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Preface

This manuscript deals with asymptotic modeling in fluid mechanics. We are interested here
in studying two singular problems: the effect of roughness on oceanic motion taking as a
starting point the single-layer quasi-geostrophic model and the mathematical description
of congestion phenomena in tumor growth by investigating the behavior of traveling wave
solutions.

Asymptotic analysis in fluid mechanics is motivated by singular limit problems that
naturally arise in physical reality, such as combustion, magneto-hydrodynamics, biology, and
geophysical fluid mechanics. It provides improved insight into the mathematical structure
of the problem by dealing with more straightforward but still significant models.

In the first chapter of this work, we consider the complex system that is the ocean.
As a result of the multiple physical quantities determining its behavior at different time
and spatial scales, computing the speed of ocean currents at any point using a universal
model remains an unrealistic goal. A more reasonable strategy, both from a theoretical
and numerical point of view, is to conduct an asymptotic analysis to identify approximate
reduced models and their solutions. These factors motivated our study: the impact of the
irregularities of the coastline on the wind-driven oceanic motion. The single-layer quasi-
geostrophic system is a well-known model in meteorology used to describe the external
force applied by the wind on the free surface of the ocean. From a mathematical point
of view, it is a singularly perturbed quasilinear problem depending on a small parameter,
which justifies the apparition of boundary layers. Since the geometry of the coasts is not
meant to follow a given spatial pattern, we use functions without any particular structure
to describe roughness. Consequently, nonlinear, linearized and linear PDE systems describe
the behavior of the boundary layers in infinite domains, and their solutions are sought in
nonlocalized Sobolev spaces. Moreover, under these hypotheses, the eastern boundary layer
exhibits a singular behavior at low frequencies far from the eastern boundary. Ergodicity
properties are imposed to tackle the convergence issues. In this general regime, we establish
the well-posedness of the governing boundary layer equations and of the approximate solution
when the small parameter goes to zero.

In the second part of this work, we address a problem inspired by biology: the asymp-
totics of avascular tumor growth. Establishing how cellular changes affect macroscopic dis-
tributions is especially important when examining tissue invasion, emphasizing the need for
mathematical models linking multiple scales. We are interested in the singular ‘stiff pres-
sure law’ limit of the porous medium diffusion equation with a source term towards a free
boundary model of the Hele-Shaw type. We provide a rigorous mathematical description of
the congestion phenomena describing the transitions between free/compressible zones and
congested /incompressible zones through the behavior of their respective traveling wave solu-
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tions. Furthermore, we describe the profiles in the vicinity of the transition between the free
(compressible) domain and the congested (incompressible) domain. We show the nonlinear
asymptotic stability of such profiles in regimes where the parameter describing the strength
of the repulsive forces is very large.
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| — Introduction

The problems analyzed in this manuscript attest to the convenience and effectiveness of
using asymptotic methods in mathematical modeling. This chapter aims to lay the foun-
dations for later discussion of the technical results obtained during the author’s Ph.D. The
first section contains a general discussion on asymptotic methods in fluid mechanics and how
their evolution has been driven historically by the needs of problems belonging to mathe-
matical physics. The remaining two sections are devoted to each one of the problems and
have a similar structure. First, the evolution of research on the topic is presented, provid-
ing a glimpse of the main mathematical results and techniques. Then, a summary of the
contributions of this work to the theory and its possible further development are discussed.
Section 1.3 presents the problem of roughness-induced effects on oceanic motion driven by
the quasi-geostrophic model. Section 1.4 discusses the different fluid mechanics models used
in the mathematical description of tumor growth to introduce later the analysis of monotone
traveling wave solutions when considering the incompressible limit.

I.L1 Asymptotic models in fluid mechanics

Due to their complexity, only a few fluid flow problems may be solved (approximately) by
closed-form (analytic) solutions through idealized mathematical models . Most importantly,
most of them are either unsolvable by direct methods or only amenable to numerical simu-
lation after some appropriate asymptotic modeling. Describing more physical and realistic
phenomena encompasses a broad spectrum of scales and simultaneously dominant and neg-
ligible effects. Nowadays, scientific modeling confronts technological limitations beyond the
capabilities of full-scale numerical simulation by the best of supercomputers known to men.
For these reasons, asymptotic modeling has become an even more attractive tool to gener-
ate more straightforward (fewer variables or (and) fewer unknowns) and consistent models
to develop accurate and efficient numerical methods while adding to the understanding of
both the underlying physics and the mathematical structure of the investigation’s primary
focus. A discussion on the role of physically motivated asymptotic analysis in the design of
numerical methods for singular limit problems in fluid mechanics can be found in [1].
Perturbation (asymptotic) theory revolves around the concept of an asymptotic solution.
Such a solution approaches a limit as the perturbation quantity approaches zero (or infin-
ity). Several mathematical problems involve rigorously justifying this passage to the limit
resulting in a change in the type of equations, boundary layer formation, or varying the
influence of several spatial and temporal scales. In these cases, the main system of equations
can be approximated by allowing the perturbation quantity to go towards its limit. Then,
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an approximate solution is built in terms of an extremely small or sizeable dimensionless
parameterl.
Some relevant examples are:

e the Reynolds number appearing in the dimensionless representation of the Navier-
Stokes equations. It leads to the inviscid and boundary-layer models when it is large,
and to the Stokes and Oseen models for smaller values;

e the description of rapidly rotating flows with applications of industrial and geophysical
nature, which are asymptotic models of flow at low Rossby number, large-scale models
of flows used in meteorology and oceanography are extracted can be asymptotically
derived by considering the hydrostatic balance; and,

e local low Mach number limits in compressible flows, where the singular limit passage
links fully compressible systems with two-phase compressible/incompressible systems.

For a book on asymptotic models in fluid dynamics, see [2].

The singular parameters used in the asymptotic theory of fluid flows may be subdivided
into two categories. There are the so-called dynamic parameters which can be directly
built into the equations (Reynolds number in Navier-Stokes equations) or in the boundary
conditions (inverse of high aspect ratio wings in the no-slip condition); and can also be found
describing the coupling of two systems associated with the same physical phenomenon [2].
They determine the relative significance of physical processes competing with one another
taking place in moving fluid. The remaining category corresponds to geometric parameters
when used as a feature of the domain (small irregularities on a rough surface).

Asymptotic models are often classified following the nature of the problem they describe
on local or global. Sometimes, understanding flow behavior in some localized regions can
be pretty helpful when studying, for example, laminar separation or near interfaces with
material properties. Other times, the asymptotic modeling of a flow as a whole provides the
relevant information (large-scale oceanic motion).

The main reasoning behind this approach is that the approximate model is associated
with an asymptotic expansion procedure, and therefore, can be improved by adding correc-
tors, expanding in a series of successive approximations or both.

1.2 A little bit of history

Since asymptotic methods have played an essential role in the progress achieved in fluid
dynamics for more than a century, this section outlines the origins of modern fluid mechanics
and mathematical methods.

In 1687, Isaac Newton (1642-1727) postulated his laws of motion and the law of viscosity
of Newtonian fluids - a fluid whose stress law - strain rate is linear. Eighteen-century mathe-
maticians later developed this theory regarding an“ideal” (inviscid and incompressible) fluid.
Bernoulli published in 1738 in the book Hydrodynamica a critical result that will be later
known as Bernoulli’s Principle: the sum of pressure, kinetic energy, and potential energy per
unit mass of an incompressible, non-viscous fluid in a streamlined flow remains a constant.

!Dimensionless variables are reference variables selected by geometrical and physical arguments related to
the particular system which is modeled.
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Jean Le Rond D’Alembert (1749) stated the physical paradox that later will take his name:
that a body immersed in a frictionless fluid has zero drag, undoubtedly a consequence of
the neglected effects of viscosity. In 1755, Euler applied Newton’s second law of motion to a
fluid moving under an internal force known as the pressure gradient and provided the first
mathematical description of the motion of this type of fluid. Later, in 1816, Pierre-Simon
Laplace completed the formulation by adding the adiabatic condition.

Navier (1827) is the pioneer at deriving the equations for homogeneous incompressible
viscous fluids based on considerations involving intermolecular forces’ action. Later, in 1831,
Poisson derived the equations for compressible fluids from a similar molecular model. Saint-
Venant (1843) published a derivation of the equations applied to laminar and turbulent flows,
but we owe Stokes (1845) the Navier-Stokes equations currently in use.

Experimentalists of the time showed little to no interest in the newly discovered theory
of hydrodynamics. Instead, they developed empirical equations, charts, and tables to study
several essential quantities. Well-known hydraulic engineers of the nineteenth century were
Chézy, Poiseuille, Darcy, Bazin, Manning, and Weisbach, who performed extensive tests and
original experiments on the study of flows in open channels, pipe flows, waves, and turbines.

At the end of the nineteenth century, unification between experimental hydraulics and
theoretical hydrodynamics finally began. Froude (1810-1879) developed laws of model test-
ing, Lord Rayleigh (1842-1919) proposed the technique of dimensional analysis, and Osborne
Reynolds (1842-1912) published the classic pipe experiment in 1883. This study showed the
importance of the dimensionless Reynolds number named after him. Meanwhile, the viscous-
flow theory was available but unexploited since Navier and Stokes had successfully added the
Newtonian viscous terms to the governing equations of motion. The reason behind neglect
was that they were too difficult to analyze for arbitrary flows.

To this century also belongs the first use of perturbation theory in the study of physical
processes. In particular, to the works of Lagrange (1811-1815) and Laplace (1799-1825)
on celestial mechanics. When computing the Earth’s orbit, one can disregard the existence
of other planets since the Sun is the astronomical body with the highest mass in the Solar
System. For a more accurate prediction, it is necessary to consider the influence of the Moon’s
gravitation. Perturbations to the main order approximation of the solution are obtained by
taking the mass ratio of the Moon and the Earth as a small parameter. In 1843, Cauchy
published his results for the Euler’s Gamma function logarithm using Bernoulli numbers.
He called attention to the fact that the series on the right-hand side of the Stirling formula
could be used to compute InT'(x) when x is large and positive. Moreover, it has been shown
that the absolute error incurred by considering a finite sum of N becomes arbitrarily small
with increasing x. Forty years later, Poincaré (1886) broadens the concept of development
in series by introducing the asymptotic development to solve puzzling differential equations
of celestial mechanics. Namely, he described the search for a divergent series capable of
approaching functions at infinity which later became an essential theoretical analysis tool in
fluid dynamics.

Asymptotic analysis and fluid mechanics become inseparable with the introduction of
boundary layer theory in the seminal paper by Prandtl (1904). Although prototypes of
the concept of a boundary layer associated with the no-slip condition on a solid body had
existed since the derivation of the equations of motion of a viscous fluid (Stokes (1845),
Rankine (1864), Froude (1872), Lorenz (1881)), it was Prandtl who noticed that while in
a large Reynolds number flow past a rigid body, the Euler equations hold in the bulk of
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the flow, the inviscid description was not valid near the body’s surface. He introduced the
idea of subdividing the entire flow field into two separate regions where different asymptotic
forms of the governing equations: a small thin layer near the solid surface and the Euler
equations elsewhere. This was a subject of thorough discussion in the 1950s and early 1960s
involving the names of Friedrichs, Kaplun, Lagerstrom, Cole, and Van Dyke (see [3] for a
survey on the first fifty years of research on boundary layer theory). Their works help to
develop the singular perturbation theory as we currently know it and the method of matched
asymptotic expansions. The development of the asymptotic approach in fluid mechanics is
well documented; see, for example, [1]. For a recent detailed analysis of its importance
in physical oceanography, the reader can turn to [5]. For an extensive discussion on the
evolution of theoretical and experimental fluid mechanics, see [0].

1.3 Wind-driven ocean circulation

Ocean circulation is pivotal for climate regulation and sustaining marine life through heat,
nutrients, and chemical transport [7]. A better understanding of the complex dynamical
system that is the ocean would increase the precisions of climate predictions.

Wind stress is probably the most vital force acting on the upper surface of the world’s
oceans. In the early stages, our knowledge of its influence on general oceanic circulation
was primarily observational. Its understanding entered the modeling realm with the seminal
work of Ekman (1905)[¢]. He showed that the frictional stress of the wind is confined to
a thin (surface) layer, so the motions below can be considered frictionless. According to
his theory, the velocity in the boundary layer should have a spiral structure. This layer
and its flux, which currently bear Ekman’s name, constitute the theoretical foundation of
modern wind-driven circulation theories. It was not until 1987 [9], that in situ measurements
confirmed the existence of the Ekman spiral in the upper ocean. Ekman layers are now a
standard textbook topic of physical oceanography and are reasonably well-understood from
the mathematical standpoint [10)].

In general, oceanography and meteorology experienced an unprecedented quantitative
and qualitative revolution in the late ’40s and ’50s with the emergence of computers and
satellites. In this period occurred the second breakthrough in wind-driven circulation theory
in the works of Harald Sverdrup (1947) [I1]. He established the relationship between the
wind stress curl and the circulation in the basin interior by assuming that the wind-driven
circulation is confined to the upper layer of the ocean and the lower layer is infinitely deep.
Thus, the circulation can be studied in terms of a single moving layer. Oceanographers im-
mediately adopted this approach, and it is known today as reduced-gravity models. In order
to find the circulation in the basin, Sverdrup assumed and integrated the wind stress curl
westward, starting with a no-zonal flux condition at the eastern boundary. No explanation
was provided on dealing with the western boundary and the reasons behind the integra-
tion order. Nevertheless, the Sverdrup balance and the homogeneous model of wind-driven
circulation are cornerstones of geophysical models.

The frictional or inertial western boundary layers provide a vital dynamical component
that helps close the circulation in terms of the conservation of mass, energy, and potential
vorticity. A dynamical explanation for western intensification phenomena was first estab-
lished in 1948 when Henry Stommel studied an idealized model for the North Atlantic Ocean,
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including bottom friction and the latitudinal change of the Coriolis force, also known as [3-
effect. He used a different approach to the single-layer ocean by considering wind-driven
oceanic circulation as a single moving layer: the homogeneous model. In this case, the wind-
stress curl is negative, so the interior flow must move southward where planetary vorticity
is lower. The interior flow must be closed by some boundary layer. Stommel proposed to
close the circulation driven by evaporation at low latitudes and precipitation at high lat-
itudes by adding the western boundary currents. This solution overcame the substantial
limitations implied in Goldsbrough’s model [12] concerning how the mass flux at the ocean
surface induces a barotropic flow in the ocean interior through vorticity conservation needs.
Accordingly, circulation in a closed basin driven by an arbitrary pattern of wind stress, or
freshwater flux across the air-sea interface due to evaporation minus precipitation, can be
very well described by the theory. In 1950, Munk essentially applied the same approach as
Stommel to lateral friction by assuming it balanced the vorticity equation and induced an
intense western flow [13].

Circa 1955, research on the Gulf Stream helped the understanding of boundary layers
in physical oceanography. Here, they are worth mentioning the inertial model of Charney
[14, 15] and the parallel work on the matter by Morgan[16]. Charney investigated baroclinic
instability and showed the connection between the upper Ekman layer and the formation of
permanent currents in the ocean interior. Morgan focused mainly on integral constraints of
closed circulation in an entire basin and hinted at the connection between the interior and
the inertial western boundary currents. For a detailed review on the subject, we recommend
consulting [17] and the references therein.

Jules Charney is also considered the father of the quasigeostrophic (QG) theory. Although
the term and some aspects of the theory were dealt with before by other authors, Charney’s
paper “On the scale of atmospheric motions” of 1948 [18] distinguishes for its consistent
scale-analysis of the equations governing the motion of the atmosphere using all relevant
dynamical and thermodynamical equations. He mathematically derived a tractable equation
for unstable waves by eliminating the inertia-gravity waves solutions using the separation of
time between vertical motions. This theory replaces them with an elliptic relation between
a materially conserved scalar, the potential vorticity, and the geostrophic stream function.
Norman Phillips in [19] believes that “earlier studies on large-scale motion in the atmosphere
cannot be said to have “led” to Charney’s 1948 paper”, but it recognizes the influence
from a methodology perspective of the works of L. Prandtl [20], and Rossby [21, 22]. For
more information on the matter, the reader can refer to [19] for a detailed chronological
analysis of papers preceding the one by Charney on the subject of barotropic geostrophic
approximationss, baroclinic quasigeostrophy, and geostrophic equilibrium. For more on the
influence of Charney in physical oceanography, see [23].

QG theory may also be applied to shallow water equations and stratified fluids. Shallow
water equations are vastly used as a conceptual model for the behavior of rotating, stratified
fluids. They were introduced by Welander in 1957 [24] to explain the relation between wind-
driven currents and surface displacements in a shallow body, extending Ekman’s analysis
to the case of finite depth. The development of shallow-water dynamics on account of the
wind-driven circulation is examined in [25, 17]. For an extensive review of shallow-water
dynamics and related models, the reader can refer to [20].
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1.3.1 Boundary layers and singular perturbations problems

Our previous discussion shows oceanographers rapidly adopted the boundary layer theory
developed in traditional fluid dynamics. In mathematical terms, boundary layers appear
when the governing equations describing a flow field (generally a set of non-linear partial
differential equations) is a singular perturbation problem depending on a small dimensionless
parameter. This is often because the perturbation parameter multiplies the highest derivative
of the unknown function in the main differential equation.

Boundary layer problems have attracted the attention of mathematicians for more than 60
years. Mathematical research has provided insight on many different phenomena, including,
among others, the classical problem of vanishing viscosity limit in fluid mechanics and, in
particular, in geophysical fluid mechanics, in relation to rotating fluids and Ekman layers.
For an extensive discussion on the matter, we refer to [27] and the references therein. The
reader interested in a comprehensive monograph on mathematical results in geophysical
dynamics can consult [10].

1.3.2 Matched asymptotic expansion method

A widely used approach consists of the construction of an approximate solution using “matched
asymptotic expansions”. This method was developed systematically between the 50s and 70s
of the 20th century and used successfully in a wide variety of applications [28]. It is a power-
ful systematic analytical tool for asymptotically calculating solutions to singularly perturbed
PDE problems. For a general presentation, we refer the reader to [29, 30, 31].

The main idea of the matched asymptotic expansions method is to introduce a local
variable to describe the behavior near the wall and the corresponding local (inner) expansion
when a regular (outer) expansion fails to describe the actual behavior of the fluid flow near
a solid surface. Both expansions have to match to obtain a uniformly valid approximation
of flow on the entire region. Thus, the name of the method. For example, when dealing with
western intensification, the flow can be described by the low-order dynamics in the interior
ocean, i.e., essentially inviscid and linear. However, such an approximation is no longer
valid near the western wall, within the boundary layer, where the fluid velocity changes
rapidly and viscosity becomes essential. Consequently, other physical phenomena must be
considered, such as frictional or inertial terms. In other words, the addition of correctors is
necessary to match the interior solution and boundary conditions.

1.3.2.1 A simple example

We proceed to illustrate how to deal with a singularly perturbed problem through an exam-
ple. For the purpose of coherence with the fluid mechanics context, we analyze the following
second order linear ODE system:

el +a. =a, in (0,1)

:(0) =0, @(1) =1, (1.3.1)

where 0 < ¢ < 1 is a small parameter and a is a given positive constant of order 1 and
independent of €. This model was introduced by Friedrichs (1942) as an example of a
boundary layer in a viscous fluid and has become common in perturbation theory, see for
instance [32, 33].
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We are interested in studying the behavior of the solution u. in (I.3.1) when ¢ — 0.
In this case, it is possible to find the exact solution, which is helpful for later comparisons
with the approximate solution. From now on, we will denote by u. the solution of a per-
turbed problem, while u. refers to the corresponding limit problem at ¢ = 0. The existence
and uniqueness of the solutions to (I.3.1) consist of finding the corresponding variational
formulation and applying the Lax-Milgram Lemma. To facilitate the computations, we con-
sider us(x) = @.(z) — 2 in (1.3.1) which gives the following problem on u with homogeneous
boundary conditions

eul +ul=a—1, in (0,1),

ue(0) = ue(1) = 0. (1.3.2)

A weak solution of (I.3.2) is a function u. € H{ ([0, 1]) verifying the integral condition

1 1 1
—5/ u;v’+/ wlo = (a—l)/ v, Vo e HY([0,1)). (1.3.3)
0 0 0

Then, the Lax-Milgram theorem is used once again to show the existence and uniqueness of
a solution ug € H'([0,1]) of the limit problem (I.3.6). Considering v = u. as test function
in (I1.3.3) and applying Poincaré inequality, we have that

1
el = —(a=1) [ v < Cluce

0/2 € 9
< C'ullg2 < e + QHU;HL%

which leads to
il < .

Thus, we have found a bound for eu’. in L%(]0, 1]), independent of . Moreover, u. is bounded
in L2([0, 1]) independently of e. This can easily shown by considering a weighted test function
v = uzw in (1.3.3), where w is a decreasing function, for example, w = 1 — x.

_5/01 (u;)2(1—x)+;/01 (ug)'(l_m):“;. (1.3.4)

Integrating by parts the second member in right-hand side gives

1
~22 [P0 = )+ uelagogy = a— 1.

Hence, ||u5\|%2([0 i) < €. We can then infer that there exists a subsequence (€n)nen satisfying
e, — 0 and a function ug € L?((0,1)) such that

Ug, — up weakly in L?.

Passing to the limit in (I.3.3), we obtain that the function ug € L?((0,1)) verifies

1 1
—/ upv’ = (a — 1)/ v, Yve H([0,1]). (1.3.5)
0 0
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Figure I.1: Behavior of the exact solution u. of the problem for a = % when € — 0.

The above result corresponds to the weak formulation of the problem
uy =a—1, (1.3.6)

with no boundary conditions. It is evident that w. differs from wug in thin zones near the
boundaries. This leading-order approximation is only suitable in the outer region, here (0, 1).
Note that the equation driving the first approximation of the solution differs from the one
of u. because we have lost the second order term (I.3.1) and cannot satisfy both boundary
conditions. Note this is coherent with the sharp transitions of u. in small area near x = 0,
see Figure I1.1.

The previous analysis gives a clear indication that relevant information is missing when
considering the small parameter equal to zero and hints at the idea of rescaling the equations.
The new scale allows the introduction of the local information at the boundary layer through
an inner erpansion.

If there is not an a priori knowledge of the correct scale for constructing the inner asymp-
totic expansion, it usual to define the local variable X as follows

X =d(e)x,
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where 6 is a real function of € and X = O(1). Rewritting the equation (I.3.1) in X, yields

fU;+5ﬂ@

2
e YOux

—a—1. (1.3.7)

A quick comparison of the coefficients in (I.3.7) provides five different possibilities for the
rescaling parameter.

Case (i) Taking ¢ < 1, leads to the contradiction a — 1 = o(1).

Case (ii) Taking 0 = 1, we have the regular asymptotic expansion uy = a — 1, which it is not
able to satisfy all boundary conditions as seen before.

dU:

Case (iii) When 1 < 6§ < 1, we get from equation (1.3.7) that 45 = o(1), which is once

I3 )
again impossible.

Case (iv) Now, if § = 1, then § >> 1 and the equation behaves as follows:

d*U.  dU.
Tzt ax = (a—1)e, (1.3.8)
o(1)

which provides the correct scale.

Case (v) Lastly, if § > é,i.e. d¢ > 1, multipying equation (I1.3.7) by §~'e=2 leads to

d*U. | .y 1 dU; 12
We _(a—1
oz Tt ux &L_E_iJ
¥ o(1)
o(1)

which also fails to provide a suitable scale.

In conclusion, assuming § = e~ will transform (I.3.7) in a regular perturbation problem.
Now that we have chosen the proper scale, we can look for an approximation of u. in the

form
us ~ ug(z) + Pt (X)) + uPL(X,), (I.3.9)

where X; = ¢!z and X, = ¢7!(1 — x) are the rescaled variables; and u2" and ulBL denote
the approximate correctors whose role is to solve the discrepancy between u. and ug near
x = 0 and x = 1, respectively. Here, € is the thickness of the boundary layer. By additionally
imposing a far-field or stability condition to guarantee u. remains bounded when x — +o0,
which means both correctors converge to zero as the corresponding rescaled variable goes to
infinity.

From the previous analysis, we know that the equation u(, = a provides a first approxima-
tion of the solution, correcting the source term. Therefore, there remains to investigate the
boundary layer terms. Plugging the ansatz (1.3.9) into (1.3.2) yields the following equations

dQuZBL . dulBL
dX; dX;
d2u,];3L - dulBL
dX, dX,

=0, (1.3.10)

= 0. (1.3.11)
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The solutions of (1.3.10) and (1.3.11) are uPL = lo+l1e=Xt and uPL = ro+rieXr, respectively,
where 7;,l; € R for i = 0,1. Function u?” increases exponentially as X, — +oo. This
behavior is not compatible with the assumption that boundary layers have no influence far

from the boundary (far field condition). Therefore, to guarantee that lim u?” = 0, one

Xr—o—4oo |

must take r; = 0, V1, i.e, u

So far we have disregarded the boundary conditions. Note that substituting (1.3.9)

in (1.3.1) leads to uPZ(0) = —u(0), near x = 0; while at the other end of the interval

uPl(0) = —ug(1). If —ug(1) # 0, the far field condition is not satisfied. Therefore, —ug(1)

must forcibly be equal to zero which implies the equation driving the outer expansion term
has been supplemented with the boundary condition

BL _
ol =

up(1) = 0.

This clearly highlights the close relationship between the nature of the boundary layer
at the right and the choice of boundary conditions for the inner profile ug.
We conclude that:

e there is no boundary layer at x = 1;
e the inner profile is ug(z) = (a — 1)(x — 1); and,
e the boundary layer corrector at « = 0 is the solution of the system

dzulBL n dulBL
dX? dX;
uP™(0) = —uo(0),

ulBL — 0, as X; — 4o0.

= O, in R+
(1.3.12)

Therefore, uPl(x) = (a — 1)eX1.
This procedure is known as asymptotic matching. In the words of Van Dyke [32]:

Inner representation of (outer representation)

outer representation of (inner representation),

where the outer representation corresponds to first nonzero term in the macroscopic or global
variable (here, x) and the inner ones is the equivalent in the microscopic or local variable (in
our example, X;, X, ). Therefore, the solution of (I.3.12) is an approximation of u. satisfying
all boundary conditions
up + uPl,  uPt(x) = —up(0)e =,

Figure (I.2) illustrates the behavior of the new approximation for different values of € with
respect to the analytical solution u. and the regular (outer) approximation ug. Notice that
for e = 1072, u. and uo—i—ulB L are indistinguishable at the scale of the graph. In mathematics,
it is well-known that a graphical representation is a reference but not a proof, therefore, we
need to show the convergence of our approximation to the original solution.
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Figure 1.2: Behavior of the new approximation, the analytical solution and the regular
approximation ug for (1.3.7) for the case when a = 3 and € € {1072,1071,0.5,1}.

Let us define w, = us — (ug + ulBL). This error function satisfies the following system

resulting from (I1.3.7), (1.3.8) and (1.3.12)

" /o "
ew; +w, = —euy, 0<xz <1,

(1.3.13)

w(0) =0, w.(1) =—uPP(1)=(1—-a)e Ve

Notice that —euj = 0 and a the value of w, is exponentially small as £ — 0.
Therefore, we have a good approximation of the actual solution when ¢ — 0. Let C > 0

be a constant whose value is independent from e, using the estimates |[u"||12(0 1)) < CvE

and ||(ulBL)’||Lz((071)) < Ce~2, we infer from (1.3.13) that

l[ue = uollz2((0,1)) < CVe,

lue — ol g1 (0,1y) < Ce™ /2.

This result gives a convergence rate in L2((0,1)). Similar results can be obtained using LP
estimates, for 1 < p < 4o00.
Some remarks are necessary:

e Most of the time, computing the error is not that simple. We need to compute energy
estimates of w. in an acceptable norm and show the error becomes increasingly small
ase — 0.
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o uy+ ulBL is known in the literature as a zeroth-order approzimation. Consequently, ug
is the zeroth-order outer solution which describes the behavior of the solution outside
of the boundary layer regions, and the corrector ulBL is known as zeroth-order inner

solution linked to u. in the boundary layer.

We end our discussion by emphasizing that rarely the approximation at the main orders
provides an accurate description of u.. One of the advantages of using asymptotic methods
is that the solution can be improved by adding additional terms. Consequently, the idea
discussed before can be easily generalized to higher orders by means of a power series of the
small parameter . In practice, we look for an approximate solution of the form:

+o0o
ue ~ > (us + (W) + (ulh);).
1=0

The main steps of the analysis are the same as before. First, we substitute the asymptotic
expansion in the original equation and recursively obtain a family of equations of each one
of the components by balancing the powers of ¢.

The main equations describing the behavior of the profiles at each order in the case of
(I.3.2) is shown in Table I.1.

Order  Outer expansion Inner expansion

Left boundary layer Right boundary layer

P(uf")o  dufl) (ub)o  d(uPl)g

—1 . r . _

OE™) dX? ix, dX? ix,

0(1) o — a1 & (uf ") N dwf™n _ P dw?n

0 dX? dx; dx?2 dX,
dQ(UBL)2 d(uBL)2 dQ(UBL)2 d(uBL)2
I l l _ r _ r —

) “1 = o ax? T ax, X2 ix,

o) wmur, Ok A0 P e e en

dX? X, X2 X,

Table I.1: Equations of the inner and boundary layer profiles at order e* for k > —1.

A technical difficulty adds to the algebraic one: choosing the boundary conditions for
each outer solution; since it is directly linked to the corrector through the matching process.
The latter is far from being straightforward in most cases. There are also the issues resulting
from a possible overlapping of inner and outer approximations; for details, refer to [33].

n .
The last step corresponds to verify the error w. = ue — Y. €'(u; + uP¥), for a certain
i=0
n € N . The choice of n depends on the number of terms needed for the error to verify

we = o(1) when & — 0.
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In the example, uj = 0 for all k& € N. Therefore, the solution of the inner profiles is
constant up = Ck, Cx € R. The equation driving the behavior of higher order correctors at
x = 1 have an exponentially large solution. Then, similarly to the zeroth-order equation, it
is necessary to choose the boundary condition for the interior profile such that (uZ%);, 1 = 0
for the far field conditions to be satisfied. As a consequence, the problem for higher order
interior terms is as follows for £ > 1

/ .
w, = 0, in(0,1), _
{ Uk(l) _ 0, — U = 07

yielding in turn that (uPf), =0, k > 1.

1.3.3 Mathematical models of the oceanic motion

A classical model to describe large-scale oceanic motion is the Navier-Stokes system in a ro-
tating frame. The model is supplemented with the first law of thermodynamics, the diffusion
equation for humidity and salinity, and boundary conditions to describe the interaction of
the fluid with its surroundings.

The extreme generality of the complete system of equations makes computing explicit
solutions an unrealistic goal in the foreseeable future from both numerical and theoretical
perspectives. Scaling and asymptotic analysis come into play to obtain approximate models
that accurately predict physical phenomena while being simple enough for mathematical
analysis to be possible.

The simplifying hypotheses leading to the homogeneous wind-driven circulation model
establish a scale of sorts for other well-known mathematical models in geophysical dynamics.

The equations of geophysical fluid dynamics are derived from the conservation laws from
continuum mechanics, namely of mass, momentum, energy, and additional elements such as
salt, humidity, and chemical components. Another distinctive characteristic of this type of
fluid is the influence of the Earth’s rotation (the tangential speed is around 400m/s and the
speed of the ocean typically around 0.1m/s).

In the ocean, it is well accepted that the differences in density are only relevant in the
buoyancy term and the equation of state. Neglecting the density changes elsewhere leads to
the Boussinesq equations (BES), which are considered as the basic equations for the ocean
and removes acoustic waves [341]. This system is fully nonlinear and three-dimensional,
making its analytical treatment extremely difficult and unsuitable for numerical simulations
in its explicit form. The smallness of the aspect ratio between the vertical and horizontal
scales (an average depth of 3.7 km over a typical horizontal length of 10 km) can be used to
simplify the vertical momentum balance. This leads to the pressure being locally determined
by the weight of fluid. This assumption on the vertical momentum equation is known as
hydrostatic approzimation and leads to the so-called primitive equations (PEs) introduced
by Richardson in 1922. For some important mathematical results regarding the study of
PEs, the reader may refer to [35, 36, 37]

From the physical point of view, Shallow Water equations (SW) stand as an intermediate
model between the primitive and the quasi-geostrophic equations. They are essentially a
vertically integrated form of the Navier—Stokes equations. Some books and survey papers the
interested reader can consult are [38, 39]. Another essential feature of large-scale geophysical
flows is that the Earth, in its rotation, moves much faster than the wind and the seawater.



14 CHAPTER I. INTRODUCTION

Navier-Stokes-Coriolis

Hydrostatic
approximation

Primitive equations

(hydrostatic equations)
-Intregration

over depth
-Simplification of the
exchange with the
bottom Ekman layer

Shallow water equations

-Small inertia compared
to the Coriolis force
and pressure.
-Beta-plane effect

Quasi-geostrophic models

-The ocean modeled as
single-layer of a fluid
with constant density

. . xS

Homogeneous wind-driven
ocean circulation model

Figure 1.3: Hierarchy of models in geophysical fluid dynamics leading to the homogeneous
wind-driven ocean circulation model or single-layer quasi-geostrophic model.

Accounting for the fast rotation leads to the classical quasi-geostrophic equations and other
balanced equations.

Although the mathematical derivation of the quasi-geostrophic (QG) equations from the
free surface Navier—Stokes or primitive equations remains an open problem, many results
exist with a rigid-lid hypothesis, see [10] and references therein. When a "flat" ocean is
considered, the zeroth and first-order asymptotic expansions of the SW equations based on
a small parameter lead to the so-called geostrophic and quasi-geostrophic equations, respec-
tively. Formal derivations of the homogeneous wind-driven model from the Navier—Stokes
equations can be found in [10] and [17].

1.3.4 The single-layer quasi-geostrophic model

This section presents the single-layer quasi-geostrophic equations and explains their most
relevant physical and mathematical features. This material is well-known from geophysical
fluid dynamics as applied to the ocean. Consequently, we only focus here on setting the
mathematical and physical foundations leading to the discussion of our results. The reader
interested in a more extensive and detailed analysis of the matter can turn to [11, 25], and
for an extensive monograph on the quasi-geostrophic model, to [12].

The quasi-geostrophic model describes the almost stationary response of the ocean to the
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wind forcing at the free surface and the turbulent friction resulting from Earth’s rotation.
The main modeling assumptions are:

e The water body is taken as a constant density fluid in the form of a single layer bounded
by the seafloor and the free surface of the sea.

e The pressure is fully hydrostatic, and consequently, the horizontal pressure gradient
depends only on the free-surface elevation.

e There are no dissipative mechanisms; therefore, the flow is adiabatic.

e The Coriolis force dominates the flow, and inertial effects can be neglected, which
translates into a small Rossby number(Ro).

e The variations of the Coriolis force with respect to the latitude are small, which allows
approximating its magnitude using the linear function Sy + fo. This approximation is
known in the literature as the beta-plane approximation.

e The amplitudes of bottom topography are small.

The mathematical model describes the behavior of the stream function ¥ = V(¢,x,y) €
R associated to a two-dimensional velocity field u = (ui(t,z,y),us(t,z,y))! in a simply
connected domain  C R?. In its dimensionless form, the system reads

(@+N#m-jﬂAm+ﬁy—Fm+nm+wAm:5mmr+RaHv@, (L.3.14)
where
e V10 .V is the transport operator associated to advective time scale;
e AV is the vorticity, and rAW | r > 0, is the Ekman pumping term;

e F'is the Froude number;

B > 0 is the slope in the beta-plane approximation of the Coriolis force;
e 7)p is smooth function associated to bottom topography;
e [curl T denotes the wind forcing where 7 is a given stress tensor; and,
e Re is the Reynolds number.
When the domain is simply connected, the system is supplemented with the boundary and

initial conditions

ov
Ulgoe =0, — =0 1.3.15
|3Q 3 on 3 ( )

Uli=0 = Vini, (1.3.16)

where the first equation in (I1.3.15) describes the lack of water outflow in the closed basin,
while the second is known in the literature as the no-slip condition and characterizes how



16 CHAPTER I. INTRODUCTION

the fluid velocity is zero in a fluid-solid interaction as a consequence of the adhesion of
the particles being stronger than cohesion. W;,; in (1.3.16) is a function for which problem
(1.3.14) is “well-prepared .

Typical values the dimensionless parameters at midlatitudes (see Table 5.3 in [26] for the
case of a 1000 x 1000km bassin at ¢ = 45°N) are

1.6 x10<Re<1.6x10%, [~10°, F~1, 1<r<10%

It is clear from the equation (I.3.14) and the values of the dimensionless parameters that
the coefficient of the highest order derivative (Re_l) is very small compared to others in the
equation. As a consequence, thin frictional boundary layers appear near horizontal (Ekman
layers) and vertical (Munk layers) boundaries.

From both physical and mathematical points of view Fkman layers are currently well
understood, unlike vertical layers [10]. The analytical complexity of Munk boundary layers
comes from the fact that they divide into two sublayers with different sizes, see [13, 41].
In meteorology and oceanography, vertical boundary layers appearing near continents are
responsible for the western current intensification. This phenomenon refers to how the sea
level gradients are much more robust, and the geostrophic velocities are also higher along
western boundaries than those at the East. Among these subtropical western boundary
currents, we have the “Kuroshio” and “East Australian” currents in the Pacific Ocean and
the “Gulf Stream” and “Brazil” in the Atlantic Ocean.

B. Desjardins and E. Grenier in [15] showed the existence of global strong solutions
for problem (1.3.14)—(1.3.15)—(1.3.16) using its similarities to the 2D incompressible Navier-
Stokes equations and global weak solutions of the Navier-Stokes-Coriolis system by slightly
modifying the classical proof by Leray [16]. They also performed a complete asymptotic
analysis of (1.3.14)—(1.3.15)—(1.3.16) in a smooth bounded domain.

0= {(x,y) € RQ : Xw(y) <z < Xe(y)a Ymin <Y < ymax} .

Regarding the lateral boundary layers, they introduced the small scale ¢ = (Reﬁ)_l/ 3 and
look for an approximate solution of (I1.3.14)—(1.3.15)—(1.3.16) of the form
N
UL =Y Wt w,y) + Uy, Xo) + Wt y, Xe) + eV Ty, (1.3.17)

=0

for a given N € N when ¢ — 0. In (1.3.17), the boundary layer variables X,, and X, are

! !
= Xu(y) ;o2\ "2/3 o Xely) — 7 o2\ "2/3
Xy =—27 (1+x@?) 7 Xe= e (1+x@?) .
Functions Wt

L Wl (ty, Xu), i(t,y, X.) denote the interior and boundary layer profiles,

respectively. \Ilé\;p must be a solution of the problem

(00 + 90y, ) (AW, + 3y — Bl +1p)

app app
—H”A\Ilé\ép - ﬁA%llfl\;p = el3cwlr+7Y, inQ
oV,
‘I’%p!ans = 52 |s0s =0,
\Ilapp’t:() = \IIZTZ’L
(1.3.18)

2W,,; is chosen to be equal to the limit of the approximate solution \Ilflpp|t:o when € — 0 in an adequate
norm.
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for some 7Y — 0 when € — 0 in a given norm.
Their main result is summarized in the following theorem:

Theorem 1.3.1 (Desjardins & Grenier [31]). Let Q be a simply connected smooth domain
given by
Q={(2,y) €R?: xu(®) <7 < Xe(®)s Ymin <Y < Ymaz } (1.3.19)

where X, Xe € C2([y@m, ym@]) and r, Re and 7 are known quantities. Assuming addition-
ally that for some 6,0 > 0, § < 1, the wind forcing curl T € L*°((0,T), H*(R?)), for some
T > 0 satisfies the conditions

curl 7(z,y) =0 if Yy <Ymin+0 0 Y > Ymaezs — 6, (1.3.20)

Xe(y)
/ curl 7(t, 2, y)da'
Xw(Y)

<. (1.3.21)

Let W€ be a solution of system (1.3.14)~(1.3.15)~(1.3.16) and uf = VU, Then, if s is large
enough, there exists a unique approximate solution uqp, for N < 2 rapidly decaying with
respect to the reduced variables (see (1.3.17)) such that

U — Ugpp — 0 in L®((0,T), L*()). (1.3.22)

The hypothesis (I1.3.20) aims to avoid geostrophic degeneracy which describes the strong
singularities at the Northern and Southern coasts. This phenomenon was studied in depth by
Dalibard and Saint-Raymond in [17] for a stationary linear version of (1.3.14). Assumption
(1.3.21) guarantees the uniform boundedness of the coefficients stemming from the boundary
layer profiles and their smallness which allows them to be absorbed in the viscosity term.
Let us briefly discuss two important points regarding the zeroth-order approximation of the
solution W¢ since the proof of (1.3.22) follows from classical energy estimates. The first one
concerns the Sverdrup relation and the other, the interplay between the interior profile and
the eastern boundary layer. These aspects are common to all subsequent generalizations of
the problem and are discussed in detail in Chapter II.

When ¢ — 0 (which is equivalent to taking the limit 5 — +00), a first approximation of
the solution follows the Sverdrup relation

9,V = curlr, (1.3.23)

which cannot fulfill all the boundary conditions in (I.3.15) because it is a first order partial
differential equation. This confirms (I.3.14) is singularly perturbed problem when the small
parameter € goes to zero and, consequently, there is a need for correctors. Moreover, there is
still a choice to be made regarding if the boundary condition for W is defined at the East or
at the West. In its seminal work of 1947, Stommel integrated (I1.3.23) from the East to the
West but no explanation was provided [23]. Since then, in the literature is usual to complete
problem (1.3.23) with the boundary condition

Wlp, =0, (1.3.24)
where I'; is the eastern boundary, which for (I1.3.19) is of the form

e ={(z,y) €0Q: z=x.(y)} (1.3.25)
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Therefore,

Xe(y)

WOt 2, ) = — / curl 7(t, ', y)da'. (1.3.26)

xT
From the mathematical standpoint, substitution of (1.3.17) leads to a family of ODE prob-
lems for the boundary layer profiles where the main fourth-order equation is supplemented
with two boundary conditions and a far field condition (the boundary current ¥” has no
influence far its corresponding boundary, i.e, ¥ — 0 at infinity). At order e=*, we have
the following equations describing the behavior of the eastern and western boundary layer

Ox, V2 + 0%, ¥Y =0, (1.3.27)
Ix, U — 0%, Uy = 0. (1.3.28)

A quick analysis of the characteristic polynomial of the above equations shows a solution of
(1.3.27) cannot simultaneously verify all boundary conditions and the assumption far from
the boundary, unlike (I1.3.28).

Among the physical arguments justifying the “lack” of boundary current at the East
(see (1.3.25)), we can cite the nature of the Rossby waves, responsible for the dynamical
adjustment in the ocean. They present westward group velocity, which means that at a
given point, the adjustment is made on the dynamics at the eastern side; hence, to adjust
the whole basin, Rossby waves must be at the extreme western side. Another is linked to
the vorticity balance in the ocean. A boundary layer at the West re-injects the vorticity that
has been previously lost due to the wind into the flow, unlike an eastern boundary layer that
causes a more significant loss of vorticity [18]

A natural extension of the works by Desjardins and Grenier [15] is adding roughness to the
model in an attempt to bring closer the mathematical theory to the physical reality. Indeed,
it is a well-known fact that the irregularities of a given solid surface can profoundly affect
the behavior of the fluid it enters in contact with. The study of roughness-induced effects in
the behavior of a viscous fluid traces back to the seminal works of Achdou, Pironneau and
Valentin in the 1990s [19, 50, 51] and has received much attention ever since, see [52] and
the references therein.

In the context of oceanography, the burning questions are: how does the rough topog-
raphy of the coasts influence the ocean currents? How can we model roughness effects, and
what are the consequences of the different modeling assumptions?

D. Bresch and D. Gérard-Varet [53] provided the first answers to the discussion for the
case of periodic roughness. The periodicity hypothesis is common in fluid mechanics since it
reduces the complexity of the physical phenomena while remaining valid for most relevant
cases, see for example[54, 55, 56, 57].

Bresch and Gérard-Varet recover the well-posedness and convergence results in [15] for
(I.3.14)—(1.3.15)—(1.3.16) in the domain

ly)’ Ymin S ) § yma:p}

(1.3.29)

In (I1.3.29), regular and periodic functions 7, 7. describe the roughness of the western and
eastern coasts, respectively.

We can easily conclude that (I1.3.29) results from adding “rough shores” to the domain

0 = {(2,9) € R?: xu(y) — er(e™'y) <@ < Xe(y) + vl
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Q) in the work of Desjardins and Grenier. These portions of the domain * are of form
2, = {(@,),0 > 2 = xu(y) > —en(e 'y},

% = {(@.y), 0 <7 = xely) <evelc ')}

The interface between the interior domain and the western (eastern) rough domain is defined
by Z:w - {(Xw(y)ay)7 yE (yminvymaw)} (ZE - {(Xe(y)ay)7 S (yminvymaw)})' The west-
ern (eastern) rough boundary is IS, = {(xw(¥) — eYw (™), ¥), ¥ € Ymin, Ymaz), } [5 =
{(xe®) +eve(e™Y), ¥) 5 ¥ € Yrmins Ymaz) }-

Choosing the same quantity € to describe the period size of the roughness and the size of
the boundary layer has no physical justification but allows for a richer mathematical analysis
since the nonlinear effect also appears at the level of boundary layer. Indeed, one striking
difference with respect to the work of Desjardins and Grenier is that the Munk layers are no
longer ordinary differential equations but elliptic quasi-linear partial differential equations
since a new reduced variable is added to the boundary layer profiles: Y = e~'y. Moreover,
the dependence of the boundary layer variables X,,, X. on the interface functions x,,(y) and
Xe(y), respectively, prompts the introduction of more general differential operators of the
form

Vw= (an78Y - awan)t7 Ve = (aXea _aeaXe - 8Y)t .
These have similar properties as the usual ones, and consequently, the definition extends
quite easily to higher orders.

As we hinted before, the equation driving the eastern boundary layer behavior inherits
the issues of the linear version (the incapability of satisfying all boundary conditions and
the far-field condition simultaneously). Consequently, the results of the zeroth-order interior
approximation and the eastern boundary layer profile are (1.3.26) and 9 = 0. A smallness
assumption on the wind stress tensor here is essential to deal with the nonlinear terms
associated with W0 in the study of the well-posedness of the western boundary layer.

1.3.5 Contributions

Although useful and well documented, the periodicity hypothesis is still way too idealized in
many practical situations. As a matter of fact, the geometry of the coasts is not meant to
follow a specific pattern. Consequently, we extend the analysis of the roughness-effects by
relaxing the periodicity assumption. Our focus lies on the asymptotic analysis as € — 0 of
problem (1.3.14)—(1.3.15)—(1.3.16) in a domain ¢ defined as in (1.3.29) when functions e,
Yw € W22(R) are arbitrary. Without loss of generality, we consider Re = 1 = 1. Assuming
F = np = 0 results in the system

(0 + VA0 V) (AT +e7%) + AT = e 3ourl7 + A2 in O,
Ulgge = Zoqs =0,
Ulimo = Wini.
Here, Q° = Q5 UX, UQUX, UQE and curl 7 is assumed to verify the condition (I.3.20).
We use the method of matched asymptotics to look for an approximate solution of (1.3.30)
depending on the natural size of the boundary layers, in this case, the small parameter

(1.3.30)

“+o0o

Uiyt y) = 3 & (Why(toy) + W, (g, X V) + WL (Ly. X V), (1B.31)
=0
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where Y = ey, X, = ez — xw(v)), Xe = e 1(xe(y) — x). Since the boundary layer
terms are expected not to have an effect far from the boundaries, we assume
v vl — 0. 1.3.32
eXe—><>007 wa—>ooo ( 3.3 )
We make the modeling assumption that the interior terms are zero outside €2 which induces
the apparition of jumps at X, and X,,.
Plugging (1.3.31) in (I.3.30) and then identifying the coefficient of every power of e
provides a family of problems allowing the inductive determination of the profiles.
The first interior and eastern boundary profiles are the same as those of the periodic
case. Namely, UY . satisfies the Sverdrup relation (1.3.23) and ¥, = 0.

wnt
In the western boundary layer domain w,, = w,, U0y, Uw,, we investigate the problem

Qu(WY WY+ 0y, W0 —A200 =0 in w, Uw],
w1, =9,

5 ws] ], =0, k=123 (1.3.33)

owY

0 _ w —
\Ilw‘Xz_’Yw(Y) - 8”11} ‘X:_’Yw(y) B 07

W50 as X, — 4oo,

where

w {Xy >0, YeR}, ow=1{Xw=0, Y eR},

Wy {7 (Y) < X, <0, Y eR}. (1.3.34)
Here, []] _y denotes the jump of a function at the interface w,, which corresponds to the

difference between its value in w; and w,. The jump conditions in (I1.3.33) were introduced
to enable the match between the outer expansion (interior profile) and the inner expansion
(boundary layer). Here, ¢ is used to denote the quantity

Xe(y)
P(t,y) = _\I]?nt‘xzxw(y) = —/ curl 7(t, ', y)dx'. (1.3.35)
Xw(y)

The limit in (1.3.33) is the far field condition. The remaining conditions are associated with
the boundary conditions in (I.3.30). The differential operators are defined as follows for

Oy = X;u (y)

Ay = %, + (awdx, —dv)°,
Qu(W, ) = V- ((Viv-v,)Vid).

At the level of the boundary layer, t and y, and, consequently, «,, behave as parameters.
The well-posedness of (I1.3.33) exhibits several difficulties. First off, w,, is an unbounded,
infinite domain that does not allow for the application of Fourier analysis due to the irregu-
larities of 7,,. The unboundedness of the domain also prevents the use of classical methods
based on energy estimates. Moreover, the quantity ¢ does not decay in the Y-direction,
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Figure 1.4: Diagram of a boundary layer domain with a transparent boundary.

which raises questions concerning W9 ’s decay with respect to the tangential variable. As a
consequence, we work in the framework of functional spaces of infinite energy HY, ., ¢ € R
known in the literature as uniformly local Sobolev spaces introduced by Kato in [58].

It remains to handle the issues associated with the characteristics of the domain. We
apply the strategy of Masmoudi and Gérard-Varet in [59] and introduce a transparent bound-
ary. This artificial interface separates the domain in two: a half-space and a bounded rough
channel. A Dirichlet problem on the half-space {X,, > M}, M > 0, is then solved using
Fourier analysis and the theory of pseudo-differential operators. In the rough channel, the
proof of well-posedness relies on the method introduced by Ladyzhenskaya and Solonnikov
in [60]. This method establishes an equivalence between showing the existence and unique-
ness of the solution and solving the problem in a bounded truncated domain using energy
estimates and then taking the limit when the truncation parameter tends to infinity. This
limit provides the solution in the whole domain; hence, computing beforehand uniformly
local bounds for the energy with respect to the truncation parameter is essential.

An operator of the Poincaré-Steklov type is introduced at the artificial interface to “con-
nect” both solutions as seen in Figure 1.4. These differential operators map the values of
one boundary condition of the solution of an elliptic partial differential equation to another
boundary condition. This last step is performed directly when @,, = 0; while for the non-
linear /linearized cases, the implicit function theorem is needed. The technique employed in
the analysis of nonlinear boundary layers in the case of highly rotating fluids was introduced
in [61]. It is important to highlight that all boundary layer problems analyzed here display
the issues discussed above.

Once we have laid the foundations of the problem and its solution, we can state our first
result concerning the existence and uniqueness of the solution for the western boundary layer
problem under a smallness condition of ¢.

Theorem 1.3.2 (Theorem 1 in [62]). Let v, be a positive W*®(R) function and w,, be
defined as before. There exists a constant 6o > 0 such that if ||@|ly2.0 < do, problem (1.3.53)

has a unique solution in Hﬁloc(wfg Uw,,) denoted by ¥,,. Moreover, for a certain constant
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0 > 0, it satisfies the estimate
0 Xw
1€ %l tiny < Clldllwace:

Unlike [52] and [61] where the presence of singularities at low frequencies yields a slower
convergence (with polynomial weight) of the solution far from the boundary, we are able to
recover the same exponentially decaying rate as X,, — +oo for ¥ as in the periodic case.

To this point, we have computed the zeroth-order terms of the asymptotic expansion. The
information of the first profiles is used to compute those in the following order. This process
is repeated recursively. Similar to the simple model analyzed in Section 1.3.2.1, the nature of
the boundary layer equation at the eastern domain prompts us to make assumptions on the
interior profile and fixes the integration order at (1.3.23). The same phenomenon arises at
higher orders. Assuming all the terms of the outer and inner expansions till order i = n —1,
n > 1 have been already computed, we have

U =F" in Q, (1.3.36)

where F), is equal to zero for n < 2 and a smooth function depending on the interior profiles
Ul . 0<j<n—3. Then,

wnt?

Xe(y)
V2 (12, y) = C" (L, y) —/ F, da,

T

where C™(t,y) is a smooth function.
At the East, we have

—Ox, 0" — A2¥" =0 in w; Uw,
[\IJZ] |0'e = _Cn>
ok, w2]|, =g k=1...3 (13.37)
n _ ovg =0
€ Xezf'Ye(Y) T One XEZ*’YE(Y) o
vy — 0 as X.— +oo,

where the domain is given by

w, = {Xc>0, YeR}, oge={Xe=0, Y eR},

= {—7(Y) <X <0, YEeR}. (1.3.38)

m|m+

w

The differential operators in (1.3.37) depend on the parameter a. = x.(y) and are defined
as follows:

Ve = (Ox,,—edx, —0y), Ac=0% +(adx, +0y)>.

Function W7 is responsible of lifting the normal trace of W7} , and of the derivatives of other
interior profiles at .. Namely, the jump functions are

g = — [ohwyt

'] . keN1<k<3.
z=Xe(y)

Although it is possible to have a nonzero source term depending on W/, 1 < j <n — 1, it is
always sufficiently small and treated as a perturbation of the equation in (I.3.37).
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In addition to the aformentioned issues for the western boundary layer, the eastern bound-
ary layer presents a singular behavior at low frequencies, which prevents its convergence far
from the boundary. We distinguish three different asymptotic behaviors at low frequencies:
two decaying to zero at exponential and algebraic rates in the normal direction denoted
by Ve, and \Ilglg, respectively, and a third one, Vs, for which a probabilistic setting and
ergodicity properties are needed. The far-field condition is then only guaranteed if the jump
of 7 at o, is chosen to be equal to the ergodic limit.

Then, C"(t,y) is uniquely determined so that ¥ — 0 as X. goes to infinity. The
latter determines a fixed order in the construction of the solution: first, we solve the eastern
boundary layer using a generic function §g to describe its jump at o, and determine the
value of the ergodic limit. Then, we fix the constant in the interior profile accordingly and
then solve the boundary layer problem at the West.

This result is summarized in the following theorem:

Theorem 1.3.3 (Theorem 3 in [62]). Let € > 0 and (P,II, i) be a probability space for which
W is a the probability measure preserved by the translation group (ty) acting on P. The
eastern boundary layer domain is described as follows for m € P:

we(m) = {(Xevy) € R?: Xe > _'Ye(ma Y)}:

where we(m) = w(m) Uoe Uw, (m) and wE(m) = we(m) N {+X > 0}.
Let . an ergodic stationary random process, K-Lipschitz almost surely, for some K > 0
and gi, € L®(P xRy), k =1,2,3. Then, there exist a unique measurable map C™ such that

problem (1.3.37) has a unique solution W} = Wy + Wie + Ve, where

n . . g
1. H‘I’erg L) m 0, locally uniformly in Y, almost surely and in LY(P) for all
finite q,

2. there exist constants §,C > 0 such that
3
X Wl ooty < C (Z Gkl Lo + HC"Hoo> : (1.3.39)
k=1

3. there exists a constant C' > 0 such that

3
10+ X)) < C (Z Gl = + uc"uoo> . (13.40)
k=1

At order n, the last step consists in solving the following system for W7

Ox, U7 4+ Qu(U7 W0 + Q, (T2, U7) — A2¥"  =H, in w,Uw],
[a@wwg} B =gt k=0,...,3,
b (1.3.41)
| —o, M —0
WIXyp=—7w(Y) ’ 8nw Xw=—%w(Y) ’
vy — 0 as X, — +oo,
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where H, is a small term depending on the previous western boundary layer profiles and
g € L*(R). The western boundary layer profiles lift the normal trace of interior profiles at
the interface o,, and deal additionally with the influence of the eastern boundary layers (see
Theorem 1.3.3). This means that for k =1,2,3

g = — [ohwyt

int

k n—k
L=Xw () [8)(6\1/6 ] ‘
The problem when H,, = 0 is solved similarly to the nonlinear case using pseudo-differential
analysis and the ideas introduced by Dalibard and Gérard-Varet [(1].

Once we have constructed the approximate solution, our final result involves studying its
convergence to that of the original problem (I1.3.30). This analysis involves two main steps:
finding N such that the finite sum of the first NV terms of (1.3.31) satisfies (1.3.18), and then
show its closeness to U¢ using energy estimates on the difference ¥¢ — \I/C]L\;p.

In the periodic setting, similar to the case without roughness, the boundary layer profiles
decay exponentially to zero when £ — 0. Moreover, the main order approximation gives a
O(e'/?) rate of convergence in H?, see [53]. In this general setting, the lack of spectral gap at
the eastern boundary layer imposes using average information to guarantee the convergence of
this profile far for the eastern boundary (Ergodic Theorem). Consequently, the convergence
of Werg and, therefore, of ¥, can be arbitrarily slow and impact the asymptotics of the entire
approximate solution.

The convergence result is as follows:

Theorem 1.3.4. Let V¢ be the solution of problem (1.3.30) and ¥y, defined as in (1.3.31).
Moreover, let W5, be such that V5 ;|lo: = 0,¥5,; = 0 and [[(¥5,; — Yapp)lt=0l g1 (0s) — 0.

There ezists Coo, such that if ||curl 7|20 < Coo, then

19 — Wappll 20,1 m52(0) + 1% = Yappll oo, mm1(0c) = 0 ase — 0,  almost surely.
(1.3.42)

The proof of 1.3.4 is classical. In this case, the difficulty comes from computing the error
terms linked to the nonlinear advection component in the western boundary layer domain and
building additional correctors. The reason behind this is, once again, the slow convergence
of the eastern boundary layer profiles.

1.3.5.1 Perspectives

A natural question is to know whether these techniques are applicable to more complex
models. It would be interesting to discard the assumption (1.3.20) on the wind stress curl
with the added roughness. The linear case studied by Dalibard and Saint-Raymond [17] is
already quite complex due to the North-South singularities resulting from the geostrophic
degeneracy. In our case, we would additionally have to deal with the nonlinear aspect of the
model.

Another possibility consists of exploring the influence of roughness in the case of a domain
with islands. This model characterizes for the presence of multiple boundary layers (North,
South), free boundary layers in the north and the south of the islands, Stommel or Munk
layer as seen in [39].
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1.3.5.2 Outline of the Chapter II

The chapter is based on [(62] and is organized as follows. First, we introduce the quasi-
geostrophic equations and discuss their physical and mathematical relevance. In Section
I1.3 we formally construct an approximate solution of W€, introduce the main modeling
assumptions and establish the problems associated with the zeroth-order approximation of
the solution for the interior and boundary layer profiles. Then, in Section I1.4, we present
the methodology behind the proof of several well-posedness results in this work for linear
and nonlinear/linearized problems in an unbounded rough domain. In Section II.5 we turn
to the well-posedness of the linear problem describing the behavior of the western boundary
layer. These results are crucial to proving Theorem 1.3.2. Later, in Section I1.6, the existence
and uniqueness of a solution for the nonlinear western boundary layer problem is shown in
Kato spaces under a smallness condition. Before proceeding to the convergence analysis, it is
necessary to show that all the approximate solution elements are well-defined. This leads in
Section I1.7 to the analysis of quasi-linear problems in the western boundary layer domain,
which correspond to the behavior of the following order profiles at the West. Following the
same direction, Section II.8 focuses on the singular behavior of the eastern boundary layer
(see Theorem 1.3.3). Once all the information on the different profiles has been gathered,
Section I1.9 is devoted to the proof of the convergence result in Theorem 1.3.4.

The following section is completely independent of this one since it presents the subject
of Chapter 3.

1.4 Asymptotic methods in the mathematical modeling of tissue
growth

Biological systems are inherently complex due to the multiple functional networks operating
at different temporal and spatial scales. From the theoretical perspective, understanding
the connection between the different scales brings us closer to bridging the gap between
experiments and whole-organism models [127]. Indeed, theoretical models and simulations
can significantly reduce experimental efforts while providing a detailed description of the
spatio-temporal evolution of a biological system and cast light on processes that are diffi-
cult to access experimentally. This type of study is usually conducted using a multiscale
mathematical approach.

A usual query in medical research refers to how the behavior of the individual cells may
influence tissue growth. In fact, a mass or new tissue with clear macroscopic features is
still deeply influenced by the behavior of individual cells, emphasizing the multiscale nature
of this biological phenomenon. At a “visible” scale, tissue growth is described either by
nonlinear partial differential equations or discrete modeling approaches, where nonlinearity
and the capacity of describing heterogeneous phenomena (the nonuniform distribution of the
microscopic states of cells) are common features. Continuum models examine the average
behavior of the cell densities or concentration, while the discrete models describe the behavior
of individual cells. Furthermore, continuum models can be classified as phenomenological or
mechanical models. The former disregard mechanical effects by assuming such that cells do
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not move. Conversely, mechanical models assume force or momentum balance to describe
the interactions between cell, matrix, and fluid components and their response to physical
forces. Within the mechanical approach, one can take the solid or fluid mechanics route
depending on how the cells are assumed to behave. If one considers cells conduct as a fluid,
these models typically consist of reaction-diffusion-convection equations of the form

on
vy, (14.1)

where n(t,x) is the cell population density, J is a general flux transport and f is a source
term depending on the spatio-temporal variables (z,t) and the concentration. The above
equation results from applying a general conservation law stating the equivalence between
the material change in a region and the flow across the boundary. A classical diffusion process
is obtained when J = DVn, where D is the diffusivity coefficient. Taking D constant and
f=mrn(1—n/K), where r denotes the linear reproduction rate and K the carrying capacity
of the environment yields the classical Fisher—Kolmogoroff equation. For a more information
on the matter the reader can refer to [90].

1.4.1 Mathematical models of tumor growth

The classical model (1.4.1) can be adapted to tissue growth by considering that cell prolifer-
ation increases the local pressure, thus, creating a velocity field.

1.4.2 Compressible agent-based model

Consider for (t,2) € Rt x RV

— + V- (nv) =n®(p(n)),

n(0,z) = n°(x) <0,

(1.4.2)

where n := n(t,z) > 0 denotes the cell population density, p := p(t,x) = P(n) > 0 corre-
sponds to the pressure induced by the cell number, v is the velocity field driving cell motion
and @ is a function describing the net growth rate of cells, which is determined by contact
inhibition, which means tissue growth is only limited by the availability of space. Moreover,
® satisfies the following properties:

decCl(R), @ <0, ®(py)=0 forsome py >0, (1.4.3)

where pjy is usually called homeostatic pressure. The left-hand side on (I1.4.2) describes the
cells proclivity to move towards regions where they are less compressed.
From a classical fluid mechanics standpoint, problem (I.4.2) describes a compressible
fluid whose changes in pressure are bounded by differences in density through the law P(n).
Choosing the appropriate framework is of paramount importance. It is determined by
assumptions on the velocity field behavior and the state law p = II(n) in (1.4.2) and can lead
to a variety of models.
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1.4.2.1 Velocity field behavior

Phenomenological models are characterized by simple diffusion similar to the Fisher—Kolmogoroff
equation. In particular, the average of the velocity over the cross-section is considered to be
of the form

v=—DVp,

where D refers to the diffusion coefficient. The diffusivity D can be taken as a positive
constant, in which case, cell movement can described using linear or nonlinear diffusion
D := D(n), which has proven to be useful when studying gliomas, and movements such as
chemotaxis and haptotaxis [125].

Although these models succeed in describing the interactions between the cells, such as
contact inhibition, they fail to explain the influence of the elastic membrane. In such cases,
it is suitable to consider the tissue as a viscous Newtonian fluid in which the tissue grows on
much longer timescales than those of elastic stress relaxation.

We now present velocity field laws that are usually considered when studying tumor
growth with proliferation as a compressible fluid. It is important to notice this type of
problems are supplemented with a state law p = P(n). The possible choices for the pressure
function will be discussed right after this paragraph.

1.4.2.1.1 Darcy’s law. If one assumes fluid-like cells, the simplest constitutive equation
for the stress results from assuming that the cells move as an elastic fluid within a rigid
extracellular matrix. Darcy’s law describes cells as a granular material flowing in a porous
medium (the extracellular matrix). The constitutive equation is as follows:

K
v=——Vp, (I.4.4)
,u

where p, u and K are the fluid pressure, the dynamic viscosity of the fluid, and the per-
meability of the porous medium, respectively. This law describes a linear proportionality
between the flow velocity and the pressure gradient. Henry Darcy introduced this relation
in 1856 through his experiments with sand and water.

The use of Darcy’s model in the study of tumor growth traces back to the seminal work
of Greenspan [13%] and has been further developed by several authors. For a survey on the
extensive use of this constitutive equation in the context of tissue and tumor growth, the
interested reader can turn to [129, 130].

For liquids at high velocities, Darcy’s law is no longer valid. In this scenario, it is
suitable to incorporate the pressure in the fluid velocity through Stokes flow, Brinkman’s or
Navier—Stokes’ laws [131, 132].

1.4.2.1.2 Brinkman’s Law. Another constitutive law results from combining Darcy’s
law with Stokes flow, and it is known as the Brinkman equation, see [1410]. In this case, the
velocity field associated with the fluid flow v is described by the equation

— pAv +v = —ZVp, (1.4.5)

where p and u are the pressure and viscosity of the fluid, respectively; and v is the bulk
velocity. Note that the term on the right-hand side coincides with Darcy’s law and is used
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as a corrector. For example, when the extracellular matrix degrades and large pores appear,
the viscous term applies in the large pores, while Darcy’s law concerns the unscathed region,
see for example [110, , | and the references therein.

1.4.2.1.3 Stokes flow. This constitutive equation is chosen when assuming the cell-
matrix medium behaves as a viscous fluid, see [136], for example. Contrary to Darcy’s law,
velocity and pressure are no longer coupled

— pAv + Vp — kV(dive) = 0. (1.4.6)

Here, p, k > 0 are viscosity coefficients. Several studies have concluded the Stokes flow
is better suited to model tumors due to simulations being closer to experimental data, see
for example [142]. Viscoelastic models for tumor growth based on Stokes’ or Brinkman’s
differ from those using Darcy’s law in that pressure is determined by tissue incompressibility
instead of a state law.

1.4.2.1.4 Navier-Stokes. Navier-Stokes equation determines a more general relation
between the cell density n and the pressure p since Darcy’s law, Stokes’ law or Brinkman’s
law can be formally derived from it. To (I.4.2), we add the equation

n(Ow + v - Vv) — pAv — kVdive + Vp = 0, (1.4.7)

where u, x > 0 are viscosity coeflicients.

1.4.2.2 Pressure law

Model (1.4.2) describes cellular heterogeneity by considering different pressure laws to de-
scribe the response of the tissue to external forces. Among the most widely used state
laws in the mathematical modeling of tumor growth, we have power and singular pressure
laws. They share a common feature: the repulsion between cells becomes “singular” at the
asymptotic limit (y — +oo for the power law and € — 0, for the singular pressure).

1.4.2.2.1 Power law. Barotropic power laws are usual in fluid mechanics and have
proven to provide an appropriate description for a variety of particulate and polymeric
fluids[153]. One representative example is

p=P)=c6) (), (1.48)

where v > 1 provides a measure of the stiffness of the barotropic relation and accounts for the
property of finite speed of propagation, C(7) is a normalization constant and njs is generally
understood as the maximum packing constraint of the cells. This law allows to recover from
(I.4.2) the porous medium equation Oyn = A(n"™) for m > 1. We refer to the book [141] for
more information on this equation.
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1.4.2.2.2 Singular pressure. In collective motion models, it is usual to assume the
non-overlap constraint on the microscopic components, particularly the cells forming the
tissue. In highly dense regimes, they can alter the flow’s dynamics by inducing some non-
local effects. When non-overlap conditions are enforced at a population level, we encounter
singular pressure laws of the type

(1.4.9)

At the macroscopic level, the singularity in (1.4.9) acts as a barrier before the appearance
of a congested zone at n = 1. Formally, at a microscopic level, such a limit imposes non-
overlapping constraints while leading to free boundary problems.

1.4.3 Free-boundary models and the incompressible limit

It is also possible to assume the tumor as a moving domain of constant density at the
macroscopic level. In this case, the evolution equations describe the changes of the boundary
between the healthy tissue and the tumor. The first mathematical model in the form of a
free boundary problem used to describe tumor growth appeared in the 1970s in the works of
Greenspan [138, 143]. His reaction-diffusion model for the cell substrates was then improved
by Byrne and Chaplain in the 1990s for radially symmetric tumors without and with necrosis
[144, ] and has attracted much attention ever since, see, for instance, the survey papers
by Friedman [117] and Lowengrub et al. [110].

The last fifty years have witnessed an increasing interest on rigorously investigating the
link between incompressible and compressible models within the mathematical community.
The emergence of this topic in fluid mechanics was motivated by simple physical examples
such as the behavior of compressible isentropic fluids when the Mach number becomes in-
creasingly smaller [148]. The study of the incompressible limit is key for the derivation of
macroscopic equations from microscopic dynamics (agent-based models) in the case of short-
range repulsive social forces preventing contacts between individual components that are, in
the case of tumor growth, the cells.

The first results in mathematical biology regarding the link between compressible and
incompressible models are due to Perthame, Quirds, and Vézquez [35]. The authors con-
sidered (I.4.2) when the tissue bulk velocity abides Darcy’s law (1.4.4) and the density and
pressure are linked trough a power law of type (1.4.8). In particular, they studied the purely
mechanical model

Ony + V- (nyv) = ny®(py) in Rt xRV,
ny(0,-) = nYe LL(RY), (L.4.10)
v = _vp"/a
where p, = P(ny) follows
Pln,) = —— (”W)“. (L4.11)
Ty =1 \nu

Here, the parameter  refers to the strength of the repulsive forces, and the function
O satisfies (1.4.3). Problem (I1.4.10) describes a highly dense regime and displays non-local
effects due to the maximal packing constraint. In the range of v > 1, (1.4.10) degenerates at
the level p = 0. When considering v — 400, we observe two zones: one close to the maximal
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density constraint, where the pressure becomes increasingly negligible for a fixed n < 1 and
another one, where the pressure is nonzero and n = 1. This produces the existence of a mov-
ing interface, separating the regions {n(t,-) < 1} and {n(¢,-) = 1}. This phase transition
phenomenon indicates the presence of congestion. From the mathematical standpoint, the
pressure p can be seen as a Lagrange multiplier associated with the incompressibility con-
straint in {n < 1} [83]. The compressible system (1.4.10) with singular behavior is classified
as a soft congestion model.

Using the distributional solution approach: a combination of variational formulations on
the so-called Baiocchi variable, i.e. weak solutions in the sense of Elliot and Janovsky[187],
and viscosity solutions; Perthame, Quirés, and Vazquez showed for initial data n® € L}Ir (RN)
that when v — 400 in (1.4.10)—(I1.4.11), the solution pair (n.,p,) converges to a solution of
the Hele-Shaw model

om —V(nVp) = nd(p) in RT xRV, (I.4.12a)
0<n<1l, (1-n)p=0, (I.4.12b)
p (Ap+ ®(p)) = 0. (I.4.12¢)

Note that there is a transition phase with an evolving free boundary between the tumor
region, where the density is saturated (n = 1) and p activates; and the pre-tumor zone where
the density is “free”, in the sense that n < 1 and p = 0 (the support of 1—n). This behavior is
condensed in the exclusion condition (I.4.12b). Equation (I.4.12c¢) is known in the literature
as complementarity condition. Free-congested systems of type (1.4.12) are known as hard
congestion models. For a survey on congested phenomena in fluid mechanics, see [111].

The effect of the limit v — 400 was already well known in the porous medium equation
case (PME), i.e., equation (1.4.12) with ® = 0 and can be found in [39, 90, 91, 150]. Tt
has been proven that for initial datum larger than 1 on a nontrivial set, the solution pair
(n,py) of (1.4.10)—(1.4.11) converges to solution of the Hele-Shaw problem (n,p) satisfying
Supp n C [0,1] when v — +o00. The upper part of the initial datum collapses to n = 1
at t = 0 as a consequence of the diffusivity yn7~! — +oo whenever n > 1. This height
constraint at {n = 1} induces the limit function n to graphically mimic the silhouette of a
“mesa’”: a flat-topped mountain commonly seen in the West of the USA, Australia, Israel,
Germany and England. Numerical studies show the mesa formation is already apparent for
relatively low values of m (m ~ 6) with bell-shaped initial data [1858]. Consequently, the
study of the incompressible limit in the PME is said to belong to the mathematical theory
of the Mesa problem.

Mellet, Perthame and Quirés in [$8] studied further the free boundary problem (1.4.12)
and showed additional results on its regularity at 9{n = 1} using integral estimates. More-
over, they showed in a weak (distributional) sense that the velocity law normal to the free
boundary in the tumor region {n = 1} is

V= Dp
"~ 1 —min(1,n0e®0))’

(1.4.13)

a formula that was first suggested in [35].
In 2018, Kim and Pozar [133] obtained the same results of [35, 8] using pointwise
arguments. In particular, the authors use a viscosity solution approach based on radially
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symmetric functions with fixed boundaries to show that the density uniformly converges far
from the edge of the tumor. They also proved the formula (I1.4.13) for general solutions.
Recently, David and Schmidtchen solved the question of the strong compactness of the
pressure gradient when considering the incompressible limit in (I1.4.10)—(1.4.11) and similarly

to [35], they were able to obtain the complementarity relation for the pressure using a weak
(distributional) approach, see [134].
Perthame, Quirds, and Vazquez in [35] succeeded to extend the results on the purely

mechanical model to the case when the tumor growth depends additionally on the concen-
tration of nutrients. The main system in this case is (1.4.10)—(1.4.11) with an additional
equation to describe the diffusion of nutrients in the tumor:

oc — Ac = —n¥(p,c),

(L4.14)
c(z,t) =cp >0 as |z|— +o0,

where ¢ denotes the density of nutrients, and cp is the far field supply of nutrients. The
coupling function ¥ describes the effect of the vasculature network bringing the nutrients to
the cells and their consumption. This function is considered to be smooth and satisfies

9,0 <0, 0,0 >0, U(p0)=0.

The birth/death process of cells modeled by function ® is also considered to be dependent
on the amount of nutrients and therefore, the conditions

6‘,,(1) <0, 0.9>0, (I)(pM,CB) =0,

join the ones in (1.4.3). Perthame, Tang and Vauchelet proved the existence of traveling waves
for the Hele-Shaw model with nutrients (1.4.12)—(1.4.14) in [121]. They showed through semi-
analytical formulae that a sharp front separates the healthy part from the cancerous tissue
near n = nyr; and, the pressure is differentiable from the edges of the tumor to the necrotic
core where p = 0.

In [112], the convergence of a more general model to a free boundary model of Hele-
Shaw type was shown following the strategy in [135] of ignoring compactness on the cell
densities and prove strong compactness on the pressure gradient using an Aronson-Bénilan
type estimate. It is worth noting that such a model had systems in [85] and [121] as particular
cases. The same method was used in [113] in the study of (1.4.10)-(I1.4.11) for the case of
two types of cancerous cells.

The previous convergence results by Perthame, Quirés and Vazquez for the purely me-
chanical model were later extended by Hetch and Vauchelet [30] to the case where a non-
overlapping constraint is imposed on the cells, leading to the singular pressure law P(n.) in
(I.4.9). Here, the incompressible limit is established when € — 0 making similar hypotheses
on the growth function ® but adding boundness to deal with the singularity in the pressure
law. Regularizing effects are used to prove convergence, unlike [85] where well-known results
on the PME lead to the compactness and later convergence of the solution pair (ne,pe) to
the solution of the free boundary model of Hele-Shaw type (1.4.12).

The question of the incompressible limit for (I.4.2) with state law (I.4.11) including vis-
coelastic effects has been analyzed when v follows the Brinkman equation (I1.4.5) by Perthame
and Vauchelet in [114], while the general case where the velocity and the pressure are re-
lated via the Navier-Stokes equation (1.4.7) was the main focus of the work by Vauchelet
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and Zatorska [116]. A clear difference concerning the models based on Darcy’s law is that
the complementarity condition for the pressure depends on the viscosity. Unlike the cases
of Navier-Stokes and Darcy’s law, for which several mathematical results were already in
existence and simplified the obtention of compactness results, Brinkman law introduces two
major drawbacks: the space discontinuity of the pressure and the lack of known regularizing
effects for the transport equation. Consequently, in [116] the strong compactness using the
kinetic reformulation of the problem and then, carefully analyzing all possible oscillations of
the pressure.

The reader interested in a more detailed discussion on the the evolution of the question
of the incompressible limit in the mathematical modeling of tumor growth can refer to [134].

1.4.4 Traveling wave solutions of the Hele-Shaw model for tumor growth

In the previous section, we confirmed considering the incompressible limit in (I1.4.2) is physi-
cally relevant since the study of the tumor tissue is reduced to the analysis of an incompress-
ible elastic material in a confined environment. The limiting model is a Hele-Shaw type free
boundary problem. The Hele-Shaw cell is known for being a useful tool to study pattern
formation in the transition between a viscous and an effectively inviscid fluid.

Despite all the attention this question has drawn, the issue of traveling wave solutions
(TWs, for short) to (1.4.12) is still not well understood. The TWs form a class of special
solutions that are known to provide valuable information on general solutions of nonlinear
reaction-diffusion equations and account for phase transitions between different states of
physical systems, propagation of patterns, and domain invasion in population biology (see
the books [122] and [123]). In the study of tumor growth, these solutions are thought to
represent waves of malignant cellular invasion into healthy surrounding tissue.

To the best of our knowledge, few researchers have addressed this question. In [121],
Perthame, Tang and Vauchelet investigated the existence of this type of solution for the
Hele-Shaw model with nutrients (1.4.12)—(1.4.14). The existence of TWs in (1.4.10) for a
fixed value of v was not provided and the radial instabilities appearing in the numerical
simulations were not explored from the analytical point of view.

Therefore, in an attempt to fill the gap in the literature, we are interested in investigating
the smooth TWs when v — oo of the nonlinear parabolic equation

on — 0z (ndyp(n)) = n®(p(n)) in RT xR, (1.4.15)

where
p(n) = py(n) =n” with y > 1, o(p)=1-p. (I.4.16)

Note that the homeostatic pressure pjs is unitary, which means that cells are destroyed
above the maximal packing density nyy = 1. Problem (1.4.15) is endowed with the boundary
conditions

li =

o, M ) = 1t

where ny are constant stationary states of the equation (equilibrium solutions). It is addi-
tionally considered that n_ = njp; = 1, and ny = 0. In our view, this analysis takes us a
step closer to a better understanding of the free boundary d{n = 1} for the limit Hele-Shaw
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System
On — Op(ndyp) = n®(p) in RT xR, (1.4.17a)
0<n<1l, (1-n)p=0, p=>0, (I.4.17b)
p (2p+ ®(p)) = 0. (1.4.17¢)

Equation (I.4.15) is a particular case of the quasilinear degenerate second-order parabolic
type

On + pn0zn = Oy(an?0yn) + (n(l —n7). (1.4.18)
Note that taking =0, a = % and ¢ = 1 in (1.4.18) yields (1.4.15). 3The existence and

uniqueness (up to a shift) of a monotone (decreasing) TW solution of the form n.(z,t) =
N, (xz—ct) = N,(§), for some sufficiently regular function N, (the wave profile) and constant
wave speed ¢ € R when v — oo; and its asymptotic behavior close to +oo for ¢ larger than
a threshold velocity ¢ > 0 result from the works of Gilding and Kersner [117].

Kamin and Rosenau [125] investigated (1.4.18) taking o = ¢ = 1, € R and proved
that the solutions converge to a sharp TW solution with speed c¢* in a weighted L'-norm
whenever the initial condition is non-negative, bounded, and exponentially converges towards
a sharp TW. The authors relied on a method used in stability analysis of shock waves for
viscous conservation laws. Although interesting, a major disadvantage of their approach is
that it is specific to the critical speed c¢* of the sharp fronts. In particular, the “weighted”
conservation of mass property and the contraction principle cannot be adapted to the case
where wavefronts propagate at speed ¢ > ¢*. The results in [125] were later generalized by
Malaguti and Ruggerini [151] by providing a characterization of the TWs in the case where
a general reaction term of Fisher type* f(n) is considered instead of (n(1 —n?).

To date, the only result dealing with a family of smooth fronts with speed ¢ > ¢* belongs

to Leyva and Plaza in [110]. Here, the authors establish the spectral stability in exponentially
weighted spaces of smooth monotone traveling fronts for the equation
on = 9,(D(n)oyn) + f(n), (1.4.19)

where the diffusion coefficient D = D(n) is a nonlinear, non-negative, density-dependent
function degenerating at n = 0, and f(n) is a Fisher type function. They use relative entropy
type estimates to overcome the difficulties stemming from the degeneracy and adapted to
some L? exponential weights.

1.4.5 Contributions

This section contains the main results of Chapter 3. This work is a collaboration with
Anne-Laure Dalibard and Charlotte Perrin.

We study the asymptotic behavior of TWs of the reaction-diffusion equation (I1.4.15)—
(1.4.16), i.e., the solutions of the form (n.,py) = (N, P,)(x — ct), where ¢ > 0 is a constant
representing the traveling wave speed and NN,, P, are real nonnegative functions.

30ther known mathematical equations with these characteristics are the Fisher-KPP equation with non-
linear diffusion (8 =0, @ > 0, ¢ > 0) and the degenerate Burgers equation (8 # 0, a > 0, ( = 0).
4The function f is said to be of Fisher type if it satisfies

f0)=fQ1), f>0for0<s<1, f<Ofors>1.
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Considering the incompressible limit v — 400 raises several questions. For example,
do the TWs of the initial system (1.4.15)—(1.4.16) converge to those of (1.4.17)? 1If yes, is
the convergence strong or weak? Can we provide a detailed description of the convergent
subsequences? Finally -a classical query in dynamical systems- are the solutions stable under
small perturbations?

We provide some answers by showing the convergence of smooth fronts of (1.4.15)—(1.4.16)
towards the TWs of (1.4.17). We also conduct a nonlinear stability analysis of the solutions
of (1.4.15)—(1.4.16) where the perturbations are quantified with respect to 7. The major
difficulty here lies in the fact that on the one hand, we have continuous representations of
phase transitions for the microscopic model, while at the other, the limiting Hele-Shaw model
presents a major sharp interface at d{n = 1} as a result of the discontinuous gradient.

From (1.4.15)—(1.4.16), the profile N, is the solution of the problem:

—CN,/Y — 'y(N,'YYN;)’ = N,(1 - NJ),

. B . B (1.4.20)
Jim No(€) =1, lim N9 =0.

The existence and uniqueness (up to a shift) of a monotone (decreasing) traveling wave

. g
lution Ny(x — ct) of (1.4.15) for all ¢ > ¢& =,/
solution N, (x — ct) of ( ) for all ¢ > ¢, PO
+o0 are a direct consequence of the works by [117]. Note that the value of P, is obtained by
substituting N, in (I.4.16). For traveling wave variable £ € R defined by £ = x — ct, we have

and its asymptotic behavior close to

Theorem I.4.1 (Gilding & Kersner [117]). Let ¢} = ﬁ

1. System (1.4.20) has a unique solution N, (up to a shift) for every ¢ > c} and no
solution for ¢ < c.

2. When ¢ = c,, Ny is a sharp front, i.e. the support of N, is bounded above, and, modulo
translation,

_ A —exp () for £<0,
NW(Q_{ 0 for £€>0.

3. When ¢ > ¢, N, is positive, strictly monotonic and satisfies

2
1
In(1— N.)Y Ji+ = - S = _ 1.4.21
( Il( ’Y)) (5) - + 472 27 L c2 . B as 5 — —0Q, ( )
492 " 2y

and

(In(N,))' (&) — —%, as & — +oo.

The TWs of the limiting system (1.4.17) satisfy the following:

Lemma 1.4.1. For ¢ > 1 arbitrary, the following properties hold:
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1. Define the profile (Nys, Pys) € L¥(R) x WH(R) by

. 1N _¢ |
PHs(ﬁ)Z{ (1)_65 ngzg NHs(é)z{ 1(1_c>e ’ Z"fzg (1.4.22)

Then (Ngg, Pas)(x—ct) is a traveling wave moving at speed ¢ solution of the Hele-Shaw

system
c¢N'+ (NP + N®(P) =0, (1.4.23)
0<N<1, (1-N)P=0, P>0, (1.4.24)
P(P"+®(P)) =0. (1.4.25)

2. Let (N, P) € L®(R)xW1H>(R) be a traveling wave profile moving at speed c of the Hele-
Shaw system (1.4.17). Then there exists & € R such that (N, P) = (Ngs, Pus)(-—&o).

The first result of this work concerns the convergence of (N, Py) to the TWs of (1.4.15)—
(1.4.16). The proof relies on the continuity of the flux J, = cN, + N, P, at the interface,
similarly to [124]. The following theorem contains the convergence result in addition to the
qualitative and quantitative properties of (N, P,) that are necessary to obtain it.

1
Theorem 1.4.2. Let us fix the shift such that N,(0) = (%) /V. Assume v > 1 sufficiently

large, ¢ > 1 be fized, independent of v, and let N, be the solution of (1.4.20) such that

P,(0) = % Then the following properties hold true.

e There exist 57_,57 with & = O (%) <0< éy =0 (%), such that the profile (N, Py)

satisfies

— in the congested zone § < &, the density Ny converges uniformly to 1: there
exists a constant C' > 0 depending only on c such that

Nal

and there exist constants C' > C > 0 independent of v such that

(C)” SN <1 Ve<e (1.4.26)

1— <1 - \%) e1-Cr e < p (¢ <1— (1 - \%) ¢ Ve<er; (14.27)

— 4n the intermediate region £ € [f; ,57], N,; takes exponentially large values with

respect to y:
1\~7
||Nf/yHLoo(5;,g7) =0 ((1 - 26) ) ; (L.4.28)

while the pressure P, converges uniformly to 0 as v — +oo: there exists 6 €
(0,1 — ¢ 1Y), independent of v such that

(1-5-0) <p©< Vel é) (1.4.29)

c

<
Vel
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— in the free zone & > 57, the pressure P, takes exponentially small values (wrt «y):

P,(§) < (1 — i)v and N, decreases exponentially to 0 as § — +o0: there exists
0 > 0 independent of v, such that for v large enough

(1—i—5>exp (— <1+6>€) < Ny(§) < (1—i+6> exp (—2165) VE> &y
(1.4.30)

o As vy — +oo, there exists (Nug, Pus) € L®(R) x WL(R) such that N, — Npyg in
LT (R) and Py — Pygs in Wl{)’f(R) for any p € [1,00[, and (Ngs, Pugs) is a wave-
front profile of the Hele-Shaw equations (1.4.17) such that Pps(€) = (1 — €%)1¢<o,
lime o+ Ngg=1—1.

Passing to the (weak) limit in equation (I1.4.20) is possible thanks to the strong conver-
gence of P, and the weakly-* convergence of N, to Nyg in L>(R). The limit (Ngg, Pus)
satisfies the equation

— c¢Nyg — (NusPus)” = Nus(1 — Pyg), (1.4.31)

in the sense of distributions. Making separate analysis in the free and the congested zones,
we are able to show that this limit coincides with a traveling wave solution of (1.4.17). The
jump of Nyg at & = 0 results from the continuity of the flux J = CN + NP'.

The second result establishes the convergence in weighted Sobolev spaces of the solution
of (1.4.15)—(1.4.16) towards N, as t — +o0o0 when the initial data lies between two translations
of the profile N,.

Theorem 1.4.3. Let )
c
W) :=N. §7exp/— .

be a weight with double exponential growth as & — +o00, and a exponential decay as & — —oo.
There exists constants n1,m2 €]0, 1], depending only on ¢ > 1, such that the following result
holds.
Let v > 1 be fixed, sufficiently large. We make the following assumptions on the initial
data ng :
(H1) ng lies between two shifts of N, i.e. there exists h > 0 such that ng(x) € [Ny(z +
h), Ny(z — h)] for all z € R;

(H2) The difference ng — N, is sufficiently decaying, namely
0 2
/R (n,y(:c) - Nv(x)) W(z)dz < oo.

Let n be the solution of (1.4.15) associated with ng.
Then there exists a constant ¢, > 0, ¢y = O(n]), such that if |h] < nj, the following
inequality holds:

2 —cyt
/R(n’y(ta x) — Ny(z—ct)) W(x —ct) de <e /R
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Moreover, setting u,(t,z) := (ny(t,z) — Ny(x — ct)) /N (z — ct), we have the additional
dissipation of energy:

o0 2
7/ /(8xu7(t,x))2(NJ(N;)2W)(:n—ct) de di g/ (nd(@) — Ny(@)) W(a)de.
o Jr R
Computations lead to u satisfying an equation of the type
Ouy + Luy = Glu,).

Here, £ is a linear operator resulting from the linearization of (1.4.15) around n., = N5,

L := b0, — a0yz,
where
_ NN
a(t,z) =a(x —ct) :=yN7, b(t,x) =b(x —ct) := —QV(NI).
Glu] denotes the resulting quadratic operator satisfying
|G u]] < Cful(ju] +[0zul). (1.4.32)

The proof relies upon two main ideas using the coercivity of the linear operator £ and
treating the nonlinear term G[u] as a perturbation of the linearized problem. For the latter,
it is important to obtains a L> control on n,—N, and a L? weighted estimate on u. The L*>
control is a direct consequence of the parabolic nature of the equation and is obtained using
a comparison principle. The L? weighted estimate is based on the two following inequalities:

Proposition 1.4.1 (Weighted Poincaré-type inequality). Let v € CL(R).
Then there exists a constant C' independent of v and a constant C, < C7 such that

&y +oo 1 _
/7 o2y N dodé + /g v inde < € /R (O¢v)?awo dé + C, /R V2eVTE de. (1.4.33)
. 7

In particular, there exists a constant ¢, satisfying ¢y, > 17 for some n €]0, 1] independent
of v, such that

e, [ vPinds < [ (O i de + [ o exp(yTe)de.

The asymptotic behavior of N, and its derivatives greatly impact the size of the pertur-
bations in the stability analysis. Indeed, the size of ¢, is linked to fact that ||V, || oo (r) blows
up exponentially as 7 — oco. We, therefore, need ||ul|z~ to be exponentially small to treat
the quadratic term as a perturbation. The remainder of the proof is classical. It relies on
the coercivity of the linear operator £, and G[u| is absorbed in the energy dissipation.

1.4.5.1 Perspectives

It would be interesting to adapt the analysis to the case where the mechanical pressure
comprises the non-overlapping of cells but still generates cell displacement with a velocity
field following Darcy’s law. In [36] it was proven that for the singular law, taking the
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incompressible limit when ¢ — leads to the Hele-Shaw model (1.4.17). For this equation,
up to our knowledge, there are no known results on the existence of TW solutions for a
given € > 0. The general models dealing with similar reaction-diffusion equations assume
the diffusion term to be C1(]0,1]), where 0 and 1 are the equilibrium solutions [05]. This
is not the case of e(ngn%l)g at n. = 1. Indeed, the lack of known results for the model with
singular pressure was one of the main difficulties stated by Hecht and Vauchelet [30].

Another possible extension includes not changing the power-law but the velocity field to
include viscosity effects using the Brinkman or Navier-Stokes equations as in [114] and [116],
respectively.

One could also consider the same problem (I.4.15)—(1.4.16) in a higher dimension. It
is a well-known fact that most realistic models of biological interest are multidimensional
and involve several dependent variables. In this case, one of the main issues regards the
fact that the Hele-Shaw problem does not necessarily have a global classical solution in
multidimensional spaces due to cusp-like singularities® appearing at the free boundary [157].

1.4.5.2 Outline of Chapter III

The chapter is organized as follows. In section I11.2, we provide a description of traveling wave
solution for both systems (1.4.15) and (1.4.17). Here, we also give a refined description of N,
in the transition zone between the congested and the free region. Then in Section III.3, the
nonlinear asymptotic stability of the profile N, is shown in an L?-weighted norm for small
perturbation depending on «. The key ingredients of stability analysis are the linearized
system around IV, and a weighted Poincaré inequality. The proof of this result is left to
Section II1.4.

5A cusp or spinode (in French, point de rebroussement) is a local singularity not resulting from self-
intersection but from the point of the curve moving in a reverse direction.
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This chapter deals with the so-called homogeneous model of wind-driven ocean circu-
lation or the single-layer quasi-geostrophic model. Our attention is focused on performing
a complete asymptotic analysis that highlights boundary layer formation along the coastal
line. We assume rough coasts without any particular structure, resulting in the study of a
nonlinear PDE system for the western boundary layer in an infinite domain. As a conse-
quence, we look for the solution in nonlocalized Sobolev spaces. Under this hypothesis, the
eastern boundary layer exhibits a singular behavior at low frequencies far from the rough
boundary, leading to issues with convergence. The problem is tackled by imposing ergodic-
ity properties. We establish the well-posedness of the governing boundary layer equations
and the asymptotic solution. Our results generalize the ones of the paper by Bresch and
Gérard-Varet [53] in the context of periodic irregularities.

11.1 Introduction

This chapter addresses roughness-induced effects on geophysical fluid motion in a context
where small irregularities have very little structure. In geophysics, this phenomenon is usual
when looking at the indentations on the bottom of the ocean and shores. The analysis will
be conducted on the homogeneous model of wind-driven ocean circulation, also known as
the 2D quasigeostrophic model. In this case, the input is the planetary wind-stress field over
the ocean, while the output is the transport that takes place into the mid-depth layer and
is forced by the Ekman pumping, due to wind stress, above this layer. Steady circulation is
then maintained by bottom friction and lateral diffusion of relative vorticity.

The mathematical description of the model is as follows: let ¥ = ¥(¢,x) € R be the
stream function associated to the two-dimensional velocity field u = (uy(¢,x), ua(t,x))!. In
a simply connected domain Q C R? to be described later on, the system reads

(at + V4. V) (AT + By —Fr ¥ 4 1np) +rA¥ = Bcurlt + Re 1A%T,

Ulpo = g%:() (I1.1.1)
Ulh—o = Yini,

where
e V10 .V is the transport operator by the two-dimensional flow;

e AV is the vorticity, and rAW¥ | r > 0, is the Ekman pumping term due to bottom
friction;
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e FEr is the Froude number due to the free surface ;

e 3 > 0 is a parameter characterizing the beta-plane approximation which results from
linearizing the Coriolis factor around a given latitude;

e 7p describes the variations of the bottom topography;

e [BcurlT is the Ekman pumping term due to wind stress at the surface, where 7 is a
given stress tensor; and,

e Re denotes the Reynolds number.

Here, W,,; is chosen such that data is “well-prepared”, i.e., we need ¥;,; to converge at
least in H'(Q) to a function to be specified later on. For a formal derivation of the model
(I1.1.1) from the Navier—Stokes equations, we refer the reader to [10] and [17]. If the basin
is closed and if we assume that there is no water outflow, then the flux corresponding to
the horizontal velocity has to vanish at the boundary, from which we have the homogeneous
boundary condition ¥|sq = 0. Moreover, the presence of the diffusion term Re A2
requires the no-slip boundary condition g—g =0.

Under certain hypotheses (fast rotation, thin layer domain, small vertical viscosity) and
proper scaling, B. Desjardins and E. Grenier proved this model describes asymptotically a
2D fluid [15]. The authors performed a complete boundary layer analysis of the model in

the domain
Q= {(2,9) € R?: Xu(y) <= < Xet), Ynin <Y < Yonar |

where x,, and y. are smooth functions defined for y € [Ymin,Ymaz]- The forcing term 7
was assumed to be identically zero when y is in a neighborhood of ¥y, and ymaz. This
assumption is crucial to avoid the strong singularities near the northern (max) and southern
(min) ends of the domain, known as geostrophic degeneracy [17].

In the context of ocean currents, the Rossby parameter § and Reynolds number are
very high. A first approximation of the solution confirms (II.1.1) is a singular perturbation
problem and there is boundary layer formation. These problems are often tackled by a
multi-scale approach. Therefore, it is natural to look for an approximate solution of (II.1.1)
of the form

Ue ~ \Ilint(tv €, y) + \Ifbl(t, Y, X(E)v Y({;‘)),

where X (¢),Y (g) are the boundary layer or fast variables.

Following this reasoning, Desjardins and Grenier derived the so-called Munk layers, re-
sponsible for the western intensification of boundary currents. D. Bresch and D. Gérard-Varet
[53] later generalized these results for the case of rough shores with periodic roughness. In
this case, the ocean basin was described by a domain
13/)7 Ymin <Y < ymaw} ,

(I1.1.2)
where ¢ is a small positive parameter and 7, 7. are regular and periodic functions describing
the roughness of the West and East coasts, respectively. Taking into account rough coast-
lines leads naturally to additional mathematical difficulties. For example, the usual Munk
system of ordinary differential equations is replaced by elliptic quasilinear partial differential

0 = {(2,9) € R?: xu(y) — ev(e'y) <@ < Xe(y) + eve(e
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equations. Nevertheless, the periodicity assumption on the structural properties of v, Yo
simplifies the analysis of the existence and uniqueness of the solutions.

A natural extension of this work would be dropping the periodicity assumption, since
the geometry of the boundary is not meant to follow a particular spatial pattern. Our goal
is to study the asymptotic behavior of problem (II.1.1) when functions ., v,, are arbitrary,
therefore generalizing the results of [53].

We are able to show three main results:

1. The western boundary profiles are well-defined and decay exponentially far from the
boundary (cf. Theorem I1.2.1).

2. In the eastern boundary layer profiles, three components with different asymptotic be-
havior far from the boundary can be identified: one decaying exponentially, another
converging to zero at a polynomial rate, and a third one whose convergence is guar-
anteed adding ergodic properties. Their well-posedness is completed by adding some
constraints to the interior profile to ensure the validity of the far-field condition (see
Theorem 11.2.2.

3. Finally, we have W& — W, is o(¢) in a norm that will be specified later (cf. Theorem
11.2.3)

When the periodic roughness is no longer considered, the analysis, although possible, is
much more involved, as shown in [63, 59, 52, (1] in other contexts. We seek the solution of
the boundary layer problem in a space of infinite energy. In particular, we will be considering
Kato spaces H? . (a definition is provided in (I1.2.11)). The use of such function spaces to

uloc
mathematically describe fluid systems traces back to [6, 65], in which existence is proven
for weak solutions of the Navier-Stokes equations in R3 with initial data in Lﬁloc. For other
relevant works, see [72] and the references therein.

New difficulties arise in this context. First, due to the unboundedness of the boundary
layer domains, we deal here with only locally integrable functions, leading to a completely
different treatment of the energy estimates and mathematical tools, such as Poincaré inequal-
ity are needed but are no longer valid. Second, being typical for fourth-order problems, the
equation lacks a maximum principle. Third, as the roughness is nonperiodic, the boundary
layer system is more complex. Indeed, the absence of compactness both in the tangential
and transverse variables and the presence of singularities at low frequencies for the eastern
boundary layer functions make proving convergence in a deterministic setting extremely dif-
ficult. We, therefore, use the ergodic theorem to specify the behavior of the solution of the
eastern boundary layer far from the boundary and, later, to find the energy estimates in the
analysis of the quality of the approximation.

The rest of the paper is structured as follows. The following section contains a precise de-
scription of the domain, some simplifying assumptions and the statements of the main math-
ematical results. Section I1.3 contains the assumptions made for constructing the profiles
of the approximate solution and the detailed derivation of the functions in the main order.
In Section II.4, we outline the general methodology to solve linear and nonlinear/linearized
problems characterizing the boundary layer functions. The existence, uniqueness and asymp-
totic behavior of the first profile of the western boundary layer are discussed in Section I1.5
for the linear case and Section II.6, for the nonlinear and linearized systems. Section II.8
focuses on the boundary layer analysis in the east of region. Finally, Section I1.9 contains
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the construction of the approximate solution and the study of its convergence to the solution
of the original problem.

11.2 Preliminaries and main results

Before stating the main results, let us first state some hypotheses on the dimensionless
problem (II.1.1). We will assume there is no stratification, therefore, Fr = 0. Our study
is solely focused on the effect of rough shores on flow behavior, so the bottom topography
parameter np is considered to be nil. Since for a basin of 1000 x 1000 km at a central latitude
g = 45°N [20], we have that ng + u ~ 1.0 — 100, B ~ 103, and Re ~ 1.6 — 160, it is
possible to consider 7 = 1 and Re = 1 to simplify the computations. Up to minor changes,
equivalent results can be obtained for arbitrary values of the Reynolds number and r.

Let € be the natural size of the boundary layers arising in this study, we consider 8 = 3.
This choice of scaling preserves the problem’s physical accuracy. Moreover, the size of the
irregularities is also assumed to be equal to €. The last hypothesis is mainly of mathematical
significance, since it allows for a richer analysis due to the interaction of the linear and
non-linear terms of the equation at the main order for the boundary layer problem. Then,
system (II.1.1) becomes

(0 + VA0 V) (AT +e7%) + AU = e Sourl7 + AW, in OF

Uloge = %‘895 =0, (I1.2.1)
Vo = Wini.
Here, we adopt the notation and terminology in [53]. The domain of problem (I1.2.1) is

defined as follows
QF=Q,UX, UQUX. UQ.

, y
e I/, Ew 26 \\\ F’é
, y
. .

Figure II.1: Domain °

e The “interior domain” is given by

Q= {xw(y) <z < Xe(y)a Yy e [ymin7yma:v]}7

where y,, and x. are smooth functions defined for y € [Ymin, Ymaz)-
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® X, = {(Xw (y)v y)7 (TS (ymin7 ymaa:)} and e = {(Xe(y)7 y)u Y€ (ymin7 yma:c)} are inter-
faces separating the interior domain from the “rough shores”.

e O° and €2 are the rough domains. The positive smooth functions 7, = 7,(Y") and
Ye = Ye(Y) describe the irregularities. We set

O, = {(m, Y),0 > x — xuw(y) > —afyw(afly)} , (I1.2.2)
= {(2,1), 0<z—xe(y) <erelcy)} (IL.2.3)
The lateral boundaries are
5 = {(xw® —=%E Y, )19 € Gmins Yo ) }
P2 = {(xe(®) + %), ¥) s ¥ € Wmins Ymar) -

Let us introduce the notation n, and n. for the exterior unit normal vectors to the
roughness curves 7, and ..

Let T > 0, we assume that 7(t,x,y) € L>®((0;T); H®), for s large enough. We are
actually studying well-prepared data, as seen in [15]. In order to avoid steep singularities
due to advection of vorticity when approaching the northern and southern extremal points,
we assume additionally the irrotational part of the wind vanishes in their vicinity, see [17].
More precisely, we suppose that there exists A > 0 such that

curlT =0 for ¥y € [Ymaz — A, Ymaz) U [Ymins Ymin + A - (1I1.2.4)

As pointed out in [15], problem (II.2.1) has a unique smooth solution ¥¢ for all € > 0.

The approximate solution is sought in form of series in powers of the small parameter
e with coefficients depending on the global variables ¢, x,y, and the microscopic variables
Y =Y(y,e), X = X(z,y,¢)

o0

Wt m,y) ~ 0 R (Why(t2,y) + W8 (b, Xo, V) + 9 (4,9, X, V), (112.5)
k=0
where WE ,(t,x,y) correspond to the interior terms, while % and W¥ refer to the corrector

terms in the western and eastern boundary layer, respectively. Such a series is substituted
in the original problem and a system of equations is obtained for each one of the profiles by
equating to zero all coefficients associated to powers of €. Here, X and Y are the fast or
microscopic variables which depend on the small parameter. They are defined as follows:

Y = Eily, Xuw = 871(97 —xw(y)), Xe= gil(Xe(y) - x)a

where w,, and w, are respectively the western and eastern boundary layer domains. The
former is of the form w,, = w} U oy, Uw,, where

{Xy >0, YeR}, ow={Xw=0, Y eR}
{=w(Y) <Xy <0, Y €eR}. (I1.2.6)

w

g1 &+

w

The domain w, can be defined in a similar manner.
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In a first approximation of the solution, we are confronted with coastal asymmetry: it is
impossible to obtain a solution in the eastern boundary layer domain satisfying all boundary
conditions and decaying at infinity due to the lack of enough roots with positive real part.
A usual choice under these circumstances is to consider that ¥;,; is tangent to the boundary

Ye, which results in
int

0 Xe () , ,
Utz y) = —/ curl 7(¢, 2', y)da', (I1.2.7)

and W0 = 0. Then, the key element in the construction of the approximate solution will be
to determine ¥ which formally solves the problem

Qu(T0 W) 405, W0 — A2T0 = 0, in wy Uw)
A (11.2.8)
[a’;(qu,} b, = 0, k=123,
0w

0 w _
Volxeur) = g lx=auon =0
Here, []| y_y denotes the jump operator of the function f at X = X " and is defined as
[fllx=x' = f(X'*,) — f(X',-). The jump of the function at the western boundary of the

interior domain is given by

Xe(y) , ,
o(t,y) :/ W curl 7(t, z', y)dz'. (I1.2.9)
wl\Y

Moreover, for a,, = x,,(y), the differential operators are given by

vw = (8Xw,8Y - a’wan)t7 Vﬂ;(y) = (Oéwan - aYa 8Xw)t7

consequently, A,, and @Q,, are defined as follows

A, = 0% +(adx, —0y)*,
Qu(T, ) = V- ((Vir-V,) Vid).

Note A, and A2 are elliptic operators with respect to the variables Y et X,,. At the level
of the boundary layer, ¢t and y behave as parameters.

Our first result is the existence and uniqueness of the solution for the boundary layer
system (II.2.8). As usual in the steady Navier-Stokes equations theory, the well-posedness
is obtained under a smallness hypothesis. The problem is defined in an unbounded set;
therefore, we seek the solution in spaces of uniformly locally integrable functions, also know
in the literature as Kato spaces [58]. They include a richer spectrum of functions, allowing
for some singular behavior or non-decaying functions. Let us briefly recall the definition:

Let 6 € C§°(R%) be such that Suppf C [~1,1]%, § =1 on [~1/4,1/4]%, and

Z m0(z) =1, forall z € RY, (I1.2.10)
kezd
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where 75, denotes the translation operator defined by 7, f(x) = f(x — k). Then, for s > 0,
p € [1,+00),

Lﬁloc(Rd) = {u € L;luoc(Rd) : SH%H(TkQ)uHLP(Rd)}
hez (I1.2.11)

iloc (Rd)

{u € Hiy(R?): sup ||(Tk0)u||HS(]Rd)}
kezd

We show the following:

Theorem I1.2.1. Let 7, be a positive W (R) function and w,, be defined as before. There
exists a constant 69 > 0 such that if ||¢|ly2. < o, problem (I1.2.8) has a unique solution in

H? (wy) denoted by W,,. Moreover, for a certain constant § > 0, it satisfies the estimate
6Xw
[l () < Clidllwace. (11.2.12)
This theorem generalizes the result of [53] for to the case of nonperiodic roughness.

A remarkable feature of this result is that exponential decay to zero persists, despite the
arbitrary roughness, and without any additional assumption on the function describing the
irregular boundary.

Following the ideas in Masmoudi and Gérard-Varet [59], we look for the solution of
(I1.2.8) by introducing a transparent boundary which divides the domain in two: a half-
space and a bounded rough channel. Then, the problem is solved in each of the subdomains,
and a pseudo-differential operator of Poincaré-Steklov is used to relate the behavior of the
solutions at both sides of the interface. When (I1.2.8) is considered linear, this last step
can be done directly; otherwise, applying the implicit function theorem is needed to join the
solutions at the artificial boundary.

Once we have shown the above result on the western boundary layer, we construct the
approximate solution and analyze its closeness to the original problem. The error is computed
by calculating the following profiles in a systemic scheme (see Sections II.3 and I1.9) and is
pretty straightforward.

n

At order €” the interior profile satisfies ¥}, = C"(t,y) — fge(y) F,, dz, where F,, depends
on W’

1 J < n—1. The value of C™(t,y) will be specified later. Then, the n-th eastern
boundary layer profile meets the conditions

2qn _ - - Ut
—Ox V) — AU} =0, in w, Uw]

[Pel |(,e =—-C"(t,y),
[f%%ﬂ?] . =9k k=1,...,3, (I1.2.13)
n o

e Xe:_’Ye(Y) o ane Xe:_’Ye(Y) - 07

where g € L*°, the domain is given by

{X. >0, Y eR}, oge={X.=0, Y eR}
{=7(Y) < X, <0, Y eR}, (11.2.14)

Ch|(‘h+
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and the differential operators are defined as follows for a. = x.(y):

Ve = (0x,,—adx, —0y), Vi=(0y+adx,,x.), (I1.2.15)
Ac = B+ (a0x, +0v), Q¥ ¥) =V ((VEw-V,) V).

Note that the main equation in (I1.2.13) is elliptic with respect to X, and Y; ¢ and
y are considered parameters. Although the analysis of the well-posedness of (I1.2.13) is
similar to one described for the western boundary layer, additional issues arise concerning the
convergence of ¥? when ¢ — 0. Indeed, the analysis of the problem (II.2.13) in the half-space
reveals the lack of spectral gap, which prevents the decay far from the boundary, see Section
11.8.1. To guarantee the convergence of the eastern boundary layer profile when X, — oo
while keeping the same structure of the domain, we add some probabilistic information
(ergodic properties).

Let € > 0 and (P,II, 1) be a probability space. For instance, P could be considered as
the set of K-Lipschitz functions, with K > 0; II the borelian o-algebra of P, seen as a subset
of Cy(R?;R) and 1 a the probability measure preserved by the translation group (7y) acting
on P. Then, the eastern boundary layer domain can be described as follows for m € P:

we(m) = {(Xe,Y) €R?: X. > —y.(m,Y)},

where w.(m) = wi(m) U o, Uw, (m) and wF(m) = we(m) N {+£X > 0}. Here . are
homogeneous and measure-preserving random process.

In this context, we are able to distinguish three components of W7 with different asymp-
totic behavior far from the boundary for which we have obtained the following result:

Theorem I1.2.2. Let w. a domain defined as before and ~y. an ergodic stationary random
process, K -Lipschitz almost surely, for some K > 0. Let g1, g2, g3 € W2 (R X [Ymin, Ymax] X
R), then there exist a unique measurable map C™(t,y) such that problem (11.2.13) has a
unique solution W¢ = Wi + Wi, + T, where

exp

L) m 0, locally uniformly in'Y, almost surely and in LI(P) for all

1| wa|
finite q,

2. there exist constants §,C > 0 such that

3
XU e oy < C (Z gl + HC"\wz,oo> , (IL.2.16)
k=1

3. there exists a constant C' > 0 such that
3
10+ X)W s < € (Z lgrlze + ||0”||sz> . (112.17)

Moreover, V. satisfies

H\II”HHz < 400, almost surely. (I1.2.18)

(we)
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The proof of the above result also relies on the use of wall laws and follows the same ideas
of Theorem I1.2.1 for the western boundary layer. First, we apply Fourier analysis to problem
(I1.2.13) in the half-space, which hints directly to the singular behavior at low frequencies
far from the boundary. We show that the properties involving V¢, and e in Theorem
11.2.2 remain true in a deterministic setting by following the same ideas used for the western

boundary layer. Only the convergence of V¢, is shown using the ergodic theorem. Then, we

define the associated Poincaré-Steklov operator for boundary data in Hjl/ozc(R) X Hull/OQC(R).
Finally, we look for the solution of a problem equivalent to (I1.2.13) defined in a domain
in which a transparent boundary condition is prescribed. For the equivalent system, we
derive energy estimates in Hg which are then used to prove existence and uniqueness of
the solution.

The eastern boundary layer not converging to zero or not doing it fast enough at infinity
poses an issue when solving the problem at Wy, In particular, the terms W}, and g,
influence the western boundary layer mainly through the nonlinear term. Adding ad hoc
correctors allows us to show the following results for W& — W,

loc

Theorem I1.2.3. Let V¢ be the solution of problem (I1.2.1) and ¥y, defined as in (11.2.5).
Moreover, let W5, be such that V5 los = 0,V5,; = 0 and ||V5,; — Vappli=ollg1(0sy — 0.

ing ini ini

There exists Cxo, such that if ||curl 7|20 < Coo, then

19 — Wappll 20,1 m52(00) + 1¥€ = Yappllzooo, a1 (0c) — 0 as e — 0, almost surely.
(I1.2.19)

In the periodic setting, for which the boundary layer profiles decay exponentially when &
goes to zero, the bound becomes O(£'/2) for the H! estimate (see [53]). In the general random
setting, the convergence rate is limited by the behavior of eastern boundary layer profiles.
The convergence result in Theorem I1.9 is obtained by computing energy estimates on W& —
Vapp- The accuracy of the estimates depends greatly on each element in the approximate
solution, their interactions and contributions. Each component needs to be smooth enough,
with proper controls on the corresponding derivatives.

1.3 Formal asymptotic expansion and first profiles

In this section, we construct the approximate solution Wg , for the singularly perturbed

problem (II.2.1) employing a matched asymptotic expansion. Inner and outer expansions
(boundary layers) are determined in the interior and the rough shores domain. Then, match-
ing conditions at the interface are imposed to obtain an approximate global solution.

Let X and Y define the local variables obtained after scaling: Y = y/e while X,, =

%w(y), X = W We seek for an approximate solution of (I1.2.1) of the form

N
W (b2, y) = D& (Wl 2,y) + U (L, Xu, V) + U (9, X, V) + O(ENH), (IL3.1)
=0

where W! (t,z,y) correspond to the interior terms, while W and W! denote the western
and eastern boundary layer profiles. Without loss of generality, we assume that the interior

terms are zero outside ).
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Since the boundary layer terms are expected not to have an effect far from the boundaries,
we assume
v, — 0, v, — 0. (IL.3.2)

Xe—00 Xw—00

The approximate solution must additionally satisfy the boundary condition ¥g , = 0 at 9Q2°.
Thus, we have

8 =0, !

—0 (11.3.3)
Xe:—'Ve(Y)

Xw =—Yw (Y)

From the homogeneous Neumann condition, we obtain the following conditions on the
boundary layer profile:

ov,
Ony

owt
X=—yu(Y) - 8”6

_o. (IL3.4)
X:'YE(Y)

There is no loss of generality in assuming \I];LU|Q;; =0 and \Ilfz|% = 0. This condition directly
gives (I1.3.3) and (I1.3.4).

Additional conditions are needed at the interfaces separating the interior domain and the
boundary layer domains to guarantee the existence of the derivatives in the weak sense over
the whole domain. Since the interior terms are zero outside €, they create discontinuities at
the interfaces X, and .. Then, boundary layer terms are added to cancel such discontinu-
ities; see for instance [54, 66]. To guarantee the approximation is regular enough, we impose
the condition:

ok ws

app} |2wu2€ =0, k=0,...,3. (I1.3.5)

We have the following jump conditions on the boundary layer terms:

7,0)] e [0

oo = =Tt — [9E0)] =T Ol — 0]

(I1.3.6)

and
5L, O] |, = i [ohwie)] |, = £, (11.3.7)
where the f&* k = 1,2,3, depends on the \Il{m and ¥§, j < i. Here, fi* is chosen to be

independent of V¥, while still relying on the behavior of the interior profiles.

Plugging (I1.3.1) into (I1.2.1), and equating all terms of the same order in powers of &
provide a family of mathematical systems establishing the behavior of each one of the profiles
in the ansatz.

To facilitate the comprehension, we compute some terms of the approximation Vg .. We
are particularly interested in the ones corresponding to i € {0, 1}.

When ¢ = 0, we obtain in the interior of the domain the so-called Sverdrup relation:

0, VY, = curl T, (I1.3.8)

for which only one boundary condition can be prescribed, either on ¥, or on the >,,.

Remark I1.3.1. In the non-rough case, the boundary layer problems are described by linear
ODEs. Mainly, we have

—Ox ¥, — (1 +a?)20%¥,. =0, (I1.3.9)
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and

Ox Wy — (14 a2)20% ¥, = 0.

Notice that there is an asymmetry between the coasts (see [/5, 17]). Indeed, only one bound-
ary condition can be lifted on the east boundary since there is only one root with non-negative
real part, whereas the space of admissible (localized) boundary corrections is of dimension two
on the western boundary. Consequently, V. must vanish at first order on the East coast, leav-
ing the solution on the boundary layer at T'¢ to correct the trace of 0,¥.. This phenomenon
is still present in the rough case.

Since the eastern cannot bear a large boundary layer, see Remark I1.3.1, it is frequent in

the literature to choose ‘I/?nt tangent to the boundary X, see for example [15, 53]. Hence,
we take
— [XeW) curl 7 (¢, 2, y)da' in Q)
Wi (t _ | S ewlr(t, 2 y)dat in O, 11.3.10
int (1, 2, ) { 0 im0\ Q. ( )

and consequently, at order e~*, the eastern boundary layer profile is ¥¥ = 0. At the West,
we have the following system

Qu(¥y, 5) + 9x, ¥y, — ALUY =0, in whUw, (IL3.11a)
o], == [0 I, (IL3.11b)
[aé“cw‘l’?u] . =0, k=1,...,3, (IL3.11c)
ov0
0 B w B
Volx,—u0) = % g Ixu=u) =0 (I1.3.11d)
U), — Owhen X, — +o0, (I1.3.11e)

Henceforth, the jump condition (I1.3.11b) is described by a function ¢ defined as follows

Xe(y) , ,
o= . curl 7(¢, 2', y)da', (I1.3.12)
XwlY

which is a direct result of (I1.3.10).

It remains to prove the well-posedness of the nonlinear problem (I1.3.11). Since it is quite
technical, we address the matter later in Section I1.6. This step concludes the computations
in the main order.

Now, let us compute the next step in the asymptotic expansion. Similarly to the first
interior profile, ¥} ., follows the equation

int

9,0l

int —

0, (11.3.13)

hence, U} .(t,z,y) = C'(t,y). The lack of source term is related to the factor e =3 multiplying

int
0,V in (I1.2.1). Accordingly, the equation driving the behavior of the interior profile becomes
nonhomogeneous when ¢ > 3.
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At order 73, the eastern boundary layer function is described by the equations

—Ox W — AT =0, in w Uw,,
v, = - [wh

Y’
% W], =0, k=1,....3, (I1.3.14)
. _o 9% ~0
el Xe=—7.(Y) ’ 8”6 Ke==7e(Y) ’

¥l —0 when X.— +oo.

The space of admissible boundary corrections at the rough eastern domain remains in-
sufficient to satisfy simultaneously the boundary conditions and the one at infinity. Beyond
imposing conditions on Wl . ergodicity assumptions will be needed to guarantee the exis-
tence of a solution W! of (I1.3.14). This question is the main focus of Section IL.8.

In the western boundary layer domain, WL satisfies the following system

Qu(V0 WLy + QL 00) +0x, ¥l —A2¥! = F' in wfUw,,
21y, = =[] I, =[]
%, L] |, == [0 9h] Iy
0%, w01, =0, k=23,

owL
8n |Xw—77w(Y)

\I'%U — 0 when X, — 400,

Y
’w

(11.3.15)

:O, =0,

where F' = —(V¥) , .V, )AUY. The existence of a solution of problem (I1.3.15) can be
shown by following the same reasoning used for W9 (see Section I1.7).
In the next section, we provide a formal method of proof of well-posedness for the prob-

lems previously mentioned with its core ideas and some general computations.

11.4 Existence and uniqueness of the solution of an elliptical prob-
lem in a rough domain: methodology

In hopes of facilitating the comprehension of this work, we describe a general method to
prove the existence and uniqueness of the solution of a general problem encompassing all
the possible behaviors within the boundary layer; in particular, the nonlinear and linearized
western boundary layer systems and the linear eastern boundary layer equations. For o € R,
we start with elliptic differential systems of the form

Lo(T) + Qu(V, W) = F, (I1.4.1)

where F' is a regular enough source term with sufficient decay at infinity, £, is a fourth order
elliptic linear differential operator and Q, is the nonlinear/quasilinear part of the equation.
Let us consider for a fixed a € R

Lo(U) = +0x¥ — A2
Qa(ilv \I’) = % ((Vi‘\if ) va)Aa\IJ + (Vi‘\l! ) Va)Aa\iJ)
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for j € {0,1,2}, and
Vo = (+0x,0y Tadx), Vi=(-0y +adx,+dx)
2
Ao = Va-Va=0+ 0 Fadx)?, AL=AuAy= (0% + (v Fadx)?)

In the definition of L, the factor multiplying dx is linked to the definition of the local
variables provided in Section I1.3: positive for the western boundary layer and negative
in the eastern boundary layer domain. Moreover, o corresponds to the derivative of the
function describing the interface between the interior and rough domain (namely x'(y)),
and, therefore, different on each side.

Let us suppose that equation (I1.4.1) holds in a domain w = w®™ Uo Uw™, where

wh = {X>0, YeR}, c={X=0, YeR}
wo = {9(Y)<X <0, YeR},

and y is a positive Lipschitz function such that inf~ > 0. Problem (II.4.1) is supplemented
with the following jump and boundary conditions:

[a’;(\lf} =g k=0,...,3

ou (I1.4.2)

Ul = —0,

—(Y) %‘X:—W(Y)
Here, n denotes the unit outward normal vector of v and g are smooth functions.

Let us point out some difficulties related to the proof of existence and uniqueness of the
solution of problem (II.4.1)-(I1.4.2). First, we consider a domain w that is not bounded in
the tangential direction. Moreover, functions g, do not decay as Y goes to infinity, so that
standard energy estimates are inefficient. As a consequence, only locally integrable functions
are considered, which leads to a completely different treatment of the energy estimates.

If the problem was set in w™, with Dirichlet boundary conditions at {X = 0}, one could
build a solution ¥ adapting ideas of Ladyzenskaya and Solonnikov for the case of Navier-
Stokes flows in tubes [60]. The existence of the solution in [60] is proven using an a priori
differential inequality on local energies. Unfortunately, this method relies heavily on the
bounded direction hypotheses to make possible the application of the Poincaré inequality.
Hence, this reasoning is not applicable in our setting.

Moreover, contrary to what happens for the Laplace equation, one cannot rely on maxi-
mum principles to get an L bound since we are dealing with a fourth-degree operator.

This problem has been overcome in the literature for the Stokes boundary layer flow
in [59] and, recently, for highly rotating fluids in [61]. The main idea is to impose a so-
called transparent boundary condition when the variable in the normal direction is equal to
a certain value M > 0, see Figure I1.2.

This transparent condition separates the original domain in two: a half-plane {X > M}
and a bumped region bounded in the tangential direction. The Dirichlet problem on the half-
space {X > M} is solved by means of Fourier analysis and pseudo-differential tools in Kato
spaces. The problem on the bumped sub-domain is not suitable for a similar treatment due
to the nature of boundary and the fact that Kato spaces are defined through truncations

in space!. Nevertheless, it is now suitable for the application of the LadyZenskaya and

!'Similar difficulties arise in [67] when studying water waves equations in locally uniform spaces.
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S

Figure I1.2: Boundary layer domain w with an artificial boundary at X = M.

Solonnikov method [60]. The remaining step consists of connecting both solutions on the
artificial boundary.

11.4.1 Linear case.

If 5 = 0, the main steps of the proof are as follows:

(L1) Prove existence and uniqueness of a solution of the linear system in a half-space with
boundary data in H3/2(R) x H'/?(R).

,Ca(\IJ) == F‘7 in X > M’

11.4.3

{ \II|O.M = o, aX\I}|0M =1, ( )

where o™ = {X = M, Y € R}. The solution is constructed by means of an integral
representation using Fourier analysis. Indeed, we take the Fourier transform with
respect to the tangential variable Y and do a thorough analysis of the characteristic
equation of the resulting problem. If F' # 0, we compute the fundamental solution
using the Green function.

(L2) Extend this well-posedness result to boundary data in (vo,1) € Hil/oi (R) x H&{OQC(R)
using ideas in [61]. A priori estimates on a solution of (I1.4.3) are established in this
scenario.

. . . . 3/2 1/2 .

(L3) Define the Poincaré-Steklov type operator for functions in H, |  (R) x H i’ (R) using
the information recovered from the problem in the half-space {X > M} and extend
the result to the case when the boundary data belongs to a space of uniformly locally
integrable functions. The Poincaré-Steklov operator associated to L, (V) is a positive
non-local boundary differential operator of the form
PSy: HY2(R) x H2(R) — H,Y2R) x H;A(R) (IL.4.4)

uloc uloc uloc uloc
o = (1+a2)Aa\If’UM . _ AY (Yo, 1, F)
W1 —[(1+ a?)ax F 200y ] Aa¥ | AS (1o, ¥1, F)

where the form of the differential operators A, i = 2,3, depend greatly on the solution
determined in (L1) and is, therefore, particular to each case.
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(L4) Define an equivalent problem in a domain with transparent boundary condition w™ =

wU{X = M} and then, solve the problem
Lo(UT)=F, inw\oM,
[6}2\1/—} =g k=0,...,3,

2 - =A% (¥~ ;
(1+a®)Ag ™| = A5 (‘I’ | gr» Ox W ’UM’F)’ (I1.4.5)

_ [(1 4 042)8)( T 204({“)3/} A V™ + E Y = A5 (‘I/_|0M, GX\I/_’UM, F) ,

2
o

\IJ_|X:*'Y(Y) ~ on X=—~(Y) =0,

where w® refers to the rough “tubular" domain given by w? = w™ \ ({X > M} x R)
and A{', ¢ = 2,3 are the ones in (I1.4.4). Note that for M =0, wh=w".

Proposition I1.4.1. Let v € W*(R) and g, € L>®(R), for k = 1,...,3. Assume
that there exists o > 0 such that ||gk|lec < o, for all k=0,...,3.

— Let U be a solution of (11.4.1)-(I1L.4.2) in w such that ¥ € H%  (w). Then ¥| u
is a solution of (IL.4.5), and for X > M, U solves (11.4.3), with 1y := ¥|x—p €
H, oo () and -ty := Ox V|- € Hyjor(R).

— Conversely, let W= € H2_ . (w™) be a solution of (11.4.5). Consider the solution
Ut e H2 (R%) of (I1.4.3). Setting

) UT(X,) for —y() <X <M,
PX) '_{ Ut(X,.) for ! X > M,

the function ¥ € HE (w) is a solution of the problem (11.4.1)-(11.4.2).

(L5) Consequently, we focus our attention on the existence and uniqueness of solutions
of the equivalent problem (II.4.5). To simplify the presentation, we replace in this
paragraph the functions A§* (‘IﬁLrM’ —8X\I/*‘JM,F) by p; € Hil/fc_z(R), i =2,3. In
fact, the Poincaré-Steklov operator is not local which hinders the application of the
ideas in Ladyzenskaya and Solonnikov [60], as seen in [59] and [52]. We will address
in this difficulty in Section II1.5.3. Showing the operators A$* are well-defined depends
on the Fourier representation of the solutions in the half-space, and consequently, on
the definition of V,, and the domain. We leave the detailed discussion of each case for
later. System (II.4.5) becomes

+0x U™ — AU = F, in o\ oM,

{63“(\11‘} | =gk k=0,....3,

2 — _
(1+0?)A 0| | = po, (I1.4.6)
_ 2 .
(14 a?)0x ¥ 200y | AT~ F 5,0 = P
OU-

\P_|X:—7(Y)_ on 1 x=—~(v)
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To facilitate the computations, we lift the conditions at the interface {X = 0} by
introducing the function

k
vl(Xx,Y) ng k‘ : (11.4.7)
where x € C3°(R) such that x = 1 near o, and Suppy C [0, ] Thus, ¥ =0 in w™
and in w™ close to X = M. Additionally, it satisfies the jump conditions
[a@qﬂ” — g, k=0,....3.
g
For U = U~ — UL, we have
+0xV — A20 = FL in WP\ oM
(1 + 062) M P2,
¥ (I1.4.8)
— [(1 + Ot2)8X + 20(85/} Aa\If + — = p3,
2 oM
- oV
0| = — =0,

X==) " Onlx=—y(v)
where the source term F* depends also on g, k =0,...,3.

Since a priori estimates are needed, it is useful to write the weak formulation of (11.4.8).

Definition IL.4.1. Let V be the space of functions o € H?(wb) such that \mr =
3n\iI‘F = 0 and Suppy is bounded. A function ¥ € H? b) is a solution of (I1.4.8)

uloc(
if it satisfies the homogeneous conditions at the rough boundary, and if, for all p € V,

= / o - / AT AL (IT.4.9)
- FLQO /<p3i >(‘0|X MdY /anXQOIX M dy.

Throughout this step, we will frequently be using the following technical lemma:

Lemma I1.4.1. Let U be a regular open set bounded at least in one direction. Then,
for f € H?(U) there exists a constant C > 0 such that

|2y < € (IFll2@) + 1Aaf 2wy ) - (I1.4.10)

If the function satisfies additionally that f = Oy f = 0 on some part of the boundary OU,,
the first term on the right-hand side of (11.4.10) is not longer needed for the inequality
to hold.

We refer to Appendix II.E for a proof. Note that a direct result from Lemma I1.4.1 is
that controlling the L?-norm of A, f immediately provides f € H?(U). This property
is easily generalized to Kato spaces.
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— FEnergy estimates for (11.4.8). We introduce, for all n € N, k € N

wn = w’ N {(X,Y) eR?: |Y| < n}, Wht1,k = W41 \ W,
oM = {X =M, and [Y| <n, Y €R}, U,i\/iuC = a%rl \ oM, (I1.4.11)

n

We consider the system (11.4.8) in wy,

LOx T, — A2, — FL

9
— [+ a)ox F 20y | AT, F 1 = pg
2 oM
U, = ol =0.

In order to prove the existence of the solution of (I1.4.5), we derive H2__ estimates
on V,, uniform with respect to n. Then, passing to the limit when n — 400, we
achieve our goal. Indeed, taking ¥,, as a test function in (I1.4.9), we obtain

AT 2y = — FL@WL/M pgxifn+/M p20x T,

Wn

IN

3

Civn (HFHHI o T > HngLoo(R)> 10| pr2o,fH.4.12)
uloc(w k:()

+Cavn (HﬂsHLﬁloc(R)||‘I’n|0M [FZHES) (I1.4.13)

+||p2||L2(wn)||aX\iIn}gMHL2(([fn,n])> ;

using the Cauchy-Schwarz and Poincaré inequalities over w,. Thus,

18 @20,y < (0 1FI32 o)) (M0alx=p iy + 191200 )

3

+ Con (Z e et ||p3||ialoc(R))
k=0

(11.4.14)

Notice that the first term on the r.h.s of the previous inequality can be absorbed
by the one on the L.h.s for § and F' small enough. Then, using Poincaré inequality
over the whole channel yields

ETL = /b ’Aa@nP S / ’Aa\i}n’Q S 00(907 cee 7937/)27)03)”- (11415)
w Wn,

where constant Cy depends on « and the size of the jumps and the values of the
differential operators at the artificial boundary, as seen in (IL.4.14). The existence
of ¥, in H?(w,) follows.
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Therefore, we resort to performing energy estimates on the system (I1.4.8), fol-
lowing the strategy of Gérard-Varet and Masmoudi [59]. The idea is to use the
quantity

B ::/ AT, [2,
Wk

to derive an induction inequality on (E})ken, for all n € N. Hence, we consider
o = xx¥, where x € Ci°(R) is a cut-off function in the tangential variable such
that Suppxx C [-k—1,k+1] and x,, = 1 on [—k, k] for k¥ € N. Since the problem
is defined in a two-dimensional domain, the support of Viyy, j = 1,...,4, is
included in the reunion of two intervals of size 1.

Let us explain the overall strategy. We shall first derive the following inequality
for all k € {1,...,n}

3
Ep <Gy ((Ezﬂ - )+ (Z 983 gy + 1222y + ||p3||;m_3/2(R)> (k+ 1>) .

k=0 uloc
(11.4.16)
Here, C is a constant depending only on the characteristics of the domain.

Then, by backward induction on k, we deduce that
E; <Ck, Vke{ko,...,n},

where kg € N is a large, but fixed integer (independent of n) and Ey;, is bounded
uniformly in n for a constant C' depending on w®, gx, k = 0,...,3 and F. This
provides the uniform boundness for a maximal energy of size ky. Since the deriva-
tion of energy estimates is invariant by translation on the tangential variable, we
claim that

sup |ALT,? < C. (IL.4.17)

a€Ty, /{(—I,M) xa}n wb

The set Z, contains all the intervals of length 2kg in [—n,n] with extremities in
Z. Consequently, the uniform Hgloc bound on ¥" is proved and an exact solution
can be found by compactness. Indeed, by a diagonal argument, we can extract a
subsequence (‘i’r(n))neN such that

Voy — V¥ weakly in  H?(wg),
Vo (n) e v weakly in  H3/2(aM),
8X‘iir(n) ‘ — oxVU weakly in  H'/?(o),

oM

oM

oM

for all k € N. Of course, ¥ is a solution of (IL.4.8), and, consequently, ¥~ €
H?,_ (wP) is solution of system (I1.4.5).

uloc

To lighten notations in the subsequent proof, we shall denote Ej, instead of E}.

— Deriving the inequality. This part contains the proof of (I1.4.16). Taking x,V as
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test function in (I1.4.9) provides the following expression for the Lh.s.

qﬁ/ Ox Ux ¥ — / AaWAL(xkT) = /Xk‘I’2|X v — Ek

_ Q/b AUV oxs - Vall — /b TALT02 v

_ / AT,
warl\wk
(IL4.18)

For the third term, we simply use the Cauchy—Schwarz and Poincaré inequalities:

1/2

1/2
/ Aa\ijvan ’ va@‘ <C (/ ‘Aaqu) (/ ’Vo&\ij’2> < C(EkJrl_Ek)'
wb Wht1,k Wht1,k

. (114.19)
Yk|Ag ¥ |? are also

In the same fashion, we find that [, WA, V02 y;, and [
bounded by C(Eyt1 — Ef).

Gathering all boundary terms stemming from the biharmonic operator and the
first term in the r.h.s. of (I1.4.18) yields

k1 \Wk

—/RXk <p3‘PIX:M +p23x\1f‘X:M> :

The term above is bounded by

C(llp2llFz +lpslle ) (Brg + (k + 1))

where C' depends only on M, « and on ||7||j2,..c. The computation of this bound
relies on the trace theorem and Young’s inequality.

We are left with

/ XkFL‘il
wb

IN

3
1/2 1/2
C <§ HngLOO(R)) kilvk—i— 1+ ||FHL2 )Ekib
kZO Cw

IN

3
& (Z ||gkr%m(m> B+ 1)+ (4 IFI2 ) B
k=0

Lastly, combining all the estimates and taking v and ||F H%Q (@) small enough
. uloc
give

By < Ci((Bryr — Ey) + Co(k + 1)),

where (] is a constant independent of k and

Ca == C2(g0, - - -, 93, P2, P3) <Z ||9k||Loo + ||P2||2 m-1/2 + ”P3H m— 3/2> :

uloc uloc

(11.4.20)
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— Induction. Our goal is to show from (I1.4.16) that there exists kg € N\ {0}, C > 0
such that, for all n € N

/ 1ALT,)? < C. (11.4.21)
Wk

From (I1.4.16), we claim that induction on n — k indicates there exists a positive
constant C3 depending only on Cy, Cy and Cy appearing respectively in (11.4.15)
and (I1.4.21), such that, for all & > ko,

By < C3Cy(k +1). (11.4.22)

Let us insist on the fact that C5 is independent of n, k and will be adjusted in
the course of the induction argument.

First, notice that thanks to (I1.4.15), (I.4.22) is true for k¥ = n once C3 > CoCy !,
recalling that ¥,, = 0 on w® \ w,. We then assume that (I1.4.22) holds for n,n —
1,...,k+ 1, where k is a positive integer.

We prove (I1.4.22) at rank k£ by contradiction. Assume that (I1.4.22) does not
hold at the rank k. Then, the induction implies

Ek+1 — Ep < C305.

Since Cy,C; > 0 are fixed and depend on « and ||y||y2. (see (I1.4.15) for the
definition of Cp), substituting the above inequality in (I1.4.16) yields

0302(/{3 + 1) < B, <C0CC5+ 0102(k + 1). (11.4.23)

Taking C3 > 2C; and plugging it in (I1.4.23) results in a contradiction for k > ko,
where kg = 2C; + 1. Therefore, (I1.4.22) is true at the rank k > ko. Moreover,
since Fy is an increasing functional with respect to the value of &k, we obtain that
Ey, is also bounded for k < kq. It follows from (I1.4.22), choosing k = 2, that there
exists a constant C' > 0, depending only on Cj, C1, Cs, C3, and therefore only on
@, |[7|lzoe ) and on the norms on gx, k =0,...,3 and p;, i = 2,3, such that,

Epy < Egg1 < Clko + 1). (I1.4.24)

Let us now consider the set Zy, of all segments contained in {(M,Y): |Y|<n}
of length 2kg. As Zj, is finite, there exists an interval a in Zj, which maximizes

{19l : €T}

where w, = {z € W’ : Y € a}. We then shift ¥, in such a manner that a is
centered at 0. We call ¥, the shifted function. It is still compactly supported,
but in wo,, instead of wy,:

/ |Aa\i/n|2:/ 1AL, 2 and / |Aai1n|2:/ AT 2.
Wwan Wn Wko Wq

Analogously to Ej, we define Ej,. The arguments leading to the derivation of
energy estimates are invariant by horizontal translation, and all constants depend
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only on the parameter a and the norms on gi, p;, i = 2,3, F' and ~, so (11.4.24) still
holds when E, is replaced by Ej. On the other hand, Ej, maximizes |[U,, % (wa)
on the set of intervals of length 2ky. This estimate being uniform, we can take kg
large enough and obtain

sup [|Wn |l g2 (((0,—1) xa)nwt) < 09,
ac ko

which means that ¥, is uniformly bounded in H?(w?).

— Uniqueness. To establish uniqueness, we consider ¥ = ¥ — Wy, where U;, ¢ =1, 2,
are solutions of the original problem. The goal is to show that the solution ¥ of
the following problem is identically zero.

+0x ¥ — A2¥

|
o
Y
€

Vo) = 0¥l
(I1.4.25)

We proceed similarly as in the “existence part” by multiplying the equation in
(I1.4.25) by ¥, = xx¥ and integrating over w®. The resulting induction relation

1S
Ey < C(Epq1 — Ey).

Since Fyi1 — Ej is uniformly bounded in k, we obtain Fj < C uniformly in &,
meaning that the difference between two solutions belongs to H2. Hence, we can
multiply the equation on ¥ by W itself and integrate by parts, disregarding y.
This leads to

(1- 050)/ 1A% <0,
wb
which provides the uniqueness result when 6y < C 1.

The values of py and p3 are later replaced by the corresponding non-local operators.

11.4.2 Nonlinear/ linearized problem.
If j € {1,2}, we proceed as follows:
(NL1) The well-posedness of the system on the half-space

{ Lo(U)+Qu(V, W) = F, inX > M, (I7.4.26)

‘P|UM=wo, 8X\II|O.NI = 1,

for small enough but non-decaying boundary data 1y and ; and source term F' is
shown by combining estimates of the linear problem for a certain source function F
(steps (L1) and (L2)) with a fixed point argument. The problem is clearly nonlinear
when ¥ = W. This corresponds to the case when j = 1 and the solution is obtained
under a smallness assumption by applying a fixed point theorem in a space of expo-

nentially decaying functions.

The linearized problem (j = 2), the solution W is sought in a similar manner, with the
particularity of only assuming W is small enough.



I1.4 EXISTENCE AND UNIQUENESS OF THE SOLUTIONS IN A ROUGH DOMAIN: METHODOLOGY61

(NL2) For any (p2,p3) € H71/2(R) X Hfgf(R) small enough, we introduce the function ¥~

uloc ul

satisfying the following problem in the rough domain w® = w\ ({X > M} x R)

Lo(TT)+Qu(¥—,07) = F, in wb\oM
[a;f{xp—} = g k=0,....3,
| _ a£| i (11.4.27)
X=—9(Y) on 'X=—(Y) ’
A7 (0 Ox 07| 0) = piy i = 2,3,

Here, As and As are the second and third-degree components of the Poincaré-Steklov
operator, defined at the transparent boundary in the rough channel. The nonlin-
ear/quasilinear nature of A3 depends on the choice of the function U since it contains
the boundary terms stemming from Q.

The proof of existence and uniqueness of the solution of (I1.4.27) follows the same
ideas of (L5). The goal is to obtain uniform estimates on the quantity E¥ by means
of backward induction and then apply it to a translated channel to get a uniform local
bound. The first obvious difference resides naturally in the induction relation. Here,
the inequality is

Epl < Ci(E} — ED3? + CL(E}, — ER) + Co(k+1), VEe{l,...,n}, (I1.4.28)

where C and C) are constants depending only on the domain, while C is determined
by the norms of gx, k =0,...,3 and p;, i = 2,3. Relation (I1.4.28) is obtained using a
truncation over wy and energy estimates. The smallness assumption on the boundary
data (resp. on W) is essential in the nonlinear (resp. linearized) case since it guarantees
for the terms derived from Q, to be absorbed by the truncated energy on the r.h.s. In
particular, for the linearized case, we have that C; = 0 in (11.4.28).

(NL3) Then, we will introduce the solution ¥ of (I1.4.26) with 1o = ¥~|,_, and
P = 8X\I/*] Py and connect the solutions ¥~ and ¥* at the transparent boundary.
The strategy is to apply the implicit function theorem to a certain map

f = f(g()) e ,93, 02,,03)7

to find a solution of F = 0 in a neighborhood of zero. To do so, we first prove that F
is a C! mapping in a neighborhood of the transparent boundary, which means, in turn,
that higher regularity of the solution is needed.

(NL4) Once the regularity estimates have been computed, we define the mapping F =
(F1, Fa), where

]:1(90,--- 793)p27p3) = AQ (W+’X:M76X\IJ+|X:M)F) - P2, (II4 29)
]:2(907--- 3937:02ap3) = A3 <\I’+|X:M,8X\IJ+, |X:M’F) — pP3- -

The point will be to establish that for small enough gi, £k =0,...,3 the system

Fi(go,---,93,p2,p3) =0,
]:2(907 cee 7937P27;03) = 07
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has a unique solution , provided that F;(0,...,0) = 0, for ¢ = 1,2. This result will
be obtained via the implicit function theorem. When verifying that dF(0,...,0) is an
isomorphism of H™~1/2(R) x H™3/2(R), we need that the only solution of the linear
problem (I1.4.1)-(I1.4.2), when g = 0 for all £ is ¥ = 0. This shows once again how
intrinsically connected the linear and nonlinear/linearized problems are.

Therefore, the field ¥ defined by ¥* on each side of the transparent condition will be a
solution of (I1.4.1)-(I1.4.2). The definitions of ¥+ and tensors A3 (-,-,-) and A3 (-,-,)

provide that {8@\11} |y_p; =0, for k=0,...,3.

This section is a blueprint for the proofs in the remainder of the chapter, and we will
refer to it profusely. Especially in the derivation of energy estimates, where only the terms
different from the ones discussed above will be presented.

1.5 Western boundary layer: the linear case

This section is devoted to showing the well-posedness of the western boundary layer problems
in a general regime. The western boundary layer plays a fundamental role in basin-scale
wind-driven ocean circulation, and it has been long studied in several theoretical works, e.g.,
[68, 13]. In idealized ocean models with a flat bottom, this layer is required not only to
balance the interior Sverdrup transport to close the gyre circulation, but also to dissipate
the vorticity imposed by the wind-stress curl [69].

Note that while the boundary layer functions depend on (¢,y), these variables behave as
parameters at a microscopic scale. On that account, they will be omitted from the boundary
layer functions to lighten the notation when no confusion can arise.

We start by studying the linear problem

an\I/w - A?u‘;[lw = 0, in wir Uw™
oV,
\ij’X:—w(Y) =0, Oy |Xw:_7w(y) =0,

where g € L>*(R), for all k =0,...,3.

Theorem I1.5.1. Let 7, be a positive W*°(R) function and w,, be defined as before. Let
gr € L®(R), for all k = 0,...,3. Then, problem (II.5.1) has a unique solution W, in

HZ_ (wy \ 0w) and there exists positive constants C,5 > 0 such that

3
He(sz\IleHlQlloc(ww) S C Z HngLoo(R) (1152)
k=0

The proof of well-posedness of Theorem I1.5.1 relies on the formulation of an equivalent
system in a domain where transparent boundary conditions have been added at X,, = M,
M > 0. We will be following the steps listed in Section I1.4.1 for the linear case.

First, we show some preliminary results on a problem in the half-space. Then, we define
the pseudo-differential operators of the Poincaré-Steklov type relating the solution in the
half-space with the one in the rough domain at the “transparent” interface. Finally, we



I11.5 WESTERN BOUNDARY LAYER: THE LINEAR CASE 63

b = wy N{X < M} and solve an equivalent problem

following the Ladyzenskaya and Solonnikov method [60].
Throughout this section, we write X instead of X,, since the analysis is only focused on
the western boundary layer; hence no confusion can arise.

restrict ourselves to the domain w

11.L6.1 The linear problem on the half-space
The main focus of this section is the analysis of the system
OxVy, — A2V, =F, in R
Wuly_g =0, OxWuly_o =11

Here, F' is a function decaying exponentially as X, goes to infinity, and we have considered
M = 0 to facilitate the computations. The problem with a source term F' is necessary for
the subsequent study of the nonlinear problem describing the western boundary layer.

Note that if ¥, is a solution of (I1.5.3), ¥, (X — M,Y) is solution of the problem defined
on {X > M} with M > 0 as a consequence of the equation being invariant with respect to
translations on X. Functional spaces of iy and 1, are provided in the following theorem,
which summarizes the main result of the section.

Theorem IL5.2. Let m € N such that m > 1. Let vy € H™/(R) and vy € H™VA(R).

uloc uloc

Let F be such that X F € Hm*2(R%r), for 6 € R* . Then, there exists a unique solution W,

uloc

of system (11.5.3) satisfying

(11.5.3)

5X 6X
||€ \ijHH;’lL;'CQ(Rﬁ_)) <C (‘wOHHZH;S/Q(R)) + leHHglljcl/Q(R)) + He FHH:EQ‘;(R%_))) ) (1154)

for a constant C' depending on «, § < 6.

Note that uniqueness consists of showing that if ' = 0, {9 = 0 and ¥; = 0, the only
solution ¥,, of (I1.5.3) is ¥,, = 0. The proof of the result is rather easy and will be sketched
in paragraph I1.5.1.1. Consequently, the primary result will be the existence of a solution
satisfying estimate (I1.5.4). Similarly to [61], the existence results can be obtained by com-
pactness arguments.

As the main equation is linear, we use a superposition principle to prove the desired
result, meaning a solution of (II.5.3) is sought of the form

Uy =0, + V),

where W, is the solution of a homogeneous linear problem

while, the function WX solves the equation
oxUL — AWl =F in RZ (I1.5.6)

Note that the boundary terms 1 and 1] are different from vy and 11. Indeed, it is convenient
to construct the solution of (I1.5.6) which does not satisfy homogeneous boundary conditions,
and then lift the non-zero traces of £ and dx WL thanks to ¥,,.
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First, we apply Fourier analysis when looking for the solution of homogeneous problem
(I1.5.5) with boundary conditions 9§ = 19 — \PEIXZO and ¥} = — 8X\115|X:0. Then, we
tackle the sub-problem regarding function WX, In this case, we disregard temporarily about
boundary conditions and focus on the equation (/7.5.6). Our goal in this step is to construct
a solution by means of an integral representation involving the Green function.

I1.5.1.1 Homogeneous linear problem

In order to prove the existence and uniqueness of the solution of problem (IL.5.5) in HZ_ (R%),
we first analyze the problem when the boundary data belongs to usual Sobolev spaces, see
Proposition I1.5.1, and then, extend the result to Kato spaces.

Proposition IL1.5.1. Let o5 € H™3/2(R) and oF € H™t/2(R). Then, the system

A2 — . 2
{ 8ng Awgw 07 m R+ (1157)

gw‘xzozw& anw|X:0:¢T’
admits a unique solution ¥,, € H™T2(R?).

Proof. Eristence. Let us illustrate the proof for m = 0. Given v € H?/ 2(R%) and ¢} €
H'2(R%), we proceed with the construction of the fundamental solution by means of the
Fourier transform. Applying the Fourier transform with respect to Y results in the following

ODE problem

OxV,, — (0% + (—adx +i6)?)*¥, =0, in R% (158
Qw|X:0 = g, aX\ij’)( 0 =1,

where £ € R is the Fourier variable and @‘ is the Fourier transform of ¢}, i = 0,1. The
corresponding characteristic polynomial is

P(A) = =X — (A2 + (@)X +i&)?)2 (I1.5.9)

We are now interested in identifying possible degenerate cases using the relations between
the coefficients and the roots of its characteristic equation.

Lemma IL.5.1. Let P()) be the characteristic polynomial associated to the problem (I11.5.5).
Then, P(X) has four distinct complex roots /\ , i =1,2. Moreover, when £ # 0, R(A\) >0
and R(A; ) < 0.

We refer the reader to Appendix II.A for a detailed proof of Lemma II.5.1.

The solutions of the problem resulting of applying the Fourier transform are linear
combinations of exp(—A{X) (with coefficients depending on ), where (A{)x—12 are the
complex-valued solutions of the characteristic polynomial satisfying ®(A;) > 0. There exist
A : R — C such that

Ww(X,8) =D Af(©exp(=Af(§)X), in R (I1.5.10)
k=1
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Combining (II.5.10) with boundary conditions in (I1.5.5), we have that coefficients A, A5

satisfy
AT\ ([ ¥ (11
A<A;+(£)>_<—£ik>’ where A'_<)\f )\;) (I1.5.11)

Note that the coefficients A7 and AJ are well-defined since A is invertible as a direct
consequence of all the roots A\, k = 1,2 of (I1.5.9) being simple.

It remains to check that the corresponding solution is sufficiently integrable, namely,
W, ami2(r2) < +00. This assertion is equivalent to showing that for 0 <k <2

/ |05 W, [PdedX + [€]* |, |2dEdX < +oc. (I1.5.12)
R+ xR

To that end, we need to investigate the behavior of )\Z, A: for £ close to zero and when
|€] — oo. We gather the results in the following lemma, whose proof is postponed to
Appendix I1.B:

Lemma I1.5.2. — As& —0,
M@ = Ao(e), RO >0, =12,
AF() = a5 + o101 + O (15llgl + [ill€l?)

where )\;r, ap,j and ai; depend continuously on c.

As |&] = +o00, we have the following asymptotic behavior for j = 1,2 when

M€ = pulé] + (~1)7polé| "2 + O(I€2)

AF©) = (~1PmaleP? + (~1Pmle2 4+ 0 (53] + 155Dl

_ 1, _ J* -
where p1 = (*Le=0+C*leco, po = 3 (1Cﬂ§>0 + C]1§<0); my = CTIQ (Cﬂ£<o - ZCH§>0)

1—i«

and mo = 1%‘ (i{]l§>0 — EIL§<0). Here, ( refers to the complex quantity e
satisfying R(¢) > 0.

Lemma I1.5.2 is used to show (I1.5.12) is in fact true for even larger values of k if ¢y and
1o are regular enough. The detailed proof can be found on Appendix II.C.

Uniqueness. To show the uniqueness the solution, it is enough to solve (I1.5.5) when
Y5 = Y7 = 0 and verify ¥,, = 0. Applying the Fourier transform results in the following

system
AF@E) \ _ (0
A(Ah@)‘(@)’

where A is the invertible matrix previously defined. We conclude that A; = Ao = 0, and

~

thus ¥(X,&) = 0. Since ¥,, is an absolutely integrable function whose Fourier transform is
identically equal to zero, then ¥, = 0. ]
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I1.5.1.2 Non homogeneous problem

We begin the proof of the existence and uniqueness of the solution W of (I1.5.6) with the

analysis of the equation
oxUL — AUl =F in RZ

Our approach consists of constructing a particular solution of this equation, satisfying for
some large enough m an estimate where the norm of F' controls the norm of the solution in
L®°(H™ ). We look for a integral solution of the form

uloc
“+00

vh(x, ) = ; G(X - X',D)F(X',-)dX’, (I11.5.13)

where G is the Green function verifying the equation
OxG — A2G = . (I1.5.14)

Here, do(-) = 6(-—X') denotes the Dirac delta function. In other words, G is the fundamental
solution over R? of the Fourier multiplier L(X,¢) for any ¢ € R and satisfies

Away from X = 0, G(X, &) satisfies the homogeneous equation (I1.5.5), see Section I1.5.1.1.
For X # 0, G(X,¢) is a linear combination of e_’\ziX, where )\Zi (&), i = 1,2 are continuous
functions of & and roots of the polynomial (I1.5.9). We define G as follows

2 Be MK,
G:{ 1B e , in X<0 Bl-i:R—MC,kZLQ- (I1.5.15)

+ .
Y2 Bfe N X in X >0,

Note that if G is considered discontinuous at X = 0, with the discontinuity modeled by a
step function, then, dxG o dp(X) and consequently, 9% G 6(()k) (X), k= 2,3,4. However,
(I1.5.14) does not involve generalized functions beyond dp(X), and contains no derivatives of
d-functions. Thus, we conclude that G(X, X’) must be continuous throughout the domain
and in particular at X = 0. G(X,-) is a C? function and 93G/0X?3 has a finite jump
discontinuity of magnitude —1/(1 + a?)? at X = X’. More precisely, G satisfies

1

k 3
[axG”XZO = 07 k= 07 1727 and [aXG”X:O - _m

Substituting (I1.5.15) in the above interface conditions provides a linear system on the coef-
ficients Bii.

Bf +Bf — (B +By) = 0

MBI+ M B — (M B + 0By ) =
(AD2BY +(A3)?BS — ((A)?Br +(X)?By ) =
(WPBY + (MBS — ((A)*By + (A)*By ) =

(11.5.16)

v
(1+ a2)?’

The determinant of the Vandermonde matrix associated to (I1.5.16) is of the form

D=\ =AM = ADAT = ADAT =25 = A — A7),
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Since all the A are distinct (see Lemma I1.5.1), D is non-zero and system (IL.5.16) has a
unique set of solutions

Bf =- !

@ (0 A (O - (O - )

1

Bo= (@+ 17 (A =) (M =a0) (A —2g) (1517

_ 1
T (X =) (A8 =a0) (= x5)

1

By = -

(@+ 17 (A =2 ) (A =23) (o = A7)

This establishes the function G. Its asymptotic behavior as [{] — 0 and || — oo is
summarized in the following lemma.

Lemma I1.5.3. We have

oo Y3 Bre N, X <0
- 2 p+t _Afx X ’
j=11; e 7, >0

where the coefficients B;E are given by (11.5.17) and /\j are the ones in Lemma I1.5.2. Here,
as [£] = 0

1
AL =l +0(EP), A :—WJFO(ED-

If |§] = oo,

A7(€) = pulel+ (~17polé| 2 + O(E] ),

—1—ix

where p;, i = 0,1, are defined as in Lemma I1.5.2 and (' = el

Asymptotic behavior:

e As |€| — 0, we have that B;[ — Bj € R independent of .

e For |{| > 1, we have B]jF = O(|¢]73/2).

We refer to Appendix I1.D for a proof.
We proceed to rigorously prove that the field
F oo ! l l +oo —1 / ! l
VE(X) = [ G =X D)F(X',)ax :/0 L (GX = X ) FyrseF(X', ) dX
(I1.5.18)
is well-defined and satisfies (I7.5.6). This is made more precise in the following lemma:

Lemma I1.5.4. Let F' be smooth and compactly supported. The formula (I1.5.13) defines a
solution WE of (IL.5.6) in LSS (Ry, H™*2(R)) for any m > 0.

loc
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Proof. From the hypotheses, we can assert that F = F (X',€) is in the Schwartz class
with respect to £ # 0, smooth and compactly supported in X’. We have additionally that
G(X — X',¢§) is smooth in & # 0, and continuous in X, X’. As a result, the function
Tx.x & — G(X = X', )F(X',€) belongs to L*((1 4 [£[2)™/2F1dg) x L2((1+[¢[*)™/>+1dg)
for any X, X’ > 0 and is smooth in ¢ and continuous in X, X’. At high frequencies, the
functional satisfies

|Tx.x/(€)] < CleN| P,

where N = —3/2. This value comes from computing the B; using Lemma I1.5.3. We can
conclude that it belongs to L? since F and its X’'-derivatives are rapidly decreasing in £ by
definition of Schwartz class.

Furthermore, when || < 1, using once again the bounds derived in Lemma I1.5.3,

G(X — X' OF(X',¢) = 0(1).

Thus, W% defines a continuous function of X with values in H™2(R%) for all m > 0.
Moreover, the smoothness of F' implies \Ilg is smooth in X with values in the same space.
It will be a solution of the problem due to classical results in the construction of Green

functions.
Finally, as its Fourier transform is a linear combination of e~*(&)X B;(€), it also satisfies
the linear problem treated in section I1.5.1.1. O

I1.5.1.3 Bounds in Kato spaces

In this section we establish that ¥, is controlled by the norms of ¥, ¥ and F'in L*> (H m_2>

uloc
for a large enough m. The proof follows [(1].

Now we need to derive a representation formula for ¥,, when ¢y € H. 31/026(}1%) and i €

HY? (R) by using its Fourier transform. The critical point is to understand the action of

uloc
2 .
the operators on Lz, . functions.

Due to the form of the solution, the end goal will be to establish that for any X > 0,
the kernel type K = ngy (BZjE (f)e_)‘j(f)x) , i = 1,2, defines an element of L!(R). The
advantage of proving the latter is that U = KE(- 2) ¥, will then be (at least) an LY.
function.

Lemma I1.5.5. Let ¢ be L}, (R). We define ¥ (X,Y) by

uloc
VE(X, ) = x(D)P(D)e ™ P2y for i=1,2, (IL.5.19)

where x = x(§) € CX(R) and P = P(§) € C*°(R) is a is a homogeneous polynomial of
degree k > 0 in the same vicinity. Then, there exists C and § > 0 independent of v such
that

5 s
VZ >0, e Z‘I’THLOO(R@ + lle Z‘l’;”LOO(Ri) < CHQHL}HOC,

vZ <0, [(1+ ‘Z|)k/4‘111_HLoc(Ri) + H65|Z|‘I’2_HLOO(R1) < CH%HL}AOC'

This lemma follows the same idea as [6], Lemma 7]|. For the reader’s convenience, we
repeat the main ideas of the proof, thus making our exposition self-contained.
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Proof. We introduce a partition of unity (¢q)qecz with ¢, € C5°(R), where Supp ¢, C B(q,2)
for ¢ € Z and sup,, ||¢qlywr.cc < +oo for all k. We also introduce functions @, € C§°(R) such
that ¢, = 1 on Supp ¢4, and, say Supp @, C B(q,3). Then, for i =1,2

VE(Z,Y) = Y x(D)P(D)(pgb)e ™ (D)7 (I1.5.20)
qE€Z

= /Ki (Z,Y = YY) (Y)dY’ (I1.5.21)
qE€Z

= Z/Ki Z,Y, Y (Y)(Y')dY’,

qEZ

where
iy _aE ~
KHZY) = [ eV EOP©e O%s, K (ZY.Y) = KHZY - Y)g, ).

We show that the following estimate holds:

Lemma I1.5.6. There exists § > 0 and for all n € N a constant C,, > 0 such that for all
YeR, Z>0andi=1,2

-7
K (Z,Y)| < Cn(lfrw, for i=1,2. (IL.5.22)
When Z < 0, we have for allY € R, for alln € N
‘Z| (n—1-k)/4 012
|K{(Z,Y)| <O, Ky (Z,Y)| < Cpm——ir - (I1.5.23)

N (1+[Y]?)

We finish the proof of the current lemma and then show the result in Lemma I1.5.6.
Combining (I1.5.20) and (I1.5.22) when ¢ = 1,2 and Z > 0 yields

1
+ —0Z / !
q€Z, lq—Y|>4

DY |soq<Y'>w<Y'>|dY’)

qu: ‘Q7Y|<4
—0Z
< Ce g

The latter also applies to ¥, . Furthermore, for |Z| > 1, we have

w2y < o( > [leay ey iy’

1
4€Z, lg—Y |24 1Z]2 + Y —q]* =3

|Z| 4~

(11.5.25)

1
+ Z /\9011 |dY/|Z|(1+k)/4>

q€Z, |q—Y|<4

< (1217 +1) 127 g <21+ )T Yl

uloc

When |Z| < 1, a similar reasoning yields |V (Z,Y)| < C’]@HLll .
Estimate in Lemma I1.5.5 follows. o O
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Proof of Lemma I1.5.6. With the notation introduce in Lemma I1.5.5, we follow the ideas in
[61] to obtain the estimates. Let us consider Z > 0. Since A", i = 1,2 are continuous and

have non-vanishing real part on the support of x, there exists a constant § > 0 such that
R(A) > 6 for all ¢ € Supp x and for i = 1,2. When |Y| < 1, we obtain

K (2,Y)] < e *Z|xPl|1.

However, this estimate is not enough for greater values of Y. Let us define x;(Z,§) =
x(€) exp(—Af Z) which is an L>°(R, S(R)) function. It follows that for all ny,ny € N

€—6Z

(14 (&2
Integrating by parts with respect to the frequency variable yields

|822Xi(27£)| < Chi g

YUHZY) = [ €D [(©P(e 7] de

) "o " (I1.5.26)
< Z iY-€ n—m.  aqm-—2 P -2z )
< [ > (m_z)ag O (P(€)e ™ ©7)de

Note that for any k € {0,...,n}, 8§P(§) remains an homogeneous polynomial. Thus, expres-
sion (I1.5.26) is bounded by a linear combination of integrals of the form

/ReiYAse_énZ]l{mC}dfv

and (I1.5.22) follows. The estimate of K5 stems from the same ideas.
We proceed to compute a useful estimate on K; . When |Z| < 1, we have

KT (2,Y)| < [lexp(=0l¢[)x(€) P(E)ll 1 < +o0,

for all Y € R and k£ > —1. Let us now consider |Z| > 1. By introducing the change of
variables ¢ = |Z|'/4¢ and Y’ = |Z|~Y/*Y, K can be rewritten as

_ 1 e ¢ A7 (=577 )121
Ko ()= s e x () e () e

Since A /|€ |* ~ 1 and does not vanish on the support of , there exists a positive constant
§ such that —\7 (&) < —§|¢[* on Suppy. Therefore, for |Y’| < 1, it is easy to see that

K7 (2,Y)] < 12700 exp(=31€'|) P(E) | -

Now, for |[Y’| > 1, we perform integration by parts and obtain for any n € N,

Y™K (Z,Y) = M/Re”'ﬁ'D?/ {x <|Z£|1/4> P(¢') exp <—A1 (W)) |Z|>} dg’.

The main issues arise when the derivative acts on the exponential. Note that A (§) =
|€]*A7 (€), where Ay € C°°(R) and A1(0) = 1 therefore, for all ¢ € R, Z < 0,

exp (-3 () 121) = e (A7 ()
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We infer that for £ € Suppy,

e (x (i) (@)

where P3,, denotes a polynomial on ¢ of degree 3n. Hence, we have for all n € N

_ 114
S P371(5/)€ 6|€ ‘ )

YK (Z,Y)] < Cpl 2|7 R/,
which provides in turn the following result for all n € N

|Z|—(1+k)/4 |Z|(n—1—k)/4
LY Tz [y

K1 (Z,Y)|<C (11.5.27)

Taking n = 2 in the previous inequality guarantees the convergence of integral controlling
W7, completing the second estimate in the lemma. ]

Exponential decay is obtained at high frequencies by using the following result:

Lemma II.5.7. Let x € CP(R), with x = 1 in a ball B, := B(0,r), for r > 0, and
P =P(&) € Cyp(BE). Fory € L2 (R) , we define ¥' = U/ (X,Y) by

uloc

VE(X,Y) = (1 - x(D)e X DZP(D)y.

Then, for Z € R and § > 0 small enough,
17 T poo ) + €77 02| Lo ety < CllEl iy (my: (I.5.28)
uloc( )

The proof of the previous lemma follows almost exactly the one of Lemma 9 in [61], and
consequently, it is not repeated here. The authors in [61] showed that for n large enough,
and any |Z| # 0,

Kn(Z,Y) = F 71 (14 g2)7"(1 = x() P()e™ O7) e L' (R).

Consequently, U¢ = K, » ((1 — 02)™)) is at least an element of L?,_. when ¢ € HY (R),
Y uloc uloc

for N > 2n. The choice of N is linked to the degree of polynomial P(D), and thus, to the
asymptotic behavior of the eigenvalues.

Proposition I1.5.2. Let | > 0 and F' a compactly supported function of HﬁOC(Ri), for
N > PQT_{‘ Then, the solution WL of (I1.5.6) satisfies for 0 < 6 < & and ,

|€*X D y Whllpee < Clle™ Fll oo ), (I15.29)
where Dx y is the differential operator with respect to the variables X andY .

Proof. We distinguish between high and low frequencies. We introduce some x = x(§) €
C°(R) equal to 1 near £ = 0.
Let \Ilqbu denote the integral expression when £ is in a vicinity of zero

w

v = /+oo I(X, X' )dX', I(X,X'.)=x(D)GX —X',D)F(X',.). (11.5.30)
0
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X +00
W, = [ XDIGEX = X DIF(X )X + [ \DIGX = X', D)F(X', )X,

Let us first show (I1.5.29). Using Lemmas I1.5.3 and IL.5.5, there exists a § > 0

XN R(X ) if X—X'>0

G(X € s MLy () 1

|| ( - Xl?D)F(le ')HLOO(R) - { F(X' uloe . / .
I1E( 7')||L‘1IIOC(R)7 if X-X'<0

['hen, assuming F' decays exponentially at rate § < 5

X S X / S/
/ x(D)G(X — X', D)F(X',)dX’ < C sup |92 F(Z,)| 11 (R)/ o~ O(X=X") =X g5/
0 0

oo (]R) Z€R+ uloc

< Ce X sup [P F(Z, )1, )
Z6R+ uloc

Moreover,

H/xoo X(D)G(X — X', D)F(X', )dX'

_ o0 Sy
< Csup [ ZF(Z)gy, m [ e ¥'ax’
Lo (R) Z€Ry uloc ™ f

< Ce™X sup [ZF(Z, )1 .
ERJr uloc
Consequently, )
HeéX\IIEuHLOO(Ri) < C[|e"* F| oo 11 (R2))- (I1.5.31)

uloc

For high frequencies, we define
b= /0+00 J(, X, XNYdX', J(X,X',)=(1-x(D)GX - X',D)F(X',-). (I15.32)
On account of Lemma I1.5.7, we have that for m > 1

170X, X" ooy < Ce XXX FOX gy @y 1=0.1,

and, consequently,

—+o00 , _ Sy
HlpiHL“(Ri) < C/O e X ‘dX/”FHL“(LﬁIOC(R)) < Ce™ XN F(X, M poor2 (R2))

- uloc

(I1.5.33)
which combined with (I1.5.31) provides (I1.5.29) for [ = 0.

It remains to show the result for the derivatives of ¥£. At low frequencies, the coefficients
associated to e~ X ,i=1,2and e*2 X satisfy the same properties of exponential decay. The
terms containing e X converge to a constant or decay to zero with polynomial weight. In
particular, D;l(’“;Sl\IJEU decays at a rate O(X'~V/4) for 1 =1,--- ,3. Hence, following the same
reasoning as for [ = 0 we have

b _
HeéXDlX,Y‘I’wHLoo(Ri) < CH66XFHL°0(L11110C(R§F))' (I1.5.34)
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At high frequencies, applying the differential operator D to ¥,, adds at most a || factor.
Consequently, the I-th derivative at high frequencies behaves like |£['=3/2 exp(—|€]|Z]). We

have that P(D) = |¢|'=3/2=2" ¢ C(R\ B(0,7)), 7 > 0if | — 3/2 — 2n < —1. Lemma IL.5.7

gives for N > 2 [%4—‘

+oo ’ _ Sy’
HDZX,Y‘I’ffHLoo(Ri) < C/O O ‘dX,HFHLOO(Hé‘{OC(R)) < Ce [N F(X!, )| oo N ()

(IL5. 35)
Finally, (I1.5.29) results from gathering (I1.5.34) and (IL.5.35).

I11.5.1.4 Proof of Theorem I1.5.2

In previous sections, we have constructed the solutions W¥,, and ¥Z for the subproblems
(IL.5.5) and (I1.5.6), respectively. This paragraph deals with the connection to the solution
of (IL.5.3).

The remarks following Theorem I1.5.2 justify the existence of such a solution for smooth
and compactly supported data, and it belongs to Hgf;;z, for m > 1. We will now focus on
retrieving estimate (I1.5.4).

Let us consider ¥,, = ¥, — ¥ From Section II.5.1, we know the solution of the
problem (II.5.5) will be well-defined for ¢§ = v — \P5|X:0 and Y] = ¢ — 8X\115|X:0
regular enough. Formal solutions of the homogeneous linear with zero source term and
inhomogeneous Dirichlet data are given by the equation (I1.5.10). Using Lemma I1.5.2 and
Lemma I1.5.3, we study the behavior of ¥, at low and high frequencies following the ideas
of the previous section.

Lemma I1.5.8. Let mg > 1. Then, there exists § > 0 and C > 0 such that the solution W,
of (I1.5.5) satisfies the estimate

He(SX\I,

d
W gy S © (Wl sy + 9l gy + 167 Fll a2 ).

U.OC

Proof. Here, we make use once again of the function y € C°(R) equal to one in a vicinity
of £ = 0 and zero elsewhere. At low frequencies, the asymptotic behavior in Lemmas I11.5.2
and I1.5.3 paired with Lemma I1.5.5 yield

IX(D)® [ < CemX (WOHLﬁloc(R) + 19nllz, ) + HG(SXFHLﬁloc(Ri)) : (I1.5.36)

Computation of estimates of ¥, at high frequencies relies on Lemma II.5.6. From the
asymptotic behavior listed in Lemma I1.5.2 and 11.5.3, the coefficient multiplying ¢ behaves
as €32 e~ lEI2l i = 0,1. If mg > k > 1 and ¢; € 31/020 Z(R), considering P(£) = [£[3/2F—
and ¢ = (1 — )’7“/21/1Z in Lemma IL.5.5 gives

1L = X (D)l ooy < Ce™** ( Ilvol pmo+3/2 gy T VL mo 12 +||65XF||Hmo 2(R2
(R) (R%)

u oc u oc uloc

(IL5.37)
Combining (II.5.36) and (I1.5.37), and in view of the estimate (I1.5.29) satisfied by UL we
have

[0, <€ (Wl myesss + 1911 i + 1 Fl g )
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We are left with the task of determining the higher regularity bound (11.5.4). Taking the
derivatives directly on (I1.5.10) and (I1.5.18), it is clear that by considering larger values of
mo

) 5
[ < € (0l mgrarn + 1911 s + 1™ Fl o ) (IL5.38)
Hence, ¥, = ¥, + UL verifies
HeﬁX\PU’HWQ,oo <C <‘¢QHH:11£C+3/2 + le”lelrngjlm + ”66XFHH$&2> . (11.5.39)

From this, it may be concluded that ¥,, € H2__(w™").

Notice that for all k € Z? and all m > 0, there exists a constant C,, > 0 such that

Wl gmszprnnet) < C (|¢0HHm+3/2 + [0l sz + 1 Fll g2 pre.2ynwi) + ||‘I’w||H2(B(k,2)mw$)) :

uloc uloc

This is a classical local elliptic regularity result, see [70]. Using the previous inequality and
(I1.2.11) provides

5 5
le X‘I’wHHmoH(W) = sup | X Wy || grmo+2 (st
uloc ]CEZQ
= Cong 50D ([0l g2 + [l
keZ2 uloc uloc

ok ok
M o2 2ty + 1ol i gann)) -
From :ugeékHFHHmo_z(B(m) and (I1.5.39), we obtain (II.5.4) in
€z
Theorem 11.5.2 for § > 6.

< Cl| F|| ymo

uloc

Nwi) (wih)

11.5.2 Differential operators at the transparent boundary

This paragraph is devoted to the well-posedness of the Poincaré-Steklov type operators
defined at the boundary X = M.

Providing explicit representations for the Poincaré-Steklov operator in terms of boundary
data and the source term F # 0 is quite technical and exceeds the scope of this chapter.
From now on, we are only interested in the case where F' = (0. Once again, without loss of
generality, we assume M = 0.

Using Proposition I1.5.1 and the variational formulation of problem (I1.5.7), we have the
following result:

Definition I1.5.1. Let ¥, € HQ(Ri) be the unique weak solution of the Dirichlet problem
(IL5.7) for (v, vF) € H3?(R) x H'/?(R). Then, the biharmonic matriz-valued Poincaré-
Steklov operator is defined by

PS,: HY?(R) x H'(R) - H'*(R) x H**(R)

2
PS., <¢5> - e )Awl\xzo
(&1 —((1+a?)dx — 200y) Ap¥ |, +

NS
Il
=
*
R
<
* O%
~—
—
=
o
B
e

where K, is the distributional kernel.
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Let us derive the expression of the operator in the Fourier space. We know that the
unique solution ¥, of (IL5.3) in H?*(R?%) of the linear problem (IL.5.5) for boundary data
Ui € H3?(R) and ¢F € HY/2(R) can be written as

ZA+ §) exp(—=Af (§)X),

where A (¢) and A, i = 1,2 are the ones in Lemma I1.5.2. Going forward and for sim-
plicity of notation, we drop the + sign from both the coefficients and the eigenvalues in this
subsection.

Then, taking the Fourier transform of P.S,, with respect to Y provides the following has
the Fourier representation at the “transparent” boundary

»\<w> ( (14 0%) S8y Ai(€) (Ai(€)” + (aXi() +6)°)
PS

i =1 Ai(8) {((1 +a?)Ai + 206€) (A2 + (a; +i€)%) + ﬂ) - (IL541)

Plugging in the above equation the coefficients A;(§) computed in (I1.5.11) yields

Yo\ _ V5
rs. (M—M ()

to zero and for |£| — oo. The results are gathered in the followmg lemma:

Lemma II.5.9. e Behavior at low frequencies: when |§| < 1
A@:<—@“fﬁﬂmmw — (a2 + 1) £ 0(¢) )
2 O () —8ai (o + 1) [¢]' + O (|¢)

e Behavior at high frequencies: when |€| > 1

_ +0(e72) maalel +0 (je )
M%__(7Mﬁm3+o(mﬁﬂ) sl + 0 (Jg1?) )’

where m; j is a complex quantity depending on o, for i =2,3,j = 0,1. Notice that the
value of this constant at & — +oo differs from the one at & — —oo (see Lemma I1.5.2
and Appendiz I1.B).

The proof of this lemma is elementary and will be given in Appendix IL.F.
We have an additional result for the matrix M,,:

Lemma I1.5.10. At all frequencies,
0¢' M (§) = O((1 + €)™,

for NeN, 0< N <5.
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Then, VV[(1 — x(€))M,(€)] € L'(R) that for N = 5, there exists a constant C' > 0 such

that

FU((1 = x(©)Ma) < ‘YCF

The Poincaré-Steklov operator P.S,, associated to Ri has been defined as a continuous
operator from H32(R) x H'Y?(R) to H~'/2(R) x H~3/2(R). Our aim here is to prove that

it has a unique extension to the space H, l/oc (R) x Hil/ozc(]R)
Let us first show this general result:

Lemma II.5.11. Let 5,8 € R. If for U € H*(R), the differential operator A : H*(R) —

H s/(R) is continuous, then, there exists a unique continuous extension A : H? (R) —
H3100<R)
Proof. First, we recall the definition of H}) .(R), that is:
V€ HjoeR) iff |l @) = Sug”nq\PHHS(R) < +o0, (I1.5.42)
q€

where (14)4ez is a partition of unity satisfying n, € C5°(R) and Suppn, C B(q,1) for ¢ € Z
and sup,, ||/l < +oo for all k. Definition (I1.5.42) is independent of the choice of
the function 7, (see Lemma 7.1 in [67]). Let ¢* be function of H?) .(R), we introduce the
notation 1 to denote ny1*. Then, we have

Y= Y

qEZ

We are interested in verifying that Aw* belongs to Hjloc( ), that is the same, as showing

that nyAv* € H s’ (R), Vq' € Z. We have the following decomposition

npAY* =" nh A(ngtr*)

qEZ

= Y nAmW )+ D g Amgy”).

lg—q'|<4 lg—q'|>4

(I1.5.43)

The first term in r.h.s can be easily bounded as follows: if n,¢* € H*(R), we have A(n,0*) €
H*(R) and furthermore, n,A(ng™) € H* (R). Then,

Z 77:1-/4(77111/}*)

lg—q'|<4

<Ol gegs ey D g™ llmrs < CIAlgoggs grony 19" s,y < +00.
I7s lg—q'|<4

For the remaining term in (I1.5.43), we consider the kernel representation of the operators.
We have for d(Suppny, Supprn,) > 1 and all Y’ € Supp 7,

A (v)| <

1
[ (W)]dY < W’W;HL?

|
,,mnw 8

I
el @

(11.5.44)

— - 7
‘ | uloc

ql’”
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for m > 5. Thus,

2 mAW s 3 |me s, =) < +oo.
lg—q'[>4 lg—q'[>4
Consequently, A(¢y*) € HS (R) if * € H, (R), which ends the proof. O

Now, it is possible to link the solution of the (I1.5.5) with (¢§,¥7]) € 31/02C(R) X H&{OQC(R)
and PS (%71/11)
Proposition I1.5.3. Let (¢§,v¢7) € 31/020(R) X Hull/(i(R), and let W, be the unique solution
of (I1.5.3) with F' =0 and boundary data V.| x=0 = ¥§ and Ox¥,,|x=0 = ¢¥7. Then, for all
v € C°(R7)

/Ri_ 8ng§0 - /Ri AwgwAw(P = <A3[¢07¢1] 1/}0 ) 90|X 0> + <A2[¢37¢T]73X<P|X:o> :

(IL5.45)
Namely, for (V§,4F) € H3?(R) x H'/?(R), the Poincaré-Steklov operator satisfies the con-
dition

The proof of (I1.5.45) relies once again on defining a smooth function x, with y = 1 in
an open set containing Suppy and using the kernel representation formulae of the boundary
differential operators. Estimate (I1.5.46) results from considering ¥, as test function in
(I1.5.45). The detailed verification is left to the reader.

This section ends with other useful estimates on the Poincaré-Steklov operator:

Proposition I1.5.4. Let ¢ € C3°(R) such that Suppy C B(Yp, R), R > 1, and (¢§,¢7) €
3?2 (R) x HY? (R). Then, there exists a constant C > 0 such that the following property

uloc uloc

holds.

Aol i ) +1 (el 1), 00| < OVE (Il oy + 10 lmnqey) (1950 rm y + 1971 s )

(I1.5.47)
In particular, if 1; € H3/?=i(R), j = 0,1,

[(Asls, 93], @) [ (el 431, x| < C (el ooy + 102l vy ) (1968 sy + 193 a2y )
(11.5.48)

Proof. This construction is adapted from [52]. We consider a truncation function y € C°(R)

such that x = 1 on B(Yy, R+ 1) and Suppx C B(Yp, R + 2), and such that |0 x|ec < Cr,
with C, independent of R, for all » € N. For the terms

/R Kaj+ (1— )0, /R Ko+ (1= )05)dxe,
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where |K; j(Y)| < C|Y|™5,i=2,3,j=0,1, for all Y € R, we use the following relation

1 * —1
C/ =1 = x(Y = Y) [ (Y = YN)[|o "o(Y)| dY dY’
RxR Y]

1 1

y Wi (Y =Y : 1 ® (I1.5.49)
<o [iemray ([ S Say) o h
< R\ v (YY)l ( — Y5 lyrj<1 [Y']5

< Ol mllo el < OVRIVIe @05 el

uloc

It remains to analyze the terms of the type
(FH migx}), 0% " 0) g-eimsy/2 praiea)/a-

Since m; ;(§), i = 2,3, = 0,1 is a kernel satisfying Op(m; ;) : H3/?7I(R) — H~"3/2(R),
these terms are bounded by

3
Clixvjllgsrz-s @ I0x " ll zri-s/2m)
We proceed to prove the estimate

X5 N 3723y < C\/§||1/);HH§1/02C—]'(R) (IL.5.50)

but first let us recall the norm definition in fractional Sobolev spaces.

Definition 11.5.2. Let s € (0,1) be a fractional exponent and w be a general, possibly non-
smooth, open set in R™ . For any p € [1,4+00), the fractional Sobolev space W*P(w) is defined
as follows

[u(Y) — u(Y”)|

WP(w) = qu e LP(w) : =
(@) { )

€ LP(w x w)} ; (IL.5.51)

i.e. an intermediary Banach space between LP(w) and W'P(w), endowed with the natural
norm

1/p
lullwsrw) = (/ [ulP dY + [u ]WSP(W)> : (11.5.52)
Here, the term [u]yysp () is the so-called Gagliardo (semi)norm of u defined as
(V) — u(¥) P\
[ulwsp(w) = /w Ty v : (I1.5.53)

If s=m+mn, where m € Z and n € (0,1). The space W*P(w) consists of
WP (w) = {u € W™P(w) : DSu € WP (w) for any ¢ such that |¢| = m} ; (I1.5.54)

which is a Banach space with respect to the norm

1/p
llwllwspwy == (/ 1l Tymp o dY+ZHDCUIIWnp ) : (IL.5.55)

I¢[=m
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Before proving the estimates, we introduce a cut-off function 6 satisfying (I1.2.10), which

will allow us to use (II.2.11). Following the same ideas in [52, Lemma 2.26], we have that
for a certain ug

IxuollZ2y < D (0 xuoll7zmy < X% D [I(m0)uollFo@ < CR [Ix|% sup\l(mf) uo || 74Hy3.56)
kEZ keZ
k<CR

To deal with the Gagliardo norm, notice that the denominator in (I1.5.55) for p = 2 can be
written as

Ixuo(Y) = xuo(Y')[?

2
= (Z RO(Y)x(Y)uo(Y) — TkG(Y')X(Y')uO(Y'))

keZ

= Z (T0(Y)x(Y)uo(Y) — m0(Y")x (Y uo(Y")) (O(Y ) x (Y )uo(Y) — (Y ) x (Y )uo(Y"))
kJIEZ
k—1]<3

+ > (m@mO)X(YVuo(Y) = 18 (Y )x (Y uo(Y')) (mb(Y )x(YV)uo(Y) — nf(Y " )x (Y )uo(Y")) -
k,leZ
\k7ﬁ>3
As a result of the assumptions on 6, for |k — | > 3, we obtain that 7,0(Y)70(Y) = 0 for all
Y € R. Moreover, if 74(Y)7(Y') # 0, then, |x — y| > |k — | — 2. Also, the first sum above
contains O(R) nonzero terms. Hence, using the Cauchy—Schwarz inequality gives

[XU]WS P(w)

/ / |XUO XUO(Y/)|2deyl

Y -y
Y2
SCRE%//|quD/§ﬁ?mymdyﬂﬂ

+ k%Z m (0 (Y )x (Y )uo(Y) — me0(Y")x (Y )uo(Y")) (mO(Y)x (Y )uo(Y) — mB(Y")x (Y )uo(Y"))

|k—1|>3
=0+ I.
We have

1] < OR [l ol s e and 1Bl < Cllualls
Then, for up =] and R > 1, it follows that
iy = IxbiBa + Dbl < ORIV s g + I3,
< CR ||¢1”2 HY2 @)’

The remaining term is dealt with in a similar manner

Il = IXWlIam) + XD 2w + DB 32
< CRIWG s g + CIDYGIL:,

< ORI
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From (I1.5.49) and (I1.5.50) we obtain (I1.5.47). The proof of inequality (I1.5.48) is classical
and follows from the Fourier representation of the differential operators. O

11.L5.3 The problem in the rough channel

The section is devoted to proving the existence and uniqueness of weak solutions for the lin-
ear problem (I1.5.1) by studying an equivalent problem defined in a channel w? presenting a
transparent boundary at the interface {X = M}, M > 0. Here, only an accurate representa-
tion of the solution of the problem linear problem at {X = M} is needed in order to obtain
a good approximation of the solution of the original problem while solving a similar set of
equations in the rough channel (step (L5) in Section II.4.1). The linear problem (I.5.1)
acts on the new system through the coupling conditions described employing the Poincaré-
Steklov operator in (I1.5.40). As before, we are going to consider the linear problem without
a source term, i.e., F' =0 in (IL.5.1).

We define the following problem equivalent to (IL.5.1) in the bounded channel w’ =
ww N{X <M}, M >0,

OxVy —A2T = 0 inuwd )\ oy,

[aﬁww] b, = g k=0,...3, (IL5.57)
[(1 + OZQ)Aw\ij} o = A2 [Wulx=nr, OxVulx=m],
Wy
|:— ((1 + a2)0X — 20[81/) Aw\I’w + 2] = A3 [\Ilw‘X:Ma 8X\IJw|X:M] IR
oM
Voly oy =0Tolx_ oy = 0

The equivalence between the solution of (I1.5.57) and the one of the original problem is
given in the following lemma:

Lemma I1.5.12. Let v € W2®(R) and g, € L®(R), fork=0,...,3.

o Let Uy, be a solution of (IL5.1) in wy, such that V., € H2 .(w). Then, Ul ds a
solution of (I1.5.57), and for X > M, ¥ solves the homogeneous equivalent of problem
(IL.5.1) defined on the half-space M x R, with g := Vy|x—p € HSI/OQC(R) and 1y =
8X\I/w|X:M S H1/2 (R)

uloc

e Furthermore, let ¥, € H%  (wb) and ¥} € H?
(I1.5.1), respectively. Taking

(R2) be solutions of (11.5.57) and

loc

W) for () <X <M,
Vo, )_{ Uh(X,-) for X > M,

the function ¥ € HE (w) is a solution of the problem (IL.5.1).
Note that W, solves (IL.5.57) in the trace sense, and for all ¢ € C2°(wb) satisfies

*

/ Ox ¥, —/ ApV,Ayp = — <A3 (Wl x=n1, Ox V| x=n1] — d;O#P’X:M>
o o (I15.58)

— (A2 [Wulx=nr, Ox Wulx=n], Ox 0]y, ) -
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The above result easily follows from Theorem I1.5.2 and Proposition 11.5.3. Consequently,
we focus our attention on showing a well-posedness of problem (I1.5.57) in the remainder of
the section.

Proposition I1.5.5. Let v, € W>®(R) and wl, = w, N {X < M}, M > 0. Assume
the Poincaré-Steklov operators A; : Hgl/fc(R) X Hil/OQC(R) — Hil/fc_l(R), i = 2,3 satisfy the

properties in Proposition 11.5.3 and g € L>®(R), for k = 0,...,3. Then, there ezists a
unique solution V., € H3_ (wl \ 0y) satisfying

3
1ullmz, @) < C D lgklliem), (I1.5.59)
k=0

where C' > 0 is a universal constant.

Proof. From now on, we lose the w index to simplify the notation when no confusion can
arise.

Before stating the main ideas of the proof, we first lift the nonhomogeneous jump con-
ditions at o, by introducing the function ¥’ as in (I1.4.7). Then, for U =0 — UL we
have

IxU —A20 = FL in o2\ oM,
(1402, T | | = As [l x=ar, Ox Wl x=u], (IL5.60)
) -0
— ((1 +a®)0x — 2045)1/) AV + 5 = A3[Wy|x=m,0xVulx=m],
oM
‘I’|X:—vw<Y> - 8“‘I"Xz—vwm =0
where F is a function depending on gy, k = 0,...,3. The truncation technique introduced
by Ladyzenskaya and Solonnikov [60] is used to prove the existence and uniqueness of the

solution of system (I1.5.60) by means of a local uniform bound on AP, where ¥, is the
solution of the problem

(14 a?)A, Y,

A2 [V x=n1, Ox Voo x=n1]

n

) N \ijn (11.5.61)
— {(14—0& )8}(—28}/} Aw‘l’n—f—? :.A3 [\Ilw’X:Man\I’wb(:M]y
oM
- ov
\I’n‘rn = 8nw‘rn =Y,

where wy,, oM and T',, are the ones in (I1.4.11). The problem on ¥, has the following weak
formulation: Let ¢ € C§°(w®) such that

©=0 on w’\wn, ¢lr, =0 and dxy|r, = 0. (I1.5.62)
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Then, the solution W,, € H?(w,) of (I1.5.61) satisfies

N N 7,
/wb 8X‘Ijn§0 - [ub Aw\I]nAwCP = - <~/43 [\I’w|X:Ma8X\IIw|X:M] - Q‘X:M’SO|X:M>

- <A2 [\I’w|X:M78X\I’w|X:M] ’8X¢|X:M> - /b Fr%(p
(IL.5.63)

Taking U, as test function gives

/wb AT, |* = (<«43 (W | x =1, Ox W] x =] ,\i’n|X:M> + <A2 (Vo | x =015 Ox W] x=11] 78X\i"n|X:M>)

<0
_ /w Fl,

3
<OV gl poe @)1 ¥nll 72 (w,)
k=0

(I1.5.64)

where the constant C' only depends on ||7yyl/jy2.0c. Then, applying Poincaré inequality we
have

/ A2 < Con, (IL5.65)
W

where Cy = Cp(go,-..,93). The existence of U, in H?(wP) follows from Lemma I1.4.1.
Uniqueness is obtained by following similar arguments as the ones presented in (L5), see
Section I1.4.1. We work with the energy

Ep = / 1AL, |2, (I1.5.66)
Wk

for which we prove an inequality of the type

E,2L§01<k+1+m sup (E;-LH—E]’.L)-Fi " ’

n n

S m472nj2sklfm(E~+1 —FE; )) forall ke {m,...,n},
(I1.5.67)

for any m > 1 and n €]0,2[. The constant C; > 0 is uniform constant in n depending only
on |||lyw2e and ||g;|ly2—se, 5 = 0,...,3. The bound in H2_ (w’) is then obtained via a
nontrivial induction argument.

The remaining of the overall strategy is the same as the one detailed in step (L5) in
Section II.4.1. Consequently, as we advance, we only discuss in detail the computations
of the estimates involving the nonlocal differential operators and their incidence on the

induction argument.

e Induction. To shorten the notation in the following paragraphs, we write Ej and ]
instead of £}l and ¥,. Let us show by induction on n — k that for m large enough,
(I1.5.67) amounts to

1
E,<Ci|k+1+m’+—— sup (Ej;1—Ej)| forall Vk<n, (IL5.68)
MmN j>ktm
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where the positive constant C'y depends only on Cy and C, appearing respectively in
(I1.5.65) and (I1.5.67). The inequality is clearly true when k = n, as soon as Cy > Cj.
Let us now assume that

1
Ek'§02<k+1+m3+42n sup (Ej+1—Ej)> forall ke{<k+1,...,n},

m= >k +m
(I1.5.69)
holds and show it remains true for index k. If it were false, we have
1
Eo>Colk+1+ m3 + 19, Sup (Ej+1 — EJ) . (11570)
M= >k pm

Combining inequalities (I1.5.69) and (I1.5.70) implies for all & +m > j > k,

Ej+1 — Ej < Ej+1 —F. < Cg(m + 1). (11571)

Then, (I1.5.67) yields

E,<Ci|k+1+Com(m+1)+
MmN > kem

——5- sup (Ej1 — EJ)> for all k€ {m,...,n}.

(IL5.72)
Note that if Cy > Cy and C1Com(m + 1) < Com? in (I1.5.72) we have a contradiction.
This is verified when Cy > C; and m is large enough. Hence, inequality (I1.5.70) is
valid for all k& < n. Since equation (II.5.67) is invariant by a horizontal translations
(see (Lb5) in Section I1.4.1), we obtain

ma—2n".

1
Epi— By <Cy <2 +m3 + ———-sup(Ej41 — E])> for all ke {m,...,n},
JEN

for all k, so that for m large enough, we conclude that

2 +m3
El  —EN<C | ——FF
ilelg( k+1 p) < Ch <1 — m—4+2n

> =C < +o0,

which is a Hgloc bound on_ U,. Hence, we can extract a subsequence of U, that
converges weakly to some W, satisfying (I1.5.60). Existence follows from the ideas
presented at the beginning of the current section.

e FEstablishing the Saint- Venant estimate. This paragraph contains the proof of (I1.5.67).
The main difficulty in computing estimates independent of the size of the support of
W, resides on the nonlocal nature of the Poincaré-Steklov operators.

Thanks to the representation formula of the Poincaré-Steklov operators, the above
formulation makes sense for ¢ € H?(w) satisfying (I1.5.62). To establish the estimates
of Ej, we first introduce the cut-off function yx(Y) supported in 0%1 and identically
equal to 1 on a,i\/l. Considering ¢ = ), k < n, as a test function in (I1.5.45) yields

for elements in 1.h.s an expression equivalent to (I1.4.18). Namely,
E, = (<A3 [@XzM,ﬁxﬁ/‘X:M] 7Xk‘i”X:M> + <A2 [@‘X:M,ax\i/b(:]\/[} ,Xk8X@|X:M>)

— / , FEx, ¥ + commutator terms stemming from the bilaplacian.
w

(11.5.73)
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All commutator terms are bounded by C(FEyy1 — Ej). The proof involves applying
Poincaré and Young inequalities similarly to (I1.4.19). Moreover,

3
/b FLkap‘ <C (Z y|gk||Loo> VEF1E < Clgo,. .. g)Vk + 1B/, (115.74)
w k=0

It remains to handle the non-local terms, i.e., the Poincaré-Steklov operator. Drawing

inspiration from [52] and [71], we introduce the auxiliary parameter m € N, appearing
in (I1.5.67) and the following decomposition for v;
V5 = (Xk + Xootm — X&) + (1 = Xoetm)) ¥, 5 =0,1. (IL5.75)

Then, for ¢ = 2, 3, the transparent operators can be written as
(A [®|X:M,8X¢|X:M}  XEOY ") x =)
= (A {Xk\i/’X:MJ(kaX@’X:M} k0% W) x =)
+ (Ailxk P x=nm, 1 — XkOx ¥ x=nm], XkO% “Ulx=nr)
+ Ai[1 = X6 x =, x60x V| x= ), X605 W x—m
+ A[(1 = x) ¥ x=ar, (1 = xk)Ox | x =), Xk0% "W x—nr
< ‘Az‘[(Xker — x8) | x=a1, (Xt — X&)Ox | x =), xkai’{i@\x:m‘

(I1.5.76)

+ ’(Ai[(l — Xbrm) ¥ x=nr, (1 — Xk+m)3x‘i’|X=M],Xka_?{i@X:M)‘
=11+ 1;s.

The inequality in (I1.5.76) results from considering the negativity condition satisfied
by the transparent operators. For the term I; 1 we use to Proposition 11.5.4 and the
estimate

= = = 1/2
Xk N 200y + [IXEY =0l rsr2 ) + IXROx ¥ x =01 [l /200y < CE%.
Then,
[21] + [I31] <[[A2[(Xktm — Xk)%0, (Xktm — X)) V1] gr-1/2 XkaXXk‘i"X:MHHl/Q
+ | A3[(Xk+m — X8)%0, (Xtotm — Xa) V1] 372 Xka‘i’IX:M‘ 2

<C (10x X P lx—at /2wy + 1 ¥ lx—aa vy
X (H(Xk—‘,—m = xk)Ox W x=n |l ey + | (Xepm — Xk)‘i’|X=MHH3/2(R))
<C(Emtkt1 — Ek)l/QEli-/i-Ql'
We are left with the task of finding bounds for I; 2. Note that for m > 2, Suppxx4+1 N
Supp(1 — Xk4m) = 0, so, for i = 2,3
(A [@\X:M,C{’X@X:M} 0% D) :/RKi,O % (1= Xbm) O] x=20) 0% x5 ¥

[ K (= om0 Elx-an)0
(IL5.77)
The convolution terms in (I1.5.77) decay like |Y'|~°. We have the following estimate:
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Lemma I1.5.13. For allk >m andn € ]0,2]

1/2
1 % (1= X)Wl 2oty < Cym ™47 < sup (Ejpm — Ej)) - (IL5.78)
+1 ji>k+m

Proof. We use an idea of Gérard-Varet and Masmoudi [2010], that was later used in
[52], to treat the large scales: we decompose the set o \ opt  as

oM\otin = U ot \o)
j>k+m

On every set ‘7%1 \cré\/[, we bound the L? norm of (1 — Xpm )i, 3 = 0,1, by Epimi1 —
FExim. Thus we work with the quantity

sup (Ej11 — Ej),
j>k+m

which we expect to be bounded uniformly in n, k. Now, applying the Cauchy—Schwarz
inequality yields,

1 . )
/ dY/M M WWE(\IJ’X:MMY
Tk+1 \U

1/2
! ! 1 i\ 2 v/
SC(/@ dY/M\a Wdy /U]\/I\O.]\/I WWX‘IJ‘X:]\A dY)
k+1 k+m k+m
1/2
1
o / / —__aY'dY x sup (Ej— )| .
( oM\GM Y[5+2n jZk—I:m( 41 )

(11.5.79)

The previous result is obtained using the following computations: for Y € U,ﬁl

= [ 2 ! i\ 2 /
/UM\JM m|8X\II‘X:M| ay’ = Z / i T _Y|5 2n|3X‘I’|X:M\ dy
k+m +1

j>k+m
1

<C Z Ejp1 — 5—2

j>k+m |‘7 o Y| K

1

<Cswp (Bpa-F) Y o

jzkim ! jZ;Fm j =Y P2

1

< C sup (Ej+1— Ej) (AT

ivktm ! jk;m |j — Kk[>=2n
< C’nm_4+2" sup (Ej1 — Ej).

j=k+m

(11.5.80)

The series above correspond to the Hurwitz zeta function which is absolutely convergent
for n € 10,2[. On the other hand,

1
/JM /(,M\UM |Y' —Y|>+2n dY'dy <C / X4+2n < Oy < oo, (IL.5.81)
o e RA[0,1]

Estimate (I1.5.78) is easily obtained from (I1.5.79), (I1.5.80) and (I1.5.81). O
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Applying several times Lemma I1.5.13 combined with (I1.5.74) gives

1/2
By < Cyyg ( i 1Elifl + Elifl(Ek—l-m—&-l — B)'? + m*2+77E,1fl ( sup (Eji1 — Ej)) 7

j>k+m
(11.5.82)

for k > m > 1. Since Ej is a monotonically increasing function with respect to k, we
have

Ept1 < B + (Egtms1 — Eg) -
Furthermore,

Epympn—Er= Y (Bjn—Ej)<m suwp (Ejy1—Ej).
k<j<k4+m k<j<k+m

Taking C' = m}aX[C’n and using Young’s inequality gives that for all v > 0 there exists
n€|0,2

Cy, such that

1
E. <vEp+ C%g k4+1+m sup (Ej+1 — Ej) + ——5, Sup (Ej+1 — Ej)
k<j<k+m M ket m
(I1.5.83)
Inequality (I1.5.67) follows from choosing v sufficiently small.
O

1.6 Nonlinear boundary layer formation near the western coast

This section is devoted to showing the well-posedness of the western boundary layer when
the model presents an advection term. We study the problem

Oxy Wi + Qu(Vy, Uy) —A2W, = 0, in wlfUw™
Yol lx,=0 = ¢,

[8§(W\Pw] Ix,=0 = 0, k=1,...,3, (IL.6.1)
ov,,
Vulyes ) =0 G lxummur =0

where ¢ € W2>°(R) and the nonlinear term is given by
Qu(Wu, W) = Vs Wy - V(D) = Vi [(Va Wy, - V) Vi T, |

As before, in this section we will write X instead of X,,.

The proof of Theorem I1.2.1 for the nonlinear problem under a smallness assumption
follows the general scheme presented in Section I1.4.2. There are three main parts in our
analysis: showing the well-posedness of the nonlinear problem in the half-space; proving
the existence, uniqueness and regularity of the solution in the rough channel; and, finally,
connecting both solutions at the “transparent” interface.

Later, in Section I1.7 special attention will be paid to linearized problems in the western
boundary layer domain. In its general form, this kind of problem is crucial in constructing
the approximate solution since it describes the behavior of higher-order western profiles and
additional correctors.
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11.6.1 Nonlinear problem in the half-space

In this section, the well-posedness of the system (I1.4.26) in the half-space is established
under a smallness assumption. Namely, we study the problem

{ Qu(Wy, Uy) +0xV, — A2V, = 0, inX>M

11.6.2
‘ij’o.qlbf = o, 8X\1Jw|05}/1 = 1. ( )

We shall solve (I1.6.2) by means of a fixed point theorem using the a priori estimated pro-
vided in Theorem I1.5.2. Basically, we use a contraction mapping argument in a suitable
Banach space which will be norm invariant under the transformations that preserve the
set of solutions, mainly the translations with respect to the X variable. We introduce the
functional spaces:

H™ = {f € H (R2) : He(SXfHHm < +oo}, m > 0, (11.6.3)

uloc

with the norm || f||gm = Cm”e(stHHfﬁoc‘ Here, 6 > 0 is the one in Theorem II.5.2 and the
constant Cp, is chosen so that if g, f € H™H!

(Vi f - Vi) Viggllgm—s < [ fllggmerllgllpgme.
We show the following:

Proposition I1.6.1. Let m € N, m > 1. There is 6g > 0 such that for all g € H:E;?’/Q(]R)
and Py € Hm+1/2(R),

uloc
||1/}0||H$(;3/2(R) + leHH;T;l/Q(R) < 50, (1164)
the system
Qw(\ywa \I’w) + 8X\ij - A%,\I’w == 0, mn R?‘_
(I1.6.5)

has a unique solution in H™12.

Proof. For any functions g € Hm+3/2(}R) and i € HmH/Z(R), let the operator T(y, ) be

uloc uloc

defined as follows: given a function ¥ € H™2, set Ty, 4 (¥) = ¥, where W is the solution
of (I1.5.3) when F = —V [(Vi\ll . Vw)Villl}. According to Theorem I1.5.2, there exists a
constant Cj such that for all U € {2,

1 T0,0) (¥) [lagm+2 < Co (‘WOHHW;H/?(R) + H¢1|’H$:C2(R) + ||\I’||3{m+2> .
The previous inequality results from taking into account that when 6 = 26
X 5X (ol 1 2
1™ F Lz o) < Cslle™ (Vb - Vo) Vbl s g | < 2o

Let us verify that T{y, ) is a strict contraction under the smallness assumption (I1.6.4).
This implies the function has a fixed point in a closed ball of R%. Let dy < 1/(4C3), and
suppose that (I1.6.4) holds. Thanks to the assumption on dy, there exists Ry > 0 such that

Cy (50 + R%) < Ry. (11.6.6)
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Hence, Ry belongs to [R_, Ry|, where

— 1 2
Re = 5o (HE Al 45000).

Therefore 0 < R_ < (2C;*, and it is always possible to choose 2RoCy < 1. (I11.6.4) and
(I1.6.6) imply
|V |lggm+2 < Rog = ||T(¢07¢1)(\IJ)||H$;1 < Ry.

Now, let ¥; € H™t2 be a function satisfying Tio ) (Vi) = U;, where ¥, is the solution of
(I1.5.6) when F' = (ViW; -V, )ViW;, i = 1,2. If 193l 2 < Ro, [ Wa]| i < R and U=
Tio,) (Y1) = To 1) (P2), we have that U is a solution of (I1.5.6) with @’Xzo = OX\P|X:0 =
0 and source term F1 — F2 = VL [(VEW: - V,,) V0| = V5 [(VEW, - V) VW[ Thus,
using once again Theorem I1.5.2,

1T (o0 (U1) = T o) (¥2)[lgm+2 < Col|FY = F?|lggm-1 < 2CoRo|| W1 — Wal|pme2.

Since 2CoRy < 1, T{y,,4,) is a contraction over the ball of radius Ry in H™2. We can
then assert that T(y, ) has a fixed point in H™*2 as a result of Banach’s fixed point theorem
which concludes the proof of Proposition I1.6.1. O

Remark I1.6.1. We can retrieve the solution for X > M when M > 0 thanks to the
problem being invariant with respect to translations along the X -axis. Let Wq be the solution
of (11.6.5). Then, the solution Wy of (11.6.2) in the half-space X > M, M > 0, satisfies
Uy = Uo(X — M).

11.6.2 The problem in the rough channel

The goal in this section is to prove, by the truncation technique employed in [59], the existence
of a solution of problem

Qu(Vy, V) +0x¥, —A2V¥, = 0, in w’\oy,
Wl = [okwa]l, =0, k=13,
. Y (I1.6.7)
Volxerur) = G lx=mqum =0
AW ar Ox V| el = p2, As[ Vo] ar Ox V| el = ps,

where w8 = w,, \ ({X > M} x R) denotes the rough channel. We recall that

AQ[‘MJIJI\}M@X\I]’UM] =1+ az)Aw\I/,

Viyp2
Ag[\mggﬂaxqu#] = ((1 + a?)dx — 2aay) AV + Oy (’1“2‘)

LG
+ (V0 Vi) ((1+ 0?)0x — ady ) U+ .
This part corresponds to step (NL2) in Section 11.4.2. Although the idea is the same as

for the linear case, an important difference resides in working indirectly with the values of
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the Poincaré-Steklov operators. Indeed, here we “join” the solutions obtained at both sides
of the artificial boundary using the implicit function theorem. To do so, higher regularity
estimates of the solution near o are essential.

As for the tensors at X = M, since we will need to construct solutions in Hﬂgf and

due to the form of the differential operators, we look for py and ps in the H;rfoclp(]R) and
Hm73/2
uloc

(R), respectively. We then claim that the following result holds:

Proposition I1.6.2. Let m > 1 be arbitrary. There exists & > 0 such that for all ¢ €
W2(R), p2 € Hyjo"*(R) and py € Hyjol*(R) with ||Blwecem) < 8. 102l 1/ +

uloc uloc

HP3HH1’1’1‘;3/2(R) < 68, system (I1.6.7) has a unique solution ¥y, € H2 (Wl \ 0u).
Moreover, U, € HTP2((M', M) x R), for all M’ €]0, M[ and

uloc

i iz ar iy < ot (I0lwace + palva + s )
Proof. First, we will briefly discuss the existence and uniqueness of a solution in H?, as well
as the validity of the estimate. Then, the regularity result will be presented. Throughout
the proof, we will drop the w from the notation when there is no confusion.
Step 1. Existence and uniqueness of the solution. We look for the solution
U = ¥~ — UL of the problem

Qu(U, U+ UL 4 Q, (UL, ¥)+0xV — A20 = FL ind?,

AQ[\P‘O—'L]XI’aX@‘U'{X[] - p27 Ag[@‘UIJX[’aX\TI‘U%] = p37
= oV
Uy oy =0 X2y = O (IL6.8)

Here, UL is defined as in (I1.4.7) for go = ¢ and gy = 0 for k = 1,2,3. In (I1.6.8), FX
denotes A2 (UE) —0x (UF) — Q. (¥l UL). Notice that thanks to the regularity and smallness
assumptions on ¢, we have,

L
IF g2 oy < C (I6llwace + 161 < Cligllwae.
In the nequality above, the constant C' depends on « and ||7yy||y2.0. Before computing the

a priori estimates, we write the weak formulation of (I1.6.8).

Definition I1.6.1. Let V be the space of functions ¢ € C§° (J) such that Suppgp N 89 =0
and D3 (wP) its completion for the norm || V|| = [[Ay¥|| 2. Define for (¥, 0, p) € D3 x ><V,
the trilinear form b(¥, ¥, @) = — [((VLV - V) VoW - Viw. A function ¥ € HQIOC( b) is
a solution of (11.6.8) if it satisfies the homogeneous conditions \IJ|Fw = 8nw\ll|1,w =0 at the
rough boundary, and if, for all p € V, we get

/ Ox T+ b(T, T, ) / ApTA L

_ _ = dY I11.6.
/R <p3 2 ‘XM) Plxar (11.6.9)

VP ;
+/ — oy dY_/P2|X:MaX(p|X:M dy.
R X=M X=M R
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We consider the system (I1.6.8) in wy,

Qu(Tp, U, + VB £ Qu(VE U,) +0x T, — A2T, = FL inw,,
U, = 0, inw’\wy,
Unly_ ) =0¥alx__ vy = O (11.6.10)
Az[@n\ay,ax‘i’n\gy] = po,
As[‘i’n\gguax‘i’n\gy] = p3.

The domain w,, and its components are the same as in (I1.4.11).
By taking ¥,, as a test function in (I1.6.10), we get a first energy estimate on ¥,,

HAw@nH%Q(wn) = b(\i’m \1’5, v,) "‘/ P3\ijn "‘/ P28X@n - FL@n
oM oM

Wn

IA

Cull e oIV En o + Covn (sl s oy 1ol 2

+Hp2HHm*1/2(wn)va@n’X:M”LQ(([—n,n})) + HFLHL?IIOCH\ilnHLz(wn)(zH'&ll)

using the Cauchy-Schwartz and Poincaré inequalities over w,,. Moreover, we have

8uTaltaie,y < € (Iollwace + Ipall s + loalyve ) 1l

Notice that as a consequence of the smallness assumption on [|@|| g2(,e), the first term on
the r.h.s of inequality (II.6.11) can be absorbed by the one on the Lh.s for § small enough.
Then, using Poincaré inequality over the whole channel yields

Eoim [ 18uBa? < [ 18080 < Con, (16.12)

where constant Cp depends on «, |||z, ||p3||leL,3/2, ||p2||HnT,1/2 and ||v|lwze. The
uloc uloc

existence of ¥,, in H?(w,,) follows.
Following the same reasoning as in the linear case ((L5) in Section I1.4.1 and Section
I1.5.3), we establish an induction inequality on (E})ren for all n € N. Recall that

Ep = /ka\wai/nF,
w

where x, € C3°(R) is a cut-off function in the tangential variable such that Suppxx C
[k —1,k+1] and x,, =1 on [k, k] for k € N. The induction relation allows one to obtain
a uniform bound on the Ej, from which we deduce a Hgloc bound on ¥, uniformly in n.
From this, an exact solution follows by compactness, see (L5) in Section I1.4.1.

Here, we show the inequality for all k € {1,...,n}

B < O (B — B+ (Bla = BD) + (102l + 10l + loalZ o) (k1))
(I1.6.13)

where (1 is a constant depending only on the characteristics of the domain. Then, by
backwards induction on k, we deduce that

E! < Ck, Vke {ko,...,n},
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where ko € N is a large, but fixed integer (independent of n) and Ej; is bounded uniformly
in n for a constant C' depending on w’, ¢ and p;, i = 2,3. Then, we use the fact that the
derivation of energy estimates is invariant by translation on the tangential variable to prove
that the uniform boundness holds not only for a maximal energy of size kg, but for all k,
similarly to (L5) in Section II.4.1.

To lighten notations in the subsequent proof, we shall denote Ej, instead of E}’ .

e FEnergy estimates. This part is devoted to the proof of (I1.6.13). We carry out the
energy estimate on the system (I1.6.8), focusing on having constants uniform in n as
explained before. Since the linear part of the equation has already been analyzed on
Section II.5, we discuss in detail only the nonlinear terms. In fact, the main issue
consists in handling the quadratic terms Q. (¥, ¥ + ¥l), Q, (¥, ¥ ), which justifies
the presence of the [V W|? in one of the tensors at oM. Plugging ¢ = x;¥ into the
nonlinear terms of (I1.6.9) gives

B+ UE T ) = — [ (T UE) V)V VT
(Vi (U +05) -V, )V 0 - (Vxi) ¥, (116.14)

(U, O b)) = Xi(Vig ¥ - Vo) Vi Ul Vi

|
e\e\e\a

( V) YUk (Vi) P, (I1.6.15)

To bound each one of the terms we will frequently use the Sobolev inequality for all
W C wl,

Vi H'(W), ulp =0, ullpawy < Coll Vull iz, g€ [1+00).  (I16.16)

T

The constant C; does not depend on w’. Let us now illustrate the procedure for the first
term in the Lh.s. of (I1.6.15). By using Cauchy-Schwarz inequality and the properties
of x&, we find that

wk+1

[ (5 V)Tt VEY <l [T

<C |[pllwzoe Egy1s

where C is a strictly positive constant depending on a, M and ||yy|j2.<. On the
other hand,

_ 10 Ly . 1§ . vlg 10 Ly . V¥
(VT + 08 - V) VET-VEE = [y Vi(E+ ). v,
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Proceeding as before, it can be easily checked that the first term on the right-hand side
is bounded by C(Ejy1 — Er)%/? + C||¢|| w2 (Exr1 — Eg).

Applying integration by parts on the second integral gives
T dY (11.6.17)

V|2 VL2
_/Xk<| \M> v /Xkay<\w!>
R R 2
X=M

Viy|2
+/Ray><k:<‘ w2 | )

The first term can be grouped with other boundary terms stemming from the bilapla-
cian, while the second is bounded by C(Ej4+1 — Ek)?’/ 2 as a consequence of the trace
theorem.

There remains to consider the r.h.s of (I1.6.14) and (IL.6.15), i.e, the terms [ (V3 (¥ +
UL) .V, ) VLT - (Vixe) P and [, (Vilif . V) VLWL . (VL) ¥ which are bounded by
C(Ek-i-l - Ek)3/2 + C||¢||W1,oo (Ek+1 - Ek) and CHngWz,oo (Ek+1 - Ek), respectlvely.
The linear terms defined on w® satisfy (I11.4.18) and are bounded by C(Ej;1 — Ey) as
seen in (II.4.19). Lastly, we deduce

X=M

v dY.
X=M

/ Ox b = / awdx (97 = 5 [ ey (IL6.18)

From collecting the boundary terms coming from the bilaplacian with (I1.6.17) and
(I1.6.18), we get

—/RXk: (‘ifpz + ax‘i’ﬁ’z)

X=M
The term above is bounded for any > 0 by

C (Ipallzz, +llosllzz. ) B +C (loollze, + losllzz, ) (k+1),

where C,C’" depend only on M, a and on ||7y||yy2... The computation of this bound
relies on the trace theorem and Young’s inequality. We are left with

/kaFL¢’| < C||¢||W2°°Ek+1‘/k+
ww

The last bound is not optimal but it suffices for our purposes. Applying once again
Young’s inequality yields

et
w

For ||gl[wz.ec, [|p2l ;ym-1/2 and || p3]| ;;m-3/2, gathering all the terms provides the following

< Cllllwzo Exsr + C'l|llwzoe (k + 1).

uloc uloc

inequality

Bi < Cs(Bun~E0)*+ Call8lwa (Busa~Eu)+Ca (Iollwae + 2l yosie + loall s ) (k+41).
(IL.6.19)
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o Induction. We aim to deduce from (I1.6.13) that there exists kg € N\ {0}, C' > 0 such
that, for all n € N

/ A2 < C. (I1.6.20)
Wi

0

Let C2(¢) and Cs(¢, p2, p3) denote the coefficients associated to second and third k-
dependent terms in inequality (I1.6.19). From (I1.6.13), we prove by downward induc-
tion on k, that there exists a positive constant Cy depending only on Cy, Ci, Co(¢)
and C3(¢, p2, p3), appearing respectively in (I1.6.12) and (I1.6.19), such that, for all
k > ko,

E, < C4Cg(¢, P2, pg)(k' + 1). (11.6.21)

Here, C} is independent of n, k.

Note that (I1.6.21) is holds for k = n if Cy > Co(C3(¢, p2,p3)) 1, remembering that
U, = 0 on w’\ w,. We then assume that (I1.6.21) holds for n,n — 1,...,k + 1, where
k is a positive integer.

To obtain the contradiction that allows us to claim (II.6.21) holds at the rank k, we
assume that (I1.6.21) is no longer true for k. Then, the induction yields

Eipp1 — B, < C4C3(9, p2, p3)-

Substituting the above inequality in (I1.6.19) gives

CyC3(¢, p2,p3) < Ep < 0102/203(¢7P2703)3/2 + Co(¢)CuC3(9, p2, p3) + C3(0, p2, p3)(k + 1)
(IL.6.22)

Even when the values of Cy, C1,Ca(9), Cs(, p2, p3) > 0 are fixed, Cy can be conve-
niently chosen. Taking Cy > 2 and plugging it in (I1.6.22) results in a contradiction
for k > ko, where ky = {0102/203(¢, pz,pg)l/2 + C2(¢)C4J. Consequently, (11.6.21)
is true at the rank k > ko and it also holds when k < kg, since Ej is increasingly
monotonic with respect to k.

Remark I1.6.2. The reader can find a detailed description of the method for the Stokes
problem in [59] and for the Stokes-Coriolis system, in [52]. The backward induction
in our case s less involved than the works mentioned above since we are not dealing
directly with a non-local, non-linear Dirichlet-to-Neumann operator.

By taking into account the translation invariance of the energy estimates and consid-
ering ko sufficiently large, we conclude that W,, is uniformly bounded in H?(w?). This
implies in turn that ¥ and consequently, ¥ belong to H2.(w?).

e Uniqueness. Let ¥ = U, — Wy, where U;, i = 1,2, are solutions of satisfying the
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smallness condition ||W;[|gm < J. We show that the solution U of the problem

Qw(\ijv‘yl>+Qw(q]27@)+6X@_A%U® = 0 in wb)

(1+ aQ)Aw\T/‘UM = 0,
<_ ((1+a)0x = 200y ) Ay ¥ + 0y (vi@vigpl T ‘I’”) (11.6.23)
+H(ViT.v,) ((1 +a?)dx — aay) o, (I1.6.24)
+(Vis¥s - Vo) ((1+ a?)dx — ady) ¥ + g) = 0,
ot
\IJ|X:77(Y) = ;;I;|X:V(Y) = 0, (I1.6.25)
(11.6.26)

is ¥ = 0. The smallness assumption on ¥;, i = 1,2 leads the to following inequality
on the truncated energies

B < (103, + Wallz, )Ca(Bxs — Ei),

where the constant C depends only on the characteristics of the domain. Since
sup(Fry1 — Ex) < H\IJHJQLIQ , it is possible to show that Ej is uniformly bounded in k.
k uloc

Therefore, the difference between two solutions belongs to H?(R) and we can repeat
the method but without yi. The smallness assumption on ||¥,|| w2, >t =1,2, ensures
for a constant C' > 0

(1-cv) [ 1897 <o,
which provides the uniqueness result when § < C~1.

Step 2. Regularity. Higher regularity estimates for the solution are necessary for
the subsequent application of the implicit function theorem. The analysis of the interior
regularity and the regularity up to the boundary starts with the case of m = 1. This case is
later used to obtain higher regularity estimates through induction.

I1.6.2.0.1 First order interior regularity

Theorem 11.6.1. For any, ¥ € HZ (w’) which is a solution of
OxVU + (ViU - V)AL —A2T =0 in P (I1.6.27)

then ¥ € Hfoc(wg,), s € N, s > 2. More precisely, for any bounded open set w'satisfying
W' cCwh,

1] sy < Cll g2, (I1.6.28)

NEAL

where C is a constant depending on w'.
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Proof. Let W be a solution of (I1.6.27) belonging to H2_.(w’) and o’ CC w?. Note that

(ViU V)ALV = V- (VL P)A,T) and V¥ € H(w'). Therefore, by Sobolev embedding
Vil e LP(W') for any p € [1,+00).
As A,V € L?(w'), we have that (A, ¥)V4sW € Li(w') for any ¢ € [1,2) and, on that account
Vo - (VE0)A,T) € W) for any ¢ € [1,2).

Taking into account dx¥ € H(w') € W=19(w’') and using (I1.6.27) provide A, (A,¥) €
W—14(w') for any q € [1,2). Therefore, by means of classical elliptic regularity arguments,
we obtain A, ¥ € W14(u') for any ¢ € [1,2). This implies in turn that ¥ € W34(w') for
any g € [1,2) and

1%l < Ol < CIN 2

NEAL

where w' C w” C w? and C is a constant depending only w’. Consequently, V¥ € W24(w'’

w
)
for any ¢ € [1,2) leading to V+W¥ € W1P(w') for any p € [1, +00). Similarly, A, ¥ € Wh4(w')
for any ¢ € [1,2) which gives that A, UV+¥ € WhH4(w') for any ¢q € [1,2) and ¥ € W44(w')
for any ¢q € [1,2). Repeating the procedure results in ¥ € W59(w’) for any s € N*. Therefore,
U € H%(W') for any s € R by Sobolev embedding. In particular, there exists C' depending
only on w’ such that

193y < CI¥ 2

uloc (wzx) :

O]

11.6.2.0.2 Regularity up to the boundary Since we are only interested in the regular-
ity near the artificial boundary, we can consider without loss of generality that the behavior
at the interface at X = 0 and the rough boundary does not influence our analysis. We tackle
our regularity analysis for X > M’, where M’ € (0, M). To prove H3, .- regularity up to
the boundary, we need to compute a priori estimates for dy ¥ in Hgloc' First, we are going
to localize the equation near a fixed k € Z. Let ¢, € C°(R) be equal to 1 in a neighborhood
of k € Z, and such that the size of Supp@y is bounded uniformly in k. Moreover, we set
P = G-

The idea is to apply a finite difference operator with a step h > 0 in the direction parallel
to the boundary, that is to say parallel to the Y-axis, and then, pass to the limit when A
goes to zero. This shows that dy (¢r¥,) € H?(wl). Then, using the equations, it implies

that Ox (¢rV¥y) € H?(wl) and thus ¢, ¥, € H3(w). From the arbitrariness of k € Z and
vk, and from the interior regularity provided for the case when m = 1, this in turn implies

that ¥ € Hgloc(wg)). Going forward, to alleviate the notation, we omit the k-dependence
of ¢ and we denote ¥ instead of ¥;,. We define the finite difference operator d;, as follows:
opu = Thuh_ u’ u(X,Y) =u(X,Y + h).

Then, for o' CC w?’, there exists a constant C > 0 such that |h| < dist(Ow,w’), and
f e Whn(w),

1o fllwrrogy < Clfllwengo,
lim [64(£) = By Fllwi-rogry = 0.
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Considering 95, = 65(¢x¥) in (11.6.7) yields

Oxbn — AZ¢p, = fr inw” N Suppes,
(1+042)Awwh = pl217

_ [(1 + a?)dx — 20&6}/} Ayptn + %‘X:M _ pl§7

Yp=0xtn = 0, on(M', M) x dSupppy.
Taking into account that ¢y is independent of X, we have that

fon=—0n [4901(3) (By — adx) U+ 66 AL T + 45}, (y — adx) AT + oy T
~Vu - (3(0,6) A0 + 36 Vo + (0, 0)8) | = 64 (VT - V) Au(pr®)]
P5 = dnlpwa] — (14 0®)dn [26}, Oy — adx) ¥ + 0],
Pk = Onlprps] + O [((1 +a?)0x - 20é3y> (23Y<Pk (Oy —adx) ¥ + 812/%‘11)
~VEW - (~aVy, (Vdyer) + ((1+a®)ox — ady) 90,0y )er) — (By (755 o)
+ 05 [(Vi0 - Vi) (14 ?)0x — ady)(9x0) )| = 04204, By o).

Let us now state some technical lemmas which are necessary to the proof.

Lemma 11.6.1. Let oM = {(M,Y): Y € R}. Define o), = oM N Suppy where ¢ € C°(R)
and it is equal to 1 in a neighborhood of oM. Consider the functions ¥ € Hgloc(wb), p2 €
o2 (oam) and p3 € H_1/2(O'M). Then, for any h € R, we have the estimates

uloc uloc

h
HIOSHH—3/2(Uk) SC(l + H(p”W‘L"O)(Hp3HHu—1i£2(U{l\J/I) + HP2HH1/2 (oM)

uloc\7w

g @+ Il + 19l ),
1522000y ZC (el sy + ¥l ) oo

lillr2n) SCUlg 4+ 190+ nlme + 192l )+ lellwsoeqn)):

b

where C' is a constant depending only on the domain wy),.

Lemma I1.6.2. Consider the linear problem

Oxz — A?Uz =f1 inwg,
(1+a®)Apz = fo, (11.6.29)

- [(1 + a?)dx — 20@3/} Ayz + %

= f3,
Ok

z=0xz=0, ondwy \ o,

where wy, = w® N Suppy, o}, = Owp N AW’ and v stands for the unit outer normal vector at
the boundary. If fi € H 2(wy), fo € H Y%(o1,), f3 € H3/?(0},). Then, problem (I1.6.29)
has a unique solution z € H?(wy) and satisfies the estimate

12l B2 () < € (HleH—?(wk) + 1 fell 1200y + ||f3||H—3/2(ak)> - (11.6.30)
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The regularity up to the boundary and the fact that ¥ € H3(w?) is a consequence
of Lemmas I1.6.1 and 11.6.2 for z = . Combining these two Lemmas with the smallness
assumption on ||\IlHH2l (wb)» We have that ¢y, € H?(wb) and, for any h € R*

||¢h||H2 W) = C (H‘I’HH2 (wb) T ||P2|| 12 (o + |p3HHil/02c(ak)) ’

for some constant C' depending on the bound on ||¥|| H2,_ (wt,) but independent of h. This
implies that 1, € H?(w?) and therefore, Oy (V) € H?(w?). From the arbitrariness of ¢
and as U € H%(w?), this means that oy ¥ € H2__(w). Hence, that 9y Ox¥ € H 1/026( k). In
particular OxV € H 1/026( ). The first boundary condition of (I1.6.7) yields

R = (14 0)" (~0RW + 200y 0x ¥ + (1 +a) " py).

which implies that 0%V € H, L 2( ©). This result combined with the second boundary

uloc

condition in (II.6.7) gives OxV,, ¥ € Huloé (0%) and, consequently, A, (0x V) € H&;éz(ak).

Using now the main equation in (I1.6.7), we deduce that A2W¥ € H ! (wh) and 6§(A U e
Hl (w). Hence, 03AT € H 3/2(ak) and Az[0x V] € H_S/ (0%). Let x € C(wh), setting

uloc \W uloc uloc
fi = AL (x0x V) — (xOx V),
fo= (14 a®) Ay (x0x ),

f3 = —[(1 + 052)8)( — 2a8y]Aw(X8X\I’) + X@X\I’

2 )

yields that xdx ¥ is solution to a linear problem of the from (I1.6.29) where f; € H2(a},),
fo € HY%(oy), f3 € H %(0}). From Lemma I1.6.2, x0x¥ € H?(w?) and paired with
the arbitrariness of y Ox¥ € H?(w!). Finally, combining this with 9y ¥ € H?(wb) gives
U ¢ H3(wh). It remains to prove the results in Lemmas I1.6.1 and 11.6.2. Lemma I1.6.2 is a
standard elliptic regularity result. The main difficulty resides in the proof of the estimates
in Lemma II.6.1 when handling the nonlinear terms.

Proof of Lemma I1.6.2. Before computing the elliptic regularity estimates, let us first briefly
comment on the existence of an appropriate weak solution z of the boundary-value problem
(I1.6.29). Note that the weak formulation associated with (I1.6.29) is

Oxz0 — AypzALl = fle_/ f39’X:M
ok

WEk WE
/f28X0|X y / L VOe H (wy),

XJW XJ\/I

(11.6.31)

which can be written as follows:
1
A(z,0) + a(z,0) = (f1.0) — | f30]y_), — / f20x0|_,, +/ 57 xenflyop (116.32)
Ok Ok Ok

where A(z,0) = [, Oxz0 — [, AywzAy0 and a(z,0) contains the integral boundary terms.
Here, (-,-) refers to the usual product in L?. The differential operator A is a bilinear and
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continuous form in H?(wy) x H?(wy,), as well as, H3(wg)-elliptic. The existence and unique-

ness of a solution z € H?(wy) is guaranteed by applying [70, Theorem 3.1, Section 1.3.2].
Taking 6 = z in (I1.6.31) yields the expression
/ |Ayz|* = —/ f1z+/ f32+/ f20x2, (11.6.33)
Wk Wk Ok Ok

which leads naturally to the estimate by using Cauchy-Schwarz inequality, the definition of
the norm in dual spaces and the trace theorem

[ 1802 < O (1720 + Wl + W foll -2 12l 2
W
Finally, we obtain the desired result

122 < € (1200 + 12l 200 + sl 572005 -
]

Proof of Lemma I1.6.1. This proof is divided in three parts corresponding to each one of the
estimates of pf, pB andf".
Estimate of p&. We have

ol = onliewps] + 0n [ (1+ 0)dx — 200y ) (20vir (By — adx) ¥ + B 1V
~Vip¥ - (—aV, (W) + ((1+a?)ox — ady ) w(0.0v)er) — (v (F525) 1)
+ 0 [(viqf V) ((1 +a?)dx — aay)(gokqf))} — 5p 202, Uy .
The first term on the r.h.s satisfies

||5h[90k03]||H—3/2(gk) = C||P3||H—1/2

ulo (O’]\,j) ’

(11.6.34)

Let us give a closer look at the second term. Enclosed in brackets are terms involving at
most one order derivative of ¥ multiplied by a derivative of (¢, which has compact support
on oi. Let us now recall that ¥ belongs to Hi’l/fc and Ox ¥ belongs to Hil/fc at X = M.

Moreover, using the conditions at o/, we get

105 W1 1720p0y < Oz, o) + N2l 172 (I1.6.35)
Hence,

|00 [((1+ 0?)0x = 200y ) (20vr Oy — adx) U + 3300 HH*)/Q(%)

(I1.6.36)
S C <Hp2HH1£2(o’,{UM) + H\I]HHSI/EC(U%) + HaX\I]’Hllll/OQC(U{UM)> HSOkHW‘lvOO

ulo

Now, observe that for f € HY? (o1, R?), g € HY? (0k,R?), 0 € C°(oy,Ry) and as a result

uloc uloc

of the Sobolev embedding H'/?(R) C LP(R), for any p € [1,+00), we have

1£980 55172000 < 15800 20t < 112 o 191 12 100 (11.6.37)
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Consequently, using Trace theorem

[on [V - (—a¥u Wy i) + ((1L+a?)dx —ady) w(0.0v)e )|

H=3/2(oy,)
< C (1913 oy + 105 ¥l ) Bty (116.33)
< CH‘I’H%EIOC(%)H@kﬂwlw(wg)-
Finally, note that
(O3 W)pr = 5 (Wopr) — 2(0y Wy epr) — (PO y,),
(0% W) or = 0% (W),
(0YX‘I’)S% = 812/)((‘1’8%) — (Ox WOy pr).
Therefore,
Vw2
o [=(0r (5577 1) w69

— 5, [_ (ay (‘VL‘I’P@C))} — O [(aywk)'v*%‘?] :

The second term is a quadratic in W, linear in ¢ and involves at most one derivative of ¥
and one derivative of . Therefore,

1 2
18 [y ) T8 2120,y < Cl Oy 00) T5 L | 1172,

2
< Cllouwrson (108l + W)
(11.6.40)

The first term of (I1.6.39) can be treated as follows

on(IVis®er) = o ([(14 a?)(0x D)2 — 200x WO ¥ + (9 0)?] 1)

=2(1+ ) (OxPn)(Ox V) — 200x Y0y ¥ — 200x WOy ¥y, + 2(dy V) (y )
+ (¥, 0npr, o) + F2(V, 6V, @),
(1L.6.41)

where Fy (U, 0p0k) is a sum of terms quadratic in ¥, linear in d,p; and involving at most
one derivative of W and dppr. Fao(V, 0V, @), on the other hand, is a sum of terms linear
in U, linear in 0, ¥ and linear in ¢y involving at most one derivative in ¥, no derivative in
0, ¥ and one derivative in ¢k. As a result of (I1.6.37), we have

2
178 8no) vy < € (Il gn ey + 105 Tl s ) lnlwne, (06.42)

and
120, 00, o), Nl 172, < CUNN g2 (oary + 10X Wl vz ar Mow Y vz ar ok liwrace

(H‘1’HH3/2 oy H@XWHHW oary) k.o
uloc( w ) uloc( w )
(11.6.43)
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The reminder of (I1.6.41) is now easy to handle using (I1.6.37)
12(1 + @?)(9x9n) (0x V) — 200xPpdy ¥ — 200x Yy by, + 2(0y V) (dyn)| 172

oK)

< C (101 oy + 105 ) (10wl ags oy + 1 )
(IL.6.44)

Using (11.6.40), (I1.6.41), (I1.6.42), (11.6.43), and (I1.6.44) one has

Jon [ (v (%55) @] -5

< Jou [or (T 00)] [, 2, *+ Cllorlw o) (Il + ||\P||H3{Ozc(gk))2

2
V|2
< C||on [y HH,W(%) + Cllekllwr oo o) (Haxwum(m + H‘I’HHEI/;(%))

uloc

2
<0<||gok||wm% <||3X‘I’|| 2 o+ 3/2)

+ (1030 gy 4 10 )(nawhn v o Il ) ).

Combining the above result with the Trace theorem gives

on [= (O (F5) )| arar < C (ol ®lm2, ) + 19132 ) loklwce.
H=3/2(oy, )
It remains to tackle the two last terms of (I1.6.34), starting with
O [(Vi¥ - V) (L4 0%)dx — ady) (ei¥)]

Since too many derivatives are involved in the above expression, this term cannot be con-
trolled roughly by controlling &,[Vi¥] by |[V(VEW¥)|. To address this issue, we make
On(pr¥) = 9y, appear, similarly as we did for (11.6.39). We claim

1 (((V9] - V) (1 + 0%)0x — ady) (210)
= (Vi ¥+ V) (1 +0%)0x — ady ) (n(x®)) + (a[V¥] - V) (14 a?)dx — ady ) (91 0)

= (V] - Vo) (14 0*)0x — ady ) () + B[V ¥ - Vi) (1 + a”)x — ady ) (o40).
(11.6.45)

For the first term
I(a[Vis @] - Vi) (1 + 0?)0x = ady ) ()| =720y
< Oll(m[ Vi ¥] - V) (1 +a?)dx = ady ) ()L,

< (s + 1050 lvgy) (120530 ) + 10Tl )
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This inequality results from the Sobolev embedding L'(cy) € H~3/2(oy). It can also be
seen coming back to the definition of H~%/%(0},) as done below at (I1.6.47)-(11.6.49). For the
second term of (I1.6.45), we have

(Gp[VLEW] - V) ((1 +a?)0x — aay) (o)
= [(5h[V$‘If] V) ((1 +a?)dx — aay) \If] o + (Gn[VLT] - V) ([((1 +a?)dx — aay) (pk] qz)
+ [On[ViE W] V)] [((1+0?)0x — ady ) ¥].
(11.6.46)

Note that the second and third terms above are easier to deal with as they have fewer
derivatives of W. Indeed, it consists of the product of two terms: the first one involves
6n[VL 0] while the second one contains at most a first order derivative of ¥ and is multiplied
by a term with compact support. Accordingly, the latter belongs to H'/ 2(0). Using that

for f € HY/?(0}) and g € HS/Q(Uk), we have g € W2 and fg € H'/?(o},). Thus,
1f9ll 1720 < CllF 2o 191 5372 (6, - (11.6.47)

For f € Hl/z( My fr e HY? (aM), o1 € CX(0), and g € Hg’/2(ak), using (I1.6.37) gives

loc uloc

= ‘/R((ShflSOk)fQ(Pkg

< Non(f180) | -2 | F2P9 |l 172 ()
< Clheellm2@lf2l gz g0 llollLewllgllms 2o,

’/R(%ﬁ)fzs@kg

(11.6.48)

< Cllfill g2 o 12l g2 o Moty I gsn oy

where ¢, belongs to C§°(R) and satifies Supp(¢x) C Supp(@y). This implies that
[(Onf1) forll r-sr2(5y) < Cllf1ll 12 oy 121l 5 12 o [P lwroe ) (11.6.49)

Hence,

16V 9] V) ([((1+0)x — ady) o] ¥)
+ [@[VER) - Vu)er] [((1+02)0x — ady ) ] |52, (11.6.50)
< (H‘I]HHL/OQ( 10X U =172 any )2 [lpnlw2.oe
Now, the first term in the r.h.s of (I1.6.46) satisfies
(V9] V) ((1+ 0*)0x — ady ) 9] oy
= [er(1V501] - Vi) (L +a?)0x — ady) ¥]
= [((Vion(ee®)] - V) (1 +0?)ox —ady) ¥] = [([(Vizer)n(0)] - V) (1 + 0?)x — ady ) 7]

— [V lnler)m ¥l - Vi) (1 + a®)ox — ady ) ¥],
(11.6.51)
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where 73, is the translation of amplitude h on the Y axis. Once again, the second and third
terms above are easier to deal with as they include fewer derivatives and can be bounded
similarly to (I1.6.50). Now, we are left with analyzing the first term. We have

(Vadn(or®)] - V) ((1+%)0x — ady ) W] = [([Vivn- Vu) (1 +0%)0x — ady) ¥].
Similarly to the case of (I1.6.50), using that vy, € H3/2(Uk) and Oxy, € HI/Z(Uk) yields
| [([ViEon(ee®)] - Vi) (1 4+ 02)0x = ady ) ] [l -5/2,

= 1 [(1V50n - Vu) (14 0?)x = ady ) ¥] llg7-3/2s,)
< CUn 7203 + 10x0n 17200 N g2 ey 10X W 172 ey + 10N y-172 a0

(I1.6.52)
Finally, taking f € Huloé (o), 1 € CX(0y), and g € H3/?(0},) we have
L1918 Ml
< g 9l 2
Then, we infer
1781720001 < W o W2
From (I1.6.35) follows that
[AwYOy okl fr-3/2(0) < CllAGYI 172 ooy [Px w200 (o)

(IL.6.53)

<€ (I8l oty + 02l 12y ) 020

Therefore, from (11.6.34), (11.6.38), (11.6.42), (I1.6.51), (I1.6.50), (I11.6.52), (I1.6.53) and
applying the Trace theorem

27200, < CC+ lsullwncs) 2l y-172 ey + 12, (U lnlliz,+ 19, ),

which is the desired estimate.

11.6.2.0.3 Estimate of f,. Let us recall the expression of f,
fi = 1[40 (B — a0x) U + 6L ALY + 4g), (By — adx) A + o .
—0x W (3eh Al + o7 ) = 31 AL Y] — 0, [(VEW Vi) Au(pe®)] .

Let us analyze the first (large) term of (I1.6.54). Note that all the terms enclosed in brack-
ets that are not quadratic in ¥ involve at most a third order derivative of ¥ and are all
proportional to a derivative of ¢ (hence compactly supported). This implies that

H5h 146 (9 — 00x) U + 6] A0 ¥ + 4, (By — adx) AW + <p§j>x1/} H ")

< C||267) Oy — adx) U + 66 AW + 4l (By — adx) AW + ) WH L, (11659)

< Cl¥lgz,llerllnace -
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The quadratic terms between the brackets in the second term of (I1.6.54) can be treated in
an analogous manner

|60 [—0x W (301800 + o W) — 36(A, 0] HH*Q(wm

<C H-@X\p (3¢ AT + o W) — 3<pZAw\IIHH71(wgJ) (I1.6.56)
< Cl0I, lonlwa ety
On the last term on the r.h.s of (I1.6.54), we use the property
o [((Vir®) - Vi) Au(ore®)] = 04 (V- (Aul(en?) Vi ¥) )
by virtue of V,, - Vi (5, ¥) = 0. Therefore,
160 [((V22) - Vo) A 010) | -2ty < ClI0n (Do ®)ViE®) [l17-10t )
and it suffices to estimate d, (Aw(gpk\ll) (Vﬂ;@')) is the H~'(w?) norm. We get

On (Aw(@kq’) (Vi‘l’» = Ay (pr¥)dp (Vi‘l’> + 6pAw (kW) Th (Vi‘l’)

| A (IL6.57)
= Au(pr¥)n (Vw‘I’) + Ay (Yn)Th (qu’) :
The second term satisfies
18w @) (Vo ¥) -1t < Cleonllazn 1902, - (I.6.58)
The above estimate is obtained from applying the following result: let f € H&loc(w&), g €
L2(wb) with compact support, and | € H'(wh),
[ 191 < gl 1703, oty < Clollzaiay 11, caplllsty 1650
< Cliglzery 1 e, o) 12l )
hence,
1 9lla-1(wt) < Clgllzaay 1l (wt)- (11.6.60)
The first term in (I1.6.57) satisfies
Au(ox®)on (Vi ®) = 9 (0)0) (V5 0) + F(5,9, W, o), (IL6.61)

where F(0,V, W, k) is a linear combination of functions depending linearly of ¥, 9, ¥ and
gk, compactly supported and involving at most a first order derivative of §, V¥, a first order
derivative of ¥ and a second order derivative in ¢j. Therefore, proceeding similarly as in
(11.6.48) but in H'(w?) norm, we have

1P, %, o)1) < ClonT . [l lonllwace Lo,
<Ol erlwe. B
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The first term of (I1.6.61) can be estimated noting that 6 (fg) = (0nf)g + dngThf where 73
denotes the translation operator of size h along the Y-axis. This gives

Pk (0)0 (Vi) = Ay (0)0, (Vi (r))
— Ay (D)6, (\IJV%U%) — Ay(V) (%%Th(vi‘l’))

= 8u(0) (Viton) = D (0)3h (PVisier ) — () (Snopmn(Vi D))

The last two terms are now easier to bound. Using again (I1.6.59)-(11.6.60) for a function
f € HY(w?) with compact support and g € L2, .(w?) leads to

uloc

[FANNQ S (Vﬂ/) a1 sy < ClAWPlr2, (i) IVatnllawy) + lokllwzoo w112

<Oz, wny (Il + lorlwam@p 1@z, wh)) -
(11.6.63)

Therefore, from equations (I1.6.55), (I1.6.56), (I1.6.58), (11.6.62), and (I1.6.63), we have

1l < U (1l + ol DA+ Iillwace)-
11.6.2.0.4 Estimate of p}. We have

Pl =6nlerpa] + (14 ?)dy [235/% (Oy —adx) ¥ + 312/8%‘1’]
=Onliorpa] + (1+ 0?) [20v o1 (dy — adx) ¥n + B prtin]
+ (14 a?) [20ydnx (B — adx) U + 05 Grpp®] .

Since [|0n.f || gr (o) < Cllfllgr+1(0y) for h sufficiently small, where C' is independent of h, we
have

h
1511202y <C (1021372 e I lsoe + Blsoe | ¥ oo
Hlplwsee 12l -172000) + l@rllizce |2l sy )

<C (o2l oy ol + loulsoe Bl ) -
Therefore, using the Trace theorem
65200y < € (12l gy + 1, ) Dilwor.
which is the desired estimate. O

11.6.2.0.5 Higher interior regularity. We intend to iterate the argument used in the
case m = 1, thereby deducing our solution in various higher Sobolev spaces. As before, we
start with the interior regularity analysis.
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Proposition I1.6.3. Let m be a nonnegative integer and ¥ € H2,_ (wb) be a solution of the

uloc
PDE
OxV + (ViU - V,)AL,¥ — AT =0 indud.
Then, ¥ € H (W) and for each w' CC w

uloc w

19| 24 (wry < (@) W] 2

uloc (WZJ )

This proposition is a direct consequence of Theorem I1.6.1.

11.6.2.0.6 Regularity up to the boundary for m > 1. We now complete the proof
of Theorem 11.6.2 for m > 2 using an induction argument. Taking m = 1 as the base case,
we assume that the theorem holds up to m € N* and, then, prove that it is true as well
for m + 1. Again we localize the solution near a fixed k € Z using @5 and apply a finite
difference operator 0 to show that

10n(r W) 2ty < Cler)lp2ll gmerrz + llp2l gmss2). (I1.6.64)

uloc

Therefore, ¢, ¥ belongs to H™3(wl) if po € Hggglﬂ(wg,) and p3 € Hﬁ;lﬁ(wg}) which are
exactly the hypotheses of Theorem I1.6.2 when adding one degree of regularity to m. From
the interior regularity result given earlier, we have that ¥ € Hﬁ;g(wg). Hence, Theorem
11.6.2 indeed holds for m + 1, which concludes the induction.

The proof of estimate (I1.6.64) follows the same ideas as the ones presented for the case

m = 1. First, we have the following result

Lemma 1I1.6.3. Consider the linear problem

Oxz — A?Uz =f1 inwg,

(1+a>)Aypz = fo, (I1.6.65)
[(1+0?)0x — 200y | Az — g — fs,
(g™

z=0xz=0, ondwy \ o,

where wy, = w® N Suppyy, o = dwi N 8w3, and n stands for the unit outer normal vector at
the boundary. If fi € H™ %(wy), fo € H™ Y2(ay), f3 € H™3/2(0},). This problem has a
unique solution z € H™2(wy,) and it satisfies the estimate

el a2y < C (Lallim-2 + [ fellgm2oy + Wl gmoszgy) - (L6.66)

This lemma is a direct consequence of Lemma I1.6.2. As before, we need the following
result

Lemma I1.6.4. Let o4, = o) NSuppyy, where @), € C°(R) and is equal to 1 in a neighborhood
of oM. Consider the functions ¥ € H™2(w), py € Hm_l/Z(R) and ps3 € Hm_g/Q(R). Then,

uloc uloc uloc
for any h € R we have the estimates

h
I8l zm-sv2(y < CO+ liprllwmsas)Uosllgm-2ggey + 1@ gen (L4 Nl + (¥ ge)

h
520y < € (el sy + 10, ) lnlwrsae,

Vfllim-zuty < CUEN sz (4 19 sz + [l sz + 122 2 ) A+ N llyissoe )
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where C' is a constant depending only on the domain w?.

Assume that Lemma I1.6.3 and I1.6.4 holds. Then, for I € N* and [ > 2, (I1.6.64) follows
directly by induction on {2, ...,1}. We now show a way to adapt the proof of I1.6.4 to prove
Lemma 11.6.4.

Proof of Lemma II.6.4. Let assume that U € H' for [ > 3 (the case | = 2 was shown in
Lemma I1.6.2). The estimate of the linear terms are exactly the same as in the proof of
I1.6.1. Therefore we are left with showing the regularity of the quadratic terms in f;, and ph.

I1.6.2.0.7 Estimate of p’;}. We have
Pl = dnlwps) + on | ((1+ a?)0x — 20y ) (20vox By — adx) U + 40
~Vi - (—aVy, Wy er) + (14 a?)dx — ady ) (0, 0y )er) — (9 (F51) o1 )]
+ (B[] - V) (L4 0?)dx — ady ) (91 D).

All the terms can be estimated as before. In fact most of them are easier to compute as
H*(0},) is an algebra for s > 1/2. For f € H'"3/?(0},) with compact support and g €

HZ_B/Q(Uk), we have
1f9ll =320y < CUF =320 91 11572 ()

which replaces (11.6.37). Let us illustrate the case of dp, {83/ (W) gok] As before, this
term can be decomposed as in (I1.6.39) and the difficulty consists of estimating

o (%)

From the algebra property, it follows that

ol (%5

< OV Por sy
H'=7/2(oy)

1 2
S CHV ‘IJHHllll_o?::/Q(Uk) ||80k”Hl*3/2(o'k)‘

(oK)

<c@mwnzm L )WMWW%W

Note that such a direct estimate does not work for [ = 2, which explains why this term was
treated previously in a lengthier way, also involving the norm of y,.

11.6.2.0.8 Estimate of pf. Concerning the estimate of f;, the same can be done by
assuming that { > 3 and noticing that H?(w%) € L®(wb). Therefore, for f € H'"1(wb),
g€ H=2(wh) and § € C°(wb)), we obtain

1900l =3ty < Il ar=ron) 91l -2t ) 191l wr.oo ot -
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Noticing then that H?|  (w?) is an algebra as soon as s > 1, we have
I (- + adxJindx + Dxtn(@y — 00x)] Auwllly-2) < Cllvnll e | ¥

all other terms of fj can be dealt with exactly as in the proof of Lemma I1.6.1 and this ends
the proof of Lemma I1.6.4. ]

This concludes the proof of Theorem I1.6.2. 0

11.6.3 Connecting the solutions at the artificial boundary

In previous sections, we showed the existence and uniqueness of the solution on both the half-
space and the bumped domain. It remains to connect both results at the artificial boundary
X = M. This local analysis is based on the implicit function theorem and will allow us to
establish the solution of the problem on the whole boundary layer domain.

On account of Theorem I1.6.2, we know the solution ¥~ of (I1.6.7) is well-defined and
satisfies the estimate

10yt msare + (|05 [y | e < € <H¢Hw2m + llp2ll 172 + HP3HH7—3/2> :
uloc uloc uloc uloc

for some positive constant C' depending on «, M and ||7yy|/jy2.. The existence and unique-

ness of the solution W+ of (I1.6.2) with W*| _ ~=0~|, , and dx¥*t|,_, =0x¥ |,_,,

is guaranteed by Proposition I1.6.1 when C' | [|¢[lwz.oc + [|p2] ym-1/2 + ||| ym-s/2 | smaller
uloc uloc
than a certain quantity dg > 0.
Furthermore, Ao[¥F |, ,OxW*|,_, Jand A3[0F|,_, ,dx¥*|,_, ]belongto HZ}O_CI/Q

and H™ %/ 2, respectively. Thus, the mapping

uloc

F i W22(w,) x H™ VAR) x H™ ¥2(R) —» H™ Y2R) x H™ **(R)

uloc uloc uloc uloc

given by
F(p,p2,p3) = (“42[\11+‘X:M78X\P+’X:M] — 2, As[ W |y Ox 0T |y ) — p3)

is well-defined. Note that, when ¢, ps and p3 are simultaneously equal to zero, F(0,0,0) =0
as a direct consequence of Theorem I1.6.2. The main idea consists in applying the implicit
function theorem F to find a solution of F(¢, pa, p3) = 0 for ¢ in a vicinity of zero. Thus,
we need to first check the following hypotheses:

e F is continuously Fréchet differentiable;

e (v1,v3) — dF(0,0,0)(0,v1,v9) is a Banach space isomorphism on Hﬂ;lm (R) ng(;?’/Q (R),
where d is the differential with respect to po and ps.

F is a C* mapping in a neighborhood of zero: Let (¢°, p3, p3) and (¢, p2, p3) be in a vicinity
of zero in the sense of the functional norm of Hm+3/2(R) x Hm 12 (R) x qm32 (R). Let UF

uloc uloc uloc

and ¥* be solutions of (I1.6.2), (I1.6.7) associated to (¢°, p9, p9) and (¢ +¢°, p2 + p39, p3 +p3)
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respectively. We introduce the functions ¢+ = ¥+ — \Il(jf. Then, easy computations show
that 1~ satisfies

OxV™ —AZY + Qu(¥ ™, ¥ +05) + Qu(Ty,¥7) = 0, in wh\ oy

W, = [oke]| =0 k=123
(1+a®)Apy™ o = P
l— (14 0?)0x —2a0y) At~ + 0y (viwviéw + Yo )> (I1.6.67)
+H(Vat™ - V) (1 +0?)dx = ady) (¥~ + ;)
HVUG V) (L a?)ax —adv) v+ || = gy
Vol = 5n¢_|xz_7(:) = 0

Similar arguments to the ones of Theorem I1.6.2 apply to (I1.6.67). This leads to the estimate

(P

uloc

(ww)+"1’b—|X:M‘ H771L+3/2+H8Xw_}X:M‘
for [16%]1zz,_ 11681 ;ym 172+ 1 68]] ym—s/2 and (9w -+ |2 ym—1/2+95]]yym /2 small enough.
(wh) and to H™2((M, M')xR), for M’ > sup (—yu).

uloc

: — 2
Hence, the solution 1~ belongs to H7, .
Moreover, we can assume

U7 =07 + Ol + loel2msre + 1ps1%-ar2).

uloc uloc

where v, is the solution of

Oxvy — ALy + Qu(vy, ¥g) + Qu(¥g,vy) = 0, in ol

will = [ohw]| _ = 0 k=123
L+a)Auiy| =
[ ((1+ 0®)ox — 200y) Ay (I1.6.68)

(Va7 - V) ((1+02)0x — ady ) U5

HVETy V) (14 02)dx —ady ) vy + ” — s,

2

X=M

Ve lxemson = 00 lxyy = 0

Note that (I1.6.68) is similar to system (II.6.67) but lacks the quadratic terms. Solution of
problem (I1.6.68) can be sought using once again Ladyzhenskaya and Solonnikov’s truncated
energy method, which provides a dependence on the ¢ and p;, i = 2,3, at the main order.
An analogous conclusion can be drawn from applying Theorem I1.5.2 to the problem defined

ovia < C ([8lwase + ol ycsss + all s )
uloc uloc uloc
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on the half space. In this case, we have ¥ = ¢ + O(|¢[|3 2. + HpQHiIm,l/Q + ||p3||§{m,3/2).
uloc uloc

Here, wZ satisfies

Qu( W, ) + Qu(VE, vf) + oxvf — A2y = 0, nX>M

U o

Ve | (11.6.69)

From Theorem I1.5.2, we infer that

19 gz < © (97 lecna e + 067 Lzl e ) < € (160w + ol yrcsre + loall s )
uloc uloc uloc uloc uloc

More details on the resolution of problems similar to (I1.6.68) and (I1.6.69) can be found in
Section I1.7. Furthermore,

Fi(p+¢°, p2+ 0%, 3+ p3) — Fr(8% 09, p3) = —p2 + (L + o) Ayf

40 (16lFyace + o2l s+ lpslma )

uloc uloc
w-ﬁ-
Fa(@+ 0" pa+ 03, p3 + ) = Fa(6” 08, 98) = —ps + (1 + a®)0x — 200y ) At/ — =L

+ (Vistf - Va)dx ((1+0?)dx — ady) U
+ (V3 ¥§ - Va) ((1+a?)dx — ady ) vf

40 (16lByace + loalsrs + sl s ).

uloc uloc

(IL.6.70)
We see that the Fréchet differential of F at (¢°, p9, p3) is defined by L = (L1, L2) where

Ly = —pz + (1 + o)At/
_ _ 2 _ + ﬂ Lo+ . 2 o +
Ly = —ps— ((1+a%)dx — 200y ) Aty + o (Vadil - Va)ox (14 a*)dx — ady ) ¥
+ (V- V) (14 a?)dx — ady ) ;.

It is important to emphasize that (I1.6.69) is a linear problem with respect to the per-
turbation function wj. Therefore, it is possible to obtain the exact form of its solution by
applying the same reasoning as the one in Section II1.5.1. The use of Fourier analysis to
(I1.6.69) provides a solution z,bj showing continuous dependence on \Ifar, as well as, on the
boundary condition. Note that ;| ,_, and dx9;|_,, depend in turn on ¥y . Hence, as
depend continuously on \I/(j)[, and conversely on ¢°, p9, p3. Therefore, F is a C* function in a
neighborhood of zero.

dF(0,0,0) is invertible: Since dF(0,0,0) = L°(,-), we consider the systems satisfied by
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Y7 with U5 =0 and ¢ = 0.

Oxy, —A2¢, = 0, in X<M
14+ a?)Ap, =
L+a)Auiy| = p
—((1+Oé2)ax—2aay)awa1/J£_+¢7€ = ps, ’
B ~ 4 Ix=M
Ve lxe ) = 0¥ [x vy = O
and
oxvy —A2yf = 0, mnX>M
w@j X=M = wf_‘)(_:Mu
Ox 1y ’X:M = Oxv, ‘X:M'

If LY%(po, p3) = (0,0), then 1), := Ix<mt, + ]1X>M¢Z is a solution of the linear system in
the whole western boundary layer domain

0 — A? = 0, i w
B aXW Wt = 0 e (11.6.71)
W‘X:—”/(Y) o ”W|X:—7(Y) o
The existence and uniqueness of the solution ¥y = 0 of the linear elliptic problem

(I1.6.71) is guaranteed by Theorem I1.5.1, and therefore p; = 0 and p3 = 0. Consequently,
ker dF(0,0,0) = {(0,0)}, and ker dF(0,0,0) is one-to-one. Solving the equation

L%(p2, p3) = (P2, P3),

for a given (p2,p3) € H™ 1/2(R) x H™ 3/2(R) is equivalent to finding the solution of the
problem

Oxv, — A2y, =0, in X <M

= - (527/53) + PSW(¢;|X:M’8X¢Z|X:M)7
X=M

((1 +a?) Aty — ((1+0?)dx — 200y ) Aty + %)

Ql)ﬂX:—'Y(Y) - a"wﬂX=—*y(Y) =0, ( )
11.6.72

where PS,, denotes the Poincaré-Steklov operator

PSu(to,un) - Hiol (R)x € Hi M (R) = HLM(R)x € HYj P (R).

uloc uloc uloc uloc

2 (w) of problem (I1.6.72) follows from the
ideas of the proof of Proposition I1.5.5 in Section II.5.
The only point remaining concerns proving that v, is a H$;2 function in [M', M] x R

for all sup(—vy,) < M’ < M. Therefore, we notice that in the domain (M’, M) x R, the
derivatives up to order k of v, satisfy a linear system similar to the one above. It follows

that 94, € H ([M', M]xR for all | < k. In particular, &4 | € HY2([M', M]xR)
and 8)(6%/%_ € H

The existence of a unique solution ¢, € H 2

loc
1/2 _ +3/2 _ +1/2
l_as € HiZ(IM!, M] x R), hence, ¢ € HIp ' (R) and 9,0 € HI*(R).

Consequently,

(p2203) = (1 + a2)Autiy, — (1 + a2)0x — 200y) Ay + 5
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We can finally assert that dF(0,0,0) is an isomorphism of H™~1/2(R) x H™~3/2(R). Using
the implicit function theorem, we deduce that for all ¢ € W2 in a neighborhood of zero,
there exists (p2,p3) € HSO_CIM(R) X H$<)_c3/2(R) such that F(¢,p2,p3) = 0. Let ¥, :=
Ix<m¥Py, + 1x>mV,, where U, U/ are the solutions of (I1.6.7) and (IL.6.2) associated to
(¢, p2, p3). By definition, the jump of ¥,, across the transparent boundary {X = M} is zero,

and since F(¢71027p3> - (070)7
A (Wl Ox Wl | = pi = A Wy 0x 0y i =28,
Since 3§(\II$|X:M = ok

ol y_p k= 0,1 we deduce that

((1 +a?) AP, — ((1 4 a?)0x — 2a0y) Ay, ¥~ + \P)
2 /) Ix=m
((1 +a?) AT, — ((1 4 a?)dx — 2a0y) Ay, ¥t + W) .
2/ Ix=m

Accordingly, these operators are continuous across {X = M} x R, and therefore ¥,, is a
solution of the western boundary layer system in the whole domain w,,. This concludes the
proof of Theorem I1.2.1.

11.7 Linearized problem

This section focuses on the well-posedness analysis of the linearized problems driving the
higher-order western profiles of the approximate solution and the correctors needed to deal
with the influence of the east boundary layer on the western side of §2°.

We are interested in the system

Ox Vi + Qu(Vop, U0) + Qu (¥ W,)) — A2W,, = F, in w)Uw,

k _ k _
(0% Vully_y=9" k=0,....3 (IL7.1)
o

=0 =

qu’X:_’Yw(Y) - 07

where g € L®(R). Assume U9 € H? (wf Uwy) and F € H, 2 (w,) are exponentially
decaying functions. The existence and uniqueness of a solution of (I1.7.1) depend additionally
on a smallness hypothesis made on the first profile of the western boundary layer W9 .

The main result concerning problem (I1.7.1) is summarized in the following theorem:

Theorem I1.7.1. Let w,, defined as in (11.2.6) and vy be a bounded Lipschitz function.
Suppose gr, € L*(R), k=0,...,3, and § > 0 and ¥y € H3_.(w; Uwy) a function satisfying

6X ,0

Additionally, suppose that €'F € H™ 2?(w,). Then, for & small enough, (IL7.1) has a

uloc
unique solution ¥ in H2  (wi Uwy). Moreover, the following estimate holds

3
1% @ g2, i) < C (Z gl e ) + ||€6XF”H;TOE(%>> ) (IL7.2)
k=0

for a universal constant C'. Here, § is the one in Theorem I1.5.2.
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Note that the smallness condition on W9 is ensured by choosing ¢ small enough in (I1.6.1).
Theorem I1.7.1 results from following the same ideas of the nonlinear case. As a result, we
are going to discuss the relevant steps of the construction listed in Section I1.4.2 but only
emphasize the differences concerning the previous section. The details are left to the reader.

11.7.1 The problem on the half space

We study the following problem on the half-space

Ox Vi + Qu(W,T0) + Qu(¥Y, ¥,) — A2, = F, in R?

(IL7.3)
\I’w|X=0 = T/Jl)a 8n\11w|X:0 = ¢1)

where g € Hme/Q(R) and i € Hmfl/Z(R). The result in this section equivalent to

uloc uloc
Proposition 11.6.1 is as follows:

Proposition I1.7.1. Let m € N, m > 1 and H™ the functional space defined in (11.6.3).

There is small constant 69 > 0 such that for all ; € H:SO_CjJFSM(R), §=0,1and ¥ ¢ Hﬂ;2
such that for § > 0, [|eX WY || m+z < 6o and
uloc

60X
”¢0||H$;3/2(R) + le”Hﬁ;UQ(R) + |le FHH‘ZIILC;z < dp. (I1.7.4)
Then, the problem
OxVy + Qw(\IIS}, V) + Qu(7, \I/BJ) — A?U\I/w = F, m Ri
(I1.7.5)
\I’w|X:02w07 aX\I’w|X:0:wl-

has a unique solution in H™ 2.

The strategy of proof is the same as to the one of PI‘Op~OSitiOIl I1.6.1. Indeed, the mapping
Tigon) HTH2 5 H™2 guch that Tion)(Pw) = W is the solution of (I1.5.3) when

uloc

F=F—QuT ¥,)— Qu(¥,, V) satisfies the estimate for § = 2§

é
HT(¢O;T/11)(\IJTU)HH7"+2 <Ch (‘WOHH:;;S/?(R) + leuHﬁf(R) + lle XF”Hm*2

uloc

H DY pgma [ @ lpgms2 )

for C; > 0. When considering the functions U’, i = 1,2, such that T(y, (%) = Wi are
solutions of (IL.7.1) for F = F—Q, (W%, ¥9)—Q,, (V% ¥ ), we can show that T 00y (P) —
Twm%)(\h) is a strict contraction in a ball of radius Ry > 0. Indeed, it is always possible
to choose Ry €]d(n), ﬁ[ when 0 < 69 < d(n) = 20’1777;_101, n > 1. The existence result is a

consequence of applying the fixed point theorem in H™*2. Since the ideas of proof are the
same of Proposition I1.6.1, they are not repeated here.
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11.7.2 The linearized problem on the rough domain

This section is devoted to the well-posedness of the problem in the rough channel w’ =
wy \ {X < M}

OxV 4+ Qu(W,, ¥0) + Qu(W0 W) —A2WU, =F, in w,, in w\oy,
ko]l =g k=0,...3,

Ao[Woy|oar, Ox Wyl oar] = p2, (I1.7.6)
AWy [orr, Ox Wyl onr] = p3,
_ oy
\Ilw’Xzf'yw(Y) =0, = =0,

ONy | X ==, (V)

where g € W™m+27k°(R) and py and p3 belong to HlT_l/Q(R) and Hm_3/2(R), respectively.

loc uloc

The source term F' is a function of H:ﬁj (wzj). The transparent operators are defined by

Ao[W,0x V] = (1 +a?)A, V0,

Ag[\p, OX\IJ] = —((1 + 042)6)( — 2a8y)Aw\If

+ (ViU - V) (14 a?)dx — ady)W0 + (VU0 . V) (1 + a?)dx — ady)V + 2

(I1.7.7)
We claim the following result:

Proposition I1.7.2. Let m > 1 be arbitrary and g, € WH275°(R), k = 0,...,3. There
exists & > 0 such that for 6 > 0, F € Hﬁ;f(w&), p2 € ch;l/z(R) and p3 € Hﬂ(;c?’/Q(R)
satisfy

HFHH:H;CQ(R) + H\I]’lO,UHHS?;F(R) + ||p2||H1T1rll<:cl/2(R) + ||p3”H:11(:C3/2(R) < 50' (1178)

Then, system (I1.7.6) has a unique solution W, € H%  (w5).
Moreover, W,, € H" 2((M', M) x R), for all M’ €] sup(—vy), M| and

uloc

3

H\IIwHHﬁjCQ((M/,M)XR) < Cw (Z lgkllwm+2—k.co + HP2HH$;1/2(R) + HFHH(;;C;:?((MI,M)xR + HPBHHﬁ;S/z(R)

k=0
(11.7.9)

Proof. Note that Proposition I1.7.2 is the equivalent for the linearized case of Proposition
I1.6.2. Consequently, to look up the solution of problem (II.7.6), similar arguments to the
nonlinear case apply, see Section I1.6.2. First, we discuss the existence and uniqueness of the
solution in H?__(w?) and later, its regularity near the artificial boundary.

uloc
We work with the truncated energies

for / s A [, (IL.7.10)
Wwn

where the truncation function x; € C§°(R) is such that xy, = 1 € [—k, k|, Suppxr C
[—k — 1,k + 1], and the derivatives ngj)’ j=1,...,4 are bounded uniformly in k. Moreover,

)
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¥ = U — UL is the solution of the system

Qu(T,00) + Qu(¥0 W)+ 05V —A2¥ = FF indb,

Ao par, Ox Ul oe] = p2, AW oar, Ox V0] = ps,
ov -
\IJ|X__7 vy =0, Er |\ vy =0 (IL7.11)

Function ¥¥ depends on the g; and is defined as in (I1.4.7) and for F = F — Q,, (¥, ¥)) —
Quw (¥, Uh), we have the estimate

VFE g2y < C (nFHHgO-Ca + Z - HHm+2<R)) (IL7.12)
We compute the following inequality for the sequence (E}')i<nner

By < Gt (B~ BR) + (Ioalymvs + lpalmors ) (64 1)) (11.7.13)

This a priori estimate allows one to obtain a uniform bound on EF which is used in turn
to deduce a H2,, bound on ¥ using backward induction on n — k and later a compactness
argument. This corresponds to step (NL2) in Section I1.4.2. For more details we refer the
reader to Section I1.6.2.

From now on, we drop the n’s to lighten the notation and only address the particularities
of the features unique to the linearized case.

First, we write the weak formulation of (I1.7.11).

Definition I1.7.1. Let V and D3 be spaces of functions in Definition 11.6.1 and b(¥, U, p) =
— [o(VET -V, )VE - Vg for (U,0,9) € D x D x V. The solution ¥ € H210C( ) o
(I1.7.11) satisfies for all p € V

/ COx W+ b(F, B0, ) + (I, T, ) - / N2

L
/ Fye - /('03_2’X M- >(’D|X - dY = /p2aX@|X w- 4Y-

e FEnergy estimates. The proof of (I1.7.13) is as follows. Plugging ¢ = 1V into the
trilinear terms in (I1.7.14), and proceeding similarly as before it is possible to show
that

b0, W8, X0 D) + (WS, U, D) < U2, Brr + Ol WS g2, (Biyr (L)

where C and C; depend on the domain. To obtain estimate 11.7.14, we first write the
terms as in (I1.6.14) and (I1.6.15). Then, combining the Sobolev inequality (II.6.16)
with the definition of norm in Kato spaces leads to the desired result. The terms
associated to the biharmonic operator are bounded by C(Ej4+1—Ey) as seen in (11.4.19).
We are left with

/.

w

= 1/2
XkFoL\D| < C (1Pl -2y + b 0 vz ) 12 -2y ) ERATLT 15)
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At the artificial boundary, we get

—/RXk (P3¢’|X:M_ +P23X@|X:M_)
<C (llpallze, +lloslize, ) Bxvr+C (loallza + loslza ) (k+1),

where C' depends only on M, « and on ||7y||yy2.c. The computation of this bound relies
on the trace theorem and Young’s inequality.

From (I1.7.14), (I1.7.15), (I1.7.16) and the bound on the linear term, we obtain

(11.7.16)

3 2
By < O{(Ep — EBy) +Cy <HFHH$W2(wb) + HngWQ’OO(R)H\II’LOUHH‘:TOCQ(R)> Ejia
k=0

uloc uloc uloc uloc

44 (o2l n + ol gsrs) B + 4 (Il vn + sl gcss ) (1)
Choosing §p small enough, the previous expressions becomes for C; > 0
By < C1 (Egy1 — Ex + Ca(pa, p3)(k + 1)), (IL7.17)

where Cs(p2, p3) refers to the term ||pal| m-1/2 + [|p3]] ym—s/2-

uloc uloc

o Induction. Performing backwards induction on (II.7.17) is easier than the nonlinear
case. Indeed, considering that there exists a constant Cs independent of n and k, such
that

By > C3C3(p2, p3)(k + 1),

implies that Ej11 — Ex < C3C2(p2, p3). Furthermore, substitution on (I1.7.17) gives
C3C5(p2,p3)(k+1) < Ep < C1C3(p2,p3)C3 + C1Co(p2, p3)(k + 1).5(11.7.18)

Taking C'3 > 2C; and plugging it in (I1.7.18) provides a contradiction for k > kg, where
ko = |C3]. Therefore, (I1.7.17) is true at the rank k& > ko and also for k < ko, since
FE. is an increasing functional with respect to the value of k. The derivation of the
energy estimates is invariant by horizontal translation, and all constants depend only
on norms of p;, i = 2,3 and ~,,. Following the same reasoning in Step (L5) of Section
I1.4.1, it is possible to show that ¥ is uniformly bounded in HZ_(w?).

w
e Uniqueness. Let W;, i = 1,2, are solutions of (I1.7.6). To establish uniqueness, we
need to show that the solution ¥ = W) — Wy of the system
Qu(W, V) + Qu(V5, W) + 9x ¥ — AW = 0 inw’

=0n¥|y_ iy = O, (I1.7.19)

\II|X =—(Y)
is identically zero under a smallness assumption on W0 .

Repeating the same reasoning of “existence part” provides the induction relation on
the truncated energies [ Xk Ay |?

By < Cso (Egy1 + (Bry1 — Ey)) -

Here, the constant depends not only on the domain, but also on || ¥ ||gm . The term
E11 — E}), is uniformly bounded in k, hence, E; < C uniformly in k. As a consequence,
repeating the method but this time without the truncation function leads to ¥ = 0.
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The last step in the proof of Proposition I1.7.2 corresponds to the higher regularity esti-
mates near X = M. Interior and boundary regularity results analogous to that of Lemma
I1.6.2 can be easily obtained by following the same ideas. The major difficulties we encoun-
tered when performing the regularity analysis near the boundary for the first western profile
came from the nonlinear terms, which are not present in the linearized case. Moreover,
information on the behavior and H™*+2-regularity of U9 in the vicinity of the transparent
boundary is available. These factors greatly simplify the computations, and, therefore, the
detailed verification is left to the reader.

11.7.3 Joining w, and w;

In this section we are concerned with finding a solution on the whole domain w,,. Let ¥
be the unique solution of (II.7.6) satisfying the regularity estimate (I1.7.9). As a conse-

quence of standard trace properties, we have that ¥ c g 2(R) and Ox ¥~ €

- |X:M uloc |X:M
H:f;glp(]R). Taking 19 = ¥~ |,_,, and ¢y = ¥~ |, _, in (I1.7.5) guarantees the existence
a unique solution W' for the problem in the half-space decaying exponentially far from the
boundary having imposed smallness conditions on ¥ and p;, i = 2,3. Additionally, we have
that Ag[UT|x_ps+, Ox VT |xopre] € H™ V2 Ag[WUF |y _ppe, Ox W F | x_ppe] € H™ 32 We
define the mapping F : HH(w,) x (W22(R)) x HI V2 (R) x HIL PA(R) — HIL P (R) %
Hm—3/2 (R) by

uloc

F(U, g0y -1 g3, p2,p3) = (AQ[\I/+‘X:M+76X\I/+’X:M+] — p2, As[ O | xprt, Ox U | xpt ] — Ps) -

Once again, if ¥ is a C® function at X = 0 and X = M, and F = 0, we have that F = 0.
Showing that F is a C'! mapping starts by considering two points in the vicinity of zero using
the functional norm defined in the domain of F. Suppose these points have an analogous
form as the ones in Section I11.6.3. Let \Ifg and ¥+ be the solutions associated to the points
(\1187 987 s >g§> pga Pg) and (\IJ?U—F\II& 90+987 s 793"1'9;[5)7 PQ"‘P% ,03+,0g), respectively. Function
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Y~ =VUT — U satisfies

Ox™ — ALY + Qu(Wy + 5, ¥7) + Qu(y™, ¥y, + ¥p) (IL.7.20)
+Qu(¥0, Ug) + Qu(¥g, ¥g) = 0, in wf\ {ow}
[a;w—} =g k=03
(1 + QQ)Aw¢_ v P2,
(- ((1 + a?)dy — 2aay) Ay~ + % (I1.7.21)
(VU + 05 V) ((1+a?)dx — ady ) v~ (11.7.22)
(VTS - V) ((1+a?)dx — ady ) ¥y (I1.7.23)
(Ve - V) (14 a?)dx — ady ) (W5, + Uf)
+H(Vis Ty - V) (1 +a?)dx — ady ) ¥5) = ps
X=M
Ul =0 ey = 0

and for small enough norms [|®X WY || 2 || W) 42, and || || ;ym+2, we deduce
uloc uloc uloc

6™l o+ 10 Ixmatll s+ 007 ey s
uloc uloc

3
<C (Z 19kl wrm+2-r00 + HP2HHm—1/2HP3HHm—3/2> :
k=0 uloc uloc

Proceeding similarly on the half-space, suppose ¥; = 0§(1ﬂ+|0&4, i = 0,1 and a smallness
condition on ¥ . Then, the unique solution ¥* of

OxpT — A2y (11.7.24)
+Qu (V2 + T ) + Qu(Ve, U ) + Qu ™, U8 + U)) + Qu(¥f,90) = 0, in {X>M}
1/}+|O’7]y = w07 8X¢+|O,é\}/[ = ¢17

fulfills the estimate

3
é
e e (Z I gkllwmsssoe + 1921 172 gy + ||p3||Hn;_3/z(R)> ,
k:0 uloc uloc

provided that [e*X Wy || m+2 is small. It is easily seen the Fréchet differential depends
uloc

continuously on ", and consequently, on ps, p3 and g, k =0,...,3.

dF(0,...,0) is invertible: We consider the systems satisfied by * with ¥% = 0 where
the solutions are considered to be C3. Here, 1* are the unique solutions of (I.5.3) and
(I1.5.57). If F(0,...,0,p2,p3) = 0, ¥ := Lx<ptp™ + Lx>ptpt is a solution of the linear
system in w,, boundary layer domain (I.5.1). From Section II.5, we know (IL.5.1) without
jumps at X = O has a unique solution ¥ = 0 and therefore po = 0 and p3 = 0. Consequently,
ker dF(0,...,0) = {(0,0)}.
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By Lemma I1.7.2, ¢~ is a H™"2 function in [M’, M] x R for all 0 < M’ < M. Thus,

uloc
(p2,03) = ((1+ a2)Autp™, = (1 +02)0x — 200y) Ayt + %)

We see that dF(0,...,0) is an isomorphism of Hm_l/Q(R) X Hm_?’/Q(R). The implicit func-

uloc uloc

tion theorem guarantees the existence of (p2,ps3) € g 2(R) x H™5/ 2(R) such that

uloc uloc

F(¥ . g0,...,93, p2,p3) = 0 for all g € WH2=F(R) and ¥0 € H"T2(wh) near zero.

uloc
Finally, we can assert that W, := 1x<mV,, + 1x>mV,,, where ¥, \II$ are the solutions of

(I1.5.3) and (I1.5.57) associated to (U9 go,...,gs, p2, p3) is a solution of the western bound-
ary layer system in the whole domain w,,. Namely, it satisfies

A [\I’MX:M"?X\I’MX:M] =4 [\IIMX:M’OX\PHX:M] ’
As [\D;‘X:M’aX\Pt_u’X:M} = A [‘II:E‘X:M’aX\PmX:M} ’

which implies in turn the continuity of the differential operators across {X = M}, and
therefore W, at the transparent boundary. This completes the proof of Theorem I1.7.1.

1.8 Eastern boundary layer

This section is devoted to the proof of Theorem II.2.2 concerning the well-posedness of
problem

—0x Ve — Ag\Ife =0, in w;r Uw,
k
0%, ] ;

=0k, k=0,...,3,
o Ik

09,
Xe:_’Ye(Y) - ane |Xe:_’Ye(Y)

(I1.8.1)

e =0,

where g € L*, for k = 0,...,3. Problem (II.8.1) describes the behavior of the eastern
boundary layer profiles. Note that the system driving ¥¥ is obtained by choosing g = 0,
VEk.

Similar to the previous case of the western boundary layer, we rely on wall laws to show
the existence and uniqueness of solutions to system (II.8.1) following the steps listed in
Section I1.4.1. In Section II.8.1, the analysis of the problem in the half-space exhibits an
additional difficulty: the presence of degeneracy at low frequencies. The singular behavior
is going to impact the convergence of W, when X, goes infinity. As a result, a probabilistic
setting and ergodicity properties are prescribed to prove the convergence of the solution.

In this context, we will distinguish three different behaviors of ¥, far from the boundary:
Veyxp which decays exponentially to zero, Ve, whose convergence to a specific constant is
driven by the ergodic theorem and ¥,),, a function converging to zero at a polynomial rate
when € — 0. The analysis of each one of these functions is going to be conducted separately
in subsection I1.8.1.1, and final results are summarized in Theorem I1.2.2. The probabilistic
scenario is only necessary for the analysis of Ve since the convergence of the remaining
components is obtained using deterministic methods. We pay special attention to the link
between the value of the limit of W, far for the boundary and the choice of gy. Later, on
Section I1.9.1, we will see that this translates in a strong connection between the problems
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driving the n-th eastern profile and V7 ,. Finally, we will briefly discuss the equivalence
of solutions of the problems in the half-space and the rough channel at the “transparent”
boundary, and, hence provide a solution for problem (II.8.3) in the whole domain w.

To simplify the notation, we will write X instead of X, throughout this section.

11.8.1 The problem in the half-space

In this section, we will consider without loss of generality that M’ = 0, to facilitate the
computations. We can easily recuperate the solution when M’ # 0 since the differential
operators involved in the problem are translation-invariant. We are confronted with solving
the following linear problem

—0xW,— A2V, =0, in R,
Vel o =10, OxT| =1 (I1.8.2)

X=0

Taking the Fourier transform with respect to Y on the main equation results in the following
fourth order characteristic polynomial with complex coefficients

Po(p,€) = —p+ (17 + (—ap +i€)?)*. (I1.8.3)

Note that by considering p = —\ in (I1.8.3), we obtain the characteristic polynomial cor-
responding to the linear boundary layer problem defined at the western domain. Some
properties of the polynomial are stated in the following lemma:

Lemma I1.8.1. Let P.(i1,&) be the characteristic polynomial of (11.8.2), then:

1. P.(u, &) has four distinct roots u;-t, i=1,2, where R(u) >0,i=1,2 and R(p; ) <O0.
Moreover, u* = —\T, where \* are the roots of (I1.5.9).

2. (Low frequencies) As || — 0, we have

uf=¢'+0(¢), u=

1 , V3
; — —7+ _]_ [
: 2 (14 a2)?/? =1) 2 (14 a2)?/?

3. (High frequencies) When & — oo, we have

1+ iasgn & (—1)" [14+iasgn &, _ .
+ 1/2 3/2 _
pp = TR D PRI g2 4 o), i=12
_ —1l+iasgn¢ (—1)° [—1 +iasgn ¢ ~1/2 —3/2

The proof of the previous results follows the same ideas of the ones of Lemmas I1.5.1 and
I1.5.2. For more details, we refer the reader to Appendix II.A.
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When £ # 0, polynomial (I1.8.3) has two roots with strictly positive real part noted by
wu1 and ps, whose asymptotic behavior is summarized in Lemma I1.8.1. The solutions of

—OxUe+ (0% + (adx +i€)?)*T, = 0, in R?
@‘Xzoz%a 8X\E’X:0:T/p\17
are linear combinations of exp(—p(§)X) with coefficients also depending on £, where (15)1<k<2
are the roots of (I1.8.3) satisfying Rp > 0. More precisely, they are of the form 212:1 A (&) exp(—pr(§)X),

where A : R — C, k = 1,2. Substituting the expression of W, on the boundary conditions
provides the following linear system of equations

A+ 4y = 4o,
1Al + peAs = —y.

It is then clear that the matrix associated to this system is invertible when & # 0 since all
the roots of the characteristic polynomial are simple. Thus, we obtain the coefficients

— — — 1~

Ay = Ay + Algy = —F2 o+ W,
Mo — M1 Mo — U1

1 —

Ay = Ao + Al = -1 - Y1
M2 — p1 p2 — H1

(I1.8.4)

Lemma I1.8.2 (Asymptotic behavior of the coefficients). o (Low frequencies). When
€] — 0, we have

A1(€) = do + (1+ 031 + O([dol[¢]* + [dh][€]),
Aa(§) = =(1+ a®)*3%1 + O(goll¢]* + [ 1€])-

e (High frequencies) As €| goes to infinity, we have

€132 + 1) bo

Al(é):—vl—iasgn§|§\1/21/b\1+ (Jl—;W 5

+ O(alle| "2 + ¥l €7/,

Y 127 1
Aale) = VT =Tasen €612 - (=g

+ O(alle| /2 + ¥l €7/,

j2_ 1\~
& 2)%

I1.8.1.1 Behavior far from the boundary

In the previous section, we proved that \TIG(X ,&) was a linear combination of A4;(£ )e*”i+ X
where (j1;)1<i<4 are the roots of the characteristic polynomial (I1.8.3) such that R(u;) >
0 and the form of coefficients is given in (I1.8.4). The next step would be to derive a
representation formula for W., based on the Fourier transform results, in such a way that
the formula still makes sense when 1y € H, 3/2 (R) and ¢; € H L2 (R). The behavior of ¥,

uloc uloc
as X — 4o is crucial to understanding the approximation of the solution. Contrary to
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the periodic setting (see [53]), the exponential decay does not hold in this case. Although
the terms associated to Ag(ﬁ)e_“‘:’r (©X decay exponentially to zero (see paragraph I1.8.4),
when looking closely at expressions on (I1.8.4) and the asymptotic behavior in (I1.8.1), it is
clear that A1(§ e~ (OX does not converge to zero at low frequencies when X — o0 since
i (€) = O(I¢).

This section is devoted to proving the results in Theorem I1.2.2. We have divided the
proof into a sequence of lemmas, one for each component of the solution W: Weyp, Waye and
Verg. Yexp is a function decaying exponentially at infinity, while Wy, refers to the part of W,
converging at polynomial rate. Finally, W, is a function whose convergence at X — +oo is
guaranteed by using ergodic properties in a probabilistic setting.

I1.8.1.1.1 Behavior at high frequencies. Let \I/ﬁe denote the eastern boundary layer
at high frequencies. Following the ideas in [61, Lemma 9] coupled with the behavior of i (€)
at infinity yields an equivalent result to the one in Lemma I1.5.7:

Lemma I1.8.3. Let 1o,¢1 € Lyoc(R). Then, the behavior of the W. at high frequencies
denoted by V¥ satisfies the estimate

JX\IJﬁe

|

<O (ol ) + 1 lls, @)

for some constants C,§ > 0

I1.8.1.1.2 Low frequencies. This paragraph is devoted to the analysis of the behavior
of the eastern boundary layer at low frequencies. Each component is enclosed in the corre-
sponding lemma, starting with the deterministic ones (exponential and algebraic) followed
by the probabilistic limit.

Our analysis starts with the component of ¥, decaying exponentially at infinity. Explic-
itly, we deal with the term whose Fourier transform satisfies

Ve (X, €) = Zx £)erz OX gy (IL.8.5)

where A(€) is the coefficient of Ay(€) associated to ¢y, in (I1.8.4) and y is defined as in
Lemma I1.8.3.
Following closely the arguments in Lemma I1.5.5 and [0 1, Lemma 7], we obtain the result:

Lemma I1.8.4. Let Wy, defined as in (11.8.5) and vo,1 € Lyoc(R). Then, there exist
constants 6,C > 0 independent of ;, 1 = 0,1 such that

1€ Depll ey < Cllollzy, ) + Iz, e (1L8.6)

There remains to study the terms of A;. From (I1.8.4), it is clear that Al — Ak for
k=0,1as & — 0 where A]f € R. Therefore, it is possible to rewrite each one of the terms as

Af(§) = A} + Af(&) with
H1

_ 1 for k=0 P -’
Ak (e) — ’ Ak(g) = e
1(6) { (1+a2)?3, for k=1 1(¢) LI (1+a?)?3, for k=1

for k=0
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The terms A¥(€)f, k = 0,1 decay to zero far from the boundary at polynomial rate as
a result of Lemma I1.5.5. Notice that, at low frequencies, fl% behaves as a constant, while
flf does it similarly to a homogeneous polynomial of degree 1, which is a straightforward
consequence of Lemma I1.8.1.

We introduce the notation W,j, for the part of V. decaying to zero algebraically when
X — 400, i.e., the one associated to the coefficients Ay, k = 0, 1. Its behavior is summarized
in the following lemma:

Lemma I1.8.5. Let ¢y € L. .(R), k = 0,1. Then, there exists a constant C independent
of ¥;, i = 0,1 such that

X gy < Ol + Il

uloc

®)- (I1.8.7)

It is easy to check that the convergence of the terms fl’f f is not guaranteed for any
choice of function f, k = 0,1. Therefore, we require additional hypotheses, in this case, of
ergodicity.

We recall for the reader’s convenience the probability setting: for € > 0, let (P,II, ) be
a probability space where P is the set of K-Lipschitz functions, with K > 0; II the borelian
o-algebra of P, seen as a subset of Cj(R?;R) and u a probability measure. Let (y)yer, the
measure-preserving transformation group acting on P. We recall that there exists a function
F € L*(P) such that

Ye(m,Y)=F(rym), Y e€R, meP
We define the stochastic derivative of F' by
OmF(m) :==~.L(m,0) Vm € P,

so that v, (m,Y) = 0,, F(rym) for (m,Y) € PxR. Then, the eastern boundary layer domain
can be described as follows for all m € P,

we(m) = {(X,Y) €R?: X > —y.(m,Y)},
where we(m) = wt(m) Uoe Uw; (m) and wE(m) = we(m) N {+X > 0}. We assume 1, is a
homogeneous and measure-preserving random process.

Lemma I1.8.6. Let x € C°(R) and uf defined as in Lemma I1.8.1. Suppose that f is a
stationary random function belonging to L Then,

X(D)e*“f(D)Xf — E(f), as X — 400,

locally uniformly in'Y', almost surely and in LP(P) for all finite p.

1

The hypothesis on f can be relaxed since we need f to be at least to L.

Proof. Birkhoff Ergodic Theorem (see, e.g., Theorem 4.1.2 of [72]) guarantees the existence
of the following limit

1 B
lim —/ f(m,=Y")dY' =E(f), almost surely. (I1.8.8)
R—oo R Jo
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Furthermore, following the ideas in [63, Lemma 4.6] we have

Jim & [ gy vy = (),
uniformly locally in Y, and (I1.8.8) also satisfies almost surely
1R N
Jim = [ pm,Yay” = E(p)
From Lemma IL.5.5, we know that for |X| > 1, Y/ — K(X,Y —Y’) is L}(R). Let
m(X) = [r K(X,Y)dY, we have
/RK(X, Y)dY = K(X,0) = x(0)e 1 OX =1,

and, consequently, mo(X) = 1, when X > 0. Note that m(X) = 1, for all X > 0. Then,
proceeding exactly as in [63, Lemma 4.6]

X(D)e i (DX —E(f) + /RK(X, Y —Y) (f(Y = Y') —E(f))dY". (I1.8.9)

Integrating by parts leads to

X(D)e T (PIX — () - /R Oy K (X,Y) ( /0

Y’ _
(f(Y ~Y)) - f) le> dy’.
Therefore,
—ui / ’ IES 7
W(D)e i (PIX f _ () _/RYaY,K(X,Y) <Y’/0 (fov =v1) =) le> dy
=E(f)+ J.

Now, we focus our attention on controlling the term J. From Lemma I1.5.5, we have the key
estimates

Yo Ry <Y G st wyier
Y ; > X3/4 + Y3a - 4 )
/R YO K(X,Y") = —1. (I1.8.10)

We conduct the analysis by distinguishing the behavior of J in |Y’| < R from the one on
|Y'| > R for R > 1, denoted by J; and Jo respectively. For all 6 > 0 and all L > 0 there
exists R > 0 such that for all |[Y| < L and [Y'| > R

IR
Y’ Jo
and |J1| < C6. For |Y'| < R, we have that

FY —Y1)dvi —E(f)| <6

)

1
Y’
X1/4Y le
Jynen 753

< Crllfllg: 1XI7* — 0.
uloc X —00

y
] = / (F(Y = Y1) — E(f)) dYsdY

/|Y/|<R Yoy K(X,Y7)

< Ol

uloc
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Thus,
lim J(X,Y) =0,
X—o00

which allows us to conclude that
lim y(D)e " (PIX f = E(f).
X—o0
O

Combining the results in Lemmas I1.8.2 and I1.8.6, we can provide a definition for the
limit of W,.

Definition I1.8.1. Let 4,1 be stationary random functions belonging to L*°(we). Then,
the limit of Wery as X — 400 is the measurable function ¢ : P — R of the form

¢ = E[tho] + (1+ a?)*°Elyy]. (IL.8.11)

I1.8.1.1.3 Almost sure convergence of V.. We show almost sure estimates in the
stationary ergodic setting as in [73].

Proposition I1.8.1. Let Wy be the part of the solution V. of the system (11.2.13) whose
convergence is guaranteed by ergodicity hypotheses. Then the following estimates hold:

|Wers(-/6) = 4]

=o0(1) almost surely as e — 0.
L2(9°)

Proof. This proof follows the ideas in [73] inspired from the works by Souganidis (see [71]).
Let 0 > 0 be arbitrary. Then, according to Egorov’s Theorem, there exist a measurable set
Ms C P and a number X5 > 0 such that

(Werg(m, X,0) = 6| <8, ¥m € M5, VX > X,
pu(Mg) < 6.

Without loss of generality, we assume that X5 < e (xe(y) —Xw(y)). From Birkhoff’s ergodic
theorem, we have that for almost every m there exists ks > 0 (depending on m) such that if
k> ks

As = As(m) :={Y € R, 7ym € My satisfies: |As N (—k, k)| < 4kd}.

Indeed, when k goes to infinity,
1 k
o | Tremen; = n(M) <.
Therefore, for almost all m € P, there exists some ks such that for all k& > k;

k
‘A(g N (—/{,kﬂ = ’/k ﬂTymEMg < 4k).
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For all € > 0, we have

Ymaz P €T _
— m,erg 2
i = o e (5 2) - oty

o [Ymaz/e [(Xe(eY)—xw(eY))/e — s
_ . / / Werg(m, X,Y) — 2dXdY
Yy e

et~

'mzn/f
2 ymaz/a‘ Xe(gy) Xw é‘Y )/8 .
—° / / |Verg (Tym, X,0) — ¢|“dXdY
ymin/E 5
2 ymaz/a‘ Yy
= / y erg TY’I’TL X O) ¢| dXdY
Ymin/€

_.|_

ILTYTVLEM(s |\I’erg(TYm, X, O) — ¢3|2dXdY

maz/a e 8Y) Xw EY )/8

ymaz/a/ e(gy) Xw EY )/8
/x (

ILTYmEMg |‘ljerg(TYm, X, 0) — &|2dXdY

‘/ymzn /5
“,

mzn/s

3
=21

J=1

Ty N
‘Ijerg <€a €> - ¢

where the constant Cs depends on the random parameter m and x5 = €X;. Taking into
account that if 7ym € My, Ueg(m, X,Y) = Uepe(7ym, X,0) and X > X,

I, < 62 (ymax ; ymm) (Xw(y) - ie(y) — l’&) 52 < 052 (11813)

Then,

2
11§5

< Cse (|| Werglloo + 191) (IL8.12)
L2 ({z<zs}NQe)

As for the third integral, we know that W, € L®((—o0,a) x R). Assuming a = ¥, :=
max,e( ) Xe(y) and & < 1/ks, we have

Ymin,Ymax

I3 S EHXe - Xw”oo”lperg - QEH%OO((_OOJQ)XR)A (571(ymina ymax) N A&) ’

where A denotes the Lebesgue measure. Then,
I3 < C6 (|62 + [ ergll? o (oo, xm)) - (I1.8.14)

The first estimate of the lemma is obtained by combining (I1.8.12), (I1.8.13) and (I1.8.14). [

I1.8.1.1.4 Connection between the choice of gy and the limit of V... In the
formal construction of the approximate solution, it was important to reflect that boundary
layers are not supposed to have any impact far from the boundary (I1.3.2). In Section I1.8.1.1,
we showed that at low frequencies and far for the boundary the eastern boundary layer can
be decomposed as

\I/e = \Ijexp + \Ijalg + \Ijerga
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where Ve, and Wy, converge to zero when X — +oo at different rates (exponential and
with a polynomial weight, respectively), while W, converges almost surely to a quantity ¢
once ergodicity assumptions have been added. It is obvious that the far field condition does
not hold for ¢ # 0. In this paragraph, we explore how choosing jo wisely can make

U, — 0 almostsurely,
X—+4o0
which is the last result in Theorem II1.2.2.
We are interested in the specific case when all g are given but go in (I1.8.1). Moreover,
go is supposed to be constant with respect to the boundary layer variables. Note that if W,
is a solution of (I1.8.1), by linearity of the problem, U, = U, + jy also satisfies the boundary
layer problem. Passing to the limit as X — +oo gives

lim U, =¢+g
X—1>I-I‘rloo N ¢ + go
Then, for jo = —¢, the limit of Vere as X, goes to infinity equals zero and, in turn, W,
satisfies both (I.8.1) and condition at +oo.

Let us now illustrate the procedure for the profile U!. This function satisfies the system
of equations

—Ox, Ul - A20l =0, in wlUw

[8)(6\1,1} {\Illlm} r=xe(y)’

[5)(& é} [a ‘ymt} r=xe(y)’ (I1.8.15)
0%, wl] =0, k=23,

1 _oul .

elXe=—7(Y) T 9p, ' Xe=—r(Y) T

The jump of its derivative at o, depends of 9 .. and it is, therefore, known from the previous
step. Here, Wl(¢,y) is the solution of the equation

9,0 =0 in Q

Consequently, Ul(t,y) = Cl(t,y).
Let us consider a solution W} of (I1.8.15) and define the function

= Ul — ¢, in wf
1 _ e ’ We
s —{ ol in we (I1.8.16)
where ¢ is the value of the limit U} when X — 4o0o. Note that (I1.8.16) satisfies all the
conditions in (IL.8.15) but [¥l]|,. = —¢. Moreover, ¥! — 0 almost surely far from the
eastern boundary. Since the jump at the interface o, is linked to the interior profile, we have
Cl

z=Xe(y)

6= [vl,]
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Therefore, considering C(t,y) = ¢(t,y) provides a solution for the boundary layer (I1.8.15)
satisfying the far field condition. This interdependence between the eastern boundary layer
and the interior profile determines the construction of the approximate solution. First, we
solve the problem at the East with a general function gy to obtain the value of the limit far
from the boundary. Then, this information is considered when computing the solution of the
corresponding interior profile. Finally, the western boundary layer problem is addressed.

11.8.2 Transparent operators

This section deals with the well-posedness of the differential operators associated with the
eastern boundary layer problem at the transparent boundary. We stick in our analysis to the
same ideas developed in Section I1.5.2 and, as a consequence, we summarize the main steps
and go into detail only when the differences with the western boundary layer are notable.

Once again, without loss of generality, suppose that the artificial boundary lays at X = 0
and is defined as follows

Definition I1.8.2. Let U, € H%(R?%) be the unique weak solution of the Dirichlet problem
(I1.8.1) for (vo,v1) € H32(R) x H/2(R). Then, the biharmonic matriz-valued Poincaré-
Steklov operator is given by

PS. : HY(R) x H'*(R) » H'2(R) x H~*/*(R)

o
e (wl

) B —(L+a®)Acw| %) (I1.8.17)

[((1 + a?)dx + 2ady) AV, + ‘I;e] ‘XO = K % (m

where K, is the distributional kernel.

Substituting the Fourier representation of the solution ¥, on PS, similarly to (II.5.41)
results in an explicit formula for the Poincaré-Steklov operator. Indeed, we have PS, =

(Ba[tbo, ¥1], Bs[tho, 1)) for
By : H3? x HY? — g—3/2+k

o . (I1.8.18)
Bi[vo, 1] := F (ngotbo + ng1tpr), k=2,3,

where n; ; denotes the components of the matrix M, = FYK,).
The asymptotic behavior of M, at low and high frequencies is summarized in the following
lemma:

Lemma I1.8.7. o When [¢] < 1

M, — ( (@ + )P +O0(EF) (> + 1) +0(le) )
L0 (el) — (@ +1)** v o).

o When |§| — +o0, there exist complex constants ; ;, i = 2,3, j = 0,1 depending on the
parameter o such that

_( m20léP O (1E17Y2) el + Ol
‘ m30l¢]* + O (1) mzal¢I2 + O (1€[71/2).
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For a proof of Lemma I1.8.7, we refer the reader to Appendix II.F. Applying the same
ideas of Section I1.5.2, it is easily seen that at high and low frequencies our operator is
well-defined and continuous in usual Sobolev spaces. Moreover, Lemma I1.5.10 also holds
for M,.

Of course, we are interested in extending the definition of PS, to the case of functions
that are not square-integrable in R?, but rather locally uniformly integrable. Generalizing
the results above can be easily achieved by following the same reasoning of Section I1.5.2.
The differences in the definition of the operators at the western and eastern boundary layers
do not impact the estimates. Consequently, for the convenience of the reader, we list the
relevant results without proof.

The unique extension of B;, i = 2,3 to Kato spaces is guaranteed by Lemma I1.5.11.
Moreover, we have the integral representation:

Proposition I1.8.2. Let (vg,¢1) € HSI/OQC(R) X H&{OZC(R), and let W, be the unique solution

of (H.5.32 with F =0 and boundary data V.|x—o = o and OxV¢|x=o = 1. Then, for all
v € C°(R3)

_ /Ri aX\I/eSO — /Ri Ae\IfeAw(p = <B3[¢0,¢1] — 1/;0,90‘)(0> + <B2[¢07¢1]78X90’X:0> .

(I1.8.19)
In particular, for (Yo,11) € H¥?(R) x HY?(R) the Poincaré-Steklov operator satisfies

(Bs[tho, ¥1],v0) + (B2[tbo, ¥1], ¥1) < 0. (I1.8.20)

It is possible to relate the solution of the (I1.5.5) to (¢g, 1) € Hi’l/fc(R) X Hil/fc(R) and
PS.,(¢o,11) by introducing a smooth function ¥, with ¥ = 1 in an open set containing
Suppy and the kernel representation formula of the boundary operators. Estimate (11.8.20)
follows from taking U, € H*(R?) as test function in (I1.8.19) and using a density argument.

Similarly to the linear problem driving the behavior of the western boundary layer, we

have that

Proposition I1.8.3. Let ¢ € C§°(R) such that Suppy C B(Yo, R), R > 1, and (¢o, 1) €
32 (R) x Y2 (R). Then, there exists a constant C > 0 such that the following property

uloc uloc

holds.

(Balun, . ) +1{Balvo, 1), 0x )] < OVE (Iiellgongey + 102l mvacey) (190l s ey + Wl ) -

(I1.8.21)
Moreover, if ¢; € H3/?=i(R), j = 0,1,

(B3 [0, ¥1], ©)|+(Balo, 1), x| < C (ll ey + 10xllmrraqey) (Iboll raraqgy + 11l a2y ) -
(11.8.22)

The proof of the proposition relies mainly on bounds on M, which are used to compute
estimates in fractional Sobolev spaces. Since the proof is very similar to the one in Lemma
11.5.10, we refer the reader to Section I1.5.2 for details.
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11.8.3 Equivalent problem and estimates on the rough channel

In this section, we are concerned with proving the existence of weak solutions to the linear
system driving the behavior of W, in w.. There difficulties we confronted before remain: the
irregularities of ~, prevents us from using the Fourier transform in the tangential direction
and the domain wg is unbounded and, it is therefore impossible to rely on Poincaré type
inequalities. Here, we follow the ideas presented in Step (L5) of Section I1.4.1. We start by
defining a problem equivalent to (I1.8.1) yet posed in the bounded channel w® = {—7.(Y) <
X < M} x R, where a transparent boundary condition has been imposed at the interface

X =M, M > 0. We have the system

—0xU. —AX. = FL in Wl\o.
[well, = -9 (I1.8.23)
K1, = G k=1,....3, (11.8.24)
U+ DA | = Bo U0y 0500 ]
—(1+a2)8XAe\I/;+2a8yAe‘lle_+\Il2e_ = B [W ] 06y
ol
Volyeny = %iix:%(y):o,

where g, € L*(R), k=1,...,3 and ¢ is constant function with respect to the boundary layer
variables chosen as in Definition I1.8.1. This guarantees the solution of (I1.8.23) satisfies the
far field condition (see Section I1.8.1.1). Here, By denotes the components of the Poincaré-
Steklov operator. The following lemma states the equivalence between the solutions of the
problems (I1.8.23) and (I1.8.1).

Lemma I1.8.8. Let v, € W2®(R) be an ergodic stationary random process, K-Lipschitz
almost surely, for some K > 0 in a probability space (P,Il,u). Assume ¢ is a constant
function with respect to the macroscopic variables and gp € L>®(R).

o If U, is a solution of (1L.5.1) in w. such that ¥, € H .(we), then, Wl,p s a solution of
(I1.8.23), and for X > M, ¥ solves problem (11.5.1), with 1o := Ve|x=m € HSI/OQC(R)
and ¥y = Ox V| x—n € HY2(R).

uloc

o Conversely, if ¥V, € HZ (w0) and U} € HZ (R%) are solutions of (11.8.23) and

(11.8.2), respectively; then, the function

_ ) Vo(X,) for —e() <X <M,
We(X, ) = { UH(X,.) for X > M,

belongs to HE, .(w) and is a solution of the problem (IL5.1).

The proof of Lemma, I1.8.8 follows from combining the results in Section I1.8.1 and Propo-
sition I1.8.3 and is, therefore, left to the reader.
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Proposition IL1.8.4. Let v, € W2®(R) and w® = w,N{X < M}, M > 0. Let B; : H/2(R)x

uloc

Hil/OQC(R) —>_H31/02C7i(]R), i = 2,3 be Poincaré-Steklov operators verifying Proposition I1.8.3.
Moreover, ¢ is a constant function with respect to the boundary layer variables and gy €
L*®(R), for k=1,...,3. Then, there exists a unique solution ¥, € H2_ (w’\ o.) satisfying

u
for some constant C' > 0 the estimate

3
19elliz, o) < C (nqsuoo y ||gk||Loo(R)) . (I1.8.25)
k=1

It is worth noting that the above result does not need the ergodicity hypothesis.

Proof. To facilitate the computations, we lift the jump conditions at X = 0 in order to work
with a C2 function at the interface between the interior and rough domains. Namely, we
analyze the existence and uniqueness of a solution ¥, = ¥, — WL of the system

—8X\P€—Ag\i/e = FeL in W’

e

(1+ 012)Ae‘i’e|o—y = B [‘i’€|X:M7 8X‘i’€|x=M}
- - U - -
—(1+0%)0x A, + 200y Acde + =5 = By Pl Ox el ]
oM
- ov,
\IJ6|X:—'7€(Y) - Tm’X:—%(Y) - 0’

where WL is defined as in (I1.4.7) and FL = A2UL + 9y WL,
Adapting Definition I1.4.1 provides the weak formulation: A function ¥ € HZ (W) is
a solution of (11.8.26) if it satisfies the homogeneous conditions \IJE‘F = 811\Ile|F =0 at the

rough boundary, and if, for all ¢ € V, we have

/bax‘iiego—f—/bAe‘ileAecp = —/bFeLgp (11.8.26)

5 _ 0,
_<B3 |:\Ile|X:M>8X\Ile‘X:M:| - ? XZM’SD|XM>H3/2 H3/2
uloc " Tuloc

— (B [Wel s Ox Vel ] Ox0lc_ag) e oy - (I182)

uloc " “uloc

where V is the space of functions ¢ € C§(wP) such that Suppp N OQ = O and DI(WP) its
completion for the norm ||¥| = ||Ac¥|| 2 Note that (I1.8.26) is quite similar to (I1.8.19).

To prove the existence and uniqueness of a Hgloc solution of problem (I1.8.26), we use
the method by Ladyzenskaja and Solonnikov on the truncated energies

= [ a2,
W,

where W, is equal to W, on w, and zero elsewhere. Here, w, is defined as in (I1.4.11). Then,
one applies the same reasoning on the translated channel to get a uniform local bound. The
latter allows us to show that the maximal energy is uniformly bounded, and we can extract
a convergent subsequence and obtain the desired result using a compactness argument.
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The weak formulation (II.8.26) and the estimates of the Poincaré-Steklov operator for
the eastern boundary layer are very similar to the ones in Section II1.5.2. Then, it is not
surprising to obtain the inequality

J

E,’;SCl(k—Fl—l—m sup (E’-‘H—E;l)—l- v
Jj=k+m

k<j<k+m > ° mA=2n

(11.8.28)
where (] is a constant depending on the characteristics of the domain and the jump functions
when following the reasoning in Section I1.5.3. It is clear that being (I1.8.28) a key element
in the reminder of the analysis, the results obtained in Section I1.5.3 also apply to (I1.8.23).

The proof is left to the reader. Finally, consider ¥ € H2_ . (w?) to be the unique solution
of (IL8.1). Then, take vo := g |,_,, € HY2(R) and o1 := dx W, | _,, € Hy2(R), then,

uloc uloc

there exists a unique solution ¥} € H2_ ({X > M} x R). We have that

B [ |y Ly 05 |y g | = Be [0 [y 007 [y (I1.8.29)
and \I’:|X:M = \Ije_|X:M’ 8X\I/j|X:M = 8X\I]€_|X:M' Thus, Ut = \I’—ei_ﬂ{X>M}><R +
Vol (pm<x<—e(v) s a H?Z, . solution of original problem defined in w, (I1.8.1). O

1.9 Convergence result

We are now ready to prove the convergence result stated in Theorem I1.2.3. The general
scheme of the proof is classical: we build an approximate solution of the fluid system and
then show that the approximation is close to an exact solution through energy estimates.

11.9.1 Construction of the approximate solution

In this section, we justify the well-posedness of each one of the functions within the approx-
imate solution of the 2d quasigeostrophic problem (II.1.1).
Let us recall that an approximate solution of problem (II.2.1) is defined as follows

Definition I1.9.1. A function W,,, € H?(QF) is an approzimate solution to (11.2.1) if it
satisfies the approximate equation

(&t + VL\Ilapp . V) (ATqpp + 8_3y) + AWy — AQ\IJapp = e 3curlT +75, in QF

Uapploa: = 2522|p0: =0,
‘Ijapp|t:0 = \I’znz
(1L.9.1)
for some r¢ € L¥([0,T], H 2(Q°)) such that ¢ = r§ + 15 + r5, where r§ = o(1) in
Le([0,T], H %), k=0,1,2.

e At main order in the interior of the domain, we get the Sverdrup relation
895\1/?”,5 = curl 7.

In Section I1.3, it was discussed that ¥9 , does not vanish on the whole boundary.

Therefore, we introduce boundary layer corrections resulting from the balance between

sup (EY ., — Ef)) forall ke {m,...
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e730, VY and Qu (¥, UY) — A2WY,. Since it is possible to prescribe only one boundary
condition, either on the eastern coast or on the western coast, the boundary condition
for the Sverdrup equation is chosen such that Wy |y, = 0 in (11.3.10).

The assumption on ¥ . determines that ¥ = 0. The system driving the behavior

of W0 is given by (I1.3.11). A smallness condition on curl 7 guarantees existence and
uniqueness of a solution WY of (I1.3.11) with exponential decay when & — 0 (Theorem
I1.2.1), see Section I1.6.1.

Let us now present the general form of the remaining profiles in the approximation.
The n-th interior profile U7, = W2 (¢, x,y) satisfies

int
0, Y7 F,, (11.9.2)
where F, depends on the ¥7',, m < n — 1. Note that F} = Fy, = 0 as a result of the

int —
perturbation being of order e~ and the interior part not having singularities. The
terms AWECE, AULCE and (VAW - V) AW

int > int 7 wnt

when i+ j+3 = n, as well as, . Note that ¥}, does not meet the boundary conditions,
and therefore boundary layer correctors must be defined. Following the direction of
propagation of the equation in the main order, we choose V7 .(t,x,y) = Cy(t,y) —
ff(y) Fo(t, 2, y) d'.

Function C)(t,y) is determined by the eastern profile U7 satisfying the system

form the source term F™ in (11.9.2),

[qjg] Oe = _C’Il7
[3§(E‘P?] l,, = (=D [8quzrln—tk] ooty B= 003, (IL.9.3)
n ou” -
‘Ije Xe=—7e(Y) - O, ane Xe=—e(Y) 0’

where G, is conditioned by the behavior of ¥, for all m < n — 1. Singularities at low
frequencies for (11.9.3) are a consequence of the nature of the main equation as stated
in Remark II.3.1 and later discussed in Section I1.8.1.1. This impacts the asymptotic
behavior of the solution far from the boundary, i.e., in the West at macroscopic level.
Cp(t,y) is chosen such that the limit stemming from the Ergodic Theorem converges
to zero when X, — +00. Theorem I1.2.2 guarantees the well-posedness of system 11.9.3

in we since G, is usually small, it can be considered as a perturbation parameter of
I1.8.1.

Similar equations are obtained for the western profiles but with additional interaction
terms. Namely,

D, WPy + Qu(W3, W0) + Qu(T0, Up) — AZ0 = H,, i wy Uwp,

%, w1, = = okt — 9%
Volx,=—rur) =0 ?;ZZ“ P

(11.9.4)

ow’

k=0,..
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where H,, depends on V7', W7 and U7",, for all m < n — 1. Problem (I1.9.4) has two
features that clearly distinguish it from (I1.9.3): two linearized terms containing W9
and the influence of the eastern boundary layer function on the jump at the interface
separating the interior domain from the western rough domain. As a consequence, the
well-posedness of the solution of (I11.9.4) depends not only on the behavior of interior
profiles, but on the first profile of the western boundary layer as well as the solutions
of the eastern boundary layer system. The complete analysis of (I1.9.4) is presented

on Section II.7.

To summarize, for the eastern profile U7 to be well-posed, it fixes the value of the constant
in U7 .. Its role is to correct at X, 8;“(\11?71;]“, for k =1,2,3. On the other hand, ¥7 plays
same role for the interior profiles and the jump of U7 and its derivatives at X,,.

11.9.2 Computing the reminder

Once we have constructed the approximate solution, a natural question arises: how “far” is
W,p from W ie., what is the error (in a suitable norm) when replacing ¥ by W, 7 How
far should we take the expansion?; i.e., what is the minimum value of n to satisfy a suitable

energy estimate?

11.9.2.1 Building the correctors

11.9.2.1.1 The interior term. The =3 factor in the main equation of (I1.2.1) dictates
the asymptotic development must be taken at least till order n = 3 to deal with the remain-
ing stemming from the substitution of \Ilgm on the original equation. We are referring in
particular to

AT

int» int int» int*

(VL\IJQ v) AT? . and A2QY

All subsequent error terms containing only interior profiles are O(¢).

11.9.2.1.2 Western boundary layer profiles We start by stressing that far from the
western boundary, all terms containing at least one Wi decay exponentially as a result of
Theorem I1.2.1. Let us, therefore, focus our analysis on the western region. The error terms
resulting from evaluating in 0;AV,,, + A¥,,, can be considered as part of 7°. To illustrate
this, take AW . We have

JAW || 1200y < CIUY | r200) < CVE. (I1.9.5)
Let us now analyze the corresponding elements in the advection term. Namely,

11.9.6a

int

(vl v)aw

—~ o~

)
(v+ul, V) A, 11.9.6b)
(v, v)aw, (I1.9.6¢)
(viwi,-v)aw (11.9.6d)
(viel-v)Aw, (IL.9.6¢)
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Note that there is a part of (I1.9.6a)—(11.9.6¢) that is used to compute ¥} as a component
of G", i + 7 < n. We need to elucidate if the remaining components can be included in r®

or if an additional corrector is needed. For (I1.9.6a), we have far from the western boundary
that

H (vi\yfv ‘ V) A‘I’?meH—l(sze) =C (HVL (\I/gv ‘ VA‘I'?M) HH—l(QE) * H‘I’?"qu’gnt‘ L2(95)>
< Cyfe.

Hence, there is no need for an additional corrector for (II1.9.6a). The same cannot be said
for (I1.9.6b) since

|(vheh, V) A‘I’E)uHH_l(Qe) < e (11.9.7)

The “problematic” part in the previous term can be considered as part of the source term in
the problem driving the behavior of W1 . Although the action of the ergodic part is corrected
by the choice of the corresponding interior profile far from the boundary, the advection
terms including the parts of U2 must be taken into account in the West. For example, let
us consider the term of the type (11.9.6d)

e (vl - v) au

s = O |(ves-v) ve,

< Ce (H(vi\pg V) v

L2(QF)

L2(Qen{z—xw(y)<VE})
+|(v4es v vl

L2<Qfm{x—xw(y>>ﬁ}>> '

As a consequence of the decreasing behavior of W9 far from the boundary, the second
term in the last inequality is exponentially small. For the first element, we have

|(vrut vy,

< Ce™ /4,
(11.9.8)

Moreover, from Lemma I1.8.6, we know that Ul = o(1) and it easy to verify that x¥ 4V'§\I/érg =
o(1). Proceeding similarly as before yields

= o(e).

Consequently, the first term needs to be corrected; this is possible when including it as part
of the source term in the system dictating W2

For the term (I1.9.6d) when ¢ = 1 and j = 0, we decompose the domain as before when
analyzing the interaction terms

| (Vhes, V) awl,

H=2(Q)

e (Vhwd, - v) v 2@ nfa—xmmzyeh ~ O (11.9.9)
and
Hé‘ (VJ‘\I/érg ' V) V\II?”’ L2(Q° N {z—xu (1) <VE}) = 0(571/4)- (1I1.9.10)

1,0 2,1
L2(Q=n{z—xw(y)>VE}) S IVl @enfo-xuw>vap P Yaigl 2@en fo—vu w)>ve))
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Therefore, to deal with these advection terms, we add the functions £%/4W'8 and 3/4W2le to
the approximate solution: one for the term decaying algebraically, and the other, for \Iférg.
These functions fulfill the equations

8Xw Wey + Qw(‘ll?ua \Ijew) - A?U\I/ew = Ge’t’y(Xwa Y), In Wy,
Vo 0, | . (IL.9.11)
CWI X =—7 (Y) Ny X——yu(Y) ’

where,

viwl, Xe@W—xw®  x vy
67t7y B e r c w
G (X, Y) = velq,;lg Xe(W)=Xw(y) _ X, Y

)

Vo
Ve

VP (X,,Y), for ., =08

ew

VP (X,,Y), for U, =0

Note that W., is C? at the interface o,,. From Section I1.7, (I1.9.11) has a unique solution
decaying exponentially when ¢ goes to zero. The remaining terms are small enough and can
be considered a part of 7¢. Indeed, repeating the same reasoning as before, we have

e (V4o

int

V) AT || gr-1(qe) = O(e'?),
|2 (VAL V) AW | —2(or) < 2|VE0L - VO [ 12(0r)
=< VX v ! Vi, v Tl [l 20e) = 0(e'/?),

|2 (V0L V) AT r—or) < I (VEy - Vi y ) Bhllzae) = o(e'/?),

11.9.2.1.3 The eastern boundary layer profiles The same analysis must be applied
to U” i > 1. The linear terms involving ! are o(¢). Indeed, as a consequence of Proposition
I1.8.1 we have

1€ A 200y < €llOV L] 200 = o(e). (11.9.12)

The estimate for the Laplacian can be computed in the same manner. From the previous
paragraph, we know that advection terms containing ¥ are exponentially small on the
eastern domain. It remains to check the terms

(Vi - V) aw, (I1.9.13a)
(viei-v)aw, (I1.9.13b)
(viwi-v)aw (I1.9.13c)

(I1.9.13a) satisfies

HE (VL\P; ' V) A\Ij?’”Hfr2(§2€) s¢€ HVL\P;A\P?MHHA(QS)

= H\I’éA\I’?M‘ L2(Q¢) + H\I’éA\I’?M‘ L2(Q¢)
<c|wl gy = O
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Furthermore, applying the same idea to (I1.9.13b) yields Ha (VL\IJ?M : V) AUl Herae) =
o(1). Lastly, (I1.9.13c) follows
|* (vhul-v) avl < ce? | Vil e vl
¢ “llH=2(09) ¢ “lizz(oe)

< Ce?|V|[7s < CVe.

We conclude there is no need for correctors in the eastern domain.

I1.9.2.1.4 Traces at >, and >,, The traces of \Ifgxp at X, and of ¥} at X, are expo-
nentially small. Indeed, they satisfy

Haégxpn

exp

1)
k n B 0
L3° (H3/2=k(2USy) T HaX\IJwHLfo(HWQ—’“(ZEUEw) =0 <6Xp ( 5)) ; A>0.

Moreover, the traces of Wg,, and W, are included in the jump conditions in (I1.9.4) and

therefore, they are lifted by the western profiles.

Note that thanks to hypotheses we made near ymn and yma., the traces are zero for
Y € [Ymaz — Ay Ymaz) U [Ymin, Ymin + A]. We add a corrector to 1° to lift the jump conditions
of the form

zk

$i(tz,y) =) 71 (k0@ = xw(y)) +610(z = xw(y))), (I1.9.14)
— k!

where 6}/ and 62 denote the values of the traces of the western and eastern profiles, respec-
tively. Moreover, 6 is a function belonging to C2°([—4,d]) for § > 0 small enough.

For the traces of ¥W? . k =0,...,3 at ¥, U, to be well-defined, we need correctors

wnt?

Wi Win <i<n+ 3 satisfying (I1.9.4) and (I1.9.3), respectively.

11.9.3 Energy estimates

Let us consider the difference 1° = ¥¢ — Wg . with W¢ satisfying (I1.2.1) and ¥g ,, defined
as in Section I1.9.1. Moreover, let r° be the error resulting from the difference between the

original solution. We have

O AYE + VAU V(AYE) + V4 - V(AT ) + 30,0 + Ayf — A2)f = r€in QF

app . awe
Vloo = 5 -log =0
Uﬂt:o = (\I’mz - \ijwp)’t:O’

(1L.9.15)
where ||(U;n; — \I]pr)’t:OHLgo(Hl(Qs)) = O(e), which results from hypotheses made on W;,;.
Moreover, ||7¢|| Lo (H-2(00)) = o(1). The details on the computation of the remainder have

been discussed in detail in Section I1.9.1 . It is clear that ¢° belongs to H?(2F). Multiplying
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the main equation on (I1.9.15) and integrating over Q¢ provides the following

1d
/atAwE-wE:—/ atwﬂvw:—w/ Ve 2
Qe Qe 2dt Qe

Lge . EN WE Lge. Le) . J_a__l Lge. 12 _
/QEV\IJ V(A )y = /6((V‘I/ V)Vhe) vy = 2/Q€v\1/ VIV = 0
| A, et = [ (TR0t )T, Vet = [ (9 v, ) D

/Q 0 =0

/Qemzjeqpe:/meanwewa_/m |W€|2:_/QE -

_/ A2¢€¢8 — _/ |A@ZJ€|2
Qs Qs
We claim that
1 2
SO IV (83 + V() 72 + || D> ()|, < ] | ->] + \ | (v, 0t
(I1.9.16)

We proceed to analyze each one of the terms on the r.h.s. For the first term we have
ENE(4 . < 2,1€(4 .
o] < [0 L,
1 92 e 2
5 ([P

€12
sy 17 )
We are left with bounding the term [, (V19 - V\If‘;pp)DQwE. The difficulty here comes from
P at the boundary layer since

app
V\I’pr =V + VI + VU .

In particular, from VeW,, = O(e7!) in L*™ since |VV¥E| = eVU! + O(¢), where VU,
similarly to eVW;,;, is small and bounded in L*°. Hence, we focus our attention on
[ (7t ) D2,
From Hardy’s inequality, we have the following

| V4E(t, )

d(x,I%,)
Here, d(x,T,) denotes the distance from x = (,y) € R? to the western rough boundary.
Thus,

175 g (1L9.17)

IN

< C|ID*9(t, )| 2

L2

[ (T VU5 D3| < Clldx T5) VY e |07 )l (I1.9.18)

Note that d(x,Ty)V¥), ~ Zexp(—2), where z denotes the distance to the boundary, and,
therefore, it satisfies

ld(x, T5,) V-0 |2 < Co,
where the small constant Cy does not depend on €. Hence, (11.9.18) can be absorbed by the

diffusion term on the Lh.s. Plugging (11.9.17) and (I1.9.18) in (II.9.16) and then applying
the Gronwall’s inequality complete the proof of Theorem I1.2.3.
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Appendix

IlLA Study of the roots of equation of the linear western boundary
layer

This appendix is concerned with proving Lemma I1.5.1, i.e., that equation (I1.5.9)
P(A) = =X — (A + (aw) +i2)*)* =0,

does not have purely imaginary nor multiple roots when £ # 0.
The first part can be easily checked by considering A = iR, R € R on (I1.5.9). This yields
the following relation
iR = ((1+ ayw)*R? + 20,ER + £2)°.

Taking the imaginary part of the previous equality results in R = 0.

The second part of the analysis, although strenuous because (I1.5.9) is a fourth-degree
polynomial with complex coefficients, leads us to discard the cases of purely imaginary roots
and multiple eigenvalues. We proceed as follows:

e First, we prove that for o, and & equal to zero, all the roots of the characteristic
equation are simple.

e Then, for £ # 0, we show that there are no purely imaginary simple nor double roots.

e The remaining cases are analyzed through equations resulting from the relation between
repeated roots of a polynomial and its derivatives.

The main ingredient in the analysis of the multiplicity of the solutions will be the classical
lemma:

Lemma II.A.1. Let K be a commutative ring and P(z) € K[z], a nonconstant polynomial
of the form P(x) = Y, axz®. Let a € K be a multiple root of P. Denote by P', the derivative
of the polynomial P. Then, P'(a) = 0.

In this case, P'(x) is a third-degree polynomial, and its algebraic solution can be explicitly
derived by using, for example, Cardano’s method. We will prove that the form of the original
equation excludes the possibility of P’(z) having real roots. Moreover, a system of equations
describing the behavior of the real and imaginary parts of the complex roots will be solved
to find the relation «,, and £ satisfy in the presence of a double root.

e We start by proving the result for the cases when ay, = 0 or £ = 0.

139
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— Let us first consider £ = 0. Then, equation (II.5.9) becomes
A (14+a2)2\t =0. (IL.A.1)
The roots of the above equation are
1
————¢
(1 + a2/
It is evident that these roots are simple for all a,, € R, and that R(\g) < 0,
R(A) =R(A2) <0.
— When «,, = 0, a double root must satisfy the following system of equations

A+ (N2—€22 = 0
{ 1+4A(M\2—-¢2) = 0. (T.A.2)

A= — P fork=0,1,2, A3 =0,

Combining both equations in (II.A.2) gives the cubic polynomial

1
N+ = =0 IL.A.3
+15=0 ( )
The values satisfying the above equation are of the form
1 27
A = — e3® fork=0,1,2.
M TR

Since ¢ is a real-valued quantity, we have that (A) = 0 as a result of combining
(II.LA.2.b) and (II.A.3). The latter does not hold for A\; and A2. Moreover, a quick
substitution of A in (II.A.2.b) results in a contradiction since A\g&2 < 0 for £ € R.
Hence, equation (I1.5.9) does not have repeated roots when a,, = 0.

e We now analyze the case when ay,,& € R*. Let us start by rewriting equation (I1.5.9)

as follows )
A Q1§ 2 52 _
(1+a%)2+<()\+1+a%}> _(1+a%))2 =0. (IT.A.4)

We then introduce the variable = A+ fi”ofg . Due to the affine relation between p and

A, we can assert that a repeated root of the problem will satisfy the following system

H Qi 62 ’ _
u+ﬁy‘u+%ﬁ+@tﬂ+ﬁy>_u

# + 2 _ i =0

11t+az2 M\ T axazye) T

Lemma II.A.2. Let oy, & € R* and p € C\ R be a solution of (II.LA.5). Then,
V3 &2 1

(I.A.5)

< ~Z(14 a2)Y/3. Furth | setting a = — L b= d
€| > 1+ o) urthermore, setting a 1T al) 0+ al) an

3l b v a?

A = —= — 4+ —=

2 * 4 + 27’

3l b v a?

B = y|—2—y>4Z

2 4 + 27’
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the solution p belongs to {u—, py}, for

pe = —(A+8)+ 24 B)

b = ~<A+B>fQ<A B)

Proof. Note that (II.A.5) is written in canonical form. The sign of the term % + ‘21—;
determines the number of real roots of the cubic polynomial, going from three in the
cases when it is non-positive to one, when % + ‘21—?7) is greater than zero. Let us prove
that if a repeated root p exists, it must forcibly have a non zero imaginary part.

Assuming ;1 € R and then taking the imaginary part of (II.A.5a) lead to

ay§ _
- w —_— 0’ (II'A.6)

which contradicts the assumption that a,, and £ are not equal zero. We have thus
proved that p must be a complex quantity with nonzero 1mag1nary part for the char-
acteristic equation to have a repeated root. Therefore, 2 T + = has to be positive which
in turn, 1mphes that A and B must be real quantities and the Fourier variable should

satisfy €| < (1 + a2)1/3, O

Lemma II.A.3. Let p € C\R be a solution of (II.A.5). Then, u is also a root of the
quadratic polynomial
3 2 awig 52

T T T iy

= 0. II.LA.7
- (ILA7)

This equation is easily obtained by first, multiplying (II.A.5a) by x and (II.A.5b) by

2
(;ﬂ — (1‘5@2)2> and then, subtracting the resulting equations .

w

Substituting 4+ = _i(A + B) + \gZ(A B) in (II.A.7) yields the following system

for the real and imaginary parts of the solution

3 9 \/g a’w§ 52 =
BB TR U B i T 0
FB e B-p+ - _urp) = 0

2(1+a2)

The root A cannot be purely imaginary, hence, A+ B # 0 and the condition A— B # 0
is derived from the fact that g must be complex. Dividing equation (II.A.8b) by A+ B
gives

4

(8%
A-B=4+——" ¢
3\/§1+a?,)§

(IL.A.9)
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We check at once that A + B is also proportional to &. From the relation (A + B)? =

(A — B)? 4 4AB and the fact that AB = —%, we obtain

- 4 402, 5
(A+ B)* = 30T a2)? ( 5+ 1)5 . (I.A.10)

The term A+ B must additionally satisfy equation (II.A.8a). Taking into account that
& # 0, the combination of (II.A.8a) and (II.A.10) provides the following condition for
Oy

2
80‘1”7+92 =0. (ILA.11)
18 (a2, + 1)
The roots of the above equality are complex; hence, there is no real-valued «,, for
which (II.5.9) has multiple roots. The same conclusion can be drawn from solving
system (II.A.8) directly since complex or null A + B terms contradict our previous
assumptions.

Finally, we conclude (I1.5.9) has four simple roots (A\F

T)i=1,2 V€, ayy € R in C\ I, satisfying
R(AF) >0 and (A7) > 0if £ # 0.

11.B Expansion of the eigenvalues at high frequencies

This section is devoted to high-frequency expansions of the main functions we work with,
namely, A\, and Apg.
In high frequencies, that is, for |{| > 1, by considering A\ = {p, where p € C, we obtain

2
e+ ((1+a2)p? + 2iaup — 1) =0. (ILB.1)
The above polynomial provides the following approximation of the solutions

1—ia 1+
+ — w _3/2 -_ _ w _3/2
pt =y TOUT). oz 1 O, (ILB.2)

The definition of A\ exhibits a clear relation between the sign of its real part and the sign of
p€. In particular, A has positive real part if and only if sgn(R(p)) = sgn(&).

Since we have already proved that all roots of (I1.5.9) are simple, we will provide a second
term on the expansion of the solutions to make this assertion evident to the reader. Let p
be a root of the polynomial ((1+ a2)p? + 2iayp — 1)2 and p = p+ &7p + O(673), where
n < 3, we have

2
€55+ (200 + a2)ppE ™ + 2iawpe M+ O(€7M)) + 073 = 0. (ILB.3)
This is the same as

£330+ 4p%e™ ™ ((1 +a2)p+iay + O(»E‘”))2 +0(°) =0,
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from which we conclude that n = 3/2 and

143
= W (ILB.4)
2¢/(a2 +1)p + iy
Consequently, for j = 1,2,
3
11—« &2 (1 —ia

+ w w -3
e —1)/ O

b= e U () o,

_ 1+ iy, 3

P = =

e
1))
a2 +1 =D

We now turn towards the expressions of the Ay’s which satisfy the linear system

() ()= C)

Thus,

At Uf MYs U
A = - Ay = — . I1.B.5
LD VD PR P P D VD VD PR (LB.5)

High frequency expansions. At infinity, the sign of real part of the A will depend on the

sign of &, hence, for £ — 400
1
1 —ia &2 |1 —ia _
A = L&+ (—1) L+0E?
o3 [l =iy,
A = (1yieh [ (-1

and, when £ — —o0

Y lig VT +ion bt + O(wg] + €175 |w5])
)\;r(g) _ 1 4 iy,

€72 [T+ .
e+ )R o o,
i 3 1 Ol % - * % _
AT = (=17 O;fl U5 + (171612 VT = dawsi + O(95] + 16171471
11.C Computations of the regularity estimates

y _
the integral into two pieces, one on {|¢| > &} and {|¢] < &}

We now focus our attention on the term [p |§\2k|\fl |2d¢, k = 0,1,2. First, we decompose
> On the set |¢] < &,

Using (I1.5.11) and Lemma I1.5.2

/€|<€0/ |§‘2k|\11 PdédX = CZ/K&O ’2k| )’)

(ILC.1)
/§|<go/ €)%KW, | 2dEdX < 0/

(19512 + 10717) < +oo.
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> We now analyze the case when [£| > &. We are only illustrating the case when & > 0
since the negative case can be obtained in the same manner. For k = 0, 1, 2, we have

0o - 1
€ [T PaX = | S AFAL ] (e
0 e A+

From Lemma I1.5.2, we have that A + A% = al¢| + by €] 7Y% + O(|€]72), a = R(¢?)
and by, € RUR, I,m € {1,2}. Hence,

1 1 blm|€‘_3/2 -3
1—-misl — ) 4o . kl=1,2.
Mt a|5|< ) o)

As a consequence,

g

o 3/2
‘§|2k/0 W, [2dX = (|A;r + AF P - s ZblmAJrfﬁ) + 0 ((W’o‘ + [T DIEP* 1)-

lym

Here, |A + AJ > = [5]” and 32y, bun A A, = OUEPG 1 + [€]][45 1)

Asymptotic expansions in Lemma I1.5.2 lead to

ot L RO (DI 0, for L=m,
O 2R+ (D)HETIER (O + 067, for 1#£m,

oae [ (iSO +10Pe) 1057 - |q2|w1\2+<m2 (19(0)€Y? = 2R(¢?)E2) [t , L =m
P (B IS0 + [CP€2) 1052 — el + S (iR(QE? — 23(C)E2) 5, L m.

These expressions could mistakenly lead to a need for more robust results on regularity
at the boundary. We will show that nontrivial cancellations occur for the usual elliptic
regularity result to hold in this case. All sums of the eigenvalues are of the type
af + bpn& Y2+ 0(E72), a = R(¢?) and by, € RUTL I,m € {1,2}. Thus,

1 1 blm|€|_3/2 le 5_3 —9/2
—=—(1- + =2 +0 k,l=1,2
Net+ N a€ ( a a? (7). hi=12

where

<_1)l%(4)7 l=m,
bim = )
(— .
Substituting the above expression in (I1.C.2) leads to

e == im Al A ey 1A

l,;m

(I1.C.3)
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Moreover,
A+ 42 = [y5l?,
Z blmAlAm = AZAQ%(C) + Alf_h(—%(C)) - ZAQAl%(C) + lAlAQgR(C)
lm
= 22 (26¥79(¢) — 1) i, (IL.C4)
S b Aidn = SO (J41P +[A2?) = R(Q)? (A1ds + A1 42)
Lm
Cx 2
SRR (E‘,Qawir? + (€Y23(C) + €% 2 + 1) |¢5!2><H.C-5>
2R(Q)* (—4€%/73(C) + i
ROl p MO+ eyt

Combining the equations (II.C.4) and (II.C.3) we obtain,

€2 [ N Pax = 0 (6 1w 2 + €% i ).

To complete the proof of (I1.5.12), it remains to check the behavior of the derivatives of
U, with respect to X up to the second order. Each derivation adds a factor (—1) ()\ZJF + 5\:;)
It is clear the expression is bounded when [£| < £;. Moreover, simple computations show
AT+ AP = O(l¢)F) for 1 < I;m < 2 and k = 0,1,2 when [¢| > &. Note that the
term [fiesg0yxr+ 0% W, |dX d¢ will behave asymptotically as Joje>0y xr+ €12 | W, |[dX dE, and
therefore, its boundeness depends on the regularity of the functions 1§ and 7.

I1.D Asymptotic behavior of the Green function coefficients

This section is devoted to the proof of Lemma I1.5.3 dealing with low and high-frequency
expansions of the coefficients of the Green function (I1.5.15). The form of the coefficients

Bf = - !
' (@2+1)” (A7 = M) (A = A7) (W = 2z)
1
o= (@2 + 1> (X =AF) (A =a7) (M =)
-~ 1
BT ) (M =A0) (M -A0) (- 25)
1
By = -

@+ 17 (A =) (A =23) (A = A7)

combined with the asymptotic behavior of the eigenvalues stemming from the characteristic
equation provide the desired results. Let us now illustrate this for each case.
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Low frequencies: When [¢| < 1, we have

_ _ 1 1+ (=1)%iV3 ,
AT = — 440 ) A, = — +0 , M=~ "7 "7710 , =1,2.

D=l (1EP), A g O, X = S O e,
Consequently,

_ 1 . _
Bff =By, =+ 0(]), j=12 B =1+0().
High frequencies: As || — 400, the eigenvalues behave for j = 1,2 as
1

- il¢] g2 —3/2 i§ ; € _
A = —+4(—-1)) ——u=x=+0 / A= — 1)) ———=——-40 3/2)

A S W (l72) 0 A = == W (G

IlLE Proof of Lemma 11.4.1
Note that we have the following Poincaré inequality for HZ(U):

Iz < CIID*Fl1 22wy

The previous result is obtained by chaining the Poincaré inequality for f with the Poincaré
inequality for Df. We considered the norm || f||2 = ||D?f H%Q(U) on HZ(U) which is equivalent

to the standard HZ(U) norm.
We claim that

1A fll 2@y = 1D Fll 2wy = |1 £+

for any f € H3(U).
Indeed, let us consider f € C§°(U). Then integration by parts and commutativity of
partial derivatives for smooth functions implies

[ froidosesdo == [ frutosaimde = = [ foutumasds = [ fuir, oy,
for all 1 < 4,7 <n. Summing over all ¢ and j yields
IAfl 2@y = 1D fll L2,
for all f € C§°(U). Since C§°(U) is dense in H3(U), passing to limits we find that
HAfHLQ(U) = ”DQfHH(U) for all fe€ Hg(U)-
This gives the desired equality of norms. Hence, in HZ(U) we have
Il zz) < ClIAfI 2)-

Let us now show that
IAflI L2y < CllAS L2y, (ILE.1)

where C' > 0 is a constant depending on « € R.
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As a result of Plancherel theorem, we have that

1AaflZ20y = 1Aaf 72wy, and  [|AflZ20) = 1A 220

Let (&1,&2) be the Fourier variables associated to X and Y, respectively. We have

|8af e = [ 168+ (& £ a0 1P

> [ 16+ - 2P (E2)
U

> (1 - 25 F |2

Here, we have used that (a + b)? > a? — b?, for a,b € R. Therefore, if A, f € L?(U), we
have that Af € L?(U).
For non-homogeneous Dirichlet boundary data, a similar result can be obtained by ap-

plying the Poincaré-Wirtinger inequality. The additional term in the estimate is introduced
to control the boundary terms. The proof is left to the reader.

Other results. In applications, it is important to find different norms which are equivalent
to || - || 2. Let U be a bounded subset of R?. Then, the scalar product

(u,v)q = / (D2u, D?v)p, (ILE.3)
U
defines a norm on HZ(U) for
s [((1+a2)d% +ad%y
D = < tadZ, o2 (ILE.4)

and the Frobenius inner product.

Remark IL.E.1. The Frobenius norm on My, ,(K) is derived from the scalar or standard
Hermitian product on this space, namely

(A, B) € My n(K)? = (A, B) = tr(A*B) = tr(BA*), (ILE.5)
where A* denotes the conjugate transpose of A et tr is the trace.

Let u be a function of HZ(U), we have that

1
mllﬂlla < Jlull 2y < max(1+ a®, 20%)||ul3. (ILE.6)
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II.F Proof of Lemmas 11.5.9 and 11.8.7

Proof of Lemma I1.5.9. The Fourier multiplier M,, = (m; j)2<i<30<j<1 € M>2(C) has the
components

m270 = — (04121, + 1) ((Oé%v + 1) )\1)\2 + 62) 5
mag == (02 +1) (02 +1) A1 + (02 +1) Ao + 20 | (ILF.1)

Recall that \; are the roots of the characteristic equation
P\) = -X— (M + (aX+i6)?* =0,

satisfying R(\;) > 0.
Expressions in (ILF.1) together with the asymptotic expansions in Lemma II.5.2 are the
core ingredients of the proof.

e At low frequencies, the eigenvalues are complex conjugate constants depending on the

1—-14v3 <
parameter «,,. In particular, substituting A\ (§) = M2/3 + O (J]), A2 = A1 in
2(a2 +1)

w

(IL.F.1) provides

mao = — (a2 +1) 2+ 0(el) = — (a2 + 1) 2+ 0(1¢).

may =2 (03 +1) R0u) +0(lél) = — (a2 +1) " P + 0(le),
2 202 1 1

mao = =2 (af, +1)" MPROW) + 5 +O(le) = 5 + O(e),

may = — (a2 +1)° (3R()2 — S(A)2) +0(lé) = O(le]).

1+(—1)7iv/3

2(a2+1)%/3 *

To compute a more precise value of m3 1, we take into account that \; =

; Olg‘_ﬂ)) + O (|¢|?) and do not neglect the coefficients of .

-1
& 2

e When ¢ — +o0, the roots behave as )\j(f) = 3¢+ (1)52C¢ + O(|¢]7?), where

(= 1;51?1“ This yields the matrix,

—2(1 + i) + 0 (£71/2) ~2(1+ 2iay) (a3 +1) €+ 0 (67172)

M, = ) 8(1 +iaw) Y .3 2 ; 2 1/2
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Let us illustrate the proof of the above result. We see that

Moy = — (a +1) (a +1)§4+1)52+0(§*1/2)

(
<1+2zaw —

W 1) +O0(EY?) = —2(1 + i) + O,

Moy = — ( 1) (02 +1) 2 +iow) €+ 0% = =2(a2 + 1)(1 + 2iay) + 072,
M, = (( 1) ¢&+2 (o +1)iauCh + z‘aw> & +0(1)

_ << g)a+&%o+um>@+o@wa 2 (74 20, - 2N o),
msq = <5a +1- ( Cw+8mw (a2 +1)¢ )>§2+O(§1/2)

= (502 + 1= (3(1 + cwi)® + Siaw(1 + aui)) ) € + O(€"?)

= —2(1 — 8a2, + Tia, )&% + O(£V/?).
The matrix values when ¢ — —oo can be computed in the same manner.

0

Proof of Lemma I1.8.7. In the eastern boundary layer domain, the matrix of Fourier multi-
pliers M, = (n; j)2<i<3,0<j<1 € M2(C) is formed by the elements

ngo = (ag + 1) ((ai + 1) p1fi2 + 52> ;
not = (a2+1) ((a2+1) pa+ (2 +1) pa — 2ic€) , (ILF.2)
ngo = —% (2 (a2 + 1)2 papia (p + pro) + dicee€® — 1) :

n31 = — ((Oég + 1)2 (M% + popn + M%) + (3042 - 1) 52) ;

where u;, i = 1,2 are the complex roots of positive real part of the equation

Pe(p, &) = —p+ (112 + (—aep +i€)*)*.
e When [£| > 1, the eigenvalues behave like (see Lemma I1.8.1)

1

W O ([¢]) -

m=lgt+0(1gf),  me=
We obtain immediately that

nao = (02 41) € + 0", mai=(a? +1)"" 100,

mso=5+0©), = (a2+1) (a2 +1) 10 =~ (o2 +1)" 1 000)
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e Similarly to the proof of Lemma I1.5.9, we only discuss the case when £ — 400, since
the behavior at —oo results from applying the same reasoning.

The high frequency expansion of the eigenvalues are of the form

i) = e+ Gl elg voen, o= i
We have

21 —iae)€2 + 0 (67172) 2(1 - 2iae) (a2 + 1) €+ 0 (¢71/2)
Me=1 g <3 ~ 2, — 4(;2:0‘1)> E+001) 201 -3ia)E +0 (712

Indeed, substituting the formulae of the eigenvalues at high frequencies in (IL.F.2) gives

nyo = (02 +1) (a2 +1) ¢ +1) € + 06 2) = 21 — i) + O(6™ %),
ng1 = —2 (ai + 1) ((a2 + 1) ¢ - iae) £+ 0(E7Y%) =21 — 2ia,) (ag + 1) + O,

ngo = _9 ((az n 1)2 Ceﬁ T ’iae> 53 + 0(53/2) — 9 (2106 — ?a—i_ ;22’i06 + ].> é_3 4 0(1)
; 4(1 — 1 e)
= 2 <3 — 21&5 — O;I) 53 + O(].),
ng1=—(3(aZ+1) "¢t 4302 - 1) €406 =~ (3(1—ia)* +3a2 —1) € +0(¢71?)

—2(1 — 3ic )52 + 0V,
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In this chapter, we analyze the behavior of monotone traveling waves of a one-dimensional
porous medium equation modeling mechanical properties of living tissues. We are interested
in the asymptotics where the pressure governing the diffusion process and limits the creation
of new cells, becomes very stiff, and the porous medium equation degenerates towards a
free boundary problem of Hele-Shaw type. This is the so-called incompressible limit. The
solutions of the limit Hele-Shaw problem then couple “free dynamics” with zero pressure,
and “incompressible dynamics” with positive pressure and constant density. In the first part

151
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of the work, we provide a refined description of the traveling waves for the porous medium
equation in the vicinity of the transition between the free domain and the incompressible
domain. The second part of the study is devoted to the analysis of the stability of the
traveling waves. We prove that the linearized system enjoys a spectral gap property in
suitable weighted L? spaces, and we give quantitative estimates on the rate of decay of
solutions. The nonlinear terms are treated perturbatively, using an L* control stemming
from the maximum principle. As a consequence, we prove that traveling waves are stable
under small perturbations.

111.1 Introduction

This chapter is devoted to the asymptotic analysis and the stability of traveling waves for
the porous medium equation (PME). More precisely, let us consider the following nonlinear
parabolic equation

oyn — 0y (ndyp(n)) = n@(p(n))), (II1.1.1)

endowed with the boundary conditions

:chrinoo n<t’ l‘) = N

where n4 are constant stationary states of the equation. This equation has been introduced
in the literature to model tissue growth and, particularly, in the propagation of tumors

(see for instance [85, ) ). The left-hand side corresponds to the Porous Medium
Equation (PME): the density of cells, n, is transported by a velocity given by the Darcy
law v = —9,p where p = p(n) denotes the mechanical pressure. The right-hand side models

the cell proliferation in the medium, proliferation which is limited by the pressure. Hence,
the function ® is usually taken as a decreasing function of the pressure and is such that
®(ppr) = 0 for some pys > 0 called the homeostatic pressure. In this study, we shall assume
for simplicity that

p(n) = py(n) =n” with v > 1, o(p)=1-p. (I11.1.2)

In other words, the function ® becomes negative above the threshold pressure pys = p+(nar) =
1, which means that cells are destroyed above the maximal packing density nyr = 1. We will
also pick n_ =nyr =1, and ny =0.

This study aims to analyze the behavior of traveling waves (TWs) solutions of (III.1.1)
when the parameter v appearing in the equation of state (I11.1.2) tends to +oo. For ®(p) = 0,
i.e without the reaction term in the equation, this limit v — 400 is referred as the mesa
limit and has been studied for instance by Caffarelli and Friedman [389]. In this paper, the
authors consider an initial datum larger than 1 on a nontrivial set and show that this upper
part exceeding 1 collapses at t = 07 to {n = 1}. This phenomenon is due to the blow up of
the diffusivity np’ (n) = yn” — 400 when n > 1. The singular limit v — oo for solutions
of the PME is then called the “mesa” limit in reference to the shape of the target density
Neo € [0, 1] which is similar to the flat-topped mountains. In the presence of a growth source
term @, the limit 7 — +o0o has been first tackled by Perthame et al. in [85]. As in the
previous case, the blow-up of the pressure as v — +o0o when n > 1 forces the limit density
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to lie in [0, 1]. The sequence (n+),>1 of weak solutions to (III.1.1) is then shown to converge
(for a suitable topology) towards a weak solution of the following Hele-Shaw system

On — 05 (n0zp) = n®(p), (II1.1.3a)
0<n<1, (I1-mn)p=0, p=>0, (II1.1.3b)
p (2p+@(p)) = 0. (IT1.1.3c)

The transition between equation (III.1.1) and system (III.1.3) is usually called the incom-
pressible limit in reference to the fact that, when the solution n of (III.1.3) reaches 1, it is
blocked to this maximal value (the combination of the mass equation (III.1.3a) with the com-
plementary relation (III.1.3c) yields formally 9yn = 0 in {n = 1}) and the medium cannot be
further compressed. Beyond the physical and biological relevancy of system (III.1.1) seen as
an approximation of (III1.1.3), Mellet et al. [38] have shown that the incompressible limit can
provide crucial qualitative information on the solutions of the Hele-Shaw system (III.1.3),
like the regularity of the free boundary 0{n = 1}.

To finish with the incompressible limit, let us mention that this type of singular limit has
been studied in other frameworks: for other singular equations of state [30], in the case of
coupling with the dynamics of nutrients [112], in the case of more than one type of cancerous
cell as seen in [113, , 120], when the Darcy law is replaced by the Brinkman equation [114]
or the Navier-Stokes equations [110].

Up to our knowledge, the issue of TWs solutions to (III.1.3) remains rare in the litera-
ture (see [121] when nutrients are considered), even when the topic was intensively studied
for nonlinear reaction-diffusion equations like (III.1.1). Indeed, TWs as a class of special
solutions have been shown to provide valuable information on general solutions of these
reaction-diffusion equations (see the books [122] and [123]). Most of the results concern the
long-term behavior (convergence to TWs, asymptotic rate of propagation of disturbances)
or the behavior close to interfaces of general solutions.

Regarding the issue of interfaces, Gilding and Kersner study in [117] the existence of sharp
(or finite) TWs whose support is bounded on one side in case of nonlinear degenerate diffu-
sion, and deduce a result about the existence of an interface 0{n = 0} for general solutions.
In [124], TWs are used to study the regularity of the general solutions near the free boundary
0{n = 0}, as well as for the derivation of the interface motion. The essential tools of the
analysis are then: the continuity of the flux across the interface and a comparison principle
bracketing a general solution between two TWs.

Concerning the long-time behavior of solutions to reaction-diffusion scalar equations like (I11.1.1),
let us mention two types of results related to the nature of the wave-front. For sharp fronts,
that is, TWs with support bounded from above (or below), Kamin and Rosenau prove in [125]
that initial data decaying sufficiently fast at infinity converge (in a specific sense) towards a
sharp TW. The techniques they employ are inspired by L!-stability theory of shock waves
for viscous conservation laws (see for instance [120]): use of comparison principle (already
mentioned above), derivation of L' conservation, and contraction principles with an expo-
nential weight. It is worth pointing out that this result cannot be extended to smooth fronts,
i.e. TWs that do not vanish and remain smooth on R. Indeed the weight used in [125] is
specific to the critical speed ¢* at which the sharp fronts travel (see Theorem III1.2.1 below)
and is not suited for the smooth fronts propagating at speed ¢ > ¢*. To our knowledge,
the only result dealing with smooth fronts is a spectral stability result obtained recently by
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Leyva and Plaza in [110]. In their work, the difficulties associated with the degeneracy of
the diffusion term are overcome with the derivation of a kind relative entropy estimate with
a well-suited exponential weight.

In this chapter, the study of smooth TWs of (III.1.1) as v — 400 can be seen as a first

step in the analysis of the free boundary 0{n = 1} for the limit Hele-Shaw system (III.1.3).
Our contributions are twofold: we first give a qualitative and quantitative description (in
terms of ) of smooth TWs of (III.1.1) and show the convergence towards TWs of (II1.1.3)
that are discontinuous at the interface d{n = 1}; we also study the nonlinear asymptotic
stability of the smooth TWs for small (quantified in terms of 7) general perturbations of
these wave-fronts.
As in [124], our analysis relies strongly on the control of the flux around the interface (passage
to the limit as v — +00, determination of the transmission conditions across the interface on
the limit system); and the comparison principle (quantitative behavior of TWs as v — 400,
control of general solutions lying between two TWs). Compared to the stability analysis of
Leyva and Plaza [110], we have to deal with additional nonlinear contributions that we treat
in a perturbative manner and control thanks to a Poincaré-type inequality. This latter also
allows us to get a decay rate of the perturbation as ¢ — +oo.

Statement of main results

In this chapter, we focus on traveling waves solutions of (III.1.1)-(III.1.2), that is solutions
n, such that n,(t,x) = N,(z — ct) where N, is the wave profile, £ = x — ct is the wave
coordinate and c is the speed of propagation of the wave. The profile N, is then solution to
the differential equation:

— N, —4(NINY = Ny (1 — NY). (111.1.4)

The above equation admits two equilibrium states: N = 0 (unstable) and N = 1 (stable),
and we seek therefore wavefronts IV, connecting these two states:

lim N, (¢) =1, lim N, (¢) =0. (I11.1.5)

E——00 E—+o0

The existence and uniqueness (up to a shift) of a monotone (decreasing) solution to (II1.1.4)-
(II1.1.5), as well as the asymptotic behavior of N, close to 00, were previously investigated
by Gilding and Kersner [117] for ¢ larger than a threshold velocity ¢ > 0 (see below Theo-
rem II1.2.1 for a precise statement). In the present study, we intend to analyze further the
behavior of N, and Py(§) = (N,(§))”, the associated pressure profile, with respect to the
parameter . Our first main result concerns the qualitative and quantitative behaviors as
Y — +00.

Theorem IIL.1.1. Let v > 1 sufficiently large, ¢ > 1 be fized, independent of v, and let N,
be the solution of (I111.1.4)-(II1.1.5) such that P,(0) = % Then the following properties hold
true.

e There exist 5;,57 with & = O (%) <0< f,y =0 (%), such that the profile (N, Py)

satisfies
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— in the congested zone § < &, the density Ny converges uniformly to 1: there
exists a constant C' > 0 depending only on ¢ such that

<\%) <N <1 Ve<eg, (I11.1.6)

and there exist constants C' > C' > 0 independent of v such that

1— (1 - \%) -0 < p gy <1 - <1 - \%) ¢ V< (ML)

— in the intermediate region £ € [57_ ,57], N; takes exponentially large values with
respect to y:

1\
||N'/yHL°°(§;’§~,Y) =0 ((1 - 26) ) ; (II1.1.8)

while the pressure P, converges uniformly to 0 as v — +oo: there exists § €
(0,1 —c¢71), independent of v such that

C

(1_1_5>7 <P@O< = Veelg &l (I11.1.9)

Cc

— in the free zone & > 5}, the pressure P, takes exponentially small values (wrt 7y):

Py(§) < (1 — i)w and N, decreases exponentially to 0 as § — +o00: there exists
0 > 0 independent of v, such that for v large enough

(1—i—5> exp (— (i—l—é) 5) <N, (6) < (1—i+5> exp (—2166) VES &y
(I11.1.10)

o As vy — +oo, there exists (Nug, Pug) € L®(R) x WL(R) such that N, — Npyg in
LY (R) and Py — Pygs in Wi)’f(R) for any p € [1,00[, and (Ngs, Pus) is a wave-

front profile of the Hele-Shaw equations (I11.1.3) such that Pps(€) = (1 — €%)1¢<o,
lime o+ Ngg=1—1.

Remark IIL.1.1. Concerning the convergence of (N, Py) towards (Nus, Pus), a key in-
gredient of our proof is the uniform control of the flur J, = cN, + N,yPé which is such
J; = —N,(1 - Py) € [-1,0]. The control of J implies in particular the control of P§ and
thus yields the uniform convergence of (P)~. It is important to note that this uniform con-
vergence of (Py) is uncorrelated to the convergence of (N, ). Indeed, we have P) = 'vaV_lN;
but the pre-factor ny;f_l which tends to 0 on a half-space, prevents us to get a uniform bound
on Né. Actually this derivative blows up as it can be observed on (II1.1.8). The uniform
convergence of the flux J, is also crucial to determine the value of Nys on the right side
of the interface & = 0. Since then Jyg(0) = ¢ + 5lilr(r)l Pys(&) = ¢ — 1, we deduce that
mv

lim£_>0+ Npgs = CfleS(O) =1- %
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Remark II1.1.2. A legitimate question is the possible extension of the previous result to
more general pressure laws (as for instance the singular potentials considered in [S0] or [150])
and reaction terms ®. Our analysis actually starts with the results obtained by Gilding and
Kersner [117]. In particular in [117], the determination of the critical speed c* = c3 is
specific to the pressure law py(n) = n". To our knowledge, the explicit characterization of
c* has not been tackled in the literature, more precisely we would need an upper bound on c*
independent of the parameter characterizing the incompressible limit. The extension of [117]
to the case of more general pressures and reaction terms is therefore out of the scope of the
present chapter but there is a reasonable hope for a generalization of the previous theorem
once the existence of a profile N, for a fized speed ¢ > ¢* (independent of parameter vy) is
ensured.

We believe that several steps of our strategy could be extended to other pressure laws
(analysis of the phase portrait of the traveling wave and consequences, design of appropriate
weights for the coercivity of the linearized operator, etc.) However, in several instances some
quantitative arguments rely heavily on fine properties of N, (e.g. the description of the
transition zone). It is unavoidable that such properties will depend on the exact nature of

the pressure law, and that a case by case analysis needs to be performed.

Our second result is dedicated to the analysis of stability of the wavefront IV, in weighted
Sobolev spaces. To that end, we introduce the weight

¢ ¢
W(E) = Ny(€)7 exp ( /£ ) W) .

Note that W has a double exponential growth as & — 400, and a (slow) exponential decay as
§ — —oo. Therefore, W will provide a very good control of the difference n.(t, ) — N (z—ct)
in the free zone x — ct > 0.

Our result is the following;:

Theorem II1.1.2. There exists constants ni,n2 €]0, 1], depending only on ¢ > 1, such that
the following result holds.
Let v > 1 be fixed, sufficiently large. We make the following assumptions on the initial

data ng :

(H1) nY lies between two shifts of N, i.e. there exists h > 0 such that n(x) € [N,(z +
h), Ny(z — h)] for all z € R;

(H2) The difference n°

5 — Ny is sufficiently decaying, namely

/R <ng($) — N’y(x))Q W (z)dr < oo.

Let n., be the solution of (I11.1.1) associated with ng.
Then there exists a constant ¢y > 0, ¢y = O(n]), such that if |h| < 13, the following
inequality holds:

2 —cyt
/R(n’y(ta x) — Ny(z—ct))"W(x —ct) de <e /R
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Moreover, setting u,(t,z) := (ny(t,z) — Ny(x — ct)) /N (z — ct), we have the additional
dissipation of energy:

(nd(@) — Ny(@)) W(a)de.

oo
y /O /R (Dot (1, )2 (NI (N2 W) (3 — ct) da dt < /R

Let us give a short sketch of proof of the above result. An important feature of equation
(IIT.1.1) lies in the fact that its linearization around N, (x —ct) is spectrally stable in suitable
weighted Sobolev spaces. This property has been identified recently by Leyva and Plaza [110],
using Sobolev spaces with an exponential weight. Here, we work with different weights,
which we believe follow more closely the structure of the equation, see Lemma II1.3.1 and
subsection 111.4.2, and which give a better control in the congested zone. One crucial point of
our analysis lies in the derivation of a new weighted Poincaré inequality associated with this
weight, see Proposition I11.3.1. This allows us to prove a spectral gap property, leading to the
exponential decay announced in the above Theorem. Once the dissipation properties of the
linearized equation have been identified and quantified, we perform the nonlinear estimates
by treating the quadratic terms as perturbations. In this regard, assumption (H1) allows us
to have a uniform L> control on n.(t, ) — Ny (x — ct), thanks to the parabolic nature of the
equation.

Note that the rate of decay c, of the energy is exponentially small. This is linked to the
exponential blow-up of N§ in the transition zone, see Theorem III.1.1. This blow-up also
imposes a strong limitation on the admissible size of the perturbation in L°°, and thereby on
the size of h. It is not clear whether this assumption could be substantially lowered, taking
for instance initial perturbations that would be algebraically - but not exponentially - small.
Indeed, it is possible that the strong variations of IV, in the transition zone destabilize the
flow.

Our study is organized as follows. In Section II1.2, we describe traveling fronts for both
systems (III.1.1) and (III.1.3) and give a refined behavior of the profile N, in the transition
zone between the congested region and the free region. Next, we prove in Section II1.3 the
asymptotic stability of the profile N, (v being fixed) for some L2-weighted norm. Finally,
we have postponed in Section III.4 the proofs of some technical lemmas used in Section II11.3.

111.2 Traveling waves for the Hele-Shaw system and the porous me-
dia equation

This section is devoted to studying the existence and properties of traveling fronts of both

systems: Hele-Shaw and the mechanical model of tumor growth with “stiff pressure law”

depending on the parameter . For the latter, an asymptotic expansion of this type of
solution will be computed.

111.2.1 TW for the limit Hele-Shaw system

We look for traveling wave-type solutions of the form (n,p) = (N, P)(z — ct), where ¢ > 0
is a constant representing the traveling wave speed and N, P are real nonnegative functions.
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We may assume that ¢ > 0, since for ¢ = 0 we find again the stationary solutions, and the
case ¢ < 0 can be reduced to ¢ > 0 by reflection.

Lemma III1.2.1. Let ¢ > 1 be arbitrary, and let £ denote the traveling wave variable & =
T —ct.

1. Define the profile (Nys, Pus) € L™®(R) x W1(R) by

. Iy ¢
Prs(€) = { (1)_ ot Zg z 8 Nus(§) = { 1(1 - c> © z:i Z 2 (I11.2.1)

Then (Nus, Pas)(x—ct) is a traveling wave moving at speed c solution of the Hele-Shaw

system
cN'+ (NP') + No(P) =0, (I11.2.2)
0<N<1, (1-N)P=0, P>0, (I11.2.3)
P(P"+®(P)) =0. (111.2.4)

2. Let (N, P) € L®(R)x W1 (R) be a traveling wave profile moving at speed c of the Hele-
Shaw system (111.1.3). Then there exists £ € R such that (N, P) = (Ngs, Pas)(-—&o)-

Remark III.2.1. e The Lipschitz reqularity assumption on P ensures that the term P'N
is well-defined, as a product of two L functions.

o An important feature of the analysis is the continuity of the flux (c+P' )N on R (and in
particular at the transition point &y). This property will determine the value of N(£O+).

Proof. Tt is easily checked that (Ngg, Phg) is a solution of (I11.2.2)-(III1.2.4). Hence the
difficulty is to prove that all solutions are equal to (Ngg, Pys) (up to a translation). As
emphasized in Remark I11.2.1, the flux J = ¢N + NP’ satisfies J' = —N®(P) € [-1,0].
Hence J is Lipschitz continuous and decreasing. Using the values of N, P at +o00, we find
that J(—o00) = ¢, J(+00) =0, and therefore 0 < J < ¢ a.e.

Since P is Lipschitz continuous, the set {P > 0} is a countable union of disjoint open
intervals, say Uje7(a;,b;). On any such interval (a;,b;), we have N =1 and

—Pllzl—P, VfE(aj,bj).
Hence there exist C;E such that
P(&) =1+Cfet +Cye™s V¢ € (aj,by).

Note that the case b; = 400 is excluded, since N(4o00) = 0, and that C’j_ = 0if a; = —o0.
Furthermore, on any interval (a;, b;), we have J = ¢+P’ € [0,¢|, and J' = P” < 0. Hence P is
non-increasing and concave on (aj, b;). If aj, b; € R, we have additionally P(a;) = P(b;) =0,
since a;,b; € 0{P > 0}. This entails that P(§) = 0 for all £ € (aj;,b;), which is absurd.
Hence J is a singleton and there exists £y € R such that {P > 0} = (—00,&p). Furthermore,
since P(&) = 0, we find that

P(6) =1—¢e"% Ve <&, (I11.2.5)
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Let us now consider the free-phase, i.e. the set {P = 0} = [£o, +oc[. In (the interior of)
this interval, the equation becomes

¢cN' = —N, VE>&.

The solution of the above linear equation is of the form
N(&) = Cexp <—£_C£O> .
We infer that in (&, +00), J = cC exp (—%) By continuity of J at & = &, we obtain

c—1=J(&) = J(E&) = C.

Thus C' = (¢ — 1) /¢, and we find that (N, P) = (Nus, Pus)(- — o).
O

111.2.2 Qualitative properties of travelling waves for the porous medium equation

Let us now consider traveling waves for the porous medium equation (III.1.1). We are
interested in the behavior of such profiles in the limit v — 400, with a fixed velocity ¢ > 0.
In the following two subsections, we aim to derive qualitative and quantitative information
on the profiles when v > 1.

The existence of a profile IV, solution to (III.1.4)-(III.1.5) is ensured by a former study of
Gilding and Kersner [117]. More precisely, as a particular case of [117], one has the following
result.

Theorem IIL.2.1 (Gilding & Kersner [117]). Let ¢, = \/-15.

1. System (II1.1.4)-(I1L.1.5) has a unique solution N., (up to a shift) for every c¢ > ¢, and
no solution for ¢ < c,.

2. When ¢ = ¢, Ny is a sharp front, i.e. the support of N, is bounded above, and, modulo
translation,

_J A —exp () for £<0,
NW(Q_{ 0 for £€>0.

3. When ¢ > ¢, N, is positive, strictly monotonic and satisfies

(In(1 — N, £ — —oo, (II1.2.6)

c? c 1
N(E) =14+ ———= as
Vo 4?2y - 2 L
442 2y

and

(In(N,))(€) — —%, 05 € +oo.
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The above theorem guarantees the existence (and the uniqueness up to a shift) of a

TW N, for all ¢ > ¢& = i ; the smoothness of N, when ¢ > ¢; the monotonically
7 7 v+1 K i

decreasing behavior of N, and its boundness on R. Notice that the sharp front with minimal
speed ¢ = ¢ it is only Holder continuous with exponent 1 /v at & = 0. The fact of N;YH
being continuously differentiable in the whole domain means this traveling wave is a weak
solution in the usual sense, while from the physics perspective, it indicates the presence of
continuous flux.

Theorem II1.2.1 is adapted from Theorem 1 in [I17], and therefore, we refer to this work
for detailed proof.

profi}e N profile P

e e mm—— =

0.8

0.6}

041

Figure II1.1: Density and pressure profiles for finite values of v and limit profiles, ¢ = 1.5.

From now on, we pick a velocity ¢ > 1 independent of ~, so that ¢ > cﬁl. We also fix the
shift in IV, by imposing

N, (0) = (i) . (I11.2.7)

The goal of this subsection is to prove the following result:

Proposition II1.2.1. Let ¢ > 1 and let (N, P,), Py := py(Ny), be the unique bounded weak
solution to (I11.1.4) satisfying (I11.2.7). Let (Ngs, Pus) € L N WL™(R) be the reference
traveling wave solution moving with speed ¢ of the Hele-Shaw system, see (I111.2.1).

1. The following convergence properties hold:

o Weak-star convergence:

N, — Ngs inw*—L>®, P, — Pyg inw*—WH™;

L All the results of this chapter remain true with little or no modification if the velocity ¢, depends on v
in such a way that ¢, — ¢ with ¢ > 1. However for the sake of readability we have chosen ¢y = ¢ > 1.
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e for any compact set K C R
P, — Pygs in C(K);
e N, — 1 uniformly on R and P} — Py uniformly in C(] — o0,0]).

2. Pointwise bounds for Py on R_: setting A = (—c+ V¢ +4)/2, we have,

1 1
1—(1—>6A£§P7§1—<1—>6€, V€ <0; (IT1.2.8)
gl ¥

The rest of this subsection is devoted to the proof of Proposition II1.2.1.
L*° bounds. From the maximum packing constraint, we know that 0 < P, < py = 1.
Then, standard comparison provides

0<N, < VETOO (o) = 1.
From Theorem II1.2.1, we know that N§ < 0, which combined with the definition of the stiff
pressure yields Pfy < 0.

Therefore there exist (N, P) € L x L*(R) such that up to the extraction of a sub-
sequence, N, = N, P, = P in w* — L*(R). Furthermore, N, P are non-increasing. The
choice of shift (II1.2.7) implies that N, (0) — 1, P,(0) — 0. Hence, since N,, is non-increasing

N, converges uniformly towards 1 on | — 00, 0], and P, converges uniformly towards zero on
[0, +00]. It follows that N(£§) =1 for £ < 0 and P(£) =0 for £ > 0.

Strong convergence of P, and .J,. Define the flux .J, := cN, + 'yN;N,y =cNy + N7P§.
We observe that equation (II1.1.4) can be written as

Ji = =N, (1~ N),

so that J, is decreasing on R. Combining the latter with the L bounds on N, yields

-1<J, <0,

(I11.2.9)
0=Jy(+00) < Jy < Jy(—00) =c.

In particular, cN, + NWPé > 0. Since we already know that P, is non-increasing, it follows
that
—c¢< P, <0, 0<P, <1 (I11.2.10)

From inequality (II1.2.9) (resp. (II1.2.10)) and Ascoli’s theorem, .J, (resp. P,) converges
strongly, up to a subsequence, in C(K) for any compact set K C R. Note also that P, RNy 2
in L*(R); since N, converges uniformly towards 1 on R_, we find that J = ¢N + NP’ on
] —00,0[.

The exact same cannot be done with N,. Indeed, from (III.1.4) and (III.2.9), we can
deduce the following bounds for N,

N, c(1—N,)
- <N < ~——77
“NJ =" Ny

!/
< (I11.2.11)
7Y 7
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Note that obtaining an L*° bound implies controlling N71_77_1 in L® over any compact on

R when v — +oo. This is impossible as N, € (0,1). In fact, we show in what follows that
N is discontinuous in & = 0.

Passing to the limit in equation (III.1.4). We can write the diffusion term as

N / r N N 1"
(NyPy) = (YN, NY)' = ﬁ(NJ )" = ﬁ(Pva) :

Since P, converges strongly in C(K) for all compact set K C R, while IV, converges weakly-*
in L*(R), we can pass to the (weak) limit in equation (III.1.4).
We obtain that (N, P) satisfies the following equation in the sense of distributions

—¢N' — (NP)" = N(1 - P). (111.2.12)

The same argument also shows that J = ¢N + (NP)" on R.

Limit in the free-phase ({ > 0). We recall that P = 0 in R;. Hence, in (0, +00), equation
(I11.2.12) becomes
—cN' = N.

We recognize the ODE satisfied by Npg in the free-phase in the Hele-Shaw system. It follows
that

N() =Cexp (—i) vE >0,
for some C > 0.

Limit in the congested phase ({ < 0). We recall that N = 1 on | — 00,0[. Inserting
this information into (I11.2.12), the following elliptic equation (complementarity equation)
is obtained

P'"+(1-P)=0, in D'((—o0,0)). (I11.2.13)

From P(0) = 0 (recall that P is continuous), it follows that P(¢) =1 —ef for £ € R_.

(N,P) satisfies (II1.2.3). We know that P = 0 on [0,+00) and N = 1 on R_; hence,
P(1—N)=0onR asin (III.2.3).

Jump relation at £ = 0. We recall that the flux J = ¢N + (N P)’ is continuous on R, and

in particular at £ = 0. Thus,

lim N(€)=1- . (IT1.2.14)

£—0+ c

Gathering all the information, we find that (N, P) = (Ngg, Pug). Furthermore, since the
limit is uniquely identified, we deduce that the whole sequence (., Py) converges (in the
sense given above).

Sub- and super-solution for P, on R_. Using (II1.2.10), it follows that
—PNy = Ny(1 = Py) + (¢ + P))N} < Ny(1 = Py),

whence
—Pé’ <1-PFP, onR
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Now, let £&; € R be arbitrary, and let Py := P,(&1). We have for Py :=1— (1 — P;)e%! that
—P{ =1— P,. Furthermore,

—(Py = P4)" <1~ (Py — Py) on (—o00,&").
It follows from the maximum principle that P, < P, for { < £*. In particular, taking §; =0
and P, =1/,
1
0< Py(¢) <1 (1 — ) et VE<O. (IT1.2.15)
Y

In a similar fashion, recalling that vP, > 1 on R_ and P§ < 0, we have

cP! (P/)2
~P/'=1-P,+—"T+—->1-P +cP.
v v ’VPV ’YP'y v v
Arguing as before, we define P_(§) =1 — (1 — %) e, where ) is the positive root of A% +

cA—1=0 (i.e. A= (—c+Vc?+4)/2). By definition of A\, P_ satisfies
1
P'=1-P_ 4¢P, lim P (§)=1, P.(0)=-.
E——o0 vy
We infer that

1— (1 - i) M <P(E) v (I11.2.16)

Uniform convergence of the flux and of P,’Y on R_.
We recall that J) = —N, (1 — P,). The pointwise bounds on P, imply that

] < et vE<0, Yy > 0.

It follows immediately that J, converges towards Jyg uniformly in C(R_). Since

we infer that P§ also converges uniformly towards Py ¢ in C(R_). This concludes the proof
of Proposition II1.2.1. O

111.2.3 Phase portrait of NV, and further consequences

In this subsection, we derive other properties of the family (N,),>0, which will be useful in
our stability analysis. These properties rely crucially on the analysis of the phase portrait
of N,.

In order to plot the phase portrait of Ny, we use the results of [97], together with the
following remark: using equation (I11.1.4), we have

AN, AN dg
dN, dé dN,

1 / 2 1\2 -1
- —Tmw [eN] + (NG 2N 4 N (1= N
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Hence dN/ /dN., vanishes if and only if NJ (1-NJ) < ¢*/(4y?) and N, € {Q_(N,), Q+(N,)},
where

Qx(N,) (—c /2 — 492N (1 - NJ)) . (IIL.2.17)

B 272N
Note that the curves 'y = {(N,Q+(N)), N € (0,1)} each consist of two branches, for
N € (0,N1) and N € (Na,1). The points N; are the roots of the discriminant, i.e.
N](1—N])=c?/(44?). The curves I';. and I'_ intersect at N = N; and at N = Np. A
straightforward analysis shows that

21 1 2 1
=120 (1) a2 (4))
Y v 4y v

with
2 c
Qe(N1) ~ ==, Qu(N2) ~ “92
Furthermore, Q4 (N) ~ —& for N < 1, while Q_(N) — —ocoas N — 0, and Q4 (N) ~ —y(1 — N)/c
for 1 — N < 1, while Q_(1) = —c/~%.
Note also that with the normalisation of the previous section, i.e. N,(0) = v~ /7, we
have N7<0) S [Nl,NQ].
Now, let us denote by 7 (resp. S) the interior region between the curves I'_ and I';
for 0 < N < Np (resp. N2 < N < 1). We also denote by I' the curve (N,, N!), which we
orientate in the direction of growing N,. We make the following observations:

(i) For all N, € (N1, N2), dN./dN., > 0;

(ii) Forall N, € (0, Ny) (resp. Ny € (No, 1)
dN./dN, < 0 iff (N, N;) € T (resp. (N4, N,) € S);

(iii) If T crosses one of the curves I'y, then dN! /dN, = 0 at the crossing point and therefore
the tangent to I' at the crossing point is horizontal;

d

dQ+
(v) AN

20 for all N € (Na, 1);

< 0 for all N € (0, Ny);

2
(vi) When & — —oc, we have N, (€) — 1, and N (€) ~ — ( 1+ 4% - ;) (1= N,(¢)).
The proof of all items is easy and left to the reader, except for (v), which we prove below.
Note that (vi) is a consequence of (II1.2.6). It follows from (vi) that for N, in a neighborhood
of 1 (the size of which depends on +), the curve I' is above I';.. Furthermore, (iii) and (iv)
imply that if the curve I' intersects the region S, then it cannot exit S. It follows that I lies
strictly above I'y. for all N € (N2,0). Consequently, for all N, € (N1,1), dN,/dN,, > 0.
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A A
N Ny )
0.0 i /

4 S

~1.0 n L 1
0.2 0.4 0.6

Figure IIL.1: Trajectory I' in the phase plane (N, N'), ¢ =2, v =5.

Let us now prove that d@Q/dN < 0 for all N € (0, N7) (the inequality for Q_ is easier
and left to the reader). We have, setting P = N7,

dQ+ d c 42
— = ——|-———|1-4/1-—NY1-N"
dN dN[ 2y2 N1 ( \/ c? ( ))]
_ 2 11
= — ¢ 7 1 1_\/1_47]\[7(1_]\77) +2i N7 (1 -2N7)
2v2N7-1 N 2 c2 \/1 — %NV(l — N
. c 49%(y —1)P(1 — P) 2v3P(1 —2P)
2°NT | 21 +4/1-BP1-P)  /1-ZP(1-P)

_ A-2P)-(9- 24 2P)/1- %P1 - P)
i 1= PO - P 1- S P -P)

Note that for 0 < N < Ni, P = O(1/+?). In this regime, it can be easily checked that the
numerator of the right-hand side is positive, and therefore dQ1/dN < 0 for all N € (0, Ny).

This completes the proof of (v).
We deduce that for N € (0, Ny), the curve I' can cross I'y at most once, as I' exits the

region 7. This completes the proof of (v). Now, let us argue by contradiction and assume
(0, N1) such that (N9, (NY)) € T lies above T'y. Then there are two

that there exists NS €
possibilities:

e cither (N,, N/) is above T'y for all N, € (0, N1). In that case, dN’/dN, > 0 for all

N, € (0, N1). Since (0,0) € T and N;, <0, it follows that N = 0 for all N, € (0, N1),

which contradicts Theorem III1.2.1.
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e or there exists N} € (0, NY) such that (N3, (N])) € TNT. In that case, since I and
I'} intersect at most once, there exists N3 € (0, N1) such that for all N, € (0, N3),
(Ny, N}) € I'0n'T and for N, € (N3, N1), (N4, N)) is above I'y. Hence N, reaches a
minimum for N, = N3, and the value of this minimum is Q1 (N3) > Q4+ (Ny) ~ —2/c.
Thus N(Y is bounded in L*°. Using Ascoli’s theorem, we infer that IV, converges
uniformly on C(K) for any compact set K C R as 7 — oo. Since Nyg is discontinuous
at € = 0, we have reached a contradiction.

We conclude that (N, N!) remains below I'y. for all N, € (0, N1), and therefore I' does not
cross I'y. Using once again the fact that min N“/y must blow up as v — oo, we infer that '
and I'_ intersect exactly once, at a point where N, = NS € (0,Ny), and NS is such that
Q- (N9) = —o0 as vy = 4oc. For all N, € (0,N?), dN//dN, < 0, and for N, € (N9, 1),
dN; /dN., > 0. Thus we obtain the phase portrait drawn in Figure IIL.1.

Let us now go back to the analysis of £ € R — N, (). There exists a unique 52 € R such
that Nv(fg) = NS. Note that dN. /dN, and N./ have opposite signs. Hence, N, is concave
on (—oo0, 53) and convex on (fg, +00). We are now ready to prove the following Lemma:

Lemma III.2.2. We normalize the function N, so that N,(0) = y7. We have the
following properties:

. §2 >0 and lim,_ 52 =0;

SUD.,~.0 SUPe < | N, (€)| < +00 and ||N) || e ry = —Q—(N9) = 400 as y — oo;

limy o0 NS =1—c1;

For ~ large enough, for all &€ > fg,

0< N, (9) < Mexp (—5(6 - )

P, — Pyg and Ny — Ngs in L}, (R) for all p € [1,+00[;

Let & > é’g such that N (§3) = _% (1 — %) Then & — 0 and N,(£%) — 1 — 1 as
v — oo.

Proof. First step: Upper-bound on Ng and on 5’2.

The analysis of the phase portrait entails immediately that ||V, ||z ) = —Q_(N,(Y)). As
recalled above, if Q_(NS) remains bounded, then N, converges strongly in C(K) for any
compact set K, which is absurd since Ngg is discontinuous. Hence Q_(N,[Y)) must blow up.

Since
c

g = O < g

= (NI
we deduce that (N9)Y = o(y7?)) < v~ = N,(0)". Thus &) > 0.
Since the flux J, is decreasing on R, it follows that .J, (53) < J4(0). Now

Jy(€9) = eNY + y(N))Q_(NY) = (c +0 (}y)) NY, (I11.2.18)
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and
J5(0) =777 (e + P(0)) .

Thanks to the sub- and super-solutions for P, on R_, we know that for all £ <0,
1 %3 1 ¢
l——)J(1-e*) <P -P0) < (1-—)(1—¢),
Y Y

where X = (V244 — ¢)/2. Hence P,(0) € [-(1 —~7"),(1 =~y 1Al We deduce that
J(0) < c¢— (1 —~~1\, and therefore

NY < <c+0 (i))_l (c— (1 - }y) A) <1- % + 0 (i) : (I11.2.19)

Hence lim sup,,_, o NS <(c—MN/e< 1.
The bound on P}(0) also implies the boundedness of N/ on R_. Indeed, since £J > 0,

N; is decreasing and negative on R_, and

/ _ / _ ¥ _
sup INS(&)] = INL(0)| = SN (07T O(1).

Let us now address the upper-bound on fg. We recall that N, is concave on (—oo, 52).
Consequently, for all £ € (0,{2),

0< N,(€) < N, (0) + N (0)e.

In particular, taking £ = 59/, we deduce that

v

N.(0) P(0) P! (0)’
since P,(0) = y~! by choice of our normalization. We deduce in particular that

1
0
0s& s a1y

Second step: Super-solution for N, on (52, +00).
We recall that N, is convex on (fg, +00). As a consequence, using the equation on NN,
we have

—cN!, = Ny(1=NJ)+yNINJ+7*(N))PNI7H > Ny(1=(ND)7) V€ € (€9, +00). (I11.2.20)
The Gronwall Lemma then implies that

_ 0
ﬂ(g — 53)) vE> &), (I11.2.21)

Ny(§) < NS exp <— -

Recalling (I11.2.19), we deduce that for v large enough, for all £ € (Eg, +00),

N, (&) < NYexp (—216(5 - gg)) : (I11.2.22)
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Third step: Strong convergence of Pfy and N,.
We start with an L? bound for P.. From (II1.1.4), P, is solution to

— ¢ P} — yP, P! — (P})* = yP,(1 - P,). (I11.2.23)

Integrating Equation (II1.2.23) over R gives
(=) [ IP©ORdE = —e,+7 [ P(1=Py) i
Hence, we get the following inequality
i
1P ey < g (1P ey + 11 = Prllacesy)

The right-hand side is uniformly bounded with respect to « thanks to sub-solution for P,
on R_ (see Proposition I11.2.1) and to the upper-bound for N, on (£9, +00) (see (I11.2.22)).
On the interval (O,fg), we simply use the fact that 59{ is bounded and P, < P,(0). Hence,
(P})y>1 is bounded in L*(R).

We now show an additional strong convergence of (P;), in L?. Going back to Equa-
tion (IT1.2.23) and taking into account that (P}), is uniformly bounded in L*(R), we have
for any 1 € C2°(R):

/RQ/)P,Y [Pf/ +(1—-Py)] d§ = _le /Rw[cfoY + (Pfy)2] d¢ -0 as~y— +oo.
Hence, by integration by parts in the left-hand side:
/RMP;V dé + /Rw’PvPé de + /Rzppyu “P)dE 0 asy— oo,
From the previous bounds, it is clear that

/R@/}/PWP,; d{—i—/R VP (1-Py) — /Rzp’PHS Pl d{—i—/R Y Prs(1—Pygg) d§ = —/}Rw(P’)2,

y—+o00

using the complementary equation (II1.2.13). Finally
/ @ZJ(P,;)Q ¢ — / V(Phg)? dé asy — +oo,
R R

which means that (P/), converges strongly in L{ (R) to Pg.

loc

We then recall that J, = N,(c+ P). Since (P!), converges in L, there exists a sub-
sequence (which we still denote by Pé) which also converges almost everywhere. Recall that
(Jy)~ converges in C(K) for any compact set K C R. Therefore (N,), converges almost
everywhere - up to a subsequence - on any set of the form Ny~o{c+ Pf/ > 6}, with 6 > 0.

Let K be a compact set in R, and let M = supy Jgs < ¢, m = infg Jgg > 0. There
exists yx > 0 such that for v > vg, Jy € [m/2,(c+ M)/2]. Since J, < ¢+ P;, we deduce
that ¢+ P, > m/2 on K for v > yk. Whence (N, ), converges almost everywhere on K, up
to a subsequence. Since N, is bounded in L*°, Lebesgue’s dominated convergence theorem
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implies that (INy), converges towards Npg in LP(K) for any p € [1,400[. Note that the
limit is uniquely identified. Hence the whole sequence (NN, ), converges in L{’OC.
Fourth step: Convergence of 52 and NS.

We argue by contradiction and assume that limsup,_, ., 59/ > 0. Then there exists £ > 0
such that & < 52 for a subsequence. We recall that N;’ <0 on (0,§_). Passing to the limit
in the sense of distributions along this subsequence, we obtain that N;g < 0 in D'((0, £)),
which is absurd. Thus 52 — 0 as v — o0.

Let us now go back to (II1.2.18). We recall that J, converges uniformly towards Jgg,
and that Jyg(0) = ¢ — 1. It follows that lim,_,. NS =1—c1
Fifth step: Asymptotic behavior of &5 and N,(&3).

First, notice that £* is well-defined since N, is increasing on (£9, +00), with N/ (4-00) = 0
and lim, o Nf{(ﬁg) = —o0. Furthermore, since IV, (£3) < N70, lim sup,,_,o No(§3) < 1— c L

In order to prove that lim, o, & = 0, we argue once again by contradiction and we
assume that limsup,_,,, & > 0. Thus there exists 6 > 0 such that £ > 4 along a sub-
sequence. By monotony of N/, we know that N/ (&) < N(&) = —c¢ (1 — ¢') for all
s (52, 9) C (59/, €5). Thus, passing to the weak limit, we find that there exists a non-empty
open interval included in (0, 40o0) on which N} ¢ < —c¢1(1 —¢1). This contradicts the ex-
plicit expression of N}, g, namely Nj g = —c 11 — ¢ 1)e~¢/¢; and therefore limy 00 & = 0.

The convergence of N, (&3) towards 1 — ¢! follows from the same arguments as the one
of NS: we note that

1) = ey (&) =y (1= 1) M)
Since lim sup.,_, o, N+(&3) < 1, the second term in the right-hand side converges towards zero
exponentially fast. We also recall that by uniform convergence of .J,, J,(§3) = Jus(0) = c—1
as v — 0o. Hence limy 00 No(§3) =1 — c L.
O

111.2.4 Quantitative bounds for the profiles [V,

In order to prove our quantitative stability result in Theorem III.1.2, we will need some
quantitative information on the asymptotic behavior of N, and its derivatives (e.g., the size
of [[N]|lz=). This subsection is devoted to the proof of such bounds. More precisely, we
prove the following result:

Lemma I11.2.3. There exists a constant C > 1, depending only on c, such that the following
properties hold, for any v > 0:

1 |V h) — N. 4
sup sup—| ’Y(:E"i_ ) ’Y(IE)| + v < C’Y,
0<|n|<1zeR |7 N, (z) Ny
1 |Ny(z+h)— N 1_P
Sup sub s /) /(@) <7, sup |—,—~| < C.
0<|h|<1zeR || N!(x) 0| P!

Proof. Bound on NQ/N7 in the free zone ¢ > &J.
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!

We set L, = %—: + ¢, Using the equation and the convexity of Ny in § > &, see

(II1.2.20), we have

NYE) 1 (V) _ (N (E)

~eNy(©) 2 M O(-(5 () = () = g+ < T < BB v g
Furthermore, since N/ (&) = —c (1 —¢1) and NL(&) — 1= ¢!, we immediately infer

that LW(C;) vanishes as 7 — 0o. We now derive an equation for L, in order to obtain a lower
bound on L,. We have, using the equation on N,,

v N, N,Y2
1 (N, )2
= ———— (N,(1 = NJ)+eN, +*(NL)AN) 1) — =2
’YN'?—H ( 24 Y 2 o ) N%
cL, 1 5 ( 1)2
= — - — DLy ——] .
Ny Ty D
Thus L, satisfies the differential equation
7R ST 20241 I 1 4+l
K i T ANy c Ty c?
Note that the coefficient ﬁ — @ is exponentially large in the free zone, and drives a
Y

strong convergence of L. towards zero. Thus the whole idea is to prove that the quadratic
term (y2 + 1)L3 does not perturb the linear behavior. This easily follows from a bootstrap
argument. Indeed, note that at { = £, for vy large enough

c 2(72 4+ 1) c

- . I11.2.24
YNy c 2yNy ( )

(v + 1)Ly +

Thus by continuity, this property remains true on a non-empty open interval on the right of
&, Let
max = sup{¢§ > &, (111.2.24) holds on (&7,6)}.

Then &max > &3, and on the interval (fi;, &max), we have

¢ 1 2+1 72+ 1
A i el
27Ny ¥ c c

/
L, +

The Gronwall Lemma then implies that for all £ € (€3, {max),

¢ ¢ Y+1 et ¢ ¢ :
> iy — - - '
Lv(g)_[@(fv)exp< /&; 27N3> = /éexp /: 2N d¢

B
Now, we recall that for £ > &, for v sufficiently large,

1

No€) S No(€) <1
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Thus for all € € (€7, {max),
1\~
Ly(&) = —[Ly(§")]exp (—(5 — gf/)% <1 — 2@) )
Y41 € N C 1\~ )
- /{ﬁexp<—(f—€)2v<1—2c) )d{

> L€ exp (—(5 -5 (1- 21)) SBOED ()

Note that the right-hand side of the above inequality converges uniformly towards zero. In
particular, for 7 sufficiently large, L, (§) > —1 for all § € (§3, {max). 1t follows that

2(v2+1 2)(v? +1 3
(72+1)L7+ CW_ (’Y + )2 Cv_(c—i_ )(7 + )Z Cw
YNy c YN~ c 4y Ny

V¢ € (&5 Emax)-

By a bootstrap argument, we deduce that £y,.x = +00. This implies, in particular, that
L — 0 uniformly on (&, +00).

Remark I11.2.2. The uniform convergence of L., towards zero yields the existence of sub-
solutions of Ny in the zone § > &. Indeed, let 6 > 0 be arbitrary. Then for v large enough,

L, > =6, and therefore % > —(c7' +6). By the Gronwall Lemma, we obtain

N,©) = Mo (- (5 +5) €~ ). (111.2.25)

Bound on N! /N, and on the first difference quotient in L*°.
We distinguish between § < & and £ > £ and we write, for v sufficiently large,

Nl / 1
HN7 = max (sup |N7’ sup |Ly — — )
Yoo e<er Ny e>ex ¢

1 1
< max [N lloos = +1
(Nv(fﬁ) e
< ClQ_(NY)| < (1— 1)7
- = 2¢ '

Let us now consider the difference quotient

1 [Ny(z+h) = Ny(a)
I Ny (z)

We will need to distinguish several cases:

e Case x < & in that case, Ny(x) > Ny(§)) — 1 — ¢!, and therefore the difference
quotient is bounded by C|| N [|oc-

e Case z > £
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— Sub-case h > 0: we write Ny(z+h)— Ny(x) = foh N.(z+y)dy, and we recall that
since L, is uniformly bounded, |N| < CN, for some constant C' in (&3, 400).
Using the monotony of N,, we deduce that the difference quotient is bounded.

— Sub-case h < 0 and z+h > £: an argument similar to the sub-case h > 0 applies.
In that case, we obtain, using a variant of Remark I11.2.2,

1N ) - Ny@)| Ny + )
W M@ S Ay

<C.

— Sub-case x +h < 5;: in that case, note that t = v +h — h < {: + 1 since |h| < 1.
Hence Ny(z) > N,(&) + 1), which is uniformly bounded from below thanks to
(II1.2.25). Thus the difference quotient is bounded by C'| N/ |-

Gathering these results, we obtain the bounds announced in the Lemma.

Bound on (1 - P,)/P; on R_.
Let M, := (1 — P,)/P.. According to Proposition I11.2.1, M, — (1 — Pys)/Pyg = —1
locally uniformly on R_. So, for v sufficiently large, M, (§) € [-3/2,—1/2] for all £ € [-1,0].

Furthermore we know that
N! — — N7
! 1 L 1-P(g 1-NY

ﬁy({) SIMOP T Ty e TINE N ToN

7

so that, thanks to Theorem III.2.1,

-1
_CN@O1I-N© 1P s )
TR N© T-N© ( e 27) sl —oo

My (€)

Now, let us consider the interval (—oo, —1]. There are two possibilities:
o cither M, (&) € [M,(—1), M,(—o0)] for all £ € (—oo, —1]. In that case, for v sufficiently
large, M, (&) € [-3/2,—1/2] for all £ € (—o0, —1];

e or M, takes values outside the interval [M,(—1), M,(—o0)]. In that case M, reaches
a local extremum at some {); € (—o0, —1), and therefore M. (xr) = 0.

Let us compute M. Using the equation satisfied by P, (I11.2.23), we have

IV 1 St 1)
Y (P§)2
1-P CP/ Pl2
= _1+7,2'Y 1_p7_|_77_|_l
(Py) Py Py
M 1-P
= —1+M24c—+ T,
7P7 'YP'y

At £ = &)y, the right-hand side vanishes, and therefore

BYE c2 B 1— Py (&)
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Note that, thanks to (I11.2.8), P,(&y) > Py(=1) > 1 — e * > 0. Hence M, (&y) =
+1+O(y71). Recalling that M, < 0 on R_, we deduce that M, (&y) = —1+O(y71).

Once again, for v sufficiently large, we find that M,(§) € [-3/2,—1/2] for all £ €
(—o0, —1].

Hence in all cases, we deduce that for v sufficiently large,

1-P,

7,

| W

< < —% VEER_. (I11.2.26)

Note that these bounds (which are stronger than what is announced in the statement of
the Lemma) imply in particular the following inequalities, which are easy consequences of
the Gronwall Lemma: for all £ < ¢ <0, for v large enough,

(1= Py()exp (-2 =) < 1-P¢) < (1= P exp (~5(€ ). (1227

Bound on the second difference quotient.
We now address the bound on
1

sup sup —
0<|h|<1z€eR |7

N, (& + h) = N, (x)
Ny (@)

Once again, we will need to distinguish between several zones. First, note that

1Ny h) - Ny@)| LNyt h) - Ny(@)] [N (@)
I N (z) || Ny (x) Ni(z) |
Hence for x > —2, this difference quotient is bounded by
1 |Ny(z +h) — Ny(z) Ny(z)
sup sup — sup :
zeR 0<|n|<1 |7 Ny (z) z>-2 [N ()]

For z > &), N, /N'/y = (Ly — ¢ H~1, and we recall that L., converges uniformly towards
zero on (%, +00). Hence N,/N. is uniformly bounded on (£3,+0c0). And looking at the
variations of N!, we infer that

sup W<maux< 1 ! ><C’y
ve(-20) INY ()| — INL(=2)1TINYEN) —

Thus
N, (x4 h) = N, (x)
N (@)

1
sup sup

T1 1 S ’YCV S C??
0<|h|<1ze(~2,+00) ||

for some constant Cy > C.
We now consider the interval (—oo, —2). Since |h| < 1, we have z + h < —1. Hence z
and = + h are in the congested zone. We write

1Ny(z+h) = Ny(x) _ /1 Ny (@ +7h)
h N/ (x) o Ni(x)
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Recall that N = 7_1PI/N{(771). Hence

N (z +7h) _ Py (x+71h) Ny(z)!
M@ @ M

Note that N://_l = P, /N, is uniformly bounded from above and from below on (—oo, —1).
Thus we focus on the quotient P.(x + 7h)/P. (), which we further decompose as

P (x +7h) _ P (x+71h) 1-P(x+7h) 1-P(x) _ M,(z) 1—Py(z+Th)
Pl (z) 1-P(x+7h) 1-P(x) P (x) M,(z+71h) 1—Py(z)

Using (I11.2.27) and (II1.2.26), we deduce that

/
P7(9i+ Th) < e,
PI2)
Hence
1
sup sup —
o<|hl<1e<—2 |h]

N, + h) — Ny ()

<C.
NG ()

O]

Our nonlinear stability result will hold in weighted Sobolev spaces. The weights will
depend on the function NNV, and its derivative, and therefore will have abrupt changes in
the transition zone (0,{:). In order to monitor precisely these changes, we introduce two

additional abscissa £ and 57, which we define as follows:
Definition III.2.1 (Definition of £ and &)-

e The abscissa & € R is the unique point where

3 1/2
P(&) = <(C_1)W> . (I11.2.28)

e The abscissa 57 € R is the unique point such that N,y(gw) € (O,NS) and

~ c—1
M) =~y
m A2 N, (&)
Remark II1I1.2.3. e Note that & is well-defined by monotony of Py, and &, < 0 since
Py (&) > Py(0);

e The definition of 57 is a little more intricate. We recall that for all N, € (0, N'(y))’
Q-(N) < N} <0, where Q_ is defined in (I111.2.17) and dN;/dN, < 0 for all N, €
(0, NS); we refer to the analysis of the phase portrait in the previous subsection.

Now, define Q(N) by

~ c—1
Q(N) := TN
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0.2

—0.6F

—0.8F

5 0.2 0.4 0.6 0.8 Lo

Figure III.1: Definition of the point N,y in the phase plane (N, N'), ¢ =2, v =5.

It is clear from the definition of Q and Q_ that Q_ < Q for all N € (0, N,(Y)), and Q is
monotone increasing on that interval. Consequently, the curve (N, Né) intersects the
curve (N, Q(N)) exactly once on the interval (0, N?) (see Figure III.1). We denote the
abscissa of the intersection point as N, and &, is defined implicitly as Ny(§y) = N,.

Let us now give some properties of 57 and &, which will be used in the next section:

Lemma IT1.2.4 (Properties of §~7 and 57*) For ~ large enough, the following properties
hold:

e { <0< fg < 57 < &. As a consequence, limy 0 Nw(fy) =1-cY
¢ & =0(v"?), and & = 0(y7Y);
o P/ < —C~7 Y forall € € (5;,57).

Proof. Relative positions of 52,57,5;.

By definition of 57, Ny(fy) < Ng , and thus 52 < 57. Furthermore, we recall that N, is
monotone increasing on (£9,400), and
c—1 < c—1 .
472N, (671 T AR (N

N«Iy(gv) =

Whence N;(gy) < N!(&), and therefore & < . The limit of N, (&,) follows from the
monotony of N, and the fact that lim,_, Nw(fg) = lim, 00 Ny (§5) = 1 — ¢! (see Lemma
I11.2.2).

Size of & .
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First, considering the sub-solution for P, we see that { > —1. Using (II1.2.26), we
recall that Pé is bounded away from zero on (—1,0), for v large enough. Thus,

[Py (&) — Py (0)] [Py (&) — Py (0)]

<< — ,
SUP(e: o) 17| T infe ) [P
and thus o c
— <1< —.
val Nal

Lower-bound for |P)| on (§;,§~7) and size of &,.
Let us introduce yet another intermediate point &M such that N, (&) = 1 — (2¢)~".
We recall that Nw(fg) — 1 — ¢!, and therefore fiynt € (0,59/) for v large enough. Now, for

£ € (&.6), we have N, (&) € [1 — (20)7, 1], and

P Jy —cN,

1
o N,y SJ'Y_C+§

We recall that J,(£) — ¢ — 1 uniformly on that interval. Thus P} < —C <0 on (&, &) for
~ sufficiently large, for some uniform constant C.

In particular, since P, (") = (1 — (2¢)~!)7 is exponentially small, it follows that

. P, (&™) — P(0
m < PAE - PO _C

inf[07§§ynt] |P,§| Ty '

Let us now consider the intervals (£2,£9) and (&9, ¢,). Using the notations introduced
in the previous subsection, it is easily checked that Ny(ﬁivm) < Ni. As a result, using the
phase portrait of N, (see Figure IIL.1), N! < Q_(N,) for all £ € ( ivnt,fg). In particular,

Pl =N (€)(Ny (€)™

<A (N, (€))7 x

;707 c2 — 4~2(N. 71*]\7 ol
272(]\77(5))7*1( \/ Y2 (NA(6)) '( (N5(6) 1))

<-5 Ve € (&, €9).

For € € (52,57), the argument is similar. On this interval, N} > Q_(N,), but N/ < Q(N,)
by definition of 57. Thus

- -1 c— =
P(E) < 7(N,(€)" x <—61> < - vE € (€5, &)
’ 12 (N () h '
We obtain the desired lower bound on |P]| on (£, &,). Tt follows that

&-g' < =o(y™).

P c — P.(gint v
AP () 1)
mf(f%“tfv) |P7| 2¢c

Hence 57 and f,iynt are exponentially close. The estimate on g} follows.
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Let us conclude this section by saying a few words about the proof of Theorem III.1.1.
The sizes and signs of §, and 57 are given in Lemma I11.2.4. Inequality (III.1.6) follows
from the monotony of N, and from the definition of {. Let us say few words about the
inequality claimed in (II1.1.7). Actually, the reader may check that the derivation of sub-
and super-solutions on R_ made in (I11.2.15)-(II1.2.16) can be easily adapted to the interval
(—00,& ], using the fact that Py (&) = O(y~Y/2) and vP, > C,/7 on (—00,& ] It follows
that

L= (1= Py(&)) e < Py (&) <1- (1- Py(&))) e,

where p, is the positive root of u’+ %M —1=0. It is easily checked that = 1—O(y~1/2),
which leads to inequality (II1.1.7).

The size of ||V, |l in the intermediate region (£ ,&,) is an easy consequence of Lemma
11.2.2, and the bounds on the pressure in that zone follow from the monotony of P, the
definitions of £} and the asymptotic behavior of N, (§,) (see Lemma II1.2.4).

Eventually, the lower and bounds on N, in the free zone follow from (III.2.25) and
(I11.2.22) respectively.

The convergence properties for N, P, at the end of Theorem IIL.1.1 are a consequence
of Lemma II1.2.2 and Proposition II1.2.1.

I11.3 Stability of the profiles V,

The goal of this section is to prove that the solution of the equation

ny — 70 (n)0xny)) = 1y (1 —nl) (II1.3.1)
associated to an initial datum that lies between two shift of the profile IV, converges (in a
sense specified below) towards N, as t — +o00. After a presentation of the general strat-
egy, we enter in the details of the two main steps of the demonstration: the analysis of the
linearized system and, next, the control of the nonlinear contributions. To keep the presen-
tation as seamless as possible, we have postponed the proof of some technical lemmas to the
next section.

This section contains rather technical ingredients. Therefore, in order to alleviate the
notation as much as possible, we will systematically drop the dependency with respect to ~
in the computations and proofs: IV, will be denoted by IV, n, will be denoted by n, etc. We
only keep track of this dependency in the statement of our main result.

In the whole section, for all weights and coefficients f(¢, ) that only depend on & = z—ct,

we denote f(t,z) = f(z — ct).

111.3.1 Overall strategy

We define here our notion of stability and convergence towards the profile IV,. We introduce
a weight

& ¢
0l€) = KNJ(E)(N! () exp ( [ (Z)dz> | (1I13.2)
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with a normalization constant K chosen so that wy(§;) = 1. We will prove that for suffi-
ciently small and decaying initial data,

/’nﬂ,tx Ny(x —ct)2

N~ ct) ‘ wo(x —ct) de — 0 as t — 4o0. (I11.3.3)

The result is summarized in the following theorem.

Theorem II1.3.1. There exists n €]0,1] such that the following result holds. Let v > 1
be fized, sufficiently large. Let us assume that ng lies between two shifts of N, i.e. there
exists h > 0 such that ng(l‘) € [Ny(xz + h), Ny(x — h)] for all x € R. Let ny be the solution
of (II1.1.1) associated with nd and

ny(t,x) — Ny(z — ct)
Nl (z — ct) '

uy(t,x) =

Assume that
/ -, (0, 2)| @0 (2) d < +oo.
R

Then there exists a constant ¢, > 0, decreasing exponentially with v, such that if h < n7,
the following inequalities hold

/ s (,2) [P0 (2 — of) da < e_c“*t/ s (0, 2)[Paig () dx Vit >0,

(I11.3.4)
/ / |0z (t, ) |"NJ (z — ct)wo(z — ct) dw dt < / |u(0, z)|*wo(x) da.
Note that this statement is merely a rephrasing of Theorem III.1.2 in terms of the un-
known u,. We emphasize that u, is a natural variable when linearizing equation (III1.3.1)
around N,(x — ct). Indeed, since equation (III.3.1) has constant coefficients and since
N,(x — ct) is a particular solution of the equation, it is classical that 0,N(z — ct) is a
solution of the linearized equation around N, (z —ct) (and we also recall that 0, N, does not
vanish on R). Moreover, n,(t,z) — N,(x — ct) is also a solution of the linearized equation,
up to a quadratic remainder which we will treat perturbatively. Therefore working with
energies depending on u., is similar to deriving relative entropies for the system.
The result relies on two main estimates: a L control on n — N (almost immediate, see
below) and a more complicated L? weighted estimate on the variable u. Indeed, an easy
computation (see subsection I11.4.1) shows that u satisfies the equation

02G (u) G(u)
b U — 2 — Y T o
O+ bOyu — adyu y+1N'(x—ct) N'(z—ct)

(111.3.5)

with @ = a(z — ct), b = b(x — ct) and

3 _ NYN/ ! B N
a:=~vyN7, b:= —2’y<N/) = 292 NTIN' — 27N7ﬁ,
and
Gu) :=n"" =N Yz —ct) — (y+ 1N (z — ct)(n — N(z — ct)). (I11.3.6)
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Let us make a few remarks before exposing the main ingredients of the proof. First, we
emphasize that all unknowns and coefficients depend on « (i.e. b,a,u, G, N). As mentioned
above, we chose not to make this dependency explicit in our notation. Second, equation
(IT1.3.5) has a structure of the type

dvu+ Lu = Glul,

where L is a linear operator, corresponding to the linearization of equation (II1.3.1) around
n, = Ny, and G[u] is a quadratic operator in the sense of (IIL.3.8).
Quite classically, the core of our proof relies on the two following observations:

e The linear operator £ is coercive in some weighted H! space. More precisely, there
exists a weight w and a constant § = 0, > 0 with the following property: for any
v e C2(R),

/ (bOew — adv)vi > / (Oev)2aw + / |26V — & / wPoew.  (IL3.7)
R R 2 Jr 2 Jr

Note that the last term will enter the time derivative of the energy [ |u|?>w when we
perform energy estimates.

This type of coercivity property had been identified by Leyva and Plaza in [110],
without the L? term [; [v|2ev7%, which will play a crucial role in the energy estimates.

e The nonlinear term G[u] satisfies
1Gu]] < Cyful(u] +[0ul). (IL.3.8)

Hence, if ||ul|g~ is small enough, we can hope to absorb this term in the energy
dissipation provided by the coercivity of L.

The remainder of the section is devoted to a more rigorous statement and to the proofs of the
above heuristic arguments. Concerning the smallness of the L® bound, a possible strategy
could be to differentiate equation (I11.3.5) with respect to x and to derive uniform, high
regularity bounds on u. This strategy is likely to succeed. However, it will probably come
at a high technical cost. Consequently, to simplify the proof and the presentation, we chose
here to take advantage of the parabolic structure of the equation and use the comparison
principle (or maximum principle), which immediately implies an L> bound on n and wu.

Remark III.3.1. Let us mention by anticipation that the constant 6 in (II1.3.7) will be
small, while the constant C, in (I11.3.8) will be very large. Whence we will need ||u||
to be very small (in fact, exponentially small) to treat the quadratic term as a perturbation.
This is related to the strong singularities in N; which were highlighted in the previous section
(recall that |N||Le blows up exponentially, see Lemmas II1.2.2 and III.2.3).

Let us now present the main ideas of the proof.
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Structure of the linearized system - weighted L? estimate

We start from a reference weight wg, which is defined as the solution of the differential
equation

awy)’ b(€) —c)wp =0 f R
(flwo) (&) + (b(&) — ¢)wo or { €R, (I11.3.9)
wo(&) =1 for some & € R.

This weight is identical to the one identified by Leyva and Plaza in [110, Section 3.1],

although our derivation differs from theirs, see subsection II1.4.3. For this weight wg, we
have the following

Lemma III.3.1 (Stability estimates for the linearized system). Let u be a smooth solution

to
Opu 4 bOyu — ad?u = S, (I11.3.10)

where S is a general source term. The following equality holds, with wy(t,x) = wo(z — ct)
t
/ lu(t, z) 2wy (t, x) dx—l—?/ / a(s, ) (Opu(s, ) *wo(s, z) dx ds
R
/ |u® ()| 2wo ( dm—|—2/ /S s, x)u(s, z)wo(s,x) deds. (111.3.11)

Furthermore the weight wq fulfills the following properties:

Lemma II1.3.2 (Asymptotic behaviors of wp). The solution of (IIL.3.9) with § = & is
given by

5 a(z)

where the normalization constant K is chosen so that wo(gg) =1. We find that K o v%/2.
Consequently wo has the following asymptotic behaviors:

Wo(€) = KNV(€)(N'(€))2 exp (/é i~ dz) , (111.3.12)

e as & — +oo, wo has a double exponential growth: there exist C1,Co, C > 0 independent
of v such that for all £ > C,

exp (exp (C17€)) < wo < exp (exp (C27€)) ; (II1.3.13)

e as & — —oo, Wy decreases exponentially to 0: there exists C > 0 independent of v such
that for all £ < —C,

C‘ljgexp (2 (1 + \%) 5) < g < cjﬁexp (2 (1 - \%) &) o (3.4)

Spectral gap and Poincaré inequality

However, the sole weight w is not entirely sufficient to have an exponential decay in time
of the energy [ |u|?wp. Indeed, in order to prove such an exponential decay, we need a
Poincaré inequality of the type

/ wl2a@o < C, / (0s0)%awy Vv € CLR).
R R
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In other words, we need to prove a spectral gap inequality. To the best of our knowledge,
such an inequality does not hold for the weight wy. However, we are able to prove a variant
of such an inequality, with an additional L? term in the right-hand side:

Proposition III1.3.1 (Weighted Poincaré-type inequality). Let wq be reference weight which
is defined as the solution of the differential equation

{(awo)'(i) +(0(§) —c)wo =0 for{ €R, (I11.3.15)

wo(&) =1 for some & € R,

and v € CL(R). )
Then there exists a constant C independent of v and a constant Cy < C7 such that

&, +o0 1
v N%Ud+/ v?
[m YN wod§ : N

—Tode <O / (9ev)2awo dé + C, / eV . (IIL3.16)
¥ R R

In particular, there exists a constant c, satisfying c, > 17 for some n €]0, 1] independent
of v, such that

e, [ vPinde < [ @o)faide + [ o exp(yTE)ds.

3

1/2
Remark II1.3.2. o We recall that we defined £ so that Py(§]) = (W) / . Con-

sequently, in the first integral of (111.3.16), the term YN is bounded from below by

C\7-
o In a similar way, for € > &, we have N, < 1—(2¢)71, so that the term 7% in the
Y
second integral in the left-hand side of (I11.3.16) is exponentially large.

o We stated this result for v € CL(R), but the result can be extended to v in suitable
weighted Sobolev spaces by a classical density argument.

o Let us give a few motivations for the weight eV in the right-hand side. We actually
have some freedom in the choice of the coefficient of the exponential that we take equal
to ay = /7. We could a priori take a larger coefficient a, with respect to vy. However
oy, must satisfy a number of conditions. First, an important feature is that the growth
(resp. decay) of this weight as & — +oo (resp. & — —o0) is lower (resp. stronger)
than the one of wg. Moreover, the energy dissipation provides a very good control of
the energy in the zone § < & and § > 57, as we can see in inequality (I111.3.16). The
additional term [, v2eV7® is only needed in the transition zome ({;,f:,), as we shall
see in the course of the proof. Our choice a, = /7 is actually motivated by the need
to control, uniformly with respect to -, the exponential exp(aﬁ; ) (see in particular
(II1.4.11) ). Since & = O(v~12), it leads us to set a, = \/7.

o The proof of Proposition I111.3.1 relies on the quantitative estimations of Lemma I11.2.3,
and will be performed in subsection II1.4.4.

As a consequence, if we are able to have an additional lower-order dissipation term in
the energy estimate (the term [ |v|2ev?¢ in the right-hand side), the exponential decay of
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the energy for the linearized system will follow. In order to get this extra dissipation, it
turns out that it is sufficient to modulate slightly the weight wy. More precisely, we define
W = Wy, where
¢(_Oo) = 27
- 0y (IT1.3.17)

¢ = —Texp(xfﬁ) (awo) ",

and the constant d, > 0 is chosen such that ¢(+o0c) > 1.

Lemma I11.3.2 ensures that ¢’ € L!(R), and therefore ¢ is well-defined and monotonous.
Note that since 1 < ¢ < 2 by construction, the weights wo and w are equivalent. However,
choosing w gives us the following additional control:

Lemma I11.3.3. Under the same assumptions and notation as in Lemma I11.5.1, we have

/R]u(t, o) 2w(t, x) dx + 2/0t/]R(8xu)2aw + 6, /Ot/R\u(s,m)IQexp(ﬁ(:c —cs))dzds
:/R|u0\2u_) da:—i—/ot/RS(s,a:)u(s,x)w(s,x) dxds, (111.3.18)

with
8y = oy /2 (I11.3.19)

, for some constant oy independent of ~y.
Furthermore, there exists m €]0,1[ and a constant ¢, > 1] such that for all v € CL(R),

cv/|u\w<2/av aw+5/\v exp\ff)

Definition II1.3.1. In the rest of the chapter, we set

—2/ Opu(t, z))*a(t, x)w(t, x)dx + 0 /\utx| exp(y/7(z — ct))dx,

which is the total dissipation term.

Gathering the above results, we see that any solution of the linearized equation (I11.3.10)
with S = 0, with an initial data such that [p |ug|?wo < oo, decays exponentially (at a rate
cy) as t — oo.

L°° estimate

In order to prove that the dynamics of the nonlinear equation (II1.3.5) is driven by the
linearized part of the equation, and that the nonlinear term in the right-hand side of (II1.3.5)
can be treated perturbatively, we will need a last ingredient, which is a direct consequence
of the comparison principle:

Lemma II1.3.4 (L™ estimate). Let h be small enough and assume that n® lies between two
shifts of the reference profile N :

N(z+h) <nl(z) < N(z — h).
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Then, for allt >0, for all x € R,
N(z+h—ct) <n(t,x) < N(x—h—ct).

From Lemma II1.2.3, we have

n— N(x —ct)

<C7 ..
N —a < C7h, (I11.3.20)

L (R+ XR)

|l oo (my xr) +

where C' is a positive constant independent of .

Equipped with this estimate and the control in L from Lemma II1.3.4, we can control
the nonlinear contributions and deduce an exponential decay of the L? weighted norm as
t — 400, as stated in Proposition I11.3.1. The next subsection is devoted to the control of
the nonlinear terms. We then give a proof of Theorem II1.1.2 at the end of section III.3.

111.3.2 Control of the nonlinear terms and long-time behavior

We now address the proof of Theorem III.3.1 using the tools described above. Let u be a
smooth solution to (II1.3.5), we get by applying (I11.3.18):

¢ t
/ lu|?wop da + 2/ / a(0yu)*wop drds —l—/ / u|26, exp(y/7(x — cs)) drds
R 0 JR 0 JR

_ [t [ 9G(u) _/t/ G (u)
—/R|u0|w—|—7+1/0 O uwo¢ drds ) 8INuw0(;5 dxds. (I11.3.21)

Observe that the first term of the right-hand side comes from the nonlinear diffusion while
the second comes from the reaction term. We also recall that

G(u) = (N 4+ udp Nt — N7+ — (4 + )N ud, N.
First, let us estimate G(u).

Lemma II1.3.5. Assume that

u&vNH B Hn(t,:l:)—N(:E—ct)H < 1
N 00 a ]\[(a7 - Ct) 00 B ’Y‘
Then
|G(u)] < Cy*(udN)2NTL, (I11.3.22)
10,G (u)| < Cy30, NN 2(ud,N)?* + Cv N Y (ud,N) 9(ud,N) (IT1.3.23)

< CY30, NN 2(ud,N)? + Cy N0, N)?|u| |0, ul
+ Cyu?|0, N’N ™1 + Cyu?|0, N,

for some constant C > 0 independent of .
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Proof. The first estimate can be easily proved by writing
U0 N )
N 9

where g(X) = (1 4+ X)"™ —1 — (y+ 1)X. A Taylor expansion at order two close to X = 0
shows that if | X| < 71,

G(u) = Ny <

1 1\7!
901 < 70+ (1+2) X SXE

Estimate (I11.3.22) follows. We also know by convexity that G(u) > 0.
For the second estimate, we differentiate G and get

0,G(u) = (v + )N ((N + ud,N)' = N7 = yN"'ud,N)
+ (7 + 1), (udp N) (N +ud,N)” = N7).
Reasoning as before, we infer that
10.G(u)] < C(y+ 1)V?|0:N|[udy N2N772 + C(y + 1)7]0(udy N)||udp N| N7,
To obtain the last set of inequalities, we use the equation on N, and we recall that
YO2NN"Y = —cd,N —~+*(0,N)’N'"™1 — N(1 - N7),

which concludes the proof of the lemma. O

Lemma IIL.3.6 (Control of the nonlinear reaction term). There exists a constant ny €]0,1]

such that if
u0, N

H <y,
o0

then the following inequality holds

uwoqb dx| < (I11.3.24)

1
4

Proof. Using Lemma II1.3.5, we have

< o2 / |0 NINTwo de,
R

that we want to absorb in the left-hand side of the equality (II1.3.21) thanks to the diffusion
and damping terms:

D, = Q/Ra(azu)2w0¢ dx + /Ré7 exp(y/E)u? du.

Recalling Proposition I11.3.1, we observe that it suffices to have
o [|u0x N ‘

which concludes the proof, choosing 7o < 7.
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Lemma IIIL.3.7 (Control of the nonlinear diffusion term). There exists a constant nz €]0,1]
such that if

w0y N
fullo + |25 <.
then the following inequality holds
92(G(u)) 1
£ < -D,. I11.3.2
/R O uwo® dx < 7P+ (I11.3.25)

Proof. Integrating by parts the nonlinear term stemming from the diffusion, we have

/RWWW dv = _/R%GW)@W <w0¢> / 0:G (u (;&i) . (IIL.3.26)

e We first address the first term in the right-hand side of (II1.3.26), using the estimate
on 0;G(u) from Lemma II1.3.5. It follows that

[ a6t au(“’“ﬁ)] < C [ PNl (0. N) s
R

+c/7%m@m%wﬂ@wa

+C [ Sfal? ol %5 g

+CAVWH&MMW

We then address each term [I; separately. We start with the term I, for which we simply
write

Oz N

I, <Cy ugET

[ @z awos.
Lo JR

which is smaller than D.,/16, provided |[ud; N/N|joo < (16C~)~?
For all other terms, we first perform a Cauchy-Schwarz inequality. We have, recalling

that @ = vN7,
2 1/2 5 4 nry—4 1/2
L <C|( [ (0zu)aw [ ul N7 wed )
R R
1/2 9, N2 1/2
I3 <C (/R((?xu)Qaw> (/ ‘ |4 (N'y-‘rg 0¢> s
1/2 1/2
I, <C (/ (awu)2aw) (/ 7|u|4N_7w0¢>> .
R R

We then bound each integral with |u|* in the right-hand side by using the Poincaré inequality
from Proposition I11.3.1 and the L estimate on uw. The simplest term is Iy, for which we
have

1/2 1/2
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Concerning the term I3, we have

[t e g < 2=

NY+2

[
Using Proposition II1.3.1, we have

J R Ay
£>£ N’Y <€ N’y

< ’y/(&vu awoé—&-'yCA,/ uleVT@=et) gy
R R
1
+7~/ uPwog
N(§)7 Je<é
< CDs,

for some exponentially large constant C’fy. The above inequality also allows us to bound Iy.
Thus, provided
. _ _ _ 0z N
Jullie < 8inf (/%5752 ()21 2), s

i < 5(0’/\/)71/2771/27

Lo

for some small constant § independent of «, we infer that

'lU[)(ﬁ 1
<-D,.
/ O Gl (a N )‘ -8
e Let us now consider the second term in the right-hand side of (II1.3.26). Computing

the weight in the right-hand side and using the definitions of ¢, w and the equation satisfied
by N, we find

@wd\ _ -
a(&N> P

+K(Z_585(65NN7)6X1) (/f ;)

_ c ¢ o
+KpO: NN7 = exp (/ )
a 13

- a

5
_ yexp(E) Koo /fc
= AN N 7ng(l N7)exp e a
= Wi+ Ws.

We then use the estimate on 9,G(u) from Lemma II1.3.5, treating Wi and Wy separately.
We have, concerning the terms with Wy,

/R 0, G (u)uly

J (0:IN)? 0N
= C\% [/R’}/Q|u|3 N2 GWSJF/R [ul 1O ule™
3 rrry |0, N\)
+ cf/y ul’ N~ <1+ N
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Using a Cauchy-Schwarz inequality for the second integral, we get

l/&G@WWi
R
0.N

0z N

< 05773/2 ~

u

/ eV
Lee JR
9 1/2
0N / U 2
[0 RN7w0
Oy
+C— ([lullz~ +

ui
2
> / U e

N
We then observe that thanks to the growth and decay properties of the weight wg at +o0,
there exists a constant C such that

n

1/2
+Coy (/R(&Cu)%w)
0N

N

u

eVt < CLw(€) VEER. (IT1.3.27)

However, because of the strong degeneracy and singular behavior in the transition zone near
g, the constant Cy might be exponentially large. It follows that

/ uZeVé < C’W/ wlw < C'Wc;lDW.
R R

Concerning the integral [ ﬁ—ie\ﬁg, using Proposition I11.3.1 together with (II1.3.27) yields a
bound Cycy 1D7 for this term, with a possibly different constant C.,. The last term is treated
in the same fashion. We obtain

0. N

YN

/R 0:G(u)uly

1
<o, + =) Dy < gD,

L
provided ||u||fe and ||udyN/N || are small enough (exponentially small with ).

There remains to address the terms containing Ws. We have, using Lemma I11.3.5 and
recalling the expression of the weight wy from Lemma II1.3.2,

/R 0, G (u)ulWy

w1 = N)

o [ 10zN| 5 2 3 W
< 09 [ w0y [ wtipufw s [ P [ R

Using the same arguments as above, we find that the first three terms are bounded by

(-

and can be absorbed in D, under the assumptions of the Lemma, provided 7 is sufficiently
small.

u

N

0N _ -
el oyl 16 ) D

There remains the last term, which has an additional singularity in the congested zone
because of the 9, NV factor in the denominator (note that in the free zone § > &, *, |0, N| 2 N,
so that this singularity can be treated thanks to the weighted Poincaré inequality from
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Proposition I11.3.1.) However this singularity is compensated by the factor (1 — N7) in the
numerator. More precisely, we have, for { < ¢, and using Lemma I11.2.3,

_ N7 .
‘1 N _ ’1 P‘ Pl_% <.
QIN P! ~
Hence ,
[u?(1 = N7) / ; -
S w < Olluflze ul“w < Cyl|lullpeocs, Do .
/mctgéﬂ/ ’01N|N7_1 - ’YH HL mfct<0’ | = 7” HL vy P

Gathering all the terms, we obtain the inequality announced in the Lemma.
O

Let us now complete the proof of Theorem II1.1.2. First, we choose h so that h < ny/C,
where 12 €]0, 1] is the constant appearing in Lemmas I11.3.6 and I11.3.7, and C'is the constant
in (II1.3.20). Then Lemma II1.3.4 entails that

8, N
i H <nJ.
[ee]

[ufloo + ||u

It follows from Lemmas II1.3.6 and III.3.7 that the sum of the two nonlinear terms in the
right-hand side of (I11.3.21) is bounded by [ D,/2. Therefore, we obtain for all ¢ > 0,

1 t
/hww+§/1%g/ﬁwﬁw
R 0 R

Letting ¢ — oo, we obtain the control of the diffusion announced in Theorem II1.1.2. Now,
applying the Poincaré inequality from Proposition II1.3.1 and Lemma II1.3.3, we get, for all

t>0
b C t
/ﬁﬁw+i/hﬁwg/mww
R 2 Jo R

The exponential decay with a rate ¢, /2 (which we rename c,) follows easily from the Gronwall
Lemma.

111.4 Proofs of some technical results

111.4.1 Derivation of the equation on u

In this subsection, we prove that u defined by

n(t,z) — N(x — ct)

u(t,z) = Nz —ct)

is a solution of (II1.3.21). As in the previous section, we omit the dependency of ~ for
simplicity.

First, we recall that n and N(x — ct) are both solutions of (III.3.1), in which we rewrite
the diffusion term as

YO0z (n70,n) = ﬁ@xmvﬂﬂ.
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Recalling the definition of G(u) from (II1.3.6), we write (omitting = — ¢t in the argument of
N)
nT - N7 = (y £ 1)N(n — N) + G(u).

Introducing v(t,x) = n(t,x) — N(xz — ct), we find that v is a solution of

B —OE(NW) —v (1 — (7 + 1)N7) = #&%(G(u)) — G(u). (ITL4.1)

Observe that, from (II1.1.4), 0, N (z — ct) is a (negative) solution of the linearized equation
D10, N(x — ct) — yO2(NVO,N(z — ct)) — (1 — (y + 1)N7) 9, N(x — ct) = 0.

Let us now set u(t, z) := v(t,x) /0, N(x—ct) = (n(t,z)—N(x—ct))/0sN(x—ct) and compute
the equation satisfied by u. Using the identity

2u — o (&EV u@%N)

@ 0N (9,N)2
0%y v 3 02N
= = — N —-227 'ty
5N (@GN BN
we infer that 526 u) )
2 g U u
L — - - : 111.4.2
O+ bOpu — adyu Y+ 1N'(x—ct) N'(x—ct) ( )
where a(t, z) = a(x — ct), b(t,z) = b(xz — ct) and
~ 2
b:=—2y0, N7 — 2yN" gxx, a:=yN". (111.4.3)

111.4.2 Structure of the linearized system: Lemmas 111.3.1 and equality (111.3.18)

Proof of Lemma II1.5.1. Multiplying (II1.4.2) by 2uwg and integrating on R, we obtain for-
mally

d

—/ ]u|2w0—/ |u|28twg+/ 2u8xu(bw0+8z(awo))—|—2/ awg (0,u)> :2/ Suwg.
dt Jr R R R R

Integrating by parts the middle term gives

/ 2u0,u(bwg + Oy (awy))
R

_ _/ [l (bwo + D, (awp)).
R

Gathering all the terms, we have

jt/R]u]ZwO — /R [u|? [Oswo + Oy (bwo + D (awp))] + /]Rawg(agcu)2 = 2/RSuwo.
Now, let us look at the term between brackets. As wy = wo(z — ct),
[Oywo + O (bwo + 0z (awy))] = —cwy + (bwo + (awp)'),
= 0, ((awo)' + (b= eyiy)) ,
=0,
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from the definition of wy. This implies

d
dt/ \u\2w0+2/awo (Opu)? —2/Suw0,

and therefore, integrating with respect to t,
t
/ lu(t, )| Pwo(t, x)dz + 2/ / a(s, x)wo(s, z)(pu(s, z))?drds
R 0 JR

—/\u wOOwdac+2//Suw0

Note that wg(0,z) = wo(x). Hence we obtain the identity announced in the Lemma. O

Proof of equality (I11.3.18). This proof is very similar to that of Lemma II1.3.1. Observe
first that for w = wy¢, one has

_ — — — /
—[Orw + O (bw + Oy (aw))](t, x) = (CU_JO¢ — bwog — (5@0@/) (x — ct),
= - (&w0¢_5'>, (z — ct).
Note that from the definition of ¢, awgg’ = —% exp(/7¢), hence
—[0w + Oz (bw + Oz (aw))](t, x) = 6, exp(\/7E).
Proceeding exactly as in the proof of Lemma II1.3.1, we obtain
d
p /]R ul?w — /]R u|? [Oyw + O, (bw + Dy (aw))] + Z/RLLw(@xu)z = 2/RSuw,
d
7/ luf?w + 57/ lu(t, @) 2 exp(y/F (@ — es))da + 2/ aw(Dyu)? = 2/ Suw,
dt Jr R R R
and therefore, integrating again with respect to t, we obtain, for all ¢ > 0,

/|ut:z: tmdaz+5/ /|usx exp(y/7(z — cs))dx

+2/R+/Ra(s,m)w(s,x)(@mu(s,x))deds:/R\uo(x)|2w(:v)d:v—|—2/ot/RSuw.

The Poincaré inequality stated in Lemma I11.3.3 is an easy consequence of Proposition I11.3.1
and of the equivalence between the weights w and wy. ]

111.4.3 Properties of the weights w, and w: Lemma 111.3.2 and estimate (111.3.19)
Proof of Lemma II1.5.2. Let us rewrite equation (I11.3.9) as

(awo)" + ——(awg) = 0,

which yields, since wo(§;) =1,
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We recall that

hence

o (@ L, (V)
=2 ((N(f;»v) 2l <|Nf<§;>|>’

) (I11.4.4)
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- e ere@ren ([ ). (.49
Therefore we find the expression announced in Lemma I11.3.2, with a normalization constant
. 1
(N (N'(6))*

1
Let us now estimate K. We recall that £ is defined in (IIL.2.1) Since N’ = AP Pyt

also follows that )
T2y

[N

I

(=D + 1))

3

1
N’(f;) = ;Pl(fv_) (
and thus

2=

. ( 3 )é— 72_ |
(c=1r+1) P(&)?
The sub- and super-solutions for P (see Proposition I11.2.1) entail that P'(¢)) is bounded
from above and below. Hence K is of order v3/2.
For £ > €, we know by (II1.1.10) that there exist 0 < A; < Ay < 1 (close to 1 —¢~!) such

that

Are™ 26 < N(€) < Age <. (I11.4.6)
Moreover, remember that L. = %/ + % converges uniformly to 0 on [, +00) as v — +00
(see the proof of Lemma I11.2.3). Hence, for any n > 0, there exists vy such that for all
v >0, N'/N € [-1/c—n,—1/c+n] for all £ € [£*,+00). By (I11.4.6), we deduce that

Are= 3 < |IN'(€)] < Apet, (ITL4.7)

with flLQ € (0,1). As a consequence wy has a double exponential growth as & — 4o00:

KA A2 exp <_2’Y1r2§> exp <$A27 (exp (Zf) — exp <Z€§>>>

< 1wy (111.4.8)

. 2 2 2 2
< KgAgAg exp (—7 i .5) exp (C 54 K (exp (75) — exp (75’;))) )
c 27y c c



192 CHAPTER III. TRAVELLING WAVES FOR THE PME IN THE INCOMPRESSIBLE LIMIT

3/2

with K2 o< v/2. The estimate from the Lemma follows.

For & — —o0, we have using (I11.2.6) and denoting A = /1 + % - %,

o = KN7(N')2 / ¢ KX2P(1 — N)? / G
woy = ex ~ — ex — .
’ P & YNV | ¢5—00 P & P

Recalling estimates (II1.1.7), we get

C
VY

and, for |{] < C with C independent of ~

c-1 Vo s C '’ C
7(1—\ﬁ>exp(§)§1—N§’y<1—\ﬁ>exp<<1—\ﬁ>§>-

Gathering the terms, we obtain

C_lgexp (2 <1+\%> 5) < 1wy < Cgexp (2 (1-\%) g),

and we deduce the result announced in Lemma II1.3.2.

FEstimate of the constant 0, in w. Let

- - )
V) = ¢ awg = ——L exp (v/7E) .
7 (V7€)
Using the previous Lemma and recalling (I11.4.6), we observe that the double exponential
growth of wy dominates the growth in ¢ as & — +o00. On the other hand, for ¢ < —C', we
have

gt e oo (a1 S))
@@ Viav©rmwe - r WA

Hence, for v large enough /y—3 > 0 and a(gjt(ui)(g)

decreases exponentially to 0 as & — —oo.

We conclude then to the integrability of i on R.
aw

Let us now study the behavior of ¢. For that purpose, we analyze separately the different
regions according to the value of &.

e for £ > & using the estimates (I11.4.6)-(I11.4.8), we infer that

e ()
MAURNTGTNG

<ot (¢ 850 e (5 o (26) e (26)

< nyf;ngAl_M exp (5Z§> exp (—A;Y <exp (Zf) — exp (Zﬁ,Y))) )




III1.4 PROOFS OF SOME TECHNICAL RESULTS 193

Hence, integrating and using the asymptotic values of £} and ¢ from Lemma I11.2.4,

we get
R Oy ,— - oF Y o
/é 19| < C,TZLAl 2714; exp (_1427 (exp <c§) — exp (cé.'y )))
< cfile;?VAg exp(—CA; 7). (I11.4.9)

e for the intermediate region & € [£7, €], we write

é 5 £ eV 1 d
/_! '(2)|dz = 7 - A(N(2)) XK(N(z))V(N’(Z))2eXP(f§Z— ) :

B 7_1721{ /5 (P’(z)e)\;(v]zv(z))z exp (_ /; 'y]iﬁ) dz

Now, using Lemma II1.2.4 and the definition of £~, we have in this region

[P'(&)] > f N(&) > N(§) >1—%, (N(f))”SP(f‘)=O<\%>7
and thus
3 C
[ 16z < O—ge / b (~oime)
oo -5) ().
< Cy'%,, (I11.4.10)

where we have used the fact that € = O(y~1), £ = O(fy_%) (cf Lemma II1.2.4).

e for { <&, we use the fact that

1-P .
B 7_}—_~>_OO —1 uniformly on R_,

and the control (II1.2.8)
1
1-P> (1—)65 VE<O,
Y

to infer that

e 5 & VT2 & .
- Lo = g [ >>2<N<z>>2exp</z 7N7>d2

eV7? =€ —2)
< val
¢ 1/2K/ et ®
-
<C f/2 /Ooe‘ﬁzeﬂzeﬂ(5 Az
-
N
<C 1/2K/ z

<oy, (IIL.4.11)
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thanks to the fact that €~ = O(y~'/?) (cf Lemma II1.2.4). Combining (I11.4.9)-(I11.4.10)-
(I11.4.11), there exists 5y bounded away from 0 such that for &, = doy /2, | [z ¢| < 1.
O

111.4.4 Proof of the weighted Poincaré inequality

Proof of Proposition I111.3.1. To lighten the notations, we forget in what follows the notation
~ when it is clear that we work with functions of variable £. Formally, we have the following
inequalities, for any p € C?(R) and v € C}(R)

0< [ (0cvr))’d
= [ [0 +v2(@cp)ds +2 [ udeupder]de
:/ ?(9¢v)? + 0% (9ep) }df—/Rv e (pOep)dE
/ (9ev)2de — / v2p02p d.

Note that when p is positive and strictly convex, we obtain a Poincaré inequality. We want
to apply this inequality with p := (Enf)o)l/ 2. However, the weight p is not convex on R and
we cannot guarantee the sign of the second integral. Let us compute the derivatives of p.
Using (I11.3.12), we have

3 c
= —/yKN'N7 exp / — ],
! & 27N(E)
and thus

3 C C
() = VAR exp ( A W) —(VIONEY - 5 N'E)]

We recall that
—cN' — W(N’NV)’ =N(1—-N7),

so that

() = VAR exp ( [ M()) N - N ) + 5N

Differentiating once again and using the equation on N, we get
K 3 c c c 2 N’
(&) =/ — ————d N'(1 - 1)N")+ =N" 1-N")+ ——
a0 \ 5y P (/— 27N (2) Z) [ (L= O+ DN+ 3N+ o v )t 5w

K ¢ c ,
_ \/:exp (/7 Wdz) [N'(1— (v + 1)N7)

(cN’ + 72 (N)2NYL 4 N(1= N)) +

2 !
c c¢ N
TN (1-N")+ ——

IS

2

=

2
| IS

N

B K
= 5 N'exp 27N7

4yNY 2N

2 N’
(Y+1)N7 + —= +7—1]
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Note that p” > 0 provided the term in brackets is non-negative. The bracketed term is a
sum of four terms, among which the first two are positive, and the last two are negative.
Furthermore,

2
yv+1 c v+1 [ v+1
— N7 =14/ N7 — —>1
c +4’yN’Y ( c 4yNY + v T
so that

K £ ¢ 1 cle—=1) 1 N’
(DN i / { 1 (1—>N7 — ]
==\ eXp( & 2ny7> (y+1) )N TN Ty Ty
(I1L.4.12)

Thus the only zone where p” is non-positive is the region where the last term in the above
bracket is not dominated by others. Decomposing the domain in three zones, we have

e ¢ > £ using the notations of Section II1.2, we have
~ c—1
N'(€) > Q(N) = —
(€)= ) =~ gy
so that
. N - cle—1)
TON S T8yNY

Recalling the expressions of p and wg, we infer that for £ > £

K 3 c C
"> C\/~AK | —(N")?N7 exp / dz
=V \/v( ) & YN(z) ) AN

> C
—=wy.
YN7 0

VeS¢

1/2
e for { <&, we have P > P(£) = (%) / while P’ € [—¢,0]. Hence, we ensure
that

1
P << (1-7) P Ve,

and therefore e ( 0 .

Y+ _

— < ——(1-=|N" VELED.

ToaN =T 2 ( c) $24

Let us mention that this inequality is precisely the property that lead us to the nor-
malization (II1.2.1). We deduce then

¢ ¢
pﬂzKWWN%m%lfmwa“>w;DO‘i>

> C’yNVwO.

e for intermediate region, i.e., £ € [£,§], we can always bound the negative contribution
as follows

3
1 &y "3 c -1 3
_ < IK|N dz | N7 < CeVY
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for £ € (§5,€), where

€1
Cy < C’Y5/2||N/”3oo(§;,g) exp </§— W) :

Let us now evaluate the integral in the argument of the exponential. Using Lemma
I11.2.4, we recall that |P'| = v|N'|N""1 > Cy~! on (¢7,€). Hence

[ - [
e YN Je A|NTINY

€N
C LA

(N
= @l <N(£>)§C

Thus C,, < C7 for some constant C' > 1 independent of ~.

IA

Gathering all the terms, we obtain

3
/ 7v2pp”+/ vpp" < /(350)2Wo+/7 v p(p") -
e<e; e¢ R ¢

v

Replacing pp” by their lower bounds on (—oo,0) and on (£, +00), we obtain the inequality

announced in the Proposition.
O
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Glossary

acoustic wave An acoustic wave is a mechanical or longitudinal wave resulting from fluc-
tuations in the pressure field. They propagate as a result of the compression and
decompression through a medium. 13

advective time scale It refers to the time required for the bulk of a fluid to travel charac-
teristic distance L at speed U. It is, therefore, determined by dimensional constraints.
Let t, denote the time scale for advection, then t, = % 15

Bernoulli numbers These quantities first appeared in Ars Conjectandi, a treatise pub-
lished in 1713, by Jakob Bernoulli (1654-1705). They usually can be found in the
expansion of known functions such as tan(z), tanh(x), among others. They are related
to Riemann’s zeta function ¢ trough the formula

B, = —n((1 —n)q forn <1,

e}

where ((s Z , if Re(s) > 1 and B,, denotes the Bernoulli number. 3

beta-plane approximation It corresponds to the linearization of the Coriolis parameter
with respect to a certain latitude # when the scale of the motion be sufficiently small
in north-south extent. Then, f ~ fo + By where Sy < fy. 15

boundary layer Thin layer of viscous fluid close to the solid surface of a wall in contact
with a moving stream in which the effects of viscosity are comparable in magnitude
with those due to the inertia force, and therefore, cannot be neglected. 1, 3, 4

chemotaxis Chemotaxis in microbiology refers to the migration of cells in relation to chem-
ical agents, such as a growth factor. 27

Coriolis force Force produced by the complementary acceleration due to the Earth’s rota-
tion. It determines the general direction of winds and ocean currents. Its traditional
approximation is known as the Coriolis parameter and is defined by f = 2|Q|sinf
where 6 is latitude and {2 corresponds to the angular velocity. At mid-latitudes, a
typical value of f is 10%s~1. 5, 15

Ekman layer The wind exerts stress on the ocean surface proportional to the square of
the wind speed and in the direction of the wind, setting the surface water in motion.

197



198 Glossary

This motion extends to a depth of about 100 meters in what is called the Ekman layer.
Within the oceanic Ekman layer, the wind stress is balanced by the Coriolis force and
frictional forces. 4, 16

Ekman spiral Theoretical displacement of current direction by the Coriolis effect, given a
steady wind blowing over an ocean of infinite depth, extent, and uniform eddy viscosity.
It refers to the movement of an average water particle within the Ekman layer: to the
right of the wind direction in the Northern Hemisphere and its left in the Southern
Hemisphere. 4

Froude number Dimensionless number defined as the ratio of the flow inertia to the ex-
ternal field. It is based on the speed-length ratio defined by Fr = %, where U is
the local flow velocity, g is the local external field, and L is a characteristic length.
It is used to determine the resistance of a partially submerged object moving through

water. 15

Gamma function Complex function denoted by I' commonly used extension of the facto-
rial function to complex numbers. For every complex number z, satisfying R(z) > 0,
the Gamma function is defined via a convergent improper integral as follows:

+o00
F:zr—>/ > letdt
0
.3

geostrophic approximations The assumption that the horizontal wind behaves as the
geostrophic wind, i.e., a wind for which the Coriolis acceleration exactly balances the
horizontal pressure force. 5

geostrophic degeneracy It refers to the geostrophic approximation inability to provide a
complete dynamical determination of motion. The geostrophic approximation fails to
near equatorial regions, see [17]. 17, 24

geostrophic equilibrium The term geostrophy comes from Greek ge-Earth + strophikos-
turned. It refers to the balance between the horizontal pressure gradient and the
Coriolis force. 5

glioma Gliomas or glial tumors are all brain and spinal cord tumors arising from the neu-
ronal support tissue or glia. 27

haptotaxis It refers to the moment cells encounter immobilized ligands, such as extracel-
lular matrix proteins, and these ligands promote directional migration. 27

homeostatic pressure It is the value of the pressure for which cell division and death
achieve an equilibrium. It is a measure of the competition between a tumor and the
surrounding tissue. 26, 32

inertia-gravity waves Also known as Poincaré waves, they are waves traveling at speed
v Hg, with H denoting the ocean depth and g, the acceleration of gravity. In the deep
ocean, they are about 5-10 times slower than acoustic waves. 5
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Mach number Dimensionless quantity describing the ratio between the velocity of a fluid
and the velocity of sound in that fluid. It is usually denoted by M and defined as
follows

uol
C

where U is the local flow velocity to the boundaries, and c¢ is the speed of sound in
the medium. Low values of the Mach number indicate that high-velocity variations
are required to produce a change in density. Thus the flow tends to be incompressible.
Experimentally, the incompressible behavior of the flow occurs for M < 0.3 . 2

Munk layer Boundary layer characterized by a balance of the meridional transport of plan-
etary vorticity and the viscous dissipation. It is responsible for the western intensifi-
cation phenomenon. 16, 19

no-slip condition Condition stating that in the absence of retarding frictional forces, the
fluid will have zero velocity relative to the boundary at a solid surface. 2, 3, 15

reduced-gravity model Model based on the assumption that the gravitational field of a
given environment is smaller than that of the Earth. 4

Reynolds number Dimensionless number describing the ratio between inertial and viscous
forces. It used to characterize a flow in laminar(low Reynolds number), transient,
turbulent(large Reynolds number). It is defined by Re = %, where where U is the
local flow velocity, L is a characteristic length and v is the kinematic viscosity. 2, 3, 15

Rossby number In geophysical fluid dynamics, it is a dimensionless number represent-
ing the ratio between the forces of inertia and the forces due to the rotation, which
characterizes the movement of a fluid in a rotating frame. It is computed using the
formula

_U
- 7

where U is the local flow velocity, L is a characteristic length, and f is the Coriolis
parameter. 2, 15

Ro

Rossby waves Also known as planetary waves, they are oscillatory movements of the at-
mosphere or ocean of long wavelength. They are a consequence of variations of the
Coriolis force. 18

Stirling formula It is an approximation for factorials leading to accurate results. The
usual version of the formula is

Inn!=nlnon —n+ O(lnn).

Here the big O notation is considered as n — oo. It can be also found written as
n!~+2mn (Z)", where e is the Euler’s number. 3

stratified fluid Fluid with density variations in the vertical direction, see stratification. 5
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Sverdrup balance Theoretical relationship between the wind stress at the ocean surface
and the vertically integrated transport of ocean water resulting from the Ekman pump-
ing/suction. 4

vertical momentum balance The momentum equation is a statement of Newton’s Second
Law and relates the sum of the forces acting on a fluid to its acceleration. Since the
velocity field is a vector, it is possible to obtain the independent equations for the
horizontal and vertical components. The vertical balance equation is given by

Dw 10p
bt~ Y p 0z’

where g is the effective gravity acceleration, p is the pressure and p denotes the density
of the fluid . 13

western intensification At the beta plane, a zonal asymmetry appears in the circulation
and consistently at sea level. Indeed, to the east, the cyclonic beta effect partially
compensates for the anticyclonic wind stress so that less bottom friction is needed for
the flow to reach a vorticity balance. As friction is proportional to vorticity, this means
that the flow must slow down. Reversely, to the west, both the beta effect and the
wind stress impart anticyclonic vorticity. Hence the bottom friction must be enhanced
to balance both terms. This is done through the intensification of the northward flow.
As the basin is closed, by continuity, the northward and southward transports must be
equal, which implies a narrow western boundary northward flow and a wide interior
southward flow. 4, 6
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Sujet : Etude asymptotique de deux problémes de la mécanique de
fluides

Résumé : Ce manuscrit porte sur Ianalyse asymptotique de deux problemes provenant de la mé-
canique des fluides : l'effet des rugosités sur le comportement des courants océaniques, et la descrip-
tion mathématique des phénomenes de congestion dans la croissance tumorale. Tout d’abord, nous
analysons 'impact des irrégularités du littoral sur le mouvement océanique entrainé par le vent, lorsque
la géométrie des cOtes ne suit pas un modele spatial précis. Cette hypothese a deux conséquences prin-
cipales dans I’étude du probléme singulierement perturbé qu’est le modele quasigéostrophique 2D :
les équations de couches limites sont définies dans des domaines infinis avec des données aux bords
non décroissantes ; et la couche limite a ’Est présente des problémes de convergence loin de la fron-
tiere. Nous montrons le caractére bien posé de ces problémes dans des espaces de Sobolev non locaux
en nous servant des propriétés d’ergodicité et de 'analyse pseudo-différentielle. Nous construisons
une solution approchée du probléme original et analysons sa convergence. Dans la deuxieme partie
de ce travail, nous étudions une équation du milieu poreux (PME) unidimensionnelle modélisant les
propriétés mécaniques de la croissance tumorale. Nous nous intéressons a la limite singuliere “loi
de pression rigide” lorsque le PME dégénere vers un probleme a frontiere libre de type Hele-Shaw.
Nous proposons une description précise des ondes progressives au voisinage de la transition entre le
domaine libre a pression nulle et le domaine incompressible a pression positive. Nous effectuons apres
une analyse de stabilité des ondes progressives.

Mots clés : mécanique des fluides - analyse asymptotique - couches limites - modele quasi-
géostrophique - équation du milieu poreux - ondes progressives - limite d’incompressibilité - équations
de Hele-Shaw -croissance tumorale

Subject : Asymptotic study of two problems in fluid mechanics

Abstract: This manuscript deals with the asymptotic analysis of two problems arising in fluid me-
chanics: the effect of roughness on oceanic motion taking as a starting point the single-layered quasi-
geostrophic equation and the mathematical description of congestion phenomena in tumor growth.
First, we are interested in the impact of the irregularities of the coastline on wind-driven oceanic mo-
tion when the geometry of the coasts does not follow a specific spatial pattern. The assumption on the
roughness has two main consequences in the asymptotic analysis of the quasigeostrophic model: the
governing boundary layer equations are defined in infinite domains with not-decaying boundary data,
and the eastern boundary layer exhibits convergence issues far from the boundary. We establish the
well-posedness of the solution of the boundary layer profiles in nonlocalized Sobolev space by adding
ergodicity properties and using pseudo-differential analysis. We construct an approximate solution to
the original problem and analyze its convergence. In the second part of this work, we study a one-
dimensional porous medium equation (PME) modeling the mechanical properties of tumor growth.
We are interested in the singular “stiff pressure law” limit when the PME degenerates towards a free
boundary problem of Hele-Shaw type. We provide a refined description of the traveling waves in the
vicinity of the transition between the free domain with zero pressure and the congested domain with
positive pressure and then perform a stability analysis of the traveling waves.

Keywords : fluid mechanics - asymptotic analysis- boundary layers - quasigeostrophic model -porous
medium equation- traveling waves-incompressible limit -Hele-Shaw equations -tumor growth
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