∥ ≤ 1
B+1 supm=1,...,M ∥Ψm(ν)∥2. Therefore, (1.58) and

the rough bound ∥G∥2F ≤ (B + 1)∥G∥2 leads to

∥G∥ ≤ C
1

B + 1

(
B

N

)2

, ∥G∥2F ≤ C
1

B + 1

(
B

N

)4

(1.65)

The substitution of (1.65) in equation (1.64) gives the following control of g∗Zg − Eg∗Zg:

|g∗Zg − Eg∗Zg| ≺ 1√
B

(
B

N

)2

(1.66)
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Consider ϵ > 0, and an ϵ–net Nϵ of CM , that is a set of CM unit norm vectors {hk : k = 1, . . . ,K}
such that for each unit norm vector u ∈ CM , there exists a vector h ∈ Nϵ for which ∥u−h∥ ≤ ϵ. It

is well known that the cardinality of Nϵ is bounded by C0

(
1
ϵ

)2M
where C0 is a universal constant.

Then, denote gs a (random) unit norm vector such that |g∗
sZgs − Eg∗

sZgs| = ∥Z− EZ∥, and define
hs ∈ Nϵ as the closest vector from gs. Therefore, we have

∥Z− EZ∥ = |g∗
s(Z− EZ)gs|

= |(g∗
s − h∗

s + h∗
s)(Z− EZ)(gs − hs + hs)|

≤ |(g∗
s − h∗

s)(Z− EZ)(gs − hs)|+ |(g∗
s − h∗

s)(Z− EZ)hs|
+ |h∗

s(Z− EZ)(gs − hs)|+ |h∗
s(Z− EZ)hs|.

It is clear that:

|(g∗
s − h∗

s)(Z− EZ)(gs − hs)| ≤ ϵ2∥Z− EZ∥, |(g∗
s − h∗

s)(Z− EZ)hs| ≤ ϵ∥Z− EZ∥

and
∥Z− EZ∥ ≤ |h∗

s(Z− EZ)hs|+ ϵ2∥Z− EZ∥+ 2ϵ∥Z− EZ∥

which leads to
(1− 2ϵ− ϵ2)∥Z− EZ∥ ≤ |h∗

s(Z− EZ)hs|.

This implies that for each t > 0,

{∥Z− EZ∥ > t} ⊂ ∪h∈Nϵ{|h∗(Z− EZ)h| > C1t}

where C1 = (1− 2ϵ− ϵ2). Using the union bound, we obtain that

P [∥Z− EZ∥ > t] ≤
∑
h∈Nϵ

P [|h∗(Z− EZ)h| > C1t] . (1.67)

Here, we would like to use equation (1.66). By the definition of ≺, (1.66) is valid uniformly on any
set of vector with cardinality polynomial in N . Here, the cardinality of the set Nϵ is a O(ϵ−2M )
term and therefore exponential in M . As a consequence, we have to accept to lose some speed
when going from the stochastic domination of |g∗(Z − EZ)g| for a fixed g to the same stochastic
domination but uniformly over Nϵ.

More specifically, write again (1.66) but here without the notation ≺ in order to understand
precisely how a change in speed affects the probability. Take tN a sequence of positive numbers such
that tN ≥ B2/N2. Using the estimates (1.65) of ∥G∥ and ∥G∥2F , and the fact that min(a1, a2) >
min(b1, b2) when a1 > b1 and a2 > b2, we obtain that there exist some nice constant C > 0 such
that:

min

(
tN
∥G∥

,
t2N

∥G∥2F

)
≥ C Bmin

tN (N
B

)2

,

(
tN

(
N

B

)2
)2
 = C B tN

(
N

B

)2

.

The Hanson-Wright inequality (1.39) provides:

P [|g∗ [Z− EZ)]g| > C1tN ] ≤ 2 exp

{
−CB tN

(B/N)2

}
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for some nice constant C that depends on C1. Finally, the union bound on Nϵ gives:

P [∥Z− E(Z)∥ > tN ] ≤
∑
h∈Nϵ

P [|h∗(Z− EZ)h| > C1tN ]

≤ 2C0 exp

{
−CB tN

(B/N)2
+ 2M log

1

ϵ

}
. (1.68)

If we take tN = N ϵ′(B2/N2), then, there exists γ > 0 such that

exp

{
−CB tN

(B/N)2
+ 2CM log

1

ϵ

}
≤ exp−Nγ

holds for each N large enough. (1.67) thus implies (1.63). This completes the proof of (1.50).

Corollary 1.2 is a rewriting of Proposition 1.1 in a more concise way. Define:

∆̃ =
XΓ∗ + ΓX∗ + ΓΓ∗

B + 1
. (1.69)

Corollary 1.2. For any ν ∈ [0, 1], C̃(ν) can be written as

C̃(ν) =
X(ν)X∗(ν)

B + 1
+ ∆̃(ν) (1.70)

where the family of random variable ∥∆̃(ν)∥, ν ∈ [0, 1] satisfies

∥∆̃∥ ≺ B

N
. (1.71)

Proof. Let ν ∈ [0, 1]. By equation (1.51) from Theorem 1.1 and equation (1.29) from Paragraph
1.2.2, we have the two following estimates:

∥Γ∥√
B + 1

≺ B

N
,

∥X∥√
B + 1

≺ 1

The result is immediate using decomposition ∆̃ from (1.69):

We now take benefit of Corollary 1.2 to establish the first part of Corollary 1.1 and to analyse
the location of the eigenvalues of matrices Ŝ. We denote by D and D̂ the matrices D = D(ν) :=

dg(S(ν))
1
2 and D̂ = D̂(ν) := dg(Ŝ(ν))

1
2 . Denote by s̄ and s the quantities such that:

s := inf
m≥1

inf
ν∈[0,1]

sm(ν), s̄ := sup
m≥1

sup
ν∈[0,1]

sm(ν)

which are by Assumption 1.4 in (0,+∞). We consider the event:

ΛŜ
ϵ (ν) =

{
σ(Ŝ(ν)) ⊂ Suppµ

(c)
MP × [s, s̄] + ϵ

}
(1.72)

where the notation Suppµ
(c)
MP × [s, s̄] stands for [(1−

√
c)2s, (1 +

√
c)2s̄]. Note that in our settings,

c ∈ (0, 1) so Suppµ
(c)
MP is bounded and away from zero. In conjunction with Assumption 1.4, the

same holds for Suppµ
(c)
MP × [s, s̄]. We also note that ΛŜ

ϵ (ν) of course depends on N .

Corollary 1.3. For any ϵ > 0, the families of events ΛC̃
ϵ (ν), ν ∈ [0, 1] and ΛŜ

ϵ (ν), ν ∈ [0, 1] hold
with exponentially high probability.
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Proof. Equation (1.70) implies that

XX∗

B + 1
− ∥∆̃∥IM ≤ C̃ ≤ XX∗

B + 1
+ ∥∆̃∥IM .

Therefore, the event {λ1(C̃) > (1 +
√
c)2 + ϵ} is included in {λ1(XX∗

B+1 ) + ∥∆̃∥ > (1 +
√
c)2 + ϵ},

which is itself included in{
λ1(

XX∗

B + 1
) > (1 +

√
c)2 + ϵ/2

}
∪
{
∥∆̃∥ > ϵ/2

}
.

Therefore,

P
[
λ1(C̃) > (1 +

√
c)2 + ϵ

]
≤ P

[
λ1(

XX∗

B + 1
) > (1 +

√
c)2 + ϵ/2

]
+ P

[
∥∆̃∥ > ϵ/2

]
.

Equations (1.27) and (1.71) imply that P
[
λ1(C̃) > (1 +

√
c)2 + ϵ

]
converges towards 0 exponen-

tially. A similar evaluation of P
[
λM (C̃) < (1−

√
c)2 − ϵ

]
leads to the same conclusion. This, in

turn, establishes that ΛC̃
ϵ (ν), ν ∈ [0, 1] holds with exponential high probability.

In order to establish that the same property holds for ΛŜ
ϵ (ν), ν ∈ [0, 1], we just need to write

(1.12) as Ŝ = D1/2C̃D1/2. Therefore, for each k = 1, . . . ,M , the eigenvalues of Ŝ satisfy

s λM (C̃) ≤ λk(Ŝ) ≤ s̄ λ1(C̃).

This, of course, implies that ΛŜ
ϵ (ν), ν ∈ [0, 1] holds with exponential high probability (indeed, one

can change ϵ to ϵ̃ such that (Suppµ
(c)
MP + ϵ̃)× [s, s̄] ⊂ Suppµ

(c)
MP × [s, s̄] + ϵ.

Remark 1.5. Corollary 1.3 implies the following weaker property, which will be useful:

∥Ŝ(ν)∥ ≺ 1. (1.73)

Before ending the section and proving Theorem 1.1, we need some stochastic control on the
diagonal elements of Ŝ in order to evaluate Θ defined by

Θ := Ĉ− C̃. (1.74)

Using the definition of Ĉ from (1.3) and C̃ from (1.12), Θ can be written as

Θ = (D̂−1/2 −D−1/2)ŜD̂−1/2 +D−1/2Ŝ(D̂−1/2 −D−1/2). (1.75)

Since we proved that ∥Ŝ∥ ≺ 1, it remains to show that ∥D̂−1/2∥ and ∥D̂−1/2 −D−1/2∥ can also be
stochastically dominated by some relevant quantity in order to control ∥Θ∥. Define

ŝm(ν) := Ŝm,m(ν) (1.76)

the diagonal elements of Ŝ(ν) spectral density estimator (note that they coincide with the traditional
smoothed periodogram estimator of the spectral density sm). The aim of the following Paragraph
1.3.2 is to establish stochastic domination results for ŝm, ∥D̂−1/2∥ and ∥D̂−1/2 −D−1/2∥.



85

1.3.2 Step 2: Estimates for ŝm(ν)

We write sm(ν) := sm, D(ν) := D, in order to simplify the notations. Define as in (1.72) the
following quantity

ΛD̂
ϵ (ν) = {σ(D̂(ν)) ⊂ [s, s̄] + ϵ}. (1.77)

Lemma 1.3. Let ϵ > 0. The family of events ΛD̂
ϵ (ν), ν ∈ [0, 1] holds with exponentially high

probability.

Proof. See Appendix 1.B.

Roughly speaking, this ensures that with exponentially high probability, ŝm stays bounded and
away from zero. This result implies the following (weaker) statement, but will still be enough for
some proofs and reduces the complexity of the arguments.

Lemma 1.4. The family of random variables (|ŝm(ν)|+ 1
|ŝm(ν)|)m=1,...,M , ν ∈ [0, 1], satisfies(

|ŝm|+
1

|ŝm|

)
≺ 1.

Proof. Immediate from Lemma 1.3.

Lemma 1.5. The set of random variable (|ŝm(ν)−1/2 − sm(ν)
−1/2|)m=1,...,M and (|

√
sm(ν)
ŝm(ν) −

1|)m=1,...,M , ν ∈ [0, 1], satisfies

|ŝ−1/2
m − s−1/2

m | ≺ 1√
B

+
B2

N2
,

∣∣∣∣√sm
ŝm

− 1

∣∣∣∣ ≺ 1√
B

+
B2

N2
. (1.78)

Proof. See Appendix 1.C

1.3.3 Step 3: Stochastic representation of Ĉ

We are now in a position to prove the result concerning Ĉ of Theorem 1.1 and of Corollary 1.1.

Proof. We have first to control the operator norm of:

∆ = Ĉ− XX∗

B + 1
= Ĉ− C̃+ C̃− XX∗

B + 1
= Θ+ ∆̃. (1.79)

The operator norm of ∥∆̃∥ has already been proved in Corollary 1.2 to satisfy ∥∆̃∥ ≺ (BN ).

Moreover, recall that Θ can be written as a function of D̂−1/2 −D−1/2 in (1.75), so that one can
use Lemma 1.4 and Lemma 1.5 to dominate each term and get:

∥Θ∥ ≺ 1√
B

+
B2

N2
. (1.80)

Summing the estimate of Θ and the one of ∆̃, one gets:

∥∆∥ ≺ 1√
B

+
B

N

which is the desired result.

As a consequence, we state here Corollary 1.4 about the localization of the eigenvalues of Ĉ(ν).
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Corollary 1.4. For each ϵ > 0, we define ΛĈ
ϵ (ν) as the event

ΛĈ
ϵ (ν) =

{
σ(Ĉ(ν)) ⊂ Suppµ

(c)
MP + ϵ

}
. (1.81)

Then, the family of events ΛĈ
ϵ (ν), ν ∈ [0, 1] holds with exponentially high probability.

Proof. We simply write:
XX∗

B + 1
− ∥∆∥IM ≤ Ĉ ≤ XX∗

B + 1
+ ∥∆∥IM

and use the same arguments as in the proof of Corollary 1.3.

1.4 Stochastic domination of the family ψN(f, ν), N ≥ 1, ν ∈ [0, 1]

We have first to define the distribution DN introduced in the definition (1.11) of ψN (f, ν). For this,
we consider the function pN (z) defined by

pN (z) = − cN (z tN (z) t̃N (z))
3

1− c(z tN (z) t̃N (z))2
(1.82)

where we recall that tN and t̃N are defined by (1.34) and (1.35). Then (see Lemma 9.2 in [59]), pN is

the Stieltjes transform of a distribution whose support is contained in the support Suppµ
(cN )
MP = [(1−

√
cN )

2, (1 +
√
cN )

2] of the Marcenko-Pastur distribution µ
(cN )
MP . This distribution is DN introduced

in (1.11). In the following, we consider LSS for function f satisfying the following assumptions.

Assumption 1.5. f is defined on R+ and there exists some ϵ > 0 such that its restriction on

Supp
(c)
MP + ϵ is C∞.

We now state the main result of this section.

Theorem 1.2. Let f be a function satisfying the conditions of Assumption 1.5. Then, under
Assumptions 1.1, 1.2, 1.3 and 1.4, the family |ψN (f, ν)|, N ≥ 1, ν ∈ [0, 1] satisfies

|ψN (f, ν)| ≺ uN . (1.83)

Before starting the proof of Theorem 1.2, we first mention that it is sufficient to establish (1.83)

when f is compactly supported by a neighbourhood of Suppµ
(c)
MP . To justify this claim, we consider

κ > 0 and define χ : R → R as a C∞ function such that:

χ(λ) =

{
1 if λ ∈ Suppµ

(c)
MP + κ

0 if λ /∈ Suppµ
(c)
MP + 2κ.

(1.84)

We consider the function f̄ given by f̄ = f ×χ. Then, as cN → c, for N large enough, Suppµ
(cN )
MP is

contained in Suppµ
(c)
MP +κ. Therefore, f = f̄ on Suppµ

(cN )
MP for N large enough, and it holds that <

DN , f >=< DN , f̄ > and
∫
fdµ

(cN )
MP =

∫
f̄dµ

(cN )
MP . For each ϵ > 0, we express P(|ψN (f, ν)| > N ϵuN )

as

P(|ψN (f, ν)| > N ϵuN ) = P(|ψN (f, ν)| > N ϵuN ,Λ
Ĉ
κ (ν)) + P(|ψN (f, ν)| > N ϵuN , (Λ

Ĉ
κ (ν))

c)

≤ P(|ψN (f, ν)| > N ϵuN ,Λ
Ĉ
κ (ν)) + P

(
(ΛĈ

κ (ν))
c
)

≤ P(|ψN (f̄ , ν)| > N ϵuN ) + P
(
(ΛĈ

κ (ν))
c
)
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where the last inequality follows from the observation that 1
M tr f(Ĉ) = 1

M tr f̄(Ĉ) on ΛĈ
κ (ν).

Moreover, the family of events ΛĈ
κ (ν) holds with exponential high probability, which implies

that P
(
(ΛĈ

κ (ν))
c
)

converges towards 0 exponentially fast. Therefore, |ψN (f̄ , ν)| ≺ uN implies

(1.83) as expected. From now on, we thus assume that the function f is supported by Suppµ
(c)
MP+2κ

In order to establish (1.83), we evaluate the four terms of the righhandside of (1.15).

1.4.1 Step 1: Evaluation of E
[

1
M
Tr
(
f(

XN (ν)X∗
N (ν)

B+1
)
)]

−
∫

R+ f dµ
(cN )
MP

We evaluate this term using the Helffer-Sjöstrand formula. We keep the notations of paragraphs
1.2.5 and 1.2.2: we assume that the support of f is included in [a1, a2] with a1 = (1−

√
cN )

2 − 2κ

and a2 = (1+
√
cN )

2+2κ. Moreover, the resolvent of the matrix
XNX∗

N
B+1 is denoted QN (z) (we omit

to mention that the matrices depend on ν), and βN (z) represents E((QN (z))mm) for each m. We
also denote by ϵN (z) the error term defined by (1.33) which satisfies |ϵN (z)| ≤ 1

M2P1(|z|)P2(
1

Imz )
on C+ for some nice polynomials P1 and P2. Then, for k ≥ deg(P2), it holds that

E

[
1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
−
∫

R+

f dµ
(cN )
MP =

1

π
Re

∫
D
∂̄Φk(f)(z)(βN (z)− tN (z)) dx dy

where D is defined as in paragraph 1.2.5.
∫
D
∣∣∂̄Φk(f)(z)∣∣P1(|z|)P2(

1
Imz ) dx dy is finite, and by

(1.33), the following bound holds:∣∣∣∣E [ 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
−
∫

R+

f dµ
(cN )
MP

∣∣∣∣ ≤
1

M2

∫
D

∣∣∂̄Φk(f)(z)∣∣P1(|z|)P2(
1

Imz
) dx dy ≤ C

B2

for some nice constant C. We have therefore established the following result.

Lemma 1.6. There exists a nice constant C such that, for each ν,∣∣∣∣E [ 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
−
∫

R+

f dµ
(cN )
MP

∣∣∣∣ ≤ C

B2
. (1.85)

1.4.2 Step 2: Evaluation of 1
M
Tr
(
f(C̃(ν))

)
− E

[
1
M
Tr
(
f(C̃(ν))

)]
In order to evaluate the above term, we use the Gaussian concentration inequality introduced
in Paragraph 1.2.3. We recall that C̃ can be interpreted as a function of (X,X∗) (see (1.61))).

Therefore, 1
MTr

(
f(C̃(ν))

)
can be written as g(X,X∗) for some real valued function g. We establish

in the following that g is O( 1
B )–Lipschitz, which in turn, will imply that∣∣∣∣ 1M Tr

(
f(C̃(ν))

)
− E

[
1

M
Tr
(
f(C̃(ν))

)]∣∣∣∣ ≺ 1

B
. (1.86)

For this, we evaluate

∥∇g(X,X∗)∥2 =
∑
i,j

∣∣∣∣ ∂g

∂Xi,j

∣∣∣∣2 + ∣∣∣∣ ∂g

∂Xi,j

∣∣∣∣2 = 2
∑
i,j

∣∣∣∣ ∂g

∂Xi,j

∣∣∣∣2 . (1.87)
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Using classic identities for the derivation of Hermitian matrices, we obtain that

1

M

∂ tr f(C̃)

∂Xij
=

1

M
tr

(
f ′(C̃)

∂C̃

∂Xij

)

Straightforward calculations lead to

∑
i,j

∣∣∣∣ ∂g

∂Xi,j

∣∣∣∣2 = 1

M2(B + 1)2

M∑
i=1

(
f ′(C̃)(X+ Γ)(I+Φi)(X+ Γ)∗f ′(C̃)

)
ii
.

Using supi ∥I+Φi∥ ≤ C for some nice constant C as well as C̃ = 1
B+1(X+ Γ)(X+ Γ)∗, we obtain

immediately that ∑
i,j

∣∣∣∣ ∂g

∂Xi,j

∣∣∣∣2 ≤ C

B2

1

M
tr
(
f ′2(C̃)C̃

)
.

As f ∈ C∞ and is compactly supported, the function λ→ λ f ′2(λ) is bounded by some constant,
and there exists a nice constant C such that

∥∇g(X,X∗)∥2 ≤ C

B2
.

This proves that g is O( 1
B )–Lipschitz. Paragraph 1.2.3 thus leads to (1.86).

1.4.3 Step 3: Evaluation of 1
M
Tr
(
f(Ĉ(ν))

)
− 1

M
Tr
(
f(C̃(ν))

)
The goal of this paragraph is to establish the following Proposition.

Proposition 1.2. Let D̃N the distribution supported by Supp(µ
(cN )
MP ) with Stieltjes transform

p̃N (z) = (z tN (z))
′ =

(z tN (z) t̃N (z))
2

1− c(z tN (z) t̃N (z))2
. (1.88)

Then, if we denote < D̃N , f > by ϕ̃N (f), we have∣∣∣∣∣ 1M Tr
(
f(Ĉ(ν))

)
− 1

M
Tr
(
f(C̃(ν))

)
−

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)
ϕ̃N (f) vN 1α>2/3

∣∣∣∣∣ ≺ uN . (1.89)

Remark 1.6. (1.89) implies that
∣∣∣ 1
MTr

(
f(Ĉ(ν))

)
− 1

MTr
(
f(C̃(ν))

)∣∣∣ ≺ 1
B if α ≤ 2/3. If α >

2/3, the dominant term of 1
MTr

(
f(Ĉ(ν))

)
− 1

MTr
(
f(C̃(ν))

)
is the deterministic O

(
B
N

)2
term(

1
M

∑M
m=1

s′′m(ν)
sm(ν)

)
ϕ̃N (f) vN , and its substraction from 1

MTr
(
f(Ĉ(ν))

)
− 1

MTr
(
f(C̃(ν))

)
allows to

retrieve a term stochastically dominated by uN .

Remark 1.7. We notice that (1.80) leads immediately to∣∣∣∣ 1M tr f(Ĉ)(ν)− 1

M
tr f(C̃)(ν)

∣∣∣∣ ≺ B

N
+

1√
B

(1.90)

an approximation which is considerably more pessimistic than (1.89). As seen below, the derivation
of (1.89) is rather demanding, and is based on subtle effects. In order to understand why (1.90) can
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be improved, we consider the simple case f(λ) = log λ. We thus have

1

M
tr f(Ĉ)(ν)− 1

M
tr f(C̃)(ν) =

1

M

M∑
m=1

(log sm(ν)− log ŝm(ν))

which depends only on the estimators (ŝm(ν))m=1,...,M . We just provide a brief analysis of the above

term. For this, we first remark that it is possible to study 1
M

∑M
m=1 (log sm(ν)− log ŝm(ν)) on the

event ΛD̂
ϵ (ν) defined by (1.77). For each m, we expand around sm the logarithm up to the second

order, and obtain that

1

M

M∑
m=1

(log sm(ν)− log ŝm(ν)) = − 1

M

M∑
m=1

(ŝm − sm)
1

sm
+

1

M

M∑
m=1

1

2

(
ŝm − sm
θm

)2

(1.91)

where for each m, θm is located between sm and ŝm. Lemma 1.16 allows to conclude that the second

term of the right hand side of (1.91) is dominated by 1
B +

(
B
N

)4
= O(uN ) term. In order to evaluate

the first term of the r.h.s. of (1.91), we note that (1.159) leads to

1

M

M∑
m=1

(E(ŝm − sm))
1

sm
=

1

2M

M∑
m=1

s′′m
sm

vN +O

((
B

N

)3

+
1

N

)
.

As ŝm
sm

= xm(I+Φm)x∗
m

B+1 we finally remark that

1

M

M∑
m=1

ŝm − E(ŝm)
sm

can be interpreted as a recentered quadratic form of the M(B + 1)–dimensional vector x =
(xT1 , . . . ,x

T
M )T . The stochastic domination relation∣∣∣∣∣ 1M

M∑
m=1

ŝm − E(ŝm)
sm

∣∣∣∣∣ ≺ 1

B

then follows from the Hanson-Wright inequality. Putting all the pieces together, and using that
1
B +O

((
B
N

)3
+ 1

N

)
= O(uN ) and that vN = o(uN ) if α < 2/3, we obtain that∣∣∣∣∣ 1M
M∑
m=1

(log sm(ν)− log ŝm(ν)) +
1

2M

M∑
m=1

s′′m(ν)

sm(ν)
vN 1α>2/3

∣∣∣∣∣ ≺ uN .

Comparing this result with (1.89), we deduce that < D̃N , f >= −1. We just check this formula
directly. For this, we notice that function z → log z is holomorphic inside a neighbourhood of the
interval [a1, a2]. We consider the expression (1.45) of < D̃N , f > and remark that if (∂Rϵ)− denotes
the negatively oriented contour

(∂Rϵ)− = {λ± iϵ, λ ∈ [a1, a2]} ∪ {a1 + iy, y ∈ [−ϵ, ϵ]} ∪ {a2 + iy, y ∈ [ϵ,−ϵ]}

then, by (1.45), < D̃N , f > can also be written as the contour integral

< D̃N , f >= lim
ϵ→0

1

2iπ

∫
(∂Rϵ)−

log z p̃N (z) dz.
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But, the above contour integral does not depend on ϵ, so that for each ϵ, we have

< D̃N , f >=
1

2iπ

∫
(∂Rϵ)−

log z p̃N (z) dz.

Using the expression of p̃N (z) and the integration by parts trick, we get that

< D̃N , f >= − 1

2iπ

∫
(∂Rϵ)−

tN (z) dz.

Taking the limit ϵ→ 0, and using the Stieltjes inversion formula for the Marcenko-Pastur distribu-

tion µ
(cN )
MP , we finally obtain that

< D̃N , f >= − 1

π
lim
ϵ→0

∫ a2

a1

Im(tN (λ+ iϵ)) dλ = −µ(cN )
MP ([a1, a2]) = −1

which is the expected result.

Proof. We now establish (1.89). In order to simplify the notations, we put

r̃N (ν) =
1

2M

M∑
m=1

s′′m(ν)

sm(ν)
. (1.92)

The Helffer-Sjöstrand formula implies that

1

M
tr f(Ĉ)− 1

M
tr f(C̃)− r̃N (ν) ϕ̃N (f) vN 1α>2/3 =

1

π
Re

∫
D
dx dy ∂̄Φk(f)(z)

[
1

M
(tr Q̂(z)− tr Q̃(z))− r̃N (ν) p̃N (z) vN 1α>2/3

]
.

Reduction to the study of
∫
D dx dy ∂Φk(f)(z)

1
M

∑M
m=1(zQ)′mm

(
∥xm∥22
B+1 − 1

)
We define

ζ =

∫
D
dx dy ∂Φk(f)(z)

1

M

M∑
m=1

(zQ)′mm

(
∥xm∥22
B + 1

− 1

)
(1.93)

where we recall that the row vectors (xm)m=1,...,M are the rows of the i.i.d. matrix X. We establish
in this paragraph that∣∣∣∣∫

D
dx dy ∂̄Φk(f)(z)

(
1

M
tr {Q̂− Q̃} − r̃N (ν) p̃N (z) vN 1α>2/3

)
− ζ

∣∣∣∣ ≺ uN . (1.94)

It turns out that by Lemma 1.7 and Lemma 1.9 in Paragraph 1.4.3 below, ζ satisfies the key
properties:

|ζ| ≤ |ζ − Eζ|+ |Eζ| ≺ 1

B
.

(1.89) will then follow directly from (1.94).
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Plugging in the integral expression of ζ, and using the expression (1.88), we get:∣∣∣∣∫
D
∂̄Φk(f)(z)

(
1

M
tr {Q̂− Q̃} − r̃N (ν) p̃N (z) vN 1α>2/3

)
dx dy − ζ

∣∣∣∣
=

∣∣∣∣∫
D
dx dy∂Φk(f)(z)×(

1

M
tr {Q̂− Q̃} − r̃N (ztN (z))

′ vN 1α>2/3 −
1

M

M∑
m=1

(zQ)′mm

(
∥xm∥22
B + 1

− 1

))∣∣∣∣∣ .
We recall the definition of Θ := Ĉ − C̃ from (1.74). We will proceed in three steps, which, in

turn, will imply (1.94):

1. ∣∣∣∣∫
D
dx dy ∂Φk(f)(z)

(
1

M
tr {Q̂− Q̃}+ 1

M
tr {Q2Θ}

)∣∣∣∣ ≺ uN (1.95)

2. ∣∣∣∣∫
D
dx dy ∂Φk(f)(z)

(
1

M
tr {Q2Θ} − 2

1

M
tr

XX∗

B + 1
Q2(D̂−1/2D1/2 − I)

)∣∣∣∣
≺ uN (1.96)

3. ∣∣∣∣∫
D
dx dy ∂Φk(f)(z)×(

2
1

M
tr

XX∗

B + 1
Q2(I− D̂−1/2D1/2)− r̃N (ztN (z))

′ vN 1α>2/3−

1

M

M∑
m=1

(zQ)′mm

(
∥xm∥22
B + 1

− 1

))∣∣∣∣∣ ≺ uN (1.97)

Step 1. Using the well-known identity A−1 −B−1 = B−1(B−A)A−1, we express Q̂− Q̃ as:

Q̂− Q̃ = −Q̃ΘQ̂. (1.98)

We claim that it is possible to approximate tr Q̃ΘQ̂ by tr QΘQ. Indeed, we have

|tr Q̃ΘQ̂− tr QΘQ|
= |tr Q̃ΘQ̂− tr Q̃ΘQ̃+ tr Q̃ΘQ̃− tr Q̃ΘQ+ tr Q̃ΘQ− tr QΘQ|
≤ |tr Q̃ΘQ̂− tr Q̃ΘQ̃|+ |tr Q̃ΘQ̃− tr Q̃ΘQ|+ |tr Q̃ΘQ− tr QΘQ|
:= T1 + T2 + T3.

The following rough bounds are enough to control T1 (we used (1.24) to control the norm of the
resolvents):

T1 = |tr Q̃Θ(Q̂− Q̃)| = |tr Q̃ΘQ̃ΘQ̂| ≤M∥Q̃∥2∥Q̂∥∥∥Θ∥2 ≤ 1

Im3z
M∥Θ∥2.
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Concerning T2 and T3, we write similarly that Q̃−Q = −Q̃∆̃Q, and obtain that

T2 = |tr Q̃ΘQ̃− tr Q̃ΘQ| ≤M∥Q̃∥2∥Q∥∥∆̃∥Θ∥ ≤ 1

Im3z
M∥∆̃∥∥Θ∥

T3 = |tr Q̃ΘQ− tr QΘQ| ≤M∥Q̃∥∥Q∥2∥∆̃∥Θ∥ ≤ 1

Im3z
M∥∆̃∥∥Θ∥.

Plugging these estimations into the left hand side of (1.95), we obtain that∣∣∣∣∫
D
dx dy ∂Φk(f)(z)

(
1

M
tr {Q̂− Q̃} − 1

M
tr {Q2Θ}

)∣∣∣∣
≤
∫
D
dx dy|∂Φk(f)(z)|

1

M
(T1 + T2 + T3)

≤ C(∥Θ∥2 + 2∥∆̃∥Θ∥).

Moreover, the concentration results (1.80) for ∥Θ∥ and (1.71) for ∥∆̃∥ from Proposition 1.1, imply
that

∥Θ∥2 + 2∥Θ∥∥∆̃∥ ≺ 1

B
+

1√
B

B

N
+

(
B

N

)3

= uN .

This finally establishes (1.95).

Step 2. We claim that:∥∥∥∥Θ−
(
(D̂−1/2D1/2 − I)

XX∗

B + 1
+

XX∗

B + 1
(D1/2D̂−1/2 − I)

)∥∥∥∥ ≺ uN . (1.99)

We recall that Ŝ can be written using the definition (1.12) of C̃, and use the decomposition (1.70)
of C̃ from Corollary 1.2. Using these results, we get that

Ŝ = D1/2 C̃D1/2 = D1/2

(
XX∗

B + 1
+ ∆̃

)
D1/2.

Plugging this expression of Ŝ into (1.75), we obtain easily that

Θ =(D̂−1/2D1/2 − I)

(
XX∗

B + 1
+ ∆̃

)
D1/2D̂−1/2

+

(
XX∗

B + 1
+ ∆̃

)
(D1/2D̂−1/2 − I)

:= Θ1 +Θ2.

As ∆̃ is a negligible quantity, one should expect that the leading quantity in Θ1 and Θ2 is
respectively (D̂−1/2D1/2 − I)XX∗

B+1D
1/2D̂−1/2 and XX∗

B+1 (D
1/2D̂−1/2 − I). To prove it, write:∥∥∥∥Θ1 − (D̂−1/2D1/2 − I)

XX∗

B + 1
D1/2D̂−1/2

∥∥∥∥
=
∥∥∥(D̂−1/2D1/2 − I)∆̃D1/2D̂−1/2

∥∥∥
≤ ∥D̂−1/2D1/2 − I∥∥∆̃∥∥D1/2D̂−1/2∥. (1.100)

∆̃ is controlled by (1.71) from Corollary 1.2, and D̂−1/2D1/2 − I is controlled by (1.78) from
Lemma 1.5 (it is a diagonal matrix which elements are stochastically dominated by Lemma 1.5).
Moreover, from Lemma 1.5, it holds that ∥D1/2D̂−1/2∥ ≺ 1. Combining these estimates into (1.100),
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one gets: ∥∥∥∥Θ1 − (D̂−1/2D1/2 − I)
XX∗

B + 1
D1/2D̂−1/2

∥∥∥∥ ≺
(

1√
B

+
B2

N2

)
B

N
= O(uN ). (1.101)

Using that ∥D̂−1/2D1/2−I∥ ≺ 1√
B
+B2

N2 as well as (1.29) from Paragraph 1.2.2 to control the norm

of XX∗/(B + 1), one can further approximate (D̂−1/2D1/2 − I)XX∗

B+1D
1/2D̂−1/2 by (D̂−1/2D1/2 −

I)XX∗

B+1 . In particular, it is easy to check that∥∥∥∥Θ1 − (D̂−1/2D1/2 − I)
XX∗

B + 1

∥∥∥∥ ≺ uN . (1.102)

Similarly for Θ2, one would obtain:∥∥∥∥Θ2 −
XX∗

B + 1
(D1/2D̂−1/2 − I)

∥∥∥∥ ≺ uN . (1.103)

Combining (1.102) and (1.103), we obtain (1.99). To finish the proof of Step 2, it remains to
consider tr Q2Θ and prove (1.96). Remark that XX∗/(B + 1) and its resolvent Q commutes.

tr Q2

(
(D̂−1/2D1/2 − I)

XX∗

B + 1
+

XX∗

B + 1
(D1/2D̂−1/2 − I)

)
= 2 tr

XX∗

B + 1
Q2(D̂−1/2D1/2 − I) (1.104)

Therefore, using (1.104):∣∣∣∣ 1M tr Q2Θ− 2
1

M
tr

XX∗

B + 1
Q2(D̂−1/2D1/2 − I)

∣∣∣∣
=

∣∣∣∣ 1M tr Q2Θ− 1

M
tr Q2

(
(D̂−1/2D1/2 − I)

XX∗

B + 1
+

XX∗

B + 1
(D1/2D̂−1/2 − I)

)∣∣∣∣
≤ ∥Q∥2

∥∥∥∥Θ−
(
(D̂−1/2D1/2 − I)

XX∗

B + 1
+

XX∗

B + 1
(D1/2D̂−1/2 − I)

)∥∥∥∥ (1.105)

so that the left hand side of (1.99) is recognised in the right hand side of (1.105). We can finally
prove (1.96) by following the same idea as in Step 1:∣∣∣∣∫

D
dx dy ∂Φk(f)(z)

1

M

(
tr {Q2Θ} − 2tr

XX∗

B + 1
Q2(D̂−1/2D1/2 − I)

)∣∣∣∣
≤
∥∥∥∥Θ−

(
(D̂−1/2D1/2 − I)

XX∗

B + 1
+

XX∗

B + 1
(D1/2D̂−1/2 − I)

)∥∥∥∥
×
∫
D
|∂Φk(f)(z)|

1

Im2z
dx dy︸ ︷︷ ︸

<+∞

.

This proves (1.96) and ends Step 2.

Step 3. By definition of the resolvent, the following identity holds
(
XX∗

B+1 − zIM

)
Q(z) = IM ,

which leads to the so-called resolvent identity:

XX∗

B + 1
Q = IM + zQ. (1.106)
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Using (1.106) as well the identity Q′(z) = Q2(z) one can write:

1

M
tr

XX∗

B + 1
Q2(I−D1/2D̂−1/2) =

1

M
tr (I+ zQ)Q(I−D1/2D̂−1/2)

=
1

M

M∑
m=1

(zQ)′mm

(
1−

√
sm
ŝm

)
. (1.107)

To handle 1−
√

sm
ŝm

we use the following Taylor expansion: define the function h by h(u) = 1− 1√
u
,

with h′(u) = 1
2

1
u3/2

and h′′(u) = −3
4

1
u5/2

. A Taylor expansion to the second order of h around 1
provides:

h

(
ŝm
sm

)
= h(1) +

(
ŝm
sm

− 1

)
h′(1) +

1

2

(
ŝm
sm

− 1

)2

h′′(θm)

=
1

2sm
(ŝm − sm) +

1

2

h′′(θm)

s2m
(ŝm − sm)

2

where θm is some random quantity between ŝm and sm. Therefore (1.107) becomes

1

M
tr
(
(zQ)′(I−D1/2D̂−1/2)

)
=

1

M
tr

(
(zQ)′dg

(
ŝm − sm
2sm

+
1

2

h′′(θm)(ŝm − sm)
2

s2m
: m ∈ {1, . . . ,M}

))
.

Lemma 1.3 implies that the set ΛD̂
ϵ (ν) defined by (1.77) holds with exponentially high probability.

Therefore, it is sufficient to study the term 1
M tr (zQ)′(I − D1/2D̂−1/2) on the event ΛD̂

ϵ (ν). If

ΛD̂
ϵ (ν) holds, θm belongs to [s, s̄] + ϵ for each m ∈ {1, . . . ,M}, and supm≥1 |h′′(θm)| is bounded

by a nice constant. Moreover, as infν infm≥1 sm(ν) is bounded away from zero, there exists a nice
constant C for which the inequality∣∣∣∣ 1M tr

(
(zQ)′dg

(
1

2

h′′(θm)(ŝm − sm)
2

s2m
: m ∈ {1, . . . ,M}

))∣∣∣∣
≤ C(∥Q∥+ z∥Q∥2) 1

M

M∑
m=1

(ŝm − sm)
2 ≤ C(z)

1

M

M∑
m=1

(ŝm − sm)
2

holds on ΛD̂
ϵ (ν), where we recall that C(z) can be written as P1(|z|)P2(

1
Imz ) for some nice polyno-

mials P1 and P2. Following again the same argument as in Step 1, we obtain that∣∣∣∣∫
D
dx dy∂Φk(f)(z)

{
1

M
tr (zQ)′(I− D̂−1/2D1/2)

− 1

M
tr (zQ)′dg

(
ŝm − sm
2sm

: m ∈ {1, . . . ,M}
)}∣∣∣∣

≤ C
1

M

M∑
m=1

(ŝm − sm)
2

on ΛD̂
ϵ (ν) provided k ≥ Deg(P2) . Lemma 1.16 in Appendix implies that

1

M

M∑
m=1

(ŝm − sm)
2 ≺ 1

B
+
B4

N4
= O(uN ).
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We have thus shown that∣∣∣∣∫
D
dx dy∂Φk(f)(z)

{
1

M
tr (zQ)′(I− D̂−1/2D1/2)

− 1

M
tr (zQ)′dg

(
ŝm − sm
2sm

: m ∈ {1, . . . ,M}
)}∣∣∣∣

≺ uN .

We denote by ηN (z) the term defined by

ηN (z) =
1

M

M∑
m=1

(zQ)′mm

(
ŝm − sm
sm

−
(
∥xm∥22
B + 1

− 1

))
− r̃N (z)(ztN (z))

′vN1α>2/3 (1.108)

and define δN as

δN =

∫
D
dx dy ∂Φk(f)(z) ηN (z).

In order to establish (1.97), it is sufficient to prove that |δN | ≺ uN . For this, we first remark that

ŝm = sm
xm(I+Φm)x∗

m
B+1 , so that ηN (z) can also be written as

ηN (z) =
1

M

M∑
m=1

(zQ)′mm
xmΦmx

∗
m

B + 1
− r̃N (ztN (z))

′vN1α>2/3. (1.109)

We express ηN (z) as ηN (z) = η1,N (z) + η2,N (z) + η3,N (z) where (ηi,N )i=1,2,3 are defined by

η1,N (z) =
1

M

M∑
m=1

(zQ)′mm

(
xmΦmx

∗
m

B + 1
− 1

B + 1
tr Φm

)

η2,N (z) =
1

M

M∑
m=1

E[(zQ)′mm]
1

B + 1
tr Φm − r̃N (ztN (z))

′vN1α>2/3

η3,N (z) =
1

M

M∑
m=1

((zQ)′mm)
◦ 1

B + 1
tr Φm

and denote by (δi,N )i=1,2,3 the contributions of (ηi,N )i=1,2,3 to δN . We recall the definition (1.19) of
((zQ)′mm)

◦. In order to evaluate δ1,N , we note that |(zQ)′mm| = |Qmm + zQ2
mm| ≤ C(z) and that

|η1,N (z)| ≤ C(z) sup
m=1,...,M

∣∣∣∣xmΦmx
∗
m

B + 1
− 1

B + 1
tr Φm

∣∣∣∣ .
Therefore, for k large enough, δ1,N satisfies |δ1,N | ≤ C supm=1,...,M

∣∣∣xmΦmx∗
m

B+1 − 1
B+1tr Φm

∣∣∣. The

Hanson-Wright inequality as well as the bound (1.55) of the Frobenius norm of Φm imply that
|δ1,N | ≺ uN . We now evaluate δ2,N . For this, we notice that the results reviewed in Paragraph

1.2.2 imply that E(zQ)′mm = (zβN (z))
′ = (ztN (z))

′+(zϵN (z))
′ where |(zϵN (z))′| ≤ C(z)

M2 . Therefore,
using (1.54), we obtain that

η2,N (z)) =

(
1

M

2M∑
m=1

s′′m
sm

)
(ztN (z))

′ vN + ϵ1,N (z)− r̃N (ztN (z))
′ vN 1α>2/3

=r̃N (ztN (z))
′ vN 1α≤2/3 + ϵ1,N (z)

where ϵ1,N (z) satisfies |ϵ1,N (z)| ≤ C(z)uN . We then deduce that |η2,N (z)| ≤ C(z)uN because if
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α ≤ 2/3, vN ≤ uN . This implies that |δ2,N | = O(uN ). In order to address δ3,N , we interpret δ3,N
as a function g of (X,X∗), and use the Gaussian concentration inequality presented in Paragraph
1.2.3. In particular, we satisfy that

∥∇g∥ ≤ C
1√
B

(
B

N

)2

= o(uN ).

As E(δ3,N ) = 0, this leads immediately to |δ3,N | ≺ uN . We just check that

∑
i,j

∣∣∣∣ ∂g∂Xij

∣∣∣∣2 ≤ C
1

B

(
B

N

)4

. (1.110)

For this, we express (zQ)′mm as (zQ)′mm = Qmm + zQ2
mm and notice that

∂Qmm
∂Xij

=−Qmi

(
X∗

B + 1
Q

)
jm

∂Q2
mm

∂Xij
=− (Q2)mi

(
X∗

B + 1
Q

)
jm

−Qmi

(
X∗

B + 1
Q2

)
jm

.

Using the Jensen inequality, we obtain that∣∣∣∣ ∂g∂Xij

∣∣∣∣2 ≤ ∫
D
dx dy|∂Φk(f)(z)|2

1

M

M∑
m=1

∣∣∣∣∂(zQ)′mm
∂Xij

∣∣∣∣2( 1

B + 1
tr Φm

)2

.

Summing over i, j leads to the expected evaluation of (1.110) and to |δ3,N | ≺ uN . This, in turn,
completes the proof of (1.97) and of (1.94).

Up to the Lemma 1.7 and Lemma 1.9, Theorem 1.2 is proved.

Proof of Lemma 1.7 and Lemma 1.9

We now establish Lemma 1.7 and Lemma 1.9.

Lemma 1.7. The family of random variables ζ(ν)−Eζ(ν), ν ∈ [0, 1] satisfies the following property:

|ζ(ν)− Eζ(ν)| ≺ 1

B
. (1.111)

Proof. ζ defined by (1.93) can be written as

ζ =

∫
D
dx dy ∂Φk(f)(z)

1

M

M∑
m=1

Qmm

(
∥xm∥22
B + 1

− 1

)
+

∫
D
dx dy ∂Φk(f)(z)

1

M

M∑
m=1

z(Q2)mm

(
∥xm∥22
B + 1

− 1

)
:= ζ1 + ζ2.

In the following, we omit to evaluate |ζ1(ν)−E(ζ1(ν))|, and just establish that |ζ2(ν)−E(ζ2(ν))| ≺ 1
B

using the Gaussian concentration inequality from Paragraph 1.2.3.

Recall that ∥xm∥22 is a χ2
2(B+1) random variable. Therefore it is clear that:∣∣∣∣∥xm∥22B + 1

− 1

∣∣∣∣ ≺ 1√
B
.
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Knowing this, the idea is to show that, conditioned on the event where the random variables(
∥xm∥22
B+1 − 1

)
m=1,...,M

are localized, which holds with exponentially high probability, ζ2 is a O( 1
B1−ϵ )–

Lipschitz function of the entries of the matrix X for any ϵ > 0. Let 0 < ϵ < 1
2 , and define the family

of events Am,ϵ(ν), m = 1, . . . ,M, ν ∈ [0, 1] given by

Am,ϵ(ν) =

{
∥xm(ν)∥22
B + 1

∈
[
1− Bϵ

√
B
, 1 +

Bϵ

√
B

]}
(1.112)

as well as Aϵ(ν) = ∩Mm=1Am,ϵ(ν). It is clear that the family of events Am,ϵ(ν), m = 1, . . . ,M ,
ν ∈ [0, 1] holds with exponentially high probability, and that the same property holds for the family
Aϵ(ν), ν ∈ [0, 1]. We claim that there exists a family of C∞ functions (gB,ϵ)B≥1 satisfying

gB,ϵ(t) =

{
t− 1 if t ∈ [1− Bϵ

√
B
, 1 + Bϵ

√
B
]

0 if t /∈ [1− 2 Bϵ
√
B
, 1 + 2 Bϵ

√
B
]

and

sup
t

|gB,ϵ(t)| ≤ C
Bϵ

√
B
, sup

t
|g′B,ϵ(t)| ≤ C (1.113)

for each B, where C is a nice constant. Indeed consider h ∈ C∞ such that it satisfies |h(t)| ≤ 2|t|
for each t and

h(t) =

{
t if t ∈ [−1, 1]

0 if t /∈ [−2, 2].

Then, it is easy to check that the family (gB,ϵ)B≥1 defined by

gB,ϵ(t) =
Bϵ

√
B
h

(√
B

Bϵ
(t− 1)

)

satisfies the requirements (1.113).

We define ζ̃2,ϵ by

ζ̃2,ϵ =

∫
D
dx dy∂Φk(f)(z)

1

M

M∑
m=1

(zQ2)mm gB,ϵ

(
∥xm∥22
B + 1

)

and notice that ζ2 and ζ̃2,ϵ coincide on the exponentially high probability event Aϵ(ν). We claim that
if |ζ̃2,ϵ − E(ζ̃2,ϵ)| ≺ 1

B1−ϵ , then |ζ2 − E(ζ2)| ≺ 1
B1−ϵ . Since ϵ is arbitrary and Bϵ = O(Nαϵ), Remark

1.1 will imply that |ζ2 − E(ζ2)| ≺ 1
B . To justify this, we evaluate P

(
|ζ̃2,ϵ − E(ζ̃2,ϵ)| > 1

B1−ϵN
δ
)
for

each δ > 0. It holds that

P

(
|ζ2 − E(ζ2)| >

Nαϵ+δ

B

)
≤ P

(
|ζ2 − E(ζ2)| >

Nαϵ+δ

B
,Aϵ

)
+ P(Acϵ).

As P(Acϵ) converges towards zero exponentially, we have just to consider

P

(
|ζ2 − E(ζ2)| >

Nαϵ+δ

B
,Aϵ

)
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and write, since ζ2 and ζ̃2,ϵ coincide on Aϵ,

P

(
|ζ2 − E(ζ2)| >

Nαϵ+δ

B
,Aϵ

)
= P

(
|ζ̃2,ϵ − E(ζ2)| >

Nαϵ+δ

B
,Aϵ

)
≤ P

(
|ζ̃2,ϵ − E(ζ̃2,ϵ)| >

Nαϵ+δ

B
− |E(ζ2 − ζ̃2,ϵ)|, Aϵ

)
.

We now prove that |E(ζ2 − ζ̃2,ϵ)| converges towards 0 exponentially. For this, we notice that as
ζ2 and ζ̃2,ϵ coincide on Aϵ, then

|E(ζ2 − ζ̃2,ϵ)| =
∣∣∣E((ζ2 − ζ̃2,ϵ)IAc

ϵ
)
∣∣∣ ≤ (E

∣∣∣ζ2 − ζ̃2,ϵ

∣∣∣2)1/2

(P(Acϵ))
1/2 .

A rough evaluation of

(
E
∣∣∣ζ2 − ζ̃2,ϵ

∣∣∣2)1/2

leads to

(
E
∣∣∣ζ2 − ζ̃2,ϵ

∣∣∣2)1/2

≤ C for some nice constant C.

Therefore,

(
E
∣∣∣ζ2 − ζ̃2,ϵ

∣∣∣2)1/2

(P(Acϵ))
1/2, and thus |E(ζ2 − ζ̃2,ϵ)|, converge towards 0 exponentially.

For each N large enough, we thus have

P

(
|ζ̃2,ϵ − E(ζ̃2,ϵ)| >

Nαϵ+δ

B
− |E(ζ2 − ζ̃2,ϵ)|, Aϵ

)
≤ P

(
|ζ̃2,ϵ − E(ζ̃2,ϵ)| >

Nαϵ+δ/2

B
,Aϵ

)

≤ P

(
|ζ̃2,ϵ − E(ζ̃2,ϵ)| >

Nαϵ+δ/2

B

)
.

We have therefore established that

P

(
|ζ2 − E(ζ2)| >

Nαϵ+δ

B
,Aϵ

)
≤ P

(
|ζ̃2,ϵ − E(ζ̃2,ϵ)| >

Nαϵ+δ/2

B

)

which finally justifies that if |ζ̃2,ϵ − E(ζ̃2,ϵ)| ≺ Bϵ

B , then |ζ2 − E(ζ2)| ≺ Bϵ

B .

Therefore, it remains to prove that |ζ̃2,ϵ − E(ζ̃2,ϵ)| ≺ Bϵ

B . This is true by Lemma 1.8 below.
The stochastic domination relation |ζ1 − Eζ1| ≺ Bϵ

B is proved similarly. This completes the proof of
Lemma 1.7.

Lemma 1.8.

|ζ̃2,ϵ − E(ζ̃2,ϵ)| ≺
Bϵ

B
.

Proof. In the following, we evaluate the norm square of the gradient of ζ̃2,ϵ w.r.t. the variables

Xi,j , X
∗
i,j and just compute

∑
i,j

∣∣∣∂ζ̃2,ϵ∂Xij

∣∣∣2 because
∑

i,j

∣∣∣∂ζ̃2,ϵ∂X∗
ij

∣∣∣2 is of the same order of magnitude.

We recall that

∂(Q2)mm
∂Xij

= −
(
(Q2)mi(X

∗Q)jm
B + 1

+
Qmi(X

∗Q2)jm
B + 1

)
. (1.114)

Moreover it is clear that

∂

∂Xij

(
gB,ϵ

(
∥xm∥22
B + 1

))
= δim

Xm,j

B + 1
g′B,ϵ

(
∥xm∥22
B + 1

)
. (1.115)
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Collecting the derivatives (1.114) and (1.115) we get after some algebra that

∂

∂Xij

(
M∑
m=1

(Q2)mmgB,ϵ

(
∥xm∥22
B + 1

))
=

Xi,j

B + 1
g′B,ϵ

(
∥xi∥22
B + 1

)
(Q2)ii

−
M∑
m=1

gB,ϵ

(
∥xm∥22
B + 1

)(
(Q2)mi(X

∗Q)jm
B + 1

+
Qmi(X

∗Q2)jm
B + 1

)
. (1.116)

It remains to control
∑

i,j

∣∣∣∂ζ̃2,ϵ∂Xij

∣∣∣2. From the integral representation of ζ̃2,ϵ, the derivative with

respect to Xij is applied only on the integrand as follows:

∂ζ̃2,ϵ
∂Xij

=
1

M

∫
D
dx dy ∂Φk(f)(z)

∂

∂Xij

(
M∑
m=1

z(Q2)mmgB,ϵ

(
∥xm∥22
B + 1

))
.

Plugging in the derivative computed in (1.116) we get:

∂ζ̃2,ϵ
∂Xij

=
1

M

∫
D
dx dy ∂Φk(f)(z) z

{
Xi,j

B + 1
g′B,ϵ

(
∥xi∥22
B + 1

)
(Q2)ii

−
M∑
m=1

gB,ϵ

(
∥xm∥22
B + 1

)(
(Q2)mi(X

∗Q)jm
B + 1

+
Qmi(X

∗Q2)jm
B + 1

)}
.

Using the bounds of gB,ϵ and g
′
B,ϵ from inequalities (1.113), the observation that g′B,ϵ(t) = 0 if

|t− 1| ≥ 2Bϵ
√
B
, and that |z| is bounded on D, one can write:∣∣∣∣∣∂ζ̃2,ϵ∂Xij

∣∣∣∣∣
2

≤ C

M2

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 ∣∣∣∣ Xi,j

B + 1
g′B,ϵ

(
∥xi∥22
B + 1

)
(Q2)ii

−
M∑
m=1

gB,ϵ

(
∥xm∥22
B + 1

)(
(Q2)mi(X

∗Q)jm
B + 1

+
Qmi(X

∗Q2)jm
B + 1

)∣∣∣∣∣
2

≤ C

M2

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 ∣∣∣∣ Xi,j

B + 1
(Q2)ii

∣∣∣∣2 1(∣∣∣∣ ∥xi∥22B + 1
− 1

∣∣∣∣ ≤ 2Bϵ

√
B

)

+
C

M2

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2( Bϵ

√
B

)2
∣∣∣∣∣
M∑
m=1

∣∣(Q2)mi
∣∣ |(X∗Q)jm|
B + 1

∣∣∣∣∣
2

+
C

M2

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2( Bϵ

√
B

)2
∣∣∣∣∣
M∑
m=1

|Qmi|
∣∣(X∗Q2)jm

∣∣
B + 1

∣∣∣∣∣
2

:=
C

M2
(T

(1)
ij + T

(2)
ij + T

(3)
ij ).
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It remains to sum over i, j.

M∑
i,j=1

T
(1)
ij

=

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 M∑
i,j=1

∣∣∣∣ Xi,j

B + 1
(Q2)ii

∣∣∣∣2 1(∣∣∣∣ ∥xi∥22B + 1
− 1

∣∣∣∣ ≤ 2Bϵ

√
B

)

≤
∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 M∑
i=1

|(Q2)ii|2 1
(∣∣∣∣ ∥xi∥22B + 1

− 1

∣∣∣∣ ≤ 2Bϵ

√
B

) M∑
j=1

∣∣∣∣ Xi,j

B + 1

∣∣∣∣2

=
C

B + 1

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 M∑
i=1

|(Q2)ii|2
∥xi∥22
B + 1

1

(∣∣∣∣ ∥xi∥22B + 1
− 1

∣∣∣∣ ≤ 2Bϵ

√
B

)

≤ C

B + 1
(1 +

2Bϵ

√
B
)

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 M∑
i=1

|(Q2)ii|2.

Since
M∑
i=1

|(Q2)ii|2 ≤M∥Q∥4

it can be written that:

M∑
i,j=1

T
(1)
ij ≤ C

M

B + 1

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 ∥Q∥4.

Inspecting T
(2)
ij , one can see that by Jensen’s inequality∣∣∣∣∣

M∑
m=1

∣∣(Q2)mi
∣∣ |(X∗Q)jm|

∣∣∣∣∣
2

≤M
M∑
m=1

∣∣(Q2)mi
∣∣2 |(X∗Q)jm|2

so summing over i and j provides:

M∑
i,j=1

T
(2)
ij ≤ B2ϵM

(B + 1)3

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 M∑
m=1

(
M∑
i=1

∣∣(Q2)mi
∣∣2) M∑

j=1

|(X∗Q)jm|2
 .

Notice that since
∑M

i=1

∣∣(Q2)mi
∣∣2 is the square euclidean norm of line m of Q2:

M∑
i=1

∣∣(Q2)mi
∣∣2 ≤ ∥Q2∥2 ≤ ∥Q∥4.

Moreover,

M∑
m=1

 M∑
j=1

|(X∗Q)jm|2
 = tr X∗QQ∗X

= (B + 1)tr ((I+ zQ)Q∗) ≤M(B + 1)(∥Q∥+ |z|∥Q∥2)
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therefore
M∑
i,j=1

T
(2)
ij ≤ B2ϵ

(
M

B + 1

)2 ∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 ∥Q4∥(∥Q∥+ |z|∥Q∥2)

and similarly for T
(3)
ij one gets:

M∑
i,j=1

T
(3)
ij ≤ B2ϵ

(
M

B + 1

)2 ∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 ∥Q2∥(∥Q∥3 + |z|∥Q∥4).

Collecting the terms in T
(1)
ij , T

(2)
ij and T

(3)
ij , and since M/(B+1) = O(1) by Assumption 1.3, we

can write:

∑
i,j

∣∣∣∣∣∂ζ̃2,ϵ∂Xij

∣∣∣∣∣
2

≤ C

M2
B2ϵ

∫
D
dx dy

∣∣∂Φk(f)(z)∣∣2 (∥Q∥4 + ∥Q5∥+ |z|∥Q6∥)

As ∥Q∥4 + ∥Q5∥+ |z|∥Q6∥ ≤ C(z), we obtain that for k large enough,

∑
i,j

∣∣∣∣∣∂ζ̃2,ϵ∂Xij

∣∣∣∣∣
2

= O
(
B2ϵ

B2

)
as expected.

It remains to study E[ζ], and establish the following Lemma.

Lemma 1.9.

|Eζ| = O
(

1

B

)
.

Proof. As in the proof of Lemma 1.7, we only consider

E[ζ2] =
∫
D
dx dy ∂Φk(f)(z)

1

M

M∑
m=1

zE

[
(Q2)mm

(
∥xm∥22
B + 1

− 1

)]

as E[ζ1] is shown to be also O( 1
B ) with the same argument. As E

[
∥xm∥22
B+1 − 1

]
= 0, we have

E

[
(Q2)mm

(
∥xm∥22
B + 1

− 1

)]
= E

[(
(Q2)mm − E[(Q2)mm]

)(∥xm∥22
B + 1

− 1

)]
.

Apply now the Cauchy-Schwartz inequality:

|E[ζ2]| ≤
∫
D
dx dy |∂Φk(f)(z)|

1

M

M∑
m=1

|z|
√

Var(Q2)mm

√
E

∣∣∣∣∥xm∥22B + 1
− 1

∣∣∣∣2. (1.117)

As it is clear that E
∣∣∣∥xm∥22
B+1 − 1

∣∣∣2 = O
(
1
B

)
, it remains to control Var(Q2)mm = Var(tr Q2eme

T
m)

where (em)m=1,...,M is the canonical basis of CM . A direct application of (1.30) for i = 2 leads
immediately to

Var(Q2)mm ≤ C(z)

B
(1.118)
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for some nice constant C. Using (1.118) in (1.117), we get that for k large enough:

|Eζ2| ≤
1

B

∫
D
dx dy |∂Φk(f)(z)|

√
C(z)

≤ 1

B

∫
D
dx dy |∂Φk(f)(z)|(1 + C(z)) ≤ C

1

B
.

This completes the proof of Lemma 1.9.

Remark 1.8. We notice that, instead of using (1.15), an alternative approach to study
1
M tr f(Ĉ(ν))−

∫
f dµ

(cN )
MP could have been based on the decomposition

1

M
Tr
(
f(Ĉ(ν))

)
−
∫

R+

f dµ
(cN )
MP =

1

M
Tr
(
f(Ĉ(ν))

)
− E

[
1

M
Tr
(
f(Ĉ(ν))

)]
+

E

[
1

M
Tr
(
f(Ĉ(ν))

)]
− E

[
1

M
Tr
(
f(C̃(ν))

)]
+

E

[
1

M
Tr
(
f(C̃(ν))

)
− 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
+

E

[
1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
−
∫

R+

f dµ
(cN )
MP . (1.119)

The first term of the r.h.s. of (1.119) can be addressed using the Gaussian concentration inequal-

ity. However, the calculations are more complicated than the evaluation of 1
MTr

(
f(C̃(ν))

)
−

E
[

1
MTr

(
f(C̃(ν))

)]
because, considered as a function of (X,X∗), 1

MTr
(
f(Ĉ(ν))

)
is not a Lip-

schitz function. Using techniques similar to those developed to evaluate ζ − E(ζ) (see Lemma 1.7),
it could however be shown that∣∣∣∣ 1M Tr

(
f(Ĉ(ν))

)
− E

[
1

M
Tr
(
f(Ĉ(ν))

)]∣∣∣∣ ≺ 1

B
. (1.120)

In order to evaluate the second term of the r.h.s. of (1.119), one should prove that

E

[∫
D
dx dy

(
∂̄Φk(f)(z)

1

M
tr {Q̂− Q̃} − r̃N (ν) p̃N (z) vN 1α>2/3

)
− ζ

]
= O(uN ) (1.121)

and E(ζ) = O( 1
B ). The proof of (1.121) does not appear simpler than the proof of (1.94): the

3 steps that allowed to establish (1.94) should still be used, except that the stochastic domination
properties should be replaced by properties of the mathematical expectation of the various terms.
However, proving stochastic domination appears simpler than showing the desired properties of the
above mathematical expectations. In sum, while the use of decomposition (1.119) allows to avoid
Lemma 1.7, the justification of (1.120) needs to develop tools that are similar to those of Lemma
1.7, and the proof of (1.121) tends to be more complicated than the proof of (1.94). This explains
why we have chosen to use decomposition (1.15) rather than (1.119).
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1.4.4 Step 4: evaluation of E
[

1
M
Tr
(
f(C̃(ν))

)
− 1

M
Tr
(
f(X(ν)X∗(ν)

B+1
)
)]

The Helffer-Sjöstrand formula implies that

E

[
1

M
Tr
(
f(C̃(ν))

)
− 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
=

1

π
Re

∫
D
dx dy ∂Φk(f)(z)E

[
1

M
tr (Q̃N (z)−QN (z))

]
.

Therefore, we are back to evaluate E
[

1
M tr (Q̃N (z)−QN (z))

]
.

In order to simplify the exposition of the results of this paragraph, we introduce the following
notation. If (hN (z))N≥1 is a sequence of complex-valued functions defined on C+ and if (wN )N≥1

is a sequence of positive real numbers, the notation hN (z) = Oz(wN ) means that there exists two
nice polynomials P1 and P2 such that |hN (z)| ≤ wNP1(|z|)P2(

1
Imz ) for each z ∈ C+.

In this paragraph, we establish the following Proposition.

Proposition 1.3. E
[

1
M tr (Q̃N (z)−QN (z))

]
can be written as

E

[
1

M
tr (Q̃N (z)−QN (z))

]
=

(
1

M

M∑
m=1

s′m
sm

)2

pN (z) vN−(
1

2M

M∑
m=1

s′′m
sm

)
p̃N (z) vN +Oz

((
B

N

)3

+
1

N

)
. (1.122)

The Helffer-Sjöstrand formula thus leads to the following Corollary:

Corollary 1.5. E
[

1
MTr

(
f(C̃(ν))

)
− 1

MTr
(
f(X(ν)X∗(ν)

B+1 )
)]

is given by

E

[
1

M
Tr
(
f(C̃(ν))

)
− 1

M
Tr

(
f(

X(ν)X∗(ν)

B + 1
)

)]
=(

1

M

M∑
m=1

s′m
sm

)2

ϕN (f) vN −

(
1

2M

M∑
m=1

s′′m
sm

)
ϕ̃N (f) vN +O

((
B

N

)3

+
1

N

)
. (1.123)

Corollary 1.5 first implies that E
[

1
MTr

(
f(C̃(ν))

)
− 1

MTr
(
f(X(ν)X∗(ν)

B+1 )
)]

is O
(
B
N

)2
, a result

which is not a priori obvious. In particular, the stochastic representation (1.46) of the matrix
C̃ can be shown to provide the more pessimistic O(BN ) rate of convergence. The comparison of

(1.123) with (1.89) also leads to the conclusion that if α > 2/3, the dominant O
(
B
N

)2
deterministic

term of 1
M tr (f(Ĉ(ν)) − f(C̃(ν)) is cancelled by the second term of the righthandside of (1.123),

thus explaining the structure of the O
(
B
N

)2
deterministic correction of 1

M tr (f(Ĉ(ν))−
∫
f dµ

(cN )
MP .

In particular, establishing (1.122) (and thus (1.123)) will complete the proof of Theorem 1.2.

Proof. The proof of (1.122) is based on the Gaussian tools reviewed in Paragraph 1.2.2, and needs
long and very tedious calculations. Therefore, we just provide a sketch of proof. In particular, we

justify that E
[

1
M tr (Q̃N (z)−QN (z))

]
is aOz

(
B
N

)2
term, but do not establish its expression (1.122).
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The starting point of the proof is to express Q̃−Q as

Q̃−Q = −Q̃∆̃Q = −Q∆̃Q+Q∆̃Q∆̃Q− Q̃ ∆̃Q∆̃Q∆̃Q.

Therefore, E
[

1
M tr (Q̃N (z)−QN (z))

]
can be written as

E

[
1

M
tr (Q̃−Q)

]
= −E

[
1

M
tr (Q2∆̃)

]
+ E

[
1

M
tr (Q2∆̃Q∆̃)

]
− E

[
1

M
tr (Q̃∆̃Q∆̃Q∆̃)

]
. (1.124)

It is clear that the moduli of the second and third terms of the right hand side of (1.124) are con-
trolled by C(z)E(∥∆̃∥2) and C(z)E(∥∆̃∥3) respectively. We now state the following useful Lemma,

proved in the Appendix, which implies that these terms are Oz

(
B
N

)2
and Oz

(
B
N

)3
respectively.

Lemma 1.10. For each k ≥ 1, there exist a nice constant C depending on k such that E
(
∥∆̃∥k

)
≤

C
(
B
N

)k

In order to prove that E
[

1
M tr (Q̃N (z)−QN (z))

]
= Oz

(
B
N

)2
, we thus have to check that

E

[
1

M
tr Q2∆̃

]
= Oz

(
B

N

)2

. (1.125)

For this, we first express E
[

1
M tr Q2∆̃

]
as

E

[
1

M
tr Q2∆̃

]
= E

(
1

M
tr Q2 ΓX∗

B + 1

)
+ E

(
1

M
tr Q2 XΓ∗

B + 1

)
+ E

(
1

M
tr Q2 ΓΓ∗

B + 1

)
.

The third term of the right hand side is clearly Oz((
B
N )2). We thus need to check that the first

two terms are also Oz((
B
N )2). We just verify this property for the first term. For this, we evaluate

E
(

1
M tr QΓX∗

B+1

)
using the Gaussian tools, and take the derivative w.r.t. z to obtain the expression

of E
(

1
M tr Q2ΓX∗

B+1

)
.

In order to simplify the notations, we denote by W the matrix W = X√
B+1

, and denote by

w1 = x1√
B+1

, . . . ,wM = xM√
B+1

its M rows. In particular, the row m of the matrix Γ√
B+1

coincides

with wmΨm where we recall that matrix Ψm is defined by (1.57). If (e1, . . . , em) represents the

canonical basis of CM , E
(

1
M tr QΓX∗

B+1

)
can be written as

E

(
1

M
tr Q

ΓX∗

B + 1

)
=

1

M

M∑
m=1

E (wmΨmW
∗Qem) .

We now state the following Lemma whose proof is given in Appendix. We recall that βN (z) =
E((QN (z))mm for each m.
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Lemma 1.11. If A represents a (B + 1)× (B + 1) matrix, the following equality holds

E (wmAW
∗Qem) =

β

1 + βc

1

B + 1
tr A− E

[(
1

B + 1
tr WAW∗Q

)◦
Q◦
m,m

]
+

βc

1 + βc
E

[(
1

B + 1
tr WAW∗Q

)◦ 1

B + 1
tr Q◦

]
. (1.126)

Using (1.22) in the case sµ(z) = β(z) as well as (1.33), we easily obtain that β
1+βc =

t
1+ct+ϵ1(z) =

−zt(z)t̃(z)+ϵ1(z) where ϵ1(z) = Oz(
1
B2 ). Moreover, it follows from (1.37) that ϵ′1(z) is also aOz(

1
B2 ).

We now use (1.126) for A = Ψm, and differentiate (1.126) for A = Ψm w.r.t. z. Using the Schwartz
inequality the inequalities (1.30) and (1.31), and (1.58), we obtain immediately that

E (wmΨmW
∗Qem) = −

(
zt(z)t̃(z)

)′ 1

B + 1
tr Ψm +Oz

(
B

N

)3

+Oz

(
1√
BN

)
and that

E

(
1

M
tr Q2 ΓX∗

B + 1

)
= −

(
zt(z)t̃(z)

)′ 1

B + 1
tr

(
1

M

M∑
m=1

Ψm

)

+Oz

(
B

N

)3

+Oz

(
1√
BN

)
.

It is easily checked that

Ψm = (I+Φm)
1/2 − I =

1

2
Φm − 1

8
Φ2
m +Ξm

where ∥Ξm∥ ≤ C
(
B
N

)3
. It is easily seen that 1

B+1tr Φ
2
m =

(
s′m
sm

)2
vN +O((BN )3 + 1

N ). Using (1.54),

we thus obtain that

E

(
1

M
tr Q2 ΓX∗

B + 1

)
= −(ztN (z)t̃N (z))

′

(
1

M

M∑
m=1

(
s′′m
2sm

− (s′m)
2

8(sm)2
)

)
vN

+Oz(uN )

because

Oz

(
B

N

)3

+Oz

(
1√
BN

)
+Oz

(
1

N

)
= Oz(uN ).

We have thus established that E
(

1
M tr Q2ΓX∗

B+1

)
is a Oz

(
B
N

)2
term, and have evaluated the cor-

responding principal term. Using similar calculations, we can obtain easily the expression of the

Oz

(
B
N

)2
term of E

(
1
M tr Q2∆̃

)
. In order to establish (1.123), it is necessary to evaluate theOz

(
B
N

)2
term of E

(
1
M tr Q∆̃Q∆̃Q

)
. This step needs very long calculations that are omitted.

1.4.5 Estimation of rN(ν)

The term supν |ψN (f, ν)| depends on the unknown true spectral densities (sm)m=1,...,M through
the term rN (ν) defined by (1.8). In order to be able to use Theorem 1.2 in practice, it appears
necessary to estimate rN (ν) by an accurate enough estimate r̂N (ν), and to replace ψN (f, ν) by
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ψ̂N (f, ν) defined by

ψ̂N (f, ν) =
1

M
Tr
(
f(Ĉ(ν))

)
−
∫

R+

f dµ
(cN )
MP − r̂N (ν) ϕN (f) vN 1α>2/3 (1.127)

r̂N (ν) has to be chosen in such a way that |ψ̂N (f, ν)| ≺ uN , a condition that will be verified if
|r̂N (ν) − rN (ν)| ≺ uN

vN
if α > 2

3 . A natural choice for r̂N (ν) would be to replace the true spectral
densities (sm)m=1,...,M by their frequency smoothed estimates (ŝm)m=1,...,M defined by (1.76), and
the derivatives (s′m)m=1,...,M by (ŝ′m)m=1,...,M . However, ŝ′m is not an accurate estimate of s′m so
that the corresponding estimate of rN (ν) does not satisfy |r̂N (ν)− rN (ν)| ≺ uN

vN
if α > 2

3 . If L < N
is an integer, we introduce the lag window estimator ŝm,L of sm defined by

ŝm,L(ν) =

∫ 1

0
|ξym(µ)|2wL(ν − µ)dµ =

L∑
l=−L

r̂m,l e
−2iπlν (1.128)

where wL(ν) =
∑L

l=−L e
−2iπlν is the Fourier transform of the rectangular window and r̂m,l represents

the biased estimate of the autocovariance coefficient rm,l of ym at lag l defined by

r̂m,l =
1

N

N−l∑
n=1

ym,n+ly
∗
m,n (1.129)

and r̂m,−l = r̂∗m,l for l ≥ 0. Then, the following result holds.

Proposition 1.4. Assume that L = L(N) = O(N
1

2γ0+1 ), where γ0 ≥ 3 is defined by (1.18). Then,
the estimate r̂N (ν) defined by

r̂N (ν) =

(
1

M

M∑
m=1

ŝ′m,L(ν)

ŝm,L(ν)

)2

(1.130)

satisfies

|r̂N (ν)− rN (ν)| ≺ 1

N (γ0−1)/(2γ0+1)
(1.131)

|r̂N (ν)− rN (ν)| ≺ uN
vN

if α > 2
3 (1.132)

as well as
|ψ̂N (f, ν)| ≺ uN . (1.133)

Proof. We denote by dN (ν) the N–dimensional vector defined by dN (ν) =
(1, e−2iπν , . . . , e−2iπ(N−1)ν)T . We recall that ym is theN–dimensional vector ym = (ym,1, . . . , ym,N )

T

which can be written as ym = R
1/2
m zm where Rm = E(ymy∗

m) and zm is NC(0, IN ) distributed. It
is clear that ŝm,L(ν) can be written as

ŝm,L(ν) = z∗mR
1/2
m Ω(ν)R1/2

m zm

with

Ω(ν) =
1

N

∫
dN (µ)dN (µ)

∗wL(ν − µ)dµ

while ŝ′m,L(ν) is equal to

ŝ′m,L(ν) = z∗mR
1/2
m Ω′(ν)R1/2

m zm
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with

Ω′(ν) =
−2iπ

N

∫
dN (µ)dN (µ)

∗

(
L∑

l=−L
l e−2iπl(ν−µ)

)
dµ

It is easy to check that ∥Ω′(ν)∥F = O( L
3/2

N1/2 ) and therefore that ∥R1/2
m Ω′(ν)R

1/2
m ∥F = O( L

3/2

N1/2 ). The

Hanson-Wright inequality leads immediately to |ŝ′m,L(ν)− E(ŝ′m,L(ν))| ≺
L3/2

N1/2 . Moreover, it is easy
to check that (1.18) implies that

|E(ŝ′m,L(ν))− s′m(ν)| ≤
C

Lγ0−1

where C is a nice constant. For L = L(N) in such a way that O( L
3/2

N1/2 ) =
1

Lγ0−1 , i.e. L = O(N
1

2γ0+1 ),
we obtain that

|ŝ′m,L(ν)− s′m(ν)| ≺
1

N (γ0−1)/(2γ0+1)
.

Moreover, a similar analysis leads to

|ŝm,L(ν)− sm(ν)| ≺
1

Nγ0/(2γ0+1)

from which we deduce that the estimate r̂N (ν) defined by (1.130) satisfies (1.131). It is then easily
checked that if γ0 ≥ 3, then (1.132) holds, which implies that |ψ̂N (f, ν)| ≺ uN holds.

1.5 Use of Lipschitz properties of the functions ν → ψN(f, ν) and
ν → ψ̂N(f, ν)

In this section, we establish Lipschitz properties of ν → ψN (f, ν) and ν → ψ̂N (f, ν), and deduce
that the stochastic domination properties (1.83) and (1.133) are still valid for supν∈[0,1] |ψN (f, ν)|
and supν∈[0,1] |ψ̂N (f, ν)| where ψ̂N (f, ν) is defined by (1.127, 1.130).

1.5.1 Lipschitz properties

The goal of this paragraph is to prove the following Proposition.

Proposition 1.5. Functions ν → ψN (f, ν) and ν → ψ̂N (f, ν) satisfy

sup
δ ̸=0

sup
ν∈[0,1]

∥ψN (f, ν)− ψN (f, ν + δ)∥
|δ|

≺MN3/2 (1.134)

sup
δ ̸=0

sup
ν∈[0,1]

∥ψ̂N (f, ν)− ψ̂N (f, ν + δ)∥
|δ|

≺MN3/2 (1.135)

In the following, we just establish (1.135). For this, we evaluate separately the Lipschitz con-
stants of ν → 1

M tr f(Ĉ(ν)) and of ν → r̂N (ν).

Lipschitz constant of ν → 1
M tr f(Ĉ(ν))

To show that ν → 1
M tr f(Ĉ(ν)) is MN3/2-Lipschitz with overwhelming probability, we need to

establish a number of intermediate properties.

Proposition 1.6. It holds that

sup
δ ̸=0

sup
ν∈[0,1]

∥Ŝ(ν)− Ŝ(ν + δ)∥
|δ|

≺MN3/2. (1.136)
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Proof. Let δ ∈ R and ν ∈ [0, 1]. As the random variables (ym,n)m=1,...,M,n=1,...,N are complex
Gaussian and that supm≥1 E|ym,n|2 < +∞, the family (ym,n)m=1,...,M,n=1,...,N satisfies |ym,n| ≺ 1.
Therefore, it holds that

1√
N

N∑
n=1

|ym,n| ≺
√
N. (1.137)

For the same reasons, the family ξym(ν),m = 1, . . . ,M, ν ∈ [0, 1] satisfies

|ξym(ν)| ≺ 1. (1.138)

We also claim that
sup
ν∈[0,1]

|ξym(ν)| ≺ 1. (1.139)

In order to verify (1.139), we first observe that for any n ≥ 1, we have the following control:

|e−2iπnν − e−2iπn(ν+δ)| ≤ 2| sinπnδ| ≤ 2πn|δ|.

(1.137) implies that

sup
δ ̸=0

sup
ν∈[0,1]

∣∣∣∣ξym(ν)− ξym(ν + δ)

δ

∣∣∣∣
= sup

δ ̸=0
sup
ν∈[0,1]

1√
N

∣∣∣∣∣
N∑
n=1

ym,n
e−2iπnν − e−2iπn(ν+δ)

δ

∣∣∣∣∣
≤ 2πN

1√
N

N∑
n=1

|ym,n|

≺ N3/2. (1.140)

We consider a frequency ν∗ ∈ [0, 1] (depending on m) where |ξym(ν)| is maximum, and have thus to
establish that for each ϵ > 0, there exists γ > 0 depending only on ϵ such that

P(|ξym(ν∗)| > N ϵ) ≤ exp−Nγ

for each N larger than a certain integer N0(ϵ). We introduce the discrete set

VpN =

{
k

Np
: k ∈ {0, . . . , Np − 1}

}
(1.141)

whose cardinality is |VpN | = Np. We notice that (1.138) in conjunction with the union bound implies
that supνp∈Vp

N
|ξym(νp)| ≺ 1. We denote by ν∗,p the element of VpN for which |ν∗ − νp| is minimum,

and notice that |ν∗ − ν∗,p| ≤ 1
Np . Then, we have the following inequality

P(|ξym(ν∗)| > N ϵ)

≤ P

(
|ξym(ν∗)− ξym(ν∗,p)| >

N ϵ

2

)
+ P

(
|ξym(ν∗,p)| >

N ϵ

2

)
≤ P

(
|ξym(ν∗)− ξym(ν∗,p)| >

N ϵ

2

)
+ P

(
sup
νp∈Vp

N

|ξym(νp)| >
N ϵ

2

)
. (1.142)

As supνp∈Vp
N
|ξym(νp)| ≺ 1, the second term of the right hand side of (1.142) converges exponentially

towards 0. In order to evaluate the first term of the r.h.s. of (1.142), we use (1.140), and obtain
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that

P

(
|ξym(ν∗)− ξym(ν∗,p)| >

N ϵ

2

)
≤ P

(
N

1√
N

N∑
n=1

|ym,n| ≥
π

2|ν∗ − ν∗,p|
N ϵ

)

≤ P

(
1√
N

N∑
n=1

|ym,n| ≥
π

2
Np+ϵ−1

)
.

We choose p so that p − 1 > 3/2, and use (1.137) to conclude that P
(
|ξym(ν∗)− ξym(ν∗,p)| > Nϵ

2

)
converges towards 0 exponentially. This establishes (1.139).

In order to complete the proof of Proposition 1.6, we consider an individual entry ŝij(ν) of Ŝ(ν)
for i, j ≤M , and write

|ŝij(ν)− ŝij(ν + δ)|

=
1

B + 1

∣∣∣∣∣∣
B/2∑

b=−B/2

ξi

(
ν +

b

N

)
ξj

(
ν +

b

N

)∗

− ξi

(
ν + δ +

b

N

)
ξj

(
ν + δ +

b

N

)∗∣∣∣∣
≤ 1

B + 1

B/2∑
b=−B/2

∣∣∣∣ξi(ν + b

N

)(
ξj

(
ν +

b

N

)∗
− ξj

(
ν + δ +

b

N

)∗)∣∣∣∣
+

∣∣∣∣(ξi(ν + b

N

)
− ξi

(
ν + δ +

b

N

))
ξj

(
ν + δ +

b

N

)∗∣∣∣∣ .
Using the estimations (1.139) and (1.140), we get:

sup
i,j

sup
δ ̸=0

sup
ν∈[0,1]

∣∣∣∣ ŝij(ν)− ŝij(ν + δ)

δ

∣∣∣∣ ≺ N3/2 (1.143)

and deduce (1.136) from the rough bound

sup
ν∈[0,1]

∥Ŝ(ν)− Ŝ(ν + δ)∥ ≤ sup
ν∈[0,1]

sup
i

∑
j

|ŝij(ν)− ŝij(ν + δ)|

≤M sup
ν∈[0,1]

sup
i,j

|ŝij(ν)− ŝij(ν + δ)|.

Combining the eigenvalue localisation result from Corollary 1.3 and the Lipschitz behaviour of
Ŝ from Proposition 1.6, the following statement holds.

Corollary 1.6. (ν uniform version of Corollary 1.3.) Denote for ϵ > 0:

ΛŜ
ϵ =

{
∀ν ∈ [0, 1] : σ(Ŝ(ν)) ⊂ Suppµ

(c)
MP × [s, s̄] + ϵ

}
ΛD̂
ϵ =

{
∀ν ∈ [0, 1] : σ(D̂(ν)) ⊂ [s, s̄] + ϵ

}
.

Then, ΛŜ
ϵ and ΛD̂

ϵ hold with exponentially high probability.

Proof. As the proof for ΛD̂
ϵ is strictly similar to the one of ΛŜ

ϵ , we will only write the arguments

for ΛŜ
ϵ . For any fixed ν ∈ [0, 1], Corollary 1.3 ensures that ΛŜ

ϵ (ν) holds with exponentially high
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probability. For p ≥ 1, we still consider the set VpN defined by (1.141) and denote by ΛŜ
ϵ,p the event

defined by

ΛŜ
ϵ,p =

{
∀νp ∈ VpN : σ(Ŝ(νp)) ⊂ Suppµ

(c)
MP × [s, s̄] + ϵ

}
which is ΛŜ

ϵ but where ν runs only on the finite grid VpN . It is immediate (by the union bound) that

ΛŜ
ϵ,p holds with exponentially high probability for any fixed p ∈ N. Moreover, it is clear from the

definitions of ΛŜ
ϵ and ΛŜ

ϵ,p that ΛŜ
ϵ ⊂ ΛŜ

ϵ,p. We now show the following inclusion:(
ΛŜ
ϵ

)c
⊂
(
ΛŜ
ϵ/2,p

)c
∪

{
∃ν ∈ [0, 1] : ∥Ŝ(ν)− Ŝ(ν∗p)∥ > ϵ/2 where ν∗p ∈ argmin

νp∈Vp
N

|ν − νp|

}
. (1.144)

Suppose that (ΛŜ
ϵ )
c is realized, and denote by ν∗ ∈ [0, 1] a frequency such that σ(Ŝ)(ν∗) ̸⊂

Supp
(c)
MP × [s, s̄] + ϵ. Denote also ν∗p ∈ argminνp∈Vp

N
|νp − ν∗|. We just consider the case where

λ1(Ŝ(ν
∗)) > s̄(1+

√
c)2+ ϵ, since in the case where λM (Ŝ(ν∗)) < s(1−

√
c)2− ϵ, the proof is similar.

Then, either:

1. ∥Ŝ(ν∗p)− Ŝ(ν∗)∥ ≤ ϵ/2, which implies the following estimation for the location of λ1(Ŝ(ν
∗
p)):

λ1(Ŝ(ν
∗))− ϵ

2
≤ λ1(Ŝ(ν

∗
p)) ≤ λ1(Ŝ(ν

∗)) +
ϵ

2

and in particular, λ1(Ŝ(ν
∗
p)) ≥ s̄(1 +

√
c)2 + ϵ/2. This means that

(
ΛŜ
ϵ/2,p

)c
holds.

2. ∥Ŝ(ν∗p) − Ŝ(ν∗)∥ > ϵ/2, which exactly means that{
∃ν ∈ [0, 1] : ∥Ŝ(ν)− Ŝ(ν∗p)∥ > ϵ/2 where ν∗p ∈ argminνp∈Vp

N
|ν − νp|

}
is realized

(1.144) is now proved.

We already showed that
(
ΛŜ
ϵ/2,p

)c
holds with exponentially small probability, and establish now

that the set {
∃ν ∈ [0, 1] : ∥Ŝ(ν∗p)− Ŝ(ν)∥ > ϵ/2 where ν∗p ∈ argmin

νp∈Vp
N

|ν − νp|

}
has the same property. To justify this claim, we note that Proposition 1.6 implies that for each
κ > 0, the probability

P

[{
∃ν, ν ′ ∈ [0, 1],

∥Ŝ(ν)− Ŝ(ν ′)∥
|ν − ν ′|

> NκMN3/2

}]

converges to 0 exponentially fast. As the following inclusion{
∃ν ∈ [0, 1],

∥Ŝ(ν)− Ŝ(ν∗p)∥
|ν − ν∗p |

, > NκMN3/2, where ν∗p ∈ argmin
νp∈Vp

N

|ν − νp|

}

⊂

{
∃ν, ν ′ ∈ [0, 1],

∥Ŝ(ν)− Ŝ(ν ′)∥
|ν − ν ′|

> NκMN3/2

}

holds, we get that

P
[{

∃ν ∈ [0, 1], ∥Ŝ(ν)− Ŝ(ν∗p)∥ > |ν − ν∗p |NκMN3/2
}]

→ 0
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exponentially fast. Moreover, as for each ν, |ν − ν∗p | ≤ 1
Np , we obtain that

P

[{
∃ν ∈ [0, 1], ∥Ŝ(ν)− Ŝ(ν∗p)∥ >

1

Np
NκMN3/2

}]
→ 0

exponentially fast as well. For p large enough, Nκ 1
NpMN3/2 will finally become smaller than ϵ/2.

This proves that {
∃ν ∈ [0, 1], ∥Ŝ(ν∗p)− Ŝ(ν)∥ > ϵ/2 where ν∗p ∈ argmin

νp∈Vp
N

|ν − νp|

}

holds with exponentially small probability.

The same argument can be used to control ΛD̂
ϵ . This completes the proof of Corollary 1.6.

We deduce immediately from Corollary 1.6 the following result that can be seen as a refinement
of (1.73) and of Lemma 1.3.

Corollary 1.7. It holds that

sup
ν∈[0,1]

∥D̂(ν)−1/2∥ ≺ 1, sup
ν∈[0,1]

∥Ŝ(ν)∥ ≺ 1.

A useful consequence of this is the following Corollary, which states that the Lipschitz result
holds for Ĉ(ν).

Corollary 1.8. It holds that

sup
δ ̸=0

sup
ν∈[0,1]

∥∥∥∥∥Ĉ(ν)− Ĉ(ν + δ)

δ

∥∥∥∥∥ ≺MN3/2 (1.145)

Proof. For more clarity in the following argument, denote ν1 = ν and ν2 = ν + δ. Recall that
D̂ = dgŜ. Using the definition of Ĉ from equation (1.3), we write:

Ĉ(ν2)− Ĉ(ν1) = D̂−1/2(ν2)Ŝ(ν2)D̂
−1/2(ν2)− D̂−1/2(ν1)Ŝ(ν1)D̂

−1/2(ν1)

= (D̂−1/2(ν2)− D̂−1/2(ν1))Ŝ(ν2)D̂
−1/2(ν2)

+ D̂−1/2(ν1)(Ŝ(ν2)D̂
−1/2(ν2)− Ŝ(ν1)D̂

−1/2(ν1)).

Moreover, we write

Ŝ(ν2)D̂
−1/2(ν2)− Ŝ(ν1)D̂

−1/2(ν1)

= (Ŝ(ν2)− Ŝ(ν1))D̂
−1/2(ν2) + Ŝ(ν1)(D̂

−1/2(ν2)− D̂−1/2(ν1)).

Therefore, applying the operator norm, we get by the triangle inequality:

∥Ĉ(ν2)− Ĉ(ν1)∥ ≤ ∥D̂−1/2(ν2)− D̂−1/2(ν1)∥∥Ŝ(ν2)∥∥D̂−1/2(ν2)∥
+ ∥D̂−1/2(ν1)∥∥Ŝ(ν2)− Ŝ(ν1)∥∥D̂−1/2(ν2)∥
+ ∥D̂−1/2(ν1)∥∥Ŝ(ν1)∥∥D̂−1/2(ν2)− D̂−1/2(ν1)∥

It is easy to check that

sup
δ ̸=0

sup
|ν2−ν1|=δ

∥∥∥∥∥D̂−1/2(ν2)− D̂−1/2(ν1)

δ

∥∥∥∥∥ ≺ N3/2
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holds. Therefore, Proposition 1.6 and Corollary 1.7 immediately imply (1.145).

Finally, we can write for the spectrum of Ĉ the same kind of result as in Corollary 1.6.

Corollary 1.9. For each ϵ > 0, we define ΛĈ
ϵ as the event

ΛĈ
ϵ =

{
∀ν ∈ [0, 1] : σ(Ĉ(ν)) ⊂ Suppµ

(c)
MP + ϵ

}
.

Then, ΛĈ
ϵ holds with exponentially high probability.

Proof. The proof is similar to the proof of Corollary 1.6 and is thus omitted.

We finally use the above results to prove that ν → 1
M tr f(Ĉ(ν))−

∫
f dµ

(cN )
MP isMN3/2-Lipschitz

with overwhelming probability. For this, we establish the following Proposition.

Proposition 1.7. It holds that

sup
δ ̸=0

sup
ν∈[0,1]

1

|δ|

∣∣∣∣ 1M tr f(Ĉ(ν))− 1

M
tr f(Ĉ(ν + δ))

∣∣∣∣ ≺MN3/2. (1.146)

Proof. By Corollary 1.9, the event ΛĈ
ϵ holds with exponentially high probability. Therefore, it is

sufficient to establish that

1
ΛĈ
ϵ

sup
δ ̸=0

sup
ν∈[0,1]

1

|δ|

∣∣∣∣ 1M tr f(Ĉ(ν + δ))− 1

M
tr f(Ĉ(ν))

∣∣∣∣ ≺MN3/2

We express 1
M tr f(Ĉ(ν + δ))− 1

M tr f(Ĉ(ν)) as

1

M
tr f(Ĉ(ν + δ))− 1

M
tr f(Ĉ(ν)) =

1

M

M∑
m=1

f(λm(Ĉ(ν + δ)))− f(λm(Ĉ(ν)).

As f is C∞ on a neighborhood of Supp
(c)
MP , on the set ΛĈ

ϵ , there exist some random quantities

(λ̃m)1≤m≤M between λm(Ĉ(ν)) and λm(Ĉ(ν + δ)) such that

1

M

M∑
m=1

f(λm(Ĉ(ν + δ)))− f(λm(Ĉ(ν))

=
1

M

M∑
m=1

(
λm(Ĉ(ν + δ))− λm(Ĉ(ν))

)
f ′(λ̃m).

Using the following eigenvalue inequality for Hermitian matrices:∣∣∣λm(Ĉ(ν + δ))− λm(Ĉ(ν))
∣∣∣ ≤ ∥Ĉ(ν + δ)− Ĉ(ν)∥

in conjunction with the fact that sup1≤m≤M |f ′(λ̃m| is bounded by some nice constant C on the

event ΛĈ
ϵ , we obtain that

P

[
sup
δ ̸=0

sup
ν∈[0,1]

∣∣∣∣∣ 1M
M∑
m=1

f ′(λ̃m)(λm(Ĉ(ν + δ))− λm(Ĉ(ν))

∣∣∣∣∣ > |δ|NκMN3/2, ΛĈ
ϵ

]

≤ P

[
sup
δ ̸=0

sup
ν∈[0,1]

C∥Ĉ(ν + δ)− Ĉ(ν)∥ > |δ|NκMN3/2, ΛĈ
ϵ

]
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(1.145) finally leads to (1.146).

Lipschitz constant of ν → r̂N (ν).

The function ν → r̂N (ν) satisfies the following property:

Proposition 1.8.

sup
δ ̸=0

sup
ν∈[0,1]

1

|δ|
|r̂N (ν + δ)− r̂N (ν)| ≺ N3/(2γ0+1). (1.147)

We just provide the main steps the proof, and leave the details to the reader. We first prove
that supν∈[0,1]

∑M
m=1

1
ŝm,L(ν)

≺ 1 by verifying that the event {∀ν ∈ [0, 1], ∀m = 1, . . . ,M, ŝm,L(ν) ∈
[s, s̄] + ϵ} holds with exponentially high probability. Then, we establish that ν → ŝm,L(ν) and
ν → ŝ′m,L(ν) are N

2/(2γ0+1) Lipschitz and N3/(2γ0+1) Lipschitz with overwhelming probability. This
leads immediately to (1.147).

As vN N
3/(2γ0+1) ≪MN3/2, Propositions 1.7 and 1.8 lead to (1.135). This completes the proof

of Proposition 1.5.

1.5.2 Stochastic domination of supν∈[0,1] |ψN(f, ν)| and supν∈[0,1] |ψ̂N(f, ν)|

We are now in a position to establish the main result of this chapter.

Theorem 1.3. supν∈[0,1] |ψN (f, ν)| and supν∈[0,1] |ψ̂N (f, ν)| satisfy the following stochastic domi-
nation property:

sup
ν∈[0,1]

|ψN (f, ν)| ≺ uN (1.148)

sup
ν∈[0,1]

|ψ̂N (f, ν)| ≺ uN . (1.149)

Proof. We just establish (1.149). We consider ϵ > 0 and evaluate

P

[
sup
ν∈[0,1]

∣∣∣ψ̂N (f, ν)∣∣∣ > N ϵuN

]
.

We denote by ν∗ ∈ [0, 1] an element where the supremum is achieved, and consider ν∗p the closest
element of VpN to ν∗, where we recall that VpN is defined by (1.141). Therefore, one can write:

P

[
sup
ν∈[0,1]

∣∣∣ψ̂N (f, ν)∣∣∣ > N ϵuN

]
≤P

[∣∣∣ψ̂N (f, ν∗)− ψ̂N (f, ν
∗
p))
∣∣∣ > 1

2
N ϵuN

]
+

P

[∣∣∣ψ̂N (f, ν∗p)∣∣∣ > 1

2
N ϵuN

]
.

(1.133) implies that P
[∣∣∣ψ̂N (f, ν∗p)∣∣∣ > 1

2N
ϵuN

]
converges exponentially towards 0. It thus remains

to study P
[∣∣∣ψ̂N (f, ν∗)− ψ̂N (f, ν

∗
p))
∣∣∣ > 1

2N
ϵuN

]
. For this, we of course use (1.135), Corollary 1.8,
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and write

P

[∣∣∣ψ̂N (f, ν∗)− ψ̂N (f, ν
∗
p))
∣∣∣ > 1

2
N ϵuN

]
= P

[∣∣∣∣∣ ψ̂N (f, ν∗)− ψ̂N (f, ν
∗
p))

ν∗ − ν∗p

∣∣∣∣∣ > 1

2|ν∗ − ν∗p |
N ϵuN

]

≤ P

[∣∣∣∣∣ ψ̂N (f, ν∗)− ψ̂N (f, ν
∗
p))

ν∗ − ν∗p

∣∣∣∣∣ > 1

2
NpN ϵuN

]
.

If we choose p large enough, MN3/2 satisfies MN3/2 ≪ NpuN , and

P

[∣∣∣∣ ψ̂N (f,ν∗)−ψ̂N (f,ν∗p ))

ν∗−ν∗p

∣∣∣∣ > 1
2N

pN ϵuN

]
converges towards 0 exponentially as expected. This

completes the proof of (1.149).

1.6 Numerical simulations

In this section we examine the impact of the correction quantity rN (ν)ϕN (f)vN when α > 2
3 and

see how it improves the estimation of the LSS 1
M tr f(Ĉ(ν)). More precisely, we start by examining

the behaviour of the LSS ∣∣∣∣ 1M tr f(Ĉ(ν))−
∫

R
f dµ

(cN )
MP

∣∣∣∣
that we abbreviate by LSS(f, ν), and the impact of the correction term(

1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

ϕN (f)

 1

B + 1

B/2∑
b=−B/2

(
b

N

)2
 = rN (ν)ϕN (f)vN

(
1

M

M∑
m=1

ŝ′m(ν)

ŝm(ν)

)2

ϕN (f)

 1

B + 1

B/2∑
b=−B/2

(
b

N

)2
 = r̂N (ν)ϕN (f)vN .

underH0. We recall that ϕN (f) is the deterministic term defined as the action of f on the compactly
supported distribution DN , whose Stieltjes transform is:

pN (z) = − cN (ztN (z)t̃N (z))
3

1− cN (ztN (z)t̃N (z))2
.

Motivated by [64], we consider f(λ) = (λ − 1)2 where it can be verified with a bit of algebra and
residue calculus that ∫

R
f(λ) dµ

(cN )
MP (λ) = cN .

and ϕN (f) = cN . Take yn generated by the following simple model:

yn+1 = Ayn + ϵn (1.150)

where (ϵn)n∈Z is an independent sequence of NC(0, IM ) distributed random vectors, and where A
is the diagonal matrix defined by A = θ IM for θ ∈ C such that |θ| < 1. Under (1.150), each time
series is independent AR(1) processes. In Figure 1.1 is represented on the left the values of the
LSS associated to f(λ) = (λ − 1)2 for each ν ∈ (0, 1) when (N,B,M,L) = (10119, 1600, 800, 21)
(so α = 0.8 and c = 1/2) and θ = 0.4, where we recall that L represent the lag window size in



115

0.4 0.2 0.0 0.2 0.4

0.00

0.01

0.02

0.03

0.04 LSS(f, )
rN( )vN N(f)
rN( )vN N(f)

0.4 0.2 0.0 0.2 0.4

0.01

0.00

0.01

0.02

0.03
LSS(f, )

N(f, )
N(f, )

Figure 1.1: Linear Spectral Statistics vs the correction term. f(λ) = (λ − 1)2, (N,B,M,L) =
(10119, 1600, 800, 21), and θ = 0.4.

the estimation of r̂N (ν). We see that the correction term captures the majority of the deviation of
the LSS from zero. Moreover, the correction where the spectral densities sm and s′m are estimated
still provide a good approximation of the O(BN )2 term. On the right side is represented the LSS

against ψN (f, ν) and ψ̂N (f, ν). We again observe that the majority of the deviation from zero of
the LSS is corrected by the O(BN )2 terms. Around ν = ±0.1, the corrections’ precision seems to
have degraded. This can be understood since ν = ±0.1 corresponds to peaks in s′m, which leads to
greater estimation errors for ŝ′m at this frequency than for the other ones.

We now recall that we proved in Theorem 1.3 that

sup
ν∈[0,1]

∣∣∣∣ 1M tr f(Ĉ(ν))−
∫

R
f dµ

(cN )
MP

∣∣∣∣ = O
(

1

B

)
11/2≤α≤2/3 +O

(
B

N

)2

1α≥2/3

and that the right hand-side is minimal when the rates 1
B and

(
B
N

)2
coincides, ie. when α = 2

3 . In
order to support these statements, we represent in Figure 1.2 the value of

sup
ν∈[0,1]

∣∣∣∣∣ 1
M tr f(Ĉ(ν))−

∫
f dµmp,c∫

f dµmp,c

∣∣∣∣∣
which is the relative error between 1

M tr f(Ĉ(ν)) and its corresponding asymptotic limit as a function
of α ∈ (0.5, 0.9) for different values of N , and averaged (using the square root of the mean squared
error) over 102 realizations. The corresponding values of M and B are computed as B = Nα,
M = B× c and taking the floor function. These numerical results tend to confirm the fact that the
error between the considered statistic and its asymptotic deterministic approximation tends to be
dominated by two different phenomena depending on whether M ≪ O(N2/3) or M ≫ O(N2/3). In
the first case, the main contribution to the error corresponds to the 1

B terms arising from multiple

terms in the decomposition of 1
M tr f(Ĉ(ν)) while in the second case, the deterministic error term(

1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

ϕN (f)

 1

B + 1

B/2∑
b=−B/2

(
b

N

)2


of order O(BN )2 is dominant. We also observe that the optimum choice of α appears to be close to
2
3 (which corresponds to the case where the two error rates coincide) even for relatively small values
of N,M and B.

In Figure 1.3, we represent the same quantities for fixed (N,M,B) but for various values of ν.
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Figure 1.2: Evolution of the error of 1
M tr f(Ĉ(ν)) with respect to the Marcenko-Pastur limit

(c = 0.5) as a function of α for ν = 0.1, averaged over 100 realizations of the statistic. Small values
of N on the left and larger values of N on the right.
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Figure 1.3: Evolution of the error of 1
M tr f(Ĉ(ν)) with respect to the Marcenko-Pastur limit

(c = 0.5) as a function of α averaged over 100 realizations of the statistic. N = 1000 on the left
and N = 10000 on the right.

We notice that the behaviour for ν = 0 is different than for ν = 0.1, 0.2, as the transition seems to
appear near α = 3

4 instead of α = 2
3 . This can be understood by recalling that

• in our context, s′m is null for ν = 0 but not for ν = 0.1 and ν = 0.2

• the O(BN )2 correction term is proportional to s′m(ν),

Therefore, in the case ν = 0, the O(BN )2 correction term is exactly equal to 0, and as a consequence,

we should directly obtain the convergence of 1
M tr f(Ĉ(ν)) towards

∫
f dµmp,cN at the stronger rate

√
B
N if α ∈ (23 ,

4
5) and (BN )3 if α ∈ (45 , 1). However, our theoretical results would also implies that

the transition would happen for α = 4
5 instead of the observed 3

4 in Figure 1.3. Since α = 3
4 is the

minimum rate achieved by 1
B + (BN )3, we conjecture that for ν = 0, the error term proportional to

√
B
N in fact vanishes so that it remains only:

1

M
tr f(Ĉ(ν))−

∫
f dµmp,cN = O≺

(
1

B
+

(
B

N

)3
)

for ν = 0.

We now present another way to check that the derived speed of convergence towards zero in
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Figure 1.4: supν∈VN

∣∣∣ 1
M tr f(Ĉ(ν))−

∫
f dµ

(cN )
MP

∣∣∣ against supν∈VN
ψN (f, ν) and supν∈VN

ψ̂N (f, ν) as

functions of M . On the right the quantities are rescaled by (NB )2. α = 0.8, c = 1/2, θ = 0.4

Theorem 1.3 hold true:

sup
ν∈[0,1]

∣∣∣∣ 1M tr f(Ĉ(ν))−
∫

R
f dµ

(cN )
MP

∣∣∣∣ = O
(

1

B

)
11/2≤α≤2/3 +O

(
B

N

)2

1α≥2/3

sup
ν∈[0,1]

|ψ(f, ν)| = O(uN ).

In the following we take c = M
B+1 = 1

2 and α = 4/5. In this case we recall that uN = O(BN )3. On the
left of Figure 1.4 is represented forM ∈ {20, 30, . . . , 1500} the value of supν∈[0,1] |LSS(f, ν)| against
supν∈[0,1] |ψ(f, ν)| and supν∈[0,1] |ψ̂(f, ν)|. On the right of Figure 1.4 we rescale all quantities by

(NB )2 and observe, in accordance with Theorem 1.2 that LSS(f, ν) remains O(1) while the corrected

quantities are o(1). Finally, in Figure 1.5 are represented supν∈[0,1] |ψ(f, ν)| and supν∈[0,1] |ψ̂(f, ν)|
rescaled by (NB )3, and observe that these quantities are now O(1), again in accordance with Theorem
1.2.

In Figure 1.6 is represented 20000 realisations of the LSS supν∈VN

∣∣∣ 1
M tr f(Ĉ(ν))−

∫
f dµ

(cN )
MP

∣∣∣
against its improved estimations supν∈VN

|ψN (f, ν)| and supν∈VN
|ψ̂N (f, ν)|. We see that the oracle

corrected statistics ψ(f, ν) is more concentrated around 0, and that its estimated counterpart ψ̂(f, ν)
is close to ψ(f, ν) but exhibits more spread due to the additional estimation step of ŝm(ν).

Overall, we have seen in this section of numerical simulation that the behaviour of 1
M tr f(Ĉ(ν))

is appropriately described by the statement of Theorem 1.3. The approximation of 1
M tr f(Ĉ(ν)) by

its Marcenko-Pastur equivalent holds for moderate values of N,M and B since the approximation
error is of order O( 1

B ) = O( 1
Nα ) for α ∈ (12 ,

2
3) which is a quite fast rate, and otherwise of order

O(BN )2 = O( 1
N2(1−α) ) which is also a fast rate while α is not close to 1. Typically, we saw in Figure

1.2 and Figure 1.3 that for (N,α, c) = (500, 12 ,
1
2) (so (B,M) = (22, 11)) is enough to observe a good

fit between 1
M tr f(Ĉ(ν)) and

∫
f dµmp,cN as the relative error is about 10%. However, in order to

observe in practice the improvement expected by considering the O(BN )2 correction term, N,M and
B have to be chosen much larger. This can be explained by considering the ratio of the rates in the
case of the corrected statistics versus the non-corrected statistics. It is at best equal to

sup
α∈( 2

3
,1)

√
B
N +

(
B
N

)3(
B
N

)2 =
1

N
1
5

which grows very slowly with N . This is why in the simulation in Figure 1.4 it was necessary to
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Figure 1.5: supν∈VN
ψN (f, ν) and supν∈VN

ψ̂N (f, ν) rescaled by (NB )3 as functions of M . α = 0.8,
c = 1/2, θ = 0.4.
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Figure 1.6: supν∈VN
| 1
M tr f(Ĉ(ν))−

∫
f dµ

(cN )
MP | against supν∈VN

|ψN (f, ν)| and supν∈VN
|ψ̂N (f, ν)|.

(N,B,M,L) = (4254, 800, 400, 16), θ = 0.4.
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increase M to approximately M = 200 when (α, c) = (0.8, 0.5) (so (N,B) = (1788, 400)) to observe
a noticeable improvement in the estimation error of 1

M tr f(Ĉ(ν)).
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Appendix

1.A Proof of Lemma 1.12

Lemma 1.12 is a slight variation of Theorem 4.3.2 [13].

Lemma 1.12. For any ν1 and ν2 in [0, 1], such that there exists k ∈ {0, 1, . . . , N − 1} satisfying
ν2 − ν1 = k/N , the following bound holds:

sup
m≥1

|E [ξym(ν1)ξym(ν2)
∗]− sm(ν1)δν1=ν2 | = O

(
1

N

)
. (1.151)

Proof.

E [ξym(ν1)ξym(ν2)
∗]

=
1

N

N∑
n1,n2=1

E[ym,n1y
∗
m,n2

]e−2iπ(n1−1)ν1e2iπ(n2−1)ν2

=
1

N

N∑
n1,n2=1

rm,n1−n2e
−2iπ(n1−1)ν1+2iπ(n2−1)ν2

=
1

N

(N−1)∑
u=−(N−1),n1,n2∈0,...,N−1

rm,u
∑

n1−n2=u

e−2iπn1ν1+2iπn2ν2

Splitting this expression for u = 0, u > 0 and u < 0 provides

E[ξym(ν1)ξym(ν2)
∗] =

1

N
rm,0

N−1∑
n1=0

e−2iπn1(ν2−ν1)

+
1

N

(N−1)∑
u=1

rm,u

N−1−u∑
n2=0

e−2iπ(u+n2)ν1e2iπn2ν2

+
1

N

−1∑
u=−(N−1)

rm,u

N−1∑
n2=−u

e−2iπ(u+n2)ν1e2iπn2ν2 . (1.152)

The first term of the right hand side of (1.152) can be computed in the case ν1 = ν2:

1

N
rm,0

N−1∑
n1=0

e−2iπn1(ν2−ν1) = rm,0
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and in the case ν1 ̸= ν2,

1

N
rm,0

N−1∑
n1=0

e−2iπn1
k
N = 0.

Therefore, the first term of the right hand side of (1.152) is equal to rm,0δν1=ν2 .

Consider now the second term of (1.152) (where u > 0):

1

N

N−1∑
u=1

rm,u

N−1−u∑
n2=0

e−2iπ(u+n2)ν1e2iπn2ν2

=
1

N

N−1∑
u=1

rm,ue
−2iπuν1

N−1−u∑
n2=0

e−2iπn2(ν2−ν1). (1.153)

The right hand side of (1.153) can also be explicitly written in the case ν1 = ν2 :

1

N

N−1∑
u=1

rm,ue
−2iπuν1

N−1−u∑
n2=0

e−2iπn2(ν2−ν1)

=
1

N

N−1∑
u=1

rm,ue
−2iπuν1(N − u)

=

N−1∑
u=1

rm,ue
−2iπuν1N − u

N

=

N−1∑
u=1

rm,ue
−2iπuν1 − 1

N

N−1∑
u=1

u rm,ue
2iπuν1 .

By Assumption 1.4, supm≥1

∑
u∈Z |u||rm,u| < +∞, so we have:

sup
m≥1

1

N

∣∣∣∣∣
N−1∑
u=1

u rm,ue
2iπuν1

∣∣∣∣∣ = O
(

1

N

)
.

Therefore:

sup
m≥1

∣∣∣∣∣ 1N
N−1∑
u=1

rm,ue
−2iπuν1

N−1−u∑
n2=0

e−2iπn2(ν2−ν1) −
N−1∑
u=1

rm,ue
−2iπuν1

∣∣∣∣∣ = O
(

1

N

)
. (1.154)

In the case where ν1 ̸= ν2, note that ν1 − ν2 = k/N with k ̸= 0, therefore:

N−1∑
n2=0

e−2iπn2(ν2−ν1) =

N−1∑
n2=0

e−2iπn2
k
N = 0. (1.155)
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Using (1.155), one can rewrite the right hand side of (1.153) as∣∣∣∣∣ 1N
N−1∑
u=1

rm,ue
−2iπuν1

N−1−u∑
n2=0

e−2iπn2(ν2−ν1)

∣∣∣∣∣
=

∣∣∣∣∣∣− 1

N

N−1∑
u=1

rm,ue
−2iπuν1

N∑
n2=N−u

e−2iπn2(ν2−ν1)

∣∣∣∣∣∣
≤ 1

N

N−1∑
u=1

|u||rm,u|

which, again by Assumption 1.4, provides the bound:

sup
m≥1

∣∣∣∣∣ 1N
N−1∑
u=1

rm,ue
−2iπuν1

N−1−u∑
n2=0

e−2iπn2(ν2−ν1)

∣∣∣∣∣ = O
(

1

N

)
. (1.156)

Combining (1.154) and (1.156), the second term of the right hand side of (1.152) can be estimated
as follow:

sup
m≥1

∣∣∣∣∣∣ 1N
(N−1)∑
u=1

rm,ue
−2iπuν1

N−1−u∑
n2=0

e−2iπn2(ν2−ν1) − δν1=ν2

N−1∑
u=1

rm,ue
−2iπuν1

∣∣∣∣∣∣
= O

(
1

N

)
.

The term for u < 0 in equation (1.152) is similar. Gathering the three terms of equation (1.152)
leads to

sup
m≥1

∣∣∣∣∣∣E[ξym(ν1)ξym(ν2)∗]− δν1=ν2

 N−1∑
u=−(N−1)

rm,ue
−2iπuν1

∣∣∣∣∣∣ = O
(

1

N

)
. (1.157)

Finally, using again Assumption 1.4 we have:∣∣∣∣∣∣
∑

|u|>N

rm(u)e
−2iπuν1

∣∣∣∣∣∣ ≤ 1

N

∑
|u|>N

|u||rm(u)| = O
(

1

N

)
.

Inserting this into equation (1.157), we obtain equation (1.151)

1.B Proof of Lemma 1.3

Proof. Consider the complement of the event ΛD̂
ϵ (ν) and notice that:

ΛD̂
ϵ (ν)

c ⊂ {∃m ∈ {1, . . . ,M} : ŝm > s̄+ ϵ} ∪ {∃m ∈ {1, . . . ,M} : ŝm < s− ϵ}. (1.158)

We start by proving that the first set of the right hand side of (1.158) holds with exponentially
small probability, ie. for any ϵ > 0, there exist γ > 0 such that:

P [∃m ∈ {1, . . . ,M} : ŝm > s̄+ ϵ] ≤ exp−Nγ .

By Lemma 1.13 (see below), |Eŝm− sm| = O(B2/N2) so for N large enough, this bias term will
be smaller than ϵ/2. Moreover, for any m ∈ {1, . . . ,M}, sm − s̄ ≤ 0. Therefore, one can write for
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large enough N :

P [∃m ∈ {1, . . . ,M} : ŝm > s̄+ ϵ]

= P

[
sup

m∈{1,...,M}
(ŝm − Eŝm + Eŝm − sm + sm − s̄) > ϵ

]

≤ P

[
sup

m∈{1,...,M}
|ŝm − Eŝm| > ϵ/2

]

which holds with exponentially high probability by Lemma 1.14 (see below). The proof for the
lower bound is similar.

It remains to prove Lemma 1.13 and Lemma 1.14. Concerning the proof of Lemma 1.13, we
follow the same approach as the one used in Theorem 5.4.2 in [13].

Lemma 1.13. For any ν ∈ [0, 1], the following results hold:

E(ŝm(ν))− sm(ν) =
s′′m(ν)

2
vN +O

((
B

N

)3

+
1

N

)
(1.159)

and

sup
m=1,...,M

|Eŝm(ν)− sm(ν)| = O
(
B

N

)2

. (1.160)

Proof. It is clear that ŝm(ν) = Ŝm,m(ν) = sm(ν)C̃m,m(ν) can be written as

ŝm(ν) = sm(ν)
xm(I+Φm)x

∗
m

B + 1
. (1.161)

Therefore, E(ŝm(ν)) = sm(ν)(1+
1

B+1tr Φm). (1.159) thus follows immediately from (1.54). (1.160)
is an immediate consequence of (1.159).

Lemma 1.14. The family of random variables supm=1,...,M |ŝm(ν)− E[ŝm(ν)]|, ν ∈ [0, 1] satisfies

sup
m=1,...,M

|ŝm − E[ŝm]| ≺
1√
B
. (1.162)

Proof. (1.161) implies that ŝm − E[ŝm] can be written as ŝm − E[ŝm] =

sm

(
xm(I+Φm)x∗m

B+1 − 1
B+1Tr(I+Φm)

)
. It is clear that supm ∥ (I+Φm)

B+1 ∥F ≤ C
B for some nice

constant C. Therefore, (1.162) leads immediately to (1.41) .

1.C Proof of Lemma 1.5

Proof. These estimates can be proved in a compact way by using the calculus rules available in
the stochastic domination framework introduced in Definition 1.1 and proved in Lemma 1.1. Using
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Lemma 1.4 and Lemma 1.15 (see below):∣∣∣∣ 1√
ŝm

− 1
√
sm

∣∣∣∣ = ∣∣∣∣√sm −
√
ŝm√

sm
√
ŝm

∣∣∣∣
≤
∣∣∣√sm −

√
ŝm

∣∣∣︸ ︷︷ ︸
O≺( 1√

B
+B2

N2 )

×
∣∣∣∣√ 1

sm

∣∣∣∣︸ ︷︷ ︸
O≺(1)

×
∣∣∣∣√ 1

ŝm

∣∣∣∣︸ ︷︷ ︸
O≺(1)

≺ 1√
B

+
B2

N2
.

The second inequality is similar to prove:∣∣∣∣√sm
ŝm

− 1

∣∣∣∣ = ∣∣∣∣√sm −
√
ŝm√

ŝm

∣∣∣∣
≤ |sm − ŝm|︸ ︷︷ ︸

O≺( 1√
B
+B2

N2 )

×
∣∣∣∣ 1

ŝm(
√
sm + ŝm)

∣∣∣∣︸ ︷︷ ︸
O≺(1)

≺ 1√
B

+
B2

N2
.

Lemma 1.15. The family of random variables (supm=1,...,M |ŝm(ν)− sm(ν)|), ν ∈ [0, 1] satisfies

sup
m=1,...,M

|ŝm − sm| ≺
1√
B

+
B2

N2
.

Proof. It is sufficient to check that the family of random variables (|ŝm − sm|)m=1,...,M , ν ∈ [0, 1]

satisfies |ŝm − sm| ≺ 1√
B
+ B2

N2 . Using Lemma 1.13 and Lemma 1.14, we obtain as expected that

|ŝm − sm| = |sm − Eŝm + Eŝm − ŝm| ≤ |sm − Eŝm|︸ ︷︷ ︸
O(B2

N2 )

+ |Eŝm − ŝm|︸ ︷︷ ︸
O≺( 1√

B
)

≺ 1√
B

+
B2

N2
.

1.D Proof of Lemma 1.16

Lemma 1.16. The set of random variable (
∑M

m=1 |ŝm(ν)− sm(ν)|2), ν ∈ [0, 1] satisfies

M∑
m=1

|ŝm − sm|2 ≺ 1 +
B5

N4
.

Proof. Using Lemma 1.15, we have

|ŝm − sm|2 ≺
1

B
+
B4

N4
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and summing over m = 1 . . .M , one immediately get:

M∑
m=1

|ŝm − sm|2 ≺ 1 +
B5

N4
.

1.E Proof of Lemma 1.10

We express ∆̃ as ∆̃ = XΓ∗

B+1 + ΓX∗

B+1 + ΓΓ∗

B+1 . Therefore, we have

∥∆̃∥k ≤ C

(∥∥∥∥ X√
B + 1

∥∥∥∥k ∥∥∥∥ Γ√
B + 1

∥∥∥∥k + ∥∥∥∥ ΓΓ∗

B + 1

∥∥∥∥k
)
.

Using the Schwartz inequality, we obtain that

E∥∆̃∥k ≤ C

(E

∥∥∥∥ XX∗

B + 1

∥∥∥∥k
)1/2(

E

∥∥∥∥ ΓΓ∗

B + 1

∥∥∥∥k
)1/2

+ E

∥∥∥∥ ΓΓ∗

B + 1

∥∥∥∥k
 .

It is well-known that E

(∥∥∥XX∗

B+1

∥∥∥k) ≤ C for some nice constant depending on k. Therefore, we

establish that

E

∥∥∥∥ ΓΓ∗

B + 1

∥∥∥∥k ≤ C

(
B

N

)2k

a property which will imply that E∥∆̃∥k ≤ C
(
B
N

)k
. For this, we put Z = ΓΓ∗

B+1 . As (1.62) holds,

it remains to verify that E(∥Z− E(Z)∥k) = O
(
B
N

)2k
. For this, we use the concentration inequality

(1.68). We choose tN = w1/k(BN )2, and obtain that

P

[
∥Z− E(Z)∥

(BN )2
> w1/k

]
≤ 2C0 exp−CB(w1/k − w

1/k
0 ) (1.163)

for some w0 > 0. If we denote by zN the random variable zN =

(
∥Z−E(Z)∥

(B
N
)2

)k
, we have to establish

that E(zN ) = O(1). For this, we express E(zN ) as

E(zN ) =
∫ +∞

0
P(zN > w) dw =

∫ w0

0
P(zN > w)dw +

∫ +∞

w0

P(zN > w) dw.

As P(zN > w) = P(z1/kN > w1/k), (1.163) immediately implies that E(zN ) = O(1).

1.F Proof of Lemma 1.11

We denote by ηm the term of interest, i.e. ηm = E(wmAW
∗Qem). It can be written as

ηm =
∑
n1

∑
n2,m′

E(Wm,n2Wm′,n1Qm′,m)An2,n1

 .
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The integration by parts formula (1.32) leads to

E(Wm,n2Wm′,n1Qm′,m) =

δm−m′δn1−n2

1

B + 1
E(Qm,m)−

1

B + 1
E
[
Wm′,n1(QW)m′,n2Qm,m

]
.

Therefore, we obtain that∑
n2,m′

E(Wm,n2Wm′,n1Qm′,m)An2,n1

=
1

B + 1
E(Qm,m)An1,n1 −

1

B + 1
E [(W∗QWA)n1,n1Qm,m]

and that

ηm = E[Qm,m]
1

B + 1
tr A− E

[(
1

B + 1
tr W∗QWA

)
Qm,m

]
= β

1

B + 1
tr A− β E

(
1

B + 1
tr W∗QWA

)
− E

[(
1

B + 1
tr W∗QWA

)◦
Q◦
m,m

]
. (1.164)

In order to evaluate E
(

1
B+1tr W

∗QWA
)
, we note that

E

(
1

M
tr W∗QWA

)
=

1

M

M∑
m=1

ηm = β
1

B + 1
tr A− β cE

(
1

M
tr W∗QWA

)
−

E

[(
1

B + 1
tr W∗QWA

)◦ 1

M
tr Q◦

]
from which we deduce that

E

(
1

M
tr W∗QWA

)
=

β

1 + βc

1

B + 1
tr A

− 1

1 + βc
E

[(
1

B + 1
tr W∗QWA

)◦ 1

M
tr Q◦

]
.

Plugging this relation into (1.164) leads immediately to (1.126).
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Chapter 2

Approach based on large random
matrix models with independent rows

2.1 Introduction

In Chapter 1, to estimate 1
M tr f(Ĉ(ν))−

∫
f dµmp,cN , we used the following decomposition:(

1

M
tr f(Ĉ(ν))− 1

M
tr f(C̃(ν))

)
+

(
1

M
tr f(C̃(ν))− E

1

M
tr f(C̃(ν))

)
+

(
E

1

M
tr f(C̃(ν))− E

1

M
tr f

(
X(ν)X(ν)∗

B + 1

))
+

(
E

1

M
tr f

(
X(ν)X(ν)∗

B + 1

)
−
∫
f dµmp,cN

)
where for each ν, X(ν) is an M × (B+1) matrix with iid NC(0, 1) entries. The goal of this chapter
is to provide an alternative approach for the study of E 1

M tr f(C̃(ν))−
∫
f dµmp,cN , which will turn

out to provide more easily the O(BN )2 correction terms than with the method developed in Chapter

1. More precisely, we will show that the quantity of interest E 1
M tr f(C̃(ν)) can be approximated

by a deterministic quantity
∫
f dµT̃(ν) which satisfies, under the assumption of independence of the

M time series,∫
f dµT̃(ν) −

∫
f dµmp,cN = − < D̃N , f > r̃N (ν)vN

+ < DN , f > rN (ν)vN +O
(
B

N

)3

(2.1)

where O(·) is uniform in ν ∈ [0, 1], and where < D̃N , f >, < DN , f >, r̃N (ν), rN (ν), vN and cN are
defined as in Chapter 1. Moreover, using Proposition 3 from [48], it will be possible to prove that

µT̃(ν) satisfies
1

M
tr Ef(C̃(ν))−

∫
f dµT̃(ν) = O

(
1

B2

)
(2.2)

uniformly over ν ∈ [0, 1]. To obtain (2.2), we show that µT̃(ν) is defined as the spectral measure
associated with the Stieltjes transform 1

M tr T̃(ν, z), with T̃(ν, z) defined as the solution of the

129
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following coupled system of equations
T̃(ν, z) = dg

(
−1

z(1+δm(ν,z))
,m = 1, . . . ,M

)
T(ν, z) =

(
−zIB+1 − 1

M

∑M
m=1 czT̃mm(ν, z)ΘN,m(ν)

)−1

where

δm(ν, z) =
1

B + 1
tr ΘN,m(ν)T(ν, z)

and ΘN,m(ν) are the deterministic sequence of matrices defined by

(ΘN,m)bb′(ν) = E

[
ξm
(
ν − b

2N

)√
sm(ν)

ξm
(
ν − b′

2N

)√
sm(ν)

]
. (2.3)

To show (2.1), we use the fact that under the joint independence assumption of the M time
series, the matrices ΘN,m(ν) are all close to IB+1 as N → +∞. This allows to extract the dominant

terms from the expression of
∫
f dµT̃(ν) −

∫
f dµmp,cN .

2.1.1 Comparison with [60]

This work can be compared with [60] since they share similarities in their goals and the tools used.
Concerning the goals, both are motivated by the test of independence of multidimensional time
series. The approach proposed by the authors in [60] relies on the lag domain. They consider the
column vector gathering L consecutive observations of the m–th time series, namely

yLm,n = [ym,n, . . . , ym,n+L−1]
T

and from this built an ML–dimensional column vector

yLn =
[
(yL1,n)

T , . . . ,
(
yLM,n

)T ]T
.

Denoting by RL the ML × ML spatio-temporal covariance matrix of this random vector, i.e.
RL = E[yLN (y

L
N )

∗], the M Gaussian time series are independent if and only if RL is block-diagnoal,
or equivalently if Rcorr,L = IML where

Rcorr,L = B−1/2
L RLB−1/2

L

with
BL = Bdiag(RL).

To test if Rcorr,L is equal to IML, the authors from [60] studied the behaviour of LSS of R̂corr,L, an
estimator of Rcorr,L defined by

R̂corr,L = B̂−1/2
L R̂LB̂−1/2

L , R̂L =
1

N

N∑
n=1

yLn (y
L
n )

∗.

The authors considered the setting where ML
N := cN

N→+∞−−−−−→ c ∈ (0,+∞), the M–time series are
jointly independent, and they satisfy the following short memory assumption:

there exists a constant γ0 > 0 such that sup
m≥1

∑
k∈Z

(1 + |k|)γ0 |rm(k)| < +∞
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where (rm(k))k∈Z is the autocovariance sequence associated with the m–th component of the time
series y. Denote (λ̂m)m∈[ML] the eigenvalues of R̂L and

µ̂N (I) =
1

ML

ML∑
m=1

1(λ̂m ∈ I).

The authors then followed the same approach as in this chapter, and showed that the spectral
measure µ̂N can be approximated by a deterministic measure µN , which allows to prove the following
approximation:∫

ϕ(λ) dµ̂N (λ)−
∫
ϕ(λ) dµmp,cN (λ) ≺

1

Lγ0
+

1

M
+

1

M
√
L

+
1

M2
+

1

L2

where ϕ is a suitable function and dµ̂N is the empirical eigenvalue distribution associated with
R̂corr,L.

We now compare this result (concerning the behaviour of the eigenvalues of the lag autoco-
variance matrix) with the one developed in this chapter (about the behaviour of the eigenvalues
of the spectral coherency matrix). First, we consider only the case where γ0 ≥ 2 since this is the
assumption made in Chapter 1. In this case, the result from [60] can be simplified:∫

ϕ(λ) dµ̂N (λ)−
∫
ϕ(λ) dµmp,cN (λ) ≺

1

M
+

1

L2
.

Moreover, we see that the parameter 1
L plays the role of the quantity B

N in this work. Indeed, if we
denote α < 1 such thatM = O(Nα), we see that the condition ML

N −→ c implies that 1
L = O(N1−α).

In this chapter, M and B are both O(Nα), so B
N = O(N1−α). Since we show that∫

ϕ(λ) dµ̂N,ν(λ)−
∫
ϕ(λ) dµmp,cN (λ) ≺

1

M
+

(
B

N

)2

one can see that up to the identification 1
L ↔ B

N , the eigenvalues of R̂L and Ĉ(ν) converges towards
the Marcenko-Pastur distribution at the same rate. However, in this chapter we could obtain the

explicit expression of the second order term (which is O
(
B
N

)2
), while it has not been done in [60].

2.1.2 Notations

In the rest of the chapter we will often use the simpler notation Θm instead of Θm,N (ν) (it will
be clear from the context that the values of N and ν have been fixed). Moreover, note that
C̃(ν) can be written as the empirical covariance matrix of the normalized Fourier transform matrix

dg(S(ν))−
1
2Σ(ν):

C̃(ν) =
(
dg(S(ν))−

1
2Σ(ν)

)(
dg(S(ν))−

1
2Σ(ν)

)∗
where

dg (S(ν))−
1
2 Σ(ν) =

1√
B + 1


ζ1(ν− B

2N )√
s1(ν)

. . .
ζ1(ν+ B

2N )√
s1(ν)

...
...

ζM(ν− B
2N )√

sM (ν)
. . .

ζM(ν+ B
2N )√

sM (ν)

 .
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We define Q̃(ν, z) (respectively Q(ν, z)) as the resolvent (respectively co-resolvent) of C̃(ν):

Q̃(ν, z) =
(
dg (S(ν))−

1
2 Σ(ν)Σ(ν)∗dg (S(ν))−

1
2 − zIM

)−1

Q(ν, z) =
(
Σ(ν)∗dg (S(ν))−1Σ(ν)− zIB+1

)−1
.

The spectral radius of a matrix M is denoted ρ(M), and is defined by:

ρ(M) = max{|λi|, λi eigenvalue of M}.

while the l1 norm of M is defined by ∥M∥1 = supk∈[M ]

∑
l∈[M ] |Mkl|. The spectral norm is denoted

∥M∥ :=
√
λ1(MM∗) where λ1(MM∗) is the largest eigenvalue ofMM∗. We also recall the resolvent

identity: if Q = (XX∗ − zI), then

I+ zQ = QXX∗ = XX∗Q.

Finally we denote [M ] = {1, . . . ,M}.

2.1.3 Some results on the Stieltjes transform

As the Stieltjes transform will be a central tool in this chapter, we recall some basic useful facts.
We begin with

Definition 2.1. Let µ be a finite positive measure carried by R+. The Stieltjes transform of µ is
the function s defined for z ∈ C \ R+ by

s(z) =

∫
R+

dµ(λ)

λ− z
.

In the following, the class of Stieltjes transform of finite positive measures carried by R+ is denoted
S(R+).

We now state some properties of the elements of S(R+).

Lemma 2.1. Let s ∈ S(R+) and µ its associated measure. Then we have the following results:

1. s is analytic on C+,

2. Ims(z) > 0 if Imz > 0, and Ims(z) < 0 if Imz < 0,

3. Im(zs(z)) > 0 if Imz > 0, and Im(zs(z)) < 0 if Imz < 0,

4. |s(z)| ≤ µ(R+)
d(z,R+) , where d(z,R+) is the euclidean distance from z to R+,

5. µ(R+) = limy→+∞−iys(iy).

Proof. All the stated properties are standard materials, see e.g. Appendix of [53].

Conversely, we have the following lemma.

Lemma 2.2. Let f be an analytic function over C+ such that f(z) ∈ C+ and zf(z) ∈ C+ if z ∈ C+.
If limy→+∞−iyf(iy) = 1, then f is the Stieltjes transform of a probability measure µ carried by
R+, and f is given by

f(z) =

∫
R+

µ(dλ)

λ− z
.

Moreover, f has an analytic continuation on C \ R+.
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Proof. See Appendix of [53].

In this chapter, we will need to extend the concept of Stietljes transform to matrix-valued
functions, as it was done in [35] for instance. Therefore, we recall here Proposition 2.2 from [35].

Lemma 2.3. Let F be an N ×N matrix-valued function over C+ such that

1. the function F is analytic,

2. the matrices ImF (z) and ImzF (z) satisfy

ImF (z) ≥ 0 and Im(zF (z)) ≥ 0 for z ∈ C+,

3. For any ϵ > 0, supy≥ϵ ∥iyF (iy)∥ < +∞.

Then there exists a positive N ×N matrix-valued measure µ carried over R+ such that

F (z) =

∫
µ(dλ)

λ− z
.

Moreover, the total mass of the measure µ is equal to

µ(R+) = − lim
y→+∞

iyF (iy).

Proof. See Appendix A of [35].

The most important Stieltjes transform in this chapter will be denoted t̃N and represents the
Stieltjes transform of the Marcenko-Pastur distribution. For a parameter cN > 0, t̃N is defined as
the solution in the set of Stieltjes transforms of

zcN t̃
2
N (z) + (z + cN − 1)t̃N (z) + 1 = 0.

From this equation, it is clear that t̃N satisfies the following useful relation:

t̃N (z) =
1

−z + 1
1+cN t̃N (z)

. (2.4)

Finally, we define tN (z) as:

tN (z) = cN t̃N (z)−
1− cN
z

so that (t̃N (z), tN (z)) can be written as the solution in the set of the Stieltjes transform of the
following coupled equations:

t̃N (z) =
−1

z(1 + tN (z))
, tN (z) =

−1

z(1 + cN t̃N (z))
.

Note that we do not use the more traditional notation z 7→ t̃N (z) since we will show later that
T̃ ≈ t̃NIM . In the rest of the chapter, we will also use the notation t̃N and tN instead of t̃N and
tN . We end this section with a useful preliminary result.

2.2 Statement of the results

Throughout this chapter we rely on the same assumptions as those from Chapter 1. Proposition 2.1
states that the expectation of the resolvent of C̃(ν) written EQ̃(ν, z) and the expectation of the co-
resolvent of C̃(ν) denoted EQ(ν, z) are asymptotically close to deterministic quantities. Before that,
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we need to introduce them and show that they are well-defined. For this, we first need Appendix
I-B from [92] that we rewrite here.

Lemma 2.4. Let (Θm)m∈[M ] be a sequence of (B+1)×(B+1) Hermitian positive definite matrices

such that supm∈[M ] ∥Θm∥ < +∞. There exists a unique solution (δ1, . . . , δM ) in S(R+), the set of
Stieltjes transform carried by R+, satisfying the following equations:

δm =
1

B + 1
tr

(
−zIB+1 +

c

M

M∑
i=1

Θi

1 + δi

)−1

Θm, m ∈ [M ]. (2.5)

Moreover, if we denote µm the measure associated with δm, we have

µm(R+) =
1

B + 1
tr Θm.

Proof. See Appendix I-B from [92] for the existence and unicity in the set S(R+) of the functions
δm. Lastly, it can be checked that limy→+∞−iyδm(iy) = 1

B+1tr Θm.

Let the deterministic matrices T̃(z) and T(z) be defined by T̃(ν, z) = dg
(

−1
z(1+δm(ν,z))

,m = 1, . . . ,M
)

T(ν, z) =
(
−zIB+1 − 1

M

∑M
m=1 czT̃mm(ν, z)Θm(ν)

)−1 (2.6)

where the matrices Θm(ν) are defined by (2.3). It can be checked that under Assumption 1.4,
supν∈[0,1] supN≥1 supm∈[M ] ∥Θm(ν)∥ < +∞. Note that the matrices T̃(ν, z) and T(ν, z) are fully
deterministic.

Remark 2.1. Note that δm(ν, z) is equivalently defined by:

δm(ν, z) :=
1

B + 1
tr T(ν, z)Θm(ν).

Moreover, the following important properties for T̃ and T hold. The statement of these prop-
erties and the proofs are very similar to Proposition 5.1 from [35], but we detail them for the sake
of completeness.

Lemma 2.5. Let T̃ and T defined by (2.6). The following properties hold:

1. For each ν ∈ [0, 1], z 7→ T̃(ν, z) and z 7→ T(ν, z) are holomorphic on C+,

2. For each ν ∈ [0, 1], if z ∈ C+, then ImT̃(ν, z) ≥ 0, Im(zT̃(ν, z)) ≥ 0,ImT(ν, z) ≥ 0 and

Im(zT(ν, z)) ≥ 0. Moreover, there exists a positive M ×M matrix-valued measure µT̃(ν) =

(µ
T̃(ν)
ij )ij and a positive (B + 1)× (B + 1) matrix-valued measure µT(ν) = (µ

T(ν)
ij )ij such that

µT̃(ν)(R+) = IM , µT(ν)(R+) = IB+1

T̃(ν, z) =

∫
R

dµT̃(ν)(λ)

λ− z
, T(ν, z) =

∫
R

dµT(ν)(λ)

λ− z

for z ∈ C+,

3. For each ν ∈ [0, 1], the following inequalities hold true:

∀z ∈ C+, T̃(ν, z)T̃(ν, z)∗ ≤ IM

Im2z
, and T(ν, z)T(ν, z)∗ ≤ IB+1

Im2z
,
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4. The sequence of measures ( 1
M tr µT̃(ν))N≥1 and ( 1

B+1µ
T(ν))N≥1 are tight.

In particular, 1
M tr T̃ and 1

B+1tr T are Stieltjes transforms of probability measures.

Proof. We fix a ν ∈ [0, 1] and omit the dependence in ν for T̃ and T in the rest of the proof. We
start by proving items 1 to 3 for the matrix T̃. Since it is shown in Lemma 2.4 that the mappings
z 7→ δm(z) are Stieltjes transform carried by R+, by [35, Proposition 5-1, item 4] z 7→ (−z(1+δm))−1

for any m ≥ 1 is also a Stieltjes transform carried by R+. Moreover, by Lemma 2.2, it remains to
prove that limy→+∞ iyT̃mm(iy) = −1. We write

iyT̃mm(iy) = iy
−1

iy(1 + δm(iy))
=

−1

1 + iyδm(iy)
iy

and since δm are Stieltjes transforms of measures with total mass 1
B+1tr Θm < +∞, we have that

limy→+∞ iyδm(iy) is finite, which proves that limy→+∞ iyT̃mm(iy) = −1 for each m. This implies
that limy→+∞ iyT̃(iy) = −IM , and ends the proof of items 1 to 3 for T̃.

We now prove item 1 for the matrix T. Since we proved before that z 7→ T̃mm(z) is a Stieltjes
transform, we only have to show that T(z)−1 does not vanishes on C+. This is immediate since for
any z ∈ C+, using the fact that T̃mm is a Stieltjes transform,

ImT(z)−1 = −ImzIB+1 −
c

M
Im(zT̃mm(z))Θm < 0.

Concerning item 2, we have

ImT = (Imz)TT
∗
+

c

M

M∑
k=1

Im(zT̃kk)TΘkT
∗

which is positive. Similarly,

ImzT = |z|2TT
∗
(
c

M

M∑
m=1

ΘmImT̃mm

)

which is also positive. Lastly,

lim
y→+∞

iyT(iy) = lim
y→+∞

iy

(
−iyIB+1 −

c

M

M∑
m=1

T̃mm(iy)Θm

)−1

= −IB+1

since |T̃mm(iy)|
y→+∞−−−−→ 0 and supN≥1 supm∈[M ] ∥Θm∥ < +∞. Therefore, it is clear that

supy>ϵ ∥iy(T(iy))∥ < +∞. By Lemma 2.3, there exists a matrix valued measure µT(ν) carried
over R+ such that

T(z) =

∫
µT(dλ)

λ− z

with µT(ν)(R+) = − limy→+∞ iyT(iy) = IB+1 as announced. To prove item 3, we shall prove the
two following inequalities

∀z ∈ C+,
T−T

∗

2i
≤ IM

Imz
and

T−T
∗

2i
≥ Im(z)TT

∗
.
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The first one is shown by writing:

T−T
∗

2i
= ImT = Im

∫
R

µT(ν)(dλ)

λ− z
= Imz

∫
R

µT(ν)(dλ)

|λ− z|2
≤ Imz

Im2z

∫
R
dµT(ν) =

IB+1

Imz
.

Now,

T−T
∗

2i
= (Imz)TT

∗
+

c

M

M∑
k=1

Im(zT̃kk)TΘkT
∗ ≥ (Imz)TT

∗

since c
M

∑M
k=1 Im(zT̃kk)TΘkT

∗ ≥ 0.

We now prove item 4 for µT. By Markov’s inequality, it is sufficient to check that

sup
N≥1

∫
R
λµT(dλ) < +∞.

By [35, Lemma C.1], ∫
R
λµT(dλ) = lim

y→+∞
Re

{
−iy

(
iy

1

M
tr T(iy) + 1

)}
. (2.7)

By the definition of T, the following equality holds

T(iy)

(
−iyIB+1 +

c

M

M∑
m=1

Θm

1 + δm(iy)

)
= IB+1

which by taking the normalized trace implies that

1 +
1

B + 1
tr iyT(iy) =

c

M

M∑
m=1

1
B+1tr T(iy)Θm

1 + δm(iy)
=

c

M

M∑
m=1

δm(iy)

1 + δm(iy)
. (2.8)

Plugging (2.8) into (2.7), we get:∫
R
λµT(dλ) = lim

y→+∞
Re

{
−iy c

M

M∑
m=1

δm(iy)

1 + δm(iy)

}
= lim

y→+∞

c

M

M∑
m=1

Re
{
−iyδm(iy)

}
|1 + δm(iy)|2

.

Since it has been recalled in Lemma 2.4 that δm are Stieltjes transforms of finite measures, it holds
that

sup
N≥1

sup
m∈[M ]

lim
y→+∞

|δm(iy)| = 0

and that for each m, limy→+∞−iyδm(iy) = 1
B+1tr Θm < +∞ uniformly in m ∈ [M ] and N ≥ 1.

This ends the proof of item 4 for µT. The proof for µT̃ is similar.

We can now state the following important result, which states that EQ̃(ν, z) behaves asymptot-
ically as T̃(ν, z).

Proposition 2.1. Let T̃ defined by (2.6). Under Assumption 1.1 to Assumption 1.4, for each
z ∈ C+,

sup
ν∈[0,1]

∣∣∣∣ 1M tr EQ̃(ν, z)− 1

M
tr T̃(ν, z)

∣∣∣∣ = Oz

(
1

B2

)
sup
ν∈[0,1]

∣∣∣∣ 1

B + 1
tr EQ(ν, z)− 1

B + 1
tr T(ν, z)

∣∣∣∣ = Oz

(
1

B2

)
.
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Proof. Using Gaussian tools (Gaussian integration by part and Nash-Poincaré inequality), Propo-
sition 3 from [48] proves that for each ν,

1

B + 1
tr EQ(ν, z)− 1

B + 1
tr T(ν, z) = Oz

(
1

B2

)
and it is easy to check that the bound is uniform in ν ∈ [0, 1], since it has been proved in Chapter
1 that

sup
N≥1

sup
ν∈[0,1]

sup
m∈[M ]

∥Θm,N (ν)∥ < +∞.

Denote X := dg(S(ν))−
1
2Σ(ν). Since XQX∗ = zQ̃+ IM , to obtain the result on EQ̃, it is sufficient

to study EXQX∗ using the same Gaussian tools. We omit this part.

As a direct consequence of the Helffer-Sjöstrand formula (the proof is very similar to the proof
of 1.3), the following corollary holds.

Corollary 2.1. Under Assumption 1.1, to Assumption 1.5,

sup
ν∈[0,1]

∣∣∣∣E 1

M
tr f(C̃(ν))−

∫
R
f dµT̃(ν)

∣∣∣∣ = O
(

1

B2

)
.

We now use the fact that for ν ̸= ν ′ such that ν − ν ′ = k
N for some integer k and each m,

the Fourier transforms of ym,1, . . . , ym,N at these frequencies have a covariance close to zero, which
leads to the fact that the family of matrices Θm(ν) for m ∈ [M ] and ν ∈ [0, 1] are all close to the
identity matrix. We already proved in Chapter 1 that Θm,N (ν) satisfies

Θm,N (ν) = IB+1 +Φm,N (ν), sup
m∈[M ]

sup
ν∈[0,1]

∥Φm,N (ν)∥ = O
(
B

N

)
.

and that the following lemma holds:

Lemma 2.6. Under Assumption 1.2 to Assumption 1.4, the covariance matrices Θm(ν) satisfies
the following estimates:

sup
m∈[M ]

sup
ν∈[0,1]

∥Θm,N (ν)− IB+1∥ = O
(
B

N

)
(2.9)

sup
m∈[M ]

sup
ν∈[0,1]

∣∣∣∣ 1

B + 1
tr (Θm,N (ν)− IB+1)−Υm,N (ν)

∣∣∣∣ = O
(
B

N

)3

(2.10)

where Υm,N (ν) is the O(BN )2 term equal to

Υm,N (ν) =
1

2

s′′m(ν)

sm(ν)

1

B + 1

B/2∑
b=−B/2

b2

N2
.

Informally, the matrices Θm,N (ν) are uniformly close to the identity. Since we know that in the
white noise case (Θm,N (ν) = IB+1 for each N ≥ 1, m ≥ 1 and each ν ∈ [0, 1]), the limiting spectral
distribution is the Marcenko-Pastur distribution, it is reasonable to expect that the limiting spectral
distribution of T̃ is close to the Marcenko-Pastur distribution. We now state the second important
result of this chapter, which states that the deterministic matrices T̃(ν, z) are close to t̃N (z)IM .
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Proposition 2.2. Recall that we defined

r̃N (ν) =

(
1

2M

M∑
m=1

s′′m(ν)

sm(ν)

)
, rN (ν) =

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

(2.11)

and

p̃N (z) = (zt̃N (z))
′, pN (z) =

−cN (zt̃N (z)tN (z))3

1− cN (zt̃N (z)tN (z))2
. (2.12)

Under Assumption 1.4, for each z ∈ C+, the matrix T̃ is close to the Stieltjes transform of the
Marcenko-Pastur distribution in the following way:

sup
ν∈[0,1]

∣∣∣∣ 1M tr T̃(ν, z)− t̃N (z) + p̃N (z)r̃N (ν)vN − pN (z)rN (ν)vN

∣∣∣∣ = Oz

(
B

N

)3

. (2.13)

Remark 2.2. One could also approximate 1
M tr T̃(ν, z) by t̃N (z), but the estimation error rate

would be worse, of order Oz(
B
N )2 instead of Oz(

B
N )3.

The proof is deferred to Section 2.3. As for Proposition 2.1, the Helffer-Sjöstrand formula implies
directly the following corollary.

Corollary 2.2. Under Assumption 1.1 to Assumption 1.5,

sup
ν∈[0,1]

∣∣∣∣∫
R
f dµT̃(ν) −

∫
R
f dµmp,cN+ < D̃N , f > r̃N (ν)vN− < DN , f > rN (ν)vN

∣∣∣∣ = O
(
B

N

)3

.

Proof. Immediate following the same steps as in the proof of Corollary 2.1.

Combining Corollary 2.1 and Corollary 2.2, we obtain the following final result.

Theorem 2.1. Under Assumption 1.1 to Assumption 1.5,

sup
ν∈[0,1]

∣∣∣∣ 1M Etr f(C̃(ν))−
∫

R
f dµmp,cN+ < D̃N , f > r̃N (ν)vN− < DN , f > rN (ν)vN

∣∣∣∣ = O
(
B

N

)3

.

This allows to recover exactly the statement of Theorem 1.2 from Chapter 1.
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2.3 Proof of Proposition 2.2

Proof. By a succession of approximation of T̃ and T by t̃NIM and tNIB+1, we show that the
following system of equations between ϵ̃ := 1

M tr T̃− t̃N and ϵ := 1
B+1T− tN holds:(

ϵ̃N
ϵN

)
=

[
0 zt̃2N

cNzt
2
N 0

](
ϵ̃N
ϵN

)

+

 zt̃2N tN
1
M

∑M
m=1

1
B+1tr Φm + cNz

2t̃3N t
2
N

1
B+1tr

{(
1
M

∑M
m=1Φm

)2}
cNzt̃N t̃

2
N

1
M

∑M
m=1

1
B+1tr Φm + c2Nz

2t̃2N t
3
N

1
B+1tr

{(
1
M

∑M
m=1Φm

)2}


+

(
zt̃N ϵN ϵ̃N
cNztN ϵN ϵ̃N

)
+

(
Oz

(
B
N

)3
Oz

(
B
N

)3
)
. (2.14)

Before proving the validity of this equation, we show that (2.14) implies that ϵ̃N and ϵN are both
Oz(

B
N )2. the first component of (2.14) can be written

ϵ̃N = zt̃2N ϵN + zt̃2N tN
1

M

M∑
m=1

1

B + 1
tr Φm + cNz

2t̃3N t
2
N

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2


+ zt̃N ϵN ϵ̃N +Oz

(
B

N

)3

while the second component provides

ϵN = cNzt
2
N ϵ̃N + cNzt̃N t̃

2
N

1

M

M∑
m=1

1

B + 1
tr Φm + c2Nz

2t̃2N t
3
N

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2


+ cNztN ϵN ϵ̃N +Oz

(
B

N

)3

.

Combining both results, we can write:

ϵ̃N (1−cN (zt̃N tN )2) = zt̃2N

cNzt̃N t̃2N 1

M

M∑
m=1

1

B + 1
tr Φm + c2Nz

2t̃2N t
3
N

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2



+ zt̃N ϵN ϵ̃N +Oz

(
B

N

)3

. (2.15)

The following Lemma 2.7 proves that ϵ̃N and ϵN are Oz(
B
N ). Its proof is deferred to Appendix 2.A.

Lemma 2.7.

∥T̃− t̃NIM∥ = Oz

(
B

N

)
(2.16)

∥T− tNIB+1∥ = Oz

(
B

N

)
. (2.17)

Lemma 2.7 implies that ϵN and ϵ̃N are Oz(
B
N ) so consequently ϵN ϵ̃N = Oz(

B
N )2. We recall that
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by Lemma 2.6, 1
M

∑M
m=1

1
B+1tr Φm = Oz(

B
N )2 and 1

B+1tr
(

1
M

∑M
m=1Φm

)2
= Oz(

B
N )2. Lastly, by

Lemma 1.1 from [59], 1− cN |zt̃N tN |2 > Im4z
2(|z|2+λ2−)

, where λ− = (1−√
cN )

2. We conclude by (2.15)

that ϵ̃N = Oz(
B
N )2. Showing that ϵN = Oz(

B
N )2 is proved similarly. Therefore, ϵN ϵ̃N = Oz(

B
N )3,

and (2.14) becomes:

[
1 −zt̃2N

−cNzt2N 1

](
ϵ̃N
ϵN

)
=

 zt̃2N tN
1
M

∑M
m=1

1
B+1tr Φm + cNz

2t̃3N t
2
N

1
B+1tr

{(
1
M

∑M
m=1Φm

)2}
cNzt̃N t̃

2
N

1
M

∑M
m=1

1
B+1tr Φm + c2Nz

2t̃2N t
3
N

1
B+1tr

{(
1
M

∑M
m=1Φm

)2}


+

(
Oz

(
B
N

)3
Oz

(
B
N

)3
)
.

By Lemma 1.1 from [59], the inverse of the matrix

[
1 −zt̃2N

−cNzt2N 1

]
exists and is given by:

1

1− cN (zt̃N tN )2

[
1 zt̃2N

cNzt
2
N 1

]
so (ϵ̃N , ϵN ) can be expressed as:(

ϵ̃N
ϵN

)
=

1

1− cN (zt̃N tN )2
×

[
1 zt̃2N

cNzt
2
N 1

]
zt̃2N tN
M

∑M
m=1

1
B+1tr Φm +

cNz
2 t̃3N t

2
N

B+1 tr

{(
1
M

∑M
m=1Φm

)2}
cNzt̃N t̃

2
N

M

∑M
m=1

1
B+1tr Φm +

c2Nz
2 t̃2N t

3
N

B+1 tr

{(
1
M

∑M
m=1Φm

)2}
+

(
Oz

(
B
N

)3
Oz

(
B
N

)3
)
.

This provides:

1

M
tr T̃− t̃N =

zt̃2N tN + cNz
2t̃3N t

2
N

1− cN (zt̃N tN )2
1

M

M∑
m=1

1

B + 1
tr Φm

+
cNz

2t̃3N t
2
N + c2z3t̃4N t

3
N

1− cN (zt̃N tN )2
1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2
+Oz

(
B

N

)3

.

Note that it is easily verified that:

zt̃2N tN + cNz
2t̃3N t

2
N

1− cN (zt̃N tN )2
= (zt̃N (z))

′ = p̃N (z)

cNz
2t̃3N t

2
N + c2z3t̃4N t

3
N

1− cN (zt̃N tN )2
=

−cN (zt̃N tN )3

1− cN (zt̃N tN )2
= pN (z).
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Finally, it remains to show that

1

M

M∑
m=1

1

B + 1
tr Φm = r̃N (ν)vN +O

(
B

N

)3

(2.18)

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2
 = rN (ν)vN +O

(
B

N

)3

. (2.19)

Recall that

Φm(ν) = dg

(
b

N

s′m(ν)

sm(ν)
+

b2

N2

s′′m(ν)

2sm(ν)
, b = −B

2
, . . . ,

B

2

)
+O

(
B

N

)3

IB+1 +O
(

1

N

)
11T

so (2.18) is clear. Concerning (2.19), it can be checked as follows:

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2
 =

1

B + 1
tr

 1

M2

M∑
m1,m2=1

Φm1Φm2


=

1

B + 1

1

M2

M∑
m1,m2=1

tr {Φm1Φm2}

so we now evaluate tr {Φm1Φm2}:

Φm1(ν)Φm2(ν) =

(
s′m1

(ν)

sm1(ν)

s′m2
(ν)

sm2(ν)

)
dg

((
b

N

)2

, b = −B
2
, . . . ,

B

2

)

+O
(
B

N

)3

IB+1 +O
(

1

N

)
11T

which means that

1

B + 1
tr (Φm1(ν)Φm2(ν)) =

1

B + 1

B/2∑
b=−B/2

(
s′m1

(ν)

sm1(ν)

s′m2
(ν)

sm2(ν)

)(
b

N

)2

+O
(
B

N

)3

.

Finally, summing over m1 and m2 provides:

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2
 = vN

 1

M2

M∑
m1,m2=1

(
s′m1

(ν)

sm1(ν)

s′m2
(ν)

sm2(ν)

)+O
(
B

N

)3

which can be written in the form

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2
 = vN

(
1

M

M∑
m=1

s′m(ν)

sm(ν)

)2

+O
(
B

N

)3

.

Modulo equation (2.14), Proposition 2.2 is proved.

Proof of (2.14). We start by expressing 1
M tr T̃(ν, z) − t̃N (z) in terms of 1

M tr T(ν, z) − tN (z).
Recall that

t̃N (z) =
−1

z(1 + tN (z))
, tN (z) =

−1

z(1 + cN t̃N (z))
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so we can write

T̃− t̃NIM = zt̃N T̃dg
(
δm − tN ,m ∈ [M ]

)
where δm can be decomposed as the following sum of two terms:

δm =
1

B + 1
tr (ΘmT) =

1

B + 1
tr T+

1

B + 1
tr (ΦmT)

so that

T̃− t̃NIM = zt̃N T̃dg

(
1

B + 1
tr T+

1

B + 1
tr ΦmT− tN ,m ∈ [M ]

)
= zt̃N ϵN T̃+ zt̃N T̃dg

(
1

B + 1
tr (ΦmT),m ∈ [M ]

)
Take the normalized trace, and we obtain the following expression for 1

M tr T̃− t̃N :

ϵ̃N = zt̃N ϵN
1

M
tr T̃+ zt̃N

1

M
tr

(
T̃dg

(
1

B + 1
tr ΦmT,m ∈ [M ]

))
. (2.20)

The first term of the rhs of (2.20) is clearly equal to

zt̃N ϵN

(
1

M
tr T̃− t̃N + t̃N

)
= zt̃2N ϵN + zt̃N ϵN ϵ̃N . (2.21)

Concerning the second term of the rhs of (2.20), we write T̃ = t̃NIM + (T̃ − t̃NIM ) and T =
tNIB+1 + (T− tNIB+1), so that:

1

M
tr

(
T̃dg

(
1

B + 1
tr (ΦmT),m ∈ [M ]

))
=

1

M
tr

(
t̃NIMdg

(
1

B + 1
tr (ΦmtNIB+1),m ∈ [M ]

))
+

1

M
tr

(
(T̃− t̃NIM )dg

(
1

B + 1
tr (ΦmtNIB+1),m ∈ [M ]

))
+

1

M
tr

(
t̃NIMdg

(
1

B + 1
tr (Φm(T− tNIB+1)),m ∈ [M ]

))
+

1

M
tr

(
(T̃− t̃NIM )dg

(
1

B + 1
tr (Φm(T− tNIB+1),m ∈ [M ]

))
.

By Lemma 2.6 and Lemma 2.7, it is clear that the second and fourth terms are of order Oz(
B
N )3.

The first one is equal to

t̃N tN
1

M

M∑
m=1

1

B + 1
tr Φm (2.22)

while the third one is equal to:

t̃N
1

M

M∑
m=1

1

B + 1
tr (Φm(T− tNIB+1)). (2.23)
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It remains to extract the dominant quantity from this term. Since supm∈[M ] ∥Φm∥ = Oz(
B
N ), it is

sufficient to expand T− tNIB+1 up to terms of spectral norm Oz(
B
N )2. Developing T− tNIB+1:

T− tNIB+1 = T

(
−z(1 + cN t̃N )IB+1 + z

(
IB+1 +

cN
M

M∑
m=1

T̃mmΘm

))
tNIB+1

= cNztNT
1

M

M∑
m=1

(
T̃mmΘm − t̃NIB+1

)
= T1 + T2 (2.24)

where

T1 = cNzt
2
N

1

M

M∑
m=1

(
(T̃mm − t̃N + t̃N )(Φm + IB+1)− t̃NIB+1

)
T2 = cNztN (T− tNIB+1)

1

M

M∑
m=1

(
(T̃mm − t̃N + t̃N )(Φm + IB+1)− t̃NIB+1

)
.

Concerning T1, it is clear that

T1 = cNzt
2
N t̃N

1

M

M∑
m=1

Φm + cNzt
2
N ϵ̃NIB+1 + cNzt

2
N

1

M

M∑
m=1

((T̃mm − t̃N )Φm) (2.25)

while for T2,

T2 = cNztN (T− tNIB+1)ϵ̃N + cNzt̃N tN (T− tIB+1)
1

M

M∑
m=1

Φm +Oz

(
B

N

)3

(2.26)

where the Oz(·) means that the spectral norm of ∥T2 − cNztN (T − tNIB+1)ϵ̃N − cNzt̃
2
N (T −

tIB+1)
1
M

∑M
m=1Φm∥ = Oz(

B
N )3. Combining (2.25) and (2.26) into (2.24) we get:

T− tNIB+1 = cNzt
2
N t̃N

1

M

M∑
m=1

Φm + cNzt
2
N ϵ̃NIB+1 + cNzt

2
N

1

M

M∑
m=1

((T̃mm − t̃N )Φm)

+ cNztN (T− tNIB+1)ϵ̃N + cNzt̃N tN (T− tIB+1)
1

M

M∑
m=1

Φm +Oz

(
B

N

)3

. (2.27)
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Inserting (2.27) in (2.23), we get the following expression for the dominant quantity:

t̃N
1

M

M∑
m=1

1

B + 1
tr (Φm(T− tNIB+1)) = t̃N

1

M

M∑
m=1

1

B + 1
tr

(
Φm

(
cNzt

2
N t̃N

1

M

M∑
m′=1

Φm′

))

+ t̃N
1

M

M∑
m=1

1

B + 1
tr (Φm

(
cNzt

2
N ϵ̃NIB+1

)
)

+ t̃N
1

M

M∑
m=1

1

B + 1
tr

(
Φm

(
cNzt

2
N

1

M

M∑
m′=1

((Tm′m′ − t̃N )Φm′)

))

+ t̃N
1

M

M∑
m=1

1

B + 1
tr (Φm

(
cNztN (T− tNIB+1)ϵ̃N

)
)

+ t̃N
1

M

M∑
m=1

1

B + 1
tr (Φm

(
cNzt̃N tN (T− tIB+1)

1

M

M∑
m=1

Φm

)
)

+ t̃N
1

M

M∑
m=1

1

B + 1
tr (ΦmOz

(
B

N

)3

)

= cNzt̃
2
N t

2
N

1

B + 1
tr

(
1

M

M∑
m=1

Φm

)2

+Oz

(
B

N

)3

(2.28)

where only the first term is Oz

(
B
N

)2
. Combining (2.22) and (2.28), the second term of the rhs of

(2.20) is equal to

zt̃2N tN
1

M

M∑
m=1

1

B + 1
tr Φm + cNz

2t̃3N t
2
N

1

B + 1
tr

(
1

M

M∑
m=1

Φm

)2

+Oz

(
B

N

)3

. (2.29)

Combining the estimates (2.21) and (2.29) for the first and second term of the rhs of (2.20) we
finally get:

ϵ̃N = zt̃2N ϵN + zt̃N ϵN ϵ̃N + zt̃2N tN
1

M

M∑
m=1

1

B + 1
tr Φm

+ cNz
2t̃3N t

2
N

1

B + 1
tr

(
1

M

M∑
m=1

Φm

)2

+Oz

(
B

N

)3

(2.30)

which is exactly the first component in the equation (2.14).

Expansion of 1
M tr T(ν, z)− tN (z). We start with T− tNIB+1. This quantity has already been

computed up to order Oz(
B
N )3 in spectral norm in (2.27), so taking the normalized trace we obtain

directly

ϵN = cNzt
2
N t̃N

1

M

M∑
m=1

1

B + 1
tr Φm + cNzt

2
N ϵ̃N + cNzt

2
N

1

M

M∑
m=1

((T̃mm − t̃N )
1

B + 1
tr Φm)

+ cNztN ϵN ϵ̃N + cNzt̃N tN
1

B + 1
tr

(
(T− tIB+1)

1

M

M∑
m=1

Φm

)
+Oz

(
B

N

)3

. (2.31)
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The last term of the rhs needs more attention, so we develop again T− tNIB+1:

T− tNIB+1 = cNztNT
1

M

M∑
m=1

(
T̃mmΘm − t̃NIB+1

)
= cNztN ϵ̃NT+ cNztNT

1

M

M∑
m=1

ΦmT̃mm

and get:

cN tNzt̃N
1

B + 1
tr

((
T− tNIB+1

) 1

M

M∑
m=1

Φm

)

= cN tNzt̃N
1

B + 1
tr

(
cNztN ϵ̃NT

1

M

M∑
m=1

Φm

)

+ cN tNzt̃N
1

B + 1
tr

((
cNztNT

1

M

M∑
m′=1

Φm′Tm′m′

)
1

M

M∑
m=1

Φm

)

= cN tNzt̃N
1

B + 1
tr

((
cNztNT

1

M

M∑
m′=1

Φm′Tm′m′

)
1

M

M∑
m=1

Φm

)

+Oz

(
B

N

)3

= c2Nz
2t̃2N t

3
N

1

B + 1
tr


(

1

M

M∑
m=1

Φm

)2
+Oz

(
B

N

)3

. (2.32)

Plugging (2.32) into (2.31) we get (2.14) as expected.
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Appendix

2.A Proof of Lemma 2.7

Proof. Recall that T = (−zIB+1 − c
M

∑M
m=1 zT̃mmΘm)

−1. By approximating T̃ by t̃NIM , we
introduce the intermediate quantities

Tmp =

(
−zIB+1 −

c

M

M∑
m=1

zt̃NΘm

)−1

=

(
−zIB+1 − czt̃NIB+1 −

c

M

M∑
m=1

zt̃NΦm

)−1

and

T̃mp = dg

(
−1

z(1 + δm,mp)
,m ∈ [M ]

)
where δm,mp is the Stieltjes transform defined by

δm,mp =
1

B + 1
tr TmpΘm.

Similar to the quantities T̃ and T, the following properties hold for T̃mp and Tmp.

Lemma 2.8. The following properties hold:

1. For each ν ∈ [0, 1], z 7→ T̃mp(ν, z) and z 7→ Tmp(ν, z) are holomorphic on C+,

2. For each ν ∈ [0, 1], if z ∈ C+, then ImT̃mp(ν, z) ≥ 0, Im(zT̃mp(ν, z)) ≥ 0,ImTmp(ν, z) ≥ 0
and Im(zTmp(ν, z)) ≥ 0. Moreover, there exists a positive M × M matrix-valued measure

µT̃mp(ν) = (µ
T̃mp(ν)
ij )ij and a positive (B + 1) × (B + 1) matrix-valued measure µTmp(ν) =

(µ
Tmp(ν)
ij )ij such that

µT̃mp(ν)(R+) = IM , µTmp(ν)(R+) = IB+1

T̃mp(ν, z) =

∫
R

dµT̃mp(ν)(λ)

λ− z
, Tmp(ν, z) =

∫
R

dµTmp(ν)(λ)

λ− z

for z ∈ C+,

3. For each ν ∈ [0, 1], the following inequalities hold true:

∀z ∈ C+, T̃mp(ν, z)T̃mp(ν, z)
∗ ≤ IM

Im2z
, and Tmp(ν, z)Tmp(ν, z)

∗ ≤ IB+1

Im2z
,

4. The sequence of measures ( 1
M tr µT̃mp(ν))N≥1 and ( 1

B+1µ
Tmp(ν))N≥1 are tight.

In particular, 1
M tr T̃mp and 1

B+1tr Tmp are Stieltjes transforms of probability measures.

Proof. Identical to the proof of Lemma 2.5.
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Denote ∆mp = Tmp − tNIB+1 so that

T− tNIB+1 = T−Tmp +∆mp.

We first show that ∥∆mp∥ = Oz(
B
N ). Indeed,

∆mp = Tmp − tNIB+1

= tNTmp(t
−1
N IB+1 −T

−1
mp)

= tNTmp

(
−z(1 + ct̃N ) + z(1 + ct̃N +

c

M

M∑
m=1

t̃NΦm)

)

=
1

M

M∑
m=1

czt̃N tNTmpΦm.

Lemma 2.6 implies that ∥∆mp∥ = Oz(
B
N ). Similarly, we show that ∆̃mp = T̃mp − t̃NIM satisfies

∥∆̃mp∥ = Oz(
B
N ):

T̃mp − t̃NIM = t̃N T̃mp(t̃
−1
N − T̃−1

mp)

= t̃N T̃mp(−z(1 + tN ) + z(1 + δm,mp))

= t̃N T̃mpz(δm,mp − tN ).

Since δm,mp − tN = 1
B+1tr (TmpΘm − tNIB+1), it is cleat that

δm,mp − tN =
1

B + 1
tr (Tmp − tNIB+1 +TmpΦm) ≤ ∥∆mp∥+ ∥Tmp∥ sup

m∈[M ]
∥Φm∥ = Oz

(
B

N

)
.

We recap the two approximation results that we obtained:

∥∆̃mp∥ = Oz

(
B

N

)
, ∥∆mp∥ = Oz

(
B

N

)
. (2.33)

We now show that there exists matrices M1 and M2 such that δ1 − δ1,mp
...

δM − δM,mp

 = M1M2

 δ1 − δ1,mp
...

δM − δM,mp

+

 ϵ̃1
...
ϵ̃M

 (2.34)

where supm∈[M ] |ϵ̃m| = Oz(
B
N ). Consider T−Tmp:

T−Tmp = T(T
−1
mp −T

−1
)Tmp

= T(
c

M

M∑
k=1

z(T̃kk − t̃N )Θk)Tmp

=
1

M

M∑
k=1

cz(T̃kk − t̃N )TΘkTmp.

We now decompose T̃kk − t̃N = T̃kk − T̃kk,mp + T̃kk,mp − t̃N and obtain

T−Tmp =
1

M

M∑
k=1

cz(T̃kk − T̃kk,mp)TΘkTmp +
1

M

M∑
k=1

cz(T̃kk,mp − t̃N )TΘkTmp. (2.35)
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Denote ϵ̃k = cz(T̃kk,mp−t̃N ), which by (2.33) satisfies supm∈[M ] |ϵ̃m| = Oz(
B
N ). Moreover, developing

zT̃kk − zT̃kk,mp, we get:

z(T̃kk − T̃kk,mp) = z2T̃kkT̃kk,mp(T̃
−1
kk,mp − T̃−1

kk ) = z2T̃kkT̃kk,mp(δk − δk,mp). (2.36)

Plugging (2.36) into (2.35), we get

T−Tmp =
1

M

M∑
k=1

cz2T̃kkT̃kk,mp(δk − δk,mp)TΘkTmp +
1

M

M∑
k=1

ϵ̃kTΘkTmp.

Multiplying by Θm and taking the normalized trace, we obtain

δm− δm,mp =
1

M

M∑
k=1

cz2T̃kkT̃kk,mp(δk− δk,mp)
1

B + 1
TΘkTmpΘm+

1

M

M∑
k=1

ϵ̃k
1

B + 1
tr TΘkTmpΘm.

The quantity 1
B+1tr TΘkTmpΘm is Oz(1). Renaming ϵ̃m in ϵ̃m

1
B+1tr TΘkTmpΘm, we proved that

the system of equation (2.34) involving the δm − δm,mp holds with

M1 =
c

M


1

B+1tr Θ1TmpΘ1T . . . 1
B+1tr Θ1TmpΘMT

...
...

1
B+1tr ΘMTmpΘ1T . . . 1

B+1tr ΘMTmpΘMT


M2 =

z
2T̃11T̃11,mp 0

. . .

0 z2T̃MM T̃MM,mp

 .
The following Lemma 2.9 provides useful bounds for quantities related to M1M2.

Lemma 2.9. For N0 ∈ N large enough, there exist nice polynomials P1 and P2 such that for any z
in the set SN defined by

SN =

{
z ∈ C+ :

B

N
P1(|z|)P2

(
1

Imz

)
≤ 1

}
the following inequalities hold:

sup
N≥N0

ρ(M1(z)M2(z))) ≤ 1− 1

2

C1

C2

Im4z

16(η2 + |z|2)2
(2.37)

sup
N≥N0

∥∥(IM −M1(z)M2(z))
−1
∥∥
1
≤ 2

C2

C1

16(η2 + |z|2)2

Im4z
(2.38)

where C1, C2 are nice constants.

The proof of Lemma 2.9 is deferred to Appendix 2.B. Denote SN ⊂ C+ such that for any z ∈ SN ,
the spectral radius of M1M2 satisfies ρ(M1M2) ≤ 1− 1

2
C1
C2

Im4z
16(η2+|z|2)2 so the linear equation (2.34)

can be inverted:  δ1 − δ1,mp
...

δM − δM,mp

 = (IM −M1M2)
−1

 ϵ̃1
...
ϵ̃M

 .
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Moreover, Lemma 2.9 proves that on the subset SN defined by

SN =

{
z ∈ C+ :

B

N
P1(|z|)P2

(
1

Imz

)
≤ 1

}
where P1 and P2 are nice polynomials, supN≥N0

∥∥(IM −M1(z)M2(z))
−1
∥∥
1
= Oz(1), so the following

holds:

max
m∈[M ]

{|δm − δm,mp|} ≤
∥∥(IM −M1M2)

−1
∥∥
1

sup
m∈[M ]

|ϵ̃m| = Oz

(
B

N

)
For z ∈ C+\SN , we have 1 ≤ B

NP1(|z|)P2

(
1

Imz

)
. Moreover, we recall that δm and δm,mp are Stieltjes

transform of measures carried by R+ with total mass equal to 1
B+1tr Θm, so it is possible to write

sup
m∈[M ]

∣∣δm − δm,mp
∣∣ ≤ 2

Imz

1

B + 1
sup
m∈[M ]

|tr Θm| ≤ 2C
B

N
P1(|z|)P2

(
1

Imz

)
= Oz

(
B

N

)
.

This ends the proof of Lemma 2.7.

2.B Proof of Lemma 2.9

This proof follows closely the one from [48, Proposition 10].

Proof. M1 and M2 depend simultaneously on (T̃, T̃mp) and (T,Tmp), which make their study
difficult. We first show how we can decouple these quantities. By the Cauchy-Schwartz inequality,
we have: ∣∣tr ΘkTmpΘlT

∣∣ ≤√tr ΘkTmpΘlT
∗
mp

√
tr ΘlTΘkT

∗∣∣∣z2T̃kkT̃kk,mp∣∣∣ ≤√|zT̃kk|2
√

|zT̃kk,mp|2.

The matrix with entries (( 1
B+1tr ΘkTmpΘlT

∗
mp)(

1
B+1tr ΘlTΘkT

∗
))kl can be written as the

Hadamard product N11 ⊙N12 where

N11 =
c

M


1

B+1tr Θ1TmpΘ1T
∗
mp . . . 1

B+1tr Θ1TmpΘMT
∗
mp

...
...

1
B+1tr ΘMTmpΘ1T

∗
mp . . . 1

B+1tr ΘMTmpΘMT
∗
mp

 (2.39)

N12 =
c

M


1

B+1tr Θ1TΘ1T
∗

. . . 1
B+1tr ΘMTΘ1T

∗

...
...

1
B+1tr Θ1TΘMT

∗
. . . 1

B+1tr ΘMTΘMT
∗

 . (2.40)

Similarly the matrix with diagonal entries (|zT̃kk|2|zT̃kk,mp|2)k∈[M ] can be written N21⊙N22 where

N21 =

|zT̃11,mp|
2 0

. . .

0 |zT̃MM,mp|2

 (2.41)

N22 =

|zT̃11|
2 0

. . .

0 |zT̃MM |2

 . (2.42)

By [43, Theorem 8.1.18], denoting |M1M2| the matrix with entries (|(M1M2)ij |)Mi,j=1, ρ(M1M2) ≤
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ρ(|M1M2|), and using [44, Lemma 5.7.9], we have

ρ(|M1M2|) ≤
√
ρ(N11N21)

√
ρ(N12N22). (2.43)

Therefore, it remains to bound the two following spectral radii: ρ(N11N21) and ρ(N12N22).

Bound for ρ(N12N22). We will show that it is possible to obtain a linear system involving the
positive quantities (Im(zT̃mm) and Imδm) with the matrix N12N22. Moreover,

Im(zT̃mm) =
zT̃mm − zT̃mm

2i
= (zT̃mm)zT̃mm

1 + δm − 1− δm
2i

= |zT̃mm|2Imδm

so that  Im(zT̃11)
...

Im(zT̃MM )

 =

|zT̃11|
2 0

. . .

0 |zT̃MM |2


 Imδ1

...

ImδM

 = N22

 Imδ1
...

ImδM

 (2.44)

where we recognized N22. Moreover, since Θm is Hermitian, Im(δm) =
1

B+1tr ΘmImT, and

ImT =
T−T

∗

2i

=
1

2i
T

−zIB+1 −
c

M

M∑
k=1

zT̃kkΘk + zIB+1 +
c

M

M∑
k=1

zT̃kkΘk

T
∗

= T

(
(Imz)IB+1 +

c

M

M∑
k=1

Im(zT̃kkΘk)

)
T

∗

= (Imz)TT
∗
+

c

M

M∑
k=1

Im(zT̃kk)TΘkT
∗

so that

Im(δm) =
Imz

B + 1
tr ΘmTT

∗
+

c

M

M∑
k=1

Im(zT̃kk)
1

B + 1
tr
{
ΘmTΘkT

∗
}
.

This leads to: Im δ1
...

Im δM

 =
c

M


1

B+1tr Θ1TΘ1T
∗

. . . 1
B+1tr Θ1TΘMT

∗

...
...

1
B+1tr ΘMTΘ1T

∗
. . . 1

B+1tr ΘMTΘMT
∗


 Im(zT̃11)

...

Im(zT̃MM )



+

Im(z) 1
B+1tr ΘmTT

∗

...

Im(z) 1
B+1tr ΘmTT

∗


where we recognize N12. Im δ1

...

Im δM

 = N12

 Im(zT̃11)
...

Im(zT̃MM )

+

Im(z) 1
B+1tr ΘmTT

∗

...

Im(z) 1
B+1tr ΘmTT

∗

 . (2.45)
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Combining (2.44) and (2.45), we get: Im δ1
...

Im δM

 = N12N22

 Im δ1
...

Im δM

+


Im z
B+1tr Θ1TT

∗

...
Im z
B+1tr ΘMTT

∗

 .

Denote

u = (Im δ1, . . . , Im δM )T

v =

(
Im z

B + 1
tr Θ1TT

∗
, . . . ,

Im z

B + 1
tr ΘMTT

∗
)T

.

We say that a vector or a matrix is positive if each of its entries is positive. By Lemma 2.5, for each
m ≥ 1 the mapping z 7→ δm(z) is a Stieltjes transform, so Imδm(z) > 0 for z ∈ C+. This implies
that u is a positive vector. It is also clear that the entries of v and N22 are positive. Concerning
the matrix N12, its entries can be written as

1

B + 1
tr

{(
Θ

1
2
mTΘ

1
2
k

)(
Θ

1
2
mTΘ

1
2
k

)∗}
and since tr AA∗ ≥ 0 for any matrix A, it is clear that N12 is a matrix with positive elements.
Write N12N22u = u− v. It is clear that, since ul > 0 for each l, each entry of u− v is bounded as
follows:

(u− v)l = ul

(
1− vl

ul

)
≤ ul

(
1−

minl∈[M ] vl

maxl∈[M ] ul

)
.

By [43, Corollary 8.1.30], this implies the following bound on the spectral radius of N12N22: for
any z ∈ C+,

ρ(N12N22) ≤ 1−
minl∈[M ] vl

maxl∈[M ] ul
. (2.46)

It remains now to find lower bounds for minl∈[M ] vl and 1
maxl∈[M ] ul

when z ∈ C+. Since

supm∈[M ] ∥Θm − IB+1∥ = O(BN ), it is clear that there exists N0 ∈ N such that

0 < C1 < inf
N≥N0

inf
m∈[M ]

inf
ν∈[0,1]

1

B + 1
tr Θm ≤ sup

N≥N0

sup
m∈[M ]

sup
ν∈[0,1]

1

B + 1
tr Θm < C2 < +∞

for some nice constants C1 and C2. This implies the following bounds:

sup
N≥N0

max
m∈[M ]

(Imδm) ≤ sup
N≥N0

sup
m∈[M ]

1

B + 1

∣∣tr ΘmT
∣∣ ≤ C2

Imz

so

sup
N≥N0

max
l∈[M ]

ul ≤
C2

Imz
. (2.47)

It remains to lower bound infN≥N0 minl∈[M ] vl. It is clear that since Θ is Hermitian,

vl = Imz
1

B + 1
tr ΘlTT

∗ ≥ C1Im(z)
1

B + 1
tr TT

∗
(2.48)

so it remains to lower bound 1
B+1tr TT

∗
. By Lemma 12 from [48],

1

B + 1
tr T(z)T(z)∗ ≥

∣∣∣∣ 1

B + 1
tr T(z)

∣∣∣∣2 ≥ Im

(
1

B + 1
tr T(z)

)2

.
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Rewrite 1
B+1tr T(z) as

∫
R
µT(dλ)
λ−z so that

Im

(
1

B + 1
tr T(z)

)
= Im

(∫
R

µT(dλ)

λ− z

)
= Im(z)

(∫
R

µT(dλ)

|λ− z|2

)
.

Since by Lemma 2.5 the measure µT is tight, there exists η > 0 (not depending on N) such that

µT([0, η]) ≥ 1
2 for all N ≥ N0. This implies that

Im(z)

(∫
R

µT(dλ)

|λ− z|2

)
≥
∫ η

0

Im(z) dµT(λ)

2(η2 + |z|2)
µT([0, η]) ≥ Imz

4(η2 + |z|2)
. (2.49)

Plugging (2.49) into (2.48), we get:

inf
N≥N0

inf
ν∈[0,1]

inf
l∈[M ]

vl ≥ C1
Im3z

16(η2 + |z|2)2
.

This gives the desired bound for ρ(N12N22).

ρ(N12N22) ≤ 1− C1

C2

Im4z

16(η2 + |z|2)2
. (2.50)

Bound for ρ(N11N21). The proof for this bound is similar to the previous one, so we will omit
some details. Write

Im(zT̃mm,mp) = |zT̃mm,mp|2Im δm,mp.

This provides the following equation: Im(zT̃11,mp)
...

Im(zT̃MM,mp)

 =

|zT̃11,mp|
2 0

. . .

0 |zT̃MM,mp|2


 Im δ1,mp

...

Im δM,mp


where we recognize N21:  Im(zT̃11,mp)

...

Im(zT̃MM,mp)

 = N21

 Im δ1,mp
...

Im δM,mp

 . (2.51)

Since Θm is a Hermitian matrix, one can express Im δm,mp as:

Im δm,mp =
1

B + 1
tr Im(ΘmTmp) =

1

B + 1
tr ΘmImTmp

and write ImTmp as:

ImTmp =
Tmp −T

∗
mp

2i

= Tmp

(
z − z

2i
IB+1 +

c

M

M∑
k=1

zt̃N − zt̃N
2i

Θk

)
T

∗
mp

= Im(z)TmpT
∗
mp +

c

M

M∑
k=1

Im(zt̃N )TmpΘkT
∗
mp.
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Using t̃N = T̃kk,mp + t̃N − T̃kk,mp, we get:

ImTmp = Im(z)TmpT
∗
mp +

c

M

M∑
k=1

Im(zT̃kk,mp)TmpΘkT
∗
mp

+
c

M

M∑
k=1

Im(z(t̃N − T̃kk,mp))TmpΘkT
∗
mp

so left-multiplying by Θm and taking the normalized trace we obtain

Im δm,mp = Im(z)
1

B + 1
tr ΘmTmpT

∗
mp +

c

M

M∑
k=1

Im(zT̃kk,mp)
1

B + 1
tr ΘmTmpΘkT

∗
mp + ϵm

where ϵm = c
M

∑M
k=1 Im(z(t̃N − T̃kk,mp))

1
B+1tr TmpΘkT

∗
mpΘm is by (2.33) a Oz(

B
N ) quantity. so

we obtain the following equations: Im δ1,mp
...

Im δM,mp

 =
c

M


1

B+1tr Θ1TmpΘ1T
∗
mp . . . 1

B+1tr Θ1TmpΘMT
∗
mp

...
...

1
B+1tr ΘMTmpΘ1T

∗
mp . . . 1

B+1tr ΘMTmpΘMT
∗
mp


 Im(zT̃11,mp)

...

Im(zT̃MM,mp)



+

 Im(z) 1
B+1tr Θ1TmpT

∗
mp + ϵ1

...

Im(z) 1
B+1tr ΘMTmpT

∗
mp + ϵM


and we recover matrix N11: Im δ1,mp

...

Im δM,mp

 = N11

 Im(zT̃11,mp)
...

Im(zT̃MM,mp)

+

 Im(z) 1
B+1tr Θ1TmpT

∗
mp + ϵ1

...

Im(z) 1
B+1tr ΘMTmpT

∗
mp + ϵM

 . (2.52)

Combining (2.51) and (2.52), we get: Im δ1,mp
...

Im δM,mp

 = N11N21

 Im δ1,mp
...

Im δM,mp

+

 Im(z) 1
B+1tr Θ1TmpT

∗
mp + ϵ1

...

Im(z) 1
B+1tr ΘMTmpT

∗
mp + ϵM

 . (2.53)

This system of equations is similar to the one obtained previously, but it involves the additional
terms ϵ1, . . . , ϵM . Denote u = (Im δ1,mp, . . . , Im δM,mp)

T and

v =

 Im(z) 1
B+1tr Θ1TmpT

∗
mp + ϵ1

...

Im(z) 1
B+1tr ΘMTmpT

∗
mp + ϵM

 .

The mappings z 7→ δm,mp(z) form ≥ 1 are Stieltjes transforms, so their imaginary parts are positive.
This implies that u is a positive vector. By the same argument as before, N11N21 is also a positive
matrix. Moreover, the following bounds holds:

sup
N≥N0

max
l∈[M ]

ul ≤
C2

Imz
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Moreover, by (2.8) the measure associated with 1
B+1tr Tmp is a tight measure, so it is possible to

repeat the argument to bound Im(z) 1
B+1tr ΘMTT

∗
and obtain that Im(z) 1

B+1tr ΘMTmpT
∗
mp is

positive for each m, and satisfies:

inf
N≥N0

min
l∈[M ]

Imz

B + 1
tr ΘlTmpT

∗
mp ≥ C1

Im3z

16(η2 + |z|2)2
.

However, to show that v is a positive vector, more care is needed to handle the perturbations ϵm.
Since the ϵm are small in the sense that there exist nice polynomials (the coefficients and degrees
do not depend on N and z) P1 and P2 such that supm∈[M ] |ϵm| ≤ B

NP1(|z|)P2

(
1

Imz

)
, it is possible

to write:

inf
m∈[M ]

ϵm ≥ − sup
m∈[M ]

|ϵm| ≥ −B

N
P1(|z|)P2

(
1

Imz

)
.

Denote by SN the following subset of C

SN =

{
z ∈ C : C1

Im3z

16(η2 + |z|2)2
− B

N
P1(|z|)P2

(
1

Imz

)
>

1

2
C1

Im3z

16(η2 + |z|2)2

}
so that on SN ,

min
l∈[M ]

vl = inf
N≥N0

min
l∈[M ]

(
1

B + 1
tr ΘlTmpT

∗
mp − ϵm

)
≥ 1

2
C1

Im3z

16(η2 + |z|2)2
.

It is clear that SN is of the form

SN =

{
z ∈ C :

B

N
P̃1(|z|)P̃2

(
1

Imz

)
≤ 1

}
(2.54)

where P̃1 and P̃2 are nice polynomials, and v is a positive vector on SN . It is now possible to use
[43, Corollary 8.1.30] and write the following bound on the spectral radius of N11N21:

ρ(N11N21) ≤ 1−
minl∈[M ] vl

maxl∈[M ] ul

which proves that for z ∈ SN :

ρ(N11(z)N12(z)) ≤ 1− 1

2

C1

C2

Im4z

16(η2 + |z|2)2
. (2.55)

Bound for ρ(M1M2) Using (2.55) and (2.50) in (2.43), we obtain (2.37) as desired.

Bound for ∥(IM−M1M2)
−1∥1. We defined previously matrices N11,N12,N21 and N22 such that

for each i, j ∈ [M ],

|(M1M2)i,j | ≤
√

|(N11N21)i,j |
√

|(N12N22)i,j |. (2.56)

By Lemma 13 from [48], this implies that

∥(IM −M1M2)
−1∥1 ≤

√
∥(IM −N11N21)−1∥1

√
∥(IM −N12N22)−1∥1

so it is enough to control and ∥(IM −N11N21)
−1∥1 and ∥(IM −N12N22)

−1∥1. Since ρ(N12N22) < 1,
the inverse (IM −N12N22)

−1 is well defined. Moreover, using (IM −N12N22)
−1 =

∑
k≥0(N12N22)

k,

the entries of (IM − N12N22)
−1 are all positive. Finally, (IM − N12N22)

−1 satisfies (IM −
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N12N22)
−1u = v where we recall that

u = (Im δ1, . . . , Im δM )T

v =

(
Im z

B + 1
tr Θ1TT

∗
, . . . ,

Im z

B + 1
tr ΘMTT

∗
)T

.

This implies that

∥(IM −N12N22)
−1∥1 ≤

maxk uk
mink vk

≤ C2

C1

16(η2 + |z|2)2

Im4z
. (2.57)

Moreover, we similarly have for ∥(IM −N11N21)
−1∥1 the following bound:

∥(IM −N11N21)
−1∥1 ≤

maxk uk
mink vk

where for z ∈ SN defined in (2.54) gives

∥(IM −N11N21)
−1∥1 ≤ 2

C2

C1

16(η2 + |z|2)2

Im4z
. (2.58)

Combining (2.57) and (2.58) in (2.56), we get (2.38) as expected.
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Chapter 3

Detection when all the signal to noise
ratio per sensor vanishes

3.1 Introduction

Detecting the presence of an unknown multivariate signal corrupted by noise is one of the funda-
mental problems in signal processing, which is found in many applications including array and radar
processing, wireless communications, radio-astronomy or seismology among others. In a statisti-
cal framework, this problem is usually formulated as the following binary hypothesis test, where
the objective is to discriminate between the null hypothesis H0 and the alternative hypothesis H1

defined as

H0 : (yn)n∈Z = (vn)n∈Z

H1 : (yn)n∈Z = (un)n∈Z + (vn)n∈Z (3.1)

where (yn)n∈Z is the M -variate observed signal, and where (un)n∈Z and (vn)n∈Z represent a non
observable signal of interest and the noise respectively, both modeled in this chapter as mutually
independent zero-mean complex Gaussian stationary time series.

Without further knowledge on the covariance function of (vn)n∈Z and/or (un)n∈Z, or access
to “noise only” samples, the test problem (3.1) is ill-posed, even for temporally white time series
(vn)n∈Z and (un)n∈Z, and one needs to exploit additional information on the covariance structure of
the useful signal and noise. One common assumption, widely used in the context of array processing
and multi-antenna communications, is to consider that the noise (vn)n∈Z is spatially uncorrelated.
Moreover, when the receiver antennas are not calibrated, it is reasonable to assume that the spectral
densities of the components of the noise may not coincide, see e.g. [72], [82], [12], [54]. This will be
the context of the present chapter.

A first class of tests is based on the observation that the noise is spatially uncorrelated if and
only if the matrices Rv(ℓ) = E[vnv∗

n−ℓ] are diagonal for all ℓ ∈ Z, whereas if the useful signal
(un)n∈Z is assumed spatially correlated, Ru(ℓ) = E[unu∗

n−ℓ] is non-diagonal for some ℓ ∈ Z. Under
this assumption, the problem in (3.1) can be formulated as the following correlation test:

H0 : Ry(ℓ) = dg (Ry(ℓ)) for all ℓ ∈ Z

H1 : Ry(ℓ) ̸= dg (Ry(ℓ)) for some ℓ ∈ Z (3.2)

where Ry(ℓ) = E[yny∗
n−ℓ] and dg (Ry(ℓ)) = Ry(ℓ)⊙ IM , where ⊙ is the element-wise (Hadamard)

product and IM the M ×M identity matrix. A number of previous works developed lag domains
tests that specifically tackle the above problem, see e.g. [38], [42], [55], [41], [73], [50]. Also relevant
are the approaches in [72] and [82], where the possible useful signal is supposed to be the output of
a filter driven by a low-dimensional white noise sequence.
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Our focus here is on another type of formulation, referred to as frequency domain approach,
which consists in rewriting problem (3.2) as

H0 : Sy(ν) = dg (Sy(ν)) for all ν ∈ [0, 1]

H1 : Sy(ν) ̸= dg (Sy(ν)) for some ν ∈ [0, 1] (3.3)

where Sy(ν) is the M ×M spectral density matrix of (yn)n∈Z at frequency ν, defined by

Sy(ν) =
∑
k∈Z

Ry(k)e
−2iπνk.

This problem is equivalent to testing whether the spectral coherence matrix (see for instance [13,
Chapter 7-6], [52, Chapter 5.5])

Cy(ν) = dg (Sy(ν))
− 1

2 Sy(ν)dg (Sy(ν))
− 1

2 (3.4)

is equal to IM for all frequencies ν ∈ [0, 1]. In this approach, usual test statistics are mostly based
on consistent sample estimates of Sy(ν) or Cy(ν) that are compared to a diagonal matrix or to
the identity IM respectively. Previous works that developed this approach include [93], [88], [24],
[25]. In particular, [93] considered the following frequency smoothed-periodogram estimator Ŝy(ν)
defined by

Ŝy(ν) =
1

B + 1

B
2∑

b=−B
2

ξy

(
ν +

b

N

)
ξy

(
ν +

b

N

)∗
(3.5)

with ξy(ν) =
1√
N

∑N−1
n=0 yne

−2iπnν the renormalized finite Fourier transform of (yn)n=0,...,N−1, B the

smoothing span, assumed to be an even number, and where ξy
(
ν + b

N

)∗
is the conjugate transpose

of the vector ξy
(
ν + b

N

)
. [93] was devoted to the study of the limiting distribution of

log

{
P∏
i=1

det (Ŝy(νi))/
M∏
m=1

ŝm,m(νi)

}

for some properly defined subset of frequencies (νi)i=1,...,P , where ŝm,m(ν) =
(
Ŝy(ν)

)
m,m

. When

M = 2, [24] considered a general kernel estimator of Sy(ν):

S̃y(ν) =

N
2∑

b=−N
2

wN

(
b

N

)
ξy

(
ν +

b

N

)
ξy

(
ν +

b

N

)∗

where wN is a weight function satisfying some specific properties and a test statistic of the form

1

N

N∑
n=1

|(S̃y)12(ν)|2

(S̃y)11(ν)(S̃y)22(ν)

which is proven to be, after proper recentring and renormalization, asymptotically normally dis-
tributed. Finally, [88] and [25] considered the more general class of test statistics, defined by:∫ 1/2

−1/2
K
(
(S̃y)12(ν)

)
dν and

∫ 1/2

−1/2

∥∥∥ψ ((S̃y)12(ν), ν
)∥∥∥2 dν
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for some well-defined functions K and ψ, and where ∥ · ∥ is the Euclidian norm. They proved that
these quantities asymptotically follow normal distributions. In the present chapter, we focus on the
natural estimator (see e.g. [13, Chapter 7-6], [52, Chapter 8-4]) of Cy, defined by

Ĉy(ν) = dg
(
Ŝy(ν)

)− 1
2
Ŝy(ν)dg

(
Ŝy(ν)

)− 1
2

(3.6)

where Ŝy(ν) is the frequency-smoothed periodogram estimate defined by (3.5). Note that adding a
weight to the matrices ξy(ν + b

N )ξy(ν + b
N )∗ leads to a more general class of estimators of Sy(ν).

The study of this more general class of estimators involves different techniques and random matrix
models than the ones used here, and is therefore out of the scope of this chapter.

3.1.1 Low vs High-dimensional regime

The performance of the test statistics developed in the above mentioned previous works is usually
studied in the low-dimensional regime where N → ∞ and M is fixed. It is well known (see for
instance [13]) that Ŝy(ν) and Ĉy(ν) are consistent estimates if B → +∞ and B

N → 0. Under mild

assumptions on the memory of the time series (yn)n∈Z, Ĉy(ν) is a consistent and asymptotically
normal estimate of Cy(ν), which can in turn be used to study the asymptotic performance of the

various tests based on Ĉy(ν). In practice, the above asymptotic regime allows to predict the actual
performance of the tests quite accurately, provided the ratio M

N is small enough. If this condition is

not met, test statistics based on Ĉy(ν) may be of delicate use, as the choice of the smoothing span
B must meet the constraints B

M much larger than 1 (because B is supposed to converge towards
+∞) as well as B

N small enough (because B
N is supposed to converge towards 0).

Nowadays, in many practical applications involving high-dimensional signals and/or moderate
sample size, the ratio M

N may not be small enough to be able to choose B to meet B
M much larger

than 1 and B
N small enough. Therefore, the results obtained in the low-dimensional regime may

fail to provide accurate predictions of the behaviour of the aforementioned test statistics. In this
situation, one may rely on the more relevant high-dimensional regime in which M,B,N converge
to infinity such that M

B converges to a positive constant while B
N converges to zero.

In comparison to the low-dimensional regime, the literature concerning correlation tests for the
frequency domain in the high-dimensional regime is quite scarce. Recent results obtained in [62]
show that under hypothesis H0, the empirical eigenvalue distribution of the spectral coherence esti-
mate Ĉ(ν) behaves in the high-dimensional regime as the well-known Marcenko-Pastur distribution
[63]. The result of [62] allows predicting the performance under H0 of a large class of test statistics
based on

Lφ(ν) =
1

M

M∑
m=1

φ
(
λm(Ĉy(ν))

)
where λ1(Ĉy(ν)), . . . , λM (Ĉy(ν)) are the eigenvalues of Ĉy(ν), and φ belongs to a certain functional

class. Such family of statistics Lφ, called linear spectral statistics (LSS) of Ĉy(ν), include in

particular the choice φ(x) = log x, i.e. Lφ(ν) =
1
M log detĈy(ν) and the choice φ(x) = (x− 1)2, i.e.

Lφ(ν) =
1
M ∥Ĉy(ν)− IM∥2F , where ∥ · ∥F represents the Frobenius norm.

In this chapter, we consider the study of the eigenvalues of Ĉy(ν) in the high-dimensional
regime under the special alternative H1 for which the useful signal (un)n∈Z is modelled as the
output of a stable MIMO filter driven by a K–dimensional white complex Gaussian noise. In the
context where the intrinsic dimension K is fixed while M,N,B → ∞, it is shown that the empirical
eigenvalue distribution of Ĉy(ν) still converges to the Marcenko-Pastur distribution, showing that
the test statistic based on Lφ(ν) is unable to discriminate between hypotheses H0 and H1 in
the high-dimensional regime. Nevertheless, we also prove that, provided that the signal-to-noise
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ratio is large enough, the largest eigenvalue of Ĉy(ν) asymptotically splits from the support of
the Marcenko-Pastur distribution. We can therefore exploit this result to design a new frequency
domain test statistic, which is shown to be consistent in the high-dimensional regime. This result
is connected to the widely studied spiked models in Random Matrix Theory, defined as low-rank
perturbations of large random matrices. These models were extensively studied in the context of
sample covariance matrices of independent identically distributed high-dimensional vectors, see e.g.
[7]. We however notice that papers addressing the behaviour of the corresponding sample correlation
matrices are quite scarce, see [65] when the low-rank perturbation affects only the first components
of the observations.

3.1.2 Related works

Although the asymptotic framework differs from the high-dimensional regime considered here, we
also mention the series of studies [32, 31] in the econometrics field, which consider a similar model
under H1. In these works, it is assumed thatM,N → ∞ so the ratio M

N remains bounded, while the
K non-zero eigenvalues of the spectral density Su(ν) of (un)n∈Z are assumed to converge towards

+∞ at rate M . This last assumption, which ensures that the Signal-to-Noise Ratio (SNR) E∥un∥2
E∥vn∥2

remains bounded away from 0 as M → ∞, significantly facilitates the design of consistent detection
methods. Nevertheless, while relevant in the domain of econometrics, this assumption may be
unrealistic in several applications of array processing, where the challenge is to manage situations
in which the SNR converges towards 0 at rate 1

M . This situation is the one considered in this
chapter and, in that case, the results of [32, 31] cannot be used. We discuss this point further in
Section 3.2 below.

The rest of the chapter is organized as follows. In Section 3.2, we formally introduce the
model of signals used, as well as the required technical assumptions. In section 3.3, we introduce
informally the proposed test statistic and illustrate its behaviour to provide some intuition before
a more rigorous presentation. In section 3.4, we study some approximation results for the spectral
coherence Ĉy(ν) which are useful to study the linear spectral statistics considered here. This study
is then used in Section 3.5 to introduce a new test statistic that is consistent in the high-dimensional
regime. Finally, Section 3.6 provides some simulations illustrating its performance and comparisons
against other relevant approaches.

Notations. For a complex matrix A, we denote by A∗ its conjugate transpose, and by ∥A∥2 and
∥A∥F its spectral and Frobenius norms respectively. If A is a n × n complex matrix, we denote
by tr (A) its trace, and by λ1(A), . . . , λn(A) its eigenvalues; if moreover A is Hermitian, they are
sorted in decreasing order λ1(A) ≥ . . . ≥ λn(A). The n× n identity matrix is denoted as In. The
expectation of a complex random variable Z is denoted by E[Z]. The complex circular Gaussian
distribution with variance σ2 is denoted as NC(0, σ

2) and a random vector x of Cn follows the
NCn(0,R) distribution if b∗x ∼ NC(0,b

∗Rb) for all deterministic (column) vector b and a fixed
n × n positive definite matrix R. Finally, C1(I) (resp. C1

c (I)) represents the set of continuously
differentiable functions (resp. continuously differentiable functions with compact support) on an
open set I.

3.2 Model and assumptions

Let us consider an M–dimensional observed time series (yn)n∈Z defined as

yn = un + vn (3.7)

where (un)n∈Z represents a useful signal and where (vn)n∈Z represents an additive noise. The
useful signal is modeled as the output of an unknown stable MIMO filter (Hk)k∈Z driven by a
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non-observable K–dimensional complex Gaussian white noise (ϵn)n∈Z with E[ϵnϵ∗n] = IK , i.e.

un =
∑
k∈Z

Hkϵn−k

with probability one. We notice that K represents the number of sources in the context of array
processing. (vn)n∈Z is modeled as an M–dimensional stationary complex Gaussian time series such
that its component time series (v1,n)n∈Z, . . . , (vM,n)n∈Z are mutually independent.

For each m = 1, . . . ,M , we denote by (rm(k))k∈Z the covariance function of (vm,n)n∈Z, i.e.
rm(k) = E[vm,nvm,n−k], which satifies the following memory assumption.

Assumption 3.1. The covariance coefficients decay sufficiently fast in the lag domain, in the sense
that

sup
m≥1

∑
k∈Z

(1 + |k|)2|rm(k)| <∞. (3.8)

In particular, Assumption 3.1 implies that the spectral density sm of (vm,n)n∈Z, given by

sm(ν) =
∑
k∈Z

rm(k)e
−i2πνk

satisfies

sup
m≥1

sup
ν∈[0,1]

sm(ν) <∞.

Assumption 3.1 is in particular satisfied as soon as the condition

|rm(k)| ≤
C

(1 + |k|)3+δ
(3.9)

holds for each k ∈ Z and each m ≥ 1, where C and δ are positive constants. As the autocovariance
function of ARMA signals decreases exponentially towards 0, Assumption 3.1 thus holds if the
time series (vm)m≥1 are ARMA signals, provided some extra purely technical conditions that allow
to manage the supremum over m in (3.8) are met. As the spectral coherence matrix of (vn)n∈Z,
involves a renormalization by the inverse of the spectral densities sm, we also need that sm does
not vanish for each m.

Assumption 3.2. The spectral densities are uniformly bounded away from zero, that is

inf
m≥1

min
ν∈[0,1]

sm(ν) > 0.

Assumptions 3.1 and 3.2 also imply that the total noise power satisfies

0 < inf
M≥1

1

M
E∥vn∥22 ≤ sup

M≥1

1

M
E∥vn∥22 <∞. (3.10)

The next assumption is related to the signal part (un)n∈Z. For each ν ∈ [0, 1], we denote by H(ν)
the Fourier transform of (Hk)k∈Z, i.e.

H(ν) =
∑
k∈Z

Hke
−i2πνk

and by h1(ν), . . . ,hM (ν) the rows of H(ν).
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Assumption 3.3. The MIMO filter coefficient matrices are such that

sup
M≥1

∑
k∈Z

(1 + |k|) ∥Hk∥2 <∞ (3.11)

and

lim
M→∞

max
m=1,...,M

max
ν∈[0,1]

∥hm(ν)∥2 = 0. (3.12)

When K is fixed whileM → ∞, condition (3.11) in Assumption 3.3 implies that the total useful
signal power remains bounded, i.e.

E ∥un∥22 =
∑
k∈Z

∥Hk∥2F = O(1) (3.13)

so that, using (3.10), the SNR vanishes at rate 1
M , i.e.

E∥un∥22
E∥vn∥22

= O
(

1

M

)
. (3.14)

Likewise, condition (3.12) in Assumption 3.3 implies that the SNR per time series vanishes, i.e.

E|um,n|2

E|vm,n|2
=

∫ 1
0 ∥hm(ν)∥22dν∫ 1

0 sm(ν)dν
= o(1) (3.15)

as M → ∞. We finally notice that (3.11) is stronger than (3.13). While E ∥un∥22 = O(1) is a rather
fundamental assumption that allows to control the behaviour of the signal to noise ratio, the extra
condition supm≥1

∑
k |k| ∥Hk∥2 < ∞ is essentially motivated by technical reasons (it is needed to

establish Theorem 3.2). However, it is clearly not restrictive in practice.

Remark 3.1. Conditions (3.11) and (3.12) in Assumption 3.3 are especially relevant in the context
of array processing, where M represents the number of sensors, which may be large [90, 91]. In
this context, (3.14) represents the SNR before matched filtering, while (3.15) represents the SNR
per sensor. The use of spatial filtering techniques, which combine the observations y1,n, . . . , yM,n

across the M sensors, allows to increase the SNR by a factor M when the second order statistics
of (yn)n∈Z are known, which leads to an SNR after matched filtering of the order of magnitude
O(1). Thus, despite the apparent low SNR, reliable information on the useful signal (un)n∈Z can
potentially still be extracted from the observed signal (yn)n∈Z.

Let Sy denote the spectral density of (yn)n∈Z, given by

Sy(ν) = H(ν)H(ν)∗ + Sv(ν)

where Sv(ν) = dg (s1(ν), . . . , sM (ν)). To estimate Sy, we consider in this chapter a frequency-

smoothed periodogram Ŝy, which we defined in (3.5). In the classical low-dimensional regime
where B,N → ∞ while M,K remain fixed, it is well-known [13] that

E[Ŝy(ν)] = Sy(ν) +O
(
B2

N2

)
and

E
∥∥∥Ŝy(ν)− E[Ŝy(ν)]

∥∥∥2
2
= O

(
1

B

)
.
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Thus, in this regime, Ŝy(ν) is a consistent estimator of Sy(ν) as long as B → ∞ and B
N →

0. Likewise, the sample Spectral Coherence Matrix (SCM, not to be confused with the sample
covariance matrix, which will not be used in this chapter) defined in (3.6) is a consistent estimator
of the true SCM Cy(ν) defined in (3.4). When M → +∞ and M

N → 0, it can be shown that, under

some additional mild extra assumptions, the consistency of Ŝy(ν) and Ĉy(ν) in the spectral norm
sense still holds provided that B is chosen in such a way that B

N → 0 and M
B → 0. In practice,

for finite values of M and N , the above asymptotic regime will allow to predict the performance of
various inference schemes in situations where it is possible to choose B in such a way that M

B and
B
N are both small enough. Nevertheless, when the dimension M is large and the sample size N is
not unlimited, or equivalently if M

N is not small enough, such a choice of B may be impossible. In
such a context, it seems more relevant to consider asymptotic regimes for which M

N → 0 and M
B

converging towards a positive constant. Below, we will consider the following asymptotic regime.

Assumption 3.4. N = N(M) and B = B(M) are both functions of M such that, for some
α ∈ (0, 1),

M = O (Nα) and
M

B
−−−−→
M→∞

c ∈ (0, 1)

while K is fixed with respect to M .

As M
B does not converge towards 0, the consistency of Ŝy(ν) and Ĉy(ν) is lost. This can be

explained in a simple way when un = 0 for each n and the signals ((vm,n)n∈Z)m≥1 are mutually
independent i.i.d. Nc(0, σ

2) distributed sequences. In this context, for each ν, the renormalized
Fourier transform vectors (ξy(ν + b/N))b=−B/2,...,B/2 are mutually independent NC(0, σ

2I) random

vectors. The spectral density estimate Ŝy(ν) defined by (3.5) thus coincides with the sample co-
variance matrix of these (B + 1) M–dimensional vectors. If B and M are of the same order of
magnitude, it cannot be expected that ∥Ŝy(ν) − E(Ŝy(ν))∥ converges towards 0 because the true

covariance matrix E(Ŝy(ν)) to be estimated depends on O(M2) parameters, and that the number

MB of available scalar observations used to estimate E(Ŝy(ν)) is also O(M2). Despite the loss

of the convergence of the estimators Ŝy(ν) and Ĉy(ν), we will see that one can still rely on the
high-dimensional structure of these matrices to design relevant test statistics.

3.3 Informal presentation of the proposed test statistic

Mathematical details will reveal later that for each ν, Ĉ(ν) behaves as a spike model covariance
matrix, whose eigenvalues are precisely described by [7]. More precisely, we will see that, in some
sense, the eigenvalues of Ĉ(ν) that are due to the noise belong to the interval [λ−, λ+] where
λ− = (1 −

√
c)2 and λ+ = (1 +

√
c)2, and that in the presence of signal, some eigenvalues of Ĉ(ν)

may be strictly greater than λ+ if an SNR criteria is respected. For the remainder, we define

VN =

{
k

N
: k = 0, . . . , N − 1

}
(3.16)

as the set of Fourier frequencies. A natural way to test for H0 against H1 is to compute the largest
eigenvalue of Ĉ(ν) over the frequencies of VN , and compare it with λ+. This leads to the following
test statistic:

Tϵ = 1[λ++ϵ,∞)

(
max
ν∈VN

λ1

(
Ĉy(ν)

))
. (3.17)

We will prove later that, under proper assumption on the SNR, this test statistic is consistent in the
present high-dimensional regime. Before describing the mathematical details leading to consider Tϵ,
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we now provide some numerical illustrations of its behaviour. The general settings are as follows.
The noise is generated as a Gaussian AR(1) process having spectral density

sm(ν) =
1

|1− θe−i2πν |2
, (3.18)

for all m = 1, . . . ,M , with θ = 0.5, whereas for the useful signal, we also consider an AR(1) process
by choosing K = 1 and

Hk =

√
C

M
βk(1, . . . , 1)T (3.19)

with β = 10
11 and C being a positive constant used to adjust the SNR.

To understand how the test statistics Tϵ discriminates between H0 and H1, we show in Figure
3.3.1 the largest eigenvalue of Ĉy(ν) for ν ∈ VN in the presence of signal, and compare it to the

threshold λ+. We see that for some frequencies ν around 0, the largest eigenvalue of Ĉy(ν) deviates
significantly from λ+. As we will see later, it is possible to evaluate the asymptotic behaviour of
the largest eigenvalue of Ĉy(ν), and to establish that it converges towards ϕ(SNR(ν)) where ϕ is
a certain function, and where SNR(ν) can be interpreted as a signal-to-noise ratio at frequency ν.
ϕ(SNR(ν)) is also represented in Figure 3.3.1, and it is seen that it is close to the largest eigenvalue
of Ĉy(ν). In Figure 3.3.2, we compare the empirical distribution of Tϵ under H0 and H1 over 10000
repetitions. We see that the distribution of our test statistic Tϵ is able to discriminate the scenarios
where the data yn are generated under H0 or H1, and that Tϵ is typically over the threshold λ+
under H1.

0.4 0.2 0.0 0.2 0.4

2.5

3.0

3.5

4.0

4.5
1(C( )
(SNR( ))

(1 + c )2

Figure 3.3.1: Largest eigenvalue of Ĉy(ν) for ν ∈ VN vs the threshold λ+ = (1+
√

M
B+1)

2. M = 60,

c = 0.5, N = 6000, θ = 0.5, C = 0.05

3.4 Approximation results for Ĉy(ν) in the high-dimensional
regime

In this section, we present the mathematical details which lead to the test statistic (3.17). More
specifically, we provide useful approximation results for Ĉy(ν), which show that Ĉy(ν) behaves
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Figure 3.3.2: Histogram of Tϵ under H0 and H1, over 10000 repetitions. M = 40, c = 0.5, N = 1000,
θ = 0.5, C = 0.05

as a certain Wishart matrix in the high-dimensional regime. These approximation results are the
keystone for the study of the behaviour of the eigenvalues of Ĉy(ν) and the detection test proposed
in Section 3.5.

We first study separately the signal-free case (i.e. yn = vn) as well as the noise-free case (i.e.
yn = un).

3.4.1 Signal-free case

Let

ξv(ν) =
1√
N

N−1∑
n=0

vne
−i2πνn

denote the discrete (time-limited) Fourier transform of (vn)n=0,...,N−1, and define the M × (B + 1)
matrix Σv(ν) as

Σv(ν) =
1√
B + 1

[
ξv

(
ν − B

2N

)
, . . . , ξv

(
ν +

B

2N

)]
.

The following result, derived in [62], reveals an interesting behaviour of the frequency-smoothed
periodogram of the noise.

Theorem 3.1. Under Assumptions 3.1, 3.2 and 3.4, for all ν ∈ VN , there exists an M × (B + 1)
matrix Z(ν) with i.i.d. NC(0, 1) entries such that

max
ν∈VN

∥∥∥∥Σv(ν)−
1√
B + 1

Sv(ν)
1/2Z(ν)

∥∥∥∥
2

a.s.−−−−→
M→∞

0.

Informally speaking, Theorem 3.1 shows that the random vectors
1√
B+1

ξv
(
ν − B

N

)
,. . . , 1√

B+1
ξv
(
ν + B

N

)
asymptotically behave as a family of i.i.d. NCM (0,Sv(ν))
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vectors, for all ν ∈ VN . Moreover, if

Ŝv(ν) :=
1

B + 1

B/2∑
b=−B/2

ξv

(
ν +

b

N

)
ξv

(
ν +

b

N

)∗

denotes the frequency-smoothed periodogram of the noise observations (vn)n∈Z, we deduce that
Ŝv(ν) asymptotically behaves as a complex Gaussian Wishart matrix with covariance matrix Sv(ν),
thanks to the following corollary.

Corollary 3.1. Under the assumptions of Theorem 3.1, it holds that

max
ν∈VN

∥∥∥∥Ŝv(ν)− Sv(ν)
1/2Z(ν)Z(ν)

∗

B + 1
Sv(ν)

1/2

∥∥∥∥
2

a.s.−−−−→
M→∞

0.

Proof. The proof is deferred to Appendix 3.D.1.

It is worth noticing that Corollary 3.1 implies in particular

max
ν∈VN

∥∥∥dg (Ŝv(ν)
)
− Sv(ν)

∥∥∥ a.s.−−−−→
M→∞

0

and consequently dg(Ŝ(ν)) is a consistent estimator of the noise spectral density Sv(ν) in the
operator norm sense, at each Fourier frequency ν ∈ VN . This convergence may be directly obtained
using Lemma 3.1 in Appendix 3.A and we omit the details since this result is well-known.

3.4.2 Noise-free case

Let

ξu(ν) =
1√
N

N−1∑
n=0

une
−i2πνn

and let Σu(ν) be the K × (B + 1) matrix defined as

Σu(ν) =
1√
B + 1

[
ξu

(
ν − B

2N

)
, . . . , ξu

(
ν +

B

2N

)]
.

In the same way, we also denote by ξϵ the normalized discrete (time-limited) Fourier transform of
(ϵn)n=0,...,N−1, and consider the K × (B + 1) matrix Σϵ(ν) defined as Σu(ν). We then have the
following important approximation result.

Theorem 3.2. Under Assumptions 3.3 and 3.4, it holds that

max
ν∈VN

∥Σu(ν)−H(ν)Σϵ(ν)∥2
a.s.−−−−→

M→∞
0.

Proof. The proof is deferred to Appendix 3.B.

As in Theorem 3.1, Theorem 3.2 shows that the random vectors ξu
(
ν − B

N

)
, . . . , ξu

(
ν + B

N

)
asymptotically behave as the i.i.d. vectors H(ν)ξϵ

(
ν − B

N

)
, . . . ,H(ν)ξϵ

(
ν + B

N

)
, for all ν ∈ VN .

Remark 3.2. The type of approximation given in Theorem 3.2 is well-known in the low-dimensional
regime in which M,K,B are fixed while N → ∞. Indeed, in that case, we have [13, Th. 4.5.2]

max
ν∈[0,1]

∥Σu(ν)−H(ν)Σϵ(ν)∥2 = OP

(√
log(N)

N

)
.
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In the high-dimensional regime where M and B also converge to infinity as described in Assumption
3.4, the result of Theorem 3.2 cannot be obtained from [13, Th. 4.5.2] and thus requires a new study.

We also deduce the following approximation result on the frequency-smoothed periodogram of
the signal observations (un)n=0,...,N−1 given by

Ŝu(ν) :=
1

B + 1

B/2∑
b=−B/2

ξu

(
ν +

b

N

)
ξu

(
ν +

b

N

)∗
.

Corollary 3.2. Under the assumptions of Theorem 3.2, it holds that

max
ν∈VN

∥∥∥Ŝu(ν)−H(ν)H(ν)∗
∥∥∥
2

a.s.−−−−→
M→∞

0.

Proof. The proof is deferred to Appendix 3.D.2.

As a result of Corollary 3.2, we deduce that the frequency-smoothed periodogram Ŝu(ν) is a
consistent estimator of the spectral density Su(ν) = H(ν)H(ν)∗ of (un)n∈Z in the high-dimensional
regime, for each ν ∈ VN .

Having characterized the pure noise and pure signal cases, we are now in a position to study
the high-dimensional behaviour of the spectral coherence matrix Ĉy(ν).

3.4.3 The signal-plus-noise case

First, using Corollaries 3.1 and 3.2, we deduce the high-dimensional behaviour of the frequency
smoothed periodogram Ŝy(ν). The following results show that, as it could be expected, the fre-
quency smoothed periodogram essentially behaves as a colored Wishart matrix in the large asymp-
totic regime.

Proposition 3.1. For all ν ∈ VN , there exists an M × (B + 1) matrix X(ν) with i.i.d. NC(0, 1)
entries such that

max
ν∈VN

∥∥∥∥Ŝy(ν)− Sy(ν)
1
2
X(ν)X(ν)∗

B + 1
Sy(ν)

1
2

∥∥∥∥
2

a.s.−−−−→
M→∞

0. (3.20)

Proof. The proof is deferred to Appendix 3.D.3.

We finally consider the study of the spectral coherence Ĉy(ν) = dg(Ŝy(ν))
− 1

2 Ŝy(ν)dg(Ŝy(ν)
− 1

2 .
From condition (3.12) in Assumption 3.3 on the SNR, it turns out that (cf. proof of Theorem 3.3
below where the result is shown) that

max
ν∈VN

∥∥∥dg (Ŝy(ν)
)
− Sv(ν)

∥∥∥
2

a.s.−−−−→
M→∞

0. (3.21)

This approximation result regarding the normalization term dg(Ŝy(ν)) in the SCM naturally leads
to the following theorem, which is the key result of this chapter.

Theorem 3.3. Under Assumptions 3.1, 3.2, 3.3 and 3.4,

max
ν∈VN

∥∥∥∥Ĉy(ν)−Ξ(ν)
1
2
X(ν)X(ν)∗

B + 1
Ξ(ν)

1
2

∥∥∥∥
2

a.s.−−−−→
M→∞

0

where

Ξ(ν) = Sv(ν)
− 1

2H(ν)H(ν)∗Sv(ν)
− 1

2 + IM .

and X(ν) is the matrix defined in Proposition 3.1.
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Proof. The proof is deferred to Appendix 3.C.

Let us make a few important comments regarding the result of Theorem 3.3.
First, used in conjunction with Weyl’s inequalities [43, Th. 4.3.1], Theorem 3.3 implies in

particular that each eigenvalue of the SCM Ĉy(ν) behaves as its counterpart of the Wishart matrix

W(ν) = Ξ(ν)
1
2
X(ν)X(ν)∗

B + 1
Ξ(ν)

1
2

for ν ∈ VN , that is

max
m=1,...,M

max
ν∈VN

∣∣∣λm (Ĉy(ν)
)
− λm (W(ν))

∣∣∣ a.s.−−−−→
M→∞

0. (3.22)

Second, Theorem 3.3 has an important consequence regarding the behaviour of linear spectral
statistics of Ĉy(ν), that is statistics of the type

Lφ(ν) =
1

M

M∑
m=1

φ
(
λm

(
Ĉy(ν)

))
(3.23)

where φ belongs to a certain class of functions.

Corollary 3.3. Let φ ∈ C1 ((0,+∞)). Under Assumptions 3.1, 3.2, 3.3 and 3.4, we have

max
ν∈VN

∣∣∣∣Lφ(ν)− ∫
R
φ(λ)f(λ)dλ

∣∣∣∣ a.s.−−−−→
M→∞

0

where f is the density of the Marcenko-Pastur distribution given by

f(λ) =

√
(λ− λ−)(λ+ − λ)

2πcλ
1[λ−,λ+](λ)

with λ± = (1±
√
c)

2
.

Proof. The proof is deferred to Appendix 3.E.

Therefore, Corollary 3.3 shows that linear spectral statistics of the SCM converge to the same
limit regardless of whether the observations contain only pure noise or signal-plus-noise contribu-
tions. This shows that any test statistic solely relying on linear spectral statistics of the SCM is
unable to distinguish between the absence or presence of a useful signal, and cannot be consistent
in the high-dimensional regime. Nevertheless, in the next section, we will see that we can exploit
Theorem 3.3 to build a new test statistic based on the largest eigenvalue of Ĉy(ν), which is proved
to be consistent in the high-dimensional regime.

Remark 3.3. Corollary 3.1, Corollary 3.2 and Theorems 3.3 may be interpreted in the context
of array processing. Indeed, in the time model (3.7), usually referred to as “wideband”, the signal
contribution (un)n∈Z modeled as a linear process, is in general not confined to a low-dimensional
subspace (i.e. with dimension less than M). However, in the frequency domain, Corollary 3.1 and
Corollary 3.2 show that we can retrieve, in the high-dimensional regime, a “narrowband” model,
since the useful signal is confined to a K–dimensional subspace of CM . Thus, standard narrowband
techniques used in array processing for detection may be used, see e.g. [95].

3.5 A new consistent test statistic

As we have seen in Theorem 3.3 and the related comments, the SCM Ĉy(ν) behaves in the high-

dimensional regime as a Wishart matrix with scale Ξ(ν) = Sv(ν)
− 1

2H(ν)H(ν)∗Sv(ν)
− 1

2 + IM being
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a fixed rank K perturbation of the identity matrix. The behaviour of the eigenvalues for each ν
of such a matrix model is well-known since [7] (and other related works such as the well-known
BBP-phase-transition [6] or [9]), and the rest of this section is devoted to the application of the
results from [7] in our frequency-domain detection context. A crucial point is to choose the par-
ticular frequency at which the above mentioned results will be used to obtain information on the

behaviour of maxν∈VN
λ1

(
Ĉy(ν)

)
. For this, we have first to define some notations. We consider

the fundamental function ϕ which already appears in [7]:

ϕ(x) =

{
(x+1)(x+c)

x if x >
√
c

λ+ if x ≤
√
c

where we recall that λ+ = (1 +
√
c)2 (see Corollary 3.3). We notice that for all x >

√
c, ϕ(x) >

ϕ(
√
c) = λ+. Define as γ(ν) the maximum eigenvalue of the finite rank perturbation for each ν,

that is

γ(ν) = λ1

(
Sv(ν)

− 1
2H(ν)H(ν)∗Sv(ν)

− 1
2

)
(3.24)

and let ν∗N ∈ VN such that

ν∗N ∈ argmax
ν∈VN

γ(ν).

We note that γ(ν∗N ) may be interpreted as a certain SNR metric in the frequency domain. In the

following, we study the behaviour of the largest eigenvalue of Ĉy(ν
∗
N ), which requires the following

additional assumption on γ(ν∗N ).

Assumption 3.5. There exists γ∞ ≥ 0 such that

γ(ν∗N ) −−−−→
M→∞

γ∞.

Theorem 3.3 implies that the eigenvalues of Ĉy(ν
∗
N ) have the same asymptotic behaviour as

the corresponding eigenvalues of the matrix Ξ(ν∗N )
1
2
X(ν∗N )X(ν∗N )∗

B+1 Ξ(ν∗N )
1
2 . Under Assumption 3.5,

[6], [7] or [9] immediately imply the following result. Note that since ν∗N is unknown in practice,
this proposition is an intermediate theoretical result that will justify the detection test statistic
introduced below.

Proposition 3.2. Under Assumptions 3.1, 3.2, 3.3, 3.4 and 3.5, we have

λ1

(
Ĉy(ν

∗
N )
)

a.s.−−−−→
M→∞

ϕ(γ∞) (3.25)

while

λK+1

(
Ĉy(ν

∗
N )
)

a.s.−−−−→
M→∞

λ+ (3.26)

and

λM

(
Ĉy(ν

∗
N )
)

a.s.−−−−→
M→∞

λ−. (3.27)

Moreover, if γ∞ = 0,

lim sup
M→∞

max
ν∈VN

λ1

(
Ĉy(ν)

)
≤ λ+ a.s. (3.28)

Proof. It just remains to establish (3.28), see Appendix 3.F.
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Since neither the intrinsic dimensionalityK of the useful signal (un)n∈Z nor the frequency ν∗N are
known in practice, we use the largest eigenvalue of the SCM maximized over all Fourier frequencies
as a test statistic. This leads to the test statistic Tϵ defined previously in (3.17) which we recall
here:

Tϵ = 1[λ++ϵ,∞)

(
max
ν∈VN

λ1

(
Ĉy(ν)

))
.

It turns out that this test statistic is consistent in the high-dimensional regime, as stated in the
following result.

Proposition 3.3. Under Assumptions 3.1, 3.2, 3.3, 3.4 and 3.5, and if under Hypothesis H1,

γ∞ >
√
c

then for all 0 < ϵ < ϕ(γ∞)− λ+ and i ∈ {0, 1},

Pi

(
lim
M→∞

Tϵ = i

)
= 1

where Pi is the underlying probability measure under Hypothesis Hi.

Proof. Under Hypothesis H0, since γ∞ = 0, we directly apply (3.28) in Proposition 3.2 to obtain
that for all ϵ > 0, Tϵ = 0 with probability one, for all large M . Under Hypothesis H1, we get

lim inf
M→∞

max
ν∈VN

λ1

(
Ĉy(ν)

)
≥ lim

M→∞
λ1

(
Ĉy(ν

∗
N )
)
= ϕ(γ∞)

with probability one. Since by assumption, ϕ(γ∞) > λ++ ϵ, we deduce that Tϵ = 1 with probability
one for all large M .

3.6 Simulations

In this section, we provide some numerical illustrations of the approximation results of Section 3.4.
We will consider the case where the rank K of the signal is equal to one and then the case where
K is strictly greater than one.

3.6.1 Case K = 1

As in the numerical simulation presented in Section 3.3, each component of the noise vn is generated
as a Gaussian AR(1) process with θ = 0.5. The expression of its spectral density sm for all
m = 1, . . . ,M is still given in (3.18). The useful signal is generated as an AR(1) process with
K = 1, Hk defined by (3.19) and β = 10

11 . C is again a positive constant used to tune the SNR.
Note that, in this context, the SNR γ(ν) at frequency ν defined in (3.24) takes the form

γ(ν) = C

∣∣∣∣ 1− θe−i2πν

1− βe−i2πν

∣∣∣∣2 .
Figures 3.6.1 and 3.6.2 illustrate the signal-free case C = 0, and where (N,M,B) = (20000, 100, 200).
In Figure 3.6.1, we plot the histogram of the eigenvalues of Ĉy(ν) for ν = 0. As predicted by

Corollary 3.3 in the signal-free case, the empirical eigenvalue distribution of Ĉy(ν) is well approx-
imated by the Marcenko-Pastur distribution with shape parameter c = 0.5 ≈ M/(B + 1). Figure
3.6.2 further illustrates this convergence, where the cumulative distribution function (cdf) of the
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Figure 3.6.1: Eigenvalue distribution of Ĉy(0) vs the density of the Marcenko-Pastur distribution
with parameter c = 1/2.

Marcenko-Pastur distribution is plotted against the two following quantities:

Fmin(t) = min
ν∈VN

1

M

∑
λi(Ĉ(ν))<t

δλi(Ĉ(ν))

Fmax(t) = max
ν∈VN

1

M

∑
λi(Ĉ(ν))<t

δλi(Ĉ(ν)).

These two functions represent the maximum deviations (from above and below) over the frequencies
ν ∈ VN of the empirical spectral distribution of Ĉ(ν) against the Marcenko-Pastur distribution. As
suggested by the uniform convergence in the frequency domain in Corollary 3.3, the Marcenko-
Pastur approximation in the high-dimensional regime is reliable over the whole set of Fourier fre-
quencies. Note that the statement of Corollary 3.3 does not exactly match the setting used in Figure
3.6.2, as the test function used here is not in C1((0,+∞)).

To illustrate the signal-plus-noise case and the results of Corollary 3.3 and Proposition 3.2, we
plot in Figure 3.6.3, the histogram of the eigenvalues of Ĉy(ν) for ν = 0, with γ(0) = 2.9. We
see that the largest eigenvalue deviates from the right edge (1 +

√
c)2 and is located around the

value ϕ (γ(0)) = 4.5, as predicted by Proposition 3.2, while all the other eigenvalues spread as the
Marcenko-Pastur distribution, as predicted by Corollary 3.3.

To compare the test statistic (3.17) with other frequency-domain methods based on the SCM,
we consider:

• the new test statistic (3.17), denoted as LE (for largest eigenvalue),

• two tests based on LSS of the SCM given by

T ′
ϵ = 1[ϵ,+∞)

(
max
ν∈VN

∣∣∣∣Lφ(ν)− ∫
R
φ(λ)f(λ)dλ

∣∣∣∣)
where Lφ and density f are defined in (3.23) and Corollary 3.3 respectively, and with φ(x) =
(x− 1)2 for the Frobenius norm test (denoted as LSS Frob.) and φ(x) = log(x) for the logdet
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Figure 3.6.2: Uniform convergence of the eigenvalue distribution of Ĉy(ν) over ν ∈ VN toward the
Marcenko-Pastur distribution with parameter c = 1/2.
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Figure 3.6.3: Eigenvalue distribution of Ĉ(ν) vs Marcenko-Pastur distribution with parameter
c = 1/2 in the signal case.

test (denoted as LSS logdet),
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Table 3.6.1: Power comparison, K=1, γ(ν∗N ) = 2
√

1
2 , type I error = 5%

LSS Frob. LSS logdet MCC LE
N M B

400 20 40 0.09 0.07 0.06 0.15
1600 40 80 0.15 0.08 0.06 0.37
3600 60 120 0.19 0.08 0.06 0.68
6400 80 160 0.25 0.08 0.06 0.87
10000 100 200 0.26 0.07 0.06 0.96
14400 120 240 0.25 0.06 0.06 0.99
19600 140 280 0.28 0.06 0.06 1.00
25600 160 320 0.30 0.06 0.06 1.00
32400 180 360 0.31 0.06 0.06 1.00

• a test statistic based on the largest off-diagonal entry of the SCM:

T
′′
ϵ = 1[ϵ,+∞)

max
ν∈VN

max
i,j=1,...,M

i<j

∣∣∣[Ĉy(ν)]i,j

∣∣∣


denoted as MCC (for Maximum of Cross Coherence),

and where ϵ > 0 is some threshold. In Table 3.6.1, we provide, via Monte-Carlo simulations (10000
draws), the power of each of the four tests, calibrated so that the empirical type I error is equal to
0.05. The results are provided for various values of (N,M,B) chosen so that M ∈ {20, 40, . . . , 180},
N =M2 and B = 2M . We set the SNR in the frequency domain as maxν∈VN

γ(ν) = 2
√

M
B = 1.41.

The LE test presents the best detection performance among the four candidates, whereas the
MCC test does not seem to be adapted to the detection of this alternative. While it is proved in
Corollary 3.3 that the test statistics based on the LSS of Ĉ(ν) cannot asymptotically distinguish
between H0 and H1, they remain sensible to a large variation of a single eigenvalue for finite values
of M . Consider for instance the Frobenius LSS test, where the test statistic is based on :

max
ν∈VN

∣∣∣∣∣ 1M
M∑
m=1

(λm(Ĉ(ν))− 1)2 −
∫
(λ− 1)2f(λ)dλ

∣∣∣∣∣
where an explicit computation shows that

∫
(λ − 1)2f(λ)dλ = c. An O(1) variation of λ1(Ĉ(ν)),

the largest eigenvalue of Ĉ(ν), will lead to a variation of order O( 1
M ) of the above term. Therefore,

the power of an LSS based test asymptotically converge towards zero, while having non-zero power
for finite values of M , as visible in the results of Table 3.6.1.

3.6.2 Case K > 1

We finally consider a model which has the flexibility to consider a signal with an arbitrary value of
K ≥ 1. We assume that the matrices (Hl)l≥0 satisfy Hl = 0 if l > L for a certain integer L, and
that the sequence of M ×K matrices (Hl)0≤l≤L is defined by:

Hl = (C1wl,1, . . . , CKwl,K)

where the vectors ((wl,k)l=0,...,L)k=1,...,K are generated as independent realisations ofM–dimensional
vectors uniformly distributed on the unit sphere of CM and where the C1 ≥ C2 ≥ . . . ≥ CK are
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positive constants used to tune the SNR of each of the K sources at the desired level. Moreover, as
the K columns of each matrix Hl coincide with the realisations of mutually independent random
vectors, the columns of H(ν) are easily seen to be nearly orthogonal and to nearly share the same
norm for each ν if M is large enough. More precisely, for each ν, it holds that H(ν)∗H(ν) →
(L + 1)Diag(C1, . . . , CK) when M → +∞. As the spectral densities of the components of the

noise all coincide with s(ν) = 1
|1−θe−2iπν |2 , the non-zero eigenvalues of Sv(ν)

− 1
2H(ν)H(ν)∗Sv(ν)

− 1
2

converge towards ((L+ 1)Ck/s(ν))k=1,...,K when M increases. Therefore, the signal obtained by
this model satisfies Assumption 3.3. Rather than just providing the performance of the test Tϵ
based on the maximum of the largest eigenvalue of Ĉy(ν) proposed in this chapter, we compare in
the following Tϵ with TK,ϵ defined by

TK,ϵ = 1[Kλ++ϵ,∞)

(
max
ν∈VN

K∑
k=1

λk

(
Ĉy(ν)

))

which depends on the K largest eigenvalues of Ĉy(ν) rather than on the largest one. It is easy to
generalize Proposition 3.2 and Proposition 3.3 to study the asymptotic properties of TK,ϵ. More
precisely, for each k = 1, . . . ,K, we define γk(ν) by

γk(ν) = λk

(
Sv(ν)

− 1
2H(ν)H(ν)∗Sv(ν)

− 1
2

)
(3.29)

and denote ν∗K,N one of the frequency such that maxν∈VN

∑K
k=1 γk(ν) =

∑K
k=1 γk(ν

∗
K,N ). γk(ν) can

of course be seen as a generalization of γ(ν) defined by (3.24). Then, under the extra assumption
that for k = 1, . . . ,K, γk(ν

∗
K,N ) converges towards a finite limit γk,∞ (a condition which holds in

the context of the present experiment because it is easily seen that γk(ν
∗
K,N ) → (L+1) (1+ θ)2Ck),

λk

(
Ĉy(ν

∗
K,N )

)
converges towards λ+ if γk,∞ ≤

√
c and towards ϕ(γk,∞) > λ+ if γk,∞ >

√
c.

It is easy to check that if γ∞ = γ1,∞ >
√
c, then the statistics TK,ϵ also leads to a consistent

test provided 0 < ϵ < ϕ(γ∞) − λ+. While in practice the number of sources K is unknown,
it is interesting to evaluate the performance provided by TK,ϵ which can be considered as an
ideal reference. Intuitively, TK,ϵ could lead to a better performance than Tϵ when γk,∞ >

√
c for

k = 1, . . . ,K, because, in this context, if ν̂∗K,N is a frequency that maximises
∑K

k=1 λk

(
Ĉy(ν)

)
,

then lim infM→+∞ λk

(
Ĉy(ν

∗
K,N )

)
> λ+. Therefore, the K largest eigenvalues of Ĉy(ν̂

∗
K,N ) bring

useful information to the detection of the useful signal.

To evaluate numerically the compared performance of Tϵ and TK,ϵ when K is known, we first
consider the case K = 2, L = 3, and where (γ1+γ2)(ν

∗
2,N ) = 3

√
c. Concerning the value of (C1, C2),

we consider the two following cases: C1
C2

= 1 and C1
C2

= 4. This corresponds respectively to the
case where both sources contribute exactly the same on each sensor, and where the first source
contributes much more than the second one. Tables 3.6.2, 3.6.3 report the power of the proposed
test (LE(1) represents Tϵ and LE(2) represents T2,ϵ) against the LSS tests and the MCC test, with
a type I error fixed at 5%. When C1

C2
= 4, it can be expected that the most powerful source is

dominant, and that γ2(ν
∗
2,N ) <

√
c. Therefore, λ2

(
Ĉy(ν)

)
is likely to stay close to λ+ for each ν,

so that the use of T2,ϵ should not bring any extra performance. This intuition is confirmed by Table
3.6.2. When C1

C2
= 1, γ1(ν

∗
2,N ) and γ2(ν

∗
2,N ) should be both close to 3

2

√
c, thus suggesting that the two

largest eigenvalues of Ĉy at the maximizing frequency ν̂∗2,N should also nearly coincide, and should

escape from [λ−, λ+]. While the second eigenvalue brings here some information, Table 3.6.3 tends
to indicate that Tϵ has better performance than T2,ϵ. In the next experiment, (γ1+γ2)(ν

∗
2,N ) = 2

√
c.

For C1
C2

= 4, the largest eigenvalue of Ĉy(ν) is likely to be still dominant for each ν, and Table 3.6.4
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Table 3.6.2: Power comparison, C1
C2

= 4, (γ1 + γ2)(ν
∗
2,N ) = 3

√
1
2 , type I error = 5%

LSS Fr. LSS ld MCC LE(1) LE(2)
N M B

100 10 20 0.31 0.18 0.16 0.42 0.37
400 20 40 0.79 0.39 0.45 0.94 0.89
900 30 60 0.94 0.49 0.53 1.00 0.99
1600 40 80 0.98 0.50 0.55 1.00 1.00
2500 50 100 0.99 0.52 0.55 1.00 1.00
3600 60 120 1.00 0.51 0.43 1.00 1.00
4900 70 140 1.00 0.55 0.37 1.00 1.00
6400 80 160 1.00 0.54 0.28 1.00 1.00

Table 3.6.3: Power comparison, C1
C2

= 1, (γ1 + γ2)(ν
∗
2,N ) = 3

√
1
2 , type I error = 5%

LSS Fr. LSS ld MCC LE(1) LE(2)
N M B

100 10 20 0.38 0.22 0.16 0.48 0.46
400 20 40 0.58 0.30 0.30 0.75 0.73
900 30 60 0.67 0.30 0.28 0.91 0.89
1600 40 80 0.74 0.29 0.18 0.96 0.97
2500 50 100 0.79 0.30 0.16 0.99 0.99
3600 60 120 0.79 0.24 0.13 1.00 1.00
4900 70 140 0.85 0.28 0.12 1.00 1.00

confirms the better performance of Tϵ. When C1
C2

= 1, γ1(ν
∗
2,N ) and γ2(ν

∗
2,N ) should be both close

to the detectability threshold
√
c, and Table 3.6.5 this time shows that the use of T2,ϵ leads to some

improvement. For comparison, we also report the results of Tϵ for C2 = 0 in Table 3.6.6.
This discussion tends to indicate that, even when K > 1 is assumed known, the use of the

maximum over VN of the largest eigenvalue of Ĉy(ν) does not introduce any significant loss of
performance.

3.7 Conclusion

In this chapter, we have studied the statistical behaviour of certain frequency-domain detection
test statistics, based on the eigenvalues of a sample estimate of the SCM, in the high-dimensional
regime in which both the dimension M of the underlying signals and the number of samples N
converge to infinity at certain rates. In particular, we have proved various approximation results
showing that the sample SCM asymptotically behaves as a Wishart matrix. These results have
been exploited to prove that test statistics based on LSS of the sample SCM are not consistent in
the high-dimensional regime. A new test statistic relying on the largest eigenvalue of the sample
SCM has also been proposed and proved to be consistent in the high-dimensional regime. Finally,
numerical results have demonstrated that this new test statistic provides reasonable performance
and outperforms other standard test statistics in situations where the dimensionM and the number
of samples N are large.
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Table 3.6.4: Power comparison, C1
C2

= 4, (γ1 + γ2)(ν
∗
2,N ) = 2

√
1
2 , type I error = 5%

LSS Fr. LSS ld MCC LE(1) LE(2)
N M B

100 10 20 0.15 0.10 0.10 0.21 0.20
400 20 40 0.33 0.15 0.12 0.55 0.50
900 30 60 0.39 0.15 0.17 0.75 0.71
1600 40 80 0.52 0.16 0.14 0.94 0.90
2500 50 100 0.54 0.15 0.14 0.98 0.97
3600 60 120 0.56 0.13 0.13 1.00 0.99
4900 70 140 0.55 0.13 0.10 1.00 1.00
6400 80 160 0.62 0.11 0.10 1.00 1.00

Table 3.6.5: Power comparison, C1
C2

= 1, (γ1 + γ2)(ν
∗
2,N ) = 2

√
1
2 , type I error = 5%

LSS Fr. LSS ld MCC LE(1) LE(2)
N M B

400 20 40 0.17 0.11 0.08 0.27 0.27
1600 40 80 0.18 0.10 0.08 0.45 0.48
3600 60 120 0.15 0.07 0.07 0.58 0.62
6400 80 160 0.16 0.07 0.08 0.69 0.75
10000 100 200 0.13 0.05 0.07 0.76 0.83
14400 120 240 0.10 0.03 0.07 0.82 0.86
19600 140 280 0.09 0.04 0.07 0.86 0.89
25600 160 320 0.10 0.03 0.06 0.89 0.93
32400 180 360 0.09 0.03 0.06 0.87 0.93

Table 3.6.6: Power comparison, C2 = 0, γ(ν∗N ) = 2
√

1
2 , type I error = 5%

LSS Fr. LSS ld MCC LE(1) LE(2)
N M B

100 10 20 0.19 0.12 0.12 0.26 0.22
400 20 40 0.43 0.19 0.14 0.66 0.59
900 30 60 0.51 0.19 0.19 0.88 0.83
1600 40 80 0.62 0.20 0.15 0.97 0.95
2500 50 100 0.65 0.18 0.17 0.99 0.99
3600 60 120 0.68 0.16 0.12 1.00 1.00
4900 70 140 0.71 0.16 0.13 1.00 1.00
6400 80 160 0.75 0.17 0.12 1.00 1.00



Appendix

3.A Useful results

In this section, we recall some useful results which will be constantly used in the proofs developed
in the following sections.

The first result is based on a Chernoff bound for the χ2 distribution, and is also a special case of
the well-known Hanson-Wright inequality describing the concentration of sub-Gaussian quadratic
forms around their means (see [79]).

Lemma 3.1. Let z ∼ NCn(0, In) and Ξ a deterministic n× n complex matrix. Then there exists a
constant κ > 0 independent of n and Ξ such that for all t ≥ 0,

P (|z∗Ξz− E[z∗Ξz]| > t) ≤ 2 exp

(
−κmin

{
t2

∥Ξ∥2F
,

t

∥Ξ∥2

})
.

The second result describes the behaviour of the largest and the smallest eigenvalues of a stan-
dard Wishart matrix.

Lemma 3.2 ([34, Proof of Lemma 7.3]). Let Z be an M × (B + 1) matrix with i.i.d. NC (0, 1)
entries. Then under Assumption 3.4, there exists a constant C > 0 independent of M,B such that
for all t > 0,

P

λ1( ZZ∗

B + 1

)
>

(
1 +

√
M

B + 1

)2

+ t

 ≤ (B + 1) exp
(
−C(B + 1)t2

)
and

P

λM ( ZZ∗

B + 1

)
<

(
1−

√
M

B + 1

)2

− t

 ≤ (B + 1) exp
(
−C(B + 1)t2

)
.

We will mainly use Lemma 3.2 as follows; let (Z(ν))ν∈VN
be a family of M × (B + 1) random

matrices such that Z(ν) has i.i.d. NC(0, 1) (recall the definition of the index set VN in (3.16)), then
from the union bound

P

max
ν∈VN

λ1

(
Z(ν)Z(ν)∗

B + 1

)
>

(
1 +

√
M

B + 1

)2

+ t


≤
∑
ν∈VN

P

λ1(Z(ν)Z(ν)∗

B + 1

)
>

(
1 +

√
M

B + 1

)2

+ t


≤ exp

(
−C(B + 1)t2 + log(N(B + 1))

)
.

179



180

Using Assumption 3.4 and the Borel-Cantelli lemma, we deduce that

lim sup
M→∞

max
ν∈VN

λ1

(
Z(ν)Z(ν)∗

B + 1

)
≤ (1 +

√
c)2

with probability one.

3.B Proof of Theorem 3.2

3.B.1 Reduction to K = 1

First, note that we may assumeK = 1 without loss of generality. Indeed, consider the decomposition

un =
K∑
ℓ=1

u(ℓ)
n

where u
(ℓ)
n =

∑+∞
k=0 hℓ,kϵ

(ℓ)
n−k and where hℓ,k and ϵ

(ℓ)
n are the ℓ-th column of Hk and the ℓ-th entry

of ϵn respectively. Moreover, Assumption 3.3 implies that

sup
M≥1

∑
k∈Z

(1 + |k|)∥hℓ,k∥2 <∞

From the fact that K is fixed with respect to N (Assumption 3.4) and

max
ν∈VN

∥Σu (ν)−H (ν)Σϵ (ν)∥2 ≤
K∑
ℓ=1

max
ν∈VN

∥Σu(ℓ) (ν)− hℓ (ν)Σϵ(ℓ) (ν)∥2

where Σu(ℓ) (ν), hℓ (ν), Σϵ(ℓ) (ν) are defined as Σu (ν), H (ν), Σϵ (ν) respectively, Theorem 3.2 will
be proved if we can show that

max
ν∈VN

∥Σu(ℓ) (ν)− hℓ (ν)Σϵ(ℓ) (ν)∥2
a.s.−−−−→

M→∞
0

for all ℓ = 1, . . . ,K. Therefore, we assume for the remainder of the proof that

un =
∑
k∈Z

hkϵn−k,

where

• (hk)k∈Z is a filter, with hk ∈ CM and such that

sup
M≥1

∑
k∈Z

(1 + |k|) ∥hk∥2 <∞. (3.30)

• (ϵn)n∈Z is a scalar standard complex Gaussian white noise.

3.B.2 Reduction to B = 1

Let h(ν) =
∑

k∈Z hke
−i2πνk and

ξϵ(ν) =
1√
N

N−1∑
n=0

ϵne
−i2πνn.
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From (3.30) and Assumption 3.4, a first-order Taylor expansion of b 7→ h
(
ν + b

N

)
at 0 leads to

sup
ν∈[0,1]

max
b∈{−B

2
,...,B

2
}

∥∥∥∥h(ν)− h

(
ν +

b

N

)∥∥∥∥
2

= O
(
B

N

)
= O

(
1

N1−α

)
.

Moreover, from Lemma 3.1 applied to the random vector

z =

(
ξϵ

(
ν − B

2N

)
, . . . , ξϵ

(
ν +

B

2N

))T
∼ NCB+1 (0, IB+1)

and matrix Ξ =
IB+1

B+1 , there exists some constant κ independent of M such that for all t ≥ 2,

P

max
ν∈VN

1

B + 1

B/2∑
b=−B/2

∣∣∣∣ξϵ(ν + b

N

)∣∣∣∣2 > t

 ≤ NP

 1

B + 1

B/2∑
b=−B/2

∣∣∣∣ξϵ( b

N

)∣∣∣∣2 > t


≤ N exp (−κB)

and Borel-Cantelli lemma together with Assumption 3.4 imply

max
ν∈VN

1

B + 1

B/2∑
b=−B/2

∣∣∣∣ξϵ(ν + b

N

)∣∣∣∣2 = O (1)

with probability one. Defining

Σϵ(ν) =
1√
B + 1

(
ξϵ

(
ν − B

2N

)
, . . . , ξϵ

(
ν +

B

2N

))
as well as

Φ(ν) =
1√
B + 1

[
ϕ

(
ν − B

2N

)
, . . . ,ϕ

(
ν +

B

2N

)]
with ϕ(ν) = h(ν)ξϵ(ν), we therefore have the control

max
ν∈VN

∥h(ν)Σϵ(ν)−Φ(ν)∥2 ≤ sup
ν∈[0,1]

max
b∈{−B

2
,...,B

2
}

∥∥∥∥h(ν)− h

(
ν +

b

N

)∥∥∥∥
2

×

√√√√√max
ν∈VN

1

B + 1

B/2∑
b=−B/2

∣∣∣∣ξϵ(ν + b

N

)∣∣∣∣2

= O
(

1

N1−α

)
a.s.

a.s.−−−−→
M→∞

0.

Finally, since the spectral norm of a matrix is bounded by its Frobenius norm,

max
ν∈VN

∥Σu(ν)−Φ(ν)∥2 ≤

√√√√√ 1

B + 1

B/2∑
b=−B/2

∥∥∥∥ξu(ν + b

N

)
− ϕ

(
ν +

b

N

)∥∥∥∥2
2

≤ max
ν∈VN

∥ξu (ν)− ϕ (ν)∥2 .
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Theorem 3.2 is proven if we show that

max
ν∈VN

∥ξu (ν)− h (ν) ξϵ (ν)∥2
a.s.−−−−→

N→∞
0.

3.B.3 Periodization

For all integer n, let [n] denotes the integer contained in {0, . . . , N − 1} such that [n] ≡ n (mod N)
and define

ũn =
∑
k∈Z

hkϵ[n−k]

where (ũn)n∈Z represents the circular convolution between (hk)k∈Z and (ϵn)n∈Z. If ξũ(ν) =
1√
N

∑N−1
n=0 ũne

−i2πnν , then the equality

ξũ(ν) = h(ν)ξϵ(ν)

holds for all ν ∈ VN . It is straightforward to check that

ξũ(ν)− ξu(ν) = δ(ν) + δ̌(ν)

where

δ(ν) =
1√
N

N−1∑
k=1

hk

k∑
p=1

(
ϵ[−p] − ϵ−p

)
e−i2πν(k−p)

+
1√
N

+∞∑
k=N

hk

N−1∑
p=0

(
ϵ[p−k] − ϵp−k

)
e−i2πνp

and

δ̌(ν) =
1√
N

N−1∑
k=1

h−k

k∑
p=1

(
ϵ[N+p−1] − ϵN+p−1

)
e−i2πν(N−1+p−k)

+
1√
N

+∞∑
k=N

h−k

N−1∑
p=0

(
ϵ[p+k] − ϵp+k

)
e−i2πνp

Theorem 3.2 is proved if we can show that

max
ν∈VN

∥δ(ν)∥2
a.s.−−−−→

M→∞
0 (3.31)

and

max
ν∈VN

∥∥δ̌(ν)∥∥
2

a.s.−−−−→
M→∞

0. (3.32)
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In the remainder, we only prove (3.31) and omit the details for (3.32) whose treatment is similar.
To that end, we define

δ1(ν) =
1√
N

N−1∑
k=1

hk

k∑
p=1

(
ϵ[−p] − ϵ−p

)
e−i2πν(k−p)

δ2(ν) =
1√
N

+∞∑
k=N

hk

N−1∑
p=0

(
ϵ[p−k] − ϵp−k

)
e−i2πνp.

3.B.4 Control of δ1(ν)

For p ∈ {1, . . . , N − 1}, let

zp(ν) =
(
ϵ[−p] − ϵ−p

)
ei2πνp = (ϵN−p − ϵ−p) e

i2πνp.

Then z1(ν), . . . , zN−1(ν) are i.i.d. NC(0, 2) and by rearranging the sums in δ1(ν), we have

δ1(ν) =
N−1∑
p=1

zp(ν)gp(ν)

with

gp(ν) =
1√
N

N−1∑
k=p

hke
−i2πkν .

Therefore, δ1(ν) ∼ NCM (0,G(ν)) with

G(ν) = 2
N−1∑
p=1

gp(ν)gp(ν)
∗.

Moreover,

E ∥δ1(ν)∥22 = tr G(ν) ≤ 2

N

N−1∑
p=1

N−1∑
k=p

∥hk∥22 + 2
∑

p≤k<k′≤N−1

∥hk∥2 ∥hk′∥2


and a straightforward rearrangement together with (3.30) leads to

max
ν∈[0,1]

E ∥δ1(ν)∥22 ≤
2

N

N−1∑
k=1

k ∥hk∥22 +
4

N

∑
1≤k<k′≤N−1

√
k
√
k′ ∥hk∥2 ∥hk′∥2

=
2

N

(
N−1∑
k=1

√
k ∥hk∥2

)2

= O
(

1

N

)
.

where we used that k ≤
√
k
√
k′ for k′ ≥ k. Additionally,

max
ν∈[0,1]

∥G(ν)∥2 ≤ max
ν∈[0,1]

tr G(ν) = O
(

1

N

)
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and

max
ν∈[0,1]

∥G(ν)∥F ≤
√
M max

ν∈[0,1]
∥G(ν)∥2 = O

(√
M

N

)
.

Using Lemma 3.1, there exists a constant κ > 0 independent of M, (hk)k∈Z such that for all t > 0,

P

(
max
ν∈VN

∣∣∣∥δ1(ν)∥22 − E ∥δ1(ν)∥22
∣∣∣ > t

)
≤ 2N max

ν∈VN

exp

(
−κmin

(
t2

∥G(ν)∥2F
,

t

∥G(ν)∥2

))
.

Applying Assumption 3.4 and the Borel-Cantelli lemma, it follows that

max
ν∈VN

∣∣∣∥δ1(ν)∥22 − E ∥δ1(ν)∥22
∣∣∣ a.s.−−−−→
N→∞

0.

Finally, we deduce that

max
ν∈VN

∥δ1(ν)∥22 ≤ max
ν∈VN

E ∥δ1(ν)∥22 + max
ν∈VN

∣∣∣∥δ1(ν)∥22 − E ∥δ1(ν)∥22
∣∣∣

a.s.−−−−→
N→∞

0.

3.B.5 Control of δ2(ν)

We first split δ2(ν) in the following two parts

δ2(ν) = δ2,1(ν) + δ2,2(ν)

where

δ2,1(ν) =
1√
N

+∞∑
k=N

hk

N−1∑
p=0

ϵ[p−k]e
−i2πpν

δ2,2(ν) =
1√
N

+∞∑
k=N

hk

N−1∑
p=0

ϵp−ke
−i2πpν .

We note that δ2,1(ν) only involves the N i.i.d. random variables ϵ0, . . . , ϵN−1 and that

δ2,1(ν) =
N−1∑
p=0

ϵpg̃p(ν)

with g̃p(ν) defined as

g̃p(ν) =
1√
N

+∞∑
k=N

hke
−i2πν[p+k].

It is clear that

max
p=1,...,N

max
ν∈[0,1]

∥g̃p(ν)∥2 ≤
1√
N

+∞∑
k=N

∥hk∥2 ≤
1

N3/2

+∞∑
k=N

k ∥hk∥2
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and from (3.30),

max
p=1,...,N

max
ν∈[0,1]

∥g̃p(ν)∥2 = o

(
1

N3/2

)
Thus δ2,1(ν) ∼ NCM

(
0, G̃(ν)

)
with G̃(ν) =

∑N−1
p=0 g̃p(ν)g̃p(ν)

∗ and

max
ν∈[0,1]

tr G̃(ν) = o

(
1

N2

)
as M → ∞. Using Lemma 3.1 as for the control of δ1(ν) in the previous section, we end up with

max
ν∈VN

∥δ2,1(ν)∥2
a.s.−−−−→

M→∞
0.

We now consider the term δ2,2(ν), which involves the sequence of random variables (ϵ−n)n≥1. For
all k ≥ N , set

χk =
1√
N

hk

N−1∑
p=0

ϵp−ke
−i2πpν

and consider the sequence (χp)k≥N . Using Assumption 3.3,

+∞∑
k=N

∥χk∥2 ≤
+∞∑
k=N

√
k∥hk∥2

∣∣∣∣∣∣ 1N
N−1∑
p=0

ϵp−ke
−i2πpν

∣∣∣∣∣∣
≤

sup
k≥N

∣∣∣∣∣∣ 1N
N−1∑
p=0

ϵp−ke
−i2πpν

∣∣∣∣∣∣
 +∞∑

k=N

√
k∥hk∥2

< +∞ a.s.

since for any k, by the gaussianity of the ϵp−k, supν∈VN

∣∣∣ 1N ∑N−1
p=0 ϵp−ke

−i2πpν
∣∣∣ converges almost

surely towards 0 as N → +∞ by the law of the large numbers, so it remains almost surely bounded
for any finite N . This implies that the family (χk)k≥N is a.s. absolutely summable. Therefore, we
can rearrange the series defining δ2,2(ν) and write

δ2,2(ν) =

+∞∑
p=1

ϵ−pǧp(ν)

with probability one, where this time gp(ν) is defined for all p ≥ 1 as

ǧp(ν) =

{
1√
N

∑p−1
k=0 hk+N e−i2π(N+k−p)ν if p ∈ {1, . . . , N}

1√
N

∑N−1
k=0 hp+k e−i2πkν if p ≥ N + 1.

.

Again,

sup
p≥1

max
ν∈[0,1]

∥ǧp(ν)∥2 = o

(
1

N

)
(3.33)
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δ2,2(ν) ∼ NCM

(
0, Ǧ(ν)

)
, where

Ǧ(ν) =

+∞∑
p=1

ǧp(ν)ǧp(ν)
∗

and such that tr Ǧ(ν) = o
(
1
N

)
. Thus, using Lemma 3.1 also yields

max
ν∈VN

∥δ2,2(ν)∥2
a.s.−−−−→

M→∞
0.

This concludes the proof of Theorem 3.2.

3.C Proof of Theorem 3.3

To prove Theorem 3.3, we need as a preliminary step to study the impact of the renormalization
by dg(Ŝy(ν))

− 1
2 in the definition of the SCM.

Lemma 3.3. Under Assumptions 3.1, 3.3 and 3.4, we have

max
ν∈VN

∥∥∥dg (Ŝy(ν)
)
− Sv(ν)

∥∥∥
2

a.s.−−−−→
M→∞

0 (3.34)

as well as

max
ν∈VN

∥∥∥∥dg (Ŝy(ν)
)− 1

2 − Sv(ν)
− 1

2

∥∥∥∥
2

a.s.−−−−→
M→∞

0 (3.35)

Proof. To prove (3.34), we establish successively

max
ν∈VN

∥∥∥dg (Ŝy(ν)
)
− dg (Sy(ν))

∥∥∥
2

a.s.−−−−→
M→∞

0 (3.36)

as well as
max
ν∈VN

∥dg (Sy(ν))− Sv(ν)∥2
a.s.−−−−→

M→∞
0 (3.37)

Using (3.20), we have the bound

max
ν∈VN

∥∥∥dg (Ŝy(ν)
)
− dg (Sy(ν))

∥∥∥
2
≤ ∆1 +∆2,

with

∆1 = max
ν∈VN

∥∥∥∥Ŝy(ν)− Sy(ν)
1
2
X(ν)X(ν)∗

B + 1
Sy(ν)

1
2

∥∥∥∥
2

a.s.−−−−→
M→∞

0,

and

∆2 = max
ν∈VN

max
m=1,...,M

∣∣∣∣∣
[
Sy(ν)

1
2

(
X(ν)X(ν)∗

B + 1
− IM

)
Sy(ν)

1
2

]
m,m

∣∣∣∣∣ .
Denoting um(ν) = Sy(ν)

1
2em, where em is the m-th vector of the canonical basis of CM , as well as
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x1(ν), . . . ,xB+1(ν) the i.i.d. NCM (0, IM ) column vectors of X(ν), we have for all t > 0,

P (∆2 > t) ≤
∑
ν∈VN

M∑
m=1

P

(∣∣∣∣∣ 1

B + 1

B+1∑
b=1

|um(ν)∗xb(ν)|2 − ∥um(ν)∥22

∣∣∣∣∣ > t

)
.

From Assumption 3.1, Assumption 3.2 and condition (3.11) from Assumption 3.3, we have

0 < inf
M≥1

min
m=1,...,M

min
ν∈[0,1]

∥um(ν)∥2 ≤ sup
M≥1

max
m=1,...,M

max
ν∈[0,1]

∥um(ν)∥2 <∞.

Using in the statement of Lemma 3.1

z =
(
x1(ν)

T , . . . ,xB+1(ν)
T
)T ∼ NCM(B+1)(0, IM(B+1))

and Ξ as the M(B + 1)×M(B + 1) block-diagonal matrix

Ξ =
IB+1 ⊗ (um(ν)um(ν)

∗)

B + 1

with ⊗ denoting the Kronecker product, we obtain

P (∆2 > t) ≤ 2MN max
ν∈VN

exp

(
−Cmin

{
Bt2

∥um(ν)∥42
,

Bt

∥um(ν)∥22

})
where C > 0 is a constant independent of M , which in turn implies that

∆2
a.s.−−−−→

M→∞
0

and that (3.36) holds. To check (3.37), we use Assumption 3.3 eq. (3.12) to get that

max
ν∈VN

∥dg (H(ν)H(ν)∗)∥2 = max
ν∈VN

max
m=1,...,M

∥hm(ν)∥22

−−−−→
M→∞

0

and from the fact that

dg (Sy(ν)) = dg (H(ν)H(ν)∗) + Sv(ν)

we obtain (3.37) and, in turn, (3.34).

To prove (3.35), we write (using that |
√
a−

√
b| <

√
|a− b| for a, b > 0)

max
ν∈VN

∥∥∥∥dg (Ŝy(ν)
)− 1

2 − Sv(ν)
− 1

2

∥∥∥∥
2

≤ max
ν∈VN

max
m=1,...,M

√
|[Ŝy(ν)]m,m − sm(ν)|
[Ŝy(ν)]m,m sm(ν)

.

From Assumption 3.2, there exists ϵ > 0 such that

inf
M≥1

min
m=1,...,M

min
ν∈VN

sm(ν) ≥ ϵ > 0.

Using (3.34) and denoting

∆ = max
ν∈VN

∥∥∥dg (Ŝy(ν)
)
− Sv(ν)

∥∥∥
2
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we have that

max
ν∈VN

∥∥∥∥dg (Ŝy(ν)
)− 1

2 − Sv(ν)
− 1

2

∥∥∥∥
2

≤

√
∆

ϵ (ϵ−∆)

with probability one for all large M , which proves (3.35).

We also need the following lemma on the boundedness of the matrix Ŝy(ν).

Lemma 3.4. Under Assumptions 3.1, 3.3 and 3.4, we have

lim sup
M→∞

max
ν∈VM

∥∥∥Ŝy(ν)
∥∥∥
2
<∞

with probability one.

Proof. From (3.20), we have

lim sup
M→∞

max
ν∈VN

∥∥∥Ŝy(ν)
∥∥∥
2
≤ lim sup

M→∞
max
ν∈VN

∥Sy(ν)∥2 max
ν∈VN

∥∥∥∥X(ν)X(ν)∗

B + 1

∥∥∥∥
2

.

From Assumptions 3.1 and 3.3, it is clear that

sup
M≥1

max
ν∈VN

∥Sy(ν)∥2 <∞.

Finally, from Lemma 3.2 and the remarks below this lemma, we have

lim sup
M→∞

max
ν∈VN

∥∥∥∥X(ν)X(ν)∗

B + 1

∥∥∥∥
2

<∞

with probability one, and Lemma 3.4 is proved.

Equipped with Lemmas 3.3 and 3.4, we are now in a position to prove Theorem 3.3. Define

∆̃ = max
ν∈VN

∥∥∥∥dg (Ŝy(ν)
)− 1

2 − Sv(ν)
− 1

2

∥∥∥∥
2

and recall the definition of the random matrix X(ν) in (3.20). Let us write

Ĉy(ν)−Ξ(ν)
1
2
X(ν)X(ν)∗

B + 1
Ξ(ν)

1
2 = Ψ1(ν) + Ψ2(ν)

where the two error terms are defined by:

Ψ1(ν) = Ĉy(ν)− Sv(ν)
− 1

2 Ŝy(ν)Sv(ν)
− 1

2

Ψ2(ν) = Sv(ν)
− 1

2 Ŝy(ν)Sv(ν)
− 1

2 −Ξ(ν)
1
2
X(ν)X∗(ν)

B + 1
Ξ(ν)

1
2

which satisfy:

max
ν∈VN

∥Ψ1(ν)∥2 ≤ ∆̃ max
ν∈VN

∥∥∥Ŝy(ν)
∥∥∥
2

(
∆̃ +

2√
minν∈VN

λM (Sv(ν))

)

and

max
ν∈VN

∥Ψ2(ν)∥2 ≤
maxν∈VN

∥∥∥Ŝy(ν)− Sy(ν)
1
2
X(ν)X(ν)∗

B+1 Sy(ν)
1
2

∥∥∥
2

minν∈VN
λM (Sv(ν))

.
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From Assumption 3.2, we have

inf
M≥1

min
ν∈VN

λM (Sv(ν)) > 0.

Using Lemmas 3.3 and 3.4, we directly deduce that

max
ν∈VN

∥Ψ1(ν)∥2
a.s.−−−−→

M→∞
0.

Likewise, using (3.20), we deduce that

max
ν∈VN

∥Ψ2(ν)∥2
a.s.−−−−→

M→∞
0,

which concludes the proof of Theorem 3.3.

3.D Proof of Corollary 3.1, Corollary 3.2 and Proposition 3.1

3.D.1 Proof of Corollary 3.1

Write Ŝv(ν) = Σv(ν)Σv(ν)
∗, and denote

∆v(ν) =

∥∥∥∥Σv(ν)−
1√
B + 1

Sv(ν)
1/2Z(ν)

∥∥∥∥
2

.

Using the fact that for any two matrices A,B of appropriate dimensions, we have

AA∗ −BB∗ = (A−B)(A−B)∗ + (A−B)B∗ +B(A−B)∗

and
∥AB∥2 ≤ ∥A∥2∥B∥2

we see that∥∥∥∥Ŝv(ν)−
1

B + 1
Sv(ν)

1/2Z(ν)Z(ν)∗Sv(ν)
1/2

∥∥∥∥
2

≤ ∆v(ν)

(
∆v(ν) + 2

√
∥Sv(ν)∥2
B + 1

∥Z(ν)∥2

)
.

Assumption 3.1 implies that

sup
M≥1

max
ν∈[0,1]

∥Sv(ν)∥2 <∞

while from Lemma 3.2 of Appendix 3.A, since Z(ν) has i.i.d. complex Gaussian entries,

lim sup
M→∞

max
ν∈VN

∥Z(ν)∥2√
B + 1

<∞ (3.38)

with probability one. This concludes the proof of Corollary 3.1.

3.D.2 Proof of Corollary 3.2

The proof of Corollary 3.2 is similar to that of Corollary 3.1. Denoting ∆u(ν) =
∥Σu(ν)−H(ν)Σϵ(ν)∥2, and noticing that supM≥1maxν∈[0,1] ∥H(ν)∥2 < ∞ from Assumption 3.3
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eq. (3.11), we obtain that

max
ν∈VN

∥∥∥Ŝu(ν)−H(ν)Σϵ(ν)Σϵ(ν)
∗H(ν)∗

∥∥∥
2
≤ max

ν∈VN

∆u(ν) (∆u(ν) + 2 ∥H(ν)∥2 ∥Σϵ(ν)∥2) ,
a.s.−−−−→

M→∞
0.

Since K is fixed with respect to M from Assumption 3.4, we also have

max
ν∈VN

∥Σϵ(ν)Σϵ(ν)
∗ − IM∥2

a.s.−−−−→
M→∞

0 (3.39)

using Lemma 3.1, which proves Corollary 3.2.

3.D.3 Proof of Proposition 3.1

To prove Proposition 3.1, let us write

Y(ν) = H(ν)Σϵ(ν) +
Sv(ν)

1/2Z(ν)√
B + 1

.

Then, from (3.38) and (3.39), we have

lim sup
M→∞

max
ν∈VN

∥Y(ν)∥2 <∞

with probability one, which implies the following convergence

max
ν∈VN

∥∥∥Ŝy(ν)−Y(ν)Y(ν)∗
∥∥∥
2
≤ max

ν∈VN

(∆u(ν) + ∆v(ν)) (∆u(ν) + ∆v(ν) + 2 ∥Y(ν)∥2)
a.s.−−−−→

M→∞
0.

Finally, since the columns of
√
B + 1Y(ν) are i.i.d. NCM (0,Sy(ν)) with Sy(ν) = H(ν)H(ν)∗ +

Sv(ν), it follows that

Y(ν) = Sy(ν)
1/2 X(ν)√

B + 1

for some M × (B + 1) matrix X(ν) having i.i.d. NC(0, 1) entries and the proof of Proposition 3.1
is complete.

3.E Proof of Corollary 3.3

We first prove that all the eigenvalues of the SCM asymptotically concentrate in a compact set with
probability one for all large M . Indeed, considering

W(ν) = Ξ(ν)
1
2
X(ν)X(ν)∗

B + 1
Ξ(ν)

1
2

defined through Theorem 3.3 and using Lemma 3.2 in conjunction with Borel-Cantelli lemma, we
deduce that there exists constants C1, C2 such that

lim inf
M→∞

min
ν∈VN

λM (W(ν)) ≥ C1(1−
√
c)2
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and

lim sup
M→∞

max
ν∈VN

λ1 (W(ν)) ≤ C2(1 +
√
c)2 (3.40)

with probability one, where C1, C2 satisfy, thanks to Assumption 3.3,

0 < C1 < 1 = inf
M≥1

min
ν∈VN

λM (Ξ(ν))

and

sup
M≥1

max
ν∈VN

λM (Ξ(ν)) < C2 <∞.

Using (3.22), we obtain similarly

lim inf
M→∞

min
ν∈VN

λM

(
Ĉy(ν)

)
≥ C1(1−

√
c)2

and
lim sup
M→∞

max
ν∈VN

λ1

(
Ĉy(ν)

)
≤ C2(1 +

√
c)2

with probability one. Let 0 < ϵ < C1
2 (1−

√
c)2 and h ∈ C1

c (R) such that

h(λ) =

{
1 if λ ∈

[
C1(1−

√
c)2 − ϵ, C2(1 +

√
c)2 + ϵ

]
0 if λ ̸∈

[
C1(1−

√
c)2 − 2ϵ, C2(1 +

√
c)2 + 2ϵ

] .
Then it follows that

max
ν∈VN

|Lφ(ν)− Lφh(ν)|
a.s.−−−−→

M→∞
0.

Thus, without loss of generality, we may assume for the remainder of the proof that φ ∈ C1
c ((0,+∞)).

Using (3.22), we deduce that

max
ν∈VN

1

M

M∑
m=1

∣∣∣φ(λm (Ĉy(ν)
))

− φ (λm (W(ν)))
∣∣∣ a.s.−−−−→
M→∞

0.

Next, consider the two functions

m̂(z, ν) =
1

M

M∑
m=1

1

λm (W(ν))− z
=

∫
R

dµ̂(λ, ν)

λ− z

and

m̃(z, ν) =
1

M

M∑
m=1

1

λm

(
X(ν)X(ν)∗

B+1

)
− z

=

∫
R

dµ̃(λ, ν)

λ− z

defined for all z ∈ C+ := {ζ ∈ C : Im(ζ) > 0}, and where for all Borel set A ⊂ R,

µ̂(A, ν) =
1

M

M∑
m=1

δλm(W(ν))(A)
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and

µ̃(A, ν) =
1

M

M∑
m=1

δ
λm

(
X(ν)X(ν)∗

B+1

)(A)

denote the empirical eigenvalue distributions of the matrices W(ν) and X(ν)X(ν)∗

B+1 respectively, and
δx is the Dirac measure at point x. Functions z 7→ m̂(z, ν) and z 7→ m̃(z, ν) coincide with the
Stieltjes transforms of the measures µ̂(., ν) and µ̃(., ν) respectively (see [89] for a review of the main
properties of the Stieltjes transform). Since

m̂(z, ν)− m̃(z, ν) =
1

M
tr

(
(W(ν)− zI)−1 −

(
X(ν)X(ν)∗

B + 1
− zI

)−1
)

and using the fact that A−1 −B−1 = A−1(B−A)B−1 for non-singular matrices A,B, we have

|m̂(z, ν)− m̃(z, ν)| ≤ 1

|Im(z)|2
K

M
∥H(ν)∥22

∥∥Sv(ν)
−1
∥∥
2

∥∥∥∥X(ν)X(ν)∗

B + 1

∥∥∥∥
2

it follows from Assumptions 3.2, 3.3, 3.4 and Lemma 3.2 that

max
ν∈VN

|m̂(z, ν)− m̃(z, ν)| a.s.−−−−→
M→∞

0 (3.41)

for all z ∈ C+. In the following, we fix a realization in an event of probability one for which (3.41)
holds for all z ∈ C+ and consider

ν∗ ∈ argmax
ν∈VN

∣∣∣∣∫
R
φ(λ)dµ̂(λ, ν)−

∫
R
φ(λ)dµ̃(λ, ν)

∣∣∣∣ .
Then |m̂(z, ν∗)− m̃(z, ν∗)| → 0 as M → ∞, for all z ∈ C+. From the fact that the pointwise
convergence on C+ of a sequence of Stieltjes transforms is equivalent to the weak convergence of
the related sequence of probability measures (see e.g. [89, Ex.2.4.10]), we deduce that

max
ν∈VN

∣∣∣∣∣ 1M
M∑
m=1

(
φ (λm (W(ν)))− φ

(
λm

(
X(ν)X(ν)∗

B + 1

)))∣∣∣∣∣ =
∣∣∣∣∫

R
φ(λ)dµ̂(λ, ν∗)−

∫
R
φ(λ)dµ̃(λ, ν∗)

∣∣∣∣
−−−−→
M→∞

0.

To conclude the proof of Corollary 3.3, it remains to prove that

max
ν∈VN

∣∣∣∣∣ 1M
M∑
m=1

φ

(
λm

(
X(ν)X(ν)∗

B + 1

))
−
∫

R
φ(λ)f(λ)dλ

∣∣∣∣∣ a.s.−−−−→
M→∞

0.

Consider the decomposition

max
ν∈VN

∣∣∣∣∣ 1M
M∑
m=1

φ

(
λm

(
X(ν)X(ν)∗

B + 1

))
−
∫

R
φ(λ)f(λ)dλ

∣∣∣∣∣ ≤ ∆1 +∆2,

where

∆1 = max
ν∈VN

∣∣∣∣∣ 1M
M∑
m=1

(
φ

(
λm

(
X(ν)X(ν)∗

B + 1

))
− E

[
φ

(
λm

(
X(ν)X(ν)∗

B + 1

))])∣∣∣∣∣
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and

∆2 =

∣∣∣∣∣ 1M
M∑
m=1

E

[
φ

(
λm

(
X(0)X(0)∗

B + 1

))]
−
∫

R
φ(λ)f(λ)dλ

∣∣∣∣∣ .
Using the concentration inequality of [33, Cor. 1.8(b)], it is straightforward to show that

∆1
a.s.−−−−→

M→∞
0.

Moreover, using again the properties of the Stieltjes transform, it can be deduced from e.g. [36]
that

∆2 −−−−→
M→∞

0.

This concludes the proof of Corollary 3.3.

3.F Proof of Proposition 3.2

Convergences (3.25), (3.26) and (3.27) are straightforward consequences of (3.22) and the results of
[7, Th. 1.1] on the behaviour of the largest eigenvalues for the so-called multiplicative spike model
random matrices. To prove (3.28), we use the bound

λ1 (W(ν)) ≤ λ1

(
X(ν)X(ν)∗

B + 1

)
λ1 (Ξ(ν))

Then, from the fact that γ∞ = 0 and Lemma 3.2, we finally obtain

lim sup
M→∞

max
ν∈VN

λ1 (W(ν)) ≤ lim sup
M→∞

max
ν∈VN

λ1

(
X(ν)X(ν)∗

B + 1

)
≤
(
1 +

√
c
)2
.

The proof is concluded by invoking again convergence (3.22).
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Chapter 4

Extension to the case of non-vanishing
SNR per sensor

4.1 Introduction

In this short chapter, we show that it is possible to slightly weaken one of the assumptions used
in Chapter 3. However, we will see that the corresponding results in this chapter are less natural
to write and will still require other conditions. In particular, we are interested in Assumption 3.3
equation (3.12) that we recall here.

Assumption 3.3. The MIMO filter coefficient matrices are such that

sup
M≥1

∑
k∈Z

(1 + |k|) ∥Hk∥2 <∞

and

lim
M→∞

max
m=1,...,M

max
ν∈[0,1]

∥hm(ν)∥2 = 0.

Intuitively, we recall that ∥hm(ν)∥22 =
∑K

k=1 |(H)m,k(ν)|2 can be represented as the total power
received by the sensor m from the K–dimensional signal at frequency ν. Assumption 3.3 assumes
that the power received on each sensor from the signal is asymptotically zero, and no relevant
information about the signal can be extracted by each sensor. The detection becomes achievable
only when the observations from the M sensors are combined, as shown in the previous chapter.
Suppose now that for some reason, the signal power received at some sensors does not converge to
zero, so that some of the sensors can receive asymptotically a strictly positive total power, ie. for
some m ≥ 1 and ν ∈ [0, 1]

lim
m→+∞

∥hm(ν)∥2 > 0. (4.1)

We modify Assumption 3.3 according to this more general context.

Assumption 3.3b. The MIMO filter coefficient matrices are such that

sup
M≥1

∑
k∈Z

(1 + |k|) ∥Hk∥2 <∞

Moreover, for each ν ∈ [0, 1] there exists a sequence (du,∞,m(ν))m≥1 such that

sup
ν∈[0,1]

card {du,∞,m(ν) ̸= 0} < +∞
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and
∥dg(H(ν)H(ν)∗)− dg(du,∞,m(ν),m ∈ [M ])∥ N→+∞−−−−−→ 0

Assumption 3.3b means thatDu,∞(ν) := dg(du,∞,m(ν),m ∈ [M ]) has a finite number of non-zero
entries, so its rank remains finite when N → +∞. This is not the case of Du(ν) := dg(H(ν)H(ν)∗),
even though H(ν)H(ν)∗ is of finite rank K. Note that relying on Assumption 3.3b instead of

Assumption 3.3 is not in contradiction with (3.14) which states that the SNR
E∥un∥22
E∥vn∥22

converges to

zero at speed 1
M , as long as only a finite number of indices m satisfies (4.1).

4.2 Statement of the results under our new assumption

We start by showing that the conclusion of Theorem 3.3 from Chapter 3 is slightly modified under
the new Assumption 3.3b.

Theorem 4.1. Under Assumptions 3.1, 3.2, 3.3b and 3.4, for each ν ∈ VN , there exist an M ×
(B + 1) random matrix X(ν) with iid NC(0, 1) entries such that

max
ν∈VN

∥∥∥∥Ĉy(ν)−Ξ(ν)
1
2
X(ν)X(ν)∗

B + 1
Ξ(ν)

1
2

∥∥∥∥ −−−−−→
N→+∞

0

where

Ξ(ν) = IM + (Du,∞(ν) + Sv(ν))
− 1

2 (H(ν)H(ν)∗ −Du,∞(ν)) (Du,∞(ν) + Sv(ν))
− 1

2

Proof. For the entire proof, we fix ν ∈ VN and omit the dependence in ν for all the quantities (for
instance Cy represents Cy(ν)). The true spectral coherency matrix Cy is equal to

dg(Sy)
− 1

2Sydg(Sy)
− 1

2 = (Du + Sv)
− 1

2 (HH∗ + Sv)(Du + Sv)
− 1

2

Distributing the inner sum, and defining D = Du + Sv, we get:

(Du + Sv)
− 1

2 (HH∗ + Sv)(Du + Sv)
− 1

2 = D− 1
2HH∗D− 1

2 + Sv(Du + Sv)
−1 (4.2)

Using the resolvent identity (A+B)−1 = B−1 − (A+B)−1AB−1 we obtain that

(Du + Sv)
−1 = S−1

v − S−1
v Du(Du + Sv)

−1

so denoting D = Du + Sv and multiplying by Sv:

Sv(Du + Sv)
−1 = IM −DuD

−1 = IM −D− 1
2DuD

− 1
2 (4.3)

Combining (4.2) and (4.3) we get:

dg(S)−
1
2Sdg(S)−

1
2 = D− 1

2HH∗D− 1
2 + IM −D− 1

2DuD
− 1

2

= IM +D− 1
2 (HH∗ −Du)D

− 1
2

It remains to use the fact that supν∈[0,1] ∥Du(ν) −Du,∞(ν)∥ → 0 and follow the same steps as in
the proof of Theorem 3.3 to end the proof.

Remark 4.1. We see that imposing Assumption 3.3 implies that all the entries of Du converge
towards 0, so Du,∞(ν) = 0, and Ξ(ν) becomes equal to IM + Sv(ν)

− 1
2H(ν)H(ν)∗Sv(ν)

− 1
2 which is

exactly the matrix obtained in Theorem 3.3.
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With Theorem 4.1 at hand, we know that the behaviour of the eigenvalues of Ĉy(ν) are governed
by the matrix Ξ(ν), and in particular by the perturbation part that we denote as Ω(ν):

Ω(ν) = (Du,∞(ν) + Sv(ν))
− 1

2 (H(ν)H(ν)∗ −Du,∞(ν)) (Du,∞(ν) + Sv(ν)))
− 1

2

We will now state some sufficient conditions on the eigenvalues of the quantities involved in Ω(ν)
so that asymptotically, as in Chapter 3, some eigenvalues of Ĉy(ν) escape the support of the
Marcenko-Pastur distribution, which makes the detection of the signal possible. Results on spike
models from [7] provide a sufficient condition to detect eigenvalues leaving the Marcenko-Pastur
distribution support as long as the perturbation matrix Ω(ν) rank remains finite. This is why it
was necessary to approximate Du(ν) by Du,∞(ν) to ensure that Ξ(ν) remains asymptotically a
finite rank perturbation of the identity. Denote λ1 ≥ . . . ≥ λM the ordered eigenvalues of Ω(ν), and
define

γ+(ν) = λ1(Ω(ν))

γ−(ν) = λM (Ω(ν))

Let ν+,∗N and ν−,∗N such that

ν+,∗N ∈ argmax
ν∈VN

γ+(ν)

ν−,∗N ∈ argmin
ν∈VN

γ−(ν)

We now make the following assumption.

Assumption 4.1. There exist constants γ+∞ and γ−∞ such that

γ+(ν+,∗N ) −−−−−→
N→+∞

γ+∞

γ−(ν−,∗N ) −−−−−→
N→+∞

γ−∞

We motivate the definition of these two quantities. For each ν, the matrix Ω(ν) perturbs the
Marcenko-Pastur behaviour of the eigenvalues of Ĉy(ν) in two possible ways: the smallest (negative)
eigenvalue of Ω(ν) will potentially create an eigenvalue leaving the support of the Marcenko-Pastur
distribution on the left, and symmetrically the largest (positive) eigenvalue of Ω(ν) will potentially
create an eigenvalue leaving the support of the Marcenko-Pastur distribution on the right. The
frequencies ν−N and ν+N represent the frequencies for which these perturbations are maximal. In
anticipation of the detection problem, these frequencies represent those where the signal is most
likely to be detected. We note that γ+(ν+,∗N ) and γ−(ν−,∗N ) can be interpreted as a certain SNRmetric
in the frequency domain, as it was the case in Chapter 3, except that we now have two quantities,
one for the positive potential spikes and one for the negative potential spikes. In contrast to the
result from Chapter 3 it is now possible to observe spikes on both sides of the Marcenko-Pastur
distribution. A detection test should therefore monitor eigenvalues of Ĉy(ν) leaving the bulk of
the distribution not only on the right-side but also on the left-side. Consider the following test
statistics:

Tϵ = 1

(
sup
ν∈VN

λ1(Ĉy(ν)) > λ+ + ϵ or inf
ν∈VN

λM (Ĉy(ν)) < λ− − ϵ

)
where [M ] = {1, . . . ,M}. The following proposition proves the consistency of Tϵ under H0 and the
alternative H1.
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Proposition 4.1. For any ϵ > 0, under Assumption 3.3b and Assumption 4.1,

PH0

(
lim
N→∞

Tϵ = 0

)
= 1.

Moreover, under H1, if γ
+
∞ and γ−∞ are such that γ+∞ >

√
c or γ−∞ < −

√
c, then for all 0 < ϵ <

min(ϕ(γ+∞)− λ+, λ− − ϕ(γ−∞)):

PH1

(
lim
N→∞

Tϵ = 1

)
= 1,

We omit the proof of this proposition at it is the same as the proof of Proposition 3.3 from
Chapter 3. The condition γ+∞ >

√
c or γ−∞ < −

√
c ensures that the SNR is high enough in the

sense that the perturbation matrices (Ω(ν))ν∈[0,1] have asymptotically, at least for one frequency
ν, an eigenvalue greater in absolute value than the threshold

√
c. Intuitively, under this condition,

we will observe a spike in the spectrum of Ĉy(ν), which could be located on the right-side or the
left-side of the Marcenko-Pastur distribution. As in Chapter 3, the location of the spike is driven
by the values γ+∞ and γ−∞.

4.3 Numerical simulations

4.3.1 Definition of an alternative

We consider the same model as in Chapter 3 except that we now suppose that for exactly one
sensor, the SNR remains O(1) (instead of being O( 1

M )). The noise (vn)n∈Z is generated as a
Gaussian AR(1) process having the spectral density

sv(ν) =
1

|1− θe−i2πν |2
,

for all m = 1, . . . ,M , with |θ| < 1. The useful signal (u)n∈Z, is also modeled as a rank one (K = 1)
AR(1) process defined by:

Hk = Cβk
(
1,

1√
M
, . . . ,

1√
M

)T
∈ CM

with |β| < 1 and C a constant which can be chosen to manually tune the SNR. This model is very
close to the one used in Chapter 3 except that the first component is O(1) instead of O( 1√

M
). In

this case,

H(ν)H∗(ν) =
C2

|1− βe−2iπν |2

(
1 1√

M
1TM−1

1√
M
1M−1

1
M 1M−11

T
M−1

)
where 1M = (1, . . . , 1)T ∈ RM . Denoting su(ν) =

C2

|1−βe−2iπν |2 , this implies that

Du,∞(ν) = su(ν)

(
1 0TM−1

0M−1 0M−10
T
M−1

)
where 0M = (0, . . . , 0)T ∈ RM . We write:

H(ν)H∗(ν)−Du,∞(ν) = su(ν)

(
0 1√

M
1TM−1

1√
M
1M−1

1
M 1M−11

T
M−1

)
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and Du,∞(ν) + Sv(ν) is the diagonal matrix equal to:

Du,∞(ν) + Sv(ν) =


su(ν) + sv(ν)

sv(ν)
. . .

sv(ν)


Denote s(ν) = su(ν) + sv(ν). With this notation, it is clear that:

Ω(ν) =

 0 su(ν)√
sv(ν)s(ν)

1√
M
1TM−1

su(ν)√
s(ν)sv(ν)

1√
M
1M−1

su(ν)
sv(ν)

1
M 1M−11

T
M−1


To find the eigenvalues of Ω(ν), we first need to write the following Lemma 4.1.

Lemma 4.1. For a, b ̸= 0, the eigenvalues of A ∈ RM×M defined by:

A =

(
0 a1TM−1

a1M−1 b1M−11
T
M−1

)
are 0 with multiplicity M − 2 while the largest and smallest eigenvalues are

(M − 1)b

2

(
1±

√
1 +

4a2

(M − 1)b2

)

Proof. It can be checked that 0 is an eigenvalue with multiplicity M − 2, with eigenvectors
(0,−1, 1, 0, . . . , 0), . . . , (0,−1, 0, . . . , 0, 1). It remains to find the two remaining eigenvalues. By
symmetry of A, it is natural to consider the eigenvector x = (v, 1, . . . , 1) where v ̸= 0, and denote
λ ̸= 0 its associated eigenvalue. The identity Ax = λx provides the following system of equations:

(M − 1)a = λv
va+ (M − 1)b = λ
...
va+ (M − 1)b = λ

Using v = (M−1)a
λ , we get:

(M − 1)
a2

λ
+ (M − 1)b = λ

so
λ2 − (M − 1)bλ− (M − 1)a2 = 0

which gives two solutions:

λ± =
(M − 1)b±

√
(M − 1)2b2 + 4(M − 1)a2

2
=

(M − 1)b

2

(
1±

√
1 +

4a2

(M − 1)b2

)

Substituting a (respectively b) by 1√
M

su(ν)√
s(ν)sv(ν)

(respectively 1
M

su(ν)
sv(ν)

), Lemma 4.1 applied to
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Ω(ν) provides:

4a2

(M − 1)b2
= 4

sv(ν)

s(ν)

M

(M − 1)

(M − 1)b

2
=

(M − 1)

2M

su(ν)

sv(ν)

so that the eigenvalues of Ω(ν) are 0 with multiplicity M − 2 and

(M − 1)

2M

su(ν)

sv(ν)

(
1±

√
1 + 4

sv(ν)

su(ν) + sv(ν)

M

(M − 1)

)

Asymptotically, the two non-zero eigenvalues become the largest (strictly positive) and the smallest
(strictly negative) and converge towards:

λ+(ν) =
1

2

su(ν)

sv(ν)

(
1 +

√
1 + 4

sv(ν)

su(ν) + sv(ν)

)

λ−(ν) =
1

2

su(ν)

sv(ν)

(
1−

√
1 + 4

sv(ν)

su(ν) + sv(ν)

)

Note that λ+(ν) and λ−(ν) converges to finite non null constants. In the case where for some ν we
have λ+(ν) >

√
c and λ−(ν) < −

√
c we should see two spikes : one on the left associated with λ−

and one on the right associated with λ+. The other eigenvalues are O( 1
M ), so they will not create

additional spikes.

4.3.2 Numerical results

In Figure 4.3.1 is represented for N = 20000,M = 200, B = 2000, θ = 0.7 and β = 10
18 the eigenvalue

distribution of Ĉy(ν) for ν = 0. On the right graph of Figure 4.3.1, compared to the case under
Assumption 3.3, we indeed observe an additional spike on the left-side of the distribution.
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1.2

Marchenko-Pastur, c=0.10
Eigenvalues of Cy( )

Figure 4.3.1: Eigenvalue distribution of Ĉy(ν) (ν = 0) vs the density of the Marcenko-Pastur
distribution with parameter c = 0.1. C = 0 (no signal) on the left, C = 0.1 under Assumption 3.3
in the middle, C = 0.1 under Assumption 3.3b on the right.

Lastly, in Figure 4.3.2 is represented under Assumption 3.3 and Assumption 3.3b the largest
and smallest eigenvalues of Ω(ν) as a function of ν in the case where θ = 0.7, β = 10

18 , andM = 100.
Concerning the largest eigenvalue, we see that the maximum perturbation happens for ν = 0 (which
justifies why we studied Ĉy(ν) for this frequency in Figure 4.3.1) and that the results for Assumption
3.3 and Assumption 3.3b approximately coincide. However, we observe a significant difference in the
behaviour of the smallest eigenvalue: the smallest eigenvalue is strictly negative under Assumption
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Figure 4.3.2: Largest and smallest eigenvalues of Ĉy(ν) as a function of ν in Assumption 3.3 and
Assumption 3.3b

3.3b while it is null under Assumption 3.3.
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Part III

Maximum of the sample spectral
coherency estimator
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Chapter 5

On the asymptotic distribution of the
maximum sample spectral coherence
of Gaussian time series in the high
dimensional regime

5.1 Introduction

5.1.1 The addressed problem and the results

We consider M jointly stationary complex Gaussian time series (y1,n)n∈Z , . . . , (yM,n)n∈Z and for
all i, j ∈ {1, . . . ,M}, we denote by sij and cij the spectral density and spectral coherence between
(yi,n)n∈Z and (yj,n)n∈Z given respectively by

sij(ν) =
∑
u∈Z

rij(u)e
−i2πuν

and

cij(ν) =
sij(ν)√

sii(ν)sjj(ν)

for all ν ∈ [0, 1], where rij(u) = E[yi,n+uyj,n]. Assuming N observations
(y1,n)n=1,...,N , . . . , (yM,n)n=1,...,N are available for each time series, we consider the frequency
smoothed estimate ŝij of sij given by

ŝij(ν) =
1

B + 1

B/2∑
b=−B/2

ξyi

(
ν +

b

N

)
ξyj

(
ν +

b

N

)
, (5.1)

where B is an even integer representing the smoothing span, and where

ξyi(ν) =
1√
N

N∑
n=1

yi,ne
−2iπ(n−1)ν

205
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denotes the normalized Fourier transform of (yi,n)n=1,...,N . The corresponding sample estimate of
the spectral coherence is defined as

ĉij(ν) =
ŝij(ν)√

ŝii(ν)ŝjj(ν)
.

Under the hypothesis

H0 : (y1,n)n∈Z, . . . , (yM,n)n∈Z are mutually uncorrelated,

we evaluate the behaviour of the Maximum Sample Spectral Coherence (MSSC) defined by

max
1≤i<j≤M

max
ν∈G

|ĉij(ν)|

where

G :=

{
k
B + 1

N
: k ∈ N, 0 ≤ k ≤ N

B + 1

}
is the subset of the Fourier frequencies

F :=

{
k

N
: k ∈ N, 0 ≤ k ≤ N − 1

}
with elements spaced by a distance (B + 1)/N . Our study is conducted in the asymptotic regime
where M = M(N) and B = B(N) are both functions of N such that for some ρ ∈ (0, 1), M ≍ Nρ

and B ≍ Nρ as N → ∞ 1 , while the ratio M/B converges to some constant c ∈ (0,+∞). It is
established that, under H0 and proper assumptions on the time series (y1,n)n∈Z, . . . , (yM,n)n∈Z, for
any t ∈ R:

P

(
(B + 1) max

(i,j,ν)∈I
|ĉij(ν)|2 ≤ t+ log

N

B + 1
+ log

M(M − 1)

2

)
−−−−−→
N→+∞

e−e
−t

(5.2)

where
I := {(i, j, ν) : i, j ∈ [M ] such that i < j, ν ∈ G} (5.3)

with [M ] = {1, . . . ,M}.
In other words, under proper normalization and centering, max(i,j,ν)∈I |ĉij(ν)|2 follows asymp-

totically a Gumbel distribution (see [26] or [74] for a general theory of extreme value distributions).

5.1.2 Motivation

This chapter is motivated by the problem of testing the independence of a large number of Gaussian
time series. Since hypothesis H0 can be equivalently formulated as

H0 : max
1≤i<j≤M

max
ν∈[0,1]

|sij(ν)|2 = 0,

or by

H0 : max
1≤i<j≤M

max
ν∈[0,1]

|cij(ν)|2 = 0,

this suggests to compute consistent estimators of these quantities, and test their closeness to zero.

1For two sequences (xn)n≥1, (yn)n≥1, we denote by xn ≍ yn if there exists k1, k2 > 0 such that k1|yn| ≤ |xn| ≤
k2|yn| for all large n.
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Our choice of the high-dimensional regime defined above is motivated as follows. Under mild
assumptions on the memory of the time series ((ym,n)n∈Z)m≥1, in the low-dimensional regime where
N → +∞ and M is fixed, it can be shown that the sample spectral coherence matrix

Ĉ(ν) = (ĉi,j(ν))i,j=1,...,M (5.4)

is a consistent estimate (in spectral norm for instance) of the spectral coherence matrix

C(ν) = (ci,j(ν))i,j=1,...,M

as long as B → +∞ and B/N → 0 (up to some additional logarithmic terms). In practice, this
asymptotic regime and the underlying predictions are relevant as long as the ratio M/N is small
enough. If this condition is not met, test statistics based on Ĉ(ν) may be of delicate use, as the choice
of the smoothing span B must meet the constraints B ≫ M (because B is supposed to converge
towards +∞) as well as B ≪ N (because B/N is supposed to converge towards 0). Nowadays, for
many practical applications involving high dimensional signals and/or moderate sample size, the
ratio M/N may not be small enough to be able to choose B to meet B ≫M and B ≪ N . In this
situation, one may rely on the more relevant high dimensional regime in which M,B,N converge
to infinity such that M/B converges to a positive constant while B/N converges to zero.

5.1.3 On the literature

Correlation tests using spectral approaches have been studied in several papers, see e.g. [93], [25]
and the references therein.

More recently, an approach similar to the one of this chapter has been explored in [97], where
the maximum of the sample spectral coherence, when using lag-window estimates of the spectral
density, is studied. In the low-dimensional regime where M is fixed and N → ∞, it is proved that
the distribution of such statistic under H0, after proper centering and normalization, converges to
the Gumbel distribution. We also mention other related papers exploring the asymptotic behaviour
of various spectral density estimates in the low-dimensional regime: [96], [81], [83], [56] and [58].

In the high-dimensional regime when M is a function of N such that M := M(N) → +∞,
few results on the behaviour of correlation test statistics in the spectral domain are known. [62]
proved that under H0 and mild assumptions on the underlying time series, the empirical eigenvalue
distribution of Ĉ(ν) defined in (5.4) converges weakly almost surely towards the Marcenko-Pastur
distribution, which can be exploited to build test statistics based on linear spectral statistics of
Ĉ(ν). In [78], a consistent test statistic based on the largest eigenvalue of Ĉ(ν) was derived for the
problem of detecting the presence of a signal with a low-rank spectral density matrix within a noise
with uncorrelated components.

In the asymptotic regime where M
N → γ, [69] proposed to test hypothesis H0 when the compo-

nents of y share the same spectral density. In this case, the rows of the M ×N matrix (y1, . . . ,yN )
are independent and identically distributed under H0. [69] established a central limit theorem for
linear spectral statistics of the empirical covariance matrix, and deduced from this a test statistics
to check whether H0 holds or not. We notice that the results of [69] are valid in the non-Gaussian
case.

More results are available in the case where the time series (ym,n)n∈Z, m ∈ [M ], are temporally
white. To test the correlation of the M components, one can similarly consider sample estimates
of the correlation matrix, and test whether it is close to the identity matrix. Under the asymptotic
regime where M

N → γ ∈ (0,+∞), [45] showed that the maximum off-diagonal entry of the sample
correlation matrix after proper normalization is also asymptotically distributed as Gumbel. The
techniques used here for proving (5.2) are partly based on this paper. Other works such as [64]
studied the asymptotic distribution of linear spectral statistics of the correlation matrix, [21] focused
on the behaviour of the determinant of the correlation matrix, and [15] considered a U-statistic and
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obtained minimax results over some class of alternatives. Some other papers also explored various
classes of alternative H1, among which is [28], who showed a phase transition phenomena in the
behaviour of the largest off-diagonal entry of the correlation matrix driven by the magnitude of
the dependence parameter defined in the alternative class H1. Lastly, [65] studied asymptotic first
and second-order behaviour of the largest eigenvalues and associated eigenvectors of the sample
correlation matrix under a specific alternative spiked model.

5.2 Main results

5.2.1 Assumptions

Throughout the chapter we rely on the following assumptions.

Assumption 5.1 (Time series). The time series (ym,n)n∈Z, m ≥ 1, are mutually independent,
stationary and zero-mean complex Gaussian distributed 2.

For each m ≥ 1, we denote by rm = (rm(u))u∈Z (instead of rm,m) the covariance sequence of
(ym,n)n∈Z, i.e. rm(u) = E[ym,n+uym,n], and we formulate the following assumption on (rm)m≥1:

Assumption 5.2 (Memory). The covariance sequences (rm)m≥1 satisfy the uniform short memory
condition

sup
m≥1

∑
u∈Z

(1 + |u|)|rm(u)| < +∞.

We denote by sm(ν) =
∑

u∈Z rm(u)e
−i2πν (instead of sm,m(ν)) the spectral density of (ym,n)n∈Z

at frequency ν ∈ [0, 1]. Assumption 5.2 of course implies that the function sm is continously
differentiable and that

sup
m≥1

max
ν∈[0,1]

sm(ν) < +∞, sup
m≥1

max
ν∈[0,1]

∣∣∣∣dsmdν (ν)

∣∣∣∣ < +∞. (5.5)

Finally, as the sample spectral coherence of (yi,n)n∈Z and (yj,n)n∈Z involves a renormalization by
the inverse of the estimates of the spectral densities si and sj , we also need that si, sj do not vanish.
This is the substance of the next assumption.

Assumption 5.3 (Non-vanishing spectrum). The spectral densities are uniformly bounded away
from zero, that is

inf
m≥1

min
ν∈[0,1]

sm(ν) > 0. (5.6)

By Assumptions 5.2 and 5.3, there exist quantities smin and smax such that

0 < smin ≤ inf
m≥1

min
ν∈[0,1]

sm(ν) ≤ sup
m≥1

max
ν∈[0,1]

sm(ν) ≤ smax < +∞. (5.7)

We now formulate the following assumptions on the growth rate of the quantities N,M,B, which
describe the high-dimensional regime considered in this chapter.

Assumption 5.4 (Asymptotic regime). B and M are functions of N such that there exist positive
constants C1, C2 ∈ (0,+∞) and ρ ∈ (0, 1) such that:

C1N
ρ ≤ B,M ≤ C2N

ρ

and
M

B
:= cN −−−−−→

N→+∞
c ∈ (0,+∞).

2A complex random variable Z is zero-mean complex Gaussian distributed with variance σ2, denoted as Z ∼
NC(0, σ

2), if Re(Z) and Im(Z) are i.i.d. N (0, σ2

2
) random variables.



209

Notations Even if the subscript ·N is not always specified, almost all quantities should be remem-
bered to be dependent on N . Moreover, C represents a universal constant (i.e. a positive quantity
independent of N,M,B), whose precise value is irrelevant and which may change from one line to
another.

5.2.2 Statement of the result

The main result of this chapter, whose proof is deferred to Section 5.4, is given in the following
theorem.

Theorem 5.1. Under Assumptions 5.1 – 5.3, for any t ∈ R:

P

(
(B + 1) max

(i,j,ν)∈I
|ĉij(ν)|2 ≤ t+ log

N

B + 1
+ log

M(M − 1)

2

)
−−−−−→
N→+∞

e−e
−t
.

Thus, Theorem 5.1 states that max(i,j,ν)∈I |ĉij(ν)|2, atfer proper normalization and centering,
converges in distribution to a type I extreme value distribution, also known as Gumbel distribution.
As it will be clear in the proof, the term log M(M−1)

2 is related to the maximum over (i, j) while the
term log N

B+1 is related to the maximum over ν ∈ G.

We now illustrate numerically the above asymptotic result. Consider M independent AR(1)
processes, driven by a standard Gaussian white noise, i.e.

yn :=

 y1,n
...

yM,n

 = θ

 y1,n−1
...

yM,n−1

+

 ϵ1,n
...

ϵM,n

 , ϵm,n
i.i.d.∼ NC(0, 1)

with θ = 0.6, and (N,M) = (20000, 500). The smoothed periodogram estimators are computed
using B = 1000. We independently draw 10000 samples of the time series (yn)n∈[N ] and compute
the associated MSSC max(i,j,ν)∈IN |ĉij(ν)|2. On Figure 5.2.1 are represented the sample cumulative
distribution function (cdf) and the histogram of the MSSC against the Gumbel cdf and probability
density function (pdf). We indeed observe that the rescaled distribution of max(i,j,ν)∈IN |ĉij(ν)|2 is
close to the Gumbel distribution.

2 0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0 rescaled sup
i, j,

|cij( )|2

Gumbel cdf

2 0 2 4 6 8
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35
Gumbel pdf
rescaled sup

i, j,
|cij( )|2

Figure 5.2.1: Sample cdf and histogram of the MSSC as defined in Theorem 5.1 vs Gumbel distri-
bution.

.
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5.3 Application to testing

5.3.1 New proposed test statistic

Theorem 5.1 can be used to design a new independence test statistic with a controlled asymptotic
level in the proposed high-dimensional regime.

Define qα the α–quantile of the Gumbel distribution: qα = F−1(α) where

F (x) = exp(− exp(−x)).

The test statistic T
(MSSC)
N defined by

T
(MSSC)
N = 1

(
max

(i,j,ν)∈I
|ĉij(ν)|2 >

q1−α + log N
B+1 + log M(M−1)

2

B + 1

)
(5.8)

satisfies, as a direct consequence of Theorem 5.1, limN→+∞ P[T (MSSC)
N = 1] = α under H0.

5.3.2 Type I error

To test the independence of the signals ((ym,n)n∈Z)m=1,...,M , we consider the statistic T
(MSSC)
N

defined in (5.8). On Table 5.3.1 are presented the sample type I errors of T
(MSSC)
N with different

combinations of sample sizes and dimensions (ρ = 0.7 and M
B+1 = 0.5), when the nominal significant

level for all the tests is set at α = 0.05, and all statistics are computed from 30000 independent

replications. One can see as expected that the type I error of T
(MSSC)
N does indeed remain near 5%

as M increases.

Table 5.3.1: Sample type I error at 5%

T
(MSSC)
N

N B M

42 20 10 0.021
316 100 50 0.031
659 180 90 0.037
1044 260 130 0.037
1459 340 170 0.040
1901 420 210 0.042
5623 1000 500 0.048
13374 2000 1000 0.051

5.3.3 Power

We now compare the power of our new test statistic against other independence test statistics which
are designed to work in the high-dimensional regime. We define the Linear Spectral Statistic (LSS)
test from [62] for any ϵ > 0 by

T
(LSS)
N = 1

 sup
ν∈[0,1]

∣∣∣ 1
M tr f(Ĉ(ν))−

∫
R f dµ

(cN )
MP

∣∣∣
N ϵ(B/N)

> κ1−α

 (5.9)
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where µ
(c)
MP represents the Marcenko-Pastur distribution with parameter c defined by

dµ
(c)
MP (λ) =

(
1− 1

c

)
+

δ0(dλ) +

√
(λ+ − λ)(λ− λ−)

2πcλ
1[λ−,λ+](λ) dλ

where λ± = (1±
√
c)2, (·)+ := max(·, 0), cN := M

B+1 and f is some function defined on R+ satisfying
regularity assumptions (see more details in [62]). In practice, ϵ will be taken equal to 0.1. It is

proven in [62] that under H0, T
(LSS)
N → 0 almost surely in the high-dimensional regime but the exact

asymptotic distribution of the LSS test is unknown. Therefore, the detection threshold κ1−α for this

test is based on a sample quantile of T
(LSS)
N under H0 computed from Monte-Carlo simulation. For

fairness comparison, we also use this procedure for the new test statistic T
(MSSC)
N . More precisely,

we compute the sample (1−α)–quantile κ1−α of a test statistic T
(LSS)
N from samples under H0, and

then reject the null hypothesis under H1 if T
(LSS)
N > κ1−α. It remains to choose a test function f ,

and we again follow [62] by considering

• the Frobenius test T
(FROB)
N when f(x) = (x− 1)2

• the logdet test T
(LOG)
N when f(x) = log x

It remains to define the alternatives. For this, we consider the following multidimensional AR(1)
model:

yn+1 = Ayn + ϵn (5.10)

where (ϵn)n∈Z is a sequence of independent NCM (0, I) distributed random vectors, and A is a bidi-
agonal matrix. Three choices of A (A(H0), A(H1,loc), A(H1,glob)) allows us to define two alternatives:

1. H0: for |θ| < 1:

A(H0) =



θ 0 . . . . . . . . . 0
0 θ 0 . . . . . . 0
0 0 θ 0 . . . 0
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

0 . . . . . . 0 0 θ


so the signals ((ym,n)n∈Z)m=1,...,M are mutually independent.

2. H1,loc: for |θ| < 1 and β ∈ R:

A(H1,loc) =



θ 0 . . . . . . . . . 0
β θ 0 . . . . . . 0
0 0 θ 0 . . . 0
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

0 . . . . . . 0 0 θ


so the couple of time series (1,2) is the unique correlated pair of signals.
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3. H1,glob: for |θ| < 1 and β ∈ R:

A(H1,glob) =



θ 0 . . . . . . . . . 0
β θ 0 . . . . . . 0
0 β θ 0 . . . 0
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

0 . . . . . . 0 β θ


so all the signals are mutually correlated.

We now fix the value of the parameters involved under the three hypotheses. θ will always be
taken equal to 0.5. Under H1,loc, β = 0.1. Concerning the alternative H1,glob, more care is required
to choose β. Indeed, one can define a measure of total dependence as:

r :=

∫
∥S(ν)− dgS(ν)∥2F dν∫

∥S(ν)∥2F dν
=

∑
u∈Z ∥R(u)− dgR(u)∥2F∑

u∈Z ∥R(u)∥2F

where R(u) := E[yn+uy∗
n], S(ν) =

∑
u∈Z R(u)e−i2πuν and dg denotes the diagonal part operator.

Clearly, r = 0 under H0, and as r > 0 increases, the M–dimensional time series become correlated.
We also see that for any fixed value of β, r is increasing with M . It is therefore more desirable
to tune β := β(M) such that r remains constant as M increases. This will enable our tests to be
compared against an alternative which does not become asymptotically trivial.

The two alternatives H1,loc and H1,glob are useful to measure the performance of the indepen-
dence tests under two different setups. Under H1,loc, each pair of time series are independent
except the pair (y1,n)n∈Z,(y2,n)n∈Z, whereas under H1,glob each time series has a small correlation
with every other time series.

In Table 5.3.2 and Table 5.3.3 are presented the sample powers when the type I error is fixed
at 5% for the considered tests and the two alternatives. The asymptotic regime is the same as the
one considered for Table 5.3.1: ρ = 0.7 and M

B+1 = 0.2. All statistics are computed from 30000
independent replications. We observe that under H1,glob, with r = 0.01, all the tests asymptotically
detect the alternative, however with different performances. The LSS test statistics show better
power which indicates that they may be more suited to detect alternatives under H1,glob than the

MSSC test statistics. Under H1,loc the results are opposite: the power of T
(MSSC)
N rapidly increases

to 1 as M increases. These results are not surprising since the MSSC test statistic is designed to
detect peaks in the off-diagonal entries of Ĉ(ν) which is exactly the class of alternative considered
in H1,loc. However, when the correlations are spread among all pairs of time series under H1,glob,

the test statistics based on the global behaviour of the eigenvalues of Ĉ(ν) seem more relevant.

In Figure 5.3.1 are represented the ROC for each test under both alternatives. We observe that

T
(FROB)
N and T

(LOG)
N have similar performance and outperform T

(MSSC)
N for the alternative H1,glob,

while T
(MSSC)
N has better performance for H1,loc.

5.4 Proof of Theorem 5.1

We will detail in this section the main steps to prove Theorem 5.1, while some details will be left
in the Appendix.
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Table 5.3.2: Power comparison under H1 global, type I error = 5%

T
(FROB)
N T

(LOG)
N T

(MSSC)
N

N M B

42 10 20 0.050 0.049 0.052
316 50 100 0.036 0.042 0.067
659 90 180 0.067 0.065 0.086
1044 130 260 0.142 0.122 0.133
1459 170 340 0.339 0.255 0.214
1901 210 420 0.601 0.462 0.328
2364 250 500 0.836 0.682 0.503
2846 290 580 0.960 0.852 0.672

Table 5.3.3: Power comparison under H1 local, type I error = 5%

T
(FROB)
N T

(LOG)
N T

(MSSC)
N

N M B

42 10 20 0.049 0.049 0.061
316 50 100 0.038 0.044 0.352
659 90 180 0.038 0.041 0.881
1044 130 260 0.034 0.038 0.999
1459 170 340 0.034 0.038 1.000
1901 210 420 0.035 0.039 1.000
2364 250 500 0.031 0.039 1.000
2846 290 580 0.032 0.036 1.000

0.0 0.2 0.4 0.6 0.8 1.0
false alarm probability level

0.0

0.2

0.4

0.6

0.8

1.0

pr
ob

ab
ilit

y 
of

 d
et

ec
tio

n

T(MSSC)
N

T(FROB)
N

T(LOG)
N

0.0 0.2 0.4 0.6 0.8 1.0
false alarm probability level

0.0

0.2

0.4

0.6

0.8

1.0

pr
ob

ab
ilit

y 
of

 d
et

ec
tio

n

T(MSSC)
N

T(FROB)
N

T(LOG)
N

Figure 5.3.1: ROC associated to each test under H(glob)
1 with r = 0.01 (left) and H(loc)

1 with β = 0.1
(right) when (N,M,B) = (2846, 290, 580))

.

5.4.1 General approach

First, we notice that the frequency smoothed estimate ŝi,j(ν) defined in (5.1) can be written as

ŝij(ν) =
1

B + 1
ξyj (ν)

∗ξyi(ν) (5.11)
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where

ξyi(ν) =

(
ξyi

(
ν − B

2N

)
, . . . , ξyi

(
ν +

B

2N

))T
.

This is a sesquilinear form of the finite Fourier transform of the M time series samples
(yi,1, . . . , yi,N )i∈[M ]. To handle the statistical dependence between the components of ξyi(ν), we
use the well-known Bartlett decomposition (see for instance [94]) whose procedure is described
hereafter.

From Assumptions 5.2 and 5.3, the spectral distribution of (ym,n)n∈Z is absolutely continuous
with density sm being uniformly bounded and bounded away from 0. Therefore, from Wold’s
Theorem [14, Th. 5.7.1, Th. 5.7.2], each time series (ym,n)n∈Z admits a causal and causally
invertible linear representation in terms of its normalized innovation sequence:

ym,n =
+∞∑
k=0

am,kϵm,n−k, (5.12)

where (ϵ1,k)k∈Z, . . . , (ϵM,k)k∈Z are mutually independent sequences of NC(0, 1) i.i.d. random vari-
ables, and (a1,k)k∈N, . . . , (aM,k)k∈N ∈ ℓ2(N) such that if

hm(ν) =
+∞∑
k=0

am,ke
−2iπkν (5.13)

then |hm(ν)|2 = sm(ν) and hm(ν) coincides with the outer causal spectral factor of sm(ν). Define
now s̃ij(ν), an approximation of ŝij(ν), as:

s̃ij(ν) =
1

B + 1

B/2∑
b=−B/2

hi

(
ν +

b

N

)
hj

(
ν +

b

N

)
ξϵi

(
ν +

b

N

)
ξϵj

(
ν +

b

N

)

or equivalently

s̃ij(ν) = ξϵj (ν)
∗Πij(ν)

B + 1
ξϵi(ν) (5.14)

where

Πij(ν) = dg

(
hi

(
ν +

b

N

)
hj

(
ν +

b

N

))
b=−B/2,...,B/2

(5.15)

and

ξϵi(ν) =

(
ξϵi

(
ν − B

2N

)
, . . . , ξϵi

(
ν +

B

2N

))T
.

Instead of working directly with |ĉij(ν)|2 = |ŝij(ν)|2
ŝi(ν)ŝj(ν)

, it turns out that it is more convenient to show

the limiting Gumbel distribution for
|s̃ij(ν)|2
σ2
ij(ν)

where

σ2ij(ν) =
1

B + 1

B/2∑
b=−B/2

∣∣∣∣hi(ν + b

N

)∣∣∣∣2 ∣∣∣∣hj (ν + b

N

)∣∣∣∣2

=
1

B + 1

B/2∑
b=−B/2

si

(
ν +

b

N

)
sj

(
ν +

b

N

)

:=
tr Σij(ν)

B + 1
(5.16)
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and where

Σij(ν) := Π∗
ij(ν)Πij(ν)

= dg

(∣∣∣∣hi(ν + b

N

)∣∣∣∣2 ∣∣∣∣hj (ν + b

N

)∣∣∣∣2 , b = −B
2
, . . . ,

B

2

)
. (5.17)

This is the aim of Proposition 5.1 below.

Proposition 5.1 (Gumbel limit for max(i,j,ν)∈I |s̃ij(ν)|2). Under Assumptions 5.1 – 5.3, for any
t ∈ R, we have

P

(
max

(i,j,ν)∈I
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
≤ t+ log

N

B + 1
+ log

M(M − 1)

2

)
−−−−−→
N→+∞

e−e
−t
. (5.18)

Once equipped with Proposition 5.1, it remains then to show that max(i,j,ν)∈I
|s̃ij(ν)|2
σ2
ij(ν)

is close

enough to max(i,j,ν)∈I |ĉij(ν)|2 to prove that these quantities have the same limiting distribution.
This result is given by the following Proposition.

Proposition 5.2. Under Assumptions 5.1 – 5.3, as N → ∞,

max
(i,j,ν)∈I

(B + 1)
|s̃ij(ν)|2

σ2ij(ν)
− max

(i,j,ν)∈I
(B + 1)|ĉij(ν)|2 = oP (1).

As Theorem 5.1 is directly obtained by Proposition 5.1, Proposition 5.2 and an application of
Slutsky’s lemma, the two remaining subsections are devoted to the proofs of Proposition 5.1 and
Proposition 5.2.

5.4.2 Proof of Proposition 5.1

To prove Proposition 5.1, the main tool is Lemma A.4 from [45], which is a special case of Poisson
approximation from [3]. We rewrite it here for the sake of completeness.

Lemma 5.1. Let (Xα)α∈I be a finite collection of Bernoulli random variables, and for each α ∈ I,
let Iα ⊂ I such that α ∈ Iα. Then,∣∣∣∣∣P

(∑
α∈I

Xα = 0

)
− exp

(
−
∑
α∈I

P(Xα = 1)

)∣∣∣∣∣ ≤ ∆1 +∆2 +∆3

where

∆1 =
∑
α∈I

∑
β∈Iα

P (Xα = 1) P (Xβ = 1)

∆2 =
∑
α∈I

∑
β∈Iα\{α}

P (Xα = 1, Xβ = 1)

∆3 =
∑
α∈I

E
∣∣∣P(Xα = 1| (Xβ)β∈I\Iα

)
− P(Xα = 1)

∣∣∣
In particular, if for each α ∈ I, Xα is independent of {Xβ : β ∈ I \ Iα}, then ∆3 = 0.

Lemma 5.1 is the keystone for the proof of Proposition 5.1, and is a standard tool for analyzing
distributions of maxima of dependent random variables. We now prove Proposition 5.1.
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Proof. We start by proving (5.18). Define

tN =

√
x+ log

M(M − 1)

2
+ log

N

B + 1
(5.19)

and for (i, j, ν) ∈ I (recall that I is defined in (5.3), and that it depends on N , but to avoid
cumbersome notations we do not recall this dependency) the Bernoulli random variables Xij(ν) as

Xij(ν) := 1

(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N

)
. (5.20)

Define the set I(i,j,ν)

I(i,j,ν) = {(i′, j′, ν) : 1 ≤ i′ < j′ ≤M, i = i′ or j = j′}. (5.21)

From (5.14) and under Assumption 5.1, if (i′, j′, ν ′) ∈ I\I(i,j,ν), then s̃i′j′(ν ′) is independent from
s̃ij(ν) since we have either

(1) i′ ̸= i, j′ ̸= j, ν ′ = ν;

(2) i′ = i or j′ = j, and ν ′ ̸= ν (implying |ν − ν ′| > B
N by assumption), in which case(

ξϵi′ (ν
′), ξϵj′ (ν

′)
)
is independent from

(
ξϵi(ν), ξϵj (ν)

)
.

From the definition of Xij(ν) in (5.20),

P

(
(B + 1) max

(i,j,ν)∈I

|s̃ij(ν)|2

σ2ij(ν)
≤ t2N

)
= P

 ∑
(i,j,ν)∈I

Xij(ν) = 0


which can be estimated by Lemma 5.1 as:∣∣∣∣∣∣P

 ∑
(i,j,ν)∈I

Xij(ν) = 0

− e−λ

∣∣∣∣∣∣ ≤ ∆1 +∆2 +∆3

where

λ =
∑

(i,j,ν)∈I

P (Xij(ν) = 1) =
∑

(i,j,ν)∈I

P

(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N

)
and

∆1 =
∑

(i,j,ν)∈I

∑
(i′,j′,ν)∈I(i,j,ν)

P

(
(B + 1)

|s̃i,j(ν)|2

σ2ij(ν)
> t2N

)
P

(
(B + 1)

|s̃i′j′(ν)|2

σ2i′j′(ν)
> t2N

)
(5.22)

∆2 =
∑

(i,j,ν)∈I

∑
(i′,j′,ν)∈I(i,j,ν)
(i′,j′ )̸=(i,j)

P

(
(B + 1)

|s̃i,j(ν)|2

σ2ij(ν)
> t2N , (B + 1)

|s̃i′j′(ν)|2

σ2i′j′(ν)
> t2N

)
(5.23)

∆3 =
∑

(i,j,ν)∈I

E

∣∣∣∣∣P
(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N |

(
s̃i′j′(ν

′)
)
(i′,j′,ν′)∈I\I(i,j,ν)

)

−P

(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N

)∣∣∣∣∣ . (5.24)
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We now have to control the four quantities λ, ∆1, ∆2 and ∆3, which requires studying moderate
deviations results for

P

(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N

)
as well as

P

(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N , (B + 1)

|s̃i′j′(ν)|2

σ2i′j′(ν)
> t2N

)
for all (i′, j′, ν) ∈ I(i,j,ν). The following Proposition 5.3, proved in Appendix 5.C provides exactly
this.

Proposition 5.3. Under Assumptions 5.1 – 5.3, there exists a constant η > 0 such that for any
C > 0, we have

max
t∈[0,CBη ]

max
(i,j,ν)∈I

∣∣∣∣∣P
(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2

)
et

2 − 1

∣∣∣∣∣ −−−−→N→∞
0 (5.25)

and

max
t,s∈[0,CBη ]

max
(i,j,ν)∈I

(i′,j′,ν)∈I(i,j,ν)

∣∣∣∣∣P
(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2, (B + 1)

|s̃i′j′(ν)|2

σ2i′j′(ν)
> s2

)

× et
2+s2 − 1

∣∣∣∣∣ −−−−→N→∞
0. (5.26)

First, concerning exp(−λ), since tN as defined in (5.19) is O(logN), one can use Proposition
5.3 to get

exp (−λ) = exp

−
∑

(i,j,ν)∈I

P

(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N

)
= exp

(
− N

B + 1

M(M − 1)

2
e−t

2
N (1 + o(1))

)
−−−−→
N→∞

exp (− exp(−x)) .

We now turn to the control of ∆1, ∆2, and ∆3. Regarding ∆3, since under Assumption 5.1 the
random variables s̃ij(ν) and s̃i′j′(ν

′) for (i′, j′, ν ′) ∈ I\I(i,j,ν) are independent, we clearly have
∆3 = 0. Consider now (5.22) and (5.23). The aim is to show that ∆1 = o(1) and ∆2 = o(1)
when tN is defined by (5.19). Using the moderate deviation result (5.25) from Proposition 5.3, and
recalling that C represents a universal constant independent of N whose value can change from one
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line to another, we get:

∆1 ≤ |I|︸︷︷︸
O(N

B
M2)

max
(i,j,ν)∈I

|I(i,j,ν)|︸ ︷︷ ︸
O(M)

max
(i,j,ν)∈I

P

(
(B + 1)

|s̃i,j(ν)|2

σi,j(ν)2
> t2N

)2

≤ C
N

B
M3 e−2t2N︸ ︷︷ ︸

O( 1
M4

B2

N2 )

max
(i,j,ν)∈I

(
P

[
(B + 1)

|s̃i,j(ν)|2

σi,j(ν)2
> t2N

]
et

2
N

)2

︸ ︷︷ ︸
=1+o(1)

= O
(

1

N

)
.

∆2 is handled similarly with equation (5.26) from Proposition 5.3:

∆2 =
∑

(i,j,ν)∈I

∑
(i′,j′,ν)∈I(i,j,ν)

P

(
(B + 1)

|s̃ij(ν)|2

σ2ij(ν)
> t2N , (B + 1)

|s̃i′j′(ν)|2

σ2i′j′(ν)
> t2N

)

≤ |I| max
(i,j,ν)∈I

|I(i,j,ν)| e−2t2N

× max
(i,j,ν)∈I

max
(i′,j′,ν)∈I(i,j,ν)

P

(
(B + 1)

|s̃i,j(ν)|2

σi,j(ν)2
> t2N , (B + 1)

|s̃i′j′(ν)|2

σ2i′j′(ν)
> t2N

)
e2t

2
N︸ ︷︷ ︸

=1+o(1)

= O
(

1

N

)
.

The proof of (5.18) is complete.

5.4.3 Proof of Proposition 5.2

To prove Proposition 5.2, ie. the fact that max(i,j,ν)∈I
|ŝij(ν)|2
ŝi(ν)ŝj(ν)

and max(i,j,ν)∈I
|s̃ij(ν)|2
σ2
ij(ν)

are close

enough in probability, we work separately on the numerator and the denominator. This constitutes
the statement of the two following propositions.

Proposition 5.4 (Change of numerator). Under Assumptions 5.1 – 5.3, there exists δ > 0 such
that as N → ∞, √

B + 1 max
(i,j,ν)∈I

|ŝij(ν)− s̃ij(ν)| = OP (N
−δ). (5.27)

The proof is deferred to Appendix 5.B. A consequence of Proposition 5.4 and Proposition 5.1 is
that

√
B + 1 max

(i,j,ν)∈I
|ŝij(ν)|

≤
√
B + 1 max

(i,j,ν)∈I
|s̃i,j(ν)|+

√
B + 1 max

(i,j,ν)∈I
|ŝij(ν)− s̃ij(ν)|

= OP

(√
logN

)
. (5.28)

Proposition 5.5 (Change of denominator). Under Assumption 5.2, for any ϵ > 0, as N → ∞,

max
(i,j,ν)∈I

∣∣ŝi(ν)ŝj(ν)− σ2ij(ν)
∣∣ = OP

(
B

N
+
N ϵ

√
B

)
. (5.29)
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Moreover,
0 < inf

N≥1
min

(i,j,ν)∈I
σ2ij(ν) ≤ sup

N≥1
max

(i,j,ν)∈I
σ2ij(ν) < +∞ (5.30)

and

max
i∈[M ]

max
ν∈G

1

ŝi(ν)
= OP (1), max

i∈[M ]
max
ν∈G

ŝi(ν) = OP (1). (5.31)

The proof is deferred to Appendix 5.A. We recall that for any sequences (an) and (bn), the
following inequality holds: ∣∣∣∣sup

n
an − sup

n
bn

∣∣∣∣ ≤ sup
n

|an − bn|.

Therefore, to show that Proposition 5.2 holds, it is enough to show that

max
(i,j,ν)∈I

∣∣∣∣∣(B + 1)
|s̃ij(ν)|2

σ2ij(ν)
− (B + 1)|ĉij(ν)|2

∣∣∣∣∣ = oP (1).

This result could be proved by writing the following decomposition:

(B + 1) max
(i,j,ν)∈I

∣∣∣∣∣ |s̃ij(ν)|2σ2ij(ν)
− |ŝij(ν)|2

ŝi(ν)ŝj(ν)

∣∣∣∣∣ ≤ Ψ3(Ψ1 +Ψ2).

where

Ψ1 := (B + 1) max
(i,j,ν)∈I

∣∣|ŝij(ν)|2 − |s̃ij(ν)|2
∣∣ ŝi(ν)ŝj(ν)

Ψ2 := (B + 1) max
(i,j,ν)∈I

|ŝij(ν)|2|ŝi(ν)ŝj(ν)− σ2ij(ν)|

Ψ3 := max
(i,j,ν)∈I

1

ŝi(ν)ŝj(ν)σ2ij(ν)
.

It is clear by (5.18) that
max

(i,j,ν)∈I
(B + 1)|s̃ij(ν)|2 = OP (logN) .

Combining this with Proposition 5.5 and equation (5.27) from Proposition 5.4, there exists δ > 0
such that

(B + 1) max
(i,j,ν)∈I

∣∣|ŝij(ν)|2 − |s̃ij(ν)|2
∣∣ ≤

√
B + 1 max

(i,j,ν)∈I
(|ŝij(ν)|+ |s̃ij(ν)|)︸ ︷︷ ︸

=OP (
√
logN)

×
√
B + 1 max

(i,j,ν)∈I
||ŝij(ν)| − |s̃ij(ν)||︸ ︷︷ ︸

=OP (N−δ)

which is OP (
√
logNN−δ). Using (5.31), this implies that

Ψ1 = OP

(√
logNN−δ

)
.
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Similarly, using Proposition 5.5, for any ϵ > 0,

Ψ2 = OP

(
logN

(
B

N
+
N ϵ

√
B

))
Ψ3 = OP (1).

Combining the estimates of Ψ1, Ψ2 and Ψ3 we get that for any ϵ > 0:

(B + 1) max
(i,j,ν)∈I

∣∣∣∣∣ |s̃ij(ν)|2σ2ij(ν)
− |ŝij(ν)|2

ŝi(ν)ŝj(ν)

∣∣∣∣∣ =
OP

(
N−δ√logN + logN

(
B

N
+
N ϵ

√
B

))
.

This quantity is oP (1) if
Nϵ
√
B

= o(1) which is satisfied by choosing ϵ < ρ
2 from Assumption (5.4).
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5.A Proof of Proposition 5.5

Before proving (5.29), the main result of Proposition 5.5, we focus first on proving (5.30) and (5.31).
Concerning (5.30), recall that σ2ij(ν) defined in (5.16) is equal to:

σ2ij(ν) =
1

B + 1

B/2∑
b=−B/2

si

(
ν +

b

N

)
sj

(
ν +

b

N

)
. (5.32)

By Assumption 5.2, it is clear that (5.30) holds. We now focus on proving (5.31). Since by
Assumption 5.2 and Assumption 5.3 the true spectral densities si(ν) are far from 0 and +∞, the
same result should also hold for the estimators ŝi(ν). More precisely, we prove the following lemma.

Lemma 5.2. Under Assumption 5.2,

max
i∈[M ]

max
ν∈F

|Eŝi(ν)− si(ν)| = O
(
B

N

)
(5.33)

Moreover, under Assumption 5.1 and Assumption 5.2, for any ϵ > 0, there exist γ > 0 and
N0(ϵ) ∈ N such that:

P

(
max
i∈[M ]

max
ν∈F

|ŝi(ν)− E[ŝi(ν)]| > N ϵ 1√
B

)
≤ exp (−Nγ) (5.34)

for N > N0(ϵ).

Proof. These results are close to those proved in Lemma A.2 and Lemma A.3 of [62]. We will
therefore closely follow their proofs. We start with the bias. By the definition (5.11) of ŝi(ν):

|Eŝi(ν)− si(ν)| =

∣∣∣∣∣∣ 1

B + 1

B/2∑
b=−B/2

E

∣∣∣∣ξyi (ν + b

N

)∣∣∣∣2 − si(ν)

∣∣∣∣∣∣ .
Inserting si(ν +

b
N ), one can write:

|Eŝi(ν)− si(ν)| ≤

∣∣∣∣∣∣ 1

B + 1

B/2∑
b=−B/2

(
E

∣∣∣∣ξyi (ν + b

N

)∣∣∣∣2 − si

(
ν +

b

N

))∣∣∣∣∣∣
+

∣∣∣∣∣∣ 1

B + 1

B/2∑
b=−B/2

(
si

(
ν +

b

N

)
− si(ν)

)∣∣∣∣∣∣ .
[62, Lemma A.1] provides the following control for the first term of the right-hand side under

221
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Assumption 5.2:

max
ν∈F

max
i∈[M ]

∣∣∣∣∣∣ 1

B + 1

B/2∑
b=−B/2

(
E

∣∣∣∣ξyi (ν + b

N

)∣∣∣∣2 − si

(
ν +

b

N

))∣∣∣∣∣∣ = O
(

1

N

)
. (5.35)

Moreover, by Assumption 5.2, a Taylor expansion of si around ν + b
N , provides the existence of a

quantity νb such that:

si

(
ν +

b

N

)
= si(ν) +

b

N
s′i(νb)

where by Assumption 5.2, supi≥1 supν∈[0,1] |s′i(ν)| < +∞. Therefore, uniformly in ν ∈ F and
i ∈ [M ]:

max
ν∈F

max
i∈[M ]

∣∣∣∣∣∣ 1

B + 1

B/2∑
b=−B/2

(
si

(
ν +

b

N

)
− si(ν)

)∣∣∣∣∣∣
= max

ν∈F
max
i∈[M ]

∣∣∣∣∣∣ 1

B + 1

B/2∑
b=−B/2

b

N
s′i(νb)

∣∣∣∣∣∣ = O
(
B

N

)
. (5.36)

Combining the estimates (5.35) and (5.36), one gets:

max
i∈[M ]

max
ν∈F

|Eŝi(ν)− si(ν)| = O
(

1

N
+
B

N

)
= O

(
B

N

)
which is the desired result.

The second part of the lemma is an extension of a similar result also proved in [62, Lemma A.3]
(see also similar results in [10]). Under Assumption 5.1 and Assumption 5.2, they have shown that
for any ν ∈ [0, 1] and for any ϵ > 0, there exists γ > 0 such that:

P

(
max
i∈[M ]

|ŝi(ν)− E[ŝi(ν)]| >
N ϵ

√
B

)
≤ exp−Nγ

for large enough N > N0(ϵ). It remains to extend this concentration result to handle the uniformity
over ν ∈ F . This is done easily by the union bound.

We can now prove (5.31). For any A > 0, inserting E[ŝi(ν)] and si(ν) we can write:

P

(
max
i∈[M ]

max
ν∈F

ŝi(ν) > A

)
= P

(
max
i∈[M ]

max
ν∈F

|ŝi(ν)− E[ŝi(ν)] + E[ŝi(ν)]− si(ν) + si(ν)| > A

)
≤ P

(
max
i∈[M ]

max
ν∈F

|ŝi(ν)− E[ŝi(ν)])

> A− max
i∈[M ]

max
ν∈F

si(ν)− max
i∈[M ]

max
ν∈F

|E[ŝi(ν)]− si(ν)|
)
.

By Lemma 5.2 equation (5.33) and Assumption 5.2, for N large enough:

A− max
i∈[M ]

max
ν∈F

si(ν)− max
i∈[M ]

max
ν∈F

|E[ŝi(ν)]− si(ν)| ≥
A

2
.
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The deviation result (5.34) from Lemma 5.3 finally provides:

P

(
max
i∈[M ]

max
ν∈F

ŝi(ν) > A

)
≤ P

(
max
i∈[M ]

max
ν∈F

|ŝi(ν)− E[ŝi(ν)]| >
A

2

)
−−−−−→
N→+∞

0.

The proof that maxi∈[M ]maxν∈F
1

ŝi(ν)
= OP (1) is done similarly by considering

P

(
max
i∈[M ]

max
ν∈F

1

ŝi(ν)
> A

)
.

We now focus on (5.29), and consider the following decomposition:

max
(i,j,ν)∈I

∣∣ŝi(ν)ŝj(ν)− σ2ij(ν)
∣∣ ≤ max

(i,j,ν)∈I
|ŝi(ν)ŝj(ν)− si(ν)sj(ν)|+

max
(i,j,ν)∈I

∣∣si(ν)sj(ν)− σ2ij(ν)
∣∣ .

The following two lemmas bound each term of the right hand side, and lead to (5.29).

Lemma 5.3. Under Assumption 5.2, for any ϵ > 0, as N → ∞,

max
(i,j,ν)∈I

|ŝi(ν)ŝj(ν)− si(ν)sj(ν)| = OP

(
B

N
+
N ϵ

√
B

)
.

Proof. Write

max
(i,j,ν)∈I

|ŝi(ν)ŝj(ν)− si(ν)sj(ν)|

≤ max
i∈[M ]

max
ν∈F

|ŝi(ν)− si(ν)|︸ ︷︷ ︸
=OP (B

N
+ Nϵ

√
B
)

max
j∈[M ]

max
ν∈F

ŝj(ν)︸ ︷︷ ︸
=OP (1)

+ max
i∈[M ]

max
ν∈F

si(ν)︸ ︷︷ ︸
=O(1)

max
j∈[M ]

max
ν∈F

|ŝj(ν)− sj(ν)|︸ ︷︷ ︸
=OP (B

N
+ Nϵ

√
B
)

for any ϵ > 0, where each estimate comes from Lemma 5.2 and Assumption 5.2.

Lemma 5.4. Under Assumption 5.2, as N → ∞,

max
(i,j,ν)∈I

∣∣σ2ij(ν)− si(ν)sj(ν)
∣∣ = O

(
B

N

)
.

Proof. By Assumption 5.2, the applications ν 7→ si(ν) are C
1, so by Taylor expansion of si around

ν + b
N , there exist frequencies νi,b ∈ [ν, ν + b/N ] such that:

si

(
ν +

b

N

)
= si(ν) +

b

N
s′i(νi,b)

where si(ν) and s
′
i(νi,b) satisfies:

sup
i≥1

max
ν∈[0,1]

si(ν) < +∞, sup
i≥1

max
ν∈[0,1]

|s′i(ν)| < +∞
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Recall the expression (5.32) of σ2ij(ν), and write:∣∣σ2ij(ν)− si(ν)sj(ν)
∣∣
=

1

B + 1

B/2∑
b=−B/2


(
si

(
ν +

b

N

)
− si(ν)

)
︸ ︷︷ ︸

=O(B/N)

sj

(
ν +

b

N

)
︸ ︷︷ ︸

=O(1)

+

si(ν)︸ ︷︷ ︸
=O(1)

(
sj

(
ν +

b

N

)
− sj(ν)

)
︸ ︷︷ ︸

=O(B/N)


where each bound above is uniform over (i, j, ν) ∈ I.

5.B Proof of Proposition 5.4

To prove Proposition 5.4, we need the three following lemmas (Lemma 5.5, Lemma 5.6 and Lemma
5.7), which are exactly or slight modifications of results from [94]. We recall that according to
(5.14), s̃ij(ν) can be expressed as the following sesquilinear form

s̃ij(ν) = ξϵj (ν)
∗Πij(ν)

B + 1
ξϵi(ν),

where the random variables (ϵj,n)j∈[M ]
n∈[N ]

are independent and indentically distributed as NC(0, 1).

For the remainder, we denote for all j ∈ [M ] by IN,ϵj (ν) the periodogram of (ϵj,n)n∈[N ] at frequency
ν, i.e.

IN,ϵj (ν) =
∣∣ξϵj (ν)∣∣2 .

The two following lemmas provide controls for the maximum of IN,ϵj (ν) over ν and j.

Lemma 5.5. It holds that

E

[
max
j∈[M ]

max
ν∈F

IN,ϵj (ν)

]
= O (logN + logM) . (5.37)

Proof. By independence and Gaussianity of the observations from the time series ϵj , it is well known
that the random variables (IN,ϵj (ν)) for ν ∈ F and j ≥ 1 are independent exponential E(1) random
variables. Therefore, for any x ≥ 0:

P

(
max
j∈[M ]

max
ν∈F

IN,ϵj (ν) ≤ x

)
= (1− e−x)MN .
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Using the change of variable y = 1− e−x:

E

[
max
j∈[M ]

max
ν∈F

IN,ϵj (ν)

]
=

∫ +∞

0
P

(
max
j∈[M ]

max
ν∈F

IN,ϵj (ν) > x

)
dx

=

∫ +∞

0
(1− (1− e−x)MN ) dx

=

∫ 1

0

1− yMN

1− y
dy

=

MN−1∑
r=0

1

r + 1

= O (logM + logN) .

This proves (5.37).

Under Assumption 5.4, (5.37) simply becomes:

E

[
max
j∈[M ]

max
ν∈F

IN,ϵj (ν)

]
= O (logN) (5.38)

The following lemma is from [94, Lemma 1] that we rewrite here for the sake of completeness.
It allows to extend a control from maxν∈F IN,ϵj (ν) to maxν∈[0,1] IN,ϵj (ν).

Lemma 5.6. There exists a universal constant C such that:

max
j∈[M ]

max
ν∈[0,1]

IN,ϵj (ν) ≤ C logN max
j∈[M ]

max
ν∈F

IN,ϵj (ν). (5.39)

A direct consequence of Lemma 5.6 used in Lemma 5.5 is that

E

[
max
j∈[M ]

max
ν∈[0,1]

IN,ϵj (ν)

]
= O (logN(logN + logM)) . (5.40)

The main argument in the proof of Proposition 5.4 is the following result.

Lemma 5.7. Define
RN,j(ν) =

∣∣ξyj (ν)− hj(ν)ξϵj (ν)
∣∣ . (5.41)

Under Assumptions 5.1–5.2, for any 0 < δ < 1
2 ,

max
ν∈F

max
j∈[M ]

RN,j(ν) = OP (N
−δ). (5.42)

Proof. We closely follow the proof of Theorem 2b from [94]. To prove (5.42), the Markov inequality
shows that it is sufficient to prove that for any δ < 1/2,

E

[
max
ν∈F

max
j∈[M ]

RN,j(ν)

]
= O(N−δ).

We use the linear causal representation (5.12) of yj to write

ξyj (ν) =
1√
N

N∑
n=1

yj,ne
−2iπ(n−1)ν

=
1√
N

N∑
n=1

(
+∞∑
u=0

aj,uϵj,n−u

)
e−2iπ(n−1)ν .
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Since almost surely, for all j ∈ [M ], n ∈ [N ], (aj,uϵj,n−u)u≥0 ∈ ℓ2(N), we can switch the order of
summation and make the change of variable v = n− u to get

ξyj (ν) =
1√
N

+∞∑
u=0

aj,ue
−2iπuν

N−u∑
v=1−u

ϵj,ve
−2iπ(v−1)ν .

Define

ZN,j,u(ν) =

(
N−u∑
v=1−u

−
N∑
v=1

)
ϵj,ve

−2iπ(v−1)ν (5.43)

so that RN,j(ν) can be rewritten as:

RN,j(ν) =

∣∣∣∣∣ 1√
N

+∞∑
u=0

aj,ue
−2iπuνZN,j,u(ν)

∣∣∣∣∣ (5.44)

on which one can take the supremum over j ∈ [M ] and ν ∈ F on each side and arrive at the
following inequality:

max
j∈[M ]

max
ν∈F

RN,j(ν) ≤
1√
N

max
j∈[M ]

+∞∑
u=0

|aj,u|max
ν∈F

|ZN,j,u(ν)|

where the right hand side is also bounded by:

max
j∈[M ]

max
ν∈F

RN,j(ν) ≤
1√
N

max
j1∈[M ]

+∞∑
u=0

|aj1,u| max
j2∈[M ],ν∈F

|ZN,j2,u(ν)|.

Note that for u = 0, maxj2∈[M ],ν∈F |ZN,j2,u(ν)| = 0, so the sum in fact can be written as starting
from 1. For any γ < 1, the Cauchy-Schwarz inequality provides:

1√
N

max
j1∈[M ]

+∞∑
u=1

|aj1,u| max
j2∈[M ],ν∈F

|ZN,j2,u(ν)|

≤ 1√
N

√√√√ max
j1∈[M ]

+∞∑
u=1

u2γ |aj1,u|2

√√√√+∞∑
u=1

1

u2γ
max

j2∈[M ],ν∈FN

|ZN,j2,u(ν)|2.

Taking the expectation (and an application of the Jensen inequality to exchange the expectation
and the square root), we get the following bound:

E

[
max
j∈[M ]

max
ν∈F

RN,j(ν)

]

≤ 1√
N

√√√√ max
j1∈[M ]

+∞∑
u=1

u2γ |aj1,u|2

√√√√E

[
+∞∑
u=1

1

u2γ
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
. (5.45)

Consider the first term in the right hand side of (5.45). We see that we need to transfer the uniform
summability property of the sequences (rj,u)u∈N from Assumption 5.2 to a summability property
on the sequences (aj,u)u∈N uniformly over the j ≥ 1 times series. Fortunately, Lemma D.1 from
[60], a generalization of the Wiener-Lévy theorem, provides an answer that we rewrite here for sake
of completeness.

Lemma 5.8. (Lemma D.1, [60]) Consider a function F (z) holomorphic in a neighbourhood of the
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interval [smin, smax] where smin and smax are defined by (5.7). Under Assumption 5.2, for each
γ < 1,

sup
j≥1

∑
u∈Z

(1 + |u|)γ
∣∣∣∣∫ 1

0
(F ◦ sj)(ν)e2iπνu du

∣∣∣∣ < +∞.

We now show how Lemma 5.8 can be used to find a summability property on the sequences
(aj,u)u∈N uniformly in j ≥1. Take F (z) = log z, which is holomorphic on a neighborhood of
[smin, smax], so for any γ < 1,

sup
j≥1

∑
u∈Z

(1 + |u|)γ |cj,u| < +∞ (5.46)

where

cj,u =

∫ 1

0
log(sj(ν))e

2iπνu du.

It is well known (see [80, Theorem 17.17] and [60]) that the sequence cj,u satisfies

hj(ν) = exp

(
cj,0
2

+
+∞∑
u=1

cj,ue
−2iπνu

)
.

where we recall that h(ν) =
∑

u∈N aj,ue
−2iπuν coincides with the outer spectral factor of sj(ν) =

|hj(ν)|2. We therefore see that the sequence of coefficients (aj,u)u∈N are related to (cj,u)u∈N, and it
can be shown (equation (D.11) in [60]) that for each γ < 1,

sup
j≥1

∑
u≥0

(1 + |u|)γ |aj,u| ≤ sup
j≥1

exp

∑
u≥0

(1 + |u|)γ |cj,u|


which by (5.46) provides for any γ < 1:

sup
j≥1

∑
u≥0

(1 + |u|)γ |aj,u| < +∞. (5.47)

Returning to (5.45), and using (5.47), we find

sup
j≥1

+∞∑
u=1

|u|2γ |aj,u|2 ≤ sup
j≥1

∑
u≥0

|u|γ |aj,u|

2

< +∞.

Consider now the second term in (5.45). For each u ∈ N, the quantity
u−2γ supj2∈[M ],ν∈FN

|ZN,j2,u(ν)|2 is positive so the monotone convergence theorem allows to
exchange the sum and the expectation.

E

[
+∞∑
u=1

1

u2γ
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
=

+∞∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
so that equation (5.45) becomes

E

[
max
j∈[M ]

max
ν∈FN

RN,j(ν)

]
≤ C√

N

√√√√+∞∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
(5.48)

for some universal constant C < +∞. To end the proof of Lemma 5.7, it remains to show that for
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any η > 0, √√√√+∞∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈FN

|ZN,j2,u(ν)|2
]
= O(Nη)

which is equivalent to showing that for any η > 0:

+∞∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
= O(Nη). (5.49)

We now see that the behaviour of E[maxj∈[M ]maxν∈FN
RN,j(ν)] is governed by

E[maxj2∈[M ],ν∈FN
|ZN,j2,u(ν)|2], so it remains to study this quantity. By the triangle inequality:

|ZN,j,u(ν)| ≤


∣∣∣∑0

v=1−u ϵj,ve
−2iπ(v−1)ν

∣∣∣+ ∣∣∣∑N
v=N−u+1 ϵj,ve

−2iπ(v−1)ν
∣∣∣ if u < N∣∣∣∑N−u

v=1−u ϵj,ve
−2iπ(v−1)ν

∣∣∣+ ∣∣∣∑N
v=1 ϵj,ve

−2iπ(v−1)ν
∣∣∣ if u ≥ N

and using the inequality |a+ b|2 ≤ 2(|a|2 + |b|2):

|ZN,j,u(ν)|2 ≤
2

(∣∣∣∑0
v=1−u ϵj,ve

−2iπ(v−1)ν
∣∣∣2 + ∣∣∣∑N

v=N−u+1 ϵj,ve
−2iπ(v−1)ν

∣∣∣2) if u < N

2

(∣∣∣∑N−u
v=1−u ϵj,ve

−2iπ(v−1)ν
∣∣∣2 + ∣∣∣∑N

v=1 ϵj,ve
−2iπ(v−1)ν

∣∣∣2) if u ≥ N.
(5.50)

In the case u ≥ N , the two sums can be recognized as N times the periodogram estimator which
we defined previously as IN,ϵj (ν). Using the estimates (5.38) from Lemma 5.5:

E

max
j∈[M ]

max
ν∈F

∣∣∣∣∣
N−u∑
v=1−u

ϵj,ve
−2iπ(v−1)ν

∣∣∣∣∣
2
 = NE

[
max
j∈[M ]

max
ν∈F

IN,ϵj (ν)

]
= O (N logN) . (5.51)

The other sum in the case u ≥ N is similar.

For u < N , the two sums have to be handled with more care for two reasons: the summation
is only across u terms (instead of N terms) and the frequency ν is of the form k

N instead of the

required form k
u to use the bound from Lemma 5.5 (said differently ν is no more a Fourier frequency

for a sample size u < N). Therefore, we have to estimate the order of magnitude of Iu,ϵj (ν) for
ν ∈ [0, 1] instead of ν ∈ F . Lemma 5.6 and especially equation (5.40) provides this.

E

max
j∈[M ]

max
ν∈F

∣∣∣∣∣
0∑

v=1−u
ϵj,ve

−2iπ(v−1)ν

∣∣∣∣∣
2
 ≤ E

max
j∈[M ]

max
ν∈[0,1]

∣∣∣∣∣
0∑

v=1−u
ϵj,ve

−2iπ(v−1)ν

∣∣∣∣∣
2


= E

[
max
j∈[M ]

max
ν∈[0,1]

uIu,ϵj (ν)

]
= O (u log u (log u+ logM)) . (5.52)

The second sum in the case u < N is also similar, therefore, collecting (5.51) and (5.52) in (5.50),
we get:

E

[
max
j∈[M ]

max
ν∈F

|ZN,j,u(ν)|2
]
=

{
O (u log u log(uM)) if u < N
O (N logN) if u ≥ N.

(5.53)
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It remains to use these bounds in the left hand side of (5.49).

+∞∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
=

N−1∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]

+
+∞∑
u=N

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]

and using the estimates (5.53),

+∞∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
≤

N−1∑
u=1

log u log(uM)

u2γ−1
+

+∞∑
u=N

N logN

u2γ
.

It is clear that

N−1∑
u=1

log u log(uM)

u2γ−1
= O

(
log2N

N2(γ−1)

)
+∞∑
u=N

1

u2γ
= O

(
1

N2γ−1

)
so for any γ < 1,

+∞∑
u=1

1

u2γ
E

[
max

j2∈[M ],ν∈F
|ZN,j2,u(ν)|2

]
= O

(
N2(1−γ) log2N +N2(1−γ) logN

)
.

This quantity is O(Nη) for any η > 0, which proves (5.49) and ends the proof.

Proposition 5.4 can now be proved.

Proof. Write ŝij(ν)− s̃ij(ν) as:

ŝij(ν)− s̃ij(ν) =
1

B + 1

B/2∑
b=−B/2

ξyi

(
ν +

b

N

)
ξyj

(
ν +

b

N

)

− hi

(
ν +

b

N

)
ξϵi

(
ν +

b

N

)
hj

(
ν +

b

N

)
ξϵj

(
ν +

b

N

)

=
1

B + 1

B/2∑
b=−B/2

(
ξyi

(
ν +

b

N

)
− hi

(
ν +

b

N

)
ξϵi

(
ν +

b

N

))
ξyj

(
ν +

b

N

)

+ hi

(
ν +

b

N

)
ξϵi

(
ν +

b

N

)(
ξyj

(
ν +

b

N

)
− hj

(
ν +

b

N

)
ξϵj

(
ν +

b

N

))
.

We recognize the quantities RN,i(ν) that have been bounded in Lemma 5.7. It is now clear that:

max
(i,j,ν)∈I

|ŝij(ν)− s̃ij(ν)| ≤ max
i∈[M ],ν∈F

RN,i(ν)

×
(

max
i∈[M ],ν∈F

|ξyi(ν)|+ max
i∈[M ],ν∈F

|hi(ν)ξϵi(ν)|
)
. (5.54)
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By Lemma 5.5:

max
i∈[M ],ν∈F

|ξϵi(ν)| = OP

(√
logM + logN

)
= OP

(√
logN

)
and in conjunction with Lemma 5.7, for any δ < 1/2,

max
i∈[M ]

max
ν∈F

|ξyi(ν)| ≤ max
i∈[M ]

max
ν∈F

|hi(ν)ξϵi(ν)|︸ ︷︷ ︸
OP (

√
logN)

+ max
i∈[M ]

max
ν∈F

|RN,i(ν)|︸ ︷︷ ︸
OP (N−δ)

which is OP

(√
logN

)
. Each quantity involved in (5.54) is now estimated, and provides, for any

δ < 1/2:
max

(i,j,ν)∈I
|ŝij(ν)− s̃ij(ν)| = OP (N

−δ√logN) = OP (N
−δ′)

for any δ′ < 1/2. By Assumption 5.4, ρ < 1, ie.
√
B + 1 = o(N1/2) therefore one can always take

δ′ = ρ/2+1/2
2 ∈ (0, 1/2) such that:

√
B + 1 max

(i,j,ν)∈I
|ŝij(ν)− s̃ij(ν)| = OP (N

−δ′)

and we get (5.27).

5.C Proof of Proposition 5.3: moderate deviations of s̃ij(ν)

First, we give two preliminary lemmas regarding the concentration of Gaussian sesquilinear forms.

Lemma 5.9. Let x,y independent NCM (0, I) random vectors and A a non-zero M ×M determin-
istic matrix. For any t > 0,

P (|x∗Ay| > t) = E

[
exp

(
− t2

y∗A∗Ay

)]
. (5.55)

Moreover, if z ∼ NCM (0, I) is jointly independent from x and y, and B is another non zero M ×M
deterministic matrix, for any t, s > 0,

P (|x∗Ay| > t, |z∗By| > s) = E

[
exp

(
− t2

y∗A∗Ay
− s2

y∗B∗By

)]
. (5.56)

The proof of Lemma 5.9 is straightforward and therefore omitted.

The next lemma is the Hanson-Wright inequality [79] in the special case of a sesquilinear form.

Lemma 5.10. Let x,y be independent NCM (0, I) random variables, and A a deterministic M ×M
matrix. Then, for any t ≥ 0:

P (|x∗Ay − E [x∗Ay]| > t) ≤ 2 exp

(
−Cmin

(
t

∥A∥
,

t2

∥A∥2F

))
where C is a universal constant (independent of t and A).

To prove Proposition 5.3, we recall from (5.14) that s̃ij(ν) may be written as the Gaussian
sesquilinear form

s̃ij(ν) = ξϵj (ν)
∗ Πij(ν)√

B + 1
ξϵi(ν)
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where ξϵ1(ν), . . . , ξϵM (ν) are i.i.d. NCB+1(0, I) distributed, and that we denote σ2ij(ν) =
1

B+1tr Σij(ν) with

Σij(ν) = Πij(ν)Πij(ν)
∗

= dg

(
si

(
ν +

b

N

)
sj

(
ν +

b

N

)
: b = −B

2
, . . . ,

B

2

)
.

Note also that thanks to Assumptions 5.2 and 5.3, there exist smin, smax > 0 such that:

0 < smin ≤ inf
m≥1

min
ν∈[0,1]

sm(ν) ≤ sup
m≥1

max
ν∈[0,1]

sm(ν) ≤ smax < +∞

and consequently, the following inequality holds:

0 < s2min ≤ inf
N≥1

min
(i,j,ν)∈I

λmin (Σij(ν)) < sup
N≥1

max
(i,j,ν)∈I

λmax (Σij(ν)) ≤ s2max < +∞, (5.57)

where λmin (Σij(ν)), λmax (Σij(ν)) are respectively the smallest and largest eigenvalue (or diagonal
entry) of Σij(ν).

In the remainder, to lighten the presentation, we use the multi-index α instead of (i, j, ν) as well
as the notation ·α in place of ·ij(ν) so that, for example, s̃ij(ν), Πij(ν), Σij(ν) become s̃α, Πα and
Σα respectively.

From Lemma 5.9, the probabilities appearing in (5.25) and (5.26) in the statement of Proposition
5.3 can be rewritten as

P

(
(B + 1)

|s̃α|2

σ2α
> t2

)
= E

[
exp

(
− tr Σα

w∗Σαw
t2
)]

(5.58)

and

P

(
(B + 1)

|s̃α|2

σ2α
> t2, (B + 1)

|s̃α′ |2

σ2α′
> s2

)
= E

[
exp

(
−
(

tr Σα

w∗Σαw
t2 +

tr Σα′

w∗Σα′w
s2
))]

. (5.59)

for some w ∼ NCB+1(0, I). The next two lemmas are dedicated to the study of the concentration
of tr Σα/w

∗Σαw around 1.

Lemma 5.11. There exists two universal constants C1, C2 such that for all t ∈ (0, 1),

max
α∈I

P

(∣∣∣∣ tr Σα

w∗Σαw
− 1

∣∣∣∣ > t

)
≤ C1 exp

(
−C2Bt

2
)
. (5.60)

Proof. We have

max
α∈I

P

(∣∣∣∣ tr Σα

w∗Σαw
− 1

∣∣∣∣ > t

)
= max

α∈I
P

(
w∗Σαw − tr Σα ∈

[
−t
1 + t

tr Σα,
t

1− t
tr Σα

]c)
≤ max

α∈I
P

(
w∗Σαw − tr Σα ∈

[
− t

2
tr Σα,

t

2
tr Σα

]c)
≤ max

α∈I
P

(
|w∗Σαw − tr Σα| >

t

2
tr Σα

)
.
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Since w ∼ NCB+1(0, I), the Hanson-Wright inequality [79] provides that

P

(
|w∗Σαw − tr Σα| >

t

2
tr Σα

)
≤ 2 exp

(
−Cmin

(
tr Σα

∥Σα∥
t,
(tr Σα)

2

∥Σα∥2F
t2
))

≤ 2 exp

(
−Ct2min

(
tr Σα

∥Σα∥
,
(tr Σα)

2

∥Σα∥2F

))
for some universal constant C, where ∥Σα∥ and ∥Σα∥F denote the spectral norm and Frobenius
norm of Σα respectively. From (5.57), we also have

min
α∈I

tr Σα

∥Σα∥
≥ (B + 1)

s2min

s2max

min
α∈I

(tr Σα)
2

∥Σα∥2F
(B + 1)

s4min

s4max

.

Consequently, we can find some universal constants C1, C2 such that for all N ≥ 1, (5.60) holds.

Lemma 5.12. For any β ∈
(
0, 12
)
,

max
α∈I

∣∣∣∣E [ tr Σα

w∗Σαw

]
− 1

∣∣∣∣ = O(B−β) (5.61)

Proof. Define the event

Ωα,N :=

{∣∣∣∣ tr Σα

w∗Σαw
− 1

∣∣∣∣ < κN

}
where κN is some sequence satisfying κN → 0 as N → +∞ and consider the decomposition∣∣∣∣E [ tr Σα

w∗Σαw

]
− 1

∣∣∣∣ ≤ ∣∣∣∣E [ tr Σα

w∗Σαw
1Ωα,N

]
− 1

∣∣∣∣+ E

[
tr Σα

w∗Σαw
1Ωc

α,N

]
. (5.62)

For the first term of the right-hand side of (5.62), the following bound holds:∣∣∣∣E [ tr Σα

w∗Σαw
1Ωα,N

]
− 1

∣∣∣∣ ≤ κN + P
(
Ωcα,N

)
. (5.63)

Regarding the second term, Cauchy-Schwarz inequality implies that

E

[
tr Σα

w∗Σαw
1Ωc

α,N

]
≤

√√√√E

[∣∣∣∣ tr Σα

w∗Σαw

∣∣∣∣2
]√

P
(
Ωcα,N

)
. (5.64)

Using (5.57), we have

max
α∈I

tr Σα

w∗Σαw
≤ (B + 1)

s2max

s2min

1

∥w∥2
.

and since 1
2∥w∥2 is distributed as an inverse–χ2 random variable with 2(B + 1) degrees of freedom,

we have from [75, Appendix A6] that

E

[
1

∥w∥4

]
= O

(
1

B2

)
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which yields

sup
N≥1

max
α∈I

E

[∣∣∣∣ tr Σα

w∗Σαw

∣∣∣∣2
]
< +∞.

Consequently, gathering (5.63) and (5.64) and using Lemma 5.11, we get

max
α∈I

∣∣∣∣E [ tr Σα

w∗Σαw

]
− 1

∣∣∣∣ ≤ κN + C

√
P
(
Ωcα,N

)
≤ κN + C1 exp{−C2κ

2
NB}

for some universal constants C1, C2. Choosing κN = B−β with β ∈ (0, 1/2) yields the desired result.

Before proving Proposition 5.3, we need one last result on the concentration of tr Σα
w∗Σαw

around
its mean, which is a straightforward consequence of the previous Lemmas 5.11 and 5.12.

Lemma 5.13. Let δ ∈ (0, 12) and (ϵN )N≥1 some non-negative sequence converging towards 0 as
N → ∞ and such that ϵNB

δ → +∞. Then, there exist two universal constants C1, C2 such that

max
α∈I

P

(∣∣∣∣ tr Σα

w∗Σαw
− E

[
tr Σα

w∗Σαw

]∣∣∣∣ > ϵN

)
≤ C1 exp

(
−C2ϵ

2
NB
)
.

Proof. Write:

P

(∣∣∣∣ tr Σα

w∗Σαw
− E

[
tr Σα

w∗Σαw

]∣∣∣∣ > ϵN

)
≤ P

(∣∣∣∣ tr Σα

w∗Σαw
− 1

∣∣∣∣ > ϵN −
∣∣∣∣1− E

[
tr Σα

w∗Σαw

]∣∣∣∣) .
From Lemma 5.12, there exists a universal constant C such that

max
α∈I

∣∣∣∣1− E

[
tr Σα

w∗Σαw

]∣∣∣∣ ≤ C

Bδ
.

Moreover, by assumption on the rate of ϵN , we have C
Bδ <

ϵN
2 for all large N . Consequently,

max
α∈I

P

(∣∣∣∣ tr Σα

w∗Σαw
− E

[
tr Σα

w∗Σαw

]∣∣∣∣ > ϵN

)
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α∈I
P

(∣∣∣∣ tr Σα

w∗Σαw
− 1

∣∣∣∣ > ϵN
2

)
(5.65)

for all large N . Applying directly Lemma 5.11 to (5.65) allows to conclude the proof.

Endowed with Lemmas 5.11, 5.12 and 5.13, we are now in a position to complete the proof of
Proposition 5.3.

We first tackle (5.25) and show as a first step that there exists η > 0 such that for any universal
constant C,

max
t∈[0,CBη ]

max
α∈I

∣∣∣∣P((B + 1)
|s̃α|2

σ2α
> t2

)
exp

(
E

[
tr Σα

w∗Σαw
t2
])

− 1

∣∣∣∣ = o(1). (5.66)

Let δ ∈
(
0, 12
)
and (ϵN )N≥1 some non-negative sequence converging to 0 and satisfying ϵNB

δ → +∞,
and define the event

Θα,N :=

{∣∣∣∣ tr Σα

w∗Σαw
− E

[
tr Σα

w∗Σαw

]∣∣∣∣ < ϵN

}
(5.67)
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as in Lemma 5.13. Next, consider the decomposition

E

[
exp

(
−
(

tr Σα

w∗Σαw
− E

[
tr Σα

w∗Σαw

])
t2
)]

= E

[
exp

(
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(

tr Σα

w∗Σαw
− E

[
tr Σα
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])
t2
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]
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exp

(
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tr Σα

w∗Σαw
− E

[
tr Σα

w∗Σαw

])
t2
)
1Θc

α,N

]
:= Ψα,N (t) + ∆α,N (t). (5.68)

On the event Θα,N , we have

exp

(
−
(

tr Σα

w∗Σαw
− E

[
tr Σα

w∗Σαw

])
t2
)

∈
[
exp

(
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)
, exp

(
ϵN t

2
)]

which implies, that:
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1− P[Θα,N ]e

−ϵN t2 ,P[Θα,N ]e
ϵN t

2 − 1
)
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∣∣∣eϵN t2 − 1

∣∣∣+ (1− e−ϵN t
2
)
+ (eϵN t

2
+ e−ϵN t

2
)P[Θc

α,N ].

Using Lemma 5.13, we further have

max
α∈I

|Ψα,N (t)− 1|

≤
∣∣∣eϵN t2 − 1

∣∣∣+ (1− e−ϵN t
2
)
+ (eϵN t

2
+ e−ϵN t

2
)C1e

−C2ϵ2NB (5.69)

for some universal constants C1, C2. Regarding ∆α,N (t), we clearly have

|∆α,N (t)| ≤ P
(
Θc
α,N

)
exp

(
E

[
tr Σα

w∗Σαw

]
t2
)
.

Using Lemmas 5.12 and 5.13, for any β ∈
(
0, 12
)
, there exists a universal constant C3 such that

max
α∈I

|∆α,N (t)| ≤ C1 exp

(
−C2Bϵ

2
N +

(
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C3

Bβ

)
t2
)
. (5.70)

Combining (5.68), (5.69) and (5.70), one gets

max
α∈I

∣∣∣∣E [exp(−( tr Σα
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[
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+ C1 exp

(
−C2Bϵ

2
N +

(
1 +

C3

Bβ

)
t2
)
.

Set ϵN = B− δ
2 so that ϵN → 0 and ϵNB

δ → +∞ as required, and let η = δ
8 . Then, recalling that
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δ ∈
(
0, 12
)
, we have

ϵNB
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δ
4
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5
4
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Therefore, for any universal constant C,
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which, thanks to (5.58), implies (5.66). Finally, using Lemma 5.9, we deduce that
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≤ max
t∈[0,CBη ]
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which, combined with (5.58), shows (5.25).

We now turn to (5.26). Since the proof is very similar to the one of (5.25), we only provide the
main steps. Using (5.59), we consider the following decomposition:
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and
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Using exactly the same arguments as for (5.69) and (5.70) and keeping the same requirements as
above regarding the behaviour of sequence (ϵN )N≥1 and constant η, we may show that
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Consequently,
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As for (5.71), we also have using a similar bound,
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The two previous convergences combined together complete the proof of (5.26).
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