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REsUME

La multiplication des données collectées a occasionné un intérét multi-disciplinaire autour de
’étude statistique de systémes complexes ou les individus interagissent en pairs. Dans de tels
réseaux, des individus similaires ont tendance a interagir similairement. Un important prob-
leme d’inférence statistique consiste donc a regrouper les individus similaires en communautés
(aussi appelées clusters) en se basant uniquement sur ’observation des interactions entre in-
dividus. Ce probleme d’apprentissage non-supervisé qui consiste a placer chaque nceud dans
un groupe est appelé détection des communautés. Cette thése a pour but d’étudier différents
aspects de la détection de communautés dans des systemes complexes.

En particulier, nous étudions des modeéles de graphes aléatoires ou chaque nceud appar-
tient a une communauté (aussi appelé bloc) et ou l'interaction entre deux noceuds dépend
uniquement des blocs dans lesquels ces deux nceuds appartiennent. Pour ces modeles, nous
établissons des résultats théoriques sur la possibilité et 'impossibilité de découverte des com-
munautés. Notre étude autorise des interactions quelconques (non nécessairement binaires),
ce qui rend le résultat applicable a de nombreuses situations (interaction pondérées, tem-
porelles, multi-couches, etc.).

Dans le cas particulier ou les interactions entre les nceuds varient au cours du temps,
nous proposons plusieurs algorithmes. Plus précisément, nous présentons des méthodes spec-
trales utilisant les interactions persistantes ou des méthodes basées sur un calcul itératif de la
vraisemblance.

Nous examinons aussi le probléeme de la détection semi-supervisées des communautés.
Dans ce cas, un oracle nous renseigne sur la communauté d’un petit nombre de noeuds. Ces
renseignements s’ajoutent aux interactions observées entre les noeuds, et facilitent le prob-
léme initial (I’apprentissage des communautés des nceuds).

Enfin, nous étudions la situation ou les nceuds sont positionnés dans un espace métrique.
Dans ce cas, nous montrons que les méthodes spectrales classiques (telles que SPECTRAL CLUS-
TERING) peuvent totalement échouer, et nous analysons une parade basée sur la sélection de
vecteurs propres d’ordre supérieur.

Mots clés : détection de communautés, modele des blocs stochasique, réseaux temporels,
réseaux géometriques, apprentissage semi-supervisé, spectral clustering.
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ABSTRACT

The massive explosion of data collection led to a multi-disciplinary interest in the statistical
inference of complex systems. In these systems, agents interact by pairs. Since similar agents
tend to interact similarly, an important unsupervised learning problem consists of grouping
the agents into communities or clusters based on the pairwise interactions. This thesis explore
various aspects of this learning task.

In particular, we study random graph models in which each node belongs to a commu-
nity (also called block) and the interactions between node pairs depend on the community
structure. For those stochastic block models, we establish consistency thresholds for commu-
nity recovery. These results allow for non-binary interactions, such as weighted, temporal or
multiplex networks.

We propose several algorithms for clustering temporal networks, such as spectral methods
based on the persisting edges, or methods based on an online computation of the likelihood.

We also study graph clustering in a semi-supervised setting. In this setting, an oracle
provides the community memberships of a few nodes. This extra information helps to recover
the community labels of the rest of the nodes.

Finally, we investigate networks in which the nodes have a position in a metric space. In
such geometric networks, we show that standard spectral methods (such as SPECTRAL CLUS-
TERING) fail at recovering the communities. We propose and analyse a spectral algorithm
based on a higher-order eigenvector.

Keywords: graph clustering, stochastic block model, temporal networks, geometric net-
works, semi-supervised learning, spectral clustering.
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CHAPTER

INTRODUCTION

1.1 Networks

A network is a collection of interconnected objects. This definition covers a lot of real-world
phenomena, as data sets in many application domains consist of pairwise interactions be-
tween objects. Examples include human interactions in sociology and epidemiology, brain
activity measurements in neuroscience, protein interactions in molecular biology and finan-
cial interactions in economics.

When the pairwise interactions are binary, the network can mathematically be repre-
sented by a graph. A graph G is a pair (V, E) where V is the set of objects (called nodes
or vertices) and E is the set of pairs of nodes (called edges or links). This graph representa-
tion can easily be extended to non-binary networks. The following examples show that many
situations involve non-binary interactions as well.

Examples of networks

Binary networks The political blog data set [AGO05] is a simple example of a network with
binary interactions. This data set represents the linking patterns of political bloggers during
the U.S. Presidential Election of 2004. The data set is composed of 1494 blogs, 759 liberals and
735 conservatives, and the interactions identify whether one blog references another blog. As
shown in Figure 1.1, the difference between liberal and conservative blogospheres is clear. In-
deed, 90% of the interactions occur between blogs belonging to the same political community.
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Figure 1.1: Network of political blogs.

Weighted networks A binary interaction can be enriched by a weight, representing the
interaction strength. A weighted network is a network whose interactions are positive real
numbers. Examples encompass transportation network between cities, where the weights
correspond to the number of passengers going from one city to another.

Weighted networks can also be built directly from data. Indeed, in machine learning prob-
lems, data often comes as a collection x4, - - - , z,, of n data points in an Euclidean space (e.g.,
x; € R™). A common way to define a weight w;; between two data points x; and z; is via a
threshold Gaussian kernel

[l —a;]? : 2
- exp(_—;; LA [l — 2] < &
wij = )
0, otherwise,

where 7 and k are some parameters and || - || is a distance between the data points. The cutoff
parameter « prevents having a dense network with many small weights. Another familiar
method is to connect each vertex to its k-nearest neighbours. We refer to [GP10, Chapter 4]
and [Sta+20] for the description of other methods.

The MNIST database [LCB98] is a database of 70,000 images of handwritten digits com-
monly used as a benchmark in machine learning. Figure 1.2 represents a network built from
300 images of digits 0, 1, 2 using a Gaussian kernel as weight function. More precisely, we
first compute a k-nearest neighbour graph (k = 8) with weights

Ti

]2
{exp <—M> if z; is in the k-th nearest neighbour of z;,
wij =

0 otherwise,

where 7; represents the distance between x; and its k-th nearest neighbour. The weight matrix
is finally symmetrised by replacing W with %(W + WT).
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Digit

N L O

Figure 1.2: Network constructed from 300 images of digits 0, 1 and 2 taken from the MNIST
database.

Edge-labelled and multiplex networks Complex relational databases and networks often
include interactions of different types. For example, chemical reactions may be exothermic
or endothermic, movie-user associations in collaborative filtering typically come with user
ratings; communication between individuals may be cold, formal, or familiar. Such networks
are called edge-labelled networks, where the interaction is an element of the set {0, 1,--- , L},
the type 0 denoting no interaction.

Alternatively, an edge-labelled network can be represented by a multiplex network. Mul-
tiplex networks refer to networks with several layers in which all the layers share the same
node-set, and each layer corresponds to an interaction type. This view is sometimes more
convenient. For example, two social networks users might be connected through Facebook,
Twitter, or LinkedIn, where each social network creates one layer of a user-user interaction
network.

Temporal networks Interactions between node pairs might vary with time. For example,
the high school data sets represent close proximity encounters between students in a French
high school. Students-to-students interactions are recorded every 20 seconds through wear-
able sensors, and the experiment span several school days. The same experiment was per-
formed three consecutive years [FB14; MFB15], and the dimension of each data set is given
in Table 1.1. We also plot in Figure 1.3 the weighted network for the year 2013, where the
weights correspond to the number of interactions recorded between two students.

We notice that this time-aggregation can lose important temporal information. For exam-
ple, Figure 1.4 shows snapshot per snapshot the average number of interactions per student
on a given day. The peaks observed coincide with the starting and ending times of the breaks
between courses since students leave the classrooms.
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Year n K T
2011 118 3 5609
2012 180 5 11273
2013 327 9 7375

Table 1.1: Dimensions of three data sets of interacting high school students: number of stu-
dents n, number of classes K and number of snapshots 7".

Class
Il 2BIO1 ] MP
. I 2BI02 /1 PC
[ 2BIO3 I PC*
1 MP*1 I PSI*
1 MP*2

Figure 1.3: Time-aggregated network obtained from the high-school interaction network (year
2013).

0.6
o 0.51
L 0.4
©

o 0.31
(@)]

M 0.2

0.0

8 10 12 14 16
Hour

Figure 1.4: Average degree on Thursday. The hashed regions show the breaks between classes.

1.2 Clustered random graph models

Numerous random graph models have been proposed to describe real-world networks. In this
thesis, we will focus on clustered random graphs. A cluster (also called community or block) is
a group of nodes that share common properties, and thus play a similar role in the network.
The previous examples of networks showed that clusters are naturally present in real work
networks: political affiliation of blogs, digits in handwritten images, classes of high school
students, etc.
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Stochastic Block Model

The Stochastic Block Model is one of the oldest and simplest random graph models with com-
munity structure. Although this model was originally defined for multiplex graphs [HLL83],
it has been later on restricted to binary interactions. We define here the general setting where
the interactions belong to a measurable space S.

In this model, the node-set V' = [N] is partitioned into K disjoints sets, called blocks.
This partition is conveniently represented by a node labelling o: [N] — [K] so that o(7)
indicates the block which contains node i. The model is further parametrized by a collection
f = (fre) ke be[K] of probability distributions over S, such that fi; = fi. These parameters
specify the probability distribution

P(Alo) = [ fewow) (A9)

1<i<j<N

of the interaction tensor A € SV*V, verifying A;; = Aj; for all i, j. Our main focus is
on homogeneous models in which the probability distribution f;, equals f if £ = ¢, and g
otherwise and the node labels are chosen uniformly at random.

In this framework, a mutliplex network can be represented by choosing S = {0,1}¥
where M is the number of layers, while a temporal network with 7" snapshots correspond

to S = {0,1}7. Other important possible choices for the interaction space are S = R,
(weighted SBMs), S = {0,1..., L} (edge-labelled SBM) or S = Z,..

The inference problem consists in the recovery of the node labelling o given the interac-
tion tensor A, and possibly the number of blocks and the interaction probabilities f, g. The
recovery of the blocks by an estimator is consistent if the fraction of mis-clustered nodes goes
to zero when the number of nodes N goes to infinity, and strongly consistent if the number
of mis-clustered nodes goes to zero. Intuitively, this task becomes harder when f and g be-
come too similar and is even trivially impossible when f = g¢. This implies the existence of
fundamental limits, that is conditions under which the blocks can or cannot be recovered. For
example, consistent recovery can be impossible (in the sense that no algorithm can attain it) if
some condition is not verified, and possible (there exists an algorithm achieving it) if another
condition is verified.

When § = {0,1} existing work on community recovery in the binary homogeneous
SBM provides a strong information-theoretic foundation [ZZ16; Gao+17; ABH16; MNS16].
In particular, many sharp fundamental limits (or phase transitions) have been derived. De-
noting by D1 /5(f, g) the Rényi divergence between f and g, consistent recovery is possible
if N Dq/2(f,9) > 1 and is impossible otherwise. Similarly, strong consistency is possible if

Diso(f,g) > (1+Q(1)) %X and impossible if D jo(f, g) < (1 — Q(1)) 21X,

Analogous results have been obtained, sometimes with additional technical conditions on
the connectivity functions f, g, for multiplex SBMs with independent layers [PC16], edge-
labelled SBMs [YP16; JL15], and weighted SBMs [X]JL20]. One contribution of this thesis is to
extend these information-theoretic results to S-valued SBM, where S is any measurable space
and might depend on the scale parameter. One possible application is temporal networks with
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T dependent layers, where the number of nodes N and the number of layers 7" both grow
unbounded.

Clustered geometric graphs

In many situations, nodes have geometric attributes in addition to community labelling. These
geometric attributes are represented by a position in a metric space. The interaction between
a pair of nodes, therefore, depends not only on the community labelling but also on the dis-
tance between the two nodes. We can model this by assigning to each node a position, chosen
in a metric space. Then, the probability of an edge appearance between two nodes will de-
pend both on the community labelling and on the positions of these nodes. Recent proposals
of random geometric graphs with community structure include the Geometric Block Model
(GBM) [Gal+18] and Euclidean random geometric graphs [ABS17].

In the GBM, two nodes 7, j in the same community are interacting if they are at a distance
d;; less than 7y,, while two nodes in different communities are interacting if their distance
is less than 7.y, where 0 < 7oy < 73, are two parameters. In Euclidean random geometric
graphs, the probability of connection between two nodes ¢, j in the same community equals
f (d;;) where d;; denotes the distance between the two nodes. Furthermore, the probability of
interaction between two nodes 4, j in different communities is g(d;;) (here f,g: R, — [0, 1]
are two functions). We obtain the GBM as a particular case (by letting f(x) = 1(|z| < ry,) and
g(x) = 1(|z| < rout)), as well as the binary SBM (by simply letting f(z) = pi, and g(x) = pout
where Din;s Pout € [07 ]-])

The nodes’ interactions in geometric models are no longer independent: two interacting
nodes are likely to have many common neighbours. While this is more realistic ("friends of
my friends are my friends"), this also renders the theoretical study more challenging.

1.3 Graph clustering

Many powerful clustering methods exist for binary or weighted networks, such as spec-
tral methods [Von07], modularity maximisation [BC09; Blo+08; GN02], belief propagation
[MMO09; Moo17], Bayesian methods [HW08; Peil9], likelihood-based methods [WB17]). We
refer to [For10] for an overview of such methods.

Spectral clustering

Motivation

Spectral clustering is one of the simplest clustering algorithms. We will give it here a quick
overview, and we refer to [Von07] for a more detailed presentation. Let A be the graph adja-
cency matrix and d; = E;VZI A,;; be the degree of node i. We denote by D = diag(ds, - - - ,d,)
the degree matrix, and define the standard Laplacian L = D — A and the normalized Lapla-
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cian L = I — DY/2AD~'/2 In the following, V1, ..., Vi denote a partition of the node-set
V' = [N] into K non-overlapping clusters, thatis V; U--- U Vg = V and V, NV, = () for
k # (. The graph-Cut associated to such partition is defined as

K
Cut(A,Vi,.... Vi) = > Cut(A,Vp),
k=1
where Cut(A,Vy) = Zf\évk jeve A;; is the number of edges going from set V to set V).
Directly minimising this quantity would lead to greatly unbalanced partitions, e.g., partitions
in which all or almost all the nodes are in the same cluster. To alleviate this issue, we first
define the volume of a set by

vol (V) = > d;.

i€Vi,
We will then aim to find a partition V}, ..., Vi that minimises
Neut(A, Vi,...,Vk) = XK:M (1.3.1)
T p vol(Vy)

The Normalized-Cut corresponds to a Cut penalized with respect to the volume of the sets
Vi: small sets bear a large penalty. Hence, we can expect that the solutions minimising the
Normalized-Cut lead to clusters of similar sizes.

As minimising the Normalized-Cut is NP-hard [WW93], we instead perform a continuous
relaxation. Let us define the matrix N = (n;,) € R™¥ by

| — L i eV
Vien], Vke[K]: ng = vol(V) (1.3.2)

0 otherwise.

N is a matrix containing K indicators vectors as columns, where the size of each set V}, is
used as a penalization term. We notice that

Neut(A, V4, ..., Vk) = Tr (N'LN),
while N'DN = Ik. Therefore, minimising the Ncut can be rewritten as

arg min Tr (XTEX) , (1.3.3)
(V1o Vi)

where X := DY2N and N is defined in equation (1.3.2). The final step is to relax (1.3.3) by
keeping only the constraint X7 X = I. This leads to the following relaxed problem

X = arg min Tr (XTEX) i

XERnXK ; XT X =TI

The solution of this relaxed problem is given by the matrix whose columns are given by the
K orthonormal eigenvectors of £ associated with the K smallest eigenvalues.

7
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Once the relaxed problem is solved, we are left with a n-by-K matrix whose columns are
the K first eigenvectors of L. To reconvert this real-valued matrix to a discrete partition, a
standard method is to apply k-means algorithm on the n rows of K (seen as n data points in
R). More precisely, k-means consists in the following minimisation problem

<Z,X> — argmin || ZX — V|3 (1.3.4)
ZGZn,K
XERKXK

where Z,, i denotes the space of membership matrices, that is n X K matrices with entries in
{0, 1} for which each row ¢ has only one non-zero element. While solving the minimisation
problem (1.3.4) is NP-hard, there exists (see [KS504]) a polynomial time procedure finding

(Z, X) € 2, x x REXK

B ) (1.3.5)
5.t HZX—VH < (1+e min [ZX — V|2
F Zez’n,K
XeRFXK
Once 7 is found, we return the predicted clusters: node i is in cluster k if sz = 1. We
summarize this in Algorithm 1.
Algorithm 1: (Normalized) Spectral Clustering.
Input: Graph Laplacian L (resp. normalized Laplacian £), number of clusters K.
Output: Predicted node labelling vector Z € [K]".
Spectral Step:
« Compute vy, ..., vk the K orthonormal eigenvectors of L (resp. £) associated with

the K smallest eigenvalues;
« Let V € R™¥ be the matrix whose column £ is vy.
Clustering Step:
o Let <Z X ) be an (1 + €) approximate solution to the k-means problem (1.3.5);

« Foreverynodei=1---n,letz; = kif Z;;, = 1.

In the particular case of two clusters, one can simply look at the second eigenvector of £
(sometimes referred to as the Fiedler vector [Fie75]). The nodes are then clustered according
to the sign of their entries.

Limitations of spectral clustering

Dangling trees In this part, we will analyze the failure of spectral clustering on the politi-
cal blogs data set. Figure 1.5 shows the value of eigenvectors of £ associated with the second
and third smallest eigenvalues. We see that the entries of the second eigenvector are localised
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over a few nodes. Moreover, those nodes are associated with a dangling tree and do not repre-
sent a meaningful community structure (see Figure 1.5c). On the contrary, the entries of the
third eigenvector lead to the correct community structure. In fact, using this eigenvector for
clustering would lead to an accuracy of 95%.

)
5 0.61 o 0.1007
‘>° 0.51 % 0.0751
0.050
o 1 >
S 0.4 —  0.025
O 0.3 S 0.0001
Qoo @ —0.025
c §>: —0.050
0 0.1 | @ —0.075]
1 0.0 - : . : ‘ : ‘ -u%’—o.loo
0 200 400 600 800 10001200 0 200 400 600 800 10001200
Node Node
(@) k=2 (b) k = 3.

© k=2 (d) k = 3.

Figure 1.5: Analysis of the failure of Spectral Clustering on the political blogs data set. Top:
value of the eigenvector of £ associated to the k-th smallest eigenvalue, for £ = 2 and k& = 3.
Bottom: graph where the node colors show the prediction made using the sign of the entries
of the k-th eigenvector.

Figure 1.5 shows that the good eigenvector for clustering is the third one, while the second
eigenvector is concentrated around low degree nodes, forming a dangling tree'. Since it results
in a partition of the graph into one large community, with almost all the nodes, and a small
one with only a few nodes, it is easy to spot in practice. To solve this issue, one simple solution
would be to look at a higher-order eigenvector. But, how to determine the correct eigenvector?
Indeed, this might not always be an easy task. First of all, it could happen that the correct
eigenvector is in a lower position, say 5th or 7th, and localising it among noisy eigenvectors
might be non-trivial. Besides, it is difficult to extend this reasoning for more than two clusters.

The regularization technique aims to solve this issue [ZR18]. It consists in performing
Spectral Clustering on £, = I — D;1/2ATDT_1/2, where A, = A + %lzln and D, is the

!Note that if one were to use the standard Laplacian, we would also observe an analogous phenomenon, with
noisy eigenvectors concentrated around high degree nodes.
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associated degree matrix. The matrix A is a perturbed version of the initial adjacency matrix
A, where was added an edge of weight T between all nodes pairs. The perturbation parameter
T is typically taken as 7 = 1 or 7 = d where d is the average degree of the graph.

Spectral methods and geometric data In many situations, nodes can have geometric at-
tributes (for example, a position in a metric space). The geometric structure of this model
handicaps cut-based clustering methods. Indeed, in this case, the Fiedler vector might be
associated with a geometric configuration, hence bearing no information about the latent
community labelling. Figure 1.6 highlights this issue in GBM. While the second and fourth
eigenvectors give configurations based on node positions, recovering the node labels is, in
this example, better done with the 10th eigenvector.

(a) True labels.

Figure 1.6: Analysis of the failure of Spectral Clustering on a Geometric Block Model, with
100 nodes, inter-distance and intra-distance cutoffs ry, = 0.07, roe = 0.02.

We show that a higher-order eigenvector can lead to better clustering in real data sets.
We select 1000 images from MNIST, representing digits 4 and 9, and construct a k-nearest
neighbours (k = 8) interaction graph with Gaussian weights. The digits 4 and 9 form the
hardest digit pair to distinguish. We plot in Figure 1.7 the accuracy obtained by spectral clus-
tering as a function of the eigenvector order. We emphasise the fact that, unlike the political
blog data set, this is not an artefact due to dangling trees. We plot in Figure 1.8 the predicted
clusters using the eigenvectors associated with the second and smallest eigenvalues of the
graph’s normalized Laplacian and compare them with the true clusters. We notice that the
predicted clusters are of balanced sizes. We also note that the Ncut of the true labels is 3.8,
while the Ncut of the predicted labels associated with the prediction using the second (resp.
third) eigenvector is 2.7 (resp. 3.7). Therefore for this graph, the correct labels do not match
with the smallest normalized cut.

Graph semi-supervised clustering

Semi-supervised learning (SSL) aims at achieving superior learning performance by combin-
ing unlabelled and labelled data. Since typically the amount of unlabelled data is large com-
pared to the amount of labelled data, SSL methods are relevant when the performance of
unsupervised learning is low, or when the cost of getting a large amount of labelled data for
supervised learning is too high. Unfortunately, many standard semi-supervised learning tech-
niques have been shown to not efficiently use the unlabelled data, leading to unsatisfactory

10
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Figure 1.7: Accuracy obtained on weighted graph build using a subset of the MNIST data
set (n = 1000 images representing digits 4 and 9) using the different eigenvectors of the
normalized Laplacian matrix £. The eigenvector of index k is the eigenvector associated with
the k-th smallest eigenvalue of L.

(a) True labels (b) Labels using vs. (c) Labels using vs.

Figure 1.8: Different clusterings on the same graph as Figure 1.7. The colours in Figure 1.8a
shows the true labels, while the colours in Figures 1.8b and 1.8c represent the predicted labels
using respectively the eigenvector associated with the second and third smallest eigenvalues
of the normalized Laplacian.

or unstable performances ([CSZ06, Chapter 4]; [BLP08; CCCO02]). Furthermore, the presence
of noise in the labelled data can further degrade the performance. In practice, the noise can
come from a tired or non-diligent expert carrying out the labelling task.

Let us consider a graph G = (V, E') whose node-set is partitioned into K latent commu-
nities. For the simplicity of the current exposition, assume /' = 2. The communities are thus
represented by a vector 0 € {—1,1}". In addition to the observation of the graph, an oracle
gives us extra information about the cluster assignment of some nodes. We call those nodes
labelled nodes, and we denote by ¢ the set of labelled nodes. Among those nodes, some are
correctly labelled by the oracle, and some are mislabelled by the oracle. We denote by ¢, the
set of mislabelled nodes and /; the set of correctly labelled nodes. In particular, ¢ = ¢y U ¢;.

The oracle can be represented as a vector s € {0, ..., K'}" such that
g; if 4 S 61,
S; = —0; if 7€ go, (136)
0 if &2

11
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In other words, the oracle (1.3.6) reveals the correct cluster assignment of |/;| nodes and a
false cluster assignment for |{y| nodes. It reveals nothing for n — |¢| nodes. The quantity
|€o|/|¢| is the rate of mistake of the oracle (i.e., the probability that the oracle reveals false
information given that it reveals something). The oracle is informative if this quantity is less
than 1/2, which is equivalent to the intuitive condition |¢;| > |{y|. In the following, we will
always assume that the oracle is informative.

Assumption 1. The oracle is informative, that is |¢1| > |{,].

Given the oracle s and the graph G, our strategy is to find a vector £ € R” from which
we could predict the node’s labels: node ¢ will be classified in cluster &; according to the sign
of Z;. A standard framework is to let & be the solution of an optimization problem of the type

& = argminC(z, s),
zeX

where C'(z, s) is a cost function, and X" a subset of R”.

For instance, the paper [Avr+12] suggests the following optimization formulation
& = argminz’ D 'LDte + Xz —s)" D* 7 (z —s).

particular choices of ¢ lead to different methods (namely ¢ = 1 is the Standard Laplacian
method [ZGL03], 0 = % is the Normalized Laplacian method [Zho+04] and o = 0 is a Page
Rank based method). Since the problem is equivalent to

T = arg minz a;j (df’lxi — d;‘-flxjf + A Z (x; — si)2 ,
i=1

z i<j

we observe that the first term forces the smoothness of the solution Z, while the second term
pushes the solution towards the oracle value s. This trade-off is governed by a parameter \.

Clustering temporal networks

In this section, we consider a temporal network represented by a tuple of adjacency matrices
(Al, cee AT), and we consider a setting in which the node labels are static through time. If
we assume that the temporal snapshots A’ are independent of each other, one could simply
generalize the classical min Cut problem by considering

T
arg min Z Cut (At, z) )
z€[K]™ —1
Since ., Cut (A*, z) = Cut (Zthl At z), we would then apply a spectral method on
the time-aggregated graph (that is, the weighted graph represented by the adjacency matrix
>y A,

Unfortunately, this fails at integrating the time-correlation in the interaction patterns be-
tween nodes. As an example, consider a network in which the inter-community interactions

12
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are sparse and temporally independent (hence forming spikes), while the intra-community
interactions are strongly correlated in time. Consider two node-pairs whose interaction pat-
terns are given by z; = (0,1,0,0,0,0,1,0,0,1) and 2, = (0,0,1,1,1,0,0,0,0,0). Since
|lz1][1 = [|z2][i = 3, we see that simple time-aggregation is agnostic to the different time
patterns between time series z; and 5.

A possible correction is to account for the persistent links. Indeed, since x; (resp. =) has
zero (resp. two) transitions 1 — 1, keeping the endpoints of x5 in the same cluster could be
preferred. This can be done by considering

T T
arg min Z Cut (At, z) + « Z PerCut (At_l, At z)

t=1 t=2

where
PerCut (A1, A" 2) = ) A'AL
6,j: 2i#2;
counts the number of persistent links from time ¢ — 1 to time ¢ between nodes with different
label. We further notice that
PerCut (At’l, At z) = Cut (At’1 o AL, z)

where ©® denotes the matrix element-wise product. Introducing
T

W= A"+ A'+ad oA
=2

we can rewrite the minimisation problem as

arg min Cut (W, z) .

This problem can be approximately solved by Spectral clustering on the weighted graph whose
adjacency matrix is WW.

1.4 Contributions and open problems

The contributions of this Thesis are the following.

« We derive information-theoretic conditions for consistent and strongly consistent re-
covery for homogeneous SBM with non-binary interactions. This extends and unifies
in a single framework existing results for the binary SBM, and for various extensions
such as edge-labelled SBM or weighted SBM. We can emphasise the following method-
ological improvements from current literature:

— In order to lower bound the error made by any algorithm, we use a change of
measure argument, similar to the one made by [YP16] in edge-labelled networks.
This lower bound is in particular derived for a non-homogeneous model.

13
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- We show that the Maximum Likelihood Estimator attains the lower bound for
homogeneous models. This result was shown in a minimax framework for the
binary SBM [ZZ16] and multiplex models with independent layers [PC16]; we
extend it to non-binary models.

— Under some additional technical assumptions on the Rényi divergence, we provide
an algorithm attaining the desired lower bound in a polynomial time in the number
of nodes. This also extends [Z2Z16, Theorem 3.1] and [X]JL20, Proposition 6.1] to a
larger set of interaction spaces.

— We explicit the particular case of a temporal SBM where interactions are Marko-
vian, by computing the Rényi-divergence between two sparse Markov chains,
which could be of independent interest. In particular, we show that consistent
recovery can be achieved even if the interactions are very sparse, given a large
enough number of snapshots. Moreover, we compare the recovery bounds ob-
tained to those obtained if one aggregates the temporal data.

« We have established error bounds on the recovery made by semi-supervised extensions
of spectral methods. Numerical experiments further show promising performance on
synthetic and real data sets, even in the case of very noisy labelled data.

« We derived a framework for spectral clustering in temporal networks, using the per-
sisting and freshly appearing edges.

« By characterising the spectrum of the adjacency matrix of geometric graphs, we show
that a higher-order eigenvector can recover the community structure of clustered geo-
metric networks.

Several problems remain open to future work.

« Studying the Stochastic Block Model (SBM) with non-uniform community labels and
non-homogeneous, non-binary interactions is a natural follow-up. Existing results for
the non-homogeneous binary SBM show that consistency thresholds are governed by
the Chernoff-Hellinger divergence [AS15]. We refer to the discussion in Section 3.5.2
for some insights.

« The study of recovery thresholds in SBM with a growing number of communities, for
example K = N for some a € (0, 1). We note that this question is still under study in
the binary SBM. While some of our results extend to allow infinitely many communities,
most do not, and several interesting research directions are left open (see the discussion
in Section 3.5.1).

+ The derivation of consistency conditions for spectral methods (using persistent edges)
in temporal networks. In the binary SBM, consistency of Spectral Clustering is done by
showing that the normalized Laplacian concentrates around its expectation, and con-
cluding using the Davis-Kahan theorem [LR15; Abb+20]. Showing strong consistency
requires a finer entry-wise analysis [Abb+20; Che+21]. Since obtaining tight bounds as
in [LLV17] on the concentration of the normalized Laplacian in binary networks is not
trivial (for example using matrix-Bernstein inequalities lead to sub-optimal concentra-
tions [Tro15]), extending such results to temporal networks is interesting.

14
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+ Clustering temporal networks with time-varying communities. A weak recovery thresh-
old was conjectured in [Gha+16], alongside with a belief propagation algorithm on a
space-time graph. Dealing with temporally correlated interactions was partially tack-
led in [Bar+18], where the authors showed that the persistence of communities makes
the clustering problem easier, while the persistence of the edges makes it harder. Pur-
suing these directions, both from an information-theoretic and an algorithmic point of
view is an important open question.

« The study of clustering in geometric graphs is still in its infancy. In particular, our result
is valid only in a dense regime where the expected node degrees scale with the number
of nodes, while the information-theoretic results derived in [ABS17] assume that the
geometric position of the nodes is known.

1.5 Publications

Journal publication

« [ABD20] Avrachenkov, K., Bobu, A., & Dreveton, M. (2021). Higher-Order Spectral
Clustering for Geometric Graphs. Journal of Fourier Analysis and Applications, 27(2),
1-29.

Conference papers

« [ADL21] Avrachenkov, K., Dreveton, M., & Leskeld, L. (2021, November). Recovering
Communities in Temporal Networks Using Persistent Edges. In International Conference
on Computational Data and Social Networks (pp. 243-254).

« [AD19] Avrachenkov, K., & Dreveton, M. (2019). Almost Exact Recovery in Label Spread-
ing. In International Workshop on Algorithms and Models for the Web-Graph (pp. 30-43).

Preprints

« [ADL22] Avrachenkov, K., Dreveton, M., & Leskel4, L. (2022). Community recovery in
non-binary and temporal stochastic block models. arXiv preprint arXiv:2008.04790.
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This chapter contains some preliminaries results helping the motivation and the under-
standing of this thesis. We first present a quick reminder about the Rényi divergences be-
tween probability distributions, including some basic properties and examples. Then, we
introduce the S-valued stochastic block model (SBM) as a straightforward extension of the
standard (binary) SBM. The chapter ends on some reminders about current litterature results
of information-theoretic conditions for recovery in SBM.

2.1 Divergences between probability measures

Notations

For a measurable set (S, F), we denote by P(S) the set of probability measures on (S, F).
For two probability measures f and g, we denote by f < g if f is absolutely continuous
with respect to g and by f L g if f and g are singular. The negations of those statements
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are denoted f € gand f [/ g. We recall that if f < p, then % denote the Radon-Nikodym
derivative of f with respect to y, and that Radon-Nikodym derivatives differ only on a y-null
set.

2.1.1 Rényi and Kullback-Leibler divergences

The Rényi divergence of positive order o # 1 of a probability distributions f on a state space S
over another distribution g is defined as

D7) = o [ () () am @11)

where p1 is an arbitrary measure which dominates f and g. We use the convenient conventions

log0 = —00, 0/0 = 0 and /0 = oo for > 0. In particular, if f [ gand a € (0,1) then
o l-a

D, (f]lg) < oo. The quantity Z,(f|lg) = [ (%) <Z—i> du is called Hellinger integral of

order a.

Since the Rényi divergence of order o = % is symmetric in f and g, we will denote indiffer-
ently Dy 5(f]|g) as Dy 2(f, g). We also introduce the squared Hellinger distance Hel?(f, g) =
1 — Z where Z = Zy5(f, g). In particular, Dy /5(f, g) = —2log Z1,2(f, 9).

The divergence of order &« = 1 cannot be defined using Formula (2.1.1). We instead let
D;(f|lg) to be the Kullback—Leibler divergence, given by

d df/d
Dki(fllg) = /élog (dZ—diﬁ) d

with the conventions that 01n(0/¢) = 0 and ¢ In(¢/0) = oo if ¢ > 0. These definition is moti-
vated by the continuity of @ — D, (f||g) (see Proposition 1). We observe that Dxy,(f||g) = oo

if f &« g.If X is a f-distributed random variable, then Dxy,(f|g) = E; [log g(X)} We also
define the centered Kullback-Leibler variation by Vi, (f|lg) = Vary [log f(X )] . Thus

af (1 df /du

dp og m) dp — (DKL(fHQ))2 .

Vialfle) = [

The quantities D, Dxr,, Vi1, are in general not symmetric in their arguments, with the
notable exception of D, /,. We denote with a superscript s the symmetrized version, that is

Di(fag) = Da(ng)_'_Da(ng>7

and similarly for Dy, V.

2.1.2 Basic properties of Rényi-divergences

This section lists some common properties of Rényi divergences that will be used in this thesis.
The letters f and g refer to two probability distributions over a space S. We refer the reader
to [VH14] for additional information and proofs.
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Proposition 1 (Varying the order). The function a € (0,00) — D, (f||g) is increasing, while

€ [0,00) = (1 — a) Dy(f]lg) is concave. Finally, the function o — D, (f||g) is continuous
on (0,1]U{a > 1: D.(f|lg) < oo}

Proposition 2 (Positivity and skew symmetry). For any a > 0 it holds D, (f||g) > 0. More-
over, fora € (0,1) we have (1 — a) Do (f|lg) = aD1_a(g]f)-

Proposition 3 (Orders « € (0, 1) are all equivalent). Forany0 < ; < 35 < 1 we have

Bl =P,
B2l — B

Proposition 4. If o« > 0 and « # 1 then

Dg, < Dg, < Dg,.

(1 —=a)Da(fllg) = il;Llf {aDxr(h][f) + (1 — a) Dki(hll9)},

where theinf is taken over all probability distributions on S and with the convention o Dy, (h|| f)
(1 — a) Dkr(h|lg) = oo if it were otherwise be undefined. Moreover, if the distribution h,,
fffall - is well defined and D, (h, || f) < oo ora € (0, 1) then the infimum is uniquely achieved

byh = hy.
Proposition 5. Suppose that Dk, (f||g) < co. Then

sup mf {aDkr(h|f) + (1 — a) Dki(hllg)} = igf 2‘(10131) {aDkwr(h[|f) + (1 — a) Dxi(h|[g)} -

a€e(0, 1)

agl [eY

Moreover, if there exists a* € (0, 1) such that Dk, (hq- g) where h, = = {ragre

then we have

) - DKL(ha*

sup (1 —a)Da(fllg) = (1= a")Da-(fllg) = Dkr(har

a€e(0,1)

) = Dkr(hal|g)-

The quantity sup (1 — «)D,(f]|g) is called the Chernoff information between f and g.
ae(0,1)

2.1.3 Examples

Bernoulli distributions

Consider two Bernoulli distributions on {0, 1} defined by f(z) = (1 — p)'~*p® and g(z) =
(1 — q)*~*¢" for some p,q € (0,1). For any a € (0, 00)\{1} we find that

Da (fll9) = ai log (1 —p)*(1 =)' ™" +p"¢'™").

1
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Remark 1. In an asymptotic regime with p, ¢ = o(1), Taylor’s approximations log(1 + t) =
t+O(t?) and (1 — t)* = 1 — at + O(t?) for t = o(1), together with the fact that p®¢'~* =
O(pV q) for a € (0, 1) imply that

Da(fllg) = 5 i ~(ap+(1=a)g—p"¢*) + O ((pVa)’)

for a € (0, 1). Especially Dy 2(f|lg) = (VP — \/6)2 + O ((pV ¢)?). In an asymptotic regime
with p, ¢ = o(1) and p < ¢, the above approximation also holds for a > 1.

Observing that log g(x) = log %Z +z <10g L —log }%f;), and noting that E;X = p and
Var; X = p(1 — p) for a f-distributed random variable X, the Kullback-Leibler divergence
between two Bernoulli distributions equals

/ 1—p p 1—p
D = E;(logZ(X)) =1 log £ —1
xL(fllg) f(ogg( ) og—, Trlos —los— ),

and the Kullback-Leibler variation is

Vki(fllg) = Vary (10g§<X)> = p(1-p) (logs —log 1 :Z) .

Especially, symmetrised versions of the above quantities equal

p l—p
D (f,9) = (p—¢q (10 - —1lo ),
xu(f9) ( ) gq gl—q

ViL(f,9) = (p(1 —=p) +q(1 —q)) (10g§—10g1_p> :

Remark 2. In an asymptotic regime in which p,¢ < 1 and [p — q| < p V ¢, by noting
sgn(p—q)
that £ = (1 - M) and log(1 +t) = t + O(t?) for t = o(1), we find that log 2 =

pVq
- _ o\ ? s Y
sgn(p — q) log (1 — %) = % +0 ((%) ) Therefore Di; (f,g9) = (1 + 0(1))%

— 2 _\2
and Vi (1,9) = (1 o)+ ) (252) " = (1 o(1)) 2522,
Remark 3. In an asymptotic regime in which p, ¢ < 1 and p < ¢, we find that D (f,g) =
(1+0(1))(p — q)log & and Vi, (f, 9) = (1 +0(1))(p + q) log® 2.

Geometric distributions

We will investigate geometric distributions on the strictly positive integers with densities
f(x) =1 —a)a*'and g(x) = (1 — b)b* ! fora,b € (0,1).

For any a € (0,1) U (1, 00), by applying the geometric sum formula we find that

1 (1—a)*(1=b)t == 0 apl—a
— log ey p— if a“b < ]_,
Da(ng) —_ {al 1—a%bl .
00 otherwise.
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In particular, the Rényi divergence is finite for any a € (0, 1). Furthermore,

DI(f.g) = (log - aabl ~ + log - baal a) if max {aablfa’alfaba} <1,
9= otherwise.

Observing that log g(a:) = log =% + (z — 1)log ¢ and noting that E;X = - and
Vary X = ="+, it follows that
o)
l1—-a a —a a a
Dua(flg) = By (log T + (X = Dlog s ) = log =+ - tos

—a a a a
X-Dlog?) = & 10622,
mal )Ogb) 1—a2 %%

1
VikiL(fllg) = Vary (log .

Especially, symmetrised versions of the above quantities equal

a b a b a
1 4 = log? .
—a 1 _ b) 0g - b and vKL(f> g) ((1 _ CL)2 + (1 _ b>2) 0og b

Dii(f.9) = (1

Zero-inflated geometric distributions

Fora € [0,1) and p € [0, 1] we define a zero-inflated geometric distribution as the probability
measure

Geo,, , = (1 — p)do + p Geo,
where Geo, is geometric on {1,2, -} with density Geo,(z) = (1 — a)a®! and d is the
Dirac measure at zero. The zero-inflated geometric distribution contains as special cases the
Bernoulli distribution Ber, = Geoy ,, and the geometric distribution Geo, = Geo,, ,

For parameters a, b, p,q € (0,1) and an exponent a € (0,00)\{1}, simple computations
show that

* * 1 a —« a l-a
Do (Geoj,, || Geoj,,) = ——log (1= p)°(1 = )" + g7, (Geo, | Geoy)

where

(A-a)*(1-b)'=* if 1 — qopl—o <
Za(Geoa H Geob) — { 1—aopl—o 1 a oo,
00

otherwise.

Remark 4. Consider a regime where a,b = (1) and p,q = O(J) for 6 = o(1). Taylor’s
expansions (1 —p)*(1—¢)' ™ =1—ap— (1 —a)q+ O(6%) and p“¢' = = O(J) ensures that

. . a _|_ 1 — al—a
D, (Geo} , || Geoy,) = b 1(_ - Ja _ pl (‘i - Zo(Geo, || Geoy) + O (8%)
a . l—o

= D, (Ber, || Ber,) + pl 4 (1= Za (Geo, || Geop)) + O (62)
—«
where we used the result of Remark 1.
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Normal and doubly exponential distribution

This paragraph presents two real-valued distributions f and ¢ such that Dy, (f|lg) < oo
but D14, (f|lg) = oo for all » > 0. This counter-example is taken from [LV06]. Define
f(z) = e721?| as the density of a doubly-exponential random variable and let g(z) = \/%76*332/ 2
00,

be the standard normal density. Then Z;,,(f||g) = oo and hence Dy .(f]|g) = while

Dkw (fllg) < oo

2.2 Graph data and clustered random graph models

2.2.1 Graph data and clustering

A graph G is a pair (V, E), where V is a (finite) set, whose elements are called nodes (or
vertices, or points) and F is a set of ordered node pairs called edges (or links, lines, bonds).
An edge (7, j) represents a link between two nodes, and we denote i ~ j if (i,j) € E. We
will assume that the edges are undirected (that is ¢ ~ 7 implies j ~ 7), and that graphs do not
possess any self-loops (a link connecting a node with itself), unless otherwise stated.

The adjacency matrix A of a graph contains all the information from (V, E'). Asuming

that each node of V' is assigned an arbitrary unique index in [N] where N = |V|, we defined
A € {0,1}¥*N such that

0 otherwise.

4y = {1 if i ~ 7,

In particular, A is symmetric when the graph is undirected.

For binary networks, the degree d; of a node 7 is the number of nodes linked to ¢, and
is given by d; = Zj\[:l A;j. The degree matrix D is the diagonal matrix whose diagonal is
given by d = (dy,--- ,dy). The graph standard Laplacian L (respectively the normalized
Laplacian L) is defined by L = D — A (respectively by £ = D~'/2LD~1/?),

Graph clustering consists in partitioning the node set V' into K non-overlapping commu-
nities (or clusters) Vi, -+, Vi such that UK [V} = V and V;, NV, = () for k # (. Spectral
clustering [SM00; NJW02; Von07] is one of the most popular graph clustering algorithms. It
consists in selecting the K eigenvectors vy, - -- , vk of the normalized Laplacian £ (or an-
other graph matrix) associated to the K leading eigenvalues of £, and performing k-means
on the row of the matrix (Ul, cee UK). In this Thesis, we refer to spectral method any graph
clustering algorithm that uses the eigenvectors of some graph matrix.

A networks whose edges take value in a interaction space S is naturally represented by
a S-valued array A € SV*¥. Examples of such networks include edge-labelled networks
(S = {0,1...,L}), weighted networks (S = R,), temporal networks with 7" snapshots
(S = {0,1}7), and multiplex networks with M layers (S = {0, 1}M).
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2.2.2 Non-binary stochastic block models

The objective of study is a population of N > 1 mutually interacting nodes partitioned into
K > 1 disjoint sets called blocks. The partition is represented by a node labelling o : [N] —
[K], so that o (i) indicates the block which contains node i. In line with the classical definition
of a stochastic block model [HLL83], we assume that interactions between node pairs can be of
arbitrary type, and the set of possible interaction types is a measurable space S. This general
setup allows to model usual random graphs (S = {0, 1}), edge-labelled random graphs (S =
{0,..., L}, S = R), multiplex and temporal networks (S = {0,1}7, S = {0, 1}*), and many
other settings such as nodes interacting over a continuous time interval. In full generality,
such a stochastic block model (SBM) is parameterised by a node labelling o : [N] — [K] and
an interaction kernel ( fj,) which is a collection of probability density functions with respect to
a common sigma-finite reference measure 1 on S, such that fyy = fy, forallk, 0 =1,... K.
These parameters specify a probability measure on a space of observations

X = {x D [N] % [N] = Sz = x5, Tii :0foralli,j}
with probability density function

P, (r) = H Jo(i)o(j) (745) (2.2.1)

1<i<j<N

with respect to the N(N — 1)/2-fold product of the reference measure .

Our main focus is on homogeneous models in which the interaction kernel can be repre-

sented as
ifk=1/¢
Jre = {f _ (2.2.2)
g  otherwise

for some probability densities f and g on S, called the intra-block and inter-block interaction
distribution, respectively. A homogeneous SBM is hence a probability density P, on X" spec-
ified by (2.2.1)-(2.2.2) and parameterised by a 5-tuple (N, K, o, f,g). For an observation X
distributed according to such P, the entries X;;, 1 <14 < j < NN, are mutually independent,
and X;; is distributed according to f when o (i) = o(j), and according to g otherwise.

The node labelling o representing the block membership structure is considered an un-
known parameter to be estimated. When studying the average error rate of estimators, it is
natural to regard the node labelling as a random variable distributed according to the uniform
distribution 7(c) = K~ on parameter space

zZ = {o— L [N] = [K]}.
In this case the joint distribution of the node labelling and the observed data is characterised

by a probability density
P(o,x) = 7(o)P,(x) (2.2.3)

on Z x X with respect to cardz X u, where cardz is the counting measure on Z.

25



CHAPTER 2

2.2.3 Community recovery and error indices

Community recovery refers to the estimation of an unknown node labelling 0 = (0;)1<i<n
based on an observed interaction array X = (X;;)1<;<;j<n. The community recovery problem
then becomes the problem of developing an algorithm ¢ : X — Z which maps an observed
data array X = (X;;) into an estimated node labelling 6 = ¢(X). Stated like this, the
recovery problem is ill-posed because the map o +— P, defined by (2.2.1) is in general non-
injective. Therefore, we adopt the common approach in which the goal is to recover the
unlabelled block structure, that is, the partition [o] = {o7!(k) : k € [K]}, and the estimation
error is considered small when [5] is close to [o]. Accordingly, we define for node labellings
01,09 : [N] = [K] an error quantity by

Ham(01,02) =  min d 00,0

Ham( 1, 2) peSym(K) Ham(p 1, 2)
where Sym(K') denotes the group of permutations on [K| and dyay, refers to the Hamming
distance. The above error takes values in {0, ..., N} and depends on its inputs only via the
partitions [0;] and [o3]. The normalised error quantity N~'dj, (01, 02) is known as the
classification error in [For10; MHO1].

When analysing the average performance of an estimator, we can view ¢ as a Z-valued
random variable defined on the observation space X'. Then E, dj, (7, o) equals the expected
clustering error given a true parameter o, and

Ed;lam(a-) = ZW<U)EUdik{am(&7a>

cEZ

is the average clustering error with respect to the uniform distribution (o) = K~ on the
parameter space.

2.2.4 Large-scale models

A large-scale network is represented as a sequence of models P indexed by a scale param-

eter n = 1,2, ... In this setting the model dimensions N, K, the node labelling ), the
interaction densities f( ¢, as well as the spaces S™, X Z all depend on the scale
parameter 7). In this setup, an estimator is viewed as a map ¢ : X — Z(®)_ For nonneg-
ative sequences a = al” and b = b we denote a = o(b) when limsup, , . a™ /b = 0,
and a = O(b) when limsup, _, . a™ /b < oo, We write a = w(b) when b = o(a), a = (b)
when b = O(a), and a = ©(b) when a = O(b) and b = O(a). We also denote a < b for
a=o0(b),a S bfora=0(b),and a < bfor a = O(b). To avoid overburdening the notation,
the scale parameter is mostly omitted from the notation in what follows.
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2.2.5 Consistent estimators
For a large-scale model with V >> 1 nodes, an estimator 6 = & is called:

(i) consistentif Edjy,, . (0) = o(N);

(ii) strongly consistentif Edj;, . (6) = o(1);

where we recall that E refers to the expectation with respect to the probability measure P
defined by (2.2.3). A strongly consistent estimator is also said to achieve exact recovery, and a
consistent estimator is said to achieve almost exact recovery [Abb18].

2.2.6 Information theoretic limits block model clustering

Theorem 1 ([MNS16; ABH16]). Consider a homogeneous binary SBM, with K = 2 and where
is the uniform distribution over the set of equal size blocks. Let f = Ber (pi,) and g = Ber (pout)
and suppose N > 1. The following hold.

« Suppose py, = aN~! and poyy = BN~ where a and b depend on the scale parameter 1.

2
Then a consistent estimator exists if and only lf(;;ﬁ) > 1.

o Suppose pi, = aN'log N and poyy = bN"'log N with a, b constants. Then a strongly
consistent estimator exist lf(\/_ — \/5)2 > 2, and does not exist zf(\/_ — \/7))2 < 2.

The result of Theorem 1 has been extended to more than two blocks [AS15], as well as
models considering S = {0,1,--- , L} [JL15] or S = R [X]JL20]. This Thesis extends the study
to homogeneous SBM with uniform node labels and general pairwise interaction space S,
which eventually might depend on the scale parameter 7. Example naturally occurs by con-
sidering a temporal network with 7}, binary snapshots, where both the number of nodes NN,
and the number of snapshots 7}, grow unbounded.

The connection between consistency conditions in binary SBM and S-valued SBM is nat-
urally done by considering the Rényi divergences between the probability distributions f, g.
Indeed, using the Taylor’s expansion of the Rényi divergence between Bernoulli distributions
(see Section 2.1.3), we have

De (Ber (aloiN) Ber (blof;VN)) _ 1o]gVN <\/’—\/5>2+0 ((lofngy)'

Klog N
-~

Thus, the strong consistency threshold can be rewritten as D1 /5(f,g) > (1 + Q(1))
Similarly, the condition for consistent recovery is D15 (f, g) > N~'. The role of the Rényi
divergence is further amplified by the following mini-max result.
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Theorem 2 ([Z716]). Consider a homogeneous binary SBM with connectivity distributions f, g.
Let Y = {0 € [K|N:Vk € [K], |07 (k)| € [B7'&,8%]} be the space of admissible distribu-
tions, where 3 € [1, 5/3} is an imbalanced parameter. Let I = Dy, (f, g), and assume that

NI
KlogK > 1. Then

| ) o exp (—(1—o(1)5)  ifK =2,
ll(;lf sup N IEO' dHam (0-7 0-> - ( _ — L ]
oey exp (—(1—o(1)) fiE =3

=

Assuming K =< 1and f € [1,/5/3], the main implications of Theorem 2 are:

1. Consistency is impossible (in a worst-case sense) when I < N~!. In this case, for any
estimator ¢ there exists a worst-case node labelling o with imbalance factor at most 3,
for which the relative error remains bounded away from zero, regardless of the network
size. In other words, for any estimator ¢ (taking also scale as input), as the scale grows
larger and larger, there always exist worst-case node labellings for which the relative
error remains bounded away from zero.

2. Strong consistency is impossible (in a worst-case sense) when I < (1 — (1)) K%~ and
K=2olI<(1- Q(l))ﬁK% and K > 3. This means that for any estimator ¢
there exists a worst-case node labelling o with imbalance factor at most 3, for which

the absolute error remains bounded away from zero.
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In this section, we derive information-theoretic thresholds for consistent recovery in Sec-
tion 3.1 and specialise in sparse networks in Section 3.2. We propose a polynomial-time al-
gorithm for sparse networks and study its consistency in Section 3.3. To keep the exposition
clean, we relegate the proofs in Chapter 4.

3.1 Error bounds and recovery conditions

The following theorem characterises fundamental information-theoretic limits for the recov-
ery of block memberships from data generated by a homogeneous S-valued SBM. It does not
make any scaling assumptions on the model dimensions N and K, or on the space of inter-

action types S, and its proof indicates that maximum likelihood estimators achieve the upper
bound.
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Theorem 3. For a homogeneous SBM with N nodes, K blocks, and interaction distributions f, g
on a general measurable space S having Rényi divergence I = D1 5(f, g), the minimum average
classification error among all estimators 6 : X — Z is bounded from below by

& N - 84 6
and from above by
G A== R | N == (N/K? ten
min E — N < 8e(K —1)e” ® 4+ KNemi(x5 +2Ke 39K,

forall0 <e< (<5 21, where k = 56 max{K%‘é\% K N~'} and another auxiliary parameter
is defined by 15, = (5 — Kﬁl) KT+ 1K Y with J = Zy5(f,9)7" [VF log2 I

Proof. The lower bound is established in Section 4.1, while the upper bound is analysed in
Section 4.2 and follows from Proposition 11. ]

Theorem 3 generalises [X]JL.20, Theorem 5.2] to a quantitative setting which requires nei-
ther regularity assumptions on f, g nor restrictions on the underlying space S of interaction
types. This also allows equally sized blocks, unlike in [X]JL20]. Note that [X]JL20, Theorem
5.2] does not tell what happens for large T in case where S = {0,1}?. Theorem 3 is also
analogous to [ZZ16, Theorem 2.1 and 2.2] and [PC16, Theorem 6], who studied the binary
SBM and multiplex SBM in a minimax framework.

The next key result characterises information-theoretic recovery conditions in large scale
networks, for which we emphasise that the model dimensions N = N M, K = K0, the
interaction distributions f = f, g = ¢, and also the interaction type space S = S (’7 , are
allowed to depend on the scale parameter.

Theorem 4. Consider a homogeneous SBM with N > 1 nodes, K =< 1 blocks, and interaction
distributions f and g having Rényi divergence I = D1 5(f, g). The following hold:

(i) a consistent estimator exists if I > N ', and does not exist if [ < N7';

Klog N

S and does not exist if

(ii) a strongly consistent estimator exists if [ > (1 + (1))
Klog N
I<(1-Q(1)=3~.
Proof. The nonexistence statements are a direct consequence of the lower bound in Theo-
rem 3 combined with Lemma 8. The existence results follow by analysing the upper bound of
Theorem 3, which is done in Proposition 12 in Section 4.2. ]

Example 1 (Binary interactions). The Rényi divergence of order % for Bernoulli distributions

with means p and ¢ equals I = —2log((1 — p)*/2(1 — q)/? + p'/2¢!/?). In a regime where
P = Po 10;ng and ¢ = qq IOJgVN for scale-independent constants py, gy > 0, this is approximated

by I = (\/po — \/%)2% +o (10}ng ). Theorem 4 tells that a strongly consistent estimator

exists if (/po — \/q0)? > K and does not exist if (,/pg — 1/@0)*> < K. This is the well-known
threshold for strong consistency in binary SBMs [ABH16; MINS16].
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Example 2 (Poisson interactions). The Rényi divergence of order % for Poisson distributions
log N log N
N N

for scale-independent constants a, b > 0, Theorem 4 tells that a strongly consistent estimator
exists for (y/a—+/b)? > K and does not exist for (v/a—+/b)> < K. This is a similar condition
as in Example 1, and is due to the fact that Bernoulli distributions with small mean are well

with means A and ;i equals I = (VA — \/51)”. In a regime where \ = a and = b

approximated by Poisson distributions.

Example 3 (Censored block model). Consider a binary censored block model as in [Dha+22].
A latent graph is generated from a binary SBM with f = Ber(py) and ¢ = Ber(¢y) and

lo

N
8~, where we

assume that pg, qo, 7o are scale-independent constants. The resulting observed network is a

then each pair interaction is revealed independently with probability » = r

SBM with & = {present, absent, censored} (where censored denotes the non-observed in-
teractions) and with intra-block and inter-block probability distributions f and g. We have

f(present) = rpo, f(absent) = r(1 — py) and f(censored) = 1 — r, and similarly for
g. From Dl/z(f, g) =r ((\/p_ — \/%)2 + (\/1 —po—1— qo)2> + O (r?) it follows that

a strongly consistent estimator exists if 7o > 7" and does not exist if 7oy < r§"*, where

, -1
reit = K ((\/p_o — \/q_o)2 + (\/1 —po—+V1— q0)2> . For K = 2, this coincides with the
critical threshold obtained in [Dha+22].

Example 4 (Multiplex networks with independent layers). The interaction space of a multi-
plex network with M independent layers is S = {0, 1}, and for z = (z1,...,2y) € S we
have f(l’) = H%:l fm(xm) and g = H%:l gm<xm) Then D1/2(f7 g) = Z%:l D1/2(fm> gm)-

Assuming K =< 1, strong consistency in expectation is possible if

M

Klog N
" Dijalfmgn) 2 (14+001) ==,
m=1

and impossible if

M

Similarly, consistency is possible if Zf‘:{zl D1/2(fims gm) > N~ and impossible otherwise.
These thresholds are similar to the minimax error rates reported in [PC16, Theorem 6]. An
important extension here is that the above characterisation remains valid if {0, 1} is replaced
by S}, where S is an arbitrary measurable space.

3.2 Recovery conditions for sparse non-binary SBM

Sparse networks can be modelled using interaction distributions f and g for whichp =1 —
f(0) and ¢ = 1—g(0) are close to zero, where 0 € S is an element representing no-interaction.
We can represent the interaction distributions as

f=0-pd+pf and g = (1-q)+qd, (3.2.1)
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where the probability distributions f and § may depend on the scale parameter  and f(0) =
g(0) = 0. Here f and § represent conditional distributions of intra-block and inter-block
interactions given that there is an interaction. In a sparse setting where p, ¢ = O(p) for some
p < 1, Taylor’s approximations show that the Rényi divergence of order % is given by

Dijp(f.9) = (Vo= @) +2ypaHel*(f,§) + O(p). (3.2.2)

Since Dy j»(Ber,, Ber,) = (/b — /@)? + O(p?), the Hellinger distance Hel(f, §) characterises
the information gained by observing types of interactions, compared to the binary data cor-
responding to just observing whether or not there is an interaction.

The following proposition states consistency thresholds when the interactions distribu-
tions are given by (3.2.1).

Proposition 6. Consider a homogeneous SBM with N > 1 nodes, K =< 1 blocks, and with
f. g given by (3.2.1). Suppose that p = pop and q = qop with pg, qo constants and p < 1. Let

I = (\/p_ — \/%)2 + 2/podo Hel?(f, §). Then the following hold:

i) a consistent estimator exists if pI > N1, and does not exist i I < N1
p pl S

(ii) a strongly consistent estimator exist if pI > (1 + Q(1))%%X | and does not exist if

pl < (1-Q(1))FRex,
Proof. Equation (3.2.2) shows that Dy 5(f, g) = pI + O(p?), and hence points (i) and (ii) are
straightforward consequences of Corollary 4. [

Remark 5. Proposition 6 generalizes [JL15, Theorems 3.3 and 3.4], which only study strong
consistency in probability and further restrict S = {0, 1,--- , L} while imposing f(¢) > 0
and g(¢) > Oforall ¢ € {1,...,L}.

3.3 Clustering sparse SBMs in polynomial time

To cluster sparse SBM in a polynomial time in N, we propose Algorithm 2 which employs
spectral clustering as a subroutine to produce a moderately accurate initial clustering, and
then performs a refinement step through node-wise likelihood maximisation [Gao+17; XJL20].
Similarly to [Gao+17; XJL20], for technical reasons related to the proofs, the initialisation step
of Algorithm 2 involves N separate spectral clustering steps. A consensus step is therefore
needed at the end, to correctly permute the individual predictions. Numerical experiments
indicate that in practice it often suffices to do one spectral clustering on a binary matrix, and
remove this consensus step.
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Algorithm 2: Clustering using general S-valued interaction data

Input: S-valued interaction matrix A;;; interaction distributions f, g.
Output: Estimated node labelling &.

1 Step 1: Coarse clustering using binary interaction data

2 Compute a binary matrix A by setting A;; = 1(A;; # 0) for all 4, j

3 fori=1,...,N do

4 Let A_; be the submatrix of A with row i and column i removed.

5 Compute a node labelling &; on [N] \ {i} by applying a standard graph clustering
algorithm with adjacency matrix A_;.

6 Step 2: Refined clustering using full interaction data

7 fori=1,...,N do

8 Computeh(k) 2 ji64()=k 108 gA ;forallke[K]

9 Set 6;(i) = arg maxy¢ (g hi(k) with arbitrary tie breaks.
10 Set 6;(j) = 74(j) for j # i.

11 Step 3: Consensus

12 Select &7 as a baseline node labelling and set (1) = 1(1).
13 fori=2,...,N do
14 t Set 6(i) = arg max;, |6; ' (6:(i)) N 67 ' (¢)| with arbitrary tie breaks.

The following theorem characterises the accuracy of Algorithm 2 for sparse large-scale
models, and implies that under some technical conditions this algorithm achieves the expo-
nential error rate in Theorem 3. The proof of Theorem 5 is given in Section 4.3.

Theorem 5. Consider a homogeneous SBM with N > 1 nodes, K < 1 blocks, and sparse inter-
action distributions f and g given by (3.2.1), having Rényi divergence I = Dy 5(f, g). Assume

thatpV q 2 N~! and % > N~ lDﬁi(rffg for somer € (O } Then the classification error
of Algorithm 2 is bounded by

E( ;Ia]n\}(&)) S Ke—(l—o(l))Zr% +0(1>

Theorem 5 is similar in spirit to upper bounds in [XJL.20] and [YP16] but is fundamentally
different in that it makes neither assumptions about truncating the label space S nor any
assumptions about the regularity of the interaction distributions f, g. Moreover, for temporal
binary interactions with S = {0, 1}7, the algorithms in [X]J1.20] are of exponential complexity
in 7" and the analytical techniques do not allow to consider regimes with 7" > 1. An open
future research problem is to derive an upper bound in the case with only one initial clustering
step.

When f, g are given by (3.2.1), a Taylor expansion of D, (f||g) for a € (0,00)\{1} leads to

D (/) = L0zl - LEEZ o (2),
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where Za(ﬂ lg) = ff‘“l*a. If p = pop and ¢ = qop where pg, qo are constants, and
Zo(fllg) = O(1), then D,(f|lg) < p. Hence, Di,,(f,9) < D;(f,g) for every r such that

Di—&-r(f: g) (1)

Proposition 7. Consider a homogeneous SBM with N > 1 nodes, K < 1 blocks, and interaction
distributions f and g having Rényi divergence I = D1 5(f, g) and form (3.2.1). Suppose that
p = pop and q = qop with py # qo constants and p < 1. Let

= (VI = V)" + 2/po Hel* (..

Then, the following hold:

(i) lfDl_,’_r(f ) = O(1) for some constant r € (0, 5], then Algorithm 2 is consistent for
p[ > N1

(ii) ifo,,/Q(f, §) = O(1), then Algorithm 2 is strongly consistent for pI > (1 + Q(l))—KIJOVgN.

Proof. Firstly, if p < N~! then consistency is never possible (see e.g., point (i) of Proposi-
tion 6). We can thus assume p > N~'. Letr € (0, 1] such that DLT(f g) = O(1). Then

Di..(f,9) < Di(f,g). Combined with py # qo, this implies that p Q) = p(p;?o\/(i][;) = p>
N1 D]S:(T—}f;f), and we can apply Theorem 5 to prove (i). To prove (11), we need to apply Theo-

rem 5 with 7 = 1, so that Algorithm 2 achieves the threshold for strong consistency. This is

possible under the assumption D3/2(f, g) = 0O(1). O

We will next illustrate by examples the applicability of Theorem 5 and Proposition 7 in
various contexts involving discrete labels and continuous weights.

Example 5 (Sparse categorical interactions). Consider a categorical stochastic block model
with intra- and inter-block interactions distributed according to

f = (1—ppo)do+ppof and g = (1 — pgo)do + pgod,

in which f and § are probability distributions on {1,..., L}, not depending on scale, such
that f(¢),g(¢) > 0 for all £. This is the model studied in [JL15]. In this case D3 »(f, ) is
finite, and the critical information quantity defined in Proposition 7 equals

- <¢%—¢q—o>2+mi(\/%—m)2

Proposition 7 then tells that Algorithm 2 is consistent for p/ > N~! and strongly consistent
for pI > (1+9Q(1 ))% In the degenerate case with L = 1, we see that I = (/py — \/q_0)2
logN we recover the well-known condition (\/p_ — \/q_O)Q > K in Example 1.

and for p =
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Example 6 (Sparse geometric interactions). Consider an integer-valued stochastic block model
with intra- and inter-block interactions distributed according to

f = (1=ppo)do + ppo Geo(a) and g = (1 — pgo)do + pgo Geo(D),

for some scale-independent constants a, b € (0, 1), where Geo(a) denotes a geometric distri-
bution on {1,2, ...} with probability mass function z — (1 — a)a®"!. Basic computations
show that the critical information quantity defined in Proposition 7 equals

. —2(1 — )2
I = - v +evin (1- S50,

Furthermore, D} (Geo(a), Geo(b)) < oo if and only if b+ < a < b7, see Figure 3.1. For
any a,b € (0,1), this condition holds for a small enough r > 0. Proposition 7 then tells that
Algorithm 2 is consistent when pI >> 1, and strongly consistent when pI > (1+Q(1)) Rlogh
and b® < a < b'/3. The more a and b differ from each other, the easier it is to distinguish
samples from the geometric distributions. On the other hand, very large differences between
a and b might imply divergences in the likelihood ratios used by Algorithm 2. Such cases are

ruled out by the extra condition b® < a < b'/3,

Figure 3.1: Shaded areas display (a, b) pairs in the unit rectangle satisfying b < a< b
for r = 0.5 (left), » = 0.1 (center) and r = 0.01 (right).

Example 7 (Sparse normal interactions). Consider a real-valued stochastic block model with
intra- and inter-block interactions distributed according to

f = (1—ppo)do+ppof and g = (1— pgo)do + pqod,

in which f = Nor(0,0?) and § = Nor(0,72) are zero-mean normal distributions, and we
assume that py # qo and o # 7 are scale-independent constants. The critical information
quantity defined in Proposition 7 then equals

[ = (V- Vi) + 2 (1= )

3(0% +72)

Simple computations show that the Rényi divergences between f and § are given by Do (f||§) =
o.l—aToz

—L-log < When €2 = ao? + (1 — a)r® > 0, and by D,(f]|§) = oo otherwise. Thus, the
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symmetric Rényi divergence D ( f , ) is finite if and only if Ei’f{{;g < \/ 1+ 1/r. Proposi-

tion 7 then implies that Algorithm 2 is consistent when pI > N~!, and strongly consistent

when pI > (1 + Q(1)) 228 and 2T < /3. The more o and 7 differ from each other, the

easier it is to distinguish samples from the normal distributions f and g. On the other hand,

very large differences between o and 7 might imply divergences in the likelihood ratios used
max{o,7}

in Algorithm 2. Such cases are ruled out by the extra condition ———+ < V3.

in{o,7}

Example 8. Consider a real-valued stochastic block model with intra- and inter-block inter-
actions distributed according to

f = (1—ppo)do+ppof and g = (1 — pgo)do + pgod,

in which f(z) = e 2l and §(z) = \/%76_‘”2/ 2 are probability densities over R. We notice that
Dy, (f|lg) = oo for every r > 0. Hence in that case, Proposition 7 cannot say if Algorithm 2
is consistent or not.

3.4 Temporal networks with sparse Markov interactions

As an instance of a network where interactions are correlated over time, we investigate a
Markov SBM with interaction space S = {0, 1}* in which intra- and inter-block distributions
are given by

f= /’LIIP$17$2 T Pl'Tfl’-'ET7 and g = Vg thrz T QwT—l@T’ (3.4.1)

where i, v are initial probability distributions on {0, 1} and P, Q) are stochastic matrices
on {0, 1}. The following model instances deserve special attention.

Example 9 (Static SBM). If P and () are identity matrices, then there is no temporal activity,
so that A! = ... = AT almost surely. Hence the model reduces to a static homogeneous SBM.

Example 10 (Independent SBM samples). If the rows of P are equal, and the rows of () are
equal, then there is no temporal dependence, and A!, ..., AT are mutually independent. This
corresponds to observing 7" independent samples from a static SBM.

Example 11 (Static intra-block linkage). If P is the identity matrix, and the rows of () are
identical, then the link states within blocks remain constant over time, whereas inter-block
interactions may be considered as temporally uncorrelated noise.

A Markov SBM is an instance of the general SBM model in which the symmetric Rényi
divergence between interaction distributions, a key quantity in Theorem 4, equals

T

Dip(f.g) = =2log | > (ave)? [[(Porsrae@ua)? | . (342)

z€{0,1}T =2
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In a sparse regime, the probability of observing a non-zero interaction between any par-
ticular pair of nodes is small, i.e.,

max{ i, vi, Por, Qui} < p (3.4.3)

where p = p, — 0 asn — 00. One particular case is to assume that for some constants
u, v, po1, go1 € (0, 00),

pr=up, vi=vp, Por=pup, Qo= qoip- (3.4.4)

Under this assumption, the expected number of 1’s in a f-distributed signal is E 23:1 X <
w1+ (T —1)Po; = O(pT'). Hence when pT" = o(1), the probability of observing an interaction
between any particular node pair is small. We will often make the assumption that the chains
are indexed by a scale parameter 1 and verify

puTy < 1. (3.4.5)

3.4.1 Rényi divergence between sparse chains

The following result presents a key approximation formula with proof provided in Section 4.4.

Proposition 8. Consider binary Markov chains with initial distributions p, v and transition
probability matrices P, (). Assume that pi1, 11, Po1, Qo1 < p for some p such that pT' < 0.01.
Then the Rényi divergence (3.4.2) is approximated by | D1 >(f, g) — I| < 92(pT))?, where

— (v - va? + (VP - @)QHHWPOTM)(T—

(3.4.6)

‘ﬂ
w

+ 2(1\/@ vV P01Q01> ~ I

t

is defined in terms of H?, = 1 — ¥ 117]\3}1;1/7? andl' =1 —\/P;1Q1.

i
o

The quantities in (3.4.6) can be understood as follows. With the help of Taylor’s approxi-
mations we see that

(Vi1 — v71)? = Dyja(Ber(p)| Ber(11)) + O(p?),

(VPor = V/Qo1)* = Duya(Ber(Po)|| Ber(Qo1)) + O(p?),
H11 = Hel(GeO<P11),G€O(Q11)).

We also note that [' = 1 — y/P;;()1; may be interpreted as an effective spectral gap averaged
over the two Markov chains’.

"The nontrivial eigenvalues of transition matrices P and () can be written as Ap = Py — Pp; and Ag =
11 — Qo1. These are nonnegative when Fy; < P11 and Qo1 < Q11. The absolute spectral gaps characterising
the mixing rates of these chains [LPW08] are then I'p = 1 — Apand'g = 1 — Ag. When Py; < Pi; and

Qo1 € Qq1, wefindthatI' =1 — /P;1Q11 =1 — (APAQ)1/2 +o(1).
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3.4.2 Bounded time horizon

Consider a Markov SBM in which 7" = O(1) is a scale-independent constant, and

= up+o(p), Py = poip + o(p), Hyy = hii+0o(1),

(3.4.7)
v = vp+o(p), Qo1 = qoip + o(p), I' = y+o(1),
for some constants wu, v, po1, qo1, h11, 7, and define a constant I by
= (Vi — Vo)’ + ((Fon — vao)? + 20, /Fordor ) (T = 1)
T-2 (3.4.8)
+ 2h3, (Wv uv — \/p01QO1) Z(l — )"
t=0

Theorem 6. Consider a Markov SBM with N > 1 nodes, K = O(1) blocks, and T = O(1)
snapshots, and assume that (3.4.7) holds for some constants u, v, po1, o1, 11,77 > 0 such that
I # 0, and some p < 1. Then:

(i) a consistent estimator does not exist for p < % and does exist for p > +;

(ii) a strongly consistent estimator does not exist for p < logN

log N

~» a strongly consistent estimator does not exist for I<K

(iii) in a critical regime with p =
and does exist for [ > K.

If we further assume that u, v, po1, qo1 > 0, u + (T — 1)])01 # v+ (T — 1)qo1, Pio < Q10, and
Pyy < Qq1, then Algorithm 2 is consistent when p >> +:; and strongly consistent when p >> log N

or when p = % and I > K.

Proof. By Proposition 8, we find that

Dij(f,9) = (L+o(1)Ip+ 0 (p*).

The assumption that I # 0 now implies that D, 5(f,g) = (1 + o(1))Ip. The claims (i)-(ii)
now follow Theorem 4.

Let us now impose the further extra assumptions of the theorem. In this case may fix
a constant M > 1 such that M ! < ﬁi ggll 511‘(’) < M. Moreover, the assumption v > 0
implies that Pj; and ()1; cannot both go to one. Thus, we may choose a § € [0, 1] such
that P131/2QB 22414 o(1). Denote A = 1’:’131/2 _1/2 Because P;; < (11, we find that

A < 1. Proposition 14 then implies that Dg/o( f|| g) < p. A similar argument shows that

D3/5(gllf) S p as well. Therefore, 5/22? ;

the intra- and inter-block probabilities p = 1 — (1 — 1) (1 — Pyy)" ' and g = 1— (1 —vy) (1 —
Qo1)T ! of observing a nonzero interaction pattern satisfy p = (u+ (T — 1)po1)p + o(p) and

1. Taylor’s approximations further show that
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qg= (v+ (T —1)qgo1)p + o(p). It follows that p, ¢ < p and p — ¢ < p. When we assume that
2
p > %, it follows that p\V g > N~} and M = p. We will apply Theorem 5 to conclude that

Algorithm 2 is consistent when p > + and strongly consistent when p > logN , or when
p= logTN and [ > K. ]

Remark 6. The point (i) of Theorem 6 shows that consistency criteria is the same as for a
binary SBM. Hence observing a finite number of snapshots does not change the consistency

threshold.

Remark 7. Theorem 6 shows that the critical network density for strong consistency is p =

%. In this regime, the the existence of a strongly consistent estimator is determined by [

defined in (3.4.8). The first term of I equals (/u — 1/v)? and accounts for the first snapshot:
for T' = 1 we recover the known threshold for strong consistency in the binary SBM [ABH16;
MNS16]. Each additional snapshot adds to / an extra term of size I; defined by

I = (Vpor — /qo)? + 213, v/Pordor + 2h3, <7\/ uv — \/]9016101> (1—n)?
In particular, I, is bounded by

(vPor — V4o1)* + 2c1hY; < I, < (v/Por — Vao)® + 2203,
with ¢; = min{,/po1go1, Yv/uv} and ¢; = max{,/po1qo1, 7v/uv}. The extra term is zero

when pg; = qo1 and hy; = 0. Notably, if the left side above is nonzero, then there exists a
finite threshold 7™ such that strong consistency is possible for 7' > T*.

Remark 8. In a special case of (3.4.7) with pg; = u, g1 = v, h11 = 0, and v = 1, the
critical information quantity in (3.4.8) equals I = T'(y/u—+/v)2. This coincides with multiplex
networks composed of 7" independent layers studied in Example 4. This is also what we would
obtain when studying transition matrices P and () corresponding to independent Bernoulli
sequences with means y1; = up + o(p) and v; = vp + o(p), because in this case I' = 1 —

VP11Q11 =1 — O(p) and Hy; = Hel(Geo(p), Geo(ry)) = O(p).

3.4.3 Long time horizon

Consider a Markov SBM with 7' > 1 snapshots in which
Por = poip + o(p), Qo1 = qoip +o(p), Hyy = hy +o(1), (3.4.9)

for some constants pg1, o1, 211, and define

= (VPor — Van)* + 2h%1vp01%1- (3.4.10)

In the following result we assume that the effective spectral gap ' = 1 — /P11, satisfies
I' > T~! which guarantees that both Markov chains mix fast enough, and we may ignore
the role of initial states. Indeed, in this case, expression (3.4.6) shows that

Dija(f.g) = IpT + o(pT). (3.4.11)
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Theorem 7. Consider a Markov SBM with N > 1 nodes, K = O(1) blocks, and T' > 1
snapshots, and assume that j11,1, S p and (3.4.9) holds for some constants po1, qo1, h11 > 0
such that I # 0. Assume also that p < T~ < 1 — \/P11Q1,. Then:

i) a consistent estimator does not exist for < and does exist for p > ;
P P NT

log N log N ,

NT °

(ii) a strongly consistent estimator does not exist for p < and does exist for p >

log N
NT >

(iii) in a critical regime with p = a strongly consistent estimator does not exist for [ < K

and does exist for I > K.

If we further assume that po1, go1 > 0 and po1 # qo1, (1 < 11, Pio < Q10, and that

1+ QM)PY < Qu < (1-0(1)PY?, (3.4.12)

log N

N7 OF when

then Algorlthm 2 is consistent when p >
p= 1‘;\%\[ and I > K.

NT, and strongly consistent when p >

Proof. By Proposition 8, we find that
Dijs(f,9) = (1+o(1)IpT + Q(F\/ﬂlVl —V P01Q01>H121FT +O0((pT)?),

where I'r = tT 02(1 —T')t. Because 'y < I'"! and Hy; < 1, we see that the middle term
on the right is bounded in absolute value by 2I'"*p. The assumption that pT" < 1 < I'T,
combined with the assumption that [ # 0, now implies that D, j5(f, g) = (1+0(1))IpT. The
claims (i)-(iii) now follow from Theorem 4.

Let us now impose the extra assumptions that po1, go1 > 0 and po; # qo1, 1 =< v1, Pig <

Q10, and (3.4.12). In this case may fix a constant M > 1 such that M~ < ’;1, ggll 511‘(’) < M.

Furthermore, (3.4.12) implies that A < 1 — Q(1). Proposition 14 then implies that

3
1-A
Because C' < 1 and pT" < 1, we conclude that D, (f||g) < pT. A similar argument shows

Do (fllg) < 8CpTe*Pr with C' =

that Djo(g||f) S pT as well. Therefore, Bg/ 2E f’z) < 1. Taylor’s approximations further
show that the intra- and inter-block probabilities p = 1 — (1 — p;)(1 — Py;)? ' and ¢ =
1—(1—2v1)(1—Qo1)T ! of observing a nonzero interaction pattern satisfy p = po1pT +o(pT)
and ¢ = qo1pT + o(pT). It follows that p,q < pT and p — g < pT. When we assume that
p> ﬁ it follows that p V ¢ > N~! and M = pT'. We will apply Theorem 5 to conclude

that Algorithm 2 is consistent when p > NT, and strongly consistent when p > 1‘3\%\[ , or

Whenp—lj’\%v and [ > K. O

Remark 9. Theorem 7 shows that consistent recovery may be possible even in cases where
individual snapshots are very sparse, for example in regimes with p =< + and 7" > 1. This
is in stark contrast with standard binary SBMs, where in the constant-degree regime with
p = %, the best one can achieve is detection [Mas14; MNS15; MNS18].
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Remark 10. We observe that the conditions derived in Theorem 7 are similar to those de-
rived for an SBM with zero-inflated geometrically distributed edge weights. Indeed, the Rényi
divergence between two sparse Markov chains with 7' > 1 (expression (3.4.11)) corresponds
(up to second order terms) to the Rényi divergence between two zero-inflated geometric dis-
tributions (equation (3.2.2)).

Example 12. A temporal network model in [Bar+18] is characterised by link density p < 1
and parameters 0 < a, &, < 1 corresponding to assortativity, link persistence, and commu-
nity persistence. For 7 = 1, the model corresponds to a Markov SBM with intra- and inter-
block node pairs interacting according to stationary Markov chains having transition matrices
P=¢ 9+ =9 [ MlandQ=¢[§ 9]+ (1 =€) [1Z 4] and marginal link prob-
abilities i1 = (1 —a+ Ka)p and v; = (1 — a)p, respectively. When K =2and0 < a,£ <1
are constants, conditions (3.4.9) are valid with py; = (1 —&)(1+a), g1 = (1 —&)(1 —a), and
hi1 = 0, and the critical information quantity in (3.4.10) equals

I =2(1-¢) (1 — (1 —a)(1+ a)) : (3.4.13)

101\%\7 is possible for I > 2

and impossible for I < 2. Formula (3.4.13) quantifies how higher link persistence £ makes

By Theorem 7, strong consistency in the critical regime with p =

community recovery harder, whereas higher assortativity a makes it easier. The model in
[Bar+18] assumes that intra-block and inter-block links have equal persistence &, leading to
hll - 0

3.5 Discussions

3.5.1 Large number of blocks

While in some situations the assumption of a finite number of clusters is realistic (e.g., in the
political blog data set, no matter the number of blogs considered there are only two clusters
corresponding to political affiliations), some settings require an infinite number of clusters (or
equivalently, communities of sub-linear size).

The lower bound of Theorem 3 tells nothing about impossibility of consistent recovery
whenever K > 1, while it gives some information about the impossibility of strong consis-
tency if K < N~'/3. For example, for K = N7 withy < 1, Theorem 3 implies that a strongly
consistent estimator does not exist if %é]\, < (1—=Q(1)(1 - 3y).

Furthermore, the form of the upper bound of Theorem 3 tempts to believe that the MLE is

consistent whenever [ > % However, the proof requires the assumptions [ > K log K

~ and

1/3
K < (10271\,) (see Proposition 12).

Finally, a conjecture made in [ZZ16, Section 4.2] for binary SBMs in a minimax setting

states that the exact rate for the smallest expected error might be N K ¢~ (1)  This con-
Klog(NK)

jecture implies that a strongly consistent estimator does not exist if / < (1 — Q(1)) =5/
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and exists if 7 > (1 + Q(l))w For a slowly growing K such that log K < log N

we recover the threshold stated in Theorem 4, while a regime in which K = N7 leads to the

existence of a strongly consistent estimator if / > (1 + v + (1)) w.

3.5.2 Non-homogeneous models

Existing results for the non-homogeneous binary SBM show that the thresholds for almost
exact and exact recovery are governed by the Chernoff-Hellinger divergence [AS15]. More
precisely, let o be the probability that node i € [N] is in community & € [K] and f;, be the
connection probability between a node in community k£ and a node in community /. If f;, are
Bernoulli probability distributions with parameters py, then [AS15, Theorem 6] states that
exact recovery of the community memberships is possible if Ioy(a, f) > (14 Q(1)) w,
where Ioy(a, f) is called Chernoff-Hellinger divergence and is defined by

Ien(a, f) = min sup Z g (tpe + (1= )proe = (Prae)’ (Prae)' ) -
k1#k2 t€(0,1) k]

Noticing that the Rényi divergence of order ¢ € (0, 1) between two Poisson random variables
of parameters A and p is given by

Dy (POVIP() = 1 (B + (1= )= Nyt~

then Ioy (o, f) = krln;i% tsblﬁ) > )1 = 8) Dt (P(prye) [P (proe))- Approximating Poisson
(0,

distributions by Bernoulli distributions leads to

Ien(a, f) ~ min sup (1 =) > @z Dy (fryel frae) -

k17#k2 ¢e(0,1) (e[R]
Theorem 8 provides a lower-bound for the expected loss made by any algorithm in clustering

non-homogeneous and non-binary SBM. A careful analysis of this lower bound as well as
deriving a matching upper bound is a challenging task.
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This section is devoted to the exposition of the proofs of the results of Chapter 3. Sec-
tion 4.1 provides a lower bound on the estimation error made by any algorithm on non-binary
SBM. Upper bound on the estimation error made by Maximum Likelihood Estimator and Al-
gorithm 2 are given in Section 4.2 and Section 4.3 respectively. Rényi-divergences between

sparse Markov chains are computed in Section 4.4.
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4.1 Proof of the lower bound of Theorem 3

This section is devoted to proving the lower bound of Theorem 3 and is organised as follows:
Section 4.1.1 describes a lower bound (Theorem 8) which is valid for general SBMs, not nec-
essarily homogeneous or binary. Section 4.1.2 presents the proof of Theorem 8. Section 4.1.3
specialises the lower bound into homogeneous SBMs and leads to Proposition 9.

4.1.1 A quantitative lower bound

Let us recall the model. A general SBM has N nodes, K blocks, and interaction distributions
fre on a general interaction space S such that fy, = fy for all k,¢ € [K]. The model has
parameter space Z C [K] [N], observation space

X = {x:[N]x[N|—= S:xy=uwj,z;=0forallij}, (4.1.1)
and probability kernel
PU(I) = H fa(i)o(j) (I”) (4.1.2)
1<i<j<N

For a probability distribution 7 on Z, define a probability measure on Z x X by
P(o,z) = 7(0)P,(x). (4.1.3)
The SBM is called homogeneous if
fre = Okef + (1= 0re)g

for some probability distributions f and g on S.

Define a probability measure 7 = a®Y on Z = [K]¥ as the N-fold product of a probabil-
ity distribution « on [K]. This corresponds to the joint law of 0 = (c(1),...,0(N)) in which
all labels are mutually independent and «a-distributed. For any K C [K]| and any reference
probability distributions f7, ..., fj, denote

I, = ZZQZQZDKL(JC;kaf)a
[

Iy = > Y oroe Ven(fill fre) + ) aiB, (4.1.4)
k¢ k

[22 = ZO{ZAi— (ZQZA]C)Q,
k k

with Ay = 37, ay Dir(f7 || fre) and By, = 37, a Dt (f ([ fre)? — (32, aw D (1| fe))?, to-
gether with o, = 1(k € K) 2% and o = 3 i .
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Theorem 8. Consider a stochastic block model defined by (4.1.1)—(4.1.3), and fix an arbitrary
K C [K] and probability distributions f;, ..., f;.. Assume that N > 8a._1 log(K/d) for§ =

%‘ (ac — Qmax ). Then for any estimator 6 : X — Z, the expected error defined in Section 2.2.3

is lower bounded by
E d};am((}) > %Nog?ninge—Nh—a,lc/?gl/m /NIy1+N2I2p %NaminKe_éNamin- (4‘1.5)

Remark 11. The second term on the right side of (4.1.5) is o(1) when v, > 9N~log N
and 2 < K < N.

Remark 12. The lower bound of Theorem 8 is quantitative, and hence valid regardless of any
scaling assumptions, and also for all finite models with fixed, not asymptotic, size. This one
of the first explicit quantitative lower bounds in this context.

Remark 13. In homogeneous models with uniform node labels, one can specify the quantities
1, I5; and I to obtain the lower bound stated in Theorem 3. This is done in Section 4.1.3.

4.1.2 Proof of Theorem 8

This section is devoted to proving Theorem 8 step by step.

Key result on block permutations

The following key result implies that when L(oy, 02) = min, dgam (01,7 0 02) < %Nmin(al),
then the minimum Hamming distance is attained by a unique block permutation.

Lemma 1. Let 01,09 : [N] — [K] be such that dgam (o1, 7" 0 03) < %Nmm for some K-
permutation T, where Ny, = miny, |5 ' (k)|. Thent* is the unique minimiser of T — dam (071, 70

0'2).

This corresponds to [X]JL20, Lemma B.6].

Proof. Assume that 7 € Sym(K) satisfies dgam (7 0 01,02) < 5, where s = Ny, Fix k € [K]
andlet Uy = {i : 01(i) = k, 09(i) # 7(k)}. Then every node i in Uy, satisfies 700 (i) # 02(i),
and therefore |Uy| < dpam (7 © 01, 02) < 5. Hence for any ¢ # 7(k),

s

o () noz (O < Ukl < 3

On the other hand,

o7 (k) "o (r(R)] = Joy ()] — UL = s — 2 >

(]
(NN VA

Hence 7(k) is the unique value which maximises ¢ +— |0 ' (k) N o, ' (¢)|. Because this con-
clusion holds for all £, it follows that 7 is uniquely defined. [
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Lower bounding by critical node count

This method apparently originates from [Z716]. Let Opt(o1, 02) be the set of K-permutations
7 for which dyam (01, 7 © 09) is minimised. Given an estimated node labelling &,, we define a
set of critical nodes by

Crit(o,0,) = {j € [N]:0(j) # 70 6,(j) for some 7 € Opt(o,5,)}.
We denote the number of critical nodes by
L*(o,z) = |Crit(o,06,)|.
Lemma 2. For any estimate 6, obtained as a deterministic function of observed data. Then

Ed (0,6,) > O‘% (EL+ - NKe—%Namin> . (4.1.6)
Proof. Let L = L(0,6,) = djjun(0,6.). We shall consider LT = L*(0,6,), and Ny, =
Nmin(0) as random variables defined on Z x X. By Lemma 1, L = L™ on the event L < ¢

where ¢ = %Nmm. Given a node labelling 0 € Z, we consider = — 7, © — L(o,x) and

x +— Lt (o, ) as random variables on X'. Consider the following two cases:
() £ P,(L > ¢) > 5 E, L, then

E,LI(L>¢) > cP(L>¢) > —— B, L*.

(i) If P,(L > ¢) < - E,L", then

E,L"1(L>¢) < NP,(L>¢) < E,L*

N +c
so that

C

E,LI(L <c¢) = E,L*1(L <¢) = E,L" — E,LY1(L >¢) >

E LT,
- N+c

In both cases, E,L > 5 E,L*, so that

N N
EUL > min EULJF > min
= 2N + Npin — 3N

By taking expectations with respect to the prior, we find that

1
EL > —ENpnY, 4.1.7
> (4.1

where Y = E,L" is viewed as a random variable on probability space S equipped with
probability measure 7. Let ¢t = %N Qmin- We note that 0 <Y < N surely, and that Ny, > ¢
with high probability. Observe that

E,L".

ENpnY > ENpnY ]-(Nmin > t) > tEY].(Nmm > t),
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and, dueto Y < N,
EY1(Npin >t) = EY —EY1(Npin <t) > EY — NP(Npin < t).
By noting that EY = EL* and applying Lemma 10, we find that
ENpinY > t(EY — NP(Nyin < t))

1 1
= §N05min (]EL+ - N]P)<Nmin < §Namiﬂ))

1
> SNow (ELT = NKe 8V ).
Together with (4.1.7), the claim now follows. O]
Change of measure
Fix a reference node i, a set £ C [K], and some probability distributions f;,..., f; on the

interaction space S. We define an alternative statistical model for o and = by modifying P, (x)
defined in (4.1.2) according to

J5 ) (@is)

P;Z(m) = <1K(U(i))HfU(i)U(j)(xij)

JF

+ 1;<c(a(z'))> P,(x), (4.1.8)

and defining a modified probability measure on Z x X" by

P*(0,2) = n(o)Pr(x). (4.1.9)

In the modified model, node labels are sampled independently as before, and all inter-
actions not involving node ¢ are sampled just as in the original model. If the label of node
t belongs to IC, then we sample all ¢-interactions from f7, ..., fj. The following lemma con-
firms that under the alternative model, o; is conditionally independent of observed data = and
other labels o_; given o, € K.

Lemma 3. For (o, x) sampled from model (4.1.9), the conditional distribution of the label o; given
that o; € IC, the other labels are o_;, and the observed interactions are x, equals

P(o; = k|o; € K,0_4,2) = af forallo_;, x,

where of = 1(k € K)&

k
a”

Proof. Observe that P*(z) = Q,_,(z) for all o such that o; € K, where

Qo) = (T ) (T fosreiofew))

VE uwek_;
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and E_; is the set of unordered node pairs not incident to ¢. Especially,
P (0,7) = a(0y) mi(0-;) Qo_, ()

whenever o; € K. Hence the conditional probability distribution of o; given (o_;, x) satisfies
P*(0;|0_s,x) = a(o;) for all o; € K. The claim follows by summing this equality with
respect to o; € K. O

To analyse how much the alternative model differs from the original model, we will in-
vestigate the associated log-likelihood ratio

Lemma 4. The mean and variance of the log-likelihood ratio given o(i) € K are equal to
E*(A;lo; € K) = (N — 1)1 and V¥'(A; |o; € K) = (N — 1)I5; + (N — 1)2I55, where
Iy, Iy, I are given by (4.1.4).

Proof. The conditional distribution of (o, x) sampled from P** given o (i) € K can be repre-
sented as
P*(0,7) = 7 (o) P} (2),

where 7(0) = o,y [ ;4 Qo) and af, = 1(k € K) 5%, and P is defined by (4.1.8). Further-
more, the log-likelihood ratio can be written as

Ai(o,z) = 1(o(i) € /C)Zlog—.

foo (@)
= Jotwetn(@y)

The conditional expectation A(c) = E'A; of the log-likelihood ratio given ¢ hence equals
A(U) = 1(0(@) S /C) Z Mo (i)o(5)
J#
where my, = Dkr(f; || fxe). Hence, treating (o, z) +— (i), (0, z) — o(j),and (o, x) — A(0),

as random variables on probability space (£ x X, P*'), and noting that o(i) € K with P*-
probability one, we find that

IE*ZAZ = ]E*ZA = Z E*imo(i)o(]‘) = (N — 1) Z Z mkga;;@e,
i E ¢
which implies the first claim.
To compute the variance, we observe that

V*A; = E“B+ V"4, (4.1.10)

where B = V ‘A;. We note that by the conditional independence of z;;, j # i, given o, it
follows that

B = 1o(i) €)Y oot
J#i
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where vy = Vki(f/ || fre). By taking expectations, we find that
INE*ZB = -1 Z Z OékOégng (4.1.11)

We still need to compute the variance of A. To do this, we condition on the label of node ¢
and observe that on the event ¢ (i) € K of P*'-probability one,

]?*i(A\U(i)) = (N = 1A,
Vi(Alo(i)) = (N —1)Bo),

where A, = >, aymye and B, = Y, apmi, — (3, awmie)?. Therefore,

VA = EV*(A|o(i)) + VE*(A|o(i))
= (N — 1)1[-«:*’3(,@) + (N — 1)2V*ZAU(i)

2
k
By combining this with (4.1.10) and (4.1.11), we find that

VA = (N=1)> ) ofaw+ (N —1))  aiBy
k 4 k
— 1)2{ ZO{ZA% — <ZOKZAIC)2}7
k k

and the second claim follows. ]

Lower bound of critical node count

The following is key to proving the lower bound, and rigorously handling stochastic depen-
dencies implied by optimal /{-permutations in the definition of L. Recall that aye = Y, 1 i
together with o, = minge(x) ax and apax x = Maxgex Q.

Lemma 5. Assume that N > 8c,{ log(K/) ford = 1 (cc — tmax,c). Then for any estimator
x +—> 0, the expected number of critical nodes is bounded by

2
ELT > ?amin(SNe_t (4.1.12)

fort = max; (E*i(Ai|0i ek)+ a,lc/25*1/2\/V*i(Ai|ai € /C)>

L min. The proof contains four steps which are treated one by one in what

Proof. Denote € =

follows.

(i) Denote the event that node ¢ is critical by
Ci = {(0,): 0(i) # 7(6,(i)) for some T € Opt(c,5,)},
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and let

& = CU{(o,x): L (0,6,) > €eN}.
Recall that EL* = ). P(C;). Markov’s inequality then implies that

7

Y P(E) < > (P(C)+ (eN)'ELT).
By noting that the right side above equals (1 4 ¢ ')EL™, we obtain a lower bound

+ > € .
EL* > 1+€ZIP’(&). (4.1.13)

7

(ii) We will now focus on a particular node ¢, and derive a lower bound for the probability
of event &; under the perturbed model P** defined by (4.1.8). We start by deriving an upper
bound for the probability of the event

P*(EF, Nmin > 3eN, 0(i) € K) = P*(C{, B, o(i) € K),

7

where
B = {(o,2): L"(0,6,) < €N, Npyin(c) > 3eN}

and Npyin(0) = ming [o7'(k)|. On the event B, we see that L*(0,6,) < 3Numin(0), and
Lemma 1 implies that L (o, 6,,) = min, Ham(c, 706,) is attained by a unique K -permutation 7.
This is why we may split the above probability into

PY(CE, B, o(i) € K) = Y P(Cf, Br, a(i) € K) (4.1.14)

T

where
B, = {(o,x) : Ham(0,7 0 6,) < €N, Nyin(0) > 3eN} .

To analyse events associated with B, we consider an event
B:' = {(0,z) : Ham_(0,7 0 6,) < eN, N™"(c) > 3eN — 1}
where Ham_;(01,02) = >_,; 1(01(j) # 02(j)) and N™n(g) = miny, o1 (k) \ {i}]. Then,
CiN B, = {o(i) = 7(62(1))} N B
C {o(i) = r(6.(i)} N B,
so that, under the conditional distribution P*(-) = P*(-| (i) € K),
PY(CE, Br) < P(o(i) = 7(6.(0)), B,). (4.1.15)

We note that the event B, is completely determined by (¢_;, ), and according to Lemma 3,
we know that when (o, r) is sampled from P*, then o (7) is a*-distributed and conditionally
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independent of (0_;, ) given o(i) € K. Therefore, under the conditional distribution P*(-) =
P*(-| o (i) € K), we find that

Pi(0(i) = 7(6.(0)), B;Y) = Y P*(a(i) = k, 7(6.(0)) = k, B;")

from which we conclude together with (4.1.15) that
Pri(ce, B,) < “mexkpri(goiy
ar
Because N > ¢! due to log(K/d) > log(4K) > 1and N > 8a_! log(K/d), we see that
eN < 1(3eN — 1). Therefore, Ham_;(0, 7 0 6,) < 3 N™"(c) on the event B;*. Then again

by Lemma 1, the events B_* are mutually exclusive, and in light of (4.1.14) it follows that

Ep*i (Czc7 B) S Omax, K ED*Z(UTBT_Z) S Qmax, K .
(6%e (078

By recalling the definitions of C;, £;, we now conclude that
P*(&f, Nuin > 3eN, o(i) € K) = P*(Cf, LT < N, Nyin > 3eN, 0(i) € K)
= P*(C;, B, o(i) € K)

S Omax, K,
and therefore,
PY(EF, 0(i) € K) < amaxk + P (Nin < 3eN). (4.1.16)
(iii) Next, by recalling our choice of ¢ = %ozmin and applying Lemma 10, we see that
P (Npyin < 3¢N) = P(Nppin < INapn) < Ke sNemn < § due to N > 8ah log(K/9).

By combining this with (4.1.16), we see that P*(E¢, 0(i) € K) < amaxx + 0. Hence, by our
choice of 4, it follows that

P(&;, o(i) € K) > P(o(i) € K) — ttmaxc — 0
= O — Ompax,K — ) (4.1.17)
= 30.

(iv) Finally, we will transform the lower bound (4.1.17) into one involving the original
probability distribution P instead of P*'. By writing

P(&;, o(i) € K) = E¥e™1(&;, o(i) € K),
and noting that e *1(&;, 0y € K) > e7*1(&;, 05 € K, A; < t), it follows that
P(EZ, O'(Z) € ]C) Z eitP*i((c/‘i, O'(Z) € ’C, A,L S t)

> ot (]p*i(gi, o(i) € K) — P(&, o(i) € K, A; > t))

> et (P*i(@, (i) € K) — P(o(i) € K, A; > t)).
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~ . ~ 172 ~
Fort > E* (A;) + <QTKV*Z(A¢)> , Chebyshev’s inequality implies that P*'(A; > ) < %,
and hence P* (o (i) € K, A; > t) < ¢. By substituting this bound and the bound (4.1.17) to
the right side above, we see that

P&, o(i) € K) > e (30 — ) = 25"
By (4.1.13) it now follows that

ELT > ——S"PE) > —— Y P&, oli) € K),

1+e€ - 1+€
so that Nt
ELt > N0
14t
Because 1 + ¢ ' < Ie7! = 7a ;i , the claim follows. O

Concluding the proof of Theorem 8

By Lemma 2, we find that

EL > O“gi“ (EL+ _ NKe—%Namin> .

By Lemma 5,

2
ELT > ?aminéNe_t

for ¢t = max; (E*’Al + &,2/25_1/2 V”(AJ) By Lemma 4, E*A; < NI, and V”(AZ) <

NIy + N?Iy, so thatt < NI, + 04,1<;/25_1/2\/ng1 + N2I55. By combining these facts, it
follows that

EL > min (EL+ - NKe—%Namm)

- 6
min 2 - — L
> a6 (?amm(SNe ' — NKe SN%”‘)
> Omin (206 ) 6N€7N117a)1c/2§_1/2 /N121+N2122 . NKeéNami“>
- 6 7 min .
Hence the claim of Theorem 8 is valid. ]

4.1.3 Application to homogeneous models

Log-likelihood ratio in homogeneous models

The expected log-likelihood ratio equals (N — 1)1; where [ is given by (4.1.4). The following
result shows how to minimise this in the homogeneous case with intra-block and inter-block
interaction distributions f and g.
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Lemma 6. For any homogeneous SBM and for any KC C [K] of size at least two such that oy, > 0
forallk € IC,

min [, = Zakale oz (9l1f), (4.1.18)
' kek

with aj, = a /(D ek Ok ), and the minimum is attained by setting

Z- fergtok ork € K,
oo d 2 I K (4.1.19)
g, otherwise.
Furthermore, when « is the uniform distribution on [K],
min - min I = K 'Dyx(f|9). (4.1.20)

K:AK|>2 f1sf i

Proof. Observe that I} = I;; + 115 where

I = ZQZZO&}Z Dxr(f/ || fre) and Iy = Z 04@2041: Dkr (f7 1|.fre)-

ek kel Leke kek

We see that

Iy = Y a(ai D (1) + (1 = af) Diw (£79))

ek

and

Iy = ZaeDKL(f;HQ)-

tekce
Because each f; appears only once in the sums above, we minimise /;; and /5 separately. To
minimise 19, we set f; = g for all ¢ € K¢, leading to /;2 = 0. To minimise /;;, we see by
applying [VH14, Theorem 30] that for all / € I,

min (o Dic(f71) + (1= o) D (77 19)) = (1 = a)Du; (/).

and the minimum is attained by setting f; as in (4.1.19). Hence the minimum value of I;
equals

L=l - af)De: (fllg)-

lek
Finally, by skew symmetry of Rényi divergences, we know that (1—a;) Da: (flg) = aj D1—ax (gl f),
so that we can also write the minimum as

ZalaéDl oy g”f = OZ’C Za Dl a g”f)

ek ek

Assume now that « is the uniform distribution on [K]. Then the minimum above equals
I = (K/r)K2rDy_1,(g|lf) = K *D1_1,:(g]|f) for r = |K|. Because r > Dy _1(gllf) is
increasing in r, we see that /; is increasing as a function of |K|. The minimum with respect
to K is hence attained at an arbitrary K with || = 2, confirming (4.1.20). [
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The following result describes the variance terms I5; and 5, given by (4.1.4) for a uniform
homogeneous SBM, when the reference distributions f;, ..., fj are selected to minimise /;
according to Lemma 6.

Lemma 7. Consider a homogeneous SBM with intra-block and inter-block interaction distri-
butions f and g, and uniform « on [K]. Fix K C [K] of size 2, and define f; as in (4.1.19).
Then
1 —1 TR
Iy = (ﬁ_K )K I +§K J,

122 = 07
where I = Dl/Q(ng) and J = fh10g2 L with h = Z;/12(fg)1/2.

g

Proof. When « is uniform on [K] and |K| = 2, we see that the distributions in (4.1.19) are
given by f; = hfor ¢ € K, f; = g otherwise. Recall that

Iy =) > ajae Vi (ff | fr) + Y aiBi,

kel ¢ ke
2

E * A2 E *

kek ke

with A, = >, a D (f7 | fre) and By, = >, o Dr. (7 || fre)* — O, e D (7| fre))?. Now,
using Proposition 4 of Chapter 2, we obtain that for any £ € I,

A = K7 (Dl )+ Dia(bllg)) = K71
This implies that /55 = 0.
Observe next that for k € K,
By = > arDrn(fillfre)” — A7
¢

_ K*1<DKL(th)2 " DKL(hHg)?) K2

Because log Z = —%], we find that log % = %]— % log § and log % = %]+% log 5. By squaring

these equalities and integrating against h, we find that
1 1
ViL(hll f) + Vi(hllg) = 5—72 + §J — Diw (]| f)* = Dkw(hllg)*.
It follows that

Z Z ooy Vo (f7 || fre) = Z Z gy V(| fre)

kek ¢ kek ek

_ %K—lz(VKL(hllf) + Viw(hllg))

= K7 (Vi kD) + Vi (hlg))

1, 1
= K 1(§IQ+§J—DKL(h’|f)2 _DKL(hHg)Z)'
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Therefore,

Iy = > ) ojoe Vin(fi | fee) + Y 0iBr

kel ¢ kek
1

1
= K7 (57 + 57— De(Bllf)? ~ D ()

+ K’1<DKL(th)2 + DKL(hHg)2> _ K

1 1
= (z-K')K'IP+-K'J
(3-8 ) Kr K

]

Lemma 8. Let [ = Dy5(f,g) = —2log Z and J = Z7* [log®(f/9)\/fg, where Z = [ \/fq.

Assume that f,g > 0 on S, and that Z > (. Then
J < 8(61/2 —1).

Especially, J < 141 whenever I < 1.

Proof. Let us fix some = € S for which f(z) # g(z). At this point, for t = \/g,

(log f — log g)? ~ (log/f —log/g)? _
WT—var VIS e VIS e

_ (logt)? 1 _ L 2u
where ¢(t) = e t- Assume that ¢ > 1, and let u = 5 logt. Then ¢ = ™ and

2u 2 ou 2u ? _ u\?
o(t) = (e2u_1> €= (eu_e—U) a (sinhu) ’

- 1( w ﬂ) uk S

sinhu = —=(e" —e = E — .
2 kKl — Y
k>0,0dd

where

Hence ¢(t) < 1 for all ¢ > 1. Next, by noting that ¢(t) = ¢(1/t) for all 0 < ¢, we conclude

that ¢(¢) < 1 for all £ > 0 such that ¢ # 1. We conclude that

(log f —log 9)*\/fg < 4(V/f — V9)?

whenever f # g. Obviously the same inequality holds also when f = g¢. By integrating both

sides, it follows that

ZJ < 4/(\/?—\/5)2 = 4(2-22) = 8(1 - 2).

Hence J < 8(Z~! — 1). The first claim follows because Z = e~!/2. The second claim follows

by noting that et -1 = ft/Q esds < e'/?tfort < 1, and 8¢'/2 < 14.

0
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Lower bound for homogeneous models

Proposition 9. Consider a stochastic block model defined by (2.2.1)—(2.2.3). Suppose that «
is the uniform distribution over K|, and that the interactions are homogeneous. Then for any
estimator 6 : X — Z, the expected error is lower bounded by

E (dﬁajn\}(6)) Z 8L4K—3€—%I— 8NIa1 Ze 3K

where I5 = (% - K‘l) K% 4+ %K‘lJ.

Proof. Theorem 8 states that

EHam*(6) > %Nafninée_Nh_a'lC/ YA/ NI+ N2y éNaminKe_alsNami“. (4.1.21)

Lemma 6 implies that min. > ming: = [y = K™Dy /5(f]lg). When the minimum is

achieved, Lemmas 7 and 8 ensure that /o, = 0 and I5; = (3 — K~') K~'[* + L K~'J. Fur-
2 1

thermore, we have ax = % and 6 = % (? - ?) = & since « is uniform. O]

4.1.4 Miscellaneous result: multinomial concentration

Fix integers N, K > 1, and consider the space [K]|" of mappings o : [N] — [K]. For
any such mapping, we denote the frequencies of output values by Ny (o) = Zf\il o)k for
k = 1,..., K. When the space [K]" is equipped with a probability measure P, then o
(N1(0), ..., Nk(0)) is considered as a random variable. Given ¢ > 0 and a1, ..., ax € [0,1],
we shall be interested in probabilities of events of the form

A = {a  [Nk(0) — axN| < eapN forall k € [K]}, (4.1.22)
Acp = {0 : Np(0) > (1 —e)agN forall k € [K]} (4.1.23)

Lemma9. Let0 < e < 1.

(i) IfP = a®N for a probability measure o on [K], then P(AS) < 238 e~ (/3N gngd
P(AL ) < Yoy e /DN,

(ii) If P is the uniform distribution on [K|V, then P(A¢) < 28 K-¢N/GK) gng P(AZ,) <

elog K—€2N/(2K)

Proof. (i) Because NNy, is Bin(/V, ay,)-distributed, a Chernoff bound [JLR00, Corollary 2.3] im-
plies that

P(|Ni(0) — o N| > ey N) < 9e—(€/3)oar N
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Similarly, another Chernoff bound [JLR00, Theorem 2.1] implies that

]P)<Nk(g) < (1 — G)CkkN) < 6_(52/2)0%]\7‘

Hence the first claim follows by the union bound.

(ii) The second claim follows immediately from (i) after noting that the uniform distribu-
tion on [K]" can be represented as 7 = a®" where ay, = K ! for all k. O

We shall also be interested in random variables defined by Ny,,(0) = ming Ni(o) and
AN(c) = maxy|Ni(o0) — Ne(o)|. The following result implies that for large-scale uni-
formly distributed settings with NV > K'log K, these random variables are bounded by
Nuin > (1 —€)K7'N and AN < 2¢K !N with high probability for (&]\%K)l/z <e<l

Klog K )0.499

For example, we may select € = (=3¢

Lemma 10. Let 0 < ¢ < 1. (i) If P = a®" for a probability measure o on [K], then

]P<Nmin Z (1 - e)aminN> 2 1 - (51a
(4.1.24)

IP’(AN < (2€Ctmax + Aa)N) > 1-4,,

(2 . (2 . . .
where 0, = Ke (€ /2ominN qnd 5, = 2K e~ (€ /3omnN together with oy = ming o, Omax =
maxy, oy, and Aa = maxy ¢ | — agl.

(ii) If P is the uniform distribution on [K|", then

P(Nmin >(1- e)K-lN) >

Vv

—_
|

(=)
—

IP’(AN < zerlN) > 16,
with §; = 08 K=€N/2K) gnd 5, = Qelog K—e*N/(B3K)
Proof. (i) By Lemma 9, then events A, and A, ; defined by (4.1.22)—(4.1.23) satisfy ]P’(A;) <

01 and P(A¢) < §5. On the event A, 4, Npin > (1 — €)amin/N. Hence the first inequality in
(4.1.24) follows. For the second inequality, we note that on the event A,

’Nk — Ng’ S ’Nk — OékN‘ + ‘Ng — CYgN‘ + ‘OékN — CYgN‘
< eapN + eayN + |ag — ay| N
< 2emaxN + AaN

for all £, ¢. This confirms the second inequality in (4.1.24).
(ii) This follows immediately from (i) after noting that the uniform distribution on [K]¥

can be represented as 7 = a®" where oy, = K ! for all k. [
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4.2 Upper bound on ML estimation error

This section is devoted to analysing the accuracy of maximum-likelihood estimators. Sec-
tion 4.2.1 describes how ML estimation error probabilities are characterised by Mirkin dis-
tances. Section 4.2.2 provides an upper bound on a worst-case ML estimation error among
balanced block structures. Section 4.2.3 provides an upper bound (Proposition 11) on an aver-
age ML estimation error among all block structures, which confirms the upper bound of The-
orem 3, and also shows that any maximum-likelihood estimator achieves the upper bound.
Section 4.2.4 analyses the upper bound of Theorem 3 in a large-scale setting and yields a proof
of the existence part of Theorem 4, summarised as Proposition 12.

4.2.1 Maximum likelihood estimators

We denote the set of all node labellings by Z = [K]™. A maximum likelihood estimator of
oisamap o : X — Z such that

P;_(x) > Py(x) forallo’ € Zandx € X. (4.2.1)

The following results helps to analyse situations in which a maximum likelihood estimator
produces outputs diverging from the correct value. The result is stated using the Mirkin
distance dyg;; (0, 0') defined in Section 4.2.5.

Lemma 11. For a homogeneous SBM with N nodes, K blocks, and interaction distributions f
and g with I = D1 5(f, 9)

Pz : Py(z) > Py(2)} < e (@)l

for all node labellings o, o’

Proof. Observe that P,{z : P, (x) > P,(z)} = P,({ > 0), where the log-likelihood ratio

l(x) = log e oA ( )) is viewed as a random variable on probability space (X', P,). Also denote by

E (resp. E') the set of node pairs {3, j} for which o(i) = o(j) (resp. ¢’(i) = ¢’(j)). Then we

find that
Z log () Z 10g (i)

ijeEE'\E ijeE\E'
Therefore, the distribution of x — ¢(x) on the probability space (X, P,) is the same as the

law of
|E'\E]| |E\E'|

Z log f Z log

in which the random Variables X,-, Y; are mutually 1ndependent and distributed according to
Law(X;) = f and Law(Y;) = g. By applying Markov’s inequality and the above representa-
tion, we find that

P,(£>0) = Py(e2' > 1) < Eyez’ = ¢ 2(E\EHIEEDI

where I = Dy 5(f, g). Hence the claim follows. O
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4.2.2 Upper bound among balanced node labellings

The following result is key minimax upper bound characterising the worst-case estimation
accuracy among block structures which are balanced according to 0 € Z,_. 1., where

N N
Zap {O’EZ aK_|0 (k)|_bK}, (4.2.2)

and we recall that Z = [K]I"). Similar upper bounds in the context of binary SBMs have been
derived in [ZZ16].

Proposition 10. For a homogeneous SBM with N nodes and K blocks, any estimator ¢ : X —
Z satisfying the MLE property (4.2.1) has classification error bounded by

max E,df,,(0,0) < 8eN(K — 1)6_(1_§_H)% + NENeilmm-oW/K)?1

062176,1+6

forall0 < e < (<L, wherer =56max{K2e 5%, KN} and I = Di/o(f,9).

21°

Proof. We note that due to homogeneity, P, = P, depends on o only via the partition
0] = {o7}(k) : k € [K]}. A similar observation also holds for the absolute classification
error djp,..(01,02) = dim([o1], [02]). In the proof we denote by Pi_.1+c = {[o] : 0 €
Z1_c1+¢} the collection of partitions corresponding to node labellings in Z;_. ;.. We select
a node labelling o € Z;_, 1., and split the error according to

E,L = B, L1(6 € Z1_caic) + BoL1(6 & Z1_ca4c). (4.2.3)

The remainder of the proof consists of two parts, where we derive upper bounds for both
terms on the right side above.

(i) For analysing the first term on the right side of (4.2.3), we note that & € Z,_¢ ;¢ if and
only if [6] € P1_¢ 14¢, and therefore,

N
E,L1(6 € Zi_¢is¢) = > mpm (4.2.4)
m=1

where p,,, = P,{x : [6,] € Pi_¢1+c(0,m)} is the probability of the event that the partition
associated to 7, belongs to the set

Picasclo,m) = {0 € Prciic : digam([o],0) = m}.

On such event there exists a partition § € Py_¢14¢(0, m) such that Py(x) > P;(x). Hence
by the union bound,

Pm < > Pa: Py(x) = Pyi(a)}.

0€P1—¢,14¢(om)
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Observe next that to every partition § € P;_¢1.¢(c0, m) there corresponds exactly /! node
labellings ¢’ belonging to the set

Z1¢ascloym) = {o' € Zi¢arc t djgam(0,07) = m}.
Therefore, the above upper bound can be rewritten as

pm < (KDY > P{x: Pu(z) > Py(z)}. (4.2.5)

0'€Z1_¢14¢(0,m)

Let us next analyse the probabilities on the right side of (4.2.5). By Lemma 11, we find that
Po{l' : PJ/ (3;‘) > Pg(l')} < e*idMir(U,g")I.

Because € < (, it follows that Zy_. 1. C Z1_¢14+¢. We note that idMir(a, o) = %(|E \ F'| +
|E'\ E| > min{|E \ E'|,|E"\ E|}, where E (resp. E') denotes the set of node pairs for which
o (resp. 0’) assigns the same label. With the help of Lemma 14 we then find that for all
0,0" € Z1_¢14¢, such that djy,,, (0, 0") = m,

1 N 1 N 1 N
ZdMir(J,OI) > max{(l—()?—m, §(1—§)?—6(1+§)§}m.

We note that §(1—¢) = §(1+¢) = § — 3¢ > 4 when ( < 5;. Hence,
1 N 1N
ZdMir(U, OJ) Z max {(]‘ - C)? —m, ?E} m,

and we conclude that forall o € Zy_.1 . and 0’ € Z1_¢ 14,

NI

Pz : P.(x) > P,(z)} < min{e’(l’o%*ml, e*%f}m. (4.2.6)

Furthermore, let us analyse the cardinality of the sum on (4.2.5). Because dj,,,(0,0") = m
if and only if Ham(7 o 0,0’) = m for some 7 € Sym(K), a union bound combined with
Lemma 15 implies that

N(K —-1)\"
|Z1-c11c(o,m)| < K!|{¢' € Z:Ham(o,0') =m}| < K! (M) _
m

By combining this bound with (4.2.5) and (4.2.6), we may now conclude that

Me—(l—O%-ﬁ-mI’ M - NKI} . (4.2.7)

e

i

Pm < min{
m m

We will now apply the bounds in (4.2.7) to derive an upper bound for the sum in (4.2.4)
which we will split according to

N
Zmpm = Z mpy, + Z MPp (4.2.8)
m=1

m<mi mi<m<N

60



ProoFs FOrR CHAPTER 3

using a threshold parameter m,. We will also select another threshold parameter 0 < m, <
my. Using these, the probabilities p,, are bounded by p,, < s7" for my < m < my, and

NI
K .

Pm < 85 for m > my, where
eN(K —1)

eN(K — 1)67(174)%+m11 and Sy = e
mo my

=

S1 —

To obtain a good upper bound, m; should be small enough to keep the exponent in s; small,
and large enough so that s, < 1. From the latter point of view, we see that s; < % when
my > 2eN (K — 1)6_%%. To leave some headroom, we set a slightly larger m, corresponding

to % replaced by é For later use purposes, we also require that m; > 56 which guarantees

that m% % -2 Therefore we set
m; = 2eN(K —1)6_%%\/56.
With this choice, we find that s, < e’i% < % Hence,
glml §1
> mpn SN DY s = N12_82 N1—232 IN sy

m1<m<IN m>mi

Furthermore, m; > 56 implies that s, < e” 5 & < e~ % . Tt follows that the second term
on the right side of (4.2.8) is bounded by

Z Mpy < INe K. (4.2.9)

mi<m<N

Let us next derive an  upper bound for the first term on the right side of (4.2.8). We define

B = eN(K 1)e~ (=0 +m7 and consider the following two cases.
(a)If B <1 5, we set mg = 1, which implies that s; = B, and we find that
Z mpy, < Z msy" f: mB™ = B < 4B. (4.2.10)
(1-B) ~
1<m<mg m=1

(b)If B > % we set mg = 2B, so that 51 = % and we find that
S o= Yt Y mn < ma o+ Y
1<m<mj 1<m<myg mo<m<mq m>mg

By noting that my > 1, we find that 2 < [mg] + 1 < 2my. Then by applying Lemma 16 it
follows that

Somsit = > m2 < Almo) + )2 LI < oy,

m>mgo m=|mg|+1

Hence, Z1§m§m1 mp, < 3mg = 6B. In light of (4.2.10), we conclude that the latter con-
clusion holds for both B < % and B > % By combining these observations with (4.2.9), and
noting that B > N e’%, it follows that

Z mp, < 2N€_%+6B < 8B = 8@N(K_ ) —(1- C) +m1[

1<m<N
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After noting that m1] = M max{2eK (K — e sk, 5645}, we see that mil < x4t for
Kk = b6 max{K 275k, K N 1}, Then we conclude that the first term on the right 31de of
(4.2.3) is bounded by

E,L1(6 € Z1_¢14¢) < 8eN(K — 1) 7% (4.2.11)

(ii) Finally, it remains to derive an upper bound for the second term on the right side of
(4.2.3). Denote v = (K — 1)7!¢. Then the generic bound N < Nyin(0”') + (K — 1) Npax(0”)
implies that Nyin(0') > N — (K — 1)(1 4+ 7)% = (1 — ()% forall o’ € Zy;.,. Therefore,
2014+ C Zi—¢14+ C Z1—¢14¢. Especially,

Po(0 & Zicive) < Pol0 & Zo144).
On the event that 6 ¢ Z,,,, the MLE property (4.2.1) implies that there exists ¢’ with
Niax(0') > (14 ~)% for which P,/(z) > P,(z). For any such ¢/, Nyax(0") — Niax(c) >
(v— 6) , so that by Lemma 12, we see that
dyiin(0,0") = 2(E\ E'|+|E'"\ E|) > 2|E'\E| > (y—¢)(N/K)".
By Lemma 11, we conclude that for all 0 ¢ Z 1,
P{x: Py(x) > P,(z)} < e~ 1(—ON/K)’T.
Hence, by a crude union bound it follows that
Po(6 & Zicasc) < Po(6 & Zo14) < KNemaOmW/K?T (4.2.12)

and we conclude that second term on the right side of (4.2.3) is bounded by

E,L1(6 ¢ Z1_c11c) < NPy(6 & Z1_c1pc) < NKNe i W/KPL (4.2.13)

The claim now follows by combining (4.2.11)-(4.2.13). O]

4.2.3 Upper bound on average error among all node labellings

The following result is the upper bound of Theorem 3.

Proposition 11. For a homogeneous SBM with N nodes and K blocks, any estimatoro : X —
Z satisfying the MLE property (4.2.1) has classification error bounded by

I l(C

Edf{am(07 OA-) S 8€N(K 1) —-(1- 4_“)% +NKN€71
fordll0 < < ¢ < where s = Somax(K%e-H ¥, KN} and T = Dy(/.).

21’
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Proof. Denote L = djy,,, (0, ). By noting that the classification error is bounded by L < N
with probability one, it follows that

EL < Y mE, L+ Y wE,L
OEZ1 ¢ 1+4e OEZT_( 14
< max FE,L +N7n(Z[_.1,.)-

- UGZI €,14€

For a random node labelling ¢ = (04, ...,0y) sampled from the uniform distribution 7 on
Z, we see that coordinates are mutually independent and uniformly distributed on in [K]. A
multinomial concentration inequality (Lemma 10) then implies that

T(2f 1) < 2KeHR

The claim follows by Proposition 10. [

4.2.4 Upper bound for large-scale settings

The following result implies the existence statements of Theorem 4.

Proposition 12. Consider a large-scale homogeneous SBM with N > 1 nodes and K = O(1)
blocks, and interaction distributions f, g such that I = D1 5(f, g), and let & be any estimator
having the MLE property (4.2.1). Then the following hold:

(i) if I > N, then the estimator & is consistent;

(i) if I > (1+ Q(l))w, then the estimator ¢ is strongly consistent.

Proof. Denote L = dj;,,,(5). By Proposition 11, we see that
EL < 8eNKe (1—¢R% 4§ NENe i@ 9W/E? T | gN o3 (4.2.14)

where k& = 56 max{K2%e s , KN~'} and | = D1 /2(f, g), and where we are free to choose
any0<6<C<21,

(i) Recall that we have assumed that K < (%)1/ Sand [ > %. Let us define

€ = Z’)(Klog]\[)l/2 and ( = eK + 5K Cek Furthermore, ¢ < K ! due to our assumption
K < (mx ~)/3. Then it also follows thatC < 1. Furthermore, we find that e 3<% = N3,
and the last term on the right side of (4.2.14) equals 2K N ~2. We also find that

¢ > ¢ )
— = N/K)I > [ = — N/K)I = 5Nlog K
(55— <) mpr = (=) /RPT = sV 10e K
so that the middle term on the right side of (4.2.14) is bounded by
NKNe 4(K —e)(N/K)I < NKNK77 o NK,iN'
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We conclude that

EL < 8eNKe (—¢-M% | NK-1¥ 4 oN2K.

We note that k¥ < 1 and log(8¢K) < 5L when I > £1%2K  We note that NEK-iN <
N273N = o(1). We conclude that

EL < Ne (=% 4 o(1)
for homogeneous SBMs with 2 < K <« (%)1/3 and I > &JS,";K.

(ii) The condition for strong consistency follows immediately from the above bounds. [

4.2.5 Comparing partitions

Classification error

The absolute classification error between node labellings o, ¢’ : [N] — [K] is defined by

di.. (0,0 = min Ham(o,pod’),
Ham( ) peSym(K) ( P )

where Ham(o,0') = -~ 1(0(i) # o’()) denotes the Hamming distance and Sym(K) de-

i=1
notes the group of permutations on [K]. We note that dj;,.. (0, 0") = djj,..(po o, p oo’) for all
p, p' € Sym(K), which confirms that the classification error depends on its inputs only via the
partitions induced by the preimages of the node labellings. The relative error N~ dj;, .. (0, 0”)
is called usually just called the classification error [MHO01; Mei07].

Mirkin distance

The Mirkin distance is one of the common pair-counting based cluster validity indices [GTP21;
Lei+17], and it is related to the Rand index by dyi: (0, 0") = N(N — 1)(1 — drana(0, 0”)). The
Mirkin distance between node labellings o, 0’ : [N] — [K] is defined by

dMir(U, 0'/) = 2 Z (eij(l — e;j) + (1 — eij)e;j)
where ¢;; = 1(0(i) = 0(j)) and e;; = 1(o”(i) = 0’ (j))-

For any node labelling o : [N] — [K], we denote by E(c) the set of unordered node pairs
{i,j} such that (i) = o(j), by NZ,, = ming |Ck| and N2, = maxy |Ck| where C}, = {i :
0(i) = k}. Then we note that the Mirkin distance can be written as

din(0,0") = 2(|B(0)\ E(o')] + |E(e')\ E(0))). (42.15)

The following result shows that when the Mirkin metric is small, then the maximum set sizes
in two partitions cannot differ arbitrarily much.
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Lemma 12. For any node labellings 0,0’ : [N| — [K],

—_

[E(0)\ B(0')] > 5(Nax = N Vi

2 max max max*

Proof. For any k, denote by F/(C}) the set of unordered node pairs in Cj. Also denote N}, =
|E(Cy)|, N, = |E(C})|, and Ny, = |Cy N C}|. Then we find that

IE(C) \ E(o)] = (fgk) _ %: (zv;g)

By applying the bound Ny, < N7,

max?

Nké 1 ! 1 ’
< (N2, —1 Ny = =(NZ.. — 1)Ng.

14

we see that

Therefore,

BCNE@) 2 () = 50— DN 2 50 - NN

The claim now follows after noting that

[E(0)\ E(@")| = Y IE(Cy) \ E(o')] = max|E(Cy) \ E(o)].

Optimal alignments

The confusion matrix of node labellings o,0" : [N] — [K] is the K-by-K matrix having
entries
Ny = |Cp N Cyl,

where Cy, = 07'(k) and C; = (0’)7!(¢). We say that node labellings o, ¢’ : [N] — [K] are
optimally aligned if

dfum (0, 0') = Ham(o, o). (4.2.16)
The following result provides an entrywise upper bound for the confusion matrix of optimally
aligned node labellings.

Lemma 13. Ifo and ¢’ are optimally aligned, then the associated confusion matrix is bounded

by
Nie+ Nogp < Ny + Ny (4.2.17)

and ]
Ny < §(Nk + Ny) (4.2.18)

forallk # ¢, where N, =, Nyg and N; = >, Niy.
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Proof. Fix some distinct k, ¢ € [K]|. Define 0" = 7 o 0’ where 7 is the K-permutation which
swaps k and ¢ and leaves other elements of [K] intact. Denote C} = (¢”")~'(j). Then we see
that CJ’-’ = C,for j =k, C]’-’ = () for j =/, and C]’-’ = Cj‘ otherwise. Using the formulas

Ham(o, o”) Z 1C5\ CF] and Ham(o, o” Z 1C5\ CF

we find that
Ham(c, 0") — Ham(o,0") = |G\ Gyl = [Cp \ Gy + |Ce \ Gy = |Ce \ G-
Because
1Cx \ Cyl = |C \ Cf| = (Ny, = Nie) — (N — Nig) = Ny — Nig,
and the same formula holds also with the roles of k£ and ¢ swapped, it follows that
Ham(o,0”) — Ham(o,0") = Ny — Nyo + Ny — Ny

Because ¢ and ¢’ are optimally aligned, we see that Ham(o, 0’) < Ham(o, 0”). Therefore,
the left side of the above equality is nonnegative, and (4.2.17) follows.

Next, by applying the bounds Ny, < Ny — Ny and Ny < N; — Ny, we may conclude
that
0 < Nig— Nie+ Ny — Nyp < Ni+ Ny — 3Ny — Ny

The inequality (4.2.18) now follows by noting that

1
Nipe < (N + N, — Ny) <

3 (N + Ny).

W

Relating the classification error and the Mirkin distance

The next result provides a way to bound the absolute classification error djy,,, (o, ¢’) using
the Mirkin metric dyy;, (0, 0’). For any node labelling o : [N] — [K], we denote by E(o ) the
set of unordered node pairs {7, j} such that o(i) = o(j), by N2, = miny |C| and NZ

min max

maxy, |Cy| where Cy, = {i : 0(i) = k}. Then we note that the Mirkin distance can be written
using F(o), E(c’) according to (4.2.15).

Lemma 14. For any node labellings 0,0’ : [N| — [K],
/ o * 1 o 1 o * /
|E(0) \ E(O- )| Z max len dHam( ) 3Nm1n 6Nmax dHam(U7 o )

Proof. Let us note that all quantities appearing in the statement of the lemma remain invariant
if we replace o’ by poo’, where p € Sym(K) is an arbitrary permutation. Therefore, we may
without loss of generality assume that o and ¢’ are optimally aligned according to (4.2.16).
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For sets C, D C [N], we denote by E(C, D) the collection of unordered pairs which can

be written as e = {i,j} withi € C' and j € D, and we denote the set of node pairs internal

to C' by E(C) = E(C,C). We observe that the set I' = E(0) \ E(¢’) can be partitioned

into I' = Uy, where I'y = E(Cy) \ E(c’). We may further split this set according to
'y = I'y1 U0, where

Pi = E(Ce NGy, G\ Gy),
Peo = E(C \ C}) \ E(o).

Therefore, it follows that |I'| = >, (|Tx1| + |Tke|).

To analyse the sizes of I'y; and 'y, denote Ny, = |C, N C)| and Dy, = |C}, \ C}|. Then
we immediately see that
|Fk1| = Np.Dy. (4.2.19)

Furthermore, we see that E(Cj, \ C}) N E(0’) = U E(Cr, N C}), and it follows that

Tia| = |E(Cy\ Cp)l = Y |E(C,NCY)| = (2’“) -3 (]\;’d) (4.2.20)

£k £k
By combining (4.2.19)—(4.2.20) we conclude that

0 = Srul+ el = Y {manes () -2 ()}

k k 04k

Let us derive a lower bound for |I'|. Denote Bj, = maxyz Ny, Then by noting that
>t Nie = Dy, we see that

(%) - S < s

0K 04k

and by applying (4.2.20), it follows that
1 1 1
|Tha| > §Dk(Dk -1)— §Dk(Bk —1) = §Dk(Dk — By).

By applying (4.2.19) and noting that Ny, = Ny — Dy, it now follows that

1
Tx| > Dp(Np — Dy) + §Dk(Dk — By). (4.2.21)

We shall apply (4.2.21) to derive two lower bounds for |I'|. First, by Lemma 13, we find
that By, < 3(Nj, + NZ,

7 ), and hence

1 1 1 /
ITx| > (Nk, — Dy)Dy + 5 (Dk: - gNk — gN:;aX) Dy,

5 1 1,
— (2N, - =D, — =N°_ | D..
(6 A S ma") k
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Because D;, < Nj, we conclude that

1 1., 1 1.,
|Fk| Z (gNk’_gNglax)Dk Z <§Nriin_6N§1ax)Dk

By summing the above inequality over k and noting that ), D, = Ham(o,0’) = L for
optimally aligned ¢ and ¢/, we conclude that

1 1.
T| > (—N" —ZN© >L. (4.2.22)

3 min 6 max

Second, by noting that B, < Dy, we see that (4.2.21) implies

ITx| > Dip(Ny — D) > Dip(Ny,

min

— Dk)

By summing the above inequality over %, we find that
Tl 2 Npw > Di=» Di = Ny Di— () Di)
k k k k

By recalling that > |, D), = L, we conclude that

IT| > N2, L— L* (4.2.23)
By combining (4.2.22)—-(4.2.23), the claim follows. ]

4.2.6 Additional lemmas

Lemma 15. For any node labelling o : [N] — [K], the number Z, , of node labellings o' :
[N] — [K] such that Ham(o, 0’) = m satisfies

o (e s (2520

m m

Proof. Any node labelling ¢’ : [N] — [K] which differs from a particular o at exactly m input
values can be constructed as follows. First choose a set of m input values out of NV; there
are (ﬁ) ways to do this. Then for each i of the chosen m input values, select a new output
value from the of K — 1 values excluding o (7); there are (K — 1)™ ways to do this. Hence the

equality follows.
To verify the inequality, we note that %T < Z:O:(] VZIS = e™. Therefore, we see that
(T]Z ) < JX; ;L < (%)m, and the inequality follows. ]

Lemma 16. For any integer M > 1 and any number (0 < s < 1,
MsM < Z ms™ < (1—s)"2Ms™.
m=M
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Proof. Denote S = S °°_ . ms™. By differentiatin © gm=(1—s)"1sM we find that
m=M y g m=M

518 = Z ms™ = (1—s)2sM 4+ (1 —s) ' MM,

from which we see that

S = 5(1—5>—2(5M+(1—3)M5M—1) - %(1—3(1—1/1\4))

The upper bound now follows from 1 — s(1 — 1/M) < 1. The lower bound is immediate,
corresponding to the first term of the nonnegative series. [

4.3 Consistency of Algorithm 2

4.3.1 Single node label estimation

For r > 0 we define the ratio

DS
Be(frg) = w- (4.3.1)

Given a reference node ¢ and a node labelling' 5; on [N]\ {i}, define an estimator for the

label of i by 6,(i) = arg max h;(k), with arbitrary tie breaks, where
ke[K]

Xi;
hi(k) = ) log fET]; (4.3.2)
jiag)=k I\
This is a maximum likelihood estimator in the special case where 7, assigns a correct label to
all j # i. When this is not the case, we need to account for errors caused by corrupted like-
lihoods due to misclassified nodes in ;. The error in such a setting is given by the following
lemma.

Lemma 17. Leto : [N]| — [K| and assume that X,;, j # i, are mutually independent S-valued
random variables such that Law(X;;) = f foro(i) = o(j) and Law(X;;) = ¢ otherwise. The
error probability when estimating the label of node i as a maximiser of (4.3.2) is bounded by

2r

P (706,(i) # 0(i)) < Ke Nmn=172di=3di8)20=n)De(la) vy ¢ [0, 1],

where 3, = [,(f,g) is defined by (4.3.1), df = dj;,,,(0:,0_;) is the symmetrised Hamming
distance from G; to the restriction o_; of the true node labelling o to [N] \ {i}, and 7 is an
arbitrary K -permutation such that dyam (7 0 6;,0_;) = d}.

Tn this section we assume that &; is nonrandom.
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Proof. Denote k* = 771(o(i)). Observe that 7 o 6;(i) # o(i) if and only if 6;(i) # k*, and
the latter is possible only if L, = h;(k) — h;(k*) > 0 for some k # k*. After noting that
P(Ly>0)="P (eSLk > 1) < Ee®Lx it follows that

P(roi(i) # 0(i)) < > P(Ly>0) < > Ee'. (4.3.3)

k£k* kAk*

Denote by Cy, = {j # i : 0(j) = k} the peers of i with true label k, and by C}, = {j # i :
;(j) = k} the set of peers labelled k by &;. Denote Z,(f|lg) = [ f*¢'. By noting that for
any j # i,

f(Xi5) ' _ Zir(fll9), o(j) = o(i),
. (Q(Xij>> {ZT(ng), else,

and

E (f(xn)"‘ _[zln. )=o),
9(Xi) Zia(gllf),  else,
we find that for all &, the log-likelihood ratio h;(k) defined in (4.3.2) satisfies

out out

Ee® = Zi, (Flo)* Zo(fllg)®"  and Ee ™" = Z,.(g| f)" Z.(g] ),

where v} = |('j’;.C N Co(iy| and vp™ = |C’k \ Cs(;)|- Because h;(k) and h;(¢) are mutually inde-
pendent for k # /, it follows that L for k& # k* satisfies

in out out in

Ee™ = Zir(fll9)"* Ziar (g 1) Zo(fllg) ™" Z(g]1.f)"

Because Z, = e-('"")Pr and Z,,, = e" P+, we may rephrase the above equality as Ee’/* =
et, where

t = 5100 + soupt — u o™ — uguyl,

with s, = 7Dy, (fllg), 52 = 7 D140 (gl f), ua = (1 = 7) D, (fllg), and uy = (1 =) Dy (g][f).
By noting that v}* + v{"* = |C}|, we see that

t = (U1 + 81) U}Cn + (UQ + 82) ’Ugft — U1’6k| — u2|ék* .

One may verify that 7 0 5;(j) # o(j) forall j € C, N Cy() and all £ # k*. Therefore,

v = |C, N Coiy| < dfam(T 0 03, 0_;). Similarly, 7 0 5;(j) # o(j) forall j € Cy \ Co

implies that vp"* = |C+ \ Cy(i)] < dpam (T © 75, 0_;). Next, by noting that 7 o 6;(j) # 7(k)

and o(j) = 7(k) for j € Cr(xy\ Ch, it follows that |C;. () \ Ck| < dpgam(T 054, 0_;). Therefore,
’ék| > \ék NCra| = |Criwy| = |Crii \ék:\ > Nuin — 1 — dpam(7 0 64, 0_;),

and the above inequality also holds for & = £*. By collecting the above inequalities and

recalling that dpam, (7 © 7;,0_;) = d, we conclude that

t S d:(U1+U2+81+82)—(Nmin—l—d:)<U1+U2)

< —(up + uy) (Nmin—1—2d;—d;51+52).
Ul + Usg

The claim follows by observing that uy +us = 2(1 —7) D}(f, ) and s1 +s2 = 2r D7, (f, 9).
[]
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4.3.2 Analysis of refinement and consensus procedures

Let us start with a Lemma bounding difference between the block sizes given by two node
labelling o4, 05 as a function of the Hamming distance.

Lemma 18. Forany oy, 03 : [N] — [K], (i) ||o7 ' (k)| = |03 " (K)|| < duam (01, 02) for all k, and
(i) | Nmin (1) — Nin(02)| < i (01, 02), where Nyin(01) = ming |07 ' (k)| and Nyin(02) =
ming |05 (k).

Proof. (i) Because |o; (k) \ 05 (k)| < diam (01, 02), we find that

By symmetry, the same inequality is true also with o4, 05 swapped.

(ii) Let m be a K -permutation for which dyam (7 © 01, 03) = djj,, (01, 02). Then by (i),
o3 (k)] > (o 01) (k)] = dutam(7 0 01,09) > Nuwin(01) — g (01, 02).

This implies that Nyin(02) > Numin(01) — dfjam (01, 02). The second claim hence follows by
symmetry. [

The following result describes the behaviour of Steps 2 and 3 in Algorithm 2 on the event
that Step 1 achieves moderate accuracy.

Lemma 19. Assume that the outputs &; of Step 1 in Algorithm 2 satisfy djy,,,(Gi,0-;) <
%Nmin — 1 for alli. Then there exist unique K -permutations 7y, ..., 7y such that for all i:

(i) The outputs &; of Step 1 satisfy djy,,,,(6i,0_;) = dpam(m; © 64, 0_;).
(ii) The outputs &; of Step 2 satisfy djy,,,(0i, 0) = dpam(m; © 64, 0).
(iii) The final output & from Step 3 satisfies 6(i) = (7" o m;)(6:(4)).
Proof. (i) Denote € = max; djy,,,,(6;,0_;). Because the smallest block size of o_; is bounded

by %Nmin(a_i) > %(Nmin —1) > ¢, it follows by Lemma 1 that for every i there exists a unique
K-permutation 7; such that dyam (7 0 64, 0_;) = djjan (Fi, 0—4)-

(ii) Observe that
dHam(ﬂ-i o 5’i, O') = dHam(ﬂ-i o0y, 0'_7;) + 1<7TZ(OA'Z(1)) = U(Z)) < e+ 1. (434)
Because € + 1 < %Nmin, Lemma 1 implies that dj;,,, (04, 0) = dgam(m; © 7, 0).
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(iii) By Lemma 18 and (4.3.4), the minimum block size of &; is bounded by Ny, (61) >
Niin — Ao (61, 0) = Npin — (€ + 1). Inequality (4.3.4) also implies that

diam (M 0 64, m 0 61) < dpam(m 064, 0) + dgam(0, T 061) < 2(e +1).

Therefore, dgam (7, © 7 0 64,61) < 2(e + 1) as well. Furthermore, because 2(e + 1) <
2 (Nin — (€+1)) < 1 Npyin(61), we conclude by Lemma 1 that 7 ' o is the unique minimiser
of 7 +— dpam (7 0 6, 61), and

m ' omi(k) = argmax|s; (k) N6y t(¢)|  forall k.
¢

Hence, the output value (i) satisfies 6(i) = (7, o m;)(6,(3)). O

4.3.3 Proof of Theorem 5

In Algorithm 2, the outputs of Step 1 are denoted by 7y, ..., oy, the outputs of Step 2 by
01,...,0n, and the final output from Step 3 by 6. Recall that o denotes the unknown true
node labelling, and o_; its restriction to [N] \ {i}. As a standard graph clustering algorithm
for Step 1, we will employ a spectral clustering algorithm described in [X]JL20, Algorithm 4]
with tuning parameter j1 = 4K (apin N) !N = 4K« i, and trim threshold 7 = 40K d, where
d is the average degree of A_;, which is a modified version of [Gao+17, Algorithm 2] with
explicitly known error bounds.
Denote by B the event that Nyin > Nmin <1 — M). Lemma 10 shows that

aminN
P(B°) < KN~*

Since N > 1 we have N > 2000 when the scale-parameter 7 is large enough. Moreover,

QminN > 6 N2, Thus, we have ilog % < %, and hence event B implies Np;, > %N Qlmin-

2
Let Jy = M and denote by E; the event that Step 1 for node 7 succeeds with accuracy

Qfyam (Fi, 0—1) < eN where € = 230 K3 (i N) ™" J; L. The matrix A_; computed in Step 1 of
Algorithm 2 is the adjacency matrix of a standard binary SBM with intra-block link probability
p = 1— f(0), inter-block link probability ¢ = 1 — ¢g(0), and node labelling o_;, and by [XJL20,
Proposition B.3] it follows that

P(ESNB) < N°°. (4.3.5)

Since Dy,(f|lg) > D,(f]lg), the assumption J, > N—! ];E]Eﬁ”;]) implies, for 7 large

enough, that e N < 274Kt N, < Nmm, and the event B implies Ny, > 135. Therefore,
eN < %Nmm < %Nmm —1, and we see by applying Lemma 19 that on the event £/ N B where
E = N;E; there exist unique K -permutations 71, ..., 7y such that (i) = (77 o 7;)(6;(7))
for all 7. Especially,

dI*{am(a-7 U) < dHam(Tl o 5-7 J) = Z 1(7-@(6-1(2)) 7£ O-(Z)) on EN Ba

i
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so it follows that Edy,, (6,0)1gnp < Y, P(7(6:(¢)) # o(i), E;, B). In light of (4.3.5), by
using dj; = dj;1glg + dj;1ge1p + d};1gc and applying the bounds dj;,,,(6,0) < N and
P(E°N B) <Y, P(EfN B) < N~*, we conclude that

E it (6 Z P (7:(6,(i)) # 0(i), Ei, B) + (K + 1)N 2, (4.3.6)

Let us analyse the sum on the right side of (4.3.6). Note that 7; and the K-permutation
7; are fully determined by the entries of the sub-array A ; = (A5 : j,j' € [N]\ {i}).
Conditionally on A_;, we may hence treat 5; and 7; as nonrandom, and apply Lemma 17 to
conclude that on the event E; N B,

P (r; 0 6:(6) £ o(i) | As) < Foo~ (Nomin (1S ) —1-2d7 = 254 6:)2(1-r) DI(.0)

Y

Because djj,,,,(7:,0-;) < €N on E;, and the event £; N B is measurable with respect to the
sigma-algebra generated by A_;, we conclude that

P (r; 0 6:(3) # 0(i), Bi, B) < K~ (MVomn (1= 53R 1-8558:eV)20-0)Ditsa).

By combining this with (4.3.6), we conclude that

Edf

Ham

. _ /8logN\ _ q_ _r_ € —r s -~
(&) < KN (Vo (1o TER) -1-2(1Z580)eN)20-n D2 F0) (e 4 1) -3,

We finish the proof of Theorem 5 by using the inequality (1 — ) D, > 7 D, ,, valid for any

r e (0, %} [VH14, Theorem 16]. 0

4.4 Rényi divergences of sparse binary Markov chains

This section discusses binary Markov chains with initial distributions f, v and transition prob-
ability matrices P, (). In this case the Rényi divergence of order « € (0,00) \ {1} for the
associated path probability distributions f, g on {0, 1} equals

Da(fllg) = —— log( > usvn H 2 Qa m) (4.4.1)

z€{0,1}7

Such divergences will be analysed using weighted geometric and arithmetic averages of tran-
sition parameters defined by

a, l-a
r(l = aya bl a - P Qa Y
o= b ab¥ab (4.4.2)
Ta = Oé,ua_'_(l _a)ym Rab :@Pab+ (1 _&)Qab

We note that Dy (f||g) = 5 log Z, where Z = > vefo1)r T 1, R, ,a,- Moreover, r; =
1—7+0(p?)and Ry = 1 — Ro1 + O(p*) when py, v1, Por, Qo1 < p.
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4.4.1 Rényi divergences of order o € (0,1)

The following proposition provides an expression for the Rényi divergence between sparse
Markov chains. In particular, Proposition 8 follows by substituting & = 1 in the following
result.

Proposition 13. Consider binary Markov chains with initial distributions u, v and transition
probability matrices P, Q). Assume that 1,11, Po1, Qo1 < p for some p such that pT' < 0.01.
Then the Rényi divergence of order o € (0, 1) between the associated path probability distribu-
tions defined by (4.4.1) is approximated by

T
Da(fllg) = 1ia<l _T1+2Jt+€>, (4.4.3)
t=2

where the error term satisfies |e| < 46(pT)?,

Ry — Roi + (1 - 1?}%1) (Rm + (7’1(1 — Ry1) — Rm)RﬁQ), Ry <1,
Ro1 — Ry, Ry =1,

Jt:

and the parameters rq, o, Rap, Rab are given by (4.4.2).

The rest of this section is devoted to proving Proposition 13.

Basic results on binary sequences

For a path 2 = (z1,...,2z7) in {0,1}7, by z;; = 3./, 1(z,_1 = i,x, = j) the number of
1j-transitions. Then the path probability of a binary Markov chain with initial distribution p
and transition matrix P can be written as f(z) = pu,, [[; i Pfj” . For sparse Markov chains,
we will analyse path probabilities by focusing on the total number of 1’s ||z|| = ), 24, and
the number of on-periods zo, = 1 + o1 = 210 + 27, in which the count in middle is the

number of on-period start times, and the count on the right is the number of on-period end

times. We also note that xg; + 711 = 23:2 x; implies that ||z|| = zo, + 211. The data
(Zom, ||||, x1, z7) suffices to determine the path probability of = because the transition counts
can be recovered using the formulas xg; = Zon — %1, 190 = Ton — T7, 11 = ||Z]| — Ton,

together with xog + o1 + 10 + 211 = T — 1. Especially, the probability of a path with
(Zon, |||, 71, 27) = (4,1, a,b) equals

—a, apl—1— j—a—b i—a oj— i
f(x) = py i Py 1= )Pél Py belj- (4.4.4)

The number of such paths is summarised in the next result.
Lemma 20. Denote by c;;(ab) the number of paths x € {0,1}" such that x,, = j, ||z|| = ¢,
x1 = a, and xp = b. Then the nonzero values of c;;(ab) are given by cyo(00) = 1,
T—t—1, (ab)=(0,0),1<t<T—2
ce(ab) = <1, (a,b) = (0,1),(1,0), 1 <t <T —1,
1, (a,b) =(1,1), t =T,
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and c;i(ab) = (;j) (]T:;:;) for2 <j<|[T/2],andj <t<T—-1—j+a+0b

Proof. We compute the cardinalities separately for the three cases in which the number of
on-periods equals j =0, j = 1,and j > 2.

(i) Case 5 = 0. The only path with no on-periods is the path of all zeros. Therefore,
cot(ab) = 1 fort = 0 and (a,b) = (0,0), and cp:(a, b) = 0 otherwise.

(i) Case 7 = 1. In this case ¢14,(00) =T —t — 1 for 1 < ¢ < T — 2 and zero otherwise.
Furthermore, ¢;(01) = ¢14,(10) = 1 for 1 <t < T — 1, and both are zero otherwise. Finally,
c11(11) = 1 for t = T and zero otherwise.

(iii) Case 7 > 2. Now we proceed as follows. First, given a series of ¢ ones, we choose j — 1
t—1
j—1
with zeros chosen among the 7'—t zeros of the chain. Note that when a = b = 0, we also need
to put zeros before and after the chain of ones. Thereare j—1+4(1—a)+(1—-0) = j+1—a—b

places to fill with 7" — ¢ zeros, and we need to put at least one zero in each place: there are
T—t—1
(jfafb

places to break the series: there are ( ) ways of doing so. Then, we need to fill those breaks

) ways of doing so.? Therefore, we conclude that

oo = (23)(G20)

Useful Taylor expansions

Lemma 21. Assume that o € (0,1) and max{py, v1, Po1, Qo1 } < p for some p < % Then the
geometric and arithmetic means defined by (4.4.2) are related according to

ro = 1—71+ e,
Roo = 1 — Roy + €3,
RV = 1 — (T = 1)Roy + e,
roREY = 1 =7, — (T — 1)Roy + €4,

where the error terms are bounded by ||, |e2] < (1 + p)p?, les] < 2(1 + p)(pT)?, and |es] <

A(1+ 2p)(pT)*.

Proof. Note that 7, < p and Ry < p. Taylor’s approximation (Lemma 25) implies that (1-—
p1)® =1—api+erand (1—v1)7% = 1—(1—a)vy +€1a for |egy], 12| < %pz. By multiplying
these, we find that

ro = (1—p)*(1—v)'™% = 1 =7 +e,

2A combinatorial fact, often referred as the stars and bars method, is that the number of ways in which n

n+m — 1), and (n a 11> if bins cannot be empty.
m—

identical balls can be divided into m distinct bins is < 1
m —
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where the error term is bounded by |e| < (1 + $p*)p? < (1 + p)p®. Because Ryy = (1 —
Po1)*(1 — Qo1)* ™%, repeating the same argument yields |e;| < (1 + p)p*.

Assume next that 7' > 2 (otherwise the third claim is trivial). Note that 0 < 1 — Ry =
R(]l —e<p+(1+ p)p2 < % due to }?01 <pandp < % By applying Lemma 25, we then see
that

RI;7Y = (1= Ry + €)™ = 1= (T —1)(Roy — €2) + €31,

where |e5,| < T2(Roy — €3)? < 2T%(R2, + €2). It follows that RI; 1 = 1 — (T — 1)Ry; + €3
with €3 = (T — 1)ey + €31 bounded by |e3| < T'lea| + |es1]| < Tlea| + 2(T|ea])? + 2(pT)?, so
that |e3] < 2(1 + p)p*T>.

Finally, by multiplying the approximation formulas of ry and R, ', we find that
e = e1(1— (T —1)Ryy) + e3(1 — 1) + eres + (T — 1)1 Roy.

By the triangle inequality, we find that for T' > 2, |e4| < (1 + pT)|e1| + |es| + |eres| + p*T,
from which one may check that |e4| < 4(1 + 2p)(pT)> O

Analysing paths with two or more on-periods

Lemma 22. For any o € (0,1) and any Markov chain path distributions f, g with transition
matrices P, () satisfying P;1Q11 < 1,

Z fgg:}j_a S ROl(Tl —|— ROI)T2W(1 + W)BWROIT’

TiTon>2

where W = Rw and the weighted geometric means r,, R, are defined by (4.4.2).
—Ri1 3 4 y

Proof. Fix an integer 2 < j < [T/2], and denote Z; = .. _. f2g,~. By (4.4.4), we see

that for any path x with j on-periods, ¢ ones, initial state a, and final state b,

a l-a _ 1—a .apT—1-(t+j—a—b) pj—a pj—b pt—j a pi—a pj—b pt—j
Je 9z = 1y ‘T1 Ry Ry "Rig Ry < riRy Ry Ry

By Lemma 20, the number of such paths equals

ot = (520) (G 2a%0)

To obtain an upper bound for the path count, we note that (T ;_;) < % Furthermore,
we also see that (t i) = ; i(; 3) < T(t 2) The latter bound implies that ( ) < TP (; I; i)

forall b € {0,1}. As a consequence, we conclude that

cji(ab) < Of—%,(ﬁjj)
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holds for all a, b € {0, 1}. Hence,
; 1
T7 t—b—1 ; ; ;
a pi—a pji—bpt—j
Zj < G2 Z Z <j e 1)7’1R01 Ry Ry
7 7]
Using a geometric moment formula (Lemma 23), we find that

> (t—b—1 : . _
> ( ; 1)R§? = (1-Ru)"™" = R/W/™,
= M YT

and it follows that
1

. 1 .
T] - . (R01WT)372 _ _
Zj < s ) MRy Wt = TPy Ry W
J (j_Q)!a,bZO 11101 G —2) aJ)Z() 11101
By noting that Zi,b:o r¢RY W2 = Roi(ry + Ro)W (1 + W) and summing the above
inequality with respect to 7 > 2, the claim follows. [

Proof of Theorem 8

By definition, the Rényi divergence of order « can be written as Do (f|lg) = —5Za(fl|9),
where Z,(f|lg) =Y, f¥92~“. We will split this Hellinger sum into

[T/2]
Zo(fl9) = Zo+ 2+ ) Z;

j=2
where Z; = . _ s 9.~ indicates a Hellinger sum over paths with j on-periods. We will

approximate the first two terms on the right by 7, = Zo + €0, Z1 = Zy + €1, where
Zy = 1—# — (T - 1)Ry

and
T-2 T—1
Zl = ROlRlﬂ Z(T —t— 1)R§Il -+ (R()l + 7"1R10) Z Rtlzl + TlRfl_l.
t=1 t=1

Then is follows that

Zﬂ(ng) = 20 + Zl + €9 + €1 + €9,
where €, = Z]zéﬂ Zj. We see that e = 0 for Ry; = 1, whereas for ?;; < 1, Lemma 22

shows that 0 < e, < 4(pT)%e!T < 5(pT)>.

Let analyse the error term €j. Because the only path with z,,, = 0 is the identically zero
path, we find that Z, = ryR{; . By Lemma 21 we have |eo| < 4(1 + 2p)(pT)? < 5(pT)>.

For the error term €, with the help of formula (4.4.4) and Lemma 20, we see that

T-2 T—1
Zl = TOR01R10 Z(T —t— 1)R511Rg’0727t + (7"0R01 + T1R10> Z RtiIlejoilit
t=1 t=1
+ TlR{fl.
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Because 1o, Ropg < 1, it follows that Z; < Zl, and hence ¢; < 0. Furthermore, Lemma 21
implies that ry, Ry > 1 — 2p. By noting that R}, " > RE; ™ for t > 1, it follows that

Zy > (1=20)"2, > (1—2pT)7;.
For Ry, = 1 we have Rjp = 0and Z, = r, + (T — 1)Rp;. For Ry; < 1, we observe that

. R R
Zy < (T —1)Ryn——p— + (T — 1)Roy + 11—

1— Rn 1 - Rll
< (1+W) (m (T - 1)301),

+7’1

where W = 11%;%011' We note that W = Z,(Geo(P11)|| Geo(Q11)) equals the Hellinger sum of

two geometric distributions, and therefore, W € (0, 1]. Therefore, 21 < 2pT, and it follows
that

Zl 2 Zl — 2pTZl 2 Zl —4(pT>2
Hence |e;| < 4(pT)? for both Ry; < 1and Ry; = 1.

We may now conclude that
Za(fllg) = Zo+Z1+¢,

where
€] < eo| + |er] + le2] < 14(pT)>.

(iv) Next, Taylor’s approximation (Lemma 24) shows that log(1 — t) = —t — ¢’ where
0 < ¢ < 2t?for 0 <t < L. By applying this with ¢ = 1 — Z,(f||g), and noting that | J;| < p
implies 0 < ¢ < 3pT + |¢'| < 4pT, we find that

1 1 > 7 / '
Da(fllg) = m(l—Za(ng)JFE//) = m<1—Zo—Z1—6 +e’).

The claim about the error bound follows after noting that

€+ [€"] < 14(pT)* + 2(4pT)* < 46(pT)>.

(v) Finally, let us simplify Z, + Z;. When Ry, < 1, by applying formulas ZtT:*lQ(T e
DR = (1-Ru)™! ((T 1) -3, Rif) and R, = 1— (1 - Ru) X,_, Ri;* we find
that

T
Zl =7r+ WR(H(T — 1) — (1 - W) (Tl(l - Rll) - ROI) ZRi;Q
t=2

Hence,
T
ZO -+ Z1 =1- (’ﬁl -1+ Z Jt) R (445)
t=2

where the expression of J; coincides with the one in the statement of the theorem. When
Rn - 1, we find that Jt == R01 - R()l. [l
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4.4.2 High-order Rényi divergences

The following result provides an upper bound on the Rényi divergence of order o > 1 between
path probability distributions of binary Markov chains defined by (4.4.1).

Proposition 14. Assume that ’lj—ll, %, % < M forsome M > 1,Q1 > 0, and v1,Qo1 < p

for some p < % Then the Rényi divergence of order 1 < ov < 0o is bounded by

2

pT—|— pTZAt

2c0
Da(fllg) < -

1
(4.4.6)
[T/2] ;T
4 (M?**pT) t—
At
+a—122 (j—2)!Z j—l
where A = P2 Q17 “. Furthermore, when A < 1,
2 1 M2a
Do (fllg) < ot CpTe SOPT withC = — (4.4.7)
a— _

Proof Recall that D, (f||g) all logZ where Z = > ¢.(fs/9:)" Because 11 < p with
p < =, we find that “0 < -
shows that £t gg <1 + 2p. Because 1-— xl + Too < T it follows that

o () ) ) () ) ()
gz 1) n Qoo Qo Q1o Qn

1

< (1 + Qp)TMx1+xo1+x1o (&)

Q11

Observe also that g, < 17" Q' Q1}' < p™ 01 Q7". Therefore,

7 < (1 4 2p)OéTZpI1+I01 A]\4Ot(l‘1-i-9601-&-9610)A96117

< p, the same argument

where A = PAQ1;“. By recalling that x,, = 21 + 10, = 719+27r and ||z|| = 21 + 201 + 21, =

x10 + 11 + 7, we find that x1 + x¢; + x19 = 22n — 27 < 224, and 217 = ||z|| — 2on. Hence
[T/2]
7 < (1 + Zp)aTmeonMQOzmonAnwu—wou — (1 + 2p)aT Z Sj (448)
T 7=0
where

S; = (M*)p) Zcﬂ/\ =

and c;; is the number of paths z € {0,1}” contammg Ton = j on-periods and ||z|| = t ones.
Because there is only one path containing no ones, and this path has no on-periods, we find
that Sy = 1. By noting that log(1 + t) < ¢, it follows from (4.4.8) that

2c 1
T S.. 449
— T+ — d s (4.4.9)

Da(fllg) < -
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Because c¢;; < T for all t, we se that

T-1
Si < M*pT > A" (4.4.10)
t=0
For j > 2, Lemma 20 implies that c;; = Z;bzo (;j) (jT__;:;) < 4(].2)! (;:i), and we find that
ST

(M?*pT)’ (t — 1) .

S; < 44— ) A (4.4.11)
! (7 —2)! tz_; j—1

Inequality (4.4.6) follows by substituting (4.4.10)—(4.4.11) into (4.4.9).

Assume next that A < 1, and denote C' = ¥ By replacing 7' — 1 by infinity on the right
side of (4.4.10), it follows that S| < C)pT. By a geometrlc moment formula (Lemma 23), we
find that

T )

> (t. ~ 1)A”‘ <) <t. ~ 1>A” = (1-A)7
< \Jj—1 < \j—1

t=j t=j

Then (4.4.11) implies that

[T/2] T/ 21

ZS <4Z

Now it follows by (4.4.9) that

< 42 chfj;))j' = 4(CpT)%eT.

Jj=2

2 CpT  4(CpT)?

Do(fllg) < ~

a—1 a—1

Therefore,

(o —1)Do(fllg) CpT 20 CpT
< 14+4CpTe*? — +14+4CpT P
CoT < C’ + +4CpTe =\ +14+4CpT | e

Because 22 + 14+ 4Cp < (22 +1) (1 +4CpT) < (22 + 1) €*°?T, we conclude that

0= 1Dls) ¢ (20, o

Because C' > 1, we see that %‘)‘ +1 < 2a+1, and (4.4.7) follows. O]
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4.4.3 Additional lemmas

Lemma 23. For any integer j > 1 and any real number 0 < q < 1, we have

i (’f> T = (1= )G,

k=j

Proof. Denote the falling factorial by (z); = z(z —1)--- (x —j+1) andlet f(q) = (1—¢)*
Then the j-th derivative of f equals f\9)(q) = j!(1 — ¢)~U*Y. Because f(q) = Y roy ", we
find that the j-th derivative of f also equals ).~ (k) ;4"77. Hence the claim follows. ]

Lemma 24. (i) Fort > 0,log(1 +¢) = t — €; where0 < ¢; < %tz. (ii) For 0 < 1,

<t

log(1 —t) = —t — €3 where ) < €3 < ﬁ, and especially, 0 < e; < 2t% for0 <t < %

Proof. (i) By taking two derivatives of ¢ — log(1 + t), we find that log(1 + ¢) = ¢ — ¢; with
= [0 [3(1 + u)"2duds.

(i) Similarly, we find that log(1 — t) = —t — e; with &, = [ [o'(1 — u)~2duds. O

Lemma 25. Forany() < z < l and a > 0, the error term in the approximation (1 — z)* =
1 — ax — r(x) is bounded by ]r( )| < 2“1 Aol 422, Moreover, r(z) > 0 whena > 1.

Proof The error term in the approximation f(x) = f(0) + f(0)x + r(z) equals r(x) =
Iy fo f"(s)dsdt and is bounded by |r(z)| < ica? with ¢ = maxg<,<1/2 | f”(z)|. The function
f(x) = (1—2)%satisfies f(0) = 1 and f'(0) = —a, together with f”(z) = a(a—1)(1—xz)*2.
The claims follow after noticing that

(% -1 for0 <a <2
max (@) = |G =Faa—1l foro<a<2
0<2<1/2 1"(0) = (a —1) fora > 2.

]

Lemma 26. Fix0 < § < 1. Then the error term in the approximation /1 —x =1 — sz — ¢(x)
satisfies 0 < e(x) < cx? forall0 < x < 6, where c = £(1 — 0)73/2,

Proof Consider Taylor’s approximation f ( ) = f(0) + f(0)z + r(z) where the quantity
=I5 fo f"(s)dsdt is bounded by f¢2? < r(x) < 3ea? with ¢; = ming<,<s f(2) and

o = maxogxg(;f ( ). The function f( ) = (1 — x)"/? satisfies f(0) = 1 and f'(0) = —1,
together with f”(z) = —1(1 — 2)™%/2. Now ¢; = —1(1 — 2)™? and ¢, = —1 < 0. Hence
= —r(x). O

the claim is true with €(x)
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Graph-based semi-supervised learning methods combine the graph structure and labelled
data to classify unlabelled data. In this Chapter, we study the effect of a noisy oracle on classi-
fication. In particular, we derive in Section 5.1 the Maximum A Posteriori (MAP) estimator for
clustering a Degree Corrected Stochastic Block Model (DC-SBM) when a noisy oracle reveals
a fraction of the labels. We then propose an algorithm derived from a continuous relaxation
of the MAP, and we establish its consistency in Section 5.2. Numerical experiments in Sec-
tion 5.3 show that our approach achieves promising performance on synthetic and real data
sets, even in the case of very noisy labelled data.
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5.1 MAP estimator in a noisy semi-supervised setting

5.1.1 Problem formulation and notations

A homogeneous degree corrected stochastic block model (DC-SBM) is parametrized by the num-
ber of nodes n, two class-affinity parameters p;,, pous, and a pair (6, Z) where 6 € R™ is a vec-
tor of intrinsic connection intensities and Z € {—1,1}" is the community labelling vector.
Given (Pin, Pout, ¢, Z), the graph adjacency matrix A = (a;;) is generated as

Ber (QZHme) if Zz = Zja

Aij = Aji ~ { Ber (0:6,pout) otherwise, (5.1.1)

for i # j, and A;; = 0. We assume throughout the paper that Z; ~ Uni ({—1, 1}), and that
the entries of # are independent random variables satistying 6; € [fmin, Omax] With E6; = 1,
Omin > 0, and 6% max(pin, pows) < 1. In particular, when all the 6;’s are equal to one, the

model reduces to the Stochastic Block Model (SBM):

Ber (pin) lf Zz = Zj,

Aij = Aji ~ { Ber (pout) otherwise. (5.1.2)

In addition to the observation of the graph adjacency matrix A, an oracle gives us extra
information about the cluster assignment of some nodes. This can be represented as a vector
s € {0, —1,1}", whose entries s; are independent and distributed as follows:

Z; with probability 7y,
S; = —7Z; with probability 1, (5.1.3)
0 otherwise.

In words, the oracle (5.1.3) reveals the correct cluster assignment of node ¢ with prob-
ability n; and gives a false cluster assignment with probability 7ny. It reveals nothing with
probability 1 — 1; — ng. The quantity P (s; # Z; | s; # 0) is the rate of mistakes of the oracle
(i.e., the probability that the oracle reveals a false information given that it reveals something),
and is equal to 79/ (11 + ). The oracle is informative if this quantity is less than 1/2, which is
equivalent to 7; > 1. In the following, we will always assume that the oracle is informative.

Assumption 2. The oracle is informative, that is, 7; > 7.

Given the observation of A and s, the goal of clustering is to recover the community
labelling vector Z. For an estimator Z € {—1,1}" of Z, the relative error is defined as the
proportion of misclustered nodes

1(2.2) - 131 (2 2 2). 514
=1

Note that, unlike unsupervised clustering, we do not take a minimum over the permutations
of the predicted labels since we should be able to learn the correct community labels from the
informative oracle.
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ALMOST EXACT RECOVERY IN NOISY SEMI SUPERVISED LEARNING

Notations Given an oracle s, we let ¢ be the set of labelled nodes, thatis ¢ := {i € V : 5; #
0}, and denote P the diagonal matrix with entries (P),, = 1if ¢ € £, and (P),, = 0 otherwise.

The notation /,, stands for the identity matrix of size n x n, and 1,, (resp. 0,,) is the vector
of size n x 1 of all ones (resp. of all zeros).

For any matrix A = (ai;);(, jepn and two sets S C [n], T' C [m], we denote Agy =
(ij);e s jer the matrix obtained from A by keeping elements whose row indices are in S and
column indices are in T'. We denote by ||z|| the Euclidean norm of a vector = and by || A|| the
spectral norm of a matrix A € R™*"™. Finally, A ® B refers to the entry-wise matrix product

between two matrices A and B of the same size.

5.1.2 MAP estimator of semi-supervised recovery in DC-SBM

Given a realization of a DC-SBM graph adjacency matrix A and the oracle information s, the
Maximum A Posteriori (MAP) estimator is defined as
ZMAP — argmaxP(z | 4, s). (5.1.5)
ze{-1,1}"
This estimator is known to be optimal (in the sense that if it fails then any other estimator
would also fail, see e.g., [[ba99]) for the exact recovery of all the community labels. Theorem 9
provides an expression of the MAP.

Theorem 9. Let G be a graph drawn from DC-SBM as defined in (5.1.1) and s be the oracle
information as defined in (5.1.3). Denote M = (Fy — Fy) ® A+ Fyy, where [{) = (f.@) and

k= <fl(]1)> such that fi(;) = log% fora € {0,1}. The MAP estimator defined

in (5.1.5) is given by

ZMAP — argmin <ZTMZ + log (@) Pz — s]|2> : (5.1.6)
ze{-1,1}" Mo
For a perfect oracle (19 = 0) this reduces to
ZMAP argmin 27 Mz. (5.1.7)
ze{-1,1}"
Zp=8yp

The proof of Theorem 9 is standard and postponed to Section 5.4.1. We note that, despite
being a priori standard, this result did not appear previously in the literature (neither for the
standard SBM nor for the perfect oracle).

The minimisation problem (5.1.6) consists of a trade-off between minimising a quadratic
function 27 Mz and a penalty term. This trade-off reads as follows: for each labelled node
such that the prediction contradicts the oracle, a penalty log (%) > 0 is added. In particular,
when the oracle is uninformative, that is 17; = 7, then this term is null, and Expression (5.1.6)

reduces to the MAP for unsupervised clustering.

The following Corollary 1, whose proof is in Section 5.4.1, provides the expression of the
MAP estimator for a standard SBM.
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Corollary 1. The MAP estimator for semi-supervised clustering on SBM graph with p;, > Pout
and with an oracle s defined in (5.1.3) is given by

ZMAP — arg min (=" (A=71L,1) 2+ X || P2 — 5”3) , (5.1.8)
ze{-1,1}"
1 — Mou
log (=) tog (1)
— Pin Mo .
where 7 = and M\ = . For the perfect oracle, this
IOg (pm(]- - pout)) 10g <p1n(1 - pout)) P f
Pout (1 — Pin) Pout (1 — Din)
reduces to
ZMAP = argmin (27 (—A+71,17) 2). (5.1.9)
ze{-1,1}"
Z¢=Syp

5.2 Almost exact recovery using a continuous relaxation

As finding the MAP estimate is NP-hard [WW93], we perform a continuous relaxation (Sec-
tion 5.2.1). We then give an upper bound on the number of misclustered nodes in Section 5.2.2.

5.2.1 Continuous relaxation of the MAP

For the sake of simplicity, we focus on the MAP for SBM, i.e., minimisation problem (5.1.8).
We perform a continuous relaxation mirroring what is commonly done for spectral meth-
ods [New13], namely

A

X = argmin (—z"A;z+ A(s — P2)" (s — Pz)), (5.2.1)
EeRr™
> fo?:Zi Ki
where A, = A—71,17 and k = (k1, ..., k,) is a vector of positive entries. For the simplicity
of the derivations, we choose to constrain x on the hyper-sphere ||z||> = n by letting x; = 1,
but other choices would lead to a similar analysis. In particular, in the numerical Section 5.3
we will compare this choice with a degree-normalization approach (k; = d;).

We further note that for the perfect oracle the corresponding relaxation of (5.1.9) is

A

X = arg min (—a:TATx) . (5.2.2)
zeR™
Tp=58y
[[z]|*=n

Given the classification vector X € R", node i is classified into cluster Z; € {—1,1} such
that

8 { 1 if X; >0, (5.23)

/. =
! —1 otherwise.

Let us solve the minimisation problem (5.2.1). By letting 7 € R be the Lagrange multiplier
associated with the constraint ||z||> = n, the Lagrangian of the optimization problem (5.2.1) is

—2" Az + M(s — Px)" (s — Pz) — v (z"z — n).
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This leads to the constrained linear system

{ (—A; + AP —~L,)x = s,

5.2.4
eTx = n, (5.2.4)

whose unknowns are v and .

While [MC21] let v to be a hyper-parameter (hence the norm constraint 27z = n is
no longer verified), the exact optimal value of v can be found explicitly following [GGV89].
Firstly, we note that if (71, x1) and (s, x2) are solutions of the system (5.2.4), then

Clar) = Claz) = P2 flay — o

where C(z) = —2T A,z + X\(s — Pz)" (s — Px) is the cost function minimised in (5.2.1).
Hence, among the solution pairs (v, z) of the system (5.2.4), the solution of the minimisation
problem (5.2.1) is the vector x associated with the smallest .

Secondly, the eigenvalue decomposition of — A, + AP reads as
_AT + AP = QAQTa

where A = diag(dy,...,d,) with §; < --- < 6, and QT Q = I,,. Therefore, after the change
of variables u = QT x and b = A\Q' s, the system (5.2.4) is transformed to

{ Au = yu+b,

UTU = n.

Thus, the solution X of the optimization problem (5.2.1) verifies
(A, + AP — 4, 1,) X = )s, (5.2.5)

where 7, is the smallest solution of the explicit secular equation [GGV&9]

n bl 2
> (5‘ ) —n = 0. (5.2.6)

im1 N0

We summarize this in Algorithm 3. Note that for the sake of generality we let A and 7 be hyper-
parameters of the algorithm. If the model parameters are known, we can use the expressions
of A and 7 derived in Corollary 1. The choice of A and 7 is further discussed in Section 5.3.

5.2.2 Ratio of misclustered nodes

This section gives bounds on the number of unlabelled nodes misclassified by Algorithm 3.
We then specialize the results for some particular cases.

Theorem 10. Consider a DC-SBM with a noisy oracle as defined in (5.1.1),(5.1.3). Let d =
5 (PintPout) and & = 5 (Pin—Pout ). Suppose that T > poys, and let Z be the output of Algorithm 3.
Then, the proportion of misclustered unlabelled nodes verifies

9 B 2
L(Zu,Zu) S C(pln +pout> Oé+)\ 1 .
Pin — Pout A (771 + 770) (771 - 770) d
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Algorithm 3: Semi-supervised learning with regularized adjacency matrix.

Input: Adjacency matrix A, oracle information s, parameters 7 and .
Procedure:
Let v* be the smallest solution of Equation (5.2.6).
Compute X as the solution of Equation (5.2.5).
fori=1...ndo
ZZ- = sign (Xz)
end for

A

return 2.

The core of the proof relies on the concentration of the adjacency matrix towards its expec-
tation. This result, as presented in [LLV17], holds under loose assumptions: it is valid for any
random graph whose edges are independent of each other. To use this result for d = 0( log n),
one need to replace the matrix A, by A. = A'—71,1%, where A’ is the adjacency matrix of the
graph obtained after reducing the weights on the edges incident to the high degree vertices.
We refer to [LLV17, Section 1.4] for more details. This extra technical step is not necessary
when d = Q(logn). Moreover, concentration also occurs if we replace the adjacency matrix
by the normalized Laplacian in Equation (5.2.5). In that case, we obtain a generalization of the
Label Spreading algorithm [Zho+04], [CSZ06, Chapter 11].

In the following, the mean-field graph refers to the weighted graph formed by the expected
adjacency matrix of a DC-SBM graph. Moreover, we assume without loss of generality that the
first 7 nodes are in the first cluster and the last § are in the second cluster. Therefore, EA =

ZBZT with B = (p P °“t> and 7 = (1”/ 2 Ony 2) . In particular, the coefficients 0,
Pout  Pin 0n/2 ]-n/2

disappear because Ef; = 1. We consider the setting where diagonal elements of EA are not

zeros. This accounts for modifying the definition of DC-SBM, where we can have self-loops

with probability p;,. Nonetheless, we could set the diagonal elements of EA to zeros and our

results would still hold at the expense of cumbersome expressions. Note that the matrix EA

has two non-zero eigenvalues: d = nfatPest and o = pRaPost,

Proof of Theorem 10. We prove the statement in three steps. We first show that the solution
X of the constrained linear system (5.2.4) is concentrated around the solution  of the same
system for the mean-field model. Then, we compute z and show that we can retrieve the
correct cluster assignment from it. We finally conclude with the derivation of the bound.

(i) Similarly to [AKL18] and [AD19], let us rewrite equation (5.2.5) as a perturbation of a
system of linear equations corresponding to the mean-field solution. We thus have

(IEZE~ + Af) (:TU + Ax) = \s,

where £L = —A, + \P — Vol p, A = X —7and AL := L — EL.

We recall that a perturbation of a system of linear equations (A + AA)(x 4+ Ax) = bleads
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to the following sensitivity inequality (see e.g., [H]12, Section 5.8]):

[ Azl |AA]
< "Q(A)—7

] 1Al
where ||.|| is the operator norm associated to a vector norm ||.|| (we use the same notations
for simplicity) and x(A) := ||[A7!]| - ||A]| is the condition number. In our case, the above

inequality can be rewritten as follows:
X-z H -1 .
SR S H(Eﬁ) -HAc( , (5.2.7)
z

employing the Euclidean vector norm and spectral operator norm. The spectral study of E £
(see Corollary 4 in Section 5.4.2) gives:

H(Ew”)_l

where t; is defined in Corollary 4 in Section 5.4.2 and 4, is the solution of Equation (5.2.6) for
the mean-field model. Lemma 28 in Section 5.4.2 leads to

H(Eﬁ)l

The last ingredient needed is the concentration of the adjacency matrix around its expec-
tation. We have

1 1
min {|A\[: A€ Sp(EL)} 15 =7

1

< .
T Ata

(5.2.8)

L—EL

| < 16w =) Ll +A=E Al < |7 =5 [+ A-EA].

Proposition 16 in Section 5.4.2 shows that

_ 27 (@ + \)° -
|y =] < [ 1+ __|Va
V2 F mo(m — no)a2A

Moreover, when d = (2(logn), it is shown in [FO05] that |[A—E A|| = O <\/5> Ifd =
o(logn), the same result holds with a proper pre-processing on A, and we refer the reader to
[LLV17] for more details. To keep notations short, we will omit this extra step in the proof.
Using this concentration bound, we have

o] < (e ) VA
(C,+£) (A +a)? Vd
a2\ F o (m—mno)

V2
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for some constant C’. Let C = C" + 2—72 By combining the above with inequality (5.2.8), the
inequality (5.2.7) becomes

X - IZ‘H A+ a)? d
| ia) vd . (5.2.9)
1z a?A /m =+ o (m — o)
(ii) Node 7 in the mean-field model is correctly classified by decision rule (5.2.3) if the sign
of z; equals the sign of Z,. Corollary 5 in Section 5.4.3 shows that this is indeed the case for
the unlabelled nodes.

(iii) Finally, for an unlabelled node i to be correctly classified, the node’s value X, should
be close enough to its mean-field value z;. In particular, the part (ii) shows that if | X; — 7]
is smaller than some non-vanishing constant 3, then an unlabelled node ¢ will be correctly

classified. An unlabelled node ¢ is said to be 5-bad if ‘Xz — ;| > 3. We denote by Ss the set of

[B-bad nodes. The nodes that are not (3-bad are a.s. correctly classified, and thus L (Zu, Zu) <

1Ss]
=,

~ 2 ~
From HX—fH > > ‘XZ- —T;

2 . 2
, it follows that HX - :EH > |S5| x 2. Thus, using
i€S3

inequality (5.2.9) and the norm constraint ||Z||* = n, we have

1 C a+ix ~\°
< | =
|SB‘ — ﬁQ (nl_no 6[)\ \/C_l> nu

for some constant C'. We end the proof by noticing that 4 — Pintpout O
[e7 Pin —Pout

Corollary 2 (Almost exact recovery in the diverging degree regime). Consider a DC-SBM such
thatd > 1, ﬁiﬁf—ﬁiﬁﬁ = O(1), and \/no + m(m —no) > \%J. Suppose that T > poy, and X 2 a.
Then, Algorithm 3 correctly classifies almost all the unlabelled nodes.

Proof. With the corollary’s assumptions (1, —19)d — +o00 and 2 = O(1), by Theorem 10
the fraction of misclustered nodes is of the order o(1). O

The quantity (1; — 79)n is the expected difference between the number of nodes correctly
labelled and the number of nodes wrongly labelled by the oracle. In particular, Corollary 2
allows for a sub-linear number of labelled nodes since 79 and 7; can go to zero.

Corollary 3 (Detection in the constant degree regime). Consider a DC-SBM such that p;, = “*

and pous = “* where ciy, Couy are constants. Suppose that \/mg + 0 (1 — no) is a non-zero
L 2

constant, and let T > 2poy; and X 2 1. Then, for {6in —cou)” bigger than some constant, w.h.p.

Cin+Cout
Algorithm 3 performs better than a random guess.

Proof. According to Theorem 10, the fraction of misclustered nodes is smaller than % when

(Cin_Cout)2 20 (54+>\
Cin~+Cout (m—mo)? A

is larger than )2, which is lower bounded by a constant. O]
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(Cin 7Cout)z

The quantity "=~ can be interpreted as the signal-to-noise ratio. It is unfortunate
that Corollary 3 does not allow us to control the constant in the statement of the corollary.
This constant comes from concentration of the adjacency matrix. Similar remarks were made
in [LLV17] for the analysis of spectral clustering in the constant degree regime for SBM graph.

5.3 Numerical experiments

This section presents numerical experiments both on simulated data sets generated from DC-
SBMs and on real networks. In particular, we discuss the impact of the oracle mistakes (defined
by the ratio no’fm) on the performance of the algorithms. The code for the simulations is
available on github at https://github.com/mdreveton/ssl-sbm.

Choice of A and 7 Let us denote by 0; and o5 the largest and second largest eigenvalues

n
f A. We ch Sy d)N = —2u _ifp, £ 0,and A = 2500 otherwi
(6} . € cnhoose 7T — 5(014—0'2) an = Wl Mo 7é , an = WO erwise.

o1-02 o102

The heuristic for this choice is as follows. For a SBM graph, we have 0, ~ 7 (Pin + Pout)
and 0y & (P — Pout), hence %(01 + 03) = 2P > Pout, and 7 verifies the condition of

m log n

Theorem 10. For A\, we have ——2— ~ 20 which is indeed close to the expression of A
log Z1t72 log Pin_
o1—09 Pout

derived in Corollary 1 if piy, pout = 0(1).

Choice of relaxation We first compare the choice of the constraint in the continuous re-
laxation (5.2.1). Specifically, we compare the choice Y, z7 = n (we refer to as standard re-
laxation) versus Y, d;z? = 2|E| ('we refer to as degree-normalized relaxation). This leads to
two versions of Algorithm 3, whose cost obtained on SBM graph with a noisy oracle is pre-
sented in Figure 5.1. In particular, we observe that the normalized choice leads to a smaller
cost. Therefore, in the following we will only consider the version of Algorithm 3 solving
the relaxed problem (5.2.1) with constraint Y, d;z7 = 2|E| instead of ), 7 = n, as it gives
better numerical results.

[ —{— standard
—2200 S~ normalized

-2300 e
AN

—2400 N

Cost

—2500 ‘ﬁ

—2600

0.035 0.040 0.045 0.050
pin

Figure 5.1: Cost in Algorithm 3 with the standard and normalized versions of the constraint,
on 50 realizations of SBM with n = 500, poy; = 0.03 and 50 labelled nodes with 10% noise.

Experiments on synthetic graphs We first consider clustering on DC-SBM. We set n =
2000, p;n, = 0.04 and pyy; = 0.02. We consider three scenarios.
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« In Figure 5.2a we consider a standard SBM (6; = 1 for all 7);

« In Figure 5.2b we generate 6; according to |N'(0,0?%)| + 1 — 0+/2/7 where |N (0, 0?)]
denotes the absolute value of a normal random variable with mean 0 and variance 2.
We take 0 = (0.25. Note that this definition enforces [Ef; = 1.

« In Figure 5.2c we generate 0; from Pareto distribution with density function f(z) =
@ 1(x > m) with a = 3 and m = 2/3 (chosen such that E¢; = 1).

We compare the performance of Algorithm 3 to the algorithm of [MC21] (referred to as Cen-
tered Similarities) and the Poisson learning algorithm described in [Cal+20]. Results are shown
in Figure 5.2. We observe that when the oracle noise is low, the performance of Algorithm 3
is comparable to Centered Similarities. But, when the noise starts to be non-negligible, the
performance of Centered Similarities deteriorates, while the accuracy of Algorithm 3 remains
high. We notice that Poisson learning gives poor result on synthetic data sets.

1.0 p— 1.0 1.0 S
09 >.0.9 5,09
9) &) ()
Cos Cos Cos
-] - =] - =] _
9 i ! e So7{ -
< 0.7 —{— Algorithm 3.1 < 0.7 —|- Algorithm 3.1 <C ' | -~ Algorithm 3.1
Centered similarities | ~~._ Centered similarities ~ ~~.__ Centered similarities ~~-_
0.6 —|~ Poisson learning S~ 0.6 —|~ Poisson learning T~s - 0.6 —{— Poisson learning T
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
Oracle-misclassification ratio Oracle-misclassification ratio Oracle-misclassification ratio
(a) SBM (b) Normal Degree (c) Pareto Degree

Figure 5.2: Average accuracy obtained by different semi-supervised clustering methods on
DC-SBM graphs, with n = 2000, pi, = 0.04 and p,y; = 0.02 with different distributions for
. The number of labelled nodes is equal to 40. Accuracies are computed on the unlabelled
nodes, and are averaged over 100 realisations; the error bars show the standard error.

Experiments on real data As a real-life example, we perform simulations on the standard
MNIST data set [LCB98]. As preprocessing, we select 1000 images corresponding to two
digits and compute the k-nearest-neighbors graph (we take k¥ = 8) with gaussian weights
w;; = exp (—||z; — x;]|*/s?) where x; represents the data for image i and s; is the average
distance between z; and its K -nearest neighbors. Accuracy for different digit pairs is given
in Figure 5.3. While the performance of Poisson learning is excellent, it can suffer from the
oracle noise, while the accuracy of Algorithm 3 remains unchanged.

To further highlight the influence of the noise, we plot in Figure 5.4 the accuracy obtained
by the three algorithms on the unlabelled nodes, the correctly labelled nodes, and the wrongly
labelled nodes. We observe that the hard constraint X, = s, imposed by Centered Similarities
forces that the correctly labelled nodes to be correctly classified, while the wrongly labelled
nodes are not classified much better than a random guess. In an extremely noisy setting,
this heavily penalizes the unlabelled nodes’ accuracy. On the contrary, Algorithm 3 allows
for a smoother recovery: the unlabelled, correctly labelled, and wrongly labelled nodes have

94



ALMOST EXACT RECOVERY IN NOISY SEMI SUPERVISED LEARNING

1.0 P —— 1.0 p— 1.0 ———
~ == ~o -
>, 0.9 5,09 5,09 ~q
% —{= Algorithm 3.1 % —{= Algorithm 3.1 % —{= Algorithm 3.1
5 08 Centered similarities S 0.8 Centered similarities S 0.8 Centered similarities
8 0.7 —{— Poisson learning 8 0.7 —{— Poisson learning 8 0.7 —{— Poisson learning
< < <
0.6 0.6 0.6
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
Oracle-misclassification ratio Oracle-misclassification ratio Oracle-misclassification ratio
(a) Digits (2,4). (b) Digits (3,6). (c) Digits (7,8).

Figure 5.3: Average accuracy obtained on a subset of the MNIST data set by different semi-
supervised algorithms as a function of the oracle-misclassification ratio, when the number
of labelled nodes is equal to 10. Accuracy is averaged over 100 random realizations, and the
error bars show the standard error.

roughly the same classification accuracy. While some correctly labelled nodes are misclassi-
fied, many wrongly labelled nodes become correctly classified, and the unlabelled nodes are
better recovered. Finally, Poisson learning lies between these two extreme cases: its accuracy
on the unlabelled nodes is excellent, but it fails at correctly classifying the wrongly labelled
nodes.

1.0 — 1.0 = —

{

0.9 ] % ?
> T > 0.9 > 0.9 :
©0.8 5 © 0.8 © 0.8
3 g Sor|
é,:) 0.7 2 0.7 o g 0.7
0.6 0.6 ; ; 0.6 \—I‘
0.5 T T 0.5
unlabeled correctly wrongly unlabeled correctly wrongly unlabeled correctly wrongly
labeled labeled labeled labeled labeled labeled
(a) Algorithm 3. (b) Centered Similarities. (c) Poisson learning.

Figure 5.4: Average accuracy obtained on the unlabelled, correctly labelled, and wrongly la-
belled nodes by the oracle. Simulations are done on the 1000 digits (2,4). The noisy oracle
correctly classifies 24 nodes and misclassifies 16 nodes, and the boxplots show 100 realiza-
tions.

5.4 Additional proofs

5.4.1 Derivation of the MAP

Proof of Theorem 9. Bayes’ formula gives P(z | A, s) < P(A |z, s) P(z | s), where the propor-
tionality symbol hides P(A | s)-term independent of z.
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The likelihood term can be rewritten as follows:

Pin 11— eiejpout)aij < 1 - eiejpin )
Alzs) = P(A — T UYiPm )
( ‘ ) ’ g (pout 1— eiejpin 1- eiejpout

Qa;q
where the proportionality hides a constant C' = [] <%) J (1 — 6;0;pout) independent
1<J

of z. Hence,

logP(A]z,8) = 10g(]+%21< £ 2 )((f(l) f0>aw f(0)>

e L3I (1) ) 1)

1,j=1

1
= logC' — ZxTMx. (5.4.1)

for some constant C’ and M = (F; — Fy) © A+ Fo.

The oracle information, given by the term P(z | s), is equal to

Pe1s) = [ B

i=1

m ‘{ie[: Zi=Si} o |{i€€: ZiF#Si} 1\"
N (771+?70) (771+770) (5)
}{ieﬁ: Zi#Si} ‘K‘ n
70 m 1
— (R - 5.4.2
(771) (771+770) <2> (42

where we used |{i € (: z; = s;}| + |{i € €: 2z # s;}| = |¢] in the last line. Noticing that

n

fiet:nsts = 13 (P — s = {(Pz—s) (P2—s),

=1

yields
o 1 T 2 ’
logP(z]s) = —Z—llog ) Pz —s||” + C, (5.4.3)
0

where (' is a term independent of 2.

If ng # 0, the combination of Equations (5.4.1) and (5.4.3) with Bayes’ formula gives Ex-
pression (5.1.6). If o = 0, then from Equation (5.4.2) the term P(z | s) is non-zero (and con-
stant) if and only if z; = s, for every labelled node i € [¢], and we obtain Expression (5.1.7). [

Proof of Corollary 1. The proof follows from Theorem 9 and the fact that fz(J = log 1= - p - and
f — 1 g Din_ D

pout
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5.4.2 Lemmas related to mean-field solution of the secular equation

Spectral study of a perturbed rank-2 matrix

Lemma 27 (Matrix determinant lemma). Suppose A € R" is invertible, and let U,V be twon
by m matrices. Then det(A + UVT) = det Adet(I,, + VTAU).

: A U A 0 I —A7WU
Proof. We take the determinant of (VT 7 ) = (VT [) . <0 I yTA- U) and by the

Schur complement formula [H]12, Section 0.8.5], det (‘;41, _]U> = det [ det (A +U VT).

O]
cos T a b\ . . 1n/2 On/2
Proposition 15. Let M = ZBZ", where B = isa2x2 matrix, and Z =
b a Ons2 1ns2

is an n X 2 matrix. Let m be an even number. We denote by P, the n X n diagonal ma-
trix whose first 7 and last 3 diagonal elements are ones, all other elements being zeros. Then,

det <t[n + AP, — M) = N2 — ) — ) (=) (t — t5) with

= %(g(aer)—/\:I:\/<)\+g(a+b)>2—2(a+b))\m>,

= %(g(a—b)—)\i\/<)\+g(a—b)>2—2(a—b))\m>.

Proof. For now, assume that t # —X and t # 0. Then, tI, + \ P, is invertible, and by
Lemma 27,

det (tln AP — M) = det(t, + A\P;) det <12 + 2T, + /\Pg)_l(—ZB)>

= (t+ N det (12 — 2T, + APE)‘lZB>. (5.4.4)
Moreover,
1 1 1 1 A
tl, + \P, = —(I,— P, P = -1, — ———Pr.
(thn + A Pr) i )+t = tt+A) "~
Therefore, we can write
_ 1 A 1n Aom
ZT(tI, +\P:) 'ZB = ~Z77ZB — Z'P.ZB = ——B — —B = zB
(tn + A Pr) / tt+N" t27  HtEN 2 e
n 1 m . . .
where © (= — <t + A (1 - —>> Thus, a direct computation of the determinant
2t(t+ ) n

gives

det <12 — ZT(t, + A Pﬁ)*lzB) - (1 — a(a+ b)) (1 ~a(a— b)).
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Going back to equation (5.4.4), we can write
et (1, + APz = M) = (£ X" """ 2Py (1) Py(0), (5.4.5)

with Py(t) = t(t+X) — 2(a+0b) (t+A(1—2)) and Pa(t) = t(t+ ) — Z(a—b) (t+ A(1—2)).
Since t € R > det(tl, + AP, — M) is continuous (even analytic), expression (5.4.5) is also
valid for t = 0 and t = —\ [AFH13]. We end the proof by observing that

Pi(t) = (t—t{)(t—t;) and  By(t) = (t—13)(t—ty),
where t and ti are defined in the proposition’s statement. [

Corollary 4. Let A be the adjacency matrix of a DC-SBM with pi, > pout > 0, and s be the
oracle information. Let \,7 > 0, and d, = 2 (Pin + Pout) — N7, & = 5 (Pin — Pout)- Let A :=
A— Tlnlg and P, be the diagonal matrix whose element (Pr);; is 1 if s; # 0, and 0 otherwise.
Then, the spectrum of EL = —EA, + AP —~1,, is {—7 —tE =y =t =y =y + X 0} , where

1/ - _ —
tf = §<dT—Ai\/(A+d7>2—4df”m+m)>’
+ L -\ A
ty = 5 a— A\t ()\—l—oz) —4a (n +mno) |-

in — out — 1n On .
Proof. Let M = <p T Pou T) and Z = ( /2 / 2). Then, we notice that EA, =
Pout =T Pin —T On/2 1n/2

ZMZ" and we can apply Proposition 15 to compute the characteristic polynomial of EL. For
z € R, det <E£~ — x[n> = det ((—’y—x)[n —IEAT+)\73> , whose roots are —”y—tli, —”y—ti,
—v,and —y + A ]

Estimation of 7,

Lemma 28. Let 7, be the solution of Equation (5.2.6) for the mean-field model. Then,

_55(1_2770) S ’_Y* S —a.

Proof. For A\ > 0, we denote by (Z,7.(\)) the solution of the system (5.2.4) on a mean-
field DC-SBM. The proof is in two steps. First, let us show that 4,(0) = —a and 7.(c0) =
—a(l — 2ny). For A = 0, the constrained linear system (5.2.4) reduces to an eigenvector
problem, and hence 7.(0) equals —a, the smallest eigenvalue of —[EA,. Moreover, when
A = 00, the hard constraint x, = 5, is enforced, and the system (5.2.4) becomes

{ (—EA, — 3:(0c0) )T = (EA.)weSe
'z, = n(l—mn—m)
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and we verify by hand that J,(co) = —a(1 — 27) together with z, = Z, is indeed the
solution.

Second, if we let C\(x) = —z'EA, 2+ \(5—Px)” (5—"Px) be the cost function minimised
in (5.2.1), then from equation (5.2.4) we have 7, (A1) — 7. (A\2) = C\, (T1) — Cy,(Z2) + 215 —
A\oT3'5. Since A +— C\(z) is increasing, then \; < ), implies Cy, (Z1) < C),(Z). Since
715 > 0 (if it was not the case, then C)(—Z)) < C\(Z,), and hence T, # arg min, g, C)\()),
we can conclude that 7, (0) < 7.()\) and that 7, (\) < 7.(c0). O

Concentration of v,

Proposition 16. Let vy, and 7, be the solutions of Equation (5.2.4) for a DC-SBM and the mean-
field DC-SBM, respectively. Then

_ 27 (@ + \)° -
e =3l < [ 1+ — V.
\/§v771 + 10(m — 10) %A

Proof. The gradient with respectto (01, ..., O, b1, ..., by, 7v) of the left-hand-side of Equation (5.2.6)

is equal to
2 = = - — = :
il =nd

o= L= (6 =) (6 — )
Thus, we have
A i b i b AS i b Ab; + 0 (AS;, Ab;)
y = _— 2 — = - a0 — = -8R0, To i, A0;) .
i=1 ((5@ - 7*)3 i=1 ((51 - 7*)3 i=1 (51 - 7*)2

Firstly, we see that for all i € [n], Ad; = |§; — &;| < ||[A—EA| < d by the concentration
of the adjacency matrix of a DC-SBM graph. Therefore, using this fact and 7, < §; < 5 <
e < B,

1 — —
A G2 D bl - 1bi — bl
min g2y XY
— 3 —_ —
- Inax; 5, — Y . bz : bz - bz
< a1 =2 Sl o =l

We notice that min; |§; — 7.| = d; — 7.. By using Lemma 28 and the expression of §; given in

Corollary 4, we have
min |0; — 7.| > a—+ A\

Similarly, max; |5i — Yl = Op — Fx = On — 01 + 01 — . Corollary 4 implies 5, = X\ and
o =1 ()\ —a— \/(/\ +a)® —4a\(n + 771)) ,thus §,,—0; < a+\. Hence, using Lemma 28,

w

max [0; — 7| < S (@+A).

\)

99



CHAPTER 5

Therefore, we have

=27 1bil - [bi — b,
|%—7A§'¢5+§%a+M-ZA£JP L (5.4.6)

The term w can be bounded as follow. Let Z = {i € [n]: b; # 0}. Then
E]mw@—mfg%¥m—@ygjw.
i 1€L
Combining the Cauchy-Schwarz inequality
[0 =8| = A|(@Q: = Q)"s| < A|Qu = Qull, - 181l
with the Davis-Kahan theorem [YWS15]

23/2 ||A IEAH
= min{& — 61,041 — 6;}

5] = /(170 + m1)n, and the concentration of A towards EA, yields

bz‘ < /\v<770+7]1>n _ ,23/2\/5'

max |b; — b;| < — = % %
i€l min;ez {(51- —0i—1,0i41 — 5¢}

Using Lemma 29, we see that Z = {i € [n] : §; € {0,¢; }}. Combining it with Corollary 4,
gives

m1n{5 z 1751—&-1_52'} = )\—f—t;

€L
a—+ A al
= (1—\/1—4m(7lo+m)>

04)\( o)
oz+)\770 n;

>

where we used /1 — x < 1 — x/2. Therefore,

1 o+ A
R = DI

By noticing that >, b2 > (3, |bi]) 2 > |by| - |bi] = v @% >, |bi| where we
used by > \/nB50 22 a)‘ (Lemma 29), we have

> [bi] - b = b 2% (a+N? /=2
— < d.
> b7 (m —no)\/m +n0)  *A

Going back to i . . . = 27(a+\)3 Vi
g back to inequality (5.4.6), implies that |y, — .| < I NN = OS>y d. O
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Lemma 29. Let —EAT + \P = QAQT, where A = diag (51, e ,5n) and QTQ = I,,. Denote

b= AQTs. We have b, > /n 1m0 ’712 10) Y5 Moreover, by =0ifd; =0orifd; = —t;.

_ 2
Proof. First, from Corollary 4, §; = —t§ = —3 (o‘z — A+ \/()\ + d) —4a (m + 770)) . By
symmetry, the i-th component of the first eigenvector Q.; (associated with d;) is equal to
(%1 Zz ifi € [g],
vo Z;  ifi &[],

where v; and v are to be determined. Thus, the equation (—EA, + AP) Q.; = §,Q.; leads to

a ((m +mno)vr + (1 —m1 — no)vo) = —t3 v
a((m+mno)vr+ (1 —m —no)vg) +Avy = —tgvy,

which, given the norm constraint ||v||s = 1, yields

1 t+
v =
! \/_\/m+no t*) +(1=m1—n0) (t5 +,\)
v _ +td +)
0 =

\/ﬁ\/(erno) t;) +(1-m- Uo)(tg'—i-)\)
Since by = AvT'5 = (11 — no)nv;, we have
by ty

= /\(771 7]0) .
vn \/(771+770) (t;)2+(1—771—770) (t;+/\)2

The proof ends by noticing that t5 > 2 2 and t; < a. Indeed,
by a
—= = Al —m)
vn 2/(ny +m0)a® + (1 =y — mo) (@ + )2
> A(m — o) o

B . (d+A)\/(m+no)(l) +1=m—n

> A —mo) @ .
- 2 A+

This proves the first claim of the lemma.

Similarly, by symmetry the i-th component of the eigenvector v’ associated with —t]
equals v} if 7 € , and v/, otherwise, and therefore (v')”'s = 0.

Finally, let Iy := {i € [n] : §; = 0}. By Corollary 4, we have |Iy| = n(1—n; —no)—2. Since
0is also eigenvalue of order n(1 — 1o — 1) — 2 of the extracted sub-matrix (—EA, + AP),, , =
(—]EAT)WL, we have for all k € I, Qy, = 0 for every i € [n]. Therefore, for k € I, by =
AQ%s = 0. [
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5.4.3 Mean-field solution

In this section, we calculate the solution Z to the mean-field model and deduce from it the
conditions to recover the clusters.

Proposition 17. Suppose that T > poy. Then the solution of Equation (5.2.5) on the mean-field
DC-SBM is the vector * whose element Z; is given by

C(_1+(771 _UO)dB) Zi; lf@ Eéandsi 7& Zi;
T; = C(1+(771—770>C_YB) Zi, ifz'EﬁandSZ- :ZZ',
s m —m) L+ (m+mo)aB) Z,  ifid L,
_ n [ A
where & = 4 (pin — Pout), B = /\d(l_m_%)lﬁ*( — 5y andC = =

Proof. Let ¥ be a solution of Equation (5.2.5). By symmetry, we have

i’i == Xy Zz'7 if ¢ S [6] and 52‘ = —Zl‘,

where z;, x and x( are unknowns to be determined. Since for every i € [n]
(EA-z); = a(zo(l—m —no) + e + z4m0)

the linear system composed of the equations ( (—EA, + AP — 7. 1,,) j)l = MAs; foralli € [n]
leads to the system

—a ((1 =1 —mno)zo + zm + 25M0) — VaTo = 0,
—a (1 =m —mno)zo +z4mn +2pm0) — Vae + Az = A,
—a (I =m —no)xo + e + 2p10) — FuTp + Arp = =\

The rows of the latter system correspond to a node unlabelled by the oracle, correctly labelled
and falsely labelled, respectively. This system can be rewritten as follows:

0 = Smomyes (MTe 107 7)

Voo + (A —F) = A

Yo+ (A=) = —A
In particular, we have x; —x; = % By subsequently eliminating x( and z; in the equation
Yo + (A — ) = —A, we find

A Oy (T —
0 = _(—1+_ 0% (m —m) _)7
A — 7, Aa(1 —mn — 1) + A — Fu(@ + 74)

— (1+ % (1 — 10)
R Aa(l—m1 —m0) + M —Yul@+7.) )
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and finally

vy — —a A (1 N % (m + 10) )
@(1_771_770)+'7* )‘_'7* )‘d(l_nl_UO)_’_/\ﬁ*_/y*(d*—W*)

Corollary 5. Suppose that T > pou;. Then sign (Z;) = sign (Z;) if

« node i is not labelled by the oracle;
« node i is correctly labelled by the oracle;

« node i is mislabelled by the oracle and A < (1 — 2770)0_421—;:77%.

Proof. A node 7 is correctly classified by decision rule (5.2.3) if the sign of z; is equal to the
sign of Z;. Using Lemma 28 in Section 5.4.2, we have —a < 7, < —a(1l — 27;). Therefore,
the quantities B and C' in Proposition 17 verify C' > 0 and —+——=2. < B < —L . The

A(no+m) — A(no+n1)°
statement then follows from the expression of Z; computed in Proposition 17.
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6.3.2 Numerical experiments . . . . . ... ... ... ........
6.3.3 Additional proofs . . . .. ... ... oL
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This chapter presents some algorithms for clustering temporal networks. Section 6.1 in-
troduces various baseline algorithms for special cases, while Section 6.2 is devoted to online
algorithms based on likelihood. Section 6.3 studies spectral methods applied to temporal net-
works with fixed communities, and Section 6.4 generalizes to the case of time-varying com-

munities.
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6.1 Baseline algorithms for special cases

This section provides some baseline algorithms to recover the blocks in some particular cases,
without prior knowledge of the block interaction parameters. Section 6.1.1 concerns regimes
with N = O(1) and T' > 1. An algorithm based on parameter estimations is proposed, and
showed to converge to the true community structure. Section 6.1.2 describes tailored-made
algorithms for a specific model instance with static intra-block interactions and uncorrelated
inter-block noise.

6.1.1 Clustering using empirical transition rates

We consider a homogeneous Markov SBM, as defined in Section 3.4. The intra- and inter-block
interactions are Markovian, and we denote by P and () the respective transition probability
matrices. We study the situation where the number of snapshots 7" goes to infinity while the
number of nodes N remains bounded. The main idea is to use the ergodicity of the Markov
chains to estimate the parameters using standard techniques, and then perform inference. For
now, we will assume that the interaction parameters P and () are known, but K is unknown.
We refer to Remark 14 when P and () are unknown as well.

Let n4(i, j) be the observed number of transitions @ — b in the interaction pattern be-
tween nodes i and j, and let n, (i, j) = >, nap(i, j). Let P(i, j) be the 2-by-2 matrix transition
probabilities for the evolution of the pattern interaction between a node pair {7, j}. By the
law of large numbers (for stationary and ergodic random processes), the empirical transition
probabilities

A .. nab(iy j)
Pab(%]) = —0 (6.1.1)
na(i, j)
are with high probability close to P, (i, 7) for T' > 1.

Once all P, (i, j) are known with a good precision, we can use our knowledge of P, () to
distinguish whether nodes 7 and j are in the same block or not, and use this data to construct
a similarity graph on the set of nodes. This leads to Algorithm 4 which does not require a
priori knowledge about the number of blocks, but instead estimates it as a byproduct. Note
that this algorithm is tailor-made for homogeneous interaction tensors.

Proposition 18. Consider a homogeneous Markov SBM with N nodes, K communities and T'
snapshots. Assume that N is fixed, and the interaction pattern probabilities f, g are known and
ergodic. Then with high probability Algorithm 4 correctly classifies every node when T goes to
infinity, as long as the evolution is not static and P # Q).

Proof. For a,b € {0,1},let n,(i,5) = >, nas(%, j) where ng (i, j) counts the observed num-
ber of transitions a — b between a node pair ij. From [Bil61, Theorem 3.1 and Formula
3.13], the distribution of the random variable &, (i, j) := ") =100 Fu(d) yends to a nor-

\/na(lvj)

mal distribution with the zero mean and finite variance given by A(4),(ca) := Jac (5deab(i, Jj)—
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Algorithm 4: Clustering by empirical transition rates.

Input: Observed interaction array (X/;); transition probability matrices P, Q.
Output: Estimated node labelling 6 = (44, ..., dy); estimated number of
communities /.

V«{1,...,N}and E + 0.
for all unordered node pairs ij do
Compute pab(i,j) fora,b=0,1
if |Poy (i, §) — Pup| < 1| Pup — Qus| for some a, b then
| Set E «+ E U {ij}.

N

w

-

(5]

=)

Compute C < set of connected components in G = (V, E)

Let K < |C| and (C}, ..., C}) + members of C listed in arbitrary order.
9 fori=1,...,N do

10 L 0; < unique k for which Cj, > 7.

N

[~}

Pay(i, j) Paa(i, j)). Therefore, for any o > 0,

]P’(]ﬁab(z',j) — Pu(i )| > a) _ P(!gab(z’,j)\ > om/na(z',j)> (6.12)

and this quantity goes to zero as 7" goes to infinity.

From model identifiability, P # (). Therefore, w.l.0.g. we can assume Fy; # (o1, and let «

suchthat) < o« < —————— ’ L 5 Qo . The nodes 7 and j are predicted to be in the same community
~ P,
if P,;(0,1) > LQM, and the probability of making an error is

P(|Puti ) Pui. )] = o).
By the union bound, the probability that all nodes are correctly classified is bounded by

N(N —1)

5 maxIP’(‘POl (,7) — P (4, j)‘ > a)

where the maximum is taken over all nodes pair ij. By equation (6.1.2), for all node pairs ¢
we have P<|]301 (i,7) — Pou(,5)| > a) — 0. Therefore, all nodes are a.s. correctly classified
as T — oo. [

Remark 14. If P and () are unknown, we can add a step where the estimated transition
matrices (P;) are clustered into two classes (for example using k-means).
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6.1.2 Algorithms for static and deterministic inter-block patterns

This section investigates special data tensors where the intra-block interactions are static and
deterministic, and the inter-block interactions are considered as (non-static) random noise.
For example, a Markov SBM with static intra-block interactions corresponds to P = [5. For
such data, we will first make two simple observations that greatly help recovering the under-
lying block structure. Those observations lead to two different algorithms, and we will study
their performance in Section 9.

Description of the algorithms based on two simple observations

When the intra-block interactions are static, the two following observations hold.

Observation 1. If nodes i and j interact at time ¢ but not at time ¢ + 1 (or vice versa), then ¢
and j do not belong to the same block.

Observation 2. If nodes ¢ and j interact at every time step, then ¢ and j probably belong to
the same block.

Observation 2 suggests a very simple and extremely fast clustering method (Algorithm 5)
which tracks persistent interactions and disregards other information. Persistent interac-
tions can be represented as an intersection graph G = N;G", where G' is the graph with
adjacency matrix A’. By noting that G can be computed by performing O(logT') graph
intersections of complexity O(A,.x/V), and that a breadth-first search finds the connected
components in O(N) time, we see that Algorithm 5 runs in O(Ay. N logT') time, where
Apax = max max >, |A;] is the maximum degree of the graphs G".

Algorithm 5: Best friends forever

Input: Observed interaction tensor (A};)
Output: Estimated node labelling 6 = (44, ..., dx); estimated number of

communities K.

SetV «{1,...,N}
Compute Fp ﬂ;f:lEt where Et = {ij . A;?j — 1}

4 Compute C <« set of connected components in Gy = (V, Er) and set K <+ number

\V)

w

of members in C of size larger than N'/2, and (C}, ..., Cy) < list of K largest
members in C in arbitrary order.

Set V] «+ U,f:le.

6 For ¢ € V4, set ; < unique k for which C}, > i.

7 Fori € V \ Vi, set 6;  arbitrarily value k € {1,..., K}.

15

Similarly, we propose a clustering method based on Observation 1. We call enemies two
nodes 7 and j such that there is a change in the interaction pattern between ¢ and j. Then we
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can group nodes that share a common enemy. Indeed, if K = 2, the fact that node 7 is enemy
with A, and h is also enemy with j means that nodes ¢ and j belong to the same cluster. This
enemies of my enemies are my friends procedure leads to Algorithm 6.

Algorithm 6: Enemies of my enemy.

Input: Observed interaction tensor (Af;).
Output: Estimated node labelling 6 = (64, ...,0x).

2 Compute Fn <— M £ and Ey < U, B where E' = {ij : Aj; = 1}.

3 Compute F' = £\ E.

4 SetV «{1,...,N}.

5 Set G' < (V, E').

6 Set G" = (V, E") where ij € E" iff there is a 2-pathi — h — jin G'.

7 Compute C < set of connected components in G and set K < |C| and
(Cy,...,C%) < members of C listed in arbitrary order.

8 fori=1,..., N do

9 L 0; < unique k for which Cj, > 4.

Remark 15. The above description for Algorithm 6 runs in O (A, NT'), where A,y is
the maximal degree over all single layers. A faster, but less transparent, implementation is
possible, by first computing the union graph. Then, two nodes are marked as enemies if the
weight between them in the union graph belongs to the interval [1,7" — 1]. This reduces the
time complexity to O (Aax N log T).

Performance guarantees for Algorithms 5 and 6

Proposition 19 states the performance guarantees for Algorithm 5.

Proposition 19. Consider a SBM with T snapshots and K = O(1) blocks of size Ny, ..., Nk.
Assume that N, < N for all k, and that

. A2
Vk#£0 : N 1§11§1<8?§ka£(1"”’1) < 1. (6.1.3)

Then Algorithm 5 is consistent if
Vk e [K] @ Npfue(1,...,1)>1, (6.1.4)
and is strongly consistent if
Vk € [K] : Nifue(1,...,1) > (1+Q(1))log (KNy). (6.1.5)

Remark 16. Condition (6.1.3) ensures that the number of nodes in different community inter-
acting at every time step remains small, making Observation 2 meaningful. The extra condi-
tions (6.1.5) and (6.1.4) ensures that in each community, there is enough node pairs interacting
at all time step.
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Proof of Proposition 19. Assume that the true block membership structure o contains K blocks
C1,...,Ck of sizes N, = |Cy|. Let G* be the graph on node set V = [N] and edge set £ =
{ij - Aj; = 1}. Let Gp = M;G" be the intersection graph. We denote by pi, = fie(1,...,1)

T
the probability of a persistent interaction of duration 7" between a pair of nodes in blocks k

and /.

(a) Conditions for strong consistency. Algorithm 5 returns exactly the correct block mem-
bership structure if and only if each C}; forms a connected set of nodes in G, and for all
blocks k # /, there are no links between C} and C in G7.

The probability that the intersection graph G contains a link between some distinct

blocks is bounded by
Z NN piy.
1<k<(<K

Hence, by the union bound, the probability that Algorithm 5 does not give exact recovery is

bounded by
Z (1—cp)+ Z N Ne Py,

ke[K] 1<k<t<K

where ¢ is the probability that the subgraph of G7 induced by Cy, is connected. By classical
results about Erdés—-Rényi graph models [Les] we know that

I > 1 — 100e~ N —los Ni),

whenever Nypl, > max{9e,log N, }. Hence

— min lo Nyp, _
Z (1 —CT) < 100 Z e—(Nkpfk—logNk) < 100e ke[K]l g(KNk)(log(Kl]c\;ck) 1>’

ke[K] ke[K]

and this last term goes to zero under Condition (6.1.5). Moreover,

N
> NeNepjy < (2> max pjy

1<k<t<K
which also goes to zero under Condition (6.1.3).

(b) Condition for consistency. We just saw that the probability that the intersection graph
G contains a link between some distinct blocks is bounded by (g ) MaX] <j<t<K pfe, and
hence goes to zero if Condition (6.1.3) holds.

Let G7[Cy] be the subgraph of G induced by Cj. Let A7 be the event that the largest
connected component of G'[Cy] has size at least N'/2, and all other components are smaller
than N'/2, Observe that G7[Cy] is an instance of a Bernoulli random graph with N, nodes
where all node pairs are independently linked with probability pi,. When Nyp}, > 1, classi-
cal Erd6s—-Rényi random graph theory tells that P(Agr) = 1 — o(1) for any fixed k as N > 1.
For bounded K = O(1) this implies that P(NxAgr) = 1 — o(1).
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On the event A = (N Agr) N B, the algorithm estimates K = K correctly, and (with the
correct permutation), the number of misclustered nodes is at most

> G\ Cur| < 1,

ke[K]

where Cyp is the largest component of G7[Cy]. O

The following Proposition 20 gives the guarantees of convergence of Algorithm 6 for a
general temporal SBM with two communities.

Proposition 20. Consider a dynamic SBM with N > 1 nodes and K = 2 blocks of sizes
Ny, Ny < N. Assume that log(1/piir) + log(1/par) < N™2 and 1 — pior > N 'log N,
where
prer = free(0,...,0) + fre(1,..., 1)
—— ——
T T
is the probability of observing a static interaction pattern of lengthT" between any particular pair
of nodes in blocks k and (. Then Algorithm 6 is strongly consistent.

Proof. Denote the time-aggregated interaction tensor by A}, = 3, Af. Let G’ be the “enemy
graph” with node set {1, ..., N} and adjacency matrix Aj; = 1(0 < Af; < T). Let Cy, C be

()

blocks corresponding to the true labelling 0. The probability that all intra-block interactions

(%) (%

2
Piir p22T) > (pllTp22T)N — 1.

are static is

Hence, it follows that G’ is whp bipartite with respect to partition {C}, Cs}.

Let us next analyze the probability that G’ is connected. Let G” be the graph on node set
{1,..., N} obtained by deleting all edges connecting pair of nodes within C} or within Cj.
Then G” is random bipartite graph with bipartition {C}, Cy} where each node pair ij with
1t € Cpand j € (5 is linked with probability ¢ = 1 — pyor, independently of other node
pairs. Because blocks sizes are balanced according N;, N < N and Ng > log N, it follows
by applying [Sin95, Theorem 3.3] that G” is connected with high probability. Because G is a
subgraph of G/, the same is true for G'.

We have now seen that G’ is whp connected and bipartite with respect to partition {C, C }.
Let G be the graph on [N], of which nodes i and j are linked if and only if there exists a 2-
path in G’ between 7 and j. Then the connected components of G are C; and C,. Hence
Algorithm 6 estimates the correct block memberships on the high-probability event that G’
is connected. []
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6.2 Online likelihood based algorithms

Algorithms 5 and 6 are based on two Observations that rely a lot on the initial assumption
of static inter-community edge, and ii.d. evolution for the intra-community edges. If those
assumptions are relaxed, both algorithms fail (see Section 6.2.3 for empirical evidence). Hence,
we need to make softer decisions for clustering, e.g. based on the likelihood that node i is in
cluster £.

To do so, we first derive the log-likelihood of a node 7 being in a cluster k given a clustering
assignment of the other nodes. For homogeneous Markov SBM, we derive an online algorithm

based on this likelihood.

6.2.1 Online algorithm when the model parameters are known

Let f and g be the intra- and inter-block interaction distributions of a temporal SBM. Given
At = (A ... A'), we define a log-likelihood ratio matrix by

(6.2.1)

Then the log of the probability of observing a graph sequence A'* given node labelling o
equals £ >, > i M(t Oy 00 T30 > i g(Aj;"). Therefore, given an assignment 61 com-
puted from the observatlon of the t — 1 first snapshots, one can compute a new assignment G(*)
such that node 7 is assigned to any block k£ which maximises

LY = Z

J#i

This formula is interesting only if the computation of M (*) can be easily done from M 1),
This is in particular the case for a Markov evolution. Indeed, if iz and v are the initial proba-
bility distributions, and P, () the transition matrices, then the cumulative log-likelihood ma-
trices defined in Equation (6 2.1) can be computed recursively by M® = M1 + A® with
M = log & (A};) and AE =log £ o (A LAt ;). We summarize this in Algorithm 7. Let us
emphas1ze that this algorithm works in an onhne adaptive fashion.

The time complexity (worst case complexity) of Algorithm 7 is O(K N?T) plus the time
complexity of the initial clustering. The space complexity is O(/N?). In addition:

« Since at each time step, A can take only one of four values, these four different values
of A can be precomputed and stored to avoid computing N?T logarithms.

« The N-by-K matrix (L;;) can be computed as a matrix product L = MY, where
M? is the matrix obtained by zeroing out the diagonal of M, and ¥ is the one-hot
representation of & such that >;;, = 1 if 6; = k and zero otherwise.
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Algorithm 7: Online clustering for homogeneous Markov dynamics when the block
interaction parameters are known.

Input: Observed interaction tensor (Afj); block interaction parameters u, v, P, ;
number of communities K; static graph clustering algorithm algo.
Output: Node labelling 6 = (64, ...,0y) € [N]X.

Initialize: Compute ¢ < algo(A'), and M;; + log 5813; fori,j=1,...,N.
2 fort=2,...,7Tdo

3 Compute A;; %log%fori,j: 1,...,N.
4 Update M «+ M + A.

5 for:=1,...,N do

6 LSetLik<—Z#iMij(5ajkfork:1,...,K.

Set 0; <— argmax; << Lix-

Return: ¢

« For sparse networks the time and space complexity (average complexity) can be re-
duced by a factor of d/N where d is the average node degree, by neglecting the 0 — 0
transitions and only storing nonzero entries (similarly to what is often done for belief
propagation in the static SBM [Moo17]).

6.2.2 Extension when the parameters are unknown

Algorithm 7 requires the a priori knowledge of the interaction parameters. This is often not
the case in practice, and one has to learn the parameters during the process of recovering
communities. In this section, we adapt Algorithm 7 to estimate the parameters on the fly.

An estimator of P is obtained by averaging the probabilities Pij obtained using For-
mula 6.1.1 over the pairs of nodes predicted to belong to the same community. More precisely,
after ¢ snapshots observed (t > 2), given a predicted community assignment 5*), we define
fora,b € {0,1},

0 1 ni (i, 5)
pY = yoo e (6.2.2)
B CHEE AR o 1)
S T i S| ) 80=6t ’
where ngtb) (i,7) = S04 1(A§;~ = a) 1(Af;+1 = b) is the number of @ — b transitions in the

interaction pattern between nodes 7 and j seen during the ¢ first snapshots and n (1,7) =
S o n((ltg (i, 7). Similarly,

Qi = ———, (6.2.3)
(TR
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is an estimator of (),,. Moreover, the quantities n((fb) (1, 7) can be updated inductively. Indeed,
ny i, 5) = n, ) + 1(AL = a) 1AL =1b). (6.2.4)

Finally, the initial distribution can also be estimated by averaging:

R 1
= A0~ > 4 (6.2.5)
‘{(ZJJ) : O-i :Uj } (i’j):&gt):é.y/)
and
R 1
) = > AL (6.2.6)

{@’j) K 7&‘%@} (i) : 610"

This leads to Algorithm 8, for clustering in a Markov SBM when only the number of
communities K is known. Note that to save computation time, we can choose not to update
the parameters at each time step.

Algorithm 8: Online clustering for homogeneous Markov dynamics when the block
interaction parameters are unknown.

Input: Observed graph sequence A" = (A, ..., A”); number of communities K;
static graph clustering algorithm algo.
Output: Node labelling 6 = (61, ...,0,).

Initialize:

« Compute 6 < algo (Al);

« Compute /i,  using formulas (6.2.5)-(6.2.6), and let M;; < log Zgjljg’

« Letn;j(a,b) <~ O0fori,j € [N]and a,b € {0, 1}.
Update:
2 fort=2,...,T do
P(ATT,AL) . )

3 ComputeA”elogmfom,j—l,...,N,
4 Set M < M + A.
5 for:=1,...,ndo
6 SetLi7k<—Z#iMij1(&j:k)forallkrzl,...,K
8 | For every node pair (ij), update n;;(a, b) using (6.2.4);
9 Update P,Q using (6.2.2) and (6.2.3).

114



CLUSTERING TEMPORAL NETWORKS

6.2.3 Numerical illustrations and experiments

1— 1-—
In the numerical simulations, we suppose that ( i ’ul) and < y Vl) are the stationary
1 1
distributions of P and (), respectively. Therefore,

1—P;
P = 1 - /Jd 1_N111

and () has a similar expression.

1-P11
M1 - ’
Pll

Evolution of accuracy with the number of snapshots

Let us now study the effect of the initialization step. We plot in Figure 6.1 the evolution of
the averaged accuracy obtained when we run Algorithm 7 on 50 realizations of a Markov
SBM, where the initialization is done either using Spectral Clustering or Random Guessing.
Obviously, when Spectral Clustering works well (see Figure 6.1c¢), it is preferable to use it than
arandom guess. Nonetheless, it is striking to see that when the initial Spectral Clustering gives
a bad accuracy, then the likelihood method can overcome it. For example, in Figure 6.1a, the
initial clustering with Spectral Clustering on the first snapshot is really bad (accuracy ~ 50%,
hence not much better than a random guessing), Algorithm 7 does overcome this and reaches
a perfect clustering after a few snapshots. In that particular setting, there is no advantage in
using Spectral Clustering rather than Random Guessing.

1.00 e 104 e 1.0
1.7
.09 5,09 */ 0.9
[©] €] @]
©o0.8 ©0.8 Y © 0.8
> > / -]
8 0.7 Initialisation by: 8 0.7 / Initialisation by: 8 0.7 Initialisation by:
0.6 --t-- Spectral Clustering < 0.6 // --t-- Spectral Clustering < 0.6 --t-- Spectral Clustering
i Random Guessing " Random Guessing Random Guessing
0.51 . 0.5 0.5

0 2 4 6 8 10 12
Number of time steps

(a) p1 = 1.5 8N
(Tt*heo = 13)

0 2 4 6 8 10
Number of time steps

(b) 1 = 2.5 %8N
(T =14)

theo

12

0

2 4 6 8 10
Number of time steps

(c) u1 = 4.0 lo]gVN

(T3

theo

=11)

12

Figure 6.1: Evolution of the accuracy given by Algorithm 7 when the initialisation is done
via Spectral Clustering or Random Guessing. The synthetic graphs are Markov SBM with
15N Py =07
and )11 = 0.3. Accuracy is averaged over 50 realisations, and the error bars represent the

N = 500 nodes (equally divided in two clusters), and parameters v, =

*
theo

the exact recovery threshold.

standard error. is the theoretical minimum number of time steps needed to get above

This is further strengthened by our numerical observations in the constant degree regime.
As we see in Figure 6.2, our Algorithm performs well when p; = 9 and v = % (¢in, Cous
constants), even if ¢;, & cout (see Figure 6.2b). This is very similar to what we saw in the
logarithmic degree regime (Figure 6.1), except that the number of snapshots needed to get
excellent accuracy is higher since the graphs are sparser.
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Figure 6.2: Evolution of the accuracy with the number of snapshots obtained by Algorithm 7
in a sparse setting, when the initialisation is done via Random Guessing. We draw 50 synthetic
Markov SBM with two equal size communities. The choice of parameters in Figure (b) is much
more challenging than Figure (a). The different curves show the averaged accuracy over 50
trials, and errors bars correspond to the empirical standard errors.

Unknown interaction parameters are unknown

We show in Figure 6.3 the comparison of the online Algorithm 7 (with known interaction
parameters) with the online Algorithm 8 (with unknown interaction parameters). We see
that, when the starting round of Spectral Clustering gives a decent accuracy (at least 75%),
then Algorithm 8 can learn the model parameters as well as communities. However, when
Spectral Clustering gives a bad accuracy, Algorithm 8 without the model parameters fails,
whereas the version with the known interaction parameters succeeds.
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Figure 6.3: Comparison of the accuracy given by the online versions of the algorithm. The

results are averaged on 20 realizations of Markov SBM with parameters N = 1000, ;; = 0.05,
P = 0.6, Q11 = 0.3, and for different 1.

116



CLUSTERING TEMPORAL NETWORKS

Comparison with the baseline algorithms

In this section, we compare the performance of Algorithm 7 to the baseline methods proposed
in Section 6.1.2. Results are shown in Figure 6.4. We draw the following observations:

Algorithm 7 (called online likelihood in the plots) always achieves very high accuracy,
and outperforms all other methods;

Spectral Clustering on the union graph always performs very poorly, while Spectral
Clustering on the time-aggregated graph can perform very well if the evolution of the
pattern interactions are not too static (i.e., P;; and ()1 are both away from 1);

Spectral Clustering on 23:1 A? — Dy, where D; is the degree matrix of layer ¢, is the
method proposed and analysed in [LL20]. This method, called squared adjacency SC in
the caption of Figure 6.4, is always outperformed by Spectral Clustering on the time-
aggregated graph;

Algorithms 5 and 6 are more sensitive to the hypothesis P; = 1 than to )11 = 4. In
particular, Algorithm 6 (enemies of my enemy) fails as soon as P;; # 1 (in Figure 6.4b,
when Py; = 0.99, the accuracy of Algorithm 6 drops to 50%);

Given its simplicity, Algorithm 5 (best friends forever) performs surprisingly well. Of
course, when the parameter setting is too far from the ideal situation P;; = 1 and
Q11 = v, the algorithm fails as expected. However, even at not too short distances
from this ideal case, Algorithm 5 gives meaningful classification.

1.0 ——— :::[—-—-\—-—-- 1.01 —mmmmmTT T T i
L \ ~a / ;

. ~. ! I
> 0.9 Algorithm: \‘\ \\ ~ 0.91 \.\ // [
O —}— online likelihood [ O N !
G 0.8 union graph SC \ Iy G 0.8 /4\\/‘/1‘~ Vi I
S —}— time aggregated SC \ \ 5 /’I' i * ~ )\ !
U (.74 —= sauared adjacency SC \ \ 0 0.7/ |’ \\'A \ :
g —}— Dbest friends forever \.\ \ & : AR \ i

[ . H N N . \ .

0.61 } | enemies of my enemy | \1 0.6 J \'\"'\l
e \ /./ 1\.\2

e — — ===l-—.=-’—|:=g: __.____________.______

0.5 i i i i 0.51 . . . . .

0.0 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1.0
Q11 P11
(@) Pi1 =1 (b) Q11 = v1.

Figure 6.4: Comparison of the accuracy given by the different algorithms. The results are
averaged on 50 realisations of Markov SBM with N = 500, 7" = 30 and p; = 0.05 and v; =

0.04. Figure (6.4a) shows the situation P;; = 1 (static intra-community interaction patterns
and ()1 varies, while Figure (6.4b) shows 1; = v (i.i.d. inter-community interaction pattern

)
)

and P, varies. Colours correspond to the same algorithms in both plots.
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6.3 Spectral methods for temporal networks with static

communities

This Section studies the recovery of static communities in a temporal network. We introduce
in Section 6.3.1 a temporal stochastic block model where dynamic interaction patterns be-
tween node pairs follow a Markov chain. We render this model versatile by adding degree
correction parameters, describing the tendency of each node to start new interactions. We
show that in some cases the likelihood of this model is approximated by the regularized mod-
ularity of a time-aggregated graph. This time-aggregated graph involves a trade-off between
new edges and persistent edges. A continuous relaxation reduces the regularized modularity
maximisation to a normalized spectral clustering. In Section 6.3.2, we illustrate by numerical
experiments the importance of edge persistence, both on simulated and real data sets.

6.3.1 Degree-corrected temporal network model

Consider a population of /N nodes partitioned into K static communities such that node ¢
belongs to community o; € [K]. We write A}; = 1 if nodes i and j interact at time ¢, and
Aj; = 0 otherwise. We investigate methods of recovering the community structure o =

(01,...,0N) from an observed adjacency tensor A = (Af]) The following section describes
a versatile statistical model for this setting.

Model description

A degree-corrected temporal stochastic block model with NV nodes, K blocks and 7" snapshots
is a probability distribution

P(Alo,F,0) = [ Fo%(

1<i<j<N

AL) (6.3.1)

Z]""’

of a symmetric adjacency tensor A € {0, 1}*¥*T with zero diagonal entries, where o =

(01,...,0N) is a community assignment with o; € {1,..., K} indicating the community
of node i, ' = (F};) is a collection of probability distributions over {0,1}”, and # =
(01,...,0N) is a vector of node-specific degree correction parameters, with 0 < ¢; < oo.

In the following, we will restrict ourselves to homogeneous inter-block interactions with
Markov edge dynamics, for which the nodes’ static community labellings are sampled uni-
formly at random from the set [K] of all node labellings, and

:L“t 196t if i — Ojy
Fo% (z) = { 1T ’ Hoi=9 (6.3.2)

00 .
N Ht QQZEt 1,%t OtherWISC,

with initial distributions

0,0, _ 1 — 00511 0,0, 1 —6;0;1,
p = ( 0.0, and v = 0,0, , (6.3.3)
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and transition probability matrices

o (1—0:0:Py 6:0.P o (1—0.0.Q0 0:0:Qu1
szgj _ V5401 V3401 d 0:0; — 1V 01 1Vj%0 . 6.3.4
( 1— Pll Pll an Q 11— Qll Qll ( )

The parameters #; account for the fact that some nodes might be more inclined than others
to start new connections, similarly to the degree-corrected block model of [KN11]. To keep
the model simple, we do not add degree correction parameters in front of P;;; hence once a
connection started, the probability to keep it active is simply P;; or ()1;. Moreover, we assume
that min; ;{0,6,0} < 1, where § = max{uy,v1, Py1, Qo1 }. Finally, we normalise the degree
correction parameters so that > . 1(o; = k)0; = >, 1(0; = k) for all k.

Maximum likelihood estimator

Proposition 21. A maximum likelihood estimator for the Markov block model defined by (6.3.1)—
(6.3.2) is any community assignment o € [K]N that maximises

0,0 0,0, 00, 6,0
25(%%){1‘1@5 (Pl "= o J) +p0 + (A — Ag)ﬁloj}
i

T 0:6;
0:0,; 0:0,; t t—1 gt 0i0; At—1 7t Qoo
+ E (04, 05) E { (601 + lip (Aij - Aij Aij) + 05 Aij Aij — log 0,0,
(2] =2 Poo
00 0,0, 0,0
0,0, i% 0,0, p i Pt
where p, 7 = log “‘gl,gj and ("’ = log %ﬁej — log G
Va Qup 00

The MLE derived in Proposition 21 is more complex that summing all snapshots inde-
pendently. In particular, the terms Afj_lAfj account for persistent edges over two consecutive
snapshots. Denote by A’ == A""!' © A’ the entrywise product of adjacency matrices A"~"
and A’. Then A?_is the adjacency matrix of the graph containing the persistent edges be-

tweent—1andt,and A, = A'— Al corresponds to the graph containing the edges freshly
appearing at time ¢.

Proof of Proposition 21. By the temporal Markov property, the log-likelihood of the model can
be written as log P(A | 0,0) = log P(A' | 0,6) + Y[, P(A*| A", 0,). By denoting p{” =

0,0
log % we find that
Vg

1 0 0
log P(A' [0,0) = 5> > d(Al, ) (30, 05) 0% + log v™ )
ij a

1 0.
= 5 Z 5(0i7 Uj) Z 5(1411]7 a)pzz9] + CI(A)7
)] a
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where ¢,(A) = 532,57, (A5, a)log Vo' does not depend on the community structure.
0,0,
Similarly, by denoting Rab = log gfgﬁej. we find that

ab

logP(A"| A" 0, 0)

9 Z Z 6 Afj 1’ Af]’ b) <5(‘7i7 Uj)szj + log szej)

i a,b

_ _Zaaz,gj Za (ALY a)6(AL, bR + c(A),

where ¢,(A) = 5,30, 0(A;} 1 a)d(At;,b)log szej does not depend on the community

ij i
structure. Simple computations show that

25 L)t = ALY — o) + po
and
ch (A5 a)d(AL, b Rey” = Roy’ + ARy — Rey”) + A% (RoY” — Reg”)

ij 157

+ AAY (Rf”f - Rﬁa"f - Rf?ﬂ‘ + Rﬁzfj)

By collecting the above observations, we now find that log P(A | o, #) equals

1 0,0, 0; 0,0;
+525(Ui;0j){14}j<01 _P )+ 0 + (Al AiTj)glo }
2]

T
1 0:0; | ,0:0 _ ; Q
+§ 25(0“ ;) Z {(501 +007) (A5 — Aj; 1A§j) + gu A7 1At — log POO }a
irj =2 00
where c¢(A) =), ¢;(A) does not depend on 0. Hence the claim follows. O

Assuming that the number of snapshots 7" is large, we can ignore the boundary terms, and
the MLE expressed in Proposition 21 reduces to maximising

T

0,0, 00 _ 0,05 11— Qb
>3 ((401 FO0) (Al = AGAL) + 0 AL AL — log <00 )
=2 ij: POO

By utilising (6.3.3)-(6.3.4), we can further simplify it to express this as a modularity. Recall
given a weighted graph W, a partition Z and a resolution parameter v, the regularized mod-
ularity is defined as [NG04; RB06]

d;d;
WO'”}/ 260-27Uj (VV”_VQTTZ)
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where d; = » . W;; and m =}, d;. Hence, suppose that P%% and Q%% are nondegenerate,
and ;%% (resp. 1%1%) is the stationary distribution of P%% (resp. Q%%). In a sparse setting,
Py1 and Qq; are small, and after a Taylor expansion (see Section 6.3.3 for the full derivations)
the previous expression is approximately equal to M (W, o, ), where W is defined by

T
W = Z (aAfleW + 5A;ers) (635)
t=2
with
POl 11— Pll P11
@ = log 5= +log—7>5—= and S = log 5, 6.3.6
ng gl—Qu an ( )
and’y _ (Po1 i Qm) a(u1+(K—1)V1)+(ﬂ—t}c{)(u1P11+(K—1)V1Qn)'

Comparison with previous work Correspondence between maximum likelihood estima-
tor and modularity maximisation are long known in static block models [New16]. Analo-
gously to the single-layer case, the modularity of a temporal network, with possibly time-
dependent community structure, was previously defined in [Muc+10; Pam+19] by

T T
S MAL T )+ YD Wit (o7, 0h) (6.3.7)
t=1

t=1 s#t 1

where , is the resolution parameter for layer ¢, o} is the community membership of node i at
time step ¢, and w;’ denotes a coupling between time instants s and ¢. For a static community
structure, the second term in (6.3.7) is irrelevant. When the resolution is constant over time,
the relevant term in (6.3.7) can be written as

T
N M(AL o) = M(A™,0,7),
t=1

where A%¢ = Zthl A is the weighted adjacency matrix of the time-aggregated data. In
contrast, the matrix W in (6.3.5) involves a trade-off between new edges and persistent edges.
We notice that W = A*¢ only if « = § = 1.

Temporal spectral clustering combining new and persistent edges

Following our analysis in Section 6.3.1, the community prediction should verify

o = argmax M(W,0,7)
oe[K|N
where W is defined in Equation (6.3.5) and + is a proper resolution parameter. This optimi-
sation problem is NP-complete in general [Bra+07], but can be approximately solved by con-
tinuous relaxation. We can choose the relaxation so that the optimization problem reduces
to normalized spectral clustering algorithm on the weighted graph W (we refer to [New13]
and to Section 6.3.3 for the full computations). We note that in order to compute the nor-
malized Laplacian of W, we should restrict o, 5 > 0, which is not necessarily guaranteed by
Formula (6.3.6). We summarize this in Algorithm 9.
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Algorithm 9: Spectral clustering for temporal networks with Markov edge dynam-
ics and static node labelling.

Input: Adjacency matrices A, ..., AT, number of clusters K, parameter «, 3.

Output: Predicted membership matrix 6 € K]V

Process:
T
e Let W =3 oAl + BAL, . where Al = A" — A" © Aland A! = A" © A%
t=2
. Compute £ = I, — D™2W D=2 where D = diag(W1,,);

. Compute the matrix X € RV*X whose columns consist of the K orthonormal
eigenvectors of £ associated to the K smallest eigenvalues.

2 Return & < kmeans (D‘1/2X, K).

6.3.2 Numerical experiments

The Python source code for reproducing our results is available online’.

Synthetic data

We first examine the effect of the choice of the parameters « and /3 in Algorithm 9. For this,
we let @« = 1 and we plot in Figure 6.5 the averaged accuracy obtained on 25 realizations of
stochastic block models with Markov edge dynamics for various 3. While spectral clustering
on the time-aggregated graph (corresponding to 5 = 1) works well, it is striking to notice
that other values of 3 give better results. The choice of § depends on the probabilities of
persistent interactions. For example, if P;; > @) (Figure 6.5a), then 3 > 1 are preferred,
while if P;; < ()11 (Figure 6.5b) large choice of [ are penalized. This is in accordance to the
values of «, 3 derived in Formula (6.3.6) (albeit in Formula (6.3.6), @ and 3 could be negative).

We show the robustness of Algorithm 9 on the degree correction parameters in Figure 6.6.
More precisely:

- Figure 6.6a generates 6; according to [N'(0, 0%)| +1—0+/2/7 where |N (0, 0?)| denotes
the absolute value of a normal random variable with mean 0 and variance 2. We choose
o =0.25.

- Figure 6.6b generates the 6; from a Pareto distribution with density function f(z) =
am” 1 (z > m) with @ = 3 and m = 2/3 (chosen such that Ef; = 1).

$a+1

Note that the sampling of the 6,’s enforces [Ef; = 1 in both settings. We notice that in both
cases, letting 5 # 1 improves the performance of Algorithm 9.

'https://github.com/mdreveton/Spectral-clustering-with-persistent-edges
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Figure 6.5: Accuracy of Algorithm 9 on a SBM with 300 nodes in K = 3 blocks, degree
correction parameters f; = --- = 6, = 1, and a stationary Markov edge evolution y; = 0.04,
v1 = 0.02 and ()11 = 0.3. The results are averaged over 25 synthetic graphs, and error bars

show the standard deviation.
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Figure 6.6: Accuracy of Algorithm 9 with o = 1 and different /3, on a SBM with 300 nodes and
K = 3 blocks (with uniform prior), and a stationary Markov edge evolution y; = 0.06, 1, =
0.03, P;; = 0.7 and Q11 = 0.4, for different generation of the degree correction parameters 6.
The results are averaged over 25 synthetic graphs, and error bars show the standard deviation.

Social networks of high school students

We investigate three data sets collected during three consecutive years from the high school
Lycée Thiers in Marseilles, France [FB14; MFB15]. Nodes correspond to students, interac-
tions to close-proximity encounters, and communities to classes, with dimensions given in

Table 6.1.

We make a hypothesis that the temporal characteristics of the interactions are similar each
year. We then use the 2011 data set to estimate the transition probability matrices PP and @),
and use these for clustering the 2012 and 2013 data sets. We assume that 6; = 1 (no degree
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Year N K T
2011 118 3 5609
2012 180 5 11273
2013 327 9 7375

Table 6.1: Dimensions of three data sets of interacting high school students.

correction). Assuming the ground truth clustering is known for the year 2011%, a standard
estimator of Markov chain transition probability matrices [Bil61] gives

P (0.9992 0.0008) and O = (0.999967 3.3 x 105)
0.37 0.63 0.48 0.52

Using (6.3.6), leads to & = 2.9 and 3 = 0.18. We observe in Figure 6.7b that this choice of

parameters gives a better accuracy on the 2013 data set than simply applying spectral clus-

tering on the time-aggregated graph (&« = = 1). For the 2012 data set (Figure 6.7a), this

improvement is not so clearly visible.

1.0 10!
0.9 I.‘
>,0.8 = !" >, 0.8
3 I' I | % |
S 0.6 ‘ ‘ ,“‘ [ | = l
8 0.51 (alpha, beta) 9 o4l | (alpha, beta)
Loaf — 1) <4 — (1)
0.31 | (2.9, 0.18) 0.21 | (2.9, 0.18)
0 2000 4000 6000 800010000 0 1500 3000 4500 6000
Number of time steps Number of time steps
a) Year 2012 ear 2013
(@) Y (b) Y

Figure 6.7: Accuracy of Algorithm 9 on the 2012 and 2013 high school datasets, using uniform
a = (3 =1 (blue) and adjusted «, 3 predicted using 2011 data (orange).

To understand why Algorithm 9 performs better for 2013 than for 2012, we have listed in
Table 6.2 temporal transition probabilities and clustering weights &, 3 estimated separately
for each dataset. For year 2012, the difference between intra-community edge persistence Py
and inter-community edge persistence Q11 is small, implying that persistent edges do not add
much extra information for distinguishing communities (8 ~ 0). For years 2011 and 2013,
this difference is larger, manifesting that edge persistence contains information that can be
employed to recover communities with a higher accuracy.

2 Alternatively, one could perform spectral clustering on the time-aggregated graph, which produces an ex-
cellent prediction of the ground truth community labels.
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Dataset Py Qo Py Qu o) B pla
2011 0.00080 0.000033 0.63 0.52 2.9 0.58 0.060
2012 0.00050 0.000011 0.57 0.56 3.8 0.01 0.003
2013 0.00150 0.000014 0.64 0.40 4.5 0.07 0.015

Table 6.2: Markov chain transition probabilities and adjusted clustering weights estimated
separately for each dataset.

6.3.3 Additional proofs

Approximation of the MLE

Recall the structural assumptions (6.3.3)-(6.3.4) about the degree correction parameters. Be-
cause Py, Qo1 = o(1), a first-order Taylor expansion yields

— 0:0,Quo1

—1 — 0.0y, = 0,0, (P — Qo) +o (Po21 + le) ,

1g

as well as E %~ o 5?)1 6103 ~ log 1= g“ and € 0~ log 5 fu -. Using these approximations
in the MLE expression leads to the maximisation of

Z > i (Por — Qo)) , (6.3.8)

=2 14,j5: 0y=0;

where @j; = a (A, ),; + 8 (A pers) . Since (1 and v are stationary distributions,

(Aflew) _ {Oﬂj,ul(l—Pn) ifO'iZO'j,

0;0;11(1 — Q1) otherwise,

(At ) _ Qﬂj,ulPH IfO'Z = O'j,
Pers/ig 0,0,,1Q11  otherwise.

Therefore, using W;; = ZtTZQ a;; we have
EW.. — (T — 1)919J,u1 (Ck(l - Pll) + 5P11) lfUl =0j
Y (T'— 180,11 (a(1 — Q11) + SQ11)  otherwise.

Since the community labelling are sampled uniformly at random and using the normalization
for the 60,’s, we have

4 = (T—1)5,N M (a(1 = Pu) + BPn) + (K = Dw (a1 = Qui) + fQu)

K
together with m = N;(T— 1)’“(a(l_P“HBP“H([;_l)”(a(l_Q“HBQ“). Hence, we observe that
0:0;(Por—Qo1) = vﬁf where v = (Fo1 —Qo1)(T—1) M(a(l_PHHBPH)JF(I;_l)VI (oll-Qu)+A0u),
We end the proof using equation (6.3.8). [
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Modularity and normalized spectral clustering

The regularized modularity of a partition o € [K|" of the graph A is defined as

d;d;
M(A0,y) =) 6(01,09) (Aij—7 ])
i

2m

where d = Al,, and 7 is a resolution parameter. This can be rewritten as
~T ddT jad
M(Ajo,y) =TrZ" (A—y— | Z
2m

where Z € {0,1}V*¥ is the membership matrix associated to the vector o, that is Z;;, = 1 for
k = 0y, and Z;;, = 0 otherwise. As maximising the modularity over o € [K]" is in general NP-
complete [Bra+07], it is convenient to perform a continuous relaxation. Following [New13],
we transform the problem into

X = argmax Tr X" [A—~v— ) X. (6.3.9)
XERNXK 2m
XTDX=Ik

The predicted membership matrix Z is then recovered by performing an approximated solu-
tion to the following k-means problem (see [KK10])

(Z, }A/> = arg min HZY—XH : (6.3.10)
ZEZN,K,YERKXK F

The Lagrangian associated to the optimization problem (6.3.9) is

T dd” T (T
Tr X A—fy% X—Tr(A (X X—[K))

where A € REXK js a symmetric matrix of Lagrangian multipliers. Up to a change of basis,
we can assume that A is diagonal. The solution of (6.3.9) verifies

dd” T
A—~v— )X = DXA and X'DX = Iy,
2m

which is a generalized eigenvalue problem: the columns of X are the generalized eigenvectors,
and the diagonal elements of A are the eigenvalues. In particular, since the constant vector 1,,
verifies (A — 7%)% = (1 — ) D1,, we conclude that the eigenvalues should be larger than
1 — ~ for the partition to be meaningful.

Multiplying the first equation by 17 leads to (1 —v)d” X = d” XA, and therefore d* X = 0
(using the previous remark on A). The system then simplifies in

AX = DXA and XT'DX = Ik.

Defining a re-scaled vector U = D~'/2X shows that U verifies D~'/2AD~'/2U = UA and
UTU = Ig. Thus, the columns of U are eigenvectors of D~/2AD~1/2 associated to the K
largest eigenvalue (or equivalently, the eigenvectors of £ = Iy — D~'/2AD~1/2 associated to
the K smallest eigenvalues).
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6.4 Temporal networks with time-varying communities

In this section, we consider a population of N nodes partitioned into K time-evolving com-
munities. At time ¢, we denote by ¢! € [K| the community membership of node i and by
Aj; € {0,1} the observed interaction between nodes i and j. We investigate methods of

recovering the community structure, denoted by (o', ,07) where o' € [K]", from an
observed adjacency tensor A = (Afj)

6.4.1 Model description

Similarly to several papers on dynamic SBM [Gha+16; MM17; Bar+18], we firstly assume that
each node community labels 0}7 € [K]” is a Markov chain of length T' with initial probability
« and transition probability matrix 7. Hence,

T
P (o) = H o) [[7 (i, 0)). (6.4.1)
=1 t=2

For simplicity, we will assume that the initial labels and the transitions are uniform, that is

1 1-—
o = ?IK and 7w = 77];(%—7771;(1% (6.4.2)

In other words, a node keeps its label with probability n € [0, 1], and choose a label uniformly
at random with probability 1 — 7.

We then assume that the pair interactions between two nodes 7 and j are Markov processes
depending only on the community labelling and on some degree correction parameters § =
(01, -+ ,0N). In particular,

T
P(Alo,0) = [ P(AL 10} 0}.0:.0) [P (A1 A" ot 0, 6:.6;) . (6.4.3)
t=2

1<i<j<N

We consider a homogeneous model in which the initial distribution is given by

0:6; Al-) ifol =o!
P (AL | Ziy, Zir, 0:,0;) = AV (4] 1= 6.4.4
( il Zis Zins Bis ]) {uei@j (Al-) otherwise, (6.4.4)

and the transition probabilities are

0,0, .
Pl if gt — gt
P (A} =b| A =a,0f,00,0:,0;) = 3 4. o .U] (6.4.5)
Q.  otherwise.
Similarly to Section 6.3.1, the degree-corrected initial distributions are defined by
0. 1— 6,0, 0. 1—6,0,v
0:0; _ ) ]ﬂl 0:0; — (AL
1 ( 0.0, > and v < 0,0, ) , (6.4.6)
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and transition probability matrices

o (1—-6,0.Py 6,0.P o (1=0:0,00 0,0:Q01
PGZBJ _ V5401 V5401 d 0:0; _ V3501 V%0 6.4.7
( 1= Py Py and @ 1—Qn @n ’ ( )

with the assumption that min; ;{6;6,0} < 1, where 0 = max{y1, vy, Po1, Qo1 }. We normalise
the degree correction parameters so that Y. 1(o} = k)6; = >, 1(o; = k) for all . Finally,
we suppose that the transition probabilities and degree-corrected parameters do not vary with
time, to avoid any parameter identifiability issues [MM17].

6.4.2 Online inference as a semi-supervised problem

Time-varying community memberships leads to a contamination of the information given by
the past interactions. Indeed, if node ¢ changes its community assignment at time ¢;, then one
shall not use the interactions of node ¢ during the first ¢; to find its community membership
at time ¢ > t;. This lagging problem occurs when the layers are temporally correlated and
renders the clustering harder. To avoid this issue, we propose an online recovery of the node
labels. More specifically:

. attime ¢ = 1, we use a static community detection algorithm to output 5!, a prediction
of the initial node labels o from the observation of the first snapshot A';

. at time ¢ > 1, we will use the observation of the first ¢ snapshots A, ... A’ as well as
the previous predictions 6!, --- 571, This will be treated as a semi-supervised learn-
ing problem, where the prediction 6! is seen as a noisy oracle for the true node la-

belling 0.

From the Markov structure, the prediction at time ¢ > 1 reduces to predicting o’ using only the
network at time ¢ — 1 and ¢ and the previous prediction 6. This can be interpreted as a noisy
semi-supervised problem, where the previous prediction 5/~ plays the role of an oracle for the
node labels at time ¢. This oracle is noisy, as it bears two kinds of potential mistakes. Firstly,
6! is not necessarily exactly equal to the perfect community labelling o'~!. Furthermore,
since the node labels vary through time, o'~! does not precisely correspond to o’. Assume that
the network data A and community labels ¢ come from the model describe in Section 6.4.1.

We define the rate of mistake of the oracle 6/~ as
po=P(oi#67").
The following Proposition gives the expression of the MAP estimator for this online learning

problem.

Proposition 22. Lets € [K|" be a noisy oracle on the node labels at timet, which is supposed to
be independent of the observed interactions A. Define the rate of mistake of s as p = P (s; # 0;)
and assume this rate is the same for all nodes. A Maximum A Posteriori estimator for the online

learning problem described previously is defined by
' = argmaxP (0‘ | At A s)
c€[KN

128



CLUSTERING TEMPORAL NETWORKS

and is any labelling that maximises

0,0,
0.6, _ 0.0, [ 11— _ 0:0; \t— Q
Z 0 (04, 0;) {301 (Ai; — AGTAY) + Go” (A5 — ATTAY) + 677 Al A — log ngej }
2,7 00

N
=1

6,6, 6,6,
0;0; P, P _
where (" = log —7- — log —j%5 and A = log oo,
P Py P
ab 00

Proof. By Bayes’ rule, P (o | A", A1 5,0) oc P(A'| A1 0,5,0)P (0| A1 s, 0) where the
proportionality symbol hides a term P (A? | A™"! s, §) independent of .

Since P (A| A1, 0,5,0) = P (A" | A*"! 5, 0), then by proceeding similarly to the proof
of Proposition 21, the log-likelihood term log P (A* | A*"! o, §) can be rewritten as

0,0,
1 0. 0. 0. (g
5 E 5 (Ui, O'j) {ﬁgllej (Af] - Az]_lA:]) —+ ﬂfaej (Afj—l _ Aﬁj—lAf]) + éfllejAfj—lAf] — log —gg?aj } .
1,J 00

The oracle information is equal to

P(o|s) = [] Lilop

=1 P (SZ)
N
_ (1 . p)|{Z€[N} 0i=5;}| p|{z€[N] 08} i
K
_ P [{i€[N]: oi#si}| (1 - )N i N
1—0p P K
where we used the uniformity of the node labels. [

6.4.3 Continuous relaxation of the MAP

For simplicity of the derivations to come, in this section we restrict the study to K = 2.

Denote by Al . = A'""! ©® A’ the persisting edges, by Anewy = A' — Al the freshly
formed edges, and by Agq = A" — Apers the disappearing edges between time ¢ — 1 and ¢.
Using a Taylor expansion as in Section 6.3.1, we can approximate the MAP estimator as the

maximisation over z € {—1,1}" of

z’ W—TddT r—Ns—x)'(s— ) (6.4.8)
5 4.
where W' = ag AL, + a10Alq + oAl with ag = log %, 7T is a resolution param-

eter d; = Z;VZI Wi

»and m = % Zf\il d;. The maximisation of Expression (6.4.8) becomes
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equivalent to 6% = sign(Z) where 2 verifies

2 = argmin —2" Mz + (s —2)" (s — 2)
ze{-1,1}N

with M =W — T%. This minimisation problem is analogous to the one studied in Chapter 5
on noisy semi-supervised clustering in the SBM. Indeed, we propose the following continuous
relaxation

i = argmin —z' Mz + A(s —z)" (s — z),
z€RN
zT Dx=2m
where D = diag(dy, -+ ,dy) and m = %Zf\il d;. The solution of this relaxation is com-

puted by mimicking the reasoning of Section 5.2.1. In particular, by denoting the eigen-
decomposition of D~/2 (=M 4 M) D~'/2 by

D—1/2 (—M + >\-[N) D—1/2 _ QAQT
with A = diag(dy, . ..,0y) and QQT = Iy and letting b = AQ's, we obtain that Z verifies
(=M + My — D)z = As, (6.4.9)

where 7, is the smallest solution of the explicit secular equation [GGV89]

n b 2
Z( ! ) —2m = 0. (6.4.10)

i=1 05 =y

This leads to Algorithm 10.

Algorithm 10: Online clustering of time-varying communities.

Input: Observed graph sequence A*! = (Al, ce AT); number of communities K;
static graph clustering algorithm al go; parameters a1, 10, 11 and
Ay ey AT
Output: Node labelling 517
Initialize: Compute 6! <~ algo (A').
1 fort=2,...,T do
2 | Compute W = ag AL, + a10Afg + 1Al
3 Compute M =W — % where d; = Zjvzl Wijandm = 4 SN ds.
4 Let v* be the smallest solution of Equation (6.4.10).
5 Compute 7 as the solution of Equation (6.4.9).

6 | Leto! =sign(z).
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6.4.4 Numerical experiments

We compare in Figure 6.8 the averaged accuracy obtained by Algorithm 10 with Algorithm 9
(spectral clustering with persistent edges) and an algorithm performing spectral clustering on
each snapshot individually. In particular, we observe that when n = 1 (i.e., static community
structure), Algorithm 9 is extremely efficient, as expected. Since it takes into account all
previous snapshots, it in particular outperforms Algorithm 10. On the contrary, when n # 1,
the lagging problem arises, and Algorithm 9 ends up with a very poor accuracy after a few
snapshots. On the contrary, Algorithm 10 keeps a very high accuracy over all snapshots.

In Figure 6.8, we choose \; to be constant and equal to 0.5, while Figure 6.9 explores
other possible values. We observe that when ); is equal to a constant in the interval [0.1, 1],
Algorithm 10 outputs similar performances. On the other hand, when \ becomes too large,
Algorithm 10 gives too much importance to the oracle, and the accuracy becomes worse. In
practice, the choice of the parameters \; could be optimized from the data, e.g. based on 7 or
on the transition matrices P and (). Moreover, it would be intuitive to increase \; with %, as
the confidence in the oracle is higher when more temporal data is available. We leave this as
future work.

1.0 P RS — 1.0
,.0.9 0.9-
: . > f
@) A ey Ly Ty PiA P U 1\
O o \‘H\'\ | | I
0.7 0.71  Th Intht Lk U bt AL
(@) (@] # A AT V. H
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0.6 online-ssl 0.6 Moy, online-ss|
—|— individual SC —{= individual SC
05— o5
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Number of time steps Number of time steps
@n=1 (b) n = 0.85

Figure 6.8: Accuracy of Algorithm 10 (online-ssl) with gy = 1,49 = 0 and o33 = 2, on
time-varying Markov Block Models with 300 nodes and K = 2 blocks (with uniform prior),
and a stationary Markov edge evolution 1y, = 0.05, v; = 0.02, P;; = 0.7 and Q)1; = 0.3. The
results are averaged over 25 synthetic graphs, and error bars show the standard error. We
compare with Algorithm 5 (weighted SC with o = 1,8 = 2) and an algorithm performing
Spectral Clustering on each snapshot individually.
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Figure 6.9: Accuracy of Algorithm 10 with ag; = 1, @19 = 0 and asy = 2 and various values
of A\. Simulations are performed on time-varying Markov Block Models with n = 300, K = 2,

= 0.05, pe = 0.02, P;; = 0.7, Q11 = 0.3 and n = 0.9. The results are averaged over 25
synthetic graphs, and error bars show the standard error.
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The present Chapter is devoted to clustering geometric graphs. While the standard spec-
tral clustering is often not effective for geometric graphs, we present here an effective gener-
alization, called higher-order spectral clustering. It resembles in concept the classical spectral
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clustering method but uses for partitioning the eigenvector associated with a higher-order
eigenvalue. We establish the consistency of this algorithm for a wide class of geometric graphs
which we call Soft Geometric Block Model. A small adjustment of the algorithm provides
strong consistency. We also show that our method is effective in numerical experiments even
for graphs of modest size.

7.1 Model definition and notations

7.1.1 Notations

Let T¢ = R?/Z% be the flat unit torus in dimension d represented by [—%, %} * The norm leo

in R? naturally induces a norm on T¢ such that for any vector z = (z1,...,z4) € T¢ we have
]} = max [z;].
1<i<d

For ameasurable function F' : T? — Rand k € Z¢, we denote F(k) = [, F(v)e 2m%:2) dg
the Fourier transform of F'. The Fourier series of F' is given by

ZF 217rkz

kezd

For two integrable functions F, G : T* — R, we define the convolution operation F x
= [ F( (z)dx and F*™ = F'x F'x---xF (m times). We recall that ' x G(k) =

A( )@( )-

7.1.2 Soft Geometric Block Model

A Soft Geometric Block Model (SGBM) is defined by a dimension d, a number of nodes n,
a set of blocks K and a connectivity probability function ' : T? x K x K — [0,1]. The
node set is taken as V' = [n]. The model is parametrized by a node labelling o : V' — K and
nodes’ positions X = (X1,...,X,) € (T%)". We suppose that F(-,0,0") = F(-,0’,0) and
for any X € T? F(X) depends only on the norm || X||. The probability of appearance of
an edge between nodes ¢ and j is defined by F' (X; — X, 0;,0,). Note that this probability
depends only on the distance between X; and X, and the labels 0;,0;. Consequently, the
model parameters specify the distribution

Pox(A) = ] (F(Xi=Xj0060))" (1= F(X; = Xj,01,05)) ™" (7.1.0)
1<i<j<n
of the adjacency matrix A = (A;;) of a random graph.

Furthermore, in this Chapter we assume that the model has only two equal size blocks, i. e.,
K ={1,2},and >}, 1(0; = 1) = >_"' , 1(0; = 2) = 3. The labels are assigned randomly,
that is, the set {i € [n]: 0; = 1} is chosen randomly over all the %-subsets of [n]. We assume
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that the entries of X and o are independent and Vi € V, X; is uniformly distributed over T,
Finally, suppose that for any x € T¢

W[ Fule), i o=0
F(z,0,07) = { Fout(x), otherwise, (7.1.2)

where F,, Fy : T — [0, 1] are two measurable functions. We call these functions connec-
tivity probability functions.

The average intra- and inter-community edge densities are denoted by i, and jigys, re-
spectively. Their expressions are given by the first Fourier modes of F}, and Fi:

MHin = / Fl(l’)dl’ and Mout = / Fout(l’)dl‘.
Td Td

These quantities will play an important role in the following, as they represent the intensities

of interactions between nodes in the same community and nodes in different communities.

In particular, the average inside community degree is (E — 1) in, and the average outside

2
community degree is 3 floy-

Example 13. An SGBM where F},(z) = pin and Fou () = pous With piy, Pous being constants
is an instance of the Stochastic Block Model.

Example 14. An SGBM where Fi,(z) = 1(||z|| < rn), Fou(z) = 1(||z|| < row) with
Tin, Tout € R4 is an instance of the Geometric Block Model introduced in [Gal+18].

Example 15. We call Waxman Block Model (WBM) an SGBM with F},(z) = min(1, gi,enlIl),
Fyu(x) = min(1, geue~*ul#l). This is a clustered version of the Waxman model [Wax88],
which is a particular case of soft geometric random graphs [Pen16].

Formally, clustering or community recovery problem is the following problem: given the
observation of the adjacency matrix A and the knowledge of F},, F,., we want to recover the
latent community labelling o. Given an estimator ¢ of o, we define the loss ¢ as the ratio of
misclassified nodes, up to a global permutation of the labels:

1
6(0,6)257{1&2 1(o; £mo0d;).

Then, ¢ is said to be consistent (or equivalently, achieves almost exact recovery) if

Ve>0: lim P({(0,6) >¢€) = 0,

n—oo

and strongly consistent (equivalently, achieves exact recovery) if

lim P(¢(0,6) >0) = 0.

n—oo
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7.2 The analysis of limiting spectrum

7.2.1 Limit of the spectral measure

Theorem 11. Consider an SGBM defined by (7.1.1)-(7.1.2). Assume that Fi,(0) and Fy,,(0) are
equal to the Fourier series of F},,(+) and Fy(-) evaluated at 0. Let \q, . .., \,, be the eigenvalues

of A, and
i=1

the spectral measure of the matrix %A. Then, for all Borel sets B with ;1 (0B) = 0 and 0 ¢ B,

a.s.,

lim y1,(B) = u(B),

n—o0

where 1 is the following measure:

M = : : 6ﬁin(k)+ﬁout(k) + 5ﬁin(k>7ﬁout(k) N
kezd : :

Remark 17. The limiting measure 1 is composed of two terms. The first term, ) _, ez O By (k)4 Fou ()
Fin(0)+ Four (k)
corresponds to the spectrum of a random graph with no community structure, and where

Fin @)+ Four(z) J;F‘)“t(x). In other

edges between two nodes at distance z are drawn with probability
words, it is the null-model of the considered SGBM. Hence, the eigenvectors associated with

those eigenvalues bear no community information, but only geometric features.

On the contrary, the second term ), ;a0 7 -7, corresponds to the difference be-
tween intra- and inter-community edges. In particuiar, as we shall see later, the ideal eigen-
vector for clustering is associated with the eigenvalue X closest to A, = nw. Other
eigenvectors might mix some geometric and community features and hence are harder to

analyze.

Last, the eigenvalue \is not necessarily the second largest eigenvalue, as the ordering of
eigenvalues here depends on the Fourier coefficients F}, (k) and Fy,(k), and is in general non
trivial.

Remark 18. The assumptions on F},(0) and F,,;(0) are validated for a wide range of rea-
sonable connectivity functions. For instance, by Dini’s criterion, all the functions that are
differentiable at 0 satisfy these conditions. Another appropriate class consists of piecewise
C' functions that are continuous at 0 (this follows from the Dirichlet conditions).

Proof. The outline of the proof of Theorem 11 follows closely [Bor0g]. First, we show that
Vm e N, lim Epu, (P,) = u(P,,) where P,,(t) = t™. Second, we use Talagrand’s concen-
n—oo

tration inequality to prove that j,,(P,,) is not far from its mean, and conclude with Borel-
Cantelli lemma.
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(i) By Lemma 30 in Section 7.6, in order to establish the desired convergence it is enough
to show that lim Eu, (P,,) = p(P,,) for any m € N. First,
n—oo

1 O 1
Eun(Pp) = — EX" = —ETr A™. 7.2.1
pn(Pm) = — ; P= BT (7.2.1)
By definition,
Tr A™ = Z H Aij,ij+17
agn]m j=1
with a = (i1,...,im,) € [n]™ and i,, 11 = ;. We denote A" the set of m-permutations of [n],

that is o« € A iff v is an m-tuple without repetition. We have,

TrA™ = Z ﬁAijvij+1 —f-Rm, (7.2.2)

acAm j=1

where R, = > H;n:l Az'j,z’j+1-

agn]m\ Az

We first bound the quantity R,,. Since |A4;;| < 1, we have

m m m n! o m(m_ ]') m—1 m—1
Rl < |\ A7 | = e = g e,
|
where we used ﬁ =n™ — ™S o(n™ ). Hence
. 1
lim —R,, =0. (7.2.3)
n—oo M
Moreover,
E Z H Aij,ijJrl = Z H F([L'lj — [L'ijJrl, Uij> Uij+1)dmi1 c. d.’lfim
acAm j=1 acAm Y (TH™ 57
= 2 Gl
acAm

where G(a) = f(ird)m [1% F(wi; — iy, 0455 04, )ds, - dog, for a € A

Let us first show that the value of G(«) depends only on the number of consecutive indices
corresponding to the nodes from the same community. More precisely, let us define the set
S(a) = {j € [m] : 0, = 0y,,,}. Using Lemma 31 in Section 7.6 and the fact that the
convolution is commutative, we have

Gla) = F;;lls(a)l *F*(m—ls(a)l)(()).

out
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We introduce the following equivalence relationship in A”": o ~ o if |S(«)| = |S (o). We
notice than G(-) is constant on each equivalence class, and equals to F}” * Frim
a € A such that [S(a)| =

?)(0) for any

Then, let us calculate the cardinal of each equivalence class with |S(«)| = p. First of all,
we choose the set S(«) which can be done in (’;) ways if m — p is even and cannot be done
if m — p is odd. The latter follows from the fact that p (the number of ‘non-changes’ in the
consecutive community labels) has the same parity as m (the total number of indices) since
im+1 = 11. The set S(«) defines the community labels up to the flip of communities since

0;, = 0, forany j € S(a) and 0y, # 0, for j € [m]\S(a).

J

Let Ni(a) be the number of indices i; with 0;, = 1. Consider first the case o;, = 1 and
note that Vi («) is totally defined by the set S(«). There are 4 possible choices for 7;. Now
we have two possibilities. If 0;, = 0, then we have § — 1 posmble choices for the index iy
(since o € A7'). Otherwise, if 0, # 04, then the index 75 can be chosen in § ways. Resuming
the above operation, we choose N; («) indices from the first community, and it can be done in
n/2(n/2—1)...(n/2— Ni(«)) ways. The indices from the second community can be chosen
inn/2(n/2—-1)...(n/2— (m— Ni(a))) ways. Thus in total the number of possible choices
of indices is

2 1) (i) 5 G 1) (- e)

m

:Z—m—i—O( n™ 1), n— .

The same reasoning applies if 0;, = 2. Hence, when n goes to infinity, the cardinal of each
equivalence class is

m 0 if m — pis odd,
o€ A7 [S(0)] = p}| = { o '
2(p) & +O0(m™ ") otherwise.
This can be rewritten as
e Az st =pH = () (1 (0" B+ O, n oo
Hence,
E Z HAij,in = Ha e A" |S(a)| = p}| FiF *F:ézn p)(o)
acAm j=1

> (m> (L4 (=)™ 7) Bl % Foy"(0) + O(n™ )

p=0 p

_ ((—F *;Ft>m (0) + (—F ;Ft)m <0)) +Omm .

Therefore, equations (7.2.1), (7.2.2) and (7.2.3) give us:

. ~Fin+Fou o En_Fou o
i B (P) = (257 ) O () o)

n—o0 2
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Finally, since F},, Fy; are equal to their Fourier series at 0, and using F % G(k) = F(k)G(k),
we have

lim Eﬂn(Pm) _ Z <En<k)_; out(k)> + <En(k) B Fout(k>> — ,U(Pm) ) (7.2.4)

n—oo 2
kezd

(ii) For each m > 1, and n fixed, we define

Qm : SGBM(Fm,FOUt) — R
A — — L Tr A™

nm—1

where SGBM (Fiy, Fout) denotes the set of adjacency matrices of an SGBM random graph
with connectivity functions Fi,, Fyy. Note that Q,,(A) = nu,(Pr,).

Let A, Abe two adjacency matrices. We denote the Hamming distance by dy.m (A, le> =

D i 2y LAy # g,]) Using Lemma 34 in Section 7.6, we show that the function @, is
(m/n)-Lipschitz for the Hamming distance:

Qm(A) — Qm(ﬁ)) < — dyam (A,A) (7.2.5)

m
n

Let M,, be the median of (),,. Talagrand’s concentration inequality [Tal96, Proposi-
tion 2.1] states that

n?t?
P(|Q,, — M| > 1) < 4 ), 7.2.6
(1Qn = Ml > 1) < dexp (=) 726)

which after integrating over all ¢ gives

B (Ba) = M| < E[Qu(4) ~ M| < 2,

since EX = fooo P(X > t)dt for any positive random variable X. The constant C,, is equal
to 8m [ e du.

Moreover,

0| pn(Prn) — Epn (Pr)| < [npin(Pr) — M| + [ My, — nEpin (Pry)|
Cn
< |Qm — My | + —.
n

Let s > 0. Since C,,,/n? goes to 0 when n goes to infinity, we can pick n large enough such
that s > % Thus, using again inequality (7.2.6), we have

1 Cm
P (|1tn(Po) = Eptn(Pr)| > s) < P<E|Qm—Mml > 5 — ?)
n* C\’
= tew _4_7712(3_?) |
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However, by (7.2.4), lim Eu,(P,) = wu(P,). Hence u,(P,,) converges in probability to
n—oo
1(Py). Let s, = - with k > 0, and

nt c o\
€, = 4dexp iy sn—ﬁ )

Since ), .y €n < 00 when k < 2, an application of Borel-Cantelli lemma shows that the
convergence holds in fact almost surely. This concludes the proof. [

7.2.2 Conditions for the isolation of the ideal eigenvalue

As noticed in Remark 17, the ideal eigenvector for clustering is associated with the eigenvalue
of the adjacency matrix A closest to ntn=reut (recall that pi, = Fiy(0) and jiour = Fout(0)).
The following proposition shows that this ideal eigenvalue is isolated from other eigenvalues
under certain conditions.

Proposition 23. Consider the adjacency matrix A of an SGBM defined by (7.1.1)«(7.1.2), and
assume that:

)

)

(k) + Fout (k) # fiin — ptows, Yk € Z°, (7.2.7)
in(k) - Aout(k) 7& Min — Hout, vk € Zd\{o}a (7'2'8)

with fiin # flout- Then, the eigenvalue of A closest to n*==Ft is of multiplicity one. Moreover,
there exists € > 0 such that for large enough n every other eigenvalue is at a distance at least en.

. We will

Ai _ Min—Hout
n 2

Proof. Let Ay, ..., A, be the eigenvalues of A. Let ¢* € arg min, g,
show that there exists € > 0 such that for large enough n, we have for all ¢ # i*:

)\i Hin — Hout

> €.
n 2

Due to condition (7.2.7), and the fact that

tim (Fu(k) + Fa(k)) =0,

|k]—o00

there is some fixed ¢; > 0 such that

min > €.
kezd

Similarly, condition (7.2.8) ensures the existence of €5 > 0 such that

>>€2.

~

En(k) + ﬁout(k) Hin — Hout
2

B 2

~ ~

En(k) - Fout(k> Hin — Hout

2 2

min (
kez\{0}
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Denote €3 = —"““_4”0“”. Let € = min (€1, €, €3) and consider B = [Hnzhont _ ¢ MinThont 4 ¢]

By Theorem 11, a.s.,

lim u,(B) = p(B) = 1.

n—o0

Therefore, for n large enough the only eigenvalue of A in the interval B is A;«. ]

The following proposition shows that conditions (7.2.7) and (7.2.8) of Proposition 23 are
almost always verified for a GBM.

Proposition 24. Consider the d-dimensional GBM model, where I, i, are 1-periodic, and
defined on the flat torus T¢ by Fy,(z) = 1(||z| < ) and Fou(z) = 1(||2]] < rou), with
Tin > Tout > 0. Denote by B, and B_ the sets of parameters i, and ro, defined by negation of
conditions (7.2.7) and (7.2.8):

B = {(rin ow) € BE 2 Fua(k) + Pons (k) = 1 — prow. for some k € 2}
n(k) - out(k) = Min — Hout for some k € Zd\{o}} :

Then these sets of ‘bad’ parameters are of zero Lebesgue measure:

)
)

B~ = {(rinarout) € Ri

Leb(B') = 0; and  Leb(B~) = 0.

Hence for B =Bt UB~
Leb(B) = 0.

Proof. 1t is clear that
Leb(B) < Leb(B") + Leb(B7).
Thus, it is enough to show that Leb(B8") = 0 and Leb(B~) = 0. We shall establish the first

equality, and the second equality can be proved similarly.

By Lemma 32 in Section 7.6, the negation of condition (7.2.7) for given functions Fj, and
F,. is as follows:

3k = (ky, -+ kq) € Z% sinc(27mrink;) + 12, H sinc(2mrouk;) = ri —rd

IIH:&

7j=1

where sinc(z) = is the sinus cardinal function.

{— if 2 # 0

0 otherwise

Notice that limy, ;. sinc(2nrink;) = 0 and limy,; o sinc(277uk;) = 0 while the right-hand
side of the above equation is fixed. Therefore, this equation can hold only for k& from a finite
set K. Let us fix some k = (kq, ..., k;) € K and denote

Bk+ = {(T’m,’f’out € Ri' T; Hsmc 2mrink;) + rout Hsmc (2mrouk;) = i, — Tgut}.

7j=1
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Let us now fix 7y, and consider the condition defining B, as an equation on 7,;. Define
the functions

fu(z) = 2¢ <1 + Hsinc(%rxkj)) ,

j=1
d
ge(z) = 2¢ <1 — Hsinc(walq)) .
j=1
Then the mentioned equation takes the form
Je(Tout) = gr(Tin)- (7.2.9)

Consider the function h; : C — R:

hi(z) = 2° <1 + Hsinc(szkj)) :

j=1

Clearly, this function coincides with f; on R. Moreover, it is holomorphic in C, as sinc(z) is
holomorphic (it can be represented by the series >~ %ZQTZ), and the product of holo-
morphic functions is again holomorphic. But then the derivative A} (z) is also holomorphic,
therefore, it has a countable number of zeros in C. Clearly, ), = f; on R, which yields that

/7. has a countable number of zeros in R.

Hence, R, is divided into a countable number of intervals on which the function fy(x) is
strictly monotone. Thatis, R = LI3°[a;(k), b;(k)] where fr; = fk{[a-(k) b (k)]

tone. Then the function f,_ 1.1 (x) is correctly defined and, since fy ; is measurable and injective,

is strictly mono-

fr. Z.l is measurable as well. Consequently, there is a unique solution roy = f,. il (gx(rin)) of
equation (7.2.9) for ry,, € [min f;;; max fi;]. If i ¢ [min fi;; max fy;], there is no solution
at all.

Therefore, B;;i = {(rin, f,;il (gk(rin))) : i € [min fi;; max f;“]} is the graph of some
measurable function in R%. Since such a graph has a zero Lebesgue measure (see e.g., [WZ77,
Lemma 5.3]), we have:

Leb(B;) = Leb (U;’ilei) = 0.

Hence, we can conclude that

Leb(B) = Leb (U B,j) < ) Leb(B{) = 0.

ke kex

Carrying out a similar argumentation for 5~ completes the proof. O]
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7.3 Consistency of higher-order spectral clustering

In this section we show that spectral clustering based on the ideal eigenvector (see Algo-
rithm 11) is consistent for SGBM (Theorem 12). We then show that a simple extra step can in
fact achieve strong consistency.

Algorithm 11: Higher-Order Spectral Clustering (HOSC).
Input: Adjacency matrix A, average intra- and inter-cluster edge densities fiip, flout-
Output: Node labelling o € {1,2}".

Global step:
2 Let \ be the eigenvalue of A closest to A\, = Wn and v be the associated
eigenvector.
s fori=1,...,ndo

4 L If v; > 0, let o; = 1; otherwise, let o; = 2.

Remark 19. The worst case complexity of the eigenvalue factorization is O (n3) [Dem+08].
However, when the matrix is sufficiently sparse and the eigenvalues are well separated, the
empirical complexity can be close to O(kn), where k is the number of required eigenvalues
[Dem+08]. Moreover, since Algorithm 11 uses only the sign of eigenvector elements, a quite
rough accuracy can be sufficient for classification purposes.

7.3.1 Weak consistency of higher-order spectral clustering

Theorem 12. Let us consider the d-dimensional SGBM with connectivity probability functions
F,, and F,,; satisfying conditions (7.2.7)-(7.2.8). Then Algorithm 11 is consistent. More precisely,
Algorithm 11 misclassifies at most O(logn) nodes.

Proof. Let us introduce some notations. Recall that p;, = ﬁ’in(O) and fiou = ﬁout(O). In the
limiting spectrum, the ideal eigenvalue for clustering is

Hin — Hout
— "N

A = 5

We consider the closest eigenvalue of A to \,:

A = argmin (|]A — \,]).
by

Also, let v be the normalized eigenvector corresponding to . In this proof, the Euclidean
norm || - |2 is used.
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The plan of the proof is as follows. We consider the vector

v = (UL U =V =)

n/2 n/2

where we supposed without loss of generality that the n/2 first nodes are in cluster 1, and
the n/2 last nodes are in cluster 2. The vector v, gives the perfect recovery by the sign of its
coordinates. We shall show that with high probability for some constant C' > 0

/1
[0 = vl £ C oen (7.3.1)
n

We say that an event occurs with high probability (w. h. p.) if its probability goesto 1 asn — oc.
With the bounding (7.3.1), we shall then show that at most o(n) of entries of v have a sign

that differ from the sign of the respective entry in v,; hence v retrieves almost exact recovery.
In order to establish inequality (7.3.1) we will use the following theorem from [KP]82].

Theorem 13. Let A be a real symmetric matrix. IfX is the eigenvalue of A closest to p(v) =
%, (i is the separation of p from the next closest eigenvalue and v is the eigenvector correspond-
ing to \, then

[Av — poll2

[sin £(v,7)] <
Jol.

First we deal with p(v.). Since v, is normalized and real-valued (by the symmetry of A),
we have
p(vy) = U*TAU*.

Denote u = Awv,. Then, obviously,

n n/2 n
1 1
wi=Y Ayw)i=—2=Y Ay—-—F= > Ay (7.3.2)
‘= Vn pu NG P

It is clear that each entry A;; with ¢ # j is a Bernoulli random variable with the probability
of success either i, or poyt. This can be illustrated by the element-wise expectation of the
adjacency matrix:

Hin - Hin Hout -+ - - Hout

EA _ Hin - -- Hin Hout - - - Hout
Hout - -+ Hout Min - -+ Min
Hout - - - Hout Hin - .- Hin

Let us consider the first term in the right-hand side of (7.3.2) for ¢ < n/2. Since A;; are

independent for fixed i, it is easy to see that Y; := Z?fl A;;j ~ Bin(n/2 — 1, jt;,) with the
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expectation EY; = (n/2 — 1)p,. Then we can use the Chernoff bound to estimate a possible
deviation from the mean. Forany 0 < ¢ < 1

P(|Y; — BY;| > tEY;) < e ¥/, (7.3.3)

Let us take t = (2— V/;Og;;. Then for large enough n,
n/<2—1)Kin

n/2

1
P ZAij —Ning > \/2pipnlogn | = P(M—EYH > \/2Minnlogn> < o
j=1

Similarly,
n n 1
P Z Aij — ,uout§ >\ 2pemnlogn | < )
j=n/2+1

and

2
_2.

‘ > \/2 (tin + Hout) log n) < (7.3.4)
n

U; — (Mln ,Uout) 2

"

Denote v, = \/ 2(pin + pout) log n and notice that 7,, = ©(y/logn). By the union bound, we
have for large enough n

n NLD n 2 1
Pdi<—=:|uy— (fin — flout)—| >V | < = — = —. 7.3.5
By the same argumentation,
1
P(3> E: w; — (fout — uin)\/—ﬁ > ] < —. (7.3.6)
2 2 n
Now let us calculate p(v,):
n 1 n/2
o) = Sl - L3 - L S
i=1 \/ﬁ i=1 \/_ i=n/2+1

We already established that u; ~ (p;,— ,uout) Vo fori < 5 (which means that lim e/ =
1 w.h.p.) and, therefore, that \/iﬁ Z?/ ? u; ~ (fin — Hout) - More precisely, by (7.3.5),

P L Z“z o (,uin - ,U/out)n > ’YR\/E < l

In the same way, by (7.3.6),

:uout /'Lm) 'Yn\/ﬁ ]-
P \/_ Z u; — 1 > < —.

7,754-1
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Finally,

P (‘p(v*) - M

>%\/ﬁ) < % (7.3.7)

Now let us denote w = Av, — p(vi)v. = u — p(vs)v.. As we already know, u; ~ (pp, —
,uout)‘/Tﬁ and (p(vs)vs); ~ (fhin — uout)‘/Tﬁ for i < %. Clearly, for i < 3

(luin — luOut)\/ﬁ (:uin - ,uout)\/ﬁ 1

lw;| < Ju; —

Then

P(Jw;| >v,) < P ( (ftin — gout)ﬁ

AP <' (in — gout)\/ﬁ B %p@*)

U; —

>”yn>+

)

A similar bound can be derived for the case i > n/2. Taking into account that p(v,) does not

depend on ¢, using the union bound and equations (7.3.4) and (7.3.7), we get that

2 2 4
P(max|wi\ >2fyn> <n-—+- = -
i n n n

One can readily see that ||w|]2 < \/n - max; w? = y/nmax; |w;|. Thus, we finally can bound

the Fuclidean norm of the vector w:

4
P ([|w]l2 > 27,v/n) < = =0, n— ooc.
n

Now we can use Theorem 13. According to this result,

JAv, —vp(e)ls _ e _ 2y
A 5SS

|sin Z(vy,0)| < w. h.p.,

where § = min; |A\;(4) — p(v,)| over all \; # . Since we have assumed that (7.2.7) and
(7.2.8) hold, by Proposition 23, 6 > en. Then, since v, is normalized, a simple geometric
consideration guarantees that

2V27,/n  2v2y,

v, —T]ls < V2|sinZ(v,,?)] < = w. h.p. (7.3.8)

en evn

Let us denote the number of errors by

r = |{i € [n]: sign ((v.);) # sign (v;)}] .

If we now remember that the vector v, consists of :I:\/Lﬁ, itis clear that for any i with sign((vy);) #
sign(v;)

1
|(vs)i = 0] > NG
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The number of such coordinates is r. Therefore,

1 2 r
o — 32 > (%) -z

Then, by (7.3.8), the following chain of inequalities holds:

~ 8 2 16 in ou 1
Toc =2 < S 160t ow)logn

n €2n e2n

Hence, with high probability

16 in ou 1
r < (u +l; J Ogn:O(logn), n — 00.
€
Thus, the vector v provides almost exact recovery. This completes the proof. [

7.3.2 Strong consistency of higher-order spectral clustering with lo-
cal improvement

In order to derive a strong consistency result, we shall add an extra step to Algorithm 11.
Given 0, the prediction of Algorithm 11, we classify each node to be in the community where
it has the most neighbors, according to the labelling 7. We summarize this procedure in
Algorithm 12, and Theorem 14 states the exact recovery result.

Algorithm 12: Higher-Order Spectral Clustering with Local Improvement (HOSC-
LI).
Input: Adjacency matrix A, average intra- and inter-cluster edge densities fiin, fout-
Output: Node labelling o € {1,2}".

Global step:
2 Let o be the output of Algorithm 11.
Local improvement:

s fori=1,....,ndo
4 | Setg; :=argmaxy 1(c; =k)a.
ke{1,2} jAi

Remark 20. The local improvement step runs in O(ndy,.y) operations, where d,.y is the
maximum degree of the graph. Albeit the local improvement step being convenient for the
theoretical proof, we will see in Section 7.4 (Figure 7.3) that in practice Algorithm 11 already
works well often giving 100% accuracy even without local improvement.

Theorem 14. Let us consider the d-dimensional SGBM defined by (7.1.1)(7.1.2), and connec-
tivity probability functions F, and Fi satisfying conditions (7.2.7)-(7.2.8). Then Algorithm 12
provides exact recovery for the given SGBM.
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Proof. We need to prove that the almost exact recovery of Algorithm 11 (established in The-
orem 12) can be transformed into exact recovery by the local improvement step. This step
consists in counting neighbours in the obtained communities. For each node 7 we count the
number of neighbours in both supposed communities determined by the sign of the vector v
coordinate:

21(2) — Z Aij7

sign(v;)=1

Zo(i) = Y Ay

sign(v;)=—1

According to Algorithm 12, if Z (i) > Z(i), we assign the label 5; = 1 to node 4, otherwise
we label it as 0; = 2. Suppose that some node i is still misclassified after this procedure and
our prediction does not coincide with the true label: 5; # o;. Let us assume without loss of
generality that o; = 1 and, therefore, 3; = 2. Then, clearly, Z5(i) > Z,(i).

Let us denote by Z; (i) and Z5(7) degrees of node i in the communities defined by the true
labels o

;=]

Since sign(v;) coincides with the true community partition for all but C'logn nodes (see the
end of the proof of Theorem 12),

Z,(0) - %(i)| < Clogn, j=12,
which implies that
Z1(i)) > Z1(i) — Clogn and Zy(i) < Zy(i) + Clogn.
Hence, taking into account that Z,(i) > Zi(i),
Zy(i) +2Clogn > Z1(i),
which means that the inter-cluster degree of node 7 is asymptotically not less than its intra-
cluster degree (since Z;(i) = O(n) w.h.p.). Intuitively, this should happen very seldom,

and Lemma 33 in Section 7.6 gives an upper bound on the probability of this event. Thus, by
Lemma 33, for large n,

P(Zy(i) +2Clogn > Z1(i)) = P(Z1(i) — Z3(i) < 2C'logn) <

1
<P <Zl(i) — Z5(i) < /2(ptin + uout)nlogn> < — =0, n—o0.
n
Then each node is classified correctly with high probability and Theorem 14 is proved. [l
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7.4 Numerical results

7.4.1 Higher-order spectral clustering on 1-dimensional GBM

Let us consider a 1-dimensional GBM, defined in Example 14. We first emphasize two im-
portant points of the theoretical study: the ideal eigenvector for clustering is not necesarily
the Fiedler vector, and some eigenvectors, including the Fiedler vector, could correspond to
geometric configurations.

Figure 7.1 shows the accuracy (i.e., the ratio of correctly labelled nodes, up to a global
permutation of the labels if needed, divided by the total number of nodes) of each eigenvector
for a realization of 1-dimensional GBM. We see that, although the Fiedler vector is not suitable
for clustering, there is nonetheless one eigevector that stands out of the crowd.

1.0 °

Accuracy
© o o o o
(6] ()] ~ o O

{ 00002 * cones™ungteess” oo ’o0t0ye%eorq0rsueste
0 10 20 30 40 50
Eigenvector index

Figure 7.1: Accuracy obtained on a 1-dimensional GBM (n = 2000, 7y, = 0.08, 7oy = 0.02)
using the different eigenvectors of the adjacency matrix. The eigenvector of index k corre-
sponds to the eigenvector associated with the k-th largest eigenvalue of A.

Then, in Figure 7.2 we draw the nodes of a GBM according to their respective position. We
then show the clusters predicted by some eigenvectors. We see some geometric configurations
(Figures 7.2a and 7.2¢), while the eigenvector leading to the perfect accuracy corresponds to
index 4 (Figure 7.2b).

Figure 7.3 shows the evolution of the accuracy of Algorithms 11 and 12 when the number
of nodes n increases. As expected, the accuracy increases with n. Moreover, we see no signif-
icant effect of using the local improvement of Algorithm 12. Thus, we conduct all the rest of
numerical experiments with the basic Algorithm 11.

In Figure 7.4, we illustrate the statement of Proposition 24: for some specific values of
the pair (7, 7out), the Conditions (7.2.7) and (7.2.8) do not hold, and Algorithm 11 is not
guaranteed to work. We observe in Figure 7.4 that these pairs of bad values exactly correspond
to the moments when the index of the ideal eigenvector jumps from one value to another.
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N a N -7 N
, . y . y .
( ) ( ) | )
\ / \. Y \. S

(@) k =2 (b) k = 4 © k=8

Figure 7.2: Example of clustering done using the eigenvector associated to the k-th largest
eigenvalue of the adjacency matrix of a 1-dimensional GBM (n = 150, ry, = 0.2, rout =
0.05). For clarity edges are not shown, and nodes are positioned on a circle according to their
true positions. The Fiedler vector (k = 2) is associated with a geometric cut, while the 4-th
eigenvector corresponds to the true community labelling and leads to the perfect accuracy.
The vector k = 8 is associated with yet another geometric cut.

Evolution of accuracy with n,
for rin = 0.08 and rout = 0.05

1.001 P —
0.951 B
> P
S 0.90 /
5 /'/
0.85{
O _'/‘/ Algorithm:
< 0.801 / b HOSC
0.75{ | HOSC-LI

2000 4000 6000 8000
n

Figure 7.3: Accuracy obtained on 1-dimensional GBM as a function of n, when r;,, = 0.08 and
rout = 0.05, for Algorithm 11 and Algorithm 12. Results are averaged over 100 realisations,

and error bars show the standard error.
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rin

Figure 7.4: Evolution of accuracy (blue curve) with respect to r,, for a GBM with n = 3000
and 74, = 0.06. Results are averaged over 10 realisations. By the red curve we show the

index of the ideal eigenvector, again with respect to ry,.
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Finally, we compare in Figure 7.5 the accuracy of Algorithm 11 with the motif counting
algorithms presented in references [Gal+18] and [Gal+19]. Those algorithms consist in count-
ing the number of common neighbors, and clustering accordingly. We call Motif Counting 1
(resp. Motif Counting 2) the algorithm of reference [Gal+18] (resp. of reference [Gal+19]).
We thank the authors for providing us the code used in their papers. We observed that with
present realizations the motif counting algorithms take much more time than HOSC takes.
For example on a GBM with n = 3000, r;, = 0.08 and r,,; = 0.04, HOSC takes 8 seconds,
while Motif Counting 1 takes 130 seconds and Motif Counting 2 takes 60 seconds on a laptop
with 1.90GHz CPU and 15.5 GB memory.

Evolution of accuracy,
for n = 3000 and rout = 0.04

1.0 — e
i Y AN
0.91 i 7/
9 j [
@ 0.8 ! Algorithm: i
5 I! —- HOSC i
- Motif Counting 1
8 07 b /"I ‘I‘ —-- Motif Counting 2 /
< / /
0.6 / /
/ p
05 4 /_ ....................... -

0.04 0.06 0.08 0.10 0.12 0.14
rin

Figure 7.5: Accuracy obtained on 1-dimensional GBM for different clustering methods. Motif
Counting 1 corresponds to the algorithm described in [Gal+18] and Motif Counting 2 to the
algorithm described in [Gal+19]. Results are averaged over 50 realisations, and error bars
show the standard error.

7.4.2 Waxman Block Model

Let us now consider the Waxman Block Model introduced in Example 15. Recall that F},(x)
min(1, gie**) and Foy(x) = min(1, gowe *"**), where ¢in, Gout, Sin, Sout are four positive
real numbers. We have the following particular situations:

o if Souy = 0, then Fyu(2) = gous and the inter-cluster interactions are independent of
the nodes’ positions. If s;, = 0 as well, we recover the SBM;

o if g = €"%in and oy = e’°ut%vt, then in the limit s;,, Sou > 1 we recover the 1-
dimensional GBM.

We show in Figure 7.6 the accuracy of Algorithm 11 on a WBM. In particular, we see that
we do not need f;, > fiout, and we can recover disassociative communities. However, there
are obvious dips when ¢y, is close to goyut Or Siy is close to sout. It is clear that if g, = gout On
the left-hand side picture or s;, = Syt On the right-hand side picture, one cannot distinguish
two communities in the graph. Thus, for small n, we observe some ranges around these ‘bad’
values where Algorithm 11 fails. As expected, the dips become narrower when n increases.
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Evolution of accuracy with gout. Evolution of accuracy with sout.
gin = 0.4, sin = 1.0, sout = 1.0 gin = 0.5, gout = 0.5, sin = 2.0
1.0{ ———————— = —— 1.0] ——5v== o
N T
0.91 it Fid 0.91 SRR Li
9 Vo > R
Ly | i |
0 0.8y Graph size: ! if ©os ' ‘l : ! ,’ i
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Figure 7.6: Accuracy obtained on a 1-dimensional Waxman Block Model. Results are averaged
over 10 realizations. Same colors in the two plots correspond to the same graph size.

7.5 Conclusions and future research

In the present chapter we devised an effective algorithm for clustering geometric graphs. This
algorithm is close in concept to the classical spectral clustering method but it makes use of
the eigenvector associated with a higher-order eigenvalue. It provides weak consistency for
a wide class of graph models which we call the Soft Geometric Block Model, under some mild
conditions on the Fourier transform of F}, and F,.. A small adjustment of the algorithm
leads to strong consistency. Moreover, our method was shown to be effective in numerical
simulations even for graphs of modest size.

The problem stated in the current paper might be investigated further in several directions.
One of them is a possible study on the SGBM with more than two clusters. The situation here
is quite different from the SBM where the spectral clustering algorithm with few eigenvec-
tors associated with the smallest non-zero eigenvalues provides good performance. In the
SGBM even the choice of such eigenvectors is not trivial, since the ‘optimal’ eigenvalue for
distinguishing two clusters is often not the smallest one.

Another natural direction of research is the investigation of the sparse regime, since all
our theoretical results concern the case of degrees linear in n (this assumption is used for the
analysis of the adjacency matrix spectrum and for finding the spectral gap around the ‘ideal’
eigenvalue \). In sparser regimes, there are effective algorithms for some particular cases of
the SGBM (e. g., for the GBM), but there is no established threshold when exact recovery is
theoretically possible. Unfortunately, the method of the current paper without revision is not
appropriate for this situation, and the technique will very likely be much more complicated.

Finally, considering weighted geometric graphs could be an interesting task for applica-
tions where clustering of weighted graphs is pertinent. For instance, the functions Fj, and
FL can be considered as weights on the edges in a graph. We believe that most of the results
of the paper may be easily transferred to this case.
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7.6 Auxiliary results

7.6.1 Hamburger moment problem for the limiting measure

Lemma 30. Assume that ' : T — R is such that F'(0) is equal to the Fourier series of F'(x)
evaluated at 0 and 0 < F(z) < 1. Consider the measure . defined by the function F':

Then y is defined uniquely by the sequence of its moments { M, }°° ;.

Proof. It is enough to show that Carleman’s condition holds true for u (see [AK65]):

1
> M, = +oo. (7.6.1)
n=1
As one can easily see,
My, =Y F"(k). (7.6.2)
kezd

From the bounds 0 < F(z) < 1 it follows that F'(k) < 1. Then it is clear that F"(k) <
F(k) for any n € N. We can write

My, =Y F?(k) < Y F(k) = F(0) <1.

kezd kezd

Here we used the assumption that F'(0) equals its Fourier series evaluated at 0. Then
1

Thus, the series in the right-hand side of (7.6.1) is divergent and Carleman’s condition is
verified.

]

7.6.2 m-times convolution

Lemma 31. Letm € N and Fy, ..., F,, be integrable functions over T?. Then,
Fl**Fm<O)I/ HF}'(Z]‘—ZJ'+1) le...dZm
(T4)™ 54

with the notation 2,1 = 2.
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Proof. With the change of variable u; = z; — z;4; fori =1...m — 1, we have

m

/ HF}'(Z]' —Zj+1) ledZm
(Td)m™ S
m—1
= / le / Fz(uz)Fm(—ul — = um_l)dul e dum_1
Td (Td)m—l i1
We notice that
/ dumlemfl(umfl)Fm(_ul - umfl)
Td
=Llpm * Fm(_ul - um72>-
Hence,
m—1
/ H E(ul)Fm<—’U/1 — e — um,l)dul R dum,l
(Td) =1
=Fy*x--x F,(0)
Therefore,

m

/(Td)mHFj(zj—zj+1)dzl...dzm = /Tddlel*---*Fm(O) = Fy*--x F,(0),
1

which ends the proof. O

7.6.3 Fourier transform of the square wave

Lemma 32. Let 0 < r < 3. Let F : R? — R be I-periodic such that F(z) = 1 (||z|| < r) for
x € T Then,

d
F(k) = 2r? H sinc(27k;r),

j=1

1, ifr =0,

T, otherwise.

wherek = (ki,...,kq) € Z¢ and sinc(x) = {

Proof. We shall use the set [—1/2,1/2]¢ as a representation of T¢. Let us first notice that for

€[-1/2,1/2)¢

1<5<d

d
Fo)=1(lell < 1) = 1 (il < r) = T2 < 1
7j=1
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Then

Let us consider some 1 < j < d. If k; = 0, we have [/’ 1o Was| < r)da; = [ dx =2r.
Moreover, for k; # 0,

R 1/2 A T ) 6—27rikjr _ 627rikj'r
F(k) = / 1(|z;] < r)e ™ i%idy; = / e kT = . =

12 . —27TZ/{7]'
in(2rk. in(27k;
— sin(2mk;r) = TM = 2rsinc(2mk;r).
mk; 2mk;r
Hence, F'(k) = 2r? H;lzl sinc(27k;r). -

7.6.4 Number of neighbours in different clusters

Lemma 33. Let us consider the SGBM with connectivity probability functions Fi, and Iy for
which pi, = Fin(0) > Fou(0) = ous- Denote by Zi, (i) (resp., Zow (1)) the ‘intra-cluster’ (resp.,
‘inter-cluster’) degree of i:

Zuli) = Y Ay

Jj:oj=0;

Zow(i) = Y Ay

Jioj#0;

Denote B; := {Zin(i) — Zout (1) \/2 (tin + Hout)n log n} Then

P (UL Bi) <

S

Proof. Let us fix i € [n]. Clearly, Z,(i) ~ Bin(§ — 1, i) and Zyu(i) ~ Bin(%, plout). We

again use Chernoff inequality (7.3.3). By this bound, for ¢t = —(2\//;‘“717;
n/s—1)[in

1
IP( in(i)—,uing‘ > \/2,uinnlogn) < =.
n

By the same reason, Z,,; is well concentrated around its mean oy 5 :

n e 1
IP)( Zout( ) //Loth) > 2M0utnlog n) S ﬁ
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Therefore, since fti, > flouts

P(B;) =P <Zi (1) — Zow (i) < \/2(Min + Hout)n log n) < %

By the union bound,
1

which proves the lemma. O]

7.6.5 Trace operator is Lipschitz

Lemma 34. Let A, Ac {0,1}™*™ be two adjacency matrices, and m > 1. Then,

Tr A™ — Tr Km‘ < mn™ % dgam (A, A)

Proof. Since A and A are adjacency matrices of graphs without self-loops, we have Tr A =
0 = Tr A. Hence ’Tr A—"Tr Z‘ =0< %dHam (A, K), and the statement holds for m = 1.

Let us now consider m > 2. We have

Tr (A™7) — Tr(A™ )

i1,.00m  \J=1 Jj=1
m m
< : : I | AZ]'LJ+1 B | | Aijvlﬁl )
1 yenrim | j=1 j=1

with the notation %,,.1 = ¢;. The quantity H;n:l A is equal to one if A;;,,, = 1 for all

m m F
Hj:l Aijij+1 - Hj:l Aijyiijl

ijtj+1

j =1,...,m, and equals zero otherwise. Hence, the difference

is non-zero and is equal to one in two scenarii:

o Ay, =1forallj=1,...,m, while there is aj suchthat 4;,;, =0,
Ui+
e there is a j’ such that Aij,,-],,ﬂ = 0 and gijiﬁl =1forallj=1,...,m.
Thus,
HAijin — HAij,iHl = 1(Vj Ay, = 1)1 <E|j,3 Aijiy,, = 0) +
j=1 j=1

+1 (EU/Z Ai]-/ij/+1 = O) 1 (Vj AvijiHl = 1) :
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But,

1 158541 = Z 1 ( 159541 = )

Es
|
=
IN
::]s

(%) Ay, = 1) 137 A

j=1 J=1
S Z 1(Aijij+1 = 1)1(Alﬂj+1 - O)
j=1

Similarly,
1 (3;'/; Ai i = 0) 1 (Vj Ay = 1) < S 1Ay, = (A, = 1).

Therefore,

This leads to

HA’ﬂJJrl Hgijviﬂ-l Z Z ( G541 #A/ijijﬂ) = mnm—2 dHam(A"Z)’
j=1

i1,.tm =1 g=1 | 41, im J=1
where the last line holds since forall j = 1,...,mand m > 2
Z 1 <Aijij+1 # Aiﬂﬂl) =" Z 1 (Aiﬂjﬂ # Aiﬂjﬂ) = "% dam <A7A> :
21yeeny im ij7ij+1
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