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Avant-propos

Cette thèse a été financée par un contrat doctoral à Sorbonne Université (ex
Université Pierre et Marie Curie), du 1er octobre 2016 au 30 septembre 2019,
et réalisée au Laboratoire de Statistique Théorique et Appliquée (LSTA) ensuite
Laboratoire de Probabilités, Statistique et Modélisation (LPSM) après fusion
avec le Laboratoire de probabilités et modèles aléatoires (LPMA).
La quatrième année de thèse (2019-2020) a été financée par un contrat demi-
ATER à Paris 1 Panthéon Sorbonne au laboratoire SAMM. Ladite thèse est
composée d’une introduction générale, de trois chapitres et d’une conclusion avec
perspectives.

Plan de la thèse
Le Chapitre 1 a été dédié à présenter les outils fondamentaux en lien direct

avec les contributions scientifiques de l’auteur. Nous proposons aussi dans ce
chapitre une synthèse de l’état de l’art qui sera utile au lecteur non spécialiste.
Nous précisons, à toute fin utile que ce n’est pas un chapitre contenant des nou-
veaux résultats mathématiques mais un résumé basé principalement sur Bercu
et al. (2015), Hoi et al. (2018) et le support d’un cours sur les martingales de
Prof.Bernard Bercu dispensé au CIRM en 2008.
Nous introduisons en premier lieu, les inégalités de concentrations classiques pour
les sommes de variables aléatoires indépendantes, leurs améliorations récentes et
les applications qui en découlent. Nous présenterons ensuite, les résultats fonda-
mentaux concernant les martingales et les applications intrinsèquement liées aux
statistiques et à l’apprentissage automatique.

Le Chapitre 2 constitue la principale contribution scientifique de l’auteur. Il fait
l’objet d’une publication dans Electronic Communications in Probability,
écrit en collaboration avec Prof. Bernard Bercu (Institut Mathématiques de Bor-
deaux). Nous introduisons une somme pondérée de la variation quadratique et
de la variation quadratique prédictible permettant ainsi d’améliorer, générali-
ser et d’unifier selon une seule paramétrisation toute une famille d’inégalités de
concentrations pour les martingales auto-normalisées. Nous proposons ensuite
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des applications en statistiques, notamment pour les processus auto-régressifs
non symétriques et les processus de diffusion interne. La grande nouveauté des
résultats fournis est leur flexibilité et la possibilité d’obtenir une inégalité opti-
male pour chaque application. La dernière application est une amélioration d’un
des résultats de Cesa-Bianchi ouvrant le champ à des perfectionnement plus sub-
stantiels.

Le Chapitre 3 est intrinsèquement lié au chapitre précédent. Ce chapitre constitue
une version détaillé d’un preprint élaboré par nos soins en cours de soumission à
Journal of Machine Learning Research. Nous utilisons les résultats de Bercu
and Touati (2019) et des améliorations très fines de l’inégalité de Bernstein Bercu
et al. (2015) pour fournir des bornes de risque précises pour un algorithme d’ap-
prentissage séquentiel. Moyennant des simulations numériques, nous montrons
l’efficacité de nos bornes et l’amélioration drastique obtenue par rapport aux
résultats précédents de Cesa-Bianchi et Gentile. La communauté scientifique de
l’apprentissage automatique et séquentiel utilisent exclusivement des inégalités
anciennes notamment celles d’Azuma et de Freedman, nos résultats théoriques
étant plus performants permettront une amélioration considérable de plusieurs
résultats fondamentaux en machine learning (Non stochastic bandits,Region
Based Active Learning et Aggregation of Experts entre autres.)

Ces perspectives constituent les objectifs principaux de travaux scientifiques en
cours que nous continuerons après la soutenance en collaboration avec Prof.
Odalric-Ambrym Maillard ( INRIA LILLE, Sequel Team) avec lequel nous
avons pu échanger sur le sujet suite à une des mes présentations à l’Institut Henri
Poincaré. Prof.Maillard nous a posé des questions très pertinentes suite à notre
exposé et nous avons pu petit à petit explorer des pistes de perfectionnements des
résultats en apprentissage automatique séquentiel en se basant sur les inégalités
élaborées dans cette thèse.
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Introduction générale

Cette thèse s’intéresse principalement à des inégalités exponentielles pour les
martingales réelles à temps discret. Cet objet mathématique a été introduit pro-
gressivement entre 1920 et 1940, un article de Crépel (1984) fournit un résumé
détaillé et très technique des développements concernant la genèse de ladite théo-
rie.
La mise en oeuvre de cette branche des mathématiques appliquées, coïncide avec
l’axiomatisation des probabilités (le fameux Grundbegriffe de Kolmogorov en
1933). Le mathématicien américain Joseph Leo Doob, très largement reconnu
dans le milieu mathématique comme le père fondateur des martingales a gé-
néralisé les travaux de Paul Lévy, plus précisément Lévy (1937) concernant les
sommes de variables aléatoires indépendantes. Jean André Ville fut le premier
a fournir une définition mathématique des martingales en ayant pour ambition
d’améliorer les travaux de Von Mises (1932). La thèse de Ville (1939) constitue
donc la première pierre dans l’édifice de la théorie des martingales.
Nous conseillons au lecteur curieux une excellente biographie de ce pionnier des
martingales, faite par Shafer (2009). Les travaux de Ville n’ont pas été très bien
accueillis par Paul Lévy qui les estimait dépourvus de rigueur et d’originalité,
Mazliak (2009) retrace cela de manière très exhaustive. Il a fallu attendre un
congrès de Probabilités à Lyon en 1948 pour que la théorie des martingales soit
enfin inscrite comme sujet de recherche pertinent et donnant lieu à des appli-
cations intéressantes. L’exposé de Doob est intitulé : "Application of The
Theory of Martingales".
Locker (2009) nous fournit des détails de ce congrès, entre autres quelques anec-
dotes sur Doob, Lévy et Ville. Une de ses remarques fondamentales, c’est que
Ville avait abandonné le sujet des martingales et que Lévy n’était plus enclin à
y accorder point d’importance. Loin de nous, l’idée de proposer un essai détaillé
sur l’épistémologie et l’histoire de la théorie des martingales, cependant nous es-
sayons d’avertir le lecteur qu’une définition qu’il prétendra facile est souvent le
fruit d’une dizaine d’années de développements et parfois une suite d’échanges
houleux entre mathématiciens.
Sur le plan étymologique, le mot martingale serait issu du provençal martegal, «
habitant de Martigues », terme à connotation péjorative au sens d’« extravagant
», ensuite désignait une technique de jeux pour éviter de perdre aux jeux de
hasard.
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Ce terme apprait pour la première fois en 1611 dans dans "A Dictionarie of the
French and English Tongues" de Randle Cotgrave. (Doob était donc avant-
gardiste face aux "Martingales" et probablement doté d’un sens de l’humour assez
particulier pour prendre au sérieux un terme relatif aux jeux de hasard, projeté
dans le monde mathématique par un jeune docteur !). Cette petite réflexion étant
faite, nous passons aux définitions mathématiques formelles.

Tout d’abord, nous allons définir la notion de martingales, présenter quelques
résultats de convergence classiques. une description du manuscrit et enfin un
résumé des principaux résultats de cette thèse.

Soit (Ω,A,P) un espace de probabilité muni d’une filtration F = (Fn) où F
est une suite croissante de sous-tribus de A et Fn est la tribu des évènements
ayant lieu antérieurement à l’instant n. Une suite (Mn) de variables aléatoires
définies sur (Ω,A,P), est adaptée à F si, pour tout n > 0, Mn est Fn-mesurable.

Définition 0.1. Soit (Mn) une suite de variables aléatoires réelles, intégrable et
adaptée à F. On dit que (Mn) est une martingale, sous-martingale ou surmartin-
gale à temps discret si, pour tout n > 0, on a respectivement

E[Mn+1|Fn] = Mn, E[Mn+1|Fn] >Mn, E[Mn+1|Fn] 6Mn.

Remark 0.2. Une martingale est constante en terme d’espérance.

Quelques exemples de martingales :
— Soit (Xn) une suite de variables aléatoires indépendantes et intégrables

avec, pour tout n > 0, E[Xn] = m et soit

Sn =
n∑
k=1

Xk.

(Sn) est une martingale, sous-martingale ou surmartingale suivant que
m = 0, m > 0 ou m 6 0, respectivement. La somme de variables aléa-
toires indépendantes de loi de Rademacher R(p) avec 0 < p < 1 est une
martingale.

— Pn = ∏n
k=1Xk. (Pn) est une martingale, sous-martingale ou surmartin-

gale suivant que m = 1, m > 1 ou m 6 1, respectivement. Le produit
de variables aléatoires indépendantes de loi exponentielle E(λ) est une
martingale. avec λ > 0.

Sous certaines conditions, nous pouvons énoncer les équivalents de la loi forte
des grands nombres et du théorème de la limite centrale.

Theorem 0.3 (Théorème de Doob). Soit (Mn) une martingale, sous-martingale
ou surmartingale, bornée dans L1, à savoir

sup
n>0

E[|Mn|] < +∞.

Alors, (Mn) converge presque sûrement vers une variable aléatoire intégrable
M∞.
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Theorem 0.4. Soit (Mn) une martingale bornée dans Lp avec p > 1, à savoir

sup
n>0

E[|Mn|p] < +∞.

Si p > 1, alors (Mn) converge presque sûrement et dans Lp vers une variable
aléatoire M∞. Par contre, si p = 1, alors (Mn) converge presque sûrement et
cette convergence n’a lieu dans L1 que si (Mn) est équi-intégrable donc, si

lim
a→∞

sup
n>0

E[|Mn|I(|Mn|>a)] = 0.

Une martingale (Mn) est de carré intégrable si, pour tout n > 0, E[M2
n] <

+∞. Elle est donc bornée dans L2. Dans ce cas, (M2
n) est une sous-martingale

positive et intégrable.

Définition 0.5. Soit (Mn) une martingale de carré intégrable. On appelle pro-
cessus croissant associé à (Mn), la suite (<M>n) définie par <M>0= 0 et, pour
tout n > 1,

<M>n=
n∑
k=1

E[∆M2
k |Fk−1]

avec ∆Mn = Mn −Mn−1

Theorem 0.6 (Loi des grands nombres). Soit (Mn) une martingale de carré
intégrable et soit (<M>n) son processus croissant. On pose

<M>∞= lim
n→∞

<M>n .

1) Sur {<M>∞<∞}, (Mn) converge p.s. vers M∞ de carré intégrable.
2) Sur {<M>∞=∞}, on a

lim
n→∞

Mn

<M>n

= 0 p.s.

Remark 0.7. Une conséquence utile est que si <M>n= O(an) où (an) est une
suite déterministe positive croissante vers l’infini, alors Mn = o(an) p.s.

Theorem 0.8 (Théorème limite central). Soit (Mn) une martingale de carré in-
tégrable et soit (<M>n) son processus croissant. Soit (an) une suite déterministe,
positive, croissante vers l’infini. On suppose que

1) Il existe une limite déterministe ` > 0 telle que

<M>n

an

P−→ `.

2) La condition de Lindeberg est satisfaite c’est-à-dire pour tout ε > 0

1
an

n∑
k=1

E[|∆Mk|2I(|∆Mk|>ε
√
an)|Fk−1] P−→ 0.
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( P−→ désigne la convergence en probabilités.)
Alors, on a

1
√
an
Mn

L−→ N (0, `). (1)

De plus, si ` > 0, on a

√
an

Mn

<M>n

L−→ N (0, `−1). (2)

Nous recommandons au lecteur, des preuves de nature didactique et pédago-
gique dans les références suivantes : Bercu and Chafaï (2007), Duflo (1997), Hall
and Heyde (1980), Mazliak et al. (1998), Neveu (1972), Dacunha-Castelle and
Duflo (1985), et Liptser and Shiryayev (1989).

Le but de cette thèse est dans un premier temps, de proposer de nouvelles
inégalités concentrations pour les martingales avec des hypothèses minimales très
peu contraignantes. Le domaines des inégalités de concentrations est bien établi
en probabilités et jouit d’un essor particulier depuis deux décennies en particu-
lier pour la théorie des martingales. Nous élaborerons dans le premier chapitre
un état de l’art exhaustif des inégalités de concentrations pour les sommes de
variables aléatoires indépendantes et pour les martingales. Ensuite nous présen-
terons succinctement le lien entre cette théorie et le domaine de l’apprentissage
automatique séquentiel.

Le chapitre 2 est dédié à la mise en oeuvre de nouvelles inégalités de concentration
pour les martingales auto-normalisées. Ces résultats généralisent, perfectionnent
ceux de la littérature tout en permettant l’unification des inégalités à l’aide d’une
paramétrisation judicieuse. Nous mettons en évidence des applications en statis-
tiques et en apprentissage automatique.

Enfin à l’aide des résultats théorique établis tout au long du chapitre 2 et
de certaines inégalités mentionnées dans l’état de l’art, nous améliorons les ré-
sultats de Cesa-Bianchi and Gentile (2008). Ce perfectionnement des bornes de
risques est mis en valeur à l’aide de simulations numériques diverses. Ce pro-
tocole d’amélioration en utilisant des outils probabilistes plus performants peut
s’appliquer à d’autres cas de figure en apprentissage automatique ouvrant ainsi
tout un champ de recherche à explorer.



Chapitre 1

State of the art

Abstract
This chapter introduces the mathematical tools necessary for the entire ma-

nuscript and provides a review of the literature. We present at the beginning,
the classical inequalities for the sums of independent random variables, then we
present the key results concerning martingales and autonormalized martingales.
Finally we provide some applications in statistics and machine learning.

1.1 Concentration inequalities for sums
We present in this section, the classical inequalities for the sums of inde-

pendent random variables. We also provide some more efficient improvements
that will allow us to improve the accuracy of risk tail bounds for online learning
algorithms among others. This type of inequality is closely linked to applications
in inferential statistics.

1.1.1 Bernstein’s inequality for martingales
Bernstein (1927) was a pioneer of exponential inequalities for sums of inde-

pendent random variables. We owe him the following theorem, which is most
often used as the gold standard for controlling a deviation.
This is far from optimal, since we can considerably improve this inequality and
obtain smaller exponential bounds.

Theorem 1.1. Let X1, . . . , Xn be a finite sequence of independent random va-
riables with finite variances. Denote

Sn = X1 + · · ·+Xn, Vn = E[X2
1 ] + · · ·+ E[X2

n],

vn = Vn
n
. (1.1)
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Assume that E[Sn] = 0 and that there exists some positive constant c such that,
for any integer p > 3,

n∑
k=1

E
[
|Xk|

]p
6
p!cp−2

2 Vn. (1.2)

Then, for any positive x,

P(Sn > nx) 6 exp
(
− nx2

2(vn+cx)

)
. (1.3)

In addition, we also have, for any positive x,

P
(
Sn > n(cx+

√
2vnx)

)
6 exp(−nx). (1.4)

Remark 1.2. It is not necessary to assume that the random variables X1, . . . , Xn

are centered. We only have to suppose that E[Sn] = 0. In the centered case, Vn
coincides with Vn = Var(Sn). Otherwise, Vn is obviously larger that Vn.

1.1.2 Hoeffding’s inequality
In this subsection, the focus is set on the classical Hoeffding’s inequality

Hoeffding (1963), where it is necessary for the random variables to be bounded
from above and below. We shall also establish Antonov’s type extensions to
this inequality. Starting with Hoeffding’s inequalitiy, The proof relies on the
following lemmas which provide upper bounds for the variances and the Laplace
transformations of the random variables X1, . . . , Xn.

Theorem 1.3 (Hoeffding’s inequality). Let X1, . . . , Xn be a finite sequence of
independent random variables. Assume that for all 1 6 k 6 n, one can find
two constants ak < bk such that ak 6 Xk 6 bk almost surely. Denote Sn =
X1 + . . .+Xn. Then, for any positive x,

P(|Sn − E[Sn]| > x) 6 2 exp
(
−2x2

Dn

)
where Dn =

n∑
k=1

(bk − ak)2. (1.5)

The proof of Hoeffding’s inequalitiy relies on the following lemmas which
give upper bounds for the variances and the Laplace transforms of the random
variables X1, . . . , Xn.

Lemma 1.4. Let X be a random variable with finite variance σ2. Assume that
a 6 X 6 b almost surely for some real constants a and b. Denote m = E[X].
Then,

σ2 6 (b−m)(m− a) 6 (b− a)2

4 . (1.6)

Démonstration. The convexity of the square function implies that X2 6 (a +
b)X − ab almost surely. Hence σ2 = E[X2] − m2 6 (a + b)m − ab − m2 6
−ab+ (a+ b)2/4, which implies the lemma.
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Lemma 1.5. Let X be a random variable with finite variance σ2. Assume that
a 6 X 6 b almost surely for some real constants a and b. Then, for any real t,

log
(
E[exp(tX)]

)
6 tE[X] + t2

8
(
b− a

)2
.

Démonstration. Let L and ` be the Laplace and log-Laplace transforms of X.
As the random variable X is bounded from above and from below, L and ` are
real analytic functions. Moreover, for any real t, `(t) = logL(t),

`′(t) = L′(t)
L(t) and `′′(t) = L′′(t)

L(t) −
(
L′(t)
L(t)

)2
.

Consider the classical change of probability

dPt
dP

= exp
(
tX − `(t)

)
= exp(tX)

L(t)

and denote by Et the expectation associated with Pt. One can observe that for
any integrable random variable Y ,

Et[Y ] = E[Y exp(tX)]
L(t) .

In particular,

Et[X] = E[X exp(tX)]
L(t) = L′(t)

L(t) , Et[X2] = E[X2 exp(tX)]
L(t) = L′′(t)

L(t) .

Consequently, `′′(t) = Et[X2] − E2
t [X], which means that `′′(t) is equal to the

variance of the random variable X under the new probability Pt. As the random
variable X takes its values in [a, b] almost surely, we may apply Lemma 1.4
under the new probability Pt, which gives `′′(t) 6 (b− a)2/4. Since `(0) = 0 and
`′(0) = E[X], it completes the proof of Lemma 1.5.

Proof of Theorem 1.3. We shall now proceed to the proof of Hoeffding’s inequa-
lity. We deduce from Lemma 1.5 together with the independence of the random
variables X1, . . . , Xn that, for any real t,

logE
[
exp(tSn)

]
=

n∑
k=1

logE
[
exp(tXk)

]
6 tE[Sn] + t2

8 Dn (1.7)

where Dn is given by (1.5). For any positive t, it follows from Markov’s inequality
applied to exp(tSn) that

logP(Sn > E[Sn] + x) 6 −tx− tE[Sn] + logE[exp(tSn)]. (1.8)
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Consequently, inequalities (1.8) and (1.7) imply that for all x > 0 and t > 0,

P(Sn − E[Sn] > x) 6 exp
(
−tx+ t2

8 Dn

)
.

By taking the optimal value t = 4x/Dn, we find that

P(Sn − E[Sn] > x) 6 exp
(
−2x2

Dn

)
. (1.9)

Replacing Xk by −Xk, we obtain by the same token that for all x > 0,

P(Sn − E[Sn] 6 −x) 6 exp
(
−2x2

Dn

)
. (1.10)

Therefore, (1.5) follows from (1.9) and (1.10), which completes the proof of Theo-
rem 1.3.

1.1.3 Binomial rate functions
In this subsection, the assumption is that X1, . . . , Xn is a finite sequence of

independent random variables bounded from above. More precisely, the assump-
tion establishes the ground basis that there exists a positive constant b such that,
for all 1 6 k 6 n,

Xk 6 b a.s. (1.11)

. The following results outperform those of Bernstein, which will prove to be very
useful in the rest of the thesis, more precisely in Chapitre 3.

Theorem 1.6. Let X1, . . . , Xn be a finite sequence of independent random va-
riables with finite variances satisfying (1.11) for some positive real b. Let Sn and
vn by defined as in (1.1) and assume that E[Sn] = 0. Then, for any v > vn and
for any x in [0, b],

P(Sn > nx) 6 exp
(
−n

((
v + bx

v + b2

)
log
(

1 + bx

v

)
+
(
b2 − bx
b2 + v

)
log
(

1− x

b

)))
,

6 exp
(
−ng(b, v)x2

)
, (1.12)

where

g(b, v) =


b2

(b4 − v2) log
(
b2

v

)
if v < b2,

1
2v if v > b2.

(1.13)
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If we apply Theorem 1.6 to independent random variables with values in
[0, 1]. We obtain exactly Theorem 1 in Hoeffding (1963).

Theorem 1.7. Let X1, . . . , Xn be a finite sequence of independent random va-
riables with values in [0, 1] and denote µ = E[Sn]/n. Then, for any x in ]µ, 1[,

P(Sn > nx) 6 exp
(
−n

(
x log

(
x

µ

)
+ (1− x) log

(1− x
1− µ

)))
,

6 exp
(
−ng(µ)(x− µ)2

)
, (1.14)

6 exp
(
−2n(x− µ)2

)
,

where

g(µ) =


1

1− 2µ log
(1− µ

µ

)
if 0 < µ <

1
2 ,

1
2µ(1− µ) if 1

2 6 µ < 1.

1.1.4 Bennett’s inequality
In this subsection, we deduce Bennett (1962)’s type inequalities from the

results of subsection 1.1.3. First of all, let h and hw be the functions defined by

h(x) =


(1 + x) log(1 + x)− x if x > −1,

1 if x = −1,
+∞ if x < −1,

(1.15)

and

hw(x) =


h(wx)
w2 if w 6= 0,

x2

2 if w = 0.
(1.16)

Theorem 1.8. Let X1, . . . , Xn be a finite sequence of independent random va-
riables satisfying (1.11) for some positive constant b. Let Sn and vn by defined
as in (1.1) and assume that E[Sn] = 0. Let wn = (b/vn)− (1/b). Then, for any x
in [0, b],

P(Sn > nx) 6 exp
(
− n

vn
hwn(x)

)
, (1.17)

6 exp
(
−nvn
b2 h

(
bx

vn

))
,

where the above functions are given by (1.15) and (1.16). Hence, if vn > b2, then,
for any positive x,

P(Sn > nx) 6 exp
(
−nx

2

2vn

)
. (1.18)
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Furthermore, for any x in [0, b],

P(Sn > nx) 6 exp
(
− nx2

2(vn + bx/3)

)
. (1.19)

1.2 Concentration inequalities for martingales
This section is devoted to concentration inequalities for martingales such as

Azuma-Hoeffding, Freedman and De la Peña inequalities. This type of inequality
serves as a theoretical basis of wich we will improve some foundations in the next
chapter. These probabilistic tools constitute a very effective means of improving
the non-asymptotic control of deviations in statistics and machine learning.

1.2.1 Azuma-Hoeffding inequalities
Throughout this subsection, (Mn) is a square integrable martingale with

bounded differences, adapted to a filtration F = (Fn), such that M0 = 0. Its
increasing process is defined by <M>0= 0 and, for all n > 1,

<M>n=
n∑
k=1

E[(Mk −Mk−1)2|Fk−1]. (1.20)

In all the sequel, we shall denote ∆Mn = Mn −Mn−1 and

Vn =<M>n − <M>n−1= E[(Mn −Mn−1)2|Fn−1]. (1.21)

Hoeffding (1963) realized that Theorem 1.3 holds also true for martingales (see
Hoeffding (1963), p. 18). More precisely, assume that (Mn) is a martingale such
that, for all 1 6 k 6 n, one can find two constants ak < bk satisfying ak 6
∆Mk 6 bk almost surely. Then, for any positive x,

P(Mn > x) 6 exp
(
−2x2

Dn

)
where Dn =

n∑
k=1

(bk − ak)2. (1.22)

Later, Azuma (1967) gave a complete proof of (1.22) in the symmetric case
ak = −bk. Our goal in the section is to provide new versions of Azuma-Hoeffding
type inequalities. However, instead of considering deterministic bounds on the
increments, we will only assume that, for all 1 6 k 6 n, one can find a negative
bounded random variable Ak and a positive bounded random variable Bk such
that the couple (Ak, Bk) is Fk−1-measurable and it satisfies

Ak 6 ∆Mk 6 Bk a.s. (1.23)

Our strategy is motivated by the widespread example of martingale transforms
given below. Let (εn) be a sequence of random variables, adapted of F, such that
for all k > 1, E[εk|Fk−1] = 0 and ak 6 εk 6 bk almost surely, for two constants
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ak < bk. In addition, let (φn) be a sequence of positive and bounded random
variables, adapted of F. For all n > 1, denote

Mn =
n∑
k=1

φk−1εk. (1.24)

The sequence (Mn) is commonly called a martingale transform. One can ob-
viously see that (1.23) holds true with Ak = akφk−1 and Bk = bkφk−1. In Sub-
section 1.2.1, we extend the so-called Kearns and Saul (1998)’s inequality to
martingales with differences bounded from above. Subsection 1.2.1 is devoted
to martingales satisfying symmetric boundedness assumptions, while Subsection
1.2.1 deals with several improvements of Azuma-Hoeffding’s inequality, including
van de Geer (2002)’s inequality.

Martingales with differences bounded from above

Throughout this subsection, we assume that (Mn) is a martingale satisfying,
for all 1 6 k 6 n, the one-sided boundedness condition

∆Mk 6 Bk a.s. (1.25)

where Bk is a positive and bounded Fk−1-measurable random variable. 79
Under this assumption, qe the following results.

Theorem 1.9. Let (Mn) be a square integrable martingale satisfying (1.25) and
let (Vn) be the sequence given by (1.21). Denote by ϕ the function

ϕ(v) =


1− v2

| log(v)| if v < 1,

2v if v > 1.
(1.26)

Then, for any positive x and y,

P(Mn > x,An 6 y) 6 exp
(
−x

2

y

)
where An =

n∑
k=1

B2
kϕ
(
Vk
B2
k

)
. (1.27)

Consequently,

P(Mn > x, 6 <M>n +Cn 6 y) 6 exp
(
−3x2

y

)
(1.28)

where
Cn =

n∑
k=1

(
Bk −

Vk
Bk

)2

+
.

Consequently, for any positive x,

P(Mn > x) 6 exp
(
− x2

‖An‖∞

)
6 exp

(
− 3x2

‖6 <M>n +Cn‖∞

)
. (1.29)
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The Following lemma provides a computationally efficient upper bound for
the function ϕ.

Lemma 1.10. For any v in ]0, 1],

ϕ(v) 6 1
3 (1 + 4v + v2). (1.30)

Symmetric conditions for bounded difference martingales

This subsection deals with the situation where the martingale (Mn) satisfies,
for all 1 6 k 6 n, the symmetric boundedness condition

|∆Mk| 6 Bk a.s. (1.31)

where Bk is a positive and bounded Fk−1-measurable random variable. It is
inspired by the original work of Azuma (1967).

Theorem 1.11. Let (Mn) be a square integrable martingale such that M0 = 0.
Assume that (Mn) satisfies (1.31). Then, for any positive x and y,

P(Mn > x, 5 <M>n +Bn 6 y
)
6 exp

(
−3x2

y

)
(1.32)

where
Bn =

n∑
k=1

B2
k.

Consequently, for any positive x,

P(Mn > x) 6 exp
(
− 3x2

‖5 <M>n +Bn‖∞

)
. (1.33)

Asymmetric conditions for bounded difference martingales

We now focus our attention on asymmetric boundedness conditions. As in
van de Geer (2002), we assume that (Mn) satisfies, for all 1 6 k 6 n, the
asymmetric boundedness condition

Ak 6 ∆Mk 6 Bk a.s. (1.34)

where the couple (Ak, Bk) is Fk−1-measurable and Ak is a negative and bounded
random variable, while Bk is a positive and bounded random variable.

Theorem 1.12. Let (Mn) be a square integrable martingale such that M0 = 0.
Assume that (Mn) satisfies (1.34). Then, for any positive x and y,

P(Mn > x, 2 <M>n +Dn 6 y) 6 exp
(
−3x2

y

)
(1.35)
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where
Dn =

n∑
k=1

(Bk − Ak)2.

Consequently, for any positive x,

P(Mn > x) 6 exp
(
− 3x2

‖2 <M>n +Dn‖∞

)
. (1.36)

1.2.2 Bernstein’s inequality for martingales
Bernstein (1937) extended his exponential inequalities for sums to martingale

differences. More precisely, he obtained an extension of inequality (1.3) under the
condition that for integer p > 3 and for all 1 6 k 6 n,

E
[
|∆Mk|p|Fk−1

]
6
p!cp−2

2 Vk a.s. (1.37)

where (Vn) is the sequence given by (1.21). In this subsection, we will focus our
attention on the following improvement of Bernstein (1937)’s inequality.
Theorem 1.13. Let (Mn) be a square-integrable martingale such that M0 = 0.
Then, for any positive x and for any positive y,

P(Mn > nx,<M>n6 ny) 6 exp
(
− nx2

2(y+cx)

)
. (1.38)

In addition, we also have, for any positive x and for any positive y,

P
(
Mn > n(cx+

√
2xy), <M>n6 ny

)
6 exp(−nx). (1.39)

1.2.3 De la Pena’s inequalities
In order to avoid any boundeness or moment assumption, De la Peña (1999)

proposes new exponential inequalities in the particular case where (Mn) is a
conditionally symmetric martingale. It involves its total quadratic variation

[M ]n =
n∑
k=1

∆M2
k .

1.2.4 Conditionally symmetric martingales
Définition 1.14. Let (Mn) be a martingale adapted to a filtration F = (Fn). We
shall say that (Mn) is conditionally symmetric if, for all n > 1, the distribution
of its increments ∆Mn given Fn−1 is symmetric.
Theorem 1.15. Let (Mn) be a square integrable and conditionally symmetric
martingale such that M0 = 0. Then, for any positive x and for any positive y,

P(Mn > x, [M ]n 6 y) 6 exp
(
−x

2

2y

)
. (1.40)
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For self-normalized martingales, the result is as follows.

Theorem 1.16. Let (Mn) be a square integrable and conditionally symmetric
martingale, such that M0 = 0. Then, for any positive x and y, and for all a > 0,
b > 0

P
(

Mn

a+ b[M ]n
> x

)
6

√
E
[
exp

(
−x

2

2

(
2ab+ b2[M ]n

))]
, (1.41)

P
(

Mn

a+ b[M ]n
> x, [M ]n > y

)
6 exp

(
−x

2

2

(
2ab+ b2y

))
. (1.42)

Thanks to the notion of heavy martingales on the left, respectively on the
right and the control of both the total quadratic variation [M ]n and the increasing
process < M >n, Bercu and Touati (2008) have further relaxed the assumptions
made by De la Peña (1999) while improving the accuracy of exponential bounds.
Delyon (2009) generalize these inequalities for the sums of weakly dependent
random variables, he provides an improvement of the main result of Bercu and
Touati (2008) regarding martingales.
We will standardize and generalize this type of inequality according to a tailor-
made parameterization which will improve the precision of these said inequalities
while guaranteeing an optimal bound for each application considered.
In the book of Bercu et al. (2015), several applications of the theory of concen-
tration inequalities in the fields of applied probability and statistics are provided
in particular : Autoregressive process, Random permutations and Random ma-
trices.
We will focus on the impact of this theory on the very promising field anchored
in the present, that of online learning.

1.3 Pedagogical survey on online learning
In this section, we present the field of online learning in contrast to classic

machine learning. Based on a key example of binary classification in an online
manner, we present a panoply of results that we will improve in chapter 3 of the
thesis. We highlight the appearance of a martingale structure to make the link
with the inequalities of concentrations.

We advise the reader wishing more details the following reference Hoi et al.
(2018) which constitutes a major bibliographic study : very accessible and extre-
mely clear.
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1.3.1 Batch Learning vs Online Learning

The traditional machine learning paradigm often works in batches i.e the
number of training samples. Such a paradigm is restrictive because it requires
that all the training data are available to achieve the learning task.
Batch learning is often considered as the main concept around which numerous
cutting-edge machine learning models, including deep networks, are built. In a
stochastic environment where access to a finite training set is usually granted, an
example is sampled at random from the latter at every step in time. The model
compares the prediction generated using the picked example to the ground truth
in order to update its parameters with the error gradient. Usually, each element
of the training set goes through the same process repeatedly for several epochs
until a (heuristic) stopping criterion is met.

Both Batch machine learning and online machine learning share the same ma-
thematical foundations which is the reason why both concepts are rarely distin-
guished from each other. However, It is important to argue that online machine
learning overpowers stochastic gradient descent mainly for the reason that over-
fitting, convergence, and epochs are not relevant in an online machine learning
paradigm.

1.3.2 Online Supervised Learning and related theory

Without loss of generality, We will base all our analysis on a classic online
learning problem, i.e., online binary classification. We then present the theories
to which this problem is intrinsically connected to know : statistical learning
theory, online convex optimization and game theory. These areas constitute the
theoretical foundations of the field for online learning. The book of Cesa-Bianchi
and Lugosi (2006) highlights these aspects in detail.

Consider an online binary classification task ; On each round, a learner receives
a data instance, and then provide a prediction of the instance. After making
the prediction, the learner acquires the true output from the environment as
a feedback. Based on the feedback, the learner can measure the loss suffered,
depending on the difference between the prediction and the true outuput. Finally,
the learner updates its prediction model by some strategy so as to enhance the
predictive accuracy.
More formally, We call hypothesis H, the classifier or regressor generated by a
learning algorithm after training. The predictive performance of hypothesis H is
measured by the theoretical risk denoted R(H), which is the expected loss on a
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realisation (X, Y ) ∈ X × Y drawn from the underlying distribution

R(H) = E[`(H(X), Y )]

where ` is a nonnegative and bounded loss function. Denote by Sn = {(X1, Y1), . . . , (Xn, Yn)}
a training data set of independent random variables sharing the same unknown
distribution as (X, Y ). Our goal is to predict Yn+1 ∈ {−1, 1} given Xn+1 ∈ Rd,
on the basis of Sn. Let Hn = {H0, H1, . . . , Hn−1} be a finite ensemble of hypo-
theses generated by an online learning algorithm where the initial hypothesis H0
is arbitrarily chosen.The empirical risk and the average risk associated with the
ensemble of hypotheses Hn and the training data set Sn are respectively given
by

R̂n = 1
n

n∑
k=1

`(Hk−1(Xk), Yk) and Rn = 1
n

n∑
k=1

R(Hk−1). (1.43)

.
We can interpret the hypotheses as being weights that will be updated at each
step of the learning.

Statistical Learning Theory

Assume instance xt is generated randomly from an unknown distribution
P (X) and its output label y is also generated with an unknown distribution
P (y | X). The joint distribution of labeled data is P (X, y) = P (X)P (y | X).
The aim of a learning problem as defined by Vapnik (1999),is to find a prediction
function f(x) that minimizes the expected value of the loss function :

R(f) =
∫
`(y, f(x))dP (x, y)

which is also termed as the True Risk function. The solution f ∗ = arg minR(f)
is the optimal predictor. In general, the true risk function R(f) cannot be com-
puted directly because of the unknown distribution P (x, y). In practice, we ap-
proximate the true risk by estimating the risk over a finite collection of instances
(x1, y1) , . . . , (xT , yT ) drawn i.i.d., which is called the "Empirical Risk" or "Empi-
rical Error"

Remp(f) = 1
T

T∑
k=1

` (yk, f (xk))

The problem of learning via the Empirical Error Minimization (ERM) is to find
a hypothesis f over a hypothesis space F by minimizing the Empirical Error :

f̂n = arg min
f∈F

Remp(f)

ERM is the theoretical base for many machine learning algorithms. For example,
in the problem of binary classification, when assuming F is the set of linear
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classifiers and the hinge loss is used, the ERM principle indicates that the best
linear model w can be trained by minimizing the following objective

Remp(w) = 1
T

T∑
k=1

max
(
0, 1− ykw>xk

)
Thereby, an online learning problem is naturally interpreted as a statistical

learning problem in the theory of Vapnik (1999).

Convex Optimization Theory

Several online learning problems can obviously be formulated as an Online
Convex Optimization (OCO) task.

An online convex optimization task, mainly consists of two elements : a convex
set S and a convex cost function `t(·). At each time step t, the online algorithm
pick a weight vector wt ∈ S; after that, it suffers a loss `t (wt) , which is computed
based on a convex cost function `t(·) defined over S. The aim of the online
algorithm is to choose a sequence of hypothesis w1,w2, . . . ,wT such that the
regret in hindsight can be minimized. More formally, an online algorithm aims
to reach the smallest possible regret RT after T rounds, where the regret RT is
defined as :

RT =
T∑
t=1

`t (wt)− inf
w∗∈S

T∑
t=1

`t (w∗)

where w∗ is the solution that minimizes the convex objective function∑T
t=1 `t(w)

over S.

As an example, we consider an online binary classification task with online Sup-
port Vector Machines (SVM). We can define the loss function `(·) as `t (wt) =
max(0, 1− ytw>x

)
and the convex set S as

{
∀w ∈ Rd | ‖w‖ 6 C

}
for some

constant parameter C. Various algorithms can solve this problem. We suggest
to the reader, some easy to access and fairly educational sources Shalev-Shwartz
et al. (2011) and Hazan (2016).

Game Theory

We will show in this subsubsection that Game theory is intrinsically related
to online learning. An online prediction task can be formulated as a problem of
learning to play a repeated game between a learner and an environment Freund
and Schapire (1999)
As an illustrative example we will consider binary online classification. At each
step, the algorithm pick one class from a finite number of classes and the envi-
ronment reveals the true class label. We assume that the environment is stable.
The algorithm aims to carry out as well as the best fixed strategy. The classic
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online classification problem thus can be modeled by the game theory under the
simplest assumption, full feedback and a stable environment.

1.3.3 Online learning and concentrations inequalities
Based on (1.43), the following quantity

Mn =
n∑
k=1

(
R(Hk−1)− `(Hk−1(Xk), Yk)

)
, (1.44)

is interpreted both as an square integrable martingale and as a sum of bounded
independent random variables. We can therefore use the inequalities mentioned
in the previous sections to control the deviation ofMn i.e P

(
Mn

n
> x

)
(x ∈ [0, 1]).

Mn

n
is interpreted statistically as the difference between the theoretical risk and

the empirical risk for an online algorithm.
effectively controlling this amount is the basis for setting up efficient and very
precise risk tail bounds.

Aside from the work of Rakhlin and Sridharan (2017), the overwhelming majority
of the scientific community in the field of online learning uses classic concentra-
tion inequalities for the implementation of risk tail bounds.
We set ourselves as objective in this thesis, to provide a substantial improve-
ment for risk tail bounds of an arbitrary online learning algorithm based on new
concentrations inequalities that we establish in the next chapter.



Chapitre 2

New insights on concentration
inequalities for self-normalized
martingales

This chapter is an extended version of the article Bercu and Touati (2019)
published in Electronic communications in Probabilty.

Abstract
We propose new concentration inequalities for self-normalized martingales.

The main idea is to introduce a suitable weighted sum of the predictable quadratic
variation and the total quadratic variation of the martingale. It offers much more
flexibility and allows us to improve previous concentration inequalities. Statisti-
cal applications on autoregressive process, internal diffusion-limited aggregation
process, and online statistical learning are also provided. We develop some nu-
merical simulations to compare the bounds that we have developed compared to
that of the literature.

2.1 Introduction
Let (Mn) be a locally square integrable real martingale adapted to a filtration

F = (Fn) with M0 = 0. The predictable quadratic variation and the total
quadratic variation of (Mn) are respectively given by

<M>n=
n∑
k=1

E[∆M2
k |Fk−1] and [M ]n =

n∑
k=1

∆M2
k

where ∆Mn = Mn −Mn−1 with <M>0= 0 and [M ]0 = 0. Since the pioneer
work ofAzuma (1967), Hoeffding (1963), a wide literature is available on con-
centration inequalities for martingales. We refer the reader to the recent books
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self-normalized martingales

Bercu et al. (2015), Boucheron et al. (2013), De la Peña et al. (2007) where the
celebrated Azuma-Hoeffding, Freedman, Bernstein, and De la Peña inequalities
are provided. Over the last two decades, there has been a renewed interest in this
area of probability. More precisely, extensive studies have been made in order to
establish concentration inequalities for (Mn) without boundedness assumptions
on its increments Bercu and Touati (2008), Delyon (2009), Fan et al. (2015),
Pinelis (2014), Rio (2013). For example, it was established in Bercu and Touati
(2008) that for any positive x and y,

P(|Mn| > x, [M ]n + <M>n6 y) 6 2 exp
(
−x

2

2y

)
. (2.1)

We shall improve inequality (2.1) by showing that for any positive x and y,

P(|Mn| > x, [M ]n + <M>n6 y) 6 2 exp
(
−8x2

9y

)
. (2.2)

Moreover, it was proven by Delyon (2009) that for any positive x and y,

P(|Mn| > x, [M ]n + 2 <M>n6 y) 6 2 exp
(
−3x2

2y

)
. (2.3)

We will show that inequality (2.3) is a special case of a more general result
involving a suitable weighted sum of [M ]n and <M>n. Furthermore, it was
shown by De la Peña and Pang (2009) that for any positive x,

P
( |Mn|√

[M ]n+ <M>n +E[M2
n]

> x

√
3
2

)
6
(2

3

)1/3
x−2/3 exp

(
−x

2

2

)
. (2.4)

We shall improve inequality (2.4) by using of the tailor-made normalization

Sn(a) = [M ]n + c(a)<M>n, (2.5)

where for any a > 1/8,

c(a) =
2(1− 2a+ 2

√
a(a+ 1))

8a− 1 . (2.6)

The novelty of our approach is that Sn(a) is a suitable weighted sum <M>n

and [M ]n. For small values of n, the behavior of <M>n may be totally different
from that of [M ]n. Consequently, our approach provides interesting concen-
tration inequalities in many situations where <M>n 6= [M ]n. The chapter is
organised as follows. Section 2.2 is devoted to our new concentration inequalities
for self-normalized martingales which improve some previous results of Bercu
and Touati: Bercu and Touati (2008), Delyon (2009) and De la Peña and Pang
(2009). Section 2.3 deals with statistical applications on autoregressive process,
internal diffusion-limited aggregation process, and online statistical learning. All
technical proofs are postponed to Sections 2.4 and 2.5.
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2.2 Main results
Our first result holds without any additional assumption on (Mn).

Theorem 2.1. Let (Mn) be a locally square integrable real martingale. Then, as
soon as a > 1/8, we have for any positive x and y,

P(|Mn| > x, Sn(a) 6 y) 6 2 exp
(
− x2

2ay

)
, (2.7)

where Sn(a) = [M ]n + c(a)<M>n and c(a) is given by (2.6).

Remark 2.2. The function c is positive, strictly convex and c(a) ∼ 1/2a as a
tends to infinity. Special values are given in Table 1.

a 9/55 4/21 9/40 25/96 1/3 9/16 49/72 4/5
c(a) 10 6 4 3 2 1 4/5 2/3

Table 1. Special values of the function c(a)

In the special case where <M>n= [M ]n, Sn(a) reduces to
Sn(a) = (1 + c(a)) <M >n and the best choice of a is clearly the one that
minimizes
aSn(a) = a(1 + c(a)) <M>n, that is a = 1/3.

Remark 2.3. On the one hand, c(a) = 1 if and only if a = 9/16. Replacing the
value a = 9/16 into (2.7) immediately leads to (2.2) as Sn(a) = [M ]n+<M>n.
On the other hand, c(a) = 2 if and only if a = 1/3. Hence, in this special case,
Sn(a) = [M ]n + 2 <M>n and we find again (2.3) by taking the value a = 1/3
into (2.7).

Our second result for self-normalized martingales is as follows.

Theorem 2.4. Let (Mn) be a locally square integrable real martingale. Then, as
soon as a > 1/8, we have for any positive x and y,

P
(
|Mn|
Sn(a) > x, Sn(a) > y

)
6 2 exp

(
−x

2y

2a

)
(2.8)

where Sn(a) = [M ]n + c(a)<M>n and c(a) is given by (2.6). Moreover, we have
for any positive x,

P
( |Mn|
Sn(a) > x

)
6 2 inf

p>1

(
E
[
exp

(
−(p− 1)x2Sn(a)

2a

)])1/p

. (2.9)
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Remark 2.5. In the case a = 9/16, we find from (2.8) and (2.9) that for any
positive x and y,

P
(

|Mn|
[M ]n+ <M>n

> x, [M ]n+ <M>n> y

)
6 2 exp

(
−8x2y

9

)
,

P
( |Mn|

[M ]n+ <M>n

> x
)
6 2 inf

p>1

(
E
[
exp

(
−8(p− 1)x2

9

(
[M ]n+ <M>n

))])1/p

.

Similar concentration inequalities for self-normalized martingales can be obtained
for a = 1/3. In addition, via the same lines as in the proof of Theorem 2.4, we
find that for any positive x and y,

P
(
|Mn|
<M>n

> x, c(a)<M>n> [M ]n + y

)
6 2 exp

(
− x2y

2ac2(a)

)
, (2.10)

P
( |Mn|
<M>n

> x, [M ]n 6 c(a)y<M>n

)
62 inf

p>1

(
E
[
exp

(
−(p− 1)x2<M>n

2ac(a)(1 + y)

)])1/p

.

(2.11)

Our third result deals with missing factors in exponential inequalities for self-
normalized martingales with upper bounds independent of [M ]n or <M>n.

Theorem 2.6. Let (Mn) be a locally square integrable real martingale. Assume
that E[|Mn|p]<∞ for some p > 2. Then, as soon as a> 1/8, we have for any
positive x,

P
( |Mn|√

aSn(a) + (E[|Mn|p])2/p
>

x√
Bq

)
6 Cqx

−Bq exp
(
−x

2

2

)
(2.12)

where q = p/(p− 1) is the Hölder conjugate exponent of p,

Bq = q

2q − 1 and Cq =
(

q

2q − 1

)Bq/2
.

In particular, for p = 2, we have for any positive x,

P
( |Mn|√

aSn(a) + E[M2
n]

> x

√
3
2

)
6
(2

3

)1/3
x−2/3 exp

(
−x

2

2

)
. (2.13)

Remark 2.7. In the case a = 9/16, we deduce from (2.13) that for any positive
x,

P
( |Mn|√

a([M ]n+ <M>n) + E[M2
n]

> x

√
3
2

)
6
(2

3

)1/3
x−2/3 exp

(
−x

2

2

)
.
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Since a < 1, this inequality clearly leads to

P
( |Mn|√

[M ]n+ <M>n +E[M2
n]

> x

√
3
2

)
6
(2

3

)1/3
x−2/3 exp

(
−x

2

2

)
.

Consequently, in the case a = 9/16, (2.13) provides a tighter upper bound than
inequality (2.4). Moreover, if a = 1/3, we obtain from (2.13) that for any positive
x,

P
( |Mn|√

[M ]n + 2 <M>n +3E[M2
n]

>
x√
2

)
6
(2

3

)1/3
x−2/3 exp

(
−x

2

2

)
.

Proof. The proofs are given in Sections 2.4 and 2.5.

2.3 Statistical applications

2.3.1 Autoregressive process
Consider the first-order autoregressive process given, for all n > 1, by

Xn = θXn−1 + εn (2.14)

where Xn and εn are the observation and the driven noise of the process, respec-
tively. Assume that (εn) is a sequence of independent random variables sharing
the same N (0, σ2) distribution where σ2 > 0. The process is said to be stable if
|θ| < 1, unstable if |θ| = 1, and explosive if |θ| > 1. We estimate the unknown
parameter θ by the standard least-squares estimator given, for all n > 1, by

θ̂n =
∑n
k=1Xk−1Xk∑n
k=1X

2
k−1

. (2.15)

It is well-known that whatever the value of θ is, θ̂n converges almost surely to θ.
Moreover, White (1958) has shown that in the stable case |θ| < 1,

√
n
(
θ̂n − θ

) L−→ N (0, 1− θ2),

while in the explosive case |θ| > 1 with initial value X0 = 0,

|θ|n
(
θ̂n − θ

) L−→ (θ2 − 1)C

where C stands for the Cauchy distribution. Furthermore, in the stable case
|θ| < 1, it was proven in Bercu et al. (1997) that the sequence (θ̂n) satisfies
a large deviation principle with a convex-concave rate function. A fairly simple
concentration inequality for the estimator θ̂n was established in Bercu and Touati
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(2008), whatever the value of θ is. More precisely, assume that X0 is independent
of (εn) with N (0, τ 2) distribution where τ 2 > σ2. Then, for all n > 1 and for
any positive x, we have

P(|θ̂n − θ| > x) 6 2 exp
(
− nx2

2(1 + yx)

)
(2.16)

where yx is the unique positive solution of the equation h(yx) = x2 and h is the
function given, for any positive x, by h(x) = (1 + x) log(1 + x) − x. It follows
from (2.16) that, as soon as 0 < x < 1/2,

P
(
|θ̂n − θ| > x

)
6 2 exp

(
− nx2

2(1 + 2x)

)
.

The situation in which (εn) is not normally distributed, is much more difficult to
handle. If (εn) is a sequence of independent and identically distributed random
variables, uniformly bounded with symmetric distribution, we can use De la Peña
(1999)’s inequality for self-normalized conditionally symmetric martingales, to
prove concentration inequalities for the least-squares estimator, see Bercu et al.
(2015). Our motivation is to establish concentration inequalities for θ̂n in the
situation where the distribution of (εn) is non-symmetric.
Corollary 2.8. Assume that (εn) is a sequence of independent and identically
distributed random variables such that, for all n > 1,

εn =

 2q with probability p,

−2p with probability q,

where p ∈]0, 1/2] and q = 1−p. Moreover, assume that X0 is independent of (εn)
with |X0| > 2p. Then, for any a > 1/8 and for any x in the interval [0,

√
ad(a)],

we have

P
(
|θ̂n − θ| > x

)
6 2 exp

(
−np

2x2

ad(a)

)
where d(a) =

4
(
q2 + pqc(a)

)2(
p2 + pqc(a)

) .

(2.17)
Remark 2.9. In the symmetric case p = 1/2, we clearly have from (2.19) that
<M>n= [M ]n, Sn(a) = (1 + c(a)) <M>n and d(a) reduces to d(a) = 1 + c(a).
Hence, if a = 1/3, c(a) = 2 and d(a) = 3. Consequently, we deduce from (2.17)
that for any x in [0, 1],

P
(
|θ̂n − θ| > x

)
6 2 exp

(
−nx

2

4

)
.

Moreover, in the nonsymmetric case p 6= 1/2, we always have <M>n 6= [M ]n.
For example, if p = 1/3 and a = 9/16, c(a) = 1 and d(a) = 16/3 which implies
that ad(a) = 3. Therefore, we obtain from (2.17) that for any x in [0,

√
3],

P
(
|θ̂n − θ| > x

)
6 2 exp

(
−nx

2

27

)
.
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Proof. It immediately follows from (2.14) together with (2.15) that for all n > 1,

θ̂n − θ = σ2 Mn

<M>n

(2.18)

where σ2 = 4pq and (Mn) is the locally square integrable real martingale given
by

Mn =
n∑
k=1

Xk−1εk, <M>n= σ2
n∑
k=1

X2
k−1, [M ]n =

n∑
k=1

X2
k−1ε

2
k. (2.19)

We clearly have
(
c(a) + r

)
<M>n6 Sn(a) 6

(
c(a) + r−1

)
<M>n with r = p/q.

Hence, we obtain from (2.9) that for any a > 1/8 and for any positive x,

P
(
|Mn| > xSn(a)

)
6 2

(
E
[
exp

(
−x

2Sn(a)
2a

)])1/2

(2.20)

which implies via (2.18) that

P
(
|θ̂n − θ| > x

)
6 2

(
E
[
exp

(
−x

2 <M>n

2aσ2d(a)

)])1/2

(2.21)

where d(a) is given by (2.17). It only remains to find a suitable upper-bound
for the Laplace transform of <M>n. We have from (2.14) that X2

n = θ2X2
n−1 +

2θXn−1εn + ε2
n. Hence, if Fn = σ(X0, . . . , Xn), we obtain that for any real t and

for all n > 1,
E[exp(tX2

n)|Fn−1] = exp(tθ2X2
n−1)Λn−1(t) (2.22)

where

Λn−1(t) = p exp
(
4tq2 + 4θtqXn−1

)
+ q exp

(
4tp2 − 4θtpXn−1

)
. (2.23)

It follows from the so-called Kearns-Saul’s inequality given in Lemma 2.36, page
37 of Bercu et al. (2015) that for any real s,

p exp(qs) + q exp(−ps) 6 exp
(
ϕ(p)s2

4

)
, (2.24)

where ϕ(p) = (q−p)/ log(q/p) ∈ [0, 1/2]. Then, we deduce from (2.23) and (2.24)
with s = 4θtXn−1 that for any t 6 0, Λn−1(t) 6 exp

(
4tp2 + 4ϕ(p)t2θ2X2

n−1

)
leading to

E[exp(tX2
n)|Fn−1] 6 exp

(
4tp2 + tθ2X2

n−1(1 + 4ϕ(p)t)
)
. (2.25)

As soon as t ∈ [−1/2, 0], we get from (2.25) that E[exp(tX2
n)|Fn−1] 6 exp(4tp2).

Consequently, for any t ∈ [−1/2σ2, 0] and for all n > 1,

E[exp(t <M>n)] 6 E[exp(t <M>n−1)] exp(4tp2σ2) 6 exp(4ntp2σ2) (2.26)
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as |X0| > 2p. Therefore, it follows from (2.21) and (2.26) that for any x ∈
[0,
√
ad(a)],

P
(
|θ̂n − θ| > x

)
6 2 exp

(
−np

2x2

ad(a)

)
which achieves the proof of Corollary 2.8.

Remark 2.10. In the nonsymmetric case p 6= 1/2, we will set up some numerical
simulations to highlight the theoretical results presented above.

At first we plot the path of the process. Naturally, the process changes
depending on the parameters, especially on θ. A p fixed, We simulate the cases:
stable, unstable and explosive we can see it with the following plots:
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Simulation of a stable process
Xn asymmetric with theta=0.5, p=0.25

Figure 2.1 – Simulation of (Xn) (p = 0.25, θ = 0.5)
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Simulation of an unstable process
Xn asymmetric with theta=1, p=0.25

Figure 2.2 – Simulation of (Xn) (p = 0.25, θ = 1)
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1e79 Simulation of an explosive process
Xn asymmetric with theta=1.2, p=0.25

Figure 2.3 – Simulation of (Xn) (p = 0.25, θ = 1.2)

We notice that the behavior of the asymmetric process is analogous to that
of the symmetric process insofar as we find the 3 cases: stable, unstable and
explosive.

Finally for the same θ we compare in the same plot a symmetric process with
Gaussian error and the asymmetric process (Stable and unstable case)

0 200 400 600 800 1000
  n

4

3

2

1

0

1

2

3

 X
n
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Xn symmetric with theta=-0.5, sigma2=1
Xn asymmetric with theta=-0.5, p=0.25

Figure 2.4 – Comparison of symmetric and assymetric process (stable case)
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Figure 2.5 – Comparison of symmetric and assymetric process (unstable case)
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Figure 2.6 – Comparison of symmetric and assymetric process (explosive case)

These last three graphs show that although by keeping the three main prop-
erties i.e stable; unstable and explosive, the two processes remain fundamentally
different.
Technically, it is more difficult to control the deviation of the least squares es-
timator in the case of a non-symmetric autoregressive process and it turns out
that our results are more suitable and more efficient.
We will highlight this at the end of the section through explicit calculations and
an objective comparison with the inequalities in the literature.
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We illustrate the almost sure convergence for different values of θ.
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Figure 2.7 – Almost surely convergence of θ̂n (Stable case)
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Figure 2.8 – Almost surely convergence of θ̂n (Unstable case)
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Figure 2.9 – Almost surely convergence of θ̂n (Explosive case)

One of the major properties of this process is the a.s convergence of the esti-
mator with respect to the theoretical value in the stable, unstable and explosive
case. This is well highlighted in the three plots above, in which we can visually
appreciate this convergence.
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We recall that according to White (1958), in the stable case |θ| < 1,
√
n
(
θ̂n − θ

) L−→ N (0, 1− θ2).

The next two plots highlight the asymptotic normality of θ̂n.
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Figure 2.10 – Asymptotic normality of θ̂n (p = 0.3, θ = 0.5)
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Figure 2.11 – Asymptotic normality of θ̂n (p = 0.3, θ = 0.8)

We see explicitly via these plots the impact of the parameter θ on the variance,
namely the smaller the parameter the greater the variance. If we get closer to
the unstable case, the variance is in a neighborhood of zero.



42
Chapitre 2. New insights on concentration inequalities for

self-normalized martingales

We obtain from (2.17) (a = 9
16 and 1

3 respectively) that for any x in [0,
√

3].

P
(
|θ̂n − θ| > x

)
6 2 exp

(
−nx

2

27

)
.

P
(
|θ̂n − θ| > x

)
6 2 exp

(
−15n.x2

2304

)
.

At p fixed, we can always find the optimal bound, this amounts to minimizing
a*d(a). Numerically we get for, p = 1

3 a
∗ = 0.2216034, d(a∗) = 7.217284. The

following plot illustrates the different bounds:
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Figure 2.12 – Deviation bounds for |θ̂n − θ|

This illustrates the importance of the results 2.1. For this process, we have
tighter inequalities than that obtained via Delyon (2009). Another advantage of
our parametrization (dependent of a) is that we can identify an optimal inequal-
ity.
This type of bounds is quite technical to set up but allows control over |θ̂n − θ|
for a more complicated autoregressive process than that studied by Bercu and
Touati (2008). We are thus able to strengthen the tools previously mentioned
and provide them with more flexibility to adapt them to more applications.

2.3.2 Internal diffusion-limited aggregation process
Our second application deals with the internal diffusion-limited aggregation

process. This aggregation process, first introduced in Mathematics by Diaconis
and Fulton Diaconis and Fulton (1991), is a cluster growth model in Zd where
explorers, starting from the origin at time 0, are travelling as a simple random
walk on Zd until they reach an uninhabited site that is added to the cluster. In
the special case d = 1, the cluster is an interval A(n) = [Ln, Rn] which, properly
normalized, converges almost surely to [−1, 1]. In dimension d > 2, Lawler,
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Bramson and Griffeath Lawler et al. (1992) have shown that the limit shape of
the cluster is a sphere. We shall restrict our attention on the one-dimensional
internal diffusion-limited aggregation process. Consider the simple random walk
on the integer number line Z starting from the origin at time 0.

At each step, the explorer moves to the right +1 or to the left −1 with equal
probability 1/2. Let (A(n)) be the sequence of random subsets of Z, recursively
defined as follows: A(0) = {0} and, for all n > 0,

A(n+ 1) =
{
A(n) ∪ {Ln − 1}
A(n) ∪ {Rn + 1}

if the explorer leaves A(n) by the left side or by the right side, respectively, where
Ln and Rn stand for being the minimum and the maximum of A(n) = {Ln, Ln +
1, . . . , Rn − 1, Rn}. The random set A(n) is characterized by Xn = Ln + Rn as
Rn − Ln = n. One can observe that Ln and Rn correspond to the number of
negative and positive sites of A(n), respectively. It was proven in Diaconis and
Fulton (1991) that

lim
n→∞

Xn

n
= 0 a.s.

and
Xn√
n

L−→ N
(

0, 1
3

)
.

It is possible to prove from Azuma-Hoeffding’s inequality Bercu et al. (2015)
that for any positive x,

P
( |Xn|

n
> x

)
6 2 exp

(
−3

8nx
2
)
. (2.27)

Our goal is to improve this inequality with a suitable use of Theorems 2.1 and
2.6.

Corollary 2.11. For any a in the interval ]1/8, 9/16] and for any positive x, we
have

P
( |Xn|

n
> x

)
6 2 exp

(
− nx2

2acn(a)

)
(2.28)

and
P
( |Xn|√

n
> x

)
6 (dn(a))1/3x−2/3 exp

(
− x2

3dn(a)

)
(2.29)

where

cn(a) =
(2n+ 1
n+ 1

)(3 + c(a)
6

)
+
(
n(1 + c(a)) + 2c(a)

(n+ 1)2

)
, dn(a) = cn(a)+

(
n+ 2

3n

)
.

(2.30)
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Remark 2.12. The calculation of cn(a) and dn(a) is quite straightforward. As
a matter of fact, if a = 1/3, c(a) = 2 and it immediately follows from (2.30) that
for all n > 1 cn(a) 6 3 and dn(a) 6 4. We can deduce from (2.28) that for any
positive x,

P
( |Xn|

n
> x

)
6 2 exp

(
−nx

2

2

)
which clearly outperforms inequality (2.27). In addition, (2.29) implies that for
any positive x,

P
( |Xn|√

n
> x

)
6
(2
x

)2/3
exp

(
−x

2

12

)
.

Moreover, if a = 25/96, c(a) = 3 and we obtain from (2.30) that for all n > 1,
cn(a) 6 7/2 and dn(a) 6 9/2. We find from (2.28) that for any positive x,

P
( |Xn|

n
> x

)
6 2 exp

(
−96nx2

175

)
.

It improves the above inequality for a = 1/3. Finally, we deduce from (2.29) that
for any positive x,

P
( |Xn|√

n
> x

)
6
( 3√

2x

)2/3
exp

(
−2x2

27

)
.

Proof. It follows from a stopping time argument for gambler’s ruin that for all
n > 1, Xn = Xn−1 + ξn where the distribution of ξn given Fn−1 is a Rademacher
R(pn) distribution with

pn = (n+ 1−Xn−1)
2(n+ 1) .

Hence, we clearly have

E[Xn|Fn−1] = Xn−1 + E[ξn|Fn−1] =
(

n

n+ 1

)
Xn−1 (2.31)

and

E[X2
n|Fn−1] = X2

n−1 + 2Xn−1E[ξn|Fn−1] + 1 = 1 +
(
n− 1
n+ 1

)
X2
n−1. (2.32)

Let (Mn) be the sequence defined by Mn = (n+ 1)Xn. We immediately deduce
from (2.31) and (2.32) that (Mn) is a locally square integrable real martingale
such that

<M>n=
n∑
k=1

(k + 1)2 −
n∑
k=1

X2
k−1.

Moreover, for all n > 1, |Xn| 6 n. Hence,

[M ]n =
n∑
k=1

((k + 1)Xk − kXk−1)2 =
n∑
k=1

(kξk +Xk)2 6 3
n∑
k=1

k2 +
n∑
k=1

X2
k .
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One can observe that we always have <M>n 6= [M ]n. In addition,

Sn(a) 6 (3 + c(a))
n∑
k=1

k2 + (1− c(a))
n−1∑
k=1

X2
k +X2

n + c(a)n(n+ 2). (2.33)

For any a ∈]1/8, 9/16], c(a) > 1. Therefore, we obtain from (2.33) that for any
a ∈]1/8, 9/16],

Sn(a) 6 (3 + c(a))
n∑
k=1

k2 + n(n+ c(a)(n+ 2)) 6 n(n+ 1)2cn(a) (2.34)

where cn(a) is given by (2.30). Hence, it follows from (2.7) with y=n(n+1)2cn(a)
that for any a∈]1/8, 9/16] and for any positive x,

P
( |Xn|

n
> x

)
= P

(
|Mn| > xn(n+ 1), Sn(a) 6 y

)
6 2 exp

(
− nx2

2acn(a)

)
,

which is exactly inequality (2.28). Furthermore, we can deduce from identity
(2.32) that for all n > 1,

E[X2
n] = (n+ 2)

3 and E[M2
n] = (n+ 1)2(n+ 2)

3 . (2.35)

Finally, we find from (2.13) together with (2.30), (2.34) and (2.35) that for any
a ∈]1/8, 9/16] and for any positive x,

P
( |Xn|√

ndn(a)
> x

√
3
2

)
6
(2

3

)1/3
x−2/3 exp

(
−x

2

2

)

which clearly leads to (2.29), completing the proof of Corollary 2.11.

Remark 2.13. In dimension 1, we recall that the diffusion-limited aggregation
process have some asymptotic properties.

lim
n→∞

Xn

n
= 0 a.s

Xn√
n

L−→ N
(

0, 1
3

)
The following plots illustrate the trajectory of the process,its almost surely

convergence and its asymptotic normality.



46
Chapitre 2. New insights on concentration inequalities for

self-normalized martingales

Figure 2.13 – Trajectory/ A.S convergence of a diffusion-limited aggregation
process

Figure 2.14 – Asymptotic normality of a diffusion-limited aggregation process

Referring to the remark 1.12, we have the following inequalities:
from 2.28 we have:

P
(
|Xn|
n

> x

)
6 2 exp

(
−3

8nx
2
)
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(By using Azuma inequality)

P
(
|Xn|
n

> x

)
6 2 exp

(
−nx

2

2

)

(By using Delyon inequality a = 1
3)

P
(
|Xn|
n

> x

)
6 2 exp

(
−96.nx2

175

)

(By using Bercu-Touati inequality a = 25
96)

From 2.29 we have:

P
(
|Xn|√
n

> x

)
6
(2
x

)2/3
exp

(
−x

2

12

)

(By using Bercu-Touati inequality a = 1
3)

P
(
|Xn|√
n

> x

)
6

(
3√
2x

)2/3

exp
(
−2x2

27

)

We illustrate these bounds through the following two plots.
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Figure 2.15 – Deviation bounds for Xn
n



48
Chapitre 2. New insights on concentration inequalities for

self-normalized martingales

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
0

5

10

15

20

25

30

35 Delyon Bound a=1/3
Bercu-Touati Bound a=25/96

Figure 2.16 – Deviation bounds for Xn√
n

This confirms that we can obtain tighter bounds than that resulting from the
inequality of Delyon (2009).
This is one more argument in favor of our new inequalities which, for each statisti-
cal application, provide tighter bounds, flexibility and the possibility of obtaining
in each case an optimal bound.

2.3.3 Online statistical learning
Our third application is devoted to the study of the statistical risk of hypoth-

esis during an online learning process using concentration inequalities for mar-
tingales. We refer the reader to the survey of Cesa-Bianchi and Lugosi (2006) for
a rather exhaustive description of the underlying theory concerning online learn-
ing. Our approach is based on the contributions of Cesa-Bianchi et al. (2004),
Cesa-Bianchi and Gentile (2008) dealing with the statistical risk of hypothesis
in the situation where the ensemble of hypotheses is produced by training a
learning algorithm incrementally on a data set of independent and identically
distributed random variables. Their bounds rely on Freedman concentration
inequality for martingales Freedman (1975). Consider the task of predicting a
sequence in an online manner with inputs and outputs taking values in some
abstract measurable spaces X and Y , respectively. We call hypothesis H, the
classifier or regressor generated by a learning algorithm after training. The pre-
dictive performance of hypothesis H is evaluated by the theoretical risk denoted
R(H), which is the expected loss on a realisation (X, Y ) ∈ X × Y drawn from
the underlying distribution

R(H) = E[`(H(X), Y )]

where ` is a nonnegative and bounded loss function. For the sake of simplicity,
we assume that ` is bounded by 1. Denote by Sn = {(X1, Y1), . . . , (Xn, Yn)} a
training data set of independent random variables sharing the same unknown
distribution as (X, Y ). Our goal is to predict Yn+1 ∈ Y given Xn+1 ∈ X , on the
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basis of Sn. Let Hn = {H0, H1, . . . , Hn−1} be a finite ensemble of hypotheses
generated by an online learning algorithm where the initial hypothesis H0 is
arbitrarily chosen.The empirical risk and the average risk associated with the
ensemble of hypotheses Hn and the training data set Sn are respectively given
by

R̂n = 1
n

n∑
k=1

`(Hk−1(Xk), Yk) and Rn = 1
n

n∑
k=1

R(Hk−1). (2.36)

Our bound on the average risk Rn is as follows.

Corollary 2.14. Let Hn = {H0, H1, ..., Hn−1} be a finite ensemble of hypotheses
generated by a learning algorithm. Then, for any a in the interval ]1/8, 9/16]
and for any positive x, we have

P(Rn > R̂n + x) 6 exp
(
− nx2

2a(1 + c(a)Vn)

)
, (2.37)

where
Vn = 1

n

n∑
k=1

E[`2(Hk−1(X), Y )]. (2.38)

In other words, for any 0 < δ 6 1,

P
(
Rn > R̂n +

√
2a(1 + c(a)Vn) log(1/δ)

n

)
6 δ. (2.39)

Moreover, denote m(a) = max(4(1 + c(a)), c2(a))/2. Then, for any 0 < δ 6 1
and for all integer n > am(a) log(1/δ), we also have

P
(
Rn > R̂n + ac(a) log(1/δ)

n
+
√
a∆n(a) log(1/δ)

n

)
6 δ (2.40)

where ∆n(a) = 2 + 2c(a)R̂n + ac2(a) log(1/δ)/n.

Remark 2.15. On the one hand, (2.39) improves the deviation inequality given
in Proposition 1 of Cesa-Bianchi et al. (2004),

P
(
Rn > R̂n +

√
2 log(1/δ)

n

)
6 δ,

as Vn is always smaller than 1. On the other hand, (2.40) is drastically more
accurate than the deviation inequality given in Proposition 2 of Cesa-Bianchi and
Gentile (2008),

P
(
Rn > R̂n + 36

n
log
(
nR̂n + 3

δ

)
+ 2

√√√√R̂n

n
log
(
nR̂n + 3

δ

))
6 δ. (2.41)
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Indeed, one can observe that the right-hand sides of (2.40) and (2.41) are in-
creasing functions of R̂n. The smallest value in (2.41) for R̂n = 0 is given by
36 log(3/δ)/n. Consequently, inequality (2.41) is only effective for n > 36 log(3/δ),
which implies that n must always be greater than 40. For example, if δ = 1/5,
it is necessary to assume that n > 36 log(15), that is n > 98. If a = 1/3, then
c(a) = 2 and m(a) = 6. Consequently, inequality (2.40) is interesting as soon as
n > −2 log(δ). For example, if δ = 1/5, it is necessary to assume that n > 4.
For instance, if δ = 1/5, n = 100 and a = 1/3, the smallest values in (2.40) and
(2.41) are respectively given by 0.220 and 0.975. Finally, for all values of δ, n
and a, one can easily check that (2.40) is always sharper than (2.41).

Proof. Let (Mn) be the locally square integrable real martingale given by

Mn =
n∑
k=1

(
R(Hk−1)− `(Hk−1(Xk), Yk)

)
, (2.42)

where we recall that R(H) = E[`(H(X), Y )]. We clearly have

<M>n=
n∑
k=1

(
E[`2(Hk−1(X), Y ))]−R2(Hk−1)

)
, [M ]n =

n∑
k=1

(
R(Hk−1)−`(Hk−1(Xk), Yk)

)2
.

Consequently, for any a ∈]1/8, 9/16],

Sn(a) 6 (1−c(a))
n∑
k=1

R2(Hk−1)+
n∑
k=1

`2(Hk−1(Xk), Yk)+c(a)
n∑
k=1

E[`2(Hk−1(X), Y )]

Hence, as c(a) > 1 and ` is bounded by 1, we obtain from (2.38) that Sn(a) 6
n(1 + c(a)Vn). Therefore, it follows from (2.7) with y = n(1 + c(a)Vn) that for
any a ∈]1/8, 9/16] and for any positive x,

P
(
Mn

n
> x

)
6 exp

(
− nx2

2a(1 + c(a)Vn)

)
. (2.43)

However, we clearly have from (2.42) that Mn = n
(
Rn − R̂n

)
. Hence, (2.43)

immediately implies (2.37) and (2.39). It only remains to prove (2.40). Since
` is bounded by 1, we obtain from (2.38) that Vn 6 Rn. Consequently, (2.39)
ensures that for any 0 < δ 6 1,

P
(
Φa(Rn) > R̂n

)
6 δ (2.44)

where the function Φa is defined, for all x in [0, 1], by

Φa(x) = x−
√

2a(1 + c(a)x) log(1/δ)
n

.
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It is not hard to see that, as soon as n > am(a) log(1/δ) with m(a) = max(4(1 +
c(a)), c2(a))/2, Φa is a strictly convex and increasing function on [0, 1]. Then,
Φa is invertible and it follows from straightforward calculations that

Φ−1
a (x) = x+ ac(a) log(1/δ)

n
+
√
a log(1/δ)

n

(
2 + 2c(a)x+ ac2(a) log(1/δ)

n

)
.

Finally, we immediately obtain from (2.44) that

P
(
Φa(Rn) > R̂n

)
= P

(
Rn > Φ−1

a (R̂n)
)
6 δ (2.45)

which is exactly inequality (2.40), completing the proof of Corollary 2.14.

Remark 2.16. We use the previous corollary in order to derive a bound on
the mean risk of the hypotheses generated by the Pegasos Shalev-Shwartz et al.
(2011) algorithm. Pegasos is intrinsically linked to Support Vector Machines. It
was designed to solve the underlying optimization problem.

pegasos, Primal Estimated sub-GrAdient SOlver Shalev-Shwartz et al. (2011)
is an online learning for support vector machine (SVM) scheme based on stochas-
tic gradient decent (SGD) Bottou (2010).

Given the training set Dn = {(x1, y1), . . . , (xn, yn)} where xi ∈ Rd and yi ∈
{−1,+1} the online learning pegasos algorithm aims at finding the minimizer
of the primal SVM problem.

min
ω∈Rd

{ 1
T

T∑
t=1

`(yt, ht(x)) + λ

2‖ω‖
2
2

}

where ht(x) = ω>x, `(y, y′) = max(0, 1 − yy′) is the hinge loss, and T the
maximum training epoch. The pseudo code of an online algorithm with pegasos
is summarized in Algorithm 1.

Experimental setting. In order to compare the upper bounds for the case
of online learning algorithm proposed in this chapter with the base line upper
bounds given in Cesa-Bianchi and Gentile (2008), we conduct numerical exper-
iments on synthetic dataset. We set n = 1000 and for each yi ∈ {−1,+1} we
draw samples

xi ∼ N ((0, 0)>, ( 1.1 0.1
0.1 1.1 )) for i ∈ {1, . . . , 500} and xi ∼ N ((2, 2)>, ( 1.2 0.2

0.2 1.2 )) for
i ∈ {500, 1000}. In Figure 2.17, we plot objective function of pegasos algorithm
during a 5-fold cross validation. We further display the accuracy performance
for this binary classification problem where the regularization parameter is fixed
as λ = 10. We notice that the data is linearly separable.
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Figure 2.17 – (Top) Scatter plot of the synthetic data for binary classification
according the describing setting above; (Bottom) Plots of the objective function
of pegasos algorithm in a 5-fold cross validation. In the right bottom we display
the accuracy for classification that corresponds to the mean of accuracies given
by the 5-fold cross validation.
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Algorithm 1 Online learning with pegasos
input: h0(x) = ω>0 x, where ω0 a warm-start weighted vector; λ, the regulariza-
tion parameter; T the maximum training epoch; Dn = {(x1, y1), . . . , (xn, yn)}
the training set.
output: Updated classifier of the learning model hT (x) = ω>T x

for t = 1 to T − 1 do
t← t+ 1;
ηt = 1

λt
; // learning rate

Choose it ∈ {1, . . . , n} uniformly at random;
if yt〈ωt,xt〉 < 1 then
ωt ← (1− ηtλ)ωt + ηtytxt;

else
ωt ← (1− ηtλ)ωt;

end if
ωt+1 ← min

(
1, 1√

λ‖ωt+1‖

)
ωt+1; //projection on L2 norm

end for
return: ωT ;

Evaluation of the upper bounds. Now to compare the upper bounds ob-
tained by Bercu and Touati (2019) on the average risk of with the ones given
in Cesa-Bianchi and Gentile (2008), we proceed as follows: we set δ = 10−5.
For each regularization parameter λ ∈ {0.01, 0.1, 1, 10, 100} we run a pegasos
algorithm for different maximum numbers of epochs T ∈ {5, 50, 250, 500, 1000}.
In Figure 2.18, we plot the upper bounds on the average risk as a function of the
epochs. As it can be seen, the ratio between the two bounds is approximately
2 for a large T while it greater than 20 for a small epochs. A further interest-
ing observation in this experiment consists in the fact that Cesa-Bianchi’s upper
bounds needs a large number of epochs to reach small values for instance 2,
whereas the upper bound in this work can get this value for only small epochs.

The significant gap between our bounds and that of, motivates the develop-
ment of new risk tail bounds for online learning algorithms. The first stone in
this edifice will be the Corollary 2.14.

2.4 Two keystone lemmas
Our first lemma deals with a sharp upper bound on the Hermite generating

function associated with a centered random variable X.

Lemma 2.17. Let X be a square integrable random variable with zero mean and
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variance σ2. For all t ∈ R, denote

L(t) = E
[
exp

(
tX − at2

2 X2
)]

(2.46)

with a > 1/8. Then, for all t ∈ R,

L(t) 6 1 + b(a)t2
2 σ2 where b(a) =

2a(1− 2a+ 2
√
a(a+ 1))

8a− 1 . (2.47)

Proof. In order to simplify the notation, denote b = b(a). The proof of Lemma
2.17 relies on the following Hermite inequality, see also Proposition 12 in Delyon
(2009) for the special value a = 1/3. For all x ∈ R, we have

exp
(
x− ax2

2

)
6 1 + x+ bx2

2 . (2.48)

As a matter of fact, let

ϕa(x) = log
(

1 + x+ bx2

2

)
− x+ ax2

2 . (2.49)

It is of course necessary to assume that b > 1/2 which ensures that 1 +x+ bx2/2
is positive whatever the value of x is. We clearly have

ϕ′a(x) =
(

1 + x+ bx2

2

)−1
xPa,b(x), (2.50)

where the second degree polynomial Pa,b is given by

Pa,b(x) = abx2

2 + (2a− b)x
2 + a+ b− 1.

Hereafter, assume that a > 1/8 and b 6= 1 − a. The unique positive root of
the discriminant of Pa,b is gven by b = b(a). Consequently, as ϕ′a(0) = 0 and
ϕa(0) = 0, we deduce from (2.50) that the function ϕa reaches its minimum at
x = 0 and we find that for all x ∈ R, ϕa(x) > 0 which immediately leads to
(2.48). Therefore, we obtain from (2.48) that for all t ∈ R,

L(t) = E
[
exp

(
tX − at2

2 X2
)]

6 E
[
1 + tX + bt2X2

2

]
= 1 + bt2

2 σ2,

which is exactly what we wanted to prove.

Our second exponential supermartingale lemma is as follows.
Lemma 2.18. Let (Mn) be a locally square integrable real martingale. For all
t ∈ R and n > 0, denote

Vn(t) = exp
(
tMn −

at2

2 [M ]n −
b(a)t2

2 <M>n

)
(2.51)

with a > 1/8. Then, (Vn(t)) is a positive supermartingale such that E[Vn(t)] 6 1.
Proof. The proof follows from Lemma 2.17 together with standard arguments,
see Bercu and Touati (2008) page 1860.
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2.5 Proofs of the main results
Proof of Theorem 2.1. For any positive x and y, let An =

{
|Mn| > x, aSn(a) 6

y
}
. We have the decomposition An = A+

n ∪A−n where A+
n =

{
Mn > x, aSn(a) 6

y
}

and A−n =
{
Mn 6 −x, aSn(a) 6 y

}
. It follows from Markov’s inequality

together with Lemma 2.18 that for all positive t,

P(A+
n ) 6 E

[
exp

(
tMn − tx

)
IA+

n

]
6 E

[
exp

(
tMn −

t2

2 aSn(a)
)

exp
(
t2

2 aSn(a)− tx
)

IA+
n

]
,

6 exp
(
t2y

2 − tx
)
E[Vn(t)] 6 exp

(
t2y

2 − tx
)
.

Hence, by taking the optimal value t = x/y in the above inequality, we find that

P(A+
n ) 6 exp

(
−x

2

2y

)
.

We also obtain the same upper bound for P(A−n ) which ensures that

P(An) 6 2 exp
(
−x

2

2y

)
. (2.52)

Finally, inequality (2.52) clearly leads to (2.7) replacing y by ay.
Proof of Theorem 2.4. For any positive x and y:

let Bn =
{
|Mn| > xSn(a), Sn(a) > y

}
= B+

n ∪B−n
where B+

n =
{
Mn > xSn(a), Sn(a) > y

}
and B−n =

{
Mn 6−xSn(a), Sn(a) > y

}
.

Proceeding as in the proof of Theorem 2.1, we have that for all positive t such
that t < 2x/a,

P(B+
n ) 6 E

[
exp

(
tMn − txSn(a)

)
IB+

n

]
6 E

[
exp

(
tMn −

t2

2 aSn(a)
)

exp
(
t

2(ta− 2x)Sn(a)
)

IB+
n

]

Thus:

P(B+
n ) 6 exp

(
t

2(ta− 2x)y
)
E[Vn(t)] 6 exp

(
t

2(ta− 2x)y
)
. (2.53)

Consequently, we find from (2.53) with the particular choice t = x/a that

P(B+
n ) 6 exp

(
−x

2y

2a

)
. (2.54)

The same upper bound holds for P(B−n ) which clearly implies (2.8). Furthermore,
for any positive x, let Cn =

{
|Mn| > xSn(a)

}
= C+

n ∪ C−n where C+
n =

{
Mn >
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xSn(a)
}
and C−n =

{
Mn 6 −xSn(a)

}
. By Holder’s inequality, we have for all

positive t and q > 1,

P(C+
n ) 6 E

[
exp

(
t

q
Mn −

tx

q
Sn(a)

)
IC+

n

]
,

6 E
[
exp

(
t

q
Mn −

t2a

2q Sn(a)
)

exp
(
t

2q (ta− 2x)Sn(a)
)

IC+
n

]
,

6 E
[(
Vn(t)

)1/q
exp

(
t

2q (ta− 2x)Sn(a)
)]
,

6
(
E
[
exp

(
tp

2q (ta− 2x)Sn(a)
)])1/p

. (2.55)

Consequently, as p/q = p− 1, we can deduce from (2.55) with the optimal value
t = x/a that

P(C+
n ) 6 inf

p>1

(
E
[
exp

(
−(p− 1)x2Sn(a)

2a

)])1/p
.

We find the same upper bound for P(C−n ), completing the proof of Theorem 2.4.

Proof of Theorem 2.6. We already saw from 2.18 that for all t ∈ R,

E
[
exp

(
tAn −

t2

2 B
2
n

)]
6 1

where An = Mn and B2
n = a[M ]n + b(a) <M>n. It means that the pair of

random variables (An, Bn) safisties the canonical assumption in De la Peña and
Pang (2009). Theorem 2.6 follows from Theorem 2.1 in Delyon (2009).





Chapter 3

Online Learning:New Frontiers in
risk tail bounds.

abstract
We prove, for an arbitrary online learning algorithm, new tight bounds for

specific hypothesis selected from the ensemble generated by this algorithm. The
main idea is essentially based on a suitable use of new concentration inequalities
for martingales. This type of inequality has not yet been exploited in the field
of online statistical learning more precisely to obtain risk bounds. The use of
new concentration inequalities (Bercu-Touati2019, Bercu et al. 2015) allowed
us to obtain drastically tighter bounds than those obtained previously by Cesa-
Bianchi and Gentile. This theoretical realization, shows that the inequalities of
Bercu-Touati potentially constitute a powerful tool for the improvement of more
sophisticated bounds in this field. To demonstrate the relevance of our proposed
risk tail bounds, we conduct several numerical experiments on both synthetic
and real data.

3.1 Introduction
This chapter is intrinsically linked to Bercu and Touati (2019), insofar we use

theese results to propose a clear improvement of the risk tail bounds proposed
by Cesa-Bianchi and Gentile (2008).

It is important to specify that these risk tail bounds are valid for any algo-
rithm. In this direction, no improvement has been made so far since 2008. The
main idea allowing the improvement of the previously mentioned results rests
on the use of new concentration inequalities for martingales. Until then in the
literature, this type of result was built on the basis of old classical inequalities
Azuma (1967), Freedman (1975).

We will see that through the work of Bercu and Touati (2019), we considerably
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simplify the analysis made by Cesa-Bianchi and Gentile (2008) and we obtain
drastically tighter risk tail bounds that we have evaluated with several recent
algorithms. We analyze the risk of models selected from the ensemble produced
by training a learning algorithm incrementally on a sequence of independent and
identically distributed (i.i.d.) data.

We adopt the same paradigm established by Cesa-Bianchi et al. (2004), to
the extent that we analyze the underlying empirical process (associated to the
online learner) through concentration inequalities for martingales. Instead of us-
ing the classic concentration inequalities, it is through the inequalities of Bercu
and Touati (2019) that we control the deviation of the online-process. These
inequalities through their parametrization, gives flexibility and guarantee the
possibility of obtaining an optimal bound on the average risk linked to the al-
gorithm used. Through an adaptation of Theorem 1.6 and Theorem 1.8, we
considerably simplify the previous analysis in Cesa-Bianchi and Gentile (2008)
(Section III), we guarantee also the simplest possible penalisation. The chapter
is organized as follows: We first introduce the problem to be considered, namely
the binary classification in an online way, we then introduce the basic nota-
tions. Then we state the main results consisting in providing risk tail bounds for
any online learning algorithm. We demonstrate the efficiency of our terminals
via numerical simulations and we compare them to the reference work of Cesa-
Bianchi and Gentile (2008) Finally a section is dedicated to the detailed proof
of mathematical results.

3.2 Problem setup
Binary classification. Given a sequence of training examplesDn = {(x1, y1), . . . , (xn, yn)},
where xt ∈ X = Rd is a d-dimensional instance representing the features and
yt ∈ Y = {−1,+1} for binary classification, yt ∈ {0, 1}L for multi-class clas-
sification with L classes, and yt ∈ R for regressions tasks, is the target label
assigned to xt. Online learning algorithms operates on a sequence of data exam-
ples with time stamps. At each step t, the learner receives an incoming example
xt ∈ X in a d-dimensional vector space, that is, X = Rd. It first attempts to
predict the class label of the incoming instance, ŷt = sgn{< wt · xt >} ∈ Y , and
Y = {−1,+1} for binary classification tasks. ( wt = ht−1(xt)). After making
the prediction, the true label yt ∈ Y is revealed, and the learners then computes
the loss `(yt, ŷt) based on some criterion to measure the difference between the
learner’s prediction and the revealed true label yt.

For any classifier h we define the risk (resp.) the empirical risk associated to
the training sample Dn = {(x1, y1), . . . , (xn, yn)} as follows:

R(h) = E[`(h(X), Y )] resp. R̂(h) = 1
n

n∑
t=1

`(h(Xt), Yt).

In online learning setting, for a sequence of learners h0, h1, . . . , hn−1, we define the
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following empirical risk R̂n = 1
n

∑n
t=1 `(ht−1(Xt), Yt)). For a fixed t ∈ {0, . . . , n−

1} we define also R̂(t)
n = 1

n−t
∑n
i=t+1 `(ht(Xi), Yi)) which corresponds to the empir-

ical risk of the classifier ht on the reamining samples (Xt+1, Yt+1), . . . , (Xn, Yn)}.
For a fixed δ ∈]0, 1], we define the penalized empirical risk denoted by

PERn,δ(ht) = R̂(t)
n + penδ(R̂(t)

n , t)

and
ĥ = argmin06t<n{PERn,δ(ht)}

We introduce also the following functions wich are useful to our first result:

∀(r, t) ∈]0, 1[×R+, and B = log(n.(n+2)
δ

)

penδ(r, t) =

√√√√(1− r2)
log(1

r
) .

B

n− t

ΨB(r, t) =
√

13
5
B.r

n− t
Fδ(r, t) = 2. penδ(r + ΨB(r, t), t)

3.3 Main results
Lemma 3.1. Let h0, . . . , hn−1, be the ensemble of hypotheses generated by an
arbitrary online algorithm working with a loss ` having values in [0, 1]. Then,
the determenistic hypothesis ĥ satifies

R(ĥ) 6 min
06t<n

{R(ht) + Fδ(R(ht), t)},

with probability at least 1− δ.

Remark 3.2. We simplify, as much as possible, the analysis made by Cesa-
Bianchi and Gentile (2008) (in the section III).
While keeping the same, some technical tools , we use more sophisticated con-
centration inequalities and we obtain a much more smaller penalization and a
shorter and more elegant demonstration.
In this section, we show how to choose a hypothesis, in a deterministic way in
order to obtain a tight risk bound. Although based on a martingale underlying
structure, the bound that we construct for this hypothesis is not directly compa-
rable to the bound for the average random hypothesis.

n > 1 and δ ∈]0, 1] being fixed beforehand,let us introduce the following
function:
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∀t ∈ {0, ...., n− 1} and ∀x > 0 (C = log(2n.(n+2)
δ

).

gt(x) = x+
√
C

3 (
√

1 + 4.(x+ ΨC(x, t)) + (x+ ΨC(x, t)2)
√

log(n− t)
n− t

∀a ∈]1
8 ,

9
16 ] and ∀x ∈]0, 1]:

c(a) =
2(1− 2a+ 2

√
a(a+ 1))

8a− 1

Φ−1
a (x) = x+ac(a) log(2n/δ)

n
+
√
a log(2n/δ)

n

(
2 + 2c(a)x+ ac2(a) log(2n/δ)

n

)

We are now inclined to introduce our main result:
Theorem 3.3. Let h0, . . . , hn−1, be the ensemble of hypotheses generated by an
arbitrary online algorithm working with a loss ` having values in [0, 1]. Then, as
soon as gt

(
Φ−1
a (.)

)
6 1 (∗) The determenistic hypothesis ĥ satifies

R(ĥ) 6 min
06t<n

gt

(
Φ−1
a (R̂(t)

n )
)

with probability at least 1− δ.
We would like to point out that the quantity c(a) and have already been

defined in the previous chapter 2.6. Φ−1
a looks a lot like the one used in Chapter

2 2.44, we just replace δ by δ
2n .

Each gt is monotonically increasing on [0, 1]. The best bound is obtained
when t = 0. The condition (∗) guarantees the effectiveness of the bounds provided
i.e (that they are smaller than 1).
At a fixed (1 − δ).100% confidence level, (∗) depends exclusively on the size of
the sample and the accurancy of the used agorithm.

Obviously, we will study only algorithms performing better than a naive clas-
sifier, i.e having an accurancy greater than 50% ( empirical risk smaller than 0.5).

Remark 3.4. For a fixed 99% confidence threshold i.e δ = 0.01, the condition (∗)
is satisfied for any non-naive algorithm as long as the sample size is greater than
500. Technically, this amounts to numerically solving the following equation

x = Φa(g−1
0 (1))

(x represents the empirical risk. The most pessimistic case being that for an a in
a neighborhood of 1

8 for example a = 0.13 ). If we set the level of confidence and
the risk not to be exceeded, that is to say:

0.5 > Φa(g−1
0 (1))
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and δ = 0.01 The only unknown quantity is therefore the sample size, and as long
as the sample size is greater than 500 we guarantee the efficiency of our bounds
for any non-naive online algorithm.
Remark 3.5. Inequality 2.37 can be improved by using Theorem 1.6 considering

Mn = n.
(
R̂(h)− R̂n)

)
, (3.1)

no longer as a martingale but as a sum of random variables bounded by 1. We
thus obtain a smaller bound than Φ−1

a (R̂n) using numerical inversion. Each gt
being monotonically increasing on [0, 1]. We therefore digitally obtain an
improved version of the bounds. We will call this bound, improved optimal
bound. (It will be gray in the graphics).
In all cases, this bound surpasses all the others and it is efficient from a small
sample size which justifies its importance although it is built with a numerical
inversion.

We highlight it only in the last example so that it is not redundant.

3.4 Numerical experiments
We conduct numerical experiments to demonstrate the relevance of our pro-

posed risk tail bounds. We evaluate these bounds for the following algorithms:
Passive Aggressive, Exact Soft Confidence-Weighted Learning, Multiple Layer
Perceptron. We first evaluate our bounds on simulated synthetic data, We deal
with two classic cases in binary classification, linearly and non-linearly separable
data respectively. What is important is to be able to evaluate our bounds for
small, intermediate and high values of the empirical risk.
The choice of algorithms and simulations is based on this important criterion
in order to evaluate the bounds in the following situations: bad classification,
intermediate classification, almost perfect classification.
Finally, we evaluate our bounds on small data sets to challenge their effective-
ness even when the sample size is low. Indeed a bound greater than 1, does not
provide any relevant information (Beforehand, we can say deterministically that
the empirical risk is always smaller than 1.)
The results of Bercu and Touati (2019) allow us to take advantage of a great
flexibility and to provide an optimal bound for each algorithm which is in itself
a major advance in this field.
We first present the data used, then we will give a short presentation of the
algorithms used with a commentary on the plots containing the Touati bounds
and those of Cesa-Bianchi and Gentile (2008).

3.4.1 Experimental protocol
We fix for the simulations a size of sample equal to 10000. This is more than

sufficient in the framework of non asymptotic bounds. With this sample size



64Chapter 3. Online Learning:New Frontiers in risk tail bounds.

we can demonstrate the speed of convergence of our bounds and their precision.
We compare our bounds to those of Cesa-Bianchi and Gentile (2008) by running
each online learning algorithm on linearly and non linearly separable data. We
have chosen two linear classifiers namely Online Passive-Aggressive Algorithm
and Exact Soft Confidence-Weighted Learning and a non-linear classifier: Online
Perceptron. This choice will be profitable for us to show the effectiveness of our
bounds compared to those established in the literature for high and low values
of the empirical risk. Our goal is not to compare the accurancy of algorithms
but to highlight the drastic improvement of the bounds of Cesa-Bianchi and
Gentile (2008) in several situation. We finally evaluate our bounds by running the
algortihms on real data set with small size this allows us to see that the bounds
Cesa-Bianchi and Gentile (2008) are not at all efficient (i.e. always much larger
than 1) for small databases unlike ours which are effective in this case. Finally
thanks to an improvement of inequality 2.37, we assess an improved optimal
bound which substantially improves all the results. The only drawback of this
new bound is that it is obtained via a numerical inversion and does not have an
analytical expression. Linearly separable data We set n = 10000 and for each
yi ∈ {−1,+1}, we draw samples xi ∼ N ((0, 0)>, ( 1.1 0.1

0.1 1.1 )) for i ∈ {1, . . . , 5000}
and xi ∼ N ((3, 3)>, ( 1.2 0.2

0.2 1.2 )) for i ∈ {5000, 10000}.
We notice via the following plot that the data are not perfectly linearly sep-

arable, this avoids us a perfect classification with a zero empirical risk.
We notice via the following plot that the data are not perfectly linearly sep-

arable, this avoids us a perfect classification with a zero empirical risk.

Figure 3.1 – Linearly separable simulations

Non linearly separable data
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Algorithm 2 Simulation of non linearly separable data
input: U and V Two random variables distributed according to the standard
uniform distribution.
output: data frame containing features X,Y and a binary variable of interest
Z.
T = 104

R← 40 ∗ U ;
F ← which R > 20; // Far points
R[F ]← R[F ] ∗ 1.2;
R[F̄ ]← R[F̄ ] ∗ 1.1; // F̄ is the complement (set theory) of F.
Θ← 2π ∗ V ;
X ← R cos θ;
Y ← R sin θ;
if X2 + Y 2 6 400 then
Z ← 1

else
Z ← −1

end if

40 20 0 20 40
1

40

20

0

20

40

2

y
-1.6
-0.8
0.0
0.8000000000000003
1.6

Figure 3.2 – Non linearly separable simulations

Ionosphere data setWe downloaded this database on, UCI Machine Learn-
ing Repository. It contains 34 attributes and a binary response variable. The
size of this database is relatively small which is particularly challenging to assess
the effectiveness of bounds.
The target variable is intrinsically linked to a physical phenomenon of radar mea-
surement of the ionosphere. Radar returns from the ionosphere are classified as
either suitable for further analysis or not.
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In the literature, a reference article Sigillito et al. (1989) confirms the accurancy
of neural networks, which we will highlight in our simulations, but the main
interest remains the efficiency of bounds evaluated on small data sets.

Figure 3.3 – Ionosphere data

Breast Cancer data set It’s a very popular database on scikit-learn Python,
having 30 features and a binary target variable which classifies tumors into ma-
lignant and benign. As previously described the main interest remains more the
evaluation of bounds than the accurancy.

Figure 3.4 – Breast cancer classification

3.4.2 Passive Aggressive algorithm
The Passive Aggressive algorithm, developped by Crammer et al. (2006) is a

first order first order online learning algorithm designed for both regression and
classification problems. The update of hypothesis is based on an optimization
problem under constraints. We base ourselves on the same notations introduced
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previously, to know:
∀t ∈ {1, ...., n} zt = (xt, yt)

is an example of an instance and his target value. Before describing the algorithm,
we recall the three basic notions on which it is based:

— The notion of discrepancy measured for a hypothesis w as δ(w; zt) =
−yt < w.xt >.

— The notion of Hinge Loss to measure the gap between the prediction and
the target value.

`ε (w; zt) = [δ (w; zt)− ε]+ = max {0, δ (w; zt)− ε}

(ε is an accuracy parameter).
— The notion of realizability: We assume the existence of hypothesis w∗

achieving zero loss over the sequence.
The operation of the algorithm is as follows:

— Each example defines a set of consistent hypothesis Cε (zt) = {w | δ (w; zt) 6 ε}
— The updated hypothesis wt+1 is set to be the projection of wt onto Cε (zt).

i.e wt+1 = argminw∈Rd ‖w−wt‖ s.t. w ∈ Cε (zt)

Algorithm 3 Passive Aggressive algorithm (PA)
INPUT:: Insensitivity parameter ε > 0
INITIALIZE w0 = (0, ...., 0)
for t ∈ {1, ...n} do
Get a new example zt
Suffer loss `ε (wt; zt)
if `ε (wt; zt) > 0 then
1/Compute direction vt = yt.xt
2/Compute τt = `ε(w;zt)

||vt||2

3/ Update wt + 1 = wt + τt.vt
end if

end for

To ensure that PA is able to handle non-separable instances and to guarantee
robustness, two variants are proposed. The modification is based on the intro-
duction of two penalties, more precisely a linear and a quadratic penalty, leading
to the following two formulations of soft-margin PA algorithms.

wPA−1
t+1 = arg min

w∈Rd

1
2 ‖w−wt‖2 + C`ε (w; zt)

wPA−II
t+1 = arg min

w∈Rd

1
2 ‖w−wt‖2 + C`ε (w; zt)2

Where C > 0 is a parameter to control aggressiveness of PA. The resulting
direction updates to the soft-margin PA algorithms have the same form as that
of the original algorithm but they have different directions:
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vPA−I
t = min

{
C,
`ε (wt; zt)
‖xt‖2

}
,vPA−II

t = `ε (wt; zt)
‖xt‖2 + 1

2C
.

We run this algorithm on the simulations and the data sets presented pre-
viously. We already know that its performance will be satisfactory for linearly
separable simulation; the inseparable case is very difficult to manage for the PA
algorithm insofar as the border separating the target values is a circle. PA algo-
rithm will behave like a naive classifier in this case. We will have treated then
the intermediate and high case for empirical risk. We plot on the same graph,
our optimal bound, our least efficient bound, that of Cesa-Bianchi and Gentile
(2008) and of course the evolution of the empirical risk.

We notice on the one hand that for all the situations, our bounds are much
more precise than those of Cesa-Bianchi and Gentile (2008) for any a even in the
neighborhood of 1

8 , on the other hand, our bounds converge faster towards the
minimum value of the empirical risk. We will comment in more detail each plot,
to highlight the improvoments.

0 2000 4000 6000 8000
n

100

101

102

Ri
sk

Passive Aggressive bounds on linearly separable data set
Empirical risk
Touati optimal bound, a=0.26
Touati bound, a=0.13
Cesa-Bianchi and Gentile bound
Limit

Figure 3.5 – Passive Aggressive bounds on linearly separable simulation

A more detailed analysis of this plot, provided that our bounds are efficient,
i.e. smaller than 1 from 300 observations while those of Cesa-Bianchi and Gentile
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(2008) are effective from 4900 observations. This is extremely important in terms
of concrete applications.

Note also that for a very large sample size, the bound of Cesa-Bianchi and
Gentile (2008) is not informative since it takes the value of 0.77 in the neigh-
borhood of 104. This information is known in a deterministic manner, since the
PA algorithm surpasses a naive classifier. Our bound is however effective and
informs us, that with probability 99%, the empirical risk is less than 0.48. The
minimum value of the empirical risk reached by the algorithm is 0.35.
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Passive Aggressive: bounds on non linearly separable simulation
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Touati optimal bound, a=0.28
Touati bound, a=0.13
Cesa-Bianchi and Gentile bound
Limit

Figure 3.6 – Passive Aggressive bounds on non linearly separable simulation

We observe the same phenomenon for the nonlinearly separable case. How-
ever the performances are reduced because the emirical risk is very close to 0.5,
PA thus behaves practically like a naive classifier. Our bound is effective from
500 observations, that of Cesa-Bianchi and Gentile (2008) from 7000 observa-
tions. The minimum values of the bounds in the neighborhood of n = 104 are
respectively 0.65 and 0.9. Although being not informative in this case,the value
provided by our bound remains relatively close to 0.5. This case is obviously
to be avoided in practice but from a theoretical point of view it is reasonably
interesting to check out the quality of our bounds for a very bad classifier.

In the case of real data with a small number of observations, the bounds of
Cesa-Bianchi and Gentile (2008) are inefficient for both a good or a bad classifier
i.e the green curve is well above the dotted limit set at 1. Our bounds are not
very informative when the classifier is bad and with a very small sample size.
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Figure 3.7 – Passive Aggressive bounds on ionosphere data set
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Figure 3.8 – Passive Aggressive bounds on breast cancer data set

3.4.3 Exact Soft Confidence-Weighted Learning (SCW)
This algorithm was developed by Wang et al. (2012) in order to better explore

the underlying structure between features by assuming that the weights distri-
bution is Gaussian. This improvement follows on from previous work, insofar as
SCW has four fundamental properties that other confidence weighted algorithms
Dredze et al. (2008) and Crammer et al. (2009) do not have:

— Large margin training
— Confidence weighting
— Aptitude to operate on non-separable data.
— Adaptive margin.
We present first, Confidence Weighted algorithms (CW) and the Adaptive

Regularization of Weights then we explain in detail the functioning of the SCW
agorithm.
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The theoretical results concerning the performance of this method are fully ex-
plained in Wang et al. (2012).
This algorithm outperforms PA algorithm in terms of accurancy and has more
guarantees on computational efficiency.

Confidence-Weighted Learning (CW) CW algorithms were developed by
Dredze et al. (2008), the main assumption is that the weights i.e. learners are
distributed according to a normal distribution with mean vector µ ∈ Rd and
covariance matrix Σ ∈ Rd×d. The updation of the weight’s distribution takes
place by minimizing the Kullback-Leibler divergence between the new weight
distribution and the one before her, while ensuring that the probability of mis-
classification is below a threshold set beforehand.
This algorithm is therefore formalized as an optimization problem under con-
straints as follows:(

µt+1,Σt+1
)

= arg min
µ,Σ

DKL(N (µ,Σ),N (µt,Σt))

s.t. P [yt 〈w · xt〉 6 0] 6 δ

where w ∼ N (µ,Σ).
The solution associated with this problem is of the closed form, it is formu-

lated as follows:

µt+1 = µt + αtytΣtxt Σt+1 = Σt − βtΣtxTt xtΣt
(∗∗)

The updating coefficients are calculated as follows:

αt = max

0, 1
btγ

−mtψ +
√
m2
t

φ4

4 + btφ2γ


βt = αtφ√

at + btαtφ

where at = 1
4

(
−αtbtφ+

√
α2
t b

2
tφ2 + 4bt

)2
, bt = xTt Σtxt,mt = yt 〈µt · xt〉 , φ =

Φ−1(δ)
(Φ is the cummulative function of the normal distribution) , ψ = 1+φ2

2 , and γ =
1 + φ2.

Adaptive Regularization of Weights(
µt+1,Σt+1

)
= arg min

µ,Σ
DKL (N (µ,Σ),N (µt,Σt))

+ 1
2C `

2 (µ; (xt, yt)) + 1
2CxTt Σtxt
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where `2 (µ; (xt, yt)) = (max {0, 1− yt 〈µ · xt〉})2 and C is a regularization
parameter. The closed-form solution of the optimization problem is close to the
previous one of (∗∗) but with different updating coefficients:

αt = ` (µt; (xt, yt)) βt, βt = 1
xTt Σtxt + C

Soft Confidence-Weighted Learning This alogorithm eloborated by Wang
et al. (2012), was set up to overcome the shortcomings of the two approaches pre-
sented before. Following the same problem settings of the Confidence-Weighted
learning, the weight vector w follows the Gaussian distribution with the mean
vector µ and the covariance matrix Σ. Notice that the probability constraint in
the CW learning, i.e., P [yt 〈w · xt〉 6 0] 6 δ can be rewritten as

yt (µ · xt) 6 φ
√

x>t Σxt

where φ = Φ−1(δ). Further, the loss function considered is as follows:

`φ (N (µ,Σ); (xt, yt)) = max
(

0, φ
√

x>t Σxt − ytµ · xt
)

It is easy to verify that satisfying the probability constraint (i.e., yt (µ · xt) 6

φ
√

x>t Σxt for any φ > 0 ) is equivalent to satisfying `φ (N (µ,Σ); (xt, yt)) = 0
Therefore, the optimization problem of the original CW can be re-written as
follows (

µt+1,Σt+1
)

= arg min
µ,Σ

DKL (N (µ,Σ)‖N (µt,Σt))

s.t. `φ (N (µ,Σ); (xt, yt)) = 0, φ > 0
To overcome the above limitation of the CW learning problem, Wang et al.
(2012) propose a Soft Confidence-Weighted (SCW) learning method, which aims
to soften the aggressiveness of the weights updating strategy. The optimization
of SCW for learning the soft-margin classifiers is formulated as follows:(

µt+1,Σt+1
)

= arg min
µ,Σ

DKL (N (µ,Σ)‖N (µt,Σt))

+ C`φ (N (µ,Σ); (xt, yt))
(P-SCW-I)

where C is a parameter to tradeoff the passiveness and aggressiveness. The
above formulation of the Soft Confidence-Weighted algorithm is called "SCW-I"
for short. Similar to the variant of PA, the above formulation can be enhanced by
employing a squared penalty, leading to the second formulation of SCW learning
(denoted as "SCW-II" for short):(

µt+1,Σt+1
)

= arg min
µ,Σ

DKL (N (µ,Σ)‖N (µt,Σt))

+ C`φ (N (µ,Σ); (xt, yt))2
(P-SCW-II)
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We recall the two results to build the algorithm:

Proposition 1: Wang et al. (2012)
The closed-form solution of the optimization problem P-SCW-I is expressed as
follows:

µt+1 = µt + αtytΣtxt,Σt+1 = Σt − βtΣtxTt xtΣt

where the updating coefficients are as follows:

αt = min

C,max

0, 1
vtζ

−mtψ +
√
m2
t

φ4

4 + vtφ2ζ




βt = αtφ√
ut + vtαtφ

where ut = 1
4

(
−αtvtφ+

√
α2
t v

2
t φ2 + 4vt

)2
, vt = xTt Σtxt,mt = yt (µt · xt) , φ =

Φ−1(δ), ψ = 1 + φ2

2 and ζ = 1 + φ2

Proposition 2: Wang et al. (2012) The closed-form solution of the opti-
mization problem P-SCW-II is:

µt+1 = µt + αtytΣtxt,Σt+1 = Σt − βtΣtxTt xtΣt

The updating coefficients are as follows:

αt = max
{

0, − (2mtnt + φ2mtvt) + γt
2 (n2

t + ntvtφ2)

}

βt = αtφ√
ut + vtαtφ

where γt = φ
√
φ2m2

tv
2
t + 4ntvt (nt + vtφ2), and nt = vt + 1

2C
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Algorithm 4 SCW learning algorithms (SCW)
INPUT:: parameters C > 0, δ > 0
INITIALIZE µ0 = (0, . . . , 0)>,Σ0 = I
for t ∈ {1, ...T} do
Receive an example xt ∈ Rd

Make prediction: ŷt = sgn
(
µt−1 · xt

)
Receive true label yt
suffer loss `φ

(
N
(
µt−1,Σt−1

)
; (xt, yt)

)
if `φ

(
N
(
µt−1,Σt−1

)
; (xt, yt)

)
> 0 then

µt+1 = µt + αtytΣtxt,Σt+1 = Σt − βtΣtxTt xtΣt

where αt and βt are computed by either
Proposition 1 (SCW− I)or Proposition2 (SCW− II);

end if
end for
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Figure 3.9 – SCW bounds on linearly separable simulation

The behavior of the bound is more or less the same, the only difference is that
SCW outperforms PA and therefore we have a relatively smaller impediment risk
which improves the efficiency of the bounds.

— Cesa-Bianchi and Gentile (2008) efficient starting from 3700,mini-
mum=0.85.

— Touati optimal bound efficient starting from 400,minimum=0.5.
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Figure 3.10 – SCW bounds on non linearly separable simualtion

We have the same structure of the plot, however since SCW is not adapted
to the non-linearly separable problem, the entangled risk is close to 0.5 and
therefore the efficiency of the bounds is deteriorated.

— Cesa-Bianchi and Gentile (2008) efficient starting from 7100,minimum=0.95.
— Touati optimal bound efficient starting from 600,minimum=0.63.
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Figure 3.11 – SCW bounds on ionosphere data set
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Figure 3.12 – SCW bounds on breast cancer data set

The last two plots confirm once again that, faced with a small sample size and
a relatively large empirical risk, our bounds are not informative. Again, those of
Cesa-Bianchi and Gentile (2008) are not at all effective because they are always
greater than 1.



3.4. Numerical experiments 77

3.4.4 Multiple layer online perceptron

The Multiple layer Online perceptron is based on the online perceptron the
the method that initiated machine learning and artificial intelligence. The pi-
oneering work of Agmon (1954),Rosenblatt (1958) and Novikoff (1963) lay the
theoritical foundations of this algorithm. since this is a very well-known reference
method in the scientific community, we are not going to offer a detailed summary
of it. We recommend a very educational reference Sathyanarayana (2014) to the
readers to familiarize themselves with the notion of backpropagation and the
architecture of neural networks, notamment the number of layers.

We notice on the one hand that for all the situations, our bounds are drasticly
tighter than those of Cesa-Bianchi and Gentile (2008) for any a even in the
neighborhood of 1

8 , on the other hand, our bounds converge faster towards the
minimum value of the empirical risk. We specify that this algorithm enjoys
very high precision. We are evaluating the bounds for very small values of the
empirical risk.
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Figure 3.13 – MLP bounds on linearly separable simulation

The Cesa-Bianchi and Gentile (2008)bound is effective from a sample size
equal to 1870, it reaches its minimum value 0.28, Touati optimal bound is
effective from a 250 sample size, it reaches its minimum value 0.16. Even for a
very large sample size, our bounds are almost twice as accurate as those of Cesa-
Bianchi and Gentile (2008). The improved optimal bound is always effective, it
reaches its minimum value 0.14. For very large n, the difference becomes blurred
between Touati optimal bound and the improved optimal bound.
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Figure 3.14 – MLP bounds on non linearly separable simulation

In this example, MLP is very suitable for this binary classification and perfom
a near faultless. The behavior of the terminals is almost the same:

— Cesa-Bianchi and Gentile (2008) Bound efficient starting from 1990, min-
imum=0.24.

— Touati optimal Bound efficient starting from , minimum=0.12.
— The improved optimal bound is always effective, minimum=0.1.
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Figure 3.15 – MLP bounds on inonosphere set

Cesa-Bianchi and Gentile (2008) Bound is never efficient in this example
which confirms the findings in previous simulations for SCW and PA.

— Touati optimal Bound efficient starting from 230 minimum=0.75.
— The improved optimal is efficient strating from 75, minimum=0.6.

We notice that when the sample size is very small and faced with an empirical
risk outside a neighborhood of 0, our bounds are not very informative insofar as
we know with certainty that the empirical risk is smaller than 0.5.
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Figure 3.16 – MLP bounds on breast cancer data set
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— Touati optimal Bound efficient starting from 245 minimum=0.65.
— The improved optimal is efficient strating from 35, minimum=0.5.

Same conclusion.

3.5 Proofs of the main results

3.5.1 Proof of Lemma 3.1
Proof. By keeping the same notations presented beforehand:
we set T̂ = argmin06t<n{PERn,δ(ht)} and T ? = argmin06t<n{R(ht)+Fδ(R(ht), t)}.
We further set h? = hT ? and r? = rT ? = R̂(T ?)

n . By construction one has ĥ = h
T̂
.

Hence we have for A? = AT ? to be fixed later,

P[R(ĥ) > R(h?) + Fδ(R(h?), T ?)]
= P[{R(ĥ) > R(h?) + Fδ(R(h?), T ?)} ∩ {R(h?) > r? − AT ?}]

+ P[{R(ĥ) > R(h?) + Fδ(R(h?), T ?)} ∩ {R(h?) < r? − AT ?}]
6 P[R(ĥ) > R(h?) + Fδ(r? − AT ? , T ?)] + P[R(h?) < r? − AT ? ]

where the last inequality is due to r → Fδ(r, ·) is incresing in r. Now the
event {R(h?) < r? − AT ?} ⊂ ∪n−1

t=0 {R(ht) < R̂(t)
n − At}. Then we get

P[R(ĥ) > R(h?) + Fδ(R̂(hT ?), T ?)]

6 P[R(ĥ) > R(h?) + Fδ(r? − AT ? , T ?)] +
n−1∑
t=0
P[R(ht) < R̂(t)

n − At].

To control the term P[R(ht) < R̂(t)
n − At], we use (Theorem 2.28 page 31) in

Bercu et al. (2015),

P[R(ht) < R̂(t)
n − At] = P[R̂(t)

n −R(ht) > At]

6 exp
(
−(n− t)Vn.A2

th(At
Vn

)
)

where

Vn = 1
n− t

n∑
i=t+1

E
[
`2 (Hi−1(X), Y )

]
and ∀x ∈ [0, 1] h(x) = (x+ 1).ln(x+ 1)− x

Since Vn 6 R(ht) we obtain:

P[R(ht) < R̂(t)
n − At] = P[R̂(t)

n −R(ht) > At]

6 exp
(
−(n− t)R(ht).A2

th( At
R(ht)

)
)
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Let B = (n− t)R(ht).A2
th( At

R(ht)) then

At = R(ht).h−1
(

B

(n− t).R(ht)

)
The function h is not analytically invertible, we lower bound it by an invertible

one. Since ∀x ∈ [0, 1] h(x) > 5
13 .x

2 thus h−1(x) 6
√

13
5 .x.

Therefore
At 6 ΨB(R(ht), t)

Therefore, we arrive at
n−1∑
t=0
P[R(ht) < R̂(t)

n −ΨB(R(ht), t)] 6 n. exp(−B).

The expression P[R(ĥ) > R(h?) +Fδ(r?−AT ? , T ?)] is upper bounded, using the
same techniques of inequalities (6) and (7) of Cesa-Bianchi and Gentile (2008)
by:

n.e−B + n.
n−1∑
t=0
P[R(ht)− R̂(t)

n > penδ(R(ht), t)]

if we apply Theorem 1.6
n−1∑
t=0
P[R(ht)− R̂(t)

n > penδ(R(ht), t)] = n. exp(−B)

if and only if

penδ(R(ht), t) =
√√√√(1−R(ht))2

log( 1
R(ht))

.
B

n− t

In final

P[R(ĥ) 6 min
06t<n

{R(ht) + Fδ(R(ht), t)}] 6 (n2 + 2.n). exp(−B)

If B = n.(n+2)
δ

, we get the expected result.

3.5.2 Proof of Theorem 2.1
Proof. Let R(t)

n = 1
n−t

∑n−1
i=t R(hi), We apply the lemma 2.1 with pen δ

2
(., .).

We obtain
P
[
R(ĥ) > min

06t<n
R(ht) + F δ

2
(R(ht), t)

]
6
δ

2 (3.2)

Since

E = min
06t<n

R(ht) + F δ
2
(R(ht), t)

= min
06t<n

min
t6i<n

R(hi) + pen δ
2
(R(hi) + ΨC(R(hi), i), i)

6 min
06t<n

1
n− t

n−1∑
i=t

R(hi) + pen δ
2
(R(hi) + ΨC(R(hi), i), i)
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Using Lemma 1.10:

(E) 6 R(t)
n +

√
C
3

n− t

n−1∑
i=t

√
1 + 4.(R(hi) + ΨC(R(hi), i)) + (R(hi) + ΨC(R(hi), i))2 1√

n− i

Thanks to Cauchy-Schwarz inequality and integral test for convergence we obtain
:

(E) 6 min
06t<n

R(t)
n +

√
C

3

(√
1 + 4.(R(t)

n + ΨC(R(t)
n , t)) + (R(t)

n + ΨC(R(t)
n , t))2

)√ log(n− t)
n− t

= min
06t<n

gt(R(t)
n ) (3.3)

It is obvious that M (t)
n = R(t)

n − R̂(t)
n is a locally squared real Martingale.

(i.e M (t)
n = Mn −Mn∧t)

By applying Inequality 2.40 with δ
2n , we obtain for

∀n > am(a) log(2n
δ

)

P
(
M (t)

n >
ac(a) log(2n

δ
)

n− t
+
√
a∆n(a) log(2.n

δ
)

n− t

)
6 δ

∆n(a) = 2 + 2c(a)R̂t
n + ac2(a) log(2.n/δ)/(n− t)

. (c(a) and m(a) are defined in the previous chapter.) This expression is equiv-
alent to

P
(
Rn > Φ−1

a (R̂(t)
n )
)
6

δ

2n, ∀δ ∈]0, 1]. (3.4)

n being fixed beforehand.

We introduce now, the random variables Z0, ....Zn−1 with
Zt = gt(Φ−1

a (R̂(t)
n ))∀t ∈ {0, ...., n− 1}.

Thus we can write:

P
(

min
06t<n

(R(ht) + pen δ
2
(R(ht) + ΨC(R(ht), t), t)) > min

06t<n
Zt

)
6 P

(
min

06t<n
gt(R(t)

n ) > min
06t<n

gt(Φa(R(t)
n ))

)

6
n−1∑
t=0

P
(
gt(R(t)

n ) > gt(Φa(R̂(t)
n ))

)
by monotonicity of g0, ..., gn−1

6
n−1∑
t=0

P
(
R(t)
n > Φ−1

a (R̂(t)
n )
)
6
δ

2

by referring to (3.4), combining with (3.2) complete the proof.
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3.6 Summary and main contributions
This work was intended to develop mathematical tools address to concen-

tration inequalities that aim to deal with martingales. The two main themes
covered in this manuscript are exponential inequalities for self-normalized mar-
tingales and risk tail bounds for online learning algorithms. The first theme is
covered in Chapter 2, the second is treated in Chapter 3. A state of the art
of existing methods and mathematical tools necessary for the whole thesis is
provided in Chapter 1. At first we have presented, classical inequalities for the
sums of bounded random variables of type Bernstein (1927) and Bennett (1962)
and their improvements. We then introduced exponential inequalities for mar-
tingales, and finally we have briefly presented the field of online learning, its
theoretical foundations and the close link it has with concentration inequalities.

Chapter 2 aims to establish new concentration inequalities for self-normalized
martingales and set up some elementary applications in statistics and online
learning.
It is mainly a scientific contribution in probability theory which on the one hand,
allows to standardize the previous inequalities of the literature and on the other
hand guarantees the possibility of reaching an optimality of the bound for each
application.
This work has been promoted in the form of a mathematical article published in
Electronic Communications in Probability Bercu and Touati (2019), since
summer 2019.
We had the chance to present a summary of it in the form of a talk at the
well-known: Ecole d’été de Saint-Flour.

Chapter 3 is direcly linked to the previous one. Thanks to the probabilistic
tools developed throughout Chapter 2, we develop much more precise risk tail
bounds than those of reference in the field, namely those of Cesa-Bianchi and
Gentile (2008), world-renowned scientists in the field. What is interesting in
our approach; is that with these same probabilistic tools we can improve a whole
panoply of results in the field of online learning, thus opening up a field of research
to be explored. The synthesis of this work is being submitted to Journal of
Machine Learning Research.
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3.7 Perspectives and future directions
The results in this thesis lead to some future directions as follows:
— Extend our results on autoregressive process with non-symmetric innova-

tions to autoregressive process with ARCH innovations.It would be wise
to compare yourself to reference works like that of Claudia Klüppelberg.

— From a probabilistic point of view, we can think of extending our in-
equalities of concentrations to matrix martingales. Tropp (2011) did so
for Freedman inequalities. This direction is interesting from a theoreti-
cal point of view because we are going to handle another more complex
mathematical object but also stimulating for applications in particular for
Multi-armed bandit problems.

Regarding the perspectives we are working with Prof. Odalric Maillard on im-
proving the work of Neu (2015) and Lee et al. (2020) concerning high-probability
data-dependent regret bounds for adversarial bandits. The second part of this
work consists in the elaboration of structural inequalities based on Bercu and
Touati (2019) in order to apply them to the aggregation of experts for unbounded
convex losses.
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Résumé
Au cours des deux dernières décennies, le domaine des inégalités de con-

centration a connu un essor important aussi bien en probabilités que pour les
domaines applicatifs. Cette thèse apporte en premier lieu une mise en perspective
exhaustive de la littérature sous-jacente au domaine. Les deux principales contri-
butions scientifiques s’articulent autour de nouvelles inégalités de concentrations
pour les martingales auto-normalisées avec des applications en statistiques d’une
part, d’autre part un perfectionnement significatif des bornes de risques pour des
algorithmes d’apprentissage séquentiel. En outre, nous connectons grâce à cette
thèse deux domaines jusque-là assez éloignés, à savoir les nouvelles inégalités
de concentrations pour les martingales, les améliorations des inégalités de type
Bernstein avec le domaine de l’apprentissage automatique séquentiel.

Mots-clefs:
Inégalités de concentrations, Martingales, Statistiques Apprentissage automa-

tique séquentiel, bornes de risque.

Abstract
The field of concentration inequalities has gained a significant traction over

the last two decades, from contributing to the resolution of complex applied prob-
lems to enhancing the theoretical framework of probability. The thesis provides
a thorough and exhaustive overview of the relevant scientific literature.
The two main components of this scientific contribution are focused on developing
new concentration inequalities for self-normalised martingales with applications
to statistics, as well as a drastic improvement to the risk tail bounds of online ma-
chine learning algorithms. This work succeeded to connect two fields that have
been relatively distinct. The findings bridge the gap between the field of online
machine learning and the new concentration inequalities for both martingales
and the improvements of the Bernstein type inequalities for random variables.

Keywords: Concentrations Inequalities, Martingales, Statistics, Online Ma-
chine Learning, risk bounds.
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