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Introduction

Motivation and goal

Unidirectional continuous fibers reinforced polymer matrix com-posite materials are characterized by long stiff fibers (glass or carbonfibers for instance) embedded in a polymeric matrix (thermoplastic orthermoset). In general, the fibers are the principal load carrying con-stituent of the composite materials, while the polymeric matrix actsas a load transfer medium and keeps the fibers in place, maintainingtheir position and orientation (Mallick, 2008). The mechanical prop-erties of unidirectional composite materials are strongly direction de-pendent and their density is very low, making their strength-to-weightratio extremely high compared to metals for example (Mallick, 2008;Campbell, 2010). These characteristics make composite materials per-fectly suited for industrial application where the aim is to reduce theoverall structural weight, maintaining high performances. In particu-lar, since the material parameters are direction dependent (due to themicroscopic organization of the constituents), designing a compositestructure means that the fibers (which sustain most of the load) areoriented depending on the set of structural loads (Ghiasi et al., 2009,2010; Dai et al., 2017).Nowadays, composites materials are widely used in the most im-portant industrial sectors, such as aerospace (Jeff Sloan, 2021a), auto-motive (Jeff Sloan, 2021b) and in the renewable energies (Hannah Ma-son, 2021b).In the automotive sector (Macke et al., 2013), many structural com-ponents are made of composite materials. Tubes and plates, drive-shafts, springs and brake discs are just a few examples (more can befound in Macke et al. (2013)).Regarding the application of composites in the high performanceautomotive industry, the teams of the Formula 1, which is the pinna-cle of the racing motor-sports, make an intensive use of compositesin their cars (Ben Skuse, 2020). Indeed, 80% of a Formula 1 car’s vol-ume is made of carbon fibers reinforced polymeric matrix compositematerials.An interesting example in the automotive sector proposedbyWilliamsAdvanced Engineering (2021) is the carbon fibers reinforced compositebattery case for the FW-EVX electric vehicle. According to Williams Ad-vanced Engineering (2021), the chassis designed in this way turns outto be 40% lighter with respect to the classical electrical vehicle chassis.
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The Tucana project developed by Jaguar and Land Rover et al. (2021)aims to reduce the overall weight of the vehicle and to increase itsstiffness at the same time, replacing aluminium and steel alloys withcomposite materials in order to reduce fuel and energy consumption.
Composites have also become part of the commercial car market,even if they have still quite high end costs. The composite-intensivecars proposed by BMW are discussed in Ginger Gardiner (2016) andHannah Mason (2021a).
Themost common example of intense composite use in the renew-able energy sector are the wind turbine blades. The rotor blades canreach over 100m in length, therefore composite materials in this appli-cation are mandatory (Mishnaevsky et al., 2017). Composites are alsolargely used in energy storage tanks (Ginger Gardiner, 2021). Hydro-gen pressure vessels are especially used for space applications, butalso in the automotive sector for hydrogen cars. Currently, the Type-Vpressure vessels made entirely of composite material is a developingtechnology used for hydrogen storage (Grace Nehls, 2021).
Themost famous companies in the aerospace sector are Airbus andBoeing. The Airbus A350-XWB (Airbus, 2017) and the Boeing 787 (JustinHale, 2008) are two remarkable examples of composite-intensive com-mercial aircraft. In particular, more than 50% of the A350-XWB weightis made of composite materials. Also, it is worth to mention the Air-bus A400M (Jeff Sloan, 2012), a composite-intensivemilitary aircraft. Theparts and components of an aircraft where composites find their ap-plications are: the wings and the fuselage, but also galleys and interi-ors (Collins Aerospace, 2020a,b). Other composites applications in theaerospace industry can be found in Dutton et al. (2004).
Following the IEA-COP26 Net Zero Summit (IEA, 2021), the reductionof the environmental impact in general, and in particular of the carbon-dioxide (CO2) emissions for aircraft and vehicles, became a fundamen-tal goal that must be achieved. In this scenario, composite materialsplay a game-changing role, this is why they are so widely used acrossall industrial sectors. Indeed, as we mentioned earlier, replacing met-als alloys with composite materials (Campbell, 2010) leads to a lowerweight structures, and therefore a relevant reduction of fuel consump-tion. In this sense, the industrialization of composites would help sig-nificantly the transition towards zero emissions by 2050, as establishedat the Summit. In particular, in order to increase the production rateand to improve the quality and the repeatability of composite struc-tures, companies are moving towards automated manufacturing pro-cesses, like for instance: the thermoforming process, the automatedtape placement, and many others (Campbell, 2004).
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Automated manufacturing processes are very cost-effective, andthe costs can be reduced even more if the manufacturing processesare performed out-of-autoclave (Lukaszewicz et al., 2012). The auto-clave oven is used for the curing process of fibers reinforced thermosetmatrix composite structures. The curing process requires long cycletimes (of the order of hours) under controlled temperature and pres-sure conditions, compared to the few minutes associated to the out-of-autoclave processes which can be developed for thermoplastic ma-trix composite structures, and the size of the manufactured parts aredictated by the dimensions of the oven. Moreover, another not negligi-ble aspect in terms of environmental impact reduction is that thermo-plastic composites have the capability to be recycled in a simple fash-ion, compared with the recycling process of the thermoset compositeswhich is way more difficult.
Currently, automated manufacturing processes coupled with ther-moplastic matrix composite materials are used in several industrialsectors, like automotive and aerospace sectors (Friedrich and Almajid,2013; Björnsson et al., 2015). Advantages and drawbacks of automatedmanufacturing processes are well highlighted in Schledjewski (2009);Lukaszewicz et al. (2012); de Kruijk (2018); Martin et al. (2020).
The Centre technique des industries mécaniques (CETIM), the com-pany which is funding the present thesis work, develops in particulartwo manufacturing process: the Laser Assisted Tape Placement (LATP)and the Quilted Stratum Process (QSP). Both of these manufacturingprocesses are used in order to achieve an high production rate, andtheir building block are the unidirectional fibers reinforced thermo-plastic compositematerials. The QSPmanufacturing process, inventedbyCETIM, is similar to a thermoformingprocess (Campbell, 2004), wherethe machine uses thermoplastic composite materials patches includ-ing different fibers orientations, enabling to manufacture compositesparts in just a few minutes (Ginger Gardiner, 2017; Irisarri et al., 2019).In our discussion, we focus on the LATP manufacturing process, whichis an automated lay-up process with in-situ consolidation by means ofa laser heat source (Lamontia et al., 2003; Schlottermüller et al., 2003).CETIM, specifically, uses the LATP manufacturing process in order tomanufacture tubes and pressure vessels made of thermoplastic com-posite materials. The machine winds-up and consolidates around aturning mandrel, or applies over a mold, a unidirectional (UD) fibersreinforced thermoplastic matrix composite tape. Placing tapes side byside, the machine builds-up a composite layer of the structure. Manu-facturing and laying layer over layer, the LATP machine builds up thewhole structure. Many phenomena involved in the LATP manufactur-
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ing process contribute to generate a complex initial state in the man-ufactured structure. For example, during the consolidation process,severe temperature gradients within the structure are induced by thelaser, locally generating residual stresses and strains distributions.
One of the most important advantages of the LATP manufacturingprocess, and of the in-situ consolidation processes for thermoplasticmatrix composites in general, is that an out-of-autoclave consolidationprocess is achievable (Schledjewski, 2009), which is not generally pos-sible with the thermoset matrix composites manufacturing processes.For this reason, due to the great potential of the LATP, mastering themanufacturing process is paramount and still an open topic (Martinet al., 2020).
The LATP manufacturing process, due to its high velocity consoli-dation process (the placement process can reaches 10m/min and thecooling rates can exceed 1000◦C/s), induces locally high temperaturegradients, which contribute to generate a complex and non-negligibleinitial state within the manufactured composite structure (Barnes andByerly, 1994; Parlevliet et al., 2006; Baran et al., 2017; Schäkel et al., 2019;Hosseini et al., 2021). This needs to be taken into account in the designand sizing of the structures.
In this scenario, themain goal of the present thesiswork is to under-stand the principal physical mechanisms ruling the LATP manufactur-ing process, in order to develop and implement a model which is ableto predict the residual stresses and strains induced by the LATP withinthe composite structure. The developed model is implemented on thecommercial finite element software Abaqus and then transferred tothe CETIM for the prediction of the mechanical properties of the man-ufactured composite structure. The mechanical properties influencedby the initial state (residual stresses and strains induced by the LATP)of the manufactured structure are, for example, the static and fatigueresistance and the durability. Knowing the residual stresses distribu-tion, it is possible to understand the loads carried by the constituentsof the composite material (the fibers and the thermoplastic matrix),and therefore the hazard and the potential defects within the manu-factured structure. Due to the extreme complexity related to the LATP,and since the developed models need to be transferred to CETIM forindustrial applications, another key factor of this work was to use anapproach that would allow us to describe the physical phenomena in-volved in the LATP manufacturing process as simply as possible, in or-der to achieve a faster resolution.
A detailed descriptions of the thesis contents and structure is pre-sented in the next Section.
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Outline of the manuscript

The core of the present thesis work consists in five chapters.The first two chapters represent the state of the art of this work:they describe the principal physical phenomena involved in the LaserAssisted TapePlacementmanufacturing process of a thermoplasticma-trix composite structure, and how these phenomena build-up the ini-tial state in the manufactured structure. In particular, Chapter 1 dis-cusses thedifferent sources of residual stresses and strainswithin com-posite structures, while Chapter 2 details the specific role of geometryand anisotropy, already addressed in the literature.The following three chapters present the original contributions ofthis work, enabling us to account for the complex role of the thermalhistory seen by the part. In particular, a temperature-dependent vis-coelastic constitutivemodel and a simple unidirectional thermalmodelfor the LATP are discussed in Chapters 3 and 4, while the finite ele-ment simulations performed on tubular structures are presented anddiscussed in Chapter 5.In Chapter 1, a state of the art is presented, concerning the mainsources of residual stresses and strains, which characterize the initialstate of the manufactured composite structure. The machine, dur-ing the manufacturing process, mechanically and thermally loads thestructure inducing stresses and strains. In particular, thermal and crys-tallization strains, if incompatible with the system, generate residualstresses within the structure and the sources of incompatibility are ad-dressed. Once all sources of residual stresses and strains are defined,the major ones are modelled to understand the role of each.Oneof themost important source of residual stress and strain foundat the macro-scale is the combined effect of the curved geometry ofthe structure and the anisotropy of the composite material, which isanalyzed in Chapter 2. A structural model, already proposed in the lit-erature, is implemented in order to assess the residual stresses in com-posite tubes with different stacking sequences. Experimental residualstrains measured on tubes, provided by the CETIM, are compared withthe results assessed through the structural model. From the experi-mental results, it was found that some tubes had a different responsethan that predicted by the structural model, demonstrating the impor-tant role of the thermal history induced by the LATP manufacturingprocess.In order to be able to address the effects of the thermal history in-duced in the manufactured structure by the LATP, a new mechanismbased temperature-dependent viscoelastic constitutive model suitedfor unidirectional fibers reinforced composite matrix is presented in
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Chapter 3. Many viscoelastic models can be found in the literature,where viscoelastic parameters are introduced through complex relax-ation tensors (Pettermann and DeSimone, 2018). Here, a decomposi-tion of the stress and strain tensors was proposed, whichmakes it eas-ier to distinguish the contribution of the fibers and the matrix to theconstitutive behavior of the composite material. Supposing that thedeviatoric response of the matrix is viscoelastic and that the fibers areelastic, the linear viscoelastic model is applied only on certain terms ofthe composite’s response. The proposed model is implemented in aUMAT Abaqus user subroutine for numerical simulations.The thermal history induced by the LATP is extremely complex (Has-san et al., 2005) and very expensive from the point of view of the com-putation time. Consequently, in Chapter 4, a one-dimensional heattransfer transient equation is used to describe in a simplified way thethermal history induced by the consolidation phase of the LATP man-ufacturing process. The thermal model includes the heat flux betweenthe substrate and the mandrel and the heat flux between the incom-ing layer and the environment. Particular attention is paid to the initialcondition to be used in the thermal model, which is the temperaturedistribution in the structure thickness generated by the heating phaseof the LATP. The analytical solution of this simple thermal model is pre-sented, then implemented in a UTEMP Abaqus user subroutine for nu-merical simulations.New thermo-mechanical simulations are performed in Chapter 5 ontubes using the commercial finite element software Abaqus. Followingthe additive manufacturing modelling technique presented in Micha-leris (2014), a similar approach was used here to achieve a simplifiedmodel of the automated lay-up process of the LATP. In this scenario,residual stresses are assessed and then released by simulating a cutalong the axial direction of the tubes. The numerical residual strainsare compared again with the experimental results provided by CETIM.The overall conclusions and perspectives are presented at the endof the thesis.
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1 - Initial state of themanufactured structure:
sources of residual stresses and strains

1.1 . Laser Assisted Tape Placement manufacturing process

Automatedmanufacturing processes for composite materials havebeen extensively used in the last years in order to increase the produc-tion rate of composite structures (Campbell, 2004). Until recently (seethe Introduction for details), the manufacturing of composite struc-tures was relatively slow, especially due to the autoclave curing pro-cess needed by the thermoset matrix, which was the most commonlyused for structural applications. On the other hand, thermoplastic ma-trix composites can bemelted and cooled freely, making them the bestcandidate for fast and automated out-of-autoclave processing like theLaser Assisted Tape Placement (Schledjewski, 2009).The Laser Assisted Tape Placement (LATP) is an automated tech-nique used to fabricate composite structure like plates, tubes and pres-sure vessels. The basic building block employed by the LATP is the pre-impregnated unidirectional continuous fibers reinforced thermoplas-tic tape.In the LATP manufacturing process (see Figure (1.1)) the compositestructure is manufactured following three steps that occur at the sametime:
• following particular trajectories, the placement head applies overa mold, or winds up over a turning mandrel, the composite tape;
• during the placement process, in order to weld the incoming tapeon the substrate, a laser heat source heats up the inner surfaceof the incoming tape and the outer surface of the previously con-solidated substrate, which cool down together after the laser isremoved;
• in order to achieve a better consolidation between the tape beingplaced and the substrate, a deformable silicone roller (called alsocompaction roller) applies a pressure transversely to the tape.
The LATPmachine fabricates the single layer of the composite struc-ture by placing tapes side by side over the mandrel, or over the previ-ously consolidated substrate. Laying layer over layer, the whole com-posite structure is manufactured.
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Figure 1.1: Schematic image of the laser assisted tape placement man-ufacturing process. The key LATP elements represented in the presentFigure are: the laser heat source, the incoming tape and the previouslyconsolidated substrate, the compaction roller and the cylindrical man-drel.

During the LATP manufacturing process, the composite structurelocally undergoes numerous heating and cooling cycles, characterizedby high and complex temperature gradients, making the LATP thermalhistory extremely complex and difficult to model (Sonmez et al., 2002;Grouve, 2012; Kok, 2018). Specifically, in the heating process the laserheats the incoming tape and the substrate almost instantaneously,mak-ing them locally reach and exceed themelting temperature of the ther-moplastic matrix. After the heating source is removed, the placed tapeand the substrate cool down, bonding together and reaching the roomtemperature (or the mandrel temperature) in a few seconds. Duringthese rapid heating and cooling phases, the thermoplastic matrix un-dergoes many modifications, such as melting, crystallisation, solidifi-cation, thermal dilatation and contraction. The mandrel, on which theLATP machine manufactures the composite structure, can be heatedor left at room temperature. This means that the heating and coolingprocess can significantly changewith themandrel temperature, chang-ing the thermal history experienced by the manufactured structure.
The main goal of the present PhD thesis work is to model and sim-ulate the initial state of a thermoplastic matrix composite structure
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manufactured by the Laser Assisted Tape Placement. As it was just il-lustrated, the physical phenomena involved in the LATPmanufacturingprocess are numerous and inherentlymulti-physics (thermal, mechani-cal and chemical problems for instance), leading to extreme complexityin terms of modelling and simulations. In addition to the complexity,modelling the whole LATP manufacturing process would certainly leadto computational times that are too high and not applicable for indus-trial use. Therefore, the approach retained here is to analyze and ad-dress the main physical mechanisms generating the residual stressesand strains distributions within the manufactured structure. Model-ing each of the key mechanisms should enable us to predict the initialstate of the structure in a reasonably accurate fashion. Furthermore, itshould enable us to understand the role of each mechanism in deter-mining the overall initial state, thus gaining an insight onwhich processparameters can be acted upon to control or mitigate it.In the following Sections of the present Chapter, a state of the arton the main sources of process-induced residual stresses and strainswithin the composite structure is presented. The aim here is to dis-cuss themain physicalmechanisms underlying the generation of resid-ual stresses and strains within a composite structure manufactured byLATP. More details about the process-induced residual stresses andstrains in general can be found in Nairn and Zoller (1985); Barnes andByerly (1994); Parlevliet et al. (2006); Baran et al. (2017).It should be noted that the state of the art discussed in this Chap-ter does not cover all of the topics discussed in the manuscript, butonly the specific question of the origins of residual stresses and strainsin composite structures. The state of the art related to other aspectsof this work, such as viscoelastic models for composites and thermalmodels for LATP manufacturing process, are discussed directly in theappropriate Chapters later in the manuscript.

1.2 . Geometrical distortions and residual stresses induced by
the manufacturing process

The manufacturing processes of composite structures (Campbell,2004), and in particular the LATP manufacturing process, which sub-jects the structure to several thermal cycles characterized by high tem-perature gradients (Sonmez et al., 2002), generate an initial state withinthe structure (Parlevliet et al., 2006, 2007a,b). This initial statemanifestsitself in the form of residual stresses and/or geometric distortions.Geometric distortions and residual stresses are two sides of thesame coin. They bothdevelopdue to the presence of non-elastic strains,
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Figure 1.2: Laminate with open surface geometries: flat plates withdifferent stacking sequences (unidirectional, symmetric, unbalanced);curved laminate.

such as thermal dilatation/contraction or crystallisation strain, withinthe structure. In particular, geometric distortions occurwhen the struc-ture is not constrained (externally or internally), thus they generallybecome visible after the mold, or the mandrel, is removed, whereasresidual stresses develop as a reaction to an (external or internal) con-straint and they are not easy to detect, unless they are released andthe associated geometric distortions are observed.
In structures with a slender aspect ratio, such as many laminatedcomposite structures, a distinction can be made between in-plane dis-tortions and out-of-plane, or bending, distortions. The second onesare much more visible, since relatively small strains can bring aboutsignificant, and potentially problematic, shape changes of a structuralpart. In-plane distortions, on the other hand, become significant onlyfor very large parts, and they are often of little concern.
Bending distortions can be exhibited by structures characterized byan open surface geometry, such as flat or curved laminates (see Figure(1.2)) (Hahn and Pagano, 1975; Hyer, 1981). In particular, flat laminatescan develop bending distortions due to a loss of symmetry with respectto the midplane, associated with an unbalanced stack or with an un-symmetric thermal history. On the other hand, composite structurescharacterized by a closed surface geometry, like tubes and pressurevessels (see Figure (1.3), tend to minimize the bending distortions in-duced by the manufacturing process, and to develop residual stresses
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Figure 1.3: Laminates with closed surface geometries: composite tube(left) and composite pressure vessel (right).

instead.
The mandrel (Figure (1.1)), the closed surface geometry of the com-posite structure (Figure (1.3)), and the stacking of layers with differ-ent fibers orientations (Figure (1.2) right) constitute external or inter-nal constraints which inhibit (or significantly restrict) the shape dis-tortions induced during the manufacturing process. For this reason,process-induced residual stresses can be locked within the compos-ite structure. It should be noted that residual stresses and geometricdistortions can coexist within the same structure, related to differentimposed or liberated constraints.
The sources of non-elastic strains and the (internal) constraintswithincomposite structures at different scales are discussed in the following.

1.3 . Sources of incompatibility

The non-elastic strains (such as thermal dilatation/contraction orcrystallisation strain) which developwithin a structure duringmanufac-turing may be incompatible. An incompatible strain field cannot be de-rived from a displacement field, therefore an elastic stress/strain fieldis needed in order to accommodate it. Incompatibilities can occur atdifferent scales. For compositematerials, we can consider three scales:the micro-scale, which is the scale of the composite constituents, thatis the fibers and the matrix, the meso-scale, which is the scale of thelaminate with its own stacking sequence, and the macro-scale, whichis the scale of the complete structure, characterized by its own geom-
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etry. It is important to note that phenomena occurring at the micro-scale will also have an effect (relevant or not) at the higher scales (themeso-scale and the macro-scale), whereas phenomena occurring atthe higher scales will have no effect at the lower scales.The unidirectional fibers reinforced polymeric matrix composite isan anisotropic and heterogeneous material which consists of long andcontinuous parallel fibers embedded in a polymeric matrix.
1.3.1 . Micro-scale

At the micro-scale, the different behavior between the fibers (car-bon or glass for instance) and the polymeric matrix generates an in-compatibility (see Figure (1.4)). In particular, considering a uniformcool-ing during manufacturing, the induced matrix thermal strain will bebigger than the thermal strain of the fiber. Indeed, the coefficient ofthermal expansion (CTE) of the matrix is roughly 30(10−6)/◦C, whichis two order of magnitude bigger than the CTE of the carbon fiber (∼
0.2(10−6)/◦C), and one order of magnitude bigger than the CTE of theglass fiber (∼ 5(10−6)/◦C). Moreover, when the matrix temperature re-mains for a sufficient time above its glass transition temperature, crys-tallization of the polymeric matrix can occur, which can also be associ-ated to a non-elastic strain (Cogswell, 1992). In order to accommodatethe incompatibilities generated by the mismatch of CTEs and by thecrystallization strain, residual stresses arise. In this specific case, thefiber will be in compression while the matrix will be in traction (Par-levliet et al., 2006).In this work, we choose to describe the material at the scale of theply, so residual stresses and strains at the micro-scale are not the ob-ject of the present study. They are better detailed in Parlevliet et al.(2006, 2007a,b).

1.3.2 . Meso-scale
At themeso-scale, the homogenized composite ply has an anisotropicbehavior, whichmeans that itsmaterial properties are strongly direction-dependent. In particular, the compositematerial ply can be consideredtransversely isotropic. The composite ply behavior in the fibers’ direc-tion (1) is dominated by the fibers’ behavior while the behavior in thetransverse plane (2, 3) is dominated by the matrix behavior (see Figure(1.5)).The composite laminate, on the other hand, is an heterogeneousmaterial, because it is constituted of several layers stacked on top ofeach other, and in each layer the fibers are generally oriented in a dif-ferent direction. Therefore, the stacking sequence of the compositelaminate generates an incompatibility, since the direction dominated
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Figure 1.4: Fiber embedded in the polymeric matrix.

Figure 1.5: Material coordinates for the composite ply (1,2,3) and globalcoordinates for the composite plate (x,y,z).
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by the fibers’ behavior of one ply could correspond to the directiondominated by thematrix’s behavior of the adjacent ply (Jeronimidis andParkyn, 1988; Barnes and Byerly, 1994; Parlevliet et al., 2006). In order toaccommodate the incompatibility generated by themismatch betweenCTEs of adjacent plies, residual stresses arise at the meso-scale.
Let us consider a non-symmetric cross-ply laminate, [0◦n/90◦n], sub-jected to a homogeneous temperature difference. According to theabove discussion, the direction dominated by the fibers’ behavior inone ply imposes a constraint on the direction dominated by the ma-trix behavior in the adjacent ply, and vice-versa. This heterogeneousthermal shrinkage induces thermal stresses, that can result in bendinggeometric distortions of the composite laminate if the external con-straint imposed for example by the mandrel is removed. In this partic-ular case, before the mandrel removal, the fibers dominated direction(1) of each ply is in compression, while the matrix dominated direction(2) is in traction (Parlevliet et al., 2006).
Another important source of incompatibility that can be found atthe meso-scale are the temperature gradients (Manson and Seferis,1992; Parlevliet et al., 2006). High temperature gradients appear in rapidcooling processes, such as the well known quenching process for met-als, or in manufacturing process characterized by a localized consol-idation, like the LATP for manufacturing composite materials. Hightemperature gradients generate a heterogeneous thermal strain field,which requires residual stresses in order to be accommodated. Letus consider a unidirectional composite plate at a temperature abovethe melting temperature of the polymeric matrix, and subjected to anon uniform cooling process through the thickness of the laminate.The external surfaces of the laminate, subjected to the heat exchangewith the air of the room, cool down faster than the core of the plate.For temperatures above the glass transition temperature of the poly-mer matrix (Nicholson, 2002; Melo and Radford, 2003; Grogan et al.,2015), viscous stress relaxation occurs at different rates due to the highcooling rates involved on the outer surfaces compared to the laminatecore. Therefore, the laminate core is able to relax stresses more thanthe external surfaces, generating a residual stress distribution in thethickness of the structure. In other words, during the cooling process,the solidifiedmaterial close to the external surfaces of the laminate im-poses a constraint to the still meltedmaterial inside generating a resid-ual stress distribution (Chapman et al., 1990; Manson and Seferis, 1992;Parlevliet et al., 2006). The residual stresses distribution will be mostsignificant in the matrix dominated direction (2), as it is the polymermatrix that can relax at temperatures above the glass transition. The
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phenomenon just explained is found in the literature as the skin/coreeffect (Parlevliet et al., 2006).
The skin/core effect caused by high temperature gradients is linkedwith the residual stresses induced by the numerous and fast thermalcycles (fast heating and cooling processes) that characterized the ther-mal history of a layup manufacturing process like the LATP. The mech-anisms underlying the generation of thermal stresses during the com-posite layup process are well illustrated in Barnes and Byerly (1994);Eduljee andGillespie (1996). The LATPmachine sequentially places com-posite tapes one on top of each other to build and consolidate thewhole structure. In the placement process, the machine applies eachnew tape, at high temperature, over the previously consolidated sub-strate, at low temperature. Therefore, each incoming tape shrinks overthe substrate, putting it in compression, while the substrate puts thetape under tension. In particular, a unidirectional fibers reinforcedmatrix composite plate (Figure 1.2, top left) manufactured through theLATP technique, bends upwards after the mandrel removal.
In the placement process, the LATP machine heats the thermoplas-tic matrix composite above the melting temperature of the polymericmatrix, inducing the crystallization of thematrix (the crystallization startswhen the semi-crystalline thermoplastic matrix exceeds the glass tran-sition temperature (Ward and Sweeney, 2004)). When the crystalliza-tion process occurs, in addition to the thermal strains, matrix strainsdue to the crystallized portion of the matrix arise. The high tempera-ture gradients, generated by the LATPmanufacturing process, could in-duce crystallization gradientswithin the composite structure (Cogswell,1992; Sonmez and Hahn, 1997a; Tierney and Gillespie, 2004) and theireffect in terms of residual stresses can be treated in a similar way asthe thermal gradients (Tierney and Gillespie, 2004).

1.3.3 . Macro-scale

The composite structuremanufactured (at themacro-scale) is char-acterized by its own, generally non-flat, geometry (see Figure (1.2), bot-tom right, or Figure (1.3)) and by its stacking sequence. In Section 1.2,the closed surface geometry (Figure (1.3)) and the stacking sequence(Figure (1.2) top right, bottom left) are presented as constraints. At themacro-scale, the combined effect of the geometry of the part and thestacking sequence, especially the anisotropy of the single compositeply, is a source of incompatibility, and it was presented the first timeby Nairn and Zoller (1985). Considering, for instance, a composite tubesubjected to a constant temperature difference, the external curvedgeometry of the structure couples the in-plane kinematics (defined by
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the circumferential direction of the tube) with the out-plane kinematics(defined by the radial direction of the tube). Because of the anisotropyof the composite layer, the induced thermal in-plane strains are differ-ent with respect to the thermal out-of-plane strains, requiring residualstresses to accommodate the incompatible strain fields. This particularcase is detailed in Chapter 2.All of the phenomena already discussed at the mesoscale, that isthe stacking sequence of the composite structure, the temperaturegradients and the thermal history of the manufacturing process, mustalso be considered at the macroscale.
1.4 . LATP Residual stresses and strains

Based on the previous discussion on the possible sources of resid-ual stresses and geometric distortions, the physical phenomena in-volved in LATP manufacturing process are presented in this Section.Firstly, we consider the loads directly applied to the structure dur-ing the manufacturing process, which constitute stresses and strainsdirectly and locally applied to the structure. These loads are:
• the winding tension applied by the machine on the compositetape during the placement process, which is an elastic stress di-rectly applied on the tape (Eduljee and Gillespie, 1996);
• the transversely pressure imposed on the tape is a stress appliedby the compaction roller in order to achieve a better bondingbetween the incoming ply and the previously consolidated sub-strate (Colton and Leach, 1992);
• the thermal load, imposed firstly by the laser heating source andsecondly by the subsequent cooling process, which causes a localnon-homogeneous temperature field within the structure hencea local non-homogeneous thermal and crystallization strain (Man-son and Seferis, 1992).
According to what we said in Sections 1.2 and 1.3, internal and ex-ternal constraints are:
• the closed geometry;
• the stacking sequence of the composite structure;
• the mandrel on which the LATP machine welds the compositetapes, which does not allow the relativemotionbetween theman-drel and the structure during the manufacturing process
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Consequently, thermal strains and crystallization strains inducedduring the manufacturing process are non-elastic deformations thatcan be incompatible with external and internal constraints, and aretherefore accommodated by residual stresses.

1.5 . Modeling approach

The laser assisted tape placement generates an initial state withinthe manufactured structure in two ways: directly and indirectly. TheLATPdirectly induces residual stresses and strains distributions throughthe loads applied within the structure during the manufacturing pro-cess, such as the winding tension and the roller pressure (seen in Sec-tion 1.4). The thermal load applied by the laser heat source inducesnon-elastic strains such as thermal and crystallization strains. Non-elastic deformations that are incompatible with external and internalconstraints present at different scales (as discussed in Section 1.3), areaccommodated by residual stresses which are indirectly generated bythe manufacturing process.At themicro-scale, the internal constraint is representedby the fibermatrix interaction. At the meso-scale and at the macro-scale, the in-ternal constraints are the stacking sequence of the laminate and thegeometry of the manufactured part, while the external constraint isthe mandrel. At these scales, the high temperature gradients inducedby the LATP during manufacturing generate a heterogeneous thermalstrain field, accommodated by residual stresses. In this context, vis-cous stresses relaxation occurs at different rates, inducing a residualstresses distribution within the structure. The fast and numerous ther-mal cycles to which the manufactured structure is subjected by the au-tomated layup process of the LATP makes the thermal history particu-larly complex to track.Our goal is to model and simulate the initial state of a compositestructure manufactured by the LATP. Therefore, in our discussion weare focused on themodeling at themeso- andmacro-scale. It is impor-tant to note that aspects addressed at themicro-scale could also affectsthe followingmeso-scale andmacro-scale, leading to a high number ofphysical phenomena to consider and making numerical modeling ex-tremely complex and costly in terms of computational time. For thisreason, in the present thesis work, the main physical mechanisms un-derlying the residual stresses and strains buildup within the compositestructuremanufactured by the LATP are addressed. In order to accom-plish the goal, several assumptions are alsomade along the discussion.At first, we suppose that one of the most important source of resid-
31



ual stresses and strains is the combined effect of the geometry of themanufactured structure and the anisotropy of the composite, which isaddressed in Chapter 2. This aspect was already pointed out previouslyin the literature, and the main consequences are analyzed in Chapter2 using a structural model for a composite tube to quantify this phe-nomenon. From the comparison between the results of the structuralmodel and the experimental measurements, it can be noticed the sig-nificant effect of the geometry and anisotropy in terms of initial state.However, it turns out not to be enough to justify the experimental re-sponses of the tubes.In order to take into account the complex thermal history inducedby the LATP, a temperature-dependent visco-elastic constitutivemodelis developed in Chapter 3. A stress/strain tensors decomposition isused to separate the contributions of fibers and matrix on the consti-tutive behavior of the unidirectional fibers reinforced composite mate-rial. Under this rigorous geometrical and mechanical framework, andassuming a viscoelastic behavior only on the deviatoric response of thematrix, a linear viscoelastic model is applied only on the affected de-composition terms.Assuming dominant temperature gradients in the thickness direc-tion of the manufactured structure, a one-dimensional thermal modelis used in Chapter 4 to describe the consolidation process induced bythe LATP during manufacturing. The initial condition is the tempera-ture distribution induced by the heating phase of the LATP, which istaken from results proposed in the literature. In order to take into ac-count the thermal effects of the mandrel and the environment, mixedboundary conditions are used. The analytical solution of the thermalmodel is also developed in Chapter 4.The LATPmanufacturing process is simulated, in Chapter 5, on com-posite tubes using the typical modeling strategy of the additive man-ufacturing process. No adjustment of the model parameters, whichwere taken from the litterature, or of any other hypothesis made alongtheway, was considered in this Chapter. The numerical results are thencompared with the experimental results provided by CETIM, provingthat the main physical mechanisms underlying the process-induce ini-tial state were addressed. A gap between experimental and numericalresults remains, and the analysis of the sources of this gap, relatedmost probably to the description of the thermal history and to the lackof modeling of the crystallisation effects, constitutes the perspectivesof this work.

32



2 - Structural modelling: the effect of geome-
try and anisotropy

2.1 . Introduction

In Chapter 1, a state of the art of the sources of the residual stressesand strains directly related to the manufacturing process and the in-compatibilities at different scales was presented. In this Chapter, anelement thatwe think plays a key role in our discussion (as it is shown inthe following) is presented. The combined effect of the curved geome-try of themanufactured structure and the anisotropy of the compositematerial is discussed in the present Chapter, while the other residualstresses/strains sources like the temperature gradients are addressedlater on in the discussion.
This Chapter explores how the curved geometry of a compositestructure generates residual stresses. In particular, these considera-tions already known in the literature (Hyer and Rousseau, 1987; Nel-son and Cairns, 1989; Tutuncu andWinckler, 1993) are used to calculateresidual stresses in tubes with different stacking sequences. The ana-lytical results are then comparedwith experimental results provided bythe CETIM. The attempt here is to show how relevant residual stressesgenerated by the geometry and anisotropy are. In this scenario, thecumbersomeeffect of the out-of-plane kinematicswill deeply affect thechoice of kinematics in modelling.
In Section 2.2, the kinematic compatibility equations in cylindricalcoordinates are given to highlight how the curved geometry couplesthe in-plane kinematicswith the out-of-plane kinematics. Themechani-cal behavior of the compositematerial is strongly direction-dependent,and in particular the in-plane behavior is generally different with re-spect to the out-of-plane behavior. Specifically (see Figure (1.5)), thematerial direction (1) is dominated by the fibers’ behavior, while thematerial directions (2) and (3) are dominated by the matrix behav-ior. Thematerial direction (3) corresponds to the structure’s thickness,while the plane identified by the material directions (1, 2) is the lami-nate plane. The laminate plane and the thickness direction are coupledby the curved geometry of the structure, consequently an incompati-bility is generated.
In order to address the combined effect of the geometry and theanisotropy, a structural analyticalmodel presented byHyer et al. (1986);Hyer and Rousseau (1987); Tutuncu and Winckler (1993) is studied in
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Section 2.3. Under the hypothesis of transverse isotropy for the com-posite ply, the generalized plane strain and the continuity along thecircumferential direction, the thermo-mechanical equations for a com-posite tube are derived in Section 2.3.1. The circumferential stress dis-tribution induced in a closed tube, assessed with the structural model,generates a bending moment, which results in an opening or closingdisplacement when the tube is cut. In Section 2.3.2, the bending mo-ment is applied on a curvedbeammodel representing the cross-sectionof a cut tube, in order to assess the theoretical opening or closing dis-placement resulting from a cut along the tube’s length, which releasesthe thermal residual stresses. The through-thickness stresses distribu-tion and the displacement associated to a longitudinal cut are shownin Section 2.3.3 for an unconstrained [90◦] tube subjected to a uniformtemperature difference.
In order tomeasure the residual stress distribution within the tube,the experiments performed by the CETIM on several tubes made ofthermoplastic matrix composite material (carbon/PEEK) are shown inSection 2.4.1. The specimens were manufactured with different pro-cessing conditions (specifically, cold or hotmandrel). Aftermanufactur-ing, a cut along the axial direction of the tube was performed (Barnesand Byerly, 1994; Eduljee andGillespie, 1996; Casari et al., 2006) in orderto measure the geometric distortions that appear after the cut, whichare the results of the (partial) release of residual stresses trapped inthe tubes. The same tubes are modeled with the approach presentedin Section 2.3, and the comparison between the experimental and theanalytical displacements is performed in Section 2.4.3.
The combined effect of the geometry and the anisotropy deeply af-fects the choice of the continuummodel, and thus of the Finite ElementModel (FEM), to be adopted. Indeed, the conventional shell theory hasno out-of-plane kinematics, therefore it cannot be used to predict theeffects discussed in this Chapter. A complete 3D description has to beused instead, which leads to the choice of 3D volumetric elements withquadratic shape functions for the FEM model (see Section 2.5). In or-der to describe the composite stacking sequence, two FEM approachesproposed by the Abaqus software are explored in Section 2.5.1. Thefirst strategy analyzed is the Composite Layup Abaqus option, whichenables us to use only one 3D mesh element in the thickness of thewhole laminate, and the second strategy analyzed is to use one 3Dmesh element for each composite layer of the laminate.
In Section 2.6 some comments are presented.

34



Figure 2.1: Curved geometry: initial configuration (left), deformed con-figuration (right). The inner radius, the outer radius and the angle ofthe initial configuration are Ri, Ro and θ. The same parameters but forthe deformed configurations are R′
i, R′

o and θ′.
2.2 . Curved geometry and anisotropy

The effect of the curved geometry was studied in the nineties byNelson and Cairns (1989). In their work, they studied the dimensionalchanges of a composite laminates during the curing process for ther-moset matrix composites.The effect of coupling the curved geometry and the anisotropy ofthe composite layer is simply explained here. In Figure (2.1 left) is repre-sented the initial configuration of a curved composite structure with anopen surface. The angle θ is the angle enclosedby the circular arc, while
Ri andRo are respectively the inner and the outer radius. In Figure (2.1right), the deformed configuration is depicted and the deformed ge-ometry parameters are θ′, R′

i and R′
o.IfCi andCo are respectively the lengths of the inner and outer circu-lar arcs, the enclosed angle θ can be written as a function of the struc-ture thickness h as:

θ =
Co − Ci

h
, where h = Ro −Ri. (2.1)

The (êr, êθ, êz) cylindrical coordinate system of Figure 2.2 is used inthe analysis. Introducing a uniformnormal strain in the circumferentialdirection εθθ and a uniform normal strain in the thickness direction εrr,the lengths of the inner and outer circular arcs, respectively C ′
i and C ′

o,and the thickness h′ in the deformed configuration are:
C

′

o = (1 + εθθ)Co, C
′

i = (1 + εθθ)Ci, h′ = (1 + εrr)h. (2.2)
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The enclosed angle θ′ in the deformed configuration can be thenwritten as follows:
θ
′
=

C
′
o − C

′
i

h′ =
(1 + εθθ)Co − (1 + εθθ)Ci

(1 + εrr)h
=

(1 + εθθ)

(1 + εrr)

(Co − Ci)

h
. (2.3)

In Equation (2.3), the enclosed angle in the final configuration θ′ isa function of the strains in the thickness direction and in the circum-ferential direction. Thus, the angle variation between the final and theinitial configuration (∆θ = θ′ − θ) is written as (Baran et al., 2017):
∆θ =

(1 + εθθ)

(1 + εrr)
θ − θ from which follows ∆θ

θ
=

εθθ − εrr
1 + εrr

. (2.4)
A difference between the circumferential and the radial strains, εθθ and
εrr, results therefore in a change of angle between the original and thedeformed configurations.The uniform strains εθθ and εrr, introduced in the previous equa-tions, can be generated for instance by a uniform and slow coolingprocess (where temperature gradients can be neglected, such as in aautoclave curing process). In this case, we can describe the thermalstrains with respect to a reference configuration εεε0 = 000 at T = T0 as
εεε = ααα (T − T0) = ααα∆T , where∆T is a uniform temperature differenceand ααα contains the Coefficients of Thermal Expansion (CTEs). This canlead to two situations, depending on the CTEs in the directions θ and r:

• either αθ = αr, thus εθθ = εrr, in which case ∆θ = 0;
• or αθ ̸= αr, thus εθθ ̸= εrr, in which case ∆θ ̸= 0.

The first case corresponds to isotropic materials, or to anisotropic ma-terials with specific orientations with respect to the cylindrical coor-dinates (for instance, to a transversely isotropic composite ply whosefibers are orthogonal to the (r, θ) plane). The second case correspondsto amore general anisotropicmaterial, and in particular to a compositeply whose fibers are not orthogonal to the (r, θ) plane.Let us consider now a closed surface geometry, such as a tube or apressure vessel, as discussed in Chapter 1. In this case, the closed ge-ometry of the tube generates a kinematic constraint whereby ∆θ = 0,and the uniform thermal strains εθθ = αθ∆T ̸= εrr = αr∆T are nolonger compatible. The incompatibility generated needs to be accom-modated by elastic strain distributions εelrr(r) and εelθθ(r), which are re-spectively the radial and circumferential elastic strains.In the next Section, a structural analytical model for a compositecircular section tube is presented in order to quantitatively evaluatethe residual stresses distribution associated to the phenomenon justdescribed.
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2.3 . Geometry and anisotropy: analytical structural model

2.3.1 . Residual stresses in the tubes: three dimensional model
A firstmodeling approach is proposed here for a layered compositecylinder (see Figure (2.2)). The continuum mechanics problem equa-tions are formulated in 3D, then suitably simplified to yield a one-di-mensional model in the thickness coordinate. In particular, the modeltakes into account the effects of the anisotropy and of the geometry atthe meso-scale and macro-scale briefly described in Section 2.2, but itneglects the effect of the complex and heterogeneous thermal historyof the part. The aim here is to predict the residual stress within a tubeof composite subjected to a uniform temperature difference (∆T ). Thestructural analytical model was first presented by Pagano et al. (1968)and then was further developed in the works Pagano et al. (1970); Hyeret al. (1986); Hyer and Rousseau (1987); Tutuncu and Winckler (1993);Casari et al. (2006). The assumption made are:
• generalized plane strain conditions (Cheng et al., 1995; Zhenyeand Shiping, 1990): all the strains, and through the stress-strainrelation all of the stresses, are independent from the axial coor-dinate z;
• due to the material continuity of the tube in the circumferentialdirection and the invariance with respect to rotation around theaxis êz , all of the problem quantities are independent from thecircumferential coordinate θ;
• the thermal input∆T = T−T0 is uniformand so it is the referencetemperature T0.

Problem equations
Initially, the analytical expressions for the radial, circumferentialand axial displacements of the problem, are derived for the homog-enized transversely isotropic kth ply of the tube (see Figure (2.2)). Then,applying the boundary and continuity conditions, the displacementsfor the whole layered tube are found.Following the hypotheses, the radial, circumferential and the ax-ial displacements for a homogeneous layer take the form (Hyer andRousseau, 1987; Tutuncu and Winckler, 1993):

ur(r, θ, z) = u(r),

uθ(r, θ, z) = v(r, z),

uz(r, θ, z) = w(r, z).

(2.5)
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Figure 2.2: Layered composite tube: the angle φ represents the orien-tation angle of the fibers with respect to the axial direction z. The firstand the last layer of the tube are denoted respectively with 1 and N .

The linear Green-Lagrange strain tensor reads:

εεε =
1

2
[∇uuu+ (∇uuu)T ], (2.6)

and in cylindrical coordinates the following strains are obtained:

εrr =
du

dr
, εθθ =

u

r
, εzz =

∂w

∂z
,

2εrθ = γrθ =
∂v

∂r
− v

r
, 2εrz = γrz =

∂w

∂r
, 2εθz = γθz =

∂v

∂z
.

(2.7)

Following the assumptions on the displacement field, three com-patibility equations are satisfied. The remaining equations are recalledhere, as they can be used to determine the form of the displacementcomponents v(r, z) and w(r, z) (Hyer and Rousseau, 1987; Tutuncu andWinckler, 1993):
d2εzz
dr2

= 0,
1

r

dεzz
dr

= 0,
d

dr

[
1

r

d

dr
(rγθz)

]
= 0. (2.8)

The constitutive equations for a general orthotropic kth layer of the
38



laminate take the following form:

σrr

σθθ

σzz

σrθ

σrz

σθz


=


Crrrr Crrθθ Crrzz 0 0 Crrθz

Crrθθ Cθθθθ Cθθzz 0 0 Cθθθz

Crrzz Cθθzz Czzzz 0 0 Czzθz

0 0 0 Crθrθ Crθrz 0
0 0 0 Crθrz Crzrz 0

Crrθz Cθθθz Czzθz 0 0 Cθzθz





εrr − αrr∆T
εθθ − αθθ∆T
εzz − αzz∆T

γrθ
γrz

γθz − αθz∆T


.

(2.9)
The Cijkl define the terms of the stiffness matrix in the cylindricalbasis (êr, êθ, êz) associated to the structure, hence they are function ofthe behavior in the material basis (ê1, ê2, ê3), as well as of the orien-tation angle of the fibers (the angle φ in Figure (2.2)). The αij are thecoefficients of thermal expansion of the material in the cylindrical ba-sis.The equilibrium equations without body forces read:

∇ · σσσ = 000, (2.10)
and in cylindrical coordinates, taking into account the assumptions (Hyerand Rousseau, 1987; Lubarda and Lubarda, 2020):

dσrr

dr
+

σrr − σθθ

r
= 0,

dσrθ

dr
+

2σrθ

r
= 0,

dσrz

dr
+

σrz

r
= 0.

(2.11)

Assuming a composite tube with unloaded inner (Rin) and outer(Rout) surfaces (with no mandrel at the inner surface of the tube), wehave the following boundary conditions:
σ1
rr(Rin) = σ1

rθ(Rin) = σ1
rz(Rin) = 0

σN
rr(Rout) = σN

rθ(Rout) = σN
rz(Rout) = 0,

(2.12)
where 1 is the first (innermost) layer andN is the last (outermost) layer(see Figure (2.2)).Assuming an axially and torqueunloaded tube, the remaining bound-ary conditions can be written in integral form as follows:

2π
N∑
k=1

∫ rk+1

rk

σ(k)
zz (r)rdr = 0

2π
N∑
k=1

∫ rk+1

rk

σ
(k)
θz (r)r

2dr = 0.

(2.13)
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To reestablish continuity and equilibrium between layers, furtherconditions must be satisfied at the interfaces between layers. For thestresses:
σ(k)
rr (rk) = σ(k+1)

rr (rk)

σ
(k)
rθ (rk) = σ

(k+1)
rθ (rk)

σ(k)
rz (rk) = σ(k+1)

rz (rk)

 k = 1, 2, ..., N − 1, (2.14)

and for the displacements:
u(k)(rk) = u(k+1)(rk)

v(k)(rk, z) = v(k+1)(rk, z)

w(k)(rk, z) = w(k+1)(rk, z)

 k = 1, 2, ..., N − 1, (2.15)

where rk is the radial coordinate of the interface between layers k and
k + 1 (see Figure (2.2)).

Solution: displacement field for each layer
The main points of the solution are recalled here, for more detailssee the papers by (Hyer et al., 1986; Tutuncu and Winckler, 1993).
The second and third equilibrium equations, from Eq. (2.11), to-gether with the associated boundary and continuity conditions, fromEqs. (2.12) and (2.14), lead to σrθ = σrz = 0 everywhere in the laminate.
Compatibility relations, Eq. (2.8), together with the associated con-tinuity conditions, from Eq. (2.15), enable us to find the following formof the displacement components v(r, z) and w(r, z):

v(r, z) = A1zr,

w(z) = A2z,
(2.16)

where A1 and A2 are two integration constants.Finally, the first of the equilibrium equations (2.11) can be integratedto determine u(r):

u(k)(r) =

(
C

(k)
θθθz − 2C

(k)
rrθz

)
A1

4C
(k)
rrrr − C

(k)
θθθθ

r2(k) +

(
C

(k)
θθzz − C

(k)
rrzz

)
A2

C
(k)
rrrr − C

(k)
θθθθ

r(k)+

+
Σ(k)

C
(k)
rrrr − C

(k)
θθθθ

r(k) +B
(k)
2 r−λ(k) +B

(k)
1 rλ(k),

(2.17)

where the following constants have been redefined to simplify the ex-
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pressions (Hyer and Rousseau, 1987):
Σ(k) =

[(
C(k)

rrzz − C
(k)
θθzz

)
α(k)
zz +

(
C

(k)
rrθθ − C

(k)
θθθθ

)
α
(k)
θθ +

+
(
C(k)

rrrr − C
(k)
rrθθ

)
α(k)
rr +

(
C

(k)
rrθz − C

(k)
θθθz

)
α
(k)
θz

]
∆T,

λ(k) =

√
C

(k)
θθθθ

C
(k)
rrrr

.

(2.18)

For a single composite cylinder layer, the number of unknown con-stants that have to be found are: A1, A2, B1 and B2. In general, for an
N -layer cylinder there are 2N + 2 constants to be determined, which
are: A1, A2, B(1)

1 , ..., B(k)
1 , ..., B(N)

1 and B
(1)
2 , ..., B(k)

2 , ..., B(N)
2 . The 2N +2constants can be determined using the 2 boundary and the (N − 1)continuity conditions on σrr, from Eqs. (2.12) and (2.14), as well as the

(N − 1) continuity conditions on ur, from Eq. (2.15), and the 2 integralboundary conditions, Eq. (2.13).In particular, assuming a single composite layer cylindrical tubewiththe fibers oriented along the axial direction (φ = 0◦ in Figure (2.2)), theconstant λ = 1 and the radial displacement can be written as follows:
u(1)(r) = B1r +

B2

r
. (2.19)

In this particular case, the thermal strain in the radial direction andthe thermal strain in the circumferential direction are equal, since thecircumferential direction is dominated by the matrix behavior. There-fore, residual thermal stresses do not appear in the tube.Once the displacements solution is known, the strains and stresseseverywhere in the tube can be computed from Eqs. (2.7) and (2.9). Inparticular, the circumferential stress σθθ distribution evaluatedwith themodel can be used to assess its associated bending moment per unitwidth around the z-axis, with respect to themidsurface of the laminateat Rm = (Rin +Rout)/2, as follows:
Mθθ =

∫ +
htot
2

−htot
2

σθθhdh, (2.20)
where h = r−Rm is the thickness coordinate and htot = Rout−Rin is thetotal thickness of the tube. The bending moment Mθθ represents theconstraint reaction in the circumferential direction of the tube due tothematerial continuity. Therefore, interrupting thematerial continuity,
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Figure 2.3: Curved beam model. The mean radius Rm and the angle ϕindicate a general point along the curved beam. The normal and thetangent displacements are indicated respectively with un and ut. Theconcentrated bending moment Mθθ is applied on the free edge of thecurved beam. The other edge of the curved beam is clamped.
for example cutting the tube axially (Eduljee and Gillespie, 1996; Casariet al., 2006; Di Gennaro et al., 2021), results in releasing residual stressesand inducing geometrical distortions. The deformation induced in thetube after axial cut by the bending moment in the circumferential di-rection is either closure or an opening, and it enables us to quantifyindirectly the residual stresses trapped in the tube.

2.3.2 . Opening and closing of tubes: curved beammodel
A curved beammodel, representing half of the cross-section of thetube after the cut, was used to assess analytically the displacementsinduced by the bending moments associated to the residual stresses.The curved beam modelled is shown in Figure (2.3). One end of thebeam is clamped to simulate the material continuity of the tube, andon the other one a concentrated bending moment is applied.Indicating with s the curvilinear abscissa, with un and ut respectivelythe normal and the tangent displacements, ω the rotation and the Rmmean radius, the strains can be written as follows:

ε =
dut

ds
− un

Rm

= u′
t −

un

Rm

γ =
dun

ds
+

ut

Rm

− ω = u′
n +

ut

Rm

− ω

χ =
dω

ds
= ω′

(2.21)
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where ε is the axial strain of the beam, γ is the shear strain, χ is thebending strain and d•
ds

= •′ is the derivative with respect the curvilinearabscissa.Since the curvature of the curved beam is low ( 1
Rm

<< 1), then theconstitutive equation of the layered plate can be considered as follows(Reddy, 2004):
DDD =

N∑
k=1

∫ hk+1

hk

h2CCCpdh, (2.22)
where h is the thickness coordinate and CCCp is the stiffness matrix ofthe laminate plate in plane stress in the cylindrical frame. Since thecurved beam represents half of the tube cross-section after cutting,based on the generalized plane strain hypothesis in the êz direction thecurvatures χzz = χrz = 0. The constitutive relation linking the momentand the curvature in the θθ direction is therefore

M = Dθθθθχ. (2.23)
The equilibrium equations are:

N ′ − T

Rm

+ q∗ = 0

T ′ +
N

Rm

+ p∗ = 0

M ′ + T +m∗ = 0

(2.24)

In the present case q∗, p∗ and m∗ are respectively the normal, tangentand bending distributed loads which are null.Following the slender beamhypothesis (Euler-Bernoulli hypothesis)where the shear deformation is γ = 0, and the inextensibility hypoth-esis ε = 0, we have:
ω′ = u′′

n +
u′
t

Rm

= Rmu
′′′
t +

u′
t

Rm

(2.25)
Applying Equation (2.23) to Equation (2.25), we have:

Rmu
′′′
t +

u′
t

Rm

=
M

Dθθθθ

. (2.26)
The third of Equation 2.24 can be solved imposing as boundary con-dition on the free edge of the curved beam (see Figure (2.3)) the bend-ing moment assessed analytically with Equation (2.20) in Section 2.4.1,with the sign inverted. The displacements are then found solving Equa-tion (2.26).
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Figure 2.4: Circumferential (left), radial and axial stresses distributions(right) through the thickness of a unconstrained [90◦] tube subjectedto a uniform temperature difference (∆T = −400◦C) assessed by theanalytical structural model. Thickness= 0 m is the innermost layer ofthe tube.
2.3.3 . Residual stresses and geometrical distortion in a uncon-

strained unidirectional composite tube
In the present Section, we used the analytical model presented inSection 2.3.1 to assess the thermal stresses induced in a unconstrainedunidirectional composite tube of internal radiusRin and total thickness

htot with stacking sequence [90◦], that is the fibers oriented along thecircumferential direction, subjected to a uniform temperature differ-ence ∆T . The resultant bending moment is used in the curved beammodel, presented in Section 2.3.2, to assess the opening or closure ofthe tube.The geometrical and loading parameters are: Rin = 20 mm, htot =
0.96mm and ∆T = −400◦C.Thematerial considered is Carbon/PEEK and the elasticmaterial pa-rameters are the following (Grogan et al., 2015):

EL = 134 GPa, ET = 10.3 GPa, µL = 6 GPa, νLT = 0.32, νTT = 0.4.
The coefficients of thermal expansion used are (Grogan et al., 2015):

α1 = 0.2(10−6)/◦C, α2 = 28.8(10−6)/◦C.
The radial (σrr), circumferential (σθθ) and axial (σzz) stresses alongthe thickness of the tube are depicted in Figure (2.4), while the shearstress (σθz) is obviously null.
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Figure 2.5: Curved beam of the [90◦] tube subjected to a constant tem-perature difference ∆T = −400◦C. The blue line represents the initialconfigurations and the red line the deformed configuration. A defor-mation scale factor of 5 is used.

The radial and the axial stresses induced in the tube by the con-stant temperature difference input are negligible compared to the cir-cumferential stress. Specifically, the radial stresses at the inner and atthe outer surfaces of the tube are null based on Equation (2.12) (thetwo external surfaces of the tube are unloaded). The bending momentassociated to σθθ is reported in Table (2.1).
Applying the bending moment in Table (2.1) with the opposite signto the curved beammodel induces the deformation depicted in Figure(2.5). The free end of the curved beamwhere the bendingmoment wasapplied (see Figure (2.3)) represents the point where the tube was cut.Thus, the deformation in Figure (2.5) shows that the tube is closing.The displacement that would be measured on the tube, reported inTable (2.1), is obtained multiplying by two the tangent displacement uton the free edge of the beamwhere the concentrated bendingmomentis applied (see Figure (2.3)).
The structural model presented here addressed the combined ef-fect of the geometry and the anisotropy of the composite tube sub-jected to a uniform temperature difference, neglecting the effects ofthe temperature gradients. In this scenario, the circumferential stressassessed with this model induces the closure of the tube.
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Table 2.1: Bending moments associated to the circumferential stressesdistributions assessed through the analytical structural model, andthe circumferential relative displacements assessed using the curvedbeam model for the [90◦] stacking sequence.
Tube ∆T Bending moment Analytical circ. rel. disp.[◦C] [N m/m] [mm]
[90◦] −400 −5.5864 −1.48

Figure 2.6: Axially cut tube before deformation occurs.
2.4 . Evaluationof residual stresses in tubeswithdifferent stack-

ing sequences

2.4.1 . Experimental results
TheCETIMmanufactured several tubes of thermoplasticmatrix com-posite material (carbon/PEEK) using the LATP manufacturing processwith two differentmandrel temperatures. In one case tubeswereman-ufacturedwinding the composite tapes arounda coldmandrel (Tmand =

20◦C), in the other case tubes were manufactured using a hot mandrel(Tmand = 180◦C). The main consequence of the two different mandreltemperatures lies on the induced temperature gradients within thestructure during the manufacturing process, therefore in the overalltemperature history experienced by the composite structure. In partic-ular, higher thermal gradients are expected in the manufacturing pro-cess with the cold mandrel.The manufactured tubes are 0.96 mm thick, with an inner radiusof Rin = 20 mm and 6 layers (each layer is 0.16 mm thick) with differ-ent stacking sequence: [±85◦]3 and [±55◦]3. After the specimens weremanufactured, a cut along the axial direction was performed (see Fig-
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Figure 2.7: Cross-section of the cut tube before deformation occurs(left) where Rm is the mean radius and di is the initial circumferentialwidth of the cut. Cross-section of the cut tube after deformation occurs(right) (closure of the tube) where R′
m is the new mean radius and de isthe final circumferential width of the cut.

Table 2.2: Experimental measurements of the circumferential relativedisplacements for the [±85◦]3 and [±55◦]3 tubes manufactured usinghot and cold mandrels. The initial axial cut width is di = 3.4 mm. Theinitial offset is 0mm.
Tube Manufacturing process Circ. rel. disp. [mm] Twist offset [mm]
[±85◦]3 Hot mandrel −2.70 1.35
[±85◦]3 Cold mandrel −2.86 0.21
[±55◦]3 Hot mandrel −0.95 2.93
[±55◦]3 Cold mandrel 1.81 1.50

ure (2.6)) and the opening/closure (see Figure (2.7) right) and twisting(see Figure (2.8) right) displacements were measured in order to indi-rectly quantify the residual stresses due to manufacturing.The initial cut width is din = 3.4 mm (see Figure (2.7) left) and theexperimental measurements are detailed in Table (2.2). The circumfer-ential relative displacements reported in the tables are the differencesbetween the final cut widths and the initial cut width (de−di, see Figure(2.7)).A negative experimental result for the circumferential relative dis-placement (see Table (2.2)) corresponds to the closing of the tube, whilea positive one corresponds to the opening of the tube. The experimen-tal twist offset is measured through the axial offset between the freeedges of the tube after the axial cut (see Figure (2.8) right).
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Figure 2.8: Initial configuration of the cut tube, where di is the initialcircumferential width of the cut (left). Final configuration of the tubeafter deformation occurs, where de is the final circumferential width ofthe cut and of is the twist offset (right).
In the present Section, we focused on the tubes responses in the cir-cumferential direction. As can be noticed from Table (2.2), the [±85◦]3tubes manufactured using both hot and cold mandrel, after the axialcutting process, experience a closure. On the other hand, the [±55◦]3tubemanufactured using hotmandrel shows a closure, while the sametube using the cold mandrel shows an opening. The completely differ-ent thermal histories induced by the hot and cold mandrel seem tohave little, if no influence on the [±85◦]3 tubes responses, while in the

[±55◦]3 the sign of the displacement and that of the bending momentassociated to the residual stress, was inverted. This is related to thestacking sequence of the tubes: in [±85◦]3 the circumferential direc-tion is dominated by the fibers behavior while [±55◦]3 is not, hence it isaffected by the effects of the temperature gradients.In the following Section, the residual stresses assessed with thestructuralmodel and thedisplacements assessedwith the curvedbeammodel for the [±85◦]3 and [±55◦]3 tubes are presented.
2.4.2 . Analytical results

The residual stresses distribution and the opening/closure of thetubes manufactured by CETIM were predicted here using the analyti-
48



Figure 2.9: Radial, circumferential, axial and shear stresses distribu-tions through the thickness of a unconstrained [±85◦]3 tube subjectedto a uniform cooling process (∆T = −400◦C) assessed by the analyticalstructural model.

Figure 2.10: Radial, circumferential, axial and shear stresses distribu-tions through the thickness of a unconstrained [±55◦]3 tube subjectedto a uniform cooling process (∆T = −400◦C) assessed by the analyticalstructural model.
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Table 2.3: Bendingmoments associated to the circumferential stressesdistributions assessed through the analytical structural model for the
[90◦], [±85◦]3 and [±55◦]3 tubes.

Tube ∆T [◦C] Bending moment [N m/m]
[90◦] −400 −5.5864

[±85◦]3 −400 −5.5683
[±55◦]3 −400 −3.6284

cal model presented in Section 2.3 with a uniform temperature distri-bution ∆T = −400◦C. The results are depicted respectively in Figure(2.9) and in Figure (2.10).
As can be noticed, the circumferential stress σθθ in Figure (2.9) forthe [±85◦]3 tube is quite similar to the one presented in Figure (2.4)for the [90◦] tube, and it is the dominant term. Because of the stack-ing sequence of the [±85◦]3 tube, a shear stress distribution (σθz) alsoappears. For the [±55◦]3 tube, the shear stress distribution is the dom-inant one (see Figure (2.10)). The shear stress distribution justifies thepresence of the twist offset after the axial cut of the tubes observedexperimentally (see Table (2.2)).
The bending moments associated to the circumferential stress dis-tributions in Figure (2.9) and in Figure (2.10) are assessed through Equa-tion (2.20) and reported in Table (2.3).
After the suppression of the material continuity in the circumfer-ential direction, the residual circumferential stresses are released andthe bending moment causes the tube to close on itself. Based on thesame principle, the shear stresses depicted in Figure (2.9) and in Figure(2.10) explain the twist offsets experienced by the tubes experimentallyafter the axial cut (see Table(2.2)).
The deformed configuration of the curved beams for the [±85◦]3and [±55◦]3 tubes are depicted in Figure (2.11) left and right respectively.The bending moments applied (in Table (2.3)) are associated to the cir-cumferential stress depicted in Figure (2.9) and in Figure (2.10) for the

[±85◦]3 and [±55◦]3 respectively. The displacements are detailed in Ta-ble (2.4), where it appears evident that the analytical prediction in bothcases is the tube closure. The structural model presented in Section 2.3accounts for the combined effect of the geometry and the anisotropyusing a uniform temperature difference as input. Therefore, we canconclude that the geometry and anisotropy of a composite tube undera uniform temperature difference induce closure after the axial cut.
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Figure 2.11: Curved beam model of the [±85◦]3 (left) and [±55◦]3 (right)cylindrical tubes subjected to a constant temperature difference∆T =
−400◦C. The blue line represents the initial configurations and the redline the deformed configuration. A deformation scale factor of 5 isused.

2.4.3 . Comparison between experimental and analytical results
Analytical results of the relative circumferential displacementswerecompared with experimental measurements for [±85◦]3 and [±55◦]3tubes. Since in our discussion (up to now) the temperature gradientswere neglected, the comparison was made between the curved beamresults and the experimentalmeasurements on the [±85◦]3 and [±55◦]3tubes manufactured using a hot mandrel, where less severe thermalgradients are expected. The experimental and the analytical resultsare detailed in Table (2.4).
The combined effect of the geometry and anisotropy, presented in

Table 2.4: The circumferential relative displacements assessed usingthe curved beam model for the [±85◦]3 and [±55◦]3 tubes. The experi-mental circumferential displacements for the [±85◦]3 and [±55◦]3 tubeswere also reported in the Table. The initial experimental axial cut widthis di = 3.4mm.
Tube Analytical circ. rel. disp. [mm] Exp. circ. rel. disp. [mm]
[±85◦]3 −1.49 −2.70
[±55◦]3 −1.89 −0.95
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Section 2.2, with a uniform temperature difference ∆T = −400◦C in-duces the circumferential residual stress distributions depicted in Fig-ure (2.9) for the [±85◦]3 tube and in Figure (2.10) for the [±55◦]3 tubewhich, when released by axial cutting of the tube tend to close thetube. Analytical results show the same trend (tubes closure) comparedto experimental results in Table (2.4) for the [±85◦]3 and [±55◦]3 tubesmanufactured using a hot mandrel.The analytical displacement for the [±55◦]3 in Table (2.4) shows thatthe tube closes more with respect to the experimental displacement.Here, the [±55◦]3 tube is manufactured using a hot mandrel, whereless severe temperature gradients are expected with respect to thecold mandrel processing. Therefore, the mismatch between the an-alytical and the experimental displacements for the [±55◦]3 tube couldbe due to the visco-elastic constitutive behavior of the polymer matrixcomposite, that enables stresses relaxation at high temperature dur-ing manufacturing.Experimental results (see Table (2.2)) show that the thermal gradi-ents and the temperature history induced by the LATP manufactur-ing process with cold and hot mandrel have a not negligible effect onthe resulting geometric distortions, and they need to be addressed inour discussion for a correct prediction of residual stresses and strainswithin the manufactured composite structure.In order to consider the effect of temperature gradients, a tempe-rature-dependent viscoelastic constitutive model was developed in DiGennaro et al. (2021) and it is discussed in Chapter 3.

2.5 . Finite element composites modeling

The mechanism of the combined effect of the curved geometry ofthe structure and the anisotropy of the composite material on resid-ual stresses, explained in Section 2.2, has important consequences interms of finite element modeling.The same simulation performed on the unidirectional compositetube with fibers oriented along the circumferential direction in Section2.3.3 with the structural model is performed using the commercial fi-nite element software Abaqus. The uniform temperature differenceused is ∆T = −400◦C.Two types of elements were used: solid shell elements (called Con-tinuum Shell elements in Abaqus) and 3D volumetric elements (called3D Stress elements in Abaqus). The results of these simulations aredepicted in Figure (2.12) and in Figure (2.13) for the Abaqus color map.As can be noticed from the results depicted in Figure (2.12) and in
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Figure 2.12: Circumferential stress distribution through the thicknessof a unconstrained [90◦] tube subjected to a constant temperature dif-ference (∆T = −400◦C) assessed by the commercial Finite Elementsoftware Abaqus using 3D volumetric elements with quadratic shapefunctions (blue curve) and Continuum Shell elements (red curve).

Figure (2.13), the solid shell element, which is formulated on a volumet-ric supportwith only displacement degrees of freedom, butwith under-lying classical shell kinematics, is not able to assess residual stresses inthis scenario. This is because one of the assumptions of the classicalshell theory is that the transverse normal strain is null (ε33 = 0 withrespect to the material basis), therefore the solid shell element is notable to take into account the effect of the curved geometry, which cou-ples the in-plane kinematics with the out-plane kinematics of the tube(Section 2.2). Since the only cause which generates residual stresses inthe unidirectional [90◦] tube subjected to a uniform temperature dif-ference ∆T = −400◦C is the combined effect of the geometry and theanisotropy, the Abaqus finite element simulation performed with thesolid shell element gives null residual stresses (see Figure (2.12) and Fig-ure (2.13) left for the circumferential stress). The circumferential stressobtained by the FEM simulation with the 3D volumetric elements, de-picted in Figure (2.12), is the sameas the circumferential stress assessedwith the structural model shown in Figure (2.4) left.
The inability of the shell model to correctly predict the stresses in-duced in a composite tube by free thermal expansion was initially high-lighted by Whitney (1971). Other authors Reddy (1982); Barbero et al.(1990); Dicarlo et al. (2001) proposed solutions that provide an enrich-ment of the out-of-plane kinematics of the shell (modified shell model).These richermodels are not available in Abaqus, and using themwould
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Figure 2.13: Abaqus color map of the circumferential stresses assessedon unconstrained [90◦] tube subjected to a uniform cooling process(∆T = −400◦C) using a Continuum Shell element (left) and a 3Dquadratic stress element (right).
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require the implementation of a user element. As an alternative, the3D volumetric elements predict correctly the stresses distributions (seeFigure (2.12) and Figure (2.13) right), due to its complete kinematics de-scription.
In other words, a uniform temperature difference is sufficient torule out shell kinematics in this scenario. This is further justified in thepresence of temperature gradients, therefore the 3D volumetric ele-ments will be used in the following structural simulations.
Using one 3D volumetric element per ply may become too costly.Therefore, to overcome this problem, Abaqus proposes away tomodela composite laminate, called Composite Layup. In the next Section, thistechnique is explored.

2.5.1 . Abaqus composite modelling strategies
In the present Subsection, two composite laminatemodelling strate-gies on Abaqus are addressed.
The first approach explored is to use one mesh element for eachlayer of the laminate, which is the classical modeling technique to de-scribe composites in 3D. In order to do that, each layer of the compos-ite laminate needs to be discretized, therefore the material parame-ters, the thickness and the fibers orientations need to be defined.
The second approach is the Abaqus Composite Layup option. Thisstrategy, usually adopted in conjunction with shell elements, can alsobe applied to 3D volumetric elements as well within the Abaqus soft-ware. It enables us to use only one 3D volumetric element of the meshin the structure’s thickness, which contains all of the information aboutthe stacking sequence of the laminate. Figure (2.14) shows the AbaqusComposite Layup option window, where the number of composite lay-ers, the material, the relative thickness of each layer and the fibers an-gle can be defined. In particular, the whole composite laminate stack-ing sequence (shown here for a [±55◦]3 composite tube) with its inte-gration points is shown in Figure (2.15).
The twoapproaches discussed abovewere testedon aunconstrained

[±55◦]3 tube subjected to a uniform temperature difference (∆T =
−400◦C). The comparison between the two approaches is performedbased on the shear stresses, since in this case are the dominant ones(see Figure (2.9) and Figure (2.10)). The shear stresses results for thesimulation with the Composite Layup approach are depicted in Fig-ure (2.16) left. The shear stresses results for the simulation with six 3Dstress element in the thickness of the structure (one 3D stress elementfor each layer) are depicted in Figure (2.16) right. Results in both casesare exactly the same as those shown in Figure (2.10).
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Figure 2.14: Abaqus composite layup window manager for the [±55◦]3tube. In the Material window are reported the elastic parameters ofthe composite material and its CTEs. The integration points for eachstructure layer is 3.

Figure 2.15: Abaqus Composite layup option orientations details. Theintegration points for each structure layer are highlighted.
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Figure 2.16: Abaqus colormapof the shear stresses assessed onuncon-strained [±55◦]3 tube subjected to a uniform temperature difference(∆T = −400◦C) using a single 3D quadratic Stress element in the struc-ture thickness through a Composite Layup (left) and six 3D quadraticStress elements (one element for each layer) in the structure thickness(right).
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In this scenario, the two strategies give exactly the same results,therefore the most convenient choice in terms of calculation time andallocated space is the Composite Layup option, in which only onemeshelement in the thickness is considered. One 3D volumetric mesh ele-ment in the structure thickness enables us to take into account thecombined effect of the geometry and anisotropy presented in Section2.2.In the following discussion, a thermal model for the LATP manufac-turing process is presented and used to perform thermo-mechanicalstructural simulations. Since the thermal model developed involveshigh temperature gradients, a better description in the thickness direc-tion is required in order to predict correctly the thermal history effectson the simulated tubes. In principle, the problem could be solved usingthe Composite Layup option, which enables to control the number ofintegration points without changing the number of mesh elements inthe structure. In this way, increasing the number of integration pointsand prescribing temperatures in each point would enable us to de-scribe the high-temperature gradients involved in the LATP manufac-turing. However, this strategy is not achievable since, according to theAbaqus Documentation (Aba, 2011), it does not seem possible to pre-scribe temperatures at the integration points. Hence, in the followingthermo-mechanical structural simulations performed on Abaqus, one3D volumetric element with quadratic shape functions for each com-posite layer is used.

2.6 . Conclusions

In the present Chapter, the combined effect of the curved geom-etry of the manufactured structure and the anisotropy of the com-posite material were taken into account for the prediction of residualstresses. The aim here was to evaluate and to show the relevancy ofthis particular incompatibility factor in terms of residual stresses andstrains build-up in the composite structure. Furthermore, the conse-quences in terms of the composite modelling strategy on Abaqus werepresented.A non-plane structure subjected to a uniform temperature differ-ence develops residual stresses since the curved geometry couples thein-plane kinematics with the out-of-plane kinematics. Indeed, in thisscenario, the mismatch between the thermal strains in the two direc-tions generates an incompatible thermal strain field, accommodatedby residual stresses.A structural model, already developed in the literature, was imple-
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mented in order to assess residual stresses in a composite tube man-ufactured by the laser assisted tape placement. The complex thermalhistory and the temperature gradients were not taken into account inthe present Chapter, therefore a simple constant temperature differ-ence was used as input for the structural model. The CETIM manufac-tured several composite tubes with different stacking sequences usingdifferent process parameters: with a hotmandrel and with a coldman-drel. After the tubes were manufactured, the CETIM performed a cutalong the axial direction of the tube in order to measure the residualstrains, and from there find the residual stresses within the structureinduced by the manufacturing process.
In order to assess the residual strains after the axial cut of the tubewith the implemented model, the bending moment associated to thecircumferential stress distribution induced by the constant tempera-ture difference was computed. The deformations induced in the cuttube by the residual stresseswere assessed by applying a concentratedbending moment on the free edge of a clamped curved beam.
The comparison between the experimental results and the modelresults showed the ability of the model in predicting tube closure afteraxial cutting of fabricated tubes with the hotmandrel. The [±55◦]3 tubemanufactured by the LATP with the cold mandrel, on the other hand,opens instead of closing, showing the relevant effect of the thermalhistory and the temperature gradients induced by the manufacturingprocess, which needs to be take into account.
In order to take into account the combined effect of the geometryand the anisotropy in a finite element model, as pointed out also in theliterature, solid shell elements cannot be used because of their lack ofkinematics description in the out-of-plane direction, and the 3D volu-metric elements are used here instead.
To conclude, two composite modelling strategies on the commer-cial finite element software Abaqus were addressed. The CompositeLayup option allows to use one 3D volumetric element in the thicknessdirection of the structure, instead of one 3D volumetric element foreach layer of the structure. In this sense, the first approach is conve-nient when only a constant temperature difference is used as input.
In the following Chapter, a mechanism-based temperature-depen-dent viscoelastic constitutive model suited for unidirectional fibers re-inforced polymeric matrix composite is developed in order to take intoaccount the severe temperature gradients induced in the structure thick-ness by the LATP manufacturing process. A transient thermal modelfor the LATP is developed in Chapter 4. For this reason, a better descrip-tion of the temperature field in the thickness direction is mandatory,
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and at least one 3D volumetric element with quadratic shape functionsper layer is used in the following thermo-mechanical simulations onAbaqus presented in Chapter 5.
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3 - A new mechanism-based temperature de-
pendent viscoelastic model for unidirectio-
nal polymermatrix composites basedonCar-
tan decomposition

A part of the present Chapter was published in Di Gennaro et al.(2021). As such, some of the text and figures are reproduced from thatarticle.

3.1 . Introduction

The accurate prediction of residual stresses and strains in compo-site structures manufactured by modern and automated productiontechniques, like Laser Assisted TapePlacement (LATP), requires to prop-erly account for the viscoelastic, temperature dependent behavior ofthe composite.The Laser Assisted Tape Placement makes use of pre-impregnatedtapes, containing long, oriented fibers embedded in a thermoplasticmatrix: the basic building block of LATP structures is therefore a unidi-rectional fiber reinforced composite material. In particular, the fiberscan be considered elastic and sustain most of the load, while the devi-atoric response of the matrix is considered viscoelastic (Mallick, 2008;Ward and Sweeney, 2004; Simo and Hughes, 1998). Therefore, the me-chanical properties are strongly direction dependent and, based on thematerial symmetries, a transversely isotropic behavior can be postu-lated. The goal of the present Chapter is to develop an original consti-tutive model for a viscoelastic, temperature dependent composite, inwhich the viscoelastic behavior of the composite is defined based onthe underlying physical mechanism.For isotropic material models, the viscoelastic relaxation is gener-ally described with a set of scalar parameters, each associated to adifferent relaxation time (see for example Kaliske and Rothert (1997)).For anisotropic material models, and more specifically for fibre rein-forced composites, a vast body of literature exists for both small strains(see for instance Zocher et al. (1997); Pettermann and DeSimone (2018);Kaliske (2000)) and finite strains regimes (for example Holzapfel andGasser (2001); Nedjar (2007); Rajagopal andWineman (2009); Balbi et al.(2018)). In many of these works, different relaxation functions (or a re-laxation tensor) are introduced to describe the viscoelastic behavior
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associated to each material parameter, without a clear link to the un-derlying physical mechanisms (as in Zocher et al. (1997); Pettermannand DeSimone (2018); Kaliske (2000)). In other approaches, in particu-lar among the finite strains models, a formulation which aims at sep-arating the fibers and the matrix contributions is introduced (Nedjar,2007; Merodio and Ogden, 2005; Nedjar, 2011). The approach adoptedin these references, however, is significantly different from the oneproposed here, as it is discussed in the following.
The key element of the present work, discussed in Section 3.2, con-sists in defining an irreducible decomposition (Golubitsky et al., 1988)for the second order stress/strain tensors before defining the strain en-ergy. An integrity basis for the energy function (Boehler, 1987) can thenbeen extracted, yielding naturally uncoupled constitutive equations foreach element of the decomposition. Thanks to this rigorous mathe-matical formulation, the contributions of two underlying constituentsof the composite material (fibers and matrix) to each term of the con-stitutive behavior become easy to identify. In particular, the materialparameters affected by the deviatoric response of the matrix are high-lighted and assumed to be viscoelastic. This assumption is further justi-fied in Section 3.3 through the analytical expressions presented by Hill(1964); Hashin and Rosen (1964); Hashin (1970a) of the elastic modulifor unidirectional fibers-reiforced composites.
A generalizedMaxwellmodel can then be applied only to the appro-priate terms of the stress/strain decomposition in order to describe theviscoelastic behavior of the composite in agreement with the underly-ing physical mechanism, as discussed in Section 3.4.
In order to account for the evolution of the viscoelastic behaviorwith temperature, the thermal strains and the time-temperature su-perposition principle are introduced in Section 3.5, under the hypoth-esis of thermorheologically simple materials (Lakes, 2009).
In Section 3.6, several numerical simulations are shown to high-light the key characteristics of the presented model. In particular, itis illustrated how the relaxation function associated to the transversemodulus of the composite is not an independent function, but it is re-lated to the relaxation of the shear modulus in the plane of transverseisotropy. A user-material (UMAT) for the commercial finite elementsoftware Abaqus is developed in order to perform numerical simula-tions on structural parts.
Finally, in Section 3.7 conclusions and perspectives are discussed.
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3.2 . Transversely isotropic elastic behavior based on Cartan
decomposition

The key point of the proposed model consists in defining the trans-versely isotropic elastic behavior of a unidirectional composite ply interms of elementary, uncoupled material parameters, which can bephysically related to the material parameters of the two underlyingconstituents, the fibers and the matrix. As it is discussed in the fol-lowing, these uncoupled parameters do not exactly correspond to theclassically defined elastic constants EL, ET , µL, µT and νLT .The key to the definition of such an uncoupled behavior is to derivethe elastic fourth order tensor from a quadratic energy function, for-mulated in terms of an appropriate minimal integrity basis (Boehler,1987). Such an integrity basis, in turn, is defined by finding an irre-ducible O(2) decomposition (Golubitsky et al., 1988) of the second or-der stress (and strain) tensor, where O(2) is the orthogonal group ofthe Euclidean plane, modeling the anisotropy.The idea to use group representation theory (Fulton and Harris,1991) andmake an irreducible decomposition of the secondorder stressor strain tensor has already been used in the case of the cubic aniso-tropy (Desmorat and Marull, 2011; Desmorat et al., 2017; Mattiello et al.,2018; Bertram andOlschewski, 1996; Biegler andMehrabadi, 1995). Fur-thermore, finding an explicitO(2) integrity basis can be straightforwardusing the recent publication (Desmorat et al., 2020), while some workwas done in Ranaivomiarana (2019) aboutO(2) irreducible decomposi-tion of strain tensor.This rigorousmathematical formulation turns out to have deepphys-ical significance, as it is discussed in the following. In particular, it en-ables us to clearly separate the material parameters which are influ-enced by the deviatoric response of the matrix and, as such, whichshould display a viscoelastic long termbehavior, from thosewhich shouldremain elastic throughout the analysis. This approach is radically dif-ferent from the one adopted in many viscoelastic models for trans-versely isotropic materials (Zocher et al., 1997; Kaliske, 2000; Petter-mann and DeSimone, 2018), which introduce different viscous relax-ation functions for each of the classical elastic constants (EL, ET , µL,
µT and νLT ), with no clear link to themechanical behavior of the under-lying constituents. A similar, although not irreducible, decompositionof the stress (and strain) tensor, was proposed by Spencer (1984) andused to model the viscoelastic response of unidirectional plies by Ned-jar (2011), but only partial uncoupling is achieved in that case.Let us introduce the fibers’ direction vector vvvf , defining the normalto the isotropic plane (vvv2, vvv3). The transverse isotropy is thenmodelled
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on the group generatedby the rotations of axisvvvf , aswell as the changeof direction of vvvf (equivalently the rotation of axis vvv2 and angle π). Sucha group is in fact the group O(2) of orthogonal transformation of theplane (vvv2, vvv3). An O(2) irreducible decomposition of the stress tensor,also known as a Cartan decomposition (Golubitsky et al., 1988), is forinstance given as follows:
σσσ = sfMMM f + shMMMh + sssfs + sssd, (3.1)

where
sssfs = sf2MMM f2 + sf3MMM f3,

sssd = sdMMMd + s23MMM23, (3.2)
and the (unit) second order tensorsMMM• are defined as

MMM f = vvvf ⊗ vvvf ,

MMMh =
1√
2
(vvv2 ⊗ vvv2 + vvv3 ⊗ vvv3) ,

MMM f2 =
1√
2
(vvvf ⊗ vvv2 + vvv2 ⊗ vvvf ) ,

MMM f3 =
1√
2
(vvvf ⊗ vvv3 + vvv3 ⊗ vvvf ) ,

MMMd =
1√
2
(vvv2 ⊗ vvv2 − vvv3 ⊗ vvv3) ,

MMM23 =
1√
2
(vvv2 ⊗ vvv3 + vvv3 ⊗ vvv2) . (3.3)

These tensors are orthogonal and of unit length with respect to thescalar product AAA : BBB = AijBij , that is MMM• : MMM◦ = 0 if MMM• ̸= MMM◦,
MMM• :MMM• = 1.In the specific case when the vectors vvvi are aligned with the stan-dard basis vectors in Cartensian coordinates {vvvf = eee1, vvv2 = eee2, vvv3 = eee3},the stress components introduced in Eqs. (3.1) and (3.2) can be writtenas follows:

sf = σ11, sh =

√
2

2
(σ22 + σ33) , sd =

√
2

2
(σ22 − σ33) ,

sf2 =
√
2σ12, sf3 =

√
2σ13, s23 =

√
2σ23. (3.4)

It canbe verified that the elements defined in thedecomposition Eq.(3.1) are stable, that is they remain in the same space when subjected
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to operations belonging to the group. Indeed, we have for a rotationof axis vvvf and angle θ:
sfMMM f + shMMMh 7→ sfMMM f + shMMMh,

sf2MMM f2 + sf3MMM f3 7→ (cos(θ)sf2 − sin(θ)sf3)MMM f2 + (sin(θ)sf2 + cos(θ)sf3)MMM f3,

sdMMMd + s23MMM23 7→ (cos(2θ)sd − sin(2θ)s23)MMMd + (sin(2θ)sd + cos(2θ)s23)MMM23.(3.5)
Such a decomposition of the stress tensor is far from being unique.Indeed, any invertible linear combination

(MMM f ,MMMh) 7→ αMMM f + βMMMh (3.6)
leads to another Cartan decomposition of σσσ. The specific decompo-sition chosen here is related to the physical interpretation of the ob-tained components, which is quite straightforward. Two of the fourterms involve the vvvf direction, namely sf (normal stress in the fibers’direction) and sssfs (longitudinal shear stresses sfi). The other two, shand sssd, involve only the plane of transverse isotropy, and they are anal-ogous to the classical hydrostatic/deviatoric decomposition in two di-mensions. Since the tensorsMMM• are orthogonal and of unit length byconstruction, each term s• of the decomposition can be extracted fromthe complete tensor σσσ as s• = σσσ :MMM•.From a direct application of Desmorat et al. (2020), anO(2) integritybasis of σσσ is given by the 5 polynomials
I1 := sf , J1 := sh, I2 := ∥sssfs∥2, J2 := ∥sssd∥2, I3 := tr (sss2fssssd) ,(3.7)meaning that any O(2) polynomial invariant I can be written as I =

p(I1, J1, I2, J2, I3), with some polynomial p (see Boehler (1987) for moredetails on integrity bases). It is important to notice that the invari-ants obtained from the Cartan decomposition are significantly differ-ent from those classically considered inmechanics for transversely iso-tropic materials (Spencer, 1984; Kaliske, 2000; Holzapfel and Gasser,2001; Merodio and Ogden, 2005; Nedjar, 2007):
Ī1 = tr σσσ, Ī2 =

1

2

(
Ī21 − tr σσσ2

)
, Ī3 = det σσσ,

Ī4 = tr (MMM fσσσ) , Ī5 = tr (MMM fσσσ
2
) (3.8)

which are obtainedby considering the set of isotropic invariants (Ī1, Ī2, Ī3),and adding a posteriori the terms (Ī4, Ī5) to account for transverse iso-tropy. Using a different set of invariants results in a different choice ofelastic parameters, which constitutes the originality of this formulation
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with respect to the existing literature. The relations between these twosets of invariants are given here:
I1 = Ī4, J1 =

Ī1 − Ī4√
2

,

I2 = 2
(
Ī5 − Ī24

)
, J2 =

1

2

(
Ī21 + 2Ī1Ī4 − 4Ī2 + Ī24 − 4Ī5

)
I3 =

1

2

(
2Ī3 − 2Ī2Ī4 + Ī1Ī

2
4 + Ī34 + Ī1Ī5 − 3Ī4Ī5

) (3.9)
The Gibbs free energy leading to linear elasticity can be defined us-ing the 5 polynomial invariants introduced in Eq. (3.7):
I21 = s2f , I1J1 = sfsh, J2

1 = s2h, I2 = ∥sssfs∥2, J2 = ∥sssd∥2, (3.10)
so it can be written as:

w̄ =
1

2
SF s

2
f + SFHsfsh +

1

2
SHs

2
h +

1

2µL

||sssfs||2 +
1

2µT

||sssd||2

=
1

2
SF s

2
f + SFHsfsh +

1

2
SHs

2
h + SFS ||sssfs||2 + SD ||sssd||2 (3.11)

where SF , SFH , SH , SFS and SD are the new five elementary materialparameters which define the transversely isotropic elastic behavior.Knowing the Gibbs free energy, the strain can be then computedas:
εεε =

∂w̄

∂σσσ
= (SF sf + SFHsh)MMM f + (SFHsf + SHsh)MMMh + SFSsssfs + SDsssd

= efMMM f + ehMMMh + eeefs + eeed. (3.12)
As expected, the strain can also be set in terms of the Cartan decom-position.The constitutive relations can finally be written as[

ef
eh

]
=

[
SF SFH

SFH SH

] [
sf
sh

]
,

eeefs = SFSsssfs,

eeed = SDsssd. (3.13)
The first of Eq. (3.13) involves the normal stresses/strains in thefibers’ direction (sf /ef ), as well as the hydrostatic part of the stressesand strains in the plane of transverse anisotropy (sh/eh). These termsare coupled by thematerial constant SFH ; while a different linear com-bination of sf and sh could be chosen to further uncouple these terms,
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this is beyond the scope of this work. Physically, this part of the consti-tutive behavior is controlled by the fibers’ elastic modulus, EF , as wellas by the bulk modulus of the polymer matrix, km. As Ef and km aregenerally considered elastic, the material constants SF , SFH and SHare assumed as purely elastic in the following.
The second and third of Eq. (3.13) involve the longitudinal shearresponse of the composite, defined by the longitudinal shear modulus(indeed, we have SFS = 1/2µL), and its deviatoric response in the planeof transverse isotropy, defined by the transverse shear modulus (since

SD = 1/2µT ). These two parts of the composite’s response are influ-enced by the deviatoric response of the polymer matrix, defined by itsshear modulus µm. As the deviatoric response of the polymer is gener-ally assumed to be viscoelastic, a viscoelastic model is introduced for
SFD and SD in Section 3.4. In some sense, this approach is the general-ization to transversely isotropic behavior of the hydrostatic/deviatoricdecomposition for viscoelasticity, introduced for instance in J.C. Simo(1987). In principle, the viscoelastic behavior of the matrix could havedifferent effects on the longitudinal and transverse shear behaviorsof the composite, thus two different viscoelastic relaxation functionscould be considered, to be identified via computational homogeniza-tion or via direct experimental testing on the composite. This will bethe subject of further work.

If the full compliance tensor SSS, defined as εεε = SSS : σσσ, is needed(such as for the implementation of a user material in a standard finiteelement code), it can be written as

SSS =SFMMM f ⊗MMM f + SHMMMh ⊗MMMh + SFH (MMM f ⊗MMMh +MMMh ⊗MMM f )

+ SFS (MMM f2 ⊗MMM f2 +MMM f3 ⊗MMM f3) + SD (MMMd ⊗MMMd +MMM23 ⊗MMM23) .(3.14)
In practice, the inverse (stiffness) relations will be used in the imple-mentation, but the compliance relations were derived here because oftheir easier physical interpretation.

3.2.1 . Remarks

• Considering again the particular case in which {vvvf = eee1, vvv2 =
eee2, vvv3 = eee3}, the values of the new elastic parameters SF , SFH ,
SH , SFS and SD can be identified in terms of the classical elasticconstants (EL, ET , µL, µT , νLT ). In particular, the relations canbe obtained comparing the compliance tensor written in the two
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notations:

SSS =



SF
SFH√

2

SFH√
2

0 0 0
SFH√

2

SH+SD

2
SH−SD

2
0 0 0

SFH√
2

SH−SD

2
SH+SD

2
0 0 0

0 0 0 SD 0 0
0 0 0 0 SFS 0
0 0 0 0 0 SFS


, (3.15)

SSS =



1EL −νLTEL −νLTEL 0 0 0

−νLTEL 1ET −νTTET 0 0 0

−νLTEL −νTTET 1ET 0 0 0

0 0 0 1
2µT

0 0

0 0 0 0 1
2µL

0

0 0 0 0 0 1
2µL


. (3.16)

The longitudinal and transverse shear responses are immediatelyrecognizable in both sets:
SFS =

1

2µL

,

SD =
1

2µT

. (3.17)
Furthermore we have, from terms (1,1), (1,2) and (2,2):

SF =
1

EL

,

SFH = −
√
2νLT
EL

,

SH =
2

ET

− 1

2µT

. (3.18)

It should be noticed that, since SH is assumed as purely elastic inthe following, the viscous relaxation of the transverse modulus
ET is directly related to the viscous relaxation of the transverseshear modulus µT , and not an independent function of time.
Finally, the fourth equation, term (2,3), yields thewell-known trans-verse isotropy condition:

µT =
ET

2 (1 + νTT )
. (3.19)

68



• The decomposition proposed in Eq. (3.1) is similar to the one in-troduced in Spencer (1984) and used by Nedjar (2011) to modelthe viscoelastic response of unidirectional plies. The decompo-sition proposed in those works, however, is derived a posteriorifrom internal constraints, and not defined a priori in a rigorousmathematical fashion as it is the case here. As a result, the elas-tic parameters obtainedby Spencer (1984); Nedjar (2011), althoughdifferent from the classical set (EL, ET , µL, µT , νLT ), are not fullyuncoupled and they do not have a clear physical interpretation.As a consequence, the introduction of a viscoelastic behavior fora certain portion of the composite’s response is less clear, sincedifferent combinations of the five elastic parameters interveneboth in the elastic and viscoelastic responses, making it difficultto formulate a full tangent stiffness or compliance tensor, as wellas to account for possibly different viscoelastic effects on the lon-gitudinal shear and on the (2,3) plane deviatoric responses. Thisis the reason why the present approach was proposed here in-stead.

3.3 . Analytical homogenisation

In the previous Section, the Cartan decomposition was used forthe stress and strain tensors in order to derive completely uncoupledmaterial parameters in which the contributions of the composite con-stituents (fibers and matrix) are highlighted. The elastic parametersaffected by the deviatoric response of the matrix are assumed to beviscoelastic, while the remaining parameters are fully elastic.
In the present Section, analytical solutions for the elastic moduli ofa transversely isotropic medium, obtained from the homogenizationof a unidirectional fiber-reinforced composite, derived by Hill (1964);Hashin and Rosen (1964), are used in order to justify the assumptionsmade in Section 3.2.
The analytical solutions were derived based on a cylindrical model(Hill (1964); Hashin and Rosen (1964)) and were later extended to vis-coelasticity in Hashin (1970b). The extension to viscoelasticity is basedon a correspondence principle, stating that the same formulas derivedfor the elastic moduli can be applied, simply replacing the elastic mod-uli of each phase with their complex moduli. Although they are basedon some simplifying assumptions, these early results enable us to esti-mate the elastic and viscoelastic response of the transversely isotropiccomposite. In particular, the role of the matrix shear modulus in de-termining the different elastic parameters defined in Section 3.2 can be
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highlighted.Let us consider then the expressions of the elastic parameters, asgiven in Hashin (1970a):
µL = µm

[
1 +

vf
µm

µf−µm
+ vm

2

]
(3.20)

µT = µm

(
1 + αv3f

)
(ρ+ βmvf )− 3vfv

2
mβ

2
m(

1 + αv3f
)
(ρ− βf )− 3vfv2mβ

2
m

(3.21)
EL = Emvm + Efvf +

4vmvf (νf − νm)
2

vm
kf

+
vf
km

+ 1
µm

(3.22)

νLT = νmvm + νfvf +
vmvf (νf − νm)

(
1
km

− 1
kf

)
vm
kf

+
vf
km

+ 1
µm

(3.23)

kT = km

[
1 +

vf
km

kf−km
+ kmvm

km+µm

]
, (3.24)

where ki, µi and νi are the bulk and shear moduli and the Poisson’scoefficient of the phases (fibres and matrix), supposed isotropic, vi arethe volume fractions, and the following relations are defined
α =

βm − γβf

1 + βf

, ρ =
γ + βm

γ − 1
, βi =

1

3− 4νi
, γ =

µf

µm

(3.25)
Ei =

9kiµi

3ki + µi

, νi =
3ki − 2µi

2 (3ki + µi)
. (3.26)

It should be noted that four of the expressions are exact results fromthe cylindrical model. The results can be extended to transversely iso-tropic constituents, but it is not detailed further here.Among the five independent parameters selected in Hashin (1970a)to describe the transversely isotropic behavior, µL, µT , EL and νLT , areclassical elastic constants already discussed, while kT is the transversebulk modulus. For a plane strain state in the (2, 3) plane (ε11 = 0), thedefinition of kT reads
σσσ(2,3) = kT tr(εεε(2,3))III + 2µTdev(εεε(2,3)). (3.27)

This choice is quite interesting, as this set of parameters is closely re-lated to the set considered previously. Indeed, we can show that
SFS =

1

2µL

, SD =
1

2µT

(3.28)
SF =

1

EL

, SFH = −
√
2νLT
EL

, SH =
2ν2

LT

EL

+
1

2kT
. (3.29)
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The two shear moduli are directly recognizable in both sets of pa-rameters, while the three terms (SF , SFH , SH) of the proposed modelare related only to the longitudinal Young’s modulus EL, the Poisson’scoefficient νLT and the transverse bulk modulus kT . In Section 3.2, thethree parameters (SF , SFH , SH)were assumed to bemainly influencedby the properties of the fibers and by the bulk modulus of the matrix,which are elastic. Analyzing the role of µm in Equations (3.20) to (3.24)enables us to verify and test the limits of this assumption.Considering Equations (3.20) and (3.21), it is easy to realize that thetransverse and in-plane shear moduli of the composite, µL, and µT ,show a direct dependence on thematrix shearmodulus µm, and in par-ticular they tend to zero as thematrix shearmodulus tends to zero. Thethree remaining parameters, Equations (3.22) to (3.24), on the otherend, are indeed affected by µm, but their dependence is less significant,and they will retain a non-zero value even for µm → 0. Given Equations(3.28) and (3.29), the elastic parameters of the proposedmodel can alsobe divided into two sets, according to their behavior as µm → 0:
• (SFS, SD) tend to infinity (no remaining stiffness);
• (SF , SFH , SH) retain a finite value (finite remaining stiffness).

This fundamental difference between the two sets confirms the perti-nence of choosing this set of parameters in order to make a clear linkwith the underlying constituents’ response. For this reason, this con-stitutes the first justification for the assumption proposed in Section3.2.Since µm actually appears in Equations (3.22) to (3.24), consideringthat these parameters are not affected by the matrix shear modulus isindeed an approximation, whose pertinence depends on the values ofthe moduli and volume fractions of the two phases. The closed-formsolutions provided by Hashin (1970a) enable us to evaluate the errorintroduced by this approximation.In typical polymer matrix composites, which are considered in thisstudy, the two constituents have similar volume fractions, the fibers areone (for the glass fibers) or two orders (for the carbon fibers) of magni-tude stiffer than the matrix, and the polymer matrix behavior is gener-ally moderately compressible, with a Poisson’s coefficient close to 0.5.Figure 3.1 depicts the normalised composite parameters obtained fromEquations (3.20)-(3.24) and (3.28)-(3.29) as a function of decreasing nor-malisedmatrix shearmodulus, for typical constituents’ properties. Thedirect influence of µm on the first two parameters is immediately no-ticeable, while the three remaining parameters display little variations.In particular, the response in the fibers’ direction, SF , is nearly constant,
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Figure 3.1: Normalised composite parameters for decreasing nor-malised matrix shear modulus (initial set of parameters for the con-stituents from Mallick (2008): Ef = 248 GPa, νf = 0.2, Em = 3.24 GPa,
νm = 0.4, vf = 0.5).
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Figure 3.2: Composite transverse modulus Et computed using Eqs.(3.20) to (3.24) vs Eq. (3.30), for decreasing normalised matrix shearmodulus (initial set of parameters for the constituents from Mallick(2008): Ef = 248 GPa, νf = 0.2, Em = 3.24 GPa, νm = 0.4, vf = 0.5).

while the hydrostatic response in the plane of transverse isotropy, SH ,varies by 10% maximum and the coupling term, SFH , by 20%.It is interesting to notice that neglecting the variations of (SF , SFH , SH)with respect to the matrix shear modulus still enables us to representthe transverse modulus ET of the composite with considerable accu-racy. This can be observed in Figure 3.2, where the transversemoduluscomputed using Eqs. (3.20) to (3.24) is compared to the one obtainedby the following expression:
ET,approx =

2

SH,ini + SD

, (3.30)

where SH,ini is maintained at its initial value, and only SD is consid-ered to be affected by the evolution of the matrix shear modulus µm.As it can be seen from the Figure (3.2), the two results are nearly su-perposed. This confirms the assumption, made in Di Gennaro et al.(2021), that the strong influence of the matrix shear modulus µm on thetransverse modulus of the composite, ET , is essentially related to thein-plane deviatoric response.
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3.4 . Linear viscoelasticity

A linear viscoelastic model is defined here and applied to the terms
µL and µT of the behavior introduced in the previous Section.Several viscoelastic models that can be found in the literature canbe effectively understood by looking at their rheological representa-tions. Combinations of springs and dash-pots can accurately representand describe the material viscoelastic behavior.

Figure 3.3: Basic rhelogical units: Kelvin-Voigt (left) and Maxwell (right)
The Kelvin-Voigt basic rheological unit, as shown in Figure (3.3) left,is characterized by a spring and a dash-pot in parallel, and its one di-mensional differential equation is:

s = Ee+ ηė, (3.31)
where s and e are the one-dimensional stress and strain,E is the springstiffness and η is the viscosity of the dash-pot. The generalized Kelvin-Voigt model, obtained by setting N different Kelvin-Voigt units (plus,eventually, a single spring) in series, is typically used to describe thematerial creep at constant stress.The Maxwell basic rheological unit, on the other hand, is charac-terized by a spring and a dash-pot in series, and its one dimensionaldifferential equation is:

s

η
+

ṡ

E
= ė,

which can be rewritten as
s

τ
+ ṡ = Eė, (3.32)

where the characteristic relaxation time for a given Maxwell unit is τ =
η
E
. In a stress relaxation test, imposing a constant strain e′ at the time

t = t′, the Maxwell model in Equation (3.32) leads to (Kelly, 2013; Simoand Hughes, 1998; Ward and Sweeney, 2004)
s = e′E (t− t′) , where E(t− t′) = E exp

(
−t− t′

τ

)
(3.33)
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is called the relaxation modulus function of the Maxwell model.A convenient way to derive the viscoelastic formulation for theMax-wellmodel is through the integral representation. FromEquation (3.32),using the integration factor exp (t/τ) we obtain, (Kelly, 2013; Simo andHughes, 1998):
d

dt

(
exp

(
t

τ

)
s(t)

)
= E exp

(
t

τ

)
de(t)

dt
. (3.34)

Integrating over the interval [0, t̂] and assuming that s(0) = 0 wehave
s(t̂) =

∫ t

0

E exp

(
t− t̂

τ

)
de(t)

dt
dt. (3.35)

Remembering the expression of the relaxation modulus function inEquation (3.33) and changing the notation follows
s(t) =

∫ t

0

E (t− t′)
de(t′)

dt′
dt′. (3.36)

The generalized Maxwell model (Figure 3.4), obtained by setting Ndifferent Maxwell units and a single spring in parallel, is typically usedto characterize the stress relaxation at constant strain of the material(as we saw earlier).The relaxationmodulus function for the generalizedMaxwellmodelcan be written as follows:
E (t− t′) = E∞ +

N∑
i=1

Ei exp

(
−t− t′

τ

)
. (3.37)

In the present case, a general loading path is sought, in which stressand strain both vary to satisfy the problem equations. In this case, bothgeneralized Kelvin-Voigt and generalized Maxwell models have beensuccessfully applied in the literature (see, for example, Nedjar (2011)for the generalized Kelvin-Voigt model, and Kaliske (2000) for the gen-eralized Maxwell model), often without an explicit discussion on themodeling choice.In the following, a generalizedMaxwellmodel is considered for easeof implementation in a finite element setting. Indeed, in a classical fi-nite element implementation, the search direction to determine stressand strain fields which satisfy the local constitutive behavior is takenat constant displacement. For this reason, the algorithms which solvethe local constitutive equations are strain-driven, and each elementof the generalized Maxwell model can be solved independently. Fur-thermore, based on the Boltzmann superposition principle, the model
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is formulated in integral form, which enables us to make use of wellknown literature results to achieve a simple and accurate numericalintegration scheme.
From Equation (3.36) the hereditary integrals for sssfs and sssd of thegeneralized Maxwell model are:

sssfs(t) =

∫ t

0

Γfs(t− t′)
deeefs(t

′)

dt′
dt′,

sssd(t) =

∫ t

0

Γd(t− t′)
deeed(t

′)

dt′
dt′, (3.38)

where the relaxation functionsΓfs andΓd, remembering Equation (3.37),can be written as follows:

Γfs(t− t′) = 2µlt
L +

N∑
j=1

2µLj
exp

(
−t− t′

τfsj

)
,

Γd(t− t′) = 2µlt
T +

N∑
j=1

2µTj
exp

(
−t− t′

τdj

)
. (3.39)

In these expressions, the parameter µlt
L (resp. µlt

T ) is associated to theisolated spring, and it represents the long term behavior once all stressrelaxation has taken place. The parameter µLj
(resp. µTj

) is associatedto the j-th spring, while τfsj (resp. τdj ) is the relaxation time associatedto the j-th Maxwell element.
From now on, only themathematical development of the viscoelas-tic model for the terms sssfs and eeefs is detailed, as the two equations areidentical in all except the material parameters. Substituting (3.39) into(3.38), it is possible to split the integral into a long term elastic part and

Figure 3.4: Material parameters for the Generalized Maxwell rheologi-cal model
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a viscoelastic one:
sssfs(t) = 2µlt

Leeefs +
N∑
j=1

∫ t

0

2µLj
exp

(
−t− t′

τfsj

)
deeefs(t

′)

dt′
dt′. (3.40)

Finally, from (3.40) sssfs can be decomposed as:
sssfs = sssfs0 +

N∑
j=1

gggfsj . (3.41)
Eq. (3.41) shows how sssfs is obtained as a summation of an elastic stress(
sssfs0 = 2µlt

Leeefs
), and j internal viscoelastic stress variables gggfsj .Finding an accurate and efficient numerical solution of the integralin Eq. (3.40) is crucial. Considering the time step ∆t = tn+1 − tn, andnoting with a superscript i the quantities at time ti, the elastic stress isreadily computed as sssn+1

fs0
= 2µlt

Leee
n+1
fs , while the internal variables canbe written as:

gggn+1
fsj

= 2µLj

∫ tn+1

0

exp

(
−tn+1 − t′

τfsj

)
deeefs(t

′)

dt′
dt′. (3.42)

Remembering the properties of the integral and of the exponentialfunction, we obtain:
gggn+1
fsj

= exp

(
− ∆t

τfsj

)
gggnfsj + 2µLj

∫ tn+1

tn
exp

(
−tn+1 − t′

τfsj

)
deeefs(t

′)

dt′
dt′.

(3.43)This recursive formulation, first introduced in Taylor et al. (1970), is par-ticularly efficient for large finite element problems, as it enables us tocompute the internal variables at the current time instant tn+1, knowingthe information at the previous time instant tn only, without needingto store the whole history of the material.The finite difference approximationof the first derivative of the straintensor eeefs enables us to compute the increment of the internal vari-ables:
deeefs(t

′)

dt′
≈

eeen+1
fs − eeenfs

∆t
. (3.44)

Applying (3.44) to (3.43) we have:
gggn+1
fsj

= exp

(
− ∆t

τfsj

)
gggnfsj+2µLj

∫ tn+1

tn
exp

(
−tn+1 − t′

τfsj

)
dt′

(
eeen+1
fs − eeenfs

∆t

)
.

(3.45)
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Solving the integral analytically, we finally obtain the following closed-form expression:

gggn+1
fsj

= exp

(
− ∆t

τfsj

)
gggnfsj +

1− exp
(
− ∆t

τfsj

)
(

∆t
τfsj

) 2µLj

[
eeen+1
fs − eeenfs

]
. (3.46)

With analogous reasoning, the consistent tangent stiffness can beobtained as:

2µn+1
L = 2µlt

L +
N∑
j=1

2µLj

1− exp
(
− ∆t

τfsj

)
(

∆t
τfsj

) . (3.47)

The full tangent constitutive tensor, useful to achieve efficient numer-ical solutions in commercial finite element codes, can be simply ob-tained by replacing the tangent values of µL and µT in Eq. (3.14).
Small values of ( ∆t

τfsj

) lead to cancellation error of the second term
on the right-hand side of Eq. (3.46) and (3.47). In order to avoid thisinconvenience, under these conditions the aforementioned term canbe replaced by its Taylor series development as follows (Sorvari andHämäläinen, 2010):

1− exp
(
− ∆t

τfsj

)
(

∆t
τfsj

) ≈ 1− 1

2

(
∆t

τfsj

)
+

1

6

(
∆t

τfsj

)2

. (3.48)

It is important to notice that the only approximation introducedin the numerical solution is in Eq. (3.44), while the integral has beensolved analytically. The resulting numerical integration algorithm isparticularly accurate, even for large time increments.
3.4.1 . Remarks

The parameters to be identified for the viscoelastic portion of themodel are µlt
L (resp. µlt

T ), as well as µLj
and τfsj (resp. µTj

and τdj ) foreachMaxwell element. In particular, µlt
L, related to sssfs0 , is the long termmodulus, once viscoelastic relaxation has completely occurred (that is,once the internal variables gggfsj are null), while the short term (instanta-

neous) modulus is given by µst
L = µlt

L +
∑N

j=1 µLj
. Experimental charac-terization at temperaturesmuch lower than the reference temperatureyield a measure of µst

L , while higher temperature tests over time scalessimilar to the relaxation time enable to evaluate the other viscoelasticproperties.
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3.5 . Effects of temperature: thermal strains and time-tempe-
rature superposition

The viscoelastic response of the matrix and, consequently, of thecomposite, plays a crucial role in the establishment of residual stressesand strains during manufacturing processes involving high tempera-ture gradients. In order to model these phenomena, temperature ef-fects are included in the presentmodel: in particular, the thermal strainis introduced, as well as the effect of temperature on viscoelasticitythrough time-temperature superposition.In Section 3.2 the stress and strain Cartan decomposition was pre-sented. The thermal strain can be decomposed in the same way toyield
εεεth = ethf MMM f + ethh MMMh, (3.49)

where
ethf = α1∆T, ethh =

√
2α2∆T, (3.50)

and α1 and α2 are the coefficient thermal expansions in the fibers’ di-rection and in the transverse isotropy plane, respectively. Therefore,the viscoelastic strain tensor can be written as:
εεεve =

(
ef − ethf

)
MMM f +

(
eh − ethh

)
MMMh + eeefs + eeed. (3.51)

It is interesting to notice that the thermal strain does not contain theterms eeefs and eeed, while the viscoelastic model presented in Section 3.4only applies to these two terms. Consequently, any possible relaxationof the stresses induced by incompatible thermal strains cannot occurdirectly through the f and h portions of the behavior, which is purelyelastic, but needs to be linked to the viscoelastic portions fs and d. Ob-viously, the link between the different portions of the behavior occursthrough the directions of the stress and strain tensors imposed by therest of the problem equations. This consideration, which is valid as wellfor classical isotropic temperature-dependent viscoelastic behavior, isresumed in the rheological scheme of Fig. 3.5.The definition of the stress relaxation as a function of the temper-ature involves, for thermorheologically simple materials, the introduc-tion of a new time scale called reduced time, which is a function of thetemperature (Lakes, 2009). The reduced time is defined as follows:
tred =

∫ t

0

1

a(T )
dt′. (3.52)

The shift function a(T ) used here is theWilliams-Landel-Ferry equation(WLF law):
log [a(T )] = − C1 (T − Tref )

C2 + (T − Tref )
, (3.53)
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Figure 3.5: Rheological representation of the different portions of thecomposite’s constitutive behavior: generalized Maxwell model to de-scribe the viscoelastic portions (left) and the elastic portions with ther-mal strains (right)
where T is the temperature, Tref is the reference temperature for thepolymer (generally coincident with the glass transition temperature)and C1, C2 are two material constants. The reduced time is used in-stead of the real time in the viscoelastic model equations of Section3.4.Depending on the composite’s temperature, two extreme scenarioscan occur (Fig. 3.6):

• for temperatures well above the reference temperature, the re-duced time is much longer than the real time (and than the relax-ation time), so stresses relaxation occurs nearly instantaneously,
• for temperatures much lower than the reference temperature,the reduced time is much shorter than the relaxation time, so thepolymer is characterized by an elastic behavior in the time scaleof interest.
Numerical integration of the reduced time is not trivial to computeover a non isothermal time step. Indeed, the shift function a(T ) is ex-tremely nonlinear with the temperature. An approximation of the shiftfunction could lead to large errors, therefore h(T ) = − ln(a(T )) is ap-proximated instead, as a linear function of the temperature over thetime increment (Aba, 2011). Further assuming the temperature T is alinear function of the time t over the time increment, follows:

h(T ) = − ln(a(T (t))) = A+Bt, (3.54)
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Figure 3.6: Reduced time as a function of temperature
where the coefficients are readily obtained as

A =
tn+1h(T n)− tnh(T n+1)

∆t
,

B =
h(T n+1)− h(T n)

∆t
. (3.55)

Therefore, from Eq. (3.52) the reduced time increment can be com-puted as follows:
∆tred =

∫ tn+1

tn
exp (A+Bt) dt, (3.56)

which yields:
∆tred =

a−1(T n+1)− a−1(T n)

h(T n+1)− h(T n)
. (3.57)

3.6 . Numerical simulations

In order to illustrate the main features of the proposed model, sev-eral numerical simulations are presented.In Section 3.6.1, different loading histories are applied to a singlematerial point in order to illustrate the model response in stress relax-ation, creep and variable temperature tests. A Matlab implementationof the model is used for these examples.In Section 3.6.2, on the other hand, themodel is usedwithin thermo-mechanical structural simulations, in order to predict the residual stres-ses distributions within a composite structure for different manufac-turing processes. An AbaqusUMATwas implemented to this end, using
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C language code generated from the original Matlab implementationvia the Matlab Coder toolbox. The UMAT was used in conjunction withstandard mechanical elements available in Abaqus.The instantaneous elastic parameters used for all simulations arethe following (Grogan et al., 2015):

EL = 134 GPa, ET = 10.3 GPa, µL = 6 GPa, νLT = 0.32, νTT = 0.4.
Only one Maxwell element has been used for simplicity. The viscoelas-tic parameters are specified for each simulation.

3.6.1 . Loading histories on a single material point
Stress relaxation tests

In order to simulate stress relaxation tests, a strain was imposedrapidly, then maintained until complete relaxation of the viscous term.Imposing different combinations of strain components, while settingthe other stress components to zero, enables us to highlight some ofthe model features. Here, the fiber orientation vector was taken as
vvvTf = [1, 0, 0], thus the transverse isotropy direction is aligned with the
x direction. For the simulations shown in this part, the viscoelastic pa-rameters are taken as:

µlt
L = 0.1µst

L , µlt
T = 0.1µst

T , τfs = 10 s, τd = 10 s.
The result obtained by imposing a shear strain εxy = 0.005 is de-picted in Fig.(3.7). The evolution of the stress directly mirrors the evo-lution of the shear modulus µL as defined in Eq. (3.39).

Figure 3.7: Shear stress relaxation for a constant imposed shear strain(εxy = 0.005)
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Figure 3.8: Transverse stress relaxation for a constant imposed trans-verse strain (εyy = 0.01)
Imposing a strain εyy = 0.01 in the transverse direction, on the otherhand, enables us to observe the evolution of the transverse modulus

ET with time (see Figure 3.8). While other transversely isotropic mate-rial models, as Zocher et al. (1997); Kaliske (2000); Pettermann and DeS-imone (2018), choose to specify different relaxation function for eachof the five material parameters, here the relaxation of ET is directlyrelated to the relaxation of µT , as it can be noticed in the model equa-tions. In particular, the short and long term values of ET can be easilyassessed as:
ET =

4µT

1 + 2µTSH

, (3.58)
where SH is constant and µT takes its short term and long term values,respectively. This is a distinguishing and very important feature of theproposed model.More complex combinations of strains enable us to highlight theinterplay between the different elements of the stress and strain de-composition. Imposing εyy = 0.01 and εzz = 0, the terms eh and edare both constant and equal, and the stress response is the sum of thecorresponding sh and sd terms. This is illustrated in Fig.(3.9).The eh contribution can be easily turned off imposing εyy = 0.01 and
εzz = −0.01. In this case, the stress relaxation is directly given by theevolution of µT (see Fig. (3.10)).

Creep tests
In this example, the viscoelastic response of the composite to a loadapplied in different directions is illustrated using a creep test. The re-sults are similar to those provided by Nedjar (2011). In particular, theeffect of introducing different viscoelastic parameters for µL and µT is
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Figure 3.9: Transverse stress relaxation for a biaxial constant imposedstrain state (εyy = 0.01, εzz = 0)

Figure 3.10: Transverse stress relaxation for a biaxial constant imposedstrain state (εyy = 0.01, εzz = −0.01)
illustrated. Indeed, the viscoelastic behavior of the matrix could trans-late into different relaxation functions for µL and µT . Differently fromNedjar (2011), the model proposed here enables one to account for thiseffect. A more detailed numerical validation of the proposed model,based on the numerical homogenization of a fiber/matrix representa-tive volume element, is among the perspectives of this work.In order to highlight the effect of each set of viscoelastic parame-ters, a constant stress σxx = 100 MPa was imposed, while the fiberdirection vvvf was rotated at different angles θ with respect to x.Two different sets of simulations are depicted in Fig. (3.11). In thefirst, the viscoelastic parameters are

µlt
L = 0.5µst

L , µlt
T = 0.5µst

T , τfs = 100 s, τd = 100 s,
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while, in the second, more relaxation is assumed to occur in the µTterm:
µlt
L = 0.5µst

L , µlt
T = 0.28µst

T , τfs = 100 s, τd = 100 s.
The difference between the two sets of parameters can be noticed,especially in the testswith large angles between the fibers and the load-ing direction. Indeed, in these transverse dominated directions, theterm µT plays a more significant role, while µL is dominant for smallangles. All viscoelastic contribution disappears completely for a loadalong the fibers’s direction, which yields a purely elastic response.

Figure 3.11: Creep loading tests for different angles θ between the load-ing and the fibers’ direction, with the same relaxation functions (top)and with different relaxation functions (bottom) for µL and µT

Variable temperature tests
In order to see the effect of the temperature on stress relaxation,two simulations of a thermoplasticmatrix composite cooling down fromabove its fusion point were carried out. As for the stress relaxationtests, the fiber orientation vector was taken as vvvTf = [1, 0, 0], thus the
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transverse isotropy direction is aligned with the x direction. We sup-pose that the initial temperature T0 is associated to a null initial state.A simple linear temperature function (to simulate a constant coolingrate from T0 = 400◦C to Te = 100◦C in a time frame of 100 s) was usedas input, and different restraints were imposed on the material pointin order to evaluate their effect on the generation of thermal residualstresses. In this Section, the following viscoelastic parameters wereused, to simulate the possibility of nearly complete relaxation:
µlt
L = 0.001µL, µlt

T = 0.001µT , τfs = 10 s, τd = 10 s.
The coefficients thermal expansion of the compositematerial are (Gro-gan et al., 2015):

α1 = 0.2(10−6)/◦C, α2 = 28.8(10−6)/◦C,
while the parameters used for the WLF law are (Chapman et al., 1990):

Tref = 143◦C, C1 = 52, C2 = 243◦C.
Two different situations were considered. In the first, a null strainwas imposed in the transverse isotropic plane (εyy = 0 and εzz = 0).From theboundary conditions imposed, stresses in the transverse isotropicplane are equal and non null (σyy = σzz ̸= 0) therefore, the deviatoricstress is null (sd = 0) while, the hydrostatic stress is non null (sh ̸= 0,see Equation (3.4)).The total hydrostatic strain (eh) is equal to the sumof the elastic andthermal hydrostatic strains (eelh and ethh ). Remembering the constitutivelaw, Equation (3.13), with sf = 0, the total hydrostatic strain is obtained:

eh = eelh + ethh = SHsh +
√
2α2∆T. (3.59)

Due to the imposed conditions, the total hydrostatic strain eh isnull, thus the elastic strain is equal and opposite to the thermal strain.Therefore, we obtain the thermal stress as follows:
sh = − ethh

SH

= −
√
2α2∆T

SH

= −
√
2α2 (T (t)− T0)

SH

. (3.60)
Results are shown in Figure (3.12), top. Since the deviatoric part of theresponse in the plane of transverse isotropy is constrained and it can-not develop, no stress relaxation occurs even for temperatures abovethe reference temperature Tref .In the second scenario, a null strain was imposed only in the trans-verse direction (εyy = 0). The hydrostatic and deviatoric stresses and
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Figure 3.12: Thermal stresses induced by a linear temperature historywhen the relaxation is inhibited (top) and where the relaxation is al-lowed (bottom)
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strains (•h and •d respectively), are both non null. In particular, we canwrite:
sh =

√
2

2
(σyy + σzz) =

√
2

2
σyy = sd, (3.61)

eh =

√
2

2
(εyy + εzz) =

√
2

2
εzz = −ed, (3.62)

eelh =

√
2

2

(
εelyy + εelzz

)
̸= eeld =

√
2

2

(
εelyy − εelzz

)
. (3.63)

For temperature higher than the reference temperature (T > T ref ),stress relaxation occurs rapidly, and the deviatoric stress is null (sd =
0), as shown in Figure (3.12) bottom. In other words, the transverseisotropic plane (εyy and εzz) can adapt to become compatible with thethermal deformation ethh and have null hydrostatic stress sh. Thus, elas-tic deformations donot arise, and the total deformation, fromEquation(3.59), can be written as:

eh = ethh =
√
2α2∆T. (3.64)

From Equation (3.62), the total strain εzz during this phase of cooling is:
εzz = 2α2∆T = 2α2 (T (t)− T0) . (3.65)

For temperature lowers than the reference temperature (T < T ref ),stresses relax extremely slowly and the behavior can be consideredelastic. Therefore, sh and sd adapt so that the strain is compatible.Hence, we can write (see constitutive relations in Equation (3.13)):
eh = SHsh + ethh (3.66)
ed = SDsd, (3.67)

from which it follows that
√
2

2
εzz = SH

√
2

2
σyy +

√
2α2∆T (3.68)

−
√
2

2
εzz = SD

√
2

2
σyy. (3.69)

Solving for σyy and εzz the Equations (3.68) and Equation (3.69), andremembering the expression for SH in Equation (3.18), the trasnversestress σyy and the total strain εzz are obtained:
σyy = −α2ET∆T = −

√
2

2
α2ET (T (t)− Tref ) (3.70)

εzz = (1 + νTT )α2∆T = (1 + νTT )α2 (T (t)− Tref ) . (3.71)
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Figure 3.13: Material point simulation imposing εyy = 0. The totalstrain in the transverse direction εzz is depicted. The elastic and viscousstrains that would be obtained with constant slopes are also shown.
In other words, in this second scenario, stresses buildup begins attemperatures lower than the reference temperature, since above theviscoelastic behavior of the matrix enables stress relaxation. Through-thickness strains εzz , on the other hand, develop immediately aftercooling from the zero state temperatureT0, according to different slopesin the different zones, Equations (3.65) and (3.71). This will play a sig-nificant role in Chapter 5, where this model will be applied to the sim-ulation of residual stresses within tubes.The hydrostatic and deviatoric stresses are depicted in Figure (3.12)bottom, while the total strain εzz is depicted in Figure (3.13). Compar-ing the strain in the viscous domain in Equation (3.65) with the elasticstrain in Equation (3.71), it can be noticed that the two linear functionshave different slopes. These slopes are highlighted in Figure (3.13). Inparticular, the elastic εelastzz and the viscous εviscozz strains linear functionsdepicted in Figure (3.13), are obtained imposing the same T0 = Ti justto highlight the slopes.In otherwords, the particular boundary conditions used in theprob-lem induce the coupling between the hydrostatic and deviatoric re-sponse of the matrix, allowing thermal hydrostatic stresses relaxationas it was shown in Figure (3.5).

3.6.2 . Structural simulations
In this Section, the temperature-dependent viscoelastic model isused within different thermomechanical structural simulations, in or-der to compute the residual stressed buildup during manufacturing.The first set of simulations involves a flat unidirectional plate, cool-
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ing under an imposed temperature profile, representing for instance ahot pressmanufacturing process: in this case, the non-uniform coolingis the only cause of residual stresses buildup, and the cooling rate hasa significant influence on the final stress level. The results, analogousto those obtained by Chapman et al. (1990), constitute a first validationof the proposed model.
Residual stress buildup on a cooled infinite plate

In the present Section, following the work presented in Chapmanet al. (1990), the residual stresses induced in an infinite, unconstrainedunidirectional plate undergoing a non-uniform cooling process wereassessed using the commercial finite-element software Abaqus. Nu-merical simulationswere performedona small plate volume (Fig. (3.14),left). The cooling process occurs through the external surfaces, wherean exponential decay temperature function has been imposed. Thethermal problem has been solved numerically in Abaqus, setting thefollowing thermal material properties:
ρ = 1598 kg/m3, C = 930 J/(kg K), k = 0.4W/(m K),

where ρ is the density, C is the specific heat and k is the conductivityin the out-of-plane direction of the composite.The temperature history obtained from the thermal computationwas used as input to the mechanical problem, in which the materialbehavior of the composite was defined by an UMAT based on the pro-posed model. The mechanical boundary conditions are schematicallyrepresented in Fig. (3.14), right. Specifically, the plate volume can de-forms in the thickness direction (z-axis), but the two faces of normals
x and y are constrained to remain planar, which represents the effectof the infinite surrounding plate. The parameters for the mechanicalsimulation are the same as in Section 3.6.1.Residual stresses in the transverse direction were assessed impos-ing different cooling rates on the external surfaces of the plate volumeas depicted in Fig. (3.15). The outer portions of the plate are the firstto reach room temperature, and then act as a constraint to the innerportions, which are not able to contract freely during cooling. A well-known residual stresses profile, with tension at the core and compres-sion close to the surface, develops in the plate. As it can be noted,this effects is exacerbated by high cooling rates, which lead to signif-icant through-thickness temperature gradient. On the other hand, itbecomes negligible for slow cooling rates, the limit case being a uni-form cooling, which would lead to no internal stresses at the ply’s scalefor a unidirectional composite.
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Figure 3.14: Plate volume simulated in Abaqus (left) and schematic rep-resentation its mechanical boundary conditions (right)
As we havementioned before, the numerical simulation performedhere is inspired by the work presented in Chapman et al. (1990), whichincludes both numerical and experimental results. Some differences,however, exist between the simulations in Chapman et al. (1990) andthe present work. Indeed, unlike the current version of our model,Chapman et al. (1990) includes the crystallization kinetics of the poly-meric matrix, which intervenes as an extra source term in the thermalproblem, and as an extra source of inelastic deformation in the me-chanical problem. On the other hand, the mechanical model is far sim-pler, involving an incremental elastic description of the stress/strainrelation in order to mimic the viscoleastic behavior. Nevertheless, thecomparisonbetween the results of themodel proposedhere and thosegiven in Chapman et al. (1990) for the same initial cooling rate, reportedin Figure 3.15, shows a very good agreement.

3.7 . Conclusions and perspectives

A temperature-dependent viscoelastic constitutivemodel suited forunidirectional fiber reinforced composite material was presented. Inorder to highlight the contributions of the fibers and the polymericmatrix, a Cartan decomposition for the stress and the strain tensorswas used. The energy function, based on an integrity basis of the de-
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Figure 3.15: Final residual stress through the thickness in the transversedirection for different initial surfaces cooling rates. Location = 0 cor-responds to the plate midplane. The black dotted line corresponds tothe numerical result proposed by Chapman Chapman et al. (1990) foran initial cooling rate of 35◦C/s.

composition, enabled us to obtain uncoupled constitutive equations inwhich fibers and matrix contribution are easily recognized. The influ-ence of the matrix shear modulus on the material parameters of theunidirectional composite was evaluated using analytical solutions de-rived in the literature. These results were used to justify the viscoelasticbehavior only on the parameters affected by the deviatoric responseof the matrix. A generalized Maxwell model was applied only to theseterms, in agreementwith the underlying physicalmechanism. The tem-perature dependence was introduced through the time-temperaturesuperposition principle using the Williams–Landel–Ferry shift function.Thermal strains were included using the same Cartan decomposition.
A first perspective of this work is to derive the constitutive law forthe composite from homogenization of a fiber/matrix representativevolume element, and to use the homogenized behavior to identify thematerial parameters introduced here. Simulating relaxation (strain-driven) and creep (stress-driven) tests, should enable us to identify theviscoelastic relaxation and creep functions in terms of the matrix be-
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havior, whichwould give a complete description of the viscoelastic con-stitutive behavior of the composite.As the model was developed in the framework of residual stressesand strains prediction for thermoplastic matrix composites, it will beused in further work to simulate the initial state of LATP manufacturedparts. To this aim, it may be necessary to address in the model otherphysical mechanisms which could affect the development of residualstresses and strains, such as the effect of crystallization of the ma-trix on the mechanical behavior. The stress/strain decomposition pro-posed here should make this task relatively easy to achieve.In Chapter 4, the one-dimensional heat transfer transient equationis used to describe the severe temperature gradients induced by theLATP processing. The temperature-dependent viscoelastic model de-veloped here enables us to take into account the effects of LATP ther-mal history modeled in terms of residual stresses and strains withinthe manufactured structure. These effects, along with the combinedeffect of geometry and anisotropy seen in Chapter 2, will be assessedin Chapter 5 where simulations of the LATPmanufacturing process areperformed on several tubes.
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4 - Thermalmodel of LaserAssisted TapePlace-
ment

4.1 . Introduction

Among the sources of residual stresses and strains discussed inChapter 1, the temperature gradients during manufacturing play a sig-nificant role. The viscoelastic model for the unidirectional composite,developed in Chapter 3, enables us to account for the temperature’s ef-fect, as it was shown through the last treated example in Section 3.6.2.In order to predict the residual stresses and strains associated to theLaser Assisted Tape Placement (LATP) process, therefore, we need anaccurate thermal model of this process.
The LATP process (Schledjewski, 2009; Lukaszewicz et al., 2012) isused especially to fabricate tubes of different section types, pressurevessels and curved or flat plates. It can be summarized as a laying pro-cess with localized consolidation. Specifically, the machine winds upover a mandrel, or applies over a mold, a pre-impregnated tape of uni-directional fibers reinforced thermoplastic matrix composite. Duringthis placement process, the composite tape is under tension, and alaser beam heats up the tape to be placed and the tapes previouslydeposed on the mandrel (which represent the consolidated substrate)to achieve consolidation. In order to achieve a better consolidation be-tween tapes, a compaction roller applies a pressure transversely to thetapes.
The LATP thermal consolidation between the composite materialtape and substrate is achieved through two phases, that occur consec-utively: the heating phase and the consolidation phase.
In the heating phase, the machine heats up through a laser beamthe inner surface of the tape being placed and the outer surface ofthe previously consolidated substrate. The heating zone is a rectangu-lar spot, whose width exceeds the incoming tape width (the tape widthcan range from 10mmto 300mmfor bigger structural composite parts)and whose length is a few tens of millimeters (up to 50 mm). Consid-ering that the placement speed can range from 50 mm/s to 400 mm/sor more, the heating phase duration is very short, reaching an operat-ing process time of 0.05 s. Therefore, a concentrated and limited areaof the tape and the substrate exceeds the melting temperature of thethermoplastic matrix.
The consolidation phase begins when the incoming tape and sub-

95



strate, aided by the compaction roller, come into contact. In this phase,the laser heat source is removed, because the roller moved forwardwith the tape placement process, and tape and substrate cool downbonding together.
In order to manufacture the single layer of the structure, the ma-chine applies and consolidates the unidirectional composite tapes sideby side, following particular trajectories dependent on the designed ge-ometry and the stacking sequence of the structure. Placing and con-solidating layer over layer, the machine is able to fabricate the wholecomposite material structure.
During the manufacturing process, each composite material layerexperiences several heating and cooling phases, depending on thenum-ber of layers of the structure, except for the last layer of the manufac-tured structure, which undergoes a single heating and cooling phase.In this scenario, the LATP process clearly generates a complex thermalhistory in the structure, characterized by high temperature gradientsin every space direction (Toso et al., 2004; Hassan et al., 2005). This,in turn, induces a complex initial state in the manufactured structure(Parlevliet et al., 2006; Chapman et al., 1990; Sonmez and Hahn, 1997a;Baran et al., 2017; Sonmez et al., 2002). The assessment of the pro-cess induced residual stresses and strains is essential to predict themechanical properties of the structure, therefore the modelling of thethermal processes involved in the LATP is crucial.
Several thermalmodels havebeendeveloped in the literature. Com-plex numerical three-dimensional heat transfermodelswere proposedby (Toso et al., 2004; Hassan et al., 2005), where the heat source used isa hot gas torch. Hosseini et al. (2021) and Stokes-Griffin and Compston(2015a) in their works studied the thermal problem of the laser assistedtape winding process, and they provided a 3D optical model coupledwith a 2D heat transfer model. The effects of the heat source powerand the placement velocity on the temperature evolution were studiedthrough a 2D heat transfer model by Grove (1988); Stokes-Griffin et al.(2015), while Beyeler and Guceri (1988) and Sonmez and Hahn (1997a)included a heat generation term in the discussion in order to addressfor the heat release or heat absorption due to the crystallization of thethermoplastic matrix. An analytical solution to this thermal problemwas proposed by Nejhad et al. (1991). However, later on it was pointedout by Pitchumani et al. (1996) and Tierney and Gillespie (2003) that theheat due to the crystallization can be neglected compared to the exter-nal heat input and the heat transfer through the material, suggestingthat model simplifications can be taken into account.
Using these complex thermal models to assess the temperature
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history experiencedby themanufactured composite structure, and thenapplying the thermal history as input in order to evaluate the inducedresidual stresses and strains, would make the computational time toolong compared to the industrial demand. Therefore, model simplifica-tions have to be made.
The thermal problem is dominated by the through thickness con-duction, as opposed to the layer in-plane conduction (Kok, 2018; Grouve,2012), therefore we can expect more relevant temperature gradientsalong the structure’s thickness with respect to the structure’s plane(Grove, 1988; Tierney and Gillespie, 2003). Indeed, the tapes used in theLATP manufacturing process are extremely thin (the composite tapesused by CETIM are 0.16 mm thick) compared to the size of the struc-ture. In particular, even if the thermal diffusivity in the fibers directionis one order of magnitude higher compared to the thermal diffusivityin the matrix direction, this heat transfer direction can be neglecteddue to the high placement speeds involved in the LATP manufacturingprocess, as highlighted by several authors (Grove, 1988; Grouve, 2012;Weiler et al., 2018).
Assuming a null initial state for the incoming ply, we can considerthat the LATP process starts to generate residual stresses within thestructurewhen the incomingply and the substratemake contact. There-fore, in our discussion, a one-dimensional heat transfer equation isused to describe the consolidation phase of the LATP thermal prob-lem, and the analytical solution of this problem is presented.
An analytical one dimensional heat transfer model solved by thefinite-differencemethodwasproposedbyColton and Leach (1992). Weileret al. (2018) proposed twodifferent one dimensional heat transfermod-els to describe both the heating phase and the consolidation phase ofthe laser assisted tape placement, while Dai and Ye (2002) modelledonly the consolidation phase. Both works developed an analytical so-lution to the thermal problem, but they didn’t include the thermal effectof the mandrel, which act as a heat sink especially in the first part ofthe manufacturing process, when the structure is still thin (up to 1 or 2mm thick).
In the present work, the thermal effects of themandrel and the am-bient are accounted for, and they are considered as a convectivemixedboundary conditions. The heat flux with the inner surface of the sub-strate is time and temperature dependent, since it is a function of themandrel temperature, taken as constant, and the substrate tempera-ture, which evolves in time. The same stands for the outer surface ofthe tape, which is exposed to air, supposed at constant temperature.
The initial condition for the present analytical model is the initial
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temperature distribution in the thickness direction of the tape and thesubstrate at the end of the heating phase of the LATP. The heatingphase itself is not modeled in our discussion. For this reason, wherepossible, the initial temperature distribution is extrapolated (throughexponential fitting) from the numerical results of optical-thermal mod-els present in the literature. Otherwise, the initial condition is assumedbased on some common features of the litterature results.Having an analytical solution of the consolidation phase of the LATPprocess, which takes into account its main physical mechanisms, turnsout to be a big advantage in terms of computational timewhen thermo-mechanical simulations are performed over the whole manufacturedstructure.In Section 4.2, the one-dimensional thermal model is presented.The effect of the mandrel as heat sink is introduced in the model asa mixed boundary condition. The second mixed boundary conditionis introduced as convective heat flux with the ambient. In particular,the initial condition of the present thermal model is induced by theLATP heating phase, and thus derived through exponential fitting fromnumerical and experimental results presented in the literature. In Sec-tion 4.3, the analytical solution of the one-dimensional thermal modelis derived.Four case studies proposed in the litterature, including numericaland experimental results, are presented in Section 4.4. Each case studydiffers for the model considered, as well as for the number of deposedplies and, in some cases, the heating method. They enable us to studythe common features of the temperature distributions induced by theheating phase of the LATP, as well as to compare our solution to theone provided by more complex 2D and 3D optical-thermal models. Inparticular, the analytical results are compared in Section 4.4.2 with theresults from the literature in order to validate the proposed thermalmodel. Finally, the considerations made in Section 4.4.3 about the ini-tial conditions enabled us tomake a proposition for the initial tempera-ture profile to be fed to the proposed one-dimensional thermal model.Final comments are made in Section 4.5

4.2 . Thermal Model

During the manufacturing process of the composite structure, theLATP process generates temperature gradients across the whole struc-ture. Hence, the thermal problem is described by a three-dimensionaltransient heat transfer equation. However, facing this problem wouldmean modeling the trajectories that the machine follows in order to
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Figure 4.1: Laser assisted tape placement manufacturing processschematic image. The key LATP elements represented in the presentFigure are: the laser heat source, the incoming tape, the compactionroller and the cylindrical mandrel. It can be noticed that the surfaceheated by the laser is dominant compared to the thickness of the tape.

manufacture the whole structure, and this is not feasible in terms ofcomputational time.
As previously discussed, the laser heated surface is a rectangularspot, and its dimensions are at least one or two orders of magnitudebigger than the tape thickness (50mm for the size of the spot, against

0.125mm for the tape thickness, see Figure (4.1)). The heated area,which corresponds to the inner surface of the tape and to the outersurface of the substrate, reaches a almost uniform temperature, com-pared to the temperature distribution in the thickness direction (Stokes-Griffin and Compston, 2015a). Therefore, the LATP thermal problem isdominated by heat conduction in the thickness direction, where hightemperature gradients are most likely to appear. Hence, the in-planethermal problem is neglected, and a one dimensional transient heattransfer equation is used instead.
In terms ofmanufacturing process, such an assumptionmeans thatthe single compositematerial layer of the structure is not characterizedby several composite tapes placed side by side, but it is seen as manu-factured in one go. The structure, on the other hand, is manufacturedby placing each composite layer over the previously consolidated sub-strate. In this way, the notion of the trajectory that the machine needs
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to follow in order to place the tape over the substrate is lost.It follows that the heating phase and the consolidation phase in-volve the whole composite material layer and substrate. In particular:
1. Heating phase. In the heating phase (Kok, 2018; Weiler et al.,2018), the laser beam heats up the layer inner surface and thesubstrate outer surface. The heat is absorbed by the fibers thatare on the surface, and then transferred by conduction throughboth the layer being placed and the substrate. In order to achievethe bond, in the following consolidation phase polymer chainshave to cross the interface between the substrate and the tape.Therefore, the compositematerial is heatedover themelting tem-perature of the thermoplastic matrix.
The initial temperature distribution within the ply and the sub-strate, generated during the heating phase, is affected by severalfactors, such as: the optical and thermal properties of the com-posite material, the laser power, the laser beam inclination, thevelocity of the tape placement, the temperature of the mandrelor the mold on which the machine is placing the tape, the elas-tic and thermal properties and the geometry of the consolidationroller (as it affects the shadow area at the nip point), and the ge-ometry of the structure to be manufactured (which correspondsto the geometry of the mandrel/mold). Usually, a melted zone isexpected at the ply/substrate interface, but the depth of this zoneis quite challenging to predict numerically and to measure ex-perimentally. In any case, the temperature distribution inducedby the LATP strongly differs from the temperatures induced bythe autoclave curing process, and high temperature gradients arelikely to appear.
Theheating phase induces an initial temperature distributionwithinthe ply being placed and the substrate. As soon as the two comeinto contact, and the heat source is removed, the cooling processbegins.

2. Consolidation phase. In the consolidation phase, the thermo-plasticmatrix cools downand solidifies, and the layer being placedand the substrate bond together. This cooling process, as such, isdeeply affected by the initial temperature distribution induced bythe heating phase, discussed before. The main factors affectingthe consolidation process are (Kok, 2018; Weiler et al., 2018; Hos-seini et al., 2021): the thermal properties of the composite mate-rial, the thermal properties and the temperature of the consoli-dation roller, the mandrel and the surrounding environment. In
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particular, the potential presence of voids at the interface, there-fore the quality of the bond between previously consolidated lay-ers, affects the thermal properties of the interfaces. In case oflow bond quality, interfaces can have an insulating effect, as thepolymer matrix has poor heat conduction properties. In model-ing terms, this can be seen as a contact thermal resistances. Thisaspect is not considered in the following, where the heat con-duction properties of the substrate are assumed to be uniformacross the thickness. This amounts at considering a perfect bondbetween layers. As we mentioned earlier, the temperature dis-tribution induced by the heating phase affects the consolidationphase, thus all the factors discussed before (in the heating phase)have a direct or an indirect impact on the cooling process of tapeand substrate.
In the present work, the through-thickness transient heat transferequation is used to describe the consolidation phase of the LATP, whilethe heating phase is not modelled. The initial condition of this modelcomes from the heating phase, therefore it will be derived frommodelsdescribing the heating phase or from experimental results present inthe literature. Once the initial condition has been derived, the thermalaspects included in the heating phase are indirectly included in our dis-cussion. This strategy is used because a null initial state is assumed forthe incoming layer and the build up of residual stresses and strains isconsidered to initiate as the layer being placed and the substratemakecontact.As regards the consolidation phase, we assume a perfect thermalcontact, therefore a complete absence of interfacial voids. Due to thelow thermal diffusivity of the polymeric compaction roller and to thehigh speed of the process, we assume that the outer surface of theplaced composite layer is thermally exposed only to still air.All the thermal material parameters used in the following discus-sion are taken as constant with temperature. The analytical solution ofthe model proposed here is also detailed.

4.2.1 . Heat transfer equation
The thermal problem in the consolidation phase is described by thefollowing second-order parabolic partial differential equationwith con-stant coefficients:

∂T (z, t)

∂t
= k

∂2T (z, t)

∂z2
, 0 < z < l, (4.1)

where T is the temperature, t is time, z is the thickness coordinate and
l is the total thickness of the manufactured structure. The thermal dif-

101



fusivity k of the composite material in the transverse direction can bewritten as function of the specific heatC , density ρ and the conductivity
K , as follows: k = K

ρC
.

4.2.2 . Boundary conditions
The boundary conditions of the present model are represented asconvective heat fluxes at the inner surface of the substrate and at theouter surface of the ply being placed, as follows:

−∂T

∂z

∣∣∣∣
z=0

+H1 (T (0, t)− T1) = 0, z = 0 (4.2)
∂T

∂z

∣∣∣∣
z=l

+H2 (T (l, t)− T2) = 0, z = l, (4.3)
where T1 and T2 are respectively the temperatures of the mandrel andof the air, while H1 and H2 are the heat transfer coefficients of thecomposite material respectively with the mandrel (h1) and with the stillair (h2), scaled by the thermal conductivity K , and they can be writtenas: H1 = h1/K andH2 = h2/K. The mandrel temperature (T1) and theroom temperature (T2) are kept constant.Equations (4.2) and (4.3) represent time-dependent heat fluxes be-tween the mandrel (respectively, the air) at a prescribed constant tem-perature T = T1 (respectively, T = T2) and the substrate at tem-perature T = T (0, t) (respectively, the incoming tape at temperature
T = T (l, t)).

4.2.3 . Initial condition
As we said earlier, the initial condition is the initial temperature dis-tribution of the ply being placed and the substrate. It can be written asfollows:

T (z, 0) = f(z), t = 0, 0 < z < l. (4.4)
For the time being, the solution is developed for a general piece-wise continuous function f(z), re-written as:

f(z) =

{
f1(z), for 0 < z < l1

f2(z), for l1 < z < l.
(4.5)

The function f1(z) in Equation (4.5) is a continuous function whichrepresents the temperature distribution induced in the substrate bythe heating phase of the LATP manufacturing process. On the otherhand, f2(z) in Equation (4.5) is a continuous function that representsthe temperature distribution in the layer being placed. Therefore, the
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location z = l1 represents the interface between the layer and the sub-strate.In the present work, the initial temperature distribution of the layerand the substrate are derived by fitting other models or experimen-tal results present in the literature (in order to obtained a continuousfunction for the incoming ply and substrate). In other cases, the initialcondition is assumed by the author based on the common featuresobserved in the initial temperature distributions discussed in the lit-terature.
4.3 . Analytical solution of the 1D heat transfer equation

Following the resolution steps presentedbyCarslawand Jaeger (1959),the initial problem in Equations (4.1), (4.2), (4.3) and (4.4) can be decom-posed into two sub-problems:
T (z, t) = u(z) + w(z, t), (4.6)

where u(z) is the solution to the steady state problem while w(z, t) isthe solution to the transient problem.
4.3.1 . Steady-state problem solution

The steady state problem takes care of the boundary conditions,and it can be written as follows:
d2u(z)

dz2
= 0, 0 < z < l (4.7a)

− du(0)

dz
+H1 (u(0)− T1) = 0, z = 0 (4.7b)

du(l)

dz
+H2 (u(l)− T2) = 0, z = l. (4.7c)

A solution of Equation (4.7a) is of the form:
u(z) = C1 + C2z,

whereC1 andC2 are constants that canbe foundby applying thebound-ary conditions (4.7b) and (4.7c). Indeed
− C2 +H1 (C1 − T1) = 0

C2 +H2 (C1 + C2l − T2) = 0.

Therefore the final solution to the steady state problem is:
u(z) =

H1T1 +H2T2 +H1H2lT1

H1 +H2 +H1H2l
+

H1H2(T2 − T1)

H1 +H2 +H1H2l
z. (4.8)
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4.3.2 . Transient problem solution
The transient problem takes care of the time temperature evolu-tion, and it can be written as follows:

∂w(z, t)

∂t
= k

∂2w(z, t)

∂z2
, 0 < z < l (4.9a)

− ∂w(0, t)

∂z
+H1w(0, t) = 0, z = 0 (4.9b)

∂w(l, t)

∂z
+H2w(l, t) = 0, z = l (4.9c)

w(z, 0) = f(z)− u(z), t = 0, 0 < z < l, (4.9d)
where f(z) is the initial condition reported in (4.5).We shall nowprovide the analytical expression of the solution to thetransient thermal problem. The desired solution is sought in the formof separate variables (as in modal analysis). We consider the followingexpression:

w(z, t) =
∞∑
n=1

wz
n(z)w

t
n(t). (4.10)

In order to satisfy Equation (4.9a), we need to have:
wz

n(z) = An cos (αnz) +Bn sin (αnz) (4.11a)
wt

n(t) = e−kα2
nt, (4.11b)

with An, Bn and αn to be determined from the boundary conditions inEquations (4.9b) and (4.9c) and the initial condition in Equation (4.9d).Substituting Equation (4.11a) in the boundary condition in Equation(4.9b), the following condition can be found:
Bn =

H1

αn

An. (4.12)
and, injecting it back in Equation (4.11a), we have:

wz
n(z) = AnXn(z) = An

(
cos (αnz) +

H1

αn

sin (αnz)

)
. (4.13)

Substituting Equation (4.11a) in the boundary condition in Equation(4.9c), we have:
An

[
(−αn sin (αnl) +H1 cos (αnl)) +H2

(
cos (αnl) +

H1

αn

sin (αnl)

)]
= 0.

(4.14)
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Figure 4.2: Typical solution of the transcendental equation
It follows:

sin (αnl)

(
H1H2 − α2

n

αn

)
+ cos (αnl) (H1 +H2) = 0. (4.15)

Then:
H1 +H2

H1 tanαnl
=

α2
n −H1H2

αnH1

. (4.16)
Rearranging the RHS, we have:

H1 +H2

H1 tanαnl
=

αnl

H1l
− H2l

αnl
. (4.17)

If we set ξn = αnl, we obtain:
H1 +H2

H1 tan ξn
=

ξn
H1l

− H2l

ξn
. (4.18)

As a result, in Equation (4.11a),An is an arbitrary constant while αn isany non-zero root of Equation (4.18). Equation (4.18) is a transcendentalequation, and the solution for αn can be found graphically by plottingthe LHS and RHS functions and intersecting the two curves.It is clear fromFigure (4.2), obtainedusing the following parameters:
H1 = 25× 103 1/m, H2 = 12.5× 103 1/m, l = 0.16× 10−3 m,

that the positive roots lie in one of each interval (0, π), (π, 2π),..., and thenegative roots are equal in absolute value to the positive roots. Also,there are no repeated roots nor imaginary ones.
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The remaining constantAn is found so that it satisfies the initial con-dition in Equation (4.9d). In particular, similarly to the modal analysis,we can prove that the modes are orthogonal:∫ l

0

XmXndz = 0 for n ̸= m (4.19a)∫ l

0

X2
ndz =

1

2α2
n

(
H2

(
α2
n +H2

1

α2
n +H2

2

)
+H1 +

(
α2
n +H2

1

)
l

)
for n = m,

(4.19b)
The details of the proof, and in particular the determination of the
value of ∫ l

0
X2

ndz, necessary for the following developments, is givenin Appendix A.Assuming that the initial condition f(z) for the transient problemcan be developed in an infinite series, we can rewrite it as:
w(z, 0) =

∞∑
n=1

AnXn(z) = f(z)− u(z), (4.20)
which can be rewritten as:∫ l

0

Xm(z)w(z, 0)dz =

∫ l

0

Xm(z)
∞∑
n=1

AnXn(z)dz =

∫ l

0

Xm(z) (f(z)− u(z)) dz.

(4.21)Following the orthogonality condition in Equation (4.19a) the constant
An is computed as:

An =

∫ l

0
(f(z)− u(z))Xn(z)dz∫ l

0
X2

n(z)dz
. (4.22)

In particular, we have:
An =

2α2
n

H2

(
α2
n+H2

1

α2
n+H2

2

)
+H1 + (α2

n +H2
1 ) l

∫ l

0

(f(z)− u(z))Xndz. (4.23)

The final solution of the transient thermal problem is:

w(z, t) = 2
∞∑
n=1

e−kα2
nt

α2
n

(
cosαnz +

H1

αn
sinαnz

)
H2

(
α2
n+H2

1

α2
n+H2

2

)
+H1 + (α2

n +H2
1 ) l∫ l

0

(f(z)− u(z))

(
cosαnz +

H1

αn

sinαnx

)
dz,

(4.24)
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where f(z) is the initial condition of the thermal model of the LATPmanufacturing process presented in Equation (4.5), αn are any positiveroots obtained graphically from the transcendental equation (4.18) and
u(z) is expressed in Equation (4.8) which is the solution of the steadystate problem.The final time temperature distribution through the thickness canbe obtained from Equation (4.6).The function f(z) in Equation (4.24) is the initial condition presentedin Section 4.2.3, and it is a piece-wise continuous function therefore in-tegrable function. In the next Section (4.4)) the initial condition f(z) ofthe analytical thermal model just presented is obtained by exponen-tial fitting of scattered points taken from other thermal models in theliterature describing the LATP heating phase.

4.4 . Partial results: temperature evolution during ply deposi-
tion

The initial condition in Equation (4.5) is a piece-wise continuous func-tion, and it represents the initial temperature distribution induced bythe heating phase. The consolidation phase starts when the incomingply and the substratemake contact, and if we assume a perfect thermalcontact the temperature at the interface will be the same. The heatingphase is not modeled in the present discussion, therefore the initialcondition of the analytical model presented earlier is derived from lit-erature results. In particular, the initial temperature function for thesubstrate and the incoming ply is obtained through an exponential fit-ting of scattered temperature points taken from thermal models re-sults present in the literature.Information about the initial temperature distribution of the incom-ing ply is not well detailed in the literature, however, a preliminary dis-cussion can be made:
• the maximum temperature is reached at the interface betweenthe incoming ply and the substrate, since it is the surface directlyheated by the laser;
• the initial temperature distribution is almost constant (a low gra-dient temperature is expected), due to the rapidity of the place-ment process and to the low thermal diffusivity of the polymericcompaction roller, which acts almost as an adiabatic surface (Stokes-Griffin et al., 2015; Grouve, 2012).
The initial temperature distribution in the substrate depends on itsthickness, as well as on the mandrel temperature. In the following, we
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address the problem of the temperature evolution induced by the de-position of the last ply of a composite laminate. In this scenario, it isassumed that, at the end of the previous ply deposition, the laminatereaches its equilibrium temperature, which is the mandrel tempera-ture, due to its high thermal diffusivity value. As it is shown in the fol-lowing, the initial temperature of most of the laminate substrate is atthe mandrel temperature, because of the high speed of the processand the limited depth that the laser heat source can reaches.
4.4.1 . Initial temperature distribution induced by different heat-

ing phase models
In the following, four case studies are addressed in order to un-derstand the trend of the initial thermal distribution induced by theheating phase of the LATP as consolidation begins, and to validate theanalytical consolidation thermal model presented before. Each casestudy is taken from the literature, and it describes the heating and theconsolidation phase of the LATP presenting different initial tempera-ture distributions. The final goal of the present Section is to validatethe analytical thermal model comparing the analytical results with thenumerical and experimental results present in the literature.

First case study
Grove (1988) presented a two-dimensional finite-element model ofheat conduction associatedwith the tape layingmanufacturing processof continuous fibers reinforced composite laminates with a laser heatsource. Figure (4.3) depicts the derived initial temperature distributioninduced by the laser heating phase of the 8th ply placed over the con-solidated substrate. The red dots, in Figure (4.3), are the temperaturevalues obtained by Grove (1988) in a 1mm thick carbon/PEEK laminate(each layer is 0.125mm thick), where the imposed placement speed is

100 mm/s. The composite material parameters used by Grove (1988)are the following:
ρ = 1598 kg/m3, C = 930 J/(kg K), K = 0.5W/(m K).

The substrate inner surface undergoes a heat conduction exchangewith themandrel, while the upper surface is exposed to free convectionwith still air. The following boundary conditions parameters were used(Grove, 1988):
h1 = 500W/(m2 K), h2 = 7W/(m2 K), T1 = 20 °C, T2 = 20 °C,

where h1 and h2 are the heat transfer coefficients and T1 and T2 arethe constant temperatures respectively of the mandrel and the air, as
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we discussed in Section 4.2. In Section 4.4.2, the same parameters willbe used in the analytical model presented before to assess the timetemperature evolution during cooling of the composite laminate. Theanalytical results will be then compared with the numerical results pre-sented by Grove (1988).
It can be noticed, in Figure (4.3), that only the incoming ply and asmall portion of the substrate exceed the melting temperature (Tm) ofthe thermoplastic matrix (PEEK, Cogswell (1992)). This is because thelaser heat source is indeed highly localized. In Figure (4.3), the innersurface of the substrate is initially at the mandrel temperature, as dis-cussed before in Section 4.4, because it is assumed that at the end ofthe previous deposition the laminate reaches its equilibrium tempera-ture.

Figure 4.3: Initial temperature distribution induced by the 8th ply place-ment. Thickness = 0m is the interface between the substrate and themandrel while Thickness = 1× 10−3 m is the interface between the in-coming ply and the air. Vertical lines represent the plies interfaces andthe blue vertical line is the interface between the incoming 8th ply andthe substrate. The red dots are the interfaces temperatures assessedby Grove (1988).

The incoming ply temperature distribution is assumed, based onthediscussionpresented in Section 4.4, due to lack of data in this sense.In particular, the temperature function of the incoming layer is madeso that the temperature exceeds the melting temperature of the poly-meric matrix PEEK (Grouve, 2012; Stokes-Griffin et al., 2015). On theother hand, this hypothesis does not seem to significantly affect theoverall time temperature evolution in the laminate, as we will see later.
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Second case study
Kok (2018) used a thermal-opticalmodel in order to study the effectsof a compliant roller and of the laser inclination on the heating phaseon aAS-4/PEEK laminate. Then, a one-dimensional thermalmodel solvedby the finite difference method was used by Kok (2018) to evaluate thetemperature distribution within the laminate during the consolidationphase, and its results were experimentally validated.The initial temperature distribution depicted in Figure (4.4) is ob-tained through an exponential fitting of the red dots as shown in Sec-tion 4.4.1 in Figure (4.3). The red dots are the temperature values, nu-merically assessed and experimentally validated by Kok (2018), inducedin a 1.8 mm thick carbon/PEEK laminate (each layer is 0.15 mm thick)by the laser heating phase of the 12th ply placed over the consolidatedsubstrate, imposing a placement speed of 100mm/s.Due to the complexity of the optical-thermal model used by Kok(2018), numerous parameters are required to perform the numericalsimulation. These includes for example the laser spot size dimensions,the roller geometry, the refractive index of the composite material, theemissivity, the heat flux distribution in the tape and the substrate etc.In our discussion, the parameters we are interested in are the onesthat we can use later to compare our analytical results with numericalones presented by Kok (2018). In particular, the composite materialparameters used are (Kok, 2018)

ρ = 1560 kg/m3, C = 1425 J/(kg K), K = 0.72W/(m K),
while the boundary conditions parameters used are (Kok, 2018):

h1 = 500W/(m2 K), h2 = 20W/(m2 K), T1 = 20 °C, T2 = 20 °C.
In his numerical thermal model, Kok (2018) included also the heatflux between the incoming tape and the compaction roller. However,this thermal effect, as we will see in the following, does not seem toaffect in a significant way the overall thermal response in the laminate(Stokes-Griffin et al., 2015; Grouve, 2012).The temperatures of the interface between the substrate and theincomingply in Figure (4.3) and in Figure (4.4) are quite different (roughly

350°C and 400°C respectively for Grove (1988) and Kok (2018)). Never-theless, it can be noticed that, in both cases, only the first three layersof the laminate exceed the glass transition temperature (Tg) of the poly-meric matrix PEEK. This is because in the laminate simulated by Grove(1988) each ply is 0.125mm thick, compared to the laminate studied byKok (2018) where each ply is 0.15mm thick.
110



Figure 4.4: Initial temperature distribution in the laminate thicknessinduced by the 12th ply placement. Thickness = 0 m is the interfacebetween the substrate and the mandrel and Thickness = 1.8 × 10−3

m is the interface between the incoming ply and the air. Vertical linesrepresent the plies interfaces and the blue vertical line is the interfacebetween the incoming 12th ply and the substrate. The red dots are theinterfaces temperatures assessed by Kok (2018).
Third case study

In the third case study, Sonmez andHahn (1997a) present a temper-ature distribution induced by the heating phase of the 21th ply place-ment with two different heat sources (Figure (4.5)): the hot gas torchand the laser. The black triangles and the red dots in Figure (4.5) arethe temperature values caused by the laser heat source and by the hotgas torch heat source respectively. These values are assessed by Son-mez and Hahn (1997a) through a heat transfer analysis strongly cou-pled with a crystallization kinetics model carried out using a finite ele-ment method.The numerical simulations were performed using numerous pa-rameters, including the densities of the amorphous and the crystallinephases, the heat of melting the semi-crystalline matrix, etc. However,the material is the same as the one analyzed in the second case study,and the parameters we are interested in are those presented in theSection 4.4.1. The imposed placement speed is 50mm/s.The following boundary conditions parameters were used (Sonmezand Hahn, 1997a):
h1 = 400W/(m2 K), h2 = 10W/(m2 K), T1 = 25 °C, T2 = 25 °C.
Sonmez and Hahn (1997a) included also the heat flux between the
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Figure 4.5: Initial temperature distribution in the laminate thickness in-duced by the 21th ply placement with two different heat source: the hotgas torch and the laser. Vertical lines represent the plies interfaces.The red dots and the black triangles are the interfaces temperaturesassessed by Sonmez and Hahn (1997a) using respectively the gas torchand the laser. Thickness = 0m is the interface between the substrateand the mandrel and Thickness = 2.625 × 10−3 m is the interface be-tween the incoming ply and the air.

incoming tape and the compaction roller in their numerical thermalmodel, . However, this thermal effect, as we will see in the follow-ing, does not seem to affect in a significant way the overall thermalresponse in the laminate (Stokes-Griffin et al., 2015; Grouve, 2012).
The carbon/PEEK composite laminate simulatedby Sonmez andHahn(1997a) is 2.625mm thick and the thickness of each ply is 0.125mm. Thetemperature functions depicted in Figure (4.5) are obtained, as always,through an exponential fitting.
In Figure (4.5), the temperature at the interface between the sub-strate and the incoming ply reaches 750◦Cwhich is a really high temper-ature for the polymericmatrix considering that itsmelting temperatureis 343◦C. However, as we will see in the following, the time spent at thistemperature is very low (much less than a second). Therefore it is notconsidered very problematic for the polymer in terms of its degrada-tion, as pointed out by Sonmez and Hahn (1997a) and Cogswell (1992).
It is interesting to compare the temperature distributions in Figure(4.5) induced by the laser and the hot gas torch. The highly localizednature of the laser heat source causes only the first three layers of thelaminate to exceed the glass transition temperature, and only the firsttwo layers to exceed the melting temperature. This particular case is
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different from the two case studies seen before, in which only the in-coming ply and a small portion of the substrate exceed the meltingtemperature (see Figures (4.3) and (4.4)). The use of the hot gas torchheat source makes the temperature of the interface between the firstply and the substrate much lower (roughly 560°C) with respect to thetemperature reached by the same interface with the laser heat source(in Figure (4.5)). On the other hand, with the hot gas torch, the firstfive plies of the laminate exceed the Tg. This will change in a significantway the time temperature evolution of the laminate, as shown in thefollowing.
Fourth case study

The last case study is the temperature induced by a hot gas torch atthe 21th ply placement over a preheated mandrel at 150◦C. The mate-rial, the laminate and all the parameters values are the same as in theSection 4.4.1. The temperature distribution is depicted in Figure (4.6).
This case study was addressed because it appears to be interestingfrom an industrial application point of view. A structure made with theLATP manufacturing process does not necessarily has a uniform crys-tallization rate (due to strong thermal gradients the structure does notstay long enough above the crystallization temperature (Tierney andGillespie, 2004)). To overcome this problem, a preheated mandrel toa temperature higher than the glass transition temperature is some-times used, thus allowing a more uniform crystallization in the struc-ture.
In Figure (4.6), the temperature at the interface between the in-coming ply and the substrate was derived through exponential fittingsince it is not provided by Sonmez and Hahn (1997b). This tempera-ture reaches roughly 650°C, which could be a problem in terms of thedegradation of the polymericmatrix. However, also in the present casestudy, as it is shown in the following, the time spent at this temperatureis less than a second. Therefore it is not considered very problematicfor the polymer.
Compared to the previous cases, in this case the whole laminate isat a temperature higher than the Tg, since the mandrel is preheated to

150°C. Moreover, in the present case the heat source goes deeper intothe laminate (because the mandrel is preheated), and the first threelayers exceed the melting temperature.
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Figure 4.6: Initial temperature distribution induced by the 21th plyplacement over a preheated mandrel at 150°C. The blue vertical linerepresent the interface between the incoming 21th ply and the sub-strate. The red dots are the temperatures values assessed by Sonmezand Hahn (1997a). Thickness = 0 m is the interface between the sub-strate and themandrel and Thickness = 2.625×10−3 m is the interfacebetween the incoming ply and the air.
4.4.2 . Time temperature evolution in the composite material la-

minate: a comparison
First case study results

The results assessed by Grove (1988), as well as by the present mo-del, for the consolidation phase in the first case study, are depictedin Figures (4.7) and (4.8). In particular, assuming that the first ply wasalready welded on the mandrel, the superimposed temperature his-tories experienced by the inner surface of the substrate (Figure (4.7))and by the surface at 0.125mmfrom themandrel (Figure 4.8) are repre-sented during the placement of different plies (first, second placement,third and seventh placements).In particular, in Figure (4.7), the curve called "2 plies" represents thethermal response of the interface between the mandrel and the sub-strate (which is the inner surface of the substrate) after the first place-ment. Therefore, in Figure (4.7) left the curves called "3 plies", "4 plies"and "8 plies" represent the temperature history experienced by the in-ner surface of the mandrel respectively after the second placement,the third placement and the seventh placement. The same stands forFigure (4.8), where the temperature history is experienced by the sur-face at 0.125mm from the mandrel.The parameters used are presented in Section 4.4.1. The initial con-
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Figure 4.7: Superimposed thermal responses of the inner surface ofthe substrate fabricated at 100 mm/s placement speed. Grove (1988)numerical results (left): (■) 2 plies; (□) 3 plies; (•) 4 plies; (◦) 8 plies. Thepresent analytical model results (right).

ditions for the present model are obtained through exponential fittingof the temperature values in Figure (4.7) left and in Figure (4.8) left atthe Time = 0 s, as well as the temperature at the interface betweenthe incoming ply and the substrate. In particular, the initial conditionused to obtain the curves called "8 plies" is the one depicted in Figure(4.3.)
It is possible to notice, in Figure (4.7) and in Figure (4.8), how the nu-merical results presented by Grove (1988) and the analytical results arein very good agreement. In particular, the laminate at the inner surface(in Figure (4.7)) exceeds the melting temperature of the polymeric ma-trix only during the first pass, and it exceeds the glass transition tem-perature during the first three passes. The same consideration can bemade for the Figure (4.8).
In the placement of the second ply (the curve called "2 plies"), thelaminate is subjected to a high cooling rate, up to 300◦ C/s. The reasonunderneath this phenomenon is the low thermal inertia of the lami-nate, due to its small thickness (0.25mm). For this reason, the thermalheat flux towards the mandrel is relevant and the laminate tempera-ture tends towards the mandrel temperature. In this scenario, in thethermal modeling approach of the laser assisted tape placement it isessential to consider the heat flowbetween the substrate and theman-drel, which has a significant thermal effect especially in the placementof the first plies.
As the ply placement process progresses, the laminate’s thermalinertia increases (the laminate get thicker at each ply deposition) and
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Figure 4.8: Superimposed thermal responses of the surface at 0.125mmfrom the substrate. Grove (1988) numerical results (left): (■) 2plies;(□) 3 plies; (•) 4 plies; (◦) 8 plies. The present analytical model results(right).

the thermal heat flux towards the mandrel becomes less and less rel-evant. Consequently, the required cooling time increases, since the 8plies laminate will not undergo to the same cooling rate as the 2 plieslaminate. The time temperature evolution for different interfaces ofthe laminate during the 8th ply placement is depicted in Figure (4.9).Looking at these results, it is possible to compare the cooling rates ofthe interface between the substrate and the incoming ply in a 2 plieslaminate, which is the curve "2 plies" in Figure (4.8), and in a 8 plies lam-inate, which is the curve "1st interface" in Figure (4.9). In the first case,in Figure (4.8), the cooling rate reaches 300◦ C/s, while in the secondcase, in Figure (4.9), the cooling rate reaches 200◦ C/s. This differencein cooling rates can be considerably increased if the convective heatflux coefficient between themandrel and the substrate is increased upto h1 = 4000W/(m2 K), as proposed for example by Hosseini et al. (2021)in his numerical model.
Figure (4.10) depicts the contour plot of the time temperature evolu-tion of the laminate in the thickness direction during placement of the

8th ply, assessed by the analytical model. As illustrated in Section 4.4.1in Figure (4.3), the incoming ply and a small portion of the substrate ex-ceed the polymer melting temperature, and the first three plies reacha temperature over 200◦ C. The top surface of the laminate is subjectedto a higher cooling rate with respect to the base of the laminate, sincethe former reaches higher temperatures during the heating phase.
Figure (4.10) is derived assuming a stationary placement process.Indeed, during the placement process, each in-plane point of the layer
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Figure 4.9: Time temperature evolution for different plies interfacesat the placement of the 8th ply. The first interface corresponds to theinterface between the incoming ply and the substrate. The interfacebetween the substrate and the mandrel is the 8th interface.
being placed and of the substrate undergoes the same thermal history,but at different times. Thismeans that (as it is observed in Figure (4.10)),if a given point "A" at a certain distance from the mandrel is heated atthe time t = 0 s, after 4 seconds the same point "A" reaches a temper-ature just below 100◦ C. Meanwhile, the machine covered a distanceduring the 4 seconds, and it is now heating another point, point "B",located in the same plane as the point "A". The point "B", heated at thetime t = 0 s, will experiences the same thermal history as the point "A",and after 4 seconds its temperaturewill be just below 100◦ C. Therefore,in Figure (4.10), the abscissa can also be seen as the distance coveredby themachine during the placement process, and the plot depicts thetemperature evolution in the thickness direction, but also in the lengthdirection of the laminate. In this scenario, fixing the placement speed,the time and the length (intended as distance in the plane from theheat source) are interchangeable.From Figure (4.10), another important consideration can be made.It can be seen that the thermal gradients in the thickness direction aresignificantly more important than the thermal gradients in the lengthof the laminate, since there are three orders of magnitude differencebetween the two. This further justifies the choice of developing a one-dimensional thermal model. The same considerations can be made
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Figure 4.10: Temperature evolution in time and in the length of the lam-inate for each ply at the 8th ply placement. The abscissa indicates thetime and the corresponding distance covered by the machine duringthe placement process at a speed of 100 mm/s. The black curves arethe iso-temperature curves and the blue horizontal line is the interfacebetween the substrate and the 8th ply. Thickness = 0m is the interfacebetween the substrate and the mandrel while Thickness = 1× 10−3 mis the interface between the incoming ply and the air.

118



Figure 4.11: Temperature evolution for different plies interfaces at theplacement of the 12th ply. The first interface corresponds to the in-terface between the incoming ply and the substrate. Numerical andexperimental results of the heating and the consolidation phases pre-sented by Kok (2018) (left) and the results of the consolidation phasemodelled analytically in the present work (right).
with the results shown in the following with different thermal histories.

Second case study results
The time temperature evolution for different interfaces during place-ment of the 12th ply, at a placement speed equal to 100 mm/s, areshown in Figure (4.11). The experimental and numerical results of theheating and consolidation phases, presented by Kok (2018), are shownin Figure (4.11) left, while the results of the consolidation phase mod-elled in the present work in an analytical fashion are depicted in Figure(4.11) right. The results in Figure (4.11) right are assessed using the pa-rameters presented in Section 4.4.1 and the initial condition presentedin Figure (4.4).In Figure (4.11) left, the abscissa indicates the distance from the nip-point, which is the point where the heating phase ends and the consol-idation phase starts. In Figure (4.11) left, at the nip-point left the incom-ing ply and the substrate are not in contact and the laser heats up thetwo surfaces separately. The substrate temperature starts to increasewhen the substrate meets the laser spot. Furthermore, based on whatis said in Section 4.4.2 about Figure (4.10), fixing the placement speed at

100mm/s, the thermal history experienced by two points belonging tothe same laminate plane is the same, but temporally out of phase. Inthis scenario, the layer placement process can be considered station-ary. Therefore, in Figure (4.11) left, the abscissa indicates the distancecovered by the heating source, while in Figure (4.11) right, the abscissa
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Figure 4.12: Time temperature evolution for different plies interfacesat the placement of the 12th ply. The first interface corresponds to theinterface between the incoming ply and the substrate. The interfacebetween the substrate and the mandrel is the 12th interface.
indicates the time needed by the heat source to cover that distance.The results for the temperature distribution induced by the LATPconsolidation phase modelled by Kok (2018) in Figure (4.11) left and an-alytically by the presentwork are in bery good agreement, and the cool-ing rate shown by the first interface between the incoming 12th ply andthe substrate is roughly 200◦ C/s.Comparing the time temperature evolution of the first interface inFigure (4.9), where the laminate thickness is 1mm, and in Figure (4.12),where the laminate thickness is 1.8 mm, the two curves show almostthe same initial cooling rate (roughly 200°C/s), proving that the thermaleffect of the mandrel decreases significantly as soon as the substratebecome thick enough (1mm) and the thermal problem is dominated bythe conduction through the laminate thickness. Moreover, increasingthe laminate thickness (the thickness is almost doubled between thetwo case studies) increases also the laminate thermal inertia, whichincreases the time needed to cool down (see Figure (4.9) and Figure(4.12)).The temperature evolution in time and along the length of the lam-inate during the placement of the 12th ply is shown in Figure (4.13). Asit was discussed in the previous Section, a point in Figure (4.13) repre-sents the temperature of a point in the thickness of the laminate at a
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Figure 4.13: Temperature evolution in time and in the length of the lam-inate for each ply at the 12th ply placement. The abscissa indicates thetime and the corresponding distance covered by the heat source dur-ing the placement process at a speed of 100 mm/s. The black curvesare the iso-temperature curves and the blue horizontal line is the in-terface between the substrate and the 12th ply.
given time, but also at a certain distance from the heating source alongthe length of the laminate. This is possible because we assume a sta-tionary placement process.

Third case study results
The temperature fields in the laminate induced respectively by thelaser heat source and the hot gas torch heat source at the 21th ply place-ment are depicted in Figures (4.14) and (4.15). In particular, the curvesassessed numerically by Sonmez and Hahn (1997a) are shown on theleft, while the analytical results assessed using the initial conditions inFigure (4.5) and the parameters in Section 4.4.1 are shown on the right.Sonmez and Hahn (1997a) present a numerical model to describethe heating and the consolidation phase of the thermoplastic compos-ite tape placement process. In Figures (4.14) and (4.15) left, for negativevalues of the abscissa the substrate and the incoming ply are not incontact, and the temperature starts to rise when they encounter thelaser spot. Comparing the heating phases in Figures (4.14) and (4.15)left, in the first case the length heated by the laser is much more con-centrated than the length heated in the second case by the hot gastorch. The laser heat source is much more localized compared to thehot gas torch. Therefore, the initial conditions presented in Figure (4.5)
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Figure 4.14: Temperature field in the laminate induced by the laser heatsource at the 21th ply placement. Numerical results presented by Son-mez and Hahn (1997a) (left) and the present analytical model results(right). The abscissa indicates the time and the corresponding distancecovered by the machine during the placement process at a speed of 50mm/s. The black curves are the iso-temperature curves and the bluehorizontal line is the interface between the substrate and the 21th ply.
Thickness = 0m is the interface between the substrate and the man-drel while Thickness = 2.625 × 10−3 m is the interface between theincoming ply and the air.
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Figure 4.15: Temperature field of the laminate induced by the hot gastorch heat source at the 21th ply placement. Numerical results pre-sented by Sonmez and Hahn (1997a) (left) and the present analyticalmodel results (right). In the abscissa we have the time and the corre-sponding distance covered by the machine during the placement pro-cess at a speed of 50mm/s. The black curves are the iso-temperaturecurves and the blue horizontal line is the interface between the sub-strate and the 21th ply. Thickness = 0 m is the interface between thesubstrate and the mandrel while Thickness = 2.625 × 10−3 m is theinterface between the incoming ply and the air.
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for the laser and for the hot gas torch differ so much, because theheat spreads much more by conduction in the thickness of the lami-nate when the heat source is the hot gas torch.
The analytical results for the present model, in Figure (4.14) right,are in very good agreement with the numerical results for the laserheat source presented by Sonmez andHahn (1997a) in Figure (4.14) left.
The analytical results in Figure (4.15) right are not in very goodagree-ment with the numerical results for the hot gas torch heat source pre-sented by Sonmez and Hahn (1997a) in Figure (4.15) left. The biggestdifference can be noticed in the deeper layers of the laminate, wheretemperatures are lower (the temperature here ranges between 50◦ Cand 100◦ C), while in the superficial layers of the laminate, where tem-peratures are higher (above the Tg where the composite behavior isviscoelastic), the results are in very good agreement. In Figure (4.15)left, the heat reaches by conduction the lowest layers of the laminatewithout reaching the interface with the mandrel, but stopping abouttwo layers before. On the other hand, in Figure (4.15) right, the layerin contact with the mandrel is also heated by conduction. The reasonis probably because the exponential fitting adopted for the initial con-dition of the present model (Figure (4.5)) does not exactly match thenumerical results presented by Sonmez and Hahn (1997a). No furtherinvestigation has been done, as this is not the main goal of the presentwork, and because the biggest differences between the results in Fig-ure (4.15) are in a temperature range not relevant in terms of manu-facturing process induced residual stresses and strains, since the tem-perature gradients here are not relevant.
The time temperature evolution induced by the laser and the hotgas torch for different interfaces during placement of the 21th ply, as-sessed analytically by the present model, are depicted in Figure (4.16).The initial cooling rate for the first interface between the substrateand the incoming ply heated by the laser in Figure (4.16) left is ap-proximately 550◦ C/s, while the initial cooling rate for the first interfaceheated by the hog gas torch in Figure (4.16) right is roughly 360◦ C/s.These are very high when compared to previous case studies. How-ever, this was expected, since the initial temperature of the interfacebetween the incoming ply and the substrate is 750◦ C for the laser and

560◦ C for the hot gas torch (see Figure (4.5)).
Although the temperature at the first interface of the laminate ismuch higher in the case of the laser heat source than in the case of thehot gas torch heat source, we saw previously in Figure 4.5 that the heatgas torch heats up the laminate more deeply with respect to the laserand this, in addition to the thermal inertia of the laminate, means that

124



Figure 4.16: Analytical time temperature evolution induced by the laser(left) and by the hot gas torch (right) for different plies interfaces atthe placement of the 21th ply. The first interface corresponds to theinterface between the 21th incoming ply and the substrate.
the laminate takes longer to cool down, as it can be observed compar-ing Figure (4.16) left with Figure (4.16) right. For the same reason, thecooling time in this case (Figure (4.16)) turns out to be way bigger thanthe cooling time shown in Figure (4.9) and in Figure (4.12).

Fourth case study results
The temperature distributionwithin the laminate as function of timeand distance is depicted in Figure (4.17). The numerical results pre-sented by Sonmez and Hahn (1997a) are shown in Figure (4.17) left,while the analytical results are depicted in Figure (4.17) right. The initialtemperature distribution used in the present case to assess analyti-cally the time temperature distribution at the 21th ply placement overa preheatedmandrel at 150◦ C is the initial condition depicted in Figure(4.6).Exceeding the Tg of the polymeric matrix during the whole man-ufacturing process, the structure reaches the maximal crystallizationrate (Chapman et al., 1990; Cogswell, 1992). The results shown in Fig-ure (4.17) right (assessed by the present analytical thermal model) arein good agreement with the results presented by Sonmez and Hahn(1997a) in Figure (4.17) left, showing that the heat generated or ab-sorbed during the crystallization process of the thermoplastic matrixis a thermal effect that can be neglected , as compared to the effectof thermal conduction in the laminate or the heat flow to the mandrel,in the modeling of the LATP thermal problem (Pitchumani et al., 1996;Tierney and Gillespie, 2003).
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Figure 4.17: Temperature evolution in time and in the length of the lam-inate for each ply at the 21th ply placement over a preheatedmandrel at
150◦ C. The heat source used is the hot gas torch. The abscissa indicatesthe time and the corresponding distance covered by the machine dur-ing the placement process at a speed of 50mm/s. The black curves arethe iso-temperature curves and the blue horizontal line is the interfacebetween the substrate and the 21th ply. Numerical results presentedby Sonmez and Hahn (1997a) (left) and the present analytical model re-sults (right).
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Figure 4.18: Time temperature evolution for different plies interfaces atthe placement of the 21th ply over a preheated mandrel at 150°C. Thefirst interface corresponds to the interface between the incoming plyand the substrate.
The initial cooling rate of the first interface between the substrateand the incoming 21th ply is approximately slightly higher than 320◦ C/s,as shown in Figure (4.18).

4.4.3 . Thermal history induced by the Laser Assisted Tape Place-
ment

In the following, an example of a possible thermal history assessedby the analytical consolidation model presented in Section 4.3 inducedduring the LATP manufacturing process of a 7-layer composite lami-nate is shown. In particular, each layer is 0.15 mm thick and the com-positematerial parameters used for the analytical calculations are (Gro-gan et al., 2015)
ρ = 1598 kg/m3, C = 930 J/(kg K), K = 0.4W/(m K),

while the boundary conditions parameters used are (Cogswell, 1992):
h1 = 400W/(m2 K), h2 = 10W/(m2 K), T1 = 25◦C, T2 = 25◦C.
The initial temperature distribution is derived from the LATP heat-ing phase, which is not modeled in the present work and not knownfrom the literature for this specific case study. Consequently, in orderto derive the initial condition to be used in the analytical calculations at
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the placement of each layer of the structure, certain assumptions needto be made, based on the case studies previously addressed. The fol-lowing assumptions were made about the initial condition:
• thewholemanufacturing process is temperature-controlled (Stokes-Griffin and Compston, 2015b) which means that the temperatureat the interface between the incomingply and the substrate at thebeginning of the consolidation process for each ply placement isfixed (for example at 450◦C, which is one of the interface temper-ature provided by CETIM);
• at the 2nd ply placement, both layers will exceed the melting tem-perature of the thermoplasticmatrix (as illustrated in Section 4.4.1);
• at the placement of the subsequent layers (3rd ply, 4th ply and soon up to the 7th ply placement), at least three layers exceed the Tgof the polymeric matrix (as shown in Section 4.4.1 and in Section4.4.1);
• at the placement of the subsequent layers (3rd ply, 4th ply and soon up to the 7th ply placement), only the incoming ply and a partof the first layer of the substrate exceed themelting temperatureof the polymeric matrix (as shown in Section 4.4.1 and in Section4.4.1) (Grove, 1988; Stokes-Griffin et al., 2015; Kok, 2018)).
From an industrial application point of view, a temperature con-trolled LATP processmeans that the placement speed is kept constant,while the laser power is adjusted in order to keep constant the tem-perature at the nip-point during the heating phase (Stokes-Griffin andCompston, 2015b)).The initial conditions assumed for the placement of the 2nd, 3rd, 4thand 7th ply are depicted in Figure (4.19). The initial conditions in Figure(4.19) are piece-wise exponential functions to be used in the analyticalcalculation of the temperature distribution induced by the LATP. It canbe noticed that the initial conditions presented in Figure (4.19) meet theassumptions made.The thermal responses of the inner surface of the substrate (the in-terface between the substrate and the mandrel) at the placement ofthe 2nd ply, the 3rd ply, the 4th ply and the 7th ply are depicted in Figure(4.20). Figure (4.20) is similar to Figure (4.7) left. In Section 4.4.2, the 1mm thick, 8 layers laminate undergoes an initial cooling rate of roughly

250◦C/s (see the "2 plies" curve in Figure (4.7) left) and just 4 layers ex-ceed the glass transition temperature (Tg = 143◦C). In the present case,the 7 layers laminate (each layer is 0.15mm thick) undergoes an initial
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Figure 4.19: Initial temperature distribution assumed induced by thelaser heat source at different plies placement. The vertical blue lineindicates the interface between the 7th incoming ply and the substrate.The functions depicted are piece-wise exponential functions.

cooling rate of roughly 200◦C/s (see the "2 plies" curve in Figure (4.20))and the heat goes deeper in the laminate and 4 plies exceed the Tg (inthis case each ply is thicker with respect to the ply thickness in Section4.4.2), as shown in Figure (4.20). The initial conditions used (see Fig-ure (4.19)) are quite different from the initial conditions used in Section4.4.1 (see Figure (4.3)). Indeed, the temperature at the interface be-tween substrate and the incoming ply are always fixed at 450◦C in thepresent case, while Grove (1988), for each ply deposition, uses differenttemperatures at the interface.
Assuming the first layer of the laminate was already welded on themandrel, the initial conditions found in Figure (4.19) are applied se-quentially to the analytical thermal model presented in Section 4.3 foreach placed layer of the 7-layer laminate, updating the thickness ateach iteration. The complete thermal history induced within the lami-nate by the LATP manufacturing process is depicted in Figure (4.21). At

Time = 0 s, the LATPmachine winds-up the second ply of the laminate(the curve "2 plies" in Figure (4.21)), at Time = 4 s the third ply place-ment occurs (the curve "3 plies" in Figure (4.21)) and so on for the othercurves.
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Figure 4.20: Superimposed thermal responses of the inner surface ofthe substrate at the placement of the 2nd ply, the 3rd ply, the 4th ply andthe 7th ply.

Figure 4.21: Thermal history, assessed by the analytical model, expe-rienced by the interfaces between the substrate and the different in-coming layers during the LATP manufacturing process.
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4.5 . Conclusions

In the present Chapter, a one-dimensional transient heat transfermodel was proposed in order to describe the consolidation phase ofthe laser assisted tape placement and its analytical solution was pre-sented. The boundary conditions used involved the presence of themandrel as a heat sink, especially for the first deposed plies, while theouter surface of the laminate is exposed to the convection with air.A crucial role is played by the initial condition, which is the tempera-ture distribution induced by the heating phase of the LATP. Here, it wasderived from other models describing the heating phase of the LATP(Grove, 1988; Kok, 2018; Sonmez and Hahn, 1997a).Several scenarioswere addressed, where different initial conditionswere used in order to assess the time temperature evolution throughthe thickness of the laminate. In particular, in Section 4.4.1 the resultspresented by Grove (1988) were used in order to derive the initial con-dition to be used in the thermal model proposed here to assess analyt-ically the temperature distribution induced in the laminate in Section4.4.2. The same was made in Section 4.4.1 and in Section 4.4.1, wherethe results presented respectively by Kok (2018) and Sonmez and Hahn(1997a) were used to derive the initial conditions to be used in the an-alytical thermal model and the time temperature evolution were as-sessed respectively in Section 4.4.2 and in Section 4.4.2. The initial con-dition induced by the heating phase of the LATP manufacturing pro-cess using a preheated mandrel was derived in Section 4.4.1 from theresults presented by Sonmez and Hahn (1997a) and used in the ana-lytical thermal model in Section 4.4.2 to assess the time temperatureevolution in the laminate.The literature research carried out on different temperature distri-butions induced by the LATP heating phase and considerations madeenabled us to derive in Section 4.4.3 the initial conditions to be usedin the analytical model to develop a thermal history caused by a LATPmanufacturing process of a 8 plies composite laminate.The present analytical model takes into account the main thermalaspects involved in the LATP and it turns out to be a great advantagein terms of computational time. It will be used in Chapter 5, wherethermo-mechanical simulations of the whole LATPmanufacturing pro-cess are performed.
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5 - Residual stresses and strains induced in tubes
manufactured by LATP

5.1 . Introduction

In Chapter 3, a temperature-dependent visco-elastic constitutivemodel suited for fibers reinforced polymer matrix composite mate-rial was presented. This constitutive model was introduced in orderto include the relaxation of some stress terms when the temperatureis higher then the glass transition temperature of the polymericmatrix.In Chapter 4, a transient heat transfer model for the laser assisted tapeplacementwas proposed. The through-thickness one-dimensional ther-malmodel was solved analytically in order to describe the temperaturedistribution induced within the composite structure by the consolida-tion phase of the LATP manufacturing process.
In the present Chapter, thermo-mechanical simulations were per-formed on tubes by means of the commercial finite element softwareAbaqus, with the goal to assess the residual stresses and strains in-duced by the LATP. The temperature-dependent viscoelastic consti-tutive model and the analytical thermal model were implemented inuser-defined subroutines, a UMAT and a UTEMP respectively, in orderto perform structural simulations on Abaqus.
LATP manufacturing processes with two different mandrel temper-atures are simulated in Section 5.2 on different 6-layer tubes with dif-ferent stacking sequences. For all the tubes, each layer is 0.16mmthick,and the angle is assessed with respect the axial direction of the tube.The stacking sequences are: [90◦]6, [±85◦]3, [±55◦]3, [0◦]6. A particu-lar strategy, that follows that of the additive manufacturing process(Michaleris, 2014), is used in Section 5.2.1 to simulate the LATP manu-facturing processes. Different simulations were performed, assumingeither a coldmandrel (Tmand

cold = 20◦C) or a hot mandrel (Tmand
hot = 180◦C).The thermal histories induced in the structure by the manufacturingprocesses are derived from the considerations made in Chapter 4 andpresented in Section 5.2.2.

A cut along the axial direction of the tubes is simulated in Section5.3 in order to break the material continuity, and therefore to releaseresidual stresses. The geometrical distortions of the tubes after theaxial cut are presented in Section 5.3. Among all simulated tubes, theonly tube to open is the [0◦]6 tube manufactured with a cold mandrel,where the strong temperature gradients induce the opening. After the
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axial cut, the shear stresses induced in the [±85◦]3 and [±55◦]3 tubesby the manufacturing processes cause the tubes to twist.A comparison between numerical and experimental deformationsis made in Section 5.3.1 for [±85◦]3 and [±55◦]3 tubes manufacturedwith both cold and hot mandrel. The tools developed in the presentwork are capable to predict the closing and twisting of tubes in quali-tative agreement with the experimental results, with the exception forthe [±55◦]3 tube manufactured with cold mandrel. The thermal gradi-ents implemented for the cold mandrel thermal history may not be se-vere enough to cause the experimentally observed change from closed(with hot mandrel) to open (with cold mandrel) tube.Finally, in Section 5.4 conclusions and perspectives are discussed.
5.2 . Tubes simulations: residual stresses results

In the following sections, the cold mandrel and hot mandrel LATPmanufacturing processes are simulated on tubes. The thermo-mecha-nical simulations are performed on 6-layer tubes with circular sectionand the following geometrical parameters:
Rin = 20mm, L = 60mm, htot = 0.96mm,

where Rin is the inner radius, L is the length of the tube while htot isthe thickness.The instantaneous elastic parameters used are the following (Gro-gan et al., 2015):
EL = 134 GPa, ET = 10.3 GPa, µL = 6 GPa, νLT = 0.32, νTT = 0.4,
while the following viscoelastic parameters are used to simulate a nearlycomplete relaxation:

µlt
L = 0.001µL, µlt

T = 0.001µT , τfs = 10 s, τd = 10 s.
The coefficients of thermal expansion of the compositematerial are(Grogan et al., 2015):

α1 = 0.2(10−6)/◦C, α2 = 28.8(10−6)/◦C,
while the parameters used for the WLF law are (Chapman et al. (1990)):

Tref = 143◦C, C1 = 52, C2 = 243◦C.
The tubes simulatedhavedifferent stacking sequences: [90◦]6, [±85◦]3,

[±55◦]3 and [0◦]6. The temperature-dependent viscoelastic constitutivemodel for the composite material and the analytical thermal model forthe LATP manufacturing process were implemented in users-subrou-tines called respectively UMAT and UTEMP.
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5.2.1 . LATP manufacturing process modeling
The LATP manufacturing process was simulated as follows:
• at the beginning of the simulations, all of the plies that will beplaced are already present in themodel (in order to avoid remesh-ing) as shown in Figure (5.1);
• a detailed simulation of the trajectory followed by the machinein the tape deposition over the substrate would be too time con-suming, for this reason each layer is assumed to be deposed inone go, leading to a thermal gradient in the layer thickness direc-tion only (the details of this assumption were discussed in Chap-ter 4);
• the first ply of the composite structure is assumed to be alreadywelded on the mandrel, therefore the 6-layer tube simulated isobtained through five placement processes;
• the analytical thermal model proposed in Chapter 4 and imple-mented in the UTEMP is applied sequentially for each ply deposi-tion to the ply being placed and the substrate, and at each itera-tion only the structure thickness is updated;
• layers which are not involved in the placement process are artifi-cially kept (through the developed UTEMP) at the maximum tem-perature reached during the deposition process (T = 420◦C) andtheir material parameters are set to zero (through the developedUMAT) in order prevent them from mechanically contributing tothe stress buildup (this strategy is similar to the quiet elementsstrategy in the simulation of additive manufacturing, see for in-stance (Michaleris, 2014));
• the presence of themandrel is assumed imposing a null displace-ment (U1 = U2 = U3 = 0) at the inner surface of the tube.
In the last layer placement simulation step, the structure reachesthe cold mandrel temperature or the hot mandrel temperature. Twofurther simulations steps are carried out. In the first additional step,the mechanical boundary conditions imposed by the mandrel are re-placed with boundary conditions where only the rigid motion of thetube is blocked. In the second additional step, the thermal boundaryconditions imposed by the convection with the mandrel and the am-bient during the placement process are removed. In the LATP simula-tion with the hot mandrel, the analytical thermal model implemented
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Figure 5.1: Geometry and mesh of the simulated tube.
in the UTEMP is replaced by a linear temperature function to simu-late the uniform and slow cooling process to room temperature. Onthe other hand, the structure reaches the ambient temperature in themanufacturing process simulation with the cold mandrel at the end ofthe placement process.The simulated tube (see Figure(5.1)) is meshed using the classicalcomposite modelling technique presented in Chapter 2, that is onesolid element per ply in the thickness direction. In particular, we usedthe 3D stress element to include the significant effect of the geometryand anisotropy of the tubes, and the quadratic interpolation functionin order to have a better discretization in the thickness direction. Thetotal number of elements is 19680.

5.2.2 . Thermal histories induced by the LATPmanufacturing pro-
cesses with hot and cold mandrel

The material parameters used in the analytical calculations for thethermal model are (Grogan et al., 2015)
ρ = 1598 kg/m3, C = 930 J/(kg K), K = 0.4W/(m K),

while the boundary conditions parameters used are (Cogswell, 1992):
h1 = 500W/(m2 K), h2 = 10W/(m2 K), T1 = 20◦C, T2 = 20◦C.
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The thermal history induced by the coldmandrel (Tmand
cold = 20◦C) im-plemented in the UTEMP is derived based on the observationsmade inChapter 4. In this case, the temperature at the interface between thelayer being placed and the substrate is 420◦C. This is an average tem-perature, provided by CETIM, obtained from thermal camera data. Thethermal histories induced by the LATPmanufacturing processwith coldmandrel for the second interface and the sixth interface are depictedin Figure (5.2) top. It can be noticed that at the end of the placementprocess, the structure reaches the temperature Tmand

cold .
The thermal history induced by the hotmandrel (Tmand

hot = 180◦C) im-plemented in the UTEMP is derived based on the observations madein Chapter 4, and also in this case the temperature at the interface be-tween the layer being placed and the substrate is 420◦C. At the end ofthe placement process, the temperature of the entire composite struc-ture exceeds the glass transition temperature of the polymeric matrix(Tg = 143◦C) and it reaches the temperature Tmand
hot (see Figure (5.2)bottom). Therefore, a uniform cooling process to room temperature(T room = 20◦C) was implemented in the UTEMP through a linear tem-perature function to simulate an annealing process. The mechanicalboundary conditions imposed by the mandrel during the annealingprocess are replaced with boundary conditions where only the rigidmotion is inhibited. The thermal histories induced by the LATP man-ufacturing process with hot mandrel for the second interface and thesixth interface are depicted in Figure (5.2) bottom.

In Figure (5.3) left and right, the through-thickness temperature in-duced by the manufacturing process with cold and hot mandrel aredepicted at a particular time step (the first time step of the third plyplacement) of the simulations. In Figure (5.3) left and right, the differ-ence in terms of temperature gradient between the twomanufacturingprocesses can be seen.
5.2.3 . Numerical simulations on a [90◦]6 cylindrical tube

Three thermo-mechanical simulations are performed on a [90◦]6tube (that is, with fibers aligned along the circumferential direction):
1. in the first, the thermal history depicted in Figure (5.2) top, for acold mandrel (Tmand = 20◦C), is simulated, and the viscoelasticmaterial model is considered;
2. in the second, the thermal history depicted in Figure (5.2)) bot-tom, for a hot mandrel (Tmand = 180◦C), is simulated, and theviscoelastic material model is considered;
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Figure 5.2: Temperature history experienced by the second and thesixth interfaces of the structure manufactured by the LATP using acold mandrel (Tmand = 20◦C) (top) and a hot mandrel (Tmand = 180◦C)(bottom). The interface between the mandrel and the first ply of thestructure corresponds to the first interface. In the simulation using ahotmandrel, after the structure reaches themandrel temperature, themandrel is removed and a uniform cooling process to the room tem-perature (T = 20◦C) is imposed.
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Figure 5.3: Through thickness temperature induced by the manufac-turing process using a cold mandrel (Tmand = 20◦C) (left) and a hotmandrel (Tmand = 180◦C) (right) at the third ply placement. The redvertical line is the interface between the substrate and the incomingply.
3. in the third, a fully elastic tube is subjected to a uniform coolingprocess (∆T = −400◦C).
The results are shown in Figure (5.4a) for the circumferential stress,in Figure (5.4b) for the axial stress and in Figure (5.4c) radial stresses.The circumferential direction of the [90◦]6 tube is dominated by thefibers behavior, which is elastic (see Chapter 3) and therefore less af-fected by the temperature gradients induced by the manufacturingprocess. One could expect that the circumferential stress results ob-tained with the LATP thermal histories would be similar to the resultsobtained for the elastic simulations with the tube subjected to a uni-form cooling, but this is not the case, as it shown in Figure (5.4a). Thedifferences observed are interpreted in the following.In the simulations with cold and hot mandrel, and the viscoelas-tic model, the mandrel presence as a boundary condition inhibits thestrain εzz in the tube axial direction, which corresponds to ε22 in thema-terial basis. This situation is similar to the material point simulationsdiscussed in Chapter 3 (see Section 3.6.1): the inhibition of ε22 results ina more significant development of the radial strain εrr, here ε33, bothin the viscous regime (T > T ref ) and in the elastic regime (T < T ref ).Remembering now that the tube geometry (Chapter 2) couples theout of plane kinematics with the in plane kinematics, the resultant cir-cumferential stress assessed with both hot and coldmandrel turns outto be higher with respect to the fully elastic simulation on the same
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(a) Circumferential stress distribu-tion. (b) Axial stress distribution.

(c) Radial stress distribution.
Figure 5.4: Residual stresses distributions along the thickness of a tube
[90◦]6 simulated with three different thermal histories and materialmodels: thermal histories induced by the LATP using a cold mandrel(Tmand

cold = 20◦C) and a hot mandrel (Tmand
hot = 180◦C) and viscoelasticmodel, and an elastic simulation on the tube subjected to a uniformcooling process.
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tube subjected to a uniform cooling process and using an elastic ma-terial. In other words, the difference in the circumferential stress σθθresults in Figure (5.4a) between themanufacturing process simulationsand the fully elastic simulation is due to the combined effects of:
1. the transversely isotropic visco-elastic constitutive behavior;
2. the mandrel boundary condition;
3. the geometry of the tube and the anisotropy of the compositeply.
The differences between the simulations with hot and coldmandrelare further analyzed in the following.The circumferential stress obtained in the simulation with a coldmandrel is higher than the one obtained in the simulation with a hotmandrel. In the hot mandrel case, the mandrel is removed while thestructure is still in the viscous domain (Tmand

hot = 180◦C > T ref ), there-fore the radial deformation adapts to the axial deformation lock in-duced by the mandrel over a smaller temperature range than for thecold mandrel (from T = 420◦C to Tmand
hot = 180◦C). After the mandrel re-moval, both the axial and the radial strains adapt so as to have a com-patible transverse isotropic hydrostatic strain in the viscous domain.On the other hand, in the cold mandrel simulation the mandrel is re-moved at Tmand

cold = 20◦C, therefore the radial strain adapts to the axialstrain lock induced by the mandrel over a larger temperature range(from T = 420◦C to T ref = 143◦C), leading to a higher radial strain andconsequently to a higher circumferential stress (see Figure (5.4a)).The radial and the axial directions of the [90◦]6 tube, which belong tothe transverse isotropic plane, are dominated by the matrix behavior,which is affected by the thermal gradients of the manufacturing pro-cess through the strains accommodation in the viscous domain. There-fore, discrepancies between the axial and radial stresses distributions(see Figure (5.4c) and Figure (5.4b)) for the different simulations areexpected.
5.2.4 . Numerical simulations on a [±85◦]3 tubeHere, thermo-mechanical simulations were performed on a [±85◦]3tube using the LATP temperature histories with a cold and a hot man-drel (illustrated in Figure (5.2) top and in Figure (5.2) bottom respec-tively). This particular case is quite similar to the example presentedpreviously in Section (5.2.3), because the fibers are oriented almostalong the circumferential direction of the tube. Therefore, the circum-ferential direction is dominated by the fibers elastic behavior, while the
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axial and the radial directions are dominated by the viscoelastic behav-ior of thematrix. The same considerationsmade in Section (5.2.3) applyalso in this case. In Figure (5.5a), in Figure (5.5b) and in Figure (5.5c) aredepicted the circumferential, the axial and the radial stresses inducedby the manufacturing process with cold and hot mandrel, respectively.
The only difference with respect to the previous case is the pres-ence, in the tube [±85◦]3, of a shear stress distribution (depicted in Fig-ure (5.5d)). The shear stress was identically zero in the [90◦]6 tube, andthus no curve was given.

5.2.5 . Numerical simulations on a [0◦]6 tube
In this Section, thermo-mechanical simulations on a [0◦]6 tube (thatis, with fibers aligned along the axial direction) using the thermal his-tory induced by the manufacturing process LATP with both cold andhot mandrel were performed, in order to see the effects of the tem-perature gradients in the circumferential direction, which is dominatedby the viscoelastic behavior of the matrix. In Figure (5.6), the residualstresses induced in the tube are shown.
In this case, zero residual stresses would be obtained by perform-ing a fully elastic simulation with a uniform cooling process, becausethe combined effect of the geometry and the anisotropy of the com-posite material seen in Chapter 2 is absent. Indeed, the radial and thecircumferential directions are both dominated by the matrix behavior(thermal strains α2∆T ), therefore no incompatibility is introduced bythe geometry which couples the two directions. In this scenario, there-fore, the only source of residual stresses within the tube are the strongtemperature gradients induced by the manufacturing process.
The thermal gradients induced by the hot mandrel are not relevantenough to introduce the incompatibility and build residual stress in thecircumferential direction (as depicted in Figure (5.6a)). On the contrary,the thermal gradients induced by the cold mandrel generate a resid-ual stress distribution in the circumferential direction (shown in Figure(5.6a)), similarly to the skin-core effect on thermoformed plates dis-cussed in Chapter 3.
It is interesting to notice that the circumferential stress distributiondepicted in Figure (5.6a) for the cold mandrel, leads to compression ofthe inner part and traction of the outer part of the [0◦]6 tube. This re-sults in an overall bending moment whose sign is opposite to the onepredicted for the previous cases. The effect of the thermal gradientfor tubes with a matrix-dominated circumferential direction is there-fore opposite to the one brought about by the coupled geometry andanisotropy.
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(a) Circumferential stress distribu-tion. (b) Axial stress distribution.

(c) Radial stress distribution. (d) Shear stress distribution.
Figure 5.5: Residual stresses distributions along the thickness of a tube
[±85◦]6 simulated with two different thermal histories: thermal histo-ries induced by the LATP using a cold mandrel (Tmand

cold = 20◦C) and ahot mandrel (Tmand
hot = 180◦C) and viscoelastic model.
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(a) Circumferential stress distribu-tion. (b) Axial stress distribution.

(c) Radial stress distribution.
Figure 5.6: Residual stresses distributions along the thickness of a tube
[0◦]6 simulated with two different thermal histories: thermal historiesinduced by the LATP using a cold mandrel (Tmand

cold = 20◦C) and a hotmandrel (Tmand
hot = 180◦C) and viscoelastic model.
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The complex shape of the circumferential stress distribution for thefirst two layers in Figure (5.6a), indicates that a finer through-thicknessmesh should be used there to capture the effect of the high thermalgradients during deposition of these plies.The axial direction is dominated by the elastic behavior of the fibers,therefore unaffected by the thermal gradients. The non-linear stressdistribution in the axial direction depicted in Figure (5.6b) is the conse-quence of the combined effects of:
1. the incompatibility introduced, in the transversely isotropic plane,by the thermal history of the cold mandrel;
2. the transversely isotropic visco-elastic constitutive behavior;
3. the mandrel boundary condition.
The manufacturing processes with both cold and hot mandrel [0◦]6tube do not build-up residual stresses in the radial direction, as de-picted in Figure (5.6c).

5.2.6 . Numerical simulations on a [±55◦]3 cylindrical tube
In this Section, the same thermo-mechanical simulations performedin Section 5.2.3 on a [90◦]6 tube were performed on [±55◦]3 tube. Afourth simulation was performed on a fully elastic [±55◦]3 tube sub-jected to a uniform cooling process wiht ∆T = −123◦C. The inducedresidual stress are depicted in Figure (5.7). The circumferential, the ax-ial, the radial and the shear residual stresses distributions are depictedin Figure (5.7a), (5.7b), (5.7c) and in Figure (5.7d) respectively.In the present case, the same combined effects discussed in Ssec-tion 5.2.3 for the [90◦]6 tube apply. In addition, the stacking sequenceneeds to be considered here. Indeed, the strain in the transverse di-rection (ε22) of one ply is partially inhibited by the strain in the fibers’direction (ε11) of the adjacent ply. Moreover, the boundary conditionof the mandrel partially inhibits the strain ε22 of the innermost layer of

[±55◦]3 tube. Consequently, different visco-elastic strains adaptationand partial stress relaxation are obtained in the viscous domain. Forthese reasons, the circumferential and axial stresses assessed in thecold and hot mandrels simulations are lower compared to the stressesobtained in the elastic simulation with ∆T = −400◦C, as shown in Fig-ure (5.7a) and in Figure (5.7b).If complete stresses relaxation had been possible, the results forcircumferential and axial stresses would have been similar to those ob-tained in the elastic simulations with ∆T = −123◦C.
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(a) Circumferential stress distribu-tion. (b) Axial stress distribution.

(c) Radial stress distribution. (d) Shear stress distribution.
Figure 5.7: Residual stresses distributions along the thickness of a tube
[±55◦]3 simulated with four different thermal histories and materialmodels: thermal histories induced by the LATP using a cold mandrel(Tmand

cold = 20◦C) and a hot mandrel (Tmand
hot = 180◦C) and viscoelasticmodel, a fully elastic simulation on the tube subjected to a uniformcooling process (∆T = −400◦C) and a fully elastic simulation on thetube subjected to a uniform cooling process (∆T = −123◦C).
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The circumferential and axial stresses distributions depicted in Fig-ure (5.7a) and in Figure (5.7b) are almost the same for the cold andhot mandrel simulations. In this scenario, the main factors that canchange the tube’s responses are the thermal history and the viscoelas-tic constitutive behavior. Consequently, implementing a more severethermal history for the cold mandrel simulation could probably resultin different circumferential stresses in the tube than those shown inFigure (5.7a) and (5.7b). More significant thermal gradients could be ex-pected if, for instance, the fibers distribution in the cross-section of thetape is not uniform. This would result in a higher concentration of poly-meric matrix on the tape’s outer surfaces, leading to higher thermallyinsulating tape. Similarly, a constitutive model enabling viscoelastic re-laxation also of the hydrostatic stress of the transverse isotropic plane,would lead to different stresses in the tube. Indeed, the shearmodulusof the matrix phase does affect the hydrostatic response of the trans-verse isotropic plane of the composite, as it was pointed out in Chapter3 with the analytical homogenization made in Section 3.3, while this ef-fect is neglected in the present model.The strains adaptation in the viscous domain, caused by the cou-pling between the visco-elastic behavior and the boundary conditionof the mandrel, generates higher radial residual stresses, as depictedin Figure (5.7c) right, with respect to the elastic simulations.In Figure (5.7d), the shear stresses σθz are shown. In the materialbasis, the shear stress σ12 is the dominant contribution on the shearstress σθz which, in the viscous domain (for T > T ref ), experiencesa complete relaxation. Consequently, the thermal path followed bythe simulation does not affect the shear stress σθz as shown in Fig-ure (5.7d). Indeed, the shear stress induced by the LATP manufactur-ing process (with both cold and hot mandrel) is the same as the shearstress obtained in the fully elastic simulation with a constant tempera-ture difference ∆T = T end − T ref = −123◦C.

5.3 . Geometrical distortions of the cylindrical tubes after the
axial cut

The circumferential stresses distributions induced by the manufac-turing process, obtained in the previous simulations (in Figure (5.4a),(5.5a), (5.6a) and (5.7a)), generate bending moments, which representconstraints reactions to the material continuity in the circumferentialdirection of the tube (see Chapter 2). In Table (5.1), the bending mo-ments calculated for the tubes simulated before are reported.In Table (5.1), it can be noticed that the bending moments asso-
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Table 5.1: Numerical bending moments for the [90◦]6, [±85◦]3, [±55◦]3and [0◦]6 tubes manufactured with hot and cold mandrel.
Tube Manufacturing process Bending moment [N m/m]
[90◦]6 Hot mandrel −7.3581
[90◦]6 Cold mandrel −9.1358
[±85◦]3 Hot mandrel −7.1505
[±85◦]3 Cold mandrel −8.8847
[±55◦]3 Hot mandrel −2.5929
[±55◦]3 Cold mandrel −2.4660
[0◦]6 Hot mandrel −2.6882× 10−4

[0◦]6 Cold mandrel 4.5840× 10−2

ciated to the circumferential stresses distributions presented beforeare always negative (as shown also in Chapter 2), except for the lasttube [0◦]6 manufactured using a cold mandrel, which shows a posi-tive bending moment. In the [0◦]6 tube, the effect of the geometry andthe transverse isotropy is absent (both radial and circumferential be-havior of the tube are dominated by the matrix behavior) and resid-ual stresses are induced only by the severe temperature gradients ofthe thermal history induced by the manufacturing process with coldmandrel. On the other hand, the tube [0◦]6 manufactured using a hotmandrel presents an almost null bending moment, because the tem-perature gradients induced are not strong enough to generate residualstresses in the circumferential direction.
The material continuity in the circumferential direction of the tubecan be interrupted by cutting the tube along the axial direction. By re-leasing the circumferential constraint of the cylindrical tube, the tubesdeform due to the residual stresses induced during the manufacturingprocess. In particular, tubes with a negative bending moment and ashear stress distributions, after the axial cut, close on themselves andtwist. On the other hand, the positive bending moment associated tothe circumferential stress distribution induced in the tube [0◦]6 manu-factured using a cold mandrel, tends to open the tube.
The simulation with the axial cut process was performed on thetubes simply by removing the mesh elements of the cut portion of thetube after the placement process and the mandrel removal. The widthof the axial cut is di = 3.4mm. Table (5.2) contains the geometrical dis-tortions predicted numerically for each simulated tube. Particularly,the circumferential distance is the final width of the cut de (see Fig-ure (2.7)), the circumferential relative displacement is the differencebetween the initial distance di and the final distance de (de − di in Fig-
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Table 5.2: Numerical results for the [90◦]6, [±85◦]3, [±55◦]3 and [0◦]6tubes manufactured with hot and cold mandrel: circumferential dis-tance, circumferential relative displacement and twist offset.
Tube Manufacturing Circ. dist. Circ. rel. disp. Twist offsetprocess [mm] [mm] [mm]
[90◦]6 Hot mandrel 1.547 −1.854 –
[90◦]6 Cold mandrel 1.108 −2.292 –
[±85◦]3 Hot mandrel 1.524 −1.877 0.734
[±85◦]3 Cold mandrel 1.076 −2.324 0.770
[±55◦]3 Hot mandrel 2.151 −1.249 1.289
[±55◦]3 Cold mandrel 2.238 −1.162 1.276
[0◦]6 Hot mandrel 3.381 −0.019 –
[0◦]6 Cold mandrel 3.548 0.148 –

ure (2.7) in Chapter 2) while the twist offset is the distance between thefree edges in the axial direction (see Figure (2.8) in Chapter 2).
The cut tube before deformation is depicted in Figure (5.8a), and thedeformed tubes manufactured with cold mandrel after axial cutting isshown in Figure (5.8b) for the [90◦]6 tube, in Figure (5.8c) for the [±85◦]3tube, in Figure (5.8d) for the [±55◦]3 tube and in Figure (5.8e) for the

[0◦]6 tube.Unidirectional tubes, like the [90◦]6 tube and the [0◦]6 tube, have noshear stresses, so the twist offset is not present (see Figure (5.8b) andFigure (5.8e)). The bending moment induced in the cold mandrel [90◦]6tube is larger (inmodulus) with respect to the hotmandrel tube (see Ta-ble (5.1)), therefore the cold mandrel [90◦]6 tube closes more (see Table(5.2)). The same thing happens for the [±85◦]3 cold mandrel tube (Fig-ure (5.8c)) which closes more compared to the hot mandrel one. Thecircumferential direction of the [90◦]6 tube is dominated completely bythe elastic fibers behavior, therefore in this direction its stiffness is big-ger with respect to the [±85◦]3 tube. Indeed, even if the bending mo-ments induced in the [90◦]6 tube are bigger with respect to the bendingmoments induced in the [±85◦]3, the circumferential relative displace-ment is lower, as detailed in Table (5.2). The manufacturing processinduce a shear stress distribution in the [±85◦]3 tube which causes, af-ter the axial cut, a twist offset (Figure (5.8c)).
The bending moments induced in the [±55◦]3 tube by the manu-facturing processes with cold and hot mandrel are both negative (seeTable (5.1)) resulting in the closure of both tubes (see Figure (5.8d)).
The circumferential relative displacements after the axial cut in the

[90◦]6 and [±85◦]3 tubes simulated with the cold mandrel are bigger in
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(a) Cut tube before deforma-tion.
(b) Distortions of [±90◦]6tube manufactured witha cold mandrel using adeformation scale factor of
1.3.

(c) Distortions of [±85◦]3tube manufactured witha cold mandrel using adeformation scale factor of
1.3.

(d) Distortions of the [±55◦]3tube manufactured with acold mandrel using a defor-mation scale factor of 1.3.

(e) Distortions of the [0◦]6tube manufactured with acold mandrel using a defor-mation scale factor of 10.
Figure 5.8: Geometric distortions after axial cutting of cold mandrelmanufactured tubes. 150



modulus with respect to the circumferential relative displacement in-duced in the same tubes by the LATP manufacturing process with thehot mandrel (see Table (5.2)). Conversely, the circumferential relativedisplacement induced in the [±55◦]3 tube simulated with cold mandrelis slightly lower with respect to the circumferential relative displace-ment induced in the same tube by the LATP manufacturing processwith the hot mandrel (see Table (5.2)). This highlights the effects of thetemperature gradients in the tube’s circumferential direction, whichhas an opposite trend to that shown by the geometry and anisotropy.
The temperature gradients effects in the transverse direction of aunidirectional composite plate was shown in Chapter 3 (Figure (3.15)),where the outer surfaces of the plate, which cool down faster, are putunder compression by the core of the plate, which cools down moreslowly and is subjected to traction. The sequential layer deposition(Barnes and Byerly, 1994) which characterizes the Laser Assisted TapePlacementmanufacturing process, works similarly, because the incom-ing hot layer cools down over the substrate, which is already cold (asthe substrate is colder than the incoming ply). For this reason, theincoming ply is subjected to traction while the substrate in compres-sion. The direct consequence of the strong thermal gradients of thecold mandrel manufacturing process is that the [±55◦]3 tube developslower bending moment than the [±55◦]3 tube manufactured with thehot mandrel (as detailed in Table (5.1)). In the [±55◦]3 tube, this effect isbarely visible because the thermal gradients must overcome the com-bined effect of geometry and anisotropy, as well as the effect of the vis-coelasticmatrixwith the boundary conditions imposedby themandrel.Therefore, one of the perspectives of the present work is to implementa more severe thermal history in order to observe a more significanttube response with temperature.
The positive bending moment associated with the circumferentialstress distribution induced by themanufacturing process with the coldmandrel in the [0◦]6 tube leads to the tube opening (Figure (5.8e)). Inthis particular case, in the circumferential direction where the effect ofthe geometry and the anisotropy is negligible, the effect of the tem-perature gradients induced by the cold mandrel thermal history is pre-dominant and causes the inner portion of the tube to be under com-pression and the outer portion of the tube to be under tension (in Fig-ure (5.6a)). The hot mandrel [0◦]6 tube presents almost null bendingmoment, because the temperature gradients induced by the hot man-drel manufacturing process are negligible compared to the tempera-ture gradients induced by the cold mandrel manufacturing process.
To summarize the effects of the factors considered on the opening
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and closing of the simulated tubes, we can say that:
• the combined effect of anisotropy and geometry is to close thetube, as we have seen for the [90◦]6, [±85◦]3 and [±55◦]3 tubes;
• the viscoelastic behavior and the mandrel boundary conditiontend to intensify the effect of geometry and anisotropy throughstrains adaptation in the viscous phase, as we have seen for the
[90◦]6 and [±85◦]3 tubes (see Figure (5.4a) and Figure (5.5a));

• the effect of strong thermal gradients, due to viscoelasticity, tendto open the tube, as seen for the [0◦]6 tube (see Figure (5.6a) andTable (5.2)). In the case of [±55◦]3 tube, this effect is not clearlyvisible, but it can be seen that the tube simulated with cold man-drel tends to close slightly less than the tube simulated with hotmandrel (see Table (5.2));
• the stacking sequence explains the tube twisting, as seen for the
[±85◦]3 and [±55◦]3 tubes. In particular, considering also the vis-coelastic behavior, the relaxation of the shear stresses as wellas the circumferential ones is shown (see Figure (5.5d) for the
[±85◦]3 tube and Figure (5.7a) and Figure (5.7d) for the shear andcircumferential stresses for the [±55◦]3 tube respectively).
5.3.1 . Comparison of numerical and experimental results

CETIM manufactured [±85◦]3 and [±55◦]3 Carbon/PEEK tubes withthe LATP technique using the cold and hot mandrel, as explained inChapter 2). These tubes are the same as the ones simulated in thisChapter.The numerical and experimental measures of the circumferentialrelative displacements and the twist offsets are reported in Table (5.3)for each tube and for each manufacturing process.
Table 5.3: Experimental and numerical results for the [±85◦]3 and
[±55◦]3 tubes manufactured with hot and cold mandrel: circumferen-tial relative displacement and twist offset.
Tube Mandrel Num. circ. rel. Exp. circ. Num. twist Exp. twistdisp. [mm] rel. disp. [mm] offset [mm] offset [mm]
[±85◦]3 Hot −1.877 −2.70 0.734 1.35
[±85◦]3 Cold −2.324 −2.86 0.770 0.21
[±55◦]3 Hot −1.249 −0.95 1.289 2.93
[±55◦]3 Cold −1.162 1.81 1.276 1.50
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From the Table (5.3), the tubes simulated behave qualitatively likethe CETIM tubes, except for the [±55◦]3 tube manufactured with thecold mandrel, for which an opening displacement was observed in theexperimental case.
The modeling tools develped in this work are able to qualitativelypredict the closure and the twist of the manufactured tubes with bothcold and hot mandrel. In order to result in the opening of the [±55◦]3tube, the thermal history of the cold mandrel tube needs to overcomethe effect of the geometry and the transverse isotropy in the circum-ferential direction. The cold mandrel thermal history implemented inthe UTEMP (in Figure (5.2) top, derived based on the discussion madein Chapter 4), involves significant heating of the underlying layers inthe substrate as well. Indeed, in the thermal history presented in Fig-ure (5.2) top for the cold mandrel, the heat penetrates very deeply inthe laminate, and at least three layers are re-heated above the glasstransition temperature during the consolidation phase of a given ply.This is typically true when the fibers are homogeneously distributedin the cross-section of the composite tape, since they are primarily re-sponsible for heat conduction through the thickness of the structure.On the other hand, a completely different thermal history could occurif the fibers are not homogeneously distributed in the cross-section ofthe composite tape and the tape surfaces are richer in polymeric ma-trix, which is a very poor heat conductor. In this scenario, the LATPheating phase would be much more localized and the heat conductionthrough the structure thickness, in the consolidation phase, would beobstructed, leading to a higher temperature gradients. The modelingof such thermal history means the introduction of a heterogeneousheat conduction profile through the thickness, for instance includingthermal contact resistances between layers. This would lead to amuchmore complex thermal model, which requires a numerical resolution.One could imagine to simulate an extreme artificial thermal history bymeans of the UTEMP, in which only the layer that has to be placed is in-volved by the cooling during the consolidation process, while the otherlayers of the substrate remain at constant temperature, generating astrong thermal gradient. Moreover, in this way each layer of the struc-ture will have experienced only one thermal history at the end of thefabrication process.
The correct prediction of the tubes responses trends is the mostimportant result of the present work.
The experimental measurements of the tubes twist offset show astrong dependence from the manufacturing process with hot and coldmandrel (which is not highlighted in the numerical results presented).
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The numerical results of the twist offsets, and also the shear stressesdistributions (as shown in Figure (5.5d) and (5.7d)), are almost unaf-fected by the thermal history induced by the manufacturing process.The different experimental twist offsets shown by the tubes manu-factured with hot and cold mandrels could be related to the crystal-lization kinetics of the polymeric matrix, which was not addressed inthe present work. The PEEK matrix, for example, crystallizes when thetemperature is higher than the glass transition temperature, generat-ing an hydrostatic shrinkage that can be model in the same fashion asthe thermal strain presented in Chapter 3 in Equation (3.50). The crys-tallization shrinkage can explain, for instance, the difference betweenthe experimental and numerical twist offset results, especially for thetubes manufactured with a hot mandrel LATP. The crystallization rateis deeply affected by the thermal history of themanufacturing process,which could induce strong and complex crystallization gradients withinthe structure, leading to a different tube response (Tierney and Gille-spie, 2004). The hydrostatic shrinkage by crystallization would also in-crease the combined effect of the geometry and anisotropy, leading toa more significant closure for the [±85◦]3 tube.The [±55◦]3 tube manufactured with a hot mandrel closes after theaxial cut, and the numerical results in the circumferential direction arein good agreement with the experimental results. On the other hand,the [±55◦]3 tube manufactured with cold mandrel opens instead ofclosing, showing how the temperature gradients induced during themanufacturing process are so severe as to change completely the tuberesponses. The numerical simulation does not predict the opening ofthe cold mandrel [±55◦]3 tube, nevertheless the cold mandrel [±55◦]3tube closes less than the hot mandrel [±55◦]3 tube, suggesting that thetemperature gradients associated to the cold mandrel thermal historytend to open the tube. The coldmandrel thermal history trend to openthe tube is clearly visible in the cold mandrel [0◦]6 tube, where the cir-cumferential stress distribution depicted in Figure (5.6a) generates apositive bending moment (Table (5.1)).

5.4 . Conclusions and perspectives

In this chapter, thermo-mechanical simulations of cold andhotman-drel manufacturing processes were performed in Abaqus on severaltubes. The thermal histories induced by the two manufacturing pro-cesses were derived following the considerations made in Chapter 4and implemented in a users-subroutine UTEMP. In particular, the coldmandrel LATP thermal history is characterized by higher temperature
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gradients with respect to the hot mandrel one. At the end of the place-ment process and after mandrel removal, an axial cutting of the tubeswas simulated.
The circumferential, the radial and the axial stresses were assessedfor the [90◦]6, [±85◦]3, [±55◦]3 and [0◦]6 tubes, while shear stresses werefound (as expected) only for [±85◦]3 and [±55◦]3 tubes. The bendingmoments associated to the circumferential stresses distributions weredetermined. A negative bending moment was obtained for every tubesimulated except for the [0◦]6 coldmandrel tube, where apositive bend-ingmomentwas obtained. In particular, for the [90◦]6 and [±85◦]3 tubessimulated with the cold mandrel, the resultant bending moment wasfound higher with respect to the hot mandrel simulations. This wasattributed to the role of the mandrel boundary condition, which wasremoved at different temperatures in the hot mandrel and cold man-drel simulations. The opposite scenario was found for the [±55◦]3 tube,where the higher bending moment comes from the simulation withthe hot mandrel. This suggests that the severe temperature gradientsassociated to the cold mandrel thermal history tend to have an oppo-site effect compared to the combined effect of the geometry and thetransverse isotropy. The opposite trend of the temperature gradientsin terms of bending moment was confirmed by the positive bendingmoment assessed in the [0◦]6 cold mandrel tube simulation.
The bending moment represents a constraint reaction due to thematerial continuity in the circumferential direction of the tube. Cut-ting the tube along the axial direction, the geometrical constraint is re-leased and residual strains appear. Residual strains results in the tubeclosing or opening, and in a twist when shear stresses distributions arepresents within the structure. In particular, a negative bending mo-ment means that the tube is closing. After the placement process andthe mandrel removal, an axial cut was simulated for each of the tubesand the residual strains were assessed. Comparing the experimen-tal and numerical residual strains, a good qualitative agreement wasfound, except for the [±55◦]3 tube manufactured with cold mandrel,which opens in the experiment while it closes in the simulation.
The experimental twist offsets are strongly stacking sequences de-pendent and temperature gradients dependent. The numerical twistoffsets, on the other hand, seem to be affected only by the stackingsequences, since the hot and cold mandrel thermal histories give al-most the same twist offsets. The effects of the thermal gradients onthe shear stresses distributions are negligible, since the deviatoric re-sponse of the matrix can relax completely in the viscous domain, asdiscussed in Chapter 3. The missing element which is highly affected
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by the thermal gradients, not modelled in the present work, is the crys-tallization kinetics of the polymeric matrix which generates, for tem-peratures higher than the glass-transition temperature, an hydrostaticmatrix shrinkage in addition to the existing thermal strain.The circumferential direction of the [±85◦]3 tube is dominated bythe elastic behavior of the fibers. The difference in the amplitude ofthe tube closure between experimental and numerical results couldbe due to the crystallization matrix shrinkage which, in this scenario,would increase the tube closing.The experimental observations show that the [±55◦]3 tube closes,for the tube manufactured by hot mandrel, and opens, for the tubemanufactured with cold mandrel. In this scenario, the temperaturegradients induced by the cold mandrel thermal history change com-pletely the tube responses. Thenumerical observations for both [±55◦]3hot and cold mandrel tubes show that both tubes close, even if the
[±55◦]3 coldmandrel tube closes less than the hot mandrel tube, as ev-idence of the fact that the temperature gradients induced by the coldmandrel thermal history tend to open the tube.The temperature gradients effects are clearly visible for the [0◦]6cold mandrel tube simulated which, after the axial cut, opens insteadof closing (see Figure (5.8e) right).To improve the prediction of the initial state of a composite struc-ture manufactured by the LATP manufacturing process, the perspec-tives of this work are the following:

• based on themechanical framework introduced in Chapter 3, thedevelopment of a constitutive model that accounts for viscoelas-tic relaxation also in the hydrostatic stress relative to the trans-verse isotropic plane, whichwould accentuate the effect of strongthermal gradients on tube opening;
• implementation of a thermal history characterized by more se-vere thermal gradients;
• the modeling of crystallization shrinkage based on the mechani-cal framework introduced in Chapter 3, which would increase thecircumferential and shear stresses hence the closure and twist ofthe tubes.
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Conclusions and perspectives

The goal of the present thesis work was to model and simulate theinitial state of a thermoplastic matrix composite structure manufac-tured by the Laser Assisted Tape Placement.This issue is extremely important, especially because compositema-terials arewidely used in the aerospace and automotive industries witha view to reducing the weight of structures and thus reducing carbon-dioxide emissions, as pointed out in the Introduction.In Chapter 1, a state of the artwas presented in order to highlight thepossible sources of residual stresses and strains at different scales andin relation with the phenomena involved in the LATP manufacturingprocess. Generally, residual stresses develop in order to accommodateincompatible strains of different origins (for example, thermal dilata-tion/contraction) and are associated to different types of constraintswithin the structure. Due to the complexity of the LATP technique andthe numerous sources of residual stresses and strains involved, thepresent work focused on the evaluation of the main physical mech-anisms at the meso- and the macro-scale underlying the build-up ofthe initial state within the composite structure caused by the manu-facturing process. The following Chapters evaluate the effects of eachmechanism addressed.The mechanism present only at the macro-scale is the geometryand the anisotropy of the composite part, and it was addressed first(in Chapter 2). An unconstrained composite circular section tube withthe fibers oriented along the circumferential direction subjected to auniform cooling process shows residual thermal stresses. Indeed, thecurved geometry couples the radial direction, which is dominated bythe matrix behavior, with the circumferential direction, which is dom-inated by the fibers behavior: an incompatible thermal strains fieldis thus generated, which causes residual thermal stresses within thetube. This effect was also evaluated in Chapter 2 with an analyticalstructural model in 1D.In Chapter 3, a temperature-dependent visco-elastic constitutivemodel was developed in order to take into account the stresses re-laxation with temperature during the manufacturing process. Of thetwo constituents of the composite, fibers and matrix, only the seconddisplays a viscoelastic response in the considered temperature range,resulting in a complex viscoelastic behavior of the composite. A partic-ular decomposition for the stress and strain tensors was proposed inorder to highlight the contributions of fibers and matrix on the consti-
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tutive behavior of the composite material at the meso-scale. The de-composition leads to uncoupled material parameters, and the linearviscoelasticity was introduced through the generalized Maxwell modelonly on the material parameters strongly affected by the deviatoric re-sponse of the matrix. The stresses relaxation with temperature wasintroduced by the Williams Landel and Ferry law in order to take intoaccount the effects of high temperature gradients induced by the LATPmanufacturing process.
The localized laser heating during LATP induces high thermal gra-dients, which can in turn generate residual stresses and strains. Thethree-dimensional temperature field induced by the LATP would re-quire modeling the trajectory that the LATP machine needs to followin the tape placement process, which would be too expensive in termsof computational time. However, high temperature gradients occurmainly through the thickness of the structure. Assuming a null initialstate for the incoming layer, a one-dimensional heat transient transfermodel was used to describe the temperature history induced by theconsolidation phase of the LATP, and its analytical solution was pre-sented in Chapter 4. Mixed boundary conditions were used in order totake into account the thermal effects of the mandrel (considered as aheat sink) and the ambient. The initial condition of the present thermalmodel corresponds to the initial temperature distribution induced bythe laser in the LATP heating phase, whichwas notmodelled in Chapter4. Therefore, a literature research on the LATP heating phase modelswas carried out in order to derive the initial condition to be used inthe analytical thermal model. Considerations were made in Chapter 4,where the thermal history of the whole LATP manufacturing processwas proposed.
The temperature-dependent visco-elastic constitutive model pre-sented in Chapter 3 and the analytical thermalmodel proposed in Chap-ter 4 were implemented in users-subroutines respectively UMAT andUTEMP toperform thermo-mechanical structural simulations onAbaqus.
The LATP manufacturing processes with both cold and hot man-drel were simulated in Chapter 5 on different tubes in order to as-sess the residual stresses induced in the manufactured structure. Acut along the axial direction of the tube was simulated to release theresidual stresses generated by the LATP and to assess the geometri-cal distortions induced. The numerical displacements were comparedwith the experimental measurements provided by CETIM. It is impor-tant to note that the elements developed in this work are based on thephysical mechanisms underlying each phenomenon. In particular, theviscoelasticmodel for the compositewas developed supposing that the
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polymermatrix relaxes stressesmainly in the deviatoric part. Similarly,the thermal model developed to describe the thermal history of LATPwas constructed taking into account the numerical and experimentalresults in the literature. In addition, all the material parameters usedfor the carbon/PEEK composite were also taken from the literature. Noadjustment of themodeling hypotheses or on themechanical and ther-mal material parameters were made to achieve the numerical resultsdiscussed here.
The simulations were capable to predict the closure and the twistof the tubes, in qualitative agreement with the experimental results,except for the [±55◦]3 tube manufactured with cold mandrel, whoseopening was not predicted by the simulations. The [±55◦]3 tube in thecircumferential direction is affected by the effects of the high temper-ature gradients induced by the manufacturing process, which changecompletely the tube response. The lack of agreement between the ex-perimental and the numerical results in this case may be related to thesimulated thermal history, which may not be severe enough to high-light the change in response, or to the lack ofmodeling of other effects,such as the effect of the crystallisation shrinkage.
The first perspective of this thesis work is to further investigate theLATP thermal history. By acting, for example, directly on the initial con-dition of the thermal model presented in Chapter 4 the temperature atthe interface can be raised, thus simulating a more localized heating.Another way to exacerbate the thermal history is to introduce thermalcontact resistances between composite layers to the one-dimensionalthermal problem. In this scenario, the thermal model would need tobe solved numerically.
As we saw in Chapter 3 through the analytical homogenization inSection 3.3, the shear modulus of the matrix affects not only the shearmoduli of the composite but also, to a lesser extent, the hydrostaticpart related to the transverse isotropic plane. Therefore, another per-spective of the present work is to introduce the viscoelastic relaxationalso on the hydrostatic stress of the transverse isotropic plane. Thiscould lead to a different tube response with thermal gradients.
The kinetics of crystallization of the polymer matrix is another im-portant aspect that was not addressed in the present work. High tem-perature gradients induce crystallization gradients that could affect theresponse of the fabricated structure. Themechanical framework intro-duced in Chapter 3 is well suited to include the crystallization shrink-age of the matrix. Therefore, another perspective of this work is tomodel the crystallization kinetics under highly non-isothermal condi-tions. These topics were addressed by another doctoral thesis car-
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ried out by Anna-Maria El Bayssary of Nantes Université. Indeed, thetwo theses are a part of the work carried out by the research groupwithin the joint laboratory, "Comp’ Innov", between CETIM, École Nor-male Supérieure Paris-Saclay, Nantes Université and the CNRS. The re-sults obtained by Anna Maria in her work underline the importanceof the modeling of crystallization kinetics for the prediction of residualstresses and deformations.
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A - Proof of modes orthogonality for the one-
dimensional thermal model

The details of the proof of orthogonality of themodesXm(z) for thesolution of the one-dimensional thermal model of Chapter 4 are givenhere.The model equations are recalled here:
∂w(z, t)

∂t
= k

∂2w(z, t)

∂z2
, 0 < z < l (A.1a)

− ∂w(0, t)
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+H1w(0, t) = 0, z = 0 (A.1b)
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+H2w(l, t) = 0, z = l (A.1c)

w(z, 0) = f(z)− u(z), t = 0, 0 < z < l, (A.1d)
as well as the separate variables form of the solution, already account-ing for the boundary condition Equation (A.1b):
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Since it is solution of Equation (A.1a), Xn satisfies the following:
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Because of the boundary conditions in Equations (A.1b) and (A.1c),we have:
dXn

dz
= H1Xn at z = 0, (A.5a)

dXn

dz
= −H2Xn at z = l (A.5b)
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In order to prove Equation (A.3a), we introduce:
(
α2
m − α2

n

) ∫ l

0

XmXndz = α2
m

∫ l

0

XmXndz − α2
n

∫ l

0

XmXndz. (A.6)
From the condition in Equation (A.4) follows:
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which is null due to the boundary conditions in Equations (A.5a) and(A.5b). Since (α2
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n) ̸= 0 for n ̸= m, then Equation (A.3a) is proven.Following similar steps as for the previous case, now we shall prove(A.3b). For n = m, we introduce
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Applying Equation (A.4) to Equation (A.9) we have:
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and integrating by parts we obtain:
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Now, recalling the form of Xn(z):
Xn(z) = cos (αnz) +

H1

αn

sin (αnz), (A.13)
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we can also write:
dXn

dz
= H1 cos (αnz)− αn sin (αnz) (A.14)

From Equations (A.13) and (A.14), it follows that
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At z = 0, from Equation (A.5a) and Equation (A.15), we have:
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Furthermore, integrating Equation (A.15) between 0 and l, we obtain:
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Substituting Equations (A.16), (A.17) and (A.18) in (A.12), we obtain
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it becomes∫ l
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which proves Equation (A.3b).
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Titre: Modélisation et simulation de l’état initial d’une structure en composite à matrice thermoplas-
tique fabriquée par placement de tape automatisé et consolidation laser
Mots clés: placement de tape automatisé avec consolidation laser, composites à matrice thermoplas-
tique, contraintes résiduelles, modélisation, simulation

Résumé:Au cours des dernières décennies,
l’utilisation croissante de matériaux composites
dans les industries automobile et aérospatiale a
fait appel à des techniques de production mod-
ernes et automatisées telles que le placement de
bande assisté par laser (LATP), qui assurent des
taux de production élevés mais induisent des con-
traintes et des déformations résiduelles dans les
structures fabriquées. En raison de la complex-
ité et des nombreuses sources de contraintes et
de déformations résiduelles impliquées dans le
processus de fabrication LATP, le présent tra-
vail s’est concentré sur l’évaluation des principaux
mécanismes physiques à l’échelle méso et macro
qui sous-tendent l’accumulation de l’état initial
dans la structure composite causée par le proces-
sus de fabrication. Selon l’état de l’art, l’effet
combiné de la géométrie et de l’anisotropie de
la pièce composite est une source importante de
contraintes et de déformations résiduelles que l’on
retrouve à l’échelle macro. La géométrie courbe
couple la cinématique dans le plan avec la cinéma-
tique hors du plan tandis que, pour l’anisotropie
du composite, le comportement dans le plan est
généralement différent par rapport au comporte-
ment hors du plan. Par conséquent, le champ
de contraintes thermiques incompatibles généré
pendant le traitement provoque des contraintes
résiduelles au sein de la structure. Pour traiter
les effets de l’histoire thermique complexe induite
par le LATP pendant la fabrication, un nouveau
modèle constitutif viscoélastique dépendant de
la température adapté aux composites à matrice
polymère renforcés par des fibres unidirectionnelles
est développé. Ce modèle est construit à l’échelle
du pli isotrope transverse homogénéisé, mais il
tient compte des propriétés des constituants sous-

jacents. Une décomposition des tenseurs de con-
trainte et de déformation est proposée, ce qui
permet de distinguer plus facilement la contribu-
tion des fibres et de la matrice au comportement
du matériau composite homogénéisé. En sup-
posant une réponse viscoélastique déviatorique de
la matrice et des fibres élastiques, le modèle vis-
coélastique linéaire est appliqué uniquement sur
certains termes de la décomposition. Pour les
simulations numériques, le modèle viscoélastique
est implémenté dans une sous-routine utilisateur
UMAT Abaqus. Une équation transitoire de trans-
fert de chaleur unidimensionnelle est utilisée pour
décrire de manière simplifiée l’histoire thermique
induite par la phase de consolidation du processus
de fabrication du LATP. Les conditions aux limites
mixtes considèrent les flux de chaleur avec le man-
drin et l’ambiance, tandis que la condition initiale
est la distribution de température dans l’épaisseur
de la structure générée par la phase de chauffage
du LATP. La solution analytique du modèle ther-
mique est développée et implémentée dans une
sous-routine utilisateur UTEMP Abaqus. Des sim-
ulations thermo-mécaniques sont réalisées sur des
tubes à l’aide du logiciel commercial d’éléments
finis Abaqus pour évaluer les effets des sources de
contraintes et de déformations résiduelles prises
en compte dans le présent travail. La technique
de modélisation de la fabrication additive est util-
isée pour réaliser un modèle simplifié du processus
de stratification automatisé du LATP. Dans ce
scénario, les contraintes résiduelles sont évaluées
et ensuite libérées en simulant une coupe le long
de la direction axiale des tubes. Les contraintes
résiduelles numériques sont comparées aux résul-
tats expérimentaux fournis par le CETIM.
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Title: Modeling and simulation of the initial state of a thermoplastic matrix composite structure
manufactured by laser assisted tape placement
Keywords: laser assisted tape placement, residual stresses, thermoplastic matrix composites, modeling,
simulation

Abstract: In the last decades, the increasing
use of composite materials in the automotive and
aerospace industries involved modern and auto-
mated production techniques like the Laser As-
sisted Tape Placement (LATP), which assure high
production rates but induce residual stresses and
strains in the manufactured structures. Because
of the complexities and the numerous sources of
residual stresses and strains involved in the LATP
manufacturing process, the present work focused
on the evaluation of the main physical mechanisms
at the meso- and the macro-scale underlying the
build-up of the initial state within the compos-
ite structure caused by the manufacturing process.
From the state of the art, the combined effect of
the composite part’s geometry and anisotropy is
an important source of residual stresses and strains
that can be found at the macro-scale. The curved
geometry couples the in-plane kinematics with the
out-of-plane kinematics while, for the anisotropy of
the composite, the in-plane behavior is generally
different with respect to the out-of-plane behav-
ior. Therefore, the incompatible thermal strains
field generated during processing causes residual
stresses within the structure. A new viscoelastic
constitutive model suited for unidirectional com-
posite is developed to address the effects of the
complex thermal history induced by the LATP. A
decomposition of the stress and strain tensors is
proposed, making it easier to distinguish the con-

tribution of the fibers and the matrix to the consti-
tutive behavior of the composite material. Assum-
ing a viscoelastic deviatoric response of the matrix
and elastic fibers, the linear viscoelastic model is
applied only on certain terms of the decomposition.
For numerical simulations, the viscoelastic model is
implemented in a UMAT Abaqus user subroutine.
A one-dimensional heat transfer transient equation
is used to describe in a simplified way the thermal
history induced by the consolidation phase of the
LATP manufacturing process. The mixed bound-
ary conditions consider the heat fluxes with the
mandrel and the ambient, while the initial condi-
tion is the temperature distribution in the struc-
ture thickness generated by the heating phase of
the LATP. The analytical solution of the thermal
model is developed and implemented in a UTEMP
Abaqus user subroutine. Thermo-mechanical sim-
ulations are performed on tubes using the com-
mercial finite element software Abaqus to evaluate
the effects of the sources of residual stresses and
strains accounted in the present work. The addi-
tive manufacturing modeling technique is used to
achieve a simplified model of the automated lay-
up process of the LATP. In this scenario, residual
stresses are assessed and then released by simulat-
ing a cut along the axial direction of the tubes.
The numerical residual strains are compared with
the experimental results provided by CETIM.
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