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Summary

PIDEMIOLOGY offers apt means and tools to specify the degree to which risk factors and inter-
E vention strategies influence public health in the case of an epidemic outbreak. These manners
include surveys, data analysis, controls, and appropriate assessments. In this field, mathematical
modeling plays an intrinsic role in elucidating the impact of communicable diseases’ repercussions
and prophesying likely future scenarios. The application of mathematical models to epidemiology
requires characterizing the variables that affect the behavior of a disease in order to get a series
of equations whose solution agrees with what is happening in reality. Accordingly, mathematical
epidemiology represents the principal ground for decisions that aimed at preventing, dominating,
or eradicating the disease.

Empirical records of many epidemics show that external fluctuations are significant factors
in the spread process of infectious diseases. Undoubtedly, stochastic models are considered the
most realistic and practical method to simulate and study the evolution of an epidemic under
environmental disturbances. The analysis of these models requires many advanced analytical
techniques due to their intricacy and difficulty. Focusing on this problematic, the present thesis aims
to treat the evolutionary dynamics of some epidemic models with natural environmental noises
and certain unexpected phenomena. Under a suitable hypothetical framework, we offer and develop
new general and non-standard approaches to prove some interesting asymptotic properties of the
perturbed models, namely: stability, ergodicity, periodicity, persistence in the mean, extinction of
the disease, long-term character around the deterministic equilibriums. At the end of each section,
some numerical simulations are presented to verify the theoretical results and clearly show the
sharpness of the obtained conditions and thresholds.

In general, this thesis improves numerous studies existing in the field of stochastic mathemati-
cal epidemiology and provides alternative tools to treat and analyze more complex epidemiological
and biological models.

Keywords: Epidemics; Infectious diseases; Environmental disturbances; Stochastic systems;
Lévy noise; Asymptotic properties; Stability; Periodicity; Ergodicity; Persistence in the mean; Dis-
ease extinction; The long-time character around the deterministic equilibrium.




Résumé (French version)

'EPIDEMIOLOGIE oOffre des moyens et des outils appropriés pour spécifier dans quelle mesure

les facteurs de risque et les stratégies d’intervention influencent la santé publique en cas
d’épidémie. Ces méthodes comprennent des enquétes, des analyses de données, des controles et des
évaluations appropriées. Dans ce domaine, la modélisation mathématique joue un role intrinseque
dans lélucidation de limpact des répercussions des maladies transmissibles et la prédiction de
scénarios futurs probables. L’application des modeles mathématiques a l’épidémiologie nécessite
une caractérisation des variables qui affectent le comportement d'une maladie afin d’obtenir une
série d’équations dont la solution concorde avec ce qui se passe dans la réalité. En conséquence,
I’épidémiologie mathématique représente le principal motif de décision visant a prévenir, dominer
ou éradiquer la maladie.

Les données empiriques de nombreuses épidémies montrent que les fluctuations externes sont
des facteurs importants dans le processus de propagation des maladies infectieuses. Sans aucun
doute, les modeles stochastiques sont considérés comme la méthode la plus réaliste et la plus pra-
tique pour simuler et étudier U'évolution d’'une épidémie en cas de perturbations environnementales.
L’analyse de ces modeles nécessite de nombreuses techniques analytiques avancées en raison de
leur complexité et de leur difficulté. En se concentrant sur cette problématique, la présente these
vise a traiter la dynamique évolutive de certains modeles épidémiques avec des bruits environ-
nementaux naturels et certains phénomenes inattendus. Dans un cadre hypothétique adapté, nous
proposons et développons de nouvelles approches générales et non standard pour prouver certaines
propriétés asymptotiques intéressantes des modeles perturbés, a savoir: stabilité, ergodicité, péri-
odicité, persistance dans la moyenne, extinction de la maladie, caractere a long terme autour des
équilibres déterministes. A la fin de chaque section, quelques simulations numériques sont présen-
tées pour vérifier les résultats théoriques et montrer clairement la netteté des conditions et des
seuils obtenus.

D’une maniere générale, cette these améliore de nombreuses études existant dans le domaine de
I'épidémiologie mathématique stochastique et fournit des outils alternatifs pour traiter et analyser
des modeles épidémiologiques et biologiques plus complexes.

Mots clés: Eptdémies; Maladies infectieuses; Perturbations environnementales; Systemes stochas-
tiques; Bruit de Lévy; Propriétés asymptotiques; Stabilité; Periodicité; Ergodicité; Persistance dans
la moyenne; Extinction de la maladie; Le caractere long terme autour de L'équilibre déterministe.

i



Summary (Arabic version)
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Prologue

PIDEMIOLOGY represents the branch of medical science that studies and analyzes the reasons,
distributions, and mechanisms of the diseases spread in a specific population. The idiom
"epidemiology" is originated from the Greek words: "epi", "demos" and "logos", which literally
means "study what happens to people" [1]. The incorporation of these three words indicates that
the subject of the epidemiology applies exclusively to humans. Epidemiology assists in improving
ways and methodologies used in clinical explorations, public health studies, and fundamental
scientific research in medical investigations. Historically, the term "epidemiology" was first used to
describe the characteristics of some epidemics in 1802 by the Spanish scientific Joaquin de Villalba
(1752-1807) [30]. Since that date, epidemiological investigations focused on emerging diseases that
prevailed in susceptible populations and that often caused numerous deaths. For instance, the
"Spanish" influenza virus in 1918-1919 killed more than 50 million people, and every year there
is seasonal influenza that caused an extra than 35 thousand deaths in the world. There are also
many epidemics that persist in some populations for a long time and cause massive losses. Millions
of people die each year from cholera, respiratory infections, measles, malaria, and dengue fever
in diverse parts of the world. This is enormously happening in many countries with weak health
care systems. In 2011, the World Health Organization (WHO) estimated that there were 1.5 million
deaths from tuberculosis, 1.2 million from HIV/AIDS, and nearly half a million mortalities from
malaria. The high epidemic mortality rate has significant implications for life expectancy and the
economic system in the concerned countries. For example, the ongoing Coronavirus (COVID-19)
caused a deep international crisis with 2.3 million deaths resulting in global health problems and
changes in lifestyle. Currently, we are struggling to control the spread of this epidemic, which has
the potential to be the deadliest disease in human history. In this regard, to face and manage such
a crisis situation, various scientific methods and analytical studies are required. As a method and
science, mathematical modeling is the appropriate tool. It is the art of translating real problems
into flexible mathematical formulas whose theoretical and numerical analysis provides suggestions,
answers, and constructive solutions. As a field of application, mathematical epidemiology plays
the main role in the analysis of factors that may influence the prevalence of the disease.

The concept that the spread of epidemics obeys laws that can be formulated in a mathematical
expression is not recent. The beginning started with Daniel Bernoulli in 1760 by publishing a
scientific report in which he characterizes the impacts of Smallpox on life average employing a
mathematical lifetime chart analysis. His study aims to show up the benefits of inoculation against
the said epidemic [100]. Since then, many attempts have been made to describe the impact of some
epidemics on the population, but the non-linear dynamics of its transmission were imperfectly
understood until the twentieth century. In 1906, W. H. Hamer was the first to observe that a
decreasing density of susceptible individuals can lead to the extinction of the measles epidemic.
He proposed the first ordinary epidemiological system for modeling disease prevalence [100]. In
the same vein, S. R. Ross in 1911 used mathematical modeling to discuss the effectiveness of
different intervention methods against malaria [1]. In 1927, W.O. Kermack (public health doctor)
and A. G. Mckendrick (biochemist) published a straightforward system of the spread of epidemics
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by direct contact. At the time, they compared their model with actual data from the spread of the
Bombay plague between 1905 and 1906 [15]. Their theory proved important during the elimination
of Smallpox in the 1970s [34]. At the end of the twentieth century, mathematical epidemiology
became more common in public health policy-making. Many contributions have been made to
modeling some epidemics, and most of these studies have relied on various assumptions based
on the deterministic formulation. Since the start of the 21st century, many epidemics appeared
including the severe acute respiratory syndrome (SARS) epidemic in 2002 [14], influenza A virus
sub-type H5NI1 in 2005 [4], influenza A virus sub-type HIN1 in 2009 [88], Ebola epidemic in 2004
[17], and Coronavirus in 2019 [13]. That revived interest in mathematical modeling by improving
the Kermack-McKendrick model and considering new hypotheses based on the characteristics of
each epidemic.

The first generation of epidemic models was deterministic, and many issues were addressed,
for example: could the epidemic situation worsen and affect a vast section of society? How many
people are suffering from the epidemic? What are the effects of intervention strategies on the
spread of the disease? Could complete extinction happen? When responding to these questions,
the standard models have been refined and generalized in a variety of ways to make them more
adapted to reality. Some of these enhancements and expansions have, for example, taking into
account irregular contact between people and sudden environmental changes. The generation of
formulations that take these assumptions into account is called stochastic epidemiological models.
Naturally, both deterministic and stochastic epidemiological systems have a meaningful role to
carry out. However, the focus of this thesis is on perturbed epidemiological models.

Substantially, in an ecosystem, epidemiological models are always perturbed by the external
noise [3]. May [95] has shown that due to some environmental noises, the transmission rate, the
birth rate, carrying capacity, and other parameters involved in the model should exhibit irregular
and random fluctuation to a greater or lesser extent. Subsequently, lots of studies have inserted
the white noise into the corresponding deterministic formulations to show the impacts of the
environmental fluctuation on the population dynamics [16]. These systems are stochastic epidemic
models with only white noise and hence its solution is continuous. However, when faced with
sudden environmental shocks (earthquakes, hurricanes, epidemics, etc.), such disorders can break
the continuity of the solution. Therefore, we should employ the stochastic differential equation with
jumps to study the dynamic behavior of the epidemic model. Roughly speaking, the jump times
are always random, and the expected time of jumps is analogous to Lévy jumps [37]. Therefore,
these stochastic perturbations can be approximately modeled and simulated by Lévy jumps. Lévy
processes are actually stochastic processes with stationary and independent increments. Their
significance in applied probability theory stems from many important facts (see for example [27, 26,
36]).

This thesis aims to provide new ways to improve the analysis of some perturbed epidemiological
models. Several generalizations, techniques, and approaches are proposed in order to predict and
control the dynamics of infectious diseases under a suitable hypothetical framework. Thus, this
thesis can be considered as a rich basis for outlook studies in the said field. Generally, this work
contains six principal chapters. We begin with an introductory chapter (Chapter I) on the basic
process of setting up an epidemic model under different hypotheses by using differential equations
and some fundamentals classic notions in mathematical epidemiology. The chapter contains also
all epidemic models treated during this thesis and provides a soft entry into epidemic modeling
before presenting a more generalized context which required many stochastic analysis tools. These
latter are introduced briefly in Chapter II. This auxiliary chapter provides a rigorous theoretical
reference for important concepts and mathematical results used in this thesis. Our main results
are offered from Chapter III which contains three sections about an SIR epidemic model with Lévy
jumps. Notably, this epidemic model is represented by Itd6-Lévy stochastic differential equations in
order to simulate sudden and unexpected external phenomena. By adopting some innovative and
ameliorated mathematical approach, we analyze the long-run characteristics of three categories of
an SIR model with jumps. Chapter IV deals with the asymptotic properties of the HBV model
with unexpected environmental disturbances. By adopting two types of Lévy perturbations, we
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prove the existence of a unique ergodic stationary distribution by using the mutually exclusive
possibilities. Furthermore, the threshold analysis is provided in the case of proportional Lévy
noise. By integrating environmental disturbances and the various periods of immunity, in Chapter
V, we study the dynamics of an epidemic model of the SIRS type. A rich analysis and a suitable
generalization are offered to understand the characteristic of some epidemics with different periods
of immunity and vertical transmission. It should be pointed that the study presented in this chapter
can be generalized in the case of Lévy jumps by using the same techniques introduced in Chapters
IIT and IV. Chapter VI extends previous chapters by treating the dynamic characteristics of a
perturbed epidemic model with quarantine policy and Lévy disturbance. New general and non-
standard results are proved in order to investigate some interesting asymptotic properties, namely:
ergodicity, persistence in the mean, and extinction of the disease.

It is noteworthy that all studies described in the above-said chapters improve many existing
studies in the field of mathematical epidemiology and provide new techniques to treat and analyze
more general epidemic models. Furthermore, each chapter (Chapters IV-VI) represents the results
previously published or submitted to indexed specialized journals.




Chapter

Determintstic epidemiological system:
general approach to modeling

Abstract

N this chapter, we introduce some classical deterministic epidemic models. These baseline systems

will be extended to incorporate more realistic hypotheses about disease transmission, various

control strategies, and the impact of demography. The principal intent of this chapter is to present
all the epidemic models treated during this thesis, especially in Chapters III-V1.

1 Introduction

Infectious diseases are disorders caused by organisms like viruses, germs, bacteria or parasites.
These organisms live in and on our bodies and move through many modes of transmission such
as direct physical contact (horizontal spread), mother to baby (vertical transmission), airborne
particles, water or food, or vectors of infection. The mathematical model of a contagious disease
aims to characterize and describe its dissemination mechanisms, which can be illustrated mainly
as follows: when the carrier of infection mingles with a host population of susceptible, the disease
is transmitted to other individuals. An infectious individual is defined as one from whom the
contagious agent can be naturally acquired. We define an asymptomatic carrier as a person with an
infectious disease agent but displays no physical symptoms. The person who shelters an infectious
agent and diagnosed as a disease case is called an infected individual. If the number of cases raises
above the ordinary average within a short period of time, then an epidemic outbreak happens.
Infected population regains their health and recovers from contagion, either via pharmaceutical
treatment or owing to the behavior of the immune mechanism, and may get different phases of
gained impregnability against reinfection according to the disease characteristics. If the infectious
population decreases and disappears, the epidemic dies and becomes extinct. Otherwise, if new
individuals insert into the host population from natural birth or migration, or if the contagion
appears easy under the inducement conditions, the disease may persist over a lengthy period of
time. We say in this case that the disease will be endemic in the population. A global pandemic
happens if the epidemic propagates worldwide. For example, the growth of Coronavirus 2019
(COVID-19) disease, caused by Coronavirus-2 severe acute respiratory syndrome (SARS-Cov-2),
is considered a global issue and a huge health crisis. This complicated disease first appeared
in December 2019 in Wuhan (capital of Hubei in China), and since then, the world knew a
terrifying increase in the number of cases due to the virus dissemination ability. The statistics
witnessed this outbreak when the number of deaths and infected people surpassed 2,311,432 and
106,018,480 respectively at the time of writing this thesis. Unquestionably, these massive numbers
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put the decision makers and health authorities in a hard position to find answers for the following
inquiries:

e How dangerous will this pandemic be? The risk can be established by the accumulated number
of infected individuals and the overall number of cases that may demand pharmaceutical
treatment.

e How long will the disease last? will there be extinction or persistence?
e How efficient will lock-down, isolation, quarantine, or vaccination be?

e What are successful tools and measures to inhibit, control, and enucleate this endemic
disease?

In order to help public health authorities make informed decisions, mathematical modeling is an
important tool to obtain appropriate hypotheses and adequate answers to the above questions.
The classical methods employing experimental and statistical approaches may not be sufficient,
but the use of the dynamic models may provide an additional understanding of the transmission
mechanisms of an epidemic. In general, the process of modelling and creating epidemiological
systems involves the following steps:

1. Consider appropriate assumptions about the disease dissemination mechanisms based on the
ready epidemiological data.

2. Set up an epidemiological model based on these assumptions. This generally begins by deter-
mining the sub-compartments of the model, drawing the switch diagram, and then deriving
the mathematical equations.

3. Achieve a mathematical analysis of the constructed model to understand and establish all
possible outcomes on the disease spread. This is done mainly by using existing mathematical
approaches and theories and by performing numerical simulations to illustrate its validity.

4. Explain and interpret the theoretical findings according to the assumptions considered in
stage 1.

Generally speaking, epidemiological models are a translation of our hypotheses on the disease
characteristics, and an approximation of the real situation of its spread [40]. It should be noted
that there is a continuous distinction in the epidemiological modeling between the proposed models
depending on their ability to simulate reality and their ability to provide good forecasts about the
future of the disease [31]. These epidemic models can be classified into deterministic and stochastic
systems. The first class takes various forms of ordinary differential equations that describe the
dynamic interactions between rates of change and different population sizes. In these models,
each set of variable states is determined only by the parameters of the model and the initial state
of the variables [34]. The second class is considered as a generalization of the previous one by
taking into consideration the environmental perturbations and treating the disease infection as
a stochastic process. These perturbed models are appropriate to deal with tiny communities and
small population groups with a high number of infectious contacts [16]. Although this thesis deals
with stochastic epidemic models, the presentation of the associated deterministic formulation is
necessary. In what follows, we highlight some standard characteristics and theoretical results of
this category.

2 Compartmental approach

In this section, we explain how to create a mathematical model for the spread process of an
epidemic using a compartmental method. We first divide the host population into different classes
(compartments) according to the characteristics of the individuals. In one of the simplest scenarios,
we consider the following groups:




e Susceptible individuals who are healthy but can contract the infection. We denote the size of
this class by S.

e Infected people who contracted the epidemic and are now sick with it. We denote the size of
this class by I.

e Removed individuals who have recovered and can no longer contract the epidemic. This class
is generally designated by R.

< : )newinfections ( : ) recovery @

Figure 1.1: Transfer diagram for a simple compartment epidemic model.

The schematic flow diagram of a straightforward SIR model is illustrated in Figure I.1. The major
idea of epidemiological modeling is to show the evolution of the individuals’ number in each of
the three classes at a given time t. To establish this dynamic mathematically, we consider the
small-time interval [, ¢+ 6f] and we extract the transition between the three classes via Figure 1.1
such that the arrows indicate the direction of the transfer. We assume that the total change in
each class is the number of the population entering the class minus the number leaving the same
class during the time interval. By applying the same logic to each class, we obtain the following
equations:

AS(t) = -| new infections |
AI(t) =| new infections | - | transfer into R |
AR(t) = | transfer from I |

Figure 1.2: The net changes between S(t), I(t), and R(t).

We divide the two sides of these three equations by 6t and let 6t — 0, then we obtain the
following differential equations:

S'(t) = -| infection occurrence rate |
I'(t) = | infection occurrence rate |-| transfer rate into R
R'(t) = | transfer rate from I |

Figure 1.3: Differential equations of the SIR epidemic model.

To derive the deterministic formulation in the form of a system of ordinary differential equa-
tions (ODEs), we make some assumptions depending on the epidemic characteristics. Then, we
write the transfer rates on the right side as functions of S(t), I(t), and R(t). As an illustrative ex-
ample, in the next section, we consider a simple model that simulates the dynamics of susceptible,
infectious, and removed individuals. This model was first suggested by Kermack and McKendrick
in 1927. Since then, various studies have analyzed and improved it [20], and this thesis has the
same objective.

3 The Kermack-McKendrick epidemic model

To show how the different rates in Figure 1.3 depend on S(t), I(¢) and R(t), we assume the following
assumptions about the transmission mechanism of an epidemic:
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The dissemination occurs horizontally by potential direct contact between individuals (hori-
zontal transmission). Direct contact includes touching or sexual relations (see Figure 1.4).

The contact between the individuals is homogeneous and the population is well mixed.

The infected individuals are also infectious.

Recovered individuals acquire permanent immunity.

O* [ J

Horizontal transmission

\/

Infectious Individual Susceptible individual

Figure 1.4: Illustration of the horizontal transmission due to a potential direct contact between
individuals.

To establish the differential equations of Kermack-McKendrick epidemic model, we determine the
rate of change in each class. When a susceptible person enters into direct contact with an infectious
one, that susceptible individual becomes infected and switched from the susceptible class into the
infected one. The number of persons who become infected per unit of time is called incidence, and
the change rate of the susceptible compartment is given by

S(t) = —incidence ratio.

To present the incidence ratio expression, we consider that p is the probability that contact with
a susceptible individual will lead to the infection and c the per capita contact rate. We define the
function F(t) = I(t) as a force of infection, where = pc is the transmission rate. Then, the
number of people who become infected per unit of time is equal to F(t)S. This number called the
mass action incidence which is the simplest form of the various incidence expressions. With the use
of this incidence rate style, we get the following differential equation for susceptible individuals:
S(t) = —BS(t)I(t). After being infected, the individuals move to class I(t). In addition, recovered
or dead individuals leave the infected compartment with a constant recovery rate y. Then, the
differential equation for infected individuals is taking the following form: I(t) = BS(¢)I(t) — yI(t).
People who leave the infected class enter the removed class. Then the third differential equation
can be expressed as follows: R(t) = yI(t). Finally, the total model is depicted in the diagram in
Figure 1.5 with the corresponding system of differential equations:

dS(t) = —pBS(t)I(t)dt,
dI(t) = (BI(r)S(t) —vI(t))dt, d.1)
dR(t) = yI(t)dt.

To be well defined mathematically, this epidemic model is fitted with the following given initial
values: S(0) =Sy >0, I(0) =1 >0, and R(0) =Ry > 0.

e

Figure 1.5: Transfer diagram of the Kermack-McKendrick epidemic model.

In general, a differential equation model such as model (I.1) is mathematically well posed if,
from any initial value, there is a unique global-in-time solution. Since the variables S(t), I(¢) and
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R(t) denote the number of people, they are assumed to take positive values. From biological and
mathematical considerations, it is necessary to prove that starting from positive initial conditions
implies that the solution remains positive at all times. That is to say that the following biologically
feasible region:

R3 = {(s,I,R) eR}S>0,1>0,R> o},

is positively invariant with respect to model (I.1). The deterministic epidemic model (I.1) called an
SIR epidemic system (or Kermack-McKendrick model) and it is applied to model many diseases
such as measles, mumps, rubella, and pertussis. In this model, the total population size N(t) =
S(t) +I(t) + R(t) remains constant since N(t) = 0. From the first equation, we have S(t) < 0. Then,
S(t) is decreasing and S(t) < Sp. In view of the second equation of (L1), we get I(t) = (BS(t)—y)I(t).
Then, we can establish the following two cases:
o If Sy < X, we have S(t) < Sy < l[g, then I(t) < 0 for all t > 0. Consequently, I(t) strictly
decreases and then no pandemic can happen in this state.
o If Sp > %, then S(t) > % for t € [0,%) where t > 0. Consequently, I(t) strictly increases for
t € [0,t) and the pandemic occurs.

This shows the definition of the threshold which is the value to be exceeded for an epidemic to
happen. In the same context, we consider the following expression BxSoxé, which can be explained
as

Rate of active initial value average
contacts of an X | of susceptible | x infectious
infectious person individuals phase

In epidemiology, this important term is called the basic reproduction number® Ry and is defined
as the average number of secondary infections generated by a typical case of infection in a fully
susceptible population during the middle infectious phase. It is used to measure the possibility of
disease transmission. Comparing with the threshold phenomena mentioned above, we have the
following conclusions:

e If Ry < 1, then the disease dies out.
e If Ry > 1, then the disease persists in the population.

Basically, the Kermack-McKendrick model (I.1) relies on the following assumption: there are no
human demographic changes and the population is closed, i.e. no births, no deaths, and no
migration to and from the host population. This assumption appears so restricted and not realistic.
The demographics are one of the most significant factors and need to be included in mathematical
modelling. In the next section, we consider an improved version of the system (I.1) that includes
the population demographics.

4 An SIR model with vital dynamics

Epidemiological systems that do not take into account the births and deaths that occur in the
population are called epidemiological systems without demography. This type of system is very
useful for modeling diseases on a short time scale, especially for studying the transmission of
childhood illnesses. However, there are many epidemics that have been spreading and developing

aIn the literature, several techniques have been proposed for the calculation of Ry ([94], Chapter 5), but the most
known is that of the next generation approach introduced by van den Driessche and Watmough in [32]. According
to this method, Ry is the spectral radius p of the next generation matrix defined by M = FV~!, where V and F are
respectively the matrices expressing the infections transition and the emergence of new infected cases in the different
contaminated compartments of the model.




for a long time, such as tuberculosis, AIDS and hepatitis C. In this state, the size of the host
population can be modified, and the demographics cannot be neglected.

BSMOI(Y)

Figure 1.6: Transfer diagram for an SIR epidemic model with demography.

To enrich the Kermack-McKendrick model (I.1) with the demographic assumption, we assume
that the birth and death rates are the same and that there is no disease-related mortality. By
denoting the demographic constant by b, the new transfer diagram is shown in Figure 1.6, which
leads to the following system of differential equations [100]:

dS(t) = (b - bS(t) — BS()I(1))dt,
dI(t) = (BI()S(t) = (b+v)I(¢))dt, 1.2
dR(t) = (vI(t) — bR(t))dt.

Here, we notice that the size of the total population remains constant and is normalized to one.
The invariant set of (1.2) is

T = {(S,I,R) €R}|S+I+R= 1}.

Based on the explanation of the threshold phenomenon in the previous section, the basic repro-
duction number is expressed by Ry = %. Since N(t) = 1, we can study, for example, two equations
instead of three which simplifies the analysis. For this purpose, we consider the following two-
dimensional system:

{dS(t) = (b - bS(t) — BS(DI(1))dt,

1.3)
dI(1) = (BI(HS() — (b+Y)I()dt,

and the invariant set becomes Ip; = {(S,I) € R2|0 < S+ < 1}. In general, the long-term behaviour
of the epidemic is established by analyzing the equilibriums of its model, or the states in which the
solution does not change over time. There are two possible equilibriums for the model (I1.3) which
are obtained by setting S(t) = I(t) = 0 and getting the following equations:

b—bS5(t) - BS(t)I(t) =0 and PSH)I(t) — (b+v)I(t) =0.
By solving this simple system, we found the following two possible states:

e Disease-free equilibrium E® = (1,0) which is defined as the point at which no disease is
present.

e Endemic equilibrium E® = (S® I®), where S® = b%y and I® = %. In this case, the

epidemic cannot be completely eliminated but remains in a population.
More precisely, we say that the model (I.3) has two possible cases:
o If Ry < 1, then E® = (1,0) is the only equilibrium in Ty;.
o If Ry > 1, then both E® and the endemic equilibrium E® exist in Ty;.

The deterministic model (I.3) can be further improved by taking into account the movement of
immigration, different demography rates, which makes the size of the total population variable
[136]. Under these assumptions, we obtain a modified SIR epidemic model which is suitable for
modelling many diseases such as Morbilli disease (measles) and HBV. We present this model in
the next section.




9 An SIR model with varying total population size

To integrate the different demographic states and the movement of individuals into the SIR epidemic
model, we assume the following additional assumptions:

e There is a recruitment rate A > 0 corresponding to natural births and immigration.
e All people are born sensitively to the infection.

e There is a disease-related mortality rate (x > 0) in addition to the natural rate u = p; > 0,
where py = 11 + « is the general mortality rate.

BSMHI(L)

Figure 1.7: Transfer diagram for an SIR model with varying total population and disease-caused
death.

Under these assumptions, the SIR epidemic model with variable demography and non-constant
population size is depicted in Figure 1.7 with the following corresponding system of differential
equations [94]:

dS(t) = (A - uS(r) — BS(1)I(1))dt,
dI(t) = (BI()S(t) = (n+ a+y)I(1))dt, L.4)
dR(t) = (vI(t) — uR(¢))dt.

Conceptually, the stability of an equilibrium x* means that solutions starting sufficiently close
(nearby) to x* remains close to the equilibrium x* for all ¢t > 0. An equilibrium is said to be
asymptotically stable if it is stable and if every solution with an initial value sufficiently close to
x* approaches x* as t — co. That is to say, solutions that start close enough not only remain
close enough but also eventually converge to the equilibrium. Therefore, asymptotic stability is a
stronger condition than simple stability because it requires that trajectories satisfy more restrictive
conditions. Moreover, the equilibrium x* is said to be globally asymptotically stable if it is stable
and if the solutions for all initial values approach x* as ¢ — co. Otherwise, the equilibrium x* that
is not stable is said to be unstable. Instability of the equilibrium x* means that there are solutions
starting arbitrarily close to x* that do not approach it.

When studying the asymptotic behavior of epidemics, the main issue is to analyze the steady
states (equilibriums) of the model and their stability, which can mainly be determined by the basic

reproduction ratio. In (I.4), the basic reproduction number is expressed by Ry = ﬁ which
is the threshold for an epidemic to persist or disappear. This model always has a disease-free

equilibrium E® = (ﬁ 0, 0). When Ry < 1, the equilibrium E® is globally asymptotically stable in

3 A
Isir=1{(S,LR) eRI| S+I+R< —.
n

Therefore, the disease will extinct after some period of time. When Ry > 1, the equilibrium E® is
unstable and there is an endemic equilibrium E® = (% %(Ro -1, %(Ro - 1)) of the system (1.4)
which is globally asymptotically stable; this means that the disease always remains in a population.

In the above-presented SIR model, it is supposed that the immunity received by recovery from
the disease is permanent. This is not always right, as there may be a gradual lack of immunity
with time. For example, the case of seasonal influenza. Temporary immunity can be described by
an SIR epidemic model in which a transfer rate from R to S is added. We present this epidemic
model in the next section.
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6 An SIR model with temporary immunity

The SIR epidemic model can be extended to the case of provisional immunity, where members of
the removed compartment may lack immunity over time and return to the susceptible class. This
extension is called the SIRS epidemic model. By denoting the rate of the loss of immunity by k, the
SIRS model can be depicted in Figure 1.8 with the following corresponding system of differential
equations [69]:

dS(t) = (A— uS(t) — BS(H)I(¢) + kR(¢))dt,
dI(t) = (BI(1)S(t) — (L+ o +y)I(2))dt, @.5)
dR(t) = (YI(t) - (u+k)R(2))dr.

Generally, for epidemic systems, there are different techniques for proving the global stability
of equilibria. One of the most commonly used methods is the Lyapunov® function which is a
scalar function that can be used to analyze the stability of an equilibrium point. We briefly state
Lyapunov’s theorem for the global stability of the equilibrium x* (for detailed proof of Lyapunov’s
theorem see Theorem 4.2 of [52]).

kR(t)

BS(MOIM

Figure 1.8: Transfer diagram for an SIRS epidemic model with varying total population and disease-
caused death.

Theorem 6.1 (Lyapunov’s Stability Theorem). If a function V(x) is globally positively definite®
and radially unbounded®, and its time derivative is globally negative, V(x) < 0 for all x # x*, then the
equilibrium x* is globally asymptotically stable.

If a function V(x) exists that verifies the conditions of the last theorem, then this function is
called a Lyapunov stable. In Theorem 6.1, it is necessary to verify that the first derivative of the
Lyapunov function is strictly negative. However, we can show only the non positivity due to the
next theorem (more details, see corallary 4.2 of [52]).

Theorem 6.2 (Krasovkii-LaSalle Theorem). Let x* be an equilibrium of the autonomous system
x = f(x). Assume that exists a continuously differentiable function V : R" — R such that

e V is positive definite on the entire space,
e V is radially unbounded,
e V(x) <0 for all x € R™.

If the invariant set Ty = {x € R"| V(x) = 0} contains only the equilibrium x*, then x* is globally
asymptotically stable.

It is very important to mention that there is no exact method to establish a Lyapunov function
which is often difficult and complicated in terms of calculation. However, if a Lyapunov function

@Named after the Russian mathematician Aleksandr Mikhailovich Lyapunov.

b et V be a continuous scalar function, that is, V : R” > R. The function V is termed positive definite on the entire
space (global) if V(x*) =0 and V(x) > 0 for x # x*.

€A scalar function V(x) such that V : R" — R is termed radially unboundedly if V(x) — oo if ||x|| — oo.

11



is found, it can directly prove the global stability of the equilibrium. For the model (I.5), we have
that

dN(t) = (A— uN(t) - od(2))dt.

Hence, the total population size N may vary in time and limsup N(¢) < Consequently, it is

t—o0

sufficient to study the solutions in the positive invariant set

*.:_I:»

A
Isirs = {(S,I,R) GREI S+I+R< ;}

BA
(p+oty) ”

presented in [69], the model (I.5) has the disease-free equilibrium E® = (ﬁ,O, 0) and the unique

In our case, the basic reproduction number of the model is Ry = According to the study

endemic equilibrium E® = (S®,1®, R®), where

A
se =2,
HRo
- pp+k)(p+a+y)(Ro - 1)

Blyu+ (L+k)(n+x))
o_ BY(+ax+y)(Ro— 1)
Blyu+ (u+k)(n+x)

By using the following Lyapunov function

2
V(S,ILR) =0.5 ((5 _ é) +I+R) L2, (k)
H B 2y

the authors proved that if Ry < 1, the disease-free equilibrium E® of (I1.5) is globally asymptotically
stable in Ts;rs. When Ry > 1, they demonstrated that E® is globally asymptotically stable in the
interior of I'sjrs by employing the following Lyapunov function

V(S,LR) = 0.5((5 —S®) + (I-1°) + (R—R®))2

2 I 2
+¥(I—I®—I®lnl—®)+(“;—ym(R—R®)2.

In the above Kermack - McKendrick model and its improved versions, the mechanism of infection
is supposed to occur through direct contact between infectious and susceptible individuals. This
is often called horizontal transmission. Another type of the spread is the vertical transmission,
in which the infection is passed to a newborn directly from an infected mother (see Figure 1.9).
Examples of diseases that can be transmitted vertically include HIV/AIDS, Chagas disease, syphilis,
rubella, and herpes simplex virus. Therefore, the consideration of dual transmission (horizontal
and vertical) is very necessary in some cases. The SIRS epidemic model that considering the said
hypothesis is presented in the following section.

&%
0

Vertical transmission g
&

Infectious mom Infected fetus or baby

Figure 1.9: Illustration of the vertical transmission from an infected mother to a newborn.
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7 An SIRS model with vertical transmission

To model the vertical transmission mechanism of an epidemic, we assume that a fraction g of
newborns in the infected population becomes infected at birth, and the remaining fraction p =1-gq
is susceptible. In this case, we define the following notations:

e b x N is the complete humber of newborns with a natural birth rate b.
e gxbxI is the number of newborns infected at birth.

e bx N —qgxbxlIis the number of healthy but susceptible newborns.

kR(t)
| porco | av (t)
b[S(t)+R(t)] /
0 S oo YO '\R>
KS () a® | | o KR(Y)

Figure 1.10: Transfer diagram for an SIRS epidemic model with vertical dissemination.

We can consider the demography and immigration motion by adding the positive rate A of external
healthy persons entering the susceptible population and the mortality rate . In Figure 1.10, we
illustrate the spread process of an epidemic with horizontal and vertical dissemination. Then, the
resulting system is described by the following system of ordinary differential equations [173]:

dS(t) = (A+b(S(¢) + R(2)) + pbI(t) — uS(t) — BS(H)I(t) + kR(t))dt

dI(t) = (BI(1)S(t) + qbI(t) — (L+ x +V)I(1))dt, 1.6)

dR(t) = (YI(t) — (n+k)R(r))dt
In this model, the basic reproduction number is expressed by Ry = (H_b)(ﬁ+y_qb), where p > b and
Uy = w+ . As mentioned earlier, Ry is the threshold that determines whether the disease will die
out or persist. When Ry < 1, there always exists a disease-free equilibrium E° = (ﬁ,o, 0) which
is globally asymptotically stable. If Ry > 1, E® is unstable and there is an endemic equilibrium
E® = (S® 1%, R®) where

o_M2ty—gb
5
. Wt -bGu+y-gh)Ro-1)
B((r=b)y + (1+k) (k2 - gb))
o_ YI°

(L+k)’

which is globally asymptotically stable under a sufficient condition.

The SIRS model (I.6) integrates temporal immunity and vertical transmission is widely used to
model many epidemics. But, for some diseases with bacterial agents such as meningitis, plague,
and venereal diseases, the cure cannot generate immunity for a long time. Infected people can
recover after certain treatments and return directly to the susceptible class due to the transient
antibody [73]. By taking this new hypothesis into account in the model (I.6), we obtain a general
SIRS model that considers different periods of immunity. We present this epidemic model in the
following section.

13



8 An SIRS model with vertical transmission and various period of
immunity

To approach the reality, the basic SIRS epidemic model will be enriched with the hypotheses of
vertical transmission and transfer from infected to susceptible individuals. We assume that the
recovery cannot produce immunity for a long time and the infected individuals may recover after
some treatments and therapies and then go back directly to the susceptible compartment with a
positive rate y; [127]. Considering this new hypothesis, in Figure 1.11, we give the transfer diagram
for the general version of SIRS epidemic model. Thus, we get the following system of ODEs [58]:

dS(t) = (A+b(S(t) + (1)) + pbI(t) — uS(t) — BS(HI(t) +v1I(t) + kR(t))dt
dI(t) = (BI()S(t) + gbI(t) — (L+ ax+y1 +v2)I(1))dt, d.7)
dR(t) = (v2I(t) — (n+k)R(t))dt.

kR(©)
pbl(t) l gbl(t)
bIS(t)+R(t)l y1(D)
-1 R
BS(t)l(t) Y10
() HR(D)

Figure 1.11: Transfer diagram for an SIRS epidemic model with vertical transmission and various
period of immunity.

According to the theory in [173, 73], the basic reproduction number of system (1.7) is

BA

Ro = .
O 7 (W=b)(n2+v1 +v2 - qb)

If Ry < 1, the deterministic model (I.7) has only the disease-free equilibrium E® = (ﬁ,o, 0), which

is asymptotically stable in I's;gs. When R > 1, E° becomes unstable and there exists a globally
asymptotically stable endemic equilibrium E® = (S®, 1%, R®) such that

(M2 +7v1+7v2—gb)

S® =
5 :
® - (Ro—1D(n+k)(L=>b)(u2 +v1+V2—gb)
B(ya(u—0)+ (u+k)(u2 —gb)) ~
R@ — Y2I*

w+k’

As mentioned before, the incidence rate is the number of new infected situations per population
in a given time phase. In many previous epidemic models, the bilinear incidence rate is frequently
used (see e.g. [3, 71, 72]). However, there exist many forms of nonlinear incidence rate and each
form presents some advantages as the following examples:

o f(8.D=(B-E4s1), (B> 1, 0>0) [90%
o f(SD) =120, (k>0,0<p<1) [68];

e f(5D= m, (ki >0, k2 2 0) [50];

o £(S.1) =55 (u>0) [138].

14



There have been many mathematical models [64, 65, 66, 89, 117] committed to studying the impacts
of nonlinear transmission on the propagation of a disease. As a modified form, we can consider
the following general functional response:

BSI
1+ 0yS+ 0ol + 0zSI’

f(SI) = I.8)

where «;, ay, oz > 0. It is necessary to mention that 1+ oS + xpl + «x3SI is a general form which
represents mutual interference between S and I. In particular cases:

e when o) = oy = a3 = 0, f(S,I) becomes a bilinear mass-action function response (Namely,
type I Holling functional response) [90];

e when a; = a3 = 0, f(S,I) becomes a saturated incidence rate (Namely, Holling type II
functional response) [68];

e when oz =0, f(S,I) becomes a Beddington-DeAnglis functional response (Namely, modified
type II Holling functional response) [50];

e when o3 = xjx, f(S,I) becomes a Crowley-Martin functional response introduced in [138].

By considering the incidence (I.8) into the model (I.7), we obtain the following general SIRS
epdiemic model:

ds(t) = (A +b(S(0) + R(1)) = BOIO 151 + pbI(1) +y41(1) + kR(t))dt,
(1) = (B0 + gbI(1) = (o +v1 +¥2)I(0))dt, 1.9)
dR(t) = (v21(1) = (i + BR())dt,

where ¥/(S,I) = 1+ 1S + xpI + o3SI. The basic reproduction number of system (1.9) can be presented

as follows:

BA
((L=b) + 1 A) (L2 + Y1 + V2 — gb)
As a real example, Hepatitis B remained enormous defiance and a great global health issue caused
by the Hepatitis B virus (HBV) [134]. Chronic HBV can be transmitted by sexual contact, through
the touch, by impregnation with polluted blood, or by the direct transmission of Hepatitis B from
the mother to a fetus during pregnancy (vertical transmission) [174]. In the next section, we use
the SIR epidemic system to model the spread of the said virus under the vaccination strategy.

Ry =

9 The Hepatitis B epidemic model with successful vaccination

According to the recent statistics of the world health organization (WHO) [143], about 350 million
people worldwide have been infected and carrying HBV. This serious infection is responsible for
approximately 600,000 deaths each year [102]. Because of the high severity of HBV infection and
the large number of deaths associated with it, it is compulsory to improve our control of this virus.
Mathematical models are a vigorous tool to simulate and control the spread of the HBV infection.
There exist many previous interesting works committed to studying Hepatitis B transmission. For
example, Anderson and May [5] analyzed a straightforward mathematical model for illustrating the
role of carrier individuals on the spread of HBV. In [106, 55], the authors developed the impact
of vaccination and other controlling measures of HBV outbreak. They showed that the booster
vaccine of Hepatitis B is very necessary and useful. By denoting the successful vaccination rate
by 0, Khan et al. [56] formulated the characteristics of HBV disease transmission and proposed
the following deterministic SIR model:

dS(t) = (A—BS(1)I(t) — (1 +0)S(1))dt,
dI(t) = (BS(HI(t) = (n+r+8)I(t))dt, 1.10)
dR(t) = (81(t) + 0S(t) — uR(t))dt.
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BSMOI(Y)

ri(o) HR(t)
Figure 1.12: Transfer diagram of Hepatitis B epidemic model.

The following region I'ygy = {(S, LR eR}: S+I+R< ﬁ} is almost surely positively invariant

by the system (1.10). If Ry = W < 1, then for any initial condition (S(0),1(0),R(0)) € Typy
A

the disease-free equilibrium E® = E°(5°,0,R%) = ,0,
p+6 " p(p+0)

If Ro > 1, then there exists a globally asymptotically stable the infected endemic equilibrium
E® = (S®,1%,R®) such that

) is globally asymptotically stable.

_p+r+d O(L+r+0)+pPo(L+0)(Ry—1)
B Bu ‘

One intrusion method to mitigate the spread of infectious diseases is to quarantine some infections,
in order to control the dissemination of the infection to susceptibles. The word quarantine origi-
nally corresponded to a period of forty days, which represent the length of time that arriving ships
suspected of plague infection were constrained from intercourse with the shore in Mediterranean
ports in the 15-19th centuries [41]. The word quarantine has evolved to mean forced isolation
or stoppage of interactions with others. Over many centuries, quarantine has been implemented
to reduce the transmission of human diseases like plague, cholera, typhus, yellow fever, small-
pox, Leprosy, diphtheria, tuberculosis, measles, mumps, Ebola and Covid-19. In the following two
sections, we examine the effects of quarantine in two endemic models for infectious diseases.

5@ , I®P=(u+0)(Ry—-1) and R® =

10 An epidemic model with permanent immunity and quarantine
strategy

The study of infectious diseases has long been a subject where epidemiological issues are combined
with financial and social problems. The rapid spread of COVID-19 these days shows that humanity
stills suffer from epidemics that may lead to the collapse of medical and economic systems. By
isolating infected individuals and quarantining the susceptible population at home, many countries
have basically controlled the outbreak of COVID-19 [133, 54]. In order to analyze the impact
of this strategy on the spread of epidemics and to predict their future behavior, we use different
mathematical formulations according to their characteristics [118, 129]. In this section, we consider
an SIQR epidemic model in the form of ordinary differential equations. These ODEs describe the
evolution of susceptible S(t), infected I(t), isolated Q(t) and recovered R(t) individuals as time
functions. The rates of change and the interactions between different population classes in our
case are expressed by the following deterministic model [41]:

dS(t) = (A— uS(t) — BS()I(¢))dt,

dI(t) = (BS(I(t) — (n+y+5+r)I(1))de,
dQ(t) = (3I(t) = (n+k +7r3)Q(1))dt,

dR(t) = (yI(t) + kQ(r) — uR(1))dt,

where S(t), I(t), Q(t) and R(t) denote the numbers of susceptible, infected but not quarantined,
quarantined infected, and removed individuals at time ¢, respectively. The schematic flow diagram
of the model (I.11) is illustrated in Figure 1.13. The parameters can be summarized in the following
list:

L11)
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e A: the influx of people into the susceptible person compartment.

w: the natural death rate of the compartments S, I, Q and R.

e [3: the transmission coefficient from compartment S to compartment I.
v: the recovery rate of infectious individuals.

0: is the isolation rate from I to Q.

e k: the recovery rate of isolated individuals.

e ry: the disease-linked death rate of infectious individuals.

e r3: the disease-linked death rate of isolated individuals.

HQ(®

 —
e

r;Q(H)

e

A BS(DI() Qo
l HR(D)

Figure 1.13: Transfer diagram of SIQR epidemic model.

Consistently, we assume that all parameters are positive constants. In this model, the total popu-
lation N(¢) of the model varies, because vulnerable parts of the population can be received through
birth or immigrants, and individuals will die of natural and epidemic deaths. As in the previous
epidemic models, the differential equation for N implies that solution (I.11) starting in the positive
orthant R* remain in the subset

A
Isigr = {(S,I,Q,R) €ER;:S+I+Q+R< —}_
u

Then, it suffices to consider the solutions in the region Isigr. As before, the initial value problem

is well-posed both mathematically and biologically in Isigr. The quarantine reproduction number
of system (L.11) is Ry = ﬁ. The deterministic SIQR model (I.11) always has the disease-free
equilibrium E®(Sy,0,0,0) = (’é,O, 0,0). If Ry > 1, then Isigr contains a unique positive endemic

equilibrium E® = (5%, 1%, 0® R®), where

A }L(R() - 1) or ko Ry - 1
S® 1%, 0% R® = [— )
(55150515 ( (+k+u+ra) B )

Ry’ BT k+p+ry
The following two results describe the behavior of solutions of (I.11) in the invariant set I'sigr.

o If Ry < 1, then Isigr is an asymptotic stability region for the disease-free equilibrium E°.

o If Ry > 1, then the region Isigr — {(S,I,Q,R)| I = 0} is an asymptotic stability region for the
endemic equilibrium E®.
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11 An epidemic model with no full immunity and quarantine strat-
egy

Lately, due to the passive effect of epidemics on population growth, controlling the dynamic be-
havior of these diseases and predicting what will happen has become a remarkable research topic.
Hence, the establishment of mathematical formulations has become an important method to study
the properties of epidemics. For more contagious diseases such as smallpox, measles, plague,
mumps, and Ebola, the most efficient methods of intervention are to quarantine those who have
already been infected, in order to reduce transmissions to susceptible individuals [120]. Moreover,
in most of the previously mentioned epidemics, the infection does not grant immunity, and sus-
ceptible individuals become infected, and then some infected ones remain in class I throughout the
period of infection before returning to the susceptible class, while other infected individuals are
transferred to the quarantine class Q and they stay there until they are no longer contagious, at
which time they return to S [120, 119, 121]. This process is modeled by an epidemic system called
an SIQS model since one typical pathway is through S, then I, then Q, and then back to S, as
shown in Figure 1.14.

kQ(®)

l vI()

BS(HI(H)

Figure 1.14: Transfer diagram of SIS epidemic model with isolation.

The differential equations for this SIQS model are [153]:
dS(t) = (A= wiS(t) = BS(D)I(t) +yI(r) + kQ(t))dt,
dI(t) = (BI(1)S(t) — (1 + 2 + 8 +y)I(1))dt, (1.12)
dQ(t) = (8I(t) = (m1 + 3 + k)Q(1))dt,

where the parameters appearing in this system are described as follow:

A is the recruitment rate of the susceptible individuals corresponding to new births.

u; is the natural death rate.

5 is the isolation rate.

r is the disease-related mortality rate.

r3 is the death rate associated with the disease under isolation intervention. For simplicity,
we denote Wy = 1 + o and w3 = g + 3 as a general mortality rates.

e v and k are the rates which individuals recover and return to S from I and Q, respectively.

e [3 represents the transmission rate.

All parameters are usually assumed to be positive. The general transfer diagram for the model (1.12)

is illustrated in Figure 1.14. Herbert et al. [41] proved that the basic reproduction number of the

deterministic model (I.12) is expressed by Ry = Wféw)‘ This parameter is an essential quantity

to predict whether a disease will persist or not. If Ry < 1, the model (I.12) has only the disease-

free equilibrium E° = (A/uy,0,0) which is globally asymptotically stable, and if Ry > 1, E° becomes

unstable and there exists a global asymptotically stable endemic equilibrium E® = (S®,1%, Q®), where
g@ A o _ Al —=1/Ro) oI®

d 0% = .
O =

Ry Cm(1+8/(us +k))

18



Chapter II

Mathematical Preliminaries

Abstract

ODERN probability has become an important tool for the formulation and the analysis of

biological models which take into account the random aspect. This chapter presents some
concepts of stochastic calculus that will be used in this thesis. Instead of giving a detailed theory,
which can be found elsewhere (for example [93, 103, 51, 99, 104]), we have tried to collect only the
definitions and results necessary to promote a full understanding of the main results.

1 Stochastic processes and their characteristics

The stochastic process is a mathematical object allowing to model the occurrence, at each time after
a given initial moment, of a random and irregular phenomenon. The randomness and obvious lack
of predictability are taken into account by introducing a measurable space (Q,F) on which a
probability measure P can be placed, where Q is a sample description space and ¥ is a o-algebra.
Conceptually, a collection {X:}:er” of R™valued random variables is called a stochastic process
with index set I and state space R". That is, for each time t > 0, w — X;(w) is a measurable
function from Q to R". In this chapter and for the purposes of this thesis, we let the parameter set
I be R, = [0,00). For a fixed sample point w € Q, the mapping t — X;(w) € R"; (t > 0) is the sample
trajectory of the process X associated with w. By abuse of notation, we often write a stochastic
process X = {X;(w)}:>0 as {X;} or X(-). We therefore present the following definitions:

Definition 1.1. Let X be a R"-valued stochastic process defined on a probability space (Q, F,P).
This process is said to be

e Continuous if for almost w € Q, the function t — X;(w) is continuous on t > 0. Hence, the
process X is continuous if for almost all its paths are continuous. Furthermore, it is right
continuous (resp. left continuous) if t — X;(w) is right continuous (resp. left continuous) for
almost w € Q and every t > 0.

e Cadlag® (right continuous and left limit) if it is right continuous and for almost all w € Q,
the left limit lin%(\’s(a)) exists and is finite for all ¢ > 0.
s—

s<t

e Increasing if Xy < X; for any s < t. Thus, a stochastic process is increasing if all its paths
are increasing.

5The time parameter ¢t may be either discrete or continuous, but in this thesis we will consider continuous-time
stochastic processes.

¢The ambiguous word "cadlag" is a French acronym for "continu a droite, limite & gauche" which simply means the
right-continuous with left limits.
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e Integrable if, for all t > 0, X; is an integrable random variable. Moreover, it is square-

integrable if E|X;|? < co for every t > 0.

e Measurable if the stochastic process regarded as a function of two variables (¢, w) from Ry xQ
to R™ is measurable with respect to the o-algebra B(R,) ® F2, where B(R,) is the family of
all Borel subsets of R,.

o Gaussian if all its finite-dimensional distributions” are normal.
For two R™-valued stochastic processes X and Y, there exist two different concepts of equality:

Definition 1.2. Y is a version or modification of X if, for every ¢t > 0, we have X; = Y, almost surely
(for abbreviation, we write a.s.). That is to say, for each time t > 0, P({w : X;(0) = Y (w)}) = 1.

Definition 1.3. X and Y are said to be stochastically equivalent or indistinguishable if for almost
all w € Q, X;(w) = Yy (w) for all t > 0. That is, P({w : X;(0) =Y (w) for all t > 0}) = 1. This is the
same as saying that they almost surely have the same sample paths.

2 Filtrations of F

In the theory of stochastic calculus, filtrations are completely ordered collections of subsets that
are used to model the information which is available at a given point of time. Therefore, it play
an important role in the formalization of random processes. More formally, a filtration is a family
{F+}i>0 of increasing sub-o-algebras of ¥ (e, 1 € Fs ¢ F for all 0 <t < s < o). To further
elaborate this notion, we let ¥; and ¥; be two o-algebras on (Q,F,P), then 5 c ¥; if and only if
F; holds more information about the process than does .

Given a stochastic process X, the elementary choice of a filtration is its natural (canonical)

version, i.e., 7—7\’ = (T{XS, 0<s< t}. That is to say, the smallest o-algebra with respect to which

X; is measurable for every s € [0,¢t]. As an interpretation, ﬁx indicates all the information that
can be extracted from the observation of X trajectories between 0 and t. Precisely, the fact that
A€ 7—;X means that by time ¢, an observer of X knows whether or not A has occurred. Note that

Foo = 0( U F;) denotes the o-algebra generated by |J #; that encodes the available information over
>0 >0
all time t.

A filtration {F;};>0 is said to be right continuous if F = N ¥ for all ¢+ > 0. Roughly speaking,

s>t
the right continuity of {#;};>0 means that if the filtration {¥;};>0 encodes the information available

as time goes by, then ¥+ = [ 14 allows an infinitesimal vision into the future at each t € [0, ).
e>0

A probability space (Q,F,P) equipped with a filtration {#;};>0 is called a filtered probability
space and expressed by (Q, F,{F:}:>0,P). From now on, in this thesis, we shall always work on a
given filtered probability space (Q,F,{F:}:>0,P) such that {F;};>0 satisfying the usual conditions
(i.e., it is right continuous and %y contains all P-null® sets). Of course, the completion of the
filtration means that if an event is impossible, this impossibility is already known on the date 0.

To translate mathematically the non-anticipating property of a stochastic process, we propose
the following definition.

Definition 2.1. A stochastic process {X;} is said to be adapted! with respect to the information
structure {F;};>o if, for each t > 0, X; is an {¥;}-measurable random variable.

alet (Q1,F1) and (2, F>) be two measurable spaces. The o-algebra for the corresponding product space Q; X Q, is
called the product o-algebra and is defined by ¥ ® % = o({B1 X By : B; € 1, By € 1}).

bFor a stochastic process X defined on a probability space (Q,F,P), the joint distribution of a random vector
(X(t1),..., X(tp)) where p>1and 0 <ty <--- <tp, is called a finite-dimensional distribution of the process X.

€A set H € Q is said to be P-null if there exists a set H € ¥ such that H ¢ H and P(H) = 0.

dAn adapted process is also called a non-anticipating process.
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An {¥;}-adapted process is, therefore, a process whose value at any date ¢ is revealed by the
information carried by ¥;. Analogously, the stochastic process X is adapted to {¥;} if, for every
t >0, 0(Xs, 0<s <t)CF. In this case, for any t > 0, X; is known at time ¢t when the information
loaded by ¥; is available and known. Furthermore, every process X is adapted to its natural
filtration {7—?\’ .

Take into account the dynamic nature of the stochastic process with respect to filtration {%;}:>o,
the notion of progressive measurability is required. Precisely, if we have a stochastic process, the
following definition is appropriate.

Definition 2.2. A stochastic process X is said to be {¥;}-progressively measurable if for every
T >0, {X(t)}o<t<T regarded as function of (¢, w) from [0,T] X Q to R" is B([0,T]) ® Fr-measurable,
where B([0,T]) is the family of all Borel subsets of [0,T].

Now, we introduce the concept of a predictable process which is a stochastic process whose value
is knowable at an earlier time and the information about the process behavior is left-continuous.
The notion of predictability is more facilely understood in the discrete-time case where Xi is Fi-
predictable if Xi is Fx_;-measurable. We mention that every predictable process is adapted, but not
conversely. For the continuous-time case, we let S denotes the smallest o-algebra on R, X Q with
respect to which every left continuous adapted process is measurable, then the following definition
is adequate.

Definition 2.3. A contihuous-time stochastic process X is said to be predictable® if the process
regarded as a function of (t,w) is S-measurable.

3 Stopping times

In the last two subsections, we have introduced the required definitions of a stochastic process
and filtration. Since we oftentimes monitor the stochastic processes at a random time, an addi-
tional concept about stopping time is required. Typically, we suppose that the stopping time is
random variable which whose value is interpreted as the time at which a given stochastic process
offers a specific behavior. As mentioned earlier, we are working on a filtered probability space
(QF {Fe}z0.P).

Definition 3.1. A random variable 7 : Q — [0,00] (it can take the value o) is termed an {%;}-
stopping time if {r <t} 2 {w: t(w) <t} € F; for every t > 0.

More generally, we can consider the stopping time as the first time that an adapted stochastic
process reaches a certain value. we clarify this idea in the following theorem.

Theorem 3.2 (Hitting times). Let X be an R"-valued cadlag {¥,;}-adapted process. Let also O an
open subset of R" and define

r=inf{t > 0: X, ¢ O},

with the hypothesis that the inf () = co. Then, 7 is an {F;}-stopping time. It indicates the time of the
first exist from O.

In addition, let x denotes another {¥;}-stopping time, then 7, = inf{t > x : X; ¢ O} is an
{F:}-stopping time which is the first time of the exit from O after k.

We indicate that any random time equal to a non-negative constant is a stopping time. Now,
we briefly present some classic properties of stopping times.

Lemma 3.3. Let t be a stopping time, the set
Fo={AcF: An{w: t(w) <t} e Fforallt >0} cF

is actually a sub-o-algebra of ¥ and t is ¥,-measurable. Furthermore, for any {¥;}-stopping times t,
¢, and A € Fy, we have AN {3 < t} € F;. Particularly, if 3 < r on Q, we get Fy C F;.

20ne can conclude that: left-continuous + non-anticipating = predictable.
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Lemma 3.4. Let X denote a progressively measurable process and let © be a stopping time, then
T 2 {X;at}es0 is termed a stopping process of X.

Eventually, we introduce some basic operations on stopping times such as taking the maximum
or minimum of two times or, for right-continuous filtrations, taking the limit of a sequence of
times.

Lemma 3.5. e If 0 and 9 are stopping times, then 8 vV ¢ and 6 A 3 are also stopping times.

e Let 6, be a sequence of stopping times converging to a limit 8. Assume that for each w € Q, we
have 0, (v) < 0(w) for large enough n. Then, 0 is a stopping time.

e If 0, is a sequence of stopping times, then sup 0, is a stopping time.
n

e Let (0,)nen be a sequence of stopping times and the filtration is right-continuous, then liminf 6,

n—oo

and lim sup 6, are stopping times.

n—oo

4 Continuous-time martingale

Now, we turn our attention to continuous-time martingales which are stochastic processes that
remain the same on the average (i.e. the expected future value conditional on the present is
equal to the current value). Notionally, an {¥;}-adapted integrable process M = {M;};50 is called
continuous-time martingale® with respect to {F;};s0 if E(M,|F5) = M," a.s. forall 0 <s <t < co.
If in the martingale property E(M;|¥s) = M "="is replaced by "<" (resp. ">"), then M is called
a supermartingale (resp. submartingale). Plainly, M is a submartingale if and only if —M is a
supermartingale, and is a martingale if it is both a submartingale and a supermartingale.

In the following, we shall denote by ¥ the o-algebra \/,o F: (the limit variable M., is measur-
able with respect to ), and we want to know whether the process indexed by R, U {+c0} obtained
by adjoining M. and ¥ is still a (sub)martingale. The corresponding result is especially intersting
for martinglaes.

Theorem 4.1. For a right-continuous martingale M;, t € R,, the following three conditions are
equivalent,

e lim M, exists in the L'-sense;
t—00

e there existes a random variable M, in L', such that M; = E(Mw|%7);
o the family {M;,t € R,} is uniformly integrable.
If these conditions hold, then M. = tlim M, a.s. Moreover, if for some p > 1, the martingale
is bounded in L?, i.e. supE(]M;|?) < oo, then the equivalent conditions above are satisfied and the
t

convergence holds in the L?-sense.
We now present the optional stopping theorem. If M is a uniformly integrable martingale, the
M exists a.s. and if 7 is a stopping time, we define M, on {r = oo} by setting M, = M.

Theorem 4.2. If M is a right-continuous martingale and 0, 9 are two bounded stopping times with
0 <9,
Mo =E(My|F9) a.s.

If M is uniformly integrable, the family { My} where 0 runs through the set of all stopping times is
uniformly integrable and if 6 < §

Mg =E(Mpy|Fo) = E(Mx|Fo) as.

aNotice that the definition of martingale makes sense only when the underlying filtration {#;};>0 and the probability
measure P have been specified.
bClearly, the martingale M has constant expectation: Vt > 0, E(M;) = E(My).
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Remark 4.3. The two statements are actually the same, as a martingale defined on an interval
which is closed on the right is uniformly integrable.

In order to understand properly the role of martingales, we present some of their classes. One
such category is that continuous, square-integrable martingales (i.e. E|M;|> < co for every t > 0).
Hence, we give the following result.

Proposition 4.4. Let M be a square-integrable continuous martingale. Then, there exist a unique
continuous integrable increasing process denoted by {{(M, M),} such that {M? — (M, M),} is a
continuous martingale vanishing at t = 0.

We mention that the process {(M, M);} is called the quadratic variation of M. Specifically,
for any bounded stopping time 7, we have EM? = E{M, M),. Now, let M = {M,};>0 be another
square-integrable continuous martingale, then

(M, M), = 0.5 (<M MM+ M — (MM — (M, M)t) .

We call this process the joint quadratic variation of M and M. More generally, {M, M)} is
the unique continuous integrable process of finite variation such that {M, M, — (M, M),} is a
continuous martingale. Identically, for any bounded stopping time 7, EM M, = E(M,M}T.

For the purpose of this thesis, we need to generalize the martingale concept to that of local
martingales. Extensively, localization is a method of extending a given property to a larger class
of processes.

Definition 4.5. Let P = {P:}:>0 be a right continuous adapted process. Then, £ is a local
martingale if there exists a non-decreasing sequence of stopping times 7 T o a.s. such that every
{Prat}eso is a martingale.

It should be pointed out that every martingale is a local martingale, but not the other way
around. Likewise, let £ and ? be two continuous local martingales, then their joint variation
is the unique continuous adapted process of finite variation such that {P,P; — (P, P):}:is0 is a
continuous local martingale.

We now present the strong law of large numbers theorem for local martingales which is fre-
quently used in this thesis.

Theorem 4.6 (Strong law of large numbers, [77]). Let P be a continuous local martingale such that
Py =0a.s. Then

. ) Py
lim (P, P); =0 as. = lim PPy 0 a.s.
Furthermore
lim sup@ <o as. = tlim % =0 a.s.
—>00 —00

In the following, we shall present a classical result known as Doob’s martingale inequalities.

Theorem 4.7 (Doob’s martingale inequalities, [144]). Let {M;};»0 be an R*-valued martingale. Let
[a, b] be a bounded interval in R,.

e Ifp>1and M, e LP(Q;R"), then

E|Mp|?P
P{a) : o osup (Mi(w)| = c} < %

a<t<b

holds for all ¢ > 0.
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e If p>1and M; € LP(Q;R"), then

P P
]E( sup IMtlp) < (—) EIM,|P.
a<t<b p-1

Finally, we present one more practical and useful convergence result.

Theorem 4.8 (Convergence theorem, [78]). Let {A:}:>0 and {U;};s0 be two continuous adapted
increasing processes with Ao = Uy = 0 a.s. Let {P:};>0 be a continuous local martingale with Py =0
a.s. Let also ( be a non-negative %y-measurable random variable. Define

Xt = C+Al’_UI+7)t for all ¢ > 0.
If X; is non-negative, then

{limAt < oo} - {tlim)(} exists and is ﬁntte} N {tlim U; < oo} a.s.

t—o0

Particularly, if tlimAz < oo a.s., then for almost v € Q, we have tlimX,(a)) exists and is finite. In
—00 —00
addition, we obtain tlirn Ui (w) < 0.
—00

9 Brownian motion

In this section, we present the Brownian motion?. We refer to [93] for
a general introduction of this process, to [103] for a detailed description
of the main properties of Brownian motion. Historically, Brownian mo-
tion has been exhibited to represent motions which evolve over time in
a particularly disordered fashion, for example in physics to represent mi-
croscopic particles subjected to multiple shocks in their environment or in
finance to represent very volatile stock market prices. Brownian motion
plays a central role in the theory of stochastic processes. It appears in
many theoretical as well as applied situations and it offers a fairly sim-
ple framework within which many calculations can be carried out. To
characterize the motion mathematically, we give the following definition.

Robert Brown
(1773-1858)

Definition 5.1. A one-dimensional {%;}-standard Brownian motion ({%:}-
SBM, for brevity) is a continuous {#;}-adapted process W = {W,};»o defined on (Q, F,{F:}¢>0,P)
with the following properties:

1. P(‘Wy =0) =1, that is, to establish the position of a Brownian particle, we start at t = 0, with
the initial location specified as ‘W, = 0.

2. For 0 <s <t < oo, the increment (displacement) W; — W; is normally distributed with mean
zero and variance t —s. Equivalently, W; — W, ~ vt —s N(0, 1).

3. For 0 < s <t < oo, the increment W, — W, is independent of 5. That is to say that for any
A€ B(R), B € F,

P({a) €Q: Wiw)-Wiw) e and o e B}) = P(W,(w) - Ws(w) € A) x B(B).

aIn 1827, the first (heuristic) description of Brownian motion is due to the scottish botanist Robert Brown (who
therefore gave it its name). He observes fine organic particles in suspension in a gas or a fluid and describes their
particularly erratic movements.
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Let ‘W be an SBM and 0 < tp < t; < --- < oo, then the increments W, - W, ,, 1 <i <k
are independent. Consequently, we say that ‘W has independent increments. In addition, the
distribution of W;, —W,,_, depends only on the difference t; —t;_1, and in this case, we say that W
has stationary increments. The peculiarity of an SBM ‘W process lies in its ability to represent the
cumulative impact of process noise. Explicitly, if ‘W, and ‘W; indicate the position of the process
at times s and t, respectively, then the increment W; — W; shows the net noise along the interval

]s, t].

Ry

VA v w2 "\ s
W, VY X \ b O > \
MG

Brownian motion

Time t

Figure IL.1: Twenty sample paths of the standard Brownian motion W; for ¢ € [0, 300].

According to the definition of a filtration {7;};>0 for 0 < s < t, we can state that there is at least
as much information at time ¢ as there is at time s. Therefore, the accumulated information is
represented mathematically by the fact that F C ;. Remark that {#;}:>0 is a part of the definition
of W, but we can define an SBM on (Q,F,P) without filtration. In this case, ‘W satisfies the
properties 1 and 2 but the property 3 is substituted by that it has the independent increments. In
such a situation, one can define ?’[W =o(W,, 0<s<t) for t > 0, as the o-algebra generated by
{W;s] 0 <s < t}? Evidently, W is an SBM with respect to the filtration {7—7‘”};20. Furthermore, if
7—'[W C F, t 20, and W, — W is independent of 75 (0 < s < t), then ‘W is a Brownian motion with
respect to the filtration {F;};0.

It can also be noted that in Definition 5.1 we do not demand the probability space (Q, F,P) be
complete and {%;};»0 satisfy the usual conditions. Nevertheless, in this thesis we need to work
on a complete probability space with a filtration verifying the said conditions. For this reason, we
assume that ‘W is a Brownian motion defined on the probability space (Q, F,P) and let (Q, 7, P)
indicate the completion” of (Q,F,P). Undoubtedly, ‘W is a Brownian motion on the complete
probability space (Q,F,P). In the same line, we use the notation O to denote the collection of
P-null sets. Then, for all t > 0, F; = O‘(?;(W U D) is the augmentation under P of the natural
filtration {Ttw} generated by ‘W. Furthermore, {%;},50 is a filtration on (Q,F,P) verifying the
usual conditions and ‘W is an SBM process on (Q, F,P) with respect to {F7}:s0.

Brownian motion has many salient features and important properties, and some of them are
presented in the following:

e Symmetry property: the process —W is an SBM with respect to the same filtration {7;};>0.

aWe often call {T;W}tzg the natural filtration generated by “W.
bSuppose that (Q, F,P) is a probability space. Define a class A of subsets of Q as follows:

N e Ny if and only if 3Z € F such that N € Z and P(Z) = 0.

It is sometimes philosophically satisfying to be able to make precise the idea that "N in Ny is P-measurable and P(N) =0".
This is done as follows. For any subset F of Q, we write F € ¥ if 3E,G € ¥ such that ECFC G and P(G\E)=0. It is
very easy to show that ¥ is a o-algebra on Q and indeed that ¥ = o(F, Ny). With obvious notation,we define for F € F,

B(F) =P(E) = P(G),

it being easy to check that P is well defined. Moreover, it is no problem to prove that (Q,F,P) is a probability space,
the completion of (Q, F,P).
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e Scaling property: let o« > 0 and X; = for all ¢+ > 0. Then, {X;};>0 is an SBM with respect

to the filtration {Fy:}i>o.

e For t > 0, it is noted that E(‘W;) =0, Var(‘W,;) = E(Wtz) = t. Furthermore, ‘W is a continuous
square-integrable martingale and its quadratic variation (W, W), =t for all ¢t > 0.

e The strong law of large numbers property: tlim (We/t) =0 ass.

e For almost any w € Q, the sample path W.(w) of the SBM process ‘W is nowhere differentiable.

e For almost any w € Q, the sample path ¢t — W;(w) is locally Holder continuous® with
exponent & if 0 < & < 0.5; it is nowhere Holder continuous for every & > 0.5.

0.4 1 1 1 1 1 1 1 I
o 100 200 300 400 500 600 700 800

Time t

Figure I1.2: An illustration of the strong law of large numbers property for Brownian motion.

For a n-dimensional standard Brownian motion, we have the following definition.

Definition 5.2. A n-dimensional process {W; = (W/,...,W"},;50 is called a n-dimensional
standard Brownian motion if any {‘Wtk} is a one-dimensional standard Brownian motion, and
{W/,... .{WPr} are independent.

Readily, a n-dimensional standard Brownian motion is a n-dimensional continuous martingale
associated with the following quadratic variations”

(W/, WHy, =5t for 1<jk<n

1 for j=k
0 forj+#k

Here, 0k = { denotes the Dirac delta function.

6 White noise process

Roughly speaking, a plausible mathematical interpretation for the "loud" phenomena is the so-
termed one-dimensional white noise £(t). In engineering and applied sciences, it is habitual to
define it as a "derivative" (just notation) of “W(t), i.e., £(t) = ‘W(t). Seemingly, the term "noise"dt
is expressed as £(t)dt = dW(t). As was aforementioned, ‘W (t) does not exist and it has not an
ordinary meaning; so, it can be seen as a non-standard derivative. To properly characterize the
white noise £(t), we present the following definition.

aAs usual, the term "local" (or "locally") means that the definition should be restricted to any neighborhood. In this
case, f is locally Holder continuous if, for every interval (a,b) there exists a constant C > 0 such that

If(x) = f(y)] < Clx —y|*

for every x,y € [a,b].
YThis is described by the well-known Lévy theorem (see for example [93]).
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Definition 6.1. Let X = {X;};>0 be a Gaussian stochastic process such that EXt2 < oo, t >0.
The co-variance function of X is defined by c(t,s) = E({X; — EX;} - {X; — EX}), where t,s > 0. If
c(t,s) = h(t — s) for some real-valued function h : R —» R and if E(X;) = E(X;) for all t,s > 0, then
X; is said to be stationary in the wide sense.

Formally, the white noise £(t) is a Gaussian and wide-sense stationary process with h(-) = &,
where 8¢ is the Dirac point mass function.

7 Stochastic integration: It0 integral

Consider for example the dynamic of a given population N expressed by the following ordinary
differential equation (ODE):

{dN(t) = GN(1)dt, (L1)

N(0) = No.

where G is the associated growth rate. Suppose that G is subject to some random fluctuations,
then G can be rewrite as G + onoise, where o is the intensity of the noise. Consequently, (II.1) can
be transformed into the following perturbed ODE:

dN(t) = GN(t)dt + oN(t) - noise - dt.

By using the integration, the last equality becomes

N(t) =N(O)+/OtQN(s)ds+‘/0tGN(s)-no'tse-ds.

t
But, how we can define the following expression / oN(s) - noise - ds? To solve this problem, we
0

consider the white noise £(t) = ‘W(t) as an elementary choice to present the noise. Hence,

/t ON(s) - &(s) - ds = /t oN(s)dW(s). (11.2)
0 0

Since the Brownian motion W is nowhere differentiable almost surely
and whose paths are of infinite variation for almost every w € Q, the
integral (I1.2) can not be defined in the ordinary way®. Hence, we need to
define the integral for a large class of stochastic processes by making use
of the stochastic characterization of ‘W. Notably, we will look at the 1t
stochastic integral with respect to W which is firstly defined by Kiyosi
It6" in 1946. To this end, let 0 < a < b < co and denote M2([a, b];R) the
space of all real-valued measurable {7, }-adapted processes g = {g(¢) }a<r<b

such that Kiyosi Ito
(1915-2008)

b
191170 = E(/ |g(t)|2dt) < oo, (IL.3)

Clearly, under the metric (I1.3), the space M?([a,b];R) is complete. We say that two process

g, h € M?([a,b];R) are equivalent, if ||g — hllfa p) = 0. For a stochastic process g € M?([a,b];R), we

aim to define the Itd integral 7 (g) = fa b g(t)dW (t). The general idea is defining I(h) for elementary
process class h. Then, proving that each g € M?([a, b];R) can be approximated by simple process ks
such that 7 (g) is the limit of 7 (h). A brief overview of this approach is presented in three steps.

aBrownian motion is not of bounded variation so we cannot apply the usual definitions of Riemann Stieltjes to
evaluate the integrals along some realized path.

bKiyosi Itd was a Japanese mathematician who made fundamental contributions to the theory of stochastic processes.
He invented the concept of stochastic integral and is known as the founder of It6 calculus.
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Step 1. A real-valued stochastic process h = {h(t)}.<:<p is termed an elementary (step) process
if there exists a partition a = ty) < t; < -+ < fx = b of [a,b], and bounded random variables «;,
0 <i < k-1 such that k; is ¥;,-measurable and

k-1
h(t) = koL 4,1 (2) + Z Kill (44,41 (). (I1.4)
i=1
Let Mg([a, b];R) be the subspace of elementary processes in M?([a,b];R) and define the stochastic
integral with respect to the Brownian motion ‘W of an elementary process h as
b k-1
I = [ hOdW) = Y k[ W) - W),
a i=0

Step 2. Clearly, the stochastic integral (Itd stochastic integral) 7 (h) is F,-measurable, k; is 7, -
measurable, and W (ti11) — W(t) is independent of 77, i =0,1,...,k— 1. Moreover, I (h) € L?(Q;R)
since, if h € M3([a,b];R), then

b
E(/ h(t)dW(t)) =0,

b 2 b
E(/ h(t)dW (t) ):E(/ |h(t)|2dt). (IL5)

[The 1td6 isometry]
Additionally, if two processes hi, hy € MZ([a,b];R) and my,m; € R, then mihy + mahy € M3 ([a,b];R)
and

b b b
/ (mlhl(t) + mzhz(t))d(W(t) =m / hi()dW(t) + m2/ hy (2)dW (t). (I1.6)

According to properties (I1.5) and (I1.6), we can extend the integral definition from simple processes
to processes in M?([a, b];R). The justification for this extension is presented in the next step.

Step 3. For any g € M?([a,b];R), there exists a sequence {h,} of elementary processes such
that

b
lim B ( / lg(t) — hn(t)lzdt) =0. L7

2)

Via (IL1.5), (I1.6) and (I1.7) we get

b b
/hnl(t)d(W(t)—/ hy, (£)dW (1)
2)

Specifically, 7 (h,) is a Cauchy sequence in L?(Q;R), so that its limit exists and we define this
limit as the Itd stochastic integral 7 (g). To summarize and conclude, the Itd stochastic integral of
g with respect to ‘W is

lim E
nj,ny—o0

b
/ (hnl(t) _hnz(t))dw(t)

Il
3
Ei=g
18
8
3]
—_

b
lim E(/ |hn1(t)—h,,2(t)|2dt)=0.

nip,np—oo

b b
I(g)=/ g(t)d(W(t)Z’}Lngo/ hy(HdW(t) in L2(Q;R),

where {h,} is a sequence of elementary processes verifying (I1.7). This definition is independent of
the particular sequence {h,}.

Broadly speaking, the stochastic integral has many specific characteristics. We present here
only some of its properties which are used during this thesis.
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e I(g) is Fp-measurable.
o I(c191(t) + c292(1)) = 1 (g1) + 21 (g2), for all g1.g2 € M*([a,b]:R).
e E7(g9) =0 and E(Z(g)|a) = 0.

- B(IZ(9)P) (/mw%)

- B(I70)P|7) = (/mmw

)/ & (lg(P|7) dt.

e If C is a real-valued, bounded #,-measurable random variable, then (g € M>([a,b];R) and

1(Cg) =CI(g).
Now, let T > 0. We define for g € M>([0,T];R), the indefinite Itd stochastic integral as

K(t) = ‘/Otg(s)d(W(s), t e [0,T],

where, by definition, K(0) = 0. Evidently, {K(t)}:;ej07r] is a square integrable martingale with
respect to the filtration {#;};>0 and

E(K(2)|Fs) = E(K(s)|Fs) +E(/ g(r)dW(r)

7‘2)27((3), 0<s<t<T.

Using Doob’s martingale inequalities (Theorem 4.7), we obtain the following result:

T
E( sup |7<(t)|2) <4E (/ |g(s)|2ds).
0<t<T 0

Furthermore, K = {K(t)}:e[0r] has a continuous version and its quadratic variation is given by

t
(K, K, = / lg(s)|’ds, 0<t<T.
0

We will now extend the Itd stochastic integral to the multidimensional case. Let

W(t) = {(Wi(t),..., Wn(t)}

t>0

be an m-dimensional standard Brownian motion. Let g € M?([0, T]; R™™) denote the collection of
all n x m-matrix-valued measurable {7;}-adapted process g = {(gij(t))nxm}o<s<r such that®

T
E (/0 |g(s)|2dt) < 0.

By using matrix representation, we define the multi-dimensional stochastic integral

/mmww=/
0 0

to be the n-column-vector-valued process whose jth component is the following sum of one-
dimensional Itd integrals

tg11(s) ... gim(s)\[dWi(s)

gm.(S) gnrr;(s) dWm(S)

) tgjk(s)dwk(s)-
0
k=1

2Here, |A| presents the trace norm for matrix A, i.e., |A| = v/trace(AT A).
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Let M?(R,;R™™) denote the family of all processes g € 82(R,;R™™)? such that

T
E (/ |9(t)|2dt) < oo for every T > 0.
0

Markedly, if g € M?(R,;R™™), then {g}o<;<r € M*([0,T];R™™) for every T > 0 and consequently
t
the integral / g(s)dW(s) t > 0 is well defined. Now, our objective is to define this integral for
0

all processes in £2(R,;R™™). Consider g € £>(R,;R™™), we define for each integer k > 1, the
following time

t
T = k/\inf{t >0: / lg(s)|>ds > k}.
0

Note that 7 T oo a.s. Furthermore, {g(t)1{0.1(¢)}s>0 € M2(R,;R™™) and the integral

50 = [ gOlm W, 120

is well defined. Forall 1 <k <mand t >0, Zz(t Atg) = I (t). Then, I (t) = I7(t), for all 0 < t < 7.
Generally, we define the indefinite stochastic integral 7 (¢) by the following way I (t) = Ix(t) on
0 <t<r. Letge £2(R;R™™), then the indefinite Ito integral /Otg(s)d(W(t) (t > 0) of g with
respect to ‘W(t) is a R"-valued continuous local martingale.

Eventually, it is important to note that, in this thesis, all (three) of the following notations are
equivalent and will be used frequently:

/Otgd(w L /Otg(s)d(W(s) . /Otg(s, )W ().

8 Itdo’s formula

To properly evaluate the stochastic It integrals, we will use what is called the It6 rule or It6 formula
which is very important and plays a key role in stochastic analysis. Accordingly, let {W(t)}:>0
be a one-dimensional SBM defined on the complete probability space (Q, F,P) and adapted to the
filtration {%;};s0. In addition, let f € 8'(R;;R)® and g € 8>(R;;R). Then, a one-dimensional
continuous adapted process X(t) on t > 0 of the form

t t
X(t) =X(0)+ / f(s)ds +/ g(s)dW(s), (I1.8)
0 0
is called an Ito6 process with the following stochastic differential representation
dX(t) = f(t)dt + g(t)dW ().

Consequently, if V € C'2(R, x R;R)¢, then V(t,X(t)) is again an Itd process with the stochastic
differential given by

V(X (1)) = { V(6 X(0) + V(X (1), 0 (1) + 0.5V (1, X (1)) g (1)t
+ Vi (t,X(1)g(t)dW(t) a.s. 11.9)

a@2(R,; R™™M) denotes the family of all n x m-matrix-valued measurable {7;}-adapted processes g =1{9(t)}t>0 such
that fOT |g(t)|2dt < oo a.s. for every T > 0.

bGenerally, 21 (R4;R™) denotes the family of all R"-valued measurable {#;}-adapted processes f={f(t)}+>0 such that
/()T [f(#)|dt < o0 a.s. for every T > 0.

CGenerally, C"2(Ry x R™;R) denotes the family of all real-valued V(¢ x) defined on Ry x R” such that they are
continuously twice differentiable in x and once in t.
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where V, = 2V . =2V and V,, = %. Next, if V € C2(R, x R™;R), we set

ot ’ ox
PV PV
9x10x e 9X10Xn
oV oV PV 1o !
x=l-—...,— and (Vxx: o — = . .
ox1 oxp, 0xjoxXk | o 2 2
09X, 0X1 Tt 9xpdxn

In the multidimensional case, let W(t) = (W (t),. ..,‘Wm(t))T (t = 0), be an m-dimensional Brow-
nian motion (Wi(t) are independent SBMs) and consider a n-dimensional continuous adapted
process X (1) = (X;(t),. ..,Xn(t))T of the form

X(t)=X(O)+/O f(s)ds+£ g(s)dW(s),

where f = (fi,..., )T € 1R R") and g = (gjk)nxm € L2 (Ry; R™™). Let also V € C'?(Ry X R™;R),
then V(t,X(t)) is again an Itd6 process with the following stochastic equation

AV (5, X (1)) = {(Vt(t,X(t)) +Ve(t, X (D)) f(2) +O.Strace(gT(t)(Vxx(t,X(t))g(t))}dt
+ Ve (t,X(1))g(t)dW(t) a.s. (I1.10)

As an application, and by using 1t6 formula, we introduce the following proprieties:
t t 1 l
1. / dW(s) = W(t), and / W (s)dW(s) = E(Wz(t) -3t
0 0
t t
2. / sdW(s) = tW(t) —/ W (s)ds.
0 0

Finally, let [t,t + dt] be an infinitesimal time interval, where both dt and Vdt are positives. For
d,(Wt = (Wt+dt - (Wt, we get d,(Wt ~ N(O, dt)

9 Stochastic differential equations

Generally, a stochastic differential equation (SDE, for short) is a differential equation in which
one or more of the terms is a stochastic process, resulting in a solution which is also a stochastic
process. SDEs are employed to simulate diverse phenomena such as unstable stock prices or
biological systems subject to environmental fluctuations. Typically, SDEs contain a variable which
represents random white noise calculated as the non-standard derivative of Brownian motion.
However, other types of random behaviour are possible, such as Lévy jump processes (see for
example [104]). A simple SDE is provided in the next example:

Example 9.1 (Brownian motion with constant drift u and intensity o). A Brownian motion (with
drift) X(t) is the solution of the following SDE:

dX(t) = pdt + odW(t),
with initial value X(0) = Xyp. By direct integration, we get
X(t) =Xy + ut+oW(t)
and hence X(t) is normally distributed with Xy + ut and variance o’t.

Globally, the aim of this section is to derive and examine the solution of a stochastic differential
equation of the form

dX(t) = f(t,X(t))dt + g(t, X (t))dW(t), te [t,T], T >0, (IL.11)
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with initial value X(t) = Xo, where Xy is an F;,-measurable R"-valued random variable such that
El)(o|2 < oo. Here, f and g are called the drift and diffusion coefficient functions, respectively.
Generally speaking, we can view f as measuring short-time growth and g as representing short-
term variability. When g(¢, X(¢)) = 0 in (IL.11), the obtained expression is clearly the ordinary
differential equation (ODE) (see [28]). Looking to details, we pursue to answer questions such as
the following:

e Under what conditions is there a solution?
e If a solution exists, is it unique?
e If an exact solution is established, in what sense is it stable?

In order to resolve these issues, let W(t) = (Wi(t),..., W,,(t)) be an m-dimensional Brownian
motion defined on (Q,F,{F:}i>0,P). Let also f: [t),T] xR" - R™ and g : [tp, T] X R" — R™™ be
both Borel-measurable functions. Hence, the equation (I1.11) is equivalent to the following stochastic
integral representation:

X(t) = Xo+/tf(s,z\’(s))ds+/tg(s,/\’(s))d‘VV(s), t € [ty, T]. (IL.12)

to to

Conceptually, an R"-dimensional stochastic process X(t) = {X(t)}se[4,r] is called a solution of
(IL11) if

e X(t) is continuous and F;-adapted,
o {f(tX(1)} € &'([to, TI;R™) and {g(t,X (1))} € L(Ry;; RP™),
e Equation (I1.12) holds for every t € [ty, T] almost surely.

A solution X(t) is said to be unique if any other solution X(t) is indistinguishable from X(t), that
is

P(X(t) = X(t) forallte [t T]) - 1.

Now, we present the conditions that guarantee the existence and uniqueness of the solution to
equation (IL.11).

Theorem 9.2 ([51]). If the coefficient functions f,g of SDE (11.11) verify the conditions

If(t.x) = (& Y|+ 1g9(t, x) —g(£,y)| < Clx -y (IL13)

[Uniform Lipschitz condition]

for some positive constant € and all x,y € R", t € [ty, T]; and

If () +lg(t,x) > < €1+ |x[*) (IL.14)

[Linear growth condition]

for some positive constant € and all (t,x) € [to, T] X R". Then, there exists a unique solution X (t) in
M?([to, T];R™) of (11.11). Furthermore, this solution verifies sup E|X(t)|> < co.

to<t<T

From the last theorem, X(t) is uniformly bounded in M?([to, T];R") and if X(t), X(t) are both
solutions of (II.11) with the same initial value, then

P| sup |X(t)-X(1)|=0]|=1.

to<t<T

Consequently, the solution X(t) is unique in a pathwise sense.
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The Lipschitz condition (I1.13) ensures that f and g do not change faster than a linear function
relative to changes in x. This implies the Lipschitz continuity of f(¢,-) and g(¢,-) for all t € [, T].
The linear growth condition (I1.14) avails to bound f and g uniformly with respect to t € [y, T].
This constraint on the growth of f and g ensures that almost surely the solution X(t) does not
"explode” (i.e., tend to +o0) in the interval [ty, T] regardless of the Xy value.

The above-mentioned solution is called a strong solution since it has a strong unique sample
trajectory and because the probability space (Q, 7, P), the filtration {¥;};>0, the Brownian motion
W(t), and even coefficient functions f and g are all given and specified precisely in advance.
But, if just the coefficients f(¢,x) and g(t,x) are preliminary specified and the pair of processes
(X(t), W(t)) are defined on a constructed and appropriate filtered probability space such that (I1.11)
holds, then X (t) is called a weak solution. Specifically, the main difference between strong and
weak solutions is that for strong solutions we are given Brownian motion defined on a given
filtered probability space, while for weak solutions we are free to choose and construct a Brownian
motion and an appropriate filtered probability space. If two weak solutions established under the
said conditions are indistinguishable, then the pathwise uniqueness holds for (II.11). Moreover, if
two solutions (weak or strong) of (IL.11) have the same finite-dimensional probability distribution,
then they are weakly unique. It should be noted that a strong solution to (IL.11) is also a weak one,
but the reverse is not generally true. According to the result presented in (Karatzas and Shreve
[51], Corollary 5.3.23), the existence of the weak solution and the pathwise uniqueness implies
the existence of a strong solution. Also, the pathwise uniqueness implies the weak uniqueness.
Basically, in this thesis, we are always concerned with strong solutions.

The Lipschitz condition (II.13) and the linear growth condition (II.14) seem to be too restrictive
hypotheses for the existence and uniqueness of the solutions to the SDE (IL.11). The next theorem
is a generalization of Theorem 9.2 in which the uniform Lipschitz condition (II.13) is replaced by
the local Lipschitz condition.

Theorem 9.3. Assume that the linear growth condition (11.14) holds, but the Lipschitz condition
(IL.13) is substituted with the following new local one: for every integer £ > 1, there exists a positive
constant €, such that, for all x,y € R", t € [ty,T], T > 0 and with max{|x|, |y|} < ¢,

If(t,x) — f(t,y)| + |g(t,x) — g(t,y)] < C|x —y|. (L15)

[Local Lipschitz condition]

Then, there exists a unique solution X(t) to SDE (IL11) in M?([to, T];R™).

The local Lipschitz condition (II.15) permits us to include numerous functions of f and g like
the functions that are continuously differentiable in x on [fy, T] X R. Likewise, linear growth can
be replaced by a monotone condition as presented by the following theorem.

Theorem 9.4. Assume that the local Lipschitz condition (I1.15) holds, but the linear growth condition
(IL.14) is replaced with the following monotone condition: there exists a positive constant € such that
for all (t,x) € [to, T] X R",

xT£(t,x) +0.5|9(t, x)|* < €(1 + |x]?). (IL.16)

[Monotone condition]

Then, there exists a unique solution X(t) to SDE (IL11) in M?([to, T]; R™).

Generally, the monotone condition (I1.16) guarantees the existence of the solution X(¢) on
the whole of the interval [y, T]. Furthermore, it should be emphasized that the linear growth
condition (II.14) implies the monotone condition (I1.16), but the reverse is not true. In the case of
an autonomous® SDE, (II.11) is expressed as follows

dX (1) = f(X(t))dt + g(X(@)dW(t), te[t,T], T>0, 11.17)

aHere, both f and g are independent of the time ¢t and f(t, X (1)) = f(X(t)), g(t, X(t)) = g(X(1)).
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with initial value X(ty) = Xy. If Xy is a random variable independent of ‘W (t) — W (ty), then, under
the conditions of (I.13) and (I1.14), SDE (I1.17) has a unique, continuous global® solution X(t) on
[to, o0) such that

If(x) = f(y)] +19(x) —g(y)| < €lx -y,

[Lipschitz condition]

is verified, and for a fixed x € R™ value,

[F)P +1g() P < (1 + |x]).

[Linear growth condition]
is satisfied.

Example 9.5 (Geometric Brownian motion). An autonomous geometric Brownian motion X(t)
is the solution of an SDE with the drift constant p and the diffusion coefficient o > 0 which is
expressed as follows:

dX(t) = uX(t)dt + o X (t)dW (1),
with initial value X(0) = Xp > 0. The unique analytic solution is presented as following

X(t) — elogX0+|1t+6W(t) — X()EFLH—G(WU),

where i = p— 0.502. Therefore, E(X(t)) = Xoe" and Var(X(t)) = X2 (e — 1).

1 1 1 1 I
o 50 100 150 200 250 300

Figure I1.3: Numerical simulations of the paths of the geometric Brownian motion with p = 0.01
and different values of intensities o = 0.01, 0.02, 0.03, 0.04, 0.05.

Now, we will present some interesting properties of the solution X(t¢) to (IL.11) under the hy-
potheses of Theorem 9.2. Specifically, we say that X(t), with X(#) = Xo, is stochastically bounded
if for each € > 0 there exists a ye = v (f, Xo) > 0 such that

inf P(|X(2)] <ve) >1-e.
te(t,T]

If v depends only on Xy, then X(¢) is said to be uniformly stochastically bounded. In addition,
X(t) is continuous on [ty, T] if there is a constant b such that

IX(t) = X(s)|> <b|t—s|, to<s, t<T,

where
X(t)—X(S)Z/ f(u,X(u))du+/ glu, X(u))dW (u).

Suppose that E(]Xp|)?? < oo, where p is a positive integer. Then, for the solution X(t) to the
SDE (IL.11) on [#, T],

aUnder assumptions of Theorem 9.2 on every finite sub-interval [#,T] C [fy, ), SDE dX(¢) = f(:,X(¢))dt +
g(t, X(t))dW(t), t e [ty o) has a unique global solution X(t) defined on the entirety of [tg, o).
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o EIX(D)|* < (1 +E(|XOI)ZP)6M(t—tO)’

o BIX(t)-Xo|?? < /\7[(1+E(|X0|)2P)(t—to)PeM(‘*tO), where M =2p(2p+1)E? and M are constants
(dependent upon p, €, and T — ty).

o EIX(t) = X(s)|? < My|t —s|?, to <s,t <T, and M, constant.

Moreover, let p > 2, X(tg) = Xo € LP(Q;R"), and suppose that the linear growth condition (II.14) is
verified. Then, the p-th-order moment

E|X (1P < 2"7’2(1 +E(|xo|)P)eP“<f-fo>, t € [to, T,

where oo =€ + €2 (p — 1)/2.

10 SDEs and stability

Basically, the common difficulty with SDEs is that it may not be possible to establish the explicit
form of the solution. It is therefore important to focus on the qualitative information that can be
extracted about the solutions without actually solving the SDEs. In this regard, in what follows we
will study the notion of the stability of a solution. That is, we will examine the question of whether
small changes in the initial conditions or parameters of a dynamic system lead to low changes
(stability) or large changes (instability) in the solution. When we try to switch the main principles
of Lyapunov stability for deterministic ODEs to their stochastic version, some compulsory queries
present themselves.

e How to define stochastic stability?

e How to define Lyapunov functions and what properties must a stochastic Lyapunov function
have?

To respond to these questions, let us first present the SDE (I1.11), where
dX(t) = f(t, X(£))dt + g(t, X (£))dW (), t = ty. (11.18)

Here, we assume that the assumptions of Theorem 9.2 are satisfied and almost surely X(ty) =
Xo € R". For any Xp independent of ‘W (t), t > ty, Equation (I1.18) has a unique global solution
X(t) = X; (19, Xp) with continuous and finite moments sample paths. Suppose that

f(t,0)=0 and ¢(¢,0) =0 for all t > 1. (11.19)

Hence, equation (II.18) has the solution X(t) = 0 corresponding to the initial value X(ty) = 0. This
solution is called the trivial solution or equilibrium position.

Moreover, let 0 < s < co and S; = {X € R" : |X| < s}. Denote by C"*(R, x S;;R;) the family
of all non-negative functions V(t,X(t)) defined on R, X S; such that they are continuously twice
differentiable in X and once in t. Then, the differential operator £ associated with equation (I1.18)
is

po
ik Ox;0x)

L= % +§ﬁ(t,x)a% +0.5 Z {g(t0g" (t.)]

k=1

If £ applies on the function V € C"2(R, x Ss;R,), then
LV(x) = Vit x) + Vi (£, 0) f (£, %) + O.Strace{gT(t, X)Ver (£, %)g (1, x)}.

Note that if x(t) € S, we have via It6’s formula that

dV(t,x(t)) = LV (t,x(t))dt + Vi (t, x(t))g(t, x(1))dW (t). (I1.20)
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In the stochastic case, the presence of the term dW(t) in (IL.20) implies that the stability of X(¢)
to (I1.18) requires that E(dV(t)) < 0. This condition is verified if LV (¢, X(t)) < 0 for all t > 0
since E(dV (1)) = E(.E(V (X (t))dt). So, the stability condition 011—(‘; < 0 of the deterministic case is

substituted by LV(t,X(t)) < 0. Hence, the function V serves as the stochastic Lyapunov version
to SDE (I1.18)

10.1 Stability in probability

Under the aforementioned assumptions, our discussion of the stochastic stability of the equilibriums
should now be framed in terms of probability.

Definition 10.1. The trivial solution X(¢) = 0 (under the hypothesis (I1.19)) is termed stochastically
stable (stable in probability) if for every € > 0,

lim P (suplXt(to, Xo)| = e) =0,

Xo—0  \r>p

otherwise, the said solution is stochastically unstable. The equilibrium solution is stochastically
asymptotically stable if it is stochastically stable and

(\l;I_I}OP (}L%Xf(to’ Xo) = O) =1.

The equilibrium solution is globally stochastically asymptotically stable or stochastically asymptotic
stable in the large if it is stochastically stable and, for all Xy € R”

P (}i_)nolo)(t(to, Xo) = 0) - 1.

Recall that we always assume that the assumptions of the existence an uniqueness of the
solution are fulfilled and, moreover, f(t,0) =0, g(t,0) =0. To generalize and extend the Lyapunov
method for studying the stability of ODEs to that of SDEs, we present the following theorems.

Theorem 10.2 (stochastic stability). If there exists a positive-definite* stochastic Lyapunov function
V(t,x) € C"2([tg, ) X Ss;R,) such that LV (t,x) < 0 for all (t,x) € [tg, ) X Ss, then the trivial of
equation (11.18) is stochastically stable.

Theorem 10.3 (Stochastic asymptotically stability). If there exists a positive-definite decrescent®
function V(t,x) € CY2([ty, 00)xSs; Ry) such that LV (t,x) is negative-definite®, then the trivial solution
of equation (11.18) is stochastically asymptotically stable.

Theorem 10.4 (Global asymptotic stability ). If there exists a positive-definite decrescent radially
unbounded function V(t,x) € C'?([ty, ) x R";R,) such that LV (t,x) is negative-definite, then the
trivial solution of equation (11.18) is stochastically asymptotically stable in the large.

10.2 Almost sure exponential stability

Now, we present the formal definition of the almost sure exponential stability.

Definition 10.5. The trivial solution of equation (II.18) (under the hypothesis (I1.19)) is said to be
almost surely exponentially stable if

1
lim sup?log | X: (20, Xo)] <O a.s. (I1.21)
r—o00

for all Xy € R™. The left-hand side of the last inequality is termed the sample Lyapunov exponents
of the solution X.

aA continuous function V(t,x) defined on [ty, o) X Ss is termed positive-definite if V(t,0) = 0 and for some pu € |
(8 is the family of all continuous nondecreasing functions p : Ry — Ry such that u(0) = 0 and p(r) > 0 if r > 0),
V(t,x) = u(|x|) for all t € [ty, ) and x € Ss.

DA continuous positive function <V is termed decrescent if for some p € &, V(t,x) < pu(|x|) for all (¢,x) € [to, %) X Ss.

€A function V i aid to be negative-definite if —V is positive-definite
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Generally, the almost sure exponential stability means that almost all sample paths of the
solution will tend to the equilibrium state X = 0 exponentially fast if and only if the sample
Lyapunov exponents are negative. Under this standing hypothesis, we have the following useful
theorem.

Theorem 10.6 (Almost sure exponential stability). Assume that there exists a function V(t,X) €
CY2([ty, ) x R™;R,), and constants p>0,C >0,C, eR, € >0, such that for all x # 0 and t > ty,

e &|x|? < V(tx),
o LV(t,x) < CV(t,x),

o |V,(t,x)g(t, x)|2 > (Z3‘V2(t, x).

Then

1 26, - C
lim sup— log |X; (o, Xo)| < % a.s.

t—00 t 2

for all Xy # 0 in R". Especially, if 26, — €3 < 0, the trivial solution of SDE (11.18) is almost surely
exponentially stable.

10.3 Moment exponential stability
In this subsection, we will present the pth moment exponential stability for SDE (II.18), where
p > 0. We begin with the following definition.

Definition 10.7. The trivial solution of SDE (IL.18) is said to be pth moment exponentially stable
if there is a pair of positive constants d; and d, such that

E(|X; (to, Xo)IP) < d1|XolPe ™™™ on t >
for all Xop € R". In particular, when p = 2, it is usually said to be exponentially stable in mean
square.

Evidently, the pth moment exponential stability shows that the pth moment of the solution will
tend to 0 exponentially fast. That is,

1
lim sup- log (E(|Xt(to, Xo)l”)) <0.

t—o00

Globally speaking, the pth moment exponential stability and the almost sure exponential stability
do not imply each other and extra conditions are required in order to establish one from the other.
The next result gives the hypotheses under which the pth moment exponential stability implies the
almost sure exponential stability.

Theorem 10.8. Assume that there is a positive constant € such that
xTf(t,x) Vgt x)|> < €|X|*> for all (t,x) € [ty, ) X R™.

Then, the pth moment exponential stability of the trivial solution of equation (11.18) implies the almost
sure exponential stability.

Now, we will offer a sufficient criterion for the pth moment exponential stability via a Lyapunov
function.

Theorem 10.9. Suppose that there is a function V(t,x) € C>'([to, 0)xR™;R,), and positive constants
p1, P2 and ps3, such that

pilx|P < V(t,x) < pa|x]?,
LV(t,x) < —p3V(t,x),
for all (t,x) € [ty,o0) X R". Then
E(1X (to, Xo) ) < %Wolpe—m(t —10)  ont> i,
1

for all Xy € R™. That is, the trivial solution of SDE (I1.18) is pth moment exponentially stable and the
pth moment Lyapunov exponent should not be greater than —ps.
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11 Ergodic stationary distribution and periodicity

Let X = {X;}:>0 be a stochastic process with values in R" defined on a probability space (Q, F,P).
The o-algebra F; = o(X;, 0 <s <t), t > 0, is the history of the process up to and including time
t. More accurately, 7; records the information ready from our observation of X; for all times
0 <s<t. X is called a Markov process if the Markov property

P(X; € B|F;) = P(X; € B|X;)

holds a.s. for all 0 < s <t < oo and all Borel sets B ¢ R. Clearly, given the value of X, one
can prophesy the probabilities of outlook values X; as well as if you knew the whole history of
the process ahead of time s. The process only knows X; and is not conscious of how it got there
so that the after time depends on the past only through the present, that is, once the present is
recognized, the past and future are independent.

The transition probability of the Markov process is a function P(s, x;t, B) defined on 0 <s <t <
oo, x € R, with the following properties:

1. For every 0 <s <t < oo, P(s,Xs; t, B) = P(X; € B|X;).

2. Forevery 0 <s <t <ooand x € R, P(s,x; t, ) is a probability measure on the family of Borel
sets B.

3. For every 0 <s <t <o and B € B, P(s,-; t,B) is Borel measurable.
4. Forevery0<s<r<t<ocand xeR,and Be B, ?

P(s, x; t, B) :/P(r,y;t,B)P(s,x;r,dy).
R

[Chapman-Kolmogorov equation]

In terms of the previous transition probability, the Markov property turns as P(X; € B|F;) =
P(s, Xs;t, B); and hence we write P(X; € B|X; = x) = P(s,x;t,B) which is the probability that the
process will be in set B at time t given that the process was in state x at time s < t. A Markov
process X is termed homogeneous (with respect to t) if its transition probability P(s,x;t, B) is
stationary, that is,

P(s+u,x;t+u,B) =P(s,x;t,B), 0<s<t<oo, xeR, and Be 8.

In this case, the transition probability is a function of x, B, and the difference t—s since P(s, x;t, A) =
P(0,x;t — s, B). Therefore, we can purely write P(0, x;t, B) = P(x; ¢, B). Generally and without losing
generality, let P(x;t,-) denote the probability measure defined as follows

P(x;t,B) = P(X(¢t) € B|X(0) =x), for any Borel set B c R".
If there is a probability measure x(-) on the measurable space (R”, B(R")) such that

tlirn P(x;t,B) = 7(B) for all x € R".

Then, the stochastic differential equation (I1.17) has a stationary distribution 7(-)?. With reference
to the book of Khasminskii [57], we have the following lemma, which is very helpful to prove the

aThis property means that a single-step transition probability can be expressed in terms of a combination of two-step
transition probabilities with respect to an arbitrary intermediate time r.
bA stationary distribution for a Markov process is a probability measure = over a state space R" that satisfies

/ P(x;t, B)z(dx) = n(B).
R'l

A stationary distribution of a Markov process is a probability distribution that remains unchanged as time progresses.
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result related to the stationary distribution. Let X be a homogeneous Markov process in R?, and
is described by the following stochastic differential equation:

k
dX(8) = FX(0)dE+ Y gr(X(£)dWi(e).

r=1

The diffusion matrix is defined as follows:
k . .
M(x) = (aij(x)),  ay(x) = ) gh(x)g}(x).
r=1

Lemma 11.1. The Markov process X has a unique ergodic®* stationary distribution n if there exists
a bounded open domain D c R" with regular boundary such that its closure D c R", and the following
hypotheses hold

e In the open domain D and some neighborhood thereof, the smallest eigenvalue of the diffusion
matrix M(x) is bounded away from zero.

e If x € R"\ D, the mean time t at which a path issuing from x reaches the set D is finite, and

sup Er < oo for every compact subset K c R".
xeK

Moreover, if f is a function integrable with respect to the measure x, then

T—oo

1T
P{hm?./o f(Xt)dtz‘/Rnf(x)n(dx)} =1,

for all x e R™.

Dissimilar from the above result, in this thesis, we use the Feller property and mutually exclu-
sive possibilities to derive the condition for existence of the ergodic stationary distribution, which
can close the gap left by using the Khasminskii method.

The definition of Markov processes, is much too general for many applications. However, many
of the processes which we study also satisfy the much stronger Feller property. The definition of
Feller processes involves putting continuity constraints on the transition function, for which it is
necessary to restrict attention to processes lying in a topological space (E, 7g). It will be assumed
that E is locally compactb, Hausdorff®, and has a countable base? (lccb, for short).

Given a topological space E, Cyo(E) denotes the continuous real-valued functions vanishing at
infinity®. Thatis, f : E — R is in Cy(E) if it is continuous and, for any € > 0, the set {x : |f(x)| > e}
is compact.

alet (Q,F,u) be a probability space and ¢;, t € R a group of measurable transformations of Q. We say that ¢,
is measure preserving if y((ﬁ;l(A) = u(A) for all t e R and all A € ¥. Now, let ¢; be a group of measure preserving
transformations of (Q, %, ). Then, for any f € L!(p) the limit

t
tim s [ fgeonds =500

exists p-a.s. The limit f*(x) is ¢; invariant, and fQ fdu= fQ f*du. The group of transformation ¢, is said to be ergodic
if f* is constant p-a.s. and in that case f*(x) = ffdy.

blet E be a topological space. Most commonly E is called locally compact if every point x of E has a compact
neighbourhood.

“In topology, a Hausdorff space (separated space) is a topological space where for any two distinct points there exist
neighbourhoods of each which are disjoint from each other.

dA base for the topology 7g of a topological space (E, 7g) is a family B of open subsets of E such that every open set
of the topology is equal to a union of some sub-family of B.

€A function is said to vanish at infinity if its values approach 0 as the input grows without bounds.
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Definition 11.2 (Feller property). Let E be an lccb space. Then, a transition function {P;};>o is
feller if, for all f € Cy(E),

e P,f € Cy(E).
o t— P,f is continuous with respect to the norm topology on Cy(E).
o Pof =f.
A Markov process X whose transition function is Feller is a Feller process.

Proposition 11.3 ((12]). Let X be a process that starts with initial value x. X is said to be a Feller
process if, for any fixed t > 0 and any bounded, continuous and ¥ -measurable function h : R" — R,
E[h(Xt)] depends continuously upon x.

Now, we present a lemma which gives mutually exclusive possibilities for the existence of an
ergodic stationary distribution to the system (I.2).

Lemma 11.4 (Mutually exclusive possibilities lemma, [128]). Let X be a stochastic Feller process
with values in R", then either an ergodic probability measure exists, or

1 t
tlim sup-— / / P(x;s,2)?(dx)ds = 0, (11.22)
—00 0 n

v

for any compact set 3. C R", where the supremum is taken over all initial distributions ¥ on R" and
(x;s,%) is the probability for X € = with X(0) = x € R".

In the natural world, due to individual life cycles and seasonal variation, birth rate, and other
parameters always present periodic changes for population models. For the stochastic biological
system, the existence of a periodic solution is a very important dynamical behavior. Let us present
the definition of a periodic solution.

Definition 11.5. A stochastic process X(t) = X(t,w) (-0 < t < +00) is said to be periodic with
period 6 if for every finite sequence of numbers ¢, f, . . ., t, the joint distribution of random variables
X(ti+h),...,X(t, + h) is independent of h, where h =k0 (k==+1,+2,...).

A Marcov process X (t) is 0-periodic if and only if its transition probability function (if it exists)
is O-periodic and the function Py(t, A) = P{X(t) € A} satisfies the equation

Po(s,A) = / Po(s,dx)P(s,x;s + 6,A) = Py(s + 0, A).
Rn

Consider the following equation

t k t
X(t) = X(0) +/0 f(s,X(s))ds+Z:/0 gr(s, X(5))dW,(s), X eR" (I1.23)
r=1

Lemma 11.6. Suppose that the coefficients of (11.23) are 6-periodic in t and satisfies the following
condition:

k k
F(s.2) = Fs I+ Y 1g-(5.%) = gr(s.m)l < Mlx =yl |F (s, 0]+ D 1gr(s,%)] < M1+ |x]),
r=1 r=1
in every cylinder I x D, where M is a constant. Furthermore, we suppose that there exists a function
V(t,x) € € in R" which is 6-periodic in t, and satisfies the following conditions

‘illlfR(V (t,x) > 00 asR— oo and LV(t,x) < -1 outside some compact set.
X |>

Then, there exists a solution of (11.23) which is a 0-periodic Markov process.
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12 Lévy processes

Theoretical and empirical studies show that for the analysis of some epi-
demics, it is essential to take into account the possibility of an almost
instantaneous movement of large amplitude (jump) in the number of in-
fected or deaths. To model mathematically these phenomena, the jumps
processes offer a suitable context to describe and predict the epidemics
future. In this section, we define a Lévy process, named after the French
mathematician Paul Lévy?, and we present some indication of how rich a
category of processes they form. Specifically, we give some basic concepts
and necessary results for the applied calculus of jump-diffusion used in
this thesis. Since there are sundry good books and documents which offer
a detailed theory, we will just briefly summarize it here. For complete
knowledge, we refer the reader to the following books [6, 37, 104]. Now, we begin by making the
following definition.

Paul Leévy
(1886-1971)

12.1 Poisson random measure and Lévy processes

Definition 12.1. Let (Q, 7, {%:}:»0,P) be a filtered probability space. An {%;}-adapted process
Z(t) = {Z:}i>0 in R is called a Lévy process if

1. Z(0)=0 as.
2. Z(t) has independent increments (i.e. Z(t+s)—2Z(t) is independent of F; = 6(Z(u), 0 <u < t).
3. Z(t) has stationary increments (i.e. the distribution of Z;.. — Z; depends on ¢, but not on t).

4. Z(t) is stochastically continuous (i.e, for all t > 0 and all k > 0, P(|Z(t+¢€) - Z(t)| > k) = 0
as € — 0).

Let Z(t) be a Lévy process. Then, Z(t) has a cadlag version (right continuous with left limits)
which is also a Lévy process. In addition, let By be the family of Borel sets D ¢ R whose closure D
does not contain 0. By denoting AZ(t) = Z(t) — Z(¢7) the jump of Z(t) at t > 0, we can associate
the counting measure N to Z(t) in the following way: for all D € By, we put

N(tD)=N(t,D,0) = > 1p(AZ(s)). (I1.24)
O<s<t
[The number of jumps of size AZ(¢t)eD which occur before or at time ¢]

Generally, (I1.24) is the Poisson random measure which indicates the counting measure of jumps
in D up to the time t. As the path is cadlag, for all D € By, we have N(t,D) < oo a.s.

Certainly, a Brownian motion {W(t)};>o has stationary and independent increments. Hence,
W (t) is a (continuous) Lévy process. Another significant example is the following.

Example 12.2 (Poisson Process). The Poisson process ©(t) with associated intensity vy > 0 is a
Lévy process taking values in N U {0} such that

At)"
( ) e—)tt

P(©(t) =n) = . ,

n=0,12,...

Let us return to the definition offered in (I1.24). The set function D — N(t,D,w) is a o-finite
measure on B, for each fixed t, w with the associated differential form N (¢,du). Furthermore, for
each fixed w, the set function (a,b] XD — N(b,D,w) — N(a,D,w), (a,b] C [0,00), D € By, defines
a o-finite measure with the associated differential form AN(dt,du). Now, we consider the mean

aPaul Pierre Lévy was a French mathematician who was active especially in probability theory, introducing funda-
mental concepts such as Lévy processes, Lévy measures, and Lévy distribution.
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measure v(D) = E(N(1,D)). This set function also defines a o-finite measure on By and is called
the Lévy measure associated to Z(t). By fixing D in By, the process

Op(t) £ Op(t,w) = N(t,D, w),

is a Poisson process with the intensity A = v(D).

Figure II.4: Illustration of the Poisson process.

Example 12.3 (Compound Poisson process). Let Q(n), n € N be a sequence of i.i.d.* random
variables in R with common finite distribution pg(1) = nq. Let also ©(t) be a Poisson process with
intensity A > 0, independent of all the Q(n)’s. The compound Poisson process Q°(t) is expressed by

Q°(H)=Q(1)+---+Q(6(t)), t>0.

An increment of this process is defined by

O(s)
Q%(s) - Q°(t) = Z Q(k), s>t (I1.25)

k=0(t+1)

Remark that (I1.25) is independent of Q(1),...,Q(©(t)), and its distribution depends only on the
difference (s — ). Consequently, Q°(t) is a L.évy process. In order to determine the Lévy measure
v of Q°(t), we consider D € By, then

v(D) =E(N(1,D)) = E( > nD(Aa“<s>)) = E(0(1)1p(Q)) = 2na(D).

O<s<l1
[E((mumber of jumps) x 1p(ump))]

Figure I1.5: Illustration of the compound Poisson process.

aA collection of random variables is independent and identically distributed (i.i.d.) if each random variable has the
same probability distribution as the others and all are mutually independent.
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Roughly speaking, the previous example shows that a Lévy process can be represented by a
compound Poisson process if and only if its Lévy measure is finite. But, there exist many Lévy
processes with infinite Lévy measure v with the fact that /Iul < |lulv(du) = 0, r > 0. Moreover, it is

easy to remark that for any fixed r the process

M(k)(t)é/ u[N(t,du) - tv(dw)], k=1,2,...

<uc<r

are L?-martingales and they converge in L? to a martingale M(t) denoted by

M(t) =‘/||< u[N(t, du) - tv(du)].

12.2 Ito6-Lévy decomposition
The following results gives a general description of Lévy processes.

Proposition 12.4 (It6-Lévy decomposition). Let Z(t) be a Lévy process. Then, Z(t) admits the
following unique representation

Z(t) = ot +ocW(t) +/

lu|<r

uN (t,du) + / uN (t, du). (11.26)

|lu|=r
Here, x € R, 0 € R, r € [0, ], and
N (dt, du) = N (dt, du) — v(du)dt

is the compensated Poisson random measure of Z(-). It is assumed that the standard Brownian
motion ‘W (t) is independent of N. Note that for each D € By, the process M(t) = N(t,D) is a
martingale. Specifically, if « = 0 and r = oo, we call Z(t) a Lévy martingale. Furthermore, if
E|Z(t)| < oo for all t > 0, then we can choose r = co. Hence, Z(t) can be written in the compact form

z(t)zat+GW+/uK/(t,du).
R

Figure I1.6: An illustration of the It6-Lévy jumps process paths.

Theorem 12.5 (Lévy-Khintchine formula). Let Z(t) be a Lévy process with Lévy measure v.
Then,

/min(l, lu)v(du) < oo and E(e"fzm) = feR,
R

where,

9O =50 riacs [ fere 1} v,

|lul<r

{e’f“ -1- igu} v(du) +‘/|

ul|>r
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Now, let D% be the space of a cadlag adapted processes with the Skorohod topology®. Let
also D““? denote the space of a cadlag adapted processes endowed with the associated topology
given by the uniform convergence on compacts in probability® (ucp, for short). By considering an
elementary process h(t) of the form (I1.4) and a cadlag process X, we define

t
3w 2 [ RGN £ 0o+ Y5 (Xt = Xins) £ 0

where k; € F, and ty) <t < --- < tpy < co. Let X be a semimartingale®. Then, the mapping Jx
can be extended to a continuous linear map Jx : D*“P — D*. By using this construction, we
can define stochastic integrals of the form fot h(s)dZ(s) for all h € D“?. From the decomposition
(I1.26), we obtain the generalized stochastic integrals of the following form

X(t,w)zz\’o+‘/0 f(s,a))ds+/0 g(s,o))d(W(s)+/0 ‘/R\{O}n(s,u,w)ﬁ(ds,du),

where the integrands are {7;}-predictable and satisfy the following assumption

t
/ If (s, w)] +gz(s, ) +/ N2 (s,u, w)v(du) pds < o a.s. for all t > 0.
0 R\{0}
Then, the differential notation It6-Lévy process is defined as follows:

dX(t,w) = f(t, w)dt + g(t, 0)dW(t) + / n(t, u, a))ﬁ(dt, du). (11.27)
R\{0}

T t _
Obviously, if E (/ / n2(t,u, co)v(du)dt) < o0, then the process M(t) = / / Nn(t, u, 0)N(ds, du),
0 JR\{0} 0 JR\{0}

T

0 <t < T is a martingale. Moreover, if / / N2 (t,u, w)v(du)dt < o a.s., then the process M(t)
0 JR\{0}

is a local martingale for all 0 <t < T.

12.3 The Ito-Lévy formula

We consider the process X expressed by (11.27) and let V : R2 — R be a C>-function such that
Y(t) =V(t,X(t)). Then, Y(t) is again an [t6-Lévy process and

av @ = Y xw)dr+ ﬂ(t,z\’(t}){f(t, w)dt +g(t, a))d’W(t)} +0.56%(t, a))az—rv(t, X(1))dt
ot ox ax?
N / {v(t,x<t> sn(tuw) - VLX) - 2 Xt u,w>} v(du)dt
R\ {0} ox
+/ {(V(t,z\’(t_) +1(tu,w)) - (V(t,z\’(t_))}K/(dt, du).
R\ (0)

Example 12.6 (The geometric 1td6-Lévy process). In this example, we consider the following It6-
Lévy stochastic differential equation

dX(t) = aX(t)dt + o X (t)dW (t) +/

Nt WX ()N (dt, duw),
R\ {0}

2A Skorohod topology on DS¥ is defined by introducing the Skorohod metric d** defined by

4 (f.9) = infsup(If () = g(x(®)] + 7(t) = t1},
t>

where T moves over all strictly increasing, continuous mappings of Ry to Ry such that 7(0) = 0.
bHere, H, “p H if for all ¢t >0, sup |Hy(s) — H(s)| — 0 in probability.

0<s<t
€A stochastic process X(t) is called semimartingale, if it can be decomposed as X = Y (t) + A(t), where Y is a local

martingale and A is cadlag adapted process of locally bounded variation.
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where o, o are constants and n > —1. Then, X(¢) can never jump to 0 or a negative value. In order
to establish explicitly the solution X(¢) of this Lévy SDE, we reformulate it as follows:
dX(t)
X(t7)

adt + odW(t) + / n(t, u)N (dt, du).
R\{0}

By setting Y (¢) = InX(t) and using It6’s formula, we obtain

dy(t) = (oc - 0.50‘2)(.’11‘ +odW(t) + / {In(1 +n(t,u)) —n(t,u)} v(du)dt + / In(1 +n(t, w)N(dz, du).
R\{0} R\{0}

Therefore

y(t)=y(0)+(a—o.saZ)t+W(t)+AtA\{o} (In(1 +1(t, w)) —n(t, 1)} v(du)ds

+/0 /R\{O}ln(l +1(t, u))N(ds,du).

Consequently

X(t) = X(0) exp{(oc—o.Scyz)HW(t)+/0t/R\{O} (In(1 +1(t, 1)) = (¢, w)} v(du)ds

+‘/0 ‘/R\{O}ln(l+n(t,u))N(ds,du)}.

Next, we formulate the corresponding multi-dimensional version of latest result. Let X(t) € R"
be an It6-Lévy process of the following form:

dX (1) = f(t, w)dt + g(t, w)dW(2) +/ n(t, u, w)ﬁ(dt, du), (I1.28)
R\ {0}
where f: [0,T]XQ = R", g: [0,T] XxQ — R™™ and 1 : [0,T] X R" x Q — R™ are adapted processes
such that the integrals exist. Here, W (t) is an m-dimensional Brownian motion and
N(dt, du)T = (K/l(dt, duy),..., No(dt, duf))
- (N1 (dt, duy) — vy (duy)d, . .., N(dt, dug) — w(du[)dt),

where {N;} are independent Poisson random measures with Lévy measures v;. Specifically, when
written in detail the component number i of X(¢) in (I1.28), then X;(t) has the following form

m 4
dXi(1) = fi(t, w)dt + Y gij(t, )dW; (1) +Z/n,j(t, uj, 0)N;(dt,duj), 1<i<n.
j=1 j=1 7k

Let V € C2([0,T] x R%;R) and let Y (t) = V(t,X(t)). Then

2

dy(t)——dt+2 (fdt+gld(W(t))+OSZ gg") 2V g

1 9x;0x ;
i,j=1 e

n

t
£ { (6 X(E) +n Pt w) - V(X)) - ) v
k=1 JR\{ ox

i=1

X)) (t, uk>} vie(dug)dt
{
+Z/ V(t, X)) +n® (tup)) - (V(t,X(t—))}ﬁk(dt,duk),

\{0}

k=1

where 1) € R” is column number k of the n x £ matrix n = [n]i and ngk) =1,k is the coordinate
number i of ).
Generally, the Ito-Lévy isometries state the following results:
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[ T 2 T
[ ] S, S = 236() S.
E(/o g<,>dW<>) E[/Og<,>d]

[The 1td6 isometry]
T
=E [/ / N2 (s, u, @) v(du)ds|.
0 JR\{0}

o R )
e E (‘/0 A\{O}n(s, u, )N (ds, du))

[The Lévy isometry]

T
If the last quantity is finite, then M(f) = / / (s, u, )N (ds,du) is a martingale for ¢ > T with
0 JR\{0}

[The martingale property]
the following quadratic variation

T
_ 2
(M, M), _./0 '/R\{O}n (s,u, w)v(du)ds.

12.4 Ito-Lévy stochastic differential equations

Theorem 12.7. Consider the following Lévy SDE in R" :
dX(t) = f(¢, X(2))dt + g(t, X (£))dW (¢) +/ N, X (), w)N(dt, du),  X(0) = Xy € R",
R™\{0}

where f: [0, T] XR" - R", g: [0,T] xR® — R™™ and 1 : [0,T] Xx R® x R" — R™ verify the following
assumptions

14
F(6x) = f6 )P+ llgt.x) - gt p)I P+ Y /R oy M) =0 g P < Gl o
k=1

[Lipschitz continuity condition]

(11.29)
for some finite constant €, and for all x,y e R"*, and
3
£ &)1+ 1lg(t, )1 + / o D et x,w) Prie(due) < €1+ 1) (IL30)
RM0b o

[At most linear growth condition]

for some finite constant &, and for all x € R". Then, there exists a unique cadlag adapted solution
X(t) and E[IX(t)|2] <o forallt>0.

Remark 12.8. Solutions of Lévy SDE in the time homogeneous case, i.e. when f(t,x) = f(x),
g(t,x) = g(x) and n(t,x,u) =n(x,u), are called Lévy jump diffusions.

Now, we compare the following two one-dimensional stochastic differential equations driven by
a Brownian motion (‘W};);>o and a Poisson process (N;):>o

t t t _
Xl(t)=X1(0)+‘/0 fl(s,Xl(s))ds+'/o gl(s,Xl(s))d(W(s)+‘/o ‘/Rn\{o}n(s,Xl(s_),u)N(ds,du),

Xp(t) = X2 (0) +./0 h(s, Xz(s))ds+/0 g2(s, X2(s))dW (s) +/O '/Rn\{o}n(s,(\’z(s_),u)ﬁ(ds, du), (I1.31)

where X;(0) and X,(0) are the initial states of these two SDEs with initial time t € [0,T]. The
main objective of the next theorem is to find a necessary and sufficient condition of the above
coefficients that ensures

X1(0) < X5(0) = Xi(s) < Xao(s), Vse[t,T], P-as, Vt<T. (I1.32)
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Theorem 12.9 (Stochastic comparaison Theorem, [109]). We assume (11.29) and (11.30) are verified.
Then the following conditions are equivalent

1. (11.32) holds for SDEs (11.31);
2. For each (t,x) € [0,T] X R, the coefficients f;, g; and n;, i = 1,2 satisfy:
filt,x) < fa(t,x),

91(t,x) = ga(t,x),
n(t,x,u) = n(t,x,u), v(du) — a.s.

For the situation without jumps, we have

Corollary 12.10. We assume (11.29) and (11.30) as well as n; = n, = 0. Then, the following conditions
are equivalent:

1. (11.32) holds for SDEs (11.31);
2. For each (t,x) € [0,T] X R, the coefficients f; and g; i = 1,2 satisfy:

fi(t,x) < fo(t, x),
g1(t,x) = ga(t, x).
13 Some definitions and useful results

Definition 13.1. We consider a population and X(t) its size at time ¢.

e The population is said to go to extinction if tlimX (t) =0 as.

The population is said to be non-persistent in the mean if tlim (X(t)) =0 a.s., where

Gy =7 [ v

The population is said to be exponentially extinct if limsup t~' InX(t) < 0 a.s.

t—oo

The population is said to be weakly persistent if limsupX(t) > 0 a.s.

t—o00

The population is said to be weakly persistent in the mean if limsup(X(¢)) > 0 a.s.

t—oo

The population is said to be strongly persistent in the mean if lilgn inf(X(t)) >0 a.s.

The population is said to be stochastically permanent if for any e > 0, there exists a pair of
positive constants 3; = 31(e) and (32 = B2(¢e) such that for any initial value Xy € R,, we have

limsup P(|X ()| > 1) <e€ and liminf P (|X(t)| > B2) = 1—e.
t—co t—oo
[Stochastically ultimate boundedness] [Stochastic persistence]

Obviously, it can be seen from above definitions that the exponentially extinction implies the
extinction and the non-persistence in the mean. In addition, the strong persistence in the mean
implies the weak persistence and the weak persistence in the mean. But, the reverse of the above
reasoning is not generally true. Furthermore, a stochastic epidemic model is termed stochastically
permanent, if it is both stochastically ultimate bounded and persistent.

Lemma 13.2. Let X € C(Q X [0,+00),R,). We suppose that 1 +n;(u) >0 (i =1,2,...), foralluin a
measurable subset Z C (0, ) satisfying v(Z) < co. Then, we have the following conclusions.
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o [fthere exist T >0, € > 0, €, M; such that whent > T,
t n n t _
InX(t) <Ct - Q:O/ X(s)ds + Z o;W;(t) + Z M; / / In (1 +n;(w)N(ds,du) a.s.,
0 i=1 i=1 0 Ju

then
li LM X(s)ds < & as. if €20,
1rtrl)s;1ptf0 (s) = as. if €>
tlimX(t)zO a.s. if €<0.

e [fthere exist T >0, & >0, € >0, M; such that whent > T,

In X (&) 2@t—@o‘/ot(\’(s)ds+zGi‘VV,-(t)+ZM,~‘/Ot‘[uln(l+m(u))/v(ds,du) a.s.,
i=1 i=1

. . o1 rt (O
then htrgg}f;fo X(s)ds < (o a.s.

The following elementary inequalities will be used frequently in the sequel.

e Holder’s inequality If | < p < co and g is given by 1/p+1/g =1, E(|X|?) < o0, and E(|Y|?) < oo,
then

IE(XY)| < E(IXY]) < (BIX|?)7 (E|Y|9)7.

The Holder inequality gives E(|X|) < E(|X|?)!/? for Y = 1 and Cauchy-Schwarz inequality for

p=q=2
e Minkovski’s inequality If 1 <p <o and X, Y € L, then X+Y € L, and

(EIX +Y[P)7 < (E|X|P)7 + (E|Y|P)7.
e Chebyshev’s inequality
Plo: [X(w)| > €} < € PE|X|P
if € >0, p>0,and X € LP(Q;R").

e Burkholder-Davis-Gundy inequality Let g € 82(R,;R™™). For any t > 0, define

%(t):‘/o g(s)dW(s) and ?I(t)z/o |g(s)|2ds.

Then for every p > 0, there exist positive constants €, and €,, such that

%Eﬂ@ﬁsE(wp&@W)s%EﬂMﬁ for all ¢t > 0.

0<s<t
e Gronwall’s inequality Let T > 0 and € > 0. Let f(-) be a Borel measurable bounded

nono-negative function on [0,T], and let g(-) be a non-negative integrable function on [0, T].
If

f() < Q",+/Otf(s)g(s)ds forall0 <t <T,

then

f(t) < Cexp (/Otg(s)ds) forall0 <t <T.
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The basics of the stochastic analysis and jump-diffusion theory are presented, followed by some
classical tools that are will be used in the following chapters to analyze the various disturbed
epidemic models. It should be emphasized that this chapter is just a collection of the definitions
and notations necessary to comprehend the key results of this thesis. For more details and specifics,
we refer the reader to this book [51].

Now, we are in the position to present the main contributions and results of this thesis. We will
apply the theories of this chapter to analyze mathematically the perturbed version of the epidemic
models presented in Chapter 1.
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oo 111

Some new results on the dynamics of a
stochastic SIR epidemic model

Abstract

ECENTLY, emerging epidemics like COVID-19 and its variants require predictive mathematical
R models to implement suitable responses in order to limit their negative and profound impact
on society. The SIR system is a straightforward mathematical formulation to model the dissem-
ination of many infectious diseases. The present chapter reports novel theoretical and analytical
results for a perturbed version of an SIR epidemic model. Notably, our epidemic model is repre-
sented by Itd6-Lévy stochastic differential equations in order to simulate sudden and unexpected
external phenomena. By adopting some innovative and ameliorated mathematical approaches, we
analyze the long-run characteristics of three categories of an SIR model with jumps. Initially, we
suppose that the stochastic disturbances associated with the disease transmission coefficient and
the mortality rate are presented with two perturbations: standard Gaussian white and Lévy noises,
respectively. We investigate some attractive asymptotic properties of this new perturbed model,
namely: persistence in the mean, ergodicity, and extinction of the disease. Next, we consider an
SIR epidemic model driven by a multidimensional Lévy jump process. We aim to develop a mathe-
matical method for deriving the stochastic threshold which can determine the existence of a unique
ergodic stationary distribution or the extinction of the epidemic. Our method differs from previous
approaches by the use of the comparison theorem, mutually exclusive possibilities lemma, and some
alternative techniques of the stochastic differential systems. Ultimately, we consider the case of
an SIR model with the distributed latency period and Lévy jumps. We aim to study the dynamic
behavior characteristics of this perturbed delayed model. Within this scope, we offer sufficient
conditions for two epidemiological properties: extinction and persistence of the epidemic. One of
the most intriguing results is that the dynamics of the stochastic model are closely related to the
intensities of white noises and Lévy jumps, which can give us a good insight into the evolution of
the epidemic in some unexpected situations. Broadly speaking, our work complements the results of
some previous investigations and provides a new way to predict and analyze the dynamic behavior
of epidemics with distributed delay. For illustrative purposes, numerical examples are presented
for each perturbed model in order to check the theoretical studies.

1 Dynamic characterization of a stochastic SIR infectious disease
model with dual perturbation

1.1 Introduction

As mentioned previously, the dissemination of infectious diseases may subject to some uncertainties
and stochastic phenomena due to fluctuations in the natural environment. Many studies pointed
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out that stochastic differential equations can be applied to formulate the perturbed SIR epidemic
model and explore the dynamics of infectious diseases [2, 150]. By assuming that the disease
transmission is subject to some small random fluctuations and the contact rate (3 is disturbed by
the white noise, the SIR model (I.4) is transformed into the following SDEs:

dS(t) = (A= wS(t) = BS(DI(1))dt—aS (1) [(H)dW (1),
dI(t) = (BS(I(t) = (ha +V)I(t))dt+0S () I(1)dW (1), I1.1)
dR(t) = (vI(t) — mR(1))dt,

where W (t) is the standard Brownian motion defined on (Q, 7, {#;}:>0, P) with a filtration {F;};>0
satisfying the usual conditions containing all the random variables that we meet in this section. o
is the intensity of environmental white noise. In the following, we present some previous results
on the dynamics of the model (IIL.1):

e Tornatore et al. [136] proved that E° of the deterministic system (I.4) is globally asymptoti-
cally stable under a suitable condition, and they established a threshold that determines the
dynamics of the stochastic system (IIL.1).

e Ji et al. [47] proved the global stability of the stochastic system (IIL.1) by using the Lyapunov
functional method, and they studied the asymptotic character of the solution around the
endemic point E® of (1.4).

e Ji and Jiang [43] investigated the threshold behavior of the model (III.1) which determines
the extinction or the persistence of the epidemic.

Besides the above-mentioned bilinear perturbation, the deterministic system (I.4) can be perturbed
by assuming that the white noise is directly proportional to S(t), I(t) and R(t). More formally, the
perturbed version of (I.4) can be described by the following SDEs:

dS(t) = (A= wiS(r) = BS(D)I(t))dt+0,S(1)d W, (1),
dI(t) = (BS(HI(1) — (ua +Y)I(1))dt+0-1(1)dWs (1), (11.2)
dR(t) = (vI(t) — wR(t))dt+03R(1)dWs(1),

where W;(t) (i =1,2,3) are the independent standard Brownian motions and o; (i = 1,2,3) are the
intensities of environmental white noises. Many previous studies have analyzed the dynamics of
the stochastic model (II1.2). For example:

e Ji et al. [46] investigated the asymptotic behavior of the model (II1.2) around the disease-free
equilibrium E® of (1.4).

e Lin et al. [76] analyzed the long-time behavior of the stochastic model (II1.2). Precisely, they
discussed the convergence of the solution densities to a singular measure.

However, epidemic models just perturbed by the Gaussian white noise can not successfully
characterize the situation when the population suffers sudden catastrophic disturbance such as
earthquakes, hurricanes, and floods. The severe environmental change can affect the dynamical be-
havior of the epidemic significantly [62, 60]. Therefore, it is necessary to employ the discontinuous
Lévy process to analyze and control infectious diseases during these phenomena. According to the
Lévy-1td decomposition [23] (see also Chapter II), a L.évy process is decomposed into the sum of a
linear drift, a Brownian motion, and a superposition of centered Poisson processes with different
jump sizes. If the SIR model is governed by Lévy jumps, then the deterministic model (I.4) can be
described by the following SDEs with jumps:

dS(t) = (A— wiS(t) — BS()I(r))de+0,S(1)d W, (1) + /L{m (w)S(t)N(dt, du),
dI(t) = (BS()I(t) = (h2 +V)I(2))dt+021(1)dWa (1) +[un2(u)1(t)ﬁ(dt, du), I11.3)

dR(t) = (vI(t) — wR(t))dt+0o3R(1)dWs (1) + ‘/(ung(u)R(t)K/(dt, du),
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where S(t7), I(t7) and R(¢t7) are the left limits of S(¢), I(t) and R(¢), respectively. W;(t) (i =1,2,3)
are independent Brownian motions and o; > 0 (i = 1,2,3) are their intensities. N is a Poisson
counting measure with compensating martingale N and characteristic measure v on a measurable
subset U of (0,00) satisfying v(U) < co. Wi(t) (i = 1,2,3) are independent of N. We assume
that v is a Lévy measure such that N (dt,du) = N(dt,du) — v(du)dt and the functions n; : U - R
(i = 1,2,3) are bounded and continuous. The following references are the two works that have
studied the dynamics of the model (I11.3):

e Zhang and Wang [154] analyzed the asymptotic behavior of the stochastic solution of the
model (II1.3) around the equilibriums E® and E®.

e Zhou and Zhang [172] investigated the effect of the jumps on the dynamics of the model (I11.3),
and they obtained the stochastic threshold which determines the extinction or persistence of
the disease.

Generally speaking, there are two popular ways to introduce stochastic factors into the epidemic
models. The first is to presume that the spread of the epidemic is subject to some small and standard
random fluctuations that can be described by Gaussian white noise. The other is to assume that the
model is affected by massive disturbances caused by sudden environmental shocks. Mathematically,
these huge random perturbations can be described by L.évy noise. In this section, we present a new
stochastic SIR epidemic model with dual perturbations. We merge the stochastic transmission with
a discontinuous perturbed mortality rate. We suppose that the transmission of the epidemic may
subject to some small uncertainties, and the mortality rate can be affected by huge environmental
phenomena. This new perturbation allows us to examine the effects of both Gaussian white noise
and Lévy noise on the transmission dynamics of infectious diseases during environmental shocks.
Motivated by the above discussion, the stochastic variability in the mortality rate p; and the
epidemic transmission rate [3 are presented as follows:

pw - o Wit) - () and B w B+ o Wa(t),

where W;(t) (i =1,2) are independent Brownian motions with intensities o; (i = 1,2), and
t

J) = / / n(u)/V (ds,du). The perturbed version corresponding to the system (I.4) can be

expressed (i)y t(lPILe following form:
dS(t) = (A= wS(t) = BS(1)I(t))dt+0,S(1)d W (1) +/ N(w)S(E N (dt, du)—0S(£)I(1)dWh (1),
Y
dI(t) = (BS(HI(t) = (na +V)I(2))de+o1(1)d W, (1) + /un(u)l(t)ﬁ(dt, du)+0,S(1)I(t)dWa(t),

dR(t) = (vI(t) — wR(t))dt+0o R(1)d W, (1) + /L{n(u)R(t)K/(dt, du).
(I1L.4)

In this section, we devote our main attention to study the asymptotic proprieties of the new
stochastic epidemic model (II1.4) that includes both white noise and Lévy jumps. The principal
contributions are as follows:

e We prove the existence of a unique ergodic stationary distribution to the model (II1.4) by
employing the Feller property and mutually exclusive possibilities lemma 11.4. In this sense,
we propose an alternative method to establish the explicit threshold expression without using
the invariant probability distribution of an auxiliary process, which can close the gap left by
using the method presented in [163] and [162].

e We prove that the persistence of the disease occurs under the same condition of the ergodicity
of the model (II1.4). As a result, we treat a problem that is intentionally ignored in literature;
it is not biologically reasonable to consider two distinct thresholds for the persistence and
the existence of stationary distribution of (II1.4).

e We give sufficient conditions for the stochastic extinction of the disease.
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1.2 Main results

Firstly, we introduce some notations and lemmas which are used in our main results. To properly
study our model (II1.4), we have the following fundamental assumptions on the jump-diffusion
coefficients:

e (H;) We assume that the jump coefficient n(u) satisfy / N2 (u)v(du) < oo.
u

() For all u € U, we assume that 1+1(u) >0 and / (M) —In(1 +1(u)))v(du) < co.
U

2
(H3) We suppose that / (ln(l +n(u))) v(du) < oo.
u

2
(Hy) We suppose that / ((1 +n(u))? - 1) v(du) < oo.
U

(Hs) Assume that for some p > 1, y» = 1 — (2”271) o

2 1
|~ 5[1’ > 0, where

£, = /w ((1 ) -1 - 2pn(u))v(du) < o0,

Remark 1.1. Biologically, if n(u) > 0 the Lévy jumps increase the quantity of the host population.
Otherwise, if —1 <n(u) < 0, the number of individuals is minimized gradually.

Remark 1.2. The assumptions (H3;) and (H;) mean biologically that the intensity of Lévy jumps
cannot exceed the environmental carrying capacity.

In view of the epidemiological interpretation and the dynamical behavior, whether the stochastic
model is well-posed is the first concern thing. Therefore, to analyze the stochastic model (I11.4),
the first problem to be checked is the existence of a unique global positive solution, that is, there
is no explosion in finite time under any positive initial value (S(0),1(0),R(0)) € R3. It is known
that there exists a unique global solution to the stochastic models for any given initial value if the
coefficients verify the local Lipschitz and the linear growth conditions. But, the coefficients of the
model (II1.4) do not verify the linear growth condition, which may let the solution to explode at a
finite time. The following theorem assures the well-posedness of the stochastic model (II1.4).

Theorem 1.3. Let (H;) and (H>) hold. For any initial value (S(0),1(0),R(0)) € R3, there exists a
unique positive solution (S(t),1(t), R(t)) of the system (II1.4) on t > 0, and the solution will stay in R
almost surely.

The proof is somehow standard and classic (see for example [171]), so we omit it.
In the following, we always presume that the assumptions (H;)-(#s) hold.

Lemma 1.4. Let (S(t),I(t), R(t)) be the solution of (I11.4) with initial value (S(0),1(0),R(0)) € R3 and
N(t) =S(t) +I(t) + R(t). Then

2 2 (—ppat} L 2X1 . 1 [t ) 2x1
E(NP(1)) < (N(0))Pet™P2t + 2= and limsup— [ E(N7(s))ds < =,
X2 toeo L Jo X2

where y1 = sup {szf’_l - %xzﬁ }

x>0

Proof. Making use of Itd’s lemma, we obtain
d(N(£)*F =2p(N ()~ (A= i N(t) = rI(t))dt + p(2p — 1)o7 (N(1))*Pdt

+/ (N(£)?((1+1(w)* =1 =2pn(w))v(du)ds +2po1 (N (1)) Pd Wi (1)]
u

+/ (N(t))?P((1+1(w))? — 1)N(dt, du).
U
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Then
AN(1)2 < 2p(N(5)2 (A — uN(D)dt + p(2p — DG (N(1)dt + 2p01 (N(£) AWy (1)
+ / (N ()2 ((141(w)* — 1 - 2pn(w))v(du)ds
Uu

+/ (N(t))?P((1+m(w))* — )N (dt, du)
Uu

X2

_(@2p-1)
2

=2p{A(N<t))2P-1—(ul -5 | (<1+n<u>>2p—1—2pn<u))v<du))<N(t>)2P}dt
P Ju

+2po (N(1))Pd W, (t) + [u (N(t))?P((1+1(u)? — 1)N(dt, du).
We choose neatly p > 1 such that y» > 0, we have
AN @Y < 2p{n - %(N(t))zf’}dt +2p01 (N(£) AW (1)
+ /W(N(r))ZP((l +1(u)? — 1)N(dt, du).

On the other hand, we have

d((N(D)Pet) = pio (N (1) PePt + ePLLA(N (1)
< 2py1ePtdt + eP212p o (N ()P AW, (1)

+/(N(t—))zf’((lm(u))zf’—1)K/(dt,du).
Uu

Then, and by taking integration and expectation on both sides, we get

t
2
E(N?P(t)) < (N(0))Pe P! 4 2py / e Pt=9)ds < (N(0))2Pe P2t 4 %
0

Obviously, we obtain

1 /! 1 /! 2 2
lim sup?/ E(N?!(s))ds < (N(0))* lim sup—/ e Press 4 ZAL _ XL
0 0

t—00 t—+oo L X2 X2
|
Now, we consider the following subsystem
dX(t) = (A - WX (1))dt + 01X (1) dW, (1) +/ NwWXE)N (s, du), Vi >0, (IL5)
U .

X(0) = N(0) > 0.

Remark 1.5. The solution of (IIL.5) is unique and positive. The proof is presented in Example 1.5,
pp. 7 of [104].

Lemma 1.6. [171] Let (S(t),1(t),R(t)) be the positive solution of system (111.4) with any given initial
condition (S(0),1(0),R(0)) € R3. Let also X(t) be the positive solution of equation (I11.5) with any
given initial value X(0) = N(0) € R;. Then

o Jim X0 =0, im X0 =0, lim 30 =0, im X =0, and lim® =0as.

t—o0 t t—o0 t—o0 t

1 t
. 1 t . t .
e lim Joy X(s)dWi(s) =0, lim 1 Jo X2 (s)dWi(s) =0, Jim /O S(s)dW,(s) =0,
Jim } S S(s)dWa(s) =0 Jim } S 1s)dWi(s) =0, and Jim } S R(s)dWi(s) = 0 as.
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.1t o .1t _ ~

. tli)rgo?‘/o /un(u)X(s YN (ds, du) = 0, tli)rg?/o /lez(s )((l+n(u))2—I)N(ds,du):O,
.1t N B 1 ! o B
tll_)n;?/o /un(u)S(s YN (ds,du) =0, th_)r{)lo /(; Ln(u)](s YN (ds,du) =0,

1 t ~
and lim—/ / N(u)R(s")N(ds,du) =0 a.s.
t=eot Jo Ju

Remark 1.7. For a detailed proof and generalized version of the last lemma, we refer the reader
to the proof of Lemma 2.5 in Chapter VL

Remark 1.8. In the absence of Lévy jumps (see for example [139]), the stationary distribution
expression is used to estimate the time averages of the auxiliary process solution by employing the
ergodic theorem [93]. Unluckily, the said expression is still unknown in the case of the Lévy noise.
This issue is implicitly mentioned in [163, 162] as an open question, and the authors presented the
threshold analysis of their model with an unknown stationary distribution formula. In this thesis,
we propose an alternative method to establish the exact expression of the threshold parameter
without having recourse to the use of ergodic theorem. This new idea that we propose is presented
in the following lemma.

Lemma 1.9. Let X(t) be the solution of system (I11.5) with an initial value X(0) € R, and assume
that y3 =2p — cr% —/ n2(u)v(du) > 0. Then
u

2

1 [t A 1 [t 2A
lim — / X(s)ds=— as. and lim- | XZ%(s)ds= a.s.
0 1

toeof [ toeot Jo Hix3
Proof. Integrating from 0 to ¢t on both sides of (IIL.5) yields

X(1) - X(0) _
t

A—% /O X(s)ds+% /O X(s)d‘Wl(s)+% /O /7, n(wWX ()N (ds, du).

Clearly, we can derive that

ot A XO-XO0) o ! o s
t./o X(s)ds = " ot +H1t./o X(s)d(Wl(s)+Mt‘/O [un(u)X(t YN (ds, du).

From Lemma 1.6, one can derive that

1 [! A
lim —/ X(s)ds = — a.s.
tJo 1

t—o0 l"l'

Applying the generalized 1td6’s formula to model (I11.5) leads to
ax2(t) = (2X(t) (A - p.1X(t)) + 2X3(1) +/ Xz(t)((l W) -1 - 2n(u))v(du)) dt
U
+201 X2 () dW, (1) +/ Xz(t_)((l +1(u)? - 1)K/(dt, du).
U

Integrating both sides of the last equation from 0 to t, yields

=x3>0

xz(t)—xz(O)zzA/O X(s)ds—(zyl—a%—/w((un(u))z—1—2n(u))v(du))/0 X2(s)ds

+2cl/Otxz(s)dfwl(s)+/Ot/wx2(s-)((1+n(u))2—1)N(ds,du).
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Therefore

U g2 24 [ (X2(0) - X*(1) 201 [,
;/0 X (s)ds—E/O X(s)ds + oY +E/0 X“(s)Wi(s)

+$'/Ot‘/uX2(s_)((l+n(u))2—I)K/(ds,du).

From Lemma 1.6, we can easily verify that

2

1 [t 2A
lim — X%(s)ds = a.s.
0

toeot H1x3
|
The aim of the following theorem is to give the condition for the persistence in the mean of

the disease and the ergodicity of the stochastic model (II1.4). Our approach is inspired by the work
of Zhao and Yuan [162]. We suppose that y3 > 0 and we define the following parameter:

2\7! 2.2
R(S):(H2+Y+i) pa Ao

M1 U1 x3

2

- [ (nw-ma +n<u>))v<du>) -
u

Theorem 1.10. If R} > 1, then for any value (5(0),1(0),R(0)) € R3, the disease is persistent in
the mean. Furthermore, under the same condition, the stochastic system (I11.4) admits a unique
stationary distribution and it has the ergodic property.

Proof. On the one hand, based on the model (I11.4), we get
d(S(t) + I(t)) - (A ~ S - (2 +y)I(t))dt +o (S(t) + I(t))d”Wl(t)
. /ﬂ n(u) (S(t7) +I1(£7)) N(dt, du).
Taking integral on both sides of the last equation from 0 to ¢, we see that

%(S(t) +1(t) = S(0) — 1(0)) —A- % 0 tS(s)ds - @ /Otl(s)ds + % /Ot(S(s) +1(s))dW, (s)

e -
+ - / / N(u) (S(s7) +1(s7)) N(ds, du).
tJo Ju
Then, one can obtain that
1 t A 4
—/ S(s)ds= & — 2tV a0, (11L6)
tJo i it Jo

where
o, (1) = ﬂ/t(s(s) +1(s))dW, (s) — i(sa) +1(t) - S(0) —1(0))
it Jo Wyt
1 [t ) -
r /0 L N (SG57) +1(s7) N (ds, du).

On the other hand, applying It6’s formula to the second equation of (III.4), we get

_ o3 2 o}
dInI(t) = BS(t)—jS (t) - u2+y+7 —/wn(u)—ln(1+n(u))v(du) dt

+ 0 d W, (1) + 02S(£)dWa(t) + / In(1 +n(w)N (dt, du). (11L.7)
Uu
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Integrating (II1.7) from O to ¢ and then dividing t on both sides, we have
2

t 2 t
%(lnl(t)—lnI(O)):gfo S(s)ds—%/o 52(s)ds—(u2+y+%)—‘/run(u)—ln(1+n(u))v(du)

+%(W1(t)+%/0 S(s)d‘Wz(s)+%‘/0 /ﬂln(l+n(u))ﬁ(ds,du).

From (II1.6), we obtain

2 ¢ 2
—(lnI(t)—l 10)) = B’:‘ Bluz + V)/ I(s)ds + B, () — /Sz(s)ds—(u2+y+%)
—/ n(u)—ln(]+n(u))v(du)+ﬂ(Wl(t)+2/tS(s)d(W2(s)
u t t Jo

1 [t ~
+?‘/0 ‘/(uln(1+n(u))N(ds,du).

By the stochastic comparison theorem, we have N(t) < S(t) a.s. and
2

2 t
!ﬁ_%/ﬂww¢-@ﬁv#ﬂ—/nw—mumwmwﬂ

1
?(lnl(t) - InI(0)) > " 5

B(Mz

+ B (t) - v) / I(s)ds + —Wl(t) ‘/0 S(s)dWa(s)

+%‘/ruln(1 +n(u))N(ds, du).

Hence, we further get

B(uz +v) / I(s)ds >

2

il / xz(s)ds—(u2+y+%)—[un(u)—ln(1+n(u))v(du))

+BD; (1) - ?(lnI(t) —In1(0)) + %(wl(t) + % ‘/OtS(s)d(Wg(s)

+% /O /M In(1 +1(w)N (ds, du).

By assumption (H3), Lemma 1.6 and the large number theorem for martingales, we can easily verify

that
2

A2o? o
liminflf I(s)ds > —L Ba A0 W +y + — —/n(u)—ln(1+n(u))V(du)
t—co t B2 +v) \ 1 M3 2 u
2
Hi 01
= +— Ro—1) >0 as.
B(u2 +7v) Y ( )

This shows that the system (II.4) is persistent in the mean with probability one.

In the following, we will discuss the existence of a unique ergodic stationary distribution of
the positive solutions to the system (II1.4). Similar to the proof of Lemma 3.2 in [135], we briefly
verify the Feller property of the SDE model (II1.4). The main purpose of the next analysis is to
prove that (IL.22) is impossible. Same as the above, we have

2

2
d {lnI(t) - %(X(t) - S(t))} - (BS(t} - (pz v+ %) - %Sz(t) - A (n(u) ~In(1 +n(u)))v(du)) dt

_ %( — (X (t) = S(t)) + ﬁS(t)I(t))dt + 0 d Wi (1) + 02S(t)dWh(t)

- B x(o - sonawi o - E2swrmama
f n(w) (X(t7) = SN (e, du)+/ In(1 +1(u)N(dt du).
1

o7



Hence

2

2
d{lnI(t) - E(X(t) —S(t))} - (BX(t) - %) _ %52(1«) _/ (‘q(u) —ln(1+n(u)))v(du)) dt

- B—ZS(t)I(t)dt + o1 d W, (£) + 02S()d WA (1) — BT(X(t) — S(£))d W (¢)

502

H2 +Y +

S(t)I(t)d(Wz(t)—gf () (X(t7) = S(t7)N(dt, du)

+/ In(1 +1(w)N (dt, du). (II1.8)
Uu

Integrating from 0 to t on both sides of (IIL.8) yields

I(t) B B
o) E(X(t) S(t)) + E(X(O) 5(0))
t o2 2
:/ (BX(S)—?ZSZ(S)—(},L2+Y+%)—/ (n(u)—1n(1+n(u)))v(du))ds
0
B2 Boi

_E/O S()(s)ds + o Wi(e) + 02 / S(s)dWa(s) ~ —= / (X(s) ~ $(5))dWi (s)

_%‘/0 S(S)I(S)dWZ(S)_£/0 '[un(u)(X(s_)—S(s_))N(ds,du)+/0 '[Llln(1+n(u))/(/(ds,du).

Then, we get

2

t ¢ 2
/O BS(s)I(s)ds:% O (BX(s)—%Sz(s)—(u2+y+%)—/ (n(u)—1n(1+n(u)))v(du))ds
I(1) oy om !
+(X(t)—5(t))—(X(0) S(O))_Fl o)t g WO [ SEdwie)
~ o1 / (X(5) = S($)dWi (5) — 02 /0 S(5)1(5)dWa(s)

—/Ot/ N(u)(X(s7) = S(s~ ))N(ds du)+—/ / ln(1+n(u))N(ds du).

From Lemma 1.6, one can derive that

lmX(t) O, 11m&t)=0 and liml/t‘/T](u)(X(S_)—S(S_))/V(ds,du)=Oa.s-
tJo Ju

t—oo0 f t—oco f t—o0

Moreover,

. K102 ! . 01 !
lim £ / SWdW(s) =0 and lim = / (X(u)—S(u))d(Wl(s):O as.
0 —® 0

t—o00

Application of the strong law of large numbers and assumption (H3) shows that

limL(Wl(t) =0 and hm—/ / 1n(1+n(u))N(ds du) = a.s.

t—00 Bt t—o00

Applying similar arguments to those in Lemma 2.5 of [63], we obtain

lim% /O tS(s)I(s)d(Wz(s) -0 as.

t—00
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N(t
Since lim sup ln < lim sup— ln (t) <0 a.s. (see Lemma 2.1. of [26]), one can derive that

t—o0 (0) = t—oco 1 I(O) B
1ilplg1f%/0t[35(s)l(s)ds

H1,. . 1 ' G% 2 O—%
> Himinf 0 BX(9) = =2X2(s) = (M2 + ¥+ 5 —[u(n(u)—ln(1+n(u)))v(du) ds

t o2 02
- B}%t/ ([SX() X2(s)—(u2+y+7)—/u(n(u)—1n(1+n(u)))v(du))ds. (I11.9)

Now, from Lemma 1.9, it follows that

BA A?03 o2
291 Ml){a_ MH_Y"‘? _[u(n(”)_ln(l‘irﬂ(u)))v(du)

litnlglf%/ BS(s)I(s)ds > F X

(RS - 1) >0 as. (111.10)

2
1 ()-
=T5 (H2+Y+—

To continue our analysis, we need to set the following subsets:

Q) ={(t,w) e Ry X Q| S(t,w) > ¢, and, I(t,w) = €},
Q) ={(t,w) e Ry X Q| S(t,w) < €},
Q3 ={(t,0) e Ry X Q| I(t,w) < €},
where € > 0 is a positive constant to be determined later. Therefore, by (II11.10), we get
t

litrgglf% /0 tE(BS(s)I(s)lgl)dsZlitnl)glf% /0 (BS(s)I(s))ds—hmsupl / t (BS(s)I(s)lgz)ds

t—o00

—00

— lim sup; ./ot E(BS(3)1(3)193)ds
)

B Wy +vy+ —) (RS - l) Beliirls;lp% ‘/Ot]E(I(s))ds

l t
—Belimsup—/ E(S(s))ds
t—o0 t 0

Thus, one can see that

(Rg - 1) _ 24Be

N i G%
lim inf— / E(BS(S)I(S)lQI)dS > — |w+y+—
1=t Jo B 2 18]

2

<
We can choose € < 4[32A

(ug +tY+ 5 ) (RS ) and then we obtain

2
litrgglfl / ((35(5)1(5)19,) Ll TS +y+71 (Rg—l) > 0. IL11)

B

Let p > 1 such that y» > 0 and ¢ is given by + = 1. By utilizing the Young inequality xy < wal +y7q
for all x,y > 0, we get

t

t
li;ninf% / E(BS(s)I(s)lgl)dsslitminf% / E(p—l(nﬁs(s)l(s))i’+q—1n—q191)ds
—00 0 —00 0

t—eo f t—o0

t
Sliminfl/ (q n quI)dS+p (nB)thsupl/ (NZP(s))ds
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where 1 is a positive constant satisfying

=(p+1) o2
o < i 1 (uz+v+ %) (x5 -1).

By Lemma 1.4 and (IIL.11), we deduce that

L1 t U851 0‘% 2)(1]']17[3[7
liminf~ [ E(lo,)ds > qn? | EL “1) (s = 1) = 2XART
e t/o (la)ds 2 (25 (u2+y+ (RO ) px2

0— S
he+y+ =t (RO - 1) > 0. (111.12)

Setting
Q ={(t,w) e R xQ|S5(t,w) 2 ¢ or, I(t,w) > C},
Y={(t,w) e Ry x Q| e < S(t,w) < ( and, € < I(t,w) < (},

where (¢ > € is a positive constant to be explained in the following. By using the Markov’s inequality,
we can observe that

/194(1‘,@)(11?(@) <P(S(t) 2 Q) +PU(t) > () < %E[S(t) +1(t)] < % (i—A +N(0)).
Q 1

Choosing

pign?
8B

<

Ry — 1 2i‘+N(O) _1.
23

o
M2+Y+7

~| =

We thus obtain
o}
+v+—
H2 +7y >

(Rs-1).

1 rt pign?
li — E[lg,]ds <
s || Bllajds < 5

According to (II1.12), one can derive that

t—oo f t—oo f F—00

1 [t 1 [t 1 /!
liminf—/ E[lz]dszliminf—/ E[lg,]ds—limsup?/ E[lg,]ds
0 0 0

2

q o
> Hidh u2+y+71) (Rg—l) > 0.

> =36

Based on the above analysis, we have determined a compact domain % c R? such that

o}
W2 +y+— (Rg—l) > 0.

liminf% /0 t]P’(s, (S(O),I(O),R(O)),Z)ds > “‘Sq[;q

t—o0

Applying similar arguments to those in Theorem 3.1 in [135] or Corollary 4.4 in [57], we show the
uniqueness of the ergodic stationary distribution of our model (II1.4). This completes the proof. H

Now, we will give the result on the disease extinction. Define

N o2\ BA 02A?
RS = +vV+—=— = _ 2 —/ —In(1+ du)|.
5= ety ) T | (1 =11+ 0w )v(dw
Theorem 1.11. Let (S(t),I(t),R(t)) be the solution of system (I11.4) with positive initial value. If
R <1 and & < MP, (I11.13)
or
2 o2
P |yt —/ (n(u)—ln(1+n(u)))v(du) <0. (1L.14)
26% 2 u

Then, the disease dies out exponentially with probability one.
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Proof. By 1to’s formula for all ¢t > 0, we have

2 2
dinI(t) = ((55@) _ %52(0 - (u2+y+%) —/ﬂ (nw) —ln(1+n(u)))v(du))dt

+ 01 dW, (1) + 025(£)dWh (1) + / In(1 +n(w)N(dt, du). (11L.15)
Uu

Integrating (II1.15) from O to ¢t and then dividing ¢ on both sides, we get

t 2 t 2
lni(t) =§/0 S(S)ds—%/o Sz(s)ds—(u2+y+%)—[u(n(u)—ln(l+n(u)))v(du)+<1>2(t),
(11.16)
where
& (1) = MO Gl(Wl(t)+%‘/OtS(s)d‘WZ(s)+%‘/Ot/ﬂln(l+n(u))f\7(ds,du).

t
Obviously, we know that

l t l t 2

—/ S?(s)ds > (—/ S(s)ds) .

t Jo t Jo
Therefore, and by using (II1.6), we derive

2

nIi(t) B [* o5 (1 !
TS?/O S(s)ds—T(?/o S(s)ds) -

t 2 t 2
< (i IN(CL 0Ny ANTRYE +d>1(t)) _% (i S22 [ ras <1>1<t>)
i it Jo 2\ Wt Jo

2

W+ + %) - /w (n(u) —In(1 +n(u)))v(du) +@(t)

2
—(u2+v+5 - [ (0w = (1 @) () + 20
Uu

2

Hence, one can see that

2.2 2
InI(t) < pA Aoy (uz+v+ﬁ) _/ (n(u) —1In(1 +n(u)))v(du)
u

ET w2 2
_(maty) [5_A_U§ l‘/tl(s)ds— 0_%((p2+y) /tI(u)du)2+<D2(t)+¢3(t)’ (IIL17)
w0 w |t Jo 2 Hit 0
where
03AP; (1)

2 t
D3(t) = P (t) - %cpf(t) - + ogcpl(t)(”i%/o I(s)ds.

Based on Lemma 1.6, one has
tlim Dy (t) = tlim O3(t) =0 a.s.

Taking the superior limit on both sides of (II11.17), then by condition (III.13), we arrive at

(7?3 - 1) <0 as.

Iy ( o}
lim sup <+ yv+—=
t—00 t 2
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Now, if the condition (III.14) is satisfied, then from (II1.16) we get

1 t 2 [ i
2o zg/ S(s)ds—g—i/o Sz(s)ds—(uz+v+ﬁ)—/ﬂn(u)—ln(Hﬂ(u))V(d“)

2

In1(0 ' ' v
nIt( ) —‘Wl(t) /0 S(s)d(Wz(S)+%—/O '/ﬂln(1+n(u))N(ds,du).
Then
2 2 (o2 2
lnIt(t) _ % ~fw+y+ %) - [un(u) —In(1 +n(u))v(du) — %[ (%(5(3) - (%) )ds
lnI(O)

—Wl(t) '/OS(s)d’WZ(s)+%/O /uln(1+n(u))ﬁ(d5,du)

t
In1(0)

2
- 26_02% ) (uz +y+ %) ) /(u”(u) = In(1+n(u))v(du) +

+%(W1(t)+%/0 S(s)d(Wz(s)+%‘/0 /wm(nn(u))ﬁ(ds,du).

By the large number theorem for martingales, Lemma 1.6 and the condition (II1.14), our desired
result holds true. This completes the proof. |

1.3 Numerical examples

In this subsection, we will validate our theoretical results with the help of numerical simulation
examples taking parameters from the theoretical data mentioned in Table III.1. We numerically
simulate the solution of system (III.4) with initial value (S(0),1(0),R(0)) = (1,0.5,0.4). The used
numerical method is described in Appendix A.

H Parameters Description H Value H
A The recruitment rate 0.09
L The natural mortality rate 0.05
B The transmission rate 0.08
Y The recovered rate 0.01
Ly The general mortality rate || 0.09

Table II1.1: Some theoretical parameter values of the model (I11.4).

Example 1.12 (Stationary distribution and permanence). We choose the stochastic fluctuations
intensities o; = 0.02 and o, = 0.03, and we assume that n(u) = 0.05, U = (0,00) and v(U) = 1.
Other parameters are given in Table III.1. Then, R(S) = 1.3961 > 1. From Figure III.1, we show the
existence of the unique stationary distributions for S, I and R of model (I11.4) at ¢t = 300, where the
smooth curves are the probability density functions of S(¢), I(t) and R(t), respectively. It can be
obviously observed that the solution of the stochastic model (III.4) persists in the mean under the
same condition (see Figure II1.2).

Example 1.13 (Extinction). We choose the white noise intensities oy = 0.1 and o, = 0.3 to ensure
that the condition (II1.14) of Theorem 1.11 is satisfied. We can conclude that for any initial value,
I(t) obeys

lim sup— 1n 1) B—

t—oo L I(O) = 20‘%

of
W +7v+ 5 |- /u (n(u) —In(1 +n(u)))v(du) =-0.0862 <0 a.s.

That is, I(t) will tend to zero exponentially with probability one (see Figure II1.3 (a)). To verify that
the condition (II1.13) is satisfied, we change o; to 0.01, o, to 0.02, and 3 to 0.05 and keep other
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parameters unchanged. Then we have

. 02\-1[BA 02A2
qggz(uﬂ“_l) Ba _ 2 -/ (n(u)—ln(1+n(u)))v(du) - 0.8792 < 1,
2 Y8} 2p3 u
and
2 wip

0} = = ~0.0277 < 0.

Therefore, the condition (III.13) of Theorem 1.11 is satisfied. We can conclude that for any initial
value, I(t) obeys

imsups n 22 < (&5 1) [ o + L9 - 00121 <0 as

That is, I(t) will tend to zero exponentially with probability one (see Figure I11.3 (b)).
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Figure IIL.1: Histogram of the probability density function for S, I, and R population at ¢ = 300 for
the stochastic model (I11.4), the smoothed curves are the probability density functions of S(t), I(t)
and R(t), respectively.

0

1.4 Discussion

Generally speaking, the dissemination of the epidemic diseases presents a global issue that concerns
decision-makers to elude deaths and deterioration of economies. Many scientists are motivated to
understand and suggest the ways for diminishing the epidemic dissemination. The first generation
proposed the deterministic models that showed a lack of realism due to the neglecting of environ-
mental perturbations. Recent studies present a deep understanding of the diseases outbreak process
by taking into account their random aspect. The contribution of this section is the first work that
combines two different disturbances: white and Lévy noises. This original idea generalizes the
existing works [136, 47, 173, 73, 127, 154, 172]. Our work based on the following new techniques:
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Figure II1.2: The paths of S(t), I(t) and R(t) for the stochastic model (III.4) with initial values
(5(0),1(0),R(0)) = (1,0.5,0.4).
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Figure II1.3: The paths of S(t), I(t) and R(¢) for the stochastic model (II1.4) with initial values
(S(0),1(0),R(0)) = (1,0.5,0.4).

1. The calculation of the solution averages of the auxiliary equation (II1.5) instead of the classic
method based on the explicit form of the stationary distribution to the model (IIL.5).

2. The investigation of the persistence condition with a new approach based on the stochastic
comparison theorem.

3. The use of Feller property and mutually exclusive possibilities lemma for proving the ergodicity
of the model (II1.4).

Based on the above techniques, our analysis leads to the following main results:

1. In Theorem 1.10, we proved that the persistence in the mean of the disease occurs under the
same condition of the existence of a unique ergodic stationary distribution.

2. In Theorem 1.11, we showed that the extinction of the disease in the stochastic system (II11.4)
occurs if one of the conditions (II1.13) and (III.14) holds. It should be noted that these
conditions are sufficient for the extinction of the epidemic.

Comparing our study with previous research, our theoretical analysis leads to establishing a new
appropriate condition for the persistence and the existence of ergodic stationary distribution for
the model (II1.4). But, some interesting topics merit further investigation. On the one hand,
one may propose an improved method to obtain the global threshold between the existence of
the unique ergodic stationary distribution (persistence) and the extinction of a disease. On the
other hand, it is necessary to check that the method utilized in this section can be also applied to
analyze other stochastic realistic models such as SIRS, SEIR, and single-species population models
[142, 19, 18, 140].

64



2 Threshold analysis of a stochastic SIR epidemic model with 3-
dimensional Lévy process

2.1 Introduction

The intent of this section is to deal with the perturbed version of the SIR epidemic model (1.4)
driven by a 3-dimensional Lévy. In the following, we give the threshold for the ergodicity and
the extinction of the disease, but before stating the principal result, we first rewrite the stochastic
model which takes the following form:

dS(t) = (A — i S(t) — BS(HI())dt+0,S(H)dW, (1) + /(um(u)S(t_)/c/(dt, du),
dI(t) = (BS(DI(t) = (w2 +Y)I(1))dt+0o (1) d Wi (1) + [u M2 (u)I(£7 )N (dt, du), (I11.18)
dR(t) = (YI(t) — wR(t))dt+03R(1)dWs (1) + [M N3 (RN (dt, du),

In [172], the authors proved that the parameter

2
BA _ % _ L{ (112(”) —In(1 +n2(u)))v(du))

-1
= (12+7)
0 H2 +7Y " >

is the threshold of the stochastic model (II1.18) (under the same hypothetical framework of this
present analysis, see the subsection 2.2.1). More specifically, if 77 < 1, the epidemic eventually
vanishes with probability one; while if 765 > 1, the disease persists almost surely.

As far as we know, no previous research has investigated the ergodicity of the stochastic system
(II1.18). It is of interest to study the long term behavior of the stochastic epidemic model (II1.18)
which provides a link between mathematical study, actual diseases, and public health planning. Our
contribution aims to develop a mathematical method to study the ergodicity of the model (II1.18) as
an important asymptotic property which means that the stochastic model has a unique stationary
distribution that predicts the survival of the infected population in the future. Based on the works
[162] and [163], we employe the Feller property, the mutually exclusive possibilities lemma, and
the stochastic comparison theorem to prove that 7 is the threshold between the existence of the
ergodic stationary distribution and the extinction. It should be noted that the approach used to
prove the ergodicity is different from the Khasminskii method widely used in the literature (see for
example [150, 161, 75]), and the method used to prove the extinction is different from that used in
[172].

2.2 Main results
2.2.1 Well-posedness of the stochastic model (II1.18)

For the purpose of well analyzing our model (IIL.18), it necessary that we make the following
standard assumptions:

e (H;) We assume that / N2 (w)v(du) < oo (i=1,2,3).
U
e (H,) We assume that 1 +1;(u) > 0, and / (ni(u) —1In(1 +ni(u)))v(du) <oo (i=1,23).
U

2
e (H3) We suppose that exists a constant k > 0, such that / (ln(l +ni(u))) v(du) < k < oo.
u

(2p-1)
2

1
e (H;) We assume that for some p > 1, y» = 1y — max {07, cr%} - 5(,, > 0, where

b= /w ((1 + 11 () V() = 1 -1 (w) /\T12(u))1/(du) < o
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Theorem 2.1. Under (H)) and (Hy), for any initial value (S(0),1(0), R(0)) € R3, there exists a unique
positive solution (S(t),1(t),R(t)) of the system (II1.18) on t > 0, and the solution will stay in R3 almost
surely.

Proof. By assumption (H;) and the fact that the drift and the diffusion are locally Lipschitz,
the model (IIL.18) admits a unique local solution (S(t),I(t),R(t)) on [0,7.) for any initial value
(5(0),1(0),R(0)) € R3, where 7, is the explosion time. To show that this solution is global, we need
to show that 7, = co a.s. Let ¢g > 0 be sufficiently large, such that S(0), I(0), R(0) lie within the

. 1 . . . . .
interval [5, eo]. For each integer ¢ > ¢y, we define the following stopping time:

Tezinf{te [0,7,) : S(t)é(é,e) or I(t) ¢ (ée) or R(t) ¢ (ée)}

where throughout this section, we set inf() = co. Evidently, 7. is increasing as € — oo. Set
To = lim7ze, Whence 7, < .. If we can prove that 7, = o a.s., then 7, = o and the solution

€00

(S(t),I(t),R(t)) € R} for all t > 0 almost surely. If this statement is false, then there exist a pair of
positive constants T > 0 and k € (0,1) such that P{z, < T} > k. Hence, there is an integer ¢ > ¢
such that

P{r. < T} >k for all e > e. (II1.19)
Define a C2-function V : R3 — [0, ) by
S
V(S,LR) = (S—m—mlna) +(I-1-InI)+(R—1-1nR),
where m > 0 is a positive constant to be determined later. Then, by It6’s formula, we obtain that
1 1

AV(S,LR) = LV(S,I,R)dt + (1 - %) 01 SAW, (1) + (1 - Y) o> IdWh (1) + (1 - E) o3 RAW (1)

+/ (mm(u)S(t—) ~miIn(1 +1; (u)))ﬁ(dt, du) +/ (m(u)z(t—) “In(1 +n2(u)))ﬁ(dt, du)

U U
+ [ (R = In(1 ) R du,

where,
mA I mcr%
LYV(S,LR) =A- S - < +mPBI+mp — (P2 +Y) = BS+ (2 +7y) +vI - MR =y 1+ —=
2 2
+ % + % + (m -ml -
M1 (w) —mIn(L+n;(w) |v(du) + [ (n2(w) — In(1 +n2(w)) Jv(du)
2 2 U u

s /w (ns(w) ~ In(1 + () )v(du).

Then
mo? 03 03
LV(S,LR) < A—wl+mPIl+y +my +p2+y+T+7+7+jl,
where

i = /ﬂ (mn1 @) = mIn(1 41 () v(du) + [u (m2w) = In(1 + m2(w) ) r(du)
« [ (ot =In(1 s vcaw),

66



Given the fact that x —In(1 +x) > 0 for all x > 1 and the hypothesis (#H5), we conclude that i is

positive and finite. To simplify, we choose m = %, then we obtain
ma? o 03
LYV(S,LR) < A—wl+mPI+w +my +u2+y+7+7+7‘+[/‘1 = %.
Therefore,

Te AT AT AT i
f avewrwro) s [ g [ f (s = min o) Fends
0 o A u
Te AT N
+/0 [u (le(u)l(t_) —1In(1 +n2(u)))N(dt, du)
Te AT B
+/0 fu (m(u)R(t_) —In(1 +n3(u)))N(dt, du).
Taking expectation yields

EV(S(te AT),I(te AT),R(te AT)) < V(S(0),1(0),R(0)) + PT.
Extending e to oo leads to the contradiction co > V(S(0),1(0),R(0)) + ST = oo. Thus, 7o, = oo a.s.
which completes the proof of the theorem. |
2.2.2 Threshold analysis of the model (II1.18)

In this subsection, we always presume that the assumptions (#i)-(#Hs) hold. The aim of the
following theorem is to determine the threshold for the stochastic model (II1.18).

Theorem 2.2. The parameter 9,° is the threshold of the stochastic model (111.18). That is to say
that:

1. If 9;° > 1, then the stochastic system (I11.18) admits a unique stationary distribution and it has
the ergodic property for any initial value (5(0),1(0),R(0)) € R3.

2. If 7 < 1, then the epidemic dies out exponentially with probability one.

Before proving this main theorem, we present some useful lemmas. Firstly, we consider the
following subsystem

dY(t) = (A — w(1)dt + o () d Wi () + /u Mm@y (N du) Vi > 0,
#(0) = S(0) > 0.

(111.20)

Lemma 2.3. [171] Let (S(t),I(t),R(¢t)) be the positive solution of the system (I11.18) with any given
initial condition (S(0),1(0),R(0)) € R3. Let also /(t) € R, be the solution of the equation (I11.20) with
any given initial value ¥(0) = S(0) € R,. Then

1. tli_)rg%tp(t) =0, tlLIEO%S(t) =0, and tlggo%l(t) =0 as.
1 [t 1 [t 1 [t
2. tlim ?‘/ Y(s)dWi(s) =0, tlim ?/ S(s)dWi(s) =0, and tlim?‘/ I(s)dWi(s) =0 a.s.

3. }LTO% /0 /ﬂ M1 (W (sHN(ds, du) = 0, tli_)rrolo% /0 [u M1 (w)S(sT)N (ds, du) = 0,

t
and liml/ /nz(u)I(s_)N(ds,du)zo a.s.
tJo Ju

t—o00
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Lemma 2.4. Let y/(t) be the solution of the system (I11.20) with an initial value (0) € R... Then,

. I/t A
lim — s)ds=— a.s
tol//() "

t—oo

Proof. Integrating from 0 to t on both sides of (II1.20) yields

y(t) _t'yb(o) —A— %‘/0 1//(s)d8+%‘/0 ¢(s)d~’W1(s)+%'/O /L(n](u)l)b(s_)/ﬂ\?(ds,du).

Clearly, we can derive that
A t 0) o t 1 [t =
/ pops = 2 - HOVOL O [yamwii+ = [ [ mops )R, da).
Wit Wit Jo it Jo Ju
According to Lemma 2.3 and the large number theorem for martingales, we can easily verify that

lim — / ¢(s)ds——

t—oo t

Lemma 2.5. Let (S(t),1(t),R(t)) be the solution of (I11.18) with initial value (S(0),1(0),R(0)) € R3,
then for any p > 1 such that y, > 0, it holds that
2)(1

E[S(1) + ()] < [S(0) +1(0)] Pelpret) 4 21 X,

t 2
2. limsup— / E[((S(s) +I(s))2p]ds < ﬁ’ where y1 = sup {szp—l _ ﬁxzﬁ}.
t—0o0 0 X2 x>0 2

The demonstration of this result is similar to the proof of Lemma 1.4 and so it is omitted here.

Lemma 2.6. [163] Let h(t) > 0, k(t) > 0 and G(t) be functions on [0,+c0), ¢ > 0 and d > 0 be
constants, such that hm fo =0 and

Inh(t) < ct+k(t) —d/th(s)ds+G(t).
0

If k(t) is a non-decreasing function, then

limsup%( — k(1) +d/th(s)ds) <c
0

t—o0

Proof of Theorem 2.2. We begin by proving the first point.

1. Similarly to the proof of Lemma 3.2. in [135], we briefly verify the Feller property of the SDE
model (II1.18). The main purpose of the next analysis is to prove that (I1.22) is impossible for
system (II1.18). Applying Itd’s formula gives

d {mr(r) - %(W) . s<t>)} = (rssm =

) E( — 1 (J(0) = S(0) + BS(OI(D)de + 02151

~ B ) - swyawi o + / In(1 + 1)) N (d, du)
28] Uu

2

u2+v+%) - [u (2w —ln(1+nz(u)))V(du))dt

—E u ) -SH))N u
M[um( Y () - S() N(dr, du).
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Hence
2

P u2+y+%)— /ﬂ (nz(u)—ln(1+nz(u)))V(du))dt

d {lnf(t) - E(lﬁ(t) - S(t))} = (W(t) -

2
_b 5(:1”(” dt + oA W (1) - E(nﬁ(t) ~S()AWL ()
+ [uln(l +n2(u))ﬁ(dt, du) - %/um(u) (y() - S(t‘))ﬁ(dt, du).
(IL.21)

Integrating from O to t on both sides of (I11.21) yields

i B
W_u_(¢(t) S(t))+—(¢(0) 5(0)) = /B¢(S)ds—(uz+V+—)

bt [u (na(w) = n(1 +120)))v(du)

2 t
_ B_/ S(s)I(s)ds + o, Ws(t)
H1 Jo

—% /0 (§(s) - S(s)dWi (5)
+/ ‘/ln(1+n2(u))ﬁ(ds,du)
0 Uu

B[ I
m/o /wm(u)(eb(S) S(s7))N(ds, du).

Then, we have

“pse1sds = B [ y(sas - % In(1 d
| esoreas =5 [ ppias— 2 ([ ey e Z |+ [ (na00 =1+ nag)oian |

B 2
+(Y(t) = S(1)) = (Y(0) - 5(0))__1 ;((_(t))) 1[302

- /0 (9(5) = SENIW (9 + EL / / In(1 +m2 ()N (ds. du)

Wa(t)

- / / n1(w) (¥ (s7) = S(s7))N(ds, du). (111.22)
0 Uu

For all t > 0, we let

M) = H2aw ) - /0 (W (s) - S(s)AWi(s) + / / In(1 + 12 () N (ds, du)
- /O [u N1 (w) (¥(s7) = S(s7))N (ds, du).

t —_—~
We know that Z(t) = ( / / In(1 +m2(w))N(ds, du)) is a local martingale with quadratic
o Ju

o e t>0
variation

(Z(1),Z(1)), = (/u (In(1 +nz(u))ZV(du)) t.
By using strong law of large numbers, Lemma 2.3 and the condition (#3), we get hm M‘ W — o,
a.s. From the system (II1.18), we obtain

d(S(t) +1(1)) = (A= mS(t) = (k2 + V(1)) dt + 01S(H)d Wi (1) + 021 (1)dWa(2)
+ / (m(u)S(r) +n2(u)1(t—))[\7(ds, du). (111.23)
Uu
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Applying Itd’s formula to the equality (II1.23) gives that

U 1 )_ —A S + (I | 0183 (1) + 03 (1)
n(S(t)+I(t) B S(t) +1(t) S(t) +1(t) 2(S(t) +I(t))?
~ (ln (I+m@)S@) + (L +m@)I(t)  niw)S(t) +nz(u)1(t)) V(du)
o S(t) +1(t) S(t) +1(t)
O'ls(t) O'QI(t)
"5 +10MO - 57100 ¢
(1+m1(w)S(t7) + (1 +ma(u)I(t7)) =
_L(ln SO 1100 )N(dt,du).

Integrating, we get

1 1 ! 1
(o) 5w 4 st Mt s 0

where

Ma(t) = / mS) + (I / Lo + 2P
0

b S(s)+1(s) 2(S(s) +1(s))?
_ / t / (ln(1+m(u))5(3)+(1+nz(u))l(5)_nl(u)5(5)+nz(u)l(5))V(du)ds’
0 Uu

S(s) +I(s) S(s) +I(s)

and

" aiss) " ol(s)
Ms(t) = - [ S 1) M - [ S® +16) M)

C L )6 + (1 m@)IE)| -
_[ L(ln S+ 1) )N(ds,du).

By lemmas 2.6 and 2.3, we get

1 t A
li — ——ds - )] <0 a.s.
e t(/o Sy +15) 7ML ))‘ -
Then
1
lim sup? In(S(¢r) +1(t)) <0 as.
—00
Hence

1 S(t)+I(
lirtlls:jp; In I((_O) < hItILSoljp? In % <0 as.
Thus, it follows from (II1.22) that

2

1122’&% /O BS(s)I(s)ds > %(litrgglf% /0 B¢(s)ds—((uz+y+%)+ /ﬂ (nz(u)—ln(1+n2(u)))v(du)))

T T
_E(tll)rg?/o Blﬁ(s)ds—(

_ il +y)
B

By employing Lemma 2.5, the remainder of this demonstration is quite similar to that of
Theorem 1.10.

2

oY+ %) ¢ [ (o= +n2(u)))v(du)))

(755 - 1) >0 a.s.
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2. Now, we will prove that if 7;° < 1, we have extinction of the disease. By applying Ito’s
formula and using Lemma 2.4, we get that

t 2
hgrggp%ln% = plimsup /0 S(s)ds - ((uz+v)+ 24 [u na(u) ~ In(1 +nz(u))V(du))

t 2
< plim [ y(ds- (<uz+v>+%+ / nz(u)—ln(1+nz(u))V(dU))
= (1 +'y)(763 - 1) <0 as.

This completes the proof.

2.3 Numerical example

In this subsection, we will validate our theoretical result with the help of numerical simulations
taking parameters from the theoretical data mentioned in Table I111.2. We numerically simulate the
solution of the system (II1.18) with initial value (S(0),1(0),R(0)) = (0.4,0.3,0.1). For the purpose of
showing the effects of the perturbations on the disease dynamics, we have realized the simulations
many times.

H Parameters Description H Value H
A The recruitment rate 0.09
1 The natural mortality rate || 0.05
B The transmission rate 0.06
8% The recovered rate 0.01
) The general mortality 0.09

Table II1.2: Some theoretical parameter values of the model (II1.18).

We have chosen the stochastic fluctuations intensities oy = 0.02, o0, = 0.08 and o3 = 0.01. Further-
more, we assume that 1n;(u) = 0.05, n2(uw) = 0.02, n3(u) = 0.01, U = (0,0) and v(U) = 1. Then,
7,5 = 1.0460 > 1. From Figure II1.4, we show the existence of the unique stationary distributions for
S(t), I(t) and R(t) of model (II1.18) at t = 700, where the smooth curves are the probability density
functions of S(t), I(t) and R(t), respectively. Now, we choose A = 0.08, then 7;° = 0.9260 < 1. That
is, I(¢t) will tend to zero exponentially with probability one (see Figure I11.5).

2.4 Discussion

Eventually, this subsection presents new techniques to analyze the threshold of a stochastic SIR
epidemic model with Lévy jumps. This short study is based on the following new techniques:

1. The calculation of the temporary average of a solution of (II1.20) instead of the classic method
based on the explicit form of the stationary distribution to (II1.20).

2. The use of Feller property and mutually exclusive possibilities lemma for proving the ergodicity
of the model (I11.18).

According to the above techniques, our analysis leads to establish the threshold parameter for the
existence of an ergodic stationary distribution and the extinction of the disease.
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Figure III.4: Histogram of the probability densit';?anction for S, I, and R population at t = 700 for
the stochastic model (IIL.18), the smoothed curves are the probability density functions of S(t), I(t)
and R(t), respectively.
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Figure IIL.5: The paths of S(t), I(t) and R(¢) ti]%?’ the stochastic (II1.18) when 7,° = 0.9260 < 1.

o

3 The long-time behaviour of a stochastic SIR epidemic model with
distributed delay and 3-multidimensional Lévy jumps

3.1 Introduction

In the SIR model, we often assume that recovered individuals can get continuous immunity.
Many studies have paid close attention to the characteristics of the long-term epidemics immune
response [40, 97, 148]. To confer the realistic aspect of the epidemic model and make it biologically
reasonable, numerous scholars considered the SIR epidemic model with time delay because an
individual may not be infectious until some time after becoming infected [67]. In the above-
mentioned works, the time delay is assumed to be single-valued. The constant delay may be
considered if the variation of the time is known exactly, which is not real for many biological
reasons [92]. Considering the variable infectivity in the time interval yields a model with a
distributed delay [10]. Therefore, it is more realistic to introduce a continuously distributed delay
in the biological modeling [132, 126]. Analyzing the characteristics of the SIR model with a
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distributed time delay still a rich subject that may deliver new comprehension of the epidemics
propagation which motivates our work. According to the approach of Muroya et al. [101], we
consider the delay kernel G : [0,00) — [0, 0) as a normalized L!-function, i.e, fooo G(s)ds = 1. The
average delay for the kernel G can be presented by the following quantity fooo sG(s)ds < co. Hence,
the incidence rate at time 7 can be presented as the following form: pS(7) /_ TOO G(r —s)I(s)ds, where
3 denotes the transmission rate, S(¢t) and I(t) represent the fractions of susceptible and infective

individuals at time t. The SIR epidemic model with distributed delay can be expressed as follows
[82]:

ds(t) = (A —wS(t) — BS(t) /t G(t —s)I(s)ds) dt,

di(t) = (Bs(t) /t G(t = $)I(s)ds — (na +y)I(t)) de, (I11.24)
dR() = (YI() - wsR())dt,

where R(t) is the fraction number of recovered populations at time t. The remaining parameters
appearing in this system are described as follows:

e A is the recruitment rate of susceptible individuals corresponding to births and immigration.

e 1y, U3 are the natural death rates associated respectively to the susceptible and recovered
populations, p, is a general mortality rate including the effect of the disease fatality.

e v is the rate of individuals leaving I to R (recovered rate).

BA
(2 +y)
the persistence (7* > 1) or the extinction (7* < 1) of the epidemic. Many studies showed that
the deterministic epidemic model (III.24) is suitable to describe the transmission process of some
known epidemics such as Rubella, Whooping cough, Measles and Smallpox. Due to many biological
and mathematical considerations [82], in this section, we consider the delay kernel with Gamma

n n+l ,—mys
sty

distribution G(s) = ' ,

n.
fading memory, which means the retrogradation of the past memories effect. As a special case, we
treat our model with a low kernel function G with n = 0. By letting D(t) = f_ too e ™79 (s)ds and
using the linear chain approach, system (I11.24) can be transformed into the following equivalent
system:

The threshold number of the deterministic system (I[1.24) is 7* = which determines

s € (0,00), where the constant m, > 0 is the rate of exponential

dS(t) = (A= S(t) = BS(H)D(1))dt,
dI(t) = (BS(1)D(t) — (m2 +V)I(1))dt,
dR(t) = (YI(t) — u3R(t))dt,

dD(t) = me (I(2) = D(t))dt.

(I11.25)

Although the use of deterministic models can explain and simulate some phenomena in real life,
such models do not actually consider the effect of the natural stochasticity, and we plainly wish to
learn how randomness affects our epidemic models [147, 152, 149, 123, 9, 110, 115]. Generally, one of
the ordinary extensions from the deterministic SIR model to the stochastic version is to incorporate
environmental white noises, which appear from an almost continuous series of small variations
on the model parameters [24, 160, 158, 124, 125, 111, 122, 96]. Therefore, the stochastic delayed
SIR epidemic can be an accurate tool to predict the long-run dynamics of infectious epidemics
[79, 85, 136, 47, 173, 73, 127, 53, 42]. In [82], the authors inserted the stochastic perturbation in the
model (II1.24) by assuming that the white noise is directly proportional to the variable S and they
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obtained the following stochastic system:

dS(t) = (A— wiS(t) — BS()D(1))de+0S(1)dW (1),
dI(t) = (BS()D(t) = (w2 +V)I(1))dt,

dR(t) = (YI(t) - p3R(1))dt,

dD(t) = mi (I(2) — D(1))dt.

(I11.26)

where W(t) is a standard Brownian motion with associated intensity o > 0. Specifically, they
proved the existence and uniqueness of an ergodic stationary distribution to the model (II1.26).
Then, they established sufficient conditions for the extinction of a disease that spreads according
to this model. On the basis of these findings, one question was catches our attention. It is possible
to develop and generalize the stochastic model proposed in [82]? So, the objective of this work
is to expound on this problem and provide a suitable analytical context. Specifically, we aim to
describe the strong fluctuations by considering a general version of the dynamical model (I11.26).
It is clear that the population systems may suffer certain sudden environmental catastrophes, such
as earthquakes, floods, droughts, etc [156, 157, 159]. For example, the recent massive explosion
in the port city of Beirut. The impact of this unexpected disaster has been extremely devastating,
especially when it has occurred simultaneously with the COVID-19 pandemic. This led to a sudden
worsening of the health situation and a jump increase in the number of deaths. Mathematically,
we use the Lévy process to describe the phenomena that cause a big jump to occur occasionally
[37, 130, 131, 154, 172]. By considering this type of random perturbations, the model (II1.26) becomes
the following system of stochastic differential equations with Lévy jumps (SDE-Js for short):

dS(t) = (A= wiS(t) = BS(t)D(¢))dt+01S(1)dW, (1) + /Wm(u)S(t)/V(dt, du),
dI(t) = (BS()D(t) = (n2 + V)I(1))dt+02I(1)dWs(t) +/unz(u)1(t_)/v(dt, du),

N (111.27)
dR(t) = (YI(t) — usR(t))dt+03R(r)dWi(1) + /Llng(u)R(t)N(dt, du),

dZ)(t)=71*(I(t)—D(t))dt+G4D(t)dW4(t)+/ Na(W)D ()N (dt, du),
Uu

where S(t7), I(t7), R(t™) and D(t7) are the left limits of S(t), I(¢), R(t) and D(¢), respectively.
W;(t) (i=1,2,3,4) are independent Brownian motions and o; > 0 (i = 1,2,3,4) are their intensities.
N is a Poisson counting measure with compensating martingale N and characteristic measure v
on a measurable subset U of (0, c0) satisfying v(U) < co. Wi(t) (i=1,2,3,4) are independent of N.
We assumed that v is a Lévy measure such that N (dt,du) = N(dt,du) — v(du)dt and we suppose
that the function n; : U — R is bounded and continuous. Since the compartment R(t) does not
appear in the equations of S(t), I(t) and D(¢), it is sufficient to analyze the dynamic behavior of
the following SDE-J model:

dS(t) = (A= wiS(t) = BS(t)D(r))dt+01S(1)dW, (1) + /Wm(u)S(t)/V(dt, du),

dI(t) = (BS()D(t) = (n2 +v)I(1))dt+02I(1)dWs (1) +[unz(u)l(t‘)ﬁ(dt, du), I11.28)

dl)(t):ﬁ*(I(t)—D(t))dt+G4Z)(t)dW4(t)+/ Na(W)D ()N (dt, du).
Uu

In this study, we develop a new analysis to deal with stochastic models with jumps in epi-
demiology. Our main goal is to investigate sufficient conditions of the stochastic extinction and
persistence in the mean. These two important properties are sufficient to predict and analyze the
dynamics of a given epidemic. We apply a new approach to estimate the values of the averages

t t
¢! / ¥(s)ds and ¢! / l//z(S)dS, where /() is the positive solution of the following subsystem:
0 0

dy (1) = (A - wy(0)de + o ()dWi (1) + [u MWy E)N(dEdu), Ve >0,
#(0) = S(0) > 0.

(I11.29)
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Our approach allows us to close the gap left by using the classical method presented for example
in [163]. Furthermore, we give an optimal sufficient condition for the stochastic extinction. For the
purpose of well understanding the dynamics of the delayed model (II1.28), we give a sufficient con-
dition of the disease persistence. The analysis in this section seems to be promising to investigate
other related stochastic delayed models with Lévy noises in epidemiology and even in biology.

3.2 Main results

In mathematical epidemiology, we are generally interested in two things, the first is to know when
the epidemic will die out, and the second is when it will continue and persist. In this section,
we will try our best to find sufficient conditions for these two interesting asymptotic proprieties
in terms of model parameters and intensities of noises. For the sake of notational simplicity, we
define

o&émax{of,cg,oi} and 19émin{u1,u2+y—ﬂ*,ﬂ*}.

e N(u) = max{n;(u),n2(w),n4(w)} and n(u) = min{n;(w),N2(v),N4(u)}.
o (w2 [1+Aw)]|" - 1-pAw) and (w2 [1+n@w)]’ -1 -pn(w).
. g(u)émax{ép(u), ép(u)} and £, / E(u)v(du).

Uu

To properly study the long-term of the perturbed model (II1.28), we have the following hypotheses
on the jump-diffusion coefficients:

e (H)): We assume that the jump coefficients A;(u) in (1.2) satisfy / A,-Z(u)v(du) <oo (i=1,2,4).
u

(H): For all i = 1,2,4, we assume that 1+ A;(u) > 0 and / ()L,-(u) —In(1 +/1i(u)))v(du) < 0.
u

2
(H3): For i =1,2,4, we assume that / [ln(l +ni(u))] v(du) < o .
u

2
(Hy): For i =1,2,4, we assume that / [(1 +ﬁ(u))2 - 1] v(du) < oo.

U

(Hs): We suppose that there exists some real number p > 2 such that

p-1_ 1
) O'—j—)fp>0.

Xp = d -

For the convenience of discussion in the stochastic model (II1.28), we introduce two lemmas which
will be used in our analysis.

Lemma 3.1 ([63]). We assume that the conditions (Hy) and (Hs) hold. Let (S(t),1(t), D(t)) be the
positive solution of the system (II1.28) with any given initial condition (5(0),1(0), D(0)) € R3. Let
also y(t) € R, be the solution of the equation (I11.29) with any given initial value (0) = S(0) € R,.
Then

e lim =y (1) =0, Jim =1 Y2 (1) =0, Jim 71 S(1) =0, Jim = I(t) =0,
andlim 1 D) =0 as.

o lim ¢! /tlﬁ(s)d’Wl(s) =0, lim t! /t¢2(s)d’VV1(s) =0, lim ¢! /tS(s)d’WI(s) =0,
0 t—o0 0 t—oo

t—o0 0

t t
lim ¢! / I(s)dWs(s) =0, and lim ¢! / D(s)dWy(s) =0 a.s.
0 —® 0

t—o0
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e lim ¢! /0 ‘[um(u)gb(s_)ﬁ(ds,du)=0, lim 1 /O /u((um(u))z—1)¢2(s-)ﬁ(ds,du)=o,

t—o0

t—o0

t
and lim ¢! / / M4 (w)D(s)N(ds,du) =0 as.
0 Uu

—o0

. -1 ! NS _ . -1 t N .
lim ¢ /0 [um(u)S(s YN (ds,du) =0, tlLTot /0 ‘/rung(u)l(s YN (ds,du) =0,

Remark 3.2. By using the same approach adopted in Lemma 2.5 of [63], we can easily prove the
last result. Note that the hypothesis (Hs) is an ameliorated version of it corresponding hypothesis
frequently used in many previous works, for example, [27, 26, 36]. Therefore, the adoption of y,

in this section raises the optimality of our calculus and results.

Lemma 3.3. Assume that the conditions (Hy) and (Hs) hold. Let y/(t) be the solution of (111.29) with

an initial value /(0) € R,. Then, y» = 2u; — 67 — / ni(w)v(du) > 0, and
Uu

t
o lim¢™! / ¢(s)ds:£ a.s.
0 1

t—o0 18

t 2A2
e lim¢™! / Y2(s)ds = — a.s.
0 H1x2

t—o0

Proof. Integrating from 0 to ¢t on both sides of (II1.29) yields

VO-¥O _, b /O (s)ds + o /0 AW (5) + /O t [u 1 (W (sTIN (ds, du).

t

Clearly, we can derive that

o ! _A YOy o [* L (R (s du
[ s = L [ieawio+— [0 [ mwye)Rds .

Hit Hit

By Lemma 3.1, we get

t—oo

u

Now, applying the generalized Itd6’s formula to model (I11.29) leads to
dy?(1) = (2¢<t>(A — (D) + Ry + /u A0 ((1+m @) - 1- 2m(u))V(du))dt

+ 20,92 (1)dW, (1) +[u¢2(t-)((1 1 (u)? - 1)N(dt, du).

Integrating both sides of the last expression from 0 to t and then dividing by t, yields

=X2

t
A
lim¢™! / Y(s)ds = — as.
0 1

2 2 0 1 t 1 t
Y (1) t¢ (0) :2A><?‘/0 ¢(s)ds—(2,u1 _g%_/un%(u)v(du)) x?‘/o Y2 (s)ds

+2c71><%/0 ¢2(S)d(W1(s)+%'/0 /L{¢2(s_)((l+m(u))2—1)/\~/(ds,du).

Therefore

t

. /0 t /ﬂ P2 (1 mi (w)? — 1) N (ds, du.

t t 2 0 _ 2 t
x2 /O ¢2(s)ds=27A/O lp(s)ds+w+2—‘:l/o Y2 (s)d W, (s)

(I11.30)
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Clearly, y» # 0, because if it is not the case, we will obtain by letting ¢t go to infinity in (II1.30)

2A%
T = 0, which is obviously impossible. So, and using Lemma 3.1, we can easily verify that

t 2A2
lim ¢! / P2 (s)ds = — a.s.
t—00 0 FLIXZ

t

: Y?(s)ds > 0 for all t > 0, we can conclude also that % > 0 and then y; > 0.

and since t~

0
Hence the proof is completed. |
We are now in the position to state and prove the main results of this section. In the following,
we always presume that the hypotheses (H;)-(Hs) hold.
3.2.1 Stochastic extinction of the epidemic

In this subsection, we give a sufficient condition for the stochastic extinction of the disease in
the system (II1.28). For brevity and simplicity in writing the next result, we adopt the following
notations:

o Y £ minfua +7, 7} (VT* = 1)1 izect) + max{io +5, (V75 = 1)L ey,

-1

>

ot + [ mwr and 32 (20 +07?)

°
ZzZ

—~
<

N—
1

= (111 (1+mM2(w) Ana(uw)) —m2(u) /\114(u)) X 1, (w) Ang () >0} -

o N(u) £ (111 (L+m2(w) VNa(u)) —Ma(u) Vn4(u)) X 1, (u) Vg (w) <0} -

N(u) £ R(u) +N(u) and né/x(u)v(du).
Uu

2
@éY+H—Z+n*(T Tl) .
X2

e For any vector x € R", we denote its transpose by x’.

Theorem 3.4. Let us denote by (S(t),1(t), D(t)) the solution of the stochastic system (I111.28) that
starts from a given initial data (S(0),1(0), D(0)) € R3. Under the hypotheses (H)-(Hs), we have

1 VT*
limsup ¢! ln( I(t) + D(t)]| <O as.
t—o0 U2 +7v T

Notably, if © < 0, then the epidemic will go to zero exponentially with probability one. Consequently,

t]imI(t) =0 and tlimZ)(t) =0 a.s.

Proof. Our proof starts with the use of Theorem 1.4 in [11] to establish that there is a left eigenvector
of the following matrix
0 —PA
Mo = Hi (H2+y)
1 0

corresponding to V7 *. This vector will be denoted by (e,e2) = (1,V7*). Then, VT *(ej,e2) =
(e1,e2)Mo. On the other hand, we define a €2-function M : Ri—ﬂ& by

MI(1), D(1)) = w11(t) + w2 D(1),
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where o = TveY = ;—i By applying the generalized Itd’s formula with Lévy jumps we obtain

dIn M(I(t), D(t)) = LIn M(I(¢), D(t))dt + oD +1w21)(t) {wlcgl(t)dWZ(t) + w2041)(t)d(W3(t)}
o1M2(w)I(t7) + wona(w)D(t7) | =
+[uln (1 + o I(1) + D (1) )N(dt, du),
where
1
LIn MW, D(0) = s s {wl (BS(t)Z)(t) ~ (1 +y)I(t)) + a)zir*(l(t) - @(t))}
1

2w I(t) + 02 D(1))2 {‘”120%12(1‘) + w%cﬁﬂz(t)}

N / [ln (1 N wima(u)I(t) + wzm(u)l)(t)) _omaWI(t) + ona(w) D (1)
Uu

w1I(t) + w2 D(t) w01 1(1) + 0D (1) ‘V(du)_

Moreover, it is easy to show the following inequality

11 1 1 2
—+—x (w 0512(t)+w§a§z)2(t)) > [ —w1020(8) + —wr04D(1)] .
0y o3 02 04

In order to find an optimal and good majorization, we adopt the fact that

v(du) < I (I11.31)

[y @M @I0) + 0D | _ oma@I() + oma@ D)
U w11(t) + w2 D(t) w11(t) + wr D(t)

By using the last two results, we get

w1 BD(t)
w11(t) + wr D(t)
1
* w11(t) + wr D(t)

LIn M(I(t),D(t)) <

(S(t) - i) +II-X
H1

{au (B—AD(t) - (12 +Y)I(t)) + wzn*(l(t) - D(t))}.
H1

By the stochastic comparison theorem, we have

w1BD(t)

LIn M(I(2), D(1)) < w11(t) + 02 D(t)

(1}(t)—§)+ﬂ—2
B

1 el
T ol (1) + D) { Ha+Y Z)(t) = (12 +v)1(t)) + —(ﬂ*I(t) - ﬂ*@(t))}

Then, we obtain that
LIn M(I(1), D(t))
wl[ﬂ A
t —_—
-

1
HH= 2 o11(t) + 02 D(1) (e1,e2) (EmO(I(t)’ D) - (I(t),Z)(t))T)

1
+II-3+ PN GEYRYI0 (VT = 1) (e1I(t) + e2D(1))

_wﬁ _A
= ‘w(n "

1
T oI + 0D () (VT* = 1) (@1 (12 + YI(t) + ey D(1))

<Y+TI— 2+“Lﬁ’¢(t)——
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Hence, we deduce that

din M(I(1), D(1)) < (Y+O-3)dt + —

|
T oiI(t) + D)

+/ In (1 +1(w))N(dt, du),
Uu

{wlozl(t)d(Wz(t) + w204D(t)dW4(t)}

where n(u) = max{nz(u),n4(u)}. Now, by integrating both sides of the last inequality and dividing
by t, we find immediately that

t= In MUI(2), D(t)) <t lnM(I(O) @(0)) +Y+I0-3
w1f5

wt

T HO+ T, (I11.32)

where

_ t 0'20)1[(8) t G46<)2D(S)
F(#)= /0 o1I(s) + anD(s) S 2 F /o o11(s) + anD(s) 0 )

j;(t)z/o /uln(un(u))ﬁ(ds,du).

It is easy to check that J3(t) is a local martingale with finite quadratic variation, and by the
hypothesis (H3;) we can affirm that Jy(¢) is also a local martingale with finite quadratic variation.
By the strong law of large numbers for local martingales [93], we get

lim 7' () =0 as and lim ' () =0 as.

Now, by using the Holder’s inequality, we deduce that

- ‘/Ot —i(/ot (zﬁ(s) - é)zds

It follows from Lemme 3.3 that

1

1
2 2

=(t—1 ‘/Ot(¢2(s)—%¢(s)+(£)2)ds) .

1

] A2(c§ + /wnf(u)v(du)) :
- 12 x2

242 2A% A%

-1
-+
M owooug

lim ¢

t—oo

A
(s) - —‘ds <
M1

Taking the superior limit on both sides of (II11.32) leads to

1
2
. » 1B AZ(G% +f11 n%(u)v(du))
limsup t7 InM(I(t),D(t)) < Y+II -3+ 5 a.s.
t—o00 2 HIXZ

Which implies,

=0 a.s.

. -1 T*ﬂ
limsup t7 In M(I(¢), D(t)) < Y+ -3+ my
t—00 X2

That is to say, if ® < 0, then lim n sup t~! InI(t) <0, and limsup t~' InD(t) < 0 a.s., which implies
t—o0

in turn that the disease will dLe out with probability one and this completes the proof. |

Remark 3.5. When the jumps coefficients n;(u) (i = 1,2,4) and the white intensities o; (i = 2,4)
degenerate to zero, our results in Theorem 3.4 coincide with Theorem 2.3 in [82]. Therefore, our
results generalize the consequence of the mentioned paper.
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3.2.2 Persistence in mean of the epidemic

The study of the persistence in the mean is a significant characteristic to know more about epidemic
dynamics. For this reason, in this subsection, we will give the condition for the disease persistence.
For simplicity of notation, we define the following quantity

_ -1
f’r“*=ﬁ( A_)((uz+v+6z>+ﬁ( A-)ﬂ),
u + 01 K1 +01) 7w

where 0; = 0.5012 +/ (ni(u) —In(1 +n,~(u))v(du), i=1,24.
U

Theorem 3.6. Let (S(1),1(t), D(t)) be the solution of (I11.28) with any positive initial data. The
stochastic model (111.28) has the following property: if 7* > 1 holds, then the disease I(t) persists
in the mean almost surely.

Proof. Begin by considering the following function
Z(S),I(t),D(t)) =-C1InS(t) —InI(t) — CrIn D(t) + €3D(t).

where €;, (i = 1,2,3) are positive constants to be determined in the following. From It6’s formula
and system (I11.28), we have

dZ(S(0),1(1), D(t)) = LZ(S(1),1(2), D(1))dt — € 01d Wi (1) — 02d Wi (1) — Cr04dWa(2)

+¢3G4D(t)dw4(t)—/ €, 1n(1+m(u))K/(dt,du)—/ In (1 +m2(w)) N (dt, du)
Uu Uu
—/ Q:zln(1+n4(u))ﬁ(dt,du)+/ €34 (W) D ()N (dt, du),

Uu Uu

where

2
1

Co 1
— —(BS(HD(t) = (12 +V)I(1))

LZSE1(1),D(1) = o~ (A - wS(t) - BS(D(1)) + 2 10

¢

S(t)

6271'* G;ZO-Z
2R 1) - D) +

+/ ¢, m(u)—ln(1+m(u))V(du)+/ (M2(u) = In(1 +m2(w))v(du)
u Uu
.

+ Cm (I(2) — D(v))

(
©2 (N () — In(1 +14(w)) v(du).

We then find that
BS(D(H) A Cumd()
(1) S(t) D(t)
+C (1 +61) +Co(me +04) + (L2 + Y+ 02) + C3m,I(t)
1
< -3(BAMCI€2) 3 + (€1 — C3m) D (1) + €1 (g + )
+ Co(my +04) + (U +V + 02) + C3m I(t).

LZ(5(),1(1), D(1) = - +(€B - C3m,) D(1)

By choosing

61 = B(—=) (me+ 00 /Am,

U1 + 01
A _
€ = B(W&l)/(mwn,
€ =CiB3/m,
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we may actually obtain that

LZ(S(0.10.D(0) 5 =B( ) + (2 +y+ 50) + (=) 2 + €111
= _B(Hlfﬁl) (1 - %) + 61 BI(D).

Hence, we get

A
Uy + 0

dZ(S(t),I(t), D(1)) < (— [3( ) (1 - %) + Qlﬁl(t))dt —C01dWi(t) — o2dWs(t)
— Cro4dWy(t) + €304D(t)dWy(t) — / € ln (1 +1‘]1(u))[\7(dt, du)
u
—/ In (1 +12(w)) N (dt, du) —/ € In (1 +m4(w)) N (dt, du)
Uu Uu
+ / €4 (w) D ()N (dt, du).
u

Integrating from 0 to t and dividing by t on both sides of the last inequality, yields

£ ZE0.10.00) < 1 Z60010.00) -5 =) [1- =
K1 + 01 T *
+€p 1! / I(s)ds+ t' F5(t)+ 7" J(),

0

where

F(1) = ~(©10 Wi (1) + 0 Wa(D) + G0 Wa(0)) + G0 /0 D(s)d Wi (s).
Jo(t) = —/0 '[L{Qﬁlln(l +11 () )N (dt, du) —/0 fuln(l +12(u) )N (dt, du)

t _ t _
—/ / €, In (1 +n4(w))N (dt, du) +/ / Csna (u) D ()N (dt, du).
o Ju o Ju
By using, the strong law of large numbers for local martingales and Lemma 3.1, we can obtain

tlim t7' F(t)=0 as and tlim ' F(t) =0 as

Therefore
t 1 A 1
liminf ¢! / I(s)ds > —( — ) (1 - :) >0 as.
=00 0 €\ +0y T*
This shows that the disease persists in the mean as claimed. |

Remark 3.7. Persistence in the mean is an important concept in mathematical epidemiology. It
captures the long-term survival of the disease even when the population size is quite low at t = 0.
Moreover, the persistence of the model refers to a situation where the disease is endemic in a
population.

3.3 Numerical simulations

This section is devoted to illustrate our theoretical results by employing numerical simulations. In
the three following examples, we apply the algorithm presented in [112] to discretize the disturbed
system (II1.28). Using the software Matlab2015b and the parameter values listed in Table II1.3, we
numerically simulate the solution of the system (II1.28) with the initial value (S(0),I1(0),D(0)) =
(0.6, 0.3, 0.05).
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H Parameters H Numerical values
A 0.9 0.3 0.6 0.6
8 0.3 0.3 04 0.4
B 0.07 13 0.35 0.8
8% 0.05 0.05 0.2 0.3
Wy 0.5 0.5 0.3 0.3
Ty 0.09 0.09 0.7 0.2
(o 0.15 0.15 0.2 0.169
0> 0.25 0.25 0.15 0.15
04 0.27 0.27 0.13 0.13
bl 0.2 0.2 0.5 0.5
2 0.23 0.23 0.3 0.3
N4 0.1 0.1 0.7 0.7
Figure I11.6 | Figure I11.7 | Figure II1.8 | Figure II1.9

Table II1.3: Nominal values of the system parameters and disturbances intensities adopted in the
different simulation examples .

3.3.1 The stochastic extinction case

In order to exhibit the strong random fluctuations effect on epidemic dynamics, we present in
Figure IIL.6, the trajectories of the stochastic solution (S(t),I(t), D(t)). We assume that U = (0, co)
and v(U) = 1, then by using the parameters listed in Table II1.3, we must check the existence of
p such that y;, > 0. By simple calculation, we easily get yi, = 0.0206 for p = 2.1. Then, the
condition (Hs) is satisfied. With the chosen parameters, we can obtain the following values:

H Expression H Value H
T* £ BA(Li (2 +Y)™! 0.3818
Y 2 min{p, +v, 7} (VT* — 1) || -0.0344
m2 [ Nuv(du) -0.0047

32 (2(032+072)) 0.0168

n o7+ [, nj(wv(du) 0.0625

x2=2m -0 - [,mi@v(du) | 05375
_I

@Y+ -o0+mNT 2y, " || -0.0369

Table III.4: Some expressions and their corresponding values.
From Table 111.4, we have © < 0, then the condition of Theorem 3.4 is verified. That is to say that
the epidemic dies out exponentially almost surely which is exactly illustrated in Figure I11.6.
3.3.2 The stochastic persistence case

Consider the system (II11.28) with parameters appearing in Table II1.3. Then, we obtain the following
values:

H Expression H Value H
51 20502+ [, (m (u) - In(1 + m(u))v(du) 0.0289
G £ 0.502+ [, (nz(u) ~In(1 +n2(u))v(du) 0.0542
oy £ 0502+ [, (n4(u) —In(1 +n4(u))v(du) 0.0411
=
T 2 B(ﬁ)((m +y+52) +B (45 ) ,‘j—i) 10344
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Figure I11.6: The paths of S(t), I(t) and D(t) for the stochastic model (II1.28) when ® = —0.0369 < 0.

Table II1.5: Some expressions and their corresponding values.

Therefore, 7* > 1. From Figure I11.7, we observe the persistence of the epidemic I(t) in this case,
which agree well with Theorem 3.6. Furthermore, the solutions S(t) and D(t) are persistent which
implies the non-extinction of the stochastic model (II11.28).

3.3.3 The Lévy jumps effect on the epidemic dynamics

To find out the effect of white noise and jumps intensities on epidemic dynamics, in this example,
we will compare the trajectories of the following systems:

e The deterministic model (II1.26) (o; =0 and n; =0, i =1,2,4).

e The stochastic version of (II1.26) with degenerate diffusion [82] (oo = 04 = 0 and 1n; = 0,
i=1,2,4).

e The SDE-J system (II1.28) (o; # 0 and n; # 0, i = 1,2, 4).

We take the values appearing in Table II1.3 which are the same as those used in [82]. For the rest
of parameters, we choose o =0.2, 0, =0.15, 04 =0.13, n; = 0.5, 1, = 0.3, and n4 = 0.7. For the sake
of a comparison, we choose the following initial value(S(0),1(0), D(0)) = (0.2, 0.3, 0.4) used in [82].
We see from Figure (II1.8) that the effects of Lévy jumps lead to the extinction of the disease while
the deterministic model (II1.26) and the perturbed model driven by degenerate diffusion both predict
persistence. Therefore, we say that the jumps have negative effects on the prevalence of epidemics.
This means that jumps can change the asymptotic behavior of the epidemic model significantly. To
examine the effect of jumps intensities on dynamical system (II1.26) in the case of persistence, we
shall decrease the intensity o; to 0.169 and take other parameter as in the last column of Table
III.3. From Figure II1.9, we observe the persistence of the epidemic in all cases with a greater
variation in the case of Lévy jumps. Plainly, environmental factors and unexpected phenomena
have significant impacts on the spread of epidemics.
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Figure II1.7: The paths of S(t), I(t) and D(t) for the stochastic model (II1.28) when T =1.0344 > 1.
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Figure I11.9: The paths of S(t), I(t) and D(t) associated respectively to the models (II1.25), (I11.26)
and (II1.28).

3.4 Discussion

This section takes into account these two factors. Specifically, we have analyzed a delayed SIR
epidemic model that incorporates proportional Lévy jumps. For analytical reasons, we have em-
ployed the linear chain approach to transform the model with a weak kernel case (II1.24) into
the equivalent system (II1.25). After proving the well-posedness of this perturbed model, we have
analyzed its long-term behavior. Under some hypotheses, the main epidemiological findings of our
study are presented as follows:

1. We have given sufficient condition for the extinction of the epidemic.
2. We have established sufficient condition for the persistence in the mean of the epidemic.

Compared to the existing literature, the novelty of our work lies in new mathematical analysis
techniques and improvements which are summarized in the following items:

1. Our work is distinguished from previous works [27, 26, 36] by the use of the expression yi,
which boosts the optimality of our calculus and results.

2. Our study offers an alternative method to the gap mentioned in (Theorem 2.2, [163]). Without
using the explicit formula of the distribution stationary f(-) of ¢ (which still up to now
unknown), we calculate the following time averages:

t t

lim ¢! / ¥(s)ds and lim ¢! / Y2(s)ds as.

—00 0 —00 0

3. In order to find an optimal and good majorization, we have considered the inequality (II1.31)
in our analysis without eliminated it (since In(1+x) —x < 0 for all x > —1) which differs from
the calculus presented in [26].
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Generally speaking, our theoretical results indicate that the conditions of extinction and persistence
are mainly depending on the magnitude of the noise intensities as well as the system parameters.
From numerical simulations, we remark that Lévy jumps affect significantly the long-run behavior
of an epidemic. Eventually, we point out that this chapter extends the study presented in [32]
to the case of Lévy jumps and delivers some new insights for understanding the propagation of
diseases with distributed delay. Furthermore, the method developed in this chapter can be used to
investigate a class of related stochastic models driven by Lévy noise.
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Chapter

Asymptotic analysis of the stochastic
Hepatitis B virus model with unexpected
environmental disturbances

Abstract

HE Hepatitis B virus (HBV) represents a rich subject that sparks the interest of epidemiological
T researchers. This chapter aims to examine the long-run properties of the HBV system with
unexpected environmental disturbances. We begin with an imprecise HBV model perturbed by
Lévy noise. The uncertainty property is justified by the fact that the parameters associated with
the HBV model are not certain, but the range to which it belongs can readily be determined. The
resulting model is mathematically and biologically well-posed. Under an appropriate assumption,
we prove the existence of a unique ergodic stationary distribution by using the mutually exclusive
possibilities lemma demonstrated by Stettner in 1986. Furthermore, in the case of the proportional
Lévy process with specified parameters, we present the threshold expression which determines the
permanence or the extinction of HBV. Basically, we find that Lévy random perturbations can
help to reduce the spread of HBV. That is, compared with the stochastic model, the deterministic
formulation overestimates the spreading capacity of disease.

1 Ergodic stationary distribution of an imprecise HBV epidemic
model with Lévy jumps

1.1 Introduction

The deterministic HBV model (I.10) can be improved by taking into account the unpredictable
biological conditions [168, 70, 137, 98]. Also, environmental fluctuations have important effects on
the growth and propagation of an epidemic disease [59, 61]. Khan et al. [56] discussed the dynamic
of a stochastic HBV epidemic model with varying population size. They supposed that the effect
of randomly fluctuating environment is manifest themselves mainly as fluctuations in the HBV
transmission rate. To confer the realistic aspect to our study and make it biologically reasonable,
in this section, we extend the work of Khan et al. [56] to the case of Lévy noise perturbation. We
take into consideration the effects due to some unexpected and severe environmental disturbances
(tsunami, floods, earthquakes, hurricanes, whirlwinds, etc.) on the disease outbreak [7, 172]. Thus,
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we consider the following model:

ds(t) = (A - BSHI(t) — (n+ Q)S(t))dt—GS(t)I(t)dW(t) - / W) SN (dt, du),
Uu
dI(t) = (BS(t)I(t) —(u+6+ r)I(t))dt+GS(t)I(t)dW(t) +/ N(w)SE)I(E)N(dt, du), av.y
Uu
dR(t) = (51(t) +0S(t) - p.R(t))dt,

where S(t7) and I(t”) are the left limits of S(¢) and I(t), respectively. “W(t) is a real-valued
Brownian motion with intensity o > 0. N , v, 1 and U are defined in the previous chapters
such that v(U) < oo. In system (IV.1), we assume that model parameters are precisely known
and constant. However, this hypothesis may not be validated due to the lack of data and errors
of measurements. It is more realistic to study HBV dynamics with interval-valued parameters.
Recently, Pal et al. [105] used interval-valued parameters to analyze the prey-predator model due
to the lack of precise biological data such as prey and predator population growth rates. The same
logic was applied for epidemic models. In [108], the authors treated a cholera epidemic model
with uncertain parameters. They investigated the stability condition of equilibrium points. Bao et
al. [8] studied a stochastic SIRS model that includes Lévy jumps and interval parameters. They
established the stochastic threshold which determines the extinction and persistence in the mean
of disease. In [29], the authors studied an imprecise SIR epidemic model. They solved the optimal
control problem.

In this section, we consider the HBV epidemic model with stochastic transmissions and lévy
noise. To make our model more realistic, we consider imprecise biological parameters. To the
best of our knowledge, the existence of a stationary distribution of system (IV.l1) with imprecise
parameters remains not proved. In the next subsection, we propose a solution to the mentioned
problem by considering an original method different from the Lyapunov approach described in [57].
Before proving the existence of unique a stationary distribution in subsection 1.2.3, we demonstrate
the well-posedness of the model (IV.1) with interval-valued parameters in subsection 1.2.2. Some
simulation examples are proposed in subsection 1.3 to illustrate our theoretical study.

1.2 Main results

1.2.1 Imprecise stochastic HBV model

Before showing the main result of this section, we first present some definitions of interval numbers
and interval-valued function who are used in our study. Then, we construct the imprecise stochastic
HBV model.

Definition 1.1 ([105]). An interval number Z is defined as Z = [£,Z] = {x]|Z < x < Z,x € R} where

v

R is the set of all real numbers and z, Z are the lower and upper limits of the interval numbers
respectively. Furthermore, any real number z can be represented in term of interval number as
[z, z].

Definition 1.2 ([105]). An interval-valued function for the interval [x,y] can be represented by the
following function:

y(p) =x""Py? for pe[0,1].

Theorem 1.3. The following stochastic differential equation with interval-valued parameters

ds(t) = (Z—ES(t)I(t) - (ﬁ+E)S(t))dt—asu)z(t)dwu) - /u NWSE()N(dt, du),

aI(t) = (ES(t)I(t) _(+D+ 7)1(t))dt+65(t)1(t)dwu) + / N(w)SE()N (dt, du),
u
dR(1) = (Sf(t) +05(1) —ﬁR(t))dt,
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where A € [AA], B e [R.Bl. e [(Lit], 0 €[6,0],5¢[b3] Fel[fF and T < [6,5], is provided an
interval-valued functional form of parameters by the following stochastic differential equation:

as(t) = (AP AP = (B)PBPSOI) - (WP ()P + (0)P(O)F)S(1))dt-dZ (1,
dI() = ((B)P(BYPSOI(E) - ()P (1P + ()P (B)P + ()P (F)P)1(1) ) dr+d Z (1), av.2)
dR(t) = ()P B)?1(1) + (B (B)PS() - (WP (VPR(H) ),
where
dZ(t) = (6)1P(6)p5(t)l(t)dW(t)+/ N(w)S(t)I(E)N(dt, du), for pe[0,1].
Uu

The proof is similar to that in [105] and hence is omitted here.

1.2.2 Well-posedness of the stochastic model (IV.2)

The theorem 1.4 is a prerequisite for analyzing the long-run behavior of the model (IV.2). From
epidemiological considerations, it is reasonable to suppose that the intensity of Lévy jumps cannot
exceed environmental carrying capacity. Hence, we impose the following standard assumption:

(AP AP
(W)”(”)

By using the Lyapunov analysis method (as mentioned in [8]), we shall verify that the solution
of the system (IV.2) is global and positive.

Assumption 1. The function n(u) is bounded and <I'<l,uel.

Theorem 1.4. For any initial value (S(0),1(0),R(0)) € R}, there exists a unique positive solution
(S(t),I(t),R(t)) of the system (IV.2) on t > 0, and the solution will remain in R with probability one.
That is to say, the solution (S(t),1(t),R(t)) € R for all t > 0 almost surely.

Proof. Since the coefficients of the system (IV.2) satisfy the local Lipschitz condition, then for any
initial value (S(0),1(0),R(0)) € R? there is a unique local solution (S(t),I(t),R(t)) on [0,7.), where
7. is the explosion time. To show that the solution is global, we only need to prove that 7, = oo

a.s. Let ¢g > 0 be sufficiently large such that Sy, Iy, Ry liying within the interval [é,eo]. For each
integer € > €¢p, we define the following stopping time:

Te = inf {t € [0, 7.) : min{S(¢),I(t),R(t)} < % or max{S(t),I(t),R(t)} > e},

where throughout this section we set inf ) = co (as usual, @ denotes the empty set). Clearly, 7. is
increasing as € — co. Set 7, = lim 7. whence 7., < 7. If we can prove that 7, = o a.s., then 7z, = o

E—00

and the solution (S(t),1(t),R(t)) € R3 for all t > 0 almost surely. Specifically, to complete the proof,
we only need to prove that 7, = co a.s. If this statement is false, then there exists a pair of positive
constants T > 0 and k € (0,1) such that

P{reo < T} > k.
Hence, there is an integer €; > ¢g such that
P{re < T} >k forall €>e¢. (IV.3)
For t > r. and each e,
A(S+T+R) = ((A)' (A - ()P (WP (S+T+R) - ()P ()FT)ds

< (AP AP = ()P (P (S+T+R))d.
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Then

S(t) +I(t) +R(t) S (A)I_P(A)P + e_(a)l—p(ﬁ)pt S(O) +I(0) +R(0) _ (A)I—P(A)P

(W=, (f)? (W=r (e )’
(AP AP : (AP (AP
<l if 5(0) +1(0) +R(0) S(A(ﬁz;—&)%)p,
S(0) +I(0) + R(0), if S(0) +I(0) +R(0) > TP (0P
=C.

From mathematical and biological considerations, we can study the disease dynamics of the model
(IV.2) in the following bounded set

B , (AP (AP
A_{@LmeRi &H+R§G§;aﬁa&}

Therefore, the region A is almost surely positively invariant set by the system (IV.2). Now, we
define the following Lyapunov C2-function V : R} — R, by

VS, LR =(S—1-InS)+(I-1-InI)+(R—-1—-1InR).
For 0 <t <. AT, using Itd’s formula, we obtain that
dV(S,I,R) = LV (S, R)dt — (6) P(&)PSAW () + (&) P (&)PIAW (t)
- A (n(u)S(t-)I(t-) +In(1 —n(u)z(t-)))ﬁ(dt, du)

+ / (n(u)S(t—)z(t—) ~In(1 +n(u)5(r)))/\7(dt, duw), IV .4)
u
where £ is the differential operator, and
LVSLR) = (1 - é) (DD = (B) P BPST- () (1) + () (6))s)
' (1 - %) ((BY'P(BYPST= () (1P + (8) P (B)P + ()P (7))
+ (1 - }2) (&' @Pr+ @' 2@Ps - (' (1R
+ %(6)2‘21’(6)2?12 + %(6)2‘21’(6)21’52
- [u (In(1 ~1()D) +1()D)v(du) - [u (In(1 +1(w)S) - n(w)$)v(dw)
< (AP AP + (B P (B)PE + (0) P (0)? + (6)7 2 (5)2C + (7) P ()P
F3(0) PP + (8) () + / Hyv(du) + / Hov(du),
Uu Uu
where
H = —In(1 —m(w)I) —m(w)I and H; = —In(1 +1n(w)S) +n(u)S.

By Assumption 1, we have 1 —n(u)I > 0. In addition, by Taylor-Lagrange’s formula, we show that

20272 2
n“(u)l < r

Hi =nw)I -n(u)+ 2(1 - Kn(u)])2 T 2(1 - F)Z,

k€ (0,1). av.5)

Similarly, we get

2 2 2
n-(u)S - T

o= @SS+ S s S AT

x e (0,1). (IV.6)
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Therefore,
LV(S.LR) < (AP (AP + (B)' P (B)PE+ (0) P (0)P + (6)* 7 (8)PC* + (7)) P ()P

+3(0) (P + (B (B + (8) (B + (0)# (0P ) + (1 —2r)2
G,

v(U)

where € is a positive constant. Integrating both sides of (IV.4) from 0 to 7= A T, and taking
expectation, we get

E(V(S(Te AT), I(r. AT), R(z. A T)) < V(5(0),1(0), R(0)) + CT.
Setting Q. = {r. < T} for € > ¢ and by (IV.3), we have P(Q.) > k. For w € Q,, there is some

component of S(z.,w), I(ze, w) and R(re, w) equals either € or é Hence, V(S(te),I(1e), R(7e)) is not
less than e — 1 —1Ine€ or é —1-In % Consequently,

V(5(0),1(0), R(0)) + €T > E(ngev(sm, o), 1(z., ), R(z., w)))
Zk((e—l—lne)/\ (é—l—lné)).

Extending € to oo leads to the contradiction. Thus, 7, = o a.s. which completes the proof of the
theorem. |

1.2.3 Existence and uniqueness of a stationary distribution to the system (IV.2)

Our aim in this subsection is to give the appropriate condition for the SDE model (IV.2) has
a unique ergodic stationary distribution. To this end, we use Lemma 11.4 (Chapter 2) and we
introduce the following notation:

RS = 1 (BA)!=P(BA)? B G2(A)22 (A)%
O (e + (B B)r + (D1P(HP) (WP (WP + (D)1 (O 2% )
2
where 62 = (6)>72(8)% + n—(u)v(du). Furthermore, we let
u (1-T)2

Q ={(t,w) e Ry x Q| S(t,w) > ¢, and, I(t,w) > €},

Q) ={(t,w) e Ry X Q| S(t,w) < €},

Q3 ={(t,w) e Ry x Q| I(t,w) < €},

Qs ={(t,w) e Ry X Q| S(t,w) > (, or, I(t,w) > (},

Qs ={(t,w) ERy x Q| e <S(t,w) < (, and, € < I(t,w) < (},

where € < ( are positive constants to be determined later.

Theorem 1.5. If R} > 1, the stochastic system (IV.2) admits a unique stationary distribution and it
has the ergodic property for any initial value (So, Ip, Ry) € A.

Proof. The following proof is divided into three steps:

Step I. Similar to the proof of Lemma 3.2 in [135] or Theorem 2.5 in [162], we briefly verify the
Feller property of the SDE model (IV.2). The main purpose of the next steps is to prove that (I1.22)
is impossible.

Step II. Define

(B ()
(W)L (P + (D)2 (0)?)

V() =InI(t) + S(t).
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Applying It6’s formula gives
dV (@) = (B P(BPS@®) - (WP )P + (D) P (D) + (7)' P (F)P)
—1(6)2—2P(6)2P52(t)+/ (1n(1+n(u)5(t—))—n(u)S(t—))v(du))dt
2 u
+ (&) P (EPS(HAW (¢) + / In(1 +M(w)S(t))N(dt, du)
U

(BA)I—P([EAA)P - (B)Z—Zp(r;’\)zp V
(WP ()P + (0)!-#(0)?) (W=, ([P + (0)1-7(0)P)
B)1-P ()P A )
) ((a)l—f’((gp +((%)>1—p<é)p) ()P (P +(0) P (O))S(t)dt
_ (B (B
(=P ()P + (0)1-,(6)P)
_ (B)' " (B)”
(V=P ()P + (O) -2 (0)P)

(AP (AP
@7 (P

(BA)"P (BA) PO + (B)P(E)P + (F)1P ()P
(7 + 012 ()7) (D) (WP +(0) PR+ (F) P(HP)
L GATREAY (B

2022 (W% ()P (R)P + ()P ()P)
+/ (1n(1 +w)S(7)) —n(u)S(t‘))v(du)dt
Uu

S(H)I(t)dt

(6)'P(8)PS()I(1)dW (1)

[u N(w)SE)I(t)IN(dt, du). IV.7)

Noting that 0 < S <

the equality (IV.7) can be rewritten as follows

dV(t) > (

S(t)I(t)|dt

+(6)7P(5)PS(H)dW(1) +/ In(1 +n(w)S(t7)N (dt, du)
U

) (B2 ()"
()P (P +(0)' 2 (0)?)
) (B)' P (B)
(V=P (WP + (H)1-P(O))
Integrating the inequality (IV.8) from 0 to t leads to
(BA)""P (BA) PP + ()P BV + (7)1 P ()
(=7 + 01 ()7) (W) PP+ (0) P ()P + () P (H)F)
_(GAT (AP (B> ()
20220 (0% (1P +(0)' P (O))

+‘/Ot‘/ru(1n(1+n(u)5(s_))—n(u)S(s‘))V(du)ds
+ K1 (1) +Ha () + K (1) + K1),

(6)P(8)PS()I(1)dW (1)

/ NW)SE)I(T)N(de, du). dV.8)
Uu

V(t)-V(O) >

/O S()(s)ds

where
% (1) = /O ()P (6)S(s)dW (),
Ko(t) = —56)1—{(5)?@‘-?(6{)?
()=, ()P + (0) =P ()P)
K (t) = /O /ﬂ In(1 +m(w)S(s))N (ds, du),
Ko t) = ~(B)'P(B)?
(W)1=P ()P + (0) -, (0)P)

/0 S(s)I(s)dW (s),

/ t / N(w)S(s)I(s)N (ds, du).
0 Uu
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t
The quadratic variation of K is defined by (K, K1), = / (6)272P (5)%S%(s)ds. Therefore, we get
0

%K1, K 1 [t
lim supM = (6)*727(5)*Plim sup— / S?(s)ds
t—o0 t t—o00 t 0
A 2-2p A 2p
< (6)2‘21’(6)2PM <o as.

()22 (1)

Similarly, we have

. (J6, 500 (B)272P(B)2P(6)* 2P(G)2P | PN o
11rtrl)soljp " = (P + B8 ?Lsoljpt‘/o S7(s)I“(s)ds < o0 a.s.

By the Assumption 1, we deduce that

In(1-T) <In(1 +n(w)S(s)) <In(1+7T).

Then
nmgpw = hgri)s;lp / / (In(1 +1(u)S(s))*v(du)ds
< max {(1n(1 +T))% (In(1 = T)) }v(ﬂ) < as.
and
limsup<7<4, K (BABZ—ZP([M)% W <o s
£ t (WP ([P + (0)1=2(0)?) (=P (f)?)

According to the strong law of large numbers for local martingales, one can conclude that

lim — 7((t) 0 as, i=1,2234. Iv.9)

t—oo t

By using (IV.6) and Assumption 1, we get

L LA A [ nlw
[ (st -nase s > -3 [ .
Let
7= @@+ [ T,
Therefore

(P (WP + (6)'P(6)P) ( (BAY'P(BA)P
(B)-r(B)P (W)=2 ()P + (0) =P (O)P)

] ) ) L (A(A)
~ (PP + B O + (3O =T 5 v |

lim inf /0 (B (B)PS(5)I(s)ds >

Thus we can derive that

(PP + (0)!P(6))
(B)1-r ()P

+ (f)l‘P(f)p)(Rg - 1) >0 as. (IV.10)

liminf% /t(fS)l_P(B)PS(s)I(s)ds > ((ﬁ)“"(ﬂ)f’ +(8)'P(8)F
t—o0 0
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Step III. To continue our analysis, we use the definition of Q;, Q, and Q3. Then, it follows from
(IV.10) that

11;123% /0 ((B)l_p(ﬁ)pS(s)I(s)IQ])ds>11m1nf— / ((B) _P(B)pS(s)I(s))ds

— lim sup— / ( RYIP(B)PS(s)I(s) 192)ds

t—00

~limsup /O B((B)'7 (B)S(5)1(5) 10, ) ds

L (WP + () (6)F)
- (B)-#(B)»

+ (AP F) (R - 1) -

(7 + @) @)”
2BA) - (BArve
()1 ()7

We can choose

((u)“"(u)" + ()P (O (L)' (W)
4(B)>2 (B)2 (A)1-p (A

(2P + (&)@ + 3P (R - 1),
then we obtain

(' (WP + (0P (H)P)
2(B)-r(B)r
+ (f)l—P(f)P)(Rg - 1) >0 as.

liminf / B((B)P(ESEI)10,)ds > ("0 + @)@y
t—oo t Jo

Let a and b two real numbers greater than 1 such that %+% = 1. By utilizing Young inequality

xy < % +yTb for all x,y > 0, we get

nm;f% /0 tE((B)l_p(B)”S(s)I(s)lgl)ds < um}f% /O tE(a_l(@(B)l_p(ﬁ)pS(s)I(S))a ¥ b‘lw‘blgl)ds
<A>1-P<A>P)2“

()= (ju)?

+liminf L / tE(b_ch_bIQI)ds, av.11)

t—oo f

< a-l(@<B>‘—P(B>P)“(

where @ is a positive constant satisfying
Al A s @) ((A)PA)P\ T
< Z(®'r ) (W) (' (e
=@ @) (@ + (3P + ()P RP) (RS- 1).

From (IV.11), we deduce that

1 t
lim inf— / E(lg,)ds
0

t—oo
((u)l"’(u)f’ + () (6)P)ba”
4(B)!-r (B

By using the Markov’s inequality, we can observe that

((ﬁ)“”(ﬂ)f’ +(8)! P3P + (f)“P(f)P)(Rg - 1) >0 as. (V.12

1 (A)'P(A)?

/1194(t w)dP(w) <P(S(2) 2 ) +P(I(t) 2 () < E(S(t) +1(1)) < RO
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Figure IV.1: Histogram of the probability density function for S, I, and R population at ¢t = 300 for
the stochastic model (IV.2), the smoothed curves are the probability density functions of S(t), I(t)
and R(t), respectively. Here, we get R} =2.1848 > 1 for p = 0.

Choosing

- (D'"P@P + (9P (O)P)ba

l WO P ()P 12 (5P M 1=p (%P S _
ey ey v (S DU G R [CRR))

We thus obtain

Lo 1P (17 + (0)1P (0)P)bo? .
lim sup-— /0 B(1g,ds < () (gzﬁ;_(p()mp( IR0 (1= e + (8)1 P (B)7 + (7)1 (7)) (3 - 1),

According to (IV.12), one can derive that

t—o0

1 [t 1 [t 1 [t
liminf—/ E(lqs)ds > liminf—/ ]E(lgl)ds—limsup—/ E(lg,)ds
t—oo 0 t—+co 0 0

t—+00 t

o (P ()P + (0)'-2(6)P)ba®
- 8(B)I-P(B)r

+ ()P (B)F + (f)l-P(f)P) (Rg - 1) >0 as.

(e

Consequently, we have determined a compact domain Qs ¢ R3 such that

NS (WP ()P + (0)P(0)P)ba®
lim inf~ /0 ]P(u, (5(0), 1(0), R(0)), Q5)dsz T

t—oo |
+ @)@+ R PP (R -1) >0 as.

(o

Applying similar arguments to those in [135], we show the uniqueness of the ergodic stationary
distribution of our model (IV.2), denoted by n(-). This completes the proof. |
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Figure IV.2: Histogram of the probability density function for S, I, and R population at ¢t = 300 for
the stochastic model (IV.2), the smoothed curves are the probability density functions of S(t), I(t)
and R(t), respectively. Here, we get R§ =1.99 > 1 for p =0.5.

1.3 Numerical simulations

In this subsection, in order to show different dynamical results of the stochastic model (IV.1) under
imprecise parameter values, we present some numerical simulations. The parameters values are
given in Table IV.1.

Notation Value Source Notation Value
A 0.75 Assumed A 1.2
1 0.09 [56] [ 0.2
B 0.5 Assumed &) 0.8
) 0.3 [56] 0 0.5
? 0.1 [56] ¥ 0.3
0 0.2 [56] 0 0.3
o 0.08 Theoretical oy 0.1

Table IV.1: Parameters value used in numerical simulations.

For the purpose of showing the effects of imprecise parameters and Lévy noise on HBV dynamics,
we have realized the simulation many times. We assume that n(u) = 0.003, U = (0,c0) and
v(U) = 1. Noticing that the Assumption 1, is always held with parameters value in Table IV.1.
From Figures IV.1, IV.2 and IV.3, we show the existence of the unique stationary distributions for
S(t), I(t) and R(t) of model (IV.2) at t = 300, where the smooth curves are the probability density
functions of S(t), I(t) and R(t), respectively. That is to say that the solution of the SDE model
(IV.2) persists strongly. Furthermore, different values of the parameter imprecision p can crucially
affect the persistence of HBV.

96



} 1(300) .

0
0.1

0.35

) R(300) '

Figure IV.3: Histogram of the probability density function for S, I, and R population at ¢t = 300 for
the stochastic model (IV.2), the smoothed curves are the probability density functions of S(t), I(t)
and R(t), respectively. Here, we get R} = 1.7398 for p = 1.

1.4 Discussion

In the study of the dynamics of stochastic systems, the ergodicity is one of the most important
and significant characteristics. For this purpose, we have used the mutually exclusive possibilities
lemma to establish the sharp and optimal condition for the existence of the stationary distribution
without employing the classical Lyapunov method. To ensure the realistic aspect of our model, we
replaced constant parameters in the model (IV.1) by imprecise ones. Based on Theorem 4.2 in [57],
for any m-integrable function g : Ry — R:

P(tglzloo% ‘/Otg(X(s)) ds = /R%(x)n(x) dx) =1.

The ergodic property for HBV means that the stochastic model has a unique stationary distribution
which predicts the survival of the infected population in the future. That means the HBV persists
for all time regardless of the initial conditions [35]. Furthermore, the ergodic property grants a
reason why the integral average of a solution of the system (IV.2) converges to a fixed point whilst
the system may fluctuate around as time goes by.

2 Threshold analysis of the stochastic HBV epidemic model with
Lévy Jumps

2.1 Introduction

In reality, the spread of a disease is characterized by randomness due to the unpredictable character
of human contacts. From biological and mathematical perspectives, our main concern is to improve
the model of Khan et al. [56], and include the unexpected stochastically effects by using the
approach mentioned in [171]. We assume that the Lévy perturbations are directly proportional to
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S(t), I(t), and R(t). Then, we obtain the following stochastic HBV epidemic model:

dS(t) = (A= BS(HI(t) — (n+0)S(t))dt+01S(t)dW, (1) +/ m(u)S(t‘)K/(dt, du),
Uu
dI(t) = (BS(I(t) = (L+ &+ r)I(t))dt+0oI(1)dWs(1) +/ M (WI(t)N (e, du), IV.13)
Uu

dR(t) = (8I(t) + 6S(t) — pR(¢r))dt+o3R(1)dWi(t) +/ M (WR(EIN(dt, du).
Uu

In this section, we will establish the threshold parameter which determines the extinction and
the persistence in the mean of the HBV. This threshold value coincides with the deterministic
threshold Ry = Mﬁ%, in the absence of white noise and Lévy jumps. For the purpose of well
analyzing our model (IV.13), it necessary that we make the following standard assumptions.

e (A;) We assume that the jump coefficients satisfy / nf(u)v(du) <oo (i=1,23).
U

e (Ay) For all u € U, we assume that 1 +1;(u) >0, (i=1,2,3) and
/LI [n,-(u) —In(1 +ni(u))]v(du) < o0,

For the proof of Lemmas 2.3 and 2.4, we add the following supplementary assumptions:

e (As) We suppose that exists a constant k > 0, such that / [ln(l +ni(u))]2v(du) < K.
u

o (A4) There exists o > 1 such that u—3(o — 1)6% — é)t > 0, where 6% = 02 V 03 V 03, and
A,,:/u{[1+m<u>Vnz<u>Vn3<u>]”—1—p[m<u>Am(u)Am(uﬂ}v(du).

Remark 2.1. The condition (A;) and (A,) are necessary to prove the existence and uniqueness
of the solution. Based on biological considerations, we need to add the conditions (Az) and (Ay)
to guarantee that the sufficient small intensity of Lévy jumps cannot exceed the environmental
carrying capacity.

Since S, I and R in system (IV.13) denote the population densities, they should be nonnegative.
To analyze the asymptotic properties of system (IV.13), the first step is to show that the solution of
the system is unique, positive and global. Under assumptions (A1)-(Ay), we present the following
result:

Theorem 2.2. For any initial value (S(0),1(0),R(0)) € R3, there exists a unique positive solution
(S(t),I(t),R(t)) of system (IV.13) on t > 0, and the solution will remain in R} with probability one.

The proof of the last theorem is standard (see for example [58]). Hence, we also omit it here.
Now, we list two results used in our analysis.

Lemma 2.3 ([172]). Let (S(t),I(t),R(t)) be the solution of model (IV.13) with any positive initial
value. Then,

S(t) +I(t) +R(1)
m =

o i 0 as.
t—00 t
S(t I(t R(t
o lim ¥ =0, lim (T) =0, and thmﬁ -0 as.
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Lemma 2.4 ([172]). Let (S(t),I(t),R(t)) be the solution of model (IV.13) with any positive initial
value. Then,

lim Jo Jum @S(N (ds. du) “0  lim S fy 2 I(s™)N (ds, du) 0

] El

t—oo t t—o0 t
; —
N3 (w)R(s7)N(ds, du)
and tlim/0 /w > " = a.s.

The proof of Lemmas 2.3 and 2.4 is almost the same as those in Lemmas 2.1 and 2.2 in [172].
Hence we omit it here.

2.2 Main results
2.2.1 The stochastic extinction

In this section, our main concern is to determine the condition for the extinction of the HBV
epidemic. We define the threshold of our stochastic epidemic model (IV.13) as follows:

2
Rl = (M;H) P —2—[u[nz(w—1n<1+m<u>)]v(du>).

u+6 2

Theorem 2.5. Let assumptions (A-(Ag) hold and let (S(t),1(t),R(t)) be the solution of system
(IV.13) with any initial value (S(0),1(0),R(0)) € R3. If RB <1, then

InI(t)
t

lim sup < (p+5+r)(7€(i) - 1) <0 as.

t—o0

That is to say, the HBV epidemic dies out exponentially with probability one. Furthermore, we have
that

0A
w(p+0)

A
lim (S(t)) = a.s. and lim (R(t)) =
t—o0 u+ t—oo

Proof. Integrating from 0 to t on both sides of the first and second equations of the proposed
stochastic HBV model (IV.13), leads to the following equations

S(t) - S(0) _
t

1(t) - 1(0)
t

A= (a4 0)(5(1)) - B{s(OI) + /0 S(EAW(s) + 1 /0 /ﬂ 1 @)S(s) N (ds, du),
= BSOID) ~ (w+ 5+ r)(I(D) + 2 /0 HEWs() + 1 /0 [u Mo W) I(s™)N (ds, du).

Obviously, we obtain

A L+d+r
+0 w+6

(8(1)) = " (L)) + 91 (), Iv.14)

where ¥(t) is defined by the following equation

t 0_2 t
w+6 t ; ; ‘/0 S(S)d(wl(s)_T/O I(s)dWa(s)

1t s | o
_;./o ‘/M'rll(u)s(s )/V(ds,du)—?‘/O ‘/ﬂﬂz(u)l(s )N(ds,du)},
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By Lemmas 2.3 and 2.4, we have
tlLIElQl//] (t)=0 a.s.
Making use Itd’s formula to (IV.13), one can get that
dInI(t) = (BS(t) —(u+8+7r) - %G% - [unz(u) —1In(1 +n2(u))v(du)) dt
+ ondWh (1) + [u In(1 + 12 (w)N(dt, du). (IV.15)

Integrating (IV.15) from 0 to t on both sides, we get

InI(t) oy Wa(t) InI(0) 1 ,
+ - =05 —
t t t 2

=BS@) = (u+d+1) + /ﬂnz(u) — In(1 +m2(w))v(du)

+%/0 Lln(1+n2(u))ﬁ(dt,du).

Substituting the result IV.14) into the previous equation, implies that

InI(0)
t

InI(t)
— =

A u+d+r
n+0 n+0

(1) +¢1<t>) (54 - 3034

- /ung(u) —In(1 +12(w))v(du) + w + %/0 /uln(l +n2(u))ﬁ(ds, du)

1
< fj‘e 0 /ﬂ M) = In(1 + () v(du)

(W t ~
L0 tz(t)+%/0 /uln(lmz(u))/v(ds,du).

+BYA() ~ (u+ 5+ r2) = 503+

t _—~
Let M(t) = / / In(1 +12(w))N(ds,du). According to the hypothesis (Az), we have
0 Ju

M, M)(8) = ¢ [u [In(1 + 1)) ]2v(du) < k.

By the large number theorem for martingales, we get

im 2 o g gim 20 _

t—o00 t t—o0 t

0 a.s.

Consequently, if the condition R(i) < 1 holds, we have

InI(t :
lim sup— t( ) < (u+5+r2)(7zg - 1) <0 as.
t—o00
Therefore,
tlim I(t) =0 a.s. (IVv.16)

By (IV.14) and (IV.16), one can see that

. A
th_)nolo(S(t» =40 a.s. av.am
Next, we shall show that tlim (R(t)) = % a.s. From system (IV.13), we have
R(t) — R(O o4 [ 1 [t =
RO = s + 050y~ iR} + 5 [ Reawao) +1 [ [ RN s du
Making use of Lemmas 2.3 - 2.4, (IV.17) and (IV.16), we get the desired result. |

100



2.2.2 The disease persistence

In this section, we shall establish the condition for the persistence of the HBV epidemic.

Theorem 2.6. Let assumptions (A)-(As) hold and let (S(t),1(t),R(t)) be the solution of system
(IV.13) with any initial value (S(0),1(0),R(0)) € R3. If R(I) > 1, then

tlim(I(t))=T>O as. lim (S()) =S >0 as. and lim (R()) =R>0 as.

where
:E(H-Fg)(RI—I)
~ A
S:m—g(u'l‘é-f'r)(Rl—])
=~ 0A S(u+0)—0(L+d+7) ~
R g )i 1)

That is to say, the HBV epidemic will prevail if Rg > 1.

Proof. According to the Itd’s formula, one can see that

InI(t)
=

A p+6+
u+9

InI1(0) + 0y Wh (1)
t t

<I(t)>+¢1(t))—(u+5+r) 05+

-/nz(u)—m(l+n2(u))v(du)+1/ /1n(1+n2(u))ﬁ(ds,du)
Uu

:(p+5+r)(7eg—) ﬁ“+5+r<1(t)>+ﬁ¢1(t)+ //1n(1+n2(u))N(dsdu)

InI
IO W)

By using Lemmas 2.3 - 2.4, we get

(n+0)
8

lim (I(1)) = (RI-1)>0 as.

From (IV.14), on can conclude that

A B w+d+r
n+0 w+6

lim (S(2)) = Jim (I(1)).

Consequently,

lim(S(1)) = ﬁ - %(p,+5+r)(R(i) ~-1)>0 as.

On the other hand, we have

BOZRO)_ 510y + 0450 - mrn 2 | roawio 5 [ /ﬂ M3 (WR(s )N (ds, du).
Thus,
) . 0A S(u+6)—0(n+o+r) i
tl:ng@(R(t)) = i) +( B ) (Ry—1)>0 as.
This completes the proof. |
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Figure IV.4: Numerical simulation of the paths I(¢) for the HBV epidemic model (IV.13) (with
jumps), the trajectories of I(¢) for the system (IV.13) when 1n; = 0 (without jumps) and the solution
I(¢t) of the corresponding deterministic HBV system.
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Figure IV.5: Numerical simulation of the paths (S(t),1(t), R(t)) for the HBV epidemic model (IV.13).
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2.3 Numerical simulations

In this subsection, we shall use Euler numerical approximation to illustrate the rigor of our ana-
lytical results. The two examples are given below concern the results obtained in Theorems 2.5 and
2.6. Moreover, we numerically simulate the solution of a corresponding deterministic HBV system
for the comparison.

Example 2.7. Choose A=1, 3 =065 u=04,0=05,86=0.1,r=0.2, 0y =0.1, 0, =0.2, 03 =0.15,
M =001, 2 = 0.1, n3 = 0.03, U = (0,0) and v(U) = 1. Then, Rp = 1.0317 > 1, R = 1.0032 > 1
and ‘Ré =0.9965 < 1. The computer simulations illustrated by Figure IV.4 (a), support the result of
Theorem 2.5. That is to say, the HBV in system (IV.13) (with jumps) dies out exponentially with
probability one, although the disease in system (IV.13) without jumps persists. If we decrease {3 to
0.0.62, we get Rp =0.9841 < 1, Rg =0.9556 < 1 and Rg) =0.9489 < 1. By Theorem 2.5, the HBV will
tend to zero exponentially with probability one (see Figure IV.5 (b)).

Example 2.8. Let = 0.69 and other parameters be the same as the previous example. Then,
Ro = 1.0952 > 1, R(S) = 1.0667 > 1 and RIO = 1.0600 > 1. We can conclude, by Theorem 2.6, the
solution (S(t),I(t),R(t)) of (IV.13) obeys that

tlim {I(t)) =0.078 >0 a.s.
tlirn (S(t)) =1.050 >0 a.s.
tlim (R(t))=1.332>0 a.s.

This means that HBV infection persists almost surely. The computer simulations showed in Figure
IV.5 support the result 2.6 clearly.

2.4 Discussion

By comparing Figures 1V.4 and IV.5, one can observe that Lévy jumps has a great effect on the
extinction and persistence of the epidemic. A larger noise is more likely to suppress the spread of
HBV. Furthermore, in the case of environmental disturbances, the dangers of diseases outbreak
increase exponentially. It is crucial to encourage vaccination against transmitted of HBV.

3 Sharp conditions for the existence of a unique stationary distri-
bution of HBV model with Lévy noise perturbation

3.1 Introduction

The threshold concept for the stochastic models generalizes the well-known one in the deterministic
setting and provides important information about parameter relationships and the occurrence of
disease outbreaks. Under appropriate assumptions, in the previous section, we have established
that

BA 03

R 1 - - [u[nz(u) —In(1 +nz(u))]V(du)),

07 (W+d+7)

u+d 2

is the stochastic threshold of the model (IV.13). If Rl <1, then

. InI(t)
lim sup

t—oo t

< (u+6+r)(7€é - 1) <0 a.s.
Moreover, we showed that
A

1 t
a.s. and lim — R(s)ds = —— a.s.
0 H(p+6)

1 /! A
lim — S(s)ds =
t—ot Jo w+0 t—oot
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That is to say that the HBV epidemic dies out exponentially with probability 1. Otherwise, when
R(I) > 1, the HBV epidemic will prevail almost surely. Our former results lead to establishing that
in the case of environmental disturbances, the danger of the HBV increase exponentially and it is
important to apply appropriate strategies against its huge propagation. In this section, we extend
our previous analysis by analyzing the ergodicity of the model (IV.13). The ergodic stationary
distribution is an important dynamical property in the field of stochastic analysis [57]. It indicates
the weak stability and offers a rigorous description of the stochastic persistence, which allows us a
deeper grasp of the endemic state [35]. To the best of our knowledge, there are no results relative
to the existence of a unique stationary distribution of model (IV.13) have been reported, and the
effects of Lévy jumps on the existence of the ergodic stationary distribution are still unknown. The
classical approach used to prove the ergodicity is the Lyapunov function analysis method proposed
by Khasminskii [57]. However, in most cases, this approach can derive sufficient conditions only
under additional assumptions that are not optimal (see for example [84]). In this section, we use
a different method [162] to study this problem which gives sharp sufficient conditions by using the
mutually exclusive possibilities lemma demonstrated in [128]. By assuming the assumptions (Ay),
(Ay) and (A3) hold, we present the following result.

(2p-1)
2

Lemma 3.1. Assume that for some p > 2, y» = min{0,6 +r} — max {O‘%, O'%} - #t’ > 0, where

t, = /{u ((1 +11(u) Vnz(u))2” —-1-2pn;(v) /\nz(u))v(du).
Let (S(t),I(t),R(t)) be the solution of (IV.13) with initial value (S(0),1(0), R(0)) € R3. Then

1. E((S(t) + I(1))* (1)) < (S(0) +1(0))%Pel=pit) 4 %
2

1 [t 2
2. lim sup—/ E((S(s) +1(s))*?)ds < X s, where x1 = sup {Ax?P~1 — L2520},
0 X

1—+00 t 2 x>0

Now, we consider the following stochastic subsystem:
dX(t) = (A= (n+0)X(1))dt + 01 X (£)d W, (¢) +/ M@X ()N, du)  Vi>0
u

X(0) = S(0).

Lemma 3.2. Let X(t) be the solution of system (IV.18) with an initial value X(0) € R,. Then, the
system (IV.18) admits a unique ergodic stationary distribution, denoted by n(-).

(IV.18)

Proof. Let f(t) = % By using the Ito’s lemma to (IV.18), we get

df(t) = X;—(lt)(A_ (L+0)X(1)) + Xit) ol + X}t) ‘[u (1 +;1(u) -1 +m(u)) v(du)) dt
01 1 1 —
— mdel(t) + m '/L[ (m — 1)N(dt, du)
1 o~
= F(1) (s — AF(D) — 1 f(DAWi (1) + /ﬂ (m . 1) FUON(dL, du), IV 19)

where

- o [ (L
X3_(u+9)+01/11(1+ﬂ1(u) 1+m(u))v(du).

Plainly, the equation (IV.19) is the logistic growth model driven by lévy jumps. Simply, we verify
that

o2

L R B B _
A=x3 5 ./71(1"‘111(14) 1+ln1+m(u))v(du)

2
= (u+0)+ +/ (11 () = In(1 + 11 (w)v(du)
U

> 0.
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Tong et al. [135] proved that if A > 0, then there is a unique stationary distribution to equation
(IV.19). By virtue of Theorem 1 and Remark 2 in [151] or Theorem 2.2 in [163], we deduce that the
model (IV.18) admits a unique ergodic stationary distribution with support R,, denoted by n(-). H

Remark 3.3. Based on Lemma 3.2 and the Theorem 3.3.1 in [113], for any n-integrable function:
g: Ry —R

P(tli_)r{)lo% /Otg(X(s))ds = '/R+ g(x)n’(x)dx) =1

Lemma 3.4. [93] Assume that for some p > 1 such that y, > 0. Let (S(t),I(t),R(t)) be the positive
solution of the system (IV.13) with any given initial condition (S(0),1(0),R(0)) € R3. Let also
X(t) € R, be the solution of the equation (IV.18) with any given initial value X(0) = S(0) € R,. Then

1 im 22 =0, im0 =0, im0 as.
t—o0 t—o0 t—o0
t -~ t -~
w)X(sT)N(ds,du u)S(sT)N(ds,du
9 tlimf‘)/“m() t( IN( ):0, tlim/()/wm()i IN( ):O’
, _
M2 (w)I(s7)N(ds, du)
tlimfo Ju t =0 as.

3.2 Main results

Assume that for some p > 1 and y, > 0. The aim of the following theorem is to give the condition
of the unique stationary distribution. For simplicity, we define the parameter:

2
Ty = (u+—16+r) ([3 /R+ xm(x)dx — % - [u (nz(u) —In(1 +n2(u)))v(du)) .

Theorem 3.5. If 751 > 1, then the stochastic system (IV.13) admits a unique stationary distribution
and it has the ergodic property for any initial value (S(0),1(0), R(0)) € R3.

Remark 3.6. Motivated by the approach used in the proof of Theorem 1.5, we readily prove the
ergodicity of the stochastic model. To avoid redundancy, we omit the detailed demonstration.
From Remark 1.8, we can conclude that

dx=1li 1 tX ds = A
R+x7r(x) x_th‘}J ; (s) s-m.

Consequently 75 = R} which is the global threshold of the stochastic HBV model (IV.13).

3.3 Discussion

In the latter two sections, our contribution is that, epidemiologically, we generally answer this
question: How do unexpected environment fluctuations affect the threshold of the HBV model?
We find that these perturbations reduce the deterministic threshold of an HBV model. Put differ-
ently, the threshold of the stochastic HBV model is less than the threshold of the corresponding
deterministic version. This means the Lévy stochastic perturbation of the transmission rate can
suppress the spread of the disease. This is consistent with some existing studies.
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Chapter

Analysis of a stochastic SIRS epidemic
model with vertical transmission and
transfer from infectious to susceptible

Abstract

Yy integrating environmental disturbances and various periods of immunity, we analyze the

dynamics of an epidemic model of the SIRS type. Initially, we consider a perturbed system
with constant population size. This model is discussed in two cases: autonomous and non-
autonomous. We establish sufficient conditions for extinction and persistence in the mean of a
disease. In addition, we prove the global stability of the system under a suitable condition of
random intensity. In the case of the time-dependent system, we show that there exists at least
one positive periodic solution. In the second section, we aim to generalize the nonlinear incidence
rate of a stochastic SIRS epidemic model. Our principal system is enriched with the hypothesis
of varying population size. Under some conditions imposed on the intensity of the white noise
perturbation, the global stability of the system is proven. Furthermore, the threshold of our model
which determines the extinction and persistence of the disease is established. In the third section,
we propose a new stochastic SIRS epidemic model by simultaneously introducing the stochastic
transmission and the proportional perturbation. For the permanence case, the ergodicity of the
perturbed system is proved by employing an alternative approach different from the Lyapunov
method. Under the similar condition of the existence of the unique ergodic stationary distribution,
the persistence in the mean of the epidemic is shown. When the basic reproduction number Ry > 1,
the asymptotic behavior of the solution around the endemic equilibrium of the deterministic model
is provided. For the extinction case, sufficient conditions for the disappearance of the epidemic are
obtained. When Ry < 1, the analysis of the asymptotic behavior around the disease-free equilibrium
of the deterministic model is also investigated. In order to make the readers understand our study
better, we present some numerical simulations to illustrate our theoretical results.
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1 Dynamical behavior of autonomous and non-autonomous SIRS
epidemic model with vertical transmission and transfer from in-
fectious to susceptible

1.1 Introduction

In this section, we treat an SIRS epidemic model with vertical transmission, transfer from infectious
to susceptible, and constant population size which takes the following form:

das(t) = (b(S(t) +R(E)) — BS()I(t) — bS(t) + pbI(t) +y11(t) + kR(t))dt,

aI(t) = ([SI(t)S(t) —BI(E) = yiI(£) = aI(£) + B bI(t))dt, -
q=1-p

dR(1) = (ygI(t) —(b+ k)R(t))dt.

The parameters involved in system (V.1) are all positive constants. Due to homogeneously mixed
contact between individuals, we use the mass action rate 3SI as an incidence rate of our epidemic
model and we assume that the total population size N(t) = S(t) + I(t) + R(t) is normalized to one.
By using the same arguments presented in [73], we can easily establish that the basic reproduction

number of system (V.1) is Ry = If Ro < 1, the deterministic model (V.1) has only

b+ 1+ 2.
the disease-free equilibrium Ee(l,p(), O)YWhiZh is asymptotically stable in the case of Ry < 1, and
if Ry > 1, E® becomes unstable and there exists an endemic equilibrium E® = (S®,I®, R®) which is
globally asymptotically stable.

The deterministic model constructed above can be improved by taking into account the unpre-
dictable biological conditions [59]. In the real world, biological phenomena are often affected by
the environmental noise, and the nature of epidemic growth is inherently random due to the un-
predictability of person-person contacts in the case of horizontal transmission, or in the other case
of vertical transmission (mother-fetus) [38]. Consequently, there are many authors who studied
stochastic epidemic models. They introduced random effects into models by different techniques
(see e.g., [97]). In particular, the following three techniques are often used. The first one is param-
eters perturbation of the model [68, 165, 167]; the second one is the environmental noise that is
proportional to the variables of the model [19, 107, 33]; and the last one is the vigor of the positive
equilibrium of the deterministic model [87]. In this section, we assume that the transmission rate
involved in the system (V.1) is not absolutely constant and may fluctuate around some average
values. Both from a biological and mathematical perspective, the principal main of our study is
to investigate how the stochastic character of human transmission affects the spread of diseases
by studying the dynamical behavior of our stochastic model. We assume that the contact rate is
perturbed by Gaussian white noise, which is presented by {3 + oW (t), where W (t) is a standard
Brownian motion with intensity o > 0. Then, we obtain the following autonomous SIRS epidemic
model with the perturbation stochastic:

ds(1) = (b(S(t) L R(1)) = BS(H)I(t) = bS(E) + pbI(t) +v11(t) + kR(t))dt—GS(t)I(t)dW(t),
aI(t) = (BS(t)I(t) —(pb+7v: +yg)I(t))dHGS(t)I(t)dW(t), (V.2)
dR(t) = (yzl(t) —(b+ k)R(t))dt.

In the previous perturbed epidemic system, we only considered the constant parameters and ne-
glected the time-dependent factor. However, the time-dependent factor plays a very crucial role in
the dissemination of infectious diseases and the fluctuation has often observed in the incidence
of many epidemics [39]. Recently, a few authors considered the seasonal fluctuations in epidemic
models, such as [49, 45, 86]. For this reason, we also assume that all coefficients in system (V.2)
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are T-periodic functions and can be presented by the following non-autonomous model:

dS(t) = (BO(S(1) +R(1) = BOSOI(E) = bHS®) + p(OBOI(E) +¥1 (DI(1) + K(OR(E) )t
—o()S(OI(HAW (1),

dI() = (BHSOI(E) = (P(HB() +71 (1) + Y2 (DI(B)|de+o (DS (I W (1),

dR(1) = (V2(DI1() = (b() + K(OIR(D) ).

(V.3)

With reference to the existing results in the literature, our contributions are as follow:

e For the autonomous system (V.2), we give the sufficient conditions for the persistence and
the extinction of a disease. Then, we give a condition of the moment exponential stability of
E°.

e For the non-autonomous system (V.3), we establish sufficient conditions for the persistence
and the extinction of a disease with seasonal variations. Then, we prove the existence of a
positive periodic solution.

For simplicity, we use the following notations:

o If f(¢) is a bounded function on [0, ), we define f: rr[l(z)n;]f(t) and f: n[lér%]f(t).
te|0, te|0,

e We consider a bounded set A as follows:

A= {x: (x1,%2,%x3) - x1>0,% >0, x3>0 and x; +x +x3 = 1}.

On the existence and uniqueness of a positive solution of systems (V.2) and (V.3), we present the
following results:

Theorem 1.1. For any initial value in A, there is a unique positive solution (S(t),I(t), R(t)) of system
(V.2) ont > 0, and the solution will remain in Ri with probability one. That is to say, the solution
(S(t),I(t),R(t)) € R} for all t > 0 almost surely.

The proof of Theorem 1.1 is standard and hence is omitted here. In addition, from biological
consideration, we can study the disease dynamics of model (V.2) in the bounded set A.

Corollary 1.2. Consider the model (V.3), for any given initial value in A, there is a unique positive
solution (S(t),1(t),R(t)) ont > 0 and P((S(¢),I(t),R(t)) € A) = 1.

1.2 Main results
1.2.1 Dynamical behavior of autonomous system (V.2)

In this section, our main concern is to study the stochastic dynamics of the autonomous epidemic
model (V.2). Given that the value of the deterministic threshold Ry characterizes the dynamical
behaviors of the system (V.1) and guarantees persistence or extinction of the disease. Similarly, we
define the threshold of our stochastic SIRS epidemic model (V.2) as follows:

p

RS = .
pb+yi+v2+ 5

To analyze the dynamic of system (V.2), it is sufficient to study the following system:

{dl(t) = (B(1 = I(t) = R(NI(t) = (pb +v1 +v2)I(1)) di+0 (1 — I(1) = R(£))1(1)dW (1), V.4

dR(t) = (v2I(t) — (b + k)R(t)) dt.

Obviously, the region Ty = {(I (t),R(t)) € R2 : I(t) +R(t) < 1 for all t > 0} is a positively invariant
domain corresponding to the model (V.4).
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Theorem 1.3. Let (I(t),R(t)) be the solution of system (V.4) with any initial value in Ty. If one of
the following conditions is satisfied,
@ o’ <pandRy<1,

(b) o*> B and % —(pb+v1+7v2) <O,
then, I(t) tend to zero exponentially a.s.

Proof. It follows from It6’s formula that

dIni(t) = (B(l —I(t) —R(t)) — (pb+v1+7V2) — %2(1 —I(t) —R(t))z) dt + o(1 —I(t) — R(t))dW(t)

2
< (B(l —I(t) —R(t)) = (pb+v1+7Y2) — %(1 —2I(t) — 2R(t))) dt + o(1 = I(t) — R(t))dW (1)

< ([3 - (pb +Y1+v2+ %2) - (B - 02)(I(t) +R(t))) dt +o(1 = I(t) — R(t))dW(t).

t
Let M(t) = / o(1 = I(s) — R(s))dW(s). It is a real-valued continuous local martingale, and its

. 0 . .
quadrauc variation s

(M, M), = /Ot 02(1 = 1I(s) = R(s))*ds < o’t,

M(t
which implies tlim ¥ =0 a.s. according to the strong law of large numbers for martingales.
If 62 < B, then

o2

2

) InI(t)
lim sup

t—oo

< (pb +Y1+Y2+ ) (R§—-1) <0 as.

While if 02 > 3, then
2
dni(t) < (% — (pb+v1 + yz)) dt + o(1 = I(t) = R(t))dW(t).

Integrating it from 0 to ¢t and taking the limit superior of both sides, we obtain

_ InI(t) P2
1 <—-—-(pb+vy + <0 as.
im sup—, rgr (YY)

This completes the proof. |

Lemma 1.4. Consider the equation

x(t) = x(tp) + /tf(s,x(s))ds + /tg(s,x(s))d"W(s), xeR" t)eR.

Suppose that:
1. The functions f and g satisfy the local Lipschitz and linear growth conditions;

2. sup{E|x(t)|’} < oo, where | - | is the Euclidean norm in R".
t>0

t
Then almost every sample path of / g(s, x(s))dW(s) is uniformly continuous on t > 0.
to

Theorem 1.5. Suppose that one of the conditions in Theorem 1.3 holds. Then, the solution
(S(t),I(t),R(t)) converge almost surely to the disease-free equilibrium (1,0,0) in A.

The following lemma is needed for the proof of Theorem 1.5.
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Lemma 1.6. ({25]) Let f be a non-negative function defined on [0, c0) that is integrable on [0, co)
and uniformly continuous on [0, ). Then, tlim f()=0.

Proof of Theorem 1.5. From the first equation of the system (V.2), we can write
d(1-S(t) = ( —b(1=S(t)) +BS(t)I(t) + bI(t) — (pb+v1) - kR(t))dt +0S(t)I(t)dW (t).
Or in integrated form as

1= 5(1) =1 —5(0)—/0t [b(l —S(s))+(pb+y1)1(s)+kR(s)]ds+/Ot [BS(s)I(s)+bI(s) ds + M(2),
(V.5)

where M(t) =0 / tS(s)I (s)dW(s). Clearly, M(t) is a continuous local martingale with M(0) = 0.
Define ’
X(t) =X(0)-U@) +A(t) + M(1),
where
X(0)=1-S5(0),

U(t) = /0 (b (1= 5(s)) + (pd +yDI(s) + kR(s))ds,
A(t) = /0 ({SS(s)I(s)+bI(s))ds.

By (V.5), we have X(¢) = 0 a.s. for all ¢ > 0. It is clear that A(t) and U(t) are continuous adapted
increasing processes on t > 0 with A(0) =U(0) =0. From Theorem 1.1, we have in A

t t (=)
tlim / (BS(s)I(s) + bI(s))ds < tlim / (B +b)I(s)ds < / (B + b)(ile_(gzsds < oo.
— Jo —o Jo 0
Consequently, we get
tlim (1-=5(t)) <oo a.s. (V.6)

Now, we prove that S(¢) is uniformly continuous. Since x(t) = (S(¢),I(t),R(t)) € A, the coefficients
of (V.2) satisfy the local Lipschitz and linear growth conditions. Moreover, we have

sup{E(v52(0) + (1) +R2(t))p} <1

t>0

From Lemma 1.4, x(¢) is uniformly continuous, and hence S(t) is uniformly continuous. By
applying Lemma 1.6 to (V.6), we get tlimS(t) =1 a.s. Since the solution is positive and S(¢) +

I(t) + R(t) = 1, one can conclude that (S(¢),I(t),R(t)) converges almost surely to the disease-free
equilibrium (1,0,0) in A. [ ]

Theorem 1.7. Let (I(t),R(t)) be a solution of system (V.4) with any initial value in Ty. If R} > 1,
then

b+k 2
liminf(I(1)) > ¥k (pb YLy + %) (R5=1) >0 as.

" Bb+k+v2)
lim inf(R(¢)) > Y2 biyisyas D (R5—1) >0 as
R = Bbrk+yy (POTYITY2EH T S
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Proof. Integrating the second equation of system (V.4) yields

R(t) - R(0)

; = ’}/2<I(t)> - (b + k)<R(t)>

Then,

V.7)

R0 = 5 [vat10) - O,

On the other hand, as the proof of Theorem 1.3, we can conclude that

2
dInI(t) = ([5(1 —I(t) = R(t)) — (pb+v1+72) — %(1 —1(1) —R(t))z) dt +dM(t)

2
> (B(l —I(t) = R(t)) = (pb+v1 +v2) — %) dt +dM(t)
2
= ((5 - (pb YL +ya 4 %) —B(I(1) +R(t))) dt + dM().

Integrating it from 0 to t and dividing by ¢t on both sides, we get

M(t) lnI(O)
t

52
lﬂf(t)z(ﬁ (pb+y1+1/2+—)) B(I(2)) — B(R(2)) +

t

2 a—
> (rs (pbm Fy2+ —)) BU(L)) - i (yza( yy - R tR(O)) + Mt(” N ‘“It(O)
’ ~R(0 InI(0
= (B - (pb +Y1+y2+ %)) -B (1 + —) (I(2)) + B(Rt((t;”f)( ), Mt(t) + nlt( ).
Therefore,
.. b+k 0‘2
liminf(I(2)) > B+ktyy) (B - (pb+y1 +yo+ 7))
b+k 2
= m (Pb+Y1 +y2+ %) (Rg - 1) >0 as.
Finally, it follows from (V.7) that
hmmf(R(t)) > m (p +Y1+Y2 + —2) (R§—1) >0 as.
This finishes the proof. |

In order to obtain the stability conditions, we have the following inequalities:
Lemma 1.8. Leth>2ande, x,y > 0. Then

_ (h—1e 1
x" ly < n X"+ heh‘ly ,
h-2 2
xh—zyz < ( )6xh h

h heh%z

Now, we get the sufficient conditions for the moment exponential stability which are given by
the following theorem:

2(pb+v1+v2 - P)
h-1
PO of the system (V.2) is h*" moment exponentially stable in A.

Theorem 1.9. Let h > 2. If the condition ¢* < holds, the disease-free equilibrium
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Proof. Let h > 2. Now, we consider the following Lyapunov function
1
V(X)) =4 (1-5)"+ Zlh +LR"  forall X =(S,LR) €A.

where A;, (i =1,2) are real positive constants to be determined later. It is easy to check that the
first condition of Theorem 10.9 is true. Furthermore

LV =—hA (1=8)"b+hA (1 =8P RIS — hAy(pb+v1) (1 = S)P 1T
+hb (1 =) T —hA ik (1 =" 'R+ [BS— (pb+vi +v2)] I"

Ath(h = 1)
2

+ hAayaRP ' — hAa(b + K)R" + (1-9)"2 %8212

-1
+ (h-1) 3 ) o21"s?.

In A, we have

—1g?
L(Vzs-h/ll(l—s)hb+[h/h([3+b)](l—S)h‘]I+MM(1—S)h‘ZIZ
h—1)c?
- ((pb +Yi+Yv2—B) - %)1” + hAayoRP ' T — kAo (b + k)RE.
By using Lemma 1.8, we get
h-1 _ (h—1)e h 1
I(l—S) ST(l—S) +WI,
h-2
12(1—5)h‘2sg(1—5)’1+$1h,
h he 7
ne1 _ (h=De , L
IR" < =R+ 1"

Then

LV < - (hb - ((b+ BY(h—1)+ o*(h - 12)(’1_ 2)) e) A (1=8)"

(h—1)c>

"
2

+ ((b+ B)el_ﬂ% hh)llﬂfzel "l — (pb+y1+v2-B) -

— (h(b+k) = (h=1)y2¢) LR".

We chose e sufficiently small such that the coefficients of (1 - 5" and R" be negative, and as

h—1)0?
(pb+vi+v2-B) - % > 0, we can choose A; and A; positive such the coefficient of I" be

negative. According to Theorem 10.9, the proof is completed. |

Under Theorem 1.9, we have in the case h =2 the following corollary.

Corollary 1.10. If the condition 02 < 2(pb +v1 +v2 — B) holds, the disease free equilibrium P° of
the system (V.2) is globally asymptotically stable in A.

Remark 1.11. The global stability signifies that the dynamic system will reach to the equilibrium
value from any initial value. Biologically, the global stability of free disease equilibrium may be
interpreted as the inescapable fate of the epidemic situation regardless of its initial situation. But
this inevitability happens as long as the community strictly follows the associated mathematical
model of an epidemic. Furthermore, the h!” moment exponential stability means that the h*"
moment of the state will tend to the equilibrium exponentially fast.
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1.2.2 Dynamical behavior of the non-autonomous system (V.3)
To study the dynamic of system (V.3), it is sufficient to analyze the following system:

{dl(t) = (B(O)(L=1() =R(&)I(t) = (p()b(2) +v1(t) +v2()I(t)) di+0o(1) (1 = I(1) = R(1))I(1)dW (1),

dR(t) = (v2(8)I(2) = (b(t) + k(2))R(2)) dt.
(V.8)

Similarly, we define the following threshold of our stochastic epidemic model (V.8)

Rs _ <B>T
(Ro)r = T
(Pb+vi+v2+0°/2)r
Theorem 1.12. Let (I(t),R(t)) be a solution of system (V.8) with any initial value in Ty. If one of
the following conditions is satisfied,
(a) o2(t) < B(t) forallt >0, and (R < 1,
2

(®) o(t) > B(t) forall t >0, and <% - (pb+vy1 +y2)> <0,
T

then I(t) tends to zero exponentially a.s.

Proof. It follows from Itd’s formula that
(1)

dInI(t) = (B(t)(l —I(¢) = R(2)) = (p(1)b(t) +v1(2) +v2(2)) - > (1-1I(¢) - R(t))z) dt
+0(t)(1 = I(t) — R(t))dW(t)

o (t)

< (B =100~ RO = (0600 +72(8) + 200 = {21 = 2000) - 2R () |
+0(t)(1 = 1I(t) = R(t))dW (1)

o(1)
2

< (B(t) - (p(t)b(t) +v1(2) +v2(8) + - (B(t) = * (D)) I(1) + R(t))) dt

+0(t)(1 = I(t) — R(£))dW(2).

t
Let M(t) := / o(s)(1 =I(s) — R(s))dW(s). It is a real-valued continuous local martingale, and its
0

M(t)
=

0 a.s.

t
quadratic variation is (M, M), = / o2(s) (1 —1I(s) —R(s))*ds < &°t, which implies lim
0 —00
according to the strong law of large numbers for martingales.
1. If o?(t) < B(t) for all t > 0. Then

liItrLSole nl(t) < liftrl)sol:p% At ([3(3) - (P(S)b(s) F71(5) +72(s) + 0-22(3))) N
! 2
i %/o (B(s) ) (p(s)”@ F71(5) +v2(s) + 62(3))) ds

= (pb+y1 +Vv2+ 02 /27 ((RS)r - 1) <0 as.

2. If o2(t) > B(t), then

B*(®)
202(t)
Integrating this from 0 to t and taking the limit superior of both sides, we obtain

dInI(z) < ( — (p(t)b(t) +v1(2) +y2(t))) dt + o(t)(1 = I(t) — R(t))dW(t).

t 2
limsuplnIt(t) slimsupl/ ([5 (s) —(p(s)b(s)+yl(s)+y2(s))ds
0

t—o0 t—o0 20'2 (S)

1 /T ( B (p(9)p5) +11(9) +w<s>)) ds

T 0 20'2(8)
[52
={——(pb+v1+7v2)) <0 as.
202 T
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This completes the proof.
|

Theorem 1.13. Let (I(t),R(t)) be a solution of system (V.8) with any initial value in Ty. If (Rj) > 1,
then

minf(I(0) > —— (pb+y1 +y2+02/2r (Rr —1) > 0 aus.
S BG+E+v2)

liminf(R(t)) > — V2(b+F) (Pb+v1 +v2 +0%/2)7 ((R)r —1) > 0 as.
t=eo B +k)(b+k+72)

Proof. Integrating the second equation of system (V.8) yields

w = (yal) — (b + K)R); < V2T, — (b + k)(R),
then,
U (., _ R = R(O)
(R); < "y V2D ; )

On the other hand, we can conclude that

din1(e) = (B ~ 1) = RW) = (p(DB(D) +11(8) +72(1)) = 50°(D(1 = 1(1) = R(1)?)dt + AM(D)

o?(t)
2

2 (B(t)(l —I(t) = R(1)) = (p(£)b(2) +v1(t) +v2(1)) -

o (1)
2

)dt+dM(t)

= (B(t) - (p(t)b(t) +y1(8) +v2(0) + ) - B®U(2) +R(t))) dt +dM(1),

where M(t) is defined as in the proof of Theorem 1.12. Integrating from 0 to ¢t and dividing by ¢
on both sides, we get

M(®) _ InI(0)
t t
(%(Dt _R() —tR(O)) . Mt(t) N 1n1t(0)
B(R(1) ~R(0))  M(1) InI(0)
t(b+k) t t

h“t(f) > (B = (pb+vi+v2+022)) - B - BeR) +

> (B = (pb+v1+v2+0°/2)) = B(D): —

w

b+k
)<I>t+

=(B-(pb+y1+v2+0%/2)) - B (1 + 12
b+k

Therefore,
(pb+v1+v2+07/2)7 ((RS)r—1) >0 as.

Finally, it follows from the system (V.8) that

v R(t) — R(O R(t) = R(O
B+ DRy = (b4 KR, = (yay ~ ~ RO 5,y  KOZRO)
Then
L. 172(5"‘]2) 2
liminf(R); > —————— b+yi+y+0°/2 R:yr—1) >0 a.s.
minf(RY > ot by + /2 (Ripr = 1)
This finishes the proof. |
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Now, by constructing a suitable function V, we will show the existence of a positive T-periodic
solution of system (V.8).

Theorem 1.14. If (R§)r > 1, then there exists a T-periodic solution of system (V.8).

Proof. It is easy to see that the coefficients of system (V.8) satisfy the local Lipschitz. To prove the
periodicity by using Lemma 11.6, we construct a T—periodic C>-function V(t,X) and a closed set
U c Ty. We define a function V : [0,00) X Tj — R by

V(t,LR) = Vi(LLR) + Va(L,R) + V3(1),

where

(Vl(I,R):M(—lnI ABA ),
b+k
V(I,R)=-InR-In(1 —1-R),

V(1) = My (1),

and M > 0 satisfies the following condition

2 2
—M<pb+y1+y2+%> ((R Yy — ) E+/€+B+%s—z. (V.9)
We let
{{p(t) == (B (po+ri+72+ %))+ (B0 - (P00 +11(0) 7200+ H2)). Vo)
Y(0) =0.

It is easy to prove that (t) is T-periodic function. In fact, integrating (V.10) from ¢t to t + T, we
obtain

t+T |
Yt +T) - (1) = / J(s)ds =0,

Hence, the function V(t,I,R) is also T-periodic function. Making use of Itd’s formula, we get

LV1(LR) = M( - ([3(1 —I(2) = R(1)) = (p()b(2) +v1(2) +v2(t))

L Oy P LG Lo +k<t>)R<t>)
b+k
o2 v
< (- (B0~ (0000 + 110 +v20+ 52 )+ B1+ 100
and
RG] b(t)
L(VZ(I, R) = —W + (b(t) + k(t)) — m + b(t) + BI(t)
N bI(t) _ @b +vi (DI kORE) o (1)I%(t)
1 -1(t) —R(t) 1 —1(t) — R(t) 1 -1(t) — R(t) 2
CYVaI(®) ey

. O
2b+k —.
R +2b+ +[.’>+2

Thus, one can see that

R(t) 2

Ya2I(t)
) ) Rt 2

12) ()) Y21(2) A B+62

LV(t,LR) < M(—<[5 (pb +Y1+Y2 + ;)> +p (1 +
T

2

b+
:M(—<pb+y1+y2+%> ( )T—l (
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Define a bounded closed set U = {(I, Ryelp: I>¢ and R > 62}, where 0 < e, e; < 1 verify the
following conditions

Mp (1 + AYZA)el <1, (V.11)
b+k

& =€, (V.12)

Mp (1 + AVZA) oy (V.13)
b+k €]

For convenience, we divide U°¢ into two domains

:{(I,R) €Ty O<I<el},

:{(I,R)ero: e1§I<1,O<R<62}.

Clearly, U°=Tp\U = UU’ Now we prove that LV (t,y,z) < —1 on [0,00) X U¢, which is equivalent

to showing it on the above two domains.
Case 1. When (t,I,R) € [0,00) X U!, we have

o2

LYV(t,LR) < —M<pb+y1+y2+—> (RS - 1) +Mp (1+l3

v

)el+25+12+[v3+7.

o)

Vs

W‘)

In view of (V.11), we get LV < —1 for all (¢,I,R) € [0,00) X U!.
Case 2. Similarly, when (t,I,R) € [0,00) X U2, we get

2
LV(t,I,R)s—M<pb+y1+yz+%> (RO — )+M[3(1+

) VLI, TV S S
€ 2

Y2
b+k

In accordance with (V.12) and (V.13), we get LV < -1 for all (¢,I,R) € [0, 00) X Uez. Consequently,
we deduce that LV < -1 for all (¢,I,R) € [0,00) X U¢. Therefore, the system (V.8) has a T-periodic
solution according to Lemma 11.6. |

1.3 Numerical simulations

In this section, we present some numerical simulation results to show the effect of the white noise
on the dynamics of SIRS models (V.2) and (V.3) by using the Milstein’s method. For this purpose,
the numerical scheme for stochastic autonomous model (V.4) is given by:

Ly =L +1; [[5(1 I; = Rj) = (pb+v1 +v2)|At+0l;(1 — I; — Rj)VAte;
+2 (1 - — Rj)(1-2I; = R;)(e3 - DA,
Rjs1 =R + [YQIJ — (b+k)R;|At,

where €;, j =1,2,...,n, are j-th realization of the Gaussian random normal variate N(0, 1). Likewise
for the non-autonomous model (V.8), we obtain the following discretized equations:

iy =1 +1; [B]At(l —R;) = (pjatbjar +Y1]At +Y2jAt)]At
+0a L (1 = R )\/_tej+ 3000, Li (1= I = Rj)(1 = 2I; = R;) (&5 = 1)At,

Rjs1 = R+[y2]At — (bjar +kjae)R;| At.

Moreover, we numerically simulate the solution of the corresponding deterministic system (V.1) for
comparison.
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| Parameters Description | Value ||

8) The transmission rate 0.041
b The demography rate 0.3

Yi The transfer rate from I to S 0.01
Y2 The transfer rate from I to R 0.03
p The rate of the offspring of infected parents that are susceptible 0.01
k The rate which individuals recover and return to S from R 0.02

Table V.1: The theoretical parameter values of the model (V.1).

S

0.8 0.8 1

R |1

0.6 1 0.6
041 1 0.4

0.2 0.2

0 L L L . . . . OLN
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
time time

Figure V.1I: Compute simulation of the paths (S(t),I(t), R(t)) for the SIRS epidemic model (V.2).

i

Example 1.135. (Stochastic dynamics of the autonomous model (V.2)) For the deterministic model
(V.1) and its stochastic description (V.2), the parameters are taken from Table V.1. In this case,
Ro = 1.0199 > 1, then the model (V.1) admits a unique endemic equilibrium E® which is globally
stable for any initial values (S(0),1(0),R(0)). For the corresponding stochastic model (V.2), we
choose o = 0.1, then we have 0% < 3 and

s B

- =0.9071 < 1.
O (pb+v1 +v2+02/2)

Therefore, from Theorem 1.3, I(t) almost surely tends to zero exponentially with probability one

0.8

0.6

0.4

0.2

0 T
0 100 200 300 400 500 600 700 800 900 1000

time

Figure V.2: Compute Simulations for the SDE model (V.2) with the parameters in Example 1.15

(see FigureV.1 - left). To see the effect of fluctuations on the system dynamics (V.2) with large noise
intensity, we increase o to 0.5, than we get 0% > [} and Z(pbf—yzm/z) —0?% = -0.0402 < 0. Therefore, I (1)
will tend to zero exponentially with probability one (see Figure V.1). When we increase the value of
[ to 0.05, we obtain R(S) =1.1062 > 1, then according to Theorem 1.7, the solution of the stochastic
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system (V.2) is persistent in the mean (see Figure V.2 - right). For a clear comparison with the
deterministic solution of the epidemic model (V.1), the disease will prevail with Ry = 1.2438 > 1.

1.2 T 1.2
1 1
S(t) S(t)
I(t) It)
0.8 [ Ao |1 0.8 [ R(Y)
0.6 [ 1 0.6
0.4 q 0.4
0.2 \/\\ 0.2
o o 0
0 50 100 150 200 250 300 350 400 0 20 40 60 80 100 120 140 160 180 200

time time

Figure V.3: Compute simulation of the paths (S(t),I(t),R(t)) for the SIRS epidemic model (V.3).
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rol 4
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06 i
04

b

.
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MWWWWWWWWWWWWWWWWWWWWWWWWN
. ! f f 1 1

200
time

250 300 350 400

Figure V.4: Compute simulation of the paths (S(t),I(t),R(t)) for the SIRS epidemic model (V.3).

Example 1.16. (Stochastic dynamics of the non-autonomous model (V.3)) Assume that the pa-
rameters of the non-autonomous system (V.3) are taken from Table V.2

H Function H Expression H

B(t) 0.4+ 0.1 cos(t) 0.6 + 0.35 cos(t) 0.5+ 0.1 cos(t) 0.5 +0.1cos(t)

b(t) 0.08 + 0.02 sin(t) 0.08 + 0.02 sin(t) 0.08 + 0.02 sin(t) 0.08 + 0.02 sin(t)
v1(t) 0.2 4+ 0.02 sin(t) 0.2 +0.02 sin(¢) 0.2 +0.02 sin(¢) 0.2 +0.02 sin(¢)
Ya2(2) 0.2 4+ 0.03 sin(?) 0.2 +0.03 sin(?) 0.2 + 0.03 sin(¢) 0.2 +0.03 sin(z)
p(t) 0.03 + 0.01 sin(t) 0.03 + 0.01 sin(t) 0.03 + 0.01 sin(t) 0.03 + 0.01 sin(t)

k(t) 0.6 + 0.5sin(t) 0.6 + 0.55sin(t) 0.6 + 0.5sin(t) 0.6 + 0.55sin(t)

o(t) 0.1 +0.05 cos(t) 1 0.1 +0.05 cos(t) 0

Figure V.3 - left | Figure V.3 - right | Figure V.4 - left | Figure V.4 - right

Table V.2: Some periodic functions used to simulate the paths of non-autonomous model (V.3).

For the corresponding stochastic model (V.3), we get (RS)T =0.9466 < 1, where T = 2. Obviously,
o2(t) < B(t) for all t > 0 (see the first column of Table V.2). So, the condition (a) of Theorem 1.12
is satisfied. That is, I(¢) will tend to zero exponentially with probability one (see Figure V.3 - left).
To verify that the condition (b) is satisfied, we choose [3(¢) = 0.6 +0.35cos(t) and o(t) = 1. Clearly,
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o2(t) > B(t) for all t > 0, and (% — (pb+vy1+7v2)), = —4.0151 < 0. Therefore, the disease dies out
with probability one (see Figure V.3 - right). That is to say, large noises can lead the disease to
extinction. In order to illustrate the conclusions of Theorem 1.13, in Figure V.4 (left), we choose
the values of the system parameters from Table V.2 (if o(¢) = 0, see Figure V.4 right). Other values
of the system parameters are unchanged. Direct calculation shows that (Ro)r = 2.0018 > 1 and
(Rg)T =1.1805 > 1. According to Theorem 1.13, the solution of stochastic non-autonomous system
(V.3) is persistent. From Theorem 1.14 it follows that the system (V.3) has a positive periodic
solution.

1.4 Discussion

Generally, in this study, we have shown that the large noise will exponentially suppress the disease,
and if the noise is sufficiently small, the conditions R < 1 (autonomous case) or (Rj)r < 1 (non-
autonomous case) are sufficient for guaranteeing the extinction of the disease. So, if the noise
is sufficiently small, Ry or (Rj)r can be considered as the thresholds of the systems (V.2) and
(V.3) respectively, and their values determine the persistence or extinction of the infectious disease.
Therefore, an interesting open problem is the possibility of establishing the extinction of the models
(V.2) and (V.3) only when Rj < 1 and (R{)r < 1, respectively.

2 Stability and threshold of a stochastic SIRS epidemic model with
vertical transmission, general functional response and transfer
from infectious to susceptible

2.1 Introduction

The main of this study is to investigate how the stochastic character of human transmission affect
disease’s spreading through studying the dynamical behavior of our stochastic model. We assume
that the contact rate B is perturbed by Gaussian white noise, which is presented by B + oW (t),
where W (t) is a standard Brownian motion with intensity o > 0. Then, we obtain the following
SIRS epidemic model with stochastic perturbation and general functional response

dS(t) = |A+b(S(t) +R(t)) — ﬁf;(f;f})” — uS(t) + pbI(t) + v1I(t) + kR(t) | dt — ﬁ;<(g§gf> dW (),

dI(t) = % +qbI(t) — (m+y1 +v2 +@)I() | dt + %dwu),

dR(2) = [y2I(£) — (u+ k)R(1)] dt,
(V.14)

where ¥(S,I) = 1+ oS + ool + i3SI (¢1, &, o3 = 0), p = 1—¢q and u > b. There are many au-
thors who studied stochastic epidemic models. They introduced random effects into models by
different techniques (see e.g. [56, 7, 116, 21, 135, 57, 145, 21, 91, 141]). Furthermore, in the study
of the dynamical behavior of the epidemic models, we are interested in two situations, one is
when the disease goes to extinction, the other is when the disease prevails. Thus many authors
have studied this interesting topic. For example, Ji et al. [44] investigated the threshold of SIR
epidemic models with stochastic perturbation. Liu et al. [83] established a interesting results on
the threshold behavior in a stochastic SIQR epidemic model with standard incidence and regime
switching. Zhao and Jiang [165] investigated the threshold of a stochastic SIRS epidemic model
with saturated incidence and then considered the threshold of a stochastic SIS epidemic model
with vaccination [166, 164]. furthermore, they studied the threshold of a stochastic SIRS epidemic
model with varying population size [167]. Zhao and Yuan [170] studied the threshold behavior of a
stochastic SIVR epidemic model with standard incidence and imperfect vaccine. In case that the
disease goes extinct, they showed that the disease-free equilibrium is almost surely stable by using
the nonnegative semimartingale convergence theorem. C. Zhu et al. [173] studied the threshold of
a stochastic SIRS model with vertical transmission and saturated incidence.
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In this work, we consider a stochastic SIRS model with general incidence rate. This gener-
alization is the main difficulty to be overcome in establishing the conditions of the threshold of
SIRS model (V.19), which, to the best of our knowledge, has never been examined in the previously
known literature. In addition, we prove the global stability of the stochastic SIRS model (V.19)
with stochastic perturbations, which has not been proven in the previous papers. Define a bounded
set A as follows:

A
Az{xz(xl,xz,x3): x1>0,x >0, x3>0 and X1 +Xx2+x3 < m b}

Since S(t), I(t) and R(t) represent the number of the susceptible, the infected and the recovered
individuals at time t, respectively, they should be non-negative. So, the first step of our study is to
prove that the system (V.14) has a unique global positive solution.

Theorem 2.1 ([58]). For any initial value in A, there is the unique positive solution (S(t),I(t),R(t))
of system (V.14) on t > 0, and the solution will remain in R3 with probability one, that is to say, the
solution (S(t),1(t),R(t)) € R3 for all t > 0 almost surely.

From the Theorem 2.1, we can conclude the following corollary:

Corollary 2.2. A is an almost surely positively invariant domain for the system (V.14).

2.2 Main results
2.2.1 Moment exponential stability

Theorem 2.3. Let h > 2. If

A
(L=b)+ A

BA

2
2
—gb) - ——
)0 <(u+yi+y2+a-gb) b+ A

1
E(h_ 1)(

holds, the disease-free equilibrium E° of the system (V.14) is h*" moment exponentially stable in A.

Proof. Let h > 2. Considering the Lyapunov function

h
1
V(S,LR) =\ (u ; —5) + Elh+/12Rh, for all (S,I,R) in A,
where A;, i = 1,2 are real positive constants to be determined later. Then, we have
LYV(S,LR) =—hA Sh( b) + hA Sh_1 BIS hA1(pb +v1) A Sh_ll
S Ty " - ps.n PPV
A h—1 BS
h)tl(b+k)(u_b S) R+(¢(S,I) (L+yi+Y2+a qb)) + hAyYoR
Mh(h=1)( A P2 52822 (h-1) o2Ihs?
— b (p+ k)R + 2L h-D) =S 0 JB-Do .
2 w—>b ¥2(S, 1) 2 Y280

In A, we have

A h BA A h-1 h(h - 1)02A2
b—s) (u—b)+[h)tl ( s) It |

w— (t=b)+oqAl\p—b (L= b) + a1 A]2

h-2 252
X -S I - +Y1+v2+a—qb- - I
(u—b ) ((” vryRrasd (u—b)+cx1A) 2 (n=b)+ Ay

+ hAayaRP ' — hao(n+ k)RE.

LYV (S, ILR) <—-h\ (
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By using Lemma 1.8, we get

(A —sh_l (h-Def_ A —5h+ G
T ~ h w—>b heh-1" "~
h-2 h
A -2 A 1
12(H b—s) < - )e (—u b—s) +— 1"
- - he 7
- h—1)e 1
- h heh-1

Then

AB(h-1) +02A2(h—1)(h—2) }A A —sh
(h—b)+ oA 2[<u—b)+a1A]2)e ‘((u—b) )

BA )_ (h-1) Al

LYV(S,LR) < - »h(u— b) — (

- (p+yl+y2+a—qb—

(L=Db)+ A 2 [(u=Db)+ o Al?
BA I-h (h—1)0%A% 2 I=hy |k
) A+ M |I
(h-b) +mAS  T[(n-b +mApc JHTYEe A

= (h(n+k) = (A= 1)y2€) LR,

h
We chose € sufficiently small such that the coefficients of (ﬁ - S) and R" be negative, and as

BA (h=1) A’0?
(p+’}/1 +y2+a-qb- (H_b)ml,q) ) [(p.—b)foqA

coefficient of I" be negative. This ends the proof. |

7> 0, we can choose A; and A, positive such the

Under Theorem 2.3, we have in the case of h =2 the following corollary:

BA

TCh+aA holds, the disease

Corollary 2.4. If the condition %(m)%ﬂ < (n+v1+v2+a—-qb) -
free E° of the system (V.14) is globally asymptotically stable in A.

2.2.2 Persistence in the mean

In this subsection, our main concern is to determine the conditions for the spread and disappear-
ance of an infectious disease. Given that the value of the deterministic threshold Ry characterizes
the dynamical behaviors of system (I1.9) and guarantees the persistence or theextinction of the dis-
ease. Similarly, we define the following threshold of our stochastic SIRS epidemic model (V.14) as
follows

_ o’A _ BA 1 02A
2B[(n=b) + Al ((n=b) + X A) (k2 + Y1 + V2 — gb) 28[(L—=0b) + 1Al )

Theorem 2.5. If Rj > 1, then the solution (S(1),1(t),R(t)) of system (V.14) with positive initial value
is persistent in the mean. Moreover, we have

RS = Ro (1

li;ninf(l(t)) >C,. >0,

lim inf(R(1)) > (sz]”;) >0,
o A [(L=b+a)(n+k)+ (n—b)y2]C.
ht“llo?f<ﬁ _S> = (L= D)+ k) -0
where
. (RS — D) (p2+v1+v2—gb)B (n=b) (L +k) (1 — b) + x1 A)

T (k+ D) (L= b)(w—b+a)+ (= b) (BA— (pb+y1) (1= b)) + A(i+K) (ca(1t = b) + a34)
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Proof. We consider a function V* defined by
V*(S,LLR) = w1 (S+I+R) +wS +Inl,

where wjand w, are real positive constants to be chosen in the follwing. Using Itd’s formula, we
have

A-(u—b)s— P55

dV*(S,LR) =a)1(A —(=Db)S—(u—b+a) - (- b)R)dt + o 6T

+(pb+vyI+ (b+k)R)dt wzwerS,II)d(W(t)+ ( —(L+v1+v2+a—qb)
BS 1 0282
YU 5%(&1))‘“ e,
Since (S(¢),1(t),R(t)) € A, we get _1//?511) > fflb’ and
(25 -)
BS BA _ Br-b s _ BxA I BwA SI
YD (u=b)+A (k=b)+xA Y(SI)  (R=b)+xAYSD  (L=b)+oAY(ST)
RA B(n-10) (A —s)— PA ((X pon )I
Wb +oA (L-b)+uA\p-b (L-by+ogA | " P (u-b))"

Inject these tow inequalities in expression of dV*, we get

dV*(S,LR) Zwl(A C(=b)s—(n—b+a) - (n— b)R)dt

+on|A— (n-b)S— fﬂ +(pb+y1)I+ (b +k)R)dt - wzl//?f[)d
[ a2
B Eel AR ) U 2;2?1) T R
Then
AV*(S,LR) > ((a)1 + ) (1 —b) — (u[i(:)lbo)qA) ((uf_‘ b s) dt + [wa(b + k) — 1 (1 — b)) Rdt

BA BA A
- -b — (pb _— —) | Idt
(col(u +a)+wz(u_b (pb+v1) +(u—b)+oqA((x2+(x3p—b) d
BA 02A?
+|-(u+vi+v2+a—gb) + - t
( WY1+ Y2+ am g o A~ 2[(n = b) + mAP
I-1 dwW(t
- (oal = D ZAW o).
In order to eliminate (ﬁ - S) and R from the last inequality, we choose w; and w; as follows
o = B(b+k) and = B(rn—1>)
(L+k)((L=b) + o A) (L+k)((L=b) + 1 A)

By integration, we get
V*(S(1), I(t), R(1))
_(k+b)(L-b)(u—b+a)+ (u—b) (BA— (pb+y1)(L—b)) + A(+k) (x2(1 — b) + x3A)
B~ (u—b)(h+k)((n— D) + 1 A)

x/ I(s)ds + (RS — D) (1 +v1 +v2+a—gb)t +V*(5(0),1(0),R(0)) —/ (wrl —1)
0 0

oS
1//(S,I)d(W(t)'
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Hence,

(k+b)(u-b)(u-b+a)+(u—-b) (BA— (pb+v1)(1—b)) +A(+k) (1 —b) + x34)
B! (=) (n+ k) ((n—b) + x1A)

t
x/ I(s)ds+ (R — D)(n+v1+v2+a—gb)t+K(1),
0

InI(t) >-

where
t
S
K(t) = V*(S(0),1(0),R(0)) — (w1 + @2)S — @I — wiR — / (wrI(s) — l)w(c; 0 dW(t).
0 )
Thus, the strong law of large number for martingales implies that tlim @ =0 a.s. Consequently

Hminf(I() > (RE=D)(+r+8+V)B (=) (+ k) (1 —b) + ot A)
t—o0 T (k+D)(p-b)(p-b+a)+ (n—b) (BA—-(pb+v1)(L—D)) + A(n+k) (c2(p — b) + a3A)
=C,.

Next, the third equation of system (V.14) gives

R(t) — R(0)

. =v2{I(2)) + (1 + k)(R(2)).

Implies that (R()) = 2 (I(£)) + i (t) where % (1) = XKD ang lim i () = 0 as. Then

YZG:*
(L+k)

li}n inf(R(t)) >

Finally, it follow from the system (V.14) that

d(S+I+R) = ((u—b) (%—s) —(p=b+a)l - (n-b)R|dt.

Therefore

<i - 5(l‘)> = FL_—}Haﬂ(t)) +(R(1)) + Kz (1),
nw—>b u—>b

where K, (t) = w and tlim K, (t) =0 a.s. Then

[((L=b+a)(u+k)+ (n—Db)y2]C.
(L=b)(n+k)

A
liminf { —— = S(¢) ) >
it -5 =

2.2.3 Stochastic extinction
In this subsection, we investigate the conditions for the extinction of the disease.

Theorem 2.6. Let (S(¢),1(t), R(t)) be the solution of system (V.14) with initial value (S(0),1(0), R(0))
in A. Then

: ni(t) _ B° e 2 B’
1.1 < — - —qb) <0 as. if holds,
1rtri)s;1p <55 (M+v1+v2+a—gb) <0 as. if o >2(u+yl+y2+a—qb) olds
(V.15)
InI -b A
2. limsupnt(t) <S(Ry-D(n+vi+y2+a-gb) <0 as. ifR)<1 and o’ < PG A)+“l ]hold.
t—o0
(V.16)
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Proof. It follows from It6’s formula that
RS o2 S(t) ) oS(t)
———— - (ut+vi1+V2+ta-qb) - —————— |dt + —————
TE ORI AR A S ST C N 1)) G ONIO)
Integrating this from 0 to ¢ and dividing by ¢ on both sides, we have
InI(t) 1 /f BS(s) o2 S%(s) InI(0) M(¢)
= - RN S S — — b - d
Y A T N6 R G =T TS N TE)) A I

[ aS(s)
where M(t) _/0 ¥(S(s),1(s))

M, M), < CAL An application of the strong law of large numbers for local martingales leads to

dInI(t) = ( W).

, (V.I7)

dW(s) is a local martingale with the quadratic variation that verifies

p—=b
limm:O a.s.
t—oo t
From Equation (V.17), we have

t 2
InI(x) 1 o? S(s) B B2 InI(0) M(¢)
I _t[ ( 2 (¢(5(s),1(s)) 2] Vit ta-gh) oG dsy ==+ —

2

InI(0) M()

t t

< (%— (u+v1+vz+a—qb))+

Taking the limit superior of both sides, we obtain the desired assertion if the condition (a) is
satisfied.
Now, and from the last inequality, one can establish that

InI(t) BA o? A? InI(0) M(t)
- —gb) - —
t S((u—b)+oc1A R [Ty S iy 1) AR
InI(0) M(t
< (R = D(n+y1+y2+a—gb)+ —— t( )+—t( )

If the condition (b) is satisfied, and by taking the limit superior of both sides, we obtain the desired
assertion (V.16). This finishes the proof. [ |

2.3 Numerical simulations

In this subsection, we present the numerical simulations to support the above theoretical results,
illustrating extinction and persistence in mean of disease. We mainly use Milstein’s method to
discrete the system (V.14). Moreover, we numerically simulate the solution of a corresponding
deterministic system for comparison.

| Parameters || Value |
A 0.4 0.2 0.2
A 0.2 0.52 0.8
u 0.3 0.3 0.3
b 0.2 0.2 0.2
Y1 0.01 0.01 0.1
Y2 0.03 0.03 0.5
q 0.1 0.01 0.01
a 0.1 0.1 0.1
k 0.2 0.2 0.2
o 0.05 0.05 0.05
o) 0.02 0.02 0.02
o3 0.01 0.01 0.01
o 0.5 0.1 0.1
Figure V.5 - left | Figure V.5 - right | Figure V.6
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Table V.3: The theoretical parameter values of the model (V.14).

Stochastic
Deterministic

0 10 20 30 40 50 60 70 80 920 100 0 10 20 30 40 50 60 70 80 90 100
time time

Figure V.5: Compute simulation of the paths I(t) for the SIRS epidemic model (V.14), and I(¢) of
the corresponding deterministic version.

Example 2.7. For our model (V.14), the parameters are taken from Table V.3 (first column). If
o =0, we get Ryp =1.5873 > 1, thus the deterministic version admits a unique endemic equilibrium
E® which is globally stable for any initial values (S(0),I (O) R(0)). For the corresponding stochastic
version, we choose o = 0.5, then we have m 02 = —0.2024 < 0. Therefore, the condition
(a) of Theorem 2.6 is satisfied. We can conclude that for any initial value, I(t) obeys

I(t)

lim sup— ln

L —qb) = -0.34 as.
m Sup- 1(0)— (L+Y1i+Y2+a—qb) = a.s

That is, I(t) will tend to zero exponentially with probability one (see Figure V.5 - left).
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Figure V.6: Compute simulation of the paths (S(¢),I(t),R(t)) for the SIRS epidemic model (V.14).
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Example 2.8. We choose the parameter values from Table V.3 (second column), then we have
R(S) =0.9210 < 1, and o2 — w = —-0.25 < 0. Then, the condition (b) of Theorem 2.6 is satisfied.
We can conclude that for any initial value, I(t) obeys

1. I(¢)

limsup—In —= < (Ry — 1)(L+7vi+y2+a—gb) =-0015 as.
tooo 1 I(O)

That is, I(¢) will tend to zero exponentially with probability one (see Figure V.5 - right).

Example 2.9. We choose the parameter values from Table V.3 (third column), then we get
Ry = 1.4409 > 1.

According to Theorem 2.5, the solution of the stochastic system (V.14) is persistent in the mean
(see Figure V.6).

2.4 Discussion

In the above study, we have considered a stochastic SIRS epidemic model with vertical transmission
and transfer from infectious to susceptible. We have obtained sufficient conditions for the stochastic
stability of disease-free equilibrium by using a suitable Lyapunov function and other techniques of
the stochastic analysis. Furthermore, we have showed that the disease is persistent when the basic
reproduction number R3 > 1. Finally, we have given two sufficient conditions for the extinction
of the disease with probability one. From Theorem 2.6, we have showed that the large noise will
exponentially suppress the disease, and if the noise is sufficiently small, the condition Rj < 1 is
sufficient for guaranteeing the extinction of the disease. So, if the noise is sufficiently small, R
can be considered as the threshold of system (V.14) and its value determines the persistence and
extinction of the infectious disease. Besides the white noise perturbation, epidemic models may
be disturbed by telegraph noise which can lead to the system to switch from one environmental
regime to another. The telegraph noise can be illustrated as a switching between two or more
sub-regimes of different environments. For example, the growth rate for some fish in dry season
will be much different from it in rainy season. The switching between environmental regimes is
often memory-less and the waiting time for the next switching follows the exponential distribution.
Therefore, this study can be extend to the case of regime switching.

3 Analysis of a stochastic SIRS epidemic system with vertical dis-
semination, switch from infectious to susceptible individuals,
stochastic transmission and proportional perturbation

3.1 Introduction

The deterministic model (I.7) provides a great view on the spread of the epidemic, but in the real
and complex world, the population dynamics of infectious diseases are naturally affected by random
fluctuations and perturbations [38, 97, 59, 114, 169, 62]. Therefore, the stochastic SIRS epidemic
can be an accurate tool to predict the long-run of infectious epidemics [165, 19, 167, 87, 45]. For
example, in the previous section, we assumed that the disease transmission coefficient 3 is subject
to the environmental white noise, that is p —  + oW (t) where W(t) is a standard Brownian
motion and o > 0 is the intensity of environmental white noise. Then, the system (I.7) becomes the
following stochastic differential equation:

dS(t) = (A+b(S(t) + R(t)) — BS()I(£) — wiS(t) + pbI(t) +v1I(t) + kR(t))dt—0S(1)I(1)dW (1),
dI(t) = (BS()I(t) + qbI(t) — (12 +v1 +V2)I(t))dt+0S(1)I(1)dW (1),
dR(t) = (v2I(t) — (n+k)R(t))dt.
(V.18)
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In the same section, we investigated the conditions for the moment exponential stability of the
equilibrium E®. Then, we established sufficient conditions for the extinction and persistence of the
model (V.18) with a general incidence rate.

Besides the parameter perturbation method, there is another type of the stochastic disturbances.
One can include the effect of environmental fluctuations by assuming the noise is proportional to
the variables S(t), I(t), and R(t). Many authors have considered the proportional perturbation into
epidemic models and have studied their dynamics [19, 155, 22]. In this section, we simultaneously
consider the stochastic transmission and the proportional perturbation in the SIRS epidemic system.
The combination of these dual fluctuations makes the transmission dynamics more biologically
realistic in a very noisy environment with non-constant population size N(t) = S(t) + I(t) + R(t).
The perturbed model can be described by the following stochastic differential equation:

dS(t) = (A+b(S(t) + R(t)) = BS(H)I(t) — wiS(t) + pbI(t) +v1I(t) + kR(t))dt
+01S(t)dW (t)—0o4S(1)I(1)dWy(t),

dI(t) = (BS()I(t) +qbI(t) — (12 +v1 +Y2)I(t))dt+02 [ (1) dWa (1) +04S (1)1 (1) d Wi (1),

dR(t) = (v2I(t) = (3 + k)R(t))dt+03R(1)dWs (1),

(V.19)

where W;(t) (i =1,2,3,4) represent independent Brownian motions defined on the complete prob-
ability space (Q,F,{F:}:>0,P) with positive intensities o; > 0 (i = 1,2,3,4). Here, w1, = u+ «; and
s = L+ o3 are the general mortality rates, where «; and o3 are the mortality rates associated to
the disease.

This section aims to analyze the asymptotic behavior of the epidemic system (V.19). We will
give a sharp condition for the existence of the unique ergodic stationary distribution by using a
new method different from the Lyapunov method described in [57]. Our method allows combining
the persistence and the ergodicity under the same optimal condition which is not provided with
the classical method. As a result, we treat a problem that is ignored in literature; it is not
biologically reasonable to consider two distinct conditions for the persistence and the existence of
the stationary distribution. Another approach to study the asymptotic behavior of the stochastic
solution was considered by [48, 47, 146]. They investigated the asymptotic behavior around the
endemic and disease-free equilibria by measuring the mean value of the oscillation between the
solution and the deterministic equilibria. But, to the best of our knowledge, this approach has
not been obtained theoretically until now in the case of the stochastic system (V.19). Thus, it is
significant to study the dynamical behaviors around the deterministic equilibria E° and E® in this
general context. Under some restricted conditions of white noise intensities, we prove that the time
average of the distance (or mean distance) between the stochastic solution and the deterministic
equilibrium is eventually small. Furthermore, we focus on sufficient conditions for the extinction
case in order to give a general view of the dynamics of an epidemic modeled by the system (V.19).

The following lemma aims to show the existence and uniqueness of the global positive solution,
which is necessary for analyzing the long-term behavior of the model (V.19). Since the proof is
standard (see [58]), we present it without proof.

Lemma 3.1. For any initial value (S(0),1(0),R(0)) € R3, there exists a unique positive solution
(S(t),I(t),R(t)) of the system (V.19) on t > 0, and the solution will remain in R? with probability one.

By using Lemma 3.1, we obtain the following important result.

Lemma 3.2. Let (S(t),I(t),R(t)) be the solution of (V.19) with initial value (5(0),1(0),R(0)) € R3,

1 1 w—b . . . .
3.5+ 7), we have the following estimations:

B[N (1)] < 52 + N1 (0)el @01} and nmgp% Jo BIN?1 (u)]du < EE2,

—(2‘0{1) o? and C;(2p)) = sup{szPl‘l - —CZ(gpl)xzpl} .
x>0

then for any p; € [

2

where 0- = max{a%, O'%, 0'%}, C(2p1) = (u = b) -

Proof. From system (I.2), we have

dN(t) = (A — (1 —b)N(t) — aI(t) — a3R(t))dt + 01S(t)dW, (1) + 02I(t)dWA(t) + o3R(t)dWs(t).
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Making use of Itd’s formula, we obtain

AN (1) = 2p NP1 (1) (A — (1 = B)N(t) — al(£) — agR(t))dt

2p1(2p; — 1
# 21O D) o) (0357(0) + 32 (0) + 03R2(0)

+2p NP1 (t)(crlS(t)d‘Wl (1) + 0o () d W (t) + G3R(t)dW3(t)).

Then

@2pi -1

AN (1) < 2p, [ANZP‘_l(t) - ((,11 _py-pD 2)N2P' (t)]dt

z
+2p NP1 (t)(mS(t)d"Wl (1) + 0o () dWh (L) + GgR(t)d(Wg(t))

Ca( Pl)

<2p [C1(2p1) _ 2P o (t)]dt

+2p N2 (t)(ols(t)dwl (1) + 0o (1) AW (L) + crgR(t)d(Wg(t)), (V.20)

where Ci(2p;) = sup{Ax*P1~1 - @xzf’l} and C;(2p1) = (u1 —b) — (ZP‘ Dy2. On the other hand, we

x>0
have

d[N2P1 (t)emcz(Zpl)t] - p1C2(2p1)N2p1 (t)eplcz(lpl)t + eP1C2C2p1)E g N2P1 (1).
In view of (V.20), we get
d[N2p1(t)eplcz(2pu)t]
< 2p e C22p)t [c1 (2p1)dt + NZPI—I(t)(mS(t)dwl (1) + 0o (£)dWh(t) + G3R(t)dW3(t))]. (V.21)
Integrating (V.21) from O to t, then by taking the expectation, we get

2C1(2p1)

t
E[N?'(t)] < N?1(0)e P1C2(2p1)1 +2P1C1(2P1)/ e ORI dy < N#P1(0)e A ¢ C(2p1)
A 2(2p1

Obviously, we obtain

1 4 1 ¢ 2C1(2p1) 2C1(2p1)
lim su —/ E[N% (u)]du < N?'(0)lim su —/ e P1C22pugy, 4 =
msepy J, BN (O)tim sup5 C:2p1) | Gpr)

This completes the proof of Lemma 3.1. |

Now, we consider the following auxiliary stochastic differential equation
dy(t) = (A - (1 - b)xp(t))dt + 01S(H)d W (t) + 02I(t)dWa(t) + o3R(t)dWs(t), (V.22)

with the initial condition ¥7(0) = N(0) > 0.

Remark 3.3. Note the positivity of the solutions (S(¢),I(t),R(t)) and y¥(t), then N(t) < ¢(t) a.s.
holds due to the stochastic comparison theorem.

Lemma 3.4 ([63]). Let (S(t),I(t),R(t)) be the positive solution of the system (V.19) with any given
initial condition (S(0),1(0),R(0)) € R3. Let also /(t) € R, be the solution of the equation (V.22) with
any given initial value ¥(0) € R,. Then

1(2) R(2)

t 2(t S(t
lﬁ() =0, lim]’b—():O, limQ:O, lim—= =0, a dhmT:O a.s.

t—>oo t—oo t t—oco t t—oo t—oo
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. 2
Moreover, if W —b > 5, then

- Jy SdWi(w) — Jy SdWiw) .

B 1 - 3

—00 t —o00

t t

I(u)dW5(u R(u)dWs(u
tlim—/o ( )t 2( )=O, tlim—f0 ( )t 3() =0 a.s.

Similar to the proof of the last Lemma (see Lemma 2.2 in [93]), we can easily prove the next
result by using Burkholder-Davis-Gundy inequality [93], Doob’s martingale inequality [93], and
Borel-Cantelli Lemma [93].

Lemma 3.5 ([63]). Let (S(t),I(t),R(t)) be the positive solution of the system (V.19) with any given
initial condition (S(0),1(0),R(0)) € R and y(t) € R, be the solution of the equation (V.22) with any
given initial value (0) e Ry.. If uy — b > %2, then

L Swawiw S @dWaw

] 1m )
t—o0 t t—00 t
t t
I (u)dWh(u) R*(u)dWs(u)
tmfo t 2 o, tlim/O t 70 as

Remark 3.6. In the following, we always assume that u; —b > %2 This assumption is a standard
key parametric condition for the proofs of our results.

Now, we are in a position to show and prove our main results, which is given in the following
subsection.

3.2 Main results
3.2.1 Ergodicity and persistence in the mean

Before establishing the condition for the existence of the stationary distribution to system (V.19),
we start with the following lemma.

Lemma 3.7. Let y(t) € R, be the solution of the equation (V.22) with any given initial value
¥(0) = N(0) € R,. Then
1 /! A
tli)n;olo?‘/o lﬁ(u)du = m a.s.

and

.1 /f ) 2A?

lim — (w)du < a.s.

M Jy Y (1~ D) —b) — )

Proof. We integrate (V.22) from 0 to t on both sides, then

y(t) —¥(0) = At + (1 — b) ‘/0 Y (u)du + o) ‘/0 S(u)dW;(u) + 02‘/0 I(u)dW,(u) + (73/0 R(uw)dWs(u).

Therefore, we get

1/ _ A Y-y oy t
t /o y(u)du = u—b (n —b)t " (n — b)t/0 S(u)dW2(u)
o

2 t 03 t
+m/0 I(u)d(lsz(u)+m‘/0 R(w)dWs(u).
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By using Lemma 3.4, we get

lim —

it [ yod=

a.s.

(V.23)

By It6’s formula for all ¢ > 0, we have

dy?(t) = (21//(t) (A= (1 = b)Y(t)) + 038%(t) + o5 (t) + 0§R2(t))dt
+ 2¢(t)(015(t)dw1 (1) + 0o (1) AW (t) + U3R(t)dW3(t))

< (200 (A= (= b)) + ?Y3(0) )

+ ZIﬁ(t)(o‘lS(t)d(Wl (1) + ool (£)dWh () + U3R(t)dW3(t)).

Obviously, we obtain

/ Vwde < o

(2(M1

- 02)t

(V.24)

P00
oZ)t/ P - P = " Ol e | vws@emw
[ e s 5 —2 / J(WR@)EWs(w).

Using the same method as that used in the demonstration of Lemma 2.5. in [63], we obtain

lim

lim

lim — / ¥ (w)R(w)dWs(u) =

Therefore, we can see that
lim

t—oo

For simplicity, we define

1

1,
?/o L O Y YT s )

! /0 Y (S AW, () = 0

t—oo t

! / YT dWa() = 0

a.s.

2A2

a.s.

(V.25)

BA 03A%

R =

2
(H2+Y1+Y2—qb+%)

(=0 (u-b)Q2(wm -b) -0

Theorem 3.8. If Rj > 1, then the stochastic system (V.19) admits a unique stationary distribution
and it has the ergodic property for any initial value (S(0),1(0), R(0)) € R3.

Proof. Similar to the proof of Lemma 3.2 in [135], we briefly verify the Feller property of the
stochastic model (V.19). The main purpose of this demonstration is to prove that (I1.22) is impos-

sible. We define

V(t) =Inl(t)

—m(y(t) - S(1)),

where m is a positive constant to be determined later. Applying Itd’s formula gives

2 2

dV (1) = (BS(t) ~ (b +y1 472 = gb) = SES(0) - 2| de+ @uSOAWA(D) + 0rd Wah)

= m = (1 =B (H(1) = S(1) + BS(I() = (pb+YDI(1) = (b+ KR(1))dt
—moyI(t)dWsa(t) — mo3R(t)dWs(t) + moaS(H)I(1)dWa(t).
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We choose m = %, then we have

2

2
w1 +y2 - gb + 2) : %52@) e+ B(y(1) - 5()dt

dV(t) = (BS(t) - >

L Pb+ Yl)
[
+ 0'2d(W2(t) - mGQI(t)d(Wz(t) — mo3R(t)dWs(t) + mosgS()I(t)dWy(t).

I(t)dt + Bb+ k)
1=

R(t)dt B>
23]

— bS(t)I(t)dt + 04S(t)dWy(t)

Consequently,
2

dV(t) 2 (Blﬁ(t) —15%(1) -

03 2
W +vYi+v2—qb+ 7)) dt — uﬁ bS(t)I(t)dt + 04S(t)dWy(t)
|-

+ 0odW, (1) — mooI(t)dW,(t) — mosR(t)dWs(t) + mosgS()I(t)dWy(t). (V.26)
Integrating from 0 to t on both sides of (V.26) yields

t 2 2
) %
V(t) —V(0) z/ (W(u) -5 5w - (WfYl +V2‘qb+7))d”
0
__mﬁ_b /0 BS(u)I(u)du + o4 /0 S(w)dWa(u) + 02 Wa(t)

—mcrz‘/otl(u)dwz(u)—m03'/0tR(u)d(VV3(u)+m04'/0t5(u)1(u)d“‘4/4(u).

Then, we get

t t 2
[ pswttau> =2 / (Bnﬁ(u)—%sz(u)
0 0

I(t) t (o))
- (so=50) = T g+ 2 [ s + 2w

—02‘/0 I(u)d"Wz(u)—Gg‘/O R(u)d"W3(u)+G4./0 S(w)I(u)dWy(u). (V.27)

02
W+ Y1 +Y2 — gb + —)) du + (¢(t) S(t))

From Lemma 3.4, one can derive that

l//() =0 and lim

t—>o<> t—o0

&t) =0 a..

Moreover,
1 t 1 t 1 t
tlim?'/ S(u)ydWy(u) =0 tlim;/ I(w)dWs(u) =0 and tlim?/ R(w)dWs(u) =0 as.
—00 0 —00 0 —® 0

Applications of the strong law of large numbers shows that
i 20
im

—o00 t

=0 a.s.

Applying similar arguments to those in (Theorem 3.1, [25]), we obtain
1 t
lim—/ S(w)I(w)dWy(u) =0 as.
t—oo f 0

Since lim sup : Lln f(((t); < hm sup n Ln ];]((Ot)) <0, we get

t—

t ) 5
11m1nf / BS(u)I(u)du > (i B —b) hmmf / (B‘/’(u) - %W(M - (Hz +Y1+Yv2—¢gb+ %)) du
0
_ t 2
_ (mﬁ b)}L“;%/ ([sy/( )= Sy -
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By Lemma 3.7, we then have

- / (u-b [ pA Ao} o}
lim inf— BS(u)I(u)du > - W +vi+y2—gb+—=
ey B |w-h (u-nRu-p-o) |V
b o2
:%(u2+yl+y2—qb+72)(7€8—1)>O a.s.
The remaining of the proof follows the lines of demonstration of Theorem 1.10. |

In the following result, we give the condition for persistence in the mean of the disease.

Theorem 3.9. If Rj > 1, then for any value (5(0),1(0),R(0)) € R3, the disease I(t) is persistent in
the mean.

Proof. By the model (V.19), we have

d(S(t) +I(t) + R(t)) = (A= (i1 = b)(S(t) +I(2) + R(t)) — x2I(t) — x3R(t))dt
+ 01S(H)d W (t) + o2I(t)d W5 (t) + o3R(t)dWs(t). (V.29)

Integrating (V.29) from O to ¢, and then dividing ¢t on both sides, we get
|
?((S(t) +1(£) + R()) = (S(0) +1(0) +R(0)))
t 1 t t
:A—<ul—b>%/o s<u>du—<uz—b>;/0 I(u)du—(m—b)%/o R(u)du
t t t
+ % /O S(w)d W, (u) + % /O I(w)dWs (u) + % /0 R(u)dWs ().

Taking the integration for the third equation of model (V.19) yields

R(t) — R(0) =y2/0 I(u)du — (W +k)/0 R(u)du+cr3‘/0 R(u)dWs(u). (V.30)

Dividing t on both sides of equation (V.30), we have

l t B ) l t 03 l t
f/o R(u)du = G+ 0 t/o I(u)du + G+ 0 t./o R(u)dWs(u)

1
- m(R(t) - R(0)).

Then, one can obtain that

%/Ots(u)du= A l((u2—b)+ Y2

(wm—b)  t\(m—-b) (u+k) /OI(”)d“J’q)‘(t)’ (V.31)

where

_ 03 t 1
®1(0) = /0 ROEW (W) = o (R(1) = R(0))

! (Gl /tS(u)d(wl(u)Jr%fotz(u)dwz(uﬂ%/OtR(u)dm(u))

+— —_—
(m=bt\t Jo

1
B m((s(ﬂ +I(t) +R(1)) = (S(0) +1(0) +R(0)))_

Applying 1to6’s formula to the second equation of (V.19), we get

2 2
dInI(t) = (BS(t} - (pz Y1 +Y2 —gb+ %) - %Sz(t)) dt + 048(1)dWy(t) + o2dWh(2).  (V.32)
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Integrating (V.32) from 0 to t and then dividing ¢ on both sides, we have

1 t 2 2 t
~(InI(1) - 1n(0)) = %/0 S(u)du - (m Sy +ya—qb+ %) _ %/0 $2(u)du

N %/O S(u)d W, (u) + %(Wz(t)'

From (V.31), we get

1 _BA B ({(2—-0) Y2 !
010 -ni(0) = 2 - B (B ) [

0.2 0.2 t
+BO1(t) — [ +yi+V2 —gb+ = ——4/ S?(u)du
2|72

N %/O S(w)d W (u) + %“Wz(t)-

By Lemma 3.7 and Remark 3.3, we obtain

1 A i 3
T (InI(t) —In1(0)) 2 ((H?— 5~ %/0 PP (wdu — [ +y1+v2 —gb+ > ))

-2
2
B ((n2—b) Y2 !
+ﬁ(bl(t)_?((ul—b)+(H1+k))/o I(u)du

04

+ — t S(u)dWy(u) + 2(VVZ(t)-
t Jo t

Hence, we further have
B ((u2—b) Y2 ) / !
— + I(w)du >
t\(m—=b) (m+k)/)Jo

+BD (1) - %(lnl(t) —In1(0)) + % /OtS(u)d(W4(u) + %(Wz(t).

BA

o[t o
(Hl—b)_z‘/o l,b(u)du— },L2+Y1+Y2—qb+7

Based on Lemma 3.4, we obtain

1 t
lim@,(t) =0, lim—(InI() ~In[(0)) =0 and Jim % / S(WdWi(w) =0 as
—00 —00 —00 0
Applications of the strong law of large numbers shows that

Ws(t
tlim szz() =0 a.s.

Then, we conclude that

1 t
liminf—/ I(u)du
t—oo 0

L(-b v \'[ BA 242 ) o
> B ((H’l —b) + (I»ll+k)) (ul—b) (Hl_b)(z(ul—b)—o‘z) (IJ2+Y1+Y2 qb+ >

e v ) b o RE-1)>0
_E (Hl—b)+(u1+k) W +vr+v2—gq +7 ( 0~ )>0 as.

This shows that the system (V.19) is persistent in the mean with probability one. This completes
the proof.
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3.2.2 Asymptotic behavior around the endemic equilibrium

BA

When R0 = T ) (e +vi 72— ab)
is globally asymptotically stable. However, the stochastic model (V.19) does not have the endemic
equilibrium E®. In this subsection, we show that the solution of the stochastic model (V.19)
oscillates around E® under certain conditions. We prove that the distance between the solution
X(t) = (S(¢),I(t),R(t)) and the endemic equilibrium E® has the following form:

> 1, the endemic equilibrium E® of the deterministic system

1 t
lim sup— / IX(u) - E®|?du < C, as.
0

t—oo t

where C is a positive constant. For simplicity, we introduce the following notations:

ri =v2(2(11 = b) + o2 +v2) (2(11 = b) + o3) +v2(b + k) (2(p) — b) + x2),
r=v2B(2(n - b) + a3),
r3 =v2B(b+k),
rs = P (b+k),
s1=(r1+73)(( = b) - 07),
s2=1r2((2 = b+7v2) — 03) +r3((p2 — b) — 03),
s3=r3((u3 = b) — 03) +r4((n3 + k) — 03),
1 n 2p+2

@)
o3I* + =015 + =03

R ) 2

+ QO‘%S*Z + r3(7%I*2 + r3G§R*2 + rgO'iR*z,
r Gil*
+ .
(b1 = b)(2(w = b) - 0?)

Theorem 3.10. Assume that (S(t),1(t), R(t)) is the solution of the model (V.19) with the initial value
(5(0),1(0),R(0)) € R3. If Ry > 1, 51 > 0, s, > 0, and s3 > 0, then

S=S4

limsup% / t (sl(S(u) — 5?2 +55(I(u) = I)? + s3(R(w) —R*)Z)du <S8 as.
0

t—00

Proof. We define the following non-negative function

FLR) =rifi(l) +r2fa(S, 1) +r3f3(S, L R) + r4 fa(R),
where
fi(D) =z—z*-z*1nli*,
(S = 5(SS +I-T')
HSLR) = %(5 —-$*+I-I"+R-R")?,
filR) = 5(R-R)2

Then, by 1t6’s formula, we obtain

df] (I = Lfldt +0, (I- I*) dWs(t) + 04S (I - I dWy(t),

where
0.2 0.2
LA=B(S-SHI-T)+ 721* + 74521*.

134



Similarly, by Ito6’s formula, we arrive at
dfia(S,I) = LAAt+ (S=S"+1-TI")(01SdW(t) + 02IdW(1)),
where

LH=(S-S+I-T"(-(m-b)(S-5)+({b+k)(R-R)
2 2

o (0}
— (2 =b+y)(I-1)) + 8+ 2P

SS=-S+I-T) (- (L =b)(S=S)+(b+k)(R-R)
— (2= b+y2)I=I)) +07(S =)+ 015 + 05 (I - I*)? + 0312

In a similar way, we get
df3(S, LR) = Lfidt + (§=S*"+I-TI"+R - R")(01SdW,(t) + 02Id W, () + o3RAW;(1)),
where

LA=(-S"+I-TI"+R-R)(- (i =b)(S=5") = (= b)(I - TI")

o2 o2 02
— (i3 =b)(R—R")) + =82 + 212+ 2R?2
(n3 — b)( ) 5 5 5

S(S=-S"+I-T"+R-R)(-(m —-b)(S-5) - (2 —b)(I-TI
— (3 = b)(R—=R")) + 02(S = §*)? + 018 + 03 (I - I')?

+ 03I + O'%(R -R)*+ O'%R*Z.
Using Itd’s formula, it follows that
dfi(R) = Lf1dt + 04(R — R*)RAWi(t),

where

2
Lfi= (R=R)(nl = 1) = (a4 DR ) + 2R

< (R=R")(y2(I-T) = (13 + k) (R = R")) + 0%(R - R*)* + 02R™2.
Therefore, we can see that

df(S,LR) = ridfi(I) + r2d (S, 1) + r3d3(S, L R) + r4dfi(R)
= Lfdt+ri[on (I-I) dWa(t) + 04S (I - I*) dWi(1) ]
+12[(S=S"+1-1")(01SAW,(t) + 02IdWi(1))]
+r3[(S=S"+I—-I"+ R —R)(01SAWi (1) + 02 1dWs(t)
+ GgR(t)d(W3(s))] +r404(R — R*)RAW;(1), (V.33)
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where

Lf=nLh+nlh+nli+rlfy
<rBS =S +I-I) —ra(u = b)(S = ) +ra(b + k) (S — S*)(R - R")
—n(=b+v2)(S=S)VI-T) = r( = b)(S-S)(I-T)
+r(b+k)(I=T)(R-R) —r(a = b+y2)(I-T*)?
—r3( = b)(S =5 = r3( = b)(S - S)(I - T')
~r3(13 = b)(S=S)R-R") = r3(1 = b)(S = S)(I - I
—r3(ua —b) (I -T)> = r3(u3 —b)(I - I')(R— R")
—r3(p1 =b)(R=R")(S=S") = r3(na = b)(I = I")(R = R")

—r3(13 = b)(R—R")* +rgy2(R- R)(I - T)

0'2 O'2
— (s +k)(R=R)>+ 1 721* +r 74521* +120%(S - §)?
+ rch%S"‘2 + rzcrg(l -I)%+ r2c721*2 + 7307 2(S =S +1r3 025*2

+1305(I = I)? + 305" + r30%(R — R*)* + r;03R™.

Consequently,
o2 o2
£f<r1[[3(1 ') (S-S + 21 + 24521*]

+r2[(S—S +1-T)(= (1 - b)(S - ") + (b +k)(R-R")

+ (2 —b+y1+¥2) (I =I)) +03(S = §)? + 028 + 05(1 - I')? + 03"
+r3[(5—5*+I—I*+R—R*)(—(ul—b)(S—S*)+(u2—b)(I—I*)

+ (13 —b)(R=R")) +02(S = ") + 0152 + 03(I - I')* + 031"
+02(R-R")? + 2R +r4[(R R) (Y2(I - I*) = (13 + k) (R — RY))

+03(R—R")? + 03R™|.
Then, we obtain

~((r+73) (e =) = o)) - 572
= (2= b +v2) = 03) +r3((12 = b) = 03) )1 - 1)
— (r3((u3 —b) = 03) +ra((u3 +k) - cr%))(R —R")?

+ 2 5 Lolr +22 015" + 20%1*2+r 052

Lf <

2
o
+ 130202 + r302R? + 1302R? + 1y 24 S
0.2
=—5(S=5) —s5(I-T)? = s3(R—R*)* +s4 + r17452[*

Integrating both sides of (V.33) from 0 to ¢, yields

0 < f(S(2),1(1), R(1)) = £(S(0),1(0), R(0)) + /0 Lf(S(w), I(w), R(w))du + Z (1),
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where

Z() =r0, /0 (1) — ') dWs () + 1104 /0 S (1) - ) d Wi (u)
+ 10 /0 (S(w) = 8+ I(w) — IS () dWi ()
+ 1207 /0 (S(u) = 8+ I(w) = I)I(u)dWh (w)
+ 130 /0 (S(u) = S+ I(w) — I + R(w) — R)S(w)dWi ()
+ 1307 /0 (S(u) = 8"+ I(u) — I + R(u) — R)I(w)dW(w)
+ 13073 /0 (S(u) = §* 4 I(u) — I + R(w) — R)YR(w)dWs ()

t
+ r4/ 04(R(u) — R)R(u)dW;s(u).
0
It then follows that

0< %f(s(t),l(t),R(t)) < %f(S(O),I(O),R(O))

ot * * *
_ ?/0 (s1(5(w) = 5772 = s2(1(w) = I'? = s3(R(w) ~ RY?)du
2 7% t
+S4+r1§j1 /0 Sz(s)ds+zt(t)

Applying similar arguments to those in (Theorem 3.1, [25], page 1610), we obtain
1 t
tlim;/ S I(w)dWi(u) =0 (i=1,2,3,4) as.
—00 0
1 t
tlim?/ S(w)R(w)dW;(u) =0 (i=1,2,3) as.
—00 0

t
tlim%‘/ I(w)R(u)dW;(u) =0 (i=1,2,3) a.s. (V.34)
—l Jo

Therefore, by Lemmas 3.4 and 3.5, we have

2[*

1 t
hmsupt/ S’(w)du a.s.
0

t—o0

lim sup% / t (sl(S(u) — SV +55(I(u) = I*)? + s3(R(u) — R*)Z)du < sy 4l
0

t—o00

By the stochastic comparison theorem, one has

lim sup% /t (sl(S(u) — S +5(I(u) = I)? + s3(R(u) — R*)Z)du <sq+ ne.
0

t—o0

hm /1//(u)du a.s.

t—oo f

Hence, by Lemma 3.7, we get
1 l ! _o\2 _0\2 _ p¥\2 A
hmsupt 51(8(s) = S*) +s(I(s) = I")" +s3(R(s) —R")"|ds < S a.s.
t—o0 0

The proof is completed. |

3.2.3 Sufficient conditions for the extinction of the disease

In this subsection, we will establish the sufficient conditions for the extinction of the disease in
the stochastic model (V.19). Define

1 BA 03A?

25 _
0 (1 —b)  2(p —b)?

2
(uz +Y1+y2—gb+ %)
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Theorem 3.11. Let (S(t),I(t),R(t)) be the solution of system (V.19) with positive initial value. If

(i -b)p b)ﬁ
RS <1 and of < —
or
2 Gg
o }12+'Y1+'Y2—qb+7 < 0.

204

Then, the disease dies out exponentially with probability one. That is to say,

InI(t)
t

<0 a.s.

lim sup

t—o00

Proof. By Itd’s formula for all t > 0, we have

o2\ o2
_ _ _ 21 _ 742
dInI(t) = (BS(t) (HQ +vY1+V2 qb + —2 ) —2 S (t)) dt
+ 04S(H) AW (1) + 2d WA (1).

Integrating (V.38) from 0 to t and then dividing t on both sides, we get

t

InIt ‘ O_2 0.2 t
nl() _ E/ S(u)du — (H2+Y1 +v2—gb+ —2) - —4/ S*(u)du + D (1),
t 0 2 2t 0

where

o2 Wh(t) B InI(0)
t t

%m=%£smmmm+

Obviously, we know that

t t 2
%/0 S?(u)du > (%‘/0 S(u)du) )

Therefore, from (V.31), we derive

Init) B S(u)du—
t Tt

o2 o2 (1 [t 2
Wa+yi+v2-gb+ |- = —/ S(u)du| +®,(t)
2 2 \tJo

A 1((w-b) Y2
B(uu—b> (UH—b)+0u+k)
2

o2 A 1 ((u2—b) Y2 !
- (m - ((ul 5 + o +k))/0 I(u)du+<I>1(t)) + @y (1).

Hence one can see that

InI(t) BA o3 Aoy
< - +Y1+Y2—gb+ = |- ——=
t (b YT T o T o — b2

_[((2-b) Y2 Aoy |1 [?
(Uu—b)+(m+kJ(B (1 - w) |

(HZ_b) Y2 t 2
Tz (((ul D (1 +k))/0 I(u)du) + @y (1) + D3(2),

)‘/0 I(u)du+<1>1(t)) (u2+yl+y2—qb+

(V.35)

(V.36)

(V.37)

(V.38)

(V.39)

(V.40)
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where

_ o 2 07 AP (1) 2 (k2 —b) Y2 !
O3(t) = PO (t) - ?Cbl(t) - —(M s, + 0,1 (1) (1 =) + m +k))/0 I(u)du.

An application of the large number theorem for martingales and Lemma 3.4, one has

. Do(t) . Ds(t)
lim ——= = lim ——= =

t—oco [ t—oo

0 as

Taking the superior limit on both sides of (V.40), then by condition (V.35), we arrive at

nl(t)

1 N
lim sup < (M2+Y1 +v2—qb+ %) (Rg - 1) <0 as.

t—00

Now, if the condition (V.36) is satisfied, then

o, Wsh(t) 1InI(0)
t ot

InI(t 2 0 t
n()SB—— Ha+Yi+Y2—gb+ = +2/ S(u)dWi(u) +
t 2042‘ 2 t Jo

By lemma 3.4, large number theorem for martingales and the condition (V.36), our desired result
(V.37) holds true. This completes the proof. |

3.2.4 Asymptotic behavior around the disease-free equilibrium

When Ry < 1, the disease-free equilibrium E° of the deterministic model is asymptotically stable,
which indicates that the epidemic will die out. We know that E® isn’t an equilibrium of the
stochastic model (V.19), it is of great interests to show how the stochastic solution of the model
(V.19) spirals closely around the equilibrium E®. In the next Theorem, we prove that the distance
between the solution X(t) = (S(t),I(t),R(t)) and the disease-free equilibrium E° has the following
form:

1 t
lim sup— / IX(u) — E°|’du < C, as.
0

t—oo t

where C is a positive constant. For simplicity, we introduce the following notations:

-b
Ulzulz —0‘%,
2 2
i —b o Y3
= +0p+Yy— — - ————
02 3 X2 +7Y2 2 2(m-b)
0?2 2
03:E+é+k——3—(b+k),
2 2 2 (m-b

v4 = min{oy, 02,03},

2
A 5 A
T‘“l(\/awl—b))‘

Theorem 3.12. Let (5(¢),1(t), R(t)) be the solution of the model (V.19) with initial value (5(0),1(0), R(0)) €
R3. Suppose that Ry < 1, 01 > 0, v2 > 0 and v3 > 0, then

t—o00

, 1 [ AV, ) )
hmsup?/ ((S(u)—m) +I“(u)+R (u)) du <7 as.
0
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Proof. We define the following function
9(S,LR) = g1(S, 1) + u192(I) + g3(R),

where

1 1
91(8,1):5(5— +I), g () =1, g3(R)=§R2,

w—b

and u; is a positive constant to be determined later. Then the function g is positive definite. By
It6’s formula for all ¢ > 0, we have

dgl(S,I) = Lgdt + (S - A b +I) (Glsd(Wl(t) + Gzld(Wz(t)),

H —
where
0? 0?2
£g1:(5— b+1)(A—(u1—b)5+(b+k)R—(u2—b+y2)I)+7152+7212
-
A
:(S— +I) (—(m—b) [S— +(b+k)R—(u2—b+y2)I)
u—b w—b
02 A A \2 o2
1 22
Lls- g
+2( ul—b+u1—b)+2

2
=-(m-b) [5 - ML_} — (n2 - b+Y2)I(t)[5 - ﬁ]

b+k A A
B0 s |- s 2
KU — K= ul_b
(b +k) 0? A A\ o,
- — PPy — —bRI+ —|S - —=I".
(L2 —b+v2)I + — 18] +5 ul—b+|u1—b +>

Then we employ the following inequalities (x +y)?> < 2x? +2y* and 2xy < x> + > to estimate the
cross terms. The above inequality can be rewritten as

AT A
Loy < ~(u - b s__} 20 -b) 4+ 1[5__}
g1 < —(w —b) b (2(11 = b) + 02 +772) b
(b+k)? 5 (u=b), (b+k)?* ,
— (L —b+v2)+ R®+ P+ R
R T N R (T )
2 2 2 2
Hi—b A A %
+ S +G%(S—M_b) +U%(Hl_b) +712.

2 _},Ll—b

Therefore, we get

2
< B2 2) s 2| — (2w —b i R——
Lg) < ( : O'l)l ul—b] (2(py )+oc2+y2)[ -
2 2 2
Hi—b )2, b+k)” L[ A
- - 21 R <.
( y Toery 2) BT R prr

Again, applying Itd’s formula, one can obtain

dgz = ngdt + 0o Id W, (t) + 04SIA Wy (1),

Lgr=BSI = (2 +vi1+v2—gb)I

A A
<pls- 21+ - —gb)| L.
—I3( ul—b) +(H1—b (L2 +vY1+7Y2—gb)
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Recalling that Ry < 1, then we obtain
A
Lg < B|S————]1(1).
9 B( - b) (1)

Identically, one can get that
dg3(R) = Lgzdt + o3R*dW3(2),

where
2 G% 2
Lg3(R) = V2RI — (13 +k)R™ + 7R
2

21’2 —b o
AF B ZO0R2  (us+ k)R + SR

< +
2(us —b) 2

2[2 0-2
(b Sle
2(us = b) 2 2 2

By setting u; = %(Z(p.] -b)+x +yl), we get

2 2 2
pm-b A i —b 03 Y2 2
< - - - - - 2___ "2 |f
Lg < ( 2 01)(5 ul—b) ( IR R Gt sl vy

2 (m-bl

2 2
(m b, 95 (b+R)T)
[2+2+k R

Consequently,

dg(S,I,R) = Lgdt + oy (s - + I)Sd’Wl(t) + 0 (s - + I)Isz(t)

A
w—b
+ 0o ld W, (1) + 04SIAWy(t) + 0'3R2d(W3(t)

3 A )2 _ o2 2
R N

u—b

- 2 2 2(w3-b)

2 2 2
us b 03 (b+k)™ ) », o A A
| =+z+k-—- R —_— S - I SdW(t
(2+2+ 2 (m b + 0] b + 0] —b+ 1(1)
A
+ 02 (S - m b + I) IdW5 (t) + oo ld W, (t) + 04SIdWy(t) + 0'3R2d(W3(t).
|-

Integrating both sides of the last inequality from O to ¢, yields

t 2 t
0 < g(S(t),I(t),R(t)) —g(S(0),1(0),R(0)) < —01'/0 (S(u) - HIA— b) du — 02/0 I*(u)du

t A 2
—03/ Rz(u)duwf(—) t+W(t),
0 w—b

where

W(t) =0y /t (S(u) __A +I(u)) S(u)dW;(u) + oz /t (S(u) __A +I(u)) I(u)d W5 (u)
0 m—b 0 p—b
+ 02/0 I(w)dWs(u) + 64/0 S(u)I(u)dWy(u) + 03./0 R*(u)dWs(u).

Employing Lemmas 3.4, 3.5 and (V.34) yields

1 [ A\
lim sup?/ [vl (S(u) - —b) + 0,17 (u) + 03R*(u)
o M1 —

t—oo

2
A
du < o7 ( ) a.s.
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Then, we get

du<9 as.

Jim sup - t (S(u)—i)zuz(u)mz(u)
t—>oopt 0 Hl—b

This completes the proof. |

3.3 Numerical simulations

In this subsection, in order to show different dynamical results of the stochastic model (V.19) under
theoretical parameter values (see Table V.4), we present some numerical simulations. We use the
Euler-Maruyama method to simulate the trajectories of the stochastic model (V.19).

H Parameters H Value H
A 0.2 0.2 0.2
B 0.03 0.022 0.03
L 0.05 0.05 0.05
V53 0.09 0.09 0.09
U3 0.0055 0.0055 0.0055
b 0.01 0.01 0.01
Y1 0.01 0.01 0.01
Y2 0.02 0.02 0.02
q 0.2 0.2 0.2
k 0.04 0.04 0.04
o1 0.028 0.028 0.028
02 0.03 0.03 0.3
03 0.025 0.025 0.0287
04 0.3 0.3 0.2
Figures V.7 and V.8 | Figure V.9 (left) | Figures V.9 (right) and V.10

Table V.4: The theoretical parameter values of the model (V.19).

Example 3.13 (The permanence case). For the purpose of showing the effects of the perturbations
on the disease dynamics, we have realized the simulation many times. We have chosen the
parameter value from Table V.4 (second column). Then, 2(u; — b) — 02 = 0.0791 > 0 and Ry =
1.6242 > 1. From figure V.7, we show the existence of the unique stationary distributions for S(¢),
I(t) and R(t) of the model (V.19), where the smooth curves are the probability density functions of
S(t), I(t) and R(t), respectively. It can be obviously observed that the solution of the SDE model
(V.19) persists in the mean. For the deterministic system, we obtain Ry = 1.6949 > 1. Then, the
deterministic endemic equilibrium E® = (2.95,0.9567,0.2733) is globally asymptotically stable. Then,
we have

02 — (w — b) = -0.0392 < 0,
03 — (L2 — b) = =0.0791 < 0,
03 — (13 — b) = -0.0193 < 0.

Therefore, the conditions of Theorem 3.10 are satisfied. As expected, the stochastic solution is
oscillating around the endemic equilibrium E* for a long time (see Figure V.8).

Example 3.14 (The extinction case). To verify that the condition (V.35) is satisfied, we decrease
3 to 0.022 and keep other parameters unchanged. Then, we have 7?8 =09132 <1 and 0':‘; - % =
—0.0040 < 0. Therefore, the condition (V.35) of Theorem 1.1 is satisfied. We can conclude that for
any initial value, I(t) obeys

1. I(t) s

A (o)
111:1211)?1111(—0) < (RS-1) p2+yl+y2—qb+72 =-0.0082 <0 a.s.
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Figure V.7: The numerical illustration of obtained results in Theorems 1.1 and 3.9.
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That is, I(t) will tend to zero exponentially with probability one (see Figure V.9 - Right). Now,
we choose 3 = 0.03 and the white noise intensities o; = 0.028, o = 0.3, 03 = 0.0287 and o4 = 0.2
to ensure that the condition (V.36) of Theorem (3.11) is satisfied. We can conclude that for any
initial value, I(t) obeys

I(t) _ B o)

lim sup= In 2 (uz YL +ys —gb+ —) = -0.2980 <0 as.

That is, I(¢t) will tend to zero exponentially with probability one (see Figure V.9 - left). For the
deterministic system , we obtain Ry = 0.9322 < 1. Then, the deterministic disease-free equilibrium
E® =(5,0,0) is globally asymptotically stable. Then, we have

b
2-H 2= 00192<0,
,Y2
22 (- b)+2(ag+72) = -0.1191 < 0,
(u3 = b)
2, 2(b+k)?

—u3+b+2k=-0.0043 < 0.
(Hl b)

Then, the conditions of Theorem 3.12 are verified and the stochastic solution is oscillating around
the deterministic disease-free equilibrium E® for a long time (see Figure V.10).

5 or
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455 185 Determinstic
4 1.6
35 141
3 12r
525 = 1+
2 08
15 06
1 0.4
05 02r
0 . . . . . . . . . . 0 . . . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
time time
05
Stochastic
045 Determinstic
04
0.35
0.3
x 025

0 L L L L L L L L L .
0 100 200 300 400 500 600 700 800 900 1000
time

Figure V.8: The numerical simulation of solution (S(t),I(t),R(t)).

The outbreak of epidemics has caused severe damage and loss to populations. Many scientific
papers are devoted to analyzing the outbreak of the epidemics for a long time, and many solutions
and suggestions have been used to control the dissemination of infectious diseases. However, the
effects of environmental disturbances on the epidemic cannot be ignored. In our present study, we
proposed and analyzed a new stochastic version of the SIRS epidemic model by considering the
bi-linear and proportional perturbations. This is a general and well-established way of introducing
stochastic environmental noise into realistic dynamic models. Our study led to five main results:
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Figure V.10: The numerical simulation of solution (S(t),I(t),R(t)).

. In Theorem 3.8, we gave a systematic approach to the analysis of the existence of a unique
ergodic stationary distribution when Rj > 1 by using the property of the Feller process and
mutually exclusive possibilities lemma. From a biological viewpoint, the ergodicity implies
that the epidemic will be prevalent and persistent in the long term.

. In Theorem 3.9, we checked that the persistence in the mean of the disease occurs under the
same condition R} > 1 by using a new simple method. Although the solution is unbounded,
we have estimated the time average of y/2(t), where ¢/(t) is the solution of equation (V.22).

. In Theorem 3.10, we obtained sufficient conditions to guarantee that the solution of the
stochastic system fluctuates around the endemic deterministic equilibrium of system (I.1).
The present study is the first attempt, to the best of our knowledge, to analyze the asymptotic
behavior of the SIRS epidemic model (V.19).

. In Theorem 3.11, we showed that the extinction of a disease in the stochastic system (V.19)
occurs if one of the conditions (V.35) and (V.36) holds. It should be noted that these
conditions are sufficient for the extinction of the epidemic.
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5. In Theorem 3.12, we proved that under some conditions, the solution of system (1.2) will
oscillate around the disease-free deterministic equilibrium, and the intensity of fluctuations
is related to the intensity n;, but do not relate to the intensities of the other white noises.

To illustrate duly our theoretical results, we have performed some numerical simulations by
using MATLAB software. From Figure V.7, we have shown the existence of a unique stationary
distribution which means that the disease persists for all time regardless of the initial conditions.
Furthermore, the ergodic property grants a reason why the integral average of a solution of system
(V.19) converges to a fixed point whilst the system may fluctuate around as time goes by. Note that,
in general, the endemic equilibrium is not a steady-state of the stochastic model (I.2). This latter
will fluctuate around the deterministic endemic equilibrium which is illustrated clearly in Figure
V.8. Moreover, in a biological and epidemiological view, the disease will persist when the basic
reproduction number is higher than one and s, s; and s3 are positive. In the case of extinction, in
Figure V.10, we have plainly estimated the average oscillation around the deterministic free-disease
equilibrium to exhibit whether the disease will die out. In a biological interpretation, one expects
any solution to be close to the deterministic equilibrium most of the time if the stochastic effects
are slight and the basic reproduction number is less than one.

3.4 Discussion

Our study improved many existing results. Precisely, we obtained sharper results for a more general
stochastic SIRS model by using new techniques and approaches. Furthermore, our work can be
applied to treat more biological and ecological systems such as the heroin model and to analyze
the impact of predation in the spread of infectious diseases. However, our paper brings more
challenges to propose an improved method to obtain the global threshold between the existence
of the unique ergodic stationary distribution (persistence) and extinction. We seek in our future
works to treat this interesting problem.
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e V |

Dynamic characteristics of a perturbed
eptdemic model with quarantine policy and
Lévy disturbance

Abstract

HE spread of infectious diseases is a major challenge in our contemporary world, especially
T after the recent outbreak of Coronavirus disease 2019 (COVID-19). The quarantine strategy
is one of the important intervention measures to control the spread of an epidemic by greatly
minimizing the likelihood of contact between infected and susceptible individuals. This chapter
treats two kinds of epidemic models with quarantine. We start with the threshold analysis of
a stochastic SIQR model with Lévy jumps. Then, we analyze the impact of various stochastic
disturbances on the epidemic dynamics during the quarantine period. For this purpose, we present
an SIQS epidemic model that incorporates the stochastic transmission and the Lévy noise in order
to simulate both small and massive perturbations. Under appropriate conditions, some interesting
asymptotic properties are proved, namely: ergodicity, persistence in the mean, and extinction of
the disease. The theoretical results show that the dynamics of the perturbed model are determined
by parameters that are closely related to the stochastic noises. Our work improves many existing
studies in the field of mathematical epidemiology and provides new techniques to predict and
analyze the dynamic behavior of epidemics.

1 The threshold of a stochastic SIR epidemiological model with
quarantine and Lévy jumps

1.1 Introduction

As stated before, the effects due to unexpected environmental shocks have been neglected in the
deterministic formulation. The proposed solution to this issue is introducing a jump process into
the underlying population dynamics. Many works have introduced Lévy jumps process into their
models. Many works have introduced Lévy jumps process into their models. For example, Bao et
al. [7] produced pioneering works on this approach. They first studied a stochastic Lotka-Volterra
population systems with Lévy jumps. From then on, many interesting studies on the epidemic
models with Lévy jumps have been reported (see e.g. [80, 81]). Motivated by the above mentioned
works, in this contribution, we consider the following SIQR epidemic model with both white noise
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and Lévy jumps perturbations:

ds(t) = (A— uS(t) - BS(t)I(t))dt+615(t)dW1(t) +/ m (wS(E)N (dt, du),
Uu
dI(t) = ([SS(t)I(t) C(u+y 46+ rg)I(t))dHGzI(t)d(Wz(t) + / M (WIEIN (At du),
u
40(1) = (81(0) = (u+k-+m)Q(0 A+ 0:0(0W(1) + | (O )N (dt,dw),

dR(t) = (yI(t)+kQ(t)—uR(t))dt+G4R(t)d(W4(t)+ /u na (RN (dt, du),

(VL)

where S(t7), I(t7), Q(t7) and R(t™) are the left limits of S(¢), I(t), Q(t) and R(t), respectively. N is
a Poisson counting measure with the compensated process N and Lévy measure v on a measurable
subset U of (0,0) satisfying v(U) < co. Principally, we have that N (dt,du) = N(dt,du) — v(du)dt
and we assume that the independent Brownian motions W;(t) (i = 1,2,3,4) are independent of N.
The functions n; : U — R are bounded and continuous.

The general aim of this short section is to investigate the asymptotic properties of the stochastic
epidemic model (VI.1) and to establish the threshold which determines the extinction and the
persistence in the mean of the disease. This threshold value coincides with the deterministic
threshold in absence of white noise and Lévy jumps. For the purpose of well analyzing our model
(VL1), it necessary that we make the following assumptions:

(A1) We assume that the jump coefficients n;(u) in (VL.1) verify / n?(u)v(du) <oo (i=1,2,3).
U

(Ay) Foral ue Z, 1 +m;(uw) >0, i =1,2,3,4 and / (ni(u) —In(1 +1’]i(u)))v(du) < 00,
Uu

2
(A3) We suppose that exists a constant k > 0, such that / (ln(l +n,~(u))) v(du) < k.
U

1 — 1 -
(A4) There exists o > 1 such that p— E(Q -1’ - 5/11, > 0, where 6% = max {02, 03, 03, 07}, and

o= [ {1 maxns .m0 0m500))” = 1= minos (.m0 0740} v,

Remark 1.1. Generally, the assumptions (A;) - (A4) mean that the intensities of Lévy jumps are
not very large.

Under assumptions (A;) - (Az), we check the well-posedness of the perturbed system (VI.1).

Theorem 1.2. For any initial value (5(0),1(0),0(0),R(0)) € R}, there exists the unique positive
solution (S(t),1(t),Q(t),R(t)) of system (VI1) on t > 0, and the solution will remain in R* with
probability one. That is to say, the solution (S(t),1(t),Q(t),R(t)) € R? for all t > 0 almost surely.

Now, we list some former results used in the previous chapters. Under the assumptions (A;) -
(A4), we have the following lemmas:

Lemma 1.3 ((171]). Let (S(t),I(¢), Q(t),R(t)) be the solution of model (V1.1) with any positive initial
value. Then

S(t)+1I(t)+Q(t) +R(¢)
m =

o li 0
—o00 t
I
e im>® 0 im ™ —0 im2Y Z0 ang im X2 2o as.
t—oo t—oo [ t—oo f t—oo f

Lemma 1.4 ((171]). Let (S(¢),I(t), Q(t),R(t)) be the solution of model (V1.1) with any positive initial
value. Then
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L RSO fIOAWe) O W(s)

> ] ]

t—00 : t t—oo t t—00 t
_Jy R()dWa(s)
tlggf = a.s.
. fot fﬂm(u)S(s‘)}V(ds dw o Jumo@IGsTIN(ds,du)
t—)oo ’ t—00 ¢ - Y
Ji /0 fﬂna(u)Qt(s )N (ds, du) 0 i [ 4(u)R§s‘)K/(ds, w

1.2 Main results

In this subsection, our main concern is to determine the condition for the extinction and persistence

of an infectious disease under quarantine strategies. Given that the value of the deterministic
A

threshold Ry = B

wL+y+d+m) _ .
and guarantees persistence or extinction of the disease, similarly we define the threshold of our

stochastic SIQR epidemic model (VI.1) as follows:

characterizes the dynamical behavior of the deterministic system

. 1 ﬁA 02
Ry= s (22 2 /ﬂ (nz(u)—ln(1+nz(u)))V(du))-

Theorem 1.5. Let (5(1),1(t), Q(t), R(t)) be the solution of system (V1.1) with any initial positive value.
If R}, < 1, then

) InI(t
lim sup

t—o0

) <(u+vy+d +r2)(Ré - 1) <0 a.s.
Furthermore, we have that

tli_)ngo(S(t)) = é a.s. tli_)rglo(Q(t)) =0 as. and tli_)n(}O(R(t)) =0 as.

Proof. Integrating from 0 to t on both sides of the first and second equations of system (VI.1),
gives

S(t) - S(0)
t

1(t) - 1(0)
t

— A= W(S0) - BE@ID) + LseaWi 41 [ [ mwseN s dw,
0 JU
= BSOIW) - (a+ 84y + )0} + 210EWse) + 7 [ [ m@isHN s dw.
0 JUu
Noticeably, we get

A H+d+y+n

(8(1)) = () + 91 (1), (V12)

where

Yi(t) = 5( )dWi(s) - —I(S)dwz(S)

t

! / / N1 (@S )N (ds, du) — + / / (s N (ds, du)}
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By Lemmas 1.3 and 1.4, we have tlil’nlh(t) = 0 a.s. Making use It6’s formula to (VI.1), one can
conclude that

dInI(t) = (BS(t) —(L+d+v+nr) - %0‘% — [u (nz(u) —In(1 +n2(u)))v(du)) dt
+ ondWh (1) + / In(1 + 12 (w)N(dt, du).
Uu

Integrating from 0 to t on both sides, we get
InI(t)

“B(S() ~ (w5 +y+r) = 503~ [ (nz(u)—ln(1+nz(u)))V(du)

Gz’Wz(t) / / In(1 +12(w)N(dt, du) + (0)

Substituting the result (VI.2) into the previous equation, implies that

InI(t)
=

A pu+d+v+n
u

<I(t)>+¢1(t)) — (u+5+,y+r2) 1 %+ lnIt(O)

- / (Ma(w) = In(1+1> () ) v(du) + UZWZ(” / / In(1+72(w)N (ds, du)
< E2By(0) - Gur sy er) - 3 §+1“It(0) - [ matw) = (1 + ma(w)yv(aw
szz(f)

/ / In(1 +n2(u))N(ds du).
t
Let K (t) = / / In(1 +12(w))N(ds,du). According to the hypothesis (A3z), we have
0o Ju

(K1, K (t) :t[u[ln(1+n2(u))]2v(du) < «t.

By the strong law of large numbers for martingales, we get 11m W‘(t) =0 and hm W"t(t) 0 as.

Consequently, if the condition R{) < 1 holds, we have
I(t ;
lim sup n () < (u+y+6+r2)(7€g) - 1) <0 as.
t—oo
Therefore tlim I(t) =0 a.s. Consequently, from (VI1.2), one can see that limsup(S(¢)) = £ a.s. Next,

t—o00

we shall show that thm (Q(t)) =0 and thm (R(t)) =0 a.s. From system (V1.1), we have

—0(0 t t ~

2 - tQ( ) = 5310y - (u+k+r3)(Q(t))+%/O Q(s)dwg(s)+%/0 /uns(u)Q(s‘)N(ds,du),
and

R(?) —tR(O) = Y(I(1)) + K(Q(t)) — w(R(t)) + % /0 R(s)dWi(s) + % /0 /W Ma(WR(sN (ds, du).
Making use of Lemmas 1.3 and 1.4, we get the desired result. |

Now, we will establish the condition for persistence of the disease in the next theorem.
Theorem 1.6. Let (S(1),1(t), Q(t), R(t)) be the solution of system (VL.1) with any initial positive value.
If R, > 1, then

lim (1(1)) =1>0 as. lim (S(1)) = S>0 as. lim (Q(1)) = 0>0 as. lim (R(1)) = R>0 as.

= i i~ (p,+5+y+r)(‘Ri—1) ~ = (v+k8) ; .
where I = §(Ry—1), S=4-——F-"— 0= M(RI 1), R = giammy (R —1). That is

to say, the epidemic model (V1.1) will prevail if Rl > 1.
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Proof. According to the Itd’s formula, one can see that

A u+d+v+n
i

—/ M2 (u) — In(1 +12(w))v(du) + M + 1 /t/ In(1 +n2(u))/v(ds, du)
U t tJo Ju
In1(0) 4 o, W5 (t)

InI(t)
ot

B <I(t)>+¢1(t))_(“+5+V+r2)—%cﬁ+w

L+d+v+nm

= (w+y+8+m)(Rh-1) - p (A(0) + By (1) + — t
1 ! ~
+ —/ / In(1 + 12 (u))N(ds, du).
tJo Ju
Using Lemmas 1.3 - 1.4, we get
~ - H(gi _
Jim (1)) = (RO 1) >0 as.
From (VI1.2), on can conclude that
A
lim (S(1)) = & = BEOFYH2 b 1y,
t—o00 I_,L t—o00
Consequently,
. A (u+6+y+r2)(7€(i)—1)
lim (S(t)) = — — >0 a.s.
100 K 8
On the other hand, we establish that
. ou ;
1 =— (R -1 .S.
th‘}o<Q(t)> B(L+k+r3) (RO ) >0 as
and
. (YR
Jim (R(0) = 50 (RO 1) >0 as.
This completes the proof. [ |

1.3 Numerical simulations

In this subsection, we shall use Euler numerical approximation to illustrate the rigor of our ana-
lytical results. The two examples are given below concern the results obtained in Theorems 1.5 and
1.6.

H Parameters Description H Numerical values H

A Recruitment rate of S 4 4

Natural mortality rate 0.2 0.2
B The transmission rate 0.0176 - 0.016 0.021
2% Recovered rate for I 0.02 0.02
) Quarantine rate of I 0.01 0.01
k Recovered rate for Q 0.01 0.01
r Disease-related death rate of I 0.1 0.1
r3 Disease-related death rate of Q 0.2 0.2
0] Intensity of W,(t) 0.11 0.11
02 Intensity of Ws(t) 0.35 0.35
03 Intensity of Ws(t) 0.12 0.12
04 Intensity of Wiy(t) 0.18 0.18
ull Jump intensity of S 0.02 0.2
2 Jump intensity of I 0.12 0.12
3 Jump intensity of R 0.01 0.01
N4 Jump intensity of Q 0.02 0.02

Figure VI.1 Figures V1.2 - V1.3
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Table VI.I: Nominal values of the system parameters and disturbances intensities adopted in the
different simulation examples .

Deterministic
Without jumps
With jumps

Deterministic
Without jumps
With jumps

. . . | . . { .
0 20 40 60 80 100 120 140 160 180 200 0 50 100 150 200 250 300 350 400
time time

Figure VL.1: Compute simulation of the paths I(t) for the SIQR epidemic model (VI.1) (with jump),
the trajectory of I(t) for the system (without jump, i.e. m; = 0) and the solution I(t) of the
corresponding deterministic system. The left image for 3 = 0.176 and the right one for 3 = 0.16.

Example 1.7. By taking parameters from the theoretical data mentioned in the Table VI.1, we
obtain

A
Ro = b =1.067 > 1,
H(L+y+8+r)
1 BA 03
o=——— [—-=[=1.0054 > 1,
O u+y+0+m | p 2) g
; 1 BA 03
1 2
= -=- - In(1 du)| =0.998 < 1.
R Lty+d+nln 2 /u[nz(u) n(1+n2(uw))]v(du) 98 <

The computer simulations shown in Figure VI.1 - (left) support the result of Theorem 1.5. That
is to say, the disease in system (VI.1) dies out exponentially with probability one. Although the
disease in stochastic (without jumps) and deterministic systems is persistent. If we decrease 3 to
0.016, we get

BA

Ro = =0.9696 < 1,
H(L+y+0+1)
1 BA 0,
S=——— [ -—=]=0908 < 1
0 u+y+d+rm |\ u 2) 208 <1,
i 1 BA o2
1 2
=—|— - = - —In(1 =0.901 < 1.
Ro=vrsin w2 [u[m(u) n(1 +m2(w)]v(du) | = 0.901 <

By the Theorem 1.5, the disease will tend to zero exponentially with probability one (see Figure
VLI - right).

Example 1.8. Let 3 =0.021 and other parameters be presented in Table VI.1. Then

A
Ry = B =1.2727 > 1,
wpu+y+0+r)
1 BA 03
s _ B2 2o q2655 > 1,
Ro H+Y+0+m | 1 2) ~
, 1 BA O3
i 2
- - k=2 —1In(1 du)| =12 1.
Ry = e (B2 - 2 [ ) = n(1 e ma()via)| = 12588 >
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40 T T T T T T T 10

Deterministic | |
Without jumps
With jumps

Deterministic | | 9r
Without jumps
With jumps 8r

35

30

. . . . . . . . . . . . . .
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
time time

Figure VI.2: Compute simulation of the paths (S(¢),I(t)) for the SIQR epidemic model (VI.1).

25 T T T T T T T 2
Deterministic
Without jumps
With jumps

Deterministic
Without jumps | |
With jumps

Q()
R(t)

05 1 0.4

02}
AR N
Eve

0 — 0
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
time time

Figure V1.3: Compute simulation of the paths (Q(t),R(t)) for the SIQR epidemic model (VI.1)

By Theorem 1.6, we can conclude that the mean solution of (S(t),I(t), Q(t),R(t)) of (VL1) obeys
that

tlim I(t)) =2548 >0 as.
lim (S(t))=18>0 a.s.

t—00
tlim (Q(t))=0.127 > 0 a.s.
tlim (R(t)) =0.387 >0 a.s.

This means the disease persists almost surely. The computer simulations are shown in Figure VI.2
and Figure V1.3 support these results clearly.

1.4 Discussion

Ultimately, this short section is concerned with the persistence and extinction of a stochastic SIQR
epidemic model with Lévy jumps. We have shown that a Lévy-jumps noise (e.g., tsunami, volca-
noes, avian influenza, hurricanes, earthquakes, toxic pollutants, etc.) in reality could mitigate the
epidemic in the case of non-persistence. Generally, our results showed that noises have important
effects on the dynamic of the disease. Some interesting topics deserve further investigation. We
may analyze more realistic but complex models, such as considering the effects of regime-switching
with Lévy jumps on the stochastic system (VI.1). We leave these works as our future works.
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2 New and general results on the asymptotic behavior of an SIS
epidemiological model with quarantine strategy, stochastic trans-
mission, and Lévy disturbance

2.1 Introduction

As previously reported, the spread of infectious diseases can undergo random disturbances and
stochastic phenomena due to environmental fluctuations [127, 73]. Since disturbed models can
describe many practical problems very well, many types of stochastic differential equations have
been used to analyze various epidemic models in recent years [173, 47]. There are two common
ways to introduce stochastic factors into epidemic systems. The first one is to assume that the
transmission of the diseases is subject to some small random fluctuations which can be described
by the Gaussian white noise [156, 157]. The other one is to admit that the model parameters are
affected by massive environmental perturbations like the climate changes, earthquakes, hurricanes,
floods, etc [154, 172]. For a better explaination to these phenomena, the use of a compensated Pois-
son process into the population dynamics provides an appropriate and more realistic context [159].
Considering these two types of random disturbances, many works have analyzed the asymptotic
behaviors of various epidemic models, including persistence in the mean, extinction, and ergod-
icity [163, 154, 172]. These interesting researches have served an important role in the stochastic
modeling of epidemics. But, all these models have considered either the standard white Gaussian
noise or the Lévy jumps. In this work, we combine these two perturbations by treating an SIQS
epidemic model that simultaneously includes the stochastic transmission and the discontinuous
Lévy process. This original idea extends the study presented in [159] and gives us a general view
of the disease dynamics under different scenarios of random perturbations.

The threshold analysis of perturbed epidemic systems is very important for understanding and
controlling of the disease spread. In our case, the deterministic SIQS model will be perturbed not
only by white noise but also by Lévy jumps, which makes its analysis more complicated and needs
some new techniques and methods. During this study, we aim to develop a mathematical approach
to prove the existence of a unique ergodic stationary distribution and persistence in the mean of the
new perturbed model. Without using the classical Lyapunov method presented in [57], we obtain
sufficient conditions for the ergodicity by employing the Feller property and mutually exclusive
possibilities lemma. Under the same conditions, we demonstrate that the persistence in the mean
of the disease occurs. To analyze properly our new model, we study the stochastic extinction case.

Let (Q,F,P) be a complete probability space with a filtration {7;};>0 satisfying the usual con-
ditions, and containing all the random variables that will be meted in this section. We merge the
stochastic transmission with a discontinuous perturbed mortality rates. The random variability in
the epidemic transmission (3 and the mortality rates w; (i = 1,2,3) are presented by a decomposition
of usual white noise and the Lévy-1td process, respectively. Under these assumptions, the evolution
of an epidemic during the quarantine strategy is modeled by the following system of stochastic
differential equations:

dS(t) = (A= wiS(t) = BS()I(t) +vI(t) + kQ(t))de+dP (1),
dI(t) = (BS(DI(1) = (ug + & +Y)I(1))dt+dPs (1), (VL3)
dQ(t) = (8I(t) = (u3 + k)Q(1))dt+dP5 (1),

where
dPi(t) = o1S(t)dW; (1) + /um(u)S(t‘)K/(dt, du) — opS(t)I(t)dWp (1),
dP,(t) = 02I(t)dWh(t) +/ nz(u)l(t‘)ﬁ(dt, du) + opS(t)I(t)dWp(1),
u

4P5(1) = 030(1)dW5 (1) + [u 3N (dr, du).
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Here, Wp(t) and W;(t) (i = 1,2,3) are the mutually independent Brownian motions defined on
(Q, F . {F+}+>0.P) with the positive intensities og and o; (i = 1,2,3). S(¢t7), I(t7) and Q(t7) are the
left limits of S(t), I(t) and Q(t), respectively. N is a Poisson counting measure with compensating
martingale N and characteristic measure v on a measurable subset Z of (0, c0) satisfying v(Z) < co.
It assumed that v is a Lévy measure such that K/(dt, du) = N(dt,du) — v(du)dt. We also assume
that ‘W;(t) (i=1,2,3,p) are independent of N. The functions n; : U —» R (i = 1,2,3) are bounded
and continuous.

For the sake of notational simplicity, we define

o A(u) = max{n; (u),n2(u),n3(u)} and n(u) = min{n; (w),n2(w),n3()}.
o Pnpw) = [1+7wW)]™ = 1= npAi(w) and pnp(w) = [1+0w)]"™ = 1 - npn(w).

o by = fu [Pnp () V prp(u)]v(du) and & = max{o?, 03, 03}.

To properly study our model (VI1.3), we have the following fundamental assumptions on the jump-
diffusion coefficients:

e (A;) We assume that / n?(u)v(du) < oo, {i=1,2,3}.
U

(Ay) For all u e U, 1 +n;(u) > 0 and / [ni(u) —In(1 +n,-(u))]v(du) < oo, {i=1,2,3}.
U

(A3) We suppose that / [ln(l +ni(u))]2v(du) < oo, {i=1,2,3}.
u

(A4) We suppose that / [(1 +T'](u))2 - l]zv(du) < oo.
U

(As5) We suppose that for each positive integer n there is some real number p > 1 for which

(np-1)_ 1
2 G—@fn,p>0.

Ynp = H1 —

2.2 Main results
2.2.1 Generalization of some former results

In view of the biological interpretation, the question of whether the stochastic model is well-posed
is the first concern. Therefore, to analyze the stochastic model (VI.3), it is necessary to verify the
existence of a unique global positive solution, that is, there is no explosion in finite time for any
positive initial value (S(0),1(0),0(0)) € R3. The following lemma assures the well-posedness of the
stochastic model (VI.3).

Lemma 2.1. Let assumptions (A1) and (Ay) hold. For any initial value Y(0) = (S(0),1(0),0(0)) € R3,
there exists a unique positive solution Y(t) = (S(t),I(t),Q(t)) of system (VI1.3) on t > 0, and this
solution will stay in R3 almost surely.

The proof is somehow standard and classic (see for example [58, 171]), so we omit it here.

In the following, we always presume that the assumptions (Aj) - (As) hold. For reference purposes,
we will prepare several useful lemmas.

Lemma 2.2. Let n be a positive integer and let Y(t) denotes the solution of system (VI1.3) that starts
from a given point Y(0) € R3. Then, for any p > 1 that satisfies Ynp > 0, we have

npYnp 20
2

e E[N"(1)] < N"(0) x e +

Ynp
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1 [t 26
o limsup—/ E[N"F(s)|ds <
t—oo b Jo Ynp

where & = sup{Ax"?~! — y”T’*”x"l”} and N(t) = S(t) +I(t) + Q(¢).

x>0

a.s.

Proof. Making use of It6’s lemma to N"P(t), we obtain
n
AN"P (1) = {npN"p_l(t) (4= wN@ - (1) - 0(0) + Tp(np = ON"2(1)(0352(0) + 3P (1) + 03Q%(1)

+/ NP (1) ( S(t) I(t) Q(t))""_1
Uu

Lem@) S 4w 2D 20
—np(m(u) S(t) +n2<u>ﬂ+n3<u>@)]v<du>}dt

N(t) N(t) N(t)
N(t) N(t) N(t)
+ npN"P-! (t)(ms(t)cmy1 (1) + 0o () dWh (1) + G3Q(t)d"W3(t))
np (- S(t7) I(t) Q(t7)
+/uN (t7)

5 NG NG
n np—1 Tlp n = n A v
AN (1) < (npN =1 (1) (A - ulN(t)) + 2 (np— DN"(1)5 + N (1) /7,, [pnp () v pn,p(u)]v(du))dt

+M3(u)

np _
) - I]N(dt, du).

(1 +ﬂ1(U)N(t )

Then

+ npN"p_l(t)(mS(t)d‘H/l(t) + oI (t)dWh(t) + G3Q(t)dW3(t))

+ / N"P(t—)(u +1i(u))™ — 1)ﬁ(dt, du). (V1.4)
U
Rewriting the above inequality, one can see that
n np—1 (np B 1) — 1 A v n
AN™P(t) < nps AN™7 (1) — | wy — 50~ —p [Prp () V Prp(w)]v(du) |N"P (1) pdt
np Ju

+ npN”p_l(t)(Gls(t)dwl(t) + 0oI(t)dWh(t) + 03Q(t)dW3(t))

+/ N"P(t—)((1+ﬁ(u))"P—1)ﬁ(dt,du).
Uu

(np—l)(_T

We choose neatly p > 1 such that v, = u; - 5

1

- —/ [ﬁn,p(u) \Y ﬁn,p(u)]v(du) > 0. There-
np Ju

fore

AN" (1) < np{6 - y%”’J\J"f’(fr)}m + npN"f’—l(t)(mS(t)cyu/1 (1) + 0o (£)dWh (1) + 03Q(t)dW3(t))
+/ N"P(t—)((l +7(w)" - 1)K/(dt, du).
Uu

On the other hand, we have

n

npyn, npyn, PYn,
AN"P(£) xe™ 2 = pyn, NP() xe 7 tae 2 LANP (1)

— npYnp

< npde Tt 4 emf”’f[npN"P—‘ (t)(GIS(t)d(Wl(t) + 0ol () dWh(t) + G3Q(t)dW3(t))

+/ N"P(t_)((l +7(u)™ - l)K/(dt, du)].
Uu
Then, by taking the integration and the expectations, we get

npYnp 20
+

n n, t n,
E[N"P(t)] < N"(0) x e e npf)/ e~ T Ynp(1=9)q5 < N™(0)e " 2 .
0 Ynp
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Obviously, we obtain

1 [t 1 [! _movn 20 2%
lim sup—/ E[N"P(s)]ds < N"(0) x lim sup—/ s s 4 = )
t—eo t Jo t—oo T Jo Ynp  Ynp

This completes the proof. |

Remark 2.3. Throughout this remark, X is standing for the sum n;(u)S +1n2(u)I +n3(u)Q, where
u € U. In the study of stochastic biological models driven by Lévy jumps (see for example,
[172, 171, 27, 26, 36]), the following quantity

JN
U

(1 + %)np -1- np%] v(du),

is widely majorazed by

/ N"P((l FRW)™P — 1 - npn(u))v(du).
Uu

However, the last estimation can be ameliorated by considering the following inequality

JuN
U

which is established from the observation that the function

(1 + I)V_()"P -1- np%] v(du) < '[L{an [ﬁn,p(u) v ﬁn,p(u)]v(du), (VL5)

gx)=1+x)"" —=1—-npx, np>1,

is decreasing for x € (—1,0) and increasing for x > 0. Needless to say, this last fact makes
necessarily g(a) v g(b) as the highest value of g on any interval [a,b] C (—1,). The adoption of
the inequality (VL.5) in our calculus, especially in (V1.4), (VL.7) and (VIL.12), will improve many
classical results presented in the above mentioned papers.

Remark 2.4. Lemma 2.2 takes into consideration the stochastic transmission and the effect of
Lévy jumps, and this makes it clearly an extended version of Lemma 2.3 presented in [162].

Lemma 2.5. Consider the initial value problem

(VL.6)

dX (1) = (A — X (1))dt + Py () + Pa(t) + P5(2),
X(0) =N(0) R4,

where
Py (1) = 01S(H)dWi (1) + [u (SN (dr, du),
Py(t) = czl(t)d(Wz(t)+[unz(u)l(t‘)ﬁ(dt, du).

Let us denote by Y(t) = (S(t),1(t),Q(¢t)) and X(t) the positive solutions of systems (V1.3) and (V1.6)
respectively. Then

. X"(t)
e lim

1—00 t

=0 a.s., Vne{l,2,---}.
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- Jy X(6)S(5)dWi(s) Jy X6)1(s)dWa(s) _ Jy X(6)Q(s)dWs(s) .

0, lim 0, and lim a.s.
t—00 t 00 ¢ Am ;
t ~
(1+7(w)? = 1)X2(s)N(ds, du)
thmfo fW( n ) =0 a.s.

Proof. Our approach to demonstrate this lemma is mainly adapted from [171]. The proof falls
naturally into three steps.

Step 1. Applying the generalized 1t6’s formula [27] to K(X) = X"P, where n is a fixed integer
number, we derive

AK(X) < LKAt + npX"™P~! (alsdwl (1) + oo Id Wi (1) + G3QdW3(t))

+/ X”P(t‘)((l +1(w)"? - 1)ﬁ(dt, du), (VL7)
U
where
np-2 _ _ (np—1) 1 2]
LK < npX [AX (ul s npgn,p)x .
Choose a positive constant p > 1 such that y,, = p — @‘ . # np > 0. Then

dK(X) < (an"P—2 (AX - yn,pxz))dt + npxX"P~! (GISd“Wl () + o2 IdWh (1) + G3QdW3(t))
+/ X"P(t-)(u + (W)™ - 1)ﬁ(dt, du). (VL8)
Uu
For any constant m satisfying m € (0,npyn,), one can see that
de™K(X(5)) < L{MK(X (1)) +npe™ X (1) (015 (1) AWi (1) + 02T (HAWa (1) + 030()d W5 (1))
+emf/ X"p(t_)((l ()™ — 1)K/(dt, du).

Uu

Integrating both sides of the last inequality from 0 to ¢, we get
t t
/ de™ K (X(s)) < / (mems‘K(X(s)) + ems.ﬁ(‘K(X(s)))ds
0 0
t
+np / ems X1 (5) (GlS(s)d‘Wl (s) + 02l (s)dWh(s) + GgQ(s)d“Wg(s))
0
t
+/ emS/ X"P(s_)((l +7(u)"? - 1)N(ds, du).
0 Uu
Taking expectation on both sides yields that
t
Be™K(X(1)) < K(X(0)) +Bf / (mem™ (X () + ™ £(K(X(5)))ds}.
0

In view of (V1.8), we can see that

me™ K (X (1)) +e™ L(K(X)) < npe™H,

where H = sup{X"P‘z[ - (vn,p - %)X2 +AX] + 1}. Then, we have
X>0

Ee™ K (X(s)) < K(X(0)) + %iemf.
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Therefore, we get
H
limsup E[X"™(1)] < P L.
t—o0 m

Consequently, there exists a positive constant M such that for all ¢ > 0,
E[X"P(t)] < M. (V1.9)

Step 2. Integrating from 0 to ¢ after applying the famous Burkholder-Davis-Gundy inequality
[93] to (VL.8), allows us to conclude that for an arbitrarily small positive constant z, m = 1,2, ...,

E[ sup X”p(t)] < E[X(mz)]np + (zlz+zzzé(np6‘+/ ((L+A(u)™ - 1)2v(du)))
U

mz<t<(m+l)z

X [ sup X””(t)],

mz<t<(m+l)z
where z; and z; are positive constants. Specially, we select z > 0 such that

1

zlz+22z% (np6+/ (1 +7(w)" - l)zv(du)) < 5
Uu

Then

E[ sup X"(1)] <2M.

mz<t<(m+l)z

Let € > 0 be arbitrary. By employing Chebyshev’s inequality, we derive

E[ sup X" (t) _
mz<t<(m+l)z 2M

(mz)1+é < (mz)1+é'

P{ sup  X"P(t) > (mz)”g} <

mz<t<(m+l)z

Making use of the Borel-Cantelli lemma gives that for almost all v € Q

sup  X™(t) < (mz)'*e, (VL10)

mz<t<(m+l)z

verifies for all but finitely many m. Consequently, there exists a positive constant mg(w) such that
mo < m and (V1.10) holds for almost all w € Q. In other words, for almost all w € Q, if my < m and
mz<t<(m+1)z,

In X™P (t) < (I +€é)In(mz) _

=1+¢€.
Int — In(mz) €
Because € is arbitrarily small, then
In X" (¢t 1
lim sup nX*(0) < - as.
t—00 nt P

Therefore, for any small 3 € (0,1 —1/p), there is a constant V = V(w), for which if t > V then
1
InX"(t) < (— +v) Int.
p

Hence

1, =
X" (t tpt?

lim sup < limsup

t—oo t—o0
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This together with the positivity of the solution implies

. X" (1)
lim

t—oo t

=0 a.s.

Step 3. Now, we define
5= [ XOSEEWe, 0= [ XOHWE.

I3(t)=%‘/o X(s)Q(s)dWs(s), I4(t) = / /Xz(s (1+n) —I)N(ds du).

In view of the Burkholder-Davis-Gundy inequality, we find that for p > 2,

P P P
t 2 t 2 t 2
E| sup |L(H)P| <CE / X*(s)ds| < G;|E / X*(s)ds| < C;|E / IX*(s)|lds| , (VLI
m<t<(m+l) 0 0 0
PP p/2 .. .
where Cj = [W] > 0. Similarly to the previous case, we find
E| sup [L(t)P| <Cp / ((1 +n) —1 v(du) / |X4(s)|ds
m<t<(m+l) Uu

Via (V1.9) and (VI.11), one can see that

E[ sup |Il(t)|f’] < 25 Nicsm".

m<t<(m+l)

For any arbitrary positive constant €, and by making use of Chebyshev’s inequality, we obtain

Bl sup IGim+ 1P|

] L 2148 §iC;
ol swp R > pirerth < R <=l m=12..
m<t<(m+l) }31+€+§ pte
Using the Borel-Cantelli lemma, one has
1 p I1+é+5)Inm D
nin@P _ (1+ecfm o p
Int Inm 2

Taking the limit superior on both sides of the last inequality and applying the arbitrariness of €,
we deduce
. In |I1(t)| I 1
limsuyp———— < -+ - as.
t—00 Int 2 p
That is to say, for any positive constant 7 € (O

for all t > T,

5 — %), there exists a constant T = T(w) such that

11
In|7(0)] < (§+E+f)1nt.

Dividing both sides of the last inequality by ¢t and taking the limit superior, we have

1,1~
Ii(t TEAF A
lim supM < limsup =0.
t—o0 t—o00
Combining it with lim inf == L1 > 0, one has Jim =2 EAGINS = lim L0 0 as.
In the same way, we prove that
I (t I(t I (t
im 29 o im 29 o im 28
—00 t t—oo [ t—oo [
This completes the proof. |
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Remark 2.6. The positivity of the solutions X(t) and Y(t) together with the stochastic comparison
theorem [93], leads to the fact that N(¢) < X(¢) a.s. which in turn implies that

n n n n
limS (t) =0, limI (t) =0, limQ (t) =0, and even limN (t) =

t—oo0 t—oco t—o0 t t—o0 t

0 a.s.

Remark 2.7. By comparing our findings with those of Lemmas 3.3 and 3.4 in [171], one can
conclude that the new result 2.5 presents a modified and generalized version to these lemmas,
which will be necessary to prove Lemma 2.10.

Lemma 2.8. Let Y(0) € R3 be a positive given value. If Y(t) denotes the positive solution of system
(V1.3) that starts from Y(0), then

- i S(s)dWp (s) o i S(s)dWi(s) ot Ji I(s)dWa(s) 0

A m-—--—- A
t—00 t t—00 t t—00 t

Jy Q)AWs(s) _ .
t

>

and tlim a.s.
t ~ t —~
u)S(sT)N(ds,du w)I(sT)N(ds, du
o b Sy @SN @I ON s e
t—00 t t—o0 t
t —~

IN(ds,d

and tlim/0 fwm(u)Qt(S IN(ds, duw) =0 a.s.

Remark 2.9. The last lemma is easily demonstrated by using an analysis similar to that in the
proof of Lemma 2.5.

Lemma 2.10. Let X(t) € R, be the solution of the equation (V1.6) with any given initial value
X(0) = N(0) € R,. Suppose that y =21, — 0 - /,u [ﬁz(u) \/nz(u)]v(du) > 0, then

1 [t A
lim —/ X(s)ds = — a.s.
tJo 1

t—00 u
and
1 [t 2A2
lim — X%(s)ds < =— a.s.
t=eo b Jo Hix

Proof. Integrating from 0 to ¢t on both sides of (VI.6) yields

X(t) = X(0) _
t

; t 1 t ~
A_%./o X(s)ds+%/0 S(s)d’W1(s)+?/0 fum(u)s(s_)N(ds,du)

02

t 1 t _~
* = \ I(s)d(Wz(s)+;/0 [uﬂz(u)f(s_)N(ds’du)
0 /0 Q(s)AWA(5) + 7 /0 /u n3(WQ(s )N (ds, du).

Clearly, we can derive that

U s A _XO-XO o [ 1 q
t./o X(s)ds = " ot +H1t./o S(s)d‘Wl(s)+Mt/0 /um(u)S(s YN (ds, du)

02 t 1 t o
+E A I(s)d(Wz(s)+E/0 /unz(u)l(s YN (ds, du)

03 t 1 t e
+E/O‘ Q(S)d(W3(s)+E/O /wng(u)Q(s YN (ds, du).
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According to Lemma 2.8, we have

liml‘/tX(s)ds = A a.s
t—oo t 0 98]
Now, applying the generalized It6’s formula to equation (VI.6) leads to
dxX2(1) < (2X(t) (A - plX(t)) +5X3(1) + / X2() [A%(u) v nz(u)]v(du))dt
u n
+2X(1) (01 S()AWi (1) + 0T (H)AWA (1) + 030()dWs (1))
+/ Xz(t_)((l +ﬁ(u))2 - I)K/(dt, du). (VI12)
U

Integrating both sides from 0 to t, yields
200 y2 g _ = ) 2 g
X (t) - X°(0) $2A—/0 X(s)ds (2u1 o [LI [n (w)vn (u)]v(du))'/O X“(s)ds
+261/ X(s)S(s)dWl(s)+202/ X(s)I(s)sz(s)+263/ X (s)Q(s)dWs(s)
0 0 0
t B _ 2 _
+/O '/ﬂXz(s )((1+T](u)) —I)N(ds,du).
Let y =2u; -0 - /w [ﬁz(u) Vnz(u)]v(du) > (0. Therefore

t t 2 _ 2 t
%/0 X% (s)ds < 2—A/ X(s)ds+)w+é'/ X(5)S(s)d W, (s)

20'2
+

X(s)l(s)dws) L2 / X(5)Q(s)dWs(s)

+E/0 /ﬂx%s) (1+7(w)’ —l)ﬁ(ds,du).

By Lemma 2.5 and assumptions (A4)-(As), we can easily verify that
2

1 [t 2A
lim — X*(s)ds < =— a.s.
t=el Jo MY

2.2.2 Ergodicity and persistence in the mean

In the following, we aim to give the condition for the ergodicity the persistence of the disease. We
suppose that y > 0 and we define the parameter:

pa _ A0
K1 Hix

Ry (u2+6+y+72)

- /unz(u) ~In(1 +nz(u))v(du)) :

For simplicity, we introduce the following notations:

2 0.2
o M = 452/\ p.2+6+y+— (725—1)
—(p+1) 0.2
.Mzz%(mwm_ (Re-1).

Hig 03| (24 -
o Mz = 86 (u2+6+y+7)(E+N(O)) (RO—I).
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Theorem 2.11. If R} > 1, the stochastic system (VI1.3) admits a unique stationary distribution and
it has the ergodic property for any initial value Y(0) € R3.

Proof. Applying the generalized It6’s formula to Inl — %(X - S), we easily derive

B o %
d {lnl(t) - E(X(t) - S(t))} > (BX(t) —(m2+0+7v) - 5 752(t) - /ﬂnz(u) = In(1 +m2(u))v(du) |dt
- B—ZS(t)I(t)dt + 02d WA (1) +/ In(1 +n2(u))ﬁ(dt, du) + opS(t)dWp (1)
- Ecr[g,S(t)I(t)d(WB(t) - E552(t) - E503(1,‘). (VL13)
58 Hi Hi

Integrating from 0 to t on both sides of (VI.13) yields

In f((é)) fl (X(t) - S(t)) + %(X(O) - 5(0))

2/0 (BX(S)—(uz+6+v) -

2

2
2_&52(3)_ / nz(u)—ln(1+nz(u))V(du))ds
Ej/ S(s)I(s)ds+02W2(t)+/ /1n(1+n2(u))N(ds du)+0[5/ S(s)dWs(s)
_ b / SEIAWy(s) - £ / o)W - = / [} me@i)R s, o
H1 0

_ But?/ Q(s )dw3(s)——/ /m(u)Q(s N (ds, du).

Hence
/t[SS(s)I(s)ds
0
t 2 02
> % (BX(S)—(H2+5+Y)— —ﬁSZ(S)—/ nz(u)—ln(l+nz(u))V(du))dS
0
- %1 % (X(t) S(t)) (X(O) S(O))+EGZW2(t)+—/ / In(1 +m12 ()N (ds, du)
+ Ho B/ S(s)d‘Wﬁ(s)—GB/ S(s)I(s)d‘WB(s)—UZ/ I(s)sz(s)—/ /nz(u)l(s_)N(ds,du)
B Jo 0 0 o Ju
~pox [ 0awio) - [ [ mwoe )N du. (V114)
From Remark 2.6 and Lemma 2.8, one can derive that
tli_)rg@zo ti_)ngo&—o and 11m / /(nz(u)l(s ) +m3(u)Q(s™ ))N(ds du) a.s.

Moreover,
1 ! 1 ! 1 [t
tlim " S(s)dWs(s) =0, ?/ I(s)dWa(s) =0 and tlim ?‘/ Q(s)dWs(s) =0 as.
—00 0 0 —® 0

Application of the strong law of large numbers and assumption (Az) shows that

1 /! -
lim W) =0 and lim—/ / In(1+m2(w))N(ds,du) =0 a.s.
0 Uu

t—o0 t t—oo f

Applying similar arguments to those in the proof of Lemma 2.5, we obtain

t
tlirn%/ S(s)I(s)dWp(s) =0 a.s.
—00 0
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Since lim sup ; L &0 1(0) 11m sup ; N 1}1((03) <0 a.s., one can derive that
t—

1 t
liminf—/ BS(s)I(s)ds
t—oo 0

t 2 03
> %liﬂglf%/o (BX(s) — (L2 +0+7v) - % B Tﬁxz(s) - [unz(u) ~Indl +n2(u))v(du))d$
1 t 0-2 1 t 2
:%}g&?/o BX(s)ds—Tﬁtli_)rg?/o Xz(s)ds—(H2+5+Y+%)—[uﬂz(u)—1n(1+ﬂ2(u))v(d“)~

From Lemma 2.10, it follows that

2.2 2
BA AGB ) )

imint [ psoras> B (B2 (1o wsey e 2) - [ e -+ nayvian

%(p2+6+y+ 2)(7fz3—1)>0 as. (VL15)

To continue our analysis, we need to set the following subsets:

e Q) ={(t,w) e Ry x Q| S(t,w) > ¢, and, I(t,w) > €},
e O ={(t,w) € Ry X Q| S(t,w) < €},
e O3 ={(t,w) e Ry X Q| I(t,w) < €},

where € > 0 is a positive constant to be determined later. Therefore, by (V1.15), we get

S B 2ABe
lim inf - /0 (BS(S)I(S)]IQI)ds > F(m L84y 4 —)(RO - 1) o
We can choose ¢ < M;, and then we obtain
1 [t 03
11}111nf—/ E(BS(s)I(s)]IQI) > 55 (uz 54y —)(Rs - 1) > 0. (VL16)
- 0
Let g =ap > 1 be a positive integer and 1 < p = (‘:ﬂ such that vy, > 0 and % = 1. By utilizing

the Young inequality xy < xp + y for all x,y > 0, we get

t

hmlnf—/tE([SS(s)I(s)]lQI)ds Sliminf%/ E(p—l(nﬁs(s)l(s))P+q—1n—fI]1QI)ds
0 f—e0 0

t—o0

1 [t 1
< liminf— / E(q n q]lgl)ds +p~'(mPB)Plim sup— / [NZP(s)]ds,
0

t—o0 f—s00

where 11 is a positive constant satisfying n? < M,. By Lemma 2.2 and (V1.16), we deduce that

11;21}3%/; []lQI]ds>qr]q( B(u2+6+y+—)(7€5—1) m;%)
> ”f;q(uﬂmmé)(vzg— 1) > 0. (VL17)

Setting
Qi ={(t,w) e Ry x Q| S(t,w) = (, or, I(t,w) > (},
Y={(t,w) eR. X Q| e £ S(t,w) < (, and, € < I(t,w) < (},

where ( > € is a positive constant to be explained in the following. By using the Markov’s
inequality, we can observe that

/]194(1?, w)dP(w) < P(S(t) > () +P(I(t) > ) < %E[S(t) +I(t)] < %(? +N(0)).
Q 1
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Choosing % < Mzn?. We thus obtain

2

. 1 t quT]q G R
llﬁgp?A E[lg,]ds < 3P (p.2+6+y+—)(7€ —1)

According to (VI.17), one can derive that

1 [t 1 [t 1 [t
liminf—/ E[]lz]dszliminf—/ E[]lgl]ds—limsup—/ E[lq,]ds
0 0 0

t—oo f t—o0 t—00

> I“ngcglq(uz+5+y+U—Z)(Rs—l) > 0.

Based on the above analysis, we have determined a compact domain % c R? such that

11m1nf—/OtP(s, Y(O),Z)ds > ugg] (p2+6+y+0_2)(725 ) > 0.

t—o00

Applying similar arguments to those in Theorem 3.1 of [57], we show the uniqueness of the ergodic
stationary distribution of our model (VI.3). This completes the proof. |

Theorem 2.12. If Rj > 1, then for any value Y(0) € R3, the disease is persistent in the mean.

Proof. From model (VL.3) it yields
d(S(t) +I(1) + Q(1)) = (A= i S(t) = w2l (1) — paQ())dt + Pi(t) + Pa(t) + P3(1). (VL18)
Integrating (VI.18) from O to ¢, and then dividing ¢t on both sides, we get
%Uﬂﬂ+no+mo»wam+um+9m»)
_ah _k s a [
A . S( )ds . '/o I(s)ds / Q(s)ds + '/0 S(s)dWi(s)
1 ~ t ~
+ ?A ‘[um(u)S(s_)N(ds, du) + 7/0 I(s)dWh(s) + ;./0 [unz(u)l(s_)N(ds, du)
03 t 1 t - =
+ T/o‘ Q(s)dWs(s) + ?./0 /ﬂm(u)Q(s YN (ds, du).

Taking the integration for the third equation of model (VI.3) yields

QU)—Q@)=6[:dey—uu+k{£ Q@km+03£ Q&Mﬂ%@)+[:/;nﬂwguvﬁﬁmdw.

(VI.19)
Dividing ¢ on both sides of equation (VI.19), we have
L[ e WHW/(MH3M“/QMM®
s [ mee) s o - (e - o0,
Then, one can obtain that
1 A 1 8 !
;/0 S(ds == 4 E —M(H‘i k))./o I(s)ds + @, (1), (V1.20)
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where

o1 = — M / QW) + — / / MW Q( )N (s du) = —

(s 2 P ———(0(1) - 0(0))

+k)t
01 ! B
+E/o S(s)d(W1(s)+ﬁ/0 [um(u)S(s )N(ds,du)+E/0 1(s)dWs(s)
1 4 e o3 ¢ 1 ; s
*E/o funz("‘”“ s+ 2 [ osawsis) + /0 [u M3 (W)Q(s )N (ds, du)
- ﬁ((s(t) +1(t) +Q(1)) = (5(0) +1(0) + Q(o))).

Applying Itd’s formula to the second equation of (VI.3), we get

02 03
_ 2 B 2
dIni(t) = (BS(t) (2 +0+vy) - 5" 75 (t) - /ﬂnz(u) —In(1 +n2(u))V(du))dt
+ 0d W5 (1) + / In(1 +n2(u))ﬁ(dt, du) + ogS(t)dWp(1). (VIL.21)
u

Integrating (V1.21) from 0 to t and then dividing ¢ on both sides, we have

2

t o2 pt
%(lnl(t) —InI(0)) = g‘/o S(s)ds — (Up +0+7y) — % - 2—;5'/0 S2(s)ds — [unz(u) —In(1 +my(w))v(du)
02W2(t)

1 t _ 0—[5 t
;‘/0 /uln(1+n2(u))N(ds,du)+T‘/O S(s)dWs(s).

From (VI1.20), we get

1 _ _BA B d3 ‘ _
-(In1(1) ~In1(0)) = - t(ul +M(u3+k))/0 I(s)ds + B (t) — (Ha + 8 +7)

2 0'2 t
2 % /O §2(s)ds /w () = In(1 +112())v(du)
Wa(t)
02

1 t _ t

Z / / In(1 +12 ()N (ds, du) + -2 / S(s)d W (s).
tJo Ju t Jo

Since S(t) < X(t) a.s., we obtain

1(1Ilf(t) In1(0)) > BA _ E
t M1

o pi(us +k)

)
W2 + 13

)/O I(s)ds + B1(t) = (u2 + 0 +7)

2
_%__ﬁ / X2(s)ds - / N2(u) = In(1 +1())v(dw)
Wz(f)

02

/ / In(1 +n2(u))N(ds du)+—/ S(s)dWs(s).

Hence, we further have

B (1 dyu3 ! 1 pA

2 (;2 t
2% /0 X2(s)ds - / () = In(1 +712()) v (dw)

(t)

+ 0>

/ fln(1+n2(u))N(ds du)+—/0 S(s)dWp(s).
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By assumption (A3), Lemmas 2.8 - 2.10, and the large number theorem for martingales, we can
easily verify that

-1
S Y I du3 o
11m1nf—/Isd52——+— +0+v+=|(R2-1)>0 a.s.
pu ) 1 B(ul mor) Lerseyr3)®i-D

This shows that the system (VI1.3) is persistent in the mean with probability one. This completes
the proof. |

2.2.3 The extinction of the disease

Now, we will give the result on the extinction of the disease. Define

A

2\~ 2 A2
o A 05 A
7%5=(u2+6+y+—2) B B

E_ ZH%

2 _/11n2(u)—1ﬂ(1+nz(u))v(du) .

Theorem 2.13. Let Y(t) be the solution of system (VI1.3) with initial value Y (0) € R3.
If

7?8 <1 and 0'?5 < %F (V1.22)
or
B2 o3
Ty W +0+7v+ 5| /unz(u) —In(1 +12(w)v(du) <0, (VL1.23)
B

then the disease dies out exponentially with probability one. That is to say,

InI(t
lim sup— t( ) 20 as. (V1.24)

t—o0

Proof. By Itd’s formula for all ¢t > 0, we have

o2 03
dInI(t) = (BS(t) — (o +8+y) - = - L8521 —/ M2 (u) — In(1 +ﬂ2(u))V(du))dt
2 2 u
+ 0o dWh (1) + / In(1 +1M2(w))N (dt, du) + oS(£)d Wy (t). (V1.25)
Uu

Integrating (VI1.25) from 0 to t and then dividing t on both sides, we get

2

2 o t
lnI(t) B / S(s)ds — (HZ +0+v+ 7) - [unz(u) —In(1 +12(w))v(du) — 2—[:‘/0 Sz(s)ds + O, (1),
(V1.26)

where

0'2W2(t) lnI(O)

D, (t) = ?/0 S(s)dWs(s) — / / In(1 + 1, ()N (ds, du) —

Obviously, we know that

t t 2
%‘/0 S2(s)ds > (%‘/0 S(s)ds) .
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Therefore, from (VI1.20), we derive

InI(t)
t

2

< ?/OtS(s)ds - (uz +8+Y+ %) - /ﬂnz(u) = In(1 +m2(u)v(du) — %%(% /OtS(S)dS)2 +®o(1)

T a*m)/o 1<S>ds+¢l<f>)—(uz+6+v+7)— [} @ = (1 +ns(yvidn
02 ; 2
S A _Ifra, oM
2 \m tlwm * Hl(u3+k))/0 I(S)ds+¢1(t)) +@,(1).

Hence, one can see that

1 2 AZGZ
ni) _B—A—(uz+6+v+—2)—/ 1200 ~ In(1 + () v(du) -
t 98] 2 2u? 1
Ha
— I s)ds
" u1(us+k))( ) ©
02 H2 Opi3 ’
+ I(s)ds| +D,(t) + P3(1), 1.27
2tz((ul o) [ ) (1) + 031 V127
where
02 02 Ad; (1) 5 t
D3(t) = PD1(t) - <I>2(t) B—+cr[3<f[>1(t)( L)/ I(s)ds.
1 wm (s +k) ) Jo
Based on Lemma 2.8, one has
() ()
tim 20 _ iy B3O o
t—o00 t —o00 t

Taking the superior limit on both sides of (V1.27), then by condition (V1.22), we arrive at

. InI(t
lim sup

t—o00

(7%3 - 1) <0 as.

02
u2+6+y+—

Now, from (VI1.26), we have

InI(t t o2 o2 ot
1 ”:E/ S(s)ds—(u2+6+y+—2)—/ nz(u)—ln(1+n2(u))v(du)——B/ S2(s)ds + @, (1)
t t Jo 2 U 2t Jo
2 0'2 1 :
_ B (u2+6+y+ —2) —/ M2 (w) = In(1 +1 () v(du) —'3—/ (S(s)ds— E) ds + Oy (1)
20‘%3 2 u t Jo 0‘ﬁ
p o
< 2o (orssv e Z) - [ m@ -0 ) vidu) + 20,
2crB 2 U
By the large number theorem for martingales, Lemma 2.8 and the condition (VI1.23), our desired
result (V1.24) holds true. This completes the proof. |

2.3 Numerical examples

In this section, we will validate our theoretical results with the help of numerical simulation
examples taking parameters from the theoretical data mentioned in the Table VI.2. We numerically
simulate the solution of system (VI.3) with the initial values (S(0),1(0),0(0)) = (0.5,0.3,0.1). The
unit of time is one day.
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H Parameters H Numerical values H

A 0.1 0.1 0.1

o8 0.05 0.05 0.05
L 0.09 0.09 0.09
U3 0.052 0.052 0.052
B 0.075 0.05 0.05
8% 0.01 0.01 0.01
5 0.03 0.03 0.03
k 0.04 0.04 0.04
o1 0.01 0.01 0.01
07 0.03 0.12 0.01
03 0.07 0.12 0.12
op 0.02 0.1 0.02
ull 0.01 0.2 0.2

P 0.02 0.12 0.12
3 0.05 0.01 0.01

Figures VI.4 and VL5 | Figure VI.6 (a) | Figure V1.6 (b)

Table V1.2: Nominal values of the system parameters and disturbances intensities adopted in the
different simulation examples.

180 250

200

50 [

°
[

=L

oo

1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9
$(300) 1(300)

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Q(300)

Figure V1.4: Histogram of the probability density function for S, I, and Q population at ¢ = 300 for
the stochastic model (V1.3), the smoothed curves are the probability density functions of S(¢), I(t)
and Q(t), respectively.

Example 2.14. We assume that U = (0,00) and v(U) = 1. Then, R} = 1.1756 > 1. From Figure
V1.4, we show the existence of the unique stationary distributions for S(t), I(t) and Q(¢) of the
model (V1.3) at ¢t = 300, where the smooth curves are the probability density functions of S(t), I(t)
and Q(t), respectively. It can be obviously observed that the solution of the stochastic model (VI.3)
persists in the mean (see Figure VL.5).
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0 50 100 150 200 250 300
time

Figure VL.5: The paths of S(t), I(t) and Q(¢) for the stochastic model (VI.3) with initial values
(5(0),1(0),0(0)) = (0.5,0.3,0.1).
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Figure V1.6: The numerical simulation of I(¢) in the system (V1.3).

Example 2.15. Now, we choose the white noise intensities 0, = 0.12 and op = 0.1 to ensure that
the condition (V1.23) of theorem (2.13) is satisfied. We can conclude that for any initial value, I(t)
obeys

I(t) _ rs 03

lim sup=- 1n 2 (u2+6+y+7) —/ N () = In(1 +12(w)v(du) = -0.1374 < 0 as.
[3 Uu

t—o0 t I(O) -

That is, I(¢t) will tend to zero exponentially with probability one (see Figure V1.6 (a)). To verify
that the condition (VI.22) is satisfied, we change o, to 0.01, o to 0.02 and 3 to 0.05 and keep
other parameters unchanged. Then we have

pa _ oA’
Hi Zp%

A

Ry :(u2+6+y+ 2) (

—/ N2 (u) = In(1 +17(w))v(du) | =0.7650 < 1,
Uu

and

2 HIB
0p — e =-0.0249 < 0.

Therefore, the condition (V1.22) of Theorem 2.13 is satisfied. We can conclude that for any initial
value, I(t) obeys

1. I(¢)
I I
msepr M o) =

2
(uz 54y + ?2 (7%3 - 1) = -0.0306 <0 as.

That is, I(¢) will tend to zero exponentially with probability one (see Figure V1.6 (b)).
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2.4 Discussion

In this latest study, we proposed a new version of a perturbed SIS epidemiological model with a
quarantine strategy. This model simultaneously takes into account random transmission and the
effects of jumps. We have addressed possible scenarios of the pandemic spread during unforeseen
climate changes or environmental shocks. Compared with the existing literature, the novelty of
our study manifested in new analysis techniques and improvements which are summarized in the
following items:

e Our study is distinguished from previous works [172, 171, 27, 26, 36] by improving the ma-
jorization of the following quantity

X\np X
NP ((1+2)7 21 = np | vidw),
/w (t)(( +N) "PN)V( u)

which raises the optimality of our calculus and results.

e Our results in Lemmas 2.5 and 2.8 provide an extended and generalized version of classical
lemmas 3.3 and 3.4 presented in [171] which are widely used in the literature.

e Our study provides an improved threshold

2.2
B_A_AO‘B

M1 Hix

RS 5 %)
- (vere )

_ —[L‘{nz(u) — ln(l +n2(u))v(du)) >

by taking into consideration the Remark 2.3. This parameter is a sufficient condition for the
existence of a unique ergodic stationary distribution and persistence of the disease under
some assumptions. The last two asymptotic properties are proven in Theorems 2.11 and 2.12,
by using a new approach based on Lemma 2.10 and the mutually exclusive possibilities lemma.

e Our study offers an alternative method to the gap mentioned in (Theorem 2.2, [163]). Without
using the explicit formula of the distribution stationary () of X (which still up to now
unknown), we gave the expression of the ergodicity and persistence threshold.

e For the case of non-persistence, in Theorem 2.13, we proved that the following parameter
pa Ao
M1 ZI.,L%

- / M) — In(1 4+ 2 (w)v(du) |,
u

. o2\
7€8=(u2+6+y+72)

is a sufficient conditions for the disappearance of the disease.

Eventually, we point out that the obtained results extend and generalize many previous works
(for example, [156, 157, 159]), by analyzing the dynamics of the SIQS epidemic models with two
disturbances. We believe that this contribution can be a rich basis for future studies.
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Conclusions and outlook

HE aim of this thesis was to study duly some famous stochastic epidemic models. To this
T end, a novel analyzing framework was developed in order to answer several questions and
problematics. This framework utilized many new techniques different from those used frequently in
the literature. This concluding chapter summarizes the work achieved within this thesis, highlights
the key findings, and discusses how they relate to the thesis aims and the global context.

e Problematic context of the various studies conducted in this thesis and our proposed
solutions
The study of the stochastic epidemic models requires numerous innovative analytical tech-
niques due to their intricacy and difficulty. The analyzing work in this thesis aimed to provide
creative insight by addressing the gaps mentioned in several recent papers.

» Combination of two types of disturbances

We have begun by supposing that the stochastic disturbances associated to the disease
transmission coefficient and the mortality rate are presented with two perturbations:
standard Gaussian white noise and Lévy jumps, respectively. This novel idea was not
considered formerly. The adoption of this dual perturbation demands some new tech-
niques which are presented in the first section of Chapter III. In the case of the SIRS
system, we have simultaneously considered the stochastic transmission and the propor-
tional perturbation. The combination of these dual fluctuations makes the transmission
dynamics more biologically realistic in a very noisy environment with non-constant
population size. A global analysis of the long-run behavior of the epidemic model was
provided in Section 3 of Chapter V. Since the isolation of individuals is one of the
most efficient strategies, in Section 2 of Chapter VI, we have considered a general form
of an SIQS epidemic model with proportional Lévy jumps and random transmission in
order to simulate both slight and massive perturbations. Under appropriate conditions,
some attractive asymptotic properties have proved, namely: ergodicity, persistence in the
mean, and extinction of the disease. Our work introduced in the said section improves
many existing studies in the field of mathematical epidemiology and provides original
techniques to predict and analyze the dynamic behavior of epidemics.

» Treatment of some open problems

In the obscurity of Lévy jumps, the stationary distribution expression is used to estimate
the time averages of the auxiliary process solution by employing the ergodic theorem.
Unluckily, the said expression is still unknown in the case of the Lévy noise. This issue
is implicitly mentioned as a direct question in many papers [163, 162]. In this thesis, we
have proposed an alternative method to establish the exact expression of the threshold
parameter without having recourse to the use of the ergodic theorem. This creative idea
that we propose is detailed in Section 1 of Chapter III, Section 2.1 of Chapter III, Section
1.1 of Chapter IV, and Section 2 of Chapter V1.

» Generalization of some classic results
In Section 2 of Chapter VI, we have proved a general version of some habitual results
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[27, 26, 36]. Our obtained findings provide an extended and generalized version of
the techniques which are widely used in the literature. Furthermore, in Section 2 of
Chapter V, we have generalized the incidence rate of a stochastic SIRS with some
real hypotheses. We have obtained sufficient conditions for the stochastic stability of
disease-free equilibrium by using a suitable Lyapunov function and other techniques of
the stochastic analysis. In addition, we have studied the conditions of the persistence
in the mean and extinction of a disease.

» Improvement of the some hypotheses and assumptions
In this thesis, we have ameliorated some assumptions on Lévy intensities which raise the
optimality of our calculus and results. Especially in Section 2.1 of Chapter III, Section 3
of Chapter III, and Section 2 of Chapter VI.

» Amelioration of some thresholds

Initially, we have proposed an alternative method to establish the explicit threshold
expression without using the invariant probability distribution of an auxiliary process,
which can close the gap left by using the classical Lyapunov method. In addition,
we have employed an alternative method to prove the existence of unique stationary
distribution (see Section 1 of Chapter III, Section 2.1 of Chapter III, Section 1.1 of Chapter
IV, and Section 2 of Chapter VI). Eventually, we have improved the conditions of the
extinction of the SIR epidemic model with delay.

» Extension of some epidemic model to the Lévy case
During this thesis, we have extended many epidemic models to a more general context.
The SIR, HBV, SIQR models are treated by considering the effects of Lévy noises, and
some interesting asymptotic properties are established.

e General summary and future works
By considering previous mathematical analyses, knowledge gaps were identified. This high-
lights the importance of the work within this thesis, as it addresses some of these gaps,
furthering our understanding of transmissible diseases under random fluctuations. So, given
the capabilities of the findings of this thesis, we consider several proposals to continue with
this work in the future:

» Analysis of epidemic models under regime switching_It should be noted that the
epidemic models may be perturbed by color noise which can cause the system to convert
(transfer) from one environmental regime to another one. Generally, the switching
between the regimes is often memoryless and the waiting time for the next switching
follows the exponential distribution. Consequently, the regime-switching can be modeled
by operating a continuous-time Markov chain with values in a finite state space. We
treat this interesting approach in our forthcoming works.

» Analysis of a hybrid switching of epidemic models
Besides a white noise, another two driving processes are taken into account: a stationary
Lévy process and a continuous-time finite-state Markov chain. The combination of
these two perturbations provides a hybrid system. This fascinating topic deserves further
consideration in the future.

» Analysis of more complex and general biological models
In fact, it is necessary to check that the methods utilized in this thesis can be also applied
to analyze other stochastic realistic models like chemostat and single-species population
models. We leave these investigations for our future works.
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Appendix

Numerical solution

tocHASTIC differential equations with an explicit solution are only exceptional cases. Therefore,
S numerical methods for the discretization of the said equations are required in order to approx-
imate their solutions. This approximation is termed a numerical solution. The general aim of this
appendix is to present some numerical methods used to simulate the sample paths of the solution
in the previous chapters. For this purpose, we illustrate the numerical solution of the following
stochastic differential equation:

dX(t) = f(X(2))dt +g(X(1))dW (1), t e [0,T], Al

where, as habitual, ‘W is the standard Brownian motion. To guarantee the existence and unique-
ness of a strong solution, we suppose that the functions f(x) and g(x) verify the Lipschitz and
linear growth conditions. We start with the standard method in the field of numerical analysis for
the stochastic differential equations.

1 The Euler Approximation

Generally, a numerical solution X™ = (X™(t), t e [0,T]) of the SDE (A.l) is a stochastic process
that approximates its solution. This approximation is characterized by a partition T, of [0,T]:

Tn: 0=ty <t < - <th 1 <tp=T,

with the associated mesh &, = mesh(t,) = max (t; — ti.1). The process X" is calculated only at
i=1,...n

the points ¢; of T,. Actually, we are interested in solutions X with continuous sample paths, so we
assume that X (t) on (t,_1, ;) is derived by simple linear interpolation of the points (ti_l,z\’t(i'_ll))

and (t;, Xt(i") ). Consequently, a numerical approximation scheme determines X™ at the points t;
with the following form:

The Euler approximation scheme
Denote, as habitual, A; =t; — t;—; and AW =W (t;) — W(ti—1), i=1,...,n. Then

X" = x(0),
X (1) = XM (0) + F(X™(0)A1 +g(X ™ (0) AW,
XM (1) = X (1) + F( X (1)) Ag + g(X ™ (1)) AW,

XD (tpo1) = XD (1) + FX ™ (13-2)) At + g(X ™ (£0-2)) Ay W,
X(T) = XM (tyor) + FX™ (80-1)) Ap + g(X ™ (t-1) A W.
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In practice, we can usually choose equidistant points t; such that 8, = mesh(t,) = T/n and

XD (GT/n) = XMW (i = DT/n) + F(XP (i = DT/n)on +g(X™ (i = DT/n)AW, i=1,...,n.

2 The Milstein Approximation

Consider the following stochastic differential

X(t) =X(0) +/0 f(X(s))ds +/o g(X(s))dW(s), t e [0,T].

For the points t; of the partition 1,, we consider the difference X(t;) — X(t;-1) and derive:

X(t;) = X(ti-1) +/ if(X(s))ds +/ ig(X(s))d"W(s), i=1,...,n. (A.2)

Remark that the Euler approximation is based on a discretization of the integrals in (A.2) such
that

/if(X(S))dszf(X(ti-l))Ai, and /ig(X(S))d(W(S)zg(X(ti-l))Ai"W,

ti-1
and then substitute X (#;) with X ™ (¢):
X (1) = X" (tim1) + FX (1)) A+ g(X P (1)) AW, =100,

However, the Milstein approximation employs the so-termed Taylor-1td expansion of (A.2). The
general idea based on the applying of the Itd to the integrands f(X(s)) and g(X(s)) in (A.2). Notice
that the Milstein scheme is the Euler approximation with an extra correction term containing the
squared increments of Brownian motion.

The Milstein approximation scheme
XM (0)=X(0) and fori=1,...,n,

X () = X (tizg) + (X (-1)) A+ g(X ™ (121)) AW
+0.59(X ™ ()G ™ (t-0)) ((AW)? = )

In order to measure the quality of the approximation of X and compare the two previous schemes,
we have the following results

e The Euler approximation converses strongly with order 0.5.
o The milstein approximation converges strongly with order 1.

Consequently, the milstein leads to substantial improvement of the quality of the numerical solu-
tion.
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3 The Euler approximation for jump-diffusion SDE

In this section, we briefly illustrate the discrete time approximation for the following autonomous
jump-diffusion stochastic differential equation

dX(t) = f(X(t))dt +g(X(t))dW () + [un()((t_), u)Ny (dt, du), A.3)

for t € [0, T], with X(0) € R. Here ‘W is a Brownian motion and N, (dt,du) is a ¥;-adapted Poisson
measure. The associated mark space U c (0,0) is 1-dimensional and the intensity jump measure
is v(du)dt = AVdudt, where V(-) is a given probability density function. The Jump-diffusion SDE
(A.3) can be expressed in integral form as:

Ny (2)

X(1) = X(0) + /0 FX()ds + /O GX(SNAW(s) + Y X (7)), &)

i=1

where {(71;,&;), i € {1,2,...,N(t)}} is the double sequence of jump times and marks generated by
the N,. As above-mentioned approximations, we consider the time discretization 0 = fy) <;< --- <
tn, = T, and let for all t € [0,T] the index n, = max{n € {0,1,...} : t, < t} be the last point
discretization before t. In practice, we can choose t, = nA, for n € {0,1,...,T/A}, where A € (0,1)
is the time step size. The simplest Euler scheme of (A.3) is described in the following box.

The Euler scheme for jump-diffusion SDE

Int
Xn+l = Xn + f(Xl’l)A + g(Xn)A(Wn + / / T](an u)NV(d’t> du)
tn Uu

N\/(tn-H)
= X+ fX)A+g(X)AW, + > 1(Xn E),
i:Nv(trl)"']

for ne {0,1,...,ny — 1}.

The numerical analysis of stochastic differential equations with jumps is a relatively new area
of applied probability theory. A detailed of adapted and improved numerical techniques are
given in the following interesting paper [74].
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