N

N
N

HAL

open science

Full dispersion models in coastal oceanography

Louis Emerald

» To cite this version:

Louis Emerald. Full dispersion models in coastal oceanography. Functional Analysis [math.FA].

Université de Rennes, 2021. English. NNT: 2021REN1S101 . tel-03689483

HAL Id: tel-03689483
https://theses.hal.science/tel-03689483

Submitted on 7 Jun 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-03689483
https://hal.archives-ouvertes.fr

BRETAGNE UNIVERSITE DE Y

RENNES 1

E DOCTORAT DE

Rapporteurs avant soutenance :

Vera Mikyoung Hur  Professor, University of lllinois
Frédéric Rousset Professeur, Université Paris-Saclay

Composition du Jury :

Président : Rodrigues Luis Miguel  Professeur, Université de Rennes 1
Examinateurs :  Vera Mikyoung Hur Professor, University of lllinois
Frédéric Rousset Professeur, Université Paris-Saclay
Mats Ehrnstrom Professor, NTNU
Colette Guillopé Professeuse émérite, Université Paris-Est Créteil
David Lannes Directeur de Recherche, CNRS, Université de Bordeaux
Jean-Claude Saut Professeur émérite, Université Paris-Saclay

Dir. de thése :  Vincent Duchéne Chargé de Recherche, CNRS, Université de Rennes 1



Remerciements

Je tiens a remercier grandement mon directeur de these, Vincent Duchéne. Sans lui,
cette these ne serait pas la moitié de ce qu’elle est. Il s’est énormément investi pour me
guider, m’aider dans mes réflexions, me donner de nouvelles idées, relire mes articles et
bien plus encore. Je lui suis tres reconnaissant pour tout ce qu’il a fait pour moi. Merci!

Je tiens a remercier énormément tous mes amis et ma famille. Ces trois années ont été
marquées par la crise sanitaire et plusieurs événements personnels difficiles a gérer. Ils ont
été d’un soutien irréprochable, et je leur dois en grande partie le bon déroulement de cette
these.

J’aimerais dire merci & mes camarades et amis doctorants du laboratoire de mathéma-
tiques de Rennes. Toutes ces conversations, ces apres-midis & réfléchir sur nos problemes
mathématiques respectifs, ces apéros, ces balades, ¢’était quelque chose!

Je voudrais aussi remercier Jean-Claude Saut et Nicolas Seguin d’avoir été membre de
mon CSI et pour leur appréciation de mes travaux.

Je remercie les organisateurs du CEMRACS 2019. Ces deux mois passés au CIRM m’ont
permis de rencontrer de nombreux mathématiciens tous plus sympathiques et inspirants
les uns que les autres.

Merci aussi a Miguel pour ces discussions café et pour tous ses conseils et 1'aide qu’il
m’a apporté.

Merci a Stéphane et Valérie pour m’avoir fait confiance et m’avoir donner 'opportunité
de donner des cours magistraux.

Enfin, merci a tous les membres du personnel de 'IRMAR.



Table of Contents

0 Introduction 7

0.1

0.2

0.3

0.4

0.5

Le modele des vagues . . . . . . .. .. Lo 9

0.1.1 Hypotheses de modélisation et équations de Bernoulli avec surface

libre . . . . .. 9
0.1.2  Dérivation des équations des vagues adimensionnelles . . . . . . .. 13
Les modeles bidirectionnels d’eau peu profonde . . . . . . . ... ... .. 18

0.2.1 Construction d’approximations de l'opérateur de Dirichlet-Neumann 18

0.2.2 Les modeles bidirectionnels classiques d’eau peu profonde . . . . . . 21
0.2.2.1 Justification du modele de Saint-Venant . . . . . . . . .. 22
0.2.2.2  Justification du modele de Green-Naghdi . . . . . . . . .. 24
0.2.2.3  Justification d’'un modele de Boussinesq . . . . . . . . .. 27

0.2.2.4 Comparaison de modeles dans la propagation de tsunamis
générés par des glissements de terrains . . . . . . . .. .. 30
0.2.3 Les modeles bidirectionnels de type dispersion complete . . . . . . . 32
0.2.3.1 Les modeles de Whitham-Boussinesq . . . . . . .. .. .. 33
0.2.3.2 Les modeles de Whitham-Green-Naghdi . . . . .. .. .. 39
Les modeéles unidirectionnels d’eau peu profonde . . . . . . . . .. ... .. 43

0.3.1 Construction d’invariants de Riemann et dérivation de modeles
unidirectionnels . . . . . . ... 43

Algorithme de la forme normale de Birkhoff et obtention de modeles unidi-

rectionnels . . . . . .. 47
Conclusion et perspectives . . . . . . . . . . ... ... 53
0.5.1 Conclusion . . . . . . . . . ... 53
0.5.2 Perspectives . . . . . . . L 54



TABLE OF CONTENTS

1 Rigorous derivation from the water waves equations of some full disper-

sion shallow water models 57
1.1 Introduction . . . . . . . . ... o7
1.1.1  Motivations . . . . . . . . ... a7
1.1.2  Consistency problem . . . . . . . ... ... 0oL 58
1.1.3 Outline . . . . . . . 66
1.2 Shallow water approximations . . . . . . . . . . . .. .. ... ... ... 67

1.2.1  Shallow water approximations of the velocity potential in the flat strip 67

1.2.2  Shallow water approximations of the vertically averaged horizontal

component of the velocity . . . . . . . ... ... ... 70

1.3 Derivation and consistency of a first full dispersion Green-Naghdi system . 75
1.3.1 Formal Derivation. . . . . . .. .. ... ... ... ... ...... 75
1.3.2  Consistency with respect to the water waves system . . . . . . . .. 76

1.4 Derivation and consistency of a second full dispersion Green-Naghdi system 79

1.4.1 Formal Derivation. . . . . . . ... ... ... ... ... ..... 79
1.4.2  Consistency with respect to the water waves equations . . . . . . . 81
1.5 Consistency of other full dispersion models appearing in the literature . . . 90
1.5.1 Full dispersion Green-Naghdi system . . . .. . ... ... ... .. 90
1.5.2  Full dispersion Boussinesq systems . . . . . .. ... ... ... .. 92
1.6 Technical tools . . . . . . . . . . 94

On a well-posedness result for a class of non-local quasi-linear systems

and its application to the justification of Whitham-Boussinesq systems 99

2.1 Introduction . . . . . . ... 99
2.1.1 Motivations and main results . . . . .. . ... ... 99
2.1.2 Outline . . . .. .. 105

2.2 Emergy estimates . . . . . . .. 106
2.2.1  Symmetrization . . . . ... ..o 106
2.2.2  Energy estimates of order 0 . . . . . . ... ... 109
2.2.3 Energy estimates of higher order . . . . . . . ... ... ... ... 113

2.3 Local well-posedness and stability . . . . .. .. ... ... ... ... ... 115
2.3.1  Well-posedness of the linearized systems . . . ... ... ... ... 115
2.3.2  Well-posedness of the non-linear systems . . . . .. ... ... ... 118
2.3.3 Blow up criterion . . . . .. ..o 120



TABLE OF CONTENTS

2.4 Stability . . ... 121
2.5 Full justification of a class of Whitham-Boussinesq systems . . . . . . . .. 122
2.6 Technical Tools . . . . . . . . . . . . . .. 124

Rigorous derivation of the Whitham equations from the water waves

equations in the shallow water regime 125
3.1 Imntroduction . . . . . . . . . .. 125
3.1.1 DMotivations . . . . . . ... 125
3.1.2 Mainresults . . . . . ..o 128
3.1.3 Outline . . . .. . ... 135
3.2 Derivation of the Whitham equations from the Riemann invariants of a
Whitham-Boussinesq system . . . . . . . ... ... oL 136
3.2.1 Diagonalization of the Whitham-Boussinesq equations . . . . . . . . 137
3.2.2  From the diagonalized Whitham-Boussinesq equations to the Whi-
tham equations . . . . . . . . .. . 143
3.3 Decoupling the water waves equations into two Whitham equations . . . . 150

3.3.1 From the water waves equations to a Whitham-Boussinesq system . 151

3.3.2  Application of Birkhoft’s algorithm . . . . . . ... ... ... ... 154
3.3.3 From the Hamiltonian of the Whitham-Boussinesq system under

normal form to two decoupled Whitham equations . . . . . . . . .. 164

3.4 Technical Tools . . . . . . . . . . . . .. . 173

Comparison of models for the simulation of landslide generated tsuna-

mis 177
4.1 Introduction . . . . . . . . ... 178
4.2 Description of the study . . . . . .. ... ... o 179
4.2.1 Thetestcase . . . . . . . . . . . ... 179
4.2.2 The models and their numerical resolution . . . . . ... ... ... 180

4.2.2.1  OpenFOAM solver of the free surface incompressible Navier-

Stokes model . . . .. ... 180

4.2.2.2  Hydra solver of the shallow water model . . . . . . . . .. 181

4.2.2.3 AVALANCHE solver of the Boussinesq model . . . . . . . 182

4.3 Comparison of models . . . . . .. . ... ... 183
4.3.1 The methodology . . . . . . . . . .. ... ... 183
4.3.1.1 Strategy of computation of the bottom displacement . . . 183



TABLE OF CONTENTS

4.3.1.2 Simulated data based and treatment . . . .. .. ... .. 184
4.3.2 The numerical results . . . . . . . .. ... o0 186
4.3.2.1 Comparison in the wave generation zone . . . . . . .. .. 186
4.3.2.2  Comparison in the wave propagation zone . . . . .. . .. 189

4.3.2.3 Quantities of interest and correlations between the models 191

4.3.2.4 A shallow water/Boussinesq mixed model . . . ... ... 193

4.4 Inverse problem . . . . . . . ..o 194
4.4.1 The methodology . . . . . . . . . .. ... ... 195

4.4.1.1 Modeling assumptions . . . . .. .. ... 195

4.4.1.2 Numerical strategy . . . . . .. .. ... ... 196

4.4.2 The numerical results . . . . . . . .. ... oo 197

4.4.2.1 Gaussian in translation . . .. ... ..o 198

4.4.2.2 Gaussian in translation with decay . . . .. ... ... .. 198

4.5 Conclusion . . . . . . . . L 199
Bibliography 201



Chapitre O
Introduction

Les équations générales de la dynamique des vagues surfaciques en océanographie
cotiere, les équations des vagues, sont d’une complexité telle que 1’étude qualitative des
solutions et la résolution numérique de ces équations est probablement impossible avec
les outils mathématiques actuels. L'un des enjeux du domaine est donc de construire de
nouveaux modeles, simplifiés, mais qui restent valables dans des régimes de comportements
physiques particuliers. Un de ces régimes est le régime d’eau peu profonde. Il est caractérisé
par des vagues dont la longueur d’onde horizontale est grande par rapport a la profondeur
de l'eau. C’est le cas des tsunamis par exemple, dont les longueurs d’ondes peuvent
atteindre plusieurs centaines de kilometres, alors que la profondeur de I’eau plafonne a
quelques kilometres. Dans ce cadre, nous connaissons de nombreux modeles bidirectionnels
et unidirectionnels dont les solutions approchent celles des équations des vagues avec une
plus ou moins grande précision. Nous pouvons mentionner, par exemple, les équations
de Saint-Venant, les équations de Boussinesq, les équations de Serre-Green-Naghdi, les
équations de Korteweg-de-Vries et bien d’autres encore. Tous les modeles précédemment
cités sont appelés des modeles d’eau peu profonde. Ils ont été rigoureusement justifiés en
tant qu’approximation des équations des vagues dans le régime d’eau peu profonde ou des
sous-régimes de ce dernier. Cependant, il existe de nombreuses situations dans lesquelles
les vagues changent radicalement de comportement au cours de leur propagation, passant
par exemple d'un régime de petite profondeur d’eau a un autre régime comme celui de
faible nonlinéarité. Ce dernier est caractérisé par des vagues dont 'amplitude surfacique est
petite par rapport a la profondeur de I’eau. Une situation de ce type a été mise en évidence
dans [BB93; Din94], ou les auteurs ont étudié le changement de comportement dans la

propagation d'une vague de petite amplitude et de grande longueur d’onde lorsqu’elle passe
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FIGURE 1 — Changement de comportement dans la propagation d’une vague passant
au-dessus d'un mont marin [Lan13b]

dans une zone ot le fond marin forme un mont (figure 1). Lorsque la vague arrive au-dessus
du mont, il y a création d’harmoniques de hautes fréquences qui sont ensuite relachées
librement une fois le mont passé, ce qui change le comportement de la propagation. Dans ce
cas de figure, les modeles classiques d’eau peu profonde échouent a approcher les équations
des vagues dans la deuxiéme partie de la propagation [Lan13b] . Dans le but d’améliorer la
robustesse des modeles d’eau peu profonde, de nombreuses modifications de ces dernieres
ont été proposées dans la littérature. Elles jouent toutes sur le caractere dispersif des
modeles, de telle sorte que la relation de dispersion associée se rapproche au mieux de celle
des équations des vagues. Méme si ce ne sera pas 1’objet de notre étude, on peut mentionner
dans ce cadre les équations de Boussinesq ou de Green-Naghdi a un ou plusieurs parametres
[Lan13b]. Dans cette thése nous nous focaliserons sur les modifications des modeles d’eau
peu profonde dont la relation de dispersion associée est exactement celle des équations des
vagues. On les appelle les modeles de type dispersion complete. Historiquement, le premier
modele de type dispersion complete, appelé les équations de Whitham, a été introduit
par G. Whitham en 1967 dans [Whi67]. C’est une modification du modele d’eau peu
profonde unidirectionnel, les équations de Korteweg-de Vries. Son but était d’étudier deux
phénomenes majeurs de 'océanographie cotiere, les vagues surplombantes et les vagues
de Stokes d’amplitude maximales, c’est-a-dire des vagues périodiques, non régulieres, se
propageant au-dessus d'une eau de profondeur moyenne constante. Par la suite, d’autres
modeles de type dispersion complete ont été introduit dans la littérature, comme les
équations de Whitham-Boussinesq ou de Whitham-Green-Naghdi, et ont fait 'objet d’une
recherche active. L’'un des buts principaux de cette these est d’apporter une contribution

a la justification rigoureuse de ces modeles. C’est-a-dire de montrer que les équations sont



Introduction

proches de celles des équations de vagues (voir [Eme20 ; Eme21b]), qu’elles sont bien-posées
localement, au sens ou pour toute condition initiale donnée, suffisamment réguliere et
vérifiant I’hypothese de non-cavitation, il existe une unique solution dans des espaces bien
choisis ([Eme21a] en préparation), et que ses solutions sont proches de celles des équations
des vagues ([Eme21b; Eme21al). Le but étant aussi de caractériser précisément la précision

de ces modeles.

La premiere section de cette introduction 0.1 est dédiée a 1’établissement du modele
général de 'océanographie cotiere, les équations des vagues. Dans la deuxieme section 0.2,
nous présentons les résultats clés, permettant de dériver et justifier des modeles bidirec-
tionnels simplifiés, dans le régime asymptotique d’eau peu profonde. Nous présenterons a
la fois les modeles bidirectionnels classiques, et les modeles de type dispersion compléte.
Dans la troisieme et derniére section 0.3, nous présentons deux méthodes de dérivation

des équations de type dispersion complete historiques, les équations de Whitham.

0.1 Le modele des vagues

Le but de cette premiere partie de l'introduction est de définir les hypotheses de
modélisation et de voir comment, de celles-ci, on obtient les équations des vagues adimen-

sionnelles.

0.1.1 Hypotheses de modélisation et équations de Bernoulli avec

surface libre

On veut décrire le mouvement d’un fluide irrotationnel, soumis a la gravité, délimité par
un fond fixe, et une surface le séparant d’un autre fluide de densité négligeable. On pourra
supposer que le fluide soumis a la gravité est I’eau, et que le fluide de densité négligeable
est 'air. Dans ce cadre, nous formulons les hypothéses de modélisation suivantes :

— (H1) L’eau est homogene et non visqueuse.

— (H2) L’eau est incompressible.

— (H3) Le mouvement de l’eau est irrotationnel. On suppose donc qu’il n’y a pas de

tourbillon. Cette hypothese est souvent faite en océanographie cotiere.

— (H4) La surface de I’eau et le fond marin peuvent étre paramétrés par des graphes

de fonctions. On supposera en fait dans cette these que le fond marin est plat.
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FIGURE 2 — Systeme étudié et notations.

— (H5) Les particules d’eau ne traversent pas le fond marin.

— (H6) Les particules d’eau ne traversent pas l'interface eau/air.

— (HT7) On suppose qu’il n’y a pas de tension de surface et que la pression extérieure
est constante.

— (H8) L’eau est au repos a l'infini.

— (H9) La profondeur de 'eau est toujours minorée par une constante strictement
positive. Ceci est une restriction sérieuse pour 'océanographie cotiere, mais elle est
indispensable pour I’analyse mathématique du systeme. On appelle cette hypothese,

I’hypothese de non-cavitation.

Voyons maintenant comment traduire mathématiquement ces hypotheses. Mais avant

cela, il convient de poser des notations.

Notation 0.1.1. — Nous séparerons la variable spatiale en deux parties. Nous note-
rons X la variable spatiale longitudinale, X € R?, ou d = 1,2. Et nous noterons z
la variable spatiale transversale, z € R.
— Le domaine occupé par l’eau au temps t sera noté ).
— La vitesse de la particule de fluide localisée en (X, z) € Q au temps t sera noté
U(t, X, z) € RIFL

— La pression de l’eau sera notée P(t, X, z) € R.

10
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— La gravité sera notée —ge., avec g l'intensité de la pesanteur et e, le vecteur normal
unitaire vertical ascendant.

— La densité de l’eau sera notée p.

Pour traduire les hypotheéses (H1) et (H2), il faut savoir qu’il existe deux types
d’équations qui permettent de modéliser la dynamique d’un fluide homogeéne incompressible,
les équations de Navier-Stokes et les équations d’Euler. Ce qui les différencie, c’est la
prise en compte ou non de la viscosité. Ici, on considere un fluide non visqueux, donc ces
hypotheses se traduisent mathématiquement par le fait que le champ de vitesse du fluide,

U, et la pression du fluide P vérifient les équations d’Euler incompressibles :

U+ (U-Vx,)U = —%VX,ZP — ge; dans €,
Vx. -U=0 dans (.

(H1) et (H2) (1)

Ici Vx . désigne le gradient en espace, i.e.

(04,0.)T si d=1,
VXz =
(0,,0,,0.)7 si d=2.

)

L’hypothese (H3), d’irrotationalité du mouvement de 1'eau, nous dit que le champ de
vitesse U dérive d’un potentiel, qu’on notera par la suite ®, défini & une constante additive
pres, dépendante du temps, i.e. U = Vx ,®. Ceci, couplé avec Vx . - U = 0, nous donne
Ax,® =0, ot Ax,, est la laplacien dans R4t

On peut donc réécrire les équations d’Euler (1) de la maniére suivante :
1
OVx.?+ (Vx.? Vx.)Vx,0 = _;VX,zP — ge, dans ().
De plus, étant donné que Vx P est irrotationnel, nous avons l'identité
1 2
(VX,Z(I) : vX,z)vX,zq) - ivX,z|vX,zq)‘ .
D’ou
1 9 1 -
V;ng)tcb + §VX7Z|VX7Z(I)’ = —§VX’ZP — geé, dans Qt. (2)
En intégrant (2), tout en considérant I'hypothese (H7), on obtient que ® et P vérifient les

11
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équations de Bernoulli incompressibles dans le domaine de I'eau €2, :

P + 3|Vx:®° + gz = = (P — Pawm); )
AX,ZCI) = O,

ou P, est la pression atmosphérique, et ot la premiere équation est définie a une constante
additive pres, dépendante du temps (qui peut étre choisie nulle par le choix correspondant
de la constante additive de ).

L’hypothese (H4) nous donne l'existence d'une fonction ¢ : (¢, X) € [0, T[xR¢ —
C(t,X) € R, ouT > 0, telle que pour tout temps ¢ € [0, T[, le domaine de I'eau €2; s’écrive

Q= {(X,2) e R, —Hy < z < ((t, X)},

ou Hj est une constante de référence pour la profondeur de I'eau.

Notons n;(X, 2) le vecteur normal unitaire du fond marin, entrant dans le domaine €;.
On a n4(X, z) = €.. Et notons n¢ le vecteur normal unitaire de la surface de I'eau, sortant
du domaine €, (voir figure 2). Montrons que les hypotheses (H5) et (H6) se traduisent par

respectivement

0.9 =0 sur {z=—Hy}, (4)
et ¢ —\/1+|Vx(*’Vx, P -n; =0 sur {z=((t,X)}. (5)

Ici Vx est le gradient longitudinale.

De maniére générale, notons I'; 'hypersurface d’équation v(¢, X, z) = 0, et M(t) =
(X(t), 2(t)) la position d’une particule de fluide au temps t. Cette particule est sur I'; si et
seulement si (¢, M (t)) = 0 et reste sur I'y si $~(¢, M(t)) = 0. Ce qui est équivalent &

d
S M) Viy 0.

0,
vy + dt

Et puisque par définition %M(t) = U = Vx_,®, il reste a prendre v = z — ((¢, X) ou
v = z — Hy pour obtenir le résultat.

L’hypothese (H8) se traduit naturellement par

vt € [0,T7, lim IC(t, X)| + |Vx..D(t, X, 2)| = 0. (6)

(X,2)€Q,| X|—+o00

12
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L’hypothese (H9) nous donne l'existence d’une constante Ay, > 0 telle que
V(t,X) € [OaT[XRdeO +C(t7X) > hmin~ (7)

Finalement, le potentiel de vitesse ®, la pression P et la fonction définissant la surface

de l'eau (, vérifient ce qu’on appelle les équations de Bernoulli avec surface libre, i.e.

0P + 5|Vx: @ + gz = — (P — Parm) dans Q,
Ax,® =0 dans €,

Hy +¢(t, X) > hmin,

Q= {(X,2) e R —Hy < 2z < ((t, X))},

0.9 =0 sur {z=—Hp},

0 — /14 |Vx(*’Vx, P -nr =0 sur {z=((¢t,X)},

e, X2 4 [95.000, X, )] = 0.

P = Pym sur {z=((t,X)}.

0.1.2 Dérivation des équations des vagues adimensionnelles

Dans son article [Zak68], Zakharov a remarqué qu’il était possible de reconstruire
entierement le potentiel de vitesse, ®, dans tout le domaine de 'eau, €2, a partir des seules
données de la fonction ( et du potentiel de vitesse a la surface de ’eau, que I'on notera v ;

ceci a condition de pouvoir résoudre le probléme harmonique suivant :

Ax.P =0 dans €,

(9)
(I)|Z=C = wu azq)’z:—Ho =0.

La résolution du probleme (9) est possible si on suppose suffissamment de régularité sur ¢
et 1, et que ces dernieres vérifient les hypotheses (6) et (7).

De plus, si on connait ®, alors on retrouve le champ de vitesse U via l'identité
U=Vx,®. Et les équations d’Euler (1) nous permettent d’obtenir la pression P.

L’objectif de cette sous-section sera donc de déterminer deux équations d’évolutions en
¢ et 2.

Pour cela, dans leurs papiers [CS93; CSS92], Craig, Sulem, et Sulem ont utilisé

I'opérateur de Dirichlet-Neumann.

13
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Definition 0.1.2. On définit l'opérateur de Dirichlet-Neumann par

GIC] i) = 14+ |Vx(PPVx,.® - ng|.mc = =Vx (- Vx@|—¢ + 0.P|.—,

ou ¢ résoud le probléme harmonique (9).

L’opérateur de Dirichlet-Neumann est linéaire en ¢) mais non-linéaire en (.

En considérant cet opérateur, I’équation cinématique (5) se réécrit

0i¢ — G[ClY = 0. (10)

Aussi, en utilisant les identités suivantes :

(@) |.=¢ = Otp — (0.®)|.=¢0iC,

(vX,z(I)ﬂz:C =Vx¢ — (82(1))|z:gvxca

g Vx(V
(az(b)|z=C = [C]lf:‘viip Xd}a

et apres quelques calculs simples, I’équation d’évolution en ® du systéme de Bernoulli

incompressible (3) devient, apres intégration,

(GIClY +Vx(C-Vxv)?
21+ [Vaep) 1D

1
o) + gC + iyvxw —

La concaténation des deux équations (10) et (11) forme les équations des vagues :

0¢ = G[¢JY =0, (12)
. 2
Oth+ g€ + 3|V xgp[? — KGRI ETael — o,
Ce systeme possede une structure hamiltonienne. En effet, en posant
1 1
H(Cw) = K(C0) + BO) =5 [ vglclvdX +3 [ g¢dx, (13)

ou pK est 'énergie cinétique et pFE est ’énergie potentielle, les équations des vagues sont
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équivalentes a

&( - (SwH,
8t¢ - _5§H;

ol dy, et dc sont des dérivées fonctionnelles.

L’étude qualitative des équations des vagues (12) présente un probleme de taille. 1
est possible d’exhiber des solutions aux propriétés qualitatives completement différentes,
dépendant des caractéristiques physiques du flot. Par exemple, toutes choses égales par
ailleurs , plus la profondeur de I'eau est élevée, plus les effets de dispersion seront importants.
Et plus 'amplitude des vagues sera grande, plus les effets de nonlinéarités seront grands.
C’est pour cela que 'on va chercher a adimensionnaliser ces équations en comparant
chaque variable et chaque fonction a des grandeurs caractéristiques physiques de méme
dimension. Parmi celles-ci, il y a la profondeur d’eau caractéristique, la longueur d’onde
caractéristique, et 'amplitude caractéristique des vagues. On les notera respectivement
Hy, L et agys (voir figure 2). De ces comparaisons apparaissent deux parametres sans

dimension qui seront de grande importance dans cette these :

. H() . Qsurf

Le premier parametre, u, est appelé le parametre de petite profondeur d’eau, et le second
parametre, €, est appelé le parameéetre de nonlinéarité.
Dans cette these nous travaillerons dans le régime asymptotique de petite profondeur

d’eau et deux sous-régimes associés. Donnons leurs définitions ici.

Definition 0.1.3. On dit que le systeme est dans le régime d’eau peu profonde si les

parameétres | et € sont dans l’ensemble
A:={(g,e); 0<pu<l, 0<e<I1} (15)

On dit que le systéme est dans le régime longues vagues si les paramétres p et € sont dans

[’ensemble

Ay = {(m,e); 0<pu <1, 0<e<1, e=0()}. (16)
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On dit que le systeme est dans le régime de faible non-linéarité si les parametres p et €

sont dans ’ensemble
Apn = {(,e); p=1, 0<e <1} (17)

En prenant en compte ces considérations, et apres remise a 1’échelle adaptée [Lan13b],

les équations des vagues deviennent

04 — LGl =0,

£ n Vx (- Vx )2
O+ ¢ + EIVXTMQ _ %(Q [agkbl;&;lvx)fqzxw) =0,

ou l'opérateur de Dirichlet-Neumann est maintenant défini par

g”[EC] : V,D — \/ 1 + €2|VXC|2VX7ZCI) . /’/Z&M|Z:€C = —[LEVXC . VX(I)|Z:< + 8Z(I>|Z:<, (19)
et ® vérifie le probleme harmonique suivant :

A @ = pAx®+ 920 =0 dans Q = {(X,2); -1 <z <e((t, X)},

(20)
Plmce =0, 0.9|.—_1 =0.

La question du caractere bien posé local des équations des vagues a donné lieu a une
recherche active. Nous présentons ici un résultat caractérisant le temps d’existence des
solutions en fonction des parametres p et € (voir [Lan05; ALO8b; Igu07; Lan13b]).

Mais tout d’abord, voici quelques notations et définitions que nous utiliserons tout au

long de I'introduction.

Notations 0.1.4. — Pour tout s > 0 nous noterons H*(R?) l’espace de Sobolev
d’ordre s associé d l'espace L?(R?).
— Pour tout s > 1 nous noterons H*(R?) := {f € L} .(RY), Vf e H* (R} lespace

de Beppo-Levi d’ordre s.

— La norme associée a l’espace L*(RY) sera noté | - |,.

— Notons A* = (1 — A)S/Q, ot A est lopérateur de Laplace dans RY. La norme
associée a l'espace H*(R?) sera notée | - |gs := |A* - |o. De plus, la semi-norme
associée a lespace HTH(RY) sera | - | o i= |V ()| g

— Nous utiliserons la notation C'(o) pour désigner une constante dépendante de maniére

croissante de o.
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Definition 0.1.5. Soit u : R — RY une distribution tempérée. Soit i sa transformée de
Fourier. Soit F: R? — R une fonction lisse avec décroissance polynomiale. Alors l’action
du multiplicateur de Fourier associé a la fonction F(£), noté F(D) (ou noté F quand

aucune confusion n’est possible), est défini par la formule :

Et maintenant, le résultat.

Théoréme 0.1.6. Soit ty > d/2, N > ty + max (to,2) + 3/2, et (u,e) € A . Soit
Uo = (Co,0) € EY vérifiant Ihypothése de non-cavitation (7), ot pour T € RT

Ey :={U € C((0,T]), H"** x H*(R")); €Y(U()) € L=([0,T])} (21)
avec EN(U) la norme d’énergie de U d’ordre N. Formellement,

D
EN U ” __» 8a€ 2 + |
R LA A ceav 712

Alors, il existe T > 0 et une unique solution U € ECJFV/E des équations des vagues (18) avec

pour conditions initiales Uy.

De plus,
1 N
—=c et sup EV(U(t)) = ¢,
T t€[0,7/¢]
ol cj = C<hnlnn’€N<U0))7 pour j =1,2.
Remarque 0.1.7. — Le temps d’existence des solutions est d’ordre 1/e et est indé-

pendant du parameétre de petite profondeur d’eau p.

— Pour une définition rigoureuse de la norme d’énergie, voir le Chapitre 4, Section
4.1, du livre [Lan13b].

— Contrairement au Théoréme 4.16, énoncé dans [Lan13b], le Théoréme 0.1.6 ne
fait pas intervenir d’hypothese d’hyperbolicité sur les conditions initiales (critére
de Rayleigh-Taylor). Cela est di au fait qu’on se place ici dans le cadre d’un fond
marin plat (voir la section 4.3.5 dans [Lan13b]).
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0.2 Les modeles bidirectionnels d’eau peu profonde

Dans cette deuxieme partie de I'introduction, nous présentons la construction d’approxi-
mations de 'opérateur de Dirichlet-Neumann (19). Nous établissons ensuite les modeles
classiques bidirectionnels en eau peu profonde que sont les équations de Saint-Venant,
de Green-Naghdi et de Boussinesq. Nous présentons certains résultats du Chapitre 4,
dans lequel nous comparons ces modeles dans le cadre de la propagation de tsunamis
générés par des glissements de terrains. Nous présentons ensuite les résultats principaux du
Chapitre 1 et du Chapitre 2, portant sur des éléments clés de la justification des modeles
de Whitham-Green-Naghdi et de Whitham-Boussinesq.

0.2.1 Construction d’approximations de opérateur de Dirichlet-

Neumann

L’objectif de cette sous-section est de construire des développements asymptotiques en
p et e (voir (14)) de Popérateur de Dirichlet-Neumann (19).

La principale difficulté dans la manipulation des équations des vagues vient de I'opéra-
teur de Dirichlet-Neumann, et plus précisément de la dépendance en temps et espace du
domaine de 'eau €2, dans lequel le probléeme harmonique (20) est posé. Nous allons, &
I'aide d’un difféomorphisme, transposer cette dépendance en temps/espace du domaine,

en une dépendance en temps/espace de 'opérateur laplacien.

Definition 0.2.1. Soit ¢ € HP*Y(R?) (ty > d/2) vérifiant I’hypothése de non-cavitation
(7). On définit le difféomorphisme qui envoie la bande S :== R? x (—1,0) sur le domaine
de leau €

Y o Si=RiIx(=1,0) — Q:={(X,2) e R : -1 <2z<el(t,X)}
(X, 2) > (X, z+e(z+1)((t, X)).

Notons ¢ le potentiel de vitesse dans la bande S, ¢ = ® o 3;. 1l satisfait le probleme
elliptique
V%Z . P(Et)V%Zqﬁ =0 dans S,
¢|z:0 = 'QZ), 8z¢|z:—1 =0,

(23)

ou V# est I'opérateur défini par Vi, = (\/uV¥,d.)",
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1 Id - 1)V
et P(3,) = (1420 1\J{ﬁ€§((zij)_2|v) Cl)§< . Le domaine sur lequel le nouveau
—/ne(z + 1Vx(T & e X

probleme elliptique (23) est posé, est indépendant du temps.

A partir de la connaissance de ¢, on peut définir une nouvelle quantité.

Definition 0.2.2. Soit s > 0,ty > d/2, ¥ € H**/2(R%) et ¢ € HOPY(RY) vérifiant
Uhypothése de non-cavitation (7). Soit ¢ le potentiel de vitesse dans la bande S, satisfaisant
le probléme elliptique (23). Soit aussi h la profondeur de l’eau, h = 1+ (. On définit
la moyenne verticale de la composante horizontale du champ de vitesse V[eC]y (noté V-

quand aucune confusion n’est possible) par la formule
_ 1 0
V- / (V6 — e(z + 1)V, 0]z (24)
-1

Dans [Lan13b], I'auteur montre qu’il existe une relation directe entre 'opérateur de

Dirichlet-Neumann et V. On a
1 _
;g“[édw ==V (nV). (25)

Ainsi, le redressement du domaine de ’eau nous permet d’exprimer I'opérateur de Dirichlet-
Neumann a partir des quantités ¢ et ¢ de maniére simple, a travers (24) et (25).

L’idée, pour construire les modeles d’eau peu profonde bidirectionnels classiques, est
de construire un développement asymptotique en p, de la quantité ¢. Par la relation
(24), nous obtiendrons ainsi une expression simplifiée de V' (et donc de l'opérateur de
Dirichlet-Neumann). Ce travail a été effectué dans le Chapitre 2 du livre [Lan13b]. L’auteur

obtient les résultats suivant.

Proposition 0.2.3. Soit ty > d/2, s > 0 et ( € H*(RY) vérifiant Uhypothése (7)
de non-cavitation. Soit aussi 1 € H**>(RY) et V défini par (24). On a les estimations

sutvantes :
_ 1
|V — V’QD s < ,UC(T s |C|Hmax (t0+1,5+2>)|V¢ Hs+2, (26)
_ 1
V-V — %V(mm)ym < WO, [Clie+0) V8o, (27)
— _ 1
V-V — —%V(h?’v V)i < B0 o) V4 o (28)
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Les estimations (26) et (28) montrent que dans la recherche de modeles approchant les
équations des vagues a I'ordre 1 ou u?, on peut changer I'inconnue ¢ dans les équations, par
V, quitte a rajouter des termes. Pour construire des modeéles ayant de bonnes propriétés
mathématiques, notamment de caractere bien posé, nous considérerons des modeles en (

et V. Nous verrons cela dans la sous-section suivante 0.2.2.

Les premiers résultats originaux de cette these, développés dans le Chapitre 1 (papier a
paraitre dans le journal Journal on Mathematical Analysis (SIMA) [Eme20]), portent sur
la construction d’approximations de la quantité ¢, et donc de V, qui restent cohérentes
lors d’un changement de régime de comportement dans la dynamique des vagues [Eme20).

Dans la proposition suivante, nous présentons quelques unes des approximations obtenues.

Proposition 0.2.4. Soit s > 0, et ¢ € H*™(R?) vérifiant I’hypothése de non-cavitation
(7). Soit 1) € H**(RY), et V défini par (24). Soit aussi ', Fy et F4 trois multiplicateurs

de Fourier définis respectivement par

g P VAP g, 3 tanh (VD)
VEIDL TP D JAlD

ou (F)~1 est le multiplicateur de Fourier inverse de FY, associé a la fonction 1/F{". On a

) et Fh=F(F)~,  (29)

les estimations suivantes :

V= F{Velae < peC o Clows) T s, (30)
V= V0 — SV < g2 Gl Vs (31)
V= Vo= LV Dl < 2Ol eVl (32)
Remarque 0.2.5. — Les approximations de la Proposition 0.2.4 sont non-locales.

Elles font intervenir des multiplicateurs de Fourier. C’est d’ailleurs de par ces
multiplicateurs de Fourier qu’elles difféerent des approximations de la Proposition
0.2.5.

— Les approximations de la Proposition 0.2.4 sont exactes au niveau linéaire (quand
on pose € =0). Ceci n'est pas le cas pour celles de la Proposition 0.2.5.
Lorsqu’on se place dans le régime longues vagues (¢ = O(u)), Uestimation (30) est
précise a lordre p?, alors que ’estimation (26) n'est précise qu’a l'ordre . De méme,

les estimations (31) et (32) sont précises a Uordre u® alors que les estimations (27)
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et (28) ne sont précises qu’a 'ordre u*. On gagne donc un ordre sur u a nombre de
termes et de dérivées (presque) égales.

— Dans le régime de faible non-linéarité, formellement lorsque p =1 et € < 1, les
approximations de la Proposition 0.2.3 ne donnent aucune information, alors que

celles de la Proposition 0.2.4 restent valables puisque € < 1.

Nous verrons, dans la Sous-section 0.2.3, que les modeles que 1’on obtient & partir
des estimations de la Proposition 0.2.4 sont exacts au niveau linéaire. On les appelle les

modeles de type dispersion complete.

0.2.2 Les modeles bidirectionnels classiques d’eau peu profonde

Dans cette sous-section nous présentons les modeles bidirectionnels classiques d’eau
peu profonde que I'on obtient via les approximations de la Proposition 0.2.3.
Définissons a ces fins la notion de cohérence des équations des vagues par rapport a un

modele asymptotique dans le régime d’eau peu profonde.

Definition 0.2.6. Soit R un ensemble définissant un régime de comportement physique.

Notons (A) et (A") deur modéles asymptotiques de la forme :

(4) : _ _
O + Ny (C,9) = 0, Oy ((Id + pTian [A)V) + NEy ((, V) = 0,

ot /\/'(1A), /\/'(ZA) et /\/’&,) sont des opérateurs non-linéaires qui dépendent respectivement
du modéle asymptotique (A), (A) et (A'). Et ou Tiay est un opérateur, non-linéaire en
h =1+¢C, et linéaire en V, qui dépend du modéle asymptotique (A’).

On dit que les équations des vagues sont cohérentes a l'ordre O(f(u,€)), ou f: R* - R
est une fonction strictement positive, avec respectivement (A) ou (A’) dans le régime
R s’il existe n € N et T > 0 tels que pour tout s > 0 et (u,e) € R, et pour toute
solution (¢, ) € C([0, L]; H=(R?) x Hst L (RY)) des équations des vagues (18) on ait

respectivement

06+ M€ ) = FwRe, [ac+ V- (7) =0,
Ot + N2y (o) = Flu,e)Ra, Oh((1d + T [W)V) + NPy (. V) = f(11,€) R,

Ry

ou V est défini par ¢ et v d travers (23) et (24), et avec respectivement |Ry|gs, |Ra|gs <
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e < Cl=, ¢

hmin ’

pens1) sur [0, L] uniformeé-

HS+”a|v¢

Hs+n> ou |R3

O, [Clien, |V
ment par rapport a (u,e) € R.

0.2.2.1 Justification du modéle de Saint-Venant

Le modele de Saint-Venant a été introduit par Saint-Venant en 1871. Le but étant
d’étudier ’écoulement d’un fluide quasi-unidirectionnel dans un canal ou un cours d’eau.
Ce modele fait, encore aujourd’hui, 'objet d’une recherche active, et est souvent utilisé
dans les systemes de prévention d’inondations, dans I'analyse des ruptures de barrages,
dans la modélisation du ruissellement des eaux pluviales, etc.

La justification du modele de Saint-Venant a fait 'objet de nombreux articles, voir
[Ovs74; Ovs76; KN79; Kan86] dans le cas de données analytiques. Dans ce qui suit, nous
regarderons le cas de données dans les espaces de Sobolev, voir [Igu09; ALO8b ; Lan13b].

En utilisant, entre autre, I'estimation (26), 'auteur de [Lan13b] obtient le résultat

suivant (voir la Proposition 5.2).

Proposition 0.2.7. Dans le régime d’eau peu profonde A (voir (15)), les équations des

vagues (18) sont cohérentes da l'ordre O(u) avec le systéme

8¢ +V - (hV) =0,

- _ (33)
OV +V(¢+e(V-V)V =0,

au sens de la Définition 0.2.6, avec n = 4.

Le systeme (33) s’appelle le systéme (ou les équations) de Saint-Venant. Ce sont des

équations non-dispersives.

Remarque 0.2.8. — Le systéme de Saint-Venant (33) ne dépend pas du paramétre
de petite profondeur d’eau p.

— De maniére générale, on dit qu’'un systéme est de type Saint-Venant si c’est un

systéme bidirectionnel approchant les équations des vagues a 'ordre O(u) dans le

régime de petite profondeur d’eau A.

Le systeme de Saint-Venant a une structure d’équations quasi-linéaires hyperboliques
symétrisables. Il existe une littérature riche sur le caractere bien posé local de ce type

d’équations (voir par exemple [Mét08]). Les résultats suivants proviennent de [Lan13b].
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Proposition 0.2.9. Soit tg > d/2, s > to+ 1 . Soit {; € H*(RY) vérifiant I’hypothése de
non-cavitation (7). Soit aussi Vo € H*(RY)?. Il existe T > 0 tel que Ve > 0 les équations
de Saint-Venant (33) admettent une unique solution (,V) € C([0,T/e], H*(R)1*) qvec

pour conditions initiales (Co, V).

De plus,
1 _
p=a et s |((O)]a + V(O] = ca
0<t<T/e
avec ¢; = C’(ﬁlﬁn, 1Colzs, [Volms) pour j =1,2.

Remarque 0.2.10. L’unicité dans la Proposition 0.2.9 nous permet de définir le temps
Tax/€, supremum des temps T /e > 0 tels que le probléme de Cauchy associé auzr équa-
tions (33) ait une solution (¢, V) € C°([0,T/e], H*(R?)*4) vérifiant I’hypothése de non-

cavitation (7). Plus précisément, on a le critére d’explosion suivant :

Toax <00 = lim (|C(t)|wie + [V(£)|wie) = 0.

t—Tmax/€
En particulier, Thax et la solution mazimale ne dépendent pas de l’indice de régularité s.
On a aussi la propriété de stabilité suivante.

Proposition 0.2.11. Posons les mémes hypothéses que celles de la Proposition 0.2.9.
Supposons aussi qu’il existe (C,V) € C([0,T/e], H*(RY)™) tel que

atév‘i‘V(}vLﬁ) =T, ~ ~
~ ~ ~ ~ ou h:1+6<7
OV +VC+e(V V)V =R,

avec R := (r,R) € L>([0,T/¢], H*"*(RH)'*+9). Alors, pour tout t € [0,T/e], Uerreur par

rapport auz solutions ((, V') données par la Proposition 0.2.9 vérifie
|e’L°°([0,t],HS_1) < C(Cla C2, ’E? V7 é‘L“’([O,t],HS))(’9’1::0‘}15—1 + t‘é’[/oo([()’t]’Hs—l))?

oue=((,V)— (E, ﬁ) et c1,co sont comme dans la Proposition 0.2.9.

La concaténation des résultats du Théoreme 0.1.6, et des Propositions 0.2.7, 0.2.9
et 0.2.11, nous donne le théoréme de justification (convergence) suivant, du modele de

Saint-Venant.
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Théoréeme 0.2.12. Soit N > d/2+6 et (u,e) € A (voir (15)). Soit aussi Uy = ({p, o) €
E} (voir (21)) vérifiant I'hypothése de non-cavitation (7).

Alors, il existe T > 0 qui ne dépend pas des paramétres (u,e) € A et tel que :

1. Les équations des vagues (18) admettent une unique solution U = (C,v) € Ef),_ (voir
(21)) avec pour conditions initiales Uy, et d laquelle on associe d travers (23) et (24)
une vitesse moyenne V € C([0,T/e], HN 73 (R4)?).

2. Il existe une unique solution (Csw,Vsw) € C([0,T/e], HN73(RY)1*4) auz équations

de Saint-Venant (33) avec pour conditions initiales (o, Vo = V]i=o)-

3. L’estimation d’erreur suivante est vérifiée pour tout 0 <t < T/e :

1
|esw | Lo (0,4 xRy < utC(h . ,EN (Up)),

min

ot esw = (C, V) — (CGsw, Vsw) et ot EN(Uy) est formellement défini par (22).

0.2.2.2 Justification du modele de Green-Naghdi

Le modele de (Serre-)Green-Naghdi a été introduit en dimension d = 1 par Serre en
1953 [Ser53], puis redécouvert par Su et Gardner en 1969 [SG69]. En 1976, Green et Naghdi
ont établit ce modele en dimension d = 2 [GN76].

La justification du modele de Green-Naghdi a d’abord été effectuée en dimension d = 1
dans [Mak86] pour des données analytiques et dans [Li06] pour des données dans les
espaces de Sobolev. Dans ce qui suit nous regarderons le cas d > 1 dans les espaces de
Sobolev, voir [Lan13b].

En utilisant, entre autre, les estimations (27) et (28), I'auteur de [Lan13b] obtient le

résultat suivant (voir la Proposition 5.8).

Proposition 0.2.13. Dans le régime d’eau peu profonde A (voir (15)), les équations des

vagues (18) sont cohérentes a l'ordre O(u?) avec le systéme

¢+ V- (hV) =0,
(Id — £V (h*V - [o]))OV + V¢ +e(V - V)V — &2V[R3 (V- V)(V - V) = (V- V)?)] =0,
(34)

au sens de la Définition 0.2.6, avec n = 6.

Le systeme (34) s’appelle le systeme (les équations) de Green-Naghdi.
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Remarque 0.2.14. De maniére générale, on dit qu’un systéme est de type Green-Naghdi
si c’est un systéme bidirectionnel approchant les équations des vagues da l'ordre O(u?) dans
le régime de petite profondeur d’eau A. Dans [Lanl3b], l'auteur dérive des systémes de
type Green-Naghdi dont la relation de dispersion approche celle des équations des vagues a

un ordre plus élevé que celle du systéme (34).

Dans [Li06], 'auteur a prouvé le caractere bien-posé local de ces équations dans le cas
de la dimension d = 1. Dans [AL08a] les auteurs ont utilisé un procédé de Nash-Moser pour
prouver l'existence et 1'unicité de solutions avec une perte de dérivées, pour d > 2. Dans
[F115], les auteurs ont prouvé le caractére bien posé local des équations de Green-Naghdi
dans un cadre général, dans lequel on considere un fond marin non plat et dépendant du

temps. Une conséquence directe de leurs travaux est le résultat suivant.

Proposition 0.2.15. Soit to > d/2, s > ty+1 et (u,e) € A (voir (15)). Soit ¢, € H*(R?)

vérifiant I'hypothése de non-cavitation (7). Soit aussi Vo € X*, ot

X*:={V e H' RN, |V

xs < oo} avec |V

Il existe T > 0 tel que les équations de Green-Naghdi (34) admettent une unique solution
(¢, V) e O([0,T/¢e], H*(RT) x X?), avec pour conditions initiales (Co, V).
De plus,

1 _
T =c et sup |(C(t),V(t))|msxxs = c2,
0<t<T/e
avec ¢; = O(ﬁlnn’ Colzzs, [ Vol xs) pour j = 1,2 uniformément par rapport a (u,c) € A.

Remarque 0.2.16. [l est important de remarquer que le temps d’existence des solutions
dans la Proposition 0.2.15 est indépendant du paramétre de petite profondeur d’eau p. En
effet, en tant que modéle asymptotique approchant les équations des vagues lorsque p < 1,
on demande a ce que le temps d’existence des solutions du systeme de Green-Naghdi ne

tende pas vers 0 lorsque p tend vers 0.

Remarque 0.2.17. L’unicité dans la Proposition 0.2.15 nous permet de définir le temps

Tmax/€, supremum des temps T /e > 0 tels que le probléme de Cauchy associé aux équations
(34) ait une solution ((,V) € C°([0,T/¢c], H*(RY) x X*) vérifiant I’hypothése de non-
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cavitation (7). Plus précisément, on a le critére d’explosion suivant :

Tnax < 00 = HlTifalx/g(\C\Loo<[o,t],Hto+1) + [V zoo (o, xt01)) = 00.

En particulier, Thax et la solution maximale ne dépendent pas de l'indice de régularité s.
On a aussi la propriété de stabilité suivante.
Proposition 0.2.18. Posons lgs mémes hypotheses que celles de la Proposition 0.2.15.
Supposons aussi qu’il eziste (,V) € C([0,T /€], H¥(R?) x X*) tel que
OC+V - (WV) =,
(1d — £V(RV - []))AV + V¢ + (V- V)V = EVR(V - V)(V - V) = (V- V)?)] = R,

3h

avec R = (r, R) € L>®([0,T/¢], H*(R%) x Y*), o1

S
ys < oo} avec |ulys= Y |0"uxoy.
[k|=0

V= {uec (X°;|u

Alors, pour tout t € [0,T/e], Uerreur par rapport auz solutions ((,V) données par la

Proposition 0.2.15 vérifie

le| oo (0.4, 15x x5y < Ce1, €2, [(C, V)| oo ((0.4,555 x x4 ([€] =0

Hsxxs + t|§|L°°([0,t],HS><YS))a

one=((,V)— (E, ﬁ) et ¢, co sont comme dans la Proposition 0.2.15.

La concaténation des résultats du Théoréme 0.1.6, et des Propositions 0.2.13, 0.2.15

et 0.2.18, nous donne le théoreme de justification (convergence) suivant, du modele de
Green-Naghdi.

Théoréme 0.2.19. Soit N € N tel que N > d/2+ 8 et (u,e) € A (voir (15)). Soit aussi
Uo = (Co,%0) € EY (voir (21)) vérifiant I’hypothése de non-cavitation (7).
Il existe T > 0 qui ne dépend pas des parameétres (u,e) € A et tel que :

1. Les équations des vagues (18) admettent une unique solution U = (¢, v) € Ef),_ (voir
(21)) avec pour conditions initiales Uy, et a laquelle on associe d travers (23) et (24)
une vitesse moyenne V€ C(|0,T/e], XN=1).

2. 11 existe une unique solution (Can, Van) € C([0,T/e], HN=4(R?) x XN=4) aqux équa-
tions de Green-Naghdi (34) avec pour conditions initiales (Co, Vo = Vl]i=0).
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3. L’estimation d’erreur suivante est vérifiée pour tout 0 <t < T/e :

1
|eGN|L°°([0,t]><Rd) < /L2tC(T75N(Uo));

min

ot ean = (¢, V) — (Can, Van) et ou EN(Uy) est formellement défini par (22).

0.2.2.3 Justification d’'un modele de Boussinesq

Historiquement, le premier modele de dynamique des vagues, prenant en compte a la
fois les effets de non-linéarité et les effets de dispersion, a été établit par Boussinesq en
1872. Aujourd’hui, une multitude de ces modeles ont été obtenus dans la littérature. Nous
en présentons un ici.

En enlevant les termes d’ordre O(u? + ue) du systéme de Green-Naghdi, et en utilisant

le fait que, V, défini par la relation (0.2.2), vérifie

rot(V) = O(p),
nous obtenons le systéme

¢+ V- (hV) =0,

% I/ € 1712 (36)
(Id = £A)0,V + V(¢ + 5V(|V]?) = 0.

On a la proposition de cohérence de ce modele suivante, extrait de [Lan13b].

Proposition 0.2.20. Dans le régime de petite profondeur d’eau A, les équations des
vagues (18) sont cohérentes a l'ordre O(pu* + ue) avec le systéme (36) au sens de la
Définition 0.2.6.

Le systeme (36) est un systeme de Boussinesq.

Remarque 0.2.21. — Dans le régime de longues vagues Apy, ot € = O(p), les
équations des vagues sont cohérentes a 'ordre O(u?) avec le systéme de Boussinesq

(36) au sens de la définition 0.2.6.
— De maniére générale, on peut définir un systéme de Boussinesq comme un systéme
bidirectionnel approchant les équations des vagues da l'ordre O(u?) dans le régime

longue vague. On peut notamment citer [BCS02; BCL05 ; Lan13b] ot les auteurs
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ont dérivé des modéles de Boussinesq dont la relation de dispersion approche celle

des équations des vagues d un ordre plus élevé que celle du systéme (36).

Dans [SX12], les auteurs prouvent le caracteére bien posé local du systéme (36). Voici

le résultat.
Proposition 0.2.22. Soit ty > d/2, s >ty + 2 et (u,e) € Ay (voir (16)). Soit (y €
X3(RY), ou pour k € N

Xi={V e H*RY; |V 2o UV 2o,

x: < oo} avec |V §(k =V
avec (o vérifiant I’hypothése de non-cavitation (7). Soit aussi Vo € X5(R9)%.

1= iy
co(IGolxs+Volxs)’

0 tel que les équations de Boussinesq (36) admettent une unique solution ((,V) €
C([0,T/e], X3 (RY) x X5(RH9), avec pour conditions initiales ((p, Vo).
De plus,

Il existe ¢y = C(Kln) tel que pour tout ¢ < gy = il existe T >

%zcl et sup |(¢(t),V (1))
0<t<T/e

XixX§ = C2,

1
hmin ’

avec c; = 0, Vo)lxsxxs) pour j = 1,2, uniformément par rapport a €) € Ary.
7= Cl [(Cos Vo)l xgxxg) pour j = 1,2, unif t par rapport a (u,€) € A

Remarque 0.2.23. La Remarque 0.2.16 sur ['indépendance en j du temps d’existence des
solutions des équations de Green-Naghdi (33) est aussi valable dans le cas des équations
de Boussinesq (36).

Remarque 0.2.24. Dans [Burl6], l'auteur prouve un résultat de caractére bien-posé
local pour les équations de Boussinesq (36), sans avoir a supposer que ’hypothése de
non-cavitation (7) soit vérifiée par la condition initiale (y. Cependant, pour cela, il doit
se placer dans un régime de comportement particulier, non physique, appelé le régime de

Korteweg-de Vries, dans lequel i = €.

Remarque 0.2.25. L’unicité dans la Proposition 0.2.22 nous permet de définir le temps

Tax/€, supremum des temps T'/e > 0 tels que le probleme de Cauchy associé auzx équations
(36) ait une solution (¢,V) € C°([0,T/e], X{(R?) x X35(R%)%) wérifiant U'hypothése de

non-cavitation (7). Plus précisément, on a le critére d’explosion suivant :

Tmax <0 = tﬁljlgx/g(|C|L°°([Ovt}»XIO+2) + |V|Loc([07t}’X;0+2)) = 0.
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En particulier, Thax et la solution mazimale ne dépendent pas de l'indice de régularité s.
On a aussi la propriété de stabilité suivante.
Proposition 0.2.26. Posons lgs mémes hypotheses que celles de la Proposition 0.2.22.
Supposons aussi qu’il existe (C,V) € C([0,T/e], X3 (R%) x X5(RY)?) tel que
O+ V- (Bﬁ) =r,
(Id — £A)8,V + V¢ +¢(V - V)V = R,

avec R := (r, R) € L®([0,T/e], Y (R?Y) x Y(RH?), ot pour k € N

ve = > ’aku|(xg)'-

|k|=0

Y= {u € (X3); |u

ys < 00} avec |u

Alors, pour tout t € [0,T/e|, Uerreur par rapport aux solutions ((,V) données par la
Proposition 0.2.22 vérifie

’e’LOO([O,t],XfXXg) < C<017 Co, \(57 V)‘L‘X’([O,t],Xfog‘)(’e‘t:O

xpx x5+ UR[ L0,y xv8)),

ote = (C,V) — (¢, ﬁ) et ¢y, ¢y sont comme dans la Proposition 0.2.22.

La concaténation des résultats du Théoréme 0.1.6, et des Propositions 0.2.20, 0.2.20
et 0.2.26, nous donne le théoreme de justification (convergence) suivant, du modele de

Boussinesq (36).

Théoréme 0.2.27. Soit N € N tel que N > d/2 + 8 et (u,e) € Apy (voir (16)). Soit
aussi Uy = (o, ¥0) € EY (voir (21)) vérifiant Uhypothése de non-cavitation (7).
Alors il existe T > 0 qui ne dépend pas des parameétres (j,e) € Ary et tel que :

1. Les équations des vagues (18) admettent une unique solution U = ((, ) € EJJY/(E (voir
(21)) avec pour conditions initiales Uy, et da laquelle on associe d travers (23) et (24)
une vitesse moyenne V€ C([0,T /<], X3'™%).

2. 1l existe une unique solution ((g,Vg) € C([0,T/e], X7 * x X3’ aux équations de
Boussinesq (36) avec pour conditions initiales (Co, Vo = V]i—o).

3. L’estimation d’erreur suivante est vérifiée pour tout 0 <t < T/e :

1
lenlz(ogxry < p*tC(G—, EN(Up)),

min
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ot eg = (¢, V) — (g, V) et ot EN(Uy) est formellement défini par (22).

0.2.2.4 Comparaison de modeles dans la propagation de tsunamis générés

par des glissements de terrains

Le travail du Chapitre 4 provient d’'une collaboration avec E. Audusse!, J.G Caldas
Steinstraesser 2, P. Heinrich ®, A. Paris* et M. Parisot , lors du CEMRACS 2019. Le résultat
de ce travail a été publié dans le journal ESAIM : PROCEEDINGS AND SURVEYS en
2021, [Aud+21]. Cet article s’inscrit dans 1’étude de la propagation de tsunamis générés par
des glissements de terrains. Le but étant de savoir si les modeles bidirectionnels d’eau peu
profonde, présentés dans les sous-sections précédentes, sont efficaces dans la modélisation
de ce genre de phénomene. On se placera en dimension horizontale d = 1.

Les modeles de Saint-Venant et de Boussinesq peuvent se généraliser dans le cas ou le
fond marin est non plat et dépend du temps. Il est nécessaire d’utiliser ces généralisations
lorsqu’il y a un glissement de terrain. Dans cette sous-section, nous considérerons les
équations sous leur forme dimensionnelle.

Voici les équations de Saint-Venant dimensionnelles sous leur forme conservative :

_ _ (37)
8, (hV) + 8,(hV* + 2h2) = ghd,b.

Ici, g est l'intensité de la pesanteur, la surface du fond marin est représentée par le graphe
de la fonction b, h est la profondeur de l'eau, elle s’écrit h(t, ) = Hy+((t,x) —b(t,x) et V

est la composante horizontale du champ de vitesse, moyennée sur la profondeur de ’eau.

Voici les équations de Boussinesq dimensionnelles

¢ + 0.(hV) = 0yd,

o N o _ (38)
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34095 Montpellier Cedex 5, France. Univ. Montpellier, CNRS, IMAG, UMR 5149, 34090 Montpellier,
France

3. CEA, DAM, DIF, 91297 Arpajon Cedex

4. Université de Pau et des Pays de ’Adour, E2S UPPA, SIAME, Anglet, France

5. Team CARDAMOM, INRIA Bordeaux Sud Ouest, 200 Avenue de la Vieille Tour, 33405 Talence
cedex, France Univ. Bordeaux, CNRS, Bordeaux INP, IMB, UMR 5251, F-33400, Talence, France
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Ici, la surface de I'eau est représentée par le graphe de la fonction (, et d = Hy — b.

Nous comparons ces deux modeles dans le cas test suivant, inspiré du papier [VSK14].

0.8 m

On consideére que le terrain est initialement un parallélogramme de hauteur H et de
longueur L et qu’il glisse le long d’une pente inclinée a 45°.

Tout d’abord, remarquons que 1’hypothese de non-cavitation (7) n’est pas respectée, il
y a des zones seches. La justification des modeles bidirectionnels classiques dans ce cas a
fait 'objet de plusieurs travaux (voir notamment [LM18]). Dans le cas des équations de
Saint-Venant (37), nous utilisons le code de résolution Hydra, développé par M. Parisot,
qui se base sur les papiers [Bou04 ; Aud+04]. Dans le cas des équations de Boussinesq (38),
nous utilisons le code de résolution AVALANCHE développé par le CEA pour simuler des
tsunamis. Il a notamment été utilisé pour étudier des tsunamis générés par des glissement de
terrains subaériens et sous-marins [HP00; Héb+02; Le +03; Rod+13; Pou+17; Par+9a;
Par+4-9b].

Pour résoudre numériquement les systeémes (37) et (38), il est nécessaire de connaitre la
dynamique du fond marin. Pour cela, nous utilisons le code de résolution OpenFOAM, qui
nous permet de résoudre les équations de Navier-Stokes multi-couches incompressibles. Le
terrain est considéré ici comme un fluide. Une fois la dynamique du fond marin déterminée,

nous l'utilisons comme variable d’entrée pour les systemes (37) et (38).

Dans tous les cas tests (en faisant varier H et L), on peut distinguer principalement
deux phénomenes. Le premier est la génération de la vague, qui se caractérise par la
poussée de I'eau par le terrain glissant. Le deuxieme est la propagation de la vague; une
fois I’eau poussée par le terrain, la vague générée ne fait que se propager et n’interagit
plus avec le terrain.

La comparaison du modeéle de Boussinesq (38), avec le modele de Navier-Stokes multi-
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couches incompressible, dans les cas tests étudiés, nous montre que ce modele n’est pas
adapté pour reproduire la génération de la vague. Le modele de Saint-Venant est, lui, plus
adéquat dans ce cas. Pour ce qui est de la propagation de la vague, les conclusions sont
inversées, sauf dans les cas ou le glissement de terrain est trés important. Dans ce dernier
cas, les deux modeles ne permettent pas de reproduire 'amplitude de la vague, mais
contrairement au modele de Boussinesq, le modele de Saint-Venant réussit a reconstruire
la vitesse de propagation.

Pour améliorer les résultats numériques, on propose donc une stratégie de changement
de modele entre la zone ou la vague est engendrée, dans laquelle on utilise le modele de
Saint-Venant, et la zone ou la vague se propage, dans laquelle on utilise le modele de
Boussinesq.

Une autre stratégie aurait été d’utiliser la généralisation du modele de Green-Naghdi
aux fonds marins non plats et dépendant du temps, mais il semble qu’il faille des codes
plus robustes. En effet, a cause des zones seéches et des retours de vagues, les codes de
résolution a notre disposition étaient instables numériquement.

Nous mettons aussi en évidence que la dynamique des vagues engendrées par les
glissements de terrain est directement corrélée a I’énergie transférée a 1’eau.

Dernierement, nous étudions la reconstruction d’un glissement de terrain a partir de la
connaissance de la vague générée, que nous formulons comme un probléme de minimisation.
Considérant une vague de référence, nous recherchons le glissement de terrain qui minimise
I'erreur entre cette vague, et la vague calculée par un des modeles, (37) ou (38). Nous nous
limitons au cas ou le glissement de terrain est supposée étre une somme finie de gaussiennes.
Méme si notre analyse est trop limitée pour conclure, notre stratégie numérique est validée

dans des cas simples.

0.2.3 Les modeles bidirectionnels de type dispersion compléete

Dans cette sous-section nous présentons les modeles bidirectionnels de type dispersion
complete que sont les modeles de Whitham-Boussinesq et de Whitham-Green-Nagdhi, et
plus particulierement les résultats principaux obtenus dans les Chapitre 1 et 2 [Eme20;
Eme21b], sur la justification de ces modeles.

Pour comprendre ce qui définit un modele d’eau peu profonde de type dispersion
compléte, revenons aux équations des vagues (18), et étudions le linéarisé de ces équations

autour de I’état de repos (¢, 1) = (0,0). Pour cela, remplagons le parametre de non-linéarité,
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e, par 0 dans les équations. On obtient

¢ — Lgrfojy = o,

Or, une simple analyse de Fourier nous permet de résoudre le probleme harmonique (20)

dans le cas ou £{ = 0. On obtient alors I’expression suivante de ig#[ow ;

1 tanh (/x| D)
2gro)p = — EWHIFD Ay = Ay,

Ainsi, le linéarisé des équations des vagues (18) autour de I’état de repos s’écrit

B¢+ FUAY = 0,

(39)

On dit qu’un modele d’eau peu profonde est de type dispersion complete lorsque son
linéarisé autour de 1’état de repos est le méme que celui des équations des vagues, a savoir
(39). Entre autres propriétés, un modele de type dispersion compléte aura la méme relation

de dispersion que celle des équations des vagues, c¢’est-a-dire
1
w()? = —=I¢| tanh (\/ul¢]) = FY'(§)IE,
(&) \/ﬁH (Vrlgl) = F(&)l¢]

ou w(&) est la fréquence angulaire associée au vecteur d’onde £.

Remarque 0.2.28. Nous avions mentionné dans la remarque 0.2.5 que les approzimations
de la quantité V, dans la Proposition 0.2.4, étaient exactes au niveau linéaire. Au vu de
la précédente caractérisation des modeles de type dispersion compléte, cette propriété est

nécessaire pour construire des modéles de ce type approchant les équations des vagues.

0.2.3.1 Les modeles de Whitham-Boussinesq

En utilisant estimation (30) comme point angulaire, nous obtenons, dans le

Chapitre 1 [Eme20], les deux propositions suivantes.

Proposition 0.2.29. Soit FY, le multiplicateur de Fourier défini en (29). Dans le régime

d’eau peu profonde A (voir (15)), les équations des vagues (18) sont cohérentes a l’ordre
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O(pe) avec le systéme

0iC + FLAY + eFYV - (CFIVY) =0,
O + C+ 5IFYVY[? =0,

au sens de la Définition 0.2.6, avec n = 4.

De plus, le systéme (40) posséde une structure Hamiltonienne, avec pour Hamiltonien

Hygp = ;/R(& + |(F1) 2V dX + g /R CIFY [V *dX.

Proposition 0.2.30. Soit FY, le multiplicateur de Fourier défini en (29). Dans le régime
d’eau peu profonde A (voir (15)), les équations des vagues (18) sont cohérentes a l’ordre

O(pe) avec le systéme

h¢+ V- (V) =0,

_ _ (41)
OV + FiV(¢ + sFIV([V?) =0,

au sens de la Définition 0.2.6, avec n = 4.

Les modeles de Whitham-Boussinesq sont définis comme étant des modeles d’eau peu
profonde de type dispersion complete pour lesquels la précision par rapport aux équations
des vagues (18) dans le régime de petite profondeur d’eau (16) est d’ordre O(ue). En ce
sens, les modeles (40) et (41) sont des modeles de Whitham-Boussinesq.

Remarque 0.2.31. Grice auzx techniques du Chapitre 1 [Eme20], on peut en fait montrer

que tous les modéles du type

0¢ + FYAY + GV - (CGHVY) =0,

(42)
O+ C + |GV GE[V Y] = 0,

avec G et GY vérifiant pour tout & € R,

GY(€) =1+ 0(ulgl*), G5(&) =1+ O(ulg),

sont des modéles de Whitham-Boussinesq.

Les Propositions 0.2.29 et 0.2.30 donnent pour la premiere fois une caractérisation

précise de 'ordre d’approximation des modeles Whitham-Boussinesq.
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Remarque 0.2.32. Ici, contrairement au cas classique, on a deuz types de systémes, un
dont les inconnues sont ¢ et 1 (40), et un autre dont les inconnues sont ¢ et V (41).

Si, dans (40), on remplace le multiplicateur de Fourier FY par 1+ 8A, on obtient un
systeme de Boussinesq mal posé, ce qui explique pourquoti ce dernier n’est pas discuté dans

ce document.

Remarque 0.2.33. Les systemes de Whitham-Boussinesq en ( et i) sont généralement
écrits dans la littérature a partir des variables ¢ et v := V. Pour cela, il faut au préalable
appliquer Uopérateur V a [’équation en 1. Prenons Uexemple du systeme (40), il peut se

réécrire de la fagon suivante :

¢ +FiV v+ eF{V - (CFv]) =0,
O + V¢ + e(Fy[v] - V)F{[v] =0,

ot nous avons utilisé que FY[V1)| est irrotationel, et que dans ce cas, nous avons la relation
V(IF{[VY]*) = 2(F{[v] - V)FY[o].

Dans la suite de cette sous-section, nous écrirons les systémes de Whitham-Boussinesq en

¢ et de cette maniere.

Le deuxieme point pour justifier les modeles de Whitham-Boussinesq est de prouver
leur caractere bien posé local, avec un temps d’existence des solutions d’ordre 1/e et
indépendant de pu.

Le caractere bien-posé de certains systemes de Whitham-Boussinesq ont été étudiés
dans [Dinl9; Din20; DST19; KP18]. Il convient de porter une attention particuliere
a [DST19] ou les auteurs ont prouvé le caractere bien-posé local du systeme (40) en
dimension 2, et le caractere bien-posé global en dimension 1. Cependant, les techniques
utilisées dans ces travaux ne permettent pas d’établir I'existence et le controle des solutions
indépendamment du parametre pu.

Dans le Chapitre 2, nous obtenons le caractere bien-posé local d’une classe de sys-
témes de Whitham-Boussinesq quasi-linéaires, avec un temps d’existence d’ordre 1/¢ et
indépendant de p. Avant de présenter le résultat, rappelons la définition de 'ordre d’un

multiplicateur de Fourier.

Definition 0.2.34. On dit qu’un multiplicateur de Fourier G est d’ordre s € R si & €
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R — G(€) € R est lisse et vérifie

Ve e RELYB e N4, sup(1+ [€)P=25|10°G(€)| < .
£eRd

Notation 0.2.35. Nous noterons S'(RY) I’ensemble des distributions tempérées.
Et maintenant, voici le résultat.

Théoréme 0.2.36. Soient s > d/2+ 1, hy > 0 et M > 0. Soit FY, le multiplicateur de
Fourier défini en (29). Soit aussi G* un multiplicateur de Fourier d’ordre 0 de la forme
G = G(/uD) ou G est un multiplicateur de Fourier indépendant de . Supposons de
plus que pour tout £ € RY, |GH(€)?| < |FF(€)].

Il existe T > 0 et C > 0 tels que pour tout (p,e) € A (voir (15)), et ((o,v0) € X*(R?),

o

X*(RY) == {(¢,v) € S'(RY) x SR, [(C,v)

xs < +OO},

avee |(¢,v)|xs = |Clms + [(F)Y2[W]| g, vérifiant |((o, vo)|xs < M et Uhypothése de non-

cavitation (7), les équations de Whitham-Boussinesq

¢+ FV v +eGHV - (CGHv]) = 0,

(43)
O + V¢ +&(GH[v] - V)GH[v] =0,

admettent une unique solution (¢,v) € C°([0,T/e], X*(R?)), avec pour conditions initiales

(o, v0)-

De plus, nous avons le controle suivant sur (¢,v) :

(¢, )| Lo (o,/2),x5) < Cl(Cosv0)

XS.

Remarque 0.2.37. — Les systémes de la forme (43), ou G* vérifie les hypothéses
du Théoréeme 0.2.36, ont une structure d’équations quasi-linéaires semblable aux
équations de Saint-Venant (33), a la différence prés que ces systémes dépendent
d’opérateurs non-locauz (Fy et G*). Les techniques utilisées pour démontrer le
Théoréeme 0.2.36 sont donc inspirées de celles utilisées pour démontrer le Théoréme
0.2.9.

— Si, dans (43), on remplace G* par FY, on retrouve le systéme (40) (a Uapplication
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de lopérateur V prés, voir la Remarque 0.2.33). Di aux propriétés de régularisation
de FY', ce dernier systéme a une structure d’équations semi-linéaires.

— Dans le Chapitre 2, nous démontrons un résultat plus général de caractére bien-posé
local de systemes quasi-linéaires non-locauzx. Le Théoreme 0.2.36 n’est qu’un cas

particulier de ce résultat.

Remarque 0.2.38. L’unicité dans la Proposition 0.2.36 nous permet de définir le temps
Tmax/€, supremum des temps T /e > 0 tels que le probléme de Cauchy associé aux équations
(43) ait une solution (¢,v) € C°([0,T], X*(R?)) vérifiant I'hypothése de non-cavitation (7).

Plus précisément, soit to > d/2, on a le critére d’explosion suivant :

Tmax <0 = t—)%?;}x/a |<C7,U)|L°°([Ovt]vxt0+1) = 0.

En particulier, Thax et la solution mazimale ne dépendent pas de l'indice de régularité s.
On a aussi la propriété de stabilité suivante.

Proposition 0.2.39. Posons les mémes hypothéses que celles du Théoreme 0.2.36 et

supposons aussi qu’il existe (C,0) € C([0,T/e], X*(R?)) solutions du systéme

atE—F FiV -0+ eGHV - (EGHWD —r
00 + VE—F e(GH[7] - V)GH[v] = R,

ot R := (r, R) € L>([0,T/e], X*"Y(R%)). Alors, pour tout t € [0,T/e], lerreur par rapport

auz solutions ((,v) données par le Théoréme 0.2.56 vérifie

(G V) | Lo qo,4,x5) [(C0) | Loo (0,7, x5)) (e

1 -
le| Lo (j0,,x5-1) < C(h xso-1]=0 + | R| Lo (0,0, x5-1))

min

ou e = (va) - (67 6)

La concaténation des résultats de la Proposition 0.2.29 (et de la Remarque 0.2.31),
du Théoreme 0.2.36 et de la Proposition 0.2.39 nous donne le théoreme de justification

(convergence) suivant, des modeles de Whitham-Boussinesq (42).

Théoréme 0.2.40. Soient (u,e) € A et s > d/2. Soit aussi G* vérifiant les hypothéses du
Théoréme 0.2.36. 1l existe T' > 0 indépendant de (u,€), tel que pour tout T" > 0 et toute
solution ((,v) des équations des vagues (18) vérifiant l’hypothése de non-cavitation (7) et
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FIGURE 3 — Paramétres : = 0.1, e = 0.1, N, = 212, dt = 1073,
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FIGURE 4 — Paramétres : p = 0.5, ¢ = 0.1, N, = 212, dt = 1073,

U= (¢, V) € C%0, T /e], HST(R?)), il existe une unique solution Uwg = (Cws, vws) €
Co([0,T/¢], X*T3(R%)) des équations de Whitham-Boussinesq (43) ayant pour conditions
initiales (C|i=0, VW|i=o). De plus, pour tout temps t € [0, min (T,T")/¢], on a

1
|e|Loo([07t]7Xs) < ,uetC’(h—., |U|Loo([07t]’Hs+4)),

min
ove=U — UWB-

[llustrons ce résultat avec quelques simulations. Plagons-nous dans le cas ou d = 1
et prenons pour condition initiale ({p(x) = e Vb = 0). Dans les figures 3,4 et 5,
nous comparons ’élévation de la surface obtenue par résolution des équations des vagues
avec les élévations obtenues par résolution des équations de Whitham-Boussinesq (43) ou
G, = (F})~'/2, et par résolution d’un systéme de Boussinesq.

On retrouve bien, dans les trois figures, une meilleure précision du modele de Whitham-
Boussinesq en comparaison avec le modele de Boussinesq. Méme lorsque la précision

théorique est la méme pour les deux modeles, par exemple lorsque = ¢ = 0.1 (figure 3)
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surface deformation at t=5.0
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FIGURE 5 — Paramétres : p = 0.1, e = 0.5, N, = 212, dt = 1073,

le modele de Whitham-Boussinesq semble plus précis.

Lorsque i n’est pas petit, par exemple ;= 0.5 et ¢ = 0.1 (figure 4), le modele de
Boussinesq ne semble approcher que le profil de la premiere vague générée. Le modele de
Whitham-Boussinesq reste quant a lui, une bonne approximation de la solution dans sa

globalité puisque ¢ est petit.

Remarque 0.2.41. Le code de résolution numérique des équations des vagues développé
et utilisé dans cette thése est basé sur une méthode de transformation conforme du domaine
de résolution des équations 0y (voir [CC99; Dya+96; VDD14; LHC04)).

Le codes de résolution du systéme de Boussinesq et du systéme de Whitham-Boussinesq

proviennent de la librairie Julia "ShallowWaterModels" développé par V. Duchéne®.

0.2.3.2 Les modeéles de Whitham-Green-Naghdi

En utilisant les estimations (31) et (32) comme points angulaires, nous obtenons, dans

le Chapitre 1 [Eme20], les deux propositions suivantes.

Proposition 0.2.42. Soit Fy le multiplicateur de Fourier défini en (29). Dans le régime
d’eau peu profonde A (voir (15)), les équations des vagues (18) sont cohérentes a [’ordre

O(u?e) avec le systéme

O +V - (hV) + §(AFLR Av]) + A(RFE[Av])) =0,

(44)
O + C+ 5IVY[* — R (Fy[AY)) Ag = 0,

au sens de la Définition 0.2.6, avec n = 5.

6. Université de Rennes 1, IRMAR, CNRS
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De plus, le systeme (44) posséde une structure Hamiltonienne, avec pour Hamiltonien

1 1
Hona = 5/Rd C2dx+§/Rd hvw~V1de+%/RdV(h3F§[V~Vw])~V1de.

Remarque 0.2.43. Dans le systéme (44), si on remplace Fy par Uidentité, on se retrouve

avec un systéme de type Green-Naghdi (voir Remarque 0.2.14) en C et 1, qui est mal posé.

Proposition 0.2.44. Soit ¥4 le multiplicateur de Fourier défini en (29). Soit aussi

Vopérateur T défini par la formule

1

T[hlV = —a(

V(RPF5[V - V]) + V(FL[RPV - V])).

Dans le régime d’eau peu profonde A (voir (15)), les équations des vagues (18) sont

cohérentes d l'ordre O(u?e) avec le systéme

¢+ V- (hV) =0,
O ((Id+ pT[R)V) + V¢ +5V(|[V]?) — EV(:V - V(RPF5[V - V] + F5[A3V - V]))
—EV(RFV-VIV-V)=0.
(45)

au sens de la Définition 0.2.6, avec n = 6.
De plus, si Uopérateur I1h] := h(Id 4+ pT'[h]) est inversible, le systéme (45) posséde une

structure Hamiltonienne, avec pour Hamiltonien

Hene = ;/R ¢2dX +; /R hI[h) " WV - Vib dX.

On définit dans cette these les modeles dits de Whitham-Green-Naghdi comme des
modeles de type dispersion complete approchant les équations des vagues (18) dans le
régime de petite profondeur d’eau (15) a I'ordre O(u?e). En ce sens, les systémes (44) et
(45) sont des systémes de Whitham-Green-Naghdi.

Remarque 0.2.45. — Dans [DIT16], les auteurs ont introduit un systéme de type
dispersion compléte multi-couches, proche du systéme (45), et avaient conjecturé
que leur modéle était cohérent avec les équations des vagues da l'ordre O(u’e).
— La remarque 0.2.32 est aussi valable ici.

— Dans le régime longues vagues Ary, les équations des vagues (18) sont cohérentes a
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Uordre O(p?) avec les systémes (44) et (45).
— FEn utilisant les techniques du Chapitre 1, on pourrait montrer que les équations des
vagues (18) sont cohérentes a l'ordre O(u?c) avec tous les systémes du type

OC +FIAY + V- GY[(h = DGI[VY]] - BAGE[(R? — )G [AY]] =0, (46)
=0

O + ¢+ 5|GI[VY]? + LR2GE A

)

ou GY, G sont deux multiplicateurs de Fourier vérifiant, pour tout & € R,

GY(&) =1+ 0(ulgl"), G5(&) =1+ O(ulgl).

La liberté que l'on a sur les multiplicateurs de Fourier pourrait nous servir a exhiber
des systemes de Whitham-Green-Naghdi bien posés localement. Formellement, si
on impose a GY et \/uV - Gy d’étre d’ordre 0 et de vérifier pour tout £ € RY,
IGEO?, |VRIEIGE (&> < |FI'(E)], on obtient des systémes quasi-linéaires non-
locauz, similaires a (43), et les techniques du Chapitre 2 pourraient alors s appliquer.
— D’un point de vue pratique, il semble plus facile de résoudre numériquement les
systemes de Whitham-Green-Naghdi dont les inconnues sont ¢ et 1. En effet,

contrairement auz systémes en C et V, il n’y a pas d’opérateur a inverser.

Comparons la précision du modele de Green-Naghdi et d’'un modele de Whitham-
Green-Naghdi via quelques simulations. Plagons-nous dans le cas d = 1 et prenons comme
condition initiale ({y = e~ Vi = 0). En utilisant le code de résolution des équations
des vagues mentionné dans la Remarque 0.2.41 et les codes de résolutions des systemes
de Green-Naghdi et de Whitham-Green-Naghdi de la librairie "ShallowWaterModels"
mentionnée dans la méme remarque, nous obtenons les figures 6, 7 et 8.

On retrouve les mémes conclusions que dans la comparaison des modeles de Boussinesq

et de Whitham-Boussinesq (voir les figures 3, 4 et 5)

41



Introduction

0.5
0.4
0.3
02
0l
00
-0.1

0.6
05
04
0.3
0.2
0.1
00

surface deformation at t=5.0

water waves
Serre-Green-Naghdi
Whitham-Green-Naghdi

NI

=10 =5 0 5 10

FIGURE 6 — Paramétres : = 0.1, e = 0.1, N, = 22, dt = 1073,
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FIGURE 7 — Parameétres : = 0.5, ¢ = 0.1, N, = 22, dt = 1073,
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FIGURE 8 — Paramétres : p = 0.1, e = 0.5, N, = 212, dt = 1073,
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0.3 Les modeéles unidirectionnels d’eau peu profonde

Placons-nous dans le cas ot d = 1. Dans tous les modeles présentés précédemment, si

on néglige tous les termes d’ordre O(u) et O(e) nous obtenons un systéme du type

atC + 8J;V - 0,

En particulier, la fonction ¢ vérifie une simple équation des ondes
0;¢ —0;¢ =0.

Cela suggere que pour toute condition initiale donnée, en dimension horizontale d = 1, la
surface de I'eau se décompose en deux vagues se propageant dans des directions opposées.
L’objectif d'un modele de propagation unidirectionnel est de décrire une de ces deux
vagues.

Dans cette derniere partie de I'introduction, nous présentons la dérivation des équations
de Hopf a partir des invariants de Riemann des équations de Saint-Venant. Puis nous
présentons le résultat du Chapitre 2 (papier a paraitre au journal Nonlinearity [Eme21b]),
portant sur la dérivation des équations de Whitham a partir de la construction de "quasi'-
invariants de Riemann d’un systéeme de Whitham-Boussinesq bien choisi. Cette méthode
suppose les conditions initiales bien préparées, de telle sorte a isoler une des deux directions
de propagation.

Ensuite, nous présentons la méthode de Bambusi [Bam20] sur la dérivation des équations
de Korteweg-de Vries, utilisant une généralisation de I'algorithme de la forme normale de
Birkhoff. Enfin, nous présentons le résultat du Chapitre 3 utilisant une adaptation de cette
méthode pour montrer que les deux vagues se propageant dans des directions opposées
peuvent étre correctement décrites par un systeme de deux équations de Whitham. Ce

dernier systeme est donc adapté & un mode de propagation bidirectionnel.

0.3.1 Construction d’invariants de Riemann et dérivation de mo-

déles unidirectionnels

Plagons-nous en dimension horizontale d = 1.

On présente ici une méthode pour obtenir les équations de Hopf depuis le systeme de
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Saint-Venant. Soient ¢ et V solutions des équations de Saint-Venant (33). Les quantités

h—1 V h—1 V
u+_\/_8 +\2/7 Y Vh-1 TV

sont solutions du systeme

Brut + (3T — 1)9,ut =0,

Ou~ + (e M —1)0,u” =

Les quantités u™ et u~ sont appelés les invariants de Riemann du systéme de Saint-
Venant.
En imposant aux conditions initiales (o et Vi de satisfaire la relation u~(0) = 0, On

obtient u~ = 0. Et alors u™ est solution de I’équation de Hopf
+ 3 . +
Ou™ + (1 + S U )Ou" = 0.

Dans le Chapitre 3, on s’inspire de ce simple procédé pour déduire les équations
de Whitham depuis un systeme de Whitham-Boussinesq bien choisi. Voici les résultats

obtenus.

Proposition 0.3.1. Soit FY le multiplicateur de Fourier défini en (29). Il existe n € N*
tel que pour tout (u,¢) € A (voir (15)) et ¢ € L HO+(R) et ¢ € L H™(R) solutions
des équations des vagues (18) vérifiant I’hypothése de non-cavitation (7), il existe Ry, Ry €
H*(R) uniformément bornés en (u,e) de telle sorte que les quantités

. Vh-1 1 Vh-1 1

ut = + S (FN) 2], w =~ . +§(F§‘)*1/2[v], (47)

[\

\

ot v =FY[0,0] et h =1+ e(, satisfont les équations

Ot + (25 + 1)(FY) *0,u* = pieRy,
™+ (e +—3 — DEN)20u” = peRy.

Remarque 0.3.2. Les quantités ut et u~ peuvent étre vues comme des invariants de
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Riemann approchés a lordre O(ue), des équations de Whitham-Boussinesq

0¢ + 0, + €0,(¢0,v) = 0,
O + FL0,¢ + 0,000 = 0,

ot v = FY[0,9], pour lesquels nous connaissons l’obtention rigoureuse (voir Proposition
0.2.29 et Remarque 0.2.31).

Corollary 0.3.3. Il existe n € N* tel que pour tout o > 0 et tout (u,e) € A, nous avons
ce qui suit. Considérons le probleme de Cauchy associé auzx équations des vagues (18)
avec pour conditions initiales (Co, 1) € HOT(R) x HOt"H(R) vérifiant I’hypothése de
non-cavitation (7), et notons (¢,v) la solution correspondante. Soit (uly, uzy) défini par

les formules (47) appliquées d ((o, o). Il existe une unique solution (ul,u.) au systéme

Bruf + (e2du 4 1)(F1)29,uf = 0,
3

. (48)
dpug + (443 1)(FY)Y20,u; = 0,

avec pour condition initiale (U:,mue_,o)- Elle vérifie la propriété suivante : notons (. et 1.

les quantités suivantes
Ce=—|(=(uf —uy)+1)* - 1} et P, = / (F) Y2} + ) )dz. (49)
0
Pour tout temps t € [0, L], on a

|(C = Cer ¥ = )| oy frarr < peCt,

ou C, T~ = C’(ﬁ, |Colga+ny [0 fratnt1), uniformément par rapport a (u,e) € A.

Proposition 0.3.4. Avec les mémes hypothéses et les mémes notations que celles de
la Proposition 0.3.1, si u=(0) = O(u), alors il existe Ty > 0 tel que pour tout temps
t € [0,T1/e], u=(t) = O(p). De plus, pour ces temps, u™ est solution des équations de

Whitham a un terme de reste prés d’ordre O(ue), i.e.
3
ot + (FHYV2[ou™] + §u+8xu+ = O(pe).

Si, plutot, ut(0) = O(u), alors il existe Ty > 0 tel que pour tout temps t € [0,Ty/e],

ut(t) = O(p). De plus, pour ces temps, u~ est solution des équations de Whitham a
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propagation opposée d un terme de reste prés d’ordre O(ue), i.e.
- 1y1/2 N
Owu~ — (FY)4[0,u~] + U O,u” = O(pue). (50)

Théoréeme 0.3.5. (Convergence) Dans le Corollaire 0.5.3, si u_ (0) = O(u), alors on peut

remplacer (. et . par
11 e v _
Gonee = 2| (Gt + 12 =1 et Gy = [ (F) 7],
ouut € C([0, L], H*(R)) est solution des équations de Whitham

Dt + (F)2[0,ut] + 326u+8xu+ o, (51)

7%]7

et obtenir pour tout temps t € [0

(€ = Cwn s ¥ = Ywin ) e xpars < Cllug (0)[mass + pet),

ou C, T~ = O(ﬁ,ﬂma)u |Co|ra+n s [0 grasn+r), uniformément par rapport a (u,e) € A.
Si, plutot, ut(0) = O(u), alors on peut remplacer (. et . par

17, ¢

CWh,— = z (§u_ —1)2 1| et Ywn- = /OQC(FIf)_l/Q[U_]d%

ot u~ € C([0,L], H*(R)) est solution des équations de Whitham exactes d propagation

opposée
- [N1/2 - R

, T
et obtenir pour tout temps t € [0, =],

(€ = Cwn—s ¥ = Ywn )l gasgrass < C|uf (0) o + pet),

ot C, T~ = C(7=, tmax [Col wotn, [Yo| gratns1), uniformément par rapport d (u,€) € A.

P
min

Remarque 0.3.6. Si on suppose que u_ (0) = O(ue) alors une traduction textuelle du
Théoreme 0.3.5 est la suivante. Les solutions des équations des vagues associées a des

conditions initiales vérifiant u_ (0) = O(ue) pewvent étre approchées a lordre pe + (ue)t
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1

dans le régime de petite profondeur d’eau, pendant un temps d’ordre €=, par une solution

des équations de Whitham (51).

On a bien str un résultat analogue en supposant plutot ul (0) = O(ue).

0.4 Algorithme de la forme normale de Birkhoff et

obtention de modeles unidirectionnels

Dans son article [Bam20], Bambusi développe une généralisation de l'algorithme de la
forme normale de Birkhoff pour obtenir les équations de Korteweg-de Vries (KdV) depuis
les équations des vagues. Nous résumons le procédé ici. Plagons-nous, tout d’abord, dans

le régime asymptotique de KAV

Axav = {(p, ) € Aje = pu},

Le but du procédé est de découpler les équations des vagues a un ordre O(e?) en se
servant de la structure hamiltonienne de ces dernieres, et plus précisément en transformant
son hamiltonien en forme normale.

Partons de ’hamiltonien des équations des vagues (13) sous sa forme adimentionnelle
1 9 1 1

H(Gv) =5 [ o+ [ 4=g"(eClvdn, (52)
2 Jr 2J/rR 1

ou G'[eCly est défini en (19). Cet hamiltonien est associé au tenseur de Poisson J =

5]

Rappelons que les équations des vagues s’écrivent alors

¢
) = IV H,

ott Ve = (8¢, y)7, avec & et &y les dérivées fonctionnelles par rapport a respectivement

¢ et 1.
Via la relation (25) et la Proposition 0.2.3 , on peut montrer que I’hamiltonien H

admet un développement asymptotique a ordre O(g?) de la forme

H = H() + €H1 + 0(62),
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ou

Hol¢.0) = 5 [ ot 3 [ o

ot M) = =5 [@0Pde+ 5 [ (@)

On commence par découpler la partie linéaire définie par Hy en posant le changement

de variables

ri= €+28x¢, 5= (—28951#' (53)

On se ramene alors & travailler sur ’hamiltonien

E(T, 8) :Ho(r, 5) + 5E(T7 S)
= /RW +5%)dz + % /W +5%)dz — % /R(@xr)z +(0:8)*)dx

_E 2 2 €
: /R (1% +7s?)da + /R (8,7)(9,5)dx,

—_9%
associé au tenseur de Poisson J = ( 2 o )
Y
0 2
Tout d’abord, on peut remarquer que Hj est sous forme normale, c¢’est-a-dire que les
équations hamiltoniennes associées sont découplées. C’était I'intérét de poser le changement

de variables (53). De plus, H, se décompose en
Hy, = Zy + Wy,

ou Zy = 5 Jp(r® + s¥)da — £ Jp((0:r)* + (025)*)dx est sous forme normale. Seul W, donne
lieu a des termes couplés.

L’idée de l'algorithme de la forme normale de Birkhoff est de conjuguer H par le flot
associé a une fonction lisse bien choisie, de telle sorte qu’a I'ordre O(¢?), son développement
asymptotique soit sous forme normale.

Soit donc G(p, ¢) une fonction lisse. Considérons les équations hamiltoniennes associées

O (p) = janG(p, q), (54)

48



Introduction

o V,, = (0,,0,)" avec 4, et §, les dérivées fonctionnelles par rapport & respectivement p
et ¢. Notons alors F(, le flot associé a (54).
Définissons aussi le crochet de Poisson de deux fonctions lisses G1(p, q) et Ga(p, q) par

la formule
{G1,Ga} = (V) G, janGQ),

otl (,) désigne le produit scalaire dans L?(R%)2,

On peut montrer que
H o F5 = Hy+ e{H,, G} + ¢H, + O(?),
(voir [Bam20]). Si G est solution de I’équation homologique
{Ho, G} + W, =0, (55)
on obtient donc

Ho F5 = Hy+¢eZ + O(c?). (56)

r r
De plus, les quantités (~) = F§ ( ) vérifient les équations hamiltoniennes associées a
5 s

Hy +¢Z, que sont

O + (1 + £02)0,7 + 70,7 = 0, (57)
9,5 — (14 £02)0,5 — £50,5 =0,

& des termes de reste pres d’ordre O(e?). Les deux équations de (57) sont des équations de
KdV.

Dans son article [Bam20], Bambusi montre qu’il existe une solution de I’équation
homologique (55), mais que cette solution n’engendre pas de flot. Il faut donc un argument
supplémentaire pour rendre le raisonnement précédent rigoureux. Son idée est de remplacer
le flot par ce que serait son développement asymptotique s’il existait.

Si une fonction lisse G engendre un flot Ff,, alors ce dernier admet le développement
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asymptotique a l'ordre O(e?) suivant
Fg =1d + &G+ O(&?).

Bambusi montre que dans le raisonnement précédent, on peut remplacer le flot associé a
la solution G de I'équation (55) par Id + G et obtenir (56)-(56).

Remarque 0.4.1. Grace a cette méthode, Bambusi montre que les solutions des équations
des vagues peuvent étre approchées a lordre & sur un temps d’ordre 1/e dans le régime de
KdV, par deuzr vagues se propageant dans des directions opposées, solutions d’équations
de KdV. Il améliore ainsi les résultats obtenus par Schneider et Wayne dans [SWO00], et
ceuz obtenus par Bona, Colin et Lannes dans [BCL0O5]. En effet, le résultat ne fait pas
apparaitre de croissance résiduelle. Il suppose en revanche un controle des solutions de
KdV dans les espaces de Sobolev W*Y(R) (voir Notations 0.4.2).

Dans le Chapitre 3, nous nous plagons dans le régime asymptotique de petite profondeur
d’eau A (voir (15)) et adaptons la méthode de Bambusi en partant d'un développement
asymptotique de I'hamiltonien des équations des vagues (52) a l'ordre O(pue), obtenu a
partir de (30). Une des difficultés supplémentaires étant de gérer les termes non-locaux

présents dans ce développement. Voici les résultats obtenus.

Notations 0.4.2. — Pour tout a > 0 nous noterons W*(R) l’espace de Sobolev
d’ordre o associé a L'(R). Nous noterons les normes associées | - |yya.
— Pour tout o > 0 nous noterons WotHH(R) = {f € LL (R), 0,f € W*(R)}

loc

I’espace de Beppo-Levi d’ordre o associé a L'(R). Les semi-normes associés sont

| lasia 2= [0 () weanr.

Definition 0.4.3. — Soit a > 0. On définit la transformation Ty : H*(R) x H*(R) —
H*(R) x H**Y(R) par la formule

B ¢
Tilv) = (fé”v(y)dy) ‘

— Soit a > 0. Soit (F{)™Y2 Uinverse du multiplicateur de Fourier (F})Y/2. On définit
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la transformation Tp : H*T(R) x H*"(R) — H*(R) x H*(R) par la formule
r+s
To(r,s) = .
(FY) 2 — 5]

— On définit Uopérateur 9~' : L'(R) — L>®(R) par la formule

07t uly) = 5 [ senly — m)ul) .

— Soit « € N. On définit la transformation Tg : WoTLHR) x WorbI(R) — W I(R) x
Wel(R) par la formule

Ts(r,s) = (

r -+ i@c(r)a_l(s) + §rs + 552
S+ 20,(s)07 (r) + Srs + %7"2 '

Théoréme 0.4.4. Soit « € N et (u,e) € A. Soit FY le multiplicateur de Fourier défini en
(29). Soient r, s € CY([0, L], WorTL(R)) solutions des équations de Whitham découplées

{8,:7" + (Fi)l/2 [0,7] + £r0,r =0, (53)
1

Ops — (FY)Y2[0,8] — 2250,s = 0.

1
Soit aussi H U’hamiltonien des équations des vagues (52) et J = ( 0) le tenseur de

Poisson associé. Alors les quantités

(ijv) = Ti(To(Ta(r, ). (59)

satisfont

O, (CWh> = JV(Hww)(Cwn, ¥wn) + (pe +€*)R, Yt € [0, Z]’
Wh

0l |R| oy pras1 < C(|r|wa+ra, |S|lwatra), uniformément par rapport a (u,e) € A.

Corollary 0.4.5. [l existe n € N* tel que pour tout o > 0 et tout (u,e) € A, on ait
ce qui suit. Considérons le probléme de Cauchy associé auzx équations des vagues (18)
avec pour conditions initiales (Co,1ho) € WOt L(R) x Wt LL(R) wérifiant I’hypothése
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de non-cavitation (7), et notons ((, ) la solution correspondante. Il existe une solution
(r,s) du systéme Hamiltonien (58) qui vérifie la propriété suivante : notons (Cwn, Ywn) la

solution définie par (59), alors pour tout temps t € [0 on a

_ T
) o ) )

(¢ = G, ¥ — Ywn) | oy gans < C(% + (ue + )t),

ot C, T~ = C(=—, |Colwa+tn, [tolyiratnti), uniformément par rapport a (u,e) € A.

hmin )
Remarque 0.4.6. — Dans le Corollaire 0.4.5, les conditions initiales (1o, So) associées

a (r,s) sont

(ro, s0) = Ta™ (T5 (T (Cos %)), (60)

ot la transformation T : WHTLL(R) x WAHLL(R) — WAYR) x WAL(R), 8 > 0,

est définie par la formule
T = 1d - <o,

avec Tg = Id + eﬁ.

— Le Corollaire 0.4.5 nous dit que les solutions des équations des vagues peuvent étre
approchées a Uordre €2 + (ue + &)t dans le régime de petite profondeur d’eau, pour
un temps d’ordre (max (u,€))™1, par deur vagues se propageant dans des directions
opposées, solutions d’équations de Whitham. Le €2 dans l'ordre de précision provient
des effets de couplage entre les deur vagues se propageant dans des directions
opposées.

— Dans le régime de faible non-linéarité Apx (17) (¢ < p = 1), on obtient une
précision d’ordre € sur un temps 1. Si € est petit, les solutions des équations de
Whitham donnent donc une bonne approrimation des solutions des équations des

vagues, méme si p n'est pas petit.

Remarque 0.4.7. Dans le tableau ci-dessous nous présentons les ordres de précision
relatifs au modéle de KdV et de Whitham dans les cas de propagations unidirectionnelles

et bidirectionnelles.

vagues unidirectionnelles vagues bidirectionnelles

1 1

sur un temps e~ sur un temps (max (u,€))”
KdV (pe + p2)t g2+ (pe + p* + )t

Whitham (pe)t e? + (ue + %)t
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Le résultat sur le modéle de KdV, dans le cas bidirectionnel, provient de la méthode de
Bambusi présentée précédemment, en se plagant dans le régime d’eau peu profonde A (voir
(15)). Le résultat pour ce méme modéle, dans le cas unidirectionnel provient de la Section
7.8.2 dans [Lani3b].

— On peut remarquer que dans le régime KAV (i =€), on retrouve les mémes ordres
de précision pour les deux modeéles.

— Dans le régime d’eau peu profonde, si p n’est pas petit, les équations de KdV ne sont
pas appropriées pour approcher les équations des vagues, et cela, méme si ¢ <K 1
(contrairement aux équations de Whitham).

— La précision des équations de Whitham dans le cas unidirectionnel est meilleure que
dans le cas bidirectionnel. Cela est du aux effets de couplage entre les deux vagues
dans ce dernier cas.

— Le modele de Whitham admet la possibilité d’un changement de comportement
dans la propagation des vagues, qui pourrait passer d’un régime longues vagues ot
e =0(u) avec p < 1, a un régime de faible non-linéarité ot seulement ¢ < 1 et p

n’est pas petit.

0.5 Conclusion et perspectives

0.5.1 Conclusion

Dans le Chapitre 1 [Eme20], nous prouvons la cohérence des équations des vagues (18),
dans le régime de petite profondeur d’eau A, a 'ordre O(ue) et O(u’e) respectivement,
du modele de Whitham-Boussinesq (Proposition 0.2.29 et Proposition 0.2.30), et du
modele de Whitham-Green-Naghdi (Proposition 0.2.42 et Proposition 0.2.44), donnant
ainsi pour la premiere fois une caractérisation non triviale de 'ordre de précision des

modeles bidirectionnels de type dispersion complete.

Dans le Chapitre 2, nous prouvons le caractere bien-posé local d’'une classe de systemes
quasi-linéaires symétrisables non locals. Puis nous appliquons ce résultat a une classe de
systemes de Whitham-Boussinesq quasi-linéaires symétrisables pour obtenir leur caractere
bien posé local avec un temps d’existence des solutions indépendant du parametre de petite
profondeur d’eau p (Théoreme 0.2.36). Nous démontrons aussi un résultat de stabilité

(Proposition 0.2.39) puis de justification (Théoreme 0.2.40) de cette classe de modeles de
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Whitham-Boussinesq.

Dans le Chapitre 3 [Eme21b], nous prouvons la justification des équations de Whitham
dans le régime de petite profondeur d’eau, dans deux cas différents. Le premier suppose
les conditions initiales des équations des vagues bien préparées et adaptées a un mode de
propagation unidirectionnel. Il donne la justification des équations de Whitham comme
modele d’eau peu profonde avec une précision pet pour un temps d’ordre e=! (Theorem
0.3.5). Le deuxiéme cas suppose un controle des conditions initiales des équations des
vagues dans les espaces de Sobolev W*(R), et est adapté & un mode de propagation
bidirectionnel. Il donne la justification des équations de Whitham avec une précision
g2 + (ue + %)t pour un temps d’ordre (max (p,€))~! (Corollary 0.4.5). Ces deux résultats
donnent, pour la premiere fois, une justification compléte et précise des équations de

Whitham dans un régime asymptotique physique, le régime de petite profondeur d’eau.

Dans le Chapitre 4 [Aud+21], nous analysons numériquement la cohérence des modeles
de Saint-Venant et de Boussinesq, généralisés dans le cas de fonds marins non plats et
dépendant du temps, dans le cadre de tsunamis engendrés par des glissements de terrain.
A partir de ces analyses, nous proposons une stratégie de changement de modéle, passant
du modele de Saint-Venant lors de la génération de la vague, au modele de Boussinesq lors
de la propagation, permettant ainsi d’améliorer les résultats numériques. Nous établissons
aussi des corrélations entre des grandeurs physiques caractéristiques du glissement de
terrain et la vitesse de propagation ou 'amplitude des vagues générées. Et enfin, a partir
de la seule connaissance d’une vague générée par un glissement de terrain, nous étudions

un probléme inverse permettant de reconstruire ce dernier dans des cas simples.

0.5.2 Perspectives

Plusieurs pistes d’approfondissements des résultats obtenus dans cette these sont
possibles. Nous pourrions poursuivre la justification des modeles de Whitham-Green-
Naghdi. Dans la Remarque 0.2.45, nous avions évoqué qu’il serait stirement possible
d’utiliser les techniques du Chapitre 2, pour obtenir un résultat de caractere bien-posé

! indépendant du parameétre de petite profondeur

local, avec un temps d’existence d’ordre e~
d’eau p, des solutions des systémes de Whitham-Green-Naghdi (46). 11 suffirait, ensuite,
d’obtenir un résultat de stabilité de ces systemes, pour obtenir un théoréme de convergence.

Dans [DST19], les auteurs ont prouvé un résultat de caractere bien-posé global, dans
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le cas de la dimension d = 1, pour le systeme (40). Les techniques de cet article utilisent
principalement la structure semi-linéaire des équations. Si on suppose les multiplicateurs de
Fourier G} et G suffisamment régularisant, les systémes (46) auraient alors une structure
semi-linéaire. Il serait probablement possible d’utiliser les techniques de [DST19], pour
obtenir le caractére bien-posé global de ces systemes, dans le cas de la dimension d = 1.

On pourrait aussi s’intéresser aux dérivation de modeles bidirectionnels de type disper-
sion complete dans le cas ou le fond marin n’est pas plat.

Mentionnons aussi qu'un modele de type Whitham-Green-Naghdi multi-couches a été
introduit dans [DIT16]. On pourrait donc essayer d’étendre la dérivation rigoureuse des
modeles de type dispersion complete dans le cas d’océans stratifiés.

Dans cette these, on tend a prouver que les modeles de type dispersion complete sont
plus robustes que les modeles bidirectionnels classiques d’eau peu profonde. En considérant
aussi les généralisations possibles des modeles de Whitham-Boussinesq et de Whitham-
Green-Naghdi aux fonds marins non-plat, ou aux eaux stratifiées, on pourrait évaluer le
gain obtenu dans des cas concrets. Par exemple, dans le cadre de la génération de tsunamis
générés par des glissements de terrain, étudié au Chapitre 4, nous utilisons une stratégie de
changement de modele. Dans la zone de génération de la vague, nous utilisons les équations
de Saint-Venant, et dans la zone de propagation, nous utilisons le modele de Boussinesq.
On pourrait remplacer ce dernier modele par un systeme de type dispersion complete.
Surtout que nous montrons que dans le cas ou I’énergie transférée a ’eau par le glissement
de terrain dépasse un certain seuil, les deux modeles de Saint-Venant et de Boussinesq
semblent échouer a reproduire la propagation du tsunami. Il serait intéressant de voir si
c’est aussi le cas pour les modeles de Whitham-Boussinesq et de Whitham-Green-Naghdi.

Dans tous les modeles, bidirectionnels et unidirectionnels, de type dispersion complete,
on pourrait essayer d’adapter les démonstrations au cas ou il y aurait de la tension de
surface.

Dans la littérature, des modeles de Whitham d’ordre supérieur ont été introduits
(voir par exemple [MKD15]). On pourrait se demander si les techniques du Chapitre
3 pourraient étre utilisées pour les dériver rigoureusement en partant d’un systeme de
Whitham-Green-Naghdi bien choisi, dont 'ordre de précision est O(pu?e). Cependant, il ne
semble pas possible d’obtenir 'ordre de précision caractérisant ces modeles, puisque des

termes d’ordre O(ue) apparaitraient dans les procédés.
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Chapitre 1

Rigorous derivation from the water

waves equations of some full

dispersion shallow water models

Article soumis et accepté au journal Journal on Mathematical Analysis (SIMA) [Eme20].

Abstract: In order to improve the frequency
dispersion effects of irrotational shallow water
models in coastal oceanography, several full dis-
persion versions of classical models have been
formally derived in the literature. The idea, co-
ming from G. Whitham in [Whi67], was to mo-
dify them so that their dispersion relation is the
same as the water waves equations. In this paper
we construct new shallow water approximations
of the velocity potential then deducing ones on

1.1 Introduction

1.1.1 Motivations

the vertically averaged horizontal component of
the velocity. We make use of them to derive ri-
gorously from the water waves equations two
new Hamiltonian full dispersion models. This
provides for the first time non-trivial precision
results characterizing the order of approxima-
tion of the full dispersion models. They are non-
trivial in the sense that they are better than the
ones for the corresponding classical models.

In this work, we consider full dispersion models for the propagation of surface waves

in coastal oceanography. It is a class of irrotational shallow water models, each model

having the same dispersion relation as the water waves equations. The first nonlinear full

dispersion model appearing in the literature was introduced formally by Whitham [Whi67 ;
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Whi74] to study wave breaking phenomena [Hur17] and Stokes waves of extreme amplitude
[EW19]. It is a modification of the Korteweg—de Vries (KdV) equations called the Whitham
equations, see [Eme21b] for a rigorous derivation of the latter equations and a comparison
with the KdV equations. Later on, the same kind of formal modifications has been made
on other standard shallow water models such as the Boussinesq or Green-Naghdi systems,
thus creating a whole class of full dispersion models. The motivation was to widen the
range of validity of the shallow water models, see Section 5.3 of [Lan13b], and to study the
propagation of waves above obstacles, a situation where there is creation of high harmonics
which are then freely released, see [BB93; Din94 ; Lan13b].

The models obtained by modifying the Boussinesq system, generally called Whitham-
Boussinesq systems, have been the subject of active research, see [Carl8; DDK19] for
comparative studies, [Din19; Din20; DST19; KP18] for the well-posedness theory, [DN19;
NW19] for some works on solitary waves solutions, and [HP16] for a study on modulational
instability (this list is not exhaustive, see also [Panl19; VP16]). In the case of the modified
Green-Nagdhi sytems, see [DIT16] for a fully justified two-layer one.

However at the best of the author’s knowledge no direct derivation of these models
from the water waves equations has been done. In this paper we provide asymptotic
approximations of the Dirichlet-to-Neumann operator. Then we use them to derive two
different Hamiltonian full dispersion systems (see (1.9) and (1.10)) and justify them in the
sense of consistency (see definition 1.1.10) of the water waves equations with these two
models. Subsequently we deduce from them an improved precision result with respect to

the one already known for the different full dispersion models appearing in the literature.

1.1.2 Consistency problem

Throughout this paper d will be the dimension of the horizontal variable (denoted X € R9).
The starting point of this study is the adimensional water waves problem, that is
(d=1,2)

¢~ Lgmp =0,

(GHp+epVe-VY)2
Oh + ¢+ 5IVYP? — S S5 ey = 0.

(1.1)

Here
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— V is the horizontal gradient, i.e.

0., when d=1,
(02, 0,)T, when d=2.

V =

We will also denote by A the Laplacian in R?.
— The free surface elevation is the graph of (, which is a function of time ¢ and
horizontal space X € R

— (t, X) is the trace at the surface of the velocity potential.

— @G* is the Dirichlet-to-Neumann operator defined later in Definition 1.1.4.
Moreover every variable and function in (1.1) is compared with physical characteristic
parameters of the same dimension. Among those are the characteristic water depth Hy,
the characteristic wave amplitude ag,¢ and the characteristic wavelength L. From these
comparisons appear two adimensional parameters of main importance :

2
— = 1y . the shallow water parameter,

L
— £:= GTOf : the nonlinearity parameter.

We refer to [Lan13b] for details on the derivation of these equations.
Before giving the main definitions of this section, here are two assumptions maintained

throughout this paper.

Hypothesis 1.1.1. — A fundamental hypothesis in this study will be the lower boun-

dedness by a positive constant of the water depth (non-cavitation assumption) :
Fhmin > 0,VX € RY, hi=1+¢el(t, X) > hpin. (1.2)

— We suppose that the bottom of the sea is flat. The water domain is then defined by
Q={(X,2) e R : -1 < 2 < e((X)}.

In what follows we need some notations on the functional framework of this paper.

Notations 1.1.2. — For any s > 0 we will denote H*(R?) the Sobolev space of order
s in L?(R?).
— For any s > 1 we will denote H*(R?) := {f € L} .(RY), Vf e H* (R} the
Beppo-Levi space of order s.
— The L3(RY) norm will be written | - |o. The L*(S) norm, where S := R x (—1,0)

(see Definition 1.1.3), will be denoted || - ||2.
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— Denoting A®* = (1 — A)*/2 where A is the Laplace operator in R?, the H*(RY) norm
will be | -
L = V)

From the trace at the surface of the velocity potential ¢, we can reconstruct the velocity

me = |A® - |5. Moreover the seminorm associated with H*t'(R%) will be

Hs -

potential, denoted ®, on the whole water domain €2, through the elliptic problem

AP = 0 in Qt7
(I)lz:EC = w7 az(I)|z:fl =0,

(see [Lan13b]). However the domain on which this problem is posed is time-dependent.

That is why we define the following diffeomorphism.

Definition 1.1.3. Let ( € HtY(R?) (¢ > d/2) such that (1.2) is satisfied. We define the
time-dependent diffeomorphism mapping the flat strip S := R? x (—1,0) onto the water

domain €

Y 0 S=RIx(-1,0) — Q :={(X,2) eR¥:-1<2z<e((X)}

(1.3)
(X, 2) — (X, z+e(z+ 1)((X)).

Let ¢ be the velocity potential in the flat strip S, ¢ = ® o 33;. It satisfies the elliptic

problem

Vi P(S)VFG =0 in S,

(1.4)
¢|z:0 = 1/}7 az¢|z:—1 = 07

where V# is the (d + 1)-gradient operator defined by V# = (,/uV",d.)",

1 I — 1)V
and P(%;) = (1420 1§r/ﬁ§((zij)_2|v>§|2< . The domain on which the elliptic
—pe(z +1)V¢h e el o

problem (1.4) is posed is time-independent.

We can now define the Dirichlet-to-Neumann operator G*, see the chapters 2 and 3 in

[Lan13b].

Definition 1.1.4. Let s > 0,ty > d/2, ¢ € H*"/?(R?) and ¢ € H't'(R?) be such that
(1.2) is satisfied. Let ¢ be the velocity potential in the flat strip S satisfying the elliptic
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problem (1.4). Let also denote by h the water depth, h = 1+ €(. We define the vertically
averaged horizontal velocity V[eC|Y (denoted V when nmo confusion is possible) by the

formula
— 1 /0
V—o [ 06— =(z+1)VC0.0] do. (1.5)
hJ-1

The Dirichlet-to-Neumann operator G*[eC] (denoted G* when no confusion is possible) is

then defined as

Gr oo HPRY) - HEFYA(RY L6
0 = —uV - (V). (1.6)

Before stating the first result of this paper, we recall the definition of a Fourier

multiplier.

Definition 1.1.5. Let v : R? — R? be a tempered distribution, let U be its Fourier
transform. Let F : R — R be a smooth function with polynomial decay. Then the Fourier

multiplier associated with F(§) is denoted F(D) (denoted F when no confusion is possible)
and defined by the formula :

We also need other notations.

Notations 1.1.6. All the results of this paper will use the following notations, where C(o)
means a constant depending on o.
Let tg > d/2, s > 0, and pimax > 0. Given sufficiently reqular ¢ and 1 satisfying (1.2) we
will write

— My = C(ﬁaﬂmwv |C|Ht0)'

— M(s) := C(Mo, [¢] gmaxtto+1.9)-

— N(s) :==C(M(s), |V

He)-
Remark 1.1.7. In this paper, the notation ty is for a real number larger than d/2. However,

it is not to be taken too large, we can consider d/2 <ty < 2. So that, when s > 3, M(s) is
in fact M(s) = C(%’ Hmax |C

min

The first result of this paper provides asymptotic expansions of the velocity potential

in the flat strip at order O(ue) or O(u?e) with estimations of error.
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Proposition 1.1.8. Let s > 0, and ¢ € H***(RY) be such that (1.2) is satisfied. Let also

Y € HT(R?) and Fy = %\}W be a Fourier multiplier depending on the transversal

variable z € [—1,0]. We have the following estimates :

[AV# () = Fot)[[2 < peM(s + 2)[ V|2,
[A*V# (¢ = (Foyp — peC(1+ h) (5 + 2)A0)) ||z < p2eM (s + 2) [ Vi) | goss,
[A°VH(§ = (¢ + h*(Fo — 1)o))|]2 < p?eM (s + 2)[ Vi)

Hs+3 .

From this proposition we get asymptotic expansions of the vertically averaged horizontal
velocity (which implies ones on the Dirichlet-Neumann operator through (1.6)) with
estimations of error. In addition we get an approximation of the velocity potential at the

surface expressed in terms of the vertically averaged horizontal velocity at order O(u?e).

Proposition 1.1.9. Let s > 0, and ¢ € H*"(R?) be such that (1.2) is satisfied. Let
(NS HS+6(Rd), and V' be as in (1.5). Let also F1,Fy and F3 be the three Fourier multipliers
defined respectively by

_tanh(ypDl) 3 tamh (V@D

Fl . s 9 = (
Vi D| WDE" T D)

) and F3 = FQFl_l, (17)

where F1' is the inverse Fourier multiplier of Fy, associated with the function 1/Fy. The

following estimates hold :

[V = Vil < pM (s +2)[Vi| e,
|V— FlV'@ZJ Hs S /J/E:M(S + 3)|V'¢ Hs+3,

[V = F1VY — £ [AVCAY + V(C(1 + h)Av)]

e < pPeM(s + 3)|Vy)

Hst4,

[V = VY = EV(PF2A9) | < p?eM (s + 3)|[ V| gors, (1.8)
[V = Vi — £V (BT [AY] + Fo[ WP AY)) s < pPeM (s + 3)[Vh|osa,

[V — V) — £V (B3F3V - V)|ge < p2eM (s + 4)|Veh|ross,

[V = V¢ = EV(IPF[V - V] + F3 [V - V]) e < pPeM (s + 5)[ V| goss.

To state the next result of this paper we need to define the notion of consistency of the
water waves equations (1.1) with respect to a given model in the shallow water asymptotic

regime at a certain order in p and €.
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Definition 1.1.10. (Consistency)
Let pimax > 0. Let A C {(g, 1), 0<e <1, 0< < fimax} be the shallow water asymptotic
regime. We denote by (A) and (A") two asymptotic models of the following form :

O+ N2y (C ) =0, 0(1d + T [)V) + Ny (€. 7) = 0,

where ./\/'(114), ./\f(QA) and ./\/'84,) are nonlinear operators that depend respectively on the asymp-
totic model (A), (A) and (A'). And Tiay is an operator nonlinear in h and linear in V
which depends on the asymptotic model (A’).

We say that the water waves equations are consistent at order O(u*e') with respectively
(A) or (A") in the regime A if there exists n € N and T' > 0 such that for all s > 0 and
p = (e,n) € A, and for every solution ((,v) € C([0,L]; H*(R?) x Ho(RY)) to the

water waves equations (1.1) one has respectively

O+ Ny (G = el B, JOCH V- (V) =0,
O +M2,4)(Ca V) = pe' Ry, O ((1d + MT(A’)[h])V) + (%4')<<7V) = p*e' Ry,

where V is defined by ¢ and 1 through (1.5), and with respectively | Ry
or |Rslgs < N(s+n+1) on [0,L].

3

Ry

Hs, Hs S N(S"‘n)

For sufficiently regular initial data satisfying hypothesis (1.2), the existence and uniqueness
of a solution of the water waves equations with existence time of order 1/¢ independent of
p and with the regularity we want is given by the theorem 4.16 in [Lan13b].

We now state our consistency results.

Proposition 1.1.11. Let Fy and Fy be the Fourier multipliers of (1.7). The water waves
equations (1.1) are consistent at order O(pu*e) in the shallow water regime A (see Definition
1.1.10) with

{@c + V- (hV0) + & (A(Foh*Ad]) + Ao AY))) = 0, (1.9)

Ou + ¢ + 5V — EEn2(FaAY])Aep =0,
with n = 5.

Proposition 1.1.12. Let F3 be the Fourier multiplier of (1.7) . Let T[h]V := —-(V (R*F3[V-
V]) + V(F3[h3V - V])). The water waves equations are consistent at order O(u?c) in the
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shallow water regime A with

HC¢+ V- (RV) =0,
Oi((1d + uT))V) + V¢ +5V([V]?) — EV (V- V(R3F3[V - V] + F3 RV - V]))
—LEV(R*F3[V - VIV - V) = 0.
(1.10)

with n = 6.

Setting F3 = Id in (1.9) we recover the Green-Naghdi system introduced in [CG94;
Whi67]. Setting Fy = Id in (1.10) we recover the classical Green-Nagdhi system which has
been proved to be consistent with precision O(p?) in [Lan13b; LB09]. This is why we refer
to (1.9) and (1.10) as full dispersion Green-Nagdhi systems.

Remark 1.1.13. The two full dispersion Green-Nagdhi systems (1.9) and (1.10) enjoy a

canonical Hamiltonian formulation (see (1.46) and (1.55)).

From these two previous propositions we are able to give results on the consistency with
respect to water waves equations (1.1) of most of the full dispersion systems appearing in
the literature. We give the examples of two systems that kept the author attention for their
mathematical properties. The first one is a single layer, two dimensional generalisation
with no surface tension of the model introduced in [DIT16] to study high-frequency
Kelvin-Helmholtz instabilities. That is

¢+ V- (hV) =0,
OV ~ fV(WVERVISV V) + V¢ +5V(VP) = §VGEV - V(R V[V - V)
— LV (h*F;3[V-VIV-V) =0.
(1.11)

Proposition 1.1.14. The water waves equations are consistent at order O(u*c) in the

shallow water regime A with the system (1.11) withn =6 .

For the same reason as system (1.10), we refer to (1.11) as a full dispersion Green-Naghdi
system.
The second one is a Whitham-Boussinesq system studied in [DST19]. The authors

proved a local well-posedness result in dimension 2 and a global well-posedness result for
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small data in dimension 1. This system is

8tC + FlAlp -+ 5F1V . (CF1V¢) = 0,

(1.12)
VY + V(¢ + §V((F1[VY|)?) = 0.

With the definition we gave of consistency (see Definition 1.1.10) we have the following

proposition.

Proposition 1.1.15. The water waves equations (1.1) are consistent at order O(ue) in

the shallow water regime A with the system

9,¢ + F1AY 4+ eF,V - (CF1 V) = 0,
O + ¢+ 5(F1|Vy])? =0,

with n = 4.

But one can easily adapt Definition 1.1.10 to say that the water waves equations (1.1) are

consistent at order O(ue) with system (1.12).

We can also derive from the water waves equations (1.1) a Whitham-Boussinesq system

with unknowns ¢ and V.

Proposition 1.1.16. The water waves equations (1.1) are consistent at order O(ue) in

the shallow water regime A with the system

> B (1.13)
OV + F1VC + SR V([V]?) = 0,

with n = 4.

Remark 1.1.17. At the best of the author’s knowledge, in the case of the full dispersion
Green-Naghdi systems, before this work it was only known that the water waves equations
are consistent in the shallow water regime with respect to system (1.11) at order O(u?) at
worse (Proposition 5.7 in [DIT16]), that is the same precision as the one of the classical
Green-Naghdi models, see chapter 5 in [Lan13b]. The use of Proposition 1.1.9 allow us
to improve the precision order by a factor e, as conjectured in [DIT16]. So that in a

situation in which & ~ p (long wave regime) we gain a power of p, i.e. the full dispersion
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Green-Naghdi systems are precise at order O(u?) in the long wave regime, in the sense of
consistency. Moreover even if p is not so small, the latter systems stay good approrimations
of the water waves equations as long as € is small enough, making them more robust than
the corresponding classical Green-Naghdi models.

The case of the Whitham-Boussinesq systems is a bit more subtle. Indeed, using the
same argument as in the proof of Proposition 5.7 in [DIT16], one would obtain, in the
shallow water regime, a precision order of O(u* + ue) for these systems, that is the same
as the one of the Boussinesq models, see chapter 5 in [Lan13b]. In this paper we prove
that the precision order of the Whitham-Boussinesq systems is in fact O(ue). So that
the improvement can only be seen in a regime in which € <K p. It still makes them more
robust than the Boussinesq models for the same reason as the full dispersion Green-Naghdi

systems.

Throughout this paper we will use abundantly the product estimates of Proposition
1.6.1 and the quotient estimates of Proposition 1.6.2. When it is obvious, we will not

mention the use of these classical results.

1.1.3 Outline

In Section 1.2 we prove Proposition 1.1.8 and Proposition 1.1.9. Subsection 1.2.1 is
dedicated to the proof of Proposition 1.1.8. In Subsection 1.2.2 we make use of the latter
proposition to prove Proposition 1.1.9.

In Section 1.3 we focus on system (1.9). First, in Subsection 1.3.1, we derive formally
(1.9) from Hamilton’s equations associated with an approximated Hamiltonian based on
Proposition 1.1.9. In Subsection 1.3.2 we prove rigorously the consistency of the water
waves equations with system (1.9), i.e. we prove Proposition 1.1.11.

In Section 1.4 we focus on system (1.10) and do the same process as for system (1.9).
In Subsection 1.4.1 we get a second approximated Hamiltonian of the water waves system
(1.1) and derive the Hamilton equations associated with, giving (1.10). In subsection 1.4.2
we prove Proposition 1.1.12.

In Section 1.5 we prove the consistency of the water waves equations with the systems
(1.11), (1.12) and (1.13). In Subsection 1.5.1 we make use of Proposition 1.1.11 to prove
Proposition 1.1.14. And in Subsection 1.5.2 we use the Propositions 1.1.11 and 1.1.12 to
prove the Propositions 1.1.15 and 1.1.16.
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1.2 Shallow water approximations

In this section we construct some shallow water approximations of ¢, the velocity
potential written in the time-independent domain S := R¢ x (—1,0) (see (1.4)). Then we
deduce ones on the vertically averaged horizontal velocity V (see Definition 1.1.4) in terms
of the trace at the surface of the velocity potential ). We also construct an approximation
of the latter quantity in terms of V. For these purposes, we use a method similar to the

one developed in Chapter 5 in [Lan13b].

1.2.1 Shallow water approximations of the velocity potential in
the flat strip

We prove here Proposition 1.1.8 which we recall here for the sake of clarity.

Proposition 1.2.1. Let s > 0, and ¢ € H***(RY) be such that (1.2) is satisfied. Let also

Y € HM4(RY) and Fy = %\}W be a Fourier multiplier depending on the transversal

variable z € [—1,0]. We have the following estimates :

[|ASVHE(p — Fob)|]e < pueM(s + 2)| Vi) |gs+e,
[A*V#(¢ — (Forb — peC(1+ h) (5 + 2)A¢))||2 < peM(s + 2)| Ve
[A*VH (¢ — (¢ + h2(Fo — D))l < p2eM (s +2)| Vi)

Hs+3,

Hs+3.

Démonstration. By definition ¢ satisfies an elliptic problem in the flat strip S = R? x

(—1,0). This problem is written in term of the velocity potential at the surface 1 :

Vi P(S,)Vié = 0,
¢’z:0 = ¢ 5 8z¢’z:71 = 07

(1.14)

where V* stands for the (d + 1)-gradient operator defined by V#* = (,/uV",9.)",
(1+eC)1q —/pre(z+1)V¢
and P(%;) = T 1f;2<z+1)2\vq2 '
To prove Proposition 1.2.1, the idea is to do a multi-scale expansion for the solution of
the elliptic problem (1.14).
Let us remark that multiplying the elliptic equation of (1.14) by the depth h = 1 + &(
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allow us to decompose it into two parts :
hVH - P(S)VF6 = (826 + uAd) + ueA(V, 0.)[4). (1.15)

where A(V,0,) is an operator defined as follow

A(V,0.)[¢] = V- (V) +CV - (1 +£C)Ve) + £ V¢[20.((= + 1)%.0)
— (1+Q)(z + DV - (VCD.9) — (1 +Q)VC - 0u((=+ 1)V9). (1.16)

In the elliptic problem (1.14) let us only consider the part which is not of order pe and

denote ¢q its solution. By a Fourier analysis we have

_ cosh((z 4 1)\/u| DY)
cosh(y/1|D|)

b0 Y =Fo. (1.17)

Thus ¢q is defined as a bounded Fourier multiplier applied to the trace at the surface of

the velocity potential. Then the quantity ug := ¢ — ¢ solves the elliptic problem

uO’z:O - 07 azu[)’zzfl = 07

{hw - P(S)VPuo = —pieR,

where Ry = ihV“ - P(X4)VFpy = A(V, 0,)[¢o]. Applying the classical Lemma 1.6.3 on

Uy, we get
[A*VH uglo < peM (s + 1)[[A° Roll2.

It only remains to estimate Ry. To do so, we use the following estimations on Fy (where

a < b means there exists a constant C' > 0 independent of p such that a < Cb)

mer1,  ||[NOFoylla S plVY

1A (Fo = 1)¢lla S ul VY oty [[NOZFod] |2 S |V gen,

stemming from the existence of C' > 0 such that for any z € [-1,0], £ € R?

|Fo(2,€) — 1] + |0:Fp(2, §)| + |02 Fo (2, €)| < Cplg]*. (1.18)

68



1.2. Shallow water approximations

We get

|A*V ug|la < peM (s + 1)[|A° Rolla < peM (s +2)|Vy

H5+2 .

This is the first estimate of Proposition 1.2.1.
We define now ¢1, the solution of the following problem :

a§¢1 = _A(v7 62)[¢0]7

(1.19)
¢1\z=0 =0 ) angl\z:_l = 07

so that
hV! - P(2)V*(do + pegn) = —piPeA¢y — e A(V,9.)[¢1] = O(ue).

To solve (1.19), we integrate two times with respect to the transversal variable z. Because
of the complexity of the expression of ¢, we simplify the result obtained using the Fourier
multipliers approximations of Proposition 1.6.4. After computations we get a simple

approximation of ¢; :

22

61 = ~C(L+ )5 + A0+ O(w).

It justifies the introduction of the quantity ¢,p, defined by the formula

2,2

Gapp = Fotp — peC(1 + hﬂ? + 2)Aq. (1.20)

The first estimation of Proposition 1.6.4 motivates the introduction of another quantity,
denoted QMSapp, defined by the formula

(Zapp = w + h2(FO - 1)w (121)

We prove that ¢,,, and &app are shallow water approximations of the velocity potential in
the flat strip, ¢.
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We begin by computing hV* - P(Zt)vﬂiapp. We have

BV P(S0) V¥ Gy =p(h = 1)(Fy — 1)A% + pA((h = 1) (Fo — 1)0)
1AV, 0.)(Fo — L)t + p=A(V, 0.) (2 = 1)(Fo — 1),

(see (1.16) for the definition of the operator A). We estimate it thanks to the product
estimates of Proposition 1.6.1 and (1.18). We get

|[AShVH - P(S)VFbappl 2 < p2eM (s + 2)| Vb gats. (1.22)

Let us define now the function @ := ¢ — QNSapp, where ¢ is solution of (1.14). It solves the

following elliptic problem

{hw CP(S)VFi = — %R,

a|z:0 =0, aza|z:—1 =0,

where R = ﬁhvf‘ - P(2)VF¢app. So (1.22) gives a control on the remainder and we get

from Lemma 1.6.3 one of the wanted estimations :

1A*VH(¢ = Gapp)llo = [NV @l < PeM (s + 1)[[A°R][o < p*eM (s + 2)| V| rovs.

(1.23)

Proceeding similarly as for (1.23) we get the estimates on ¢,p, defined by (1.20)
|A°VH(6 — Gapp) |2 < p2eM (s + 2)| V| govs, (1.24)
which is the last estimate we needed to prove. ]

1.2.2 Shallow water approximations of the vertically averaged

horizontal component of the velocity

In this subsection we prove Proposition 1.1.9, which we recall here for the sake of

clarity.

Proposition 1.2.2. Let s > 0, and ( € H*™(R?) be such that (1.2) is satisfied. Let
Y € H**S(RY), and V be as in (1.5). Let also F1, Fy and Fs be the three Fourier multipliers
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defined respectively by

tanh (/| D tanh (/p| D
F, = an (\/_‘ |)7 Fy = 3 2(1 - (\/m D) and Fj3:= F2F171’ (1'25)
JalD p|D| VEID]

where F1' is the inverse Fourier multiplier of Fy, associated with the function 1/Fy. The

following estimates hold :

\V — Vblgs < pM (s + 2)|Vah|pste, (1.26)
V = FyV|ge < peM(s + 3)|Vab | goss, (1.27)
V- F,Vy — E[hvgmb F V(4 WA e < p2eM (s + 3) |V gers,  (1.28)
I v ﬁV(hSFzm) i < p2eM(s + 3)| V)| gesa, (1.29)
V- Vo — ﬂV(h3F2 [AY] + FolBPAW]) s < p2eM (s + 3)|Vab| yos, (1.30)
V — Vi — ?f‘—hwh%v Ve < p2eM (s + 4) |V grosa, (1.31)
V — Vi — —V(h?’Fg[V V] + F3[R3V - V)| gs < p?eM (s + 5)| V| gars. (1.32)

Démonstration. The estimate (1.26) comes from Proposition 3.37 in [Lan13b]. We decom-
pose the proof of the other estimates into three different parts.

Part 1 : Here we prove the estimate (1.27). From Proposition 1.2.1, we know that

Hs+2,

1AV (¢ = do)ll2 < peM (s + 2)| VY

cosh((z+1)/1|D
where o = Fogp 1= <=0y,

Replacing ¢ by ¢ in the definition of V' (see (1.5)), we define the quantity Vo, i.e.

_ 1 O
Voimy /_1[hv¢0 — (2 + 1)) dz

But for any function u sufficiently regular and vanishing at z = 0 we have, thanks to

Jensen inequality and Poincaré inequality (page 40 of [Lan13b]) :

|/ wdz 3. = / |AS/ udz|2dX</ / A*u| dz) dX</ / A*ul? dX dz

< [|A0.ul[3 < [|A*VHull3. (1.33)
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Applying the latter inequality to V — V;, we get

[V = Volus < M(s + 1[NV (6 — do)ll2 < peM(s + 3)|Ves

Hst+3. (134)
Then remarking the following equality
1 0 1 40
F\ Vi = ﬁ/ hV o dz = Vo + E/ £(z + 1)V dz,
—1 -1
we get from (1.18)

V —F1V|ys < |V =V,

e < peM(s + 3)| Vo

Hs+3.

(1.35)

1 /0
s + |E [1 e(z + 1)V(0,¢ dz

This is the second estimate.

Part 2 : Here we prove the estimate (1.28). Replacing ¢ by ¢app in (1.5) (see (1.20) for the
definition of ¢,pp), we define the quantity

1 /0
Varpo == 1 [ 11960 = (2Vh + €9)0.60p] d2. (1.36)
Using again (1.33) and Proposition 1.2.1 we get

|V - Vapp,O s < M(s+ 1)HAS+1VM(¢ - ¢app)||2 < M25M(3 + 3)|V¢

Hs+4. (137)

Moreover, by computations we have

Vappo = F1VY + €Vh§((F1 — 1)) + ‘?[V]fs (14+h)AyY + V(C(1+ h)Ay)].  (1.38)

We simplify the expression of V,,, ¢ using the third estimate of Proposition 1.6.4 and
define

Vapp 1= F1VI + %g[hvgmp +V(C(1+ h)AY)). (1.39)
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By the triangular inequality we get

[V = Vapp|us < preM(s + 3)|Vy

H5+4 .

Part 3 : Here we prove the estimate (1.29). Replacing ¢ by ¢app in (1.5) (see (1.21) for the
definition of ggapp), we define the quantity

~ 1 /0 ~ -
Voo 1= / (WY Gapp — (2Vh + V). any] dz (1.40)
hJ

Using (1.33) and Proposition 1.2.1 we get

[V — Vappl s < M(s 4+ DAV — dapp)l2 < p2eM (s + 3)| Vb prota. (1.41)
Moreover, by computations we have
Vapp = Vi + 1oV (BF,A¢). (1.42)

3h

Part 4 : Here we prove the estimate (1.31). Using the error estimates on ﬁapp (1.41) and

the upper bound F5(/zf¢]) < H—‘”ﬁ we get
3

Hs

V-V — SﬁhV(h3F2v F7V)
<[V — Ve — %V(h?’FQV - Veh)
<p*eM(s +3)|V

e |3%V(h3F2V C(FTIV — W)

Hs

ps+a A+ pMo[FTV = VY

Hs-

[F'V =V

ms < |V =F 1V g
Using (1.35) we have

V-V — %V(h?’FgV FTIV) i < p2eM(s + 4) |V |ggesa (1.43)
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Part 5 : Here we prove the estimate (1.30). We have

V- V¢ — V(h3F2 [AY] + Fo[R*Av]) | s

6h

<[V = V4 — V(W Fal) L (W[ AQ] + o[ A]) | o

Hs + |3—hV(h3F2[A¢])

6h

The first term of the right hand size is estimated using (1.41). For the second term, we

remark that

V(WFa[AY]) — 1

1
VUPEAY] + FllAg]) = S V([F; - 11 — 1),
where [-, -] stands for the commutator. Using the commutator estimates of Proposition
1.6.6 with F — 1 of order 2 and N?(Fy — 1) < p (see Definition 1.6.5 for the definition of
NZ%(Fy — 1)) we get
[V([F2 = 1,h% = 1JAY) | <[[(Fz — DA™ DY = 1JAQ] + [[AT, % — 1)(Fy — 1) Ayl
3 _

1
43| VY
< ueM(s+ 3)|Vy

< pel Ho+3

Hs+3.
At the end we get

V = Vo — LV (B3F,[AY] + Fal B2 AY))

ok e < pPeM(s + 3)| Ve

Hs+4 .

Part 6 : Here we prove the estimate (1.32). The reasoning is the same as the proof of
estimate (1.30). We have

[V =V — VWPV - V] + B[V - V)

<|V—-V¢— *V(hSF:%V V)las + \@V([F:% —1,h% — 1]AY) |,

Using (1.43) and the commutator estimates of Proposition 1.6.6 with F3 — 1 of order 2
and N?(F3 — 1) < p we get

|V — Ve — —V(h3 5[V - V] 4+ F3[h*V - V)

o e < pPeM(s+4)|[V

Hst+3.
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It only remains to use (1.26) which implies

1%

ms+3 < M(s+5)|Vy

Hs+5.

This concludes the proof. O

1.3 Derivation and consistency of a first full disper-

sion Green-Naghdi system

1.3.1 Formal Derivation

Let H be the Hamiltonian of the Zakharov/Craig-Sulem’s formulation of the water
waves problem (1.1) (see [Zak68]) :

1 1
H(Gw) = 5 [, CaX + 5 [ vgrwax. (1.44)

where ( is the surface elevation, 1 is the velocity potential at the surface and G* is the
Dirichlet-to-Neumann operator. Let us recall that the expression of the Hamilton equations

derived from an Hamiltonian, here H((, ), is

OtC - (SwH,
3t¢ — —6<H,

where d; and d,, are functional derivatives.

Using the definition of G* in term of V (1.6) and a formal integration by parts, we get
H(C,0) = 1/ ¢ dX+1/ WV (¢l - Vi dX (1.45)
T2 Ja 2 Jrd ' '

Replacing V' by one of its approximation ﬁapp (1.42), we obtain an approximation of the
Hamiltonian at order O(u?e) (see (1.41)), denoted H,pp

1 1
Happ = §/Rd CQdX+§ /Rd hW-WJdXJr% /RdV(hSFQ[V-Vw])-VqﬁdX. (1.46)
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Now let us differentiate this approximated Hamiltonian in the sense of functional derivatives

with respect to ¥ and (, we get

OpHopp = =V - (W) — EA(RPF,[A¢] + Fo[h3Ad)),

(1.47)
5CHapp =(+ %|V1/)|2 - %EhQFﬂA@ZJ]Aw

We can now write down the Hamilton equations on the approximated Hamiltonian H,p,
(see (1.46))

Oi¢ = =V - (W) = EA(F2[h*Ag] + hFo[AY]),

(1.48)
Outb = —C — 5 VU + E R Fa[ Ay Ay,

Remark 1.3.1. — This system is the full dispersion equivalent of a Green-Naghdi
system with variables (¢,v) (set Fo =1d to get the latter), see [CG94] and [Whi67].
The latter is never studied because of its ill-posedness at the linear level. But for
(1.48) the ill-posedness is not clear. Indeed, by construction when linearizing this
system around the rest state, we obtain the same system as the linearized water

waves equations, that is

¢ +F1A¢ =0,
3t¢ + C = 07

which is well-posed in Sobolev spaces.
— The system (1.48) is Hamiltonian by construction. Hence smooth solutions preserve

energy H,yp, in addition to mass [ga ¢ and momentum [ga (V).

1.3.2 Consistency with respect to the water waves system

We now prove Proposition 1.1.11, on the consistency at order O(u?c) with respect
to the water waves system (see Definition 1.1.10) of the first full dispersion system of
Green-Naghdi type derived in the previous subsection (1.48). We recall the proposition

here.

Proposition 1.3.2. Let Fi and Fy be as in (1.2.2). The water waves equations (1.1) are
consistent at order O(u%e) in the shallow water regime A (see Definition 1.1.10) with the
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following full dispersion Hamiltonian Green-Naghdi system

{@c + V- (hV0) + BAF[APAG] + hF[Av]) =0, (1.49)

o) + ¢+ 5|VU? — EhPFy[AY] Ay = 0,
with n = 5.

Démonstration. Let ¢ and v be the solutions of the water waves system (1.1). Using the

notations of Definition 1.1.10 we have in our case

Ny (G 0) := V- (WVY) + EA(Fa[ P Ad] + RPFa[ Ay)),
NEy () = ¢+ §IVY? — S RPFao[ AY]AY.

We will prove that

e < pPeN(s +5),

{atg + V- (AV) + EA(F[RPAY] + BPF,[A)) (1.50)

00 + C + E[V[2 — ER2F[AY]AY| s < p2eN (s + 4).

Step 1 : We prove the first estimate of (1.50).
Using the definition of the Dirichlet-to-Neumann operator G* in term of the vertically

averaged horizontal velocity V (1.6), we know that the water waves solutions ({, ) satisfy
¢+ V- (V) =0.
It only remains to use the fifth estimate of Proposition 1.2.2 to get the result.

Step 2 : We now prove the second estimate of (1.50).
We know that the solutions of the water waves system ((, ) satisfy
pe (3G + V(- V)2

€ 2 M€
O + ¢+ Q‘VW 5 1+ 2| V(|2

Using the quotient estimates of Proposition 1.6.2, the product estimates of Proposition
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1.6.1 and Proposition 1.6.7 we get

(g Ve VeR 1 2
Caragve GIrEeT

pe?|VCR (G + V(- V)2
1+ e2ul V(|2
<ueM(s + 1)|(;g“w +EVC - V)2

Hs

HS

HS

2
Hs+1

<peM(s + 1)|;gw RN

<pe?M (s + 1)(@9% fres)?

s+ +€|¢

w2 VY

<pue’C(M(s +3),|Vy

Hs+2 ) .

So up to O(u?e) terms, we can replace the second equation of (1.1) by a simpler one, i.e.
there exists R; € H*(R?) such that |Ry|gs < C(M(s + 3),|Vy

gs+2) and

B + € + %IWF _ %(—v (W) + V¢ - Vb)? = ji2eRy. (1.51)

e < M(s+2)|Vy

Using the first estimate of Proposition 1.2.2 (which also implies |V Hs+2)

and the product estimates of Proposition 1.6.1 we have

[(=V - (WV) + V(- V)2 = (=V - (hVY) + V(- V)| s
<V - (h(V = Vi) gens]| — V - (V) + 26VC - Vi — V - (AV) | o
<uC(M(s +4), |V

Hs+4 ) .

Hence up to O(u’e) terms, we can replace (1.51) by a simpler one, i.e. there exists
Ry € H*(R?) such that |Ry|gs < C(M(s+4), |V

gs+4) and
€ 2 HE, o A2 = 2
0t + C+ SIVUP = EERA (A = iRy, (1.52)
Now it only remains to use the estimates on Fy of Proposition 1.6.4 to get

(B2 F3[AUIAY — BA(ADY i < pC(M (s + 2), [V goso).
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So there exists Rz € H*(R?) such that |R3| < C(M (s +4),|Vy

gs+a) and
€ 2 ME, 4 )
o+ ¢+ §|V¢| - ?h Fy[AY]AY = p e Rs.

Thus we proved the consistency of the water waves equations (1.1) at order O(u%e) in the

shallow water regime with the system (1.48) with n = 5. O

1.4 Derivation and consistency of a second full dis-

persion Green-Naghdi system

1.4.1 Formal Derivation

In this subsection we explain formally how to derive the second full dispersion Green-
Naghdi system (1.10) from the Hamiltonian of the water waves equations.

From the last estimate of Proposition 1.2.2, we know that
WV = RV — %V(hBFg[V V] + F3[h*V - V]) + O(p2e). (1.53)

We define the two operators T[h]V := — =V (h*F3[V - V] 4+ F3[h*V - V]) and I[p]V :=
h(V + uT'[h]V). So that the previous approximation of Vi can be written :

VY = I[h]V + O(u’e). (1.54)

We suppose []h] invertible and do formally all the computations with this assumption.
Let H be the Hamiltonian of the Zakharov/Craig-Sulem formulation (1.45) :

1 1
H:—/ 24X —/h' dxX
3 Jpa & RFG [V VedX,

Using (1.54) an approximated Hamiltonian would be :

1 1
Hap =5 [ GaX+3 [ I 1vy] - Vo dX. (1.55)

We differentiate this Hamiltonian in the sense of functional derivative.
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Through some computations we first get the derivative of H,,, with respect to ¢
5y Hupp = —V - (RI[H] [14]),

To compute the derivative of H,,, with respect to ¢ we use the formula
I[R)O:(I[R) ) I[R)V = —O:I[R]V. (1.56)

From (1.56) and the fact that I[h]™! is a symmetric operator, we can compute the derivative
in ¢ of Hypp. We get
S € 111 _
GeHugy =C-+ ST (650) -V — S (0] - T (V)
e _ _ & _ _

+E0V (N TRV UDRES[Y - (0] V)] + £V - (B[ RV )RV - (1R [hV4))

+ AR BV Y] - V.
Then we define V,p, = (h(Id + pT[R]))"'[RV] = I[h]7*[RVY)]. This new quantity
approximates V at order O(u?%e), i.e. Vpp = V + O(p%e). The two functional derivatives

8y Happ and ¢ H,p,p, allow us to obtain the equations of movement in ¢ and V,p.

First the conservation of mass :

atC = 51/)Happ — 3tC =-V- (hj[h]il[hvw])
= -V (hVapp)-
And next the conservation of momentum :
o = _5CHapp
= O = —C = V- 1A W]+ ST AV - [ AV
5V (1R RO RSV - (1[R] AV )

4
+%€V (Fs[I[h] 7 [V )RV - (I[A] 7 [RVY]) — %I[h]*l[hvw] VY.

30



1.4. Derivation and consistency of a second full dispersion Green-Naghdi system

Then applying V, we obtain

1

hVapp ’ V(thB[V ’ Vapp] + FS [h3V ' Vapp]))

Ou((Id + W) V.app) = = V¢ = SV (V) + 9

c — _
+ V(R EV - VgV - V).
Thus we get the second full dispersion Green-Naghdi model (1.10) that we recall here

H+ V- (RV) =0,
O((Id+ pT[R))V) + V(¢ +5V(|VP) — &V (V- V(RPF3[V - V] + F3[p*V - V]))
—EV(W*F3[V - VIV -V) =0.

One can replace I[h]V in the above reasoning by any approximation of it of order
O(ue?). It would give another full dispersion Green-Naghdi system enjoying an Hamiltonian

structure.

1.4.2 Consistency with respect to the water waves equations

Taking the same notations and definitions as in Subsection 3.2, we prove here Proposi-

tion 1.1.12. For the sake of clarity we recall it here.

Proposition 1.4.1. Let F5 be the Fourier multiplier of (1.25) . Let T[h]V := — &V (h3F5[V-
V] + F3[h3V - V). The water waves equations (1.1) are consistent at order O(ue) in the
shallow water regime A with
K¢+ V- (hV) =0,
O((1d+ pT)V) + V¢ +5V(VP) — V(T - V(WE[V - V] + BV - T)))
—EV(R*F3[V - VIV - V) =0,
(1.57)

with n = 6.

Démonstration. Let ¢ and 1 (so V through (1.5)) be the solutions of the water waves
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system (1.1). Using the notations of Definition 1.1.10 we have in our case

N (6. V) 1= pd(TIHIV) + V¢ 4+ SV(VP) ~ L2907 VISRV - V] 4+ Fy[4°V - 7))

— VPRV VIV V). (158)

We need to prove

_lgfv(}llv.v(hm[v-w+F3[h3V-V]))

- %EV(hZFg[V VIV-V)

|8tV+V-(hvw)+u8t(T[h]V)+VC+gV(|V|2)

e < p?eN(s+7) (1.59)

Step 1 : In this first step, we focus on the terms of the second equation of (1.57) which
are not differentiated in time and prove that there exists Ry € H*(R%) such that |R3|ps <
N(s+6) and

VY + V(¢ + quw) - l?V(iV - V(RF3[V - V] + F3[n°V - V]))

- %V(wg[v VIV -V) = 2Ry (1.60)

Taking (¢, 1) solutions of the water waves system (1.1) we proved in Subsection 3.2 (see
(1.52)) that there exists a remainder Ry € H*(R?) such that |Ry|ys < N(s +4) and

Ob + C + %IWIQ - %hQ(A@b)Q — 1% Ry (1.61)

Applying V to (1.61), then using |(F3—1)¢|ge < pu|V)|ga+1 for any o > 0 (see Proposition
1.6.4), and the first estimate of Proposition 1.2.2, we get the existence of Rz € H*(R?)
such that |R3|gs < N(s+5) and

OV + VC + quwﬁ) - %gwh?Fg[v VIV -V) = 12R,.
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Moreover

V- V(h*F3[V - V] + F3[h*V - V)|

SV(VeP) - CV(TP) - v

6 “h
<|fv<|vwr2>—§v<|v V[V - V] + o[V - V]) )]
|V( IV(RPF3[V - V] + F3[*V - V])|*)|u

62h2
Z:Il + ]2.

Remark that the following inequality on F3 holds :

3 vE 1

Using product estimates 1.6.1, (1.62) and the first estimate of Proposition 1.2.2, we get

[V(RF3[V - V] + F3[h°V - V) ) e <M (s + DIV (RF3[V - V] + F3[2°V - V]) P[22

Y (62,22
IV(RPF3[V - V] 4 F3[h*V - V])|%es2
IF3[V - V]|gors + |F3[R*V - V])

V| ggers < M(s+5)|Vi

<M(s+3
<M(s+3

H5+3

(s+1)
<M(s+1)
(s +3)
(s +3)

Hs+5,

which gives the bound on 5.
Now we use the last estimate of Proposition 1.2.2 and product estimates 1.6.1 to

estimate the first term I :

SV(VEP) = SV(V = EVWEY - V] 4+ Fo 1V - VD)o
<SIV = (V= V(R E[V - V] + Fy[hV - V]))] e
< |Vip +V — LV (B3F[V - V] + F3[h3V - V)| e

6h
<pPe*M(s +6)| Ve

Hs+6.
Thus

!gV(\VW) ( V(IVF) - V- V(RF[V - V] + F3[h°V - V)

<p?eC(M(s +6), |V

9

6 "h

Hs+6).
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And we proved (1.60).

Step 2 : To prove the consistency of the water waves equations (1.1) with respect to the
second full dispersion Green-Naghdi system (1.57) at order O(u?e) it only remains to focus

on the term differentiated in time and show that

10,(V — (V — 6%V(h3F3[V V] + Fa[h3Y - V) |ae < p2eN(s +7). (1.63)

What we will prove is in fact

0,(V) — (V — v (13F,[V - 7))

3h e
Hou( 3 VIPEV - V) = SV (WF[V - V] 4 Fo[l°V - V) e < p?eN(s + 7).
In this second step we estimate
(Vo = (V = LV IPE [V - V)] (1:64)

In that end we denote u = ¢ — &app, where ¢ is defined in Definition 1.1.4 and ggapp in
(1.21).

Step 2.1 : Here we find a control on u and prove
[[ASV*0,ii| |y < p?eN (s +5). (1.65)

By definition of ¢ and ggapp (see Definition 1.1.4) we know that @ solves an elliptic problem :

2N ) = — 2
{hV P(S)VH (@) = —p2eR, Lo
a|z:0 = 07 azalzz—l = 07
where
R= /;5 pw(h* = 1)(Fo — DAY + uA((h* — 1)(Fo — 1))

+ pueA(V,0,)(Fo — Dy + peA(V, 0,)(h* — 1)(Fo — 1)9|. (1.67)

Using Proposition 1.6.4 for Fy, and the product estimates of Proposition 1.6.1, we have
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1.4. Derivation and consistency of a second full dispersion Green-Naghdi system

the following estimation of the remainder R :

IAR[; < M(s +2)|V

Hs+3. (168)
Moreover we can differentiate in time the elliptic equation in (1.66) as follow

O,(V* - P(L,)VH(W)) = —p*eO,R
~— V#. 8t(P(Et))V“27 + VH. P(Et)V”“@tﬂ = —,u26(9tR.

where here R = (1.67)/h (we use the same notation for both remainders, thanks to the
quotient estimates of Proposition 1.6.2, the previous estimation holds).
It invites us to denote v := 0;u and decompose it into v := v; + v, where v; satisfy one

elliptic problem

VH. P(2,)V*u, = —p?el,R,
(B Vo = —ped (1.69)
U1|z:0 = 0; az”l’zzfl = 07

and vy satisty, for g := 0, P(3;)V*u (see Definition 1.1.4 for the expression of P(%;)), a

second elliptic problem

Vi P(X) Vi, = =V - g,

(1.70)
U2|z=0 =0, U2’z:71 = —€;- g|z:71-
Thanks to the Lemma 1.6.3 we have a control on v; given by
[[ASVH || < pPeM (s + 1)||A*O,R||». (1.71)
And having an explicit form of R we can easily find an estimation of O;R :
[|A°O R <C(M(s+ 2),|0:C|gs+3)|(V), O, VU)| gs+s. (1.72)

Then using the water waves equations (1.1) we obtain estimates on the partial derivatives
in time of ¢ and V.

Lemma 1.4.2. Let s >0, and ¢ € H*T4(R?) . Let ¢ € H*M(RY).
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The two estimations hold :

|0iC| sz < N(s+4),
|(9tV1MHs+2 < N<S + 4)

Démonstration. For both estimations the tools are the same. We use the water waves
equations (1.1) and Proposition 1.6.7.

We first prove the inequality on 0;(. Denoting ' = s + 2 and B the Fourier multiplier
defined as P := (HJE% (we recall that | D| means |£| in Fourier space) we have

]@tC s SN(S/ + 2)

1
= -Gr Q)Y
e = | . [e¢]
On the other hand for 0; V1) we get

(9" +ey/iV( - V)

10 g <Gl + IV o + |

TreveE

1 1
<IClgs + VYL He + Climax, T V¢ Hs')|(ﬁg“¢ +ey/uVE - V)P g

1 1
§|C s+ |V¢) ?{s’ + C(Mmaxy m, |C Hs'+1) |ﬁgu¢ Hs» |VC -V Hs’)
<N(s' +1).

Thus
|3tV¢ Hs' < |at77Z) Hs'+1 < N(S, + 2)-
]

Using the previous lemma, mixed with (1.71) and (1.72) we get the control on v :
[[A*VH 0y || < pi?eN(s + 5).

To get the control on vy we use a classical result for solutions of elliptic problems such
as (1.70). It is the Lemma 1.6.8. We get

||A*VH vl <M (s + 1)[[A%g]]2-
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But @ solves an elliptic problem for which we can use Lemma 1.6.3. Using also Lemma
1.4.2 and (1.68) we get

[|ASV 0|l <C(M (s + 1), 0| rsvs)pp®eM (s + 1)||AR||2 < p?eN(s + 5) (1.73)

At the end, joining together the control on v; (1.71) and the one on vy (1.73) we get (1.65).
Step 2.2 : We can now give the control on (1.64). To do that we will first use (1.65) to

prove the following lemma.

Lemma 1.4.3. Let s > 0, and ¢ € H**5(RY) be such that (1.2) is satisfied. Let ¢ €
H*"(RY), and V be as in (1.5). Let also Fy and Fy be the Fourier multipliers of (1.25) .
The following estimates hold :

(1.74)

0:(V = F1VY)|us < peN(s +4),
0:(V = Vi — £V (RFs[AY])) s < p?eN(s + 6).

Démonstration. We begin by proving the second inequality. Let R be the quantity defined
by p?eR =V — V,,, where

V=1 %[V — (2Vh+£V()0.¢] dz, (1.75)
Vapp 1= + 21 [0V Gapp — (2Vh + €VC)D:@upp) dz = Vb + LV (R3F2[AY])).
We have the following equality
— 1 5 tanh (/x| D|) o
0,(V — Vip — Ev(h (W = D)) = p7el 0 R| ars
0 1 0
:|/ (Vo — E(ZVh +¢eV()0,0u)dz —/ &(W)@Zﬂdz s
-1 -1
So that Poincaré’s inequality (page 40 of [Lan13b]) gives us
p2e|OiR| s < ||NTIVHO||o < peN(s + 6),
which is equivalent to
10,V — Vi) — %V(hi“m[mﬂ)) e < 12eN(s + 6). (1.76)
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To prove the first inequality of (1.74) we just need to do the same reasoning from Step 2.1
to this point but taking instead u = ¢ — ¢, where ¢q is defined in (1.17). O

Having in mind this lemma, we decompose (1.64) in two parts :

0V = Vo — 5 V(PFF V- V)

<OV BT - (V = P Vo)) e + |0V = V6 = SV F[A]) e

The bound on the second term is given by the second inequality of Lemma 1.4.3.

The first term can be decomposed in three parts :

055 VICE[V - (V = F1V)])

HS

< %atcvw&‘mv (V= F,Vy)))

+|%v(h3F3[v - 0,(V — F,V)))

HS

e+ |-V (BHOCFS[V - (V = FLVY)))

HS.

Each of these terms are bounded using Lemma 1.4.2; the second estimate of Proposition
1.2.2 and the first inequality of Lemma 1.4.3.
At the end we get what we wanted to prove in this step 2 :

10,V — Vi — BﬂhV(h?’Fg[v VI))as < p’eN(s +6).

Step 3 : The last step is to bound

05 VIRV V) = GV (WF[V -V - BV - V)l (LT7)

6h

The main key is the commutator estimates of Proposition 1.6.6. We decompose (1.77) into
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three parts :

Hs

0,35, V°FS[Y - V) = GV (WFS|V - V] 4+ Fs[2°V - V1)
218

gudﬁ[whfﬂ —1)(F5 —1)[V-V] = (F3 — D)[h* =1V - V])]| a=
bpel y V(OCH(Fs — D[V - V] = (Fy ~ DIACHY - V]|

sl v e - w07 - 8- 0 A aT) e
Z:T1 +T2 +T3.

Using Lemma 1.4.2 we get

Ty < peM(s + 4)|[F5 — 1,h% — 1]V - V|pens,
Ty < peMy|[F3 — 1,0,Ch*IV - Vpon,
Ty < peMy|[Fs — 1,221V - 6,V

£

Hs+l.

But using the fact that for any s > 0 the operator A®* and F3 — 1 commute we have

[Fs— 1,h3 =1V - V]gern < |[(F3 — DAL B3 — 1]V - V],
+H[ASH A2 — 1)(Fs — 1)V - Vg,

gort < |[(Fs = D)ASTL 0,Ch?V - Vo
AT, 02| (Fy — D[V - V]|,

[Fs — 1,2V - 0,V e < |[(F3 — DA, AV 9.V,

HASH EEL(Fy — 1)V - 9,V

[F3 — 1,0,ChYV -V

We already proved all the elements we need to bound these terms. For the sake of clarity
we list them here. Using the commutator estimates of Proposition 1.6.6 with F3 — 1 of
order 2 and N?(F3 — 1) < p (see Definition 1.6.5 for the definition of N?(F3 — 1)), Lemma
1.4.2, the first inequality of Proposition 1.2.2 and the first inequality of Lemma 1.4.3 we
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obtain

T1 S [L2€M(S + 5)|V¢ Hs+5 S N(S -+ 5),
Ty < p2eM(s+5)|Vi|gss < N(s+5),
Ty < p*eN(s+ 7).

It finishes the step 3 and the proof of Proposition 1.4.1, i.e. we proved the consistency
of the water waves at order O(u%¢) in the shallow water regime with the full dispersion
Green-Naghdi system (1.57) (with n = 6). O

Remark 1.4.4. The n = 6 regularity asked for deriving (1.57) appeared only in the last
step of the proof when we wanted to pass from a non-symmetric system to a symmetric
one. Only n =5 is asked for the solutions of the water waves equations (1.1) to prove the

consistency at order O(u*e) with respect to the system

0+ V- (hV) =0,
0V — £V(BPF3[V - V])) + V¢ +5V(VP) = £V (V- V(RF3[V - V]))  (L1.78)
—EV(RF3[V - VIV - V) = 0.

Howewver the system (1.78) does not have a Hamiltonian formulation.

1.5 Consistency of other full dispersion models ap-

pearing in the literature

1.5.1 Full dispersion Green-Naghdi system

To derive (1.57) we chose a kind of symmetrization (see (1.53)) which were naturally
induced by an analogy with the one appearing in the first full dispersion Green-Naghdi
system (1.48) we derived in this paper. Another kind of symmetrization appears in the
literature for a full dispersion Green-Naghdi system, see [DIT16]. They introduced a
two-layer full dispersion Green-Naghdi system with surface tension in order to study

high-frequency Kelvin-Helmholtz instabilities. In dimension d = 2, without surface tension,
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their system for a one-layer fluid is

K+ V- (hV) =0,
oV — §V(VEh* VISV - V) + V¢ +5V(V2) = VGV - VIR VY - V)
— LV (R*F;3[V - VIV V) =0.
(1.79)

Proposition 1.5.1. Let F3 be the Fourier multiplier of (1.25). The water waves equations
are consistent at order O(ue) in the shallow water regime A with the system (1.79) with
n = 6.

Démonstration. We will only do a formal proof. The rigorous one would use the same
tools as the proof of Proposition 1.1.12 (see Subsection 1.4.2).

It is easy to see that

21/ Fa[h®\/Fs[V]] = hOF5[V] + F3[h*V] + O(p). (1.80)

It only remains to use Proposition 1.1.12 together with the estimates on F3 of Proposition
1.6.4 to get the result. O]

The difference between (1.10) and (1.79) in the mathematical point of view is of

importance. Indeed the operator

Bl = 2V /Fold®\Fy[V -

is invertible because one can decompose it in the following way :

hId + u(%\/ﬁv-)*h(;ﬁ\/ﬁ,v), (1.81)

where * is the adjoint in L?. It gives the positiveness of the operator and the coercivity of

the bilinear form associated with. The Lax-Milgram theorem concludes [DIT16].
However we do not have a similar decomposition as (1.81) for the operator h(Id —

LV (hPF3[V - o] 4+ F3[hV - o])). To ensure the invertibility it seems that we need an

additionnal hypothesis on the smallness of (.
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1.5.2 Full dispersion Boussinesq systems

In the literature several Whitham-Boussinesq systems (or full dispersion Boussinesq
systems) are introduced, see [Carl8; Dinl19; Din20; DDK19; DN19; DST19; HP16;
NW19; VP16]. We pay a particular attention to the one studied in [DST19] for which the
authors proved a local well-posedness result in dimension d = 2 and a global well-posedness

result for small data in dimension d = 1. We recall it for d = 2

(9tC + FlAw -+ €F1V . (CF1VQ/J) = 0,

(1.82)
OV + V¢ + EV(F, V)2 = 0.

Proposition 1.5.2. The water waves equations (1.1) are consistent at order O(uge) in the

shallow water regime A with the following system

0,C + F1AY + eF,V - (CF, V) = 0,

(1.83)
O + ¢+ 5(F1[VY])? = 0,

with n = 4.

Démonstration. Again we will only do a formal proof. The rigorous one would use the
same tools as the one of Proposition 1.1.11.

To do so let us use the fact that we proved the consistency of the water waves equations
at order O(pu?e) with system (1.9), we discard all the terms of order O(ue) of the latter.

We obtain a formal consistency of the water waves system at order O(ue) with the system

0+ F1AY +eV - ((VyY) =0,

(We used the identity Ay 4 £AF Ay = F1Av).
It only remains to have in mind the estimates on F; of Proposition 1.6.4 to see that taking

(¢, 1) solutions of the water waves system (1.1), one has

¢ + F1A + eF V- (CFVY) = O(ue),
b + ¢+ 5(F1|VY])* = O(ue).

This concludes the formal demonstration. O
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Remark 1.5.3. — We could easily adapt Definition 1.1.10 to match with system
(1.82). And say that the water waves equations (1.1) are consistent with this
Whitham-Boussinesq system at order O(ug).

— Using the same tools we could prove the consistency at order O(ue) of the water
waves equations (1.1) with the other Whitham-Boussinesq systems of the literature.
— As the formal proof of Proposition 1.5.2 makes clear, the water waves equations are

consistent at order O(ue) with every systems

0iC + F1AY + GV - (CGa Vi) = 0,
BV + VC + GV (|G V|2) = 0.

where the Fourier multipliers Gy, Go, Gs and Gy are approximations of identity of
the type G; = 14+ O(u). However, the well-posedness properties of the system will
depend on the characteristics of the Fourier multipliers and in particular the order
of their symbol (Definition 1.6.5). We postpone the study of the well-posedness of

such systems to a future work.

With the same reasoning but starting from (1.57) we can also derive a Whitham-

Boussinesq system with unknowns ¢ and V.

Proposition 1.5.4. The water waves equations (1.1) are consistent at order O(ue) in the

shallow water regime A with the system

_ _ (1.84)
@V + F1V< + %F1V(|V’2) = O,
with n = 4.

Démonstration. The water waves equations (1.1) are consistent at order O(u?c) with

system (1.57). Discarding the terms of order O(ue) of the latter we get

0V = &V (WPF3[V - V] + F3[1*V - V])) + V¢ + §V(V]?) = O(pee).
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Then using (1.63) we obtain

¢+ V- (hV) =0,
VY +V(C+SV(V?) = O(pe).

It only remains to apply F; to the second equation and to use the first estimate of Lemma
1.4.3 to get the result. [l

1.6 Technical tools

Proposition 1.6.1. (Product estimates)
1. Letty > d/2, s > —ty and f € H*N HY(RY), g € H*(RY). Then fg € H*(R?) and

|fg

Hs 5 |f\Hmax<z0,5) g|Hs

2. Let s1,52 € R be such that sy + s > 0. Then for all s < s; (j = 1,2) and
s < 81+ 8y —d/2, and all f € H*(R?), g € H*(RY), one has fg € H*(R?) and

|f9lms S |f

Hs1 |G| Hs2

Démonstration. See Appendix B.1 in [Lan13b]. O

Proposition 1.6.2. (Quotient estimates) Let ty > d/2,s > —ty and ¢ > 0. Also let
f € HRY) and g € H* N H"(R?) be such that for all X € RY, one has 1+ g(X) > co.
Then ﬁ belongs to H*(R?) and

f 1
|? Hs S C(;O, |g|Hmax(tO,s))|f Hs
Démonstration. See Appendix B.1 in [Lan13b]. O

Lemma 1.6.3. Let P(%;) be as in Definition 1.1.4. Let h € L*H%((—1,0) x R?) and
uwe€ LPHY' N HXHS((—1,0) x RY) (s > 0) solve the boundary value problem

V. P(Et)V“u = h,

U|Z:0 = 0, 8zu|2:_1 = 0.
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Then one has
[|A°VHully < M(s+ 1)||A%h||s.

Démonstration. See Lemma 3.43 in [Lan13b]. O

Proposition 1.6.4. Let s > 0, z € (—1,0) and v such that Vip € HH(RY), then we

have the following estimations

(o + G420l SulVe g s (1= (24 1)2Fo + 22+ 22)¢ e S pl Vb gons

tanh(,/p|D|) 241 sinh((z4+1)y/z|D))
|(ﬁ7\lu7l = Dl S ulVY |(\/;;|—D| cosh(\/ﬁ|g|) — (2 4+ D*¢Y[gs S plVY
<
e S VY

|(Fo —1)¢ e S plV

Hs+l

gs+1 , |(Fs—1)y

Hs+1

Hs+1

An estimation of order O(u?) for % will also be useful. If Vb € H'3 then

tanh(AID) 1
(D~ L gD

Démonstration. All the proofs are similar and the main key is the Taylor-Lagrange formula.

s S M2|V¢

Hs+3

All these estimations except the last one are in the same form where G is a smooth function

on (0,400), continuous in 0.

A

(G(VulD]) = G(0) s < p|Vihlganr = [(G(/ulE]) — G(0)d

e < VY gen

For the last one it would be

[(G(V/E|D]) — G(0) — p|DI*G"(0))9] s < p?| V| o
= |(G(VAIE) — G(0) — ul€PG"(0)d] < 1| V| govs

If we succeed in proving that the second derivative of G is bounded in [0, 4+00) , and that
G'(0) = 0 then we can use the Taylor-Lagrange formula stating that for all z € [0, +00)
there exists 6 € [0, 1] such that

G(z) — G(0) = %G”(@x)

95



Chapitre 1 — Rigorous derivation from the water waves equations of some full dispersion shallow
water models

then the boundedness of G” allow us to write
|G(z) — G(0)] < |G"|o?
Replacing = by /p|¢| in the last inequality we obtain

(G/RIED) = G0)Dly < pllelPPla < pl V|

Thus it is sufficient to prove the boundedness in C?([0,+o0)) of G and the fact that
G'(0) = 0 for the following functions :

Gi(z) = 5 (1 — coshlletba)y - o) = 1 — (2 4 1)2eshliztle)

2 cosh (z) cosh (z)
Cul) = 481, ) = 2l
G5(l') :%<1_%)7 GG(x) :m_%a

where z € [—1,0] , which is given by the limited development of the functions sinh, cosh
and tanh around 0. O

Definition 1.6.5. We say that a Fourier multiplier F(D) is of order s (s € R) and write
Fe & ifé e R F(E) € C is smooth and satisfies

Ve e RE VB e N4, sup (&)FI=210° F(¢)| < .

£€Rd

We also introduce the seminorm

N*(F) = sup sup (€) 717107 F (€) .

BEN |B|<2+d+[4] ER?

Proposition 1.6.6. Let ty > d/2, s >0 and F € 8. If f € H* N H*TY(RY) then, for all
g € HI(RY),

[F(D), flgla < N*(F)|f| gma co1.0

g‘Hs—l.

Démonstration. See Appendix B.2 in [Lan13b] for a proof of this proposition. O]

Proposition 1.6.7. Let s > 0. Let ¢ € H*"3(R%) be such that (1.2) is satisfied and
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Y € H3(RY). Then one has

Hs+2,

s+t < ,ul/4M(S + 2)|V¢

2G| e < M(s 4 3)| Ve
|G

Hs+1 .

Démonstration. This is a direct consequence of theorem 3.15 in [Lan13b]. O

Lemma 1.6.8. Let ty > d/2, s > 0. Let P(3;) be as in definition 1.1.4. Let g(X,z) be
a function on S := R x (—1,0) sufficiently reqular such that its trace at z = —1 makes

sense. Let u solve the boundary value problem

Vi P(S)Viu = —V* - g,

u|z:0 = O, U?lz:—l = —€;- g|z:—1-

Then one has
AV ul[; < M (s +1)[|A%g]]2.

Démonstration. See Lemma 2.38 in [Lan13b]. O
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Chapitre 2

On a well-posedness result for a class
of non-local quasi-linear systems and
its application to the justification of

Whitham-Boussinesq systems

Article in preparation.

Abstract: In this paper we prove a local well- Boussinesq systems with existence time inde-
posedness result for a class of non-local quasi- pendent of the shallow water parameter. It al-
linear hyperbolic systems involving Fourier mul- lows us to prove the rigorous justification of the
tipliers. A direct consequence of this result is latter systems as approximations of the general
the local well-posedness of a class of Whitham- water waves system on the relevant time scale.

2.1 Introduction

2.1.1 DMotivations and main results

In this work we prove a well-posedness result and a stability result for a class of
non-local quasi-linear systems involving Fourier multipliers. We apply these results to
prove the rigorous justification of a specific class of irrotationnal shallow water models in
coastal oceanography, the Whitham-Boussinesq systems. The latter systems have been
the subject of active research, see [Carl8; DDK19] for comparative studies, see [DN19;

NW19] for some works on solitary waves solutions and [HP16] for a work on modulational
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instability. It has been recently proved in [Eme20] that these models are approximations
of order O(pue) of the general water waves model, where 4 is the shallow water parameter
and ¢ is the nonlinear parameter (see Definition 2.1.8), in the sense of consistency (see
Proposition 2.1.10). The previous property is the first step to prove the full justification of
a model for surface gravity waves. The second step is to prove the local well-posedness
of the model for sufficently regular data, with an existence time independent of u. The
well-posedness of the Whitham-Boussinesq systems has been studied in [Din19; Din20;
DST19; KP18|. We pay special attention to [DST19] where the authors proved the local
well-posedness in dimension 2 and global well-posedness in dimension 1 of a particular
Whitham-Boussinesq system which presents a semi-linear structure. Yet, due to the strong
use of dispersive estimates of the system, the time of existence and control of solutions
(and their derivatives) is not uniform with respect to p. In this paper we prove the local
well-posedness with an existence time independent of i of a class of Whitham-boussinesq
systems which present a quasi-linear structure. We also prove a specific stability result for
those systems, concluding their full justification.

Before writing down these models, we recall what is a Fourier multiplier of a certain
order s € R.

Definition 2.1.1. For u : R? — R? a tempered distribution, let @ be its Fourier transform.
Let G : R — R be a smooth function with polynomial growth. Then the Fourier multiplier
associated with G(§) is denoted G and defined by the formula :

Glul(§) = G(&)u(f).

Definition 2.1.2. We say that a Fourier multiplier G is of order s € R if £ € R?
G(&) € R is smooth and satisfies

V¢ e RL VB e N sup(1+ |¢)P#10°G(¢)] < .
£eRd
Definition 2.1.3. We say that a couple of Fourier multipliers (Gy,Gz) is admissible if
— The Fourier multipliers G1 and Gy are of order 0.

— The Fourier multiplier Gy is defined by a positive function G.
— For all £ € R, we have |Go(€)] < |G1(€)].
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Let d = 1,2. The models we consider in this paper are

(2.1)

8tC + (G1)2V U+ €G2V . (CGQ[U]) = 0,
0w + V( + e(Galv] - V)Galv] =0,

where (G, Gy) is admissible, ¢ and v are functions of time ¢ and space x € R? valued in

respectively R and R,

Denoting U := (C) , we can write the systems (2.1) under their matricial form
v

&U+iAND@m—Q (2.2)
where
eGa[Galvi]o]  (G1)?[0] 4 £Ga[(Galo]] 0
A1(U)lo] = 1 £Ga[v1]Galo] 0 )
0 0 SGQ [Ul]GQ[O]
(2.3)
£Go[Galvs]o] 0 (G1)?[0] + £G2[CGa[o]]
AQ(U)[O] = 0 €G2 ["UQ]GQ[O] 0
1 0 €G2 [UQ]GQ [O]

The natural functional setting is given by the energy norms.

Definition 2.1.4. — We denote by S'(R?) the set of tempered distributions.
— We denote by respectively |- |o and (-, )2, the norm and the scalar product in L*(R?).
— Let s > 0. We denote by H*(R?) the Sobolev spaces of order s in L*(R?). Denoting
A= (1— A)S/z, where A is the Laplace operator in R%, the norm associated with
H3(RY) ds | - |gs := [N |s.
— Let Gy be a Fourier multiplier of order 0, defined by positive function Gy. Let also
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s > 0. We define the Banach spaces X*(R?) and Y*(R?) by

X35(RY) :={U = (C) c S'(RY) x S'(RY, |U|xs < 400},
v
YR = {U = (C> € S'(RY) x S'(RY)?, [Uly: < +oc},
v
where |U|xs := [C|gs + |G1[v]|gs and |Ulys := |C|zs + |G7 V]| . These are the

energy norms associated with system (2.1).

The systems (2.1) are symmetrizable quasi-linear hyperbolic. The main key to prove

the local well-posedness of such systems is the following energy estimates on the linearized

) e
Wtee([0,T/e], Xt (RY)) N L=([0, T /], X™axto+15)(RD)) for which there exists Ry, > 0
such that for all (t,x) € [0,T/e] x R?

system.

SN

Proposition 2.1.5. Let s > 0, tg > d/2, T >0 and 0 < e < 1. Let also U = (

1+ 5( Z hmin- (24)

Let also Gy and Gy be two Fourier multipliers of order 0 satisfying for all £¢ € RY,
|G2(9)| < |G1(9)|. IfU = (C) € W ([0, T/e], X*(RY))NL>([0,T/¢], X*T1(RY)) satisfies
the system ’
d
oU + > A;(U)[o;U] = R,
j=1
where R € L>([0,T/e], X*(RY)), and for j = 1,2, A;(U) is defined by (2.3), we have for

any t € [0,T/¢],

U

|U Xs S /{065)‘5'5 Xsdt/, (25)

Xs

t
o+ eV, /O IR(#))

where Ay, Vg == C’(ﬁ,T, |Q|Wt1,<x>Xt07 U | Lo xymax (t9+1.9)) and Ko = C(Klm’ |U| xt0|t=0)-

Using a Picard iteration scheme and the regularization method from Chapter 7 in

[Mét08] we get the following well-posedness result on the systems (2.1).
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Theorem 2.1.6. Let s > d/2 + 1, hyy, > 0 and M > 0. Let also (Gy,Gs) be a couple of
admissible Fourier multipliers. There exist T > 0 and C > 0 such that for all € € [0, 1],
Uy € X3(RY) with |Uy|lxs < M and satisfying (2.4), there exists a unique solution U €
Co([0,T/e], X*(RY)) of the Cauchy problem

d
6tU+ Z AJ(U)GJU = O,
J=1

U|t:0 = U().

XS.

Moreover |U| oo (jo,r/e,x+ < ClUp
We also have the following stability result.

Proposition 2.1.7. Let the assumptions of Theorem 2.1.6 be satisfied and assume also
that there exists U € C([0,T /], X*(R%)) solution of

d
8.0+ A;(0o;U = R,
j=1

where R € L®([0,T/e], X*"Y(R)). Then, the error with respect to the solution U €
Co([0, T /e], X*(RY)) given by Theorem 2.1.6 satisfies for all times t € [0, min (T,T*)/e],

1
hmin

el oo, xo-1) < Cl U] oo(0,,55)5 [T | oo 10,4, ([elxs=t om0 + H R o (0,,x5-1)),

where ¢ = U — U.

In the context of irrotational shallow water systems, we recall the notations and the
physical meaning of each element of the systems (2.1) (see [Eme20]).
— The free surface elevation is the graph of (, which is a function of time ¢ and
horizontal space x € R,
— w(t, z) is the gradient of the trace at the surface of the velocity potential.
Moreover every variable and function in (2.1) is compared with physical characteristic
parameters of the same dimension. Among those are the characteristic water depth Hy,

the characteristic wave amplitude aq,r and the characteristic wavelength L.

Definition 2.1.8. From the above physical characteristic parameters, we define two
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adimensional paramaters of main importance :

2
o ﬂ and & :— Agurf
L2’ Hy

T
The first parameter, p is called the shallow water parameter, p € [0,1]. The second
parameter € is called the nonlinearity parameter, ¢ € [0, 1].

Notation 2.1.9. From now on the Fourier multipliers G and Gy depend on p and are
of the form Gy = Gi(\/pD), k = 1,2 where Gy, is a Fourier multiplier independent of fu.

Proposition 1.15 in [Eme20] can be easily extended to the following result.

Proposition 2.1.10. Let (u,€) € [0,1]* and s > 0. In (2.1), let G} := %. Let
also GY be a Fourier multiplier such that for all £ € RY, |GY ()| < |GY(€)], and satisfying

for any s’ >0, w € HYT2(RY),

|G2[w] —w

ae S Hw] e

Then any classical solution ((,1) of the water waves equations satisfying the non-cavitation
hypothesis (2.4), with U = (¢, Vo) € C°([0,T/e], H*T*(R4)*), satisfy the system (2.1)

up to a remainder term of order O(ue), i.e.

d
8tU + ZA](U)('?]U = ,u&?R,

J=1

where |R

s < O(%7 |C

min

Hst4 y |Vf¢)

fs+a), uniformly with respect to (u,e) € [0, 1]2.

We say that the water waves equations are consistent at order O(ue) in the shallow

water regime with the systems (2.1).

Remark 2.1.11. — Within the assumptions of Proposition 2.1.10, the systems (2.1)
are Whitham-Boussinesq systems (see [Eme20]).

— Taking Gy = (G})? we get the system studied in [DST19] for which the authors
proved a local well-posedness result in dimension d = 2 and a global well-posedness
result when d = 1. The proofs use the reqularizing effect of (GY)? which gives to the
system a semi-linear structure.

— The Theorem 2.1.6 allows us to take, for example, G = GY, thus having a local

well-posedness result for a Whitham-Boussinesq system with a quasi-linear structure.
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— When GY = Id, the system (2.1) is a Whitham-Boussinesq system. However the

question of local well-posedness for such systems is still open.

From Theorem 2.1.6, Proposition 2.1.7 and Proposition 2.1.10 we get the full justification

of a class of Whitham-Boussinesq systems.

Theorem 2.1.12. Let (u,¢) € [0,1]> and s > d/2. Let GY := ,/%. Let also Gb be
a Fourier multiplier of order 0 such that for all £ € R, |GE(&)| < |GY(€)|, and satisfying
for any s’ >0 and w € H*+?(R?),

|G [w] —w

e S g,

There exists T > 0 independant of the (u,e) € [0,1]* such that for any T > 0 and
any classical solutions (, ) of the water waves equations satisfying the non-cavitation
assumption (2.4) with U = (¢, V) € CO([0,T"/e], H*t4(R?)), there exists a unique classical
solution Uwg = (Cws,vws) € C°([0, T/e], X*3(RY)) with initial data (|i—o, V¥bli—o) of
the Whitham-Boussinesq systems (2.1) and one has for all times t € [0, min (T,T")/e],

1
[elz=(ro.g.x) < petC o, [UlLe=(o.0,1:+4)),

min
where ¢ = U — Uwg.

Remark 2.1.13. Regular solutions of the water waves equations as in Theorem 2.1.12
are provided by Theorem 4.16 in [Lani13b].

2.1.2 Outline

Section 2.2 is dedicated to the proof of Proposition 2.1.5. In Subsection 2.2.1 we focus
on the symmetrization of the systems (2.1). In Subsection 2.2.2, we prove the energy
estimates of Proposition 2.1.5 in the case of s = 0. Finally in Subsection 2.2.3, we prove
the general case s > 0.

Section 2.3 is dedicated to the proof of Theorem 2.1.6. In Subsection 2.3.1 we prove a
local well-posedness result for the systems (2.1) linearized around a sufficiently regular
state. In Subsection 2.3.2 we focus on the proof of Theorem 2.1.6. In Subsection 2.3.3 we
establish a blow-up criterion for the local well-posedness of the systems (2.1).

In Section 2.4 we prove Proposition 2.1.7.

In Section 2.5 we prove Theorem 2.1.12.
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2.2 Energy estimates

This section is dedicated to the proof of Proposition 2.1.5.

2.2.1 Symmetrization

In this subsection we focus on the symmetrization of the systems (2.2).

Property 2.2.1. Let s > 0 and ty > d/2. For any U € X" (R?), [et

1 0
So(O)le] = (0 ((G1)2[o] + EGQ[QGQ[O])Id) ’ (26)

be an operator defined in X°(RY). Applying the latter operator to system (2.2) we get

IS

So(U)U] + 3 A;(0)[0;U] ZG;FJ'(U)[@J'U], (2.7)

=1

where for j = 1,2, flj(U) is a symmetric operator defined by

A;(U) = 5 ,
with
By'(U)[e] By*(U)]o] 0
Bi(U)[o] = | By*(U)[e] BY*(U)le] 0 :
0 0 B*(U)[]
where

By (U)[o] = €Ga[Ga[vi]o],
By*(U)[o] = (G1)*[o] + €Ga[¢Ga[o]],
BYA(U)[o] = €(G1)*[Ga[v1]Galo]] + €2Ga[(G2[Ga[v1]Ga[o]],
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and
By (U)[e] 0 By*(U)]e]
By (U)[o] = 0 By*(U)|e] 0 ,
By (U)[o] 0 By*(U)[e]
where

By (U)[o] = €Ga[Ga[va]o],
By (U)[o] = (G1)?[0] + €G2[¢G[o]],
B3*(U)[o] = €(G1)*[Ga[v2] Ga[o]] + €2G2[¢G2[Ga[v2] Ga[o]]].

Also, * stands for the adjoint in L*(R?).
And finally, for j = 1,2,

1 0

Démonstration. Applying the matricial operator So(U)[o] :=
0 ((G1)?[0] + €G2[(Ga[o])Id

to the system (2.2), we get

Then we write

(U) + B;(U)” B;(U)*

d BJ
So(UNAU + 3

j=1

o) = -3 22 o0,

[
Proposition 2.2.2. Let s > 0 and ty > d/2. For any U € X™>*to+Ls)(RY) and any
U € X3(RY), for j = 1,2, we have

|F5(U)[0;U] U

Ys S C(|Q|Xmax(t0+1,s)>

Xs. (2.8)

It makes it a term of order O with respect to the energy norm.

Démonstration. First remark that (By?)* = By® and (By°)* = By”. So that we need to
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estimate the terms of F;(U), j = 1,2, defined by By, Bi*, By and B3*. We only do the
proof for By?(U)[01vs] — (BY*(U))*[01vs] as the estimates of the other terms would use

the same tools. For the first term, we have

(G1) 7 [(G1)?[Gal1] Ga[B102]] — Ga[Ga[v1](G1)?[01v2]]]
<|G1[Ga[v1]Ga[Drva]] — (G1) ™ G1Ga[Galv1] G [D1va]] s + [(G1) ' Ga[[Gy, Ga[v1]]Gi[Bva]]| s
=11 + L.

HS

But
I = |[Gy, Go[1]]Ga[0102] — [Ga, Go[v1]]G1[O1va]| 1,

so that using the commutator estimates of Proposition 2.6.3 and the assumption G5 < G
with G; and Gy of order 0, we get

Il S |G2[M|Hmax(to+l,s) U

Gy [81112}

Hs—1 S |Q|Xmax(t0+l,s) Xs.
Using the same tools, we get

U

Iy S U xma o1 | Ul o

For the second term, using the same tools in addition with the product estimates of

Proposition 2.6.1, we have

(G1) 7 [G2[CGa[Ga[v1]Ga[dr0a]]] — Ga[Ga[v1]Ga[¢Ga [0 v:]]]]

e
<|¢Ga[Ga[v1]Ga[D1vs]] — Ga[v1] G2[¢Ga[Drvs]] | s

<| = [Ga, (J(Ga[v1]Ga[O1v3]) + [Ga, Ga[v][(CG2[O1v2]) | 1=

<€ rmax to+1.0) | G2 [v1] G2 [O1v2] | frs—1 + [Ga[v1]] grmax (to+1.9) [ G2 [O1 V2] | a1
<|U s o419 U | x5
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2.2.2 Energy estimates of order 0

In this subsection we prove the energy estimates of order 0 on the systems (2.2)

linearized around a sufficiently regular state.

Proposition 2.2.3. Let tg > d/2 and T > 0. Let U € Wh([0,T/e], X"*(R%)) N
L>([0, T /e], X't (R®)) be such that (2.4) is satisfied. For allU € WH>([0,T/e], X°(R%))N
L>([0,T/¢], X1(R?)) which satisfies the system

Jj=1

where R € L>([0,T/¢], X°(RY)), and for j = 1,2, A;(U) is defined by (2.3), we have for
any t € [0,T/¢],

t
U x0 < Ko™ U] xo|io + v /0 |R()] xodt’, (2.10)

where N, vy := C’(ﬁ,T, |Q|Wt1,ooXto, \U| e xto+1) and ko = C(Klm’ \U| xt0|t=0)-
To prove this result we need some properties on the symmetrizer Sy(U).

Lemma 2.2.4. Let tg > d/2. Let U € X"(RY) be such that (2.4) is satisfied. The
symmetrizer So(U) satisfies for any U € X°(R?)

(So(@)U,U)s > €[5 + Puin|G1[0]]3 = hunin|U|5o- (2.11)

and

{SO(U)[U]YO < C(|U]x00)|U] o, (2.12)

(So(U)[U], U)2 < C(IU]xt0) U5

Démonstration. Given the definition of So(U) (see (2.6)), the assumption Gy < G; and
the Sobolev embedding H™ C L, the estimates of (2.12) are obvious. We prove here the
inequality (2.11).

(So(U)U,U)a = [¢]5 + ((G1)?[v] 4 Gale¢Gs[v], v)s
= [¢I3 + (((G1)? = (1 = hmin) (G2)*)[0], 0)2 4 ((1 = min) (G2)*[0] + Ga[e€Ga[v]], v)2
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But Gy < Gy, ¢ > hppin — 1 50 :

(So(@)U,U)s > [¢]3 + hminlG1[v]]3 = (Auin — 1)|G2[v]]3 4 (Auin — 1)|G2[v][3
> [€]5 + hunin| G1[0]]3-

]

Lemma 2.2.5. With the same assumptions as in Proposition 2.2.3, we have the following

estimates

jt(SO(U) [U],U)2 < eC(|Uly100 105 U] pge 01 ) (So(U) [U], U)2 + eC(|U] e x10 ) | R x0 V(S)[U],0)..

Démonstration. Using the self-adjointness of Sy(U), we have

1d

1
ia(SO(Q)[U]a U)z = 5((@50(@))[[]], Uz + (So(U)[0:U],U)a,

where

0 0
04S0(U)[o] = (0 5(;2[@0@2[0]]&) |

Then using the symmetrization (2.7), we get

1d

5 qp CoD)IU]LU)2 = ;((&:So(U))[UL U)z2 = >_(A;U)[0;U), U)s + e(So(U)[R], U)z + eg(Fj(U)[@jU], U)

j=1
But using the symmetry of Ej, j=1,2, we have

(A4;(U)[0;U],U)2 = (9;U, A;(U)[U])a
= —(U, (0;A;(U)[U])2 — (U, A;(U)[0;U))2,

where

(0181 (U))[o] + (01(B1(U)")) ]
2 )

(214, (U))[e] =
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with
(OB (U))[o]  (01B*(U))]e] 0
(@1Bi1(U))[e] = | (dB*(U))[e] (21B7*(U))[o] 0
0 0 (0BT (U))[]
where

And
@A ())e] = LI BBDD)
with
(0285 (U))[0] 0 (0283 (U))[0]
(02 Ba(U))[o] = 0 (0, B3*(U))[o] 0
(0285 (U))[0] 0 (02B7*(U))]o]
where
(0283 (U))[0] = £Ga[Ga[Dav2]o],
(02B5°(U))[0] = £Ga[(82¢) Ga[o]],
(02B5*(U))[0] = (G1)?[Ga[02v2] Ga[o]] + £2Ga[(020) Ga[Ga[va] Ga[o]]] + £2G2[¢ GG [D202] Ga[o]]].

For any j = 1,2, (9;(B;(U)*))[c] is also easily computed and have the same mathematical
structure as (9;B8;(U))[o].
So
1d 1 d d
573 So@)U, )2 = 5((95(U) + > 0iA;(U))ULU)2 +e(So(U)[R],U)2 + € Zl(Fj(U) [0;U],U)a.
]:

j=1

(2.13)
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The term £(Sy(U)[R],U), is easily estimated by Cauchy-Schwarz inequality and (2.12) :

e(So(U)[R], U)2 < el So(U)[R]|yo|Ulxo < eC(|U|1gext0) [ 2] 0 |U] 0. (2.14)

d
The term ¢ Y (F;(U)[0;U],U), is estimated using the Proposition 2.2.2. Indeed, we
j=1
have

d
€Z(FJ(U)[0] <€Z‘F aU’yO‘UlXO <€C(|U‘Looxto+l)’U|Xo (215)
j=1

Then, the result comes from the following estimates

d
|((8eSo(U) +>_ 0;4;(U)[UL, V)2l < eC(IUly1.0 xro, Ul e xro+1)[U 5o (2.16)

=1

Here are some examples of controls needed to get the latter estimates :

|(£G2[(01€) Ga[v], v)2| < €|0iC| oo 1110 |G (V][5 < €]DC| Lo b0 |U X0,
|(£G2[(01€)Ga[C]], v1)2| < €lClee o+t [Cla|Grlv]l2 < €l¢] o o [U 5o,
|(£2Ga[01¢ Ga[ Ga[v1]Ga[vr]]], v1)2| < €[] o0 o+t |GalGalv1] Ga[vn]]|2| Ga[vn]]2

< &l zge o |Gl zge o [Galon][; < €2I¢| e o 1] gexto | U,

where we used the assumption G5 < Gy and the boundedness of the latter Fourier multiplier
in H*(R?). The others use the same tools.
Combining (2.13), (2.14), (2.15), (2.16) and (2.11) we get

d 1

5 (So@)U], V)2 S50(%7|Q|Wt1’°°Xt07|Q‘L§’°Xt0+1)<50(g)[U] yU)2 +eC(—, [Ulgexwo) | Bl x01/ (So (L)L

hmln
[l

We now have all the elements needed to prove the Proposition 2.2.3.

Démonstration. We proved that if U € W1°°([0, T /e], X°(R4)) N L>([0, T /¢], X}(R?)), we
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have

VSO s [(Si@)0], U2 = 5 5 (So(@) U], U
< Ol g szt (S LI, U)arhoC

|U e x10) | Rl x0/ (So (L) [U], U)o

Dividing by \/(SO(Q) (U], U)a, we get

d 1 1
%\/(SO(Q)[UL U)Q < 50(?7 ’Q’thvooxtm ’Q|L§°Xt0+1>\/(SO(Q)[U]> U)2 + gc(ra ’Q‘LfoXtO)‘R’XO'

We can integrate this inequality in time between 0 and ¢ to get

1

V(So(U)[U], U)a < e/ (So(W)[U], U)zlimo + £C( -

t /
Wlizexn) [ R
And using Lemma 2.2.4, we have

t
U] x0 < Ko |U | xolizo + v /0 IR()| xodt'.

2.2.3 Energy estimates of higher order

We have now everything we need to prove Proposition 2.1.5 which we recall here for

the sake of clarity.

Proposition 2.2.6. Let s > 0, tg > d/2 and T > 0. Let U € W>°([0,T/e], X" (R%)) N
L>([0, T /e], Xmax to+Ls) (RD)) be such that (2.4) holds. Let also (G, Gy) be a couple of
admissible Fourier multipliers. If U € W1°°([0,T/e], X*(R%)) N L>([0, T /e], X*T1(RY))

satisfies the system

=1

where R € L*([0,T/e], X*(R%)), and for j = 1,2, A;(U) is defined by (2.3), we have for
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any t € [0,T/¢],

|U‘XS S HQGE)\St

t
Ulxeloeo + evs /0 [R(t')|x-dt, (2.18)

where Ag, vg := C(5—, T, Uy xt0 [U oo xmax to 1)) and ko = = C(5, |Ulxt0i=0)-

mln

We begin by proving the following lemma.

Lemma 2.2.7. With the same assumptions as Proposition 2.2.6, there erists R €
L>=([0,T/¢], X°(R?)) such that

S(U)atASU+ZA JON°U = eRyy,
7j=1

with A* := (1 — A)*/? and

1
|R(s)|x0 < C(+—,

‘Q‘Locxmax (tg+1,s) ) ( ’ U
hmin k

xs+|R

Xs)-
Démonstration. We know that

8tU+ZA U)o,U = eR.

7j=1
Applying the operator A* = (1 — A)*/2 to this equation, we get
d
ﬁtASU+ZA U)[0;A°U] = eA°R — > [A°, A;(U)][0;U].
Jj=1 Jj=1

But because A® commutes with G; and G5, we have

eGo[[A%, Ga[u]]fe]] eGo[[A*, (JGo[o]] 0
(A%, A (U)][e] = 0 e[A, Gafva]]Go[o] 0 =
0 0 e[A%, Ga[vy]]Ga[o]
Ga[[A%, Gs[va]]e] 0 eGa[[A*, (] Galo]]
(A%, Ay (U)][e] = 0 e[A%, Ga[va]] Galo] 0
0 0 (A%, Galva]] Galo]
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So that using the commutator estimates of Proposition 2.6.3, we get

d
| Z 8 U”XO < EC(|U|LooXlnax(t0+1 .5))
7=1
d
At the end, denoting R,y = AR — 1 Z [A®, A;(U)][0;U], we get the result.

We now prove Proposition 2.2.6.

Démonstration. Using the energy estimates of Proposition 2.2.3 on A*U and Lemma 2.2.7

we get

t
IASU | o < ke AU | e im0 -+ €0 / | Ry ()] xodt’

XS
Xot ! 1
— |U’Xs S /i()e8 0 ’U’Xs’t:(] -+ €V0/0 C(h |U’L00Xmax(t0+l s))’U|X@dt
t 1
+8V0/0 C(h U o xmas (o419 ) | R(E) | x=dt,
And using Gronwall’s lemma, we get

U] xs < (koe* U

s Xsdt ) evoc(|U))t

t
t=0 + gyo /0 C(|Q|L?0Xmax (t0+1,s))|R(t/>]

t
eXst t:O+€Vs/ |R(t/
0

< Kpe )| x=dt’,

XS

where v, A\ :== C(T

U|Vth,oc)(1§07 |Q|L?0Xmax(t0+l,s)) D

’ hmin ’

2.3 Local well-posedness and stability

In this section we follow the method in the Chapter 7 of [Mét08] which uses a regu-
larization method to prove the well-posedness of symmetrizable quasi-linear hyperbolic

systems.

2.3.1 Well-posedness of the linearized systems

In this subsection we study the local well-posedness of the systems (2.2) linearized

around a sufficiently regular state.
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Theorem 2.3.1. Let s > d/2 + 1, hypy, >0 and 0 < e < 1. Let also (G1,G2) be a couple
of admissible Fourier multipliers. Let U € W1>°([0,T/¢], X*7(R%)) N L>°([0, T /¢], X *(R?))
be such that (2.4) is satisfied. Let R € L>=([0,T/¢], X*(R%)) and Uy € X*(R?). The Cauchy

problem

atU—i— Ed: AJ(Q)[@U] = ER,
7=1 (2.20)

U|t:0 = U07

where A;(U) is defined by (2.3), has a unique solution in C°([0,T/¢], X*(R?)). Moreover,

the solution satisfies the energy estimates (2.18).

As said previously, to prove this result, we use a regularization method.

Let J, = (1 — aA)~Y2, a €]0,1], be a regularizing Fourier multiplier. We have the
following properties :

— For a > 0, J, is a regularizing operator of order -1.

— For any s > 0, the family {J,,« €]0,1]} is uniformly bounded in X*(R?).

— For any s > 0, and for all v € X*(R?), J,v — v in X*(R%) as a — 0.

We decompose the proof of Theorem 2.3.1 into several lemmas.

Lemma 2.3.2. With the same assumptions as in Theorem 2.5.1, the Cauchy problem
(2.20) has a weak solution U € L>([0,T/e], X*(R%)).

Démonstration. We consider the Cauchy problem

d
0tUa + Z Aj(Q)ajJaUa = ERa
= (2.21)

Ua’t:O = UO-

For j = 1,2 the operator A;(U)d;.J, is bounded in X*(R?), so that the Cauchy-Lipschitz
theorem gives the existence of a solution U, € C°([0,T/¢], X*(R?)). Because J,, is a Fourier
multiplier of order 0 uniformly in a, and is bounded in X*(R¢) uniformly in a, we can get
the same energy estimates for (2.21) as the ones for (2.9). It implies that the sequence U,
is bounded in L>([0, T /e], X*(RY)).

Now recall that L>°([0,T/¢], X*(R?)) is the dual of L'([0,T/e],Y*(R?)). So by the
weak™® compactness of the closed balls of the dual of a normed space, there exists a
subsequence, still denoted U, which converges weak* as a — 0 in L>([0,T"/¢], X*(R%))
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to an element U. Passing to the limit in the sense of distributions in (2.21) we get
U € L>*([0,T/¢], X*(R?)) is a weak solution of (2.20).

It still remains to prove that Ul,—g = Uy makes sense. Remark that from the equation
oU € L>=([0,T /€], X*}(R?)). So by the Sobolev embedding, U € C°([0, T /¢], X*~1(R?)),
and it makes sense to take the trace at t = 0 of U in X*~*(RY). O

Lemma 2.3.3. Let R € L>([0,T /€], X*(R%)) and suppose that U € L>=([0,T/¢], X*(R?))
satisfies the linearized system (2.20) with Uy = Ulj—g € X*(RY). Then U € C°([0,T/¢], X*(R?))
and satisfies the enerqy estimates (2.18).

Démonstration. Applying J, to the system (2.20), we get

O JoU + f A;(U)[0;J.U] = eJoR — zdj[Ja, A;(U)][0;U]. (2.22)

Jj=1 J=1

d
We denote Ria) = Jo—1 3 [Ja, A;(U)][0;U]. We easily see that R(qy € L=([0,T/¢], X*(R?))
j=1
using the same argument as for the proof of Lemma 2.2.7 and the fact that J, is of order

0.
Moreover from the density of X**1(R?) in X*(R?), we get

[Ja: AjU)[0;U] = 0 in L=([0, T /], X*(R7)),

as o — 0. It implies that R,y — R in L>®([0,T/¢], X*(R?)).

We know that J,U is in L>([0,T/e], X*T'(R?)), so using the equation (2.22), we
get 0, J,U € L>=([0,T/e], X*(R%)). The Sobolev embedding in dimension 1 gives J,U €
C%([0,T /€], X*(R%)). Using the energy estimates of order s (2.18) on J,U — J,U we get
that (J,U)a>0 is a Cauchy sequence in C°([0,7'/¢], X*(R?)) as a — 0. So J,U converges
in C°([0,T/¢], X*(R?)). But J,U converges to U in L>([0,T/¢], X*(R?)). Thus J,U — U
in C°([0,T/€], X*(R%)) as a — 0.

Using again the energy estimates of order s (2.18) but this time on J,U and passing
to the limit v — 0, we get that U satisfies the energy estimates of order s. m

We now prove Theorem 2.3.1.

Démonstration. The two previous lemmas give the existence of a solution U € C°([0, T /¢], X*(R%))

which satisfies the energy estimates (2.18).
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It only remains to prove the uniqueness. Taking two solutions U; and U, with the same
initial condition Uy € X*(R?), the difference V = U; — U, satisfies the system

d
oV + X A;(U)o;V =0,
j=1

V|t:0 - 0

The energy estimates on V' give V = 0. [

2.3.2 Well-posedness of the non-linear systems

This subsection is dedicated to the proof of Theorem 2.1.6 which we recall here for the

sake of clarity.

Theorem 2.3.4. Let s > d/2+ 1, hyi > 0 and M > 0. Let also (Gy,Gsy) be a couple of
admissible Fourier multipliers. There exist T > 0 and C > 0 such that for all € € [0,1],
Up € X3(RY) with |Up|xs < M and satisfying (2.4), there exists a unique solution U €
CY([0,T/e], X*(R%)) of the Cauchy problem

d
6tU+ Z AJ(U)GJU - 0,
j=1

(2.23)
U|t:0 - Ug.
Moreover |U|pee(jo,r/e,xs < C|Uo|xs.
Démonstration. Consider the iterative scheme Uy(t,z) = Up(x) and for n € N
d
OUns1+ X Aj(U,)0;Ups1 = 0,
7=1 (2.24)

Un+1 |t:0 = UO-

Lemma 2.3.5. There exists T' > 0 as in Theorem 2.3.4 such that the sequences U, and
0:U,, are well defined and are bounded in respectively C°([0, T /¢], X*(R?)) and C°([0, T /e], X*~*(R?)).

Démonstration. We prove by induction that there exists C,Cy > 0 and T > 0 as in
Theorem 2.3.4 for all n € N

sup |Unlxs < C1|Uplxs, sup |0:Un|xs—1 < ColUp|xs, inf (14 €Gu(t, ) > hmin/2.
te[0,T /€] te[0,T /€] t€[0,T/¢), X eR?
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By Theorem 2.3.1 U,, 4 is well-defined and satisfies (2.18). Specifically, on the time interval
[0,T"/€] we have

|Unt1]xs < Hoee/\"t’Uo‘XS-

Where )\TL — C(T7 |Un|Wt1,ooXt0, |Un|L?oxmax(t0+l,s)) and K/[) — C(|UO|XtO|t:0)'

Also, using the equation and the product estimates of Proposition 2.6.1,

|atUn+1 xs-1 < é(‘Un

Un+1

Xs) Xs-.

Moreover
o (t,7) = eGofa) +¢ | 0 G (T, ).
But from the Sobolev embedding there exists C's > 0 such that
|01Gn1(t, )| < CslOiC pgo o1
So
L+ €Cni1 = hiin — TCL[0iC| o xs-1.

Let C; > ko. Let Cy be such that C’(CﬂUO xs)C1 < Cy. And let T be sufficiently small
so that, kee’ < Cp where \, < X\ = C(T, C1|Up|xs,Ca|Up|xs), and TC,Co|Up|xs <
Ponin /2. O

Lemma 2.3.6. The sequence U, is a Cauchy sequence in C°([0,T /€], X°(R?)).

Démonstration. Let V,, := U, 1 — U,. For n > 1, it satisfies

d
8tVn + Z Aj(Un)ﬁjVn = ERn,
7=1

Vn+l ‘tZO = 07

where

R, =—

oA |

(Aj(Un) — Aj(Up-1))0; U,

1

d
Jj=
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But from the expression of A; (2.3) and the uniform bounds of the sequence U, (see
Lemma 2.3.5) and the product estimates of Proposition 2.6.1 it is easy to see that there

exists a constant M > 0 independent of n such that
|Rn|X0 < Mlvn—1|X0'

And from the energy estimates (2.18) and the uniform bounds of U,, and 0,U,, (see again
Lemma 2.3.5), there exists a constant M > 0 independent of n such that

t
Vilxo < €M / Vit ()] xodt.
0

So
’Vn‘XO < | sup |‘/0|X0‘
N te0,7/€
Thus, the series 3V}, converges in C°([0,T/¢], X°(R?)). O

From Lemma 2.3.6, the sequence U,, converges in C°([0,T/¢], X°(R?)). From Lemma
2.3.5, the sequence U, is uniformly bounded in C°([0, T'/¢], X*(R%)). So for any s’ < s, U,
converges in C°([0, T/¢], X* (R%)). Take s’ > to+1 and denote by U the limit. The sequences
Un, 0:U,, and for j = 1,2, 8;U, converge uniformly in C* to respectively U, 9,U and 9,U.
Hence U is solution to (2.2). Moreover, from Lemma 2.3.5, U € L*°([0,T/¢], X*(R?)),
oU € L>=([0,T /€], X*~1(R?)), and U satisfies the estimates of Theorem 2.3.4. So we can
consider U as a solution of the linearized system (2.20) taking U as U. The Theorem 2.3.1
gives U € C°([0,T/¢], X*(R%)) and its uniqueness as a solution of the Cauchy problem
(2.23). This concludes the proof of Theorem 2.3.4. O

2.3.3 Blow up criterion

From Theorem 2.3.4, one can define the maximal time existence T* > 0 of the solution
U e C°%0,T*/e), X*(R?)) of the Cauchy problem (2.23) associated to an initial condition
Up € X*(R?) such that (2.4) holds.

Proposition 2.3.7. We have

T* <400 = lim |Ulr=(ogxe) = +00.
t—T* /e
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Démonstration. Suppose that there exists M > 0 such that
|U’L°°([O,T*/8),XS) — M

Then from Theorem 2.3.4, there exists 7' > 0 such that for any 8 > 0, and T =
T* — 3, the Cauchy problem (2.23) with initial condition U(7}3) has a unique solution
in C°([Ts/¢e, Ty /e], X*(RY)) with Ty = T3 + T > T*. Taking 3 = T/2, by uniqueness, U
has an extension U € C°([0, T} /e], X*(R%)) solution of the Cauchy problem (2.23). Thus,
necessarily, T = +o0. If not, it contradicts the definition of 7. O

2.4 Stability

In this section we prove the stability result of Proposition 2.1.7.

Proposition 2.4.1. Let the assumptions of Theorem 2.3.4 be satisfied and assume also
that there exists U € C°([0,T/€], X*(R%)) solution of

d
U+ > A;(U)9;U =R,
j=1
1 where R € L®([0,T/e], X*"Y(R%). Then, the error with respect to the solution U €
CO([0, T /€], X*(RY)) given by Theorem 2.8.4 and Proposition 2.5.7 satisfies for all t €

[0, min (7', T%) /€],

Xs—1|t=0 + t’§|L°°([O,t],XS—1))>

NU oo 0,0, [U oo f0,0,x)) ([

le|Loo (0,8, x5-1) < O(h

where e = U — U.

Démonstration. We know that

d
oU + 3 A;(UNo;U =0,
=1

J

7y L (2.25)
j=1
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Subtracting both equations we get

d
e+ > A;(U)0je = €F, (2.26)
j=1
where
1~ 1¢ _ N
F=—"R— -3 (4,U) - 4,(0)9,0.
j=1

We can easily estimate F' using the product estimates of Proposition 2.6.1 (s —1 > d/2) :

|F Xs—1 + |6‘

Xs|¢€

1 ~
Xs—1 S E|R Xs—1.

We use the energy estimates of Proposition 2.2.6 on (2.26) to get
t to
’e‘Xs—l < I€0€€A571t|€|xs—1 |t:0 + Vs—1 /0 |R(t/)|Xs—1dt/ + €vs_q /0 |U|Xs‘e|Xs—1dt/.
Using Gronwall’s lemma, we then have
|e|Xs—1 S (KO€EA571t’e‘Xs—1 |t:0 + Vs_lt|§<t/)‘Loo([07t},Xs—l)dt/>e€V57lIﬁh’oo([o’t]’xs)t.

It only remains to see that using the equation on U of (2.25) and the product estimates of
Proposition 2.6.1, we have for all times t € [0,7/€].

0,U

Xs—1 S C(’U’X@),

to get the result. O]

2.5 Full justification of a class of Whitham-Boussinesq

systems

In this section we prove the full justification of a class of Whitham-Boussinesq systems,
Theorem 2.1.12.

Theorem 2.5.1. Let (u,€) € [0,1]%, s > d/2. Let Gf = ,/%. Let also Gy (see

Notation 2.1.9) be a Fourier multiplier of order 0 such that for all ¢ € RY, |GE(&)] < |G (6)],
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and satisfying for any s' > 0 and w € H¥ T?(R?),

|G [w] —w

e S W] g,

There exists T > 0 independant of (u,€) € [0,1]? such that for any T' > 0 and any classical
solutions ((, ) of the water waves equations satisfying the non-cavitation assumption (2.4)
and U = (¢, V) € C°[0,T" /e], HST4(RY)), there exists a unique classical solution Uyg =
(Cws, vwe) € C°([0,T /€], X*t3(RY)) with initial data (C|i—o, Vib|i—o) of the Whitham-
Boussinesq systems (2.1) and one has for all times t € [0, min (T, 7") /€],

1
|2|Loo([07t]’Xs) < uEtC(h . ,|U‘Loo([07t}’Hs+4)),

where ¢ = U — Uwg.

Démonstration. It is important to remark first that the Fourier multipliers G} and G4
are uniformly bounded in p € [0,1] in the X*(R?%) norms. Moreover N°(GY) and N°(G%)
(see Definition 2.6.2) are also bounded uniformly in u. So that when considering Fourier
multipliers of the form G{ and G4 (see Notation 2.1.9), all the estimates proved in
this paper holds uniformly in pu, including the energy estimates of Proposition 2.2.6. In
particular, the existence time in Theorem 2.3.4 is independent of .

Now, from the embedding H*™(R?) C X*"3(R?) and the Theorem 2.3.4 we have the
existence and uniqueness of Uwg with T independent of p. From Proposition 2.1.10, we
know that U satisfies

d
8tU+ ZAJ(U>6]U = /LER,

j=1

where |R
From the stability result of Proposition 2.4.1 and the control on |Uwg|ze(j0,7/¢,x+) by

me < O, [Clas+a, |V  grosa).

hmin

1Uo

has

xs we have from Theorem 2.1.6, we know that for all times ¢ € [0, min (7,7")/¢|, one

|6’Loo([07t]7xs) S IU/GtC(|U‘Loo([O7tLXs+I))’R|Loo([07t]7Xs).
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But

1
Rl (og.x) < |[Rliwqoae < ClG—. ¢

Hst4 y ‘ Vw

Hs+4>.

Hence the result holds. O

2.6 Technical Tools

Proposition 2.6.1. (Product estimates) Let to > d/2, s > —tg and f € H*NH"(R%),g €
H*(R?). Then fg € H*(R?) and

|fg

e S| f L pmax o, | 9] s
Démonstration. See Appendix B.1 in [Lan13b]. O

Definition 2.6.2. For a Fourier multiplier F of order a (o € R) we define the seminorm

N(F) = sup sup (€) 17|07 F (€).

BEN |B|<2+d+[4] ER?

Proposition 2.6.3. Let ty > d/2, a >0, s > 0 and F € §*. If f € H*** N HHY(RY)
then, for all g € H*™~1(RY),

1F, flgllms < NS g 41,000

g‘ |Ha+s—1.

Démonstration. See Appendix B.2 in [Lan13b] for a proof of this proposition in the case
s =0.
If s > 0, we define A® := (1 — A)*2. We have

I[F, f1gl

n= = [|[FA®, flg — [A°, fIF[g][|2 < [[FA®, flgl[r2 + [|[A®, FIF[g]l[ 2.

Using the L? commutator estimates, knowing that FA® € S***, we get the result. O]
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Chapitre 3

Rigorous derivation of the Whitham
equations from the water waves
equations in the shallow water

regime

Article a paraitre au journal Nonlinearity.

Abstract: We derive the Whitham equations one is based on a generalisation of Birkhoff’s
from the water waves equations in the shal- normal form algorithm for almost smooth Ha-
low water regime using two different methods, miltonians and is adapted to bidirectional pro-
thus obtaining a direct and rigorous link bet- pagation. In both cases we clarify the improved
ween these two models. The first one is based accuracy on the fully dispersive Whitham mo-
on the construction of approximate Riemann in- del with respect to the long wave Korteweg-de
variants for a Whitham-Boussinesq system and Vries approximation.

is adapted to unidirectional waves. The second

3.1 Introduction

3.1.1 Motivations

In this paper we work on a unidirectionnal model for surface waves in coastal oceano-
graphy, the Whitham equation, introduced by Whitham in [Whi67] and [Whi74]. This

equation, having the same dispersion relation as the general water waves model, is a full
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dispersion modification of the Korteweg-de Vries equation (KdV). As such one expects an
improved accuracy and range of validity as a model for surface waves compared to the
long wave KdV approximation. More precisely, we anticipate that in the presence of weak
nonlinearities, the Whitham equation stays close to the water waves equations, even if the
dispersion effects are not small, as obtained in [Eme20] for the bidirectional full dispersion
systems.

The Whitham model has weaker dispersive effects compared to the KAV model and thus
allows for wavebreaking and Stokes waves of maximal amplitude to occur, as one would
expect of a model for surface waves in coastal oceanography. This was the historical reason
for which Whitham introduced it. A rigorous proof of the existence of the wavebreaking
phenomenon has been established by Hur [Hurl7] and Saut & Wang [SW20]. Ehrnstrom
& Wahlén [EW19] and Truong et al. [TWW20] proved the existence of Stokes waves of
maximal amplitude.

Besides [Hurl7; SW20; EW19; TWW20] we emphasize some other works on the
Whitham equation. Klein et al. [Kle+18] compared rigorously the solutions of the Whitham
equation with those of the KdV equation and exhibited three different regimes of behaviour :
scattering for small initial data, finite time blow-up and a KdV long wave regime. Ehrnstrom
& Wang [EW20] proved an enhanced existence time for solutions of the Whitham equation
associated with small initial data. Ehrnstrom & Kalisch [EK09] proved the existence of
periodic traveling-waves solutions. Sanford et al. [San+14] established that large-amplitude
periodic traveling-wave solutions are unstable, while those of small-amplitude are stable if
their wavelength is long enough. Denoting by p the shallow water parameter and by ¢ the
nonlinearity parameter, Klein et al. [Kle+18] proved the validity of the Whitham equation
in the KdV regime {1 = ¢} by obtaining that the Whitham equation approximate the
KdV equation at a precision of order €. Moldabayev et al. [MKD15] formally derived the
Whitham equation from the Hamiltonian of the water waves equations in the unusual
regime {¢ = e_#”%}, where x and v are parameters numerically inferred from the solitary
waves of the Whitham model. They also assumed the initial data of the water waves
equations prepared to generate unidirectional waves. In this work we propose to expand
the range of validity of the Whitham equations in the general shallow water regime, using
two different methods.

The first method is based on an adaptation of the one used to derive the inviscid
Burgers equations from the Nonlinear Shallow Water system using the Riemann invariants

of the latter and requires, as in [MKD15], that initial data are prepared to generate
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unidirectional waves. We show from it that the Whitham equation can be derived from
the water waves equations at the order of precision pe, which is the same order as for
the Whitham-Boussinesq equations when considering general initial data (see [Eme20]
for a rigorous derivation of the latter equations in the shallow water regime). From this
derivation, we prove that solutions of the water waves equations, associated with well-
prepared initial data, can be approximated in the shallow water regime, to within order uet
in a time scale of order 7!, by a right or left propagating wave solving a Whitham-type
equation.

The second method does not need well-prepared initial data. It is based on a generali-
zation of Birkhoff’s normal form algorithm for almost smooth functions (see Definition
3.3.14) developed by Bambusi in [Bam20] to show that the solutions of the water waves
equations can be approximated in the KdV regime, to within order € in a time scale of
order 7!, by two counter-propagating waves solving KdV-type equations, thus improving
both the results obtained by Schneider and Wayne in [SW00], and those obtained by Bona,
Colin and Lannes in [BCLO05]. If we transpose Bambusi’s result in the shallow water regime,
we get a precision of order £ + (1% + ue +£2)t in a time scale of order (max (u, €))™!, which
tells us that the two KdV-type equations are not appropriate to approximate the water
waves equations when g is not small. Bambusi’s method uses the local structure of the
KdV equation. We adapt it to the nonlocal Whitham equation and prove that the solutions
of the water waves equations can be approximated in the shallow water regime, to within
order €2 + (ue + )t in a time scale of order (max (u,))™!, by two counter-propagating
waves solving Whitham-type equations. In addition, we express explicitly the loss of
regularity needed to derive the two uncoupled Whitham-type equations solved by the
counter-propagating waves.

We now compare the results from the first method and Bambusi’s method for the KdV
and the Whitham equations. In the table below, we summarize the different orders of

precision for unidirectional and bidirectional waves :

unidirectional waves bidirectional waves

11 on time scale (max (u,¢))™*

on time scale e~
KdV (pe + p2)t g2+ (pe + p* + )t

Whitham (pe)t g2 + (ue + )t

One can refer to Section 7.3.2 in [Lan13b| for the order of precision of the KAV model

in the case of unidirectional waves.

127



Chapitre 3 — Rigorous derivation of the Whitham equations from the water waves equations in
the shallow water regime

In the KdV regime (u = ), we get the same order of precision for the two models in
the same time scale.

In the general shallow water regime, if p is not small, the KdV equations are not
appropriate to approximate the water waves equations. In the presence of weak nonlineari-
ties (¢ < 1), the Whitham equations succeed in doing so. The latter model is also more
robust as it allows a possible change of dynamics in the wave propagation, which could for
example pass from the long wave regime (e ~ p, 1 < 1) to the weakly nonlinear regime
(e < 1).

In [Bon+18], the authors formally derived a higher order KdV type equation adapted to
unidirectional waves. We could probably make this derivation rigorous using the techniques
of the Section 7.3.1 in [Lan13b] and get, in the KdV regime, a precision of order &3¢
in a time scale e~!. In [KMV17], the authors formally derived a higher order Whitham
equation adapted to unidirectional waves. However, it is not clear that the techniques of
the first method of the present paper are sufficient to derive rigorously such an equation
with enough accuracy. Instead of the Whitham-Boussinesq systems, one would work on
the Whitham-Green-Naghdi systems, which have been proved in [Eme20] to be consistent
with the water waves equations in the shallow water regime, at the order of precision u?c.
But with the method presented here, one would get terms of order ue in the process, and
thus only get the same order of precision as the Whitham equation.

In [Bam20], Bambusi rigorously derived a system of two counter-propagating higher
order KdV-type equations which is precise in the KdV regime, at the order €2 + €3t in a
time scale (max (u, €))~*. However the generalisation of this method presented in this paper
is not suitable to derive two counter-propagating higher order Whitham-type equations
with enough accuracy in the shallow water regime. Indeed, one would get again terms
of order pe in the process, and only get the same order of precision as a system of two

counter-propagating Whitham-type equations.

3.1.2 Main results

The starting point of our study is the water waves equations :

¢ — Lgr=Clv =0,
c ¢ (9"l +e0:C-0:1)?
atw + C + i(ax¢)2 - % 1+e2(8,0)2 = 0.
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Here
— The free surface elevation is the graph of (, which is a function of time ¢ and
horizontal space x € R.

— 1(t, x) is the trace at the surface of the velocity potential.

— @*" is the Dirichlet-Neumann operator defined later in Definition 3.1.4.
Every variable and function in (3.2) is compared with physical characteristic parameters of
the same dimension. Among those are the characteristic water depth Hy, the characteristic
wave amplitude ag,¢ and the characteristic wavelength L. From these comparisons appear
two adimensional parameters of main importance :

— = ;I—QQ : the shallow water parameter,

— £:= GTOf : the nonlinearity parameter.
We refer to [Lan13b] for details on the derivation of these equations.

In [Zak68|, Zakharov proved that the water waves system (3.1) enjoys an Hamiltonian

formulation. Let Hww be defined by
1, 17 1
Hyw = f/g dx+—/ b= GP[eCle dx . (3.2)
2 Jr 2J/rR 1
Then (3.1) is equivalent to the Hamilton equations

8tC = 51[)HWW7
Op = —0¢ Hww,

where 0, and d, are functional derivatives.

Before giving the main definitions of this section, here is one assumption maintained

throughout this paper.

Hypothesis 3.1.1. A fundamental hypothesis is the lower boundedness by a positive

constant of the water depth (non-cavitation assumption) :
Ahmin > 0,\V/$ S R, h:=1+ 5§(t7$) > Rmin. (33)

Moreover, we will always work in the shallow water regime which we define here.

Definition 3.1.2. Let jiyax > 0, we define the shallow water regime A := {(u,e), 0 <
,US,Umaxa Ogé‘gl}
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In what follows we need some notations on the functional framework of this paper.

Notations 3.1.3. — For any a > 0 we will respectively denote H*(R), W*(R) and
We>=(R) the Sobolev spaces of order o in respectively L?*(R), L*(R) and L*(R).
We will denote their associated norms by | - |ge,| - |wer and |- |wo.co.

— For any o > 0 we will denote H**'(R) := {f € L} .(R), 0,f € H*(R)} and

loc

WetbI(R) == {f € L. .(R), 9,f € WL (R)} the Beppo-Levi spaces of order c.

loc

Their associated seminorms are respectively | - |gos1 = |0:(*)| e and | - |yjatin 1=

|0 () lwer

Now we define the Dirichlet-Neumann operator.

Definition 3.1.4. For all { and i sufficiently smooth, let ¢ be the velocity potential
solving the elliptic problem

(nds + 02)6 =0,
¢|z:ec =1, 0.¢|l.——1 =0.

where z € (—1,&Q) is the vertical space variable.

We define the Dirichlet-Neumann operator by the formula

GHecly = 1+ €2(0:C)?One ¢,

where n** is the outward normal vector of the free surface €C. It depends on time and space.

GH is linear in 1 and nonlinear in . See [Lan13b] for a thorough study of this operator.
We also recall the definition of a Fourier multiplier.

Definition 3.1.5. Let u : R — R be a tempered distribution, let u be its Fourier transform.
Let F € C*(R) be a smooth function such that there exists m € 7Z for which ¥ > 0,
\8?17(5)\ < Cs(1 4]y, where Cy > 0 is a constant depending on 3. Then the Fourier
multiplier associated with F is denoted F(D) (denoted F when no confusion is possible)

and defined by the formula :

The first method to rigorously justify the Whitham equations from the water waves

equations gives the two following results.
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Proposition 3.1.6. Let jiyax > 0. Let ), be the Fourier multiplier defined by

F‘::/Jtanh(xﬂﬂl)b
' NZI .

There exists n € N* such that for any (u,€) € A and ¢ € L HO+(R) and ¢ € L HE(R)

solutions of the water waves equations (3.1) satisfying (3.3), there exists Ry, Ry € H*(R)

uniformly bounded in (u, ) such that the quantities
. Vh-1 1

1 — —1
ut = +§Fu [v], v~ =— . +§Fu [v], (3.4)

where v = Fi[@xw], satisfy the equations

Oput + (3 4 D)F,[0,ut] = peRy,
Ou™ + (&?WJFT?’“ — DF,[0,u™] = peRs.

Remark 3.1.7. The quantities u™ and u~ can almost be seen as Riemann invariants of

the Whitham-Boussinesq equations

0iC + 0,v + €0, (C)v 4+ (v = 0

(3.5)
O + Fi[@x(] +cv0,v =0

where v = F2[0,¢] = mi}#[ 1], for which we know the rigorous derivation from the

water waves equations (see [Eme20]). This is the main idea to prove this resull.
Using Theorem 4.16 and Theorem 4.18 of [Lan13b] (the Rayleigh-Taylor condition
is always satisfied when the bottom is flat, see Subsection 4.3.5 in [Lan13b]) we get the

following corollary.

Corollary 3.1.8. For any a > 0, there exists n € N* such that for any (u,e) € A, we have
what follows. Consider the Cauchy problem for the water wave problem (3.1) with initial
conditions (Co, o) € H*(R) x H*"1(R) satisfying the non-cavitation assumption (3.3),
and denote by (,v) the corresponding solution. Let (u, Ug g, Ue) be defined by the formulas
(3.4) applied to ((o, o). There exists a unique solution (ul,u.) of the exact diagonalized

e 6
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system

duuf + (2% 1 1)F,[0,uf] =

e

0
— ud +3uz o -1 — (36)
Oy + (%5 F,[0,u.] =0,

with initial conditions (uly, ugy), which satisfy the following property : denote by (Cc, )

the following quantities
Ce=—|(=(uf —uy)+1)* - 1] and 1, = /o F;l[uj + u, | dx, (3.7)
then for all times t € [0, L], one has

(¢ = Ces ¥ = Yc) | oy ot < peCt,

where C, T = C(ﬁ, Hmax; |C0’Ha+"7 |w0|[-'[a+n+1).

Remark 3.1.9. The existence and uniqueness of the solution (ul,u_) of the exact diago-

e’ e

nalized system (3.6) with initial conditions (ujy,uzy) on the required time scale is given

by Proposition 3.2.9.
To write the next result we need another notation.

Notation 3.1.10. Let k € N and | € N. A function R is said to be of order O(u*e'),
denoted R = O(uFel), if divided by p*e' this function is uniformly bounded with respect to
(u,€) € A in the Sobolev norms | - |ga, o > 0.

Proposition 3.1.11. With the same hypotheses and notations as in Proposition 3.1.6, if
u™(0) = O(p), then there exists Ty > 0 such that for all times t € [0, 2], u™(t) = O(p).
Moreover for these times, ut satisfies the Whitham equation up to a remainder term of

order O(pue), i.e.
+ TR CH
ot + F,[0,u™] + 5 u dpu™ = O(pe).

If instead u*(0) = O(p), then there exists To > 0 such that for all times t € [0,%2],
ut(t) = O(n). Moreover for these times, u~ satisfies the counter propagating Whitham

equation up to remainder term of order O(ug), i.e.
_ R
o~ — F[0,u™] + S U Ou” = O(ue). (3.8)
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Proposition 3.1.12. In Corollary 3.1.8, if u; (0) = O(u), then one can replace (. and
Ve by

17, ¢ T
G = =|(Gu* + 1P = 1] and s = [ F,utdx

where u™ € C([0, L], H*(R)) solves the ezact Whitham equation
+ 0 ha ot
o™ +F,[0,u"] + 5 U ou” =0,
and get for all times t € [0, £],

|(C - CWh,+7 w - wWh,+)‘Ha><Ha+1 S C(‘U;(O)’Ha+l + ,ugt),

where Ca Til = C(Klm7 Hmax |CO|H"‘+"7 |77Z)O|Ha+n+1)-
If instead ut (0) = O(u), then one can replace (. and . by

117 e

CWh,— = z (iu_ —1)?=1| and ¢ = /0 F, u]dx,

where u~ € C([0, %], H*(R)) solves the exact counter-propagating Whitham equation

3
o —F,l0u™] + gu_(?mu_ =0,

7%];

and get for all times t € [0
(€ = Gwn,— ¥ — Ywn, )| gaxgars < C(1ud (0)]rasr + pet),

where Cu T_l = C(ﬁ;/ﬁmaxv |<O’H0‘+n, ’w0|Ha+n+1)-

The second method is based on a generalisation of Birkhoff’s normal form algorithm
developed by Bambusi in [Bam20]. Its application to our case leads us to define some

operator and transformations which we need to write our main results.

Definition 3.1.13. — Leta > 0. We define Ty : H*(R) x H*(R) — H*(R) XHQ+1(R)
by the formula

A
Tl = (fé”v(y) dy) |
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— Let a > 0. We define Tp : H*T(R) x H*"(R) — H*(R) x H*(R) by the formula

Tolns) = (F—Z;i S]) |

I

— We define 071 : L*(R) — L*®(R) by the formula

07tu(y) = 5 [ senly — )ulun) dy,

— Let a > 0 be a positive integer. We define Tg : WOTHHR) x WetbL(R) — WoH(R) x
Wel(R) by the formula

Ts(r,s) = (

r+ 20,(r)07 (s) + Srs + 232
S+ £0,(s)07 1 (r) + Srs + 12 '

Theorem 3.1.14. Let a > 0 be a positive integer and (u, ) € A. Letr, s € C*([0, L], WetT1(R))

be solutions of the Whitham equations

{@r +F,[0.7] + 3—2&7“8:07’ =0, (3.9)

Oys — Fu0,8] — £s50,5 = 0.

0 1
Let also Hww be the Hamiltonian of the water waves equations (3.2) and J = ( ) 0)

the Poisson tensor associated with. Then the quantities

(ijjv) = Ti(To(Ta(r, ). (3.10)

satisfy

o (CWh) = JV(Hww)(Cwns ¥wn) + (pe +e*)R, Yt € [0, Z]’
Wh

where | R oy o+t < Cllbmax, [T|wa+r1, |S|watr1).

Remark 3.1.15.  — The exzistence of r, s € C*([0, L], WTGL(R)) solutions of system
(3.9) is given by Lemma 3.5.23.
— The remainder R is uniformly bounded in (u,e) for times t € |0, #(us)] in
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H*(R)x H*"(R). The particular time interval [0, m%(ue)] comes from the estimates
of r and s in WTTL(R) given by Lemma 3.5.23. Indeed, due to the dispersive effects
one has a loss of decrease of order O((1 + ut)?) for any 0 > 1/2, in the Sobolev
spaces WHH(R) where 8 > 0.

— The second equation of (3.9) is different from (3.8). One has to replace the definition
of u~ in Proposition 3.1.6 by u~ = @ - %F;l[v] to get

o~ —F,[0,u”] — ?;gu(‘?mu = ueR,

when setting u™(0) = O(u).
— In Theorem 3.1.14 we express the loss of reqularity needed to pass rigorously from

the Whitham equations (3.9) to the water waves equations (3.1).
Using again Theorem 4.16 and Theorem 4.18 of [Lan13b], we get the following corollary.

Corollary 3.1.16. There exists n € N* such that for any a > 0 and any (u,e) € A,
we have what follows. Consider the Cauchy problem for the water wave problem (3.1)
with, initial conditions (o, o) € WoT™L(R) x Wet™LY(R) satisfying the non-cavitation
assumption (3.3), and denote by ((, ) the corresponding solution. There ezists a solution
(r,s) of the Hamiltonian system (3.9) which satisfies the following property : denote by
(Cwh, Ywn) the solution defined by (3.10), then for all times t € [0 %], one has

> max (u,e

|(¢ = Cwn, ¥ — Ywn)| o frar < 0(52 + (pe + EQ)t),

where C,T7" = C(:—, tmax, [Colwatn, [olyyatnsr). See (3.51) for the initial conditions

hmin )

(ro, So) associated with (r,s).

3.1.3 Outline

In Section 3.2 we prove Proposition 3.1.6 and Proposition 3.1.11. In Subection 3.2.1
we focus on the proof of Proposition 3.1.6 using symbolic calculus to diagonalize system
(3.5) (see remark 3.1.7). In Subection 3.2.2 we prove Proposition 3.1.11 using a local
well-posedness result (see Proposition 3.2.9) and a stability result (see Proposition 3.2.13)
on the diagonalized system (3.6). Then we prove Proposition 3.1.12.

The Section 3.3 is dedicated to the proof of Theorem 3.1.14. In Subection 3.3.1

we do a first approximation of the water waves’ Hamiltonian by the one of a specific
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Whitham-Boussinesq similar to (3.5) (see Proposition 3.3.2). Then we do a simple change
of unknowns separating the waves into a right and left front (see Proposition 3.3.5). In
Subection 3.3.2 we apply the generalised Birkhoff’s algorithm for almost smooth functions
to the Hamiltonian obtained in the previous subsection. It gives an explicit transformation
(3.41) allowing to pass from the latter Hamiltonian to the one of a system composed
of two decoupled Whitham equations (see Property 3.3.20 and remark 3.3.22) at the
desired order of precision. In Subection 3.3.3 we prove the existence of solutions of the two
decoupled Whitham equations in the suitable Sobolev spaces W*!(R) for every integer
a > 0 (see lemma 3.3.23). Then we prove an intermediate theorem (see Theorem 3.3.24)
which describes the action of the transformation resulting from the generalised Birkhoff’s
algorithm on the two decoupled Whitham equations. At the end, we prove Theorem 3.1.14
and corollary 3.1.16.

3.2 Derivation of the Whitham equations from the
Riemann invariants of a Whitham-Boussinesq sys-

tem

The goal of this section is to prove the Propositions 3.1.6 and 3.1.11.

We consider the following Whitham-Boussinesq equations.

0 + 0pv + €0, (Q)v + eCopv = 0,

(3.11)
O + Fi [0.C] + evv =0,

where v = F2[0,1] = %[&M. Using Proposition 1.15 of [Eme20] we easily get the

following proposition.

Proposition 3.2.1. Let pynax > 0. There exists n € N* and T > 0 such that for all
a > 0and p = (u,e) € A (see Definition 3.1.2), and for every solution ((,¢) €
([0, L}; H*(R) x Hot"(R)) to the water waves equations (3.1) one has

0iC + 0,v + €0, (Cv) = pueRy,

(3.12)
o + Fi[@xd + evd,v = peRy,

with ’RllHO‘7 |R2’HC’ < C(%aﬂmaxa |§|H°‘+"7 ’w‘H‘JJr"*l)'

min
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We say that the water waves equations are consistent with the Whitham-Boussinesq

equations (3.11) at precision order O(ue).

Remark 3.2.2. We only chose a Whitham-Boussinesq system fitted for the computations.
There exists a whole class of these systems. For example, one can add a reqularizing Fourier
multiplier such as Fi on the nonlinear terms of system (3.11) and still be precise at order

O(pe). The system thus obtained is

D¢ + Opv + eF20,[Cv] = 0,

(3.13)
O + Fi[axd + %Fi[v@xv] = 0.

In [DST19] the authors proved the local well-posedness of (3.13). The reasoning of this

section is the same for any Whitham-Boussinesq system such as the latter.

The system (3.11) is the starting point of our reasoning. We will adapt the method
used to derive the inviscid Burgers equations from the Nonlinear Shallow Water equations

which use the Riemann invariants of the latter.

Throughout this section we will use Notation 3.1.10.

3.2.1 Diagonalization of the Whitham-Boussinesq equations

In this subsection we formally diagonalize the system (3.11) to get Proposition 3.1.6.
Because of the consistency of the water waves equations with the system (3.11), we can
take ¢ and v solutions of the latter instead of taking solutions of the water waves equations.

For our purpose, we just need to prove the following proposition.

Proposition 3.2.3. Let pipnax > 0, there exists n € N such that for any o > 0 and
(¢,v) € C([0,L]; H*™™(R) x H*™(R)) solutions of system (3.11) satisfying the non-
cavitation hypothesis (3.3), the quantities

Vh—1

3

ut =2 +F, o], v =-2 +F; o, (3.14)

where h = 1+ e(, satisfy

Bput + (3 4 DF,[9,ut] = O(pe),

Opu~ + (e £ — 1)F,[0,u"] = O(pe).

(3.15)
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where I, = %.

Before proving this result, we recall some definition and classical results we need.

Definition 3.2.4. Let f(z) € C*(R) with n € N* be such that for any 0 < f < n,
108 f ()| < Cg, where Cg > 0 is a constant depending on 3. Let also u(€) € C*(R) be a
smooth function such that there exists m € Z for which ¥ > 0, |8§u(§)| < Cp(1+[¢))m1A,
where Cg > 0 is a constant depending on 3.

Then we define the operator Op(fu) as follow : for any sufficiently regular functions v

we have
Op(fu)o(z) = f(z)u(D)[v](x),
where u(D) is the Fourier multiplier associated with the function u.

V]
satisfies the condition in the previous Definition 3.2.4. Idem for its inverse or its square.

Remark 3.2.5. The function F,(§) = ,/M defining the Fourier multiplier ¥,

Lemma 3.2.6. Let figay > 0. Let (e,p) € A={(g,p), 0<e<1, 0<p < pimax}- Let
G, be a Fourier multiplier for which there exists n € N* such that for any 8 > 0 and
we HO(R), [(Gy — Dlullis S ululose
— Let a > 0. Let also f be a function in H*™™(R). Then for any u € H* ™ (R), the
commutator (G, flu = G,[fu] — fG,[u] satisfies

HG,uaf]u|Ha = HGM - 17f]u‘H“ S M’f’HO‘+"’u|HQ+"'

— Let a > 0. Let also g be a function such that % is uniformly bounded in € in
H**t™(R). Then for any function u € H**"(R),

g—1
€

(G, glul e = [[Gp = 1,9 = Nulga < pel | mretn |ul praen.

Démonstration. Use product estimates 3.4.1. O

Property 3.2.7. The Fourier multiplier ¥, satisfies the assumption of Lemma 3.2.6 with
n = 2. Idem for its inverse or its square. The functions h, \'h and its inverse satisfy the

assumption on g of the same lemma.

Démonstration. We first prove the property on F,, its inverse and its square. Let F' :
Rt — RT be either o — /220E) 2y orxH%.WehaveF(O)zland

_r
z tanh (z)
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F’(0) = 0. Moreover F" is bounded in R*. So that using the Taylor-Lagrange inequality,

we get for any x € RT,
|F(x) — 1] < |F" |02 (3.16)

Let F be either F,, its inverse or its square. Let 8 > 0 and u € HP™?(R). Let also
AP = (1 — A)P/2 it commutes with F — 1. Using (3.16), we have

(F = D[l e = [AP(F = D[u]lz < |(F(/HIEN) = DAPuly S pll€PAPuly S plul o,

which is the result.

The fact that the function h satisfies the assumption on ¢ is obvious.

To prove the point on \/E, we just need to use composition estimates 3.4.2 with
Gx)=+v1+z—1

We now deal with ﬁ We remark that ﬁ —1= 1i}ﬁ T Then we use quotient estimates
3.4.3 (Vh > /i because ( satisfies the non-cavitation hypothesis (3.3)). We get

1

1
—— 1o < C(——, |Vh = 1| ymax o ) |V = 1| g
‘\/E |H— (\/m| |H <0))| |H
O
We now prove Proposition 3.2.3.
Démonstration. We can write system (3.11) under the form
oU + A(U)0,U =0,
h
where U := ¢ and A(U) = iv , with h =1+ &(.
v 2[o] ev
h
The symbol of operator A(U) is A(U,§) = iv , £ € R being the frequency
F2(§) ev

variable. So that for any smooth functions W = (wy, wy)?, for all z € R we have

AW (t,x) = Op(A(U, &) )W (t,z) = (E’U(t,w)un(t, x) + h(t, z)ws(t, x)) |

F2[wi](t, z) + ev(t, 2)wa(t, x)
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Now, we diagonalize A(U, ).

det(A(U,€) = D) = (z0 — \)2 = F2(€)h,

so that
A(UE) = PDP_I,
with
Vh Vvh Fu(€)
P = Fu(}é) _Fu(hﬁ) P—1 — 2vh % d D= ev + FH(§>\/E 0
1 1 _ﬁ 3 0 EV — Fﬂ(g) h

Based on the symbolic calculus we apply F,;* Op(P~") to the system :

F.1Op(P~HaU + F,* Op(P~) Op(A(U, €)) Op(PP~1),U = 0,
< F,'Op(P~")0,U + F," Op(D)F,F,' Op(P1)8,U = Ry, (3.17)

where

Ry =F,(Op(P~A(U,€)) — Op(P~") Op(A(U,¢)))0:
+F, 1 Op(PTHA(T, 5))( p(P)Op(P~") — Op(PP~ ))
+F, ' (Op(D) — Op(PA(U,¢)) Op(P)) Op(P‘l)ﬁxU.
We remark that for each operators F ', 9,, Op(P~'A(U,€)) and Op(P~") there exists
n € N such that for any 3 > 0, the operator is bounded from H?*"(R) to H?(R).

Lemma 3.2.8. Ry is of order O(ue).

Démonstration. There are three terms in ;. We deal with each of those separately.
— First term : for any W = (w1, wy) € H?(R) x H?(R) with 8 > 0,

(Op(P™A(U.€)) = Op(P™) Op(AW, OIW = -~ (‘[E]Lw+‘[fh’ﬁuw)
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Using Lemma 3.2.6 and h > Ay, we have

1 1
2vh 2Vh

— Second term : for any W = (wq,ws) € H?(R) x H?(R) with 8 > 0,

(Op(P) Op(P™") — I)W = (*/E[Fﬂl’ ﬁ]ml‘”]) .

[F,,ev]wy = O(ue) and [F, hlws = O(pue).

Wa
Using Lemma 3.2.6 and the boundedness of F,, and Vh we have

vﬁﬂFul,\}ElFuhuﬂ::<9<ﬂe»

— Third term : for any W = (w;,ws) € H?(R) x H?(R) with 8 > 0,
(Op(D) — Op(P~A(U,€)) Op(P))W

( = [F, — 1f1[m—w]aW¢mvwrwﬂ
S0 [F, — L VAIF, w; — wa] — 3[F2, VAR, w; — w)

Using Lemma 3.2.6, h > h;, and the boundedness of F ;1, we have

{mf[ -1 \/_] Hwy — ws] = O(pe),
5[5 \/E]Fu [wy — wa] = O(pe).

We continue the proof of Proposition 3.2.3. We compute F;' Op(P~")9,U :

1 1 R [atd + & o 8t(%\/ﬁ+%F;1[v])
F# OP(P )atU—F# ( [atd 8,51;) - (at(—i\/ﬁ‘f‘ ;F;l[’u])) + Rs,

where Ry = F ! e 2\/] tC) Here, to prove that Ry is of order O(ue), in addition of

' ([ Fu 2f]8tC

Lemma 3.2.6 we need a control of |0;(|ys for any 5 > 0. We get it using the first equation
of (3.11) and product estimates 3.4.1.
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The same computations for F,;* Op(P~")0,U gives

-1 “1 _ 81(%\/5—1— sEL )
F=1 Op(P~)0,U = <8w(—i\/ﬁ+§F“1[v])) + R,

.
F 1

>

where Rz = F ! (_[ i ]azg) is of order O(ue).

123 2\/5] x
So that

F.'Op(D)F,F," Op(P~")0,U
(EF;I[UFM[O]] + F [VAF2[o] 0 )
0 eF  [F,,[o]] — F [VAF2[o]]

{0V + ;)

)> + Ry, (3.18)

where Ry = F' Op(D)F,[Rs] = O(ue) because of the boundedness of the operators
F.', Op(D) and F,,.

Hence, we get

O(2Vh + 3F, ) + (eF, Hvo] + F, [\/_F [o]])Fu0a(2Vh + LF, 1)) = Rs,

O~V + 3F; o)) + (eF, wo] — Fu[ol])Fudu(—2vh + §F, [v]) = Rs,
where R5 and Rg are combinations of Ry, Rs, R3, Ry. They are of order O(ue). See also

that 10,v/h and 19,v/h are of order O(1)
But by Lemma 3.2.6, we know that for any w € H?(R) with 3 > 0, we have

[F., VhJw = O(ue) and [F;' 0w = O(p).

Mmoo

So

B, (V=L 1+ IR 1)) + (gF;l[v] + \/E)F#ax(\/f?;l LIRS = Ry,
O ==L AF ) + (2F; (o] = VR)F,0u(— L2 + 1F, o)) = R,

where R; and Ry are of order O(pue).
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We now denote

vVh—-1 1
+ et = + —F 'l
U . + 5 [v], w [v]

We get from (3.17) and the above :

Bput + (3T L 1)F,[0,ut] = O(pe),
Bpu~ + (eUEM — 1)F,[0,u~] = O(ue).

3.2.2 From the diagonalized Whitham-Boussinesq equations to
the Whitham equations

In this subsection we prove Proposition 3.1.11.
To prove the first part of the proposition, i.e. there exists a time 7" > 0 such that for
all times ¢ € [0, L], u™(¢,-) and u™ (¢, ) are of order O(u), we need local well-posedness

and stability results on the exact diagonalized system

Ot + (e3tue 4+ F [9,ut] = 0,
0

Dy + (€43 1)F, [0 u;] =
We begin by proving the local well-posedness of system (3.19).

Proposition 3.2.9. (local existence) Let (u,€) € A (see Definition 3.1.2). Let 1/2 < ty <

1, a > to+1 and ug,, ug, € H*(R). Then there exists a time T > 0 such that system (3.19)

admits a unique solution (uf,u;) € C([0, L]; H*(R)?) with initial conditions (ug, ug,.)-
Moreover = and SUP)<< T \ut | o + |ug | can be estimated by |ug | me, |ugelme, to,

Umax (and are independent of the parameters (u,e) € A).

Démonstration. System (3.19) is very similar to symmetric quasilinear hyperbolic systems.
The only difference is the presence of the non-local operator F,. The well-posedness of
such systems relies on the energy estimates (a priori estimates). We will establish them
here. For the rest of the proof, one can follow the one in [Mét08] where the author uses a

method of regularisation suitable for our system .
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. . ug (t)
First, remark that if we define U, (t) := ) and
ue

A(U,) = ((€3ue;_“e_ +1) 0 1)) . (3.20)

0 (6uj+23ug o
Then system (3.19) can be written under the form
oU. + A(U.)F,[0,U.] = 0. (3.21)

It justifies the following framework for energy estimates. Let 3 > 0, R € L*([0, L}; H*(R)?)
and U € L>=([0, L]; HmexBlot)(R)?). Let U € C°([0, L]; HA(R)?) N C*([0, L]; HP~1(R)?)

Y

solves the equation
oU + A(U)F,[0,U] = ¢R. (3.22)

Lemma 3.2.10. (Energy estimates of order 0) For all times t € [0, L],

t
U < O+ e [ [RE)

where (50,70 = C(T, ‘Q|Loc([0’%];Ht0+1)>

Démonstration. In what follows we will write (-, )y the scalar product in L?(R)?. Using

the fact that U solves equation (3.22) we get

1d
5&\[]\3 = (U, U)s = =(A(D)F,u[0,U], U)2 + £(R, U)y.
But A(U) is symmetric, so

(AU)F,[0,U),U)2 = (@,F,[U), AQYV )2 = ~(F,[U], (0, AWz — (U, F, AL,V
= (U], QAW )2 — (AQF[0.U). Uz — ([F AWYOU. U)o,
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30z u1+0zu2
g e POt 0
where 0, A(U) = e +30,uy | AN
g deurt30suy

O 2
([F, et 4] 0 ([F,, 2 0
[FM,A<Q)] = ( 0 [F“’gyl—;?’y? _ 1]) =& ( 0 [Fw ul—;3u2]) .
Hence
L4 e - L 0], (0, A) ) + ~(F,, AD)0LU, U)s + (R, U)s. (3.23)
odt! 12 gV kP LRI g 2 '

Then using Cauchy-Schwarz inequality we get
U 51UL < 51 (AU BIU ] + 3IFy ADOU UL + 2| RlafU
= LI < SI0.(AW)UL + 3 [[F,, ALNOU + <Rl
But by product estimates 3.4.1 we have
10:(AU))Uls < eC(|U] oo gyro+1) U] 2- (3.24)

Moreover by commutator estimates 3.4.5 with F, of order 0 and N°(F,,) < 1 (see Definition

3.4.4), we also have
I[F ., A(U)]0,Ul2 < 5O(|U|LmHt0+1)]U|2 (3.25)
So that
d
a|U|2 < eC(|U| o o) |Ul2 + €[ Rz < €60[Ul2 + €| Rl

where 6y = C(|U]; w jyto+1).

We integrate this inequality in time

t !
U]y < 90U (0)]5 + g/ == | R, dt!
0

t
< eS0T (0)], + ee®T / IR|,dt’.
0

It is the thesis with vy = e%7.
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Using this lemma, we get the energy estimates of order .

: : T
Lemma 3.2.11. (Energy estimates of order 3) For all times t € [0, 7],

t
Ul < e UO)] 135 + 9 [ IRE) o

where 65,75 = C(T, |Q\Loo([07%];Hmax(a,t0+1))).
Démonstration. Let A? := (1 — 02)%/2. Then |APU|, is equivalent to |U|ys. Applying A?
to (3.22) we have

AU + AP[A(U)F ,[0,U]] = eA°R
= O,NU + A(U)F ,[0,A°U] = eA°R + e Bs(U)F,[0.U],

where

By = L (Whe e 1 0 AT

Using commutator estimates 3.4.5 and the boundedness of F,, we get
|B/B(Q)FM[0$U] |2 5 |Q|L?0H;nax (to+1.8) |U|HB

Then we use the energy estimates of order 0 (see Lemma 3.2.10) to get

t t
U] s < 5|0 (0)] s +mo/0 |R| s +e%/0 |B5(U),Uls dt’

t t
S EMNUO) s +C(T, U s o) /O U | e dt' +e70 /0 R dt”

It only remains to use Gronwall’s lemma to get the result. O]
This concludes the proof of Proposition 3.2.9. O]

+
u@

Ue

Corollary 3.2.12. Let tg > 1/2 and o > to+ 1. Let U, = ( ) e ([0, T}, H*(R)?)
solves the exact diagonalized system (3.19) with u, (0) = O(u), then for all times [0, L]
u; = O(p). If instead we take u}(0) = O(u) then for all times [0, L], u} = O(u).

£

)
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Démonstration. Using energy estimates of Lemma 3.2.11 on the equation on u_ of system
(3.19), we get

[ug |ge < C(T,|Ue|pse e ) ug (0)]go.

It gives the result on u_. We do the same for u} with the other equation of (3.19). [

Ue

+
Proposition 3.2.13. (Stability) Let to > 1/2 and a > to + 1. Let U, = (ue) €

ut

C([0, L], H*(R)?) solve the exact diagonalized system (3.19) and U = e C([0, L], H*(R)?),

u
defined from sufficiently regular solutions of the water waves equations satisfying the non-

cavitation hypothesis (3.3) through the formulas (3.14). By Proposition 3.2.3, we have

{&Ue + A(Ue)F [0, Uc] = 0, (3.26)

O,U + A(U)F,[0,U] = peR,

where A is defined by (3.20) and R € L>([0, L], H*(R)?) is uniformly bounded in (1) €
A.
Then for all times t € [0, L], we have

|Ue = Ulpge < ca(|Ue(0) — U(0)| e + pet| Rl me ), (3.27)

where co = C(T, |Ue|eng, [U| oo grot1)-
In particular, if we take U.(0) = U(0) and u™(0) = O(u), then for all times t € [0, L],

If instead, we take u*(0) = O(u), then for all times ¢ € [0, L],
ut = O0(p).
Démonstration. First we subtract the two equations of (3.26), we get

0,(U, — U) + A(U)Fu[0.(U. — U)| = —e(uR + 1(A(Ue) — A(U))F,[0,U)).
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We use the estimates of order o from Lemma 3.2.11

t
U, — Ulpga <= |UL(0) = U(0)| e + £7a /0 (LRt e dt’

T /Ot 1|(A(U€) — AU))F[0,0] | e

But using product estimates 3.4.1, the algebra properties of H%(R) and the boundedness

of F,,, we have
[(A(Ue) = A(U))F[0:U]| e S €|Ue — Ulge|Ul g1
So that using Gronwall’s lemma we get

t t ’
Ue = Uligo < | U0) = U)o+ 27 [ |uR() 1ot |7 o Ve
0

E’Yat‘U|L?ng+1

< O(T, |Ue|rge e )(|Ue(0) = U(0)| e + pet| R pge e e ,

which is the first part of the result.
Now if we suppose U.(0) = U(0) and u~(0) = O(u), then for all times ¢ € [0, L], we

7€

have
[u™|ge < |u; —u”|ge + [ug |ge < peaT|R| Lo e + |ug |ma.

Using Corollary 3.2.12 we get the result. We do the same if u™(0) = O(u). O
We now have all the elements to prove Proposition 3.1.11.

Démonstration. Supposing u~(0) = O(u), we have for all times ¢ € [0, L], ceu™(t) = O(ue)

(see Proposition 3.2.13). But u~ and u™ solve the first equation of (3.15). So

ou™ + F,[0,u™] + 326u+8xu+ = O(ue). (3.28)

The last equivalence coming from product estimates 3.4.1 and |(F, — 1)[u]|gs S plu|gs+2
for any 3 > 0 and u in H**2(R).
Supposing instead u*(0) = O(u), we have for all times ¢t € [0, L], eut(t) = O(ue).

Ve
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Then, the second equation of (3.15) gives

o~ —F,[0,u”] + ?);u_ﬁzu_ = O(ue).

It only remains to prove Proposition 3.1.12.

+
Démonstration. Let U, = | ¢

€ C([0, L], H*(R)?) solve the system (3.19), with the

Ue

initial data ug, = O(u) and uly, defined by ((o, ¢hy) through the formulas (3.4). By the
energy estimates of Lemma 3.2.11 applied on the second equation of system (3.19), we get
for all times ¢ € [0, L],

g e < Clu (0] e,

where C,T™" = C (52—, ftmaxs [Col zratn s 10| frasns1). So that u™ € C([0, L], H*(R)), solution

of the Whitham equation (which is well-posed in the Sobolev space H*(R) [EEP15])

3
out + F,[0,u™] + §u+8xu+ =0,

satisfies (see (3.28))

3ut 4+ u,

5+ DF,[0,u™] = peR,

(9tu+ + (E

where R is uniformly bounded in (u,¢) in H*(R). Using the stability estimates (3.27),
+

e

with U = (“

) and U.(0) = U(0), we have for all times ¢ € [0, L],
u

lulr — vt |ge < Cpet,

e

Where Ca Til - C(Klma Hmax, |C0|HO‘+”; |77Z}O|Ha+n+1)~
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Thus by Corollary 3.1.8 we have for all times ¢ € [0, g],

(¢ = Cwnt ¥ — Ywni )| e ot SI(C = Ces ¥ = Ye) | gas prass
+(Ce = Wit s Ve — Ywht )| g ot
<O(Jug oer + pet)
<Clluz ol + 1),

where 07 T_l - O(ﬁ, Mmax, |<O‘HU¢+"L, ¢O|Ha+n+1)-

The reasoning is the same if instead u} (0) = O(u). O

3.3 Decoupling the water waves equations into two

Whitham equations

The goal of this section is to prove Theorem 3.1.14. In the previous section, we proved
the consistency (see Proposition 3.2.1 for the definition) of the water waves equations
with the Whitham equations at a precision order O(ue) in the shallow water regime
A =10 < 1 < fmax, 0 < € < 1} (see Proposition 3.2.3). For that purpose we made
a restrictive hypothesis on the initial conditions. We supposed either v~ (0) = O(u) or
ut(0) = O(p) (see Notation 3.1.10). In this section we use a generalisation of Birkhoff’s
normal form algorithm for almost smooth Hamiltonians, introduced by Bambusi in [Bam?20],
on the water waves Hamiltonian. It will allow us to decouple the water waves equations into
two Whitham equations satisfied by the two front waves, at a precision order O(ue + £2)
in the shallow water regime, without any assumption of smallness on the initial conditions.

We will only recall the elements of Bambusi’s theory which are useful to understand
our reasoning. For more details see [Bam20).

In this section we always suppose the parameters (u,€) in A. Moreover every « will be

a positive integer.
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3.3.1 From the water waves equations to a Whitham-Boussinesq

system

The starting point is the Hamiltonian of the water waves system
1 9 1 1
Huw — f/ ¢ dx+—/ =G leCl dx . (3.29)
2 Jr 2R "

We use the first shallow water estimates of Proposition 1.8 in [Eme20], which we recall

here for the sake of clarity.
Proposition 3.3.1. Let « > 0, and ( € H*™(R) be such that (3.3) is satisfied. Let
Y € HOH3(R), then

|ig“[ecw T O (hF2 (V) a0 < M (e + )] gasa,

where h = 1+ eC and for any 8 > 2, M(pB) == C(ﬁ{m,ﬂmax, ¢ ).
Démonstration. See the proof of Proposition 1.8 in [Eme20]. [

Proposition 3.3.2. Let Hww be the Hamiltonian of the water waves equations (3.29).
Then for any o > 0 and any (¢, 1)) € H*(R) x H*4(R) we have

|JVHWW — JV(H@ -+ €H1)’Ha><Ha+1 < ,USM(O& + 4)’¢‘Ha+4, (330)

0 1

where J =
5

),Hmzé&C%k+§&WA@MV¢HdeM=QMC@A@MVdX

Démonstration. We defined Hww as the Hamiltonian of the water waves equations, so

1
29" eClY
JVHWW - ( € g € (lgu[EC]"Z)‘f’gaxCa:cw)Q : (331)
_C _ §(ax¢)2 + % = 1+e20(02C)2
We can easily compute JV(Hy + cH;), we get
—F2[02¢] — F,[0:(eCF [0,
IV (Hy + £H,) = ( O] = FulO:(ECE 0 W) . (3.32)
—C = E(Fu[aww])
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We compare the first term of (3.31) and (3.32).

|ig“[acw T F2[020] + F [0, (eCF 006 e

gr;gu[scw + 0o (W3[0 e + (Fy = 1) [0 (eCF[04]D] 1o + 02 (eC(Fu = 1)Fu[000]) 7o

Hence, using Proposition 3.3.1, the fact that for any v € H*™(R), |(F, — 1)[u]|ge <

~Y

pt|u] ga+2 and product estimates 3.4.1, we get
1
lﬁg“[ﬁCW + FL020) + F 00 (eCFL [0 e S peM(a+ 4) 4| grasa

Then we compare the second term of (3.31) and (3.32). We first remark that there is
a part of (3.31) which is clearly of order O(ue), we start by estimate it using quotient
estimates 3.4.3, product estimates 3.4.1 and Proposition 3.4.6

(LGH[=Clup + 20,0, )?

|GG [ecNY +20:00:0)°
1+ e20(9,C)?

1 +e21(0:¢)?

Ha+1 Hoz+1

1
<C(ftmax, I(axé)leaH)l(;g"‘[ffCW +£0,€0:9)? | ot

1
<C(ftmax; |C|H“+2)|ﬁgﬂ[5dw + 5axgam¢|§{a+l

<M (o + 3)[th] ecss.

Then, it only remains to see that using product estimates 3.4.1 and |(F, — 1)[u]|g= <

plu|gase for any u € H*(R), we have

[(0590)* = (Ful0s])?| pros <[(029)* — (Ful0st)])?[ 101
<1029 = Ful0ut]| o100t + F O] orr S plt)lrasal Pl jrase.

This ends the proof. O

Remark 3.3.3. — When deriving the Hamilton’s equations associated with Hy + € Hy
we get the following Whitham-Boussinesq system

OC + F2[020] + <F, 0, [CF, [0,4]] = 0,
Ot 4+ 5(F,[0,4]) = 0.
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3.8. Decoupling the water waves equations into two Whitham equations

It is equivalent to the system (3.11) at a precision order O(ue).
— We could approzimate the Hamiltonian Hyww with any other perturbation of Hy+¢cH,
of order O(ug). It wouldn’t change the reasoning. Our choice is made to simplify

the computations.

Notations 3.3.4. We will denote by EO +5H1 the Hamiltonian Hy+ e Hq rewritten in the
0 —0.

-0, 0

We recall that a change of unknowns T (n,w) turns the initial Poisson tensor, denoted J,

into (aaF )J(aaF ) , where * is the adjoint in L*(R)?.

(nw) (nyw)

variables (C,v) where v = 0,3). It is associated with the Poisson tensor J =

Before applying Birkhoff’s algorithm, we change the unknowns of the approximated
Hamiltonian Hy + ¢ H; with those usually used to diagonalize the linear part of the water

waves equations.

Proposition 3.3.5. Let r and s be defined as

L CHROY] (-0

: : 3.33
uot, . (33

We have

(Ho + eHy)(C,v) = (Ho 4 eHy)(C,0) = /R(r2 + 5%) dx +§ /(7’3 + 5%) dx —g /R(T2S + 7s%) dx.
(3.34)

We will denote the later Hamiltonian Hgw(r,s). The Poisson tensor associated with is

F,0,
Jo=| 2 FOB .
0 =5

Démonstration. Easy computations. O

For later purposes we also define the inverse of the transformation (3.33).

Property 3.3.6. Let a > 0 and Tp : H*TY(R) x H*™Y(R) — H*(R) x H*(R) be defined
by

To(r, s) = (F_:[:i S]) . (3.35)

Then (Hy + eHy)(To(r, s)) = Hgw(r, s).
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Démonstration. For any a > 0 and any u € H**'(R), we have [F ' [u]|ge < |u[gesr. O
To separate each important part of the Hamiltonian Hgw we set some notations.

Notations 3.3.7. Let

L= [p(r* 4+ s?) dx,
Z =3 [(r*+ %) dx,
W= —3 Jp(r?s +rs?) dx.

We have
HBW =L+eZ+cW.

Remark 3.3.8. Our goal is to decouple the equations associated with the Hamiltonian

Hygw. We remark that only W gives coupled terms in the Hamilton’s equations.

3.3.2 Application of Birkhoff’s algorithm

We suppose first that all our objects of study are smooth. If G(r, s) is a smooth function

then it’s corresponding Hamilton’s equations are

0, (T> = J,VG.
S

We will denote by ®%, the corresponding flow.
If F(r,s) is another smooth function, we denote the Lie derivative of F' with respect
to G by

{Fv G}N = (VFa JHVG)a

where (-, ) denotes the scalar product in L?(R)?2.

Property 3.3.9. Let G(r,s) be a smooth function and ®t, its flow associated with the

Poisson tensor J,. Let also F(r,s) be another smooth function. Then

Fo®f =F+e{F,G},+ O().
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3.8. Decoupling the water waves equations into two Whitham equations

Démonstration. See Subsection 4.1 in [Bam20)]. O

Suppose for now that in our case the Hamiltonian Hgyw is smooth. Then for any smooth
function G(r,s) we get

HBW o (I)zv =L+ 8{[/, G}M +eZ + W + O(€2>.

Remark 3.3.10. Here it seems that to get a normal form at the order of precision O(g?),

we need G to solve the homological equation
{L,G},+W =0. (3.36)
In [Bam?20], the author gave the solution of such equations. If

lim W (®]) + W (7" = 0, (3.37)

T—+00

(in our case, we can prove this assumption using a Littlewood-Paley decomposition) then
the solution of (3.36) is

G(r,s) = —;/ngn(T)W(CDE(T, s))dr, (3.38)

at the additional condition that the above function is well-defined.

However the latter condition is not easy to verify in general. We expose here a naive
attempt to do so in our context.

The flow ®7 satisfy

d T T

E(I)L = J,VL(®}).
So that

efiDFM‘rr
‘1)2(7”7 S) = (eiDF”TS) ’
and
1 . . 1/ . A
W(®7(r,s)) = ) (e_ZDF“TT)QeZDF”Ts dx —— / (e’DF“Ts)Qe_’DF“TT dx.
R R
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So

W(@E(rs)| < [ e PPrPlePs] dx+ [ [P Ple PPy dx
R R

< |eiDF#TS‘OO‘€71‘DFHTT|§ 4 |€7iDF“TT|OO‘€iDF“TS|§.

1DF,T

But |eP¥uTr|y = |r|y, and the dispersive estimates only give a decay in time of |e 800

and |e""PFuTr| o of order 1/771/% [Bull6].
The idea to overcome this issue is to only solve an approzimation of the homological

equation at order O(ue).

~0,/2 0\
0 0,/2)

We define another Lie derivative, associated with the Poisson tensor Jgip := (
{L7 G}Simp = (VL, JsimpVG>
Property 3.3.11. We have

{L7 G},u - {L7 G}Simp + O(:u)

Fu0
y . s . ——4= 0
Démonstration. By definition {L, G}, = (VL, J,VG), with J, = ( 02 Fuaz). So

{L’ G}M - {L7 G}Simp = ((VLv (Ju - JSimp)VG)7

F,—1
_Fu 0
with J, — Jsimp = 02 Fu_l). But for any a > 0 and any v € H*"(R), we have
2
(Fy = Do S plulose s

The Lie derivative associated with the Poisson tensor Jgmp, is the same one as in Bam-
busi’s article. To write an explicit expression of the solution of the simplified homological

equation associated with
{L,G}smp + W =0, (3.39)

we need the definition of a classical primitive operator and some properties on it.
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3.8. Decoupling the water waves equations into two Whitham equations

Definition/Property 3.3.12. Let a > 0. We define the operator 0~' : W*(R) —
W*>(R) by the formula

0~ uly) = ; /R sgn(y — y1)u(y) dy, - (3.40)

Here are some properties on it :
— It is continuous.
— It is skew-adjoint for the scalar product in L*(R).
— Iflim, o u(z) + u(—x) = 0 (it is the case for any function v € WH(R), see
Corollary 8.9 in [Bré11]), then 0~ (d,u) = u.
— 0,(07'u) = u.

We can now write explicitly the solution of the simplified homological equation.

Proposition 3.3.13. Let W (r,s) = —3 [p(r?s + rs?) dx, and L(r, s) = [p(r* + s*)dx for
any (r,s) € WHYR). Then the solution of the simplified homological equation (3.39) is

G(r,s) = i/R[a—l(r?)s + 07 (r)s?] dx.

Démonstration. See Lemma 5.2 in [Bam20]. O

Here G is clearly well-defined for r and s in W*!(R) with @ > 1 large enough.
However there is another problem, G does not generate a flow. For that reason we use the
generalization of Birkhoft’s algorithm in the case of "almost smooth" functions depending

on small parameters (see [Bam20]). We recall here what is an almost smooth function.

Definition 3.3.14. Let {B*},>0 be a Banach scale. A map F(r, s, u,€) is said to be almost
smooth if YB3,y > 0, there exists § and an open neighbourhood of the originUd C B> x R xR
(where R x R is the domain of (u,¢€)), such that

FeC’(U,B xR xR).

Due to the definition of 97!, for the rest of the article, we will work with the Banach
scale {IW*H(R) x WL(R)}4s0. If
— for any o > 0, there exists o/ > 0 such that the Poisson tensor J, is bounded from
W L(R) x W L(R) to W*H(R) x WeH(R),
— the function G(r, s) defined in Proposition 3.38 has an almost smooth vector field,

ie. J,VG is almost smooth, same for {L, G'}imp,
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then the theory developed in [Bam20] gives the existence of a transformation 7g such that

HpwoTp = L+e{L,G}, +eZ +eW + O(e?)
= L ‘I— E{L,G}simp + EZ + €W + O(Mf‘: + 52)
=L+¢eZ+O(ue + &%),

where A = B + O(u*e') now means o ? has an almost smooth vector field.

We verify the latter two condltlons.

Property 3.3.15. For any o > 0 the Fourier multiplier ¥, is bounded from WTH1(R)
to WY(R). In particular, the Poisson tensor J,, is bounded from Wot3H(R) x Wot21(R)
to WoH(R) x W*L(R).

The inverse Fourier multiplier of ¥,,, denoted F;l = %, is bounded from
Wor2HR) to W*H(R).

Démonstration. First, we remark that we only need to prove the boundedness of F, in
WH(R) — LY(R). To do so, we consider an even cutoff function x € C*((—2,2)) such
that x(§) =1 for |{] < 1. Let f be in WHH(R), we can decompose F,[f] into

0)= [ [ e RO @) dyds + [ [ e OTIEEL ()1 = () (y) dy dg
=0 + I.

We deal with each term separately.
— We begin with I;. We can write it using the inverse Fourier transform, denoted
here F~1 :

hi= [ [ e BN y) dy d = FUEOX(E)] * .

Using Young’s inequality, we get

[FHELOXE)] * [l < |FHEL(OXE]] 1|l

But

F X S 1FLE)x(E))
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3.8. Decoupling the water waves equations into two Whitham equations

And V¢ € R |F ()], 1F(§)] < 1, 50 FHEL(E)x(E)] is in L'(R). It finishes the case
of ]1.

— Now we deal with I5. Doing an integration by parts, we obtain

e R0 @) dyde = [ [ e <—x<5>>ayf<y>dydf

Ful§)

=F i

(1- X(ﬁ))] 0y f

Using again Young’s inequality, we get

P 0 ) <ol <17 L - (@l

But

1)
7

Fu(©)

(1 =xE)er ic (1= x(E)a-

So f*l[F‘;iég)(l —x(€))] € L*(R). Tt finishes the case of .
At the end, we have |F,[f]|;1 < |Li]p + | L2|p S| flwra.

With the same process we obtain the result on F!

S (1—x(€))] in LY). O

Property 3.3.16. The function G(r,s) defined in Proposition 3.5.13 and {L, G }smp have

an almost smooth vector field.

(we need a second integration by

parts in the high frequencies to get F— [

Démonstration. First we have 20,G = —rd~'(s) — 107" (s?), where we used the skew-
adjoint property of 0~*. So —2F,,[0,0,G] = F,[0,(r)0~'(s)] + F,[rs] + iF,[s*]. But for
any a > 0, F,, is bounded from WrH1(R) to W*!(R), and WT1(R) is an algebra. We
also know that 7! is a linear operator bounded from Wth1(R) to WT1>°(R) | and the
product of a WoTH(R) with a W*THH(R) function is still in W*th1(R). Combining all
these elements, we get the result for G.

The same arguments give the result for {L, G }simp- ]

We have an explicit formulation of the transformation 7g given by (4.25) in [Bam20],

taking X = Jump VG, on which we can do precise estimates.
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Proposition 3.3.17. Let a > 0 and Tg : W*THHR) x WL R) — WoL(R) x W(R)
be defined by

r

Ts(r,s) = ( (3.41)

y -1 € €2
) + 5JsimPVG(T7 S) — (T + 4al‘(r>a (S) —+ 4’]"8 + 85 ) |

s $+ 20,(s)07 ! (r) + §rs + gr?

Then
HpwoTg = L +¢eZ + O(pe + &°)

Démonstration. Let r,s € WoTLI(R). The latter Sobolev space in an algebra, so the only

terms we need to look at are 9,70~ 's and 9,50~ 'r. We have
|ag;(7“)3718|wa,1 S |871$|Wa,oo|aw7”|wa’1.

Here using the continuity of 9~ from L!(R) to L>(R) for any 8 > 0 and the third property
of Definition/Property 3.3.12, we get

|6718|Wa,oo 5 |S|L1 lf o = O,
107 s|wace S sl + X 0207 s e = |8|p0 + X |0710Ps| e S S|wen if > 1.
P B<a
(3.42)

Idem for the other term. Thus 75 : WetLL(R) x Wetbl(R) — WoH(R) x WoL(R).
From the definition of Hpw (see (3.34)) and (3.41) we have

Haw(Ta(r.)) = [

A <r2 + grax(r)ﬁ_ls + 37“23 + Zr32> dx

+/ <52 + gs&rs@’lr + %7’32 + 237“2) dx
R
—%/R(r% +r32)dx +%/R(r3 + 33) dx —1—0(52).

But using the skew-adjointness of 97! we get

JorO,rdtsdx = 4 [ 0,(r?*)0 tsdx = —3 [ 071 (9,r?)sdx = —1 [prisdx,

Jo 80,507 rdx =1 [ 0,(s)0 7 'rdx = —5 [ 07H(0,8%)rdx = =1 [ s%rdx.
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3.8. Decoupling the water waves equations into two Whitham equations

Thus

Hpw(Ts(r,s)) = /R(T2 + %) dx —l—% /R(r?’ + %) dx +0(e?)
= L(r,s) +eZ(r,s) + O(£?).

]

Remark 3.3.18. The theory developped in [Bam?20] tells us that the transformation Tg

should be Tg(r,s) = 7‘) +eJ,VG(r,s). But the precision we want is O(ue + £2), and
s

eJ,, = €Jsimp + O(pe).

The transformation (3.41) preserves the Hamiltonian structure associated with the

Poisson tensor J, at the order of precision O(ue + £2), see the following proposition.

Proposition 3.3.19. Let o > 0. Let r,s € WY (R) Let a(?;ﬁz) be the Jacobian matriz

of the transformation T'. We have

(8?72» J“<8i"7i>>* = Ju+ (p=+ )R,

where x is the adjoint in L*(R)? and R is linear operator such that for any U € H*™(R) x
HAMR), [RU ecare < Ot [Plwesa, [slpesan) U] oo e

Démonstration. We easily compute the Jacobian matrix of Ty :

OTs [ 1+55+207(s)0x(0)  20.(r)0 (o) + 5(r +s)
O(r,s)  \50u(5)07M(0) + 5(r+s) 145r+507(1d(o) |

Its L? adjoint is

P

(a?TB)Y _ ( 1+ 25— £9,(071(s)0)

(r+s)— Z@l(aa;(s)o))
(r+s5) = 5071(0:(r)o) 1+ §r—50:(07"(r)o).

Using the fact that both ;EE) and ( 6‘9(:(‘20 can be written under the form I, + O(e), we
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write

(o) o) = [apy 1)+ 14 (o) 1) + 1
OTs T
- (aon, s) Id) J“((a(r,s>) - Id)

+ (ﬂi) ~ L)+ Ju((a?ﬁ))* L) +

The first term is of order O(e?), we will estimate it later. The second and third terms are

* Q

of order O(e). We prove now that their addition is of order O(ue). We easily compute
both terms :

(T )= (—sFu[aAo)] — O (SFUO2)] (4 5)Ful0e (o) +ax<r>Fu[o1)’

a(r, s) —(r + 8)Fu[0:(0)] = Du(s)Fulo]  7F,[0,(0)] + & 1(r)F,[02(0)]
and

oTs \* ,\_¢ F,.[0:(071(5)0:(0))] —Fu[0:((r + 8)0)] + Fu[0:(s)o]
J“<(@<ﬁ 8>> [d> 8 (Fu[c‘?x((r +5)0)] — F,[0:(r)o] ~F,[0.(071(r)0x(0))] ) '

For now, we look at the first term of both matrices. For any u € H*™4(R)

[Fu[02(07 (8)0p)] = sFu[0zu] — 07" (5)F [0yl e
<|[Fyu; s]0sul e + |[F,, 0~ s]0zul o
=|[F, — 1;8]0,ulga + |[Fu — 1,07 's]0%u|ga.

But using Remark 3.2.7 and (3.42) we have

[Fy — 1,07 s]0zulme < plo™ (5)ulpase + |07 slwarace| (Fy — 1)[07ul o
5 M|a_18|Wa+2,oo|a§u|Ha+2

S M|S|WO¢+2,1|U,|H0¢+4.

Using algebra properties of H*™2(R) and the Sobolev embedding Wo31(R) c H*%(R),

we also have

I[F, — 1, s]0yulpe S pls|gote|u)gots S pls|warsa|u|gass.
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3.8. Decoupling the water waves equations into two Whitham equations

So that
|F[0:(07 (5)0pu)] — sFu[0pu] — 07 ($)F[03u] | e < puls|wers |u] grasa.

The same can be done for the addition of the fourth term of both matrices.
Now we look at the addition of the second term of both matrices. For any u € H*"3(R)

we have

Using Lemma 3.2.6 and the Sobolev embedding Wet*1(R) C H*™3(R), we get

|0:((r + $)Fu[u]) = Ou(s)Fpufu] = F[0:((r + s)u)] + Fu[0u(s)u e
<[0x([Fp, 7 + s]u) | e + [[Fpu, Ous]ul e
<|[F, — 1,7 + slu|ge+r + |[F, — 1, Ops|u| e
Si|r|moss + |8 gats)|uf go+s

SM(|T|Wa+4,1 + |S|Wa+4)|u|Ha+3.

The same can be done for the addition of the third term of both matrices. Thus we get for
any U € H*™(R) x H*™(R)

OTr 0T \*
'(a@:i) ~la) B+ ‘]<(a<>> — 1a)Uli S ee(frlsss + lslwesas) U] e

It remains to estimate (8‘9(32) — Id> JM(({?(E)) — Id>. Using the boundedness of F,
and the same tools as before, we get for any U € H*T3(R) x H*3(R)

|(6(T ]Z) - ]d> J”((@(rz)) B Id)UlHa SJ 620(‘7”"/‘/"‘*4717 |T|WW+4;1)|U|Ha+3.
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3.3.3 From the Hamiltonian of the Whitham-Boussinesq system

under normal form to two decoupled Whitham equations

In the previous subsections, we proved the existence of a transformation 7 such that
Hww o Tg =L+€Z+O(u€+e2)
1
= / (r* + s%) dx —1—55 /(r3 + 53) dx +O(pe + €%).
R

The equations associated with the Hamiltonian L + ¢Z and the Poisson tensor .J, are

easily computed.

Property 3.3.20. The Hamilton’s equations associated with the normal form L+ Z are

Or + F,[0,1] + 2F ,[ro,r] =0,
t N[ ] 2 U[ ] (343)
Ors — F,[0ps] — %Fu[sﬁms] =
Démonstration. The Hamilton’s equations are
r
Oy ( ) =J,V(L+¢eZ).
s
O

Notation 3.3.21. We write Hwy(r, s) := L(r,s) +Z(r, s).

Remark 3.3.22. The two equations (3.43) are almost two Whitham equations. One just
need to use that for any o > 0 and any u € H*T*(R) one has |(F, — 1)[u]|ge S plu]go+e

to get the existence of a remainder (Ry, Rs) controllable in Sobolev spaces H* such that

O + F 0,7 + £r0,r = peRy,
Oys — F,[0ps] — %s@xs = ueRs.

Lemma 3.3.23. Let 0 > 1/2 and a > 0. Then for any ro, so € W*T>Y(R) there exists a
time T > 0 such that both equations (3.43) admit a unique solutionr,s € C([0, L], H*(R)),
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3.8. Decoupling the water waves equations into two Whitham equations

with initial conditions ro and so, which satisfy for any times t € [0, %]

[r(®)lwer < (1 + 18)°C (ttmax, T, [ro|wossa),
[s(@)lwor S (1+ )’ C(ptmae, T, |so|wos).

In particular r,s € C([0, L], W*X(R)) are uniformly bounded in (u,e) for times t €

[0, s i) in WOH(R).

Moreover, for any 1o, Sg € W‘“”’I(R) both equations (3.43) admit a unique solution
r,s € C(]0, = ( uE)] wel(R)) N C([o, < ( ] Wet2H(R)) with initial conditions ry and
S0-

Démonstration. We have the Sobolev embeddings W ™51(R) ¢ H*"*(R) and the equa-
tions (3.43) are well-posed in these Sobolev spaces (see [EEP15]). So there exists 7' > 0
such that the latter equations admit a unique solution in C([0, ], H*™2(R)).

We do the rest of the reasoning for r. We use the Duhamel formula to say that
r(t) = e PFupy 4 2= / =IDF, [, ] dt

We prove first that |e=PFurg|yan < (14 wt)?|ro|ware.
We begin by doing the same reasoning as in the proof of Property 3.3.15. We remark
that we only need to prove the previous estimate in L'(R). Let x € C*((—2,2)) be a cutoff

function such that y (&) = 1 for [¢] < 1. We decompose e #P¥ury = e7#PFu=b)e=itDy  into
e_itD(F“_l)e_itDTO(:L‘) - F [ —it&(Fu(§)—1) ( )] ( —itD )

+ F [Gltf (25)g€>] * 8; ’I"o =1+ IQ

— We prove here that |I;]z1 < (1 + pt)2t|ro|r:. Using Young’s inequality, we get
|11 < JF e SO ()] ale™ ol a < [FH e O ()] | pafro 12

Now we pose G(z) = F e #FO-Dy(&)]. Let B € C®((—2,2)) be a cutoff
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function such that f(z) =1 for |z| < 1. We have for any 6 > 1/2

|Gl < BG| + (1= B)G 1

l‘e |L2|J]0G|L2.

We will prove the inequality |G|z < 1+ pt and interpolate it with the obvious
one |G| S 1.
We remark that
2G| 2 = |06z = |9(e7 OV (€))] 1o
But we have the two following estimates on F), : for any £ € R
[Fu(€) =1 S p€,  [FL(O)] S ue. (3.44)
So
|06 (e™ PO DX (€) |2 < H|(Fu (&) = Dx(€)lze +HEFLE)X(E) 22 + X (€)]ze S 1+ pt.
Then Hoélder’s inequality gives us
2G|z = |(2G)’ G| 12 < [(2G)°]10|G* 7 1,
with % = % + %. It remains to take p = % and ¢ = 1%9 to get
[2°G| 2 < [2GlL2|GI " S (1+ pt)”.

— We prove here that |I5|1 < (1 + put)?|ro|we1. Again we use Young’s inequality to
get

_ 11—
|]2|L1 < |]:—1[€zt§(Fu(§) 1)(2.5555)]|L1|T0|W271-

Then the rest of the proof is the same, with a little exception : here, using the
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estimates (3.44), we have

—i 1 —x(
‘85(6 t&(F,(8) 1)§2<)>|L2

E(FL(§) — D1 = x(§)€* + tEF, () (L — x(£)§” — X' (§)€* — 2(1 — x(§))¢
54

<] |2

S1+ pt.

Now we prove | f¢ e PR [rd,r] At [ypan S (14+put)? f3 |7]%ara dt’, so that for all times
t € [0, L] one has

2 [ PR [0 A s < (14 t)C s, T o)
< (14 )’ C(pmax, T [rolwssr).
Using what we did before, we have
'/ " IDEAR [ 0] At [y < / $e T PR 10 e dE
< 1t = ) |F o [rdur]lwesas dt'.
Using the continuity of F,, from W31(R) to W*r21(R) (see Property 3.3.15), we get
v " IDFAR [0 0] At e S (14 pt)? Ji rOur|aren dt

t
5 (1 + ,U/t)e‘/o ’T|§_Ia+4 dt/ .

It remains to prove that taking ro and sy in W(R), 9;r and ;s are in W*(R). We do
the reasoning for r. From what we proved above, r is in W™2Y(R). It is also solution of

the equation
3e
O+ F,[0pr] + ?Fu[raxr] = 0.
So that
|atr|Wa,1 /§|FH|:8$T:||WO“1 + |Fu[’l“az’l“]|wa,1

<|rlwatza 4+ |r0ur|warin S |r|fase.
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]

Theorem 3.3.24. Let o« > 0. Let r,s € C'([0, L], WT6L(R)) be solutions of the equations
(3.43). Let also Tg be the transformation (3.41), and define :

(TC) = Tg(r, s). (3.45)

Sc

Then, there exists R € C*([0, L], H*(R) x H*)(R), such that one has :

c T
O, (T ) = J,V(Hpw)(re, Sc) + (pe + eHR, Vte|o, g],

Sc

where Hgy is the Hamiltonian defined in (3.34) and |R|goxge < C(fmax, |7|wa+o1, |$|pa+ter).
In particular, R is uniformly bounded in (p,€) for times t € [0, —L—] in H*(R) x H*(R).

? Tax (,2)

Démonstration. The existence of the solutions (7, s) is given by the previous lemma 3.3.23.
Ti(r,s)\  (r+50:(r)07 s+ Srs + £s°
To(r,s)]  \s+ £0,(5)07'r + =rs + £
Hgw (see (3.34)) and Hwy, (see Notation 3.3.21), and the computations in the proof of

Proposition 3.3.17 we have

We write Tg(r,s) = ( ) By definition of

How(Ts(r,5) = [ (Ti(r.)? + To(r.9)?) e+ [(Tir,5)" + Talr, 5)°) dx

= [T Tl 5) + T )Tl 51

= Hwy(r, )
€ -1 € €22 (& -1 € € 2y2
y < / (T1(r, 8)* —1® + Ty(r, s)* — s) dx
2 Jr
€

—5 / (T1(r, 8)*Ty(r, 8) — r%s + Ty (r,5)Ts(r, 5)* — rs?) dx
R

So Hew(Tg(r,s)) = Hwn(r,s) + &2 [z p(r,s,0.(r)0's,0,(s)07'r) dx, where p : R* — R is
polynomial.

But (7, s¢) = Ts(r, s). So
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T
9(r.s)
Since r and s are solutions of the Hamilton’s equations associated with Hywy,, we have

Te ITs
815 (SC> = (9(’/’, S) JHV(HW}])(’I“, S)

where is the Jacobian matrix of Tg(r, s) computed in the proof of Proposition 3.3.19.

ITr oTx ) )
- W’IZ)JMV(HBME(T, 5)) — &2 a(r,i)‘]“v /R p(r, 5,04(r)0Ls, 0, (5)0~11) dx
_ 0T Ts \* 5, 0Ts B |
~O(r,s) J“<8(r, 8)) V (Hw)(re, sc) = 8(T,S)Juv/n§p(r’ $,0,(r)0™"s,0,(s)0" ") dx.

*

Moreover by Proposition 3.3.19, we know that 8TB J#(aa;r‘z ) = J, + (pe + €?)R, with
|RU HaxHo S C(/vbmaxy |T|Wa+4,1,‘ |Wa+4,l)|U|Ha+4 fOI‘ any U e Ha+4(R) X Ha+4(R) SO7

here, we need to estimate V(Hpw)(7c, s¢) in H*™(R) x H*™(R).

V(Hpw)(Ts(r, s)) = (QTl(T’ s) + %Tl(r, s)? — eTi(r,s)Ty(r, s) — $T(r, 5)2) '

2Ty(r, 8) + XTy(r,5)% — €Ty (r, 8)Ta(r, 5) — STy (r, 5)?

Combining the algebra properties of H*™(R) with the estimates

{|8$(T)81(S>Ha+4 § |8_1S|Wa+4,oo|a$r|Ha+4 5 |8|Wo¢+4,l|/r|Ho¢+5 S ’S‘V[/'DH»4,1|7”|I/Vo¢+6,17

102(8)07H (1) |mrevss S [rlwesan|s]weron
(see (3.42)), we have
IV (Hpw)(Ta(r, 8))[ets < C([[r|weren, [slwater).
It remains to prove that a 5TV Jrp (r,s,0:(r)07 s, 0,(s)0~'r) dx is in C*([0, L], H*(R) x

H*(R)).

The polynomial p is a linear combination of terms of the form
75" (0, (r)0 1 5)" (0, (5)0 1r)™,

where ny, ng, n3 and ny are non-negative integers such that ny +ns +ns+ny > 2. Moreover

J, V/ "2, (r)0 1 s)"3(0,(5)0 )™ dx = (Ml) ,

2
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where

M, = -IF

|02 (1572 (0,(r)0 5 @u(5)0 ) )|

+ﬁp8(“%@w8r"3%alwx (5)07 )" ﬂ
FLF, 11572 (0, (1) 01 )7 (s )™y (07 L)

M, = ;Fu[&;(r 18D, ()0 L5)™ (0,
—%F _

\_/I_l

|82 (D)3 ng (0 s) 1(896(3)8 Lip))na
|02 (5t @) a0, (07 ) )|

where we used 9,07 u = u when u € L'(R) (see Definition/Property 3.3.12). The property
N1+ ng +nz+mny > 2 implies that the terms containing 9~1s or ~!r are always multiplied
by a function in a Sobolev space W#1(R) with 3 > 0.

We recall now the expression of a?;ﬁi) :

a(r, s)

0Ty _ (1+Z3—|—381(s)8x(o) iax(r)al(o)ﬁ(rﬂ))
£0:(5)071(0) + 5(r+5) 145+ 2071 (1)0,(0) )

From the above computations we get

o0Ts -1
S v/ 7,5, 0p(1)01(5), B ()91 () dx

B M1 + ZSMl + %0 (s)@x( 1) + %8$(T)871(M2) + i(?" + S)MQ
£0,(5)07 (My) + S(r+ s) My + My + SrMy + £07 ' (r) 0, M,

(3.46)

(3.47)
We estimate the terms thus obtained. Using product estimates 3.4.1 and (3.42) we have
|sMi|me S |s] o[ Mi] e,

07 ()0: My lsre S 107 sl [ My goss S [l | Mo,

|3$(7’)3*1M1|Ha 5 |T|Ha+1|871M1|Wa,oo 5 |7"|Wa+2,1|M1|Wa1

Idem for the terms with Ms. So that it only remains to estimate M; and M,. We do it for
M. Using product estimates 3.4.1 and ny + ns + ng + ny > 2, we get

| M| e S0 r‘W‘l”O@’a ‘Wa+2°°’r’Ha+3‘S’Ha+3>
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where Ny, No, N3 and N, are non negative integers such that (N3, Ny) # (0,0). Then, using
(3.42) and Sobolev embeddings, we have

[Mi|pe S Jrliafiis sy

Moreover, using the continuity of F,, from W+ (R) to W*!(R) and the algbra properties
of WAL(R) for any 3 > 1, we get

| Mi|wenr S |a_lr|%1a+3,oo’a_ls|%2a+3,oo’r|lvvxfa+4,1|3|%4a+4,1 N |r|%ﬁjﬂf?’1 5|%2£]X41-

]

Combining Proposition 3.3.2 and Theorem 3.3.24 we get Theorem 3.1.14 which we

recall here for the sake of clarity.

Theorem 3.3.25. Let a > 0. Let r,s € C'([0, Z], W*T™1(R)) be solutions of the equations
(3.43). Let also Ti, Tp and Tg be the transformations of Definition 3.1.13 and define :

(CWh) = Ti(To(Ta(r, 5))). (3.48)
Uwn

Then, there exists R € C*([0, L], H*(R) x H*(R)), such that one has :

O (CWh) = JV(Hww)(Cwn, wn) + (pe +e*)R, Yt € [0, Z]’
Wh

where Hww is the Hamiltonian defined in (3.2) and |R| oy fra+1 < C(fmax, |7|wa+71, |S|wa+r1).
In particular, R is uniformly bounded in (u,e) for times t € [0, ma%(ue)] in H*(R) x
HQH(R).

Démonstration. We start by defining the quantities

(QWh) = To(Ts(r, s)). (3.49)

Uwh
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Differentiating (3.49) in time and using Theorem 3.3.24 we get

Cwn)  9Tp - OTs r
% (UWh) ~O(r, s) (Ts(r, ))8(7", s)at (s)

~ J0To 2y 9Tp
=0 s) (Te(r, $))JuV (Hw)(Ts(r,s)) + (ue + ¢ )8(“ ) (Ts(r, s)) R,
here 2o (Tg(r, 5)) = ! ! d Ry is the rest in Th 3.3.24. Usi
where a(r,s) B\I, S = F;l[o] _F;l[o an 118 e rest 1 eorem o.o0. . Sing

now Proposition 3.3.6 we get

Uwh

d; (gWh) = JV(Ho + eH))(To(Ta(r,s)) + (e + %) R
= JV(Hy + eHy)(Gwn, vwn) + (1€ + &%) Ro,

~ 0 -0,
where J = 3 and |Ra|gaxpge < C(|r|wae+ra, |$lwae+r1) (because for any 5 > 0
and any u € WAHLYY(R), [F, ' u]|gs S Julgs+rz S |ulys+). Changing the unknowns into

(Cwn, Ywn) we obtain

O (CWh) = JV(Ho + £H1)(Gwn, wn) + (pe + ) Rs,
Ywn

0

1
where J = ( O) and |R3| oy frar1 < C(|7|wa+r1, |s|wa+r1) So that

O (CWh) = JV(Hww)(Cwn, Ywn) + (JV(Ho + e H1)(Gwn, Ywn) — IV (Hww) (Gwn, Pwn))
Wh

+ (ue + %) R,.

Using Proposition 3.3.2 we get the result. The uniform boundedness in (u,e) for times
t €0, MXL(M)] of the remainder comes from the lemma 3.3.23. O

It only remains to prove Corollary 3.1.16.
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Démonstration. We construct (rg, so) such that

[T(To(Te(ro, 50))) = (Go, Yo)l ez S €7 (3.50)

We remark first that the transformations 7; and 7p are invertible with, for any 8 > 0,
T71 WALR) x WHAHLLR) — WALHR) x WHAL(R) and 75! : WHHLL(R) x WHHLL(R) —
WALR) x WPL(R) due to the continuity of F,, from WATL1(R) to W21(R). Moreover, by

definition (see (3.41)), we can write Tz under the form
B — Id + 87/\7;7

where Id is the identity and for any 8 > 0, T : WATLLH(R) x WAHHLY(R) — WAL(R) x
WAL(R). We define the transformation Ta* : WA+LL(R) x WAL R) — WAL(R) x WA L(R)
by

Ta™ =1d — Tp.

One has for any (n,w) € WPH2LHR) x WATZLR), Tp(Ti™(n, w)) = (W) + 2R where

w
|R|yws1xwer < C(Inlws+21, |w]we+21). So that

(r0, 50) = Tg™ (T5 ' (T (G, o)) (3.51)

satisfy (3.50). O

3.4 Technical Tools

Proposition 3.4.1. (Product estimates)
1. Letty>1/2, s > —tyg and f € H* N H*(R),g € H*(R). Then fg € H*(R) and

| fgle S |f| gmax oo | 9] e

2. Let ay,a2 € R be such that oy + as > 0. Then for all o < a; (j = 1,2) and
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a<ag+ay—1/2, and all f € H*'(R),g € H**(R), one has fg € H*(R) and
|falme S [ flaea|glaes

Démonstration. See Appendix B.1 in [Lan13b]. O

Proposition 3.4.2. (Composition estimates) Let G : R — R be a smooth function such
that G(0) = 0. Also, let to > 1/2, a > 0 and f € H™>*(02)(R). Then G(f) € H*(R) and

|G(f)|H“ < C(lf’Hm‘dX(tova))‘lea-

Démonstration. See Appendix B.1 in [Lan13b]. O

Proposition 3.4.3. (Quotient estimates) Let to > 1/2,a > —ty and ¢y > 0. Also let
f e H*R) and g € H*N H™(R) be such that for all z € R, one has 1+ g(X) > ¢y. Then
1_{—9 belongs to H*(R) and

f 1

\7nga < C(%? | 9] grmax t0.00 ) | f | e

Démonstration. See Appendix B.1 in [Lan13b]. O

Definition 3.4.4. We say that a Fourier multiplier F(D) is of order o (o € R) and write
FesS*iff e R F(§) € C is smooth and satisfies

VEeR, VB EN, sup(¢)’ 07 F(£)] < oo.
£ER

We also introduce the seminorm

N?(F)= sup sup(&)*~*0"F(¢)].
BEN,B<4 €€R

Proposition 3.4.5. Let tg > 1/2, « > 0 and F € 8. If f € H* N H"" then, for all
geH"

[[F(D), flgla < N*(F)|f| gpmax o +1.0 [g| o

Démonstration. See Appendix B.2 in [Lan13b] for a proof of this proposition. O
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Proposition 3.4.6. Let a > 2. Let ( € H*™(R) be such that (3.3) is satisfied and
¢ € H*t2(R). Then one has

I;G*‘[edw!m < M(5+ 2)|Y| o

Démonstration. This is a direct consequence of Theorem 3.15 in [Lan13b]. O
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Comparison of models for the

simulation of landslide generated

tsunamis
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Heinrich®, A. Paris?® et M. Parisot ®, lors du CEMRACS 2019. Le résultat de ce travail a
été publié dans le journal ESAIM : PROCEEDINGS AND SURVEYS en 2021, [Aud+21].

Abstract: In this paper, we analyze the rele-
vance of the use of the shallow water model and
the Boussinesq model to simulate tsunamis ge-
nerated by a landslide. In a first part, we deter-
mine if the two models are able to reproduce
waves generated by a landslide. Each model has
drawbacks but it seems that it is possible to use

them together to improve the simulations. In a
second part we try to recover the landslide dis-
placement from the generated wave. This pro-
blem is formulated as a minimization problem
and we limit the number of parameters to de-
termine assuming that the bottom can be well
described by an empirical law.
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4.1 Introduction

This work is devoted to the numerical comparison of three different fluid mechanics
models in simulating landslide tsunamis : the Navier-Stokes model, the Boussinesq model
and the shallow water model. The former is considered here as a reference since the
two latter are simplifications of it. However, its high computational cost and potential
numerical difficulties, such as an excessive numerical diffusion, the definition of boundaries
conditions or reflections at the boundaries, motivate the use of simplified models and make
the computed solution not always clearly closer to the reality for some applications such as
the simulation of tsunamis because of the large space scale involved. The simplified models
are based on a depth-averaging. For these reasons simulations are much less expensive
than with those solving the Navier-Stokes model. The shallow water model neglects the
dispersive effects by assuming a hydrostatic pressure. The Boussinesq model takes into
account the dispersive effects assuming small perturbation from a main water depth, but
it is based on a non-conservative form that can leads to wrong solutions in the case of
strongly variations of the free surface. A deeper description of the models is done in 4.2.2
as well as a description of the numerical strategy used to simulate them.

The depth-averaging models are largely used in the simulation of tsunamis [HP0O;
Héb+02; Le +03; Rod+13; Pou+17; Par+9a; Par+9b ; LMP12]. In particular, the shallow
water model is able to predict with a good accuracy the arrival time on the coast of the
tsunami. However the amplitude of the wave is not well predict by the shallow water
model, in particular second and third waves which are sometimes more destructive than
the first despite they are smaller. The Boussinesq model leads to a better description of
both the wave slope and the run-up area.

We address the question of the numerical strategy to recover the tsunami waves
generated by landslides. This question is not trivial at the scale of the application and
several strategies exist in the literature [Wat+03; GW05]. We propose to explore the
possibility to recover the bottom displacement from the free surface elevation using a
inverse problem of a simplified model. This strategy assumes two technical steps that have
to be first validated and this is the aim of this proceeding. In a first part 4.3, we investigate
the ability of the simplified models to reproduce the wave obtained by the reference model
(Navier-Stokes simulated by OpenFOAM). The important question lies on the strategy
used to represent the landslide and in the current work we propose to recover the bottom

displacement from the result of the reference model. The drawback of this strategy is that
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0.8 m

0.15 m

0.8 m L
9m

FIGURE 4.1 — Initial state of the test case. The landslide is in brown and the water is in
blue.

in practice, we do not want to simulate the reference model at the scale of the application.
In the second part 4.4, we investigate the possibility of recovering the bottom displacement
from the free surface elevation at given positions. Inverse problems of models that develop
discontinuous solutions are generally complex, see [FCD19]. Nevertheless, this preliminary

study tries to identify the main practical difficulties.

4.2 Description of the study

4.2.1 The test case

The test case we based our study on is inspired from the literature, in particular
[VSK14]. It is a 2D test case, where x € R is the horizontal coordinate and z € R is the
vertical coordinate, on an idealized bathymetry, called hereafter the substratum, defined
by

B(z) = max(0,D —x) — D (4.1)

with the offshore depth D = 0.15 m. The time coordinate will be denoted by t € R*. At
the initial state, the landslide is at rest and has the shape of a parallelogram of vertices
(x9,—D), (xg + L,—D), (xo+ L — H /H — D) and (xy — H, H — D). Several values of the
height H and the length L will be explored in the study. The water is initially at rest with
a flat free surface at 2 = 0 m. The initial state is illustrated on 4.1.

The boundary conditions depend on the model and are described in 4.2.2.
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4.2.2 The models and their numerical resolution

The numerical simulations of the landslide-generated waves were performed considering
three models : the Navier-Stokes model, the Boussinesq model and the shallow water
model. Because of their different mathematical properties, they are solved using different
numerical tools presented in what follows. Note that the numerical strategies presented
for each model are not the only ones existing in the literature. They have advantages as
well as drawbacks that we try to summarize in this subsection.

For the sake of simplicity, we do not consider the second horizontal direction y since
our test case does not depend on it. Note however that the models as well as the numerical
tools used in this work can take it into account, (i.e. 3D (x,y, z) simulations for the Navier-

Stokes model and 2D (z,y) simulations for the shallow water model and the Boussinesq
model).

4.2.2.1 OpenFOAM solver of the free surface incompressible Navier-Stokes

model

The fluid dynamics for macroscopic applications are classically described by the
incompressible Navier-Stokes equations. However, the modeling of tsunamis generated by
landslide also requires the description of the water surface, also called free surface, and
the description of the dynamics of the landslide. In this work we propose to adopt the
VOF (Volume Of Fluid) strategy, i.e. globally describes the flow solving the incompressible
Navier-Stokes equations in the whole computational domain with physical parameters such
as density and viscosity depending on the fluid locally present. More precisely, the fluid
is identified using the color function ¢(¢,x, z) € [0, 2] satisfying the following advection
equation

O+ u-Vo=0 (4.2)

where u(t, r,z) € R? is the velocity of the fluid. When ¢ = 0, ¢ = 1 and ¢ = 2 we consider
that the fluid is respectively the air, the water and the landslide. The velocity satisfies the

Navier-Stokes equations
p(Ou+u-Vu) = =Vp+ V- (uVu) + pge, (4.3)

where e, is the unit downward vector, g is the gravitational acceleration, p(¢) € R* is

the density of the fluid and u(¢) € RT its dynamic viscosity. These two parameters are
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piecewise linear reconstructions depending on the color function, i.e.

() = (1= @)ro + ¢ra ?fOSqﬁSl (8.4
2-9¢)r1+(p—1Dry if 1<p <2

where k stands for p and p and the parameter py (resp. po) stands for the density (resp.
viscosity) of the air, p; (resp. p1) stands for the density (resp. viscosity) of the water,
and po (resp. po) stands for the density (resp. viscosity) of the landslide. In this study
we set these parameters close to the physical values, i.e. py = 1 kg-m?, p; = 1000 kg-m?,
p2 = 1500 kg-m3, g = 1.48 - 1075 Pa-s, u; = 1073 Pa-s, uy = 2.222 Pa-s. The pressure

p(t, x) is such that the flow satisfies the divergence free condition, i.e.
V-u=0. (4.5)

The set of equations is completed by an initial condition and the boundary conditions

described in the test case, see 4.2.1.

The numerical approximation of the Navier-Stokes model is realized using the module
multiphaseInterFoam of the C++ open source software OpenFOAM (Open-source Field
Operation And Manipulation) [04].

We assume a slip boundary condition at the substratum z = B(z), i.e. u- VB = 0. The
friction at the substratum is neglected to limit the difference between the models. However,
it is not always clear how to translate a no-slip boundary condition or a Navier Boundary
condition from the Navier-Stokes model to the shallow water model or the Boussinesq
model. For computational reasons, we need to introduce a top boundary condition, set at
z = 0.65 m, and a left and right boundary conditions, set respectively at x = —0.65 m and
x = 8.35 m. All of them are defined as open boundary conditions. The space step is set in
the two directions to 5- 1072 m in order to limit the numerical diffusion. But it makes the
computation time fast enough to allow several sizes of landslides. The time step used for

the computations is set to 1073 s whereas the frequency of the output is set to 2- 1072 s.

4.2.2.2 Hydra solver of the shallow water model

The shallow water model is one of the simplest for hydrology. Its well understood

mathematical structure allowed very efficient and robust numerical computation. It can be
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derived from the multiphase Navier-Stokes model (4.2)—(4.5) integrating only the water
phase, i.e. ¢ = (1,0), for an irrotational flow and under a long-wave assumption [Lanl3a].

The classical form of the model reads

_ 7 L -~ (4.6)
Oi(hw) 4+ 0, (hu* + h") = ghd,d.
where h(t, ) is the water depth and (¢, z) is the main horizontal velocity. The bottom ele-

vation d(t, ) is an input of the model and we discuss further 4.3.1.1 the strategy to obtain it.

The shallow water model is solved using the numerical tools Hydra that is based on a
finite volume Godunov-type solver with MUSCL second order reconstruction and a second
order Runge-Kutta time scheme [Bou04]. The bathymetry source term is treated using the
hydrostatic reconstruction [Aud+04].

The left and right boundaries are set respectively at x = —0.65 m and x = 8.35 m and
open boundary conditions are used. Note that the open boundary condition is not treated
in the same way by the different models. The horizontal space domain was discretized with
an homogeneous grid of space step 5- 1072 m. We used an adaptive time step based on the
CFL condition with the CFL parameter set to 0.9. However, the outputs are separated in

time by 0.1 s.

4.2.2.3 AVALANCHE solver of the Boussinesq model

The Boussinesq model is largely used for the propagation of waves in ocean modeling.
It can be derived from the multiphase Navier-Stokes model (4.2)—(4.5) by integrating only
the water phase, i.e. ¢ = (1,0), for an irrotational flow, weakly nonlinear and weakly

dispersive [Lanl3a]. The Boussinesq model can be written under the form [LPGOS]

(9@ + @E(@) = —atd,

3 (4.7)
O+ ud,u = —g0,n + S O2(Ou) + $0,ud?u + do,dd, (Ou)

where n(t, x) is the free surface elevation, h(t, ) = 1 + d is the water depth, u(t, x) is the
main horizontal velocity. As for the shallow water model, the bottom elevation d(¢, ) is

an input of the model.
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The Boussinesq model is solved using the numerical tools AVALANCHE developed at
the CEA to simulate tsunamis (second order finite difference methods with Crank-Nicolson
time scheme). It was successfully used to study subaerial or submarine landslide tsunamis
[HP00; Héb+02; Le +03; Rod+13; Pou+17; Par+9a; Par+9b].

As well as in the case of the shallow water model, the friction is neglected and open
boundary conditions are considered at the left (z = —0.65 m) and right (z = 8.35 m)
boundaries. We use the same space step of 5-1073 m, an adaptive time step based on the
CFL condition with the CFL parameter set to 0.9 and the outputs are separated in time
by 0.1 s.

4.3 Comparison of models

4.3.1 The methodology

From the description of the models 4.2.2, an important difference can be noticed by
the fact that the simplified models (4.6) and (4.7) do not describe the dynamic of the
landslide but only the dynamic of the water. Several strategies exist in the literature to
model landslide using the same kind of simplified model [Zec+09; Fer+17]|. However the
difference of the dynamic of the landslide obtained by this strategy compared to the result
of the multiphase Navier-Stokes model (4.2)—(4.5) will make the comparison of the free
surface unclear. Since our study focus on the waves generation, we adopt another strategy
where the efficient bottom of the simplified model is not the substratum given in (4.1) but
is obtained by post-treatment of the OpenFOAM Navier-Stokes results, see 4.3.1.1.

We would like to point out another major difference to keep in mind in the comparison
of the models. The friction in the simplified models is neglected. This assumption is
consistent with the slip condition at the substratum in the simulation of the Navier-Stokes
model. However the bottom elevation is located at the interface between the landslide and
the water for the simplified models. Because of the viscosity of the landslide, a friction
should be considered when the landslide thickness does not vanish. Nevertheless, this value

is very difficult to identify and we assumed it small enough to be neglected.

4.3.1.1 Strategy of computation of the bottom displacement

In the current section we detail the computational strategy used to define the bottom
elevation in the simplified models (4.6) and (4.7). It is illustrated in 4.2.
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OpenFOAM probe time series
solver
|
Interface
. extraction probe time series
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Filtering Filtered bottom
probe time series

AVALANCHE --------- >

FIGURE 4.2 — Strategy of computation.

First of all, the multiphase Navier-Stokes model (4.2)—(4.5) is solved using Open-
FOAM.

For each output of this computation, we extracted the interface between the landlside
and the water, defined here as the surface satisfying ¢ = 1.5, to be used as the bottom
elevation for the simplified model (4.6) and (4.7). The interface extraction was realized
using the software ParaView that allowed to obtain series of points on each surface where
it crosses the mesh of the computation, so not regularly spaced. These series presented
some oscillations, probably coming from the VOF strategy, and were polluted by some
points at the substratum z = B(x), in particular when the landslide becomes thin.

To clean these files we applied a filter that first removed the points too close to the
substratum, i.e. z < B(x) + 5 - 1073, then we applied a Laplacian filter to smooth the
angular regions. Eventually we interpolated (linear interpolation with the left and right
closer points) the series on the mesh of the simplified models. We obtained a description
of the bottom elevation on the mesh of the simplified models at each output time of the
OpenFOAM simulation, see 4.3. However, because of the adaptive time step strategy, we
needed to interpolate these files during the computation to obtain the bottom elevation at
each time step of Hydra and AVALANCHE. Once again, a linear interpolation between

the closest past and future filtered bottom was used.

4.3.1.2 Simulated data based and treatment

Several simulations were performed using the strategy described in 4.3.1.1 by varying
the shape of the initial landslide block using the height H (between 0.2 and 0.5 m every 0.05
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F1GURE 4.3 — Illustration of the filtering process. Red line is the bottom after the extraction
step. Blue line is the bottom after the filtering step.

m) and the length L (between 0.1 and 0.6 m every 0.05 m), see 4.1. For each simulation,
we compared the time series of the free surface at some gauges. This strategy follows the
experimental process in which the free surface elevation is usually recovered only by some
buoys at given positions.

In a first time, we compare qualitatively the results of the different models. Our first
observation is that there are two distinct regions. In the area where the landslide is
moving, the predominant physical phenomenon is the generation of the wave due to the
variation of the bottom. Hereafter, we call this region the wave generation zone. The
comparisons in this zone are described in 4.3.2.1. Far from the landslide, the dynamic of
the wave is essentially a propagation phenomenon. Consequently, we call this region the
wave propagation zone. The comparisons in this zone are described in 4.3.2.2.

Obviously the most important region is at the transition between the two zones defined
above, around the place that the landslide finally reaches. In order to realize statistical
analysis, we would like to compare the flow at a unique position, ideally in the transition
area. However, it is not obvious how to clearly determine this point and it seems relevant
to not change the position of the probe depending on the landslide. Hopefully, for a large
majority of the simulated landslide, the right bound of the wave generation zone is close
to x = 1.15 m. So the probe x = 1.35 m seems very relevant because it is located just after
the place where the landslide stops for almost all the simulations. More precisely, among
the 77 simulations we ran, 61 were used to identify quantities of interest to characterize
the generated waves, see 4.3.2.3. In the other simulations, the landslide reaches the probe

x = 1.35 m, completely changing the results. We also highlight the regime of validity of
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the simplified models.

Eventually, in 4.3.2.4, we propose a numerical strategy trying to combine the best of
both simplified models by using one or another depending on the position : we use the
shallow water model (4.6) in the wave generation zone and the Boussinesq model (4.7)
in the wave propagation zone. This domain decomposition strategy is well known and
already used in the case of breaking waves, where the Boussinesq model is solved in the

propagation zone and the shallow water model in the surf zone [FKR16].

4.3.2 The numerical results

In the two first parts, we focus on four selected cases :
i) (H,L)=(0.25m,0.2 m),
0.3 m,0.4 m),
0.2 m,0.6 m),
0.45 m, 0.4 m).

1)
ii)
iii)

)

iv

(
(H, L) = (
(H,L) = (
(H,L) = (

4.3.2.1 Comparison in the wave generation zone

4.4 represents the time series of the water surface elevation for the four test cases at
gauge located at the border of their wave generation zone, i.e. case i) x = 0.55 m, case ii)
x = 0.75 m, case iii) z = 0.95 m and case iv) z = 1.15 m. In the same graphs we plot the
landslide thickness (red dashed line) when the landslide reaches the position of the probe.

We first observe that both simplified models, for which the dynamic of the landslide
was imposed as a given bathymetry, are very sensitive to the variation of the bathymetry.
Indeed, in the beginning of the red dashed line in each graph in 4.4, we can observe the
formation of peaks for the shallow water and the Boussinesq simulations. These peaks
seem artificial, due to our strategy of imposing the bottom displacement and the fact that
we do not have a proper energy closure. Studies in the literature that impose the landslide
displacement using the same kind of simplified model (for example[Zec+09; Fer+17])
do not present such kind of peaks. However the dynamic of the landslide is significantly
different.

We also observe that the shallow water model (4.6) presents qualitatively better results
than the Boussinesq model (4.7) in the wave generation zone. This behavior was observed
for all the test cases performed. Our explanation of this observation is that the Boussinesq

model is weakly nonlinear. It means the water elevation in the dispersive part of the model
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FIGURE 4.4 — Comparison between the results of the three models for four selected test
cases, in the wave generation zone. The top left corresponds to the case i) at the probe
x = 0.55 m. The top right corresponds to the case ii) at the probe z = 0.75 m. The bottom
left corresponds to the case iii) at the probe = 0.95 m. The bottom right corresponds to
the case iv) at the probe z = 1.15 m. Blue, orange and green lines represent respectively
the Navier-Stokes, the shallow water and the Boussinesq simulations. Red dashed line
represents the evolution of the bottom.
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FI1GURE 4.5 — Comparison between the results of the three models for four selected test
cases, in the wave generation zone. The top left corresponds to the case i) at the probe
x = 1.35 m. The top right corresponds to the case ii) at the probe z = 1.55 m. The bottom
left corresponds to the case iii) at the probe z = 1.75 m. The bottom right corresponds to
the case iv) at the probe z = 1.95 m. Blue, orange and green lines represent respectively
the Navier-Stokes, the shallow water and the Boussinesq simulations.

(RHS of the momentum equation) was replaced by the mean depth d. However in the
derivation of the model, the mean depth should not change in time, or at least much
slower than the free surface, which is not the case in our test case. In addition, we can
remark that the advection term of the Boussinesq model (LHS of the momentum equation)
is written in the non-conservative form. It is well known that this form is not suitable
for discontinuous solutions, at least in the case of the shallow water model, because it
leads to wrong weak solutions. It is generally not a problem for the Boussinesq model,
which does not develop discontinuous solutions. However, in our test case, because of the

discontinuous bottom, discontinuous solutions appear.
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FIGURE 4.6 — Comparison between the results of the three models with the same landslide
size. The top line corresponds to the parameters (H, L) = (0.25 m,0.45 m) while the
bottom line corresponds to the parameters (H, L) = (0.45 m,0.25 m). The left column
corresponds to a probe at x = 0.75 m (wave generation zone) while the right column
corresponds to a probe at x = 1.75 m (wave propagation zone).

4.3.2.2 Comparison in the wave propagation zone

Here we focus on the wave propagation zone for the same test cases as in 4.3.2.1. The
time series of the water surface elevation at the gauges case i) x = 1.35 m, case ii) z = 1.55
m, case iii) x = 1.75 m and case iv) z = 1.95 m are represented in 4.5. By definition of the
wave propagation zone, the bottom does not reach the gauges.

We remark that in the wave propagation zone, the shallow water is not always the best
model in recovering the results of the Navier-Stokes model. Moreover the results differ
strongly from one test case to another. While for the case i) and case iii) the Boussinesq
model is better, for the case iv) it is the shallow water model. Finally, for the case ii) both
models seem quite far from the Navier-Stokes solution.

In the simulations realized in this work, the Boussinesq model behaves better in the
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F1GURE 4.7 — Correlation between the initial energy in the landslide and the energy
transferred to the water. Each point corresponds to a parameter couple (H, L) while the
same color corresponds to the same H.

wave propagation zone for small landslides, while the shallow water model behaves better
for big landslides. One can explain this by the fact that the Boussinesq model is a better
model for the wave propagation since it takes into account the dispersive effects. However,
for big landslides and since the interactions with the moving bathymetry is worse than in
the case of the shallow water model, the error created during the wave generation cannot be
compensated in the propagation zone. Anyway this observation suggests that the quality of
the approximations given by the simplified models is related to the volume of the landslide.
However the results of case ii) and case iii) are too different in spite of the same volume of
the landslide. In 4.6, we show two simulations with the same volume of landslide leading
to different conclusions. The graphs on the top, for parameters (H, L) = (0.25 m, 0.45 m),
show better approximations with the shallow water model in the wave generation zone but
worse than the Boussinesq model in the propagation zone. The graphs on the bottom, for
parameters (H, L) = (0.45 m, 0.25 m), show better approximations with the shallow water
model in both zones, generation and propagation. In the next section, we investigate a
better criterion than the volume of the landslide to characterize the qualitative properties
of the two simplified models in matching the Navier-Stokes solutions.

For now, we may conclude that the volume of the landslide is not the most determining

criterium for the behavior of the shallow water model and the Boussinesq model. Instead,
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FIGURE 4.8 — Correlation between the amplitude of the wave and respectively the volume
of the landslide (left) and the energy transferred to the water (right).

we can suppose that there exists a more direct link with the energy transferred from the
landslide to the water. However, in practice it is not easy to measure aprior: the energy
transferred. We first show in 4.7 that the energy transferred from the landslide to the
water is strongly related to the initial energy of the landslide. More precisely, for all the
simulations we performed, between 50% and 60% of the initial energy was transferred
to the water. Let us detail how we compute the energies. Since the flow is initially at
rest, the initial energy of the landslide can be computed from its initial configuration, 7.e.

PO = P(t = 0) where P is the potential energy given by

P(t) =2 [(B(t,2) - B(x))de

where (¢, x) is the top interface of the landslide, i.e. ¢ = 1.5. This integral is computed
numerically from the output of OpenFOAM. Instead of the energy transferred, we can
easily compute the final potential energy, i.e. P(t = 2). At time t = 2 s the landslide is
at rest so all its energy is potential energy. By subtracting the two potential energies we
obtain the total energy lost by the landslide during its motion. In fact, it is not exactly
the energy transferred to the water (even if we neglect numerical artifices) because of
the landslide’s viscosity. However, once again we assume that the energy lost by viscosity

effects is negligible.

4.3.2.3 Quantities of interest and correlations between the models

The correlations between some physical quantities were investigated in the probe

located at the beginning of the wave propagation zone, i.e. x = 1.35 m. In case of linear
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FIGURE 4.9 — Deviation of the first wave at the chosen probe in term of time delay (left
column) and in term of amplitude (right column) of the shallow water model (first line)
and the Boussinesq model (second line).

correlation, we indicate on the graphs the coefficient of correlation R?. As the extent of
the wave generation zone is not the same for all the tests, the ones corresponding to the
biggest amounts of landslide were not considered when computing the correlation curves
presented here, since the selected gauges are in their wave generation zone, affecting the
quantities considered. Therefore, among the 77 test cases performed, 61 were retained for
the correlations.

First, we confirm our observation that the volume of the landslide does not characterize
well the wave generated. In 4.8, the left graph shows the correlation between the amplitude
of the wave generated by the landslide and the volume of the landslide. It is clear that an
information is missing. The right graph illustrates the correlation between the amplitude
and the energy transferred to the water. We observe that almost all the simulations can
be fitted by a logarithm law.

Now we compare the models in function of the energy transferred to the water. 4.9
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shows the deviation of the first wave at the chosen probe in terms of time delay (left
column) and in terms of amplitude (right column) of the shallow water model (first line)
and the Boussinesq model (second line). This result confirms the first observations, that the
shallow water model seems to give better approximation for waves generated by important
landslides (in terms of energy) while the Boussinesq model leads to better approximations
for small landslides (see 4.3.2.1 and 4.3.2.2). In addition, we observe that the shallow water
model is always late compared to the reference Navier-Stokes solution while the Boussinesq
model is ahead. The results in terms of difference of amplitude are not as clear. For the
shallow water model, a logarithm deviation seems to appear. However, the deviation of
the Boussinesq model appears as a succession of logarithm that seems to indicate that

some informations are still missing to characterize the flow.

4.3.2.4 A shallow water/Boussinesq mixed model

Based on the observed behaviors of the simplified models described above, we propose a
simple mixed model for trying to get results closer to the Navier-Stokes reference solution.
Obviously one solution would be to use a fully nonlinear weakly dispersive model, the
so called Serre/Green-Naghdi model [Lan13a]. In the current state of art of numerical
methods, this model is very hard to simulate, in particular close to dry areas. Even with a
very robust, entropy-satisfying method [Par19] we were not able to run the test case.

We propose another strategy using the well validated numerical tools. Since the shallow
water model gives a better description of the wave generation process, we propose to use it
in the beginning of the simulation, before switching to the Boussinesq model after a certain
time. In our case where the water is initially at rest, it leads to use the shallow water
model during the generation process and the Boussinesq model during the propagation
one. However, in a more complex context, as in the case of breaking waves, a space
decomposition seems required [FKR16].

It remains the question of the switch time between models. This time (or localization
for space decomposition) can be based on the motion of the bottom. However, to test
the idea in this preliminary study, we simply fit it to reproduce as well as possible the
reference Navier-Stokes solution. A visual inspection of the simulations points out the
approximate instant tgyiten = 0.75 s as a good choice.

In 4.10, we add the mixed model, i.e. the model where the numerical simulation switches
from the shallow water model to the Boussinesq model, to the three fluid mechanics models

already presented at the probe x = 2.25 m (far in the wave propagation zone). Two
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FIGURE 4.10 — Comparison between the three fluid mechanics models and the proposed
mixed shallow water/Boussinesq model, for two test cases at the probe z = 2.25 m.

simulations are presented : in the left graph the ones with the parameters (H, L) = (0.3
m, 0.4 m) corresponding to an intermediary amount of energy, and in the right graph,
the ones with the parameters (H, L) = (0.45 m, 0.4 m) corresponding to large amount of
energy.

Note that we do not adapt the switch time to the simulations. For both cases, the mixed
model leads to a very good agreement with the Navier-Stokes solution in term of time
delay of the first wave. The amplitude of the wave with the mixed model is significantly
larger when the transferred energy is too big. As far as we understand, this difference
can be explained by the fact that for this case the wave energy is large enough for the
wave to break in the Navier-Stokes simulation. This wave breaking phenomenon is not
present in the Boussinesq model. Some breaking wave strategies existing in the literature

can probably improve this result.

4.4 Inverse problem

The goal of this section is to see if we are able to recover the dynamics of a landslide
knowing only the generated waves at some fixed points. This strategy is not trivial for
several reasons. First the form of the landslide does not follow a general shape, so we look
a priori for a function in an infinite space. Then as we see in the previous section 4.3,
even with “exact” landslide shape, the difference between the simplified models and the
Navier-Stokes model is significant. Eventually, the solutions of hydrodynamic models can

be discontinuous. This kind of solutions are known to be not suitable for inverse problem
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such as recovering a forcing leading to them [FCD19].

Anyway this preliminary study is performed to observe the result of the strategy in
practice. More precisely, the first two points are technical problems that, we hope, could
be solved with enough work, while the last one is a theoretical problem that can not be
overcame, at least without introducing theoretical tools as Dirac measure that are complex
to use in application contexts. However, It happens that computational strategies not

confirmed by theory lead to good results.

4.4.1 The methodology

The problem can be summarized by the minimization problem d = argming(.J (d))

associated to the functional

Z/ (s t:d) — 0 (4))2dt (4.8)

where T' is the time of observation, N > 0 is the number of gauges, x; are their position
where the observations of the free surface 7} (¢) are realized. These observations can be
obtained from experiments or from a reference model such as the Navier-Stokes model.
The free surface of one of the simplified models n(x,t;d) (7 = h(t,x) — d(t,z) for the
shallow water model and 7 for the Boussinesq model) depends obviously on the bottom
elevation. However, since this dependency is not explicit, the minimization problem has to

be solved using numerical tools.

4.4.1.1 Modeling assumptions

As already mentioned, the bottom elevation d(¢,x) is a function in an infinite di-
mensional space (a priori in L' with [d(¢,z)dz = [d(0,z)dx + BC thanks to the mass
conservation). The minimization problems in infinite dimensional space are much complex
and the numerical resolution is less efficient and less robust than the same ones in finite
dimension. To improve the robustness of the strategy, we assume that the bottom can be
described by a sum of Gaussian functions, leading to a finite number of degrees of freedom.
Each Gaussian is characterized by its amplitude A(¢), its position X (¢) and its standard

deviation o (t) > 0. More precisely we set

t.0) = ~(B(a) + 3 Ao expl (")
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where M > 0 is the number of Gaussians in our approximation, a priori fixed. Assuming
the mass conservation for each Gaussian, its standard deviation is linked to its amplitude.

More precisely, in one dimensional framework

0= Ait)exp(~ (T )de) = VA4 (1)
:>MQ:X%@@.

It remains to give some assumptions on the form of the time evolution of the Gaussian’s

amplitude and position. For simplicity of the analysis, we assume a linear evolution :

The initial amplitude AY and position X! are given by the initial condition, so the only
parameters to determine are the decay of amplitude a; € R and the velocity of the
displacement ¢; € R. Using the same strategy, in the case of M Gaussians, we obtain 2M

parameters to determine.

4.4.1.2 Numerical strategy

The minimization problem (4.8) in a finite dimensional space is solved with a very
simple gradient descent method [NWO06]. In order to limit the number of direct resolutions,
we decouple the resolution of each parameter. More precisely, given a vector of unknown

parameters C' (in our case C' = (a;, ¢;)1<i<p) and an initial guess Cp, we iterate
Cri1 = Cp — a,VEI(Cy) (4.9)

where C,, is the n'® approximation of the vector of unknown parameters and o is the
descent step used for the convergence of the method. V.J is an approximation of the

gradient V¢ J of the functional (4.8). Here we use the finite difference approximation, i.e.

J(Cyy + 5e;) — J(C, — be;)

4 .o —
VCJ €; 25

where 0 is the step of the finite difference approximation and e; is the unit vector with all
the component vanish except the i one. The descent step is o, is chosen to assure that the

sequence of approximations applied to the functional is decreasing, i.e. J(Cy11) < J(Cy).
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4.4. Inverse problem
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FIGURE 4.11 — Evolution of the bathymetry (left graph) and the generated surface elevation
(right graph) along time and iterations for the minimization problem of a Gaussian in
translation.

In practice, we consider the sequence defined by

g Jwat i (G —agviaC) > ()

(4.10)

q
al  else.

with 0 < w < 1. It is clear that the sequence converge and we set oy, = limg_,o .

Note that the estimation of the functional requires one direct computation of a
simplified model (4.6) or (4.7), and two more for each parameter to estimate the discrete
gradient. More efficient methods based on the alternating direction method and the secant

approximation can be considered.

4.4.2 The numerical results

In this section, we illustrate the result of the minimization problem for two simple
cases. For both simulations, the simplified model used is the shallow water model. The
time of observation is set to t = 2 s, and the gauges are located every 0.2 m from z = 1.4
m to x = 2.0 m. The observations 7 are obtained by computing the model with the exact
solution of the minimization problem (the moving bottom we look for) before forgetting it.

The numerical parameters are set by § = 1072 and w = 0.5 for both simulations.
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FIGURE 4.12 — Evolution of the bathymetry (left graph) and the generated surface elevation
(right graph) along time and iterations for the minimization problem of a Gaussian in
translation with amplitude decay.

4.4.2.1 Gaussian in translation

For this test case, we consider only one Gaussian M = 1 that does not decay in
amplitude during the propagation, 7.e. a; = 0. The only parameter to determine is ¢; and
it is set to 0.5 to realize the observations.

In 4.11, the reference solution and the solution obtained along the iterations of the
gradient descent method are plotted. We recover the velocity of the Gaussian with few

iterations.

4.4.2.2 Gaussian in translation with decay

For this test case, we still consider only one Gaussian M = 1 but with a linear decay in
amplitude. Two parameters have to be determined, i.e. (ay,¢;) and it is set to (—0.2,0.75)
to realize the observations.

In 4.12, the reference solution and the solution obtained along the iterations of the
gradient descent method are plotted. We recover the velocity of the Gaussian with few

iterations.
In both cases the minimization strategy converges in few iterations to the solution we

look for. However, other numerical tests must be performed before concluding that the

strategy can be used in an application context.
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4.5. Conclusion

4.5 Conclusion

In this paper, we analysed the relevance of the use of the shallow water model or the
Boussinesq model to simulate tsunamis generated by a landslide. Two questions were
considered.

First we compared the two models to a reference solution obtained using the Navier-
Stokes model. This comparison highlighted the fact that the Boussinesq model is not able
to represent the wave generated in the wave generation zone. For large enough landslide,
even in the wave propagation zone (at least not too far from the wave generation zone),
the shallow water model is more efficient. We propose a strategy based on a switch from
the shallow water model during the generation of the wave to the Boussinesq model
during the propagation of the wave. This strategy seems relevant to improve the results of
the simulations. Another solution, more satisfying in theory, is the application of more
sophisticated models, as the Serre/Green-Naghdi model. However, it seems that more
robust schemes, in particular for moving bathymetry or stiff solution, are required.

In addition, we highlighted the fact that the landslide is not well characterized by the
volume of the landslide but can be better characterized by the energy transferred to the
water. This energy is well correlated to the initial potential energy of the landslide that
can be determined by the initial condition.

Finally, we addressed the question of the possibility of determining the landslide from
the generated wave. It was formulated as an minimization problem, in which we searched the
time-dependent bottom that minimizes the difference between a reference surface elevation
and the computed surface elevation obtained by the bottom to be determined. The question
was brought back to a limiting number of unknowns to determine by assuming that the
bottom can be well represented by a finite (small) number of Gaussians with parameters
following some empirical laws. Even if our computational analysis was too limited to
conclude, the numerical strategy was validated in simple cases. Deeper computational
analysis is however required, in particular a crucial point will be to determine if the sum

of Gaussians is able to well approximate a realistic landslide by the inverse problem.
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Modeles de type dispersion compléte en océanographie cotiere

Mot clés : EDP non-locales, dispersives et non-linéaires, océanographie, justification de mo-

déles.

Résumé : Cette thése porte sur la justifica-
tion rigoureuse de modeles de type disper-
sion compléte en océanographie cétiére. Le
premier modele de ce type est celui de G.
Whitham, introduit en 1967 afin d’étudier les
vagues de Stokes d’amplitude maximale et
le phénomene de vagues surplombantes. |l
consiste en une modification des équations
de Korteweg-de Vries ayant la méme relation
de dispersion que celle des équations des
vagues. Par la suite, de nhombreux modeéles
de type dispersion compléte, unidirection-
nels comme bidirectionnels, ont été introduits
dans la littérature. Dans une premiére par-
tie, nous utilisons des techniques classiques
d’approximations de solutions d’équations el-
liptiques afin de dériver des modeles de

Whitham-Boussinesq et de Whitham-Green-
Naghdi. Ensuite, nous justifions compléte-
ment une classe de modéles de Whitham-
Boussinesq présentant une structure d’équa-
tions quasi-linéaires non-locales. Dans une
partie suivante, nous justifions le modele de
Whitham en utilisant deux méthodes diffé-
rentes. Lune est adaptée a la propagation
de vagues unidirectionnelles, et utilise le cal-
cul pseudo-différentiel. Lautre est adaptée a
la propagation de vagues bidirectionnelles, et
est basée sur une généralisation de I'algo-
rithme de la forme normale de Birkhoff. Dans
la derniére partie, nous étudions numérique-
ment la validité des modeéles de Boussinesq et
de Saint-Venant pour la propagation de tsuna-
mis généreés par des glissements de terrain.

Full dispersion models in coastal oceanography

Keywords: Non-local, non-linear and dispersive PDEs, oceanography, justification of models

Abstract: This thesis is on the rigorous jus-
tification of full dispersion models in coastal
oceanography. The first full dispersion model
was introduced by G. Whitham in 1967 to
study the Stokes waves of maximal amplitude
and the wavebreaking phenomenon. It is a
full dispersion modification of the Korteweg-
de Vries equations which have the same dis-
persion relation as the general water-waves
model. Afterwards, numerous unidirectional
and bidirectional full dispersion models were
introduced in the litterature. In the first
part of the thesis, we use classical tech-
niqgues on free surface elliptic equations to
derive rigorously some Whitham-Boussinesq

and Whitham-Green-Naghdi models. In the
second part, we justify rigorously a class
of non-local quasi-linear Whitham-Boussinesq
systems. In the next part, we justify rigorously
Whitham’s model using two different methods.
One is adapted to the propagation of unidirec-
tional waves and use pseudo-differential calcu-
lus. The other is adapted to the propagation of
bidirectionnal waves. It is based on a general-
isation of Birkhoff’s normal form algorithm. In
the last part, we study numerically the valid-
ity of the Saint-Venant and Boussinesq mod-
els for the propagation of tsunamis generated
by landslides.
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