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Apprentissage dans les disques de Poincaré et de Siegel de séries temporelles multidimensionnelles complexes suivant un
modèle autorégressif gaussien stationnaire centré : application à la classification de données audio et de fouillis radar

Résumé : L’objectif de cette thèse est la classification de séries temporelles à valeurs complexes suivant un modèle autorégressif
gaussien stationnaire centré. Nous étudions le cas des séries temporelles unidimensionnelles ainsi que le cas plus général des séries
temporelles multidimensionnelles. L’apport de cette thèse est à la fois méthodologique et technique. La méthodologie présentée permet
de représenter les lois des séries temporelles observées dans une variété riemannienne dans laquelle la classification sera effectuée. Les
étapes majeures de notre méthode sont : la définition de l’espace des coefficients du modèle paramétrique permettant de représenter
les séries temporelles considérées, l’estimation des coefficients du modèle paramétrique à partir de séries temporelles observées, mu-
nir l’espace des coefficients du modèle paramétrique d’une métrique riemannienne inspirée de la géométrie de l’information et enfin
l’adaptation d’algorithmes de machine learning classiques aux variétés riemanniennes obtenues. Dans le cas des séries temporelles mul-
tidimensionnelles, nous travaillerons dans un espace produit qui fait intervenir le disque de Siegel (ensemble des matrices complexes de
valeurs singulières strictement inférieures à 1) muni d’une métrique riemannienne produit. En plus de l’apport méthodologique évoqué
précédemment, nous apportons des outils théoriques nouveaux pour classifier des données dans la variété de Siegel : nous donnons
les formules explicites du logarithme riemannien, de l’exponentielle riemannienne et de la courbure sectionnelle de la variété obtenue
sur l’espace de Siegel. Notre modèle de représentation des séries temporelles complexes suivant un modèle autorégressif gaussien
stationnaire centré sera appliqué à la classification de séries temporelles simulées, au clustering de fouillis radar et à la classification de
séries temporelles audio stéréo stationnaires.
Mots-clés : séries temporelles suivant un modèle autorégressif gaussien stationnaire à valeurs complexes, séries temporelles multidi-
mensionnelles, machine learning, géométrie de l’information, variétés riemanniennes, matrices Toeplitz par blocs, disque de Siegel,
fouillis radar, séries temporelles audio stationnaires, corrélation spatio-temporelle.

Multidimensional complex stationary centered Gaussian autoregressive time series machine learning in Poincaré and Siegel
disks: application for audio and radar clutter classification

Abstract: The objective of this thesis is the classification of complex valued stationary centered Gaussian autoregressive time series.
We study the case of one-dimensional time series as well as the more general case of multidimensional time series. The contribution
of this thesis is both methodological and technical. The methodology presented can be used to represent the probability distributions
of the observed time series in a Riemannian manifold in which the classification will be performed. The major steps of our method
are: the definition of the space of the coefficients of the parametric model used to represent the considered time series, the estimation
of the coefficients of the parametric model from observed time series, to endow the space of the coefficients of the parametric model
with a Riemannian metric inspired by information geometry and finally the adaptation of classical machine learning algorithms to the
Riemannian manifolds obtained. In the case of multidimensional time series, we will work in a product manifold which involves the
Siegel disk (set of complex matrices with singular values strictly lower than 1) endowed with a Riemannian metric. In addition to the
methodological contribution mentioned previously, we bring new theoretical tools to classify data in the Siegel manifold: we give the
explicit formulas of the Riemannian logarithm map, of the Riemannian exponential map and of the Siegel manifold sectional curvature.
Our representation model for complex stationary centered Gaussian autoregressive time series will be applied to simulated time series
classification, to radar clutter clustering and to stationary stereo audio time series classification.
Keywords: Complex stationary centered Gaussian autoregressive time series, multidimensional time series, machine learning, Informa-
tion geometry, Riemannian manifold, Block-Toeplitz matrices, Siegel disk, radar clutter, stationary audio time series, spatio-temporal
correlation.
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Résumé général

Le contenu de ce chapitre introductif est également rédigé en anglais dans le chapitre 1. Dans cette thèse, nous présentons
une méthode pour classifier des séries temporelles à valeurs complexes suivant un modèle autorégressif gaussien station-
naire centré. Notre motivation initiale vient du traitement du signal radar et en particulier de la classification du fouillis
radar, que nous détaillons dans la section I. Ce problème a déjà été abordé dans de précédents travaux, notamment par
Frédéric Barbaresco [9, 12, 34, 37, 38], Le Yang [6, 82], Alice Le Brigant [15] et Alexis Decurninge [3, 26]. Nous présen-
tons les différents articles et manuscrits de thèse qui ont servi de support au présent manuscrit dans la section II. Nous
résumons chaque chapitre de cette thèse dans la section III. Dans la section IV, nous nous concentrons sur les principales
contributions de cette thèse. Nous proposons quelques perspectives des possibles futurs développements de cette thèse
dans la section V.

I Motivations radar
La motivation initiale de l’étude des séries temporelles à valeurs complexes qui suivent un modèle autorégressif gaussien
stationnaire centré vient du traitement du signal radar, en particulier de l’étude du fouillis radar. Dans le langage radar,
nous distinguons les objets mobiles d’intérêt premier que nous appelons les cibles et l’information liée à l’environnement
du radar que nous appelons le fouillis. Le fouillis radar est donc l’information enregistrée par un radar liée aux mers, aux
forêts, aux champs, aux villes et autres éléments environnementaux qui entourent le radar. Afin de mieux distinguer les
cibles du fouillis, il peut être intéressant de développer des algorithmes de machine learning permettant de reconnaître
différents types de fouillis. La connaissance du fouillis radar est utilisée dans l’appendice F pour obtenir un estimateur de
détection à taux de fausses alarmes constant (CFAR).

Pour étudier les caractéristiques du fouillis radar, il est courant de supposer que les séries temporelles à valeurs
complexes liées au fouillis suivent un modèle autorégressif gaussien stationnaire centré [13]. L’hypothèse de stationnarité
des séries temporelles dans le cadre de l’étude du fouillis radar est justifiée par des temps d’observation extrêmement
courts d’une même zone de l’environnement. Les lois de probabilités de ces séries temporelles sont représentées dans
des variétés riemanniennes dans les travaux de Le Yang [6, 82] et d’Alice Le Brigant [15]. Nous reprenons ce modèle de
représentation et l’appliquons au clustering de fouillis radar dans le chapitre 8.

Afin d’affiner l’étude des caractéristiques du fouillis radar, nous avons voulu ajouter à l’information temporelle con-
tenue dans chaque série temporelle une information spatiale en étudiant la corrélation entre des séries temporelles enreg-
istrées dans des zones spatialement proches. Pour cela, nous avons développé un modèle spatio-temporel qui est étudié
dans l’appendice G. Afin de munir l’espace des coefficients de ce modèle spatio-temporel d’une métrique, nous étudions
le cas plus général des séries temporelles stationnaires multidimentionnelles qui deviennent ainsi l’objet d’étude principal
de cette thèse.

II Travaux associés
L’étude des séries temporelles radar stationnaires unidimensionnelles a été réalisée par Frédéric Barbaresco dans [8–12,
39]. Dans ces travaux, les séries temporelles radar stationnaires sont représentées dans l’espace produit R˚` ˆ Dn´1

où D représente le disque unité complexe. Cet espace est muni d’une métrique riemannienne inspiré de la géométrie
de l’information. L’espace R˚` permet de représenter la puissance quadratique moyenne de la série temporelle étudiée.
L’espace produit Dn´1 représente les coefficients du modèle autorégressif, il représente donc l’information Doppler
contenue dans la série temporelle.

L’algorithme de Burg est utilisé pour estimer les coefficients du modèle autorégressif à partir d’une série temporelle
enregistrée. Cet algorithme est présenté dans les travaux de Frédéric Barbaresco et Alexis Decurninge [3, 26].

La métrique riemannienne construite sur l’espace R˚` ˆ Dn´1 est présentée par Frédéric Barbaresco dans [37], [41],
[35], [34], [33] et les travaux connexes [23], [53], [29]. Cette métrique est également détaillée dans les travaux de thèse de
Le Yang [6,82] et dans les travaux de thèse d’Alice Le Brigant [15]. Nous référons au livre de Shun-ichi Amari [73] pour
une présentation complète des outils de géométrie de l’information utilisés pour construire cette métrique. Nous notons
R``ˆDn´1 la variété riemannienne présentée dans ces travaux : la variété R``ˆDn´1 correspond à l’espace R˚`ˆDn´1
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muni d’une métrique riemannienne inspirée de la géométrie de l’information. Cette métrique Riemannienne est présentée
dans la section 4.1.3. Le calcul de la moyenne et de la médiane dans cette variété est utilisé pour détecter des cibles radar
dans les travaux de Le Yang [6, 82]. L’étude des courbes de la variété R`` ˆ Dn´1 est appliquée à la reconnaissance
de cibles radar dans le travail d’Alice Le Brigant [15]. Dans le travail de thèse présenté ici, la variété R`` ˆ Dn´1

sera utilisée pour le clustering de fouillis radar et plus généralement pour la classification de séries temporelles à valeurs
complexes suivant un modèle autorégressif gaussien stationnaire centré.

L’un des objectifs de cette thèse est l’étude des séries temporelles multidimensionnelles à valeurs complexes suivant
un modèle autorégressif gaussien stationnaire centré. Comme dans le cas des séries temporelles unidimensionnelles,
il est possible de représenter les séries temporelles multidimensionnelles par les coefficients du modèle autorégressif.
Dans le cas de séries temporelles multidimensionnelles, ces coefficients autorégressifs sont des matrices carrées. Dans
l’article écrit par Ben Jeuris et Raf Vandebril [45], les coefficients matriciels du modèle autorégressif sont légèrement
modifiés pour appartenir au disque de Siegel SDN (ensemble des matrices complexes N ˆ N de valeurs singulières
strictement inférieures à 1). Les séries temporelles stationnaires multidimensionnelles seront alors représentées dans
l’espace H`N ˆ SDn´1

N , où H`N est l’espace des matrices hermitiennes définies positives. Cet espace sera muni d’une
métrique riemannienne produit dont la construction est détaillée dans l’article de Ben Jeuris et Raf Vandebril [45]. La
métrique produit sur l’espace H`N ˆ SDn´1

N induit une métrique riemannienne sur les espaces H`N et SDN . La métrique
du disque de Siegel SDN a été étudiée par Frédéric Barbaresco dans [38], [36] et dans l’article connexe [46]. A notre
connaissance, l’application logarithme riemannien, l’application exponentielle riemannienne et la courbure sectionnelle
de la variété riemannienne définie sur l’espace de Siegel SDN n’étaient pas connues, ce sont des apports de cette thèse
qui ont été résumés dans l’un de nos précédents articles [21]. Ces outils géométriques sont indispensables à l’utilisation
de certains algorithmes de machine learning, notamment les algorithmes impliquant un calcul de la moyenne comme
l’algorithme des k-means.

III Principaux enjeux de la thèse
Cette thèse a pour objectif de mettre à disposition du lecteur la grande majorité des outils méthodologiques et techniques
que nous utiliserons pour la classification des séries temporelles à valeurs complexes suivant un modèle autorégressif
gaussien stationnaire centré. Parmi les outils présentés dans cette thèse, certains étaient déjà connus et certains sont
nouveaux, nous détaillons les éléments nouveaux dans la section IV. La structure de cette thèse est liée à la méthodologie
utilisée. Dans le chapitre 2 nous présentons plusieurs espaces de représentation des séries temporelles étudiées. Dans
le chapitre 3, nous munissons ces espaces d’une métrique riemannienne inspirée de la géométrie de l’information. Dans
le chapitre 4, nous détaillons la métrique des variétés riemanniennes obtenues. Dans le chapitre 5, nous présentons des
algorithmes de machine learning adaptés à la structure de variété riemannienne. Dans les chapitres 6, 7, 8 et 9 nous
utilisons certains algorithmes de machine learning présentés dans le chapitre 5 sur les variétés détaillées dans le chapitre
4 pour classifier des séries temporelles stationnaires. Nous détaillons maintenant le contenu de chaque chapitre.

III.1 Résumé du chapitre 2 : Séries temporelles à valeurs complexes suivant un modèle au-
torégressif gaussien stationnaire centré

Dans le chapitre 2, nous présentons différents modèles paramétriques associés aux processus stochastiques discrets à
valeurs complexes suivant un modèle autorégressif gaussien stationnaire centré.

On note n´ 1 l’ordre des processus stochastiques autorégressifs présentés dans cette section.
Dans le cas des séries temporelles unidimensionnelles, cela s’écrit :

upkq `
n´1
ÿ

i“1

an´1
i upk ´ iq “ wn´1pkq (1)

où an´1
i sont les coefficients de prédiction et les erreurs de prédiction wn´1pkq sont des processus gaussiens com-

plexes centrés indépendants et identiquement distribués de variance σ2. Une telle série temporelle est donc entièrement
paramétrée par les coefficients du modèle autorégressif

`

an´1
1 , . . . , an´1

n´1

˘

et par le coefficient σ2. Nous définissons les
coefficients d’autocorrélation ri :“ E

“

u pk ` iqu pkq
˚
‰

. De façon équivalente, une série temporelle peut être représentée
par sa variance r0 et les coefficients du modèle autorégressif

`

a1
1, . . . , a

n´1
n´1

˘

. Les coefficients aii sont appelés coefficients
de réflexion et seront notés µi, ils appartiennent au disque unité complexe D. En utilisant cette représentation, le proces-
sus stochastique discret étudié est donc représenté par les coordonnées pr0, µ1, . . . , µn´1q dans l’espace R˚` ˆ Dn´1. Il
est également possible de représenter une série temporelle par ses coefficients d’autocorrélation pr0, r1, . . . , rn´1q. Ces
coefficients déterminent entièrement la matrice d’autocorrélation R du processus stochastique discret qui est une matrice
Toeplitz hermitienne définie positive :
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R “

»

—

—

—

—

—

–

r0 r˚1 r˚2 . . . r˚n´1

r1 r0 r˚1 . . . r˚n´2

r2 r1 r0 . . . r˚n´3
...

...
...

. . .
...

rn´1 rn´2 rn´3 . . . r0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (2)

Nous notons Z un vecteur qui suit une loi normale complexe. La loi de Z est caractérisée par sa moyenne µ :“ E rZs,
sa matrice de covariance Γ :“ E

“

ZZH
‰

et sa matrice de relation C :“ E
“

ZZT
‰

. Nous notons Z „ CN pµ,Γ, Cq la loi
gaussienne complexe de moyenne µ, de matrice de covariance Γ et de matrice de relation C. Nous appelons loi normale
circulaire symétrique centrée une loi normale complexe de moyenne nulle pµ “ 0q et de matrice de relation nulle pC “ 0q.
Une loi normale circulaire symétrique centrée est donc caractérisée par sa matrice de covariance Γ qui est hermitienne
définie positive. Lorsque la série temporelle à valeurs complexes est de longueur n, il est équivalent de supposer que la
série temporelle est une réalisation d’un processus stochastique autorégressif gaussien stationnaire centré et de supposer
que le vecteur u “ rup0q, up1q, ..., upn ´ 1qsT est la réalisation d’une loi normale circulaire symétrique centrée dont la
matrice de covariance R est Toeplitz hermitienne définie positive.

L’algorithme de Burg 17 permet d’estimer les paramètres pr0, µ1, . . . , µn´1q à partir des séries temporelles observées.
Le principe de l’agorithme de Burg est détaillé dans l’appendice C.

Dans le cas des séries temporelles multidimensionnelles, le modèle autorégressif est caractérisé par l’équation suiv-
ante :

Upkq `
n´1
ÿ

j“1

An´1
i Upk ´ jq “W pkq (3)

où W est le vecteur d’erreur de prédiction de taille N de matrice de covariance Σ. La matrice de covariance Σ et les
coefficients de prédiction An´1

j sont des matrices carrées de taille N ˆN .
Ce modèle peut donc être paramétré par la matrice de covariance Σ et les coefficients du modèle autorégressif

`

AN´1
1 , . . . , AN´1

N´1

˘

. Nous définissons les coefficients d’autocorrélation Ri :“ E
”

U pk ` iqU pkq
H
ı

, où ¨H désigne
l’opérateur de transconjugaison d’une matrice complexe. La série temporelle étudiée peut également être représentée par
le coefficient d’autocorrélation R0 et les coefficients de réflexion

`

A1
1, . . . , A

n´1
n´1

˘

. Pour deux matrices complexes A et
B, nous notons A ą B lorsque la matrice A´B est hermitienne définie positive. Nous montrons que les coefficients de
réflexion Aii appartiennent à l’espace DN :“

 

M P CNˆN | IN ´MĎM ą 0
(

, où ĎM :“ JM˚J avec J la matrice anti-
diagonale [45]. Il est également possible de transformer les coefficients de réflexion Aii P D en coefficients Mi P SDN

où SDN :“
 

M P CNˆN | IN ´MMH ą 0
(

est appelé le disque de Siegel. Nous pouvons donc représenter la série
temporelle multidimensionnelle étudiée par le coefficient d’autocorrélation R0 et les coefficients pM1, . . . ,Mn´1q appar-
tenant au disque de Siegel. En utilisant cette représentation, la série temporelle étudiée est donc représentée par les coor-
données pR0,M1, . . . ,Mn´1q dans l’espace H`N ˆ SDn´1

N . Il est également possible de représenter la série temporelle
étudiée par les coefficients d’autocorrélation pR0, . . . , Rn´1q. Ces coefficients caractérisent la matrice de covariance R

des données vectorisées Un “
“

Up0qT , . . . , Upn´ 1qT
‰T

. La matrice de covariance de Un est la matrice Toeplitz par
blocs hermitienne définie positive R définie par :

R “

»

—

—

—

—

—

–

R0 RH1 RH2 . . . RHn´1

R1 R0 RH1 . . . RHn´2

R2 R1 R0 . . . RHn´3
...

...
...

. . .
...

Rn´1 Rn´2 Rn´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (4)

Lorsque la série temporelle multidimensionnelle à valeurs complexes est de longueur n, il est équivalent de supposer
que la série temporelle est la réalisation d’un processus stochastique suivant une modèle autorégressif gaussien stationnaire
centré et de supposer que le vecteur Un est la réalisation d’une loi normale complexe circulaire symétrique centrée dont la
matrice de covariance R est Toeplitz par blocs hermitienne définie positive. L’algorithme 5 présenté dans la section 2.2.9
permet d’estimer les coefficients pR0,M1, . . . ,Mn´1q P H`NˆSD

n´1
N à partir de séries temporelles multidimensionnelles

observées.

III.2 Résumé du chapitre 3 : Théorie de la géométrie de l’information
Dans le chapitre 3, nous munissons les espaces de représentation des séries temporelles à valeurs complexes suivant un
modèle autorégressif gaussien stationnaire centré d’une métrique riemannienne inspirée de la géométrie de l’information.
La théorie de la géométrie de l’information donne un cadre théorique qui permet de munir des espaces de lois paramétriques
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d’une métrique riemannienne. Comme vu dans le chapitre 2, les séries temporelles étudiées peuvent être considérées
comme des réalisations de lois gaussiennes complexes circulaires symétriques centrées : u „ CN p0,R, Oq. Dans le cas
unidimensionnel, la matrice R est Toeplitz hermitienne définie positive. Dans le cas multidimensionnel, la matrice R est
Toeplitz par blocs hermitienne définie positive. Dans le cas plus général où la matrice de covariance R est simplement
hermitienne définie positive, nous pouvons utiliser les outils présentés dans le livre de Shun-Ichi Amari [73] pour définir
la métrique de la géométrie de l’information sur les lois gaussiennes circulaires symétriques centrées [15, 82]. Cette
métrique sur les matrices hermitiennes définies positives H`N est donnée par l’élément : ds2 “ trace

`

P´1dPP´1dP
˘

.
D’après l’étude des différents espaces de représentation des séries temporelles à valeurs complexes suivant un modèle
autorégressif gaussien stationnaire centré effectué au chapitre 2, la matrice de covariance Toeplitz R d’une série tem-
porelle unidimensionnelle stationnaire peut être représentée par les coefficients pp0, µ1, . . . , µn´1q P R˚` ˆ Dn´1. En
nous inspirant de la construction de la métrique de la géométrie de l’information sur l’espace H`N , nous construisons une
métrique riemannienne sur l’espace R˚`ˆDn´1. Nous notons R``ˆDn´1 la variété riemannienne obtenue. La métrique
construite est une métrique produit définie par :

ds2
R``ˆDn´1 “ n

dp2
0

p2
0

`

n´1
ÿ

k“1

pn´ kq
|dµk|

2

´

1´ |µk|
2
¯2 . (5)

Pour les séries temporelles multidimensionnelles, la matrice de covariance Toeplitz par blocs R peut être représentée
par les coefficients pR0,M1, . . . ,Mn´1q P H`N ˆ SDn´1

N . Nous construisons une métrique sur l’espace H`N ˆ SDn´1
N

en nous inspirant de la construction de la métrique de la géométrie de l’information sur H`N . Nous notons H``N ˆ SDn´1
N

la variété riemannienne obtenue. La métrique construite est une métrique produit définie par :

ds2
H``N ˆSDn´1

N

“n trace
`

P´1
0 dP0 P

´1
0 dP0

˘

(6)

`

n´1
ÿ

l“1

pn´ lq trace
´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

III.3 Résumé du chapitre 4 : Variétés riemanniennes associées aux séries temporelles station-
naires à valeurs complexes

Dans le chapitre 4, nous présentons certains outils géométriques utiles des variétés riemanniennes R``ˆDn´1 et H``N ˆ

SDn´1
N obtenues dans le chapitre 3. Pour ces deux variétés, les outils géométriques présentés sont : l’expression de

l’élément ds2, l’expression de la distance entre deux points, le produit scalaire, la norme, la donnée d’une isométrie,
l’application logarithme riemannien, l’application exponentielle riemannienne, l’équation des géodésiques et la courbure
sectionnelle. Pour étudier ces outils géométriques, nous remarquons que ces variétés sont des variétés produits. En effet,
la métrique de la variété R`` ˆ Dn´1 peut s’écrire :

ds2
R``ˆDn´1 “ nds2

R`` `

n´1
ÿ

k“1

pn´ kq ds2
D (7)

avec ds2
R`` “

dp2
0

p2
0

et ds2
D “

|dµk|
2

p1´|µk|2q
2 .

Nous notons R`` la variété riemannienne définie sur l’espace R˚` par la métrique ds2
R`` . Nous appelons disque

de Poincaré et notons D la variété définie sur le disque unité complexe D par la métrique ds2
D. Nous commençons par

étudier en détails les variétés R`` et D, puis nous utilisons la relation définie par l’équation 7 pour en déduire les outils
géométriques de la variété R`` ˆ Dn´1.

La métrique de la variété riemannienne H``N ˆ SDn´1
N peut également s’écrire comme une métrique produit :

ds2
H``N ˆSDn´1

N

“ nds2
H``N

`

n´1
ÿ

l“1

pn´ lq ds2
SDN (8)

avec

ds2
H``N

“ trace
`

P´1
0 dP0 P

´1
0 dP0

˘

ds2
SDN “ trace

´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

Nous notons H``N la variété définie sur l’espace des matrices hermitiennes définies positives H`N par la métrique
ds2

H``N
. Nous notons SDN la variété définie sur l’espace de Siegel SDN par la métrique ds2

SDN . Nous étudions d’abord
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les variétés H``N et SDN , puis nous utilisons la relation donnée dans l’équation 8 pour en déduire les outils géométriques
de la variété riemannienne H``N ˆ SDn´1

N . L’élément de métrique ds2
SDN , la distance et le produit scalaire de la variété

SDN sont donnés dans l’article de Ben Jeuris et Raf Vandebril [45]. A la connaissance des auteurs, l’expression explicite
de l’application logarithme riemannien, de l’application exponentielle riemannienne et de la courbure sectionnelle de
l’espace de Siegel n’étaient pas connues, la donnée de leurs expressions est donc une contribution majeure de cette thèse.

III.4 Résumé du chapitre 5 : Machine Learning sur des variétés riemanniennes
Dans le chapitre 5, nous détaillons des algorithmes de machine learning adaptés à la structure de variété riemannienne.
La plupart des algorithmes de machine learning classiques considèrent implicitement que les données à classifier sont des
données euclidiennes. Dans un espace euclidien, il est possible d’additionner deux éléments, de multiplier un élément
par un scalaire et de calculer très facilement la moyenne xmean des éléments px1, . . . , xN q : xmean “ 1

N

řN
i“1 xi. La

distance entre deux points a “ pa1, . . . , anq et b “ pb1, . . . , bnq est définie par : d pa, bq “
´

řn
i“1 pbi ´ aiq

2
¯1{2

. Cepen-
dant, ces opérations (entre autres) ne sont pas définies dans des variétés riemanniennes en général. Pour qu’un algorithme
de machine learning puisse fonctionner dans une variété riemannienne en respectant sa structure, il faut donc qu’il repose
sur des opérations qui soient définies dans des variétés riemanniennes. Pour les variétés R``ˆDn´1 et H``N ˆSDn´1

N , les
opérations qui reposent sur les outils géométriques présentés dans le chapitre 4 seront bien définies. Certains algorithmes
de machine learning euclidiens classiques utilisent comme seul outil géométrique la notion de distance pour classifier
des données. Pour adapter ces algorithmes à des données appartenant à une variété riemannienne non euclidienne, il
suffit de remplacer la distance euclidienne par l’expression de la distance dans la variété riemannienne. Parmi les algo-
rithmes de classification supervisée utilisant uniquement la notion de distance, nous présentons l’algorithme des k plus
proches voisins dans la section 5.3.1 et l’algorithme Kernel Density Estimation Classifier dans la section 5.3.2. Parmi
les algorithmes de clustering utilisant uniquement la notion de distance, nous présentons l’algorithme de la classification
ascendante hiérarchique dans la section 5.4.1.

D’autres algorithmes de machine learning euclidiens classiques utilisent la notion de moyenne. Pour pouvoir utiliser
ces algorithmes dans une variété riemannienne non euclidienne, nous devons définir la notion de moyenne dans une variété
riemannienne. Dans la section 5.1.2, nous définissons la moyenne des points px1, . . . , xN q comme l’ensemble des minima
locaux de la fonction :

H2pxq “
N
ÿ

i“1

d2px, xiq. (9)

Une variété de Hadamard est une variété riemannienne complète, simplement connexe et de courbure sectionnelle
négative ou nulle. Lorsque la variété étudiée est une variété de Hadamard, la fonctionH2pxq possède un unique minimum
local (et donc global) [82], [6]. Nous montrons dans le chapitre 4 que les variétés R``ˆDn´1 et H``N ˆSDn´1

N sont des
variétés de Hadamard. Pour approximer la valeur de la moyenne dans une variété de Hadamard, nous pouvons faire une
descente de gradient sur la fonction H2. Le gradient de cette fonction a pour expression :

G2 pxq “ ´2
N
ÿ

i“1

logx pxiq . (10)

Le calcul du gradient fait donc intervenir l’application logarithme riemannien. Pour nous déplacer sur la variété rie-
mannienne dans la direction de l’opposé du gradient, nous utilisons ensuite l’application exponentielle riemannienne.
L’algorithme d’approximation de la moyenne utilisant la descente de gradient est détaillé dans l’algorithme 8. Il ex-
iste également une méthode stochastique permettant d’approximer la moyenne [6], cette méthode est présentée dans
l’algorithme 9. Dans le chapitre 5, nous présentons deux algorithmes utilisant un calcul de moyenne pour classifier des
données : l’algorithme supervisé nommé Nearest Centroid Classifier présenté dans la section 5.3.3 et l’algorithme de clus-
tering des k-means présenté dans la section 5.4.3. Ces deux algorithmes utilisent trois outils géométriques : la distance,
l’application logarithme riemannien et l’application exponentielle riemannienne. Pour chaque algorithme présenté dans
le chapitre 5, nous préciserons les outils géométriques sur lesquels il repose et la complexité de l’algorithme par rapport
au nombre de données d’entrée.

III.5 Résumé du chapitre 6 : Application à la classification de séries temporelles unidimen-
sionnelles simulées suivant un modèle autorégressif gaussien stationnaire centré

Dans le chapitre 6, nous appliquons certains algorithmes de machine learning présentés dans le chapitre 5 à la classi-
fication de séries temporelles unidimensionnelles simulées. Les séries temporelles simulées sont des séries temporelles
unidimensionnelles à valeurs complexes qui suivent un modèle autorégressif gaussien stationnaire centré. Comme vu
dans la section 2.1 du chapitre 2, ces séries temporelles peuvent être considérées comme des réalisations de lois circu-
laires symétriques centrées CN p0,R, 0q dont la matrice de covariance R est Toeplitz. Nous pouvons donc simuler une
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série temporelle Z de matrice de covariance R grâce à l’équation Z “ R1{2X où X est un vecteur aléatoire gaussien
complexe standard. Nous utilisons cette propriété pour simuler des séries temporelles unidimensionnelles dans le chapitre
6. Nous simulons 200 séries temporelles de matrice de covariance Toeplitz R0 et 200 séries temporelles de matrice de
covariance Toeplitz R1. Puis nous séparerons chacun de ses deux jeux de données en deux : 100 séries temporelles
sont utilisées comme jeu de données d’entraînement et 100 séries temporelles sont utilisées comme jeu de données de
test. Nous présentons plusieurs espaces de représentation des séries temporelles unidimensionnelles à valeurs complexes
suivant un modèle autorégressif gaussien stationnaire centré. Dans chacun de ces espaces de représentation, nous util-
isons d’abord l’algorithme de la Tangent PCA 10 pour visualiser les jeux de données simulés. Ensuite, nous utilisons
l’algorithme supervisé du nearest centroid classifier présenté dans la section 5.3.3 pour classifier les séries temporelles
simulées. Enfin, nous visualisons la Tangente PCA du résultat de la classification obtenue et la matrice de confusion
correspondante.

III.6 Résumé du chapitre 7 : Application à la classification de séries temporelles multidimen-
sionnelles simulées suivant un modèle autorégressif gaussien stationnaire centré

Dans le chapitre 7, nous appliquons certains algorithmes de machine learning présentés dans le chapitre 5 à la classifi-
cation de séries temporelles multidimensionnelles simulées. Les séries temporelles simulées sont des séries temporelles
multidimensionnelles à valeurs complexes qui suivent un modèle autorégressif gaussien stationnaire centré. Comme vu
dans la section 2.2 du chapitre 2, ces séries temporelles peuvent être considérées comme des réalisations de lois circulaires
symétriques centrées CN p0,R, 0q dont la matrice de covariance R est Toeplitz par blocs. Nous pouvons donc simuler
une série temporelle Z de matrice de covariance R grâce à l’équation Z “ R1{2X où X est un vecteur aléatoire gaussien
complexe standard. Nous utilisons cette propriété ainsi que l’expression du modèle autorégressif associé pour simuler
des séries temporelles multidimensionnelles à valeurs complexes. Nous simulons 200 séries temporelles de matrice de
covariance Toeplitz par blocs R0 et 200 séries temporelles de matrice de covariance Toeplitz par blocs R1. Puis nous
séparons chacun de ces deux jeux de données en deux : 100 séries temporelles sont utilisées comme jeu de données
d’entraînement et 100 séries temporelles sont utilisées comme jeu de données de test. Nous présentons plusieurs espaces
de représentation des séries temporelles multidimensionnelles à valeurs complexes qui suivent un modèle autorégressif
gaussien stationnaire centré. Dans chacun de ces espaces de représentation, nous commençons par utiliser l’algorithme de
la Tangent PCA 10 pour visualiser les jeux de données simulés. Ensuite, nous utilisons l’algorithme supervisé du nearest
centroid classifier présenté dans la section 5.3.3 pour classifier ces données. Enfin, nous visualisons la Tangente PCA du
résultat de la classification obtenue et la matrice de confusion correspondante.

III.7 Résumé du chapitre 8 : Application au clustering de fouillis radar
Dans le chapitre 8, nous présentons une application de la méthode de classification des séries temporelles suivant un
modèle autorégressif gaussien stationnaire centré présentée dans cette thèse au clustering de séries temporelles radar. Les
données radar étudiées viennent d’un radar Thales situé à Saint-Mandrier sur la côte méditerranéenne française et orienté
vers la mer. Pour obtenir des informations sur son environnement, le radar étudié envoie des ondes électromagnétiques qui
vont se réfléchir sur l’environnement puis être enregistrées par le radar. Il est possible de distinguer différentes directions
de provenance des échos, nous nous concentrons ici sur le faisceau d’élévation nulle. Dans un même secteur angulaire
de quelques degrés, le radar Thales étudié envoie une rafale, c’est à dire une série d’une dizaine d’impulsions identiques.
Entre chaque impulsion il y a une phase d’écoute pendant laquelle les réflexions des ondes émises sont enregistrées. Lors
de la phase d’écoute, le début du signal enregistré correspond à la réflexion du signal émis sur les éléments les plus
proches du radar et la fin du signal enregistré correspond aux éléments les plus éloignés du radar. Chaque phase d’écoute
est ensuite subdivisée temporellement et nous appelons case distance la zone spatiale observée par le radar lors d’une
subdivision. A chaque case distance est associé un nombre complexe. Le module de ce nombre complexe représente le
module du signal enregistré dans la subdivision temporelle associée à la case distance étudiée. La phase de ce nombre
complexe représente la différence de phase entre le signal émis et le signal enregistré. Ce nombre complexe est obtenu
grâce à une opération de convolution entre le signal émis et le signal enregistré, cette opération est nommée compression
d’impulsion. Lors de chaque rafale, nous représentons les informations associées au secteur angulaire observé sous la
forme d’une matrice U . Chaque ligne de la matrice U représente une même case distance et chaque colonne représente
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une même impulsion. Nous noterons :

U “

u0,0 u0,1 . . . u0,n´1

u1,0 u1,1 . . . u1,n´1

...
...

. . .
...

uN´1,0 uN´1,1 . . . uN´1,n´1

(11)

où N représente le nombre de cases distance (environ 900) et n représente le nombre d’impulsions (environ 10).
Concernant le radar Thales étudié, les cases distances les plus proches du radar sont situées à environ 5 kilomètres du
radar, les cases distances les plus éloignées sont situées à environ 60 kilomètres, chaque case distance ayant une longueur
radiale de 60 mètres. Lors de l’étude du secteur angulaire suivant (le radar tourne dans le sens horaire), le radar envoie
une nouvelle rafale dans la direction correspondante. L’information radar associée à ce nouveau secteur angulaire sera
représentée par une nouvelle matrice. Le nombre d’impulsions d’une rafale et la durée d’écoute entre deux impulsions
peut varier d’une rafale à une autre, deux rafales différentes seront donc associées à des matrices de tailles différentes en
général. Nous cherchons maintenant à effectuer le clustering des cases distances autour du radar en fonction de la nature de
l’environnement associé. Dans le langage radar, nous appelons cibles les objets d’intérêt premier tels les avions, les drônes,
les missiles, les navires... Nous appelons fouillis radars les signaux liés à l’environnement tels les vagues, les champs, les
forêts, les zones urbaines, la pluie, la grêle... Nous supposons dans notre étude que la grande majorité des cases distances
à classifier correspondent à du fouillis radar (et non à des cibles). Nous supposons que les séries temporelles à valeurs
complexes associées au fouillis radar suivent un modèle autorégressif gaussien stationnaire centré. Nous avons vu dans
le chapitre 2 que ces séries temporelles peuvent être représentées par les coefficients pp0, µ1, . . . , µn´1q P R˚` ˆ Dn´1.
La valeur de ces coefficients est alors associée à la nature du fouillis : le coefficient p0 représente l’intensité de la série
temporelle enregistrée et les coefficients pµ1, . . . , µn´1q représentent la structure Doppler de la série temporelle. Nous
choisissons d’effectuer le clustering des cases distances uniquement à partir des coefficients pµ1, . . . , µn´1q représentant
l’information Doppler. Pour chaque case distance, nous estimons ces coefficients grâce à l’algorithme de Burg présenté
en détails dans l’appendice C. Nous utiliserons ensuite l’algorithme du k-means 12 pour effectuer le clustering des cases
distances étudiées, chaque case distance étant représentée par les coefficients pµ1, . . . , µn´1q appartenant à l’espace Dn´1

muni de la métrique décrit dans la section 4.1.3 en omettant le terme de puissance p0. Pour cette étude, nous choisissons
n “ 8, ce qui correspond au nombre d’impulsions de la rafale la plus courte. Nous allons visualiser le résultat du clustering
dans le produit de disques unité complexes Dn´1 et nous allons visualiser le résultat spatial du clustering sur une carte de
terrain pour interpréter les résultats obtenus.

III.8 Résumé du chapitre 9 : Application à la classification de données audio stéréo
Enfin, dans le chapitre 9 nous utilisons plusieurs algorithmes de machine learning présentés dans le chapitre 5 pour
visualiser et effectuer la classification supervisée de données audio stéréo. Les données classifiées correspondent à des
bandes sonores de sons stationnaires téléchargées sur YouTube. Nous avons téléchargés trois types de sons stationnaires
: des bruits de feux de bois, des bruits de cascades et des bruits de vents. Parmi les autres bruits stationnaires, il y a la
mer lorsque le bruit des vagues est constant, la pluie intense, les douches, les ventilations, les sèches cheveux, les sèches
linges, les climatisations, les bruits de moteurs en régime continu, le gaz qui s’échappe d’une gazinière... Chacun des
trois jeux de données téléchargés (feux, cascades, vents) est ensuite divisé en un jeu de données d’entraînement et un jeu
de données de test. Notre objectif est maintenant de classifier ces données. Une bande son stéréo est caractérisée par
un scalaire qui représente la fréquence d’échantillonnage (48000 Hz ici) et une matrice réelle dont le nombre de lignes
est égale au nombre de secondes d’enregistrement multiplié par la fréquence d’échantillonnage. Cette matrice a deux
colonnes ce qui correspond au nombre de canaux d’enregistrement. Toutes les bandes sons téléchargées doivent avoir
une même fréquence d’échantillonnage, nous vérifions également que les deux canaux d’enregistrement sont différents
(sinon il s’agit d’un enregistrement mono). Nous supposons que les séries temporelles audio bidimensionnelles à valeurs
réelles à classifier suivent un modèle autorégressif gaussien stationnaire centré. Nous nous plaçons ainsi dans le cadre
des séries temporelles multidimensionnelles suivant un modèle autorégressif gaussien stationnaire centré présenté dans
la section 2.2. Pour chaque enregistrement audio stéréo, nous estimons les coefficients pR0,M1, . . . ,Mn´1q appartenant
à l’espace H``N ˆ SDn´1

N grâce à l’algorithme 5. Ici la dimension de la série temporelle est N “ 2, nous choisissons
n “ 4 pour le nombre de coefficients ce qui correspond à un modèle autorégressif d’ordre trois. Nous munissons l’espace
H`N ˆ SDn´1

N de la métrique décrite dans la section 4.2.3. Nous remarquons que lorsque les séries temporelles d’entrée
sont à valeurs réelles, les coefficients pR0,M1, . . . ,Mn´1q estimés par l’algorithme 5 sont également des réels. Nous
pouvons remarquer que tout les outils géométriques de la section 4.2.3 ne font intervenir que des éléments réels lorsque
les matrices en entrée sont réelles : la sous-variété de H``N ˆ SDn´1

N constituée de produits de matrices réelles est donc
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une sous-variété totalement géodésique de H``N ˆ SDn´1
N . Les outils géométriques présentés dans la section 4.2.3 sont

donc parfaitement adaptés au cas particulier des produits de matrices réelles de la variété H``N ˆ SDn´1
N . Les résultats de

classification de notre méthode sur le jeu de données audio constitué à partir de vidéos YouTube sont présentés dans la
section 9.2 en utilisant l’algorithme du nearest centroid classifier présenté dans la section 5.3.

IV Principales contributions
Nous résumons dans cette section les contributions techniques apportées par cette thèse.

IV.1 Coefficients de réflexion théoriques des processus stochastiques continus stationnaires
ayant un spectre de forme gaussienne

Dans l’appendice B, la fonction d’autocorrélation Rf d’un processus stochastique continu f à valeurs complexes est
définie par :

Rf pτq “

`8
ż

´8

fpt` τqf˚ptqdt. (12)

Cette définition est liée à la définition des coefficients d’autocorrélation d’un processus stochastique discret station-
naire u donnée dans la section 2.1.2 :

rk “ r pkq “ E rupnqu˚pn´ kqs “ E rupn` kqu˚pnqs @k P Z. (13)

Ces deux définitions sont liées par la relation :

rk “ Rf pkT q. (14)

Pour simplifier les notations, nous normalisons l’échelle temporelle et considérons la période d’échantillonnage T “ 1
dans cette thèse.

La fonction d’autocorrélation Rf du processus stochastique continu stationnaire f a une transformée de Fourier ap-
pelée densité spectrale de puissance :

Sf pξq “

`8
ż

´8

Rf pτqe
´i2πξτdτ. (15)

La fonction d’autocorrélation Rf pτq est donc la transformée de Fourier inverse de la densité spectrale de puissance Sf pξq
:

Rf pτq “

`8
ż

´8

Sf pξqe
`i2πξτdξ. (16)

Nous prouvons dans l’appendice B que le processus stochastique continu à valeurs complexes stationnaire f dont
la densité spectrale de puissance Sf a la forme d’une distribution gaussienne de moyenne m et de variance σ2 avec un
coefficient de puissance P , i.e.:

Sf pξq “ P
1

?
2πσ2

e´
pξ´mq2

2σ2 (17)

a les coefficients d’autocorrélation théoriques suivants :

rk “ Rf pkq “ Pei2πmke´2π2σ2k2

@k ě 1. (18)

Ces coefficients peuvent être obtenus en utilisant la transformée de Fourier inverse donnée dans l’équation (16). Grâce
à l’algorithme de Levinson 13, nous pouvons alors calculer explicitement l’expression des coefficients de réflexion
pµ1, . . . , µnq à partir des coefficients d’autocorrélation pr0, r1, . . . , rnq. Nous obtenons :

µk “ p´1qkei2πmke´2π2σ2k @k ě 1. (19)

Remarquons que dans ce cas particulier, nous avons µk “ µk1 . Nous remarquons également que l’argument du coefficient
µk dépend seulement de la moyenne m et que son module dépend seulement de la variance σ2.
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IV.2 Les outils géométriques de la variété de Siegel
Nous montrons dans la section 2.2.8 que les séries temporelles multidimensionnelles à valeurs complexes qui suivent un
modèle autorégressif gaussien stationnaire centré peuvent être représentées dans l’espace H`NˆSDn´1

N où H`N représente
l’ensemble des matrices hermitiennes définies positives et SDN représente le disque de Siegel défini par l’ensemble des
matrices complexes dont les valeurs singulières sont strictement inférieures à 1 :

SDN “
 

M P CNˆN | I ´MMH ą 0
(

. (20)

Dans la section 3.2.3 du chapitre 3, nous munissons l’espace H`N ˆ SDn´1
N d’une métrique produit inspirée de la

géométrie de l’information. Nous notons H``N ˆ SDn´1
N la variété riemannienne produit obtenue et ds2

H``N ˆSDn´1
N

sa
métrique qui a pour expression :

ds2
H``N ˆSDn´1

N

“n trace
`

P´1
0 dP0 P

´1
0 dP0

˘

(21)

`

n´1
ÿ

l“1

pn´ lq trace
´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

Nous notons H``N la variété riemannienne construite en munissant l’espace H`N de la métrique :

ds2
H``N

“ trace
`

P´1
0 dP0 P

´1
0 dP0

˘

. (22)

Nous notons SDN la variété obtenue en munissant l’espace SDN de la métrique :

ds2
SDN “ trace

´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

. (23)

Nous avons alors :

ds2
H``N ˆSDn´1

N

“nds2
H``N

`

n´1
ÿ

l“1

pn´ lq ds2
SDN . (24)

Pour étudier les outils géométriques de la variété riemannienne produit H``N ˆ SDn´1
N , nous commençons donc par

étudier les variétés H``N et SDN . La variété riemannienne H``N est une variété déjà connue dont nous rappelons certains
outils géométriques dans la section 4.2.1. Cependant, les outils géométriques de la variété de Siegel SDN sont moins bien
connus. Dans l’article de Ben Jeuris et Raf Vandebril [45], l’application distance et l’expression du produit scalaire sont
donnés. Le carré de la distance entre deux points Ω,Ψ P SDN a pour valeur :

d2
SDN pΩ,Ψq “

1

4
trace

ˆ

log2

ˆ

I ` C1{2

I ´ C1{2

˙˙

(25)

“ trace
´

arctanh2
´

C1{2
¯¯

(26)

avec C “ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

.
L’expression du produit scalaire est, @Ω P SDN ,@v, w P CNˆN :

xv, wyΩ “
1

2
trace

´

`

I ´ ΩΩH
˘´1

v
`

I ´ ΩHΩ
˘´1

wH
¯

(27)

`
1

2
trace

´

`

I ´ ΩΩH
˘´1

w
`

I ´ ΩHΩ
˘´1

vH
¯

.

D’après l’article de Ben Jeuris et Raf Vandebril [45], l’application suivante :

ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(28)

est dit être une isométrie sur la variété de Siegel. Nous prouvons cette propriété dans l’appendice E. Nous prouvons
également que la différentielle de l’isométrie Φ a l’expression suivante :

DΦΩ pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

. (29)

Nous prouvons que l’inverse de la fonction Φ décrite dans l’équation (28) a la propriété suivante :

Φ´1
Ω pΨq “ Φ´Ω pΨq . (30)
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Cette propriété de l’isométrie Φ est simplement mentionnée (sans preuve) dans l’article de Ben Jeuris et Raf Vandebril
[45].

La contribution théorique majeure de cette thèse est l’expression explicite de l’application logarithme riemannien, de
l’application exponentielle riemannienne et de la courbure sectionnelle de la variété de Siegel.

L’application logarithme riemannien a pour expression :

logΩ pΨq “
`

I ´ ΩΩH
˘1{2

V
1 `

I ´ ΩHΩ
˘1{2

(31)
»

–

V
1

“ arctanh pXqX´1Ψ
1

où X “

´

Ψ
1

Ψ
1 H

¯1{2

Ψ
1

“
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

L’application exponentielle riemannienne a pour expression :

expΩ pV q “
`

I ´ ΩΩH
˘´1{2

´

Ψ
1

` Ω
¯´

I ` ΩHΨ
1
¯´1

`

I ´ ΩHΩ
˘1{2

(32)
»

–

Ψ
1

“ tanh pY qY ´1V
1

où Y “
´

V
1

V
1 H

¯1{2

V
1

“
`

I ´ ΩΩH
˘´1{2

V
`

I ´ ΩHΩ
˘´1{2

La courbure sectionnelle en zéro du plan σ défini par les matrices orthonormées E1 et E2 a l’expression suivante :

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

. (33)

La valeur de la courbure sectionnelle en un point quelconque peut ensuite être obtenue en utilisant l’isométrie Φ
décrite dans l’équation (28).

Pour plus de détails, les outils géométriques de l’espace de Siegel présentés dans cette thèse sont résumés dans la
section 4.2.2. L’appendice E est consacré à l’étude du disque de Siegel et à la démonstration des outils mathématiques
nouveaux apportés dans cette thèse.

La connaissance des applications logarithmes et exponentielles riemanniens de la variété SDN nous permet de con-
struire les applications logarithmes et exponentielles riemanniens de la variété riemannienne produit H``N ˆ SDn´1

N , ce
que nous faisons dans la section 4.2.3. La connaissance de ces applications nous permet en autres d’utiliser les algorithmes
du chapitre 5 faisant intervenir un calcul de moyenne lors de la classification de séries temporelles multidimensionnelles
stationnaires représentées dans H``N ˆ SDn´1

N .

IV.3 Triangles rectangles infinitésimaux et courbure sectionnelle dans les variétés riemanni-
ennes

Dans la section D.4, nous prouvons la relation suivante entre la longueur de l’hypoténuse d’un triangle rectangle infinitési-
mal et sa courbure sectionnelle:

Theorem 1. Soit U un ouvert convexe relativement compact d’une variété Riemannienne complète M . Il existe une
constante CU ą 0 telle que pour tout triangle OAB de U rectangle en 0, nous ayons l’inégalité suivante:

ˇ

ˇ

ˇ

ˇ

d2 pA,Bq ´ d2 pO,Aq ´ d2 pO,Bq `
1

3
K pσq d2 pO,Aq d2 pO,Bq

ˇ

ˇ

ˇ

ˇ

ď CU pd pO,Aq ` d pO,Bqq
5
. (34)

Dans les travaux de Andrei A. Agrachev, Davide Barilari et Luca Rizzi [4], ce théorème est énoncé dans le cas
particulier où le point O est fixé et les directions des points A et B en partant de O sont fixées. Le résultat énoncé dans
leurs travaux est dit être dû à Loeper et Villani. Le théorème 1 étudié ici est énoncé et prouvé indépendamment de ces
précédents travaux, dans un cadre plus général.

IV.4 Classification de séries temporelles audio stationnaires dans H``
N ˆ SDn´1

N

Nous appliquons le modèle multidimensionnel à la classification de séries temporelles audio stéréo stationnaires dans le
chapitre 9. A notre connaissance, c’est la première fois que la variété H``N ˆ SDn´1

N est utilisée pour classifier des séries
temporelles audio stéréo stationnaires.
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IV.5 Le modèle spatio-temporel radar
Dans l’appendice G et dans l’article [83], nous proposons un modèle spatio-temporel pour représenter le fouillis radar.
Dans ce modèle, nous supposons que les séries temporelles enregistrées par le radar pendant une rafale sont des séries
temporelles stationnaires au sens large sur l’axe temporel comme sur l’axe spatial, l’axe spatial considéré étant l’axe
radial.

En effet, nous supposons que la matrice d’observation Z du faisceau d’élévation nulle enregistrée pendant une rafale
pour un groupe de cases distance consécutives a la corrélation spatio-temporelle suivante:

Z “ p
1{2
0 R1{2

s NRTt
1{2

(35)

avec :

• Z: la matrice des observations radar de dimension (p, n), où p correspond au nombre de cases distance et n
correspond au nombre d’impulsions émises pendant la rafale.

• p0: un nombre réel strictement positif qui correspond à l’espérance de la puissance quadratique, i.e. p0 “ E
”

|zi,j |
2
ı

pour tout pi, jq P J1, pKˆ J1, nK.

• Rs: la matrice de corrélation spatiale normalisée de dimension (p, p). C’est une matrice Toeplitz hermitienne définie
positive puisque le signal est supposé être stationnaire au sens large sur l’axe spatial. Elle est dite normalisée dans
le sens où ses coefficients diagonaux sont égaux à 1.

• Rt: la matrice de corrélation temporelle normalisée de dimension (n, n). C’est une matrice Toeplitz hermitienne
définie positive puisque le signal est supposé être stationnaire au sens large sur l’axe temporel.

• N : matrice de dimension (p, n) dont les coefficients sont des variables aléatoires Gaussiennes complexes centrées
réduites indépendantes.

Ce modèle ressemble au modèle présenté par Romain Couillet et al. [24], sauf pour la structure de la matrice de
covariance spatiale Rs qui est seulement supposée Toeplitz ici.

Nous présentons également un modèle vectoriel équivalent :

rZ “ p
1{2
0 R

1{2
st

rN (36)

où rZ est la vectorisation de la matrice Z et rN est la vectorisation de la matrice N . La matrice de corrélation spatio-
temporelle normalisée Rst est alors le produit de Kronecker de la matrice de corrélation spatiale normalisée Rs et de la
matrice de corrélation temporelle normalisée Rt :

Rst “ Rs bRt. (37)

En utilisant la structure spécifique de la matrice de covariance p0Rst, nous construisons ensuite une variété rieman-
nienne inspirée de la géométrie de l’information pour représenter les informations contenues dans un groupe de cases
distance spatialement proches.

IV.6 Codes open source Python sur geomstats
Certains des codes utilisés dans cette thèse sont mis en ligne dans le package public geomstats [52]. Geomstats est
un package Python de machine learning dans les variétés riemanniennes. Ce package met à disposition des variétés
riemanniennes et des algorithmes de machine learning adaptés à des variétés riemanniennes. Cette librairie donne un
cadre pour que chacun des algorithmes de machine learning mis à disposition soit compatible avec chacune des variétés
riemanniennes proposées. Un utilisateur travaillant sur une variété riemannienne différente de celles disponibles sur
geomstats pourra tout de même utiliser tous les algorithmes de machine learning présents sur geomstats à condition de
définir la variété utilisée en respectant les conventions de geomstats. Dans cette thèse, nous avons utilisé les algorithmes
de machine learning disponibles sur geomstats pour classifier des séries temporelles stationnaires unidimensionnelles
dans la variété R`` ˆ Dn´1 et des séries temporelles stationnaires multidimensionnelles dans la variété H``N ˆ SDn´1

N .
Le produit de disques de Poincaré Dn´1 utilisé dans le chapitre 8 au clustering de fouillis radar a été mis en ligne sur
la librairie geomstats pendant ce travail de thèse. L’algorithme de clustering de la classification ascendante hiérarchique
présenté dans la section 5.4.1, l’algorithme de classification supervisée des k plus proches voisins présenté dans la section
5.3.1 et l’algorithme de classification supervisée nommé Kernel Density Estimation Classifier ainsi que plusieurs fonctions
noyaux usuelles présentés dans la section 5.3.2 ont également été mis en ligne sur geomstats pendant ce travail de thèse.
A terme, nous souhaiterions que la plupart des codes Python implémentés pour ce travail de thèse soient mis en ligne sur
geomstats.

xiv



V Perspectives
Dans cette section, nous suggérons deux possibilités de futurs développements de cette thèse. La première possibilité con-
cerne la classification supervisée de fouillis radar dans la variété riemannienne R`` ˆDn´1 dont les outils géométriques
sont présentés dans la section 4.1.3. La seconde, plus théorique, concerne la possibilité de retrouver les formules de la
variété de Siegel présentées dans la section 4.2.2 et dans l’appendice E en considérant la variété de Siegel comme une
variété riemannienne homogène.

V.1 Classification supervisée de fouillis radar
Les données radar utilisées dans cette thèse ont été fournies sans labels. Dans le chapitre 8, nous effectuons la classification
non-supervisée de fouillis radar. Afin d’effectuer la classification supervisée de données radar, nous les avons labellisées
en utilisant la base de données Corine Land Cover. Il s’agit d’une base de données publique du gouvernement français qui
partitionne le territoire français en polygones, chaque polygone étant associé à un label de terrain. Nous avons utilisé les
labels suivants : surfaces artificielles, zones agricoles, zones forestières et semi-naturelles, marécages et enfin plans d’eau.
Chacun de ces labels est divisé en sous-catégories que nous n’avons pas utilisées. Nous avons retrouvé le label de terrain
de chaque case distance étudiée à partir de sa position GPS. Cependant, les performances de classification obtenues en
utilisant ces labels n’étaient pas satisfaisantes. La méthode de classification proposée dans cette thèse classifie les cases
distances à partir de l’information Doppler, or il semble que l’information Doppler ne permette pas de retrouver avec
précision les labels de terrain. Cela est mis en évidence par les résultats du clustering de fouillis radar présentés dans la
section 8.4 où l’on voit que les clusters ne sont pas liés aux labels de terrain : ils sont liés aux coefficients de réflexion
et donc à l’information Doppler. L’information Doppler dépend beaucoup de la position du radar par rapport à la case
distance étudiée. Pour la classification supervisée de fouillis radar, nous suggérons donc d’utiliser des labels se référant à
l’information Doppler plutôt qu’au type de terrain.

V.2 L’étude de la variété de Siegel SDN comme variété Riemannienne homogène
Une variété riemannienne M est dite homogène s’il existe un groupe de Lie G qui agit transitivement et de manière lisse
par isométries sur M. Une variété homogène M peut alors être vue comme le quotient d’un groupe de LieG d’isométries
par un sous-groupe K où K est le sous-groupe des isométries de G qui fixe un certain point m PM.

La contribution théorique majeure de cette thèse concerne l’étude des outils géométriques de la variété de Siegel SDN
présentée dans la section 4.2.2 et dans l’appendice E. D’après les travaux de Salem Said et al. [70,71], la variété de Siegel
possède une structure de variété homogène qui n’a pas été exploitée ici. Nous pourrions donc essayer de retrouver les
formules géométriques de la variété de Siegel présentées dans cette thèse en exploitant sa structure de variété homogène.

En dimension N “ 1, la variété de Siegel SDN correspond au disque de Poincaré D qui peut être considéré comme le
quotient suivant [62] :

D “
SUp1, 1q

Up1q

avec :

SUp1, 1q “

"

gα,β “

ˆ

α β
sβ sα

˙

, |α|
2
´ |β|

2
“ 1

*

Up1q “

"ˆ

eiθ 0
0 e´iθ

˙

, θ P R

*

En effet, le groupe de Lie SUp1, 1q agit transitivement sur D par isométries :

SUp1, 1q ˆ D Ñ D
ˆˆ

α β
sβ sα

˙

, z

˙

ÞÑ
αz ` β
sβz ` sα

et les éléments de Up1q fixent le point 0.
La structure quotient du disque de Poincaré a notamment été exploitée dans les travaux de Pierre-Yves Lagrave pour

construire des réseaux de neurones équivariants [61–63].
Le disque de Poincaré D peut également être considéré comme le quotient suivant :

D “
Up1, 1q

Up1q ˆ Up1q
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avec

Up1, 1q “

"

g PM2 pCq , gPg
H “ P où P “

ˆ

1 0
0 ´1

˙*

.

Ici, .H désigne l’opérateur de transconjugaison d’une matrice complexe, l’opérateur .˚ désigne la conjugaison com-
plexe et .T désigne la transposition matricielle.

Plus généralement, la variété de Siegel SDN de dimension N quelconque est également une variété homogène. La
variété de Siegel peut en effet être considérée comme le quotient suivant :

SDN “
UpN,Nq

UpNq ˆ UpNq
.

où UpNq est le groupe unitaire de dimension N :

UpNq “
 

U PMN pCq , UU
H “ IN

(

.

Plus précisément, si l’on pose P et S les matrices suivantes :

P “

ˆ

IN 0N
0N ´IN

˙

S “

ˆ

0N IN
´IN 0N

˙

,

nous avons alors [71] :

UpN,Nq “

"

g “

ˆ

A B
C D

˙

, gPgH “ P

*

et

UpNq ˆ UpNq “

"

k “

ˆ

U 0
0 V

˙

, pU, V q P UpNq2
*

.

Les groupes UpN,Nq et UpNq ˆ UpNq agissent sur la variété de Siegel SDN par transformations fractionnaires
matricielles :

UpN,Nq ˆ SDN Ñ SDN
ˆˆ

A B
C D

˙

,Ω

˙

ÞÑ pAΩ`Bq pCΩ`Dq
´1
.

Par ailleurs, notons que nous distinguons ici la variété de Siegel SDN de la variété de Siegel symétrique (restreinte aux
matrices symétriques, voir section E.6). La variété de Siegel symétrique peut être considérée comme le quotient Spp2N,RqUpNq

où Sp p2N,Rq est le groupe symplectique réel [70]. Plus précisément, nous avons [71] :

Spp2N,Rq “

"

g “

ˆ

A B
C D

˙

, gPgH “ P et gSgT “ S

*

et

UpNq “

"

k “

ˆ

U 0
0 U˚

˙

, UUH “ IN

*

.

Les algèbres de Lie des groupes de Lie mentionnés dans cette section sont décrites dans [71].
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Abbreviations

AR Autoregressive
BT Block-Toeplitz
CLE Continuous Lyapunov Equation
FFT Fast Fourier Transform
HPD Hermitian Positive Definite
TBBT Toeplitz-Block Block-Toeplitz

List of Symbols

Manifolds
H``N HPD manifold , 67, 68
R`` Strictly positive real manifold vii, xx, 5, 55, 56, 58–60
D The Poincaré disk vii, xv, xx, 5, 12, 55, 57–60, 66, 202
H``N ˆ SDn´1

N HPD and Siegel disks product manifold vii, viii, x–xiv, xix, xxi, 1, 4, 5, 7–11, 66–68, 77, 108,
109, 117, 118, 122, 126–128

R`` ˆ Dn´1 Strictly positive reals and Poincaré disks product manifold iv, v, vii, viii, xiv, xv, xx, xxi, 2, 4, 5,
11, 22, 55, 58–60, 77, 110, 111, 117, 118, 123, 124, 128, 220

SDN Siegel manifold vii, viii, xii, xiii, xv, xvi, xix, 1, 5, 9, 10, 12, 13, 67, 68
M A general smooth Riemannian manifold

Mathematical notations
I, In The identity matrix of unspecified size and of size n
J, Jn The counter-identity matrix of unspecified size and of size n (ones on the anti-diagonal)

Matrix operations
X˚ The elementwise conjugate of X
XH The conjugate transpose of X
XT The transpose of X
X̄ :“ JX˚J
det The matrix determinant
L The Continuous Lyapunov Equation Operator

X “ L pA,Qq ðñ AX `XAH “ Q
‖.‖2 The Frobenius norm
b The Kronecker product
trace The matrix trace

Scalar and matrix spaces
R,C The set of real or complex numbers
Rmˆn,Cmˆn The set of mˆ n real or complex matrices
Rn,Cn The set of real or complex vectors of length n
R˚` The set of strictly positive real numbers
Bn,N The set of Block-Toeplitz matrices, consisting of n by n blocks, each block an N ˆN matrix
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B`n,N The set of Block-Toeplitz Hermitian Positive Definite matrices, consisting of n by n blocks, each
block an N ˆN matrix , xx, 55, 66, 101–103, 108, 122

D The complex unit disk , 22, 23, 34
DN :“

 

X P CNˆN |IN ´XX̄ ą 0
(

HN The set of N ˆN Hermitian matrices , 60
H`N The set of N ˆN Hermitian Positive Definite matrices vii, xii, 4, 5, 9, 60, 66, 67
SDN The Siegel disk

:“
 

X P CNˆN |IN ´XXH ą 0
(

v, vii, xii, 2, 5, 9, 62, 63, 66, 67, 171, 172, 175
Tn,N The set of Toeplitz-Block Block-Toeplitz matrices, consisting of n by n blocks, each block an

N ˆN matrix
T `n,N The set of Toeplitz-Block Block-Toeplitz Hermitian Positive Definite matrices, consisting of n by

n blocks, each block an N ˆN matrix
Tn The set of nˆ n Toeplitz matrices
T `n The set of nˆ n Toeplitz Hermitian Positive Definite matrices , 22, 58
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Chapter 1

Introduction

The content of this introduction chapter have been previously written in French in the "Résumé général". In this thesis,
we present a method to classify complex valued stationary centered Gaussian autoregressive time series. Our initial
motivation comes from radar signal processing and especially radar clutter classification, which we detail in Section
1.1. This issue has already been addressed in previous works, in particular by Frédéric Barbaresco [9, 12, 34, 37, 38], Le
Yang [6, 82], Alice Le Brigant [15] and Alexis Decurninge [3, 26]. We present the various articles and thesis manuscripts
that were used as support for this dissertation in Section 1.2. We summarize each chapter of this dissertation in Section 1.3.
In Section 1.4, we focus on the main contributions of this thesis. We propose a few perspectives for future developments
of this thesis in Section 1.5.
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1.1 Radar motivations
The initial motivation for studying complex valued stationary centered Gaussian autoregressive time series comes from
radar signal processing, in particular the study of radar clutter. In radar semantics, we distinguish between moving objects
of primary interest which we call targets and information related to the radar environment which we call clutter. Radar
clutter is therefore the information recorded by a radar related to seas, forests, fields, cities and other environmental
elements that surround the radar. In order to better distinguish targets from clutter, it may be interesting to develop
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machine learning algorithms to recognize different types of clutter. Knowledge of radar clutter is used in Appendix F to
obtain a constant false alarm rate (CFAR) detection estimator.

To study the characteristics of the complex valued time series associated with radar clutter, it is common to assume
that they are stationary centered autoregressive Gaussian time series [13]. The assumption of stationarity of the time
series is here justified by extremely short observation times of the same zone of the environment. The laws of these time
series are represented in Riemannian manifolds in the works of Le Yang [6, 82] and Alice Le Brigant [15]. We use this
representation model and apply it to radar clutter clustering in Chapter 8.

In order to refine the study of the characteristics of radar clutter, we wanted to add spatial information to the temporal
information contained in each time series by studying the correlation between time series recorded in spatially close cells.
For this, we have developed a spatio-temporal model which is studied in Appendix G. In order to provide the space of the
coefficients of this spatio-temporal model with a Riemannian metric, we study the more general case of multidimensional
stationary time series which thus becomes the main object of study of this thesis.

1.2 Related work
The study of one-dimensional stationary radar time series was carried out by Frédéric Barbaresco in [8–12, 39]. In these
works, the stationary radar time series are represented in the product space R˚` ˆDn´1 where D represents the complex
unit disk. This space is endowed with a Riemannian metric inspired by information geometry. The space R˚` is used to
represent the mean quadratic power of the studied time series. The product space Dn´1 represents the coefficients of the
autoregressive model, it therefore represents the Doppler information contained in the time series.

The Burg algorithm is used to estimate the coefficients of the autoregressive model from a recorded time series. This
algorithm is presented in the works of Frédéric Barbaresco and Alexis Decurninge [3, 26].

The Riemannian metric constructed on the space R˚` ˆ Dn´1 is presented by Frédéric Barbaresco in [37], [41],
[35], [34], [33] and related works [23], [53], [29]. This metric is also detailed in the thesis work of Le Yang [6, 82]
and in the thesis work of Alice Le Brigant [15]. We refer to Shun-ichi Amari’s book [73] for a full presentation of the
information geometry tools used to construct this metric. We denote R`` ˆ Dn´1 the Riemannian manifold presented
in these works: the manifold R`` ˆ Dn´1 corresponds to the space R˚` ˆ Dn´1 endowed with a Riemannian metric
inspired by information geometry. This Riemannian metric is presented in Section 4.1.3. The computation of the mean
and median in this manifold is used to detect radar targets in the work of Le Yang [6, 82]. The study of the curves of the
manifold R``ˆDn´1 is applied to the recognition of radar targets in the work of Alice Le Brigant [15]. In the thesis work
presented here, the manifold R``ˆDn´1 will be used for radar clutter clustering and more generally to the classification
of complex stationary centered Gaussian autoregressive time series.

One of the motivation of this thesis is the study of complex multidimensional stationary autoregressive centered
Gaussian time series. As in the case of one-dimensional time series, it is possible to represent multidimensional time
series by the coefficients of the autoregressive model. In the case of multidimensional time series, these autoregressive
coefficients are square matrices. In the article written by Ben Jeuris and Raf Vandebril [45], the matrix coefficients of the
autoregressive model are slightly modified to belong to the Siegel disk SDN (set of complex matrices N ˆN of singular
values strictly less than 1). The multidimensional stationary time series will then be represented in the space H`NˆSD

n´1
N ,

where H`N is the space of Hermitian Positive Definite (HPD) matrices. This space will be endowed with a Riemannian
product metric, the construction of which is detailed in the article written by Ben Jeuris and Raf Vandebril [45]. The
product metric on the space H`N ˆ SDn´1

N induces a Riemannian metric on the spaces H`N and SDN . The metric of the
Siegel disk SDN have been studied by Frédéric Barbaresco in [38], [36] and the related work [46]. To our knowledge,
the Riemannian logarithm map, the Riemannian exponential map and the sectional curvature of the Riemannian manifold
defined on the Siegel space SDN were not known, these are contributions of this thesis which have been summarized in
one of our previous articles [21]. These geometric tools are essential for the use of certain machine learning algorithms,
in particular algorithms involving a computation of the mean as the k-means algorithm.

1.3 Main dissertation issues
This thesis aims to provide the reader with the vast majority of methodological and technical tools that we will use for
the classification of stationary centered complex autoregressive Gaussian time series. Among the tools presented in this
thesis, some were already known and some are new, we detail the new elements in Section 1.4. The structure of this thesis
is linked to the methodology used. In Chapter 2 we present several representation spaces of the studied time series. In
Chapter 3, we endow these spaces with a Riemannian metric inspired by information geometry. In Chapter 4, we detail
the metric of the Riemannian manifolds obtained. In Chapter 5, we present machine learning algorithms adapted to the
Riemannian manifold structure. In Chapters 6, 7, 8 et 9 we use some machine learning algorithms presented in Chapter 5
on the Riemannian manifolds presented in detail in Chapter 4 to classify stationary time series. We now detail the content
of each chapter.
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1.3.1 Summary of Chapter 2: Stationary centered complex Gaussian autoregressive time se-
ries

In Chapter 2, we present different parametric models associated with the complex stationary centered Gaussian autore-
gressive discrete-time stochastic processes.

We denote n´ 1 the order of the autoregressive stochastic processes presented in this section.
In the case of one-dimensional time series, this is written:

upkq `
n´1
ÿ

i“1

an´1
i upk ´ iq “ wn´1pkq (1.1)

where an´1
i are the prediction coefficients and the prediction errors wn´1pkq are independent identically distributed

centered complex Gaussian processes of variance σ2. Such a time series is therefore entirely parameterized by the coeffi-
cients of the autoregressive model

`

an´1
1 , . . . , an´1

n´1

˘

and by the coefficient σ2. We define the autocorrelation coefficients
ri :“ E

“

u pk ` iqu pkq
˚
‰

. Equivalently, a time series can be represented by its variance r0 and the coefficients of the
autoregressive model

`

a1
1, . . . , a

n´1
n´1

˘

. The coefficients aii are called reflection coefficients and are denoted µi, they belong
to the complex unit disk D. Using this representation, the discrete-time stochastic process studied is therefore represented
by the coordinates pr0, µ1, . . . , µn´1q in the space R˚` ˆ Dn´1. It is also possible to represent the time series by the
autocorrelation coefficients pr0, r1, . . . , rn´1q. These coefficients fully determine the autocorrelation matrix R of the
discrete-time stochastic process which is a Toeplitz Hermitian Positive Definite (THPD) matrix:

R “

»

—

—

—

—

—

–

r0 r˚1 r˚2 . . . r˚n´1

r1 r0 r˚1 . . . r˚n´2

r2 r1 r0 . . . r˚n´3
...

...
...

. . .
...

rn´1 rn´2 rn´3 . . . r0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (1.2)

We denote by Z a vector which follows a complex normal distribution. The distribution of Z is characterized by
its mean µ :“ E rZs, its covariance matrix Γ :“ E

“

ZZH
‰

and its relation matrix C :“ E
“

ZZT
‰

. We then denote
by Z „ CN pµ,Γ, Cq the complex Gaussian distribution with mean µ, covariance matrix Γ and relation matrix C. We
call circularly-symmetric central complex normal distribution a complex normal distribution with zero mean pµ “ 0q and
zero relation matrix pC “ 0q. A circularly-symmetric central complex normal distribution is therefore characterized by its
covariance matrix Γ which is Hermitian Positive Definite. When the complex time series is of length n, it is equivalent to
assume that the time series is a realization of stationary centered Gaussian autoregressive discrete-time stochastic process
and that the vector u “ rup0q, up1q, ..., upn ´ 1qsT is the realization of a circularly-symmetric central complex normal
distribution whose covariance matrix R is Toeplitz Hermitian Positive Definite.

The Burg algorithm 17 can be used to estimate the parameters pr0, µ1, . . . , µn´1q from observed time series. The
principle of the Burg agorithm is detailed in Appendix C.

In the case of multidimensional time series, the autoregressive model is characterized by the following equation:

Upkq `
n´1
ÿ

j“1

An´1
i Upk ´ jq “W pkq (1.3)

where W is the prediction error vector of size N of covariance matrix Σ. The covariance matrix Σ and the prediction
coefficients An´1

j are square matrices of size N ˆ N . This model can therefore be parameterized by the covariance
matrix Σ and the coefficients of the autoregressive model

`

AN´1
1 , . . . , AN´1

N´1

˘

. We define the autocorrelation coefficients

Ri :“ E
”

U pk ` iqU pkq
H
ı

, where ¨H denotes the complex matrix conjugate transpose. The time series studied can also

be represented by the autocorrelation coefficient R0 and the reflection coefficients
`

A1
1, . . . , A

n´1
n´1

˘

. For two complex
matrices A and B, we denote by A ą B when the matrix A ´ B is Hermitian Positive Definite. We show that the
reflection coefficients Aii belong to the space DN :“

 

M P CNˆN | IN ´MĎM ą 0
(

, where ĎM :“ JM˚J where J
denotes the anti-diagonal matrix [45]. It is also possible to transform the reflection coefficients Aii P D into coefficients
Mi P SDN where SDN :“

 

M P CNˆN | IN ´MMH ą 0
(

is called the Siegel disk. We can therefore represent the
multidimensional time series studied by the autocorrelation coefficient R0 and the coefficients pM1, . . . ,Mn´1q which
belong to the Siegel disk. Using this representation, the time series studied is therefore represented by the coordinates
pR0,M1, . . . ,Mn´1q in the space H`N ˆ SDn´1

N . It is also possible to represent the time series studied by the auto-
correlation coefficients pR0, . . . , Rn´1q. These coefficients caracterize the covariance matrix R of the vectorized data
Un “

“

Up0qT , . . . , Upn´ 1qT
‰T

. The covariance matrix of Un is the Block-Toeplitz Hermitian Positive Definite matrix
R defined by:
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R “

»

—

—

—

—

—

–

R0 RH1 RH2 . . . RHn´1

R1 R0 RH1 . . . RHn´2

R2 R1 R0 . . . RHn´3
...

...
...

. . .
...

Rn´1 Rn´2 Rn´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (1.4)

When the complex multidimensional time series is of length n, it is equivalent to assume that the time series is a
realization of a stationary centered Gaussian autoregressive stochastic process and to assume that the vector Un is the
realization of a complex centered circularly-symmetric central complex normal distribution whose covariance matrix R
is Block-Toeplitz Hermitian Positive Definite. In Section 2.2.9 we present Algorithm 5 which can be used to estimate the
coefficients pR0,M1, . . . ,Mn´1q P H`N ˆ SDn´1

N from observed multidimensional time series.

1.3.2 Summary of Chapter 3: Information Geometry Theory
In Chapter 3, we endow the representation spaces of the complex stationary centered Gaussian autoregressive time se-
ries with a Riemannian metric inspired by information geometry. The information geometry theory provides a theoret-
ical framework to endow spaces of parametric probability distributions with a Riemannian metric. As seen in Chapter
2, the studied time series can be considered as realizations of complex circularly-symmetric central complex normal
distributions: u „ CN p0,R, Oq. In the one-dimensional case, the matrix R is Toeplitz Hermitian Positive Definite
(THPD). In the multidimensional case, the matrix R is Block-Toeplitz Hermitian Positive Definite (BTHPD). In the
more general case where the covariance matrix R is simply Hermitian Positive Definite, we can use the tools presented
in the book of Shun-Ichi Amari [73] to define the information geometry metric on circularly-symmetric central com-
plex normal distributions [15, 82]. This metric on Hermitian Positive Definite matrices H`N is given by the element:
ds2 “ trace

`

P´1dPP´1dP
˘

. According to the study of the different representation spaces of complex stationary cen-
tered Gaussian autoregressive time series carried out in Chapter 2, the Toeplitz covariance matrix R of a unidimensional
stationary time series can be represented by the coefficients pp0, µ1, . . . , µn´1q P R˚` ˆ Dn´1. Taking inspiration from
the construction of the information geometry metric on the space H`N , we construct a Riemannian metric on the space
R˚` ˆDn´1. We denote by R`` ˆ Dn´1 the Riemannian manifold obtained. The constructed metric is a product metric
defined by:

ds2
R``ˆDn´1 “ n

dp2
0

p2
0

`

n´1
ÿ

k“1

pn´ kq
|dµk|

2

´

1´ |µk|
2
¯2 . (1.5)

For multidimensional time series, the Block-Toeplitz covariance matrix R can be represented by the coefficients
pR0,M1, . . . ,Mn´1q P H`N ˆ SDn´1

N . We construct a metric on the space H`N ˆ SDn´1
N taking inspiration from the

construction of the information geometry metric on H`N . We denote by H``N ˆSDn´1
N the Riemannian manifold obtained.

The constructed metric is a product metric defined by:

ds2
H``N ˆSDn´1

N

“n trace
`

P´1
0 dP0 P

´1
0 dP0

˘

(1.6)

`

n´1
ÿ

l“1

pn´ lq trace
´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

1.3.3 Summary of Chapter 4: Riemannian manifolds associated with complex valued station-
ary time series

In Chapter 4, we present some useful geometric tools of the Riemannian manifolds R`` ˆ Dn´1 and H``N ˆ SDn´1
N

obtained in Chapter 3. For these two manifolds, the geometric tools presented are: the expression of the element ds2, the
expression of the distance between two points, the scalar product, the norm, an isometry, the Riemannian logarithm map,
the Riemannian exponential map, the equation of the geodesics and the sectional curvature. To study these geometric
tools, we notice that these manifolds are product manifolds. Indeed, the metric of the Riemannian manifold R`` ˆDn´1

can be written:

ds2
R``ˆDn´1 “ nds2

R`` `

n´1
ÿ

k“1

pn´ kq ds2
D (1.7)

with ds2
R`` “

dp2
0

p2
0

and ds2
D “

|dµk|
2

p1´|µk|2q
2 .
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We denote R`` the Riemannian manifold defined on the space R˚` by the metric ds2
R`` . We call Poincaré disk and

denote D the manifold defined on the complex unit disk D by the metric ds2
D. We start by studying in detail the manifolds

R`` and D, then we use the relation defined by Equation (1.7) to deduce the geometric tools of the product manifold
R`` ˆ Dn´1.

The metric of the Riemannian manifold H``N ˆ SDn´1
N can also be written as a product metric:

ds2
H``N ˆSDn´1

N

“ nds2
H``N

`

n´1
ÿ

l“1

pn´ lq ds2
SDN (1.8)

with

ds2
H``N

“ trace
`

P´1
0 dP0 P

´1
0 dP0

˘

ds2
SDN “ trace

´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

We denote by H``N the manifold defined on the space of Hermitian positive definite matrices H`N by the metric ds2
H``N

.

We denote by SDN the manifold defined on the Siegel space SDN by the metric ds2
SDN . We first study the manifolds

H``N and SDN , then we use the relation given by Equation (1.8) to deduce the geometric tools of the Riemannian manifold
H``N ˆ SDn´1

N . The metric element ds2
SDN , the distance and the scalar product of the manifold SDN are given by Ben

Jeuris and Raf Vandebril [45]. To the authors’ knowledge, the explicit expression of the Riemannian logarithm map, of the
Riemannian exponential map and of the sectional curvature of the Siegel space were not known, their explicit expressions
is therefore a major contribution of this thesis.

1.3.4 Summary of Chapter 5: Machine Learning on Riemannian manifolds
In Chapter 5, we detail machine learning algorithms adapted to the structure of Riemannian manifolds. Most classic
machine learning algorithms implicitly consider the data to be classified to be Euclidean data. In a Euclidean space, it
is possible to add two elements, multiply an element by a scalar and to compute easily the mean xmean of the elements
px1, . . . , xN q : xmean “ 1

N

řN
i“1 xi. The distance between two points a “ pa1, . . . , anq and b “ pb1, . . . , bnq is

defined by: d pa, bq “
´

řn
i“1 pbi ´ aiq

2
¯1{2

. However, these operations (among others) are not defined in Riemannian
manifolds in general. For a machine learning algorithm to operate in a Riemannian manifold while respecting its structure,
it must therefore be based on operations which are defined in Riemannian manifolds. For the manifolds R`` ˆ Dn´1

and H``N ˆ SDn´1
N , the operations which rely on the geometric tools presented in Chapter 4 will be well defined. Some

classical Euclidean machine learning algorithms use the notion of distance as their only geometric tool to classify data.
To adapt these algorithms to data belonging to a non-Euclidean Riemannian manifold, it suffices to replace the Euclidean
distance by the expression of the distance in the Riemannian manifold. Among the supervised classification algorithms
using only the notion of distance, we present the k-nearest neighbors (k-NN) algorithm in Section 5.3.1 and the Kernel
Density Estimation Classifier algorithm in Section 5.3.2. Among the clustering algorithms using only the notion of
distance, we present the Hierarchical Agglomerative Clustering (HAC) algorithm in Section 5.4.1.

Other classical Euclidean machine learning algorithms use the notion of mean. To use these algorithms in a non-
Euclidean Riemannian manifold, we must define the notion of mean in a general Riemannian manifold. In Section 5.1.2,
we define the mean of the set of points px1, . . . , xN q as the set of local minima of the function:

H2pxq “
N
ÿ

i“1

d2px, xiq. (1.9)

A Hadamard manifold is a Riemannian manifold that is complete, simply connected and has everywhere non-positive
sectional curvature. When the studied manifold is a Hadamard manifold, the function H2pxq has a unique local minimum
which is also the global minimum [82], [6]. We show in Chapter 4 that the manifolds R``ˆDn´1 and H``N ˆSDn´1

N are
Hadamard manifolds. To approximate the value of the mean in a Hadamard manifold, we can perform a gradient descent
on the function H2. The gradient of this function has for expression:

G2 pxq “ ´2
N
ÿ

i“1

logx pxiq . (1.10)

The computation of the gradient therefore involves the Riemannian logarithm map. To move on the Riemannian
manifold in the direction of the opposite of the gradient, we then use the Riemannian exponential map. A mean approx-
imation algorithm using a gradient descent is detailed in Algorithm 8. There is also a stochastic method to approximate
the mean [6], this method is presented in Algorithm 9. In Chapter 5, we present two algorithms using a computation of
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the mean to classify data: the supervised algorithm named Nearest Centroid Classifier presented in Section 5.3.3 and the
k-means clustering algorithm presented in Section 5.4.3. These two algorithms use three geometric tools: the distance,
the Riemannian logarithm map and the Riemannian exponential map. For each algorithm presented in Chapter 5, we will
specify the geometric tools on which it is based and the complexity of the algorithm with respect to the number of input
data.

1.3.5 Summary of Chapter 6: Application to simulated unidimensional stationary centered
Gaussian autoregressive time series classification

In Chapter 6, we use some machine learning algorithms presented in Chapter 5 to the classification of simulated one-
dimensional time series. The simulated time series are complex one-dimensional stationary centered Gaussian autore-
gressive time series. As seen in Section 2.1 of Chapter 2, these time series can be considered realizations of circularly-
symmetric central complex normal distributions CN p0,R, 0q whose covariance matrix R is Toeplitz. We can therefore
simulate a time series Z of covariance matrix R using the equation Z “ R1{2X where X is a standard complex normal
random vector. We use this property to simulate one-dimensional time series in Chapter 6. We simulate 200 time series
using the Toeplitz Hermitian Positive Definite (THPD) matrix R0 and 200 time series using the THPD matrix R1. Then
we split each of its two datasets into two: 100 time series are used as the training dataset and 100 time series are used
as the testing dataset. We present several representation spaces of complex one-dimensional stationary centered Gaussian
autoregressive time series. In each of these representation spaces, we first use the Tangent PCA algorithm 10 to visualize
the simulated datasets. Then, we use the supervised algorithm of the nearest centroid classifier presented in Section 5.3.3
to classify the dataset. We finally visualize the Tangent PCA of the classification result obtained and the corresponding
confusion matrix.

1.3.6 Summary of Chapter 7: Application to simulated multidimensional stationary centered
Gaussian autoregressive time series classification

In Chapter 7, we apply some machine learning algorithms presented in Chapter 5 to simulated multidimensional time
series classification. The simulated time series are multidimensional complex stationary centered Gaussian autoregressive
time series. As shown in Section 2.2 of Chapter 2, these time series can be considered as realizations of circularly-
symmetric central complex normal distributions CN p0,R, 0q whose covariance matrix R is Block-Toeplitz. We can
therefore simulate a time series Z of covariance matrix R using the equation Z “ R1{2X where X is a standard complex
Gaussian random variable. We use this property as well as the expression of the associated autoregressive model to
simulate complex multidimensional time series. We simulate 200 time series using the same Block-Toeplitz covariance
matrix R0 and 200 time series using the Block-Toeplitz covariance matrix R1. Then we split each of these two datasets
into two: 100 time series are used as the training dataset and 100 time series are used as the testing dataset. We present
several representation spaces of complex multidimensional stationary centered Gaussian autoregressive time series. In
each of these representation spaces, we first use the Tangent PCA algorithm 10 to visualize the simulated datasets. We
then use the supervised nearest centroid classifier algorithm presented in Section 5.3.3 to classify this dataset. We finally
visualize the Tangent PCA of the classification result obtained and the corresponding confusion matrix.

1.3.7 Summary of Chapter 8: Application to radar clutter clustering
In Chapter 8, we present an application of the classification method of complex stationary centered Gaussian autoregres-
sive time series presented in this thesis to the clustering of radar time series. The radar data studied come from a Thales
radar located in Saint-Mandrier on the French Mediterranean coast and oriented towards the sea. To obtain information
on its environment, the studied radar sends electromagnetic waves which will be reflected on the environment and then be
recorded by the radar. It is possible to distinguish different directions of origin of the echoes, we focus here on the beam
of zero elevation. In the same angular sector of a few degrees, the Thales radar studied sends a burst which is a series of
about ten identical pulses. Between each pulse their is a listening phase during which the reflections of the emitted pulses
are recorded. During the listening phase, the beginning of the recorded signal corresponds to the reflection of the signal
emitted on elements close to the radar and the end of the recorded signal corresponds to elements far from the radar. Each
listening phase is then subdivided temporally and we call distance cell the spatial zone observed by the radar during a
subdivision. Each distance cell is associated with a complex number. The modulus of this complex number represents
the modulus of the signal recorded in the temporal subdivision corresponding to cell studied. The phase of this complex
number represents the difference of phase between the emitted signal and the recorded signal. This complex number
is obtained by making a convolution between the emitted signal and the recorded signal, this operation is called pulse
compression. During each burst, we represent the information associated with the observed angular sector in the form of
a matrix U . Each row of the matrix U represents the same distance cell and each column represents the same pulse. We
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will note:

U “

u0,0 u0,1 . . . u0,n´1

u1,0 u1,1 . . . u1,n´1

...
...

. . .
...

uN´1,0 uN´1,1 . . . uN´1,n´1

(1.11)

whereN represents the number of distance cells (approximately 900) and n represents the number of pulses (about 10).
Concerning the Thales radar studied, the closest distance cells to the radar are located about 5 kilometers from the radar,
the furthest distance cells are located about 60 kilometers, each distance cell having a radial length of 60 meters. When
studying the next angular sector (the radar turns clockwise), the radar sends a new burst in the corresponding direction.
The radar information associated with this new angular sector will be represented by a new matrix. The number of pulses
of a burst and the listening time between two pulses can vary from one burst to another, two different bursts will therefore
be associated with matrices of different sizes in general. We now seek to perform the clustering of the distance cells
around the radar according to the nature of the associated environment. We call targets the objects of primary interest
such as airplanes, drones, missiles, ships... We call radar clutter the signals related to the environment such as waves,
fields, forests, urban areas, rain, hail... We assume in our study that the vast majority of the distance cells to be classified
represent radar clutter (and not targets). We assume that the complex valued time series associated with radar clutter are
stationary centered Gaussian autoregressive time series. We show in Chapter 2 that these time series can be represented
by the coefficients pp0, µ1, . . . , µn´1q P R˚` ˆ Dn´1. The value of these coefficients is then associated with the nature
of the clutter: the coefficient p0 represents the intensity of the recorded time series and the coefficients pµ1, . . . , µn´1q

represent the Doppler structure of the time series. We choose to perform the clustering of the distance cells using only the
coefficients pµ1, . . . , µn´1q representing the Doppler information. For each distance cell, we estimate these coefficients
thanks to the Burg algorithm presented in detail in Appendix C. We will then use the k-means algorithm 12 to perform the
clustering of the studied distance cells, each distance cell being represented by the coefficients pµ1, . . . , µn´1q belonging
to the space Dn´1 endowed with the metric described in Section 4.1.3 when we omit the power term p0. For this study,
we choose n “ 8, which corresponds to the number of pulses of the shortest burst. We will visualize the result of the
clustering in the product of complex unit disks Dn´1 and we will visualize the spatial result of the clustering on a ground
map to interpret the results obtained.

1.3.8 Summary of Chapter 9: Application to stereo audio classification
Finally, in Chapter 9 we use several machine learning algorithms presented in Chapter 5 to visualize and perform the
supervised classification of stereo audio data. The classified data corresponds to soundtracks of stationary sounds down-
loaded from YouTube. We downloaded three types of stationary sounds: sounds of wood fires, sounds of waterfalls and
sounds of winds. Other stationary noises include the sea when the sound of the waves is constant, heavy rain, showers,
ventilations, hair dryers, clothes dryers, air conditioning, continuous engine noise, gas coming out of a gas stove... Each
of the three downloaded datasets (fires, waterfalls, winds) is then divided into a training dataset and a testing dataset.
Our goal now is to classify this dataset. A stereo soundtrack is characterized by a scalar which represents the sampling
frequency (48000 Hz here) and a real matrix whose number of lines is equal to the number of seconds of recording mul-
tiplied by the sampling frequency. This matrix has two columns which corresponds to the number of recording channels.
All downloaded soundtracks must have the same sample rate, we also check that the two recording channels are different
(otherwise it is a mono recording). We assume that the two-dimensional real valued audio time series to be classified
are stationary centered Gaussian autoregressive time series. We thus place ourselves within the framework of the mul-
tidimensional stationary centered Gaussian autoregressive time series presented in Section 2.2. For each stereo audio
recording, we estimate the coefficients pR0,M1, . . . ,Mn´1q belonging to the space H``N ˆ SDn´1

N using Algorithm 5.
Here the dimension of the time series is N “ 2, we choose n “ 4 for the number of coefficients which corresponds to
an autoregressive model of order three. We endow the space H`N ˆ SDn´1

N with the metric described in Section 4.2.3.
We note that when the input time series are real valued, the coefficients pR0,M1, . . . ,Mn´1q estimated by Algorithm
5 are also real. We notice that all the geometric tools presented in Section 4.2.3 only involve real elements when the
input matrices are real: the submanifold of H``N ˆ SDn´1

N made up of products of real matrices is therefore a totally
geodesic submanifold of H``N ˆ SDn´1

N . The geometric tools presented in Section 4.2.3 are therefore perfectly suited to
the particular case of products of real matrices of the manifold H``N ˆSDn´1

N . The classification results of our method on
the audio dataset made from YouTube videos are presented in Section 9.2 using the nearest centroid classifier algorithm
presented in Section 5.3.3.
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1.4 Main contributions
We summarize in this section the technical contributions made by this thesis.

1.4.1 Theoretical reflection coefficients of stationary continuous stochastic processes with Gaus-
sian spectrum shape

In appendix B, the autocorrelation function Rf of a complex valued continuous stochastic process f is defined by:

Rf pτq “

`8
ż

´8

fpt` τqf˚ptqdt. (1.12)

This definition is linked to the definition of the autocorrelation coefficients of a discrete-time stationary stochastic
process u given in Section 2.1.2 by:

rk “ r pkq “ E rupnqu˚pn´ kqs “ E rupn` kqu˚pnqs @k P Z. (1.13)

These two definitions are linked by the relation:

rk “ Rf pkT q. (1.14)

For simplicity we normalize the time scale and consider the sampling period T “ 1 in this thesis.
The autocorrelation function Rf has a Fourier transform called the power spectral density:

Sf pξq “

`8
ż

´8

Rf pτqe
´i2πξτdτ. (1.15)

The autocorrelation function Rf pτq is therefore the inverse Fourier transform of the power spectral density Sf pξq:

Rf pτq “

`8
ż

´8

Sf pξqe
`i2πξτdξ. (1.16)

We prove in Appendix B that the stationary continuous stochastic process f which power spectral density Sf has the
shape of Gaussian distribution of mean m and variance σ2 with a power coefficient P , i.e.:

Sf pξq “ P
1

?
2πσ2

e´
pξ´mq2

2σ2 (1.17)

has the following theoretical autocorrelation coefficients:

rk “ Rf pkq “ Pei2πmke´2π2σ2k2

@k ě 1. (1.18)

These coefficients can be obtained using the inverse Fourier transform given in Equation (1.16). Thanks to the Levinson
algorithm 13, we can then compute explicitly the expression of the reflection coefficients pµ1, . . . , µnq from the autocor-
relation coefficients pr0, r1, . . . , rnq. We obtain:

µk “ p´1qkei2πmke´2π2σ2k @k ě 1. (1.19)

Note that in this particular case, we have µk “ µk1 . We also note also that the argument of the coefficient µk depends only
on the mean m and its modulus depends only on the variance σ2.

1.4.2 The Siegel manifold geometrical tools
We show in Section 2.2.8 that the multidimensional complex stationary centered Gaussian autoregressive time series can
be represented in the space H`N ˆSDn´1

N where H`N represents the set of Hermitian Positive Definite matrices and SDN

represents the Siegel disk defined by the set of complex matrices whose singular values are strictly lower than 1:

SDN “
 

M P CNˆN | I ´MMH ą 0
(

. (1.20)

In Section 3.2.3 of Chapter 3, we endow the space H`N ˆ SDn´1
N with a product metric inspired by information

geometry. We denote H``N ˆ SDn´1
N the Riemannian product manifold obtained and we denote ds2

H``N ˆSDn´1
N

its metric
which has the following expression:
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ds2
H``N ˆSDn´1

N

“n trace
`

P´1
0 dP0 P

´1
0 dP0

˘

(1.21)

`

n´1
ÿ

l“1

pn´ lq trace
´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

We denote H``N the Riemannian manifold obtained when we endow the space H`N with the metric:

ds2
H``N

“ trace
`

P´1
0 dP0 P

´1
0 dP0

˘

. (1.22)

We denote SDN the manifold obtained when we endow the space SDN with the metric:

ds2
SDN “ trace

´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

. (1.23)

We then have:

ds2
H``N ˆSDn´1

N

“nds2
H``N

`

n´1
ÿ

l“1

pn´ lq ds2
SDN . (1.24)

To study the geometric tools of the product Riemannian manifold H``N ˆ SDn´1
N , we therefore start by studying

the manifolds H``N and SDN . The Riemannian manifold H``N is an already known manifold, we recall certain of its
geometric tools in Section 4.2.1. However, the geometric tools of the Siegel manifold SDN are less well known. In the
article written by Ben Jeuris and Raf Vandebril [45], the distance map and the expression of the scalar product are given.
The square of the distance between two points Ω,Ψ P SDN has the value:

d2
SDN pΩ,Ψq “

1

4
trace

ˆ

log2

ˆ

I ` C1{2

I ´ C1{2

˙˙

(1.25)

“ trace
´

arctanh2
´

C1{2
¯¯

(1.26)

with C “ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

.
The expression of the scalar product is, @Ω P SDN ,@v, w P CNˆN :

xv, wyΩ “
1

2
trace

´

`

I ´ ΩΩH
˘´1

v
`

I ´ ΩHΩ
˘´1

wH
¯

(1.27)

`
1

2
trace

´

`

I ´ ΩΩH
˘´1

w
`

I ´ ΩHΩ
˘´1

vH
¯

.

The following application:

ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(1.28)

is said to be an isometry on the Siegel manifold in [45]. We prove this property in Appendix E. We also prove that the
differential of the isometry Φ has the following expression:

DΦΩ pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

. (1.29)

We prove that the inverse of the function Φ described in Equation (1.28) has the following property:

Φ´1
Ω pΨq “ Φ´Ω pΨq . (1.30)

This property of isometry Φ is simply mentioned (without proof) in the article of Ben Jeuris and Raf Vandebril [45].
The major theoretical contribution of this thesis is the explicit expression of the Riemannian logarithm map, of the

Riemannian exponential map and of the sectional curvature of the Siegel manifold.
The Riemannian logarithm map has the following expression:

logΩ pΨq “
`

I ´ ΩΩH
˘1{2

V
1 `

I ´ ΩHΩ
˘1{2

(1.31)
»

–

V
1

“ arctanh pXqX´1Ψ
1

where X “

´

Ψ
1

Ψ
1 H

¯1{2

Ψ
1

“
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2
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The Riemannian exponential map has the expression:

expΩ pV q “
`

I ´ ΩΩH
˘´1{2

´

Ψ
1

` Ω
¯´

I ` ΩHΨ
1
¯´1

`

I ´ ΩHΩ
˘1{2

(1.32)
»

–

Ψ
1

“ tanh pY qY ´1V
1

where Y “
´

V
1

V
1 H

¯1{2

V
1

“
`

I ´ ΩΩH
˘´1{2

V
`

I ´ ΩHΩ
˘´1{2

The sectional curvature at zero of the plan σ defined by the orthonormal matrices E1 and E2 has the following
expression:

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

. (1.33)

The value of the sectional curvature at any point can then be obtained using the isometry Φ described in Equation
(1.28).

For more details, the geometrical tools of the Siegel space presented in this thesis are summarized in Section 4.2.2.
We dedicate Appendix E to the study of the Siegel disk and to the proofs of the new mathematical tools brought in this
thesis.

The knowledge of the logarithm and exponential maps of the Riemannian manifold SDN allows us to construct the
logarithm and exponential maps of the product Riemannian manifold H``N ˆ SDn´1

N , which we do in Section 4.2.3.
The knowledge of these applications allows us, among other things, to use the machine learning algorithms presented in
Chapter 5 involving a computation of the mean when classifying multidimensional stationary time series represented in
the Riemannian manifold H``N ˆ SDn´1

N .

1.4.3 Infinitesimal right triangles and sectional curvature in Riemannian manifolds
In Section D.4, we prove the following relation between the length of the hypotenuse of an infinitesimal right triangle and
the sectional curvature:

Theorem 2. LetU be a relatively compact convex open set of a complete Riemannian manifoldM . There exists a constant
CU ą 0 such that for any triangle OAB of U rectangle in 0, we have the following inequality:

ˇ

ˇ

ˇ

ˇ

d2 pA,Bq ´ d2 pO,Aq ´ d2 pO,Bq `
1

3
K pσq d2 pO,Aq d2 pO,Bq

ˇ

ˇ

ˇ

ˇ

ď CU pd pO,Aq ` d pO,Bqq
5 (1.34)

In the works of Andrei A. Agrachev, Davide Barilari and Luca Rizzi [4], this theorem is stated in the particular case
where point O is fixed and the directions of points A and B starting from O are fixed. The result stated in their works
is said to be due to Loeper and Villani. The theorem 2 studied here is stated and proved independently of these previous
works, in a more general context.

1.4.4 Stationary audio time series classification in H``
N ˆ SDn´1

N

We apply the multidimensional model to the classification of stationary stereo audio time series in Chapter 9. To our
knowledge, this is the first time that the Riemannian manifold H``N ˆ SDn´1

N is used to classify stationary stereo audio
time series.

1.4.5 The radar spatio-temporal model
In Appendix G and in the article [83], we propose a spatio-temporal model to represent the radar clutter. In this model,
we assume that the times series recorded by the radar during a burst are wide-sense stationary on both the temporal axis
and the spatial axis, the spatial axis considered being the radial axis.

Indeed, we assume that the observation matrix Z of the zero elevation beam recorded during a burst for a group of
consecutive cells has the following spatio-temporal correlation:

Z “ p
1{2
0 R1{2

s NRTt
1{2

(1.35)

with:

• Z: radar observation matrix of size (p, n), where p corresponds to the number of cells and n corresponds to the
number of pulses emitted during the burst.
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• p0: a positive real number which corresponds to the expectation of the quadratic power, i.e. p0 “ E
”

|zi,j |
2
ı

for all
pi, jq P J1, pKˆ J1, nK.

• Rs: the scaled spatial autocorrelation matrix of size (p, p). It is a Toeplitz HPD matrix since the signal is assumed
to be wide-sense stationary on the spatial axis. Its diagonal coefficients are equal to 1.

• Rt: the scaled temporal autocorrelation matrix of size (n, n). It is a Toeplitz HPD matrix since the signal is assumed
to be wide-sense stationary on the temporal axis. Its diagonal coefficients are equal to 1.

• N : matrix of size (p, n) whose coefficients are independent standard complex Gaussian random variables.

This model looks like to model presented by Romain Couillet et al. [24], except for the structure of the spatial covari-
ance matrix Rs which is only assumed to be Toeplitz here.

We also present an equivalent vectorized model:

rZ “ p
1{2
0 R

1{2
st

rN (1.36)

where rZ is the vectorization of matrix Z and rN is the vectorization of matrix N . The scaled spatio-temporal cor-
relation matrix Rst is then the Kronecker product of the scaled spatial correlation matrix Rs and the scaled temporal
correlation matrix Rt:

Rst “ Rs bRt. (1.37)

Using the specific structure of the covariance matrix p0Rst , we then construct a Riemannian manifold inspired by
information geometry to represent the information contained in a group of spatially close cells.

1.4.6 Open source Python codes on geomstats
Some of the codes used in this thesis are put online on the public package geomstats [52]. Geomstats is a public Python
package about machine learning in Riemannian manifolds. This package provides Riemannian manifolds and machine
learning algorithms adapted to Riemannian manifolds. This library provides a framework so that each of the available
machine learning algorithms is compatible with each of the available Riemannian manifolds. A user working on a Rie-
mannian manifold different from those available on geomstats will still be able to use all the machine learning algorithms
present on geomstats provided that the manifold used is defined using the conventions of geomstats. In this thesis, we
have used the machine learning algorithms available on geomstats to classify complex one-dimensional stationary time
series in the Riemannian manifold R`` ˆ Dn´1 and complex multidimensional stationary time series in the Riemannian
manifold H``N ˆSDn´1

N . The product of Poincaré disks Dn´1 used in Chapter 8 for radar clutter clustering was uploaded
to the geomstats library during this thesis work. The Kernel Density Estimation Classifier classification algorithm as
well as several usual kernel functions presented in Section 5.3.2 were also uploaded to geomstats during this thesis work.
Eventually, we would like most of the Python codes implemented for this thesis work to be shared on geomstats.

1.5 Perspectives
In this section, we suggest two possibilities for future developments of this thesis. The first possibility concerns the
supervised classification of radar clutter in the Riemannian manifold R`` ˆ Dn´1 whose geometric tools are presented
in Section 4.1.3. The second, more theoretical, concerns the possibility of finding the formulas of the Siegel manifold
presented in Section 4.2.2 and in Appendix E by considering the Siegel manifold as a homogeneous Riemannian manifold.

1.5.1 Supervised radar clutter classification
The radar dataset used in this thesis has been provided without labels. In Chapter 8, we perform unsupervised classification
of radar clutter. In order to perform the supervised classification of radar data, we labeled them using the Corine Land
Cover database. It is a public database of the French government which partitions the French territory into polygons, each
polygon being associated with a ground label. We used the following labels: artificial surfaces, agricultural areas, forest
and semi natural areas, wetlands and finally water bodies. Each of these labels is divided into subcategories which we
have not used. We found the ground label of each distance cell studied from its GPS position. However, the classification
performance obtained using these labels was not satisfactory. The classification method proposed in this thesis classifies
the distance cells from the Doppler information, but it seems that the Doppler information cannot be used to find the
ground labels with precision. This is highlighted by the radar clutter clustering results presented in Section 8.4 where we
can see that the clusters are not related to the ground labels: they are related to the reflection coefficients and therefore
to the Doppler spectra. The Doppler information highly depends on the position of the radar with respect to the distance
cell studied. For the supervised classification of radar clutter, we therefore suggest using labels referring to the Doppler
information rather than to the ground type.
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1.5.2 The study of the Siegel manifold SDN as an homogeneous Riemannian manifold
A Riemannian manifold M is said to be homogeneous if there exists a Lie group G which acts transitively and smoothly
by isometries on M. A homogeneous manifold M can then be considered as the quotient of a Lie group G of isometries
by a subgroup K where K is the subgroup of isometries of G which fixes a certain point m PM.

The major theoretical contribution of this thesis concerns the study of the geometric tools of the Siegel manifold SDN
presented in Section 4.2.2 and in Appendix E. According to the work of Salem Said et al. [70,71], the Siegel manifold has
a homogeneous manifold structure which has not been used here. We could therefore try to find the geometric formulas
of the Siegel manifold presented in this thesis by exploiting its structure as a homogeneous manifold.

In dimension N “ 1, the Siegel manifold SDN corresponds to the Poincaré disk D which can be considered as the
following quotient [62]:

D “
SUp1, 1q

Up1q

with:

SUp1, 1q “

"

gα,β “

ˆ

α β
sβ sα

˙

, |α|
2
´ |β|

2
“ 1

*

Up1q “

"ˆ

eiθ 0
0 e´iθ

˙

, θ P R

*

Indeed, the Lie group SUp1, 1q acts transitively on D by isometries:

SUp1, 1q ˆ D Ñ D
ˆˆ

α β
sβ sα

˙

, z

˙

ÞÑ
αz ` β
sβz ` sα

and the elements of Up1q fix the point 0.
The quotient structure of the Poincaré disc has been used in particular in the work of Pierre-Yves Lagrave to build

equivariant neural networks [61–63].
The Poincaré disk D can also be considered as the following quotient:

D “
Up1, 1q

Up1q ˆ Up1q

with

Up1, 1q “

"

g PM2 pCq , gPg
H “ P where P “

ˆ

1 0
0 ´1

˙*

.

Here, .H denotes the transconjugation operator of a complex matrix, the operator .˚ denotes the complex conjugation
and .T denotes the matrix transposition.

More generally, the Siegel manifold SDN of any dimension N is also a homogeneous manifold. The Siegel manifold
can indeed be considered as the following quotient:

SDN “
UpN,Nq

UpNq ˆ UpNq
.

where UpNq is the unitary group of dimension N :

UpNq “
 

U PMN pCq , UU
H “ IN

(

.

More precisely, if we set P and S the following matrices:

P “

ˆ

IN 0N
0N ´IN

˙

S “

ˆ

0N IN
´IN 0N

˙

,

we then have [71]:

UpN,Nq “

"

g “

ˆ

A B
C D

˙

, gPgH “ P

*

and
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UpNq ˆ UpNq “

"

k “

ˆ

U 0
0 V

˙

, pU, V q P UpNq2
*

.

The groups UpN,Nq and UpNq ˆ UpNq act on the Siegel manifold SDN by matrix fractional transformations:

UpN,Nq ˆ SDN Ñ SDN
ˆˆ

A B
C D

˙

,Ω

˙

ÞÑ pAΩ`Bq pCΩ`Dq
´1
.

Moreover, note that we distinguish here the Siegel manifold SDN from the symmetric Siegel manifold (restricted to
symmetric matrices, see section E.6). The symmetric Siegel manifold can be considered of as the quotient Spp2N,RqUpNq where
Sp p2N,Rq is the real symplectic group [70]. Specifically, we have [71]:

Spp2N,Rq “

"

g “

ˆ

A B
C D

˙

, gPgH “ P and gSgT “ S

*

and

UpNq “

"

k “

ˆ

U 0
0 U˚

˙

, UUH “ IN

*

.

The Lie algebras of the Lie groups mentioned in this section are described in [71].
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Chapter 2

Stationary centered complex Gaussian
autoregressive time series

In this chapter, we study complex stationary centered Gaussian autoregressive time series. We will present the case of one-
dimensional time series in Section 2.1 and we present the more general case of multidimensional time series in Section
2.2. For one-dimensional time series as for multidimensional time series, we mathematically define the properties of the
time series studied. We then describe several representation spaces for these time series and we will present different
relationships between these spaces.
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2.1 Unidimensional stationary centered complex Gaussian autoregressive time
series

In this section, we mathematically define one-dimensional complex stationary centered Gaussian autoregressive time
series. Throughout this section, we refer extensively to the book writen by Simon Haykin called "Adaptive Filter Theory"
[44].
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2.1.1 Stochastic process
According to the first chapter of Simon Haykin’s book [44], the term stochastic process is used to describe the temporal
evolution of a random phenomenon subject to probabilistic laws. The stochastic processes that interest us here are those
defined for regularly spaced discrete times. This restriction appears naturally in many applications such as in the study
of radar time series presented in Chapter 8 and in the study of audio time series presented in Chapter 9. A stochastic
process is not the realization of a single function of time: it is in theory an infinite number of different realizations of the
process. A particular realization of a discrete-time stochastic process is called a time series. To simplify the notations, we
normalize the time with respect to the sampling period. Hence, the sequence upn ´Mq, . . . , upn ´ 1q, upnq represents
the time series of length M ` 1 made up of the present observation upnq and of the M previous observations done at
times n ´ 1, . . . , n ´M . We will use to bold letter upnq to denote the stochastic process and we will denote by upnq a
realization of this process, i.e. a time series. Implicitly, we call stochastic process upnq the sequence of infinite length
tupnqunPZ. Likewise, the time series upnq implicitly denotes the sequence of infinite length tupnqunPZ.

2.1.2 Stationarity
We say that a stochastic process is strictly stationary if its statistical properties are invariant by temporal translation.
Formally, let ut be a continuous-time stochastic process and let f be its joint probability density at times t1`τ, . . . , tn`τ .
The stochastic process ut is said to be strictly stationary when:

fu put1`τ , . . . , utn`τ q “ fu put1 , . . . , utnq @τ P R,@n P N, t1, . . . , tn P R. (2.1)

In practice, it is generally impossible to determine the joint probability distribution of a stochastic process from
discrete observations of this process. In general, we will therefore content ourselves with a partial characterization of this
process from its moments of order one and two.

We define the mean value of the discrete-time stochastic process upnq by:

µpnq “ E rupnqs (2.2)

where E denotes the statistical expectation operator.
We define the autocorrelation function of the process upnq by:

r pn, n´ kq “ E rupnqu˚pn´ kqs @k P Z (2.3)

where the asterisk denotes the complex conjugation.
We define the autocovariance function of the process upnq by:

c pn, n´ kq “ E
“

pupnq ´ µpnqq pupn´ kq ´ µpn´ kqq
˚
‰

@k P Z. (2.4)

According to Equations (2.2), (2.3) and (2.4), the mean value µpnq, the autocorrelation function r pn, n´ kq and the
autocovariance function c pn, n´ kq are related by the following equation:

c pn, n´ kq “ r pn, n´ kq ´ µpnqµ˚pn´ kq. (2.5)

For a partial characterization of a stochastic process by its moments of order one and two, we just need to determine the
mean µpnq and the autocorrelation function r pn, n´ kq or to determine the mean µpnq and the autocovariance function
c pn, n´ kq. Note that for stochastic processes with zero mean (µpnq “ 0 for all n P Z), the autocorrelation function
r pn, n´ kq is equal to the autocovariance function c pn, n´ kq.

In the case of discrete strictly stationary signals, the mean value µpnq, the autocorrelation function r pn, n´ kq and
the autocovariance function c pn, n´ kq have simpler expressions. The mean value function is indeed constant:

µpnq “ µ @n P Z. (2.6)

The autocorrelation and autocovariance functions only depend on the difference k between the time of observation n
and the time of observation n´ k, that is:

r pn, n´ kq “ rpkq (2.7)

and

c pn, n´ kq “ cpkq. (2.8)

In the following, we will also denote by rk :“ rpkq the autocorrelation coefficients of a wide-sense stochastic process
and by ck :“ cpkq its autocovariance coefficients. The equations (2.6), (2.7) and (2.8) are not sufficient to guarantee that
a stochastic process is stationary in the strict sense. We say that a stochastic process is weakly stationary or wide-sense
stationary when it satisfies Equations (2.6), (2.7) and (2.8). The strict stationarity implies the wide-sense stationarity.
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However, there are wide-sense stationary processes which are not strictly stationary. For example, a a sequence of inde-
pendent random variables U “ tupnqunPZ with the same mean and the same variance is always wide-sense stationary,
but U is stationary in the strict sense only if the terms upnq have the same law [7].

In the following sections, we will focus more specifically on wide-sense stationary processes of zero mean: µ “ 0.
The partial second-order characterization of these processes is then entirely determined by the value of the autocorrelation
coefficients trkukPZ. We will now define the autocorrelation matrix of a wide-sense stationary stochastic process from
the autocorrelation coefficients, then we will study the properties of the autocorrelation matrix.

2.1.3 Correlation matrix
Let upnq denote a zero-mean wide-sense stationary stochastic process. We denote by uM pnq the stochastic process of
dimension M defined by:

uM pnq “ rupn´M ` 1q, . . . ,upn´ 1q,upnqs
T
, (2.9)

where the superscript T denotes the matrix transposition. We define the correlation matrix of size M of the stochastic
process upnq by:

RM “ E
“

uM pnqu
H
M pnq

‰

, (2.10)

where the superscript H denotes the Hermitian transposition which is a standard transposition combined with a com-
plex conjugation. The autocorrelation matrix RM will simply be denoted R when the dimension of the matrix is not
ambiguous.

By replacing uM pnq in Equation (2.10) by its expression in Equation (2.9), we find using the wide-sense stationarity
of upnq:

R “

»

—

—

—

–

r0 r´1 . . . r´M`1

r1 r0 . . . r´M`2

...
...

. . .
...

rM´1 rM´2 . . . r0

fi

ffi

ffi

ffi

fl

. (2.11)

The coefficient r0 on the main diagonal is always a positive real. For a complex stochastic process upnq, the other
coefficients ri for i ‰ 0 are generally complex.

The correlation matrix R plays a fundamental role in the study of wide-sense stationary stochastic processes. We now
study different properties of the matrix R.

Property 1. The correlation matrix of a wide-sense stationary discrete-time stochastic process is Hermitian, i.e. R “

RH .

To prove this property, it suffices to notice that r´k “ r˚k .
The correlation matrix R is therefore entirely determined by the autocorrelation coefficients rk for k “ 0, 1, . . . ,M ´

1. Indeed, we have:

R “

»

—

—

—

–

r0 r˚1 . . . r˚M´1

r1 r0 . . . r˚M´2
...

...
. . .

...
rM´1 rM´2 . . . r0

fi

ffi

ffi

ffi

fl

. (2.12)

We say that a square matrix is Toeplitz when all the elements of its main diagonal are equal and when all the elements
of a same diagonal parallel to the main diagonal are also equal.

Property 2. The correlation matrix of a wide-sense stationary discrete-time stochastic process is Toeplitz.

From the structure of the correlation matrix R described in Equation (2.12), we note that all the elements of the main
diagonal are equal to r0, that all the elements of the first diagonal above the main diagonal are equal to r˚1 , that all the
elements of the first diagonal below the main diagonal are equal to r1 and so on for the other diagonals. The correlation
matrix R is therefore Toeplitz. Note that when upnq represents a zero-mean stochastic process, its correlation matrix R
is Toeplitz if and only if the stochastic process upnq is wide-sense stationary.

Let a be a complex non-zero vector of size M . We define y as the scalar product of the vector a and the stochastic
process uM pnq:

y “ aHuM pnq. (2.13)

Hence, we have:
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E
”

|y|
2
ı

“E ryy˚s (2.14)

“E
“

aHuM pnquHM pnqa
‰

“aHE
“

uM pnquHM pnq
‰

a

“aHRa.

Since E
”

|y|
2
ı

ě 0, we have:

aHRa ě 0. (2.15)

A Hermitian matrix R which satisfies the property described in the previous equation for any complex vector a is
said to be nonnegative definite or positive semidefinite. A Hermitian matrix R which satisfies aHRa ą 0 for all non-zero
complex vector a is said to be positive definite.

Property 3. The correlation matrix of a discrete-time stochastic process is always positive semidefinite.

In most practical cases, the correlation matrix of a discrete-time stochastic process is positive definite.

Property 4. The correlation matrix of a wide-sense stationary process is always positive definite when and additive noise
is present which is almost always the case in practice.

This property has an important consequence: when the matrix R is positive definite, its inverse matrix R´1 exists. The
presence of this additive noise is in particular present in the autoregressive models studied in next section. The correlation
matrix R of the wide-sense stationary stochastic processes presented in next section will therefore belong to the set of
Toeplitz Hermitian positive definite matrices of dimension M which we denote by T `M .

2.1.4 Autoregressive models
Let us start by giving the definition of a white noise [7].

Definition 1. We call white noise a stochastic process wpnq whose:

• mean is zero: E rwpnqs “ 0 @n P Z,

• variance is constant: E
”

|wpnq|
2
ı

“ σ2 @n P Z,

• autocorrelation is zero: E rwpnqwpkq˚s “ 0 @k ‰ n.

A white noise is therefore a wide-sense stationary process by construction.
We now define the autoregressive processes of order M [7, 44].

Definition 2. We say that a stochastic process upnq is an autoregressive process (AR) of order M when it satisfies the
following equation:

upnq ` a1upn´ 1q ` . . .` aMupn´Mq “ wpnq @n P Z, (2.16)

where a1, a2, . . . , aM are complex constants called the AR parameters and wpnq is a white noise. We say that a time
series upnq is an autoregressive time series when it is a realisation of an autoregressive stochastic process.

We call Gaussian autoregressive process an autoregressive process whose white noise wpnq is Gaussian. We will
detail the properties of the particular case of Gaussian autoregressive processes in Section 2.1.10.

The term "autoregressive" comes from the fact that the present value upnq of the stochastic process is equal to a linear
combination of the M previous values upn ´ 1q, . . . ,upn ´Mq plus an error term wpnq, as shown by the following
equation:

upnq “ ´
M
ÿ

k“1

akupn´ kq `wpnq. (2.17)

The left terms of Equation (2.16) can be considered as the convolution of the sequence tupnqu with the sequence
tanu. We can indeed rewrite Equation (2.16) as follows:

M
ÿ

k“0

akupn´ kq “ wpnq, (2.18)

by setting a0 “ 1.
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By taking the z-transform on both sides of Equation (2.18), we transform the convolution operation on the left side of
the equation into a multiplication of the z-transforms of the sequences tupnqu and tanu.

We note:

HApzq “
M
ÿ

n“0

anz
´n (2.19)

the z-transform of the sequence tanu, and we note:

Upzq “
8
ÿ

n“0

upnqz´n (2.20)

the z-transform of the sequence tupnqu, where z is a complex variable.
We can then rewrite Equation (2.18) into the form:

HApzqUpzq “W pzq, (2.21)

where

W pzq “
8
ÿ

n“0

wpnqz´n. (2.22)

With the white noise wpnq acting as input, we may use Equation (2.17) to produce the AR process upnq as output. In
Haykin [44], this transformation is seen as a filter called process generator. The transfer function of this transformation
equals:

HGpzq “
Upzq

W pzq
“

1

HApzq
“

1
M
ř

n“0
anz´n

. (2.23)

The AR process generator transforming W pzq into Upzq is called an all-pole filter as its transfer function HGpzq is
entirely determined by the position of its poles, as shown by:

HGpzq “
1

M
ś

i“1

p1´ piz´1q

. (2.24)

The parameters p1, p2, . . . , pM are the poles of HGpzq, they correspond to the roots of the characteristic equation:

1` a1z
´1 ` a2z

´2 ` . . .` aMz
´M “ 0. (2.25)

The AR process given in Equation (2.16) is wide-sense stationary if and only if the roots of the characteristic Equation
(2.25) all lie inside the unit circle in the z-plane [44]:

|pi| ă 1 @1 ď i ďM. (2.26)

When the process upnq is wide-sense stationary, the coefficient aM is therefore of modulus strictly less than 1:

|aM | ă 1 (2.27)

since aM “
M
ś

i“1

pi and |pi| ă 1 for all i P J1, nK.

We denote by µM and call reflection coefficient the coefficient aM of the autoregressive model of order M . These
coefficients will play an important role in this thesis.

Note that the coefficients of the autoregressive model a1, . . . , aM are the coefficients which minimize the expectation
of the square of the prediction error wpnq obtained by estimating the present value of the autoregressive process upnq
as a linear combination of the M previous values upn ´ 1q, . . . ,upn ´ Mq. We now use this property to define the
autoregressive coefficients aji of a wide-sense stationary stochastic process which is not necessarily an AR process.

Definition 3. Let upnq be a wide-sense stationary stochastic process. We call autoregressive coefficients of order M and
denote by aM1 , . . . , aMM the coefficients which minimize the mean square prediction error, the prediction error associated
with the coefficients aM1 , . . . , aMM being defined as the term wM pnq obtained by the following convolution operation:

M
ÿ

k“0

aMk upn´ kq “ wM pnq, (2.28)

by setting aM0 “ 1.
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This definition makes it possible to define the autoregressive coefficients of a wide-sense stationary process for any
order M .

Since the coefficients of the autoregressive model aM1 , . . . , aMM are those which minimize the quadratic mean of the
prediction error wM pnq, it is possible to show that wM pnq is uncorrelated with the past values upn´ kq for all k ě 1 of
the process upnq “ tupnqunPZ.

2.1.5 Yule-Walker equation
A zero-mean autoregressive process of order M described by Equation (2.16) is entirely determined by the coefficients
aM1 , . . . , aMM of the autoregressive model and by the variance σ2

wM of the white noise wM pnq.
In this section, we show that these coefficients are in bijection with the autocorrelation coefficients r0, r1, . . . , rM :

`

aM1 , . . . , aMM , σ
2
wM

˘

ô pr0, r1, . . . , rM q . (2.29)

According to Equation (2.18), we have:

M
ÿ

k“0

akupn´ kq “ wpnq @n P Z. (2.30)

By multiplying both sides of Equation (2.30) by u˚pn´ lq and then taking the expectation, we obtain:

E

«

M
ÿ

k“0

akupn´ kqu
˚pn´ lq

ff

“ E rwpnqu˚pn´ lqs @n P Z. (2.31)

The left-hand side of Equation (2.31) can be expressed using the autocorrelation coefficients:

E

«

M
ÿ

k“0

akupn´ kqu
˚pn´ lq

ff

“

M
ÿ

k“0

akE rupn´ kqu˚pn´ lqs “
M
ÿ

k“0

akrl´k. (2.32)

We simplify the right-hand side of Equation (2.31) by observing that

E rwpnqu˚pn´ lqs “ 0 @l ě 1 (2.33)

since upn ´ lq involves only samples of white noise up to time n ´ l which are uncorrelated with the white noise
sample wpnq [44].

Since a0 “ 1, we finally obtain from Equations (2.31), (2.32) and (2.33):

rl `
M
ÿ

k“1

aMk rl´k “ 0 (2.34)

and therefore

rl “ ´
M
ÿ

k“1

aMk rl´k. (2.35)

If we do this operation for all l P J1,MK, we obtain M equations which can be written in the matrix form:
»

—

—

—

–

r1

r2

...
rM

fi

ffi

ffi

ffi

fl

“ ´

»

—

—

—

–

r0 r˚1 . . . r˚M´1

r1 r0 . . . r˚M´2
...

...
. . .

...
rM´1 rM´2 . . . r0

fi

ffi

ffi

ffi

fl

»

—

—

—

–

aM1
aM2
...
aMM

fi

ffi

ffi

ffi

fl

. (2.36)

This equation is called the Yule-Walker equation [82] [15], it can also be written in the form:

RMraM “ ´rrM

raM “ raM1 , . . . , aMM s
T , (2.37)

rrM “ rr1, . . . , rM s
T

where RM corresponds to the matrix R defined in Equation (2.12).
When the matrix RM is invertible, we can express the coefficients

`

aM1 , . . . , aMM
˘

as a function of the coefficients
pr0, r1, . . . , rM q:

raM “ ´R´1
M rrM . (2.38)
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Note that this equation is equivalent to the following equation:

raM “ ´

ˆ

1

r0
RM

˙´1 ˆ
1

r0
rrM

˙

. (2.39)

We denote ρi “ ri
r0

for i P J0,MK the normalized correlation coefficients. The equation (2.39) defines a bijection be-
tween the normalized autocorrelation coefficients ρ1, ρ2, . . . , ρM and the coefficients a1, a2, . . . , aM of the autoregressive
model:

pρ1, ρ2, . . . , ρM q ô
`

aM1 , aM2 , . . . , aMM
˘

. (2.40)

We can use Equation (2.39) to compute the autoregressive coefficients
`

aM1 , aM2 , . . . , aMM
˘

from the normalized au-
tocorrelation coefficients pp1, p2, . . . , pM q. We will see in Section 2.1.6 how to compute the normalized autocorrelation
coefficients pp1, p2, . . . , pM q from the autoregressive coefficients

`

aM1 , aM2 , . . . , aMM
˘

.
We now express the variance of the zero-mean white noise σ2

wM as a function of the autocorrelation coefficients
r0, r1, . . . , rM and the autoregressive coefficients aM1 , aM2 , . . . , aMM . By using the definition of an autoregressive process
of order M described by the convolution equation (2.28) and by recalling that the zero-mean white noise wM pnq is
independent of upn´ kq for all k ě 1, we have:

σ2
wM “E

“

wM pnqwM˚pnq
‰

(2.41)

“E

«˜

M
ÿ

k“0

aMk upn´ kq

¸

wM˚pnq

ff

with aM0 “ 1 (2.42)

“E
“

upnqwM˚pnq
‰

(2.43)

“E

«

upnq

˜

M
ÿ

k“0

aMk upn´ kq

¸˚ff

(2.44)

“

M
ÿ

k“0

aM˚k E rupnqu˚pn´ kqs (2.45)

“

M
ÿ

k“0

aM˚k rk. (2.46)

We can thus compute the variance of white noise σ2
wM from the autocorrelation coefficients r0, r1, . . . , rM , the autore-

gressive coefficients aM1 , aM2 , . . . , aMM being of function of the coefficients r0, r1, . . . , rM according to Equation (2.38).
Explicitly, we have:

σ2
wM “

M
ÿ

k“0

aM˚k rk (2.47)

“r0 `

M
ÿ

k“1

aM˚k rk as aM0 “ 1 (2.48)

“r0 ` raHMrrM (2.49)

“r0 `
`

´R´1
M rrM

˘H
rrM according to Equation (2.38) (2.50)

“r0 ´ rrHMR
´1
M rrM . (2.51)

If we want to compute the autocorrelation coefficients r0, r1, . . . , rM from the autoregressive coefficients aM1 , aM2 , . . . , aMM
and the variance of white noise σ2

wM , we can start by computing the normalized autocorrelation coefficients ρ1, ρ2, . . . , ρM
from the autoregressive coefficients aM1 , aM2 , . . . , aMM . We present a method to do this in Section 2.1.6. We can then com-
pute the mean quadratic power coefficient r0 by noticing that Equation (2.46) gives us:

σ2
wM “

M
ÿ

k“0

aM˚k rk “

˜

M
ÿ

k“0

aM˚k ρk

¸

r0, (2.52)

and therefore:

r0 “
σ2
wM

M
ř

k“0

aM˚k ρk

. (2.53)
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In the proof of Property 26 of Appendix A, we also prove the following relation:

σ2
wM “

˜

M
ź

k“1

´

1´ |µk|
2
¯

¸

r0. (2.54)

This relation can be used to compute the coefficient r0 when the variance of the white noise σ2
wM and the reflection

coefficients µ1, µ2, . . . , µM are known.
Once the value of the mean quadratic power r0 is obtained, we just have to notice that ri “ ρir0 to be able to compute

the autocorrelation coefficients r1, . . . , rM .

2.1.6 Levinson algorithm
In Definition 3, we define the autoregressive coefficients of a wide-sense stationary stochastic process. In general, wide-
sense stationary stochastic processes are not autoregressive processes of order M for M P N. If we want to model
a wide-sense stationary process upnq as an autoregressive process, then it is useful to estimate the coefficients of the
autoregressive model of order M for several values of M , then to choose the order of the model which best corresponds
to the studied process upnq.

When the autocorrelation coefficients r0, r1, . . . , rM of the studied signal are known, it is possible to compute the
coefficients an1 , a

n
2 , . . . , a

n
n of the autoregressive model of order n P J1,MK using the Yule-Walker equation. The Yule-

Walker equation is indeed equivalent to Equation (2.38) that we give again here:

ran “ ´R
´1
n rrn (2.55)

with

ran “ ra
n
1 , . . . , a

n
ns
T ,

rrn “ rr1, . . . , rns
T

and Rn the autocorrelation matrix of size nˆ n.
However, when we want to compute the coefficients ran for all n P J1,MK, to use Equation (2.55) for all n P J1,MK is

not optimal in terms of computation time. It is indeed possible to use the Toeplitz structure of the matrixRM to iteratively
compute the vector coefficients ra1,ra2, . . . ,raM using the value of the vector ran to compute ran`1. It is the principle of the
Levinson algorithm 14 detailed in Appendix A. We show in particular that the following relation links the autoregressive
coefficients of successive order:

ank “ an´1
k ` µna

n´1˚
n´k @k P J1, nK. (2.56)

Using Equation (2.56), we can compute the autoregressive coefficients aji for all 1 ď i ď j ď n from the reflection
coefficients µ1, µ2, . . . , µn, where µi “ aii. The coefficients aji are then computed iteratively on the order: the coefficients
of order j are used for the computation of the coefficients of order j ` 1. The reflection coefficients µ1, µ2, . . . , µn
therefore entirely determine the autoregressive coefficients aji for all 1 ď i ď j ď n. In Appendix A, we show that the
autoregressive coefficients aji for all 1 ď i ď j ď n are also entirely determined by the coefficients an1 , a

n
2 , . . . , a

n
n of the

autoregressive model of order n. Equation (2.56) is indeed equivalent to the following equation:

an´1
k “

ank ´ µna
n˚
n´k

1´ |µn|
2 . (2.57)

This last equation can be used to compute the coefficients of the autoregressive model of order n ´ 1 from the
coefficients of the autoregressive model of order n, the computation of the autoregressive coefficients is therefore done by
descending recurrence on the order of the autoregressive model. We prove Equation (2.57) in the proof of Property 29 of
Appendix A.

Finally, the algorithms presented establish the following equivalences:

pµ1, µ2, . . . , µnq ô
´

aji

¯

1ďiďjďn
ô pan1 , a

n
2 , . . . , a

n
nq . (2.58)

We recall that we have presented in Equation (2.40) of Section 2.1.5 the equivalence between the normalized autocor-
relation coefficients ρ1, ρ2, . . . , ρn (with ρi “ ri

r0
) and the AR coefficients of order n:

pρ1, ρ2, . . . , ρnq ô pan1 , a
n
2 , . . . , a

n
nq . (2.59)

We have seen in Equation (2.39) of Section 2.1.5 that we can compute the autoregressive coefficients an1 , a
n
2 , . . . , a

n
n

from the normalized autocorrelation coefficients ρ1, ρ2, . . . , ρn expressing the Yule-Walker equation as follows:

ran “ ´

ˆ

1

r0
Rn

˙´1 ˆ
1

r0
rrn

˙

(2.60)
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with ran “ ra
n
1 , . . . , a

n
ns
T .

We now study the inverse transformation, i.e. how to compute the normalized autocorrelation coefficients ρ1, ρ2, . . . , ρn
from the AR coefficients an1 , a

n
2 , . . . , a

n
n. We recall that the coefficients an1 , a

n
2 , . . . , a

n
n entirely determine the AR coef-

ficients aji for 1 ď i ď j ď n, the explicit computation of the coefficients aji for 1 ď i ď j ď n ´ 1 can be obtained
by a descending recurrence on the order of the coefficients using Equation (2.57). In Appendix A, we present Algorithm
15 which performs the inverse operation than the Levinson algorithm: this algorithm can be used to compute the auto-
correlation coefficients r0, r1, . . . , rn from the mean quadratic power coefficient p0 “ r0 and the AR coefficients aji with
1 ď i ď j ď n. If we use Algorithm 15 by setting p0 “ 1, we can compute the normalized autocorrelation coefficients
ρ1, ρ2, . . . , ρn from the autoregressive coefficients aji with 1 ď i ď j ď n.

Note that the Toeplitz Hermitian Positive Definite matrix Rn is entirely determined by the autocorrelation coefficients
r0, r1, . . . , rn´1. We show in Appendix A that the reflection coefficients µ1, µ2, . . . , µn´1 where µk “ aii entirely
determine the AR coefficients aji for all 1 ď i ď j ď n´ 1. From Equation (2.27), we have |µi| ă 1 for all i P N˚. This
inequality is also proven in the proof of Property 27 of Appendix A. The Levinson algorithm therefore defines a bijection
between the following spaces:

T `n Ñ R˚` ˆDn´1

Rn ÞÑ pp0, µ1, µ2, . . . , µn´1q (2.61)

where T `n represents the set of Toeplitz Hermitian positive definite matrices and D represents the open complex unit
disk. This bijection will be used in Chapter 3 to build a Riemannian metric on the product space R˚` ˆ Dn´1 inspired
by a metric defined on the space H`n coming from information geometry, where H`n represents the space of Hermitian
positive definite matrices (note that T `n Ă H`n ). The Riemannian manifold obtained, denoted R`` ˆ Dn´1, will then be
used to represent unidimensional complex stationary centered Gaussian autoregressive time series.

As seen in Equation (2.61), there is a one-to-one correspondence between a Toeplitz HPD matrix Rn P T `n and
the coefficients pp0, µ1, µ2, . . . , µn´1q P R˚` ˆ Dn´1. In next section, we will see that a Toeplitz HPD matrix and its
corresponding reflection coefficients are closely related to a probability measure on the complex unit circle.

2.1.7 Orthogonal polynomials on the unit circle
As explained in the article of Ben Jeuris and Raf Vandebril [45], a one-to-one correspondence exists between a Toeplitz
HPD matrix and a probability measure on the complex unit circle, where the coefficients of the Toeplitz matrix are found as
the moments (or Fourier coefficients) of the corresponding probability measure [27,49,55]. The concept of orthogonality
for polynomials on the unit circle is linked to the probability measure on the complex unit circle considered, and therefore
indirectly to the related Toeplitz matrix. Finally, the computation of an orthonormal basis of polynomials on the unit circle
can be performed using the Szegő’s recursion [76, 77], in which the Verblunsky coefficients arise. It turns out that these
coefficients are equal to the reflection coefficients µl appearing in Equation (2.61).

In section 2.1.6, we refered to the Levinson algorithm 13 to efficiently compute the AR coefficients aji for 1 ď i ď
j ď M from the autocorrelation coefficients r0, r1, . . . , rM . In Section 2.1.8, we give a method to estimate the AR
coefficients of a stochastic process from an observed time series up0q, up1q, . . . , upnq. In Section 2.1.9, we give two
methods to determine the order of the AR model which best corresponds (in a sense to be defined) to the time series
up0q, up1q, . . . , upnq observed.

2.1.8 Autoregressive coefficients estimation

In section 2.1.6, we presented the Levinson algorithm which can be used to compute the autoregressive coefficients aji
for 1 ď i ď j ď n from the autocorrelation coefficients r0, r1, . . . , rn. In practice, the autocorrelation coefficients
r0, r1, . . . , rn of an observed time series up0q, up1q, . . . , upM ´ 1q of length M are generally not known. In this case, it
is possible to estimate the autoregressive coefficients aji pour 1 ď i ď j ď n by starting by estimating the autocorrelation
coefficients r0, r1, . . . , rn, then using the Levinson algorithm 14.

The autocorrelation coefficients are generally estimated by empirical mean:

pri “
1

M ´ i

M´i´1
ÿ

k“0

upk ` iqu˚pkq. (2.62)

However, this method is not very precise when the integer pM ´ iq is small. Moreover, this method does not guar-
antee that the Toeplitz Hermitian matrix pRn`1 constructed from the autocorrelation coefficients pr0, pr1, . . . , prn is positive
definite. In the case where the estimated matrix pRn`1 is not positive definite, at least one of the reflection coefficients
pµ1, pµ2, . . . , pµn obtained using the Levinson algorithm does not belong to the complex unit disk D, the AR coefficients
estimated are therefore not those of a stationary stochastic process.
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To estimate the AR coefficients of a stochastic process upnq from a realization of a time series up0q, up1q, . . . , upn´1q,
we propose to use another method: the Burg algorithm. We devote Appendix C to the description of the Burg algorithm
16. The Burg algorithm estimates the AR coefficients iteratively on the order by taking advantage of the relation between
the AR coefficients of successive order:

ank “ an´1
k ` µna

n´1˚
n´k @k P J1, nK. (2.63)

We show in Property 38 of Appendix C that the reflection coefficients µi estimated by the Burg algorithm belong
to the complex unit disk D: we have |µi| ă 1 for all i P N˚. We also present a Burg algorithm with a regularization
parameter penalizing irregular spectra: the regularized Burg algorithm 17.

2.1.9 Selecting model order
An autoregressive process can be used to generate data or to analyze existing data [44]. When we generate the data, we
choose the order M of the process to be generated. When we use an autoregressive model to analyze existing data, we
generally need to estimate the order of the autoregressive model M that best matches the data to be analyzed.

In this section, we present two methods to estimate the order of an autoregressive model. The first method is called AIC
and was developed by Akaike (1973) [2]. The second method is called MDL and was developed by Rissanen (1978) [65]
and Schwartz (1978). These two methods use arguments coming from information geometry.

Let u1, u2, . . . , uN be the data observed during N independent realizations of a discrete-time stationary stochastic
process upnq and denote by gpuiq the probability density of ui. We denote by fu

´

ui | pθm

¯

the conditional probability

density of ui with respect to the parameter pθm, where pθm represents the vector of estimated parameters which model the
studied stochastic process. The integer m represents the order of the model. We can therefore write:

pθm “
”

pθm1 ,
pθm2 , . . . ,

pθmm

ıT

. (2.64)

In this thesis, we could choose pθm “ rpp0, pµ1, . . . , pµm´1s
T . We could also choose pθm “ rpr0, pr1, . . . , prm´1s

T or any
equivalent set of parameters presented in the previous sections.

The studied stochastic process can be represented by several models of different orders. To choose the order m of
the model best suited to the stochastic process upnq, the information-theoretic criterion (AIC) proposed by Akaike is the
following: we choose to represent the stochastic process upnq by the model of parameter pθm for which the function

AICpmq “ ´2L
´

pθm

¯

` 2m (2.65)

reaches its minimum, where the function L
´

pθm

¯

is the logarithm of the pseudo-maximum likelihood estimator [64]
of the model parameters:

L
´

pθm

¯

“ max
pθm

N
ÿ

i“1

ln
´

fu

´

ui | pθm

¯¯

. (2.66)

The term L
´

pθm

¯

described in Equation (2.66) is obtained by minimizing the Kullback-Leibler divergence between

the true density of unknown probability gpuq and conditional probability density fu
´

ui | pθm

¯

. We recall the expression
of the Kullback-Leibler divergence between these two functions:

Dg}f

´

pθm

¯

“

8
ż

´8

gpuq ln pg puqq du´

8
ż

´8

gpuq ln
´

fu

´

u | pθm

¯¯

du. (2.67)

In this thesis, we refer to the Burg algorithm [16] described in Appendix C to estimate the model parameter pθm “

rpp0, pµ1, . . . , pµm´1s
T . However, the Burg algorithm is not a maximum likelihood estimator of the autoregressive coeffi-

cients, an exact forward-backward maximum likelihood autoregressive parameter estimation method is given in [5] for
Gaussian autoregressive time series.

According to Equation (2.65), the function AICpmq is a sum of two terms. The first term, ´2L
´

pθm

¯

tends to
decrease rapidly as the order m of the model increases. The second term, 2m, represents a model complexity penalty
which makes the function AICpmq an estimator of the Kullback-Leibler divergence. This second term grows linearly
with respect to the order m of the model. When we plot the graph of the function AICpmq as a function of the model
order m we generally observe a unique minimum for a value m which will be designated as optimum order of the model
and noted MAIC for Minimum AIC [50].

We now present a second criterion that can be used to choose the optimal order of the model of a stochastic process
upnq. This second criterion proposed by Rissanen in 1978 [65], 1986 [66] and 1989 [67] is based on the idea of exactly
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describing observed data by coding them with a minimum of binary digits. Indeed, a model can be seen as a tool to
capture the characteristics and constraints of the observed data and therefore to reduce the number of digits necessary to
describe the data. Rissanen then proposes to use the number of digits necessary to code the observed data by exploiting
the constraints induced by the model as well as the number of digits necessary to describe the model as a criterion to
determine the quality of the model.

We can state Rissanen’s minimum description length (MDL) criterion as follows [44]: given a data set of interest and
a family of competing statistical models, the best model is the one that provides the shortest description length for the
data.

Mathematically, to determine the optimal number of parameters of the model, the MDL criterion proposed by Rissanen
is the following: we choose the integer m for which the following function of pθm:

MDLpmq “ ´L
´

pθm

¯

`
1

2
m ln pNq (2.68)

reaches its minimum.

2.1.10 Complex Gaussian processes
When we study a wide-sense stationary autoregressive stochastic process of order M :

upnq ` a1upn´ 1q ` . . .` aMupn´Mq “ wpnq,

the white noise wpnq is generally assumed to be Gaussian. The autoregressive stochastic process upnq is then called
a Gaussian process. In this section, we start by recalling the definition of Gaussian stochastic processes with complex
values, then we study their properties.

We first recall the definition of a multivariate complex distribution.

Definition 4. A complex random vector Z is said to be Gaussian when the real random vector pRe pZq , Im pZqqT is
Gaussian.

Definition 5. A time continuous complex stochastic process tXtutPT is said to be Gaussian if for all finite number k P N˚

of time indices t1, . . . , tk P T , the random variable:

Xt1,...,tk “ pXt1 , . . . , Xtkq

is a complex multivariate Gaussian random variable. This is equivalent to say that every linear combination of pXt1 , . . . , Xtkq

has a univariate complex Gaussian distribution.

A multivariate Gaussian complex distribution is characterized by its moments of order one and two.

Property 5. A multivariate complex Gaussian distribution Z is characterized by:

• its mean vector µ “ E rZs,

• its covariance matrix Γ “ E
”

pZ ´ µq pZ ´ µq
H
ı

,

• its relation matrix C “ E
”

pZ ´ µq pZ ´ µq
T
ı

.

Its probability density function is then defined by [60]:

fpzq “
1

πn
b

det pΓqdet
`

sΓ´ CHΓ´1C
˘

exp

˜

´
1

2

´

psz ´ sµq
T
pz ´ µq

T
¯

ˆ

Γ C
sC sΓ

˙´1 ˆ
z ´ µ
sz ´ sµ

˙

¸

(2.69)

We denote by Z „ CN pµ,Γ, Cq a complex Gaussian vector of mean µ, of covariance matrix Γ and relation matrix
C.

We now come back to the time continuous complex Gaussian stochastic processes described in Definition 5 and give
a first property of these processes.

Property 6. A wide-sense stationary Gaussian process is strict-sense stationary [7, 44].

The wide-sense stationarity being equivalent to the strict-sense stationarity for Gaussian processes, we might omit
to specify the kind of stationarity (wide-sense or strict-sense) for Gaussian processes and simply call them stationary
Gaussian processes.

We now detail a particular case of complex Gaussian processes: circularly-symmetric central complex Gaussian
distributions.
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Definition 6. A complex random vector Z is called circularly-symmetric if for every deterministic φ P s´π, πs, the
distribution of eiφZ equals the distribution of Z.

We now give an important property of the mean µ and of the relation matrixC of circularly-symmetric central complex
Gaussian distributions.

Property 7. The circularly-symmetric central complex Gaussian distributions are the multivariate complex Gaussian
distributions of zero mean (µ “ 0) and zero relation matrix (C “ 0). The circularly-symmetric central complex Gaussian
distributions are therefore entirely determined by their covariance matrices Γ.

We can now define the circularly-symmetric centered complex Gaussian stochastic processes.

Definition 7. We call circularly-symmetric centered complex Gaussian stochastic processes the processes tXtutPT for
which:

pXt1 , . . . , Xtkq „ CN p0,Γ, 0q @k P N˚,@t1, . . . , tk P T. (2.70)

We now study the circularly-symmetric centered complex Gaussian stochastic processes which are stationary.
Let upnq be such a process of length N . The process upnq therefore has the following characteristics:

• its mean is zero: µ “ E rupnqs “ 0,

• since the process upnq is wide-sense stationary, its autocorrelation function is of the form:

rk “ E rupnqu˚pn´ kqs @k P J0, N ´ 1K,

• its relation function is zero: E rupnqupn´ kqs “ 0 @k P J0, N ´ 1K.

The autocorrelation coefficients r0, r1, . . . , rN´1 determine the correlation matrix R of the Gaussian process upnq. We
recall that the covariance matrix Γ coincide with the autocorrelation matrix R in the case of zero-mean stochastic processes
according to the definition of the autocorrelation and autocovariance coefficients given in Equations (2.3) and (2.4). We
denote in general N p0,Rq the Gaussian vector of zero mean, of correlation matrix R and of zero relation matrix. The
joint probability density of the N samples of the process upnq is then defined by:

fupUq “
1

πN det pRq
exp

`

´UHR´1U
˘

, (2.71)

where

U “ rup1q, up2q, . . . , upNqs
T

is an N -by-1 data vector. The matrix R is then the N -by-N Toeplitz Hermitian Positive Definite matrix of the second
order moments defined in terms of u by R “ E

“

UUH
‰

.
We now give an important property about the moments of circularly-symmetric centered stationary Gaussian processes

[44].

Property 8. We denote by un “ upnq, n P J1, NK the observations of a circularly-symmetric centered stationary Gaus-
sian process. According to Reed (1962):

• If k ‰ l, then:
E
“

u˚s1u
˚
s2 . . .u

˚
sk
ut1ut2 . . .utl

‰

“ 0, (2.72)

where si and tj are integers selected in the set t1, 2, . . . , Nu.

• If k “ l, then

E
“

u˚s1u
˚
s2 . . .u

˚
sl
ut1ut2 . . .utl

‰

“
ÿ

σPSl

l
ź

i“1

E
”

u˚sσpiquti

ı

(2.73)

where Sl represents the set of permutations of the set J1, lK. The term on the right side of Equation (2.73) is
therefore a sum of l! terms which are products of moments of order 2. Equation (2.73) is called the Gaussian
moment-factoring theorem.
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2.1.11 Power spectral density
The autocorrelation function of a wide-sense stationary centered discrete-time stochastic process upnq is defined in Sec-
tion 2.1.2 by:

rpkq “ E rupn` kqu˚pnqs . (2.74)

This function describes the moments of order 2 of the stochastic process upnq in the time domain. The statistical
parameter associated with the autocorrelation function in the frequency domain is the power spectral density, which is
also called power spectrum or also spectrum [44]. The power spectral density is a widely used tool to describe time series.
We will recall its definition and its fundamental properties in this section.

Consider a wide-sense stationary centered discrete-time stochastic process upnq and denote by rplq its autocorrelation
function defined for all l P Z. In the following, we denote by upnqwith n P Z the time series of infinite length representing
a unique realization of the studied stochastic process. We start by focusing on a windowed portion of this time series by
defining the auxiliary time series:

uN pnq “

"

upnq, n P J´N,NK
0, |n| ą N

(2.75)

The length 2N ` 1 of the window will then tend towards infinity. By definition, the discrete-time Fourier transform
of the time series UN pnq is given by:

UN pωq “
N
ÿ

n“´N

uN pnqe
´jωn (2.76)

where ω P s´π, πs is the angular frequency. We denote by UN pωq the random variable associated with the stochastic
process upnq whose realization UN pωq corresponds to the time series upnq. In general, the term UN pωq is complex-
valued. Its complex conjugate has the following expression:

U˚N pωq “
N
ÿ

k“´N

u˚N pkqe
jωk. (2.77)

By multiplying Equations (2.76) and (2.77), we obtain the expression of the square modulus of UN pωq:

|UN pωq|
2
“

N
ÿ

n“´N

N
ÿ

k“´N

uN pnqu
˚
N pkqe

´jωpn´kq. (2.78)

Equation (2.78) is obtained for each realization upnq of the studied stochastic process. By taking the expectation on
each side of Equation (2.78), we obtain:

E
”

|UN pωq|
2
ı

“

N
ÿ

n“´N

N
ÿ

k“´N

E ruN pnqu
˚
N pkqs e

´jωpn´kq. (2.79)

where the symbol E denotes the expectation with respect to an infinity of independent realizations of the stochastic
process studied.

Note that we have:

E ruN pnqu
˚
N pkqs “

"

E rupnqu˚pkqs “ rpn´ kq for ´N ď pn, kq ď N
0 otherwise

(2.80)

We can therefore rewrite Equation (2.79) in the form:

E
”

|UN pωq|
2
ı

“

N
ÿ

n“´N

N
ÿ

k“´N

r pn´ kq e´jωpn´kq. (2.81)

By setting l “ n´ k, we obtain:

1

N
E
”

|UN pωq|
2
ı

“

N
ÿ

l“´N

ˆ

1´
|l|

N

˙

rplqe´jωl. (2.82)

When the following equation holds

lim
NÑ8

1

2N ` 1

N´1
ÿ

l“´N`1

|l| rplqe´jωl “ 0, (2.83)
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then we have [44]

lim
NÑ8

1

N
E
”

|UN pωq|
2
ı

“

8
ÿ

l“´8

rplqe´jωl. (2.84)

The term on the right side of this last equation can be seen as the Fourier transform of the autocorrelation coefficients,
as we will see in Property 9. We can then define the function:

Spωq “ lim
NÑ8

1

N
E
”

|UN pωq|
2
ı

. (2.85)

The term |UN pωq|
2
{N is called periodogram of the windowed time series uN pnq. Equation (2.85) means that the

periodogram converges towards Spωq in mean, and not in square mean or any other form of convergence in general.
As mentioned in [44], when the limit presented in Equation (2.85) exists, the quantity Spωq has the following inter-

pretation (Priestley, 1981): the term Spωqdω is the average of the contribution to the total power from components of a
wide-sense stationary stochastic process with angular frequencies located between ω and ω ` dω, the average is taken
over all possible realizations of the process.

Therefore, the quantity Spωq is the "spectral density of expected power" of the process, which is abbreviated as power
spectral density.

Using the equality described in Equation (2.84), we can rewrite the definition of the power spectral density given by
Equation (2.85) as

Spωq “
8
ÿ

l“´8

rplqe´jωl. (2.86)

To summarize, the power spectral density is defined directly from a wide-sense stationary stochastic process in Equa-
tion (2.85). The power spectral density can also be defined as the Fourier transform of the autocorrelation coefficients as
shown in Equation (2.86). These two points of view will now be used to present the fundamental properties of the power
spectral density.

We start by giving a first property directly related to Equation (2.86).

Property 9. The autocorrelation function and the power spectral density of a wide-sense stationary stochastic process
form a Fourier transform pair:

Spωq “
8
ÿ

l“´8

rplqe´jωl, ´π ă ω ď π (2.87)

and

rplq “
1

2π

ż π

´π

Spωqejωldω, l P Z. (2.88)

Equation (2.87) means that the power spectral density is the discrete Fourier transform of the autocorrelation function.
Equation (2.88) means that the autocorrelation function is the inverse of the discrete Fourier transform of the power
spectral density. This equation comes from the formula for inverting discrete Fourier transforms. This pair of equations
is called the Einstein-Wiener-Khintchine relation.

Property 10. The frequency support of the power spectral density Spωq is the Nyquist interval ´π ă ω ď π.

Outside this interval, the power spectral density is 2π-periodic:

S pω ` 2kπq “ S pωq @k P Z. (2.89)

Property 11. The power spectral density of a stationary discrete-time stochastic process is real.

We can indeed arrange the sum defining the power spectral density in Equation (2.86) to obtain [44]:

Spωq “ rp0q ` 2
8
ÿ

k“1

Re
“

rpkqe´jωk
‰

(2.90)

where Re represents the real part operator. Using the definition of the power spectral density given in Equation (2.85):

Spωq “ lim
NÑ8

1

N
E
”

|UN pωq|
2
ı

, (2.91)

we can also notice that the power spectral density is the limit of a series of real numbers and is therefore real.

Property 12. The power spectral density of a real-valued stationary discrete-time stochastic process is even (i.e. Spωq “
Sp´ωq). If the process is complex valued, its power spectral density is not necessarily even.
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Property 13. The mean-square value rp0q of a stationary discrete-time stochastic process equals the mean value of the
power spectral density Spωq over the interval s´π, πs:

rp0q “
1

2π

ż π

´π

Spωqdω (2.92)

This property is obtained directly by evaluating Equation (2.86) at ω “ 0.

Property 14. The power spectral density of a stationary discrete-time stochastic process is nonnegative:

Spωq ě 0 @ω. (2.93)

This property follows directly from the definition of the power spectral density Spωq given in Equation (2.85):

Spωq “ lim
NÑ8

1

N
E
”

|UN pωq|
2
ı

. (2.94)

We now define other spectra associated with the AR coefficients.

2.1.12 Autoregressive spectrum
We define the autoregressive spectrum of the complex centered wide-sense stationary process upnq of autoregressive
coefficients an´1

1 , . . . , an´1
n´1 as in [15]:

S
pn´1q
AR pfq “

Pn´1
ˇ

ˇ

ˇ

ˇ

ˇ

pn´1q
ř

k“0

a
pn´1q
k e´i2πkf

ˇ

ˇ

ˇ

ˇ

ˇ

2 (2.95)

where Pn´1 P R˚` is the variance of the prediction error wn´1pkq of the linear autoregressive model presented in
Equation (2.16).

2.1.13 Capon spectrum
The Capon spectrum is defined as the harmonic mean of the autoregressive spectra of orders k “ 1, . . . , n´ 1:

S
pn´1q
Caponpfq

´1
“

1

n´ 1

n´1
ÿ

k“1

S
pkq
ARpfq

´1
. (2.96)

2.1.14 Example of stationary centered complex Gaussian autoregressive continuous stochastic
processes with Gaussian spectrum shape

We will prove in Appendix B that the complex autoregressive stationary continuous stochastic processes which power
spectral density Sf has the shape of Gaussian distribution of mean m and variance σ2 with a power coefficient P , i.e.:

Sf pξq “ P
1

?
2πσ2

e´
pξ´mq2

2σ2 (2.97)

has the following theoretical autocorrelation coefficients :

rpkq “ Pei2πmke´2π2σ2k2

. (2.98)

This coefficient is obtained computing the continuous-time Fourier transform of the power spectral density Sf pξq.
Thanks to the Levinson algorithm, we also prove in Appendix B that the reflection coefficients µk for k ě 1 of the
corresponding signal have the following expression:

µk “ p´1qkei2πmke´2π2σ2k @k ě 1 (2.99)

Note that in this particular case, we have µk “ µk1 . Note also that the argument of the coefficient µk depends only on
the mean m and its modulus depends only on the variance σ2.

2.2 Multidimensional stationary centered complex Gaussian autoregressive
time series

In this section, we define multidimensional complex stationary centered Gaussian autoregressive time series. We will
generalize the several notions presented for one-dimensional time series in Section 2.1 to multidimensional time series.
This section is mainly inspired by the work of Ben Jeuris and Raf Vandebril [45].
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2.2.1 Stochastic process
The definition of stochastic processes given in Section 2.1.1 is also available for multidimensional stochastic processes,
we therefore refer to this section for a more complete description of stochastic processes. We recall that a stochastic
process is not the realization of a single function of time: it is in theory an infinite number of different realizations of the
process. A particular realization of a discrete-time stochastic process is called a time series. In this section, we will use
the capital letters Upn´Mq, . . . , Upn´ 1q, Upnq to represent the multidimensional time series of length M ` 1 made up
of the present observation Upnq and of the M previous observations done at times n ´ 1, . . . , n ´M . Each observation
Upiq is a complex vector of dimension N by 1. We will use to bold letter Upnq “ tUpnqunPZ to denote the stochastic
process and we will denote by Upnq a realization of this process, i.e. a time series.

2.2.2 Stationarity
The definition of the stationarity given for multidimensional stochastic processes in this section is the same as the defi-
nition given in Section 2.1.2 for unidimensional stochastic processes by replacing the lowercase letters u, r and c by the
capital letters U , R and C. The conjugate operator ˚ is replaced by the conjugate transpose operator H .

As explained in Section 2.1.2, a stochastic process is strictly stationary if its statistical properties are invariant by
temporal translation. Formally, let Ut be a continuous-time stochastic process of dimension N and let fU be its joint
probability density at times t1 ` τ, . . . , tn ` τ . The stochastic process Ut is said to be strictly stationary when:

fU pUt1`τ , . . . , Utn`τ q “ fU pUt1 , . . . , Utnq @τ,@n P N, t1, . . . , tn P R. (2.100)

In practice, it is generally impossible to determine the joint probability distribution of a stochastic process from
discrete observations of this process. In general, we will therefore content ourselves with a partial characterization of this
process from its moments of order one and two.

We define the mean value of the process Upnq by:

µpnq “ E rUpnqs (2.101)

where E denotes the statistical expectation operator.
We define the autocorrelation function of the process Upnq by:

R pn, n´ kq “ E
“

UpnqUHpn´ kq
‰

@k P Z. (2.102)

We define the autocovariance function of the process Upnq by:

C pn, n´ kq “ E
”

pUpnq ´ µpnqq pUpn´ kq ´ µpn´ kqq
H
ı

@k P Z. (2.103)

According to Equations (2.101), (2.102) and (2.103), the mean value µpnq, the autocorrelation function R pn, n´ kq
and the autocovariance function C pn, n´ kq are related by the following equation:

C pn, n´ kq “ R pn, n´ kq ´ µpnqµHpn´ kq. (2.104)

For a partial characterization of a stochastic process by its moments of order one and two, we just need to determine the
mean µpnq and the autocorrelation function R pn, n´ kq or to determine the mean µpnq and the autocovariance function
C pn, n´ kq. Note that for stochastic processes with zero mean (µpnq “ 0 for all n P Z), the autocorrelation function
R pn, n´ kq is equal to the autocovariance function C pn, n´ kq.

In the case of wide-sense stationary time series, the mean value µpnq, the autocorrelation function R pn, n´ kq and
the autocovariance function C pn, n´ kq have simpler expressions. The mean value function is indeed constant:

µpnq “ µ @n P Z. (2.105)

The autocorrelation and autocovariance functions only depend on the difference k between the time of observation n
and the time of observation n´ k, that is:

R pn, n´ kq “ Rpkq (2.106)

and

C pn, n´ kq “ Cpkq. (2.107)

The equations (2.105), (2.106) and (2.107) are not sufficient to guarantee that a stochastic process is stationary in the
strict sense. We say that a stochastic process is weakly stationary or wide-sense stationary when it satisfies Equations
(2.105), (2.106) and (2.107).
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In the following sections, we will focus more specifically on wide-sense stationary processes of zero mean: µ “ 0.
The partial second-order characterization of these processes is then entirely determined by the value of the autocorrelation
coefficients Rpkq. We will now define the autocorrelation matrix of a multidimensional wide-sense stationary stochastic
process from the autocorrelation coefficients, then we will study the properties of this matrix.

2.2.3 Correlation matrix
Let Upnq “ tUpnqunPZ denote a zero-mean wide-sense stationary stochastic process of dimension N , each term Upiq
being a complex vector of dimensionN by 1. We denote by UM pnq the random vector defined by the vector of dimension
M ˆN by 1:

UM pnq “
“

Upn´M ` 1qT , . . . ,Upn´ 1qT ,UpnqT
‰T
, (2.108)

where the superscript T denotes the matrix transposition. We define the correlation matrix of size M of the stochastic
process Upnq by:

RM “ E
“

UM pnqU
H
M pnq

‰

. (2.109)

The autocorrelation matrix RM will simply be denoted R when the dimension of the matrix is not ambiguous.
By replacing UM pnq in Equation (2.109) by its expression in Equation (2.108), we find using the wide-sense station-

arity of Upnq:

R “

»

—

—

—

–

R0 R´1 . . . R´M`1

R1 R0 . . . R´M`2

...
...

. . .
...

RM´1 RM´2 . . . R0

fi

ffi

ffi

ffi

fl

. (2.110)

The coefficient R0 on the main diagonal is always a Hermitian positive semidefinite matrix.
The correlation matrix R plays a fundamental role in the study of multidimensional wide-sense stationary stochastic

processes. We now study different properties of the matrix R.

Property 15. The correlation matrix of a wide-sense stationary discrete-time stochastic process is Hermitian, i.e. R “

RH .

To prove this property, it suffices to notice that R´k “ RHk .
The correlation matrix R is therefore entirely determined by the autocorrelation coefficientsRk for k “ 0, 1, . . . ,M´

1. Indeed, we have:

R “

»

—

—

—

–

R0 RH1 . . . RHM´1

R1 R0 . . . RHM´2
...

...
. . .

...
RM´1 RM´2 . . . R0

fi

ffi

ffi

ffi

fl

. (2.111)

We say that a square matrix is Block-Toeplitz when it is Toeplitz by blocks.

Property 16. The correlation matrix of a wide-sense stationary discrete-time stochastic process is Block-Toeplitz with
blocks of dimension N by N .

From the structure of the correlation matrix R described in Equation (2.111), we note that all the blocks of the main
diagonal are equal to R0, that all the blocks of the first diagonal above the main diagonal are equal to RH1 , that all the
blocks of the first diagonal below the main diagonal are equal to R1 and so on for the other diagonals. The correlation
matrix R is therefore Block-Toeplitz. Note that when Upnq represents a multidimensional zero-mean stochastic process,
its correlation matrix R is Block-Toeplitz if and only if the multidimensional stochastic process Upnq is wide-sense
stationary.

Property 17. The correlation matrix of a discrete-time stochastic process is always positive semidefinite.

The proof of this property is the same than the proof of Property 3 by taking a be a complex non-zero vector of size
M ˆN and y “ aHUM pnq.

In most practical cases, the correlation matrix of a discrete-time stochastic process is positive definite.

Property 18. The correlation matrix of a wide-sense stationary process is always positive definite when and additive
noise is present which is almost always the case in practice.

This property has an important consequence: when the matrix R is positive definite, its inverse matrix R´1 exists.
The presence of this additive noise is in particular present in the autoregressive models studied in next section. The
correlation matrix R of the multidimensional wide-sense stationary stochastic processes presented in next section will
therefore belong to the set of Block-Toeplitz Hermitian positive definite matrices which we denote by B`M,N .
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2.2.4 Autoregressive models
We first recall the definition of a multidimensional white noise.

Definition 8. We call multidimensional white noise a stochastic process Wpnq whose:

• mean is zero: E rWpnqs “ 0 @n P Z,

• variance is constant: E
“

WpnqWpnqH
‰

“ Σ @n P Z,

• autocorrelation is zero: E
“

WpnqWpkqH
‰

“ 0 @k ‰ n.

A multidimensional white noise is therefore a wide-sense stationary process by construction.
We now define multidimensional autoregressive processes of order M .

Definition 9. We say that a stochastic process Upnq of dimension N by 1 is a multidimensional autoregressive process
(AR) of order M when it satisfies the following equation:

Upnq `A1Upn´ 1q ` . . .`AMUpn´Mq “Wpnq @n P Z, (2.112)

whereA1, A2, . . . , AM are square matrices called the AR parameters and Wpnq is a white noise of dimensionN by 1. We
say that a time series Upnq is an multidimensional autoregressive time series when it is a realisation of a multidimensional
autoregressive stochastic process.

We call multidimensional Gaussian autoregressive process an autoregressive process whose white noise Wpnq is a
multidimensional Gaussian random variable. We will detail the properties of this particular case in Section 2.2.10.

The term "autoregressive" comes from the fact that the present value Upnq of the stochastic process is equal to a linear
combination of the M previous values Upn ´ 1q, . . . ,Upn ´Mq plus an error term Wpnq, as shown by the following
equation:

Upnq “ ´
M
ÿ

k“1

AkUpn´ kq `Wpnq. (2.113)

The left terms of Equation (2.112) can be considered as the convolution of the sequence tUpnqu with the sequence
tAnu. We can indeed rewrite Equation (2.112) as follows:

M
ÿ

k“0

AMk Upn´ kq “Wpnq, (2.114)

by setting A0 “ IN .
Note that the coefficients of the autoregressive modelA1, . . . , AM are the coefficients which minimize the expectation

of the square Frobenius norm of the prediction error Wpnq obtained by estimating the present value of the autoregressive
process Upnq as a linear combination of the M previous values Upn ´ 1q, . . . ,Upn ´Mq. We now use this property
to define the autoregressive coefficients Aji of a wide-sense stationary stochastic process which is not necessarily an AR
process.

Definition 10. Let Upnq be a wide-sense stationary stochastic process. We call autoregressive coefficients of orderM and
denote by AM1 , . . . , AMM the coefficients which minimize the expectation of the square Frobenius norm of the prediction
error, the prediction error associated with the coefficients AM1 , . . . , AMM being defined as the term WM pnq obtained by
the following convolution operation:

M
ÿ

k“0

AMk Upn´ kq “WM pnq, (2.115)

by setting A0 “ IN .

This definition makes it possible to define the autoregressive coefficients of a wide-sense stationary process for any
order M .

Since the coefficients of the autoregressive model AM1 , . . . , AMM are those which minimize the expectation of the
square norm of the prediction error WM pnq, it is possible to show that WN pnq is uncorrelated with the passed values
Upn´ kq for all k ě 1 of the process Upnq “ tUpnqunPZ.
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2.2.5 Multidimensional Yule-Walker equation
A zero-mean autoregressive process of order M described by Equation (2.112) is entirely determined by the coefficients
AM1 , . . . , AMM of the autoregressive model and by the variance ΣWM of the white noise WM pnq.

In this section, we show that these coefficients are in bijection with the autocorrelation coefficients R0, R1, . . . , RM :

`

AM1 , . . . , AMM ,ΣWM

˘

ô pR0, R1, . . . , RM q . (2.116)

According to Equation (2.114), we have:

M
ÿ

k“0

AMk Upn´ kq “Wpnq @n P Z. (2.117)

By multiplying both sides of Equation (2.117) by Upn´ lqH and then taking the expectation, we obtain:

E

«

M
ÿ

k“0

AMk Upn´ kqUpn´ lqH

ff

“ E
“

WpnqUpn´ lqH
‰

@n P Z. (2.118)

The left-hand side of Equation (2.118) can be expressed using the autocorrelation coefficients:

E

«

M
ÿ

k“0

AMk Upn´ kqUpn´ lqH

ff

“

M
ÿ

k“0

AMk E
“

Upn´ kqUpn´ lqH
‰

“

M
ÿ

k“0

AMk Rl´k. (2.119)

We simplify the right-hand side of Equation (2.118) by observing that

E
“

WpnqUpn´ lqH
‰

“ 0 @l ě 1 (2.120)

since Upn ´ lq involves only samples of white noise up to time n ´ l which are uncorrelated with the white noise
sample Wpnq.

Since A0 “ IN , we finally obtain from Equations (2.118), (2.119) and (2.120):

Rl `
M
ÿ

k“1

AMk Rl´k “ 0 (2.121)

and therefore

Rl “ ´
M
ÿ

k“1

AMk Rl´k. (2.122)

rAM rRM “ ´rVM (2.123)

with:

rAM “ rAM1 , . . . , AMM s
rVM “ rR1, . . . , RM s

rRM “

»

—

—

—

—

—

–

R0 R1 R2 . . . RM´1

RH1 R0 R1 . . . RM´2

RH2 RH1 R0 . . . RM´3

...
...

...
. . .

...
RHM´1 RHM´2 RHM´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

(2.124)

Note that rRM looks like the correlation matrix RM of the multidimensional stochastic process Upnq given in Equation
(2.111):

RM “

»

—

—

—

—

—

–

R0 RH1 RH2 . . . RHM´1

R1 R0 RH1 . . . RHM´2

R2 R1 R0 . . . RHM´3
...

...
...

. . .
...

RM´1 RM´2 RM´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (2.125)

32



When the matrix rRM is invertible, we can express the coefficients
`

AM1 , . . . , AMM
˘

as a function of the coefficients
pR0, R1, . . . , RM q:

rAM “ ´rVM rR´1
M . (2.126)

We now express the variance of the zero-mean white noise ΣwM as a function of the autocorrelation coefficients
R0, R1, . . . , RM and the autoregressive coefficients AM1 , AM2 , . . . , aMM . By using the definition of an autoregressive pro-
cess of order M described by the convolution Equation (2.115) and by recalling that the zero-mean white noise WM pnq
is independent of Upn´ kq for all k ě 1, we have:

ΣWM “E
”

WM pnq
`

WM pnq
˘H

ı

(2.127)

“E

«˜

M
ÿ

k“0

AMk Upn´ kq

¸

`

WM pnq
˘H

ff

with AM0 “ IN (2.128)

“E
”

Upnq
`

WM pnq
˘H

ı

(2.129)

“E

»

–Upnq

˜

M
ÿ

k“0

AMk Upn´ kq

¸H
fi

fl (2.130)

“

M
ÿ

k“0

E
“

UpnqUHpn´ kq
‰

AMk
H

(2.131)

“

M
ÿ

k“0

RkA
M
k

H
. (2.132)

We can thus compute the variance of white noise ΣWM from the autocorrelation coefficients R0, R1, . . . , RM , the
autoregressive coefficientsAM1 , AM2 , . . . , AMM being of function of the coefficientsR0, R1, . . . , RM according to Equation
(2.126). Explicitly, we have:

ΣWM “

M
ÿ

k“0

RkA
M
k

H
(2.133)

“R0 `

M
ÿ

k“1

RkA
M
k

H
as AM0 “ IN (2.134)

“R0 ` rVM rAHM (2.135)

“R0 ` rVM

´

´rVM rR´1
M

¯H

according to Equation (2.126) (2.136)

“R0 ´ rVM rR´1
M

rV HM . (2.137)

2.2.6 Multidimensional Levinson algorithm
In Definition 10, we define the autoregressive coefficients of a multidimensional wide-sense stationary stochastic process.
In general, wide-sense stationary stochastic processes are not autoregressive processes of order M for M P N. If we
want to approximate a wide-sense stationary process Upnq as an autoregressive process, it is then useful to estimate the
coefficients of the autoregressive model of order M for several values of M , then to choose the order of the model which
best corresponds to the studied process Upnq.

When the autocorrelation coefficients R0, R1, . . . , RM of the studied signal are known, it is possible to compute the
coefficients An1 , A

n
2 , . . . , A

n
n of the autoregressive model of order n P J1,MK using the multidimensional Yule-Walker

equation. The Yule-Walker equation is indeed equivalent to Equation (2.126).
In Section 2.1.6, we refer to the Levinson algorithm 13 to compute efficiently the autoregressive coefficients aji for

all 1 ď i ď j ď M from the autocorrelation coefficients r0, r1, . . . , rM of a unidimensional complex wide-sense
stationary centered time series. In the case of multidimensional time series, there exists a multidimensional version of the
Levinson algorithm which is only valid in the particular case where the autocorrelation coefficientsR0, R1, . . . , RM of the
multidimensional complex wide-sense stationary centered time series are Toeplitz. A Block-Toeplitz HPD matrix whose
blocks are Toeplitz is called a Toeplitz-Block Block-Toeplitz HPD matrix. This set is denoted T `M,N [45]. We present in
Algorithm 1 an algorithm which we call multidimensional Levinson algorithm to compute efficiently the autoregressive
coefficients Aji for all 1 ď i ď j ď M of a multidimensional complex wide-sense stationary centered time series
from its Toeplitz-Block Block-Toeplitz HPD autocorrelation matrix RM [45]. To perform the multidimensional Levinson
algorithm, we define ĎM :“ JM˚J , where J denotes the anti-diagonal matrix:
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J “

»

—

—

—

—

—

–

0 0 . . . 0 1
0 0 . . . 1 0
...

... . .
. ...

...
0 1 . . . 0 0
1 0 . . . 0 0

fi

ffi

ffi

ffi

ffi

ffi

fl

.

Algorithm 1 Multidimensional Levinson algorithm
Input: A Toeplitz-Block Block-Toeplitz HPD correlation matrix Rn or its autocorrelation coefficients
pR0, R1, . . . , Rnq.
Initialization:

P0 “ R0 (2.138)

A1
1 “ ´R1R0

´1 (2.139)

for l “ 2, ..., n´ 1: do

All “ ´∆lPl´1
´1 (2.140)

∆l “ Rl `
l´1
ÿ

j“1

Al´1
j Rl´j (2.141)

Pl´1 “ R0 `

l´1
ÿ

j“1

JAl´1
j

˚
JRj “ R0 `

l´1
ÿ

j“1

ĘAl´1
j Rj (2.142)

rAl “
”

rAl´1, 0
ı

`All

”

ĘAl´1
l´1, . . . ,

ĘAl´1
1 , I

ı

(2.143)

(2.144)

end for
return pP0, A

1
1, ..., A

n´1
n´1q

We now consider a multidimensional complex wide-sense stationary centered time series whose correlation matrix is
a Toeplitz-Block Block-Toeplitz HPD matrix. Using the recursive relations induced by Algorithm 1, it it proved in the
work of Ben Jeuris and Raf Vandebril [45] that the coefficients Ann of a such a time series belong the space:

DN “
 

M P CNˆN | I ´MĎM ą 0
(

(2.145)

where the partial ordering between complex matrices A ą B means that the difference pA´Bq is a Hermitian
positive definite matrix.

Note that in dimension one, this space corresponds to the complex unit disk D. Unfortunately, the multidimensional
Levinson algorithm 1 is not surjective from the space of Toeplitz-Block Block-Toeplitz HPD matrices on the space DN .
Indeed, we can see using Equation (2.139) that the coefficients:

R0 “

„

1 0
0 1



P T `2 and A1
1 “

„

10 0
0 0



P D2 (2.146)

correspond to the autocorrelation coefficient

R1 “

„

´10 0
0 0



(2.147)

which is not Toeplitz. Moreover, the coefficients R0 and A1
1 correspond to the Block-Toeplitz matrix:

R1 “

„

R0 RH1
R1 R0



“

»

—

—

–

1 0 ´10 0
0 1 0 0
´10 0 1 0

0 0 0 1

fi

ffi

ffi

fl

(2.148)

whose determinant is negative: det pR1q “ ´99 ă 0. The matrix R1 is not HPD, it is therefore not the correlation
matrix of a multidimensional wide-stationary time series.
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It is proven in [45] that the coefficients
`

A1
1, A

2
2, . . . , AM´1,M´1

˘

P DM´1
N computed by the multidimensional Levin-

son algorithm 1 from a Toeplitz-Block Block-Toeplitz HPD matrix can be sligtly modified to belong to the Siegel disk
defined by:

SDN “
 

M P CNˆN | I ´MMH ą 0
(

. (2.149)

Note that there also exists a more restrictive definition of the Siegel disk with an additional symmetry condition:
M “MT [54, 75].

In next section, we justify the representation of a Block-Toeplitz HPD matrix by coefficients belonging to the Siegel
disk SDN called the Verblunsky coefficients.

2.2.7 Matrix orthogonal polynomials on the unit circle
As explained in the article of Ben Jeuris and Raf Vandebril [45], a Block-Toeplitz HPD matrix can be represented by
its Verblunsky coefficients [78, 79]. By generalizing the scalar probability measure on the complex unit circle presented
in Section 2.1.7 to a nonnegative matrix measure, the Block-Toeplitz matrix defined by its moments is a Block-Toeplitz
HPD matrix [28, 55, 56]. On the other hand, constructing orthogonal matrix polynomials on the unit circle with respect
to the matrix measure results in a generalization of the Szegő recursion, with corresponding generalized Verblunsky
coefficients [1, 25, 28].

We use the proposed generalization of the Verblunsky coefficients [28] to define a new transformation of a Block-
Toeplitz HPD matrix in next section. We also detail in next section an algorithm based on the structure of the multidimen-
sional Levinson algorithm 1 that can be used to transform a Toeplitz-Block Block-Toeplitz HPD matrix RM P T `M,N into
a HPD matrix P0 “ R0 and a product of pM ´ 1q Siegel spaces pΩ1,Ω2, . . . ,ΩM´1q P SDM´1

N .

2.2.8 Parameterization of multidimensional autoregressive time series in Siegel disks

In the work of Ben Jeuris and Raf Vandebril [45], the coefficients
`

A1
1, A

2
2, . . . , A

n´1
n´1

˘

computed from a Toeplitz-Block
Block-Toeplitz HPD matrix using Algorithm 1 are slightly modified to belong to the Siegel disk SDN (2.149) which
metric has been studied in [45, 54] and will be detailed in Section 4.2.2. It is indeed proven in [45] that the following
coefficients:

Ωl “
Ğ

P
´1{2
l´1 AllP

1{2
l´1 (2.150)

belong to the Siegel disk SDN (2.149), where the coefficients Pl´1 and All are those computed by the multidimen-
sional Levinson algorithm 1. We recall that ĎM :“ JM˚J , where J denotes the anti-diagonal matrix. Since

All “ ´∆lPl´1
´1 (2.151)

according to Equation (2.140) of the multidimensional Levinson algorithm 1, we therefore have:

Ωl “ ´Pl´1
´1{2∆lPl´1

´1{2. (2.152)

We present Algorithm 2 which transforms a Toeplitz-Block Block-Toeplitz HPD matrix RM into coefficients pP0,Ω1, ...,Ωn´1q P

H`N ˆ SDn´1
N . This algorithm is based on the multidimensional Levinson algorithm 1 and on Equation (2.152).

In general, the correlation matrix of a multidimensional complexe wide-sense stationary centered time series belongs
to set of Block-Toeplitz HPD matrices B`n,N and does not belong to the subset of Toeplitz-Block Block-Toeplitz HPD
matrices T `n,N Ă B`n,N . We now present Algorithm 3 which performs the following transformation [45]:

B`n,N Ñ H`N ˆ SDn´1
N

rRn ÞÑ pP0,Ω1, ...,Ωn´1q . (2.162)

It is indeed proven in the works of Dette and Wagener [28] and Fritzsche and Kirstein [32] that coefficients pΩ1, ...,Ωn´1q

computed by Algorithm 3 from a general Block-Toeplitz HPD matrix belong to the Siegel disk SDN . Note that the matrix
rRl´1 used in Equations (2.165), (2.166) and (2.167) of Algorithm 3 looks like the correlation matrix Rl´1, as shown by
Equations (2.124) and (2.125).

The coefficients pP0,Ω1, ...,Ωn´1q P H`N ˆ SDn´1
N obtained using Algorithm 3 when the correlation matrix RM

belongs to T `M,N Ă B`n,N correspond to the coefficients obtained using Algorithm 2. In the particular case where Rn P

T `n,N , it is then better to use Algorithm 2 than Algorithm 3 to compute the coefficients pP0,Ω1, ...,Ωn´1q P H`NˆSDn´1
N

for complexity reasons as Algorithm 2 takes advantage of the Toeplitz-Block Block-Toeplitz structure of the matrix Rn

to perform a recursive computation.
The reciprocal of the transformation given by Algorithm 3 is detailed in Algorithm 4.
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Algorithm 2 Compute HPD and Siegel coefficients from a Toeplitz-Block Block-Toeplitz HPD matrix
Input: A Toeplitz-Block Block-Toeplitz HPD matrix Rn or its autocorrelation coefficients pR0, R1, . . . , Rnq.
Initialization:

P0 “ R0 (2.153)

A1
1 “ ´R1R0

´1 (2.154)

Ω1 “ ´R0
´1{2R1R0

´1{2 (2.155)

for l “ 2, ..., n´ 1: do

All “ ´∆lPl´1
´1 (2.156)

∆l “ Rl `
l´1
ÿ

j“1

Al´1
j Rl´j (2.157)

Pl´1 “ R0 `

l´1
ÿ

j“1

JAl´1
j

˚
JRj “ R0 `

l´1
ÿ

j“1

ĘAl´1
j Rj (2.158)

rAl “
”

rAl´1, 0
ı

`All

”

ĘAl´1
l´1, . . . ,

ĘAl´1
1 , I

ı

(2.159)

Ωl “ ´Pl´1
´1{2∆lPl´1

´1{2 (2.160)
(2.161)

end for
return pP0,Ω1, ...,Ωn´1q

Algorithm 3 Compute HPD and Siegel coefficients from Block-Toeplitz HPD matrix
Input: A Block-Toeplitz HPD matrix Rn or its autocorrelation coefficients pR0, R1, . . . , Rnq.
Initialization:

P0 “ R0 (2.163)

for l “ 1, ..., n´ 1: do

Ωl :“ ´L
´1{2
l´1 pRl ´Ml´1qK

´1{2
l´1 (2.164)

Ll´1 “ R0 ´ rR1, ..., Rl´1s rR
´1
l´1rR1, ..., Rl´1s

H (2.165)

Kl´1 “ R0 ´ rR
H
l´1, ..., R

H
1 s

rR´1
l´1rR

H
l´1, ..., R

H
1 s

H (2.166)

Ml´1 “ rR1, ..., Rl´1s rR
´1
l´1rR

H
l´1, ..., R

H
1 s

H (2.167)

end for
return pP0,Ω1, ...,Ωn´1q P H`N ˆ SDn´1

N
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Algorithm 4 Compute Block-Toeplitz HPD matrix from HPD and Siegel coefficients

Input Coefficients pP0,Ω1, . . . ,Ωn´1q P H`N ˆ SDn´1
N .

Initialization:
R0 “ P0 (2.168)

for l “ 1, ..., n´ 1: do

Rl “Ml´1 ´ L
1{2
l´1ΩlK

1{2
l´1 (2.169)

Ll´1 “ R0 ´ rR1, ..., Rl´1s rR
´1
l´1rR1, ..., Rl´1s

H (2.170)

Kl´1 “ R0 ´ rR
H
l´1, ..., R

H
1 s

rR´1
l´1rR

H
l´1, ..., R

H
1 s

H (2.171)

Ml´1 “ rR1, ..., Rl´1s rR
´1
l´1rR

H
l´1, ..., R

H
1 s

H (2.172)

end for
return pR0, R1, ..., Rn´1q

In next section, we present an algorithm to estimate the coefficients pP0,Ω1, ...,Ωn´1q P H`N ˆ SDn´1
N of a multi-

dimensional complex wide-sense stationary centered autoregressive time seriestUpnqunPZ from a finite number of obser-
vations Up0q, Up1q, . . . , Upn´ 1q of this time series.

2.2.9 Siegel coefficients estimation
In Section 2.2.5, we present in Equation (2.126) a formula to compute the autoregressive coefficients Ani for 1 ď i ď n
from the autocorrelation coefficients R0, R1, . . . , Rn. In Section 2.2.8, we present Algorithm 3 which computes the
coefficients pP0,Ω1, ...,Ωn´1q P H`N ˆSDn´1

N from the autocorrelation coefficients R0, R1, . . . , Rn. In practice, the au-
tocorrelation coefficientsR0, R1, . . . , Rn of an observed time series Up0q, Up1q, . . . , UpM´1q of lengthM are generally
not known.

The autocorrelation coefficients can be estimated by computing the empirical mean:

pRi “
1

M ´ i

n´i´1
ÿ

k“0

Upk ` iqUHpkq. (2.173)

However, this method is not very precise when the integer pM ´ iq is small. Moreover, this method does not guaran-
tee that the Block-Toeplitz Hermitian matrix pRn constructed from the autocorrelation coefficients pR0, pR1, . . . , pRn´1 is
positive definite.

To estimate the coefficients pP0,Ω1, . . . ,Ωn´1q of a stochastic process Upnq from a finite number of observations
Up0q, Up1q, . . . , UpM´1q of single time series tUpnqunPZ, we present Algorithm 5 which generalize the Burg algorithm
16 to multidimensional time series.

For any positive-definite matrix R, we denote R
1
2 the lower triangular matrix satisfying R “ R

1
2

´

R
1
2

¯H

(Cholesky

decomposition of R). R
1
2 can be made unique by requiring the diagonal elements to be positive. We also denote

R´
1
2 :“

´

R
1
2

¯´1

.

Theorem 3. The matrices Mi of Algorithm 5 satisfies, @i P J1, n´ 1K:

I ´Mi Mi
H
ě 0 (2.181)

i.e. the matrix Mi has singular values of magnitude less or equal to one [51].

Proof. Let i P J1, n´ 1K, we first define the matrices Ef and Eb containing respectively the forward and backward
prediction errors:

Ef :“ rFi´1,i, . . . , Fi´1,p´1s (2.182)
Eb :“ rBi´1,i´1, . . . , Bi´1,p´2s (2.183)

and

rEf :“
`

Ef E
H
f

˘´ 1
2 Ef ,

´

rEf rE
H
f “ I

¯

(2.184)

rEb :“
`

Eb E
H
b

˘´ 1
2 Eb,

´

rEb rE
H
b “ I

¯

(2.185)

37



Algorithm 5 Estimate multidimensional reflection coefficients
Input A vector sequence U0, . . . , Up´1.
Initialization:

F 0,k “ B0,k “ Uk k “ 0, ..., p´ 1 (2.174)

P0 “
1

p

p´1
ÿ

k“0

Uk U
H
k (2.175)

for i “ 1, ..., n´ 1: do

RFi´1 “

p´1
ÿ

k“i

F i´1,kF i´1,k
H (2.176)

RBi´1 “

p´1
ÿ

k“i

Bi´1,k´1Bi´1,k´1
H (2.177)

RFBi´1 “

p´1
ÿ

k“i

F i´1,kBi´1,k´1
H (2.178)

Mi “ ´R
F
i´1

´ 1
2 RFBi´1

´

RBi´1

´ 1
2

¯H

(2.179)

"

F i,k “ F i´1,k `MiBi´1,k´1 k “ i, ..., p´ 1

Bi,k “ Bi´1,k´1 `Mi
HF i´1,k k “ i, ..., p´ 1

(2.180)

end for
return pP0,M1, ...,Mn´1q

With these definitions, we can write:

Mi “ rEf rEHb (2.186)

since

RFi´1 “ EfE
H
f RBi´1 “ EbE

H
b RFBi´1 “ EfE

H
b . (2.187)

We now consider:

0 ď

«

rEf
rEb

ff ”

rEHf
rEHb

ı

(2.188)

“

„

I Mi

MH
i I



(2.189)

“

„

I Mi

0 I

 „

I ´MiM
H
i 0

0 I

 „

I 0
MH
i I



(2.190)

ðñ I ´MiM
H
i ě 0 (2.191)

Note that if the number of linearly independent columns of the matrix

«

rEf
rEb

ff

is greater or equal to its number of

rows, then we have:
I ´MiM

H
i ą 0. (2.192)

Under our model hypotheses, it occurs almost surely when: i ď p ´ 2 ˚ N , where i is the order of the model, p is the
number of observation vectors Uk and N is the dimension of each vector Uk.

Once the coefficients
´

pP0, pΩ1, . . . , pΩn´1

¯

P H`N ˆSDn´1
N have been estimated using Algorithm 5, we can can trans-

form these coefficients into the autocorrelation coefficients
´

pR0, pR1, . . . , pRn´1

¯

using Algorithm 4. We can then use

Equation (2.126) to estimate the coefficients
`

An´1
1 , An´1

2 , . . . , An´1
n´1

˘

from the autocorrelation coefficients
´

pR0, pR1, . . . , pRn´1

¯

.
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2.2.10 Complex Gaussian processes
When we study a multidimensional wide-sense stationary autoregressive stochastic process of order M :

Upnq `A1Upn´ 1q ` . . .`AMUpn´Mq “Wpnq,

the white noise Wpnq is generally assumed to be Gaussian. The stochastic process Upnq is then called a Gaussian
process.

The definition of a multivariate complex Gaussian distribution and its probability density function are given in Sec-
tion 2.1.10. Gaussian stochastic processes with complex values have also been studied in Section 2.1.10, in particular
circularly-symmetric centered complex Gaussian stochastic processes (see Definition 7).

We now generalize the definition of circularly-symmetric centered complex Gaussian stochastic processes given in
Definition 7 to multidimensional stochastic processes.

Definition 11. We call multidimensional circularly-symmetric centered complex Gaussian stochastic processes the pro-
cesses tXtutPT for which:

`

XT
t1 , . . . , X

T
tk

˘T
„ CN p0,Γ, 0q @k P N˚,@t1, . . . , tk P T. (2.193)

We now study the circularly-symmetric centered complex Gaussian stochastic processes which are stationary.
Let Upnq be such a process of length M and dimension N . The process Upnq therefore has the following character-

istics:

• its mean is zero: µ “ E rUpnqs “ 0,

• since the process Upnq is wide-sense stationary, its autocorrelation function is of the form: Rk “ E
“

UpnqUpn´ kqH
‰

@k P
J0,M ´ 1K.

• its relation function is zero: E
“

UpnqUpn´ kqT
‰

“ 0 @k P J0,M ´ 1K.

The autocorrelation coefficients R0, R1, . . . , RM´1 entirely determine the correlation matrix R of the multidimen-
sional Gaussian process Upnq. Indeed, due to the stationarity of the process, the correlation matrix R is Block-Toeplitz
as seen in Equation (2.125). We recall that the covariance matrix Γ coincide with the autocorrelation matrix R in the case
of zero-mean stochastic processes according to the definition of the autocorrelation and autocovariance coefficients given
in Equations (2.3) and (2.4). We denote in general N p0,Rq the Gaussian process of zero mean, of correlation matrix R
and of zero relation matrix. The joint probability density of the M samples of the process Upnq is then defined by:

fUpUq “
1

πN det pRq
exp

`

´UHR´1U
˘

, (2.194)

where

U “
“

Up1qT , Up2qT , . . . , UpMqT
‰T

is an M ˆN -by-1 data vector. The matrix R is then the Block-Toeplitz Hermitian Positive Definite matrix of shape
pM ˆN,M ˆNq of the second order moments defined in terms of U by R “ E

“

UUH
‰

.
In this chapter, we presented several representation spaces of complex stationary centered Gaussian autoregressive

time series. In Section 2.1, we focused on unidimensional time series. Amoung others, we showed that unidimensional
complex stationary centered Gaussian autoregressive time series can be represented by their Toeplitz HPD correlation
matrix R P T `n or by the coefficients pp0, µ1, . . . , µn´1q in the product space R˚` ˆDn´1. In Section 2.2, we studied the
more general case of multidimensional time series. Amoung others, we showed that multidimensional complex stationary
centered Gaussian autoregressive time series can be represented by their Block-Toeplitz HPD correlation matrix R P B`n,N
or by the coefficients pP0,Ω1, . . . ,Ωn´1q in the product space H`N ˆ SDn´1

N . In the next chapter, we will endow these
representation spaces with a Riemannian metric inspired by the information geometry theory.

39



Chapter 3

Information Geometry Theory

The information geometry theory can be used to endow the spaces of parametric probability distributions with a Rieman-
nian metric [73]. In this chapter, we endow the spaces R˚`ˆDn´1 and H`N ˆSDn´1

N used to represent complex stationary
centered Gaussian autoregressive time series in Chapter 2 with a Riemannian metric inspired by the information geometry
theory. The Riemannian metric constructed on the spaces R˚` ˆ Dn´1 and H`N ˆ SDn´1

N in this chapter is not the Fisher
metric (often referred to as the information geometry metric). Instead, the Riemannian metric constructed have a simpler
expression than the Fisher metric as it will be a product Riemannian metric.

The metric constructed in this chapter has also been studied using the Lie groups theory by Frédéric Barbaresco
in [39, 40] based on the works of Jean-Marie Souriau, Jean-Louis Koszul and Ernest Vinberg [72]. This Lie groups point
of view has also been used by Pierre-Yves Lagrave for radar clutter classification using Neuronal Networks in [61–63].
However, in this chapter we will only adopt the Riemannian manifolds point of view obtained using the information
geometry theory presented by Shun-Ichi Amari in [73] to define a Riemannian metric on the representation spaces of
complex stationary centered Gaussian autoregressive time series presented in Chapter 2.

We start by presenting the information geometry metric in Section 3.1. The representation space of the unidimensional
model described previously in Section 2.1 will be endowed with a Riemannian metric in Section 3.2.2. The representation
space of the multidimensional model described in Section 2.2 will be endowed with a Riemannian metric in Section 3.2.3.

Contents
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3.1.2 Kullback-Leibler Divergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.3 Convex function and Bregman Divergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
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3.2.1 Information theory and Hermitian Positive Definite matrices . . . . . . . . . . . . . . . . . . . 45
3.2.2 Information theory and Toeplitz Hermitian Positive Definite matrices . . . . . . . . . . . . . . . 46
3.2.3 Information theory and Block-Toeplitz Hermitian Positive Definite matrices . . . . . . . . . . . 50

3.1 Introduction to Information Geometry Theory
In this section we present the information geometry theory. For a more complete presentation of information geometry
tools, we refer to the book by Shun-ichi Amari called "Information Geometry and Its Applications" [73] from which this
section is inspired.

We start by introducing the notion of divergence.

3.1.1 Divergence definition
Let P and Q be two points of a Riemannian manifold M with respective coordinates ξP and ξQ. The divergence is
a differentiable function of P and Q. The divergence between the points P and Q will be denoted by D rP : Qs or
D rξP : ξQs.

The following definition is given in [73]:

Definition 12. The function D rP : Qs is called a divergence when it satisfies the following criteria:

1) D rP : Qs ě 0 @ pP,Qq PM2.
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2) D rP : Qs “ 0 when and only when P “ Q.

3) When P and Q are sufficiently close, by denoting their coordinates by ξP and ξQ “ ξP ` dξ, the Taylor expansion
of D is written as:

D rξP : ξP ` dξs “
1

2

ÿ

i,j

gi,j pξP q dξ
idξj `O

´

|dξ|
3
¯

(3.1)

where the matrix G “ pgi,jq is positive-definite, depending on ξP .

The divergence D rP : Qs represents the degree of separation between the points P and Q. The divergence is not
necessarily a symmetric map, therefore we have D rP : Qs ‰ D rQ : P s in general. The square root of a divergence is
therefore not a distance in general. We call D rP : Qs the divergence from P to Q.

Several examples of divergences are given in the book by Shun-ichi Amari [73]. We now present an example of
divergence on probability distributions.

3.1.2 Kullback-Leibler Divergence
The Kullback-Leibler divergence is defined by S. Kullback and R. A. Leibler in the general case of probability measures
over a setX [47]. Let P andQ be two probability measures over a setX such that P is absolutely continuous with respect
to Q, then the Kullback-Leibler divergence from Q to P is defined as

DKL pP : Qq “

ż

X

log

ˆ

dP

dQ

˙

dP (3.2)

where dP
dQ is the Radon-Nikodym derivative of P with respect to Q, and provided the expression o the right-hand side

exists.
If µ is a measure on X such that P and Q are absolutely continuous with respect to µ, then the expression of the

Kullback-Leibler divergence is:

DKL rp : qs “

ż

X

ppxq log

ˆ

ppxq

qpxq

˙

dµpxq (3.3)

where p and q are the densities defined by p “ dP
dµ and q “ dQ

dµ .
In the following, we will often consider the set X “ Rn and the measure dµ “ dx (the Lebesgue measure).
When the random variables associated with q and q have discrete values, the integral is replaced by a sum.
We will now give a method to construct a divergence on a manifold from a convex function defined on this manifold.

3.1.3 Convex function and Bregman Divergence
Let X be a convex subset of a real vector space and let f : X Ñ R be a function.

A function ψ is said to be convex when the inequality

λψ paq ` p1´ λqψ pbq ě ψ pλa` p1´ λq bq (3.4)

holds for all pa, bq P X2 and for all scalar 0 ď λ ď 1.
A function ψ is said to be strictly convex when the inequality

λψ paq ` p1´ λqψ pbq ă ψ pλa` p1´ λq bq (3.5)

holds for all pa, bq P X2 such that a ‰ b and for all scalar 0 ă λ ă 1.
When the function ψ of coordinates ξ “ pξ1, ξ2, . . . , ξnq is of class C2 on an open convex subset X of a real vector

space, then the function ψ is strictly convex if and only if its Hessian matrix

H pξq “

ˆ

B2

BξiBξj
ψ pξq

˙

(3.6)

is positive-definite for all ξ P X . Note that a function ψ convex for a coordinate system θ will not necessarily be
convex expressed in another coordinate system ξ. The convexity is preserved affine change of coordinates [73].

We now give an example of a convex function on exponential families of probability distributions. An exponential
family of probability distributions is described by:

p px, θq “ exp

˜

ÿ

i

θix
i ` kpxq ´ ψ pθq

¸

(3.7)
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Figure 3.1: The convex function z “ ψ pξq, its supporting hyperplane with normal vector η “ ∇ψ pξ0q and divergence
Dψ rξ : ξ0s

where p px, θq is the probability density of the distribution p of parameter θ at the point x. The term kpxq is a function
of x. The term exp p´ψ pθqq is the normalization factor by which:

ż

p px, θq dx “ 1. (3.8)

The expression of ψ pθq is therefore given by:

ψ pθq “ log

˜

ż

exp

˜

ÿ

i

θix
i ` kpxq

¸

dx

¸

. (3.9)

The set of exponential families of probability distributions M “ tp px, θqu is considered as a manifold of which θ is
a coordinate system.

By differentiating twice the application ψ given in Equation (3.9), it is proved in [73] that its Hessian matrix is positive
definite. We have indeed:

∇∇ψ pθq “ Varθ rxs . (3.10)

The function ψ is therefore a strictly convex function for the coordinate system θ. This function is known as the
cumulant generating function in statistics and the free energy in statistical physics.

We now define the Bregman divergence associated with the convex function ψ.

Definition 13. The Bregman divergence associated with the convex function ψ is defined by the function:

Dψ rξ : ξ0s “ ψ pξq ´ ψ pξ0q ´∇ψ pξ0q ¨ pξ ´ ξ0q . (3.11)

The Bregman divergence represents the difference between the convex function ψ evaluated at the point ξ and its
tangent plane at ξ0 evaluated at the point ξ. The figure 3.1 is given in [73] to illustrate the Bregman divergence from the
graph of the convex function ψ pξq.

Consider the example of an exponential family of probability distributions. The Bregman divergence from θ to θ1

associated with the function ψ defined in Equation (3.9) of an exponential family is computed using:

Dψ

“

θ : θ1
‰

“ ψ pθq ´ ψ
`

θ1
˘

´∇ψ
`

θ1
˘

¨
`

θ ´ θ1
˘

(3.12)

From Shun-ichi Amari’s book [73], we have:

Dψ

“

θ : θ1
‰

“ DKL

“

p
`

x, θ1
˘

: p px, θq
‰

(3.13)

where DKL rp px, θ
1q : p px, θqs is the Kullback-Leibler divergence defined in Section 3.1.2. This gives us here:

DKL

“

p
`

x, θ1
˘

: p px, θq
‰

“

ż

p
`

x, θ1
˘

log

ˆ

p px, θ1q

p px, θq

˙

dx. (3.14)
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3.1.4 Legendre transformation
We refer to the book "Convex Analysis" of R. Tyrrell Rockafellar [68] for a comprehensive study of the Legendre trans-
form of convex functions. This book studies the class of convex functions for which the Legendre transform is well defined
(see essentially strictly convex functions). Here, we will apply the Legendre transform to the function ψ pθq associated
with an exponential family of probability distribution (3.9) which is a strictly convex function as seen in Equation (3.10).

We denote by ξ˚ the gradient of the strictly convex function ψ at the point ξ:

ξ˚ :“ ∇ψ pξq . (3.15)

The gradient ξ˚ is equal to the normal vector ν of the hyperplane tangent to the map ψ at the point ξ. Since the map
ψ is convex, two different points of the manifold M will be associated with two different normal vectors. The map which
associates a point ξ to the corresponding normal vector ν is bijective and differentiable. We can therefore use the set of
normal vectors ν cas a second coordinate system of M related with the coordinate system ξ by Equation (3.15). This
transformation is called the Legendre transformation. The Legendre transformation has a dual structure concerning the
coordinate systems ξ and ξ˚. To show it, we define the following function of ξ˚:

ψ˚ pξ˚q “ ξ ¨ ξ˚ ´ ψ pξq (3.16)

where

ξ ¨ ξ˚ “
ÿ

i

ξiξ
˚
i (3.17)

and ξ is a function of ξ˚ defined by the inverse of the function ξ˚ “ ∇ψ pξq.
By differentiating Equation (3.16) with respect to ξ˚, we obtain

∇ψ˚ pξ˚q “ ξ `
Bξ

Bξ˚
ξ˚ ´∇ψ pξq Bξ

Bξ˚
. (3.18)

Since the last two terms of Equation (3.18) cancel each other out according to Equation (3.15), we have two dual
coordinate systems in the following sense:

ξ˚ “ ∇ψ pξq , ξ “ ∇ψ˚ pξ˚q . (3.19)

The function ψ˚ is called the Legendre dual of ψ.
The function ψ˚ satisfies the following property:

ψ˚ pξ˚q “ max
ξ1

 

ξ1 ¨ ξ˚ ´ ψ
`

ξ1
˘(

. (3.20)

When the function ψ is a convex function (not necessarily stricly convex) the "max" in Equation (3.20) should be
replaced by a "sup". However, the supremum is reached in the case of strictly convex functions [14], which justify the
expression given in Equation (3.20).

This property is frequently used to define the function ψ˚.
We will now show that the function ψ˚ is convex for the coordinate system ξ˚. The Hessian matrix of ψ˚ pξ˚q is

defined by:

G˚ pξ˚q “ ∇∇ψ˚ pξ˚q “ Bξ

Bξ˚
, (3.21)

which is the Jacobian matrix of the transformation from ξ˚ to ξ.
The Hessian matrix of ψ pξq has the expression:

G pξq “ ∇∇ψ pξq “ Bξ˚

Bξ
, (3.22)

this is the Jacobian matrix of the transformation from ξ to ξ˚.
Hence, we have

G˚ “ G´1. (3.23)

The matrix G˚ is therefore positive definite since G is positive definite. This proves that the function ψ˚ is convex for
the coordinate system ξ˚.

We can define a new Bregman divergence from the dual convex function ψ˚ :

Dψ˚

”

ξ˚ : ξ˚
1
ı

“ ψ˚ pξ˚q ´ ψ˚
´

ξ˚
1
¯

´∇ψ˚
´

ξ˚
1
¯

¨

´

ξ˚ ´ ξ˚
1
¯

, (3.24)
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which we call dual divergence.
According to Amari [73], we can prove that:

Dψ˚

”

ξ˚ : ξ˚
1
ı

“ Dψ

“

ξ1 : ξ
‰

. (3.25)

The divergence defined from the convex function ψ pξq is equal to the divergence defined from the convex function
ψ˚ pξ˚q if the order of the two input points is exchanged.

We now present the dual structure when the convex function ψ is the free energy ψ pθq defined in Equation (3.9).
The dual coordinate system given by the Legendre transformation is given by:

θ˚ “ ∇ψ pθq “ Eθ rxs , (3.26)

where Eθ is the expectation with respect to p px, θq.
Because of Equation (3.26), the dual coordinate system θ˚ is called the expectation parameter in statistics.
According to Equation (3.16), the convex function ψ˚ pθ˚q has the following expression:

ψ˚ pθ˚q “ θ˚ ¨ θ ´ ψ pθq , (3.27)

where θ is a function of θ˚ given by the reciprocal of the function θ˚ “ ∇ψ pθq.
According to [73], this proves that ψ˚ is the negative entropy:

ψ˚ pθ˚q “

ż

p px, θq log pp px, θqq dx. (3.28)

The dual divergence obtained from the convex function ψ˚ is the Kullback-Leibler divergence defined in Section
3.1.2:

DΨ˚

”

θ˚ : θ˚
1
ı

“ DKL

“

p px, θq : p
`

x, θ1
˘‰

, (3.29)

where θ “ ∇ψ˚ pθ˚q and θ1 “ ∇ψ˚
`

θ˚1
˘

.
We will now see how the Bregman divergence can be used to define a Riemannian metric.

3.1.5 Bregman Divergence and Riemannian Metric
Let ψ be a convex function on a manifold M for a coordinate system θ. When dθ represents an infinitesimal line, the
square of its length ds is given by:

ds2 “ 2Dψ rθ : θ ` dθs “
ÿ

i,j

gi,jdθ
idθj (3.30)

according to the third condition of the definition of the divergence (3.1).
We then notice that the Riemannian metric gi,j is given by the Hessian matrix of the convex function ψ:

gi,j pθq “
B2

BθiBθj
ψ pθq (3.31)

according to the definition of the Bregman divergence 13. Equation (3.31) can also be written as follows: gi,j pθq “
BiBjψ pθq.

We can also construct a Riemannian metric from the convex function ψ˚ on the coordinate system θ˚ defined thanks
to the Legendre transformation 3.1.4. For convenience, we will denote by η the coordinate system θ˚ and by ϕ the convex
function ψ˚.

The metric associated with the dual structure is therefore:

ds˚2 “ 2Dϕ rη : η ` dηs “
ÿ

i,j

gi,jdηidηj (3.32)

where the matrix G˚ “
`

gi,j
˘

is the inverse of the matrix G “ pgi,jq according to Equation (3.23).
The dual Riemannian metric gi,j is given by the Hessian matrix of the convex function ϕ on the dual coordinate

system η:

gi,j pηq “
B2

BηiBηj
ϕ pηq . (3.33)

This equation can also be written: gi,j pηq “ BiBjϕ pηq.
According to Equations (3.21) and (3.22), lthe coordinate systems θ and η are related by the following equations:

dη “ Gdθ, dθ “ G´1dη. (3.34)
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According to Equation (3.25), we have

Dϕ

“

η : η1
‰

“ Dψ

“

θ1 : θ
‰

. (3.35)

According to [74], the metric ds2 and its dual metric ds˚2 are equal:

ds2 “ ds˚2. (3.36)

According to Equation (3.34), we have indeed:

ds2 “ dθTGdθ “
`

G´1dη
˘T
G
`

G´1dη
˘

“ dηTG´1dη “ ds˚2. (3.37)

These two dual metrics therefore define the same Riemannian manifold structure.
For an exponential family of probability distributions (3.7) whose convex function ψ pθq is given by Equation (3.9),

the matrix of the metric associated with the Bregman divergence coincides with the Fisher matrix, well known in statistics.

Theorem 4. The matrix G of the Riemannian metric associated with an exponential family is the Fisher matrix defined
by

gi,j pθq “ Eθ rBi log pp px, θqq Bj log pp px, θqqs , (3.38)

which can also be written:

gi,j pθq “ ´Eθ rBiBj log pp px, θqqs . (3.39)

A proof of this theorem is given in Amari’s book [73]. The use of the Fisher metric on varieties of probability ditri-
butions is justified by the invariance properties of this metric by change of parameterization. These invariance properties
are studied in Amari’s book [73].

We will use the dual structure presented in this section to define a metric on the manifold of circularly-symmetric
central complex normal distributions in the following sections. We will set gi,j pηq “ BiBjϕ pηq where ϕ is the neg-
entropy function defined in Equation (3.28).

3.2 Information theory of circularly-symmetric central complex normal dis-
tributions

In this section, we use the information geometry theory presented in Section 3.1 to endow the space of HPD matrices
with a Riemannian metric in Section 3.2.1. We will then use the results obtained in Section 3.2.1 to endow the particular
case of Toeplitz HPD matrices with a Riemannian metric in Section 3.2.2; we will also to endow the particular case of
Toeplitz-Block Block-Toeplitz HPD matrices with a Riemannian metric in Section 3.2.3.

3.2.1 Information theory and Hermitian Positive Definite matrices
As seen in Section 2.1.10, a complex multivariate Gaussian distribution Z is defined by its mean vector µ :“ E rZs,
its covariance matrix Γ :“ E

”

pZ ´ µq pZ ´ µq
H
ı

and its relation matrix C :“ E
”

pZ ´ µq pZ ´ µq
T
ı

. The time series
studied in Section 2.1 can be considered as realizations of complex multivariate normal distributions of zero mean pµ “ 0q,
of zero relation matrix pC “ 0q and Toeplitz covariance matrix Γ. We start by recalling the definition of circularly-
symmetric central complex normal distributions given in Section 2.1.10.

Definition 14. The circularly-symmetric central complex normal distribution corresponds to the case of zero mean
pµ “ 0q and zero relation matrix pC “ 0q.

The probability density function of a circularly-symmetric central complex normal distribution of covariance matrix
Γ has the following expression :

p pz,Γq “
1

πn det pΓq
exp

`

´zHΓ´1z
˘

. (3.40)

This density also can be written:

p pz,Γq “ exp
`

´zHΓ´1z ´ ln pdet pΓqq ´ n ln pπq
˘

, (3.41)

or:

p pz,Γq “ exp
`

´zHΓ´1z ` ln
`

det
`

Γ´1
˘˘

´ n ln pπq
˘

. (3.42)
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We set θ :“ Vec
`

Γ´1
˘

and T pzq “ ´Vec
`

zzH
˘

, where Vec is the application which transforms a matrix M P Cnˆn

into a vector of Cn
2

by superimposing the columns of M one under others.
We can therefore express the density the following way:

p pz,Γq “ exp pθ ¨ T pzq ´ ψ pθqq , (3.43)

where

ψ pθq “ ´ ln
`

det
`

Γ´1
˘˘

` n ln pπq (3.44)

with θ “ Vec
`

Γ´1
˘

.
We recognize the structure of a probability distribution belonging to the exponential family (3.7).
The function ψ defined in Equation (3.44) is therefore a convex function for the coordinate system θ according to

Equation (3.10).
We can therefore endow the space of Hermitian positive definite matrices H`n with a Riemannian manifold structure

thanks to the metric resulting from the Bregman divergence (3.31):

gi,j pθq “
B2

Bθ̄iBθj
ψ pθq . (3.45)

According to Theorem 4, this metric coincides with the Fisher metric:

gi,j pθq “ ´Eθ

„

B2

Bθ̄iBθj
log pp px, θqq



. (3.46)

According to Section 3.1.4, the metric gi,j pθq has a dual structure.
The dual coordinate system is defined by η :“ ∇ψ pθq. From Equation (3.26), we have:

η “ Eθ rT pzqs “ Vec pΓq . (3.47)

The neg-entropy function φ defined in Equation (3.28) is convex for the coordinate system η, it is the dual function of
the function ψ. For circularly-symmetric central complex normal distributions, the neg-entropy function has the following
expression:

ϕ pηq :“EΓ rln pp pZ,Γqqs (3.48)

“EΓ

„

ln

ˆ

1

πn det pΓq
exp

`

´zHΓ´1z
˘

˙

according to Equation (3.40) (3.49)

“´ ln pdet pΓqq ´ n ln pπeq ´ EΓ

“

zHΓ´1z
‰

(3.50)
“´ ln pdet pΓqq ´ n ln pπq ´ n (3.51)
“´ ln pdet pΓqq ´ n ln pπeq (3.52)

with η “ Vec pΓq. As mentioned in [82], the function ϕ pηq is a Kähler potential. The definition and properties of a
Kähler potential are detailed in [81].

We can therefore also define a Riemannian metric on the space of Hermitian positive definite matrices H`n as follows:

gi,j pηq “
B2

Bη̄iBηj
ϕ pηq . (3.53)

Since ds2 “ ds˚2 (3.36), the Riemannian metrics defined by Equations (3.31) and (3.53) are equivalents.
This metric endows the space H`n with a Riemannian manifold structure. The geometric tools of this manifold will be

presented in Section 4.2.1.
In Section 3.2.2, we will construct a Riemannian metric on the submanifold of circularly-symmetric central complex

normal distributions whose covariance matrix Γ is Toeplitz. In Section 3.2.3, we will construct a Riemannian metric on the
submanifold of circularly-symmetric central complex normal distributions whose covariance matrix Γ is Block-Toeplitz.
For these two submanifolds, the Riemannian metric will be constructed using Equation (3.53).

3.2.2 Information theory and Toeplitz Hermitian Positive Definite matrices
We now use the information geometry metric presented in previous Section 3.1 to endow representation spaces of unidi-
mensional complex stationary centered Gaussian autoregressive time series presented in Section 2.1 with a Riemannian
metric. This section is inspired by the thesis work of Alice Le Brigant [15] and the work of Le Yang [6], [82].

We have seen in Section 2.1 that complex stationary centered Gaussian autoregressive time series can be represented
by their covariance matrices which is Toeplitz Hermitian positive definite.
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The time series studied in Section (2.1) are complex stationary centered Gaussian autoregressive time series of order
k:

uplq `
k
ÿ

i“1

aki upl ´ iq “ wkplq (3.54)

where aki are the prediction coefficients and the prediction errorswkplq are independent identically distributed centered
complex Gaussian processes. Note that the coefficients wkplq are independent of the coefficients pu pl ´ iqqiě1.

We have seen previously that the covariance matrix of this time series is Toeplitz Hermitian positive definite (2.12):

Rk`1 “

»

—

—

—

—

—

–

r0 r˚1 r˚2 . . . r˚k
r1 r0 r˚1 . . . r˚k´1

r2 r1 r0 . . . r˚k´2
...

...
...

. . .
...

rk rk´1 rk´2 . . . r0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (3.55)

The Levinson algorithm 13 presented in detail in Appendix A can be used to compute the coefficients aji of the
autoregressive model from the autocorrelation coefficients pr0, r1, . . . , rn´1q.

The neg-entropy function is expressed for circularly-symmetric central complex normal distributions in Equation
(3.48). We would like to express this function in the particular case of circularly-symmetric central complex normal
distributions whose covariance matrix is Toeplitz with respect to the mean quadratic power coefficient p0 “ r0 P R and
the reflection coefficients pµ1, . . . , µn´1q P Dn´1 defined by µi “ aii.

We denote by pk the expectation of the square mean of the estimation error of the autoregressive model when the
coefficients aki are optimal:

pk :“ E
”

ˇ

ˇwkplq
ˇ

ˇ

2
ı

, (3.56)

where wkplq is the error term defined in Equation (3.54).
We then have:

»

—

—

—

—

—

–

r0 r˚1 r˚2 . . . r˚k
r1 r0 r˚1 . . . r˚k´1

r2 r1 r0 . . . r˚k´2
...

...
...

. . .
...

rk rk´1 rk´2 . . . r0

fi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

–

1
ak1
ak2
...
akk

fi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

–

pk
0
0
...
0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (3.57)

Equation (3.57) gives us pk ` 1q equations whose line i is obtained by performing the operation E
“

p¨qu pl ´ iq
˚
‰

on
the right and left sides of Equation (3.54).

The first line gives us in particular:

pk “ r0 `

k
ÿ

j“1

r˚j a
k
j . (3.58)

In Appendix A, we define

pk “ r0 `

k
ÿ

j“1

rj a
k˚
j . (3.59)

According to Proprerty 26 of Appendix A, we have:

pl`1 “ pl

´

1´ |µl`1|
2
¯

@l P N. (3.60)

The definitions of pk given by Equations (3.58) and (3.59) coincide since pk is real according to Equation (3.60) and
is therefore equal to its conjugate.

The coefficient pk also has the following property:

Property 19. The coefficient pk can be expressed as the quotient of the determinant of Γk`1 by the determinant of
Γk [43]:

pk “
det pΓk`1q

det pΓkq
(3.61)
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Proof. Indeed, when we compute the determinant of the matrix Rk`1 defined in Equation (3.55), by using the elements
of its last column and by using the associated minors, we obtain [15]:

det pΓk`1q “

k`1
ÿ

i“1

p´1q
k`1`i

r˚k`1´i det pAi,k`1q (3.62)

where the matrix Ai,j is a matrix of size k obtained from the matrix Γk`1 by removing the row i and the column j.
Note that Ak`1,k`1 “ Γk, therefore det pAk`1,k`1q “ det pΓkq.
For i P J1, kK, we have:

Ak`1
i “

»

—

—

—

—

—

—

—

—

–

r0 r˚1 r˚2 . . . r˚k´1
...

...
...

. . .
...

ri´2 ri´3 ri´4 . . . r˚k´i`1

ri ri´1 ri´2 . . . r˚k´i´1
...

...
...

. . .
...

rk rk´1 rk´2 . . . r1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

rL1

...
rLi´1

rLi
...
rLk

. (3.63)

To transform Equation (3.62), we would like to express the determinant of the matrix Ak`1
i as a function of the

determinant of the matrix Γk. We denote by rLj the jth row of the matrix Ak`1
i and by Lj the jth row of the matrix Γk.

Note that

@j P J1, i´ 1K, rLj “ Lj , @j P Ji, k ´ 1K, rLj “ Lj`1. (3.64)

We now modify the line rLk of the matrix Ak`1
i by an operation which does not change its determinant:

rLk Ð rLk `
i´1
ÿ

j“1

akk`1´j
rLj `

k´1
ÿ

j“i

akk´j
rLj “ Lk`1 `

k´1
ÿ

j“1
j‰i

akk`1´jLj . (3.65)

From the equations defined by the matrix equation (3.57), we then have rLk “ ´a
k
k`1´iLi.

To obtain the matrix Γk (except for a multiplication of its ith row) from the matrixAk`1
i , it suffices to perform a cyclic

permutation of the last rows of the matrix Ak`1
i :

rLi Ð rLk and @j P Ji, k ´ 1K, rLi`1 Ð rLi. (3.66)

This operation modifies the determinant of the matrix Ak`1
i by a factor p´1q

k´i.
Therefore, we have:

det pAi,k`1q “ p´1q
k´i `

´akk`1´i

˘

det pΓkq “ p´1q
k´i`1

akk`1´i det pΓkq . (3.67)

We finally have, coming back to Equation (3.62) :

det pΓk`1q “

k`1
ÿ

i“1

p´1q
k`1`i

r˚k`1´i det pAi,k`1q (3.68)

“

k`1
ÿ

i“1

p´1q
k`1`i

r˚k`1´i p´1q
k´i`1

akk`1´i det pΓkq (3.69)

“

k`1
ÿ

i“1

p´1q
2pk`1q r˚k`1´ia

k
k`1´i det pΓkq (3.70)

“

˜

k
ÿ

i“0

r˚i a
k
i

¸

det pΓkq (3.71)

by setting ak0 “ 1.
We also have pk “

řk
i“0 r

˚
i a

k
i according to Equation (3.58). So we finally have:

det pΓk`1q “ pk det pΓkq , (3.72)

which concludes the proof.
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Since p0 “ r0, we can prove by recurrence that:

det pΓkq “
k´1
ź

i“0

pi. (3.73)

According to Equation (3.60), we therefore have:

det pΓnq “ pn0

n´1
ź

k“1

´

1´ |µk|
2
¯n´k

. (3.74)

The neg-entropy function expressed for circularly-symmetric central complex normal distributions in Equation (3.48):

ϕ pηq “ ´ ln pdet pΓkqq ´ n ln pπeq , (3.75)

also has the following expression:

ϕ pηq :“ EΓ rln pp pZ,Γqqs “ ´n ln pp0q ´

n´1
ÿ

k“1

pn´ kq ln
´

1´ |µk|
2
¯

´ n ln pπeq . (3.76)

The metric induced by the Hessian matrix of the neg-entropy function is therefore given by:

ds2 “ ´
B2

Bβ̄iBβj

˜

n ln pp0q `

n´1
ÿ

k“1

pn´ kq ln
´

1´ |µk|
2
¯

¸

dβ̄idβj (3.77)

where β0 “ p0 and βi “ µi for all i ě 1.
We obtain:

ds2 “ n

ˆ

dp0

p0

˙2

`

n´1
ÿ

k“1

pn´ kq
|dµk|

2

´

1´ |µk|
2
¯2 . (3.78)

We therefore have a product metric:

ds2 “

n´1
ÿ

k“0

ds2
k. (3.79)

We recognize a metric on R˚`:

ds2
0 “ n

ˆ

dx

x

˙2

(3.80)

and a metric on the complex unit disk which is equal to the metric of the Poincaré disk except for a multiplicative
constant:

ds2
k “ pn´ kq

|dz|
2

´

1´ |z|
2
¯2 , @1 ď k ď n´ 1. (3.81)

The metric defined by Equation (3.78) endows the space R˚` ˆ Dn´1 with a Riemannian metric. This manifold is
denoted R`` ˆ Dn´1 :“

`

R˚`, ds
2
0

˘

ˆ
`

D, ds2
1

˘

ˆ . . .ˆ
`

D, ds2
n´1

˘

and called Poincaré polydisk in [15].
Note that this manifold is not endowed with the Fisher metric whose matrix G is defined in Equation (3.38) by:

gi,j pθq “ Eθ rBi log pp px, θqq Bj log pp px, θqqs “ ´Eθ rBiBj log pp px, θqqs . (3.82)

Indeed, in the particular case of AR process of order one (n “ 2), the infinitesimal square length element given in
Equation (3.78) becomes:

ds2 “ 2

ˆ

dp0

p0

˙2

`
|dµ1|

2

´

1´ |µ1|
2
¯2 (3.83)

which corresponds to the scalar product matrix:

G “

˜ 2
p2

0
0

0 1

p1´|µ1|
2q

2

¸

(3.84)
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However, the Fisher matrix of on AR process of order one is:

GFisher “

¨

˝

2
p2

0

´µ1

p0p1´|µ1|
2q

´µ̄1

p0p1´|µ1|
2q

1

p1´|µ1|
2q

2

˛

‚ (3.85)

The computation of the coefficients g0,0 and g1,0 has been done explicitly in the thesis of Le Yang [82]. The matrix
GFisher is not a diagonal matrix, therefore the associated metric is not a product metric. As a consequence, the de-
scription of the geometric tools (distance, Riemannian logarithm map, Riemannian exponential map, geodesics, sectional
curvature...) of the manifold obtained by endowing the space R˚` ˆDn´1 with the Fisher metric would be very difficult.

As seen in Section 3.1 and explained in the book written by Shun-ichi Amari [73], if we consider an exponential
family whose probability density function (3.7) is given by:

p px, θq “ exp

˜

ÿ

i

θix
i ` kpxq ´ ψ pθq

¸

“ exp pθ ¨ x` kpxq ´ ψ pθqq , (3.86)

then the scalar product matrix obtained by taking the Hessian of the convex function ψ pθq (related to the Bregman
divergence) is equal to the Fisher matrix (Theorem 4). As seen in Equation (3.36), this metric defines the same manifold
structure (same distance, geodesics...) than the dual metric defined by the Hessian of the negative entropy function on
the set of dual parameters obtained by the Legendre transformation. However, the manifold constructed in this section on
the set R˚` ˆ Dn´1 using the Hessian of the negative entropy function does not correspond to the Fisher matrix. Indeed,
the set of dual parameters η “ Vec pΓq given in Equation (3.47) as been transformed into another set of parameters
pp0, µ1, . . . , µn´1q. However, the set of parameters pp0, µ1, . . . , µn´1q might be the Legendre transform of a set of
parameters θ which cannot be expressed in the form of Equation (3.86). In this case, the conditions of Theorem 4 are not
satisfied and the manifold obtained by considering the Hessian of the neg-entropy function on the set of dual parameters
does not necessarily coincide with manifold obtained using the Fisher metric.

We will present the geometric tools of the product manifold constructed here in Section 4.1 of Chapter 4. Now that we
have endowed with a Riemannian metric the space R˚` ˆ Dn´1 which can be used to represent complex unidimensional
stationary centered Gaussian autoregressive time series, we endow with a Riemannian metric the space H`N ˆ SDn´1

N

presented in Section 2.2.8 which can be used to represent complex multidimensional stationary centered Gaussian autore-
gressive time series.

3.2.3 Information theory and Block-Toeplitz Hermitian Positive Definite matrices
In this section use the information geometry metric presented in Section 3.1 to endow representation spaces of multidi-
mensional complex stationary centered Gaussian autoregressive time series presented in Section 2.2 with a Riemannian
metric. The objective is to construct a Riemannian metric on one of the representation spaces of multidimensional com-
plex stationary centered Gaussian autoregressive time series. This section is inspired by the work of Ben Jeuris and Raf
Vandebril [45].

We recall the equation of the multidimensional complex stationary centered Gaussian autoregressive time series stud-
ied in Section 2.2:

Upkq `
n´1
ÿ

j“1

An´1
j Upk ´ jq “W pkq (3.87)

where W is the prediction error vector and the autoregressive coefficients An´1
j are square matrices. The predic-

tion errors W pkq are assumed to have independent and indentically distributed circularly-symmetric centered Gaussian
distributions. The coefficient W pkq is independent of the vectors U pk ´ jq for all j ě 1.

The time series described by Equation (3.87) have a Block-Toeplitz Hermitian positive definite covariance matrix
according to Equation (2.125):

Rn “

»

—

—

—

—

—

–

R0 RH1 RH2 . . . RHn´1

R1 R0 RH1 . . . RHn´2

R2 R1 R0 . . . RHn´3
...

...
...

. . .
...

Rn´1 Rn´2 Rn´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

L1

L2

L3

...
Ln

. (3.88)

We recall the formula of the neg-entropy function expressed for circularly-symmetric central complex normal distri-
butions given in Equation (3.48):

ϕ pRnq “ ´ ln pdet pRnqq ´ n ln pπeq . (3.89)
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We have seen in Section 2.2.6 that the matrix coefficients Aii of the autoregressive model belong to the set DN :“
 

Γ P CNˆN | I ´ ΓsΓ ą 0
(

. We now try to express the function ϕwith respect toR0 and to the autoregressive coefficients
`

A1
1, A

2
2, . . . , A

n´1
n´1

˘

. We can then obtain a Riemannian metric on the space H`NˆDn´1
N by computing the Hessian matrix

of ϕ with respect to R0 and to the coefficients Aii.
The autocorrelation coefficients Ri and the coefficients of the autoregressive model are related by the Yule-Walker

equations (2.123):

rAn rRn “ ´rVn (3.90)

with:

rAn “ rAn1 , . . . , A
n
ns

rVn “ rR1, . . . , Rns

rRn “

»

—

—

—

—

—

–

R0 R1 R2 . . . Rn´1

RH1 R0 R1 . . . Rn´2

RH2 RH1 R0 . . . Rn´3

...
...

...
. . .

...
RHn´1 RHn´2 RHn´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (3.91)

We denote by L1 theN first rows of the matrix Rn, L2 the next N rows and so on where N is the size of the blocks of
the matrix Rn. By permuting the rows of the matrix Rn by the operation Li Ð Ln´i then the columns by Ci Ð Cn´i,
we can transform the matrix Rn into the matrix rRn. Hence we have, since there is an even number of real rows (of size
1) to permute:

det pRnq “ det
´

rRn

¯

. (3.92)

Recall the block matrix inversion formula based on the notion of "Schur complement" [45]:

rR´1
l`1 “

«

αl ´αlUl rR
´1
l

´ rR´1
l UHl αl

rR´1
l UHl αl

rR´1
l

ff

(3.93)

with αl “
´

R0 ´ Ul rR
´1
l UHl

¯´1

. Note that the matrix αl is Hermitian positive definite as the main submatrix of the

Hermitian positive definite matrix rR´1
l`1.

We recall the notation ĎM :“ JM˚J , where J is the antidiagonal matrix. The auxiliary matrix Pl involved in the
multidimensional Levinson algorithm 1 can be expressed as a function of the coefficient αl:

sPl “ R0 ` rAlU
H
l “ R0 ` Ul rR

´1
l UHl “ α´1

l . (3.94)

Since the matrix αl is a Hermitian positive definite matrix, the matrix sPl and therefore the matrix Pl are also HPD
matrices.

Using the multidimensional Levinson algorithm 1, we have the following recurrence formula [45]:

sPl “ĘPl´1 ´∆lP
´1
l´1

Ď∆l “

´

I ´All
ĎAll

¯

ĘPl´1 (3.95)

with ĎP0 “ R0.
By recurrence, we therefore have:

sPl “ R0

l
ź

i“0

´

I ´Aii
ĎAii

¯

. (3.96)

The determinant of rRn also has the following recurrence property [45]:

det
´

rRn

¯

“det
´

rRn´1

¯

det
´

R0 ´ Un´1
rR´1
n´1U

H
n´1

¯

(3.97)

“det
´

rRn´1

¯

det
`

α´1
n´1

˘

(3.98)

“det
´

rRn´1

¯

det
`

ĘPn´1

˘

. (3.99)
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We therefore obtain by recurrence:

det
´

rRn

¯

“

n´1
ź

i“0

det
`

sPi
˘

(3.100)

and therefore, according to Equation (3.96) :

det
´

rRn

¯

“ pdet pR0qq
n
n´1
ź

i“1

`

det
`

I ´Aii
˘˘n´i

. (3.101)

The neg-entropy function for circularly-symmetric central complex normal distributions recalled in Equation (3.89)
can therefore be expressed as a function of P0 and of the coefficients Aii the following way:

ϕ pRnq “ ´n log pdet pP0qq ´

n´1
ÿ

l“1

pn´ lq log
`

det
`

I ´ ΓlΓ̄l
˘˘

´ n log pπeq . (3.102)

We obtain the infinitesimal squared length ds2 by computing the Hessian matrix of the function ϕ (we use complex
differentiation):

ds2 “n trace
`

P´1
0 dP0P

´1
0 dP0

˘

(3.103)

`

n´1
ÿ

l“1

pn´ lq trace
´

`

I ´ ΓlΓ̄l
˘´1

dΓl
`

I ´ Γ̄lΓl
˘´1 ¯dΓl

¯

.

We recognize a product metric. Up to a multiplicative constant, the metric obtained on H`N is:

ds2 “ trace
`

P´1
0 dP0P

´1
0 dP0

˘

. (3.104)

This metric is well known and is discussed in Section 4.2.1 of Chapter 4.
However, the metric obtained on the spaces DN is up to a multiplicative constant:

ds2 “ trace
´

`

I ´ ΓlΓ̄l
˘´1

dΓl
`

I ´ Γ̄lΓl
˘´1 ¯dΓl

¯

. (3.105)

This metric on the space DN does not correspond to the metric of a already known manifold and the explicit expression
of the distance on this manifold does not seem obvious [45]. However the "metric" defined by Equation (3.105) is not a
metric as it do not respect the indentity of indiscernables pdpx, yq “ 0 ô x “ yq. Indeed, if we consider:

Γl “

ˆ

0 0
0 0

˙

and dΓl “

ˆ

dz1 dz2

dz3 dz4

˙

, (3.106)

then we obtain:

ds2 “ trace
´

`

I ´ ΓlΓ̄l
˘´1

dΓl
`

I ´ Γ̄lΓl
˘´1 ¯dΓl

¯

(3.107)

“ trace
`

dΓl ¯dΓl
˘

(3.108)

“ trace pdΓlJdΓ˚l Jq where J “
ˆ

0 1
1 0

˙

(3.109)

“ trace

ˆˆ

dz1 dz2

dz3 dz4

˙ˆ

dz˚4 dz˚3
dz˚2 dz˚1

˙˙

(3.110)

“2 Re pdz1dz
˚
4 q ` |dz2|

2
` |dz3|

2
. (3.111)

If we denote zj “ dxj ` idyj for j P J1, 4K, then we obtain:

ds2 “2dx1dx4 ` 2dy1dy4 ` dx
2
2 ` dy

2
2 ` dx

2
3 ` dy

2
3 (3.112)

which is not the infinitesimal element ds2 of a metric: if dz1 “ dz2 “ dz3 “ 0 and |dz4| ą 0, then ds2 “ 0.
However, the set DN :“

 

Γ P CNˆN | I ´ ΓsΓ ą 0
(

looks like the space:

SDN :“
 

Ω P CNˆN | I ´ ΩΩH ą 0
(

. (3.113)

This space is called the Siegel space. Note that the Siegel space defined here has no symmetry condition; there is
another definition of Siegel space including this symmetry condition: Ω “ ΩT .
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The Siegel space is commonly associated with a Riemannian metric which will be presented in Section 4.2.2.
Hence, we will transform the coefficients Aii P DN so that they belong to the Siegel space SDN . We will then express

the metric ds2 given in Equation (3.105) with respect to the newly obtained Siegel coefficients, hoping the recognize the
usual Riemannian metric of the Siegel disk.

To transform the coefficients Aii P DN so that they belong to the Siegel space SDN , we can use the auxiliary matrix
Pl´1 which is used in Algorithm 1:

Ωl “ ´
Ğ

P
´1{2
l´1 ∆lP

´1{2
l´1 . (3.114)

Since we have:

All “ ´∆lP
´1
l´1, (3.115)

We then have:

Ωl “
Ğ

P
´1{2
l´1 AllP

1{2
l´1. (3.116)

It has been proved by Dette and Wagener [28] and by Fritzsche and Kirstein [32] that this operation transforms a
Block-Toeplitz HPD matrix into coefficients which belong to the Siegel disk.

We would now like to express the neg-entropy function ϕ expressed for the circularly-symmetric central complex
normal distributions in Equation (3.89) with respect to the coefficient P0 and to the coefficients Ωi P SDN .

In the case where the blocks Ri of the matrix Rn are themselves Toeplitz, we have [45]:

Ď∆l “ ∆H
l . (3.117)

In this case:

det
´

I ´AllĀ
l
l

¯

“det
´

I ´∆lP
´1
l´1

Ď∆l
ĘP´1
l´1

¯

(3.118)

“det
´

I ´∆lP
´1
l´1∆H

l
ĘP´1
l´1

¯

(3.119)

“det
´

I ´
Ğ

P
´1{2
l´1 ∆lP

´1
l´1∆H

l
Ğ

P
´1{2
l´1

¯

(3.120)

“det
`

I ´ ΩlΩ
H
l

˘

. (3.121)

According to Equation (3.102), the function ϕ therefore has the following expression:

ϕ pRnq “ ´n log pdet pP0qq ´

n´1
ÿ

l“1

pn´ lq log
`

det
`

I ´ ΩlΩ
H
l

˘˘

´ n log pπeq . (3.122)

As before, we obtain the metric ds2 by computing the Hessian matrix of the function ϕ with respect to the coefficient
P0 and to the coefficients Ωi using the complex differentiation:

ds2 “n trace
`

P´1
0 dP0P

´1
0 dP0

˘

(3.123)

`

n´1
ÿ

l“1

pn´ lq trace
´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

We have thus endowed the space H`N ˆ SDn´1
N with a product Riemannian metric.

The metric on H`N remains the same as the metric obtained using the first transformation (3.105).
Up to a multiplicative constant, we recognize the usual metric on the Siegel space SDN :

ds2 “ trace
´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

. (3.124)

The metric given in Equation (3.124) can also be derived from the metric of the Siegel upper halfplane described by
Siegel himself [75], using the following bijection

Ω “pB ´ iIq pB ` iIq
´1 (3.125)

B “i pI ` Ωq pI ´ Ωq
´1 (3.126)
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where B is an element of the Siegel upper halfplane pIm pBq ą 0q. Note that this link and the Siegel disk itself are
classically only defined for symmetric matrices (in order for the positive definiteness of Im pBq to make sense) [45].
However, removing the symmetry restriction only disrupts the link and the definition of the Siegel upper halfplane, while
the Siegel disk and its geometry remain well-defined.

For simplicity, we will use the metric defined by Equation (3.124) even when the blocks Ri of the matrix Rn are not
assumed to be Toeplitz. In addition to this simplification, the metric given in Equation (3.123) does not correspond to the
Fisher metric for an another reason. Indeed, the set of parameters pR0,Ω1, . . . ,Ωn´1q might be the Legendre transform
of a set of parameters θ which cannot be expressed in the form of Equation (3.7). In this case, the conditions of Theorem
4 are not satisfied and the manifold obtained by considering the Hessian of the neg-entropy function on the set of dual
parameters does not necessarily coincide with manifold obtained using the Fisher metric, as detailed in Section 3.2.2 in
the particular case where the blocks of the Toeplitz-Block Block-Toeplitz HPD matrix Rn are of size one (the matrix Rn

is then Toeplitz HPD matrix).
The geometric tools of this metric will be studied in detail in Section 4.2.2.
We devote Chapter 4 to the presentation of the geometric tools of the Riemanian manifolds obtained in Section 3.2.

The Riemannian manifold on the space H`n obtained in Section 3.2.1 will be studied in Section 4.2.1. The manifold
R`` ˆ Dn´1 defined in Section (3.2.2) will be studied in Section 4.1.3. Finally, the manifold obtained on the space
H`N ˆ SDn´1

N will be studied in Section (4.2.3) of Chapter 4.
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Chapter 4

Riemannian manifolds associated with
complex valued stationary time series

The spaces of representation of complex stationary centered Gaussian autoregressive time series have been studied in
Chapter 2. We have shown that the one-dimensional complex stationary centered Gaussian autoregressive time series pre-
sented in Chapter 2 in Section 2.1 can be represented by their Toeplitz covariance matrix or by their reflection coefficients
which belong to the space R˚` ˆDn´1. This product space has been endowed with a product Riemannian metric in Sec-
tion 3.2.2. The multidimensional complex stationary centered Gaussian autoregressive time series presented in Section
2.2 can be represented in at least three spaces. Indeed, the autocorrelation matrix R belongs to the space of Block-Toeplitz
HPD matrices B`n,N , the coefficients

`

R0, A
1
1, . . . , A

n´1
n´1

˘

belong to H`N ˆDn´1
N and the coefficients pR0,Ω1, . . . ,Ωn´1q

belong to H`N ˆ SDn´1
N . This last space has been endowed with a Riemannian metric in Section 3.2.3. In this chapter,

we will present the geometric tools of the product manifolds obtained in Chapter 3.
The table 4.1 synthesizes the spaces and the metrics obtained in Chapter 3 and introduces the notations used in this

chapter.

Table 4.1: Manifolds synthesis
Manifold name and
symbol

Space Metric

Strictly positive real
manifold R``

Strictly positive reals R˚` ds2
R`` “

`

dx
x

˘2

Poincaré disk D Complex unit disk
D :“ tz P C, |z| ă 1u

ds2
D “

|dz|2

p1´|z|2q
2

Strictly positive reals
and Poincaré disks
product manifold
R`` ˆ Dn´1

Positive reals ans complex unit disks product
space R˚` ˆDn´1

ds2
R``ˆDn´1 “ nds2

R`` `
n´1
ř

k“1

pn´ kq ds2
D

HPD manifold H``N HPD matrices
H`N :“

 

M P CNˆN | xHMx ą 0,@x P CN
(

ds2
H``N

“ trace
`

P´1 dP P´1 dP
˘

Siegel manifold
SDN

Siegel disk
SDN :“

 

M P CNˆN | I ´MMH ą 0
(

ds2
SDN “ trace

´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

HPD and Siegel
disks product mani-
fold H``N ˆ SDn´1

N

HPD and Siegel disks product space H`N ˆ

SDn´1
N

ds2
H``N ˆSDn´1

N

“ nds2
H``N

`
n´1
ř

l“1

pn´ lq ds2
SDN
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4.1 Manifolds associated with the unidimensional autoregressive model
The Riemman manifolds presented in this section come from the representation spaces of unidimensional complex sta-
tionary centered Gaussian autoregressive time series presented in Section 2.1 and endowed with a Riemannian metric
inspired by information geometry in Section 3.2.2.

4.1.1 The manifold of strictly positive reals R``

We denote R`` the Riemannian manifold defined by the space R˚` endowed with the following Riemannian metric:

ds2
R`` “

ˆ

dx

x

˙2

. (4.1)

We use here the natural coordinate system induced by the space R˚`. The tangent space of R˚` is R.
The distance associated with this space is given by:

dR`` pa, bq “

ˇ

ˇ

ˇ

ˇ

log

ˆ

b

a

˙
ˇ

ˇ

ˇ

ˇ

@a, b P R˚`. (4.2)

The formula of the scalar product is given by:

xe, fya “
ef

a2
@a P R˚`,@e, f P R. (4.3)

We deduce the expression of the squared norm:

‖v‖2
a “ xv, vya “

´v

a

¯2

@a P R˚`,@v P R. (4.4)

For all a P R˚`, the map defined by:

Φa pbq “
b

a
(4.5)

is an isometry over the manifold of strictly positive reals R``. We have in particular Φa paq “ 1 and Φ´1
a “ Φ1{a.

The Riemannian logarithm map is defined by:

loga pbq “ a log

ˆ

b

a

˙

@a, b P R˚`. (4.6)

We can check that we have d2
R`` pa, bq “ ‖loga pbq‖

2
a.

The Riemannian exponential map is defined by:

expa pvq “ a exp
´v

a

¯

@a P R˚`,@v P R. (4.7)

We can check that the Riemannian logarithm map (4.6) and the Riemannian exponential map (4.7) are reciprocal of
each other:

loga pexpa pvqq “ v @a P R˚`,@v P R (4.8)
expa ploga pbqq “ b @a, b P R. (4.9)

The geodesics parameterized by t starting from the point a with an initial velocity v have the equation [82]:

ζ pt, a, vq “ expa ptvq “ a exp

ˆ

tv

a

˙

@t P R,@a P R˚`,@v P R. (4.10)

Since the Riemannian manifold R`` is of dimension 1, its sectional curvature is not defined.
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4.1.2 The Poincaré disk D

We denote D the Riemannian manifold defined by the complex unit disk D :“ tz P C| |z| ă 1u endowed with the follow-
ing metric:

ds2
D “

|dz|
2

´

1´ |z|
2
¯2 . (4.11)

We use the natural coordinate system induced by the complex unit disk D. Tangent space is C.
On this manifold, the distance between two points z1 and z2 has the following formula:

dD pz1, z2q “
1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

log

¨

˝

1`
ˇ

ˇ

ˇ

z1´z2
1´z1z

˚
2

ˇ

ˇ

ˇ

1´
ˇ

ˇ

ˇ

z1´z2
1´z1z

˚
2

ˇ

ˇ

ˇ

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

@z1, z2 P D (4.12)

or:

dD pz1, z2q “
1

2
log

ˆ

1`∆

1´∆

˙

(4.13)

by noting ∆ :“
ˇ

ˇ

ˇ

z1´z2
1´z1z

˚
2

ˇ

ˇ

ˇ
, which can also be written:

dD pz1, z2q “ arctanh p∆q . (4.14)

The scalar product has the following expression:

xu, vyz “
1

2

uv˚ ` vu˚
´

1´ |z|
2
¯2 @z P D,@u, v P C. (4.15)

We deduce from the scalar product the expression of the squared norm:

‖u‖2
z “ xu, uyz “

|u|
2

´

1´ |z|
2
¯2 @z P D,@u P C (4.16)

For all Ω P D, the map defined by:

ΦΩ pΨq “
Ψ´ Ω

1´ Ω̄Ψ
@Ω,Ψ P D (4.17)

is an isometry on the Poincaré disk D. In particular, this application sends the point Ω in 0 : ΦΩ pΩq “ 0. This map
also has the following property: Φ´1

Ω “ Φ´Ω.
The Riemannian logarithm map has the following expression, @Ω,Ψ P D:

logΩ pΨq “
´

1´ |Ω|
2
¯

arctanh

ˆ
ˇ

ˇ

ˇ

ˇ

Ψ´ Ω

1´ Ω̄Ψ

ˇ

ˇ

ˇ

ˇ

˙

eiθ (4.18)

with

θ “ arg

ˆ

Ψ´ Ω

1´ Ω̄Ψ

˙

. (4.19)

The Riemannian exponential map has the following expression, @µ P D,@v P C:

expµ pvq “

`

µ` eiθ
˘

e

´

2|v|

1´|µ|2

¯

`
`

µ´ eiθ
˘

p1` µ̄eiθq e

´

2|v|

1´|µ|2

¯

` p1´ µ̄eiθq

(4.20)

with θ “ arg pvq.
The geodesic parametrized by t starting from µ with velocity v is given by [6]:

ζ pt, µ, vq “

`

µ` eiθ
˘

e

´

2|v|

1´|µ|2
t
¯

`
`

µ´ eiθ
˘

p1` µ̄eiθq e

´

2|v|

1´|µ|2
t
¯

` p1´ µ̄eiθq

(4.21)

with θ “ arg pvq.
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The geodesic parameterized by the arc length starting from the point µ with an initial velocity vector v{ ‖v‖µ has the
equation:

ζ pt, µ, vq “ expµ ptvq “

`

µ` eiθ
˘

e2t `
`

µ´ eiθ
˘

p1` µ̄eiθq e2t ` p1´ µ̄eiθq
(4.22)

since ‖v‖µ “
|v|

1´|µ|2
.

The sectional curvature of the Poincaré disk D is constant at all points of the complex unit disk:

K “ ´4. (4.23)

The curvature formula will be demonstrated in the more general case of Siegel space in Section E.7.
We will show in Section D.2 that if we multiply the metric ds2 of a Riemannian manifold by a constant c ą 0, then

the sectional curvature K is divided by c.
So if we denote:

rds
2
“

4 |dz|
2

´

1´ |z|
2
¯2 “ 4ds2, (4.24)

then the curvature rK of the Riemannian manifold obtained would be, according to Property 44 :

rK “
K

4
“ ´1. (4.25)

4.1.3 The Poincaré polydisk R`` ˆ Dn´1

This has previously been studied in the work of Le Yang [6], [82], in the work of Alice Le Brigant [15] and in the work
of Ben Jeuris and Raf Vandebril [45].

We define the product manifold of strictly positive reals and of Poincaré disks as the space R˚` ˆ Dn´1 whose Rie-
mannian metric at the point of coordinates pp0, µ1, . . . , µn´1q is written:

ds2
R``ˆDn´1 “ nds2

R`` `

n´1
ÿ

k“1

pn´ kq ds2
D (4.26)

ds2
R``ˆDn´1 “ n

dp2
0

p2
0

`

n´1
ÿ

k“1

pn´ kq
|dµk|

2

´

1´ |µk|
2
¯2 . (4.27)

This manifold is called Poincaré polydisk in the work of Alice Le Brigant [15]. We will not use this denomination
here not to confuse the manifold R`` ˆ Dn´1 with the manifold Dn´1 used in Chapter 8 to cluster radar time series.

We notice that the Riemannian metric ds2
R``ˆDn´1 of the Poincaré polydisk is a weighted sum of metrics studied

previously. In this linear combination, the metric defined on the space R˚` in Equation (4.1) is used once and the metric
defined on the space D in Equation (4.11) in used pn´ 1q times. This metric is therefore a product metric. The manifold
R`` ˆ Dn´1 is therefore a product manifold of the manifold R`` studied in Section 4.1.1 and of pn´ 1q times the
manifold D studied in Section 4.1.2, the metric of each space of the product manifold being multiplied by a constant.

When a product space has a product metric, then the squared distance between two points is the sum of the squared
distances of the spaces that compose the product space. Therefore, we have here:

d2
R``ˆDn´1 ppp0,1, µ1,1, ..., µn´1,1q , pp0,2, µ1,2, ..., µn´1,2qq

“nd2
R`` pp0,1, p0,2q `

n´1
ÿ

l“1

pn´ lq d2
D pµj,1, µj,2q (4.28)

“n log2

ˆ

p0,2

p0,1

˙

`

n´1
ÿ

l“1

n´ l

4
log2

¨

˚

˚

˝

1`

ˇ

ˇ

ˇ

ˇ

µl,1´µl,2
1´µl,1µ

˚
l,2

ˇ

ˇ

ˇ

ˇ

1´

ˇ

ˇ

ˇ

ˇ

µl,1´µl,2
1´µl,1µ

˚
l,2

ˇ

ˇ

ˇ

ˇ

˛

‹

‹

‚

. (4.29)

We recall that the space T `n of Toeplitz Hermintian positive definite matrices is in bijection with the space avec
l’espace R˚` ˆDn´1 via Algorithms 13 and 14. We can therefore endow the space T `n with a distance by defining:

d2
T pT1, T2q :“ d2

R``ˆDn´1 ppp0,1, µ1,1, ..., µn´1,1q, pp0,2, µ1,2, ..., µn´1,2qq (4.30)
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where the coefficients pp0,i, µ1,i, ..., µn´1,iq are obtained from the matrices Ti for i “ 1, 2 using Algorithm 13 or
Algorithm 14.

The scalar product on the space R``ˆDn´1 is also a weighted sum of the scalar product defined on R`` in Equation
(4.3) and of pn´ 1q times the scalar product defined on D in Equation (4.15).

Therefore, here we have @e, f P R,@p0 P R˚`,@u1, . . . , un´1, v1, . . . , vn´1 P C,@µ1, . . . , µn´1 P D:

xpe, u1, . . . , un´1q , pf, v1, . . . , vn´1qypp0,µ1,...,µn´1q

“n
ef

p2
0

`

n´1
ÿ

k“1

n´ k

2

ukv
˚
k ` vku

˚
k

´

1´ |µk|
2
¯2 . (4.31)

The squared norm of the space R`` ˆ Dn´1 is also a weighted sum of the norm defined on R`` in Equation (4.4)
and of pn´ 1q times the norm defined on D in Equation (4.16).

Hence we have, @e P R,@p0 P R˚`,@u1, . . . , un´1 P C,@µ1, . . . , µn´1 P D :

‖pe, u1, . . . , un´1q‖2
pp0,µ1,...,µn´1q

“n
e2

p2
0

`

n´1
ÿ

k“1

pn´ kq
|uk|

2

´

1´ |µk|
2
¯2 . (4.32)

We can obtain an isometry on the product manifold R``ˆDn´1 by taking the product of the isometry on R`` defined
in Equation (4.5) and of pn´ 1q isometries on the Poincaré disk (4.17).

The Riemannian logarithm map of the product manifold R`` ˆ Dn´1 is the product of the logarithm map of the
manifold R`` presented in Equation (4.6) and of pn´ 1q logarithm maps of the manifold D presented in Equation (4.18).
If we denote logR`` the logarithm map defined on R`` in Equation (4.6):

logR`` pp0,1, p0,2q “ p0,1 log

ˆ

p0,2

p0,1

˙

, (4.33)

and if we denote by logD the logarithm map defined on D in Equation (4.18):

logD pµk,1, µk,2q “
´

1´ |µk,1|
2
¯

arctanh

ˆ
ˇ

ˇ

ˇ

ˇ

µk,2 ´ µk,1
1´ Ěµk,1µk,2

ˇ

ˇ

ˇ

ˇ

˙

eiθk (4.34)

with eiθk “ arg
´

µk,2´µk,1
1´Ęµk,1µk,2

¯

,
then we have, @p0,1, p0,2 P R˚`,@µ1,1, ..., µn´1,1, µ1,2, ..., µn´1,2 P D:

logR``ˆDn´1 ppp0,1, µ1,1, ..., µn´1,1q , pp0,2, µ1,2, ..., µn´1,2qq

“ plogR`` pp0,1, p0,2q , logD pµ1,1, µ1,2q , . . . , logD pµn´1,1, µn´1,2qq . (4.35)

The Riemannian exponential map of the product manifold R`` ˆ Dn´1 is also the product of the exponential map of
the manifold R`` presented in Equation (4.7) and of pn´ 1q exponential maps of the manifold D presented in Equation
(4.20).

If we denote expR`` the exponential map defined on R`` in Equation (4.7):

expR`` pp0, v0q “ p0 exp

ˆ

v0

p0

˙

@p0 P R˚`,@v0 P R, (4.36)

and if we denote by expD the exponential map defined on D in Equation (4.20):

expD pµk, vkq “

`

µk ` e
iθk

˘

e

ˆ

2|vk|

1´|µk|
2

˙

`
`

µk ´ e
iθk

˘

p1`Ďµkeiθkq e

ˆ

2|vk|

1´|µk|
2

˙

` p1´Ďµkeiθkq

(4.37)

with θk “ arg pvkq,
then we have, @p0 P R˚`,@v0 P R,@µ1, ..., µn´1 P D,@v1, ..., vn´1 P C :

expR``ˆDn´1 ppp0, µ1, ..., µn´1q , pv0, v1, ..., vn´1qq

“ pexpR`` pp0, v0q , expD pµ1, v1q , . . . , expD pµn´1, vn´1qq . (4.38)
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The geodesics of the produt manifold R``ˆDn´1 are also the product of the geodesics of the manifold R`` presented
in Equation (4.10) and of pn´ 1q geodesics of the manifold D studied in Equation (4.21):

ζR``ˆDn´1 pt, pp0, µ1, ..., µn´1q , pv0, v1, ..., vn´1qq

“ expR``ˆDn´1 ppp0, µ1, ..., µn´1q , ptv0, tv1, ..., tvn´1qq (4.39)
“pexpR`` pp0, tv0q , expD pµ1, tv1q , . . . , expD pµn´1, tvn´1qq .

Let us now study the sectional curvatureK of the product manifold R``ˆDn´1. We recall that the sectional curvature
of the manifold R`` is not defined since it is a one-dimensional manifold. According to Equation (4.23), the Poincaré disk
D has a constant sectional curvature equal to ´4. We also recall that when we multiply the metric ds2 of a Riemannian
manifold by a constant c, its curvature is divided by c. The manifold R`` ˆ Dn´1 is therefore the product of a manifold
of undefined curvature and pn´ 1q manifolds of respective curvatures ´4{ pn´ kq for k ranging from 1 to pn´ 1q.

We can then obtain bounds of the sectional curvature of the product manifold R`` ˆ Dn´1 using Lemma 1 proved
in [82].

Property 20. The sectional curvature of the manifold R`` ˆ Dn´1 is bounded between ´4 and 0:

´4 ď K ď 0 (4.40)

Proof. The property is true according to Lemma 1 since all the manifolds constituting the product manifold R``ˆDn´1

either have an undefined sectional curvature or a sectional curvature bounded between ´4 and 0.

4.2 Manifolds associated with the vectorial autoregressive model
The Riemman manifolds presented in this section come from the representation spaces of multidimensional complex
stationary centered Gaussian autoregressive time series presented in Section 2.2 and endowed with a Riemannian metric
inspired by information geometry 3.2.3. The three manifolds presented in this section generalize the manifolds presented
in Section 4.1 in higher dimension.

4.2.1 The HPD manifold

The space of Hermitian Positive Definite matrices H`N is defined as:

H`N :“
 

A P Cnˆn | xHAx ą 0,@x P Cnz t0u
(

. (4.41)

This definition of the Hermitian Positive Definite matrices is equivalent to the fact that the matrix A is Hermitian and
has strictly positive eigenvalues. We will also denote by A ą 0 a matrix A P H`N .

We endow the space H`N with the following metric:

ds2
H``N

“ trace
`

P´1 dP P´1 dP
˘

@P P H`n . (4.42)

We use here the natural coordinate system induced by H`N . The tangent space of H`N is the space HN of Hermitian
matrices. The metric ds2

H``N
endow the space H`N with a Riemannian metric.

On this Riemannian manifold, the distance between two matrices A and B has the following expression:

dH``N
pA,Bq “

∥∥∥log
´

A´1{2BA´1{2
¯
∥∥∥

2
@A,B P H`N . (4.43)

The scalar product has the following expression:

xE,F yA “ trace
`

A´1EA´1F
˘

@A P H`N ,@E,F P HN . (4.44)

The expression of the squared norm of the vector E expressed at the point A is therefore:

‖E‖2
A “ xE,EyA “ trace

`

A´1EA´1E
˘

@A P H`N ,@E P HN . (4.45)

The following map is an isometry on the space H`N for the metric described previously:

ΦA pBq “ A´1{2BA´1{2 @A,B P H`N . (4.46)

We have in particular ΦA pAq “ IN and Φ´1
A “ ΦA´1 .

The differential of isometry Φ has the following expression:

DΦA pBq rhs “ A´1{2hA´1{2 @A,B P H`N ,@h P HN . (4.47)
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The Riemannian logarithm map has the expression:

logA pBq “ A1{2 log
´

A´1{2BA´1{2
¯

A1{2 @A,B P H`N (4.48)

where the application log to the right of the equation represents the standard matrix logarithm map.
The Riemannian exponential map has the expression:

expA pV q “ A1{2 exp
´

A´1{2V A´1{2
¯

A1{2 @A P H`N ,@V P HN (4.49)

where the map exp to the right of the equation represents the standard matrix exponential map.
The geodesics parameterized by t starting from the point A with an initial velocity vector V have for equation:

ζ pt, A, V q “ expA ptV q “ A1{2 exp
´

tA´1{2V A´1{2
¯

A1{2 @t P R,@A P H`N ,@V P HN . (4.50)

The sectional curvature of the manifold H``N given for the tangent space of the identity IN has the following expres-
sion:

K pσq “
1

4
trace

´

pE1E2 ´ E2E1q
2
¯

(4.51)

where E1 and E2 form an orthonormal basis of the tangent plane at the identity σ.

Proof. We start by computing the sectional curvature in the identity IN for all plane σ. Thanks to the isometry Φ (4.46)
and its differential (4.47), we can then compute the sectional curvature at any point.

We place ourselves within the framework of Theorem 7.
Let P be a point whose normal coordinates at the identity IN are V “ x1E1 ` x2E2, the vectors E1 and E2 forming

an orthonormal basis of the plane σ.
We have P “ expIN pV q “ exp pV q where the exponential map in the last member of the equality represents the

matrix exponential map.
We have:

P “ Id` V `
1

2
V 2 `

1

6
V 3 `O

`

V 3
˘

. (4.52)

By differentiating, we obtain:

dP “ dV `
1

2
pV dV ` dV V q `

1

6

`

V 2dV ` V dV V ` dV V 2
˘

`O
`

V 3
˘

. (4.53)

Since P´1 “ exp p´V q, we have:

P´1 “ Id´ V `
1

2
V 2 ´

1

6
V 3 `O

`

V 3
˘

. (4.54)

Using the previous two equations, we have:

P´1dP “ dV `
1

2
V dV `

1

2
dV V `

1

6
V 2dV ´

1

3
V dV V `

1

6
dV V 2 `O

`

V 3
˘

(4.55)

Hence, we have:

P´1dPP´1dP “dV 2 `
1

2
dV 2V ´

1

2
V dV 2 (4.56)

`
1

3
dV V 2dV ´

1

3
dV V dV V

`
1

6
dV 2V 2 `

1

6
V 2dV 2 ´

1

3
V dV V dV

`
1

4
pdV V ´ V dV q

2
`O

`

V 3
˘

Using the linearity of the trace and the property of invariance of the trace by permutation, i.e. trace pABq “
trace pBAq, we obtain:

trace
`

P´1dPP´1dP
˘

“ trace
`

dV 2
˘

´
1

12
trace

´

pV dV ´ dV V q
2
¯

(4.57)

We recall that V :“ x1E1 ` x2E2.
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Since the vectors E1 and E2 are orthogonal and normalized, we have trace
`

dV 2
˘

“ dx2
1 ` dx

2
2.

We deduce that the metric ds2
H``N

at the identity IN has the expression:

ds2
H``N

“ trace
`

P´1 dP P´1 dP
˘

(4.58)

“dx2
1 ` dx

2
2 ´

1

12
trace

´

pE1E2 ´ E2E1q
2
¯

px1dx2 ´ x2dx1q
2
`O

`

x3
˘

. (4.59)

According to Theorem 7, the sectional curvature at the identity is therefore:

K pσq “
1

4
trace

´

pE1E2 ´ E2E1q
2
¯

. (4.60)

We note that:

K pσq “ ´
1

4
‖E1E2 ´ E2E1‖2

2 (4.61)

Therefore, we have K pσq ď 0.
According to the triangular inequality, we also have:

‖E1E2 ´ E2E1‖2 ď ‖E1E2‖2 ` ‖E2E1‖2 ď ‖E1‖ ‖E2‖2 ` ‖E2‖ ‖E1‖2 “ 2, (4.62)

which implies that K pσq ě ´1.
Finally, we have:

´1 ď K pσq ď 0 @σ. (4.63)

4.2.2 The Siegel disk
The Siegel manifold generalize the Poincaré disk studied in Section 4.1.2 to complex matrices. This section is an overview
of Appendix E dedicated to the Siegel disk in which a few additional properties and many proofs are given. The Rieman-
nian logarithm map, the Riemannian exponential map and the sectional curvature of the Siegel manifold are the main
contributions of this thesis. These novelties have been summarized in our previous work [21].

4.2.2.1 Definition

Definition 15. The Siegel disk is defined as the set of complex matrices M of shape N ˆ N with singular values lower
than one, which can also be written:

SDN “
 

M P CNˆN | I ´MMH ą 0
(

(4.64)

or equally:

SDN “
 

M P CNˆN | I ´MHM ą 0
(

(4.65)

We use the partial ordering of the set complex matrices: we note A ą B when the difference A ´ B is a positive
definite matrix.

Note that another definition of the Siegel disk also exists in other papers [54], imposing an additional symmetry
condition on the matrix M : M “MT . We will note require the symmetry condition in our work.

Property 21. The Siegel disk can also be defined as the set of complex matrices M with a linear operator norm lower
than one: SDN “

 

M P CN ,~M~ ă 1
(

, where ~M~ “ supXPCN ,‖X‖“1 p‖MX‖q.

4.2.2.2 The metric

We endow the Siegel space SDN with the following metric:

ds2
SDN “ trace

´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

. (4.66)

The expression of the square of the distance is given for all Ω,Ψ P SDN by:

62



d2
SDN pΩ,Ψq “

1

4
trace

ˆ

log2

ˆ

I ` C1{2

I ´ C1{2

˙˙

(4.67)

“ trace
´

arctanh2
´

C1{2
¯¯

(4.68)

with C “ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

.
Another distance named the Kobayashi distance measure dK on the Siegel disk SDN is also given in [45].
The expression of the scalar product is then, @Ω P SDN ,@v, w P CNˆN :

xv, wyΩ “
1

2
trace

´

`

I ´ ΩΩH
˘´1

v
`

I ´ ΩHΩ
˘´1

wH
¯

(4.69)

`
1

2
trace

´

`

I ´ ΩΩH
˘´1

w
`

I ´ ΩHΩ
˘´1

vH
¯

.

The norm of a vector belonging to the tangent space is therefore:

‖v‖2
Ω “ trace

´

`

I ´ ΩΩH
˘´1

v
`

I ´ ΩHΩ
˘´1

vH
¯

. (4.70)

4.2.2.3 The isometry

According to [45], the following function is an isometry of the Siegel space for the distance defined in Equation (4.67) :

ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

. (4.71)

We will prove this result in Theorem 9.
The differential of the isometry Φ has the following expression:

Property 22. The differential of the isometry Φ has the following expression:

DΦΩ pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(4.72)

We will prove Equation (4.72) in the proof of Property 46.

Property 23. The inverse of the function Φ described in Equation (4.71) also has the following expression:

Φ´1
Ω pΨq “ Φ´Ω pΨq (4.73)

We will present three proofs of Equation (4.73) in the proof of Property 49.

4.2.2.4 The Riemannian logarithm map

To compute the Riemannian logarithm map at a point Ω the key idea here is to transport the problem at zero, compute a
certain logarithm at zero and transport the result back to Ω. This idea is illustrated on Figure 4.1. If we want to compute
the logartithm map: logΩ pΨq, we first transport both Ω and Ψ using the isometry ΦΩ (4.71). The point Ω is sent to zero,
and we denote Ψ

1

the image of Ψ by ΦΩ :

Ψ
1

:“ ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

. (4.74)

Then we compute the logarithm map at zero log0

´

Ψ
1
¯

:

V
1

:“ log0

´

Ψ
1
¯

“ arctanh pXqX´1Ψ
1

where X “

´

Ψ
1

Ψ
1 H

¯1{2

. (4.75)

Finally, we transport back the logarithm to the point Ω using the differential of the isometry Φ given in Equation
(E.17):

V :“ logΩ pΨq “ DΦ´Ω p0q
”

V
1
ı

“
`

I ´ ΩΩH
˘1{2

V
1 `

I ´ ΩHΩ
˘1{2

(4.76)

We summarize the logarithm map in the following equation:

logΩ pΨq “
`

I ´ ΩΩH
˘1{2

V
1 `

I ´ ΩHΩ
˘1{2

(4.77)
»

–

V
1

“ arctanh pXqX´1Ψ
1

where X “

´

Ψ
1

Ψ
1 H

¯1{2

Ψ
1

“
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

63



Figure 4.1: The Poincaré disk logarithm map computation

Figure 4.2: The Poincaré disk exponential map computation
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4.2.2.5 The Riemannian exponential map

To compute the Riemannian exponential map at a point Ω the key idea here is to transport the problem at zero (as for the
logarithm), compute a certain exponential at zero and transport the result back to Ω. This idea is illustrated on Figure 4.2.
If we want to compute the exponential map: expΩ pV q, we first transport the vector V at zero using the differential of the
isometry Φ given in Equation (E.17):

V
1

:“DΦΩ pΩq rV s (4.78)

“
`

I ´ ΩΩH
˘1{2 `

I ´ ΩΩH
˘´1

V
`

I ´ ΩHΩ
˘´1 `

I ´ ΩHΩ
˘1{2

(4.79)

“
`

I ´ ΩΩH
˘´1{2

V
`

I ´ ΩHΩ
˘´1{2

. (4.80)

Then we compute the exponential map at zero exp0

´

V
1
¯

:

Ψ
1

:“ exp0

´

V
1
¯

“ tanh pY qY ´1V
1

where Y “
´

V
1

V
1 H

¯1{2

. (4.81)

Finally, we transport back the exponential to the point Ω using the isometry Φ´Ω which is the inverse of isometry ΦΩ

(see Property 49) and transport the point 0 back to Ω and the point Ψ
1

back to expΩ pV q:

Ψ :“ expΩ pV q (4.82)

“Φ´Ω

´

Ψ
1
¯

(4.83)

“
`

I ´ ΩΩH
˘´1{2

´

Ψ
1

` Ω
¯´

I ` ΩHΨ
1
¯´1

`

I ´ ΩHΩ
˘1{2

(4.84)

We summarize the exponential map in the following equation:

expΩ pV q “
`

I ´ ΩΩH
˘´1{2

´

Ψ
1

` Ω
¯´

I ` ΩHΨ
1
¯´1

`

I ´ ΩHΩ
˘1{2

(4.85)
»

–

Ψ
1

“ tanh pY qY ´1V
1

where Y “
´

V
1

V
1 H

¯1{2

V
1

“
`

I ´ ΩΩH
˘´1{2

V
`

I ´ ΩHΩ
˘´1{2

4.2.2.6 The geodesics

The expression the geodesics can be obtained using the exponential map: the geodesic starting from Ω with velocity V is
given by the application :

ζ pt,Ω, V q “ expΩ ptV q . (4.86)

4.2.2.7 The symmetric Siegel disk

We defined the Siegel disk in Definition 16 as the set a complex matrices with singular values lower than one: SDN “
 

M P CN , I ´MMH ą 0
(

. We recall that another definition of the Siegel disk also exists in other papers [54], imposing
an additional symmetry condition on the matrix M : M “ MT . We will show in Section E.6 that the symmetric Siegel
disk is a totally flat submanifold of the Siegel disk.

Hence the formula of the logarithm map E.4.2 and the exponential map E.5.2 computed in previous sections are still
meaningful when working in the submanifold of symmetric matrices.

4.2.2.8 The sectional curvature

We first focus on the sectional curvature at 0. We can then obtain the sectional curvature at any point using the isometry
Φ defined in Equation (4.71) and its differential E.17. Indeed, the sectional curvature at the point Ω defined by the
tangent vectors E1 and E2 is equal to the sectional curvature at the point 0 defined by the vectors DΦΩ pΩq rE1s and
DΦΩ pΩq rE2s.

Let σ be a section defined at the point Ω “ 0 by two orthonormal matrices E1 and E2.

Theorem 5. The sectional curvature at zero of the plan σ defined by E1 and E2 has the following expression:

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

(4.87)
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This theorem will be proved in Section E.7.1.

Corollary 1.
´4 ď Kpσq ď 0 (4.88)

We recall that the Siegel space is a generalization of the Poincaré disk D defined as the complex unit disk endowed
with the metric:

ds2
D “

|dµk|
2

´

1´ |µk|
2
¯2 (4.89)

If we perform Theorem 10 on the orthonormal basis vectors E1 “ 1 and E2 “ i, we find that the curvature of the
Poincaré disk D is equal to ´4.

4.2.3 The HPD Siegel product

The HPD Siegel product is a generalization of the manifold R˚` ˆ Dn´1 studied in Section 4.1.3 to multidimensional
signals.

We endow the space H`N ˆ SDn´1
N with the following metric [11, 45]:

ds2
H``N ˆSDn´1

N

“nds2
H``N

`

n´1
ÿ

l“1

pn´ lq ds2
SDN (4.90)

ds2
H``N ˆSDn´1

N

“n trace
`

P´1
0 dP0 P

´1
0 dP0

˘

(4.91)

`

n´1
ÿ

l“1

pn´ lq trace
´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

.

The expression of the distance between two points is then:

d2
H``N ˆSDn´1

N

ppP0,1,Ω1,1, ...,Ωn´1,1q, pP0,2,Ω1,2, ...,Ωn´1,2qq

“nd2
H``N

pP0,1, P0,2q `

n´1
ÿ

l“1

pn´ lq d2
SDN pΩl,1,Ωl,2q (4.92)

“ n
∥∥∥log

´

P
´1{2
0,1 P0,2 P

´1{2
0,1

¯
∥∥∥2

F
` (4.93)

n´1
ÿ

l“1

n´ l

4
trace

˜

log2

˜

1` C
1{2
l

1´ C
1{2
l

¸¸

»

—

–

Cl “ pΩl,2 ´ Ωl,1q
´

I ´ ΩHl,1 Ωl,2

¯´1

´

ΩHl,2 ´ ΩHl,1

¯´

I ´ Ωl,1 ΩHl,2

¯´1

We recall that the space B`n,N of Block-Toeplitz Hermitian positive definite matrices is in bijection with the space
H`N ˆ SDn´1

N via the algorithms 3 and 2. We can therefore endow the space B`n,N with a distance by defining:

d2
BT

´

rT1, rT2

¯

:“ d2
H``N ˆSDn´1

N

ppP0,1,Ω1,1, ...,Ωn´1,1q, pP0,2,Ω1,2, ...,Ωn´1,2qq (4.94)

where the coefficients pP0,i,Ω1,i, ...,Ωn´1,iq are obtained from the matrices rTi for i “ 1, 2 using Algorithm 3. The
coefficients pP0,i,Ω1,i, ...,Ωn´1,iq can also be computed using Algorithm 2 in the particular case where the matrix rTi has
Toeplitz structured blocks (the matrix rTi is then a Toeplitz-Block Block-Toeplitz HPD matrix).

The scalar product on the space H``N ˆSDn´1
N is also a weighted sum of the scalar product defined on H`N in Equation

(4.44) and of pn´ 1q times the scalar product defined on SDN in Equation (4.69).
Therefore, we have @E,F P HN ,@P0 P H`N ,@U1, . . . , Un´1, V1, . . . , Vn´1 P CNˆN ,@Ω1, . . . ,Ωn´1 P SDN :
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xpE,U1, . . . , Un´1q , pF, V1, . . . , Vn´1qypP0,Ω1,...,Ωn´1q

“n trace
`

P´1
0 EP´1

0 F
˘

(4.95)

`

n´1
ÿ

k“1

n´ k

2

´

trace
´

`

I ´ ΩkΩHk
˘´1

Uk
`

I ´ ΩHk Ωk
˘´1

V Hk

¯

` trace
´

`

I ´ ΩkΩHk
˘´1

Vk
`

I ´ ΩHk Ωk
˘´1

UHk

¯¯

.

The squared norm on the space H``N ˆ SDn´1
N is therefore a weighted sum of the norm defined on H`N in Equation

(4.45) and of pn´ 1q times the norm defined on SDN in Equation (4.70).
Hence, we have @E P HN ,@P0 P H`N ,@U1, . . . , Un´1 P CNˆN ,@Ω1, . . . ,Ωn´1 P SDN :

‖pE,U1, . . . , Un´1q‖2
pP0,Ω1,...,Ωn´1q

“n trace
`

P´1
0 EP´1

0 E
˘

(4.96)

`

n´1
ÿ

k“1

pn´ kq trace
´

`

I ´ ΩkΩHk
˘´1

Uk
`

I ´ ΩHk Ωk
˘´1

UHk

¯

.

We can obtain an isometry on the product manifold H``N ˆ SDn´1
N by taking the product of the isometry on H``N

defined in Equation (4.46) and of pn´ 1q isometries on the Siegel disk (4.71).
The Riemannian logarithm map of the product manifold H``N ˆ SDn´1

N is the product of the logarithm map of the
manifold H``N presented in Equation (4.48) and of pn´ 1q logarithm maps of the manifold SDN presented in Equation
(4.77). If we denote logH``N

the logarithm map defined on H``N in Equation (4.48):

logH``N
pP0,1, P0,2q “ P

1{2
0,1 log

´

P
´1{2
0,1 P0,2A

´1{2
¯

P
1{2
0,1 @P0,1, P0,2 P H`N , (4.97)

and if we denote logSDN the logarithm map defined on SDN in Equation (4.77) :

logSDN pΩk,1,Ωk,2q

“
`

I ´ Ωk,1ΩHk,1
˘1{2

V
1

k

`

I ´ ΩHk,1Ωk,1
˘1{2

(4.98)
»

—

–

V
1

k “ arctanh pXkqX
´1
k Ψ

1

k where Xk “

´

Ψ
1

kΨ
1 H
k

¯1{2

Ψ
1

k “

´

I ´ Ωk,1ΩHk,1

¯´1{2

pΩk,2 ´ Ωk,1q
´

I ´ ΩHk,1Ωk,2

¯´1 ´

I ´ ΩHk,1Ωk,1

¯1{2

then we have, @P0,1, P0,2 P H`N ,@Ω1,1, ...,Ωn´1,1,Ω1,2, ...,Ωn´1,2 P SDN :

logH``N ˆSDn´1
N

ppP0,1,Ω1,1, ...,Ωn´1,1q , pP0,2,Ω1,2, ...,Ωn´1,2qq

“

´

logH``N
pP0,1, P0,2q , logSDN pΩ1,1,Ω1,2q , . . . , logSDN pΩn´1,1,Ωn´1,2q

¯

. (4.99)

The Riemannian exponential map of the product manifold H``N ˆ SDn´1
N is also the product of the exponential map

of the manifold H``N presented in Equation (4.49) and of pn´ 1q exponential maps of the manifold SDN presented in
Equation (4.85).

If we denote by expH``N
the exponential map defined on H`N in Equation (4.49):

expH``N
pP0, V0q “ P

1{2
0 exp

´

P
´1{2
0 V0P

´1{2
0

¯

P
1{2
0 @P0 P H`N ,@V0 P HN , (4.100)

and if we denote by expSDN the exponential map defined on SDN in Equation (4.85):

expSDN pΩk, Vkq “
`

I ´ ΩkΩHk
˘´1{2

´

Ψ
1

k ` Ωk

¯´

I ` ΩHk Ψ
1

k

¯´1
`

I ´ ΩHk Ωk
˘1{2

(4.101)
»

–

Ψ
1

k “ tanh pYkqY
´1
k V

1

k where Yk “
´

V
1

kV
1 H
k

¯1{2

V
1

k “
`

I ´ ΩkΩHk
˘´1{2

Vk
`

I ´ ΩHk Ωk
˘´1{2

then we have, @P0 P H`N ,@V0 P HN ,@Ω1, ...,Ωn´1 P SDN ,@V1, ..., Vn´1 P CNˆN :
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expH``N ˆSDn´1
N

ppP0,Ω1, ...,Ωn´1q , pV0, V1, ..., Vn´1qq

“

´

expH``N
pP0, V0q , expSDN pΩ1, V1q , . . . , expSDN pΩn´1, Vn´1q

¯

. (4.102)

The geodesics of the product manifold H``N ˆ SDn´1
N are also the product of the geodesics of the manifold H``N

presented in Equation (4.50) and of pn´ 1q geodesics of the manifold SDN presented in Equation (4.86):

ζH``N ˆSDn´1
N

pt, pP0,Ω1, ...,Ωn´1q , pV0, V1, ..., Vn´1qq

“ expH``N ˆSDn´1
N

ppP0,Ω1, ...,Ωn´1q , ptV0, tV1, ..., tVn´1qq (4.103)

“

´

expH``N
pP0, tV0q , expSDN pΩ1, tV1q , . . . , expSDN pΩn´1, tVn´1q

¯

.

Let us now study the sectional curvature K of the product manifold H``N ˆ SDn´1
N . We recall that the manifold

H``N has a sectional curvature bounded between ´1 and 0 (4.63). According to Equation (4.88), the Siegel manifold
SDN has a sectional curvature bounded between ´4 and 0. We also recall that when we multiply the metric ds2 of a
manifold by a constant c, its curvature is divided by c. The Riemannian manifold H``N ˆ SDn´1

N is therefore the product
of a manifold of curvature bounded between ´1 and 0 and of pn´ 1q manifolds whose respective curvature are bounded
between ´4{ pn´ kq and 0 for k ranging from 1 to pn´ 1q. We can then have a bounding of the sectional curvature of
the product manifold H``N ˆ SDn´1

N using Lemma 1 proved in [82].

Property 24. The sectional curvature of the manifold H``N ˆ SDn´1
N is bounded between ´4 and 0:

´4 ď K ď 0. (4.104)

Proof. The property is true according to Lemma 1 since all the manifolds constituting the product manifold H``N ˆSDn´1
N

have a sectional curvature bounded between ´4 and 0.

We showed in Chapter 2 that complex stationary centered Gaussian autoregressive time series can be represented in
the space R˚`ˆDn´1 for one-dimensional time series and in the space H``N ˆSDn´1

n for multidimensional time series. In
Chapter 3, nous we endowed these spaces with a product Riemannian metric. In Chapter 4, we have given mathematical
tools to perform operations in the Riemannian product manifolds constructed in Chapter 3: we have given the explicit
expression of the distance, of the scalar product, of the norm, of an isometry, of the Riemannian logarithm map, of the
Riemannian exponential map and finally we gave a bounding of the sectional curvature. Thanks to these tools, we will be
able to rewrite some classical Machine Learning algorithms so that they respect the Riemannian manifold structure of the
data studied here. This work is the subject of Chapter 5 and of the Python package geomstats [52].
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Chapter 5

Machine Learning on Riemannian manifolds

In this chapter, some classical machine learning algorithms are generalized to Riemannian manifolds. Indeed, most
machine learning algorithms are designed to work on Euclidean data. We can then use all the operations defined on
vector spaces: we can add and subtract two elements, we can multiply and divide an element by a scalar... The squared
Euclidean distance between the pointsA “ pa1, . . . , anq andB “ pb1, . . . , bnq is given by: d2 pA,Bq “

řn
i“1 pbi ´ aiq

2.
The mean of the points px1, . . . , xN q is defined by: x “ 1

N

řN
i“1 xi. All these operations are available in a Euclidean

space but they are not defined in a Riemannian manifold in general. To classify data on Riemannian manifolds, we will
therefore generalize machine learning algorithms designed for Euclidean data so that they can work on any Riemannian
manifold. Machine learning algorithms operating in Riemannian manifolds use geometric tools such as the distance, the
scalar product, the Riemannian logarithm map, the Riemannian exponential map... Some of the codes of the algorithms
presented here are available on the public Python package about machine learning on Riemannian manifolds named
geomstats [52].

We start by defining the notion of mean over a Riemannian manifold in Section 5.1. In Section 5.2, we will present an
algorithm named Tangent PCA (TPCA) which generalizes the PCA to Riemannian manifolds. This algorithm will be used
in the application chapters to visualize the data in two dimensions. In Section 5.3 we present supervised classification
algorithms. In Section 5.4 we present unsupervised classification algorithms.
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5.1 Riemannian means
We start by defining the notion of p-mean in Section 5.1.1. The p-mean is defined as the set of minimizers of a certain
function. When p “ 2, the p-mean is called the mean. This definition of the Riemannian mean generalizes the definition
of Euclidean mean to Riemannian manifolds. We will study the notion of Riemannian mean in Section 5.1.2.

5.1.1 The Riemannian p-mean
The p-mean of a dataset pxiqi“1,...,N is defined as the set of minimizers of the function:

Hp : x ÞÑ
1

N

N
ÿ

i“1

dpx, xiq
p. (5.1)
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This function is defined for the more general case of probability distributions on the manifold M in [6].
For p Ps0, 1r, there are several local minimizers of the function g in general. A clustering algorithm named the

p-mean-shift algorithm based an the non-uniqueness of the p-mean for p ă 1 was presented in [20].
A Hadamard manifold is a Riemannian manifold that is complete, simply connected and has everywhere non-positive

sectional curvature. For p P r1,`8r, the function g has a unique global minimizer ep in Hadamard manifolds [82], [6].
The existence and uniqueness of the Riemannian p-mean has also been studied by Xavier Pennec in [58]. The expression
of the p-mean does not have an explicit formula in general.

In the following, we assume that the manifold studied is a Hadamard manifold. When p ě 1, the p-mean can be
approximated by performing a gradient descent on the function Hp given in Equation (5.1).

When p ą 1, the gradient of the function Hp is given by the function Gp defined as follows:

Gp pxq “ ´
p

N

N
ÿ

i“1

dp´2 px, xiq logx pxiq , @p ą 1. (5.2)

Note that the computation of the gradient Gp of the fonction Hp involves the Riemannian logarithm map.
When p “ 1, the gradient of the function H1 pxq “

1
N

řN
i“1 d px, xiq is not defined at points px1, . . . , xN q.

We then define the function:

G1pxq “ ´
ÿ

1ďiďN |xi‰x

logxpxiq

d px, xiq
. (5.3)

The vector G1pxq is a subgradient of H1 at x [6].

Algorithm 6 The p-mean approximation by gradient descent
Input: x1, . . . , xN PM
µ0 “ x1

µ1 “ expµ0
p´t1Gp pµ0qq

k “ 1
while k ď Kmax and d pµk, µk´1q ě ε do
µk`1 “ expµk p´tk`1Gp pµkqq
k “ k ` 1

end while
return The coefficient µn obtained during the last iteration.

A gradient descent used to approximate the p-mean is described in Algorithm 6. We denote tk the step size used in the
gradient descent in Algorithm 6. Under certain conditions, it is proved in [6] that the agorithm 6 converges to the p-mean
ep when limkÑ8 tk “ 0 and that

ř8

k“1 tk “ 8.

Algorithm 7 The stochastic p-mean approximation
Input: x1, . . . , xN PM
µ0 “ x1

Randomly choose uniformly i P J2, NK
µ1 “ expµ0

´

t1 p d pµ0, xiq
p´2

logµ0
pxiq

¯

for k “ 1 to n do
Randomly choose uniformly i P J1, NK
µk`1 “ expµk

´

tk`1 p d pµk, xiq
p´2

logµk pxiq
¯

end for
return The coefficient µn obtained during the last iteration.

A stochastic method to approximate the p-mean is presented in Algorithm 7. We note again tk the size of the steps
used in this algorithm. When p P r1, 2r, the value of the product d pµk, xiq

p´2
logµk pxiq is not defined when µk “ xi,

we consider this product to be equal to zero by convention. Under certain conditions, it is proved in [6] that the agorithm
7 converges to the p-mean ep when

ř8

k“1 tk “ 8 and that
ř8

k“1 t
2
k ă 8. We frequently choose tk “ 1

k`1 for all k ě 1.
The p-mean has specific names for p “ 1, 2: e1 is called the median and e2 is called the mean. We will detail the

special case of the mean in next section.
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5.1.2 The Riemannian mean
We define the Riemannian mean as the p-mean defined in the previous section with p “ 2. The mean of a dataset
pxiqi“1,...,N is therefore the set of minimizers of the function:

H2pxq “
N
ÿ

i“1

d2px, xiq.

The gradient of this function has for expression:

G2 pxq “ ´2
N
ÿ

i“1

logx pxiq . (5.4)

In Algorithm 6, the p-mean is approximated using a gradient descent. This algorithm therefore becomes Algorithm 8
when p “ 2.

Algorithm 8 The mean approximation by gradient descent
Input: x1, . . . , xN PM
µ0 “ x1

µ1 “ expµ0

´

2t1
řN
i“1 logµ0

pxiq
¯

k “ 1
while k ď Kmax and d pµk, µk´1q ě ε do
µk`1 “ expµk

´

2tk`1

řN
i“1 logµk pxiq

¯

k “ k ` 1
end while
return The coefficient µn obtained during the last iteration.

Algorithm 7 which estimates the p-mean using a stochastic method becomes Algorithm 9 when p “ 2.

Algorithm 9 The stochastic mean approximation
Input: x1, . . . , xN PM
µ0 “ x1

Randomly choose uniformly i P J2, NK
µ1 “ expµ0

`

t1 logµ0
pxiq

˘

for k “ 1 to n do
Randomly choose uniformly i P J1, NK
µk`1 “ expµk

`

2tk`1 logµk pxiq
˘

end for
return The coefficient µn obtained during the last iteration.

We are now interested in the particular case of product manifolds endowed with a product metric, such as the manifolds
studied in Sections 4.1.3 and 4.2.3. For product manifolds with a product metric, the expression of the squared distance
between two points A “ pa1, . . . , anq and B “ pb1, . . . , bnq on the product manifold M “M1 ˆ . . .ˆMn is the sum of
the squared distances on the manifolds M1, . . . ,Mn:

d2
M pA,Bq “

n
ÿ

i“1

d2
Mi
pai, biq . (5.5)

We denote by x the point of coordinates px1, . . . , xnq and a1, . . . , aN the points of the dataset. We denote pai,1, . . . , ai,nq
the coordinates of the point ai. Then, we have:
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H2,M pxq “
N
ÿ

i“1

d2
M px, aiq (5.6)

“

N
ÿ

i“1

n
ÿ

j“1

d2
Mj
pxj , ai,jq (5.7)

“

n
ÿ

j“1

N
ÿ

i“1

d2
Mj
pxj , ai,jq (5.8)

“

n
ÿ

j“1

H2,Mj
pxjq . (5.9)

For the product manifolds endowed with a product metric, it is therefore possible to estimate independently the mean
in each of the spaces Mi to estimate the mean M “M1 ˆ . . .ˆMn.

For example we defined in Equation (4.30) the squared distance between two Toeplitz matrices T1 and T2 as a linear
combination of squared distances between the coordinates pp0,1, µ1,1, ..., µn´1,1q and pp0,2, µ1,2, ..., µn´1,2q obtained
using the Levinson algorithm 13. Hence the coordinates can be averaged independently:

T0 ÞÑ p p0,0, µ1,0, ¨ ¨ ¨ , µn´1,0 q

...
...

...
...

Tm´1 ÞÑ p p0,m´1, µ1,m´1, ¨ ¨ ¨ , µn´1,m´1 q

Ó Ó Ó

T Ð p p0, µ1, ¨ ¨ ¨ , µn´1 q

. (5.10)

We now present an algorithm which generalizes the classical PCA to Riemannian manifolds. This algorithm will use
the Riemannian mean defined in Section 5.1.2.

5.2 A visualization tool: the TPCA
In this section the classical Euclidean Principal Componant Analysis (PCA) is generalized to Riemannian manifolds:
this algorithm is called the Tangent Principal Componant Analysis (TPCA). This method will be used in the application
chapters to visualize the data in a two-dimensional space.

The first step of the TPCA is to approximate the mean x of the dataset using Algorithm 8 or Algorithm 9 described in
Section 5.1.2.

Then we represent each point xi of the dataset by the tangent vector at the mean ÝÝÑx xi :“ logx pxiq which we renor-
malize according to the scalar product at the mean. Hence, we represent each point xi of the Riemannian manifold by a
vector in the tangent space at the mean which is a vector space and therefore suitable for Principal Components Analysis.
Finally, we perform a classical PCA on the vectors ÝÝÑx xi for i P J1, NK renormalized by the scalar product at the mean.
Interested readers may refer to [30] and [59] for more details on the TPCA.

We detail the TPCA in Algorithm 10.

Algorithm 10 The Tangent Principal Component Analysis algorithm
Input: x1, . . . , xN PM
Compute de mean µ of the dataset x1, . . . , xN .
Compute the Riemannian logarithm map ÝÝÑx xi :“ logx pxiq @i P J1, NK
Define the renormalized vectors Ą

ÝÝÑx xi renormalizing the vector ÝÝÑx xi using the scalar product matrix at the mean Pµ the
following way : Ą

ÝÝÑx xi “ P
1{2
µ
ÝÝÑx xi @i P J1, NK.

Define the empirical covariance matrix S “ 1
N

N
ř

i“1

Ą

ÝÝÑx xi ĄÝÝÑx xi
H

.

Compute the eigenvalues λ1, . . . , λn and the associated eigenvectors v1, . . . , vn. The eigenvalues are sorted from the
largest to the smallest. As the matrix S is an HPD matrix in general when the number of points N is largest than the
dimension n, the eigenvalues are positive reals and the basis pv1, . . . , vnq is orthonormal.
return Project the vectors Ą

ÝÝÑx xi on the basis vectors pv1, . . . , vkq using the standard scalar product, where k denotes
the number of principal components desired.
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5.3 Supervised algorithms
In this section, we present supervised classification algorithms that work in Riemannian manifolds. For each algorithm,
we will specify the necessary geometric tools of the manifold (distance, scalar product, Riemannian logarithm map,
Riemannian exponential map...).

5.3.1 The K-Nearest Neighbors
The k-Nearest Neighbors (KNN) classifier principle is quite simple: each point of the target dataset is labeled according
to the k nearest points of the training set, i.e. a majority vote is performed on their labels. The number k of neighbors
to be taken into account is a parameter of the algorithm chosen by the user. The output of this classification algorithm
can also be a probabilistic result: for each point of the testing dataset, we give a vector whose coefficients indicate the
probability of each label. The probability of each label will be equal to the number of points in the training dataset of the
corresponding label among the k nearest neighbors of the point to be labeled. We just need to have an explicit expression
of the distance between two points to be able to use this algorithm on a manifold. For each point to label, we have to
evaluate n distances where n represents the number of points in the training dataset, then we have to sort these distances in
ascending order which is done in O pn log pnqq operations. The complexity of this algorithm is therefore in O pn log pnqq
with respect to the number n of points of the training dataset.

5.3.2 The Kernel Density Estimation Classifier
To label a point x using the Kernel Density Estimation Classifier, we estimate the density distribution of each label of the
training dataset at the point x. The point x is then labeled according to the label having the greatest density at the point x.
This algorithm is studied in [48].

To estimate the density distribution of each label, we use a kernel function K. There are many possible kernel
functions Ks. The parameter s is a scale parameter affecting the size of the kernel. We now give some examples of kernel
functions. The following function is named the Gaussian radial kernel:

Gs pxq “ exp

ˆ

´x2

2s2

˙

(5.11)

We define the uniform radial kernel function by:

Us pxq “ 1xăs (5.12)

We define the triangular radial kernel function by:

Ts pxq “
´

1´
x

s

¯

1 x
să1 (5.13)

We define the parabolic radial kernel function by:

Ps pxq “

ˆ

1´
´x

s

¯2
˙

1 x
să1 (5.14)

We define the cosine radial kernel function by:

Cs pxq “ cos
´π

2

´x

s

¯¯

1 x
să1 (5.15)

We define the sigmoid radial kernel function by:

Ss pxq “
1

exp
`

x
s

˘

` exp
`

´x
s

˘1 x
să1 (5.16)

We define the bump radial kernel function by:

Bs pxq “ exp

˜

´1

1´
`

x
s

˘2

¸

1 x
să1 (5.17)

A few other kernel functions are described on the Python package geomstats [52].
Let x be a point to label. We denote by Li the label i and xi,1, . . . , xi,ni the ni points of the training dataset associated

with the label i. We start by choosing a kernel function K and a kernel size s. We then estimate the density Di of each
label Li at the point x:

Di pxq “
ni
ÿ

j“1

Ks pd px, xi,jqq . (5.18)
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The point x is then labeled according to the label Li having the greatest density Di at the point x. The output of this
algorithm can also be a vector whose coefficient ci represents the probability that the point x is associated with the label
Li. We then have: ci “ Di pxq {

ř

j Dj pxq.
To use this algorithm, it suffices to have an explicit expression of the distance on the manifold M considered.
To label the point x, this algorithm computes the distance between the point x and the n points of the training dataset.

The complexity of this algorithm is therefore O pnq, where n is the number of points of the training dataset.

5.3.3 The Nearest Centroid Classifier
To use the Nearest Centroid Classifier, we first approximate the mean µi of each label Li of the training dataset. The target
point x is then labelled according to the label Li of the closest mean µi. This algorithm can also be called the Minimum
Distance to Mean. It is a supervised version of the clustering algorithm named k-means.

To approximate the mean µi of each label Li of the training dataset, we can use algorithms 8 and 9 presented in
Section 5.1.2. We recall that these mean approximation algorithms use the Riemannian logarithm map and the Riemannian
exponential map. They have a linear complexity with respect to the number of points to be averaged. If we denote by ni
the number of points in the training dataset associated with the label Li and if we denote by n the total number of points
of the training dataset, we have n “

ř

i ni. The estimation of the means µi therefore has a linear complexity, i.e. in O pnq
with respect to the number n of points of the training dataset.

Once the averaging step has been completed, each point x is classified according to the label corresponding to the
nearest mean µi. When the number l of different labels is small, this prediction is then very fast: it suffices to evaluate the
distances d px, µiq for i P J1, lK. We label the point x according to the label Li corresponding to the minimum distance
d px, µiq obtained. This step is done in O plq operations, where l is the number of distinct labels.

To use the Nearest Centroid Classifier algorithm, it is therefore sufficient to have an explicit expression of the distance,
the Riemannian logarithm map and the Riemannian exponential map of the studied manifold M . The averaging step is
done inO pnq operations, where n is the number of points in the training dataset. Then the labeling of each new data point
x is done inO plq operations, where l is the number of distinct labels. This algorithm is therefore extremely efficient when
we have a large number of points to label and when each label in the training dataset is well represented by its mean.

We will now present unsupervised classification algorithms. These algorithms are used to group spatially close points
into clusters, they can be used to structure unlabeled data.

5.4 Unsupervised algorithms
In this section, we will present unsupervised classification algorithms operating on Riemannian manifolds. For each
algorithm, we will specify the mathematical tools on which it is based. We will also give the complexity of each algorithm
with respect to the number of points of the dataset.

We will present the HAC algorithm in Section 5.4.1, we will present the mean-shift algorithm in Section 5.4.2 and
the k-means algorithm will be presented in Section 5.4.3. Finally we present in Section 5.4.4 a method called silhouette
which allows to measure and visualize the degree of separation between the clusters given by a clustering algorithm. This
tool can help to choose the number of clusters of an unsupervised algorithm.

5.4.1 The Hierarchical Agglomerative Clustering
The Hierarchical Agglomerative Clustering (HAC) works as follows: at the initial state, each point corresponds to a
cluster. Then, until the desired number of cluster is reached, merge the two closest clusters. To do this, we need to define
a measure of dissimilarity between clusters, i.e. a measure of dissimilarity between two sets of data. For example, we
can define the dissimilarity between two clusters c1 “ pc1,1, . . . , c1,n1

q and c2 “ pc2,1, . . . , c2,n2
q as the average distance

between a point belonging to c1 and a point belonging to c2:

daverage pc1, c2q “
1

n1n2

ÿ

1ďiďc1
1ďjďc2

d pc1,i, c2,jq . (5.19)

We can also define the dissimilarity between two clusters as being the minimum distance between a point of the cluster
c1 and a point of the cluster c2:

dsingle pc1, c2q “ min
1ďiďc1
1ďjďc2

d pc1,i, c2,jq . (5.20)

Note that the dissimilarity dsingle is not a mathematical distance on the set of clusters since it is not separated and
does not verify the triangular inequality.
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It is also possible to define the dissimilarity between two clusters as being the maximum distance between a point of
the cluster c1 and a point of the cluster c2:

dcomplete pc1, c2q “ max
1ďiďc1
1ďjďc2

d pc1,i, c2,jq . (5.21)

Algorithm 11 The Hierarchical Agglomerative Clustering
Initialization:
Each point represents a cluster.
Choose a distance between clusters, for example the distance daverage presented in Equation (5.19), the distance dsingle
presented in Equation (5.20) or the distance dcomplete presented in Equation (5.21).
while The number of clusters is greater than the desired number of clusters do

Merge the two closest clusters according to the distance chosen previously. They now form a new cluster. The
number of cluster decrease by one at each loop.

end while
return Each point is labeled according to its final cluster.

The HAC algorithm is described in Algorithm 11. There exist a graphic named dendrogram which can be used to
visualize the clusters being merged. A dendrogram looks like a reversed tree which leafs represent the data to cluster. The
vertical axis represents the distance at which two clusters are from each other when they are merged. The leaves of the
tree represents the initial data, are therefore represented at zero height. Then we see the clusters merging with each other
as we rise along the y-axis until we reach the root at the very top: the height of the root represents the distance between
the last two clusters to be merged.

Once an clustering is obtained using the HAC algorithm, we can assign a new data point to an already existing cluster:
the points will be assigned to the closest cluster with respect to the average dissimilarity measure between clusters (5.19),
the single dissimilarity measure (5.20) or the complete dissimilarity measure (5.21), the new data point being considered
as a cluster with one element. We usually use the same cluster dissimilarity measure to assign a new data point to an
already existing cluster than the dissimilarity measure initialy used to create the clusters in the HAC algorithm.

Note that it suffices to have the explicit expression of the distance between two points of the manifold M to be able
to use the HAC algorithm. When we merge the first two clusters in the first iteration, we need to compute n pn´ 1q {2
distances, where n is the number of points in the dataset. At each iteration of the algorithm, we recompute the distances
involving the clusters that have been modified in the previous iteration and we keep in memory the distances that have not
been modified. Whether we use the average, the single or the complete dissimilarity measure, we can use the dissimilari-
ties computed previously for the clusters ci and cj to compute easily the dissimilarities from the new cluster c “ ciYcj to
the other clusters. Finally, the complexity of the HAC algorithm when one of these three dissimilarity measures (average,
single or complete) is used is in O

`

n2
˘

, where n denotes the number of points in the dataset.

5.4.2 The mean-shift
The mean-shift algorithm works as follows: each point xi of the dataset x1, . . . , xn is associated with a point pi initially
placed in xi which moves along a gradient ascent of the estimated density function of the dataset x1, . . . , xn.

In the mean-shift algorithm, we use a kernel function K (of size s) to define a function D estimating the density of
the dataset pxiqi“,...,N :

Dpxq “
1

N

N
ÿ

i“1

Ks pd px, xiqq (5.22)

where dpx, xiq represents the distance between x and xi. Several examples of kernel functions have been presented in
Section 5.3.2. A kernel function taking into account the curvature of the manifold is described in [48].

The gradient of the function D is givent by:

gradxD p¨q “ ´
1

N

N
ÿ

i“1

K 1s pd px, xiqq
logx pxiq

d px, xiq
(5.23)

as the gradient of the function d px, yq is:

gradx d p¨, yq “ ´
logx pyq

d px, yq
. (5.24)

To move along the gradient defined in Equation (5.23), we set pi,0 “ xi and we build by reccurence:

pi,j`1 “ exp
´

tj`1 gradpi,j D p¨q
¯

, (5.25)

75



where tj`1 represents the step size used in iteration j ` 1.
Each sequence of points pi,j will tend towards a local maximum of the density function estimated by the function

D when j Ñ 8. The points xi are then grouped according to the local maximum of the density where the points pi
have arrived: all the points xi whose points pi have reached the same maximum are grouped together in the same cluster.
The larger the scale parameter s of the kernel function K, the more regular the estimated density function will be. The
estimated density function will therefore have fewer local maxima, so the mean-shift algorithm will give fewer clusters.
The mean-shift algorithm has been adapted to the Siegel metric described in Section 4.2.2.2 in [22], [12].

According to Equations (5.23) and (5.25), it suffice to have an explicit expression of the distance function, of the
Riemannian logarithm map and of the Riemannian exponential map of the manifold M to use the mean-shift algorithm.

We now study the complexity of the mean-shift algorithm. For each point xi of the n points of the dataset, we associate
a point pi which moves along the gradient defined in Equation (5.23). To compute this gradient in iteration j, we compute
the distance between the point pi,j and each of the n points of the dataset. The complexity of the mean-shift algorithm is
therefore quadratic with respect to the number of points of the dataset.

5.4.3 The k-means
The k-means algorithm is an algorithm based on the mean. We describe the k-means algorithm in Algorithm 12.

Algorithm 12 k-means algorithm for k clusters
Initialization:
Pick randomly k points in the dataset. They now represent the barycenters of each cluster.
for i = 1 to loop number do

Assign each point of the dataset to the closest barycenter.
Compute the new barycenter of each cluster.

end for
return Each point is labeled according to the closest barycenter.

We denote by k the number of clusters of the k-means algorithm and we denote by pxi,1, . . . , xi,niq the ni points of
cluster i, for all i P J1, kK. We denote by µi the mean of the cluster i. The proof of the convergence of the algorithm is
done by noting that the sum:

S “
k
ÿ

i“1

ni
ÿ

j“1

d2 pµi, xi,jq (5.26)

strictly decreases at each iteration of the algorithm. Depending on the initial values, the k-means algorithm can
converge toward several different final states. It is therefore usual to restart the k-means algorithm several times with
different initial cluster centers, then to compare the final states obtained. When different realizations of the k-means
algorithm give several different final results, the value of the sum S obtained during the last iteration can be a criterion
for choosing among the different final states: the smaller the value of the sum S is, the more interesting is the clustering
obtained.

Once the k-means algorithm has been performed on a dataset, we can assign a new data point to an already existing
cluster for a low computational cost: the new data point will be assigned to the cluster having the closest barycenter. An
other version of the k-means called oneline k-means can be used when we expect the data points to be received one by
one. The oneline k-means algorithm is available on the Python package geomstats [52].

Let us study the mathematical tools useful to use the k-means algorithm. At each iteration of the k-means algorithm,
we use the definition of the distance on the manifold M to assign each point to the nearest barycenter. Then, we approx-
imate the mean of the new barycenter. The algorithms 8 and 9 described in Section 5.1.2 approximate the position of
the mean of a dataset using the Riemannian logarithm map and the Riemannian exponential map of the manifold M . To
use the k-means algorithm on a Riemannian manifold M , it is therefore sufficient to have the explicit expression of the
distance, of the Riemannian logarithm map and of the Riemannian exponential map on the manifold M .

Finally, we study the k-means algorithm complexity. At each iteration of the k-means algorithm, we compute the
distance between each point and each barycenter in order to determine if a point should stay in its current cluster or be
assigned to another cluster. This is done in O pknq operations, where k is the number of clusters and n is the number of
points of the dataset. Then, we approximate the mean of each of the newly formed clusters. This step is done in O pnq
operations. For a fixed number k of clusters and a fixed number of iterations, the complexity of the k-means algorithm is
therefore linear with respect to the number of points of the dataset.

5.4.4 Silhouette
One of the challenges of clustering is to choose a meaningful number of clusters k. We now introduce a tool to guide us
in the choice of the number of clusters k.
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We now define the silhouette spxq of a point x. Take any point x in the data set, and denote by A the cluster to which
it has been assigned. If A contains only one point x, we set spxq “ 0 as a neutral choice. When cluster A contains other
points apart from x, we define:

apxq “ minyPAztxudpx, yq (5.27)

Let us now consider a cluster C different from A, and define:

cpxq “ minyPCdpx, yq. (5.28)

After computing cpxq for all clusters C different from A, we select the smallest of those numbers, and denote it by:

bpxq “ minC‰Acpxq. (5.29)

The value bpxq represents how far x is from the cluster that would have been the second best choice for x.
Hence we have:

bpxq “ minyRAdpx, yq. (5.30)

The silhouette number spxq is then computed as follows:

spxq “
bpxq ´ apxq

maxpapxq, bpxqq
. (5.31)

The silhouette measures how much x is closer from the cluster A than the cluster that would have been the second
best choice for x.

We always have ´1 ď spxq ď 1.
The silhouette gives indications about the shape of the clusters given by the classification algorithm. Clusters with

small radius far from the other clusters will give silhouette values close to 1.
However, the silhouette does not give any information about the performance of the clustering agorithm. Most of the

time, if the clusters overlap, a perfect classification using the true labels (if they are known) will give a worst silhouette
than the k-means clustering. Moreover, well separated clusters with non-spherical interlaced shapes can also have a low
mean silhouette value.

When the clusters do not overlap, the average silhouette value can by used as a criterion to determine the number of
clusters: we classify the data with different number of clusters and keep the classification giving the best mean silhouette
value.

The silhouette is used in [17] on simulated radar clutter which was simulated using the model presented in Section 6.1.
Interested readers can read [69] for a reference about the silhouette construction, and [22] for another radar application.

The algorithms presented in Chapter 5 will be applied in Chapters 6, 7, 8 and 9 to classify complex stationary centered
Gaussian autoregressive time series. Among others, we will represent the unidimensional time series in the Riemannian
manifold R`` ˆ Dn´1 presented in Section 4.1.3 and the multidimensional time series in the Riemannian manifold
H``N ˆ SDn´1

N presented in Section 4.2.3. To be able to use the classification algorithms presented in Chapter 5, we will
therefore use mathematical tools presented in Chapter 4 such as the distance, the scalar product, the Riemannian logarithm
map and the Riemannian exponential map of the manifolds R`` ˆ Dn´1 and H``N ˆ SDn´1

N .
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Chapter 6

Application to simulated unidimensional
stationary centered Gaussian autoregressive
time series classification

In this chapter, we will simulate complex one-dimensional stationary centered Gaussian autoregressive time series. The
simulated time series therefore correspond to the modeling hypotheses of Section 2.1. We have seen that these time
series can be represented by the power spectral density function S, by the autocorrelation coefficients pr0, r1, . . . , rn´1q

associated with the Toeplitz HPD autocorrelation matrixR, or by the coefficients pp0, µ1, . . . , µn´1qwhere the coefficient
p0 “ r0 is the mean quadratic power coefficient and the coefficients pµ1, . . . , µn´1q are called coefficients reflection. In
the particular case of signals whose power spectral density S has a Gaussian shape of power P , mean m and variance σ2,
that is to say:

Sf pξq “ P
1

?
2πσ2

e´
pξ´mq2

2σ2 , (6.1)

the theoretical autocorrelation coefficients are:

rk “ Rf pkq “ Pei2πmke´2π2σ2k2

@k ě 1 (6.2)

and the theoretical reflection coefficients are:

µk “ p´1qkei2πmke´2π2σ2k @k ě 1. (6.3)

This property presented in Sections 1.4.1 and 2.1 is proven in Appendix B.
In Section 6.1, we present a simulation model of complex one-dimensional stationary centered Gaussian autoregres-

sive time series based on the Toeplitz autocorrelation matrix R. In Section 6.2, we use Equation (6.2) and the simulation
model presented in Section 6.1 to simulate two datasets. The first dataset will consist of simulated time series having a
theoretical spectrum of Gaussian shape of power P , of mean m1 and of variance σ2, the second dataset will consist of
simulated time series having a theoretical spectrum of Gaussian shape of power P , of mean m2 ‰ m1 and of variance σ2.
For each simulated time series, we will then use the regularized Burg algorithm 17 detailed in Appendix C to estimate the
theoretical coefficients pp0, µ1, . . . , µn´1q from the simulated time series.

Finally, we perform the supervised classification of the simulated time series in Section 6.3. Each of the two datasets is
slited into a training dataset and a testing dataset. To perform the classification, we will use the nearest centroid classifier
algorithm presented in Section 5.3.3 on different representation spaces.
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6.1 Simulation model
We have seen in Section 2.1 that the complex one-dimensional stationary centered Gaussian autoregressive time series
can be considered as realizations of multidimensional circularly-symmetric central complex normal distributions whose
covariance matrix R is Toeplitz:

R “

»

—

—

—

—

—

–

r0 r˚1 r˚2 . . . r˚n´1

r1 r0 r˚1 . . . r˚n´2

r2 r1 r0 . . . r˚n´3
...

...
...

. . .
...

rn´1 rn´2 rn´3 . . . r0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (6.4)

A stationary time series with a correlation matrix R can therefore be simulated using the equation:

Z “ R1{2X (6.5)

with:

R: the autocorrelation matrix (Toeplitz Hermitian Positive Definite).

X: a standard complex Gaussian random vector whose dimension is equal to the length of the time series.

We now use the simulation model presented in Equation (6.5) to simulate the data to be classified.

6.2 Simulated dataset
We simulate two datasets of 200 time series each. The first dataset consists of simulated time series having a theoretical
spectrum of Gaussian shape of power P1 “ 1, of mean m1 “ 0.1 and of variance σ2

1 “ 0.05. The second dataset consists
of simulated time series having a theoretical spectrum of Gaussian shape of power P2 “ 1, of mean m2 “ ´0.1 ‰ m1

and of variance σ2
2 “ 0.05. The length of each simulated time series is 20.

We simulate the two datasets using the simulation model presented in Equation (6.5):

Z “ R1{2X. (6.6)

To simulate the 200 vectors of the first dataset, we use the Toeplitz correlation matrix R1 whose coefficients are
obtained using Equation (6.2):

rk “ Rf pkq “ Pei2πmke´2π2σ2k2

@k ě 1

by noting P “ P1 “ 1, m “ m1 “ 0.1 and σ2 “ σ2
1 “ 0.05.

The coefficients of the Toeplitz correlation matrix R2 used to simulate the 200 vectors of the second dataset are also
obtained from Equation (6.2) by noting P “ P2 “ 1 “ P1, m “ m2 “ ´0.1 “ ´m1 and σ2 “ σ2

2 “ 0.05 “ σ2
1 .

Each of these two datasets is then splited into a training dataset consisting of 100 time series and a testing dataset
consisting of 100 time series.

We now present tools to visualize and classify the time series simulated in this section.

6.3 Classification
In this section, we present several methods to visualize and classify the time series simulated in the previous section.
Whatever method is used to represent the signals, they are classified using the nearest centroid classifier algorithm pre-
sented in Section 5.3.3. For each classification method presented, we start by visualizing the whole simulated dataset as
well as the theoretical positions associated with the correlation matrices R0 and R1 used to simulate the time series. These
theoretical elements are only used to view the dataset, they are not used for classification. The nearest centroid classifier
algorithm is then performed on the simulated dataset. We present the Tangent PCA (or the PCA) of the classification
result on the testing dataset and we present the corresponding confusion matrix.

We start by presenting three Euclidean methods to represent the simulated time series based on their spectral estima-
tion: we will use the squared modulus of the FFT, the periodogram and the Capon spectra. For each of these three spectral
representation methods, we will study the spectra in standard scale and in logarithmic scale (dB).

For each spectral estimator (FFT square modulus, periodograms, Capon spectra) and for each scale (standard and
logarithmic), we will present four figures. The first figure represents the estimated spectra for each simulated signal. We
also represent the theoretical spectra computed from the coefficients used to simulate the time series. The second figure
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represents the PCA on the estimated spectra. The nearest centroid classifier algorithm is then performed on the spectra.
The third figure represents the PCA of the classification result obtained. Finally, the fourth figure represents the confusion
matrix of the classification obtained.

We then present a classification method based on the estimation of the Toeplitz autocorrelation matrix R of each
simulated time series. We compare the classification results of the obtained using the Euclidean metric on the estimated
HPD autocorrelation matrices R P H`n or the information geometry metric presented in Section 4.2.1.

Finally, we present a classification method based on the estimation of the coefficients pp0, µ1, . . . , µn´1q P R˚` ˆ
Dn´1. We compare the results of the classification obtained using the Euclidean metric on the space R˚` ˆ Dn´1 or the
metric inspired by information geometry presented in Section 4.1.3.

6.3.1 The FFT square modulus
In this section, we represent the time series simulated in Section 6.2 by the squared modulus of their FFTs. We first
present the spectra obtained in standard scale then in logarithmic scale (dB).

We recall that for each time series u, the FFT f is defined by the equation:

f “
1
?
n
Wu, with: (6.7)

f :“ rf0, . . . , fn´1s
T (6.8)

u “ ru0, . . . , un´1s
T (6.9)

Wk,l “ wkl,where w “ e´
i2π
n . (6.10)

Hence, the squared modulus of the FFT for the reduced frequency fk “ k{N of a time series of length N has the
expression:

pS

ˆ

k

N

˙

“
1

N

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

upnqe´i2πn
k
N

ˇ

ˇ

ˇ

ˇ

ˇ

2

. (6.11)

It is therefore an estimator for the frequencies fk “ k{N of the power spectral density defined by:

S pfq “
`8
ÿ

m“´8

rme
´i2πmf “ lim

NÑ`8
E

»

–

1

N

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

upnqe´i2πnf

ˇ

ˇ

ˇ

ˇ

ˇ

2
fi

fl (6.12)

with rm “ E rupn`mqupnq˚s.
We also recall the definition of the periodogram:

pSper pfq “
1

N

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

upnqe´i2πnf

ˇ

ˇ

ˇ

ˇ

ˇ

2

. (6.13)

The periodogram therefore coincides with the squared modulus of the FFT for frequencies of the form fk “ k{N .
The periodogram is also defined by:

pSper pfq “
N´1
ÿ

m“´pN´1q

prpmqe´i2πmf . (6.14)

with:

prpmq “
1

N

N´m´1
ÿ

k“0

upk `mqupkq˚. (6.15)

We will use this second equation to compute the theoretical spectra associated with the autocorrelation matrices R0

and R1 by replacing the coefficients prpmq by the theoretical coefficients of the matrices R0 and R1.
We start by presenting the squared modulus of FFTs in standard scale. In Figure 6.1, we plot the squared modulus

of the estimated FFTs. The FFTs of the time series simulated with the Toeplitz autocorrelation matrix R0 are plotted in
red, the FFTs of the time series simulated with the autocorrelation matrix R1 are plotted in blue. The theoretical spectrum
associated with the matrix R0 is plotted with a thick red line, the theoretical spectrum associated with the matrix R1 s
plotted with a thick blue line. Figure 6.2 represents the PCA of the squared modulus of the FFT. Figure 6.3 represents the
PCA of the classification result using the nearest centroid classifier algorithm. Figure 6.4 represents the confusion matrix
of the classification result using the nearest centroid classifier algorithm.
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Figure 6.1: FFT square modulus spectra

Figure 6.2: PCA on the FFT square modulus spectra
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Figure 6.3: PCA of the classification result of the nearest centroid classifier on the FFT square modulus spectra

Figure 6.4: Confusion matrix of the classification result of the nearest centroid classifier on the FFT square modulus
spectra
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Figure 6.5: FFT square modulus spectra (dB)

Figure 6.6: PCA on the FFT square modulus spectra (dB)

We now present the classification of the squared modulus of the FFT in logarithmic scale. More precisely, the FFTs
are expressed in dB, i.e. the function x ÞÑ 10 ˆ log10 pxq is applied to the squared modulus of the FFT. In Figure 6.5,
we plot the squared modulus of the FFT in logarithmic scale. Figure 6.6 represents the PCA of the squared modulus of
the FFT expressed in dB. Figure 6.7 represents the PCA of the classification result obtained using the nearest centroid
classifier algorithm. Figure 6.8 represents the confusion matrix of the classification result obtained using the nearest
centroid classifier algorithm.

6.3.2 Periodograms
In this section, we represent the time series simulated in Section 6.2 by their periodograms. We first present the spectra
obtained in standard scale then in logarithmic scale (dB).

We recall the definition of the periodogram:

pSper pfq “
1

N

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

upnqe´i2πnf

ˇ

ˇ

ˇ

ˇ

ˇ

2

. (6.16)
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Figure 6.7: PCA of the classification result of the nearest centroid classifier on the FFT square modulus (dB) spectra

Figure 6.8: Confusion matrix of the classification result of the nearest centroid classifier on the FFT square modulus (dB)
spectra
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Figure 6.9: Periodograms

The periodogram is also defined by:

pSper pfq “
N´1
ÿ

m“´pN´1q

prpmqe´i2πmf . (6.17)

with:

prpmq “
1

N

N´m´1
ÿ

k“0

upk `mqupkq˚, (6.18)

We will use this second equation to compute the theoretical spectra associated with the autocorrelation matrices R0

and R1 by replacing the coefficients prpmq by the theoretical coefficients of the matrices R0 and R1.
We first present the periodograms in standard scale. In Figure 6.9, we present the spectra plotted from the peri-

odograms computed for each time series. We use 1001 points to plot the spectra: we compute the values of the function
pSper pfq for f ranging from ´0.5 to 0.5 with a step size of 0.001. To plot the PCA and classify the periodograms, we use
1000 points: we eliminate one of the two extreme values (f “ ´0.5 or f “ 0.5) since these two values always coincide
as they correspond to the same frequency. Figure 6.10 represents the PCA of the periodograms. Figure 6.11 represents
the PCA of the classification result obtained using the nearest centroid classifier algorithm. Figure 6.12 represents the
confusion matrix of the classification result obtained using the nearest centroid classifier algorithm.

We now present the periodograms in logarithmic scale (in dB). In Figure 6.13, we plot the periodograms in dB. Figure
6.14 represents the PCA of the periodograms expressed in dB. Figure 6.15 represents the PCA of the classification result
obtained using the nearest centroid classifier algorithm. Figure 6.16 represents the confusion matrix of the classification
result obtained using the nearest centroid classifier algorithm.

6.3.3 Capon spectra
In this section, we represent the time series by their Capon spectra. We first present the spectra obtained in standard scale
then in logarithmic scale (dB).

We begin by recalling the definition of Capon spectra.
We first define the autoregressive spectrum of the complex centered stationary Gaussian process u of autoregressive

coefficients an´1
1 , . . . , an´1

n´1:

S
pn´1q
AR pfq “

Pn´1
ˇ

ˇ

ˇ

ˇ

ˇ

pn´1q
ř

k“0

a
pn´1q
k e´i2πkf

ˇ

ˇ

ˇ

ˇ

ˇ

2 (6.19)

where Pn´1 P R˚` is the variance of the prediction error νn´1pkq of the linear autoregressive model presented in
Equation (2.28).

85



Figure 6.10: PCA on periodograms

Figure 6.11: PCA of the classification result of the nearest centroid classifier on the periodograms
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Figure 6.12: Confusion matrix of the classification result of the nearest centroid classifier on the periodograms

Figure 6.13: Periodograms (dB)
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Figure 6.14: PCA on periodograms (dB)

Figure 6.15: PCA of the classification result of the nearest centroid classifier on the periodograms (dB)
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Figure 6.16: Confusion matrix of the classification result of the nearest centroid classifier on the periodograms (dB)

Figure 6.17: Capon spectra

The Capon spectrum is then defined as the harmonic mean of the autoregressive spectra of orders k “ 1, . . . , n´ 1:

S
pn´1q
Caponpfq

´1
“

1

n´ 1

n´1
ÿ

k“1

S
pkq
ARpfq

´1
. (6.20)

We choose n “ 5 here. To estimate the Capon spectra of each of the simulated time series, we use the Burg algorithm
17 to compute the coefficients aji for 1 ď i ď j ď 4. To compute the theoretical spectra, we use the Levinson algorithm
13 to compute the coefficients aji for 1 ď i ď j ď 4 from the theoretical autocorrelation coefficients pr0, r1, r2, r3, r4q of
the theoretical autocorrelation matrix R used to simulate the signals.

We first present the Capon spectra in standard scale. In Figure 6.17, we present the computed Capon spectra for each
time series. We use 1001 points to plot the spectra: we compute the values of the function pSper pfq for f ranging from
´0.5 to 0.5 with a step size of 0.001. To plot the PCA and classify the Capon spectra, we use 1000 points: we eliminate
one of the two extreme values (f “ ´0.5 or f “ 0.5) since these two values always coincide as they represent the same
frequency. Figure 6.18 represents the PCA of the Capon spectra. The nearest centroid classifier is then performed on the
Capon spectra. Figure 6.19 represents the PCA of the classification result obtained. Figure 6.20 represents the confusion
matrix of the classification result.

We then present the Capon spectra in logarithmic scale (in dB). In Figure 6.21, we plot the Capon spectra in dB. The
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Figure 6.18: PCA on the Capon spectra

Figure 6.19: PCA of the classification result of the nearest centroid classifier on the Capon spectra
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Figure 6.20: Confusion matrix of the classification result of the nearest centroid classifier on the Capon spectra

Figure 6.21: Capon spectra (dB)

figure 6.22 represents the PCA of the Capon spectra in dB. The nearest centroid classifier algorithm is then performed on
the Capon spectra in dB. Figure 6.23 represents the PCA of the classification result obtained. Figure 6.24 represents the
confusion matrix of the classification result.

6.3.4 HPD matrices H`
n

In this section, we represent the signals by their autocorrelation matrices R P H`n . We first present the classification
results obtained by endowing the space H`n with the Euclidean metric, then by using the information geometry metric
presented in Section 4.2.1.

To estimate the autocorrelation matrices for each of the simulated time series, we start by using the Burg algorithm
17 to estimate the mean quadratic power coefficient p0 and the reflection coefficients µi “ aii for 1 ď i ď n ´ 1. We
choose n “ 5 here. Then, we use the inverse Levinson algorithm 15 to compute the coefficients ppr0, pr1, . . . , prn´1q from
the coefficients ppp0, pµ1, . . . , pµn´1q P R˚` ˆ Dn´1 estimated previously. The theoretical correlation matrices are obtained
directly: they are the matrices used to simulate the data.

We first present the classification of autocorrelation matrices in the space H`n endowed with the Euclidean metric.
Figure 6.25 represents the PCA of the estimated autocorrelation matrices for each time series. The nearest centroid
classifier algorithm is then performed on the estimated autocorrelation matrices using the Euclidean metric. Figure 6.26
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Figure 6.22: PCA on the Capon spectra (dB)

Figure 6.23: PCA of the classification result of the nearest centroid classifier on the Capon spectra (dB)
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Figure 6.24: Confusion matrix of the classification result of the nearest centroid classifier on the Capon spectra (dB)

Figure 6.25: PCA on the HPD matrices using the Euclidean metric

represents the PCA of the classification result obtained. Figure 6.27 represents the confusion matrix of the classification
result.

We now present the classification of the autocorrelation matrices in the space H`n endowed with the information
geometry metric presented in Section 4.2.1. Figure 6.28 represents the Tangent PCA 10 of the autocorrelation matrices
estimated for each time series. The nearest centroid classifier algorithm is then performed on the estimated autocorrelation
matrices using the information geometry metric. Figure 6.29 represents the Tangent PCA of the classification result
obtained. Figure 6.30 represents the confusion matrix of the classification result.

Comparing the confusion matrices 6.27 and 6.30, we note that for this experiment we obtain better classification
performance by endowing the space H`n with the information geometry metric than with the Euclidean metric.

6.3.5 Positive real axis and Poincaré disks R˚
` ˆ Dn´1

Finally, in this section we represent the time series by the coefficients pp0, µ1, . . . , µn´1q P R˚` ˆDn´1. We first present
the classification results obtained by endowing the space R˚` ˆDn´1 with the Euclidean metric, then by using the metric
inspired by information geometry presented in Section 4.1.3.

To estimate the coefficients pp0, µ1, . . . , µn´1q of each of the simulated time series, we use the regularized Burg
algorithm 17. Nous choose n “ 5 here. The theoretical coefficients pp0, µ1, . . . , µn´1q can be computed using the
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Figure 6.26: PCA of the classification result of the nearest centroid classifier on the HPD matrices using the Euclidean
metric

Figure 6.27: Confusion matrix of the classification result of the nearest centroid classifier on the HPD matrices using the
Euclidean metric

94



Figure 6.28: TPCA on the HPD matrices using the Information Geometry metric

Figure 6.29: TPCA of the classification result of the nearest centroid classifier on the HPD matrices using the Information
Geometry metric
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Figure 6.30: Confusion matrix of the classification result of the nearest centroid classifier on the HPD matrices using the
Information Geometry metric

Levinson algorithm 14 from the autocorrelation coefficients pr0, r1, . . . , rn´1q of the autocorrelation matrix R used to
simulate the data. In Figure 6.31 we visualize the estimated reflection coefficients ppµ1, . . . , pµn´1q estimated for each of
time series in the space Dn´1. The theoretical coefficients are also represented.

We first present the classification of the coefficients ppp0, pµ1, . . . , pµn´1q estimated for each of the time series in
the space R˚` ˆ Dn´1 endowed with the Euclidean metric. In Figure 6.32 we represent the PCA of the coefficients
ppp0, pµ1, . . . , pµn´1q estimated for each of time series. The nearest centroid classifier algorithm is then performed on the
space R˚` ˆ Dn´1 endowed with the Euclidean metric. In Figure 6.33 we represent the PCA of the classification result
obtained. In Figure 6.34 we represent the corresponding confusion matrix.

Finally, we present the classification of the coefficients ppp0, pµ1, . . . , pµn´1q estimated for each time series in the space
R˚` ˆ Dn´1 endowed with the metric inspired by information geometry presented in Section 4.1.3. The figure 6.35
represents the TPCA of the coefficients ppp0, pµ1, . . . , pµn´1q estimated for each time series. The nearest centroid classifier
is then performed on the coefficients ppp0, pµ1, . . . , pµn´1q in the space R˚` ˆ Dn´1 endowed with the metric inspired by
information geometry presented in Section 4.1.3. In Figure 6.36 we represent the TPCA of the classification result obtain.
Figure 6.37 reprensents the corresponding confusion matrix.

Comparing the confusion matrices 6.34 and 6.37, we note that for this experiment, the classification performance
achieved by endowing the space R˚` ˆDn´1 with the metric inspired by the information geometry are better than perfor-
mance obtained using the Euclidean metric.

Comparing the confusion matrices 6.30 and 6.37, we note that for this experiment the classification performance is
slightly better on the space R˚`ˆDn´1 than on the space H`n when these two spaces are endowed with the metric coming
from information geometry. We therefore prefer to classify time series in the space R˚` ˆDn´1 endowed with the metric
inspired by information geometry presented in Section 4.1.3 since it is a low dimensional space endowed with a product
metric, the computation times are therefore relatively short. In addition, the mean of several complex stationary centered
Gaussian autoregressive Gaussian time series represented in the space R˚` ˆ Dn´1 is still complex stationary centered
Gaussian autoregressive Gaussian time series.

By comparing all the confusion matrices obtained during this experiment, we notice that the best performance is
obtained by representing the simulated time series to be classified in the space R˚`ˆDn´1 endowed with the Riemannian
metric inspired by information geometry.

We will therefore use the space R˚` ˆ Dn´1 endowed with the metric inspired by information geometry to perform
the clustering of real radar data in Chapter 8.
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Figure 6.31: The four first reflection coefficients

Figure 6.32: PCA on R˚` ˆDn´1 using the Euclidean metric
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Figure 6.33: PCA of the classification result of the nearest centroid classifier on R˚` ˆDn´1 using the Euclidean metric

Figure 6.34: Confusion matrix of the classification result of the nearest centroid classifier on R˚` ˆ Dn´1 using the
Euclidean metric
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Figure 6.35: TPCA on R˚` ˆDn´1 using the Information Geometry metric

Figure 6.36: TPCA of the classification result of the nearest centroid classifier on R˚` ˆ Dn´1 using the Information
Geometry metric
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Figure 6.37: Confusion matrix of the classification result of the nearest centroid classifier on R˚` ˆ Dn´1 using the
Information Geometry metric
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Chapter 7

Application to simulated multidimensional
stationary centered Gaussian autoregressive
time series classification

In this chapter, we will simulate complex multidimensional stationary centered autoregressive Gaussian autoregressive
time series. We will then classify these time series.

Contents
7.1 Simulation model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
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7.1 Simulation model
A complex multidimensional stationary centered autoregressive Gaussian time series can be simulated using a Block-
Toepliz Hermitian Positive Definite correlation matrix R:

Z “ R1{2X (7.1)

with:

R: the autocorrelation matrix (Block-Toeplitz Hermitian Positive Definite).

X: a standard complex Gaussian random vector whose dimension is equal to the dimension of the time series to simulate
times the length of the time series.

We can also use the equation of the autoregressive model:

Zpkq `
n´1
ÿ

j“1

An´1
i Zpk ´ jq “W pkq (7.2)

where W is the prediction error vector of size N , the covariance matrix Σ and the prediction coefficients An´1
j are

square matrices of size N ˆN .
The autocorrelation coefficientsAn´1

j can be computed from the autocorrelation coefficientsRi of the autocorrelation
matrix R using Equation (2.123).

7.2 Simulated dataset
We simulate two datasets from two different Block-Toeplitz autocorrelation matrices R0 and R1. We recall that a Block-
Toeplitz HPD matrix has the following structure:
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R “

»

—

—

—

—

—

–

R0 RH1 RH2 . . . RHn´1

R1 R0 RH1 . . . RHn´2

R2 R1 R0 . . . RHn´3
...

...
...

. . .
...

Rn´1 Rn´2 Rn´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (7.3)

We choose here to simulate time series of length 2 using autocorrelation matrices R of sizes 6 ˆ 6 made up of 3
blocks R0, R1 and R2 of sizes 2 ˆ 2. The Block-Toeplitz autocorrelation matrix R0 of the first dataset is defined by the
autocorrelation coefficients:

R0 “

„

10 1` i
1´ i 8



R1 “

„

4` 2i 2
´1 ´4´ i



R2 “

„

3 ´1
1 ´3` i



. (7.4)

The Block-Toeplitz autocorrelation matrix R1 of the second dataset is defined by the autocorrelation coefficients:

R0 “

„

10 1´ i
1` i 8



R1 “

„

4` 2i ´2
1 ´4´ i



R2 “

„

3 2i
´1 ´3` i



. (7.5)

Before simulating data, we check that the Block-Toeplitz Hermitian matrices R0 and R1 constructed from the au-
tocorrelation coefficients described previously are HPD matrices. We simulate time series of length 20 and dimension
N “ 2. For each simulated time series, we use Equation (7.1) to simulate the 3 first temporal elements (since n “ 3
here), then we use Equation (7.2) to simulate the 17 following elements.

We simulate 200 time series associated with the autocorrelation matrix R0 and 200 time series associated with the
autocorrelation matrix R1. Each of these two datasets is then divided into a training dataset consisting of 100 time series
and a testing dataset consisting of 100 time series.

Note that the diagonal coefficients of the autocorrelation coefficients R0, R1 and R2 used to construct the Block-
Toeplitz HPD matrices R0 and R1 are equal, the time series simulated from the matrices R0 and R1 cannot therefore
be dissociated using a one-dimensional method on only one of the two dimensions of the time series. To classify the
simulated time series, we will use two representation spaces of multidimensional time series that we present in the next
section.

7.3 Classification
In this section, we present the results of the classification of the time series simulated in the previous section. We first
represent the simulated time series in the space of Block-Toeplitz HPD matrices B`n,N which we first endow with the
Euclidean metric, then with the information geometry metric on HPD matrices H`nˆN described in Section 4.2.1. The
simulated time series will then be represented in the space H`N ˆSDn´1

N which we first endow with the Euclidean metric,
then with the metric inspired by information geometry described in Section 4.2.3. In each case, we will use the nearest
centroid classifier algorithm described in Section 5.3.3 to classify the data. Note that the dimension of the time series is
N “ 2, we choose the number of coefficients n “ 3 to classify the data, which corresponds to an autoregressive model of
order two.

7.3.1 Classification in B`
n,N

In this section, we classify the data simulated in Section 7.2 in the space B`n,N .

For each of the simulated time series, we start by estimating their Block-Toeplitz autocorrelation matrices pR P B`n,N .

To estimate these matrices, we use Algorithm 5 to estimate the coefficients
´

pP0, pΩ1, . . . , pΩn´1

¯

P H`N ˆ SDn´1
N . Then,

we use the relationships between the different representation spaces of the complex multidimensional stationary centered
Gaussian autoregressive time series presented in Section 2.2 to compute the autocorrelation matrices pR P B`n,N . The

coefficients
´

pR0, pR1, . . . , pRn´1

¯

of the matrix R can indeed be computed from the coefficients
´

pP0, pΩ1, . . . , pΩn´1

¯

P

H`N ˆ SDn´1
N using Algorithm 4.

The data is first classified using the Euclidean metric, then the information geometry metric on HPD matrices H`nˆN
described in Section 4.2.1.

We now present the classification of the signals simulated in Section 7.2 represented in the space B`n,N endowed with
the Euclidean metric. Figure 7.1 represents the PCA of the studied dataset represented in the space B`n,N endowed with the
Euclidean metric. The 200 time series simulated from the autocorrelation matrix R0 are represented by red stars, the 200
time series simulated from the autocorrelation matrix R1 are represented by blue circles. The matrix R0 is represented
by a big red star and the matrix R1 is represented by a big blue circle. Figure 7.2 represents the PCA of the classification
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Figure 7.1: PCA on multidimensional covariance matrices using the Euclidean metric

result obtained using the nearest centroid classifier algorithm. True labels are characterized by the shape of the dots,
predicted labels are characterized by the color of the dots. Finally, Figure 7.3represents the confusion matrix of the result
of the classification obtained using the nearest centroid classifier algorithm.

We now present the classification of the time series simulated in Section 7.2 represented in the space B`n,N endowed
with the information geometry metric on HPD matrices H`nˆN presented in Section 4.2.1. The figure 7.4 represents the
Tangent PCA (see Section 5.2) of the dataset represented in the space B`n,N endowed with the information geometry
metric. The figure 7.5 represents the TPCA of the classification result obtained using the nearest centroid classifier
algorithm. Finally, Figure 7.6represents the confusion matrix of the result of the classification obtained using the nearest
centroid classifier algorithm.

Comparing the confusion matrices of Figures 7.3 and 7.6, we note that the classification obtained using the information
geometry metric gives a better result for this experience than the classification obtained using the Euclidean metric.

We now present the results of the classification when the time series are represented in the space H`N ˆ SDn´1
N .

7.3.2 Classification in H`
N ˆ SDn´1

N

In this section, we classify the data simulated in Section 7.2 in the space H`N ˆ SDn´1
N .

For each of the simulated time series, we start by estimating their coefficients
´

pP0, pΩ1, . . . , pΩn´1

¯

P H`N ˆ SDn´1
N

using Algorithm 5. The data is first classified using the Euclidean metric, then the metric inspired by information geometry
described in Section 4.2.3.

We now present the classification of the time series simulated in Section 7.2 represented in the space H`N ˆ SDn´1
N

endowed with the Euclidean metric. The figure 7.7 represents the PCA of the studied dataset represented in the space
H`N ˆ SDn´1

N endowed with the Euclidean metric. The 200 time series simulated from the autocorrelation matrix R0

are represented by red stars, the 200 time series simulated from the autocorrelation matrix R1 are represented by blue
circles. The point pP0,Ω1, . . . ,Ωn´1q P H`N ˆSDn´1

N associated with the matrix R0 is represented by a big red star, the
point associated with the matrix R1 is represented by a big blue circle. We use Algorithm 3 to compute the theoretical
coefficients pP0,Ω1, . . . ,Ωn´1q P H`N ˆ SDn´1

N from the theoretical autocorrelation matrices R. Figure 7.8 represents
the PCA of the classification result obtained using the nearest centroid classifier algorithm. Finally, Figure 7.9 represents
the confusion matrix of the classification result obtained using the nearest centroid classifier algorithm.

We finally present the classification of the time series simulated in Section 7.2 represented in the space H`N ˆSDn´1
N

endowed with the metric inspired by information geometry presented in Section 4.2.3. The figure 7.10 represents the
Tangent PCA of the dataset to be classified represented in the space H`N ˆ SDn´1

N endowed with the metric presented in
Section 4.2.3. The figure 7.11 represents the Tangent PCA of the classification result obtained using the nearest centroid
classifier algorithm. Finally, Figure 7.12 represents the confusion matrix of the classification result obtained using the
nearest centroid classifier algorithm.

Comparing Figures 7.9 and 7.12, we note that the classification obtained using the metric inspired by information
geometry gives a better result for this experience than the classification obtained using the Euclidean metric.

Comparing the confusion matrices of Figures 7.6 and 7.12, we note that the results of the classification is very good on
the spaces B`n,N and H`N ˆ SDn´1

N when using the metric inspired by information geometry. The performances obtained
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Figure 7.2: PCA of the classification result of the nearest centroid classifier on multidimensional covariance matrices
using the Euclidean metric

Figure 7.3: Confusion matrix of the classification result of the nearest centroid classifier on multidimensional covariance
matrices using the Euclidean metric
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Figure 7.4: TPCA on multidimensional covariance matrices using the Information Geometry metric

Figure 7.5: TPCA of the classification result of the nearest centroid classifier on multidimensional covariance matrices
using the Information Geometry metric
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Figure 7.6: Confusion matrix of the classification result of the nearest centroid classifier on multidimensional covariance
matrices using the Information Geometry metric

Figure 7.7: PCA on H`N ˆ SDn´1
N using the Euclidean metric
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Figure 7.8: PCA of the classification result of the nearest centroid classifier on H`N ˆ SDn´1
N using the Euclidean metric

Figure 7.9: Confusion matrix of the classification result of the nearest centroid classifier on H`N ˆ SDn´1
N using the

Euclidean metric
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Figure 7.10: TPCA on H``N ˆ SDn´1
N

on the space B`n,N are slightly better. However, the space H`N ˆ SDn´1
N has other advantages: it is of smaller dimension,

endowed with a product metric, the computation times are therefore potentially shorter and the mean of the coefficients
pP0,Ω1, . . . ,Ωn´1q P H`N ˆ SDn´1

N of several complex multidimensional stationary centered Gaussian autoregressive
time series is equal to the coefficients of a complex multidimensional stationary centered Gaussian autoregressive time
series.
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Figure 7.11: TPCA of the classification result of the nearest centroid classifier on H``N ˆ SDn´1
N

Figure 7.12: Confusion matrix of the classification result of the nearest centroid classifier on H``N ˆ SDn´1
N
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Chapter 8

Application to radar clutter clustering

The objective of this chapter is the clustering of radar clutter coming from a recording made in Saint-Mandrier, in
France [17–20]. The exact same dataset as the one presented here have been used by Pierre-Yves Lagrave in [61–63]
for radar clutter classification using Neuronal Networks and the Lie groups theory. Here we assume that the presence of
moving targets is rare in the recorded data, so we assume that the recorded signals are related to radar clutter, the radar
clutter being the signals recorded by a radar related to its environment: waves, fields, forests... In Section 8.1, we will
present the structure of the recorded data. The data will then be divided into distance cells, each cell representing a small
area around the radar in which a one-dimensional time series has been recorded. In Section 8.2, we will assume that the
complex one-dimensional time series recorded in each cell is a wide-sense stationary centered autoregressive Gaussian
time series. These time series have been presented in detail in Section 2.1. In Section 8.3, we will estimate the coeffi-
cients of the autoregressive model pp0, µ1, . . . , µn´1q using the Burg algorithm presented in Section 2.1.8 and detailed
in Appendix C. We recall that the coefficient p0 corresponds to the mean quadratic power of the time series and the
coefficients pµ1, . . . , µn´1q are called reflection coefficients and are coefficients of the autoregressive model

`

µi :“ aii
˘

.
The reflection coefficients correspond to the Doppler information. In this chapter, we would like to cluster the data using
only the Doppler information: we will not use the mean quadratic power coefficient p0 and we will classify the data on
the reflection coefficients pµ1, . . . , µn´1q P Dn´1. We define the manifold Dn´1 as the space Dn´1 endowed with the
metric of the Riemannian manifold R`` ˆ Dn´1 defined in Section 4.1.3 omitting the power coefficient p0. Finally, we
will use the k-means algorithm presented in Section 5.4.3 on the Riemannian manifold Dn´1 to perform the radar clutter
clustering in Section 8.4.
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8.1 Radar data structure
We first detail the input radar data. The data are studied after pulse compression. In this section, the input data will be
taken on a single burst for a single elevation corresponding to the horizontal beam. Therefore, the radar provides us a 2D
complex matrix presented in Equation (8.1).

U “

u0,0 u0,1 . . . u0,n´1

u1,0 u1,1 . . . u1,n´1

...
...

. . .
...

uN´1,0 uN´1,1 . . . uN´1,n´1

(8.1)

Here the first coordinate corresponds to the spatial axis (index close to zero corresponds to cells close to the radar); the
second coordinate represents the temporal axis (pulse index in the burst). The parameter n denotes the number of pulses
of the burst and corresponds to the length of the temporal axis. The parameter N represents the total number of cells and
corresponds to the lenght of the spatial axis. The data to classify are the cells, each cell being represented by a row of the
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matrix U . In Section 8.4, the radar data will be clustered over 150 bursts (only the beam by zero elevation will be used).
Therefore, the input data will be 150 matrices U1, U2, . . . , U150 with a similar structure than the matrix U presented in
Equation (8.1). Each matrix Ui is constituted of Ni cells, each cell being caracterized by a time series of length ni.

We now present the modeling assumptions made on the radar signal recorded in each of the distance cells.

8.2 Radar signal modeling
For each cell, we assume that the complex observation vector Z can be represented using a SIRV (Spherically Invariant
Random Vectors) model [13], [42]:

Z “
?
τR1{2x

loooomoooon

information coming from the environment

` bradar
loomoon

thermal noise coming from the radar itself

(8.2)

with:

τ : clutter texture; it is a positive real random variable independent from x and bradar.

R: scaled environment autocorrelation matrix (Toeplitz Hermitian Positive Definite whose diagonal coefficients are equal
to one).

x, bradar: independent standard complex Gaussian random vectors whose dimension is equal to the number of pulses.

The product τR represents the environment autocorrelation matrix.
We assume that the mean power of the signal coming from the environment

?
τR1{2x is sufficiently larger than the

radar noise bradar to consider that the autocorrelation matrix of the whole signalZ will be close enough to the environment
autocorrelation matrix τR to characterize the clutter.

We therefore place ourselves within the framework of the complex one-dimensional time series which are assumed to
be wide-sense stationary centered autoregressive Gaussian processes. These time series have been presented in Section
2.1.

We now present how to estimate the coefficients of the autoregressive model from the observed time series.

8.3 Model parameters estimation

In our clustering problem, the autoregressive coefficients ppi,0, µi,1, . . . , µi,n´1q of the radar signal will be estimated
independently for each cell ui “ rui,0, ui,1, . . . , ui,n´1s

T :

U “

u0,0 u0,1 . . . u0,n´1 Ñ ppp0,0, pµ0,1, . . . , pµ0,n´1q

u1,0 u1,1 . . . u1,n´1 Ñ ppp1,0, pµ1,1, . . . , pµ1,n´1q

...
...

. . .
...

...

uN´1,0 uN´1,1 . . . uN´1,n´1 Ñ pppN´1,0, pµN´1,1, . . . , pµN´1,n´1q

(8.3)

To estimate the autoregressive coefficients pp0, µ1, . . . , µn´1q from the column vector u associated with a row of
matrix 8.3, we use the Burg algorithm 17 presented in Section 2.1.8 and decribed in detail in Appendix C.

We now would like to cluster the data using only the Doppler information. Hence, we will not use the mean quadratic
power coefficient p0 and we will classify the data on the reflection coefficients pµ1, . . . , µn´1q P Dn´1. We define the
manifold Dn´1 as the space Dn´1 endowed with the metric of the Riemannian manifold R`` ˆDn´1 defined in Section
4.1.3 omitting the power coefficient p0. In Section 8.4, we will use the k-means algorithm presented in Section 5.4.3 on
the Riemannian manifold Dn´1 to perform the radar clutter clustering.

8.4 Radar clutter clustering
We now present the clustering result using the k-means algorithm with four classes on the radar data recorded at Saint-
Mandrier. We display on Figure 8.1 a ground map of Saint-Mandrier (France) in which the radar geographical position is
represented by a red dot. The dataset contains 150 bursts of different shapes: both the number of pulses n and the number
of cells N (see the matrix U defined in Equation (8.1)) vary from one burst to another.
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Figure 8.1: Ground map Saint-Mandrier

Figure 8.2: Power map Saint-Mandrier
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Figure 8.3: Clustering map obtained with the k-means algorithm for 4 classes on the reflection coefficients

We plot on Figure 8.2 a map of the averaged power recorded by the radar cell per cell. The power is represented from
blue to yellow, yellow meaning that a lot of power has been recorded. The two well delimited grey zones in the south may
correspond to areas where the radar was in listen-only mode and did not emit any pulses.

We would like to cluster the data cell by cell. We decided not to use the power coefficient p0 to cluster the radar
data: we only use the Doppler information which is contained in the reflection coefficients pµ1, . . . , µn´1q. As the length
of the signals varies from one burst to another, we decided to represent every time series in Dn´1 where n denotes the
length of shortest time series. As the main Doppler information is contained in the first reflection coefficients, the loss of
information is minor.

Figure 8.3 represents the result of the k-means clustering for four classes on the manifold Dn´1. In Figure 8.4, we
visualize the clustering result on the four first reflection coefficients; the colors correspond to those of Figure 8.3. The first
reflection coefficient of the yellow, blue and red clusters are close to the edge of the complex unit disk: they correspond
to spectra with a narrow peak. The main difference between these three clusters is the argument of the first reflection
coefficient which is related to the average Doppler of the signal as shown in Equation (2.99) for stationary signals with
a Gaussian shape. The yellow cluster corresponds to waves moving towards the radar. The red cluster corresponds to
waves moving away from the radar. The blue cluster corresponds to elements with a zero radial speed: the waves whose
direction is perpendicular to the radar radial axis, the coast and the islands. The green cluster corresponds to spectra with
a flatter shape: they correspond to the distance cells far away from the radar, the cells hidden by the coast or the islands
and the cells in the two angular sectors in which the radar did not emit any pulses.

We now present a second clustering result in which the input time series have been modified to have a zero average
Doppler. To shift the average Doppler of the time series up0q, up1q, . . . , upn ´ 1q to zero, we first estimate the first
reflection coefficient µ1 using the Burg algorithm. Then, denoting µ1 “ r1e

iθ1 , we replace the original coefficient upkq
by the coefficient rupkq “ upkqe´ikθ1 . We then estimate the reflection coefficients rµ1, rµ2, . . . , rµn´1 of this new time
series. We finally perform the k-means algorithm with four classes on the reflection coefficients rµ1, rµ2, . . . , rµn´1 on the
manifold Dn´1. We present in Figure 8.5 the result of the clustering on the four first reflection coefficients. Note that the
first reflection coefficients rµ1 observed in the first complex unit disk belongs to the seqment s´1, 0s of the real axis as
the time series has been modified to have a zero average Doppler. We also note that the result of the clustering is closely
related to the modulus of the first reflection coefficient. We present in Figure 8.6 the map of the clustering result. We note
some similarities between this map and the map of the average power presented in Figure 8.2.

We chose the k-means algorithm 5.4.3 here rather than the AHC 5.4.1 or the mean-shift 5.4.2 algorithms for complex-
ity reasons: the complexity of the k-means algorithm is linear with respect to the number of points of the dataset whereas
the complexity of the AHC or the mean-shift algorithm is quadratic.
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Figure 8.4: Visualization of the clustering result obtained with the k-means algorithm for 4 classes on the four first
coefficients of reflection
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Figure 8.5: Visualization of the clustering result obtained with the k-means algorithm for 4 classes on the four first
coefficients of reflection
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Figure 8.6: Visualization of the clustering result obtained with the k-means algorithm for 4 classes on the four first
coefficients of reflection
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Chapter 9

Application to stereo audio classification

In this chapter, we classify stereo audio recordings of stationary sounds. For this purpose, the soundtracks of YouTube
videos corresponding to stationary sounds have been downloaded. We will have three distinct classes of sounds: wood fire
recordings, waterfall recordings, and wind recordings. We will divide the records from each of these three classes into a
training dataset and a testing dataset. The audio dataset will be presented in detail in Section 9.1. We will assume that the
downloaded audio dataset follows the centered Gaussian autoregressive multidimensional model presented in Section 2.2.
We will compare several representation spaces of the studied multidimensional signals. For each of these representation
spaces, we will first use the TPCA presented in Algorithm 10 to visualize the downloaded audio dataset. Then we will
use the supervised classification algorithm of the nearest centroid classifier presented in Section 5.3.3 to classify the audio
dataset.
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9.1 The stereo audio dataset
In this section, we present the audio dataset on which the classification will be performed. The recordings are extracts of
100 seconds from soundtracks of YouTube videos. Each extract comes from a different video.

The downloaded soundtracks correspond to stationary sounds. For this study, we downloaded three types of sounds:
wood fires, waterfalls and wind noise. There are other stationary sounds: dense rain, the fire of a gas stove, the noise of a
ventilation system, the noise of an air conditioning system, the noise of an engine in general when its regime is stable, the
sound of the leaves of a tree continuously agitated by the wind...

To download soundtracks from YouTube videos, we used a free converter site called YouTube to WAV whose url
is: https://loader.to/en14/youtube-wav-converter.html. All audio files obtained with this converter
have a sample rate of 48, 000Hz. An audio recording from the same YouTube video may have a different sample rate
when downloaded using another site to extract the soundtrack from a YouTube video, so it is important to download all
the soundtracks with converters having the same sample rate to be able to compare the downloaded soundtracks.

Each downloaded video is characterized by its sample rate (48, 000 Hz here) and a two-dimensional real matrix. The
number of rows of this matrix is equal to the sample rate multiplied by the duration of the record in seconds. The number
of columns is equal to two, it corresponds to the number of channels of the record. For each record, we check that the two
columns of this matrix are distinct. Indeed, the two columns are equal when the original recording is in mono.

Finally, we extract 100 seconds from each downloaded soundtrack. The extract of 100 seconds generally corresponds
to the 10 to 110 seconds of the original soundtrack. Indeed, it is preferable not to use the very first seconds of the audio
recording because an effect gradually increasing the sound volume over the first seconds is sometimes used on YouTube
videos.

For each of the three classes (wood fires, waterfalls and winds), we separate our records into two parts: half of the
records will be used as a training dataset, the other half will be used as a testing dataset. We summarize the constitution
of the dataset used in this chapter in table 9.1.

We will now visualize and classify this dataset in different representation spaces in Section 9.2.
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Table 9.1: Number of records of the stereo audio dataset
Training set Testing set

Fires 24 25
Waterfalls 21 22

Winds 32 33

9.2 Classification results
In this section, we classify the audio signals presented in Section 9.1 using the nearest centroid classifier algorithm studied
in Section 5.3.3. We use five different spaces to represent the signals to be classified. The first three representation spaces
are linked to one-dimensional signal classification methods already presented for simulated signals in Chapter 6: only
one of the two recording channels is then used to perform the classification. The following two representation spaces are
related to the multidimensional signal classification methods already presented for simulated signals in Chapter 7. We
start by representing the audio recordings by their periodograms in dB. Periodograms are calculated from only one of the
two recording channels. We then use the Euclidean metric to classify the periodograms expressed in dB. We then represent
the signals to be classified by their Toeplitz autocorrelation matrices R. This matrix is estimated for each of the signals
using only one of the two recording channels. We classify the Toeplitz autocorrelation matrices R in the Riemannian
manifold H``n whose metric is described in Section 4.2.1. Then, we represent the audio signals using only one of the two
recording channels in the manifold R``ˆDn´1 whose metric is described in Section 4.1.3. After that, we represent two-
dimensional audio signals by their block-Toeplitz covariance matrices R. These matrices are then classified as elements
of the manifold H``nˆN whose metric is described in Section 4.2.1. Finally, we represent two-dimensional audio signals in
the H``N ˆ SDn´1

N manifold described in Section 4.2.3. Throughout this section, we have N “ 2 and we choose n “ 4.
We will compare the classification performances obtained using the nearest centroid classifier algorithm in each of the
spaces described above.

9.2.1 Periodograms
We start by representing the audio time series to be classified by their periodograms using only one of the two recording
channels.

We recall that periodograms are estimators of the power spectral density S, as seen in Section 2.1.11. For a time series
u of length N , the periodogram is defined by:

pSper pfq “
1

N

ˇ

ˇ

ˇ

ˇ

ˇ

N´1
ÿ

n“0

upnqe´i2πnf

ˇ

ˇ

ˇ

ˇ

ˇ

2

. (9.1)

In Figure 9.1, we present the spectra plotted from periodograms expressed in dB computed for each audio signal. We
use 1001 points to plot each spectrum: we calculate the values of the function pSper pfq for f ranging from ´0.5 to 0.5
with a 0.001 step size. To plot the PCA and classify the periodograms expressed in dB, we use 1000 points: we eliminate
one of the two extreme values (f “ ´0.5 or f “ 0.5) because these two values correspond to the same frequency. Figure
9.2 represents the PCA of the periodograms. Figure 9.3 represents the PCA of the classification result using the nearest
centroid classifier algorithm. Figure 9.4 represents the corresponding confusion matrix.

9.2.2 Unidimensional covariance matrices H``
n

In this section, we represent the audio signals by their autocorrelation matrices R P H`n estimated from only one of the
two recording channels of the audio data. We then endow the space H`n with the information geometry metric presented
in Section 4.2.1: we therefore classify the audio signals in the Riemannian manifold H``n .

To estimate the autocorrelation matrices for each of the simulated signals, we start by using the regularized Burg
algorithm 17 to estimate the mean quadratic power coefficient p0 and the reflection coefficients µi “ aii for 1 ď i ď n´1.
We choose n “ 4 here. Then, we use the inverse Levinson algorithm 15 to compute the coefficients ppr0, pr1, . . . , prn´1q

from the coefficients ppp0, pµ1, . . . , pµn´1q P R˚` ˆ Dn´1 previously estimated.
Figure 9.5 represents the Tangent PCA of the estimated autocorrelation matrices for each signal. Figure 9.6 represents

the Tangent PCA of the classification result using the nearest centroid classifier algorithm. Figure 9.7 represents the
corresponding confusion matrix.

9.2.3 Classification in R`` ˆ Dn´1

Here we represent the audio signals by the coefficients ppp0, pµ1, . . . , pµn´1q P R˚` ˆ Dn´1 estimated from only one of
the two audio recording channels. We endow the space R˚` ˆ Dn´1 with the metric inspired by information geometry
presented in Section 4.1.3. The audio dataset is therefore classified in the Riemannian manifold R`` ˆ Dn´1.
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Figure 9.1: Periodograms (dB)

Figure 9.2: PCA on periodograms (dB)
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Figure 9.3: PCA of the classification result of the nearest centroid classifier on periodograms (dB)

Figure 9.4: Confusion matrix of the classification result of the nearest centroid classifier on periodograms (dB)
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Figure 9.5: TPCA on unidimensional covariance matrices using the Information Geometry metric

Figure 9.6: TPCA of the classification result of the nearest centroid classifier on unidimensional covariance matrices using
the Information Geometry metric
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Figure 9.7: Confusion matrix of the classification result of the nearest centroid classifier on unidimensional covariance
matrices using the Information Geometry metric

To estimate the coefficients pp0, µ1, . . . , µn´1q of each of the simulated signals, we use the regularized Burg algorithm
17 with n “ 4 here.

Figure 9.8 allows to visualize the coefficients ppµ1, . . . , pµn´1q estimated for each of the signals in the space Dn´1. We
notice that the estimated coefficients are on the real axis, which is normal since the studied signals are real. Figure 9.9
represents the Tangent PCA of the coefficients ppp0, pµ1, . . . , pµn´1q estimated for each signal. Figure 9.10 represents the
Tangent PCA of the classification result obtained using the nearest centroid classifier algorithm. Figure 9.11 represents
the corresponding confusion matrix.

9.2.4 Multidimensional covariance matrices H``
nˆN

In this section, we represent each audio recording by its Block-Toeplitz autocorrelation matrix pR P B`n,N . The data is then
classified using the Information geometry metric on the set of HPD matrices H`nˆN described in Section 4.2.1.

For each of the two-dimensional audio signals, we start by estimating their Block-Toeplitz autocorrelation matrices
pR P B`n,N . To estimate these matrices, we use Algorithm 5 to estimate the coefficients

´

pP0, pΩ1, . . . , pΩn´1

¯

P H`N ˆ
SDn´1

N . Here we have N “ 2 and we choose n “ 4. Then, we use the relationships between the different representation
spaces of multidimensional complex centered stationary autoregressive Gaussian processes presented in Section 2.2 to
compute the autocorrelation matrices pR P B`n,N . The coefficients

´

pR0, pR1, . . . , pRn´1

¯

of matrix pR are indeed computed

from the coefficients
´

pP0, pΩ1, . . . , pΩn´1

¯

P H`N ˆ SDn´1
N thanks to Algorithm 4.

We now present the classification of two-dimensional audio signals represented by their estimated autocorrelation
matrices pR in the manifold H``nˆN . Figure 9.12 represents the TPCA of the audio dataset represented in the manifold
H``nˆN . Figure 9.13 represents the TPCA of the classification result obtained using the nearest centroid classifier algorithm.
Finally, Figure 9.14 represents the corresponding confusion matrix.

9.2.5 Classification in H``
N ˆ SDn´1

N

In this section, we classify two-dimensional audio signals using the Riemannian manifold H``N ˆ SDn´1
N described in

Section 4.2.3.
For each audio signal, we use Algorithm 5 to compute the coefficients

´

pP0, pΩ1, . . . , pΩn´1

¯

P H`N ˆ SDn´1
N .

We now present the classification of audio signals represented by the coefficients
´

pP0, pΩ1, . . . , pΩn´1

¯

in the Rie-

mannian manifold H``N ˆ SDn´1
N . Figure 9.15 represents the TPCA of the audio dataset represented in the manifold

H``N ˆ SDn´1
N . Figure 9.16 represents the TPCA of the classification result obtained using the nearest centroid classifier

algorithm. Finally, Figure 9.17 represents the corresponding confusion matrix.
We now compare the classification performances obtained thanks to the nearest centroid classifier algorithm on the

different representation spaces of the audio signals. To this end, we compare the confusion matrices presented in Figures
9.4, 9.7, 9.11, 9.14 and 9.17 :we use the average of the diagonal values as an indicator of the performance. The average
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Figure 9.8: First reflection coefficients in Poincaré disks

Figure 9.9: TPCA on R`` ˆ Dn´1
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Figure 9.10: TPCA of the classification result of the nearest centroid classifier on R`` ˆ Dn´1

Figure 9.11: Confusion matrix of the classification result of the nearest centroid classifier on R`` ˆ Dn´1
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Figure 9.12: TPCA on multidimensional covariance matrices using the Information Geometry metric

Figure 9.13: TPCA of the classification result of the nearest centroid classifier on multidimensional covariance matrices
using the Information Geometry metric
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Figure 9.14: Confusion matrix of the classification result of the nearest centroid classifier on multidimensional covariance
matrices using the Information Geometry metric

Figure 9.15: TPCA on H``N ˆ SDn´1
N
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Figure 9.16: TPCA of the classification result of the nearest centroid classifier on H``N ˆ SDn´1
N

Figure 9.17: Confusion matrix of the classification result of the nearest centroid classifier on H``N ˆ SDn´1
N
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of the diagonal values of the periodogram confusion matrix is 0.76. This mean value is 0.78 for the classification on the
manifold H``n , of 0.7 for the classification on the manifold R`` ˆ Dn´1, of 0.75 for the classification on the manifold
H``nˆN and of 0.77 on the manifold H``N ˆ SDn´1

N . In the case of the classification of two-dimensional audio data
presented here, multidimensional methods seem to have the same level of performance as unidimensional methods. This
result may have the following interpretation: the correlation between the two recording channels might not provide useful
information to determine the nature of the sounds (fires, waterfalls or winds).
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Appendix A

The Levinson algorithm

In Section 2.1, we studied complex stationary centered autoregressive Gaussian processes. We recall the definition of an
AR process of order M given in Section 2.1.4:

upkq `
n´1
ÿ

i“1

an´1
i upk ´ iq “ wn´1pkq (A.1)

where an´1
i are the prediction coefficients and the process wn´1pkq is a white noise.

In this appendix, we would like to compute efficiently the autoregressive coefficients
`

aNi
˘

i“1,...,N
, assuming that we

know the theoretical autocorrelation coefficients priqi“0,...,N .
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A.1 The autoregressive and correlation coefficients relation
We recall that due to the hypothesis of stationarity, the autocorrelation matrix of the process is Hermitian (Property 1) and
Toeplitz (Property 2) as seen in Section 2.1.3.

By applying the autocorrelation operator Er ¨ uplq˚s for l P J0, k ´ 1K on the elements of the equation of the autore-
gressive model (A.1), we obtain the following system on the autocorrelation coefficients:

RN raN “ ´rrN
raN “ raN1 , . . . , a

N
N s

T

rrN “ rr1, . . . , rN s
T

(A.2)

where RN corresponds to the autocorrelation matrix R of the process. Equation (A.2) is known as the Yule-Walker
equation and has been studied in Section 2.1.5.

The solution of this problem is then obtained inversing the autocorrelation matrix RN :

raN “ ´R
´1
N rrN . (A.3)

A.2 The Levinson algorithm

If we want to compute the auregressive coefficients raN for N equal 1 to n´ 1, we can invert the matrix RN for N equal
1 to n´ 1 as in Equation (A.3).

However, we note that the matrix RN and the vector rrN have specific structures allowing a recursive computation of
the coefficients raN for a lower computational cost. It is the principle of the Levinson algorithm [45] detailed in Algorithm
13.

Property 25. The coefficients aji computed by the Levinson algorithm from the autocorrelation coefficients rk are the
coefficients of the autoregressive model.
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Algorithm 13 The Levinson algorithm
Initialization:

ra1 “ a1
1 “ ´

r1

r0
(A.4)

for l “ 2, ..., n´ 1: do

all “ ´

rl `
l´1
ř

j“1

rl´ja
l´1
j

r0 `
l´1
ř

j“1

rja
l´1 ˚
j

, (A.5)

ral “

»

—

—

—

–

al1
...

all´1

all

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

al´1
1
...

al´1
l´1

0

fi

ffi

ffi

ffi

fl

` all

»

—

—

—

–

al´1 ˚
l´1
...

al´1 ˚
1

1

fi

ffi

ffi

ffi

fl

(A.6)

end for

Proof. We would like to compute raN of Equation (A.3) using the following properties:

RN´1 raN´1 “ ´rrN´1 (A.7)

RN “

»

—

—

—

—

—

–

r0 r˚1 r˚2 . . . r˚N´1

r1 r0 r˚1 . . . r˚N´2

r2 r1 r0 . . . r˚N´3
...

...
...

. . .
...

rN´1 rN´2 rN´3 . . . r0

fi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

RN´1 rrB˚N´1

rrBTN´1 r0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(A.8)

where we denote by ¨T the matrix transposition, ¨˚ the complex conjugate and ¨B the backward operator that reverse
a vector: rrBN´1 “ rrN´1, . . . , r1s

T .

rrN “

»

—

—

—

–

r1

...
rN´1

rN

fi

ffi

ffi

ffi

fl

“

»

—

—

–

rrN´1

rN

fi

ffi

ffi

fl

“

»

—

—

–

´RN´1 raN´1

rN

fi

ffi

ffi

fl

(A.9)

using Equation (A.7).

raN “ ´R
´1
N rrN (A.10)

raN “ ´

»

—

—

—

—

—

—

–

RN´1 rrB˚N´1

rrBTN´1 r0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

´1 »

—

—

—

—

—

—

–

´RN´1 raN´1

rN

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(A.11)

We inverse the matrix RN using the formula given in [80] for inversing Toeplitz matrices:

raN “ ´

»

—

—

—

—

—

—

–

R´1
N´1 `WN´1α

´1
N´1V

T
N´1 WN´1 α

´1
N´1

α´1
N´1 V

T
N´1 α´1

N´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

–

´RN´1 raN´1

rN

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(A.12)

where :
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αN´1 “ r0 ´ rrBTN´1 R
´1
N´1 rr

B˚
N´1 “ r0 ` rrBTN´1 ra

B˚
N´1

V TN´1 “ ´rr
BT
N´1 R

´1
N´1

WN´1 “ ´R
´1
N´1 rr

B˚
N´1 “ raB˚N´1

We prove that RN´1 ra
B˚
N´1 “ ´rr

B˚
N´1 applying Er xpkq p¨q˚s on each side of Equation (A.1) for different values of k.

raN “ ´

»

—

—

—

—

—

—

–

´raN´1

´WN´1 α
´1
N´1 V

T
N´1 RN´1 raN´1

`WN´1 α
´1
N´1 rN

´α´1
N´1 V

T
N´1 RN´1 raN´1 ` α

´1
N´1 rN

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(A.13)

raN “

»

—

—

—

—

—

—

–

raN´1 ` raB˚N´1 a
N
N

aNN

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(A.14)

where :

aNN “ α´1
N´1

`

rN ` rrBTN´1 raN´1

˘

We now would like to simplifie the computation of the denominator in Equation (A.5). We denote Pl´1 this denomi-
nator. Hence:

Pl “ r0 `

l
ÿ

j“1

rj a
l˚
j (A.15)

Property 26. We denote µl “ all the reflection coefficients. The coefficients Pl of successive orders are linked by the
following equation:

Pl`1 “ Pl

´

1´ |µl`1|
2
¯

@l P N (A.16)

We deduce by an immediate recurrence that:

Pn “

˜

n
ź

k“1

´

1´ |µk|
2
¯

¸

r0 (A.17)

Proof. Let l P N.

Pl`1 “ r0 `

l`1
ÿ

j“1

rj a
l`1˚
j (A.18)

“ r0 `

l
ÿ

j“1

rj a
l`1˚
j ` rl`1 µ

˚
l`1 (A.19)

“ r0 `

l
ÿ

j“1

rj
`

alj ` µl`1 a
l˚
l`1´j

˘˚
` rl`1 µ

˚
l`1 (A.20)

“ r0 `

l
ÿ

j“1

rj a
l˚
j ` µ

˚
l`1

˜

l
ÿ

j“1

rj a
l
l`1´j ` rl`1

¸

(A.21)

“ Pl ` Pl µ
˚
l`1

l
ř

j“1

rj a
l
l`1´j ` rl`1

Pl
(A.22)

“ Pl ` Pl µ
˚
l`1 p´µl`1q (A.23)

“ Pl

´

1´ |µl`1|
2
¯

(A.24)
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Another proof of Property 26 is given at the very end of the thesis of Le Yang [82].
Using Property 26, we can compute faster the denominator appearing in the computation of the reflection coefficient

all in Equation (A.5) of the Levinson algorithm 13. We give a fast version of the Levinson algorithm in Algorithm 14.

Algorithm 14 The Levinson algorithm (fast version)
Initialization:

P0 “ r0 (A.25)

for l “ 1, ...,M : do

all “ ´

rl `
l´1
ř

j“1

rl´ja
l´1
j

Pl´1
, (A.26)

ral “

»

—

—

—

–

al1
...

all´1

all

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

al´1
1
...

al´1
l´1

0

fi

ffi

ffi

ffi

fl

` all

»

—

—

—

–

al´1 ˚
l´1
...

al´1 ˚
1

1

fi

ffi

ffi

ffi

fl

(A.27)

Pl “ Pl´1

´

1´ |µl|
2
¯

(A.28)

end for

If we want to compute the autocorrelation matrix RN of the autocorrelation coefficients priqi“0,...,N from the mean
quadratic power coefficient P0 and the reflection coefficients

`

aii
˘

i“1,...,N
, we can inverse the Levinson algorithm. This

is done by Algorithm 15.

Algorithm 15 The reversed Levinson algorithm (fast version)
Initialization:

r0 “ P0 (A.29)

for l “ 1, ...,M : do

rl “ ´a
l
lPl´1 ´

l´1
ÿ

j“1

rl´ja
l´1
j , (A.30)

ral “

»

—

—

—

–

al1
...

all´1

all

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

al´1
1
...

al´1
l´1

0

fi

ffi

ffi

ffi

fl

` all

»

—

—

—

–

al´1 ˚
l´1
...

al´1 ˚
1

1

fi

ffi

ffi

ffi

fl

(A.31)

Pl “ Pl´1

´

1´ |µl|
2
¯

(A.32)

end for

Property 27. The coefficients all lie in the complex unit disk D : |all| ă 1 @l “ 1, ..., n´ 1.

Proof. In the PhD thesis of Alice Le Brigant [15], it is shown that Pl “ E r|wl
ˇ

ˇ

2
‰

. Hence Pl P R˚`. Then, we can use
Property 26 to prove that |all| ă 1. Indeed, the coefficient P0 “ r0 is positive. If we assume that there exist an index l for

which all ě 1, then if we denote m the smallest index for which all ě 1, we have Pm “ Pm´1

´

1´ |µm|
2
¯

ď 0 which is
impossible.

Property 28. The modulus of the autoregressive coefficients is bounded the following way:

|ank | ď

ˆ

n

k

˙

@ pk, nq P N2, (A.33)
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with by convention
`

n
0

˘

“ 1 for all n P N and
`

n
k

˘

“ 0 when k ą n.

Proof. We prove Property 28 by recurrence on the indice n.
Initialization: The property is true for n “ 0 as a0

0 “
`

0
0

˘

“ 1.
Heredity: We assume that there exists an integer n P N such that for all k P J0, nK, we have:

|ank | ď

ˆ

n

k

˙

. (A.34)

We now prove that:

ˇ

ˇan`1
k

ˇ

ˇ ď

ˆ

n` 1

k

˙

@k P J0, n` 1K. (A.35)

If k “ n` 1, we have:

ˇ

ˇan`1
n`1

ˇ

ˇ “ |µn`1| ă 1 “

ˆ

n` 1

n` 1

˙

. (A.36)

If k P J0, nK, we recall the recurrence relation between the autoregressive coefficients which is given in vector form
in Equation (A.6):

ajk “ aj´1
k ` µja

j´1˚
j´k @ pi, jq P N2 (A.37)

Therefore, we have:

ˇ

ˇan`1
k

ˇ

ˇ ď |ank | ` |µn`1|
ˇ

ˇan˚n`1´k

ˇ

ˇ according to the triangular inequality (A.38)

ñ
ˇ

ˇan`1
k

ˇ

ˇ ď |ank | `
ˇ

ˇan˚n`1´k

ˇ

ˇ since |µn`1| ă 1 (A.39)

ñ
ˇ

ˇan`1
k

ˇ

ˇ ď

ˆ

n

k

˙

`

ˆ

n

n` 1´ k

˙

according to the recurrence hypothesis (A.40)

ô
ˇ

ˇan`1
k

ˇ

ˇ ď

ˆ

n

k

˙

`

ˆ

n

n´ pk ´ 1q

˙

(A.41)

ô
ˇ

ˇan`1
k

ˇ

ˇ ď

ˆ

n

k

˙

`

ˆ

n

k ´ 1

˙

since
ˆ

n

n´ k

˙

“

ˆ

n

k

˙

@ pn, kq P N2 (A.42)

ô
ˇ

ˇan`1
k

ˇ

ˇ ď

ˆ

n` 1

k

˙

since
ˆ

n

k

˙

`

ˆ

n

k ` 1

˙

“

ˆ

n` 1

k ` 1

˙

@ pn, kq P N2 (A.43)

Conclusion: We proved that:

|ank | ď

ˆ

n

k

˙

@ pk, nq P N2. (A.44)

A.3 Equivalent set of parameters
In this section, we highlight the relationships between different parameters of the autoregressive model.

In Equation (A.6), we give in vector form the following relation which links the AR coefficients of successive order:

ank “ an´1
k ` µna

n´1˚
n´k @k P J1, nK. (A.45)

Using Equation (A.45), we can compute the autoregressive coefficients autorégressifs aji pour tout 1 ď i ď j ď n

from the reflection coefficients µ1, µ2, . . . , µn, where µi “ aii. The coefficients aji are then computed by successive
orders: the coefficients of order j are used to compute the coefficients of order j ` 1. Therefore the reflection coefficients
µ1, µ2, . . . , µn entirely determine the autoregressive coefficients aji for all 1 ď i ď j ď n.

We now show that the autoregressive coefficients
´

aji

¯

1ďiďjďn
are also entirely determined by the coefficients

an1 , a
n
2 , . . . , a

n
n of the autoregressive model of order n.

Property 29. Equation (A.45) is equivalent to the following equation:

an´1
k “

ank ´ µna
n˚
n´k

1´ |µn|
2 . (A.46)
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This last equation can be used to compute the coefficients of the autoregressive model of order n ´ 1 from the
coefficients of the autoregressive model of order n.

Proof. We use an equivalence proof starting from Equation (A.45).

ank “ an´1
k ` µna

n´1˚
n´k @k P J1, n´ 1K

ô

"

ank “ an´1
k ` µna

n´1˚
n´k

ann´k “ an´1
n´k ` µna

n´1˚
k

ô

"

ank “ an´1
k ` µna

n´1˚
n´k

an˚n´k “ µ˚na
n´1
k ` an´1˚

n´k L2 Ð L˚2

ô

$

&

%

ank ´ µna
n˚
n´k “

´

1´ |µn|
2
¯

an´1
k L1 Ð L1 ´ µnL2

an˚n´k ´ µ
˚
na

n
k “

´

1´ |µn|
2
¯

an´1˚
n´k L2 Ð L2 ´ µ

˚
nL1

ô

$

&

%

an´1
k “

ank´µna
n˚
n´k

1´|µn|
2 L1 Ð L1{

´

1´ |µn|
2
¯

an´1
n´k “

ann´k´µna
n˚
k

1´|µn|
2 L2 Ð L˚2 {

´

1´ |µn|
2
¯

ô an´1
k “

ank ´ µna
n˚
n´k

1´ |µn|
2 @k P J1, n´ 1K

Finally, we presented two algorithms that can be used to establish the following equivalences:

pµ1, µ2, . . . , µnq ô
´

aji

¯

1ďiďjďn
ô pan1 , a

n
2 , . . . , a

n
nq . (A.47)

Other equivalences between parameter spaces involving autoregressive coefficients are presented in Sections 2.1.5 and
2.1.6.
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Appendix B

Theoretical reflection coefficients of
continuous stochastic processes with
Gaussian spectrum shape

In this appendix, we recall the relations between the spectrum of a continuous stochastic process, its autocorrelation
coefficients and its reflection coefficients in Section B.1. We then use the several properties given in Section B.1 to
compute the theoretical reflection coefficients of continuous stochastic processes with Gaussian spectrum shape in Section
B.2.

Contents
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B.1 Spectra, autocorrelation coefficients and reflection coefficients

Let Sf be an integrable positive real function representing a spectrum shape. We denote rk (respectively rrk) the auto-
correlation coefficients corresponding to the spectrum Sf (respectively rSf ) and ank (respectively rank ) its autoregressive
coefficients.

The autocorrelation function R of a continuous complex valued stochastic process f is defined by:

Rf pτq “

`8
ż

´8

fpt` τqf˚ptqdt. (B.1)

It has a Fourier transform called the power spectral density:

Sf pξq “

`8
ż

´8

Rf pτqe
´i2πξτdτ. (B.2)

Rf pτq is therefore the inverse Fourier transform of Sf pξq:

Rf pτq “

`8
ż

´8

Sf pξqe
`i2πξτdξ. (B.3)

B.1.1 Useful properties about the continuous Fourier transform and usual Fourier transforms
We recall some useful properties about the continous Fourier transform and we give the Fourier transforms of three usual
functions in the following tabular.
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Function Fourier transform Remarks

fpxq Fpfqpξq “ pfpξq “
`8
ş

´8

fpxqe´i2πxξdx Definition

a fpxq ` b gpxq a pfpξq ` b pgpξq Linearity
fpx´mq e´i2πmξ pfpξq Shift in time domain
fpaxq 1

|a|
pfp ξa q Scaling in the time domain

pfpxq fp´ξq Duality
tripaxq 1

|a| sinc2
p
ξ
a q tripxq “ maxp1´ |x|, 0q

e´a|x| 2a
a2`4π2ξ2 For Repaq ą 0.

e´ax
2 a

π
a e
´
pπξq2

a For Repaq ą 0.

B.1.2 Spectrum multiplied by a scalar constant

We first study the case where Sf is multiplied by a complex scalar constant: we denote rSf “ λSf , λ P C.

Property 30. If we denote rSf “ λSf , the autocorrelation coefficients of the corresponding spectra rSf and Sf are linked
by the equation:

rrk “ λrk (B.4)

Proof. We denote rRf the autocorrelation function associated with the power spectral density rSf . Using these notations,
we have:

rRf pτq “ F
´

rSf

¯

p´τq (B.5)

“ F pλSf q p´τq (B.6)
“ F px ÞÑ λSf pxqq p´τq (B.7)
“ λF pSf q p´τq (B.8)
“ λRf pτq (B.9)

Therefore, we have:

rrk “ λrk (B.10)

Property 31. If we denote rSf “ λSf , the autoregressive coefficients of the corresponding spectra rSf and Sf are equal:

rank “ ank (B.11)

Proof. Initialization: We have:

rµ1 “ ra1
1 “ ´

rr1

rr0
“ ´

λr1

λr0
“ ´

r1

r0
“ µ1 (B.12)

The property is initialized for n “ 1.
Heredity: We assume that there existe n P N such that @k P J1, nK:

rank “ ank (B.13)

We now show that the property is true at the rank n` 1.
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• If k “ n` 1, the Levinson algorithm gives us:

rµn`1 “ra
n`1
n`1 (B.14)

“´

rrn`1 `
n
ř

j“1

rrn`1´jra
n
j

rr0 `
n
ř

j“1

rrjra
n˚
j

(B.15)

“´

λrn`1 `
n
ř

j“1

λrn`1´ja
n
j

λr0 `
n
ř

j“1

λrjanj
˚

(B.16)

“´

λ

˜

rn`1 `
n
ř

j“1

rn`1´ja
n
j

¸

λ

˜

r0 `
n
ř

j“1

rjanj
˚

¸ (B.17)

“µn`1 (B.18)

• If k ď n, the Levinson algorithm gives us:

ran`1
k “rank ` ran`1

n`1ra
n˚
n`1´k (B.19)

“ank ` a
n`1
n`1a

n
n`1´k

˚ (B.20)

“an`1
k (B.21)

Conclusion:
rank “ ank @1 ď k ď n (B.22)

and in particular:

rµn “ µn @n ě 1 (B.23)

B.1.3 Translated spectrum

We denote rSf the translated spectrum: rSf pxq “ Sf px´mq.

Property 32. If we denote rSf pxq “ Sf px´mq, the autocorrelation coefficients of the corresponding spectra rSf and Sf
are linked by the equation:

rrk “ ei2πmkrk (B.24)

Proof.

rRf pτq “ F
´

rSf

¯

p´τq (B.25)

“ F
´

x ÞÑ rSf pxq
¯

p´τq (B.26)

“ F px ÞÑ Sf px´mqq p´τq (B.27)

“ e´i2πmp´τqF pSf q p´τq (B.28)

“ ei2πmτRf pτq (B.29)

Therefore, we have:

rrk “ ei2πmkrk (B.30)

Property 33. If we denote rSf pxq “ Sf px´mq, the autoregressive coefficients of the corresponding spectra rSf and Sf
are linked by the equation:

rank “ ei2πmkank (B.31)
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Proof. Initialization: We have:

rµ1 “ ra1
1 “ ´

rr1

rr0
“ ´

ei2πmr1

r0
“ ei2πm

ˆ

´
r1

r0

˙

“ ei2πmµ1 (B.32)

The property is initialized for n “ 1.
Heredity: We assume that there existe n P N such that @k P J1, nK:

rank “ ei2πmkank (B.33)

We now show that the property is true at the rank n` 1.

• If k “ n` 1, the Levinson algorithm gives us:

rµn`1 “ra
n`1
n`1 (B.34)

“´

rrn`1 `
n
ř

j“1

rrn`1´jra
n
j

rr0 `
n
ř

j“1

rrjra
n˚
j

(B.35)

“´

ei2πmpn`1qrn`1 `
n
ř

j“1

ei2πmpn`1´jqrn`1´je
i2πmjanj

r0 `
n
ř

j“1

ei2πmjrje´i2πmjanj
˚

(B.36)

“ei2πmpn`1q

¨

˚

˚

˝

´

rn`1 `
n
ř

j“1

rn`1´ja
n
j

r0 `
n
ř

j“1

rjanj
˚

˛

‹

‹

‚

(B.37)

“ei2πmpn`1qµn`1 (B.38)

• If k ď n, the Levinson algorithm gives us:

ran`1
k “rank ` ran`1

n`1ra
n˚
n`1´k (B.39)

“ei2πmkank ` e
i2πmpn`1qan`1

n`1e
´i2πmpn`1´kqann`1´k

˚ (B.40)

“ei2πmk
`

ank ` a
n`1
n`1a

n
n`1´k

˚
˘

(B.41)

“ei2πmkan`1
k (B.42)

Conclusion:
rank “ ei2πmkank @1 ď k ď n (B.43)

and in particular:

rµn “ ei2πmnµn @n ě 1 (B.44)

Note that the mean m of a symmetric spectrum influence the argument of the reflection coefficients.

B.1.4 Centered symmetric spectra
Any real wide-sense stationary signal has a spectrum that is symmetrical about the y-axis. Reciprocally, we now assume
that Sf pxq is a centered symmetric real spectrum.

Property 34. If Sf pxq is a symmetric centered real spectrum, then its autocorrelation coefficients are real.

Proof. Conventional calculations show that xSf pξq “ 2
`8
ş

0

Sf pxqcosp2πxξqdx.

Hence we have Rf pξq “ xSf p´ξq “ 2
`8
ş

0

Sf pxqcosp2πxξqdx, and Rf pξq P R @ξ P R.

Property 35. If Sf pxq is a symmetric centered real spectrum, then its autoregressive coefficients are real.

Proof. We already proved that the autocorrelation coefficients rk are real. We can prove easily that the coefficients ank are
real too by recurrence on the index n using the Levinson algorithm.
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B.2 Application to the theoretical reflection coefficients computation of con-
tinuous stochastic processes with Gaussian spectrum shape

We consider the spectrum Sf which shape corresponds to the density of a Gaussian distribution of mean m and variance
σ2 with a power coefficient P , i.e.:

Sf pξq “ P
1

?
2πσ2

e´
pξ´mq2

2σ2 . (B.45)

We compute the corresponding autocorrelation function Rf :

Rf pτq “ xSf p´τq
´

since Sf pτq “ xRf pτq
¯

“ P
1

?
2πσ2

{

ˆ

x ÞÑ e´
px´mq2

2σ2

˙

p´τq

“ P
1

?
2πσ2

e´i2πmp´τq
{

´

x ÞÑ e´
x2

2σ2

¯

p´τq

“ P
1

?
2πσ2

ei2πmτ
c

π
1

2σ2

e´2π2σ2
p´τq2

“ Pei2πmτe´2π2σ2τ2

(B.46)

Finally, if we want to simulate a signal f which sampling period is T , the autocorrelation matrix R (which is Toeplitz)
will be defined by its coefficients:

rpkq “ Rf pkT q (B.47)

For simplicity we normalize the time scale and consider the sampling period T “ 1. We then denote rk “ rpkq. The
theoretical autocorrelation coefficients of a signal which power spectral density has the shape of Gaussian distribution of
mean m and variance σ2 with a power coefficient P are therefore:

rk “ Pei2πmke´2π2σ2k2

(B.48)

Thanks to the Levinson algorithm, we can compute explicitly the expression of the reflection coefficient µk.

Property 36. The autoregressive coefficients of a continuous stochastic process with a Gaussian spectrum shape of mean
m and variance σ2 are:

ank “ p´1qkei2πmke´2π2σ2k

k
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

. (B.49)

In particular, its reflection coefficients are given by:

µk “ p´1qkei2πmke´2π2σ2k @k ě 1. (B.50)

To prove this formula, we will proceed by recurrence on the order of the model using the Levinson algorithm (14).

Proof. Using properties 31 and 33, we can consider the case where the power coefficient P “ 1 and the mean m “ 0.
It is therefore sufficient to show the spectra:

Sf pξq “
1

?
2πσ2

e´
ξ2

2σ2 (B.51)

of autocorrelation coefficients:

rk “ e´2π2σ2k2

(B.52)

has the following autoregressive coefficients:

ank “ p´1qke´2π2σ2k

k
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

(B.53)
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We now prove this equality by recurrence on the index n using the Levinson algorithm.
Initialization: We have:

µ1 “ a1
1 “ ´

r1

r0
“ ´

e´2π2σ2

1
“ ´e´2π2σ2

(B.54)

The property is initialized for n “ 1.
Heredity: We assume that there existe n P N such that @k P J1, nK:

ank “ p´1qke´2π2σ2k

k
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

(B.55)

We now prove that, @k P J1, n` 1K:

an`1
k “ p´1qke´2π2σ2k

k
ś

i“1

´

1´ e´4π2σ2
pn`2´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

(B.56)

If we note X “ e´4π2σ2

, we can see that the quotient

k
ś

i“1

´

1´e´4π2σ2pn`1´iq
¯

k
ś

i“1
p1´e´4π2σ2iq

is a polynomial quotient in X . Similarly

to the fact that
ˆ

n

k

˙

is always an integer, this quotient can always be reduced to a simple polynomial in X , and similarly

to the fact that
ˆ

n

k

˙

“

ˆ

n

n´ k

˙

, we have the following equality:

k
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

“

n´k
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

n´k
ś

i“1

`

1´ e´4π2σ2i
˘

(B.57)

Hence the coefficient ank can also be written, @k P J1, nK:

ank “ p´1qke´2π2σ2k

minpk, n´kq
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

minpk, n´kq
ś

i“1

`

1´ e´4π2σ2i
˘

(B.58)

We now show that the property is true at the rank n` 1.

• If k “ n` 1, the Levinson algorithm gives us:

µn`1 “a
n`1
n`1 (B.59)

“´

rn`1 `
n
ř

j“1

rn`1´ja
n
j

r0 `
n
ř

j“1

rjanj
˚

(B.60)

“´

rn`1 `
n
ř

j“1

rja
n
n`1´j

r0 `
n
ř

j“1

rjanj
˚

(B.61)

“´

n`1
ř

j“1

rja
n
n`1´j

n
ř

j“0

rjanj
˚

(B.62)

“´

n
ř

j“0

rj`1a
n
n´j

n
ř

j“0

rjanj
˚

(B.63)
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considering that an0 “ 1 for all n P N, which generalize the formula (B.58) to k “ 0.

We now show that:

´
rj`1a

n
n´j

rjanj
˚ “ p´1qpn`1qe´2π2σ2

pn`1q @j P J0, nK (B.64)

which will prove that:

µn`1 “ p´1qpn`1qe´2π2σ2
pn`1q. (B.65)

Let’s prove Equation (B.64):

´
rj`1a

n
n´j

rjanj
˚ “p´1q

e´2π2σ2
pj`1q2

e´2π2σ2j2
(B.66)

p´1qpn´jqe´2π2σ2
pn´jq

minppn´jq, n´pn´jqq
ś

i“1

´

1´e´4π2σ2pn`1´iq
¯

minppn´jq, n´pn´jqq
ś

i“1
p1´e´4π2σ2iq

p´1qje´2π2σ2j

minpj, n´jq
ś

i“1
p1´e´4π2σ2pn`1´iqq

minpj, n´jq
ś

i“1
p1´e´4π2σ2iq

(B.67)

“p´1qn`1e2π2σ2ppj`1q2´j2`n´j´jq (B.68)

“p´1qn`1e2π2σ2
pn`1q. (B.69)
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• If k ď n, the Levinson algorithm gives us:

an`1
k “ank ` µn`1a

n
n`1´k

˚ (B.70)

“p´1qke´2π2σ2k

minpk, n´kq
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

minpk, n´kq
ś

i“1

`

1´ e´4π2σ2i
˘

` (B.71)

p´1qn`1e´2π2σ2
pn`1q (B.72)

p´1qpn`1´kqe´2π2σ2
pn`1´kq (B.73)

minppn`1´kq, n´pn`1´kqq
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

minppn`1´kq, n´pn`1´kqq
ś

i“1

`

1´ e´4π2σ2i
˘

(B.74)

“p´1qke´2π2σ2k (B.75)
¨

˚

˚

˚

˝

k
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

` e´4π2σ2
pn`1´kq

k´1
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

k´1
ś

i“1

`

1´ e´4π2σ2i
˘

˛

‹

‹

‹

‚

(B.76)

“p´1qke´2π2σ2k (B.77)
k´1
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

(B.78)

´´

1´ e´4π2σ2
pn`1´kq

¯

`

´

1´ e´4π2σ2k
¯

e´4π2σ2
pn`1´kq

¯

(B.79)

“p´1qke´2π2σ2k

k´1
ś

i“0

´

1´ e´4π2σ2
pn`1´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

(B.80)

“p´1qke´2π2σ2k

k
ś

i“1

´

1´ e´4π2σ2
pn`2´iq

¯

k
ś

i“1

`

1´ e´4π2σ2i
˘

(B.81)

Conclusion:
Using properties 31 and 33, we finally prove that the clutter of spectrum:

Sf pξq “ P
1

?
2πσ2

e´
pξ´mq2

2σ2 (B.82)

has the following autoregressive coefficients:

ank “ p´1qkei2πmke´2π2σ2k

minpk, n´kq
ś

i“1

´

1´ e´4π2σ2
pn`1´iq

¯

minpk, n´kq
ś

i“1

`

1´ e´4π2σ2i
˘

@1 ď k ď n (B.83)

and in particular:

µn “ p´1qnei2πmne´2π2σ2n @n ě 1. (B.84)

The kth coefficient of the model of infinite order is therefore:

a8k “ lim
nÑ`8

ank “ p´1qkei2πmke´2π2σ2k 1
k
ś

i“1

`

1´ e´4π2σ2i
˘

. (B.85)
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Appendix C

The Burg algorithms

The work presented in this appendix has been introduced by John Parker Burg in his thesis [16]. The Burg algorithm
estimates the coefficients aji of the linear autoregressive model from an observed time series [26]. We first define the
forward and backward prediction errors which are functions of the autoregressive coefficients aji . The aim of the Burg
algorithm is then to compute the coefficients aji minimizing the prediction errors. The Levinson algorithm induce relations
between the forward and backward predictions errors of successive orders. The estimations are performed recursively on
the order of the model. The Burg algorithm is not a maximum likelihood estimator of the autoregressive coefficients, an
exact forward-backward maximum likelihood autoregressive parameter estimation method is given in [5] for Gaussian
autoregressive time series.

Contents
C.1 The forward and backward prediction errors recurrence . . . . . . . . . . . . . . . . . . . . . . . . 144
C.2 The classical Burg algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
C.3 The regularized Burg algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
C.4 The classical multisegment Burg algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
C.5 The regularized multisegment Burg algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

C.1 The forward and backward prediction errors recurrence
We would like to justify the expression of the reflection coefficient µi of the regularized Burg algorithm 17.

We denote:

ral “

»

—

–

al1
...
all

fi

ffi

fl

(C.1)

and raBl the reversed version of ral:

raBl “

»

—

–

all
...
al1

fi

ffi

fl

(C.2)

With these notations, the relation between the autoregressive coefficients presented in Equation (A.6) can be summa-
rized as follows:

ral “

„

ral´1

0



` all

„

raB˚l´1

1



“

„

ral´1

0



` µl

„

raB˚l´1

1



(C.3)

Let u “ ru0, . . . , un´1s be a one-dimesional temporal signal.
We define the forward prediction error:

f jk “ uk `
j
ÿ

l“1

ajl uk´l, j ď k ď n´ 1 (C.4)
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and the backward prediction error:

bjk “ uk´j `
j
ÿ

l“1

ajl
˚
uk´j`l, j ď k ď n´ 1 (C.5)

Theorem 6. The forward and backward prediction errors of successive orders are linked by the following relations:
#

f j`1
k “ f jk ` µj`1 b

j
k´1

bj`1
k “ bjk´1 ` µ

˚
j`1 f

j
k

(C.6)

Proof. The proof is based on the Levinson recurrence.

f j`1
k “ uk `

j`1
ÿ

l“1

aj`1
l uk´l (C.7)

“ uk ` raTj`1

»

—

–

uk´1

...
uk´j´1

fi

ffi

fl

(C.8)

“ uk `

ˆ„

raj
0



` µj`1

„

raB˚j
1

˙T

»

—

–

uk´1

...
uk´j´1

fi

ffi

fl

(C.9)

“ uk `

„

raj
0

T

»

—

–

uk´1

...
uk´j´1

fi

ffi

fl

` µj`1

„

raB˚j
1

T

»

—

–

uk´1

...
uk´j´1

fi

ffi

fl

(C.10)

“ f jk ` µj`1 b
j
k´1 (C.11)

bj`1
k “ uk´pj`1q `

j`1
ÿ

l“1

aj`1
l

˚
uk´pj`1q`l (C.12)

“ uk´pj`1q ` ra˚Tj`1

»

—

–

uk´j
...
uk

fi

ffi

fl

(C.13)

“ uk´pj`1q `

ˆ„

raj
0



` µj`1

„

raB˚j
1

˙˚T

»

—

–

uk´j
...
uk

fi

ffi

fl

(C.14)

“ uk´pj`1q `

„

raj
0

˚T

»

—

–

uk´j
...
uk

fi

ffi

fl

` µj`1
˚

„

raB˚j
1

˚T

»

—

–

uk´j
...
uk

fi

ffi

fl

(C.15)

“ bjk´1 ` µ
˚
j`1 f

j
k (C.16)

The Burg algorithms presented in Sections C.2, C.3, C.4 and C.5 are based on the minimization of the forward and
backward prediction errors.

C.2 The classical Burg algorithm
We present the classical Burg algorithm in Algorithm 16.

We would like to justifie the expression of the reflection coefficient µj in Equation (C.19).
The idea is to minimize the sum of the square modulus of the forward and backward prediction errors of order j, i.e.

we would like to minimize the function:

Ej “
1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f jk

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bjk

ˇ

ˇ

ˇ

2

(C.21)
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Algorithm 16 The classical Burg algorithm
Initialization:

f0
k “ b0k “ uk k “ 0, ..., n´ 1 (C.17)

p0 “
1

n

n´1
ÿ

k“0

|uk|
2 (C.18)

for j “ 1, ...,M : do

µj “ ´

2
n´1
ř

k“j

f j´1
k bj´1˚

k´1

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2
(C.19)

where:
#

f jk “ f j´1
k ` µj b

j´1
k´1 k “ j, ..., n´ 1

bjk “ bj´1
k´1 ` µ

˚
j f

j´1
k k “ j, ..., n´ 1

(C.20)

end for
return pp0, µ1, ..., µn´1q

Note that we can express Ej as a function of forward and backward prediction errors of order j ´ 1 and µj :

Ej “
1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k ` µj b

j´1
k´1

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1 ` µ

˚
j f

j´1
k

ˇ

ˇ

ˇ

2

(C.22)

Hence if the prediction errors of order j ´ 1 are already known, we can compute the optimal value of µj to minimize
Ej .

Property 37. The minimal value of Ej is obtained for:

µj “ ´

2
n´1
ř

k“j

f j´1
k bj´1˚

k´1

n´1
ř

k“j

|f j´1
k |2 ` |bj´1

k´1|
2

(C.23)

Proof.

Ej “
1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k ` µj b

j´1
k´1

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1 ` µ

˚
j f

j´1
k

ˇ

ˇ

ˇ

2

(C.24)

“
1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

` (C.25)

µj b
j´1
k´1 f

j´1˚
k `

µ˚j b
j´1˚
k´1 f j´1

k `

|µj |
2
ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

`

µj f
j´1˚
k bj´1

k´1`

µ˚j f
j´1
k bj´1˚

k´1 `

|µj |
2
ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

If we denote µj “ x` iy, then we have:
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Ej “
1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

` (C.26)

px` iyq bj´1
k´1 f

j´1˚
k `

px´ iyq bj´1˚
k´1 f j´1

k `

px2 ` y2q

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

`

px` iyq f j´1˚
k bj´1

k´1`

px´ iyq f j´1
k bj´1˚

k´1 `

px2 ` y2q

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

Hence we have:

BEjpx` iyq

Bx
“

1

2pn´ jq

n´1
ÿ

k“j

bj´1
k´1 f

j´1˚
k ` (C.27)

bj´1˚
k´1 f j´1

k `

2 x
ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

`

f j´1˚
k bj´1

k´1`

f j´1
k bj´1˚

k´1 `

2 x
ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

“
1

2pn´ jq

n´1
ÿ

k“j

4 Re
´

f j´1
k bj´1˚

k´1

¯

` (C.28)

2 x

ˆ

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2
˙

Hence:

BEjpx` iyq

Bx
“ 0 (C.29)

ðñ x “ Re

¨

˚

˚

˚

˝

´

2
n´1
ř

k“j

f j´1
k bj´1˚

k´1

n´1
ř

k“j

|f j´1
k |2 ` |bj´1

k´1|
2

˛

‹

‹

‹

‚

We also have:
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BEjpx` iyq

By
“

1

2pn´ jq

n´1
ÿ

k“j

i bj´1
k´1 f

j´1˚
k ` (C.30)

´ i bj´1˚
k´1 f j´1

k `

2 y
ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

`

i f j´1˚
k bj´1

k´1`

´ i f j´1
k bj´1˚

k´1 `

2 y
ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

“
1

2pn´ jq

n´1
ÿ

k“j

4 Im
´

f j´1
k bj´1˚

k´1

¯

` (C.31)

2 y

ˆ

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2
˙

Hence:

BEjpx` iyq

By
“ 0 (C.32)

ðñ y “ Im

¨

˚

˚

˚

˝

´

2
n´1
ř

k“j

f j´1
k bj´1˚

k´1

n´1
ř

k“j

|f j´1
k |2 ` |bj´1

k´1|
2

˛

‹

‹

‹

‚

Hence the gradient of the function Ej respectively to the coordinate x and y is null at the point:

µj “ ´

2
n´1
ř

k“j

f j´1
k bj´1˚

k´1

n´1
ř

k“j

|f j´1
k |2 ` |bj´1

k´1|
2

(C.33)

As the function Ej is a strictly convex function, the function Ej has a global minimum at µj .

Property 38. The modulus of the reflection coefficients estimated by Algorithm 16 are lower than one:

|µj | ď 1, @j P N˚ (C.34)

Proof. Note that @pj, kq we have:

2
ˇ

ˇ

ˇ
f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

(C.35)

If we sum the inequalities, we the have:

2
n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ
ď

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

(C.36)

Yet, using the triangular inequality:

2

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ÿ

k“j

f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2
n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ
(C.37)

Therefore:
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2

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ÿ

k“j

f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ

ˇ

ˇ

ď

n´1
ÿ

k“j

|f j´1
k |2 ` |bj´1

k´1|
2 (C.38)

ðñ

2

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ř

k“j

f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2
ď 1 (C.39)

ðñ |µj | ď 1 (C.40)

Note that |µj | “ 1 if and only if all inequalities in the proof of Property 38 are equalities. Therefore, we have |µj | ă 1
almost surely.

C.3 The regularized Burg algorithm
We present the regularized Burg algorithm in Algorithm 17.

Algorithm 17 The regularized Burg algorithm
Initialization:

f0
k “ b0k “ uk k “ 0, ..., p´ 1 (C.41)

a0
k “ 1 k “ 0, ..., p´ 1 (C.42)

p0 “
1

p

p´1
ÿ

k“0

|uk|
2 (C.43)

for j “ 1, ..., n´ 1: do

µj “ ´

2
p´j

p´1
ř

k“j

f j´1
k bj´1˚

k´1 ` 2
j´1
ř

k“1

βjk a
j´1
k aj´1

j´k

1
p´j

p´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

` 2
j´1
ř

k“0

βjk

ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
(C.44)

where:
βjk “ γp2πq2pj ´ kq2 (C.45)

#

ajk “ aj´1
k ` µj a

j´1˚
j´k k “ 1, ..., j ´ 1

ajj “ µj
(C.46)

#

f jk “ f j´1
k ` µj b

j´1
k´1 k “ j, ..., p´ 1

bjk “ bj´1
k´1 ` µ

˚
j f

j´1
k k “ j, ..., p´ 1

(C.47)

end for
return pp0, µ1, ..., µn´1q

We would like to justify the expression of the reflection coefficient µj in Equation (C.44).
The idea is to minimize the sum of the square modulus of the forward and backward prediction errors of order j plus

a regularization coefficient, i.e. we would like to minimize the function:

Ej “
1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f jk

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bjk

ˇ

ˇ

ˇ

2

looooooooooooooomooooooooooooooon

Fj

` γ p2πq
2

j
ÿ

k“1

k2
ˇ

ˇ

ˇ
ajk

ˇ

ˇ

ˇ

2

loooooooooomoooooooooon

Gj

(C.48)
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The function Fj has already been studied in the previous section dealing with the classical Burg algorithm C.2.
The function Gj is a regularization function of parameter γ. We explain why the function Gj can be considered as
regularization function, then we will compute its derivative in order to minimize the function Ej .

We denote Ampfq the polynomial associated with the autoregressive model of order m:

Ampfq “
m
ÿ

k“0

amk e
´j2πkf (C.49)

Note that this polynomial corresponds to denominator of the autoregressive spectrum SmARpfq presented in Equation
(2.95):

SmARpfq “
Pm

Ampfq
. (C.50)

Hence the variation of the autoregressive spectrum SmARpfq, are linked to the variations of the polynomial Ampfq via
the equation:

dSmARpfq

df
“ ´

Pm
dAmpfq
df

pAmpfqq
2 (C.51)

Hence we can obtain a smooth spectrum minimizing the modulus of the first order derivative dAmpfq
df .

The following coefficient as been introduced in [8, 9] to quantify the variations of the polynomial Ampfq:

Dm
1 “

1{2
ż

´1{2

ˇ

ˇ

ˇ

ˇ

dAmpfq

df

ˇ

ˇ

ˇ

ˇ

2

df (C.52)

Property 39. Using the previous notations, we have the following equality:

1{2
ż

´1{2

ˇ

ˇ

ˇ

ˇ

dAmpfq

df

ˇ

ˇ

ˇ

ˇ

2

df “ p2πq
2
m
ÿ

k“1

k2 |amk |
2 (C.53)

This equality justifies that the function Gj is called a regularization function.

Proof. We recall the expression of the polynomial Ampfq associated with the autoregressive model of order m:

Ampfq “
m
ÿ

k“0

amk e
´j2πkf (C.54)

We compute the first order derivative of Ampfq:

dAmpfq

df
“ ´j2π

m
ÿ

k“1

kamk e
´j2πkf (C.55)

Hence its square modulus is:

ˇ

ˇ

ˇ

ˇ

dAmpfq

df

ˇ

ˇ

ˇ

ˇ

2

“p2πq2

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

k“1

kamk e
´j2πkf

ˇ

ˇ

ˇ

ˇ

ˇ

2

(C.56)

which gives:
ˇ

ˇ

ˇ

ˇ

dAmpfq

df

ˇ

ˇ

ˇ

ˇ

2

“ p2πq2
ÿ

1ďi,lďm

i l ami a
m˚
l e´j2πpi´lqf (C.57)

Integrating with respect to f , we obtain:
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1{2
ż

´1{2

ˇ

ˇ

ˇ

ˇ

dAmpfq

df

ˇ

ˇ

ˇ

ˇ

2

df (C.58)

“p2πq2
ÿ

1ďi,lďm

i l ami a
m˚
l

1{2
ż

´1{2

e´j2πpi´lqfdf (C.59)

“p2πq2
ÿ

1ďi,lďm

i l ami a
m˚
l 1ti“lu (C.60)

“p2πq
2
m
ÿ

i“1

i2 |ami |
2 (C.61)

Property 40. The minimal value of Ej is obtained for:

µj “ ´

2
n´j

n´1
ř

k“j

f j´1
k bj´1˚

k´1 ` 2γp2πq2
j´1
ř

k“1

pj ´ kq2 aj´1
k aj´1

j´k

1
n´j

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

` 2γp2πq2
j´1
ř

k“0

pj ´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
(C.62)

Proof. Let’s start by recalling the formula of the regularization function Gj :

Gj “ γ p2πq
2

j
ÿ

k“1

k2
ˇ

ˇ

ˇ
ajk

ˇ

ˇ

ˇ

2

. (C.63)

Performing a summation index change, we have:

Gj “ γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˇ

ˇ

ˇ
ajj´k

ˇ

ˇ

ˇ

2

(C.64)

We recall the following recurrence relation of the AR coefficients obtained in Appendix A:

ajk “ aj´1
k ` µja

j´1˚
j´k @ pi, jq P N2 (C.65)

with by convention aj0 “ 1 for all j P N and aji “ 0 when i ą j.
Therefore, we have:

Gj “ γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˇ

ˇ

ˇ
aj´1
j´k ` µj a

j´1 ˚
k

ˇ

ˇ

ˇ

2

(C.66)

“ γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˆ

ˇ

ˇ

ˇ
aj´1
j´k

ˇ

ˇ

ˇ

2

` (C.67)

µja
j´1 ˚
k aj´1 ˚

j´k `

µ˚j a
j´1
k aj´1

j´k`

|µj |
2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙

If we denote µj “ x` iy, then we have:

Gj “ γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˆ

ˇ

ˇ

ˇ
aj´1
j´k

ˇ

ˇ

ˇ

2

(C.68)

` px` iyq aj´1 ˚
k aj´1 ˚

j´k

` px´ iyq aj´1
k aj´1

j´k

`
`

x2 ` y2
˘

ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙
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Hence we have:

BGjpx` iyq

Bx
“ γ p2πq

2
j´1
ÿ

k“0

pj ´ kq2
´

aj´1 ˚
k aj´1 ˚

j´k (C.69)

` aj´1
k aj´1

j´k

` 2x
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙

“ γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˆ

2 Re
´

aj´1
k aj´1

j´k

¯

` 2x
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙

(C.70)

Hence:

BEjpx` iyq

Bx
“ 0 (C.71)

ðñ
BFjpx` iyq

Bx
`
BGjpx` iyq

Bx
“ 0 (C.72)

ðñ
1

2pn´ jq

n´1
ÿ

k“j

4 Re
´

f j´1
k bj´1˚

k´1

¯

` 2 x

ˆ

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2
˙

`

γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˆ

2Re
´

aj´1
k aj´1

j´k

¯

` 2x
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙

“ 0 (C.73)

ðñ x “ Re

¨

˚

˚

˚

˝

´

2
n´j

n´1
ř

k“j

f j´1
k bj´1˚

k´1 ` 2γp2πq2
j´1
ř

k“1

pj ´ kq2 aj´1
k aj´1

j´k

1
n´j

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

` 2γp2πq2
j´1
ř

k“0

pj ´ kq
2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2

˛

‹

‹

‹

‚

(C.74)

We also have:

BGjpx` iyq

By
“ γ p2πq

2
j´1
ÿ

k“0

pj ´ kq2
´

i aj´1 ˚
k aj´1 ˚

j´k (C.75)

´ i aj´1
k aj´1

j´k

` 2y
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙

“ γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˆ

2 Im
´

aj´1
k aj´1

j´k

¯

` 2y
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙

(C.76)

Hence:

BEjpx` iyq

By
“ 0 (C.77)

ðñ
BFjpx` iyq

By
`
BGjpx` iyq

By
“ 0 (C.78)

ðñ
1

2pn´ jq

n´1
ÿ

k“j

4 Im
´

f j´1
k bj´1˚

k´1

¯

` 2 y

ˆ

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2
˙

`

γ p2πq
2
j´1
ÿ

k“0

pj ´ kq2
ˆ

2 Im
´

aj´1
k aj´1

j´k

¯

` 2y
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
˙

“ 0 (C.79)

ðñ y “ Im

¨

˚

˚

˚

˝

´

2
n´j

n´1
ř

k“j

f j´1
k bj´1˚

k´1 ` 2γp2πq2
j´1
ř

k“1

pj ´ kq2 aj´1
k aj´1

j´k

1
n´j

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

` 2γp2πq2
j´1
ř

k“0

pj ´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2

˛

‹

‹

‹

‚

(C.80)
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Hence the gradient of the function Ej respectively to the coordinate x and y is null at the point:

µj “ ´

2
n´j

n´1
ř

k“j

f j´1
k bj´1˚

k´1 ` 2γp2πq2
j´1
ř

k“1

pj ´ kq2 aj´1
k aj´1

j´k

1
n´j

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

` 2γp2πq2
j´1
ř

k“0

pj ´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
(C.81)

As the function Ej is a strictly convex function, the function Ej has a global minimum at µj .

Property 41. The coefficients µj computed by the regularized Burg algorithm 17 belong to the complex unit disk for all
1 ď j ď 5:

|µj | ď 1 @1 ď j ď 5 (C.82)

In practice, all the reflection coefficients estimated from a time series using the regularized Burg algorithm are of
modulus lower than one for all j P N˚. Indeed, the modulus of the jth coefficient tends to decrease as the model order
j increases. However, we only managed to write the proof for 1 ď i ď 5 here. The main difficulty of the proof is the
coefficient pj ´ kq2 appearing in the expression of the coefficient µj :

µj “ ´

2
n´j

n´1
ř

k“j

f j´1
k bj´1˚

k´1 ` 2γp2πq2
j´1
ř

k“1

pj´ kq2 aj´1
k aj´1

j´k

1
n´j

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

` 2γp2πq2
j´1
ř

k“0

pj´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
. (C.83)

Proof. According to Equation (C.83), it is equivalent to prove that |µj | ď 1 and to prove that:

ˇ

ˇ

ˇ

ˇ

ˇ

2

n´ j

n´1
ÿ

k“j

f j´1
k bj´1˚

k´1 ` 2γp2πq2
j´1
ÿ

k“1

pj´ kq2 aj´1
k aj´1

j´k

ˇ

ˇ

ˇ

ˇ

ˇ

(C.84)

ď
1

n´ j

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

` 2γp2πq2
j´1
ÿ

k“0

pj´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2

.

According to the triangular inequality, we have:

ˇ

ˇ

ˇ

ˇ

ˇ

2

n´ j

n´1
ÿ

k“j

f j´1
k bj´1˚

k´1 ` 2γp2πq2
j´1
ÿ

k“1

pj´ kq2 aj´1
k aj´1

j´k

ˇ

ˇ

ˇ

ˇ

ˇ

(C.85)

ď
2

n´ j

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ
` 2γp2πq2

j´1
ÿ

k“1

pj´ kq2
ˇ

ˇ

ˇ
aj´1
k aj´1

j´k

ˇ

ˇ

ˇ
.

In the proof of Property 38, we have already proven in Equation (C.36) that:

2
n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k bj´1˚

k´1

ˇ

ˇ

ˇ
ď

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j´1
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1
k´1

ˇ

ˇ

ˇ

2

. (C.86)

Therefore, it is sufficient to show that:
ˇ

ˇ

ˇ

ˇ

ˇ

j´1
ÿ

k“1

pj´ kq2 aj´1
k aj´1

j´k

ˇ

ˇ

ˇ

ˇ

ˇ

ď

j´1
ÿ

k“0

pj´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2

(C.87)

to prove that |µj | ď 1.
We recall that an0 “ 1 for all n P N, Equation (C.87) can therefore be written:

ˇ

ˇ

ˇ

ˇ

ˇ

j´1
ÿ

k“1

pj´ kq2 aj´1
k aj´1

j´k

ˇ

ˇ

ˇ

ˇ

ˇ

ď j2 `

j´1
ÿ

k“1

pj´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2

. (C.88)

Note that we cannot use the Cauchy-Schwarz inequality to prove directly this inequality because of the terms pj´ kq2.
We now prove that

j´1
ÿ

k“1

pj´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
aj´1
j´k

ˇ

ˇ

ˇ
ď j2 `

j´1
ÿ

k“1

pj´ kq2
ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2

(C.89)
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for all j P J1, 5K. When Equation (C.89) is true, we can use the triangular inequality to prove that Equation (C.87) is
also true and therefore |µj | ď 1.

For j “ 1, Equation (C.89) gives:

0
ÿ

k“1

p1´ kq2
ˇ

ˇa0
k

ˇ

ˇ

ˇ

ˇa0
1´k

ˇ

ˇ ď12 `

0
ÿ

k“1

p1´ kq2
ˇ

ˇa0
k

ˇ

ˇ

2
(C.90)

ô 0 ď1 (C.91)

which is always true.
For j “ 2, Equation (C.89) gives:

1
ÿ

k“1

p2´ kq2
ˇ

ˇa1
k

ˇ

ˇ

ˇ

ˇa1
2´k

ˇ

ˇ ď22 `

1
ÿ

k“1

p2´ kq2
ˇ

ˇa1
k

ˇ

ˇ

2
(C.92)

ô
ˇ

ˇa1
1

ˇ

ˇ

2
ď4`

ˇ

ˇa1
1

ˇ

ˇ

2
(C.93)
(C.94)

which is always true.
For j “ 3, Equation (C.89) gives:

2
ÿ

k“1

p3´ kq2
ˇ

ˇa2
k

ˇ

ˇ

ˇ

ˇa2
3´k

ˇ

ˇ ď32 `

2
ÿ

k“1

p3´ kq2
ˇ

ˇa2
k

ˇ

ˇ

2
(C.95)

ô 4
ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ`
ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ ď9` 4
ˇ

ˇa2
1

ˇ

ˇ

2
`
ˇ

ˇa2
2

ˇ

ˇ

2
(C.96)

ô 5
ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ ď9` 4
ˇ

ˇa2
1

ˇ

ˇ

2
`
ˇ

ˇa2
2

ˇ

ˇ

2
(C.97)

Note that:

0 ď

ˆ

2
ˇ

ˇa2
1

ˇ

ˇ´
5

4

ˇ

ˇa2
2

ˇ

ˇ

˙2

(C.98)

ô 0 ď4
ˇ

ˇa2
1

ˇ

ˇ

2
´ 5

ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ`
25

16

ˇ

ˇa2
2

ˇ

ˇ

2
(C.99)

ô 5
ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ ď4
ˇ

ˇa2
1

ˇ

ˇ

2
`

25

16

ˇ

ˇa2
2

ˇ

ˇ

2
(C.100)

Moreover, we have:

ˇ

ˇa2
2

ˇ

ˇ

2
ď1 (C.101)

ô
9

16

ˇ

ˇa2
2

ˇ

ˇ

2
ď

9

16
(C.102)

ô 0 ď
9

16
´

9

16

ˇ

ˇa2
2

ˇ

ˇ

2
(C.103)

By adding the inequalities (C.100) and (C.103), we obtain:

5
ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ ď4
ˇ

ˇa2
1

ˇ

ˇ

2
`

25

16

ˇ

ˇa2
2

ˇ

ˇ

2
`

9

16
´

9

16

ˇ

ˇa2
2

ˇ

ˇ

2
(C.104)

ô 5
ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ ď
9

16
` 4

ˇ

ˇa2
1

ˇ

ˇ

2
`
ˇ

ˇa2
2

ˇ

ˇ

2
(C.105)

ñ 5
ˇ

ˇa2
1

ˇ

ˇ

ˇ

ˇa2
2

ˇ

ˇ ď9` 4
ˇ

ˇa2
1

ˇ

ˇ

2
`
ˇ

ˇa2
2

ˇ

ˇ

2
(C.106)

which proves the inequality for j “ 3.
For j “ 4, Equation (C.89) gives:

3
ÿ

k“1

p4´ kq2
ˇ

ˇa3
k

ˇ

ˇ

ˇ

ˇa3
4´k

ˇ

ˇ ď42 `

3
ÿ

k“1

p4´ kq2
ˇ

ˇa3
k

ˇ

ˇ

2
(C.107)

ô 9
ˇ

ˇa3
1

ˇ

ˇ

ˇ

ˇa3
3

ˇ

ˇ` 4
ˇ

ˇa3
2

ˇ

ˇ

ˇ

ˇa3
2

ˇ

ˇ`
ˇ

ˇa3
3

ˇ

ˇ

ˇ

ˇa3
1

ˇ

ˇ ď16` 9
ˇ

ˇa3
1

ˇ

ˇ

2
` 4

ˇ

ˇa3
2

ˇ

ˇ

2
`
ˇ

ˇa3
3

ˇ

ˇ

2
(C.108)

ô 10
ˇ

ˇa3
1

ˇ

ˇ

ˇ

ˇa3
3

ˇ

ˇ ď16` 9
ˇ

ˇa3
1

ˇ

ˇ

2
`
ˇ

ˇa3
3

ˇ

ˇ

2
(C.109)
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Note that:

0 ď

ˆ

3
ˇ

ˇa3
1

ˇ

ˇ´
5

3

ˇ

ˇa3
3

ˇ

ˇ

˙2

(C.110)

ô 0 ď9
ˇ

ˇa3
1

ˇ

ˇ

2
´ 10

ˇ

ˇa3
1

ˇ

ˇ

ˇ

ˇa3
3

ˇ

ˇ`
25

9

ˇ

ˇa3
3

ˇ

ˇ

2
(C.111)

ô 10
ˇ

ˇa3
1

ˇ

ˇ

ˇ

ˇa3
3

ˇ

ˇ ď9
ˇ

ˇa3
1

ˇ

ˇ

2
`

25

9

ˇ

ˇa3
3

ˇ

ˇ

2
(C.112)

Moreover, we have:

ˇ

ˇa3
3

ˇ

ˇ

2
ď1 (C.113)

ô
16

9

ˇ

ˇa3
3

ˇ

ˇ

2
ď

16

9
(C.114)

ô 0 ď
16

9
´

16

9

ˇ

ˇa3
3

ˇ

ˇ

2
(C.115)

By adding the inequalities (C.112) and (C.115), we obtain:

10
ˇ

ˇa3
1

ˇ

ˇ

ˇ

ˇa3
3

ˇ

ˇ ď9
ˇ

ˇa3
1

ˇ

ˇ

2
`

25

9

ˇ

ˇa3
3

ˇ

ˇ

2
`

16

9
´

16

9

ˇ

ˇa3
3

ˇ

ˇ

2
(C.116)

ô 10
ˇ

ˇa3
1

ˇ

ˇ

ˇ

ˇa3
3

ˇ

ˇ ď
16

9
` 9

ˇ

ˇa3
1

ˇ

ˇ

2
`
ˇ

ˇa3
3

ˇ

ˇ

2
(C.117)

ñ 10
ˇ

ˇa3
1

ˇ

ˇ

ˇ

ˇa3
3

ˇ

ˇ ď16` 9
ˇ

ˇa3
1

ˇ

ˇ

2
`
ˇ

ˇa3
3

ˇ

ˇ

2
(C.118)

which proves the inequality for j “ 4.
For j “ 5, Equation (C.89) gives:

4
ÿ

k“1

p5´ kq2
ˇ

ˇa4
k

ˇ

ˇ

ˇ

ˇa4
5´k

ˇ

ˇ ď52 `

4
ÿ

k“1

p5´ kq2
ˇ

ˇa4
k

ˇ

ˇ

2
(C.119)

ô 16
ˇ

ˇa4
1

ˇ

ˇ

ˇ

ˇa4
4

ˇ

ˇ` 9
ˇ

ˇa4
2

ˇ

ˇ

ˇ

ˇa4
3

ˇ

ˇ` 4
ˇ

ˇa4
3

ˇ

ˇ

ˇ

ˇa4
2

ˇ

ˇ`
ˇ

ˇa4
4

ˇ

ˇ

ˇ

ˇa4
1

ˇ

ˇ ď25` 16
ˇ

ˇa4
1

ˇ

ˇ

2
` 9

ˇ

ˇa4
2

ˇ

ˇ

2
` 4

ˇ

ˇa4
3

ˇ

ˇ

2
`
ˇ

ˇa4
4

ˇ

ˇ

2
(C.120)

ô 17
ˇ

ˇa4
1

ˇ

ˇ

ˇ

ˇa4
4

ˇ

ˇ` 13
ˇ

ˇa4
2

ˇ

ˇ

ˇ

ˇa4
3

ˇ

ˇ ď25` 16
ˇ

ˇa4
1

ˇ

ˇ

2
` 9

ˇ

ˇa4
2

ˇ

ˇ

2
` 4

ˇ

ˇa4
3

ˇ

ˇ

2
`
ˇ

ˇa4
4

ˇ

ˇ

2
(C.121)

Note that:

0 ď

ˆ

4
ˇ

ˇa4
1

ˇ

ˇ´
17

8

ˇ

ˇa4
4

ˇ

ˇ

˙2

(C.122)

ô 0 ď16
ˇ

ˇa4
1

ˇ

ˇ

2
´ 17

ˇ

ˇa4
1

ˇ

ˇ

ˇ

ˇa4
4

ˇ

ˇ`
172

82

ˇ

ˇa4
4

ˇ

ˇ

2
(C.123)

ô 17
ˇ

ˇa4
1

ˇ

ˇ

ˇ

ˇa4
4

ˇ

ˇ ď16
ˇ

ˇa4
1

ˇ

ˇ

2
`

289

64

ˇ

ˇa4
4

ˇ

ˇ

2
(C.124)

Moreover, we have:

ˇ

ˇa4
4

ˇ

ˇ

2
ď1 (C.125)

ô
225

64

ˇ

ˇa4
4

ˇ

ˇ

2
ď

225

64
(C.126)

ô 0 ď
225

64
´

225

64

ˇ

ˇa4
4

ˇ

ˇ

2
(C.127)

We also have:

0 ď

ˆ

3
ˇ

ˇa4
2

ˇ

ˇ´
13

6

ˇ

ˇa4
3

ˇ

ˇ

˙2

(C.128)

ô 0 ď9
ˇ

ˇa4
2

ˇ

ˇ

2
´ 13

ˇ

ˇa4
2

ˇ

ˇ

ˇ

ˇa4
3

ˇ

ˇ`
132

62

ˇ

ˇa4
3

ˇ

ˇ

2
(C.129)

ô 13
ˇ

ˇa4
2

ˇ

ˇ

ˇ

ˇa4
3

ˇ

ˇ ď9
ˇ

ˇa4
2

ˇ

ˇ

2
`

169

36

ˇ

ˇa4
3

ˇ

ˇ

2
(C.130)
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Besides, we have according to Property 28:

ˇ

ˇa4
3

ˇ

ˇ ď

ˆ

4

3

˙

“ 4 (C.131)

ô
ˇ

ˇa4
3

ˇ

ˇ

2
ď16 (C.132)

ô
25

36

ˇ

ˇa4
3

ˇ

ˇ

2
ď

25

36
ˆ 16 “

100

9
(C.133)

ô 0 ď
100

9
´

25

36

ˇ

ˇa4
3

ˇ

ˇ

2
(C.134)

By adding the inequalities (C.124), (C.127), (C.130)and (C.134), we obtain:

17
ˇ

ˇa4
1

ˇ

ˇ

ˇ

ˇa4
4

ˇ

ˇ` 13
ˇ

ˇa4
2

ˇ

ˇ

ˇ

ˇa4
3

ˇ

ˇ ď16
ˇ

ˇa4
1

ˇ

ˇ

2
`

289

64

ˇ

ˇa4
4

ˇ

ˇ

2
`

225

64
´

225

64

ˇ

ˇa4
4

ˇ

ˇ

2
` 9

ˇ

ˇa4
2

ˇ

ˇ

2
`

169

36

ˇ

ˇa4
3

ˇ

ˇ

2
`

100

9
´

25

36

ˇ

ˇa4
3

ˇ

ˇ

2

(C.135)

ô 17
ˇ

ˇa4
1

ˇ

ˇ

ˇ

ˇa4
4

ˇ

ˇ` 13
ˇ

ˇa4
2

ˇ

ˇ

ˇ

ˇa4
3

ˇ

ˇ ď
8425

576
` 16

ˇ

ˇa4
1

ˇ

ˇ

2
` 9

ˇ

ˇa4
2

ˇ

ˇ

2
` 4

ˇ

ˇa4
3

ˇ

ˇ

2
`
ˇ

ˇa4
4

ˇ

ˇ

2
(C.136)

ñ 17
ˇ

ˇa4
1

ˇ

ˇ

ˇ

ˇa4
4

ˇ

ˇ` 13
ˇ

ˇa4
2

ˇ

ˇ

ˇ

ˇa4
3

ˇ

ˇ ď25` 16
ˇ

ˇa4
1

ˇ

ˇ

2
` 9

ˇ

ˇa4
2

ˇ

ˇ

2
` 4

ˇ

ˇa4
3

ˇ

ˇ

2
`
ˇ

ˇa4
4

ˇ

ˇ

2
(C.137)

which proves the inequality for j “ 5.

C.4 The classical multisegment Burg algorithm
The aim of the multisegment Burg algorithm presented in 18 is to estimate the coefficients of the autoregressive model of
N temporal signals

`

u0, . . . ,uN´1
˘

assuming these signals have the same autoregressive coefficients and the same lenght
n.

Algorithm 18 The multisegment Burg algorithm
Initialization:

f0,l
k “ b0,lk “ ulk k “ 0, ..., n´ 1; l “ 0, ..., N ´ 1 (C.138)

p0 “
1

nN

N´1
ÿ

l“0

n´1
ÿ

k“0

ˇ

ˇulk
ˇ

ˇ

2
(C.139)

for j “ 1, ...,M : do

µj “ ´

2
N´1
ř

l“0

n´1
ř

k“j

f j´1,l
k bj´1,l˚

k´1

N´1
ř

l“0

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1,l
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1,l
k´1

ˇ

ˇ

ˇ

2
(C.140)

where:
#

f j,lk “ f j´1,l
k ` µj b

j´1,l
k´1 k “ j, ..., n´ 1; l “ 0, ..., N ´ 1

bj,lk “ bj´1,l
k´1 ` µ˚j f

j´1,l
k k “ j, ..., n´ 1; l “ 0, ..., N ´ 1

(C.141)

end for
return pp0, µ1, ..., µn´1q

Here, the function to minimize is the sum of all forward and backward prediction errors:

Ej “
1

N

N´1
ÿ

l“0

Elj (C.142)

“
1

N

N´1
ÿ

l“0

1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j,lk

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj,lk

ˇ

ˇ

ˇ

2
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Here l denotes the index of the temporal signal, j is the order of the autoregressive model and k is the index of the
error (i ď k ď n´ 1).

Property 42. The total error Ej is minimized for:

µj “ ´

2
N´1
ř

l“0

n´1
ř

k“j

f j´1,l
k bj´1,l˚

k´1

N´1
ř

l“0

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1,l
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1,l
k´1

ˇ

ˇ

ˇ

2
(C.143)

Proof. The ideas of this proof are exactly the same than those of the proof of Property 37, we just add a sum over the
number of time series N .

Another possible method to estimate the reflection coefficients of several time series corresponding to several realiza-
tions of the same stochastic process is to use the one-dimensional classical Burg algorithm or regularized Burg algorithm,
then to approximate the mean of the reflection coefficients in the Poincare polydisk Dn´1 using the Kähler metric.

C.5 The regularized multisegment Burg algorithm
We present the regularized multisegment Burg algorithm in Algorithm 19.

Algorithm 19 The regularized multisegment Burg algorithm
Initialization:

f0,l
k “ b0,lk “ ulk k “ 0, ..., n´ 1; l “ 0, ..., N ´ 1 (C.144)

a0
k “ 1 k “ 0, ..., n´ 1 (C.145)

p0 “
1

nN

N´1
ÿ

l“0

n´1
ÿ

k“0

ˇ

ˇulk
ˇ

ˇ

2
(C.146)

for j “ 1, ...,M : do

µj “ ´

2
Npn´jq

N
ř

l“0

n´1
ř

k“j

f j´1,l
k bj´1,l˚

k´1 ` 2
j´1
ř

k“1

βjk a
j´1
k aj´1

j´k

1
Npn´jq

N
ř

l“0

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1,l
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1,l
k´1

ˇ

ˇ

ˇ

2

` 2
j´1
ř

k“0

βjk

ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
(C.147)

where:
βjk “ γp2πq2pk ´ jq2 (C.148)

#

ajk “ aj´1
k ` µj a

j´1˚
j´k k “ 1, ..., j ´ 1

ajj “ µj
(C.149)

#

f j,lk “ f j´1,l
k ` µj b

j´1,l
k´1 k “ j, ..., n´ 1; l “ 0, ..., N ´ 1

bj,lk “ bj´1,l
k´1 ` µ˚j f

j´1,l
k k “ j, ..., n´ 1; l “ 0, ..., N ´ 1

(C.150)

end for
return pp0, µ1, ..., µn´1q

We would like to justify the expression of the reflection coefficient µj in Equation (C.147).
Here, the function to minimize is the sum of all forward and backward prediction errors plus a regularization factor:

Ej “
1

N

N´1
ÿ

l“0

Elj `G
l
j (C.151)

“
1

N

N´1
ÿ

l“0

1

2pn´ jq

n´1
ÿ

k“j

ˇ

ˇ

ˇ
f j,lk

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj,lk

ˇ

ˇ

ˇ

2

` γ p2πq
2

j
ÿ

k“1

k2
ˇ

ˇ

ˇ
aj,lk

ˇ

ˇ

ˇ

2
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Here l denotes the index of the time series, j is the order of the autoregressive model and k is the index of the error
(i ď k ď n´ 1).

Property 43. The total error Ej is minimized for:

µj “ ´

2
Npn´jq

N
ř

l“0

n´1
ř

k“j

f j´1,l
k bj´1,l˚

k´1 ` 2
j´1
ř

k“1

βjk a
j´1
k aj´1

j´k

1
Npn´jq

N
ř

l“0

n´1
ř

k“j

ˇ

ˇ

ˇ
f j´1,l
k

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ
bj´1,l
k´1

ˇ

ˇ

ˇ

2

` 2
j´1
ř

k“0

βjk

ˇ

ˇ

ˇ
aj´1
k

ˇ

ˇ

ˇ

2
(C.152)

Proof. The ideas of this proof are exactly the same than those of the proof of Property 40, we just add a sum over the
number of time series N .
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Appendix D

Sectional curvature in Riemannian manifolds

In this appendix, we will recall some useful properties on the sectional curvature of Riemannian manifolds. We will in
particular recall the links between sectional curvature and the metric.
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D.1 Sectional curvature of a Riemannian manifold

The following theorem relates the expression of the metric element ds2 and the sectional curvature. This theorem is
detailed in the book of François Rouvière [31].

Let M be a general manifold and m a point of M . We choose an orthonormal basis of TmM whose two first
vectors E1 and E2 belongs to the plan σ. For a tangent vector X close to zero, we have d pm, expm pXqq “ ‖X‖.
We use the coordinate system corresponding to the normal coordinates around m, given by the reciprocal application
of px1, . . . , xnq ÞÑ expm p

ř

i xiEiq. We define expmpσq as the set of points of the form expm px1E1 ` x2E2q. On
expmpσq, we have by definition x3 “ . . . “ xn “ 0.

Theorem 7. On expmpσq, the expression of the metric in normal coordinates has the following expression:

ds2 “dx2
1 ` dx

2
2 ´

1

3
Kpσq px1dx2 ´ x2dx1q

2 (D.1)

`O
´

p|x1| ` |x2|q
3
¯

dx2
1 `O

´

p|x1| ` |x2|q
3
¯

dx1dx2 `O
´

p|x1| ` |x2|q
3
¯

dx2
2

where Kpσq “ K pE1, E2q denotes the sectional curvature of the plan σ defined by E1 and E2.
Using the polar coordinate system related to x1 and x2 by the equations x1 “ r cos pθq and x2 “ r sin pθq, we obtain:

ds2 “ dr2 `

ˆ

1´
1

3
Kpσqr2

˙

r2dθ2 `O
`

r5
˘

dr2 `O
`

r5
˘

drdθ `O
`

r5
˘

dθ2 (D.2)

We can also compute the sectional curvature using the length of the hypotenuse of infinitesimal right triangles.

D.2 Curvature and metric scalar multiplication

In this section, we will show that if we multiply the metric ds2 of a Riemannian manifold by a constant c ą 0, then the
sectional curvature K is divided by c.

Property 44. Let E be a space endowed with two Riemannian metrics ds2 and rds
2

such that rds
2
“ cds2 with c ą 0. Let

K be the sectional curvature associated with the Riemannian manifold
`

E, ds2
˘

and rK the sectional curvature associated

with the Riemannian manifold
´

E, rds
2
¯

. Then, we have:

rK “
K

c
(D.3)

159



Proof. We use the coordinate system corresponding to the normal coordinates around m, given by the reciprocal applica-
tion of px1, . . . , xnq ÞÑ expm p

ř

i xiEiq. We define expmpσq as the set of points of the form expm px1E1 ` x2E2q. On
expmpσq, we have by definition x3 “ . . . “ xn “ 0.

We recall Theorem 7 given in [31]:
On expmpσq, the expression of the metric in normal coordinates has the following expression:

ds2 “dx2
1 ` dx

2
1 ´

1

3
Kpσq px1dx2 ´ x2dx1q

2 (D.4)

`O
´

p|x1| ` |x2|q
3
¯

dx2
1 `O

´

p|x1| ` |x2|q
3
¯

dx1dx2 `O
´

p|x1| ` |x2|q
3
¯

dx2
2

where Kpσq “ K pE1, E2q denotes the sectional curvature of the plan σ defined by E1 and E2.
If we denote:

rx1 “
?
cx1 (D.5)

rx2 “ 2x2, (D.6)

then we have, by multiplying Equation (D.1) by the constant c:

rds
2
“Ădx

2

1 `
Ădx

2

1 ´
1

3

Kpσq

c

´

rx1
Ădx2 ´ rx2

Ădx1

¯2

(D.7)

`O
´

p|rx1| ` |rx2|q
3
¯

Ădx
2

1 `O
´

p|rx1| ` |rx2|q
3
¯

Ădx1
Ădx2 `O

´

p|rx1| ` |rx2|q
3
¯

Ădx
2

2.

By identification, we have:

rK pσq “
K pσq

c
. (D.8)

D.3 Sectional curvature and product manifold
Lemma 1. Let M,N be two Riemannian manifolds such that the sectional curvatures verify

´C ď KM ,KN ď 0, (D.9)

where C ě 0 is a constant. Then the sectional curvatures of the product M ˆN also verify

´C ď KMˆN ď 0. (D.10)

Proof. This lemma is proved in the work of Le Yang [82].

D.4 Infinitesimal right triangles and sectional curvature in Riemannian man-
ifolds

In this section, we study the relation between the length of the hypotenuse of an infinitesimal right triangle and the
sectional curvature.

Theorem 8. LetU be a relatively compact convex open set of a complete Riemannian manifoldM . There exists a constant
CU ą 0 such that for any triangle OAB of U rectangle in 0, we have the following inequality:

ˇ

ˇ

ˇ

ˇ

d2 pA,Bq ´ d2 pO,Aq ´ d2 pO,Bq `
1

3
K pσq d2 pO,Aq d2 pO,Bq

ˇ

ˇ

ˇ

ˇ

ď CU pd pO,Aq ` d pO,Bqq
5 (D.11)

In the works of Andrei A. Agrachev, Davide Barilari and Luca Rizzi [4], this theorem is stated in the particular case
where point O is fixed and the directions of points A and B starting from O are fixed. The result stated in their works is
said to be due to Loeper and Villani. It is here stated and proved independently of these previous works, in a more general
context. In order to prove Theorem 8, we introduce the coordinate system and the notations with which we are going to
work.
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Figure D.1: An infinitesimal right triangle in a Riemannian manifold in normal coordinates

Choice of coordinate system and notations Let U be a relatively compact convex open set of a complete Riemannian
manifold M . We denote by sU the adherence of U in the manifold M . Note that sU is a compact of M . Let O, A, and B
be three points of U forming a right triangle in O.

We choose a normal coordinate system of origin O whose orthonormal basis pE1, . . . , Enq is such that the point A
has coordinates pa, 0, 0, . . . , 0q and the point B has coordinates p0, b, 0, . . . , 0q.

The graphic D.1 represents the right triangle OAB in the orthonormal coordinate system pE1, . . . , Enq centered at
the point O.

We denote by σ the plane defined by E1 and E2.
We now study the variations of the squared length of the hypotenuse d2 pA,Bq when the points O, A and B vary in

U by continuing to form a right triangle in O. The orthonormal coordinate system pE1, . . . , Enq will then vary to remain
centered at the point O and the vectors E1 and E2 will then be determined by the position of the points A and B.

We denote γXY the geodesic starting at X at t “ 0 and arriving at Y at t “ 1. We denote γ :“ γAB the geodesic that
starts at point A of coordinates pa, 0, 0, . . . , 0q at time t “ 0 and ends at point B of coordinates p0, b, 0, . . . , 0q at t “ 1.

We denote lpcq the length of the curve c.

Preliminary 1. We first show that @t P r0, 1s we have ‖xptq‖ ď |a| ` |b|, where ‖xptq‖ :“ l
`

γOγptq
˘

.

Since xptq represents the coordinates of γptq in a normal coordinate system, we notice that ‖xptq‖ :“ l
`

γOγptq
˘

also
corresponds to the Euclidean norm of de xptq in the coordinate system pE1, . . . , Enq.

Proof. The straight lines starting at the origin are geodesics, therefore we have as mentioned previously l pγOAq “ |a|
and l pγOBq “ |b|.

According to the triangular inequality, we have:

l pγq :“ l pγABq ď l pγAOq ` l pγOBq (D.12)
“ l pγOAq ` l pγOBq (D.13)
“ |a| ` |b| (D.14)

Thus, we can bound the sum of the lengths of the sides of the triangle OAB:

l pγOAq ` l pγABq ` l pγBOq ď 2 p|a| ` |b|q (D.15)

Let γptq be a point on the geodesic leading from point A to point B.
We have:

l pγOAq ` l
`

γAγptq
˘

` l
`

γγptqB
˘

` l pγBOq “ l pγOAq ` l pγABq ` l pγBOq ď 2 p|a| ` |b|q (D.16)
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Therefore, at least one of the following two inequalities is true:

l pγOAq ` l
`

γAγptq
˘

ď |a| ` |b| or l
`

γγptqB
˘

` l pγBOq ď |a| ` |b| (D.17)

From the triangular inequality, we have:

l
`

γOγptq
˘

ď l pγOAq ` l
`

γAγptq
˘

and l
`

γOγptq
˘

ď l
`

γγptqB
˘

` l pγBOq (D.18)

From equations (D.17) and (D.18), we have that:

l
`

γOγptq
˘

ď |a| ` |b| (D.19)

Hence we have: ‖xptq‖ ď |a| ` |b| @t P r0, 1s.

The following preliminary result will be used to prove preliminaries 3, 4 and 5.
We denote by O pMq the bundle of orthonormal bases of the Riemannian manifold M . The bundle of orthonormal

bases of the compact sU will be denoted O
`

sU
˘

. We denote by u an element of O pMq. Implicitly the element u defines
an orthonormal basis centered at the point O.

Preliminary 2. There exists δ ą 0 such that the application pu, xq ÞÑ gi,j pu, xq is an application of class C8 on
O pMq ˆB pO, δq, where B pO, δq is the open ball with center point O and radius δ.

Proof. Let pM, gq be a Riemannian manifold. Let U be an open subset of M and φ : U Ñ φ pUq Ă Rn a local map. We
set ψ “ φ´1 : V “ φ pUq Ñ U . Let pi, jq P J1, nK, for x P V the coefficient gi,jpxq of the metric is defined by:

gi,jpxq :“ g pψpxqq pTxψ peiq , Txψ pejqq (D.20)

where by definition ei “ p0, . . . , 0, 1, 0, . . . , 0q with the number 1 placed in the ith position.
By definition the vector Txψ peiq P TψpxqM is defined by:

Txψ peiq “
d

da

ˇ

ˇ

ˇ

ˇ

a“0

ψ px` aeiq (D.21)

We now study the particular case of an exponential map centered at the point O P M . There exists δ ą 0 such that
this exponential map is injective on the open ball B pO, δq. We set U “ B pO, δq, we have V “ B pO, δq Ă Rn and:

ψpxq “ expO pupxqq @x P V (D.22)

where u is the orthonormal basis centered at the point O associated with the choice of the exponential map.
The element u P O pMq can also be seen as a linear map:

u :Rn Ñ TOM

`

x1, . . . , xd
˘

ÞÑ

d
ÿ

i“1

xiu peiq . (D.23)

From Equation (D.22) and by linearity of u, we have:

ψ px` aeiq “ expO pupxq ` au peiqq . (D.24)

According to Equation (D.21), this gives:

Txψ peiq “ Tupxq expO p¨q pu peiqq (D.25)

where Tupxq expO p¨q pu peiqq is the tangent map T at the point upxq of the function expO p¨q in the direction of the
vector u peiq.

Coming back to Equation (D.20), we obtain:

gi,j pu, xq “ g pexpO pupxqqq
`

Tupxq expO p¨q pu peiqq , Tupxq expO p¨q pu pejqq
˘

. (D.26)

According to Equation (D.26), the application pu, xq ÞÑ gi,j pu, xq is of class C8 sur O pMq ˆB pO, δq.

We recall the Hadamard’s lemma which will be used in the proofs of the preliminaries 3, 4 and 5.
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Lemma 2. Let f : Rn ÞÑ R be a function of class Cp with p ě 1. Then, for all a “ pa1, . . . , anq P Rn, there exists
functions g1, . . . , gn, of class Cp´1 such that for all x “ px1, . . . , xnq P Rn,

fpxq “ fpaq `
n
ÿ

i“1

pxi ´ aiq gipxq. (D.27)

We necessarily have gipaq “ Bf
Bxi
paq. The fonctions gi are not unique. The following functions are solutions of

Equation (D.27):

gipxq “

ż 1

0

Bf

Bxi
pa` t px´ aqq dt. (D.28)

Preliminary 3. There exists δ ą 0 such that we can write the metric tensor g the following way:

gi,j pu, xq “ δi,j `
ÿ

k,l

hi,j,k,l pu, xqx
kxl (D.29)

where the functions hi,j,k,l are functions of class C8 on O pMq ˆB pO, δq.

Proof. According to the book written by François Rouvière [31], we have in normal coordinates:

gi,jpxq “ δi,j `O
´

‖x‖2
¯

. (D.30)

We will now use Hadamard’s lemma 2 twice.
Let pi, jq P J1, nK2. We set: fi,j :“ gi,j ´ δi,j .
Since the function pu, xq ÞÑ gi,j pu, xq is of class C8 sur O pMq ˆB pO, δq according to Preliminary 2, the function

pu, xq ÞÑ fi,j pu, xq is also of class C8 on O pMq ˆB pO, δq.
According to Equation (D.30), we have fi,jp0q “ 0 and Bfi,j

Bxk
p0q “ 0 @k P J1, nK.

By applying Hadamard’s lemma to the function f at the point 0, we can write:

fi,jpu, xq “
ÿ

k

hi,j,kpu, xqx
k (D.31)

with hi,j,kpu, xq “
ş1

0
Bgi,j
Bxk

pu, txq dt. The functions pu, xq ÞÑ hi,j,kpu, xq are functions of class C8 on O pMq ˆ
B pO, δq.

Moreover, we have according to Hadamard’s lemma:

hi,j,kp0q “
Bfi,j
Bxk

p0q “ 0 @k P J1, nK. (D.32)

By applying Hadamard’s lemma to the functions hi,j,k at the point 0, we can write:

hi,j,kpxq “
ÿ

l

hi,j,k,lpxqx
l (D.33)

with hi,j,k,lpu, xq “
ş1

0
Bhi,j,k
Bxl

pu, txq dt. The functions pu, xq ÞÑ hi,j,k,lpu, xq are functions of class C8 on O pMq ˆ
B pO, δq.

According to Equations (D.31) and (D.33), we have:

fi,jpxq “
ÿ

k,l

hi,j,k,lpxqx
kxl. (D.34)

Since fi,j :“ gi,j ´ δi,j , we have proven that:

gi,j pu, xq “ δi,j `
ÿ

k,l

hi,j,k,l pu, xqx
kxl (D.35)

where the functions hi,j,k,l are functions of class C8 on O pMq ˆB pO, δq.

Preliminary 4. There exists δ ą 0 such that we can write the Christoffel symbols Γ as follows:

Γki,j pu, xq “
ÿ

l

h̃ki,j,l pu, xqx
l (D.36)

where the functions h̃ki,j,l are functions of class C8 on O pMq ˆB pO, δq.
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Proof. We can express the Christoffel symbols Γki,j with respect to the metric tensor g as follows:

Γki,j “
1

2

n
ÿ

l“1

gk,l pBigl,j ` Bjgi,l ´ Blgi,jq . (D.37)

There exists δ ą 0 such that the functions pu, xq ÞÑ gi,j pu, xq are functions of class C8 on O pMq ˆ B pO, δq
according to Preliminary 2.

The Christoffel symbols Γki,j are therefore also functions of class C8 with respect to pu, xq on O pMq ˆB pO, δq.
Then, we apply Hadamard’s lemma 2 to the function Γki,j at the point 0.
We can write:

Γki,j pu, xq “ Γki,j pu, 0q `
ÿ

l

h̃ki,j,l pu, xqx
l (D.38)

with h̃ki,j,l pu, xq “
ş1

0

BΓki,j
Bxl

pu, txq dt. The fonctions pu, xq ÞÑ h̃ki,j,l pu, xq are functions of class C8 on O pMq ˆ
B pO, δq.

According to the book by François Rouvière [31], we have Γki,j pu, 0q “ 0. We therefore have:

Γki,j pu, xq “
ÿ

l

h̃ki,j,l pu, xqx
l (D.39)

where the functions h̃ki,j,l are functions of class C8 on O pMq ˆB pO, δq.

Preliminary 5. There exists δ ą 0 such that we can write the element ds2 as follows:

ds2 pu, xq “
ÿ

i

`

dxi
˘2
`

1

3

ÿ

i,j,k,l

Ri,j,k,lx
ixkdxjdxl `

ÿ

i,j,k,l,m

«

hi,j,k,l,m pu, xqx
ixjxkdxldxm (D.40)

where the functions
«

hi,j,k,l,m are functions of class C8 on O pMq ˆB pO, δq.

Proof. The following theorem is given in François Rouvière’s book [31]:

ds2 “
ÿ

i

`

dxi
˘2
`

1

3

ÿ

i,j,k,l

Ri,j,k,lx
ixkdxjdxl ` . . . (D.41)

where the . . . are terms of order ě 3 with respect to the xi.
We will now show that there exists δ ą 0 such that the function pu, xq ÞÑ ds2 pu, xq is of class C8 on O pMq ˆ

B p0, δq.
We have the following relation between the infinitesimal square length ds2 and the metric tensor g:

ds2pu, xq “
n
ÿ

i,j“1

gi,jpu, xqdx
idxj . (D.42)

There exists δ ą 0 such that the functions pu, xq ÞÑ gi,j pu, xq are of class C8 on O pMq ˆ B p0, δq according to
Preliminary 2. The function pu, xq ÞÑ ds2 pu, xq is therefore of class C8 on O pMq ˆB p0, δq.

We will now apply Hadamard’s lemma three times.
We set f :“ ds2 ´

ř

i

`

dxi
˘2
` 1

3

ř

i,j,k,lRi,j,k,lx
ixkdxjdxl.

According to Equation (D.41), we have fp0q “ 0, Bf
Bxk
p0q “ 0 @k P J1, nK and B

2f
Bxjxk

p0q “ 0 @ pj, kq P J1, nK2.
By applying Hadamard’s lemma to the function f at the point 0, we can write:

f pu, xq “
ÿ

k

«

hk,l,m pu, xqx
kdxldxm (D.43)

with
«

hk,l,m pu, xq “
ş1

0
Bf
Bxk

pu, txq dt. The functions pu, xq ÞÑ
«

hk,l,m pu, xq are functions of class C8 on O pMq ˆ
B pO, δq.

According to Hadamard’s lemma, we have:

«

hk,l,m pu, 0q “
Bf

Bxk
pu, 0q “ 0. (D.44)

Applying Hadamard’s lemma to the functions
«

hk,l,m at the point 0, we can write:

«

hk,l,m pu, xq “
ÿ

j

«

hj,k,l,m pu, xqx
j (D.45)
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with
«

hj,k,l,m pu, xq “
ş1

0
B
«

hk,l,m
Bxj pu, txq dt. The fonctions pu, xq ÞÑ

«

hj,k,l,m pu, xq are functions of class C8 on
O pMq ˆB pO, δq.

According to Hadamard’s lemma, we have:

«

hj,k,l,m pu, 0q “
B
«

hk,l,m
Bxj

pu, 0q. (D.46)

According to the definition of
«

hk,l,m, we also have:

B
«

hk,l,m
Bxj

pu, xq “

ż 1

0

B2f

BxjBxk
pu, txq dt (D.47)

Hence, we have: B
«

hk,l,m
Bxj pu, 0q “ B

2f
BxjBxk

pu, 0q “ 0. From Equation (D.46), we therefore have
«

hj,k,l,m pu, 0q “ 0.

We now apply Hadamard’s lemma to the function
«

hj,k,l,m at the point 0. We can write:

«

hj,k,l,m pu, xq “
ÿ

i,j,k,l,m

«

hi,j,k,l,m pu, xqx
i (D.48)

with
«

hi,j,k,l,m pu, xq “
ş1

0
B
«

hj,k,l,m
Bxi pu, txq dt. The fonctions pu, xq ÞÑ

«

hi,j,k,l,m pu, xq are functions of class C8 on
O pMq ˆB pO, δq.

Using equations (D.43), (D.45) and (D.48), we obtain:

f pu, xq “
ÿ

i,j,k,l,m

«

hi,j,k,l,m pu, xqx
ixjxkdxldxm. (D.49)

Since f :“ ds2 ´
ř

i

`

dxi
˘2
` 1

3

ř

i,j,k,lRi,j,k,lx
ixkdxjdxl, we have:

ds2 pu, xq “
ÿ

i

`

dxi
˘2
`

1

3

ÿ

i,j,k,l

Ri,j,k,lx
ixkdxjdxl `

ÿ

i,j,k,l,m

«

hi,j,k,l,m pu, xqx
ixjxkdxldxm (D.50)

where the functions
«

hi,j,k,l,m are functions of class C8 on O pMq ˆB pO, δq.

We now come back to the proof of Theorem 8.

Proof. We denote δ the positive real number considered in Preliminary 2 and used in Preliminaries 3, 4 and 5.
We set ε “ min

`

R, 1
2δ
˘

where R is the minimum of the injectivity radii on the compact sU .
We first consider the case where d pO,Aq ě ε or d pO,Bq ě ε.
Then, by choosing

CU “
suppO,A,BqPU3

ˇ

ˇd2 pA,Bq ´ d2 pO,Aq ´ d2 pO,Bq ` 1
3K pσq d

2 pO,Aq d2 pO,Bq
ˇ

ˇ

ε5
(D.51)

the inequality (D.11) stated in Theorem 8 is verified.
We now consider that both d pO,Aq ă ε and d pO,Bq ă ε.
Then, according to Preliminary 1, we have:

‖xptq‖ ď |a| ` |b| ď ε` ε ď
δ

2
`
δ

2
“ δ @t P r0, 1s . (D.52)

We can therefore use the results of Preliminaries 2, 3, 4 and 5.
We denote by ‖x1ptq‖xptq the norm of the velocity vector of the geodesic γ at the point γptq of coordinates xptq.
We have: ∥∥x1ptq∥∥2

xptq
“
ÿ

i,j

gi,j pu, xptqq
`

xi
˘1
ptq

`

xj
˘1
ptq. (D.53)

According to Preliminary 3, we can write:

gi,j pu, xq “ δi,j `
ÿ

k,l

hi,j,k,l pu, xqx
kxl (D.54)

where the functions hi,j,k,l are functions of class C8 on O pMq ˆB pO, δq.
We therefore have:
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∥∥x1ptq∥∥2

xptq
“
ÿ

i,j

˜

δi,j `
ÿ

k,l

hi,j,k,l pu, xqx
kxl

¸

`

xi
˘1
ptq

`

xj
˘1
ptq (D.55)

“
ÿ

i,j

δi,j
`

xi
˘1
ptq

`

xj
˘1
ptq `

ÿ

i,j,k,l

hi,j,k,l pu, xqx
kxl

`

xi
˘1
ptq

`

xj
˘1
ptq (D.56)

“
∥∥x1ptq∥∥2

0
`

ÿ

i,j,k,l

hi,j,k,l pu, xqx
kxl

`

xi
˘1
ptq

`

xj
˘1
ptq. (D.57)

Hence, we have:

∥∥x1ptq∥∥2

0
“
∥∥x1ptq∥∥2

xptq
´

ÿ

i,j,k,l

hi,j,k,l pu, xqx
kxl

`

xi
˘1
ptq

`

xj
˘1
ptq (D.58)

“l2 pγq ´
ÿ

i,j,k,l

hi,j,k,l pu, xqx
kxl

`

xi
˘1
ptq

`

xj
˘1
ptq. (D.59)

According to Equation (D.12), we have:

l pγq ď p|a| ` |b|q (D.60)

Therefore, we have:

l2 pγq ď p|a| ` |b|q
2
. (D.61)

We also have:
ÿ

i,j,k,l

hi,j,k,l pu, xqx
kxl

`

xi
˘1
ptq

`

xj
˘1
ptq ď C1 p|a| ` |b|q

2
. (D.62)

Hence, according to Equation (D.59): ∥∥x1ptq∥∥2

0
ď C2 p|a| ` |b|q

2 (D.63)

with C2 “ 1` C1.
We therefore have: ∥∥x1ptq∥∥

0
ď C3 p|a| ` |b|q (D.64)

with C3 “
?
C2.

Since
ˇ

ˇ

ˇ

`

xi
˘1
ptq

ˇ

ˇ

ˇ
ď ‖x1ptq‖0, we have:

ˇ

ˇ

ˇ

`

xi
˘1
ptq

ˇ

ˇ

ˇ
ď C3 p|a| ` |b|q @i P J1, nK. (D.65)

Moreover, according to Preliminary 4, there exists δ ą 0 such that we can write the Christoffel symbols Γ as follows:

Γki,j pu, xq “
ÿ

l

h̃ki,j,l pu, xqx
l (D.66)

where the functions h̃ki,j,l are functions of class C8 on O pMq ˆB pO, δq.
We can therefore write:

Γij,k ď C4 p|a| ` |b|q . (D.67)

The equation of the geodesics using Christoffel’s symbols is recalled in François Rouvière’s book [31]:

`

xi
˘2
ptq `

n
ÿ

j,k“1

Γij,k pxptqq
`

xj
˘1
ptq

`

xk
˘1
ptq “ 0. (D.68)

Therefore we have, according to Equations (D.65) and (D.67):

ˇ

ˇ

ˇ

`

xi
˘2
ptq

ˇ

ˇ

ˇ
ď

n
ÿ

j,k“1

C4

`
ˇ

ˇx1
ˇ

ˇ`
ˇ

ˇx2
ˇ

ˇ

˘

C3

`
ˇ

ˇx1
ˇ

ˇ`
ˇ

ˇx2
ˇ

ˇ

˘

C3

`
ˇ

ˇx1
ˇ

ˇ`
ˇ

ˇx2
ˇ

ˇ

˘

(D.69)

ˇ

ˇ

ˇ

`

xi
˘2
ptq

ˇ

ˇ

ˇ
ď C5

`
ˇ

ˇx1
ˇ

ˇ`
ˇ

ˇx2
ˇ

ˇ

˘3
with C5 “ n2C4C

2
3 @i P J1, nK. (D.70)
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We now show that:

`

x1
˘1
ptq “ ´ a`

`

f1
˘1
ptq with

ˇ

ˇ

ˇ

`

f1
˘1
ptq

ˇ

ˇ

ˇ
ď C5 p|a| ` |b|q

3
. (D.71)

Since xptq is continuous on r0, 1s and of class C1 on s0, 1r, according to the mean value theorem, there exists a point
t0 P s0, 1r, such that:

`

x1
˘1
pt0q “

`

x1
˘

p1q ´
`

x1
˘

p0q

1´ 0
“ ´a. (D.72)

Let t P r0, 1s, we have:

`

x1
˘1
ptq “

`

x1
˘1
pt0q `

ż t

t0

`

x1
˘2
psqds (D.73)

`

x1
˘1
ptq “ ´ a`

ż t

t0

`

x1
˘2
psqds. (D.74)

Therefore, by setting
`

f1
˘1
ptq :“

şt

t0

`

x1
˘2
psqds, we have:

`

x1
˘1
ptq “ ´ a`

`

f1
˘1
ptq (D.75)

with

ˇ

ˇ

ˇ

`

f1
˘1
ptq

ˇ

ˇ

ˇ
ď

ż t

t0

ˇ

ˇ

ˇ

`

x1
˘2
psq

ˇ

ˇ

ˇ
ds ď C5 p|a| ` |b|q

3
. (D.76)

We show in a similar way that:

`

x2
˘1
ptq “ b`

`

f2
˘1
ptq with

ˇ

ˇ

ˇ

`

f2
˘1
ptq

ˇ

ˇ

ˇ
ď C5 p|a| ` |b|q

3 (D.77)
ˇ

ˇ

ˇ

`

xi
˘1
ptq

ˇ

ˇ

ˇ
ď C5 p|a| ` |b|q

3
@i ě 3. (D.78)

Since
`

xi
˘

ptq “
`

xi
˘

p0q `
şt

0

`

xi
˘1
psqds, we obtain from the equations (D.71), (D.77) and (D.78):

`

x1
˘

ptq “ p1´ tqa` f1ptq with
ˇ

ˇf1ptq
ˇ

ˇ ď C5 p|a| ` |b|q
3 (D.79)

`

x2
˘

ptq “ bt` f2ptq with
ˇ

ˇf2ptq
ˇ

ˇ ď C5 p|a| ` |b|q
3 (D.80)

ˇ

ˇ

`

xi
˘

ptq
ˇ

ˇ ď C5 p|a| ` |b|q
3

@i ě 3. (D.81)

According to Preliminary 5, there exists δ ą 0 such that we can write the element ds2 as follows:

ds2 pu, xq “
ÿ

i

`

dxi
˘2
`

1

3

ÿ

i,j,k,l

Ri,j,k,lx
ixkdxjdxl `

ÿ

i,j,k,l,m

«

hi,j,k,l,m pu, xqx
ixjxkdxldxm (D.82)

where the functions
«

hi,j,k,l,m are functions of class C8 on O pMq ˆB pO, δq.
For the geodesic γ, we therefore have:

ds2 pu, xq “
`

x1
˘12
dt2 `

`

x2
˘12
dt2 `

ÿ

iě3

`

xi
˘12
dt2 (D.83)

`
1

3

ÿ

pi,j,k,lqPt1,2u4

Ri,j,k,lx
ixk

`

xj
˘1 `

xl
˘1
dt2

`
1

3

ÿ

i,j,k,l
i or j or k or lě3

Ri,j,k,lx
ixk

`

xj
˘1 `

xl
˘1
dt2

`
ÿ

i,j,k,l,m

«

hi,j,k,l,m pu, xqx
ixjxk

`

xl
˘1
pxmq

1
dt2.
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According to the equations (D.71), (D.77), (D.78), (D.79), (D.80) and (D.81), we have:

ds2 pu, xq “
`

x1
˘12
dt2 `

`

x2
˘12
dt2 (D.84)

`
1

3

ÿ

pi,j,k,lqPt1,2u4

Ri,j,k,lx
ixk

`

xj
˘1 `

xl
˘1
dt2

` f pu, xq dt2.

with |f pu, xq| ď C p|a| ` |b|q
5 for a certain constant C ą 0.

ds2 “

»

–

`

x1
˘12
`
`

x2
˘12
`

1

3

ÿ

pi,j,k,lqPt1,2u4

Ri,j,k,lx
ixk

`

xj
˘1 `

xl
˘1
` f pu, xq

fi

fl dt2 (D.85)

ds2 “

„

`

x1
˘12
`
`

x2
˘12
`

1

3
R1212

´

x1
`

x2
˘1
´ x2

`

x1
˘1
¯2

` f pu, xq



dt2 (D.86)

ds2 “

„

`

x1
˘12
`
`

x2
˘12
´

1

3
K pσq

´

x1
`

x2
˘1
´ x2

`

x1
˘1
¯2

` f pu, xq



dt2 (D.87)

Since a geodesic has constant speed, its squared length between points A and B is equal to the integral of its squared
speed between times 0 and 1 when γp0q “ A and γp1q “ B. We therefore have:

d2 pA,Bq “

ż 1

0

∥∥x1ptq∥∥2

xptq
dt (D.88)

“

ż 1

0

ÿ

i,j

gi,j pxptqq
`

xi
˘1 `

xj
˘1
dt (D.89)

“

ż 1

0

ÿ

i,j

gi,j pxptqq dx
idxj

1

dt
(D.90)

“

ż 1

0

ds2 1

dt
. (D.91)

We therefore have, using Equation (D.87):
Hence, we have:

d2 pA,Bq “

ż 1

0

„

`

x1
˘12
`
`

x2
˘12
´

1

3
K pσq

´

x1
`

x2
˘1
´ x2

`

x1
˘1
¯2

` f pu, xq



dt. (D.92)

From the linearity of the integral, we have:

d2 pA,Bq “

ż 1

0

`

x1
˘12
dt`

ż 1

0

`

x2
˘12
dt´

1

3
K pσq

ż 1

0

´

x1
`

x2
˘1
´ x2

`

x1
˘1
¯2

dt`

ż 1

0

f pu, xq dt (D.93)

Note that we have:
ˇ

ˇ

ˇ

ˇ

ż 1

0

f pu, xq dt

ˇ

ˇ

ˇ

ˇ

ď

ż 1

0

|f pu, xq| dt ď

ż 1

0

C p|a| ` |b|q
5
dt “ C p|a| ` |b|q

5 (D.94)

We denote by f1 and f2 the functions such that:

`

x1
˘1
ptq “ ´ a` f1ptq (D.95)

`

x2
˘1
ptq “b` f2ptq. (D.96)

We have:
ż 1

0

`

x1
˘1
ptqdt “ x1p1q ´ x1p0q “ 0´ a “ ´a. (D.97)
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Hence, we have:
ż 1

0

f1ptqdt “

ż 1

0

´

`

x1
˘1
ptq ` a

¯

dt “

ż 1

0

`

x1
˘1
ptqdt` a “ ´a` a “ 0. (D.98)

Therefore, we have:

ż 1

0

`

x1
˘1
ptq2dt “

ż 1

0

`

´a` f1ptq
˘2
dt (D.99)

“

ż 1

0

a2 ´ 2af1ptq `
`

f1
˘2
ptqdt (D.100)

“a2 ´ 2a

ż 1

0

f1ptqdt`

ż 1

0

`

f1
˘2
ptqdt (D.101)

“a2 `

ż 1

0

`

f1
˘2
ptqdt (D.102)

According to Equation (D.71), we have:

ˇ

ˇf1ptq
ˇ

ˇ ď C5 p|a| ` |b|q
3
. (D.103)

Therefore:

`

f1
˘2
ptq ď C2

5 p|a| ` |b|q
6
. (D.104)

And finally:
ż 1

0

`

x1
˘12
ptqdt “ a2 `

ż 1

0

`

f1
˘2
ptqdt (D.105)

with
ˇ

ˇ

ˇ

ˇ

ż 1

0

`

f1
˘2
ptqdt

ˇ

ˇ

ˇ

ˇ

ď

ż 1

0

ˇ

ˇ

ˇ

`

f1
˘2
ptq

ˇ

ˇ

ˇ
dt ď

ż 1

0

C2
5 p|a| ` |b|q

6
dt “ C2

5 p|a| ` |b|q
6
. (D.106)

Likewise, we have:
ż 1

0

`

x2
˘12
ptqdt “ b2 `

ż 1

0

`

f2
˘2
ptqdt (D.107)

with
ˇ

ˇ

ˇ

ˇ

ż 1

0

`

f2
˘2
ptqdt

ˇ

ˇ

ˇ

ˇ

ď

ż 1

0

ˇ

ˇ

ˇ

`

f2
˘2
ptq

ˇ

ˇ

ˇ
dt ď

ż 1

0

C2
5 p|a| ` |b|q

6
dt “ C2

5 p|a| ` |b|q
6
. (D.108)

We recall that:

x1ptq “ p1´ tqa` f1ptq with
ˇ

ˇf1ptq
ˇ

ˇ ď C5 p|a| ` |b|q
3 (D.109)

`

x1
˘1
ptq “ ´a`

`

f1
˘1
ptq with

ˇ

ˇ

ˇ

`

f1
˘1
ptq

ˇ

ˇ

ˇ
ď C5 p|a| ` |b|q

3 (D.110)

x2ptq “ tb` f2ptq with
ˇ

ˇf2ptq
ˇ

ˇ ď C5 p|a| ` |b|q
3 (D.111)

`

x2
˘1
ptq “ b`

`

f2
˘1
ptq with

ˇ

ˇ

ˇ

`

f2
˘1
ptq

ˇ

ˇ

ˇ
ď C5 p|a| ` |b|q

3
. (D.112)

Therefore:

´

x1ptq
`

x2
˘1
ptq ´ x2ptq

`

x1
˘1
ptq

¯2

“pp1´ tqab´ p´tbaqq
2
` f̃ptq (D.113)

“a2b2 ` f̃ptq (D.114)

with
ˇ

ˇ

ˇ
f̃ptq

ˇ

ˇ

ˇ
ď C p|a| ` |b|q

6.
Therefore:

ż 1

0

´

x1ptq
`

x2
˘1
ptq ´ x2ptq

`

x1
˘1
ptq

¯2

dt “ a2b2 `

ż 1

0

f̃ptqdt (D.115)
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with
ˇ

ˇ

ˇ

ˇ

ż 1

0

f̃ptqdt

ˇ

ˇ

ˇ

ˇ

ď

ż 1

0

ˇ

ˇ

ˇ
f̃ptq

ˇ

ˇ

ˇ
dt ď

ż 1

0

C p|a| ` |b|q
6
dt “ C p|a| ` |b|q

6
. (D.116)

Finally, by taking the expression of d2 pA,Bq in Equation (D.93) and replacing the integrals by the results obtained in
Equations (D.105), (D.107), (D.115), we obtain:

d2 pA,Bq “a2 `

ż 1

0

`

f1
˘2
ptqdt (D.117)

` b2 `

ż 1

0

`

f2
˘2
ptqdt

´
1

3
K pσq

ˆ

a2b2 `

ż 1

0

f̃ptqdt

˙

`

ż 1

0

f pu, xq dt

and therefore:

ˇ

ˇ

ˇ

ˇ

d2 pA,Bq ´ a2 ´ b2 `
1

3
K pσq a2b2

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż 1

0

`

f1
˘2
ptqdt`

ż 1

0

`

f2
˘2
ptqdt´

1

3
K pσq

ż 1

0

f̃ptqdt`

ż 1

0

f pu, xq dt

ˇ

ˇ

ˇ

ˇ

(D.118)

ď

ˇ

ˇ

ˇ

ˇ

ż 1

0

`

f1
˘2
ptqdt

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż 1

0

`

f2
˘2
ptqdt

ˇ

ˇ

ˇ

ˇ

`
1

3
|K pσq|

ˇ

ˇ

ˇ

ˇ

ż 1

0

f̃ptqdt

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż 1

0

f pu, xq dt

ˇ

ˇ

ˇ

ˇ

(D.119)

ďC2
5 p|a| ` |b|q

6
` C2

5 p|a| ` |b|q
6
`

1

3
|K pσq|C p|a| ` |b|q

6
` C p|a| ` |b|q

5

(D.120)

which concludes the proof.
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Appendix E

The Siegel disk

This appendix is dedicated to the study of the Siegel disk. A summary of useful properties of the Siegel disk can be found
in Section 4.2.2 and in [21]. We give here a more detailed presentation of the Siegel manifold including the mathematical
proofs of the properties.

Contents
E.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
E.2 The metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
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E.4.1 Riemannian logarithm map at 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
E.4.2 The Riemannian logarithm map at any point . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

E.5 The Riemannian exponential map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
E.5.1 Riemannian exponential map at 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
E.5.2 The Riemannian exponential map at any point . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

E.6 The symmetric Siegel disk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188
E.7 The sectional curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

E.7.1 In Euclidean coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192
E.7.2 In polar coodinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
E.7.3 Infinitesimal right triangles and sectional curvature in the Siegel space . . . . . . . . . . . . . . . 213

E.1 Definition
Definition 16. The Siegel disk is defined as the set of complex matrices M of shape N ˆ N with singular values lower
than one, which can also be written:

SDN “
 

M P CNˆN | I ´MMH ą 0
(

(E.1)

or equally:

SDN “
 

M P CNˆN | I ´MHM ą 0
(

(E.2)

We use the partial ordering of the set complex matrices: we note A ą B when the difference A ´ B is a positive
definite matrix.

Note that another definition of the Siegel disk also exists in other papers [54], imposing an additional symmetry
condition on the matrix M : M “MT . We will note require the symmetry condition in our work.

Property 45. The Siegel disk can also be defined as the set of complex matrices M with a linear operator norm lower
than one: SDN “

 

M P CN ,~M~ ă 1
(

, where ~M~ “ supXPCN ,‖X‖“1 p‖MX‖q.

E.2 The metric
We endow the Siegel disk SDN with the following metric:

ds2
SDN “ trace

´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

. (E.3)
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The expression of the square of the distance is given for all Ω,Ψ P SDn by:

d2
SDN pΩ,Ψq “

1

4
trace

ˆ

log2

ˆ

I ` C1{2

I ´ C1{2

˙˙

(E.4)

“ trace
´

arctanh2
´

C1{2
¯¯

(E.5)

with C “ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

.
Another distance named the Kobayashi distance measure dK on the Siegel disk SDN is also given in [45].
L’expression du produit scalaire est alors, @Ω P SDN ,@v, w P CNˆN :

xv, wyΩ “
1

2
trace

´

`

I ´ ΩΩH
˘´1

v
`

I ´ ΩHΩ
˘´1

wH
¯

(E.6)

`
1

2
trace

´

`

I ´ ΩΩH
˘´1

w
`

I ´ ΩHΩ
˘´1

vH
¯

. (E.7)

The norm of a vector belonging to the tangent space is therefore:

‖v‖2
Ω “ trace

´

`

I ´ ΩΩH
˘´1

v
`

I ´ ΩHΩ
˘´1

vH
¯

. (E.8)

E.3 The isometry
The following function is a key function in the Siegel disk:

ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.9)

In the article of Ben Jeuris and Raf Vandebril [45], this function is said to be an isometry for the Siegel distance
described in Equation (E.4). We will prove this result in Theorem 9.

We now study the differential of the isometry Φ.

Preliminary 6. If ~A~ ă 1 and ~B~ ă 1, then:

pI `ABq
α
A “ A pI `BAq

α
@α P R (E.10)

Proof. Let ~A~ ă 1 and ~B~ ă 1 and α P R.
Then we have ~AB~ ď ~A~~B~ ă 1.
Hence, we can express pI `ABqα as a power series:

pI `ABq
α
“

`8
ÿ

n“0

ˆ

α

n

˙

pABq
n (E.11)

where
`

α
0

˘

“ 1 and, @n P N˚,
`

α
n

˘

“
αpα´1q...pα´n`1q

n! “

n´1
ś

i“0
pα´iq

n! .
Therefore, we have:

pI `ABq
α
A “

˜

`8
ÿ

n“0

ˆ

α

n

˙

pABq
n

¸

A (E.12)

“

`8
ÿ

n“0

ˆ

α

n

˙

pABq
n
A (E.13)

“

`8
ÿ

n“0

ˆ

α

n

˙

A pBAq
n (E.14)

“A

˜

`8
ÿ

n“0

ˆ

α

n

˙

pBAq
n

¸

(E.15)

“A pI `BAq
α (E.16)

This preliminary will be very useful to prove next property.
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Property 46. The differential of the isometry Φ has the following expression:

DΦΩ pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.17)

Proof.

DΦΩ pΨq rhs (E.18)

“
`

I ´ ΩΩH
˘´1{2

”

h
`

I ´ ΩHΨ
˘´1

` pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΩHh
˘ `

I ´ ΩHΨ
˘´1

ı

`

I ´ ΩHΩ
˘1{2

(E.19)

“
`

I ´ ΩΩH
˘´1{2

”

I ` pΨ´ Ωq
`

I ´ ΩHΨ
˘´1

ΩH
ı

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.20)

“
`

I ´ ΩΩH
˘´1{2

”

I `
`

ΨΩH ´ ΩΩH
˘ `

I ´ΨΩH
˘´1

ı

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.21)

“
`

I ´ ΩΩH
˘´1{2 “`

I ´ΨΩH
˘

`
`

ΨΩH ´ ΩΩH
˘‰ `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.22)

“
`

I ´ ΩΩH
˘´1{2 `

I ´ ΩΩH
˘ `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.23)

“
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.24)

Property 47. The differential of the isometry Φ has the following property with respect to the conjugate transpose oper-
ator:

DΦΩ pΨq rhs
H
“ DΦΩH

`

ΨH
˘ “

hH
‰

. (E.25)

The proof is immediate using Property 46.

Property 48. The inverse of the function Φ described in Equation (E.9) is:

Φ´1
Ω pΨq “

`

I ´ ΩΩH
˘1{2 `

I `ΨΩH
˘´1

pΨ` Ωq
`

I ´ ΩHΩ
˘´1{2

(E.26)

Proof.

Ψ
1

“ ΦΩ pΨq (E.27)

ôΨ
1

“
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.28)

ô
`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2 `

I ´ ΩHΨ
˘

“ pΨ´ Ωq (E.29)

ô
`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2

` Ω “ Ψ`
`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2

ΩHΨ (E.30)

ô
`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2

` Ω “
´

I `
`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2

ΩH
¯

Ψ (E.31)

Using Preliminary 6, we can give another expression of the term Ω on the left side of Equation (E.31):

Ω “
`

I ´ ΩΩH
˘1{2

Ω
`

I ´ ΩHΩ
˘´1{2

(E.32)

We now give another expression for the first factor on the right side of Equation (E.31):

I `
`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2

ΩH

“I `
`

I ´ ΩΩH
˘1{2

Ψ
1

ΩH
`

I ´ ΩΩH
˘´1{2

using Preliminary 6 (E.33)

“
`

I ´ ΩΩH
˘1{2

´

I `Ψ
1

ΩH
¯

`

I ´ ΩΩH
˘´1{2

(E.34)

Coming back to Equation (E.31) and using Equations (E.32) and (E.34), we obtain:

`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2

` Ω “
´

I `
`

I ´ ΩΩH
˘1{2

Ψ
1 `

I ´ ΩHΩ
˘´1{2

ΩH
¯

Ψ (E.35)

ô
`

I ´ ΩΩH
˘1{2

´

Ψ
1

` Ω
¯

`

I ´ ΩHΩ
˘´1{2

“
`

I ´ ΩΩH
˘1{2

´

I `Ψ
1

ΩH
¯

`

I ´ ΩΩH
˘´1{2

Ψ (E.36)

ô

´

Ψ
1

` Ω
¯

`

I ´ ΩHΩ
˘´1{2

“

´

I `Ψ
1

ΩH
¯

`

I ´ ΩΩH
˘´1{2

Ψ (E.37)

ô
`

I ´ ΩΩH
˘1{2

´

I `Ψ
1

ΩH
¯´1 ´

Ψ
1

` Ω
¯

`

I ´ ΩHΩ
˘´1{2

“ Ψ. (E.38)

Therefore we have shown that application Φ is invertible and that:

Φ´1
Ω pΨq “

`

I ´ ΩΩH
˘1{2 `

I `ΨΩH
˘´1

pΨ` Ωq
`

I ´ ΩHΩ
˘´1{2

. (E.39)

173



In [45], the following property about Φ´1 is mentioned:

Property 49. The inverse of the function Φ described in Equation (E.9) also has the following expression:

Φ´1
Ω pΨq “ Φ´Ω pΨq (E.40)

We present three proofs of this property.

Proof. Here is a first proof in which we reason by equivalence. The expression of Φ´1
Ω pΨq is given in Property 48. From

the definition of Φ given by Equation (E.9), we have:

Φ´Ω pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ` Ωq
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.41)

Therefore, we have:

Φ´1
Ω pΨq “ Φ´Ω pΨq (E.42)

ô
`

I ´ ΩΩH
˘1{2 `

I `ΨΩH
˘´1

pΨ` Ωq
`

I ´ ΩHΩ
˘´1{2

(E.43)

“
`

I ´ ΩΩH
˘´1{2

pΨ` Ωq
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

ô
`

I ´ ΩΩH
˘ `

I `ΨΩH
˘´1

pΨ` Ωq (E.44)

“ pΨ` Ωq
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘

ô
`

I `ΨΩH
˘´1

Ψ`
`

I `ΨΩH
˘´1

Ω´ ΩΩH
`

I `ΨΩH
˘´1

Ψ´ ΩΩH
`

I `ΨΩH
˘´1

Ω (E.45)

“ Ψ
`

I ` ΩHΨ
˘´1

` Ω
`

I ` ΩHΨ
˘´1

´Ψ
`

I ` ΩHΨ
˘´1

ΩHΩ´ Ω
`

I ` ΩHΨ
˘´1

ΩHΩ

Thanks to Preliminary 6, we notice that:

`

I `ΨΩH
˘´1

Ψ “ Ψ
`

I ` ΩHΨ
˘´1

(E.46)

ΩΩH
`

I `ΨΩH
˘´1

Ω “ Ω
`

I ` ΩHΨ
˘´1

ΩHΩ (E.47)

Equation (E.45) is therefore equivalent to the following equation:

`

I `ΨΩH
˘´1

Ω´ ΩΩH
`

I `ΨΩH
˘´1

Ψ “ Ω
`

I ` ΩHΨ
˘´1

´Ψ
`

I ` ΩHΨ
˘´1

ΩHΩ (E.48)

ô
`

I `ΨΩH
˘´1

Ω`Ψ
`

I ` ΩHΨ
˘´1

ΩHΩ “ Ω
`

I ` ΩHΨ
˘´1

` ΩΩH
`

I `ΨΩH
˘´1

Ψ (E.49)

ô
`

I `ΨΩH
˘´1

Ω`ΨΩH
`

I `ΨΩH
˘´1

Ω “ Ω
`

I ` ΩHΨ
˘´1

` Ω
`

I ` ΩHΨ
˘´1

ΩHΨ (E.50)

ô
`

I `ΨΩH
˘ `

I `ΨΩH
˘´1

Ω “ Ω
`

I ` ΩHΨ
˘´1 `

I ` ΩHΨ
˘

(E.51)
ôΩ “ Ω (E.52)

The condition defined by Equation (E.52) being true, we can conclude by equivalence that we have Φ´1
Ω pΨq “

Φ´Ω pΨq, which concludes the proof.

Proof. Here is a second proof in which we start by checking the equality of the differentials of the function Φ´1
Ω pΨq

defined in Property 48 and of the function Φ´Ω pΨq defined in Equation (E.9), then we will check the equality of these
two functions at one point.

According to Property 46, the differential of the isometry Φ has the following expression:

DΦΩ pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.53)

Therefore, we have:

DΦ´Ω pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I `ΨΩH
˘´1

h
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.54)

Moreover, using the definition of the function Φ´1
Ω pΨq given in Property 48, we have:

D
`

Φ´1
Ω

˘

pΨq rhs

“
`

I ´ ΩΩH
˘1{2

”

`

I `ΨΩH
˘´1

h´
`

I `ΨΩH
˘´1 `

hΩH
˘ `

I `ΨΩH
˘´1

pΨ` Ωq
ı

`

I ´ ΩHΩ
˘´1{2

(E.55)

“
`

I ´ ΩΩH
˘1{2 `

I `ΨΩH
˘´1

h
”

I ´ ΩH
`

I `ΨΩH
˘´1

pΨ` Ωq
ı

`

I ´ ΩHΩ
˘´1{2

(E.56)
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However, we have according to Preliminary 6:

I ´ ΩH
`

I `ΨΩH
˘´1

pΨ` Ωq

“I ´
`

I ` ΩHΨ
˘´1 `

ΩHΨ` ΩHΩ
˘

(E.57)

“
`

I ` ΩHΨ
˘´1 ``

I ` ΩHΨ
˘

´
`

ΩHΨ` ΩHΩ
˘˘

(E.58)

“
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘

(E.59)

Which gives us, coming back to Equation (E.56) :

D
`

Φ´1
Ω

˘

pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I `ΨΩH
˘´1

h
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘ `

I ´ ΩHΩ
˘´1{2

(E.60)

“
`

I ´ ΩΩH
˘1{2 `

I `ΨΩH
˘´1

h
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.61)

According to Equations (E.61) and (E.54), we have the equality of the differentials: D
`

Φ´1
Ω

˘

pΨq rhs “ DΦ´Ω pΨq rhs.
To check the equality of the functions Φ´1

Ω and Φ´Ω, It is sufficient to verify the equality of these two functions at one
point

From the expression of Φ´1
Ω pΨq given in Property 48, we have Φ´1

Ω p´Ωq “ 0. Likewise, the expression of ΦΩ pΨq
given in Equation (E.9) gives us: Φ´Ω p´Ωq “ 0.

Since the functions Φ´1
Ω pΨq and Φ´Ω pΨq both have the same differentials and have the same value at point ´Ω, we

have Φ´1
Ω pΨq “ Φ´Ω pΨq for all Ψ P SDN .

Proof. We now present a third proof which unlike the previous two proofs does not use the expression of Φ´1
Ω given in

Property 48.
In this proof, we will show that ΦΩ pΦ´Ω pΨqq “ Ψ and that Φ´Ω pΦΩ pΨqq “ Ψ, @ pΩ,Ψq P SD2

N .

ΦΩ pΦ´Ω pΨqq

“
`

I ´ ΩΩH
˘´1{2

pΦ´Ω pΨq ´ Ωq
`

I ´ ΩHΦ´Ω pΨq
˘´1 `

I ´ ΩHΩ
˘1{2

(E.62)

“
`

I ´ ΩΩH
˘´1{2

(E.63)
´

`

I ´ ΩΩH
˘´1{2

pΨ` Ωq
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

´ Ω
¯

´

I ´ ΩH
`

I ´ ΩΩH
˘´1{2

pΨ` Ωq
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

¯´1

`

I ´ ΩHΩ
˘1{2

We can obtain another expression of the second factor of Equation (E.63) using Preliminary 6:

`

I ´ ΩΩH
˘´1{2

pΨ` Ωq
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

´ Ω

“
`

I ´ ΩΩH
˘´1{2

”

pΨ` Ωq
`

I ` ΩHΨ
˘´1

´ Ω
ı

`

I ´ ΩHΩ
˘1{2

(E.64)

“
`

I ´ ΩΩH
˘´1{2 “

pΨ` Ωq ´ Ω
`

I ` ΩHΨ
˘‰ `

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.65)

“
`

I ´ ΩΩH
˘´1{2 `

Ψ´ ΩΩHΨ
˘ `

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.66)

“
`

I ´ ΩΩH
˘´1{2 `

I ´ ΩΩH
˘

Ψ
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.67)

“
`

I ´ ΩΩH
˘1{2

Ψ
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.68)

Preliminary 6 also allows us to obtain another expression of the third term of Equation (E.63):
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´

I ´ ΩH
`

I ´ ΩΩH
˘´1{2

pΨ` Ωq
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

¯´1

“

´

I ´
`

I ´ ΩHΩ
˘´1{2 `

ΩHΨ` ΩHΩ
˘ `

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

¯´1

(E.69)

“

´

`

I ´ ΩHΩ
˘´1{2

”

I ´
`

ΩHΨ` ΩHΩ
˘ `

I ` ΩHΨ
˘´1

ı

`

I ´ ΩHΩ
˘1{2

¯´1

(E.70)

“

´

`

I ´ ΩHΩ
˘´1{2 “`

I ` ΩHΨ
˘

´
`

ΩHΨ` ΩHΩ
˘‰ `

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

¯´1

(E.71)

“

´

`

I ´ ΩHΩ
˘´1{2 `

I ´ ΩHΩ
˘ `

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

¯´1

(E.72)

“

´

`

I ´ ΩHΩ
˘1{2 `

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

¯´1

(E.73)

“
`

I ´ ΩHΩ
˘´1{2 `

I ` ΩHΨ
˘ `

I ´ ΩHΩ
˘´1{2

(E.74)

We now come back to Equation (E.63) in which we replace the second factor by the result obtained in Equation (E.68)
and the third factor by the result obtained in Equation (E.74). We obtain:

ΦΩ pΦ´Ω pΨqq

“
`

I ´ ΩΩH
˘´1{2

(E.75)
`

I ´ ΩΩH
˘1{2

Ψ
`

I ` ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

`

I ´ ΩHΩ
˘´1{2 `

I ` ΩHΨ
˘ `

I ´ ΩHΩ
˘´1{2

`

I ´ ΩHΩ
˘1{2

After simplifications, we have:

ΦΩ pΦ´Ω pΨqq “ Ψ @ pΩ,Ψq P SD2
N (E.76)

If we replace Ω by ´Ω in Equation (E.76), we see that we also have:

Φ´Ω pΦΩ pΨqq “ Ψ @ pΩ,Ψq P SD2
N (E.77)

Using Equations (E.76) and (E.77), we can conclude that Φ´1
Ω “ Φ´Ω.

Using properties 48 and 49, we obtain another expression of the isometry Φ:

ΦΩ pΨq “ Φ´1
´Ω pΨq “

`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

pΨ´ Ωq
`

I ´ ΩHΩ
˘´1{2

(E.78)

We will use Equation (E.78) to prove properties 50 and 51.

Property 50. The isometry Φ has the following property with respect to the conjugate transpose operator:

ΦΩ pΨq
H
“ ΦΩH

`

ΨH
˘

(E.79)

Proof.

ΦΩ pΨq
H
“Φ´1

´Ω pΨq
H (E.80)

“

´

`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

pΨ´ Ωq
`

I ´ ΩHΩ
˘´1{2

¯H

(E.81)

“
`

I ´ ΩHΩ
˘´1{2 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.82)

“ΦΩH
`

ΨH
˘

(E.83)

Property 51.

ΦΩ pΨqΦΩ pΨq
H
“ I ´

`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩHΩ
˘1{2

(E.84)
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Proof.

ΦΩ pΨqΦΩ pΨq
H (E.85)

“ΦΩ pΨqΦ´1
´Ω pΨq

H (E.86)

“
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2 `

I ´ ΩHΩ
˘´1{2 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.87)

“
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.88)

“I ´
`

I ´ ΩΩH
˘´1{2

”

I ´ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

ı

`

I ´ ΩΩH
˘1{2

(E.89)

“I ´
`

I ´ ΩΩH
˘´1{2

”

`

I ´ ΩΨH
˘

´ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘

ı

`

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.90)

Note that:

`

I ´ ΩΨH
˘

´ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘

(E.91)

“
`

I ´ΨΩH
˘ `

I ´ΨΩH
˘´1

(E.92)

´ Ω
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΨ
˘

ΨH

´Ψ
`

I ´ ΩHΨ
˘´1

ΨH

`Ψ
`

I ´ ΩHΨ
˘´1

ΩH

` Ω
`

I ´ ΩHΨ
˘´1

ΨH

´ Ω
`

I ´ ΩHΨ
˘´1

ΩH

“
`

I ´ΨΩH
˘´1

´ΨΩH
`

I ´ΨΩH
˘´1

(E.93)

´ Ω
`

I ´ ΩHΨ
˘´1

ΨH ` ΩΩH
`

I ´ΨΩH
˘´1

ΨΨH

´
`

I ´ΨΩH
˘´1

ΨΨH

`ΨΩH
`

I ´ΨΩH
˘´1

` Ω
`

I ´ ΩHΨ
˘´1

ΨH

´ ΩΩH
`

I ´ΨΩH
˘´1

“
`

I ´ ΩΩH
˘ `

I ´ΨΩH
˘´1

´
`

I ´ ΩΩH
˘ `

I ´ΨΩH
˘´1

ΨΨH (E.94)

“
`

I ´ ΩΩH
˘ `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘

(E.95)

By substituting this result into Equation (E.90), we finally obtain:

ΦΩ pΨqΦΩ pΨq
H (E.96)

“I ´
`

I ´ ΩΩH
˘´1{2

”

`

I ´ ΩΩH
˘ `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘

ı

`

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.97)

“I ´
`

I ´ ΩΩH
˘`1{2 `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.98)

Property 52. If Ω and Ψ belong to the Siegel disk SDN , then ΦΩ pΨq also belongs to the Siegel disk SDN .

Proof. We assume that Ω and Ψ belong to the Siegel disk SDN . By definition of the Siegel disk, the image ΦΩ pΨq

belongs to the Siegel disk if and only if I ´ ΦΩ pΨqΦΩ pΨq
H
ą 0.

Using Property 51, we have:

I ´ ΦΩ pΨqΦΩ pΨq
H (E.99)

“
`

I ´ ΩΩH
˘`1{2 `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.100)

“
`

I ´ ΩΩH
˘`1{2 `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘1{2 `

I ´ΨΨH
˘1{2 `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.101)

“MMH with M “
`

I ´ ΩΩH
˘`1{2 `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘1{2

(E.102)
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To prove that the matrix MMH is positive definite, it is sufficient to prove that the matrix M is a full rank matrix,
which is true as M is the product of three full rank matrices.

Indeed,
`

I ´ ΩΩH
˘

ą 0 since Ω P SDN and
`

I ´ΨΨH
˘

ą 0 since Ψ P SDN .
We now prove that the matrix

`

I ´ΨΩH
˘

is also a full rank matrix. Since Ω and Ψ belong to the Siegel disk, we
have: ~Ω~ ă 1 and ~Ψ~ ă 1. Hence, we have:

�

�ΨΩH
�

� “ ~Ψ~
�

�ΩH
�

� “ ~Ψ~~Ω~ ă 1. By the absurd, if there exists
X P CNzt0u such that

`

I ´ΨΩH
˘

pXq “ 0, this would implie that: ‖X‖ “
∥∥ΨΩH pXq

∥∥ ď �

�ΨΩH
�

� ‖X‖ ă ‖X‖
which is impossible.

To prove that the map Φ is an isometry, we will use the following preliminary which establishes a first relation between
the map Φ and the distance on the Siegel space defined in Equation (E.4).

Preliminary 7. The distance on the Siegel disk defined in Equation (E.4) can also be expressed by the application Φ
defined in Equation (E.9) as follows:

d2
SDN pΩ,Ψq “

1

4
trace

ˆ

log2

ˆ

I ` C1{2

I ´ C1{2

˙˙

(E.103)

“ trace
´

arctanh2
´

C1{2
¯¯

(E.104)

with C “ ΦΩ pΨqΦΩ pΨq
H .

Proof. We recall Equation (E.9) gives us the following expression of the square of the distance on the Siegel disk:

d2
SDN pΩ,Ψq “ trace

´

arctanh2
´

C1{2
¯¯

(E.105)

with C “ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

.
Note that the function C ÞÑ arctanh2

`

C1{2
˘

can be expressed as a Taylor series of the variable C when ~x~ ă 1.
Since the trace operator est invariant by change of base, we have when the matrices C1 and C2 are similar:

trace
´

arctanh2
´

C
1{2
1

¯¯

“ trace
´

arctanh2
´

C
1{2
2

¯¯

(E.106)

We now define:

C1 :“ΦΩ pΨqΦΩ pΨq
H (E.107)

C2 :“pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

. (E.108)

To prove Preliminary 7, it is therefore sufficient to prove that the matrices C1 and C2 are similar.

C1 “ΦΩ pΨqΦΩ pΨq
H (E.109)

C1 “ΦΩ pΨqΦ´1
´Ω pΨq

H d’après l’équation (E.78) (E.110)

C1 “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.111)
`

I ´ ΩHΩ
˘´1{2 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

C1 “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

(E.112)

C1 “
`

I ´ ΩΩH
˘´1{2

C2

`

I ´ ΩΩH
˘1{2

(E.113)

Matrices C1 and C2 are similar according to Equation (E.113), which concludes the proof.

Theorem 9. The function Φ described in Equation (E.9):

ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.114)

is an isometry for the Siegel distance described in Equation (E.4):

d2
SDN pΩ,Ψq “

1

4
trace

ˆ

log2

ˆ

I ` C1{2

I ´ C1{2

˙˙

(E.115)

“ trace
´

arctanh2
´

C1{2
¯¯

(E.116)

with C “ pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΨH
˘´1

.

178



We give two proofs of this theorem.

Proof. In this first proof, we will show that:

d2
SDN pΦΘ pΩq ,ΦΘ pΨqq “ d2

SDN pΩ,Ψq @Ω,Ψ,Θ P SDN (E.117)

to prove that the application Φ is an isometry.
According to Preliminary 7, it is sufficient to show that:

trace
´

arctanh2
´

C
1{2
1

¯¯

“ trace
´

arctanh2
´

C
1{2
2

¯¯

(E.118)

with:

C1 :“ΦΦΘpΩq pΦΘ pΨqq
`

ΦΦΘpΩq pΦΘ pΨqq
˘H

(E.119)

C2 :“ΦΩ pΨqΦΩ pΨq
H (E.120)

Note that the function C ÞÑ arctanh2
`

C1{2
˘

can be expressed as a Taylor series of the variable C when ~x~ ă 1.
Since the trace operator is invariant by change of base, it is sufficient to show that matrices C1 and C2 are similar to

prove Equation (E.118).
Preliminary 7 will then allow us to prove Theorem 9.
We have:

ΦΦΘpΩq pΦΘ pΨqq “
´

I ´ ΦΘ pΩqΦΘ pΩq
H
¯´1{2

(E.121)

pΦΘ pΨq ´ ΦΘ pΩqq
´

I ´ ΦΘ pΩq
H

ΦΘ pΨq
¯´1

´

I ´ ΦΘ pΩq
H

ΦΘ pΩq
¯1{2

We define:

A :“
´

I ´ ΦΘ pΩqΦΘ pΩq
H
¯´1{2

(E.122)

B :“ΦΘ pΨq ´ ΦΘ pΩq (E.123)

C :“
´

I ´ ΦΘ pΩq
H

ΦΘ pΨq
¯´1

(E.124)

D :“
´

I ´ ΦΘ pΩq
H

ΦΘ pΩq
¯1{2

(E.125)

(E.126)

Therefore, we have:

ΦΦΘpΩq pΦΘ pΨqq “ ABCD (E.127)

Note that we have A “ AH and D “ DH .
Therefore, we have:

C1 “ΦΦΘpΩq pΦΘ pΨqq
`

ΦΦΘpΩq pΦΘ pΨqq
˘H

(E.128)

“ABCDDHCHBHAH (E.129)

“ABCD2CHBHA (E.130)

Matrix C1 is therefore similar to the product A2BCD2CHBH .
We now study the terms A2, D2, B and C. Using Property 51, we obtain:

A2 “

´

I ´ ΦΘ pΩqΦΘ pΩq
H
¯´1

(E.131)

“

´

`

I ´ΘΘH
˘1{2 `

I ´ ΩΘH
˘´1 `

I ´ ΩΩH
˘ `

I ´ΘΩH
˘´1 `

I ´ΘΘH
˘1{2

¯´1

(E.132)

“
`

I ´ΘΘH
˘´1{2 `

I ´ΘΩH
˘ `

I ´ ΩΩH
˘´1 `

I ´ ΩΘH
˘ `

I ´ΘΘH
˘´1{2

(E.133)
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Remembering that ΦΘ pΩq
H
“ ΦΘH

`

ΩH
˘

according to Property 50, we obtain an expression of D2 using Property
51 in which we make the change of variables Θ Ð ΘH and Ω Ð ΩH . We obtain:

D2 “I ´ ΦΘ pΩq
H

ΦΘ pΩq (E.134)

“
`

I ´ΘHΘ
˘1{2 `

I ´ ΩHΘ
˘´1 `

I ´ ΩHΩ
˘ `

I ´ΘHΩ
˘´1 `

I ´ΘHΘ
˘1{2

(E.135)

We now compute B:

B “ΦΘ pΨq ´ ΦΘ pΩq (E.136)

“
`

I ´ΘΘH
˘´1{2

”

pΨ´Θq
`

I ´ΘHΨ
˘´1

´ pΩ´Θq
`

I ´ΘHΩ
˘´1

ı

`

I ´ΘHΘ
˘1{2

(E.137)

“
`

I ´ΘΘH
˘´1{2

”

pΨ´Θq
`

I ´ΘHΨ
˘´1 `

I ´ΘHΩ
˘

´ pΩ´Θq
ı

`

I ´ΘHΩ
˘´1 `

I ´ΘHΘ
˘1{2

(E.138)

By using several times Preliminary 6, we can give another expression for the following factor:

pΨ´Θq
`

I ´ΘHΨ
˘´1 `

I ´ΘHΩ
˘

´ pΩ´Θq

“ pΨ´Θq
`

I ´ΘHΨ
˘´1

´ pΨ´Θq
`

I ´ΘHΨ
˘´1

ΘHΩ´ Ω`Θ (E.139)

“pΨ´Θq
`

I ´ΘHΨ
˘´1

´
`

ΨΘH ´ΘΘH
˘ `

I ´ΨΘH
˘´1

Ω´ Ω`Θ (E.140)

“Ψ
`

I ´ΘHΨ
˘´1

´Θ
`

I ´ΘHΨ
˘´1

`Θ´
`

ΨΘH ´ΘΘH
˘ `

I ´ΨΘH
˘´1

Ω´ Ω (E.141)

“
`

I ´ΨΘH
˘´1

Ψ`Θ
`

I ´ΘHΨ
˘´1 “`

I ´ΘHΨ
˘

´ I
‰

´
“`

I ´ΨΘH
˘

`ΨΘH ´ΘΘH
‰ `

I ´ΨΘH
˘´1

Ω
(E.142)

“
`

I ´ΨΘH
˘´1

Ψ`Θ
`

I ´ΘHΨ
˘´1 `

´ΘHΨ
˘

´
`

I ´ΘΘH
˘ `

I ´ΨΘH
˘´1

Ω (E.143)

“
`

I ´ΨΘH
˘´1

Ψ´ΘΘH
`

I ´ΨΘH
˘´1

Ψ´
`

I ´ΘΘH
˘ `

I ´ΨΘH
˘´1

Ω (E.144)

“
`

I ´ΘΘH
˘ `

I ´ΨΘH
˘´1

Ψ´
`

I ´ΘΘH
˘ `

I ´ΨΘH
˘´1

Ω (E.145)

“
`

I ´ΘΘH
˘ `

I ´ΨΘH
˘´1

pΨ´ Ωq . (E.146)

Coming back to Equation (E.138), we obtain:

B “
`

I ´ΘΘH
˘´1{2 `

I ´ΘΘH
˘ `

I ´ΨΘH
˘´1

pΨ´ Ωq
`

I ´ΘHΩ
˘´1 `

I ´ΘHΘ
˘1{2

(E.147)

“
`

I ´ΘΘH
˘1{2 `

I ´ΨΘH
˘´1

pΨ´ Ωq
`

I ´ΘHΩ
˘´1 `

I ´ΘHΘ
˘1{2

. (E.148)

We can have another expression of B by noticing that:

B “ ΦΘ pΨq ´ ΦΘ pΩq “ ´ pΦΘ pΩq ´ ΦΘ pΨqq . (E.149)

Then, by switching the roles of Ω and Ψ in the previous formulas, we obtain:

B “´
`

I ´ΘΘH
˘1{2 `

I ´ ΩΘH
˘´1

pΩ´Ψq
`

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

(E.150)

“
`

I ´ΘΘH
˘1{2 `

I ´ ΩΘH
˘´1

pΨ´ Ωq
`

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

. (E.151)

Finally, we give another expression of the factor C:
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C “
´

I ´ ΦΘ pΩq
H

ΦΘ pΨq
¯´1

(E.152)

“

´

I ´ Φ´1
´Θ pΩq

H
ΦΘ pΨq

¯´1

(E.153)

“

´

I ´
`

I ´ΘHΘ
˘´1{2 `

ΩH ´ΘH
˘ `

I ´ΘΩH
˘´1 `

I ´ΘΘH
˘1{2

(E.154)

`

I ´ΘΘH
˘´1{2

pΨ´Θq
`

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

¯´1

“

´

I ´
`

I ´ΘHΘ
˘´1{2 `

ΩH ´ΘH
˘ `

I ´ΘΩH
˘´1

pΨ´Θq
`

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

¯´1

(E.155)

“

´

`

I ´ΘHΘ
˘´1{2

”

I ´
`

ΩH ´ΘH
˘ `

I ´ΘΩH
˘´1

pΨ´Θq
`

I ´ΘHΨ
˘´1

ı

`

I ´ΘHΘ
˘1{2

¯´1

(E.156)

“

´

`

I ´ΘHΘ
˘´1{2

”

`

I ´ΘHΨ
˘

´
`

ΩH ´ΘH
˘ `

I ´ΘΩH
˘´1

pΨ´Θq
ı

`

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

¯´1

.

(E.157)

By using several times Preliminary 6, we give another expression for the following factor:

`

I ´ΘHΨ
˘

´
`

ΩH ´ΘH
˘ `

I ´ΘΩH
˘´1

pΨ´Θq (E.158)

“I ´ΘHΨ´ ΩH
`

I ´ΘΩH
˘´1

pΨ´Θq `ΘH
`

I ´ΘΩH
˘´1

Ψ´ΘH
`

I ´ΘΩH
˘´1

Θ (E.159)

“I ´ΘHΨ´
`

I ´ ΩHΘ
˘´1 `

ΩHΨ´ ΩHΘ
˘

`ΘH
`

I ´ΘΩH
˘´1

Ψ´ΘHΘ
`

I ´ ΩHΘ
˘´1

(E.160)

“I ´
`

I ´ ΩHΘ
˘´1 `

ΩHΨ´ ΩHΘ
˘

´ΘHΨ`ΘH
`

I ´ΘΩH
˘´1

Ψ´ΘHΘ
`

I ´ ΩHΘ
˘´1

(E.161)

“
`

I ´ ΩHΘ
˘´1 “`

I ´ ΩHΘ
˘

´
`

ΩHΨ´ ΩHΘ
˘‰

(E.162)

`ΘH
`

I ´ΘΩH
˘´1 “

I ´
`

I ´ΘΩH
˘‰

Ψ´ΘHΘ
`

I ´ ΩHΘ
˘´1

“
`

I ´ ΩHΘ
˘´1 `

I ´ ΩHΨ
˘

`ΘH
`

I ´ΘΩH
˘´1 `

ΘΩH
˘

Ψ´ΘHΘ
`

I ´ ΩHΘ
˘´1

(E.163)

“
`

I ´ ΩHΘ
˘´1 `

I ´ ΩHΨ
˘

`ΘHΘ
`

I ´ ΩHΘ
˘´1

ΩHΨ´ΘHΘ
`

I ´ ΩHΘ
˘´1

(E.164)

“
`

I ´ ΩHΘ
˘´1 `

I ´ ΩHΨ
˘

´ΘHΘ
`

I ´ ΩHΘ
˘´1 `

I ´ ΩHΨ
˘

(E.165)

“
`

I ´ΘHΘ
˘ `

I ´ ΩHΘ
˘´1 `

I ´ ΩHΨ
˘

. (E.166)

We obtain, coming back to Equation (E.157) :

C “
´

`

I ´ΘHΘ
˘´1{2 `

I ´ΘHΘ
˘ `

I ´ ΩHΘ
˘´1 `

I ´ ΩHΨ
˘ `

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

¯´1

(E.167)

“

´

`

I ´ΘHΘ
˘1{2 `

I ´ ΩHΘ
˘´1 `

I ´ ΩHΨ
˘ `

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

¯´1

(E.168)

“
`

I ´ΘHΘ
˘´1{2 `

I ´ΘHΨ
˘ `

I ´ ΩHΨ
˘´1 `

I ´ ΩHΘ
˘ `

I ´ΘHΘ
˘´1{2

. (E.169)

We have seen previously that the matrixC1 defined in Equation (E.119) is similar to the product of matricesA2BCD2CHBH .
We also have, according to the expressions of A2, D2, B and C obtained in Equations (E.133), (E.135), (E.151) and

(E.169):

A2BCD2CHBH

“
`

I ´ΘΘH
˘´1{2 `

I ´ΘΩH
˘ `

I ´ ΩΩH
˘´1 `

I ´ ΩΘH
˘ `

I ´ΘΘH
˘´1{2

(E.170)
`

I ´ΘΘH
˘1{2 `

I ´ ΩΘH
˘´1

pΨ´ Ωq
`

I ´ΘHΨ
˘´1 `

I ´ΘHΘ
˘1{2

`

I ´ΘHΘ
˘´1{2 `

I ´ΘHΨ
˘ `

I ´ ΩHΨ
˘´1 `

I ´ ΩHΘ
˘ `

I ´ΘHΘ
˘´1{2

`

I ´ΘHΘ
˘1{2 `

I ´ ΩHΘ
˘´1 `

I ´ ΩHΩ
˘ `

I ´ΘHΩ
˘´1 `

I ´ΘHΘ
˘1{2

`

I ´ΘHΘ
˘´1{2 `

I ´ΘHΩ
˘ `

I ´ΨHΩ
˘´1 `

I ´ΨHΘ
˘ `

I ´ΘHΘ
˘´1{2

`

I ´ΘHΘ
˘1{2 `

I ´ΨHΘ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ΘΩH
˘´1 `

I ´ΘΘH
˘1{2

“
`

I ´ΘΘH
˘´1{2 `

I ´ΘΩH
˘ `

I ´ ΩΩH
˘´1

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1

(E.171)
`

I ´ ΩHΩ
˘ `

I ´ΨHΩ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ΘΩH
˘´1 `

I ´ΘΘH
˘1{2
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According to Equation (E.171), the matrix A2BCD2CHBH is similar to the following matrix:

`

I ´ ΩΩH
˘´1

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘ `

I ´ΨHΩ
˘´1 `

ΨH ´ ΩH
˘

.

This matrix is also similar to the following product:

`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.172)
`

I ´ ΩHΩ
˘1{2 `

I ´ΨHΩ
˘´1 `

ΨH ´ ΩH
˘ `

I ´ ΩΩH
˘´1{2

(E.173)

“ΦΩ pΨqΦΩ pΨq
H (E.174)

“C2. (E.175)

Since the similarity relation is an equivalence relation, we have shown that the matrices C1 and C2 are similar, which
concludes the proof.

We now give a second proof of Theorem 9. We recall that the distance between two points Ω and Ψ in a Riemannian
manifold M is defined as the infimum of the lengths of the paths between Ω and Ψ:

d pΩ,Ψq :“ inf
γ

ż 1

0

∥∥γ1ptq∥∥
γptq

dt

where γ is a path from Ω to Ψ in M such that γp0q “ Ω and γp1q “ Ψ. To prove that an application Φ is an isometry, i.e.
d pΩ,Ψq “ d pΦ pΩq ,Φ pΨqq for all pΩ,Ψq PM2, it is therefore sufficient to prove that:

‖DΦ pΨq rvs‖ΦpΨq “ ‖v‖Ψ @Ψ PM,@v P TΨM.

Proof. In this second proof, we will show that:

‖DΦΩ pΨq rvs‖2
ΦΩpΨq

“ ‖v‖2
Ψ @ pΩ,Ψq P SD2

N ,@v P CNˆN (E.176)

to prove that the application Φ is an isometry.
We first recall the expression of the square norm of the tangent vector v at point Ψ:

‖v‖2
Ψ “ trace

´

`

I ´ΨΨH
˘´1

v
`

I ´ΨHΨ
˘´1

vH
¯

(E.177)

Therefore, we have:

‖DΦΩ pΨq rvs‖ΦΩpΨq
“ trace

ˆ

´

I ´ ΦΩ pΨqΦΩ pΨq
H
¯´1

DΦΩ pΨq rvs
´

I ´ ΦΩ pΨq
H

ΦΩ pΨq
¯´1

DΦΩ pΨq rvs
H

˙

(E.178)
We recall that:

DΦΩ pΨq rvs “
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

v
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

. (E.179)

Using the conjugate transpose operator in Equation (E.179), we obtain:

DΦΩ pΨq rvs
H
“
`

I ´ ΩHΩ
˘1{2 `

I ´ΨHΩ
˘´1

vH
`

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

. (E.180)

According to Property 51, we have:

I ´ ΦΩ pΨqΦΩ pΨq
H
“
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1 `

I ´ΨΨH
˘ `

I ´ΨΩH
˘´1 `

I ´ ΩΩH
˘1{2

. (E.181)

Hence, we obtain:

´

I ´ ΦΩ pΨqΦΩ pΨq
H
¯´1

“
`

I ´ ΩΩH
˘´1{2 `

I ´ΨΩH
˘ `

I ´ΨΨH
˘´1 `

I ´ΨΩH
˘ `

I ´ ΩΩH
˘´1{2

. (E.182)

Using Property 50, we obtain performing the transformations Ω Ð ΩH and Ψ Ð ΨH in Equation (E.181):

I ´ ΦΩ pΨq
H

ΦΩ pΨq “
`

I ´ ΩHΩ
˘1{2 `

I ´ΨHΩ
˘´1 `

I ´ΨHΨ
˘ `

I ´ΨHΩ
˘´1 `

I ´ ΩHΩ
˘1{2

. (E.183)
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Hence, we obain:

´

I ´ ΦΩ pΨq
H

ΦΩ pΨq
¯´1

“
`

I ´ ΩHΩ
˘´1{2 `

I ´ΨHΩ
˘ `

I ´ΨHΨ
˘´1 `

I ´ΨHΩ
˘ `

I ´ ΩHΩ
˘´1{2

. (E.184)

Using Equations (E.179), (E.180), (E.182) and (E.184), we obtain from Equation (E.178):

‖DΦΩ pΨq rvs‖ΦΩpΨq
(E.185)

“ trace

ˆ

´

I ´ ΦΩ pΨqΦΩ pΨq
H
¯´1

DΦΩ pΨq rvs
´

I ´ ΦΩ pΨq
H

ΦΩ pΨq
¯´1

DΦΩ pΨq rvs
H

˙

(E.186)

“ trace

¨

˚

˚

˚

˚

˝

`

I ´ ΩΩH
˘´1{2 `

I ´ΨΩH
˘ `

I ´ΨΨH
˘´1 `

I ´ΨΩH
˘ `

I ´ ΩΩH
˘´1{2

`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

v
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

`

I ´ ΩHΩ
˘´1{2 `

I ´ΨHΩ
˘ `

I ´ΨHΨ
˘´1 `

I ´ΨHΩ
˘ `

I ´ ΩHΩ
˘´1{2

`

I ´ ΩHΩ
˘1{2 `

I ´ΨHΩ
˘´1

vH
`

I ´ ΩΨH
˘´1 `

I ´ ΩΩH
˘1{2

˛

‹

‹

‹

‹

‚

(E.187)

“ trace
´

`

I ´ΨΨH
˘´1

v
`

I ´ΨHΨ
˘´1

vH
¯

(E.188)

“ ‖v‖2
Ψ (E.189)

E.4 The Riemannian logarithm map

E.4.1 Riemannian logarithm map at 0
In the article of Ben Jeuris and Raf Vandebril [45], the logarithm map at 0 is given by the formula :

log0 pΩq “ `V Ω (E.190)

with:

V “ L

˜

`

ΩΩH
˘1{2

, log

˜

I `
`

ΩΩH
˘1{2

I ´ pΩΩHq
1{2

¸¸

(E.191)

where L pA,Qq is defined as the solution of:

AZ ` ZAH “ Q (E.192)

However, the expression of the logarithm map at zero given in [45] can be greatly simplified.

Property 53. The Riemannian logarithm map of the Siegel disk at zero has the following expression:

log0 pΩq “ arctanh pXqX´1Ω where X “
`

ΩΩH
˘1{2

(E.193)

Note that when ~X~ ă 1, we can express the function arctanh as a Taylor series:

arctanh pXq “
`8
ÿ

n“0

X2n`1

2n` 1
(E.194)

Hence for all X in the Siegel disk, we can write the product arctanh pXqX´1 the following way:

arctanh pXqX´1 “

`8
ÿ

n“0

X2n

2n` 1
(E.195)

This new expression is also valid when the matrix X is not invertible.

Proof. We set: X “
`

ΩΩH
˘1{2

.
Therefore, V is the solution of the equation:

XV ` VXH “ log

ˆ

I `X

I ´X

˙

(E.196)
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Note that XH “ X and that log
´

I`X
I´X

¯

can be written as a power series expansion of X as the singular values of X
are lower than one by definition of the Siegel domain:

log

ˆ

I `X

I ´X

˙

“ log pI `Xq ´ log pI ´Xq (E.197)

“

`8
ÿ

n“1

p´1qn`1

n
Xn ´

˜

´

`8
ÿ

n“1

1

n
Xn

¸

(E.198)

“ 2
`8
ÿ

n“0

1

2n` 1
X2n`1 (E.199)

Hence the expression log
´

I`X
I´X

¯

and X commute and V can be expressed explicitly as a function of X:

V “ 1

2
log

ˆ

I `X

I ´X

˙

X´1 (E.200)

Hence, we proved that:

log0 pΩq “
1

2
log

ˆ

I `X

I ´X

˙

X´1Ω where X “
`

ΩΩH
˘1{2

(E.201)

The reciprocal application of the hyperbolic tangent as the following expression:

arctanh pXq “
1

2
log

ˆ

I `X

I ´X

˙

for ~X~ ă 1 (E.202)

Finally, we proved that:

log0 pΩq “ arctanh pXqX´1Ω where X “
`

ΩΩH
˘1{2

(E.203)

For consistency, we can check that:

d2
SDN p0,Ωq “ ‖log0 pΩq‖

2
0 (E.204)

On the one hand, we obtain from the expression of the distance (E.4):

d2 p0,Ωq “ trace
`

arctanh2
pCq

˘

with C “
`

ΩΩH
˘1{2

(E.205)

One the other hand, we obtain using the expression of the norm (E.8):

‖log0 pΩq‖
2
0 “ trace

´

log0 pΩq log0 pΩq
H
¯

(E.206)

“ trace
´

arctanh pXqX´1ΩΩHX´1 H arctanh pXq
H
¯

(E.207)

“ trace
`

arctanh pXqX´1X2X´1 arctanh pXq
˘

(E.208)

“ trace
`

arctanh2
pXq

˘

(E.209)

where X “
`

ΩΩH
˘1{2

.
Therefore, we checked that d2

SDN p0,Ωq “ ‖log0 pΩq‖
2
0.

E.4.2 The Riemannian logarithm map at any point
To compute the Riemannian logarithm map at a point Ω the key idea here is to transport the problem at zero, compute a
certain logarithm at zero and transport the result back to Ω. This idea is illustrated on Figure E.1. If we want to compute
the logartithm map: logΩ pΨq, we first transport both Ω and Ψ using the isometry ΦΩ (E.9). The point Ω is sent to zero,
and we denote Ψ

1

the image of Ψ by ΦΩ :

Ψ
1

:“ ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.210)

184



Figure E.1: The Poincaré disk logarithm map computation

Then we compute the logarithm map at zero log0

´

Ψ
1
¯

:

V
1

:“ log0

´

Ψ
1
¯

“ arctanh pXqX´1Ψ
1

where X “

´

Ψ
1

Ψ
1 H

¯1{2

(E.211)

And finally, we transport back the logarithm to the point Ω using the differential of the isometry Φ given in Equation
(E.17):

V :“ logΩ pΨq “ DΦ´Ω p0q
”

V
1
ı

“
`

I ´ ΩΩH
˘1{2

V
1 `

I ´ ΩHΩ
˘1{2

(E.212)

Correspondance between the Siegel disk in dimension one and the Poincaré disk for the logarithm map We can
check that the logarithm map of the Siegel disk of dimension one corresponds to the logarithm map of the Poincaré disk
described in Section 4.1.2.

We compute the logarithm map logΩ pΨq of the Siegel disk of dimension one using the three steps described in Section
E.4.2.

We start by computing the point Ψ
1

:

Ψ
1

“ΦΩ pΨq (E.213)

“
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.214)

“
Ψ´ Ω

1´ Ω̄Ψ
(E.215)

Then we compute the logarithm map at zero:

V
1

“ log0

´

Ψ
1
¯

(E.216)

“ arctanh pXqX´1Ψ
1

where X “

´

Ψ
1

Ψ
1 H

¯1{2

“

ˇ

ˇ

ˇ
Ψ
1
ˇ

ˇ

ˇ
(E.217)

“ arctanh
´
ˇ

ˇ

ˇ
Ψ
1
ˇ

ˇ

ˇ

¯ Ψ
1

|Ψ1
|

(E.218)

“ arctanh
´
ˇ

ˇ

ˇ
Ψ
1
ˇ

ˇ

ˇ

¯

eiθ with θ “ arg
´

Ψ
1
¯

(E.219)

“ arctanh

ˆ
ˇ

ˇ

ˇ

ˇ

Ψ´ Ω

1´ Ω̄Ψ

ˇ

ˇ

ˇ

ˇ

˙

eiθ with θ “ arg

ˆ

Ψ´ Ω

1´ Ω̄Ψ

˙

(E.220)

And finally, we compute the logarithm map logΩ pΨq:
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logΩ pΨq “DΦ´Ω p0q
”

V
1
ı

(E.221)

“
`

I ´ ΩΩH
˘1{2

V
1 `

I ´ ΩHΩ
˘1{2

(E.222)

“

´

1´ |Ω|
2
¯

V
1

(E.223)

“

´

1´ |Ω|
2
¯

arctanh

ˆ
ˇ

ˇ

ˇ

ˇ

Ψ´ Ω

1´ Ω̄Ψ

ˇ

ˇ

ˇ

ˇ

˙

eiθ with θ “ arg

ˆ

Ψ´ Ω

1´ Ω̄Ψ

˙

(E.224)

This result corresponds to the expression of the Poincaré disk logarithm map described in Equation (4.18).

E.5 The Riemannian exponential map

E.5.1 Riemannian exponential map at 0
Property 54. The Riemannian exponential map of the Siegel disk at zero has the following expression:

exp0 pV q “ tanh pY qY ´1V where Y “
`

V V H
˘1{2

(E.225)

We recall the definition of the hyperbolic tangent:

tanh pXq “
sinh pXq

cosh pXq
“
eX ´ e´X

eX ` e´X
“
e2X ´ 1

e2X ` 1
“

1´ e´2X

1` e´2X
(E.226)

Proof. To prove this property, we will use the fact that the Riemannian exponential map at zero is the inverse of the
Riemannian logarithm map at zero.

We set: V “ log0 pΩq. Hence Ω “ exp0 pV q. According to Property 53, we have:

V “ arctanh pXqX´1Ω where X “
`

ΩΩH
˘1{2

(E.227)

We recall that X “ XH .
To express Ω as a function of V , we first calculate the product V V H :

V V H “ arctanh pXqX´1ΩΩHX´1 H arctanh pXq
H (E.228)

“ arctanh pXqX´1X2X´1 arctanh pXq (E.229)

“ arctanh2
pXq (E.230)

Hence:

arctanh pXq “
`

V V H
˘1{2

(E.231)

Therefore:

X “ tanh
´

`

V V H
˘1{2

¯

(E.232)

We will note:

X “ tanh pY q with Y “
`

V V H
˘1{2

(E.233)

Using Equation (E.227) we can write:

Ω “ X parctanh pXqq
´1
V (E.234)

Using Equation (E.233), we otain:

Ω “ tanh pY q parctanh ptanh pY qqq
´1
V (E.235)

“ tanh pY qY ´1V (E.236)

We finally proved that:

exp0 pV q “ tanh pY qY ´1V where Y “
`

V V H
˘1{2

(E.237)
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Figure E.2: The Poincaré disk exponential map computation

E.5.2 The Riemannian exponential map at any point
To compute the Riemannian exponential map at a point Ω the key idea here is to transport the problem at zero (as for the
logarithm), compute a certain exponential at zero and transport the result back to Ω. This idea is illustrated on Figure E.2.
If we want to compute the exponential map: expΩ pV q, we first transport the vector V at zero using the differential of the
isometry Φ given in Equation (E.17):

V
1

:“DΦΩ pΩq rV s (E.238)

“
`

I ´ ΩΩH
˘1{2 `

I ´ ΩΩH
˘´1

V
`

I ´ ΩHΩ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.239)

“
`

I ´ ΩΩH
˘´1{2

V
`

I ´ ΩHΩ
˘´1{2

(E.240)

Then we compute the exponential map at zero exp0

´

V
1
¯

:

Ψ
1

:“ exp0

´

V
1
¯

“ tanh pY qY ´1V
1

where Y “
´

V
1

V
1 H

¯1{2

(E.241)

And finally, we transport back the exponential to the point Ω using the isometry Φ´Ω which is the inverse of isometry
ΦΩ (see Property 49) and transport the point 0 back to Ω and the point Ψ

1

back to expΩ pV q:

Ψ :“ expΩ pV q (E.242)

“Φ´Ω

´

Ψ
1
¯

(E.243)

“
`

I ´ ΩΩH
˘´1{2

´

Ψ
1

` Ω
¯´

I ` ΩHΨ
1
¯´1

`

I ´ ΩHΩ
˘1{2

(E.244)

Correspondance between the Siegel disk in dimension one and the Poincaré disk for the exponential map We can
check that the exponential map of the Siegel disk of dimension one corresponds to the exponential map of the Poincaré
disk described in Section 4.1.2.

We compute the exponential map expΩ pV q of the Siegel disk of dimension one using the three steps described in
Section E.5.2.

We start by computing the point V
1

:

V
1

“
`

I ´ ΩΩH
˘´1{2

V
`

I ´ ΩHΩ
˘´1{2

(E.245)

“
V

1´ |Ω|
2 (E.246)
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Then we compute the exponential map at zero:

Ψ
1

“ exp0

´

V
1
¯

(E.247)

“ tanh pY qY ´1V
1

where Y “
´

V
1

V
1 H

¯1{2

“

ˇ

ˇ

ˇ
V
1
ˇ

ˇ

ˇ
(E.248)

“ tanh
´
ˇ

ˇ

ˇ
V
1
ˇ

ˇ

ˇ

¯ V
1

|V 1
|

(E.249)

“ tanh
´
ˇ

ˇ

ˇ
V
1
ˇ

ˇ

ˇ

¯

eiθ with θ “ arg
´

V
1
¯

“ arg pV q (E.250)

“ tanh

˜

|V |

1´ |Ω|
2

¸

eiθ with θ “ arg pV q (E.251)

Note that for all x in R, tanhpxq “ expp2xq´1
expp2xq`1 , hence we can also write:

Ψ
1

“

exp
´

2|V |

I´|Ω|2

¯

´ 1

exp
´

2|V |

1´|Ω|2

¯

` 1
eiθ with θ “ arg pV q (E.252)

Finally, we compute the exponential map expΩ pV q:

expΩ pV q “Φ´Ω

´

Ψ
1
¯

(E.253)

“
`

I ´ ΩΩH
˘´1{2

´

Ψ
1

` Ω
¯´

I ` ΩHΨ
1
¯´1

`

I ´ ΩHΩ
˘1{2

(E.254)

“
Ψ
1

` Ω

1` Ω̄Ψ1 (E.255)

“

exp
´

2|V |

1´|Ω|2

¯

´1

exp
´

2|V |

1´|Ω|2

¯

`1
eiθ ` Ω

1` Ω̄
exp

´

2|V |

1´|Ω|2

¯

´1

exp
´

2|V |

1´|Ω|2

¯

`1
eiθ

with θ “ arg pV q (E.256)

“

´

exp
´

2|V |

1´|Ω|2

¯

´ 1
¯

eiθ `
´

exp
´

2|V |

1´|Ω|2

¯

` 1
¯

Ω
´

exp
´

2|V |

1´|Ω|2

¯

` 1
¯

` Ω̄
´

exp
´

2|V |

1´|Ω|2

¯

´ 1
¯

eiθ
with θ “ arg pV q (E.257)

“

`

Ω` eiθ
˘

exp
´

2|V |

1´|Ω|2

¯

`
`

Ω´ eiθ
˘

`

1` Ω̄eiθ
˘

exp
´

2|V |

1´|Ω|2

¯

`
`

1´ Ω̄eiθ
˘

with θ “ arg pV q (E.258)

This result corresponds to the expression of the Poincaré disk exponential map described in Section 4.1.2.

The geodesics The expression the geodesics can be obtained using the exponential map: the equation of the geodesic
starting from Ω with velocity V is given by the application ζptq : t ÞÑ expΩ ptV q.

E.6 The symmetric Siegel disk
We defined the Siegel disk in Definition 16 as the set a complex matrices with singular values lower than one: SDN “
 

M P CN , I ´MMH ą 0
(

. We recall that another definition of the Siegel disk also exists in other papers [54], imposing
an additional symmetry condition on the matrix M : M “ MT . We will show in this section that the symmetric Siegel
disk is a totally flat submanifold of the Siegel disk. Hence the formula of the logarithm map E.4.2 and the exponential
map E.5.2 computed in previous sections are still meaningful when working in the submanifold of symmetric matrices.

The isometry We first check that the isometry E.9 is meaninful in the symmetric Siegel disk.

Property 55. If Ω and Ψ are symmetric matrices, then ΦΩ pΨq is also a symmetric matrix.

Proof. We assume that Ω and Ψ are symmetric matrices.
Then, the expression of Φ becomes:
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ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.259)

“
`

I ´ ΩΩ̄
˘´1{2

pΨ´ Ωq
`

I ´ Ω̄Ψ
˘´1 `

I ´ Ω̄Ω
˘1{2

(E.260)

From Equation (E.78), we also have:

ΦΩ pΨq “Φ´1
´Ω pΨq (E.261)

“
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

pΨ´ Ωq
`

I ´ ΩHΩ
˘´1{2

(E.262)

“
`

I ´ ΩΩ̄
˘1{2 `

I ´ΨΩ̄
˘´1

pΨ´ Ωq
`

I ´ Ω̄Ω
˘´1{2

(E.263)

Using both expressions of ΦΩ:

ΦΩ pΨq
T
“Φ´1

´Ω pΨq
T (E.264)

“
`

I ´ ΩΩ̄
˘´1{2

pΨ´ Ωq
`

I ´ Ω̄Ψ
˘´1 `

I ´ Ω̄Ω
˘1{2

(E.265)
“ΦΩ pΨq (E.266)

which proves the property.

We now check that the differential of the isometry Φ is meaningful in the symmetric Siegel space. The differential of
the isometry Φ has been used to compute the logarithm E.4.2 and the exponential map. E.5.2 of the Siegel disk. Note that
the tangent space of the symmetric Siegel disk is the space of complex symmetric matrices.

Property 56. If Ω, Ψ and h are symmetric matrices, then DΦΩ pΨq rhs is also a symmetric matrix.

Proof. We assume that Ω, Ψ and h are symmetric matrices.
Using Equation (E.17), we can write:

DΦΩ pΨq rhs “
`

I ´ ΩΩH
˘1{2 `

I ´ΨΩH
˘´1

h
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.267)

“
`

I ´ ΩΩ̄
˘1{2 `

I ´ΨΩ̄
˘´1

h
`

I ´ Ω̄Ψ
˘´1 `

I ´ Ω̄Ω
˘1{2

(E.268)

Then, we have:

DΦΩ pΨq rhs
T “

`

I ´ ΩΩ̄
˘1{2 `

I ´ΨΩ̄
˘´1

h
`

I ´ Ω̄Ψ
˘´1 `

I ´ Ω̄Ω
˘1{2

(E.269)
“DΦΩ pΨq rhs (E.270)

which proves the property.

The Riemannian logarithm map

Property 57. If Ω and Ψ are symmetric matrices, then logΩ pΨq is also a symmetric matrix.

Proof. Let Ω and Ψ be symmetric matrices. There are three steps to compute the Riemannian logarithm map. They are
described in Section E.4.2.

The first step is to compute the point Ψ
1

:

Ψ
1

:“ ΦΩ pΨq “
`

I ´ ΩΩH
˘´1{2

pΨ´ Ωq
`

I ´ ΩHΨ
˘´1 `

I ´ ΩHΩ
˘1{2

(E.271)

The matrix Ψ
1

is therefore symmetric, thanks to Property 55.
The second step is to compute the logarithm map at zero log0

´

Ψ
1
¯

:

V
1

:“ log0

´

Ψ
1
¯

“ arctanh pXqX´1Ψ
1

where X “

´

Ψ
1

Ψ
1 H

¯1{2

(E.272)

As ~X~ ă 1, we can express arctanh pXq as a Taylor series:

arctanh pXq “
`8
ÿ

n“0

1

2n` 1
X2n`1 (E.273)
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Note that arctanh pXq is an odd application. Hence, arctanh pXqX´1 is an even application:

arctanh pXqX´1 “

`8
ÿ

n“0

1

2n` 1
X2n (E.274)

Hence we can write V
1

the following way:

V
1

“ arctanh pXqX´1Ψ
1

where X “

´

Ψ
1

Ψ
1 H

¯1{2

“

´

Ψ
1 ¯
Ψ
1
¯1{2

(E.275)

“

˜

`8
ÿ

n“0

1

2n` 1
X2n

¸

Ψ
1

where X “

´

Ψ
1 ¯
Ψ
1
¯1{2

(E.276)

“

`8
ÿ

n“0

1

2n` 1

ˆ

´

Ψ
1 ¯
Ψ
1
¯1{2

˙2n

Ψ
1

(E.277)

“

`8
ÿ

n“0

1

2n` 1

´

Ψ
1 ¯
Ψ
1
¯n

Ψ
1

(E.278)

Therefore, we have:

V
1 T “

˜

`8
ÿ

n“0

1

2n` 1

´

Ψ
1 ¯
Ψ
1
¯n

Ψ
1

¸T

(E.279)

“

`8
ÿ

n“0

1

2n` 1
Ψ
1T

´

¯
Ψ
1T

Ψ
1T
¯n

(E.280)

“

`8
ÿ

n“0

1

2n` 1
Ψ
1
´

¯
Ψ
1

Ψ
1
¯n

(E.281)

“

`8
ÿ

n“0

1

2n` 1

´

Ψ
1 ¯
Ψ
1
¯n

Ψ
1

(E.282)

“V
1

(E.283)

which proves that the logarithm map at zero log0

´

Ψ
1
¯

is symmetric.
The third and last step is to transport back the logarithm to the point Ω using the differential of the isometry Φ given

in Equation (E.17):

V :“ logΩ pΨq “ DΦ´Ω p0q
”

V
1
ı

“
`

I ´ ΩΩH
˘1{2

V
1 `

I ´ ΩHΩ
˘1{2

(E.284)

As Ω and V
1

are symmetric matrices, we finally prove that the logarithm map logΩ pΨq is a symmetric matrix using
Property 56.

The Riemannian exponential map

Property 58. If Ω and V are symmetric matrices, then expΩ pV q is also a symmetric matrix.

Proof. Let Ω and V be symmetric matrices. There are three steps to compute the Riemannian exponential map. They are
described in Section E.5.2.

The first step is to transport the vector V at zero using the differential of the isometry Φ given in Equation (E.17):

V
1

:“DΦΩ pΩq rV s (E.285)

“
`

I ´ ΩΩH
˘´1{2

V
`

I ´ ΩHΩ
˘´1{2

(E.286)

The matrix V
1

is therefore symmetric, thanks to Property 56.
The second step is to compute the exponential map at zero exp0

´

V
1
¯

:

Ψ
1

:“ exp0

´

V
1
¯

“ tanh pY qY ´1V
1

where Y “
´

V
1

V
1 H

¯1{2

(E.287)
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As ~Y ~ ă 1, we can express tanh pY q as a Taylor series:

tanh pY q “
`8
ÿ

n“1

22n
`

22n ´ 1
˘

B2n

p2nq!
Y 2n´1 (E.288)

where Bn is the nth Bernoulli number.
Note that tanh pY q is an odd application. Hence, tanh pY qY ´1 is an even application:

tanh pY qY ´1 “

`8
ÿ

n“1

22n
`

22n ´ 1
˘

B2n

p2nq!
Y 2n´2 (E.289)

“

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!
Y 2n (E.290)

Hence we can write Ψ
1

the following way:

Ψ
1

“ tanh pY qY ´1V
1

where Y “
´

V
1

V
1H
¯1{2

“

´

V
1 ¯
V
1
¯1{2

(E.291)

“

˜

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!
Y 2n

¸

V
1

where Y “
´

V
1 ¯
V
1
¯1{2

(E.292)

“

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!

ˆ

´

V
1 ¯
V
1
¯1{2

˙2n

V
1

(E.293)

“

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!

´

V
1 ¯
V
1
¯n

V
1

(E.294)

Therefore, we have:

Ψ
1T
“

˜

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!

´

V
1 ¯
V
1
¯n

V
1

¸T

(E.295)

“

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!
V
1T

´

¯
V
1T
V
1T
¯n

(E.296)

“

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!
V
1
´

¯
V
1

V
1
¯n

(E.297)

“

`8
ÿ

n“0

22pn`1q
`

22pn`1q ´ 1
˘

B2pn`1q

p2pn` 1qq!

´

V
1 ¯
V
1
¯n

V
1

(E.298)

“Ψ
1

(E.299)

which proves that the exponential map at zero exp0

´

V
1
¯

is symmetric.
The third and last step is to transport back the exponential to the point Ω using the isometry Φ´Ω which is the inverse

of isometry ΦΩ (see Property 49) and transport the point 0 back to Ω and the point Ψ
1

back to expΩ pV q:

Ψ :“ expΩ pV q (E.300)

“Φ´Ω

´

Ψ
1
¯

(E.301)

“
`

I ´ ΩΩH
˘´1{2

´

Ψ
1

` Ω
¯´

I ` ΩHΨ
1
¯´1

`

I ´ ΩHΩ
˘1{2

(E.302)

As Ω and Ψ
1

are symmetric matrices, we finally prove that the exponential map expΩ pV q is a symmetric matrix using
Property 55.
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E.7 The sectional curvature
We will focus on the sectional curvature at 0. We can then obtain the sectional curvature at any point using the isometry
Φ defined in Equation (E.9) and its differential E.17.

Indeed, the sectional curvature at the point Ω defined by the tangent vectors (which are matrices) E1 and E2 is equal
to the sectional curvature at the point 0 defined by the vectors DΦΩ pΩq rE1s et DΦΩ pΩq rE2s.

E.7.1 In Euclidean coordinates
Let σ be a section defined at the point Ω “ 0 by two orthonormal matrices E1 and E2.

Theorem 10. The sectional curvature at zero of the plan σ defined by E1 and E2 has the following expression:

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

(E.303)

Proof. We complete the orthonormal matrices E1 and E2 in an orthonormal basis pE1, . . . , Enq as described in Section
D.1.

We recall the expression of the Siegel metric given in Section E.2:

ds2 “ trace
´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

(E.304)

We set Ω “ exp0 px1E1 ` x2E2q.
We recall the expression of the exponential map at zero described in Section E.5.1:

exp0 pV q “ tanh pY qY ´1V where Y “
`

V V H
˘1{2

(E.305)

Here we have V “ x1E1 ` x2E2 and Y “
`

V V H
˘1{2

“

´

px1E1 ` x2E2q px1E1 ` x2E2q
H
¯1{2

.
As the curvature is a local property, we can use a limited of the fonction tanh.
We recall that @z P C such that |z| ă 2π, we have:

tanhpzq “ z ´
1

3
z3 `O

`

z5
˘

(E.306)

Hence, as Y is a matrix close to zero:

Ω “ tanh pY qY ´1V (E.307)

Ω “

ˆ

I ´
1

3
Y 2 `O

`

Y 4
˘

˙

px1E1 ` x2E2q (E.308)

Ω “px1E1 ` x2E2q (E.309)

´
1

3
px1E1 ` x2E2q px1E1 ` x2E2q

H
px1E1 ` x2E2q

`O
´

p|x1| ` |x2|q
5
¯

Ω “px1E1 ` x2E2q (E.310)

´
1

3

`

x3
1E1E

H
1 E1 ` x

2
1x2E1E

H
1 E2 ` x

2
1x2E1E

H
2 E1 ` x1x

2
2E1E

H
2 E2`

x2
1x2E2E

H
1 E1 ` x1x

2
2E2E

H
1 E2 ` x1x

2
2E2E

H
2 E1 ` x

3
2E2E

H
2 E2

˘

`O
´

p|x1| ` |x2|q
5
¯

Hence, we obtain using the conjugate transpose operator:
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ΩH “
`

x1E
H
1 ` x2E

H
2

˘

(E.311)

´
1

3
px1E1 ` x2E2q

H
px1E1 ` x2E2q px1E1 ` x2E2q

H

`O
´

p|x1| ` |x2|q
5
¯

ΩH “
`

x1E
H
1 ` x2E

H
2

˘

(E.312)

´
1

3

`

x3
1E

H
1 E1E

H
1 ` x2

1x2E
H
1 E1E

H
2 ` x2

1x2E
H
1 E2E

H
1 ` x1x

2
2E

H
1 E2E

H
2

`x2
1x2E

H
2 E1E

H
1 ` x1x

2
2E

H
2 E1E

H
2 ` x1x

2
2E

H
2 E2E

H
1 ` x3

2E
H
2 E2E

H
2

˘

`O
´

p|x1| ` |x2|q
5
¯

We now compute the infinitesimal variations:

dΩ “pdx1E1 ` dx2E2q (E.313)

´
1

3
r p3x2

1dx1qE1E
H
1 E1 ` p2x1x2dx1 ` x

2
1dx2qE1E

H
1 E2`

p2x1x2dx1 ` x
2
1dx2qE1E

H
2 E1 ` px

2
2dx1 ` 2x1x2dx2qE1E

H
2 E2`

p2x1x2dx1 ` x
2
1dx2qE2E

H
1 E1 ` px

2
2dx1 ` 2x1x2dx2qE2E

H
1 E2`

px2
2dx1 ` 2x1x2dx2qE2E

H
2 E1 ` p3x

2
2dx2qE2E

H
2 E2 s

`O
´

p|x1| ` |x2|q
4
¯

Hence, using the conjugate transpose operator:

dΩH “
`

dx1E
H
1 ` dx2E

H
2

˘

(E.314)

´
1

3
r p3x2

1dx1qE
H
1 E1E

H
1 ` p2x1x2dx1 ` x

2
1dx2qE

H
2 E1E

H
1 `

p2x1x2dx1 ` x
2
1dx2qE

H
1 E2E

H
1 ` px2

2dx1 ` 2x1x2dx2qE
H
2 E2E

H
1 `

p2x1x2dx1 ` x
2
1dx1qE

H
2 E2E

H
1 ` px2

2dx1 ` 2x1x2dx2qE
H
2 E1E

H
2 `

px2
2dx1 ` 2x1x2dx2qE

H
1 E2E

H
2 ` p3x2

2dx2qE
H
2 E2E

H
2 s

`O
´

p|x1| ` |x2|q
4
¯

We now compute the products:

ΩΩH “
”

px1E1 ` x2E2q `O
´

p|x1| ` |x2|q
3
¯ı ”

`

x1E
H
1 ` x2E

H
2

˘

`O
´

p|x1| ` |x2|q
3
¯ı

(E.315)

ΩΩH “x2
1E1E

H
1 ` x1x2E1E

H
2 ` x1x2E2E

H
1 ` x2

2E2E
H
2 `O

´

p|x1| ` |x2|q
4
¯

(E.316)

and:

ΩHΩ “
”

`

x1E
H
1 ` x2E

H
2

˘

`O
´

p|x1| ` |x2|q
3
¯ı ”

px1E1 ` x2E2q `O
´

p|x1| ` |x2|q
3
¯ı

(E.317)

ΩHΩ “x2
1E

H
1 E1 ` x1x2E

H
1 E2 ` x1x2E

H
2 E1 ` x

2
2E

H
2 E2 `O

´

p|x1| ` |x2|q
4
¯

(E.318)

We recall that @X PMn pCq such that ~X~ ă 1, we have:

pI ´Xq
´1
“

`8
ÿ

n“0

Xn (E.319)

Hence:

pI ´Xq
´1
“ I `X `O

`

X2
˘

(E.320)

Therefore, we can compute:
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`

I ´ ΩΩH
˘´1

“I ` ΩΩH `O
´

`

ΩΩH
˘2
¯

(E.321)
`

I ´ ΩΩH
˘´1

“I ` x2
1E1E

H
1 ` x1x2E1E

H
2 ` x1x2E2E

H
1 ` x2

2E2E
H
2 `O

´

p|x1| ` |x2|q
4
¯

(E.322)

and:

`

I ´ ΩHΩ
˘´1

“I ` ΩHΩ`O
´

`

ΩHΩ
˘2
¯

(E.323)
`

I ´ ΩHΩ
˘´1

“I ` x2
1E

H
1 E1 ` x1x2E

H
1 E2 ` x1x2E

H
2 E1 ` x

2
2E

H
2 E2 `O

´

p|x1| ` |x2|q
4
¯

(E.324)

As ds2 “ trace
´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

, we now compute the product of the four terms:

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH

“pdx1E1 ` dx2E2q
`

dx1E
H
1 ` dx2E

H
2

˘

(E.325)

´
1

3
pdx1E1 ` dx2E2q

r p3x2
1dx1qE

H
1 E1E

H
1 ` p2x1x2dx1 ` x

2
1dx2qE

H
2 E1E

H
1 `

p2x1x2dx1 ` x
2
1dx2qE

H
1 E2E

H
1 ` px2

2dx1 ` 2x1x2dx2qE
H
2 E2E

H
1 `

p2x1x2dx1 ` x
2
1dx1qE

H
1 E1E

H
2 ` px2

2dx1 ` 2x1x2dx2qE
H
2 E1E

H
2 `

px2
2dx1 ` 2x1x2dx2qE

H
1 E2E

H
2 ` p3x2

2dx2qE
H
2 E2E

H
2 s

` pdx1E1 ` dx2E2q
`

x2
1E

H
1 E1 ` x1x2E

H
1 E2 ` x1x2E

H
2 E1 ` x

2
2E

H
2 E2

˘

`

dx1E
H
1 ` dx2E

H
2

˘

´
1

3
r p3x2

1dx1qE1E
H
1 E1 ` p2x1x2dx1 ` x

2
1dx2qE1E

H
1 E2`

p2x1x2dx1 ` x
2
1dx2qE1E

H
2 E1 ` px

2
2dx1 ` 2x1x2dx2qE1E

H
2 E2`

p2x1x2dx1 ` x
2
1dx1qE2E

H
1 E1 ` px

2
2dx1 ` 2x1x2dx2qE2E

H
1 E2`

px2
2dx1 ` 2x1x2dx2qE2E

H
2 E1 ` p3x

2
2dx2qE2E

H
2 E2 s

`

dx1E
H
1 ` dx2E

H
2

˘

`
`

x2
1E1E

H
1 ` x1x2E1E

H
2 ` x1x2E2E

H
1 ` x2

2E2E
H
2

˘

pdx1E1 ` dx2E2q
`

dx1E
H
1 ` dx2E

H
2

˘

`O
´

p|x1| ` |x2|q
4
¯

We now develop each term. We note A the term of order 2, and B1, B2, B3, B4 the terms of oder 4.

A :“pdx1E1 ` dx2E2q
`

dx1E
H
1 ` dx2E

H
2

˘

(E.326)

A “dx2
1E1E

H
1 ` dx1dx2E1E

H
2 ` dx1dx2E2E

H
1 ` dx2

2E2E
H
2 (E.327)

B1 :“´
1

3
pdx1E1 ` dx2E2q (E.328)

r p3x2
1dx1qE

H
1 E1E

H
1 ` p2x1x2dx1 ` x

2
1dx2qE

H
2 E1E

H
1 `

p2x1x2dx1 ` x
2
1dx2qE

H
1 E2E

H
1 ` px2

2dx1 ` 2x1x2dx2qE
H
2 E2E

H
1 `

p2x1x2dx1 ` x
2
1dx1qE

H
1 E1E

H
2 ` px2

2dx1 ` 2x1x2dx2qE
H
2 E1E

H
2 `

px2
2dx1 ` 2x1x2dx2qE

H
1 E2E

H
2 ` p3x2

2dx2qE
H
2 E2E

H
2 s
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B1 “´
1

3

`

3x2
1dx

2
1

˘

E1E
H
1 E1E

H
1 (E.329)

´
1

3

`

2x1x2dx
2
1 ` x

2
1dx1dx2

˘

E1E
H
1 E1E

H
2

´
1

3

`

2x1x2dx
2
1 ` x

2
1dx1dx2

˘

E1E
H
1 E2E

H
1

´
1

3

`

x2
2dx

2
1 ` 2x1x2dx1dx2

˘

E1E
H
1 E2E

H
2

´
1

3

`

2x1x2dx
2
1 ` x

2
1dx1dx2

˘

E1E
H
2 E1E

H
1

´
1

3

`

x2
2dx

2
1 ` 2x1x2dx1dx2

˘

E1E
H
2 E1E

H
2

´
1

3

`

x2
2dx

2
1 ` 2x1x2dx1dx2

˘

E1E
H
2 E2E

H
1

´
1

3

`

3x2
2dx1dx2

˘

E1E
H
2 E2E

H
2

´
1

3

`

3x2
1dx1dx2

˘

E2E
H
1 E1E

H
1

´
1

3

`

2x1x2dx1dx2 ` x
2
1dx

2
2

˘

E2E
H
1 E1E

H
2

´
1

3

`

2x1x2dx1dx2 ` x
2
1dx

2
2

˘

E2E
H
1 E2E

H
1

´
1

3

`

x2
2dx1dx2 ` 2x1x2dx

2
2

˘

E2E
H
1 E2E

H
2

´
1

3

`

2x1x2dx1dx2 ` x
2
1dx

2
2

˘

E2E
H
2 E1E

H
1

´
1

3

`

x2
2dx1dx2 ` 2x1x2dx

2
2

˘

E2E
H
2 E1E

H
2

´
1

3

`

x2
2dx1dx2 ` 2x1x2dx

2
2

˘

E2E
H
2 E2E

H
1

´
1

3

`

3x2
2dx

2
2

˘

E2E
H
2 E2E

H
2

B2 :“
`

x2
1E1E

H
1 ` x1x2E1E

H
2 ` x1x2E2E

H
1 ` x2

2E2E
H
2

˘

pdx1E1 ` dx2E2q
`

dx1E
H
1 ` dx2E

H
2

˘
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B2 “
`

x2
1dx

2
1

˘

E1E
H
1 E1E

H
1 (E.330)

`
`

x2
1dx1dx2

˘

E1E
H
1 E1E

H
2

`
`

x1x2dx
2
1

˘

E1E
H
1 E2E

H
1

` px1x2dx1dx2qE1E
H
1 E2E

H
2

`
`

x1x2dx
2
1

˘

E1E
H
2 E1E

H
1

` px1x2dx1dx2qE1E
H
2 E1E

H
2

`
`

x2
2dx

2
1

˘

E1E
H
2 E2E

H
1

`
`

x2
2dx1dx2

˘

E1E
H
2 E2E

H
2

`
`

x2
1dx1dx2

˘

E2E
H
1 E1E

H
1

`
`

x2
1dx

2
2

˘

E2E
H
1 E1E

H
2

` px1x2dx1dx2qE2E
H
1 E2E

H
1

`
`

x1x2dx
2
2

˘

E2E
H
1 E2E

H
2

` px1x2dx1dx2qE2E
H
2 E1E

H
1

`
`

x1x2dx
2
2

˘

E2E
H
2 E1E

H
2

`
`

x2
2dx1dx2

˘

E2E
H
2 E2E

H
1

`
`

x2
2dx

2
2

˘

E2E
H
2 E2E

H
2

B3 :“´
1

3
r p3x2

1dx1qE1E
H
1 E1 ` p2x1x2dx1 ` x

2
1dx2qE1E

H
1 E2` (E.331)

p2x1x2dx1 ` x
2
1dx2qE1E

H
2 E1 ` px

2
2dx1 ` 2x1x2dx2qE1E

H
2 E2`

p2x1x2dx1 ` x
2
1dx1qE2E

H
1 E1 ` px

2
2dx1 ` 2x1x2dx2qE2E

H
1 E2`

px2
2dx1 ` 2x1x2dx2qE2E

H
2 E1 ` p3x

2
2dx2qE2E

H
2 E2 s

`

dx1E
H
1 ` dx2E

H
2

˘
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B3 “´
1

3

`

3x2
1dx

2
1

˘

E1E
H
1 E1E

H
1 (E.332)

´
1

3

`

3x2
1dx1dx2

˘

E1E
H
1 E1E

H
2

´
1

3

`

2x1x2dx
2
1 ` x

2
1dx1dx2

˘

E1E
H
1 E2E

H
1

´
1

3

`

2x1x2dx1dx2 ` x
2
1dx

2
2

˘

E1E
H
1 E2E

H
2

´
1

3

`

2x1x2dx
2
1 ` x

2
1dx1dx2

˘

E1E
H
2 E1E

H
1

´
1

3

`

2x1x2dx1dx2 ` x
2
1dx

2
2

˘

E1E
H
2 E1E

H
2

´
1

3

`

x2
2dx

2
1 ` 2x1x2dx1dx2

˘

E1E
H
2 E2E

H
1

´
1

3

`

x2
2dx1dx2 ` 2x1x2dx

2
2

˘

E1E
H
2 E2E

H
2

´
1

3

`

2x1x2dx
2
1 ` x

2
1dx1dx2

˘

E2E
H
1 E1E

H
1

´
1

3

`

2x1x2dx1dx2 ` x
2
1dx

2
2

˘

E2E
H
1 E1E

H
2

´
1

3

`

x2
2dx

2
1 ` 2x1x2dx1dx2

˘

E2E
H
1 E2E

H
1

´
1

3

`

x2
2dx1dx2 ` 2x1x2dx

2
2

˘

E2E
H
1 E2E

H
2

´
1

3

`

x2
2dx

2
1 ` 2x1x2dx1dx2

˘

E2E
H
2 E1E

H
1

´
1

3

`

x2
2dx1dx2 ` 2x1x2dx

2
2

˘

E2E
H
2 E1E

H
2

´
1

3

`

3x2
2dx1dx2

˘

E2E
H
2 E2E

H
1

´
1

3

`

3x2
2dx

2
2

˘

E2E
H
2 E2E

H
2

B4 :“
`

x2
1E1E

H
1 ` x1x2E1E

H
2 ` x1x2E2E

H
1 ` x2

2E2E
H
2

˘

(E.333)
pdx1E1 ` dx2E2q
`

dx1E
H
1 ` dx2E

H
2

˘
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B4 “
`

x2
1dx

2
1

˘

E1E
H
1 E1E

H
1 (E.334)

`
`

x2
1dx1dx2

˘

E1E
H
1 E1E

H
2

`
`

x2
1dx1dx2

˘

E1E
H
1 E2E

H
1

`
`

x2
1dx

2
2

˘

E1E
H
1 E2E

H
2

`
`

x1x2dx
2
1

˘

E1E
H
2 E1E

H
1

` px1x2dx1dx2qE1E
H
2 E1E

H
2

` px1x2dx1dx2qE1E
H
2 E2E

H
1

`
`

x1x2dx
2
2

˘

E1E
H
2 E2E

H
2

`
`

x1x2dx
2
1

˘

E2E
H
1 E1E

H
1

` px1x2dx1dx2qE2E
H
1 E1E

H
2

` px1x2dx1dx2qE2E
H
1 E2E

H
1

`
`

x1x2dx
2
2

˘

E2E
H
1 E2E

H
2

`
`

x2
2dx

2
1

˘

E2E
H
2 E1E

H
1

`
`

x2
2dx1dx2

˘

E2E
H
2 E1E

H
2

`
`

x2
2dx1dx2

˘

E2E
H
2 E2E

H
1

`
`

x2
2dx

2
2

˘

E2E
H
2 E2E

H
2

We denote B :“ B1 `B2 `B3 `B4. Adding the last equations, we obtain:
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B “p0qE1E
H
1 E1E

H
1 (E.335)

`

ˆ

´
2

3
x1x2dx

2
1 `

2

3
x2

1dx1dx2

˙

E1E
H
1 E1E

H
2

`

ˆ

´
1

3
x1x2dx

2
1 `

1

3
x2

1dx1dx2

˙

E1E
H
1 E2E

H
1

`

ˆ

´
1

3
x2

2dx
2
1 ´

1

3
x1x2dx1dx2 `

2

3
x2

1dx
2
2

˙

E1E
H
1 E2E

H
2

`

ˆ

`
2

3
x1x2dx

2
1 ´

2

3
x2

1dx1dx2

˙

E1E
H
2 E1E

H
1

`

ˆ

´
1

3
x2

2dx
2
1 `

2

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

E1E
H
2 E1E

H
2

`

ˆ

`
1

3
x2

2dx
2
1 ´

1

3
x1x2dx1dx2

˙

E1E
H
2 E2E

H
1

`

ˆ

´
1

3
x2

2dx1dx2 `
1

3
x1x2dx

2
2

˙

E1E
H
2 E2E

H
2

`

ˆ

`
1

3
x1x2dx

2
1 ´

1

3
x2

1dx1dx2

˙

E2E
H
1 E1E

H
1

`

ˆ

´
1

3
x1x2dx1dx2 `

1

3
x2

1dx
2
2

˙

E2E
H
1 E1E

H
2

`

ˆ

´
1

3
x2

2dx
2
1 `

2

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

E2E
H
1 E2E

H
1

`

ˆ

´
2

3
x2

2dx1dx2 `
2

3
x1x2dx

2
2

˙

E2E
H
1 E2E

H
2

`

ˆ

`
2

3
x2

2dx
2
1 ´

1

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

E2E
H
2 E1E

H
1

`

ˆ

`
1

3
x2

2dx1dx2 ´
1

3
x1x2dx

2
2

˙

E2E
H
2 E1E

H
2

`

ˆ

`
2

3
x2

2dx1dx2 ´
2

3
x1x2dx

2
2

˙

E2E
H
2 E2E

H
1

` p0qE2E
H
2 E2E

H
2

Then we compute trace pAq and trace pBq as:

ds2 “ trace
´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

(E.336)

ds2 “ trace
´

A`B `O
´

p|x1| ` |x2|q
4
¯¯

(E.337)

ds2 “ trace pAq ` trace pBq `O
´

p|x1| ` |x2|q
4
¯

(E.338)

Hence, we compute:

trace pAq “ trace
`

dx2
1E1E

H
1 ` dx1dx2E1E

H
2 ` dx1dx2E2E

H
1 ` dx2

2E2E
H
2

˘

trace pAq “dx2
1 trace

`

E1E
H
1

˘

` dx1dx2 trace
`

E1E
H
2 ` E2E

H
1

˘

` dx2
2 trace

`

E2E
H
2

˘

trace pAq “dx2
1 ` dx

2
2 (E.339)

As E1 and E2 are the two first vectors of an orthonormal basis.
To compute trace pBq, we first note the following equalities due to the invariance of the trace operator by commuta-

tion:

• trace
`

E1E
H
1 E1E

H
2

˘

“ trace
`

E1E
H
2 E1E

H
1

˘

• trace
`

E1E
H
1 E2E

H
1

˘

“ trace
`

E2E
H
1 E1E

H
1

˘

• trace
`

E1E
H
1 E2E

H
2

˘

“ trace
`

E2E
H
2 E1E

H
1

˘
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• trace
`

E1E
H
2 E2E

H
1

˘

“ trace
`

E2E
H
1 E1E

H
2

˘

• trace
`

E1E
H
2 E2E

H
2

˘

“ trace
`

E2E
H
2 E1E

H
2

˘

• trace
`

E2E
H
1 E2E

H
2

˘

“ trace
`

E2E
H
2 E2E

H
1

˘

Using these equalities, many simplifications appear and we obtain:

trace pBq “ `

ˆ

´
2

3
x1x2dx

2
1 `

2

3
x2

1dx1dx2 `
2

3
x1x2dx

2
1 ´

2

3
x2

1dx1dx2

˙

trace
`

E1E
H
1 E1E

H
2

˘

`

ˆ

´
1

3
x1x2dx

2
1 `

1

3
x2

1dx1dx2 `
1

3
x1x2dx

2
1 ´

1

3
x2

1dx1dx2

˙

trace
`

E1E
H
1 E2E

H
1

˘

`

ˆ

´
1

3
x2

2dx
2
1 ´

1

3
x1x2dx1dx2 `

2

3
x2

1dx
2
2 `

2

3
x2

2dx
2
1 ´

1

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

trace
`

E1E
H
1 E2E

H
2

˘

`

ˆ

´
1

3
x2

2dx
2
1 `

2

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

trace
`

E1E
H
2 E1E

H
2

˘

`

ˆ

`
1

3
x2

2dx
2
1 ´

1

3
x1x2dx1dx2 ´

1

3
x1x2dx1dx2 `

1

3
x2

1dx
2
2

˙

trace
`

E1E
H
2 E2E

H
1

˘

`

ˆ

´
1

3
x2

2dx1dx2 `
1

3
x1x2dx

2
2 `

1

3
x2

2dx1dx2 ´
1

3
x1x2dx

2
2

˙

trace
`

E1E
H
2 E2E

H
2

˘

`

ˆ

´
1

3
x2

2dx
2
1 `

2

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

trace
`

E2E
H
1 E2E

H
1

˘

`

ˆ

´
2

3
x2

2dx1dx2 `
2

3
x1x2dx

2
2 `

2

3
x2

2dx1dx2 ´
2

3
x1x2dx

2
2

˙

trace
`

E2E
H
1 E2E

H
2

˘

With simplifications, we obtain:

trace pBq “ `

ˆ

`
1

3
x2

2dx
2
1 ´

2

3
x1x2dx1dx2 `

1

3
x2

1dx
2
2

˙

trace
`

E1E
H
1 E2E

H
2

˘

`

ˆ

´
1

3
x2

2dx
2
1 `

2

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

trace
`

E1E
H
2 E1E

H
2

˘

`

ˆ

`
1

3
x2

2dx
2
1 ´

2

3
x1x2dx1dx2 `

1

3
x2

1dx
2
2

˙

trace
`

E1E
H
2 E2E

H
1

˘

`

ˆ

´
1

3
x2

2dx
2
1 `

2

3
x1x2dx1dx2 ´

1

3
x2

1dx
2
2

˙

trace
`

E2E
H
1 E2E

H
1

˘

trace pBq “
1

3
trace

`

E1E
H
1 E2E

H
2 ´ E1E

H
2 E1E

H
2 ` E1E

H
2 E2E

H
1 ´ E2E

H
1 E2E

H
1

˘

px1dx2 ´ x2dx1q
2 (E.340)

Note that:

∥∥E1E
H
2 ´ E2E

H
1

∥∥2
“ trace

´

`

E1E
H
2 ´ E2E

H
1

˘ `

E1E
H
2 ´ E2E

H
1

˘H
¯

“ trace
``

E1E
H
2 ´ E2E

H
1

˘ `

E2E
H
1 ´ E1E

H
2

˘˘

“ trace
`

`E1E
H
2 E2E

H
1 ´ E1E

H
2 E1E

H
2 ´ E2E

H
1 E2E

H
1 ` E2E

H
1 E1E

H
2

˘

As

trace
`

E1E
H
2 E2E

H
1

˘

“ trace
`

E2E
H
1 E1E

H
2

˘

, (E.341)

we can write: ∥∥E1E
H
2 ´ E2E

H
1

∥∥2
“ trace

`

`2 E1E
H
2 E2E

H
1 ´ E1E

H
2 E1E

H
2 ´ E2E

H
1 E2E

H
1

˘

(E.342)

We show as well that:
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∥∥EH1 E2 ´ E
H
2 E1

∥∥2
“ trace

´

`

EH1 E2 ´ E
H
2 E1

˘ `

EH1 E2 ´ E
H
2 E1

˘H
¯

“ trace
``

EH1 E2 ´ E
H
2 E1

˘ `

EH2 E1 ´ E
H
1 E2

˘˘

“ trace
`

`EH1 E2E
H
2 E1 ´ E

H
1 E2E

H
1 E2 ´ E

H
2 E1E

H
2 E1 ` E

H
2 E1E

H
1 E2

˘

As trace
`

EH1 E2E
H
2 E1

˘

“ trace
`

EH2 E1E
H
1 E2

˘

, we can write:

∥∥EH1 E2 ´ E
H
2 E1

∥∥2
“ trace

`

`2 EH1 E2E
H
2 E1 ´ E

H
1 E2E

H
1 E2 ´ E

H
2 E1E

H
2 E1

˘

(E.343)

“ trace
`

`2 E1E
H
1 E2E

H
2 ´ E2E

H
1 E2E

H
1 ´ E1E

H
2 E1E

H
2

˘

Hence we have:

trace
`

E1E
H
1 E2E

H
2 ´ E1E

H
2 E1E

H
2 ` E1E

H
2 E2E

H
1 ´ E2E

H
1 E2E

H
1

˘

(E.344)

“
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

(E.345)

Therefore:

trace pBq “
1

3

ˆ

1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

˙

px1dx2 ´ x2dx1q
2 (E.346)

We recall Equation (E.338):

ds2 “ trace pAq ` trace pBq `O
´

p|x1| ` |x2|q
4
¯

Therefore, we have from Equations (E.339) and (E.346):

ds2 “dx2
1 ` dx

2
2 (E.347)

´
1

3

ˆ

´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

˙

px1dx2 ´ x2dx1q
2

`O
´

p|x1| ` |x2|q
4
¯

We recall Equation (D.1) which gives a link between the metric element ds2 and the sectional curvature [31]:

ds2 “dx2
1 ` dx

2
2 ´

1

3
Kpσq px1dx2 ´ x2dx1q

2

`O
´

p|x1| ` |x2|q
3
¯

dx2
1 `O

´

p|x1| ` |x2|q
3
¯

dx1dx2 `O
´

p|x1| ` |x2|q
3
¯

dx2
2

By identification, we finally showed that:

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

(E.348)

Corollary 2.
´4 ď Kpσq ď 0 (E.349)

Proof. If the base point considered is not zero, we first transport the problem at zero using the differential of the isometry
E.17.

Let E1 an E2 be an orthonormal basis of the plan σ at zero such that:

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2

2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2

2

¯

(E.350)

Using the positivity of the norm, we have: Kpσq ď 0.
Due the triangular inequality, we have:

Kpσq ě ´
1

2

´

`
∥∥E1E

H
2

∥∥
2
`
∥∥E2E

H
1

∥∥
2

˘2
`
`
∥∥EH1 E2

∥∥
2
`
∥∥EH2 E1

∥∥
2

˘2
¯

(E.351)
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Using the inequality on the Frobenuis norm: ‖AB‖2 ď ‖A‖2 ‖B‖2 and the fact that ‖E1‖2 “ 1 and ‖E2‖2 “ 1, we
obtain:

Kpσq ě ´
1

2

´

p1` 1q
2
` p1` 1q

2
¯

“ ´4 (E.352)

We recall that the Siegel space is a generalization of the Poincaré disk D defined as the complex unit disk endowed
with the metric:

ds2 “
|dµk|

2

´

1´ |µk|
2
¯2 (E.353)

If we perform Theorem 10 on the orthonormal basis vectors E1 “ 1 and E2 “ i, we find that its curvature equals to
´4.

E.7.2 In polar coodinates
Let σ be a section defined at the point Ω “ 0 by the two first vectors of an orthonormal basis pE1, . . . , Enq as described
in Section D.1.

We recall the expression of the Siegel space scalar product given in Equation (E.6):

xv, wyΩ “
1

2
trace

´

`

I ´ ΩΩH
˘´1

v
`

I ´ ΩHΩ
˘´1

wH
¯

(E.354)

`
1

2
trace

´

`

I ´ ΩΩH
˘´1

w
`

I ´ ΩHΩ
˘´1

vH
¯

(E.355)

At the point Ω “ 0, we obtain:

xv, wy0 “
1

2
trace

`

vwH ` wvH
˘

(E.356)

Hence the Siegel space scalar product at the point Ω “ 0 corresponds to the classical Euclidean scalar product. As a
consequence, the Siegel space norm at the point Ω “ 0 also correponds to the classical Euclidean norm.

We now use the polar coordinates in the plan σ defined by E1 and E2. We define:

Er :“ cos pθqE1 ` sin pθqE2 (E.357)
Eθ :“ ´ sin pθqE1 ` cos pθqE2 (E.358)

Note that we have ‖Er‖0 “ ‖Eθ‖0 “ 1 and xEr, Eθy0 “ 0.

Theorem 11. The sectional curvature at zero of the plan σ defined by Er and Eθ has the following expression:

Kpσq “ ´
1

2

´∥∥ErEHθ ´ EθEHr ∥∥2
`
∥∥EHr Eθ ´ EHθ Er∥∥2

¯

(E.359)

Proof. We first recall the expression of the Siegel metric given in Section E.2:

ds2 “ trace
´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

(E.360)

We set Ω “ exp0 prErq.
We recall the expression of the exponential map at zero described in Section E.5.1:

exp0 pV q “ tanh pY qY ´1V where Y “
`

V V H
˘1{2

(E.361)

Here we have V “ rEr and Y “
`

V V H
˘1{2

“

´

prErq prErq
H
¯1{2

“ r
`

ErE
H
r

˘1{2
.

As the curvature is a local property, we can use a limited of the fonction tanh.
We recall that @z P C such that |z| ă 2π, we have:

tanhpzq “ z ´
1

3
z3 `

2

15
z5 `O

`

z7
˘

(E.362)

Hence, as Y is a matrix close to zero:
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Ω “ tanh pY qY ´1V (E.363)

Ω “

ˆ

I ´
1

3
Y 2 `

2

15
Y 4 `O

`

Y 6
˘

˙

prErq (E.364)

Ω “prErq (E.365)

´
1

3
prErq prErq

H
prErq

`
2

15
prErq prErq

H
prErq prErq

H
prErq

`O
`

r7
˘

Ω “rEr (E.366)

´
1

3
r3ErE

H
r Er

`
2

15
r5ErE

H
r ErE

H
r Er

`O
`

r7
˘

Hence, we obtain using the conjugate transpose operator:

ΩH “rEHr (E.367)

´
1

3
r3EHr ErE

H
r

`
2

15
r5EHr ErE

H
r ErE

H
r

`O
`

r7
˘

We now compute the infinitesimal variations.
We first recall that:

dEr “d pcos pθqE1 ` sin pθqE2q (E.368)
dEr “d pcos pθqqE1 ` d psin pθqqE2 (E.369)
dEr “´ sin pθq dθE1 ` cos pθq dθE2 (E.370)
dEr “dθEθ (E.371)

dEθ “d p´ sin pθqE1 ` cos pθqE2q (E.372)
dEθ “d p´ sin pθqqE1 ` d pcos pθqqE2 (E.373)
dEθ “´ cos pθq dθE1 `´ sin pθq dθE2 (E.374)
dEθ “´ dθEr (E.375)

Hence:

dΩ “pdrEr ` rdθEθq (E.376)

´
1

3

`

3r2drErE
H
r Er ` r

3dθEθE
H
r Er ` r

3dθErE
H
θ Er ` r

3dθErE
H
r Eθ

˘

`
2

15
p 5r4drErE

H
r ErE

H
r Er

` r5dθEθE
H
r ErE

H
r Er

` r5dθErE
H
θ ErE

H
r Er

` r5dθErE
H
r EθE

H
r Er

` r5dθErE
H
r ErE

H
θ Er

` r5dθErE
H
r ErE

H
r Eθ q

`O
`

r6
˘
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Hence, we have at the order 5:

dΩ “pdrEr ` rdθEθq (E.377)

´
1

3

`

3r2drErE
H
r Er ` r

3dθEθE
H
r Er ` r

3dθErE
H
θ Er ` r

3dθErE
H
r Eθ

˘

`
2

3
r4drErE

H
r ErE

H
r Er

`O
`

r5
˘

Therefore, using the conjugate transpose operator:

dΩH “
`

drE
H
r ` rdθE

H
θ

˘

(E.378)

´
1

3

`

3r2drE
H
r ErE

H
r ` r

3dθE
H
r ErE

H
θ ` r

3dθE
H
r EθE

H
r ` r

3dθE
H
θ ErE

H
r

˘

`
2

3
r4drE

H
r ErE

H
r ErE

H
r

`O
`

r5
˘

We now compute the products:

ΩΩH “

„

rEr ´
1

3
r3ErE

H
r Er `

2

15
r5ErE

H
r ErE

H
r Er `O

`

r7
˘



(E.379)
„

rEHr ´
1

3
r3EHr ErE

H
r `

2

15
r5EHr ErE

H
r ErE

H
r `O

`

r7
˘



(E.380)

ΩΩH “r2ErE
H
r ´

2

3
r4ErE

H
r ErE

H
r `O

`

r6
˘

(E.381)

We obtain as well with Ω Ð ΩH :

ΩHΩ “r2EHr Er ´
2

3
r4EHr ErE

H
r Er `O

`

r6
˘

(E.382)

We recall that @X PMn pCq such that ~X~ ă 1, we have:

pI ´Xq
´1
“

`8
ÿ

n“0

Xn (E.383)

Hence:

pI ´Xq
´1
“ I `X `X2 `O

`

X3
˘

(E.384)

Therefore, we can compute:

`

I ´ ΩΩH
˘´1

“I ` ΩΩH `
`

ΩΩH
˘2
`O

´

`

ΩΩH
˘3
¯

(E.385)

`

I ´ ΩΩH
˘´1

“I ` r2ErE
H
r ´

2

3
r4ErE

H
r ErE

H
r `O

`

r6
˘

` r4ErE
H
r ErE

H
r `O

`

r6
˘

(E.386)

`

I ´ ΩΩH
˘´1

“I ` r2ErE
H
r `

1

3
r4ErE

H
r ErE

H
r `O

`

r6
˘

(E.387)

and:

`

I ´ ΩHΩ
˘´1

“I ` ΩHΩ`
`

ΩHΩ
˘2
`O

´

`

ΩHΩ
˘3
¯

(E.388)

`

I ´ ΩHΩ
˘´1

“I ` r2EHr Er ´
2

3
r4EHr ErE

H
r Er `O

`

r6
˘

` r4EHr ErE
H
r Er `O

`

r6
˘

(E.389)

`

I ´ ΩHΩ
˘´1

“I ` r2EHr Er `
1

3
r4EHr ErE

H
r Er `O

`

r6
˘

(E.390)
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As ds2 “ trace
´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

, we now compute the product of the four terms:

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH

“

ˆ

I ` r2ErE
H
r `

1

3
r4ErE

H
r ErE

H
r `O

`

r6
˘

˙

(E.391)

p pdrEr ` rdθEθq

´
1

3

`

3r2drErE
H
r Er ` r

3dθErE
H
r Eθ ` r

3dθErE
H
θ Er ` r

3dθEθE
H
r Er

˘

`
2

3
r4drErE

H
r ErE

H
r Er

`O
`

r5
˘

q
ˆ

I ` r2EHr Er `
1

3
r4EHr ErE

H
r Er `O

`

r6
˘

˙

(E.392)

p
`

drE
H
r ` rdθE

H
θ

˘

´
1

3

`

3r2drE
H
r ErE

H
r ` r

3dθE
H
r ErE

H
θ ` r

3dθE
H
r EθE

H
r ` r

3dθE
H
θ ErE

H
r

˘

`
2

3
r4drE

H
r ErE

H
r ErE

H
r

`O
`

r5
˘

q

We now develop this product.
We denote S the product:

S :“
`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH

S “S0 ` S1r ` S2r
2 ` S3r

3 ` S4r
4 `O

`

r5
˘

(E.393)

where Si is the coefficient of order i in r.
We denote A the first term of the product:

A :“
`

I ´ ΩΩH
˘´1

(E.394)

A “

ˆ

I ` r2ErE
H
r `

1

3
r4ErE

H
r ErE

H
r `O

`

r6
˘

˙

(E.395)

A “A0 `A2r
2 `A4r

4 `O
`

r6
˘

(E.396)

where:

A0 :“I (E.397)

A2 :“ErE
H
r (E.398)

A4 :“
1

3
ErE

H
r ErE

H
r (E.399)

We denote B the second term of the product:

B :“dΩ (E.400)
B “p pdrEr ` rdθEθq

´
1

3

`

3r2drErE
H
r Er ` r

3dθErE
H
r Eθ ` r

3dθErE
H
θ Er ` r

3dθEθE
H
r Er

˘

`
2

3
r4drErE

H
r ErE

H
r Er

`O
`

r5
˘

q (E.401)

B “B0 `B1r `B2r
2 `B3r

3 `B4r
4 `O

`

r5
˘

(E.402)

where:
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B0 :“drEr (E.403)
B1 :“dθEθ (E.404)

B2 :“´ drErE
H
r Er (E.405)

B3 :“´
1

3
dθ

`

ErE
H
r Eθ ` ErE

H
θ Er ` EθE

H
r Er

˘

(E.406)

B4 :“
2

3
drErE

H
r ErE

H
r Er (E.407)

We denote C the tird term of the product:

C :“
`

I ´ ΩHΩ
˘´1

(E.408)

C “

ˆ

I ` r2EHr Er `
1

3
r4EHr ErE

H
r Er `O

`

r6
˘

˙

(E.409)

C “C0 ` C2r
2 ` C4r

4 `O
`

r6
˘

(E.410)

where:

C0 :“I (E.411)

C2 :“EHr Er (E.412)

C4 :“
1

3
EHr ErE

H
r Er (E.413)

Finally, we denote D the fourth and last term of the product:

D :“dΩ (E.414)

D “p
`

drE
H
r ` rdθE

H
θ

˘

´
1

3

`

3r2drE
H
r ErE

H
r ` r

3dθE
H
r ErE

H
θ ` r

3dθE
H
r EθE

H
r ` r

3dθE
H
θ ErE

H
r

˘

`
2

3
r4drE

H
r ErE

H
r ErE

H
r

`O
`

r5
˘

q (E.415)

D “D0 `D1r `D2r
2 `D3r

3 `D4r
4 `O

`

r5
˘

(E.416)

where:

D0 :“drE
H
r (E.417)

D1 :“dθE
H
θ (E.418)

D2 :“´ drE
H
r ErE

H
r (E.419)

D3 :“´
1

3
dθ

`

EHr ErE
H
θ ` E

H
r EθE

H
r ` E

H
θ ErE

H
r

˘

(E.420)

D4 :“
2

3
drE

H
r ErE

H
r ErE

H
r (E.421)

We now devopp the product and compute the terms order by order.
The only term of order zero is:

S0 “A0B0C0D0 (E.422)

S0 “pIq pdrErq pIq
`

drE
H
r

˘

(E.423)

S0 “d
2
rErE

H
r (E.424)

We now compute the coefficient of order 1:
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S1 “A0B0C0D1 `A0B1C0D0 (E.425)

S1 “pIq pdrErq pIq
`

dθE
H
θ

˘

` pIq pdθEθq pIq
`

drE
H
r

˘

(E.426)

S1 “drdθ
`

ErE
H
θ ` EθE

H
r

˘

(E.427)

We now compute the coefficient of order 2:

S2 “ A0B0C0D2 (E.428)
`A0B0C2D0

`A0B2C0D0

`A2B0C0D0

`A0B1C0D1

S2 “ pIq pdrErq pIq
`

´drE
H
r ErE

H
r

˘

(E.429)

` pIq pdrErq
`

EHr Er
˘ `

drE
H
r

˘

` pIq
`

´drErE
H
r Er

˘

pIq
`

drE
H
r

˘

`
`

ErE
H
r

˘

pdrErq pIq
`

drE
H
r

˘

` pIq pdθEθq pIq
`

dθE
H
θ

˘

S2 “´ d
2
rErE

H
r ErE

H
r (E.430)

` d2
rErE

H
r ErE

H
r

´ d2
rErE

H
r ErE

H
r

` d2
rErE

H
r ErE

H
r

` d2
θEθE

H
θ

S2 “` d
2
θEθE

H
θ (E.431)

Then we compute the coefficient of order 3:

S3 “ A0B0C0D3 (E.432)
`A0B3C0D0

`A0B1C0D2

`A0B0C2D1

`A0B1C2D0

`A0B2C0D1

`A2B0C0D1

`A2B1C0D0

S3 “ pIq pdrErq pIq

ˆ

´
1

3
dθ

`

EHr ErE
H
θ ` E

H
r EθE

H
r ` E

H
θ ErE

H
r

˘

˙

(E.433)

` pIq

ˆ

´
1

3
dθ

`

ErE
H
r Eθ ` ErE

H
θ Er ` EθE

H
r Er

˘

˙

pIq
`

drE
H
r

˘

` pIq pdθEθq pIq
`

´drE
H
r ErE

H
r

˘

` pIq pdrErq
`

EHr Er
˘ `

dθE
H
θ

˘

` pIq pdθEθq
`

EHr Er
˘ `

drE
H
r

˘

` pIq
`

´drErE
H
r Er

˘

pIq
`

dθE
H
θ

˘

`
`

ErE
H
r

˘

pdrErq pIq
`

dθE
H
θ

˘

`
`

ErE
H
r

˘

pdθEθq pIq
`

drE
H
r

˘
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S3 “´
1

3
drdθ

`

ErE
H
r ErE

H
θ ` ErE

H
r EθE

H
r ` ErE

H
θ ErE

H
r

˘

(E.434)

´
1

3
drdθ

`

ErE
H
r EθE

H
r ` ErE

H
θ ErE

H
r ` EθE

H
r ErE

H
r

˘

´ drdθEθE
H
r ErE

H
r

` drdθErE
H
r ErE

H
θ

` drdθEθE
H
r ErE

H
r

´ drdθErE
H
r ErE

H
θ

` drdθErE
H
r ErE

H
θ

` drdθErE
H
r EθE

H
r

S3 “drdθ p
2

3
ErE

H
r ErE

H
θ (E.435)

`
1

3
ErE

H
r EθE

H
r

´
2

3
ErE

H
θ ErE

H
r

´
1

3
EθE

H
r ErE

H
r q

Finally we compute the coefficient of order 4:

S4 “ A0B0C0D4 (E.436)
`A0B0C4D0

`A0B4C0D0

`A4B0C0D0

`A0B1C0D3

`A0B3C0D1

`A0B0C2D2

`A0B2C0D2

`A2B0C0D2

`A0B2C2D0

`A2B0C2D0

`A2B2C0D0

`A0B1C2D1

`A2B1C0D1
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S4 “ pIq pdrErq pIq

ˆ

2

3
drE

H
r ErE

H
r ErE

H
r

˙

(E.437)

` pIq pdrErq

ˆ

1

3
EHr ErE

H
r Er

˙

`

drE
H
r

˘

` pIq

ˆ

2

3
drErE

H
r ErE

H
r Er

˙

pIq
`

drE
H
r

˘

`

ˆ

1

3
ErE

H
r ErE

H
r

˙

pdrErq pIq
`

drE
H
r

˘

` pIq pdθEθq pIq

ˆ

´
1

3
dθ

`

EHr ErE
H
θ ` E

H
r EθE

H
r ` E

H
θ ErE

H
r

˘

˙

` pIq

ˆ

´
1

3
dθ

`

ErE
H
r Eθ ` ErE

H
θ Er ` EθE

H
r Er

˘

˙

pIq
`

dθE
H
θ

˘

` pIq pdrErq
`

EHr Er
˘ `

´drE
H
r ErE

H
r

˘

` pIq
`

´drErE
H
r Er

˘

pIq
`

´drE
H
r ErE

H
r

˘

`
`

ErE
H
r

˘

pdrErq pIq
`

´drE
H
r ErE

H
r

˘

` pIq
`

´drErE
H
r Er

˘ `

EHr Er
˘ `

drE
H
r

˘

`
`

ErE
H
r

˘

pdrErq
`

EHr Er
˘ `

drE
H
r

˘

`
`

ErE
H
r

˘ `

´drErE
H
r Er

˘

pIq
`

drE
H
r

˘

` pIq pdθEθq
`

EHr Er
˘ `

dθE
H
θ

˘

`
`

ErE
H
r

˘

pdθEθq pIq
`

dθE
H
θ

˘

S4 “
2

3
d2
rErE

H
r ErE

H
r ErE

H
r (E.438)

`
1

3
d2
rErE

H
r ErE

H
r ErE

H
r

`
2

3
d2
rErE

H
r ErE

H
r ErE

H
r

`
1

3
d2
rErE

H
r ErE

H
r ErE

H
r

´
1

3
d2
θ

`

EθE
H
r ErE

H
θ ` EθE

H
r EθE

H
r ` EθE

H
θ ErE

H
r

˘

´
1

3
d2
θ

`

ErE
H
r EθE

H
θ ` ErE

H
θ ErE

H
θ ` EθE

H
r ErE

H
θ

˘

´ d2
rErE

H
r ErE

H
r ErE

H
r

` d2
rErE

H
r ErE

H
r ErE

H
r

´ d2
rErE

H
r ErE

H
r ErE

H
r

´ d2
rErE

H
r ErE

H
r ErE

H
r

` d2
rErE

H
r ErE

H
r ErE

H
r

´ d2
rErE

H
r ErE

H
r ErE

H
r

` d2
θEθE

H
r ErE

H
θ

` d2
θErE

H
r EθE

H
θ
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S4 “d
2
θ p `

2

3
ErE

H
r EθE

H
θ (E.439)

´
1

3
ErE

H
θ ErE

H
θ

`
1

3
EθE

H
r ErE

H
θ

´
1

3
EθE

H
r EθE

H
r

´
1

3
EθE

H
θ ErE

H
r q

As:

ds2 “ trace
´

`

I ´ ΩΩH
˘´1

dΩ
`

I ´ ΩHΩ
˘´1

dΩH
¯

(E.440)

We have:

ds2 “ trace pSq (E.441)

ds2 “ trace
`

S0 ` S1r ` S2r
2 ` S3r

3 ` S4r
4 `O

`

r5
˘˘

(E.442)

ds2 “ trace pS0q ` trace pS1q r ` trace pS2q r
2 ` trace pS3q r

3 ` trace pS4q r
4 `O

`

r5
˘

(E.443)

Hence we compute the trace of the coefficients of order 0 to 4.
We compute the trace of the element of order 0 using Equation (E.424):

trace pS0q “ trace
`

d2
rErE

H
r

˘

(E.444)

trace pS0q “d
2
r trace

`

ErE
H
r

˘

(E.445)

trace pS0q “d
2
r ‖Er‖

2
0 (E.446)

trace pS0q “d
2
r (E.447)

We compute the trace of the element of order 1 using Equation (E.427):

trace pS1q “ trace
`

drdθ
`

ErE
H
θ ` EθE

H
r

˘˘

(E.448)

trace pS1q “drdθ trace
`

ErE
H
θ ` EθE

H
r

˘

(E.449)
trace pS1q “drdθ xEr, Eθy0 (E.450)
trace pS1q “0 (E.451)

We compute the trace of the element of order 2 using Equation (E.431):

trace pS2q “ trace
`

d2
θEθE

H
θ

˘

(E.452)

trace pS2q “d
2
θ trace

`

EθE
H
θ

˘

(E.453)

trace pS2q “d
2
θ ‖Eθ‖

2
0 (E.454)

trace pS2q “d
2
θ (E.455)

We compute the trace of the element of order 3 using Equation (E.435):
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trace pS3q “ trace p drdθ p
2

3
ErE

H
r ErE

H
θ (E.456)

`
1

3
ErE

H
r EθE

H
r

´
2

3
ErE

H
θ ErE

H
r

´
1

3
EθE

H
r ErE

H
r q q (E.457)

trace pS3q “drdθ p
2

3
trace

`

ErE
H
r ErE

H
θ

˘

(E.458)

`
1

3
trace

`

ErE
H
r EθE

H
r

˘

´
2

3
trace

`

ErE
H
θ ErE

H
r

˘

´
1

3
trace

`

EθE
H
r ErE

H
r

˘

q (E.459)

Due to the invariance of the trace operator by commutativity, note that:

• trace
`

ErE
H
r ErE

H
θ

˘

“ trace
`

ErE
H
θ ErE

H
r

˘

• trace
`

ErE
H
r EθE

H
r

˘

“ trace
`

EθE
H
r ErE

H
r

˘

Then we have:

trace pS3q “drdθ p
2

3
trace

`

ErE
H
r ErE

H
θ

˘

(E.460)

`
1

3
trace

`

ErE
H
r EθE

H
r

˘

´
2

3
trace

`

ErE
H
r ErE

H
θ

˘

´
1

3
trace

`

ErE
H
r EθE

H
r

˘

q (E.461)

trace pS3q “0 (E.462)

Finally, we compute the trace of the element of order 4 using Equation (E.439):

trace pS4q “ trace p d2
θ p `

2

3
ErE

H
r EθE

H
θ (E.463)

´
1

3
ErE

H
θ ErE

H
θ

`
1

3
EθE

H
r ErE

H
θ

´
1

3
EθE

H
r EθE

H
r

´
1

3
EθE

H
θ ErE

H
r q q

trace pS4q “d
2
θ p `

2

3
trace

`

ErE
H
r EθE

H
θ

˘

(E.464)

´
1

3
trace

`

ErE
H
θ ErE

H
θ

˘

`
1

3
trace

`

EθE
H
r ErE

H
θ

˘

´
1

3
trace

`

EθE
H
r EθE

H
r

˘

´
1

3
trace

`

EθE
H
θ ErE

H
r

˘

q

Due to the invariance of the trace operator by commutativity, note that:

trace
`

ErE
H
r EθE

H
θ

˘

“ trace
`

EθE
H
θ ErE

H
r

˘

(E.465)
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Hence:

trace pS4q “
1

3
d2
θ p ` trace

`

ErE
H
r EθE

H
θ

˘

(E.466)

´ trace
`

ErE
H
θ ErE

H
θ

˘

` trace
`

EθE
H
r ErE

H
θ

˘

´ trace
`

EθE
H
r EθE

H
r

˘

Note that:

∥∥ErEHθ ´ EθEHr ∥∥2
“ trace

´

`

ErE
H
θ ´ EθE

H
r

˘ `

ErE
H
θ ´ EθE

H
r

˘H
¯

“ trace
``

ErE
H
θ ´ EθE

H
r

˘ `

EθE
H
r ´ ErE

H
θ

˘˘

“ trace
`

`ErE
H
θ EθE

H
r ´ ErE

H
θ ErE

H
θ ´ EθE

H
r EθE

H
r ` EθE

H
r ErE

H
θ

˘

As trace
`

ErE
H
θ EθE

H
r

˘

“ trace
`

EθE
H
r ErE

H
θ

˘

, we can write:∥∥ErEHθ ´ EθEHr ∥∥2
“ trace

`

`2 EθE
H
r ErE

H
θ ´ ErE

H
θ ErE

H
θ ´ EθE

H
r EθE

H
r

˘

(E.467)

We show as well that:

∥∥EHr Eθ ´ EHθ Er∥∥2
“ trace

´

`

EHr Eθ ´ E
H
θ Er

˘ `

EHr Eθ ´ E
H
θ Er

˘H
¯

“ trace
``

EHr Eθ ´ E
H
θ Er

˘ `

EHθ Er ´ E
H
r Eθ

˘˘

“ trace
`

`EHr EθE
H
θ Er ´ E

H
r EθE

H
r Eθ ´ E

H
θ ErE

H
θ Er ` E

H
θ ErE

H
r Eθ

˘

As trace
`

EHr EθE
H
θ Er

˘

“ trace
`

EHθ ErE
H
r Eθ

˘

, we can write:

∥∥EHr Eθ ´ EHθ Er∥∥2
“ trace

`

`2 EHr EθE
H
θ Er ´ E

H
r EθE

H
r Eθ ´ E

H
θ ErE

H
θ Er

˘

(E.468)

“ trace
`

`2 ErE
H
r EθE

H
θ ´ EθE

H
r EθE

H
r ´ ErE

H
θ ErE

H
θ

˘

Hence we have:

trace
`

ErE
H
r EθE

H
θ ´ ErE

H
θ ErE

H
θ ` EθE

H
r ErE

H
θ ´ EθE

H
r EθE

H
r

˘

(E.469)

“
1

2

´∥∥ErEHθ ´ EθEHr ∥∥2
`
∥∥EHr Eθ ´ EHθ Er∥∥2

¯

(E.470)

Therefore Equation (E.466) becomes:

trace pS4q “
1

3

ˆ

1

2

´∥∥ErEHθ ´ EθEHr ∥∥2
`
∥∥EHr Eθ ´ EHθ Er∥∥2

¯

˙

d2
θ (E.471)

We recall Equation (E.443):

ds2 “ trace pS0q ` trace pS1q r ` trace pS2q r
2 ` trace pS3q r

3 ` trace pS4q r
4 `O

`

r5
˘

Therefore, we have from Equations (E.447), (E.451), (E.455), (E.462) and (E.471):

ds2 “ dr2 (E.472)

` dθ2r2

`
1

3

ˆ

1

2

´∥∥ErEHθ ´ EθEHr ∥∥2
`
∥∥EHr Eθ ´ EHθ Er∥∥2

¯

˙

dθ2r4

`O
`

r5
˘

ds2 “dr2 (E.473)

`

ˆ

1´
1

3

ˆ

´
1

2

´∥∥ErEHθ ´ EθEHr ∥∥2
`
∥∥EHr Eθ ´ EHθ Er∥∥2

¯

r2

˙˙

r2dθ2

`O
`

r5
˘
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We recall Equation (D.2) which gives a link between the metric element ds2 expressed in polar coordinates and the
sectional curvature [31]:

ds2 “ dr2 `

ˆ

1´
1

3
Kpσqr2

˙

r2dθ2 `O
`

r5
˘

dr2 `O
`

r5
˘

drdθ `O
`

r5
˘

dθ2 (E.474)

Note that according to this expression, we only needed to compute the coefficient of order four trace pS4q to obtain
the sectional curvature K pσq.

By identification, we finally show that:

Kpσq “ ´
1

2

´∥∥ErEHθ ´ EθEHr ∥∥2
`
∥∥EHr Eθ ´ EHθ Er∥∥2

¯

(E.475)

We can check that this formula corresponds to the result of Theorem 10 in Euclidean coordinates:

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

(E.476)

We start by computing the products using Equations (E.357) and (E.358):

ErE
H
θ “pcos pθqE1 ` sin pθqE2q p´ sin pθqE1 ` cos pθqE2q

H (E.477)

ErE
H
θ “pcos pθqE1 ` sin pθqE2q

`

´ sin pθqEH1 ` cos pθqEH2
˘

ErE
H
θ “´ cos pθq sin pθqE1E

H
1 ` cos2 pθqE1E

H
2 ´ sin2

pθqE2E
H
1 ` cos pθq sin pθqE2E

H
2

EθE
H
r “p´ sin pθqE1 ` cos pθqE2q pcos pθqE1 ` sin pθqE2q

H (E.478)

EθE
H
r “p´ sin pθqE1 ` cos pθqE2q

`

cos pθqEH1 ` sin pθqEH2
˘

EθE
H
r “´ cos pθq sin pθqE1E

H
1 ´ sin2

pθqE1E
H
2 ` cos2 pθqE2E

H
1 ` cos pθq sin pθqE2E

H
2

Finally, we have:

ErE
H
θ ´ EθE

H
r “

`

cos2 pθq ` sin2
pθq

˘

E1E
H
2 `

`

´ cos2 pθq ´ sin2
pθq

˘

E2E
H
1 (E.479)

ErE
H
θ ´ EθE

H
r “E1E

H
2 ´ E2E

H
1

With Er Ð EHr and Eθ Ð EHθ , we show as well that:

EHr Eθ ´ E
H
θ Er “ EH1 E2 ´ E

H
2 E1 (E.480)

Which confirmes that the two expressions of K pσq correspond: the expression given in polar coordinates in Theorem
11 and the expression given in Euclidean coordinates in Theorem 10:

Kpσq “ ´
1

2

´∥∥ErEHθ ´ EθEHr ∥∥2
`
∥∥EHr Eθ ´ EHθ Er∥∥2

¯

(E.481)

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

(E.482)

E.7.3 Infinitesimal right triangles and sectional curvature in the Siegel space
In addition to the proof of the expression of the sectional curvature using Euclidean coordinates E.7.1 and using polar
coordinates E.7.2, we will prove the expression of the sectional curvature by using the length of the hypotenuse of an
infinitesimal right triangle.

The link between the Taylor series of the square length of the hypothenuse of an infinitesimal right triangle and the
sectional curvature has been studied in Section D.4 whose notations we will used.

Theorem 12. We consider a right triangle OAB rectangle in O whose point O is located at zero, i.e. the null matrix. In
the Siegel manifold, the limited expansion of the square length of the hypotenuse is:

d2 pA,Bq “ a2 ` b2 `
1

6

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

a2b2 `O
´

p|a| ` |b|q
5
¯

(E.483)
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Corollary 3. According to Theorem 8, this is another proof that the sectional curvature at zero of the plan σ defined by
E1 and E2 has the following expression:

Kpσq “ ´
1

2

´∥∥E1E
H
2 ´ E2E

H
1

∥∥2
`
∥∥EH1 E2 ´ E

H
2 E1

∥∥2
¯

(E.484)

Proof. We consider the infinitesimal right triangle OAB rectangle in O whose point O is located at zero.
We set u and v the vectors of the tangent space at zero such that:

• A “ exp0pλuq

• B “ exp0pλvq

• xu, vy0 “ 0 ô trace
`

uvH ` vuH
˘

“ 0

where λ is a positive real.
We calculate the Taylor series of the length squared of the hypotenuse d2 pA,Bq as λ approaches 0.
According to Section E.2 on the metric of the Siegel manifold, we already have:

d2 pO,Aq “ ‖λu‖2
0 “ λ2 trace

`

uuH
˘

(E.485)

d2 pO,Bq “ ‖λv‖2
0 “ λ2 trace

`

vvH
˘

(E.486)

d2 pA,Bq “ trace
´

arctanh2
´

C
1{2
A,B

¯¯

(E.487)

where CA,B “ pB ´Aq
`

I ´AHB
˘´1 `

BH ´AH
˘ `

I ´ABH
˘´1

According to Section E.5.1 dealing with the expression of the Riemmannian exponential map of the Siegel manifold
at zero, we have:

A “ exp0 pλuq (E.488)

A “ tanh pλXq pλXq
´1
pλuq where X “

`

uuH
˘1{2

(E.489)

A “ tanh pλXqX´1u. (E.490)

Likewise, we have:

B “ tanh pλY qY ´1v where Y “
`

vvH
˘1{2

. (E.491)

We recall the Taylor series of the hyperbolic tangent function at zero:

tanhpxq “ x´
1

3
x3 `O

`

x5
˘

@ |x| ă
π

2
. (E.492)

We therefore have:

A “ tanh pλXqX´1u (E.493)

A “

ˆ

Xλ´
1

3
X3λ3 `O

`

λ5
˘

˙

X´1u (E.494)

A “uλ´
1

3
X2uλ3 `O

`

λ5
˘

(E.495)

A “uλ´
1

3
uuHuλ3 `O

`

λ5
˘

(E.496)

Likewise, we have:

B “ vλ´
1

3
vvHvλ3 `O

`

λ5
˘

(E.497)

We now calculate the Taylor series of the four terms of the product CA,B of Equation (E.487).
The first term is pB ´Aq:

B ´A “ pv ´ uqλ´
1

3

`

vvHv ´ uuHu
˘

λ3 `O
`

λ5
˘

. (E.498)

The third term is
`

BH ´AH
˘

“ pB ´Aq
H , which gives by transconjugating the previous formula:

BH ´AH “ pvH ´ uHqλ´
1

3

`

vHvvH ´ uHuuH
˘

λ3 `O
`

λ5
˘

. (E.499)
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We now calculate the products AHB and ABH :

AHB “
`

uHλ`O
`

λ3
˘˘ `

vλ`O
`

λ3
˘˘

(E.500)

AHB “ uHvλ2 `O
`

λ4
˘

. (E.501)

Likewise, we have:

ABH “ uvHλ2 `O
`

λ4
˘

. (E.502)

We recall the following Taylor series:

p1´ xq
´1
“ 1` x`O

`

x2
˘

@ |x| ă 1. (E.503)

This formula will be used to compute the Taylor series of the second and fourth terms of CA,B defined in Equation
(E.487).

We now compute the Taylor series of the second term:

`

I ´AHB
˘´1

“I `AHB `O
´

`

AHB
˘2
¯

(E.504)
`

I ´AHB
˘´1

“I ` uHvλ2 `O
`

λ4
˘

. (E.505)

Finally, the Taylor series of the fourth term is:

`

I ´ABH
˘´1

“I `ABH `O
´

`

ABH
˘2
¯

(E.506)
`

I ´ABH
˘´1

“I ` uvHλ2 `O
`

λ4
˘

. (E.507)

We now calculate the Taylor series of the product of the first and the second term of CA,B defined in Equation (E.487).

pB ´Aq
`

I ´AHB
˘´1

(E.508)

“

ˆ

pv ´ uqλ´
1

3

`

vvHv ´ uuHu
˘

λ3 `O
`

λ5
˘

˙

`

I ` uHvλ2 `O
`

λ4
˘˘

(E.509)

“pv ´ uqλ`

ˆ

pv ´ uquHv ´
1

3

`

vvHv ´ uuHu
˘

˙

λ3 `O
`

λ5
˘

. (E.510)

We then calculate the Taylor series of the product of the third and fourth terms of CA,B defined in Equation (E.487).

`

BH ´AH
˘ `

I ´ABH
˘´1

(E.511)

“

ˆ

pvH ´ uHqλ´
1

3

`

vHvvH ´ uHuuH
˘

λ3 `O
`

λ5
˘

˙

`

I ` uvHλ2 `O
`

λ4
˘˘

(E.512)

“pvH ´ uHqλ`

ˆ

pvH ´ uHquvH ´
1

3

`

vHvvH ´ uHuuH
˘

˙

λ3 `O
`

λ5
˘

. (E.513)

We can now calculate the Taylor series of the product of four factorsCA,B defined in Equation (E.487). by multiplying
the Taylor series obtained in Equations (E.510) and (E.513).
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CA,B :“ pB ´Aq
`

I ´AHB
˘´1 `

BH ´AH
˘ `

I ´ABH
˘´1

(E.514)

“

ˆ

pv ´ uqλ`

ˆ

pv ´ uquHv ´
1

3

`

vvHv ´ uuHu
˘

˙

λ3 `O
`

λ5
˘

˙

(E.515)
ˆ

pvH ´ uHqλ`

ˆ

pvH ´ uHquvH ´
1

3

`

vHvvH ´ uHuuH
˘

˙

λ3 `O
`

λ5
˘

˙

“pv ´ uq
`

vH ´ uH
˘

λ2 (E.516)

`
“

pv ´ uq
`

vH ´ uH
˘

uvH

´
1

3
pv ´ uq

`

vHvvH ´ uHuuH
˘

` pv ´ uquHv
`

vH ´ uH
˘

´
1

3

`

vvHv ´ uuHu
˘ `

vH ´ uH
˘



λ4

`O
`

λ6
˘

We now study the Taylor series of arctanh2
´

C
1{2
A,B

¯

.
We recall the Taylor series of the function arctanh:

arctanhpxq “ x`
1

3
x3 `O

`

x5
˘

@ |x| ă 1. (E.517)

The limited expansion of the function x ÞÑ arctanh2
pxq is therefore:

arctanh2
pxq “ x2 `

2

3
x4 `O

`

x6
˘

@ |x| ă 1. (E.518)

Hence, we have:

arctanh2
´

C
1{2
A,B

¯

“ CA,B `
2

3
C2
A,B `O

`

C3
A,B

˘

. (E.519)

Using the Taylor series of CA,B obtained in Equation (E.516), we have:

arctanh2
´

C
1{2
A,B

¯

“pv ´ uq
`

vH ´ uH
˘

λ2 (E.520)

`
“

pv ´ uq
`

vH ´ uH
˘

uvH

´
1

3
pv ´ uq

`

vHvvH ´ uHuuH
˘

` pv ´ uquHv
`

vH ´ uH
˘

´
1

3

`

vvHv ´ uuHu
˘ `

vH ´ uH
˘

`
2

3

`

pv ´ uq
`

vH ´ uH
˘˘2



λ4

`O
`

λ6
˘

.

We now develop the products of the previous equation. For terms in λ2, we have:

pv ´ uq
`

vH ´ uH
˘

“ vvH ´ vuH ´ uvH ` uuH . (E.521)

For the terms in λ4, we set:

C1 “pv ´ uq
`

vH ´ uH
˘

uvH (E.522)

C2 “´
1

3
pv ´ uq

`

vHvvH ´ uHuuH
˘

(E.523)

C3 “pv ´ uqu
Hv

`

vH ´ uH
˘

(E.524)

C4 “´
1

3

`

vvHv ´ uuHu
˘ `

vH ´ uH
˘

(E.525)

C5 “
2

3

`

pv ´ uq
`

vH ´ uH
˘˘2

. (E.526)
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We denote by C the term in λ4. According to the previous equations, we have C “ C1 ` C2 ` C3 ` C4 ` C5.
We now develop the terms C1, C2, C3, C4 and C5.

C1 “pv ´ uq
`

vH ´ uH
˘

uvH (E.527)

“
`

vvH ´ vuH ´ uvH ` uuH
˘

uvH (E.528)

“vvHuvH ´ vuHuvH ´ uvHuvH ` uuHuvH (E.529)

C2 “´
1

3
pv ´ uq

`

vHvvH ´ uHuuH
˘

(E.530)

“´
1

3

`

vvHvvH ´ vuHuuH ´ uvHvvH ` uuHuuH
˘

(E.531)

“´
1

3
vvHvvH `

1

3
vuHuuH `

1

3
uvHvvH ´

1

3
uuHuuH (E.532)

C3 “pv ´ uqu
Hv

`

vH ´ uH
˘

(E.533)

“
`

vuHv ´ uuHv
˘ `

vH ´ uH
˘

(E.534)

“vuHvvH ´ vuHvuH ´ uuHvvH ` uuHvuH (E.535)

C4 “´
1

3

`

vvHv ´ uuHu
˘ `

vH ´ uH
˘

(E.536)

“´
1

3

`

vvHvvH ´ vvHvuH ´ uuHuvH ` uuHuuH
˘

(E.537)

“´
1

3
vvHvvH `

1

3
vvHvuH `

1

3
uuHuvH ´

1

3
uuHuuH (E.538)

C5 “
2

3

`

pv ´ uq
`

vH ´ uH
˘˘2

(E.539)

“
2

3

`

vvH ´ vuH ´ uvH ` uuH
˘2

(E.540)

“
2

3

`

vvHvvH ´ vvHvuH ´ vvHuvH ` vvHuuH (E.541)

´ vuHvvH ` vuHvuH ` vuHuvH ´ vuHuuH (E.542)

´ uvHvvH ` uvHvuH ` uvHuvH ´ uvHuuH (E.543)

`uuHvvH ´ uuHvuH ´ uuHuvH ` uuHuuH
˘

(E.544)

“`
2

3
vvHvvH ´

2

3
vvHvuH ´

2

3
vvHuvH `

2

3
vvHuuH (E.545)

´
2

3
vuHvvH `

2

3
vuHvuH `

2

3
vuHuvH ´

2

3
vuHuuH (E.546)

´
2

3
uvHvvH `

2

3
uvHvuH `

2

3
uvHuvH ´

2

3
uvHuuH (E.547)

`
2

3
uuHvvH ´

2

3
uuHvuH ´

2

3
uuHuvH `

2

3
uuHuuH (E.548)

We can now calculate the term in λ4:

C “C1 ` C2 ` C3 ` C4 ` C5 (E.549)

C “` 0 vvHvvH ´
1

3
vvHvuH `

1

3
vvHuvH `

2

3
vvHuuH (E.550)

`
1

3
vuHvvH ´

1

3
vuHvuH ´

1

3
vuHuvH ´

1

3
vuHuuH (E.551)

´
1

3
uvHvvH `

2

3
uvHvuH ´

1

3
uvHuvH ´

2

3
uvHuuH (E.552)

´
1

3
uuHvvH `

1

3
uuHvuH `

2

3
uuHuvH ` 0 uuHuuH . (E.553)
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According to Equation (E.487), we have:

d2 pA,Bq “ trace
´

arctanh2
´

C
1{2
A,B

¯¯

(E.554)

where CA,B “ pB ´Aq
`

I ´AHB
˘´1 `

BH ´AH
˘ `

I ´ABH
˘´1

. (E.555)

We have obtained a Taylor series of arctanh2
´

C
1{2
A,B

¯

as λ approaches zero. The term in λ2 is given in Equation

(E.521) and the term in λ4 is given in Equation (E.550). To obtain the Taylor series of d2 pA,Bq, we will therefore apply
the trace operator to the Taylor series obtained previously. By linearity of the trace operator, it suffices to calculate the
trace of the term in λ2 and the trace of the term in λ4.

For the term in λ2 given in Equation (E.521), we obtain:

trace
`

vvH ´ vuH ´ uvH ` uuH
˘

(E.556)

“ trace
`

vvH
˘

´ trace
`

vuH ` uvH
˘

` trace
`

uuH
˘

(E.557)

“ trace
`

vvH
˘

´ xv, uy0 ` trace
`

uuH
˘

(E.558)

“ trace
`

vvH
˘

` trace
`

uuH
˘

. (E.559)

To calculate the trace of the term in λ4 given in Equation (E.550), we recall that trace pXY q “ trace pY Xq, therefore
many simplifications can be obtained.

trace pCq “ trace

ˆ

1

3
vvHuuH ´

1

3
vuHvuH `

1

3
vuHuvH ´

1

3
uvHuvH

˙

(E.560)

trace pCq “
1

3

`

trace
`

vvHuuH
˘

´ trace
`

vuHvuH
˘

` trace
`

vuHuvH
˘

´ trace
`

uvHuvH
˘˘

(E.561)

We now show that:

trace
`

vvHuuH
˘

´ trace
`

vuHvuH
˘

` trace
`

vuHuvH
˘

´ trace
`

uvHuvH
˘

“
1

2

´∥∥vuH ´ uvH∥∥2
`
∥∥vHu´ uHv∥∥2

¯

(E.562)

Indeed, we have:

∥∥vuH ´ uvH∥∥2

“ trace
´

`

vuH ´ uvH
˘ `

vuH ´ uvH
˘H

¯

(E.563)

“ trace
``

vuH ´ uvH
˘ `

uvH ´ vuH
˘˘

(E.564)

“ trace
`

vuHuvH ´ vuHvuH ´ uvHuvH ` uvHvuH
˘

(E.565)

“ trace
`

vuHuvH
˘

´ trace
`

vuHvuH
˘

´ trace
`

uvHuvH
˘

` trace
`

uvHvuH
˘

(E.566)

“2 trace
`

vuHuvH
˘

´ trace
`

vuHvuH
˘

´ trace
`

uvHuvH
˘

. (E.567)

We also have:

∥∥vHu´ uHv∥∥2

“ trace
´

`

vHu´ uHv
˘ `

vHu´ uHv
˘H

¯

(E.568)

“ trace
``

vHu´ uHv
˘ `

uHv ´ vHu
˘˘

(E.569)

“ trace
`

vHuuHv ´ vHuvHu´ uHvuHv ` uHvvHu
˘

(E.570)

“ trace
`

vHuuHv
˘

´ trace
`

vHuvHu
˘

´ trace
`

uHvuHv
˘

` trace
`

uHvvHu
˘

(E.571)

“ trace
`

vvHuuH
˘

´ trace
`

uvHuvH
˘

´ trace
`

vuHvuH
˘

` trace
`

vvHuuH
˘

(E.572)

“2 trace
`

vvHuuH
˘

´ trace
`

uvHuvH
˘

´ trace
`

vuHvuH
˘

. (E.573)

By adding the terms of Equations (E.567) and (E.573), we prove the equality of Equation (E.562).
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According to Equations (E.561) and (E.562), we have:

trace pCq “
1

6

´∥∥vuH ´ uvH∥∥2
`
∥∥vHu´ uHv∥∥2

¯

. (E.574)

According to Equation (E.559) which details the term in λ2 and to Equation (E.574) which details the term in λ4, we
have the following Taylor series of the squared distance d2 pA,Bq:

d2 pA,Bq “
`

trace
`

vvH
˘

` trace
`

uuH
˘˘

λ2 `
1

6

´∥∥vuH ´ uvH∥∥2
`
∥∥vHu´ uHv∥∥2

¯

λ4 `O
`

λ6
˘

. (E.575)
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Appendix F

Applications to radar detection

The estimation of the clutter covariance matrix is an already known problem in radar detection [26]: it is useful to obtain
a detection estimator with a constant false alarm rate (CFAR). A fixed point estimator is used in [57]. The article of Le
Yang [6] uses the Riemannian median in the manifold R`` ˆ Dn´1 the notice outliers and perform radar detection.
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We denote T `n denotes the set of Toeplitz Hermitian Positive Definite matrices of size n.

F.1 Detection using a known steering vector
As in [24], we would like to detect a perfectly known complex steering vector p multiplied by an unknown complex
number a characterizing the signal amplitude and initial phase and disturbed by an additive noise c „ CN p0,Mq. Given
the complex observation vector y, the two hypothesis confronted in this detection problem are the following:

"

H0 : y “ c
H1 : y “ ap` c

(F.1)

We first use the previous sections to estimate the clutter correlation matrix M of the area surrounding the cell under
study. We would like to construct a CFAR (Constant False Alarm Rate) test: the probability of declaring H1 under
H0 should not depend on the nature of the clutter c characterized by its correlation matrix M . We define the adaptive
normalized matched filter (ANMF) dector T :

T pyq “

ˇ

ˇ

ˇ
yHxM´1p

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
yHxM´1y

ˇ

ˇ

ˇ

1
2
ˇ

ˇ

ˇ
pHxM´1p

ˇ

ˇ

ˇ

1
2

(F.2)

If we denote ry “ xM´ 1
2 y and rp “ xM´ 1

2 p, then T can be expressed the following way:

T pyq “

ˇ

ˇ

ˇ

ˇ

B

ry

‖ry‖
,

rp

‖rp‖

F
ˇ

ˇ

ˇ

ˇ

“ |cospθq| (F.3)

where θ denotes the real-valued Euclidean angle between the normalized vectors ry
‖ry‖ and rp

‖rp‖ seen as real vectors,
their real and imaginary parts being considered separately.

If we assume that xM » M and denote x „ CN p0, Iq such that c “ M
1
2x, then the statistic T follows the following

laws:

• Under H0, T „
ˇ

ˇ

ˇ

A

x
‖x‖ ,

rp
‖rp‖

E
ˇ

ˇ

ˇ

• Under H1, T „
ˇ

ˇ

ˇ

A

x`arp
‖x`arp‖ ,

rp
‖rp‖

E
ˇ

ˇ

ˇ

Hence, the angle θ should be uniformly distributed over r´π, πs under H0 and T should be rather close to 1 under
H1.

Therefore, we reject the hypothesis H0 when T is close to 1, i.e. θ belongs to an interval of shape rπ ´ β, π ` βs Y
r´β, βs. We now want to construct a test of level α, i.e. we search β such that:

PH0
pθ P rπ ´ β, π ` βs Y r´β, βsq “ α (F.4)
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Hence, since θ is uniformly distributed over r´π, πs under H0, 4β
2π “ α and then β “ π

2α.
Finally, the hypothesis H0 is rejected when y belongs the rejection area:

R “
!

y P Cn, T pyq P
”

cos
´π

2
α
¯

, 1
ı)

(F.5)

F.2 Detection using a known autocorrelation matrix

We now assume that the autocorrelation matrix P P T `n of the signal we try to detect is known. The two hypothesis
confronted in this detection problem are:

"

H0 : y “ c, c „ N p0,Mq
H1 : y “ p` c, p „ N p0, P q and c „ N p0,Mq

(F.6)

We consider the statistical model
´

Cn, tN p0,ΣquΣPT `n

¯

such that for Σ P T `n , N p0,Σq denotes the law on Cn of
density:

fΣpzq “
1

πn det pΣq
ez
HΣ´1z (F.7)

The two hypothesis can then be reformulated as:
"

H0 : Σ “ Σ0 “M
H1 : Σ “ Σ1 “ P `M

(F.8)

We construct a test of level α looking for γ P R˚` such that:

PΣ0

ˆ

fΣ1pzq

fΣ0
pzq

ě γ

˙

“ α (F.9)

The hypothesis H0 is then rejected when y belongs the rejection area:

R “

"

y P Cn,
fΣ1
pyq

fΣ0pyq
ě γ

*

(F.10)

To construct another test of level α with a more geometrical approach, we can estimate the autocorrelation matrix
xΣy P T `n of y using the Burg algorithm. We then look for γ such that:

PΣ0

¨

˝

dT `n

´

Σ1, pY
¯

dT `n

´

Σ0, pY
¯ ě γ

˛

‚“ α (F.11)

The hypothesis H0 is therefore rejected when y belongs the rejection area:

R “

$

&

%

y P Cn,
dT `n

´

Σ1, pY
¯

dT `n

´

Σ0, pY
¯ ě γ

,

.

-

(F.12)
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Appendix G

The radar clutter spatio-temporal model

In this appendix, we assume that the times series recorded by the radar during a burst are wide-sense stationary on both
the temporal axis and the spatial axis, the spatial axis considered being the radial axis. In Chapter 8, the radar clutter
is clustered cell per cell. The spatio-temporal model presented here generalize the temporal model described in Chapter
8: we use the spatial correlation between spatially close cells in addition to the Doppler information contained in each
cell. In the article written by Romain Couillet et al. [24], the space correlation coefficient of sea clutter data is studied
for different range resolutions: the periodicity of the sea surface is highlighted by the periodicity of the spatial correlation
coefficient for a range resolution of 3 meters. The spatio-temporal model is also a particular case of the multidimensional
stationary centered complex Gaussian autoregressive model presented in Section 2.2. Using the assumption of stationarity
on both the temporal and spatial axes, we construct a Riemannian manifold to represent the information contained in a
group of spatially close cells. This model is also presented in detail in [83].
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G.1 The input data
We recall the context of radar clutter classification presented in Chapter 8. During each burst, we represent the information
associated with the observed angular sector in the form of a matrix U :

U “

u0,0 u0,1 . . . u0,n´1

u1,0 u1,1 . . . u1,n´1

...
...

. . .
...

up´1,0 up´1,1 . . . up´1,n´1

...
...

. . .
...

uN´1,0 uN´1,1 . . . uN´1,n´1

. (G.1)

Each row of the matrix U represents the same distance cell and each column represents the same pulse. In this matrix,
N represents the number of distance cells and n represents the number of pulses emitted during the burst.
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In Chapter 8, we clustered each cell, i.e. each row of the matrix U , independently from one another based on its
reflection coefficients which characterize the Doppler information. In this appendix, we would like to use the spatial
correlation between consecutive cells in addition to the Doppler information contained in each cell.

Here the input data is not a single vector corresponding to a row of the matrix U , but a matrix corresponding to several
consecutive rows of the matrix U . For example, the following matrix contains the p first rows of the matrix U :

Z “

»

—

—

—

–

u0,0 u0,1 . . . u0,n´1

u1,0 u1,1 . . . u1,n´1

...
...

. . .
...

up´1,0 up´1,1 . . . up´1,n´1

fi

ffi

ffi

ffi

fl

. (G.2)

For the hypothesis of wide-stationarity on the spatial axis to be respected, the p cells studied together in the matrix Z
should belong to the same kind of clutter.

G.2 The model
We first present in Section G.2.1 a spatio-temporal model which generalizes the one-dimensional temporal model pre-
sented in Chapter 8 for radar clutter clustering (see Section 8.2). In this first model, a texture coefficient is present
(see [13] for more details about the clutter texture). We then present in Section G.2.2 a simplified spatio-temporal model.
For simplicity, we will refer to this second model to present the theory of following sections.

G.2.1 The general radar model
We assume that the matrix Z presented in Equation (G.2) has the following structure:

Z “ T 1{2R1{2
s NRTt

1{2

looooooooomooooooooon

information coming from
the environment

` Bradar
loomoon

thermal noise coming
from the radar itself

(G.3)

with:

• Z: radar observation matrix of size (p, n).

• T : clutter texture; it is a diagonal matrix of size (p, p). Its diagonal coefficients are independent positive real random
variables. They are also independent from N and Bradar.

• Rs: the scaled spatial autocorrelation matrix of size (p, p). It is a Toeplitz HPD matrix since the signal is assumed
to be wide-sense stationary on the spatial axis. Its diagonal coefficients are equal to 1.

• Rt: the scaled temporal autocorrelation matrix of size (n, n). It is a Toeplitz HPD matrix since the signal is assumed
to be wide-sense stationary on the temporal axis. Its diagonal coefficients are equal to 1.

• N ,Bradar: matrices of size (p, n) whose coefficients are independent standard complex Gaussian random variables.

We now present an equivalent vectorized model:

rZ “ rT 1{2R
1{2
st

rN
looooomooooon

information coming from
the environment

` rBradar
loomoon

thermal noise coming
from the radar itself

(G.4)

with:

• rZ: radar observation matrix of size ppˆ n, 1q.

• rT : clutter texture; it is a diagonal matrix of size pp ˆ n, p ˆ nq. Its diagonal coefficients are independent positive
real random variables. They are also independent of rN and rBradar.

• Rst: the scaled spatio-temporal autocorrelation matrix of size ppˆ n, pˆ nq. Its diagonal coefficients are equal to
1.

• rN , rBradar: vectors of size pp ˆ n, 1q whose coefficients are independent standard complex Gaussian random
variables.
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We have the following correspondence between the terms of the matrix Equation (G.3) and the equivalent vectorized
Equation (G.4):

Z “

»

—

—

—

–

ZT0
ZT1
...

ZTp´1

fi

ffi

ffi

ffi

fl

N “

»

—

—

—

–

NT
0

NT
1
...

NT
p´1

fi

ffi

ffi

ffi

fl

Bradar “

»

—

—

—

–

BT0
BT1
...

BTp´1

fi

ffi

ffi

ffi

fl

(G.5)

rZ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

Z0

Z1

...

Zp´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

rN “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

N0

N1

...

Np´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

rBradar “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

B0

B1

...

Bp´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(G.6)

Rst “ Rs bRt (G.7)

rT “ T b In (G.8)

We would like to represent the information contained in the matrix Z using its covariance matrix Rst: we do not use
the clutter texture T to represent the radar data in this appendix.

To estimate the covariance matrix Rst from an observed matrix Z, we have to deal with the texture coefficient T and
the radar noise Bradar. We generally assume that the diagonal coefficients of the texture matrix T are much larger than
one. The radar noise Bradar can then be neglected: Z » T 1{2R

1{2
s NRTt

1{2. The diagonal coefficients of the matrix T
represents the expectation of the average quadratic power recorded in each cell. By setting ti the ith diagonal coefficient
of the texture matrix T , we have ti “ E

”

|ui,j |
2
ı

for all j P J1, nK. We can estimate the coefficient ti by averaging the

quadratic power of the ith row of the matrix Z presented in Equation (G.2):

pti “
1

n

n
ÿ

j“1

|ui,j |
2
, (G.9)

this estimation being more precise when the number of pulses n is large. If we divide each row of matrix Z by the square

root of its average quadratic power, i.e. by pti
1{2

, we obtain a matrix which is almost equal to R1{2
s NRTt

1{2. We will
present a method to estimate the Toeplitz HPD matrices Rs and Rt from a matrix of the form R

1{2
s NRTt

1{2 in Section
G.4.

We now propose a simpler model without texture coefficient T and radar noise Bradar.

G.2.2 The simplified spatio-temporal model
We assume that the matrix Z presented in Equation (G.2) has the following spatio-temporal correlation:

Z “ p
1{2
0 R1{2

s NRTt
1{2

(G.10)

with:

• Z: radar observation matrix of size (p, n).

• p0: a positive real number which corresponds to the expectation of the quadratic power, i.e. p0 “ E
”

|ui,j |
2
ı

for all
pi, jq P J1, pKˆ J1, nK.

• Rs: the scaled spatial autocorrelation matrix of size (p, p). It is a Toeplitz HPD matrix since the signal is assumed
to be wide-sense stationary on the spatial axis. Its diagonal coefficients are equal to 1.

• Rt: the scaled temporal autocorrelation matrix of size (n, n). It is a Toeplitz HPD matrix since the signal is assumed
to be wide-sense stationary on the temporal axis. Its diagonal coefficients are equal to 1.

• N : matrix of size (p, n) whose coefficients are independent standard complex Gaussian random variables.
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We now present an equivalent vectorized model:

rZ “ p
1{2
0 R

1{2
st

rN (G.11)

with:

• rZ: radar observation matrix of size ppˆ n, 1q.

• p0: a positive real number which corresponds to the mean quadratic power.

• Rst: the scaled spatio-temporal autocorrelation matrix of size ppˆ n, pˆ nq. Its diagonal coefficients are equal to
1.

• rN : vector of size ppˆ n, 1q whose coefficients are independent standard complex Gaussian random variables.

We have the following correspondence between the terms of the matrix Equation (G.10) and the equivalent vectorized
Equation (G.11):

Z “

»

—

—

—

–

ZT0
ZT1
...

ZTp´1

fi

ffi

ffi

ffi

fl

N “

»

—

—

—

–

NT
0

NT
1
...

NT
p´1

fi

ffi

ffi

ffi

fl

(G.12)

rZ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

Z0

Z1

...

Zp´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

rN “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

N0

N1

...

Np´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(G.13)

Rst “ Rs bRt (G.14)

The model presented in Section G.2.2 looks like to model presented by Romain Couillet et al. [24], except for the
structure of the spatial covariance matrix Rs which is only assumed to be Toeplitz here. We will consider this simplified
spatio-temporal model in next sections.

The covariance matrix p0Rst is the Kronecker product of two Toeplitz HPD matrices:

p0Rst “ p0 Rs bRt “ Rs b pp0Rtq , (G.15)

it is therefore a Toeplitz-Block Block-Toeplitz HPD matrix with a very specific structure. We now study the structure of
the associated autoregressive coefficients Aii and Siegel coefficients Ωi.

G.3 The autoregressive coefficients and the Siegel coefficients
In Section 2.2, we have seen that a multidimensional stationary centered complex Gaussian autoregressive time series can
be represented by its block-Toeplitz covariance matrix R P B`p,n, by the coefficients

´

P0, A
1
1, . . . , A

p´1
p´1

¯

P H`n ˆDp´1
n

where the coefficients Aii are autoregressive coefficients or by the coefficients pP0,Ω1, . . . ,Ωp´1q P H`n ˆSDp´1
n where

the coefficients Ωi are Siegel coefficients. Using the relations given in Section 2.2 between these three representation
spaces, we study here the structure of the autoregressive coefficients Aii and the Siegel coefficients Ωi associated with the
spatio-temporal correlation matrix p0Rst “ Rs b pp0Rtq.

In Section 2.2.5, a relation between the autocorrelation coefficients pRiq0ďiďM and the autoregressive coefficients
`

AMi
˘

1ďiďM
has been given by the multidimensional Yule-Walker equation (2.123):

rAM rRM “ ´rVM @M P J1, p´ 1K (G.16)

with:
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rAM “ rAM1 , . . . , AMM s
rVM “ rR1, . . . , RM s

rRM “

»

—

—

—

—

—

–

R0 R1 R2 . . . RM´1

RH1 R0 R1 . . . RM´2

RH2 RH1 R0 . . . RM´3

...
...

...
. . .

...
RHM´1 RHM´2 RHM´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

(G.17)

Hence, the autoregressive coefficients can be computed from the autocorrelation coefficients using Equation (2.126):

rAM “ ´rVM rR´1
M . (G.18)

The autoregressive coefficients associated with the covariance matrix p0Rst “ Rs b pp0Rtq have a specific structure.

Property 59. The spatial autoregressive coefficients Asll can be expressed from the one-dimensional spatial reflection
coefficient µsl:

As
l
l “ µslIn @l P J1, p´ 1K. (G.19)

We now give two proofs of this property. The first proof is based on the multidimensional Yule-Walker equation, the
second proof uses the multidimensional Levinson algorithm.

Proof. We start by setting:

Rs :“

»

—

—

—

—

—

–

rs0 rs
˚
1 rs

˚
2 . . . rs

˚
M´1

rs1 rs0 rs
˚
1 . . . rs

˚
M´2

rs2 rs1 rs0 . . . rs
˚
M´3

...
...

...
. . .

...
rsM´1 rsM´2 rsM´3 . . . rs0

fi

ffi

ffi

ffi

ffi

ffi

fl

. (G.20)

Using this notation, we have:

p0Rst “ Rs b pp0Rtq “

»

—

—

—

—

—

–

rs0p0Rt rs
˚
1p0Rt rs

˚
2p0Rt . . . rs

˚
M´1p0Rt

rs1p0Rt rs0p0Rt rs
˚
1p0Rt . . . rs

˚
M´2p0Rt

rs2p0Rt rs1p0Rt rs,0p0Rt . . . rs
˚
M´3p0Rt

...
...

...
. . .

...
rsM´1p0Rt rsM´2p0Rt rsM´3p0Rt . . . rs0p0Rt

fi

ffi

ffi

ffi

ffi

ffi

fl

. (G.21)

Therefore, we have:

Rst “

»

—

—

—

—

—

–

R0 RH1 RH2 . . . RHM´1

R1 R0 RH1 . . . RHM´2

R2 R1 R0 . . . RHM´3
...

...
...

. . .
...

RM´1 RM´2 RM´3 . . . R0

fi

ffi

ffi

ffi

ffi

ffi

fl

with Ri “ rsip0Rt. (G.22)

By considering that the terms rRM and rVM of Equation (G.18) have correlation coefficients defined by Ri “ rsip0Rt,
we note that they are Kronecker products:

rRM “RTs b pp0Rtq , (G.23)
rVM “rrs1, rs2, . . . , rsM s b pp0Rtq . (G.24)

We recall the following properties of the Kronecker product:

pAbBq
´1
“ A´1 bB´1,

pAbBq pC bDq “ pACq b pBDq .

Coming back to Equation (2.126), we obtain:
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rAM “´ rVM rR´1
M (G.25)

“´ prrs1, rs2, . . . , rsM s b pp0Rtqq
`

RTs b pp0Rtq
˘´1

(G.26)

“´ prrs1, rs2, . . . , rsM s b pp0Rtqq
´

RTs
´1
b pp0Rtq

´1
¯

(G.27)

“´

´

rrs1, rs2, . . . , rsM sR
T
s

´1
¯

b

´

pp0Rtq pp0Rtq
´1

¯

(G.28)

“
“

as
M
1 , as

M
2 , . . . , as

M
M

‰

b In (G.29)

where the coefficients
“

as
M
1 , as

M
2 , . . . , as

M
M

‰

are the autoregressive coefficients obtained resolving the one-dimensional
Yule-Walker equation (see Equation (2.38)).

Therefore, the spatial autoregressive coefficient AsMM can be expressed from the one-dimensional spatial reflection
coefficient µsM :

As
M
M “ µsMIn @M P J1, p´ 1K. (G.30)

As the matrix p0Rst is a TBBT HPD matrix, another proof of Property 59 can be obtained using the multidimensional
Levinson algorithm 1.

Proof. We can check that the multidimensional Levinson algorithm 1 with the input matrix p0Rst “ Rs b pp0Rtq and
the one-dimensional Levinson algorithm 13 with the input matrix Rs are related by the following relations:

• P0 “ p0Rt,

• A1
1 “ a1

1In.

We can prove by induction that, for all l P J2, p´ 1K,

• All “ allIn,

• ∆l “ δlRt with δl “ rl `
řl´1
j“1 rl´ja

l´1
j ,

• Pl´1 “ pl´1Rt with pl´1 “ r0 `
řl´1
j“1 rja

l´1
j

˚
,

• rAl “ ral b In with ral “
“

al1, . . . , a
l
l

‰

.

The Siegel coefficients associated with the covariance matrix p0Rst “ Rs b pp0Rtq also have a specific structure.

Property 60. The spatial Siegel coefficients Ωsl can be expressed from the one-dimensional spatial reflection coefficient
µsl:

Ωsl “ As
l
l “ µslIn @l P J1, p´ 1K. (G.31)

Proof. We can compute the coefficients pP0,Ω1, . . . ,Ωp´1q from a Toeplitz-Block Block-Toeplitz HPD matrix using
Algorithm 2. We can check that Algorithm 2 on the input matrix p0Rst “ Rs b pp0Rtq is related to the one-dimensional
Levinson algorithm 13 on the input matrix Rs by the following relations:

• P0 “ p0Rt,

• A1
1 “ a1

1In,

• Ω1 “ a1
1In.

We can prove by induction that, for all l P J2, p´ 1K,

• All “ allIn,

• ∆l “ δlRt with δl “ rl `
řl´1
j“1 rl´ja

l´1
j ,

• Pl´1 “ pl´1Rt with pl´1 “ r0`
řl´1
j“1 rja

l´1
j

˚
(ĘPl´1 “ Pl´1 since pl´1 P R and Rt is a Toeplitz HPD matrix),

• rAl “ ral b In with ral “
“

al1, . . . , a
l
l

‰

,

• Ωl “ allIn.
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The covariance matrix p0Rst “ Rs b pp0Rtq can therefore be represented by the coefficients:

pP0,Ω1, . . . ,Ωp´1q “
`

p0Rt, µs1In, . . . , µsp´1In
˘

. (G.32)

Note that the Toeplitz HPD matrix p0Rt can be represented by the coefficients
`

p0, µt1, . . . , µtn´1

˘

P R˚` ˆ Dn´1.
The bijection is given by the Levinson algorithm 13. The spatio-temporal correlation matrix p0Rst “ Rs b pp0Rtq
can therefore be represented by the reflection coefficients

`

p0, µt1, . . . , µtn´1, µs1, . . . , µsp´1

˘

P R˚` ˆ Dn`p´2. Note
that we could have seen it directly since the scaled temporal correlation matrix Rt is in bijection with the temporal
reflection coefficients

`

µt1, . . . , µtn´1

˘

via the Levinson algorithm 13 and the scaled spatial correlation matrix Rs is
in bijection with the spatial reflection coefficients

`

µs1, . . . , µsp´1

˘

via the Levinson algorithm as well. However,
the study of the transformation of the scaled spatio-temporal correlation matrix p0Rst into the reflection coefficients
`

p0, µt1, . . . , µtn´1, µs1, . . . , µsp´1

˘

P R˚` ˆDn`p´2 via the coefficients
`

p0Rt, µs1In, . . . , µsp´1In
˘

P H`n ˆ SDp´1
n

presented in this section is useful: the metric of the space H`n ˆ SDp´1
n presented in Section 4.2.3 will be used to endow

the space R˚` ˆ Dn`p´2 with a Riemannian metric in Section G.5. As we assumed the time series to be wide-sense
stationary on both spatial and temporal axes, we expect this metric to have the same structure on both axes.

In next section, we present a method to estimate the spatio-temporal covariance matrix p0Rst or equivalently the
coefficients

`

p0, µt1, . . . , µtn´1, µs1, . . . , µsp´1

˘

from an observed matrix Z “ p
1{2
0 R

1{2
s NRTt

1{2 (see Section G.2.2).

G.4 The model parameters estimation
We consider an observation matrix Z corresponding to the model described in Section G.2.2:

Z “ p
1{2
0 R1{2

s NRTt
1{2
. (G.33)

The parameters of this model are the mean quadratic power coefficient p0 P R˚`, the temporal correlation matrix Rt
and the spatial correlation matrix Rs which are Toeplitz HPD matrices with diagonal coefficients equal to one. According
to the previous section, this model can also be represented by the coefficients

`

p0, µt1, . . . , µtn´1, µs1, . . . , µsp´1

˘

P

R˚` ˆ Dn`p´2 where the coefficients µt are the temporal reflection coefficients and the coefficients µs are the spatial
reflection coefficients.

We can estimate the mean quadratic power coefficient p0 by:

pp0 “
1

np

p
ÿ

i“1

n
ÿ

j“1

|ui,j |
2
. (G.34)

We can estimate the temporal reflection coefficients using the regularized Burg algorithm 17 on the rows of the
matrix Z defined in Equation (G.2). We first estimate the temporal reflection coefficients

´

pµt
i
1, pµt

i
2, . . . , pµt

i
n´1

¯

of each

cell i P J1, pK. Then we can estimate the mean temporal reflection coefficients
`

pµt
mean
1 , pµt

mean
2 , . . . , pµt

mean
n´1

˘

on the
manifold Dn´1 using Algorithm 8 which approximates the mean by gradient descent. The manifold Dn´1 corresponds to
the space Dn´1 endowed with the metric described in Section 4.1.3 omitting the power coefficient p0.

We can estimate the spatial reflection coefficients using the same method but performing the regularized Burg algo-
rithm on the columns of the matrix Z instead of its rows.

We can then estimate the scaled temporal correlation matrix pRt using the reversed Levinson Algorithm 15 on the input
coefficients

`

1, pµt
mean
1 , pµt

mean
2 , . . . , pµt

mean
n´1

˘

. Indeed, we consider that the mean quadratic power coefficient pmean0 is
equal to one to obtain a scaled covariance matrix whose diagonal coefficients are equal to one.

Similarly, we can estimate the scaled spatial correlation matrix pRs using the reversed Levinson Algorithm on the input
coefficients

`

1,xµs
mean
1 ,xµs

mean
2 , . . . ,xµs

mean
p´1

˘

.
We can then estimate the scaled spatio-temporal correlation matrix using formula (G.14): it is the Kronecker product

of the scaled spatial correlation matrix and the scaled temporal correlation matrix: pRst “ pRs b pRt.
An alternative estimation method of the spatial and temporal correlation matrices is presented in [24] which does not

use any Riemannian tools.
In next section, we endow the space R˚` ˆDn`p´2 with a Riemannian metric inspired by information geometry.

G.5 The Riemannian manifold associated with the spatio-temporal model
In Section 2.2, we have seen that a multidimensional stationary centered complex Gaussian autoregressive time series can
be represented by its block-Toeplitz HPD matrix R P B`p,n or by the coefficients pP0,Ω1, . . . ,Ωp´1q P H`n ˆ SDp´1

n .
In Section 3.2.3, we have endowed the space H`n ˆ SDp´1

n with a Riemannian metric inspired by information geometry.
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The geometric tools of this metric are detailed in Section 4.2.3. We obtained a manifold denoted H``n ˆ SDp´1
n whose

metric is given by:

ds2
H``n ˆSDp´1

n
“ p ds2

H``n
`

p´1
ÿ

l“1

pp´ lq ds2
SDn (G.35)

with:

ds2
H``n

“ trace
`

P´1
0 dP0 P

´1
0 dP0

˘

(G.36)

ds2
SDn “ trace

´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

. (G.37)

According to Section G.3, the spatio-temporal correlation matrix Rst “ Rs b Rt is associated with the coefficients
`

Rt, µs1In, . . . , µsp´1In
˘

P H`n ˆ SDp´1
n . If we take into account the mean quadratic power coefficient p0 P R˚`, then

the matrix p0Rst is associated with the coefficients
`

p0Rt, µs1In, . . . , µsp´1In
˘

P H`n ˆ SDp´1
n .

The metric described in Equation (G.35) represents the matrix p0Rt into the manifold H``n up to multiplication of the
metric by a constant. However, this manifold does not take into account the Toeplitz structure of the matrix p0Rt. Since the
matrix p0Rt is a Toeplitz HPD matrix, we could instead represent it by the coefficients

`

p0, µt1, . . . , µtn´1

˘

P R˚`ˆDn´1

and use the metric presented in Section 4.1.3:

ds2
R``ˆDn´1 “ nds2

R`` `

n´1
ÿ

k“1

pn´ kq ds2
D (G.38)

ds2
R``ˆDn´1 “ n

dp2
0

p2
0

`

n´1
ÿ

k“1

pn´ kq
|dµtk|

2

´

1´ |µtk|
2
¯2 . (G.39)

Note that the metric ds2
SDn described in Equation (G.37) is equal to the Poincaré metric up to multiplication by a

constant for the diagonal matrices µsIn:

ds2
SDn “ nds2

D with ds2
D “

|dµs|
2

´

1´ |µs|
2
¯2 . (G.40)

Using Equations (G.38) and (G.40), we can transform the metric described in Equation (G.35):

ds2
H``n ˆSDp´1

n
“ p ds2

H``n
`

p´1
ÿ

l“1

pp´ lq ds2
SDn

into the metric:

ds2
R``ˆDn`p´2 “p

˜

n ds2
R`` `

n´1
ÿ

k“1

pn´ kq ds2
D

¸

`

p´1
ÿ

l“1

pp´ lq
`

n ds2
D

˘

(G.41)

ds2
R``ˆDn`p´2 “np ds2

R`` ` p
n´1
ÿ

k“1

pn´ kq ds2
D ` n

p´1
ÿ

l“1

pp´ lq ds2
D (G.42)

with

ds2
R`` “

dp2
0

p2
0

, and ds2
D “

|dµ|
2

´

1´ |µ|
2
¯2 . (G.43)

We propose to use this metric on the coefficients
`

p0, µt1, . . . , µtn´1, µs1, . . . , µsp´1

˘

P R˚` ˆDn`p´2 to represent

the spatio-temporal information contained in the matrix Z “ p
1{2
0 R

1{2
s NRTt

1{2 described in Section G.2.2. Note that this
metric has similar structure on both the temporal and the spatial axes, which is expected since we assumed the time series
to be wide-sense stationary on both axes (the temporal correlation matrixRt and the spatial correlation matrixRs are both
scaled Toeplitz HPD matrices).
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9.6 Generalization to higher dimensional models
In this section, we generalize the spatio-temporal model to models with possibly more than two dimensions. Let’s consider
the observation matrix Z of dimension n and shape pd1, d2, . . . , dnq. We assume that each axis i of the matrix Z is
associated with the correlation matrix p0Ri where p0 is the mean quadratic power coefficient:

p0 “ E
”

|zi1,i2,...,in |
2
ı

@ pi1, i2, . . . , inq P J1, d1Kˆ J1, d2Kˆ . . .ˆ J1, dnK

and Ri is a scaled Toeplitz HPD matrix (its diagonal coefficients are equal to one). We define rZ as the vectorization of
the matrix Z, it is a large vector a size

śn
i“1 di whose scaled correlation matrix is Rd1d2...dn “ Rd1

bRd2
b . . .bRdn .

This model can be parametrized by the coefficients pp0, R1, . . . , Rnq. Each scaled Toeplitz HPD matrix Ri can also be
represented by the reflection coefficients

`

µi1, . . . , µidi´1

˘

via the Levinson algorithm 13. This model can therefore be

parametrized by the coefficients
`

p0, µ11, . . . , µ1d1´1, µ21, . . . , µ2d2´1, . . . , µn1, . . . , µndn´1

˘

P R˚` ˆDp
śn
i“1 diq´n.

We propose to use the following Riemannian metric on the space R˚` ˆDp
śn
i“1 diq´n:

ds2

R``ˆDp
śn
i“1

diq´n
“

˜

n
ź

i“1

di

¸˜

ds2
R`` `

n
ÿ

i“1

1

di

di´1
ÿ

k“1

pdi ´ kq ds
2
D

¸

(9.44)

with

ds2
R`` “

dp2
0

p2
0

, and ds2
D “

|dµ|
2

´

1´ |µ|
2
¯2 .

This metric can be constructed by induction. It has been constructed for n “ 1 in Section 3.2.2. It has been constructed
for n “ 2 for the spatio-temporal model in Section G.5. To construct the metric of the model of dimension n ` 1 from
the metric of the model of dimension n, we can note that Algorithm 2 transforms the Toeplitz-Block Block-Toeplitz
HPD matrix p0Rd1...dndn`1

into the coefficients
´

p0Rd1...dn , µn`11I
śn
i“1 di

, . . . , µn`1dn`1´1I
śn
i“1 di

¯

P Hś̀n
i“1 di

ˆ

SDdn`1´1
śn
i“1 di

. In Section 3.2.3, we have endowed the space Hś̀n
i“1 di

ˆ SDdn`1´1
śn
i“1 di

with a Riemannian metric inspired by

information geometry. We obtained a manifold denoted H``śn
i“1 di

ˆ SDdn`1´1
śn
i“1 di

whose metric is given by:

ds2

H``śn
i“1

di
ˆSD

dn`1´1
śn
i“1

di

“ dn`1 ds
2
H``śn

i“1
di

`

dn`1´1
ÿ

l“1

pdn`1 ´ lq ds
2
SDśn

i“1
di

(9.45)

with:

ds2
H``śn

i“1
di

“ trace
`

P´1
0 dP0 P

´1
0 dP0

˘

(9.46)

ds2
SDśn

i“1
di
“ trace

´

`

I ´ ΩlΩ
H
l

˘´1
dΩl

`

I ´ ΩHl Ωl
˘´1

dΩHl

¯

. (9.47)

Note that the metric ds2
SDśn

i“1
di

described in Equation (9.47) is equal to the Poincaré metric up to multiplication by a
constant for the diagonal matrices µn`1Iśn

i“1 di
:

ds2
SDśn

i“1
di
“

˜

n
ź

i“1

di

¸

ds2
D with ds2

D “
|dµn`1|

2

´

1´ |µn`1|
2
¯2 . (9.48)

Using Equations (9.45) and (9.48), the coefficients
´

p0Rd1...dn , µn`11, . . . , µn`1dn`1´1

¯

P Hś̀n
i“1 di

ˆDdn`1´1 are
endowed with the following metric:

ds2
H``śn

i“1
di
ˆDdn`1´1 “ dn`1 ds

2
H``śn

i“1
di

`

˜

n
ź

i“1

di

¸

dn`1´1
ÿ

l“1

pdn`1 ´ lq ds
2
D (9.49)

Instead of using the metric ds2
H``śn

i“1
di

on the coefficient p0Rd1...dn , we choose to use on the coefficients
`

p0, µ11, . . . , µ1d1´1, µ21, . . . , µ2d2´1, . . . , µn1, . . . , µndn´1

˘

P R˚` ˆ Dp
śn
i“1 diq´n the metric proposed for the

multidimensional model of order n in Equation (9.44):

ds2

R``ˆDp
śn
i“1

diq´n
“

˜

n
ź

i“1

di

¸˜

ds2
R`` `

n
ÿ

i“1

1

di

di´1
ÿ

k“1

pdi ´ kq ds
2
D

¸

. (9.50)
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Therefore, we obtain:

ds2

R``ˆDp
śn`1
i“1

diq´pn`1q
“

˜

n`1
ź

i“1

di

¸˜

ds2
R`` `

n`1
ÿ

i“1

1

di

di´1
ÿ

k“1

pdi ´ kq ds
2
D

¸

(9.51)

which is the metric proposed in Equation (9.44) for the model of order n` 1. This highlights that the metric proposed
can be constructed by induction using the metric presented in Section 3.2.3.

The radar spatio-temporal model presented in this appendix considers two axes: the temporal axis whose dimension
is related to the number of pulses of the burst and the spatial axis whose dimension is equal to the number of consecutives
cells considered along the radial axis. In Chapter 8, the radar clutter is studied using only the zero elevation beam.
However, if the space studied is a volume (clouds, rain, hail, snow...) then we could also use the elevation axis. We would
have a three dimensional observation matrix with a temporal axis and two spatial axes: a radial axis and an elevation axis.
We could then use the multidimensional model presented here with n “ 3. If the assumption of stationarity is meaningful
on each axis, we could then use the multidimensional model presented here with n “ 3 to represent the volume studied
in a Riemannian manifold.
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