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Résumé

Cette thèse étudie l’élastomouillage dynamique, c’est-à-dire le déplacement d’un liquide sur
un substrat déformable. Un liquide dissipe son énergie motrice par viscosité lorsqu’il se dé-
place sur une surface solide. Cependant, les substrats viscoélastiques comme les gels de
polymères dissipent aussi de l’énergie : l’interface liquide/vapeur tire sur le substrat ; la dé-
formation qui en résulte dissipe de l’énergie lorsqu’elle suit le déplacement de la ligne de
contact. Un modèle récent, basé sur la théorie de l’élasticité non linéaire, soutient que le
rapport de ces deux sources de dissipation est un paramètre crucial du système. Plus ce rap-
port est grand, plus la dissipation dans le substrat est importante par rapport à celle dans le
liquide. Cette thèse met en valeur le rôle clé de ce rapport de dissipation, jusque-là inexploré.
Nous avons fait dévaler des gouttes sur des gels de silicone, ce qui permet d’étudier à la fois
le mouvement d’avancée et de reculée du liquide. Le rapport des dissipations des systèmes
choisis varie sur quatre ordres de grandeurs. La forme des gouttes dépend fortement de ce
paramètre. Lorsque le liquide dissipe autant d’énergie que le solide, on retrouve des formes
proches du cas où le substrat est rigide : la goutte forme un coin arrière à mesure que sa
vitesse augmente. Les coins sont cependant plus arrondis que dans le cas rigide. Lorsque le
solide dissipe beaucoup plus que le liquide, les gouttes sont plus allongées et ne présentent
plus de coin. La mesure de la vitesse des gouttes en fonction de leur poids retrouve ces deux
cas de figures. Dans le premier cas, la vitesse augmente linéairement avec le poids, comme
si le substrat ne jouait pas de rôle. Dans le second cas, la vitesse augmente toujours avec le
poids, mais cette fois-ci la rhéologie du solide régit la dynamique. Nous avons aussi mesuré
les angles de contact entre la goutte et le substrat en fonction de la vitesse. Augmenter le rap-
port de dissipation modifie progressivement la relation entre l’angle et la vitesse. Lorsque ce
dernier est faible, on retrouve une courbe proche de celle de Cox-Voinov, largement utilisée
pour décrire le mouillage sur un substrat rigide. Mais lorsque celui-ci augmente, la courbe
adopte une pente de plus en plus forte à basse vitesse, et des plateaux de plus en plus en
plus marqués à haute vitesse (en valeur absolue). Ceci explique l’allongement des gouttes
à mesure que le substrat dissipe de plus en plus. Le modèle susnommé, en excellent ac-
cord avec nos résultats, prédit cette « hystérèse molle ». Cette mesure plus locale complète
l’interprétation des mesures de pesée. En effet, les propriétés viscoélastiques du substrat af-
fectent la dynamique de la goutte même lorsque celle-ci dissipe autant dans le liquide que
dans le substrat. Malgré de fortes ressemblances avec le cas rigide, où seul le liquide dis-
sipe, une simple approche « comme si » le substrat ne dissipait pas ne suffit plus à décrire les
données. Dans tous les cas, la goutte laisse des gouttes derrière elle au-delà d’une certaine
vitesse - c’est l’instabilité de perlage. Nos expériences vérifient la tendance prédite par le
modèle : le seuil d’instabilité décroît avec le rapport de dissipation à angle d’équilibre con-
stant. Le présent travail apporte aussi un nouvel éclairage sur l’échelle à laquelle les gouttes
en coin s’arrondissent. Les mesures sur des lames de verre suggèrent des échelles molécu-
laires. Or, la longueur élastocapillaire, taille caractéristique de la déformation au niveau de
la ligne de contact, semble se coupler avec l’échelle moléculaire pour définir la courbure du
coin dans nos systèmes : plus celle-ci est petite, plus le coin est « pointu ». Ceci explique
pourquoi les coins sont plus arrondis quand le substrat est viscoélastique. Une étude plus
poussée est nécessaire afin de comprendre en détail le rôle de la longueur élastocapillaire.

Mots-clés : mouillage, élasto-mouillage, viscoélasticité
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Abstract

This work focuses on dynamical elastowetting, which means it investigates the motion of a
liquid onto a deformable substrate. However, viscoelastic substrates such as polymeric gels
also dissipate energy: the liquid/vapor interface pulls the substrate; the resulting wetting
ridge dissipates energy when the contact line carries it along. Recent theoretical predic-
tions use nonlinear elasticity and suggest that the ratio of these two dissipation sources rules
the dynamics of elastowetting systems. The bigger the ratio, the more the substrate dissi-
pates. This thesis probes the so far uncharted implications of this dissipation ratio. Drops
slide onto inclined silicon gels, and the dissipation ratio spans four orders of magnitude.
We then study both advancing and receding contact lines. This parameter sets the shape
of the drops. When the viscoelastic solid dissipates as much energy as the viscous liquid,
we observe shapes akin to the rigid case. The drop forms a corner at the rear - the faster,
the sharper. We observe rounder corners than the case where the substrate is rigid though.
When the viscoelastic solid dissipates much more energy than the viscous liquid, we observe
longer and corner-free drops. The relation between the weight and the running speed of the
drops confirms the stark difference between systems where the liquid dissipate as much as
the solid and systems that mostly dissipate in the substrate. In the first case, the speed in-
creases linearly with the weight, just like the rigid case. In the second case, the rheology of
the substrate rules the dynamics. We also mesured the dynamic contact angles between the
drop and its substrate. The dissipation ratio strongly modifies the relation between those
two parameters. At low dissipation ratio, the curve and the Cox-Voinov relation, that well
describes the rigid case, look alike. At high dissipation ratio, the curve steepens at low speed
and exhibits two plateaus at large speed (in absolute value). Longer drops stem from this
"S"-like curve, called soft hysteresis. The aforementioned model predicts this phenomenon
and is in excellent agreement with our experimental data. Local measurements such as dy-
namic contact angles highlight subtle effects that weighing measurements miss. Viscoelas-
ticity does impact the dynamic of the drop even when the dissipation ratio is close to unity.
Despite strong similarities with the rigid case, simply neglecting the dissipation inside the
liquid is inapropriate to describe our data. In any case, the drop leaves pearls behind its
trail above a certain speed - it’s the pearling instability. Our experiments and the nonlinear
theory exhibit the same trend: the instability threshold decreases with increasing dissipa-
tion ratio at fixed equilibrium contact angle. This work also opens prospective as regards the
curvature at the tip of cornered drops just below the instability threshold. Measurements
in the rigid case suggest that nanometric scales regularize the corner. Yet, the characteristic
size of the wetting ridge, called the elastocapillary length, impacts the rear curvature in our
systems. The smaller the elastocapillary length, the sharper the corner, in agreement with
the observed shapes. Further investigation should unveil how does this micrometric length
scale couple with the molecular length scale to regularize the corner.

Keywords: wetting, elastowetting, viscoelasticity
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General Introduction

Cover picture taken from [1]
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It is the matter of a simple walk through Jardin des Plantes in Paris to stand in awe in
front of lotus leaves over which droplets of water jiggle as though they were beads (Fig. 1.1a).
This sight is an occurence of a peculiar state of contact between water and the leaf, where
the liquid does not wet at all the surface it lies on.

Scientists in the field of interface science now understand how to tailor artificial surfaces
that mimick this state of wetting, using patterned surfaces akin to that of the lotus leaf on
which droplets sit with the smallest contact possible (Fig. 1.1b,c and c). This engineering
feat is one example among many others of the achievements that the study of the contact of
liquids with other materials, be they solid or liquid, has allowed.

Figure 1.1: Lotus effect. A lotus leaf at different scales. (a) Drops do not spread on lotus leaves and
remain almost spherical [2]. (b) Microscopic roughness gives lotus leaves their super-hydrophobic
properties [3]. Super-hydrophobicity in the lab. (c) Forest of micro-pillars. Scale bar: 50 µm. [4]. (d) A
liquid drop rests on the micro-pillars, akin to a fakir on an acupressure mat [4].

The study is relevant across all fields of fundamental science, and it is at the heart of in-
numerable processes and devices. From the standpoint of physics, wetting is a formidable
door to all scales ranging from the nanometer to the millimeter. Its understanding requires
that concepts from hydrodynamics, statistical mechanics, and surface science be combined.
In biology, key processes such as protein folding rely on the details of the contact between
water and organic molecules. Chemists and surface engineers synthesize and design new
molecules that can be coated on the surface of glass and other materials so that the sur-
face attracts or repels contact with liquids. Industrial sectors such as the aircraft industry or
clothing rely on these advances to design anti-icing wings and rainproof coats (Fig.1.2).

In most of these cases, the liquid of interest wets a rigid surface. The material supporting
the liquid, called the substrate, could however be a liquid or a deformable solid. The latter
system has attracted a lot of attention over the years, and this manuscript describes recent
advances that I have achieved during my PhD on this topic.

The behavior of a liquid in contact with a surface depends on the surface itself: chemistry,
roughness, and geometry impact wetting. The compliance of the substrate is also a critical
parameter. If the solid is compliant enough, forces that apply at the line of contact between
a droplet, the substrate, and the surrounding fluid can deform the substrate, forming a so-
called wetting ridge. Specific wetting phenomena arise in these configurations.
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Figure 1.2: Superhydrophobicity: from cars to clothes. (a) Anti-icing treatment of planes [5]. The
plane is sprayed with a hydrophobic coating so ice cannot form. (c) Water-repelent textile [6].

Surfaces coated with soft layers are known to be better dew collectors [7]. The softness
of the silicon gel boosted both the nucleation rate and density of dew droplets (Fig. 1.3). The
authors suggest that the deformable properties of the substrate reduce the free energy of
a condensing drop (at a given liquid volume, the solid/vapor interface increases with the
softness). Wetting ridges prevent merging with another drop. There are however issues to be
solved with respect to water drainage, and circumventing these problems requires that we
understand the dynamics of wetting on soft layers more thoroughly.

Figure 1.3: Soft substrates enhance water condensationWater drops condensate onto silicon gels
with increasing stiffness (characterized by the elastic shear moulus µ0, to be defined later). Exper-
imental conditions are identical. The softest substrate collects the most water. Adapted from [7].
Scalebar: 15 µm

Despite decades of effort towards building an understanding of wetting for soft substrates
(aka elastowetting), we still do not have a widely accepted description of the problem. The
present work intends to test a recent model that the group of Julien Dervaux, Laurent Limat,
and Matthieu Roché proposed a few years ago against experiments. The purpose is not so
much to provide a definitive framework for the description of elastowetting as to discuss the
insights we gain by using this model.

This manuscript is divided into three parts. The first part introduces the reader to wet-
ting. Chap. 2 introduces the basics of wetting physics, both in the rigid and soft case, and
Chap. 3 justifies our choice to perform sliding droplet experiments. The second part details
our materials and methods. Chap. 4 describes the liquids and gels used in our experiments,
while Chap. 5 focuses on the experimental protocol. The third part presents our observa-
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tions and results, and discusses the ability of the model to capture them. Chap. 6 describes
how the shape of droplets depends on the properties of the liquid-solid system, with a fo-
cus on the effect of dissipation. Chap. 7 focuses on the characterization of droplet motion.
We discuss our results in the light of the model that the group proposed a few years ago in
Chap. 8 and we highlight some interesting insights that we gain from this comparison. Fi-
nally, we conclude with some perspectives in Chap. 9, introducing experimental work that
still needs effort and discussing how the elastocapillary length may play a role in setting the
shape of droplets and their dynamics. We provide a general conclusion in Chap. 10.
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Chapter 2

From rigid to soft wetting
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We provide here the fundamental physical concepts that are necessary to describe wet-
ting situations. In particular, we discuss how the compliance of the solid and its rheology
plays a role in wetting.

2.1 A primer on capillarity

2.1.1 Surface energy

Wetting consists in bringing a liquid in contact with a substrate (another liquid, a solid . . . ),
sometimes in a surrounding fluid. This contact involves interfaces between each couple of
media. Describing wetting requires that we understand the physics of interfaces.

One of the simplest systems to understand this physics is a horizontal soap film formed
in a frame. A wire, free to move, lies in the film and is wetted by the fluid. If we puncture the
soap film on one side of the wire, the remaining soap film pulls on the wire so that the area
of the film interface with air goes down to zero (Fig. 2.1). Thus, a work dW is associated with
the area change d A:

dW = 2γd A (2.1)

where γ is in units of energy per unit area1. The latter quantity is usually referred to as the
surface energy. Systems will try to minimize the areas of the interfaces they encompass to
reduce their energy.

Figure 2.1: The surface tension of a soap film drags a wire. A wire, free to move, lies in a soap film.
The soap film drags the wire when a cotton bud bursts one side of the film (time increases from left
to right then from top to bottom) [8].

From the molecular point of view, a change in the area of an interface can be obtained by
two non-exclusive processes [9]. In the first one, the bulk of both media exchanges molecules
with the interface. This process involves breaking intermolecular bonds. In the case of liq-
uids, the relation between bond breaking and surface energy (usually named surface ten-
sion) allows us to provide an estimate of the latter. For example, the typical energy asso-
ciated with a bond in non-polar liquids is of the order of 25 meV [10]. Taking the square
of the intermolecular distance a as the unit area, and setting a ∼ 0.2 nm, we obtain γ ∼ 10
mNm−1, in good agreement with the order of magnitude of experimentally determined sur-
face tensions. In the second surface-creating process, the number of molecules at the inter-
face remains constant but the average intermolecular distance changes. This dependence of

1The factor 2 comes from the fact that there are two interfaces between air and soap.
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surface energy on strain is documented experimentally for enthalpic crystalline and amor-
phous solids [9, 11], i.e. solids whose elasticity results from the reaction of intermolecular
bonds to strain [12], and it is known as the Shuttleworth effect in the literature [13]. This
effect disappears for liquids, as they flow under strain. It is debated for polymer gels (that we
use in our experiments). For instance, nuclear magnetic resonance measurements showed
that such materials behave like a liquid at molecular scales [14].

2.1.2 Curved interfaces: Laplace pressure

Let us consider a curved droplet surrounded by an atmosphere at pressure Patm . Besides the
two aforementioned subsystems, the atmosphere-droplet system contains a third element:
the curved air-interface. We impose that temperature and the number of molecules of each
subsystem remain constant. Then, if we change the volume of the droplet by an amount
dVd , the atmosphere experiences work and we have [9]:

−PatmdVatm = −PddVd +γd A (2.2)

Now, we note that dVatm = dVd. Besides, we know from differential geometry that:

d A

dV
=

1

R1
+ 1

R2
. (2.3)

After rearrangement, we obtain:

∆P = Pd −Patm = γ

(
1

R1
+ 1

R2

)
(2.4)

where R1 and R2 are the local radius of curvature in two perpendicular directions at a given
point (Fig. 2.2b). Equation 2.4 simplifies for a spherical droplet of radius R:

∆P = Pd −Patm =
2γ

R
. (2.5)

We see that surface tension induces a pressure jump inside the droplet, called Laplace pres-
sure [15].

2.1.3 Capillary length

On Earth, droplets experience gravity. In general, the pressure balance inside the droplet
should involve a hydrostatic contribution besides the capillary one. Now, we can focus on a
droplet for which these pressures are equal:

γ

R
= ρg R (2.6)

We see that this balance defines a length scale known as the capillary length:

R = λc =

√
γ

ρg
. (2.7)

This length scale sets the separation between droplets and puddles in wetting. If the char-
acteristic size of the drop is below λc, capillarity minimizes the energy cost of the liquid/air
interface, and the droplet is a spherical cap (Fig. 2.3b). Otherwise, gravity flattens the inter-
face, at distances farther than λc : we have a puddle (Fig. 2.3c).
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Figure 2.2: Laplace pressure for a curved interface. (a) The concave part is under overpressure∆P =
γ(R−1

1 +R−1
2 ) (b) R1 and R2 are the local radius of curvature at point A, in two orthogonal directions

(grey dashed lines).

2.2 Statics of wetting

In this section, we remind the reader of the basic notions describing the wetting of a sub-
strate by a liquid. We restrict our discussion to the case of a solid on which the liquid forms
droplets. We also introduce the concepts allowing to describe wetting of deformable solids.

2.2.1 Spreading parameter

As we have seen in section 2.1, interfaces have an energetic cost. In the light of this result, the
shape of a droplet sitting on the surface of a substrate will depend on whether the substrate
prefers to remain dry or wet [16]. This tendency is captured by the spreading parameter
S = γsv−γsl−γ, withγsv, γsl, γ respectively the surface energies of the solid/vapor, solid/liquid
and liquid/vapor interfaces. When S > 0, energy is minimal when the liquid coats the solid:
the system is in a state of total wetting (Fig. 2.3a). On the contrary, when S < 0, the liquid
finds a compromise between the three surface tensions and forms a droplet or a puddle.
Wetting is then partial (Fig. 2.3b). In this case, the liquid, vapor and solid phases meet at the
contact line (also called triple line or wetting line), and the liquid/vapor interface forms an
angle θeq with the solid at equilibrium. The puddle is observed when the size of the droplet
is greater than the capillary length λc (Fig. 2.3c).

2.2.2 Shape of the droplet at equilibrium: from rigid to soft substrates

Young-Dupré relation

In the case of partial wetting, the liquid-vapor interface is inclined with respect to the solid-
liquid interface by an (equilibrium) angle θeq . Young was the first to understand that the
energies associated with the three interfaces (e.g. γ, γsv and γsl) set θeq [17]. Dupré formal-
ized this idea and came up with the famous Young-Dupré relation [18]:

cosθeq =
γsv −γsl

γ
. (2.8)

17



Figure 2.3: Wetting on a rigid plate. (a) Total wetting (b) Partial wetting. (c) Gravity flattens drops
whose characteristic size exceeds the capillary length λc. Rc is the contact radius between the drop
and the solid. The surface tensions of the three interfaces −→

γsl,
−→
γsv and −→

γ set the contact angle θeq

according to the Young-Dupré relation.

Equation 2.8 is established assuming that the substrate is rigid and ideal. These assumptions
lead to puzzling issues when compared to real systems. First, measurement of the surface
energies involving the solid, γsv and γsl, is challenging in practice. Scientists bypass this is-
sue by measuring γ and θeq first. Second, Young-Dupré’s law suggests that the equilibrium
contact angle is single-valued. As a consequence, we expect that the contact line moves as
soon as the angle departs from θeq . In most practical instances, the contact line is pinned
by surface defects (surface roughness, chemical impurities. . . ). Its motion occurs only if the
contact angle reaches a threshold value. This value differs whether we consider forward or
backward motion. These threshold angles are known as the advancing and receding contact
angles θs,a and θs,r [19]. Their difference ∆θ is the contact angle hysteresis. Thus, the equi-
librium contact angle is often ill-defined: a range of values is observed. Next section deals
with the remaining issue, a puzzling one that has to do with the actual force balance.

Deformable substrates : the surface-normal force balance

The last issue with the assumption of an ideal non-deformable substrate is that young-Dupré’s
relation is established forgetting the components of the force balance directed normal to the
surface of the substrate, which seems to remain unbalanced in Fig 2.3b. To the best of our
knowledge, Bikerman was the first to discuss the problem. He carried out experiments in
which he dipped a gelatin bar into a bath of mercury, and reported deformations of the sur-
face of the bar of the order of several tens of micrometers [20, 21]. His observations ques-
tioned the validity of Young-Dupré’s relation. A long debate ensued, and studies of the wet-
ting of soft materials, or soft wetting, started to appear.

Lester performed a theoretical analysis that would be the first step in setting the debate
around the validity of Eq. 2.8 [22,23]. He investigated how Laplace pressure deformed a com-
pliant substrate when a droplet sits on its surface. The force balance he sets up involves also
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Figure 2.4: Wetting on a soft substrate. A drop rests on a compliant solid with contact radius Rc and
equilibrium contact angle θeq . Laplace pressure ∆P pushes on the substrate (downwards arrows)
while surface tension −→

γ pulls the contact line upwards. A wedge-like deformation known as the ridge
arises.

bulk elastic stresses (Fig. 2.4). The way he builds his model imposes that he attributes a width
w to the liquid-vapor interface. His conundrum leads him to identify a length scale that is
intrinsic to the three-phase system [22]:

`∼ γ/E, (2.9)

where γ is the liquid/vapor surface tension and E is the Young modulus of the solid. Setting
w = 10−9 m, Lester concludes that the Young-Dupré relation suits the description of equilib-
rium contact angles when `/w << 1, i.e. when E ∼ 1 GPa). In contrast, ` reaches mesoscopic
scales for an elastomer (`∼ 10−5 −10−4 m when E ∼ 1 MPa): Young-Dupré’s relation cannot
be applied safely in this case. An alternative description must be used, reminiscent of Neu-
mann’s construction for liquids. In the latter case, Lester predicts a wedge-like deformation.
The vertical displacement of the solid around the contact line proportional to log(Rc /w),
where Rc is the contact radius of the drop. Hence, strain diverges as the interface becomes
infinitely thin [24]: a singularity arises at the tip of the ridge. It took a while however to test
Lester’s predictions for the shape of the ridge.

Shape of a static ridge

Experimentalists have attempted to image the wetting ridge as close as possible to its apex.
For instance, Extrand & al. [25] used optical microscopy to spot the wetting ridge after drop
removal (Fig. 2.5a), while Andrade & al. [26] used scanning electron microscopy to image
the contact line between octane drops or air bubbles and a water-immersed polymer gel.
However, none of these study quantifies the deformation profile [24].

Carré & al. imaged the solid/vapor side of the wetting ridge using scanning white-light
interferometric microscopy (Fig. 2.5b) [27]. They could test the logarithmic height profile
predicted by theory [27, 28]:

uz(x) ' γsinθeq

2πµ0
log

(
L

x

)
, x > ε, (2.10)

where uz(x) is the height of the solid/vapor interface at a distance x from the contact line, L
a macroscopic cutoff distance and µ0 the elastic shear modulus of the material. Their treat-
ment holds for x farther from a microscopic cutoff ε, below which the theoretical prediction
becomes unphysical [27, 28].
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Figure 2.5: Imaging the wetting ridge. (a) Top view of a relaxing ridge after drop removal. The
ridge already started to relax. The photograph is taken from [25]. Scale bar: ∼ 1 mm. (b) White-
light interferometric microscopy imaged the solid/vapor interface [27]. The ridge rises by ' 30 nm.
(c) Imaging both sides of the wetting ridge with laser scanning confocal microscopy. Typical image
(top) and the principle of measurement (bottom). Laser scanning confocal microscopy unveils the
solid/vapor and liquid/vapor interfaces (green lines), while the fluorescent dye dissolved in the drop
unveils the solid/liquid interface (red patch). Adapted from [29]. (d) X-ray microscopy pushed the
boundaries of resolution (∼ 50 nmpx−1) and imaged an asymmetrical deformation. A water drop
rests on a silicone gel (E = 3 kPa) and lifts a ridge by 8.3 µm. Scale bar: 5 µm. Adapted from [30].

Measuring the profile of the ridge is a challenge to experimentalists. For instance, opti-
cal profilometry offers good precision but misses the wet side of the ridge under the droplet.
Attempts relying on the fact that the ridge does not relax immediately after droplet removal
was carried out [31–33], but the ridge flattens rather fast in most cases [24,34,35]. The break-
through came from the use of laser scanning confocal microscopy. By dying the droplet with
a fluorescent species, displacements on both sides of the contact line could be measured
(Fig. 2.5c and Fig. 2.6a) [29, 36, 37]. This technique provided key insights into the shape of
the ridge and the force balance at the tip. The shape was shown to be universal in a domain
around the contact line the extent of which is of the order of the length scale ` identified
by Lester [37]. Reexamination of these results in the light of papers by Ajdari & al. and Li-
mat [38–42] suggests that the extent of the universal domain compares well with the intrinsic
elasto-capillary length of the substrate:

`s ∼ γs

µ0
(2.11)

where γs is the surface energy of the substrate2. For distances to the contact line smaller
than ls, solid surface tension resists vertical displacement. Beyond ls, bulk elasticity resists

2In wetting problems, the authors assume that γs is uniform on both sides of the ridge [42].
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vertical displacement. From now on, we define ls as follows:

ls =
γs

2µ0
. (2.12)

Besides the universal features of the ridge, confocal microscopy images also highlighted
that the ridge is sensitive to finite-depth effects (Fig. 2.6a) [29]. While the surface of the solid
remains flat away from the contact line for thicknesses beyond the millimeter, a dimple sur-
rounds the ridge when the thickness is sub-millimetric. The depth of the dimple increases
with decreasing thickness (Fig. 2.6b) [43, 44].

Figure 2.6: Thickness effects on the wetting ridge. A dimple arises from the incompressibility of
the gel when the thickness of the layer hs decreases. (a) Typical images obtained by laser scanning
confocal microscopy when hs = 104 µm (top) and hs = 8.5 µm (bottom) [29]. The green line is the
solid/vapor interface, the red patch is the fluorescent drop. Dotted and solid lines are theoretical and
numerically simulated profiles. The gel has a Young modulus E = 25 kPa. (b) Solid/vapor deformation
profile with increasing thickness obtained by optical interferometry. In [43], h0 is the thickness of the
viscoelastic layer, D the diameter of the drop). The gel has a shear modulus µ0 = 1.2 kPa. A dimple
appears when the thickness of the gel hs reaches (a) hs = 8.5 µm and (b) hs = 380 µm.

Further progress in imaging techniques refined the resolution of the profile well below
the elastocapillary length. For example, X-ray microscopy visualizations of the ridge chal-
lenged the proposed theoretical profiles. Up to then, models mainly considered symmetric
ridges: the surface tension of the solid is identical on both sides of the contact line and the
equilibrium contact angle is then θeq = π/2. The resulting capillary force at the contact line
is normal to the surface [40–42, 45]. Park & al. observed asymmetric ridges when a water
drop rests on a silicone gel [30] that models at the time had difficulties to describe (Fig. 2.5d).
These authors also showed that the ridge slowly grows at a constant rate Ug ∼ 7 nms−1 and
opening angle at the apex θs = 56.3±5.1°. This latter dynamical feature is accounted for in
only a few models that aim at describing how a liquid wets a gel containing a solvent using a
poroelastic framework [35].

2.2.3 Boundary condition at the contact line : the need for non-linearities

Visualization of the apex of the ridge opens the possibility to discuss its shape and the force
balance that sets it. This discussion is mentioned early on in the literature. As we have seen in
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Sec. 2.2.2, the first predictions for the shape of the ridge indicate that displacements diverge
around the apex of the ridge. This divergence is obviously regularized in the physical system,
but what is behind this regularization?

Even at the best available spatial resolution (∼ 50 nmpx−1 [30] with X-ray microscopy),
the apex of the ridge appears sharp. The length scale that regularizes it remains uncharted
experimentally, and the force balance at the very tip remains unclear.

Figure 2.7: Force balance at the contact line for a deformable substrate. The surface tension −→
γ pulls

the contact line and the Laplace pressure ∆P pushes on the substrate. (a) Neumann’s condition sets
the contact angle when the substrate is a liquid bath. The three surface tensions balance themselves.

(b) A compliant solid might apply a force
−→
fs coming from its bulk rheology (here we do not represent−−−→

fe xt ). Some models include this possibility, others state that Neumann’s condition holds for soft
solids as well.

Given the arrangement of capillary forces at the contact line, it is tempting to describe
the system following the rationale used to establish force balance at a three-phase contact
line when all phases are fluids. This force balance, known as Neumann’s construct, sets the
equilibrium contact angle between a liquid drop resting on a non-miscible liquid bath [46]
(Fig. 2.7a). The liquid/vapor surface tension of the drop pulls on the liquid bath, while the
surface tensions of the interfaces of the latter with the droplet and vapor surface resist this
traction. This balance is thus summed up by ():

−→
γ 1,2 +−→

γ 1,v +−→
γ 2,v =

−→
0 (2.13)

Most theoretical analyses of the wetting of substrates assume that Eq. 2.13 is valid, at
least for soft substrates [42, 47–50]. However, questions arose when Neumann’s construct
was used to obtain values for the surface tension of the solid γs [37, 51–54]: the values were
much greater than those of silicone oil, the polymeric liquid used as a base to obtain the
elastomers used by most experimentalists. Past literature suggested caveats that could lead
to a possible misinterpretation of this balance. For example, Shanahan and De Gennes [55]
indicate that non-linear processes such as plasticity may play a role in the vicinity of the
contact line. A discussion started in the community.
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The linearity of the models used to describe soft wetting was soon identified as a potential
issue. Various ways to extend the models were proposed such as an analogue of the Shuttle-
worth effect for soft materials, the existence of a skin layer at the surface,etc. . . Confirming
the existence of these effects is difficult. The skin effect was tested with success on plasma-
treated silicone samples [56]. The Shuttleworth effect was shown very recently to be of small
amplitude [57], even more so when compared to the prediction of the linear theory [51].

The other direction some authors have explored is to develop a model where the descrip-
tion of the elasticity of the solid includes terms of order greater than 1 in strain [56, 58–61].
Indeed, linear models indicate that the slope ζ′ of the substrate surface follows [62]:

ζ′ ∝ γ

γs
. (2.14)

They are only valid when ζ′ ¿ 1. However, elastowetting experiments never verify the con-
dition γ/γs ¿ 1. On the contrary, this term is of order 1. Hence, strains are finite rather than
vanishing, and a non-linear theory of elasticity should be used in place of the linear one. Our
group proposed such a model recently [59] in which surface tension of the substrate is con-
sidered independent of strain. Moreover, the authors assume that a singularity in the strain

field of the solid exists at the apex of the ridge. As a consequence, the solid exerts a force
−→
f s

at the apex of the ridge:
−→
γ +−→

γ sl +−→
γ sv +

−→
f ext =

−→
fs (2.15)

where
−→
f ext is an external force applied to the substrate. The latter could be a hydro-

dynamic force exerted by a moving drop for example. In this case, the model can describe
quite well experimental data relating the opening angle at the apex of the ridge to stretch [51],
and it returns values for the surface tension of the solid that are close to that of silicone oil,
24 mNm−1 compared to the expected value of 21 mNm−1.

2.3 Dynamics of wetting

To the best of our knowledge, dynamic contact lines have been under study since Ablett’s
work in 1923 [63]. The author remarked that the contact angle between a rotating parrafin-
wax-coated cylinder and a water bath decreases (respectively increases) as the cylinder ac-
celerates clockwise (respectively anticlockwise). This observation has been confirmed ex-
tensively since then, and several models attempt to describe how the contact-line velocity U
sets the dynamic contact angle θd [64, 65]. We provide here an overview of the literature on
the dynamics of wetting and introduce recent work focused on soft substrates.

2.3.1 Flow with vanishing height: stress divergence at the contact line

The flow produced by a droplet spreading on a solid substrate is peculiar in that its size goes
to zero as we move closer and closer to the contact line. Let us analyse this situation (Fig. 2.8).
Focus on the contact line immediately brings forth an issue with boundary conditions. We
expect that the liquid in contact with the solid flows at a velocity UL identical to that of the
solid. Hence, if the solid remains still, we expect UL = 0 at the solid-liquid interface. Viscous
stresses, which hinder motion, then diverge:

σ = η∂zU ∼ ηU

h
→∞ when h → 0 (2.16)
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Eq. 2.16 states that the contact line requires an infinite amount of energy to move, which
strongly disagrees with everyday’s experience – drops do spread on surfaces. Huh and Scriven
were the first to highlight this puzzling paradox [66].

Theoretical models circumvent this paradox in various ways. For example, a common
assumption is that the liquid slips onto the solid. Models account for this by the introduc-
tion of a slip length λ that corresponds to the depth at which the speed should vanish be-
low the solid-liquid interface [67, 68]. In the case of complete wetting, a thin film forms at
the front of the macroscopic contact line. Then, disjoining pressure regularizes stress diver-
gence [69]. Finally, kinetics at the molecular scale have also been investigated, leading to the
MKT framework in which stochastic hopping of molecules along the surface drives contact
line motion [70]. Each approach has its own pros and cons, and none perfectly describes
experimental data [71] – how microscopic scales regularize the aforementioned divergence
remains an open question.

Figure 2.8: Viscous stresses rocket near the contact line. Velocity field for a a drop moving to the

right. The liquid/vapor interface moves to the right at speed
−→
U, and there is no slip onto the solid.

The vertical velocity gradient explodes as we draw near to the contact line.

In the following section, we only present the Cox-Voinov model [67,72]. The reader inter-
ested in other models shall look at simplified derivations in [73–75] and references therein.

2.3.2 Cox-Voinov model

We consider a two-dimension curved contact line moving on a rigid plate (Fig. 2.9a). Vari-
ation of the curvature along the liquid/air interface (and hence of Laplace pressure) sets
motion in, and viscous dissipation hinders it. We assume that the flow is stationary and we
neglect convective terms; Navier-Stokes equation reduces to Stokes equation. We assume
that the liquid/air interface, described by its height h(x), has small slopes. We adopt the
lubrication approximation and assume that fluid velocity is directed parallel to the solid sur-
face: −→

U(x, z) = Ux(x, z)−→ex . (2.17)

Altogether, we obtain:

− ∂P

∂x
+η∂

2Ux(x, z)

∂z2
= 0 (2.18)

Capillary and viscous stresses dominate close enough to the contact line. The pressure P
inside the liquid reduces to the capillary pressures:

Pint = Pout −γ∂
2h(x)

∂x2
, (2.19)
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Figure 2.9: Cox-Voinov model. (a) Schematic of a curved triple line advancing onto a rigid plate. The
gradient of capillary pressure drives the motion, viscosity hinders it. The profile h(x) of the liquid

air/interface advances at a speed
−→
U. The dynamic contact angle θd depends on the height h(x) at

which it is measured. The cutoff length hmin circumvents the divergence of viscous stresses. (b)
plot of the simplified Cox-Voinov law, for hmin = 3 nm, h = 100 µm and θd (hmin) = 55°. It predicts a
dewetting transition at zero receding contact angle.

where −∂2h(x)/∂x2 stands for the curvature of a convex interface. Hence:

∂3h

∂x3
+η∂

2Ux(x, z)

∂z2
= 0 (2.20)

We can integrate twice over the vertical coordinate z, using the continuity of viscous stresses
at the free surface and the no-slip boundary condition:

∂Ux(x, z)/∂z|z=h = 0 (2.21)

Ux(x, z = 0) = 0 (2.22)

We then retrieve a half-Poiseuille flow:

Ux(x, z) =
γ

η

∂3h

∂x3

(
hz − z2

2

)
. (2.23)

We define the liquid capillary number Ca as the speed of the liquid /air interface Ux(x, z =

h) = ‖−→U‖ = U relative to the viscocapillary velocity Ul = γ/η of the liquid. The following ob-
tains:

Ca =
h2

2

(
∂3h

∂x3

)
. (2.24)

The solution to Eq. 2.24 takes the form [72]:

θd (h)3 −θd (hmin)3 = 9Calog

(
h

hmin

)
. (2.25)

Here, θd (h) is the dynamic contact angle measured at height h. Below hmin, additional
physical ingredients must be introduced that will regularize the divergence of viscous stresses.
Typically, hmin is a molecular scale.
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The derivation above is valid at small slopes. In all generality, the relation between the
angle and the capillary number writes [64, 67, 72]:

g (θd (h))− g (θd (hmin)) = Caln

(
h

hmin

)
(2.26)

where

g (θ) =
∫ θ

0

β−cosβsinβ

sinβ
dβ. (2.27)

However, Eq. 2.25 is in good agreement with experimental data for angles up to 3π/4
(135°!) [72], which may be surprising. Snoeijer actually showed that a law similar to Eq. 2.25
can be derived in the limit of stiff slope provided the slope of the liquid-vapor interface is
slowly varying [76].

Fig. 2.9b plots Eq. 2.25. Negative and positive Ca respectively correspond to the receding
and advancing branches. Eq. 2.25 describes experimental data well [71, 73, 74, 77]. It also
constrains the values that the receding capillary numbers can take: below Cau, the receding
contact angle vanishes and the liquid is expected to coat the substrate. As we will see later,
experimental results question this prediction [77, 78].

2.3.3 Dynamics of soft wetting: dissipation everywhere

Replacement of the rigid substrate by a deformable one usually implies that the material
used as the solid is a gel or an elastomer. However, gels and elastomers respond to mechani-
cal solicitations as both an elastic solid and a viscous liquid. From the structural standpoint,
this response is the result of the existence of a connected (“cross-linked”) matrix of polymeric
chains that can support stress like a solid. Its relaxation will not be immediate in general, as
polymer chains rub on each other during this process, leading to viscous dissipation. On
top of that, if a solvent is present in which the cross-linked matrix floats, the former may re-
arrange and lead to a so-called poroelastic response [35]. Thus, whereas the liquid was the
sole dissipative medium when describing wetting of rigid surfaces, the substrate can dissi-
pate energy in the case of soft substrates, eventually modifying the dynamics of the contact
line. Experimental evidence for this modification exist and are summarized below.

Viscoelastic braking

Many studies performed at the turn of the 20th century highlighted that rubbers hinder
spreading or sliding drops [27, 79–82]. The authors report that the substrate dissipates a
fraction of the work done by the contact line to lift the ridge [79]. In this paper, they consider
a liquid drop sliding onto an inclined rubber by the action of gravity. They build a scaling
approach which consists in comparing power injected in the system by gravity to that dissi-
pated. Injected power scales as:

P i n ∼ ρg VU (2.28)

with V the volume of the droplet. The expression of the scaling for dissipated power depends
on where dissipation takes place. If the droplet dissipates the energy, we have:

Pdi ss ∼ ηRU2. (2.29)

Equating P i n and Pdi ss , we obtain:
ρg R2 ∼ ηU. (2.30)
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Dividing both sides by the surface tension of the liquid, we obtain:

Bo ∝ Ca (2.31)

where the Bond number Bo = ρg R2/γ and the capillary number Ca = ηU/γ of the experiment
have been introduced. This result will appear again later in this document when dealing
with sliding drops. However, these authors observed trends closer to power-law behavior
(Fig. 2.10). Attributing dissipation to the solid, they suggest that it scales as (U/U0)m , where
U0 and exponent m are intrinsic to rubber. Typically, m is below unity and comes from the
dependence of losses in the material on the typical frequency at which it is excited. Their
model was at least able to account for the power-law dependence. As motion hindrance was
due to the viscoelastic solid, they named this phenomenon “viscoelastic braking”.

Figure 2.10: Viscoelastic braking. A o-tricresyl phosphate drops slide onto softer and softer silicon
elastomers (inset). The Young modulii are E = 2.1 MPa, E = 0.65 MPa and E = 0.1 MPa. V is the volume
of the drop, U its running speed and α is the inclination of the rubber. At a given product V2/3 sinα
(accounts for the "weight"), the running speed increases with the Young modulus. The three rubbers
exhibit a power law with an exponent m = 0.248 − 0.294. Adapted from [79].

As far as we know, Long & al. were the first to identify the origin of the aforementioned
speed U0 from basic principles. They compare how much power Pfilm is dissipated inside
a viscoelastic film when a contact line moves onto it. A key simplifying assumption in their
model is that of equal magnitude for the surface energies of the solid with liquid and vapor,
γsv = γsl ≡ γs. Many models since then use this hypothesis [44, 49, 62, 83]. Viscoelastic mate-
rials such as gels and elastomers often contain ill-connected polymer chains. These chains
may be dangling if they are connected to the network only by one of their ends, and free if
they are not connected at all. Both of these chain classes contribute to energy dissipation.
Long et al. assume that the rheology of their materials is described by the empirical Chasset-
Thirion relation [84, 85]:

G(ω) =µ0(1+ (iωτ)m) (2.32)

where τ accounts for polymer relaxation inside the material, µ0 is the elastic shear modu-
lus and m characterizes the energy loss inside the solid. Then the expression for dissipated
power, per unit length of the contact line, is:

Pfilm =
f 2

0

γs

(
µ0τU

γs

)m

U (2.33)
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If we express P i n per unit length too and replace f0 = γsin(θd ), we obtain the following scal-
ing:

Bo =
γ

γs
sin(θd )2

(
U

U0

)m

(2.34)

that is in good agreement with data in Fig. 2.10. This relation stresses the key role of solid
surface tension γs that resists the pulling force (per unit length) f0. They also provide an
expression, confirmed extensively since then, for U0:

U0 ∼ γs

µ0τ
. (2.35)

As a last remark, we note that the case γsv 6= γsl still challenges theoreticians.

Rotation of the ridge

Figure 2.11: Rotation of the ridge.Schematic of a wetting ridge, with aperture angle θs , moving to the

right at a speed
−→
U . We did not represent the liquid/vapor interface. (a) The vertical component of

the resulting capillary force pulls the wetting ridge upwards. The left side of the ridge has time to relax
if the speed is much slower than the relaxation time of polymers inside the material. The ridge then
stays symmetrical. (b) For larger velocities, the ridge starts to rotate. The left side still relaxes as the
contact line moves on, albeit not completely. (c) The vertical component of the pulling capillary force−→
γ decreases when the dynamical contact angle θd increases, and so does the height of the ridge.

Recent experiments show that Eq. 2.34 holds at low contact line velocity only. Karpitschka
& al. [83] measured the dynamic contact angle as a liquid drop spreads on a viscoelastic
solid. At low speed, the contact angle does increase with velocity as θd ∝ (U/U0)m . However,
θd does not follow this scaling as velocity is increased further. The authors attribute this
saturation to a maximum rotation of the ridge.

Figure 2.11 provides a tentative explanation for ridge rotation. The key idea is that de-
formations of a viscoelastic material relax with a delay after stress release. For a moving
contact line, the point of application of the pulling force moves with the line. If the line
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moves slowly, displacements of the surface behind and in front of the contact line are sym-
metric (Fig.2.11a), because the trailing part has time to relax completely to its rest state. If
the contact line velocity increases (Fig.2.11b), the relaxation of the trailing part is incom-
plete. Asymmetry in the surface profile appear along the contact line, and the ridge rotates
to accommodate these different slopes. Another consequence of ridge rotation is that the
surface-normal component of the resulting capillary forces weakens (Fig.2.11c). As a conse-
quence, ridge height is expected to decrease with velocity. Recent measurements confirmed
with direct visualization that a dynamic wetting ridge tilts with increasing velocity [86, 87].
However, a thorough experimental investigation of the link between ridge rotation, contact
line velocity and contact angle is missing.

Stick-slip

Figure 2.12: Stick-slip motion of an advancing contact line. (a) "Stick" phase: the ridge pins the
contact line and the contact angle increases. (b) "Slip" phase: the contact line depins and slides onto
the ridge.

The contact line may also pin and unpin from the solid surface. Several substrates exhibit
such irregular motion, despite different rheologies: paraffin gels [88, 89], silicone gels [86]
or even thermoplastics [31, 32], to name a few. The contact line carries along the wetting
ridge when polymer chains relax faster than the rate at which the liquid spreads, but it pins
and depins when these two timescales have similar magnitude. Kajiya & al. even propose a
regime where the contact line moves so fast that the ridge is mechanically analogue to a pure
elastic deformation [88, 89].

X-ray measurements show that pinning intensifies as the ridge grows [86]: a fully-grown
ridge bends more and sticks to the contact line for longer times. Stick-slip motion highlights
that the substrate tunes its response to the rate at which a liquid moves onto it.

Force balance at the tip of the wetting ridge

So far, the results we have presented were obtained under the assumption that the substrate
dissipates energy much more than the liquid [27, 30, 44, 53, 54, 79, 81, 83, 86, 87, 90–94]. How-
ever, both media dissipate energy in the most general case. A recent theoretical study [62]
suggests that the way energy dissipation is distributed between the two phases controls con-
tact line motion in drastic ways.

The description of soft wetting used in ref. [62] is similar to that of ref. [59] in that the
surface energy of the substrate is supposed independent of strains and the apex of the ridge is
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the locus of a singularity in the strain field. As this model is at the heart of the work presented
in this manuscript, we shall describe its fundamental concepts in the following.

We consider a contact line moving on a viscoelastic substrate at speed U, and present
a nonlinear theory that describes this situation. As slopes are proportional to γ/2γs ' 1 in
most elastowetting experiments, we need to account for geometric non-linearities. Non-
linear elasticity describes the mechanics behind the transformation of a so-called reference
configuration into a deformed configuration [49, 59, 62]. Coordinates in the deformed state,−→
x ′ = (x ′, y ′), depend on coordinates in the reference state, −→x = (x, y), through the displace-
ment field −→u = (ux(x, y, t ),uy (x, y, t )):

−→
x ′ = −→x +−→u . (2.36)

We consider an incompressible linearly viscoelastic material. If we define the stressσ(−→x , t )
and strain ε(−→x , t ) tensors, we have:

σ(−→x , t ) =
∫ t

0
µ(t − t ′)

∂ε

∂t ′
dt ′−p(−→x , t )I. (2.37)

Here, the integral over time accounts for memory effects in the material, p(−→x , t ) is the pres-
sure field and I is the identity matrix3. µ(t ) is a constitutive law that describes the rheology
of the material.

At equilibrium, we have:
∇·σ =

−→
0 (2.38)

Incompressibility imposes that:
∇·−→u = 0. (2.39)

Figure 2.13: Boundary conditions of a wetting ridge. The substrate is fixed on a glass slide, the
displacement field vanishes (bottom blue interface). The bulk elasticity balances the Laplace pressure
at the free surface (red and yellow interfaces). The orientation of the unit vector −→n normal to the
solid interface at the tip of the ridge depends on which side we look at. The nonlinear theory in [62]
considers a circular arc with radius ξ that encloses the apex of the ridge (inset). The limit ξ −→ 0
regularizes the singularity.

In experiments, the soft sample is bound to a more rigid substrate. Thus, the displace-
ment field vanishes at the layer-substrate interface y = −H, represented as the blue interface
in Fig. 2.13:

−→u (x,−H, t ) =
−→
0 . (2.40)

3the term −p(−→x , t )I ensures the incompressibility constraint.
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The normal projection of bulk viscoelastic stress balances Laplace pressure at the free
surface. Thus we write:

σ ·−→n = γsl
−→n · (∇−→n ) (2.41)

for the wet (red) interface in Fig. 2.13 and:

σ ·−→n = γsv
−→n · (∇−→n ) (2.42)

for the dry (yellow) interface. For the sake of simplicity, we assume that the surface tension
of the solid has the same magnitude on both sides of the contact line (γsv = γsl = γs). Finally,
the boundary condition at the free surface writes:

σ ·−→n = γs
−→n · (∇−→n ). (2.43)

Fig. 2.13 highlights that we cannot define a normal vector −→n at the contact line: Eq. 2.43
does not hold anymore, yet the solid might still exert a force at this very point! To calculate
it, Dervaux & al. sum viscoelastic stresses on the contour of a circular arc that encloses the
singular ridge (green line in the inset of Fig. 2.13) and look at the limit of vanishing arc radius
ξ. (see inset in Fig. 2.13). We can define a normal vector on this contour without ambiguity,
and an infinitesimal length element along the contour of the arc writes:

d` = ξdφ (2.44)

in classical polar coordinates (r , φ). The corresponding force per unit length exerted by the
solid on the apex of the ridge is:

−→
fs = lim

ξ→0

∫
ξ
σ ·−→n ξdφ. (2.45)

It remains finite4 [59, 62].
The force balance right at the contact line then writes:

−→
γ +−→

γsv +−→
γsl =

−→
fs (2.46)

where we neglected possible external forces
−−→
fext. When

−→
fs =

−→
0 , one retrieve the Young-

Dupré relation for infinitely rigid substrates, as well as the Neumann condition valid for a
liquid substrate (the shear modulus then vanishes). However, both capillarity and viscoelas-
tic stresses contribute to the force balance in general.

General case: both solid and liquid dissipate energy

At order two in γ/2γs, and under the assumption θeq = π/25, the boundary condition 2.46
writes [62]:

−γcos(θd ) =
γ2 sin2(θd )

γs
(Fcap +Fve) (2.47)

− cos(θd )

sin2(θd )
=
γ

γs
(Fcap +Fve) ≡A . (2.48)

4We should point out that
−→
fs depends on the considered situation: at order two in γ/2γs, it is purely vertical

when a static drop rests on a pre-stretched elastomer [59] and purely horizontal for a moving contact line [62].
5This assumption stems from that of equal solid surface tensions on both sides of the contact line, γsv = γsl =

γs [62].
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Equation 2.48 balances two restoring forces per unit length of capillary and viscoelastic ori-
gin, Fcap and Fve with the capillary driving force −γcosθd . Fve represents the force exerted
by the solid on the contact line due to the presence of the strain singularity. Both (dimen-
sionless) restoring forces Fcap and Fve depend on the solid capillary number RCa and the
ratio between the thickness of the sample and the elasto-capillary length Λ = H/ls. In our
experiments, Λ−→∞.

In the general case, the model retrieves the Cox-Voinov law:

Calog

(
x

xmin

)
= g (θd (x))− g (θd (xmin)) (2.49)

and assumes that the microscopic cutoff angle θd (xmin) obeys Eq. 2.48. Capillary and vis-
coelastic effects set the slope of the liquid/vapor interface below this microscopic cutoff. The
model provides the following prediction for the relation between the macroscopic dynamic
contact angle and velocity:

g (θd ) = g

π
2
+arctan

(√
1+A 2(RCa,Λ)−1

2

)1/2
+Calog

(
x

xmin

)
. (2.50)

The model indicates that a non-dimensional quantity, R, describes how dissipation is
split between the substrate and the liquid:

R ∼ 2µ0γτ

ηγs
∼ γτ

ηls
. (2.51)

If we define a capillary number for the solid Cas = Uτ/`s (a definition that slightly differs from
that proposed in earlier studies [40, 44, 83]), we have:

Cas = RCa (2.52)

Here, velocity Us ∼ ls/τ describes the velocity associated with viscous relaxation of a soft
substrate experiencing capillary forces.

Extreme values of R relate to situations in which energy dissipation occurs in a single
medium. When R →∞, the liquid relaxes much faster than the solid: dissipation takes place
in the substrate. On the contrary, when R → 0, energy is dissipated by the droplet, a situation
akin to the case of a rigid substrate.

Figure 2.14a shows the predictions obtained from Eq. 2.50 for different values of R. We
obtain a Cox-Voinov-like relation at R = 0. Then, increases in R lead to curves character-
ized by a pseudo-plateau for the advancing branch and a short receding branch, that almost
disappears at R = 105. The latter is reminiscent of θd yn(Ca) curves measured on rigid sur-
faces with defects, when two a priori different thresholds in contact angle θa and θr must
be overcome before the contact line either moves or recedes. The difference between these
two angles is the contact angle hysteresis. By analogy, we refer to the steepening of the slope
around Ca = 0 as soft hysteresis.

A close-up on the region around Ca = 0 shows that this hysteretic response is only appar-
ent (Fig. 2.14b). Contact angles are in fact always varying with Ca. To date, the existence of
this apparent soft hysteresis has not been reported. This task is the purpose of the work pre-
sented in this manuscript. To do so, we are going to introduce in the next chapter a system
based on droplets sliding down an inclined plane. We will highlight how this system should
be able to give us the bits of information we hope to obtain.
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Figure 2.14: A nonlinear theory predicts soft hysteresis. (a) Relation between the dynamic contact
angle θd yn and the capillary number Ca as a function of R (Eq. 2.51). When the dissipation inside
the solid increases (compared with that of the liquid), the slope of the curve steepens. When R = 105,
the slope is almost vertical, and the curve looks like that of a rigid substrate with a huge hysteresis.
The authors call this phenomenon soft hysteresis. (b) Close-up on the same curves around the Ca = 0
region. The contact angle at Ca = 0 remains single-valued. Adapted from [62].

Other models

Other descriptions of the wetting ridge exist and lead to a different interpretation of available
data. For the sake of completeness, we describe these approaches here. This subsection does
not settle which model should be used. Rather, we highlight differences.

Pandey & al. propose another nonlinear elasticity model [49]. This paper accounts for
both geometrical and material nonlinearities (they consider a neo-hookean solid just as
[59]). However, the key difference is their treatment of the singular ridge: they assume that

the stress singularity at the ridge is always weak enough so that the solid contribution
−→
fs van-

ishes. As a result, the force balance at the tip of the ridge reduces to Neumann’s law, e.g. an
equilibrium between the surface tensions −→γsv, −→γsl and −→

γ .
This different boundary condition leads to a radically different interpretation of the data

presented in [51]. This paper considers a drop that rests on a stretched silicone gel, and
reports that increasing stretch opens the angle of the ridge θs . According to Eq. 2.46, restor-
ing capillary forces (red arrows in Fig. 2.15) and solid contribution (blue arrow) balance the
pulling liquid/vapor surface tension (orange arrow). Stretching the gel opens the ridge and
reduces the vertical projections of restoring surface tensions. Yet, the force exerted by the
solid on the ridge depends on the stretch and compensates for this decrease (Fig. 2.46a).
However, without the force of the solid, the only way to balance the pulling force when the
ridge opens is to allow a strain dependant solid surface tension: the norm of the restoring
capillary forces varies sufficiently with the stretch so the vertical projections balance the
pulling force (Fig. 2.15b).
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Figure 2.15: Different interpretations of the opening angle of the ridge θs upon stretch. Stretching
a silicone gel widens the wetting ridge [51]. The interpretation of this result depends on the boundary
condition at the apex of the ridge. Left: no stretch configuration. Right: stretched configuration. Each
time, we display the no stretch state (dashed arrows) on the stretched configuration. (a) The surface
tensions of the solid −→

γsv and −→
γsl (red arrows) resist the pulling surface tension −→

γ (orange arrow). The
vertical component of the resisting surface tensions diminishes as the ridge opens upon stretch. The

bulk properties of the substrate (namely elasticity or viscoelasticity) also exert a force
−→
fs at the tip of

the ridge (blue arrow). This force depends on the stretch and compensates for the rotation of solid
surface tensions. (b) Neumann’s condition: only capillary forces balance themselves at the tip of the
ridge. Without the bulk solid force, the surface tensions of the solid have to depend on stretch to
compensate for the opening of the ridge (the norm of the red vectors increases upon stretch), akin to
the Shuttleworth effect.
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Chapter 3

How to probe soft hysteresis?
Droplets sliding down an incline
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In this chapter, we provide a brief overview of existing literature dealing with droplets
sliding on rigid substrates. We highlight the reasons why this system is a good choice to
address the question that we intend to deal with.

3.1 Dynamics of sliding drops

Figure 3.1: Sliding drops. (a) Droplets sliding on a windscreen while driving on a rainy day [95]. (b)
A schematic of the simplest experiment to study sliding droplets. Gravity −→g sets the drop in motion.

The latter slides at speed
−→
U onto a rigid substrate, inclined with an angle α.

A common occurrence of sliding droplets is observed driving in rainy weather. Rain
drops hit the windscreen, and adhere to it. They are then sheared by air flowing around
the vehicle. Shear can be strong enough that droplets will start to move (Fig. 3.1a). Here, we
will not focus on droplets moving under shear. Rather, we will describe what is known up to
now when a droplet runs down an inclined plane under its own weight (Fig. 3.1b).

The fact that the droplet exists on the inclined surface indicates that the liquid partially
wets the solid. Wetting is thus characterized by a finite equilibrium contact angle. When
a droplet moves down an inclined plane, this contact angle has to adapt following Cox-
Voinov’s equation (Eq. 2.25). As droplet velocity increases with the inclination angle α, we
expect that deviations of the contact angle away from its equilibrium value increase as α in-
creases. Moreover, the angle between the contact line around the droplet and the direction
of droplet motion varies with the position along the perimeter of the droplet, and part of the
contact line is advancing while the other is receding with respect to the substrate. All in all,
we can expect a rich shape diagram as well as interesting dynamics.

Podgorski et al. were the first to study systematically droplets running down an inclined
plane [96]. Since then, the topic has received constant attention [71,73,74,77,96–98], in part
because of its relevance to water drainage during dew collection and also because some of
its features such as the shape of the trailing edge of the droplet puzzled scientists. In these
studies, the authors investigate how silicon oils slide on a fluoropolymer-coated glass slide.
We refer to their system as {FC725; silicon oil} (FC725 is the name of the fluoropolymer). The
equilibrium contact angle in their system is roughly 45°, and recent work has shown that the
fluoropolymer coating they use does not add dissipation to the system [99]. These studies
document the phase diagram of sliding droplets with volumes ranging from 2 to 20 µL and
indeed show that shape is dependent on velocity U (Fig. 3.2a). The droplet is axisymmetric
at low velocity. As velocity increases, the trailing edge of the droplet takes the shape of a
corner that becomes narrower as U increases. Beyond a critical velocity, the droplet leaves
tiny droplets, referred to as pearls, in its path. The properties of the pearl pattern depend

36



Figure 3.2: Drops sliding onto a rigid substrate: shape diagram. (a)Rounds, corners then pearls:
the drop becomes asymetric with increasing speed. (b) Bo and Ca describes the linear relationship
between the weight and the running speed. Here we kept their definition for the Bond number: Bo =
((V

1
3 /λc)2 sinα where V is the volume of the drop. Data taken from [96, 97], pictures taken from [74].

on U: just above the instability threshold, we observe single-sized and evenly-spaced pearls,
while the pattern becomes more intricate as U increases further (two last pictures in Fig.
3.2a).

The balance between injected and dissipated power in this system should be captured
by Eq. 2.31 that predicts that the capillary number of the experiment is proportional to its
Bond number. This prediction is supported by experimental data (Fig. 3.2b). One interesting
aspect of this plot is that we observe a threshold value for the Bond number that must be
overcome to set the droplet in motion. This threshold value is a consequence of contact
angle hysteresis∆θ, suggesting that Eq. 2.31 should be rewritten [97]:

Ca ∼ Bosin(α)+Bom (3.1)

with Bom = −∆θ.
An investigation of the flow inside a running droplet provides interesting insights into

the mechanism behind corner formation. Figure 3.3a highlights that the velocity field inside
a droplet is oriented normal to the contact line as liquid approaches it and moves away from
it to reconnect to the flow in the center of the droplet that is directed along the symmetry
axis of the droplet [73]. This feature holds for cornered drops (Fig. 3.3b). [100] and helps
to understand the appearance of the corner. The trailing-edge contact line makes an angle
with the direction of motion so that it can move at a slower velocity. This idea was initially
formulated in the context of dip-coating1 by Blake and Ruschak [101]. Eventually, velocity
becomes too high and the droplet leaves the pearls we mentioned earlier in its trail.

1Dip-coating allows to coat a solid with a thin liquid layer by moving the plate out of the liquid bath very
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Figure 3.3: The speed normal to the contact line matters.Velocity field for a (a) round and (b) corner-
shaped drop. Pictures taken from [73] In both cases, the flow stays normal to the contact line. (c) The
relationship between dynamic contact angles θd and the capillary number Ca holds all along the drop

if we consider the speed normal to the contact line
−→
U⊥. Data taken from [73]. (d) Water drop sliding

onto a plastic sheet [96]. Zero-speed contact lines are parallel to the motion of a sliding drop. Very
long drops (the field of the camera is about 3 cm) stem from huge hysteresis (70° here).

Accounting for the fact that flow is oriented normal to the contact line everywhere, we
expect Cox-Voinov’s relation (Eq. 2.25) to hold provided we correct the velocity with a func-
tion of the angle the contact line makes at the point of measurement with overall droplet
motion. Figure 3.3c confirms that measurements of contact angles all along a single drop
and measurements at the front and the rear of several drops collapse on a master curve. It
implies that you can deduce the contact angle distribution all along a drop from this law by
taking the angle value corresponding to the local projection of the overall speed normal to
the contact line. The agreement with Eq. 2.25 is more difficult to ascertain due to the signifi-
cant influence of contact angle hysteresis. Indeed, the latter separates the advancing contact
angle branch from the receding one by a gap (Fig. 3.3c). In this gap, the contact line is static.
The contour of the droplet forms a straight line where contact angles fall in the hysteresis,
the larger the gap, the longer the drop. A spectacular example of this effect can be found in
T. Podgorski’s PhD manuscript (p. 92 in ref. [96], reproduced in Fig. 3.3d).

3.2 The corner: a probe for molecular scales?

The formation of corners at the trailing edge of the droplets is one of the most striking results
of the study of sliding droplets. As we have just seen, we can understand why the receding
contact line makes an angle with the direction of motion. This rationale does not provide a
full understanding of the physics behind the properties of the corner. In particular, curvature
selection at the tip of the corner has attracted attention as it seems to be related to molecular
length scales.

fast.
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A zoom on the trailing edge of the drop (Fig. 3.4a and b) indicates that the radius of the
curvature Rcurv of the corner is small, of the order of a few tens of micrometers. A plot of
Rcurv against the capillary number Ca (or its inverse, as we do here for a reason that will
become clear soon) shows that the radius of curvature diverges as the droplet approaches
the pearling instability threshold, i.e. for small values of Ca−1. Thus, cornered droplets seem
to combine two singularities at their trailing edge, one related to stresses and another one
related to geometry.

Figure 3.4: Sharpness of the tip. (a) Corner-shaped drop. (b) The tip becomes round at an appro-
priate zoom (white circle). Rcurv is the corresponding radius of curvature. (c) The rear curvature
increases exponentially close to pearling. The exponential fit according to Eq. 3.2 (solid lines) gives a
cutoff length ` that regularizes the corner. (d) This microscopic cutoff increases logarithmically with
dynamic viscosity η. Data from [71, 74, 98], pictures from [98].

Peters & al. investigated how the radius of the apex Rcurv decreases when Ca increases
[98]. Balancing capillarity versus viscosity and assuming that the dynamic contact angle at
the receding contact line is equal to the static receding contact angle θs,r , they propose the
following scaling to describe their experimental data [102]:

Rcurv ∼ `exp

(
θ3

s,r

Ca

)
, (3.2)

where the microscopic cutoff length scale ` regularizes the divergence of the curvature at the
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tip. Their data suggest that regularization occurs at the molecular scale, ` = 8 nm. They liken
` to the microscopic cut-off length that appears in the Cox-Voinov relation to avoid stress
divergence.

Equation 3.2 is really tested on a single dataset. We can try to apply it to other datasets
that exist in the literature. For example, the same approach on Le Grand & al.’s data [71, 74]
questions the nature of `. These authors used the same physico-chemical system ({FC725;
silicon oil}) as Peters et al. , and they investigated different viscosities. Length scale ` in-
creases with η up to 100 nm (Fig. 3.4d). If we still assume that this length scale is of molecu-
lar origin, its order of magnitude is compatible with the length of extended polymer chains.
However, this interpretation has two issues. First, stretched polymer chains want to return
to their equilibrium state. Hence, stress should appear in a fluid near the contact line that
should modify the stress balance and possibly the shape of the droplet there. However, as
we have seen, dynamic contact angles are well described by the Cox-Voinov relation [71].
Besides, experiments comparing different kinds of polymer melts during the spreading of
droplets found that the shape of PDMS droplets is described by the Cox-Voinov relation while
the same relation cannot capture the shape of droplets of other polymeric liquids [103]. Thus
the physics involved in setting the properties of sharp-cornered drops remains to be identi-
fied and it is an open question up to now.

3.3 Motivation of our study

We have indicated at the end of chapter 2 that a model developed recently suggests that the
relation between the dynamic contact angle measured at a contact line and its velocity de-
pends on the partition of dissipation between the solid and the liquid. Testing this prediction
would benefit from the use of a system where dynamic contact angles can be measured in
the receding and advancing regimes at the same time. We have just seen that droplets sliding
down an inclined plane provide such a solution. Not only would they allow us to gain insight
in the ability of our model to predict the dynamics of wetting on soft substrates, but the fact
that these systems have not been explored in the context of soft wetting is expected to bring
new insights into other issues such as curvature selection at the trailing edges of cornered
drops.

In the following part, we describe the materials and methods that we relied on to carry
out our study. Chap. 4 details the fabrication of silicone gels. Also, we explain how we rely
on R to pick out an elastowetting system. We provide a description of both the setup and the
protocol we use to study sliding drops experiments in Chap. 5. The third part describes our
results and observations.

Chap. 6 provides the shape diagram of several elastowetting systems and highlights that
the dissipation ratio impacts the observed shapes. Chap. 7 investigates to what extent R
impacts the dynamics. First, it tackles the problem at the scale of the drop and looks for the
relation between the weight of the drop and its running speed. Then, it tackles the problem
at the scale of the contact line and look for the relation between the dynamic contact angle
and the speed. We compare quantitatively our results with the nonlinear theory in Chap. 8.
Finally, Chap 9 provides preliminary results and suggests that the shape of the drop depends
also on the elastocapillary length.
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Part II

Materials and Methods
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Chapter 4

Materials
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Before introducing the materials we used to perform our experiments, we provide the
reader with a quick reminder of polymer physics. Then we will also introduce the liquids we
used and justify their choice based on the requirements we need to fulfil to test the prediction
described at the end of Chap. 2.

4.1 Polymer physics: a reminder

In this section, we describe the properties of polymeric materials that will be useful to us for
the analysis of our results. The reader interested in a more complete description may look at
refs. [104–107].

4.1.1 Polymers are macromolecules

Identical subunits, called monomers, can be bound together and form a much longer macro-
molecule (Fig. 4.1a). If the macromolecule is long enough, its properties result from the
statistical arrangement of monomers in space with respect to each other, and the macro-
molecule is then a polymer. These macromolecules are ubiquitous: plastics as much as DNA
are polymers.

Figure 4.1: An ideal polymer molecule. (a) The succession of N identical molecular patterns of
length a, called monomers, forms a polymer chain. We draw a poly(ethylene glycol), whose chemical

pattern is C2H4O. (b) A chain coils with an end-to-end vector
−→
R in its preferred state. The ideal chain

neglects any interaction between monomers and states: ‖−→R ‖ =
p

Na.

At rest, and because of Brownian motion, polymers usually coil. Thus, their effective size

is far lower than their total unfolded length (Fig. 4.1b). The end-to-end radius
−→
R (orange ar-

row in Fig. 4.1b) characterizes the typical size of a coiled polymer that contains N monomers

of size a. The simplest way to scale
−→
R is to neglect any interactions between monomers

so that they can take any orientation regardless of their neighbours – this is the ideal chain
model:

‖−→R ‖ =
p

Na. (4.1)

Now, what happens if we grab a polymer chain by its two ends and pull on them? Doing
so, we break spatial isotropy with respect to position fluctuations for the monomers. From
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the standpoint of the chain, some of its configurations become inaccessible: the entropy of
the chain decreases. Therefore, the stretched polymer chain will pull back and exert a force
to go back to its rest state. Polymers are often referred to as “entropic springs” because of
their peculiar brand of elasticity.

4.1.2 Gels and elastomers

Figure 4.2: Cross-linked polymers. Polymers cross-link either by both ends (red chains), one end
(blue chains) or not at all (yellow chains) to form a viscoelastic material. Black dots represent retic-
ulation sites. The red chains contribute to the elastic network. Dangling (blue chains) uncrosslinked
structures (yellow chains) contribute to the viscous properties of the material. Both may exhibit ram-
ifications. Thermal fluctuations stir the whole structure.

Polymer chains can be connected to form a macroscopic macromolecule. This process is
often called “cross-linking”. They may bond via chemical reactions as well as other physical
interactions (hydrogen bond, microcrystallisation upon cooling, etc...) [105, 107]. Materi-
als scientists pool efforts to control both structure and interactions inside the material, and
tailor materials with interesting properties: among others, let’s cite self healing [108] and
extremely strong hydrogels [109] that hold promise in mimicking biological tissues [110].
Liquid inclusions smaller than the elastocapillary length inside the network may also stiffen
the material [111]. The shear stress of polymer networks remains proportional to strain over
a large range of strain. Their rupture occurs at strains of 500−1000%. In comparison, strains
of 1% damage hard solids such as steel [112].

While polymeric liquids will flow, cross-linking prevents macromolecules in the network
from moving with respect to each other, conferring solid-like properties to the material: elas-
tic chains can store energy upon stress [104, 113]. If the density of cross-linking sites ν is
small, elasticity still originates from entropy [107]. The shear modulus of these materials
increases with an increase of ν and a decrease of the number average molecular weight Ms :

µ0 =
ρNAkBT

Ms
(4.2)

where ρ is the volumic mass of the material, NA is the Avogadro number, kB is Boltzmann’s
constant, T is temperature [112]. When put under stress, these materials will respond vis-
coelastically: they will reach finite strain, but with a certain kind of dynamics that comes
from the fact that polymers rub against each other and dissipate energy.
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In practice, cross-linking is never perfect (Fig. 4.2). Some chains are free to move while
others dangle from one of their ends. They might relax and/or flow through the network
upon stress [104, 113] and also contribute to the mechanical response via viscoelastic or
poroelastic contributions [114].

4.2 Preparation and characterization of silicone gels

Figure 4.3: Addition cure reaction. (a) Vinyl-terminated poly-(dimethylsiloxane) (PDMS) reacts with
(b) hydride-terminated poly-(dimethylsiloxane) in presence of a platinium catalyst Pt. Red (respec-
tively blue) chemical groups correspond to vinyl (respectively hydride) terminations. They cross-link
to form the Si−CH2 −CH2 −Si group (in orange) (c).

4.2.1 Protocol

We manufactured silicone gels (poly-(dimethylsiloxane), abbreviated to PDMS) using a com-
mercial kit (Dow Corning, SYLGARD™ 527 ). This addition cure system [115] is sold as a
two-part kit. The first part, usually referred to as part A, contains vinyl-terminated poly-
(dimethylsiloxane) (Fig 4.3a); the second part, usually referred to as part B, contains a platinum-
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based catalyst and silicone oligomers with hydride bonds (Fig 4.3b). Mixed together and
heated, vinyl groups (in red) and hydride bonds (in blue) react and form Si−CH2 −CH2 −Si
chemical bonds (in orange, Fig. 4.3c) [116, 117]. Ref. [118] gives an example of how the plat-
inum catalyst reacts in this multi-step hydrosilylation reaction.

Figure 4.4: Key steps for silicon sample preparation. First, we mix both parts of the commercial
kit at recommended ratio. Second, we pour the mixture into the desired mold and remove bubbles
(represented as small white dots) in a vacuum atmosphere. Then, we bake it overnight.

All tools we use in the following are rinsed with ethanol and distilled water before use.
Vessels are also vacuum-dried. This process minimizes contamination of the sample by dust
and impurities that could modify the surface properties of silicone layers.

The schematics in Fig. 4.4 provide the key steps of sample manufacturing. Both parts
of silicone gel commercial kit are mixed at the recommended ratio ((1:1) for SYLGARD™ 527
) in a weighing boat. Next, we pour the mixture into clean vessels (Caubère, 60× 40 mm2,
polystyrene). The thickness of the sample is hs = 4 mm, and we do not expect finite-depth
effects [44]. We place the mixture in a vacuum chamber for 2 h to remove air bubbles en-
trapped during mixing. Finally, the sample is let to cross-link in an oven at 65 ◦C overnight
(approximately 15−18 h). We checked the surface of the samples after cross-linking as marks
sometimes appeared for a reason that still eludes our understanding. We carried out experi-
ments on unmarked layers.

4.2.2 Gel rheology

Rheology measurements

We characterize the rheology of SYLGARD™ 527 with a stress-controlled rheometer (MCR
501 d’ANTON PARR) with plate-plate geometry (diameter d = 25 mm). We prepare silicone
disks of thickness hs = 4 mm and whose area matches that of the plate tool of the rheometer.
Samples are characterized via a small-amplitude oscillatory shear test (SAOS). This test con-
sists in applying a time-periodic strain ε(t ) = ε0 sin(ωt ) to the solid. The amplitude ε0 = 0.1%
is kept constant while the angular frequency ω varies over several orders of magnitude. The
rheometer returns the stress σ measured as a function of pulsation ω. We check that this
measurement is independent of ε0. Thus we are in the linear regime, where measured stress
is proportional to applied deformation.

We extend the pulsation range over which we perform SAOS tests by using the time-
temperature superposition procedure [104, 106, 107]. This procedure relies on the fact that,
in general, the ratio of the polymer relaxation timescale τp to the measurement timescale
τm , known as the Deborah number De, is a good indicator of the mechanical response of
polymer chains [106]:

De =
τp

τm
. (4.3)

As τp depends on temperature T, we expect that we can explore the rheology of polymeric
materials by changing temperature. Taking this assumption to be true, we hypothesize that
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measurements of σ at (T1,ω1) and (T2,ω2) are equivalent provided they have the same De.
Hence, performing several rheological measurements on the same pulsation range at dif-
ferent temperatures is equivalent to one rheological measurement at a single temperature
on an extended pulsation range. We apply shift factors aT (along the pulsation axis) and bT

(along the complex modulus axis1.) to collapse the measurements at different temperatures
on a single master curve. This procedure allows us to access the mechanical response of the
material at unattainable pulsations ω by changing temperature.

Figure 4.5: Rheological properties of SYLGARD™ 527 . Rheology of our silicone gel (SYLGARD™ 527 ).
We used the time-temperature superposition procedure. We plot the frequency dependence of (a) the
elastic G′ and loss G" modulii, and (b) the loss factor tan(δ). aT and bT are the shift factors necessary
to collapse all the measurements at different temperatures on a master curve. The Chasset-Thirion
model (solid line) fits experimental data (symbols). We find µ0 = 1.077 kPa, τ = 18.2 ms and m = 0.626.

Figure 4.5a shows the results of this characterization. Temperatures range from T = −30◦C
to T = 50◦C by steps of 10◦C. Note that the temperature of our samples is always much larger
than the glass transition temperature of PDMS, Tg = −126 ◦C [113]. We extract mechanical
parameters of the sample by fitting the Chasset-Thirion model (Eq. 2.32) to the data. We
retrieve from eq 2.32 the elastic and loss modulii G′(ω) and G"(ω):

G′(ω) =µ0(1+cos
(mπ

2

)
(ωτ)m) (4.4)

G"(ω) =µ0 sin
(mπ

2

)
(ωτ)m . (4.5)

We want to extract the shear modulus µ0, the relaxation time τ and the exponent m from fits
of Eqs. 4.4 and 4.5 to the data. We first remove µ0 from the fits by focusing on the inverse of
the loss factor tanδ = G"/G′ (Fig. 4.5b):

1

tan(δ)
=

G′

G"
(ω) =

1

sin
(mπ

2

)
(ωτ)m

+ 1

tan
(mπ

2

) . (4.6)

1Actually, temperature-dependant prefactors also induces a vertical shift. Because polymer chains are "en-
tropic springs", elastic modulii are proportional to n(T)kBT where n is the number of polymer chains per unit
volume at temperature T and kB is the Boltzmann constant [104, 107]. Changes in temperature also change
n(T) and a correction is usually necessary here too.
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to our experimental data. Then, we inject the values of τ and m in equations 4.4 and 4.5
and fit experimental data of Fig 4.5a to find µ0. We see that the fits capture very well the
experimental data (Figs. 4.5a and b). We find that SYLGARD™ 527 has a shear modulus µ0 =
1.077 kPa, a relaxation time τ = 18.2 ms and an exponent m = 0.626.

The exact formulation of the kit is unknown. We know from the datasheet that the viscosi-
ties of each part of the kit are around 500 mPas. Assuming that the silicone polymers used
in the kits are linear macromolecules, we deduce from these viscosities that their molecu-
lar weight is of the order of 104 gmol−1, comparable to the entanglement molecular weight
[119]. In this case, the shear modulus of a fully cross-linked PDMS sample containing no
solvent is always greater than 200 kPa. The low value of µ0 for SYLGARD™ 527 suggests that
the density of cross-links is low. This could be the case if the sample contains a lot of free
polymeric chains. To test this, we carry out chain extraction.

4.2.3 Free-chain extraction

Figure 4.6: Free chains extraction.(a) Key steps of free-chain extraction. First, we weigh a piece of
PDMS. Second, we dip it into several consecutive baths of good solvent (toluene) and bad solvent
(ethanol) for PDMS to remove free chains. Third, we remove the remaining solvent under a vacuum
atmosphere. Finally, we weigh again the PDMS sample. The difference between the initial and final
masses gives the amount of free chains. (b) Number and type of liquid baths. First, we used toluene
that swells PDMS and removes free chains. We progressively added ethanol that is miscible with
toluene and do not swell PDMS. The last baths are in pure ethanol.

To quantify the amount of free chains in our samples, we need to extract them with the
procedure described in figure 4.6. The core idea is to dip a piece of gel in a good solvent
(toluene) then in a bad solvent (ethanol). The two solvents need to be miscible. Toluene
will swell PDMS, and free chains can diffuse out of the gel without any energy cost. Then,
we remove the sample from its toluene bath and place it in an ethanol bath. Ethanol does
not penetrate in the sample, but toluene leaves the latter to mix with the new solvent. Fig.
4.6b details the numbers and types of solvent baths. The first baths to extract toluene use
mixtures of toluene and ethanol to avoid sample degradation because of the shock in solu-
bility if pure ethanol is used straight away. The mass loss gives the amount of free chains (we
remove remaining solvent under a vacuum atmosphere before final weighing). SYLGARD™
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527 contains about ∼ 60 wt% free chains. For the sake of comparison, we performed a similar
procedure on samples of CY 52-276 , a silicone kit used in the community. We find that it
contains around 54 wt% free chains.

The presence of free chains may have consequences on the surface state of the droplet
[92]. We will account for this issue and check for its possible consequences when we will
describe and analyze our results.

4.3 Characterization of liquids

To circumvent the fact that gel properties τ, µ0 and m are difficult to control independently,
making it difficult to tune R from the solid side, we use different liquids. These liquids allow
us to vary η by orders of magnitude while γ stays of the order of several tens of mNm−1.
These liquids have long names, and Table 4.1 indicates the acronyms we use.

Acronym Complete name
U90 Ucon™Lubricant 75-H-90,000
PEG-ran-PPG-ME poly(ethylene glycol-ran-poly propylene glycol)

monobutyl ether
PEG-ran-PPG-ME70 70% poly(ethylene glycol-ran-poly propylene glycol)

monobutyl ether in water solution
PEG-ran-PPG poly(ethylene glycol-ran-poly propylene glycol)
G100 Glycerol
G60 60% Glycerol in water solution

Table 4.1: Acronyms of the liquids used.

4.3.1 Rheology

Figure 4.7: Newtonian behaviour of the liquids used. Measurement with a rheometer. Linear rela-
tionship between stress σ in function of shear rate γ̇ indicates a Newtonian behaviour.
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We measure the mechanical response of glycerol, Ucon oil and the two types of poly(ethylene
glycol) (PEG-ran-PPG ME and PEG-ran-PPG) with a strain-controlled rheometer (Ares G2; TA
Instruments). We use a parallel-plate geometry (PP25; TA Instruments) and set the gap at 1
mm and temperature at T = 25 ◦C. We obtain a linear relationship between the stress σ and
the strain rate γ̇ for all liquids (fig. 4.7). The viscosity of these liquids is hence constant, and
they are Newtonian.

To account for day-to-day temperature and humidity variations, we measure the dy-
namic viscosities ηwith capillary viscosimeters sitting next to the experimental set-up every
day. Table 4.2 references mean values and standard deviations for each liquid.

Liquid η (Pas)

U90 (3.69±0.69) ·101

PEG-ran-PPG-ME70 (8.42±0.99) ·10−1

PEG-ran-PPG (4.91±0.34) ·10−1

G100 (6.31±1.04) ·10−1

G60 (6.8±0.23) ·10−3

Table 4.2: Liquid viscosities Dynamic viscosity η values obtained with capillary viscosimeter
during sliding experiments.

4.3.2 Density measurements

For each liquid, we weigh a volume of 10 mL with a 0.01-g-accurate scale. The last significant
digit is taken as the measurement error for the mass. We also take an error of 0.5 mL in the
injected liquid volume. Table 4.3 sums up our measurements. The values for G100, G60 and
U90 are consistent with the value of the manufacturer or what can be found in the literature
[120–122].

Liquid ρ (kgm−3)

U90 (1.08±0.05) ·103

G100 (1.27±0.06) ·103

PEG-ran-PPG-ME70 (1.05±0.05) ·103

PEG-ran-PPG (1.05±0.05) ·103

G60 (1.16±0.06) ·103

Table 4.3: Densities of the liquids we use.

4.3.3 Surface tension measurements

We measure surface tensions with the pendant-drop method. A syringe pump injects liquid
little by little through a glass pipet (Fig. 4.8) up to the point where the droplet is about to
detach from the pipette tip. In this case, the shape of the droplet results from a balance be-
tween capillarity and gravity. Then, we fit the surface profile of the drop with an ImageJ/FiJi
plugin [123] that returns the surface tension as a fitting parameter. For each liquid, we re-
peat the experiment 3 to 5 times. We take the standard deviation as the error bar. Table 4.4
summarizes measurements.

50



Figure 4.8: Pendant drop setup.(a) A syringe pump injects the desired amount of liquid through a
Pasteur pipette. (b) Photograph of the pendant drop. Scale bar: 1 mm.

Note that it is difficult to reach equilibrium shape for viscous drops: they may relax for
hours and evaporate or absorb water from the surrounding atmosphere [124]. In that case,
we focus on slowly falling drops, which we assume to be in a quasi-static regime. We think
our measurements are still valid because:

• falling speed U f was slower than characteristic speed Ul = γ/η for each liquid (for in-
stance, it is 100 times smaller for PEG-ran-PPG-ME70 ), which suggests that viscous
effects do not modify the shape of the drop;

• we double-check surface tension values with higher U f measurements and found iden-
tical results;

• glycerol and PEG-ran-PPG-ME measurements are consistent with available in the lit-
erature.

Finally, we are somewhat surprised by the low surface tension of the glycerol-water solu-
tion. We expect it to be larger than that of pure glycerol given that we add water, but that is
not the case. Also, the value we find for U90 is smaller than that given by the manufacturer.

Liquid γLV (mNm−1) γLV manufacturer

U90 40.7±0.9 50.9 [121]
G100 63.1±0.5 63.4 [120]
PEG-ran-PPG-ME 37.1±0.4 36.0±0.1 [125]
PEG-ran-PPG-ME70 37.3±0.2 -
G60 62.9±1.1 68.5 [120]
PEG-ran-PPG 41.4±0.5 -

Table 4.4: Surface tensions for our liquids. We compared our measurements with the manufac-
turer’s when available.
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4.4 Liquid – solid systems

We describe here the properties of the solid-liquid pairs we have chosen. The atmosphere is
always ambient air.

4.4.1 Swelling

A possible issue when working with gels and elastomers in contact with a liquid is that the
latter may be a solvent of the macromolecules to some extent. We report here the results of
tests that we have performed to address this issue.

We dip pieces of PDMS in every liquid we intend to use for 5 days to check whether they
swell or not. Weighing PDMS slabs before and after immersion, we retrieve the swelling ratio
S = m f /mi where mi and m f are respectively the initial and final masses. Table 4.5 shows
that all the swelling ratios are close to 1; we can neglect liquid diffusion in the substrate in
our experiments – We exclusively use bad solvents of PDMS.

Liquid S

U90 1.0072
G100 1.0007
PEG-ran-PPG-ME 1.0028
Water 1.0005
PEG-ran-PPG 1.0026

Table 4.5: Swelling ratio S for SYLGARD™ 527 . In our experiment, liquids do not swell solids.

4.4.2 Equilibrium contact angle measurements

The unreachable equilibrium state

Measuring macroscopic equilibrium contact angles θeq in soft wetting systems is tricky. When
a droplet is deposited onto a substrate, it spreads until contact angle θc reaches its equilib-
rium value θeq . However, spreading dynamics of droplets relaxing to equilibrium after depo-
sition can be very slow here, and it is not clear whether the measurement of the equilibrium
contact is reliable or not.

When a U90 drop spreads on a piece of silicone gel (Fig. 4.9a), the contact angle de-
creases to a constant value (dotted line on Fig. 4.9d). However, the time scale of the order of
1000 s needed to reach a stationary value leaves many issues open. In particular, free-chain
migration [35, 126], ridge growth [30] and water exchange between the atmosphere and the
liquid may affect the final value of the contact angle, questioning the reliability of measure-
ments. For example, droplets of water-based mixtures (Fig. 4.9b,e) and hygroscopic liquids
(glycerol) 4.9c,f), the chemical composition of which evolves over time, never reach a regime
of constant contact angle. It is thus difficult to determine an equilibrium state for all our
systems.

Dynamic determination of the equilibrium contact angle.

As spreading drops are inconvenient, we measured θeq a posteriori from sliding drop exper-
iments. To illustrate our method, we report the evolution of the dynamical contact angle θd
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Figure 4.9: Contact angle measurement of a spreading drops. (a) U90, (b) U90-water mixing (40% of
water) and (c) glycerol drops. (d), (e) and (f) display the corresponding evolution of macroscopic con-
tact angle θc with time t . (a),(d) The contact line stops after ∼ 1000 s and reaches a constant θc value.
In the meantime, the ridge grows and free chains rearrange inside the materials [35]. (b),(e) When we
add water, we have to deal with evaporation: the contact line first spreads, stops then recedes. (c),(f)
Glycerol is hygroscopic. The drop absorbs water and swells (dark circle in (c) shows volume increase).
In those three cases, we cannot define an equilibrium state.

as a function of the liquid capillary number Ca in Fig. 4.10. We define the equilibrium contact
angle as the value of the dynamic contact angle at Ca = 0. We measure it by adjusting data
with a linear fit (solid straight line in Fig. 4.10). For each {solid; liquid} system, we fit the data
several times, changing the number of points over which fitting is performed. The standard
deviation of these measurements gives the error measurement on θeq . Table 4.6 sums up the
macroscopic equilibrium contact angles obtained with this method for each system. Note
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Figure 4.10: Criterion for equilibrium contact angle θeq measurement. Example with PEG-ran-
PPG-ME70 . From sliding experiments, we report dynamic contact angles θd in function of running
speed U. Zero speed value is θeq . A linear regression (solid line) for low-speed experiments is neces-
sary to find θeq .

that it is either close to 60°, or close to 100°.
We note that this method indicates that contact angle hysteresis is at most of a few de-

grees. This value is compatible with other reports for this quantity [99].

Liquid θeq (°)

U90 61.6±0.7
G100 97.2±1.1
PEG-ran-PPG-ME70 56.6±0.7
G60 98.1±0.9
PEG-ran-PPG 64.3±0.2

Table 4.6: Equilibrium contact angles θeq with SYLGARD™ 527 . Measurements come from
sliding experiments. We display the mean values and the standard deviations on several fits

4.4.3 Dissipation ratio

Rough estimation: number R

We have measured all the parameters necessary to estimate R. Now, a few tricks are used to
obtain its estimate. First, we need to calculate the mean solid surface tension γs = (γsv+γsl)/2
to estimate the elastocapillary length ls. The solid/vapor surface tension of a silicone gel is
measured in [51] γsv = 29 mNm−1. Knowing γ and θeq , we retrieve γsl from the Young-Dupré
equation (Eq. 2.8).

Doing so, we obtain estimates of ls for each pair of solid and liquid. These values are
summed up in Table 4.7. For all systems, the elastocapillary length ls is of the order of ∼ 10
µm. Values of R span four orders of magnitude, from about 2 to 104.
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Pulsation dependance

Figure 4.11: Expected dissipation ratio in our systems. We compare liquid viscosities to solid viscos-
ity. Solid viscosity (•) depends on excitation frequency. Other symbols provide an upper limit for the
excitation frequency (RCa with Ca = 1). We expect liquid effects when the point locates above solid
dissipation curve. Dotted horizontal lines correspond to experimental excitation pulsations.

We can also obtain a sense of the meaning of R by comparing the viscosities of the liquids
we use to that of the solid. The latter depends on pulsation ω. The complex modulus of the
material G(ω) is, in general:

G(ω) = G′(ω)+ i G"(ω). (4.7)

G"(ω) represents energy dissipation. We can define an apparent viscosity of the solid based
on this quantity, ηs(ω) = G"(ω)/ω.

Now, we consider a contact line moving at velocity U on the surface of the elastomer. We
can define a characteristic pulsation of this motion based on the properties of the material:

ωLS = U/ls. (4.8)

Now, we have that:

RCa =
Uτ

ls
=ωLSτ (4.9)

and there is equivalence between RCa and ωLSτ. If we set Ca = 1, a value we never reach
in experiments, we have R = RCa and we can interpret R as an upper limit for excitation
pulsation. Thus doing we can plot liquid viscosities for ω = ωLS and Ca = 1, which leads to
ωτ = R. Doing so, we obtain figure 4.11. On the same plot, the Chasset-Thirion fit extends
experimental data and splits the space into two regions, one above it where liquid dissipation
dominates and the other below where solid dissipation dominates.

Figure 4.11 indicates that we can hope to overcome dissipation in the solid with our most
viscous liquid, U90, for which R ∼ 2. Conversely, the dynamics observed for contact lines in
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the case where the liquid is G60, for which R ∼ 104, should be dictated by viscoelasticity in
the solid.

In practice, experimental values for Ca are smaller than 2.0·10−2. Thus, real non-dimensional
excitation pulsations RCa = Uτ/ls, reported as dotted lines, are well below the upper limit R.
We see that we can expect to have dissipation in the liquid of the same order of magnitude
as in the solid in the case of U90. In all other cases, these effects should be vanishingly small.

In short, R helps to pick out and characterize wetting systems, even if it overestimates the
actual dissipation ratio. Still, it provides a good estimation and we refer to it as dissipation
ratio in the following.

Liquid ls (µm) R

U90 9.0±0.1 (2.24±0.42) ·100

PEG-ran-PPG-ME70 8.7±0.1 (9.27±1.10) ·101

G100 15.3±0.3 (1.19±0.20) ·102

PEG-ran-PPG 9.3±0.1 (1.65±0.11) ·102

G60 15.5±0.2 (1.07±0.04) ·104

Table 4.7: Elastocapillary length ls and dissipation ratio R for {SYLGARD™ 527 liquid}
systems. ls roughly equals ten microns, while R ranges over four orders of magnitude.
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Chapter 5

Experimental set-up
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In this section, we describe the set-up we have used to study sliding droplets. We also
provide tests and solutions for various problems we have encountered that have to be ac-
counted for to reproduce our results.

5.1 Set-up

Figure 5.1: Experimental set-up. (a) Sketch of the inclined plane. The inclination angle is denoted α.
We keep the lid on during experiments. (b) In parallel, we check the liquid viscosity η with a capillary
viscosimeter. Two cameras record the following (c) top and (d) side views (scale bars correspond to 1
mm). We can therefore measure the trajectory and the dynamic contact angles θd .

The set-up we use relies on an inclined plane made of aluminium that supports the ves-
sel containing the silicone layer of thickness h (Fig. 5.1a). We attach two digital cameras
(Imaging Source, DMK 33UX174): one records a top view of the moving droplet while the
other (not represented) captures a side view. Thus, we can track the dynamics and the shape
of sliding droplets. We can also measure contact angles at the leading and trailing edges of
the droplet. Spatial resolution is 33 µmpx−1 and 4 µmpx−1 for top and side views respec-
tively . Cameras move together with the plate when we change the inclination α, such that
the substrate remains in the focal plane of the top camera, and remains horizontal for the
side camera.

Room temperature and humidity vary from day to day. The setup includes a capillary
viscosimeter (Fig. 5.1b) to account for the variations of the dynamic viscosity η of the liquids.
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We check viscosity twice a day and use a new liquid batch every day.
We deposit droplets using a micropipette. We vary the volume between 20 and 40 µL.

As we use viscous liquids, we have to find a way to check drop volume as well. Indeed, we
inject smaller volumes than what the micropipette indicates. To circumvent this issue, we
weigh the droplet at the end of the experiment. Knowing liquid densities, we can go back to
the volume of the droplet, a necessary piece of information if we want to compute the Bond
number of the experiment. We take special care not to inject air bubbles. If so, and if we fail
to burst the bubble with a needle, we perform again the experiment.

Liquid PDMS poured in the vessel before curing forms a meniscus everywhere around
the walls of the vessel. This meniscus obstructs the side view of droplets and must be re-
moved. To do so, we remove the viscoelastic slab from the vessel. Then we cut the meniscus
carefully with a razor blade while stretching the sample the least possible. We stick it on an-
other rigid substrate (cleaned with ethanol and distilled water before), cut edges and put a
lid on the vessel. In practice, a smaller slice of PDMS, stuck next to the main slab, maintains
the lid when we incline the sample. Fig. 5.1c and Fig. 5.1d show examples of the recorded
top and side views.

5.2 Image capture

Figure 5.2: Lighting technique. Images are obtained when (a) the whole LED panel lights the sample
and (b) when we reduce the size of the light source. In both cases, the volume of the glycerol drop is
V = 40 µL , the inclination is α = 40 ° and the scale bar is 1 mm. Using a light slit better captures the
shape of the drop.

A key issue in these experiments is to be able to track the contact line around sliding
droplets. Such a task is difficult to achieve if the light field is left as is. However, simple shap-
ing of light propagation in the system leads to a more accurate contact line identification.

The center of the aluminium plate supporting the sample is hollowed out. As the vessel,
the gel and the liquid are all transparent, we capture images of droplets when light coming
from a LED panel goes through them. However, the interface of the droplet is curved. This
region deflects light rays away from the camera sensor and appears black (Fig. 5.2a). If the
light source is too wide, the drop also deflects in the picture light rays that should not reach
the camera were all interfaces flat. Masking the light source cuts those light rays and helps
better define the perimeter of the drop (Fig. 5.2)– resulting in well-contrasted images that
facilitate data analysis. For fast experiments, we had to adapt the size of the light source live,
by hand.

Likewise, we carefully adapted the size of the light source to optimize the contrast of side
views. Despite those efforts, the camera is not perfectly parallel to the surface of the gel. The
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region of the contact line is blurred (Fig. 5.1d): if the drop is too close to the edge of the gel,
this region is too blurred and we cannot measure the contact angles accurately.

5.3 Image analysis

Figure 5.3: Image analysis. (a) Raw image of a glycerol drop (V = 20 µL, α = 50°). Scalebar: 1 mm.
(b) Same image without background. (c) We apply a threshold and fill holes. For each frame, we look
at the position of the drop along the orange dotted line. (d) We obtain the following kymograph and
retrieve the speed of the drop thanks to the slope of the diagram (orange dashed line).

Once we have captured well-contrasted movies, we analyze them using the FiJi software
package [127]. We rotate raw image stacks (Fig. 5.3a) so the drop moves along a horizontal
line. As the surface of our polystyrene vessels often exhibit scratches, we subtract the back-
ground of the image to retain only moving objects in the movie. Figure 5.3b shows typical
images obtained. Then, we apply a threshold and fill holes to isolate the drop (Fig. 5.3c),
and build a space-time diagram, or kymograph, of droplet motion (Fig. 5.3d) that gives the
trajectory of the drop (white streak on Fig. 5.3d). We retrieve the front speed of the drop from
the slope (orange dashed line in Fig. 5.3d).

We also measure the radius of curvature Rcurv of the trailing edge of the droplet from
binary images such as Fig. 5.4 with a FiJi script [128]. To account for error bars, we measure
Rcurv at different times and different thresholds.

Figure 5.4: Measurement of the radius of curvature at the tail of the drop. We extract the rear radius
of curvature Rcurv from binary pictures such as in fig. 5.3c. For each sliding experiment, measure-
ments at different frames and thresholds give uncertainties. Scale bar:1 mm.
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5.4 Experimental issues and their solutions

5.4.1 Surface changes of PDMS with time

Figure 5.5: silicone gel ageing. For all experiments, liquid is glycerol, V = 20 µL, α = 50 ř. The substrate
ages in between two successive experiments. For all graphs, (�) and (•) respectively corresponds
to the first and second experiment. (a) Trajectories are not reproducible when the vessel is open
between two experiments. (b) They are reproducible when the sample is immersed in water between
two experiments. (c) Trajectories are reproducible when the sample is protected from light when
open. (d) The lid of the vessel filters the wavelengths responsible for ageing.

Figure 5.5a shows that the trajectories of droplets sliding on the surface on PDMS differ
if the vessel containing the sample is opened. The second experiment (orange bullets) is
much slower than the first one (purple squares). The longer we open the vessel, the slower
the second drop is. These measurements suggest that the surface properties of our samples
change with time. If we perform a third experiment without opening the vessel, the drop will
follow the same trajectory as the second experiment. We suspect two culprits:

• water molecules in the surrounding atmosphere, that may change the cross-linking
reaction in the vicinity of the surface;
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• light, especially UV rays, that would help sustain the cross-linking reaction at the sur-
face.

Fig. 5.5b shows that covering the silicone surface with water does not affect trajectories.
On the other hand, removing the lid but protecting the vessel from light leaves the surface
unscathed. Indeed, experiments one day apart are reproducible when the sample is stored
in pitch black (Fig. 5.5c). We conclude that light is responsible for the surface modifications
that we have identified.

To the best of our knowledge, this effect has not been reported in the elastowetting lit-
erature and we should account for it from now on. Literature on surface analysis of PDMS
reports that UV and UV/ozone plasma treatments modify the surface of PDMS [129–131].
UV light that might originate from ambient light. We circumvent this issue if we keep the
lid on the vessels (Fig. 5.5d) in all experiments, except when we deposit liquid drops (∼ 30 s
per drop). Moreover, we perform experiments on one-day-old silicone gels. We thus avoid
discrepancies due to aging.

5.4.2 Trajectories on the same path

We know that the wetting ridge relaxes when we release the pulling force. Relaxation is not
immediate in the most general case. According to Xu & al. [34], the ridge size decreases one-
hundred-fold in about one minute for a silicone gel. The ridge also relaxes over a longer
time scale when increasing the residence time of the drop on the surface [35]. Thus, we
may wonder whether a drop deposited on the surface and sliding down the inclined plane
experiences deformations left during previous experiments?

Figure 5.6: Experiments on the same location. Same experiment (Glycerol, V = 20 µL, α = 50 °) re-
peated 25 times on the same location. The corresponding Bond number is Boα = 0.37±0.03. (a) All
trajectories. As we repeat the experiment, the drop seems slower. (b) This trend is confirmed when
we report the capillary numbers Ca for each trial.

We investigate how the system responds when several drops slides on the same trail. A
few minutes elapse between two identical experiments. Figure 5.6a shows all 25 trajectories
while Fig. 5.6b shows the capillary number Ca for each trial. On average, early trajectories
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have a higher velocity than experiments performed later. Figure 5.6b confirms the decreas-
ing trend in Ca over time.

We also performed 4 experiments in the same conditions, except that the starting point
is different for each trial (the corresponding trajectories are displayed in Fig. 5.9a). The
corresponding statistical dispersion (in terms of Ca) is ∆Ca ' 1 · 10−3. We see in Fig. 5.6b
that the0 capillary number decreases by ∆Ca ' 1 · 10−3 after about ten trials on the same
location.

Zhao measured the profile of the wetting ridge with the Schlieren technique (he only has
access to the solid/vapor interface) [43]. He showed that the solid/vapor interface stays flat
2 mm away from the contact line (Look at Fig. 3.7 in [43] for instance).

As a result, we conducted all experiments on fresh surfaces. Each drop slides at least 4
mm away from other experiments, such that previous deformations do not affect the exper-
iments.

5.4.3 Resting time effect

Figure 5.7: Effect of resting time tr es . Same experiment (Glycerol, V = 20 µL, α = 20 °) with resting time
tr es increasing up to 3 h). The corresponding Bond number is Boα = 0.16±0.01. (a) The corresponding
trajectories and (b) capillary numbers Ca in function of tr es . Color patch: statistical dispersion when
we incline straight away the same drop.

Park et al. show that the ridge surrounding a droplet resting on a silicone gel with a shear
modulus µ0 = 1 kPa grows from 7.15 µm to 8.25 µm in 2 min [30], indicating that equilibrium
has not been reached yet. In our experiments, we expect this phenomenon to occur before
inclination. [30, 35]. Does resting time tr es affect sliding drops trajectories?

We increase the resting time tr es of glycerol droplets from 0 up to 3 h, everything else is
kept constant (α = 20°, V = 20 µL). Figure 5.7 displays the corresponding trajectories (a) and
Ca (b). We observe that an increase in the resting time of the droplet leads to a slight increase
in its sliding velocity. This result is rather unexpected, as ridge growth is expected to lead to
more dissipation.

Going back to images, we see that the volume of the droplet changes over time. The
droplet absorbs water during its residence on the surface. As a consequence, its weight in-
creases and its dynamic viscosity decreases. Both trends are consistent with faster drops.
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We compare its magnitude with the statistical dispersion of 5 identical experiments inclined
right away (color patch in Fig. 5.7b, the corresponding trajectories are displayed in Fig. 5.9b).
We note that this statistical dispersion compares with the magnitude of the effect of tr es (at
least when tr es < 2 h). As a precautionary measure, we incline all experiments straight away,
though resting time effects are negligible.

5.4.4 Comments on evaporation

Figure 5.8: Evaporation and hygroscopy. Our liquids may evaporate or absorb water from the sur-
rounding air. (a) The trajectory of evaporating 60% glycerol water solution drop (hollow circles). In
that case, we determine Boα independently and only fit the beginning of motion, before those ef-
fects happen (dashed line). (b) Except for Ucon oil, Bond number Boα evolves when the experiment
exceeds 1 h. It increases for glycerol (hygroscopy) and decreases for glycerol water mixture (evapora-
tion).

Some experiments last for hours, and trajectories sometimes lose their linearity with time
(Fig. 5.8a). In such cases, evaporation or hygroscopic effects may change the droplet running
speed U. To characterize this effect, we weigh glycerol, glycerol-water and Ucon droplets as
a function of time. Figure 5.8b reports this evolution in terms of the Bond number Boα (we
refine the definition of the Bond number Boα in Eq. 6.7). Here, we neglect inclination to
compute Boα. We see that U90 droplets remain stable, as Boα ' 0.2 for 3 h. It is a good piece
of news as experiments often last several hours for this liquid. However, glycerol absorbs
water and glycerol-water solutions lose water as expected: Boα increases by 6 to 9 % for
glycerol, and decreases by 16 to 18 % for glycerol-water solutions. Weighing droplets at the
end of such an experiment gives inaccurate values of Boα, so we must adapt our protocol.
We retrieve early Bond numbers with independent weighing (more than 30 drops for each
volume to have a correct statistical error), and fit only early stages of droplet motion that we
assume to correspond to that Boα (green dashed line in Fig. 5.8a).
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5.4.5 Sum-up

Figure 5.9: Reproducibility of experiments. Averaged trajectory on 4 experiments (solid line) and
corresponding statistical dispersion (color patch). V = 20 µL glycerol drop. (a) α = 50 ° and (b) α = 20 °.
We obtain linear trajectories.

All those tests allow us to refine our experimental protocol. When we deposit the liquid
droplet, we avoid air bubbles that might affect the measurement. We also suppress the in-
fluence of resting time and starting point in our protocol. Droplets are deposited at different
locations on a single sample so that they do not slide on a track taken by a previous droplet.
We incline the system right after deposition, so drops rest between 10 and 30 s before sliding.

To ensure a reproducible surface state between each sample, we carry out experiments
on enclosed, one-day-old samples. Doing so, we obtain linear trajectories (Fig. 5.9). The
remaining statistical variation (colored patch in Fig. 5.9) might come from small differences
in volume and inclination speed.
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Part III

Observations and Results
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Chapter 6

Shapes
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6.1 General observations

6.1.1 A refined definition of the Bond number

Before proceeding with the presentation of our observations regarding the shape of the slid-
ing droplets on silicone gels, we suggest a definition of the Bond number different of the
one used by Podgorski et al. that should be a better estimate of the balance between gravity
and capillarity for droplets when they have reached equilibrium on the surface of gels. This
definition accounts for the radius of the contact area between the droplet and the surface, a
quantity that will also be important in estimating dissipation later in this document.

Figure 6.1: Different configurations for a liquid drop. (a) As a sphere, it has a volume V = 4R3
0/3π.

(b) This drop takes the shape of a spherical cap on the substrate, with radius Rcal, heigth h, contact
radius Rc and contact angle θeq .

In our experiments, we deposit a volume V on the substrate that corresponds to a sphere
of radius R0 (Fig. 6.1a). It spreads onto the substrate until it reaches its equilibrium shape, a
spherical cap with radius Rcal, height h, contact radius Rc and contact angle θeq (Fig. 6.1b).
In this configuration, the ratio between its weight and the capillary force that applies along
its perimeter, called the Bond number, writes:

Boα =
ρg R3

0

γRc
sinα. (6.1)

Rc is out of reach from top views when the equilibrium contact angle is larger than π/2.
We access R0 by weighing the drop. Knowing the equilibrium contact angle θeq and assum-
ing that droplets form spherical caps, we can write:

Rc = Rcal cos
(π

2
−θeq

)
Rcal −h = Rcal sin

(π
2
−θeq

)
.

(6.2)

Thus, we link the contact radius and the height of the droplet to the spherical cap radius:{
Rc = Rcal sinθeq

h = Rcal(1−cosθeq ).
(6.3)
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Now, we recall the formulas for the volume for both a sphere and a spherical cap:
V =

4π

3
R3

0

V =
π

3
h2(3Rcal −h)

(6.4)

and we express them in terms of Rc and θeq :
V =

4π

3
R3

0

V =
πR3

c

3

(2+cosθeq )(1−cosθeq )2

sin3θeq

(6.5)

Volume conservation then leads to:

Rc

R0
=

1

f (θeq )
= sinθeq

(
(2+cosθeq )(1−cosθeq )2

4

)− 1
3

. (6.6)

Fig. 6.2 shows Rc /R0 as a function of θeq . As expected, we retrieve the limit cases of non-
wetting when θeq → 180° and total wetting in the case θeq → 0. Injecting Eq. 6.6 into Eq. 6.1,
we obtain a new expression:

Boα = f (θeq )
ρg R2

0

γ
sinα. (6.7)

Figure 6.2: How does θeq correct Rc at fixed R0. We retrieve the expected behavior for total wetting
(Rc = ∞ , θeq = 0°) and non-wetting (Rc = 0 mm, θeq = 180°).

6.1.2 Shape diagram: generalities

Previous studies document top views of drops sliding onto a rigid substrate [71,73,74,77,96–
98], but the shape diagram remains unknown in the soft case: to the best of our knowledge,
we found top views of stable drops in [132]. To fill this gap, we report top views of the droplets
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Figure 6.3: Shapes as a function of the Bond number Boα for different values of R. For each system,
the drop becomes more asymetric and eventually unstable as Boα increases (along a line). It also
elongates as R increases (along a column). U90: Boα = 0.095, 0.239, 0.273, 0.409; PEG-ran-PPG-
ME70 : Boα = 0.111, 0.238, 0.270, 0.413; G100: Boα = 0.103, 0.237, 0.480, 0.496; PEG-ran-PPG : Boα =
0.107, 0.238, 0.273, 0.350; G60: Boα = 0.107, 0.268, 0.404, 0.442. Scale bar: 2 mm.

in Fig. 6.3. The shape mapping is built using two parameters: the dissipation ratio R and the
Bond number Boα.

A qualitative examination of the images in Fig. 6.3 make it obvious that the dissipation
ratio plays a major role in setting the shape of droplets. Two characteristics are common in
all cases. First, the front edge of the droplets remains rounded regardless of the value of R.
Also, at the smallest values of Boα that we display in this figure, droplets’s geometry is close to
axisymmetric whatever the value of R. Finally, droplets always destabilize above a threshold
velocity. Droplets exhibit stretched tails beyond the instability threshold, when they leave
pearl patterns in their wake. However, many distinctions remain to be described.

For R ∼ 2, the droplet adopts a shape reminiscent of the one we introduced in Fig. 3.2.
While the front is rounded, the trailing edge of the droplet has the shape of a corner. When
R ∼ 100, two features distinguish droplets from those observed at R ∼ 2. First, in most cases,
the trailing edge has a curvature comparable to the front edge. Second, droplets have an
elongated shape. Some parts of the droplet contour have very large, if not infinite, radii of
curvature. We also observe that some droplets have a peanut shape for R À 1.

The images of Fig. 3.2 also contain puzzling features. Droplets at R = 92.7 and R = 165,
made of PEG-ran-PPG or an aqueous solution of PEG-ran-PPG ME, differ in shape from
those made of an aqueous solution of glycerol characterizing by a comparable value of R =
119. The former exhibit a sharp corner at their trailing edge (even sharper than in the case of
U90) before they become unstable, while the latter remain rounded all along. We will come
back to this issue when discussing the perspectives of this work (Chap. 9). We also observe
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that the properties of pearl patterns cover rich ground also at large values of R. Such vari-
ability is also commented upon in ref. [97] in the case of rigid substrates. Here, we see that
the size and the gap between ejected droplets as Boα increases beyond its critical value for
instability (Fig. 6.4). We lack experimental statistics to provide reliable size distributions and
estimates of the features of the patterns.

Figure 6.4: The pearl pattern becomes more complex as the droplet velocity increases. The size and
the spacing between pearls increases with Boα. Scale bar: 2 mm.

Figure 6.5: Constricted droplets in the literature. (a) {SYLGARD™ 184 ; 50% glycerol-water mixture}
[132]. The authors uses the red line to draw a spatio-temporal diagram (not reproduced here). (b)
({glass; mercury} [133].

The last aspect of the shape diagram that we wish to comment on is the apparent peanut
shape of droplets in certain cases. This shape results from a narrowing of the droplet around
mid-length when seen from the top. Hourlier-Fargette reports similar droplet shapes (Fig. 6.5a)
with a stiffer silicone gel [132]. Mercury droplets moving onto a rotating glass cylinder (Fig. 6.5b)
seem to constrict as well [133]. If we consider this shape the projection of the contact line
on the camera sensor, we have to think about its meaning in terms of contact line motion.
Starting from the front and moving along the contour, the contact line switches from an ad-
vancing one to a receding. However, the contact line is almost straight after the constriction.
Given the connection between straight contact lines around moving droplets and contact
angle hysteresis, the peanut shape would then suggest that the contact line switches to a
receding state before going back to a state of vanishing velocity and then again back to a re-
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ceding state. The observation of such a response is not expected, and the solution lies in fact
in a very simple matter.

For the systems that display peanut-shaped droplets, the equilibrium contact angle ex-
ceeds π/2. Thus, when the contact line advances, the droplet overhangs the substrate, hid-
ing the contact line (Fig. 6.6). Then, despite deceiving top views, the contact angle always
decreases from θd ,a to θd ,r (dynamic contact angles at the front and the rear of the drop)
along the contour of the drop, whatever the values of R and θeq .

Figure 6.6: Effect of θeq on the shapes Boα = 0.19 on the left and Boα = 0.45 on the right. Scale bar: 2
mm.

6.2 Low R: analogy with the rigid case

Figure 6.7: Shapes at low R looks like that of the rigid case. Increasing the speed, the drop forms a
corner and eventually destabilizes. For U90 (R = 2.24), Boα = 0.10, 0.24, 0.27, 0.41. scale bars: 2 mm.
Pictures for the rigid case (R −→ 0, bottom line) are taken from [97].
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The fact that we observe shapes at R ∼ 2 that are close to that of the rigid case is en-
couraging: we obtain support for the fact that R can indeed be a guide to select systems
depending on where we want dissipation to occur, offering control over shapes. However,
these observations are also surprising since we are in a case where dissipation in the liquid is
comparable rather than greater than the dissipation in the solid. Here we discuss the extent
to which both the rigid case and the low-R one are similar.

Figure 6.7 juxtaposes top views that we obtain at R ∼ 2 with those obtained by Podgorski
& al. [97]. In both cases, the sequence of shapes is similar. Droplets are circular at low Boα.
Then their trailing edge transforms into a corner. Beyond a critical Bond number, the corner
zone elongates, becoming a cusp, and pearls are left behind the main droplet. Closer exam-
ination reveals differences. The corner is sharper in the rigid case than in the soft case. A
measure of the radius of curvature of the corner in both cases indicates that Rcurv ' 400 µm
in the soft case (see Fig. 6.7, second picture on the top row), while Rcurv ' 50 µm in the rigid
case [98].

Figure 6.8: Pearl patterns of our low-R system. A droplet of U90 leaves bigger pearls than a droplet of
silicone oil on a fluoro-treated silicon wafer just above the instability threshold. The size of the pearls
also increases with Ca. For U90, Boα = 0.272, 0.329, 0.409. Scale bar: 2 mm. Picture for the rigid case
(left, Ca = 7.19 ·10−3) is taken from [74].

The pearl pattern also has features that call for a comparison with the rigid case. Just
above instability, a drop sliding onto a rigid substrate breaks into smaller droplets than a
drop sliding onto a soft substrate (Fig. 6.8). We measure pearls with radius R = 500µm for the
first unstable experiment at R ∼ 2 (drop sliding at Ca = 1.23 ·10−2) while Le Grand & al. report
droplets with radius R = 125 µm (drop sliding at Ca = 7.19 · 10−3)1. We also point out that
the critical value of the capillary number Cau beyond which the pearling instability occurs is
larger when the substrate is viscoelastic: Cau = (−7.13±1.64) ·10−3 for the rigid case2 versus
Cau = (−11.36± 0.92) · 10−3 for U90. Figure 6.8 illustrates that the size of the pearls, along

1We give the radius of the first pearl in the picture at Ca = 1.23 ·10−2 and Ca = 7.19 ·10−3.
2We average reported values in refs. [74, 96] for silicone oils with different viscosities (2 ≥ η≥ 1040 mPas).
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with the width and length of the tail, increases as Boα increases. These observations are
reminiscent again of those made by Podgorski et al. (Fig. 3.2). Some patterns seem to be built
around a subpattern made of a large droplet accompanied by a small one (Ca = 1.41 ·10−2).
Pearls can even be big enough to slide, and there are no remaining pearls at the end of the
experiment (Fig. 6.9).

Figure 6.9: Droplets and pacgums. The liquid is U90, R = 2.24 and Boα = 0.409. The droplet grows an
elongated tail that breaks into smaller droplets. In this particular case, pearls are big enough to slide
and merge into a single drop. scale bar: 2 mm. .

6.3 Large R: new shapes and a signature of soft hysteresis.

To the best of our knowledge, a systematic description of the shape and dynamics of droplets
running down an inclined plane coated with a viscoelastic layer do not exist, even moreso
when dissipation occurs in the solid. The shapes that we observe are distinct from those
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that we described in Sec. 6.2. Their careful analysis even provides the first insights into the
compatibility of Dervaux et al.’s predictions with experimental observations.

We have already pointed out that transfer of dissipation mostly to the solid phase leads
to rounder trailing edges. An interesting feature of most of these droplets, peanut-shaped or
not, is that the region connecting the advancing and receding parts of the contact line has
a large, if not infinite, radius of curvature, as we noted earlier (see images of the systems for
which R ≥ 100 at intermediate and large values of Boα in Fig. 6.3). As we are going to see
below, this property of the droplet contour is actually the first experimental evidence of soft
hysteresis.

Figure 6.10: Mechanism of soft hysteresis. Two drops slide onto a viscoelastic solid with the same
Ca0 but a different R. The larger R, the larger the range of angles available at low Ca (gray patch).
As low Ca liken to the contact lines almost paralell to the motion, the drop elongates. Left and right
images illustrate that the zone where the contact line is paralell to the overall motion increases with
R. Scale bar: 2 mm.

Past studies showed that measuring the contact angle along the contour of the droplet
provides a way to obtain the full curve relating θd and Ca [73, 77], including contact angle
hysteresis. The latter manifests itself when the contact line becomes still. In the context
of sliding droplets, given that fluid velocity inside the droplet is always perpendicular to the
contact line and its magnitude depends on the angle between the contact line and the overall
motion, velocity vanishes when the contact line is orthogonal to the motion of the droplet.
For an ideal system, we then have θd = θeq . However, in the presence of hysteresis, the con-
tact angle is comprised in the range θs,r < θd < θs,a , with θs,a and θs,r the advancing and
receding hysteresis contact angles, so long as the velocity is 0. As a consequence, the contact
line is a straight line paralell to droplet motion. The drop then elongates.

Applying a similar rationale to our images, we can observe portions of the contour of our
droplets that look straight or almost straight. Now, if we go back to Fig. 2.14, we see that
the region around Ca = 0 encompasses a large range of contact angles. Assuming that this
apparent effect should lead to an effect similar to that of actual contact angle hysteresis, we
would expect the droplet to have long straight sides. Figure 6.10 shows that droplets do have
long straight portions on their contour in the extreme case R ∼ 104.
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Chapter 7

Dynamics
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7.1 Energy balance at the scale of the droplet

As we have seen in Chap. 3, we can interrogate the system of a droplet sliding on the surface
of a solid in terms of how much energy is dissipated, quantified by the capillary number Ca,
as a function of injected energy, quantified by the Bond number Boα. This comparison is
based on observations at the scale of the droplet, as they require that we measure the weight
of the droplet and its velocity down the inclined plane. We process top views to obtain these
datasets.

The reader should note that each {solid; liquid} system keeps the same color and marker
throughout the whole manuscript, filled symbols always referring to unstable droplets in the
pearling regime.

7.1.1 General comments

Figure 7.1: Dissipation ratio R rules dynamics. Non-dimensional weight-speed diagram when the
characteristic speed of (a) the liquid Ul or (b) the solid Us normalizes the running speed U. Different
laws characterize datasets when energy mostly dissipates in the liquid or in the solid. Solid capillary
number RCa better collapses our data.

Two channels of energy dissipation exist in our system, either via the liquid or via the
solid. Thus, two basic plots may represent the balance between dissipation and injected
energy. The first one is similar to that of the rigid case, where the evolution of Ca is reported
as a function of Boα (Fig. 7.1a). Data for all the liquids span four orders of magnitude in Ca
in this representation. The curves shift downwards with increasing R. This shift is direct
evidence of viscoelastic braking [27, 80, 81, 81, 82]: for a given droplet weight, the larger R,
the more the solid dissipates and the slower the droplet moves. We can also see that the
functional form linking Ca to Boα differs depending on the value of R.

The other representation, in terms of the solid capillary number RCa (Fig. 7.1b), provides
a clearer view leading to the grouping of data in two groups. The data for R ∼ 2 reside in
the bottom part of the graph, while other datasets obtained at R ¿ 1 almost collapse on a
master curve. Careful analysis shows that glycerol-based droplets collapse with each other
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while PEG-ran-PPG ME-based droplets form another population, despite similar values for
R.

7.1.2 Low-R sliding

Once again, we compare low-R data with Podgorski & al.’s data [97]. To make the discus-
sion possible, we calculate the Bond number of their experiment with Eq. 6.7. Figure 7.2a
shows the capillary number of the experiments follow the same trend with respect to the
Bond number. This observation supports the similarity between the two systems that we
had suggested when analyzing droplet shapes in the previous chapter (Fig. 6.7).

Figure 7.2: Weight-speed relationship when energy mostly dissipates inside the liquid. (a) As in the
rigid case [97], a single regime rules the dynamics. (b) Datasets overlap with a suitable θeq correction.
An affine law (dashed line) shows that the dissipation inside the liquid drives the dynamics. Inset: the
same plot in logarithmic scale.

A closer examination of Fig. 7.2a shows that Podgorski & al.’s data lie below ours in the
Ca−Boα parameter space. We expect that droplets with equivalent Bond numbers should be

78



slower in our system than in Podgorski & al.’s because the substrate also dissipates energy.
But as we will see below, the scaling relating Ca to Boα can be refined to account again for
contact angle effects.

To derive this refined balance, we assume that dissipation in the liquid balances the force
of gravity on the droplet:

ρg R3
0 sinα∼ ηU

h
R2

c (7.1)

where U/h = γ̇ estimates the velocity gradient in the droplet and R2
c is the area of the contact

between the drop and the substrate. Using Eqs. 6.3 and 6.6, we obtain:

R2
c

h
= Rc

sin(θeq )

1−cos(θeq )
(7.2)

Dividing both sides of Eq. 7.1 by liquid-vapor surface tension γ and replacing R2
c /h, we ob-

tain:
1−cos(θeq )

sin(θeq )
Boα ∼ Ca. (7.3)

We observe that this correction leads to data overlap (Fig. 7.2b, the inset shows that the
collapse works for the whole range of our data). Moreover, experiments support the finding
of proportionality between Ca and Boα. Thus our observations provide strong evidence that
dissipation in the liquid must be accounted for in this system.

Scaling law 7.3 predicts a linear relationship between Boα and Ca. However, Podgorski &
al. predict an affine law (Eq. 3.1) that can be rewritten as:

1−cos(θeq )

sin(θeq )
Boα ∼ Ca−Cahyst. (7.4)

The y-intercept represents the effect of contact angle hysteresis∆θ = cosθs,r−cosθs,a . Droplets
are pinned to the surface if the contact angles remain in the range of the contact angle hys-
teresis, leading to the existence of a minimal value for the Bond number to observe mo-
tion [97]. Fitting our data with an affine law (Fig. 7.2b), we find Cahyst = (2.3±0.1) ·10−2 for
both systems. Interpretation of this finding in our parameter space requires that we account
for the contribution of the equilibrium contact angle on the hysteresis term. Doing so, we
find:

Cahyst =
1−cos(θeq )

sin(θeq )
∆θ (7.5)

For U90, we find that the contact angle hysteresis is about 2.3°, a value consistent with the
small hysteresis usually reported for these systems [43, 91, 99]. It is also compatible with our
measurements, which are plagued with a measurement accuracy on contact angle measure-
ments that is larger than this estimate of ∆θ. The same procedure applied to Podgorski &
al. ’s datasets provides an estimate of 4.8° for contact angle hysteresis, in good agreement
with their measurement.

7.1.3 Large-R sliding

We expect that the relation between injected energy and dissipation is modified when the
effective viscosity of the solid exceeds liquid viscosity. We see in Fig. 7.1 that the functional
form relating Boα and Ca at large values of R differs from that observed at small values. We
also know that RCa is likely a good metric, as curves almost collapse on a single curve when
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plotted in the RCa−Boα space (Fig. 7.1)b). Besides, we know from the previous section that
the equilibrium contact angle matters. Hence we should derive a scaling law for the solid-
dominated case that accounts for all of these modifications.

Inspired by ref. [44], we estimate the power dissipated per unit of volume of the solid
when the drop moves by a length `:

pdiss ∼σε2ω (7.6)

with σ the viscous stress, ε the strain and ω the pulsation. Using the Chasset-Thirion model
(Eq. 2.32), we have the following estimate for viscous stress:

σ∼µ0

(
Uτ

ls

)m

. (7.7)

Besides, we take:

ε∼ γ

γs
sin(θeq ) (7.8)

and:

ω =
U

ls
. (7.9)

Then we have:

pdiss =µ0

(
Uτ

ls

)m (
γ

γs
sin(θeq )

)2 U

ls
(7.10)

Dissipation takes place in a volume that we assume to be a torus of radius Rc , width ls and
height lr. As elasticity balances the vertical component of the resulting capillary force at the
contact line γsin(θeq ), the height of the ridge scales as:

lr ∼ γsin θeq /µ0. (7.11)

Then, we estimate dissipated power:

Pdiss ∼σε2ωRc lrls (7.12)

∼ 2µ0URc ls

(
γ

γs
sin(θeq )

)3 (
Uτ

ls

)m

(7.13)

Now, we can write the force balance that a droplet sliding on a viscoelastic substrate must
obey. Dividing Pdiss by the sliding velocity U, we have:

ρg R3
0 sin(α) ∼ 2µ0Rc`

(
γ

γs
sin(θeq )

)3 (
Uτ

ls

)m

. (7.14)

Dividing by the liquid-vapor surface tension γ into both sides and rearranging, we obtain:

Boα ∼ 2µ0ls

γ

(
γ

γs
sin(θeq )

)3 (
Uτ

ls

)m

(7.15)

and using:
Uτ

ls
= RCa, (7.16)

we end up with the following prediction:

Boα ∼
(
γ

γs

)2

sin3 (θeq )(RCa)m (7.17)
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Figure 7.3: Energy balance in the case of solid-dominated dissipation All curves superimpose once
plotted in the parameter space RCa−Boα . Dashed line: fit with Eq. 7.17. Data deviate from the m-
power-law regime when RCa approaches 1.

Eq. 7.17 suggests that prefactor [(γ/γs)sin(θeq ) should capture the dependence on equilib-
rium contact angles. PEGs and Glycerols collapse when this prefactor corrects the (Boα - RCa)
space – Different wetting properties shift our data in the (Boα - RCa) space.

Figure 7.3 shows that all the data that we have obtained collapse on a single curve. The
dependence on the specifics of the liquid is removed. We see that Eq. 7.17 is compatible with
data in the region 10−2 < (γ/γs)2 sin3 (θeq )RCa < 3 · 10−1. However, the scaling fails when
(γ/γs)2 sin3 (θeq )RCa ≥ 3 ·10−1. The functional form is not a power law anymore, at least not
an obvious one in this representation.

7.2 Energy balance at the scale of the contact line

The approach employed in the previous section relies on a balance between energy injected
in the system assumed to be of the gravitational kind and energy dissipated via viscous pro-
cesses. Another view of this problem that forms the basis of the Cox-Voinov relation in the
rigid case is to balance energy injected in the system due to a gradient of Laplace pressure
and dissipation. Characterization of this balance requires that we measure the dynamic con-
tact angle θd as a function of the velocity U of the droplet, and then transform the latter into
a non-dimensional quantity that can be the liquid capillary number Ca or its counterpart for
the solid, RCa.

Figure 7.4a shows at a glance that the functional form of the relation between dynamic
contact angle and capillary number depends on R. This dependence is qualitatively similar
to the prediction of Dervaux et al. (Fig. 2.14) [62]. When dissipation inside both the liquid
and the solid are of the same order of magnitude, R = 2.24, the curve is reminiscent of that
of the rigid case (Fig. 3.3 [71, 77]: the advancing and receding branches are close to each
other, and the slope is a bit steeper for the receding branch. The smoothness of the curve
around Ca = 0 confirms that our gel shows little to no contact angle hysteresis (at least with
our accuracy on θd ), in agreement with previous observations [43, 99].

For values of R À 1, the advancing and receding branches separate around Ca = 0. We
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Figure 7.4: Dissipation ratio R sets the relationship between θd and speed U. (a) Dynamic contact
angle θd as a function of liquid capillary number Ca. Normalizing with equilibrium contact angle θeq

centers the curves. Receding (Ca < 0) and advancing (Ca > 0) branches separate as R increases. (d)
The curves overlay when plotted as a function of solid capillary number RCa.

even obtain a vertical curve when R ∼ 104, i.e. when dissipation in the solid dominates. The
steep slope at low velocity for high R data at large R is akin to contact angle hysteresis on
solid surfaces, with the difference that the transition of contact angle values between the
advancing and receding branches is continuous.

The curves collapse on an S-shaped master curve when we plot the deviation of the
contact angle from equilibrium θd − θeq as a function of the solid capillary number RCa
(Fig. 7.4b). In this parameter space, the advancing branch is separated from the receding
branch by a portion with a steep slope for all systems. Both branches have slopes much
smaller than this portion, and even seem to flatten at higher RCa.

7.3 Instability threshold

Finally, we would like to describe observations and measurements obtained at the threshold
of the pearling instability. Indeed, two other properties of sliding droplets depend on dissi-
pation ratio R, the capillary number at the onset of pearling Cau and the associated receding
contact angle θu . In what follows, we consider the absolute value of Cau , as its minus sign is
of no relevance to our discussion.

Threshold capillary numbers seem scattered at first glance (Fig. 7.5a). However, the focus
must be given to trends in systems where a single parameter is varied at once, either θeq or
R. Then, the solid arrow indicates that |Cau| decreases when we decrease θeq at R =cst. As we
see on Fig. 7.5b, the threshold receding contact angle θu is identical for the systems that we
discuss now, for which R ∼ 160. As R =cst, the difference between the equilibrium and the
dynamic contact angles θd −θeq at a given speed U is also the same. Thus the system with
the smallest θeq reaches θu sooner, e.g. at a smaller receding speed.

We see that θu has a finite value at the pearling transition (Fig. 7.5a). Other groups found
a non-zero θu in the rigid case [77, 78]. This observation is rather surprising as the liquid
deposition is expected when the receding contact angle decreases to 0. Non-zero values
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Figure 7.5: The Capillary number and the dynamic angle at instability threshold. (a) The absolute
value of critical liquid capillary number Cau in function of R. |Cau| decreases when R increases at
constant θeq (dashed arrows) and when θeq decreases at constant R (solid arrow). (b) Critical receding
contact angle θu as a function of the dissipation ratio R. θu stays close to 30° except for R = 1.07 ·104

(G60), where it is equal to 50°.

for θ at the threshold were attributed to small defects on the surface of the substrate that
could destabilize the drop sooner than expected. In our case, the liquid-like behavior at
the molecular scale of our material [14] should promote defect-free surfaces for our gels,
provided the gel is well prepared. Thus, we conclude that the receding contact angle remains
finite at the pearling transition, with or without defects.

For most systems, the value of the contact angle at the pearling instability threshold re-
mains constant, θu ' 32°, while R increases by two orders of magnitude. This value is com-
parable to that reported in the rigid case, of the order of ∼ 40°. Note that a related deposition
transition is described when a plate is withdrawn from a bath of liquid, the celebrated “dip-
coating” geometry. In this case, the value of θu is∼ 25° [78], slightly smaller than in the sliding
droplet experiments.

The value of θu for R ∼ 104 is larger than all the others. This difference may stem from
the difficulty that we encounter in defining the threshold for the pearling instability of this
system. As we can see in Fig. 7.5a, the uncertainty on Cau for R ∼ 104 is very large. This
uncertainty exists because the system jumps abruptly from a stable regime at a given Ca to
an unstable regime with a much larger Ca. This jump can be seen in Fig. 7.3: the open dots
and the filled ones are separated by one order of magnitude along the ordinate axis. Hence,
we chose the mean between the last stable and the first unstable capillary numbers, which
gives Cau ∼ (2.2±2.0)·10−3. We report the dynamical receding contact angle of the last stable
drop for θu . We have θu ' 50°, corresponding to Ca ∼ 1.7 ·10−4. It is possible that this value
overestimates the actual critical value.
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Chapter 8

Discussion
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8.1 R ∼ 2: dynamics in the light of the Cox-Voinov law

We have seen in the previous chapter that droplets sliding on substrates at R ∼ 2 have shapes
and dynamics that are similar to those observed in the case of a rigid non-dissipative sub-
strate. In particular, the relation between the Bond and the capillary number for both sys-
tems superimpose (Fig. 7.2). The relation between dynamic contact angles and Ca of both
systems also look alike. It is described by the Cox-Voinov relation in the case of the rigid
substrate, the form of which we recall in its simplified version valid for θd ≤ 3π/4:

θd (h)3 −θd (hmin)3 = 9Calog

(
h

hmin

)
. (8.1)

where h and hmin are the height at which the angle is measured on the droplet-atmosphere
interface and the microscopic cutoff length to circumvent stress divergence respectively. We
can try and extract the magnitude of hmin obtained in the gel case by testing Eq. 8.1 against
θd −Ca data for R ∼ 2 (Fig. 7.4a).

Figure 8.1: Estimation of the size of a polymer. The polymer contains ngroup monomers of size lgroup.
(a) A monomer of oxyethylene. We sum the lengths of the chemical bonds lC−C and lC−O to approxi-
mate lgroup. The size of the whole molecule a is between that of (b) an ideal chain lideal ∼p

ngrouplgroup

and that of (c) a fully extended chain lext ∼ ngrouplgroup.

Given our spatial resolution, we take h = 100 µm. Following refs. [71, 74], we estimate
that the microscopic cut-off length is the size of a liquid molecule a. U90 is a polyalkylene
glycol containing respectively 75 wt% oxyethylene and 25 wt% oxypropylene groups. It has
an average molecular weight of Mw = 1.20·104 gmol−1 [134]. As an approximation, we will es-
timate the length of a chain containing 100% oxyethylene groups. Dividing by the molecular
weight of an oxyethylene group C2H4O, Mw,EO = 44 gmol−1), we obtain that a U90 molecule
contains ngroup ∼ 272 groups on average. The lengths of C−C and C−O bonds are equal to
1.54 Å and 1.43 Å respectively [135] (Fig. 8.1a). We sum them to approximate the length of
a single oxyethylene group lgroup. The size of the whole chain lies between the length of the
extended chain lext and that of the ideal chain lideal (Fig. 8.1b and c):

lext ∼ ngrouplgroup (8.2)
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lideal ∼
√

ngrouplgroup. (8.3)

We obtain 4.9 < lchain < 81.0 nm (and 4.3 nm < lchain < 61.4 nm when we repeat the calcu-
lation for 100% of oxypropylene groups C3H6O). Figure 8.2a shows that the Cox Voinov law
with h =100µm and 4.3 < hmin < 81.0 fails to describe our data. A correct description of our
data with Eq. 8.1 requires a = 0.3 Å, a value inconsistent with our molecular scales, and even
with the molecular scale of typical materials. This value is indeed 5 times smaller than the
sizes of the C−C and C−O bonds that we have used to estimate the extent of a U90 molecule.

Figure 8.2: Cox Voinov fits for U90. The fit fails for the estimated molecular size 4.3 ≤ a ≤ 81 nm
(colored patch).

The approach that we have just described is flawed straight from its inception. Indeed,
we have assumed that dissipation occurs in the liquid only. However, the value of R suggests
that dissipation inside the solid is twice as much as that in the liquid. Therefore, a proper
description should account for solid dissipation even in this deceiting case where the sim-
ilarity to the rigid case suggests that solid dissipation is negligible. We need a more refined
approach to capture our data quantitatively.

To sum up, the low R wetting system behaves qualitatively like the rigid case. Yet, the
Cox-Voinov law fails to describe it quantitavely, and suggest a key role of the substrate.

8.2 Predictions for the dynamic contact angle

We have seen in Chaps. 6 and 7 that increasing the dissipation ratio leads to experimental
θd −Ca curves that are in qualitative agreement with the predictions in Fig. 2.14 [62]. Now
we test the quantitaive agreement between our contact angle measurements and Eq. 2.50,
that we recall here:

g (θd ) = g

π
2
+arctan

(√
1+A 2(RCa,Λ)−1

2

)1/2
+Calog

(
x

xmin

)
. (8.4)
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To proceed further, we have to estimate γs. The usual way to do so is to assume that γs is the
mean between the solid/vapor interfacial tension γsv and the solid-liquid interfacial tension
γsl. The solid/vapor surface tension of a siliconee gel should be the same for all wetting
systems. A measurement based on a static wetting experiment in which θeq = π/2 provides
a value γsv = 29 mNm−1 [51]. Then we retrieve γsl using the Young-Dupré relation. The only
remaining parameter is the ratio between the macroscopic scale, usually at which contact
angle measurements are performed, and the microscopic cutoff length that is necessary to
avoid stress divergence. For all our systems, we measure the dynamic angle at the same
height (∼ 100−150 µm). Besides, the size of a liquid molecule (∼ 1 nm) and the elastocapillary
length (∼ 10 µm) stays of the same order of magnitude. We enforce x/xmin = 10001.

8.2.1 Extremal values of R

Figure 8.3 shows that the model captures the data well. In particular, the model is in excellent
agreement with data for R = 2.24 and R = 1.07·104. Both the advancing and receding branches
are captured. We can also see that the model predicts a sharp slope of the data in the vicinity
of Ca = 0 even in the case R ∼ 2. Finally, the value of x/xmin suggests that the microscopic
cutoff length is xmin ∼ 100 nm. This value is rather large compared to the typical molecular
scales usually reported for liquids, and also much smaller than the elastocapillary length.
As we have seen also, an attempt to fit these data with a Cox-Voinov relation that does not
account for the effect of the solid fails at describing the data. Hence, the microscopic cutoff
might be a compromise between the size of a liquid molecule and the elastocapillary length
for elastowetting systems.

In the other well-fitted regime, R ∼ 104, we see that the slope is steep around Ca = 0. This
slope connects two regions where the dynamic contact angle tends to reach plateau values
in both branches. Experimental plateaus seem a little flatter than predicted ones, although
we need larger values of Ca along both axes to ascertain this difference.

8.2.2 Intermediate values of R

Agreement is less satisfactory when R ∼ 100. While the model captures the steep slope at low
Ca for all these systems, issues arise with the branches. Experiments suggest two different
causes for this disagreement that are system-dependent. In the case of pure glycerol, R = 119,
the model underestimates the receding branch. The trailing edge of the droplet experiences
oscillation during its motion, making it hard to define what the value of contact line velocity
and the associated receding contact angle should be. This observation, not predicted by the
model at all, may explain the disagreement between model and data.

The situation with PEG-ran-PPG liquids is more complex. Not only has the model a hard
time capturing the branches, the shape diagram also shows that something is happening:
these droplets form sharp corners at their back (Fig. 8.4), even sharper than those observed
for R ∼ 2. Moreover, the droplet leaves minuscule pearls in its wake (Fig. 6.3). Finally, the
trailing edge of the droplet oscillates too, with the curvature of the droplet increasing and
decreasing in cycles.

Observations of a sharp corner (Fig. 8.4a) and the deposition of small droplets (Fig. 8.4b)
are reminiscent of those reported when tip streaming occurs (Fig. 8.4c) [137–139]. In this sit-
uation, a fluid-fluid interface deforms into sharp structures from the end of which droplets

1We could perfectly fit each system if we release this condition and allow x/xmin to span several orders of
magnitude. We doubt it is physically relevant though.
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Figure 8.3: Theory versus experiments: θd = f (Ca) curves. Each time, the points are experimen-
tal data and the solid line is the fit of the nonlinear theory [62]. The sole fit parameter has the same
value x/xmin = 1000 for all systems. It suggests a microscopic cutoff xmin ∼ 0.1 µm, well above the
usual molecular scale. (a) {SYLGARD™ 527 ; U90}; (b) {SYLGARD™ 527 ; PEG-ran-PPG-ME70 }; (c)
{SYLGARD™ 527 ; G100}; (d) {SYLGARD™ 527 ; PEG-ran-PPG }; (e) {SYLGARD™ 527 ; G60}. The model
fails to capture the receding branch in (c) and overestimates the advancing branch in (b,d). The agree-
ment is excellent otherwise.
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Figure 8.4: Surfactants allow sharper interfaces. (a) Drops sliding onto SYLGARD™ 527 at R ∼ 102

(from left to right: PEG-ran-PPG-ME70 ; glycerol; PEG-ran-PPG ). The glycerol is rounder than the
PEGs. The surfactants might lower the interfacial energy and thus the energy cost of the corner – the
latter sharpens. Scale bars: 2 mm. (b) Unstable drop of PEG-ran-PPG (Boα = 0.311). Scale bar: 2 mm.
The thin filament at the rear and the tiny droplets are reminiscent of tip streaming. (c) Tip streaming
in a Couette device. A drop of water is surrounded by a one-thousand-fold more viscous silicone oil.
The angular frequency of the Couette device is 19.5 s−1. Adding surfactants allows a thin filament to
develop. Scale bar: 100 µm [136, 137].

can be emitted. Observations of this process have been reported in the presence of an elec-
tric field or surfactants. In the latter case, these sharp structures are promoted by surfac-
tant accumulation at some location along the fluid/fluid interface because of flow inside the
droplet. This accumulation leads to a lowering of the energy cost to curve the interface. Then
filaments and corners can grow (Fig. 8.4c). We have investigated whether PEG-ran-PPG and
PEG-ran-PPG ME-based liquids could be thought of as surfactant solutions.

To test this hypothesis, we perform a simple experiment in which we release a droplet of
liquid on a layer of water covered with peppercorns. We carry out this test with all the liquids
that we use. If one liquid contains surfactants, the deposition of a droplet on the surface
of water decreases surface tension locally and induces a surface tension gradient. A stress
arises along the air/water interface, and fluids move on both of its sides (Fig. 8.5). This flow
is known as the Marangoni effect [140].

We detect a Marangoni effect for both of the PEG-ran-PPG-based liquids. Figure 8.5b
shows an example of the flow visualization for pure PEG-ran-PPG-ME. Its aqueous solution,
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Figure 8.5: Marangoni effect. Top: if the deposited liquid contains surfactants, the lower surface
tension γ− at the point of deposition creates a Marangoni flow towards the region of higher sur-
face tension γ+. Bottom: release of a drop of PEG-ran-PPG-ME70 on pepper-sprinkled water. The
Marangoni flow advects peppercorns outward. Orange dashed circle and arrows illustrate this radial
flow. Scale bar: 5 mm.

PEG-ran-PPG-ME70 , can be considered as a surfactant solution. This observation also
explains why we measured a surface tension of γ = 37 mNm−1 for both PEG-ran-PPG-ME
and PEG-ran-PPG-ME70 : even though water is added to the base liquid, PEG-ran-PPG-ME
molecules cover the interface with air, and they bring down surface tension to a value that
we notice to be identical to that of pure PEG-ran-PPG-ME. While we use the other PEG-ran-
PPG-based liquid as received, its hygroscopic nature suggests that it contains some amount
of water that may well lead to surface effects. In contrast, the deposition of droplets of U90
and glycerol-based liquids do not induce a Marangoni flow.

Now we analyze the data for PEG-ran-PPG-based liquids again in the light of their surface-
active properties. Back at the scale of the droplet (Fig. 7.3), we see that PEG-ran-PPG-ME70
and PEG-ran-PPG overlap in the (Boα−RCa) space, even with data for pure glycerol, G100,
suggesting that surfactants play no role at this scale. The story is different if we focus on the
contact line.

Figure 8.6 focuses on the comparison between prediction 2.50 of the nonlinear theory
and experimental data for PEG-ran-PPG and PEG-ran-PPG-ME70 . We see that the non-
linear theory overestimates the advancing branch as Ca increases: the drop goes faster than
expected by the model at fixed θd . We propose the following mechanism to explain our data,
sketched in Fig. 8.7. Given the geometry of our problem, the surface concentration of sur-
factants at the front of the drop may differ from that at the back. In particular, surfactants
may accumulate at the trailing edge, leading to a smaller surface tension there than at the
front. This difference of surface tension along the droplet contour can induce a stress and a
flow from the back to the front the droplet, adding a source of energy to the system that our
model does not account for; droplets should then move faster than what the model predicts,
as we observe here. We think that this interpretation is consistent with the sharpening of
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Figure 8.6: The model overestimates the advancing branches of PEG-ran-PPG-ME70 and PEG-
ran-PPG . θd = f (Ca) curves for (a) PEG-ran-PPG-ME70 and (b) PEG-ran-PPG . Each time, the
symbols and the solid line account for the experiments and the theoretical fit.

the droplet trailing edge, which indicates that the surfactants gather at the trailing edge to
reduce the energetic cost of bending the droplet interface at small scales.

Figure 8.7: The surface distribution of surfactants might accelerate a sliding drop. A drop of an

aqueous solution with surfactants slides onto an incline with a speed
−→
U. A non heterogeneous surface

distribution of surfactants at the free surface might induce a Marangoni flow. If the surfactants gather
at the rear of the drop, the surface tension at the front γ+ exceeds that at the rear γ−. The resulting
Marangoni flow accelerates the drop (orange arrow).

8.3 Droplet scale dynamics

8.3.1 Back to the Boα−Ca space

We can use the good agreement between Eq. 8.4 and the data to analyze dynamics at the scale
of the droplet in the Boα−Ca parameter space. To do so, we need to relate Boα to contact
angles so that we can convert gravitational potential energy into capillary energy. We do so
by assuming that:

ρg R3
0 sin(α) ∝ Rcγ(cos(θd ,a)−cos(θd ,r )). (8.5)
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where θd ,a and θd ,r are the dynamic contact angles at the front and the back of the droplet
respectively. Rearranging, we obtain:

Boα = b(cos(θd ,a)−cos(θd ,r )). (8.6)

where b is an appropriate proportionality coefficient. Now, using Eq. 8.4, we can compute
the value of (cos(θd ,a)− cos(θd ,r )) for each value of Ca that we have investigated. We can
then determine coefficient b from a fit of these theoretical datasets to the experimental ones.
We find that the fits capture the datasets best when b = 2.0±0.4 (Fig. 8.8).

8.3.2 Threshold to pearling: prediction for the critical capillary number

In the literature, the pearling instability is assumed to develop when the receding contact
angle vanishes. The non-linear model is able to predict the value of the capillary number
at which this should occur. Dashed horizontal lines in Fig. 8.8 represent the absolute value
of this critical capillary number |Cau| (Cau < 0 since the contact line recedes). We obtain a
good agreement between data and theory. The critical capillary number is underestimated
at R = 119: this mismatch is likely due to the fact that the model has issues capturing the
receding branch of the θd −Ca curve. In contrast, the model overestimates |Cau| at R = 165.
We also note that the model seems able to predict the steepening of the slope at the largest
values of Boα when R ∼ 104. The prediction suggests that the actual value of |Cau| should be
chosen close to those of the unstable points. It supports the idea that we overestimate the
value of θu reported for G60: we measure it too far from the actual instability threshold.

Figure 8.9 compares experimental values of |Cau| with predicted thresholds as a function
of R. Each color on the graph represents a set of points for which the equilibrium contact
angle is identical. The model is in good agreement with the experiments: the critical capillary
number |Cau| decreases with increasing R at fixed θeq , and also decreases with decreasing
θeq at fixed R. The predictions provide also a good order of magnitude of the instability
thresholds.

In a similar fashion to the rigid case [71, 77, 78], we are left with the puzzling observation
that, while the model seems able to predict |Cau|, the assumption made to select its value
in the model is actually not verified in experiments: the receding dynamic contact angle is
still finite, of the order of 30 to 60 °. In fact, the good predicition of |Cau| comes from the fact
that the receding branch of our nonlinear theory approaches θd ,r = 0 vertically: θd varies by
a significant amount while Ca hardly does.

Thus, we conclude that the model gives a good order of magnitude of the instability
threshold despite a crude assumption (vanishing receding angle close to instability) and con-
strained fits (an identical fit parameter for all systems).

8.4 Force balance at the ridge tip

Our data also allow us to test a prediction for the force balance at the tip of the ridge, Eq. 2.46,
that is assumed to be adaptable to an arbitrary equilibrium contact angle θeq in ref. [62]:

γs

γ

(
cosθeq −cosθd

sin2θd

)
= Fcap(RCa,Λ)+Fve(RCa,Λ). (8.7)
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Figure 8.8: Theory versus experiments: Boα = f (Ca) curves. Each time, the points are experimen-
tal data and the solid lines are fits of the nonlinear theory [62]. There are two fitting parameters
with identical values for all systems: x/xmin = 1000, and the proportionality coefficient b = 2.0±0.4
between the weight and the capillary driving force. Colored area: confidence interval of the fits (col-
ored patches); dashed lines: prediction of the pearling transition. (a) {SYLGARD™ 527 ; U90}; (b)
{SYLGARD™ 527 ; PEG-ran-PPG-ME70 }; (c) {SYLGARD™ 527 ; G100}; (d) {SYLGARD™ 527 ; PEG-
ran-PPG }; (e) {SYLGARD™ 527 ; G60}.

We compare our dynamic contact angle measurements to solution 8.7 in Fig. 8.10. The
black solid line represents the analytical calculation of Fcap(RCa,Λ)+Fve(RCa,Λ), and the
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Figure 8.9: Theoretical instability threshold. The critical capillary number |Cau| decreases with R at
θeq = 98°(gray dashed line, G100 and G60) and θeq = 62° (black dash-dotted line, PEGs and U90 ). The
model predicts similar trends to the experimental data.

Figure 8.10: Summed contributions of the viscoelastic and capillary restoring forces to the contact
angle selection. The analytical expression has two asymptotes, a power law with exponent m at low
values of RCa and a plateau.

dashed lines represent its two asymptotes [62]:

γs

γ

(
cosθeq −cosθd

sin2θd

)
=

m

cos(mπ/2)
RCam , RCa → 0 (8.8)

γs

γ

(
cosθeq −cosθd

sin2θd

)
=

m

1−m
, RCa →∞ (8.9)

We see that the model is in very good agreement with the data. The asymptote for RCa →
0 collects the experimental points sitting below RCa = 10−1. Beyond the latter limit, data
depart from Eq. 8.8, still following the analytical prediction toward the plateau for RCa →∞,
a regime where ridge rotation due to viscous delay is expected to play a significant role in
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setting the force balance at the ridge apex. Our experiments stop at RCa ∼ 1, i.e. close to the
solid capillary number RCa∗ at which the RCa → 0 and high RCa →∞ asymptotes intersect:

RCa∗ =

(
cos(mπ/2)

1−m

) 1
m ∼ 1.9 (8.10)

These observations shed light on the failure of the Cox-Voinov relation to predict the mi-
croscopic length for U90. Equation 8.7 does not account for viscous dissipation in the liquid
and still captures well this dataset. This agreement supports our previous claim that, despite
similarities in droplet shapes and the Boα−Ca curves with the rigid case, the physics of U90
running droplets on our elastomer still involves dissipation in the solid. From Fig. 8.10, and
considering all datasets, we are even led to conclude that our measurements are mostly sen-
sitive to capillary and viscoelastic restoring forces at the scale of our measurements (∼ 100
µm ∼ 10ls), neglecting viscous dissipation.

8.5 Consequences of the general agreement between model
and data

The comparison between experimental data and the non-linear model of ref. [62] shows that
theory is able to describe experiments very well overall. In particular, the role of the dissi-
pation ratio R as a good guide to predict whether dissipation in the solid or in the liquid will
dictate the shapes and dynamics of running droplets is now well established. Care should be
taken however when thinking about the dynamics at the scale of the contact line as dissipa-
tion in the solid is still at play even when droplets tend to indicate that their dynamics are
dominated by viscous dissipation in the liquid. We wish to discuss here some aspects of our
results that we think open interesting questions to conclude this chapter.

One of the most intriguing results comes from the discussion of Eq. 8.4. For all the sys-
tems that we have used, the value of the ratio x/xmi n used in the fits is 1000. As we have
already pointed out, we find then that xmin = 100 nm, a scale that is independent of the used
liquid phase (and hence of R) and still smaller than the elastocapillary length ls, the scale
below which dissipation in the solid occurs. These observations open the question of the
origin of this length scale, and whether it influences other aspects of the droplet, such as its
shape or the size of pearls.

Another interesting result is related to the puzzle around the pearling transition. The
model is able to predict the threshold for the instability rather well. However, the assump-
tion of a vanishing receding contact angle for liquid deposition to occur is not met in ex-
periments, in the same fashion as in the case of a rigid substrate. In the latter situation,
this disagreement was related to the presence of surface defects. This hypothesis is unlikely
to be true here. Indeed, we observe little to no hysteresis when measuring contact angles
around sliding droplets, in particular in the case R ∼ 2. Besides, our gels contain a significant
amount of free chains, and we think that these chains occupy the surface of the gel as well.
As a consequence, the surface should be defect-free. Thus, we feel that the conditions under
which liquid deposition occur remain mysterious.

Along similar lines, we have seen that the trailing edge of droplets can have an oscillatory
motion as the threshold to liquid deposition is approached. Again, the model says nothing
about this. The reasons behind these oscillations are unclear. One possibility is that the
receding contact line cannot bend and form a corner as easily on these soft substrates as it
does on rigid ones. The reason behind this remains to be identified though.
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The success of Eq. 8.7 at describing data up to prefactors also suggests that the force bal-
ance that it is based on contains the appropriate physics. The predicition for the value of
the plateau remains to be checked systematically. The data suggest that these experiments
should be performed at large values of R. The only other set of data that reports a simi-
lar trend is that of ref. [83]. While we reach a maximum value RCa ∼ 2, their data reaches
slightly a slightly higher value, around 5. Figure 8.10 shows that the plateau value is expected
to be reached at much higher values of RCa.

Finally, the model that we use does not resort to the hypothesis of a strain-dependent
surface tension for the solid. Extending the elastic part of the model to finite strains and
geometric non-linearities seems to be sufficient to describe the data. While this result does
not close the debate on the existence of the strain dependence of surface tension for a gel, it
shows that the assumption is not necessary to describe our data with good accuracy.
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Chapter 9

Perspectives: receding contact lines on soft
substrates
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We have pointed out in Chap. 6 how the shape of droplets sliding on a silicone gel in
conditions where energy dissipation occurs mostly in the solid has little to do with those
described in the case of a rigid substrate, when dissipation in the liquid dominates [97, 98].
In particular, the droplet trailing edge remains rounded even close to the threshold of the
pearling instability. We have started investigating the possible origin of these observations.
While this work is still very much in progress, we have results that we want to discuss here.
We also comment on the directions these results point us to.

9.1 Trailing edge curvature: dependence on R and ls

Corners at the trailing edge of sliding droplets were first reported by Podgorski & al. [97].
Two features of the corner attracted the attention of scientists, its opening angle φ and its
curvature Rcurv. The theoretical description of these quantities is a subtle matter: the corner
region is characterized by a strong curvature of the contact line, and the description of the
flow must be three-dimensional. In the rigid case, the critical capillary number associated
with the transition to liquid deposition is dependent on the curvature of the contact line
[100]: the corner appears as a way for the droplet to avoid this transition. Predictions have
been proposed for both φ and Rcurv that capture the experimental data well [98, 100]. The
latter is of particular interest to us, as we can easily measure it on our images and discuss its
relation to characteristic length scales such as estimated molecular scales of our liquids and
the elastocapillary length ls of the silicon gel.

Peters & al. proposed the following law to fit the radius of curvature Rcurv of the trailing
edge of the droplet as a function of its velocity [98]:

Rcurv ∼ `exp

(
θ3

s,r

Ca

)
, (9.1)

with ` the microscopic cut-off length scale appearing in the Cox-Voinov relation and θs,r the
receding contact angle limit of the hysteresis. Comparison with experiments showed that
Eq. 9.1 was a good fit to the data (reproduced in Fig. 3.4c).

We take inspiration from Peters & al.’s work and we measure the radius of curvature Rcurv

of the trailing edge of our droplets. Then we plot the ratio Rc /Rcurv, with Rc the radius of
the contact area of the droplet at rest, as a function of the non-dimensionalized velocities
Ca and RCa (Fig. 9.1). We approximate the drop as a spherical cap of contact angle θeq to
calculate the contact radius Rc . In the rigid case, the ratio remains almost constant and of
order 1 until the capillary number becomes comparable to the critical capillary number for
liquid deposition, at which point the ratio increases rapidly by several orders of magnitude
(Fig. 9.1a). The picture is more nuanced in the case of a soft substrate.

For R ∼ 104 we do not approach the transition to pearling close enough to observe a sud-
den rise of the curvature. Other datasets showing the instability have a qualitative resem-
blance to the rigid case, with the difference that the rise of Rc /Rcurv is of smaller amplitude.
Looking at the data as a function of R, we see that the maximum possible curvature increases
with decreasing dissipation ratio. The radius of curvature at the rear of the drop reaches at
most one-eighth of its static contact radius, for U90. This ratio decreases to one-third for
G100 and stays below one-half for G60 (we do not deal with the PEG-ran-PPG fluids here).
Drops sliding onto rigid substrates exhibit much larger curvatures. Viscoelastic substrates
seem to prevent sharp curvatures. Note that errorbars become larger for the very last points
of {SYLGARD™ 527 ; U90} and {SYLGARD™ 527 ; G100} because the rear of the drop oscillates
in those particular experiments.
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Figure 9.1: Relation between the curvature at the rear of the drop and the running speed. The
curvature at the rear 1/Rcurv, normalized by the curvature 1/Rc of the same drop at equilibrium, as a
function of the (a) capillary number Ca and (b) the solid capillary number RCa. The gel is SYLGARD™
527 . None of the configurations collapses our data.

In all of the cases described in Fig. 9.1a, datasets stop when the drop destabilizes and
pearls are emitted. In other words, systems with a large dissipation ratio emit droplets before
a corner can form and the radius of curvature remains of the order of the radius of the droplet
at rest all along. Decreasing R leads to a decrease of the radius of curvature of the trailing
edge of the droplet just before reaching the pearling transition.

Figure 9.2: Cornered drops on soft and rigid substrates. The legend is the same for (a) and (b). For
the sake of clarity, we only plot the data corresponding to η = 18 cP [98] and η = 1040 cP protect [71]
in (a).(a) The curvature at the rear of the drop as a function of 1/Ca. Inset: Fit of Eq. 9.1 for the two
elastowetting systems (solid lines). (b) Microscopic cutoff lengths ` as a function of the viscosity of
the fluid.

To move a step further, we plot the data in the fashion suggested by Peters & al. We focus
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on data obtained with G100 and U90, as their shape is the closest to that of the rigid case
(Fig. 9.2a). We fit Eq. 9.1 to the datasets (inset in Fig. 9.2a), taking θs,r = θeq as hysteresis
is absent in our systems. We then extract the lower cutoff length `. Figure 9.2b compares
the obtained ` with those of refs. [71, 98]: the points of our systems are clearly off. Despite
the resemblance between the datasets for U90 and those obtained by Le Grand & al., the
values for ` differ by orders of magnitude, giving the non-physical value ` = 3 ·10−2 nm for
U90. We draw the same conclusion as for the Cox-Voinov approach: the curves look alike
but the model that describes wetting on rigid substrates gives a non-physical value for the
microscopic scale for the elastowetting system. The disagreement is even worse for G100: its
curve shifts to the left, and ` = 1 · 10−12 nm! Hence, we should account for the viscoelastic
substrate to work out the relation between the rear curvature and the running speed. We
should also keep in mind that Eq. 9.1 has a strong dependence on the contact angle.

Further investigation should confirm the role of R in the relation between the speed and
Rcurv.

9.1.1 The elastocapillary length affects the size of the corners

Given the apparent failure of Peters et al.’s model at describing our datasets, we go back to ex-
periments to see whether we can identify dependencies of the radius of curvature of the trail-
ing edge of the droplet on parameters of the system that are irrelevant to the rigid case. The
obvious candidate is the elastocapillary length, as it is a scale lying between the nanoscopic
cutoff of the liquid and the size of the droplet, and it is the typical scale under which dissipa-
tion in the solid occurs.

To test this dependence, we conduct sliding experiments with a stiff silicon gel, SYL-
GARD™ 184 . The rheology of this gel [43] fitted with the Chasset-Thirion indicates that the
shear modulus isµ0 = 520 kPa, τ = 120µs and m = 0.251. With these parameters and the same
surface tension as that of SYLGARD™ 527 , we obtain ls ∼ 30 nm, three orders of magnitude
smaller than ls for SYLGARD™ 527 . At the same time, values for R remain in the same realm,
by a factor of 4-5, because the variation of τ compensates that of µ0; we obtain systems with
comparable R but different ls.

The shape diagram 9.3 compares top views obtained on the two silicon gels, with G100
and U90. Images are grouped by values of R. We see that the shapes obtained at similar
values of Boα for comparable R are similar. We find again the transition to cornered drops
that elongate and destabilize forming small pearls at low values of R. Shapes obtained at R
of the order of a few hundred show paralell sides at intermediate values of Boα.

As usual in this problem, the devil lies in the details. Careful analysis shows that the
corner is sharper in the case of stiff PDMS than for the soft one (Fig. 9.4a). For both gels, we
measure the typical radius of curvature at the trailing edge of the drop Rcurv when the drop is
slightly below the instability threshold. The curvature is three times bigger when ls increases
by three orders of magnitude (Fig. 9.4b). Note that the curvatures measured on SYLGARD™
184 reach our limit of resolution. We need magnified photographs to better quantify it.

Likewise, the elastocapillary length ls sets the pearl pattern above the instability thresh-
old (last pictures in the two upper columns of Fig. 9.3). Figure 9.5a displays two drops just
above the instability threshold for {SYLGARD™ 527 ; U90} and {SYLGARD™ 184 ; U90}. The
spacing between pearls increases with an increase of ls. Figure 9.5b reports a similar in-
crease in the size of the pearls: they are four times larger when ls increases by three orders of
magnitude.

To sum up, our observations suggest that the sharpness of corners is in part controlled
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Figure 9.3: Changing the silicone gel impacts the shape of the drops at comparable values of R.
Shape diagram obtained at comparable values of R on both SYLGARD™ 527 and SYLGARD™ 184 .
Scale bar: 2 mm.

Figure 9.4: Corners sharpen with decreasing ls at fixed R. (a) Top views of a U90 drop sliding onto
SYLGARD™ 184 (left) and SYLGARD™ 527 (right). The bottom pictures magnify the corners of the top
pictures. Scale bar: 2 mm for top images, 500 µm for images. Left: R = 8.68; ls = 18.6 nm; Boα = 0.146.
Right: R = 2.24; ls = 9.0 µm; Boα = 0.239. (b) Radius of curvature at the rear of the drop Rcurv as a
function of ls. The contact radius is identical in both cases and we use it to normalize Rcurv. Rcurv =
349±39 µm when ls = 9.0 µm, Rcurv = 107±34 µm when ls = 18.6 nm.
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Figure 9.5: Effect of ls on pearl patterns at fixed R. (a) Top views of a U90 drop sliding on a silicon gel
just above the instability threshold. Top: SYLGARD™ 527 , R = 2.24; ls = 9.0 µm; Boα = 0.272. Bottom:
SYLGARD™ 184 , R = 8.68; ls = 18.6 nm; Boα = 0.160. Scale bar: 2 mm. (b) Pear radius as a function
of ls. We averaged our measurement over several drops (the three biggest drops in the top picture,
the fourteen first drops (that already relaxed) in the bottom picture), the standard deviation gives the
error bar.

by the elastocapillary length ls. The existence of the corner itself seems to depend also on
the value of R: droplets sliding at large R switch from a rounded trailing edge to the pearling
instability without showing a corner. The latter claim remains to be thoroughly tested with
the stiff substrate. These observations pave the way for further research to understand what
sets the sharpness of cornered interfaces.

9.2 A broader look at wetting on a stiff gel

Experiments on SYLGARD™ 184 hold promise in discriminating the link between the dynam-
ics of receding contact lines and the properties of both the solid and the liquid. However, we
stumbled on issues that have yet to be solved if we want to carry out an extensive study of
wetting on SYLGARD™ 184 .

A systematic study of droplet sliding shows that care must be taken to reach reproducibil-
ity. This issue is particularly obvious if we analyze droplet trajectories.

Even though we take great care in setting up our systems, the first trajectories that we
obtain with SYLGARD™ 184 are puzzling (Fig. 9.6). Figure 9.6a displays two trajectories that
we observed for a droplet of U90. The dynamics of both drops are characterized by a slow
down during the whole duration of the experiment. Moreover, the velocities are very dif-
ferent. These effects are reminiscent of those that we observe if we leave SYLGARD™ 527
samples exposed to light during long sliding experiments. However, the issue here is that the
polystyrene lid that is known to prevent ageing of the surface in the case of SYLGARD™ 527 is
in place too, and the droplet still has dynamics characterized by a time-dependent velocity.
Finally, the shape of the droplet also evolves over time, and the radius of curvature of the
trailing edge decreases as the droplet slows down, a rather surprising result.

The trajectory of another liquid, a droplet of G100, has a shape reminiscent of those re-
ported by Hourlier-Fargette et al. [92,126,132]. The droplet slides at a low pace before accel-
erating and sliding at a much higher velocity (Fig. 9.6b). This type of trajectory was related to
contamination of the droplet/air interface by free chains present in the gel. The difference
with SYLGARD™ 527 is that the amount of free chains in SYLGARD™ 184 is 5 wt%. Hence
surface contamination can take some time. These dynamics are also akin to those attributed
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Figure 9.6: Puzzling trajectories on SYLGARD™ 184 . (a) Trajectories of two similar experiments. The
system is {SYLGARD™ 184 ; U90}. The grey arrow points towards the trajectory for which we display
top views of the droplet. The radius of curvature at the rear of the drop evolves all along the experi-
ment. Scale bar: 2 mm. (b) Trajectory of the front of an oscillating drop. The system is {SYLGARD™
184 ; G100}. We retrieve two speed regimes, just like [92, 126, 132]. The right panel displays top views
of the droplets as the rear moves back towards the drop. Total time for the images: 6 s. Scale bar: 2
mm.

to adaptive wetting [141]. Moreover, the drop oscillates during the high-velocity regime: its
leading and trailing edges oscillate in phase. The right panel displays a short moment of the
trajectory, when the trailing part of the drop snaps back towards the drop. To our surprise,
the back of the droplet becomes almost flat, in fashion similar to that of a bubble rising in a
viscoelastic fluid [142]. Closer analysis seems also to indicate that a wave propagates along
the back of the droplet and focuses at its tip.

As a conclusion, much work remains to be done to control the systems involving SYL-
GARD™ 184 . The issue here is to identify the set of properties of the gel that, once under
control, ensure experimental reproducibility. SYLGARD™ 184 is a commercial kit, the for-
mulation of which is known only partially. For example, besides PDMS, the material con-
tains silica fillers that help increasing the elastic modulus. Moreover, the low amount of free
chains may be an issue. Thus, the solution may be multiple: either add more free chains
to the material so that droplet contamination is fast and hope that it will also screen possi-
ble interactions with the fillers and other material, or use a home-made gel, designed from
carefully chosen base products.

9.3 Dip-coating of a soft surface

Another example of set-up allowing the study of contact lines, be they advancing or receding,
relies on the motion of a plate in or out of a bath of liquid (Fig. 9.7). This configuration is
usually known as dip-coating. From a fundamental point of view, this system has mostly
been studied in two situations. In the first one, the liquid in the bath is in a state of complete
wetting on the solid. In this case, the thickness h of the liquid film deposited on the moving
plate depends on the velocity at which the latter is extracted from the bath, and it is described
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theoretically by the Landau-Levich-Derjaguin (LLD) law [143]:

h ∝ `c Ca2/3 (9.2)

where `c =
√
γ/(ρg ) is the capillary length.

Figure 9.7: An example of a dip-coating set-up similar to the one we used to run our experiments.
We remove a sample from a liquid bath. The liquid tank is inclined to improve visualization.

The other situation where the liquid only partially wets the substrate is relevant to us. In
this situation, a liquid film is entrained only beyond a threshold velocity [78, 101, 144]. Not
only is there a threshold for liquid entrainment, the shape of the film differs substantially
from that of the LLD film (Fig. 9.8). The region of the contact line is separated from a LLD-
like film by a much thicker front. Moreover, the contact line recedes from the edges of the
substrate toward its center, taking a trapezoidal shape that ends forming a corner reminis-
cent of those observed behind running droplets.

I co-supervised an intern in Spring 2021, Lisa Kaufman, with whom we have started in-
vestigating receding contact lines on SYLGARD™ 527 in the context of dip-coating. In this
part, I will give a first look at our preliminary results, and describe the next steps we will take
soon.

The set-up we use is described in Fig. 9.7. Setting up this system for soft materials re-
quires some care, in particular when handling gel samples. First, we have prevented ageing
effects by enclosing the whole set-up in a box. Second, our PDMS samples are soft enough to
sag under their own weight. We have solved this issue by adding a rigid and moveable piece
of plastic at the bottom of the vessel we use to prepare the sample. We cut out the sample
from the vessel and make sure to handle it via the plastic piece to limit stretch effects.

Once these steps are respected, experiments become reproducible. We test two fluids,
G100 and U90. First, we find for all systems that there is indeed a threshold velocity beyond
which a liquid film is entrained. Figure 9.9 depicts an example of entrainment. The contact
line moves with the plate. We see that the top of the entrained film starts to recede early in
the experiment, taking a shape similar to the trapeze observed in the rigid case. The vertices
of the receding film take a slender shape and leave pearls behind them; to the best of our
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Figure 9.8: Examples of films entrained in a dip-coating experiment where the liquid is in partial
wetting on the solid. A trapezoidal shape [144] (right) recedes and eventually forms a corner [78]
(left).

knowledge, this instability of the vertices has not been reported in the case of the rigid sub-
strate. The film goes on receding. In contrast to the rigid case, the corner is absent and the
film ends up having a rectangular shape.

Figure 9.9: Images of a film of G100 entrained by a moving plate of SYLGARD™ 527 . As the trapeze
recedes, its vertices become unstable. The film eventually takes a rectangular shape.

Increasing the viscosity of the liquid and switching to U90, the dynamics of the entrained
film are slightly different. In particular, the receding film is rectangular straight away (Fig. 9.10).
Again the vertices of the film form slender structures, and pearls are deposited.

Finally, our preliminary results suggest that the critical capillary numbers at which film
entrainment occurs differ from the capillary numbers measured in the case of sliding droplets.

A lot of work remains to be done to characterize this system. First, the configuration that
we use here does not provide access to contact angles at the contact line yet. This measure-
ment will be useful to investigate what is the value of the angle at entrainement. Second, we
would also benefit from a possibility to measure the thickness profile of the film. The needle
depicted in Fig. 9.7 is supposed to be used as a proxy to this quantity, by tracking how its

105



Figure 9.10: A Rectangular receding film of U90 on SYLGARD™ 527 .

reflection on the film is distorted by the height profile. Finally, we have hardly investigated
the case R ∼ 104 and, once under control, running these experiments with stiff gels will also
shed new light on this system.
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Chapter 10

General conclusion

The literature is rich with investigations of the dynamics of wetting on soft substrates. Early,
the significant role of energy dissipation in the solid was pointed out. Besides, the idea that
capillarity of the solid needs to be accounted for to describe the statics and the dynamics
of wetting is now a well-established fact. The work describes in this manuscript broadens
the reach of our knowledge on these systems hopefully. To the best of our knowledge, a
discussion of the effect of dissipation partition between the solid and the liquid is absent in
the literature, and the work that we have performed and described here is a first step on this
path.

Experimental work in this manuscript relies on droplets sliding on soft surfaces. The
choice of sliding droplets is motivated by the desire to test the predictions of a recent model
of soft wetting that extends the framework of elasiticity used to describe the solid to finite
deformations. The same model also leaves the surface tension of the solid independent of
strains. One of the purposes of this work is to show how far the model goes into describing
carefully acquired data, and to eventally reach its limits. To do so, we need to be able to mea-
sure the contact angles between the solid-liquid and liquid-vapor interfaces on the receding
and advancing contact lines. Doing so is easy on sliding droplets, as the line contour of the
droplet on the substrate switches from advancing motion to a receding one as we move from
the leading to the trailing edge of the droplet. The shapes and the dynamics of sliding also
provide information on dissipation in a direct way, and the system offers at least two levels
of analysis, at the scale of the droplet and at the scale of the contact line.

The guiding parameter of this study is a non-dimensional number, R, that quantifies the
dissipation partition in the system. In the limit R → 0, soft systems should be similar to
those where droplets slide on rigid non-deformable substrates; viscous dissipation in the
liquid should dominate the dynamics. Our experiments, while unable to reach the R = 0
limit, show that this analogy is qualitatively valid even when R ∼ 1. In particular, we find a
relation between the energy injected in the system and the energy dissipated that is akin to
that of the rigid system, and droplet shapes compare very well, even showing cornered drops
and a pearling transition beyond a threshold capillary number. Substantial differences with
the rigid case arise when R À 1. Droplet shapes remain more rounded up to the pearling
transition, and the energy balance is dominated by dissipation in the solid.

The analysis of the dynamics at the scale of the contact line shows that the analogy be-
tween the rigid case and the soft one at R ∼ 1 is really qualitative. The dissipation in the solid
still plays a significant role, in particular as a model of the relation between the dynamic
contact angle and the velocity of the droplet that accounts for dissipation in the liquid only
provides dubious estimates for parameters of the liquids such as their molecular size. Over-
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all analysis of the data shows that the model we want to test is able to describe the data
very well, with no free fitting parameter. Our theoretical framework describes the elastic re-
sponse of the material up to order 2 in the strains, and this seems to be a sufficient level of
non-linearity to describe the data. On the course of our comparison, we have unveiled some
aspects of our experiments that the model had a hard time to capture, in particular with re-
spect to the receding branch. In all cases, these discrepancies result either from a property
of the liquids that we took note of a posteriori, such as a soap-like response, or from an un-
expected oscillatory motion of the contact line the origin of which remains to be identified.

We discuss the conditions under which sliding droplets leave tiny droplets in their wake.
The gels we use have little to no hysteresis. Besides, they contain significant amounts of free
chains that are expected to smooth the surface of the gels. However, we observe that the
pearling transition occurs at a critical capillary number for which the contact angle at the
trailing edge of the droplet does not vanish, in contrast with our expectations. The latter was
also reported in the case of a rigid substrate, and reasonably attributed at the time to possi-
ble effects of surface roughness and defects. These assumptions are difficult to justify here.
Hence, while the critical capillary number is well predicted by the model, the observation
of a finite angle at the pearling transition remains a puzzle, and more work is required to
hopefully understand it. Besides, the path to the pearling instability depends on the dissipa-
tion ratio R. While corners appear on the contour of droplets at low values of R, the trailing
edge of the droplets remains rounded with a radius of curvature of the same order of magni-
tude as the radius of the droplet at rest. Hence, even the possibility for the corner to exist is
dependent on dissipation partition.

The focus on the trailing edge of droplets leads us to investigate the dynamics of reced-
ing contact lines in more detail. We provide insights into this question based on work in
progess. The first idea is to compare how the shape of the droplet depends on the stiffness
of the substrate. The idea is to test how the properties of the contact line, such as its ability
to form corners, depend on the intrinsic elastocapillary length of the solid. This quantity is
a decreasing function of the shear modulus of the solid. Our preliminary experiments show
that the radius of curvature of the corners at the trailing edge of the droplet, when they exist,
decreases with a decrease of the elastocapillary length. These experiments are still far from
controlled, and extensive work remains to be done to characterize thoroughly our observa-
tions.

In the same vein, we have also investigated the dynamics of receding contact lines when
the soft surface is extracted from a bath. These dip-coating experiments show that two
regimes exist separated by a threshold velocity. The contact line remains in the vicinity of
the surface of the liquid as long as the extraction velocity is below the entrainment thresh-
old. When the latter is overcome, a film is entrained. However, the motion of the contact line
is not homogeneous. Parts of the contact line close to the edges of the sample starts to recede
with respect to the substrate during extraction: their velocity in the frame of the laboratory
is smaller than that of the sample. We observe shapes that differ from the case of the rigid
substrate. While the film becomes trapezoidal at early stages of recession, a rectangle is ob-
served in the late stages. This rectangle is actually the only shape observed in the R ∼ 1 case,
a surprising result as this system is supposed to be the closest to the rigid one. Again, a lot of
work remains to be done, and some aspects of the entrained film such as its thickness profile
and contact angles at the contact line must be measured to gather more insights into this
problem. Moreover, going back to the rigid case with the liquids we use in these experiments
might prove informative too.

Besides these short-term perspectives, this work points to some interesting prospects
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with possibly different systems. One of these perspectives relies on the use of liquid-infused
surfaces (LIS). Droplets moving on these surfaces are known to be surrounded by a ridge,
similar in shape to the elastocapillary ridge of our systems. The presence of the layer is
known to make these systems similar to non-wetting devices. The liquid infused at the sur-
face of the solid, usually in a network of microscopic pillars, can dissipate energy. Our model
also makes prediction for the dynamics of contact lines on viscous liquids, and LIS systems
offer a nice platform to investigate the predictions of our model. A particular point of interest
would be to investigate whether droplets sliding on LIS also experience a pearling transition,
and measure the properties of the contact line at threshold.

Another prospect would be to synthesize soft elastomers with little to no free chains in
their network. While such materials may be obtainable by mixing commercial kits in pro-
portions far from the manufacturer’s recommendation, this process is time-consuming, as
free chains have to be removed by solvent extraction, an operation that takes at least a cou-
ple of weeks. Recent advances in polymer synthesis suggest that the soft networks almost
free of free chains can be obtained by cross-linking reactive branched PDMS. Although this
prospect requires mastering polymer chemistry, we think that this would be an interesting
direction to take, as it would help the community sort out the origin of various observations
made over the years as a function of the presence of free chains.

109



Chapter 11

Résumé en Français

Conformément aux règles de l’EDPIF et de l’université, nous résumons les travaux de cette
thèse en langue française.

11.1 Introduction

Lorsque l’on dépose une goutte sur une surface solide, la capillarité du liquide tire sur le
substrat au niveau de la ligne de contact, c’est-à-dire à l’endroit où les phases liquide, solide
et le milieu ambiant (l’air dans notre cas) se rencontrent. Si le substrat est suffisamment
mou, elle peut le déformer : il en résulte une déformation en forme de crête. En pratique,
les substrats dits mous sont composés de polymères, ce qui leur confère des propriétés vis-
coélastiques. Lorsque le liquide se déplace, la ligne de contact va entraîner la crête, ce qui va
coûter de l’énergie au système. Il y a maintenant deux sources de dissipation d’énergie pour
le système : la viscoélasticité du substrat et la viscosité du liquide. L’étude de l’étalement
d’un liquide sur un solide s’appelle le mouillage. Le cas particulier d’un solide déformable
s’appelle l’élastomouillage.

La littérature regorge d’études sur la dynamique du mouillage sur des substrats mous.
Très tôt, le rôle significatif de la dissipation d’énergie dans le solide a été mis en évidence.
En outre, l’idée que la capillarité du solide doit être prise en compte pour décrire la statique
et la dynamique du mouillage est maintenant un fait bien établi. Le travail décrit dans ce
manuscrit élargit la portée de nos connaissances sur ces systèmes. A notre connaissance, la
littérature ne discute pas comment la répartition de la dissipation énergétique entre le solide
et le liquide affecte le système, et le travail que nous avons réalisé est un premier pas sur cette
voie.

Le travail expérimental dans ce manuscrit repose sur le dévalement de gouttes sur des
surfaces déformables. Ce choix est motivé par le désir de tester les prédictions d’un mod-
èle récent d’élastomouillage qui prend en compte la théorie de l’élasticité non-linéaire pour
décrire le solide à des déformations finies. Ce même modèle laisse la tension superficielle
du solide indépendante des déformations, une hypothèse encore en discussion dans la com-
munauté. Il laisse entendre que le rapport des deux sources de dissipation est un paramètre
crucial du système, et régit la dynamique d’une ligne de contact. L’un des objectifs de ce
travail est de montrer jusqu’où va le modèle pour décrire des données soigneusement ac-
quises, et d’en déterminer les limites. Pour ce faire, nous devons être en mesure de mesurer
les angles de contact entre les interfaces solide-liquide et liquide-vapeur sur des lignes de
contact qui s’éloignent et qui avancent. Il est facile de le faire sur des gouttes qui glissent, car
le contour de la goutte sur le substrat passe d’un mouvement d’avancée à un mouvement de
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recul lorsque l’on passe de l’avant à l’arrière de la goutte. Les formes et la dynamique des
gouttes fournissent également des informations sur la dissipation de manière directe, et le
système offre au moins deux niveaux d’analyse, à l’échelle de la goutte et à l’échelle de la
ligne de contact.

Le paramètre clé de cette étude est un nombre sans dimensions,

R =
γτ

ηls

qui quantifie la répartition de la dissipation dans le système. Ce dernier compare la vitesse
de relaxation visqueuse du liquide (Ul = γ/η où γ et η sont la tension de surface et la viscosité
dynamique du liquide) avec celle du substrat (Us = ls/τ où ls est la taille caractéristique
de la crête et τ le temps caractéristique de relaxation des polymères au sein du matériau).
Dans la limite R −→ 0, la crête relaxe extrêmement vite par rapport au liquide ; la dissipation
visqueuse dans le liquide devrait dominer la dynamique et les systèmes mous devraient être
similaires à ceux où les gouttelettes glissent sur des substrats rigides indéformables. Inverse-
ment, la crête relaxe extrêmement lentement par rapport au liquide dans la limite R À 1 ; la
dissipation dans le solide devrait dominer le bilan énergétique.

11.2 Protocole

Nous préparons des gels de silicone (PDMS) à partir de kits commerciaux. Il suffit d’en
mélanger les deux parties, l’une contenant la base de polymères, l’autre contenant l’agent
réticulant, pour enclencher la réaction de réticulation. Nous enlevons les éventuelles bulles
introduites lors du mélange qui pourraient altérer les propriétés mécaniques du gel en plaçant
ce dernier sous vide. Enfin, nous le laissons cuire toute une nuit à 65◦C. Nous fabriquons des
échantillons suffisamment épais, c’est à dire de taille millimétrique, pour éviter que le fond
du récipient n’affecte nos résultats. La réticulation de nos gels n’est pas optimale, et une
certaine quantité de chaînes dites « libres » ou « liquides » n’est pas liée au réseau élastique
du matériau. Ces dernières sont susceptibles de modifier la dynamique de la goutte : dès
lors que nous déposons une goutte de liquide sur le gel, les chaînes libres migrent vers cette
dernière et la recouvrent d’un film. Lorsque toute la goutte est recouverte de chaînes libres,
elle accélère soudainement. Le gel que nous utilisons contient 60 % de chaînes libres lorsque
nous suivons la recette du fabriquant. Ainsi, nous n’observons qu’un seul régime de vitesse
lorsque que les gouttes dévalent le substrat car la contamination est instantanée.

Notre montage expérimental est constitué d’un plan incliné en aluminium sur lequel
repose le récipient contenant la couche de silicone. Nous y fixons deux caméras : l’une en-
registre une vue de dessus de la goutte en mouvement tandis que l’autre capture une vue
latérale. Ainsi, nous pouvons suivre la dynamique et la forme des gouttes lorsqu’elles déva-
lent le gel de silicone. Nous pouvons également mesurer les angles de contact dynamiques
à l’avant et à l’arrière de la goutte. Les caméras se déplacent avec la plaque lorsque nous
changeons l’inclinaison α, ainsi le substrat reste dans le plan focal de la caméra surplom-
bant le montage, et reste horizontal pour la caméra latérale. La température et l’humidité de
la pièce variant d’un jour à l’autre, nous vérifions la viscosité du liquide deux fois par jour à
l’aide d’un viscosimètre capillaire. Le PDMS à l’état liquide forme un ménisque sur les parois
du moule, obstruant ainsi la visualisation latérale une fois cuit. Lorsque nous voulons en-
registrer une vue de côté, nous démoulons le gel de son récipient et découpons les bords à
l’aide d’une lame de rasoir avant de replacer le gel sur un substrat rigide.
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Nous inclinons toutes les expériences immédiatement, afin d’éviter que la déformation
à la ligne de contact ne croisse entre le moment où nous déposons la goutte sur le gel et
celui où nous inclinons ce dernier. Chaque goutte glisse sur une surface vierge de toute
expérience, et suffisamment loin des précédentes expériences de sorte que les déformations
antérieures n’affectent pas les mesures. Par ailleurs, nous avons identifié que nos gels vieillis-
sent lorsqu’il sont exposés à la lumière. Les futures expériences d’élastomouillage devraient
prendre en compte cet effet, jusque là non reporté dans la littérature du domaine. Nous con-
tournons ce problème en gardant le couvercle sur les récipients (ce dernier filtre les rayons
UV émis par les néons de la salle) et réalisons nos expériences sur des gels vieux d’un jour.

Nous avons par ailleurs mesuré la rhéologie de nos matériaux pour en extraire un module
de cisaillement µ0, un temps caractéristique de relaxation τ des chaînes de polymères au
sein du gel et un exposant m pour le module de perte. Changer le rapport de dissipation en
changeant le substrat s’avère compliqué : il est difficile de faire varier ces trois paramètres
indépendamment. Par souci de simplicité, nous avons changé R en utilisant des liquides de
différentes viscosités. Le nombre R explore quatre ordres de grandeur.

Cette description conséquente de nos protocoles illustre bien tout le soin à apporter aux
expériences pour contrôler nos systèmes et obtenir des résultats reproductibles.

11.3 Résultats

Quel que soit R, la forme des gouttes dépend de leur vitesse de dévalement. À basse vitesse,
la goutte reste quasiment axisymétrique. Elle s’allonge à plus haute vitesse, et se déstabilise
au-delà d’une vitesse critique. La goutte laisse alors de petites gouttelettes derrière elle : c’est
l’instabilité de perlage (Fig. 11.1).

Nos expériences, bien qu’incapables d’atteindre la limite R = 0, montrent une analogie
entre le cas rigide et le cas R ∼ 1. En particulier, nous trouvons une relation entre l’énergie
injectée dans le système et la dissipation qui est proche de celle du cas rigide, et les formes
des gouttes se comparent très bien, montrant même des gouttes en coin à l’approche de la
transition de perlage (Fig. 11.1). Des différences substantielles avec le cas rigide apparaissent
lorsque R À 1. Les formes des gouttes restent plus arrondies jusqu’à la transition de perlage
(Fig. 11.1), et la dissipation dans le solide régit la dynamique de la goutte.

Cependant, l’analyse de la dynamique à l’échelle de la ligne de contact montre que l’ana-
logie entre le cas rigide et le cas mou à R ∼ 1 est en fait qualitative. La dissipation dans le
solide joue encore un rôle important : le modèle de Cox-Voinov, qui donne la relation en-
tre l’angle de contact dynamique et la vitesse de la goutte en tenant compte uniquement de
la dissipation dans le liquide, ne fournit que des estimations douteuses pour la taille d’une
molécule de liquide. L’analyse globale des données montre que le modèle que nous voulons
tester est capable de très bien les décrire, sans aucun paramètre d’ajustement libre. Notre
cadre théorique décrit la réponse élastique du matériau jusqu’à l’ordre 2 des déformations,
et cela semble être un niveau de non-linéarité suffisant pour décrire les données. Le modèle
peine cependant à capturer certains aspects de nos expériences, en particulier la branche
de reculée de certains systèmes. Dans tous les cas, ces divergences résultent soit d’une pro-
priété des liquides que nous utilisons et dont nous avons pris note a posteriori, comme une
réponse de type savon, soit d’un mouvement oscillatoire inattendu de la ligne de contact
dont l’origine reste à identifier.

Par ailleurs, nous documentons la transition de perlage de plusieurs systèmes d’élasto-
mouillage. La ligne de contact dépose un film de liquide sur le substrat lorsque l’angle de
contact dynamique de reculée atteint une valeur seuil, d’environ 30° pour la plupart de
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Figure 11.1: Formes des gouttes dévalentes. Plus la ligne est haute, plus la dissipation d’énergie
dans le solide est importante par rapport à celle dans le liquide. La goutte dévale le substrat de plus
en plus vite le long d’une ligne. La ligne du bas correspond au cas rigide (R = 0), c’est-à-dire à une
goutte dévalant une plaque de verre (images reproduites à partir de [97]). Les formes à R = 2.24 sont
comparables à celles du cas rigide. En revanche, les gouttes sont plus rondes et plus allongées à
mesure que la dissipation dans le solide prends de l’importance. Barres d’échelle: 2 mm.

nos systèmes. Nous en dégageons les tendances suivantes : l’instabilité survient d’autant
plus tôt que l’angle de contact d’équilibre est faible à rapport de dissipation R constant.
Dans ce cas, cela réduit l’écart entre l’angle d’équilibre et l’angle critique. De la même
manière, l’instabilité survient d’autant plus tôt que le rapport de dissipation est grand à
angle d’équilibre constant. Dans ce cas, cela demande plus d’énergie d’atteindre une cer-
taine vitesse, et l’angle dynamique correspondant est d’autant plus éloigné de sa valeur
d’équilibre. Ainsi, on atteint la valeur seuil à des vitesses plus faibles dans ces deux cas.

Les gels que nous utilisons ont peu ou pas d’hystérése. De plus, ils contiennent des quan-
tités importantes de chaînes libres qui sont censées lisser la surface des gels. Cependant,
nous observons que la transition de perlage se produit à un nombre capillaire critique pour
lequel l’angle de contact à l’arrière de la goutte ne disparaît pas, contrairement à ce qui était
attendu. Un angle critique non nul a également été rapporté dans le cas d’un substrat rigide,
et raisonnablement attribué à l’époque aux effets possibles de la rugosité et des défauts de
la surface. Ces hypothèses sont difficiles à justifier ici. Par conséquent, bien que le nombre
capillaire critique soit bien prédit par le modèle, l’observation d’un angle fini à la transition
de perlage reste une énigme, et des travaux supplémentaires sont nécessaires pour espérer
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comprendre ce phénomène.
En outre, la forme des gouttes proches de l’instabilité de perlage dépend du rapport

de dissipation R. Alors que des coins apparaissent sur le contour des gouttes à de faibles
valeurs de R, l’arrière des gouttes reste arrondi avec un rayon de courbure du même ordre de
grandeur que le rayon de la goutte au repos dans le cas R À 1. Par conséquent, la possibilité
même de l’existence du coin dépend du rapport de dissipation.

Nous montrons aussi que la forme de la goutte dépend de la rigidité du substrat, à R
constant. L’idée est de tester comment les propriétés de la ligne de contact, telles que ses ca-
pacités à former des coins, dépendent de la longueur élastocapillaire intrinsèque au solide.
Cette quantité est une fonction décroissante du module de cisaillement du solide. Nos ex-
périences préliminaires montrent que le rayon de courbure à l’arrière de la goutte diminue
avec la diminution de la longueur élastocapillaire. Ces expériences sont encore loin d’être
contrôlées, et un travail important reste à faire pour caractériser de manière approfondie nos
observations.

11.4 Perspectives

Nous avons également étudié la dynamique des lignes de contact en reculée lorsque le gel
est extrait d’un bain. Ces expériences de « dip-coating » montrent qu’il existe deux régimes
séparés par une vitesse seuil. La ligne de contact reste à proximité de la surface du liquide
tant que la vitesse d’extraction est inférieure au seuil d’entraînement. Un film est entraîné
lorsque ce dernier est dépassé. Cependant, le mouvement de la ligne de contact n’est pas
homogène. Les parties de la ligne de contact proches des bords de l’échantillon commen-
cent à reculer par rapport au substrat pendant l’extraction : leur vitesse dans le référentiel du
laboratoire est plus faible que celle de l’échantillon. Nous observons des formes qui diffèrent
du cas du substrat rigide. Alors que le film devient trapézoïdal aux premiers stades de la ré-
cession, un rectangle est observé aux derniers stades. Ce rectangle est en fait la seule forme
observée dans le cas R ∼ 1, un résultat surprenant puisque ce système est censé être le plus
proche du cas rigide. Encore une fois, beaucoup de travail reste à faire, et certains aspects du
film entraîné tels que son profil d’épaisseur et les angles de contact au niveau de la ligne de
contact doivent être mesurés pour mieux comprendre ce problème. De plus, revenir au cas
rigide avec les liquides que nous utilisons dans ces expériences pourrait également s’avérer
instructif.

Outre ces perspectives à court terme, ce travail laisse entrevoir des perspectives intéres-
santes avec des systèmes différents. L’une de ces perspectives repose sur l’utilisation de
surfaces imprégnées de liquide. On sait que les gouttes se déplaçant sur ces surfaces sont
entourées d’une crête, de forme similaire à la crête élastocapillaire de nos systèmes. La
présence de cette couche est connue pour rendre ces systèmes similaires aux dispositifs non
mouillants. Le liquide qui imprègne la surface du solide, généralement dans un réseau de
piliers microscopiques, peut dissiper de l’énergie. Notre modèle fait également des prédic-
tions pour la dynamique des lignes de contact sur des liquides visqueux, et les systèmes
imprégnés offrent une belle plateforme pour étudier les prédictions de notre modèle. Un
point particulièrement intéressant serait d’étudier si les gouttes glissant sur de telles sur-
faces connaissent également une transition de perlage, et de mesurer les propriétés de la
ligne de contact au seuil.

Une autre perspective serait de synthétiser des élastomères souples dont le réseau com-
porte peu ou pas de chaînes libres. Bien qu’il soit possible d’obtenir de tels matériaux en
mélangeant des kits commerciaux dans des proportions éloignées des recommandations
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du fabricant, ce processus prend beaucoup de temps, car les chaînes libres doivent être ex-
traites par plusieurs bains de solvant, une opération qui prend au moins deux semaines. Les
progrès récents dans la synthèse des polymères suggèrent que les réseaux souples presque
exempts de chaînes libres peuvent être obtenus par réticulation de PDMS ramifié. Bien que
cette perspective nécessite de maîtriser la chimie des polymères, nous pensons qu’il s’agit
d’une direction intéressante à prendre, car elle aiderait la communauté à démêler l’origine
des diverses observations faites au fil des ans en fonction de la présence de chaînes libres.
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