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ABSTRACT

ibro-acoustic analysis in medium and high frequency range is always very delicate,

and there are few methods that work efficiently in a broad frequency band of analysis.

It is even more delicate if dissipative couplings appear between the different elements
in the structure under analysis. Some recent works have proposed some extensions of the SEA
(Statistical Energy Analysis) method, which is a method designed for vibration analysis in
high frequency domain. These extensions make it possible to make use of SEA in the medium
frequency domain. However, it seems that none of these extensions or alternatives of SEA allow
the existence of non-conservative couplings. If such a restriction can be lifted, the applications of
SEA method can be much easier in the engineering problems as dissipation is really important
for a dynamical system. The current strategy consists in gathering together all the subsystems

that are connected by dissipative couplings.

In this manuscript, a brief introduction of SEA for a coupled-oscillators system is presented
with an extension to non-conservative couplings. New SEA coefficients, referred as 'Equivalent
Coupling Power Proportionality’ (ECPP) coefficients are introduced, which allow non-conservative
couplings for N = 2 coupled-oscillators system. This formulation of the SEA with ECPP coefficients
will be referred as SEA-ECPP approach. Numerical applications are presented in order to
validate the proposed approach. Moreover, another outcome brought during this work concerns
the construction of an ad hoc reduced model for vibro-acoustic systems that will be referred as
’Condensed Reduced-Order Model’ (CROM) in the rest of the manuscript. CROM is based on a
modal analysis in limited frequency band. A selection of modes and a re-construction including
truncation and Schur complements of the global frequency response function is carried out in

order to minimize the dimension of the computational model. Based on CROM, an 'Equivalent
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Second-Order Model’ (ESOM) is established to identify the equivalent mechanical couplings form
CROM for a SEA calculation. With the conservative and non-conservative couplings identified by
ESOM, the new 'Equivalent Coupling Power Proportionality’ (ECPP) coefficients are proposed to
solve energy relations in a system that contains non-conservative couplings, which is not allowed

in classic SEA. This new approach is hereinafter named as SEA-ECPP approach.

Uncertainties related to the construction of ESOM are propagated into the SEA-ECPP approach
and a probabilistic model is constructed in using the non-parametric approach. The robust analy-
sis of the SEA-ECPP based on ESOM is carried out with respect to the modelling uncertainties

in using such a non-parametric probabilistic computational model.
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RESUME

’analyse vibro-acoustique en moyennes et hautes fréquences est toujours tres délicate, et

il existe peu de méthodes qui soient efficaces pour des domaines fréquentiels d’analyse.

La situation est encore plus délicate en présence de couplage dissipatif entre les
différents éléments de la structure étudiée. Des avancées récentes ont été publiées dans la
littérature afin de proposer des extensions de la méthode SEA (Statistical Energy Analysis),
laquelle a été développée spécifiquement pour I'analyse vibratoire dans le domaine des hautes
fréquences, au domaine des moyennes fréquences. Cependant, il nous semble, qu’aucune méthode
dérivant de la SEA n’autorise a ce jour des couplages non-conservatifs. La prise en compte
des couplages non-conservatifs est importante car la dissipation et 'amortissement dans les
systémes dynamiques tiennent un réle important, tant dans les applications en ingénierie des
structures que dans la modélisation des systémes physiques. Les stratégies présentées dans
la littérature consistent a regrouper ensemble en une seul systéme plusieurs sous-systémes
dissipant de I’énergie au travers des couplages dissipatifs. Cette approche permet de prendre en
compte 'amortissement en tant que dissipation interne d’'un "macro" sous-systéme, ce qui est

possible dans le cadre usuelle de la SEA.

Dans ce travail de these, nous présenterons un bref rappel de 1a méthode SEA appliquées aux
oscillateurs avec couplages conservatifs, puis nous étendrons son cadre théorique au cas des
couplages non-conservatifs. Cette extension sera faite en introduisant un nouveau coefficient,
lequel sera désigné par la terminologie "Equivalent Coupling Power Proportionality" (ECPP),
qui permet la formulation d'une méthode de type SEA pour des systémes d’oscillateurs a N = 2
degrés de liberté avec couplages non-conservatifs. Des applications numériques seront présentées

pour analyser les performances de 'approche proposée. Par ailleurs, un soin tout particulier sera
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apporté a la construction des modeles réduits généralisés pour la vibro-acoustique. Notamment,
un modele réduit, construit par ’analyse modale, sera présenté et désigné par "Condensed
Reduced-Order Model" (CROM). Ce CROM est donc issu d’'une analyse modale en partitionnant
la bande fréquentielle d’étude (LF, MF et HF) en bande fréquentielle plus petite, en sélectionnant
les modes de vibration vibro-acoustique, dits "résonnants”, qui contribuent le plus a priori a la
représentation modale de la solution. Des compléments de Schur successifs sont effectués sur les
inconnues généralisées des autres modes "non-résonants" pour réduire la dimension du modéle
numérique. Un "Equivalent Second-Order Model" (ESOM) était construit pour identifier les
différentes couplages dans la méthode SEA. Dans notre cas d’étude, il identifie non-seulement les
couplages conservatifs mais aussi les couplages non-conservatifs qui viennent de la condensation
du CROM, qui seront mis dans les coefficients ECPP sur lequel sera formulée ’extension ECPP

de la méthode SEA et que nous appelerons "approche SEA-ECPP".

Les différentes sources d’incertitudes sur les paramétres et sur la modélisation des opérateurs du
ESOM dues aux approximations introduites par ’approche ECPP par rapport au ESOM seront
prises en compte par une approche probabiliste non paramétrique des incertitudes. Lanalyse en

robustesse sera menée et présentée dans un chapitre qui lui sera dédié en fin de manuscrit.
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NOMENCLATURE

In this manuscript, symbols below are used to represent different variables/parameters used in

scalar/vector/matrix forms.

¢t An instant of time
w Angular frequency
p  Mass density

E  Young’s Modulus

Poisson’s coefficient

<

1 Damping loss factor

Q) Three-dimensional volume domain
I' Surface boundary

pr Mass density of fluid medium

¢ Sound velocity in fluid medium

Q(x;t) Acoustic source density at point x and
at time ¢
QP'™(x;¢) Primitive of Q(x;t)

p Sound pressure of a linear acoustic fluid
¢ Acoustic potential of a linear acoustic fluid
T¢ Viscosity coefficient

u Particle’s displacement

v Particle’s velocity

oij Cauchy stress tensor
€rp ~ Linear strain tensor
a;jrn,  Elasticity tensor
bijkrn ~ Damping tensor

ps Mass density of solid medium

¢p

Op

Porosity of porous material
Resistivity of porous material

ap Tortuosity of porous material

Ap
material

!
Ap
material
ko

terial

Viscous characteristic length of porous
Thermal characteristic length of porous
Static thermal permeability of porous ma-

fa Phase decoupling frequency

pp Global mass density of the porous material
Equivalent complex mass density

I?;q Equivalent complex bulk modulus

Cp, Heat capacity at constant pressure

A Eigenvalues

¢ Orthogonality coefficient

q"?  Vector of generalised coordinates of sub-
system (i)

f(i)
@)
[ M(i)]
(@)
[D(i)]
tem (1)
[ /C(i)]
tem (i)
[cn
tem (7) and ()
[AD(w)]

trix of subsystem (i) at angular frequency w

Vector of generalised loads of subsystem

Generalised mass matrix of subsystem

Generalised damping matrix of subsys-

Generalised stiffness matrix of subsys-

Generalised coupling matrix of subsys-

Generalised dynamical stiffness ma-
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CHAPTER

INTRODUCTION

he present research aims at defining methodologies for the robust prediction and opti-

misation of the acoustic performance, in medium and high frequencies, of dissipative

multilayer systems used within building construction. During the last decades, there has
been a strong increase of interest in lightweight buildings area, which result in an objective of
20% of wood within building construction in France by 2020 [2]. However, in short of research
studies, especially in the acoustic domain, the share of lightweight construction struggles to in-
crease [3]. With respect to acoustic comfort, from the viewpoint of designers, the main difficulties
are the lack of feedback and the lack of predictive tools in the stage of designing. Consequently,
several national and international research projects were initiated in Europe to push forward
the scientific research about lightweight structure. Some initial approaches were introduced
in [4-7] within the current set of standards [8] and extensively used for heavy constructions.
Such approaches require the individual performance of the different separative systems, which
are obtained from experimental measurements in laboratory. However, the lightweight systems
have variations in their performances that cannot be evaluated and saved in database for each
individual component. A predictive method is therefore needed to take into account not only
the structural complexity of those systems but also the uncertainties lied to the diversity of
lightweight systems in order to evaluate their raw acoustic performance. For a vibro-acoustic
problem, the low frequency domain is defined as a domain where the coupled vibro-acoustic
system has a low modal density. The high frequency domain is defined as a domain where the
system’s modal density is very high. The medium frequency domain is between these two domains.
Numerical applications in medium frequency domain are always delicate, because of variations of
modal density. Moreover, the geometry, the boundary conditions and the dissipation play big roles
in medium frequency domain [9]. In low and medium frequency domain, FEM (Finite Element

Method) is used universally across industries with the help of modal reductions methods [10-13].



CHAPTER I. INTRODUCTION

However, these methods are no longer applicable in high frequency domain. In high frequency
domain, methods like SEA (Statistical Energy Analysis) [14—-16] and Ray-tracing [17, 18] are
often used in vibro-acoustic problems such as room acoustic problems. In particular, SEA is an
energetic method that coupled with statistical approaches, that benefits from the high modal

overlap in high frequencies and can do numerical simulations with relatively low costs.

In the context of previous research project of CSTB, a solution in low frequency domain has
already been presented in [19] with the use of FEM. The main objective of this thesis is to
find a solution of direct transmission through lightweight heterogeneous systems in medium
and high frequency range. As enlightened by many researchers over the years [14-16, 20—25],
the modal approach of SEA is chosen to be used in this frequency range. Yet, the SEA method
is usually limited by the restriction of its hypotheses, especially the "conservative couplings"
and "light damping" [26—29]. From the industrial point of view, such hypotheses are often
delicate to be satisfied when dissipative materials are used. Further and deeper studies in the
fundamentals of SEA are also needed in order to extend the existing methods to the applications
of absorbing materials. The heterogeneity of absorbing materials such as porous materials
provokes uncertainties of mechanical properties, which may also influence the global acoustical
performance of the lightweight system. Besides, there often exist uncertainties due to the wrong
installations, wrong components, which make the original computational model not adapted.
Hence a probabilistic study allows quantifying the propagation of all these possible uncertainties

to the solution of the computational models in order to do robust prediction.

I.1 Objectives

Given the previous context, the following objectives are set in this manuscript. The first objective
consists in defining a FEM-based computational framework with modal analysis, suited to
medium and high frequencies and able to handle the structural complexity as well as dissipative
materials. In particular, this prediction method need to be constructed at the building step in the
continuity with the work already presented in [19] in low frequency range. Moreover, outputs
of the computational models should be comparable to the standard evaluation indexes. The
second objective consists in defining an extension of SEA, which allows the existence of non-
conservative couplings (due to the previous proposed modal analysis). Then, the third objective is
the validation of the proposed computational models with references. The fourth objective lies
to the uncertainty quantification, which quantifies specially the uncertainties according to the
construction of the proposed SEA model and constructs in a probabilistic sense, the confidence

region for the quantities of interest and hence allowing robust prediction.
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I.2. STRATEGY

1.2 Strategy

With the previously formulated objectives, the following strategies are defined for this manuscript.
In regard to the prediction of the acoustic performances associated with airborne sound insulation
of the complex systems of interest, a computational model is constructed by the Finite Element
Method with a detailed description of the structural, acoustic and poroelastic components is
performed. The framework of the classical linear elastoacoustic theory [30, 31] is used with
respect to the structure and internal acoustic acoustical excitation meanwhile poroelastic media
are modelled by equivalent fluid models[32, 33]. Then, a deterministic ROM (Reduced Order
Model) is construct based on the usual modal analysis which is valid in low frequency domain
and in medium frequency domain but with a high computational cost. This ROM is optimised
into Condensed ROM (CROM) within limited frequency bands with the condensations of certain
selected non-resonant eigenmodes[34, 35] with a new modal analysis for a dissipative multi-
layered system. Truncations and Schur complements are used for constructing this CROM.
Moreover, from this CROM, an associated Equivalent Second-Order differential computational
Model (ESOM) with frequency-independent matrices is deduced and is taken as a candidate
for extending the usual SEA approach. New coefficients which are called Equivalent Coupling
Power Proportionality (ECPP) are proposed in order to replace the classic Coupling Power
Proportionality (CPP) coefficients in a system that contains non-conservative couplings, and an
extended formulation of classic SEA formulation is also introduced. In the rest of this manuscript,
this extended formulation of SEA is referred as SEA-ECPP in which ECPP stands for Equivalent

Coupling Power Proportionality.

Due to the mathematical-mechanical modelling associated with complex systems and experimen-
tal errors into the identification of its parameters, there are many sources of uncertainties in
the computational model that propagate to the solution of the problem. Among the underlying
sources of uncertainties [36—43], there exists two types of uncertainties that have to be taken
into account to obtain a robust prediction. Such uncertainties on the solution and the quantity
of interest should be quantified in order to perform robust analysis. Note that modelling uncer-
tainties cannot be modelled by any parametric formulation of uncertainties. In order to model
and quantify statistical fluctuations among the inputs or among the system parameters as well
as the model uncertainties induced by modelling errors, it is proposed to follow the generalised
probabilistic approach of uncertainties introduced by Soize [44, 45]. Such an approach consists in
substituting the generalised matrices of a reduced-order computational model with full random
matrices, whose probabilistic models is constructed in using the MaxEnt principle and available

information such as mathematical information on the output of the mechanical system.
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CHAPTER I. INTRODUCTION

1.3

Organisation of the manuscript

This manuscript is organised as follow:

In Chapter II, we introduce the mechanical system of interest and the associated vibroa-

coustic problems to be solved. Two models, namely Model 1 and Model 2, are presented;

A brief review of forced response problem for a linear dissipative acoustic fluid and for a

linear visco-elastic solid is presented in Chapters III and IV;
Several models for porous elastic media are presented in Chapter V,

A Reduced-Order Model (ROM) is constructed in Chapter VI to solve the vibroacoustic

problems of interest;

A Condensed Reduced-Order Model (CROM) is then constructed, for solving in frequency
domain the vibroacoustic problem in limited frequency bands that cover the complete
frequency band of analysis. This computational model is constructed with a sequence of
truncation and Schur complements in Chapter VII). Finally, an Equivalent Second-Order
differential Model (ESOM) is developed in identifying a mass matrix, a stiffness matrix, a

damping matrix, a gyroscopic matrix and a ’rest’ matrix that are frequency-independent;

An extension of the classic SEA formulations is proposed in Chapter VIII, which looses the
limitation of "conservative coupling” that is fundamentally assumed in classic SEA. This
extension of the SEA is referred in the manuscript as SEA-ECCP;

In Chapter IX, a robust analysis of SEA-ECPP approach is carried out with respect to the

modelling uncertainties in using a non-parametric probabilistic computational model,

The Chapter X is dedicated to applications of ROM, ESOM and SEA-ECPP to Model 1 and
Model 2 and comparisons between these different approaches are also presented. Then
the robustness of the SEA-ECPP approach is tested in applications with the probabilistic
model constructed in Chapter IX.



CHAPTER

MECHANICAL SYSTEMS OF INTERESTS FOR THE VIBROACOUSTIC
PROBLEM

e have specifically chosen a multi-layered system for which a computational model will

be constructed and used for a numerical application and validation of the proposed

methodologies developed in this manuscript. It corresponds to a mechanical system
for which we can obtain numerous experimental measurements and for which there are many
industrial applications. The multi-layered system under consideration is composed of 2 visco-
elastic solid layers (hereinafter modelled by two visco-elastic plates) and one linear dissipative
acoustic layer sandwiched between the two other layers. The noise transmission through such
sandwich structures are already studied by Guerich with FEM[46]. In this manuscript, this
multi-layered mechanical system is placed between two volumes made up of linear acoustic
(non dissipative) fluids. For the purpose of reducing acoustical transmission, the middle layer
is often an insulating layer whose material is very dissipative in dynamical vibrations. Such a
multi-layered system presents the advantage of combining the dynamical properties of each layer
in order to have an optimal performance to meet industrial requirements. Thanks to its design,
we can obtain an improved acoustic performance in MF and HF domains with such a system
with a light weight. Indeed, in theory, a double-partition system benefits up to 18 dB/octave
increased Sound Transmission Loss (STL) after the mass-spring-mass resonance frequency,
and still benefits an increase of 12 dB/Octave with cavity modes of the middle layer [47—-49].
With regard to the dip of STL at coincidence frequencies, in practice, the decrease of STL can
be efficiently reduced at the coincidence frequencies if the two visco-elastic solid plates have
different mechanical properties [50]. Another important advantage is that the insulating layer can
absorb a lot of mechanical energy, which means that a part of the energy is dissipated inside the

layer [51, 52]. However, in real engineering systems, there can be many complex structures like
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CHAPTER II. MECHANICAL SYSTEMS OF INTERESTS FOR THE VIBROACOUSTIC
PROBLEM

mechanical connections inside a multi-layered system [1]. In this chapter, a classic 5-subsystem
multi-layered mechanical system is introduced, where a 3-subsystem multi-layered mechanical
system is contained inside. In the next chapters, numerical applications and validations for the
methodologies that are developed for this system in this manuscript are presented. The procedure

for obtaining experimental measurements is also presented at the end of this chapter.

II.1 Mechanical systems of interest

According to some industrial needs, we are especially interested in the acoustical performances
of a dissipative multi-layered panel. A designed mechanical system is presented in this section,

the numerical applications will be however presented for 2 different models.

II.1.1 Model 1 (Volume-plate-volume-plate-volume)

A 5-subsystem-system shown in Fig. II.1 is considered, which is made up of an emission volume
(1), a multi-layered double partition wall system (2) —(4) as shown in Fig. I1.2, and a receiving

volume (5). The acoustical excitation is placed in the emission volume.

Panel 2 (4)
Air(1) Air(5)
.
Panel 1 (2) K\\¥ Insulation
material (3)

Y
X
z

Figure II.1 — A 5-subsystem system (Model 1)

These 5 subsystems share the same rectangular section (x and y direction), and have individual
depth or thickness in z direction. In this system, the two volumes (1) and (5) are assumed to be
filled with air and the panels (2) and (4) are assumed to be very different in their mechanical
properties (Young’s Modulus, mass density, etc.). The insulation layer (3) is made up of a material

with high damping ratio ¢® (or damping loss factor with 7® = 2¢®)),
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II.1. MECHANICAL SYSTEMS OF INTEREST

Panel 1

Panel 2

Insulation material

Figure I1.2 — Multi-layered Panel (with insulating layer)

I1.1.2 Model 2 (double-partition wall system between semi-infinite spaces)

When the dimension of such a system becomes large, the computational cost for the numerical
model of large acoustic volumes becomes very high in medium and high frequency range as the
modal density of acoustic volumes grows very fast with increasing frequencies. Schur complement
is used to condense degrees of freedom of acoustic volumes (1) and (5) that are therefore modelled
by added acoustical impedances. In the medium-high frequency domain, the influence of these
added acoustical impedances become negligible and so that the 2 volumes can be considered as

semi-infinite spaces. The details of this assumption will be introduced in section. VI1.4.

1 Panel 2 (4):
Panel 1 (2) \

Insulation |/

_

-
~— ,
~

material (3) %

Figure I1.3 — Model 2






CHAPTER

FORCED RESPONSE PROBLEM FOR A LINEAR DISSIPATIVE
ACOUSTIC FLUID

n this chapter, we present the boundary value problem and its associated weak formulation
I of the forced response for the problem of a linear dissipative acoustic fluid occupying a

bounded domain and for which a deterministic time dependent displacement field is applied

on its boundary.

II1.1 Balance equations in time domain

I11.1.1 Inviscid fluid

Figure II1.1 — A coupled vibroacoustic system

As shown in Fig. IT1.1, we consider a bounded three-dimensional fluid domain Qf and a Cartesian
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CHAPTER III. FORCED RESPONSE PROBLEM FOR A LINEAR DISSIPATIVE ACOUSTIC
FLUID

reference system (O,X,Y,Z). A point position in this domain is denoted as x = (x1,x92,x3). The
medium in Q¢ is assumed to be an inviscid acoustic fluid. Let pr and cr respectively be the mass
density and the sound velocity of this acoustic fluid in a static equilibrium configuration and
let Q(x;¢) be the acoustic source density at point x and at time ¢ such that ¢t — Q(x;¢) is a
square integrable function on R. In this section, we consider the equations for the forced response
problem. The balance equations in time domain for the solution ¢ — p(x; t) of the forced response

problem is written as,
0 p(x; 1) — c% Vzp(x; t)=c0; Q(x; 1), (IT1.1)

where 0; and 0;; are the first and second partial derivatives with respect to ¢. Let the acoustic

potential be denoted as ¢ (also called velocity potential) which is such that
p(X;t) = —pr0rp(x;8) (I11.2)
Substituting Eq. (IT1.2) into Eq. (II.1) and integrating with respect to ¢, we then obtain

1 1
V2p(x; £) — = 0y p(x; 1) = — Q(x; 1) . (I11.3)
Cf Pr

II1.1.2 Dissipative fluid

In this section, we consider by now the dissipation effects due to the viscosity and thermal
conduction of the fluid. It introduces additional term in the balance equations (III1.3). This is the
model presented in [11, 53] for which an added dissipative term is introduced and is proportional
to V2p with a coefficient 7¢ (in practice, the dissipation due to thermal conduction is often
neglected and then 7y would depend only on viscosity of fluid). There is also an additional term
at the right hand side of the balance equation. Let {¢ be the second viscosity of the dissipative
acoustic fluid. The balance equation with a dissipative term and an additional source term is

then rewritten as, in the case that the dynamic viscosity ¢ is small, which is the case for air,

1
——0up(X; 1)+ 1¢V2 0p(x; £) + V2 p(x; £) = Tpe VIQ(x; 1) — 0,Q(x; 1) (II1.4)
C
f

where 7¢=( f/(pr%) when 7n¢ is small. The balance equation can also be rewritten in term of ¢ and

we then have

2
2 . 2 AN l AR i prim . TfC o prim _ .
Vep(x; t)+ 1¢ V7 0r(x; t) 3 0 p(x;t) = p 0:Q (x;t)— p—V Q (x;t), (IT1.5)
Cf f f

where QP'™(x;¢) is introduced such that Q(x;¢) = 3;QP"'™(x; ¢). Note that we obtain again
Eq. (I1I1.3) for an inviscid acoustical fluid with 7¢=0.
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II1.2. BOUNDARY CONDITIONS

II1.2 Boundary conditions

Supposing that only Neumann boundary conditions are applied on the surface I' = 0Q with
I'=TguTl. where I'y is a rigid wall surface (fixed), and I’ is a boundary on which a displacement
field is applied and that is written as w(x ¢) = (u1(x; t), us(X; t),us(x; £)). We then have, for a

dissipative acoustical fluid (7¢ > 0) or a inviscid acoustical fluid (r¢=0)

2
TgC .
V((p(x; t)+ 1501 (X; t)) ‘n= —QVQPHm(x; t)>n , only , (I11.6)
or
2
TfCy rim
V((p(x; £) + 750, 0(x:; t)) ‘n= (Gtu(x; £) - —1L yQPrim(x. t)) n , onT, . (IIL.7)
of

In this work, it is assumed that the acoustical sources are inside the acoustic domain and
are located at spatial points. Consequently VQP'™(x; ¢) - n = 0 on boundary 6Q¢ and these two

boundary conditions are rewritten as
V((p(x; 1)+ 101 0(x; t)) -n=0 , onIy , (I11.8)

V((p(x; 1)+ 10 0(X; t)) -n=0ux;t)-n , onl, . (I11.9)

Note that if an homogeneous Dirichlet condition p(x;¢) = 0 was applied on one part of I, then it
would induce that 7(¢) = 0 (see [11, 30]).

II1.3 Boundary value problem

For an inviscid (7¢ = 0) or a dissipative (7¢ > 0) acoustical fluid occupying a bounded domain
Qf, the boundary value problem for the forced response ¢(x;¢) with a homogeneous Neumann
condition applied on the part Iy of 9Q¢ and with a Neumann boundary conditions corresponding
to a displacement field applied on the part I'; of its boundary 0Qy, is written as: Find ¢(-; £) that
is sufficiently regular such that

2

2 2 1 1 prim TfCr o prim
Vo(x; t)+ 1 V70 0(x; £) — — O p(x; 1) = —0:Q (x;8)——V@Q (x;1), (I11.10)
c2 ot pf
V(oG )+ 700,p(x;8)) -m=0 , onTo , (IIL.11)
V((p(x; £) + 70, 0(x; t)) ‘n=dux;t)'n , onl, . (I11.12)

IT11.4 Weak formulation

The weak formulation for the forced response of a dissipative or inviscid acoustic fluid presented in
section III.3 is deduced in using the method of the test functions. The associated weak formulation

is then written as : Find ¢ such that, for any admissible test functions §¢, we have
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CHAPTER III. FORCED RESPONSE PROBLEM FOR A LINEAR DISSIPATIVE ACOUSTIC
FLUID

_ _ 1 _
fV2(p6(pdV+f TfV2(6t(p)6(pdV—f ~0updpdV
Qs Q¢ chf

1 JE— ch% 9 R
_ f Z0,Q" ™ dV — f Tt g2eingo gy (I1113)
Q¢ Pf Q¢ Pf

We have

f V2pBpdV = f V(Vpo@)dV f Vo - VogdV
Qf Qf Qg

which yields, using the Stokes theorem,

f V2(<p+rf6t(p)%dV fV((p+Tf6t(p) -n%dS—f V((p+rf6t(p)(p -VéedV ,
Qp r Qg

f V((p+rf6t<p) -n%dS—f V((p+rf0t(p) . V%dV .
T, Qr

Using this equation and Eq. (IT1.12) into Eq. (II1.13) and then multiplying the two sides by p¢, we
then have, with @ = 9,Q"™ + ch% vQPrim

1 _ _ _
—2f att(p5(pdV+Tff V(Otcp)-V5(pdV+f Vo -VépdV
Cf Qf Qf Qg

_ 1 —
—f (0yu-n)dedS = - —QdpdV , (II.14)
T. Q¢ Pf

II1.5 Antilinear and sesquilinear forms associated to the weak

formulation

According to the weak formulation of the problem defined by Eq. (III.14) that is multiplied by ps,

the classical sesquilinear and antilinear forms of the problem are introduced,

metg,09) =51 [ popav . ditp.00) =repr[ Vo VEpav
Cf Qf Qf

Ee(p, 5¢p) =pfo Vo - VépdV ., f(©&) =—fQ Q dpdV
f f

(g, 5u) =pff péu-ndS
T,

Consequently, the weak formulation for the forced response of a dissipative or inviscid acoustical

fluid is then written as : Find ¢ such that, for any admissible test functions d¢, we have

me(0s1p, 6p) + de(0:p, 6p) + ke, 6p) — c(Op,0:u) = f (b)) (I11.15)
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CHAPTER

FORCED RESPONSE PROBLEM FOR A LINEAR VISCO-ELASTIC SOLID

he boundary value problem and the associated weak formulation for a linear visco-elastic
solid is presented in this chapter. Same as the previous chapter, the boundary value
problem and its weak formulation for the forced response problem of a visco-elastic solid

excited on its boundary by a time dependent pressure field is presented[11, 30].

IV.1 Balance and constitutive equations

IV.1.1 Constitutive equations for linear elastic solid medium

Let Qg be a three-dimensional domain with boundary denoted by I' = 0Q)s. As defined be-
fore, u(x;t) = (u1(x; t),ua(x; t),us(x;t)) is the displacement of a particle located at position
x = (x1,x92,x3) and at time ¢. In this section, we consider an homogeneous solid elastic medium
and (s is its reference configuration in a static equilibrium. Let 0;; be the Cauchy stress tensor

and let £, be the linear strain tensor that is such that

10up(x;t) Oup(x;t)
f)== + . Iv.1
ern(x; ) 2( 0xp, O0xp, ) ( )
The constitutive equation is then written as
0ij(X;t) = a;jjrr(X) epn(X; 1) , (IV.2)

where a; .5 are the components of the elasticity tensor.
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CHAPTER IV. FORCED RESPONSE PROBLEM FOR A LINEAR VISCO-ELASTIC SOLID

IV.1.2 Constitutive equations for visco-elastic solid medium

For a linear visco-elastic medium and within the framework of instantaneous visco-elasticity

(without time memory effects), the constitutive equations are written as
01 1) = o 1)+ sj‘jmp(x; £, (IV.3)
in which

055 1) = @i jrn () e (5 1)

S?;mp(x; t) = by jrn(X)0sepn(X; 1),

where, in this manuscript, the elasticity tensor a; ;.5 and the damping tensor b, .5 might depend

only on x and for which we have the usual (minor and major) symmetries and ellipticity properties.

IV.1.3 Balance equations

In case there is no external loads, the balance equations are written as, fori =1,...,3,
Ps0stui(X;8)—00;;(x;¢)=0 in Qg (Iv.4)

where pg is the mass density of the elastic solid medium in the reference configuration and where
0;0;; is the divergence of the Cauchy stress tensor and 9; is the partial derivative with respect to

IV.2 Boundary conditions

We assume there is a Neumann boundary condition on part I'; of boundary 625 of domain Qq,
which corresponds to a pressure field p(x; ¢) that is exciting the visco-elastic solid. In addition we
also assume that a Dirichlet boundary condition is applied on an other part I'g of boundary 9Q;.
We then have, for all i =1,2,3

oijx;t)nj=pn; on I,

uix;t)=0 on Ij.

where n = (n1,n9,n3) is the outward unit vector of domain Q4. As described in the previous
chapter, acoustic potential ¢ is used for modelling the equations of an acoustical fluid medium

and in this case, the Neumann boundary condition is rewritten as

0ij(X;8)n; = —pr0rp(x;8)n; on T.
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IV.3 Boundary value problem

For a linear visco-elastic medium occupying a bounded domain Qg, the boundary value problem
for the forced response u(x; ¢#) with a homogeneous Dirichlet condition on the part I'y of 0Q25 and
with a Neumann boundary conditions corresponding to a pressure field applied on part I', of 0Q,

is written as: Find u(:; ¢) that is sufficiently regular such that

PsO0iui(X;t)—0j0,;j(X;)=0 in Qg, (IVv.5)
0ij(X; 1) = ajjrn(X) epn(X; 1) + b jpn(X)0rern(X; ) , (IV.6)
0ij(x;8)n; = —prorp(x;8)n; on I, (IV.7)
u;(x;8)=0 on TIY. (Iv.8)

IV.4 Weak formulation of the problem

The weak formulation for the forced response problem of a linear visco-elastic solid that is excited
by a pressure field on its boundary is deduced from the boundary value problem defined by
Egs. (IV.5) to (IV.8) in using the method of the test functions. The associated weak formulation
is then written as : Find u1,u9,u3 such that, for any admissible test functions du1,0ug,0us, we

have

f psattui5_uidV—f 0;0;;6u;dV =0, (IV.9)
Qs Qs

Using the Stokes’ theorem on the second term of Eq. (IV.9) and the boundary conditions defined
by Eqgs. IV.7) and (IV.8), we then obtain, with implicit summations over all the indexes i and j,

f(ajai,-)ﬁidv:f aj(aija_w)dV—f 0;j0;6u;dV (IV.10)
Qs Qg Qs
:f aijnj5_md8—f 0ij0;j6u;dV (Iv.iy)
T, Qs
:—f pfdt(pni(S_LtidS—f 0;j0;6u;dV , (IV.12)
T, Qs

and we then have, with an implicit summation over all indexes i,,%,A, in using Eqgs. (IV.1) and
(Iv.e)

psz attuié_uidV+[Q bijkhah(atuk)ajéuidv+f9 aijrn (0pup)0;6u; dV

+pff d;pn;6u;dS=0 . (IV.13)
Ie
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CHAPTER IV. FORCED RESPONSE PROBLEM FOR A LINEAR VISCO-ELASTIC SOLID

IV.5 Antilinear and sesquilinear forms associated to the weak

formulation of the problem

According to the weak formulation of the problem defined by Eq. (IV.13), the classical sesquilinear

and antilinear forms of the problem are introduced,

ms(u, 5U)=Psf u-sudv, ks(ua, 5u)=f a;jrn (Opur)0;jéu;dV ,
Qs

s

ds(u, 511):[ bijkh(ahuk)0j5uidv s C((p, 5u)=pff <p%~ndS .
Qq Le

The weak formulation for the forced response problem of a linear visco-elastic solid that is excited
by a pressure field on its boundary is then written as : Find u1,ug, u3 such that, for any admissible

test functions du1,0ue,dus, we have

mg(0zu, 6u) +ds (0;u, 6u) + kg (u, o) + c(0rp, 6u) =0 . (Iv.14)
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CHAPTER

MODELS FOR POROUS DISSIPATIVE MEDIUM

e present different models for porous elastic media that can be found in the literature.

Porous media often offer very efficient absorbing properties for noise and vibration.

There exist a large number of models that describe the kinematic of porous media
[32, 33, 54-64]. Among them all, we focused on two models, the so called 'Equivalent Fluid Model’
(with motionless skeleton) [32, 33, 54-60, 65] and the 'Biot Model’ (with a diphasic medium)
[61-64].

V.1 Fundamental parameters of porous materials

The classical fundamental parameters that allow porous materials to be modelled are listed here-
inafter in this section. These parameters can all be characterised by experimental measurements.
Among them all, four fundamental parameters are the usual elastic coefficients for an isotropic
elastic linear solid medium: the mass density p, the Young’s Modulus E, the Poisson’s coefficient
v and the damping loss factor 7. Six other acoustic parameters have to be considered for the

porous material:

1. Porosity ¢,: The ratio of air volume over the total volume of the material.

2. Resistivity o: The static air flow resistivity which quantify the resistance of the material

on air flow.
3. Tortuosity a,: The complexity of the inner skeleton of the solid micro-structure.

4. Viscous characteristic length A;: The quantification of the viscous effects at medium

and high acoustic frequencies.
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CHAPTER V. MODELS FOR POROUS DISSIPATIVE MEDIUM

5. Thermal characteristic length A;,: Parameter involved into the thermal effects at

medium and high acoustic frequencies.

6. Static thermal permeability %: Parameter involved into the thermal effects at low

frequencies.

The choice of a porous elastic model rather than another depends on the problem under con-
sideration. Generally, a Biot model is preferably considered for a large number of applications
but it is also one of the most complicated model to be implemented in computational software,
compared to the 'Equivalent fluid model’ and it also requires an intrusive implementation, which
means that a dedicated piece of code has to be implemented in the computational software. The
numerical implementation of an ’Equivalent fluid model’ is easier than 'Biot model’, because it
is non intrusive and requires only that a linear dissipative fluid model is already implemented
into the computational software. Nevertheless, it requires some hypothesis: the pressures should
be applied into the acoustic fluid domain Q and the frequency band of analysis has to be much

higher than the phase decoupling frequency [66] that is denoted as fq and defined as

2
_ %%y

- 2mpp

fa (V.1)

where p, is the mass density of the porous material. In this case, the solid and the fluid phases
of an acoustic porous material can be considered as decoupled and the material skeleton can be
considered as motionless. It is the hypothesis made in this manuscript since we consider MF and

HF domains.

V.2 Equivalent fluid models

In [66], the wave equation for porous media is explicitly written. It is similar to the Helmholtz

equation that is used to describe the sound propagation without dissipation and it is written as

v2p+a? P, 20, (V.2)

where peq and I?;q are the equivalent complex mass density and the equivalent complex bulk
modulus, respectively. The explicit frequency dependence of these two parameters are described
for different model of porous media. More specifically, hereinafter, two of them are given as
examples. (1) The empirical 'Delany-Bazley’ model (see [65]) and the semi-phenomenological
’Johnson-Champoux-Allard-Lafarge’ (JCAL) model (see [59]).

* Delany-Bazley model. This is an empirical model which is parametrised only by the

resistivity o,. However, this model has many restrictions such as
1. The porosity should be close to 1 (it is the case for most of fibrous materials).
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V.3. BIOT’S MODEL

2. Only applicable in a certain frequency domain (the valid domain is 0.01 < ULP <1).

3. It only describes correctly the straight cylindrical pores.

¢ JCAL model. It is a semi-phenomenological model that is introduced in [32, 33, 59]. This
model is mostly based on the 5-parameter JCA model and the static thermal permeability
ké), introduced by Lafarge in order to describe the low frequency behaviour of thermal
effects. All these 6 parameters can be predicted [67]. A complex-valued mass density and a
complex-valued bulk modulus are then deduced by describing the visco-inertial dissipative
effects and the thermal dissipative effects inside the porous medium. This model is adapted

to micro-structures for which pore section is spatially non-uniform. We have,

2
_ apPo o . 4apnpo
Peq(w) = pP [1+ - pPp 1+La)%] , (V.3)
¢p LwPodp o App
- Po/
Keq(w): r7o (rbp V.4)

o e : 4k62Cpp0]_1
v—(y 1)[1 VRrCopow 1+iw AT

where Py is the atmospheric pressure considered as a constant (101325 Pa at sea level);
C, is the heat capacity of the material at constant pressure; y and « are respectively the
fluid specific heat ratio and thermal conduction coefficient. The limitation of this model
is that values of y and « are uncertain in LF domain. However, in MF and HF domains,
such uncertainties are small and such an equivalent fluid model is then acceptable as an

approximation for porous materials.

¢ Limp model. The Limp model is derived from the poroelastic Biot model assuming that
the frame has no bulk stiffness. This one-wave limp model belongs to equivalent fluid
models and it takes into account the inertial effects of the solid phase, but it has fewer
limitations. However, the use of the limp model depends on both the properties of porous
layer but also on the boundary conditions that are applied to it. An identification process
with a criterion that is called Frame Stiffness Influence (FSI) is then needed[60]. This
parameter, which is based on the compressional wave numbers, shows the influence of the

frame-borne wave on the fluid phase displacement.

V.3 Biot’s model

Biot model (see for instance [61, 62]) proposes a theoretical formulation for modelling an isotropic
porous medium saturated by a fluid. This model introduces three wave-fields: two compression
wave-fields P; and P2 and one shear wave-field. P is the fastest compression wave and Pj is
the slowest compression wave, but only Py can propagate in the fluid phase. Biot model is often

involved with an equivalent fluid model such as JCAL model. That is the reason why it is often
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called “Biot-Allard model” or “Biot-JCAL model”. When the wavelength is much larger than
the pore sizes, under an hypothesis of small strains, the properties of the fluid phase can be
considered equivalent to a fixed solid phase. That is to say, only Py is taken into account, and pag
and R (variables in the articles[61, 62], which are not introduced in details in this manuscript)

can be replaced by peq and mq in Eq. (V.2).

However, in this manuscript, these porous models are not used in the applications because of the
simplification of interpretations. The porous model is not a core part in this work and we use
a dissipative fluid in the first place in order to validate our proposed models. The advantage of
using a dissipative fluid is that it does not have frequency-dependency parameters, and there is
no need to verify the causality property. Limp model seems a good choice for our studying system
and it can be a perspective, but it is not tested in this manuscript within the limit of time of this

thesis.
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CHAPTER

REDUCED ORDER MODELS FOR THE FORCED RESPONSE PROBLEMS
OF A MULTI-COUPLED FLUID-SOLID SYSTEM

he modal analysis and the generalised eigenvalue problems constructing the functional
basis used in the truncated expansion of the displacement fields and the acoustic potential
solution for the forced response problems are respectively presented in chapters III and
IV. We then deduce the reduced generalised matrices for the response forced problems that will
be used in the next chapter dedicated to the multilayer sandwiched vibroacoustic mechanical

system.

VI.1 Generalised eigenvalue problems

Two truncations of the modal expansions of the forced responses u and ¢ for the two problems
presented in chapters III and IV are carried out. The following two generalised eigenvalue prob-
lems are solved and two truncated functional basis are then constructed with the eigenfunctions
solutions. The two generalised eigenvalue problems are written as: Find {1}, u,} and {/lfl , Pal

such that for any admissible test functions du =(6u1,0uqg,0us) and d¢, we have
ks(ug, 6u) = Ay ms(ug, 6u) (VL)

and
ke(Qa, 6¢9) = AL, me(@q, 5¢) . (VL.2)

Such generalised eigenvalue problems can be solved analytically for simple configurations of the
solid and the fluid but, in general, numerical methods such as the Finite Element method are
used for discretising the sesquilinear forms of mass and of stiffness. The ng first eigenfunctions

u, and the n¢ first eigenfunctions ¢, respectively associated with eigenvalues 0 <1 <...<Aj_
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and 0 = Ag < /11; <...< Aflf are respectively denoted as uy,...,u,, and ¢i,...,¢;,,. In addition, we
have the following orthogonality properties, with respect to the mass and stiffness sesquilinear

forms mg, kg, my, ky

ms(uaauﬁ) :#izéaﬁ ’ mf((Pa,(Pﬁ) :#géaﬁ ’
ks(ug,up)  =pSAS0ap 5 kelpa,pp) = phAL g

As a mathematical consequence, {uy}e>0 and {pqle=0 form two truncated reduced basis for a

convergent expansion of the two solutions u and ¢. We then have

g
) . -1
nllquoollu— Z qZuwIIQmS =0 with ¢f=(4) ms(u,ug)
N a=1

ne
. . -1
lim [lp- Y qbpallZ, =0 with qf, = (ul) " me(p,00)

nf—+oo a=0

where we defined the norms ||“||%15 =mg(u,u) and IIqollgnf =m¢(¢, ¢). Note that for a =0 and for
not incompressible acoustic fluid, it can be shown that ¢y is a constant, i.e independent of position
x and is given in [11]. In the case the fluid is compressible or if the wavelengths of the vibrations
are small with respect to the size of existing holes on boundary 0Q¢ (for which we would have
homogeneous Dirichlet conditions for the pressure field), then the additional solution ¢q qg(t)
does not exist and all the eigenvalues 0 < /11; <...< /11,01 . are positive (there is no eigenvalue ﬂt(f)).
Usually, the eigenfunctions {ugy}q>0 and {¢4}e>0 are not orthogonal for the damping sesquilinear
forms ds and dy. Nevertheless, we have de(y, ') = 1¢kf(w, ') for any admissible functions 1y and
w'. Consequently, {¢,}q>0 is a set of mutually orthogonal functions for the damping sesquilinear

form d¢ and we have, for any a,=0
ds(Pa, p) =241 Eh 0h Sap

where & = 0.57¢0f and of = /AL for any @ > 0. Concerning the sesquilinear form dg we will

assume that the viscoelasticity model of components b, is such that, for any a,5 >0
ds(ug, uﬁ) = 2#3520)2 5aﬁ

where w}, = VA%,.

VI.2 Mean reduced generalised model for a coupled fluid-solid

system

As explained in chapters III and IV, the approximations u,_ and ¢, of solutions u and ¢ can be

constructed as the truncated expansion on {uy}g>0 and {@q}e>0 Written as

ng ng
u,, =) qiu, and ¢@=) ghoq

a=1 a=0
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VI.2. MEAN REDUCED GENERALISED MODEL FOR A COUPLED FLUID-SOLID SYSTEM

Same expansion is used for the admissible tests functions 6u and d¢,

ne ng
du,, = Z dqiu, and Sp= Z 5q£,(pa

a=1 a=0
Using these expansions on the equations of the weak formulation and using the orthogonality

equations yields, for all 0 < a < ny

g
Mo Ouqy +2 0 £ 0l 01qh + ()7 qh = Y clpa,up)digy =f (pa) (VL3)
p=1
and for all 1 < a < ng
nf
B O gy + 215 &5 05,0105 + (@) g5 + ) clpp,ua)drgly=0 . (V1.4)
=0

These two systems of equations, for the linear dissipative acoustic fluid and for the linear

viscoelastic solid can be rewritten as
IMA6,q1 @) + [D0.q' (1) - [CB10,0° () + (K1 @) = £2) (VL5)

[M®10,:q°(t) + [D10,q°() + [CB10,q1 () + [ 1* @) = 0 (VL.6)

in which generalised mass matrices [Mf] and [M?®], generalised damping matrices [Df] and [D®],
generalised stiffness matrices [Df] and [D*], the generalised coupling matrix [C], the generalised

vectors of coordinates qf and g®, the generalised vector of forces f are,

2
[Mf]“ﬁ = ,ug Oap > [Df]aﬁ = 2”2 ffx wfx Oayp ) []Cf]aﬁ = ,fo (wfx) Oap )
[MS]aﬁ = Mz 6“/3 ’ [Ds]aﬁ = 2#3 fz wft 6aﬁ ’ []Cs]aﬁ = /JZ (wft)z 6(1/5 )
[C¥lep=clpa,up) , fdte=d), , @l=d =1 (0a)

Consequently, if we consider a simple coupled fluid-solid system, the systems of equations (VI.3)
and (VI.4) are then solved simultaneously, yielding a coupled system of equations. These systems

of coupled equations can be rewritten into the form of a matrix equation,
(M) dug'| [P o' o.qf
[ME]] | 0na® [D%]] (0:.a°)  [IC*I1T 2:q®
Kt f f
+ U i . (VL.7)
q° 0

Taking the Fourier transform of the two hand sides of this equations, we then obtain the mean

f
{q }:{f} , (VL8)
q° 0

where we used the same notations for the Fourier transform of f, qf and q° for the sake of

_[CfS]

[K#]

reduced generalised model in frequency domain, that is written as

—? M+ i0DI + (K —iw[C®]
iwlCH1T —W?[MS]+iw[D3]+[K5]

simplicity and because there is not ambiguity.
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VI.3 Mean reduced generalised model 1

Hereinafter, the generalised matrices of the mean computational models used for simulating
the mechanical system of Model 1 introduced in chapter II are presented. The equations for a
multi-coupled fluid-solid mechanical system are then deduced, yielding the formulation of the
usual reduced order model (ROM). For such a ROM, it is well known that the total computational
cost is much smaller than the computational cost obtained with a full FEM approach. If the solid
structure of a porous layer can be considered being motionless, then the porous medium can
be considered as an equivalent fluid with frequency-dependent properties in frequency domain.
In this manuscript, for the sake of convenience, the insulation layer (denoted as subsystem
(3) in Fig I1.1) is treated as a dissipative heavy fluid. In addition, it is assumed that all the
mechanical properties of each subsystem (denoted as (1) to (5) in Fig I1.1) are assumed to be
frequency-independent. Such an assumption is an approximation of the real physics of these
subsystems that allows modelling simplifications but an extension to the case of frequency-
dependent coefficient is straightforward. Let us denote the displacement fields in subsystems (2)
and (4) (see Fig.I1.1), that are modelled as visco-elastic solid media, as u® and u®. Furthermore,
let us denote the acoustic potential fields in subsystems (1), (3) and (5) (see Fig.Il.1), that are
modelled as acoustic fluid media, as ¢P, ¢® and ¢®. As explained in chapters III and IV, the

2) 4 (1 (3 (5) (2)

approximations u,,, w,,, ¢,., ¢, and ¢, of solutions u u®, D 93 and ¢®, respectively,

can be constructed as truncated expansion on eigenfunctions {u(Z)}a>0, {uff)}wo and {(pftl)}wo,
{<p(3)}a>0, {(p(5)}a>0, respectively solutions of the generalised eigenvalue problems for subsystems
(2),(4) and (1),(3),(5), respectively. We then have

u(nZZ)_ Z q(2) (2) , u(n44)_ Z q(4) 4) . (VL.9)
ns
1 .1 3 3) (3 5 5 (5
=Sl o=5 e L e-5 e . w110
a=0 a=0
These expansions yield, for each subsystem, a matrix equation that is respectively written as,

IMD10,,00) + 1DP18,4P@) + K1V (8) - [€1218,2 ) = V)

(9217 5,qV(8) + IMP18,:q2(8) + [DP10,42 (1) + K21 q@ ) + €317 0,4P (1) = 0 ’
_1C®218,42(t) + IM®16,,q4 (1) + ID®10,q% (1) + IKP1q®P (1) - 1€®918,40) = 0 ’
[CBOT 5,0 (8) + IMP18,:qP(8) + [DP10,4 () + IKD1qD@) + 1CPP1T 0,4 (1) = 0 ’
_1C®918,4 () + IM®16,,4% (1) + ID10,q4% (1) + IKP1q®P 1) = 0 ,

in which q?, [M®], [DP], [K®] and [C"%] respectively denote the generalised vectors of co-
ordinates, the generalised mass matrices, generalised damping matrices, generalised stiffness
matrices and the generalised coupling matrix of subsystem (i) coupled with subsystem (j). Fur-

thermore, the generalised vector of forces in subsystem (1) is denoted as f. All these generalised
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VI.3. MEAN REDUCED GENERALISED MODEL 1

matrices and vectors are defined by
, [K(l)]aﬁ — Nixl) (wg)) 606;; ,
. = F o) :

(MPap =1 8a, » 1DVap =24 €5 0 b,
[CMap =@l 0y . qPha=q

@)

where f(-) is defined in chapter III and u, %

J(0P)? and 5(;') are the generalised mass, the eigen-
value and the generalised damping ratio, respectively, associated with the a— th eigenmode of
subsystem (i). The equations of the multi-coupled system are solved simultaneously and are then

rewritten as

[M]0s () + [D10,q(t) + [Klq(t) + [Clo,qt) = £(2) (VI.11)
where matrices [M],[D],[K],[C] are defined as
MWD 2
[M(Z)] [D(Z)]
M] = M®] , [DI= [D®] ,
[./\/l(4)] [D(4)]
M@ [D®)
_[C(IZ)] [/C(D]
[ca2” [cB2T (K@)
[C]= -[c32 (34 , [KI= [K® ,
[c@»7r [c9YT (K@)
_[C(54)] [/C(5)]

and where q(¢) = (qP@), ®@), @), (), q® ) and () = P(¢), 0, 0,0, 0). Taking the
Fourier transform of the two hand sides of Eq. (VI.11) yields the mean reduced generalised

model in frequency domain, that is written as

(— W2 [M]+iw[D]+iw[C]+ [[K]) q() = [Aw)]qw) = fw) (V1.12)

in which, we used the same notations for the Fourier transforms of ¢ and I because there is no
ambiguity when the equations are written in time or in frequency domains. The global matrix of
the multi-coupled fluid-solid system is defined as [A(w)] = —w? [M]+ i w[D] + i w [C] + [K]. Using
a formulation in acoustic potential rather than in pressure for the modelling of the dissipative
acoustic fluids (1), (3) and (5) yields a coupling fluid-solid matrix [C] that is antisymmetric and
independent of w. Note that in the next chapters, the explicit form of dynamic stiffness is used

and Eq. (VI.12) is rewritten as

[ [AD@W)]  —iwlC12)] qV| [P

i[O [AP(@)]  i[CBP1T q® 0
-io[C®?] [AP(W)] -iw[CBP] {q® =20 ¢, (VL.13)

io[CCNT [AY@)]  i0lC®T| | q@ 0

—iw[C(54)] [A(5)(w)] | q(5) 0
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where matrix [A®(w)] is the modal dynamical stiffness matrix of subsystem (i) that is defined as
[A(i)(w)] — _wZ[M(i)] + iw[D(i)] + [’C(i)]

Matrix [A®(w)] is symmetric and vibroacoustic coupling matrices [CY?] between subsystems (i)

and (j) is antisymmetric.

VI.4 Mean reduced generalised model 2

Hereinafter, the generalised matrices of the mean computational models used for simulating
the mechanical system of Model 2 are presented in chapter II. As for Model 1, in section VI.3,
the coupled system of equations for a multi-coupled fluid-solid mechanical system yielding the
formulation of the usual reduced order model (ROM) are then deduced. The same assumptions
are used for Model 2 too, that is to say, the porous medium is considered to be motionless and
consequently it can be modelled as an equivalent fluid with frequency-dependent properties in
frequency domain. As for section VI.3, medium in subsystem (3) is treated as a dissipative heavy
fluid. Furthermore, we also assume again that the mechanical properties of each subsystem
(denoted as (2) to (4) in Fig II.1) are frequency-independent. The full modal analysis of the multi-
coupled fluid-solid system in Model 2 can be directly deduced from the multi-coupled fluid-solid
system in Model 1 presented in section VI.3. Nevertheless, in Model 2, semi-infinite spaces are
assumed and they are not able to be analysed with modal expansions. If the semi-infinite spaces
are considered to be two large volumes, then they induce a very important computational cost
for the modal analysis since a very high number of eigenmodes n; and n5 are required for the
modal expansions (p%ll) and <p(n55) in Eqgs. (VI.9) when the forced response of the multi-coupled
fluid-solid system is calculated in medium and high frequency range. It is proved [68] that the
acoustic modes in rooms have negligible influence on the vibration of plates (that is the geometry
of subsystem (2) and (4)) in medium-high frequency domain and consequently, the following
strategy is used: (i) in low frequency range, the generalised vectors of coordinates g’ and q®
are condensed on other generalised vectors of coordinates ¢, ¥ in using a sequence of Schur
complements [69]; (ii) in medium and high frequency range, the coupling between generalised

@ ®) are negligible and

vectors of coordinates, in one hand, ¥’ and q, in another, ¥ and q
equations related to 'V and q'® are removed from the system of equations to be solved. In Model

2 and in frequency domain, we then have

[AP@)]-[AD (@] iwlC®] q@) (£

—iw[C®I]T [A®(w)] —iw[CBY] a®r=3 0}, (VL.14)

i0lCYNT [AD )] -[AD (]| |q® 0

con

where, for i = 1 (respectively i = 5), the matrix [Ag))n 4(@)] is an added dynamical stiffness ma-

trix taking in account the condensation of generalised vector of coordinates ) (respectively
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q®) on generalised vector of coordinates q® (respectively, ¢®). The two added dynamical stiff-
ness matrices are defined as [A(ci)) (@)1= w?[CETIAD(w)]71[C] in low frequency range and
[A(ci))n 4(@)]=[0] in medium or high frequency range. In addition, in Eq. (VI.14), the added vector

of loads £?) is applied on subsystem (2) and corresponds to the pressure due to the acoustic source

located in emission volume (1) and is defined as
£2 = jw[COPTTTAD () 1D (VL.15)

The error related to the two approximations [A(C}))n 4(@)]1=[0] and [A(ci)n 4(@)]1=[0] in medium or

high frequency is quantified by analysing the three error functions w — error’”) defined as, for
Jj=2,34 , .
lgV(@) - gV ()12

() _
error”’’(w) = -
g ref(w)lo

K

where || - |2 is the Frobenius norm of a vector, w — q(j )(w) is calculated with [Af;(l)i1 d(a))] =[0] and
LA® ()] =1[0], and where w — q7"¢(w) is the reference solution calculated with [Ag)n q(@)]#[0]

cond

and [A(c5) ()] #[0]. The graphs of w — error”(w) are presented on Figs. VI.1 to V1.3 for j = 2,3

ond
and j = 4. The results presented on these figures show that the relative error induced by neglecting

AL q(@)]and [A® 4(@)] is smaller than 5% for w/27 > 500 Hz. Consequently, the approximations

con con

[.Ail) ()] =1[0] and [A® ()] =1[0] are acceptable only for w/27 > 500 Hz.

ond cond

1072
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Figure VI.1 — Error related to approximations [A(c?n

q®. Horizontal axis: frequency w/27 in Hz. Vertical axis: error®(w).

4@1=10] and [AP ()] =1[0] on solution

con
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Figure V1.3 — Error related to approximations [AY (w)] =[0] and [A(C‘z)nd(w)] =[0] on solution

cond
q'Y. Horizontal axis: frequency w/2x in Hz. Vertical axis: error'®(w).



Vi

MODAL ANALYSIS AND CONDENSED REDUCED-ORDER

CHAPTER

COMPUTATIONAL MODELS

he reduced-order model introduced in last chapter might still have a high computational

cost that is due to the high modal density in medium and high frequency domain. In

this manuscript, we decide to work in limited frequency bands, in which the number of
associated eigenmodes is also limited. Nevertheless, a truncation of the generalised coordinates
associated with eigenfrequencies outside the limited frequency band of analysis is not an ac-
ceptable approach in the case of multi-coupled fluid solid systems. Inspired by existing models
[23, 70-74], a Condensed Reduced-Order Models (CROM) is developed for Model 1 and Model 2
(see Chapter. II). This new model is based on a modal analysis that is carried out for selecting
only the generalised coordinates with non negligible contributions for the solution of the problem,
especially for the case of highly dissipative system. As a result, as for [34, 35, 75-78], some
non-resonant eigenmodes (for which the modal eigenfrequency does not belong to the limited
frequency band of analysis) should not be ignored by truncation and must be included into the
model as well as all the other resonant eigenmodes (for which the modal eigenfrequency belongs
to the limited frequency band of analysis). A sequence of Schur complements [69] is used in
order to reduce the dimensionality of the generalised coordinates vector for explicitly writing the
equations only in terms of generalised coordinates associated with resonant eigenvectors. Con-
sequently, non-resonant generalised coordinates, those for which the associated eigenfrequency
does not belong to the limited frequency B, are either truncated or condensed. More details on
how the non-resonant eigenmodes are selected are given in the following sections of this chapter.
Finally, the CROM developed in this chapter will be used for constructing an energy formulation
that is based on SEA principles for an ensemble of resonators, namely the generalised coordinates

associated with the resonant eigenmodes in each limited frequency band.
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VII.1 Methodology for constructing the Condensed Reduced
Order Model (CROM)

In this section, an additional reduction is carried out on the ROM presented in chapter VI in order
to be able to circumvent the dimensionality curse when the ROM is used with a high modal density.
The approach consists in solving the problem of forced response for a multi-coupled fluid-solid
system for a set of limited frequency bands Bj,...,Bp,_ . that are partitions (in 1/3 octave, for
instance) of the full frequency band of analysis denoted as B. We then have B=B;U---UBp;,, ... For
any limited frequency band B, the computational cost as well as the memory cost for performing
the calculations are decreased a lot, because only the calculation between the eigenmodes with
eigenfrequencies in B for each subsystem (the so called resonant eigenmodes) are carried out.

Nevertheless, it is impossible to achieve such a reduction by simply doing a truncation of u%),

uﬁlt), <p§}1’, (p%) and (p(n55) of solutions u®, u®, ¢V, 3 and ¢®, respectively, on the resonant
eigenmodes only. Indeed, in many works [34, 35, 75—-78], authors have pointed out there is
a non-negligible contribution of the non-resonant eigenmodes (that is to say, the eigenmodes
for which the eigenfrequencies do not belong to frequency band B) of panel or of heavy fluid.
These non-resonant eigenmodes are in fact involved into the couplings between the generalised
coordinates associated with the resonant eigenmodes of different subsystems. The frequency
bands B* and B~ correspond to the eigenfrequencies of the non-resonant eigenmodes when the
modal analysis is carried out on frequency band B, such that frequencies w € B, w* € B* and
w~ € B™ are such that ™ <w < w™. Figure VII.1 illustrates how non-resonant eigenmodes and
resonant eigenmodes are coupled in a multi-coupled fluid-solid system. The thin solid black lines
correspond to couplings between resonant eigenmodes of two subsystems. The blue dotted lines
correspond to couplings between resonant and non-resonant modes of two different subsystems.
Finally, the red dotted lines correspond to the couplings between non-resonant eigenmodes of
two different subsystems. In using a similar approach than in [35], the generalised vector of

coordinates q¥) of subsystem (i) is decomposed into three parts q¥) = (qgl, qg), qg)_) in which

qg)ﬂ g) and q(i), are the vectors of the generalised coordinates for subsystem (i) associated
with eigenmodes whose eigenfrequencies belong to B*, B and B, respectively. The generalised
coordinates qg)+ and q(i), are eliminated in Eq. (VI.13) by using either a truncated reduction or a
sequence of Schur complements. Indeed, following the principles presented in [34, 79, 80] and
applying them to the multi-coupled fluid-solid system studied in this manuscript (see Chapter II),
for a heavy fluid coupled with a solid as for the medium occupying subsystem (3), eliminating q(33
by using a Schur complement modifies the dynamic stiffness operator whose main altering part
can be interpreted as an added stiffness for subsystems (2) and (4). In addition, eliminating q(33
modifies also the dynamic stiffness operator whose main altered part can be interpreted as an
added mass for subsystems (2) and (4). Nevertheless, for other acoustic fluid media, like normal

air in subsystems (1) and (5), such an eliminating of the non-resonant generalised coordinates
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Non-resonant
modes in B*

Resonant modes
in B

Non-resonant
modes in B"

Subsystem (1) Subsystem (2) Subsystem (3) Subsystem (4) Subsystem (5)
Fluid Solid Fluid Solid Fluid

Figure VII.1 — Illustration of the non-negligible couplings between generalised coordinates for
a multi-coupled fluid-solid system. In thin solid lines: couplings between resonant generalised
coordinates. In blue dotted lines: Couplings between resonant and non-resonant generalised
coordinates. In red dotted line: Couplings between non-resonant generalised coordinates. Plain
red bullets: Non-negligible non-resonant generalised coordinates. Plain black bullets: Resonant
generalised coordinates. Plain grey bullets: Negligible non-resonant generalised coordinates.

qu, g,), qu, 5952 yields negligible altering of the dynamic stiffness as its mass density is very

small. In this case, the reduction consists in simply eliminating the non-resonant generalised

coordinates by truncating the modal expansions <p$}f and (p(n55) on the resonant eigenmodes only.

Concerning the two viscoelastic solid media occupying subsystems (2) and (4), many works
[34, 35, 75-78] on different coupled fluid-solid systems brought interesting results. Following

these results, in case subsystems (2) and (4) are panels, non-negligible contributions from qu and

qu and negligible contributions from qu and qgﬂ

negligible contributions from the latter and it is the reason why, for constructing the CROM, a
sequence of Schur complements denoted as [A]/ [.Agz], [Al/ [Agz], [Al/ [Agf] and [A]/ [Agz] of

block matrices [Aﬁ?], [A;?Z], [A}_é)] and [Agi], which are associated to generalised coordinates

qu, qu, qu and qu respectively, are carried out without combining them with any truncation

of qu and qgi in the modal expansions of u%) and u%j .

are expected. Nevertheless, we did not observe

VII.2 Dimensionality reduction by sequencing Schur
complements

Guyan reduction [81] is a dimensionality reduction method, which requires the calculation of

a Schur complement [69] and by ignoring inertial contributions. In this manuscript, we do

not use the Guyan reduction but we rather use sequences of Schur complements to obtain a

dimensionality reduction of the ROM. After truncating all negligible non-resonant generalised

31



CHAPTER VII. MODAL ANALYSIS AND CONDENSED REDUCED-ORDER COMPUTATIONAL
MODELS

coordinates (plain grey bullets in Fig. VII.1) in the ROM, the dimensionality of non-negligible
non-resonant generalised coordinates (plain red bullets in Fig. VII.1) is still important and
can be prohibitive for numerical simulations. Most of non-negligible non-resonant generalised
coordinated are associated with eigenfrequencies belonging to HF domain. The main advantage
of using a sequence of Schur complements consists in being able to reduce the dimension of the
matrices of the problem by condensing all non-negligible non-resonant generalised coordinates
without losing important information, which would be the case with a simple truncation of
the modal expansion of the solution. As shown in Fig. VII.1, couplings with non-negligible
non-resonant generalised coordinates create an energy path between different subsystems. Any
truncation of the modal expansions would remove such energy path and it would not be correct.
Using a Schur complement for reducing the dimensionality allows keeping implicitly all the
energy paths, even those that are related to the eliminated generalised coordinates. The couplings
related to the eliminated generalised coordinates are named “implicit couplings” in next sections

of this manuscript. A simple example is presented in Appendix. A.

VII.3 Condensed Reduced Order Model for Model 1

As presented in Chapter II and in Fig. I1.1, for Model 1, the generalised coordinate vectors for
two air volumes (systems (1) and (5)) are included explicitly in the system of equations for the
ROM in Eq. (VI.13). Hereinafter, we present the construction of the CROM for Model 1. Let B
be any limited frequency bands Bjy,...,By,, ,. involved in the partition of the global frequency
band B=B;U---UBp,, .- According to the discussion in Section VII.1, vector of the generalised
coordinates q is block-decomposed into vectors q = (q'V, ¢@, ®, ¥, ¢®) with the additional
block-decomposition g = (qgi, qg), qg),) of resonant and non-resonant generalised coordinates
for an analysis in frequency band B and for i = 1,...,5. The block-decomposition of vector q is

then written as

1 1 1 2 2 2 3 3 3 4 4 4 5 5 5
a=1%,q%,a5,92,42,42,42,d?, 4%, 45, 4, a, a2, 42, a)

The modal truncation consists in removing qu, qgf, qg’z, qu (see Fig.VII.1) from equations

and removing the corresponding rows and columns in dynamic stiffness on the left-hand side of

Eq. (VI.13). The block-decomposition of vector q is then rewritten as

1 2 2 2 3 3 3 4 4 4 5
a=(%, a5, a5, 92,45, 4%, a2, o5}, a5, aly, o)

b

This truncation is validated by a numerical experiment that consists in calculating the graphs of

8 error functions w — errorg)’TRUNC(w) with B =Bj,...,Bg and for j =1,...,5 for Model 1, such
that 0)] (j),ref
; lag (@) —qz " (@)l
errorg)’TRUNC( )= —2 B

]
lay"* )l
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where || - || is the Frobenius norm of a vector, w — qg)(w) is calculated by removing the non-

resonant generalised coordinates from the fluid volumes (i.e. qu, qu , qu, qu) and where w —

(j),ref

q;" () is the reference solution calculated without any such a truncation from the model. The
graphs of w — errorg)’TRUNC(w) are presented on Fig. VII.2 for B = B;,...,Bg with different line

colours for each bands B = B1,...,Bg and for j=1,...,5 (Figs. (a) to (e), respectively). The results
presented on this figure show that the relative error induced by the considered truncation is low
enough for w/21 > 445 Hz and consequently, it validates its use only after 445 Hz. Consequently,
Eq. (VI.13) is rewritten as

AP —iwlCh2] —inlC?]  -iolCg2] a’| [
il A ()] i0lC2) 1 0] il q3 0
iolC2V] LA ()] lCB] ilC®] iwlc®)] q3 0
iwlCEY)] AR@)]  iwlCy 1 iwlCEn]l  inlCyY] a3 0
—iolC$?]  —iolC$2] -iwlc$Y. ] AP W) —iolC8P]  —inlCPY] —iwlCEY ] q 0
—iolCER ] —inlC§P]  —iolCh] AP )] —iolChR 1 —inlC§P]  —inlCha] ag (=40
—iwlC§A 1 ~i0lCE2]  —iwlCE?] UP@1  —ilCEh 1 —iwlcEh]  —ielcE a5 0
ilCED] il iwlcd® ] AL W) ilCg| | ay 0
i0lCyP ] ilCHP] iwlCy] LA ()] iolCg™1| | qf 0
iolCyR 1 iolCyR  iwlCy AQ @1 iwlcg1| | af) 0
—i0lCe ] —ielCEY1 —iwlChRl AP @] | o 0

(VIL.1)

where fBl) is the vector involved into the block-decomposition of vector fV) = (t‘Bli, f(Bl), fBl,)). Here-

inafter, the matrix-valued generalised dynamical stiffness in left-hand side of Eq. (VIL.1) is
denoted as [A(w)]. In order to eliminate q(33 from equations, the Schur complement [ A5 (w)]
of block-matrix [.Agz] in [A(w)] is calculated. Note that, at this stage, all the block-matrices are
altered and affected by the Schur complement calculation. Nevertheless, for the sake of simplicity,
we continue to denote the altered block-matrices in [.ASC1(w)] with the same notation we used
for the block-decomposition of [ A(w)]. Then, using this notation convention, q(3,) is eliminated
by calculating the Schur complements [.ASC2(w)] of block-matrix [Ag’_)] in [ASC1(w)]. Note that in
practice, this sequence of two Schur complements is carried out as only one Schur complement
calculation. Once again, we use the same convention for denoting the block-matrices of [ASC2(w)].
The next two steps consist in eliminating qu and q<22 by calculating the Schur complements
[ASC3(w)] of block-matrices [Agz] and [A}f)] in [ASC2(w)]. Using same convention for denoting
block-matrices of [AS®3(w)], the CROM is finally constructed in eliminating qu and q(42 by
calculating the Schur complements [ASC4(w)] of block-matrices [Agz] and [Agf] in [ASCs(w)]. Tt
should be noted that the sequence order that we have used, mainly it is eliminating q(33 before
others, allows minimising the computational cost of the whole sequence of Schur complements
because any other order would have yielded full complex-valued block-matrix [Agi] to be inverted
while it is the biggest block-matrix of the problem. On the other hand, block-matrix [Agz] in

[A(w)] is diagonal and, in this case, the computational cost for calculating its inverse is almost
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Figure VII.2 — Quantification of the error due to the truncation of the non-resonant modes from

the acoustic fluid volumes. Graphs of the error functions w — erro

for 6 bands in 1/3 octave and for j =1,...,5 (Figs. (a) to (e), respectively).

" TRONC(w) with B = By,...,Bg

null. Consequently, solving Eq. (VII.1) is equivalent to solve the following matrix equation

[ (23] (WP V5] W)
WEP@)] (73] (W] [VEw)
[VEY@)] (W)  [ZP] W)
(Wi @] Vi) (W) (25 )]
[VEP@)] W] [V ()] [W32w)

[V ()] |
[WE ()]
[VE(w)]
(Wi ()]

[Z5(w)] |

4

1)

r

1
f(B

o o o o

r s (VIL.2)
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where the matrix in the left-hand side of Eq. (VIL.2) is the block-decomposition of matrix [ASC4(w)]
in which complex-valued block-matrices [Zg)(w)], [ng )(w)] and [W;” )(w)] fori,j=1,...,5 are
full matrices and are given in details in Appendix. B. The coupling matrices are either symmetric

or antisymmetric, their properties are listed below,

[(WEY)= -WgP1” ,  [WPl= -[WiP1™ ,  [WiPwl= -[WE )"
Wi2@l= -[WPl" ,  [WPl= -[Wg%wl" ,  [WgPel= -[Wgw]l”
WEPl=  Vg2l” ,  [Vgll=  [ViPl” ,  [VEPl= VP’

[V w1=  [VE ()]

The validity of the CROM for Model 1 is quantified by calculating the error functions errorg)’CROM(w)
with B=Bj,...,Bg and j=1,...,5 such that
ocror, - 197 @) - a3 @)l
errory (w) = oot
lag” " (w)ll2

where w — qg)(w) is solution of the CROM and where w — qg)’ref(

the ROM. The graphs of v — errorg)’CROM(w) are presented on Fig. VIL.3 for B = Bj,...,Bg with
different line colours for each bands B = B1,...,Bg and for j =1,...,5 (Figs. (a) to (e) respectively).

w) is the reference solution of

The results presented on this figure show that the relative error in using the CROM is low enough
and consequently, it validates the CROM for Model 1.

VII.4 Condensed Reduced Order Model for Model 2

As presented in Chapter IT and in Fig. I1.2, in Model 2 approximation, the generalised coordinates
vectors of air volumes (subsystems (1) and (5)) are removed from the equations of the ROM in
using a Schur complement. We then obtained Eq. (VI.14). Hereinafter, we present the construction
of the CROM for Model 2. In this case, the block-decomposition of vector q in Eq. (VI.14) is written

as

2 2 2 3 3 3 4 4 4
a=1%,q?, a3, a2, d, 4, a5, a7, a)

and Eq. (VI.14) is rewritten as

AR ()] i0lCP) 1 i0lCE] iwlCE] 2] (£2
LAD ()] ilChg ] iwlCE  iwlChy] o7 [£2
AD @] i0lCFP 1 iwlCeh]  inlCy?] a2 |2
—i0lCP?]  —iwlC$E] —iolc$D.] AR ()] —i0lCEPT —iwlCEH1 —iwlC. 1| | ol 0
—iwlCe2]  -iwlC§P]  —iwlC] A )] —i0lC8Y]  —ilC$P]  —ilC$PT [{a® t=1 0 ¢,
—iwlCPH 1 —iwlCE]  —iwlCEP] AP (@) —iwlCPh 1 —iolCgh]  —iolcg?] | |of) 0
iwlCyP1 iwlCy1 iwlCy ] AP W) qy 0
i0ICED] iwlCEP]  iwlCE)] AL )] q 0
i0lCyoL 1 iwlCYR]  iwlCyP] [AR @) | |af 0
(VIL.3)
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Figure VII.3 — Quantification of the error due to the Schur complements to construct the CROM
for Model 1. Graphs of the error functions w — errorg)’CROM(w) with B =Bj,...,Bg for 6 bands in
1/3 octave and for j =1,...,5 (Figs. (a) to (e) respectively).

where f(B22, f(B2) and f(Bzz are the vectors involved into the block-decomposition of vector £2 =
(1(322, f(B2), 1(53) and f? is defined in Eq. (VI.15). Hereinafter, the matrix-valued generalised dy-
namical stiffness in left-hand side of Eq. (VIL.3) is again, as for Model 1, denoted as [Ag(w)]. In
order to eliminate q(3) from equations, the Schur complement [Agcl(w)] of block-matrix [Agz]
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in [Ap(w)] is calculated. Again, we use the same convention as in section VII.3 for denoting
the block-matrices. Then, q(32 is eliminated by calculating the Schur complements [AECZ(w)] of
block-matrix [A;?Z] in [.Agcl(w)]. Note that again, as for Model 1, in practice, this sequence of
two Schur complements is carried out as only one Schur complement calculation. Once again,
we use the same convention for denoting the block-matrices of [.AEC2 (w)]. The next two next
steps consist in eliminating q(zz and q(2,) by calculating the Schur complements [AS3(w)] of
block-matrices [Agz] and [AgZ] in [ASC2(w)]. Using same convention for denoting block-matrices
of [ASC3(w)], the CROM is finally constructed in eliminating qgﬂ) and q(43 by calculating the
Schur complements [.A5C4(w)] of block-matrices [.Agz] and [Agz] in [ASC3(w)]. As for Model 1, the
sequence order for the Schur complements allows minimising computational costs. Consequently,

solving Eq. (VIL.3) is equivalent to solve the following matrix equation

[Z9@]  (WeP] VePl| [« | [fw)

[We2 @] (2] [WEP1|{ay =11 ¢, (VIL4)
Vg2l W51 [1Zgl | (a5 | £ @)

where the matrix in the left-hand side of Eq. (VII.4) is the block-decomposition of matrix [.Agc‘*(w)]
in which complex-valued block-matrices [Zg)], [ng Y(w)] and [ng )(w)], and complex-valued
vectors Fg)(w) for i,j =2,3,4 are full matrices and vectors that are given in details in Appendix. C.
Note that these matrices are not the same as the corresponding matrices in section VIL.3 despite
the same notation is used for the sake of simplicity. The coupling matrices are either symmetric

or antisymmetric and their properties are listed below,

W32 @)= -[WZ 1", (Wi 1= -[WE1T , [VE2)]=[VZ (1"

The validity of the CROM for Model 2 is quantified by calculating the error functions errorg)’CROM(w)

with B =B1,...,Bg and j = 2,3,4 such that

(®)) (j),ref
; lap ' (w)—q (W)ll2
errorg)’CROM(w) - B B

(j),ref
lag "™ (@)l

where v — qg)(w) is solution of the CROM and where w — qg)’ref(w) is the reference solution of
the ROM. The graphs of v — errorg)’CROM((u) are presented on Fig. VII.4 for B = B1,...,Bg with
different line colours for each bands B = B1,...,Bg and for j = 2 (Fig. (a)), j =3 (Fig. (b)) and j =4
(Fig. (c)). The results presented on this figure show that the relative error in using the CROM is

low enough and consequently, it validates the CROM for Model 2.

VIL.5 Equivalent second-order differential system of equations

In the following we introduce matrices for rewriting the matrix equations of the CROM (for Model

1 and Model 2) into an approximated form of a second-order differential system of equations.
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Figure VII.4 — Quantification of the error due to the Schur complements to construct the CROM
for Model 2. Graphs of the error functions w — errorg)’CROM(w) with B =B1,...,Bg for 8 bands in
1/3 octave and for j = 2 (Fig. (a)), j = 3 (Fig. (b)) and j = 4 (Fig. (¢)).

The block-matrices [Zg)(w)] in Egs. (VII.2) or (VII.4), for any subsystem (i), can be written as a
second-order differential operator, with an additional non-local off-diagonal symmetric matrix

[Opg] written as follow
[Z3 ()] = ~0* [MP]+i 0 [DF1+ [K{ 1+ [OF (@)]

Identification of matrices [Mg)], []Dg)] and [Kgg] might not be unique but we present, hereinafter,

the approximations that have been made in this work for lowering the computational cost of their
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identification. We then introduce the full matrix-valued equivalent damping []Dg)] defined as
) 1 .
[D@1ap = —Im{[ZY(@)ap} - (VIL5)
We
Let [Mg)] and [lKg%] be the full matrix-valued equivalent mass and stiffness defined as
[Mplep=Xap > [Kgplap=Yap

where X5 and Y, are the two real-valued solutions of the following system of equations

02X ap+ Yop = Re{l 4 (@a)lap} (VIL6)
0} X+ Yop = Re{lZ3 @p)lap} - (VIL7)

Let w. be the centre angular frequency of the limited band B, and we have w, = w, 27112 514
wp = we 212 as two angular frequencies belonging to limited frequency band B. In addition,
since every limited frequency band B are assumed to be narrow enough, it is assumed that
the variations of real symmetric matrix [(Dg)(w)] are small in B and hence the approximation
[(Dg)] ~ [(Dg)(wc)] is acceptable. Consequently, a frequency-independent stiffness matrix []Kg)] is

introduced and defined as
()7 _ @) @)
[1KB‘ 1= []KOZ’B]+[(DB‘ 1.

The block-matrices [V (w)] in Egs. (VIL.2) or (VIL4), for (i, /) in {(1,3), (3,1), (2,4),(4,2), (1,5),
(5,1),(3,5), (5,3)} for Model 1 and (Z, j) in {(2,4),(4,2)} for Model 2, can be written as a second-order

operator, with an additional non-local matrix [Ing )(a))] rewritten as follow
[V (@)1= -0 MG 1+ i 0 D1+ Ky 1+ PR ()]

Identification of matrices [H\/[gj )], []ng )] and []Kgg] might not be unique but we present, here-
inafter, the approximations that have been made in this work. The full matrix-valued equivalent

dissipative coupling []ng )] is defined as
(D% lap = —Im{[V5 @o)lap} - (VIL8)
c

Let [ng )] and []Kgg 1 be the full matrix-valued equivalent inertial coupling and elastic coupling
defined as
M5 lap=Xap > [Kgplap=Yap

where X5 and Y, g are the two real-valued solutions of the following system of equations

02X o+ Yap = Re{[V  (@0)ap} (VIL9)
03 X ap+ Yap = Re{ [V (@p)lap} - (VIL10)
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In addition, since every limited frequency band B are assumed to be narrow enough, it is assumed
that the variations of [ngj )(w)] are small in B and hence the approximation [Ing N~ [ngj )(wc)]
is acceptable. Consequently, a frequency-independent stiffness matrix [Ing )] is introduced and
defined as

@)y _ @j) (€2)]
(K5 = [K§ 1+ PG

The block-matrices [W 4" (w)] in Egs. (VIL.2) or (VIL4), for (i, ) in {(1,2), (2,1), (1,4), (4, 1), (2,3),
3,2), (2,5), (5,2), (3,4), (4,3), (4,5), (5,4)} for Model 1 and (i,j) in {(2,3),(3,2),(3,4),(4,3)} for
Model 2, can be written as a second-order differential operator, with an additional non-local

antisymmetric matrix []jo )(w)], as follow
(Wi (@)] = i [Gy"1+ R
Identification of matrices [ng )] and [jo 1 might not be unique but we present, hereinafter, the

approximations that have been made in this work. The full matrix-valued equivalent gyroscopic

coupling [ng s defined as

ij 1 ij
[G;J)]aﬁ = w—Im{[Wéj)(wC)]aﬁ} s (VIL11)
(RS lap = Re{[W§ (@) lap} (VIL12)

where we assumed small variations of Re{[ng )(w)]a p} in frequency band B. An approximated
form of equivalent second-order differential system for Model 1 and Model 2 is then written as,

forallwe B
(—wz[MB]+iw[]DB]+iw[GB]+[]KB]+[RB])QB(w)=[AB]QB(CU):l"fB(w) , (VIL.13)

where [Ap] = —~w?[Mpl+iw[Dpl+iw[Gpl+[Kpl+[Rpl and [Mg], [Dgl, [Ggl, [Kpl and [Rp]
are defined as, for Model 1

1) (13) (15) (12) (14)
P g o) (E eIy
IMEDT IMPT MR [GE1 (GR*
Mpl= [ED] ) ) . [Gpl= (G521 [GE*1
[M(Z)] UM(24)] [G(Zl)] [G(23)] [G(25)]
B B B B B
(1) (13) (15) (12) (14)
1 g mE RGP] RG]
&1 P P RE] [RE]
[Dpl= [IDEV] DEP] DY) , [Rp]= RS?] [REY]
D1 DF] RV REP] RED]
1 D RGY1 RGP R
1) (13) (15) 1 (1) 1)
Kyl [KE~1 [Kj°)] qj £
KEPT KET KET ay;’ 0
Kpl=|KEV] (KEP] (K . w@=1apt , fB@={0} ,
KE1  [KE* a; 0
KG21 K1) a’ 0
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VII.6. ANALYSIS OF THE ALGEBRAIC PROPERTIES OF THE EQUIVALENT
SECOND-ORDER DIFFERENTIAL SYSTEM MATRICES

and where [Mg], [[Dg], [Gg]l, [[Kg] and [IRg] are defined as, for Model 2

M1 [GE~1 G
[Mpl= P e [Cpl= [IGED ,
M1 (M) [GHY]
[DP] [ [RE?T (RG]
[Dp] = P mE| [Rp]= |[RED] :
[DE?1 D] (RG]
(K qa £2(w)
[Kpl= K1 K| ap@=1qy t . fp@={f )
L G2 K] ay’ )

VII.6 Analysis of the algebraic properties of the Equivalent

second-order differential system matrices

In the previous section, an Equivalent second-order differential system is introduced. Never-
theless, for such a system being physically acceptable, the frequency independent matrices
must satisfy some mathematical properties. Hence, matrices [Mg], [[Dg] and [[Kg] should be
symmetric and definite-positive. While it is obvious that they are symmetric, they are a priori
not definite-positive because this property has not been enforced by the proposed methodology
for their constructions. There are no mathematical evidences for the definite-positiveness of
matrices [Mg], [Dg] and [[Kg]. Nevertheless, it is possible to numerically check their definite-
positiveness for Model 1 and for Model 2 in studying the graphs of the functions w — xp(w; [A])
with [A]=[Mg], [Dg] and [[Kg] for each limited frequency band B, defined as
Amin([A])

Amax([AD)

where Anin([A]) and Aax([A]) are respectively the minimal and the maximal eigenvalues (by

x(w; [A]) = (VIL.14)

algebraic values) of a given symmetric matrix [A]. The graphs of w — xg(w; [A]) with [A]=[Mpg],
[Dg] and [Kp] and for B = B1,...,Bg are shown in Figs. VII.5 to VIL.6 for Model 1 and for
B =Bj,...,Bg in Figs. VII.7 to VII.8 for Model 2. It can be deduced that matrices [Mg], [Dgl,
[[Kg] are definite-positive on each frequency band B and for the two Model 1 and Model 2.

VIL.7 Error analysis of the Equivalent second-order differential

system

Comparison of the Equivalent second-order differential system with the CROM is carried out by
calculating the error functions w — errorg)’EQU(w) with j=1,...,5 for Model 1 and with j =2,3,4

Model 2 such that,
' ) ref
().EQU lay (@) - a2 W)ll2
errory” (w) = i
(j),ref,
”qB (W)l2
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Figure VII.5 — Analysis of the definite-positiveness of [[Mp] and [[Kg] for Model 1. Graphs of
o — xg(w; [Mp]) (fig. a) and w — xp(w; [Mpg]) (fig. b) for 6 bands B = Bj,...,Bg in 1/3 octave.

where v — qg)(w) is the solution of the equivalent second-order differential system and where
W — (J ) ref(cu) is the solution of the CROM. The graphs of w — error(J EQU
Fig. VII.9 for Model 1 with j=1,...,5 in Figs (a) to (e) respectively, and in Fig. VII.10 for Model

2 with j = 2,3,4 in Figs. (a), (b) and (c) respectively. The results presented on these figures

(w) are presented in

show that the relative error between the equivalent second-order system and the ROM does not
uniformly decreases with the frequency w/27m for most of the subsystems (1) to (5) for Model 1
and for Model 2. It is due to the approximations used for the identification of the second-order
system of matrices. The optimal values of matrices [Mg], [Dg], [Gg], [[Kg] and [Rg] are not
determined and consequently can be considered as uncertain. It is why a probabilistic modelling
of the modelling uncertainties should be carried out in order to quantify the confidence level of
the equivalent second-order differential system. Such a probabilistic modelling is presented in
Chapter IX. Applying the inverse Fourier transform of the two hand sides of Eq. (VII.13) yields

the equivalent second-order system in time domain, that is written as

[Mpl0sap(t) +[Dplo:qp(t) +[Gplo:qp(t) + [Kplap(t) + [Rplag(t) = tp(t) . (VIL.15)
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Figure VII.6 — Analysis of the definite-positiveness of [[Dg] for Model 1. Graphs of w — xg(w; [[Dg])
for 6 bands B = B1,...,Bg in 1/3 octave.

in which, we used the same notations for the Fourier transforms of equivalent matrices, g and

f’z because there is no ambiguity when the equations are written in time or in frequency domains.
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Figure VII.7 — Analysis of the definite-positiveness of [Mp] and [[Kg] for Model 2. Graphs of
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Figure VII.8 — Analysis of the definite-positiveness of [[Dg] for Model 2. Graphs of w — xp(w; [Dg])
for 8 bands B = B1,...,Bg in 1/3 octave.
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Figure VIL.9 — Comparison of the Equivalent second-order differential system with CROM.
Graphs of error functions w — errorg)’EQU(w) for Model 1 with B = B1,...,Bg for 6 bands in 1/3
octave and with j=1,...,5 in Figs (a) to (e) respectively.
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VIl

STATISTICAL ENERGY ANALYSIS AND THE PROPOSED ECPP

CHAPTER

APPROACH

he Statistical Energy Analysis (SEA) is a method that was introduced by Lyon and
other authors [14-16] in the 1960s. This method allows estimating the energy of different
subsystems of a complex structure in the high-frequency range by a statistical analysis. In
the literature, many works have been devoted to SEA. On our behalf, there are 2 main approaches:
wave approach and modal approach. The wave approach is based on the evaluation of the reflection
and transmission coefficients at a junction [82—84], which results in the coupling loss factors in
SEA. The modal approach is based on basic equations of oscillators [12, 14, 15, 20, 48, 85-100].
It is demonstrated [101] that the two procedures give essentially the same results for some

particular systems.

One difficulty of using SEA in engineering problems is that its formulation requires a set of
hypotheses. Many studies have been carried out around the hypotheses of SEA [26-28, 102-110].
In this chapter, the usual hypotheses of the classic modal approach SEA formulations is firstly
presented. A SEA-based energy method which is called SEA-ECPP is then proposed to solve the
vibroacoustic problem under consideration in this manuscript. Some of the usual hypotheses in

SEA are then altered in order to take non-conservative couplings into account.

49



CHAPTER VIII. STATISTICAL ENERGY ANALYSIS AND THE PROPOSED ECPP APPROACH

VIII.1 Hypotheses of classic SEA

The study of Statistical Energy Analysis is based on the forced response of mechanical oscillators.
Any mechanical system in linear vibroacoustic can be modelled as a set of coupled one-degree-
of-freedom oscillators, where each of them represents the generalised coordinates related to the
elastic eigenmodes of vibration. The method of SEA is developed under a set of hypotheses that
are presented in this section. Under these hypotheses, the key coefficient, namely the Coupling
Power Proportionality (CPP), is introduced, which allows writing balance equations between the

mean local mechanical energies of each coupled oscillator.

Hypothesis 1 : Couplings are conservative

The first hypothesis concerns the couplings between the single oscillators which are assumed to
be conservative. A conservative coupling does not involve any dissipation or energy loss, such
as linear elastic coupling, gyroscopic coupling, and inertial coupling. Concerning the elastic and
inertial couplings, they both involve symmetric matrices while the gyroscopic couplings involve
antisymmetric matrices. However, the dissipative couplings (that is to say a coupling that is not a
conservative coupling) are excluded from the framework of the classic SEA. Consequently, in the
framework of SEA formulation for a system of oscillators, dissipation of energy is not prohibited
but it is limited to internal dissipation in each oscillator. For instance, let [M], [D], [G] and [K] be
the (IV x N) matrices of mass, damping, gyroscopic coupling and stiffness, respectively, of a linear

system of N coupled oscillators, then such a hypothesis implies that [D] is a diagonal matrix.

Hypothesis 2 : External loads are uncorrelated white noises

The second hypothesis concerns the external loads that are assumed to be uncertain and mod-
elled as uncorrelated white noises. Consequently, if {F(¢), ¢ € R} is a RN -valued random process
modelling the external loads, it can be characterised by its matrix-valued power spectral den-
sity function w — [Sg(w)] that is such that for all a,f € 1,...,N and for all w € R, we have
[Sr(w)lap =Sqa0ap Where S, is a constant.

Hypothesis 3 : Couplings are weak

The last hypothesis assumes that every couplings are weak. For instance, let [M], [D], [G] and
[K] be the (N x N) matrices of mass, damping, gyroscopic coupling and stiffness, respectively, of a
linear system of N coupled oscillators, then such a hypothesis implies that, for § # @, we have
(Mlop < [Mlaa, [Glap < [Dlaa, [Klep < [Klga-
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VIII.2 ECPP Approach

Such hypotheses in classic SEA prevent the use of the ESOM presented in chapter VII as a
candidate for the SEA. Indeed, the ESOM exhibits non conservative couplings that are not
negligible and does not fulfil hypothesis 1 in the previous section. Indeed, the damping in
subsystem (3) is not small because the main role of subsystem (3) consists in decaying the
vibration energy that is transmitted to subsystem (5) in order to increase vibroacoustic insulation
of the two air volumes (subsystems (1) and (5)). The Schur complements used for constructing the
CROM then spreads such non-negligible damping contributions on most of the block-matrices
of the CROM, as well as the equivalent identified damping matrices in ESOM. In order to
circumvent such limitations, we use a similar approach presented in [27] for the case of a
2-degrees-of-freedom coupled oscillators that we extend to the case of a n-degrees-of-freedom
coupled oscillator. In addition, another issue is related to the formulation of the ESOM in limited
frequency bands B € {By,...,Bn,, ..} When rewritten in time domain, the external loads f (see
Egs. (VII.13) and (VII.15)) is modelled as a vector-valued random process denoted as Fp that
is indexed by time ¢ in R. Nevertheless, it cannot be modelled as a white noise for which the
support of the power spectral density function is R. Indeed, by construction, the support of
the matrix-valued power spectral density function [SF,] of Fp should be B. As a result, a new
energetic coefficient is introduced which can be considered as an extension of the usual CPP

coefficient in classical SEA formulations.

Altered Hypotheses

Among the hypotheses presented in previous section, we actually need to relax hypotheses 1
and 2. The assumption of uncorrelated white noises for the external loads is then changed
in assuming that the external loads are modelled as uncorrelated second-order, mean-square
stationary processes Fg 1,...,Fp n with coloured power spectral density functions for which the
value is constant over limited frequency band B € {By,...,Bp,,,.}. In addition, we no longer
assume that couplings are necessarily conservatives. Nevertheless, hypothesis 3 is maintained
and we then assume that, in the framework of the ESOM presented in chapter VII, for all a and
all B#a

[MB]aﬁ < [Mpglya , [DB]aﬁ < [Dplaa []KB]aﬁ < [Kglaa
[GB]aﬁ <[Dglaa [RB]aﬁ < [KBlaa

Since the external loads fg is uncertain and modelled as a second-order, centred, stationary in
mean square, vector-valued random process denoted as Fg, then the solution gp of (VIL.15) is

also uncertain and modelled as a vector-valued random process Qp indexed by time ¢ € R. We
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then have

> [MB]aﬁQ-ﬁ,B +) [IDB]apQﬁ,B + ) [GB]apQﬁ,B + Y [KplapQppr+ Y [RlQpp=Fas,
p=1 B=1 p#a p=1 pa

(VIIL.1)

where Q4 g(¢) = {Qp(D)}q and Fy g(t) = {Fp(t)}y. Eq. (VIIL.1) can be rewritten as

[MB]aa Q.oc,B + []DB]oca Qa,B + []KB]azx Qa,B

+ Y ((Mplap@p5+DplepQp +[Grlep@p s + Kplap@p s + [RplapQpn) =Fap . (VIIL2)
p#a

VIIL.2.1 Mean generalised instantaneous power balance equation

A frequency-local power balance equation for the random generalised coordinates @« p is obtained
by multiplying each side of Eq. VIII.2 by Qa,B. We then have

[Mploa Qa8 Qs + DBlae®@2 5 + KplaaQapQap+ Y (Mplap@ppQas+[DrlasQpsQan
p#a

+[Gglap Qﬁ,B Qa,B +[KglapQp,B Qa,B +[RBlep®@p,B Qa,B) =Fup Qa,B . (VIIL.3)

Applying expectation operator (-) on the two sides of the previous equation yields the mean

local-frequency generalised instantaneous power balance equation that is then written as follows,

Ea B+ WISy 1Y (WS ) = (W), (VIIL4)
fa

where <Wcian> =(FuoB Qa, B) is the mean local-frequency generalised instantaneous injected power
and where we defined the mean local-frequency generalised instantaneous mechanical energy
(€a,B), the mean local-frequency generalised instantaneous dissipated power (ngz,s), the mean

local-frequency generalised instantaneous exchanged power (W;’E g that all are defined as

1 .
€a) = 5([Mplaa(Q? p) + [Kplaa @5 ) (VIIL5)
(W ) =[Dplaa(@2 5) , (VIIL6)

(Wap 5 = [Mplap @pBQuB) +IDBlas(@p8RuB) +[CBlap(QpBRun) +[Kplap(Qpp@ar
+[Rplap(@p5Qu,B) - (VIIL7)

Due to the altered hypothesis 2, power spectral density functions of random processes F1 g,...,Fn B
can be respectively written as SFLB(w) =(1p(w)+1p(-w))S1, ..., SFN,B (w) = (1p(w)+1p(-w)) SN B

where S1p,...,Sn B are positive real-valued constants and w — 1p(w) is the indicator function of
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B. We then have (Qo.5Qa,58) = Qa5 Qa8 =0 and (@, 5 Qup) = (Qu,5@up) = 0. Consequently, it
can be deduced that

(ap) =0, (VIIL8)
and Eq. (VIIL.4) is rewritten as
(Wasy+ Y (We ) = (Wi) (VIIL9)
B#a

Since the random generalised external loads F1 g,...,Fny g are mutually uncorrelated, centred,
mean-square stationary random processes then, at any time ¢, we have (Q. B,B Qa, B)=— (Q B,B Q a,B)»

(Qﬁ,B QaepB)=—(QpB Qa,B). Hence, we have

(Wep,p) = MBlap <Q.ﬁ,B Qa.B)+ [DB]aﬁ<Qﬁ,B Q)+ [GB]aﬁ<Qﬁ,B QuB)
+[Kplap(@pBQaB) +[Rplap@p5 Qa5
=[MBglag (Q.ﬁ,B Qa,3> + []DB]aﬁ<Qﬁ,B Qa,B) +[Gglag (Qﬁ,B Qa,B>
- []KB]aﬁ@ﬁ,B Qa,B) — [RB]aﬁ<Qﬁ,B QaB) - (VIII.10)

VIII.2.2 Weak couplings

A perturbation technique is used in order to formalise the altered hypothesis on weak couplings
because it includes dissipative weak couplings that is not included in the classic SEA. We then
rewrite matrices [Mp], [Dg], [Ggl, [Kg] and [Rg], for a # B,

[MBlag=€lmplag , [Dplag=€ldplap , [Galap=€lgplap , [Kplap=€clkplap ,
[Rplap = elrBlap.

The solution @ p is then rewritten as
Qa.b=QaB0+€Qap1+6*Qap2+0(e?). (VIIL.11)

The development in Eq. (VIII.11) is used in Eq. (VIIL.2) and then, gathering together terms that
exhibit same power of € yields a system of equations at €%, ¢! and €2, respectively. These equations

are written as

[MB](m Q.a,BO + []DB]a'a Qa,BO + []KB]aa Qa,BO = Fa,B s

(VIIL.12)
[MB]aa Qa,Bl + []DB]aa Qa,Bl + []KB]aa sz,Bl == Z [MB]aﬁ Qﬁ,BO - Z []DB]aﬁQﬁ,BO
p#a BFa
~ Y [Galap@pro— Y. [Kplap@ppo— Y [RplasQpn0
pra pra pra
(VIII.13)
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[Mglaa Q.a,B2 +[DBlaa Qa,Bz +[KBlaa Qa,82=— Y_ [Mglap Q.ﬁ,Bl -y []DB]aﬁQp,Bl

pra fra
- [GB]aﬁQﬁ,Bl_ Y [KplepQpp1— Y [Rplap@pB1
p#a p#a p#a

(VIIL.14)

The random solutions @4 o, @«,B1 and @4 g2 of Eqgs. (VIIL.12) to (VIIL.14) in time domain are

defined as the outputs of a convolution product with the impulse response function h, g that

is the inverse Fourier transform of the frequency response function ]lAla,B(w) = (—w?*[Mplga +

io[Dplaq + [Kplaa)~t. We then have

Quepo=hyp*Fup
QaBi=hep* ). (— [Mplas@p,80 ~ [Dplap@p,B0 ~ [GBlap @p 5o~ [KBlapQp,B0 ~ [RBlap Qﬂ,BO)

pra
Qq,B2=hgp* ﬁZ (— [Mplagp Q.ﬁ,Bl - []DB]aﬁQﬁ,Bl - [Gglap Q.ﬁ,Bl —[KBlapQp,B1—[RBlap Q,B,Bl)
#a

Consequently, for a # 8, @ Bo and @ po (as well as Qa,BO and Q 6,Bo) are centred, mean square

stationary and mutually uncorrelated random processes since F, g and Fg g are assumed to be

centred, mean square stationary and mutually uncorrelated random processes. Note that, in the

following, the frequency response function hy is rewritten as h, for the sake of simplicity and

when there is no ambiguity. The second order development of (Wg’é p) in € is written as

W 5) =[Mplap(@p8G@a5) +Dplap@p8Ra) +GBlap@p8RwB - Kplap@psRas) - Rplap(@p5Q0,5)

= 6[[mB]aﬁ <Q.ﬁ,BO Qa,30> +[dBlap @5,30 Qa,Bo> +[gBlap @ﬁ,Bo Q.rx,BO> —[kBlap @ﬁ,Bo Qq,B0)

- [H“B]aﬁ@ﬁ,BoQa,Bo)) +€2[[mB]aﬁ(<Q.ﬁ,Bl Qq.B0) + (Q.ﬁ,BO Qa,m)) + [dB]aﬁ(@ﬁ,Bl Qq.B0) + <Q/5,Bo Qa,B1>)

+ [gB]aﬁ«Q.ﬁ,Bl Qa,fm) + @ﬁ,Bo Qa,m))

- []kB]aﬁ(@ﬁ,m Qq,B0) + (Qﬁ,Bo Qq,B1))— [IFB]aﬁ(@ﬁ,Bl Qq,B0) + @ﬁ,Bo Qa,31>)) +0(e?) .

(VIIL.15)

Since Q4,80 and Qg po are centred, mean square stationary and uncorrelated random processes

then all the first order terms in € in Eq. (VIIL.15) are zeros. The second order terms in €2

Eq. (VIII.15) are not zeros and are calculated as follows.

. +o0 -

€{Qq,B0@pB1) = f —iw(wz[MB]pa +iwlGlga — [Kglga +iwlDplge — []RB]ﬁa) |he s \2 hgpSF,zdw
. +00

€{Qq,B1@p,B0) = f _iw(wz[MB]aﬁ —iwlGplag — [Kplag —iwlDplge - [RB]ﬁa)lha,B |hg B |2 Sp,pdw

. . +00
€(Q4,B0®p,B1) =f

—00

(@ [Mplge + i0lGlpe - [Kplpa + i0lDplse - [Rlpa) [Bas|* By s Sk, » do

. . +0o
€(Q@a,51Qp,80) = f *(0*IMplap — i0lGplap - [Kplap - i0IDplpe ~ [Rplpa | ha s By 5| Sk, do

. e +w —
€(Qa,B0@pB1) = f ~io® (wZ[MB]ﬁa +iw[Gplpa — [Kplpa + iwlDplpa - [lRB]ﬁa) |hes|* hipp Sk, , dw
+00

€<Qa,31 éﬁ,30> =f

—00
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Mean local-frequency generalised instantaneous exchanged power

Using these expressions in Eq. (VIII.15) yields the following expression of the mean local-

X

frequency generalised instantaneous exchanged power (W b B
oo 2 2, 2 2 20y 12 2 27—
(WSZ,B) =[_OO —iw((w [Mglap —[Kplap)” +w [GB]zxﬁ —w”[Dplyg— [RB]aﬁ) |he|" hp s Sp,pdw

+00 -
+f 20> ((a)2[MB]aﬁ —[Kglap)[Dplap +[GBlag [RB]aﬁ) |he B |2 hs B SF,;dw

+00

+ f ~i(@*[Mplap - [Kplap)® + 0*(Gplep + [Dplep)® + [Rp12 b s |1 5| S, do
+o0o

+f 2i(0*[Mplag ~ [KBlap) [Rlaphas |hps|* Sr,,dw+ o) . (VIIL16)

Moreover, support of power spectral density Sg, ,(w) = (1g(w) + 1p(-w)) Sy B is the limited fre-
quency band B = —B U B and considering the parity of the integrands in w, which allows the

dropping of the complex conjugate, we then obtain
Wasp) =Sa,BfBiw((w2[1MB]aﬁ _[KB]aﬁ)z—{—wz[GB]iﬁ—wz[lDB]iﬁ—[]RB]iﬁ) |]1QDC,B|2 hppdow
+Sap [ 202 (@ 1Mplap - [Kplap) Dalap + [GalaplRslas) [lo.s|” byp do
~Spp | i (W IMplag ~ [Kplap)® + 0*(Glap + [Dplap)* + [Rp1s ) hep [ sl* d
B,B IBlw w Blap Blapg w Blap Blap Blyg|a,B NGB w

+Spp f]B 2iw(w?[Mplas — [Kplap) [Rplapha s |hss|° do+o(?) . (VIIL17)

Mean local-frequency generalised instantaneous mechanical energy

Similarly, the development in € of the mean local-frequency generalised instantaneous mechanical

energy can be obtained and we then have, at the zero order in €’

1 .
(ap) = 5 ([Malaa(@? ) +Kelaa(Q2 )
= [Mplaa(@2 go) +o(1)

= sa,Bf 0*[MBlag |ha 5|° do+o(1) . (VIIL.18)
B

Mean local-frequency generalised instantaneous dissipated energy

Using a Neumann expansion of the inverse matrix ([Ag(w)]+[AAg(w)])~! which can be rewritten
as (1] +[Hp(w)l[AAp(w)) ' [Hp] where

-1
[Hp(w)] = | — 0w’ [Mpl+iw[Dpl+iwl[Gpl+[Kpl+[Rzl| ,
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[AB(w)]ap = 5aﬁ(— w?[Mplap +iw[Dplep +iw[Gplap + [Kplap + []RB]aﬁ) ;

[AAR(w)] = —w?’[Mgl+iw[Dgl+iw[Gpl+[Kgl+[Rpl-[Ag(w)],
we then have, at the second order in ¢
(@) =SB ( fR ? [he,p(@)|dw + fR 20 Rea{has©) Y [AABwnaﬁ[AzAB(w)]ﬁa}dw)
p#a

+ Zs,wf ? |hap@)|* [[AAB(@)ap| dow+o(e?). (VIIL19)
pra R

Furthermore, from Eq. (VIIL.6), in any limited frequency band B, it is deduced that mean local-

frequency generalised dissipated power (nglsf) can be rewritten as, at second order in ¢,

(W) = [Dplaa(@? 5)

=S4,8[DBlaa (\[RwZ |Iha,B(CU)| dw +\[[R2w2 Real{]ha,B(w) Z [AAB(w)]aﬁ[AAB(w)]ﬁa}dw)
B#a

+Y Sz [IDB]Wwaz|1ha,B(w)|2|[A/AB(w)]a,3|2dw+o(e2). (VIIL.20)
pra

This equation is valid in any case up to second-order in €. Nevertheless, as for numerous authors,

the same equation can be rewritten at first order in ¢ as

(W35) = S48 [Dalaa fR 0? |hg p()|dw + o(e). (VIIL.21)

which does not mean that mean local-frequency generalised dissipated power (nggs) is pro-
portional to mean local-frequency generalised instantaneous mechanical energy (£, ) since
Eq. (VIII.18) is valid at order 1 only.

VIIL.2.3 Equivalent Coupling Power Proportionality (ECPP) coefficients

Using Eq. (VIIL.18) into Eq. (VIIL.17), we then obtain, for § # a,
(WeF ) = 2ap.B (Ea,B) —%apB (EpB) +0(c?) (VIIL.22)

where the Equivalent Coupling Power Proportionality coefficients are defined as

Jig 10 (@PIMplap ~ [Kplap)? + 021 Gp12 5 - D125 - [Rp12 ) Ihel? hydo
Sz 02 [MElaq hel? do
L2 0? (0 IMplap — [Kplap)DElep + [GBlaplRElap) he* hpdw
Jis @2 [MBlaq Ihel? do

Jig 10 (P IMplap ~ [Kplap)? + 021 Glap + [Dplap)? + [Rp 124 ) he [hy|” do
S @ [Mglgp [hg|* do

ZaB,B =

Xap,B =
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2 [ i0(@ [Mplep —[Kplap) [Rplapha [hy|* do
S5 ?Mplgs |hy|* dow
It should be noted that the ECPP coefficients introduced in this section do not have the same

reciprocity properties as CPP coefficients in classic SEA. It can be observed that, compared to the

(VIIL.23)

original CPP expression (see for instance [110]), the only added terms are those in [[Dglsp and
[RBlap that exist only in a reduced model like CROM or ESOM and its associated equivalent
second-order model for highly dissipative system. Without any high dissipative materials, the
expressions of ECPP coefficients can be simplified into the original CPP coefficients. These
equations are rewritten in using the previous convention for the block-matrices with subscripts
(ij) when a block-matrix corresponds to couplings between subsystems (i) and (j). We then have,
for § # a,

S 10 (PTG Lo — (K 1op? + 02(Gy 1 s - 2D 12~ IRG1Z

@y

z

p.B "~ . 012
) Jo 0 IMa [B0;| do
2 Jis 02 (@AM Lo ~ (K Tap) D Lo + 1G5 TaplR ) |
+
. 12
0 e [B o
o Jpio(@ DG 0~ IKE 1ep? + 02 (GG Nap + D Tap)? + [R12 ) B |1h(”\ dw
xa,ﬁ,B_

S 02 IMP 155 'Ih(”’ dow

2fBiw(w2[ng)]aﬁ[jo)]aﬁ—[]K(U)]aﬁ[R(lj)]aﬁ) b, ‘]h(ﬂ | do (VIIL.24)

with w — ]lrl(ai)B(w), the a-th equivalent generalised FRF of subsystem (i) that is defined as, for all
weB

-1
B0 = -G b+ 00D b+ K

Finally, Eqs. (VII1.9) and (VIII.22) are rewritten as, with the same block-matrix notation,

W(l) dlss> + Z<W;z’é);x> _ (W(l)m) (VIIL25)
J#
(i),ex @) @) @) ()
<WaﬁB>_zaﬁB<6 B) X058 (E B)+0(€ ). (VIII.26)
An analytical calculation of the ECPP coefficients Z%)B and x%)B is given in Appendix. D. Fur-

thermore, from Eq. (VII1.6) and (VIII.18), in any limited frequency band B, for any subsystem (),
it is deduced that mean local-frequency generalised dissipated power (Wc(fgdiss) can be rewritten

as, using again the block-matrix notation,

WO = D100 @0 M»]aa () +0e) (VIIL27)
B laa
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CHAPTER VIII. STATISTICAL ENERGY ANALYSIS AND THE PROPOSED ECPP APPROACH

which means that mean local-frequency generalised dissipated power (ngédiss) is proportional to
mean local-frequency generalised instantaneous mechanical energy (Efxig). This equation is true

at order one but is false at greater orders in e.

VIII.2.4 SEA-ECPP approach

Finally, the matrix equation of Eq. (VIIL.9) in a limited frequency band B of SEA-ECPP approach
based on the ESOM of the CROM for the Model 1 can be written as,

'[Zg)]_[Xl(gn)] _[X;m)] —[Xém)] _[X1(914)] —[X1(915)] ] §g)
-IXEP1 1ZP1-1XEPT X -1x5] X571 || €9
-1x5"] -IXEP1 1ZP1-1XEYT XY XY |RER ¢
~[X ] ~[X 2] —IXgP1 ZP1-1xgP1 -xg1 | €Y
-1x5"] -1X57] -1x57] -xpY1 1Z1-1x501| | €
w531),111
0

={ 0 o, (VIIL28)
0
0

and for the Model 2,
(ZF1-1X5P1 X5 -xg | 9] (et
-IXPP Z1-1xgT x| {EQ =Wy, (VIIL29)
-[X57] -IXgP1 1zg1-1xgh| | €9 (Wt

@)
aﬁB’

the a—th component of vector V_Vg)’in is equal to (ngm) ; where the a—th component of vector
Ex @) jg equal to (E @) ) and where matrix [Zg)] is defined as, for all a # §3,

where, for all subsystems (i) and (j), the entries (a, 8) of matrices [ng ] are equal to x where

ALYy and (2=

[Z0)g0 =
B UM‘”],m 7

Numerical applications of SEA-ECPP approach will be shown in Chapter. X.
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CHAPTER

UNCERTAINTY QUANTIFICATION

he different sources of uncertainties in computational mechanics are mainly related to the

parameters of the computational model and related to the hypotheses and approximations

used in the modelling process. These sources of uncertainties propagate on the solutions
of the computational model. There exist different methodologies for taking into account the level
of uncertainties on the solution of the computational model with uncertain parameters or with
uncertain modelling. Among the numerous methodologies proposed in the literature, those that
are based on the theory of probability are very much well-tested and much experienced and with
the strongest mathematical background. In the framework of those probabilistic approaches of
the uncertainties in computational mechanics, the uncertain parameters of the computational
model are modelled as random variables for which a probabilistic model has to be constructed.
The use of the MaxEnt principle and the theory of information can be used for constructing
the prior probabilistic model of the uncertain parameters. Such an approach for modelling the
uncertainties is referred as parametric probabilistic approach (see for instance, [111-119]). In
addition, in linear dynamics, the values of the generalised matrices of the computational model
are modelled as random matrices in order to account the uncertainties related to the modelling
process (see for instance, [44, 120-122] and [123-131]. Such a probabilistic approach is referred
as non parametric probabilistic approach. In the previous chapter, an Equivalent second-order
computational model has been deduced from the CROM and some hypotheses. This process
required the identifications of a set of frequency independent matrices. Not only, such a frequency
independence is a very strong approximation but also, this identification is not unique. Actually,
the error is minimal at the centre frequency of each band B where error is minimal as the
error analysis presented in the same chapter showed it. Another approximation would have
decreased at other frequencies or more globally. Consequently, the values of the matrices of

the Equivalent second-order model are uncertain. For taking into account such uncertainties,
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CHAPTER IX. UNCERTAINTY QUANTIFICATION

the values of those uncertain matrices are modelled by a set of matrix-valued random variable.
Such a probabilistic approach corresponds to the non parametric probabilistic approach for the
modelling uncertainties. In the next sections of this chapter, we will briefly recall some results
on the theory of random matrices and then the probabilistic model for uncertain Equivalent

second-order model will be presented.

IX.1 Random Matrix Ensemble SG]
A random matrix [Ho] in SG§ with values in M} (R) is defined and such that
E{Hol}=1[1,] ) E{log(det(IHo)} = va, ) [vH,| < +oo0. (IX.1)

Condition E{log(det([Ho])} = vy, allows the invertibility and the integration of random inverse
matrix [Hol ™! to be satisfied. The probability density function of random matrix [Ho] defined on
S» =M (R) is then written as

i (HD = s, (HD & (det[H) "5 o~ 5 tH) (IX.2)

The normalisation constant « is defined as

n+1\45P (B n+l 1-j-1
%)) (IX.3)

=(2 n(n-1)/4 262 r
=(2n)” ( 952 ) (Jljl (_262 5
where, for all z>0, I'(z) = 0 ®¢2-le~td¢. Hence, [Hol is defined by an unique parameter & that

control the statistical dispersion and with values in [0, m 1. This dispersion coefficient is
defined as

- E{||[Hy] - E{[Hol}I%) }; (IX.4)

IIE{Ho} 1%
Since random matrix [Hy] is almost surely positive definite, then there exists an unique random
upper triangular matrix denoted as [L] that is such that the Cholesky factorisation of random

matrix [Hp] is written as
[Ho] = [L1T[L], almost surely . (IX.5)

It is then possible to show that random entries [L];;; random upper triangular matrix [L] are
such that
[Lljj=¢Vy; , for j'<j=n, (IX.6)

[Ll;j; =&4/2h(n;,V;;) for j<n, IX.7)

where {V;/;,1 < j' < j<n}is a set of normalised Gaussian real-valued random variables that
are mutually statistically independent The real-valued parameters ¢ and n; are such that
n+1

E=6(n+1)” 2 and nj=%s + 1 The function % is written as h(n, V)= 1(FV(U)) where Fy is

the cumulative functlon of a normahsed Gaussian real-valued random Variable V and Fr, is
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IX.2. ENSEMBLE SE"*“!

the cumulative function of a Gamma real-valued random variable I'; of parameter 7. Statisti-
cally random realisations [Ho(01)],...,[Ho(0,;)] of random matrix [Ho] are constructed in using
Egs. (IX.5), (IX.6) and (IX.7) and statistically independent realisations v ;(01),...,v;j(0,;) of

random variable Vj ;. Consequently, for all 1 <r < ng and for all j' < j <n, we have

[Go@=[LONTILO)] , [LOy;=Evjij0,) , [LO]; =E\/2h0;,0,5;0,).  (IX.8)

IX.2 Ensemble SE™¢¢

Let SE™“ be the set of the M,,,(R)-valued second-order random matrix [A™]. Let [AT°t] =
E{[A"*°t]} be the mean value of random matrix [A™®] for which the kernel is assumed to be only
the null vector of R”. We then have

[AT] = [U][A] (IX.9)

where [A] € M} (R) and [U] € M, (R) such that [U1T[U]=1I,]. Such a factorisation can be directly
deduced from a singular value decomposition (SVD) of matrix [A"°*]. Indeed, the SVD of [A"]
is written as [A™"] = [U][S1[V]T. We then have

[w1=101vi* (IX.10)

and

[A1=[VISIVIT. (IX.11)

Ensemble SE™“! is then constructed as the set of the random matrices [AT°t] that are written as
[A™Y] = [U][A], (IX.12)

where [A] is written as [A]=[L41" [Hol[L 4] where the deterministic upper triangular matrix
[L1is such that [L 417 [L4]1=[A] and where [Hy] is a random matrix in ensemble SEg for which
the dispersion coefficient is §4. Statistically random realisations [A™(61)], ..., [AT(0,,,,)] of
random matrix [A] are constructed in using statistically independent realisations [H(61)],
..., [Ho(Onp)] of random matrix [Hpl € SG{ in using Eq. (IX.12),

[A™(0,)] = [UIIL 41T [Go(0)][L 4] (IX.13)

However, it is possible that in certain cases the matrix [A] are not always positive definite, and
the Cholesky factorization can therefore not be used. In this case, the solution chosen in this
work is doing Cholesky factorization on matrix [S], which is guaranteed to be positive definite (at
least for its economical size). We then have [A] = [VI[SIIVIT = [VIILs]1T [Hol[LgI[V1T. And the

expression of random rectangular matrix [A™°] is always [A™t] = [U][A].
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CHAPTER IX. UNCERTAINTY QUANTIFICATION

IX.3 Random Equivalent Second-Order model

As explained in the introduction of this chapter, the methodology used in order to construct the
Equivalent second-order model introduces some uncertainties that all are related to the values of
matrices [Mg], [Dg], [Gg], [Kg] and [Rg]. Consequently, the solution of the Equivalent second-
order model is also uncertain because the uncertainties on [Mg], [Dg], [Gg], [[Kg] and [Rz]
propagates to qp(w). Consequently, the matrices with uncertain values are modelled as random
matrices [Mg], [Dg], [Gg], [Kg], [Rg] and the uncertain solution is then modelled as a random
vector Qp(w) for all w € B. Let n¢ and ng be the number of generalised coordinates that correspond

to the acoustic volumes and the visco-elastic solids respectively. Hence, for Model 1, n¢ is equal to

the dimension of vector (qg),qg),qg)) and ng is equal to the dimension of vector (qg), g)). For
Model 2, ny is equal to the dimension of vector q(g) and ng is also equal to the dimension of vector

(qg), g)). The Cholesky factorisation of matrices [Mp], [Dg], [Gg] are rewritten as

[Mg]=[Lu,1" [La,] ., [Dpl=I[Lp,1" [Lp,] , [Kgl=I[Lg,]" [Lk,]. (IX.14)
The probabilistic models of random matrices [Mg], [Dg] and [Kg] are then defined as

[Mp1=[L, 1" [Ha,1[Lar,] , [Dpl=I[Lp,1  [Hp,l[Lp,]1 , [Kpl=I[Lg,l” Hg,l[Lk,],
(IX.15)

where the block decompositions of random matrices [Hy, 1, [Hp,] and [Hg,] are written as

iy 1 | i) (M) ] (H ]
Mpl=

, [Hp,l= , [Hggl=

J

[H%B]] [H, ] (M ]

in which random matrices [HRIB], [HZSVIB], [H%B], [HE)B], [H%B] and [H%B] belong to ensemble
SGg , with dimensions (n¢ x n¢) for random matrices with superscript f” and dimensions (ng x ng)
for random matrices with superscript ’s’. Similar to the case in the previous section, when the
matrices [Mp], [[Kg] or [[Dg] are not guaranteed to be always positive definite, the random germ
matrix [Hy] should be created based on the [S] matrix after a SVD decomposition. Let us take
matrix [Mp] as an example. The probabilistic models written in Eq. (IX.14) and Eq. (IX.15) can

be rewritten as,
[Mp] =V, 11Su511Vary 1", [Mpl=1[Vag, 1[Hg,, 1[Vaz,1" (IX.16)

Random matrices [Mg)], [ng )], [Dg)], [ng )], [Kg)] and [ng )] are extracted from the block
decompositions of random matrices [Mg], [Dg] and [Kg] that is such that, for Model 1,

MP1 MU MUY mP1 DY DY
MEP1 M1 M) FP1 P DF
Mp]= | MGV MG M$) , [pl=|DFY1 DFP1 DY
M1 MEY] D1 DY
M2 M %21 Y]
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IX.3. RANDOM EQUIVALENT SECOND-ORDER MODEL

K1 KGP [KG)
KRSV KD KR
[Kpl= [[KSV] KPP (K] :
KP1 K]
(K321 (K]

and such that, for Model 2,

M2 )] K]
[Mp]= M1 MEYI| , [Dpl= D¢ DFYI , [Kpl= KZ1 KEY|
(42) (4) (42) (4) (42) (4)
My>1 M§] %1 §] KG?1 K]

where the dimensions of the random block matrices [Mg)], [ng )], [Dg)], [ng )], [Kg)] and [ng )]

are compliant with the block decomposition of vector qp = (qg),qg’),qg’),qg), qg)) for Model 1 and

qp = (qg),qg),qg)) for Model 2. Concerning random skew symmetric matrices [Gg] and [Rp],

their probabilistic model is defined as

Gsf Rsf
[Ggl= G5 , [Rpl= R

-[G§1T ~[R17

in which the random (n¢ x ng) matrices [G%f] and [RJS;] belong to ensemble SE"*¢! with dispersion
coefficients 6, and Og,, respectively and with mean value [G%f] and []R%f] respectively defined
as, for Model 1,

(G521 1G5Y] [RE”1 [RG?]
[GEl= (G521 (G5 | . [R3l=[[RGP] R |
(G521 (GG [RE?1 (RG]

and such that, for Model 2,
[GEl=[ICF21 G|, [Rpl=[[RF™1 RFY]|

Random matrices [Gg)], [ng )], [Rg)] and [jo )] are extracted from the block decompositions of
random matrices [Gg] and [Rg] such that, for Model 1

[G(12)] [G(14)] [R(12)] [R(14)]
6021 (6] ®E?) (RO
B B B B
[Gpl= GE?1 (Gl . [Rpl= RG] REVI|
[GEM1 651 1GE™] REV1 REDT R
(41) (43) (45) (41) (43) (45)
631 165P1 1G4 RGV1 RGP RS
and for Model 2,
[GE?1 1G] [GE?1 1G5
[Gpl=|IGZ] . [Rpl= |GV :
(G5 (G4

where the dimensions of the random block matrices are compliant with the block decomposition

of vector qp = (qg),qg),qg),qg),qg)) for Model 1 and g = (qg’),qg),qg)) for Model 2.
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IX.4 Random ECPP-SEA approach

Since the values of the block matrices [ng )], [ngj )] and [lng )] are modelled as random matrices
[M(” )] [D(” )] and [K(” b respectively, then the ECCP coefficients are also modelled as real-valued

random variables Z @ J ) and X (” ) that are almost surely defined as, for 8 # a,

N iw((wQ[ng)]aﬁ_[ng)]aﬁ)z_,_wz[(;gj)]i _ wz[D(ij)]z ‘[jo)]iﬁ) |H<z> ) 1Y), do
Z —

B 2rvp®) (l)

S0’ M 1oq |H, dw
2 fp, 0 ((wZ[Mgf)]aﬁ—[Kg”]aﬁ)[Dg”]aﬁ+[G§;f’]aﬁ[R§;f’]aﬁ) 10, [ 1Y, do
+
fIB wz[Mg)]aa

X =

af,.B

f]Bw2[M(J)] |H(’)| dw

2 i (1M g Rl — (K5 lap R o | H 1, [ do

: (IX.17)
Jip 02 MP155 ‘H(J)’ do

with w — HS)B(w), the a-th real-valued random equivalent generalised FRF of subsystem (i) that
is defined as, for all w € B

. . . _1
HY () = ( 0* MW 1aq +i0DP]gq + KW laq

Finally, in a limited frequency band B, the random SEA-ECPP formulation consists in solving

the random system of equations written as follows, for the Model 1,

1z -xX§P1 -x§P) -xGY x| (] (W
(21) (2) (23) (24) (25) (2)
X —xE1 Z@1 X8V P EPE=2 0 ¢, (IX.18)
(41) (42) (43) (4) (45) (4)
-XPP -X$P1 -XPY1 -X§P1 1291 | (£ 0
and for the Model 2,
(2) (23) (24) (2) (2),
[ZP1  -IX$1 -XE| | &5 wkin
—[XgZ)] [Zg)] _[X(B§4)] 8;3) — wg),in (IX.19)
(42) (43) (4) (4) (4),i
—IXpT1 -IXp™1 [Zy] €p W "

where, for all subsystems (i) and (j), the real-valued random entries (a, ) of matrices [X(ij ] are

equal to X%/ (i ap, B, where the a—th real-valued deterministic component of vector W( Din 5o still equal
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IX.4. RANDOM ECPP-SEA APPROACH

to (Wc(fjéin> but where the a—th real-valued random component of random vector Eg )is no longer
equal to real-valued random variable Eg g and where random matrix [Zg)] is defined as, for all

a # B,

[DW]aq

[ngi)]aa:TvLZZZ(;i,)B , and [Zg)]aF‘X%?B
[MB aa J Y

Numerical applications of this probabilistic model will be shown in Chapter. X.
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CHAPTER

NUMERICAL APPLICATIONS OF ESOM AND SEA-ECPP APPROACH

everal applications are shown for Model 1 and 2 in this chapter. The calculations of Energy

Reduction (ER) for Model 1 and of Sound Transmission Loss (STL) for Model 2 will be

respectively carried out with ROM (truncated), Equivalent second-order model (ESOM)
and SEA-ECPP and will be compared in this chapter.

Moreover, an application of the probabilistic model on the SEA-ECPP approach will be applied in
order to test the robustness of SEA-ECPP approach.

X.1 Numerical application on Model 1

In this section, a numerical example is presented on the ER calculation of the Model 1. The ER
represents the difference of energies in two subsystems on unity of dB. In this manuscript, the
ER is defined as,

8(1)
ER = IOIOg% , (X.1)
&N

where (£ g )} is the mean local-frequency global instantaneous mechanical energy that are defined

for each approach, respectively: (Sg )’ROM), (Sg )’ESOM) and (Eg )’SEA'ECPP).

(i),ROM, _ (i), ROM
<£B > ~ Z <€a,B >
a

= Z 1([M(l)]aafw2
2 B

J,ay

(7)) ()]
hay hay

2 .
)
S}, dw) .

2 ; .
SV dw+1Kuq f
B

where Sfyj ) is constant and hg{;) is the value of a—th line and y—th column of a bloc-matrix [HE)(w)]
of the matrix [H(w)] that is defined as [H(w)] = [A(w)]~! with definitions given in Eq. (VI.12). It
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CHAPTER X. NUMERICAL APPLICATIONS OF ESOM AND SEA-ECPP APPROACH

should be noted that, in this section, the truncated ROM (Eq. (VII.1)) is used as a reference,

because in one hand the errorg)’TRUNC

(w) is quite small that can be neglected in medium-high
frequencies; in another hand, the computational cost of a full ROM is too high to be used in

medium-high frequencies.
<5(z) ESOM> ~ Z<g(l) ESOM>

where ]h(éjj/ ?B is the value of f—th line and y—th column of a bloc-matrix []ng )(w)] of the matrix
[H(w)p] that is defined as [Hp(w)] = [Ag(w)]~! with definitions given in Eq. (VII.13). It should be
noted that, we have to compare the mean local-frequency global instantaneous mechanical ener-
gies, which represent the sum of the mean local-frequency generalised instantaneous mechanical
energies that correspond to the same generalised coordinates. However, ROM and ESOM do not

have the same dimensions. This is the reason that we use another subscript § for ESOM.

<gg),SEA—ECPP> — %‘,(é(B}))ﬁ

For SEA-ECPP, the mean local-frequency global instantaneous mechanical energy for each
subsystem is the solution of Eq. (IX.18) with a vector of injected power ﬂg)’in as the input. In
order to have the same input for these 3 approaches, the injected power Eg)’in can be calculated
with ROM with the same input of PSD,

(V_Vg)’m)ﬁ = (Wéi)’in) (generalised coordinates of ROM)

= (Fg @)
:Re{f iwhngSédw} .
B

Again, here the a—th generalised coordinate of injected power in SEA-ECPP corresponds to the
a—th generalised coordinate of truncated ROM.

Mechanical properties of each subsystem of Model 1 in this numerical example is listed in
Table. X.1. It can be seen that, the emission volume (1) and the receiving volume (5) are filled
with normal air. The materials of the two panels ((2) and (4)) are chosen to be very different
(panel (2) is a steel plate and panel (4) is a plasterboard). For the sake of convenience, the
insulating layer (3) is considered to be a very dissipative heavy fluid, whose properties are
frequency-independent. In the demonstration of formulations in previous chapters, we have
used a fluid model for subsystem (3) to avoid complex writing and excessive assumptions. One
acoustic source is placed at a corner that is far from the panel (2) of the volume (1) in order to

ensure that it excite all the modes of the emission volume. It is assumed that this application
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X.1. NUMERICAL APPLICATION ON MODEL 1

Subsystems | Ly (m) | Ly (m) | L, (m) | p (kg/m3) C (m/s) &m
1) 0.8 0.6 0.8 1.29 340 | 0.005/0.01
(3) 0.8 0.6 0.045 3 200 05/1
(5) 0.8 0.6 0.7 1.29 340 | 0.005/0.01
Subsystems | Ly (m) | Ly (m) | L, (m) | p (kg/m®) | E (Pa) | v &M
(2) 0.8 0.6 0.001 7800 2x101 [ 0.3 ] 0.005/0.01
4) 0.8 0.6 | 0.0125 736 2.7x10% [ 0.1 | 0.015/0.03

Table X.1 — Mechanical properties of each subsystem for the Model 1

is carried out for N times and each time this source generates uncorrelated white noises whose
PSD has values only for the 1/3 octave frequency band B, that n =1,...,n,...,N. Calculations are
performed for the frequency range between [300, 3000] Hz in one-third octave bands which allow
the validation of the SEA-ECPP to be asserted. The reason of choosing this frequency interval is
that the reference (truncated ROM) can hardly exceed 3000 Hz for such a system because of its
high cost.

In Fig. X.1, the ER is calculated between subsystem (1) and (5). It can be seen that the ER

80

75 +

70 +

60

dB

55

45 -

40 + = SEA-ECPP B
=—— ROM-truncated
—t— ESOM
35 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500
Frequency

Figure X.1 — Validation. Black curve: reference, ER calculated with truncated ROM. Blue curve:
ER calculated with ESOM. Red curve: ER calculated with SEA-ECPP.

result calculated with ESOM (blue curve) is nearly the same with the reference (black curve),
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CHAPTER X. NUMERICAL APPLICATIONS OF ESOM AND SEA-ECPP APPROACH

which proves that the ESOM can be used to correctly estimate the mean local-frequency global
instantaneous mechanical energy for each subsystem and for each limited frequency band some
approximations are applied. The ER result of SEA-ECPP approach (red curve) is also very close
to these 2 results, but some differences can still be observed. These differences come from the
model uncertainties (defects of SEA-ECPP model) induced by the weak coupling assumption
and by the approximations introduced in Eq. (VIII.18),(VII1.21), and that is why a probabilistic
application is needed to take all these model uncertainties into account. However, it should be
noted that the computational time of SEA-ECPP approach (about 60 seconds) is much smaller
than that of the ESOM (about 30 mins) or that of the truncated ROM (about 2 days) with the
same computational facilities (30 cores 2.4Ghz CPU).

The comparisons of mean local-frequency global instantaneous mechanical energies in limited
frequency band B are also presented for each subsystem. In Fig. X.2, we firstly validate the SEA-

ECPP approach for both emission volume and receiving volume. In Fig. X.3, the same comparisons

Mean local-frequency global instantaneous mechanical energy of (1) Mean local-frequency global energy of (5)
T

7

—#— ROM-truncated —#— ROM-truncated
—w— ESOM —#— ESOM
—O— SEA-ECPP SE —6— SEA-ECPP

Sul R
T

L] th:’_'_l&t

=) o

[

S E
frequency frequency

(a) Mean local-frequency global instantaneous me- (b) Mean local-frequency global instantaneous me-
chanical energy of subsystem (1). chanical energy of subsystem (5).

Figure X.2 — Validations of mean local-frequency global instantaneous mechanical energy in
subsystems (1) and (5). Black curve: reference, calculated with truncated ROM. Blue curve:
calculated with ESOM. Red curve: calculated with SEA-ECPP.

have been carried out for the subsystems (2), (3) and (4). The results for all subsystems are so close
that SEA-ECPP can be proved to correctly predict the mean local-frequency global instantaneous

mechanical energy in limited frequency bands.

A comparison between SEA-ECPP and SEA with classic CPP coefficients is also carried out to
show that the ECPP coefficients have advantages when non-conservative couplings appear, which
extends the usage of SEA methods. Firstly, let us recall that non-conservative couplings are not

allowed in classic SEA, so that there is no such couplings in the formulation of CPP coefficient (it
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i

I

-1 —
L
L

(a) Mean local-frequency global in- (b) Mean local-frequency global in- (c) Mean local-frequency global in-
stantaneous mechanical energy of stantaneous mechanical energy of stantaneous mechanical energy of
subsystem (2). subsystem (3). subsystem (4).

Figure X.3 — Validations of mean local-frequency global instantaneous mechanical energy in
subsystems (2)-(4). Black curve: reference, calculated with truncated ROM. Blue curve: calculated
with ESOM. Red curve: calculated with SEA-ECPP.

is expressed as y%)B with the same identification of ESOM),

: 2rm i) Gy 2, 2eiDe )]G |2 .0
i Jeio (@Ml ~IKE lp? + G R ) [0 | b do

aB,B —

. 12
Jiz @M@ [0, doo

It should be noted that, this expressions can be different from the classic expression because this
equation is under the identification of ESOM. The CPP allows that

=1~ e

With CPP coefficients, the same numerical application is also carried out, and the comparison is
shown below in Fig. X.2. It is observed that the CPP coefficients do not work well in this case,
because in a condensed model, non-conservative couplings may appear. It means that when there

are non-negligible non-conservative couplings, the SEA-ECPP approach should be used instead.
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Figure X.4 — Validation. Black curve: reference, ER calculated with truncated ROM. Blue curve:
ER calculated with ESOM. Red curve: ER calculated with SEA-ECPP. Green curve: ER calculated
with CPP coefficients

X.2 Numerical application on Model 2

A numerical application of Sound Transmission Loss (STL) calculation is carried out on Model 2
for a bloc of a double leaf wall (0.6m’s large and 2.5m’s high, which respectively correspond to the
horizontal distance between studs and the vertical distance between rails). These dimensions
are chosen, because we have made an hypothesis that the partition-wall is totally separated
with studs and each bloc (0.6m x 2.5m) is assumed to be an individual system. The two plates of
this individual system are assumed to be simply-supported, which makes it possible to solve the

sound radiation of plate in a theoretical way. The parameters are shown in Table. X.2 below. The

Subsystems | Ly (m) | Ly (m) | L, (m) | p (kg/m®) | C (m/s) &m
(1) 0.6 2.5 oo 1.29 340
3) 0.6 2.5 0.045 3 200 0.05/0.1
(5) 0.6 2.5 oo 1.29 340
Subsystems | Ly (m) | Ly (m) | L, (m) | p (kgm®) | E (Pa) | v &
2) 0.6 2.5 0.0125 736 2.7x10° [ 0.1 | 0.015/0.03
4) 0.6 2.5 0.0125 736 2.7x10° [ 0.1 | 0.015/0.03

Table X.2 — Properties of each layer for Model 2
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X.2. NUMERICAL APPLICATION ON MODEL 2

semi-infinite fluid volumes ((1) and (5)) are supposed to be filled with normal air, and subsystem
(3) is a dissipative fluid. The two panels are made of plasterboards that have the same properties.
It is assumed that the multi-layer system is a bloc (0.6m x 2.5m) of a real double leaf wall like
in Fig. X.5. the boundaries of each multi-layered partition are fixed on studs, and the boundary

condition is assumed to be simply supported in this manuscript.

[/
A

i 4 //
bl 1T
@ X
N / /
YAy ' ) /

Horizontal section

4180

Dimensions in mm

Figure X.5 — a double leaf wall system [1]

Different from the numerical example of Model 1, for semi-infinite acoustic volumes, it is im-
possible to calculate their mean mechanical energy. Instead, we calculate the mean incident
power (W@:ny o1 the first plate and the mean radiated power (W®rady of the second plate in
order to directly find the STL. The mean incident power (W®hiny js defined as the product of
mean incident intensity and the surface of section: (W@iiny — (1iny § 1 3 fluid volume, the mean

intensity is defined as

()

<Iin> - .
pfce

The boundary condition makes that the mean-square sound pressure (F) equals to the loads
applied on the panel (2). An hypothesis is proposed that the loads meet the condition that they
are uncorrelated white noises, whose power spectral density Spe is already known. For each
frequency band B, the external loads will excite the resonant modes in the band B and the non-
resonant modes in lower frequency bands B~ of the panel (2). We do not excite the non-resonant
modes in HF, because we cannot do that for our references like the truncated ROM or ESOM for
a reason of computing cost. We excite the same modes for these 3 methods and we can compare
them in a same figure. By using SEA-ECPP approach, with given PSD of external loads Sre, we
can then calculate the mean local-frequency global instantaneous mechanical energies to find
the mean square value of the resonant generalised coordinates ((qg))2> with i = 2,3,4 for limited
frequency band B. However, the mean radiated power (W¥r2d) ig calculated not only with the

resonant generalised coordinates ((qgl))2) but also the non-resonant generalised coordinates
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CHAPTER X. NUMERICAL APPLICATIONS OF ESOM AND SEA-ECPP APPROACH

((qBNR)2) (in both LF and HF). As the panel (4) is assumed as a simply supported thin plate, the
mean radiated power (W¥rady radiated is calculated from the surface integral over a hemisphere

encompassing the plate. To calculate the mean radiated power at any far point, the far-field

V4

A

1

1

r,

’ 1

’ 1

0. :
> : x

~J9

1

1

y/ Ly

Figure X.6 — Radiation of thin plates

condition (Wallace 1972, Fahy 1985) is applied with all variables defined in Fig. X.6. The mean

radiated power (W®r2dy gyer the limited frequency band B is then calculated as,

2
Ly
(W@rady _ Z f WIS o lpp f f 20c f”(T) 5(0,9;0) d0d9dw , (X.2)

with 74(0,0;w) a coefficient related to eigenmode f, angles 6,9, and angular frequency w for any
r. [Sqw]is composed with [S (4) (w)] and [S (4)(a))] that can be deduced from 5(4), which is the
solution of SEA-ECPP. The Sound Transmlssmn Loss (STL) of such a system is then calculated
as,

(W(Z),in>

STL = IOIgW . (X3)

[S <4>] can be directly calculated with 8(4) and the equivalent mass matrix [M(4)] However,

[S q® 1 should be calculated with an inverted method of the Schur complement in Appendix. C.

ApNR
Imaging that when we do the condensation of qBNR, we might have the relations like,

Qe = VEIFZ, + VRIS + DVilal + IWValaly

with [W!] some matrices associated to subsystem (i) (i = 2,3,4) in limited frequency band B and

their expressions are not listed in details. The PSD of the non-resonant generalised coordinates
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X.2. NUMERICAL APPLICATION ON MODEL 2

for subsystem (4) is,

[S 2 A
[S @]
[Sq» 1=[Wanzl ? [Wansl" , X.4)
BNR [S @]

[S o )]

where [Wan gl = [Wé Wg WI‘Z’, Wg]. It should be noted that, in the ESOM or SEA-ECPP approach,
these matrices are approximated with the central angular frequency w, of the limited frequency
band B.

Under these dimensions, the computing cost of truncated ROM is very high, and that is why
we stop at 2000 Hz for this approach. However, as we have proved that ESOM works well in
the numerical application of Model 1, this lower-costly approach will be used as a reference to
validate the SEA-ECPP in medium-high frequency range. The numerical results of ESOM and
SEA-ECPP are compared in Fig. X.7. The black curve (ends at 2000 Hz), blue curve and the
red curve are respectively the result of truncated ROM, ESOM and SEA-ECPP approach. It

65 Transmission Loss of a double partition wall system
T T T T

60 - .
55 - .

50 .

dB

40 1

35 .

30 - .

—©— SEA-ECPP
25 + —t— ESOM .
—tt— truncated ROM

20 1 1 1 1
0 1000 2000 3000 4000 5000

Frequency

Figure X.7 — STL simulation for Model 2. Black curve: result calculated with truncated ROM.
Blue curve: result calculated with ESOM. Red curve: result calculated with SEA-ECPP.

can be seen that the red curve is very close to the black and blue curves, which means that the
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CHAPTER X. NUMERICAL APPLICATIONS OF ESOM AND SEA-ECPP APPROACH

SEA-ECPP approach works well for a system like Model 2. Also it has a faster computing speed

and a lower computing cost compared to classic modal formulations.

X.3 Random SEA-ECPP approach

The non-parametric probabilistic approach is tested on both the Model 1 and the Model 2. Firstly,
the probabilistic models are tested with a very small dispersion coefficient 6 = 1e —7 to verify that
we can find the same curve in a case that very close to the deterministic model. The Figures X.8a

and X.8b are respectively the simulation results of 100 realisations on Model 1 and Model 2.

Energy reduction of a double partition wall system

Energy reduction of a double partition wall system

75 60 -

70 55
65 50

60 - 45 -

dB
dB
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451 —)-—g;gtl\:/lated ROM f 30 —3— ESOM

SEA-ECPP deterministic m=pe=== SEA-ECPP deterministic
20k —— I 25 | J, =—@=—SEA-ECPP Mean 1

=== SEA-ECPP Mean N
. Perturbations

Perturbations

35 . . . N n n 20 . . . L
500 1000 1500 2000 2500 3000 3500 0 1000 2000 3000 4000 5000
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(a) 100 realisations of probabilistic Model 1 with (b) 100 realisations of probabilistic Model 2 with
6=1e-7. 6=1e-7.

Figure X.8 — Validations of probabilistic models with a very small dispersion coefficient. Black
curve: calculated with truncated ROM. Blue curve: calculated with ESOM. Magenta curve:
calculated with SEA-ECPP. Red curve: mean values of 100 realisations with probabilistic models

Different from the previous figures, the deterministic SEA-ECPP curve is shown in magenta
colour and the mean-valued curve of these 100 realisations is shown in red colour. A green zone
shows the confident zone of the probabilistic model.

We have then tested with a dispersion coefficient 6 = 0.1, which roughly means an uncertainty of
10%. However, the results are not satisfying at all. As shown in Figures X.9a and X.9b, the ER and
the STL calculated by the probabilistic model are far below the references and the deterministic
curves, which means that much more energy are transferred in our probabilistic model.

The reason of this performance is that when the global matrices are random, the new random
matrices are related to the dispersion coefficient, which gives a global fuzzy effect and they
become much bigger than what they were before. The coupling matrices in SEA-ECPP are all
condensed matrices which are calculated accurately with modal relationships, and nearly all the

couplings (non-diagonal values) are very small compared to the diagonal values, which makes
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(a) 100 realisations of probabilistic Model 1 with (b) 100 realisations of probabilistic Model 2 with
6=0.1. 6=0.1.

Figure X.9 — Validations of probabilistic models with a dispersion coefficient §=0.1. Black curve:
calculated with truncated ROM. Blue curve: calculated with ESOM. Magenta curve: calculated
with SEA-ECPP. Red curve: mean values of 100 realisations with probabilistic models

this approach not robust at all. It can be noticed that the non-robustness of Model 1 is more
significant than that of the Model 2. That is because in Model 1, certain equivalent coupling
matrices in Model 1 such as [Mg5)] are very small and not robust. When a probabilistic model
is applied, [Mg5)] may be 100000 times bigger than [Mgm], and that will possibly result in a
100000 times bigger transmission of energy directly from subsystem (1) to subsystem (5).

It is concluded above that SEA-ECPP is not robust, and we assumed that it is because of the way
that it construct its coupling matrices. To confirm this, a test is then proposed that the coupling
matrices are kept deterministic and only the values in diagonal positions in matrices are random.

That is to say, the expression of the Eq. (IX.17) is changed as below,

Jizi00 (@I 0~ (K Tap? + 021G 1 5 - 02DV, ~ RGP ;) [ | HY), dw

@)
Zaﬁ,B _ (2)
S5 02 M P40
2 fIB ((wz[M(TJ)]aﬁ [K(l.])]aﬁ)[]:D(lj)]aﬁ 4 [G(l-])]aﬂ [R(l])]a ) ﬁ’B dw
J 0 Mg [HY | do
o _ i[OG oy TR e P+ PG g + DG e + IR 1 H 1, [ do
aB,B —

Jiz @MY 15[ B, | dow

2f]B l(U( 2[M(l,])]aﬁ[R(l.])]aﬁ [K(lj)]aﬁ[R(lJ)]a )H(l) )H(J) | dw (X 5)
S P Yy B | s

with w — H(l) (w), the a-th real-valued random equivalent generalised FRF of subsystem (i) that
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CHAPTER X. NUMERICAL APPLICATIONS OF ESOM AND SEA-ECPP APPROACH

is defined as, for all w € B
. . . . _1
H" (0) = | - 0 MPaq + i0[DW]aq + KW ]aq

a,

With these changes, it can be observed that mean-valued curve of probabilistic model is now close

to the deterministic curve in Figures X.10a and X.10b, which proves our assumption.
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(a) 100 realisations of probabilistic Model 1 with (b) 100 realisations of probabilistic Model 2 with
deterministic couplings and 6=0.1. deterministic couplings and 6=0.1.

Figure X.10 — Test with deterministic coupling matrices. Black curve: calculated with truncated
ROM. Blue curve: calculated with ESOM. Magenta curve: calculated with SEA-ECPP. Red curve:
mean values of 100 realisations with probabilistic models and deterministic couplings
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CHAPTER

CONCLUSION

n this chapter, some conclusions and perspectives are introduced and discussed. The main

results of this manuscript are the newly proposed models CROM, ESOM for multi-layered

systems. An energetic approach SEA-ECPP, which is based on ESOM, is proposed in order
to find the Transmission Loss or the Energy Reduction of a multi-layered system in medium
and high frequency range. This newly proposed approach uses new coefficients that are named
as ECPP coefficients, whose formulas are very close to the classic CPP coefficients in SEA. The
main differences between ECPP coefficients and CPP coefficient is that ECPP coefficients take
non-conservative couplings into account, which makes it possible for SEA-ECPP approach to
deal with highly dissipative mechanical systems. However, the proposed models and coefficients
are not robust in the model construction because the new created equivalent matrices in these
models are too sensitive to modelling uncertainties. Then, building a robust SEA-ECPP approach
might be an interesting perspective, which is not realized within the limit of time during this

thesis.

XI.1 Summary of present work

To answer the problematic introduced in the Chapter. I, a solution of Condensed Reduced-
Order Model (CROM) with smaller computing cost is proposed in order to replace the classic
Reduced-Order Model (ROM) in this manuscript. Particular modal analyses in limited frequency
bands for the multi-layered dissipative systems in examples (Model 1 and Model 2) are carried
out, which results in equivalent condensed models for each limited frequency band that gives
equivalent information as ROM in the same limited frequency band. With this modal analysis,
the eigenmodes are classified into resonant modes and non-resonant modes according to each

studying limited frequency band. The advantage of CROM is that the generalised coordinates of
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all non-resonant modes are able to be condensed into added terms on the equations of resonant
modes with the theory of Schur complement. When only resonant generalised coordinates are
important in our studies, this technique reduces a lot the computing cost as they calculate only
resonant generalised coordinates. Moreover, the condensed non-resonant generalised coordinates
can be re-found by inverting the condensation. This CROM is proved to be an equivalent writing

to the original ROM model, but with smaller computing cost.

In medium and high frequency range, SEA is often used because this method has certain advan-
tages such as low computing cost. However, this method requires that all couplings should be
identified as conservative couplings, which mean internal, gyroscopic and elastic couplings, and
no non-conservative coupling is allowed in SEA. Based on CROM, an Equivalent Second-Order
Model (ESOM) is again proposed to obtain these equivalent couplings in order to use SEA. Apart
from the conservative couplings introduced above, two non-negligible non-conservatives cou-
plings are also identified for the highly-dissipative systems in examples. These non-conservatives
couplings do not come from the highly-dissipative systems themselves, but come from the conden-
sations done in CROM. They are non-negligible because these couplings are condensed from some
highly-dissipative materials. If the studying system is lowly-dissipative, these non-conservative
couplings can be totally negligible and classic SEA can be used on it. As non-conservative
couplings can not be accounted for the calculation of Coupling Power Proportionality (CPP)
coefficients in classic SEA, new Equivalent Coupling Power Proportionality (ECPP) coefficients
are then developed. With these new coefficients, a modified SEA approach can be used to deal
with systems that contain non-conservative couplings, and this approach is named SEA-ECPP

approach.

The identification of ESOM proposed in this manuscript is very fast but it is however at the cost
of accuracy. The identified frequency-independent matrices might not be the optimized matrices,
where uncertainties of modelling are propagated into the SEA-ECPP approach. Probabilistic
models on the SEA-ECPP approach are constructed with non-parametric approach. However,
after some tests, it can be concluded that the SEA-ECPP approach is not robust because of the

way it construct its coupling matrices.

XI1.2 Perspectives

The main perspectives related to this work are the development of the robustness on the SEA-
ECPP approach. The reasons of the non-robustness are already analysed during the applications.
It will be interesting to find a more accurate and more efficient way to identify the equivalent
couplings in ESOM, which allows the uncertainties to be propagated. Moreover, a better method

of applying non-parametric probabilistic model is also an interesting perspective.
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APPENDIX

APPENDIX A

A.1 Schur complements in Condensed Reduced Order Model
(CROM)

In the following, we present an example of the application of Schur complement. Let us consider

a subsystem (j), which is coupled with subsystem (i) and subsystem (%),

[AP@)]  —iwlC] q?| [£9
iw[CUP] [AD(W)]  iwlCVP1[{qPV =X 0 }, (A1)
—iw[C(kj)] [A(k)(w)] q(k) 0

It is assumed that the generalised dynamical stiffness matrix of subsystem (j) is a full matrix
and its resonant and non-resonant generalised coordinates are coupled with all generalised
coordinates of subsystems (i) and (k). When reducing the non-resonant generalised coordinates
of the subsystem (j), the generalised dynamical stiffness matrix [A“)(w)] and the associated

coupling matrices such as [C%”] in the total frequency band B=B~ UBUB™ are divided as below,
AP @] LAY j@)] [AY 5. ()]

[AV@)] = | LAY, @) [AP@)]  [AD 1|, €= 1cS)1ieiici) . A2
LAY @] LAY j@)]  [AF ()]

The double subscripts like BB~ represents the individual frequency domain of line and column
indexes, respectively. It should be noted that, the generalised dynamical stiffness matrix [AY(w)]

should verify the property of symmetry.
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After the decomposition, the global matrix Eq. (A.2) is then rewritten

AD@)]  iold 1 ielCi1  ioldi] q?| |9
BRI 72101715 B A 10, VSRS B a1V ) SR T 2/1) 1 PSR MO 9210 /) K1 () a
Tt DR (S 25 AN Yp=g T 7 IYp=RF 7 TETC DR ap-
—iwlCI AP @] A1 AL @] —ielCg1|d) (=Y 0 (> A3
— rﬂ(]l) 1 L /I(]) Yo | L A(I) Yo | L /1(] £..\] — r/"(lk)‘l (]) raY
TETE DR Y pF =71 YpFp Y LS9 25 IS e TETEDERA b 9253
. kj . kj . kj
iolGgy] ol iolG] AP @I ] (a®] Lo

where the global matrix at the left-hand side of Eq. (A.3) is denoted as [ A(w)]. The objective is
to get rid of the non-resonant generalised coordinates of subsystem () (lines and columns that
are double-strike-through) in order to reduce the dimension of matrix. As in this example, the
matrices [.Agz (w)] and [Agi(w)] are full matrices, we would gain nothing of computational cost
from the order of computation. It is suggested that we move the condensed terms together and

consider them do only once calculation of Schur complement for the equation below,

o e i o1 . |
[ADW)]  iwlChy] iold) iwldS) ] q® £0)
—iolCg  AD@)] —iolcyP1 TADL @] LAY @)1 | | dY 0
. ki . ki . ki _
iolC8P1 AP il ield®)] | {a® =0 ¢ (A4b)
— Uy ¢ 4G o Ny - (k) 4 AU vy r4() £\ ) Fay
b g S R Y=g\ Tt =R 5925 e Y p=p TP Y5=
RPN 21012 1 TN 2 1) PPk BEEPIN 7210 ) R T 1)1 PPI s B 2101 POkt () n
g o s B AL B i A s B S AL B - ASLCEE B e 92

We can then regroup the block-matrices together as below,
; . @)
[AD(w)] lw[CBfé ]
A= | -iolCy1 AP —iwlCI| , [Anr@)]=
iwlCyl  [AB ()]

iwlCH 1 iwlChy)]

AP @] [AY . ()]
LAY @] LAY ()]

. , —iolCY)] TAY ()] —iwlcd®]
[Wp-p+ @)1= |[AD @] [AL @]| , Wpp-()]= pu TE S o
] o] —iolCYlp] LAY p@)] —iwlCYh]

tWllpp- LWlLRp+

The Schur complement [ASC(w)] is therefore deduced as,
[A(@))/[ANR(@)] = [A(w)] = [WB- B+ (@) [ANR(0)]” 1IWp+ - ()] .

The generalised coordinates solution of Eq. (A.1) in limited frequency band B can now simply be

calculated with the equation below,

q(z) £
[ASC@]{ag +=1 0
q(k) 0
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B.1 CROM of the Model 1

APPENDIX

APPENDIX B

We start from the Eq. (VII.1), and the objective is to reduce the lines and columns that associated

to the non-resonant generalised coordinates, which are double-strike-through as below,

AP —iolfgs]  —iolc§®] -iellfy2)] a’| |
. 21 2l corol23) 4 - o r(23)9 . ro(23) o (2) o
= T T =B+ BB+ T =B+ AR
iwlCY] AR )] 0l ] iwlCEP]  ioldE] q? 0
. 21) 4 A2 Ny ;o rl23 : 23 : (23)4 (2) o
g1 HF toprg— T B+ 1 YUp+
_ B2y - rn(82)y . p(32) ¢ ¢ 4Bl 1 _ B4y - rp(B4)y o r(34) 4 (3) a
| 2N (S =il AT )} ey CE il 95
—iolfeR] —ielCEP]  —iwlfH] AP )] —iolfS2] —ielCEY] —iolfhe] qy 0
ra(32) ;o r(32) 1 : o rr(32)1 r 4%/ 1 rar(34) 4 s ro(34) 1 ;o rn(34)y (3) Py
HS2 il Hesy : : M —iwlei HECaE 9%
: r%@h po3)y - rol43) 4 TaIC) FIRS ; ro(45) 4 (4) a
L T, e g
iwldGP] ilCy™] ieldie) (AR @) iolCg™1| | g 0
corold3) 4 - ro(43) £(43)y e 1 . 10(45) 4 (4) a
el FAG ol g
. rib(54) ; (54) - rip(54) (5) (5)
—iolfpE']l  —iolCgY]  —iolfpr] [AZ ()] |ag 0

As mentioned in section. VII.2, a good order of doing Schur complements can optimise the

computational cost for the Model 1. In order to avoid inverting large size full matrices, we

start the reduction with the lines and columns that are double-strike-through with red lines

in Eq. (B.1). According to the Schur complement of matrices [Ag’z(w)] and [Agi(a))], matrices
LA (w)] and [A“(w)] are modified and two new matrices W2 (w)] and [W*2(w)] are created.

[A®(w)] = [A® ()] - w?[C
[AD ()] = [AD ()] - 2 [CE AR ()] DT - w2 CENAS) ()1 71
V()] = —w?[CoD AR ()] ICE 3] - »?IC

(
B
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(23)
BB*

BB+

BB+

AL @)1

EAD (@) HCE2 1 - W CED AR ()] 71

(34)
CB*[EB

(32)
CB*[EB

(34)
CB* B
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V2] = [Wg“)(w)]T ’ .
with

[ AP@)]  [AD )] A2, ()] 1029 1]

[AP@)] = | [AG (@] [AD@]  [Agp. @] ]| , [Cg1=|ICo1]
A2, @] A2, A ) | 12 1]
[ AP @] AP ] AL, ()] 1029 1]

A= | LG @1 P01 0| = e |
LAG (@) LA )] [AG ()] | | 1c] |

(Ca) = [IC51 1C5"3) 1C5"5.] [Cgh1=[ich 1 a1 g .

that are defined with a pre-truncated reduction before this step. The new created matrix can also

be divided into several parts,

[AP(w)] =

[AD(w)] =

IWVED ()] =

W4 ()] =

[AD ()]
[AD) ()]

[AS) ()]

[AY ()]
[AG) ()]

(AR ()]

[ WV2(w)]
IWED ()]
[IWgg- ()]
[ W2 ()]

VSR (w)]
VG2 ()]

A ()] (A, ()]

[AP(w)]
[AD) ()]

AP (@) [AY . ()]

[AY ()]

[AG) ()]
IWE ()]
W ()]
Vi (@)]
VG2 ()]
IWy2(w)]
Wy (w)]

[AD ()] |
[AZ) ()] |

[AS ()] |

[AG) ()] |
WV @)
IWED ()]
Vg2 |
W2 (@)]]
IWVE2) ()]
W 2()] |

After the first reduction with Schur complement and with the definitions given in Eq. (B.2), we

obtain a reduced equation of Eq. (B.1) as below and the next step is to reduce the rest lines and

: 2 2) (4 4
columns that are associated to q%), qui, qjg,} and q( )
AP@)]  —iolf32] ~iolC§?1 —inlf92)] Jl a’| |
2L 2 2 2 coyt—efe23) 1 @ g oG o a4 oo o2
Fe A A o A oo o —PA S e —PAS e —PA S o
wlCGV1 AL @] [APW]  [AGL @] i0lCgYT Ve @] V@] IV ()] a3’ 0
y I’f’(21)1 FA(2) Y| FA(Z) Lt ) FA(ZJI ANl o rﬂ(23)1 F\A)(24 Lt n/n(24)1 v | I’\A}(Z&)l Avl (2) ra)
Fe A A L o —FA ) e RATE (oA et RAT 2 o=
—ilfee]  —iolCP1 —iolfER ] [AP@] —iolf5y ] —ilC§P]  —iell5s] q3’ 0 (>
AR N yaA(d2) v ya(d2) oy - ra(43) ral, Ny A o p AW Ny o r(45) 4 (4) 0
BA e A e A el C e A A e A e et 2
W@ Vg2 VG @] ielCg™1 [AGN @] [AP@)]  [Agh@)]  iwlCg™1| | af 0
@2 N1 vad2) Ny By s oqod3)y AW v a4 vy ra@l, : r(45) ¢ (4) 0
B BALE DAY el Cr A A A )] e
—iolf®1 —iolc®P -8 AR W] | ¢ 0
(B.3)
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@ @2 4)

4
a2, 42, ¢ o

and qp;

reduced one by one. In Eq. (B.3), as [AD (w)], [AD) (w)], [A}}) ()] and [A};)

can be reduced at the same time as introduced in Appendix. A, or can be

(w)] are all full matrices,

so there is no interest to doing the reduction one by one like for the subsystem (3).

AR @] —iwlcy] ~iolfg2]  —inlfd2)] a’ | |t
iwlCgP1  AD@]  iwlCgP1T WP )] A2 @1 AQL w1 Vw1 WP | |95 0
~iolC§P] TAD@] —inlC] oIS —iolfSR] —iolfS)] el | |5 | | O
WV2w)] i0lC8D]  [ADW)]  ielCE®] W @] V) AY @1 AW | |49 | |0
—i0lC§Y LA @) ~iolf$1 —iolfSR1 [ 95 (T 0 [
0oy p A @) oy rn(23) 7 aN24) o yq ra@l, 1 rA@ |l v @ v na(24) oy n(zg 0
tt e A it e A oy, A oYt AT P oA
.- fﬂ(21)1 TA(Z) L) . f{’(23)1 r\/\)(24)l AV | TA(2) L) rA(2JI AV | f\/\)(24 LM I'\A7(2&)I ANl “(2) 0
2 A 2ol C A o)) A2 L @l 1A% WL @f VE ) | |95
T\A7(42)I AN | o fﬂ(43)1 TA(4) youay | o fﬂ(45)1 I"\A)(4 )I AV | I'\/H(42 N | I'A(4 L) TA(4) L) ﬂ(4_) ﬁ
Pt il AT et el s e el A el EAY s G || Ay
nAx42) o vy o rn(8)y A Ny o po(d5) 3 naA42) ooy @R v A @y rall, 1 4)
P oot A ol AP P o — A o f—A e o
(B.4)
By regrouping these block-matrices into 4 matrices,
[+ 4D . r(12)
[Ag ()] —iwlCy™]
. r(21) @ . r(23) (24)
iwlCy™l [Ag (W] i0lCg™1 W™ (w)]
_ _ o r(32) ®) _: ra(34)
[A]= iwlCh7] [Ag ()] —iwlCy™] ,
(42) .0 (43) @) . (45)
Wg“ ()] iolCy™]1 [Ag(w)]  iwlCy™]
. ro(54) ®)
—1w[Cy™] [Ag ()]
[ . 12 . 12 ]
—La)[CfBB)_] —za)[CfBBl]
[AD ()] AR ()] VG ()] IV ()]
. 2 . 2 . 4 . 4
[Wyrl = —Lw[Cg’B),] —Lw[Cg’Bl] —zw[CSBz] —Lw[Cg’Bl] ,
(42) (42) ) @
Weg (@] DWVggi()] [Agp ()] [Agg. ()]
. ra(54) . a(54)
_lw[CBBf] _lw[CBB+]
i0lCe] [AD J(@)] iwlCE] W )]
. 21 92 . 2 24
o | iolCeyl AR )] iwlCe] IVERw)
WpLl= ,
(42) . (43) 4) . (45)
Wpg@] iolCyp]l [AgZg()]  iwlCh2g]
(42) .0 a(43) ) .0 (45)
Wgp)] twlChipl [Apip(w)] iwlCqp]]
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[ANr] =

IWVS2@)] WG ()]

[AY ()]

[ AR ] (AP @] VZ)] V5. @)
[AZ, @] [ARW)] WSS @] IVZP(w)]

(AL 5. ()]

V2 @) V2] A @] (AR |

If we define the global matrix at the left-hand side of Eq. (B.4) as matrix [A], then its Schur

complement [ASC] is therefore deduced as,

[ASC]=[A)/[Ang] = [A]l - (WpLIANR] [Wyr],

and
[ ZP@] W] V@] (W] V)]
(WEP @] [Z )] (W] [VE] W)
[A%C)= [[VEP ()] W] [ZPw] W] [VE(w)]
W1 V2] Wil [ZP] W)
(VEP@)] W2 ] [VEP ()] W]  [Z5(w)] |
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APPENDIX C

C.1 CROM of the Model 2

Similar to the Model 1, in order to avoid inverting large size full matrices, we start the reduction
with the lines and columns that are associated to the non-resonant generalised coordinates q(3)
and q(3) in Eq. (VIL.3). The Schur complement of matrices [.A(3) (w)] and [.Ag’z (w)] will create some

added matrices,

[AP ()] = AP ()] - [AD ()] - 0 [CEPTNAD (@) CEA] - o [CEDNAR ()72

cond
[AD ()] = LAY @)] - [AD) ()] - ®[CePMNAD ()] CEDT - 0 [CH AR ()] e
IV (@)] = —w?[CoD AR ()] CE 1 - 0 [Co AS ()] C]
IV ()] = IWE ()T, (C.1)

As mentioned in section. VI.4, the acoustic impedance matrices [A(l) La(@)] and [.A(5) La(@)] are
possible to be neglected if the actual studying frequency band B is in medium and high frequency

domain. Like the Model 1 in Appendix. B, we then do the reductions for the non-resonant
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@ L@

generalised coordinates q(2) p+» dp- and q(4)

rA@, 1 ra@ v rA@ ) N - ro(23)7  rya 7(2&)/ A A2 v a24) oy (2) £2)
[y s | SAN s | =EEp=g /T =Ep= LT VWLVB BJ e V 71 Y g=gYa Y B= F e AB= *B-

@) @ @) . 1(23) @ (24) (24 @) 2)
[Agd (@] [Ag(@)] [Apgh (@)] i0lCg7] DV ()] V7)) [Wghi(o)] | |ag f(B
pA@L o 1a@ o paCleov 2 ore@3) 3 (@4 o @D @b L] () £2)
155957 B NEE =gy gt [ 3 AN '/WLVB+BJ 5 pF =7 Y pTg Y/ 7 vB AVLZZoa | = 9253 *B+
—iw[ 1(32) ] _lw[cl(332)] —l(l)[ '71(3331] [Ag)(w)] —la)[ 1(34) ] _iw[c(B34)] _iw[ 1(3314311] < q(;) = 0 > s
pad -).f...\n. pAad co naUd) (on careWdly AUl pa@ o pa@l o] L) 9
I3 5 AN a Y=g Y YB=RBT oA Tt p=pH L A e =X p=pg o == L “qp-

(48 (42) (49) . 1(43) @) o ) o
Weii ()] V¥ ()] Vi)  iolCg™] [Agd ()]  [Ag ()] [Agg(] | |ag 0
PANAA) (ot D oy Bl oy care(B)y A oy pa) oy pa Wl oy gd) 9
©r 'B+$7\ 7 L g VB+B\ Ll L g VB A § "WLVB+BJ L“'B+ Y 7 I.“B+B\ Ll I.“B A | ﬂB{»

(C.2)
In this example, as the reduced generalised coordinates q(Z) gﬂ are associated to external
generalised forces and q(4) gz are not, its solution is not a similar case to the Schur complement
proposed in Appendix. B. A reduction of the non-resonant generalised coordinates q(2) and q(2)

will not only result in some added complement matrices, but also the added equivalent external
generalised forces. The non-resonant generalised coordinates for subsystem (2) and (4) can be

grouped as well as the external generalised forces, which means

2) (4) 2)
faad =10 b faml =0 b (R o
dpne @) > 4pnr ) ) BNR

B+ qB+ B+

Eq. (C.2) can be rewritten as,

pA@ v AN (o ra@) oy 2 ore(3) rw@ﬁ)f P24 oy @l | () £2)
= X7 L‘-"B— R § I.“-B*B\W/J '/WI.VBfBJ \W/J B— +\WIJ L 'B*B\W/J ﬂB* ‘B*
pA@ U o paGleov ra@ oy corp@3) 24 o @B @Dl () £2)
5595  EAEE g = pr gt wroprpt Y prg= A R g VB+B\W/J BT *B+
2 2 2 . (23 2 2 24 2 2
AZ] (@]  [ASL @] AP  iolc?®] el Wl WPl |o | |2
. 4(32) . h(32) . 2(32) @) . 7(34) . (34 . (34) @) )=
—iollps']l  —iollhg] —La)[CB ] [A (W] -] —iolfyg:] —Lw[CB 11V4az 0 (>
.n.A.’(4‘).f...\.1. SV SICT | BSIKN M2 V'8(C) WSIRN NI SIN 7 C ) B A C°) PN B 74 C )1 PSRN N 31 CY NP\ S B B C)] Y
©r VB— 7T 7 VB— FIITT 7 VB—B\W/J VWLVB BJ L“-B A § L“‘-B— FIITT L‘*B—B\W/J ﬂB— A
PAAD o oA o) a oSy Pl o ralleyy A o) 14 )
o VB+ — 7T 7 'B A | B+B\W/.| l/"VI."B-)-BJ L‘-"B+ — 7T I.““-B A | L“'B+B\W/.I ‘1B+
(42) (af) (42) . a(43) @) ) @ )
| Wi~ (@) DV (@)l V= ()] iwlCp™]  [Apg ()] [Apg ()] [Ap’(w)] qz 0

(C.3)
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then
[ A o a@  poan coe0(8) 4 @l e oa] [ o 2
_ﬁ R\WIJ L“-BNRB\W/J "WLVBNRBJ c7 'B 7T | VBNRB\W/J ‘1BNR ‘-BNR
[A;?; @] AP ielCEP] [WI(S’Z (@1 W) | | o £2
—iolP21 —iolC§P] AP il —ielCEP1 [ qF (=) 0 (>
{z;ggzi__ﬁ‘i PSRN RN SV EIC ) BFSIKN MDA 2 C™:) Mk NI o U C . IPANRN: N o C ) MERPRRT W I BN ) 8
B 77 7 VBNRB\W/J VWLVBNRBJ L‘-‘-B A | LAABNRB\W/J ﬁBNR e
;[Wg*éwR(w)] W2 iwlcy®1 [ADL@] AP | | qf 0
(C.4)
with
A? A? AW AW,
[Ag§R(w)]= [(zz); @n il . ’ [Agl)m(w)h [(f); ©n b ) ’
A2, @] [A2w) [AY, @] [A%w)
VD ()] = W] IVEY ()] VD] = Wiig-(@)]  IVy2(w)]
B IWEY (@] W (w)] ToB IWel(@)] IV ()]
[A(g) (w)]: [Ang(w)] [C(23) ]: [Cg_sl);] [W(24) (w)]: [ng%(w)]
BB [AD) ()] SR 16 | I WEhl|
[W(42) (a))]= [W(B472‘2((U)] [C(43) ]: [6(34?;] [A(4) (w)]= [A(BQB((D)]
BB IV (w)] BYBT ey BYEB [AG) ()]
A2 w@]=[AZ )] [AZ.1] , WVeR@]= W] Wl
(CE2,1=[1cg21 1cg21] , 1CER = icg 1eg| ,
V2@ = W2 @] WVe21] A w@]= A8 @] (A% )]

Reductions will be carried out firstly with qgl)m as no external loads are associated to it.

Qe = [A;*;R(w]‘l( — IV Z, - VD (@)g - iwlCin 1o - [Ag*;RBw)]qg‘)) . (C5)

Putting Eq. (C.5) into the first line of Eq. (C.2), and we can have some new matrices that can

facilitate the expressions of other matrices,

A (2) —1A®2 (24) 4) - (42)
[AZ (@)1 = [A 2 (@)~ IVENA R ()T VD ()]

[AZ 5 (@)] = [AR (@) - VR @)NARL (@) TSR ()]

BNRB
IV g @) = i0[Co 1= il D ()A P (@) [Con ]
DV (@)1= WS ()] - IV @A S ()] AR ()] .
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Here we give the expression of each element in Eq. (VI1.4),

[Z3 ()] = [AS ()] - VIR @NASR @) VSR ()]~ [AZ) G ()TAR ()] AR, ()]
(72 ()] = [AF ()] - 0P [CE2 R NA R (@) Con 1+ 10[CE R AR (@) IV, ()]

[Z ()] = [AG (@) - [AS) G (@TAS ()] A ()] = DVER (AR ()] VS ()]
[W52 ()] = i0lC5> - oDV (A S ()] o 1~ [A S (@A R ()] ViR ()]
[WE ()] = VP ()] - VIR MA@ AR (@)1 -TA) (MA@ DVER ()]
(W2 ()] = —i0lCH 21+ i0lCER MA@ Wi (@) + il CER AR ()] AR, ()]
[W5 ()] = —iwlCy 1+ inlCamn A S (] AR ()] + i Com AR ()] DV ()]
W2 ()] = Vg2 ()] - [AD G @A (@] IV L (@) - VSR (@A ()] AR, ()]
(W (@)] = iwlCy 1 - iwlAS) (@A (@)1 CHn 1= VSR (AR ()] TDVED ()]
() =) —[AD) (@A (@) £,

(@) = +i0lCo A R ()] £

£i() = - DVEZ L (NAR ()] oy
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APPENDIX D

D.1 Analytical solution of ECPP integrals

Numerically solving the definite integrals in Eq. (VII1.24) is costly when the dimensions of the
associated matrices are becoming larger and larger. A simple analytical solution is proposed
in this appendix to avoid doing numerical integration. Only the analytical solution of z ap.B is
presented below, because the solution of x;l];B follows the same method. Let us recall the general

formulation of zgé)B, for a constructed ESOM,

PR CLLD Gy i T M ety T M I
ap.B 21 ®
S My laq | dw
2 [y 0 (@ MG 10p — K5 Tap) DG Tap + [G(”)]aﬁuag”]aﬁ) pdw
N , (DD
f]B w2[M(l)]aca' ]h(L) ’ dw

with lhfxi)B the equivalent local FRF of generalised coordinate a for subsystem (i) that is expressed
as,
Lo = 1
B . : - - .
P M Peq + i0lDPgq + KW eq

We calculate the Eq. (D.1) in 2 step: the integral in denominator and the integral in numerator.
Firstly let us look at the integral in denominator, which is less complicated.
2rm @)
w?[M]
]h(‘)B(w)| dw= f - B .‘w —— do.
B |- 02N laq + i0D Y leq + 1KY lea

f 2[M(l)]aa
B
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) . . 2
—wQ[Mg)]m + iw[]Dg)]m + []Kg)],m is an even function in the frequency band B. The even

function can then be rewritten as: Q(w) = aw* + bw? + ¢, where a,b, ¢ are constants and all odd
terms are already vanished. And it is possible to find analytically the 4 roots z; of @(w) (details
in Appendix. E). We can therefore decompose these integrals with any polynomial numerator
P(w), whose degree is smaller than @(w), into 4 integrals :

P(w R

P(w) ) B Z f x(2r) Rr(zr)

Q(w) w—2p

with Ry the residues. However, the residues can be analytically calculated when w is extremely

close to the roots. We then have
P(zp)

Q'(zr)
in which Q'(w) = d@Q(w)/dw. So that for a frequency band B=-BUB =[-w, x 26, —w, x 27161y

[we x 2718 . x 2161 we can therefore write,

Ry(zp) =

P(w)

mdw 2 x (F(w, x 28) - F(w, x 271%)) |
where
& Plzp)
F(w)= kgi Qe In(w—2zp) .

Similarly, the numerator of Eq. (D.1) can also be written in fractional form,

f iw ((wZ[M(ZJ)]a [ng)]aﬁ)Q + w2[@$j)]iﬁ _ wZ[ng)]iﬁ _ [Rg.])]iﬁ) Ih(J) (w)dw

+2 f (@ MGl ~ IK G 1) DG+ TGS 12 IR ) "W ) dw

dw

f la) (w2[M(U)]aﬁ [K(lj)]aﬁ)2+w2[G(U)]2 _wz[Ing)]iﬁ_[jo)]iﬁ)
Bl-w

2
2MPaq +i0lDW]aq + KW laq

(w2[M(U)]aﬁ [K(U)]aﬁ)[ﬂ)(l])]aﬁ+[G(U)]aﬁ [R(l.])]a ) .
w .

/ B |- 02 M@0 + 0D Taq + KY lee

(MY 15+ i0IDY 15 + 1KY 1)
(D.2)

To simplify the calculation, we multiply (—wz[ﬂ\/[g)] BB~ iw[]Dg)] BB+ []Kg)] pp) on both numerator
and denominator, which makes the new denominator be real and even. As the denominator
becomes now a even function, we keep only the even terms and eliminate all odd terms in

numerator, Eq. (D.2) becomes,

f 2[ID(J)]ﬁﬁ (a)z[M(U)]aﬁ [K(U)]aﬁ)2+w2[G(U)] _w2[]])(ij)]2 —[R(ij)]2 )
B |- q + 10D Y Taq + K la

| wQ[M(J)]ﬁﬁ+lw[]])(])]ﬁﬁ+[]£{(])]ﬁﬁ|
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, f 0? (- MY 155+ 1K g ) (0PIMG 1apID G Lap — (K 510 pID G Tap + (G g aplRG )
+
B

|- 0?10 + 10D e + 1K laa

2 , . . 2
| -2 15 + i0lDY 1gp + 1K 1|

As the denominator is an even function, it can be written as: Q(w) = aw® + bw® + cw* + dw? +e.
This function has 8 roots, but they are not difficult to calculate. In fact we only need to calculate 4
roots of the variable w?, and then the calculation of 8 roots of variable w is straightforward. Then

the same method listed above can be used to calculate the solution of this integral.
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APPENDIX E

E.1 Analytical solutions of a quartic polynomial

This solution of roots are based on [132]. Here we will simplify all the process and use a small

number of variables to calculate the roots of a quartic polynomial.

With a given quartic equation:

ax* +bx® +cx’ +dx+e=0.

We firstly normalize this equation into

x4+bx3+cx2+dx+e=0, (E.1)

with b = b/a, ¢ = c/a, d = d/a, e = e/a. Then this equation can be reduced to

3b2 b3 be 3b* b2 bd

4 2

- - = Sy E.2
yorlem =gy tld eyt ot 1 T 1) =0 (£:2)

b
withx =y - 1 To make Eq. (E.2) factorizable, we need to solve firstly a cubic polynomial below:

22 +(=c)2? +(bd —4e)z + (4ce —d? - b%e) =0.

This equation has 3 roots, and it has either 1 or 3 real roots. Here we give one root that will be

absolutely real.
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c 3
Z1=—+\|—
173

1 1
with p = g(3(bd —4e)—c?)and g = 2—7(—203 +9c(bd —4e)+27(4ce —d? — b?e)). It should be noticed

that here Y of a negative real value gives only the negative real cubic root, not complex roots.

w

2
+ q_+p_
4

\}

| w
+

&
|

N |
|

2
e, p
4

N |
\]
3

After having the real root z1, we can solve the original formula Eq. (??), but we have 2 situations:

2
Ifz—c+z1=O,

b b 1 |b? 362
x]_:yl—Z:—Z+§( Z—C+Zl+ T—2C+2 23—46)

b b 1 [b2 3b2 2
Xg=y2—— +=(/——-c+z1- T—2c+2 2] —4e)

4 4°2\14

b b 1, |b2 3b2
xl:yl—Z:—Z—E( Z—c+21+ T—20—2 z%—4e)

b b 1 [b2 3b2
xl:yl—Z:—Z—E( Z_C+Zl_ T—QC—Z z%—4e)

b2
Ifz—c-i-zl;éo,

R A v8y L BN T Bl )
R 4021\202141’2(:+z1

4

ey 2o 0L | b2 inio | O, Bbc=8d-bY)
2=Y2——=—>T3 — 1=, | ¢l ——
4° 4 2\ 4 \2 4% —crm

4

b b 1 |[b2 b2 (4bc —8d — b3)
xl:yl_Z:_Z+§( Z—C+21+ ?—C—Zl——)
\ 4 b2 c+z1
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