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k p(0) p(k)

k p(k) = (D�1A)kp(0) jth

p(k) k� vj

G G0

A⇥ G⇥ G G0

G(V, E) G0(V 0, E 0)

G⇥

V⇥ = {(v, v0) 2 V ⇥ V 0 |v 2 V, v0 2 V 0}

E⇥ = {((u, u0), (v, v0)) 2 V⇥ ⇥ V⇥ |(u, v) 2 E , (u0, v0) 2 E 0}

G⇥ G G0 G⇥

G G0 A A0

G G0 G⇥ A⇥ = A⌦A0 (⌦)

G G0 G⇥ p 2 N

p� G G0

Kp
⇥(G,G0) =

|V⇥|
X

i,j=1

h p
X

l=0

�l(D
�1
⇥ A⇥)

l
i

ij



⌦

G

=

G0 G⊗G0

G G0

G G0

V⇥ G⇥ D⇥ = D ⌦ D0

�0,�1,�2, ...,�p (D�1
⇥ A⇥)0 = I

p 1 random walk kernel (K1
⇥ (G,G0))

�l

�l

Kp
⇥ p ! 1

KGeo(G,G0) =

|V⇥|
X

i,j=1

h 1X

l=0

�l(D�1
⇥ A⇥)

l
i

ij
=

|V⇥|
X

i,j=1

⇥
(I� �Ã⇥)

�1
⇤

ij

I Ã⇥ = D�1
⇥ A⇥

G⇥

(I��Ã⇥)x = 0 x (�Ã⇥)l x = x, 8 l 2 N (�Ã⇥)l

0 l ! 1 (I � �Ã⇥) x

(I��Ã⇥)(I+�Ã⇥+�2Ã2
⇥+...)

1P

l=0

�lÃl
⇥ = (I��Ã⇥)�1

(I+�Ã⇥+(�Ã⇥)2+ ...+(�Ã⇥)1) Ã⇥ µ̃⇥,Max



1 \ � KGeo

� < 1 \ µ̃⇥,Max

G(V, E) GH(VH , EH)

G GH v G ΩH : VH ! V

(v, w) 2 EH (ΩH(v),ΩH(w)) 2 E

GH Ω = {ΩH |GH v G}

GH G

|Ω| #{ΩH |GH v G}

p 2 {3, 4, 5}

Gp = {Gi(Vi, Ei)|i = 1, 2, ...,M} p G

N p� G fG

M Gi

G #{Ωi|Gi v G} fG p� G

G G0 N,N 0 � p

Kg

Kg(G,G0) = hfG, f 0
G0i = fT

Gf 0
G0 .

Kg p�

p 3, 4, 5�

N (Np ) p�

S = {1, 2, ..., a} X := {Xj}
m
j=1

Xj ⌘ (Xj ⇠ ⌘)



⌘ m

⌘̃m(i) =
1

m

mX

j=1

�(Xj = i),

i 2 S

⌘ S = {1, 2, ..., a} X := {Xj}
m
j=1

(Xj ⇠ ⌘) ⇠ > 0 ⌧ > 0

m =
2(log 2· a+ log ( 1

⌧
))

⇠2

P{k ⌘ � ⌘̃m k1� ⇠}  ⌧.

S

p� ⌘ m

⌘̃m ⌘ ⇠ 1�⌧

G dmax

G p 2 {3, 4, 5}

O(N (dmax)
p�1)
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(A⇥)

G(V, E , `) 2 G `(vi) vi r 2 V G

r h = 0

{t1, t2, ..., tn} G {r1, r2, ..., rn| ri 6= rj 8 i, j 2 {1, 2, ..., n}}

r (r, r1), (r, r2), ..., (r, rn) 2 E

r G r ri

G(V, E , `), G0(V 0, E 0, `0) 2 G Kr,s,h

h r 2 V (G) s 2 V (G0) Kr,s,h

Kr,s,h(r, s) =

8

>><

>>:

�(`(r), `(s)), h = 1

�r�s �(`(r), `(s))
P

R2M(r,s)

Q

(v,v0)2R Kr,s,h�1(v, v
0), h > 1,

M(r, s) =
n

R ✓ N (r)⇥N (s)|(8(u, u0), (v, v0) 2 R : u = v , u0 = v0) \ (8(u, u0) 2 R : `(u) = `(u0))
o

,

�r,�s

h

G(V, E , `) G0(V 0, E 0, `)

Kh
Tree(G,G0) =

X

r2V

X

s2V 0

Kr,s,h(r, s),

M(r, s)

r s R M(r, s) N (r)



N (s)

Kr,s,h M(r, s)

r G s G0

G

G

G G0

g : V (G) ! V (G0) v u G g(v) g(u)

G0

G G0

f

({`i(v)|v 2 V } 6= {`i(v
0)|v0 2 V 0})

G G0



· i = 0 Mi(v) = `0(v)

· i > 0 Mi(v) v G G0

{`i�1(u)|u 2 N (v)}

· Mi(v) si(v)

· `i�1(v) si(v) si(v)

· si(v) v G G0

· si(v) f : Σ⇤ ! Σ

f(si(v)) = f(si(w)) si(v) = si(w) Σ : Σ
⇤ ⌘ N

· `i(v) = f(si(v)) G G0

G G0

G G0

G G0



G G0

G G0

`i(v) V

G {Gi|i = 1, 2, ..., h}

`i G

⇡

⇡((V, E , `i)) = (V, E , `i+1)

i

G = (V, E , `0) Gi = (V, E , `i) G

h

{G0, G1, ..., Gh} = {(V, E , `0), (V, E , `1), ..., (V, E , `h)},

G0 = G G1 = ⇡(G0) `0 = ` G1

K

h K

K
(h)
WL(G,G0) = K(G0, G

0
0) +K(G1, G

0
1) + · · ·+K(Gh, G

0
h),

h {G0, ..., Gh} {G0
0, ..., G

0
h}

G G0

K



K
(h)
WL

K
(h)
WL

KEdge

KEdge = hΦEdge(G),ΦEdge(G
0)i,

ΦEdge(G)

(`(vi), `(vj))/(vi, vj) 2 E E G (`(vi), `(vj)) (`
0

(v0i), `
0

(v0j))

(vi, vj) (v0i, v
0
j) G G0

KEdge

X

(vi,vj)2E

X

(v0

i
,v0

j
)2E0

�(`(vi), `
0

(v0i)) �(`(vj), `
0

(v0j)).

W KEdge

X

(vi,vj)2E

X

(v0

i
,v0

j
)2E0

�(`(vi), `
0

(v0i)) �(`(vj), `
0

(v0j)) KW(W(vi, vj),W(v0i, v
0
j)),

KW

K
(h)
WLedge(G,G0) = KEdge(G0, G

0
0) +KEdge(G1, G

0
1) + · · ·+KEdge(Gh, G

0
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(TV ) (EL)

TV EL

C�SVM

(TV )

f

f [a, b] ⇢ R

[a, b]

f x 7! f(x) x 2 [a, b]



TV

TV�

`1�

TV�

f

TV (f) =

+1Z

�1

| f 0(t) | dt

f 0 f M f

{tp : p = 1, ...,M} f 0(tp) = 0

TV (f) =
M�1X

p=1

| f(tp+1)� f(tp) |

TV f(t) = exp(�t2)

f(t) = sin(⇡t)/(⇡t)

(TV (f) = 2) (TV (f) = +1)

tp 2 [p, p + 1] | f(tp+1) � f(tp) |⇠| p |�1



h

TV (f) = lim
h!0

+1Z

�1

| f(t)� f(t� h) |

| h |
dt.

f (TV (f) < +1)

f 0 f

f̂ 0(!) = i!f̂(!)

f

| ! || f̂(!) |6

+1Z

�1

| f 0(t) | dt = TV (f).

| f̂(!) |6
TV (f)

| ! |
.

| f̂(!) |= O(| TV (f) || ! |�1) f

f(t) = sin(⇡t)/(⇡t)

f̂ = 1[�⇡,⇡] [�⇡,⇡] | f̂(!) |6 ⇡ | ! |�1

k f kV = +1

f | f̂(!) |

fM [n]

f 1/M TV

h = 1/M

TV (fM ) =
X

n

| fM [n]� fM [n� 1] | .

TV (fM )

fM =

[fM (0), fM (1), ..., fM (M � 1)] 2 R
M fM

TV (fM ) =k rfM k1,



k · k1 `1� r

r =

0

B
B
B
B
B
B
B
@

�1 1

�1 1

�1 1

1

C
C
C
C
C
C
C
A

,

(M � 1) ⇥ M M

r

f(x1, x2)

TV (f) =

+1Z

�1

+1Z

�1

|
�!rf(x1, x2) | dx1dx2,

�!r(·)

|
�!rf(x1, x2) |=

⇣�
�
�
@f(x1, x2)

@x1

�
�
�

2

+
�
�
�
@f(x1, x2)

@x2

�
�
�

2⌘1/2

.

TV

| ∆hf(x1, x2) |=
⇣�
�
�
f(x1, x2)� f(x1 � h, x2)

h

�
�
�

2

+
�
�
�
f(x1, x2)� f(x1, x2 � h)

h

�
�
�

2⌘1/2

,

h | ∆hf(x1, x2) | |
�!rf(x1, x2) |

TV (f) 6 lim
h!0

+1Z

�1

+1Z

�1

| ∆hf(x1, x2) | dx1dx2 6
p
2 TV (f).



f(x1, x2)

fN [n1, n2]

f(x1, x2) N

N

TV (fN ) =
1

N

X

n1

X

n2

⇣�
�
�fN [n1, n2]� fN [n1 � 1, n2]

�
�
�

2

+
�
�
�fN [n1, n2]� fN [n1, n2 � 1]

�
�
�

2⌘1/2

.

TV�

G(V,A, f) fn

vn (vm 2 Nn) f̃n

f̃n =
X

m2Nn

An,m fm,



f̃ = [f̃0, ..., f̃N�1]
T = Af ,

N Nn vn A

f f̃

f

G(V,A, f)

TVG(f) =k f �Af k1,

A G Af = f̃ f k · k1

`1�

f N

fn = fn modN

TV (f) =

N�1X

n=0

| fn � fn�1 modN |

(vN�1, v0) (fN = f0)

N ⇥ N







TV�

TV�

TV�

TV�

TV�

TV�

TV�

x̂ =
x

nZ

Ω

(y(t)� x(t))2dt+ �TV (x)
o

TV (x) x

Ω

y(n)

w(n) y(n) = x(n) + w(n) N

y(n) x(n)

x̂ =
x

n1

2

N�1X

n=0

| y(n)� x(n) |2 dt+ �

N�1X

n=1

| x(n)� x(n� 1) |
o

.

� x(n)

y(n) �

x(n)

N� x rx k rx k1

TV�

x̂ =
x

n1

2
k y � x k22 +� k rx k1

o

.





�

TV�

A A

m� vm

m� �m

A

G(V,A, f) � A

v = v0,v1, ...,vR � 1 �



ir =

8

>><

>>:

0, r = 0

1, 1  r  R,

vr A

A

Avr = �vr + irvr�1.

G(V,A, f) f

vr

f vr G

TVG(vr) =k vr �Anormvr k1

=
�
�
�

�
�
�vr �

1

| �max |
Avr

�
�
�

�
�
�
1

Anorm A

(A/ | �max |)

vr

TVG(vr) =
�
�
�

�
�
�vr �

�

| �max |
vr �

ir
| �max |

vr�1

�
�
�

�
�
�
1
.

vr A r = 0 v = vr = v0 i0 = 0

v

TVG(v) =
�
�
�1� �

| �max |

�
�
� k v k1 .

A �

v (k v k1= 1)



TVG(v) =
�
�
�1� �

| �max |

�
�
� 1 +

�
�
�

�

| �max |

�
�
� 2.

2

0

G

�m,�n 2 R A vm vn

�m < �n

TVG(vm) > TVG(vn),

�0 > �1 > · · · > �M�1 �0

�M �1

�m,�n 2 C A vm vn

TVG(vm) < TVG(vn),

�m | �max | �n

| �max |

�

| �max | �/ | �max |







x(t)

| X(f) |2 X(f) x(t) | X(f) |2

Ex Ex

x(t)

Ex = hx(t), x?(t)i =
+1Z

�1

| x(t) |2 dt =

+1Z

�1

| X(f) |2 df,

x(t)

X(f)

Ex x(t)

Ex

x(t)

| x(t) |2 X(f) | X(f) |2

Ex x(t)

x(t)

| x(t) |2



ΨC

x(t)

ΨC [x(t)] =

 

dx(t)

dt

!2

� x(t)

 

d2x(t)

dt2

!

= ẋ2(t)� x(t) ẍ(t),

ẋ(t) ẍ(t) x(t) t

ΨC

x(t)

ΨC [x(t)] x(t)

ΨC [x(t)] =

2

6
4

ẋ(t) x(t)

ẍ(t) ẋ(t)

3

7
5 .

HΨ = EΨ



H

Ψ E

(E,Ψ)

⇡

H = ↵I + �A A

↵ �

H A H / (A)

0, 1, 2 ⇡ 2p ⇡

E > 0 ⇡ (E < 0) ⇡

⇡

( p d)

�

⇡ �

s p

p π

σ

E HΨ = EΨ

H = ↵I + �A (Trace(A) = 0)

⇡

EA(G) =
nX

i=1

| µi |,



n µi ⇡ Ei ith

A G

EA(G) G ⇡ E⇡ = ↵ne + �EA(G) ↵ �

ne ⇡ E⇡

E⇡

�

EA(G) ⇡

G m n

nX

i=1

µi = 0,

nX

i=1

µi
2 = 2m,

nX

i=1

�i = 2m,

nX

i=1

�i
2 = 2m+

X

vi2V

(d(vi))
2,

µ1 > µ2 > · · · > µn (A) �1 > �2 > · · · > �n

(L) d(vi) vi

k (k > 1) �n�i = 0 i 2 {0, 1, ..., k � 1} �n�k > 0

EA

• EA(G) > 0 m = 0

• G G1 G2 EA(G) = EA(G1) + EA(G2)

• G G1 EA(G) = EA(G1)

EA

(L) EA

EA

EL(G) =

nX

i=1

�
�
�
�
�
�i �

2m

n

�
�
�
�
�
,

�i G 2m/n

2m L 2m/n

L

�i = �i � 2m
n i 2 {1, 2, ..., n}



nX

i=1

�i = 0,
nX

i=1

�2i = 2M M = m+
1

2

nX

i=1

⇣

d(vi)�
2m

n

⌘2

.

L | L |= D + A

⌫1 > ⌫2 > · · · > ⌫n G

E|L|(G) =

nX

i=1

�
�
�
�
�
⌫i �

2m

n

�
�
�
�
�
.

DG DG
ij

vi vj vk

DG
kj j (1)

DG

EA

EDG =

nX

i=1

| ⌘i |,

⌘1 > ⌘2 > · · · > ⌘n DG

n ⇥ n Mn(C)

B 2 Mn(C) k B k?=
Pn

i=1 �i

�1 > �2 > · · · > �n > 0 B B 2 Mn(C)

Trace(B) ⇠1, . . . , ⇠n

⇣

B � Trace(B)
n In

⌘

�
�
�⇠1� Trace(B)
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�
�
�, . . . ,

�
�
�⇠n� Trace(B)

n

�
�
�

�
�
�

�
�
�B� Trace(B)

n
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�
�
�

�
�
�
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�
�
�
�
�
⇠i �

Trace(B)

n

�
�
�
�
�

B � Trace(B)
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B B

A G

EB =
nX

i=1

| ⇠i |=k A k?,



Trace(A) = 0 B L G 2m (tr(L) = 2m)

m
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�
�
�
�
�
⇠i �
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�
�
�
�
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�
�
�
�
�

�
�
�
�
�
L� Trace(L)

n
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�
�
�
�
�

�
�
�
�
�
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n⇥n Mn(C)

B

EA
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q

2m+ n(n� 1) | det(A) |2/n 6 EA 6
p
2mn,

n m A

n

m � ⇡

EA =
p
2mn

⇡

⇡ G

1

EA

2
p
m 6 EA 6 2m,

EA > 2
p
n� 1,



m n G EA = 2
p
m

G G

EA = 2m G 1

EA ⇡

G n m

n m 2m > n

EA 6
2m

n
+

r

(n� 1)
h

2m�
⇣2m

n

⌘2i

G n
2K2,Kn

q

(2m� ( 2mn )2)/(n� 1)

Kn n n
2K2

n
2 K2 2

⇡
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G n > 2

EA 6
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p
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p
2)p
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n = 2⌫ G 2
⇣

⌫, ⌫+
p
⌫

2 , ⌫+2
p
⌫

4

⌘

t

EA

n = 64, 256, 1024, 4096, ...

G n

EA 6
n

2
(1 +

p
n)

G (n, (n +
p
n)/2, (n +

2
p
n)/4, (n+ 2

p
n)/4)



k G n (n, k,�, µ)

� > 0

µ > 0 µ = 0

G G k r, s

x2 + (µ� �)x+ (µ� k) = 0

G n m

n 6 m 6 2n� 4

EA > 2

q

m+ 2
p

(m� n+ 2)(2n�m� 4),

G V1 V2

| V1 |= 2 | V2 |= n � 2 G V1 V2

V1 (m� n� 2) V2

EA EL

EL

EL 6
p
2Mn, M = m+

1

2

X

vi2V
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2m

n

!2

,

EL 6
2m

n
+

v
u
u
t(n� 1)

"

2M �
 

2m

n

!2#

,

2
p
M 6 EL 6 2M.

(n,m) G

G 0 ↵

k ↵(k�2) ↵ > 1, k > 2 k = 2 G
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(p > 1)

EL 6
2m

n
p+

v
u
u
t(n� p)

"
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2m

n

!2#

,

p = 1 G 0, 1 n � 1

p

[2m� (2m/n)2]/(n� 1) p = n G EL = 0 p

↵ k ↵(k� 2)
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(n,m) EL = 2
p
M G
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EL = 2M G

EA EL
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A
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G n Ḡ
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⇣
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ãij

ρ̃ = L̃

Trace(L̃)

S(ρ̃) = �Trace(ρ̃Log2 ρ̃)

Wkl = Wlk = exp(S(ρ0)� S(ρ̃[⇠]))

5 10 ekl 2 E

5 e56 = (v5, v6)

�

















(A) (L)

L = D�A

)

• ( )

•

•

•

A L A

L



A L

) ( , , )

( )

) A L

(L = D�A)

) (A) (L)

)

A L ↵

)

A L

)

)

VPV�



)

(DGA)

( ) (EL)

( ) ( )



(A) (L)

↵ > 0.5

A L

�

• ( , , )



•

↵

•

(EA)

(E|L|)

•

�
X

�=1

{

��1
Y

i=1

(1� ↵i)}↵� ∆�

� ↵i ∆i

• (A)

(L) L = D�A

A↵ = ↵D� (1� ↵)A.

↵ = 0.5 A 1

2

= 1
2L

•

A L | L |

L

| L |

• �



�

V ul(vi) =
X

vi⇠vj

⌘i,j

⌘i,j ei,j 2 E

V ul(vi) =
X

vi⇠vj

⌘i,j

n� 1
,

n� 1 vi {vj/vj 2 V vj 6= vi}

•





⇡







⇡









⇡














