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Part 1

Introductions






Les chapitres[I] et [2] sont tous deux autonomes et contiennent essentiellement les mémes informations,
on suggere donc au lecteur de n’en lire qu'un des deux. Le chapitre[2contient quelques résultats techniques
supplémentaires qui n’interviennent que dans les preuves, et il est tout a fait envisagable de ne s’y référer
qu’au moment venu.

Chapter [I] et Chapter [2] are both self-contained and provide essentially the same information, so we
suggest to the reader to read only one of them. Chapter [2] contains some additional technical results but
it is perfectly conceivable to read them only when necessary.
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Chapter 1

Introduction en francais

1.1 Contexte: graphes aléatoires discrets au point critique

Bien que l'objet principal de cette thése soit un processus d’évolution d’espaces métriques continus, son
étude est motivée d’abord par celle des graphes aléatoires discrets. Commencgons d’abord par préciser
ce que l'on entend par la. Un graphe désigne ici la donnée d’'un ensemble de sommets, usuellement
V = [0,n] = [n], et la donnée d’un ensemble d’arétes non orientées £ C {{i,j} € V2}. De plus, la
donnée d’'un graphe (V, E) s’accompagne de celle d’une distance sur V, celle du plus court chemin.

Sans rentrer outre mesure dans des questions de modélisations, généralement 1’objectif d’un modéle
est de capturer la notion de graphe typique exhibant tel ou tel comportement : est-ce que le graphe
s'injecte isométriquement dans R? ? Est-ce que le degré des sommets est contraint & une valeur précise
?7 Quelle est la distance moyenne entre deux sommets 7

On peut imaginer ainsi définir une infinité de modéles, correspondant chacun & un comportement
particulier, et on peut ainsi voir l'intérét de faire apparaitre les similarités entre ces modeéles. L’étude de
ces similarités est I’objectif sous-jacent de cette thése, dans le cas d’une classe particuliére de modéles qui
informellement satisfont les critéres suivants :

e Ce sont des grands graphes, c’est & dire que 'on est intéressé par les asymptotiques en n — +o0.
e Le degré moyen des sommets est fini.
e Il n’y a pas de contrainte géométrique, c’est & dire de contrainte a grande échelle.

Introduisons un modéle qui répond effectivement a ces critéres et qui est historiquement I'un des
premiers modeles historiques de graphes aléatoires. Pour n € N, p € [0,1], on considére le graphe
G" = (V,E) sur V = [0,n] = [n] avec

Vi, j € [n], i #j, P({i,j} € E) = p

indépendamment pour toutes les pairs {7, j}. On appelle ces graphes des graphes aléatoires d’Erdés—Reényi,
et on note leur loi G(n, p). Pour que la contrainte de degré moyen des sommets soit respectée, on s’autorise
a faire varier p = (p,)nen avec n, et on prendra p de sorte que p,n —— ¢ > 0.

n—oo

1.1.1 La fenétre critique

Un résultat emblématique du travail de Erdds et Rényi [19] sur G(n, p) est le phénomeéne de seuil pour les
tailles des grandes composantes connexes. Dans ce contexte, une composante connexe est un ensemble de
sommets V' C V tel que pour chaque couple de sommets i, € V', il existe un chemin d’arétes qui lie 7 &
j. De plus, la taille d’'une composante est simplement le cardinal de celle-ci. On dit qu’une composante
V1 est plus grande qu’une autre composante V5 si [Vi| > |V2|, et lorsque Vi = Vb, si le plus petit i € V3
est plus petit que le plus petit j € V5. Enfin, par commodité, on considére qu’'un graphe posséde toujours
une infinité de composantes vides, de telle sorte que l'on peut associer & G™ la suite (CI");en de ces
composantes en ordre décroissant. En particulier, si pour ¢ € N, C* = (), cela signifie que le graphe
contient au plus ¢ composantes connexes non vides.
La loi G(n,p) donne lieu a la transition de phase suivante [19):

Sie<1,36>0 P(CF| <édlog(n)) ——— 1, (1.1)

n—-+oo
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Sie>1,36>0,Vk>1,P(C7| > dn, |Cy| < dlog(n)) ——— 1. (1.2)

n—-+4oo

Au point critique, ¢ = 1, on a de plus le phénomeéne suivant [13] : pour A € R,

sic=1+ "3 Va,b>0, tel que a < b, Vk € N, lir+n P(an?/3 < |Cp| < bn?3) € (0,1) (1.3)
n—-+0o0

1.1.2 Aproche dynamique et fusion multiplicative

La dépendance en A\ de sous-entend l'existence non pas d’un point mais d’une fenétre critique,
paramétrée par A, durant laquelle nait la composante géante, celle qui est composée de la plupart des
sommets lorsque ¢ > 1. La formulation de cette remarque suggére d’adopter un point de vue dynamique
sur ces graphes : pour chaque ¢, j € [n], ¢ < j, on échantillonne E; ; ~ £(1) indépendamment de tout le
reste. D’autre part, pour t > —n'/3, on définit G"(t) = (V, E(t)) avec

o o 1+tn"1/3
B0 = { (i) st i i< By < 2
En particulier, la probabilité d’existence d’une arréte {i,7} & un temps ¢ est, lorsque n tend vers l'infini,

 14tn—1/3 . 1+tn’1/3

P({i,j} € E(t) =1—c¢ w + o(n™%3)

n

ainsi G™(t) ~ G(n, W +o0(n=%/3)). De plus, pour Vi, Vo € V, en notant E(t, V1, V,) 'ensemble des
arétes entre V7 et V5 qui existent au temps ¢, du fait de I'indépendance entre les arétes la probabilité de
fusion des ensembles disjoints V; et V4 durant la période [s, t] est

P(E(t, Vi, Va) # 0|E(s, Vi, Va) = 0) = 1 — enirs ValIV2l,

Ainsi, deux ensembles disjoints fusionnent & un taux |V;|n=2/3|V,|n=2/3 proportionnel au produit des
tailles des ensembles V; et V5. Ce comportement, que 'on qualifiera de multiplicatif, est au coeur de cette
thése. On dit qu'un graphe G sur [n] est multiplicatif s’il existe une suite de poids (x;);c[n) € RT‘l telle
que G est le résultat d’un processus ol deux sous-ensembles disjoints V; et Va2 de [n] fusionnent a taux
Zievl z; Zievz x;, indépendamment du reste du graphe. Ces graphes sont aussi appelé graphes aléatoires
inhomogeénes et sont définis dans la Définition Dans [14], les auteurs ont mis en évidence une famille
de distributions vers laquelle les graphes aléatoires inhomogénes convergent, généralisant ainsi des résul-
tats partiels de [1] et |11]. De plus, dans [9] et [10], les auteurs ont montré que sous certaines conditions,
les modéles de configuration surcritiques percolés convergent vers certaines des distributions décrites
dans [14]. Cette convergence vient entre autre du fait que la percolation sur les modéle de configurations
surcritiques peut étre couplée avec un processus de graphe multiplicatif de maniére asymptotiquement
transparente [17]. Ces modeles, les modeéles de configuration surcritiques percolés, sont les principaux
exemples de modéles presque multiplicatif, au sens qu’ils sont asymptotiquement multiplicatif. Comme
le fait d’étre multiplicatif est essentiellement une propriété d’indépendance, on peut s’attendre a ce que
d’autres modéles possédent également cette propriété d’étre presque multiplicatif. De plus le fait que tous
ces graphes soient issues de processus, on peut également s’attendre & ce que ces processus eux-méme
convergent en tant que processus stochastiques.
Dans ce cadre, une question naturelle se pose :

Question directrice 1. La famille d’espaces métriques aléatoires décrite dans [14)] et [15] contient-elle
toutes les lois marginales possibles des limites du processus de graphe presque multiplicatif ?

Avant de finir cette section, nous pouvons développer & propos de ce qui serait intuitivement un bon
candidat pour la Question directrice[I]: bien sir, il doit y avoir une notion de comportement multiplicatif
dans sa définition. Il sera d’ailleurs appelé coalescent multiplicatif. De plus, comme la fenétre critique
décrite dans est de taille infinie (A € (—o0,+00)), le processus doit étre éternel a la fois dans le
passé et dans le futur. Comme nous le verrons, sonder la Question directrice [I] nous raméne a trouver
tous les coalescents multiplicatifs éternels.

Il apparait en fait plusieurs sortes de coalescents multiplicatifs dans ce texte, et on utilisera ’expression
"coalescent multiplicatif" lorsque le contexte est clair, et on précisera exactement de quel coalescent
multiplicatif on parle lorsque c’est nécessaire.

14



1.2 Coalescent multiplicatif d’Aldous

1.2.1 Remarques préliminaires et définitions

Pour commencer & étudier la Question directrice [I] nous présentons d’abord le coalescent multiplicatif
d’Aldous [5]. Ici, on oublie la structure de graphe et on se concentre uniquement sur la taille des
composantes. On souhaite & terme prendre en compte le contenu des composantes mais dans [6], Aldous et
Limic parviennent a une réponse a une forme affaiblie de Question directrice[I} et leur article constituera
notre point de départ méthodologique. Nous sommes a la recherche d’un loi limite, sous forme de
processus stochastique, pour les tailles de composantes & I'intérieur de la fenétre critique. En particulier
les conditions initiales d’un tel processus sont sous la forme de poids x = (x;);cn. Par souci de commodité
dans la manipulation des suites de poids, on suppose toujours que Vi < j, x; > x;.

Définition 1.2.1 (Coalescent multiplicatif d’Aldous). Soit x = (z;)ien une suite de réels positifs. On

définit un processus qui prend ses valeurs dans les suites décroissantes de R de la maniére suivante: soit
gCoal(x,q) le graphe d’ensemble de sommets N tel que pour i, j € N tel que i < j,

{i,7} est une arréte de gCoal(x,q) st et seulement si E; ; < q

avec (E; ;) une suite de variables aléatoires exponentielles indépendantes telles que :

Vi,j e N, E(E; ;) = —.
2] (Eij) 71,

On appelle ce modeéle un graphe aléatoire inhomogéne de rang 1, ou modéle de Norros-Reittu. On peut
alors définir le coalescent multiplicatif d’Aldous mCoal(x,q) partant de x au temps q comme la suite
ordonnée des tailles de composantes de gCoal(x,q). De plus, on note E(x,q) l’ensemble des arétes de
gCoal(z, q).

Cette construction, appelée construction "graphique" est due & Aldous dans [5]. Remarquons que dans
la Définition [I.2.1] on n’impose pas de contrainte particuliére sur la suite de poids initiale. Cependant,
rien n’empéche a priori que le poids total de certaines composantes ne soit pas borné. Retournons & notre
Question directrice [I] et déterminons quels suites de poids initiales prendre. Nous sommes a la recherche
de 'objet limite et du fait de 7 il doit posséder une définition valide pour n’importe quel A € R, &
tout temps plusieurs grandes composantes doivent coexister et il ne doit jamais y avoir de composante de
taille infinie. On pourrait & premiére vue étre tenté de se restreindre aux x tels que ) . z; < 400 ce qui
garantirait que la plus grande composante soit toujours de taille finie. Cependant, on remarque qu’avec
probabilité (1 — e~ 71 Lizs ¥1) > 0, toutes les composantes de gCoal(z, ¢) ont fusionné au temps ¢. Ainsi,
on doit forcément avoir o1(x) = ), &; = +00 et trouver un autre moyen de garantir que les tailles des
composantes restent finies.

1.2.2 Analyse du coalescent multiplicatif d’Aldous

Dans le but, entre autre, de controler la taille des composantes, Aldous introduit les espaces suivants:

Définition 1.2.2 (Espace des suites de poids). Pour tout r > 0, z une suite décroissante de R™, soit
or(x) = aj = ||=ly,
i

on définit
I, = {(i)ien : 0 < 341 <, 00(2) < +00}.
En particulier, si r = 2 on équipe cet espace de la distance
vayelz\de(x7y): Z(%—%P
i
Dans la suite, s’il n’y a pas d’ambiguité sur x , nous écrirons o, pour o.(x).

Voyons quel role jouent ces espaces pour le coalescent multiplicatif, pour ce faire introduisons :
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Definition 1.2.3. Soit x € l2\, st z(q) = mCoal(x, q), on note

S(x,q) = o2(z(q)).

On peut alors écrire le résultat peut étre le plus fondamental & propos du coalescent multiplicatif
d’Aldous:

Lemme 1.2.4 (Lemme 20 de [5]). Pourz € X, s > S(z,0) = oy,

qso2

P(S(z,q) > s) < p——

La théorie du coalescent multiplicatif nous apprend que 12\‘ est la bonne contrainte sur z, en particulier
a travers le théoréme suivant:

Théoréme 1.2.1 (Propriété de Feller, Proposition 5 de [5]). Soit (z™)nen une suite de I3 et 2> € 12
tel que

dans (lz\,dQ). Alors
Vg € RT, mCoal(z™, q) ﬂ—% mCoal(z>, q)

n—-+o0o

dans (lz\, d?).

A la lumiére du Théoréme on notera sly ’espace des suites de 12\. De plus, si z = (2")pen € 12\,
on note o, la suite (o,(z"))nen-

1.2.3 Problémes d’Aldous-Limic et conditions d’Aldous-Limic

Rappelons encore une fois que les coalescents multiplicatifs qui conviendraient comme limites de graphes
multiplicatifs doivent étre tels qu’ils soient bien définis aussi loin que 'on veut dans le passé. Plus
précisément, il faut qu’ils satisfassent la définition suivante :

Définition 1.2.5 (Coalescent multiplicatif éternel). On dit qu’un processus de Markov (z(t))ier dans
12\ est un coalescent multiplicatif éternel si

Vs,t € R t.q. s <t, (z(t),x(s)) @( Coal(x(s),t — s),z(s)).

Par la suite on appellera le probléme consistant & trouver un coalescent multiplicatif éternel un
probléme d’Aldous-Limic. Avant d’étudier plus précisément ce probléme, en particulier son caractére
bien posé, on introduit quelques définitions :

Définition 1.2.6.
Z={(o,\c) eRL xRxl?’\:a>O ouc¢l2\}.

Z° ={(a,\,0) €T : x> 0}
7 ={(0,\,¢) eI:cel"s\\ZQ\}
De plus, pour s € R et (a, A, c) € Z, on définit

1
2@X () = aPW(s) + (A +t)s — 50432 + Z(Cilcigs —?s),

avec W un mouvement Brownien et ((;);en une suite de variables aléatoires exponentielles indépendantes
telles que que pour i € N, E(¢;) = 1/¢;. Quand il n’y a pas d’ambiguité sur les parameétres, on écrira
simplement Z pour Z(® ) Remarquons que, en toute rigueur, Z est définie comme un processus de
Lévy spectralement positif caractérisé par une certaine transformée de Laplace dans [14)]. Les auteurs de
[14)] montrent (équation (148) de la section 4.2), que la notation que l'on a introduit ici fait sens : la
somme infinie doit étre interprété comme la limite de semi-martingales L?. Enfin, on note

B(a,)\,c)(s) _ Z(a,/\,c)(s) . [lonf] Z(a,)\,c).
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Revenons au probléme d’Aldous-Limic. La premiére question qui se pose est celle de I'existence de
solutions. On peut trouver la réponse dans [5] ot 'on a:

Théoréme 1.2.2 (Convergence des tailles des grandes composantes de graphes aléatoires d’Erdés—Rényi,
Proposition 4 de [5]). Pour (1,A,0) € Z°, on peut définir (lej|)jen la suite ordonnée des longueurs
d’excursion de BN aqu dessus de 0. Pour n € N, soit (IC}1)jen la suite ordonnée des tailles de

C()?)L[)()Stlntes de (;n ~ (;(n7 7)\’” ! ) ()n a
J n VAVNAS

dans (12 ,d?).

Le Théoréme combiné au Théoréme donne, comme dit dans le Corollaire 24 de [5], une
réponse positive & la question de 'existence de solutions au probléme d’Aldous-Limic. En effet soit
(to,...,tx) € RFT! une famille de réels croissante et 2™ € sly, et pour t € R, 2"(t) = mCoal(z™, 05 * +1).
On considére la suite de vecteurs (z"(t;))ic[r),nen. Pour f mesurable bornée, x € 12\ et t € R, soit
P.f(x) = E(f(mCoal(x,t))). Soit (f1,...,fr) une famille de fonctions mesurables bornées. Comme le
processus est de Markov, on a

E([] £i@"(t)) = E(fo(a" (t0)) Py —to [f1 Pry s, [ - ) (2" (t0)))-
i€ k]

Or, grace au Théoréme

d
{,Cn(to) L) l'oo(to)

n—oo

et grace au Théoreme [1.2.1] fo(.)Pi, 4, [f1Piy—t,[. - ]](.) est continue bornée. Ainsi,
E(fo(«" (80)) Py —to [f1 Pty 1 [ - 1) (" (£0))) —— 2 B(fo(2™ (80)) Pry—to [f1 Pro—t: [ - JI(2% (0)))

et alors
E(]] fita™ @) —— B(]] file™ ().
i€[k] i€[k]
Cette convergence nous donne une famille de distributions telle que pour tout (tg,...,%;) croissant,

(x> (to), ..., x> (tx)) est compatible, Markovien et de plus

@

(mCoal(z™ (to),t1 — to), 2> (t)) = (2™ (t1), > (t0)).

Le théoréme d’extension de Kolmogorov nous donne alors un processus solution du probléme d’Aldous-
Limic. Une construction alternative basée sur 'utillisation d’'un méme mouvement Brownien pour tout
t € R peut étre trouvée dans [16]. Le coalescent ainsi obtenu est appelé le coalescent multiplicatif
standard.

Naturellement, la question qui se pose alors est celle de I'unicité d’un tel processus. Cependant, tel
quel, le probléme est mal posé: d’une part la solution triviale toujours égale & x = (1,0,...) € ZZ\ existe,
et d’autre part si I’on a un coalescent multiplicatif éternel (z(t)):ecr, on peut changer lorigine des temps
ou le multiplier par une constante et il restera un coalescent multiplicatif éternel. De plus, si un processus
est un mélange de coalescents multiplicatifs éternels il est lui-méme un coalescent multiplicatif éternel.
Cela rend convexe I’ensemble des coalescents multiplicatifs éternels. Plus précisément, cet ensemble est
un simplexe [18], c’est & dire un ensemble convexe dont tout élément s’écrit de maniére unique comme
combinaison convexe d’éléments extrémaux. De plus, les distributions extrémes d’un processus de Markov
éternel sont exactement celles pour lesquelles la tribu asymptotique en —oo est triviale [18]. On peut
donc affiner la définition d’un probléme d’Aldous-Limic en ajoutant que la distribution doit étre extréme.
De maniére surprenante, on ne couvre pas tous les coalescents multiplicatifs éternels en considérant
Penveloppe convexe des solutions considérées au début de ce paragraphe (solutions triviales, coalescent
multiplicatif standard, ses décalages en temps etc.). Dans [6], Aldous et Limic caractérisent tous les
coalescents multiplicatifs éternels extrémes, on présente leur travail ici dans le cadre spécifique de la
question directrice |1 On définit d’abord, pour = € 12\,

Zj o 1
I'(z,q) = (o2, (;;)jeN, ;g,,q - ;2)

Ceci-nous permet de définir proprement ce qui s’avérera par la suite étre un probléme d’Aldous-Limic
bien posé :
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Définition 1.2.7 (Probléme d’Aldous-Limic avec paramétres (o, A, ¢) € ). On dit qu’un processus de
Markov z = (x(t))ter dans ZQ\ est une solution du probléme d’Aldous-Limic avec paramétre (o, A, c) € T
st sa distribution est extréme et

Vs, t € R, s <t, (z(s),z(t)) @ (x(s), mCoal(x(s),t — s)) (c’est un coalescent multiplicatif éternel)

. o 3 . N ) .
tllznmf(w(t), t)=(0,c,a+ Z ¢, A) a.s. (condition de frontiére d’entrée)
J

On peut maintenant énoncer le principal théoréme & propos des coalescent multiplicatifs éternels
d’Aldous :

Théoréme 1.2.3 (Théorémes 2 et 3 de [6]). Pour (a,A,¢) € Z, le probleme d’Aldous-Limic de la
Déﬁnitionm est bien posé. De plus, pour tout coalescent multiplicatif éternel extréme (x(t))icr, soit
x est constant, soit il existe (o, A,c) € I, tel que pour tout t € R, si (|e;|)jen est la suite ordonnée des
longueurs d’excursion de B 19 qu dessus de 0, alors,

2(1)2 (e;])jen.

On notera la distribution d’un tel processus M(a, A, ¢) et My(a, A, ¢) désignera la loi marginale au temps
t.

On remarque que, contrairement aux parameétres a et A, qui décrivent la mise & ’échelle et le dé-
calage en temps, le nouveau paramétre ¢ ne posséde pas d’interprétation immédiate. Il représente deux
phénomeénes liés:

(i) Si ¢ # 0, cela signifie que lorsque ¢t — —o0, il reste des composantes dont la taille est comparable &
09, ce qui n’est pas le cas des graphes d’Erdés—Rényisous-critiques. C’est la toute premiére fois que
I’on observe que la classe des objets multiplicatifs est plus large que celle des variantes des graphes
d’Erdés—Rényi.

(ii) Si ¢ # 0, le processus B posséde des saut. Comme pour l'instant on ignore la structure interne des
composantes, on ne peut pas interpréter rigoureusement ces sauts, mais intuitivement ils révélent
une inhomogénéité dans la structure métrique des composantes.

Dans l'esprit du Théoréme [T.2:3] on définit:

Hypothése 1 (Conditions d’Aldous-limic pour des suites de suites de poids). On dit que le couple (z,q)
satisfait les conditions d’Aldous-Limic avec parameétre (a, \,c) € T si x = (" )nen est une suite de [2

q= (Qn)nGN S RL\Z et

oa(z") —— 0 (sous-criticalité initiale)
n—+4o0o
x™
2 ¢ (distribution des sauts)
o2(x™) n—+oo
osla") —a+ Z c (diffusion)
o) n—too —
1
qn — — A\ (criticalité)

En d’autre termes,

n——+00

lim T(z",q,) = (0,c,a+ Zcf,)\).
i

Comme notre objectif est d’obtenir un théoréme similaire mais en tenant compte de la structure
interne des composantes, disons quelques mots de la méthode qu’employérent Aldous et Limic pour
obtenir Théoréme L’idée repose sur 'usage du théoréme suivant:

Théoréme 1.2.4 (Proposition 18 de [6]). Soit (a, A\, ¢) € Z, x = (" )nen € sl2 et ¢ = (qn)nen tels que
x et q satisfont les conditions d’Aldous-Limic avec parameétres (a, A, c) et pour tout i > n, x = 0.
Alors

d
n . .
mCoal(z"™, q) ——MOO (lejl)jen

ot (|ej])jen est la suite ordonnée des longueurs d’excursions de B ).
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Ce théoréme donne non seulement ’existence de solution, mais aussi, aprés une quantité notable de
travail, I'unicité: si, étant donnée un coalescent multiplicatif éternel, on parvient & montrer qu’il satisfait
les conditions d’Aldous-Limic |1 avec paramétre (a, A, ¢) € Z, on peut espérer utiliser le Théoréme m
pour caractériser la loi de ce coalescent en tant que M(a, A, ¢). C’est pourquoi, tout au long de cette
these, la quéte d’un théoréme analogue au Théoréme [1.2.4] prenant en compte la structure interne des
composantes sera 'une de nos principales préoccupations.

1.2.4 Mesure de Palm des coalescents multiplicatifs

Dans |22|, Janson et Spencer adopte le point de vu des processus ponctuels pour décrire Mo(1,A,0). En
particulier, ils en calculent la mesure de Palm:

Théoréme 1.2.5 (Théoréme 8.1 de [22]). Soit f continue bornée a support compact de (0, +00) vers Ry,
et g continue bornée de 12\ vers Ry. Soit A € R et x ~ Mgy(1,A,0) On a:

E(Y f(@)g(a)) = E(Y f(@)h(@:))

ot la fonction h est définie de la maniére suivante : pour u € Ry,

h(u) =E(g(y"))

ot y* est une variable aléatoire définie comme la suite ordonnée des poids de y ~ Mo(1,A — u,0) a
laquelle on a ajouté u.

Ce théoréme est particuliérement utile pour le calcul des moments d’ordre 2 puisqu’il raméne le calcul
a celui d’'un moment d’ordre 1. On peut donc espérer s’en servir pour contrdler des variances et donc des
probabilités quand A tend vers —oo.

1.3 Espaces d’espaces métriques

1.3.1 Convergence d’espaces métriques

Cette section est essentiellement technique et pose le contexte dans lequel on peut étendre l’analyse
d’Aldous et Limic du coalescent multiplicatif afin de prendre en compte la structure interne des com-
posantes. Plus précisément, nous nous intéresserons aux structures métriques des composantes des
graphes multiplicatifs.

Definition 1.3.1 (Espace des espaces métriques mesurés compacts). On dit qu’un triplet m = (M, d, p)
est un espace métrique mesuré si d est une distance sur M et p est une mesure de Borel sur M. De plus,
nous écrirons |m| = p(M). On note M ’espace de tous les espaces métriques mesurés compacts et M
lespace de tous les espaces métriques complets, séparables, & mesure finie, de support plein. De plus, pour
m = (M,d, u) un espace métriqgue mesuré et « € Ry, on note am espace (M, ad, p) et pour 8 € Ry,
on note scl(a, B)m Uespace (M, ad, Sp). On équipe M et M de la distance dapp qui est définie pour m
et m' € M, comme suit: on dit que R C m x m' est une correspondance entre (m,s, ) et (m/,d’, i) si

Vu € m, ' € m’ tel que (u,u') € R

Vu' € m', Ju € m tel que (u,u') € R.

On note C(m,m') pour Uensemble de toutes les correspondances mesurables entre m et m’. On peut
définir la distorsion d’une correspondance R comme suit

dis(R) = inf{e > 0 : V(u, ), (v,v") € R, |d(u,v) — d'(u',v")] < €}.

La distorsion offre une bonne comparaison des deux métriques mais nous aimerions aussi comparer les
deux mesures. Soit II(m,m’) l’ensemble des mesures boréliennes finies sur m x m’. Pour m € II(m,m'),
on note (m1,m2) la premiére et la deuziéme marginales de w. Soit

D(myp, p') = ||m1 — | + [|m2 — /]|

avec ||.|| la distance en variation totale. On définit alors :

derrp(m,m') = (DG ) A S dis(R) A 7(R)).

inf
ReC(m,m’), r€ll(m,m’)
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Bien str, telle quelle dggp n’est pas une distance sur M puisqu’elle ne respecte pas ’axiome de
séparation. Pour remédier a cela, on considére M’ I’ensemble des classes d’équivalences dans M pour la
relation d’équivalence

m~m' & dgyp(m,m’) =0,

et on munit M’ de la distance engendrée par dgmp. Dans le reste de ce travail, on abusera des notations
en utilisant M & la place de M.

1.3.2 Une topologie sur les suites d’espaces métriques issue de la topologie
Gromov-Hausdorff-Prokhorov

Nous voulons traiter des espaces constitués d’une infinité de composantes connexes compactes, d’ou la
définition suivante:

Définition 1.3.2 (Espace des suites d’espaces métriques mesurés compacts). On note My l’espace des
suites X = (X;)jen de M telles que 3 | X;|? < 400 et telles que

VZ,J S Na [ <j7 |Xl| > |X]|

On remarque qu’on considérera X comme un espace métrique mesuré en lui-méme, dont les différents X
sont les composantes. On note comp(X) l'ensemble des composantes X; pour j € N.
On remarque que lz\r‘ s’injecte dans M en prenant la distance triviale sur chaque {i} et la mesure

de Dirac sur {i} avec le poids z;. Cela nous permet d’appliquer canoniquement ¢ un élément de l< une
fonction qui prend un élément de My comme argument.

Cependant, contrairement au cas du processus mCoal(.,.) sur 12\ il n’y a pas de topologie claire sur
MY qui conviendrait & tous nos objectifs. Il existe principalement deux types de topologies provenant de
dcHp :

Définition 1.3.3. Si X, X' € M}y, on définit

0emp(X, X') = [ D (denp(X;, X)) A1)277 | V1X] = [X|]l2.
i

; Iy N 5, 2
La topologie associée sur My sera notée TGy p.

Cependant, dans notre contexte, nous souhaiterons souvent travailler avec la topologie la plus faible
possible. La premiére topologie qui vient & l’esprit qui satisferait cela tout en restant dans l’esprit de
damp est la topologie produit. La topologie produit sur M§ héritée de dggp sera notée Togp.

1.3.3 Affaiblir dgyp : la topologie Gromov-faible

Récemment, il y a eu une augmentation de 'utilisation de la topologie Gromov-faible pour étudier la
convergence de graphes aléatoires. Cette topologie est définie comme suit:

Définition 1.3.4 (Topologie Gromov-faible). Soit (X, d, u) un espace métriqgue mesuré tel que | X| < +oo.
Pour u = (uy,...,u) € X', on définit D(u) = (d(ui,uz))ijen- On dit que ® : M — R est un polynome
s’il existe ¢ : R” — R continue et bornée telle que

VX € My, ®(X) = . ¢(D(x))dp® (z).

On dit qu’une suite d’espaces métriques mesurés de mesure finie (X™),en converge vers un espace
métrique mesuré de mesure finie X°° si pour tout polynome P,
P(X") ——— P(X™).
n—-+00
Au cours de ce travail, nous rencontrerons de multiples situations ou cette topologie est la mieux
adaptée a ’étude de la coalescence. Cependant, 14 ol nous gagnons en facilité, nous perdons en qualité

de l'information issue de ces convergences. Par exemple, cette convergence ne permet pas de parler des
diameétres de composantes. Heureusement, la différence entre ces deux topologies est bien connue:
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Lemme 1.3.5 (Caractérisation de la borne inférieure des masses, Théoréme 6.1 dans [7]). Soit (X", dy, pin)nen
une suite de Ml et X € M. Les assertions suivantes sont équivalentes :

(i) (X™)nen converge vers X pour la topologie Gromov-faible et

Vo > 0, légl}rr;(f)m(s(X )>0 (1.4)

ot ms(X™) = inf{p,{v: dn(u,v) < 6}):ue X"}
(i) X est compact et (X™)nen converge vers X pour la topologie de Gromov-Hausdorff-Prokhorov.

Notons que la borne inférieure des masses fonctionne de la méme maniére avec les espaces aléatoires
: dans ce cas, nous avouns besoin de la tension de (1/mgs(X™))nen-

Lemme 1.3.6 (Caractérisation de la borne inférieure des masses, version aléatoire). Soit (X")nen une
suite de variables aléatoire dans M et X une variable aléatoire dans MNM. Les assertions suivantes sont
équivalentes

(i) (X™)nen converge en distribution vers X pour la topologie Gromouv-faible et

v > 0, lim limsup P(ms(X™) < €) = 0. (1.5)

=0 nstoo

(ii) (X™)nen converge en distribution vers X pour la topologie de Gromov-Hausdorff-Prokhorov.
Proof. Voir Appendix [A] O

De maniére cruciale, comme nous le découvrirons plus tard, la propriété de borne inférieure des masses
(1.5) sera souvent garantie dans notre contexte. Comme nous aimerions également étendre la topologie
Gromov-faible & MY, nous introduisons, pour X € MY

m}(X) = inf ms ().

1.3.4 Arbre réel, graphe réel et surplus

Le surplus d’un graphe connexe G = (V, E) est égal & |E| — |[V| + 1 et indique a quel point il differe
d’un arbre. Un arbre est un graphe connexe sans cycles et a toujours un surplus de 0. Puisque nous
sommes dans le cadre général des convergences de graphes, on pourrait éventuellement vouloir savoir ce
qu’il advient du surplus. Pour un graphe discret G donné, on peut associer & la suite ordonnée de ses
composantes (C;),en la suites de ses surplus (s;);en. Nous verrons plus loin dans le cas particulier des
graphes aléatoires d’Erdés—Rényicritiques que les surplus des plus grandes composantes sont tendus.

De plus les composantes limites seront des graphes réels, ce qui signifie que pour tout point, il existe une
boule telle que la restriction de la composante & cette boule soit un arbre réel : un espace métrique tel que
deux points quelconques soient reliés par un unique chemin continu injectif. Ceci est définit précisément
dans [3]. La définition du surplus s’étend naturellement aux graphes réels et on peut donc légitimement
se demander si les surplus convergent. Remarquons que tout graphe discret G est canoniquement associé
a un unique graphe réel G ou les arétes sont remplacées par des copies de [0,1]. De plus G, en tant
qu’espace métrique, est isométriquement plongé dans G. En conséquence, lorsque cela est nécessaire, tout
graphe discret qui apparait dans ce travail peut étre considéré comme un graphe réel. Enfin, supposons
que (X™)eny € MY soit une suite de graphes réels qui converge vers un graphe réel X € M) pour
Tcup. De plus, supposons que le surplus de chaque X' converge, pour ¢ € N, vers le surplus de X*.
On dit alors que X™ converge vers X °° pour la topologie de Gromouv-Hausdor(f-Prokhorov plus surplus
produit, notée Tayps.

1.4 Encodage d’espaces métriques aléatoires

Comme le suggére l'exposition des résultats sur le coalescent multiplicatif d’Aldous dans section [1.1.2
le processus Z peut encoder bien plus que la masse des composantes connexes. Il y a différentes fagon
d’encoder les propriétés des espaces métriques dans les fonctions réelles, ici nous donnons ’approche
utilisée par Broutin, Duquesne et Wang dans [14]. C’est une méthode trés puissante, car elle leur permet
de décrire les espaces métriques limites de gCoal(., .) critiques, quels que soient les parameétres (a, A, ¢) € Z.
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L’encodage présenté dans ce chapitre est une variante de celui dont se servent Aldous et Limic dans [6].
Cependant, a la place d’effectuer un parcours en largeur sur les sommets, c’est a dire, explorer tous les
enfants d’un sommet avant de passer au suivant, il effectue un parcours en profondeur des sommets.
Les deux maniéres de faire sont intéressantes, mais la derniére nous permet de controler la fonction de
hauteur, ce qui nous donne une vue plus précise sur la structure métrique des composantes. Tout d’abord,
nous allons introduire le processus discret qui correspond au graphe discret aléatoire.

1.4.1 La file d’attente client-serveur

Soit = € I._ tel que z; > 0 si et seulement si i < n. Le schéma proposé par Broutin, Duquesne et Wang
pour la construction d’un graphe aléatoire discret multiplicatif gCoal(z, ¢) est le suivant: chaque sommet
i € [n] du graphe est un client qui arrive dans la file d’attente d’un serveur au temps aléatoire exponentiel

& tel que
g1
E(&) = —.
(€)= 2
Si le serveur est occupé, une stratégie LIFO (last in first out) s’applique au temps &; : le serveur interrompt
le service de tous les précédents client pour servir le client 7 pendant une durée z;. Introduisons nos deux

premiers processus:

Définition 1.4.1 (Charge du serveur). On définit la charge algébrique du serveur au temps t:
t ZT;
Z(t)=—— — 1,
(t) s Z oy LGSt
i€[n]

et la charge du serveur

B(t) =Z(t) — [10n£ Z.

L’évolution de la situation produit une représentation arborescente oli, quand un client ¢ arrive, si un

client j est entrain d’étre servi, alors j sera un ancétre de ¢. Plus précisément:

Définition 1.4.2 (Processus de taille). Soit Z une charge algébrique, on définit

1si& <t, et infle, yZ > Z(&
ai(t) = { ‘5 [&i,1] (&)
0 sinon .

De plus, on définit

H(t) = o9 Z ;(t).

Finalement, on peut définir la forét T(x,q) comme le graphe sur [n] tel que i est un descendant de j si
et seulement si o;(§;) = 1.

Examinons ce que signifie cette description. Quand, pour ¢t € R et i < n, a;(t) = 1, cela signifie
que le client qui est arrivé au temps §; n’a pas été entiérement servi au temps ¢. Dans la représentation
arborescente nous disons que i est un ancétre du client servi au temps t. Par conséquent, H(t) est
proportionnel au nombre d’ancétres du client servi au temps ¢, c¢’est donc un processus de hauteur associé
a T (z,q). Bien sur gCoal(x, ¢) n’est pas un arbre donc il nous faut ajouter une nouvelle construction afin
d’obtenir gCoal(x, ¢) partir de ’arbre encodé par H.

1.4.2 Le graphe multiplicatif discret
Ici, nous allons exposer la méthode qui nous permet de construire gCoal(x, ¢) depuis B:

Définition 1.4.3 (Points de recollement). Soit B une charge de serveur pour x € K, soit P qui est,

conditionnellement a B, un processus de Poisson sur [0,+00)? avec pour intensité L{o<s<B(t)ydsdt. Con-
sidérons Uespace métrique G(x,q) sur [n] construit partir de T(x,q) comme suit: on ajoute, pour chaque
(t,s) € P, une aréte entre le sommet servi au temps t et le sommet servi au temps inf{u <t :inf}, 4y B >

s}

Alors, nous avons

22



Théoréme 1.4.1 (Théoréme 2.1 dans [14]). Soit = € K et ¢ € R. Alors le graphe G(x,q) issu de la
Déﬁnition a la méme loi que gCoal(z, q).

Finalement, comme le point de vue classique pour étudier la structure asymptotique de ces graphes
est un point de vue métrique, on introduit:

Définition 1.4.4 (Espace discret multiplicatif). Dans le méme contexte que la Déﬁm’tz’onon définit
G™ € My I’espace métrique ot I’ensemble de points est [n], muni de la distance de graphe sur G(x,q),
multipliée par oo et de la mesure de comptage sur [n] multipliée par x. De plus, pour chaque j, on associe
lj UVinstant &; de Uarrivée du premier client @ de la composante G7, r; le dernier instant auquel un sommet
i de la composante G est servi, et s} le surplus du graphe G

1.4.3 Processus continu

Ici nous décrivons comment le processus de limite d’Aldous et Limic dans [6] peut étre utilisé pour définir
un élément de MY. Cela se fait d’une fagon similaire au processus discret. Tout d’abord, on introduit
I’équivalent continu de la charge du serveur:

Définition 1.4.5 (Processus de hauteur continu). Pour (a, \,¢) € Z, soit Z(*9) tel que défini dans la
Définition . Soit H( M) le processus de hauteur associé a 2N défini comme dans la Proposition
2.6 dans [15].

Grace a la Proposition 14 dans Aldous et Limic [6], on sait que les excursions de B peuvent étre
ordonnées par ordre décroissant de taille (r; — I;);en. Nous allons montrer comment encoder les arbres
réels a partir de fonctions réelles. Ce sujet originalement issu du travail d’Aldous [4] dans les années
quatre-vingt-dix, est devenu maintenant standard . Soit h : [I,7] — R4 une fonction continue telle que
h(r) =0, h(s) > 0 pour tout s € (I,r), on peut définir 'arbre [20] en posant

Vu, v € [I,r], d(u,v) = h(u) + h(v) —2 inf h
[uAv,uV)
et puis en prenant [I,7]/ ~ ol u ~ v < d(u,v) = 0. Cela nous permet de définir la forét (7;)en de la
maniére suivante:

Vi eN, Vu,v € [l;,r5], df(u,v) =H(u)+Hw)—2 inf H,

[uAv,uV]
VjeN, Vu,v € [l;,r], u

]T v si et seulement si d (u,v) =0
VjEN,’]; []arj]/NZ—'
Définition 1.4.6 (Espaces continus multiplicatifs). Soit (o, \,¢) € Z, v € Ry et t € Ry, on définit
la distribution Ey(a, A, ¢,y) d’un espace multiplicatif au temps 0 comme suit. Soient Zl@e)  plerc)
H N définis comme dans la Déﬁm’tion et soit P un point du processus de Poisson sur Ri avec
intensité 1,<qpaxr.o ydudv, conditionnellement sur B(@Xe) - Pour tout j € N, on définit une distance
d; sur [lj,r;] telle que:

(ui)iew) € [l 51", (i)iew € [, 751%,
Yu, v € [l;,r;],d;(u,v) = Iir>1f1 72(1 (us,v5) : A Vi € [2,k], (us,vi—1) € P ou (vi—1,u;) € P,
U =u, v =

Alors si,
VjeN, Yu,v € [lj,r}], u~j vedi(u,v) =0,

on définit
Xj = [, 7]/ ~;

Finalement, on dit que X = (X});jen est un espace multiplicatif et on définit (o, A, c,y) comme la
distribution de X. De plus, pour t € R, on définit E(a, N\, ¢,v) = E(a, A — t,c,y) et on note pX la
projection de [l;,r;] sur X;.

Par construction, un espace multiplicatif est une suite de graphes réels et par conséquent nous pouvons
associer a chaque composante X; un surplus s;.
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1.4.4 Inhomogénéité dans une composante

Pour une raison qui s’expliquera par la suite, nous devons souvent quantifier I'importance de I’homogénéité
a lintérieur d’une composante d'un espace multiplicatif. Pour ce faire, nous allons définir les outils
suivants:

Définition 1.4.7 (Quantité d’homogénéité dans une composante). Soit X ~ E:(a, A, ¢,7) construit
partir de Z(@A=te7) - Soit (Ci)ien la suite de temps aléatoires exponentiels utilisée dans

1
zleA=ten) (5) = o2 W(s) + (A — t)s — 5@52 + Z(Cilciﬁs - c?s).

Pour tout j > 0, on pose
Aj={ieN:¢G e (]}

Vr > 0,69 =" ¢

PEA;

et c9) la suite telle que

C(j) _ {Ci si1 €A
2 )
0 sinon.

1.4.5 Convergence des espaces métriques

Au cours de la derniére décennie, des efforts ont été fourni pour obtenir de cet encodage plus que la
seule convergence des poids des composantes: la convergence de toute la structure métrique. Dans [1],
Addario-Berry, Broutin et Goldschmidt ont été capables de montrer cette convergence quand tous les
poids initiaux sont égaux, ce qui correspond au paramétre («, A,0). Plus tard, dans [3], Addario-Berry,
Broutin, Goldschmidt et Miermont affinent cette convergence en prenant en compte la distribution de
la masse, obtenant ainsi une convergence pour la topologie de Gromov-Hausdorff-Prokhorov. D’autre
part, dans |11], Bhamidi, van der Hofstad et Sen montrent la convergence pour les paramétres (0, A, ¢)
ouc € li \ 12\. Finalement, dans [14], Broutin, Duquesne et Wang développent une théorie unificatrice
qui fonctionne pour tous les paramétres possibles dans les conditions d’Aldous-Limic En effet, ils
obtiennent le théoréme suivant:

Théoréme 1.4.2 (Convergence des espaces multiplicatifs, Théoréme 2.5 and 2.8 of [14]). Soient (z,q) €
sl x RN qui satisfont les conditions d’Aldous-Limic |1| avec les paramétres (a, \,¢) € I. Soient Z, H
les processus associés et soit G" = (G}) € MY espace multiplicatif discret de la Définition et
comme dans cette définition, soient (s})jen, (I7)jen, (77)jen les surplus, instants de début et de fin des
excursions. Soient Z et H les processus d’exploration de paramétre (o, A\, c) de la Définition et

(sj)jens (Ij)jen et (rj)en les surplus, instants de début et de fin des excursions. Alors,

n n n (d)
(Z,H, (s7)jen, (I3 )jen, (1) jen) o (Z,H,(s5)jen, (L) jen, (Tj)en).

La convergence du processus est relative & la topologie de Skorokhod et la convergence des suites a la
topologie produit. De plus,

d
_@ Eo(a, A, e,1)

n—4oo

G'n.

pour Tgups-

1.5 Extension métrique de la coalescence

1.5.1 Différentes extensions possibles du coalescent multiplicatif d’Aldous

Rappelons que d’aprés notre Question directrice [I} nous sommes a la recherche d’un objet potentiellement
limite des graphes multiplicatifs dans la fenétre critique. L’approche d’Aldous et Limic qui consiste &
ignorer la structure interne des composantes est un premier pas concluant et grice a la section m
on peut deviner qu’un bon point de vue pour étudier la structure interne des composantes est celui des
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espaces métriques. Ainsi I'objectif de cette section est de définir un coalescent multiplicatif qui prend
en entrée une suite d’espaces métriques mesurés et dont 1’évolution des masses correspond & celle d’un
coalescent multiplicatif d’Aldous. Ces contraintes peuvent étre réalisées par diverses constructions, mais
nous allons d’abord introduire la plus naturelle, qui provient originellement de Rossignol dans [28]. Tout
d’abord, il nous faut la définition technique suivante:

Définition 1.5.1 (Collage d’espaces métriques). Soit X = (X,d,p) € MY, soit d’ une semi-métrique sur
X, c’est a dire une fonction qui vérifie toutes les propriétées usuelles d’une métrique excepté que pour
u,v € X tels que d'(u,v) =0 on peut avoir u # v. Soit R la relation d’équivalence définie par

uRv & d'(u,v) =0

et soit pr : X — X/R la projection canonique associé a cette relation d’équivalence. On définit
Glue(X,d") comme la complétion de (X/R,d op=t, pop™t).

On peut alors définir I'objet le plus important de cette thése: la coalescence compléte d’espaces
métriques mesurés. Le terme "complet" vient du fait que 'on verra par la suite d’autres extensions du
coalescent multiplicatif d’Aldous qui effectueront, en quelque sorte, moins de coalescence.

Définition 1.5.2 (Coalescence compléte). Soit X = (X,d,u) € MY, soit P un processus ponctuel de
Poisson sur X2 x [0, +00) d’intensité %pﬁ x Lebg, et pour toutt > 0, soit

Py = {(u,v) € X?:3s < t, (u,v,s) € P}.

Pour tout t > 0, on définit la semi-métrique dS°% sur X comme:

k
Vu,v € X, dZ°%u,v) = inf{z d(ug,v;) tuy =u, vy =0, Vi <k —1, (v;,ui41) € Pt}

i=1

On définit
Coal(X,t) = Glue(X,d°™).

Remarquons qu’il est montré dans [28] que les composantes de Coal(X, ¢) sont dans M mais qu'il n’est
pas évident qu’elles soient dans M. D’autre part, les points de recollement qui se trouvent a l'intérieur
de composantes déja formées lorsqu’ils apparaissent ne modifient pas la suite des tailles de composantes.
On peut ainsi définir un processus, que ’on peut espérer plus simple, qui n’ajoute pas ces points:

Définition 1.5.3 (Coalescence simple). Soit X = (X,d,u) € MY, soit P un processus ponctuel de
Poisson sur X2 x [0,+00) d’intensité %/ﬂ X Lebg, et pour tout t > 0, soit

Ji,jeN,i#j st (u,v) € X; x Xj and PNX; x X; x[0,¢) =0 }
ds <, (u,v,8) €P '

SP, = {(u,v) € X?: {

Pour tout a > 0, t > 0, on définit la semi-métrique dfcoal“ sur X comme:
E
Yu,v € X, dfco“l“(u,v) = inf{ka + Zd(ui,vi) cup =u, v =0, Vi <k—1, (v, ui41) € SP:}.
i=1

On définit
SCoaly(X,t) = Glue(X, d7%).

De plus, on note SCoal(X,t) = SCoaly(X,1t).

On remarque que, partant du méme espace initial X € MY, il y a un couplage évident entre Coal(X,.)
et SCoal(X,.) qui consiste & prendre le méme processus de Poisson P pour définir chaque processus.
Enfin, on définit:

Définition 1.5.4 (Coalescent (métrique) multiplicatif éternel). On dit que (X (t))ier est un coalescent
multiplicatif éternel si c’est un processus de Markov dans M tels que pour s et t € R tel que s < t,

@

(Coal(X (s),t—s),X(s)) = (X(t), X(s)).
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1.5.2 Peut-on appliquer la méthode d’Aldous et Limic a la coalescence d’espaces
métriques ?

La premiére question est celle de l'existence de coalescents multiplicatifs éternels. Rappelons que la
réponse d’Aldous & cette question repose sur deux résultats: d’abord un résultat de convergence de
graphes aléatoires discrets, qui serait le Théoréme dans notre cas, et une propriété de Feller. En
effet, on a:

Théoréme 1.5.1 (Propriété de Feller aléatoire pour la coalescence compléte, consequence du Théoréme
3.1 de [28]). Soit X = (X™),en une suite de M, et pour t € Ry, X"(t) = Coal(X™,t). Supposons qu’il
eziste X>° € MY et t € Ry tels que

X" (d) XOO,

n—-4o0o
pour T2y p,
Vt € R, V6 > 0, lim lim sup P(m% (X" (t)) < €) = 0.
e—~U nsoo
et
Vte Ry, P(Fi,j €N, i # j s.t. |Coal( X, t);| = |Coal( X, t);]) = 0.
Alors pour tout t € Ry, Coal(X°t) est presque siirement dans My et pour toute famille (to, ..., tx) €
k+1
" @
d
(COGZ(X", ti))ie[k] > (CO(Il(XOO, ti))ie[k]
n—oQ
pour Téyp.
Proof. Voir Appendix [B] O

Dans le méme esprit que la discussion qui suit le Théoréme le Théoréme donne, avec le
Théoreme [1.4.2] I'existence d’un coalescent multiplicatif éternel limite dont les marginales sont données

par & (o, A\, ¢, ¥)ter (voir Appendix .

La distribution d’'un tel processus sera notée E(a, A, ¢,y). Remarquons que rien ne garantit que
ces coalescents soient extrémes. Passons en revue les étapes qu’il faudrait franchir pour implémenter
la méthode d’Aldous et Limic pour la coalescence métrique. Dans cette optique on introduit quelques
points de théorie des processus de Markov: soit f mesurable bornée pour Tgrp, et X = (X(¢))ter un
coalescent multiplicatif éternel. Pour ¢ € R, soit F; la tribu engendrée par (X (¢t — s))s>0. Comme X est
un processus de Markov, pour t € R et s > 0,

E(f(Coal(X(t = s),5))| X (t = s)) = E(f(Coal(X(t - 5), 5))|Fi—s)-

De plus comme (Coal(X(t — s),s), X(s)) @ (X (t),X(s)), d’aprés le théoréme de convergence pour les

martingales inverses, on a que
E(/(X()[X(t ~ ) —— E(X()|F—x0). (16)
D’autre part, d’aprés [18], X est extréme si et seulement si pour toute fonction f mesurable bornée,

E(f(X(#)F-o0) = E(f(X(2)))- (1.7)
On voudrait prouver les deux assertions suivantes:
Assertion 1. Si X ~ E(a, A, ¢,7), pour (a, A\, ¢,v) €L x Ry, X est extréme.
Idée de preuve possible. cette assertion serait une conséquence des assertions suivantes, non démontrées:

(i) Il existe un espace de paramétres H de dimension dénombrable, une fonction I'V : MY x R, — H et
une fonction P :Z x Ry — H tel que

(X (t), —t) —— P(a, A, ¢,7),

t——o0

ce qui est un équivalent des conditions d’Aldous-Limic
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(ii) Si X = (X™),en est une suite d’espaces métriques MY et ¢ = (g, )nen est une suite de R, telle que
F/(Xn7qn) P(O{,A,C,"}/),
n—roo

alors

Coal(X™, gn) @, Eola, A ¢, 7).

n—
En effet, on aurait

E(f(X(1)|X(t —s5)) —— E(f(X(1))),

S5— 00

donc d’apres (1.6)),
E(f(X(?))) = E(f(X(1)|F-)

et donc d’aprés (1.7)), X est extréme. O

Assertion 2. Si X est un coalescent multiplicatif éternel, il existe (o, \,c,y) € T x Ry tel que X ~
E(a, A\, ¢e,).

Idée de preuve possible. cette assertion serait une conséquence des assertions suivantes, non démontrées:

(i) 1l existe un espace de paramétres H de dimension dénombrable, une fonction I : My x R, — H et
une fonction P :Z x Ry — H tel que

I'(X(t),—t) =22 P(a, A\, ¢, 7).

t——o0

(ii) Si X = (X™)pen est une suite de MY et ¢ = (gn)nen est une suite de R telle que
F/(Xn7qn) P(Oé,)\,C,’Y),
n—roo

alors

Coal(X™, ¢,) SOEN Eo(a, A e,7).
n—oo

En effet, on aurait
P
E(/(X0)1X (1~ ) 2 B(F(X(1).
avec X (t) ~ & (a, A, ¢,7), et comme d’aprés ((1.6)),

E(f(X ()X (t = 5) —— E(F(X(£)F-cc),

cela donnerait que
E(f(X(1))) = E(E(f (X (1) F-)) = E(f(X(2)))
donc X ~ &(a, A, ¢, 7). O

On remarque que, bien que 1’Assertion [I] et 1’Assertion [2] soient d’apparence opposées, les plans de
preuves hypothétiques sont assez similaires. Dans les deux cas, ’étape (i) est une question complexe,
que l'on va laisser de coté pour l'instant. Pour I’Assertion [1} le cas ou X ~ £(1, A,0, 1) sera le principal
objectif du chapitre[8] Examinons quels résultats nous pouvons trouver dans la littérature qui satisferaient
a Pexigence de (ii). On aura besoin des définitions suivantes:

Définition 1.5.5. Soit X = (X, d, ) € MY, pour tout r € N, on définit

Pr = pr(X) = /X2 d(”vU)Tld(u,v)<+oo//'(du)lu’(dv)'

En particulier eut aussi s’écrire
y M1

pr=Y_ xiu
i
o, pour tout i € N,

z; = | X
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et
u; = 96[2/ . d;(u, v)pi(du)pi (dv)
X;
est l'espérance de la distance entre deux points aléatoires dans X;. De plus, le diamétre des composantes
. —N L

X; sera noté D;. Enfin, st X € M | i = x, avec n le dernier indice tel que x; > 0. On remarque
que, comme d’habitude, si X = (X™),en, respectivement X = (X (t))ier, est une famille d’éléments de
MY, p1 sera sous-entendu comme la suite p; = (p})nen, respectivement p1 = (p1(t))ier, avec p} associé
a X™, respectivement p1(t) associé a X (t). On fait de méme pour u = (u;)ien, * = (2;)ien, D = (D;)ien
et Tmin-

Théoréme 1.5.2 (Convergence de la coalescence simple dans le cas homogéne, Théoréme 3.4 de [9]). Soit
X = (X")nen une suite de MN, = (2")nen = (| X7)nen, ien €t ¢ = (qn)nen tels que (z,q) satisfait les
conditions d’Aldous—Limic avec parametres (1,A,0). De plus on suppose les conditions supplémentaires
sutvantes: il existe n > 0 et r > 0 tel que

Zo 1/2
=2 = o(e,/*)
lop)
-

g
2 0,

Lmin

et la condition métrique:
sup; D;
1 7 ( 1/2 T])

p1+ 02 2
D,
ToO2 Sup; . O,
P1
Alors,
o3 (d)
SCoaly, (X, q) —— Ep(1,A,0,1)
p1+ 02 n—+o0o
pour Tayp.

Ce théoréme porte sur des graphes qui sont fortement homogénes: le paramétre c est nul. Il existe
un résultat, le Théoréme 5.4 de [10] qui rend compte similairement de la situation ou («, A, ¢) € Z*. Ce
résultat sera énoncé précisément en Section [2.5.3] mais il s’accompagne de beaucoup de détails techniques
qui ne sont pas absolument indispensables pour le moment.

1.5.3 La question plus faible du mélange de la percolation dynamique et sa
relation a la sensibilité au bruit

Que ce soit pour le plan de preuve de 1’Assertion [I] ot de I’Assertion [2] la premiére étape consiste a
montrer un résultat sur des asymptotiques d’un coalescent multiplicatif éternel X en —oo. Seulement,
dans un cas, Assertion |1} la distribution de X est donnée et dans I’autre, Assertion [2| on sait que X est
extréme. On peut s’attendre a ce que le fait de connaitre la distribution de X soit un peu plus facile,
étant donné que les marginales & («, A, ¢,y) sont bien comprises. Il se trouve par ailleurs que ce serait un
résultat intéressant en lui-méme, grace a la théorie développée dans |28]:

Théoréme 1.5.3 (Théoréme 3.7 de [28]). Soit X ~ Ey(1,A,0,1), il existe un processus Perc(.,.) qu’on

appel la percolation dynamique tel que, si G(0) ~ G(n, W) et (G(t))ter est le processus qui partant

de G(0) met a jour indépendamment les arétes a tauz n~"/3,

(G(t))iz0 —=— (Pere( X, t))20

pour Tapp. De plus, pour tout t > 0, Perc(X,t) ~ E(1,A,0,1). Enfin, si (X(¢))ter ~ E(1,7,0,1), pour
tout f positive mesurable pour Tapp,

(X (t), Perc(X(t),s)) 2 (Coal(X(s),t —s), a)ZLZ(X(s), t—s)). (1.8)

ot les processus de Poisson utilisés dans Coal(X (s),.) et C%Z(X(S), .) sont indépendants.
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En particulier, du fait de (|1.8)), I’Assertion |1| donnerait la propriété de mélange de Perc(.,t) suivante:
pour toutes f, g positives et mesurables,

E(f(Perc(X(s), t — 5))g(X(s))) = E(f(Coal(X(s),t — s))g(X(s))) = E(f(X(£)))E(g(X(?))).

Cette propriété de mélange est intéressante en particulier griace a sa relation avec la sensibilité au
bruit. Donnont un peu de contexte:

Définition 1.5.6 (Sensibilité au bruit [8]). Pour tout n € N, soit A,, un ensemble fini tel que |A,,| e
n—-+oo

+00, soit P,, une mesure de probabilité sur Q,, = {0, 1}A". Soit w, une variable aléatoire de loi P,,. Pour
e > 0, on définit WS, de la maniére suivante: soit wl, ~ P, indépendant de w,, on définit pour i € A,,
wt (1) = wn(i) avec probabilité 1 — e et w (i) = wl (i) avec probabilité e indépendamment pour chaque
coordonnée. On dit que I’événement E, C £, est sensible au bruit si

Ve > 0, P(w, € Ey,, v, € E,) —P(w, € E,)P(w, € E,) — 0.

n—-+oo

{IP’(En) est bornée loin de 0 et de 1,

Le domaine des graphes aléatoires est un bon laboratoire de sensibilité au bruit: on prend A, =
{{i,j} € [n]? : i < j} et pour e € A,, on associe w(e) = 1 & l'existence de I'arréte e dans le graphe G™.
Ici on se concentre sur le cas ou P, est tel que pour u € {0,1}",

P(Vi € [n], wa(i) = u;) = p>=i (1 — p)"~ 2

pour un certain p = (pn)nen. Le graphe que l'on construit alors est bien str un graphe aléatoire
d’Erd6s—RényiG(n,p). Le graphe construit a partir de wg, c’est a dire aprés application du bruit a
G™ sera noté G™¢. On considére toujours G™ et G™* comme des espaces métriques éléments de MY, en
prenant la distance de graphe divisée par n'/3 et la mesure de comptage divisée par n?/3.

Pour X et X’ dans MY on définit

d&up(X, X') = (danp(X;, X)))*.
i

La remarque fondamentale est qu’appliquer le bruit & G™ est la méme chose qu’effectuer une percolation
dynamique dessus. Grace a ca, Lubetzky et Peled ont pu obtenir dans [23]:

Théoréme 1.5.4 (Théoréme 2 de [23]). Soit G™ ~ G(n,p) équipé de la distance de graphe divisé par

n'/3 et de la mesure de comptage divisée par n?/3, et G™¢ le résultat de application d’un bruit de niveau

€ & G™. On suppose que p = W Soit § > 0, on suppose que € > n~ /313 Alors

@, ame) —9 5 (x,v)

n—-+4oo
d
ot X ~&(1,t,0,1) et Y @ X est indépendant de X. Cette convergence a lieu pour g,y p. D’autre part,
si e = o(n=1/3)
P
d4 n n,e )
Lup(GM.GM) —— 0
Remarquons que la convergence pour d‘é g p €st une conséquence de la convergence pour TC% p et du
fait que G™ et G™* convergent séparément pour d¢ ;. La seconde partie du Théoréme est en fait
une conséquence de:

Théoréme 1.5.5 (Conséquence directe de [28], Théoréme 3.7). Soit G™ ~ G(n,p) équipé de la distance
de graphe divisée par n/3 et de la mesure de comptage divisé par n?/3, et G™¢ le résultat de Uapplication

~1/3
ifin 77 /3 5 seRt. Alors,

d’un bruit de niveau € 4 G™. On suppose que p = - m
n—-+0oo

, €EnN

(G™,G™°) ﬂ—% (X, Perc(X, s))

n—-+4oo

o X ~ 80(1,t,0, 1).
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Ce théoréme a également 'avantage de fournir un indice sur la fagon d’obtenir le résultat de sensibilité
au bruit a partir de la propriété de mélange de Perc(.,.) : & mesure que le bruit augmente, il efface de
plus en plus d’informations sur le graphe d’origine. Si en'/3 — +oc0, pour n assez grand, € > € pour tout
¢ tel que €n'/3 — s dans R... Ainsi, grace au* Théoréme pour n assez grand, le couple (G, G”’El)
se comporte comme (X, Perc(X,s)), et comme (G™, G™€) est "plus indépendant” que (G",G"*el) pour
tout s, il est " plus indépendant" que (X, Perc(X, s)) pour tout s. Si la propriété de mélange est vraie, le
couple (X, Perc(X,s)) devient lui-méme asymptotiquement indépendant donc c’est également le cas de

(G", Gme).

1.6 Reésultats

Tous les résultats énoncés dans cette section sont originaux. L’analyse de la section précédente laisse
entendre que la Question directrice |I| se décompose naturellement en deux sous-questions:

Question directrice 2 (A propos des asymptotique en —o0). Soit (X (t))¢er un coalescent multiplicatif
éternel. Que peut-on dire de son comportement en —oo ¢

Question directrice 3 (A propos de la convergence de la coalescence). Soit X = (X"),en une suite de
MY et ¢ = (gn)nen € N. Sous quelles conditions sur (X,q) a-t-on que
Coal(X™, qn) —— Et(a, A, ¢, 7)

n—-—4o0o
pour des parametres (a, A, ¢,v)?

Tous nos résultats s’articulent autour de ces deux axes, I’objectif étant I’exploration compléte de la
frontiére d’entrée du coalescent métrique multiplicatif éternel, ce qui est une autre fagon de dire que nous
voulons caractériser tous les coalescents métriques extrémes. Nous n’avons pas de théoréme qui réponde
entiérement a cette question, mais plusieurs réponses partielles a la Question directrice 2] et la Question
directrice Bl

Avant d’énnoncer nos résultats, nous souhaitons souligner un point en particulier concernant la Ques-
tion directrice Dans [6], 'équivalent de cette question pour le processus des masses d’un coalescent
multiplicatif extréme repose sur des méthodes de martingales. Cependant, comme nous ’avons vu dans
la Section il est ici nécessaire de controler des distances moyennes sur les composantes. Cela rend
la mise en ceuvre des méthodes de martingales plus difficile car il n’y a pas de moyen évident de voir
ce que devient la distance moyenne sur une composante aprés que deux de ses points aient coalescé.
Cependant, si on ne s’intéresse qu’a la propriété de mélange de Perc(.,.) a partir de X ~ & (a, A, ¢,7),
les composantes ne sont plus arbitraires et ’analyse devient plus facile.

1.6.1 Outils

La premiére partie de cette thése est consacrée & une série d’outils permettant de manipuler les coalescents
multipicatifs.

Des statistiques globales aux statistiques par composantes Il est fréquent de voir dans la littéra-
ture des résultats de convergence portant sur des composantes conditionnées & étre connexes plutét que
sur toute la suite d’espaces métriques. L’objectif du Chapitre [3| est de mettre en évidence dans quelles
conditions on peut inférer des résultats globaux, c’est a dire sur toute la suite d’espaces métriques, a
partir de résultats composante par composante.

Troncature et topologie Gromov-faible De méme, on a souvent des résultats sur la coalescence
d’un nombre fini de composantes, alors que nous souhaitons coalescer un nombre infini de composantes.
Dans le Chapitre [d] on verra que dans le cadre de la topologie Gromov-faible, la différence entre les deux
approche n’est pas significative sous de bonnes conditions.

De la coalescence simple a la coalescence compléte Comme la littérature se concentre sur la
coalescence simple et que nous nous intéressons principalement a la coalescence compléte, le Chapitre [f]
fera le lien entre les deux.
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Coalescent multiplicatif éternel, mélange et frontiére d’entrée Dans le Chapitre [f] nous mon-
trons que la tension de la borne de plus petite masse est garantie pour un coalescent éternel. Cela permet
d’établir le Théoréme 6.2.1 qui dit que la distribution d’un coalescent est partiellement caractérisée par
la convergence de certaines quantités en —oo.

1.6.2 Reésultats principaux

La deuxiéme partie de ce travail apporte des réponses partielles & la question de la caractérisation compléte
de la frontiére d’entrée, qui peut également étre vue comme un moyen de mieux comprendre les coalescents
multiplicatifs et la percolation dynamique.

Mesure de Palm du processus ponctuel associé a & («,3,¢,v) Dans le Théoréme Janson
et Spencer ont obtenu une formule explicite de la mesure de Palm de Mg(1,,0). Puisqu’il permet
entre autres de transformer des moments d’ordre deux en moments d’ordre un, c’est un outil utile pour
montrer la concentration des quantités lices a z = (2(t))ier ~ M(1,A,0). A la lumiére du probléme plus
simple de mélange de la percolation dynamique a partir de X ~ & (a, A, ¢,7), il serait utile d’avoir un
résultat similaire mais avec des espaces métriques a la place des poids et de généraliser également a tous
les parameétres dans Z. Dans le Chapitre [7} on obtient:

Theorem 7.1.1. Soit (o, \,¢,7) € T xRy et (Aj)jen, (V) en et (5§j))jeN associés a X ~ Ey(a, A, ¢,7)
comme dans la Définition . Soit f: M x MY — Rt mesurable pour Tarp et telle que

IE(Z F(X;, X)) < +oo.

Pour j € N, conditionnellement a (X;,A;), soit YU de loi Ey(a, A — | X;| — (5£j), c—cl) 5). On suppose
que
soit ¢ =0, soit A <O0. (7.1)

On a:
]E(Z f(X), X)) = E(Z E(f(X;, Y9 U X5](X5, ). (7.2)

Propriété de mélange pour le coalescent multiplicatif métrique homogéne Comme déja ex-
pliqué dans la Section [I.5.3] la question du mélange de la percolation dynamique est une question liée a
Papplication de la méthode d’Aldous et Limic & la coalescence compléte des espaces métriques. Comme
on part d’une distribution connue £;(1,\,0,1), la question de la frontiére d’entrée Question directrice
est plus facile. Nous nous appuyons ici sur la formule de Janson et Spencer du Théoréme 7.1.1, qui dans
le Chapitre [8| nous permet d’obtenir un controle sur la variance des statistiques métriques.

Theorem 8.2.2. Soit (X(t))icr ~ (1, A,0,1). Soient p1, u, x D définis comme dans la Définition[1.5.5
1l existe une constante K, telle que, lorsque t — —o0,

Vp Z 27 r 2 Oa Zx?u: ~P KTUp+7'/27 (81)
J
Vp > 2, ap ~ (o), (8.2)
Vi € (0,1), 22 = op(a?) (8.3)
02
vn € (0, 1), sup D; = op(0y) (8.4)

Ceci nous permet de montrer:

Corollary 8.2.3. Soit X ~ E(1,A,0,1), alors pour tout t € R, pour toutes les fonctions f et g mesurables
et bornées pour Tgpps,

E(f(Pere(X(t),5))9(X (1)) ——— E(f(X(1))E(g(X(2)))-

s——+00

Sensibilité au bruit Comme déja expliqué dans la Section[2.5.3] la propriété de mélange est fortement
lice a la sensibilité au bruit. Dans le Chapitre [J] nous montrons que I'indépendance asymptotique du
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Théorémereste vraie pour un bruit de niveau € tel que en'/? — 0o, ce qui est plus fort. De plus, nous
donnons divers exemples de propriétés sensibles au bruit: la propriété de contenir une grande structure
topologique donnée (comme un grand cycle par exemple) et la propriété qu’il existe un plongement d’un
graphe dans une surface donnée.

1.6.3 Perspective

La derniére partie de ce travail est consacrée a ’esquisse d’un programme qui, s’il était entiérement réalisé,
donnerait une caractérisation compléte de la frontiére d’entrée du coalescent multiplicatif métrique. D’une
part, nous proposons d’étudier un encodage de SCoal(.,.) a la Broutin, Duquesne et Wang |14] et nous
montrons que ce processus est tendu dans le Lemme 10.3.4. D’autre part, nous montrons dans le Théoréme
10.4.2 qu’il est possible de coupler un coalescent donné (X (¢)):cn avec un processus (T'(t)):en qui n’ajoute
pas de complexité a l'intérieur des composantes, de telle sorte que leurs asymptotiques —oo soient les
mémes. Cela annule la difficulté déja évoquée de controler les statistiques de distance lors de l'ajout de
points de coalescence internes.
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Chapter 2

English introduction

2.1 Context: discrete random graphs at criticality

Although our work does not exclusively deal with discrete random graphs, our goal is to better our
understanding of a certain class of discrete random graphs who, loosely put, lack geometrical constraints.
Let us first introduce the main historical example of such graph.

2.1.1 First meeting with random graphs

One of the simplest examples of random graphs that one might think of is as follows: for n € N, p € [0, 1],
we consider an undirected graph G™ = (V, E) on V = [0,n] = [n] where

Vi, j € [n], 1 # 4, P({i,j} € E) =p

independently across all pairs {i,j}. The law of such a graph will be denoted by G(n,p) and we say that
it is an Erdgs-Rényirandom graph.

We are especially interested in large sparse graphs, which means that we expect a typical vertex to
have a degree of order 1 when n tends to infinity. This can be realised by taking p = = with ¢ > 0.

2.1.2 The critical window

A striking finding in the original work of Erdés and Rényi [19] is the critical behaviour of the size of
the largest connected components. To state this result, we give some definitions: two vertices are in the
same connected component if one can be reached from the other via a path of edges in E. The size of a
given component refers simply to its number of vertices. We say that a component is larger than another
if it has more vertices, and when the numbers of vertices are equal, if its smallest index is smaller than
the smallest index of the other one. Moreover as a matter of convenience, we always consider that a
graph contains a countable infinite amount of empty components. This allows us to associate to G the
sequence (C™);en of its components listed in decreasing order.

K3

We have the following phase transition |19]:

Ife<1,36>0st P(CH| < dlog(n)) ———1, (2.1)
n—-—+0o0
Ife>1,36 >0s.t. Yk > 1,P(|C| > on, |Cp| < dlog(n)) e 1. (2.2)

The critical point, ¢ = 1 of this phase transition exhibits the following behaviour |13|: let A € R,

Ife=1+ "3 VYa,b>0st. a<b, Vk €N, ll}r_il_l P(an?/® < |CP| < bn?/?) € (0,1). (2.3)
n oo

2.1.3 Dynamical approach and almost multiplicative merging

This last assertion (2.3) highlights the existence of a critical window, parameterized by A, during which
the giant component, that occupy most of the vertices when ¢ > 1, is formed. As this fact suggests, it is
classical to examine these graphs with a dynamical point of view: for each i, j € [n], i < j, let E; ; ~ £(1)
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independently across all 4, j such that i < j and let F; ; = E;;. Then for t > —n!/3 let G"(t) = (V, E(t))

where
1+ tn=1/3 }

E(t) = {{i,j} v, j€n], i<y, Bij < n

In particular the probability of existence of a particular edge {7,;j} at a fixed time ¢ is, as n goes to
infinity,

w8 14tn”3
14t _orm

P{i,j e E(t)) =1—e"" o(n=?)

n
so G"(t) ~ G(n, % + o(n=%/3)). Moreover, if for t > 0 and Vi, Vo € V, E(t,Vi,V3) is the set of
all edges between V; and V5 existing at time ¢, as the edges are independent, the merging probability
between the two disjoints sets V; and V5 during the time period [s, t] is

P(E(t, Vi, Va) # 0| E(s, Vi, Vo) = ) = 1 — enirs iVl

As a consequence, the rate of merging of the two disjoint sets is the product of the scaled sizes of
the disjoint sets |Vi|n=2/3|Va|n=2/3. This behaviour, that we will describe as multiplicative, is at the
heart of this work. We say that a graph G on [n] is multiplicative if there exists a weight sequence
(Ti)iem) € Riﬂ and it is the result of a graph process where two subsets Vi and Va2 of [n] are joined
at rate Zievl z; Z’iGVQ z;, independently from what happens on the rest of the graph. These graphs
are inhomogeneous random graphs, defined in Definition In [14], the authors exhibited a family
of distributions toward which scaled inhomogneous random graphs converge, a result that generalizes
the previous partial results of [1] and [11]. Moreover, in [9] and 10|, the authors showed that, under
certain conditions, percolated supercritical configuration models converge toward some of the distributions
described in [14]. This fact must be put in parallel with the fact that a percolated configuration model can
be coupled with a multiplicative graph with asymptotically no difference [17]. This model, the percolated
supercritical configuration model is the main example of a graph that is almost multiplicative, in the sense
that it is asymptotically multiplicative. As the multiplicative behaviour is in essence, an independence
property, we can expect other models presenting this almost multiplicative behaviour. Moreover, as we
saw, the fact that these graphs are all constructed from processes on graphs, we can also expect that
these almost multiplicative graphs converge as graph processes.
In this framework, a natural question emerges:

Guiding question 1. Does the family of random metric spaces described in [14] and [15] encompasses
all possible marginals of limits of almost multiplicative graph process ¢

For now we can expand a bit further on what would intuitively be a good candidate for Guiding
question [} of course there has to be the multiplicative behaviour at the core of the process. Such a
process will then be called a multiplicative coalescent. Also, as the critical window described in
is infinite in size (A € (—o0,+00)), the process must be eternal both in the past and in the future. As
we will see, the path toward an answer for Guiding question [l| is actually a quest to find all eternal
multiplicative coalescents.

Note that depending on the context, we might use the denomination "multiplicative coalescent" in a
pretty generic way, and we will precise what kind of multiplicative coalescent we are dealing with when
necessary.

2.2 Aldous’ multiplicative coalescent

2.2.1 Preliminary remarks and definitions

To start investigating the guiding question [1} we take a look at Aldous’ multiplicative coalescent [5]. In
his work, Aldous ignores the adjacency structure of the graph and only keeps track of the sizes of the
different components. This point of view is more restricted that what we ultimately would like to have,
but the method he used will be our general framework to answer Guiding question [I} ordered We are
looking for a limit of the component size process along the critical window, where components are already
formed. As a consequence, we want to be able to talk about the evolution of the process since an initial
time that is not only 0, so we must allow the process to start from an initial sequence of component
weights ¢ = (2;);en that are not all equal. For an easier time manipulating weight sequences, we always
suppose that Vi < j, z; > z;.
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Definition 2.2.1 (Aldous’ multiplicative coalescent). Let z = (z;)ien be a sequence of numbers in RT.

We define a process that takes values in decreasing sequences of R' as follow: let gCoal(x, q) be a graph
on N where for i, j € N such that i < j,

{i,7} is an edge of gCoal(x,q) if and only if E; ; < q
where (E; ;) is a sequence of independent exponential random variables such that:

1

Vi, j e N, E(E; ;) = —.
J , B( Z,j) 7.1,

This model is known as rank-1 inhomogeneous random graph, or Norros-Reittu model. Then, the multi-

plicative coalescent mCoal(x, q) starting from x at time q is the ordered sequence of size of components of

gCoal(x,q). Moreover, let the set of edges of gCoal(x,q) be denoted by E(x,q).

Note that in Definition [2.2.1] we do not specify any constraint on the initial weight sequence, because
as long as one accepts the existence of components of infinite weight, this construction makes perfect
sense, thanks to the use of the so-called "graphical" construction, originated from [5]. Let us return to
our Guiding question[]to further examine what initial weight sequence we should take. Recall that we are
looking for a limiting object, and as per , for any A € R, the size of the largest component of G must
be of the same order but there also must coexist components comparable in size to the largest one. This
constraint means that our limiting object must almost surely preserve multiple large components and not
allow for infinite components. Hence, one might be tempted to restrict x to be such that ), z; < 400 as
it would in fact guarantee that components stay finite in size. However, if one focuses on the first weight
21, we remark that with probability (1 — e~ %" 2iza ¥4, all components of gCoal(z,q) have merged at
time ¢. Hence, we have to constraint o1(z) = ). z; to be infinite and find another way to ensure that
component sizes stay finite.

2.2.2 Analysis of Aldous’ multiplicative coalescent

As a way to deal, among other things, with the problem of infinite components, Aldous introduces the
following spaces:

Definition 2.2.2 (Spaces of weight sequences). For all v > 0, x a decreasing sequence of RT | let
or(z) =)} = ||
i
and define
I, = {(®@)ien : 0 < i1 < @i, 0p(x) < Fo00}.
In particular if r = 2 we equip this space with
vx7y€l2\‘7 d2($7y) = Z(‘rl_yl)Q
i
Note that when x is obvious from the context, we will often write o, for o.(x).
Let us see how these spaces play a role.

Definition 2.2.3. Let z € 2, 2(q) = mCoal(z,q) we denote by
S(z,q) = o2(z(q)).
Then we can state maybe the most fundamental fact about Aldous’ multiplicative coalescent:

Lemma 2.2.4 (Lemma 20 of [5]). Forx € 12, s> S(z,0) = 09,

P(S(x,q) > s) < 4592

S — 02

Aldous’ theory of the multiplicative coalescent teaches us that 12\ is the right constraint on z, in
particular in the following theorem:
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Theorem 2.2.5 (Feller property, Proposition 5 of [5]). Let (™),en be a sequence of 12\ and x> € 12\ be
such that

in (li,dz), Then
Vg € R, mCoal(z", q) L mCoal(x*, q)

n——+00
in (lz\, d?).

In light of theorem we will denote by slo the space of sequences of ZQ\‘. Moreover, if z =
(™)nen € lz\, we denote by o, the sequence (o, (2"))nen-

2.2.3 The Aldous-Limic problem and the Aldous-Limic hypothesis

We already said that a multiplicative coalescent process suited to describe the limit of critical almost
multiplicative random graphs must be such that mCoal(z, ¢) has almost surely only finite weights and
such that there is always at least two components. Observing that is also true for any A < 0, we
must have that our process must be the result of a coalescence of smaller weights as far as we want in
the past. More precisely, what we are looking for is encapsulated in the following definition:

Definition 2.2.6 (Eternal multiplicative coalescent). We say that a Markov process (x(t))icr in l2\ is
an eternal multiplicative coalescent if

Vs, t € R s.t. s <t (x(t),z(s)) @ (mCoal(z(s),t — s),z(s)).

We will refer to the problem of finding an eternal multiplicative coalescent the Aldous-Limic problem.
Before examining further this problem, especially its well-posedness, let us introduce some notations:

Definition 2.2.7.
T ={(a,\,c) Ry xR x 13\ : either o> 0 0rc¢12\}.
Z° ={(a,\,0) €T : x> 0}
" ={(0,\c)eT:ccl® \ IR}
Moreover, for s € R, (a, \,c) € Z, let

1
Z@X)(g) = a2W(s) + (A + t)s — 50482 +) (eile<s — Es),
%

with W a Brownian motion and ((;)ien a sequence of independent exponential random variables such
that for i € N, E(¢;) = 1/c;. When the parameters are obuvious from the context, we will usually write
Z for Z(@X\e) - Note that rigorously, Z is defined as a spectrally positive Lévy process characterized by
its Laplace in exponent in [14)]. They also show in this article (equation (143) of section 4.2), that the
former notation makes sense : the infinite sum has to be interpreted as the limit of L? semi-martingales.
Finally, let
B(a,)\,c)(s) _ Z(a,)\,c)(s) _ inf Z(a,)\,c).
[0,5]

The first natural question that arises is the question of the existence of a solution to the Aldous-Limic

problem. The answer can be found in [5] where we have:

Theorem 2.2.8 (Convergence of the component sizes of Erdés—Rényirandom graphs, Proposition 4 [5]).
For (1,X,0) € Z°, we can define (|e;|)jen the ordered sequence of lengths of excursions of BLAO) ghove
0. Forn € N, let (|C7|)jen be the ordered sequence of component weights of G ~ G(n, W) Then

- n (d)
(n Q/S\Cj )jen m (lej)jen

in (B,d%).
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We then have, as stated in Corollary 24 of |5, that Theorem together with Theorem m gives
a positive answer to the question of existence of solution to the Aldous-Limic problem :

Let (o, ..., t;) € R¥F! be family of real numbers and 2™ =€ sy, and for t € R, z"(t) = mCoal(2"™, o5 "+
t). Consider the sequence of vectors (2" (t;))ic[x],nen- For f bounded and measurable, x € 12\( and t € R,
let P.f(z) = E(f(mCoal(z,t))). Let (f1,...,fr) be a family of bounded measurable functions. As the
process is Markov, we have

E(T] fi(="(t))) = B(fo(a"(t0)) P, ~to [ f1 Pyt [- - 1 (2" (0)))-

i€ [k]

Finally, thanks to Theorem [2.2.8
n (d) 0o
2" (to) —— 2™ (to)

n—oo

and thanks to Theorem Fo()Pey —to[f1Pry—t, [ - -]]() is bounded continuous. As a consequence,

E(fo(z" (t0)) Pty —to L1 Pro—tr [+ - 12" (0))) ———> E(fo(2™(0)) Pry 10 [f1 Pr—, [- - ]} (2% (20)))

and then,
E( H fz(m (tz))) m E( H fl(m (tl)))
i€[k] i€[k]
This convergence give us a family of distributions such that for all increasing family (to,...,%),

(x> (to),...,x>°(tx)) is compatible, Markov and such that

(mCoal(z™ (o), 1 — to), 2% (t0)) L (2% (1), 2 (to)).

This, Kolmogorov’s extension theorem gives us a process that is a solution to the Aldous-Limic problem.
An alternative construction based on a single Brownian motion for all t € R ca be found in [16].

Naturally one would then want to ask about the uniqueness of such process. However, as such, the
problem is obviously ill-posed because, other than the trivial solution always equal to = = (1,0,...) € I2 ,
if we have an eternal multiplicative coalescent (z(t))tcr, we can shift it in time or multiply it by a con-
stant and it will stay an eternal multiplicative coalescent. Moreover any mixture of eternal multiplicative
coalescents is itself an eternal multiplicative coalescent. This makes the set of eternal multiplicative coa-
lescents convex. More precisely, this set is a simplex [18], i.e. a convex set for which every element can be
written in a unique way as a convex combination of extreme elements. Moreover, extreme distributions
of eternal Markov process are exactly those for which the asymptotic sigma field in —oo is trivial [18].
We can therefore refine the definition of an Aldous-Limic problem by adding that the distribution must
be extreme. Surprisingly, we do not account for all the eternal multiplicative coalescents by considering
the convex hull of the solutions considered at the beginning of this paragraph (trivial solutions, standard
multiplicative coalescent, its time shifts etc.). In [6], Aldous and Limic find all extreme eternal multi-
plicative coalescents, let us present their result in the framework given by the Guiding question [I} First
we define, for z € I,

T o3 1

D(2.q) = (09, (Z)1en. Zq— 1),
(l‘,q) (0-2’(0_2)j€N70_§’q 0_2)

This allows us to state a clean definition of what will be a well-posed Aldous-Limic problem:

Definition 2.2.9 (Aldous-Limic problem with parameter (a, \,¢) € Z). We say that a Markov process
x = (z(t))ter in state space l2\ is a solution to the Aldous-Limic problem if its distribution is extreme
and

Vs, t € R, s <t, (z(s),z(t)) @ (z(s), mCoal(x(s),t — s)) (it is an eternal multiplicative coalescent)

; _ 3 iy
t_l}r_noo T(x(t),t) = (0,c, a0 + Z ¢, A) a.s. (entrance boundary condition)
J

We can now state the main theorem about the extreme eternal multiplicative coalescents:

Theorem 2.2.10 (Theorem 2 and 3 of [6]). For any (o, A, ¢) € Z, the associated Aldous-Limic problem
from Definition[2.2.9 is well-posed: First there exists a solution x = (z(t))icr. Moreover, for all extreme
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eternal multiplicative coalescent (z(t))ier, either x is constant, either there exists (a, \,c) € I, such that
fort € R, if (|ej])jen the ordered sequence of lengths of excursions of Bl@A+he) ghove 0, then,

2(t) 2 (les])jen.

The distribution of such a multiplicative coalescent will be denoted by M(a, A, ¢) and Mq(a, A, ¢) will
denote the distribution of the process at time t.

Notice that, contrary to the parameters o and A, that describe the possible scaling and shifting in
time of a given eternal multiplicative coalescent, the new parameter ¢ doesn’t lend itself to an immediate
interpretation. It is in fact the manifestation of two linked phenomena:

(i) If ¢ # 0, it means that when ¢ — —o0, some component sizes stay comparable to o9, which is
not the case for subcritical Erdgs—Rényirandom graphs. It is the very first time we see that the
multiplicative behaviour may encompass more than graphs very similar to Erdés-Rényirandom
graphs.

(ii) If ¢ # 0, this means that the process B can jump during its excursion above 0. As we are for now
prohibited from looking inside those component due to the mass-centered point of view, we cannot
interpret this fact, but we will see later that these jumps encode a certain kind of inhomogeneity
inside the structure of the components.

In light of Theorem [2:2.10, we define:

Hypothesis 1 (Aldous-limic conditions for sequences of weight sequence). We say that the couple (x, q)
satisfies the Aldous-Limic hypothesis with parameters (a, \,c) € T if © = (2" )nen 1S a sequence in lz\,
4 = (@u)nen € RY. and for n — +oo,

o2(z") ——— 0 (initially subcritical)
n—-+4o0o
I
- (;n) —— (jumps distribution)
o3(z") s o+ Z 3 (diffusion part)
02 (In)3 n—+o0 i '
1 ce
n — D) — A (criticality)

In other words,
lim T(z",qn) = (0,c,a+ Y ¢, \).

n—+oo

2.2.4 The method of Aldous and Limic

Considering the success described in the precedent subsection, let us state some key points of the method
used by Aldous and Limic to obtain Theorem [2.2.10] as it would be a perfect starting point for study-
ing multiplicative objects with more focus on their internal structure. First, for all extreme eternal
multiplicative coalescent, it makes sense to talk about the boundary condition in —oco:

Theorem 2.2.11 (|6]). Let (z(t))icr be an extreme eternal multiplicative coalescent. Then either x(t)
is constant, or else there exists (a, A, ¢) € T such that

t——o0

lim I(z(t),—t) = (0,c, o + Z c?—, A)  a.s.
J

Now remark that x(t) @ mCoal(x(s),t — s). When s goes to infinity, we know that I'(z(s), ¢) tends
to (0,c,a+ 3, 3, ) almost surely. As a consequence, x(t) is the result of the coalescence of a well-
understood initial sequence so we can hope to have a theorem similar to Theorem [2:2.8] for more general
parameters and obtain the convergence of mCoal(x(s),t — s) toward the law M;(a, A, ¢). However recall
that Theorem is about discrete finite graphs, and the theorem that Aldous and Limic obtained is

similarly limited to finite weight sequences:
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Theorem 2.2.12 (Proposition 18 of [6]). Let (a, A\, ¢) € T and x = (2™)nen € slz and ¢ = (gn)nen be
such that x and q satisfy the Aldous-Limic conditions hypothesis (1| with parameters (o, A\, c) and for all
t>n, x} =0. Then

d
mCoal(z"™, q) P (lej])jen
where (|e;|)jen are the lengths of the excursions of Blere),

To fill the gap between Theorem [2.2.11] and Theorem [2.2.12] we need an argument of truncation:
given a sequence x = (z")nen of I2 , we would like a sequence 2 that would be finite and that would
well emulate the asymptotic behaviour of x. For this purpose, let state some more definitions:

Definition 2.2.13 (Finite weight sequences). Let
I, ={(@)ien € B :IneN, 2y =0} C K,
sl={r=(2")pen:Vn €N, 2" € K} C sla.
Moreover, if x € sly, we say that T is a truncation of x if T € sl and
Vi,n €N, Z; > 0=7; =z

Moreover, the rest of the truncation & = (Z™)nen is such that for n € N, &, is the sequence of weights
227} = 0. Note that there is an obvious coupling between gCoal(x,q), gCoal(Z,q) and gCoal(Z,q) where
gCoal(T,q) and gCoal(Z,q) are the subgraphs spanning the vertices with positive weight.

Then the main tool to handle the difference between mCoal(z, q) and mCoal(Z, q) is the following
lemma:

Lemma 2.2.14 (Lemma 23 of [5]). Letz €2, T € K be a truncation of x and let & be the rest of the
weights. Then

Ve, P(S(x,q) — S(T,q) 2 €[S(T,q), S(2,9)) < e (L +q(S(T,q) + €))*S(2, ).

This lemma will also be one of our main tools to handle the effect of truncation on coalescence.

2.2.5 Palm measure of the multiplicative coalescent

In [22], Janson and Spencer adopt a point process point of view to describe Mgo(1,\,0). In particular,
they compute the Palm measure of such a process:

Theorem 2.2.15 (Theorem 8.1 of [22]). Let f be a bounded continuous function from (0,400) to Ry with
compact support, and g a bounded continuous function from 12\ to Ry. Let A € R and x ~ Mo(1, A, 0),
we have
E(Z f(zi)g(w)) = E(Z f(zi)h(X5))
i i
with, for u € Ry,
h(u) = E(g(y"))
where y* is the ordered sequence of the weights y ~ Mo(1,\ — u,0) to which we have added u.

In words, Theorem says that the law of x ~ M(1, A, 0), conditionally to the fact that one of
the weights of z is u is the same as taking y ~ M(1, A — u,0) and adding the weight u to the sequence.
It is especially useful when one wants to compute moments of order 2, because it becomes a computation
of a first order moment.

2.3 Spaces of metric spaces

2.3.1 Convergence of metric spaces

This section is essentially technical and sets the context in which we can extend Aldous and Limic’s anal-
ysis of the multiplicative coalescent in order to take into account the internal structure of the components.
More precisely, we will be interested in the metric structures of the components of multiplicative graphs.
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Definition 2.3.1 (Space of compact measured metric spaces). We say that a triplet m = (M, d, u) is
a measured metric space if d is a distance on M and p is a Borel measure on M. Moreover, we will
write |m| = p(M). We denote by M the space of all compact measured metric spaces and M the space
of all complete, separable, with finite measure, full support, metric spaces. Moreover, for m = (M,d, u)
a measured metric space, and for o € Ry, am denotes (M, ad, u) and for B € Ry, scl(a, B)m denotes
(M, ad, Bp).  We equip M and M with the distance dapp that is defined for m and m’' € M, as follows:
we say that R C m x m’ is a correspondence between (m, s, u) and (m’,d', ') if

Vu € m, Ju' € m' such that (u,u’) € R

Vu' € m', Ju € m such that (u,u') € R.

We write C(m,m') for the set of all measurable correspondences between m and m’. We can define the
distortion of a correspondence R as follows:

dis(R) = inf{e > 0 : V(u, ), (v,v") € R, |d(u,v) — d'(u',v")] < €}.

The distortion gives a good idea of the difference between the two metrics but we also would like to compare
the two measures. Let TI(m,m’) be the set of finite Borel measures on m x m'. For w € Il(m,m'), we
denote by (71, m2) the first and second marginal of w. Then let

D(m; p, ') = |y = pll + [z — 4

with ||.|| the total variation of a measure. We then set:

dgap(m,m’) = {D(m; p, p1") A %dis(R) AT (R}

inf
ReC(m,m’), m€ll(m,m’)
Of course, as such dgyp is not a distance on M since it does not verify the identity of indiscernibles.
To remedy this, we consider M’ the set of equivalence classes in M for the following equivalence relation:
m~m' & dagp(m,m') =0,

and we equipped M’ with the distance issued from dggp. In the rest of this work, we will abuse the
notations by using M in place of M.

2.3.2 A topology on sequences of metric spaces inherited from the Gromov-
Hausdorff-Prokhorov topology

We want to deal with spaces that consist in an infinite amount of compact connected component, hence
the following definition:

Definition 2.3.2 (Space of sequences of compact measured metric spaces). We denote by MY the space
of sequences X = (X;)jen of Ml such that 3=, | X;|*> < +o0 and such that

Remark that we usually view X as a measured metric space itself, for which the different X; are the
components. We write comp(X) for the set of components (X;) for j € N.
Note that 12\ is embedded in MY by taking the trivial distance on each {i} and the Dirac measure

on {i} with weight x;. This allows us to canonically apply to an element of 12\ a function that takes an
element of MY as an argument.

However, contrary to the case of the process mCoall(.,.) on 12\‘ there is no clear topology that we can
put on MY that will fit all our purposes. There are mainly two kind of topologies that come from dg g p:

Definition 2.3.3. If X, X’ € MY, we set

0 (X, X") = | D (danp(X;, X)) | AD277 V[[IX] = |X'[]l2.
J
The associated topology on MY will be denoted by Té rp.

However, for our purpose, we sometimes prefer the weakest topology as possible, as it would mean
less work when translating the Aldous and Limic method. The first topology that comes to mind which
would satisfy this while staying under the spirit of dggp is the product topology. The product topology
on Mg inherited from dggp will be denoted by Tapp.
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2.3.3 Weakening dgyp: the Gromov-weak topology

Recently, there has been a surge in the use of the Gromov-weak topology to handle convergence of random
graphs. It is defined as follows:

Definition 2.3.4 (Gromov-weak topology). Let (X,d, ) be a measured metric space such that |X| <
+o00. Foru = (uy,...,w) € X', we define D(u) = (d(ui, u;))ijey- We say that ® : M — R is a

polynomial if there exists ¢ : R” — R continuous and bounded such that
VX €My, ®(X) = [ ¢(D(x))dp® ().
X!

We say that a sequence of measured metric spaces of finite measure (X™)nen converges toward a measured
metric space of finite measure X°° if for all polynomial @,

B(X") —— B(X™).

n—-+o00
Note that the Gromov-weak topology on M can be metrized :

Theorem 2.3.5 (Theorem 5 in [21]). The Gromov-weak topology on M can be metrized by the Gromov-
Prohorov metric dgp, defined by: for X, Y € M,

dep(X,Y)= inf inf {e >0 ux (65 (F)) < 1y (651 (F)) + ¢, VF czosed}
(¢x,9v,2)

where the infimum is taken over all isometric embeddings ¢x and ¢y from X and Y, respectively, into
some common metric space (Z,dz) and

Fe={ueZ:FveF st dz(u,v)<e}.

In the course of this work, we will encounter multiples situations where this topology is the best suited
for the study of the coalescence. However, what we gain in ease of use, we lose in what information can be
retrieved from these convergences. For instance, this convergence doesn’t allow to talk about diameters of
components. Luckily it is well known how the Gomov-weak topology differs from the Gromov-Hausdorff-
Prokhorov topology.

Lemma 2.3.6 (Lower mass bound characterization, Theorem 6.1 in [7]). Let (X", dy, in)nen be a se-
quence in Ml and X € M. The following are equivalent:

(i) (X™)nen converges toward X for the Gromov-weak topology and

V>0, lﬁgl}rgg ms(X™) >0 (2.4)

where ms(X™) = inf{p, {v : dp(u,v) <6}):ue X"}
(ii) X is compact and (X™)nen converges toward X for the Gromov-Hausdorff-Prokhorov topology.

Note that the lower-mass bound property works similarly with random objects: in this case we require
the tightness of 1/ms(X).

Lemma 2.3.7 (Random lower mass bound characterisation). Let (X")nen be a random sequence of
elements in M and X a random element in M N M. The following are equivalent:

(i) (X™)nen converges in distribution to X for the Gromov-weak topology and

V4§ > 0, lim limsup P(ms(X™) < €) = 0. (2.5)

€=0 n—stoo

(ii) (X™)nen converges in distribution toward X for the Gromov-Hausdorff-Prokhorov topology.
Proof. See in Appendix [A] O

Crucially, as we will find out later, the lower mass bound property (2.5) will be often guaranteed in
our setting. As we would also like to extend the Gromov-weak topology to MY, we introduce, for X € MY

m%(X) = inf ms(X;).

i<k
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2.3.4 Real tree, real graph and surplus

The surplus of a connected graph G = (V, E) is equal to |E| — |V| 4+ 1 and indicates how much it differs
from a tree. A tree is a connected graph without cycles. A tree always has surplus 0. Since we are in the
general setting of convergences of graphs, one could possibly want to know what happens to the surplus.

For a given discrete graph G, we can associate to the ordering of its components (C}) en the sequence
of its surplus (sj)jen. We will see later in the particular setting of critical random graphs that the
surpluses of the largest components are tight.

Moreover the limiting components will be real graphs, which means that for any point, one can find a
ball such that the restriction of the component to this ball is a real tree: a metric space such that any two
points are connected through a unique continuous injective path. We refer to 3| for more background on
real graphs. The definition of surplus can be naturally extended to real graphs and so we can legitimately
ask if the surplus converges. Remark that any discrete graph G is canonically associated to a unique real
graph G where the edges are replaced by copies of [0,1]. Moreover G, as a metric space, is isometrically
embedded in G. As a consequence, when necessary any discrete graph that appears in this work can
be considered as a real graph. Lastly, suppose that (X"),ecny € MY is a sequence of real graphs that
converges towards a real graph X € MY for Tgyp. Moreover, suppose that the surplus of each X
converges, for ¢ € N, toward the surplus of X;°. We then say that X" converges toward X°° for the
Gromov-Hausdorff-Prokhorov plus surplus product topology, denoted by Tagps-

2.4 Encoding of random metric spaces

As we already hinted at when exposing the results on Aldous’ multiplicative coalescent in section [2.1.3
the process Z can encode way more that the mass of the connected components. There are different
ways to encode properties of metric spaces into real functions, here we present the approach of Broutin,
Duquesne and Wang in [14]. It is a really powerful setting, as it allows them to describe the limiting
metric spaces of critical gCoal(.,.) for any parameters (a, A,c¢) € Z. The encoding presented in this
chapter is a variation of the one used by Aldous and Limic in [6]. However, instead of exploring the nodes
in a breadth-first fashion, which means, exploring all the childs of a node before moving on, it explore
the nodes in depth-first fashion. Both cases are interesting, but the depth-first approach allows to talk
about the height function, which gives a precise view of the metric structure of the components. First,
let us introduce the discrete processes that correspond to discrete random graphs.

2.4.1 The client-server queue

Let z € K be such that z; > 0 if and only if # < n. The picture drawn by Broutin, Duquesne and Wang
of the construction of a discrete multiplicative random graphs gCoal(x, q) is as follows: let each node
i € [n] of the graph be a client of a server that arrives at an exponential random time &; such that

E(&) =

g

If the server is busy, a LIFO (last in first out) policy applies at time &;, the server interrupts the services
of any previous client to serve the client ¢ during a time x;. Let us introduce our first two processes:

Definition 2.4.1 (Server load). We define the algebraic load of the server at time t:

and the load of the server

The evolution of the situation yields a tree representation where when a client ¢ arrives, if a client j
is being served, then j is an ancestor of i. More precisely:

Definition 2.4.2 (Height process). Let Z be an algebraic load, we define

slt) = {1 if & <t, and infe, g Z > Z(€])

0 otherwise.
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Moreover, we define

H(t) = oy Z o (t).

Finally, we define the forest T(x,q) to be the graph on [n] such that i is a descendant of j if and only if
Oéi(fj) =1

Let us say a few words about this description. When, for some ¢t € R and i < n, «;(t) = 1, this means
that the client that arrived at time &; has not completely be served by time t. In the tree representation,
we say that ¢ is an ancestor of the client serve at time ¢. As a consequence, H(t) is the scaled count of
the ancestors of the client served at time ¢, so it is the scaled height process associated with T'(x, ¢q). Of
course gCoal(z,q) is not a tree so there needs to be some additional construction to obtain gCoal(z, q)
from the tree encoded by H.

2.4.2 The discrete multiplicative graph

Here we expose the method that allows one to reconstruct gCoal(x, q) from B:

Definition 2.4.3 (Pinching points). Let B be server load for x € K, let P be, conditionally to B, a
Poisson point process on [0,+00)? with intensity Lio<s<B(t)ydsdt. Consider the metric space G(x,q) on
[n] constructed from T(xz,q) as follows: add, for each (t,s) € P, an edge between the node served at time
t and the node served at time inf{u <t :inf, 4y B > s}.

Then we have:

Theorem 2.4.4 (Theorem 2.1 in [14]). Let = € K and ¢ € R. Then the graph G(z,q) from defini-
tion [2.4.9 has the same distribution as gCoal(x,q).

Finally, we said that the classical point of view to see the asymptotic structure of these graphs, is the
metric point of view, so we introduce:

Definition 2.4.5 (Discrete multiplicative space). In the same context as Definition we define
G™ € MY to be a metric space such that the set of points is [n], equipped with the graph distance on
G(z,q) multiplied by o2 and with the counting measure on [n] weighted by x. Moreover, for each j, we
assoctate l; the instant of arrival §; of the first client i of the component G7, r; the last time at which a
vertex i of the component G is served, and s} the surplus of the underlying graph of G.

2.4.3 Continuous process

Here we describe how the limiting process from Aldous and Limic in [6] can be used to define an element
of MY. This is done in a similar way to its discrete counterpart. First, let us introduce the continuous
equivalent of the server load:

Definition 2.4.6 (Continuous height process). For (a, \,c¢) € T, let Z(**) be as in Definition .
Let H(@A0) be the height process associated to Z(®™¢) as defined in Proposition 2.6 in /15].

From Proposition 14 in Aldous and Limic [6], we know that the excursions of B can be listed by
decreasing order of size (1; — ;) jen. Let us show how to encode real trees from real functions. This topic
originated in the nineties with the work of Aldous 4], is now quite standard. Given a continuous function
h:[l,r] = Ry such that h(r) =0, h(s) > 0 for all s € (I,7), we can define a tree |20] by setting

Vu, v € [l,r], d(u,v) = h(u) + h(v) —2 inf h

[uAv,uVv]
and then taking [l,7]/ ~ where u ~ v < d(u,v) = 0. This allows us to define a forest (7;);en as follows:

Vj € N, Yu,v € [l;,75], d] (u,v) = H(u) + H(v) =2 inf H,

J [uAv,uV]
VjeN, Yu,v € [l;,r;], u NjT v if and only if djT(u,v) =0
Vi EN, T; =[lj,r]/ ~] .
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Definition 2.4.7 (Continuous multiplicative space). Let (o, A\,¢) € Z, v € Ry andt € Ry, we define the
distribution Ey(a, N, ¢,7) of a multiplicative space at time t as follows. Let Z(®¢)  Blade) g{(eAe) pe
defined as in Definition and let P be a Poisson point process on Ri with intensity 1, <pie.x.e () dudv,
conditionally on B9, For any j € N, we define a distance on [l;,7] as follows:

k (ui)iew) € [, 51", (vi)iemw € [y, 751",
Yu, v € [l;,r;],d;(u,v) = églf\l 7de(ui,vi) (Vi€ [2,k], (us,vim1) € P or (vim1,u;) € P,
i=1

UL = U, Vg =V

Then if
Vi eN, Yu,v € [lj,r;], u~; vedi(u,v) =0,

we define

Xj=1[lj,m1/ ~;j -
Finally, we say that X = (X;);en is a multiplicative space and we define Ey(a, A, ¢,y) as the distribution
of X. Moreover, fort € R, we define E(a, A, c,v) = Ep(a, A —t,¢,7) and we denote by pj( the projection
from [l;,7;] onto X;.

By construction, a multiplicative space is a sequence of real graphs, as a consequence one can associate,
to each component Xj;, a surplus s;.

2.4.4 Inhomogenity inside a component

For purposes that will be clear later, we often have to quantify the amount of inhomogeneity inside a
component of a multiplicative space. As a consequence, we define the following tool:

Definition 2.4.8 (Amount of inhomogeneity in a component). Let X ~ & (a, A, ¢,v) be constructed from
Zl@A=te) - Let (G)ien be the exponential random time used in

1
zl@A=te) (g) = o 2W(s) + (A —t)s — 50452 + Z(Cilggs - c?s)
i

For any 57 > 0, we write
Aj={i: G € (lml}

Vr > 0,69 =" cf.
Z‘EAJ'

and ¢9) the sequence such that

C(j) _ c ifi € Aj
¢ 0 otherwise.

2.4.5 Convergence of metric spaces

In the last decade, efforts have been made to obtain from this encoding more than just the convergence
of the weights of the components: the convergence of the whole metric structure. In [1], Addario-Berry,
Broutin and Goldschmidt were able to show this convergence when all the initial weights are equal, which
corresponds to a parameter (a, A,0). Later in |3|, Addario-Berry, Broutin, Goldschmidt and Miermont
further refined this convergence to take into acount the distribution of the mass, obtaining a convergence
in the Gromov-Hausdorff-Prokhorov topology. On the other hand, in [11], Bhamidi, van der Hofstad and
Sen show the convergence with a parameter (0, A, ¢) where ¢ € 13\ \lz\ Finally, in |[14], Broutin, Duquesne
and Wang developed a unifying theory that works with all admissible parameters for the Aldous-Limic
condition [I] In fact they have:

Theorem 2.4.9 (Convergence of multiplicative spaces, Theorem 2.5 and 2.8 of [14]). Let (z,q) € sl x RY
that satisfies the Aldous-Limic conditions |1| with parameters (a,\,¢) € Z. Let Z, H be its associated
processes and let G = (G}) € MY be a discrete multiplicative space from Deﬁm’tiona and as in this

definition, let (s}’)jeN, (17)jen, (1) jen be the surpluses, the starting and ending points of the excursions.

J J
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Let Z, H be the exploration process with parameter (a, A\, c) of definitions Deﬁm’tz’onw and (8;)jen,
({j)jen and (1;)en be the surpluses, the starting and ending points of the excursions. Then

(d)
(Z,H,(s})jen, (I7)jen, (1} )jen) P (Z,H, (s55)jen, (Ij)jen, (rj)en)-
The convergence of the processes is relative to the Skorokhod topology and the convergence of the sequences

to the product topology. Moreover,

o — D g6 1)

n—-+oo

Jor Taups-

2.5 Metric extension of the Coalescence

2.5.1 Different possible extensions of the multiplicative coalescent

Recall that according to our guiding question [I} we are looking for an object that could describe random
graphs with multiplicative behaviour in their critical window. The mass-focused approach of Aldous and
Limic was a first successful attempt at this and from section [2.4.5 we can guess that a good point of view
to gain more information on what happens inside the connected components is a metric space point of
view. Hence, the goal of this subsection is to define an extension of the multiplicative coalescent for metric
spaces. This construction originated in Rossignol [28|. First, we state the following useful definition:

Definition 2.5.1 (Gluing of spaces). Let X = (X,d,u) € MY, let d' be a semi-metric on X, which
means that it verifies all the properties of a usual metric except the fact that for u,v € X, d'(u,v) =0
implies u = v. Let R be the equivalence relation defined by

uRv & d'(u,v) =0

and let pr : X — X/R be the projection under this equivalence relation. We define Glue(X,d’) as the
completion of (X/R,d op~',pop™1t).

Remark that it is showed in [28] that the components of Coal(X,q) are in M but it is not obvious
that they are in M. Now we can define our main object of interest, the complete coalescence of measured
metric spaces. The word "complete" comes from the fact that there is a lot of ways one could extend
Aldous’ multiplicative coalescent to measured metric spaces but this maybe the most natural one and
the more inline with our guiding question [I]

Definition 2.5.2 (Complete coalescence). Let X = (X,d,u) € MY, let P be a Poisson point process on
X2 x [0,4+00) of intensity %pz x Lebg, and for allt >0, let

P = {(u,v) € X?:3s < t, (u,v,s) € P}.

For all t > 0, we define the semi metric dtco‘ll on X as:
k
Yu,v € X, dtC””l(u,v) = inf{z d(ug,v;) tuy =u, vy =0, Vi <k —1, (v;,ui41) € Pt}
i=1

We define
Coal(X,t) = Glue(X,d°").

Notice that the gluing points added inside the initial components does not modify the weight sequence.
Hence we could also not add them while keeping a process described by the multiplicative coalescent at
the component size level:

Definition 2.5.3 (Simple coalescence). Let X = (X,d,u) € MY, let P be a Poisson point process on
X2 x [0,4+00) of intensity %;ﬁ x Lebg, and for allt >0, let

Ji,j €Nyi#j st (u,v) € X; x Xj and PNX; x X; x [0,¢) =0 }
Is <t, (u,v,8) €P .

SP, = {(u,v) € X?: {
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For alla >0, t > 0, we define the semi metric d°°™ on X as:

k
Yu,v € X, d79°% (u,v) = inf{ka + Zd(ui,vi) cup =u, v =0, Vi <k—1, (v, uiy1) € SPi}.
i=1
We denote
SCoaly (X, t) = Glue(X,d?9°).

Moreover, we denote SCoal(X,t) = SCoaly(X,1t).

Remark that, starting from the same X € MY}, there is an obvious coupling between Coal(X,.) and
SCoal(X,.) that is taking the same Poisson point process P to define each process.
Finally, let us introduce the following natural notion

Definition 2.5.4 (Eternal metric coalescent). We say that (X (¢t))ter is an eternal metric coalescent if
it is a Markov process in M such that for all s and t € R such that s <'t,

(Coal(X(s),t — 5), X(5)) L (X (1), X(5)).

2.5.2 Can we implement the method of Aldous and Limic from Section [2.2.4]
to the coalescence of metric spaces ?7

The first question is the question of existence of eternal multiplicative coalescent. Recall that Aldous’
answer from to this question in regard to the coalescence of masses relies on two results, first a result of
convergence of discrete multiplicative random graphs, that would be Theorem in our case, and a
Feller property. In fact we have:

Theorem 2.5.5 (Feller random property for the complete coalescence, consequence of Theorem 3.1 of
[28]). Let X = (X")nen be a sequence of MY, and for t € Ry, X"(t) = Coal(X",t). Suppose that there
ezists X € MY and t € R, such that

X" (d) XOO,

n—-—4o0o
for TéHP,
Vt € R, V8 > 0, lim lim sup P(m%(X™(t)) < €) = 0.
=0 nooco
and

Vte Ry, P(3i,j € N, i # j s.t. [Coal(X>,t);| = |Coal( X, t);]) = 0.
Then for all t € Ry, Coal(X™,t) is a.s. in MY and for any family (to,.. ., tx) € RE,

(Coal(X™,13))elp) ——r (Coall X, ) )ie)

Jor Téy p.
Proof. See Appendix O

In the same spirit as the discussion following Theorem [2:2.8] Theorem [2.5.5] gives, combined with
Theorem the existence of a limit eternal metric coalescent such that its marginals are given by
Ei(o, A, ¢,7)er (see Appendix [B]).

The distribution of such a process will be denoted by &£(a, A, ¢,7v). Remark that we do not know if
those eternal metric coalescent are extreme. Let us review what steps should be taken to carry out the
method from Aldous and Limic with metric coalescence. Before that, we highlight some general Markov
theory: let f be bounded measurable for Tgpp, and X = (X(¢))ier an eternal metric coalescent. For
t € R, let F; be the sigma field generated by (X (¢t — s))s>0. Because X is a Markov process, for ¢t € R
and s > 0,

E(f(Coal(X(t — s),5))|X(t — 5)) = E(f(Coal(X(t - 5),5))[Fr—s)-

=

Moreover as (Coal(X (t — s), ), X(s)) = (X(t), X(s)), by Lévy’s downward theorem, we have
E(f(X@)IX(t = 5)) —— E(X()[F-co)- (2.6)

On the other hand, by [18], X is extreme if and only if for any bounded measurable f,
E(f(X ()1 F-o0) = E(f(X(1)))- (2.7)

We would like to prove the two following assertions :
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Assertion 1. If X ~ E(a, A, ¢,7), for (o, \,¢,v) € Z x Ry, X is extreme.

Possible proof layout. (i) There exists a space H of countable dimension, a function IV : MY x R, — H
and a function P :Z x Ry — H such that

(X (t), —t) —— P(a, A, ¢,7),

t——o0
which is an equivalent of the Aldous-Limic conditions Hypothesis
(ii) If X = (X™),en is a sequence in MY and g = (g, )nen is a sequence in R, such that

PI(Xn7qn) P(Oé,)\aCfY)a

n—oo

then
(

Coal(X™, ¢,) %) Eola, Ay e, 7).
Indeed, we would have
E(f(X(£)IX(t - 5) —— E(f(X(1))),

55— 00

so from (2.6)),
E(f(X(?))) = E(f(X()|F-)

so from (2.7)), X is extreme. O

Assertion 2. If X is an eternal extreme metric coalescent, there exists (a, A, c,v) € T x Ry such that
X ~E(a, A\ ¢,7).

Possible proof layout. This assertions would be the consequence of the unproven following assertions :

(i) There exists a space H of countable dimension, a function I'" : M} x R, — H and a function
P :7 xRy — H such that

FI(X(t)7 _t) L} P(a’ )‘7 & fY)
t——o0
(i) If X = (X"),en is a sequence in MY and ¢ = (gn)nen is a sequence in R, such that

F/(Xnaqn) m P(a7>\767 ’Y)a

then

Coal(X"™, ¢,) 9, Eola, A, ;7).
n—oo

Indeed we would have .
E(f(X(@)|X(t—s)) —= E(f(X(?))),

§— 00

with X (t) ~ & (o, A, ¢,7), and as by Equation (2.6)),

E(f(X(£)|X(t — 5)) —— E(f(X(£)|F-o0),

§—00

this would gives that
E(f(X(1))) = E(E(f (X (1) F-)) = E(f(X(2)))
so X ~ E(a, A\ ¢,7). O

Remark that, despite being quite opposite in appearance, the hypothetical proof layout of Assertion [I]
and Assertion [2] is very similar. In both cases, step (i) is a complex question, that we will leave aside
for now. For Assertion [1} the case where X ~ &(1,,0,1) will be the main focus of Chapter |8 Let us
examine what results we can find in the literature that would fulfill the requirement of (ii). We will need
the following notation:
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Definition 2.5.6. Let X = (X, d, ) € MY, for all r € N, we define

or = pr(X) = - d(, )" 1 g(u,v)<+oott(du) p(dv).

2
P1 = E T U
i

In particular, p1 can also be written as

where for all i € N,

and

u; = xi_2/ di(u, v)pi(du) pi(dv)
X2

1s the expectation of the distance between two random points in X;. Moreover, the diameter of a component
X; will be denoted by D;. Lastly, if X € MN, Tmin = Tn, with n being the last index such that x; > 0.
Remark that, as usual, if X = (X")nen, respectively X = (X (t))ier is a family of elements of My, the
quantity p1 will be understood as the sequence p1 = (P} )nen, respectively p1 = (p1(t))icr, where pt is
associated with X™, respectively p1(t) is associated with X (t). The same goes for u = (u;)ien, T = (Z;)ienN,
D = (D;)ien and Tmin.

Theorem 2.5.7 (Convergence of the simple coalescent of homogeneous multiplicative random graphs,
Theorem 3.4 of |9]). Let X = (X™)nen be a sequence of MN, z = (")nen = (| X)nen,ien and ¢ =
(qn)nen such that (x,q) satisfies the Aldous-Limic conditions |I| with parameters (1,,0). Moreover,
assume the additional weight conditions: there exists 1 > 0 and r > 0 such that

Zo 1/24n

— =0

oo (03 )
o3

— 0,

Lmin

and the metric conditions: D
sup; D;
P = o(0 ")

p1+ o2
To02 supi Dz N 0’
P1
Then we have
a3 (d)
SCoal,,(X,q) — E(1,1,0,1)
p1+ 02 n—r+00

for Tgup.

Notice how this result deals with graphs that are strongly homogeneous, in the sense that there is no
positive inhomogeneity ¢ that subsists in the limit. There exists a result for other settings but we need
to introduce a new definition before:

Definition 2.5.8 (Connected components of the simple coalescence). Let V' C N finite, r > 0, a sequence
and probability mass function p = (p;)icv and (X, pi, d;)icy € MY such that

X,

Xl > 0.
Liev Xl

For g € R, consider the following distribution on connected graphs on V:

PP (G) H (1 — e~ Pipi) H e aPiP;

{i,i}eB(G) {1,512 E(G)

VieV, pi=

Let E be a set of edges generated from this distribution and let (U; j,V; ;)i jev be a family of independent

random variables such that: I
j

.. i
Vi,je V.U~ X Vi~ X,
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Then, let dqon be such that

k
Vu,v € X, deon(u,v) =inf{ka + Zd(ul,vl) tup=u, v =0, Vi< k-1,
1=1
3i,5 € V such that (w,v;) = (U, ;,Vi,;) and {i,j} € E}.

Then we define
SCoal! (X, q) = Glue(X, deon),

equipped with the measure ), fi;.

This definition may seems a bit convoluted but it is an alternative and powerful way of constructing
SCoal(X,t), as we can see in the following result:

Proposition 2.5.9 (Proposition 6.1 of [12]). Let (V7);>1 be a partition of N, Let X € M and z be its
associated weight sequence, let V be the event:

V ={Vj €N, VI is a connected component of gCoal(x,t)}.

For all j € N, let X/ = (X;);evi. Consider X the element of MY associated with the independent

components (SC’oal;/j (X79,q;))jen, where qj = (X icvi x;)2. Then the law of SCoal,(X,t), conditionally
on the partition V, is the same as the one of X.

This theorem means that we can generate SCoal, (X, ¢) by first generating a partition of N via Aldous’
multiplicative coalescent, which is well understood, and then generate connected components through
Definition This is why in the litterature one can find results only stated for SCoalt‘: (X,q). It will
be on us to extend it to SCoal, (X, q) via Proposition [2.5.9]

Moreover, the same phenomenon occurs in the continuous realm:

Proposition 2.5.10. Let (o, \,c) € Z*UZ°, vy € Ry, t € R, let X ~ &E(a, A ¢,v). Recall the definition
of A;, for j € N from Definition . There exists a family of distributions denoted by (E2°™(x, 3))z,p
indexed by © € Ry and 8 = (8;) a sequence of real numbers that satisfies § € £y \ {2 when (a, A\, c) € T*
and 8 =0 when (o, A, ¢) € I°, such that conditionally on (| X;|,c?)ien, the components X; fori € N are
independent and X; ~ E£°™(| X, ¢?).

Proof. Theorem 3.3 in |12] and Theorem 1.8 in [11] both give a construction of the limit as described
in the proposition, and as these limits are particular cases of the convergence in Theorem [2.4.9] the
conditional distribution of X knowing (| X;|,c(?);ey is indeed given by the construction of [11] when
(a, A\, ¢) € T* and of [12] when (o, A, ¢) € Z°. O

Theorem 2.5.11 (Convergence of connected components of strongly inhomogeneous multiplicative ran-

dom graphs, Theorem 5.4 of [10]). Let X = (X™)men be a sequence of M and P = (P]")men, ic[m) be
such that x|
VZ'E [m],pmzilm > 0.
X IX
Let g = (¢™)men and B = (B;)ien € lz\\ll\ be such that Y, B2 = 1. Suppose that there exists x > 0 such
that
o2(p) ——— 0,

m——00

L - ﬁ%
Jz(p) m—~400

aoulp) T

and

{ sup; Div/o2(p)

Zi piu; +1  m—dtoo

Then there exists a distribution G (8, x) of random real graphs such that

72(p) 1 ] @ e
scl <21p7u1 1 Zj |ij|> SCoal1 (Xa Q) m g (ﬂ,x)
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for the Gromov-Hausdorff-Prokhorov topology. Furthermore, for any c € l2\ \ i,

£m(2,¢) L sel (I) G (—— allells)
llcll2

lell2

As a way to compare Theorem [2.5.7 and Theorem [2.5.11] we give the equivalent result of Theo-
rem [2.5.11| for the components, as it is stated in |9

Theorem 2.5.12 (Convergence of connected components of strongly homogeneous multiplicative random
graphs, Theorem 6.4 of |9]). Let X = (X™)en be a sequence OfMN and p = (p{")men, ic[m] be such that

: | X3
Vi e [m], pi" = =55 > 0.
25 X5

Let ¢ = (¢™)men. Suppose that there exists x > 0 and r > 0 such that

) 755 0

max; p; 147

) o((o2(p)) ),

qVo2(p) ——

m——+0oo

(72(0)" .

mini p; m—+oo

and

{ SRV ofoa(s) T

Zi piv; + 1

Then there exists a distribution G(0,x) of random real graphs such that

72(p) 1 [m] d o
X
scl (Zl s £ 17 5, |ij> SCoal;™ (X, q) — G*=(0,z)

for the Gromov-Hausdorff-Prokhorov topology. Furthermore,
con @ S 3/2
ELM(x,0) = scl (Va, x) G(0,2%/?)

2.5.3 The easier question of mixing of the dynamical percolation and its
relation to noise sensitivity

Recall the proof layout of Assertion [I]and Assertion 2} In particular, each times the first step is a result
about asymptotics in —oo, but with different hypothesis: either, one assumes that the distribution of
X is given (Assertion , either, one assumes that X is extreme (Assertion . One could hope that
showing the convergence given the distribution of X could be slightly easier, as a lot of things are known
on the marginals & (a, A, ¢,y). However, this apparently weaker result, showing the convergence for
X ~ E(a, A ¢,7y), would be an interesting result beyond its importance in the Aldous-Limic problem
thanks to the theory developed in [28]:

Theorem 2.5.13 (Theorem 3.7 of [28]). Let X ~ &y(1,\,0,1), there exists a process Perc(.,.) called the
dynamical percolation such that, if G(0) ~ G(n, W)

G(0) updates independently the edges at rate n=1/3

and (G(t))ter is the process that, starting from

for the Gromouv-Hausdor(f-Prokhorov product topology. Moreover, for allt > 0, Perc(X,t) ~ E(1,\,0,1).
Lastly, if (X (t))ter ~ E(1,X,0,1), for all f positive measurable for Taup,

(X (t), Pere(X (1), 5)) 2 (Coal( X (s),t — s), Coal( X (), — s)). (2.8)

where the Poisson point process used in Coal(X (s),.) and C,'BZLI(X(S)7 .) is independent.
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In particular, as a consequence of (2.8), Assertion [l| would give the following mixing property of
Perc(.,t): for all f, g positive and measurable,

E(f(Perc(X(s), t — 5))g(X(s))) = E(f(Coal(X(s),t — s))g(X(s))) = E(f(X(£)))E(g(X(?))).

This mixing property is worth investigating by itself, as it is a close (but weaker) task to implementing
the full Aldous-Limic method, but it is also interesting through its relation to the question of noise
sensitivity. Let us introduce some background:

Definition 2.5.14 (Noise sensitivity [8]). For alln € N, let A,, be a finite set such that |A,| e +o0,
n——+0o0

let P, be a probability distribution on Q, = {0, I}A". Let wy, be distributed according to P,. Let € > 0,
we define w as follow: let w), ~ P, be independent of wy,, then fori € A, w& (i) = wy (i) with probability
1 — € and W (i) = wl, (i) with probability € independently for each coordinate. We then say that an event
FE, C Q, is noise sensitive if

P(E,) is bounded away from 0 and 1,
Ve > 0, P(w, € E,, WS € E,) —P(w, € E,)P(wS € Ey) —+> 0.
n—-+oo
The field of random graphs is a fertile ground to study noise sensitivity: one takes A, = {{i,j} €
[n]? 14 < j} and for e € A, associates w(e) = 1 with the existence of the edge e in the graph G™. Here
we will focus on the case where P, is such that for all v € {0,1}",

P(Vi € [n], wn(z) = uz) = pZi u'i(l _ p)n—zi w;

for some p = (pn)nen. This of course makes the aforementioned associated graph an Erdés—Rényirandom
graph G(n,p). The version of the graph after the noise has been applied, i.e. constructed from w¢ will
be denoted by G™*¢. In the spirit of the measured metric space point of view, G and G™*¢ will always
be considered as elements of MY, by setting the distance to be the graph distance divided by n'/3 and
the measure to be the counting measure divided by n2/3.

For X and X’ in M} we define

dp(X,X') = (danp(X;, Xj)".
J
The fundamental thing to remark is that applying the noise on G is equivalent to performing a dynamical
percolation on it. As a consequence, Lubetzky and Peled were able to obtain in [23]:

Theorem 2.5.15 (Theorem 2 of [23]). Let G™ ~ G(n,p) be equipped with the graph distance divided by
n'/3 and the counting measure divided by n?/3, and G™¢ the same object with a noise of level € applied.

Supposed that p = W Let 6 > 0, suppose that € > n~/3t9_ Then

@, ame) —9 (x,v)

n—-+4oo

d
where X ~ &(1,t,0,1) and Y(:)X is independent from X. This convergence occurs for d‘éHP. On the
other hand, if € = o(n=1/3),
4 n n,e P
daup(G™, G )mo-
Notice that the convergence for df,; p is a consequence of the convergence for T, and the fact that
G™ and G™€ converge separtly for d¢,;; p. The second part of Theorem [2.5.15 can be recovered from:

Theorem 2.5.16 (Direct consequence of [28], Theorem 3.7). Let G™ ~ G(n,p) be equipped with the
graph distance divided by n'/® and the counting measure divided by n?/®, and G™¢ the same object with

—1/3 _
Lin_ 7 e n~V/3 — 5 s € RY. Then,
n n—+o0o

a noise of level € applied. Supposed that p =

G", ) — D (X, Pere(X, 5))

n—-+o0o

where X ~ &(1,1,0,1).
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This theorem also has the advantage of providing a hint on how to derive noise sensibility result
from the mixing property of Perc(.,.): as the noise increases, it erases more and more information
about the original graph. If en'/? — 400, the noise is larger than any noise ¢ that would be such
that ¢n'/3 — s € Ry. From Theorem [2.5.16, for n large enough, the couple (G",G™<) behaves
like (X,Perc(X,s)), and as (G",G™¢) is "more independent" that (G™ G™¢) for any s, it is "more
independent" that (X, Perc(X,s)) for any s. If the mixing property is true, the couple (X, Perc(X,s))
itself becomes asymptotically independent so as a consequence, so does (G™, G™*).

2.6 Results

All the results given in this section are original. Recall the Guiding question [I] The analysis from the
previous section hints that in order to perform Aldous and Limic’s method from section [2:2:4] one needs
to further break down Guiding question [I] into two sub-questions:

Guiding question 2 (About asymptotics in —oc0). Let (X(t))ier be an eternal multiplicative metric
coalescent. What can we say about its behaviour at —oo ?

Guiding question 3 (About the convergence of the coalescence). Let X = (X"),en be a sequence of
MY and ¢ = (¢n)nen € N. Under what conditions on (X, q) can we say that
Coal(X™, qn) L Ei(a, A e, )

n——+o00
for certain parameters (a, X, ¢,7y)?

All our findings revolve around these two axes, the objective being the complete exploration of the
entrance boundary of the eternal multiplicative metric coalescent, which is an other way of saying that
we want to characterize all extreme metric coalescent. We do not have a definitive theorem that answers
this question, but several partial answers to Guiding question [2] and Guiding question [3]

Before stating the result, we want to stress a particular issue about guiding question In [6], the
equivalent of guiding question [2] for the weight process for extreme multiplicative coalescent relies on
martingales methods. However, as we saw in section here we have to deal with average distances on
components. This makes the implementation of martingales methods harder because there is no obvious
way to see what becomes the average distance on a component after two of its points have coalesced.
However, if one is only interested in the mixing property of Perc(.,.) started from X ~ & (o, A, ¢, ), the
components are no longer arbitrary and the analysis becomes easier.

2.6.1 Tools

The first part of this work will be devoted to tools to handle multiplicative coalescent.

From global statistics to component-wise statistics For the Guiding question [3] we of course
want to rely on Theorem and Theorem but there is a lot of obstacles when one wants to
use these theorem with the complete coalescence on Mg. First, Theorem is only about connected
components conditionally on their vertex set. To overcome this, we need a tool to infer the content of a
component, in terms of vertices, from global statistics. This is the subject of Chapter [3}

Truncation, Gromov-weak topology At this point, thanks to the work done in Chapter [3] we can
reformulate Theorem [2.5.12)and Theorem [2.5.11] as theorems on the simple coalescence of a finite number
of components. As we would like to obtain convergence results starting from an infinite sequence of
metric spaces we need tools that allow to approximate the coalescence of this infinite sequence from the
coalescence of a finite sequence. We will see in Chapter [4] that the Gromov-weak topology is really the
most natural setting for this kind of results.

From simple to complete coalescence As the literature focuses on the simple coalescence and we
are mainly interested in the complete coalescence, Chapter [5] will bridge the gap.

Eternal multiplicative coalescent, mixing and entrance boundary In Chapter[6] we deal specif-
ically with eternal multiplicative coalescents, and we show that the tightness of the lower mass bound is
guaranteed. This leads to Theorem[6.2.1] that says that the distribution of the coalescent is characterized,
at least partially, by the convergence of certain quantities in —oo.
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2.6.2 Main results

The second part of this work gives partial answers to the question of the complete characterization of
the entrance boundary, which can also be seen as a way to better our understanding of the multiplicative
coalescent and dynamical percolation.

Palm measure of the point process associated with & («, 3,¢,7) Recall Theorem where
Janson and Spencer were able to compute an explicit formula for the Palm measure of the distribution
My (1, X,0). As it allows to transform higher order moments into first order moments, it is a useful tool
to show the concentration of quantities related to x = (z(t))ier ~ M(1, X,0). In the light of the simpler
problem of mixing of the dynamical percolation started from X ~ &(a, A, ¢,7), it would be useful to
have a similar result but with metric spaces in place of weights and for all admissible parameters. In
Chapter [7] we obtain the following:

Theorem 7.1.1. Let (a, A\, ¢c,v) € T x Ry and recall from Definition the definition of (Aj);en,

(c9));en and (5§]))J€N associated with X ~ E(a, \,¢,7). Let f: M x MY — RT measurable for Tgrp
and such that

E(Z (X, X)) < +oo.

For j € N, conditionally on (X;,A;), let Y be distributed as Ey(a, X — |X;| — (5§j),c —c) 5). Assume
that
either ¢ =0, either A < 0. (7.1)

We have:

E(Y f(X;, %)) = E(Z E(f(X, Y9 U &;1(X5,A))). (7.2)

J

Mixing property for homogeneous multiplicative spaces As already explained in Section [2.5.3
the question of mixing of the dynamical percolation is a simpler yet related question to the implementation
of the Aldous-Limic method from Section [2.24] for the complete coalescence of metric spaces. Here we
test our reformulation of Theorem to the complete coalescence of element of MY. As we start
from a known distribution £;(1,\,0,1) and not a generic extreme eternal multiplicative coalescent, the
question of the entrance boundary Guiding question [2]is easier. We rely here on the Janson and Spencer
formula of Theorem which in Chapter [§| allows us to obtain a control on the variance of the metric
estimates required in Theorem [2.5.12]

Theorem 8.2.2. Let (X (t))ier ~ E(1,A,0,1). Recall from Definition[2.5.6 the definition of p1, u, x D.
There exists constants K, such that, ast — —o0,

Vp>2,1>0, > aPul ~p Kp0pyp)2, (8.1)
j
Vp > 2, o ~ E(0p), (8.2)
€ (0,1), 2> = op(}) (8:3)
02
vn € (0, 1), sup D; = op(0y) (8.4)

This allows us to show:

Corollary 8.2.3. Let X ~ £(1,)\,0,1), then for allt € R, for all f and g bounded and measurable for

TeHPS,
E(f(Perc(X(t),s))g(X (1)) ——— E(f(X(1)))E(g(X(2))).

s——+oo

Noise sensitivity As already explained in Section the mixing property is strongly linked to the
noise sensitivity. In Chapter [9] we show that the asymptotic independence of Theorem [2.5.15] stay true
for a noise of level € such that en'/3 — oo, which is stronger. Moreover, we give various examples of noise
sensitive properties: the property of containing a given large topological structure (as a large cycle for
instance) and the property that there exists an embedding of a graph in a given surface.
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2.6.3 Perspective

The last part of this work is devoted to a sketch of a program that would, once entirely carried out, possibly
give a complete characterization of the entrance boundary of the metric multiplicative coalescent. On
one hand, we propose to study an encoding of SCoal(.,.) a la Broutin, Duquesne and Wang [14] and we
show that this process is tight in Lemma[10.3.4] On the other hand, we show in Theorem [10.4.2] that it
is possible to couple a given coalescent (X (t));en with a process (T'(t));en that doesn’t add complexity
inside the components, in such way that their —oco asymptotics are the same. This negates the already
alluded difficulty of controlling distance statistics when adding internal coalescent points.
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Part 11

Tools
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Chapter 3

Link between global statistics and
component-wise statistics

3.1 Results

Let z € sl and ¢ = (gn)nen € RY be such that (z,q) satisfies the Aldous-Limic conditions Let
y = (y!")iennen be a sequence that attributes a certain non-negative statistic to each vertex. These
statistics can be their weights, but also, in light of the complete coalescence on metric spaces, some metric
statistics like the average distances. Our question here is, what can be said about the distribution of
these statistics on the components of gCoal(z, q), let us say on the largest component for instance? Recall
from Definition the exploration of the component of gCoal(z, ) encoded in Z. This exploration has
the particularity that it sees the largest component at a time that is tight. This hints that we could track
the statistics y along this exploration. To this end, we define

Y(t) = wile<r-
€N

Moreover, for two sequences x = (z;);en and y = (y;)ien, for p € N, r € N, we define o (2, y) = >, 2Fy!.
If z and y are obvious from context, we will usually only write oy, ;.

Hypothesis 2 (Statistics conditions). Let z € sl, y = (y?)ieNnen € RIJ\IFXN, q € RN, there exists (o, A, ¢)
and (B,e) € Ry x RN, such that Y. _y eic; < 0o, (x,q) satisfies Hypothesis with parameter (o, \,c) € L
and x, q and y together satisfy:

i€N

Vi € N, Yi — €
qo1,1 — ZiEN cie; — 3

lim,,, limsup,, ¢ > ;<. zy? = 0.

Then the main result of this chapter is the following:

Theorem 3.1.1. Let z € sl, y = (y?)iennen € RT_XN, q € RN, that satisfy Hypothesis@ with parameters
(a,\,¢) € T and (B,e) € Ry x RY. Recall for n € N, (r7)nen and (r})jen from Deﬁm’tz’onm and
(rj)nen and (r;)jen from Definition[2.4.7] Then:
n n £
(Y, Z,(r})jen, (17 )jen) = (¥, 2, (r5)jen; (Ij) jen)

for the Skorokhod topology and the product toplogy, with

V(s) = eile,<s+ Bs,

€N

where ((;) is the sequence of exponential random variables with parameters (c;) that appears in

1
Z(s) = a?W(s) + As — 5&52 + zj:(cjlgjgs — c?s)
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Proof. See Section [3.3] O

Notice that ) is almost surely finite since, for s € R, E()(s)) = >,y ciei + s < 0o. To completely
fulfill the goal of this chapter, we must show that useful information on the individual components can
be effectively infered from the convergence of Y. For this purpose, we introduce the following notation

Definition 3.1.2. Let z € l%\, qg€R, X =SCoal(z,q), r >0, j €N, we define

()= > ().

o n V02
i{i}CX]

Theorem 3.1.3 (Components statistics from global statistics). Let © = (2" )nen € 8l, ¥ = (¥ )nen @
sequence in le and ¢ = (qn)nen that satisfy Hypothesis @ with parameters (a,A\,¢) € T and (B,¢e) €
R,y xRN, Forn €N, let X™ = SCoal(z",qy,). Recall from Deﬁnition the definition of (A;)jen and

(5@)]-61\; associated with X. For j € N, we have that
DT IS
oo ? 7 "
i{iycxr 1€A;
In particular,
92()(;1) —? 551) + a|xj?°|,

n—-+

Vr > 2, 0,(x7) — 2 60,

n—-+oo

Proof. See Section [3.4] O

3.2 Consequence and discussion

3.2.1 Special cases

Even if it seems that we need a precise control on the limit of each y; = (y?*)nen, in the purely continuous
case, the hypothesis go12 — 0 is strong enough to justify the convergence without such a control. In
fact:

Lemma 3.2.1 (The special case of a purely continuous limit). Let z = (2"),en € sl, ¥y = (Y™ )nen @
sequence in RT_ and ¢ = (Gn)nen- Assume that (x,q) satisfies the Aldous-Limic conditions . Assume
moreover that there exists § > 0 such that:

qal,l(zvy) — ﬂa
qgoi2(x,y) — 0.

Then there exists another sequence of RN denoted by y' such that, together with x, it satisfies Hypothesz's
with parameters (3,0), in other words:

VieN,y, — 0,
qu,l(l’ay/) — 67
go12(z,y’) — 0.

And
VT >0,V >(),F’(su ‘E ile, —E e, ‘2 )—>O
n t<P i Yile,<t i Yile, <t n

n—-+oo
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Proof. Let (z,y,q) satisfy the hypothesis of the lemma. Let ¢ > 0. We have:

qzxiyi - qzxiyilyige = qzl'iyilyi>e
i i i

> Til;

S q 162 1
qal,Q(Iv y)

== 672. (3.1)

and

Zn)g]P’(EIiEN,&STayi>E)

IP’( sup ‘ Z Yile<y — Z Yily,<ele, <t
t<T | = :
= 7 1

— 1 _ e_q E; wilyi>e

qu,Q(x7 y)
< —a (3.2)
Let € = (€5 )nen be defined by
Vn €N, e, = (qnor 2(a™, y™)) /3.
Then according to (3.1)) and (3.2)), the sequence 3’ such that
Vi e Nyn € N, y/? = yzllylngen
fits the goal of the lemma. Indeed,
VieN, ) < —0,
n—-+oo
0 < glor1(2,y) — o11(2,9)) < (go1,2(w,9))*/* eyl
qo1,2(%,y") < qo12(z,y) ——— 0
n—-+00
and
]P’<sup ’ D yilect — > yile<i| > 77) < (gor2(z,9))"/* ——0.
t<T 7 7 n—+oo
O

The meaning of Lemma [3.2.1] is that one can apply Theorem [3.1.3] without checking the pointwise
convergence part of Hypothesis [2] as long as we are in the purely continuous regime.

One important problem to which we would like to apply Theorem [3.1.3|is the problem of the expecta-
tion of a statistic of a random point on a given component. In other words, if u = (u}');en nen, We want

K2
to compute » ;. vn &—L‘u,
J J

Corollary 3.2.2 (Components statistics from global statistics). Let x = (2")nen € sl and ¢ = (g,) € RY.
Assume that (x,q) satisfies the Aldous-Limic conditions Hypothesis . Let w = (u™)pen € RI}T_ be such
that, together with x, it satisfies:
o2(x)os.2(x, u)
0271(£C, U)2

Forn € N, let X' = SCoal(z",q). Then we have

Z TiU; 02,1(%“)

~Y
Xjn| g9

i{itexy

i probability.

Proof. We simply define y; = -22%%- Then

o2,1(z,u)”
qo11 =qoz — 1
and )
qo0;3 3 2 02032
4012 = ——F——35 i U =0
oonla,u)? 2= T o7
by hypothesis. Then Lemma tells us that it is all we need to apply Theorem [3.1.3 O
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3.2.2 Global reformulation for Theorem [2.5.12] and Theorem [2.5.11]

We want to apply Theorem [3.1.3| to infer a theorem on the simple coalescence of metric spaces from

Theorem [2.5.12| and Theorem |2.5. Lll Note that it has already been done for Theorem [2.5.12in [9]. Here
we do the same with slightly weaker hypotheses.

Theorem 3.2.3. Let X be a sequence ofMN and ¢ = (gn)nen € Rl_\f_ such that if x is its weight sequence,
(¢, x) satisfies the Aldous-Limic conditions |1| with parameters (1,,0) € Z°. Recall from Deﬁm’tion
the definition of p1, u, x, D and Twyin. Assume moreover that if X™ = SCoaly (X™, qy), there exists n > 0

and r > 0 such that:
xr +n
=0 = O(O’é/2 )

and if X" = SCoaly (X™, qn),

tp1 +02

2
V7 € N, max;. X CAP D; = OP(U;/2+W)
pf 03’2(!%, u) — 0.
Then we have )
03 X (d)
Pl + 0'2 n——+oo

Eo(1,1,0,1)

for the Gromov-Hausdorff-Prokhorov product topology.

Proof. In the same spirit as Proposition 6.7 in [9], let us show that

2
Doix, cx; Vi o9 P

Zi:XiCXj TiUq g2 P

E n—-+oo

The first one is obtained by applying Theorem [3.1.3] and the second one is obtained by applying Corol-
lary [3:2.2] considering that thanks to Lemma @, one can skip the control of the maximums. Then,
if for i € N, j is such that X; C A}, we define p] = $+ and ¢@ = q|X;]?. Recall that, under the

11

Aldous-Limic conditions Hypothesis Wlth parameter (1,,0), o3 ~ o3.
We have, for j € N,

. Ei-x-cx- x? o3 o2
X 'j 2 P
= —= — 0
72(r") G T ] T ] nee
maxipg B |X; |max1pl < o zo/ 02| | N \X»|@ P,
7 > U,

\/02(pj) \/Zz X,Cx; \/Zz Xicx; T - Vo3 ’ 02 noee

¢’/ oa(p? _
DEE gy [3 w/ o
: X CXj
2

(@) _ (02)? _ Cixicx, 7)o, " o5
z < = ~P ~P /2 )
min; p; Tmin xmm‘Xj| xmin|Xj| 0’2 xm1n|X]| n—oo
4 . 22
2 V@) Z V 2Zixicx, 1%1/73 0
dixica, piui+1 Dixicx; Titi + | | |Xj|%+0P(%)+‘Xj| p1+ 02

SO
sup;.x,cx, Div/o2(p7)  supix,cx, Dio3 op(0l/2HM)
~p _ '
Zi:XiCXj Dily +1 01 + 09 2

All these convergences can be rephrased as convergences in probability toward constants. Using Sko-
rokhod’s representation theorem and Theorem [2.2.12] one may suppose that almost surely, the sizes
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(|X7*[)jen converge toward (|X>°[) jen and the convergences above hold. Thus, conditionally on (V}');

jEN,nEN,
the sequence of set of vertices spanned by the components (.)(J”)neN7 we can apply Theorem [2.5.12| for
each 7 € N, which gives

O'g(p') 1 (d) %) 0 |3/2
scl [ ————— SCOal —>g 0, |X;
(ZWH m) (X ) (0,14 5/2)
as

AT == X,
n—00

Moreover, as
a2(p) 1 o3
7 ~P )
Yoiplu; +1 |X;| p1+ 02

we have

2
scl ( 72 > SCoal J(X ) —> G=(o, \Xoo|3/2)

V1] P1+02 |5

Finally, as £°"(z, 0) D (v, x) G=(0,23/2),

SCoal)’ (X, ¢ )—> £ (X1, 0).

p1+ o2

O

Remark that in Theorem 3.4 of [9], it is required that max;en D; ”/2;1’30 — 0 which is stronger than

”—%03 2(z,u) — 0 and it is required max;ey D; (05 1/2 )

= op(o which is also stronger than for any

p1+02

_ OP(U2/ +17)

Jj € N, max;. x, cxn D; p1+02 . Our improvement lies in the fact that in Theorem [3.2.3 one
doesn’t need to know anythings about the maximals diameters in all the components, which might as
well go to infinity, as long as large diameters concern components that are small in weight. However,

we need to know that there are only small diameters in large components. We can do the same for
Theorem [2.5.11] and this has not been done before:

Theorem 3.2.4. Let X be a sequence ofMN and g = (gn)nen € RT_ such that if x is its weight sequence,
(¢, x) satisfies the Aldous-Limic conditions with parameters (0, A, ¢) € Z*. Recall from Deﬁm'tion
the definition of p1, u, x, D and xni, and recall from Definition the definition of (Delta;) e,

(6éj))jeN and (¢7)jen. Assume moreover that if X™ = SCoaly (X™,qy),

. 0'2
Vi eN, maXi;XiC)(jn Diiprﬁ(h O[pw(].)
o 3,,2
;T% Yo wiui — 0.

Then we have )
] n (d)

p1+ 09 n—+o00

50(0, /\7 C, 1)

for the Gromov-weak product topology.

Proof. 1t is the same proof than theorem [3.2.3] except that we have

Zi:xicxj 7 59

a% n—-4o0o

Zi:xicxj Tili gy P

X[ o1 moeo
As a consequence, we get
@'\ oa2(p?) ~p |X;]

; (7)
Vo2 (pY) Vo o5
dliX.cx, piui+1 \/|X P1+02
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and the other asymptotics are unchanged. Thus, conditionally on (V7);ennen, the sequence of set of
vertices spanned by the components (X]”)neN, we can apply Theorem [2.5.11| for each j € N, which gives

o (pl) 1 Vi gy d cj )
scl | =————, —— | SCoal” (X, ¢’) g> s\ 05|
(Zmﬁuﬁl |XJ‘|> 1 e Vos S

as
n a.s. 00
] e 1
and

B2 (X7) —— 05

n—oo

Moreover, as

Voo (p?) N \/(Séj) o3

P )

we have

5£]) 0'2 1 V., . d Cj )
scl 2_ | SCoal;’(X,q") Gg> V65717

|X;| p1 402 | norteo /88
2

(d) z c
= scl (”CI|2,LE) Qw(mam‘lc||2)a

2
g2

p1+ 02

Finally, as £f°"(z, ¢)

SCoaly” (X, ¢7) —*— (|47, ).

O

Remark that in the case of Theorem[3.2.4] as the hypothesis were weaker, our Corollary [3.2.2] become

2
even more interesting since the fact for all j € N, max;.x,cx» Dipltiizaz = op(1), considering that m‘jfaz
is the scaling factor, is only saying that there is no macroscopic subcomponent X; of a large component

X;.

3.3 Proof of Theorem [3.1.1]

The trick here to disentangle the two regimes (continuous part and jump part) originated in Aldous and
Limic [6] and consists in a dichotomy between two kinds of weight, small and large. Let m € N. From
the proof of Lemma 5.6 in [14] and Lemma 5.7 from [14] we have the unsuprising fact that,

(Z, (&)ien, (r])jen, (1) jen) ;%gj (2, (Gi)ien, (rj)jen, (1) jen).

For the product of the Skorokhod topology and the product topology. Suppose, thanks to Skorokhod’s
representation theorem, that this convergence occurs almost surely. This allows us to define ) on the
same probability space than Y. Let m € N and € > 0. For 7' > 0, let d§ be the Skorokhod distance on
[0,T]. We have, for any n > m,

P(d§(Y,Y) > €) <P(d§(Y°,V°) > €/2) + P(d§ (Y™, V") > €/2) (3.3)

where

YAt =Y ile<ts
=0

V)= eile<e,
=0

Yo(t) = > wile<,

1=m-+1
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Yo(t) = pt.
It is clear that, for m fixed,
lim P(d5(Y*,V*) >¢/2) =0 (3.4)
n—oo

On the other hand we can bound P(d%(Y°,Y°) > €/2) as follows:

P(dL(Y°,)°) > ¢/2) < ]P’(sup Y°(t) —q Z Tili
t<T i=m+1

> ¢/ 4) tlrigsr o vwi-plze/4

We have that Y°(t) — ¢ Y., ., iyt is a supermartingale: for s <t,

n

( ()lf Z yllfz<é+1§l>5(1—€ qzi(t— s))

1=m-+1
<Yo(s)+ Y.yl —emutmIm)
1=m-+1
SY(s)+alt—s) D mis

1=m-+1

Moreover, we can bound the expectation of this supermatingale as follows:

n
[B(re(1)) - g 3 myT| = Y wl(1— e ) — gTa
1=m-+1 1=m-+1
n 22,2
Tz
<y wltn
1=m-+1

by a simple Taylor bound and so:

qo1,1

BT —q Y ww| < qrmn 7%

i=m-+1
Finally, we can also bound its variance:

n

Var(Y*(T) = 3 y2(1— e oTe)e et
1=m-+1

n
<Tq Z Ty
i=m+1
Then, using Doob’s supermartingale inequality from Lemma 2.54.5 in [27], we have

n

P(Sup 7t —q Y, v Ze/4>:0(qu+1)+0<q zn: xlyf)

t<T i=m+1 i=m+1

As for m € N lim,,_, 1 oo T, = ¢, and as ¢ is in 13\, limy, 00 limy — 4 o0 gz, = 0. Hence

lim limsu IP(su Z°(t) — TiYi| > € 4) =0. 3.5
e (|00 3 s> as

1=m-+1
Moreover, as qo1,1 — 3+ Y, ¢ie; by hypothesis, ¢ "\ @y — Y1 . cie; + (8 for m fixed, so

lim limsuplrjgsn . oiy—p>e/a = 0. (3.6)

m——+oo n—s+o0

As a consequence of (3.3), (3.4) (3.5) and (3.6]), we get that

lim P(d5(Y,Y) > ) = 0

and we have the convergence in probability of (Y, Z, (r})nen, (I} )nen), which yields the joint convergence
of the Theorem.
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3.4 Proof of Theorem [3.1.3

The idea to retrieve (3 ;. v, xn ¥i)jen from (3, yile,<t)ier, is pretty straightforward once one realizes

that the components are jointly explored: if ¢ and j are in the same component, all k such that § < &, < &;
are in this component. Hence, we get that for each j € N,we have:

S =Y - Y.

i:XiCXj’"

Remark that, as V(s) = >, e;1¢,<s + s, any point s that is a discontinuity for ) is also a discontinuity
for Z. Indeed, if ¢; = 0, (; = 400 a.s., so it it is a jump neither of ) nor of Z. If there is a jump at time
s for Y, there is ¢; > 0 such that {; = s and then there is a jump at time s for Z. On the other hand,
according to Lemma 4.4 in [14], Z is continuous at the points I; and r; for j € N. As a consequence, )
is continuous at those points, and, as we have the joint convergence, for all j € N,

Y(r) =Y (1) ——=V(r;) = V()
= eileeuym) + Bl — 1))
ieN
= Z eilCiE(lj,Tj] + 6|X]‘
‘€N
which is the first convergence. In particular, by taking y; = (71)", we have
Vi e N, L — C;
02
so e; = c;. Moreover, as qoa — 1,
q
qo11 = =041
)

Or41
r+1

and for m € N|
2r+1

¢y iy} —qz

i>m i>m

x?rJrl
2r+1
i>m 2
x2r—2

2r—2
Og

IA

3
Li
3
i>m 2
2r—2
T, g3
— 27" 2 3
Oy 02

2r—2
x
o(=__).
Cg=s)

2r—2
Because r > 0, as lim, o w;’; 5 = 22 s limyy o0 limy 00 4D 4, ziy? =0. Ifr =2, qgoyq ~ % —

a+ Y, ¢ so f=a which glves the second convergence of the theorem.
If r > 2, we have

lgo1 =Y G < lgora - 7~+1| + Z\ —

%

—2

. I
and we already saw that goq1 ~ Z:ﬂ, furthermore, Zlﬂ <
2 2 2

03 — C()(OL—FZ ) So \q01,1 — Z;ii =
2

o(1) . Moreover, for m € N,

_ T+1|:

3
T+1 7 r+1
T—c |+ 7‘2§: g,"’E G

i>m i>m
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SO

. !
lim sup Z | =1
i

n—00 (2D

Asr>2and c € £3 as it is true for all m € N, we get

1

I > e
imsup » [~ 5
n—00 3 (o))

As a consequence, if r > 2, § = 0.
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Chapter 4

Truncation and Gromov-weak topology

4.1 Motivations

Recall that non trivial eternal multiplicative coalescents are defined on 12\ \ ll\‘. In particular, for x €
12\ \ll\, for any time interval [t,t'], t < t’, the set of edges added by the coalescence on a bounded time
interval [t,t'] is almost surely infinite. For this reason, it is often more convenient to work with z € ll\.
The question which arises then is: can we infer properties of the coalescence on l2\‘ from the coalescence
on ll\ ? In his proof of the Feller property, Aldous had to deal with this very issue in |5| and developed
a method to approximate coalescence on l2\“ by coalescence on finite weight sequences. For the same
reasons, in [28], Rossignol had to improve on this work and establish what conditions make Coal(X, q) a
good approximation of Coal(X, ¢q), when X is a truncation of X. In the following section, we expose his
result through the lens of truncated weight sequences and in the subsequent sections, we will see how to
find good truncations when g, m —00.

4.2 Structural result

All the results in this section come from Rossignol in [28]. More specifically, we pick apart Lemma 5.5 in
[28] to emphasize the following heuristic: let = € 12\" and T be a truncation of z, ¢ € R, then with some
conditions on Z, all the complexity of the largest component of gCoal(x, q) comes from the coalescence
of T.

In the course of formalizing and proving this heuristic, we will extensively use the following obvious
result:

Lemma 4.2.1 (Staged coalescence principle). Let I and J be two disjoints subset of N. Let x; = ()1
and x5 = (x;)jes be two sequences of non negatives weights. For each t > 0, let gr(t) = gCoal(x1,t) and
gs(t) = gCoal(x s, t). Let (E;j)icr,jes be a sequence of independent exponential random variables such

that for each (i,j5) € I x J,

1
E(Ei;) = —

il '
For all t > 0 let gr;(t) be the graph on I| |J where there is an edge between i and j for each one of the
following cases:

e Ifi and j € I, there is an edge between i and j in gCoal((x)ker,t),
o Ifi and j € J, there is an edge between i and j in gCoal((x)res,t),
o Ificl and j € J, there is an edge between i and j if E; ; < t.

Then for all t € R,
g1 (%) @ Coal(xyy,t)
where x15 = (T3)ier| -
Unformally this lemma says that if one wants to coalesce a given input, one can proceed as follows:

(i) Divide the input into smaller parts,
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(ii) Coalesce each part independently,
(iii) Independently coalesce the results of step (ii).

For x € 12\, recall from Definition [2.2.13| the definitions of a truncation Z of x, and the rest Z associated
with this truncation. First we want to make sure, as previously stated, that when coalescing the rest of
a truncation, the process doesn’t add complexity to already existing large components.

Definition 4.2.2. Let x € ZQ\, q € Ry and j € N, we denote by comp;(x,q) the connected component of
j in gCoal(x,q) and comp(x,q) the set of all the connected components of gCoal(x,q).

Lemma 4.2.3 (Part of Lemma 5.5 in [28]). Let z € 12\, T a truncation of © and & the rest associated
with this truncation. Let A be the event that there exists a vertex i in the rest which has two neighbours
in gCoal(x, q) that stay in the same component after removing i:

(5.9): (i, k) € B(z,q) |

A={3ikeN s =0k {compjm\{wi},q) = compy(z\ {z:},9)

We have
P(AN{S(z,q) < K}) < ¢°G2K.

Proof. We define for each i € N:

o [= JGg), (ik) € E(z,q)
A {Hy,k EN: {Compj(x o) compe(e {ei).) }

so that

A= |J 4.

1:x;=0

Here we remember Lemma and start by coalescing only z \ {z;}:

P(A;]gCoal(z \ {x},q)) < ¢* > z}|CP?

Céecomp(x\{=i},q)
=’z S(x \ {zi},0).

SO

P(Ai|S(z \ {2i},q)) < ¢*278 (2 \ {2}, q)
As a consequence for K > 0,

P(AN{S(x,q) <K}) < Y P(A4;N{S(x\{z:},q) < K})
iz =0
> EP(AS(z \ {2}, 0) s\ (.} )<k

1:x; =0

Y E@aiS(\ {2}, ) s\ o)) <))

1:x; =0

Z Pr?K

2:x;=0

= q282K.

IN

IA

O

Now if &5 is small enough, we know that large components of the coalescence of the truncation are
with large probability not impacted in their complexity by coalescing the whole sequence, but we want
to be sure that coalescing the rest will not create large components on its own.

Lemma 4.2.4 (Part of Lemma 5.5 in [28|). Let x € 12, T be a truncation of x and & the rest associated
with this truncation. Let € > 0,

4’y

P(3C € comp(2,q), |C] > ) <

~

€ —
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Proof. On the event
{3C € comp(#, ), |C] > e}

we have in particular that S(&,q) > €2. As a consequence and according to Lemma

. . €20
P(3C € comp(gCoal(i,q)), |C| > €) <P(S(2,q) > €*) < Eg — ;2

O

This lemma has one major shortcoming: it says that coalescing only the rest will not create large com-
ponents, however, it might be the case that coalescing small component of gCoal(Z, ¢) with components
of gCoal(Z, q) creates large components. Recall from Lemma hat we can control S(x,q) — S(Z, q).
Then as |C|(|C| — |C]) < S(z,q) — S(T,q) for C € gCoal(Z,q) and C C C € comp(gCoal(x, q)), it might
be a way to address this shortcoming. However, this inequality is only useful if we already know that
C' is not too smgll. We deal with this issue by introducing a subtruncation . Of course we will write
72 = 02(T) and G = 05(&) with & the rest associated with the truncation Z.

Lemma 4.2.5 (Part of Lemma 5.5 from [28]). Let x € [2 , T be a truncation of x and T a truncation of
T. Fore,n >0, let B, be such that:

C| >,
Be =4dC € ’ : 8} C c
m { comp(, ) {VC € comp(Z,s), C C C = [C| <|C| —e. }

Then R
qn’c = .1 — oo .
P(Be, N{S(z,q) < K}) < N + (ZTmin) " (1 + ¢(K + €Tmin)) 202 + 2¢03.
ne—o2

Proof. We have that:

Bey CByUB?,
where
ICl =,

B1 =J3C ¢ ) : T2l C C T
n { Comp(m Q) {VC S COmp(f7 Q)a Cc Ca = |C| < Tmin- }

and
[C| =,
BZ, = {EIC’ € comp(z, q) : § VC € comp(z,q), C C C,= |C| < |C| —, }
aC c C, Emin < |€|

On B}7, there is a component of gCoal(z, q) larger than 5 that contains no vertex of . Thus, on this event

there is a component of gCoal(T, q) larger than 7. This, from Lemma has a probability controlled
as follows:

PN

1 qn~o2
P(By) < ——
n-—o2

On the other hand, we have, for C' € comp(z, ¢) and C' € comp(Z, ¢) such that C c C, [C|(|C| - |C]) <
S(z,q)—S(x,q) for C € gCoal(T, q). On B2, we have thus that S(z,q)—S(T, ¢) > Tmine. Thus, according
to Lemma

]P)(B?,n‘s(fa Q)v S(’jﬁ, q)) S (Eimin)71(1 + q(S(fa Q) + 65min))zs(i'a Q)
As a consequence, using Lemma [2.2.4] with z,
P(BZ, N{S(x,q) < K}) <P(BZ, N{S(x,q) < K}N{S(&,q) < 262}) + P(S(i,q) > 262)
<P(BZ,N{S(T.q) < K} N{S(2,q) < 262}) + 2402

= E(P(Bez,n‘s(fa Q)v S(ja Q))ls(i,q)§232 IS(E,q)SK) + 2q82
S (Gimin)_l(l + Q(K + fimin))22a\2 + 2(]/0\2
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Let us take a step back and analyze the 1nequahty of Lemma [{.2.5] It appears that in order to make
the event improbable we need that both ¢o, and, granted that S(x,q) were tight, Zﬁ are small. This
leads to the following definition:

Definition 4.2.6. Let x = (2™)nen € sl2, ¢ = (gn)nen and T = (T")nen be a truncation of X. We say
that T is suitable if there exists T a truncation of T such that:

~
~

G2 =o(g™") and =2~ = o(q?).

Lmin

n

Lemma 4.2.7 (Part of Lemma 5.5 from [28]). Let X = (X™),en be a sequence of MY and X = (X )pen
be a truncation of X. Suppose that T, the sequence of weight sequences of X is a suitable truncation of
X, the sequence of weight sequences of x. Suppose moreover that S(x,q) is tight.

Forl €N, Let (Cy,...,C)) be the [+1 largest components of Coal(X,q) and (d°,...,d") the associated
distances. For e,n > 0 Let Qlﬁm be the following event:

Qlem = m {|C’j\ <nor 3(6j,8]) € comp(Coal(X, q)) :éj C Cj, d‘%j =d and |Cj] — ‘6]| < 6}.
JE[!]

Then
l
Pen) T b

Proof. We have that, with A the event of Lemma and B, , the event of Lemma because 7 is
a suitable truncation of x,

lim P(AUB,) < lim limsup(P((AUBc,)N{S(z,q) < K})+P(S(z,q) > K)) =0.

n—+00 K—+00 pn—s+4o00

Let (C,d) be one of the (Co,...,C;). On the event "AN"B. ;, we have that either [C| <, either there
exists C' C C that is such that (C,d) € comp(Coal(X,q)). Moreover, we have that d;z < d. Suppose

that d@ # d. Then there exists a simple path of components (i1,...,i:), a sequence of entry points
(u1,...,ux) and a sequence of exit points (vy,...,vx) such that
Uj, V5 € Xij

d(vi,uiﬂ) = 0
Uy =u, Vp =0

k

Z dXij (ujv vj) < E(ua ”U).

j=1

If this is the case, it is necessary that there exists j € [k] such that X;; is not a subset of C and therefore

not in X. This implies that i; has two neighbours in a component of gCoal(x \ i;,¢). This cannot be the
case on 'A. O
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4.3 Bounding the differences between truncated and non trun-
cated coalescent

Lemma 4.3.1. Under the hypothesis of Lemmal[{.2.7, if we suppose that

C’oal(yn7 qn) L Y

n— 400
and if almost surely, no two components of Y have the same weight, then

Coal( X", qn) — 2 v

n—-+4oo

for the Gromov-weak product topology. Moreover, recall from Section the definition of m%(.) and
assume in adition that

S s k n > )
Yo >0, Vk € N,lﬁglirgp(mé(Coal(X n)) =€) — 1
Then
Coal(X™, qn) —£ 5y

n—-+oo

occurs for the Gromov-Hausdorff-Prokhorov product topology.

Proof. We suppose that, thanks to Skorokhod’s representation theorem, the convergence

Coal(X",q,) —— Y

n—-+oo

occurs almost surely for the Gromov-weak topology. Let [ € N, (Cy, ..., C}) be the [41 largest components
of Coal(X,q). Let €,6 > 0. In the rest of the proof, we considers that the event Qlem occurs. Notice that
either |Cj| < n, either for all i € [I], |Cy| > 7.

At this point, we want to know whether or not (@)ie[l] are the ordered [ 4 1 largest components of
Coal(X,q). First if there exists Cyy1 such that |Ciyq| > |C1], as |C)] > |C)] — ¢, |Ci11] > |Ci] — €, and
as Cpy1 is a subset of a component of Coal(X, ¢) smaller than |Cy|, |C1] — [Ci41| < €. Second if (C5)epy
are in fact the largest components of Coal(X, ¢), but there exists i < j <[ such that |C;| < |C}], then as
|C;| > |C;] > |Cl, and |C;| > |C;| — €, this implies that ||C;| — |C;|| < e. As a consequence, on the event
where

{¥i,j, 0 <i<j<i+1,1[C - [Cll > e},

we in fact have that (C;);ep are the ordered [ + 1 largest components of Coal(X, g).
Notice that for all ® € F, if for i € [I], C = C; and C = C,;,

k
o(C) - 2(C) = - ¢((d(zi, 25))ij<k) Hui(dxi) < [lllocke

due to the fact that on Q!

e A5 = dand |C| —|C] <e.
As a consequence,

P sup [(Ci) = @(C)| > ) <POQL)
ieq 2EFRI bl <1 ’

+P(3i, 4, st. 0<i<j<I+1,]|Ci|—|Cj|| <e)
+P(|Cy| < ).

Finally, as Coal(yn,qn) T) Y for the Gromov-weak product topology, in particular, the masses
n—-+0oo

(|Col,...,|Ci|) converges. As a consequence,

lim lim P(3i,5, st. 0<i<j<I+1,||Ci|—|Cj||<e)=0

e—r+00 n—oo
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since almost surely no two components of Y have the same weight. As ]P’( Uie[” SUPG Rk | oo <1 |®(C;) —

o(C;)| > 6) is decreasing in €, by taking the limit in n — oo, then in 7 — 0 and then € — 0, we get for
all e > 0,
lim P sup |®(C;) — (C;)| > 6) =0.

oo <ie[l] BEF:k| 6] 0 <1

4.4 Existence of a suitable truncation

Now we know that the definition of a suitable truncation is enough to guarantee the convergence of the
coalescence from the convergence of the coalescence of the truncation. Next we analyze how restrictive
this definition is. First remark that for a given sequence x = (2")pen € sla and ¢ = (¢n)nen, there
always exists a suitable truncation. In fact, it suffices to choose first Z such that q2§2 = o(1) and then
augment the truncation into Z that is such that T2 — o(q~2). However, when adding constraints on

Tmin

the truncation, there is a bit more work needed to guarantee its existence. The following lemma gives a
suitable truncation that satisfies a constraint that will be useful later.

Lemma 4.4.1. Let x = (2" )nen € sla and ¢ = (qn)nen such that qoo = O(1). If
Je € (0,2), lim o9 =0,
n—-+oo
then _,
there exists a suitable truncation T and r > 0, such that 702 = o(1).
Lmin

Proof. Let € € (0,2) be such that oo_. = o(1). In particular oo < (az_e)ﬁ. We define T as the

truncation such that

2
Vie N,z >0 a; > o T

Then

-~ 2 2/e+2
09 = E xilz§<gg/s+2 <o, 09 _¢.
i

As a consequence, oy ~ 2. We then define T as the truncation such that
. = 2/e
VieN,T; >0& 2, >0, .

We get that
q282 S q2050276.

On the other hand, for n large enough as oy < z{os_. < xf we have that xg > 0%/6 > ag/f. As a
consequence, for n large enough T, exists and

2 J—
q¢*(og — T 2/et2 —2/e
¥ < ¢%03 oy 057 = Podos.
Tmin
Finally, as Tmin €xists, Tmin €xists too and
_2/e>42/e
<
Lmin
so we can in fact find 7 > 2/€? + 2 /¢ such that T2 = o(1). O

Tmin

Of course we also need to know that the condition to be a suitable truncation also preserves the
Aldous-Limic conditions [T} which is the case:

Lemma 4.4.2. Let (z,q) = (2", ¢n)nen satisfy the Aldous-Limic conditions[1] with parameters (a, A, c) €
Z. Let T = (T")nen be a suitable truncation of . Then (Z,q) satisfies the Aldous-Limic conditions
with the same parameters (o, A, ¢).
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Proof. First, of course 75 < 09 —— 0. Moreover, as g5 ~ 03, for i € N,
n—-+4oo

. T . T;
¢ = lim — = lim —
n—-+o0o o2 n—4oo 09

In fact, if that was not the case, at least along a subsequence (¢(n))nen, we would have the existence of
m € N such that for all n > m, for all j > i, a:¢( ™ = 0 and then 2 = S 22 ~ oYt e = o(1)
which would contradict 73 ~ 02. Now, the more dlfﬁcult ones. On one hand, ¢ — 5—2 <q-— U% SO

1
limsupg — — < A

n——+oo g9
On the other hand,
1 1 1 1
G—— =g ——(=——)
g9 g9 g9 09
1 1 _
=q¢— —— —— (02 —72)
02 0202
1 0
g9 02029
As g — 01 — Aand 22 ~ %2 — (), this shows that ¢ — &= —— . Finally, we want to
2 p—4oo 02 n—+oo 92 n—+too
show that
03 03
a5 o3
As Gy ~ 09, we only need to show that
o
=51
03
We have that R
o3 03
o3 03
and
03 02
23 < g2
g3 g3
To O
~0(—=)
02 05

wqm‘g >

By hypothesis, 22 — 0 and 22 = O(1), which shows that

03 ~ 03.
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Chapter 5

From simple to complete coalescence

5.1 Bounding the difference between simple and complete coales-
cences

Recall that Theorem [2.5.12] and Theorem [2.5.11] are stated specifically for the simple coalescence. We
show that in our setting, the difference between the two is negligible.

Lemma 5.1.1. Let X = (X"),en be a sequence of Myand ¢ = (qn)nen € Rﬁ. Forn € N, let X" =
Coal(X™, qy). Recall from Deﬁnition the definition of D = (D}'); nen associated with X. Suppose
that for all j € N,

P
sup DI —— 0.
“XpCxr n—00
K3 J

Forn e N, let Y" = SCoal(X™,qy,). Then for all j € N,

daap(X", V") —2 50

n—oo

Proof. Let N be the number of pairs of vertices that are joint by two edges. Then

)2
EW) < Z %:q%f%%l.

i#jeN
As a consequence, for j € N, e >0, K € N,

P(dgup(X], V') > ¢) <P(N sup 2D} >¢)
EXPCAD
<P( sup 2D!>¢/K)+PN >K)
EXPCAD

so the convergence is verified by taking first n — co and then K — oo. O

Recall from Definition the definition of p;. Recall that Theorem and Theorem are

stated specifically for the simple coalescence with positive edge length plafaz SCoal; (.,.). For X € Mg
and g € Ry,

(@ o3
SCoal (X, q) 2 SCoal ( X, q)
p1+ 02 715 \P1t o2

2
03

We would like to have a result on SCoal(.,.) without any scaling inside the coalescence. We can try to
pre-scale X by a factor v, noting that:

2
— %2 SCoal;(vX, q) ¥ SCoal ( X, )
o 1(vX, q) o ot o4

2
92

hoping that ot ™ 1. One way to do this would be to take v ~ 051 and p; ~ o3. How-
ever, in this case, yp; ~ 09 would be of the same order than o5, which means that the average dis-
tances on the components are of the same order as the length of the edges, which would make the

(0]



task of comparing it to SCoaly(X, q) hopeless. The trick here is to inflate the input components a bit:

Lemma 5.1.2. Let X = (X"),en be a sequence of MN and ¢ = (gn)nen- Recall from Deﬁm'tion
the definition of the associated x, u and py. Suppose that

ﬂ—>1

0'2

Let v = (Yn)nen be such that
YO — +00

n—-+o0o

Fori € N, let Y = ~4X. For alln € N, let X" = SCoaly(X™,q,), Y™ = orh +02 SCoaly (Y™, qn) and
G™ = ¢gCoal(z™, q,) with the obvious coupling between the three of them. Suppose that for each j € N,
(Diam(Y}))nen is tight. Moreover, let

L(G}) =sup{k > 1: there exists a simple path of length k in G7}.
We suppose that for each j € N, 02 L(G?) is tight. Then for all j € N,

n n P
dGHP(Xj N ) m 0.

Proof. Let n and j € N. Consider the obvious correspondence where if (u1,us) € XX Vi ur ~ ug if
they are the projection of the same point w € X™ onto &7* and J}'. To lighten notations, we drop the n
in the sequel.

Let u1, v1 € &; and u2, va € Y; be such that u; ~ us and vy ~ vs.

Recall that by definition of simple coalescence, for any n > 0, there exists kK € N and two sequences
(ai)1<i<k and (b;)1<i<k of X such that:
p*(ar) = uy, p¥(bg) = v1,
Vi € {1, R 1}, (bi,ai+1) S S'Pq

Zlgigk dx(ai,b;) — dx(ur,v1) <1

where p* and p¥ are the projectors from X respectively Y onto X and ) and SP, the set of points of
X? added by the simple coalescence until g. As a consequence,

dy (us,vs) = da(ur,01) < 0+ dy(uz, v2) = Y dx(a;, by)-
1<i<k

On the other hand, because of the coupling between X and ),

702 03
dy(ug,v dx(a;,b k——=—,
y<2 2 'Ypl‘i’O—QZ X \aq 7, 'Y,D1+0'2
and as
Yp1 + o2 Yp1 + 02
dy(uz,v2) = dy(uz,v2)(1 — + dy(uz,vz),
¥ ( ( ) o ) por Y )
we get that
k
+ o
dy (2, v2) = 3 d(a,be) < dy(uz, v2) (1= 20572) k.
2

i=1

This allows us to compare this quantity with dxy(uq,v1):

. + o
dy(ug,v9) — dx(ur,v1) <n+ Dlam(yj)(l — Lﬁ) +k/~.
Y03 +
Of course,
1
e _p 1,
o3 g5 YO n—+oo



so the tightness of the diameter assumption guarantees that Diam(Y;)(1 — 7"%:;‘7"‘)

v
to infinity. The conclusion is the same regarding k/~ considering that k < L(G;-‘Q)7 o2 L(G?) is tight and
o927y — +00.

Now if we start with a sequence approximating d(uz,v2) and not d(uy,v1): To obtain a lower bound,
we perform the same kind of work except that we start from a sequence approximating dy(usg,vs) and
not dx(u1,v1): for any n > 0, there exists £ € N and two sequences (a;)1<i<x and (b;)1<i<r of X such
that:

goes to 0 as n goes

pX(al) = Ui, bk = py(vk)v

Vi € {1, o k= 1}7 (b“ ai+1) S SPq

2 2
Tt ik Ax (a0, b)) + 5Tk — dy (uz, v2) < 1.

Again, because of the coupling between X and Y,

d;((ul,vl)g Z dx(ai,bi).

1<i<k

As a consequence,
+o +o
dae(ur, v1) — dy (uz, va) = dae(ur,v1) = 2222y (g, v2) + (1= 222 dy (us, )
Y02 Y03
+ o . + o
<% 5 21 + Diam();) (1 _ImT o 5 2)
702 Y03 +

which goes to 0 in probability too with the same arguments. O

5.2 Reformulation of universality theorems in terms of complete
coalescence

Theorem 5.2.1. Let X = (X"),en be a sequence of My such that its weight sequence x € 12\ satisfies
the Aldous-Limic conditions with parameters (1, X,0). Recall from Deﬁmtion the definition of p1.
Assume that there exists n > 0 such that X satisfies

{2 = o(o3/*"")

02—y — 0,

and Zf X" = CO(IZ(Xny%L),

Ly —1
a2
V] € N7 Supi:X,;CX;1 DZ = OP(J;/2+TI)7
2,2

Ei x;gl — 0.

2

Then we have
d
a9 g1, 0,0,1)
n—-+4oo

for the Gromov-weak product topology. If moreover

V6 >0, Vk €N, 1ig1+infp(m§(coal(xn,qn)) >e) — 1

e—0

then it converges with respect to the Gromov-Hausdorff-Prokhorov product topology.

Proof. Of course the extension to the convergence for the Gromov-Hausdorff-Prokhorov product topology
comes from Lemma [2.3.7._We only show the convergence for the Gromov-Weak product topology. Our
goal is to apply Theorem @l to a truncation of 0271an, where 7 € (0, 2) is chosen such that go_, — 0.
First we show that there is a truncation of oy 171X that satisfies the hypothesis of Theorem From
Lemma we have that X always possesses a suitable truncation X and there exists r > 0 such that

=T
g
2 0.

Tmin

7



Moreover, from Lemma[f.4.2)and the fact that z satisfies the Aldous-Limic conditions[I] we get that this

truncation 7 satisfies the Aldous-Limic conditions[l] Finally, by applying Lemma4.3.1]to X, we get that

the limit of Coal(X,q) and Coal(X,q) are the same. By applying Lemma to X, we get that the
2

limit of Coal(X,q) and SCoal(X, q) are the same. Let ) = ﬁSCoah (05'7"X,q). We want to
Tqy 1T02
apply Theorem to oy 177X . Of course the condition

Lo 1/2+
Sy = olos*)

02

translates directly to the same condition on the truncation since for a suitable truncation, o ~ = and
T9 ~ 09. Let us now turn our attention on the metric aspects of the process. Let us show that, under
the conditions of the theorem,

pP1 ~ pT>
and 4
LT 1),
P1
For all § > 0,
D duilyzs <Y aiui/s
i i
SO

[ [
<N a2 /s + 65,
7

As a consequence,

1Pt v2
p1 0% P1

S xu? .03

< 3 11 6 _a

=< 503 + 02)/71

2 ~
Moreover, ‘;—f — 1 by hypothesis and % ~ q?02 = o(1) so p; ~ p1. Now,

-3, 2 =3, 2
o2 ) iU Ti U
= T3
P1 . 92
1 x2u?
<=y
g9 “— g
K3
— 0.
Finally, if X' = o, 17"X, o) = % o, = pyo, ", we have
Y =0y ) i_gé+n7p1_p12 )
2
2 92 y14m
ag. 2 1
2 _ P ~ 0_2+77

/ - 2
p1+ o2 14+ 20
P1

so for j € N,

o3

sup Dj ~ sup D;=op(cs/*™).

/
Exicy;  P1t 02 iXcx,

We get that
D, £,(1,1,0,1).

n—oo

y
We can apply Lemma to X with v = o5, '~". Indeed,

yog =0y —— +00.
n—oQ

Moreover, the diameters Diam(Y;) are tight for j € N because ) converges. Last, 02L(G7) is tight
thanks to Theorem [2.4.9] o
Thus we get that the limit of SCoal(X, ¢) and ) are the same. O
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Theorem 5.2.2. Let X = (X"),en be a sequence of My such that its weight sequence x € 12 satisfy the
—1

Aldous-Limic conditions with parameters (0, A, c). Assume moreover that if X™ = Coal(X™, qy),

L1
o

1
2
2
Vj €N, sup;.x,can Di =0,
T zi’;? —0.
2
Xt — 50(17 )\a 07 1)
n—-+oo

Then we have that

for the Gromov-weak product topology. If moreover
. . k n >

Vk € N, lim inf P(mg (Coal( X", gn)) > €) —o» 1

O

then it converges with respect to the Gromov-Hausdorff-Prokhorov product topology

Proof. Tt is basically the same proof that of theorem [5.2.1]
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Chapter 6

Eternal multiplicative coalescent,
mixing and entrance boundary

6.1 The lower mass bound is free for an eternal metric multi-
plicative coalescent

The purpose of this section is to show why using the Gromov-weak topology is enough when dealing with

eternal multiplicative coalescent. Basically, the fact that the law of Coal(X (¢ — s), s) is stationary makes
the tightness of the lower-mass bound close to trivial.

Lemma 6.1.1. Let (X (t))ier be an eternal multiplicative coalescent. Let € > 0, s = (sp)nen € RY be
such that s,, — oo and

L = limsup P(m% (Coal(X (t — 5, 8n)) < €| X (t — 5,,).

n—oo

Then
L SN 0,
e—0

in other words, the lower mass bound property for Coal(X(t — ), s) is satisfied in probability with respect
to X(t —s).

Proof. By Levy’s downwards theorem, L = P(mk(Coal(X (t — s,,), 55)) < €| X (t — 8,))P(m% (Coal (X (t —
Sn), Sn)) < €|Fi_s,) converges almost surely as n goes to infinity. Since this random variable is bounded

by one, we also get that
lim E(L?) = E(limsup L?) = E(LX).

n—-+00 n— 400

However, the left hand side of this equation simplifies to:

E(L?) = E(P(mj(Coal(X (t — s,),5n)) < €| X (t — 50)))
}g(Coal(X(t —5n),8n)) <€)
5(

(m5(X(t)) <e).

P(m
P

As a consequence, by Markov’s inequality,

P(lim sup P(m% (Coal(X (t — s,), 5n)) < €| X (t — 5,)) > 1) < P(m5(X(t)) <)

n—-+o0o n

which converges to 0 as € goes to 0 by hypothesis, since X (t) belongs to M} almost surely. O

Whereas the precedent lemma gives us a way to extend Gromov-weak results into Gromov-Hausdorff-
Prokhorov results, the following one will even allow us to improve on this and add the surplus part of
the convergence.
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Lemma 6.1.2. Let (X™,Y"),en be a sequence of My x MY such that

(X", 7" —L 5 (x,Y)

n—-+o0o
for the Gromov-Hausdorff-Prokhorov product topology. Suppose that

xn 9D, p
n—-+oo

yn (4) Y

n——+oo

for the Gromov-Hausdorff-Prokhorov plus surplus product topology. Then

x,y™ —9 5 (x,y)

n——+oo

for the Gromov-Hausdorff-Prokhorov plus surplus product topology.

Proof. Suppose that (X™,Y™) doesn’t converge in distribution toward (X, ) with respect to Tapps, in
particular there exists f and g continuous and bounded for Tgyps such that

Je > 0, VN € N,3n > N such that [E(f(X™)g(Y"™)) —E(f(X)g(V))| > e
This allows one to construct a subsequence (X V¢(")) such that
S > 0,0 € N, [B(f(G50n)9(Gomy)) — E(f (Perc(X, 0))g(X))] > e (6.1)

On the other hand, we have that (X"),en and (Y"),en both individually converge in distribution
toward X and ) with respect to Ty ps thus in particular for all € > 0, there exists K compact for
TcHPps such that

P(X" e K)>1—g¢,

P(Y" € K)>1—¢,

As a consequence,
P((X™,Y™") € K?)>1—2¢

so from Prokhorov’s theorem, we get that (X™,Y™) is relatively compact for Tgyps an then one can
extract from (X ¢, Y ¢("), .y a converging subsequence. This subsequence must converge toward (X, )))
because the addition of surplus in the topology makes it strictly stronger but this would contradict

[6-1). O
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6.2 The boundary conditions uniquely determine eternal multi-
plicative coalescents

Theorem 6.2.1. Let (X(t))ier be an eternal metric multiplicative coalescent. Recall from Defini-

tion the definition of the associated u, x, p1 and D. Let t € R. Suppose that there exists (Sn)nen,

sp — +00 such that either one of those sets of convergences is satisfied in probability as n — oco:
n—oo

(i) (X(t— sn),sn) verifies Hypothesis 1] with parameters (1,0,0,v) € Z° and In > 0 such that

Fln el

2

. 1/2+
Vj €N, SUP;: X (t—s8n)CX;(2) D; = 01?(02/ 77)’

o — 0.

(11) (X(t — spn), sn) verifies Hypothesis 1| with parameters (0,0,¢,v) € %, and

vj GSNQ; SUD;: X, (t—s, ) C X () D; = op(1),
ZL:%UL 0.

1

Then fort € N, X(t) is real graph almost surely and for any f and g measurable for Taups,

E(f(Coal(X(t = s),))9(X (1)) ——— E(f(X(1)))E(g(X (1))

s—+o0
where X (t) ~ £(1,0,0,7) in the case of (i) and X (t) ~ &(0,0,¢,7) in the case of (ii). In particular,

(Coal(X(t — 5),5), X (1)) — 25 &,(1,0,0,7) x &(1,0,0,7)

s——+oo
in the case of (i) and

(Coal(X(t — s),5), X(£)) — 2 £,(1,0,0,7) x £(0,0,¢,7)

s——+00

in the case of (ii).

Proof. We have that for t € R, s > 0,
E(f(Coal(X(t — s),5))g(X(t))) = E(E(f(Coal(X(t — s),5))| X (t — $))E(g(X (1)) | Xt - s)))

because by hypothesis the coalescence performed to obtain Coal(X (t —s), s) from X (¢ —s) is independent
from the one performed to obtain X (¢). For ¢ € R, let F; be the sigma field generated by (X (t — s))s>0-
Because X is a Markov process,

E(f(Coal(X(t — s),5))|X(t —s)) = E(f(Coal(X(t — s),))|Fi—s)

and

E(g(Coal(X (t — s),5))|X(t — s)) = E(g(Coal(X(t — s), 8))|Fi—s)-
Moreover as (Coal(X (t — s),s), X(s)) @ (X(t),X(s)), by Lévy’s downward theorem, we have

E(f(Coal(X(t = 5), 8))|Fis) — = E(f(X(1)|F-x)

s——+oo
E(g(Coal(X(t — 5), )| Fis) —2 Blg(X(1)|F o)
where F_o = [\,.oFs- This fact shifts the matter at hand to identifying the limit. For this, we can
examine these convergence but by replacing s — oo by a sequence ($p)nen such that s, —— 4o0.

n—oo
By hypothesis, the convergences of either Theorem or Theorem [5.2.2] are satisfied in probability
as well as the lower mass bound property by Lemma All these convergences can be strengthened
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into almost sure convergence, at least along a subsequence of (sp)nen. On the event of probability
1 where this occurs, and theorem [5.2.2| give us that if f and g are bounded continuous for the
Gromov-Hausdorff-Prokhorov product topology,

E(f(Coal(X(t = sn), 8))|X(t = sn)) —=— E(f(X(2))),

n—-+oo

E(g(Coal(X (t = sn), )| X(t = s0)) —— E(g(X(t)))

n—-+oo

which then gives that

E(f(Coal(X(t = sn),5n))g(X (2))) = E(f(X(2)))E(g(X(2)))-

In particular, by applying this convergence with g = 1 we get

so X (t) is a real graph almost surely. Of course, the marginals of (Coal(X (t — s,,), sn), X (t)) converge for

the Gromov-Hausdorff-Prokhorov plus surplus topology because Coal(X (t — s,,), $n) @ x (t). As a conse-

quence, thanks to Lemma the convergence E(f(Coal(X (t—sy), s))g(X (t))) = E(f(X(1)))E(g(X(t)))
can be extended to f and g bounded continuous for Tgg ps. Finally, as for f and g measurable for Tgg ps,
it is already established that

E(f(Coal(X(t = 5),5))9(X (1)) —— E(E(f(X(t)[F-00))g(X(2)))

s—+oo

approximating f and g by bounded continuous functions allows one to conclude that for any f and g
measurable for Tarpg,

E(f(Coal(X(t — s),5))g(X (1)) = E(f(X()))E(g(X(?)))-
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Chapter 7

Palm measure of the point process
associated with £(a, A, ¢, )

7.1 Result

For the discrete multiplicative coalescent, due to independence properties of the edges distribution, it is
immediate to see that if one removes a connected component C' from a realization of gCoal(zx,q), one
gets a realization of a multiplicative coalescent on the truncated weight sequence (2;);¢c. It does not
directly translate to an intuition on the law of the continuous object X' \ C where X ~ E(a, A, ¢,7y) and
C € comp(X), notably because only the largest components of gCoal(x, ¢) are captured in the limit object
X. However it is still true, as stated in our main result:

Theorem 7.1.1. Let (a, A\, ¢,v) € Z x Ry and recall from Definition [2.4.§ the definition of (A;j)jen,
(c9));en and (5£j))j€N associated with X ~ E(a, \,¢,7). Let f: M x MY — RT measurable for Tgrp
and such that
E(Y (X, X)) < +oo.
J

For j € N, conditionally on (X;,A;), let Y be distributed as Ey(a, X — |X;| — 5§j), c—cl9) ). Assume
that
either ¢ =0, either A < 0. (7.1)

We have:

E(Y £, X)) = E(Z E(f(X, Y9 U &;1(X;, A))). (7.2)

J

Note that Theorem [7.1.1] present two pretty artificial limitations: First we are confident that the re-
sult is true without the technical hypothesis . In fact, Theorem will be true as soon as the
conclusion of Lemma below holds. However as in this work Theorem will always be used for
convergence when A\ — —oo0, it is not a problem here. Second, the conditioning (X;,A;) in the left hand
side of does not fit well with the fact that we announced that it is a result on the Palm measure of
E(a, A, c,7), view as a point process on M: there should be only X;. However we also believe that A; is
a measurable function of X, which could possibly be proven via a result analogous to Proposition 2 in
[24].

7.2 Proof

7.2.1 Discrete setting

The idea of the proof is straightforward in the sense that it essentially consists in implementing the
heuristic on the discrete multiplicative coalescent. Let X™ = SCoal,,(z,q), let G,, be the set of all
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connected subgraphs of the complete graph on [n], we have:

Zf X7 X") = ( > f@xn )1G€comp(X”))

GeGy

= Y E(f(G,X")|G € comp(X"))P(G € comp(X™)).
GeGy

Moreover, if G is a deterministic connected graph on a subset Vi C [n], we have
E(f(G, X™)|G € comp(X™)) = E(f(G, V™))

where
Y™ (&) = SCoal,, ('Y, q)

where (%) is the ordering of the sequence of weight of vertices that are not in V. Thus

(ZE FOxm Y™ uxy)|X;L)) = Y E(f(G, Y™ DUG))P(G € comp(X")) (Zf (X7, X") )

GeG,
(7.3)
The goal of the rest of the proof will be to take this identity to the limit. However, we first have to
use it as such in the following lemma, :

Lemma 7.2.1. Let (a A\, ¢) € I. Suppose that Hypothesis (7.1)) is verified. Then there exists x = (x™) €
sla, ¢ = (gn)nen € R+ such that: (x,q) satisfies the Aldous Lzmzc conditions Hypothesis I for (o, A\ ¢)
and let X = (X")pen = (SCoal(x™, ¢ ))nen, then, for any e > 0,

(#{7 : |X}'] = €})nen

s uniformly integrable.

Proof. The case where ¢ = 0 is a consequence of Proposition 1.4 in [22]. We prove the lemma for A < 0.
Let W = #{j : |X]'| > €}. As
E((W™ 2
E(Wlwrza) < %
it suffices to prove that E((W*)?) is bounded, uniformly in n. Thanks to (7.3, applied with f(M,N) =
Ltz 225 1 [ze:

E((WS)?) < E(W]) +E(W)2.

so it suffices to show that E(W/) is bounded uniformly in n. Finally,

wn < 5,9

€ — 62

so we will focus our efforts on S(z,q) for the rest of the proof. Thanks to Lemma 2.5 of [26], for ¢ and
JENi#j q<oy’

TiTiq

P(; < 7‘7

(i j) = =

where P(i <+ j) is the probability that ¢ and j are in the same component in gCoal(z, ). As a consequence,

E(S(X,q)) =02+ Y ziz;P(i < j)

i#]
2
<oy + 29
1 —qoo
We take ¢ = %2 + A, this gives that
1
E(S(z,q)) < Y
which proves that E(S(x,¢q)) is uniformly bounded. O
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7.2.2 Taking the discrete identity to the limit

Proof of Theorem[7.1.1 Letz = (2™)nen and ¢ = (gn)nen be as in Lemma- Let X" = SCoal,, (z,q).
For j € N, let () be the ordering of the sequence of weight of vertices not in X7'. The crucial part

of the proof is to understand, by using Theorem the limit of SCoal,, (2, q) where the simple
coalescence is independent from X7'. For this we need to find for which parameters ) would satisfy the
Aldous-Limic conditions [l

Let us suppose that, thanks to Skorokhod’s representation theorem, the convergence of Theorem [2.4.9
occurs almost surely. Let us examine the Aldous-Limic conditions for z(?), in the light of Theorem

oa(z)) = 0y — 02(X1) = 02(1 — 02b2(X})) a—+> 0

oa(x() o n a.s.

ags((ac<j>))3 = (1—0291()(]@'))3 (7§ - 93(Xj )) —> o+ ZJ>1 i 53(Xj)

Vi € [n], %1&&(1;,@] = Wéz(x;))lﬁﬁ(g 7] ﬁ Cileig (]
0:(X1)  as.

4= 5oy =1~ 5 — 1—922(X;z)az — o A ald] = 0 (&;)

The third convergence is due to the fact that, thanks to Lemma 4.4 in [14], Z is continuous at [; and
r;. Notice how the modified weight sequence x( 7) satisfies the Aldous-Limic conditions precisely w1th the
parameters described in the theorem.

Let

- {fecb(MxM§,R+);ae>0s,.t. V(M,N) € M x MY, |[M| < e = f(M,N) :0}.

‘We show that for every f € F; the 1dent1ty eq. is true Formn € N, let W = #{j : [X]| > ¢}
with € such that if |M| <e, f(M,N) =
First, >, (X}, X™) converges toward >~ f(X;, &) in distribution. In fact:

(i) Forall K > 1, 3770, f(X}, X") % S5 o F(X), X) because X7~ X

n— oo

(ii) We have that for every n > 0,

“+o0
n n ’r) n
p( § rxpxm = q) <p( ) 1|X;z|>ezW)§P(IXK+1lze)
j=K+1 j=K+1 o

and as a Consequence,
lim limsupIP’< Z FXP,X™) ):o.
K—0o posoco
Jj=K+1

(iii) Since E(Y; £(X;, X)) < 00, limg o0 (X0 ¢ F(Xi, X)) = 0.

This proves that >, f(X]', X™) converges toward }; f(X;,X) in distribution. On the other hand, we
have that

Zf (X7, X™) < ([ flloaW?

n—0oo

and W/ is uniformly integrable thanks to Lemma 1|so by dominated convergence, E(3_, f(X}', X)) ——

B3, f(X5, X)) ,
Similarly, we show that 3~ E(f(X7, Y™ LX) |XT) converges toward E(f(X;, YD UX;)|(X;, A;))
in distribution.

(i) Recall X" > X. Thanks to Equation (7 , for j € N, we can apply Theorem [2.4.9to Y™ ) and

n—oo

we get that Y™ () L Y. As a consequence, for all K > 1, conditionally on (X7 )nen, X;),

n—oo
K (@ K )
S E(F(Xp, YD U XX PG D E(F(X, Y9 U A)[(X;,A5))
7=0 j=0
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(ii) We have that for every n > 0,

+oo too
n n, (X n n n n
IP( E E(f(X},Y (X])UXj)|Xj)Z77) SP( g 1|X;l\>sZW> SP(| Xkl =€)
j=K+1 j=K+1 o0

and as a consequence,
+oo
lim limsupIP’( S OB Y U X XT) 2 77) —0.

K—o0
n—o00 =K1

(it}) Since 3 E(F(5, Y9 U A)[(27,4,)) < [ FlsB(S 5 1 Lz ) for all 7> 0,

Jim PO E(F(2, Y9 UX,)|(X5,4,)) = ) = 0.
i>K

This proves that >, E(f (X7, Y51 X7)|XF) converges toward E(f(&X;, VO LX) (X, A))). Again,
as
S E(f(xp, Yy U X)Xy < WP
J

and (W!)pen is uniformly integrable, by dominated convergence,

E(Y (X, Y™ U XD X)) —— B(F(X5, 9 U X)|(3;, A,))
J

This gives the identity (7.2)), for f € Ej.

We show that for every f € C,(M x MY, R*) the identity (7.2) is true. Let f € Cp(M x My, RT)
and let h be its corresponding function

b M x {subsets of N} — R*
| (M1,4) = E(f(M, Y(MA)))

where, if 0y = >, A ¢, ¢ = (ciliea)ien, YMA) o E(a, A — |M| = 63,¢ — ¢/,7). For any € > 0, let
e € C(RT,R™) be a function such that ¢.(x) < 1, and ¥ 7 1,50. Let

1, a) > h(M, M)y (|M]).

Iy Mx M) — Rt 5 M x {subsets of N} — R™
T MN) e f(M N M)

Then as almost surely, for any i € N, |X;| > 0, E(Y_; fe(X;, X)) ~E(X; f(X;, X)) and E(3; he(X;, A5)))
E(>2; h(X;,A;)) as € N, 0, by monotone convergence. This gives the identity for f € Cp,(M x M5, R).
Finally, we can approximate the indicator function of a ball by bounded continuous functions and then
extend the identity to all f measurable using a 7 — A argument. O
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Chapter 8

Mixing property for the coalescence of
homogeneous multiplicative spaces

8.1 Results

8.2 Prerequisite

We collect in the following lemma some crucial results from Aldous’ stochastic calculus analysis of the
multiplicative coalescent:

Lemma 8.2.1 (|5], subsection 5.3 and 5.4). For t € R, let ¥' be defined by: for all f : RT — RT

measurable,
B(X 7)) = | F)'(ds)

Let pt be defined by: for all s >0

d t
=
Let vt be defined by:
—t2g
vi(ds) = < /2d5.
V2ms?

Then, fort <0,
Vs > 0, p'(s, +00) < v'(s, +00)
and , .
pt(ds) > ¢* t/2—s /6Vt(d3).
In particular, when t goes to —oo,

52

———ds
V 27rs5/2 P

Thanks to Theorem and to the precise understanding of the distribution £(1,0,0, 1) developed
in [1] and |2, we are able to obtain the following rather precise asymptotic result.

Vp > 2, B(ay) ~ |17~ /

Theorem 8.2.2. Let (X (t))ter ~ E(1,A,0,1). Recall from Deﬁm’tion the definition of p1, u, x D.
There exists constants K, such that, as t — —o0,

\V/p > 27 T2 Oa fou: ~P K7'0p+’r/27 (81)
J
Vp > 2, op ~ E(0p), (8.2)
Vi € (0,1), 22 = 05(0Y) (8.3)
02
v € (0,1), sup D; = op(03) (8.4)
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In particular, this theorem allows us to show:

Corollary 8.2.3. Let X ~ £(1,)\,0,1), then for allt € R, for all f and g bounded and measurable for
Tcups,

Moreover, there exists K7 such that

E(0s/2)
P s Ry =L
2 E(o3)
Thus, thanks to Lemma there exists a constant C such that

1
n___c
0'2 t——o00

With the same reasoning we get

P1

— 0.
Finally, again thanks to Theorem [8.2.2

In >0, sup D; = op(03),

Remark that we could determine C' precisely from the proof of Theorem and Lemma However,
by taking g = 1, the convergence of the theorem should, once proved, show that C = 1. Indeed, thanks
to Theorem

E(f(Coal(X(t — s),))g(X(t))) = E(f(X(¢)))E(g(X(1))).
where X () ~ &y(A, )\, 0,C) so C = 1. Finally, thanks to the duality property of [28|, Proposition 14,

E(f(Perc(X(t),5))g(X(t))) = E(f(Coal(X(t — s),5))g(X(1)))-

8.3 First moment of metric statistics

To make things easier, we are going to focus on O’ =Y. 2Pull,,<a, ensuring that the component sizes
are not too large, given that they will go to 0 When t — —o0 anyway.

Lemma 83.1. Let A>0,p>2,r>0, e be a standard Brownian excursion, E = fo u)du, o;,“ =
Yo axtully,<a. Then exists a continuous function ¢, on Ry such that lima_o ¢(A) =0 and

[E(op) — E(ENE(o; )| < dr(A)E(),/0)-

In particular, there is B, > 0 such that for A > 0,

E( ) < B ]E( p+r/2>

Proof. In subsection 2.1 of |2| the i-th component of X ~ &(1,0,0,1) conditionally on its size x; is
constructed as follows: sample a random real excursion ¢€; such that, for all f : ([0,z;] = RT) — R
bounded continuous,

E(f(ez exp ([ ei(s)ds)|x;)
Eexp ([g " ei(s)ds)z:)

Then, add n; shortcuts, where n; has a Poisson distribution with parameter fowi €;(s)ds. The main point
of the proof is to show the asymptotics at —oo are well understood by considering that all components
have 0 shortcuts. For the sake of clarity, from now on, x; will be deterministic i.e., we consider the
average distance u on a connected component of fixed size x, encoded by € and with n shortcuts.

E(f(&)|x:) =
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e On one hand, as the addition of shortcuts only decreases the distances on the component, the
average distance on the said component is at most the average distance on the tree encoded by e,
which has expression: 2~ fo s)ds. As a consequence:

E(u") < E(x—(/; é(s)ds)r)
( (fo ex(s ds) exp fo ex(s ds))
E(exp (fy ex(s ds))

where e, is an untilted Brownian excursion on [0, z]. By Brownian scaling, we then get that:

B e (592E))

(u"lz) < E(exp (23/2E)) xT/QE(ET exp ($3/2E))

and then i
E(u") — E(E")z"/? < 23 E(E" (exp (z%/2E) — 1)).

e On the other hand, just from the fact that 1 > 1,,—,

E(u") > E(u"1,=0)

—E(x( /O ’ (5)ds) 1n,-0)

Moreover, as n is a Poisson random variable with mean fo s)ds conditionally on é, P(n = 0lé) =
exp (— [ &(

Finally, we get
E(u}) — a"*E(E")| < 2"/ 2(E(E"(¢*”"F = 1)) v (1 — E(e””*F) 1)),

Let us suppose that z < A for A > 0. Because the right hand side of this inequality is non-increasing in
z, if ¢ 1z B(E" (e °E — 1)) v (1 — E(e®”*E)~1),

E(u") — 2" *E(E")| < 2/, (A).

Now let us focus on a . From now on z; is no longer deterministic.
= E(fouz'lxi§A>
= (ZE zhu] leSA\mi))
= E( Z Pl < aE(uf \ml))
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SO

Elof,) ~ BB )] = [B( (@ e aB(u o2) — BB )t ) )|

i

< B( X el LacalBlu ) — B(E)1")
< @(A)E( 3 xfﬂ/?lxig)

= ¢T(A)E(U;;4+r/2)-
O

In the same spirit, we are able to control the moments of sup; D;1;,<4 as follows:

Lemma 8.3.2. Recall from Definition [2.5.6) the definition of D. Let Dyax = sup; D;. Let A >0, p > 2
let ot =3, #81p,<a. Then ast — —oo,

E(Di1ze<a) = O(E(0}))

Proof. First, as z; < xg
E(D?r?axlfoSA) < E(Z D?plmiSA)

As adding shortcuts can only decrease the diameter of a component, D; is bounded by the diameter of
the tree encoded by €;, which is itself bounded by 2supjg 4, €i- As a consequence,

E(Dif’axlm<,4) < QQPIE(ZE sup &(s)%|z;)1 xl<A)

s€[0,z;]
QZPE(ZJCP]E< sup e(s )2”6 i E\:Cl) ; <A>
s€[0,1]
where e is a standard Brownian excursion on [0, 1] independent of x; and E = fo s)ds. Finally,

B (Dlftuca) <B( sup (o) )B )
s€[0,1

8.4 Second moment of general statistics

Now that we have precise asymptotics on the first moments, we want to know more about the second
moments to get concentrations results. Our main tool here is Theorem [7.1.1]

Lemma 8.4.1. Let A > 0, let ap =Y. aPully,<a. Then for anyp>2,r>0

7 K2 (2

Var( )
lim lim su

720.
450 1520 B(o )2

Proof. We use Janson and Spencer’s formula (7.2) with f(M, N) = |[M;[7u(M)1jarj<a D ey N *u(Nj)1 x| < a-
We have } . f(Xi, X) = (o T) and

E((074)%) = E(0320) + B( 3 afui Lo <aB(op (¢ = i), i)

where oﬁr(t — x;) is, conditionally on (x;,u;), independent from (x,u) and is sampled according to the
law at time ¢t — x;. As a consequence,

Var(o;',) = E(ofy 5,) + E( D aluiLa, <alElop, (t = 2)lws,us) — E(o71,)])
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Now we are going to approximate each term from the right-hand side of this equation using Lemma [8.31]
starting with E(Uﬁ,ar), E(Jﬁr(t — ;)| u;) and E(O’ﬁ,r,L for A > 0 small enough,

Var( ) < B2TE(O-;;)+T)+
+E( S et salBlogh ot = i)les) ~ B, )]

+ (A (melw Oiher ot = 2)s) + Elof, o))

Moreover as some of these quantities are non-decreasing in A,
Var(al‘i ) < BQT]E(pr_H)
A
+ ]E Z z,; x1<A Up+r/2(t - x1)|xl) - E(O'p+7./2)])

+ o (A Zwluz Lo, < A[E(Opir /2 (t — 24)|25) + E(0pir)2)])-
Moreover,
E( > abuf Lo <alBloper ot — w)le) ~E(oyl, 2)l) =E( > i Ta < aB(op ot - z)les)) — o B0, )
= E( Z 2Puily, < AB(0ppr 2t — Iz)|$z)) - E(O'{:r)E(Uerrm) + E(Uﬁr)(E(Uerrm) - ]E(U;+r/2))
- (z 0} oA Bt ot = ) |es) = E(0pir2)]) + Bl (Blogr/2) — Bl 2))

EQY afuile,<alBopsr/a(t = 2i)|2:) = E(0pr/2)]) + BrB(0g 1 /0) (B(0prs2) — E(op, 12)).

Finally, notice that when two components merge, their contributions to o,, /o cannot decrease, hence
E(opir/2(t — xi)|7i) < E(0pyr/2). We get:

Var(oy,) <BaB(oghs,) + BE(op, o) Bloyirs2) = B0k, /2)) + 200 (A)E(of o) (szullw <a)

<ByrE(04y1,) + BrE(07 o) B(0p1rs2) — E(07,/0)) + 260 (A) BE(a}) )
Then, again by Lemma for A > 0 small enough, there exists C,.,

Var(o}},) - Var(o}!,)
E(A )2 = "E(oA_ )2

p,r p+r/2
E(od E(o,,/5) — E(c?
< C,(Bar (AQ”*’“)Q 1 g, /2),4 pirsa) | 26,(4)B, ).
E(Up+r/2) IE(Up+r/2)
E(0prr/2)—E(05,/2) E(03psr) _
By Lemmal8.5.1jand Lemma|8.2.1 BloA ) — 0 ast goes to —oo. By Lemma(8.2.1 FoA o =
Tptr/2 Optr/2
O(|t|=3) so all in all,
I ar(og,) 26, (A)B
o Blog,)? =
As, from Lemma 1} ¢,-(A) vy 0, this concludes the proof. O

8.5 Proof of Theorem 8.2.2

8.5.1 Average distances
Proof of (8.1) in Theorem . Notice that for u, v and w € R, € € (0,1],

lu—1l<e Jv—1]<e |lw—1| <k,
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then
luvw — 1| < €(2% - 1).

As a consequence, for A > 0,

E(c4 E(cA .
(]7””’ —1| 2@ - 1) =p(| 2 Oor)  Bpirsa) _ 1|22 - 1))
E(E UP+T/2 E(o,) E(E")E(0 r ) Op+r/2

p+r/2
Op.r ]E(O’A)
<P(|= s — 1 2 6) + Pl — 1] > ¢)
E(o},) E(EE(0],, )
E(c4
_HEDQM —1] > )
Up+r/2
=P+ P+ P3

Notice that on the event {zg < A}, 0., = 0. As a consequence,

Op,r
P1:P(|E(O_i)4)_l|— )

< Pl
oA

<P(| (;’ ] — 1| > €) +P(xo > A)

)

2

— 1] >eand zg < A) + P(zg > A)

P
Var( ;;41«
~ eE(o ;,4 )

However, from [5], equation (78), P(zo > A) — 0, so
——00

)

+ ]P(xo > A)

Var(c,)
limsupP(| =22~ — 1| > €) < limsup ———222 8.5
mp (g7 1] 2 0) < imswp ek (8.5)
for all A > 0, which gives that lima_,o limsup,_, . P(|# — 1] > €) = 0. On the other hand,
]E(U;ir) E(ET)]E( p+7“/2)
by Lemma so lim,, o0 P> = 0 Finally,
E(c4
Py :qu ~1 >¢)
Up+r/2
E(c? ,,)
< ]P’(|M — 1] >eand zg < A) + P(xg > A)
Op+r/2
E(c4, )
< P(|—2D 1) > €) + P(ay > A)
Up+r/2
As
E O'A A . O.A
AT LTSS Y L I WY e LI P )
0p+r/2 E(0p+r/2) L+e E(Up+r/2) I—e
ol
< P(rta s — 112 ¢/2)
(O'p+r/2)
4Var(a§7r)
- ezE(U;D‘"TV
Again, we get
E(c4
lim lim P(|M —1|>€) =0.
A—0n—o0 Up+r/2
All in all,
o
P(|=——2"—— —1] > ¢(22 — 1)) —— 0.
(g~ 12« = 1) o
As a consequence, the first assertion of Theorem is true with K, = E(E"). O
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8.5.2 Concentration

We have

Lemma 8.5.1. Let A>0,p>2,t<0, o/t =, z7(t). We have

i
—t2s/2

E(Op) - E(U;)q) S /A Sp_5/26ﬁd8.

In particular,

1 E(%‘l)| - szo $P=5/20—5/2 g ”
_ =o(1).
E(o,) — f0+°° sP—5/2e—5/2s

Proof. According to Lemma [8:273]

B(oy) - Elo}) = | " oyt (ds)

A

= /oo P~ pt(ds)

A

Remark that, by integration by part, for any measure 7 on R,

/AOO sP~n(ds) = /AOO /Osp1 dun(ds)

= /2 132A10§u1/<p—1>g577(d3)d“
R

+

Lar-1<ylgsyr/e-nn(ds)du + /

Lap-13>41s>an(ds)du
R2

+

At
= [ o roepdu [T (A o))

As a consequence, as p'([s, +00)) < v!([s, +00)),

/Oo sP1pt(ds) < /oo sP1ut(ds).

V2r
This proves the first assertion of Lemma The second assertion comes from the change of variable

—t2s5/2

s—s/tin [}° sp"r’/zeﬁds. O

proof of (8.2) in Theorem . As a particular case of (8.5) where r = 0, we have for € > 0,

L op )
_7P 1| > - 0.
Jim msup (| — 1 2¢) =0
A
On the other hand, for A > 0, if \ﬁpp) -1 = |ﬁpg,)% — 1| > 3¢, we have that |ﬁp§) —1] > e€or
A
|]i((i‘;)) — 1| > e. Thanks to Lemma [8.5.1 IE(J;‘) ~ E(o,) so by taking the limit when n — +oo, then

A — 0, we get (8.2)). O
8.5.3 Largest mass
Proof of (8.3) in Theorem . We have, for r > 0,

Py > €) < Plo, > €Eloa)”)

E(UT)
~ €"E(oq)PT
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which goes to zero as t goes to —oo as long as p < QTT_?’, thanks to Lemma By taking any r > 0,
we have that
Vp < 2, 29 = op(E(02)P)

Moreover, as s ~p E(03), we have that

x
vp<1, =2 = op(ab)
g2

which proves (8.3]) in Theorem O

8.5.4 Maximum diameter
Proof of (8.4) in Theorem . We have, for p > 2, ¢ € (0,1),

]P)(Dmax > E(U2)q) S P(Dmax > E(Ug)q and ) S A) + ]P(xo > A)
< P(DmaxleSA > ]E(O’g)q) + ]P’(l‘o > A)

E(Dr?axleSA)

<
= E(oy)2

+ P(.’L’O > A)

so using Lemma [8.3.2
E(cA
P(Dmax > E(02)?) < O(IE ()

W) + ]P(l’() > A)

E(op)
}E(UQ)qu

< O( )+ P(zp > A)
Finally, using Lemma [8.2.1
P(Dimax > E(02)?) < O([t~2(179) + P(zy > A)
so by taking ﬁ <p,
P(Dax > E(02)7) —— 0

n— oo

which proves (8.4) in Theorem O
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Chapter 9

Noise sensitivity for critical
Erd6és—Rényi random graphs

9.1 Asymptotic Independence

Here we show how to get noise sensitivity results from mixing results like Corollary Recall from
Section the general context of noise sensitivity. Before giving actual noise sensitivity results we are
looking in what situations

E(f(G™)g(G")) — E(f(G")E(9(G™)) ——— 0.

n—-+oo
First we show that the couple (G™¢, G™) can be aproximated by a couple of multiplicative coalescents:

Theorem 9.1.1. Forn € N, let G" ~ G(n, L + —Lz) and G™€ be an e resampling of G™. Assume that

‘n n4/3
ni/3¢ — 5 +00. We have
n—-+oo

(G™,G™) % &(1,0,0,1) x &(1,0,0,1).

with respect to Taups.

Proof. Let f be bounded continuous for Ty ps. Thanks to Proposition 3.3 in 29|, for any s > 0, for n
large enough

E(f(G™)(G™) — E(f(G™))E(f(G™) < E(F(G™*""*) F(G™) — E(F(G™" " NE(F(G™)).

(reference) As a special case of Theorem 3.7 from [28§], (G”’S”_1/3,G”)n€N converges in distribution
towards (Perc(X(t),s), X (¢)) with respect to Tggp. Thanks to Lemma this can be extended to
d
a convergence with respect to Tgrps, because G™¢ ~ G™ and G" % &1(1,0,0,1) with respect to
n—-+oo

Terps thanks to Theorem 4.1 of [3]. As a consequence, for all s € Ry,
limsup E(f(G™)F(G")—E(F(G")E(F(G")) < E(f (Perc(X (1), 5)) f(X (1)) ~E(f (Pere(X(#), )))E(f (X (1))-
Thanks to Corollary this allows us to conclude that

lim sup E(f(G™) f(G")) — E(f(G™))E(f(G™)) = 0.

In order to prove the theorem in its full generality, we need to prove the same thing with f and g distinct.
Remark that

E((f(G™) + g(G™NF(G") +9(G"))) = E((F(G™) = g(G™)N(F(G") = 9(G™)))
= 2E(f(G™)g(G")) + 2E(g(G™) f(G™))
— 4E(F(G")g(G™))
because (G™*,G") @ (G™,G™*). We can then obtain the convergence of E(f(G™¢)g(G™)) as a conse-

quence of the convergence of E((f(G™€)+ g(G™))(f(G™) + g(G™))) and E((f(G™*¢) — g(G™*))(f(G™) —
g(G™))), for which the first part of the proof apply. O
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Notice that Theorem [9.1.1]is optimal because if there exists s € R such that n'/3e —+—+ s, according
n—-+oo

to Theorem 3.7 from [28], (G™¢, G™) converges in distribution toward (Perc(X (t),s), X (¢)). Notice also
that Theorem is an improvement of Theorem 2 in 23|, where the condition is that ¢ > n~1/3+9,
Moreover, while the core ideas are similar, the method is completely different, because our proof relies
heavily on properties of the limiting multiplicative coalescent, which should make it more robust.

9.2 Some random graphs background

In order to retrieve noise sensitivity results for specific properties from Theorem we first need to
show that an event that would be candidate to be noise sensitive, can be read on the largest components
alone. Recall that when we talk about the ordering of the components of a graph G, the order is respective
to the number of vertices in the components, and if this criteria is not sufficient, we can break ties by
looking at which component has the smallest label. Before introducing our result, consider the following
definition: we say that a graph G possesses a bicycle if there exists an injective path (v1,...,v;) in G
such that there is an edge between vy and one of the (vs, ..., vx), and there is an edge between vy and one
of the (v1,...,vk_2). Remark that if there is a component of surplus at least 2 in G, there is a bicycle.

Lemma 9.2.1. Let A be a graph property such that

{A 1s stable under addition of edges between two existing vertices (9.1)

A is stable under deletion of vertices.

Moreover suppose that either A implies that the graph possesses a component with a bicycle, either A
implies that there is a cycle of length greater than an'/? for some fized o > 0. Let G™ ~ G(n,p) and
(CF)jen be its associated ordered sequence of components. Suppose that pn =1+ O(n=Y3). Then

lim lim sup P( |_| CleA)=0.

K—oo
n—oo J>K+

This lemma is the consequence of the three following lemmas:

Lemma 9.2.2. Let A be a graph property such that (9.1) is true. Let n € N, p € [0,1], G™ ~ G(n,p)

and (CI");en the ordered sequence of component of G™. Then

VK €N, m €N, P(Uizx1C € Aand Y |CF| >m) <P(G"™ € A).
1<i<K

Proof. For V a discrete set, let G(V') be the set of graphs on a subset of V. For G € G(V), let V(G) C V
be the set of vertices of G, C(G) = (C;(G))1<i<k the ordered sequence of connected components of G
and for each i € [k], |C;(G)| = |V(Ci(G))|. We have that:

n

IP’( || cpedand Y |cm>m): 3 3 Y P@E=Gua).

J>K+1 1<i<K i=m+1 GeG([n]) G'eG([n]\V(G))
#comp(G)=K C1(G")<Ck(G)
|C1(G)]+...+|Ck (G)|=1 G'eA
(9.2)
Moreover,

P(G" =GUG) =P(G" = )P(G"" = G')(1 — p)l»D
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SO

n

]P’( I_l C}LEAand Z |C{L\>m): Z Z p(Gi:G)(l_p)i(n—i)

j>K+1 1<i<K i=m-+1 GeG([n])
#comp(G)=K
[CL(G) |+ +|Ck (G)|=i

X > P(G" = @)
G'eG([n\V(G))
G'eA

> Y, BEE=G)0-p?

i=m+1  GeG([n))
#comp(G)=K
[C1l+...+|Ck =i

x P({G" ™" € A} N {C1(G"™") < C(G)}).
By FKG’s inequality, as A is stable when adding edges,
IP({GTH' € AAN{CL(G" Y < CK(G)}) <P(G" ' € A)P(CL(G™Y) < Ck(Q)).
Moreover, as A is stable under the deletion of vertices and 7 > m,

P(G"~i € A) < P(G™™ € A).

Finally,
( |_| C} € A and Z |CT > m) <P(G"™ Z Z P(G' = G)(1 — p)—)
j>K+1 1<i<K i=m+1 GeG([n])

#comp(G)=
|C1|+...+\CK|:i

]P(Cl (Gn—z) < CK(G))
=P(G"" e AP( Y [CP>m)
1<i<K
P(G"™™ € A).
O
This lemma tells us that, provided that the largest components are large enough, the probability that
the property A is true for the smallest components can be controlled by the probability of the same event

in a smaller graph, which is by consequence more subcritical. For this reason, we need a tool that gives
that for graphs subcritical enough, having a bicycle or having a large cycle are highly improbable.

Lemma 9.2.3. Let B,, be the number of bicycles of G™ ~ G(n,p). Suppose that pn < 1. Then:

2p
HB) = Gy

Proof. The number of distinct paths (v1,...,v) of length k in the complete graph is n!/(n — k)! < nk.
On each of these paths, we can join the first vertex vy to k — 2 vertices which are (vs,...,vg). The
last vertex vy can be joined to at most any of the k — 2 vertices (v1,...,vx—2), with v; being possibly
unavailable. All in all, the number of bicycles of size k in a graphs of size n is at most n*(k — 2)2. As a
consequence,

E(B,) < Y E(Xj)

4<k<n

< Z nk(k72)2pk+1

4<k<n

<np32k —1)( pn -2
4<k

<np32k —1)( pn -2
2<k
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As pn < 1,

2
E(B,) < n’p?———
( )_np(lfpn)s
2p
P L —
~ (1 —pn)?

O

Lemma 9.2.4. Let m,n € N, p € (0,1]. Let L™ be the number of distinct cycles of size greater than m
in G™ ~ G(n,p) with pn < 1. Then

m 1
) < id = Gy

Proof. For k < n, let [¥ be the number of distinct cycles of size m in G". The number of distinct ordered

cycles of length k in the complete graph is Qk("!

k
S < 5. As a consequence, for m > 1,

E(Ly)= > E)

mi+ j

We can now provide a proof of Lemma

Proof of Lemma[9.2-1} Since there exists X' such that pn < 14 Nn=3 for A > X, if m = [Mn?/3], we
have
pn—m) <1+ N = Nn~Y3 <1,

Moreover,

P( || cped)<P( || Credand Y [CPl>m)+P( Y |CF<m)

j>K+1 j>K+1 1<i<K 1<i<K
<SPG e A)+P( Y [Cr] < m).
1<i<K

As either A implies that there exists a bicycle, either A implies that there exists a cycle of size greater
than an'/3 for a > 0,
1/3

P(G"™ € A) < E(By_p) VELEM)
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with B,_,, and L%’jf’ from Lemma and lemma From those lemmas, either

_ 2p
PG"MeA) < ——————
( VS T =)y
2p
<
T (-1 4+ N =X)n"1/3))3
2pn
(A= N)3
«__ 2
—(A=N)3
either
P(G" e A) < 1
= In(1 = (p(n —m))an*’?)
1
< —.
T In(1 — (14 (N — A\)n—1/3))ant/?)
Moreover,

3

In((1+ (N — A= 3))2n ) = anl/31n(1 + (X — \n=1/3)
~a(N =)

1/8

so for some H > 0, (1+ (X — A)n~1/3))on"? < ca(N=NH  Ag a consequence,

1
P(G""™ e A) < .
G €4) < In(1 — e~ =A)H)

From this, we can conclude, considering that for any fixed A > 0,

limsup lim P( Z |ICP] < D\n2/3-|) =0

n— oo
K—o00 1<i<K

from Theorem [2:2.8] and then taking the successive limits in n, K and A — +o0.

9.3 Some noise sensitive events

Theorem says that with a noise of level large with respect to n'/3, G™¢ and G™ become asymp-
totically independent. This is a pretty satisfying result as such, but we will go further and give some

examples of such events.

Let K be the set of finite connected multigraphs such that either K € K has minimal degree at least
3, either it is a single vertex with a loop. Recall from [3] Section 6.2 the definition of the core core(G)
and the kernel ker(G) of a real graph G. Let E(ker(G)) be the multiset of edges of ker(G). Recall that
core(() can be reconstructed from ker(G) given a family of length (Ig(€))eeE(ker(c))- Lemma 6.7 of [28]

implies the following;:

Lemma 9.3.1 (Lemma 6.7 of |28|). Let G be a real graph. For every real graph G’ with the same surplus

as G, for all € > 0, there exists n > 0 such that

depp(G,G') <n= 3¢ : ker(G) — ker(G') an ismorphism s.t. Ve € E(ker(G)), |la(e) — g (¢(e))] <.

This lemma is an important tool while proving the following theorem:
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Theorem 9.3.2. For K € K, a = (ac)cecpk) € RE(K), consider the following set:
SKk.a= {X is a real graph : 36 > a s.t. (K,d) < Xj}

where (K,6) < G denotes the fact that the metric space defined by equipping K with the edge length § is
isometrically embeddable in G. Let

SKa= {X is a collection of real graph :3j <k s.t. X; € SK@}

Moreover, suppose that if K is a single vertex v with a loop e, a. > 0. Then G" € S, 1s noise sensitive
for a noise level € such that en'/3 — +o00. In particular, the event that G possesses a cycle of size larger

than o > 0 is noise sensitive for a noise level € such that en'/? — +oc.

Remark that Theorem [9.3.2]is a generalisation of Theorem 1.3. where the authors obtained, with vastly
different methods, the noise sensitivity with the same level € for the property of having a cycle of size in
(an!/3, Bn'/3). In our case, we removed the upper bound n'/3 for the sake of simplicity.

Proof. We do the proof for K with minimal degree at least 3, the proof for the single loop is different
but follows the same layout. For k € N, let

Sf(’a = {X is a collection of real graph :3j <k s.t. X; € SK,G}.

First we show that Sk, is closed under Tgrps. Let X™ be a sequence of real graphs of Sk, that
converges toward X for dgyp plus surplus. As the convergence with respect to the surplus is discrete,
we can suppose that for all n, X™ has the same surplus. Then from Lemma[9.3.1] we get that for n large
enough,

¢y, : ker(X) — ker(X™) an isomorphism

and
Ve € B(ker(X), [Lx(e) — Ix»(éu(e))] —— 0.

On the other hand, as for all n € N, X" is in Sk, and K has minimal degree at least 3, there exists a
multigraph homomorphism v, : K — ker(X™) such that

Ve € E(K), |60 — Ixn(¢¥n(e))] — 0.
As a consequence, for n large enough, there exists a graph homomorphism ¢ ' o1, : K — ker(X).

Morover, because K and ker(X) are both finite, the number of such homomorphism is finite so, at least
along a subsequence, we can suppose that such that ¢, ! o1, = h does not depend on n. Lastly,

Ve € E(K)7 |(5? — lX(h(@))| T> 0

so in particular, for any e € E(K), Ix(h(e)) > a(e) so X € Sk . The same ideas show that if X" —— X

n— oo

and for all n € N, X" ¢ Sk 4, there exists e € E(K), § > a and a homomorphism h : K — X such that
dn(e) = ae. As a consequence,

OSK.a C U {X is a real graph and Je’ € ker(X) s.t. Ix(e¢') = a(e)}.
e€cE(K)

From [2], Theorem 4, we get that conditionally on the kernel, the length of the edges used to construct
the core of X ~ £(1,0,0,1) are distributed according to a continuous law so {X € 9S%} has probability
0. As a consequence, thanks to Theorem [9.1.] and the Portmanteau lemma,

P(G™€ and G™ € S§) — P(G™* € Sk )P(G™ € S)
— o P(XandY e Sty —P(X € SK)P(Y € S&) =0

where X @ Y ~ £(1,0,0,1) and X and Y are independent. Finally, notice that Sk is stable when adding

edges between two existing vertices and 'Sk is stable when deleting vertices. As a consequence, because
K has minimal degree at least 3, per Lemma [9.2.1]

lim limsupP(G™ € Sk \ S%) = 0.

k—+00 n—oo
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Moreover,
lim P(X € Sk \ S&) =0,
k—+4o00
which allows to conclude on the convergence part of the noise sensitivity. Finally P(X € Sk) € (0,1)
again from [2], Theorem 4. O

Notice that the proof of Theorem could be used, via the Kuratowski characterization of planar
graphs to deduce the noise sensitivity of planarity. However more general results of this type can be easily
and directly deduced. In the following theorem, a closed surface will designate a connected compact
topological space such that every point admits a neighbourhood homeomorph to R2, see [25].

Theorem 9.3.3. Let S be a closed surface. The fact that each component of G™ ~ G(n,p) can be
embedded in S is noise sensitive for a noise level € such that en'/3 — +o0.

Proof. Let P = {X € My : 3j € Ns.t. X; is NOT embeddable in S} for S a surface. Remark that P is

stable when adding edges between existing vertices, 'P is stable when deleting vertices, and P implies that
there is a component with surplus at least 2, because unicyclic components are embeddable in all surfaces.
As a consequence of Lemmal9.2.1) 7P can be read on the largest components of G, i.e., if for k € N, PF =

{X e M) : 3j < k s.t. X; is NOT embeddable in S} then limy_,0 limsup,_, , .  P(G" € P\ P¥) = 0.
Suppose that (X™),cn is a sequence of P* such that X™ —— X for Taypg. As for n big enough, the
n—oo

kernel of X7 is isomorphic to the kernel of X;, thanks to Lemma so we get that X € P*. Moreover,

if (X™),en is a sequence of 'P*| for the same reason, X € 'P*. As a consequence, Py is closed and open
so P(G™ € P¥) — P(X € P*). Combined with the fact that limy_, lim SUP,, s 400 P(G™ € P\ P¥) =0,
n—

this allows to conclude, thanks to Theorem and the Portmanteau lemma, that
P(G™ and G™ € P) —P(G™* € P)P(G™ € P)
—+>[P’(X andY e P)—-P(X e P)P(Y e P)=0
n—-+0oo

with X and Y independent. Finally, we have that P(X € P) € (0,1) because from [2|, Theorem 4, every
3-regular graph have a positive probability of being a subgraph of the kernel so, P(X € P) > 0 and there
is a positive probability that all components have surplus at most 1, in which case X is embeddable in
all surfaces. O
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Chapter 10

Toward a characterization of all
coalescence processes of compact
measured metric spaces

This chapter is devoted to expose ideas and partial results to complete our program. It does not have
the same level of rigor than the previous chapters

10.1 What we have, what we want

To understand what we acomplished in this work, we need to restate brievely what would be the ultimate
underlying goals, which are not yet fulfilled:

(i) For all (a,\,¢,v) €Z, X ~ E(a, A\, ¢,7), for t > 0 we can define (Perc(X(t), s))ser+. Moreover,

(Perc(X (1), s), X (1)) 2 (Coal(X (t — 5), 5), X (t))

where the coalescence Coal(., s) is independent of the coalescence used to obtained X (¢) from X (¢t —
s).
(ii) For all (a, A\, ¢,y) € Z, X ~ E(a, A, ¢,7),

Vit € R, (Perc(X (t),s), X (t)) G Ela, A, e,y) x E(a, Ay e, 7).

s—+oo

(iii) If X is an eternal extreme multiplicative coalescent in MY, that is moreover with full support almost
surely, then there exists (a, A, ¢,7v) € Z such that X ~ E(a, A, ¢, 7).

For now (fif) and are proven to be true for the specific parameters (o, A, 0,7) € Z. In fact, (i) comes
from [28] and (i) comes from Corollary [8.2.3]

Extending () for all parameters could be obtained via Theorem the Feller property Theo-
rem and a duality property as in |28]. There should not be any major obstacle.

Then, extending to the specific pure jump parameters (0, A,¢,v) € Z* could be done by using
Theorem In that case, we would need an asymptotic result on (X (¢))icr ~ £(0, A, ¢,7) as t goes
to —oo. Luckily, our Theorem admits all parameters so a similar analysis as the one of chapter
could be done. At this point the missing link would be a precise knowledge of the scaling of the metric
structure of a component of X(t) conditionally on its size. Note that it is less straightforward than for
the homogeneous case as the metric structure of a component of a X (¢) depends both on its size and on
its inhomogeneity.

Remark that the specificity of the parameters (0, A, ¢,y) € Z* doesn’t really play a role apart from
the fact that Theorem only works for parameters (0, A, ¢,vy) € Z* and (o, \,0,v) € Z°. This result
itself inherits this limitation from the fact that it is nothing else than the only two existing results in the
literature, viewed trough the lenses of the Chapter [3] Chapter [ and Chapter [} However, if

=3 ),
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we conjecture the following theorem:

Conjecture 1. Let X = (X")pen be a sequence of MN, and ¢ = (qn)nen such that (x,q) satisfies the
Aldous-Limic conditions with parameters (a, A\, ¢) € Z. Recall from Deﬁnition the definition of x,
p1 and D. Assume that there exists v > 0 such that:

[
2

0y n—oo
P2
— —— 0,
0'2 n—oo

pl n—o0

Then we have that

o3

p1+ 02

with respect to the Gromov-weak product topology.

SCoaly (X, q) % Eola, A, e,7)

Remark that po < Dpaxp1 with Dyay being the max of the diameters, so % —— 0 is verified in
2 n— 00

particular in the case of the maximum of diameters hypothesis of [9] and [10].

Then we could once again pursue, verbatim, the analysis of Chapter [3] Chapter [f] and Chapter [5] and
obtain:

Conjecture 2. Let (X (t))ier be an eternal metric multiplicative coalescent. Let t € R. Suppose that
there exists (Sp)neN, Sn — +00 such that (X (t — sp), Sn) satisfies in probability the Aldous and Limic
n—

conditions Hypothesis|1| with parameters (o, A, ¢,v) € Z, and

1
n__,,
05 n—oo
P2

2
05 n—oo

,01 n—oo

Then for any f and g measurable for the Gromov-Hausdorff-Prokhorov plus surplus product topology,
E(/(Coal(X (t — 5),5))g(X (1)) —— E(f(X (1)) E(g(X(1)))

where X ~ E(a, A, ¢,7v). In particular the couple (Coal(X (t—s), s), X (t)) converges in distribution towards
gt(aa )\7 C, FY) X gt(a7 >\7 ¢, ’Y)

One of the consequences of this would of course be new noise sensitivity results, but starting from
an inhomogeneous random graph gCoal(z,.) for z € K For this purpose, one would have to examine
discrete random graph considerations similar to Section but for possibly strongly inhomogeneous
random graphs.

In Section [I0.2] we provide a possible lead toward a proof of Conjecture [I]

Lastly, equipped with Conjecture |2| one might be tempted to prove directly . However, one would
then need to obtain —oo asymptotic for any generic extreme eternal multiplicative coalescent, preventing
one from using the powerful Theorem Thus we need a completely new way of approaching these
asymptotic. Nevertheless, our work provides some hints about how one could carry such a program. First,
remark that all asymptotics only concerned by masses are covered in Aldous and Limic’s work [6]. Just for
the sake of the investigation, let’s have a look at Janson and Spencer’s formula from Theorem [7.1.1]applied
with f(X;, X) = 23u;p1. Remark that pf = > [(X;,X). Let ¢(A,¢) = E(p1) when X ~ & (a, A, ¢, 7).
We have that:

E(p%) = E(Zx?uf) + E(Zw?uj¢()\ —xj —02(Xj), ¢\ c(Xj)).
J J
It gives that:

Var(pr) = E( Y aitu?) + B( 2 aduy(0(h - w5 - 62(X,). ¢\ e(X,)) — (0, )
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This formula is at the heart of the reasoning of Chapter [8] In this chapter we use that, if the masses are
small enough, shortcuts in components should be ignored, which makes the difference

(A — 25 = 02(X;), ¢\ (X)) — oA, ¢)

itself small. Let us focus on this specific heuristic for a moment. Suppose that shortcuts can effectively be
ignored, to the extent that we can coalesce only the points that are not already on the same components.
What happens to average distances when merging two distinct components ? Let’s suppose that we have
two components of size 1 and xzo, with average distances u; and wus, and we identify two points, one
from each components at random. Then the expectation of the resulting average distance is uj o =

2 2 )
(Ifj:;;)Q + (ifj:;z)g + (ac1+2w2)2 (UI% + ugi—;) As a consequence, (21 + x2)?u11o > x3u; + r3u2. What
this small computation implies very informally is that E(4,x c,4)(p1) is increasing in A (the details of this

are made precise in Lemma [10.4.4)). In particular, ¢(A — z; — d2(X;), ¢\ e(X;)) — ¢(A,¢) < 0 so

Var(p?) < E(Z xfuf)
J

Note that we are still in an imaginary context where one can "ignore" shorcuts and where Janson and
Spencer’s Formula from Theorem applies. But then, as it is expected that E( j x?u?) is of order
of magnitude smaller than E(p;), 1t seems that the problem of the concentration of p; become easier.
In Section [10.4] we show how to make the "ignore shorcuts" part of this heuristic rigorous by giving a
coupling between an eternal multiplicative coalescent and a process that effectively ignores shorcuts and
we give leads to exploit this coupling in the spirit of the martingale methods used by Aldous and Limic
in [6].

10.2 Toward a generalized universality theorem

10.3 Completion of the discrete process

One of the main features of the encoding from Broutin, Duquesne and Wang is that it allows them to
counter one major downsize of other descriptions: after one node is visited, it will not be visited again,
which greatly infringes on any potentially Markovian property of these processes. To counter that effect,
they define a completed version of Z, B and H where a vertex can be visited more than once.

Definition 10.3.1 (Completed process). Let x € I2_, let (Ti)xen be a collection of exponential random
variables such that o1
E(re) = —

02
and let (Jg)ken be a family of independent random variables on [n] such that

Vk €N, P(Jiy = i) = —.

01

We define the completed algebraic load of the server at time t:
o t g
Z(t)=—— E ek
( ) oy + — 7 T <t>

the load of the server at the same time B and the height process associated

) 1ifme <t,infi, nZ > Z(1;))
a(t) = {0 else ™ '

VH(t) = oa6u(t).
k

In order to retrieve Z from Z , we simply ignore a node that has already appeared, as well as all his
descendants. Surprisingly, this operation can be taken to the limit [14].

The work of Broutin, Duquesne and Wang, as it deals transparently with the parameters («, A, c)
of the coalescence should be a good basis to show a theorem that would improve Theorem and
Theorem [2.5.12)

In order to do this, let us introduce a new form of coalescence:
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Definition 10.3.2 (Thin coalescence). Let X = (X,d,pu) € MY, let P be a Poisson point process on
X2 % [0,+00) and for all t >0, let

Ji,j €Ny i#j st (u,v) € X; x Xj and PNX; x X; x [0,¢) =0 }
Is <t, (u,v,8) €P .

SP, = {(u,v) € X?: {

and
P={ueX:weX, (uv) or(v,u) € P}.
We denote
Thin(X,t) = Glue(Py, d7 ).
Notice that there is an injective map from Thin(X,t) to SCoal(X,t) that preserves the distances.

This will be useful in order to decouple two different issues:

710
[X;]°
Thin(X, t) should depend essentially on the property of this measure, namely its expectation and
its variance.

(i) As each ending point is distributed on a component X, according to the convergence of

(ii) The difference between SCoal(X, ¢) and Thin(X,t) depends on how this measure fills the component.

We conjecture that in regard to the metric hypothesis, we could obtain the convergence of Thin(.,.)
for Gromov-Hausdorff-Prokhorov, and then the convergence of SCoal(.,.) for the Gromov-weak topology,
with only assumptions about average quantities such as p; or po. If we want to strengthen the convergence
of SCoal(.,.) into a convergence for the Gromov-Hausdorff-Prokorov topology, we would then add the
Lower-mass-bound property of SCoal(., .).

To better understand Thin(.,.), we introduce:

Definition 10.3.3 (Modified (and completed) height process). Let X € M. Recall from Defini-
tion the definition of the completed height process H. Fort >0, k € N, let Ij(t) be the number of
child of the vertex visited at time 7y already visited until t. Let Jy be the label of the component visited
at time 1i,. We define (Uy)gen and (Vii); gen where for k € N, Uy, ~ ‘;—‘;’;l is an entry point on the com-

ponent Xy, and fori € N, ka ~ ‘;‘;’“‘ is an exit point from the component X j, toward its i-th children.
k

Note that, conditionally on Ji,, Uy and for alli € N, (V}i) are independent. Let Di = d(Uy, Vy) and

Dy(t) = D{*0.
We finally define _
H(t) = Dy(t)an(t),
k

which will be our main object of interest. It represent the total distance through the multiple components
traversed from the root of the underlying tree to the vertex visited at time t.

For X € MY, we define, for i € N

v; = xi_z/ di(w,v)? s (du) i (dv)
Xi ><X7j

and
_ Z 2
P2 = Z;V;.
i

Then as a first step toward a proof of Conjecture [2] we have:

Lemma 10.3.4 (Tightness of the modified height process). Let X = (X™),en be a sequence ofMN and
q = (qn)nen be a real sequence. Suppose that

Recall from Definition the definition of H and H. Suppose that H is tight for the Skorokhod
topology. Then H is tight for the Skorokhod topology. In particular, under the Aldous-Limic conditions
if 5 = O(1), H is tight for the Skorokhod topology.

Let us briefly state what would be needed to obtain a theorem for SCoal(X,¢) or Thin(X,¢) from
this lemma.
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(i) A result of point wise convergence: for u € R, H(u) — H(u) 5o

(ii) Adapting the way how Broutin, Duquesne and Wang manage to forget the vertex that reappears in
the completed process.

(iii) Adding to the height process the pinch points that restore their complexity to the components.

We are confident that none of these steps should constitute a major obstacle. They require however some
fine understanding of the law of a vertex, conditioned to be on a branch of a given length from the root.
The following quantity will be useful in the rest of this section:

_ Chnes D (DY)

02

Ey

where N denotes the total number of children of the vertex visited at time 7.

Lemma 10.3.5. Let s,t € R, s <t, then there exists r € [s,t) such that

() - H(s)| < VE () — H )+ H(s) — 7).

In particular,

H<+\E H
o = VIS

w(8) < 2V/Eyy Jwt (9)

where w% is the cadlag modulus of H on the interval [0,1].

and for all 6 > 0,

Proof. Let r € [s,t) be such that H(r) = inf[, ) H. In words, it is a time where the closest common
ancestor of the vertices visited at time s and ¢ is visited. Of course, we have that for k € N, if a5 (r) =1,
then both &y (s) =1 and &y () = 1. Moreover, for k € N, Dy (r) = Dy (s) = Dy (t). As a consequence,

) = () = 30 Dale)inte) — 32 Do)
= 30 Dule)in(s) o)
Then by using the Cauchy-Schwarz inequality with the vectors (/&3 (éx(£) — &x(r)))ken and Dy(s)//@3,
[H(s) — H () < \/Ekj Dils)2/r ﬁkj o2l (s) — o (r))2.
Note that >, (Dy(s))?/o2 < E; < E; so

| (s) — H(r)] < JET\/Z oG (s) — i (r))?.
k

For the same reason

[H(t) — H(r)| < \/E\/Z o2 (d(t) — én(r))?.
k

As a consequence,

|H(t) — H(s)| < |H(t) = H(r)| + [H(s) = H(r)

< \/E(\/z oo (G (t) — ar(r))? + \/Z aa(u(s) — dk(r)))2.
k

k

Again because of the common ancestry, the quantity ¢ (¢) — &y (r) can only be 0 or 1 so
(G (t) — (7)) = G (t) — e (r).
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As a consequence,

H () — H(s)| < VE(H(E) — H(r) + () -

which proves the first inequality. By taking s = 0 in this inequality, automatically » = 0 and we get that
for t € Ry, H(t) < vE;\/H(t). As E is non-decreasing, we get that

ri%a?H <\ E; ma?H
t

Finally, let T > 0 a, b be such that [a,b] C [0, 7],

sup | H (1) <2¢E¢ sup |H(t) — H(s)|

s,t€(a,b] s,t€la, b]
so if
wr(0) = inf max sup  |f(t) — f(9)]
O=t1 <...<tp, =T, 2SSk g seft; 1 ti)
keN

ming<i<y [t; —ti—1| >0

is the cadlag modulus of f on [0,T],

wi(6) < 2¢/Ery/wy(9))

Of course Lemma [10.3.5] can only be useful if we have the mean to control E:

Lemma 10.3.6. Lett € R,
- x2v;
E(Et) = t; 0’%

Proof. We have that for any k € N,

Nk /iD= s
As a consequence, as » ;% (Dj)? is independent from 7y,
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10.4 Coupling with an eternal spanning forest

One strong hindsight from the proof of Theorem [8.2.2] is that the components that have positive com-
plexity, which means they are not trees, despite being infinite in number at every time, do not contribute
to the relevant asymptotic at the entrance boundary. In fact, in the proof of Theorem [8:2.2] those com-
ponents are unfolded and become trees, and we show that this unfolding does not have any impact on
the asymptotic. This fact is related to the fact that this infinite number of components with positive
complexity, have a finite total mass, which is way smaller than the total infinite mass of all the space.
This suggests that any unfolding of complex components into trees might do the trick. Here we present
an unfolding that is easier to handle in regard to the evolution of the coalescence. Our goal is to be able
to apply martingale methods to the unfolded process to obtain the entrance boundary asymptotics. Note
that this unfolding is very similar to the one in [3|, but used in a very different context, whereas here we
want an unfolded process very similar to the original process in —oo, the authors of |3| show that the
unfolded process poses a limit in +oo that is very different, and it is the basis of their investigation of
the scaling limit of the minimal spanning tree of the complete graph.

Definition 10.4.1 (Tree coalescence). Let X = (X,d,u) € MY, let P be a Poisson point process of
intensity sp? x Lebg, on X2 x [0,+00) and for allt >0, let

TP, = {(u,v) € X%:3r <t, (u,v,7) € P and ¥r' < r, d5°(u,v) = +oc}.

For all t > 0, we define the semi metric dI°% on X as:

k
Yu,v € X, dT9°%(u,v) = inf { Zd(ui,vi) tup =u, v =0, Vi <k —1, (v;,u11) € TPt}.
i=1
We define
TCoal(X,t) = Glue(X,dT ).

This tree coalescence is such that, when fed with a sequence of real trees (X;),en, TCoal(X, q) stays
a sequence of real trees. If T = (T'(t))ser is a Markov process in MY such that for all s,¢ € R,

(TCoal(T(t), s), T(t)) L (T(t + ), T(t)),

we say that it is an eternal spanning forest. Remark that (7(¢))ier is not necessarily a forest.

We can now present our unfolding, which is nothing more than the obvious coupling with the tree
coalescence, but started from —oo.

Recall that there is a natural coupling between Coal(.,.) and TCoal(.,.) in which we simply forget
gluing points of the coalescence that increase the surplus when performing TCoal(.,.).

Theorem 10.4.2. Let X be an extreme eternal metric multiplicative coalescent in M. There exists T,
an eternal spanning forest such that for all t € R,
(d)
Coal(T(t — s),8) — X (1)

s——+00

Jor Taups-
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Proof. For all t € R and s > 0, let T%(t) = TCoal(X(t — s),s). Remark that, thanks to Lemma [4.2.7]
the components of T(t) and X (t) are the same pointwise. Let (V;(t));en be the sets of points of these
components. For j € N, ¢t € R, and any time interval I C (—o0, t], let S;(I) be the number of extra points
added on V;(t) by the coalescence during I that are not added by the tree-coalescence. Remark that if I
and J are such that I'NJ =, S{(IUJ) = S}(I) + S(J). Now consider the following fact:

(i) For all s,t € R, s > 0, if dps(yy # dx() on V;(t), by definition of TCoal(,.), this means that
SH((t = s,t]) > 0.

From this we can generalise a bit:

(ii) For all r,s,t € R, r > 5 > 0, if dpr—s(y—s) = dpo—s) = dx—s) on V;(t), because they start from
the same space, this shows that dps ) = dpryy on Vj(t). As a consequence, if dps@) # dpr(y), this
implies that dgr—s_s) # dx(—s) on V;, and thus by (i), this means that S§((t —r,t — s]) > 0.

From (ii) we get that for ¢t € R, j € N,
Vs >0, Ir > s such that dps) # dpry) on Vj(2),

implies that S]t-((—oo, t]) = +o0. However, S;f((s, t]) corresponds to the surplus of the j-th component of
gCoal(z(t — s),s). As X is extreme, thanks to Theorem [2.2.10} for all (s,)nen such that s, —— oo

n—oo
((#(sn))nen, (Sn)nen) satisfies the Aldous-Limic conditions Hypothesis[I|almost surely. As a consequence,

from Theorem the surplus of the j-th component of gCoal(x(t — s,,), $,) is tight. In particular, for
all € > 0, there exists K > 0 such that

B((SH(~oe.t]) = +00)) < lim_P((S}((t— s0.) > K)) <
s0 P({S}((—o0,t]) = +00}) = 0. As a consequence, with probability one there exists s; such that
Vr > Sj, dps; t) = dTr(t) on Vj.

Let T(t) = (V;(t), dr= (1)) jen-
By construction, we have that T'(¢t) = TCoal(T'(t — s), s). Moreover, we have that for any j € N,

dr(—s;) = drot—s;) = dx(1—s;) O0 Vj.
O

Finally, let us show how one might use this coupling. One argument at the heart of Theorem [2.2.10
is an Lo convergence theorem for (reversed) martingales:

Lemma 10.4.3 (Lemma 25 of [6]). Let (Y (t)):<o be a process adapted to ( (t))i<o. Fort < 0, let
A(t) be a cadlag adapted process such that for all s <t <0 M(t) =Y (t) —Y(s) — ft du is a local
martingale. Let B(t) be a cadlag adapted process such that for all s <t <0 M?(t) — f B(u
is a local martingale. Suppose that:
0
/ |A(t)|dt < oo

0
/ |B(t)|dt < oo.

Then limy_, o Y (t) exists and is finite a.s.

and

However, contrary to the case of masses, dealing with metric statistics makes martingales methods
harder. In fact while expectation of the average distance of the merging of two distinct components is
easy to understand, the consequence of coalescing two points inside the same component are far less
predictable. This is where TCoal(.,.) simplifies things so much: there is no such event. In order to
illustrate this, we give the following lemma where we compute the compensator of p1, in a particular case
of tree-coalescence.
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Lemma 10.4.4. Let T € M such that T has a finite number of components and for all t > 0, T(t) =
TCoal(T,t). For all j € N*, let x; = (2;(t))ter = (|T;())ter, uj = (u;(t))ier such that

u;j(t) = xj(t)*Q /7—‘(15)2 d;(u,v)uj(du)uj(dv).

Fort € R, let F; be the sigma algebra generated by (T(s))seo,q- Let

= > (Ou(t)
S0

and

= >l ou;(t

then p(t fo (s) — v(s))ds is a martingale, in other words, (2(o2(t)p1(t) — v(t)))i>0 is the
compensator of p1

Proof. Let f be a function from M} to R. For X € MN, let

Z |G ][ X [E(f (X)) — f(X))

#J
where X*7 is the space where we have coalesced two independents points U and V, with U ~ Tx(l) and
Ve~ "‘)’( |), and the expectation is taken relatively to U and V. In the same spirit than of Section 4 of [5],
it is not hard to prove that

F(T(t) — / Ly(T(s))ds

is a martingale. Let f(X) =3, fX <X, d(u, v)pj(du)pj(dv). Then

FXTI) — £(X) :2/}( . (di(u, U) + ds(V,v)) i (du) paj (dv)

SO
BUOC) 0 =2 [ )+ i S
= g (O [ty 1R [ o g (a)).

As a consequence,

0 =2 1P [ i wldos(d)

i£j X xX;
=200 1XP D 2ty = > atu)
i j i
with of course u; = | X;|72 [y di(u,w')pi(du)p;(du’). This proves the lemma because

Li(T(1)) = 2(o2(t)pr (t) — v(1))-
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Appendix A

Lower mass bound and randomness

Here is the proof of a result that is very natural and regularly used in the literature but that we are not
sure it is rigorously proven in this particular setting.

Proof of Lemma[2:3.7, We only prove (i)=-(ii), since this is the non trivial part, and the one we shall use.
Recall from Theorem the definition of the Gromov-Prokhorov distance dgp. Remark that dggp is

equivalent to dgyp given by

denp(X,Y) = inf

e { o {ux<¢;1<F>> < py (651 (F)) + €, VF closed }
(¢x,9v,2Z)

dx(X) C oy (V) and ¢y (V) C ¢x(X)

Suppose that
(d)

X" — X
n— oo
with respect to dgp. For § > 0, € > 0, let
Ese={Y e M:ms(Y) > €}
Let F be closed under dggp. For all § > 0, ¢ > 0,
P(X" € F) =P(X" € FNEs,) + P(X" € FNEj,)

so for n large enough,

limsupP(X" € F) <limsupP(X"™ € F N Es.) + limsup P(X" ¢ Ej5)

n— oo n— o0 n— o0
< limsupP(X € FA Bz ") + limsupP(X" ¢ Ey..)
n— oo n—o0

————GP . . ——F—G
where F'N Ejs . P is the closure of F'N E5 . under Gromov-weak. Let us show that if Y € F'N Ejs P,

it is at distance at most 20 for dggp, of an element of F' or ms(Y) > €. First, there exists (Y™),en in
F N Es, such that Y™ 4eP .y For n large enough,
n—oo

dep(Y™,Y)<dANe
and as Y™ € Es., ms(Y™) > e. Let (¢pyn, ¢y, Z) be such that ¢py» : Y™ — Z and ¢y : Y — Z are

—~—

isometric embeddings that realize the infimum in dgyp(Y™,Y). Suppose that Jé\;}/p(Y", Y) > 4. This
means that either ¢y (Y) ¢ ¢y (Y™)?°, either ¢y« (Y™) ¢ ¢y (Y)?. Suppose that ¢y (Y") ¢ ¢y (V).

There exists u € ¢y~ (Y™) such that B(u,d) N ¢y (Y) = 0, but as dgp(Y™,Y) < § A ¢, this implies
that iy« (¢yr (B(u,d))) < e which contradicts the fact that mgs(Y™) > e. With the same reasoning if
by (Y) & ¢pyn(Y™)?, ms(Y) > e. Thus, either

deup(Y",Y) <25 or ms(Y) > e.
All in all,

limsupP(X" € F) <PEY € F : dgup(X,Y) < 20) +limsupP(X" ¢ Es.) + P(ms(X) > ).

n—oQ n—oo
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We suppose that for 6 > 0 fixed, limsup,,_,. . P(X™ € Es.) - 0, which is the lower mass bound
€E—
property in probability. Also, P(ms(X) > €) — 1 since X is a.s. compact with full support. Then
e—

limsupP(X" € F) <P(IY € F : dap(X,Y) < 0).

n—oo

Finally, P(3Y € F: c?c_;\];/p(X, Y) <9) vy P(X € F) since F is closed under dgpp. O
—

120



Appendix B

Feller property for metric coalescence

Proof of Theorem[2.5.5 The main difference between Theorem and Theorem 4.1 in [28] is the
topology. To fulfil the hypothesis of Theorem 4.1, the convergence

(d)

n—-+oo

X" X°°,

should be in regard to LZ j; p, which is defined in [28]. Thanks to Proposition 4.6 in [28], the convergence
for L2 p is a consequence of the convergence for T2, p. Then, the proof of Theorem 3.1 shows the
convergence

d
(Coal(X™,£:))iep) ——r (Coal( X, t:) ey

with respect to the L% toplogy, which is L% p with dgmp replaced by dgp defined in Theorem m
This convergence implies the convergence for the Gromov-weak product topology under the condition

Vte Ry, P(3i,j €N, i # jst. |Coal(X >, t);| = |Coal(X*,t),]) = 0.
We can now use the lower-mass bound property

Vt € Ry, V6 > 0, limsup P(m%(X"(t)) <€) — 0

e—0
to strengthen this convergence in convergence in a convergence for T p. This gives that for t € Ry,
Coal(X*,t) is a.s. in MY and for any family (to,...,t;) € RET!,

d
(Coal(X™,1:)) ey —— (Coal(X™, t:) ey

for T2 p- O

We show why Theorem implies the existence of £(a, A, ¢,7), an eternal multiplicative coalescent
with marginals (& (a, A, ¢,7)), for (o, A, ¢,v) € T x R,

Let z = (2™)nen, ¢ = (qn)nen such that (z, q) satisfies the Aldous-Limic conditions Hypothesiswith
parameters (a, A, ¢,v) € Z x Ry. We want to apply Theorem with, for n € N; X™ = SCoal(z, ¢, ),

which is such that

X" L 50(&7 >‘a & ’Y)
n—oo

according to Theorem [2.4.9] The main point to verify in order to apply Theorem and redo the
discussion following Theorem [2.2.5] since

Vte Ry, P(3i,5 € N, i # j s.t. |Coal(X >, t);| = |Coal(X°,t);]) =0
is clearly satisfied, is to show that for k € N,

Vt € R, V6 > 0, lim lim sup P(m% (X" (t)) < €) = 0.
€E—>

n—oo

Here, X"(t) = Coal(SCoal(z", ¢, ), t). Remark that, even if Coal(SCoal(z", ¢,),t) # SCoal(z™, ¢, + 1),

mE(X" (1)) > mb(SCoal(a”, g, +1))
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because with the obvious coupling, the fact that we use the complete coalescence between ¢, and ¢, +t
can only decrease the distances, and thus augment the mass of small balls. As a consequence, for € > 0,

lim sup P(m% (X" (t)) < €) < limsup P(m%(SCoal(z™, g, +1)) < ¢).

n— oo n—oo

It is then easy to see that (z,q + t) verifies the Aldous-Limic conditions Hypothesis |1 so thanks to

Theorem m
mk(SCoal(z", gy + 1)) — 2 mk (X (1))

n—oo

where X (t) ~ & (a, A, ¢,7), so

lim lim sup P(m} (X" (t)) < €) < lim lim sup P(m% (SCoal(z", ¢, +t)) < €) = 0.

=0 pnsco =0 nooo
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List of notation and terminology

(Aj)jen The sequence of {i: ¢ € (I, rj]}, for j € N oo
(5?))]-61\; The sequence of ZieAJ o, for e N
(c(j))jeN The sequence such that cl(j) =c¢; if i € Aj, 0 otherwise, for je N..................o. L
D For X € MY, D = (D;);en is the sequence of diameters of the components (X;)ijen...........
T2 p The topology associated With dZ g p. ... .vvveei oo
[n] The discrete set {0, 1, ... 7 oottt
Coal(X, q) Metric (complete) coalescence of X, during a time ¢ ..........cocoviiiiiiiiiiiiiian...
Glue(X,d) Gluing of X along a semi-metric d...........o.ouiuinin i
H Height process of the client-server construction ..............c.ouiiiiiriiiinieienneann..
Perc(X, q) Dynamical percolation on X, during a time q .............ooiiiiiiiiiiiiiiiiniienin...
SCoal(X, q) Simple coalescence of X, during a time q ...........ooveiuiiiiniiiiiiiiii i
SCoal, (X, q) Simple coalescence of X, during a time ¢, with edge length a..........................
SCoalg (X, q) Coalescence of X, restricted to the vertex set V', conditioned to be connected
TCoal(X,q) Tree coalescence of X, during a time q...........ooviiiiiiiii i,
Thin(X, g) Thin coalescence of X, during a time q...... ..o,
M Space of complete, separable, with finite measure, full support, metric spaces ................
A Algebraic load of the server. ... ... ... . . e
zZ Algebraic load of the cONtinUOUS PrOCESS . ..« v vttt
H Height process of the continuous ProCess. . ........oouii i
B Load of the continuous PrOCESS . . ... .ottt et e
comp(X) Set of components of the (semi-metric) space X ...
H Height process of the completed process .......... ..o 111
H Modified height process of the completed process, where the increments are affected by the dis-
tances on the COMPONENTS. . .. ... e e et e e 1111
Z Completed algebraic load of the server....... ... .. i 111
B Completed load of the Server ...... ... 111
core(X) Core of the real graph X ... ..o .o
E(z,q) Set of edges of C0al(T, @) ... .enin
gCoal(z, q) Inhomogeneous random graph, or graph of Aldous’ multiplicative coalescent started from z,
performed during a time G . ..... ...t e B3]
ar(t) Isequal to one if the client served at time ¢ is a descendant of the client served at time 7 for the
COMPLELEA PTOCESS . .« o ettt e e
a;(t) Is equal to one if the client served at time ¢ is a descendant of 4..............................
mh(X) The 6-lower mass of the I largest components of X € MY, infems(Xi)....oooooooooioi.,
ms(X) The d-lower mass of X € M, inf{u({v:d(u,v) <}):ue X},
B Load Of the SEIVET .. ...ttt e e e [43]
mCoal(z,q) Masses of Aldous’ coalescent started from z, performed during a time g.................
M (a, A, ¢) Distribution of the mass of extreme eternal Aldous’s multiplicative coalescent at time ¢t . .[3§
z Set of admissible parameters for the Aldous-Limic condition Hypothesis[I].................... 36]
z° Subset of Z that generate purely homogeneous spaces..............coooiiiiiiiiiiiii.. [36]
I* Subset of Z that generate purely inhomogeneous SPACES . .. .....vvutintiiiiiiiiiiinann. E
Pr For X € My, pr = 32, [y, x, diu, )" pi(du)pi(dv) oo 48
F Set of the polynomials, used in the definition of the Gromov-weak topology .................. 7]
K Space of non-increasing and non-negative sequence = such that x; = 0 for ¢ large enough .. ... 36
sl Space of sequence of K ..................................................................... 39
slo Space of sequence of 12\ ..................................................................... 361
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_ P
opr  For x,y two sequences of Ry, 0 (T,Y) = D ianTiYi <o vvrrrmmn i

or For @ € 18, 07 () = D am @y vt
Ei(ay A, ¢,y) Distribution of limiting continuous multiplicative coalescent for the parameters («, A, ¢, 7),
1 T 1 2 44
S(,q) 12—10rm of MCOAL(T, Q) « ...ttt ettt e
£y Surplus of the j-th component. ... ... 42
scl(a, B) Scaling operator, the distance is multiplied by « and the measure by S.....................
degp Gromov-Hausdorfl-Prokhorov distance. ................oo i 40|
U For X € Mg, u = (u;)ien 18 the sequence of average distances of the components (X;);en- .. ..
M Space of compact measured MEtTIC SPACES. ..t vttt ettt ettt ettt e
lT\ Space of non-increasing and non-negative sequences x such that > o7 <oo..................
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On étudie les limites d’échelles de graphes aléatoires construits par coalescence, dont les représentants
les plus classiques sont les graphes aléatoires d’Erdés—Rényi. Il a été montré que ces graphes, sous
certaines hypothéses de criticités, convergent en limite d’échelle vers les membres d’une famille de lois
limites. De plus, cette convergence se renforce en la convergence de tout le processus de coalescence. Les
limites consistent en des processus de coalescence éternels sur des collections infinies d’espaces métriques
mesurés compacts continus, tous ces processus ayant le méme noyau de transition, qu’on appelle le
coalescent multiplicatif métrique. La loi d’un processus éternel ayant ce noyau est appelée une loi d’entrée.
Dans cette thése, on cherche & caractériser le coalescent multiplicatif métrique en termes de lois d’entrées
extrémales. Pour ce faire on exprime une loi d’entrée comme la coalescence d’une condition initiale loin
dans le passé. On cherche donc & comprendre d’une part le comportement d’une loi d’entrée loin dans
le passé, et les conditions sous lesquelles la coalescence d’une suite de conditions initiales de plus en
plus lointaines converge vers une loi limite connue. Dans ce cadre, on a réussi & montrer que lorsque le
graphe considéré est suffisamment homogéne, cette convergence a lieu, ce qui montre que les coalescents
homogénes sont extrémaux. Pour obtenir ceci, on calcule la loi du graphe limite conditionnellement a la
présence d'une composante donnée, ce qui est un résultat intéressant en soi. En outre, la convergence
dans le cas homogéne posséde des applications a la théorie de la sensibilité au bruit.

Pour établir ces démonstrations, on développe divers outils d’apparence relativement technique, mais
qui permettent de manipuler plus aisément la loi limite : on montre que la convergence en limite d’échelle
s’accompagne de la convergence de familles de réels indexées par les sommets, on montre qu’on peut
approximer le graphe limite par la coalescence d’un nombre finis d’espaces métriques, et on montre que
pour un coalescent éternel, la borne de masse inférieure est nécessairement vérifiée en probabilité, ce qui
permet de transformer des convergences pour la topologie Gromov-faible en convergence pour la topologie
Gromov-Hausdorff-Prokhorov.

Enfin, on présente une série de résultats partiels dont le but serait & terme la caractérisation compléte
de la frontiére d’entrée du coalescent multiplicatif métrique.

We study the scaling limits of random graphs constructed by coalescence, the most classical of which
are the Erdés—Rényirandom graphs. It has been shown that these graphs, under certain criticality as-
sumptions, converge in the scaling limit towards the members of a family of limit distributions. Moreover,
this convergence can be strengthened to the convergence of the whole coalescence process. The limit pro-
cess consists in an eternal coalescence of an infinite collection of continuous compact measured metric
spaces, all these processes admitting the same transition kernel which we call the metric multiplicative
coalescent. The distribution of an eternal stochastic process with this kernel is called an entrance law. In
this thesis, we try to characterize this family of distributions in terms of extreme entrance laws. To do
this we see a limit distribution as the coalescence from an initial condition far in the past. We therefore
seek to understand on one hand the behavior of an entrance law far in the past and on the other hand
the conditions under which the coalescence of an increasingly far in the past sequence of initial conditions
converges to a known limit distribution. In this context, we showed that when the random graph consid-
ered is sufficiently homogeneous, this convergence takes place, which shows that homogeneous coalescents
are extreme. To obtain this, we compute the distribution of the limiting random graph conditionally on
the presence of a given component, which is an interesting result in itself. In addition, convergence in
the homogeneous case has applications to noise sensitivity theory.

To establish these demonstrations, we develop various technical tools which allow to handle the
limit distribution more easily: we show that the scaling limit convergence happens jointly with the
convergence of families of real numbers indexed by the vertices. We show that we can approximate the
limiting random graph by the coalescence of a finite number of measured metric spaces, and we show
that for an eternal coalescent, the lower mass bound is necessarily satisfied in probability, which allows
to transform convergences for the Gromov-weak topology into convergences for the Gromov-Hausdorff-
Prokhorov topology.

Finally, we present some partial results whose ultimate goal would be the complete characterization
of the family of entrance laws of the metric multiplicative coalescent.
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