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Abstract
The thermal rectification of conductive and radiative thermal diodes based

on phase-change materials, whose thermal conductivities and effective emissiv-
ities significant change within a narrow range of temperatures, is theoretically
studied and optimized in different geometries. This thesis is divided into three
parts. In the first part, we comparatively model the performance of a spheri-
cal and cylindrical conductive thermal diodes operating with vanadium dioxide
(VO2) and non-phase-change materials, and derive analytical expressions for the
heat flows, temperature profiles and optimal rectification factors for both diodes.
Our results show that different diode geometries have a significant impact on
the temperature profiles and heat flows, but less one on the rectification factors.
We obtain maximum rectification factors of up to 20.8% and 20.7%, which are
higher than the one predicted for a plane diode based on VO2. In addition, it
is shown that higher rectification factors could be generated by using materials
whose thermal conductivity contrast is higher than that of VO2. In the second
part, on the other hand, we theoretically study the thermal rectification of a con-
ductive thermal diode based on the combined effect of two phase-change ma-
terials. Herein, the idea is to generate rectification factors higher than that of a
conductive thermal diode operating with a single phase-change material. This
is achieved by deriving explicit expressions for the temperature profiles, heat
fluxes and rectification factor. We obtain an optimal rectification factor of 60%
with a temperature variation of 250 K spanning the metal-insulator transitions
of VO2 and polyethylene. This enhancement of the rectification factor leads us to
the third part of our work, where we model and optimize the thermal rectifica-
tion of a plane, cylindrical and spherical radiative thermal diodes based on the
utilization of two phase-change materials. We analyze the rectification factors of
these three diodes and obtain the following optimal rectification factors of 82%,
86% and 90.5%, respectively. The spherical geometry is thus the best shape to
optimize the rectification of radiative heat currents. In addition, potential rectifi-
cation factors greater than the one predicted here can be realized by utilizing two
phase-change materials with higher emissivities contrasts than the one proposed
here. Our analytical and graphical results provide a useful guide for optimiz-
ing the rectification factors of conductive and radiative thermal diodes based on
phase-change materials with different geometries.

Keywords : Phase-change materials, Rectification factors, Heat flows, Interface
thermal resistance, Heat flux, Emissivities, Thermal conductivities, Conductive
thermal diode, Radiative thermal diodes.
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Résumé
Nous étudions dans cette thèse la rectification thermique de diodes ther-

miques radiatives ou conductive constituées de matériaux à changement de phase.
Cette thèse est divisée en trois parties. Dans les premières parties, nous mod-
élisons comparativement les performances d’une diode thermique conductive
sphérique et cylindrique constitués de VO2 présentant un transition de phase et
des materiaux n’en présentant pas. Des expressions analytiques aux bornes des
diodes sont établies. Les expressions des flux thermiques, des facteurs de recitfi-
cations ainsi que les profils de température à l’intérieur de la diode sont obtenus.
Nos résultats montrent que les différentes géométries de diodes ont un impact
significatif sur les profils de température et les flux thermiques, mais moins un
sur les facteurs de rectification. Dans ce travail, nous avons obtenu des facteurs
de rectification maximaux allant jusqu’à 20.8% et 20.7%, qui sont supérieurs à
ceux prédit pour une diode plane constituée de VO2. Nous montrons également
que des facteurs de rectification similaires à ceux obtenus avec le VO2 dans les
géométries sphériques et cylindriques peuvent être atteints avec des materiaux
à chagement de phase dont le contraste de conductivité est plus important que
dans le cas du VO2. Dans la deuxième partie, nous étudions la rectification de
diodes thermiques consitutuées de deux matériaux à changement de phase avec
l’idée de générer un facteur de redressement plus élevé que dans le cas d’une
diode thermique conductive ne comprenant qu’e un matériau à changement de
phase unique. La encore, le travail a conduit à l’établissement d’expressions ex-
plicites pour les profils de température, les flux thermiques et le facteur de rec-
tification. Nous avons obtenu un facteur de rectification optimal de 60% avec
une variation de température de 250 K couvrant les transitions métal-isolant des
deux matériaux. Dans la troisième partie de notre travail, nous avons modélisé
et optimisé la rectification thermique de diodes thermiques planes, cylindriques
et sphérique radiatives à base de deux matériaux à changement de phase. Nous
avons calculé et analysé les facteurs de rectification de ces trois diodes et obtenu
les facteurs de rectification optimaux respectifs pour les trois géométries 82%,
86% et 90.5%. Nos résultats montrent que la géométrie sphérique est la meilleure
pour optimiser la rectification des courants thermiques radiatifs. De plus, des
facteurs de rectification potentiellement supérieurs à ceux prédits ici peuvent
être réalisés en utilisant deux matériaux à changement de phase avec des con-
trastes d’émissivités plus élevés que ceux proposés ici. Ces résultats analytiques
et graphiques fournissent un guide utile pour optimiser les facteurs de rectifica-
tion des diodes thermiques conductives et radiatifs basées sur des matériaux à
changement de phase de géométries différentes.

Mots-clés : Matériaux à changement de phase, facteurs de rectification, flux de
chaleur, résistance thermique d’interface, flux de chaleur, émissivités, conductiv-
ités thermiques, diode thermique conductives, diodes thermiques radiatifs.
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General Introduction

Since the first experimental observation of Starr in 1936 at the interface between

copper and cuprous oxide [Sta36], thermal rectification has received significant

interest due to their potential applications in heat flow management related

to limited energy and global warming problems [Li04; Rob11; Shi15; Li12;

Jou15b]. It consists in allowing the transportation of heat flux between two

terminals along a specific direction and blocking it in the opposite one when

their temperatures are reserved. After Starr, a lot of experimental and theoretical

work has been demonstrated in order to understand the physics behind this

tunning of heat transport. The determination of a device which undergo this

type of strange behavior have paved way to the realization of thermal circuits

in a way similar to their non-linear electronics counterparts [Bar03; Day63].

With the improvement in understanding how thermal rectification is realized,

thermal diodes [Rob11], thermal transistor [Ord16], thermal switch [Gu15],

optical switch [Rin08], thermal memristor [Ben17; Ord19a], thermal memories

[Ito16], and thermal logic circuits [Lo08; Wan07] devices has been theoretically

designed and optimized. A general question that often come up while studying

thermal rectification is whether the heat flows between the two terminals at

low temperature is different than the one at high temperature when their

temperatures are interchanged. If the aforementioned scenario is the case, then

the two terminals are said to exhibits thermal rectification, a thermal analogy

to electrical rectification known as a thermal diodes. During the last decades,

heat currents exhibiting thermal rectification have been studied. In these

devices, the carriers of heat flow behave asymmetrically either by the involving

materials or by guiding the heat flow carriers in a different form whether
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they are moving in one direction or the opposite [Li04; Cha06; Pey06; Ter02].

More recently, very promising thermal rectification devices has been proposed

based on phase-change materials (PCMs) such as vanadium oxides, nitinol,

polyethylene (PE), and Ge2Sb2Te5 (GST). Among these PCMs, there has been a

lot of interest in vanadium oxides since the first work of Morin [Mor59]. These

materials exhibit metal-insulator transitions (MITs) which are accompanied by

significant changes in their optical, thermal and electrical properties. Out of

several types of vanadium oxides, VO2 has been most studied theoretically and

experimentally, due to the fact its MIT occurs close to room temperature. Based

on the hysteresis effect of VO2, Ordonez-Miranda et al. [Ord18b] studied a plane

geometry conductive thermal diode operating within the terminal of a VO2 and

phase invariant one. The authors proposed that the main vital parameter to

achieved thermal rectification is thermal conductivity contrast of the involving

PCM. Following this idea, the goal of this thesis is to study different geometries

and material configurations to analyze and optimize the thermal rectification of

a conductive and radiative thermal diodes based on VO2, PE, and GST.

The thesis is structured and organized in four chapters, which are detailed

below:

- In the first chapter of this thesis, we described the fundamental concepts of

heat transfer and different modes of heat transfer by focusing on the conductive

and radiative (far- and near-field) ones. In this context, we discussed about the

radiative heat transfer in a black body. These basic concepts are important to

understand the rate of heat transfer between solids materials. We explain the

concept of thermal rectification and its components, where we shed more light

on certain thermal properties such as thermal diodes, thermal conductivity,

effective emissivity and interface thermal resistance (ITR), which is the main

parameter that affect the thermal property. We described very promising
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materials (thermochromic and PCMs) capable of rectifying heat currents.

Significant emphasis is put on VO2, given that its MIT occur at a temperature

closer to room one. Furthermore, we explain the MIT of VO2, along with a

qualitative discussion on the mechanism leading to the phase transition and the

properties accompanied during the MIT. Finally, we discussed different aspect

of the application of VO2 and as well as different thin film deposition techniques.

- The second chapter is devoted to the study of the geometrical effects of a

conductive thermal diode based on PCM where the heat conduction follows

Fourier’s law. Here, we look at the previous work of Ordonez- Miranda in a

geometrical perspective. We derive and analyze simple analytical expressions

for the temperature profiles, heat flows and optimal rectification factor of both

diode geometries supporting steady-state heat conduction. We demonstrate that

the change in geometry has a strong impact on the temperature profiles and heat

flows, but not so much on the diode optimal rectification factor.

- The third chapter includes the detailed study of conductive thermal diodes

between two PCMs whose thermal conductivities change significantly with

respect to the temperature. We consider a planar system of two PCMs exchang-

ing heat through steady-state condition due to their temperature differences.

Again, thanks to Fourier’s law, explicit and simple analytical expressions are

derived and numerically evaluated for the heat fluxes, temperature profiles and

optimal rectification factor. We show that the optimization of the rectification

factor of the conductive thermal diode requires a high temperature jumps at the

interface of its terminals, for a given ITR. We report that the combined effect

of two PCMs is expected to generate higher rectification factors than a thermal

diode based on a single PCM. This fact indicates that two PCMs could also be

applied to optimize the rectification factor of radiative thermal diodes, which is

not reported in the literature yet, to the best of our knowledge, as presented in
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chapter 4.

-In the fourth chapter, we describe a far-field radiative thermal diodes in

the plane, cylindrical and spherical geometries based on two PCMs. We derive

and analyze analytical expression for the optimal rectification factor of the three

diode geometries. We demonstrate that the change of geometry has a signifi-

cant impact on the optimal rectification factors. We show that the combination of

two PCMs can generate higher rectification factors as reported for the conductive

thermal diode in chapter 3.

Finally, the general conclusions and perspectives of the thesis are presented.
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Résumé de l’introduction générale
Depuis la première observation expérimentale de Starr en 1936 à l’interface

entre le cuivre et l’oxyde cuivreux [Sta36], la rectification thermique a suscité un

intérêt considérable en raison de ses applications potentielles dans la gestion des

flux thermiques notamment dans le contexte d’un accès limités aux ressources

en énergie et du réchauffement climatique [Li04; Rob11; Shi15; Li12; Jou15b].

La rectification thermique consiste à permettre le transport du flux thermique

entre deux bornes selon une direction spécifique et à le bloquer dans l’autre

lorsque leurs températures sont inversées. Après Starr, de nombreux travaux

expérimentaux et théoriques ont été poursuivis afin de comprendre la physique

sous jacente à cette problématique du transport thermique. La conception et

la fabrication d’un dispositif présentant ce type de comportement étrange a

ouvert la voie à la réalisation de circuits thermiques de manière similaire à leurs

homologues électroniques non linéaires [Bar03; Day63]. Avec l’amélioration

de la compréhension de la manière dont la rectification thermique est réalisée,

les diodes thermiques [Rob11], le transistor thermique [Ord16], l’interrupteur

thermique [Gu15], l’interrupteur optique [Rin08], le memristor thermique

[Ben17; Ord19a], les mémoires thermiques [Ito16] et les circuits de logique

thermique [Lo08; Wan07] dispositifs ont été théoriquement conçus et optimisés.

La question générale qui se pose pour obtenir une rectification thermique est de

savoir si les flux de chaleur entre les deux bornes à basse température sont dif-

férents de ceux à haute température lorsque leurs températures sont échangées.

Si c’est le cas, on dit que le dispositif présentent une rectification thermique.

Au cours des dernières décennies, de nombreux dispositifs présentant une

rectification thermiques ont été étudiés. Dans ces dispositifs, les porteurs de

flux de chaleur se comportent de manière asymétrique soit par les matériaux

impliqués, soit en guidant les porteurs de flux de chaleur sous une forme

différente, qu’ils se déplacent dans un sens ou dans l’autre sens [Li04; Cha06;

Pey06; Ter02]. Plus récemment, des dispositifs de rectification thermique très
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prometteurs ont été proposés à base de matériaux à changement de phase (PCM)

tels que les oxydes de vanadium, le nitinol, le polyéthylène (PE) et Ge2Sb2Te5

(GST). Parmi ces PCM, il y a eu un grand intérêt pour les oxydes de vanadium

depuis les premiers travaux de Morin [Mor59]. Ces matériaux présentent des

transitions métal-isolant (MIT) qui s’accompagnent de changements significatifs

de leurs propriétés optiques, thermiques et électriques. Parmi plusieurs types

d’oxydes de vanadium, le dioxyde de vanadium (VO2) a été le plus étudié

théoriquement et expérimentalement, en raison du fait que sa MIT se produit

pour des températures proches de la température ambiante. En tenant en

compte l’effet d’hystérésis de la transition de phase de VO2, Ordonez-Miranda

et al. [Ord18b] a étudié une diode thermique conductive à géométrie plane

entre une borne constituée de VO2 et d’une autre composée d’un matériau ne

présentant pas de changement de phase. Les auteurs ont établi que le principal

paramètre nécessaire à la réalisation de la rectification thermique est le contraste

de conductivité thermique du PCM. Suivant cette idée, le but de cette thèse est

d’étudier différentes géométries et configurations de matériaux pour analyser

et optimiser la rectification thermique d’une diodes thermiques conductive ou

radiative à base de VO2, PE et GST.

La thèse est structurée et organisée en quatre chapitres, qui sont rapidement

décrits ci-dessous:

- Dans le premier chapitre de cette thèse, nous avons décrit les mécanismes

fondamentaux du transfert de chaleur, ses différents modes: conductifs et

radiatifs (champ lointain et proche). Dans ce contexte, nous avons discuté du

rayonnement corps noir. Ces concepts de base sont importants pour comprendre

le taux de transfert de chaleur entre les matériaux solides. Nous expliquons le

concept de rectification thermique et celui de composants thermiques tel que les

diodes thermiques. Nons introduisons égalements les notions de conductivité
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thermique, émissivité effective et de résistance thermique d’interface (ITR), qui

sont les principaux facteurs qui influent sur les échanges thermiques. Nous

avons décrit des matériaux très prometteurs (thermochromiques et PCM) que

nous utiliserons dans la suite pour redresser les courants de chaleur. Un accent

particulier est mis sur le VO2, en raison du faire que sa MIT se produit à une

température proche de la température ambiante. De plus, nous expliquons

la MIT du VO2, et discutons qualitativement sur le mécanisme conduisant à

la transition de phase. Enfin, nous avons discuté de différentes applications

possibles pour VO2 ainsi que de différentes techniques de dépôt de couches

minces.

- Le deuxième chapitre est consacré à l’étude des effets géométriques d’une

diode thermique conductive basée sur l’utilisation d’un PCM où les flux de

chaleur obéissent à la loi de Fourier. Ici, nous analysons les travaux précédents

d’Ordonez-Miranda pour les étendre à d’autres géométries. Nous obtenons et

analysons des expressions analytiques simples pour les profils de température,

les flux thermiques et le facteur de rectification optimal des deux géométries de

diodes conductive en régime permanent. Nous démontrons que le changement

de géométrie a un fort impact sur les températures et les flux de chaleur, mais

pas tant sur le facteur de redressement de la diode.

- Le troisième chapitre comprend l’étude détaillée des diodes thermiques

conductive entre deux PCM dont les conductivités thermiques varient sig-

nificativement en fonction de la température. Nous considérons ainsi un

système plan de deux PCM échangeant de la chaleur dans un état stationnaire

en raison de leurs différences de température. Encore une fois, grâce à la loi

de Fourier, des expressions analytiques explicites et simples sont établies et

évaluées numériquement pour les flux thermiques, les profils de température

et le facteur de rectification optimal. Nous montrons que l’optimisation du
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facteur de redressement de la diode thermique conductive nécessite un saut

de température élevé à l’interface de ses bornes, pour une ITR donné. Nous

rapportons que l’effet combiné de deux PCM devrait générer des facteurs de

redressement plus élevés que pour une diode thermique basée sur l’utilisation

d’un seul PCM. Ce fait indique que deux PCM pourraient également être utilisés

pour optimiser le facteur de rectification des diodes thermiques radiatives, ce

qui n’est pas encore rapporté dans la littérature, à notre connaissance, comme

présenté au chapitre 4.

- Dans le quatrième chapitre, nous décrivons une diodes thermiques ra-

diatives en champ lointain dans les géométries plan, cylindrique et sphérique

basées sur deux PCM. Nous obtenons et analysons l’expression analytique du

facteur de rectification optimal des trois géométries de diodes. Nous démon-

trons que le changement de géométrie a un impact significatif sur les facteurs de

rectification optimaux. Nous montrons que la combinaison de deux PCM peut

générer des facteurs de redressement plus élevés, comme indiqué pour la diode

thermique conductive au chapitre 3.

La conclusion générale présente un résumé du travail ainsi que les différentes

perspectives.
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1.1 Introduction

Heat transfer in a given system can be defined as the transfer of thermal energy

between two physical systems due to a spatial difference in temperature between

them [Ber11]. This process can occur in solids, liquids or gases. The transfer of

energy flows from the medium with higher temperature to the medium with the

lower one, hence follow the well-known laws of thermodynamics. However, the

rate of heat transfer also depend on the properties of the interacting medium

through which the heat is transferred. Heat transfer is commonly applied in our

everyday life ranging from biological processes to industrial systems in macro,

micro and nanoscale. Heat transfer can occur through three different modes:

conduction, convection and radiation. The transfer of heat that occurs between

a stationary medium due to temperature gradient is referred to as conduction.

At a microscopic level, conduction may be seen as the transfer of energy in steps

by successive shocks between neighboring heat carriers. The heat carriers which

ensure exchange by conduction vary according to the type of materials. For ex-

ample, atoms and molecules dominate in gases, electrons dominate in metals

while phonons contributed largely to the exchange in the dielectric. For convec-

tion, the heat transfer is between a surface and a moving fluid when they are

at different temperatures, but it is actually a conductive process in a fluid layer

named boundary layer. On the other hand, radiation is the type of heat transfer

that occurs due to the emission and absorption of electromagnetic waves be-

tween two systems, and propagating in vacuum. Given that every bodies at a

finite temperature emit energy in form of photons, therefore, even without any

intervening medium, heat transfer due to radiation often occurs between bodies

at different temperatures. This fact indicates that thermal radiation is a ubiqui-

tous physical phenomenon and its understanding is particularly vital for many

different technologies [How10; Mod13; Zha07].
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1.1.1 Heat equation

Heat equation is a diffusion equation that can be obtained by considering mi-

croscopic heat carriers [Ein05]. The general heat equation gives the temporal

variation in the temperature of a system by considering the different fluxes ex-

changed within its environment and any internal thermal sources. For instance,

these sources could be the joule effect or a chemical reaction in combustion. The

heat equation reads mathematically as follow:

ρCρ
∂T
∂t

= φ + Q, (1.1)

where ρ is the density of the system, Cρ is the specific heat, T is the temperature,

t is the time, Q is the quantity of heat per unit volume generated by any internal

sources and φ is all the densities of heat fluxes exchanged. Heat exchange can

occur through these three transfer modes: conduction, convention and radiation.

However, for the sake of this thesis, we will focus on conductive and radiative

heat transfers, respectively.

1.1.2 Conductive heat transfer

Conductive heat transfer (CHT) is the process in which heat is being transferred

by means of molecular excitation within materials excluding the bulk motion of

the matter. This phenomenon occurs in gases and liquids as a result of diffu-

sion and collisions of the molecules during their random motion. Besides, CHT

takes place in solid materials due to the combination of lattice vibrations of the

molecules and the energy transport by free electrons.

In order to examine the problem of CHT, we will look at its thermal and ge-

ometrical properties. Let us consider a one-dimensional plane system separated

by a thickness L, exchanging heat through steady-state conduction due to their
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FIGURE 1.1: Scheme of a one-dimensional heat conduction situation.

temperature difference Th > Tc, with a temperature profile T(x) inside the sys-

tem as shown in Figure 1.1. According to Fourier’s law, the heat flux is propor-

tional to the temperature gradient, is given as follows:

q ∝ −A
dT
dx

, (1.2a)

q = −κA
dT
dx

, (1.2b)

where κ is the thermal conductivity of the medium in which the heat transfer

takes place, A is the area of the conducting surface and dT/dx is the temperature

gradient. The negative sign in equations (1.2a) and (1.2b) indicates that the heat
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is transferred in the direction of decreasing temperature. By applying separation

of variable method and integrating from x = 0, equation (1.2b) becomes

q = −κA
T(x)

L
, (1.3)

where T(x) is the temperature profile and L is the thickness of the plane system.

By properly using the following boundary conditions: T(0) = Th and T(L) = Tc,

the heat flux in equation (1.3) is given as

q = κA
Th − Tc

L
. (1.4)

Note that equation (1.4) is the heat rate by conduction in W through a plane sys-

tem and is different than that of the rate of heat transfer per unit area. Note also

that the latter equation can be applied in the case of the spherical and cylindrical

geometries. The two latter geometries will be discussed in details in chapter 2.

1.1.3 Radiative heat transfer

All bodies set at a given temperature emit energy in the form of electromagnetic

waves or photons. Therefore, even without an intervening medium, heat

transfer will always occur via thermal radiation between bodies at different

temperatures. This makes radiative heat transfer (RHT) of great interest for

numbers of application in different areas of science and engineering [Pal85;

Roh98; Mod13; Ber11]. In contrary to other two types of the fundamental mode

of heat transfer, RHT is not proportioned to the temperature gradient but rather

its temperature difference. It also depends on the wavelength of the considered

radiation and on the properties of the involving materials during the heat

transfer process.
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1.1.4 Radiative heat transfer in Blackbody

A blackbody is often considered as an ideal surface or volume that absorbs all

the incident radiation at any wavelength and direction. At thermal equilibrium,

no surface can emit a higher quantity of energy than a blackbody at any given

wavelength and temperature. The radiation emitted by a blackbody is a func-

tion of wavelength and temperature. It is independent of direction, so that the

blackbody is a diffuse emitter, also called a Lambertian emitter where its specific

intensity is isotropic. Given that a blackbody is a perfect absorber and emitter, it

is served as a standard in which the properties of other radiating surfaces could

be compared.

The traditional origin to understanding blackbody radiation is based on

Planck’s law [Pla14], which states that a blackbody is an object that absorbs all

the radiation with respect to the distribution of the body’s temperature. Over the

last centuries, scientists have been trying to perfectly predict the electromagnetic

spectrum of the blackbody emission. In this quest, Wien performed a few ex-

periments alongside the law of thermodynamics to demonstrate that large part

of the spectral distribution of the blackbody emissive power is accurately cor-

rect. Based on the spectral distribution of the blackbody emissive power, Lord

Rayleigh and Sir Jeans assumed that the equipartition theorem is valid and de-

rived the equation for the blackbody emissive power [Ser04; How10]. They

found out that the mean energy of an oscillator of temperature T is independent

of the frequency and equal to κBT, where κB is the Stefan-Boltzmann constant.

They also proposed that the classical physics can be used to generate an equation

which describes the intensity of blackbody radiation, as functions of frequency at

constant temperature, which is known as Rayleigh-Jeans law. However, the law
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did not work at high frequency since the energy diverges, this is known as the ul-

traviolet catastrophe or Rayleigh-Jeans catastrophe. After Rayleigh-Jeans ultravi-

olet catastrophe, Planck [Pla14] explained the blackbody radiation in 1900, he in-

troduced the concept of quanta by assuming that the energy in a given frequency

mode can only be proportional to integral multiples of the frequency. This cor-

rect spectral emissive spectrum power of a blackbody proposed by Planck can

be defined mathematically as [Pla14; Mod13; Ber11]:

FIGURE 1.2: Spectral emissive power of a blackbody [Inc96].

Eλ,b(λ, T) =
2hc2

λ5
[

e
hc

κBλT − 1
] , (1.5)
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where c = 2.998 × 108m/s is the speed of light, Eλ,b(λ, T) is the intensity of

the blackbody, κB = 1.38 × 10−23J/K is the Stefan-Boltzmann constant and

h = 6.626069× 10−34J.s is the Planck constant. The emissive power of blackbody

is described as eλ,b(λ, T) = πEb,λ(λ, T). The integration of the aforementioned

emissive power for the whole spectrum yields the well-known Stefan-Boltzmann

law’s law of far-field thermal radiation as eb = σT4, with σ = 5.67 × 10−8

W/(m2K4). The wavelength λmax at which the emitted power of blackbody is

maximum, is given by

λmax =
C1

T
, (1.6)

where C1 = 2898µm K is the radiation constant. Equation (1.6) is called the

Wien’s displacement law, which relates the thermal emission wavelength and

medium temperature. The combination of equations (1.5) and (1.6) yields the

spectral emissive power as functions of thermal wavelength as shown in Figure

1.2. It can be seen that the power increases as Wien’s displacement reduces with

temperatures.

1.1.5 Far and Near-field radiative heat transfer

A typical RHT phenomenon is the study of thermal energy transfer between two

bodies with different emissivities and temperatures, separated by a vacuum gap

of distance d. RHT between two semi-infinite bodies classically depends on the

materials optical properties rather than the vacuum gap between them. There

are two types of RHT as shown in Figure 1.3: (i) Far-field radiative heat trans-

fer (FFRHT) and (ii) Near-field radiative heat transfer (NFRHT). The former is

when the heat transfer between the two bodies is separated by a vacuum gap

of distance d that is far greater than the thermal wavelength (d >> λth), there-

fore the main contribution to the heat transfer is only via the propagative waves.
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The evanescent waves emanated in the vacuum gap due to total internal reflec-

tion (TIR) when the angle of incidence is greater than the critical angle decay

exponentially and as a result are not able to tunnel through the second bodies,

therefore do not contribute to the heat transfer (no photon tunnelling). On the

other hand, evanescent waves tunelling is possible when d << λth, hence, they

contribute significantly to the RHT, and as a result, the heat transfer limitation

between two blacbodies in the far-field can be overcome.

FIGURE 1.3: Scheme of (a) far-field and (b) near-field radiative heat transfer [Bie20].

For the FFRHT, classical theory can be used to calculate the heat flux, given
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that d >> λth. For example let us consider a system of two bodies separated

by a vacuum gap of distance d with effective emissivities given as ε1 and ε2 at

temperatures Tc and Th, with Th > Tc, respectively. According to [Inc96], when

the two bodies are considered as perfect absorbers (blackbodies), the radiative

heat flux becomes maximum and can be described by Stefan-Boltzmann law of

thermal radiation as

q = σ(T4
h − T4

c ), (1.7)

where σ = 5.67× 10−8 Wm−2K−4 is the Stefan-Boltzmann constant. On the con-

trary, for real opaque bodies, equations (1.7) can be described, as follows [Inc96]:

q = σε12(T4
h − T4

c ), (1.8)

where ε12 is effective emissivities of the two bodies. We have presented more

details about FFRHT in chapter 4. For the NFRHT, on the other hand, the clas-

sical theory is not applicable, since both propagative and evanescent waves con-

tributed to the RHT. Fluctuation electrodynamic (FE) is the theory that has been

used to calculate the heat flux in the case of NFRHT. It is based on Maxwell equa-

tions and fluctuation-dissipation theorem (FDT). Basically, FDT gives the electric

and magnetic fluctuating currents due to thermal fluctuation in the materials

whereas Maxwell equation relates currents to the electromagnetic field and en-

ergy flux in a given geometry [Bas11; Bie18; Cha08b; Wan13; Shc00; Ben09; Bas09;

Cra67; Pol71; Yan13; Van12; Gu15; Vol07; Nar08; Son15].
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Tc Th

qF

qB

Th Tc

FIGURE 1.4: Scheme of a thermal diode operating in the (a) forward and (b) backward
configurations. Th and Tc denotes hot and cold temperatures respectively.

1.2 Thermal components

1.2.1 Thermal diode and rectification factor

A device that rectifies the magnitude of the heat flux is called a thermal diode,

which allows larger heat flux in the forward configuration than that in the back-

ward one at the same temperature difference as shown in Figure 1.4. In the

case of electronic diode counterpart, electric rectification is such that the abso-

lute value of the electric flux differs by reversing the potential difference applied

to each terminal. The ability of this thermal diode to transport heat along a pref-

erential direction can be quantified by a factor which relates the ratio of the heat

fluxes in the forward and backward configurations, is referred to as rectification
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factor. The rectification factor R of a thermal diode represents its ability to switch

on and switch off heat fluxes and can be defined in this thesis, as follows [Kas19]:

R =
|qF − qB|

max(qF, qB)
, (1.9)

where qF and qB are the magnitudes of the heat fluxes at the initial state and

when their temperatures are reversed. Equation (1.9) establishes that a nonzero

rectification is achieved when the reversal of the temperature gradient induces

not only the inversion of the heat fluxes direction but also a significant variation

of their magnitudes. Optimal rectification (R = 1) is reached when one of the

heat fluxes is zero.

1.2.2 Thermal conductivity

Thermal conductivity often denoted by the symbol k is the ability of a material to

conduct or transfer heat. Higher thermal conductivity generates larger thermal

flux inside the material. Materials with high thermal conductivity are utilized in

heat sinks while materials with low one are used as a thermal insulator. Thermal

conductivity of a material is temperature-dependent and its reciprocal is thermal

resistivity [Hua17]. The thermal conductivities of PCMs employed throughout

this thesis can be described according to Ordonez-Miranda et al. [Ord18b], as

follows:

κn(T) = κin +
κmn − κin

1 + e−βn(T−T0n)
, (1.10)

where κmn and κin are the thermal conductivities in their respective high- and

low-temperature phases, and βn is the phase-transition slope of κn(T) at the

transition temperature T = T0n, for n = 1, 2, 3, depending on the number of

involving materials.
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1.2.3 Effective emissivity

The ability of a real material to emit thermal radiation is evaluated relative to

that of the blackbody. The latter is pure fictitious body allowing to obtain the

basic laws of thermal radiation. It describes an ideal body whose electromag-

netic waves depend only on its temperature, that is, a body which re-emits all

of its energy at all wavelengths. On the other hand, real bodies re-emit a quan-

tity of radiative energy that is always less than that of a blackbody at the same

temperature. The emissivity of a material or surface can be defined as the ratio

between the amount of energy emitted by the surface and that of the blackbody

at the same temperature. The emissivity often denoted ε, thus provides informa-

tion on the ability of a material to emit radiation. The emissivity does not have a

standard unit and the value is between 0 and 1 (0 < ε < 1). Of course, for a per-

fect blackbody, the value of emissivity is 1. Generally, emissivity depends on the

wavelength and the direction of measurement of the radiation. If it is measured

for a wavelength or a narrow band of wavelengths, it is referred to as a spec-

tral emissivity, on the other hand, when measured for a direction of emission it

is called a directional emissivity. Furthermore, emissivity also depends on the

nature of the materials (smooth or rough) and their temperature. The effective

emissivities of PCMs used throughout this thesis can be described, as follows

[Ord19b]:

εn(T) = εin +
εmn − εin

1 + e−βn(T−T0n)
, (1.11)

where εmn and εin are the emissivities in their respective metallic (high-) and

insulator (low-temperature) phases, and βn is the phase-transition slope of εn(T)

at the transition temperature T = T0n, for n = 1 2, 3 etc.



1.2. Thermal components 25

1.2.4 Interface thermal resistance

When two materials are brought into contact, the diffusing heat that occurs at the

interface is called interface thermal resistance (ITR). This phenomenon results in

the discontinuity of the temperature at the interface as shown in Figure 1.5. ITR

is also known as Kapitza resistance, given that it was first reported in 1941 by

Kapitza [Kap41] at the interface between a wall and a superfluid helium film. A

temperature drop is indeed obersved at the boundary between helium and solids

when the heat flows across the boundary [Swa89]. After a decade, Khalatnikov

[Kha18] reported a model known as the acoustic mismatch model (AMM) to fur-

ther explain that the thermal boundary resistance takes place at these interfaces.

This Kapital resistance is of first importance for heat transfer problems in many

sciences and engineering applications and it can be defined as a function of the

temperature difference between two sides of interface and the heat flow flowing

through it. It can be mathematically described, as follows:

Material 1 Material 2 

Distance

T
em

p
er

at
u
re

q q

Temperature gap T

FIGURE 1.5: Scheme of a contact thermal resistance.
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R =
∆T
q

, (1.12)

where q is the density of the heat flux across the interface and ∆T is the temper-

ature difference between the two sides of the interface.

In order to design and optimize the heat transfer between two bodies, in this

thesis, we have considered a phase transition materials, hence, it is important

to discuss these very promising materials exhibiting phase change such as ther-

mochromic materials and PCMs that has been recently proposed to designed and

optimized thermal transfer devices. More recently, the study of these unique ma-

terials offers prospects of developing a novel kind of electronics with advanced

functionality and advancing fundamental science and technology. The afore-

mentioned materials have been detailed below:

1.3 Thermochromic materials: so-called "smart" ma-

terials

The so-called smart materials are materials that have the capability to receive

certain information from their environment and interact with this environment

significantly by changing their optical, electrical and thermal properties due to

exposure to external stimuli. For instant, thermochromic materials exhibit phase

transition from low-temperature insulating phase to high-temperature metallic

one. In this context, it implies that the materials receive thermal information

from its environment and generates an optical response in the same environ-

ment. This kind of materials properties can be used to perform tunable functions

similar to the ones achieved by using semiconductor or memory devices. On

the other hand, unlike the latter, the desired function is being performed at the
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level of the materials by a simple integration, which results in a system with in-

creased in compactness. Due to their diversification, it is complicated to achieve

a precise classification of these intelligent materials. However, for the sake of this

thesis, we will focus on materials with tunable conductivity. There are two main

types of element that exhibit tunable components based on a change in thermal

conductivity, but in this thesis, we will focus on the phase change ones.

1.3.1 Phase-change materials

PCMs are strongly correlated materials, that is to say, materials with strong

electronic interactions. They represent a promising path for the optimizing of

devices where tunability is based on variations of their conductivity. These

materials contain certain atomic orbitals, especially those of type d, which

generates the formation of narrower bands of energy that are filled and close

to the Fermi level, generating, therefore, very strong electronic interactions.

Furthermore, the free electron model, which is applied to the case of simple

metals cannot be utilized, given that its assumption is based on the fact that

electrons does not depend on one another. In order to shed more light on the

behavior of these correlated materials, it is then vital to look into more complex

theories like the Hubbard model, which proposed that electrons move from one

atom of a transition metal to another without worrying about its environment

(for example oxygen atoms). Under these conditions, this model considers that it

is possible to determine the transport properties by only taking into account the

competition between the propagation of electrons and the interaction between

the lattice. Despite of this complexity, strongly-correlated materials are very

interesting due to the fact that the interactions between their correlated electrons

yields remarkable properties. These oxides, including vanadium family exhibit

MITs, which are accompanied by a significant change in their thermal, optical

and electrical properties, following the application of external stimuli such as,
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temperature, electric fields and optical signals etc.

FIGURE 1.6: The MIT temperature of VO2 and some selected oxides [Yan11].

For smart materials mentioned above, the tuning ability was based on varia-

tions in a particular state, for instance, the variation in permittivity of the nematic

state of liquid crystals. However, in the case of an oxide that undergoes a phase

transition, one can use the conductivity variations which are observed during the

MITs of the materials because they can both be rapid and huge. PCMs are char-

acterized by their transition temperature as shown in Figure 1.6. It can be seen

that there is a great diversity of metallic oxides that exhibits MITs with different

values of transition temperature starting from 70 K for V8O15, to 1081 K, which

is the characteristic transition temperature for NbO2. Beside other tuning ma-

terials, tunable resistivity one can be utilized to generate several reconfigurable
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systems, particularly, for the tunable filter, thermal switch, optical switch, mem-

ristors, power limiters etc. In order to discuss the phase transition and potential

devices that could be realized, for the sake of this thesis, we will particularly

emphasize on VO2, which undergo a sharp MIT at a temperature closer to room

one.

1.4 A review of VO2

More recently, significant research interest has been given to the occurrence of

phase transition from insulator to metallic in strongly correlated electron systems

in condensed matter physics [Ima98]. The interest is strongly motivated due to

the potential application of the materials exhibiting MITs in novel electronics

[Lee07; Wan05; Chu02; New98]. Furthermore, particular interest has been given

to understand the basic physics behind the strongly correlated electron behavior

responsible for material striking characteristics such as MITs, orbital and charge

ordering, high-temperature superconductivity, exotic magnetic, as well as colo-

magnetoresistance. Among the best known PCMs, VO2, discovered by Morin in

1959 [Mor59], is one of the most studied and applied one in both experimental

and theoretical studies due to fact that its the most stable among vanadium fam-

ilies, and undergoes hysteretic MIT [Ord16; Jou15a; Lee17; Mor59; Zyl75] occur-

ring in a narrow temperature interval around the critical temperature (T0 ∼ 342.5

K) and extremely rapid optical switching upon the transition (≈ 100fs ) [Cav04].

This solid phase transition thus results in significant changes in their electrical,

optical, and thermal properties, which can be applied for a number of applica-

tions such as thermal rectifier [Ito14; Nas19; Hua13], thermal memories [Ito16],

thermal memristors [Ben17; Ord19a], optical switching [Rin08], thermal switch

[Gu15], radiative thermal diodes [Ben13; Nef14b; Ito14], hybrid-metamaterial

[Dri08], thermal transistors [Ord16], and electrostatic devices [Qaz08b] operating

in the near and far-field regions [Jou15a; Ben13; Ben14]. Its MIT around room
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temperature can be modified by doping [Bro13; Lu96; Wan16; Pan16; Zha16].

The insulating monoclinic phase of VO2 at low temperature change into metallic

tetragonal one at high temperature [Qaz08a; Ord18a; Wan05]. The thinner film of

VO2 can provide much higher transmittance of visible light, but they suffer from

an attenuation of the switching efficiency in the near-infrared region [Zha10]. At

present time, there is no unified approach to interpret the electronic properties

of the phase transition. The band and crystal field theory are the two limiting

descriptions of the outer electrons in solids and the relevance of differences be-

tween metals and insulators can be understood in terms of these two models.

1.4.1 Properties of vanadium oxides

Vanadium oxides are among several materials that exhibit MIT. According to

Chudnovskiy [Chu75], not more than 8 out of the sequences of oxides generated

from vanadium oxides combine with oxygen in 2,3, 4 and 5 valent phase un-

dergoes MIT. For instance, V2O3 exhibit MIT at critical temperature Tc = 150K

while that of VO2 occurs at Tc = 300K with thermal conductivity changing by 4

orders of magnitude, respectively.

The phase diagram of Figures 1.7 shows that there are other stable vanadium

oxide phases, for example, VO, V3O5, V4O7, V6O11, V6O13, V7O13 and so on.

However, the latter oxides do not have interesting phase transitions but their

phase diagrams are similar to that of VO2 and V2O3. On the other hand, the

existence of their phases poses particular challenges to the growth of bulk and

thin films of VO2 [Sch04; Sch03; Ram05].

1.4.2 The MIT of VO2

The MIT of VO2 and other vanadium oxides family especially V2O3 have been

known and studied for more than half a century [Mor59]. This phase transition is



1.4. A review of VO2 31

FIGURE 1.7: Phase diagram of the VOx system [Yan11].

characterized by a subtle structural and conductivity changes that are up to sev-

eral orders of magnitude occurring at a well-defined temperature. As discussed

in the previous section, there are quite numbers of intermediate vanadium ox-

ides and a few other transition metallic oxides that possess this property [Per13].

However, VO2 is the most studied one, given that its phase transition occurs

around the temperature far closer to the ambient temperature, which implies that

it is practically more easily accessible. VO2 phase transition can be triggered opti-

cally [Cav01; Cav04; Y03; Miy97; Fie98] , thermally [Mor59; Per03], or electrically

[Kim08; Kim04; Ste00; Y03; Asa97], and the efficiency of any device using such

interactions is partly limited by the input energy to excite the transition, which

is reduced by transitions that take place near the operating temperatures [Hor10;

Whi11]. It is more convenient to operate any device at room temperature, instead

of liquid nitrogen (N2) or Helium (He) temperatures, which are commonly used

in the laboratory but not easy to achieve in consumer products. For example, be-

cause thermochromic smart windows change their color and optical properties

in response to temperature variations, commerical companies have recently used
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the MIT of VO2 for the development of energy-efficient thermochromic window

coatings [Bin07; Kam13; Gao12; Wu13]. Morever, MIT of VO2 is accompanied by

a significant transformation in its optical properties. As shown in Figure 1.8, the

reflectivity of VO2 in the infrared (IR) region specifically increase significantly in

the high-temperature tetragonal rutile phase. According to this property, coated

windows allow more solar energy to passes through when the temperature is

below the transition one while it reflects a larger part of the radiation when the

temperature is above the transition, hence, creating a passive temperature medi-

ation device. Given that it is preferrable to work at a temperature closer to that of

human body (< 68◦C), dopants (typically W) are utilized to lower the transition

temperature [Kam13].
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FIGURE 1.8: Temperature dependence of the infrared transmittancere of (a) Undoped
and (b) W-doped VO2 [Liv97].
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The MIT of VO2 can also be used in optical attenuators and shutters. The op-

tical attenuators are the device used to protect sensors from saturating or dam-

aged by intensities above the dynamic range of devices. The working princi-

ple of VO2 IR attenuators is based on increasing their reflectivity as opposed to

absorption at high incident intensities. The speed of this transformation is ap-

proximately 0.5ps, which makes VO2 a promising material for the production of

high-speed optical shutters in which a high-intensity writing beam triggers the

transition and the IR beam reads the phase. Furthermore, these optical shutters

are particularly vital as an element in most optical digital logic devices [Whi11;

Lys06]. Even though the MIT of VO2 has been known and studied for more than

six decades, the exact physics behind its transition is still under debate [Per13;

Whi11; Chu02]. So far, the only contested aspect in optical and electrical induced

transition is whether or not the transition is field-induced as presented in gated

silicon-based microelectronics or thermally induced by local heating from optical

absorption and joule heating [Lys06; Whi11; Koz11]. Furthermore, possibilities

of the mechanism under the understanding of the MIT in VO2 are that of Mott-

Hubbard and Peierls type [Nak97; Ric94; Mot04].

1.5 The elementary mechanism of MIT

Mott Transition mechanism

The first theory which described the MITs is that of Mott in 1968, or more specif-

ically Mott-Hubbard transition, which is based on purely electronic interaction

[Mot68]. The phase transition occurs in certain materials called Mott insulators,

once the charge carrier density is greater than the critical value. In this case, the

interactions between the electrons due to the Coulomb repulsion energy (U), be-

comes more vital than the interactions forming the electron-electron interaction

effect, which causes delocalization of the electrons and behavior similar to that

of metallic. The charge density which causes the material to have a metal-like
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behavior is called the critical charge density nc and can be mathematically de-

scribed as follows [Mot68]:

n1/3
c aH = 0.2, (1.13)

where aH is the radius of the metallic atom, also known as the Bohr radius of

the materials. Note that the Mott transition results in a significant change in the

resistivity of the material at the macroscopic level. Mott-Hubbard-type MIT has

also been demonstrated in the case of another vanadium oxides family; V2O3.

Peierls Transition mechanism

The second theory describing the MITs is the Peierls mechanism [Pei96], which

involves electron-phonon (electron lattice) interaction as shown in Figure 1.9. In

this case, MIT is due to a change in the lattice structure of the material. The struc-

tural change results in a lattice deformation, which modifies the period ionic po-

tential in the material and consequently generates a change in the band structure.

At high temperature, materials responding to this mechanism are seen as struc-

tures in which the atoms are equidistant and where the thermal energy supplied

allows the electrons to pass from one atom to another so that they behave like

free electrons and the material has the characteristics of a metal. On the contrary,

at low temperature, the crystal structure begins to change and the distance be-

tween the atoms varies. However, depending on its location, an electron needs

more or less energy to move from one atom to another. The thermal energy at

this stage is still enough to surpass any energy gap, while the material remains

metallic. On the other hand, if the temperature decreases below a critical value,

the energy becomes less strong, this generates to a localization of the electrons

and the formed an insulating state, known as Peierls insulator.
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Decrease in temperature = distortion of the chain

Atom 1 Atom 2 Atom 3 Atom 4

Atom 1 Atom 2 Atom 3 Atom 4

FIGURE 1.9: Scheme of a Peierls transition.

Basically, materials operating in this type of mechanism are difficult to recog-

nise because, in addition to their MIT, they also exhibit a crystal phase tran-

sition. Among the metallic materials with these properties is the blue bronze

(K0.3MoO3) [Grü88], which exhibit a Peierls MIT at around 181K, with a change

in thermal conductivity is accompanied by a structural one. Furthermore, the

electron localization effect resulting from disorder can also lead to the Ander-

son [And58] and Bloch-Wilson insulator (also known as band insulator) mecha-

nisms [Wil31]. The former mechanism applies to semiconductor materials that

are heavily doped (eg., Si:P), hence, resulting in a significant disorder in their
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structure and consequently a localization of the charge carriers. On the other

hand, the latter mechanism occurs without the consideration of the electron-

electron interactions. It’s applicable to non-doped materials, such as, diamond

and common undoped semiconductors, the metallization occurs due to a con-

traction of the volume which causes an overlap of the energy band gaps.

FIGURE 1.10: Images of a scanning near-field infrared microscopy of VO2 film at dif-
ferent temperatures during its MIT process [Qaz07].
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1.5.1 Percolation process during the MIT of VO2

Besides the origin of the mechanism discussed in the previous section, the

physical evolution of the structural phases of VO2 during its MIT is of particular

importance. In 2007, Qazilbash et al. [Qaz07] proposed a very interesting study

that allows one to understand the vital information regarding the evolution on

the nanometric scale of VO2 during the actualization in temperature of its MIT.

The authors observed sample with a surface of 4µm X 4µm using a scanning

near-field infrared microscopy, which allows them to directly image nano-scale

metallic puddles that appear at the onset of the MIT as shown in Figure 1.10.

At 341K, the VO2 film has a homogeneous surface (low amplitude) corre-

sponding to an insulating phase (the blue color in Figure 1.10). As the temper-

ature increases gradually, from 342.6K, zones of higher amplitude (green color)

appear, which materialize the formation of the metallic phase in the initial insu-

lating matrix. On the other hand, when the temperature increases, these metallic

areas multiply and enlarge (green and red colors). Lastly, when the tempera-

ture approached 343.6K, the VO2 film completely assumed the phase of a metal

with little traces of the insulating phase. According to these results, the authors

concluded that an insulating-metallic percolation mechanism appears during the

MIT of the VO2 film. This percolation phenomenon of the nanoscale insulating-

metallic state is accompanied by a change in temperature of the resistivity of the

film during its MIT and it will be able to explain some of the non-linear electrical

phenomena of the current-voltage characteristics of VO2 film.

1.6 Crystallography Structure of VO2

The thermal interaction between atomic structure, spin, charge and orbital dy-

namic influenced the phase transition observed in VO2. However, the interaction

between the crystal structures and electronic degree of freedom pushes it into a
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(a)
(b)

FIGURE 1.11: (a) Tetragonal P42/mnm high-temperature and (b) monoclinic (P21/c)
low-temperature structures of VO2 and its relation to the rutile structure [Goo71].

FIGURE 1.12: Tetragonal lattice structure of VO2 above the phase transition temper-
ature. Large red spheres represent V ions while the small blue ones stand for O ions

[Eye02].
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FIGURE 1.13: Low temperature monoclinic M1 lattice of VO2 [Eye02].

critical phase where it exhibits a first-order transition from a low-temperature in-

sulating phase to a high-temperature metallic one at a temperature close to room

one (T ≈ 342.5 K). Due to this effect, there exist changes in its electronic band

structure, which are related to the atomic arrangement between a more sym-

metric tetragonal (P42/mnm) high-temperature phase to a less symmetric mon-

oclinic (P21/c) low-temperature one, as a result of dimerization of the V atoms

[Goo71]. The properties of this monoclinic phase is the presence of two cation-

cation along the am = 2cr axis resulting to the doubling of the unit cell, which

alternates the V-V separations being 2.65 Å and 3.12 Å instead of the consistence
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2.88 Å spacing in the tetragonal phase as shown in Figure 1.11.

This is accompanied by a slight tilting with respect to the cr-axis resulting in

a short vanadium oxygen separation of Rvo = 1.76 Å, perpendicular to the cr-

axis, the other cation-anion distances being around 2 Å. The distance between

a cation and one or more anions is due to ferroelectric distortion, therefore, the

driven mechanism responsible for this transition is known as anti-ferroelectric.

Note that the VO2 crystal structure is not the same in its insulator and metallic

phases. The high-temperature metallic phase of VO2 (rutile structure) is a tetrag-

onal lattice as shown in Figure 1.12. It can be seen that the vanadium atoms are

positioned at (0, 0, 0) and (1/2, 1/2, 1/2), each of them is surrounded by an O oc-

tahedron. The oxygen atoms, on the other hand, are positioned at ±(u, u, 0) and

±(1/2 + u, 1/2− u, 1/2), where the lattice constant and other oxygen parame-

ters are given as aR = 4.5546 Å, cR = 2.8514 Å, and u = 0.3001 at 360 K [McW74;

Eye02]. On the contrary, the low-temperature insulating phase of VO2 is based

on a monoclinic lattice (see Figure 1.13) with unit cell dimensions different than

that of the tetragonal one, which is given as follows: a = 5.7517 Å, b = 4.5378

Å, c = 5.3825 Å, and β = 122.646◦ at 298 K [Lon70]. This low-temperature

monoclinic lattice can be developed due to alteration of the high-temperature

tetragonal one.

1.6.1 Energy Band Structure of VO2

In 1971, Goodenough [Goo71] has comparatively explained the electronic struc-

ture of VO2. Goodenough proposed that in the tetragonal phase (a spacing group

of P42/mnm), the V atoms are surrounded by O octahedra, which form an edge-

sharing chain along the cr axis. The d-levels of the V ions are split into lower-

lying t2g and eg states as shown in Figure 1.14. The tetragonal crystal fields sep-

arates the t2g multiple into an a1g(dI I) and eπ(π∗) double state. On the other
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hand, in the monoclinic phase (a spacing group of P21/c), there exist two sig-

nificant effects between the dimerization and tilting of the V-V pairs. The first

effect is the fact that the a1g is divided into a lower-energy bonding and higher-

energy anti-bonding combinations while the second effect is due to the fact that

the Vd −Op anti-bonding and the eπg states are subjected to higher energy, as a

result of the tilting of the pairs, thereby increases the overlap of theses states with

O states. Therefore, in this regard, the single d electron occupies the a1g-binding

combination, which results in a Peierls-like bandgap.

FIGURE 1.14: Band structure of VO2 in its insulator and metal phases [Goo71].

1.6.2 Optical properties of VO2

Significant changes in the electrical properties of VO2 during its MIT are accom-

panied by the abrupt transformation in its optical properties. Based on the sharp

phase transition during the MIT of VO2, Ruzmetov and Ramanathan [Ruz10]

demonstrated the evolution of a reflectance dispersion curves over its MIT and

found that there is a relation between the changes in its optical properties to

electrical parameters. The authors further reported that the jump of the reflec-

tivity during its MIT can be as high as 92% at some wavelengths. The change
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in resistance is more than 4 orders of magnitude when compared to the fastest

phase transition proposed during the MIT of a single crystals [Lad69] and that of

epitaxial thin films [Jin97], as presented in Figure 1.15.

FIGURE 1.15: Electrical resistance as functions of Temperature of VO2 film deposited
on Al2O3 [Ruz08].

Furthermore, in order to allow direct comparison between electrical and op-

tical properties, Ruzmetov et al. [Ruz08] demonstrated that the optical measure-

ment of the mid-infrared reflectance spectra of a VO2 thin film prepared on c-

plane Al2O3 substrate as shown in Figure 1.16(a), were carried out on the film

similar to the electrical transition as shown in Figure 1.15. It can be seen that

there is an abrupt increase in reflectance when the film is heated above the crit-

ical temperature where VO2 exhibit its MIT. It can also be seen that the phase

transition happens at lower photon energies for the higher magnitude of the re-

flectance. For instance, in Figure 1.16(b), when the photon energy is 0.13 eV, the

value of the reflectance changes from 2% to 94% during the MIT, which is more

than the highest magnitudes proposed in the literature for optical reflectance
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(a)

(b)

FIGURE 1.16: (a) Infrared reflectance as functions of incident photon energy for differ-
ent temperatures and (b) Reflectance as a function of temperature at different photon

energies [Ruz08].
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and transmittance switching in VO2 [Wan05; Cho96; Sol06; Oka06]. As shown

in Figure 1.16(a), the spectral transformation with respect to temperature occurs

mostly within the range of 15◦C including the MIT.

Figure 1.16(b) shows the temperature evolution of reflectance for four differ-

ent photon energies. It can be seen that the switching magnitude linear decreases

with increases in photon energy with the same transition interval as that in Fig-

ure 1.16(a). The sharp transformation during the MIT below and above tran-

sition temperature indicates the potential application in a device such as optical

switches. Another interesting property in Figure 1.16(b) similar to that presented

in Figure 1.16(a) is the fact that the reflectance decreases near the MIT (75◦C). It

is worth mentioning that the value of the energy gap in the low-temperature

monoclinic phase of VO2 is between 0.6 eV to 0.7 eV [Qaz06; Shi90].

1.6.3 Mechanical properties of VO2

According to Nelson Sepúlveda et al. [Sep08], there is also a change in VO2 me-

chanical properties during its MIT apart from the significant variation in the op-

tical, thermal and electrical ones. The authors reported the first experimental

measurement of the elastic modulus of VO2 thin films in temperatures ranging

from 30◦C to 90◦C for three different lengths as shown in Figure 1.17. It can be

seen that from 30◦C to 62◦C and from 80◦C to 90◦C, the Young’s modulus at

the lowest cantilever (100µm) decreases with respect to temperature by slopes

of ≈ −28.85MPa/◦C and ≈ −21.79Mpa/◦C, respectively. On the other hand,

from the temperature ranging from 62◦C to 82◦C, the modulus slope increases

to about 127.75MPa/◦C. Furthermore, the other two cantilevers shows similar

behavior and the details are presented in Table 1.1. It can also be seen that the

entire behavior observed for each cantilever was reversible and repeatable. This

is expected given that they passed through heating and cooling processes. In

contrast, the ratio of the modulus during the MIT significantly changes with
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the linear relation between Young’s modulus, as functions of the temperature

of most materials, for example, the cantilevers of uncoated silicon [Ono00].
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FIGURE 1.17: Young’s modulus, as functions of the temperature of VO2 thin films
deposited on single crystal silicon for three different lengths [Sep08].

TABLE 1.1: Slopes for the three phases shown in Figure 1.17 [Sep08].

Cantilever length Below transition During transition Above transition
(µm) (MPa/◦C) (MPa/◦C) (MPa/◦C)
100 -28.85 127.75 -21.79
120 -27.98 115.93 -19.93
235 -40.91 116.08 -35.66

One can see that the value of Young’s modulus increases during the heating

process (in transition), this indicates that the crystal structure regarding the ex-

periment, the material becomes stronger as the temperature increases. At high

temperature closer to transition one, the materials are in its metallic phase and

they become elastic at low temperature (insulating phase) for temperatures just

before MIT. Taking into account this elasticity behavior, the results shed more
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light to the fact that VO2 thin film is a potential candidate for the development

of the microelectromechanical system (MEMS).

1.6.4 The excitation of the MIT of VO2

According to Figure 1.18, the advantage of the MIT of VO2 thin films depends on

the diversity of external stimuli utilized during its excitation. As discussed in the

previous sections, besides temperature, the phase transition of VO2 can be trig-

gered electrically (voltage or current) [Kim10], optically (absorption of photons)

[Rin05; Vik05] and as well as mechanically (pressure or stress) [Per08]. All these

excitation processes can be used as advantages in sensor applications. However,

depending on the desired application and means of availability, it may be more

interesting to utilize one stimulus rather than another to excite the MIT of VO2.

For instance, for the characterization of thin layers, it is better to use thermal ac-

tivation which requires just a heating element (Peltier-type) and a temperature

controller while for the integration of the films in the final component, it is eas-

ier to stimulate electrically (injection of carriers), which is enough to connect the

channel of VO2 to a power supply through control and actuation electrodes. The

activation can be choosen based on the speed at which the MIT occurs.

Generally, it is not fast enough in the event of a temperature trip, however, it

can be faster during an optical activation with a switching time of up to a hun-

dred femtoseconds [Cav01]. Finally, the use of certain stimuli makes it feasible to

state some particular effects of the transition, for instance, certain non-linearities

which is observed in the current-voltage (IV) characteristics of VO2, during elec-

trical activation. Note that for each of these stimuli, the conditions in which the

transition is triggered depend on so many parameters, especially from the design

phase of the device and integrating the material into the usage phase. For exam-

ple, during the design phase, the choice of substrate and the use of metal dopants

has a significant impact on the actualization of the transition temperature of the
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FIGURE 1.18: Different MIT-triggering in strongly-correlated oxides [Yan11].

material.

1.7 Applications of VO2

The significant change in the optical, electrical and thermal properties accom-

panied during the MIT of VO2 makes it a promising material for potential

applications in devices that can operate in a very wide frequency spectrum,

ranging from the direct current domain to the optical wavelengths passing
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through the microwave and terahertz frequency domain. The variation in the

electronic spectrum on the metallic and the insulating phases of the transition

makes it possible for switching application. More recently, VO2 have been

developed for the production of the thermal sensor, memristors, switches,

diodes, rectifiers, etc

1.7.1 Thermal sensor MIT in VO2 thin film

More recently, significant attention has been given to the use of VO2 and its MIT

in the field of temperature sensors. In this particular field, VO2 was first uti-

lized as a simple visual indicator for temperature which changes color according

to its phase and therefore, signals if the temperature is lower or higher than a

certain value. Since then, more efficient temperature sensor work has been pro-

posed based on VO2. The new sensors developed are more sensitive to thermal

variation and can be used as elements that are extremely sensitive to the elec-

tromagnetic field, which can detect the weakness of the thermal changes caused

by these fields. In this regards, the sensitivity of the change in resistivity of the

material during excitation as shown in Figure 1.19(a) is often for the production

of microbolometers [Che00], widely used in infrared imaging systems, as shown

in Figure 1.19(b).

Due to the strong thermal conductivity temperature dependance around

the MIT, it can be used for several applications such as thermal switches and

thermal detectors; applications have also been explored in night vision systems.

For example, Yang et al. [Yan11] proposed a programmable critical temperature

sensor. after the latter authors, Kim et al.[Kim07] demonstrated a thermal

sensor based on VO2 as presented in Figure 1.20(a). The authors used a sol-gel

technique in order to deposit an approximately 100nm VO2 thin film on plane
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(a)

(b)

FIGURE 1.19: (a) The I-V characteristics of a VO2 based device for different tempera-
tures and (b) Infrared image collected using a special infrared system markted by FLIR

[Yan11].

silica (Si2) substrates. The VO2 was then used in the form of nanowires (see

Figure 1.20(b)) instead of thin layers, which lead to an extremely sensitive

device, and useful for the production of gas detector. Given that the pressure

of the gas will be directly proportional to the number of molecules absorbed on

the VO2 nanotubes, which in turn, will exhibit I-V characteristics proportional

to the quantity of the absorbed molecules as presented in Figure 1.21.
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(b)

(a)

FIGURE 1.20: (a) A VO2 thermal sensor device based on the temperature and volt-
age dependency of the conductivity and the coplanar VO2 device and (b) Scheme of a
nanowire gas sensor device, where PG and PL indicate the heat fluxes dissipating into

the gas and metal contacts, respectively [Yan11].
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FIGURE 1.21: I-V characteristics of the VO2 nanowire gas sensor device at different Ar
pressure [Yan11].

1.7.2 Memristor devices using the MIT of VO2

A memristor, also known as memory-resistor can be defined as a two-terminal

device in which the resistance can only be determined by the dynamic history

of the system currents. In 1971, Chua proposed the first concept of fabricating

a new memory device known as memristor as the fourth basic electronic com-

ponents different from the capacitor, inductor and resistor, which broadly may

lead to neuromorphic circuits [Chu71]. Forty years later, Strukov et al. [Str08]

proposed a physical model to describe the hysteretic current-voltage behavior

that characterizes an electrical memristor and found out that it can be realized

and achieved using doped metallic-oxide semiconductors. Recently, researchers
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have demonstrated that the presence of memory effects in VO2 device, which

can be used in the production of memories and neuromorphic circuits for ma-

nipulating heat flow [Ben17; Ord19a; Dri09].

(a)

(c)(b)

FIGURE 1.22: (a) Scheme of a VO2 memristor device, (b) Three I-V curves displaying
the hysteretic nonlinear memristor behavior of a VO2 [Yan11] and (c) Memory capaci-

tance of a hybrid VO2 device during its heating and cooling process [Dri09].

The ability of VO2 to significantly changes phase at a temperature closer to

room one makes it an interesting candidate for this circuit element as shown

in a scheme of Figure 1.22(a). According to [Cha08a], the correlated material is

grown on an Al2O3 substrate using a sol-gel deposition technique, which is made

up to four orders of magnitude resistivity change across its MIT. The measure-

ment of temperature is set around room temperature closer to the onset of MIT in

VO2. These effects are materialized by the value of the device’s resistance to VO2,

which changes according to the history of the actuation of the component. There-

fore, when successive voltage pulses with similar characteristics are applied to

the device, it can be seen that the values of the current measured are different

as shown in Figure 1.22(b). This I-V characteristics are non-linear and are hys-

teretic, which is in agreement with the MIT of VO2. The hysteretic also contains

the memory part of the memristor device. According to [Dri09], Figure 1.22 (c)

show that a memory capacitance can also be produced by using MIT in VO2. As
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it can be seen that the perturbed temperature induced the capacitance changes,

lead to memory behavior, which is also related to the hysteretic behavior of MIT

in VO2.

1.7.3 Three-terminal field effect transistor switches utilizing the

MIT of VO2

The electric field introduced by an applied gate voltage in a three-terminal VO2

field-effect transistor (FET) switches and modulates the resistance of a VO2

channel. As a result, there is a significant change in the resistivity of this VO2

channel; it may switch from high-resistivity insulating state to a low-resistivity

metallic one. According to [Hor10; Zho97; New00; Ahn03], the VO2 device

behaves as a MottFET within its channel. On the other hand, this three-terminal

switches using the MIT of VO2 may be a useful device for demonstrating a

functional MottFET for logic operations in a CMOS-like architecture.

In 2002, Chudnovskiy et al. [Chu02] proposed a simple VO2 switch device

as shown in Figure 1.23(a). The device contains a VO2 channel, a gate dielectric

layer at the top of the VO2 channel, with a gate electrode above the gate dielec-

tric layer and source/drain electrodes at both sides of the channel. The device is

assumed to be operating at a temperature closer to the critical one, such that in

the absence of a gate voltage, the channel is in metallic state. On the other hand,

once the gate voltage is applied, the channel goes to the dielectric state. This

working principle is similar to that of MOSFET operating in the depletion mode

rather than the enhancement one. Figure 1.23(b) shows the possibilities of using

the MIT of VO2 to design a more complex circuit. One can see from the latter fig-

ure that an additional electrode enable the design of a three-terminal type device

operating with the same principle as a FET. It can be seen that the VO2 channel

is placed between the drain and source electrode in order to vary as a function of
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(b)
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FIGURE 1.23: (a) Scheme of a three-terminal gated swutch devices using MIT of VO2
and (b) Current density as functions of applied electric field on the VO2 channel with
the gate open at room temperature. The inset shows the three-terminal VO2 device

structure [Yan11].

the applied field, the characteristics of the transistor and, in particular, the drain-

source current density [Kim04]. The inset in Figure 1.23(b) represents the device

structure. It can also be seen that the VO2 thin films were deposited on a sap-

phire substrate using a pulsed laser deposition (PLD) technique. The VO2 thin

film on the substrate shows that the MIT occurs at a temperature closer to room
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one with a significant change in resistance of about four orders of magnitude

across the MIT.

1.8 The deposition techniques of VO2 thin film

A thin film of VO2 can be synthesized in different forms such as nanowires

[Str09], nanoparticles [Suh04], volume [Lad69], epitaxial [Sam97], polycrystalline

[Ruz07a] and as well as nanostructures [Liu04; Cao09]. In all these forms, VO2

undergoes MIT with more or less variable characteristics (magnitude of the vari-

ation in resistivity). Given that the potential applications of the MIT of VO2 could

include thin films, different techniques has thus been developed to synthesis

these samples. Several deposition techniques have been used, such as chemical

vapor deposition (CVD) [Sah02], pulsed laser deposition (PLD) [Dum08; Nag06],

sputtering [Ruz07b; Rog91; Cha86], sol-gel deposition [Cha05], ion gun deposi-

tion [Wes08], electron gun evaporation [Man07; Ler12]. In this thesis, we will

focus on the most recently used techniques for the fabrication of VO2 thin film.

1.8.1 Chemical vapor deposition

Chemical vapor deposition (CVD) is one of the most common industrial pro-

cess employed for the production of quality and high-performance thin films in

semiconductors and other materials. The key routes in the CVD deposition pro-

cesses are the situation whereby the substrate is exposed to one or more volatile

precursors (solid or liquid), which decompose on the surface of the substrate

to produce the desired film, alongside with the byproducts. These byproducts

can be removed by passing the gas flow through the chamber where the reac-

tion occurs. However, the CVD used in the case of VO2 thin films production

is based on organometallic precursor, therefore, it is commonly referred to as

organometallic chemical vapor deposition (OMCVD) or metal-organic chemical

vapor deposition (MOCVD).
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In 1966, Koide and Takei were the first to propose the use of CVD for the

deposition of VO2 thin films. The authors prepared bulk single crystals of VO2

using CVD technique [Tak66]. One year later, the same author deposited VO2

thin films following similar method but with vanadium oxychloride (VOCl3) as

the precursor and nitrogen (N2) as the gas carrier, which then hydrolyzed on

the surface of the substrates to generate epitaxial thin films of VO2 [Koi67]. A

new development was proposed just after 1966 by MacChesney et al. [Mac68].

The authors replaced the N2 as a carrier gas by carbon dioxide (CO2) to trans-

port the VOCl3 and V2O5 was produced on single-crystal sapphire substrates.

Afterwards, the V2O5 was then reduced to VO2 by annealing between 500◦C

and 550◦C in a well-controlled atmosphere composed of a mixture of CO and

CO2. Fifteen years later, Greenberg [Gre83] successfully carried out CVD with

Vanadyl tri-isopropoxide (VO(OC3H7)3 as a single source precursor in an open

atmosphere. He produced VO2 thin films with and without post-annealing on a

glass substrate.

FIGURE 1.24: Scheme of a typical APCVD setup rig [War14].
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Besides organometallic precursors, vanadium halide, such as VCl4 or VOCl3

can be utilized as precursors with water or ethanol in an appropriate atmosphere

to produced VO2 thin films [Man02; Fie00]. Among the types of CVD, the atomic

pressure chemical vapor deposition (APCVD) (see Figure 1.24) is the most com-

monly used one, given that it can run as a single or multiple source processes.

However, the drawback of this deposition technique is that it depends solely on

the heat to enable the precursor reaches the vapor phase, as a result, the precursor

becomes volatile. Extensive studies have been given to the growth of VO2 thin

film deposited on glass or silica substrates based on APCVD. In 1993, Maruyama

and Ikuta [Mar93] were the first to propose APCVD based on annealing after

deposition by using vanadium (III) acetylacetonate (V(C5H7O2)3) as a precursor

and deposited polycrystalline VO2 films on fused glass and sapphire single crys-

tals substrate. Manning et al. [Man02] have rigorously demonstrated APCVD of

VO2 thin films and have proposed doping of VO2 with the following materials;

Ti, W, Mo and Nb.

1.8.2 Sol-gel Technique

The sol-gel technique is based on the sequential hydrolysis and condensation of

molecular precursor steps. These molecular precursors are often metallic alkox-

ides. Although, metallic ions in aqueous solutions also undergo sol-gel transition

[Liv88]. The sol-gel technique is commonly utilized for the synthesis of oxides

such as glasses and ceramics. However, crystal structure and atomic homogene-

ity can be manipulated by varying the parameters during the process. Among

several techniques of thin film deposition, sol-gel has been employed to prepared

VO2 thin film [Gre83; Dek97; Guz94; Par91] because it’s not expensive, easy for

metal-doping and covers a wide area of deposition.

Given that hydrothermal techniques are solution-based reactions, it is impor-

tant to discuss the sol-gel techniques in order to understand different approaches
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for producing VO2 from solution-based procedures. A sol-gel can be defined as

a colloidal solution that is composed of the precursors for the material in-situ.

In 2008, Nag et al. [Nag08] reported that sol-gel techniques are used due to

the capability to cover large areas at low cost and as well as the possibility of

metal doping. The first VO2 sol-gel technique was demonstrated with the use

of butoxides and oxoisopropoxides. Lakeman et al. [Lak94] reported that the

annealing conditions are more vital for the formation of the correct oxidation

phase on the metallic vanadium than the first precursors. In 1988, Speck et al.

[Spe88] proposed that the formation of VO2 thin film based on sol-gel technique.

The authors used the reaction of VCl4 and lithium diethylamide (C4H10LiN),

then added Titanium(IV)isopropoxide (C12H28O4Ti) to generate vanadium (IV)

tetra-isopropoxide solution. The films were deposited by dip-coating glass slides

into the prepared sol-gel solution and annealed between 400◦C to 700◦C under

nitrogen to form polycrystalline VO2. These gel-derived VO2 films undergo a

reversible MIT phase transition around 67◦C, exhibiting characteristic resistive

and spectral switching.

1.8.3 Pulsed laser deposition

Pulse laser deposition (PLD) is a physical vapor deposition (PVD) technique

that has been demonstrated successfully for several materials, such as ther-

mochromic, superconducting [Kwo88a; Kwo88b; Che88; Shi91; McG17]. Given

that this technique can be carried out under pressure, makes it a unique and ex-

cellent approach especially for depositing oxide thin films. In the case of VO2,

good results have been generated based on R-cut sapphire substrates with post-

annealing using PLD [Bor93]. PLD of VO2 films has been carried out on different

substrates, such as glass, sapphire, fused silica, and silicon.

As shown in Figure 1.25, PLD possessed the simplest fundamental ex-

perimental set up compared to other deposition techniques. However, the
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FIGURE 1.25: Scheme of a PLD process [McG17].

phenomenon of the laser-target interaction and film growth is really compli-

cated. The working principle is such that when the pulsed laser is absorbed

by the target, the energy is converted to electronic excitation and then into

mechanical, thermal and chemical forms of energy, which leads to evaporation,

plasma formation, and ablation. Atoms, molecules, electrons, and cluster

amongst others are species ejected into the vacuum surrounding as plume

[Eas07; Chr94; McG17]. The plume is directed to the substrate, which is usually

heated, leading to deposition of the targeted materials. Over the years, VO2 thin

films have been generated by utilizing different target materials such as oxygen

gas pressure, laser energies, etc. In 1993, Borek et al. [Bor93] carried out PLD of

VO2 thin films deposited on R-cut sapphire substrate by ablating the vanadium

metal target. The authors used Krypton fluoride (KrF) laser with wavelength

λ = 248 nm and pulse time, τ = 15 × 10−9s to ablate a vanadium target

under the atmospheric condition containing specified variations of oxygen and
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argon, respectively. Consequently, the oxygen pressure in the chamber was

found to be useful to stabilize the VO2, given that many phases such as V4O

and V2O5 could be present in the chamber. Suh et al. [Suh04] demonstrated

the influence of nucleation and growth of VO2 thin films and nanoparticles

on its MIT via PLD. They found out that the thickness and the shape of the

hysteresis cycle can be determined by the competing effects of gain and the

degree of structural order. In 2007, Pauli et al. [Pau07] studied the first in situ

growth of VO2 nanoparticle films using a five-circle x-ray diffractometer, so as to

generate structural information during the growth. The authors demonstrated

that the amorphous films grown at room temperature were crystallized into

VO2 phase by thermal annealing under the background of oxygen. They

also showed that the crystallization is accompanied by a roughness of the

film structure, given that that the crystalline state generates hemispherical is-

lands, that does not show any preferential direction with respect to the substrate.

1.9 Conclusions

To conclude this state of the art chapter, we described the fundamental of heat

transfer and different modes of heat transfer. We state the difference between

these modes of heat transfer and also described the difference between the far

and near-field radiative ones. We discussed different concepts that aimed to pre-

dict the blackbody spectrum and as well described how this spectrum was pre-

dicted correctly by Planck’s theory and we defined Wien’s displacement theory,

which relates the wavelength of the thermal emission and medium temperature.

We discussed different thermal properties responsible for heat transfer and also

the parameter affecting these properties. We presented promising materials ex-

hibiting phase change transition that have been proposed to design and optimize
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thermal devices. Among these phase-change materials, we have particularly em-

phasized on the VO2, whose phase transition occurs at a temperature closer to

room one. In this regards, we reviewed different properties of this material, and

we gave a brief discussion on its applications and as well as its various deposi-

tion techniques.
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1.10 Résumé du chapitre 1

Introduction

Ce chapitre correspond à un état de l’art, où nous avons effectué quelques rap-

pels sur la théorie du transfert de chaleur dans les matériaux solides. Le chapitre

commence par un aperçu des mécanismes physiques à l’origine du transfert de

chaleur, suivi par une description des différents types de transfert. Concernant le

transfert radiatif, nous rappelons la théorie classique du corps noir et ses limites

dans le domaine du champ proche quand les distances mises en jeu sont plus

petites que la longueur d’onde thermique. Puis, nous introduisons le concept

de composants thermiques, notamment la diode thermique par analogie avec

la diode électronique. Des matériaux prometteurs présentant une transition de

phase qui ont été récemment proposés pour concevoir et optimiser les courants

de chaleur conductifs et radiatifs sont présentés. Parmi ces matériaux, nous

nous sommes davantage focalisés sur le VO2, étant donné que sa transition de

phase se produit à une température proche de la température ambiante usuelle.

Les propriétés thermiques, électriques, optiques et mécaniques de ces derniers

matériaux sont ensuite présentées.

Les différents sections du chapitres sont résumées ci-dessous:

Transfert de chaleur par conduction

La conduction thermiques est phénomène dans lequel la chaleur est trans-

férée au moyen d’une excitation moléculaire à l’intérieur des matériaux à

l’exclusion du mouvement de masse de la matière. Ce processus se produit dans

les gaz et les liquides à la suite de la diffusion et les collisions des molécules lors

de leur mouvement aléatoire. En outre, ce processus se déroule également dans

les matériaux solides en raison de la combinaison des vibrations du réseau des

molécules et du transport d’énergie par les électrons libres.
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Transfert de chaleur radiatif

Dans ce mode de transfert, l’énergie est transportée par le champ élec-

tromagnétique rayonné par un objet à température finie. Un exemple très

important est le rayonnement infrarouge émis vers l’espace par la surface de

la terre. Ainsi, même sans milieu intermédiaire, le transfert de chaleur se

produira toujours par rayonnement thermique entre des corps à différentes

températures. Cela rend le transfert de chaleur radiatif d’un grand intérêt

pour de nombreuses applications dans différents domaines de la science et de

l’ingénierie. Il dépend de la longueur d’onde du rayonnement considéré et des

propriétés des matériaux impliqués pendant le processus de transfert de chaleur.

Transfert de chaleur radiative dans le corps noir

Un corps noir est peut être comme une surface ou un volume idéal qui

absorbe tout le rayonnement incident à n’importe quelle longueur d’onde et et

dans n’importe quelle direction. À l’équilibre thermique, aucune surface ne peut

émettre une plus grande quantité d’énergie qu’un corps noir à une longueur

d’onde et une température données. Le rayonnement émis par un corps noir

est fonction de la longueur d’onde et de la température. Il est indépendant

de la direction de sorte que le corps noir est un émetteur lambertien où sa

luminance est isotrope. Etant donné qu’un corps noir est un absorbeur et un

émetteur parfaits, il sert de norme dans laquelle les propriétés d’autres surfaces

rayonnantes peuvent être comparées.

Matériaux à changement de phase

Les matériaux à changement de phase (PCM) sont des matériaux fortement

corrélés, c’est-à-dire des matériaux présentant de fortes interactions électron-

iques. Ils représentent une voie prometteuse pour l’optimisation des systèmes

où l’accordabilité est basée sur les variations de leur conductivité. Ces matériaux
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possèdent certaines orbitales atomiques, notamment celles de type d, qui

génèrent la formation de bandes d’énergie plus étroites remplies et proches du

niveau de Fermi, générant donc des interactions électroniques très fortes.

Le Dioxyde de Vanadium (VO2)

Le VO2, découvert par Morin en 1959 est l’un des PCM les plus étudiés et

appliqués dans les études expérimentales et théoriques, car il est le plus stable

parmi les familles de vanadium et présente une transition métal isolant (MIT)

hystérétique se produisant dans un intervalle de température étroit autour de

la température critique. température (T0 ∼ 342.5 K). Cette transition de phase

solide entraîne ainsi des changements significatifs des propriétés électriques,

optiques et thermiques, qui peuvent être appliquées pour un certain nombre

d’applications telles que le redresseur thermique, les mémoires thermiques, les

memristors thermiques, la commutation optique, l’interrupteur thermique, les

diodes thermiques radiatives, et dispositifs électrostatiques fonctionnant dans le

transfert de chaleur en champ proche et lointain.

Conclusions

Ce chapitre décrit les principes fondamentaux du transfert de chaleur et les

différents types de modes de transfert de chaleur. Nous énonçons la différence

entre ces modes de transfert de chaleur et nous avons également décrit la dif-

férence entre les modes radiatifs de champ lointain et proche. Nous avons dis-

cuté de différents concepts qui visaient à prédire le spectre du corps noir et décrit

comment ce spectre était correctement prédit par la théorie de Planck et nous

avons défini la théorie du déplacement de Wien, qui relie la longueur d’onde de

l’émission thermique et la température moyenne. Nous avons discuté des dif-

férentes propriétés thermiques responsables du transfert de chaleur ainsi que des
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paramètres affectant ces propriétés. Nous avons présenté des matériaux promet-

teurs présentant une transition à changement de phase sont particulièrement in-

diqués pour concevoir et optimiser des dispositifs thermiques. Parmi ces matéri-

aux à changement de phase, nous avons particulièrement mis l’accent sur le VO2,

dont la transition de phase se produit à une température plus proche de celle de

la pièce. A cet égard, nous avons passé en revue les différentes propriétés de ce

matériau, et nous avons donné une brève discussion sur ses applications ainsi

que ses différentes techniques de dépôt.
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Chapter 2
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2.1 Introduction

Over the past years, thermal rectification has attracted significant interest due

to that fact it can be accomplished through thermal diodes operating with

phonons, electrons, etc. Besides, several theoretical and experimental studies

have been proposed based on this tunning of heat transports [Yua15; Kan18;

Wan13; Wu07; Hu09]. Given that geometry is one of the factors that affect ther-

mal rectification [Rob11], has motivated our interest to theoretically study the

performance of geometrical conductive thermal diodes based on PCM, whose

thermal conductivity changes in a narrow interval of temperature. Although,

thermal rectification based on conductive heat fluxes has been extensively

studied in plane geometry [Pey06; Ord18b], however, less attention has been

given to studies dealing with other geometries.

Thermal rectification based on materials whose thermal conductivity linearly

depends on its temperature has been modeled by Sadat and Le Dez [Sad16]. The

authors studied the operation of conductive thermal diodes consisted of two lay-

ers with plane, cylindrical and spherical geometries and reported that the ratio

of the heat fluxes in the forward and backward scenarios does not depend on

their shape and takes the value of ≈ 1.6. Since this thermal rectification effect

is driven by the temperature dependence of the thermal conductivity of the in-

volved materials, thus, it is also expected to be achieved in thermal diodes based

on VO2. Because the thermal conductivity of VO2 significantly changes in a nar-

row range of temperatures (340 K< T < 345 K), it will be useful as one of the

diode terminals to enable achieved higher rectification effect within a relatively

small temperature variation between the two diode terminals, as was proposed

for a plane geometries by Ordonez-Miranda et al. [Ord18b]. Note that the work-

ing principle of the study presented in this chapter is different than the later

authors, as the areas of cylindrical and spherical geometries were considered.
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Herein, we theoretically modeled the thermal rectification effect of cylindrical

and spherical conductive thermal diodes based on the temperature dependence

of the VO2 thermal conductivity. Firstly, we derived an analytical expression for

the temperature profiles, heat flows and rectification factors for both cylindrical

and spherical conductive thermal diodes supporting steady-state heat conduc-

tion. Note that the expression for the temperatures and heat flows were derived

using a well known Fourier’s law of heat conduction. Secondly, we solved the

analytical equations of the heat flows using inbuilt Wolfram Mathematica sym-

bol "Find Root", which returns a list of the replacement desires variables and

whose accurate solution can be verified. Finally, we calculate the effectiveness

of the thermal rectification from the maximum and minimum values of the heat

flow in the forward and backward configurations using equation (1.9).

2.2 Analytical solution of spherical and cylindrical

thermal diodes

As discussed in the first chapter, the thermal conductivity of the VO2 used in our

thermal diodes modeling was first described by Ordonez-Miranda et al. [Ord18b]

as presented in equation (1.10). Here we consider a VO2 spherical /or cylindri-

cal thermal shell exchanging steady-state heat conduction with a non-PCM due

to their temperature difference Th > Tc, as illustrated in Figure 2.1(a) and (b),

respectively. The forward configuration [Figure 2.1(a)] of this conductive ther-

mal diode is such that the VO2 inner surface (r = a) is set at hot-temperature

Th, while the non-PCM outer surface (r = c) is set at cold-temperature Tc, and

thus the heat flow qF flows from VO2 to the non-PCM. On the other hand, the

backward configuration [Figure 2.1(b)] is the opposite of the forward one, in this

case, the temperatures Th and Tc are interchanged, hence the heat flow qB flows

from non-PCM to VO2. Given that the values of the heat flows qF and qB are
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driven by different thermal conductivities, that is to say, κ1(T) of VO2 and κ2 of

the non-PCM, they are expected to be different (qF 6=qB), as a result of the tem-

perature dependence of κ1(T), for temperatures inside the MIT of VO2. For the

sake of clarity, we are going to consider that the thermal conductivity k2 of the

non-PCM is independent of temperature in both the forward and backward con-

figurations. The optimization of the heat flow difference (qF − qB) can therefore

be achieved by setting the terminals’ temperatures as follows: Tc < T0 < Th,

with T0 being the transition temperature of VO2. According to equation (1.10),

the thermal conductivity of VO2 when n = 1 (for single material) as shown in

Figure 2.2 can be described, as follows:

κ1(T) = κi +
κm − κi

1 + e−β(T−T0)
, (2.1)

where κm = 6 Wm−1K−1 and κi = 3.6 Wm−1K−1 are thermal conductivities in

their metallic and insulating phases, respectively; T0 = 342.5 K is the transition

temperature and β = 1.7 K−1 is the phase transition slope of κ1(T) at T = T0.

The four aforementioned values were determined by fitting equation (2.1) to the

experimental data shown in Figure 2.2.

2.2.1 Spherical conductive thermal diode

Forward configuration

According to equation (1.3), the heat flow qF in the forward configuration of the

spherical conductive thermal diode considered in this chapter as shown in Figure

2.1(a), can be described by

qF = −4πr2κ1(T1)
dT1

dr
= −4πr2κ2

dT2

dr
, (2.2)

where T1(r) and T2(r) are the temperatures within the VO2 (a ≤ r ≤ b) and non-

PCM (b ≤ r ≤ c) regions, respectively. According to the steady-state conditions
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FIGURE 2.1: Scheme of a spherical (or cylindrical) conductive thermal diode consisting
of a VO2 and Non-PCM, and operating in the (a) forward and (b) backward configu-
rations. The surfaces r = a and r = c are set at the temperatures Th and Tc, for the

forward configuration, while they are reversed in the backward one.

considered in this chapter, qF is constant and can be determined by using the

following three boundary conditions generated from Figure 2.1(a) and equation

(1.12): T1(r = a) = Th, T2(r = c) = Tc, and T1(r = b)− T2(r = b) = R12qF/4πb2,

with R12 being the ITR between the VO2 and non-PCM.

In the steady-state regime of heat conduction without losses of generality on the

external surface of the junction, the temperature T1(r) is determined by integrat-

ing first equality in equation (2.2) for the thermal conductivity κ1(T1) in equation

(2.1), as follows:

−
∫ qF

4πr2 dr =
∫ [

κi +
κm − κi

1 + e−β(T−T0)

]
dT. (2.3)
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FIGURE 2.2: Thermal conductivity of VO2, as functions of temperature within its cor-
responding MIT. Dots represent experimental data reported in the literature [Oh10].

The integration of equation (2.3) yields,

κi(T − T0) +
κm − κi

β
ln
[
1 + eβ(T−T0)

]
= C +

qF

4πr
, (2.4a)

κm(T − T0) +
κm − κi

β
ln
[
1 + e−β(T−T0)

]
= C +

qF

4πr
, (2.4b)

where C is a constant of integration. The expression for the temperature T1(r)

can be written from equation (2.4b) as

T1(r)− T0 +
1

βγ
ln[1 + λ(T1(r))] =

C
κm

+
qF

4πrκm
, (2.5)
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where λ(T) = e−β(T−T0), and γ = κm/(κm − κi). The evaluation of equation (2.5)

at the boundary conditions stated earlier result, as follows:

Th − T0 +
1

βγ
ln[1 + λ(Th)] =

C
κm

+
qF

4πaκm
, (2.6a)

T1(b)− T0 +
1

βγ
ln[1 + λ(T1(b))] =

C
κm

+
qF

4πbκm
. (2.6b)

The expressions for qF and C can therefore be determined by solving equations

(2.6a) and (2.6b), which enables expressing the heat flow and the temperature

profile as

qF =
1

βγδm
ln
[

G(Th)

G(T1(b))

]
, (2.7)

G(T1(r)) = [G(Th)]
α[G(T1(b))]1−α, (2.8)

where δm = ρ/κm, ρ = (b − a)/(4πab), α = a(b − r)/r(b − a), and G(T) =

[1+ λ(T)]/[λ(T)]γ. Note that equations (2.7) and (2.8) are the heat flow and tem-

perature profile inside VO2 region, that is to say, from a to b, hence there is a need

to calculate qF flowing from b to c and T2(r) inside the non-PCM. This has been

done by integrating the second equality in equation (2.2) to enable determined

the temperature T1(b) in equations (2.7) and (2.8), respectively. By recalling the

second equality in equation (2.2) and integrating both sides we have:

−
∫ qF

4πr2 dr =
∫

κ2dT. (2.9)

The integration of equation (2.9) yields,

κ2T = D +
qF

4πr
, (2.10a)

T2(r) =
D
κ2

+
qF

4πrκ2
, (2.10b)
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where D is a constant of integration. Again, by applying the same boundary

conditions to equation (2.10b), we obtain

T2(b) =
D
κ2

+
qF

4πbκ2
, (2.11a)

Tc =
D
κ2

+
qF

4πcκ2
. (2.11b)

The expressions for qF and D can then be determined by solving equations

(2.11a) and (2.11b), which allows to write the temperature profile T2(b) as

T2(b) = Tc +
qF

κ2
σ, (2.12)

where σ = (c− b)/4πbc. The temperature T1(b) is then determined by substi-

tuting equation (2.12) into T1(r = b)− T2(r = b) = R12qF/4πb2, we obtain

T1(b) = Tc + δqF, (2.13)

where δ = [R12 + b(c − b)/cκ2]/(4πb2) is the effective thermal resistance. By

substituting equation (2.13) into (2.7) and (2.8), we obtain

qF =
1

βγδm
ln
[

G(Th)

G(Tc + δqF)

]
, (2.14)

G(T1(r)) = [G(Th)]
α[G(Tc + δqF)]

1−α. (2.15)

Equation (2.14) is strongly non-linear on qF, whose values are driven by δ that

depends on the sizes of the spherical conductive thermal diode. It can be seen

that geometry plays a significant role on the heat flow qF and temperature profile

T1(r) of the spherical thermal diode. On the other hand, the temperature profile

T2(r) of the non-PCM is determined by solving equations (2.11a), (2.11b) and

(2.10b), respectively. The final result is given as

T2(r) = Tc +
qF

κ2
σ(1−M), (2.16)
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where M = c(r− b)/r(c− b).

Backward configuration

The heat flow (qB) and temperature profiles [T1(r) and T2(r)] for the backward

configuration of the spherical conductive thermal diode [non-PCM to VO2] of

Figure 2.1(b), can be determined by following a similar procedure than the one

developed for the forward one and properly utilizing the following boundary

conditions: T1(a) = Tc, T2(c) = Th, and T2(b)− T1(b) = R12qB/4πb2. The final

results obtained for the heat flow and temperature profiles are given, as follows:

qB =
1

βγδm
ln
[

G(Th − δqB)

G(Tc)

]
, (2.17)

G(T1(r)) = [G(Tc)]
α[G(Th − δqB)]

1−α, (2.18)

T2(r) = Th −
qB

κ2
σ(M− 1). (2.19)

It can be seen that the difference between the heat flow and temperature pro-

files in the forward and backward configurations is the sign convention. This is

expected given that the temperatures Th and Tc are interchanged. Note that the

fundamental features of the analytical solutions will remain the same irrespec-

tive of the position of the two involving materials, provided all other parameters

remain the same.

2.2.2 Cylindrical conductive thermal diode

Forward configuration

Since the area of a cylinder is different from that of a sphere, the heat flows qF

in the forward configuration of the cylindrical conductive thermal diode is not

the same as in the case of the spherical diode. The heat flows and temperature

profiles for the forward and backward configurations of the cylindrical diode are

determined by using the following boundary conditions: T1(a) = Th, T2(c) =
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Tc, and T1(b) − T2(b) = R12qF/2πbh, where h is the length of the cylindrical

diode shown in Figure 2.1(a). According to equation (1.3), the qF in the forward

configuration, in this case, can be written, as follows:

qF = −2πrhκ1(T1)
dT1

dr
= −2πrhκ2

dT2

dr
. (2.20)

Applying a similar procedure developed for the spherical diode, the expression

for the temperature profile T1(r) is determined by integrating the first equality in

equation (2.20) with the thermal conductivity κ1(T1) in equation (2.1), as follows:

−
∫ qF

2πrh
dr =

∫ [
κi +

κm − κi

1 + e−β(T−T0)

]
dT. (2.21)

The integration of equation (2.21) gives:

κm(T − T0) +
κm − κi

β
ln
[
1 + e−β(T−T0)

]
= E− qF

2πh
ln r, (2.22a)

T1(r)− T0 +
1

βγ
ln[1 + λ(T1(r))] =

E
κm
− qF

2πhκm
ln r, (2.22b)

where E is a constant of integration. By applying the aforementioned boundary

conditions to equation (2.22b), we obtain the final results for the heat flow and

temperature profile, as follows:

Th − T0 +
1

βγ
ln[1 + λ(Th)] =

E
κm
− qF

2πhκm
ln a, (2.23a)

T1(b)− T0 +
1

βγ
ln[1 + λ(T1(b))] =

E
κm
− qF

2πhκm
ln b. (2.23b)

The evaluation of equations (2.23a) and (2.23b) at the boundary conditions stated

above for the forward configurations determines both qF and E, which allows

writing the heat flow and temperature profile as:
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qF =
1

βγµm
ln
[

G(Th)

G(T1(b)

]
, (2.24)

G(T1(r)) = [G(Th)]
J [G(T1(b)]1−J , (2.25)

where µm = Z/κm, Z = ln(b− a)/2πh, and J = ln(b− r)/ ln(b− a). In order

to solve for T1(b) in equations (2.24) and (2.25) using the boundary condition

T1(b)− T2(b) = R12qF/2πbh, we have determined the temperature profile T2(r)

inside the non-PCM by integrating the second quality in equation (2.20), as fol-

lows:

−
∫ qF

2πrh
dr =

∫
κ2dT. (2.26)

The integration of equation (2.26) yields

T2(r) =
F
κ2
− qF

2πκ2
ln r, (2.27)

where F is a constant of integration. By applying the boundary conditions of the

cylindrical diode to equation (2.27), we obtain

T2(b) =
F
κ2
− qF

2πκ2
ln b, (2.28a)

Tc =
F
κ2
− qF

2πκ2
ln c. (2.28b)

The expressions for the qF and F can be found by solving equations (2.28a) and

(2.28b). The results is given as

T2(b) = Tc +
qF

κ2
Q, (2.29)

where Q = ln(c− b)/2πh. By substituting equation (2.29) into T1(b)− T2(b) =

R12qF/2πbh, we have

T1(b) = Tc + µqF, (2.30)
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where µ = [R12 + b ln(c − b)/κ2]/2πbh. By substituting equation (2.30) into

(2.24) and (2.25), we obtain

qF =
1

βγµm
ln
[

G(Th)

G(Tc + µqF)

]
, (2.31)

G(T1(r)) = [G(Th)]
J [G(Tc + µqF)]

1−J . (2.32)

It can be seen that the effective thermal resistance µ takes into account the geom-

etry effect of the cylindrical diode shells on qF and T1(r), as its value is different

from the corresponding one for the spherical (δ) and plane [Ord18b] diodes. The

diode geometry is therefore expected to have a key impact on the effective ther-

mal resistance between the diode terminals and thus on the involved heat flows

and temperature profiles. On the other hand, the temperature profile T2(r) of the

non-PCM is determined by solving equations (2.28a), (2.28b) and (2.27), respec-

tively. The final result yield

T2(r) = Tc +
qF

κ2
Q(1−V), (2.33)

where V = ln(r− b)/ ln(c− b).

Backward configuration

We have derived the expressions for the heat flow qB and temperature profiles

T1(r) and T2(r) in the backward configuration by following a similar method

employed in the forward one. Here, the boundary condition is slightly different

from the forward case. They are given as: T1(a) = Tc, T2(c) = Th, and T2(b)−

T1(b) = R12qB/2πbh. By properly using the later conditions, the heat flow and

the temperature profiles are given as:

qB =
1

βγµm
ln
[

G(Th − µqB)

G(Tc)

]
, (2.34)
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G(T1(r)) = [G(Tc)]
J [G(Th − µqB)]

1−J , (2.35)

T2(r) = Th −
qB

κ2
Q(V − 1). (2.36)

2.3 Rectification factor

2.3.1 Spherical diode

From the definition of the rectification factor in equation (1.9), it can be seen that,

in order to maximize R, the difference between forward heat flow qF and back-

ward one qB should be optimized. In this regards, we have written the thermal

rectification factor defined in equation (1.9) in terms of the ratio of minimum

heat flow in the backward configuration to the maximum heat flow in the for-

ward one, as follows:

Ropt = 1− qB,min

qF,max
. (2.37)

Equation (2.37) holds for the optimal rectification factor, can be determined by

the ratio qB,min/qF,max. In the case of spherical diode, this ratio can be easily de-

termined by evaluating the maximum and minimum expressions for the equa-

tions (2.14) and (2.17), respectively. In order to find the maximum values of the

heat flow qF in equation (2.14), we start by taking the exponential of both sides

and substituting for G(T) = [1 + λ(T)]/[λ(T)]γ and λ(T) = e−β(T−T0), we ob-

tain:

e(βγδmqF) =

[
1 + λ(Th)

1 + λ(Tc + δqF)

] [
λ(Tc + δqF)

λ(Th)

]γ

, (2.38a)

e(βγqF(δ+δm)) =

[
1 + e−β(Th−T0)

1 + e−β(Tc−T0)−βδqF

]
e−βγ(Th−Tc). (2.38b)

The expression in equation (2.38b) can be written in terms of qF, as follows:
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qF =
Th − Tc

δ + δm
− (βγ(δ + δm))

−1 ln

[
1 + e−β(Tc−T0)−βδqF

1 + e−β(Th−T0)

]
. (2.39)

By following a similar procedure developed for the forward heat flow, the ex-

pression for the heat flow qB can be rewritten from equation (2.17), as follows:

qB =
Th − Tc

δ + δm
+ (βγ(δ + δm))

−1 ln

[
1 + eβ(Th−T0)−βδqB

1 + e−β(Tc−T0)

]
. (2.40)

It can be seen that the quantities inside the logarithm in equations (2.39) and

(2.40) are greater than or equal to 1, as expected. The heat flow qF is less than

or equal to (Th − Tc)/(δ + δm) while the heat flow qB is greater than or equal

to (Th − Tc)/(δ + δi), with δi = ρ/κi. Furthermore, if we consider the fact that

Tc < T0 < Th and β = 1.7 K−1, as mentioned in previous section, the maximum

of qF is determined by the conditions Th − Tc � β−1 and Tc − T0 + δqF � β−1,

equation (2.39) becomes

qF,max =
Th − Tc

δ + δm
. (2.41)

Further simplification of the later conditions used to derived equation (2.41),

indicates that (2.41) is valid when Th − Tc � β−1 and Th − T0 � (T0 −

Tc)δm/δ + (1 + δm/δ)β−1. On the other hand, the expression for the mini-

mum of qB is determined when T0 − Tc � β−1, Th − T0 − δqB � β−1 and

Th − T0 �
[
1 + δ(δ−1

m + δ−1
i )
]

β−1, equation (2.40) becomes

qB,min =
Th − Tc − (T0 − Tc)(1− κi/κm)

δ + δm
. (2.42)

2.3.2 Cylindrical diode

Similar to the case of the spherical diode, according to equations (2.31) and (2.34),

the expressions for the forward and backward heat flows of the cylindrical diode
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can be rewritten, as follows:

qF =
Th − Tc

µ + µm
− (βγ(µ + µm))

−1 ln

[
1 + e−β(Tc−T0)−βµqF

1 + e−β(Th−T0)

]
, (2.43a)

qB =
Th − Tc

µ + µm
+ (βγ(µ + µm))

−1 ln

[
1 + eβ(Th−T0)−βµqB

1 + e−β(Tc−T0)

]
. (2.43b)

It can be seen easily that equations (2.43a) and (2.43b) of the cylindrical diode

are different from equations (2.39) and (2.40) of the spherical one by ITRs µ and

µm, respectively. One can now see that their maximum and minimum values are

respectively given by equations (2.41) and (2.42), provided that the ITRs δ and

δm are properly replaced by µ and µm. By substituting equations (2.41) and (2.42)

into (2.37), we obtain the optimal rectification factor Ropt, as follows:

Ropt =

(
1− κi

κm

)(
T0 − Tc

Th − Tc

)
. (2.44)

Note that the optimal rectification factor of the cylindrical thermal diode is the

same as the rectification factor of the spherical one given by equation (2.44).

This is expected since this result is in good agreement with the plane thermal

diode case reported by [Ord18b]. One can see that the optimal rectification fac-

tor of plane, cylindrical and spherical thermal diodes neither depend on the

size nor the shape of its terminals, as well as their ITRs. Equation (2.44) is

valid for all temperatures Tc < T0 < Th satisfying the conditions Th − T0 �

(T0 − Tc)δm/δ + (1 + δm/δ)β−1 and Th − T0 �
[
1 + δ(δ−1

m + δ−1
i )
]

β−1, that is

used to derive equations (2.41) and (2.42), which can be simultaneously satis-

fied for any values of the ITRs δ, δm and δi. In the limit of sharp transitions

(β → ∞), these two later conditions reduced to Th − T0 � (T0 − Tc)δm/δ > 0,

which bounds the values of Th, by setting Tc and T0 for any of the two involving

materials forming the terminals of the thermal diode. Since T0 is a property of
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material, equation (2.44) allows to predict the optimal rectification factor for dif-

ferent values of Th and Tc. It can be seen from equation (2.44) that the optimal rec-

tification factor of both spherical and cylindrical thermal diodes increases with

the ratio of thermal conductivity κm/κi of the metallic and insulating phases of

VO2 and do not depend on the radii and ITR of the diode terminals. On the other

hand, the temperature intervals for which equation (2.44) is valid, do not depend

on ITR, as discussed in the proceeding paragraph. It is therefore clear that PCMs

with higher thermal conductivity contrast κm/κi and very steep phase transition

(steeper thermal conductivity slopes of β) can be used to design spherical and

cylindrical thermal diodes with higher rectification factors. However, in order

to capitalize on this contrast, there is a need to establish a temperature differ-

ence larger enough (much greater than β−1) to excite the insulating and metallic

phases. The larger the β−1, the smaller the temperature gradients between the

terminal to achieve optimal rectification factors.

2.4 Results and discussion

In this section, we numerically solved the expressions for the heat flows and

temperature profiles by using the build-in tool "FindRoot" of the software Wol-

fram Mathematica and plotted for different parameters. We further confirmed

the accuracy of the values generated from this tool by replacing each of them

in equations (2.14), (2.17), (2.31) and (2.34) for the forward and backward heat

flows.

In Figures 2.3(a) and 2.3(b), we have presented the heat flows qF and qB for

the forward and backward configurations of spherical and cylindrical thermal

diodes based on VO2. One can see that for a temperature lower than the

transition one (T0 ∼ 342.5 K), VO2 do not undergo any phase transition, given

that the heat flows qF and qB are equal. There is thus no rectification. This result
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FIGURE 2.3: Temperature evolution of the forward and backward heat flows of a (a)
spherical and (b) cylindrical thermal diodes operating with a terminal of VO2. Calcu-
lations were done for three representative interface thermal resistances and Tc = 300 K

[Kas19].
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FIGURE 2.4: Rectification factor of a (a) spherical and (b) cylindrical thermal diodes, as
a function of the hotter temperature Th. Calculations were done for three representative
values of the effective thermal resistances, Tc = 300 K, a = 1 µm and b = 10 µm [Kas19].

is in good agreement with Figures 2.4(a) and 2.4(b) and the plane diode reported

by [Ord18b]. It can be seen that the lower effective thermal resistances (δ or/

µ) generate higher heat flows in both configurations of the conductive thermal

diodes, as expected. It can also be seen that there exists an effective thermal

resistance for which the heat flow in the forward configuration is greater than

the backward one qF > qB. In this case, the differences between the forward
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and backward heat flows tend towards a constant value for Th � T0, where

VO2 undergo its metallic phase. The result shows that the system studied

behaves like a thermal diode, reducing the heat flow in the reversed direction

and as predicted by equations (2.41) and (2.42). It also shows that there exists

an optimal rectification factor, which is in good agreement with the analysis

established in chapter 1. Given that the thermal resistance δ of the spherical

diode is less than the corresponding one of the cylindrical diode µ, one can see

that the heat flows generated in the spherical diode are higher than cylindrical

ones. It is therefore clear enough that different geometry has a significant effect

on the heat flows flowing inside the thermal diodes.

It is worth pointing out the impact of geometry on the optimal rectification

factor of the conductive thermal diodes. We have shown in Figures 2.4(a) and

2.4(b) the plots of rectification factor R of the spherical and cylindrical thermal

diodes, as a function of the hotter temperature Th and three values of the effec-

tive thermal resistance between the terminals of VO2 and non-PCM. We have

shown that the optimal rectification factors Ropt = 20.8% and Ropt = 20.7% of

the spherical and cylindrical thermal diodes are obtained for δ = 0.28 KW−1 and

µ = 0.24 KW−1, at the temperatures Th = 376 K and Th = 376.5 K, respectively.

We have also shown that higher or lower values of δ and µ generate higher rec-

tification factors, as confirmed by the density plots in Figures 2.5(a) and 2.5(b),

for both the spherical and cylindrical thermal diodes, respectively. One can see

that the optimal rectification factors are generally independent of the diode ge-

ometry as described in equation (2.44), and as shown in the black lines in Fig-

ures 2.4(a) and 2.4(b), respectively. On the other hand, the temperature differ-

ence between the terminals of the spherical (376− 300 = 76 K) and cylindrical

(376.5− 300 = 76.5 K) thermal diodes are larger than that (369.5− 300 = 69.5

K) reported by Ordonez-Miranda et al. [Ord18b] for a plane thermal diode with

a comparable rectification factor. A plane thermal diode is therefore expected
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as a function of the hotter temperature Th and effective thermal resistance δ and µ,
respectively. Calculations were done for three representative values of the effective

thermal resistances, Tc = 300 K, a = 1 µm and b = 10 µm [Kas19].
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to require smaller temperature gradients than spherical and cylindrical ones to

reach the same optimal rectification factor.

2.5 Conclusions

In summary, we have theoretically analyzed and optimized the rectification fac-

tor of a spherical and cylindrical conductive thermal diodes consisted of a junc-

tion between a phase-change material, whose thermal conductivity significantly

change in a narrow interval of temperature, and a non-phase-change material

with a constant thermal conductivity. We have achieved this by deriving sim-

ple analytical expressions for the heat flows, temperature profiles and optical

rectification factor of both spherical and cylindrical thermal diodes. It has been

shown that different diode geometry has a sizeable effect in the heat flows and

temperature profiles. On the other hand, it has no impact on the optical recti-

fication factor, since its values are independent of the diode geometry. Optimal

rectification factor of up to 20.8% and 20.7% have been obtained for the spheri-

cal and cylindrical thermal diodes operating with a temperature variation of 76

K and 76.5 K, respectively. The proposed model will be a useful guide for the

development of phase-change materials required to optimize the rectification of

conductive thermal diodes with different geometries.
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2.6 Résumé du chapitre 2

Introduction

Ce chapitre développe de nouvelles solutions analytiques de l’équation

de la chaleur décrivant le transfert de chaleur dans des diodes thermiques

conductives présentant des géométries sphériques et cylindriques. Récemment,

de nombreux cherhceurs ont étudié les configurations de mécanismes et de

dispositifs qui pourraient conduire à des facteurs de rectification thermique

importants dans les diodes thermiques à semi-conducteurs. L’un des mécan-

ismes les plus prometteurs exploite les transitions métal-isolant. Par exemple, le

changement mesuré de la conductivité thermique de VO2 à travers la transition

métal-isolant fournit une non-linéarité significative qui permet la rectification

thermique. Même si plusieurs modèles théoriques antérieurs ont été développés

pour prédire la rectification thermique de matériaux à changement de phase

dans des géométries planes, aucun modèle existant n’est disponible pour décrire

les diodes thermiques conductives sphériques et cylindriques. Ici, nous avons

développé des solutions analytiques pour quantifier les performances des

diodes thermiques conductives sphériques et cylindriques fonctionnant avec

un matériau à changement de phase, dont la conductivité thermique change de

manière significative dans un intervalle étroit de températures.

Les différentes sections du chapitre peuvent se résumer comme suit:

Modélisation théorique

Comme le montre la figure 2.6 ci-dessous, on étudie le cas d’un bain ther-

mique sphérique/ou cylindrique VO2 échangeant par conduction thermique en
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régime permanent avec un autre matériau dont l’état ne change pas avec la tem-

pérature. Nous considérons à la fois les configurations avant et arrière telles que

le paramètre Th est toujours supérieur à Tc. Les valeurs des flux de chaleur qF

et qB sont pilotées par différentes conductivités thermiques, c’est-à-dire κ1(T)

de VO2 et κ2 du non-PCM. Ces valeurs sont différentes (qF 6=qB), en raison de

la dépendance de la température de κ1(T), pour des températures prenant des

valeurs de le domaine de la MIT de VO2. L’optimisation de la différence de

flux thermique (qF − qB) peut donc être réalisée en réglant les températures des

bornes comme suit: Tc < T0 < Th, avec T0 étant la température de transition de

VO2.

.
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FIGURE 2.6: Schéma d’une diode thermique conductive sphérique (ou cylindrique)
constituée une VO2 et d’un Non-PCM, et fonctionnant dans les configurations avant
et arrière. Les surfaces r = a et r = c sont fixées aux températures Th et Tc, pour la

configuration avant, alors qu’elles sont inversées dans la configuration arrière.

Solutions analytiques décrivant le flux de chaleur dans des

diodes thermiques sphériques et cylindriques

Des expressions analytiques simples sont obtenues pour les flux de chaleur
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directs et inverses, notamment profil de température et les facteurs de rectifi-

cation optimaux des deux diodes, comme présenté dans les sections 2.2 et 2.3,

respectivement.

Conclusions

Dans ce chapitre, nous avons théoriquement analysé et optimisé le facteur de re-

dressement d’une diode thermique conductive sphériques ou cylindriques com-

posée d’une jonction constituée d’un matériau à changement de phase, dont la

conductivité thermique change de manière significative dans un intervalle de

température étroit, et d’un matériau standard présentant une conductivité ther-

mique constante. Nous avons atteint cet objectif en établissant des expressions

analytiques simples pour les flux de chaleur, les profils de température et le fac-

teur de rectification des diodes thermiques sphériques et cylindriques. Il a été

montré que la géométrie différente des diodes a un effet important sur les flux

thermiques et les profils de température. En revanche, il n’a pas d’impact sur

le facteur de redressement optique, puisque son expression ne dépend pas de la

géométrie de la diode. Un facteur de rectification optimal allant jusqu’à 20.8% et

20.7% a été obtenu pour les diodes thermiques sphériques et cylindriques fonc-

tionnant avec une différence de température de 76 K and 76.5 K, respectivement.

Le modèle proposé sera un outil util pour le développement de matériaux à

changement de phase nécessaires pour optimiser la rectification des diodes ther-

miques conductives de géométries différentes.



92 Chapter 2. Geometrical effects on conductive thermal diodes based on VO2

Chapter 3
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3.1 Introduction

Unlike in chapter 2 where we studied the optimization of conductive thermal

diodes made up of a junction between a PCM and non-PCM for two different ge-

ometries, here, we theoretically studied and optimized the thermal rectification

of a plane conductive thermal diode made up of two PCMs, whose thermal con-

ductivities change narrowly with respect to temperatures. Given that the thermal

rectification of conductive heat fluxes is established based on the temperature

dependence of the thermal conductivities of the thermal diodes terminals [Li14],

therefore, it can, in principle, be generated using arbitrary solid materials sub-

jected to a large temperature gradient. According to Fourier’s law of heat con-

duction, Yang et al. [Yan18] theoretically studied and optimized the thermal rec-

tification effect of a conductive thermal diode made up of two-component mate-

rials, whose thermal conductivities depend linearly and quadratically with tem-

perature. For the linear temperature-dependent thermal conductivities, they pre-

dicted a maximum rectification ratio of 0.5, which reached 0.86, for the quadratic

temperature-dependent one. These relatively high thermal rectification ratios

required a temperature variation greater than 100 K between the diode termi-

nals, which could be practically difficult and expensive to achieve. This draw-

back can be subdued by using PCMs, such as VO2, Ge2Sb2Te5 (GST), nitinol, and

polyethene (PE), whose thermal conductivities significantly change in a narrow

interval of temperatures [Ord16; Ito14; Rin08; Ito16]. Recently, these strongly

phonon-electron correlated PCMs have received significant attention in both the-

oretical and experimental studies, as a result of their MIT at a temperature near

the room one. For example, the thermal conductivities of VO2 and PE consid-

ered in this chapter, change within a narrow interval of temperatures as 340 K

< T < 345 K and 395 K < T < 400 K, respectively [Zha15; Ord18b]. The fact

that the MIT of VO2 occurs at a temperature closer to room one has motivated
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Ordonez-Miranda et al. [Ord18b] to combine it with another non-PCM, as a ter-

minal of a plane conductive thermal diode. However, optimal rectification fac-

tors reported was lower (∼ 20%) than the ones reported by Yang et al. [Yan18].

It is thus clear that the operation of a conductive thermal diode made up of two

PCMs terminal maximizes its rectification factors and, as well reduces the tem-

perature difference between its terminal, as reported by Cottrill et al. [Cot18].

Based on the alternative definition of the rectification factor Ra =

[max(qF, qB)/min(qF, qB)] − 1 [Kan18], which is different than the one we pre-

sented in equation (1.9). Hyungmook et al. [Kan18] recently reported a maxi-

mum rectification factor of up to 147% for a conductive thermal diode operating

within the terminal of VO2 and PE, whose thermal conductivities also change

significantly with temperatures. Even though their rectification factor is rela-

tively high, however, it was generated by describing the thermal conductivities

of the PCMs as step functions, which is similar but not equal to their real be-

haviors, as the phase transitios of VO2 and PE occur in a temperature variation

greater than 5K. Due to this fact, we report in this chapter a more realistic de-

scription of the thermal conductivities for the rectification of conductive thermal

diode made up of a junction of these two PCMs. Firstly, we consider the temper-

ature dependence of the thermal conductivities of both PCMs within their MIT.

Secondly, we derive and analyze expressions for the temperature profiles, heat

fluxes and lastly, we calculate the optimal rectification factor for the steady-state

heat conduction following a similar procedure than the one developed in chap-

ter 2. Note that the conductive thermal diode described in this chapter is based

on the combination of two PCMs. As as a result, these elements are expected to

generate rectification factors higher than the single PCM thermal diode predicted

in chapter 2 for different geometries and as well as the single PCM reported by

Ordonez-Miranda et al. [Ord18b].
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3.2 Analytical solution of heat conduction model

Here, we discuss the effect of thermal rectification in a system, as illustrated in

Figures 3.1(a) and 3.1(b), where dual PCMs are exchanging heat through steady-

state conduction due to their temperature difference Th − Tc > 0. We examine

the system in two thermal operating configurations, as follows: (i) In the for-

ward configuration [Figure 3.1(a)], the heat flux qF flows from VO2 (PCM1) to

PE (PCM2) i.e, (PCM1 is in its metallic phase while PCM2 is in its insulating one)

and (ii) In the backward one [Figure 3.1(b)], the heat flux qB flows in the opposite

direction (PCM1 is in its insulating phase while PCM2 is in its metallic one), as

a result of the interchange of the temperatures Th and Tc. For the sake of this

chapter, we assume that the values of qF and qB are driven by the thermal con-

ductivities of κ1(T) of PCM1 and κ2(T) of PCM2. Therefore, they are expected

not to be the same (qF 6=qB), due to the temperature dependence of κ1(T) and

κ2(T), respectively.

3.3 Heat fluxes and temperature profiles

3.3.1 Forward configuration

The steady-state heat flux qF in the forward configuration of the thermal diode

presented in Figure 3.1(a) can be described according to the Fourier’s law of heat

conduction and the principle of conservation of energy, as follows:

qF = −κ1(T1)
dT1

dx
= −κ2(T2)

dT2

dx
, (3.1)

where T1(x) and T2(x) are the temperatures within the PCM1 (0 ≤ x ≤ L1) and

PCM2 (L1 ≤ x ≤ L1 + L2), respectively. In this chapter, we consider that the

thermal conductivities κ1(T) and κ2(T) belong to VO2 and PE, respectively, and
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FIGURE 3.1: Scheme of a dual PCMs conductive thermal diode operating in the (a)
forward and (b) backward configurations. Hot and cool thermal shells are set at the

temperatures Th and Tc, respectively [Kas20a].

their temperature differences are shown in Figure 3.2, within their correspond-

ing MITs. It can be seen that the thermal conductivity contrast (25/5 = 5) of PE

is higher than (6/3.6 = 1.7) of VO2. Note that they both reach their maximum

thermal conductivities for temperatures T < 395 K and T > 345 K, respectively.

This details along with equation (3.1), shows that qF can be maximized by prop-

erly setting the temperature of the hotter shell Th and that of the colder one Tc to

fulfill the aforementioned temperature conditions. According to equation (1.10),

the thermal conductivities of VO2 and PE can be described, as follows:

κ1(T) = κi1 +
κm1 − κi1

1 + e−β1(T−T01)
, (3.2a)

κ2(T) = κi2 +
κm2 − κi2

1 + e−β2(T−T02)
, (3.2b)
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FIGURE 3.2: Thermal conductivities of VO2 and PE, as functions of the temperature
within their corresponding MIT. Dots and triangles stand for experimental data re-
ported in the literature [Oh10; Zha15], while lines represent the theoretical predictions

of equations (3.2a) and (3.2b), respectively [Kas20a].

where κm1 and κi1 are the thermal conductivities of VO2 in its high- and low-

temperature phases, and β1 is the phase-transition slope of κ1(T) at the transition

temperature T = T01. On the other hand, κm2 and κi2 are the thermal conductivi-

ties of PE in its high- and low-temperature phases and β2 is the phase-transition

slope of κ2(T) at the transition temperature T = T02. The values of these param-

eters were calculated by fitting equations (3.2a) and (3.2b) to the experimental

data shown in Figure 3.2 for VO2 and PE, and they are summarized in Table 3.1,

respectively.

TABLE 3.1: Properties of materials involved in equations (3.2a) and (3.2b) [Kas20a].

Material κin(Wm−1K−1) κmn(Wm−1K−1) βn(K−1) T0n(K)

VO2 3.6 6 1.7 342.3
PE 25 5 2.2 397.4
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The temperature profiles T1(x) and T2(x) of the VO2 and PE can now be deter-

mined by integrating equation (3.1) with the thermal conductivities expressions

in equations (3.2a) and (3.2b) as:

−
∫

qFdx =
∫ [

κi1 +
κm1 − κi1

1 + e−β1(T−T01)

]
dT, (3.3a)

−
∫

qFdx =
∫ [

κi2 +
κm2 − κi2

1 + e−β2(T−T02)

]
dT. (3.3b)

The integration of equations (3.3a) and (3.3b) gives

κm1(T − T01) +
κm1 − κi1

β1
ln
[
1 + e−β1(T−T01)

]
= C1 + qFx, (3.4a)

κm2(T − T02) +
κm2 − κi2

β2
ln
[
1 + eβ2(T−T02)

]
= C2 + qFx, (3.4b)

where C1 and C2 are constants of integration. The expression for the tempera-

tures T1(x) and T2(x) can be written from equations (3.4a) and (3.4b), as follows:

T1(x)− T01 +
1

β1γ1
ln[1 + λ1(T1(x))] =

C1

κm1
− qF

κm1
x, (3.5a)

T2(x)− T02 +
1

β2γ2
ln[1 + λ2(T2(x))] =

C2

κm2
− qF

κm2
x, (3.5b)

where γn = κmn/(κmn − κin), and λn(T) = exp [−βn(T − T0n)]. The evaluation

of equations (3.5a) and (3.5b) with the following boundary conditions: T1(0) =

Th, T1(L1), T2(L1 + L2) = Tc, and T1(L1)− T2(L1) = ρqF, where ρ is the interface
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thermal resistance between the PCM1 and PCM2, respectively. The result yields:

Th − T01 +
1

β1γ1
ln[1 + λ1(Th)] =

C1

κm1
, (3.6a)

T1(L1)− T01 +
1

β1γ1
ln[1 + λ1(T1(L1))] =

C1

κm1
− qF

κm1
L1, (3.6b)

T2(L1)− T02 +
1

β2γ2
ln[1 + λ2(T2(L1))] =

C2

κm2
− qF

κm2
L1, (3.6c)

Tc − T02 +
1

β2γ2
ln[1 + λ2((Tc)] =

C2

κm2
− qF

κm2
(L1 + L2). (3.6d)

The expressions for the parameters qF, C1 and C2 are determined by solving

equations (3.6a) to (3.6d), thus results in the following expressions for the heat

flux and temperature profiles

qF =
1
α1

ln
[

G1(Th)

G1(T1(L1))

]
, (3.7a)

qF =
1
α2

ln
[

G2(T1(L1)− ρqF)

G2(Tc)

]
, (3.7b)

G1(T1(x)) = [G1(Th)]
1−x/L1 [G1(T1(L1))]

x/L1 , (3.7c)

G2(T2(x)) = [G2(T1(L1)− ρqF)]
1−(x−L1)/L2 [G2(Tc)]

(x−L1)/L2 , (3.7d)

where αn = βnγnρmn, ρmn = Ln/κmn, and Gn(T) = [1 + λn(T)] / [λn(T)]
γn . By

substituting equations (3.7a) into (3.7b), we obtain

(
G1(Th)

G1(θ)

) α2
α1

=

G2

(
θ − ρ

α1
ln
[

G1(Th)
G1(θ)

] )
G2(Tc)

, (3.8)

where θ = T1(L1). One can see that equation (3.8) has a strongly non-linear

dependence on the temperatures Th and Tc, respectively. One can also see that

equation (3.8) can not be solved analytically. Consequently, we have numerically

determined the interface temperature θ using "FindRoot" Wolfram Mathematica



102 Chapter 3. Dual phase-change materials conductive thermal diode

inbuilt tool. The heat flux in the forward configuration and the temperature pro-

files can then be determined through equations (3.7a) to (3.7d), for a given values

of Th and Tc.

3.3.2 Backward configuration

We have determined the heat flux in the backward configuration (qB) and the

temperature profiles [T1(x) and T2(x)] by following a procedure similar to the

one developed in the case of the forward configuration. The only difference here

is that the boundary conditions are now in reversed form, is given as follows:

T2(0) = Th, T1(L1 + L2) = Tc, and T2(L2)− T1(L2) = ρqB. The final expressions

for the qB and [T1(x) and T2(x)] are

qB =
1
α1

ln
[

G1(T1(L2))

G1(Tc)

]
, (3.9a)

qB =
1
α2

ln
[

G2(Th)

G2(T1(L2) + ρqB)

]
, (3.9b)

G1(T1(x)) = [G1(T1(L2))]
1−(x−L2)/L1 [G1(Tc)]

(x−L2)/L1 , (3.9c)

G2(T2(x)) = [G2(Th)]
1−x/L2 [G2(T1(L2) + ρqB)]

x/L2 . (3.9d)

Again, by substituting equation (3.9a) into (3.9b), we obtain

(
G1(φ)

G1(Tc)

) α2
α1

=
G2(Th)

G2

(
φ + ρ

α1
ln
[

G1(φ)
G1(Tc)

] ) , (3.10)

where φ = T1(L2). Equation (3.10) is a transcendental equation for the interface

temperature φ, which depends non-linearly on Th and Tc. The numerical solu-

tion of φ in equation (3.10) was then carried out by using the same tool as in

the forward one, which fully describes the heat conduction in the thermal diode

through equations (3.9a) to (3.9d). Given that the heat fluxes and temperature

profiles in the forward configuration are not the same as the backward ones,
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there exists a thermal rectification effect between the terminals of the thermal

diode. This fact is in agreement with that discussed in section 3.2.

3.4 Rectification factor

3.4.1 Forward and backward configuration

In order to determine the rectification factor of a conductive thermal diode from

equation (1.9), we have to maximize qF in equations (3.7a) and (3.7b) and min-

imize qB in equations (3.9a) and (3.9b). To achieve this, we have rewritten the

aforementioned equations, as follows:

qF =
Th − θ

ρm1
+

(ρm1)
−1

β1γ1
ln

[
1 + e−β1(Th−T01)

1 + e−β1(θ−T01)

]
, (3.11a)

qF =
θ − Tc

ρ + ρm2
+

(ρ + ρm2)
−1

β2γ2
ln

[
1 + eβ2(T02+ρqF−θ)

1 + eβ2(T02−Tc)

]
, (3.11b)

qB =
φ− Tc

ρm1
− (ρm1)

−1

β1γ1
ln

[
1 + eβ1(T01−Tc)

1 + eβ1(T01−φ)

]
, (3.11c)

qB =
Th − φ

ρ + ρm2
− (ρ + ρm2)

−1

β2γ2
ln

[
1 + e−β2(φ−T02+ρqB)

1 + e−β2(Th−T02)

]
. (3.11d)

It can be seen in equation (3.11a) that when temperature Th is high enough to

fulfill the following conditions: β1(Th − T01)� 1 and β1(θ − T01)� 1, the latter

equation reduces to

qF =
Th − θ

ρm1
, (3.12)

where ρm1 = L1/κm1. On the other hand, in equation (3.11b) when temperature

Tc is low enough to fulfil the conditions β2(T02 − Tc) � 1, and β2(ρqF + T02 −

θ)� 1, the aforementioned equation reduces to
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qF =
θ − Tc

ρ + ρi2
, (3.13)

where ρi2 = L2/κi2. By combining equations (3.12) and (3.13), we obtain

qF =
Th − θ

ρm1
=

θ − Tc

ρ + ρi2
. (3.14)

It can clearly be seen in equation (3.14) that under the conditions used to de-

rive them, the entire terminal 1 (PCM1) is in its high-temperature metallic phase,

while the entire terminal 2 (PCM2) is in its low-temperature insulating phase. It

can also be seen in Figure 3.2 that PCM1 and PCM2, respectively in their metal-

lic and insulating phases, both exhibit their highest thermal conductivities. This

configuration therefore maximizes the forward heat flux qF = qF,max that can be

obtained by solving for θ in equation (3.14), as follows:

θ = T1,max(L1) =
(ρ + ρi2)Th + ρm1Tc

ρm1 + ρ + ρi2
. (3.15)

We recall from the forward configuration boundary condition T1(L1)− T2(L1) =

ρqF and substitute equation (3.15), we obtain

T2,max(L1) =
ρi2Th + (ρm1 + ρ)Tc

ρm1 + ρ + ρi2
. (3.16)

By substituting equations (3.15) into (3.12), we obtain the maximum qF as

qF,max =
Th − Tc

ρm1 + ρ + ρi2
. (3.17)

Note that T1(L1) = T1,max(L1) and T2(L1) = T2,max(L1) are the interface temper-

atures related to qF,max.

Similarly, one can see that in equations (3.11c) and (3.11d) the temperatures

Th and Tc are high and low enough to fulfill the conditions β1(T01 − Tc) � 1,

β1(T01 − φ)� 1, β2(Th − T02)� 1, and β2(ρqB + φ− T02)� 1. By applying the
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aforementioned conditions to the latter equations, they becomes

qB =
φ− Tc

ρi1
, (3.18a)

qB =
Th − φ

ρ + ρm2
, (3.18b)

where ρi1 = L1/κi1 and ρm2 = L2/κm2. The combination of equations (3.18a) and

(3.18b) yields

qB =
φ− Tc

ρi1
=

Th − φ

ρ + ρm2
. (3.19)

Equation (3.19) explicitly indicates that under the condition used to derive them,

the entire terminal 1 (PCM1) is in its low temperature insulating phase, while the

whole terminal 2 (PCM2) is in its high temperature metallic one. In contrary to

the forward case, one can see in Figure 3.2 that PCM1 and PCM2, respectively in

their insulating and metallic phases, both exhibit their lowest thermal conductiv-

ities. This configuration therefore minimizes the backward heat flux qB = qB,min,

which can be obtained by solving for φ in equation (3.19). The result gives

φ = T1,min(L2) =
ρi1Th + (ρ + ρm2)Tc

ρi1 + ρ + ρm2
. (3.20)

By recalling the boundary condition T2(L2)− T1(L2) = ρqB from the backward

configuration and substitute equation (3.20, we obtain

T2,min(L2) =
(ρi1 + ρ)Th + ρm2Tc

ρi1 + ρ + ρm2
. (3.21)

By substituting equations (3.20) into (3.18a), we obtain the maximum qB as

qB,min =
Th − Tc

ρi1 + ρ + ρm2
. (3.22)
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Note that T1(L2) = T1,min(L2) and T2(L2) = T2,min(L2) are the interface temper-

atures related to qB = qB,min. We determined the rectification factor by recalling

equation (2.37) and substituting for equations (3.17) and (3.22). The final result

yields

Ropt = 1− ρm1 + ρ + ρi2

ρi1 + ρ + ρm2

= 1− ρm1

ρi1

(1 + ρ/ρm1) + (κm1/κi2)r−1

(1 + ρ/ρi1) + (κi1/κm2)r−1

= 1− κi1

κm1

(1 + ρ/ρm1)r + κm1/κi2

(1 + ρ/ρi1)r + κi1/κm2
,

(3.23)

where r = L1/L2. It can be seen that equation (3.23) is symmetric on the thermal

resistances of both PCM1 and PCM2 and increases with the ratios of the thermal

conductivities κm1/κi1 and κi2/κm2 between the metallic and insulating phases.

It can also be seen that the optimal rectification in equation (3.23) depends on

the interface thermal resistance ρ between the diode terminals. It is therefore

different than the one reported in chapter 2 and than the conductive thermal

diode operating with a single PCM reported by [Ord18b]. The Ropt presented

here increases with decreasing ρ. This fact indicates that the optimization of the

rectification factor of conductive thermal diodes based on two PCMs requires

higher values of κm1/κi1 and κi2/κm2 and lower values of ρ.

3.5 Temperature evolution of heat fluxes and rectifi-

cation factor

We show in Figure 3.3 the temperature evolution of the rectification factor and

heat fluxes in the forward (qF) and backward (qB) configurations, respectively.

We notice that the two heat fluxes of the conductive thermal diode increase

linearly with temperature Th, and the difference between them is positive



3.5. Temperature evolution of heat fluxes and rectification factor 107

3 5 0 4 0 0 4 5 0 5 0 0 5 5 0

2 0 0
4 0 0
6 0 0
8 0 0

1 0 0 0
1 2 0 0

T e m p e r a t u r e ,  T h  ( K )

He
at f

lux
, q 

(W
mm

−2
)

0

1 0

2 0

3 0

4 0

5 0
 q F
 q B
 R

Re
ctif

ica
tio

n f
act

or,
 R 

(%
) 

FIGURE 3.3: Rectification factor, forward and backward heat fluxes of the conductive
thermal diode of VO2 and PE, as functions of the temperature Th. Calculations were

done for Tc = 300 K and ρ = 0 mm2KW−1 [Kas20a].

(qF > qB) for temperatures greater than the one where VO2 exhibit its phase

transition (T01 = 342.5 K). The change in the slope of the forward heat flux

qF occurs, as a result of the phase transition of VO2 at Th = T01. On the other

hand, at temperature Th � T01, the difference between the two fluxes increases

up to the temperature where PE is in its transition phase, before the kinks in

the backward heat flux qB at temperature Th = T02. This kink corresponds

to the phase transition of PE. The local maximum and local minimum of the

rectification factor occurs due to the relatively large difference and equality of

the heat fluxes in the forward and backward configurations.

In Figures 3.4(a) and 3.4(b), we show the forward and backward heat fluxes

of a conductive thermal diode as a function of their respective interface temper-

atures T1(L1) and T2(L2). We observe that the heat fluxes qF and qB also increase
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FIGURE 3.4: Temperature evolution of the forward and backward heat fluxes, as func-
tions of (a) T1(L1) and (b) T2(L2). Calculations were done for Tc = 300 K and ρ = 0

mm2KW−1 [Kas20a].

with T1(L1) and T2(L2) when compared to that reported in Figure 3.3, as ex-

pected. This fact is consistent with the behavior of a conductive thermal diode
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presented in chapter 2. This result is also in good agreement with the theoretical

studies reported by [Ord18b; Zhu18] and experimental one by [Cot18]. Further-

more, one can see that VO2 in its metallic state is able to enhance the rectification

factor of the reported conductive thermal diode when the temperature difference

between its terminals is high enough.

3.6 Heat fluxes and interface temperatures

Figures 3.5(a) and 3.5(b) show the plots of the interface temperatures in the for-

ward [T1(L1) and T2(L1)] and backward [T2(L2) and T1(L2)] configurations ver-

sus the hotter temperature Th. It can be seen that the increases in these afore-

mentioned interface temperatures with respect to Th is driven by the combined

effect of the thermal conductivities of VO2 and PE, as expected. On the other

hand, their differences T1(L1) − T2(L1) = ρqF and T2(L2) − T1(L2) = ρqB are

determined by the forward and backward heat fluxes, as shown in Figure 3.3,

respectively. We note that the temperature jumps increases as the temperature

Th increases, such that they tend towards constant values for high enough Th.

This fact is in good agreement with the temperature evolution shown in Figure

3.3 and also indicates that the maximization of the rectification factor of the con-

ductive thermal diode would require high temperature jumps at the interface

of its terminals, that is to say, for a given ρ > 0. According to the temperature

profile shown in Figure 3.6, these jumps increases with a higher value of ρ and

vanishes for ρ = 0. For a particular value of ρ = 1 mm2KW−1, we obtained tem-

perature jumps of T1(L1) − T2(L1) = 65 K in the forward configuration while

T2(L2)− T1(L2) = 55 K, is obtained in the backward one. Given that the calcu-

lations in Figure 3.6 were carried out for maximizing the rectification factor for

low-temperature Tc = 300K and high-temperature Th = 500K, the nearly linear

behavior of temperatures within the diode terminals is, therefore, as a result of
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FIGURE 3.5: Interface temperatures for the (a) forward [T1(L1) and T2(L1)] and (b)
backward [T2(L2) and T1(L2)] configurations, as functions of the temperature Th. Cal-

culations were done for Tc = 300 K and ρ = 1 mm2KW−1 [Kas20a].

the fact that the entire terminals are either in their completely metallic or com-

pletely insulating phases. The change in the slope of the temperatures at the
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FIGURE 3.6: Temperature profiles within the terminals of the conductive thermal diode
operating in the forward and backward configurations. Arrows stand for the direction
of heat flux and calculations were done for Tc = 300 K, Th = 550 K, and two values of

the interface thermal resistance ρ [Kas20a].

interface x = L1 is, thus due to the MITs of the PCMs.

Ropt (Eq. 3.23)
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FIGURE 3.7: Rectification factor of the conductive thermal diode, as a function
of the interface thermal resistance ρ. Calculations were done using R = [1 −

min(qF, qB)/max(qF, qB)] and Tc = 300 K [Kas20a].
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FIGURE 3.8: Density plot of the conductive thermal diode rectification factor as a func-
tion of the temperature Th and interface thermal resistance ρ. Calculations were done

using R = [1−min(qF, qB)/max(qF, qB)] and and Tc = 300 K [Kas20a].

3.7 Temperature dependence rectification factor

Figure 3.7 shows the rectification factor of the conductive thermal diode, as func-

tions of the interface thermal resistance ρ, for three different values of the hotter

temperature of Th. Note that rectification factor R increases as the values of ρ

decreases for a high temperature of Th = 550K. This fact agrees with the value of

the temperature of Th, which is well predicted by the analytical expression pre-

sented in equation (3.23). It indicates that equation (3.23) is reliable to describe

the optimal rectification factor, for three different values of ρ and also shows that

maximum rectification is reached for Th = 550K. This latter fact is in good agree-

ment with the density plot shown in Figure 3.8. Note that we did not go to zero

at the interface thermal resistance axis, because there is no significant difference

in the rectification factor between ρ = 0 mm2KW−1 and ρ = 0.1 mm2KW−1,
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FIGURE 3.9: Rectification factor R of the conductive thermal diode as a function of
the temperature Th. Calculations were done by using the alternative definition Ra =
[max(qF, qB)/min(qF, qB)]− 1 for three representative interface thermal resistances and

and Tc = 300 K [Kas20a].

as shown in Figure 3.8. One can see that in Figure 3.8, maximum rectification

factor is obtained for lower interface thermal resistance and higher hotter tem-

perature of Th. The optimal rectification factor obtained in equation (3.23) by

substituting the values of all the required parameters is different from the rec-

tification factor at Th = 500K by only 3%, therefore, reduces for higher values

of Th. We obtained optimal rectification of up to 60% for the low value of in-

terface thermal resistance ρ = 0 mm2KW−1 and at a temperature variation of

Th − Tc = 550− 300 = 250 K between the diode terminals. Because ρ is the in-

terface thermal resistance between the diode terminals, its reduction to achieve

maximum rectification factor would requires to carefully adjust the PCMs prop-

erties in the heterojunction with a fine control of the deposition conditions. The

results presented here are in good agreement with the similar predicted rectifi-

cation factors of heterojunction between graphene-hexagonal boron nitride by
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[Che16], graphene-graphene phononic crystals by [Hu17], graphene nanorib-

bons by [Yua15] and carbon nanotube-graphene by [Yan17], but with temper-

ature intervals, which are relatively higher than the ones obtained here for a VO2

and PE heterojunction. On the other hand, optimal rectification factor reported in

this chapter is almost three times higher than the corresponding one predicted by

[Ord18b] with a single PCM and as well as, the dual PCMs predicted by [Shr20].

This fact indicates the possibility to enhance the thermal effectiveness of the con-

ductive thermal diode by properly combining the two PCMs. Furthermore, the

study proposed in this chapter is correlated to that reported by [Ord18b] and

any other study proposed based on heterojunction between two PCMs, given

that we exploit the MITs of the PCMs to generate the rectification of heat cur-

rents. Since this diode consists of two terminals, it represents the most general

configuration of a thermal diode operating with PCMs. In order to justify the

fact that the definition of the rectification factor proposed here leads to higher

values than the one defined by Kang et al. [Kan18]. We have used their alterna-

tive definition Ra = [max(qF, qB)/min(qF, qB)]− 1, so that we plot in Figure 3.9,

the alternative rectification factor (Ra), as a function of temperature Th for three

different interface thermal resistances. Herein, we observe that the low value

of ρ generates higher rectification factor as expected. The optimal rectification

factor generated between the diode terminals is around 240%, which is greater

than the 147% predicted by [Kan18]. This enhancement is, thus, as a result of

the difference in the thermal conductivity of tungsten-doped VO2 used by Kang

et al. [Kan18] compared to the pure VO2 used in this chapter. This is reason-

able because the thermal diodes with higher rectification factors require larger

thermal conductivities ratios (κhigh/κlow) for both of its terminals as developed

in equation (3.23).
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3.8 Conclusions

The goal of this chapter was to study the optimization of the rectification of a

conductive thermal diode by combining two phase-change materials in order

to generate higher rectification factor. We have theoretically modeled and opti-

mized the conductive thermal diode by deriving analytical expressions for the

temperature profiles, heat fluxes and optimal rectification factor. We obtained an

optimal rectification factor of up to 60% for a conductive thermal diode operat-

ing between terminals of VO2 and polyethylene, which is 3% greater than the

optimal one obtained analytically from equation (3.23). By taking into account

the alternative definition of the rectification factor, we obtained a value of around

240%. To the best of our knowledge, this record-breaking rectification has not yet

been predicted in literature. Maximum rectification factors in a narrower tem-

perature range could be obtained with phase-change materials exhibiting higher

thermal conductivity contrasts and faster phase transitions. The proposed model

could therefore be useful for guiding the development of phase-change materi-

als capable of optimizing the rectification of conductive thermal diodes, which

represent a basic building block for developing thermal circuits based on heat

currents.
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3.9 Résumé du chapitre 3

Introduction

Dans ce chapitre, le redressement thermique d’une diode thermique conduc-

tive composée de deux matériaux à changement de phase, dont les conductivités

thermiques changent de manière significative dans un intervalle de température

étroit, est théoriquement modélisé et optimisé. Le redressement thermique

des courants de chaleur conductif est une conséquence de la dépendance à

la température des conductivités thermiques aux bornes de la diode. Il peut

ainsi, en principe, être réalisé avec des matériaux solides arbitraires soumis à un

gradient de température suffisamment grand.

Les différentes sections du chapitres sont résumées ci dessous:

Modélisation théorique

Contrairement au chapitre 2 où nous avons considéré les diodes thermiques

conductives composées d’une jonction constituée d’un matériau à change-

ment de phase et d’un matériau dont l’état ne change pas pour les géométries

sphérique et cylindrique, nous avons ici modélisé un système de deux matériaux

à changement de phase échangeant de la chaleur par conduction en régime

permanent en raison de leur différence de température, voir la figure 3.10.

Nous considérons à la fois les configurations directes et inverses telles que le

paramètre Th est toujours supérieur à Tc. Les valeurs de qF et qB sont déter-

minées par les conductivités thermiques de κ1(T) de PCM1 et κ2(T) de PCM2.

Par conséquent, on s’attend à ce qu’ils ne soient pas les mêmes (qF 6=qB), en

raison de la dépendance à la température de κ1(T) et κ2(T).
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FIGURE 3.10: Schéma d’une diode thermique conductive à double PCM fonction-
nant dans les configurations (a) avant et (b) arrière. Les coques thermiques chaudes

et froides sont réglées aux températures Th et Tc, respectivement [Kas20a].

Cas d’un modèle de conduction thermique plan

Des expressions analytiques simples sont établies pour les flux de chaleur di-

rects et inverses, le profil de température et les facteurs de rectification optimaux

des deux diodes, comme présenté dans les sections 3.3 et 3.4, respectivement.

Conclusions

Dans ce chapitre, nous avons théoriquement analysé et optimisé le facteur de

redressement d’une diode thermique conductive constituée d’une jonction en-

tre deux matériaux à changement de phase, dont les conductivités thermiques

changent de manière significative dans un intervalle de températures étroit. Cela

a été fait en établissant des expressions analytiques pour les profils de tempéra-

ture, les flux thermiques et le facteur de rectification. Un facteur de redressement
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jusqu’à 60% a été déterminé pour une diode thermique conductive fonctionnant

avec des bornes de VO2 et de polyéthylène avec une différence de température

de 250 K de chaque côté des températures du MIT. Des facteurs de rectification

plus élevés dans un intervalle de température plus étroit pourraient être obtenus

avec des matériaux à changement de phase présentant des contrastes de conduc-

tivité thermique plus élevés et des transitions de phase plus raides en fonction

de la température. Le modèle proposé pourrait ainsi être utile pour guider le

développement de matériaux à changement de phase capables d’optimiser la

rectification de diodes thermiques conductives, qui représentent une étape cru-

ciale pour le développement de circuits thermiques basés sur des courants de

chaleur.
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4.1 Introduction

PCMs, whose optical, electrical and thermal properties change with tempera-

ture have been employed as one of the major methods utilized to rectify heat

currents. These changes in their properties are due to the strongly correlated

interactions of phonons and electrons and can be applied for several applica-

tions [Jou15a; Ito16; Ben17; Ord19a], including radiative thermal diodes oper-

ating in both near- and far-field regimes [Ben13; Jou15b; Nef14b; Nef14a; Ito14;

Ote10; Bas11]. This wide area of applications has motivated growing attention

on PCMs, such as Ge2Sb2Te5 (GST) , VO2, PE and nitinol, whose emissivities can

be driven thermally. These four thermochromic materials have recently attracted

great attention in both experimental and theoretical studies due to their metal-

insulator transition (MIT) at temperatures near room temperature. According to

Barker et al. [Bar66], the effective emissivities of GST and VO2 undergo the MIT

within the temperature variations of 420 K < T < 430 K and 340 K < T < 345

K, respectively. Given that the MIT of VO2 occurs in a temperature range of

only 5K has motivated its combination with SiO2 by Ben Abdallah et al. [Ben13],

predicted a rectification factor of up to 90%. This relatively high rectification

is more than eight times the typical ones obtained with non-PCM [Ruo09] and

more than the predicted 70% and 80% rectification factors generated with heav-

ily doped silicon, gold and superconducting materials by [Nef14b; Nef14a]. This

fact indicates that there is great potential in using PCMs to rectify radiative heat

currents. Since a thermal diode composed of two terminals and that two PCMs

provide more degree of freedom than a single PCM to modify the heat trans-

fer between them, thus, the thermal effectiveness of radiative thermal diodes is

expected to be enhanced by combining two PCMs, as was reported by [Kas20a;

Ord18b; Cot15] for conductive thermal diodes. For example, we have shown in

chapter 3 that the combination of two PCMs generates an optimal rectification

factor higher than the typical one obtained with a single PCM. According to this
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fact, two PCMs could also be used to improve the rectification factor of radiative

thermal diodes.

In this chapter, we theoretically study and optimize the thermal rectifica-

tion effect of plane, cylindrical and spherical radiative thermal diodes operat-

ing within the terminals of two PCMs, whose emissivities significantly change

in a narrow interval of temperatures. This work is done by considering the

temperature dependence of the emissivities of the two PCMs within their phase

transitions. We derive and analyze simple analytical expressions for the optimal

rectification factors of the three different geometrical diodes supporting thermal

radiation. Our calculations shed more light on the fact that rectification factor

can be improved significantly by using two PCMs instead of a single one.

Tc

Th Tc

ThTc

𝒒𝑭

𝒒𝑩

(a)

(b)

GST

GST

VO2

VO2

FIGURE 4.1: Scheme of a plane radiative thermal diode made up with terminals of GST
and VO2 operating in the (a) forward and (b) backward configurations. Hot and cold

thermal baths are set at the temperatures Th and Tc, respectively [Kas20b].
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FIGURE 4.2: Scheme of a spherical (or cylindrical) radiative thermal diode made up
of GST and VO2 operating in the forward and backward configurations. The radii r1
and r2 are set at the temperatures Th and Tc for the forward configuration, while they
are interchanged for the backward one [Kas20b]. In practice, a spherical diode could be

implemented by using the classical Langmuir-Blodgett law [I L24].

4.2 Modeling of plane, cylindrical and spherical ra-

diative thermal diodes

In order to model radiative thermal diodes in different geometries, we consider

the thermal transport set up between two semi-infinite bodies made up of GST

and VO2 exchanging heat in form of radiation due to their temperature differ-

ence Th > Tc, as depicted in Figures 4.1(a) and (b), respectively. We assume that
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FIGURE 4.3: Effective emissivities of GST and VO2 as functions of temperature within
their MITs. Dots and rectangles represent experimental data reported in the literature

[Ord18b; Du17], while lines stand for fits of equation (1.11) [Kas20b].

both bodies are separated by a vacuum gap of thickness d which is much greater

than their thermal wavelengths i.e. we are working in the far-field regime so

that the contribution to the heat exchange is only due to the propagating wave.

More specifically, we concentrate on two configurations: the first one is the for-

ward configuration [Figure 4.1(a)], where the heat flow qF flows from GST to

VO2, while the second is the backward one [Figure 4.1(b)], here, the heat flow qB

flows in the opposite direction due to the fact that the temperatures Th and Tc are

reversed. It is important to note that these two heat flows correspond to the two

configurations are expected to be different (qF 6=qB), as a result of the temperature

dependence of the emissivities of GST and VO2, within their MITs. Similar to the

case of the plane diode, this behavior of the two heat flows (qF and qB) is also

applicable for the spherical or cylindrical radiative thermal diodes, as illustrated

in Figure 4.2.
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Recalling the Stefan-Boltzmann’s law of thermal radiation in the far-field

regime, the heat flows in the forward and backward configurations of the plane,

cylindrical and spherical radiative thermal diodes proposed here, is given as fol-

lows [Inc96]:

qF = A1σεF(T4
h − T4

c ), (4.1a)

qB = A2σεB(T4
h − T4

c ), (4.1b)

where σ = 5.67× 10−8 Wm−2K−4 is the Stefan-Boltzmann constant, A1 and A2

are the areas of the radiating surfaces, while εF and εB are their effective emis-

sivities in the forward and backward configurations, respectively. By combining

equations (1.9) and (4.1), we obtain the following rectification factor which looks

similar but different from equation (1.9), as follows:

R =
|A1εF − A2εB|

max(A1εF, A2εB)
. (4.2)

Equation (4.2) shows that the values of R are driven by the combined effect of the

radiating surfaces and the effective emissivities of the diodes. It is thus clear that

the rectification factors of the plane, spherical and cylindrical radiative diodes

made up with terminals of GST and VO2 are expected not to be equal, as a result

of the differences in A1 and A2, respectively. According to equation (1.11), the

effective emissivities of GST and VO2 can be described, as follows:

ε1(T) = εi1 +
εm1 − κi1

1 + e−β1(T−T01)
, (4.3a)

ε2(T) = εi2 +
εm2 − εi2

1 + e−β2(T−T02)
, (4.3b)

where εm1 and εi1 are the effective emissivities of GST in its high- and low-

temperature phases, and β1 is the phase-transition slope of ε1(T) at the transition
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temperature T = T01. On the other hand, εm2 and εi2 are the effective emissivities

of VO2 in its high- and low-temperature phases, and β2 is the phase-transition

slope of ε2(T) at the transition temperature T = T02. The values of the afore-

mentioned parameters were determined by fitting equations (4.3a) and (4.3b) to

the experimental data depicted in Figure 4.3 for both GST and VO2 and they are

presented in Table 4.1.

TABLE 4.1: Properties of materials involved in equations (4.3a) and (4.3b) [Kas20b].

Materials εin εmn βn(K−1) T0n(K)

GST 0.13 0.52 0.46 426.9
VO2 0.79 0.22 1.6 342.4

In order to evaluate the predictions of the rectification factor R described in

equation (4.2), we have derived and optimized explicit expressions for the plane,

cylindrical and spherical radiative thermal diodes, as follows:

4.2.1 Plane radiative thermal diode

In this case, we have assumed that the area of the radiating surfaces are equal,

that is to say (A1 = A2 = A) for the sake of clarity and simplicity, thus, accord-

ing to Frank and DeWitt [Inc96], the effective emissivities in the forward and

backward configurations can be written in terms of Th and Tc, as follows:

εF =

(
1

ε1(Th)
+

1
ε2(Tc)

− 1
)−1

, (4.4a)

εB =

(
1

ε1(Tc)
+

1
ε2(Th)

− 1
)−1

, (4.4b)

where are εn(Th) and εn(Tc) are the effective emissivities of the two PCMs (pro-

vided n = 1; 2) in their high- and low-temperature phases, respectively. It is

worthwhile to note that we have properly replaced the original T1 and T2 used

by the latter authors with Th and Tc in the forward configuration and they are
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reversed in the backward one [equations (4.4a) and (4.4b)]. Given that the areas

of the radiating surfaces are equal, it is more convenient to determine the op-

timal rectification factor R of the plane diode from equation (4.2). By recalling

equation (2.37), R can be written in terms of the ratio εB,min/εF,max between the

minimum emissivity in the backward configuration to the maximum emissivity

in the forward one, as follows:

Ropt = 1− εB,min

εF,max
. (4.5)

In order to determined Ropt in equation (4.5), we capitalized on the temperature

variation of the two PCMs within their MITs , such that they fulfill the condition

Tc < T0n < Th. According to Figure 4.3, in the forward configuration, the effec-

tive emissivity εF becomes maximum εF = εF,max when the entire GST terminal

is in its high-temperature phase i.e. (ε1(Th) = εm1), while the whole VO2 terminal

is in its low-temperature phase (ε2(Tc) = εi2). On the contrary, in the backward

configuration, the effective emissivity εB becomes minimum εB = εB,min when

the whole GST terminal is in its low-temperature phase (ε1(Tc) = εi1), and the

entire VO2 terminal is in its high-temperature phase (ε2(Th) = εm2). By applying

these conditions to equations (4.5a) and (4.5b), we obtain

εF,max =

(
1

εm1
+

1
εi2
− 1
)−1

, (4.6a)

εB,min =

(
1

εi1
+

1
εm2
− 1
)−1

. (4.6b)

By substituting equations (4.6a) and (4.6b) into (4.5), we have obtain the optimal

rectification of a plane radiative thermal diode as
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Ropt = 1− (εi1εm2)(εi2 + εm1 − εi2εm1)

(εi2εm1)(εi1 + εm2 − εi1εm2)
,

= 1− εm2

εi2

(1 + εi2/εm1 − εi2)

(1 + εm2/εi1 − εm2)
.

(4.7)

Equation (4.7) shows that the optimal rectification factor is symmetric on the

emissivities of both PCMs and increases with their ratios εm1/εi1 and εm2/εi2, re-

spectively. This fact is similar to the conductive thermal diode described in chap-

ter 3, as expected. This indicates that materials with greater emissivity contrast

are therefore expected to generate radiative thermal diodes with larger rectifica-

tion factors.

4.2.2 Cylindrical radiative thermal diode

Unlike in the case of plane diode where the areas of the radiating surfaces are

equal, here, the areas A1 and A2 depends on their respective radii r1 and r2, such

that A1/A2 = r1/r2. The effective emissivities in the forward and backward

configurations are given, as follows [Inc96]:

εF =

(
1

ε1(Th)
+

1− ε2(Tc)

ε2(Tc)

(
r1

r2

))−1

, (4.8a)

εB =

(
1

ε1(Tc)
+

1− ε2(Th)

ε2(Th)

(
r2

r1

))−1

, (4.8b)

where r1 and r2 are radii of the cylindrical radiating surfaces depicted in Figure

4.2. It can be seen that the effective emissivities in equations (4.8a) and (4.8b)

do depend on the ratio of the radii r1/r2, which provide another degree of free-

dom to maximize the rectification factor of the cylindrical diode and thus enable

expressing equation (2.37), as follows:
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Ropt = 1− r2εB,min

r1εF,max
. (4.9)

By following a similar procedure used to derived equations (4.6a) and (4.6b) of

the plane radiative diode, we have maximized and minimized the effective emis-

sivities εF = εF,max and εB = εB,min in the forward and backward configurations.

The final result yields

εF,max =

(
1

εm1
+

1− εi2

εi2

(
r1

r2

))−1

, (4.10a)

εB,min =

(
1

εi1
+

1− εm2

εm2

(
r2

r1

))−1

. (4.10b)

By substituting equations (4.10a) and (4.10b) into (4.9), we obtain the optimal

rectification factor Ropt of the cylindrical radiative diode, as follows:

Ropt = 1−
(

r1

r2

)
(r1εi1εm2)(r2εi2 + r1εm1 − r1εi2εm1)

(r2εi2εm1)(r2εi1 + r1εm2 − r2εi1εm2)
,

= 1− εm2

εi2

(
r1

r2

)
(1 + r2εi2/r1εm1 − εi2)

(1 + r1εm2/r2εi1 − εm2)
.

(4.11)

By comparing equations (4.11) and (4.7), it can be seen that the values of Ropt of

the cylindrical radiative thermal diode is higher than the corresponding ones of

the plane diode, provided the ratio r1/r2 is carefully modulated, and as well as

the emissivity ratios of the PCMs.

4.2.3 Spherical radiative thermal diode

Similar to the case of the cylindrical radiative thermal diode, the areas of the

radiating surfaces of the spherical ones are not equal, but rather depends on the

square of the ratio of their radii, given as (A1/A2 = (r1/r2)
2). The effective

emissivities in the forward and backward configurations are given by [Inc96]
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εF =

(
1

ε1(Th)
+

1− ε2(Tc)

ε2(Tc)

(
r1

r2

)2)−1

, (4.12a)

εB =

(
1

ε1(Tc)
+

1− ε2(Th)

ε2(Th)

(
r2

r1

)2)−1

. (4.12b)

One can see that equations (4.12a) and (4.12b) of the spherical diode are similar

to equations (4.8a) and (4.8b) of the cylindrical one, such that the only signifi-

cant difference is that the ratio of the radii r1/r2 is now squared. This indicates

that the spherical diode will have a different impact on the optimal rectification

factor when compared to the cylindrical one. By recalling equation (2.37), the op-

timal rectification of the spherical diode can be express in terms of the effective

emissivities, as follows:

Ropt = 1− r2
2εB,min

r2
1εF,max

. (4.13)

Again, by following a similar procedure applied in the plane and cylindrical

diodes, the maximum and minimum of the effective emissivities εF = εF,max and

εB = εB,min in the forward and backward configurations of the spherical diode

are given as:

εF, max =

(
1

εm1
+

1− εi2

εi2

(
r1

r2

)2)−1

, (4.14a)

εB, min =

(
1

εi1
+

1− εm2

εm2

(
r2

r1

)2)−1

. (4.14b)

The optimal rectification factor of the spherical diode is then determined by sub-

stituting equations (4.14a) and (4.14b) into (4.13). The final result gives
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Ropt = 1−
(

r1

r2

)2 (r2
1εi1εm2)(r2

2εi2 + r2
1εm1 − r2

1εi2εm1)

(r2
2εi2εm1)(r2

2εi1 + r2
1εm2 − r2

2εi1εm2)
,

= 1− εm2

εi2

(
r1

r2

)2 (1 + r2
2εi2/r2

1εm1 − εi2)

(1 + r2
1εm2/r2

2εi1 − εm2)
.

(4.15)

It can be seen that the optimal rectification factor in equation (4.15) of the spher-

ical diode is also symmetrical on the emissivities of the two PCMs. However, it

strongly depends on the square of the ratio of the radii (r1/r2)
2 unlike the case

of the cylindrical diode. This fact indicates that the higher optimal rectification

factor will be generated in the spherical diode compared to the cylindrical one.

More details about this fact are explained in the next section.

4.3 Temperature dependence and rectification factor

of a plane geometry

Figure 4.4(a) shows the temperature evolution of the radiative heat flows of a

plane radiative thermal diode in the forward and backward configurations op-

erating with terminals of GST and VO2, respectively. The heat flows qF and qB

exhibit an almost linear increase with the hotter temperature Th and there ex-

ists a change of slope at a temperature where both PCMs undergo their phase

transition (Th ≈ T0n with n = 1, 2), as expected. This fact is consistent with the

heat flows presented in chapter two and three. One can see that the transition of

backward heat flows qB at Th = 340.6 K corresponds to the MIT of VO2, while

that of qF at Th = 423.9 K is driven by the MIT of GST. The result is consistent

with the rectification shown in Figure 4.4(b). According to Figure 4.4(a), when

the temperature Th < 340.6 K, the heat flows are equal (qF = qB), hence both

PCMs do not undergo any phase transition, and thus there is no rectification, as

confirmed by Figure 4.4(b). On the contrary, for temperature just above the MIT
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FIGURE 4.4: Temperature dependence of the radiative heat flows for the (a) forward
and backward configurations of a plane radiative diode operating with terminals of
GST and VO2. Inset: Zoom-in of the first maximum and minimum values of qB. (b)
Rectification factor as a function of Th. Calculations were done for Tc = 300 K [Kas20b].
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of VO2 (Th > 340.6 K), the rectification factor reaches its first plateau at R ' 30%,

as shown in Figure 4.4(b). For higher temperature (Th > 423.9 K), both PCMs un-

dergo their MITs and the rectification factor increases to R ' 82%, as confirmed

by 4.4(b) and also agrees with the predictions of equation (4.7). This fact shows

that the combination of the MITs of the two PCMs is able to maximize the recti-

fication of a plane diode up to the values greater than the typical one predicted

with a single PCM and superconducting materials [Ord18b; Nef14b; Ruo09].

4.4 Temperature dependence and rectification factors

of cylindrical geometry

The temperature dependence of the radiative heat flows qF and qB for the for-

ward and backward configurations of a cylindrical radiative thermal diode along

with its rectification factors (thermal diode in Figure 4.2 and its reversed) are

shown in Figures 4.5(a) and 4.5(b), respectively. The values of the heat flows

generated here exhibits a similar behavior as the typical ones developed for the

plane diode, however, these values are relatively higher than the corresponding

ones of the plane diode. This is expected, given that the area of the radiating

surfaces are not equal in the case of a cylindrical diode. This indicates that the

diode geometry has a significant impact on the values of the heat flows, whose

behavior is determined by the temperature-dependent effective emissivities of

both PCMs. This agrees with the heat flows reported in chapter 2. As expected,

it can be seen that both heat flow increase linearly with increase in Th, such that

their difference is positive for temperature Th ≤ 342.9 K. Similar to the case of

the plane diode, for temperature Th < 340.6 K the heat flows are equal, thus

there is no rectification factor. On the other hand, when the temperature is above

the MIT of VO2 (Th > 342.9 K), the rectification factor reaches its first plateau

at R ' 48%, as shown in the thick line of Figure 4.5(b). For higher temperature
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FIGURE 4.5: Temperature dependence of the radiative heat flows for the (a) forward
and backward configurations of a cylindrical radiative diode operating with terminals
of GST and VO2 along with (b) its corresponding rectification factor. The solid line
stand for the thermal diode shown in Fig. 2, while the dashed one corresponds to
a system with interchanged terminals. The inset in (a) shows a zoom-in of the first
maximum and minimum values of qB. Calculations were done for Tc = 300 K and

r1/r2 = 0.8 [Kas20b].
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(Th > 423.9 K), the two PCMs are within their MITs, therefore the rectification

factor increases to R ' 86%, as confirmed by the thick line in 4.5(b) and also

agrees with the analytical predictions of equation (4.11). Note that the sharp in-

crease in qF at temperature Th ≥ 423.9 K is generated by the GST emissivity. It is

worth mentioning the dashed line in Figure 4.5(b), which corresponds to a sys-

tem whereby the terminals of the PCMs presented in Figure 4.2 are interchanged.

In this case, the rectification factor generated (dashed line) is less than the corre-

sponding one depicted in Figure 4.2 (thick line). This is due to the fact that both

GST and VO2 strongly depends on the effective emissivities contrasts εm1/εi1

and εm2/εi2 and, as well as the areas of the radiating surfaces. This is different

than the geometrical effect presented in chapter 2 with single PCM, whose value

of the rectification factor will remain the same irrespective of the position of the

materials.

4.5 Temperature dependence and rectification factor

of a spherical geometry

Figure 4.6(a) reports the heat flows qF and qB of a spherical diode operating with

terminals of GST and VO2, respectively. We observe that the linear increasing in

qF and qB with increasing in Th is consistent with the ones presented in the case

of the plane and cylindrical radiative thermal diodes. This is expected given that

thermal diodes reduce the rate of heat flow in the opposite direction. On one

hand, the values of the heat flows qF and qB for the spherical radiative thermal

diode are relatively higher than the corresponding ones of the plane and cylin-

drical diodes. It is important to note that the radiative thermal diodes have the

same temperature variations (3.6 K in width) between the first minimum and

first maximum of qB, which confirms that the behavior of the heat flow is driven
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[Kas20b].
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by the effective emissivities of both PCMs. It is interesting to note that these rel-

atively high values of qB occur at temperatures close to those that determine the

boundaries of the MITs of VO2 (see Figure 4.3). However, the local maximum of

qB is associated with the appearance of this phase change, while the local min-

imum of qB is related to its disappearance at a high enough temperature Th. In

addition, we report in Figure 4.6(b) the rectification factor of the spherical ra-

diative thermal diode as a function of Th (thick line), together with the one in

which the diodes terminal are reversed (dashed line). Again, similar to the case

of the cylindrical diode, one can see that the rectification factor obtained from the

scheme depicted in Figure 4.2 (thick line) is higher than the typical one obtained

when the scheme is reversed (dashed line). In contrast, this is not applicable

to the case of plane radiative thermal diode even though the rectification fac-

tor depends on the ratios of the effective emissivities, given that the areas of the

radiating surfaces are equal. The first and second plateaux of the rectification

factor occurs at R ' 63% and R ' 90.5%, respectively. These latter values are

higher than the corresponding ones of the plane and cylindrical radiative ther-

mal diodes, which shows that the spherical geometry is better than the other two

diode geometries to optimize the rectification of radiative heat transfer. This lat-

ter fact is confirmed by the plot of the rectification for the three diode geometries

in Figure 4.7.

4.6 Rectification factors of plane, cylindrical and

spherical geometries

In order to confirm that the combination of two PCMs could generate higher

rectification factors than a single PCM in the three geometries presented here,

we have replaced the GST terminal by a blackbody, whose emissivity is equal
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FIGURE 4.7: Comparison of the rectification factors obtained for the plane, cylindrical,
and spherical diodes operating with terminals of GST and VO2. Calculations were done

for Tc = 300 K and r1/r2 = 0.8 [Kas20b].

to unity and reported the temperature dependence of the rectification factor be-

tween the new terminals [blackbody and VO2], as shown in Figure 4.8(a). One

can see that the rectification factor exhibits a single phase transition, which is

generated due to MIT of VO2, such that it reaches its maximum for temperatures

that correspond to that of VO2 transition one. On the other hand, we replaced

the VO2 terminal by a blackbody, similar behavior of rectification is observed, as

shown in Figure 4.8(b). This is expected given that the emissivity of the black-

body is constant. It is important to note that in any of the two latter cases, the

optimal rectification factors obtained are lower than the typical ones generated

with two PCMs, as confirmed in Figures 4.9(a) to 4.9(c) for the three radiative

thermal diodes, respectively. The differences between the increase in the optimal

rectification factors generated by two PCMs and a single PCM are 82− 75 = 7%,

86 − 80 = 6%, and 90.5 − 84 = 6.5% for the plane, cylindrical and spherical
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FIGURE 4.8: Temperature dependence of the rectification factor of plane, cylindrical,
and spherical diodes with terminals of (a) VO2 and a black body and (b) GST and black

body. Calculations were done for Tc = 300 K and r1/r2 = 0.8[Kas20b].

diodes, respectively. It is therefore clear that for a given geometry, the enhance-

ment of the rectification factor is mainly due to the combined effect of the phase

transition of both PCMs. The rectification factors predicted here for two PCMs
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FIGURE 4.9: Rectification factors of (a) plane (b) cylindrical and (c) spherical diodes
based on one PCM and two PCMs, as functions of Th. Calculations were done for

Tc = 300 K and r1/r2 = 0.8 [Kas20b].

are higher than the typical single ones reported by [Ote10; Iiz12; Nef14b; Ben13].

The results, therefore, provides a theoretical model to analyze and optimize the

thermal effectiveness of radiative thermal diodes operating with two PCMs in

different geometries.

4.7 Conclusions

An approach based on the consideration the temperature dependence of the ef-

fective emissivities of two phase-change materials within their metal-insulator
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transition has been done by deriving analytical expressions for the optimal rec-

tification factors of three radiative thermal diodes in different geometries. We

have typically shown that the combination of two phase-change materials gen-

erates higher rectification factors compared to the case of a single phase-change

material. We have also shown that change in geometry has a significant impact

on the optimization of the rectification factor. We obtain optimal rectification

factors of up to 82%, 86% and 90.5% for the plane, cylindrical, and spherical

radiative thermal diodes operating within the terminals of Ge2Sb2Te5 and VO2

with a temperature variation of 150 K. It has been shown that the highest rec-

tification factor is obtained for the spherical radiative thermal diode while the

lowest is obtained for the plane one. It has also been shown that based on the

effective emissivities contrast of the involving phase-change materials, these rel-

atively high optimal rectification factors predicated here can be even higher. The

results presented here can therefore be a useful guide for the development of

similar phase-change materials that are capable of maximizing the rectification

factors of radiative thermal diodes in different geometries.
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4.8 Résumé du chapitre 4

Introduction

Des diodes thermiques transportant la chaleur dans une direction préféren-

tielleet le bloquer dans la direction opposée ont récemment attiré de l’attention

en raison de leurs applications prometteuses sur le contrôle de la chaleur et la

modulation thermique à l’échelle nanométrique. Le comportement inhabituel

des diodes thermiques a ouvert la voie au contrôle du taux de chaleur de

manière analogue à leurs homologues utilisant le courant électrique dans les

appareils électroniques modernes.

Dans ce chapitre, nous avons théoriquement étudié et optimisé les performances

de rectification thermique des diodes thermiques radiatifs en champ lointain,

constituées de deux matériaux à changement de phase séparés par un vide.

Trois conceptions géométriques, à savoir les structures planes, cylindriques et

sphériques, ont été considérées. Les résultats ont montré que l’utilisation de

deux matériaux à changement de phase améliorait les performances de la recti-

fication thermique par rapport à l’utilisation d’un seul matériau à changement

de phase dans le système. En outre, les résultats ont indiqué que les diodes

thermiques sphériques présentaient la meilleure rectification thermique parmi

les trois structures géométriques étudiées.

Les différentes sections du chapitres sont résumées ci dessous:

Modélisation théorique

Dans ce chapitre, nous considérons deux plaques semi-infinies constituées

de GST et VO2 échangeant de la chaleur par rayonnement en raison de leur

différence de température Th − Tc > 0, comme illustré respectivement sur
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FIGURE 4.10: Schéma d’une diode thermique radiative plane composée de bornes
de GST et VO2 fonctionnant dans les configurations (a) directe et (b) inverse. Les
bains thermaux chauds et froids sont réglés aux températures Th et Tc, respectivement

[Kas20b].

les figures 4.10 et 4.11. Les deux plaques sont séparées par un espace vide

d’épaisseur d beaucoup plus longue que les longueurs d’onde thermiques

impliquées de manière à ce que nous nous placions dans le régime en champ

lointain de transport de chaleur. Nous considérons à la fois les configura-

tions directes et inverses telles que le paramètre Th est toujours supérieur

à Tc dans les deux figures. Notez que les deux flux de chaleur correspon-

dant aux deux configurations devraient être différents (qF 6=qB), en raison de la

dépendance en température des émissivités de GST et VO2, au sein de leurs MIT.
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FIGURE 4.11: Schéma d’une diode thermique radiative sphérique (ou cylindrique)
composée de GST et VO2 fonctionnant dans les configurations avant et arrière. Les
rayons r1 et r2 sont fixés aux températures Th et Tc pour la configuration vers l’avant,
alors qu’ils sont interchangés pour celle vers l’arrière [Kas20b]. En pratique, une diode
sphérique pourrait être implémentée en utilisant la loi classique de Langmuir-Blodgett

[I L24].

La solution du modèle de conduction thermique plan

Dans ce chapitre, afin d’obtenir les expressions analytiques des facteurs de

rectification optimaux de ces trois diodes, nous avons considré deux matériaux à

changement de phase présentant une transition métal-isolant, de telle sorte qu’ils

remplissent la condition Tc < T0n < Th, voir la figure 4.3. Nous avons présenté
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les expressions analytiques dans les sections 4.2.

Conclusions

Ici, nous avons théoriquement analysé et optimisé les facteurs de rectification

de diodes thermiques radiatifs planes, cylindriques et sphériques avec des jonc-

tions constituées de deux matériaux à changement de phase. Cela a été fait en

démontrant des expressions analytiques pour les facteurs de rectification opti-

maux de ces trois diodes. Il a été montré que l’effet combiné de deux matériaux

à changement de phase avec la géométrie de la diode thermique a un impact sig-

nificatif sur son facteur de redressement. Des facteurs de rectification optimaux

de 82%, 86% et 90.5% ont été déterminés pour les diodes planes, cylindriques

et sphériques constituées de Ge2Sb2Te5 et VO2 avec une différence de tempéra-

ture allant jusqu’à 150 K. Les facteurs de rectification obtenus indiquent que la

combinaison de deux matériaux à changement de phase est plutôt élevée par

rapport aux précédents concepts de diodes thermiques radiatifs basées sur un

matériau à changement de phase unique. Le redressement le plus élevé des flux

de chaleur radiatifs est ainsi obtenu pour la diode sphérique et le plus bas pour

la diode plane. Ces facteurs de rectification élevés pourraient devenir encore

plus élevés dans un intervalle de températures plus étroit en utilisant des matéri-

aux à changement de phase avec des variations d’émissivité plus importantes et

des transitions de phase plus rapides que ceux correspondants de Ge2Sb2Te5 et

VO2. Les résultats obtenus peuvent ainsi aider le développement de matériaux à

changement de phase capables d’optimiser les facteurs de rectification de diodes

thermiques radiatifs de géométries différentes.
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General conclusions and
Perspectives

This thesis has been dedicated to theoretically study the rectification of conduc-

tive and radiative heat currents through thermal diodes operating with phase-

change materials. A nonlinear thermal exchange can occur naturally in materials

whose thermal conductivities and/or emissivities significantly changes within a

narrow interval of temperature, although this is extremely scarce. However, if a

fundamental concept could be proposed to generate a nonlinear heat transfer, it

would pave a way for promising applications on heat control and thermal mod-

ulation. Phase-change materials, whose thermal conductivities and/or emissivi-

ties change with temperature, provide a potential opportunity to achieve nonlin-

ear thermal transport. This thesis has aimed to theoretically model and optimize

the thermal rectification effect of conductive and radiative thermal diodes with

different geometries and it is divided into three parts. The first part is the case of

the conductive thermal diodes (chapter 2), where we looked at the work of later

authors from the cylindrical and spherical geometries point of view, given that

that geometry is one of the factors that influence thermal rectification. Here we

comparatively analyzed and optimized the thermal rectification effect of spher-

ical and cylindrical diodes made up with a terminal of phase-change material

in thermal contact with a non-phase-change material. By using Fourier’s law of

steady-state heat conduction, we have derived the analytical expressions for the

temperature profiles, heat flows and optimal rectification factor of both diode

geometries. Thanks to the built-in tool "FindRoot" of the Wolfram Mathematical

software, we have numerically solved these aforementioned parameters, which
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allowed us to describe thermal rectification effect in two different geometries, re-

spectively. We have shown that the change of geometry has a significant effect

on the temperatures and heat flows, but not on the optimal rectification factors,

whose values are in principle independent of the diode geometry as confirmed

by [Equation 2.44]. We have reported maximum theoretical rectification factors

of approximately 20.8% and 20.7% for the spherical and cylindrical diodes oper-

ating with a thermal bias of 376− 300 = 76 K and 376.5− 300 = 76.5 K, respec-

tively.

In the second part, we focused on the combined effect of the two phase-change

materials to enhance the optimal rectification factor of a conductive thermal

diode (chapter 3). The ideas here are to use the combination of two phase-change

materials, whose thermal conductivities change significantly within a narrow in-

terval of temperatures to generate a rectification factor higher than the single

PCM reported in chapter 2. We have determined the analytical expressions for

the heat fluxes, temperature profiles and optimal rectification factor by consid-

ering the Fourier’s law of steady-state heat conduction and the principle of con-

servation of energy. We generated a maximum rectification factor of 60%, which

is greater than that the one obtained for the single phase-change materials in lit-

erature. This indicates the advantage of using two phase-change materials to

optimize conductive thermal diode. Taking into account the alternative defini-

tion of rectification factor [Ra = [max(qF, qB)/min(qF, qB)] − 1] by Kang et al.

[Kan18], which predicted a maximum rectification of 147%, we obtained a maxi-

mum rectification of up to 240%. Our relative high rectification is due to the fact

we used the real behavior of the involving phase-change materials. In the third

part, on the other hand, we look at far-field radiative thermal diodes based on

the combined effect of two phase-change materials with different geometries. In

contrast to chapter 2 and 3, we employed here the Stefan-Boltzmann’s law of far-

field radiation between two bodies. We have derived the analytical expressions

for the heat flows for the optimal rectification factor of plane, cylindrical and
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spherical radiative thermal diodes. We have done this by taking into account

that the metal-insulator transition of the two phase-change materials illustrated

in Figure 4.3 fulfils the temperature condition Tc < T0n < Th. We have shown

that for radiative thermal diodes, the combination of two phase-change materi-

als also generates higher rectification factor than that of a single one. We have

also shown that different geometry has a significant impact on the optimal recti-

fication factor. We believe that the obtained results will be useful for guiding the

establishment of phase-change materials required to maximize the rectification

factor of both conductive and radiative thermal diodes operating with different

geometries.

In order to continue this work in the future, we have envisaged the following

prospects:

- It will be interesting to look at the combined effect of two phase-change

materials presented in chapter 3, in cylindrical and spherical geometries, as we

already did for the radiative thermal diodes in chapter 4. This will be useful for

guiding the development of conductive thermal diodes in three different geome-

tries.

- To determine the optimal rectification factor of the radiative thermal diodes

reported in chapter 4 in the near-field, where the transition temperature will be

taking into account. This will shed more light on the fact that the contribution

of propagative and evanescent waves could generate higher optimal rectification

factor.

- Given that steady-state heat transfer depends solely on the thermal conduc-

tivity of the involving materials but not on the specific heat or latent heat of a

phase transition, it will be interesting to analyze and optimize the conductive

thermal diodes based on phase-change materials in modulated state.

- To study the near-field thermal memristor with Lissajous (heat flux to tem-

perature difference) curves based on the thermal hysteresis of a phase-change

material exchanging heat through radiation with a non-phase-change material.
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Even though a far-field radiative thermal memristor has been recently proposed

by Ordonez-Miranda et al. [Ord19a] and Yang et al. [Yan19], it will be interest-

ing to realize a thermal memristor in the near-field regime, which has not been

achieved in literature yet.
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Résumé de la conclusion générale et perspective
Cette thèse a été consacrée à l’étude théorique de la rectification des courants

thermiques conducteurs et radiatifs à travers des diodes thermiques fonc-

tionnant avec des matériaux à changement de phase. Un échange thermique

non linéaire peut se produire naturellement dans les matériaux dont les con-

ductivités thermiques et/ou les émissivités changent de manière significative

dans un intervalle de température étroit, bien que cela soit extrêmement rare.

Cependant, si un concept fondamental pouvait être proposé pour générer

un transfert de chaleur non linéaire, il ouvrirait la voie à des applications

prometteuses sur le contrôle de la chaleur et la modulation thermique. Les

matériaux à changement de phase, dont les conductivités thermiques et/ou les

émissivités changent avec la température, sont de bons candidats pour ce type

d’application. Cette thèse a pour objectif de modéliser et d’optimiser théorique-

ment l’effet de rectification thermique de diodes thermiques conductives et

radiatives de géométries différentes et est divisée en trois parties. La première

partie étudie le cas des diodes thermiques conductives (chapitre 2), où nous

avons étendu des résultats de travaux précédents au cas des géométries cylin-

drique et sphérique, étant donné que cette géométrie est l’un des facteurs qui

influencent la rectification thermique. Ici, nous avons comparé et optimisé l’effet

de rectification thermique de diodes sphériques et cylindriques constituées

d’une borne en matériau à changement de phase en contact thermique avec un

matériau ordinaire ne présentant pas de transition de phase. En utilisant la loi

de Fourier de la conduction thermique en régime permanent, nous avons obtenu

les expressions analytiques des profils de température, des flux thermiques

et du facteur de rectification optimal des deux géométries de diodes. Grâce

à l’outil intégré "FindRoot" du logiciel Wolfram Mathematical, nous avons

résolu numériquement ces paramètres susmentionnés, ce qui nous a permis de

décrire respectivement l’effet de rectification thermique dans deux géométries
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différentes. Nous avons montré que le changement de géométrie a un effet sig-

nificatif sur les températures et les flux thermiques, mais pas sur les facteurs de

redressement optimaux, dont les valeurs sont en principe indépendantes de la

géométrie de la diode comme le confirme [Equation 2.44]. Nous avons rapporté

des facteurs de rectification théoriques maximaux d’environ 20.8% et 20.7% pour

les diodes sphériques et cylindriques fonctionnant avec une différence de tem-

pérature aux bornes de 376− 300 = 76 K et 376.5− 300 = 76.5 K, respectivement.

Dans la deuxième partie, nous nous sommes concentrés sur l’effet combiné

des deux matériaux à changement de phase pour améliorer le facteur de rec-

tification optimal d’une diode thermique conductive (chapitre 3). L’idées ici

est d’utiliser la combinaison de deux matériaux à changement de phase, dont

les conductivités thermiques changent de manière significative dans un inter-

valle étroit de températures pour générer un facteur de rectification supérieur

au cas de l’utilisation d’un seul PCM rapporté dans le chapitre 2. Nous avons

déterminé les expressions analytiques du flux de chaleur, des profils de tem-

pérature et du facteur de rectification optimal en considérant la loi de Fourier

de la conduction thermique en régime permanent et le principe de conserva-

tion de l’énergie. Nous avons généré un facteur de rectification maximum

de 60%, ce qui est supérieur à celui obtenu pour les matériaux à changement

de phase unique dans la littérature. Cela indique l’avantage d’utiliser deux

matériaux à changement de phase pour optimiser la diode thermique conduc-

tive. Prenant en compte la définition alternative du facteur de rectification

[Ra = [max(qF, qB)/min(qF, qB)] − 1] par Kang et al. [Kan18], qui prévoyait

une rectification maximale de 147%, nous avons obtenu une rectification max-

imale de 240%. Notre rectification relativement élevée est due au fait que nous

avons utilisé le comportement réel des matériaux à changement de phase. Dans
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la troisième partie, par contre, nous examinons des diodes thermiques radia-

tives à champ lointain basées sur l’effet combiné de deux matériaux à change-

ment de phase de géométries différentes. Contrairement aux chapitres 2 et 3,

nous avons utilisé ici la loi de Stefan-Boltzmann du rayonnement valable dans

le cas du calcul des échanges radiatifs en champ lointain entre deux corps. Nous

avons dérivé les expressions analytiques des flux thermiques pour le facteur de

rectification optimal des diodes thermiques radiatives planes, cylindriques et

sphériques. Nous avons fait cela en tenant compte du fait que la transition métal-

isolant des deux matériaux à changement de phase illustrés sur la figure 4.3 rem-

plit la condition de température Tc < T0n < Th. Nous avons montré que pour les

diodes thermiques radiatives, la combinaison de deux matériaux à changement

de phase génère également un facteur de rectification plus élevé que dans le cas

où un seul PCM est utilisé. Nous avons également montré qu’une géométrie

différente a un impact significatif sur le facteur de rectification optimal. Nous

pensons que les résultats obtenus seront utiles pour guider l’établissement des

matériaux à changement de phase nécessaires pour maximiser le facteur de rec-

tification des diodes thermiques conductives et radiatives fonctionnant avec dif-

férentes géométries.

Afin de poursuivre ce travail à l’avenir, nous avons envisagé les perspectives

suivantes:

- Il sera intéressant de regarder l’effet combiné de deux matériaux à change-

ment de phase présentés au chapitre 3, en géométries cylindrique et sphérique,

comme nous l’avons déjà fait pour les diodes thermiques radiatives au chapitre

4. Cela sera utile pour orienter le développement de diodes thermiques conduc-

tives dans les trois géométries différentes.

- Déterminer le facteur de rectification optimal des diodes thermiques radia-

tives reportées au chapitre 4 en champ proche, où la température de transition

sera prise en compte. Cela permettra de mieux comprendre comment les contri-

butions respectives des ondes propagatives et évanescentes pourrait permettre
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d’obtenir un facteur de rectification optimal plus élevé.

- Etant donné que le transfert de chaleur en régime permanent dépend

uniquement de la conductivité thermique des matériaux impliqués mais pas

de la chaleur spécifique ou latente d’une transition de phase, il sera intéressant

d’analyser et d’optimiser les diodes thermiques conductives à base de matériaux

à changement de phase lorsque ceux-ci sont modulés en température..

- Étudier le memristor thermique en champ proche avec des courbes de Lis-

sajous (flux thermique/différence de température) basé sur l’hystérésis ther-

mique d’un matériau à changement de phase échangeant de la chaleur par ray-

onnement avec un matériau sans changement de phase. Même si un memristor

thermique radiatif en champ lointain a été récemment proposé par Ordonez-

Miranda et al. [Ord19a] et Yang et al. [Yan19], il sera intéressant de réaliser

un memristor thermique en régime de champ proche, ce qui n’a pas encore été

étudié dans la littérature.
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