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Résumé

Dans cette these, nous résolvons la conjecture de Fuglede sur le corps des
nombres p-adiques, et étudions certain propriétés aléatoires des suites liées
a la conjecture de Sarnak, ainsi que leur propriétés oscillantes .

Dans la premiére partie, nous prouvons d’abord la conjecture de Fuglede
pour des ensembles ouverts compacts dans le corps Q, des numbres p-adiques.
Celle-ci indique qu’un ensemble ouvert compact dans Q, est un ensemble
spectral si et seulement sl pave Q, par translation. Il est également prouvé
qu’un ensemble ouvert compact est un ensemble spectral (ou un pavage) si et
seulement s’il est p-homogene. Nous caractérisons les ensembles spectraux
dans Z/p"Z (p > 2 premier, n > 1 entier) par la propriété de pavage et
aussi par leur homogénéité. Finalement, nous montrons la conjecture de
Fuglede dans Q, sans la restriction d’étre ouvert compact en montrant que
tout ensemble spectral ou tout pavage doivent étre ouvert et compact a un
ensemble de mesure nulle pres.

Dans la seconde partie, nous donnons d’abord plusieurs définitions équivalentes
d’une suite oscillante en termes de disjonction de différents systemes dy-
namiques sur des tores. FEnsuite, nous définissons la propriété de Chowla
et la propriété de Sarnak pour des suites numériques prenant des valeurs
0 ou des mombres complexes de module 1. Nous prouvons que la propriété
de Chowla implique la propriété de Sarnak. Il est également prouvé que
pour Lebesque presque tout 3 > 1, la suite (e*™"),en partage la propriété de
Chowla et est par conséquent orthogonale a tout systeme dynamique topologique
d’entropie nulle. Nous discutons également si les échantillons d’une suite
aléatoire donnée ont presque surement la propriété de Chowla. Nous con-
struisons certaines suites aléatoires dépendantes ayant presque surement la
propriété de Chowla.

Mots clés: corps de numbres p-adiques, ouvert compact, ensemble spectral,
pavage, conjecture de Fuglede, suites oscillantes, fonctions affines sur les
tores, quasi-unipotente, distribution uniforme.



Abstract

In this thesis, we solve Fuglede’s conjecture on the field of p-adic numbers,
and study some randomness and the oscillating properties of sequences related
to Sarnak’s conjecture.

In the first part, we first prove Fuglede’s conjecture for compact open sets
in the field Q, of p-adic numbers which states that a compact open set in Q,,
is a spectral set if and only if it tiles Q, by translation. It is also proved that a
compact open set is a spectral set (or a tile) if and only if it is p-homogeneous
which is easy to check. We characterize spectral sets in Z/p"Z (p > 2 prime,
n > 1 integer) by tiling property and also by homogeneity. Finally, we prove
Fuglede’s conjecture in Q, without the assumption of compact open sets and
also show that the spectral sets (or tiles) are the sets which differ by null sets
from compact open sets.

In the second part, we first give several equivalent definitions of oscillat-
ing sequences in terms of their disjointness from different dynamical systems
on tori. Then we define Chowla property and Sarnak property for numerical
sequences taking values 0 or complex numbers of modulus 1. We prove that
Chowla property implies Sarnak property. It is also proved that for Lebesque
almost every B > 1, the sequence (€*™"),en shares Chowla property and
consequently is orthogonal to all topological dynamical systems of zero en-
tropy. We also discuss whether the samples of a given random sequence have
almost surely Chowla property. Some dependent random sequences having
almost surely Chowla property are constructed.

Key words: p-adic field, compact open, spectral set, tiling, Fuglede’s con-
jecture, oscillating sequence, affine map on tori, quasi-unipotent, uniform
distribution.
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Résumé des travaux de these

Cette these est consacrée a la résolution de la conjecture de Fuglede sur le corps des
nombres p-adiques et a 1’étude des propriétés oscillantes des suites liées a la conjecture de
Sarnak.

0.1 Un apercgu de la these

Rappelons d’abord la conjecture de Fuglede. Soit Q C R¢ un sous ensemble borélien
de mesure de Lebesgue positive et finie. On dit que I'ensemble € pave (‘tile’ en anglais)
R? par translation s’il existe un ensemble (dénombrable) T C R? tel que {Q +¢:t € T}
est une partition de R? presque siirement. On dit aussi que € est un pavage de R?. Dans
ce cas, on dit que T est un complément de pavage (‘tiling complement’ en anglais) de Q
et le couple (€2, T) est une paire de pavage (‘tiling pair’ en anglais). On dit que 2 est un
ensemble spectral s'il existe un ensemble A de caractéres continus de R? qui forment une
base de Hilbert de L?*(€2). Un tel ensemble A est appelé un spectre de €2 et le couple (€2, A)
est appelé une paire spectrale.

Voici la conjecture d’ensemble spectral die a Fuglede [43](1974):

Conjecture 0.1. Un ensemble borélien de mesure de Lebesque positive et finie dans RY
est spectral si et seulement s’il pave RY.

L’origine de la conjecture de Fuglede est un probleme de Segal (1958). Il s’agit de
caractériser les domaines 2 C R? tels que les opérateurs différentiels —ia%l, e 7_iai;cd>
definis sur leur domaine de définition commun C2°(f2), admettent des extensions auto-
adjointes commutatives dans L?(Q2). Fuglede a montré que c’est le cas si et seulement si
est un ensemble spectral, d’oll le probleme de caractériser les ensembles spectraux sur R?.
Fuglede a également montré que c’est effectivement le cas si Q) pave R? par un réseau AZ<

(A étant une matrice non-singuliere).

La conjecture de Fuglede a attiré une attention considérable pendant les dernieres
décennies. Beaucoup de résultats positifs sont obtenus dans des cas particuliers sous dif-
férentes restrictions [59, 60, 62, 65, 79, 81, 95, 96] avant que Tao [121] (2004) n’a prouvé

The English version of this chapter is Chapter 1: Introduction.
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que 'implication “spectral = pavage” est fausse dans le cas R? avec d > 5, puis d = 4
(Matolesi [100], Farkas et Gy [29]) et d = 3 (Kolountzakis et Matolcsi [84], Farkas, Ma-
tolesi et Mora [39]). La validité de la conjecture pour les cas de d = 1,2 reste inconnue.
Mais Tosevich, Katz and Tao [59] ont montré que la conjecture est vraie pour les ensembles
convexes dans R2.

La conjecture 0.1 peut étre formulée pour tout groupe abélien localement compact sur
lequel les notions d’ensembles spectraux et de pavages sont généralisées en remplacant la
mesure de Lebesgue par la mesure de Haar sur le groupe.

La conjecture générale est loin d’étre prouvée et comme nous ’avons mentionné, elle
n’est pas vraie pour R% d > 3. Le probleme est d’étudier sur quels groupes abéliens
localement compact la conjecture de Fuglede est vraie. En fait, il n’y a que peu de résultats
connus. Nous savons que la conjecture de Fuglede est vraie sur Z/p"Z (Laba [89]), Z/pZ x
Z./pZ (losevich, Mayeli et Pakianathan [61]) et récemment Z/p"qZ avec n > 1 et p,q
nombres premiers distincts (Malikiosisa et Kolountzakis [101]).

Dans la premiere partie de cette these, nous étudions la conjecture de Fuglede sur le
corps des nombres p-adiques. Un de nos théoremes principaux affirme que la conjecture
de Fuglede est vraie sur le corps des nombres p-adiques, c’est-a-dire, un ensemble borélien
de mesure de Lebesgue positive et finie dans @, est spectral si et seulement s’il pave Q,.
De plus, nous prouvons que les ensembles spectraux (resp. les pavages) sont ouverts et
compacts a un ensemble de mesure nulle pres.

Un autre de nos théoremes principaux déclare qu'un ensemble ouvert compact est un
ensemble spectral (ou un pavage) si et seulement si son arbre associé est p-homogene. En
fait, ce résultat donne une illustration géométrique des pavages et des ensembles spectraux
dans le corps des nombres p-adiques. Ces résultats sont décrits en détail dans la section
1.2.

La deuxieme partie de cette these étudie certaines propriétés aléatoires et oscillantes
de suites complexes, qui sont partagées par la fonction de Mébius. La fonction de Mobius
est la fonction arithmétique définie par la formule

1 sin=1,
p(n) =4 (=1  sin est un produit de k nombres premiers distincts,
0 sinon.

Il est bien connu que la fonction de Mobius joue un role important dans la théorie des
nombres. Par exemple, le théoreme des nombres premiers est équivalent a 1’énoncé suivant
(voir [7], p.91)
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I'hypothese de Riemann est équivalente a la formule suivante (voir [123])

Zﬂ(n) = OE(N%“), pour tout € > 0.

L’heuristique pseudoaléatoire de Mdbius (ou le principe d’aléa de Mobius) suggere
que les sous-mots finis dans la fonction Mdbius p se comportent de maniere si aléatoire
(ou pseudo-aléatoire) qu'une quantité substantielle de nombreux termes de la somme
s’annulant. Il y a un certain nombre de fagons de rendre cette heuristique précise. Comme
nous 'avons déja mentionné, I’hypothese de Riemann peut étre considérée comme une telle
manifestation de I'heuristique. Une autre manifestation est la conjecture de Chowla [21]
sur les corrélations de la fonction de Mobius.

Conjecture 0.2 (Chowla). Pour chaque choix de 0 < ay < --- < a,,r >0, et iy € {1,2}
qut ne sont pas tous égaux a 2,

N-—
lim NZ; (n+a) Iuil(n—i—aQ)~~...Mir<n+aT>:O.

N—oo

Une formulation plus récente de I'heuristique aléatoire de Mobius est la conjecture
suivante de Sarnak. Soit 7" une transformation continue d’un espace métrique compact
X. D’apres Sarnak [112], nous disons qu'une suite (a(n))nen de nombres complexes est
orthogonale au systéeme dynamique topologique (X, T), si

1 N-1
dim Z; f(T"z)a(n) =0, (0.1.1)

pour tout x € X et pour toute f € C(X) ou C(X) est I'espace des fonctions continues sur
X.

En 2010, Sarnak [112] a formulé la conjecture suivante.

Conjecture 0.3 (Sarnak). La fonction de Mdbius est orthogonale a tous les systémes
dynamiques topologiques d’entropie nulle.

Sarnak [112] a également prouvé que la conjecture de Chowla implique la conjecutre de
Sarnak.

Récemment, El Abdalaoui, Kulaga-Przymus, Lemanczyk et de la Rue [4] ont étudié ces
conjectures du point de vue de la théorie ergodique. Soit z une suite arbitraire prenant des
valeurs dans {—1,0,1} comme la fonction de Mobius. Nous disons que la suite z satisfait
la condition (Ch) si elle satisfait la condition dans la conjecture de Chowla; de méme, elle
satisfait la condition (Sg) si elle satisfait la condition dans la conjecture de Sarnak. El
Abdalaoui et al. ont prouvé que la condition (Ch) implique la condition (Sg) pour toutes
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les suites prenant des valeurs dans {—1,0, 1}. Ils ont aussi donné des exemples non-triviaux
de suites satisfaisant la condition (Ch) et la condition (Sy) respectivement.

Nous considérons une classe plus large de suites, prenant des valeurs 0 ou des nombres
complexes de module 1. Nous définissons la propriété de Chowla pour cette classe de
suites et nous prouverons que de telles suites de type Chowla sont orthogonales a tous les
systemes dynamiques topologiques d’entropie nulle. Il est prouvé que pour presque tout
B > 1, la suite (e2™"),cy est une suite de type Chowla. Nous discutons également si
les échantillons d’une suite aléatoire ont la propriété de Chowla presque siirement. Nous
construisons des suites de variables aléatoires dépendantes ayant la propriété de Chowla
presque strement.

Nous étudions l'orthogonalité entre deux suites. Deux suites de nombres complexes
(a(n))nen et (b(n))nen sont dites orthogonales si

) 1
lim N Z a(n)b(n) = 0. (0.1.2)

N—o0

Davenport [24] a prouvé que pour chaque A > 0,

N

> e

n=1

max
a€eR

N
=0 , pour tout N > 1. 0.1.3
4 (logAN) P ( )

Ceci signifie que la fonction de Mobius est orthogonale aux suites (e*™"), cy pour tout
a € R. Une suite ayant une telle propriété est appelée une suite oscillante par Fan et Jiang
dans [38] ott la conjecture de Sarnak s’est avérée vraie pour une classe de dynamiques, méme
lorsque la fonction de Mobius est remplacée par une suite oscillante. En général, les suites
oscillantes d’ordre supérieur et les suites pleinement oscillantes ont été définies par Fan
dans [31] ou il a prouvé que les suites pleinement oscillantes sont orthogonales a toutes les
réalisations ergodiques multiples de la dynamique topologique ayant spectre quasi-discret
dans le sens de Hahn—Parry. Rappelons qu’'une suite (¢, )nen est dite oscillante d’ordre d
si

| Nl
lim — 2miP(n) — 1.4
dm 5 2 e =0 .14
pour tout P € Ry[t], ou Ry[t] est I'espace des polynomes réels de degré inférieur ou égal
a d. Elle est pleinement oscillante si elle est oscillante d’ordre d pour tout nombre entier
d>1.

Nous nous intéressons a la description dynamique des suites oscillantes. Nous démontrons
plusieurs définitions équivalentes de suites oscillantes en termes d’orthogonalité a différents
systemes dynamiques sur des tores.
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0.2 La conjecture de Fuglede

Dans cette section, nous présentons nos résultats sur la conjecture de Fuglede dans le
corps des nombres p -adiques. Nous commencons par quelques remarques historiques.

0.2.1 Remarques historiques et questions ouvertes

Comme nous I'avons mentionné précédemment, Fuglede ([43]) a formulé sa conjecture
concernant I’équivalence entre les pavages et les ensembles spectraux dans les espaces eu-
clidiens.

Cette conjecture est fausse sur R d > 3. Cependant, elle est toujours ouverte dans les
dimensions d = 1,2. En fait, elle semble étre difficile en dimension 1. Néanmoins, Laba
[88] a prouvé que la conjecture de Fuglede est vraie pour une union de deux intervalles.
Pour une union de trois intervalles, seule 'implication “Pavage = Spectral” a été prouvée
par Bose, Kumar, Krishnan et Madan [14]. Si on regarde juste une union d’intervalles
disjoints de méme taille, ¢’est-a-dire un ensemble du type

Q=A4+10,1),

ou A est un ensemble fini dans Z, alors dans ce cas, la conjecture est équivalente a un
probleme de pure théorie des nombres (voir [80]). La conjecture est toujours ouverte pour
cette classe d’ensembles. Laba [89] a prouvé que la conjecture est vraie pour fA = p”
(n € N et p un nombre premier). Elle a aussi prouvé que si € est un pavage alors il est
aussi spectral pour fA = p"¢™ (n,m € N et p, ¢ nombres premiers distincts). Malikiosis
et Kolountzakis [101] ont prouvé que la conjecture est vraie pour A = p"q (n € N et p, ¢
nombres premiers distincts).

En dimension 2, il y a peu de résultat. Nous savons seulement que losevich, Katz et
Tao [59] ont prouvé la conjecture pour les domaines planaires convexes.

Comme il a déja été mentionné, la conjecture générale de Fuglede sur un groupe abélien
localement compact est formulée comme suit:

Conjecture 0.4. Un ensemble borélien de mesure de Haar positive et finie dans un groupe
abélien localement compact G est spectral si et seulement s’il pave G.

Dans sa généralité, cette conjecture générale n’est pas vraie, par exemple, elle est fausse
sur R, d > 3. Nous pourrions plutdt demander pour quels groupes elle est vraie. En ce
sens, la conjecture générale est largement ouverte. La structure algébrique des différents
groupes fournirait différentes informations. Bien qu’il y ait une analyse de Fourier générale
sur les groupes abéliens localement compacts (voir [108]), chaque groupe a sa propre analyse
de Fourier qui est légerement différente I'une de 'autre. Ainsi, les méthodes pour traiter la
conjecture différent d’'un groupe a l’autre. Cela peut offrir une chance de voir les connexions
entre les pavages et les ensembles spectraux dans un groupe si ’on connait bien la structure
algébrique et I'analyse de Fourier sur ce groupe. Par conséquent, il y a de nombreuses
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questions a envisager. La conjecture reste ouverte méme pour les groupes abéliens finis.
En fait, il semble étre plutot difficile dans les groupes abéliens finis. Les “plus grands”
groupes abéliens finis se sont avérés vérifier pour la conjecture de Fuglede: Z/p"qZ avec
n > 1 et p,q étant des nombres premiers distincts par Malikiosisa et Kolountzakis [101].
On ne sait pas encore si la conjecture est vraie sur Z/p"q™Z avec n > 1,m > 1 et p,q
étant des nombres premiers distincts.

D’autre part, au lieu de considérer la conjecture elle-méme, il est également tres in-
téressant d’étudier la structure des pavages et des ensembles spectraux dans des groupes
abéliens localement compacts. Méme si la conjecture est fausse sur certains groupes, il est
intéressant d’étudier la différence entre les pavages et les ensembles spectraux. Ensuite, il
y a de nombreuses questions a considérer. On pourrait étudier cette question méme pour
des groupes cycliques finis, c¢’est-a-dire pouvons-nous classer des pavages et des ensembles
spectraux dans des groupes cycliques finis? Cette question est encore largement ouverte.
Coven et Meyerowitz [22] ont conjecturé que deux conditions algébriques ensemble (voir
Section 2.6) sont suffisantes et nécessaires pour les pavages et les ensembles spectraux
respectivement dans les groupes cycliques. Cependant, on sait seulement que ces deux
conditions algébriques sont suffisantes pour les pavages et les ensembles spectraux dans
Z]p"q™Z avec n > 1,m > 1 et p, q étant nombres premiers distincts (Laba [88]).

De plus, nous pourrions aussi poser les questions ci-dessus pour les groupes compact-
s (non-commutatifs), par exemple, SO(3). Puisque les groupes compacts portent une
mesure de Haar, les pavages sont naturellement généralisées aux groupes compacts. Pour
généraliser la notion d’ensembles spectraux dans des groupes compacts, nous avons besoin
de plus de la théorie de la représentation de groupe. Nous considérons d’abord un groupe
fini G. Soit ¢ : G — GL4(C) une représentation. Nous écrivons ¢ = (¢;;)1<i j<d. Soit Ry
I'union des classes d’isomorphismes de dimension d, des représentations irreductibles de G.
En vertu des relations d’orthogonalité de Schur (voir par exemple [119], p.31), ’ensemble

est une base de Hilbert de L?(G). Un sous-ensemble non vide 2 C G est appelé un ensemble
spectral si on peut trouver A C G tel que A est une base de Hilbert de L?*(€2). Puisque
les relations d’orthogonalité de Schur admettent une généralisation au cas des groupes
compacts en général, les notions d’ensembles spectraux sont naturellement généralisées aux
groupes compacts. Ainsi nous pourrions naturellement formuler la conjecture de Fuglede
sur des groupes compacts: un ensemble borélien de mesure de Haar positive et finie dans un
groupe compact est spectral si et seulement s’il pave le groupe. Nous pourrions également
poser la question de savoir a quoi ressemblent les ensembles spectraux (resp. les pavages)
sur les groupes compacts. Les questions concernant les groupes compacts peuvent étre
étudiées dans de futures recherches, nous ne discuterons pas de ces questions dans cette
these.

Nous présentons maintenant quelques résultats connus sur la conjecture générale sur
les groupes abéliens localement compacts. Empruntant la notation de Dutkay et Lai [28],
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nous écrivons S-T(G), respectivement T-S(G), si 'implication “Spectral = Pavage”, re-
spectivement “Pavage = Spectral”, est vraie sur G. Dutkay et Lai ont montré les relations
suivantes:

T-S(R) & T-S(Z) < T-S(Z/NZ) pour tout N,

et
S-T(R) = S-T(Z) = S-T(Z/NZ) pour tout N.

Ce résultat montre que les groupes cycliques jouent un role important dans I'étude de la
conjecture de Fuglede sur R. En fait, nous montrons que des résultats similaires se vérifient
lorsque nous étudions la conjecture de Fuglede sur le corps des nombres p-adiques.

Si au lieu de groupes abéliens localement compacts nous regardons les corps locaux, alors
la structure algébrique supplémentaire du corps pourrait nous donner plus d’informations
sur les pavages et les ensembles spectraux. Rappelons que tout corps local est isomorphe
(comme corps topologique) a I'un des suivants:

e les corps locaux archimédien (de caractéristique zéro): le corps R de nombres réels,
et le corps C des nombres complexes.

e les corps locaux non-archimédiens de caractéristique zéro: toutes les extensions finies
du corps des numbres p-adiques @, (ol p est un nombre premier).

e les corps locaux non-archimédiens de caractéristique p (ot p est un nombre premier
donné): toutes les extensions finies du corps des séries formelles de Laurent F,((7'))
sur un corps fini F, (olt ¢ est une puissance de p).

Comme nous 'avons déja noté, la conjecture est ouverte et semble plutot difficile dans R et
C (isomorphe a R?). Cependant, elle est facile & réfuter sur toute extension finie du corps
des séries formelles de Laurent: certains contre-exemples sont construits par une analogie
des contre-exemples dans les groupes abéliens finis. L’idée principale est de considérer le
corps des séries formelles de Laurent comme un [Fg-espace vectoriel de dimension infinie
(voir Chapitre 2). Le dernier cas, le corps des nombres p-adiques, est sur une position
intermédiaire, qui peut étre résolue probablement. C’est une de nos motivations a étudier
la conjecture de Fuglede sur le corps des nombres p-adiques. Nous discuterons de cela dans
la prochain sous section.

0.2.2 La conjecture de Fuglede sur le corps des nombres p-adiques

Dans cette sous section, nous étudions la conjecture de Fuglede dans le corps des nom-
bres p-adiques. Pour cela, nous étudions la structure des pavages compacts ouverts et des
ensembles spectraux ouverts compacts.

Apres une mise a 1’échelle, nous supposons que les ensembles ouverts compacts sont
contenus dans Z,. Clairement, un ensemble ouvert compact dans Z, a la forme

|_| (c+p"Zy),

ceC
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ol v > 1 est un entier et C' est un sous-ensemble de {0, 1,...,p" — 1} qui est identifié a
Z/p'Z. Par développement p-adique, il y a une correspondance un-a-un entre Z/p'7Z et
I'espace de produit X” avec X = p. Comme il est bien connu que l'espace de produit
X7 est identifié & un arbre fini 7O, Z/p7Z peut aussi étre vu comme I'arbre fini 7).
Le n-ieme niveau de 7 est constitué des chiffres du développement p-adique & la n-ieme
position. De plus, nous identifions chaque élément de Z/p?Z a une branche de cet arbre fini
T, donnée par les chiffres de son développement p-adique (voir la figure 1). Il s’ensuit
que tout sous-ensemble C dans Z/p?Z détermine un sous-arbre 7o de T en identifiant
les éléments de C' & les branches dans 7). De plus, le sous-arbre T¢ est dit homogéne si
le nombre de descendants de chaque sommet ne dépend que de son niveau. Si ce nombre
est 1 ou p, nous appelons T¢ un arbre p-homogéne. Dans ce cas, I'ensemble C' est dit
p-homogene.

T70)

Figure 1: Pour p = 3, la branche de 61 peut étre réferencée par les chiffres (1,2,0,2)

Nous démontrerons que les ensembles spectraux ouverts compacts, les pavages ouvertes
compactes et les ensembles p-homogenes sont cohérents.

Théoréme 0.5 (Chapitre 3, Théoreme 3.1). Soit Q = Ueec(c+ p?Z,) un ensemble ouvert
compact dans Z,. Les énoncés suivants sont équivalents.

(1) 2 est un ensemble spectral dans Q,.
(2) Tc est un arbre p-homogéne.
(3) 2 pave Q,.
Pour chaque 0 < n <~ , on note
Crod pn :={z €{0,1,...,p" =1} : Fy € C, tel que x =y (mod p")}

le sous-ensemble de Z/p"Z déterminé par C' modulo p". Nous obtenons également la
caractérisation suivante des ensembles spectraux dans le groupe fini Z/p Z.
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Théoréme 0.6 (Chapitre 3, Théoreme 3.3). Soit C C Z/p Z. Les affirmations suivantes
sont équivalentes.

(a) C est un ensemble spectral dans Z/p Z.

(b) C pave Z/p"Z.

(c) Pour chaque n =1,2,--- 7 — 1, #(Ciod pn) = p*" pour un nombre entier k, € N,
0l §(Chnod pr) est le cardinal de l'ensemble fini Ciod pr -

Comme Tao I’a noté a la page 3 de [121], I’équivalence (a) < (b) n’est pas nouvelle,
mais découle de Laba [89], qui a son tour s’appuie sur le travail de Coven-Meyerowitz
[22]. Cependant, nous le prouvons en montrant que (a) et (b) sont équivalents a (c) ce qui
implique la p-homogénéité de C'. La p-homogénéité est facilement vérifiable. Nous pouvons
'utiliser pour décrire des ensembles spectraux finis dans Z/p?Z.

Afin de prouver la conjecture de Fuglede sur le corps des nombres p-adiques, nous devons
utiliser les distributions de Bruhat-Schwartz sur Q,. La théorie des distributions p-adiques
(distributions de Bruhat-Schwartz sur @Q,) joue un role important dans la résolution des
problemes mathématiques de I’analyse et des applications p-adiques [3, 129]. L’espace des
fonctions de test est constitué de toutes les fonctions uniformément localement constantes
a support compact.

On note ug = Zee £ 0c pour un ensemble discret £ C Q,. La proposition suivante
est valable non seulement pour @@, mais aussi pour le groupe abélien localement compact
général G (voir le théoréme 2.18 et le théoreme 2.19). Le cas ot G = R? a été prouvé par
Jorgensen et Pedersen [63] et le cas o G est un corps local a été prouvé par Fan [30].

Proposition 0.7 (Chapitre 3, Proposition 3.8). Soit Q un ensemble borélien de mesure
de Haar positive et finie dans Q,. Alors nous avons les propriétés suivantes.

o [’ensemble Q) est un pavage avec complément de pavage T si et seulement si
pr * lo(x) =1,  pour p-p.p. x € Q).

e L’ensemble € est un ensemble spectral avec spectre A si et seulement si
HA ¥ |1Q|2(§) = M(Q)Qa Vf € Qp-

Par transformation de Fourier, nous obtenons les conditions équivalentes des pavages
et des ensembles spectraux dans Q,:

un ensemble borélien ) est un pavage avec complément de pavage T' dans Q, si et
seulement si on a it - 1o = 0o,

et

un ensemble borélien € est un ensemble spectral avec spectre A dans Q,, si et seulement

—

si on a iy - (mﬁa)w = do.
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Puisque la fonction §p a de nombraux zéros, cela nous amene a étudier les zéros de la
distribution fig et la fonction f dans I’équation fonctionnelle suivante:

~
~

uE'f:60>

o 0 < f el Q,).

Indépendement du résultat du théoreme 1.5, nous obtenons le théoreme suivant.

Théoreme 0.8 (Chapitre 4, Théoreme 4.25). Soit Q2 C Q, un ensemble borélien de mesure
de Haar positive et fini. Alors (2 est un ensemble spectral si et seulement s’il pave Q,. De
plus, les pavages ou les ensembles spectrauzr dans Q, sont des ensembles ouverts compacts
a un ensemble de mesure nulle pres.

Ce résultat confirme la conjecture de Fuglede sur le corps des nombres p-adiques. En
combinant Théoreme 1.5 et Théoreme 1.8, nous obtenons que les pavages et les ensembles
spectraux de QQ, sont caractérisés par une propriété géométrique simple: la p-homogénéité.

0.3 Suites de type Chowla et suites oscillantes

Dans cette section, nous étudions les suites de type Chowla et les suites oscillantes.
Un des outils pour étudier ces suites est la disjonction initiée par Furstenberg [44]. Nous
commencons par quelques remarques historiques sur I’étude de la disjonction.

0.3.1 Disjonction de Furstenberg

Comme Furstenberg [44], nous appellerons un groupe de transformation préservant la
mesure sur un espace de mesure un processus. Par analogie avec les entiers, Furstenberg
[44] a donné deux fagons suivantes pour définir que : “deux processus sont relativement
premiers”, ce qui a initié la théorie de la disjonction.

Condition 1. Deux processus T et S n’ont pas de facteur commun sauf le processus trivial
réduit a un point.

Condition 2. 5@ les deux processus T et S apparaissent comme des facteurs dans un
processus, alors leur produit direct T x S apparait également comme un facteur.

La condition 2 a été appelée par Furstenberg la disjonction de T" et S. De plus, Fursten-
berg [44] a prouvé que la condition 2 implique la condition 1. En fait, les motivations
initiales de Furstenberg pour la disjonction viennent de la classification des systemes dy-
namiques liée a une question originaire en approximation diophantienne, passant par un
probleme de filtrage en théorie des probabilités:

Si (&n)nen €t (Cu)nen sont deux processus, pouvons-nous récupérer (&,)nen de leur
somme (gn + Cn)nEN-?
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Beaucoup d’applications de disjonction ont déja été montrées dans [44] par Fursenberg,.
Par exemple, les processus disjoints de tous les processus de Bernoulli sont caractérisés par
des processus déterministes.

Furstenberg [44] a également introduit la notion de couplages, qui est devenue un outil
puissant dans la théorie ergodique. L’étude de la disjonction s’avere tres intéressant, car
elle traite de

toutes les facons possibles de voir deux processus cohabitant a l'intérieur d’un troisiéme.

En commengant par les travaux pionniers de Furstenberg, la notion de couplages a été
exploitée régulierement ([109, 67, 47, 105, 45, 127, 68, 56, 77, 46, 125, 111, 76, 66, 98]).
Pour une étude plus complete de la théorie ergodique par couplages, nous renvoyons au
livre de Glasner [49] et a l'article de de la Rue [26].

0.3.2 Vers la conjecture de Sarnak

Comme nous ’avons déja mentionné, la conjecture de Sarnak s’intéresse a la disjonction
des systemes dynamiques d’entropie nulle. Nous résumons ici la progression vers la con-
jecture de Sarnak. Nous savons maintenant que la conjecture est vraie pour les systemes
de Kronecker (Vinogradov [128]), les nilsystems (Green et Tao [51]), le systeme de Thue-
Morse (Mauduit et Rivat [102]), les flots horocycliques (Bourgain, Sarnak et Ziegler [17]),
Certaines classes de transformations d’échange d’intervalles (Ferenczi et Mauduit [41]) etc.
Pour certains d’entre eux, le critere de KBSZ (Katai [73], Bourgain, Sarnak et Ziegler [17])
est utilisé pour obtenir I'orthogonalité. Pour un résumé complet de la progression de la
conjecture de Sarnak, voir I’étude [40].

Comme nous I'avons mentionné, les conditions (Ch) et (Sy) pour une suite z € {—1,0, 1}
sont obtenues a partir des conjectures de Chowla et de Sarnak respectivement en rem-
plagant la fonction Mobius par la suite z. El Abdalaoui et al. [4] ont prouvé que la
condition (Ch) implique la condition (Sp). Soit (X,7T") un systeme dynamique topologique.
Rappelons que z € X est dit complétement déterministe si pour tout point d’accumulation
v de % ZQ:OI drng OU J, est la mesure de Dirac en z, le systeme (X, 7T, v) est d’entropie
nulle. El Abdalaoui et al. ont aussi défini la condition (S), formellement plus forte que
(Sp) en exigeant

i

.1 " B
]\}1_{1100 N f(T"z)z(n) =0

Il
o

pour tout systeme dynamique topologique (X,T), tout f € C(X) et tout point com-
pletement déterministe x € X. Ils ont prouvé I’équivalence entre la condition (S) et la
condition (S).

0.3.3 Propriété de Chowla

Dans ce paragraphe, nous présentons notre définition de la propriété de Chowla pour
les suites a valeurs 0 ou des nombres complexes de module 1, généralisant la condition (Ch)
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pour les suites prenant des valeurs dans {—1,0,1} .

Pour définir une telle propriété de Chowla, nous devons en plus définir 'indice d'une
suite dans (S*U{0})N et définir les fonctions x + (™ pour tout z € S'U{0} et pour tout
n € Z qui sont des analogues des puissances sur S?.

Soit (2(n))nen € (S*U{0})N. Nous notons U(m) = {e2™w : 0 < k < m — 1} I'ensemble
constitué de toutes les racines m-iemes de I'unité pour m € N>, ot N>, désigne 'ensemble

des entiers positifs supérieurs ou égaux a 2. L’indice de la suite (z(n))nen est défini par le
plus petit nombre m € N, U {o0} tel que le ensemble

{n:2(n) ¢ U(m) U{0}}

est de densité nulle dans N. Pour un point z € S' U {0} et n € Z, nous définissons

(n) " size S,
"=
0 sixz=0.

Soit
](m) — {{0,1,...,m—1}, S%mENZQ;
Z? S1 ™M = OQ.

Nous définissons la propriété de Chowla pour les suites dans S U {0} comme suit.

Définition 0.9. Soit z € (S'U{0})N une suite d’indice m € Nso U {oo}. Nous disons que
la suite z a la propriété de Chowla si

N—-1
.1 i i i
Rty Z_O 2+ ar)-2V(n+tag)--- 2 (04 a,) =0, (0.3.1)

pour chaque choix de 0 < ay; < --- < a,,r >0, et iy € [(m) qui ne sont pas tous égauz a 0.

Il n’est pas difficile de voir que les suites prenant des valeurs dans {—1,0,1} ont un
indice égal a 2. Evidemment, la propriété de Chowla pour ces suites est exactement la
condition (Ch).

De méme que le résultat de la condition (Ch) impliquant la condition (S), nous mon-
trons que les suites de type Chowla sont orthogonales a tous les systemes dynamiques
topologiques d’entropie nulle. L’outil principal de la preuve est la théorie des couplages.

Théoréme 0.10 (Chapitre 7, Théoreéme 7.13). Si une suite dans (S*'U{0})Y a la propriété
de Chowla, alors elle est orthogonale a tous les systémes dynamiques topologiques d’entropie
nulle.

Nous étudions également a quelle condition les échantillons d'une suite aléatoire ont
presque stirement la propriété de Chowla. Nous considérons d’abord les suites aléatoires
stationnaires. Nous avons la proposition suivante.
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Proposition 0.11 (Chapitre 7, Proposition 7.24). Soit Z = (Z,,)nen une suite de variables
aléatoires stationnaires prenant des valeurs dans S*U{0}. Supposons que la suite aléatoire
Z ait un indice constant fini ou infini presque surement. Alors presque surement la suite
aléatoire Z a la propriété de Chowla si et seulement si

E[chil) . ZC(Ll;) ..... Z(gZ,T)] =0, (()32)
pour chaque choiz de 1 < ay < --- < a,,r >0, etis € I(m) qui ne sont pas tous égauz a 0.

En utilisant la proposition 0.11, on peut caractériser les suites aléatoires dans la propo-
sition 0.11 quand elles sont des suites de variables indépendantes.

Corollaire 0.12 (Chapitre 7, Corollaire 7.28). Soit (X,,) une suite de variables aléatoires
stationnaires prenant des valeurs dans S* U {0}. Soit m € Ny U {oc}. Supposons que
presque surement la suite (Xp)nen ait Uindice m et posséde la propriété de Chowla. On a
les propriétés suivantes.

(1) Sim est fini, alors la suite (X,)nen est indépendante si et seulement si
E[[Xa, Xa, -+ Xo,|] = E[|[ Xo, [JE[| Xoy|] - - - E[| X, ] (0.3.3)
pour chaque choix de 1 < ay < --- < a,,r > 0.

(2) Sim est infini, alors la suite (X, )nen est une suite de variables indépendantes.

C’est une question naturelle de savoir s’il y a des suites aléatoires dépendantes de la
propriété de Chowla presque strement. Pour répondre a cette question, nous allons associer
une suite aléatoire dans un systeme de Bernoulli avec un arbre coloré.

Soit A un alphabet fini. Soit u la mesure Bernoulli-uniforme sur AY. Soit G : AN —
{—1,0,1} une fonction continue. Notons Zg, := G o S™. Nous expliquons comment
associer le processus (Zg.n)nen avec l'arbre coloré T dans Chapitre 7. Nous introduisons
également la notion d’homogénéité pour un arbre coloré dans le méme chapitre.

Nous avons la proposition suivante.

Proposition 0.13 (Chapitre 7, Proposition 7.33). La suite aléatoire (Zgpn)nen @ la pro-
priété de Chowla presque surement si et seulement si l’arbre associé Tg est homogéne.

Avec l'aide du corollaire 0.12 et de la proposition 0.13, nous pouvons construire des
suites aléatoires dépendantes ayant la propriété de Chowla presque stirement. Nous mon-
trons juste un exemple ici pour illustrer l'existence de telles suites. Nous définissons
g:{-1,0,1}*> —» {—1,1} par

a siae{—1,1}et b=0;
g(a,b)Z{ b

0 sinon.

Définissons G : {—1,0, 1} — {=1,1} par (z,)nen = g(z0,71) et Z, = G o S™, ou S est le
décalage & gauche sur {—1,0, 1}, Il est facile de vérifier que la suite (Z,),en ne satisfait
pas le (0.3.3) du Corollaire 0.12, ce qui implique que (Z,)nen est une suite de variables
dépendantes. D’autre part, on peut vérifier que son arbre associé Tg est homogene, ce qui
signifie qu’il a la propriété de Chowla presque stirement.
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0.3.4 Suites oscillantes

Dans cette sous-section, nous considérons les propriétés d’oscillation des suites com-
plexes.

Rappelons que les suites oscillantes ont été définies dans la section 0.1. Récemment,
l'orthogonalité (a certains systemes dynamiques) de suites oscillantes a été étudiée. Par
exemple, Fan et Jiang ont prouvé que les suites oscillantes d’ordre 1 sont orthogonales a tous
les systemes dynamiques dits mimalement moyen-attractive (‘minimally mean attractable’
en anglais) et minimalement L-moyen-stables (‘minimally mean-L-stable’ en anglais) [38];
Fan a prouvé que les suites pleinement oscillantes sont orthogonales a toutes les réalisations
ergodiques multiples de la dynamique topologique ayant le spectre quasi-discret au sens de
Hahn-Parry [31] et a toutes les fonctions affines d’entropie nulle sur tout groupe abélien
compact [32].

Comme nous ’avons mentionné, la fonction de Mobius est pleinement oscillante. De
plus, il existe plusieurs fagons de construire d’autres suites oscillantes: par exemple, Fan
(33, 34] a prouvé que certaines suites sur nil-variétés et certaines suites g-multiplicatives
de type Gelfond sont des suites pleinement oscillantes. Akiyama et Jiang [5] ont prouvé
que pour presque tout 3 > 1, la suite (e2™7"), cy est pleinement oscillante.

Nous prouvons plusieurs propriétés de la suite oscillante.

Lemme 0.14 (Chapitre 6, Lemme 6.2). Soit d > 1. Une suite de nombres complex-
es (Cp)nen est oscillante d’ordre d si et seulement si toutes les sous-suites arithmétiques
(Cantb)nen sont oscillantes d’ordre d pour tous les entiers a € N* et b € N.

Notre preuve du lemme 0.14 est basée sur un fait prouvé dans [38]. Nous remarquons
qu’'une forme plus forte du lemme 0.14 a été prouvée dans [32].

La proposition suivante nous dit que la définition des suites oscillantes reste valable s’il
y a une perturbation pour le polynome P par un polynome a coefficients rationnels.

Proposition 0.15 (Chapitre 6, Proposition 6.3). Une suite de nombres complexes (¢, )nen
est oscillante d’ordre d si et seulement si

N-1

_— omi(P(n)+Q(n)) _
i 2 ene =0

pour tout P € Ry[t] et tout Q € Qlt].

En fait, le lemme 1.14 et la proposition 1.15 sont également utiles pour prouver le
théoreme 1.16.

Nous nous intéressons a la signification dynamique des suites oscillantes. Nous don-
nerons plusieurs descriptions équivalentes de telles suites en termes d’orthogonalité a dif-
férents systemes dynamiques sur des tores.



0.3. SUITES DE TYPE CHOWLA ET SUITES OSCILLANTES - 15 -

Nous rappelons maintenant quelques notions concernant les groupes abéliens compacts.
L’application affine T" sur un groupe abélien compact X est une fonction de la forme

Tx = Ax + b,

oub € X et A est un automorphisme sur X. L’automorphisme A est aussi appelé la section
d’un automorphisme de I'application affine T

Comme observé dans [99] par Liu et Sarnak, un automorphisme d’entropie nulle sur
T¢ x F, ou T? est un tore d-dimensionnel et F est un groupe abélien fini, est de la forme

T(v,y) = (Az + By, Cy)

avec A un automorphisme sur T¢ d’entropie nulle, B un morphisme de F dans T¢ et C un
automorphisme sur F'. Un tel automorphisme est dit spécial si le morphisme N := A — [
est nilpotent d’ordre d (c’est & dire, N = 0 mais N4~! # 0) et dans ce cas, application
affine T" est aussi appelée spéciale.

Nous avons le théoreme suivant, dont le point clé est que les automorphismes d’entropie
nulle sur des groupes abéliens compacts sont quasi-unipotents (voir [23, 99]).

Théoréme 0.16 (Chapitre 6, Théoreme 6.5). Une suite de nombres complezes est os-
cillante d’ordre d si et seulement si elle est orthogonale a 'un des systémes dynamiques
sutvants ou a l'une des classes suivantes de systemes dynamiques.

(1) Tous les automorphismes d’entropie nulle sur T x F pour n’importe quel groupe
abélien fini F.

(2) Un automorphisme spécial d’entropie nulle sur T4 x I, o F' est un groupe abélien

fini fixé.

outes les applications affines d’entropie nulle sur T X F' pour ntmporte quel groupe
3) Toutes | licati d’entropie null T¢x F ’j t !
abélien fini F.

(4) Toutes les applications affines spéciales d’entropie nulle sur T x F, ot F est un
groupe abélien fini fixé, qui partage la méme section qu’un automorphsime.

Nous remarquons que le groupe abélien fini F' dans le théoreme 0.16 peut étre le groupe
trivial de sorte que T¢ x F' est exactement le tore T¢.
Pour les suites pleinement oscillantes, nous avons la description équivalente suivante.

Théoréme 0.17 (Chapitre 6, Théoreme 6.6). Une suite de nombres complexes est pleine-
ment oscillante si et seulement si elle est orthogonale a toutes les applications affines
d’entropie nulle sur un groupe abélien compact.

L’implication directe du théoreme 0.17 est une conséquence directe du théoreme 0.16.
D’autre part, 'implication réciproque est essentiellement prouvée dans [99], ou Liu et
Sarnak ont observé que toute orbite de toute application affine d’entropie nulle sur un
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groupe abélien compact pouvait étre réalisée par une orbite d’une fonction affine d’entropie
nulle sur T¢*! x F' pour un groupe abélien fini F'.

Une conséquence directe du théoreme 0.17 est que les suites satisfaisant la condition
(So) sont toujours pleinement oscillantes.

0.3.5 Suites (e*™"),cn, 8 > 1

Nous présentons notre travail sur la propriété de Chowla des suites (e>"%#"),,cy pour g >
1 dans ce paragraphe. L’outil principal est la théorie de la distribution uniforme modulo 1.

Nous commencons par une breve introduction a la notion de distribution uniforme modulo
1.

Historiquement parlant, de 1901 a 1910, trois articles de Bohl [13], Sierpinski [117]
et Weyl [132] se consacrent en partie a la distribution de suites réelles. Quelques années
plus tard, en développant les idées dans ces articles, Weyl [133, 134] a initié 'étude de la
distribution uniforme modulo 1 et a énoncé divers criteres pour qu’'une suite donnée soit
uniformément distribuée modulo 1.

Une suite (z(n)),en de nombres réels est dite uniformément distribuée modulo 1 si,
pour tous nombres réels u,v avec 0 <u <v <1, 0n a

1 <n< < <
lim t{n 1_n_N,u_{xn}_v}:
N—oo N

v — U,

ou {x} est la partie fractionnaire du nombre réel z.

Un des résultats de Weyl [133, 134], que 'on appelle souvent le critere de Weyl, est le
théoreme suivant.

Théoreme 0.18 ([133, 134]). Une suite (x(n)),en de nombres réels est uniformément
distribuée modulo 1 si et seulement si

1 N
: E 2miha(n)
zx}l—rgo N & ‘ 0

pour tout entier non nul h.

Pour un nombre réel donné 5 > 1, peu de résultats sont connus pour savoir si la suite
(8" )nen est uniformément distribuée modulo 1 et comment elle est distribuée. Par exemple,
nous ne savons toujours pas si 0 est un point limite de ({¢"})nen, ni de ({(2)"}Pnen.
Cependant, plusieurs propriétés métriques ont été établies. La premiere a été obtenue par
Koksma [78], qui a prouvé que pour presque tout 4 > 1 la suite (8"),en est uniformément

distribuée modulo 1. En fait, Koksma [78] a prouvé le théoreme général suivant.

Théoréme 0.19 (Théoréme de Koksma). Soit (f,)nen une suite de fonctions réelles C*
définies sur un intervalle [a,b]. On suppose
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(1) fI — fl est monotone sur [a,b] pour tous m # n;

(2) infzp, mingeay | £, (2) — fr ()] > 0.

Alors pour presque tout x € [a,b], la suite (f,(2))nen est uniformément distribuée modulo
1.

Pour plus d’informations sur la distribution uniforme modulo 1, nous pouvons nous
référer aux études [19, 87].

Comme nous 'avons mentionné, Akiyama et Jiang [5] ont prouvé que pour presque
tout 3 > 1, la suite (e>"#"), ey est pleinement oscillante. Plus précisément, ils ont prouvé
le théoreme suivant.

Théoréme 0.20 ([5], Corollaire 2). Soit o un nombre réel non nul et g € C%(]1,+00[)
une fonction, ot C2(]1,+00[) est l'espace des fonctions positives et 2 fois continuement
différentiables sur |1, 400 dont la dérivée i-iéme est non négative pouri = 1,2. Alors pour
presque tout nombre réel B > 1 et pour tout polynome réel P, la suite

(2riteBma@ Py
ne

est pleinement oscillante.

L’étape principale de leur démonstration est de montrer la distribution uniforme de la
suite (a8"g(8))nen pour un nombre réel o donné, une fonction g € C%((1,00)) et pour
presque tout nombre réel S > 1 en utilisant le théoreme de Koksma.

Comme l'indiqué dans le théoreme 0.17, les suites pleinement oscillantes sont orthog-
onales a toutes les applications affines d’entropie nulle sur des groupes abéliens compact-
s. En combinant ce résultat avec le théoreme 0.20, nous voyons que pour presque tout
nombre réel S > 1, la suite (ez”iﬁn)neN est orthogonal & cette classe de systemes dy-
namiques topologiques d’entropie nulle. On peut se demander a quels systemes dynamiques
topologiques (d’entropie nulle) cette suite est orthogonale. Nous prouvons que pour presque
tout nombre réel § > 1, la suite (ezmﬂn)neN est orthogonale a tous les systemes dynamiques
d’entropie nulle. Plus précisément, nous pouvons le théoreme suivant.

Théoréme 0.21 (Chapitre 7, Théoreme 7.12). Soit g € C*(]1,+o00[) ayant un nombre
dénombrable de zéros sur |1, +oo[. Alors pour presque tout nombre réel > 1, la suite

(e2miB"9(2)) (0.3.4)

neN
a la propriété de Chowla.
En posant ¢ = 1 dans le théoreme 0.21, on voit qu’'un corollaire direct des théoremes

0.10 et 0.21 est que, pour presque tout 5 > 1, la suite (8"),en est orthogonale a tous les
systemes dynamiques d’entropie nulle.

2 mi(]1,+00[) Tespace de toutes les fonctions C* qui ont au plus
dénombrable de zéros sur |1, 4+o00[. L’étape clée de la démonstration du théoréeme 0.21

Nous désignons par C?
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est d’utiliser le théoreme de Koksma pour prouver la distribution uniforme de la suite
(8"9(8))nen pour une fonction g € C2 ,..(]1,+00[) et pour presque tout 3 > 1. Nous
remarquons que la méthode pour prouver la distribution uniforme de telles suites est d-
ifférente de celle utilisée pour démontrer le théoreme 0.20 par Akiyama et Jiang. On
remarque aussi que l'espace C2 (1, +00[) est plus grand que Pespace C2 (]1, +o0|). Par
exemple, les fonctions f(x) = z? — 5z + 6 et h(x) = sin(x) sont dans C2 (|1, +00[) mais

count
pas dans C% (|1, +-o0]).



Chapter 1

Introduction

This thesis is devoted to solving Fuglede’s conjecture on the field of p-adic numbers
and to studying the oscillating properties of sequences related to Sarnak’s conjecture. The
thesis is thus divided into two parts. The first part consists of Chapters 2, 3 and 4, where
we are interested in Fuglede’s conjecture. The second part consists of Chapters 5, 6 and
7, where we are concerned with some randomness and oscillating properties of complex
sequences.

1.1 An overview of the thesis

Let us first recall Fuglede’s conjecture. Let Q C R be a Borel set of positive finite
Lebesgue measure. The set € is called a tile of R? by translations, if there exists a
(countable) set T C R? such that {Q+t : ¢t € T'} is a partition of R? almost surely. We call
T a tiling complement of Q and the couple (2,T) a tiling pair. The set 2 is said to be a
spectral set if there exists a (countable) set A C R such that E(A) = {>™™®) . X\ € A} is
an orthogonal basis of the Hilbert space L?(Q) of square-integrable functions on . Such
a set A is called a spectrum of €2 and the couple (€2, A) is called a spectral pair.

In 1974, Fuglede [43] formulated the following conjecture.

Conjecture 1.1. A Borel set of finite positive Lebesque measure in R? is a spectral set if
and only if it is a tile.

The motivation for Fuglede to study spectral sets is to answer a question raised by Segal
about commutative self-adjoint extensions in L?*(2) of the partial differential operators in
C?(Q) for suitable region Q in R? Fuglede [43] proved that the spectral sets are such
suitable regions. This initiated the study of the spectral sets. Fuglede [43] also proved
that Conjecture 1.1 is true under the extra assumption that the tiling complement or the
spectrum is a full-rank lattice in R?. Many positive results were obtained [59, 60, 62, 65,

La version francaise de ce chapitre est le chapitre: Résumé des travaux de these, qui précede le chapitre
1.
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79, 81, 95, 96] before Tao [121] who gave a counterexample for Fuglede’s conjecture on R5.
Now it is known that the conjecture is false in both directions for d > 3 [100, 83, 84, 29, 39].
However, the conjecture is still open in lower dimensions (d = 1,2).

Conjecture 1.1 can be formulated for any locally compact abelian group on which the
notions of spectral sets and tiles are generalized with the Lebesgue measure replaced by
the Haar measure on the group.

The general conjecture is far from being proved and it is not true for R% d > 3 as we
have mentioned. The problem is to investigate on which locally compact abelian groups
Fuglede’s conjecture holds. Actually, there are only few known results. We know that
Fuglede’s conjecture holds on Z/p"Z (Laba [89)), Z/pZ x Z/pZ (losevich, Mayeli and
Pakianathan [61]) and Z/p"qZ with n > 1 and p, ¢ being distinct primes (Malikiosisa and
Kolountzakis [101]).

In the first part of this thesis, we study Fuglede’s conjecture on the field of p-adic
numbers. One of our main theorems asserts that Fuglede’s conjecture holds on the field of
p-adic numbers, that is, a Borel set in the field of p-adic numbers is a spectral set if and
only if it is a tile. Moreover, we prove that the tiles and the spectral sets are compact open
up to a zero-measure set.

Another one of our main theorems states that a compact open set is a tile (or spectral
set) if and only if its associated tree is homogeneous. Actually, this result yields a geomet-
rical illustration of tiles and spectral sets in the field of p-adic numbers. These results will
be described in details in Section 1.2.

The second parts of this thesis studies some randomness and oscillating properties of
complex sequences, which are shared by the Mobius function. The Mobius function is an
arithmetic function defined by the formula

1 ifn =1,
w(n) =< (=1)k if nis a product of k distinct primes,

0 otherwise.

It is well known that the Mdobius function plays an important role in number theory. For
example, the Prime Number Theorem is equivalent to the following statement (cf. [7],

p.91)

> uln) = o(N);

Riemann’s hypothesis is equivalent to the following formula (see [123])
N
1
Z,u(n) = O(Nz"9), for each € > 0.
n=1

The so-called Mébius pseudorandomness heuristic suggests that the patterns (or finite
subwords) in the Mobius function p behave so randomly (or pseudorandomly) that one



1.1. AN OVERVIEW OF THE THESIS - 21 -

should expect a substantial amount of cancellation in sums that involve the sign fluctua-
tion of the Md&bius function in a nontrivial way, with the amount of cancellation present
comparable to the amount that an analogous random sum would provide. There are a
number of ways to make this heuristic precise. As already mentioned, Riemann’s hypoth-
esis can be considered as one such manifestation of the heuristic. Another manifestation
is the following Chowla’s conjecture [21] on the correlations of the Mobius function.

Conjecture 1.2. For each choice of 0 < a; < -+ < a,,r > 0, and iy € {1,2} which are
not all equal to 2,

N-—
lim NZ; (n+a) uil(n+a2)~~...Mir<n+aT>:O.

N—oo

A more recent formulation of the Mobius randomness heuristic is the following con-
jecture of Sarnak. Let 7" be a continuous transformation of a compact metric space X.
Following Sarnak [112], we say that a sequence (a(n)),en of complex numbers is orthogonal
to the topological dynamical system (X, T), if

jél_r)noo—Zf (T"x =0, (1.1.1)

for all z € X and for all f € C(X) where C(X) is the space of continuous functions on X.
In 2010, Sarnak [112] formulated the following conjecture.

Conjecture 1.3. The Mobius function is orthogonal to all topological dynamical systems
of zero entropy.

Sarnak [112] also proved that Chowla’s conjecture implies Sarnak’s conjecutre.

Recently, El Abdalaoui, Kulaga-Przymus, Lemanczyk and de la Rue [4] studied these
conjectures from ergodic theory point of view. Let z be an arbitrary sequence taking values
in {—1,0, 1} as the Mdbius function. Following El Abdalaoui et al., we say that z satisfies
the condition (Ch) if it satisfies the condition in Chowla’s conjecture; similarly, it satisfies
the condition (Sp) if it satisfies the condition in Sarnak’s conjecture. El Abdalaoui et al.
proved that the condition (Ch) implies the condition (Sg) for all sequences taking values
in {—1,0,1}. They also provided some non-trivial examples of sequences satisfying the
condition (Ch) and the condition (Sy) respectively.

We consider a more general class of sequences, taking values 0 or complex numbers
of modulus 1. We will define Chowla property for this class of sequences and we will
prove that such Chowla sequences are orthogonal to all topological dynamical systems of
zero entropy. We are interested in finding Chowla sequences. It will be proved that for
almost every 3 > 1, the sequence (e?™#"), ey has Chowla property. It will also be discussed
whether the samples of a given random sequence have Chowla property almost surely. We
will construct sequences of dependent random variables having Chowla property almost
surely.
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Now let us consider the orthogonality between two sequences. T'wo sequences of com-
plex numbers (a(n))nen and (b(n)),en are said to be orthogonal if

. 1
lim > a(n)b(n) = 0. (1.1.2)

N—o0
n=1

Davenport [24] proved that for each A > 0,

N
log” N

This means that the Mobius function is orthogonal to the sequences (e*™"%),cx for all
a € R. A sequence having such orthogonality is called an oscillating sequence by Fan
and Jiang in [38] where Sarnak’s conjecture was proved true for a class of dynamics even
when the Md&bius function is replaced by an oscillating sequence. In general, oscillating
sequences of higher orders and fully oscillating sequences were defined by Fan in [31] where
it was proved that the fully oscillating sequences are orthogonal to all multiple ergodic
realizations of topological dynamics of quasi-discrete spectrum in the sense of Hahn—Parry.
Recall that a sequence of complex numbers (¢,)nen is said to be oscillating of order d
(d > 1 being an integer) if

li 1« 2miP(n)

im Nche =0 (1.1.4)

N—oo
n=0

for any P € Ry[t] where Ry[t] is the space of real polynomials of degree smaller than or
equal to d; it is said to be fully oscillating if it is oscillating of order d for every integer
d>1.

We are interested in dynamical description of oscillating sequences. We will prove
several equivalent definitions of oscillating sequences in terms of their orthogonality to
different dynamical systems on tori.

In the following we will detail the above presentation.

1.2 Fuglede’s conjecture

In this section, we present our results on Fuglede’s conjecture on the field of p-adic
numbers. We start with some historical remarks on Fuglede’s conjecture.

1.2.1 Historical remarks and open questions

As we have mentioned before, Fuglede ([43]) formulated his conjecture concerned with
the equivalence between tiles and spectral sets in Euclidean spaces. There were a lot of
positive evidences towards the veracity of this conjecture under different extra assumptions
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(60, 96, 81, 58, 59] before the work [121] where Tao gave a counterexample: there exists a
spectral subset of R? with d > 5 which is not a tile. After that, Matolcsi [100], Matolcsi
and Kolountzakis [83, 84|, Farkas and Gy [29], Farkas, Matolcsi and Méra [39] gave a
series of counterexamples which show that both directions of Fuglede’s conjecture fail on

Re(d > 3).

However, the conjecture is still open in lower dimensions d = 1, 2. We will see that some
special case of Fuglede’s conjecture in dimension 1 is equivalent to a pure number theory
problem. Actually, it appears to be rather hard in dimension 1. Nevertheless, Laba [88]
proved that Fuglede’s conjecture is true for a union of two intervals. For a union of three
intervals, only the “Tiling implies Spectral” part was proved by Bose, Kumar, Krishnan
and Madan [14]. If one looks just at a union of disjoint intervals of same size, that is, a

set of the form
Q=A4+10,1),

where A is a finite set in Z, then in this case, the conjecture is equivalent to a pure number
theory problem (see [80]). The conjecture is still open for this class of sets. Laba [89]
proved that the conjecture is true for A = p" (n € N and p prime). She also proved that
if Q is a tile then it is also spectral for $A = p"¢™ (n,m € N and p, ¢ distinct primes).
Malikiosis and Kolountzakis [101] proved that the conjecture holds for A = p"q (n € N
and p, ¢ distinct primes).

In dimension 2, there is few result. We only know that Tosevich, Katz and Tao [59]
proved the conjecture for convex planar domains.

As it has already been mentioned in Section 1.1, the general Fuglede’s conjecture on
locally compact abelian groups is formulated as follows:

Conjecture 1.4. A Borel set of positive and finite Haar measure in a locally compact
abelian group is a spectral set if and only if it is a tile.

In its generality, this general conjecture is not true, for instance, it fails on R¢,d > 3.
We could rather ask on which groups it holds. In this sense, the general conjecture is
widely open. The different algebraic structures of different groups would provide diverse
information. Though there is a general Fourier analysis on locally compact abelian groups
(see [108]), each group has its own Fourier analysis which is slight different from each
other. Thus the methods to deal with the conjecture differ from group to group. This may
offer a chance to see the connections between tiles and spectral sets in some group if one
knows well the algebraic structure and Fourier analysis on this group. Therefore, there
are abundant questions to be thought. The question arises even for finite abelian groups.
Actually, it appears to be rather hard in finite abelian groups. The “biggest” finite abelian
groups proved to be true for Fuglede’s conjecture is Z/p"qZ with n > 1 and p,q being
distinct primes by Malikiosisa and Kolountzakis [101]. It is not yet known whether the
conjecture holds on Z/p™¢™7Z with n > 1,m > 1 and p, g being distinct primes.

On the other hand, instead of considering the conjecture itself, it is also very interesting
to study the structure of tiles and respectively spectral sets in locally compact abelian
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groups. Even though the conjecture fails on certain groups, it is worth pondering the
difference between the tiles and spectral sets. From this says, there are plentiful questions
under consideration. We could ask this question even for finite cyclic groups, that is, can
we classify tiles and spectral sets in finite cyclic groups? It appears to be far from being
achieved for this question. Coven and Meyerowitz [22] conjectured that two algebraic
conditions together (see Section 2.6) are sufficient and necessary for tiles and spectral sets
respectively in cyclic groups. However, it is only known that these two algebraic conditions
are sufficient for tiles and spectral sets in Z/p™¢™Z with n > 1, m > 1 and p, g being distinct
primes (Laba [88]).

Moreover, we could also ask the above questions for non-commutative compact groups,
for instance, SO(3). Since compact groups all carry a Haar measure, the tiles are naturally
generalized to compact groups. To generalize the notion of spectral sets in compact groups,
we need additionally the group representation theory. We first consider a finite group G.
Let ¢ : G — GL4(C) be a representation. We write ¢ = (¢;;)1<ij<a- Due to Schur
orthogonality relations (see for example [119], p.31), the set

G = {\/C_l¢z'j}

taking the union of these over all the isomorphism classes of d-dimensional irreducible
representations of G for all d > 1 is a Hilbert basis of L?(G). A non-empty subset Q C G
is called a spectral set if we can find A C G such that A is a Hilbert basis of L%(9).
Since Schur orthogonality relations admit a generalization to the case of compact groups
in general, the notion of spectral sets are naturally generalized to compact groups. Thus we
could naturally formulate Fuglede’s conjecture on compact groups: a Borel set of positive
and finite Haar measure in a compact group is a spectral set if and only if it is a tile. We
could also ask the question what tiles and spectral sets look like on compact groups. The
questions on compact groups may be studied in future research, but we will not discuss
these questions in this thesis.

Now we present some works towards the general conjecture on locally compact abelian
groups. Borrowing the notation from Dutkay and Lai [28], we write S-T(G), respectively
T-S(G), if the direction “Spectral=Tiling”, respectively “Tiling=-Spectral”, holds in G.
Dutkay and Lai [28] showed the following relations:

T-S(R) & T-S(Z) & T-S(Z/NZ) for all N,
and
S-T(R) = S-T(Z) = S-T(Z/NZ) for all N.

This result shows that the cyclic groups play important roles in the study of Fuglede’s
conjecture in R. In fact, we will show later that some similar results hold when we study
Fuglede’s conjecture on the field of p-adic numbers.

If instead of general locally compact abelian groups we look at local fields, then the
additional algebraical structure of the field might give us more information on tiles and
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spectral sets. Recall that every local field is isomorphic (as a topological field) to one of
the following:

e archimedean local fields (of characteristic zero): the field R of real numbers, and the
field C of complex numbers,

e non-Archimedean local fields of characteristic zero: finite extensions of the field of
p-adic numbers Q, (where p is any prime number),

e non-Archimedean local fields of characteristic p (where p is any given prime number):
finite extensions of the field of formal Laurent series F,((T")) over a finite field F,
(where ¢ is a power of p).

As we have already noticed, the conjecture is open and seems rather hard in R and C
(isomorphic to R?). However, the conjecture is easy to disprove on any finite extensions of
the field of formal Laurent series: some counterexamples are constructed by an analogy of
the counterexamples in finite abelian groups. The main idea is to view the field of formal
Laurent series as a F, vector space of infinite dimension (see Chapter 2). The last case,
the field of p-adic numbers, is on an intermediate position, which can be hopefully solved.
This is one of our motivations to study Fuglede’s conjecture on the field of p-adic numbers.
We will discuss this in the next subsection.

1.2.2 Fuglede’s conjecture on the field of p-adic numbers

In this subsection, we study Fuglede’s conjecture on the field of p-adic numbers. To
this end, we study the structure of compact open tiles and compact open spectral sets.

Up to a scaling, we assume that the compact open sets are contained in Z,. Clearly, a
compact open set in Z, has the form

I—ICEC(C + p'YZp)a

where 7 > 1 is an integer and C' is a subset of {0,1,...,p” — 1} identified with Z/p Z.
By p-adic expansion, there is a one-to-one correspondence between Z/p?Z and a product
space X with X = p. Since it is well known that the product space X7 is identified with
a finite tree 70), Z/p7Z can also be viewed as the finite tree 7). The n-th level of 7
consists of the digits of p-adic expansion at the n-th position. Moreover, we identify each
element in Z/p?7Z with a branch in this finite tree 7 decided by the digital set of its p-adic
expansion (see Figure 1.1). It follows that any subset C' in Z/p?Z determines a subtree
To of TO) by identifying the elements in C' with the branches in 7). Furthermore, the
subtree T¢ is said to be homogeneous if the number of descendants of each vertex depends
only on its level. If this number is either 1 or p, we call 7o a p-homogeneous tree.

We will prove that the compact open spectral sets, the compact open tiles and p-
homogenous sets are coherent.

Theorem 1.5 (Chapter 3, Theorem 3.1). Let Q = Ueec(c + p'Zy) be a compact open set
in Zy,. The following are equivalent.
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T7()

Figure 1.1: For p = 3, the branch of 61 can be indexed by its digits (1, 2,0, 2).

(1) 2 is a spectral set in Q,.
(2) Tc is a p-homogenous tree.
(3) 2 tiles Q,.
For each 0 < n <~ , denote by
Crmod pn == {2 € {0,1,...,p" — 1} : Jy € C, such that x =y (mod p")}

the subset of Z/p"Z determined by C' modulo p™. We also obtain the following character-
ization of spectral sets in the finite group Z/p Z.

Theorem 1.6 (Chapter 3, Theorem 3.3). Let C C Z/p"Z. The following statements are
equivalent:

(a) C is a spectral set in Z/p Z;

(b) C is a tile of Z/p Z;

(c) foranymn = 1,2,--- ;v — 1, #(Crod pn) = pt~ for some integer k, € N, where
8(Cimod pn) 18 the cardinality of the finite set Cioa pn-

As Tao noted on page 3 of [121], the equivalence (a)<(b) is not new, but follows from
Laba [89], which in turn builds on the work of Coven-Meyerowitz [22]. However, we prove
it by showing that both (a) and (b) are equivalent to (c¢) which implies the p-homogeneity
of C'. The p-homogeneity is practically checkable. We can use it to describe finite spectral
sets in Z/pVZ.

In order to prove Fuglede’s conjecture on the field of p-adic numbers, we need to use the
Bruhat-Schwartz distributions on Q,. The theory of p-adic distributions (Bruhat-Schwartz
distributions on Q,) plays an important role in solving mathematical problems of p-adic
analysis and applications [3, 129]. The space of test functions consists of all uniformly
locally constant functions of compact support.
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We denote by g = Y . de for a discrete set £ C Q,. The following proposition holds
not only for Q, but also for general locally compact abelian group G (see Theorem 2.18
and Theorem 2.19). The case when G = R? was proved by Jgrgensen and Pedersen [63]
and the case when G is a local field was proved by Fan [30].

Proposition 1.7 (Chapter 3, Proposition 3.8). Let Q) be a Borel set of positive finite Haar
measure in Q,. Then we have the followings.

o The set ) is a tile with tiling complement T if and only if
pr * lo(z) =1, for p-a.e. x € Q,.

o The set Q is a spectral set with spectrum A if and only if
ua [Tal*(6) = p(Q?, V€€ Q.

By Fourier transformation, we obtain the equivalent conditions of tiles and spectral
sets in Q,:

a Borel set ) is a tile with tiling complement T in Q, <= 7 g = b,
and

—

a Borel set ) is a spectral set with spectrum A in Q, <= [ - (W!TQ)P) = do-

Since the function dy has abundant zeros, this leads us to study the zeros of the distri-
bution iz and the function f in the following functional equation:

-~
~

pe - f = do,
where 0 < f € L1(Q,).

Independent with the result of Theorem 1.5, we obtain the following theorem.

Theorem 1.8 (Chapter 4, Theorem 4.25). Let Q@ C Q, be a Borel set of positive finite
Haar measure. Then Q is a spectral set if and only if it s a tile in Q,. Furthermore, the
tiles or spectral sets in Q, are almost compact open sets.

This result confirms Fuglede’s conjecture on the field of p-adic numbers. Combining
Theorem 1.5 and Theorem 1.8, we obtain that the tiles and spectral sets in Q, are charac-
terized by a simple geometric property: p-homogeneity.

1.3 Chowla sequences and oscillating sequences

In this section, we study the Chowla sequences and oscillating sequences. One of the
tools to study such sequences is the disjointness initiated by Furstenberg [44]. We begin
with some historical remarks on the study of the disjointness.
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1.3.1 Furstenberg’s disjointness

Following Furstenberg [44], we will call a measure-preserving transformation group on
a measure space a process. As an analogy with the integers, Furstenberg [44] gave the
following two ways to define “two processes are relatively prime”.

Condition 3. Two processes T and S have no common factor except the trivial process
reduced to one point.

Condition 4. Once the two processes T and S appear as factors in some process, then
their direct product T x S also appears as a factor.

Condition 2 has been called by Furstenberg the disjointness of 7" and S. Moreover,
Furstenberg [44] proved that Condition 2 implies Condition 1. Actually, Furstenberg’s
initial motivations for disjointness ranged from the classification of dynamical systems to
an originated question in Diophantine approximation, passing through a filtering problem
in probability theory:

If (&)nen and (Gu)nen are two processes, can we recuperate (&,)nen from their sum
(gn + Cn)nEN ¢

A lot of applications of disjointness have already been shown in [44] by Fursenberg. For
example, the processes disjoint from all Bernoulli processes are characterized by determin-
istic processes.

Furstenberg [44] also introduced the notion of joinings, which has become a powerful
tool in ergodic theory. The study of disjointness turns out to be quite enlightening, as it
deals with

all the possible ways that two processes can be seen living together inside a third one.

Beginning with the pioneering works of Furstenberg, the conception of joinings was
exploited persistently ([109, 67, 47, 105, 45, 127, 68, 56, 77, 46, 125, 111, 76, 66, 98]). For
a more complete treatment of ergodic theory via joinings, we refer to Glasner’s book [49]
and de la Rue’s survey paper [26].

1.3.2 Towards Sarnak’s conjecture

As we have mentioned before, Sarnak’s conjecture is concerned with the Mobius dis-
jointness from the dynamical systems of entropy zero. Here, we summarize the progress
toward Sarnak’s conjecture. We now know that the conjecture is true for Kronecker system-
s (Vinogradov [128]), nilsystems (Green and Tao [51]), the Thue-Morse system (Mauduit
and Rivat [102]), horocycles flows (Bourgain, Sarnak, and Ziegler [17]), certain class of
interval exchanges (Ferenczi and Mauduit [41]) etc. For some of them, the KBSZ criterion
(Katai [73], Bourgain, Sarnak and Ziegler [17]) is used to achieve the orthogonality. For a
complete summary of the progress of Sarnak’s conjecture, see the survey paper [40].

As we have mentioned, the conditions (Ch) and (Sp) for a sequence z € {—1,0,1}"
are obtained from Chowla’s conjecture and Sarnak’s conjecture by replacing the Mdbius



1.3. CHOWLA SEQUENCES AND OSCILLATING SEQUENCES - 29 -

function with the sequence z, respectively. El Abdalaoui et al. [4] proved that the condition
(Ch) implies the condition (Sp). Recall that a point x € X is said to be completely
deterministic if for any accumulation point v of % Zg;ol Ony wWhere 0, 1s the Dirac measure
supported on x, the system (X,T,v) is of zero entropy. El Abdalaoui et al. also defined
the condition (S), formally stronger than (Sg) by requiring

N-1
dim 7; f(T"z)z(n) =0

for any topological dynamical system (X,7T), any f € C(X) and any completely deter-
ministic point x € X. They proved the equivalence between the condition (S) and the
condition (Sy).

1.3.3 Chowla property

In this subsection, we present our definition of Chowla property for sequences tak-
ing values 0 or complex numbers of modulus 1, which generalizes the condition (Ch) for
sequences taking values in {—1,0,1}.

To define such Chowla property, we need additionally to define the index of a sequence
in (S* U {0})Y and define the functions = +— 2™ for all x € S* U {0} and for all n € Z
which are analogies of the exponentiations on S*.

Let (2(n))nen € (ST U {0})N. We denote by U(m) = {e*™m : 0 < k < m — 1} the set
consisting of all m-th roots of the unity for m € N>, where N>, denotes the set of positive
integers larger than or equal to 2. Let U(co) = S'. The index of the sequence (2(n)),en
is defined by the smallest number m € N>y U {oo} such that the set

{n:z(n) ¢ U(m)U{0}}
has zero density in N. For a point z € S' U {0} and n € Z, we define
L0 an ifxe St
1o ifz=o0.

Let
[(m) - {O,l,...,m—l}, ?meNZQ;
7, if m = oo.

We define Chowla property for sequences taking values in S* U {0} as follows.

Defintion 1.9. Let z € (S* U {0})Y be a sequence of index m € Nso U {oc}. We say that
the sequence z has Chowla property if

N-—1
1 . . )
im — (o) ) (g Y (ir) -
Rty ZOZ Y+ ar) -2 (n+ a,) 2 (n+a,) =0, (1.3.1)

for each choice of 0 < ay < -+ < a,,r >0, and i5 € 1(m) which are not all equal to 0.
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It is not hard to see that the sequences taking values in {—1,0, 1} have the index 2.
Obviously, Chowla property for these sequences is exactly the condition (Ch).

Similarly to the result of the condition (Ch) implying the condition (S), we prove that
Chowla sequences are orthogonal to all topological dynamical systems of zero entropy. The
main tool of the proof is the theory of joining.

Theorem 1.10 (Chapter 7, Theorem 7.13). If a sequence in (S* U {0})N has Chowla
property, then it is orthogonal to all topological dynamical systems of zero entropy.

We will also study when the samples of a given random sequence have Chowla property
almost surely. We first consider stationary random sequences. We have the following
proposition.

Proposition 1.11 (Chapter 7, Proposition 7.24). Let Z = (Z,)nen be a sequence of
stationary random variables taking values in S*U{0}. Suppose that the random process Z
has finite or infinite constant index almost surely. Then almost surely the process Z has
Chowla property if and only if

E[Zc(fll) . Z[(1122) ..... Z((lff’)] =0, (1.3.2)
for each choice of 1 < ay < --- < a,,r >0, and iy € I1(m) which are not all equal to 0.

Using Proposition 1.11, we can characterize the random sequences in Proposition 1.11
when they are sequences of independent variables.

Corollary 1.12 (Chapter 7, Corollary 7.28). Let (X,,) be a sequence of stationary random
variables taking values in S* U {0}. Let m € Ny U {oo}. Suppose that almost surely the
sequence (X,,) has the index m and has Chowla property. Then

(1) if m is finite, then the sequence (X, )nen is independent if and only if
E[| Xo;, Xa, -+ - X, [] = E[| X, [[E[| Xa, [] - - - E[| X, [] (1.3.3)
for each choice of 1 < a1 < --- < a,,r > 0;
(2) if m is infinite, then the sequence (X, )nen S a sequence of independent variables.

It’s a natural question whether there are dependent random sequences having Chowla
property almost surely. To answer this question, we will associate a random sequence in a
Bernoulli system with a colored tree.

Let A be a finite alphabet. Let p be the uniform-Bernoulli measure on AY. Let
G : AN — {~1,0,1} be a continuous function. Denote Zg, := G o S™. We will explain
how to associate the process (Zg n)nen With the colored tree T¢ in Chapter 7. We will also
introduce the notion of homogeneity for a colored tree in the same chapter.

We have the following proposition.
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Proposition 1.13 (Chapter 7, Proposition 7.33). The random sequence (Zgn)nen has
Chowla property almost surely if and only if the associated tree Tg is homogeneous.

With the help of Corollary 1.12 and Proposition 1.13, we will construct dependent
random sequences having Chowla property almost surely. We just show an example here
to illustrate the existence of such sequences. Define g : {—1,0,1}*> — {—1,1} by

g(a.b) = {a if a € {—1,1} and b = 0;
0 otherwise.

We define G : {—1,0, 1} — {=1,1} by (2n)nen — g(x0,21) and Z, = G o S™ where S

is the left shift on {—1,0,1}N. Tt is easy to check that the sequence (Z,),en does not

satisfy the equation (1.3.3) in Corollary 1.12, which implies that (Z,)nen is a sequence

of dependent variables. On the other hand, one can check that its associated tree Tg is

homogeneous, which means that it has Chowla property almost surely.

1.3.4 Oscillating sequences

In this subsection, we consider the oscillating properties of complex sequences.

Recall that the oscillating sequences has been defined in Section 1.1. Recently, the
orthogonal properties (to certain dynamical systems) of oscillating sequences have been
studied. For example, Fan and Jiang [38] proved that the oscillating sequences of order 1
are orthogonal to all so-called minimally mean attractable and minimally mean-L-stable
dynamical systems; Fan proved that fully oscillating sequences are orthogonal to all multi-
ple ergodic realizations of topological dynamics of quasi-discrete spectrum in the sense of
Hahn-Parry [31] and to all affine maps of zero entropy on any compact abelian group [32].

As we have mentioned, the Mobius function is fully oscillating. Moreover, there are
several ways to construct other oscillating sequences. For instance, Fan [33, 34] proved that
some sequences on nil-manifold and some ¢g-multiplicative Gelfond type are fully oscillating
sequences. Akiyama and Jiang [5] proved that for almost every 8 > 1, the sequence
(€278, cn is fully oscillating.

We give several properties of oscillating sequence.

Lemma 1.14 (Chapter 6, Lemma 6.2). Let d > 1. A sequence of complex numbers (¢, )nen
is oscillating of order d if and only if all arithmetic subsequences (Canip)nen are oscillating
of order d for all integers a € N* and b € N.

Our proof of the above lemma is based on a fact proved in [38]. We remark that a
stronger form of the above lemma was proved in [32].

The following proposition tells us that in the definition of oscillating sequences, it
remains the same if there is a disturbance for the polynomial P by a polynomial with
rational coefficients.
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Proposition 1.15 (Chapter 6, Proposition 6.3). A sequence of complex numbers (c;)nen
is oscillating of order d if and only if

N-1

. ami(P(n)+Q(n) _
Wi, 2 =0

for any P € Ry[t] and any Q € QJt].

Actually, Lemma 1.14 and Proposition 1.15 are also useful for proving Theorem 1.16.

We are interested in the dynamical meaning of oscillating sequences. We will give
several equivalent descriptions of such sequences in terms of their orthogonality to different
dynamical systems on tori.

Now we recall some notions concerning compact abelian groups. An affine map T on a
compact abelian group X is a function of the form

Txr = Az + b,
where b € X and A is an automorphism on X. The automorphism A is also called a section

of an automorphism of the affine T

As observed in [99] by Liu and Sarnak, an automorphism of zero entropy on T¢ x F,
where T is a d-dimensional torus and F is a finite abelian group, has the form

T(z,y) = (Az + By, Cy)

with A an automorphism on T¢ of zero entropy, B a morphism from F to T¢ and C an
automorphism on F. Such automorphism 7' is said to be special if the morphism N := A—1
is nilpotent of order d (i.e. N =0 but N9~! # 0). Meanwhile the affine map T is also
called special.

We have the following theorem. The key point is that the automorphisms of zero
entropy on compact abelian groups are quasi-unipotent (see [23, 99]).

Theorem 1.16 (Chapter 6, Theorem 6.5). A sequence of complex numbers is oscillating
of order d if and only if it s orthogonal to one of the following dynamical systems or one
of the following classes of dynamical systems.

(1) All automorphisms of zero entropy on Tt x F for any finite abelian group F.

(2) A special automorphism of zero entropy on T x F, where F is any fized finite
abelian group F.

(3) All affine maps of zero entropy on T x F for any finite abelian group F.

(4) All special affine maps of zero entropy on T x F, which share the same section of
an automorphism, where F is any fized finite abelian group.
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We remark that the finite abelian group F' in Theorem 1.16 can be the trivial group so
that T¢ x F' is nothing but the torus T¢.

For full oscillating sequences, we have the following equivalent description.

Theorem 1.17 (Chapter 6, Theorem 6.6). A sequence of complex number is fully oscillat-
ing if and only if it is orthogonal to all affine maps of zero entropy on any compact abelian

group.

The necessity in Theorem 1.17 has been essentially proved in [99], where Liu and Sarnak
observed that every orbit of any affine map on any compact abelian group of zero entropy
can be realized by an orbit of an affine map of zero entropy on T x F' for some finite
abelian group F. On the other hand, the sufficiency is a direct consequence of Theorem
1.16.

A direct consequence of Theorem 1.17 is that the sequences satisfying the condition
(So) are always fully oscillating,.

1.3.5 Sequences (e2™7"), oy, B > 1

We present our work on Chowla property of the sequences (e2™#"), cy for 3 > 1 in this
subsection. The main tool is the theory of uniform distribution modulo one. We start with
a brief introduction to the notion of uniform distribution modulo one.

Historically speaking, during 1901-1910, three papers by Bohl [13], Sierpiriski [117] and
Weyl [132] were devoted partly to the distribution of real sequences. A few years later,
by developing the ideas in these papers, Weyl [133, 134] initiated the study of uniform
distribution modulo one and stated various criteria for a given sequence to be uniformly
distributed modulo one.

A sequence (z(n))nen of real numbers is said to be uniformly distributed modulo one if,
for every couple of real numbers u, v with 0 < u < v <1, we have

1 <n< < <
lim t{n 1_n_N,u_{xn}_v}:
N—oo N

v —u,

where {x} denotes the fractional part of the real number z.
One of Weyl’s results [133, 134] which is often referred to as Weyl’s criterion, is the
following theorem.

Theorem 1.18 ([133, 134]). A sequence (x(n))nen of real numbers is uniformly distributed
modulo one if and only if

1 N
: 2miha(n) _
R Z_l ‘ 0

for all non-zero integers h.
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For a given real number 5 > 1, only few results are known on whether the sequence
(8™)nen is uniformly distributed modulo one and how it is distributed. For example, we
still do not know whether 0 is a limit point of ({e"})nen, nor of ({(£)"})nen. However,
several metric statements have been established. The first one was obtained by Koksma
[78], who proved that for almost every 5 > 1 the sequence (8"),en is uniformly distributed
modulo one. Actually, Koksma [78] proved the following general theorem.

Theorem 1.19 (Koksma’s theorem). Let (f,,)nen be a sequence of real-valued Ct functions
defined on an interval [a,b]. Suppose that

(1) f! — fl is monotone on [a,b] for all m # n;

(2) infysn mingefay | () — fr(2)] > 0.

Then for almost every x € |a,b|, the sequence (f,,(z))nen is uniformly distributed modulo
one.

For further information about uniform distribution modulo one, we may refer to the
surveys [19, 87].

As we have mentioned, Akiyama and Jiang [5] proved that for almost every 8 > 1 the
sequence (e2™F"), oy is fully oscillating. Actually, they proved the following theorem.

Theorem 1.20 ([5], Corollary 2). Giwen any real number o # 0 and any g € C%((1,00))
where C%((1,4+00)) is the space of all positive 2-times continuously differentiable functions
on (1,400) whose i-th derivative is non-negative for i = 1,2. Then for almost every real
number B > 1 and for every real polynomial P, the sequence

(e2ritoB o +Pm))
ne

18 fully oscillating.

The main step of their proof is to show the uniform distribution of the sequence
(B"g())nen for a given «, a given function g € C2((1,00)) and for almost every real
number $ > 1 by using Koksma’s theorem.

As noticed in Theorem 1.17, fully oscillating sequences are orthogonal to all affine maps
on compact abelian groups of zero entropy. By Theorem 1.20, we see that for almost every
real number 8 > 1, the sequence (eZWiB")neN is orthogonal to this class of topological
dynamical systems of zero entropy. One may wonder to which topological dynamical
systems (of zero entropy) such sequence is orthogonal. We give an answer that for almost
every real number 5 > 1, the sequence (62”5")n6N is orthogonal to all dynamical systems
of zero entropy. In fact, we will prove the following theorem.

Theorem 1.21 (Chapter 7, Theorem 7.12). Let g € C?((1,+0)). Suppose that the
function g has at most countably many zeros on (1,4+00). Then for almost all real numbers
B > 1, the sequences

(e2mie"9(8)) (1.3.4)

neN
have Chowla property.
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Putting ¢ = 1 in Theorem 1.21, we obtain a direct corollary of Theorem 1.10 and
Theorem 1.21: for almost every 8 > 1, the sequence ("),en is orthogonal to all dynamical
systems of entropy zero.

Denote by C2 .((1,400)) the space of all C? functions which have at most count-
ably many zeros on (1,400). The key step of proving Theorem 1.21 is to use Koks-
ma’s theorem to prove the uniform distribution of the sequence (5"g(8))nen for a given
ge C?  .((1,+00)) and for almost all real numbers 8 > 1. We remark that the method
to prove the uniform distribution of such sequences is different from the one used to prove
Theorem 1.20 by Akiyama and Jiang. It is also noticed that the space C2 ., ((1,400))
is larger than the space C3((1,00)). For example, the functions f(z) = 2* — 5z + 6 and
h(z) = sin(z) are in C2,,,((1,+00)) but not in C%((1, 00)).

count
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Chapter 2

Preliminaries to the study of Fuglede’s con-
jecture

In this chapter, we provide some preliminary knowledge for the next two chapters
where we study Fuglede’s conjecture on the field of p-adic numbers. We also discuss
tiles and spectral sets in general locally compact abelian groups in this chapter. The
counterexamples of Fuglede’s conjecture on high dimensional p-adic spaces and on the field
of formal Laurent series IF,((7")) over a finite field F, for ¢ = p™ with p prime and n positive
integer are constructed. The chapter is organized as follows. In Section 2.1, we give a brief
review of the study of tiles and spectral sets in R%. In Section 2.2, we study Segal’s
question which is a motivation for Fuglede to formulate his conjecture on tiles and spectral
sets. In Section 2.3, the notions of tiles and spectral sets are generalized to general locally
compact abelian groups. Section 2.4 is devoted to presenting the idea of construction of
counterexamples of Fuglede’s conjecture on finite abelian groups and on R? d > 3. The
original idea is from Tao [121] where he disproved Fuglede’s conjecture on R? d > 5. In
Section 2.5, we give a criterion for tiles and spectral sets respectively in locally compact
abelian groups. The case when G = R? was proved by Jgrgensen and Pedersen [63] and
the case when G is a local field was proved by Fan [30]. The proof presented here follows
the ideas in [63] and [30]. In Section 2.6, the proof of Schoenberg’s lemma is presented.
We rewrite and simplify the original proof of Schoenberg [114]. Schoenberg’s lemma is
a key tool to prove Fuglede’s conjecture on @Q, in Chapter 3 and Chapter 4. In Section
2.8, we give counterexamples of Fuglede’s conjecture on high dimensional p-adic spaces
which are followed from a strong connection between tiles (resp. spectral sets) in Qg and
in (Z/p"Z)? for all n > 0. In Section 2.9, we disprove Fuglede’s conjecture on the field of
formal Laurent series by constructing counterexamples.

2.1 Introduction

The study of spectral sets was initiated by Fuglede [43], who considered a question
that for which open set ) there is a commutative extension of all the partial differential
operators from C*°(2) to L?(Q2). Fuglede found that the spectral sets are sufficient for
this purpose and converted the question to classify the spectral sets. Fuglede [43] proved
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that any fundamental domain given by a full-rank lattice is spectral with its dual lattice
as its spectrum. But he also found that there are spectral sets which are not fundamental
domains, for instance, the union of two intervals [0,1] U [2,3]. In the other direction, he
proved that neither triangles nor circles in R? are spectral sets.

On the other hand, we could also consider spectral measures whose support is of zero
Lebesgue measure. Jorgensen and Pedersen [65] first studied the spectral structure of
singular measures. They showed that the standard Cantor measure is a spectral measure
if the ratio of contraction is 1/2n. Nevertheless, there are more examples of self-similar or
self-affine spectral measures in [90, 27].

Another intriguing class of sets in eucildean space is the class of tiles. Fitting individual
sets (which is called tiles) together with no gaps or overlaps to fill a space gives us a tiling.
Such simple illustration suggests us that the art of tiling must have originated very early in
the history of civilization. By contract, the mathematical aspect of tilings is comparatively
recent. The study of tiling may be initiated by Griinbaum and Shephard [52]. By now there
is a wealth of literature in the subject of tiling, with topics including operator K-theory,
dynamical systems, and non-commutative geometry.

Similar to spectral sets, the self-affine tile is also an intriguing subject. The study of
self-affine tiles was initiated by Thurston [126] and Kenyon [75]. Following this initiation,
Lagarias and Wang proved some foundational properties of self-affine tiles in a series of
papers [91, 92, 93, 94]. The subject of self-affine tiles also has connections to many topics
including the tiling sets, the geometric and fractal structures, the topological properties,
the classification problems and application to wavelet theory.

In this thesis, we only consider the spectral sets of positive finite Haar measure and the
tiles by translation.

This chapter is organized as follows. In Section 2.2, we review the motivation of Fu-
glede’s conjecture. In Section 2.3, we recall the basic notions and properties in the theory
of Fourier analysis on locally compact abelian groups; we discuss the construction of the
counterexamples of Fuglede’s conjecture on R for d > 3; we prove equivalent conditions
of spectral sets and tiles respectively in terms of functional equations. In Section 2.6, we
are concerned with Schoenberg’s lemma which deals with certain Z-module generated by
N-th roots of the unity. In Section 2.7, we give a brief introduction to the field of p-adic
numbers and high dimensional p-adic spaces. In Section 2.8, we prove the equivalence
between Fuglede’s conjecture on (Z/p"Z)? for all d > 1 and the Fuglede’s conjecture for
compact open sets in Q;f. In Section 2.8.2 we prove that Fuglede’s conjecture fails on Qz
in high dimensions. In Section 2.9, we disprove Fuglede’s conjecture on the field of formal
Laurent series.

2.2 Segal’s question

In order to study the Fuglede’s conjecture, we understand the motivation of this con-
jecture.
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2.2.1 Nikodym sets

We present the definition of Nikodym set in this subsection. To this end, we briefly
recall some notions in Schwartz distribution in R

Let © C R? be an open subset. Denote by D(2) the set of all functions in C*(Q) with
compact support where C*°(£2) is the space of all functions in € that are differentiable for
all degrees of differentiation. Given a = (o, o, ..., a,) € Z% and f € D(Q), we denote by
0%f = 07052 ...0% f. The topology on D(1) is defined by the convergence of a sequence
of elements in D(Q): a sequence (¢x)ren C D(2) converges to ¢ € D(Q) if the following
two conditions hold:

e there is a compact set K C () such that

Urensupp(¢x) C K,
where supp(¢y) is the support of the function ¢y, for each k € N,

e for each o € Z? the function 9%¢; tends uniformly to 9%¢ whenever k tends to
infinity.

The functions in D(Q) are called test functions. Denote by D’(£2) the space of all continuous
linear functionals on D(2). The space D'() is equipped with the weak topology and the
functions in D'(§2) are called distributions. For any u € D'(Q2) and any ¢ € D(Q2), we
instead write (u, ¢) for the value of u acting on a test function ¢. A simple observation
shows that L?(2) € D'(Q). For u € D'(Q) and 1 < i < n, we define the partial derivatives
O;u by the formulas

(Oiu, 9) = (u, Big),

for all ¢ € D(Q).
Let £(Q) = {f € D'(Q) : 0;f € L*(Q),V1 < i < n}. The Sobolev space H,(Q) is
defined by
Hi(Q) ={u e L*(Q): gu € L*(Q),V1 <i<n}

It is clear that Hi(Q) C £(Q). A bounded region Q C R? is said to be a Nikodym set if
Hi(Q) = E(Q).

2.2.2 Fuglede’s answer

It is well known that the partial derivatives 0;, 0s, ..., 0, are commuting operators on
C*>(Q) for any region €. In other words, if Q C R is a region and f is a function such that
0;f and 0; f exist and continuous for all 1 <<, 7 <n, then 9,0;f = 0;0;f. Segal asked the
following question:

Question 2.1. Suppose that Q C R? is a bounded region. Can we extend the partial
derivatives 01,0y, . .., 0, on C®(Q) to be commutative self-adjoint operators on L*(2)?



- 40 - CHAPTER 2. PRELIMINARIES TO FUGLEDE’S CONJECTURE

That is to say, does there exist commuting self-adjoint operators Hy, Hy, ..., H, on L*(Q)
whose restriction on C*°(Q) are 0y, 0s, ..., 0, 7 In order to answer Segal’s question, Fuglede
[43] proved the following theorem.

Theorem 2.2. Let €} be a Nikodym set. The Segal’s question has an affirmative answer
if and only if Q) is a spectral set.

Thus Segal’s question is transfered to the question how to classify the spectral sets.
Recall that a (full-rank) lattice in R? is a subgroup of R? which is isomorphic to Z¢. A
dual lattice of a lattice T in R? is defined by the formula

T ={\: (\t) € 24Vt € T}.
Fuglede [43] proved the following theorem on the classification of the spectral sets:

Theorem 2.3. Let ) be a subset of RY. Let T be a lattice in RY. Then the followings are
equivalent.

o (U, T) is a tile pair.
o (Q,T%) is a spectral pair.
Moreover, Fuglede [43] formulated the following conjecture.

Conjecture 2.4. A Borel set Q C R of positive and finite Lebesgue measure is a spectral
set if and only if it is a tile.

2.3 Tiles and Spectral sets

In this section, we generalize the notions of tiles and spectral sets from Euclidean
spaces to locally compact abelian groups. This leads us to formulate general Fuglede’s
conjecture to locally compact abelian groups. After that, the connections between Fuglede’s
conjectures in different locally compact abelian groups are presented.

2.3.1 Fourier analysis on locally compact abelian groups

In this subsection, we recall basic notions and theorems concerned with locally com-
pact abelian groups. The content of this subsection forms the core of our subject and is
used throughout the whole chapter. We refer the reader to Rudin’s book [108] for more
information.

Let G be a locally compact abelian group. The group G is then equipped with a Haar
measure p, which is the unique (up to a multiplicative positive constant) non-negative
regular measure on G which is not identically 0 and is invariant by translation. We recall
that the invariance by translation means that

@+ ) = (),
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for any x € GG and any Borel subset €2 € G.
For two any Borel functions f and g on G, the convolution f % g is defined by the
formula

(f = 9)( / [z =y)g(y)dy,
provided that

/ F(x — 1)g(y)|dy < oo, (2.3.1)

We have the following properties of convolution as the follows.

Proposition 2.5 ([108], Page 4). (1) If (2.3.1) holds for some x € G, then (f x g)(x) =
(g )(x).

(2) If f € LNG) and g € L=(G), then f x g is bounded and uniformly continuous.

(3) If f € LY(G) and g € L'(G), then (2.3.1) holds for almost allx € G and fxg € L'(G)
whose L' norm is bounded by

1f* gl < [ F 1 llglh-

(4) If f,9,h € LY(G), then (f x g) x h = f * (g% h).

A group character, or simply a character, of G is a group homomorphism from G to the
unit circle S1. The set of all continuous characters of G forms an abelian group, denoted
by G, the dual group of G, whose addition is defined by the formula

(71 +72)(2) = n()re(2),

for any x € G and any 7,7 € G.
For any f € L'(G), the Fourier transform of f is defined by

/f y(z)dz, for all v € G.

We will endow G with a topology with respect to which G will itself be a locally compact
abelian group. Let A(G) be the set of all functions f with f € LY(G). Given G the weakest
topology such that all the functions in A(G) are continuous, the group G then becomes a
locally compact abelian group. Repeating the same reasoning, the group G also has a dual

group, say G. The Pontryagin duality theorem says that G is isomorphism to G, that is

Theorem 2.6 (Pontryagin duality theorem). Every locally compact abelian group is the
dual group of its dual group.
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2.3.2 Definitions of tiles and spectral sets

Let GG be a locally compact abelian group and G be its dual group. Let p be the Haar
measure on G. Let €2 be a Borel measurable subset in G with positive finite Haar measure.
We define two kinds of sets as the generalization of tiles and spectral sets in Euclidean
spaces (see Section 1.1).

Defintion 2.7. The set ) is a spectral set if there exists a set A C G which is an orthogonal
basis of the Hilbert space L*(Q2). Such a set A is called a spectrum of 0 and the couple
(Q, A) is called a spectral pair.

The other genre of sets under study is that of tiles:

Defintion 2.8. The set Q) is a tile by translation of G if there exists a set T C G of
translates such that Uier(2+1t) = G and p((t1 + Q) N (ta +Q)) =0 for any ty #ta € T.
Such a set T is called a tiling complement of Q0 and (2, T) is called a tiling pair.

For any locally compact abelian group G, it is natural to formulate the following con-
jecture, called Fuglede’s conjecture (or spectral set conjecture) on G:

Conjecture 2.9. A Borel set 2 C G of positive and finite Haar measure is a spectral set
if and only if it 1s a tile.

As we have mentioned in Chapter 1, the general conjecture is far from being proved
and it is usually not true as Tao [121] showed. The question becomes for which group G,
Fuglede’s conjecture holds.

As it has been mentioned in Chapter 1, we have the relations:

T-S(R) < T-S(Z) < T-S(Z/NZ) for all N,

and
S-T(R) = S-T(Z) = S-T(Z/NZ) for all N.

According to the above relations, a counterexample in a finite abelian group can be lift-
ed to a counterexample in R; on the other hand, if the conjecture were true for every finite
abelian group or Z, this would hold the meaning for the original conjecture that the direc-
tion “Tiling=-Spectral” holds in R. But to obtain the other direction “Spectral=Tiling” in
R, we need additionally the statement that every spectral set in R has a rational spectrum,
which is far from being proved.

2.4 Counterexamples

As mentioned before, Fuglede’s conjecture fails on several groups. In this subsection, we
present the idea of constructing counterexamples of Fuglede’s conjecture in different groups.
It is also discussed that counterexamples on different groups are strongly related. Roughly
speaking, a counterexample constructed in finite abelian groups gives a counterexample in
Euclidean spaces. The general approach to find counterexample of Conjecture 2.4, first
developed by Tao [121], is to find a counterexample in a finite abelian group and then
transfer the example to the lattice Z?¢ and finally, to R%.
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2.4.1 Construction of non-spectral tiles

In this subsection, we show how to construct tiles which are not spectral. Some con-
nection among tiles and spectral sets in different groups is also discussed here. To this
end, we need the notion of the dimension of a finite abelian group. The dimension of a
finite abelian group is defined to be the smallest d such that it is a subgroup of Z¢. The
connection between spectral sets in Z? and R? is shown in the following theorem.

Theorem 2.10 ([83]). Let Q C Z% amd U = (0,1)? be the unit cube. Then ) is a spectral
set in Z2 if and only if Q + U is a spectral set in RY.

It is clear that if  is a tile of Z% then Q+ U is a tile of R%. It follows that a tile without
spectrum in Z? will give a tile without spectrum in R

The connection between spectral sets in finite abelian groups and R? is shown in the
following theorem.

Theorem 2.11 ([83]). Let Q C Z/mZ X -+ - X Z/ngZ where n; € N for all 1 <1 < d. For
the set

T(k) ={0,n1,2nq,...,(k— Dny} x -+ x {0,ng,2ng, ..., (k—1)ng},

define Q(k) = Q + T(k). Then, for large enough values of k, the set Q(k) C Z¢ is spectral
in Z2 if and only if Q) is spectral in Z/nZ x - - x Z/ngZ.

It is easy to check that if Q is a tile of Z/n1Z X - -+ x Z/n4Z, then Q(k) is a tile of Z2
for all values of k. This means that a tile without spectrum in a finite abelian group of
dimension d will lead to a tile without spectrum in Z?. Therefore, a non-spectral tile in
some d-dimensional finite group will give a non-spectral tile in R?. In order to construct
such non-spectral tile, we need additionally the notion of universal spectrum:

Defintion 2.12. Let G be a locally compact abelian group. A Borel subset I' C G is said
to be a universal spectrum of a Borel set Q2 C G if I" is a spectrum of all tiling complements

of Q in G.

This notion was originally introduced by Lagarias and Wang [95] who dealt with the case
G = R?. Largarias and Wang [95] also stated the following universal spectrum conjecture:

Conjecture 2.13. All tiles in any finite abelian group possess a universal spectrum.

Farka, Matolsci and Moéra [39] proved the equivalence between the universal spectrum
conjecture and the “Tiling=-Spectral” direction for all d-dimensional finite groups.

Proposition 2.14 ([39]). For any positive integer d, the universal spectrum conjecture
1s valid for all d-dimensional finite group if and only if all tiles are spectral sets in all
d-dimensional finite groups.
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Hence a counterexample of the universal spectrum conjecture for a d-dimensional finite
group will automatically lead to a non-spectral tile in a d-dimensional finite group. The
conjecture 2.13 was first disproved in (Z/6Z)° (Kolountzakis and Matolcsi [83]), later in
(Z/6Z)* (Farkas and Gy[29]) and (Z/24Z)* (Farka, Matolsci and Méra [39]). Therefore,
Fuglede’s conjecture fails in R? for d > 3. For completeness, we provide the counterexample
in (Z/247)% [39] as followings.

Proposition 2.15. [39] Let

0 10 20 1 21 14
H=10 22 3 20 2 7
0 22 23 18 4 11

The set consisting of columns in H is a tile in (Z/247)3 which does not have a universal
spectrum.

2.4.2 Construction of non-tile spectral sets

Now we construct some counterexamples of the direction “Spectral=Tiling” in Fu-
glede’s conjecture.

A set Q C Z4 is called m-spectral set (vesp. a m-tile) for some positive integer m if it
admits a spectrum I' (resp. tiling complement 7") with all entries being multiples of 1/m,
that is to say, 2 is spectral (resp. a tile) in the group (Z/mZ)?. The connection between
m-spectral sets (resp. m-tile) in finite abelian groups and R is presented in the following
two propositions.

Proposition 2.16 ([100]). Let Q; C Z% be m-spectral and Qy C Z% be l-spectral. Then the
set 0 = Q1 + mf)y is ml-spectral.

Proposition 2.17 ([100]). Suppose that the set Q C [0,m)? is not a m-tile. Then for large
k, the set Q. = Q+ (m - [0,k))? is not a tile in R%.

If © is m-spectral, then  +m{0,1,--- |k — 1} is a mk-spectral by Proposition 2.16.
Hence ), = Q+ (m - [0,k))? = Q+m{0,1,--- [k — 1} + U with U = (0,1)¢ is spectral in
R? by Theorem 2.10. It follows that a spectral set which is not a tile in (Z/mZ)¢ for some
integer m will give a spectral set which is not a tile in R%.

We will show an example of non-tile spectral sets in (Z/8Z)? constructed by Kolountza-
kis and Matolcsi [84] using the notion of Hadamard matrices. We recall that a kx k complex
matrix is called a (complex) Hadamard matriz if all entries of H have absolute value one
and HH* = kI, where I denotes the identity matrix and H* is the Hermitian transpose of
H. That is to say, the rows (and also the columns) of H form an orthogonal basis of C*.
A k x k real matrix B = (by;)1<1j<k is called a log-Hadamard matriz if (e*™5),<; i is a
Hadamard matrix.

In fact, there is a strong connection between log-Hadamard matrices and spectral sets in
finite abelian groups. Let G = (Z/NZ)? be a finite abelian group. We identify the elements
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of G and G with d-dimensional column- and row-vectors, respectively. Let A, B C G with
1A = 4B = k. We regard A and B as a d x k matrices with integer coefficients. It is not
hard to see that (A, B) is a spectral pair in G if and only if %A - BT is log-Hadamard,
where the matrix multiplication can be taken mod N.

Let
000000
0426 6 2
1102 415 6
H=2106 3427
067243
026514

It is easy check that H is a log-Hadamard matrix and the “mod 8 rank” of 8H is 3. It
follows that there is a decomposition 8H = LR mod 8 where L is a 6 X 3 integer matrix
and R is a 3 X 6 integer matrix. For example,

000

024156 (1) (1) (1)
R=10 6 3 4 2 7| and L = 01 0
06 72 43 00 1
711

This implies that the set ) consisting of the columns of R is a spectral in (Z/8Z)3 (with
spectrum consisting of the rows of L). However, since {2 = 6 which does not divide
#(Z/8Z)% = 8%, the set ) is not a tile in (Z/8Z)3.

2.5 Ciriteria of spectral sets and tiles

In this subsection, we prove the equivalent conditions (in terms of functional equations)
of spectral sets and tiles in locally compact abelian groups.

2.5.1 Criterion of tiles

We first study the tiles in locally compact abelian groups. We have the following
theorem.

Theorem 2.18. Let Q) be a Borel subset in a locally compact abelian group G. Let p be
the Haar measure on G. Then the set Q) is a tile with tiling complement T if and only if

Z lo(t—x)=1, forp—ae. z€G. (2.5.1)

teT

Proof. Observe that 1o(t — ) = 1_(g_y(x) which is the indicator function of the set
—(Q —t). The equation (2.5.1) means that {—(Q —¢) : t € T'} is a partition of G almost
surely. It is clear that Q being a tile is equivalent to (2.5.1). O
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2.5.2 Criterion of spectral sets

Now we consider the spectral sets in locally compact abelian groups. We have the
following Theorem 2.19. We remark that some special cases of Theorem 2.19 were proved:
the case when G = R? was due to Jgrgensen and Pedersen [63] and the case when G is
a local field was due to Fan [30]. The proof of Theorem 2.19 is similar to the proofs in
(63, 30].

Theorem 2.19. Let €2 be a Borel subset in a locally compact abelian group G. Then the
set £ is a spectral set with spectrum A if and only if

Y Ma(A =P = n(@) ¥ e G, (2.5.2)
AEA

where p is the Haar measure on G.

Proof. The inner product in L*(Q) is denoted by (-,-). For any A, ¢ € G, we have
(&) = [ i =Talr = 6)

It follows that A and & are orthogonal in L2(2) if and only if To(A — £) = 0.

The “only if” part is immediate from Parseval’s equality and the fact that {/1\9()\—5 ) Faea
are Fourier coefficients of £ under the Hilbert basis {A}xea.

Now we consider the “if” part. Fix any A’ € A. Taking £ = X in (2.5.2), we obtain that

Q)+ Y [Ta(A =N = u(Q)?,
AEA\{N}

which implies that To(A — X) = 0 for all A € A\ {X'}. That is to say, the elements in the
set {\}aea are orthogonal to each other in L?(Q). It remains to show that {A}xea is total.
The equation (2.5.2) means that

Vee G E=) (&M

A€A

If f e L*(R) is orthogonal to all X € A, then for any £ € G we have

(£.€) =D (&N N) =0,

AEA
It follows that f vanishes p-almost everywhere. We conclude that {A},ep is total. O
Observe that both (2.5.2) and (2.5.1) are of the form
e *x [ =w, (2.5.3)

where f is a non-negative integrable function and w > 0 is a positive number. The above
convolution equation (2.5.3) not only has its own interest but also is our main object of
study when we consider Fuglede’s conjecture on the field of p-adic numbers in Chapter 5.
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2.5.3 Orthonormal sets

We finish this section by a function concerning with orthonormal sets of measures. Let
v be a Borel probability measure with compact support. Let A C R be a countable set.
We say that A is an orthonormal set of v if V(A — N') = 0 for any A # X € A. It is easy to
see that the spectrum of a measure is always an orthonormal set of the same measure.
We define a function with respect to v and A :

Qual§) =) [U(€ = NI,

A€A

This function characterizes whether A is an orthonormal set of p. The case G = R? in the
following proposition was proved by Jgrgensen and Pedersen [64]. The proof of the general
case is contained in the proof of Theorem 2.19.

Proposition 2.20. Let v be a Borel probability measure with compact support in a locally
compact abelian group G. Let A C G be a countable set. Then

(i) A is an orthonormal set of v if and only if Q,A(§) <1 for all £ € G,
(i1) A is a spectrum of v if and only if QuA(§) =1 for all £ € G,

(11i) if A is an orthonormal set of v then Q, A () is an entire function.

2.6 Schoenberg’s lemma

In this section, we state Schoenberg’s lemma which is a powerful tool in Chapter 3 and
Chapter 4.

The Fourier condition of a spectral set is tightly related to the fact that certain sums
of roots of unity must be zero. Let N > 2 be an integer and let wy = €>™/V which is a
primitive N-th root of unity. Denote by My the set of integral points (ag, aq,- - ,any_1) €
ZN such that

=2

-
ajwy = 0,

.
Il
o

which form a Z-module. The fact that the degree over @ of the extension field Q(wy) is
equal to ¢(N), where ¢ is Euler’s totient function, implies that the rank of My is equal to
N —¢(N). Schoenberg ([114], Theorem 1) found a set of generators. See also de Bruijn [18]
and Rédei [106, 107](actually, Rédei [106] was the first to formulate this, his incomplete
proof was completed in [18] and in [107], and later independently in [114]).

We will present this in detail.
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2.6.1 Cyclotomic polynomials

We begin with recalling the notion of cyclotomic polynomials. Then we show some
applications of cyclotomic polynomials.

The N-th cyclotomic polynomial @y is the unique irreducible polynomial with integer
coefficients, which is a divisor of #”¥ — 1 and is not a divisor of 2*¥ — 1 for any k& < N.
In other words, the N-th cyclotomic polynomial ® is the minimal polynomial of wy. In
particular, if p is a prime number, then

Pp(z)=1+z+a°+ - +aP "
For general N, the Mdbius inversion formula allows us to see that
(o) = [ = 1.
AN

We state some properties of cyclotomic polynomials. The proof is simple and thus
omitted here. For the detailed proof, we refer to Lemma 1.1 in [22].

Lemma 2.21. Let p be prime. Then we have

(1) Hd|N Oy(z) = 2N — 1;
(2) Qprii(z) = q)p(xpn)Q

D,5(x) if p is a factor of s,
O (2)D,s(x) if p is not a factor of s.

(3) ®s(a?) = {
Let A be a multi-set in Z/NZ. Recall that the mask polynomial of A is defined to be

AX) =) maX°,

acA

where m, is the multiplicity of @ in A. It is clear that the degree of A(X) is at most N — 1.
Actually, any polynomial of degree at most N — 1 with non-negative coefficients is a mask
polynomial of some multi-set in Z/NZ. Observe that A is a subset of Z/NZ if and only
if the mask polynomial A(X) has coefficients 0 and 1. Let S be the set of prime powers
dividing N. Define

Sp={se€S:d,(X)AX)}.

Following Coven and Meyerowitz [22], we say that A satisfies the condition (T'1) if

i = [T @),

seSa

and that A satisfies the condition (72) if ¥y, s, (X) divides A(X) for every powers
of distinct primes $1,59,...,8, € Sa. Coven and Meyerowitz [22] proved the following
theorem.
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Theorem 2.22 ([22], Theorem A). If A C Z/NZ satisfies the conditions (T'1) and (T2),
then A tiles Z/NZ by translation.

Coven and Meyerowitz conjectured that the conditions (7°1) and (7'2) are also necessary
conditions for a set to be a tile in Z/NZ. Laba [89] proved that the sets satisfy the
conditions (7'1) and (7'2) are spectral. From these developments, we see that the conditions
(T'1) and (T'2) are positioned between the delicate relationship of tiles and spectral sets in
finite abelian groups.

Let (Z/NZ)* denote the group of all invertible elements in Z/NZ. The Galois group
Gal(Q(wy)/Q) is isomorphic to (Z/NZ)*. Then we have a natural action of Gal(Q(wy))
on the values of the mask polynomial of A, defined by

o(A(X)) = A(X),

for o € Gal(Q(wx)/Q) which is determined by o(wy) = w¥.
The following lemma allows us to see the connection between the zeros of A(w?) and
the divisibility of ®x/4(X).

Lemma 2.23. Let A be a subset of Z/NZ. Then we have the followings.
(1) A(w®) =0 if and only if A(w*) =0 for any g € (Z/NZ)*.
(2) For d|N, we have the equivalence

Aw") =0 Py/e(X)|AX) mod XV —1.

(3) Suppose that #{d : A(WN?") =0} = k. Then p* divides 1A.

Proof. By the above action of Gal(Q(w)/Q) on A(X), we deduce (1). Since the cyclotomic
polynomial of order N/d is the monic minimal polynomial of w$,, we obtain (2). By
definition, [], g, ®s(X) divides A(X) in Z[X]. Putting X =1, we get (3). O

2.6.2 Z-module generated by the N-th roots of unity

In this subsection, we state two forms of Schoenberg’s lemma.
Let

N =py'ps® ... pit
be the standard decomposition into prime powers. Define

P,; = {(ag,ar, - ,an—1) € Z" : all ay = 0 except a; = ajin/p; = = Qjr(pi—1)N/p; = 1},

for 1 <7< kand 0 <j < N/p; — 1. Schoenberg proved the following theorem.

My
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Denote by
N-1

AX) =) a; X7

j=0
Using the cyclotomic polynomials, Theorem 2.24 is reformulated as the follows by Lemma
2.23.

Theorem 2.25. If A(wy) =0, then

where P; € Z[X] for all 1 < i < k.

In fact, Theorem 2.25 follows immediately from the following property of the cyclotomic
polynomial and the fact that the N-th cyclotomic polynomial ® 5 is the minimal polynomial
of wy. The proof presented here is based on the original proof in [114].

Theorem 2.26 ([114], Theorem 2). Let N be a positive integer. Then there exist P, € Z[X]
for all p prime with p | N such that

= By(x)®,(2"/7). (2.6.1)

pIN
Proof. We decompose the proof into three steps.

(a) We first establish (2.6.1) for the case when n = pq with p, ¢ two distinct primes. To
this end, we look at two polynomials

Fi@x)=a"" 4272+ . +1land Fy(x) =29 + 292 4. 4+ 1.

Since (p,q) = 1, by Eucild’s algorithm, there exist P, Q € Z[X] such that

1 = P(x)Fi(z) + Q(z)Fy(x). (2.6.2)
By multiplying ngi in both sides of (2.6.2), we obtain
P, (2) = P(2)P,(27) + Q(z)P,4(27), (2.6.3)

which completes the proof.

(b) Now we prove the theorem for the case when N is square free. We write N = pyps ... py
with pi,po, ..., pr distinct primes. We induct on k. The claim is vacuous for £ = 1. So
suppose that £ > 2 and that the claim has already been proven for £ = s > 1, that is,
there exist P; € Z[X] for all 1 <i < s such that

QN/quLl (ZU) = Z ‘P”i(x)Qpi(‘rN/pipSJrl)a (264)

1<i<s
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where N = pyps ... prpr+1. By Lemma 2.21 (3), we have

. CDN/PS-H (:Eps-H)

Oy (z) = (2.6.5)
QN/p&l»l ('r)
Applying (2.6.4) in (2.6.5), we obtain
P(z)®, (xN/Pi
Oy(z) = (2)®y, (@) (2.6.6)
1<i<s (I)N/p8+1 ('Z‘)
Using Lemma 2.21 (3) twice, for all 1 <14 < s, we have
(I)pi(xN/pi) _ (I)pi(xN/pi)cI)pi(x) _ N/pips+1 N/pips+1
®N/ps+1 (m> - (I)pi (xN/pipSJrl) - (I)Piszrl (I M )cbpz(x * ) (267)
Using (2.6.3) by a™V/PiPs+1 replacing x, we deduce that
(I)pipsﬂ(xN/pipSH) = P<xN/pips+1)q)pi (NP 4 Q<xN/pips+l>q)ps+1(xN/psH)a (2.6.8)

for all 1 <7 <'s. Combining (2.6.5), (2.6.7) and (2.6.8), we conclude that

Oy(x) = Z H(:E)P(xN/pipsﬂ)(I)pi(xN/pi)+ Z _Pi(x)Q(l,N/pips+1)q)ps+l(l,N/pS+1),

1<i<s 1<i<s

where P;(z) P(x™N/PPs+1) and Y, ., ., Pi(2)Q(x™N/PiP=+1) are polynomials with integral coef-
ficients. o

(c) Now we prove the theorem. Let

(9

N =pi"'py?...pi* and m = pi1py . .. pg.

Let v = N/m. By the Mobius inversion formula and the fact that p(n) = 0 for any n not
square-free, we have

Oy(x) = [[@V* = )r@ = T — )M = @,,(2"). (2.6.9)
d|N d|m

Since the theorem is already established for square-free m, there exist P; € Z[X] for
1 <4 < k such that

O (V) = D Pia®)®y, (2. (2.6.10)

1<i<k

Combining (2.6.9) and (2.6.10), we obtain

Oy(r) = Y Pia)®,, («V/7).

1<i<k
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2.7 Some basic notions in p-adic spaces

In this section, we give a brief introduction to the field of p-adic numbers and its finite
extensions.

2.7.1 Field of p-adic numbers

Consider the field Q of rational numbers and a prime p > 2. Any non-zero number
r € Q can be written as r = p* - ¢ where v,a,b € Z and (p,a) = 1 and (p,b) = 1,
where (z,y) denotes the greatest common divisor of the two integers = and y. We define
7|, = p~%™ for r # 0 and |0, = 0. Then |- |, is a non-Archimedean absolute value. That
means

(i) |r|, > 0 with equality only when r = 0;

(i) [rsly = [l

(i) |1 + sl < max{lr, sl }.
The field Q, of p-adic numbers is the completion of Q under | - |,. A typical element = of
Q, is of the form

x:Zanp" (veZya, €{0,1,---,p—1} and a, # 0). (2.7.1)

Here, v,(z) := v is called the p-valuation of x.

The ring Z, of p-adic integers is the set of p-adic numbers with absolute value < 1,
which is a compact set. Hence for every x € Q,,, the set x +Z,, is a compact neighbored of
x, which implies that the field Q, is locally compact. Thus the field Q) is a locally compact
abelian group with respect to addition. We normalize the Haar measure dz (sometimes we

use 1) on Q, by the equality
/ dr = 1.
Zp

On the other hand, the ring Z, is the set of p-adic numbers with absolute value < p,
showing that it is open. Thus the ring Z, is a compact open set. This means that the field
Q, is a totally disconnected space.

A non-trivial additive character on Q, is defined by

X(x) _ 627”'{1}

where {z} = Z;ivp(x) a,p" is the fractional part of x in (2.7.1). From this character we
can get all characters x¢ of Q,, by defining x¢(z) = x(§x). We remark that

. . k
X(x) _ 627rzk/pd7 if r € ﬁ + Zp (k7d c Z)) (272)
and

/ i x(z)dr =0 for all n > 1. (2.7.3)
p~"Lp
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The map £ — x¢ from Q, to its dual group Qp is an isomorphism. We write Qp ~ @p
and identify a point £ € Q, with the point x, € Qp For more information on Q, and Qp,
the reader is referred to the book [129].

Now we consider the d-dimensional p-adic vector space Qg. For x = (21, 29,...,24) €

¢ we denote by {x} = ({z1},{z2},...,{zq4}) the fractional part of z. All continuous
characters of Qp are

Xe(x) = 1673 ve € Qf,

where - is the scalar product in @g. The map £ — x¢ from Qg to its dual group Q¢ is an
isomorphism. For x = (21,2, ...,2q4) € Qf, we denote by |z|, = maxi<j<qf{|z:|p}.
In what follows, the following notation will be used.

Notation:
o Ly =17y \pL,={x € Qy: |z], = 1}, the group of units of Z,.

o L:={{z}:2 € Q,}, a complete set of representatives of the cosets of the additive
subgroup Z,.

L, :=p"L.

B(0,p") := p~"Z, the (closed) ball centered at 0 of radius p? in Q.
o B(x,p") =z + B(0,p").

o S(z,p") := B(z,p") \ B(x,p" 1), a “sphere”.
The Lebesgue density theorem holds in QZ for the Haar measure.
Proposition 2.27 ([104]). Let Q C Qf be a bounded Borel set such that p(Q) > 0. Then

iy AB@ )N
noo (B, p)) ’

p-a.e. x € €.

2.7.2 Two simple results in Qg

In this subsection, we study Fourier analysis in Qg. We will see that the analysis in the
field of p-adic numbers essentially provides some interesting properties which do not exist
in Euclidean spaces.

The following lemma shows that the Fourier transform of the indicator function of a
ball centered at 0 is a function of the same type and the Fourier transform of the indicator
function of a compact open set is also supported by a ball, and on the ball it is the
restriction of a trigonometric polynomial.
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Lemma 2.28. L% Z. be an integer.

(a) We have 1p(p)(€) = P Lpop-—)(€) for all & € Q.
(b) If @=L, B(cj,p?) is a finite union of disjoint balls of the same size, then

10(¢) = P10y Zx —¢; - €). (2.74)

Proof. (a) By the scaling property of the Haar measure, we have only to prove the result
in the case v = 0. Recall that

—

1pon(€) = /B(O , x(=¢ - x)dx.

When [£|, < 1, the integrand is equal to 1, so 1/3(?1)(5) = 1. When [{], > 1, making a
change of variable z = y — z with z € B(0, 1) chosen such that x(£ - z) # 1, we get

— L —

1po,1)(€) = x(& - 2)1B01)(§)-

It follows that 13(0 (&) =0 for |{|, > 1.
(b) is a direct consequence of (a) and of the fact

—

Ttepm) (€) = X(=¢ - &) Tiopm) (€)-
]

A complex-valued function ¢ defined on an open set 2 C @g is said to be locally constant
if for any = € €, there exists an integer [(z) € Z such that

¢z +y) = ¢(x),Vy € B(0,p'™). (2.7.5)

A direct consequence of Lemma 2.28 (a) is that
L0+ %) = Lpo,)(§), V€ € Q). Ve € BO0,p77). (2.7.6)

This means that the function 1;((;) is locally constant.

The following proposition shows that for an integrable function f, having compact
support and being uniformly locally constant are dual properties for f and its Fourier
transform.

Proposition 2.29. Let f € Ll((@g) be a complex-value integrable function.

(1) If f has compact support, then f s uniformly locally constant.
(2) If f 1s uniformly locally constant, then f has compact support.
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Proof. (1) Suppose that f is supported by B(0,p"). For any = € Qg and any v € B(0,p™"),
we have

~ -~

flerw-fo=[  rox@ 60 -

Notice that if y € B(0,p"), we have |uy|, < 1. So by (2.7.2),
x(uy) —1=0.

Therefore, f(f +u) — f(f') =0 for all w € B(0,p™"). Thus £ is uniformly locally constant.
(2) Suppose that f(z 4 u) = f(z) for any = € Q¢ and any u € B(0,p"). Observing

Q) =1Ly + B0,p") = | B(zp"),

z€lLd
we deduce
F&=> / FW)x(Ey)dy =) f(Z)/ X(y)dy.
zeLd Y B(zP") zeLd B(zpm)
By (2.7.3), we have [ . x(€y)dy = 0 for [¢], > p™". Therefore, F(&) = 0 for [¢], >
p O

The above proposition not only has its own interests but also is the key which will allow
us to prove that a tile 2 in @, is an almost compact open set by showing that the support

of 1q is compact (see Proposition 4.22).

2.8 Counterexamples in p-adic spaces

We have already seen the strong connection among the tiles (resp. spectral sets) in R?,
7 and finite abelian groups of dimension d. In this section, we prove a strong connection
between the tiles (resp. spectral sets) in Qg and in finite abelian groups of dimension d.
Then using this connection, we construct counterexamples of Fuglede’s conjecture on high
dimensional p-adic spaces.

2.8.1 Fuglede’s conjecture on Q! and on (Z/Z,)*

In this section, we are concerned with the relation between Fuglede’s conjecture on Qg
and on finite abelian groups (Z/Z,n)? for all positive integers n. The discussion in this
section has its own interest and is seen as a supplementary of Chapter 3 where Fuglede’s
conjecture is proved for all compact open sets in Q.

We prove the following theorem in this subsection.

Theorem 2.30. Fuglede’s conjecture holds for all compact open sets in (@Z if and only if
Fuglede’s conjecture holds on (Z)Zyn)?* for all n.
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We first prove that a set C'is a tile in (Z/Zn)? for some n if and only if C'+ B(0,p™")
is a tile in QF. Recall that {2} denotes the fractional part of € Q¢ and the set L% is a
complete set of representatives of the cosets of the additive subgroup Zg. It follows that
L% identified with ((Q,/Z,)% +) has a structure of group with the addition defined by

{z} +{y} ={z+y}, Vz,yeq.

But we remark that L¢ is not a subgroup of @g.

Let A, B and C be three subsets of some Abelian group. We say that A is the direct
sum of B and C if for each a € A, there exists a unique pair (b,c) € B x C such that
a = b+ c. In this case, we write A = B & C. It is not hard to check that A being the
direct sum of B and C implies (B, C') being spectral pair in A.

It is obvious that Qg = Zg ® L4, which implies that L% is a tiling complement of Zg in
@g. For each integer v, recall that L, = p~™7LL. Notice that

Qi =pZl®p L = B(0,p") ® LY.

So ]Lif is a tiling complement of B(0, p”).
Let C be a subset of (Z/pZ)¢ ~ {0,1,---,p” — 1}* for some positive integer v, . We
have the following lemma, which characterizes whether a compact open set which tiles Zg.

Lemma 2.31. The set C' + B(0,p™") tiles Z% if and only if C' tiles (Z/p"Z)*.

Proof. First assume that C' tiles (Z/p7Z)¢. That is to say, we can find T' C (Z/p"Z)% such
that (Z/p'Z)* = C@T. One can check that Z¢ = Q@ T, which implies that C'+ B(0,p™7)
tiles Zg with tiling complement 7.

Now assume that the set C'+ B(0,p~7) tiles Z¢ with tiling complement T'. Let T* C
(Z)pZ)? with T* = T mod p”. Here we identify (Z/p'Z)? with a subset {0,1,--- ,p?—1}4
of Q4. It is not hard to see that (Z/p'Z)? = C & T*. So C tiles (Z/p"Z)* with tiling
complement 7. [

Notice that for each a € QZ, either C4+B(0,p™")+a C Z% or (C+B(0,p™")+a)NZ] = 0.
Then the set C'+ B(0,p™") tiles Z¢ if and only if it tiles QZ. So we immediately have the
following corollary.

Corollary 2.32. The set C tiles (Z/p"Z)* if and only if C + B(0,p™7) tiles Qg.
Now we consider the spectral sets. We have the following lemma.

Lemma 2.33. Letn € N. Suppose that C is a spectral set in (Z/p"Z)?. Then C+B(0,p™™)
1s a spectral set in @g.

Proof. Let I' be a spectrum of C in (Z/p"Z)?. We will prove that I' +p "L is a spectrum
of C + B(0,p™").

Recall that p is the Haar measure on Qg. For a Borel set ) C Qg, we denote by g
the restriction of the Haar measure in €2, that is, ug = 1q - . Let m = pn?- HB(0,p—n) be a
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probability measure on Q;Zl- Let 0c = ﬁ% > ccc be a probability measure on (Z/ p"Z)* (and
meanwhile on Qg). Since (C,T) and (B(0,p™™),p "L%) are spectral pairs in (Z/p"Z)* and
Q¢ respectively, we have

S oA — @) = 1,Vz € (Z/p"Z)", (2.8.1)
el
and
d O ImA -yl =1,vy e Q. (2.8.2)
Aep— "L

We rewrite the equation (2.8.1) by regarding ¢ as the measure on @g:
S Be(A - 2)P =1,V € Q, (2.8.3)
AeT

where I = p~"TI' C Qf. Denote by Q = C' + B(0,p™"). Observe that m * ¢ = ﬁ,um.
Thus

LS aeb—afP = Y RO )i — o)

2
'U/(Q) Ael’+p—nlLd A€l +p—nlLd
By (2.7.6), we have m(z+x) = m(x) for any z € B(0,p") and z € QZ. Since IV C B(0,p™),
we have
Yoo m =2 —a)P = Y[R+l 2)de(A+1— )
AElV+p—nLd eIV lep—nLd
= > @l - o) +1- )
XelV lep—Ld

Combining (2.8.2) and (2.8.3), we have
S -+ nf = Y - 0P Y Fe - o)

el lep—nILd lep—"Ld el
= Y |ml-z)P =1
lep—nLd
That is,
> i - @) = p(@) Ve € @,
Aer‘/+p77L]I‘d
which implies that € is a spectral set in Q¢ with spectrum I" 4 p~"L<. O

The following lemma establishes the fact that given a compact open spectral set in
Zg consisting of small balls of radius p~7 (y > 0), any spectrum of the set is uniformly
distributed in the sense that any ball of radius p” contains exactly as many points as the
number of small balls of radius p~” in the spectral set.

Let €2 be a compact open subset of Zg. Assume that €2 is of the form Q = | | . c+pVZZ,
where 7 is a nonnegative integer and C' C {0,1,--- ,p” — 1}.
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Lemma 2.34. Suppose that (2, A) is a spectral pair. Then every closed ball of radius p”
contains §C' spectrum points in A. That s,

8(B(a,p") NA) =4C
for every a € Q.
Proof. By Lemma 2.28, we have
oA =€) =9 La0,m (A =) Y_x(~(A =€) -0).
ceC

Then a simple computation leads to

ST =P = Y (A= (10 + 3 xle=)- (A= €).

AEA AEA e, deC

c#c!

Consider the equality in Lemma 2.19. By integrating the both sides of this equality on the
ball B(a,p?), we get

N S YN o |

AEA ecec ” Blap)
[A—a|<p” c;éc

(c—d)-(A— §))d§) (2.8.4)

Here we have used the fact that two balls of the same size are either identical or disjoint.
Observe that

/B( , X((e =)+ (A= €)ds = x((c = ¢) - A) - Tpgam(c— ) (2.8.5)

and 13/((1;)(0 —d) = x(=(c =) -a) lpgpn(c—¢). However, by the assumption,
lc = |, >p7 for ¢, € C with ¢ # ¢’. Hence we have

—

1B(a’p7)(c — C/) =0. (2.8.6)
Applying the equalities (2.8.5) and (2.8.6) to the equality (2.8.4), we obtain
Q- p? =4C - p7 - 4(A N B(a, p")) (2.8.7)

Since |Q| = 4C - p~7¢, we finally get #(A N B(a,p?)) = 4C.
]

The restriction that €2 is contained in Zg is not necessary, because scaling and transla-
tion preserves the spectral property.

Lemma 2.35. Let QQ = C+B(0,p™") be a compact open set in @g where C' C {0,1,...,p"—
1}. Suppose that Q) is a spectral set. Then C is a spectral set in (Z/p"Z)2.



2.8. COUNTEREXAMPLES IN P-ADIC SPACES - 959 -

Proof. Assume that C' is not a spectral set in (Z/p"Z)?. Let ¢ = ﬁ% > .cc be a probability

measure on (Z/p"Z)* (and meanwhile on Qf). Then by Proposition 2.20, for any set
A C (Z/p"Z)¢ with A = 4C, there exists x € (Z/p"Z)? such that

ST —2)? > 1. (2.8.8)
AT

That is, for any set A C B(0,p") with A = §C', there exists x € Qg such that
S lbe(h—2)P > 1. (2.8.9)
AT

Let m = p" - upop-n) be a probability measure on Qz. Observe that m % 0¢ = ﬁ/‘\ﬂ'
Let A be a spectrum of Q. Then

i LA =) = 3 = )i - )P
AEA AEA
We have the decomposition A = U,e,npaAq where A, = AN B(a,p™). Then we have

Sl =) —2)P= > D [ - 2)Pldc(A — 2)

AeA acpnL A€M

By (2.7.6), we have m(z + x) = m(x) for any z € B(0,p") and x € QZ. Since A, —a C
B(0,p™) for all a € p"LL, we have

Yo DA =Pt —2)P = Y D |ila— ) - )

a€pnLd A€A, a€pnLd AEA,
> (e —2)P > [be(A — o)
acpnLd AEA,

Due to Lemma 2.34, the number §A, is independent of a, which is equal to §C. By
Proposition 2.20,

Z 10c(A — 2)|* > 1,Va € p"L.
AEAa

Together with (2.8.8), we have
> e —)* > e (A > Y |Wa— ) = 1. (2.8.10)
acpnL AEA, a€pnL
The last equality is due to the fact that m is a spectral measure with spectrum p"L.
Therefore, we obtain
Y e\ = o)) > p(@)?,

A€A
a contradiction to that the measure pq is spectral.
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2.8.2 Fuglede’s conjecture fails on high dimensional p-adic space

As an application of Theorem 2.30, similarly to the Euclidean space, we show in this
subsection that Fuglede’s conjecture fails on high dimensional p-adic spaces. The content
in this section is treated as a additional remark of Chapter 4 where Fuglede’s conjecture
is proved in the field of p-adic numbers.

When p is an odd prime, an example of a 2p x 2p Hadamard matrix £, whose entries
were p-th roots of unity was constructed by Butson [20]. In [8], Aten et al. calculated the
rank of these Hadamard matrices.

Proposition 2.36 ([8], Corollary 8.3., Corollary 8.4). When p =1 mod 4, the rank of L,
is five. When p =3 mod 4, the rank of L, is four.

According to this proposition, it is proved in [8] that there exist spectral sets which are
not tiles in (Z/pZ)® for all odd primes p and in (Z/pZ)* for all odd primes p such that
p =3 mod 4. By Theorem 2.30, this implies that there exist compact open spectral sets
which are not tiles in Qf, for all odd primes p and in Q;‘, for all odd primes p such that
p =3 mod 4.

For d = 3, there exists a spectral set in the finite group (Z/8Z) which is not a tile
[84]. This implies that there exists a compact open spectral set which is not a tile in Q3
by Theorem 2.30.

2.9 Fuglede’s conjecture fails on the field of formal Laurent series

As mentioned before, every local field is isomorphic to R, C, finite extensions of Q, or
finite extensions of the field of formal Laurent series F,((7")) over a finite field F,. We have
seen that Fuglede’s conjecture is far from being proved on R and C. On the other hand, it
has been shown in Section 2.8.2 that Fuglede’s conjecture fails in high dimensional p-adic
space; we will prove that Fuglede’s conjecture on Q,. The last case of local field —the field
of formal Laurent series-is dealt with in this section. We disprove Fuglede’s conjecture
holds on the field of formal Laurent series F,((7)) over a finite field F,. Clearly, it follows
that Fuglede’s conjecture fails on all finite extensions of such field.

A formal Laurent series over a ring R is a series of the form

f = Z@nTnaan € Ra
nez
where a,, = 0 for all but finitely many negative indices n. Given two formal Laurent series
f= Z%T" and g = anT",
nez neZ
multiplication of such series is defined by the formula

f-9= Z Z aib,—iT";

neZ €L
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addition of such series is defined by the formula

f+g="> (an+b)T"

neL

For a non-zero formal Laurent series f, the minimal integer n such that a,, # 0 is called
the order of f, denoted ord(f). The order of the zero series is +oco. The formal Laurent
series form the ring of formal Laurent series over R, denoted by R((X)). The topology
of the ring of formal Laurent series over R is induced by the metric d(f,g) = 27° (=9,
Moreover, if R is a field, then R((T)) is in fact a field.

Now we concentrate on the field of formal Laurent series over F, where ¢ is a power of
p and F, is the finite field of order ¢. We denote by F,[[T]] the ring of integers, consisting
of all elements in F,((7")) whose orders are non-negative. It is not hard to see that F,[[T]]
is compact open. Similarly to @Q,, up to a scaling, we assume that the compact open sets
are contained in I [[T]]. Clearly, a compact open set in F,[[T]] has the form

Ueec (e + 277H,[[T1)),

where v > 1 is an integer and C' is a subset of (IF,),[T] where (F,),[T] is the space of all
polynomials over [F, having degree smaller than or equal to 7. Similarly to Theorem 2.30,
we have the following theorem. The proof which is almost the same, is omitted here.

Theorem 2.37. Fuglede’s conjecture holds for all compact open sets in F,((T')) if and only
if Fuglede’s conjecture holds on Iy for all n € N.

It remains to disprove Fuglede’s conjecture on Fy for some n € N. Observe that the
field F, = Z/pZ is identified with a subset of F,. We have the following lemma.

Lemma 2.38. Let €2 be a spectral set in (Z/pZ)". Then (2 is also a spectral set in Fy.

Proof. Let A C (Z/pZ)" be a spectrum of Q in (Z/pZ)". Since A is also a subset set of F}
and the dual group of Iy is itself, the couple (€2, A) is a spectral pair in . [

Obviously, a set 2 where {2 has another prime factor different from p is not a tile in
F? for all n. Thus the spectral sets constructed in (Z/pZ)® for p odd prime [8] and in
(Z/pZ)*? for p = 2 [121] whose cardinalities have prime factors different from p are the
non-tile spectral sets in ;. Therefore, Fuglede’s conjecture fails on F,((7)) for all g.
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Chapter 3

Compact open spectral sets in Q,

Abstract. In this article, we prove that a compact open set in the field Q, of p-adic
numbers is a spectral set if and only if it tiles Q, by translation, and also if and only if it is
p-homogeneous which is easy to check. We also characterize spectral sets in Z/p"Z (p > 2
prime, n > 1 integer) by tiling property and also by homogeneity. Moreover, we construct
a class of singular spectral measures in Q,, some of which are self-similar measures.

3.1 Introduction

The problem that we consider is generally rised for all locally compact Abelian groups
and the results that we obtain concern only the field Q, of p-adic numbers (p > 2 being
a prime). Let us first state the problem. Let G be a locally compact Abelian group and
() C G be a Borel set of positive and finite Haar measure. The set €2 is said to be spectral
if there exists a set A C G of continuous characters of G which forms a Hilbert basis of
the space L*(9) of square Haar-integrable functions. Such a set A is called a spectrum of
Q and (€2, A) is called a spectral pair. We say that the set Q tiles G by translation if there
exists a set T' C G of translates such that ), . 1o(z —t) = 1 for almost all © € G, where
14 denotes the indicator function of a set A. Such a set T is called a tiling complement of
Q and (€2, 7T) is called a tiling pair. The so-called spectral set conjecture states that Q is a
spectral set if and only if € tiles G.

This conjecture in the case G = R? is the famous Fuglede spectral set conjecture [43].
Both the original Fuglede conjecture and the generalized conjecture stated above have
attracted considerable attention over the last decades. For the case of RY, many positive
results were obtained [59, 60, 62, 65, 79, 81, 95, 96| before Tao [121] disproved it by showing
that the direction “Spectral = Tiling” does not hold when d > 5. Now it is known that the
conjecture is false in both directions for d > 3 [100, 83, 84, 29, 39]. However, the conjecture
is still open in lower dimensions (d = 1,2). On the other hand, Tosevich, Katz and Tao
[59] proved that Fuglede’s conjecture is true for convex planar sets. The non-convex case is

This is the paper [37] Compact open spectral sets in @, in collaboration with A. H. Fan and S. L. Fan
published in Journal of Functional Analysis, 2016, 271(12): 3628-3661.
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considerably more complicated, and is not understood even in dimension 1. Lagarias and
Wang [92, 95] proved that all tilings of R by a bounded region must be periodic, and that
the corresponding translation sets are rational up to affine transformations. This in turn
leads to a structure theorem for bounded tiles, which would be crucial for the direction
“Tiling=- spectral 7. Assume that 2 C R is a finite union of intervals. The conjecture
holds when €2 is a union of two intervals [88]. If €2 is a union of three intervals, it is known
that “Tiling=- spectral ”; and “Spectral = Tiling” holds with “an additional hypothesis”
(14, 15, 16].

The problem for local fields was considered by the first author of the present paper
in [30] where among others, is proved the basic Landau theorem concerning the Beurling
density of spectrum. In this paper, we consider the conjecture restricted for compact open
sets in the field Q, of p-adic numbers.

We shall give a geometric characterization of compact open spectral sets and prove that
a compact open set is a spectral set if and only if it tiles Q,. The spectra and the tiling
complements of compact open spectral sets are also investigated. Subject to an isometric
transformation of @Q,,, the spectra and tiling complements are unique and determined by
the set of possible distances of different points in the compact open spectral set.

Actually, in [36], we prove that the conjecture holds in Q, without the compact open
restriction. Moreover, any spectral set is proved to be a compact open set up to a Haar-null
set.

Let us recall some notions and notation (we refer to [129]). The ring of p-adic integers
is denoted by Z, and the Haar measure on Q, is denoted by m or dz. We assume that the

Haar measure is normalized so that m(Z,) = 1. The dual group @p of Q, is isomorphic to
Q. Any z € Q, can be written as

T = Z anp"  (vp(x) € Z,a, € {0,1,2,--- ,p— 1} and a,, ) # 0).

Here, the integer v, () is called the p-valuation of x. The fractional part {z} of z is defined
to be 3! Q

n=uvp

() @np". We fix the following character x € Q,:

(z) = e2mited,
Notice that x is equal to 1 on Z, but is non-constant on p~'Z,. For any y € Q,, we define
Xy(7) = x(y).

Then the map y — x, from @Q, onto @p is an isomorphism.
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Figure 3.1: Consider QQ, as an infinite tree.

In order to state our main result, we consider the field Q, as an infinite tree (7, &).
The set of vertices 7T is the set of all balls in @Q,,. The set of edges £ is the subset of 7 x T
consisting of pairs (B’, B) € T x T such that

B' C B, |B| = p|B'|,

where |B| denotes the Haar measure of the ball B. This fact will be denoted by B’ < B.
We call B" a descendant of B, and B the parent of B’'.

Any bounded open set O of Q, can be described by a subtree (7o, &p) of (T,£). In
fact, let B* be the smallest ball containing O, which will be the root of the tree. For any
given ball B contained in O, there is a unique sequence of balls By, By, - -- , B, such that

B:Bo<Bl<BQ<"'<BT:B*.

We assume that the set of vertices 7o is composed of all such balls By, By, --- , B, for all
possible balls B contained in O. The set of edges £y is composed of all edges B; < B;y1
as above.
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Figure 3.2: For p = 2, a p-homogeneous tree.

A subtree (77,&’) is said to be homogeneous if the number of descendants of B € T’
depends only on |B|. If this number is either 1 or p, we call (77, &) a p-homogeneous tree.

A bounded open set is said to be homogeneous (resp. p-homogeneous) if the correspond-
ing tree is homogeneous (resp. p-homogeneous).

Any compact open set can be described by a finite tree, because a compact open set
is a disjoint finite union of balls of same size. In this case, as in the above construction of
subtree we only consider these balls of same size as B.

L3

BV

449775 22 27T,

Figure 3.3: Consider the compact open set O = 37Z3 LI 3Z3 14 + 2773 U 22 + 2773 as a
finite tree.

We shall prove that the Fuglede conjecture holds in @, among compact open sets and
that spectral sets are characterized by their p-homogeneity.

Notice that an open compact set {2 can be written as | |...(c + p’Z,) for some finite
set C C Q, and some integer v € Z. As we shall see in Section 3.3.2, for such a set €2 to
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be spectral with A as spectrum if

VAN € AXN£ N x(—c(A— X)) =0and §(AN B(0,p")) = £C.
ceC

So we are led to study the trigomometric polynomial ) .. x(ct).

Theorem 3.1. Let ) be a compact open set in Q,. The following statements are equivalent:
(a) € is a spectral set;
(b) Q is p-homogeneous;
(c) Q tiles Q, by translation.

For any subset 2 C Q,, the set of admissible p-orders of €2 is defined by
Ig:={i €Z:3zye Qsuch that v,(z —y) = i}.

Remark that p~/ is the set of possible distances of different points in €.

Assume that €2 is a p-homogeneous compact open set. By the definition of I, an
integer i € Iq if and only if the balls of radius p~* in the tree Tq has p descendants. And
there is an integer v such that ¢ € Ig if ¢ > 7. This is the reason why could a compact
open set be described by a finite tree.

On the other hand, it is of interest to investigate the structures of the spectra and the
tiling complements of {2. We obtain that the spectra and the tiling complements of €2 are
uniquely determined by the set I, but subject to an isometric transformation of Q,.

Set Z/pZ - p' :={ap' : 0 < a < p—1,a € N} C Q,. Recall that the addition of two
subsets A and B in Q) is defined by

A+B:={a+b:a€ A bec B}.

Let {A; : i € I} be a family of subsets in @, such that all A; contain 0. We define

ZAi = {Zai : J C I finite and q; EAZ}.

el iceJ

Theorem 3.2. Let € be a p-homogeneous compact open set in Q, with admissible p-order
set Ig.
(a) Subject to an isometric bijection of Q,,

A= Z Z/pZ cpTil
i€ln

1s the unique spectrum of €2.
(b) Subject to an isometric bijection of Q,,

T=> Z/pL-p
i¢lq

1s the unique tiling complement of €.
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It is clear that if 2 is a spectral set with A as spectrum, then so are its translates
Q+a (a € Q) with spectrum A and its dilations bQ (b € Q}) with spectrum b~'A. It
is also true that the translation and the dilation don’t change the tiling property and the
homogeneity. Since () is compact open, by scaling and translation, we may assume that
2 C Z, and 0 € €. So it can be represented as a disjoint union of balls of same size

Q = |_| (C—{—p’YZp)’
ceC

where 7y is a nonnegative integer and C' C {0,1,--- ,p7 — 1}.
For each 0 < n <~ , denote by

Crod pn == {2 € {0,1,...,p" — 1} : Jy € C, such that x =y (mod p")}

the subset of Z/p"Z determined by C' modulo p".
We also obtained the following characterization of spectral sets in the finite group
Z]p"Z.

Theorem 3.3. Let C C Z/p Z. The following statements are equivalent:

(a) C is a spectral set in Z/p Z;

(b) C is a tile of Z/p Z;

(¢) Foranymn = 1,2,--- 7 — 1, §(Cuod pn) = pF" for some integer k, € N, where
8(Cimod pn) 15 the cardinality of the finite set Ciod pn-

As Terence Tao noted on page 3 of [121], the equivalence (a)<(b) is not new, but follows
from Laba [89], which in turn builds on the work of Coven-Meyerowitz [22]. However, we
prove it by showing that both (a) and (b) are equivalent to (c¢) which implies p-homogeneity
of C'. The p-homogeneity is practically checkable. We can use it to describe finite spectral
sets (more precisely, the probability spectral measures uniformly distributed on finite sets)
in Q,. A probability Borel measure p on Q) is called a spectral measure if there exists a set
AC @p such that {x}xea forms an orthonormal basis (i.e. a Hilbert basis) of the L?(j).
Let I be a finite subset of Q,. Consider the uniform probability measure on F' defined by

1
Op i= — 1)
F JchezF (3}

where ¢, is the dirac measure concentrated at the point c. Let

/
YF = max v,(c — ),
¢, eF
c#c!

where v,(x) denotes the p-valuation of x € Q,. Then p~7* is the minimal distance between
different points in F.

Theorem 3.4. The measure o is a spectral measure if and only if for each integer v > v,
the compact open set Q. := | |..p B(c,p™7) is a spectral set.
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The above theorem provides a criterion of finite spectral set, combining with Theorem
3.1.

Corollary 3.5. The measure 0 is a spectral measure if and only if
LR = pir.

Moreover, we are interested in finding more spectral measures. And we provide a class
of Cantor spectral measures.

Theorem 3.6. There exists a class of singular spectral measures in Q,.

The article is organized as follows. In Section 3.2, we introduce some basic definitions
and preliminaries on the field Q, of p-adic numbers, Fourier analysis on Q, and Z-module
generated by the p"-th roots of unity. In Section 3.3, we prove Theorem 3.1. In Section
3.4, we characterize spectral sets and tiles in the finite group Z/p"Z. Theorem 3.3 is proved
there. Section 3.5 is devoted to the characterization of spectra and tiling complements.
Theorem 3.2 is proved at the end of this section. In Section 3.6, we characterize finite
spectral sets in Q,(Theorem 3.4). In Section 3.7, we shall construct a class of singular
spectral measures (Theorem 3.6) and present two concrete examples .

3.2 Preliminaries

In this section, we present some preliminaries. Some of them have their interests,
like characterization of spectral measures using Fourier transform, Z-module generated by
the p™-th roots of unity, uniform distribution of spectrum etc. We start with recalling
p-adic numbers and related notation, and the computation of the Fourier transform of the
indicator function of a compact open set.

3.2.1 The field of p-adic numbers

Consider the field Q of rational numbers and a prime p > 2. Any nonzero rational
number 7 € Q can be written as r = p”% where v,a,b € Z and (p,a) = 1 and (p,b) = 1
(here (x,y) denotes the greatest common divisor of two integers z and y). We define
vy(r) = v and |r|, = p~% for r # 0 and [0|, = 0. Then |- |, is a non-Archimedean
absolute value on Q. That means

(i) |r|, > 0 with equality only for r = 0;

(i) [rslp = rlplslp;

(i) [r + ], < max{[r,, 5], }.

The field of p-adic numbers @, is the completion of Q under the absolute value | - |,.
Actually a typical element of Q, is of the form of a convergent series

o0

Zanpn (N €Z,a,€{0,1,--- ,p—1},an #0).

n=N
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Consider Q, as an additive group. Then a non-trivial group character is the following
function

X(x) _ 627ri{ar:}7
where {z} = 321 a,p" is the fractional part of z = 32°° a,p". From this character we
can obtain all characters x,, of Q,, which are defined by x,(z) = x(yx). Remark that each

Xy(+) is uniformly locally constant, i.e.

. 1
Xy(7) = Xy(lj)v if |z — x/|p < W
P

The interested readers are referred to [120, 129] for further information about characters
of Q,.
Notation:

7 =Ty \ pZy = {x € Q, : |z[, = 1}. It is the group of units of Z,.

B(0,p") :=p "Z,. It is the (closed) ball centered at 0 of radius p".

B(z,p") :=x + B(0,p").

14 : the indicator function of a set A.

3.2.2 Fourier transformation

Let 1 be a finite Borel measure on Q,. The Fourier transform of p is classically defined
to be

Aly) = / Y, @du(z) (e~ Q,).

P

The Fourier transform fof f € LYQ,) is that of p1y where iy is the measure defined by
dpy = fdm.

The following lemma shows that the Fourier transform of the indicator function of a
ball centered at 0 is a function of the same type and the Fourier transform of the indicator
function of a compact open set is also supported by a ball, and on the ball it is the
restriction of a trigonometric polynomial.

Lemma 3.7. Let v € Z be an integer.

(a) We have 1;((-);)(5) P 1p0p— (&) for all § € Q.
(b) If Q =, B(cj,p") is a finite union of disjoint balls of the same size, then

Ta(€) = p"Lpp— Zx (—¢56). (3.2.1)

Proof. (a) By the scaling property of the Haar measure, we have only to prove the result
in the case v = 0. Recall that

Tron(6) = /B G
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—

When [£], < 1, the integrand is equal to 1, so 1 1)(§) = 1. When [£], > 1, making a
change of variable z = y — z with z € B(0, 1) chosen such that x(£ - z) # 1, we get

Do () = X(62) o1 ().

It follows that 1p1)(§) = 0 for |{|, > 1.
(b) is a direct consequence of (a) and of the fact

—

Tt (€) = X(—c€) Tpopm ().

3.2.3 A criterion of spectral measure

Let 1 be a probability Borel measure on QQ,. We say that p is a spectral measure if there
exists a set A C @p such that {x,}rea is an orthonormal basis (i.e. a Hilbert basis) of
L?(p). Then A is called a spectrum of y and we call (u, A) a spectral pair. Assume that €2 is
a set in Q, of positive and finite Haar measure. That (2 is a spectral set means the restricted
measure ﬁmh is a spectral measure. In this case, instead of saying (ﬁmb,/\) is a
spectral pair, we say that (€2, A) is a spectral pair.

Here is a criterion for a probability measure p to be a spectral measure. The result in
the case R? is due to Jorgensen and Pedersen [64]. It holds on any local field (see [30]). The
proof is the same as in the Euclidean space. We reproduce the proof here for completeness.

Lemma 3.8. ! A Borel probability measure on Q, is a spectral measure with A C @p as
its spectrum iff

VEEQ, Y A9 =1 (32.2)

A€A

In particular, a Borel set Q such that 0 < |Q] < 0o is a spectral set with A as spectrum iff

veeQ, D [Ta(A—9F =[S (32:3)

AEA

Proof. Recall that (f,g), denotes the inner product in L?(u):

(fs @)= /f?dm Vf, g€ L*(n).

Remark that
(e = [ xetadi =73~ ©)

It follows that x, and x¢ are orthogonal in L*(p) iff i(A — &) = 0.

'The equivalent condition of spectral sets in locally compact abelian groups can be found in Theorem
2.19
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Assume that (u,A) is a spectral pair. Then (3.2.2) holds because of the Parseval
equality and of the fact that {{i(A — &)} ea are Fourier coefficients of x¢ under the Hilbert

basis {xXx}xea-
Now assume (3.2.2) holds. Fix any X' € A and take £ = X in (3.2.2). We get

Y - Y)P=1

AEANEN

which implies fi(A — X') = 0 for all A € A\ {\'}. Thus we have proved the orthogonality
of {xx}rea. It remains to prove that {xx}ea is complete. By the Hahn-Banach Theorem,
what we have to prove is the implication

fe P (wVreA{fixa)=0= f=0.

The condition (3.2.2) implies that

Ve € @pa Xe = Z(X&aXA)uXA-

AEA

This implies that y. is in the closure of the space spanned by {x)}rea. As f is orthogonal
to x» for all A € A. So, f is orthogonal to x¢. Thus we have proved that

vé e O, / Xefdu = {f,xe)n = 0.

That is, the Fourier coefficients of the measure fdu are all zero. Finally f = 0 p-almost
everywhere. O

3.2.4 Z-module generated by p"-th roots of unity

The Fourier condition of a spectral set is tightly related to the fact that certain sums
of roots of unity must be zero. Let m > 2 be an integer and let w,, = e>™/™ which is a
primitive m-th root of unity. Denote by M,, the set of integral points (ag,ai, -+ ,am_1) €

Z™ such that
m—1
Z a;wl, =0,
=0

which form a Z-module. The fact that the degree over Q of the extension field Q(w,,) is
equal to ¢(m), where ¢ is Euler’s totient function, implies that the rank of M,, is equal to
m—¢(m). Schoenberg ([114], Theorem 1) found a set of generators. See also de Bruijn [18]
and Rédei [106, 107](actually, Rédei [106] was the first to formulate this, his incomplete
proof was completed in [18] and in [107], and later independently in [114]). Lagarias and
Wang ([91], Lemma 4.1) observed that this set of generators is actually a base when m is
a prime power. Let p be a prime and n be a positive integer.

Lemma 3.9 ([91, 114]). Let (ag, a1, ,apm—1) € Myn. Then for any integer 0 < i <

p"t — 1, we have a; = a;yjpn—1 for all j=0,1,--- ,p—1.
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We shall use Lemma 3.9 in the following two particular forms. The first one is an
immediate consequence.

Lemma 3.10. Let (bg, by, -+ ,b,_1) € ZP. If Z?;é e2™bi/P" = (), then subject to a permu-
tation of (bo,- -+ ,by_1), there exists 0 < r < p"~' — 1 such that

b; =1+ jp"'( mod p")
forall j=0,1,--- ,p—1.
Lemma 3.11. Let C' be a finite subset of Z. If 3 . e?mie/P" = 0, then p | 4C and C can

be decomposed into §C/p disjoint subsets Cy,Cy, -+, Cycyp, such that each C; consists of
p points and

Z e2miel/r" — ),

ceCy

Proof. Observe that e*™/P" = ¢2m<'/P" if and only if ¢ = ¢(mod p"). Fix a point ¢, € C.
By Lemma 3.9, there are other p — 1 points ¢y, ¢z, -+ ,¢,—1 € C such that ¢; = ¢y + jp"!(
mod p") for all 1 < 7 < p— 1. Thus we have

o et =,
0<i<p—1
Set Cy = {co, 1, -+, ¢p—1}. So, the hypothesis is reduced to
Z 627ric/p" = 0.
ceC\C1
We can complete the proof by induction. ]

The following lemma states that the property Z;n:_ol x(&;) = 0 of the set of points
(0,81, »&m—1) € Q) is invariant under ‘rotation’.

Lemma 3.12. Let §,&1,- -+ ,&m—1 be m points in Q,. If Z;.n:_ol x(&) =0, then p | m and

m—1
x(x€;) =0
§=0
Jorallz € Z;.
Proof. By Lemma 3.11, we get p | m and moreover, {&,&1, -+ ,&n_1} consists of m/p
subsets Cy,Cs, - -+, Cpyp such that each C; ,1 < j < m/p, contains p elements and

decj X(f) =0.
Without loss of generality, we assume that m = p. By Lemma 3.10, subject to a
permutation of (&, -+ ,&,—_1), there exists r € Q, such that

& =r+j/p (mod Z,)
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for all j =0,1,---,p—1. Now, for any given z € Z;, we have

xfj—xr%—i‘] (mod Z,)
p

where xg € {1,--- ,p — 1} is the first digit of the p-adic expansion of z. Observe that the
multiplication by xy induces a permutation on {0,1,---  p — 1}. So we have

[y

x(@§) =) e

p—1

hS]

27ri{xr+%} —0.

=0

.
b
I

3.2.5 Uniform distribution of spectrum

The following lemma establishes the fact that given a compact open spectral set in
Z,, consisting of small balls of radius p~” (v > 0), any spectrum of the set is uniformly
distributed in the sense that any ball of radius p” contains exactly as many points as the
number of small balls of radius p~” in the spectral set. This fact will contribute to proving
“spectral property implies homogeneity” of Theorem 3.1.

Let €2 be a compact open subset of Z,,. Assume that 2 is of the form Q = | | . c+p'Z,,
where 7 is a positive integer and C' C {0,1,--- ,p¥ — 1}.

Lemma 3.13. Suppose that (2, A) is a spectral pair. Then every closed ball of radius p”
contains §C' spectrum points in A. That s,

8(B(a,p") NA) =1C
for every a € Q.
Proof. By Lemma 3.7, we have
Lo(A =€) = p " Lpem (A =€) D X(=(A = &e).
ceC
Then a simple computation leads to
ST =P =Y p s (A =10+ D xlle=)A-€))).
AEA AEA e, eC
c#c

Consider the equality (3.2.3) in Lemma 3.8. By integrating both sides of this equality on
the ball B(a,p"), we get

ofy =r® 3 (ior+ 3 [ (e - o)) (320
I/\—)\ae\ %p” ccc;éecc “r
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Here we have used the fact that two balls of same size are either identical or disjoint.
Observe that

/3( 7 x((e =)A= O)dE = x((e =) - Tp(ugm (e — ) (3.2.5)

and 1@)(0 — ) = x(=(c = )a) - p'lpgp-n(c — ). However, by the assumption,
lc— (|, > p~7 for ¢, € C with ¢ # ¢/. Hence we have

—

1B(a7pw)(c - C/) =0. (3.2.6)
Applying the equalities (3.2.5) and (3.2.6) to the equality (3.2.4), we obtain
Q2 p" =4C -p7 - 4(A N B(a,p")) (3.2.7)

Since |Q] = £C - p~7, we finally get (AN B(a,p?)) = £C.

The restriction that (2 is contained in Z, is not necessary, because scaling and translation
preserves the spectral property.

3.2.6 Finite p-homogeneous trees

Let v be a positive integer. To any tot; ---t,_1 € {0,1,2,--- ,p— 1}7, we associate an
integer

v—1
Cc = C(totl . 't'y—l) = thﬂ € {O, 1727 e ’p’y - 1}
=0

So Z/p'Z ~ {0,1,--- ,p?” — 1} is identified with {0,1,2,--- ,p — 1}7 which is considered
as a finite tree, denoted by 7, see FIGURE 3.4 for an example. The set of vertices 7"
consists of the disjoint union of the sets Z/p"7Z,0 < n < ~. Each vertex, except the root of
the tree, is identified with a sequence toty - - - ¢, with 1 <n <~y andt; € {0,1,--- ,p—1}.
The set of edges consists of pairs (z,y) € Z/p"Z x Z/p" "' Z, such that x = y (mod p"),
where 0 < n < — 1. For example, each point ¢ of Z/p'Z is identified with 23;01 tipt €
{0,1,--- ,p” — 1}, which is called a boundary point of the tree.
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T()

Figure 3.4: The set Z/3*Z = {0,1,2,--- ,80} is considered as a tree 7™,

Each subset C' C Z/p"Z will determine a subtree of 7, denoted by T¢, which consists
of the paths from the root to the boundary points in C. The set of vertices T¢ consists
of the disjoint union of the sets Choqpn,0 < n < . The set of edges consists of pairs
(2,9) € Crod pr X Cinod pr+1, such that x =y (mod p™), where 0 <n <~ —1.

Now we are going to construct a class of subtrees of 7. Let I be a subset of
{0,1,2,--- ;v — 1} and let J be the complement of I in {0,1,2,---,v — 1}. Thus I
and J form a partition of {0,1,2,--- v — 1}. It is allowed that I or J is empty. We say
a subtree of T is of T1,7-form if its boundary points tot; - - - t,—1 of T; s are those of T
satisfying the following conditions:

(i) if ¢ € I, t; can take any value of {0,1,--- ,p— 1};

(i) if i € J, for any tot; - - -t;_1, we fix one value of {0,1,--- ,p — 1} which is the only
value taken by t;. In other words, t; takes only one value from {0,1,--- ,p — 1} which
depends on toty - --t;_1.

Remark that such a subtree depends not only on I and J but also on the values taken
by t;’s with ¢ € J. A T; j-form tree is called a finite p-homogeneous tree. A special subtree
71,7 is shown in FIGURE 3.5.

A set C' C Z/p Z is said to be p-homogeneous if the corresponding tree T¢ is p-
homogeneous. If C' C {0,1,2,---,p” —1} is considered as a subset of Z,, the tree T could
be identified with the finite tree determined by the compact open set Q = | | .. ¢ + p'Z,.
By definition, we immediately have the following lemma.

Lemma 3.14. The above compact set ) is p-homogeneous in Q, if and only if the finite
set C' C Z/p'7Z is p-homogeneous.

An algebraic criterion for the p-homogenity of a set C' C Z/p7Z is presented in the
following theorem.
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Figure 3.5: For p = 3, a Ty j-form tree with v = 5,1 ={0,2,4},J = {1, 3}.

Theorem 3.15. Let v be a positive integer and let C C Z/p 7. Suppose (i) §C < p™ for
some integer 1 < n < -y; (ii) there exist n integers 1 < iy < ig < -+ < i, <7y such that

ZeQm’Cpﬂ'k =0 forall1 <k <n. (3.2.8)
ceC

Then $C' = p™ and C is p-homogeneous. Moreover, Tc is a Tr j-form tree with I =
{i1—1,is— 1, in—1} and J = {0,1,--- ,y — 1}\ I.

Proof. For simplicity, let m = $C. By Lemma 3.11 and the equality (4.2.6) with k = n,
p | m and C can be decomposed into m/p subsets Cy,Cs, - ,C,,/, such that each Cj

consists of p points and

CECj

Then, by Lemma 3.10, we have that
c=c +rp™ ! (mod p™) for somer € {0,1,---,p—1}, (3.2.9)

if ¢ and ¢ lie in the same Cj.
Now we consider the equality (4.2.6) when & = n — 1. Since i, 1 < i,, the equality
(4.2.7) implies the function
C 627Ticp72"—1
is constant on each C;. For each ¢ € C, denote by ¢ the point in {0,1,2,--- ,p™* — 1}
such that

¢=c ( mod p").
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Observe that 2@ "~ = 2mi@ "' and that ¢ = ¢ if ¢ and ¢ lie in the same C;. Let
c=C be the set of all these ¢. So the quality (4.2.6) with £k = n — 1 is equivalent

mod pin—1
to _
S
ceC
This equivalence follows from the facts that each C; contains the same number of elements.
Similarly, by Lemma 3.11, we have p | " (i.e. p? | m) and C' can be decomposed into

m/p* subsets 51, 52, e ﬁm /p2 such that each subset consists of p elements and
5661'

By Lemma 3.10, we get that
c=d +rpin! ( mod p™-1')  for some r € {0,1,--- ,p— 1}, (3.2.10)

if ¢ and ¢ lie in same @.
By induction, we get p" | m. By the hypotheses m < p", we finally get p" = m.
Furthermore, the above argument implies that 7¢ is a p-homogeneous tree of 7; j-form
with I = {iy — 1,i5—1,--+ ji, — 1} and J ={0,1,--- ;v — 1} \ I. ]

3.2.7 Compact open tiles in Q,

Recall that {x} denotes the fractional part of x € Q,. Let

L:={{z}, 2 € Q},

which is a complete set of representatives of the cosets of the additive subgroup Z,. Then
L identified with (Q,/Z,, +) has a structure of group with the addition defined by

{z} +{y} ={z +y}, Vr,yeQ,

Notice that LL is not a subgroup of Q,. Notice that L is the set of p-adic rational numbers

Let A, B and C be three subsets of some Abelian group. We say that A is the direct
sum of B and C if for each a € A, there exist a unique pair (b,c) € B x C such that
a =0b+ c. Then we write A= B® C.

It is obvious that Q, = Z, ® LL, which implies that IL is a tiling complement of Z, in
Q. For each integer v, let

L, :=p L.



3.2. PRELIMINARIES -79 -

Notice that
Q,=p "2, ®p "L = B(0,p") & L,.

So L, is a tiling complement of B(0, p”).

For a positive integer v, let C' be a subset of Z/p"Z ~ {0,1,--- ,p” — 1}. Let Q =
|l.cc ¢+ p"Z,, where C' is considered as a subset of Z,. The following lemma characterize
a finite union of balls which tiles Z,.

Lemma 3.16. The above set Q tiles Z, if and only if C tiles Z/p Z.

Proof. Assume that C tiles Z/p'Z, i.e. Z/p"Z = C & T for some T' C Z/p"Z. One can
check that Z, = Q @ T, which implies that  tiles Z,, with tile complement 7.

Assume that 2 tiles Z, with tiling complement 7. Set T = T 1,04 pv. One can check
that Z/p'Z = C & T*. So C tiles Z/p"7Z with tiling complement 7. ]

Notice that for each a € Q,, either Q +a C Z, or (2 +a)NZ, = 0. Then Q tiles Z, if
and only if it tiles Q,. So we immediately have the following corollary.

Corollary 3.17. The set C tiles Z/p"Z if and only if 2 tiles Q,.
3.2.8 p-homogeneous discrete set in Q,
Let E be a discrete subset in @Q,. Recall that
Ig={i€Z:3 x,y€ E such that v,(x —y) =i}

The following lemma gives the relation between the number of elements and possible
distances in a finite subset of Q,,.

Lemma 3.18. Let A be finite subsets of Q,. Then

tE < pie,
Proof. Assume that #lp = n and I = {7;1,’6.2,".' Jin} with 4 < iy < e <y By
assumption, F is contained in a ball of radius p~™. Each ball of radius p~* consists of
p balls of radius p~"~!. So we can decompose F into at most p subsets Ey, Ey, -+, E, ;

such that '
A= N4 = p~*, if X and X lie in different E;, E;.
Pl < p~@, if X and X lie in the same E;.

By assumption, for each E;, we have Ig, C {ia,i3---,7,}. We apply the above argument
again, with F replaced by each F;. By induction, it suffiices to prove the conclusion when
#lp = 1. Obviously, £ < p if §Ig = 1, which completes the proof.

O



- 80 - CHAPTER 3. COMPACT OPEN SPECTRAL SETS IN Qp

Remark that a subset E of Q,, is uniformly discrete if /5 is bounded from above. Denote
vg by the maximum of Ip. For each integer n, set 17" := {i € I : i > n}. By Lemma
3.18, for each ball B(a,p™) with n < g, we have

{(B N Bla,p™)) < pHE"
We say a discrete set E is p-homogeneous if
t(ENBa,p™)) = ptuf%n or 0,

for all integers n and all a € Q,. By definition, the following lemma is immediately
obtained.

Lemma 3.19. A finite set A C Q, is p-homogeneous if and only if §A = p*a.

The following lemma shows that the p-homogeneous discrete sets, under isometric trans-
formations, admit canonical forms.

Lemma 3.20. Let E be a p-homogeneous discrete subset of Q,. Then there exists an
isometric transformation f: Q, — Q,, such that

f:E%E::{ZﬂipiE@p: 616{0,1,2,...,1)—1}}.

i€l

Proof. Without loss of generality, we assume that F contains 0. Otherwise, we take a
translate f,(z) = x — a with some a € E. So f,(F) contains 0.

Recall that Ig is bounded from above and ~g is the maximum of [g. For integers
n > g, 0 is the unique point of E which lies in the balls p"Z,. Now we are going to
construct an isometric transformation on @, by induction.

Step I: Let ng = yg. Then the set ENp™°Z, consists of p points xy = 0,21, 22, -+, Tp_1
such that z; € jp™ + p™*™'Z, for 0 < j < p — 1. Define

Jono(z) := 2 — x4 jp™ if & € jp" + p™t1Z, .

So we obtain an isometric map fy, : p"°Z, — p"°Z, such that

Jno(xj) = jp™ for all j € {0,1,,--- ,p—1}.
Step II: Let n; = yg — 1. We distinguish two cases:
ny € Ig orny ¢ Ip.
If ny € I, we decompose p"'Z, as
p—1

mep — |_|]pn1 _|_pnOZp.
J=0
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Applying the similar argument as the Step I to each jp™ + p"°Z,,0 < j < p—1, we
obtain a isometric transformation g; on jp™ + p"°Z, such that g;(E N (jp™ + p™Z,)) =
EN(jp™ + p™Z,). So we obtain an isometric transformation f,, on p™Z, such that

fa(ENpMZ,) = ENp™,.

If ny ¢ I, we define

o (), if x € pPZ
fuala) = § o) A €22
x, if i € pMZ,\ p™Z,

So f,, is an isometric transformation on p™Z, such that

fa (ENDPMZ,) = ENp™Z,.
By induction, we obtain an isometric transformation f : Q, — Q, such that f(E) = E.
]

Proposition 3.21. Let E and E' be two p-homogeneous discrete sets in Q,. Then Iy = Ip
if and only if there exists an isometric transformation f : Q, — Q, such that f(E) = E'.

Proof. The ‘if’ part of the statement is obvious.

We are going to prove the ‘only if * part. We claim that the isometric transformation
constructed in Lemma 3.20 is a bijection. Actually, any isometric transformation of Q, is
surjective, which can be deduced from the fact that isometric transformations on compact
metric spaces are surjective and Q, = J,~,p "%Zp. Thus, by Lemma 3.20, we have two
isometric bijections fi, f> : Q, — @, such that

fl(E) :fQ(E,) :E\Z {Zﬁzpz GQPI ﬁz < {0,1,2,...,]?— 1}},
i€lp

since Iz = Ip. Therefore, f;' o f is an isometric transformation of Qp, which maps F
onto E'. O

3.3 Compact open spectral sets in Q,

This section is devoted to the proof of Theorem 1.1.
Let €2 be a compact open set in QQ,. Therefore, without loss of generality, we assume
that €2 is contained in Z, and 0 € €. Let €2 be of the form

Q= |_| (c+p'Zy),
ceC

where v > 1 is an integer and C' C {0,1,--- ,p" — 1}.
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3.3.1 Homogeneity implies spectral property

Assume that (2 is a p-homogeneous compact open set contained in Z, and containing
0. We are going to show that () is a spectral set by constructing a spectrum for 2. Let
Io be the structure set of 2. Then I determines a finite p-homogeneous tree of type 77 ;
with I = IoN{0,1,--- ,y—1}and J ={0,1,--- ;v —1}\ I.

Define

=0 z/pZ-p7 ) + 1L,
iel

We claim that (£2, A) is a spectral pair. To prove the claim, it suffices to check the equality
(3.2.3) in Lemma 3.8. The term on the left hand side of the equality (3.2.3) is equal to

Y la(r =P ZlB ) D x((e=)A =€)

AEA AEA c,c'eC

:L > > xlle=d)A=9). (3.3.1)

AEANB(¢,pY) ¢ deC

Let £ = Zfivp(g) &p' € Qp. Weset & =01f i < v,(§), so that £ =D &p'. Let

—1 —y—1
=Y &, =) &
i=—7 J=vp(§)

Remark that ¢ is 0 when v,(§) > —y — 1. Then we have {{} =& + ¢ and [ — '], < p?
which implies B(§,p?) = B(¢,p?). For A = > ja;p~"~t € A, observe that |\ — &|, < p?
if and only if a; = ;1 for all ¢ > 7. So we get
ANBEp) =& +> Z/pL-p~,
icl

which consists of p* elements. Using this last fact, the fact |Q> = p~20~%) and the
equality (3.3.1), to prove the equality (3.2.3), we have only to prove that

Z X((c=)YA=¢€)=0 forc#c. (3.3.2)

AEANB(&,p7)

The possible distances between ¢ and ¢ are of the form p~* with i € I. Fix two different ¢
and ¢ in C. Write ‘

c—c =ps,
for some 4y € I and some s € Z,'. Set I;, = [ Nig,y — 1]. Forany A =}_,_; ap T+ €
AN B(&,p7), we have

(c=YA =& =(c=)Q ap ™ —&) (mod Z,)
i€l
, S Zielio ap’ !
=—-&(e—d)+ o ( mod Z,)




3.3. COMPACT OPEN SPECTRAL SETS IN Qp - 83 -

so that

x(e= )0 =) = (== T v(555):

1€l

From this, we observe that as function of A, x((¢ — ¢')(A —&)) only depends on the coordi-
nates a; of A with ¢ € I;;. Then, by the definition of A, for each A =3, ap L+ ¢ €
AN B(&pY), there are p*\io) points X' € AN B(£,p7) such that x((c — ¢)(A = ¢€)) =
X((c = )N —=¢&)). So we get

S xlle— )= ) = PRIy~ fe— ) HZ (55)

AEANB(E,pY) i€l a;=

Therefore, we shall prove (3.3.2) if we prove that the factor corresponding to i = ip on the
right hand side of the last equality is zero, i.e.

p—1

3 X(S%) —0. (3.3.3)

ai,=0 p

This is really true because of Lemma 3.12 and

p—1

a;
() -
p
Thus we have proved that () is a spectral set.

3.3.2 Spectral property implies homogeneity

Assume that A is a spectrum of 2. We are going to show that €2 is p-homogeneous.
By Lemma 3.13, we have §(B(0,p?) N A) = 4C. For simplicity, let §C' = m. Set
D={X=X|,: \,\ € B(0,p") N A and A # \'}
be the set of possible distances of different spectrum points in the ball B(0,p?). Notice
that log, (D) C {1,2,--- ,7}. Assume that 4D = n and
lng(D) = {il,ig,"' ,Zn} with 1 < il < ig < < Zn < Y.
Observe that
1
Oos X)) = —1B(o;ﬂ (A=X) Zx c(A—=X)).
ceC
So, the orthogonality of {X,\} AEA implies
D x(=e(A=XN)=0 (VAN EAD<|N=N|, <p)). (3.3.4)
ceC

By (3.3.4) and Lemma 3.12, it deduces that C' satisfies the conditions in Theorem 3.15.
Therefore, C' is a p-homogeneous tree.

On the other hand, #(B(0,p”) N A) = C = p". Thus, by Lemma 3.19, the discrete set
B(0,p”) N A is p-homogeneous with Ip(m)na = —log, (D).



- 84 - CHAPTER 3. COMPACT OPEN SPECTRAL SETS IN Qp

3.3.3 Equivalence between homogeneity and tiling

Due to Lemma 3.14 and Corollary 3.17, it is sufficient to prove that C is a tile of Z/p?Z
if and only if 7¢ is a p-homogeneous tree. We shall finish the proof when we have proved
the equivalence between the tiling property and the p-homogeneity of a set in Z/p Z. This
will be done in the next section.

3.4 Spectral sets and tiles in Z/p'Z

In this section, we characterize spectral sets and tiles in the finite group Z/p?Z. Spectral
sets and tiles in this group are the same which are characterized by a simple geometric
property that we qualify as p-homogeneity. They can also be characterized by their Fourier
transforms.

Recall that the characters of Z/p?Z are the functions

2mike
r—=er | kelZ/pZ.

We identify Z/p"Z to {0,1,---,p” — 1} which can be viewed as a subset of Q,. The
restriction of the characters X s k=0,1,2---,p"—10f Q, on Z/p"Z are exactly the

characters of Z/pZ. ’
For a subset C' of Z/p"Z which is viewed as a subset of Q,, let dc be the uniform
probability measure in Q,. By definition, we immediately have the following lemma.

Lemma 3.22. Let C;A C {0,1,2,--- ,p” — 1}. Then (C,A) is a spectral pair in Z/p"Z if
and only if (dc, I%A) is a spectral pair in Q,.

The Fourier transform of a function f defined on Z/p?Z is defined as follows

_ 2mikx

fky=">" fla)e ¥,  (YkeZ/pD).

Theorem 3.23. Let C C Z/p 7 and T¢ be the associated tree. The following are equiva-
lent.

(1) T is a p-homogeneous tree.

(2) For any 1 < i < 7,#(Cinod i) = p*, for some k; € N.

(8) There exists a subset I C N such that I = log,(#C) and Tc(p)) =0 fortel.

(4) There exists a subset I C N such that {1 > log,(4C) and Te(p)) =0 fortel.

(5) C is a tile of Z/p"Z.

(6) C is a spectral set in Z/p 7.
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Proof. (1) = (2): It follows from the definition of p-homogeneous subtree.
(2) = (3): From #C = p* we get logp(ij’) = k.. For simplicity, denote by C; = Ciyoq pi
for 1 <j<~.
Define
I:= {’7_] . ﬂCj—l < ﬁC]} - {0717 7’7_1}71 S] S’y

Then I = k,. For any j such that v — j € I, we have §C; = piC;_;. More precisely,
C;=0C;1+1{0,1,2,...,p—1}p/ 1.

Thus
27 27rz
10(]77 ]): e vl _pkw k; E e ol
teC teCy
p—1
= phrhi E § P )
tECj 1 1=0
1
27rztp ﬂl
ki E e v e » =0,
tEC] 1 =0

ie. 1o(pf) =0forl 1.
(3) = (4): Obviously.
(4) = (1): Observe that 1¢(p’) = 0 means

2mit

_Z_
Eezﬂ =0,

teC

which is exactly the condition in Theorem 3.15. Therefore we can prove that §1 = log,(4C)
and T is a p-homogeneous tree.

(1) = (5): Assume that 7¢ is a p-homogeneous tree 77 ;. It is obvious that C' has the
tiling property C' @& S = Z/p?Z with the tiling complement

S:{Zaipi:aie{0,1,...,p—1}}.

ieJ

(5) = (4): Assume that C'is a tile of Z/p?Z. That is to say, there exists a set S C Z/p?Z
such that C & S = Z/p"Z. Since $(C & S) = §C - 45, §C divides §(Z/p"Z) = p”. The
equality C @ S = Z/p Z can be rewritten as

Ve € Z/p'Z, Z le(y)ls(z —y) = 1.

YEL/PVZ

In other words, 1¢ * 15 = 1, where the convolution is that in group Z/p?Z. Then we have

TE' fS’ ZPV(SO»
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where dy is the Dirac measure concentrated at 0. Consequently
Z(1e) U Z(1s) = Z/p"Z\ {0},

where Z(f) := {z : f(z) = 0} is the set of zeros of f. In particular, the powers p’ with
(=0,1,2,--- v —1 are zeroes of either 1o or 1g. Let

(Jz:{le{o,l,Q,--- ,7—1}:E(p4)=o},

s.={1e 0,12, -1} () =0}
Since C, U S, = {0,1,2,...,7 — 1}, we have §C, + £S, > 7. On the other hand, we have
log, #C' + log,, £S5 = ~. It follows that we have
1C. > log,4C' or S, > log, #S.

If $C. > log, #C, we are done. If §S. > log, #5, the arguments used in the proof (4) = (1)
leads to 45, = log, 1S5. So we have §C, > log, C .

(1) & (6): In Sections 3.3.1 and 3.3.2, we have proved the equivalence between (1)
and that Q = | |...c+ p'Z, is a spectral set in Q,. By Lemma 3.22, we have that (6)
is equivalent to that dc is a spectral measure in @,. Then what we have to prove is the
follwoing equivalence:

(2 is a spectral set in Q, < 0¢ is a spectral measure in Q,.
Recall that L, = p~7L. It suffices to prove that
(Q,Ac +L,) is a spectral pair < (dc, A¢) is a spectral pair in Q,

where Ac C B(0,p") is some finite set, because it is known from Sections 3.3.1 and 3.3.2,
that Q has a spectrum of the form Ax + L, if it is a spectral set. By Lemma 3.8, (¢, A¢)
is a spectral pair in Q, if and only if

=1. (3.4.1)

Zx

cEC

Vé € Qy, Z

AEAC

Recall that -
Lo(A = &) = p"Lpmm (A — ) D x(—c(A =€)

ceC
The equality (3.4.1) is then equivalent to
VEEQ, Y, [Ta(A-9P
AeAc+L,
=" Y oA =91 x(—c(A =)
/\€A0+]L»y ceC

=7 D 1D XA = )P

AeAc+E cel

=p D 1) x(=eN)]? = (10)p* = QP

AeAc ceC
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which means, by Lemma 3.8, that (£2, Ac + L) is a spectral pair.

3.5 Uniqueness of spectra and tiling complements

In this section, we shall investigate the structure of the spectra and tiling complements
of a p-homogeneous compact set. Without loss of generality, we assume that €2 is of the
form

Q = |_| (C +p’yZp)a
ceC

where v > 1 is an integer and C' C {0,1,--- ,p” — 1}. We immediately get that
Io CNandn € Igiftn > .

Assume that A is a spectrum of 2 and T is a tiling complement of €2. Notice that A and
T are discrete subsets of , such that

A=N|,>1, ifAN€eAand A#£N

and
lr—7'l,>p™, iUrnreTandr#71".

Now we are going to characterize of the spectra and tiling components.

Theorem 3.24. Let Q) C Q, be a p-homogeneous compact open set with the admissible
p-order set Ig.

(a) The set A is a spectrum of Q if and only if it is p-homogeneous discrete set with
admissible p-order set Iy = —(Ig + 1) .

(b) The set T is a tiling complement of Q if and only if it is a p-homogeneous discrete
set with admissible p-order set Iy =7\ Iq.

Proof. Without loss of generality, assume Q = | | ..~(c + p'Z,), where v > 1 is an integer
and C' C {0,1,---,p” — 1}. For an integer n, let

I5" = {i € In,i < n}.

(a) In Section 3.3.2, we have proved that A N B(0,p?) is a p-homogeneous discrete set
with admissible p-order set Ixnpp) = —(157_1 + 1). Note that, any integer n > , the
set () can be written as

Q= |_| (c+p"Zy),
ceCyp,
where C,, C {0,1,---,p" — 1}. The same argument implies that the finite set AN B(0,p")

is p-homogeneous with Iznp(m) = —([é”_1 + 1). By Lemma 3.19 and the definition of
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p-homogeneity, A is a p-homogeneous discrete set with the admissible p-order set Iy =

In fact, it is routine to check that the equation (3.2.2) holds for any p-homogeneous
discrete set A with Iy = —(Ig + 1). So the p-homogeneity of A and the equality Iy =
—(Io + 1) is sufficient for A being a spectrum of 2.

(b) By Corollary 3.17 and Theorem 3.23, T'N Z,, is a p-homogeneous discrete set with
admissible p-order set

Ireg, = {0,. ..,y — 1}\ 57"

Similarly, for any a € Q,, T'N (a+Z,) is a p-homogeneous discrete set with Irnaqz,) =
Irnz,. Since two balls of same size are either identical or disjoint, 7N (p~'Z,) is a p-
homogeneous discrete set with Ipng-17,) = Iz, U {—1}.

An argument by induction shows that 7'N (p™"Z,) is p-homogeneous with
Irnp-—rz,) = Irrz, U{-1,-2,--- , —n}.

As in (a), we get that T is a p-homogeneous discrete set with admissible p-order set
Ir =7\ Iq.

On the other hand, one can check that any p-homogenous discrete set 7" with I = Z\ I
is a tiling complement of €. ]

Proof of Theorem 3.2. In the proof of Theorem 3.1, we have constructed a spectrum A =
> iery Z/PZ -p~=! for Q) and a tiling complement T' = Ziglg ZJpZ - p* for Q. Therefore,
this theorem is an immediate consequence of Theorem 3.24, Lemma 3.20 and Proposition
3.21. ]

Let us finish this section by geometrically presenting the canonical spectrum and the
canonical tiling complement of a compact open spectral set. Assume that Q = | | . (c+
p'Z,) with v > 1 is an integer and C' C {0,1,--- ,p” — 1}. Notice that n € Ig if n > 7.
Set A, = AN B(0,p") and Ty = TN B(0,1). Then A =A, @ L, and T =T, @ L. The
sets A, and T} are p-homogeneous. If we consider p?A, and T as subsets of Z/p'Z, they
will determine two subtrees of 7. The following example show the relations among 2,
A, and Tj.
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7—9 7;)7 Av 7-TO

4 1 0 3 0 42 6

Figure 3.6: The left is the tree determined by Q = (1 + 8Zy) U (4 + 8Z,); the middle is the
tree determined by A, = {0, 1/2}; the right is the tree determined by Ty = {0, 2,4, 6}.

3.6 Finite spectral sets in Q,

The following theorem characterizes the uniform probability measures supported on
some finite sets C' C Q, and it gives more information than Theorem 3.4. As we shall
see, the measure 0o is a spectral measure if and only if C' is represented by an infinite
p-homegeneous tree for which, from some level on, each parent has only one son. Recall
that

Yo = max vy(c — ).
c,c'eC

c#tc!
Theorem 3.25. The following are equivalent.

(1) The measure ¢ is a spectral measure.

(2) For each integer v > e, Sy = | |.cc B(c,p™7) is a spectral set.
(3) For some integer vo > o, yy = | |.cc Blc,p™°) is a spectral set.
(4) For any integer v € Z, 0y := U cc B(c,p™7) is a spectral set.

Proof. Without loss of generality, we assume that C' C Z,, so that vy > 0. Recall that
for any integer v € Z, L, denotes a complete set of representatives of the cosets of the
subgroup B(0,p") of Q,.

(1) = (2): Fix 7 > 74¢. Assume that A¢ is a spectrum of d¢, which means by Lemma,
2.2 that
2

D x(—eA=€)| = (o) (3.6.1)

ceC

VEEQ, >

AEAC
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Observe that we can assume A¢ C B(0,p”). We assume 0 € A¢. Let A be an arbitrary
point in Ag, different from 0. The orthogonality of x¢ and x, is nothing but

Z x(Ac) = 0.

ceC

Apply Lemma 3.9 , we get that |\, < p’¢™. We conlcude that Ac C B(0,p"c™!) C
B(0,p") for all v > 7.
Now we check that (2., Ac + L,) is a spectral pair. Recall that

VCEQy 1a,(¢) =p a0 () D x(—cC). (3.6.2)

ceC

Fix £ € Q,. By (3.6.2), we have

2

S A =9P=p > Ipem(A -9

AeAc+L, AeAc+L,

S x(—elA—€)

ceC

Since Ac C B(0,p"), we have B(&,p") N (Ac +L,) = Ac + {¢ where {¢ is the unique point
contained in B(&,p”) NL,. Thus

2

Yol A=9P=p? Y D x(—c(r-9)

)\EAc-HL»y )\EAc-‘rQ: ceC
= p_QW(JjC)Z = |Qv|2

where the second equality is a consequence of the criterion(3.6.1) and of the fact that
(0c, Ac + L¢) is also a spectral pair. This means, by Lemma 2.2, that (Q,,Ac +L,) is a
spectral pair.

(2) = (3): Obviously.

(3) = (4): Without loss of generality, we assume that C' C Z,. If v < 0, Q, is equal
to p~7Z, which is spectral. If 1 < v < v, €2, is spectral directly by the hypothesis and
Theorem 1.1. Observe that §(Ciod pv) = §C for v > . Therefore, if v > 75 > Vo, Ciod pv
is p-homogeneous, so that €1, is a spectral set.

(4) = (1): For any ¢ € Q,, there exists an integer v > v such that £ € B(0,p).
Fix this v depending on . By the hypothesis, €2, is a spectral set. Assume that A, is a
spectrum of €),. That is to say

CeQ, S Ia(-0P =

AEA,

We can assume that A, has the form Ac+ L, (see Theorem 3.2), where Ac C B(0,p?et1).
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By (3.6.2), we have
=D o, (A=)

AEA,
2

=p Z Laop— (A —&)

)\EAc+L7

=p Y D x(=e(A =€)

AeAG | ceC

Since |9, |2 = (8C)*p~%7, we get
VEEQ, (10 =) 1> x(—cA-9)

ANeAc ceC

> x(=e(A =€)

ceC

2

This means that the measure d¢ is a spectral measure by Lemma 2.2. ]

3.7 Singular Spectral Measures

In this section, we shall construct a class of singular spectral measures. Let I, J be two
disjoint infinite subsets of N such that

IUJ:N

For any non-negative integer v, let I, = IN{0,1,---y—1} and J, = JN{0,1,---y—1}. Let
C1,.1, C Z/p"Z be p-homogeneous subsets corresponding to a 77, 7, form tree as described
in Section 3.2.6. Considering Cy_ ;. as a subset of Z,, let

Q, = |_| (c+p'Z,), v=0,1,2---

CEC],Y’J,Y

be a nested sequence of compact open sets, i.e. Qg D Q1 D Qy D ---. It is obvious that
the measures ﬁm!m weakly converge to a singular measure yi; ; as v — oo. The measure
ftr,y is supported on a p-homogeneous, Cantor-like set of measure 0, and the measure of an
open ball with respect to py s is just the “proportion” of this support inside the ball. All
this could be well defined; the proofs are simple exercises of measure theory, in particular,
applications of the Portmanteau Theorem. We should remark that ;7 ; depends not only
on I and J but also on the choice of C7, 7 . Actually, the choice of C7  ; implies that the
average Dirac measures 501% 5, also converge to pir,; as v — o0.

Theorem 3.26. Under the above assumption, ji1 ; is a spectral measure with the following

set

A:{E:mf“%mE{&L~np—H}
icl

as a spectrum.
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Proof. What we have to prove is the equality (3.2.2) for the pair (u; s, A). Since py s is
the weak limit of ﬁmh7 as 7y — 00, we have

VE€Q, Arile) = lim —— - To(6).

7o |Qv|

For each integer v > 0, let A, = ANB(0,p”). Note that €2, is a spectral set with spectrum
A, + L, by Theorem 3.2. Then (3.2.3) gives the following equality

VEEQ, D |Ta,A—OP = llo(A\-9F =,

AEA AEA,

By Fatou’s Lemma, we get that
1 —_~
a2 a2
D1~ < im 5 > e, (A -9 =1 (3.7.1)

for all £ € Q,. Now, for any positive integer 7y, we shall show that

Z ’1/9:()\ — &) > 1p(0,m0)(€), for all integers v > 7.
AEA
Recall that
T, (A =1 =ppomA =€) > xl(e—)(A=¢).

C,CIEC]’J

For any ¢ € B(0,p?), observe that

VAaeA,, x((c=d)A=&)=1iflc—={|,<p™™

and

Z X<(C_ Cl)()‘ - 5)) =0 if |C — cl|p > p_%.

A€M,

For integer v > 7o, by calculation, there are p*"\o)p#ho pairs (c,c) € Cr, 5, x Cp, 1,
with |c — |, <p~°. So we get that

> e (=R =p 07 < |0 ¥e € BO.p™).

AEA,
Thus, we have
. T . 2 _ Y0
Jm s Y o, A=P =1, Ve B(0,p™),

AeA,

or in other words,

Yo laaA =P =1, V¥¢e B(0,p).

AEAQ
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Note that

123 (A= OP = > sy — 9P

AEA AEAg

by (3.7.1). Since 7y, could arbitrarily large, we have

VEeQ, M lmiA-oP=1

AEA

]

Assume I, and J, form a partition of {0,1,---,v — 1} (v > 1) such that C;_; is a
p-homogeneous tree. Then let

I=Jmy+1), J=my+7).
n=0 n=0

The measure constructed above in this special case is a self-similar measure generated by
the following iterated function system:

felx)=p'x+c (ce C:=Cypy ).

Let us consider two concrete examples.

Ezxample 1. Let p=2, v =3 and C = {0, 3,4,7}. Then
fo(z) =8z, f3(x)=8x+3, filr)=8x+4, [f:(x)=8z+T.
Observe that the tree structure of {0,3,4,7} is shown as follows

0=0-14+0-2+0-22 3=1-1+1-24+0-22

4=0-1+0-2+1-2% 7T=1-14+1-241-22%

0 4 3 7

Figure 3.7: Consider {0, 3,4, 7} as a p-homogeneous tree.
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Ezample 2. Let p =3, v=3 and C = {0,4,8,9,13,17,18,22,26}. We have

0=0-1+0-34+0-3% 4=1-1+1-3+0-3% 8=2-14+2-3+0-3

9=0-140-3+1-3% 13=1-141-3+1-3% 17=2-14+2-34+1-3°
18=0-1+0-3+2-3% 22=1-1+1-3+2-3% 26=2-1+2-3+2-3%

09 18 413 22 8 17 26

Figure 3.8: Consider {0,4,8,9,13,17,18,22,26} as a p-homogeneous tree.



Chapter 4

Fuglede’s conjecture holds in Q,

Abstract. We prove Fuglede’s conjecture in Q, which states that a Borel set of positive
and finite Haar measure in Q, is a spectral set if and only if it tiles Q, by translation.

4.1 Introduction

Let GG be alocally compact abelian group and G its dual group. Denote by m (sometimes
by dx) the Haar measure on G. Consider a Borel measurable subset §2 in G with 0 <
m(2) < oco. We say that Q is a tile of G by translation if there exists a set T C G
of translates such that ZteT lo(x —t) = 1 for almost all x € G, where 14 denotes the
indicator function of a set A. The set T'is then called a tiling complement of 2 and (2, T')
is called a tiling pair.

In the case of G = R considered as an additive group, compact sets of positive measure
that tile R by translation were extensively studied [1, 97, 92]. The simplest case concerns
compact sets consisting of finite number of unit intervals all of whose endpoints are integers.
This tiling problem can be reformulated in terms of finite subsets of Z which tile the group
Z. See [122] for references on the study of tiling problem in the group Z. There are also
investigations on the existence of tiles having infinitely many connected components. A
large class of such tiles arises from self-similar constructions by Bandt [9], Grochenig and
Haas [50], Kenyon [74], Lagarias and Wang [91] et al. A structure theorem for bounded
tiles in R is obtained by Lagarias and Wang in [92] where it is proved that all tilings of
R by a bounded region (compact set with zero boundary measure) must be periodic, and
that the corresponding tiling complements are rational up to affine transformations.

As we shall see, the tiles in the filed Q, of p-adic numbers have relatively simple
structures. By an almost compact open set we mean a Borel set 2 C @Q, such that there
exists a compact open set € satisfying

m(Q\ Q) =m(Q'\Q) =0.

This is the paper [36] Fuglede’s conjecture holds in Q, in collaboration with A. H. Fan, S. L. Fan and L.
M. Liao. The arXiv version can be found in https://arxiv.org/abs/1512.08904.
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One of our main results, stated below, concerns with the structure of tiles in Q,.

Theorem 4.1. Assume that Q C Q,, is a Borel set of positive and finite Haar measure. If
Q tiles Q, by translation, then it is an almost compact open set.

In [35], it is proved that any bounded tile of Q, is an almost compact open set. The
proof in [35] is different from the one in the present paper. Without using the theory of
distribution, that proof is more direct and easily understandable. But the boundedness is
assumed as an extra condition.

We say that a Borel set 2 C G of positive and finite Haar measure is a spectral set if
there exists a set A C G which is an orthonormal basis of the Hilbert space L*(2). Such
a set A is called a spectrum of Q and (€, A) is called a spectral pair.

When G = R", Fuglede [31] formulated the following conjecture: A Borel set @ C R™
of positive and finite Lebesque measure 1s a spectral set if and only if it is a tile. Fuglede
[31] proved the conjecture in R? under the extra assumption that the spectrum or the
tiling complement is a lattice of RY. There are many positive results under different
extra assumptions before the work [121] where Tao gave a counterexample: there exists a
spectral subset of R? with d > 5 which is not a tile. After that, Matolcsi [?], Matolcsi and
Kolountzakis [83, 84|, Farkas and Gy [29], Farkas, Matolcsi and Méra [39] gave a series of
counterexamples which show that both directions of Fuglede’s conjecture fail in R4(d > 3).
However, the conjecture is still open in low dimensions d = 1, 2.

The Fuglede’s conjecture can be generalized to locally compact abelian groups: A Borel
set Q2 C G of positive and finite Haar measure is a spectral set if and only if it is a tile. In
its generality, this generalized conjecture is not true. We could rather ask for which groups
it holds. The question arises even for finite groups. The counterexamples in R, d > 3 are
actually constructed, basing on counterexamples in finite groups.

Let p > 2 be prime and Q, be the field of p-adic numbers. In the present paper, we
will prove that Fuglede’s conjecture in @, holds.

Theorem 4.2. Assume that 2 C Q, is a Borel set of positive and finite Haar measure.
Then ) is a spectral set if and only if it is a tile of Q.

In [37], the assertion in Theorem 4.2 was proved under the additional assumption that
2 is a compact open set in Q,, and furthermore, the compact open spectral sets were
characterized by their p-homogeneity (see the definition of p-homogeneity in Section 1 of

[37])-

Theorem 4.3 ([37], Theorem 1.1). Let Q be a compact open set in Q,. The following
statements are equivalent:

(1) Q is a spectral set;

(2) Q tiles Qp;

(3) Q is p-homogenous.

Theorem 4.1 and 4.3 are two main steps towards the proof of Fuglede’s conjecture in

Q,. Actually, by Theorem 4.1 and 4.3, to prove Theorem 4.2, it suffices to prove “02 is a
spectral set = () is a tile.”.
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As pointed out in Proposition 3.1 of [30], which follows from [64], that (©2,A) is a
spectral pair in QQ, is equivalent to

veeQy Y [Tal(E—X) =m(@)?! (4.1.1)

AEA

where 1q is the Fourier transform of 1g. By definition, (2,7 is a tiling pair of Q, means
that
Y lalz—t) =1, mae r€Q, (4.1.2)

teT

A subset E of Q, is said to be uniformly discrete if E'is countable and inf, yep |2 —y|, >
0, where | - |, denotes the p-adic absolute value on Q,. Remark that if E is uniformly
discrete, then Card(E N K) < oo for any compact subset K of Q, so that

pp =Y 0o (4.1.3)

AEE

defines a discrete Radon measure. Observe that both (4.1.1) and (4.1.2) are of the form
e * f = w, (4.1.4)

where f is a non-negative integrable function and w > 0 is a positive number. Actually,
both spectrum A and tiling complement 7" in Q, are uniformly discrete (see Proposition
4.6). The above convolution equation (4.1.4) will be our main concern.

Our proof of Theorem 4.1 and 4.2 will be based on the analysis of the set of zeros
of the Fourier transforms 1, and pi7, where both py and pp are considered as Bruhat-
Schwartz distributions and their Fourier transforms fiy and jir are also Bruhat-Schwartz
distributions.

The article is organized as follows. In Section 2, we present preliminaries on the field Q,
of p-adic numbers and on the Z-module generated by the p™-th roots of unity. Some useful
facts from the theory of Bruhat-Schwartz distributions are also presented. It is proved
that a particular structure is shared by the set of zeros of pg for all uniform discrete sets
E. In Section 3, we study the functional equation pg * f = 1 under the assumption that
E is uniformly discrete and f is a non null and non-negative integrable function. Such a
relation has strong constraints on f and on E. For example, we prove that f has compact
support. Section 4 is devoted to the proof that tiles in QQ, are all almost compact open and
spectral sets in Q, are all almost bounded. It is then proved that tiles in @, are spectral
sets. The proof that spectral sets in QQ, are tiles is given in Section 5. In the last section,
we prove the dual Fuglede’s conjecture in QQ, and give some remarks on the case of higher
dimensions.

'The equivalent condition of spectral sets in locally compact abelian groups can be found in Theorem
2.19.
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4.2 Preliminaries

Our study on the Fuglede’s conjecture on Q, is strongly related to the following func-
tional equation

pp* f=1 (4.2.1)

where £ C Q, is a uniformly discrete set and f € L'(Q,) is a non-negative integrable
function such that pr fdm > 0.

The convolution in (4.2.1) is understood as a convolution of Bruhat-Schwartz distribu-
tions and even as a convolution in the Colombeau algebra of generalized functions. One of
reasons is that the Fourier transform of the infinite Radon measure pg is not defined for
the measure pg but for the distribution pg. Both spectral set and tile are characterized
by special cases of the equation (4.2.1). In fact, (4.1.1) means that a spectral pair (€2, A)
is characterized by (4.2.1) with f = m(Q)2[1|? and E = A; (4.1.2) means that a tiling
pair (2, T) is characterized by (4.2.1) with f = 1g and E =T.

In this section, after having presented some basic facts like the Lebesgue density the-
orem, the uniform discreteness of spectrum and of tiling complement etc, we will recall
some result from [114] on the Z-module generated by p"-th roots of unity, which is a key
for our study. Then we will present some useful facts from the theory of Bruhat-Schwartz
distributions and from the theory of the Colombeau algebra of generalized functions. At
the end, we will investigate the set of zeros of the Fourier transform fiz.

4.2.1 The field of p-adic number Q,

We start with a quick recall of p-adic numbers. Consider the field Q of rational numbers
and a prime p > 2. Any nonzero number r € Q can be written as 7 = p'3 where v,a,b € Z
and (p,a) = 1 and (p,b) = 1 (here (z,y) denotes the greatest common divisor of the two
integers z and y). We define |r|, = p~*") for r # 0 and [0|, = 0. Then | - |, is a non-
Archimedean absolute value. That means

(i) |r|, > 0 with equality only when r = 0;

(i) |rsly = [rlplslp;

(iii) [ + 5], < max{|r|y, |s|p}.

The field Q, of p-adic numbers is the completion of Q under |- |,. The ring Z, of p-adic
integers is the set of p-adic numbers with absolute value < 1. A typical element z of Q, is
of the form

x:Zanp" (veZ,a,€{0,1,--- ,p—1} and a, # 0). (4.2.2)

Here, v,(z) := v is called the p-valuation of x.
A non-trivial additive character on Q, is defined by

X(x) _ 627ri{x}
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where {2} = Z;ivp(x) a,p" is the fractional part of x in (4.2.2). From this character we
can get all characters x¢ of Q,, by defining x¢(z) = x(§x). We remark that

- k
x(z) =™ it e — 47, (k,n € 7), (4.2.3)
p?’L
and

/ x(x)dx =0 forall n > 1. (4.2.4)
an

The map § — x¢ from Q, to Qp is an isomorphism. We write Qp ~ Qp and identify a

point £ € QQ, with the point x¢ € (@p For more information on @Q, and Qp, the reader is
referred to the book [129].
The following notation will be used in the whole paper.

Notation:
o 7S =17y \ pLy, = {x € Q, : |z], = 1}, the group of units of Z,.
e B(0,p") := p "Z,, the (closed) ball centered at 0 of radius p™.
. B

p
B(z,p") :=x + B(0,p").
p) = Blz,p") \ Bz, p"), a “sphere”.

S(z,

L := {{z} : x € Q,}, a complete set of representatives of the cosets of the additive
subgroup Z,.

o L, :=p "L.

The Lebesgue density theorem holds in Q, for the Haar measure.

Proposition 4.4 ([104]). Let Q@ C Q, be a bounded Borel set such that m(€2) > 0. Then

L m(B ) N0
w2 m(Blz,p )

=1, m-a.e z €.

4.2.2 Fourier Transformation

The Fourier transformation of f € L'(Q,) is defined to be

fO = | fxe@de (v €Q=Q).
Qp
A complex function f defined on Q, is called uniformly locally constant if there exists
n € Z such that
[(e+u) = f(z) Vo eQ,Vue B,p").

The following proposition shows that for an integrable function f, having compact support
and being uniformly locally constant are dual properties for f and its Fourier transform.
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Proposition 4.5. Let f € L'(Q,) be a complez-value integrable function.
(1) If f has compact support, then f is uniformly locally constant.
(2) If f 1s uniformly locally constant, then f has compact support.

Proof. (1) Suppose that f is supported by B(0,p™). For any x € Q, and any v € B(0,p™"),
we have

-~

flerw-fo=[  rox@ 6 D

Notice that if y € B(0,p"), we have |uy|, < 1. So by (4.2.3),
x(uy) —1=0.

Therefore, f(&+u) — f(€) =0 for all uw € B(0,p~™). Thus [ is uniformly locally constant.
(2) Suppose that f(z 4+ u) = f(x) for any 2 € Q, and any u € B(0,p"). Observing

Q, =L, + B(0,p") = | J Blz.p"),

2€L,
we deduce
0= [ rex@w=3 56 [ @
z€L, z€Ly, B(z,p™)
By (4.2.4), we have fB(ijn) x(&y)dy = 0 for [£|, > p~™. Therefore, f(f) = 0 for [¢|, >
p~". O]

The above proposition is the key which will allow us to prove that a tile €2 in @, is an

almost compact open set by showing that the support of 1q is compact (see Proposition
4.22). Consequently, a tile is a spectral set by Theorem 4.3.
Now we prove that the spectra and tiling complements are always uniformly discrete.

Proposition 4.6. Let Q2 C Q, be a Borel set of positive and finite Haar measure.
(1) If (2, A) is a spectral pair, then A is uniformly discrete.
(2) If (2, T) is a tiling pair, then T is uniformly discrete.

Proof. (1) By the fact 1o(0) = m(Q) > 0 and the continuity of the function Ig, there
exists an integer ny such that 1g(x) # 0 for all z € B(0,p™). This, together with the
orthogonality
ToA=X)=0 VA X € A distinct ,
implies that |A — X[, > p™ for different A\, \" € A.
(2) Consider the continuous function on Q,, defined by

fx) =1lgx1 g(x) = / lo(y)la(y —z)dy = m(Q N (Q + x)).

P
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The fact f(0) = m(£2) > 0 and the continuity of f imply that there exists an integer ng
such that

m(QN(Q+1¢t) >0, forte B(0,p™). (4.2.5)
For different ¢ € T and ' € T, the tiling property implies m((Q2 +¢) N (Q+¢')) = 0. So
mOQNQ+t—t)=m(Q+6)N(Q+t)=0

by the translation invariance of m. Thus we must have |t — |, > p™, by (4.2.5). O

4.2.3 Z-module generated by p"-th roots of unity

Let m > 2 be an integer and let w,, = ¢*™/™ which is a primitive m-th root of unity.
Denote by M., the set of integral points (ag, ai, -, amy,_1) € Z™ such that

The set M,, is clearly a Z-module. In the following we assume that m = p" is a power of
a prime number.

Lemma 4.7 ([114], Theorem 1). If (ag,a1, - ,am_1) € My, then for any integer 0 <
i < p"t —1 we have a; = a4 jpm—1 for all j=0,1,...,p—1.

Lemma 4.7 has the following two special forms. The first one is an immediate conse-
quence.

Lemma 4.8. Let (by, by, ,b, 1) € ZP. If Z?;é e?™bi/P" = (), then subject to a permuta-
tion of (b, -+ ,by—1), there exist 0 < r < p"~ ' —1 such that

b; Er—i—jp”’l( mod p")
forallj=0,1,--- p—1.

Lemma 4.9 ([37], Lemma 2.5). Let C' be a finite subset of Z. If Y . e2miel/P" = (), then
p | Card(C) and C is decomposed into Card(C)/p disjoint subsets C1,Ca, - -+, Ccard(c)/p
such that each C; consists of p points and

Z 627r7;c/p” —0.

CEC]‘

Now applying Lemmas 4.8 and 4.9, we have the following lemma which will be useful
in the paper.
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Lemma 4.10. Let C C Q, be a finite set.

(1) If > .ccx(c) = 0, then p | Card(C) and ) .- x(xc) = 0 for any x € /s (i.e.
||, =1).

(2) If there exists & € Qp such that ) ... x(&c) = 0, then for any ¢ € C, there exists
c € C such that |c — |, = p/|€],-

(3) If there exists a finite set 1 C Z such that

Zx(pic) =0 foralliel, (4.2.6)

ceC
then pCadd) | 4(C0).

Proof. (1) It is a direct consequence of Lemmas 3.10 and 3.11. See [37, Lemma 2.6] for
details.

(2) Let C = {c1, ¢, ,cm}. Recall that x(&c) = >}, There exist an integer n and
a subset {ny,ny--- ,n,} of Z such that

X(éck> = 62ﬂink/pn7 k= 17 27 s, M.

By Lemma 3.11, p | #(C) and C' is decomposed into §(C') /p disjoint subsets Cy, C1, - - -, Cy(cy/ps
such that each Cj consists of p points and

> x(ée)=0.

Without loss of generality, assume that ¢ € Cy. By Lemma 3.10, we have

if ¢ € Cy\ {c}.

e — ¢, = 2,
€l

(3) Assume that I = {iy, 49, -+ ,4,} with iy < iy < --- < i,. By Lemma 3.11 and the
equality (4.2.6) with ¢ = 4y, we have p | #(C) and C can be decomposed into #(C')/p subsets
C1,Cs, -+, Cyc)p such that each C consists of p points and

> x(p'e)=0.
CECj
By Lemma 3.10, if ¢ and ¢ lie in the same C;, we have
lc— ], < p'th. (4.2.7)

Now we consider the equality (4.2.6) when i = iy. Since i1 < ia, (4.2.7) and (4.2.3)
imply that the function '
c— x(p7c)
is constant on each C;. From each C}, take one element c;. Let C be the set consisting of
these c;.
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Since each C; contains p elements, the equality (4.2.6) with ¢ = iy is equivalent to

> x(p2e) =0.

ceC

By Lemma 3.11, p | #(C), which implies p? | £(C).
By induction, we get p" | £(C).

4.2.4 Bruhat-Schwartz distributions in Q,

Here we give a brief description of the theory following [3, 120, 129]. Let £ denote the
space of the uniformly locally constant functions. The space D of Bruhat-Schwartz test
functions is, by definition, constituted of uniformly locally constant functions of compact
support. Such a test function f € D is a finite linear combination of indicator functions of
the form 1p(, 4 (-), where k € Z and 2 € Q,. The largest of such numbers £ is denoted by
¢ :=((f) and is called the parameter of constancy of f. Since f € D has compact support,
the minimal number ¢ := ¢'(f) such that the support of f is contained in B(0,p") exists
and will be called the parameter of compactness of f.

Clearly, D C £. The space D is provided with a topology of topological vector space as
follows: a sequence {¢,} C D is called a null sequence if there is a fixed pair of [,1" € Z such
that each ¢, is constant on every ball of radius p' and is supported by the ball B(0, pl/)
and the sequence ¢,, tends uniformly to zero.

A Bruhat-Schwartz distribution f on Q, is by definition a continuous linear functional
on D. The value of f at ¢ € D will be denoted by (f, ¢). Note that linear functionals on
D are automatically continuous. This property allows us to easily construct distributions.
Denote by D’ the space of Bruhat-Schwartz distributions. The space D’ is equipped with
the weak topology induced by D.

A locally integrable function f is considered as a distribution: for any ¢ € D,

(f.0) = [ [fodm.
Q

The discrete measure pp defined by (4.1.3) is also a distribution: for any ¢ € D,

i 6) = 3 6.

AEE

Here for each ¢, the sum is finite because E is uniformly discrete and each ball contains
at most a finite number of points in E. Since the test functions in D are uniformly locally
constant and have compact support, the following proposition is a direct consequence of
Proposition 4.6 or of the fact (see also [30, Lemma 4]) that

—

1B(c,pk)(§) = X(_Cf)ple(o,p*k)(f)- (4.2.8)
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Proposition 4.11 ([120], Chapter II 3). The Fourier transformation f f 15 a homeo-
morphism from D onto D.

The Fourier transform of a distribution f € D’ is a new distribution fe D’ defined by
the duality

(f,0) = (f,0), ¥oéeD.

The Fourier transformation f ]/t\ is a homeomorphism of D’ onto D’ under the weak
topology [120, Chapter II 3].

4.2.5 Zeros of the Fourier transform of a discrete measure

Let f € D' be a distribution in Q,. A point z € Q,, is called a zero of f if there exists
an integer ng such that

(f,1ppn) =0, forall y € B(z,p™) and all integers n < ny.

Denote by Z; the set of all zeros of f. Remark that Z; is the maximal open set O on
which f vanishes, i.e. (f,¢) = 0 for all ¢ € D such that the support of ¢ is contained in O.
The support of a distribution f is defined as the complementary set of Z; and is denoted

by supp(f).
Let E be a uniformly discrete set in Q,. The following proposition characterizes the

structure of Zz;, the set of zeros of the Fourier transform of the discrete measure pg. It
is bounded and is a union of spheres centered at 0.

Proposition 4.12. Let E be a uniformly discrete set in Q,.
(1) If § € Zg5, then S(0, [€],) C Za5.
(2) The set Zg; is bounded.

Proof. First remark that by using (4.2.8) we get
(5 Lniep) = (e ogpo) =" S XEN). (1.2.9)
AEENB(0,p™)

This expression will be used several times.
(1) By definition, £ € Zz; implies that there exists an integer ng such that

<[/LE', 1B(§,p*")> = O, Vn 2 no.

By (4.2.9), this is equivalent to
> x(EN =0, Vn=ng (4.2.10)
AEENB(0,p™)
For any ¢ € S(0,|¢],), we have § = ué for some u € Z). By Lemma 4.10 (1) and the
equality (4.2.10), we obtain

YoooxEN= Y XEN=0, YVn=ng

AEENB(0,p™) AEENB(0,p™)
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Thus, again by (4.2.9), (fig, 1 p-n)) = 0 for n > ny. We have thus proved S(0, [£],) C
z

iE-
(2) Fix A\g € E. By the discreteness of E, there exists an integer ng such that

V)\GE\{)\()}, |)\—)\0|p2p_”0.

We are going to show that Z; C B(0,p™™!), which is equivalent to that £ € Z;; when
€], > p™*2. To this end, we will prove that for all integer n large enough such that
Ao € B(0,p"), we have

(1B, 1 p—ny) # 0.
In fact, if this is not the case, then by (4.2.9),

> xey=o

AEENB(0,p™)

Thus, by Lemma 4.10 (2), for the given A\, we can find A € E N B(0,p"), such that
A — Xolp = p/|€l, < p~"°, a contradiction.

O
Remark that ngy in the above proof depends only on the structure of E. Define
= A=) 4.2.11
ni = max vy ) ( )
A£N

According to the above proof of the second assertion of Proposition 4.12, we immediately
get

Z5 C B(0,p"th. (4.2.12)

4.2.6 Convolution and multiplication of distributions

Denote

Ak = 1B(0,pk)7 ek = Ak = pk . 1B(O,p7k)'

Let f,g € D' be two distributions. We define the convolution of f and g by
(%9.0) = lim ((z), (). A(x)ola + ).
if the limit exists for all ¢ € D.

Proposition 4.13 ([3], Proposition 4.7.3 ). If f € D', then f % 6, € € with the parameter
of constancy at least —k.
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We define the multiplication of f and g by
(f-9,0) = lim (g, (f * 1)),
—00

if the limit exists for all ¢ € D. The above definition of convolution is compatible with
the usual convolution of two integrable functions and the definition of multiplication is
compatible with the usual multiplication of two locally integrable functions.

The following proposition shows that both the convolution and the multiplication are
commutative when they are well defined and the convolution of two distributions is well
defined if and only if the multiplication of their Fourier transforms is well defined.

Proposition 4.14 ([129], Sections 7.1 and 7.5). Let f,g € D" be two distributions. Then
(1) If f % g is well defined, so is g f and f+g=g=x* f.
(2) If f- g is well defined, soisg-f and f-g=g-f.
(3) fxg is well defined if and only ]?f]\ is well defined. In this case, we have m = fﬁ
and f/\g = f* qg.
The following proposition justifies an intuition.

Proposition 4.15. Let f,g € D’ be two distributions. If supp(f)Nsupp(g) = 0, then f-g
1s well defined and f-g = 0.

Proof. Let ¢ € D with parameter of constancy ¢ and parameter of compactness ¢'. By the
assumption supp(f) Nsupp(g) = 0, the distance between the two compact sets supp(f) N
B(0,p") and supp(g) N B(0,p") is strictly positive. So there exists an integer n < ¢/
such that for any = € supp(f) N B(0,p"), the ball B(x,p") is contained in Z, N B(0,p").
Therefore, the compact open set

X = U B(map_n)
zesupp(f)NB(0,p")

satisfies supp(f) N B(0,p") € X C Z, N B(0,p").
Define ¢q(x) := ¢(x) - 1x(x). It follows that

supp(¢ — ¢1) C B(0,p")\ X C Z; N B(0,p").
Thus, we have

= lim (£, (g% 04)(@ = 61)) + Jim (g, (f * Oc)6)

:0’
where the existences of the last two limits are due to
supp((g * Or)(¢ — ¢1)) C supp(¢ — ¢1) C Zy,

and
supp((f * 0r)¢1) C supp ¢1 C Z,.
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The multiplication of some special distributions has a simple form. That is the case for
the multiplication of a uniformly locally constant function and a distribution.

Proposition 4.16 ([129] Section 7.5, Example 2). Let f € € and let G € D'. Then for
any 6 € D, we have (f - G, 6) = (G, f6).

For a distribution f € D', we define its reqularization by the sequence of test functions
([3, Proposition 4.7.4])
Ag - (f*6) €D.

The regularization of a distribution converges to the distribution with respect to the
weak topology.

Proposition 4.17 ([3] Lemma 14.3.1). Let f be a distribution in D’. Then Ag-(f*0r) — f
in D as k — oo. Moreover, for any test function ¢ € D we have

(A (f*0k).0) = (f,0), Vk=max{-( ('},

where £ and ¢’ are the parameter of constancy and the parameter of compactness of the
function ¢ defined in Subsection 4.2.4.

This approximation of distribution by test functions allows us to construct a space which
is bigger than the space of distributions. This larger space is the Colombeau algebra, which
will be presented below. Recall that in the space of Bruhat-Schwartz distributions, the
convolution and the multiplication are not well defined for all couples of distributions. But
in the Colombeau algebra, the convolution and the multiplication are well defined and
these two operations are associative.

4.2.7 Colombeau algebra of generalized functions

Consider the set P := DN of all sequences {fi}ren of test functions. We introduce an
algebra structure on P, defining the operations component-wisely

{fe} +{gx} = {fx + o},

et Aot = {fe - o}

where {f}, {gr} € P.

Let N be the sub-algebra of elements {f;}ren € P such that for any compact set
K C Q, there exists N € N such that fi(z) = 0 for all k > N,z € K. Clearly, N is an
ideal in the algebra P.

Then we introduce the Colombeau-type algebra

G=P/N.

The equivalence class of sequences which defines an element in G will be denoted by f = [f],
called a generalized function.
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For any f = [fi], g = [gx] € G, the addition and multiplication are defined as

frg=1[fito), f-g8=1[fv gl
Obviously, (G, +, ) is an associative and commutative algebra.

Theorem 4.18 ([3] Theorem 14.3.3). The map f — £ = [Ax(f * k)] from D' to G is a
linear embedding.

Each distribution f € D’ is embedded into G by the mapping which associates f to
the generalized function determined by the of f. Thus we obtain that the multiplication
defined on the D’ is associative in the following sense.

Proposition 4.19. Let f,g,h € D'. If (f - g) - h and f - (g-h) are well defined as
multiplications of distributions, we have

(f-9)-h=[f-(g-h).

4.3 Study on ugpxf=1
In this section, we will study the following equation

where 0 < f € L'(Q,) with pr fdm > 0, and E is a uniformly discrete subset of Q,.
Suppose that (E, f) is a solution of (4.3.1). We will investigate the density of E and even
the distribution of E, and the supports of the Fourier transforms iz and f

We say that a uniformly discrete set E has a bounded density if the following limit
exists for some zy € Q,

. Card(B(zo,p*) N E)
D(E) := klﬁoo m(B(zo, p¥))

which is called the density of E. Actually, if the limit exists for some 2y € Q,, then it
exists for all z € QQ, and the limit is independent of x. In fact, for any o, z; € Q,, when
k is large enough such that |z — 21|, < p*, we have B(zg,p") = B(x1, p").

For a function g : Q, — R, denote

Ny :={zr€Q,:g(z) =0}

If g € C(Q,) is a continuous function, then N is a closed set and Z,, is the set of interior
points of NV,;. But, the support of ¢ as a continuous function is equal to the support of g
as a distribution.

The following theorem gets together some properties of the solution (£, f) of the equa-
tion (4.3.1), which will be proved in this section.
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Theorem 4.20. Let 0 < f € LY(Q,) with f@p fdm > 0, and E be a uniformly discrete
subset of Q,. Suppose that the equation (4.3.1) is satisfied by f and E. Then

(1) The support of f is compact.

(2) The set Zg; is bounded and it is the union of the punctured ball B(0,p~"f) \ {0}
and some spheres.

(3) The density D(E) exists and equals to 1/ pr fdm. Furthermore, there exists an

integer ny € 7 such that for all integers n > ny we hav
VE € Qp  Card(ENB(Ep")) = p"D(E).

Theorem 4.20 (1) and (2) will be proved in (S)3.1, the distribution of E will be discussed
in (S)3.2 and the equality D(E) =1/ f@,, fdm will be proved in (S)3.3.

~

4.3.1 Compactness of supp(f) and structure of Z;

Our discussion is based on f [ig = 0g, which is implied by f * ug = 1 (see Proposition
4.14).

Proposition 4.21. Let g € C(Q,) be a continuous function and let G € D' be a distribu-
tion. Suppose that the product H = g - G is well defined. Then

Zg C N, U Zg.

Consequently, if f*pug =1 with f € L'(Q,), then Q,\{0} C J\/'fU Zi, which is equivalent
to

-~

{£€Q,: f(6) #0}\ {0} C 2. (4.3.2)

Proof. The second assertion follows directly from the first assertion because ]? g = 0o

and Z;5, = Q, \ {0}.
We now prove the first assertion. It suffices to prove Zy \ N, C Z;. Take an arbitrary
test function ¢ € D such that

supp(¢) C Zy \ Nj.
Since supp(¢) C {z : g(x) # 0}, we can define the function

W) = {Wla:y for z € supp ¢,

0, elsewhere.

Since g is continuous, it is bounded away from 0 on supp ¢. So, the function A is bounded
and compactly supported. Hence it belongs to L'(Q,). On the other hand, we have
h(z)g(x) = loupp(e) () € D. Thus

<Ga ¢> = <G, 1supp(<;$) ) ¢> = <1SUpp(¢>) -G, ¢> = <(h : g) -G, ¢>
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where we have used Proposition 4.16 for the second equality. Notice that supp(h) C Zy.
By Proposition 4.15, h - H is well defined and h - H = 0. By the associativity of the
multiplication (see Proposition 4.19), we get

(G,¢) = (h-H,¢) =0.
Thus we have proved Zy \ N, C Z¢. O

Notice that f f@ fdm > 0 and f is a continuous function. It follows that there

exists a small ball Where f is non-vanish. Let
ng:=min{n € Z: f(z) #0, ifz € B(0,p™")}. (4.3.3)

Proposition 4.22. The Fourier transform fhas compact support. The set Zg is bounded
and

B(0,p ")\ {0} C Zz. (4.3.4)

Proof. The boundedness of Z; is already proved. See Proposition 4.12 (2). This together

with (4.3.2) implies the compactness of supp(f). We get (4.3.4) immediately from (4.3.2).
]

4.3.2 Distribution of F

The uniformly discrete set £ involved in the equation (4.3.1) shares the following uni-
form distribution property.

Proposition 4.23. The cardinality of E N B(&,p"f) is independent of & € Q,. Conse-
quently, the set E admits a bounded density D(E). Moreover, for all integers n > ny, we
have

VE€Q,, Card(ENB(,p"))=p"D(E). (4.3.5)

Proof. For simplicity, we denote
Ej = ENB(Ep"),
and write E, := E N B(0,p") when £ = 0. It suffices to prove
VE € Qy  H(En,) = H(E;,)-

For any given £ € Q,, let k = —v,(§). If k < ny, then E,, = ES . So obviously

ny
Now we suppose k > ny. Then for any n € B(0,p*) \ B(0,p"),

B(n,p™*) c B(0,p™) \ {0}.
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By (4.3.4) in Proposition 4.22, we have (fig, 15, ,-+)) = 0, which by (4.2.9), is equivalent

to
> x(mA) =0. (4.3.6)

AeE,

Taking 1 = p*~" in (4.3.6), we have ), 5 x(p* ') = 0. Observe that

B(0,p") = |_| B(ip™*,p*")

and that the function y(p*~!-) is locally constant on each ball of radius p*~!. So we have

p—1 .

0= Z PPN = Zx< )Card( >
AEE} =0
Applying Lemma 4.7, we obtain
Card<E,§Z) - card(E,fl), VO0<ij<p-—L (4.3.7)

Similarly, taking n = p*~2 in (4.3.6), we have

) J .
0= x(— n —)Card(Ef; v )
P> o

0<i,j<p—-1

Again, Lemma 4.7 implies

i m

. o
Card(E,gﬁ2 i ) - Card(E;fQ i ) VO<ijm<p—1.

Since
p—1

ZCard(E,f 9 77) = Card(E,il),
7=0
by (4.3.7), we get
Sl P
Caurd(E,;’i2 ” ) - card(E,gf2 " ) VO<ijlm<p-—L

We continue these arguments for all n = p*~1, ... p™. By induction, we have

Card(Efl) = Card(E;2), V &1,& € Ly, N B(0,p"). (4.3.8)
Since [¢], = p¥, there exists ¢ € L,, N B(0, p*), such that Eflf = Efl/f Thus by (4.3.8),
Card(ng) = Card(ESf) = Card(E,,).

The formula (4.3.5) follows immediately because each ball of radius p™ with n > ny is
a disjoint union of p"~"f balls of radius p"f so that

Card(E,) = p" " Card(E,, ).
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4.3.3 Equality D(E) =1/ pr fdm

Proposition 4.24. The density D(E) of E satisfies
1

pr f(z)dx

Proof. By the integrability of f, the quantity

€n = / f(z)dz
Qp\B(0,p™)

tends to zero as the integer n — oco. Integrating the equality (4.3.1) over the ball B(0,p"),
we have

D(E) =

m(B(0,p") =Y _ /B o fla = Ndx. (4.3.9)

AEE

Now we split the sum in (4.3.9) into two parts, according to A € E N B(0,p") or A €
E\ B(0,p™). Denote I := pr fdm. For A € EN B(0,p"), we have

/ f(x—)\)d:c:/ flz)de =1 —e¢,.
B(0,p™) B(0,p")

It follows that

3 / Ndz = Card(E,) - (I — e,). (4.3.10)

AEENB(0,p™)

/ flz —N)dx = / f(z)dz. (4.3.11)
B(0,p™) B(=Ap™)

For A € E\ B(0,p"), the ball B(—A\,p") is contained in Q, \ B(0,p"). We partition the
uniformly discrete set E\ B(0,p") into P;’s such that each P; is contained in a ball of
radius p” in Q, \ B(0,p"). Thus the integrals in (4.3.11) for the X’s in the same P; are
equal. Let \; be a representative of P;. Then we have

Jyy 10 = N0 =35 Coxa)- L o

Notice that

AEE\B(0,p™)

However, by (4.3.5) in Proposition 4.23, Card(P;) = D(E)m(B(0,p")) if n > ny. Thus,
for each integer n > ny,

r— N)dx = D(E)Ym(B(0,p"
[ e A = D(E)m <0p>>;/BH

eeE\B(0p") * B
= DEmBO) [ s
— D(EYm(B(0, p"))en. (4.3.12)
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Thus from (4.3.9), (4.3.10) and (4.3.12), we finally get
[m(B(0,p")) — Card(E N B(0,p")) - I| < 2D(E)m(B(0, p"))en-

We conclude by dividing m(B(0,p™)) and then letting n — oo. O

4.4 Tiles are spectral sets

The key for the proof of the following theorem is the fact that the equation ug * f =1
imposes that the support of the Fourier transform f is compact (Proposition 4.22). We also
use the fact that the Fourier transform of an integrable function with compact support is
uniformly locally constant (Proposition 4.5). The Lebesgue density theorem (Proposition
4.4) is used too. We recall that a point = in a Borel set Q satisfying the equality in
Proposition 4.4 is called a density point of €.

Theorem 4.25. Without distinguishing sets which are equal modulo a set of zero Haar
measure, we have the following assertions :

(1) If 2 is a spectral set in Q,,, then it is bounded.
(2) If Q is a tile in Q,, then it is compact and open.
(3) Tiles in Q, are spectral sets.

Proof. Since we do not distinguish sets which are equal modulo a set of zero Haar measure,
we can assume that all the points in €2 are density points of 2, according to the Lebesgue
density theorem (Proposition 4.4).

(1) Assume that (€2, A) is a spectral pair in Q,, which is equivalent to

V€ Qp i x [Tal(€) = m(Q)”.

By Proposition 4.22, \EP has compact support. Observe that

—

Tal2(6) = 1o+ 1_q(&) = / lo(@)la(e — §)dz = m(Q N (2 +8)). (4.4.1)

P

We claim

supp(|Ta)?) = 0 — €.

Since the inclusion supp(|1g[?) €  — € is obvious, we need only to show

—

0 —Q C supp(|1gf?). (4.4.2)

In fact, let £ € Q — Q. Write { = z; — 25 with 21,20 € Q. By (4.4.1), we have

—

Tal2(€) = m(QN (2 + 21 — 2)) = m((Q = 21) N (2 = 2)).
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Since z1, 2o are density points of €2, 0 is a density point of both 2 — z; and €2 — 2z5. This
fact implies

Thus we have proved Q — Q C supp(|1g/?). Then (4.4.2) follows. Since supp(|1q|?) is
compact, the set €2 is bounded.
(2) The main argument is the same as in (1). Assume that (€2,7) is a tiling pair in Q,,
which means
pr*lo(x) =1, m-ae z € Q,.

By Proposition 4.22, IS has compact support. Then by the first assertion of Proposition
4.5, 1g is almost uniformly locally constant, i.e. 2 is, up to a zero measure set, a union of
balls with the same radius. Since €2 is of finite measure, the number of these balls is finite.
So, 2 is almost compact open.

(3) It is an immediate consequence of (2) and Theorem 4.3. O

The above proof of the fact “tiles are spectral sets” is partially based on Theorem 4.3
and partially on “tiles are compact and open” (Theorem 4.25 (2)). The proof of “spectral
sets are tiles” will be not based on Theorem 4.3. That means, we are not going to show
that a spectral set is a compact open set up to a set of zero measure. But the boundedness
of a spectral set (Theorem 4.25 (1)) will be used.

4.5 Spectral sets are tiles

In this section, we prove that a spectral set in Q, is a tile. Assume that (Q2,A) is a
spectral pair. The proof will be based on our knowledge on the set Z;,. As we will see in
the proof, a tiling complement can be easily constructed.

Theorem 4.26. If Q) is a spectral set in Q,, then it is a tile.

Proof. Suppose that (£2,A) is a spectral pair. That means (see (4.1.1))

> ol (z—\) =m(Q)?, mae zeQ,
AEA
In other words, pp * f = 1 where
f = Taf*/m(©)*.

Let ns be the integer defined by (4.3.3). Recall that B(0,p~"/) is the biggest ball centered
at 0 over which f does not vanish. We first remark that

Vn >ny, Card(A,) = p"m(Q) (4.5.1)

where

Ay = AN B0, p")
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In fact, Plancherel Theorem implies pr fdm = 1/m(€2). So, by Proposition 4.24, the set
A is of bounded density with density

1

PV i

m(§2).

Thus (4.5.1) follows from (4.3.5) in Proposition 4.23.

By Theorem 4.25, the spectral set €2 is bounded, up to a Haar null measure set. Without
loss of generality, we assume that 2 C Z,,.

Recall that Zz; has the following properties: every sphere S(0,p™") either is contained
in Z;; or does not intersect Zz; (Lemma 4.12); all spheres S(0,p™") with n > n; are
contained in Zz; (see (4.3.4)). Let

I. = {O§n<nf5(0,p_")CZ/jx}a
J: = {0<n<ns:S0,p7")N 2z =0}
For \V- 7 we claim
Us(o’p—j) C Nf (4.5.2)
€T

-~

In fact, otherwise for some ¢ € S(0,p™7) with j € J we have f(£) # 0. By (4.3.2) and
Proposition 4.12 (1), S(0,p™7) C Zz. This contradicts the fact j € J.

~

Observe that f(&) =m(Q N (Q+E)) (see (4.4.1)) and that

(U -U)\{0} c | JS(0.p7)

J€J
where
U:= {Zajpj,aj e{0,1,...,p— 1}}
jEJ

Then from (4.5.2), we get
(U—-U)\{0} Cc{£€Q,:m(QN(Q+&) =0}. (4.5.3)

We claim that € is a tile of Z, with tiling complement U, so that 2 is a tile of Q, with
tiling complement U + L.

In fact, the disjointness (up to a set of zero measure) of {2+ & and € + & for any two
distinct &, & € U follows directly from (4.5.3) and the invariance of the Haar measure.

So to show that € is a tile of Z,, it suffices to prove that the total measure of all 2+ ¢
with £ € U is equal to

m(Q+U) = Card(U) - m(Q) = 1. (4.5.4)
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For i € I, we have B(p~,p™™) C S(0,p™") so that B(p~%,p~™) C Zz;, which implies

A

0 = (Fix, Lpgrmr ) = (s Loy ne)) =27 Y x(7°N).

AEAn,
By Lemma 4.10 (3),
pCrd® < Card(Ay,).
Then by the fact Card(U) = p©@d@) and (4.5.1), we have
Card An Card(I)
Card () - m(g) = poori® . SXWns) 5 w220y
p P

We can now conclude (4.5.4) because €2+ U is contained in Z, so that m(Q + U) < 1.

]

4.6 Some remarks

4.6.1 Dual Fuglede’s conjecture

Theorem 4.2 asserts that all spectral sets (equivalently tiles) in Q, are almost compact
open. What is the topological structure of the corresponding spectra and tiling comple-
ments? This question has been answered by Theorem 1.2 of [37] for the compact open
spectral sets in Q,. Recall that the spectra and tiling complements of compact open spec-
tral sets are infinite p-homogeneous discrete sets A (see [37, Section 2.8]) such that there
exists an integer N such that

(00, NN Z C Iy, (4.6.1)

where I := {v,(z —y) : 2,y € A distinct}, called the set of admissible p-orders of 2. On
the other hand, for any given infinite p-homogeneous discrete sets A satisfying (4.6.1), we
can construct two compact open sets €2y and €2y such that (€1, A) is a spectral pair and
(Q2,A) is a tiling pair. For details, we refer the readers to [37, Theorems 1.2 and 5.1]. So
the dual Fuglede’s conjecture holds in Q, (see [65] for the dual Fuglede’s conjecture in R?):
a subset of Q, is a spectrum if and only if it is a tiling complement.

4.6.2 The density of E satisfying (4.2.1) in Q¢

Assume that F is a discrete subset in Qg such that Card(E N K) < oo for any compact
subset K of Qﬁ. Then pp = >, rep Ox defines a discrete Radon measure in Qg. Remark
that E' is not necessarily assumed uniformly discrete. Suppose that E satisfies the equation
(4.2.1) with f € L'(Q¢) which is a non-negative integrable function such that ng fdm > 0.

Then for each xq € @Z, the limit

~ lim Card(B(zo, p*) N E)
D(E) = klﬁoo m(B(zo, p*))
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exists and 1

- —ng Fam

This is similar to the real case, see [80, Lemma 2].

D(E)

4.6.3 Tiles and spectral sets in QIQ, which are not compact open.

For a uniformly discrete set E in the higher dimensional space Qg with d > 2, the
zero set of the Fourier transform of the measure pg is not necessarily bounded. In
other words, Proposition 4.12 does not hold in Qg with d > 2. For example, let £ =
{(0,0),(0,1),---,(0,p — 1)} which is a finite subset of Q2. One can check that

Z@ = Qp X p_lzg.

Bounded tiles of Qf, are not necessarily almost compact open. Let us construct such a
bounded tile of Qg. We partition Z, into p Borel sets of same Haar measure, denoted A,
(t=0,1,...,p—1). We assume that one of A; is not almost compact open. For example,
set S =J>2, B(p",p " !), which is a union of countable disjoint balls. Let

Ao = SUBLp H\1+9)),
Al = (B(07p_1)UB(]—)p_1)) \A()u
A; = B(i,p') for 2<i<p-—1.
Then define
p—1
Q:=|J A xB(i,p™") CZ, x Z,.
i=0
The set 2 is not almost compact open, because any small ball centered at (0,0) meets both
Q and (Z, x Z, \ Q) with positive measure. But it is a tile of Q2 with tiling complement

T =LxL_.

Just like on R(see [31]), it can be proved that (Q,L x L_;) is a tiling pair if and only if
(Q,L x L) is a spectral pair (see [69]).

4.6.4 Higher dimensional cases

However, the situation changes in higher dimension. In fact, it is proved in [8] that
there exist spectral sets which are not tiles in IFZ for all odd primes p and in IF;‘) for all odd
primes p such that p =3 mod 4, where [, is the prime field with p elements. This implies
that there exist compact open spectral sets which are not tiles in Qg for all odd primes p
and in Q;ﬁ for all odd primes p such that p =3 mod 4.

For d = 3, there exists a spectral set in the finite group (Z/8Z)? which is not a tile [84].
This implies that there exists a compact open spectral set which is not a tile in Q3.

Fuglede’s conjecture in Qg is open, even under the compact open assumption.
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Chapter 5

Preliminaries to the study of oscillating se-
quences

This chapter provides some preliminary knowledge for the next two chapters. Some
properties of oscillating sequences are also discussed. The chapter is organized as follows. In
Section 5.1, we revisit the definition of the sequences orthogonal to dynamical systems and
to other sequences. In Section 5.2, we show Liu and Sarnak’s observation as a complement
of Theorem 6.6. Section 5.3 is devoted to proving that oscillating sequences of order 1 are
orthogonal to all one-dimension dynamical systems of entropy zero. The idea of the proof
follows from Karagulyan [72] where was proved the same result for the Mébius function. In
Section 5.4, we provide a proof of Koksma’s theorem as a complement. Koksma’s theorem
will be used in Chapter 7.

5.1 Introduction

As we have mentioned before, following [112], we say that a sequence (¢, )nen is orthog-
onal to a dynamical system (X, T) if

N—oo N

1 N-1
lim — ¢, f(T"z) =0, (5.1.1)
n=0

for any z € X and any f € C(X). The sequence (f(T"x))nen is sometimes called an

observable sequence, or a realization of the dynamical system (X,7). Usually, (5.1.1) is

referred to the orthogonality between the sequence (¢, )nen and the sequence (f(7"x))nen-
We illustrate the notion of orthogonality by some simple examples.

Examples 5.1. (i) The periodic sequences of zero mean are always orthogonal to the
sequence of a constant number.

(ii) For every a € R, the sequence (€*™"),cy is orthogonal to the sequence of a constant
number.

(iii) For all P € R[t], the sequences (e2™F™),cn are orthogonal to the sequence of a
constant number (see [133, 134]).
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(iv) The Mdobius function is orthogonal to the sequences (e*™"*),cn for all a € R (see

[24])-

(iv) The Mdébius function is orthogonal to the sequences (e*™F™), .y for all P € R[] (see

[57])-

It should be noted that we may deduce the orthogonal property to certain dynamical
systems by the orthogonal property to some class of sequences. For example, it is not
hard to see that if a sequence (¢, )nen of complex numbers is orthogonal to a sequence of a
constant number, then the sequence (¢, ),en is orthogonal to the trivial system reduced to
one point. Another interesting example is that if a sequence (¢, )nen of complex numbers
is orthogonal to all the sequences (e2™"%),cy for all & € R, in other ways, it is oscillating
of order 1, then the sequence (¢, ),en is orthogonal to all the rotations on the unit circle,
that is, all the systems (R/Z, Rg) for all 8 € R, where Rg(z) = x +  mod 1. Moreover,
Liu and Sarnak proved that if a sequence is orthogonal to all sequences (e2™F(™), _x for
all P € R[X], in other words, it is fully oscillating, then it is orthogonal to all affine maps
on compact abelian groups of entropy zero. This is presented in the next section.

5.2 Liu and Sarnak’s observation

In this section, we present Liu and Sarnak’s observation in [99]: every orbit of any
affine map on any compact abelian group of zero entropy could be realized by an orbit of
an affine map on T x F for some finite abelian group F. The content of this section is
rewritten from Section 2 of [99].

Let X be a compact abelian group. Let T': z — Az + b be an affine map on X where
A is an automorphism and b € X. Denote by X the dual group of X. The action of A on
X is induced by the action of A on X, that is to say, Ah(z) = h(Az) for all h € X and
forallz € X. Fix ¢ € X. Let Cy be the smallest A-invariant closed subgroup of X which
contains ¢. Let

Cy ={z e X | h(z)=1,Yh € Cy}
be the annihilator of Cy. Let X, = X/ qu be the quotient group of X. It follows that the
dual group )/(; is isomorphic to Cy. It is not hard to see that

T(x+y) =Tz modCy,

for any x € X and y € C(j. It follows directly that 7" induces an affine map 7}, on the
quotient space X4. Moreover the dynamical system (X4, T},) as a factor of the system
(X, T) also has zero entropy.

On the other hand, by Aoki’s theorem ([6], Page 13), the abelian group Cj is finitely
generated. The group X, as the dual group of Cy is then isomorphic to T¢ x F with F a
finite abelian group and d > 0 an integer.

For an arbitrary = € X, now we look at the observable sequence (¢(7"2))nen. It is

clear that ¢(1"xz) = ¢(T}'7) where T € X, is the projection of z € X on its quotient space
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X4 and gg is the character in )/(Z, induced by the character ¢. It follows that the observable
sequence (¢(1"x))nen is the same with the observable sequence (¢(77))nen realized by
the affine map T on T¢ x F of zero entropy. This completes the proof.

5.3 Oscillating sequences are orthogonal to one-dimension dy-
namics with zero entropy

In this section, we prove that oscillating sequences of order 1 are orthogonal to all
one-dimension dynamical systems of entropy zero. This illustrates the statement which we
have mentioned in Section 5.1 that the orthogonal property to certain dynamical systems
is strongly influenced by the orthogonal property to some class of sequences. The idea of
the proof follows from Karagulyan [72] where was proved the same result for the Mobius
function. We also remark that the result that oscillating sequences of order 1 are orthogonal
to all orientation-preserving circle homeomorphisms have already been proved by Fan and
Jiang [38] but the proof which we show here is different from theirs. We begin with studying
some properties of oscillating sequences of order 1.

5.3.1 Properties of oscillating sequences

Recall that an oscillating sequence (¢, )nen of order 1 satisfies the growth condition if

there exists A > 1 such that
N
> lea* = O(N). (5.3.1)
n=1

For example, the Mobius function is oscillating sequences of order 1 satisfying the growth
condition (5.3.1). The A-seminorm of a sequence (¢,)nen of complex numbers is defined
by the formula

lleflly = Tim sup( Z il )

We use the symbol C* to denote the space of complex sequences whose A-seminorm are
finite.

The following proposition states that the arithmetic subsequences of an oscillating
sequence of order 1 are also oscillating sequences of order 1. For a similar result of oscillating
sequences of higher order, we refer to Lemma 1.14 and Theorem 4 in [32].

Proposition 5.2 ([38], Proposition 4). Let (¢;)nen be an oscillating sequence. Then for
any q > 2 and anyr =1,2,---  q, we have

: 1 2mitn __
]&E}?}ON Z cpe =0, Vte]l0,1).

1<n<N
n=r mod q
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Let (X,T) be a topological dynamical system. Let x € X. Recall that the orbit of
is the set O(z) := {T"(z)|n € N} and the w-limit set w(x) is the set of all limit points of
O(z).

Now we prove a sufficient condition for an oscillating sequence of order 1 to be orthog-
onal to the dynamical system on the unit interval.

Lemma 5.3. Let T be a continuous transformation from the unit interval [0,1] to itself.
Let (¢p)nen be an oscillating sequence of order 1 satisfying the growth condition (5.3.1).

Suppose that
N

1 n B
lim 5?j£:C%1J(T’(m))__0, (5.3.2)

N—oo
n=1

for all intervals J in [0,1] and for all x € [0,1]. Then the sequence (Cp)nen is orthogonal
to the dynamical system ([0, 1],T)

Proof. Fix a continuous function f : [0,1] — C. Fix € > 0. The uniform continuity of f
allows us to divide [0, 1] into disjoint intervals I; (0 < i < n—1) such that |f(x)— f(y)| <€
for any x,y € I;. We define the step function

n—1
Zf gz 1[
=0

where &; is some fixed point in each I; (0 <i <n —1). It is clear that
1f = felloo <€,
where || - ||o denotes the uniform norm (or sup norm) on the space of continuous functions

on [0, 1]. It follows that

N N

1 mn 1 mn
e T w) — 1 ST @) < el L~ fll
n=1 n=1
Noticing that € is arbitrary small, we complete the proof by (4). O

The principal significance of this lemma is to allow one to consider the indicator function
of intervals instead of continuous functions when we need to prove the orthogonality.

Let (2,)nen be a sequence of complex numbers. For all I € Z, the ¢-shift of the sequence
(zn)nen is defined by (sz))neN = (Znte)neny With 2z, =0 for £ <0.

Lemma 5.4. Given e >0 and A > 1. Let (2,)nen be a sequence of complex numbers. Let
(Cu)nen be an oscillating sequence of order 1. Suppose (cp)nen € C*. If there exists a shift
(zﬁm))neN of the sequence (z,)nen for some m € N such that

RO

then the superior limit (5.3.3) holds for all shift (an Jnen for all k € N.

lim sup

<e, (5.3.3)
MMIM%
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Proof. Tt is not hard to see that if (c,),en is an oscillating sequence of order 1 in C* then

each of its shifts (c%k))neN is also an oscillating sequence of order 1 in C*. Notice that the
sum of finite terms counts zero in the superior limit (5.3.3). This finishes the proof. [

5.3.2 Interval maps of zero entropy

In [38], Fan and Jiang proved that all oscillating sequences are orthogonal to Feigen-
baum zero topological entropy flows. In this section, we prove that all oscillating sequences
are orthogonal to all continuous interval maps of zero entropy. The idea of our proof is
from Section 3 of [72]. We have the following theorem.

Theorem 5.5. All oscillating sequences of order 1 satisfying the growth condition (5.3.1)
are orthogonal to all continuous interval maps of zero entropy.

Proof. Let (¢,)nen be an oscillating sequence of order 1 satisfying the growth condition
(5.3.1). Let T be a continuous map from [0, 1] to [0,1] of zero entropy. Fix a point
x € [0,1]. Let us consider the w-limit set w(z). If w(z) is finite, then by Proposition 5.2,
we get the desired result that the sequence (¢, )nen is orthogonal to ([0, 1],7"). It remains
to consider the case when the w-limit set w(x) is infinite. According to Proposition 5.22
in [110], for all m € N, there exist closed subintervals {L¥ }o<r<om_; of the interval [0, 1]
such that

(i) L are pairwise disjoint for 0 < k < 2™ —1;
() T(LE) = Lkt mod 2"
(111) w(m) C Em = Uggkggm_lLfn.

The finiteness of dL,, implies w(x) N [,m # () where 0L, is the boundary of £,, and
L, is the set of inner points of L,,. It follows that O(x) N Lo # (.

It is sufficient to prove (5.3.2) for all interval J. Then by Lemma 5.3, we prove the
theorem. Now fix a subinterval J of [0, 1] and an integer m € N. Set the end points of .J as
a and b (from left to right). We claim that the superior limit (5.3.3) holds when z, and € are
replaced by 1;(7"(z)) and 2 - (2%”)% respectively where X is the dual of A, i.e. §+ 5 = 1.
By Lemma 5.4, we only need to show that there is y € O(x) such that the superior limit
(5.3.3) holds when z, and € are replaced by 1;(7"(y)) and 2 - (2%)% respectively. When

m tends to infinity, we get that 2 - (2%1)% tends to zero. Then the theorem follows from
our claim. Thus it remains to prove the claim. According to the position between .J and
L, we decompose the proof of the claim into four cases.

Case (1): a ¢ L,, and b ¢ L,,. Then there exists a subset K C {0,1,...,2™ — 1} such

that
J Lk c T and (U L;’n)m—@.

keK icKe¢
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It follows that for any point y € O(z) N L, the sequence (1,(T7(y)))nen is periodic.
Therefore, by Proposition 5.2, the superior limit (5.3.3) when z, is replaced by 1,(T"(y))
is zero.

Case (2): a € L, and b ¢ L,,,. Tt is observed that [0,1] \ £,, is a union of disjoint
intervals. According to the position of a, we pick an arbitrary point ¢ in the first right-side
interval of [0,1] \ £,,. This deduces a decomposition J = J; U Jo where J; = [a,c| and
Jo = [c,b]. Tt follows that J; intersects one of { L% } and .J, is the interval of Case (1). Thus
instead of (1,7"(x))nen, what is left is to consider the sequence (1;,7"(z))nen. Notice the
fact that for any point y € O(z) N Ly, if there exist ¢1,t, € N such that 7% (y), T (y) € J;
then |t; — to| > 2™. Therefore, we have

1
li — 1,(T"(y)) < —
im sup - E w(T"(Y) = 5

By Holder’s inequality, we have
N
1 1 .2
lim sup |— cily( < e ,
wow | 32l ) < ell 0

which completes our claim.

Case (3): a ¢ L, and b € L,,,. It is the same calculation with Case (2) by picking an
arbitrary point d in the first left-side interval of [0,1] \ £,, according to the position of b.

Case (4): a € L,, and b € L,,. We divide J into three intervals J;, Jo and J3 by
picking two points ¢, d where ¢ is chosen as Case (2) and d is chosen as Case (3). We then
do the same calculation with Case (2).

]

5.3.3 Circle Homeomorphism

In [38], Fan and Jiang proved that oscillating sequences of order 1 are orthogonal to all
orientation-preserving circle homeomorphisms. In this section, we use a different method
to prove the same result. The idea of our proof is partially from Section 4 of [72].

We write R, for the rigid rotation with rotation number p on the unit circle. By
the definition of oscillating sequences of order 1, it is clear that oscillating sequences are
orthogonal to all rigid rotations on the circle.

Denote by P: R — S P(z v) = e?™@ Recall that every map ¢ : S* — S! has a unique
lift gb R — R such that P ) gb ¢ o P and gb( ) = 0. Moreover, the map ¢ on the unit
circle is said to be monotone if its lift gzﬁ is monotone. The degree of ¢ is defined by the
difference ¢(1) — ¢(0).



5.3. OSCILLATING SEQUENCES ARE ORTHOGONAL TO ONE-DIMENSION
DYNAMICS WITH ZERO ENTROPY - 125 -

Lemma 5.6. Let (¢;)nen be an oscillating sequence satisfying the condition (5.3.1). For
any interval J in the unit circle and for any irrational number p, we have

N
: ]' n _ 1
Jim ;cnh(Rp(x)) =0, VzeS, (5.3.4)

where h = 1;. Moreover, let g be a continuous function S' — C and m be a monotone
map: S* — S'. Then the limit (5.3.4) also holds for h = go .

Proof. Since oscillating sequences of order 1 are orthogonal to all rigid rotations on the
unit circle, the limit (5.3.4) holds for all h € C(S). Set the end points of J by a and b
(from left to right). We approximate 1; by the continuous functions f, (¢ > 0, small) which
is equal to 1 on S'\ J, equal to 0 outside (a — €,b+ ¢) and linear otherwise. According to
the construction of f., we have

‘L](x) - fe(a:)l < 1(a76,a)u(b,b+e)(x)> for all x € Sl'

Since the sequence (¢, )nen satisfies the condition (5.3.1), denoting by X the dual of A, i.e.
% + % = 1, by Holder’s inequality, we have

lim sup
N—o00

ey Ry ) — 5 S e Ry(0))

N

: 1 n
< lle|ll,, lim sup N Z La—eapupire (1, (2))
N—o00 n=1
1
< el (2e).

The last inequation follows from the uniform distribution of (R,(x)"),en for any irra-
tional number p. We can take e arbitrary small in the above equation, which establishes
the limit (5.3.4) for h = 1.

On the other hand, for any ¢ > 0, the uniform continuity of g allows us to divide S*
into disjoint intervals I; (0 < i < n — 1) such that for any z,y € I; (0 <7 <n—1), we
have |g(z) — g(y)| < €. Since 7 is monotone, the sets J; := 7~ 1([;) (0 <i <n—1) are
intervals and form a partition of S*. We approximate f by the step function

Folw) = Y £(6)15(0),

where &; is some fixed point in J; for 0 < i < n — 1. It follows from the definition of F.
that
Hf — Fe’Hoo < €.

Since the sequence (¢, )nen satisfies the condition (5.3.1), we have

1 & 1 &

=D e (@) = 5 S e Fu (B < lellyf = Fello, Vo € S

n=1 n=1
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Since € can be arbitrary small, the limit (5.3.4) holds for h = g o .
[

The lemma gains interest that the first part of this lemma is the inverse of Lemma
5.3 when the dynamical system ([0, 1],T’) is replaced by (S*, R,). The second part of this
lemma is useful in the proof of Theorem 5.8.

Now we prove a lemma concerned with orientation-preserving circle homeomorphisms.

Lemma 5.7. Let T be an orientation-preserving circle homeomorphism which is semi-
conjugate to an irrational rotation R, by a non-invertable continuous monotone map © of
degree one. Then for any x € S* there exists a monotone map m, : St — S* such that

(i) Tz o Tlo@) = ido);

(i1) the diagram

m(O(z)) —— 2> 7(O(x))
O(x) O(x)

commutes.

Proof. Fix a point z € S*. For any n,m € N, if 7(T"(x)) = 7(T"™(x)), then R}(n(z)) =
R} (m(x)) by semi-conjugation. Thus n = m by the fact that p is irrational. It follows that
To(z) 18 Injective.

The lift of 7 is denoted by 7 : R — R and the pre-image of O(z) via P is denoted by

—_—~—

O(z). It follows that 7 : O(x) — 7(O(z)) is bijective and monotone. Thus the inverse of

7 on m(O(x)) exists and is also monotone. We denote this inverse by 7. We now extend

—_~—

the domain of definition of the map 7, from 7(O(x)) to R maintaining the monotonicity.

In fact, there are several ways to do this. For example, we define the extension 7, of 7, as
follows:

—_~—

o= inf {7, (y)ly € F(O())}.

In what follows, we use the same symbol 7, to denote its extension %m on R. Since the
degree of 7 is one, the projection of 7, to S!, denoted by =, is well defined. It is easy to
check that 7, o m|o() = ido(). In addition, by R,o7m = 7o T, we have

720 (Ryom)(z) = (m, 0m) 0 T(x) = T(x) = T o (m, o m)(x),

that is, for all y € 7(O(x)),
7, 0 Ry(y) =T o my(y).

It follows that the map 7, satisfies the conditions (i) and (i7), which is our desired conclu-
sion. [
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The interest of Lemma 5.7 is that if the system (S, T) is semi-conjugate to the rigid
rotation (S', R,) for p irrational, then every orbit of the system (S*,T) can be realized by
an orbit of the system (S, R,).

Now we have the following theorem.

Theorem 5.8. All oscillating sequences of order 1 satisfying the condition (5.3.1) are
orthogonal to all orientation-preserving circle homeomorphisms.

Proof. Let (¢,)nen be an oscillating sequence of order 1 satisfying the growth condition
(5.3.1). Let T" be an orientation-preserving circle homeomorphism. If the rotation number
p of T is rational, then every orbit of T" converges to a periodic orbit (see for instance [70,
Proposition 11.2.2]). By Theorem 1 in [38], the oscillating sequence (¢, )nen is orthogonal
to the system (S, 7).

It remains to prove the case when the rotation number p of T'is irrational. By Poincaré’s
classification theorem, T is either conjugate to the irrational rotation R, or semi-conjugate
to the irrational rotation R, by a non-invertible continuous monotone map 7 of degree one.
The first case follows directly from the definition of the oscillating sequence. It is sufficient
to prove the second case.

Fix a point o € S1. There exists 7, satisfying the condition (i) and (ii) in Lemma 5.7.
Let y = m(x). For any f € C(S'), the observed sequence (f o T"(z))nen can be rewritten
by the formula

FoT™a) = foT™ omly) = f om0 RI(y).

It is not hard to see that f o 7, satisfies the condition in Lemma 5.6. It follows that the
limit (5.3.4) holds for f o m,, which completes the proof. ]

5.4 Koksma’s theorem

In this section, we give the proof of Koksma’s theorem. We start with presenting some
metrical results about the uniform distribution module one.
Let us first recall Weyl’s criterion.

Theorem 5.9 ([133, 134]). A sequence (z(n))nen of real numbers is uniformly distributed
modulo one if and only if

N
: 1 2mihx(n) __
Nh_I)lloo N Z; e =0, (5.4.1)

for all non-zero integers h.

Proof. By the definition of the Riemann integral, the sequence (z(n))pen is uniformly
distributed modulo one if and only if for every complex-valued, 1-periodic continuous
function f,

lim %Z flx(n)) = [ flz)d(x). (5.4.2)
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The statement that (5.4.1) < (5.4.2) follows directly from the Stone-Weierstrass theorem
stating that, for the sup norm, finite linear combinations of the functions x = > h € Z
with complex coefficients, are dense in the space of complex-valued 1-periodic continuous
functions. ]

An immediate application of Theorem 5.9 is that for any irrational real number «, the
sequence (na),ey is uniformly distributed modulo one.
Next we display an auxiliary lemma of Davenport, Erdés and LeVeque [25].

Lemma 5.10. Let pu be a measure on a measurable space X. Let (X, )nen be a bounded
sequence of measurable functions defined on X. Suppose that the series

YDES LD P PR
v || n| dp
N= n=1
Then almost surely
X
Nl—lg—loo N Zl Xn =0
Proof. See [25] or page 6 of [19] . O

Now we state Koksma’s theorem. The proof that we present here is based on the proof
of Theorem 1.10 in [19] where it is proved that given £ # 0, for almost every o > 1, the
sequence (£a™),en is uniformly distributed modulo one.

Theorem 5.11 (Koksma’s theorem). Let (f,,)nen be a sequence of real-valued C functions
defined on an interval [a,b] C R. Suppose that

(i) fI — fl is monotone on [a,b] for all m # n;
(it) infpen mingep [ f,(2) — fr(2)] > 0.

Then for almost every x € |a,b], the sequence (f,(z))nen is uniformly distributed modulo
one on the interval [a, b].

Proof. Let N be a positive integers. Rearranging fi, fo, ..., fy, we assume that fl(z) —
fi(z)>0forall 1 <t<s<N (by (ii)). Let m,n be integers with 1 <n <m < N. Let
h be a non-zero integer and set

b
j— / 2R ()= @) .
a

Denote by @, ,(x) = fim(x) — fn(x) which is strictly monotone on [a,b] by (i) and (ii). Let
V¥, » be the reciprocal function of ®,,, which is also strictly monotone. We observe that

Prn®)
Thmn :/ T (y)dy.
®

m,n(a)
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By reciprocal rule, we have

1 1

Ul = G @)~ Fn W) — (U (5))

Let

= inf min |fl(z) — f; 0.
e:=inf min |fi(z) - filx)] >

A simple computation shows that

= (Y (¥) = s (Trnn O]+ [t (P (¥) = oo (T ()] + - -
+ ‘fé-&—l(qjm,n(y)) - f/z(\ym,n(y))’
>(m — n)e.
It follows that ]
|\Ij;nn(y)| < m

By the second mean value theorem, there exists ¢ in the interval with end points ®,, ,(a)
and D, ,(b) such that

c

. Dy, (b) ‘
[h,m,n = \If;n,n(q)mm(a))/ eQﬂzhydy 4 \I]:n’n(q)m,n(b))/ 627”hydy.

Dpmon(a)

Thus
2

1
o< Xow (@, V(@ (D)) < =
il < 27 (W (Ba(@)] + [V (Brn D)) < s
Then we have

b—a+ 2
- N N2

Z Ih,m,n

1<n<m<N

1<n<m<N

1
b—a 2 2
< — - -
- N +N2 Z whe(m — n)
8

Therefore, the sum of Iy/N over the positive integers N converges. It follows from Lemma
5.10 that

1N
: E 2mihfn(z) _
]\}gréo N ¢ 0
for almost all x € [a,b]. We deduce the result from Weyl’s citerion (Theorem 5.9). O]

Consequently, for instance, the sequence (4") is uniformly distributed modulo one for
almost all § > 1.
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Chapter 6

Equivalent definitions of oscillating sequences
of higher orders

Abstract. An oscillating sequence of order d is defined by the linearly disjointness
from all {21 for all real polynomials P of degree smaller or equal to d. A fully
oscillating sequence is defined to be an oscillating sequence of all orders. In this paper,
we give several equivalent definitions of such sequences in terms of their disjointness from
different dynamical systems on tori.

Let us first recall that a sequence of complex numbers (¢,) is said to be oscillating of
order d (d > 1 being an integer) if

1 N-1
: - 2miP(n) _
iy 2 e =0

for any P € Ry[t] where Ryt] is the space of real polynomials of degree smaller than or
equal to d; it is said to be fully oscillating if it is oscillating of order d for every integer
d>1.

Sequences of the form fi(T"x) fo(T?") - fo(T*"z) with f1,---,fr € C(X) and x € X
are called multiple ergodic realizations. Their orthogonality to fully oscillating sequences
was studied in [31, 32].

The following lemma is evident by the definition of oscillating sequences because the
constant term of the polynomial does not play any role.

Lemma 6.1. Let d > 1. A sequence of complex numbers (c,) is oscillating of order d if
and only if

1 N-1
li - 2minQ(n) _
dim 7 2 e =0

for any Q € Ry_1]t].

This is the paper [115] Equivalent definitions of oscillating sequences of higher orders accepted to Col-
lectanea Mathematica.
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The following lemma has its own interest. The proof given here is based on a fact
proved in [38].

Lemma 6.2. Let d > 1. A sequence of complex numbers (c,) is oscillating of order d if
and only if all arithmetic subsequences (Cantp) are oscillating of order d for all integers
a € N* and b € N.

Proof. The sufficiency being trivial, we just prove the necessity. Assume that (c,) is
oscillating of order d. By definition, it is easy to see that for any b € N, the translated
sequence (c,4p) is also oscillating of order d. Thus we only need to prove that (c.,) is
oscillating of order d for any a € N*. We will prove this by induction on d based on
Proposition 4 in [38], which states that the case d =1 is true.

Suppose that the assertion is proved for d — 1. Take any polynomial P € R,[t] and
write P(t) = wt? + Q(t) with Q € Ry_4[t]. Since (c,) is oscillating of order d, the sequence
Cp = cne%ia%"d is also oscillating of order d, a fortiori, ¢, is oscillating of order d — 1. Then
by the hypothesis of induction, ¢,, is also oscillating of order d — 1, in particular,

| V-l
: - ~  2mQ(n)
i, 5 2 e T =0
Now it suffices to observe

Vn € N*, E@ﬂ@Qm‘Q(n) _ Can627riP(n)

to conclude that (cg,) is oscillating of order d.

The following proposition will be used to prove Theorem 6.5.

Proposition 6.3. A sequence of complex numbers (c,,) is oscillating of order d if and only

if

1 N—-1
.1 2mi(P(n)+Q(n)) _
A~ Z@ En¢ 0

for any P € Ry[t] and any Q € Q]t].

Proof. The sufficiency being trivial, we just prove the necessity. We first remark that
for any @ € QIt], the sequence (e?™?™) is periodic. Indeed, on one hand, (e%lgnk) is
g-periodic for any integer k£ and any rational number £; on the other hand, the product of
two periodic sequences is still periodic and the l.c.m of the two periods is a period of the

product.
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Let ¢ be a period of the sequence (e2™@(M™)  then

N-1 -1
Z ¢, e2mPM)+Qn) Z Z ¢, e2™Pm)+Q(n)
n=0 7=0 0<n<N-1
n=j mod ¢
—1
_ Z e27riQ(j) Z Cn€27riP(n)‘
j=0 0<n<N-1
n=j mod ¢
Thus we can conclude by Lemma 6.2. [

We finish this section by pointing out that the notion of oscillation of order d(> 2) is
stronger than the notion of weak oscillation of order d(> 2) introduced in [38]. A sequence
(cn) is called weakly oscillating of order d if

=

. -k

lim — E cpe?™mt =
N—ooo N

n=0

for any 0 < k < d and any ¢t € [0,1). A sequence is said to be fully weakly oscillating if
it is weakly oscillating of order d for all integers d > 1. By Lemma 6.1, it is evident that
weakly oscillating sequences of order 1 are exactly oscillating sequences of order 1.

But it is not the case when d > 2.

Proposition 6.4. Let d > 2. There exist weakly oscillating sequences of order d which are
not oscillating of order d.

Proof. The following sequence defined by
Cp = 627T7;(7lda+nd71/8) Where a’ /8 - R \ Q
is weakly oscillating of order d but not oscillating of order d. O

A direct corollary of Proposition 6.4 is that a fully weakly oscillating sequence is not
necessarily a fully oscillating sequence.

6.1 Statement of the results

Our main result is as follows.

Theorem 6.5. A sequence (c,) of complex numbers is oscillating of order d if and only if
it is orthogonal to one of the following dynamical systems or one of the following classes
of dynamical systems.

(1) All automorphisms of zero entropy on T4 x F for any finite abelian group F.
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(2) A special automorphism of zero entropy on T x F, where F is any fived finite
abelian group F.

(3) All affine maps of zero entropy on T x F for any finite abelian group F.

(4) All special affine maps of zero entropy on T¢ x F, which share the same section of
an automorphism, where F' is any fixed finite abelian group.

We remark that the finite abelian group F' in Theorem 6.5 can be the trivial group so
that T¢ x F is nothing but the torus T¢.
For full oscillating sequences, we have the following theorem.

Theorem 6.6. A sequence of complex number (c,) is full oscillating if and only if it is
orthogonal to all affine maps of zero entropy on any compact abelian group.

The necessity in Theorem 6.6 is essentially proved in [99], where the authors observe
that every orbit of any affine map of zero entropy on any compact abelian group could be
realized by an orbit of an affine map of zero entropy on T%*! x F for some finite abelian
group F'. On the other hand, the sufficiency is a direct consequence of Theorem 6.5.

6.2 Quasi-unipotent automorphisms

In [99], the authors proved the M&bius disjointness from affine maps on compact abelian
group of zero entropy by using the fact that the automorphisms on torus of zero entropy
are quasi-unipotnent ([23]). In this section, we examine the orbits of quasi-unipotnent
automorphisms on compact abelian groups. Recall that an automorphism A on an abelian
group is said to be quasi-unipotent of type (m,l) if A™ = I + N with I the identity and
N!'=0, where m > 1 and [ > 1 are integers.

The following fact is well known. We give a proof of it for the sake of completeness.

Lemma 6.7. Let A be an automorphism on T? of zero entropy. Then A is quasi-unipotent
of type (d,d).

Proof. The automorphism A can be lifted to a linear automorphism A of R which preserves
74 with det A = 41. Since the dynamics (T¢, T') has zero entropy, all the eigenvalues of A
must have absolute value 1 [118]. According to Kronecker’s theorem, all the eigenvalues of
A are d-th unit roots. Thus all of eigenvalues of A? are 1. By Jordan’s theorem, there exists
a matrix P € SL(d,C) such that PA?P~! is a triangular matrix with 1 on its diagonal.
Consequently we have (PALP~! — I)4 = 0 so that (A% — I)¢ = 0. Therefore, we can write
Al =T+ N with N? =0, O

Assume that the affine map Tx = Az + b has its automorphism A which is quasi-
unipotent of type (m,1). Then we say that T is quasi-unipotent of type (m,1). Any orbits
(T"x) of such an affine map has a nice behavior as shown in the following lemma.
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Lemma 6.8. Let X be a compact abelian group. Let T be an affine map on X defined by
Tx = Az + b where b € X and A is a quasi-unipotent automorphism of type (m,l). Then
foranyn =gm+p >1 where 1 <p <m and ¢ € N, we have

—_

1—
T'z =) (CEN*APz + CrHN*b* + CYN*b,),
0

i

where b* = 37" AFb and b, = S0_, AFb.
Proof. By the definition of T', we have

n—1

Try = A"z + Y A, (6.2.1)

J=0

Let us write

Using the fact A™ =1+ N, we get

DA =D (TN A (I+N)> A~ (6.2.2)

§=0 §=0 k=0 k=1

Recall that N' = 0. Now using the interchange of summations, we have

—1 -1 J -1
q (1+N)j_q2ickjvk ZZCW ZNkiC]’?.
Jj=0 j=0 k=0 k=0 j=k k=0 j=k

By the identity Y7, C¥ = CJT}, we have

q—1 -1
> (I+Ny => CHIN" (6.2.3)
j=0 k=0

Combining (6.2.1), (6.2.2), (6.2.3) and the equation (I + N)? = 3" C*N* gives

-1 -1 -1
Trz =Y CENFAPz +) CEIN'" + ) CEN*,
k=0 k=0 =
-1
= > (CiNFAPz 4 CiHIN™b* + CYN™,,).
k=0
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Lemma 6.8 allows us to see that the realization (¢(T"z)) for a group character ¢ € X

~

is related to exponentials of some real polynomials, where X is the dual group of X.

Lemma 6.9. We keep the same assumption as in Lemma 6.8. Let ¢ € )?, r € X and
n > 1. If we writen =qm +p with 1 <p <m and q € N, we have

¢(Tn$) _ 627TiP(q)

where P € Ry[t] is a polynomial depending on p. Moreover, if b is of finite order, then
P(t) = Pi(t) + Py(t) with P, € R;_1[t] and P, € QJt].

Proof. By Lemma 6.8, we have

-1
o(T7x) = [ [ o(N*A72) (N b*) ol p(N*b,)
k=0

-1
- H o2 (ClBrp+Cotian+ChOkp) _ ,2mi(Pi(a)+P2(q))
9

k=0

where
[—

-1
i) = Clfrp: Pola) = Y (Chilan+ Clty,)
k=0 0

[y

i

where 5y, oy, and 0y, are arguments such that
eQmﬂ,w, — (;5(‘]\[Ic14px)7 6271'1'01;C — ¢(Nkb*), 627Ti0k’p — ¢(Nkbp>

The polynomial P; has degree at most [ — 1 and the polynomial P, has degree at most [.

If b is of finite order so are b* and b, for all 1 < p < m. Since N is homomorphic,
N*p* and N*¥b, are all of finite order. This implies that ay and 6y, are rationals so that
b, e @[t] ]

Now we are ready to state and prove the following result on disjointness.

Proposition 6.10. Let T be an affine map on a compact abelian group X defined by
Tx = Ax+b. Suppose that A is quasi-unipotent of type (m, 1) and that (¢c,) is an oscillating
sequence of order d. Then (c,) is orthogonal to the dynamical system (X, T) if one of the
following conditions is satisfied

(1) d >1,
(2) d>1—1 and b is of finite order.

Proof. Since the linear combinations of characters of X are dense in C'(X), we have only

to check (5.1.1) for f = ¢ € X. Therefore we can conclude by combining Lemma 6.2,
Proposition 6.3, Lemma 6.8 and Lemma 6.9. ]
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We finish this section by two formulas concerning the powers of a unipotent map N on
T? which is unipotent of order d. By the classification theorem of nilpotent matrices ([10],
p. 312), under a suitable basis, N has the form

0 1 0 0
00 1 0
N R
00 0 1
00 0 0
For n > d — 1, we have
C Cl CQ Cd—l
-1 0o ¢c° (! Ca-2
(I+N"=> CiNF=]0 0 5 ... Ci?). (6.2.4)
= ..
0 O 0 CY
By the identity Y27, CF = Citland N7 =0, we get

n—1 n—1 k d—1

Z<I+ N)k _ ZC}ZNJ - CﬁHNk,
k=0 k=0 j=0 k=0

that is to say,
1 02 03 Od
- ol oo . o
I+Nf=10 o c ... ¢ci2]. (6.2.5)
k= .
0 O 0 N O

These two formulas (6.2.4) and (6.2.5) will be used in the proof of Theorem 6.5.

6.3 Proof of Theorem 6.5

We first observe that the implications (1) = (2) and (3) = (4) are trivial. Let us
denote by (0) the assertion “(¢,) is oscillating of order d”.
6.3.1 Proofs of (0) = (1) and (0) = (3)

The proofs of both implications share the same computation, which will give us an
explicit expression for the orbit of an affine map of zero entropy. Let T" be an affine map
on T? x F of zero entropy. Then T has the form

T(x,y) = (Az+ By +a,Cy + ) (6.3.1)
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with @ € T¢, b € F, A an automorphism on T? of zero entropy, C' an automorphism of F
and B a morphism from F to T¢. This was observed in [99)].
For any j € N*, let (z;,y;) := T?(x,y). It is easy to check by induction that

zj=Ar+ By+a;, y=Cy+b,

for some a; € T?, b; € F and B; a morphism from F to T¢. More precisely, a;,b; and B;
satisfy the recursive relations

aj+1 = ACLj + a + Bb]
bj+1 = b] + b
Bji1 = AB; + B(CY.

Let g = 4F!-d and M = A% — I where #§F"! denotes the factorial of #F. This choice of ¢
makes that

(i) C7=1I;

(ii) A? quasi-unipotent of type (1,d), i.e. A9 =1+ M with M = 0.
In fact, since C is a permutation of F, the order of C divides #F!. Then C*" = I, a fortiori
C9=1. This is (i). Prove now (ii). Since A is quasi-unipotent of order (d,d) (by Lemma
6.7), we can write A? = I + N with N4 = 0. Since d divides ¢, we can write

M:=A"—]=(A-1)Q = NQ

where () commute with N. So, M? = 0.
Since CY = I, we have y, = y + b,. Let

F,(z) = Az + (Byy +a,), G(y) =y+0,.

Then
Tz, y) = (Fy(z), G(y)).
Note that F, is an affine map on T¢ whose automorphism A? is quasi-unipotent of type
(1,d), and G is an affine map on F' whose automorphism is the identity which is a quasi-
unipotent automorphism of type (1,1). It can be checked, by induction on n, that for
n>1,
T, y) = (F)(z) + Ha, G"(y)),

where H; = 0 and
n—1
H, = iA"VBb, (vn>2) (6.3.2)
i=1

are independent of x and y. Then for any n > 2 and 0 < j < ¢ — 1, we have 7" (z,y) =
T™(x;,y;) so that '
T (2,y) = (B (25) + Ho, G (y;))- (6.3.3)

Now let us prove (0) = (1). Assume that 7" is an automorphism of zero entropy
on Tt x F. Then T has the form (6.3.1) with @ = 0, b = 0 and A a zero entropy
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automorphism on T?*!. Hence a, = 0 and b, = 0 by the above recursive relation. So
(6.3.3) takes the form
an+j(xa y) = (F?Z (‘Tj)7 Gn(yj»a where Fy(l’) = A%z + qu'

The automorphism of F), is quasi-unipotent of type (d + 1,d + 1) and the automorphism
of G is quasi-unipotent of type (1,1). Therefore the affine map (F,(-), G(-)) on T4 x F
is quasi-unipotent of type (d 4+ 1,d + 1). On the other hand, B,y is of finite order for any
y € F because F is finite and B, is a morphism. Thus by Proposition 6.10 (2) and Lemma
6.2, for any continuous function f on T x F', we have

N-1

o )
lim N Z qu-l—jf(T I (.I’, y))

N—oo
n=0

N-—1
.1 Z n n
= ]\}lﬁnéoﬁ _Ocnq-i‘jf(ij(xj)?G (yﬂ)):()

Taking average over 0 < j < ¢, we finish the proof of the implication (0) = (1).

It remains to prove (0) = (3). Assume that T is an affine map of zero entropy on
T x F. Then T has the form (6.3.1) and 7747 takes the form (6.3.3). The automorphism
of G is quasi-unipotent of type (1,1). The automorphism of F), is quasi-unipotent of type
(d,d) but the term a, may not be of finite order (this is the crucial difference from the
implication (0) = (1)). We first show that n — H, can be expressed as a polynomial of

n, namely
d—1

H, = CiM"Byb,. (6.3.4)
k=0
In fact, by the identity D 7~ 2(n—j— 1)CF = CF*? and the fact A? = I + M with M* =0,
we have

n—2 n—2
(n—j—1AY =) (n—j— 1)+ My
j=0 J=0

3
[\

-2 J
(n—j—1)CrM*

(]

Q<
- o
S =
N O

(n—j—1)CrM*
=k

(]

T
= O
<
Il

— Ck+2 Mk

n

e
Il
o

Thus (6.3.4) follows immediately from (6.3.2). Since F' is finite and B, is a morphism,
MP*B,b, are of finite order for all 0 < k < d — 1. Take an arbitrary character ¢ = ¢y
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of T? x F where ¢, is a character of T¢ and ¢, is a character of F. Assume ¢;(x) =
erriamit-tdaza) where (A,---,A\q) € Z% By the above discussion, we have ¢;(H,) =
e2™iP(n) where
d—1
P(t) =) Ci*a; € Qlf]
k=0

with a € Q defined by e?™ = ¢, (M*B,b,). Then, by (6.3.3), we have

N-1

] )
]\}'ngoo N ZO qu+j¢(T " (Ilf, y))

N-1
: 1 miP(n n n
I D a0 (B (2,)62(GM () = 0.
n=0
The last equality follows from Lemma 6.2, Proposition 6.3 and Proposition 6.10 (1) which
is applied to the affine map (z,y) — (F,,(x), G(y)). By taking average over 0 < j < ¢, we
complete the proof of the implication (0) = (3).

6.3.2 Proof of (2) = (0)

Let T be a special automorphism of zero entropy on T¢*! x F where F is a finite abelian
group. It has the form

T(r,y) = (Az + By, Cy)

with A = I + N an automorphism on T9*! of zero entropy and N of the nilpotent index
d + 1, C an automorphism of ' and B a morphism from F to T¢*!. What we will prove
is that any polynomial exponential sequence (e?7F() with P € Ry[t] is an observable
sequence of the system (T4 x F, T).

Observe that for any n € N*

T"(x,0) = (I + N)"z,0).

Let P € Ry[t]. Since the binomial polynomials C?,C}, ... C¢ form a basis of Ry[t], there
exists r 1= (29, 71, ...,74) € R such that

P(t) = 2oC} + 2,0} + -+ + 24C}.

Let G : T*! — T be the projection on the first coordinate. By the formula (6.2.4), we
have

eQwiP(n) — e27riG(T"m)
where z also denotes the projection of z € R4 onto T4, So, (e2™F(™) is an observable
sequence of the system (T4 x F,T). This completes the proof (2) = (0).
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6.3.3 Proof of (4) = (0)

Let T}, be a special affine map of zero entropy on T? x F for a finite abelian group F
which has the form
Ty(z,y) = (Az + By +b,Cy)

with b € T¢, A = I + N an automorphism on T¢ of zero entropy and N of the nilpotent
index d, C' an automorphism of F' and B a morphism from F to T¢. We will prove that
any polynomial exponential sequence (e?77(™) with P € Ry[t] is an observable sequence
of the system (T x F,T) along the orbit of (0,0) € T¢ x F.

Observe that ,
77(0,0) = (Z(I + N)kb, 0) :

k=0

Let Q € Ry 4[t]. Since 1,C}, ..., Cf form a basis of Ry[t], there exists b = (by, by, ..., bq) €
R and by € R such that
tQ(t) = by + b1C} + -+ - + by C.

Let G : T? x F' — T be the projection on the first coordinate of T¢. By the formula (6.2.5),
we get

627rinQ(n) — 627TZ'(G(TI;"(070))+Z70)

which is an observable sequence of the system (T¢ x F,T}). By Lemma 6.1, this completes
the proof (4) = (0).
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Chapter 7

Construction of some Chowla sequences

For numerical sequences taking values 0 or complexr numbers of modulus 1, we define
Chowla property and Sarnak property. We prove that Chowla property implies Sarnak
property. We also prove that for Lebesgue almost every 3 > 1, the sequence (e2™F"),cn
shares Chowla property and consequently is orthogonal to all topological dynamical systems
of zero entropy. It is also discussed whether the samples of a given random sequence have
Chowla property almost surely. Some dependent random sequences having almost surely
Chowla property are constructed.

7.1 Introduction

Recall that the Mobius function is an arithmetic function defined by the formula

1 itn—=1,
pu(n) =< (—=1)% if n is a product of k distinct primes,

0 otherwise.

It is well known that the Mobius funcion plays an important role in number theory: the

statement
N

Zu(n) = O.(N2%°), for each € > 0,

n=1

is equivalent to Riemann’s hypothesis (see [123]).
Chowla [21] formulated a conjecture on the higher orders correlations of the Mdbius
function:

Conjecture 7.1. For each choice of 0 < ay < --+ < a,,7 > 0,is € {1,2} not all equal to

This is the paper [116] Construction of some Chowla sequences. The arXiv version can be found in
https://arxiv.org/abs/1804.03851.
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N-1
_— i i ir
B S ) )i ) =0

Let T be a continuous transformation on a compact metric space X. Following Sarnak
[112], we will say a sequence (a(n)),en of complex numbers is orthogonal to the topological
dynamical system (X, T), if

lim — > f(Tmx)a(n) =0, (7.1.1)

for all x € X and for all f € C(X) where C(X) is the space of continuous functions on X.
In 2010, Sarnak [112] formulated the following conjecture.

Conjecture 7.2. The Mdbius function is orthogonal to all the topological dynamical sys-
tems of zero entropy.

Sarnak [112] also proved that Chowla’s conjecture implies his conjecture.

Recently, El Abdalaoui, Kulaga-Przymus, Lemanczyk and de la Rue [4] studied these
conjectures from ergodic theory point of view. Let z be an arbitrary sequence taking values
in {—1,0, 1} as the Mdbius function. Following El Abdalaoui et al., we say that z satisfies
the condition (Ch) if it satisfies the condition in Chowla’s conjecture; similarly, it satisfies
the condition (Sy) if it satisfies the condition in Sarnak’s conjecture. They proved that
the condition (Ch) implies the condition (Sp). El Abdalaoui et al. also provided some
non-trivial examples of sequences satisfying the condition (Ch) and the condition (Sp)
respectively.

Let (X, T) be a topological dynamical system. Recall that a point x € X is said to be
completely deterministic if for any accumulation point v of % 25:_01 Orn, where 0, is the
Dirac measure supported on z, the system (X, T, v) is of zero entropy. El Abdalaoui et al.
also defined the condition (S), formally stronger than (Sy) by requiring

| N
]\}gnooﬁ ZO f(T"z)z(n) =0
for any topological dynamical system (X,T), any f € C(X) and any completely deter-
ministic point x € X. They proved the equivalence between the condition (S) and the
condition (Sy).

Fan [31] defined that a bounded sequence (c¢(n))nen is oscillating of order d (d > 1
being an integer) if

| Nl
: - 2miP(n) _
A}linoo z% c(n)e 0

for any P € Ry[t] where Ry[t] is the space of real polynomials of degree smaller than or
equal to d; it is said to be fully oscillating if it is oscillating of order d for every integer
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d > 1. Tt is clear that an oscillating sequence of order d is always oscillating of order d — 1
for any d > 2. In [115], we gave several equivalent definitions of oscillating sequences, one
of which states that a sequence is fully oscillating if and only if it is orthogonal to all affine
maps on all compact abelian groups of zero entropy. This result yields that sequences
satisfying the condition (S) are fully oscillating.

In what follows, a sequence taking values in {—1,0, 1} is said to have Chowla property
(resp. Sarnak property) if it satisfies the condition (Ch) (resp. the condition (S)). We
consider a more general class of sequences, taking values 0 or complex numbers of modulus
1. We define Chowla property and Sarnak property for this class of sequences. We prove
that Chowla property implies Sarnak property. A sequence having Chowla property is
called a Chowla sequence. We are interested in finding Chowla sequences. We prove that
for almost every 3 > 1, the sequence (e2™#"), cy is a Chowla sequence and consequently is
orthogonal to all topological dynamical systems of zero entropy. This extends a result of
Akiyama and Jiang [5] who proved that for almost every 3 > 1, the sequence (e*"%#"),,cy is
fully oscillating. On the other hand, from a probability point of view, we discuss whether
the samples of a given random sequence have almost surely Chowla property. We also
construct a sequence of dependent random variables which is a Chowla sequence almost
surely.

The paper is organized as follows. In Section 7.2, we will recall some basic notions
in topological and measurable dynamical systems. In Section 7.3, we will introduce the
definition of Chowla property for sequences taking values 0 or complex numbers of modulus
1 and the definition of Sarnak property for sequences of complex numbers. In Section 7.4, it
will be proved that for almost every 3 > 1, the sequence (e*™#"), cy is a Chowla sequence.
In Section 7.5, we will prove that Chowla property implies Sarnak property. In Section
7.6, we will study random sequences: we will give an equivalent condition for stationary
random sequences to be Chowla sequences almost surely; we will construct sequences of
dependent random variables which are Chowla sequences almost surely; we will also prove
that Sarnak property does not imply Chowla property.

Through this paper, we denote by N =1{0,1,2,...} and N>, = N\ {0, 1}.
7.2 Preliminary
In this section, we recall some basic notions in dynamical systems.

7.2.1 Quasi-generic measure

Let (X,T) be a topological dynamical system. Denote by Pr(X) the set of all T-
invariant probability measures on X equipped with the weak topology. Under this weak
topology, it is well known that the space Pr(X) is compact, convex and not empty. Let

z € X. Set
1 N-1
5N,T,:c = N nz_% Orng.
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Sometimes, we write simply dy . if the system is fixed. Denote the set of all quasi-generic
measures associated to z by

k—o00

Q-gen(z) :={v € Pr(X) : dn,o — v, (Ng)ken C N}

By compactness of Pr(X), the set Q-gen(z) is not empty. Furthermore, the point z is
said to be completely deterministic if for any measure v € Q-gen(x), the entropy h(T,v) is
zero. On the other hand, we say that the point x is quasi-generic for a measure v € Pr(X)
along (Ni)ken if Oy, » — v as k — oo. Moreover, x is said to be generic for v if the set
Q-gen(x) contains only one element v.

7.2.2 Joinings

The notion of joinings was first introduced by Furstenberg [44]. It is a very powerful
tool in ergodic theory. In this subsection, we will recall some basic concepts about joinings.

By a measurable dynamical system (Y, B, S, 1), we mean that (Y, B) is a measurable
space, S is a measurable map from Y to itself and p is an S-invariant measure, that is to
say, u(S™'B) = p(B) for any B € B.

Let (X, A,T,pn) and (Y, B,S,v) be two measurable dynamical systems. We say that
(Y,B,S,v) is a factor of (X, A, T, n) (or (X, A, T, u) is an extension of (Y, B,S,v)) if there
exists a measurable map 7 : X — Y such that 7 0 .S = T o 7 and the pushforward of
via 7 is v, that is, m,u = v. We call the map 7 the factor map. In this case, it is classical
that we can identify B with the o-algebra 71 (B) C A, which is T-invariant. On the other
hand, any T-invariant sub-o-algebra C C A will be identified with the corresponding factor
(X/C.C. e, T).

Let m; : (X, A, T,u) — (Y;,B;,S;,v;) be two factor maps for i = 1,2. We denote by
(Y1, B1, S1,v1) V(Ya, By, So, 1) the smallest factor of (X, T, A, i) containing both 7, *(B;)
and 7, '(By). Tt is easy to see that (Y, By, S, v1) \V(Ya, By, S, v2) is a common extension
of (Y1, B4, 51,v1) and (Ya, B, Sa, ).

Recall that a measurable dynamical system is said to be a Kolmogorov system if any
non-trivial factor of it has positive entropy. Let 7 : (X, A, T, u) — (Y, B, S,v) be a factor
map. The relative entropy of the factor map 7 is defined by the quantity A(T, u) — h(S,v).
We say that the factor map 7 is relatively Kolmogorov if 7 is non trivial and if for any
intermediate factor (Z,C, U, p) with factor map 7" : (Z,C, U, p) — (Y, B,S,v), the relative
entropy of 7’ is positive unless 7’ is an isomorphism.

Given measurable dynamical systems (X;, B, T;, p;) for i = 1,2,... k, we recall that a
joining pis a Ty X - - - X Ty-invariant probability measure on (X; X -+ X X3, B; ® - - - ® By,)
such that (m;).(p) = p;, where 7; is the projection from X; X -+ x X to X; for 1 <i < k.
The set consisting of all joinings is denoted by J(71,T5,...,Ty). Following Furstenberg
[44], (X1, B,T1,11) and (Xa, B, Ts, pe) are said to be disjoint if their joining is unique,
which is pu; ® po.

Let m; : (X;, Ay, Ty, ;) — (Y, B, S, v) be two factor maps for i = 1,2. Given p € J(S5,5),
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the relatively independent extension of p is defined by p € J(7},T3) such that

p(Ar X Ay) = /YXyE[lAJWl1(3)](96)1E[1A2|7f21(5)](y)dp($,y),

for each A; € A;,i = 1,2. We say that the factor maps 7, and m, are relatively independent
over their common factor if J(77,75) only consists of A where A € J(S,S5) is given by
A(B; x By) :=v(B; N By) for any By, By € B.

The following lemma is classical.

Lemma 7.3 ([124], Lemma 3). Let m; : (X;, A;, T;, 1) — (Y, B, S, v) be two factor maps
for v = 1,2. Suppose that 71 is of relative zero entropy and mo is relatively Kolmogorov.
Then m and w5 are relatively independent.

7.2.3 Shift system

Let X be a nonempty compact metric space. The product space X" endowed with the
product topology is a compact metric space. Coordinates of z € X" will be denoted by
x(n) for n € N.

On the space XY there is a natural continuous action by the shift S : XN — XNV
defined by (2(n))nen = (x(n + 1)),en. We call the topological dynamical system (XN, S)
a (topological) shift system. Through this paper, we always denote by S the shift on the
shift system.

We recall that the subsets of X" of the form

[00701,...,Ck] = {ZL‘EXN.I‘U) GCj, VOS]Sk}

where £ > 0 and Cy, ..., C} are open subsets in X , are called cylinders and they form a
basis of the product topology of X, It follows that any Borel measure on X" is uniquely
determined by the values on these cylinders. Through this paper, we always denote B the
Borel o-algebra on the shift system. For any Borel measure 1 on XY, we sometimes write
(XN S, 1) for the measurable shift system (XN, B, S, ).

In what follows, we denote by F : XN — X the projection on the first coordinate, i.e.
(x(n))nen — 2(0). It is easy to see that the projection is continuous.

7.3 Definitions of Chowla property

In this section, we will show how to generalize Chowla property from {—1,0,1}" to
(ST U {0})N where S! is the unit circle. Before we really get into the generalization of
Chowla property, we first generalize Sarnak property from the sequences in {—1,0, 1} to
ones in CN. To this end, we define the condition (GSy) for sequences of complex numbers
as follows.
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Defintion 7.4. We say that a sequence (z(n))nen of complex numbers satisfies the con-
dition (GSo) if for each homeomorphism T of a compact metric space X with topological
entropy h(T) = 0, we have

N-1
Jim nz; f(T"x)z(n) = 0,

for all f € C(X) and for all z € X.

It is not hard to see that the the condition (GSy) is a generalization of the condition
(Sp). Similarly, we generalize the condition (S) from {—1,0, 1} to CN.

Defintion 7.5. We say that a sequence (z2(n))nen of complex numbers satisfies the condi-
tion (GS) if for each homeomorphism T of a compact metric space X,

| N2
lim — Z f(T"x)z(n) =0,
n=0

N—oo N

for all f € C(X) and for all completely deterministic points x € X.

It is observed that the condition (GS) implies the condition (GSp). Similarly to the
proof of (Sg) = (S) in [4], the condition (GSp) implying the condition (GS) follows from
the characterization of completely deterministic points by Weiss [131]:

A sequence u is completely deterministic if and only if, for any € > 0 there exists K
such that, after removing from u a subset of density less than €, what is left can be covered
by collection C' of K-blocks such that |C| < 2<K.

Therefore, we obtain that the condition (GSy) is equivalent to the condition (GS). In what
follows, we say that a sequence has Sarnak property if it satisfies the condition (GSg) (or
equivalently the condition (GS)). Such sequence is called a Sarnak sequence.

Now we begin to show how to generalize Chowla property. Let (2(n)),en € (STU{0})N.
For m € N, we denote by

U(m):{e%’%:OSkSm—l}

the set consisting of all m-th roots of the unity. We define supplementarily U(occ) = S*,
which is considered as the set of points whose infinity norm is 1. The indez of the sequence
(2(n))nen is defined by the smallest number m € Ny U {oo} such that the set

{neN:z(n)¢ U(m)uU{0}}
has zero density in N, that is,

L HOSRS N =1ix() ¢Um) U0}

N——+oco N 0

We will show some examples to illustrate this definition.
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Examples 7.6. (1) Every sequence (2(n))nen € {—1,0, 1} has the index 2.

(2) For a € R\ Q, the sequence (e*™"*),en has the index co. In general, every sequence
(2(n))nen taking values in S* \ e(Q) has the index oo where e(Q) denotes the set

{e?™a : q € Q}.

(3) For any non-integer number B3, the sequence (2™"),cn has the index co. In fact, if
B is an irrational number, then the sequence (e*™F"), oy taking values in S* \ e(Q)
and thus has the index co; if 5 € Q\ Z, say 8 = p/q with ¢ > 1 and ged(p,q) = 1,
then 27" € U(q") and ™" & U(m) for any m < ¢ which implies that the index
of the sequence (e2™F"), ey is 00.

The sequences (S* U {0})Y are divided into two situations according to the cases when
their indice are finite or infinite. It is natural that Chowla property is thus defined for
these two cases separately.

We first define the Chowla property for sequences of finite index.

Defintion 7.7. Suppose that a sequence z € (S* U {0})N has the index m € Nxy. We say
that the sequence z has Chowla property if

N-1

. 1 ) 7 ir
i ) ) ) =0 (7.3.1)
for each choice of 0 < ay < -+ < a,,r > 0,is € {1,2,...,m} not all equal to m.

As it has already been noticed in Example 7.6 (1), a sequence taking values in {—1,0,1}
has the index 2. It follows easily that a sequence taking values in {—1,0,1} has Chowla
property if and only if it satisfies the condition (Ch) defined in [4].

To define Chowla property for sequences of infinite index, we will need additionally the
following. For a point z € S* U {0} and n € Z, we define

™ =

v ifxe St
0 ifz=0,

which is viewed as an extension of power functions on S'. It is easy to see that (zy)™ =
xMy = 4™ for all z,y € S*U {0} and for all n € Z. Now we define the Chowla
property for sequences of infinite index.

Defintion 7.8. Suppose that a sequence z € (S* U {0})Y has the index infinite. We say
that the sequence z has Chowla property if

N—-1
.1 i i i
Rty Z_O 2+ ar) 2V(ntag)---- 2 (0t a,) =0, (7.3.2)

for each choice of 0 < ay < --- < a,,r > 0,15 € Z not all equal to 0.
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We revisit the functions z + 2™ for n € Z. For a fixed m € Ns,, it is easy to check
that . '
2@ =2 for all 2 € U(m) U {0} <= i=j mod m.

We define
L) o= {{0,1,...,m— 1}, if m € Noy;

Z, if m = oo,

which identifies the set of functions having the form z — 2™ for n € Z. This leads us to
combine Definition 7.7 and Definition 7.8 together.

Defintion 7.9. Suppose that a sequence z € (S* U {0})N has an index m € N>y U {oc}.
We say that the sequence z has Chowla property if

lim Z 20 (n+ay) -2 (n+ay) - 20 (n +a,) =0, (7.3.3)

for each choice of 0 < ay < -+ < a,,r > 0,is € I(m) not all equal to 0.

It is not hard to check that Definition 7.9 is an unification of Definition 7.7 and Defi-
nition 7.8. A sequence will be called a Chowla sequence if it has Chowla property.

7.4 Sequences (e*™7"),cy for > 1

In this section, we prove that the squences (e2™#"), cn are Chowla sequences for almost
all # > 1. Actually, we prove that a more general class of sequences are Chowla sequences.
To this end, we study the distribution of a given sequence (e2™(™), .

In fact, the problem about the distribution of a sequence (e2™*(™), cy is actually the
one about the distribution of the sequence ({z(n)}),en on the unite interval [0, 1) where
{z} denotes the fractional part of the real number z. Recall that a sequence (z(n)),en of
real numbers is said to be uniformly distributed modulo one if, for every real numbers u, v
with 0 < u < v <1, we have

t{n:1<n< Nu<A{z,} <v}

lim =v—u.
N—oo N

For a given real number 8 > 1, only few results are known on the distribution of the
sequence (") en. For example, we still do not know whether 0 is a limit point of ({€"}),en,
nor of ({(£)"})nen. However, several metric statements have been established. The first
one was obtained by Koksma [78], who proved that for almost every f§ > 1 the sequence
(8™)nen is uniformly distributed modulo one on the unit interval [0,1). Actually, Koksma
[78] proved the following theorem.

Theorem 7.10 (Koksma’s theorem). Let (f,,)nen be a sequence of real-valued C functions
defined on an interval [a,b] C R. Suppose that
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(1) fI — fl is monotone on [a,b] for all m # n;

(2) infpn Mingegay [/ (2) — f.(2)] > 0.

Then for almost every x € |a,b], the sequence (fy(z))nen is uniformly distributed modulo
one on the unit interval [0,1).

Akiyama and Jiang [5] proved that for almost every 8 > 1 the sequence (e?™"), oy is
fully oscillating. Actually, they proved the following theorem.

Theorem 7.11 ([5], Corollary 2). Given any real number o # 0 and any g € C2((1,00))
where C%((1,4+00)) is the space of all positive 2-times continuously differentiable functions
on (1,+00) whose i-th derivative is non-negative for i = 1,2. Then for almost every real
number B > 1 and for every real polynomial P, the sequence

(e2milas s B+P)y
ne

1s fully oscillating.

The main step of their proof is to show the uniform distribution modulo one of the
sequence (af"g(8))nen for a given a and a function g € C%((1, 00)), for almost every real
number 5 > 1 by using Koksma’s theorem.

Now we state our main theorem in this section.

& un 2 i COMsists of all C* functions
which have at most countable zeros on (1,+00). Then for almost all real numbers 3 > 1,
the sequences

Theorem 7.12. Given any g € C% ., where the space C?

(e2miB"9(2)) (7.4.1)

neN
are Chowla sequences.

Proof. Since the function g has at most countable zeros, for any € > 0 there is a union of
closed intervals U;e;Jf C (1,400) such that

(1) the index set [ is at most countable,
(2) Jf is a closed interval where g does not vanish,
(3) m((1,400) \ UerJf) < € where m is the Lebesgue measure on the real line.

Note that if we have proved that for any € > 0, the sequence (7.4.1) has Chowla property
for almost every § C Jf, then it has Chowla property for for almost every 8 C (1, +00).
Thus it suffices to prove that for any closed interval J C (1, +00) where g does not vanish,
the sequence (7.4.1) has Chowla property for almost every 8 C J.

Let cg(n) = e2™8"9(8)  For each choice of 0 < a1 < --- < a,,r > 0,i, € Z not all equal
to 0, we have that

c(ﬁi‘))(n +ay)- cgl)(n +ag) - cgr)(n +a,) = M hE)
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where h(8) = g(B) > ;_,4;8%. Note that %, i;2% is a non-trivial real polynomial be-
cause not all 7, are equal to zero for 1 < s <. It follows that the function A is also in the
space C2 .. Thus it is sufficient to prove that for any g € C2% . for any closed interval
J C (1,400) where g does not vanish, for almost every § € J, and for large enough M,
the sequence (5" g(3))nen is uniformly distributed modulo 1.

Denote by f,(x) = 2"g(x). A simple calculation allows us to see that
(@) = ful@)) = ((ma™ = na"Ng(a) + (@™ — ) (), (742)
for all m,n € N. For given m > n, we deduce that for all x > 1,

(fm (@) = fn(2))

m n 1 J(z)

xmg(x) |z gmentl +{1- xm*”) g(x)
m_ . n NG
>(F-mmm - f) e

Since J C (1,400) is a closed interval, the function |g/(x)| is bounded and the function
(m - has a positive lower bound on J. Hence the right-hand side of (7.4.3) tends to +o0
When m tends to +oo. It follows that there is M; > 0 such that

inf  min |[(f.(x) — fu(x))| > 0. (7.4.4)

m#n>My x€J;

On the other hand, we have
(fm(2) = fr(2)) =((m(m = 1)2™"* = n(n — 1)a"*)g()

g(w
lower bound on J, the right-hand side of (7.4.6) tends to +oo when m tends to +oo. It

follows that there is My > 0 such that

inf  min |(f),(x) — f/(z))'| > 0. (7.4.7)

m#n> My x€J;

Folma e g @)+ @ e ).
Similar to the calculation (7.4.3), we have
’ (f(z) = fu(x))
x"g(x
(e 1) _am || |0 ) (40
N x? v lg(@) | |g) ]/
Since the functions * | and ’—))’ are bounded on J and the function “5 L has a positive

This implies that f! (z) — f/(x) is monotone on J for m # n > M,. By Koksma’s theorem,
for M = max{Mj, M}, the sequence ("™ g(3))en is uniformly distributed modulo one
for almost every 8 € J. This completes the proof.

]
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Putting g = 1 in Theorem 7.12, we show that the sequences (e*™#"), cy are Chowla
sequences for almost all § > 1. Moreover, by Theorem 7.13 in section 7.5, the sequences
(€27, en are orthogonal to all dynamical systems of zero entropy for almost all 3 > 1.

We remark that if 3 is an algebraic number, then the sequence (e*™#"),cy is not a
Chowla sequence. In fact, since 8 is an algebraic number, there exist r different non-
negative integers ai, as, ..., a, and r integers 71, 15, ...,%, not all equal to 0 such that

0B + 8% 4 -+ i, = 0. (7.4.8)
Denote by z(n) = e?™". Due to (7.4.8), we obtain
z(n+a)) z(n+ay)? - z(n +ay)? = e2miB" (11 B +iaf*2 4+ fOT) _ 1

It follows that
N-1

: 1 i i i
NETOO N Z z(n+a)*z(n+a)?...z2(n+a2)? = 1. (7.4.9)

But to have Chowla property requires the limit (7.4.9) equal to 0. Therefore, the sequence
(€2™F"),.en is not a Chowla sequence for any algebraic number f3.

7.5 Chowla property implies Sarnak property

In this section, we show that Chowla property implies Sarnak property. The main
theorem of this section is the following.

Theorem 7.13. Chowla sequences are always orthogonal to all topological dynamical sys-
tems of zero entropy.

Before we really get into the proof, let us remark that the idea of the proof of Theorem
7.13 is from the proof of Theorem 4.10 in [4]: the condition (Ch) implies the condition
(S). Our main observation is the following lemma, which follows directly from the Stone-
Weierstrass theorem.

Lemma 7.14. The linear subspace generated by the constants and the family
F = {F(il)osal"'F(ir)OSar . 0§a1 < .- <arar20ais Gl(m)}

of continuous functions is a complez algebra (closed under taking products and conjugation)
of functions separating points, hence it is dense in C((U(m)U{0})Y) for every m € NsyU
{oo}.

The family F is an analogue of the family of A in Lemma 4.6 of [4]. The difference is
that F is a complex algebra but A is real.

Now we provide a detailed proof of Theorem 7.13. It is well known that for every
m € Nsy U {oo}, the system (U(m)Y, B, S, u2N) is a Bernoulli system for every m € N,
where p,, is the equidistributed probability measure on U(m) and pu®N is the product
measure. Since a Bernoulli system is a Kolmogorov system, the following is classical.
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Proposition 7.15. For any m € NsyU{oo}, the system (U(m)N, S, u®N) is a Kolmogorov
system.

For any m € N>y U {00} and for any S-invariant measure v on ({0, 1}, S), we define
the diagram

(Um)N x {0, 1}, S, u®N @ v) (7.5.1)

|

((U(m) U {0}, S, 7)

|

({0, 1}, S, v)

Py

where P (xmyn)neN — (xnyn>n€N7 ™ ($n>n€N = (x%O))n€N> PQ : (l'nvyn>n€N = (yn)nEN
and U = p,(u) @ v). We study this diagram in the following proposition.

Proposition 7.16. The diagram (7.5.1) satisfies the following properties.
(1) The diagram (7.5.1) commutes.
(2) The factor map 7 is either trivial or relatively Kolmogorov.

(8) The measure U has the form:

k-1
p(B)=v(x(B) ] wmb),

i=0,b; £0
for any cylinder B = [by, by, -+ ,br_1] in (U(m) U {0})N.

Proof. To prove that the diagram (7.5.1) commutes, it suffices to prove P, = wop. In fact,
we have

m o p(((n), y(n)nen) = m((2(n)y(n))nen) = (2(n) Py (1) )ner = (y(1))ner,

because of the facts that (¥ = 1 for all z € U(m) and y@ =y for all y € {0,1}. This
completes the proof of (1).

By Proposition 7.15, the factor P, is relatively Kolmogorov. Since the factor map =
is an intermediate factor by (1), it is either trivial or relatively Kolmogorov. This implies
(2).

It remains to show the form of ¥. For any cylinder B = [bg, b1, - ,bx—1] in (U(m) U
{0})N, we observe that p~'(B) is the cylinder

[B(h Bb T >Bk*1] X [b(()O)v b§0)> to ,b,(ﬁl],
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where B; = {b;} if b; # 0; and B; = U(m) if b; = 0. Since the support of the probability
measure [, is U(m), we obtain

U(B) = plp @ v)(B) = ui @ v(p~'(B))

—o(w(B) ] )

i=0,b;0

which completes the proof of (3).
[

The following lemma follows directly from the orthogonality of continuous group char-
acters on the group U(m).

Lemma 7.17. Let m € Nuo U {oc}. For k € I(m), we have the integral

1 if k=0,
/ 2P dpi, (x) = 0
U(m) else.

Now we do some calculations in the following two lemmas.

Lemma 7.18. Let m € Nyy U {oo}. Let 0 < ay < --- < a,,7 > 0 and iy € I(m) for
1 < s <r. Then the integral

/ FD o g1 . f2) o goa ... i) o Gor gy (7.5.2)
(U(m)u{oh™
equals 0 if not all iy are zero, and equals to

/ FoS% - FoS%...FoS%dy,
{0,131

if all iy are zero.

Proof. The second case follows directly from the facts that m, (V) = v by Proposition 7.16
and F(© o §% = F o0 % o 7. Now we study the first case. Fix a choice of 0 < a1 < --- <
ap,r > 0,is € I(m) not all equal to 0. A straightforward computation shows that

/ Fl) o §go . pli2) g goz ... plir) o gor gy

(U (m)u{oH™ (7.5.3)

:/ z(ay) ™z (ag)™ - 2(a,) " dD(x),
(U(m)ufop™

where we denote z = (z(n))nen. We write the right-hand side of (7.5.3) a sum of two parts:

/Bx(al)(“)x(@)(i?) - x(a,) " do(x) (7.5.4)
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and

/ z(ay) ™z (ay)® - - x(a,) " do(x), (7.5.5)
(U(m)u{oh)"\B

where B denotes the cylinder

{z € (Um)U{0})" : z(as) #0,V1 < s <r}.

A simple observation shows that the integral (7.5.5) equals to 0 because at least one of
x(as) are equal to 0 for all 1 < s < r. On the other hand, due to the fact that y(") =y
for all y € U(m) and for all n € I(m), the integral (7.5.4) equals to

[ sty ateyan) =B ] [ sla)dute@). @50
B j=1 U(m)

By Lemma 7.17, the equation (7.5.6) equals to 0. Therefore, we conclude that in the first
case the integral (7.5.2) equals to 0. O
Lemma 7.19. E”’[F|7~}(B)] = 0.

Proof. 1t suffices to show E”[F1,-13)] = 0 for any cylinder B in {0,1}. Let B =
[bo, b1, . .., b] be a cylinder in {0, 1}, Then 71(B) = [Cy, Cy, ..., Cy] where C; = U(m)

If by = 0, then
EY[Fl-1)) =E’[0- 1) = 0.

If by # 0, then Cy = U(m). A simple calculation shows that

E7[Fl-1(p)] = /_1(3) z(0)dv(x) = I/(B)/ z(0)dp, (2(0)) = 0.

U(m)
The last equality is due to Lemma 7.17. This completes the proof. ]
Now we prove some criteria of Chowla property.
Proposition 7.20. Let z € (SYU{0})N. Then the followings are equivalent.
(1) The sequence z has Chowla property.
(2) Q-gen(z) ={v: v € Q-gen(m(2))}.
(3) As k — 00, Oy, () — v if and only if én, . — 1.

Actually, Proposition 7.20 follows directly from the following lemma.
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Lemma 7.21. Let z € (S* U {0})N. Suppose that the sequence z has an indexr m €
Nso U {oo}. Suppose that w(z) is quai-generic for v along (Ng)ken. Then

N, =V, as k— o0

if and only if

Np—1
1 A A .
lim — § z(“)(n + al) . 2(12)(71 + a2) e z(“)(n + ar) =0, (7_5_7)

k—o00 Nk 0
n=»

for each choice of 0 < ay < -+ < a,,r > 0,is € [(m) not all equal to 0.

Proof. “ =" Fix a choice of 0 < ay < -+ < a,,r > 0,45 € I(m) not all equal to 0. Observe
that

Ni—1
1 ) ) .
F Z(Zl)(n + al) . Z(ZQ)(n —+ a2) e Z(lr)(n + ar)
kT
1 Js,:_o1 (7.5.8)
:F (F(i1) o0 S . F(iz) 05%2 . .... F(i’") o Sa”) o Sn(z),
k

n=0

for all k£ € N. Since the measure 7 is quasi-generic for z along (Ny)ren, we obtain

Ni—1
1 . . ,
lim A Z (F) o gu . fli2) g gaz ... plir) o §r) 5 §7(2)
e s (7.5.9)
_ / R o g L plis) o gas ... plin) o Gar g
(U(m)u{on™

According to Lemma 7.18, the right-hand side of the above equation equals to 0, which
completes the proof.
“ <7 Without loss of generality, we may assume that

On, . — 0, as k — oo,

for some S-invariant probability measure 6 on (U(m) U {0})Y. Now we prove that the
measure 6 is exactly the measure v. Similarly to (7.5.8) and (7.5.9), we have

Ni—1
A 2% 2D+ ar) 2 (n+ay) -2 (n+ar)

— / F(i1) o0 g ,F(ig) 05%... F(z'r) o Sard97
(U(m)u{o})N

for each choice of 0 < ay < -+ < a,,r > 0,i5 € I(m). According to the hypothesis (7.5.7),
we have

/ F) o g . pliz) g gaz ... plin) o Gargg — (),
(U(m)u{opN
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for each choice of 0 < a; < -+ < a,,r > 0,is € I(m) not all equal to 0. Repeating the
same argument in Lemma 7.18, we have

/ FO o g0 . O g ge. .. O, geqy
(U(m)u{opN

:/ FoS".FoS%...FoS%du.
{0,131

Hence

/ fdo = / fdp.
(Um)u{op™ (Um)u{oy)"

for all f belonging to the family F defined in Lemma 7.14. Since the family F is dense in
C(X), by Lemma 7.14, we conclude that § = 7. O

If additionally we assume that the sequence does not take the value 0 in Proposition
7.20, then we obtain the following criterion of Chowla property for sequences in (S1)Y.

Corollary 7.22. Let z € (SY)N. Suppose that z has an index m € Nsy U {co}. Then the
sequence z has Chowla property if and only if z is generic for u®N.

Proof. Observe that 7(z) = (1,1,...). It follows that Q-gen(7m(2)) = {d@1,1,..)}, that is,
7(z) is generic for the measure d(11,..). A straightforward computation shows that the
measure d(1,1, ) is exactly u". Due to the equivalence between (1) and (2) in Proposition

7.20, we conclude that the sequence z has Chowla property if and only if z is generic for
®N
Han, - 0

Let (X, T) be a topological dynamical system and x € X be a completely deterministic
point. Let v be a S-invariant measure on {0, 1}V, Let z € (U(m) U {0}) be quasi-generic
for 7 along (Ny)ren. Suppose that (z, z) is quasi-generic for some T' x S-invariant measure
pon X x U(m)Y along (Ny)ren. We define the diagram

Py

(X x (U(m)U l{O})N,T xS,p) —=  (Um)U io})& S, D) (7.5.10)
(XaTa (Pl)*(p)) \/<{O’1}N7‘S’7y) s ({Ovl}N’S’ V>B)

where the factor map 7 is already defined in diagram (7.5.1), P; is the projection on the
i-th coordinate for ¢« = 1,2 and the factor maps v and ¢ are induced by the intermediate
factor (X, T, (P).(p)) V{0, 1}, S, v).

We have the following lemma.

Lemma 7.23. The factor maps o and w in digram (7.5.10) are relatively independent.

Proof. Since P is the projection on X and the point = is completely deterministic in X,
we have the entropy h(T, (P1)«(p)) = 0. Due to Pinsker’s formula (c.f. [103], Theorem
6.3), the factor map o is of relatively entropy zero. On the other hand, by Proposition
7.16, the factor map m is relatively Kolmogorov. According to Lemma 7.3, we conclude
that the factor maps o and 7 are relatively independent. ]
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Now we prove the main theorem in this section by using the diagram (7.5.10).

Proof of Theorem 7.13. Let (X,T) be a topological dynamical system. Let z € X be a
completely deterministic point. Suppose that (x,z) is quasi-generic for some measure p
along (Ng)gen. For any f € C(X), since z(n) = F(S™z), we have

Nj—1

kh—{goNik RZ:O f(T"z)z(n) =E°[f ® F]. (7.5.11)

On the other hand, by the criteria of Chowla property in Proposition 7.20, without loss of
generality, we may assume that z is quasi-generic for some measure v along (N )reny where
v is a S-invariant probability measure on {0, 1}N. Observing (P).(p) = 7, we establish
the diagram (7.5.10). By Lemma 7.23, the factor maps o and 7 are relatively independent.
Let P:= (0 o~,mo P,). A simple computation shows that

E[f ® FIP~{(B @ B)] = E*[flo~ (B)E"[F|x~!(B)].
Since Lemma 7.19 tells us that E’[F|7~(B)] = 0, we obtain
Ef[f ® FIP~'(B® B)] = 0.

Hence we have
E[f ® F] =E[E’[f ® FIP'(B® B)]] = 0. (7.5.12)

Combining (7.5.11) and (7.5.12), we complete the proof. O

7.6 Chowla property for random sequences

In this section, we study sequences of random variables having Chowla property almost
surely. We give a sufficient and necessary condition for a stationary random sequence to
be a Chowla sequence almost surely. We also construct some dependent random sequences
having Chowla property almost surely.

7.6.1 Chowla property for stationary random sequences

Here, we study sequences of stationary random variables.

Proposition 7.24. Let Z = (Z,)nen be a sequence of stationary random variables taking
values in S* U {0}. Suppose that the random sequence Z has an index m € Nso U {00}
almost surely. Then almost surely the random sequence Z is a Chowla sequence if and only
of

E[Zézll) . Zc(l;z) ..... Z(':'r)] =0, (7.6.1)

for each choice of 1 < ay < -+ < a,,r > 0,is € I(m) not all equal to 0.
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Proof. “ = 7 Since the random sequence Z is stationary, it can be viewed as a sequence
(f(T™))nen for some C-measurable complex function f and C-measurable transformation
T : X — X where X is a compact metric space and C is a o-algebra on X. By Birkhoff’s
ergodic Theory, for any 1 < ay < --- < a,,r > 0,is € I(m) not all equal to 0, almost surely
we have

E[Zélll) . ZC(L’;) ..... ZC(LZT’“)LZ]
:J\}l—rgo Z anj-m ) nl—lQ-az e Zr(ll-ir-)ar =0,
n<N

where E[f|Z] is the expectation of f conditional on the o-algebra Z consisting of invariant
sets of T'. Thus we conclude that

E[Zgl) . Zc(l%;) ..... Z;:] = ]E[E[Z,S’}) . Z(g%;) ..... 7 (ir)

ar

]| = 0,

forany 1 <ay <--- <a,,r>0,is € I(m) not all equal to 0.
“<«< 7 Fix a choice of 1 < a3 < -+ < a,,7 > 0,i5s € I(m) not all equal to 0. Let
s =min{l <j <r:4; # 0}. Define the random variables

Y, =2z 2% o z0) forall me N,
Then for £ > 1 and n > 1, the product Y, - Y, has the form
28 252 Zyrih (7.6.2)

where i € I(m) and ;= i; +i;_gy1(mod m) ' for 1 <j <r4k—1with 4 :=0forl <0
or [ > r+1. It is not hard to see that ¢, # 0. It follows that the expectation of (7.6.2)
vanishes by the hypothesis (7.6.1), that is,

E[Y,Y, ] =0, for all n, k > 1.

This means that the random sequence (Y},),en is orthogonal 2. Therefore almost surely we

have
lim — Y, =
Ngnoo Z
ie.
]\}I—Igo N Z an'il‘al 7(1:2-@ T ZSQM = 0.
n<N
Since there are only countablely many choices of 1 < ay < -+ < a,,7 > 0,is € I(m) not
all equal to 0, we deduce that almost surely
- i 7(i2) (ir) _
]\}1_1;20 Z Zn-ll—al n—iag et Zn—i—ar — 07
for all choices of 1 < a; < -+ < a,,r > 0,is € I(m) not all equal to 0. ]

'In particular, if m = oo, then i = i; +i; py1 for 1 <j<r+k—1.

2Recall that a random sequence (Y;,)nen is orthogonal, if E[Y,,Y,,] = 0 for any n # m.
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We remark that if we drop the assumption that the random sequence (Z,)nen is sta-
tionary, then the proof of the sufficiency in Proposition 7.24 is still valid.

If additionally we suppose the random variables are independent and identically dis-
tributed, then we have the following equivalent condition of Chowla property for random
sequences.

Corollary 7.25. Suppose that Z = (Z,)nen 1S a sequence of independent and identically
distributed random variables taking values in S U {0}. Let m € Nso U {0}. Suppose that

Z has the index m almost surely. Then Z is a Chowla sequence almost surely if and only
if E[Z0] =0 for all i € I(m) \ {0}.

Proof. Since Z is independent and identically distributed, we observe that the equivalent
condition (7.6.1) of Chowla property in Proposition 7.24 becomes

E[Z(] - BIZ() - ElZ{) = o,

for each choice of 1 < a; <--- < a,,r > 0,is € I(m) not all equal to 0. This is equivalent
to say that E[Z\”] = 0 for all i € I(m)\ {0}. O

We show an example of sequences of independent and identically distributed random
variables having Chowla property almost surely.

Example 7.26. For any m € Nsy U {oo}, let (U(m) U {0})N, S, u@N) be a measurable
dynamical system. Recall that F : (U(m) U {0})N — (U(m) U {0}) is the projection on
the first coordinate. Let Z, = F o S™. Then (Z,)nen 1S a sequence of independent and
identically distributed random variables, which has the index m almost surely. It is easy to
check that B[Z\"] = 0 for all i € I(m)\ {0} by Lemma 7.17. Therefore, almost surely the
sequence (Zy)nen s a Chowla sequence.

A natural question is raised whether there are sequences of dependent random variables
having Chowla property almost surely. We will prove later (in Section 7.6.3) that such
sequences exist. For this propose, we prove additionally the following lemma.

Lemma 7.27. Let X1, Xs,..., Xy be bounded random variables. The random variables
X1, ..., Xy are independent if and only if

E[XT" X352 ... X *] = E[XT'|E[XS?] .. . E[X}*] (7.6.3)
for all positive integers nq, ..., ng.

Proof. The necessity being trivial, we just prove the sufficiency. A simple computation
allows us to see that if

E[f1i(X1) f2,5(X2) - - - fri(Xi)] = E[fr:(X0)E[f2,(X2)] . .. E[ fi,s (Xi)]
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holds for functions f;; for all 1 < j <k and for all 1 <¢ </, then

Zflz Xl Zf2z X2 kaz Xk

(7.6.4)
= E[Z Fra(Xy)] Z F2.i(X2)] Z Fra (X)),
i=1
Combining (7.6.3) and (7.6.4), we have
E[P1(X1) ... Po(Xi)] = E[PI(X)]E . .. E[Pp (Xi)], (7.6.5)
for all Py, ..., P, complex polynomials. It is well known that the random variables X7, ..., X}
are independent if and only if for any continuous functions fi, fo, ..., fx,
Elf1(X1) ... fu(Xp)] = E[fi(X0)]. .. E[fi(Xy)]- (7.6.6)
It is noticed that if additionally the random variable X7, ..., X} are bounded, then “contin-

uous functions” can be replaced by “bounded continuous functions” in the above statement.
It is classical that any continuous bounded function is approximated by polynomials under
uniform norm. Due to (7.6.5) and the approximation by polynomials, we see that (7.6.6)
holds for any bounded continuous functions fi, fo, ..., fx, which implies that the random
variables X1, ..., X} are independent. O

Now we show a sufficient and necessary condition for a sequence of stationary random
variables having Chowla property almost surely to be independent.

Corollary 7.28. Let (X, )nen be a sequence of stationary random variables taking values
in ST U{0}. Let m € N>y U{0}. Suppose that almost surely the sequence (X, )nen has the
index m and has Chowla property. Then

(1) if m is finite, then the sequence (X, )nen is independent if and only if
E[|Xa, Xa, -+ Xo,|] = E[|[ X, [JE[| Xo] - - - E[| X, ]
for each choice of 1 < ay < --- < a,,r > 0;
(2) if m is infinite, then the sequence (X, )nen is always independent.

Proof. We first consider the case when the index m is finite. Since the sequence (X,,)nen
has Chowla property almost surely, by Proposition 7.24, we obtain that for each choice of
1<a <---<a,,r>0,is € N\ {0} not all equal to the multiples of m,

E[Z}Z2 - Zr] =0, (7.6.7)
and at least one of E[Z/}], E[Z2],--- ,E[Z] equal to zero. It follows that

E[Z;]-E[Z2] - E[Z;] =0=E[Z}Z; - Z;], (7.6.8)

a1 a2
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for each choice of 1 < a; < -+ < a,,r > 0,i; € N\ {0} not all equal to the multiples of m.
Due to Lemma 7.27 and the equation (7.6.8), the sequence (X,,)nen is independent if and
only if

E[Zy™) - E[Z2™] - E[Z;™] = E[Z5"E[Z;2™) - - E[Zy™), (7.6.9)
for each choice of 1 < a; < -+ < a,,7 > 0,ks € N\ {0}. It is not hard to see that
XFm = 1X,| for every n € N and for every positive integer k. It follows that the sequence
(X»)nen is independent if and only if

B[ Xa, Xa, - - X, [] = E[| Xa, [JE[| Xo, [] - - - E[[ X, [],

for each choice of 1 < a; < --- < a,,r > 0. This completes the proof of (1).
Now we consider the case when the index m is infinite. Repeating the same reasoning
with (7.6.8), we obtain

E(Z;)-E[Z2] - E[Zy) =E[Z2Z2 - Z7] =0, (7.6.10)
for each choice of 1 < ay < --- < a,,r > 0,is € N\ {0}. According to Lemma 7.27 and the
equation (7.6.10), the sequence (X,,)nen is independent. O

7.6.2 Chowla property for independent random sequences

Now we study Chowla property for independent random sequences. A sequence taking
values in Up,en.,U(m), having index oo and having Chowla property almost surely is also
constructed in this subsection.

As it has already been noticed just after Proposition 7.24, the proof of the sufficiency
in Proposition 7.24 is still valid without the assumption of stationarity. If additionally
assuming that the random sequence is independent, we obtain the following proposition
which is a direct consequence of the sufficiency in Proposition 7.24.

Proposition 7.29. Let (X, )nen be a sequence of independent random variables which take
values in S U{0}. Let m € Nso U {0}. Suppose that almost surely the sequence (X, )nen
has the index m. Suppose that for any k € I(m)\ {0}, there exists N > 0 such that for any
n > N, the expectation E[XF] = 0. Then almost surely the sequence (X, )nen is a Chowla
sequence.

We remark that if the index m is finite, then the value /N in the sufficient condition in
Proposition 7.29 is uniform for all & € I(m) \ {0}.

We show the existence of sequences taking values in U,en.,U(m), having index oo and
having Chowla property almost surely in the following example.

Example 7.30. Let (Z,),>2 be a sequence of independent random variables on (STU{0})N
such that Z,, has the distribution p,, forn > 2. It easily follows that almost surely the index
of (Zn)n>2 is infinite. It is not difficult to see that

E[ZE] =0, for alln > 2 and for all k € I(n) \ {0}.

Thus the sequence (Z,)n>2 satisfies the condition in Proposition 7.29. Therefore, almost
surely the sequence (Z,)n>2 is a Chowla sequence.
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7.6.3 Chowla property for dependent random sequences

In this subsection, we construct sequences of dependent random variables which have
Chowla property almost surely. As it has been proved in Corollary 7.28 that the sequences
of stationary random variables having the index co and having Chowla property almost
surely are always independent, we will concentrate on the situation where the index is a
finite number. In what follows, we construct sequences of dependent stationary random
variables which have the index 2 and have Chowla property almost surely. The sequences
of dependent stationary random variables which have the finite index m > 2 and have
Chowla property almost surely can be constructed in a similar way.

Let A be a finite alphabet. Now we study the symbolic dynamics (AY, S, ) where p is
the uniform-Bernoulli measure. Let G : AY — {—1,0, 1} be a continuous function. Denote
by Zgn := G o S". We are concerned with the random sequence (Zg ,)nen. It is easy to
check that the sequence (Zg ,)nen has the index 2 almost surely.

Obviously, G™1(t) is a clopen subset of AN for each t € {—1,0,1}. It follows that the
function G is decided by finite words, i.e., there exist [ € N\ {0} and a function g on A’
such that for all x = (z,)pen € AY,

G(z) = g(xo, 1, ..., 211).
We associate a rooted 3-color tree 7 with the sequence (Zg p)nen.

We first draw a root as the 0-th level. We then draw $A descendants from the vertex in
0-th level as the 1-th level. The vertices at the first level are entitled by the elements in A.
Draw black the edges between the vertices of the 0-th level and the vertices of the 1-th level.
Repeat this until we get the (I — 1)-th level and thus obtain a finite tree with only black
edges and the property that each vertex has §A descendants. Observe that the branch from
the root to a vertex in the (I —1)-th level can be viewed as a word of length (I —1). Now we
show how to draw the l-th level. A wvertex identified by ajas . ..a;—y at (I — 1)-th level has
a descendant entitled a € A if g(ay,aq,...,a;_1,a) # 0. Moreover, the edge between them
is red if g(ay, as,...,a;_1,a) =1 and is green if g(ai, as,...,a;_1,a) = —1. In general, for
k> 1—1, a vertex identified by aas . ..ay in k-th level has a descendant entitled a € A if
and only if g(ax—_112, Ak—_14+3, - .., ar,a) # 0 and the color of the edge between them is red if
9(ax—_142, 143, .., ax,a) = 1 and green if it has the value —1. There edges are called the
edges of the k-th level. Therefore, the rooted 3-color tree that we obtained is named by T¢.

We illustrate this by the following examples.
Example 7.31. (1) Let A= {0,1,2}. Define g; : A*> — {—1,0,1} by

(0,0) — 1,(1,2) — 1,(2,1) = 1,
(0,1) —» —1,(1,0) = —1,(2,2) — —1,
(2,0) —0,(0,2) — 0,(1,1) — 0.

Let Gy : AN — {=1,0,1}, G1(z) = g1(z0,71). The associated tree Tg, is an infinite
tree as shown in Figure 7.1.
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Figure 7.1: The infinite tree 7T, .

(2) Let A=1{0,1,2,3}. Define g, : A> = {—1,0,1} by
(0,1) —1,(1,3) = —1,(2,0) = —1 and otherwise (a,b) — 0.

Let Gy : AN — {—=1,0,1}, Go(x) = ga(wo, x1). The associated tree Tg, is a finite tree

as shown in Figure 7.2.

/

Figure 7.2: The finite tree 7¢,

Two branches from the root to the vetrices of the same level are said to be of different
type if they have different colors in some edges of the some level. We define the homogeneity
for the tree as follows. Two branches are of same type if they are not of different type.

Defintion 7.32. Suppose the function G : AN — {—1,0,1} is decided by the words of
length I. We say that the associated tree Tg is homogeneous if for each k > 1, the numbers
of branches of same type from the root to the vetrices at the k-th level are constant.

It is not hard to see that Example 7.31 (1) is homogeneous but (2) is not.
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Actually, Definition 7.32 means that
Card{z € A" : G(2) = co,...,G(S"2) = e}

is a constant which is independent of the choice of ¢ = (¢;)ney € {—1,1}. Thus the
following proposition is a direct consequence of Proposition 7.24.

Proposition 7.33. Let A be a finite set. Let G : AN — {—1,0,1} be a continuous map.
Then the random sequence (Zgn)nen is a Chowla sequence almost surely if and only if the
associated tree Tg is homogeneous.

Now we show the existence of sequences of dependent random variables having Chowla
property almost surely in the following example.

Example 7.34. Let A = {—1,0,1,%}. Denote by Jis = sp2 + 50,. Then (AN, S, [iy) is a
measurable dynamical system. Define g : A2 — U(m) by

0  otherwise.

g(a,b):{a Z.fa%*andb:*;

We define G : AN — U(m) by (xn)nen — g(xox1). It is not hard to see that the associated
tree Te is a finite homogeneous tree (see Figure 7.3). It follows directly from Proposition
7.38 that almost surely (Z¢ n)nen s a Chowla sequence.

On the other hand, since E[|Z1|] = %, we obtain that

1
E[|Z1Z5]] =0 but E[|Z,||E[|Z]] = T

that is,
E[|Z1Z5]] # E[|Z:||E[| Z2]].

By Corollary 7.28, the sequence of random variables (Z,,) is not independent.

Figure 7.3: The associated tree T
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Let A be a finite alphabet. Let (AY,S,u) be a symbolic dynamics where yu is the
uniform-Bernoulli measure. Let m € Nso. Let G : AY — U(m) U {0} be a continuous
function with G(¢) not empty for each ¢ € U(m)U {0}. Denote by Zg,, := G o S™. Simi-
larly to the case when m = 2, we associate a rooted m + 1-color tree 75 with the sequence
(Zcn)nen. Similarly to Definition 7.32 and Proposition 7.33, we define the homogeneity of
the associated tree T and have the following proposition.

Proposition 7.35. Let A be a finite set and m > 2 be an integer. Let G : AN — U(m)U{0}
be a continuous map. Then the random sequence (Zgn)nen 15 a Chowla sequence almost
surely if and only if the associated tree Tg is homogeneous.

For m € N9, we give examples of sequences of dependent random variables having the
index m and having Chowla property almost surely.

Example 7.36. Let m € Nx,. Let A= U(m)U{0,*}. Denote by fi, = 3pum + 20, Then
(AN, S 1Y) is a measurable dynamical system. Define g : A2 — U(m) by

g(ab) = {a if a € U(m) and b = x;

0  otherwise.

We define G : AN — U(m) by (x,)nen — g(xox1). It is not hard to see that the associated
tree T is a finite homogeneous tree. It follows directly from Proposition 7.35 that almost
surely (Zan)nen is a Chowla sequence.

On the other hand, since E[|Z1|] = %, we obtain that

1
E[|Z125]] = 0 but E[| Z,[|E[| Z2|] = T

that s,
E[|Z1Z,|] # E[| Z:|]E[| Za|].

By Corollary 7.28, the sequence of random variables (Z,) is not independent.

7.6.4 Sarnak property does not imply Chowla property

In this subsection, for every m € N>, U {0}, we prove that Sarnak property does not
imply Chowla property for sequences of index m. We first prove a sufficient condition for
sequences to be Sarnak sequences.

Lemma 7.37. Let (X,T,u) be a Kolmogorov system. Let f : X — C be a measurable
function. Suppose that E[f] = 0. Then for every generic point x € X of p, the sequence
(f oT™(x))nen is a Sarnak sequence.

Proof. Let (Y,U) be an arbitrary topological dynamical system. Let y € Y be a completely
deterministic point. Let z be a generic point for pu. Let p be a quasi-generic measure for
(y, x) along (N )ken in the product system (Y x X, U xT'). It follows that for any g € C(Y),

lim Y goU(y)-foT™(z) =E[g® f]. (7.6.11)
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Since the systen (Y,U,py) is of zero entropy and (X,T,u) is a Kolmogorov system,
(X,T, ) and (Y, U, py) are independent. It follows that for any g € C(Y),

Eflg ® f] = EPvg] - E*[f] = 0. (7.6.12)

Combining (7.6.11) and (7.6.12), we deduce that for any g € C(Y),

Nj,—1

lim Y goU"(y)- foT"(x)=0.
n=0

k—+o0

This completes the proof. O

Comparing the condition in Lemma 7.37 and the necessary and sufficient condition
for sequences of stationary random variables to be Chowla sequences almost surely in
Proposition 7.24, we prove the existence of the sequences which have Sarnak property but
not Chowla property. We illustrate this in the following examples.

Example 7.38. Recall that a Bernoulli system is always a Kolmogorov system. Let

({0,1,2}) S, Bs) be a Bernoulli system where Bz denotes the uniform-Bernoulli measure.
Let g : {0,1,2}* — {—1,0,1} be a function defined by

g(0,1) =1,¢(1,2) = —1 and g(a,b) = 0 otherwise.

Define G : {0,1,2}N — {—1,0,1} by (x(n))nen — g(z(0),z(1)). Let Z, := Go S™. It is
easy to check that
By Lemma 7.37, it follows that almost surely (Z,)nen s a Sarnak sequence. On the other

hand, by Proposition 7.24, almost surely the sequence (Z,)nen is not a Chowla sequence.

Example 7.39. Define h:[0,1) — [0,1) by

3 if0<t<i,
L+l oifi<t<d,
syt di<i<d
+1 f3<t<l

h(t) =

We define the function H : S* — S' by the formula H(e*™) = e2™h(®) Let ((SY)N, S, Leb®N)
be a Kolmogorov system where Leb is the Lebesque measure on S*. Let Z, = H o F'o S™.
It is not hard to see that almost surely the index of the sequence (Zy,)nen is 00. A simple
computation allows us to see that

E[Z)] =0 but E[Z}] #0.

By Lemma 7.37 and Proposition 7.24, we conclude that almost surely (Z,)nen is a Sarnak
sequence but not a Chowla sequence.
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