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Résumé

L’anneau de Cox d’une variété algébrique (satisfaisant des conditions naturelles) est un
invariant trés riche. Il est introduit par Cox en 1995 pour I’étude des variétés toriques, puis
généralisé aux variétés normales par Arzhantsev, Berchtold et Hausen. Plus tard, Hu et Keel
découvrent que les variétés normales dont 'anneau de Cox est de type fini définissent une classe
de variétés dont la géométrie birationnelle est particulierement bien comprise. Ils les nomment
les Mori Dream Spaces (MDS), du fait de leur bon comportement vis-a-vis du programme de
Mori. Un premier probléme est alors de trouver des conditions naturelles pour qu’une variété
normale soit un MDS. Un second est de décrire 'anneau de Cox d’un MDS donné: trouver une
présentation par générateurs et relations, donner la nature de ses singularités, etc...

Parmi les variétés algébriques munies d’une action d’un groupe algébrique (affine), une classe
particuliérement bien comprise est constituée des variétés normales de complexité au plus un : un
groupe réductif connexe agit de telle sorte que la codimension minimale d’une orbite d’un sous-
groupe de Borel est au plus un. Les variétés normales de complexité zéro sont dites sphériques
(par exemple une variété torique est sphérique). En 2007, Brion montre que les variétés sphériques
sont des MDS et donne une description par générateurs et relations de leur anneau de Cox. Une
variété normale de complexité un est un MDS si et seulement si ¢’est une variété rationnelle (par
exemple une surface normale rationnelle sur laquelle le groupe multiplicatif G, agit effectivement,
ou encore une variété normale de dimension trois sur laquelle SLy agit avec une orbite dense).
Cela définit une classe naturelle de MDS avec action de groupe pour laquelle le second probléme
n’a été étudié que dans des cas trés particuliers.

Dans cette theése, on commence par définir 'anneau de Cox équivariant d’une variété normale
munie d’une action d'un groupe algébrique. Puis, on étudie ses propriétés générales et on le
relie a I'anneau de Cox ordinaire. On s’appuie alors sur ce travail préliminaire pour étudier
différents aspects de 'anneau de Cox d’une variété normale rationnelle de complexité un. On
obtient en particulier un résultat de finitude pour l'itération des anneaux de Cox, ainsi qu’une
caractérisation de la log terminalité des singularités. On étudie en détail une classe d’exemples:
les anneaux de Cox de variétés de dimension trois presque homogénes sous SLy (c.a.d. normales
et admettant une orbite dense). Prolongeant les résultats obtenus sur ces exemples, on donne
une présentation par générateurs et relations de I'anneau de Cox d’une variété presque homogeéne
de complexité un. Pour obtenir ce dernier résultat, on introduit et étudie une classe intéressante
de complétions équivariantes de certains espaces homogénes de complexité un.



Abstract

The Cox ring of an algebraic variety (satisfying some natural conditions) is a very rich
invariant. It was introduced by Cox in 1995 for the study of toric varieties, and then generalized
to normal varieties by Arzhantsev, Berchtold and Hausen. Later, Hu and Keel discovered that
the normal varieties with a finitely generated Cox ring define a class of varieties whose birational
geometry is particularly well understood. They called them the Mori Dream Spaces (MDS) by
virtue of their good behaviour with respect to the minimal model program of Mori. A first
problem is to find natural conditions for a normal variety to be an MDS. A second one is to
describe the Cox ring of a given MDS: find a presentation by generators and relations, give the
nature of its singularities, etc...

Among algebraic varieties equipped with an action of an (affine) algebraic group, a particu-
larly well understood class consists of normal varieties of complexity at most one: a connected
reductive group is acting in such a way that the minimal codimension of an orbit of a Borel
subgroup is at most one. The normal varieties of complexity zero are the spherical varieties (e.g.
a toric variety is spherical). In 2007, Brion proved that spherical varieties are MDS, and gave
a description of their Cox ring by generators and relations. A normal variety of complexity one
is an MDS if and only if it is a rational variety (e.g. a normal rational surface with an effective
Gy-action or a normal SLo-threefold with a dense orbit). This provides a natural class of MDS
with group action for which the second problem has only been solved in very particular cases.

In this thesis we begin by defining the equivariant Cox ring of a normal variety equipped with
an action of an algebraic group. We study its general properties and relate it to the ordinary Cox
ring. We then build on this preliminary work to study various aspects of the Cox ring of a normal
rational variety of complexity one. Notably, we obtain a finiteness result for the iteration of Cox
rings and we characterize the log terminality of singularities. Then, we study in detail a class of
examples: the Cox rings of the SLo-threefolds which are almost homogeneous (i.e. normal and
having a dense orbit). Extending the results obtained on these examples, we give a presentation
by generators and relations of the Cox ring of an almost homogeneous variety of complexity one.
To obtain this last result, we introduce and study an interesting class of equivariant completions
of certain complexity one homogeneous spaces.



A ma Tiphaine et mes deuz ptits loups,
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Chapter 1

Introduction

Dans cette introduction, on présente différents aspects des anneaux de Cox et on explique
leur importance dans l’étude des variétés algébriques. On dresse également, sans chercher
I'exhaustivité, un certain état des connaissances sur le sujet. Notre point de vue est orienté
par le sujet de ce travail de thése : la description de I’anneau de Cox d’une certaine classe de var-
iétés algébriques avec action de groupe algébrique. On conclut en résumant les résultats obtenus
et en esquissant quelques pistes de recherche.

Les chapitres suivant cette introduction sont organisés comme suit. Dans le Chapitre 2, on
donne des définitions et résultats préliminaires en théorie géométrique des invariants. Aprés ce
chapitre, la suite du document est la reproduction de trois articles [V1], [V2], [V3] dont le premier
est & paraitre dans Transformation Groups. Ceci explique que la rédaction passe du francais a
I’anglais & cet endroit.

Conventions. La lettre k désigne un corps algébriquement clos de caractéristique nulle. On
travaille dans la catégorie des variétés algébriques (c.a.d. les k-schémas de type fini séparés et
intégres et les k-morphismes entre eux). Sans précision supplémentaire, un point d’une variété
algébrique désigne un point fermé. Un groupe algébrique est un k-schéma en groupes affine de
type fini. Pour les définitions et résultats de base concernant les variétés algébriques munies
d’une action d’un groupe algébrique, voir le Chapitre 2. Soit M un groupe abélien de type fini,
on note D(M) le groupe diagonalisable dont le groupe des caractéres est M (voir le Chapitre 2).

1.1 Panorama du sujet

Dans les fondements de la géométrie algébrique moderne, on commence par formaliser la
dualité entre algebre et géométrie. On peut énoncer une version de cette dualité de la maniére
suivante : toute k-algébre intégre de type fini R définit intrinséquement une wvariété algébrigque
affine X (on dit que X est le spectre de R et on note X = Spec R). De plus, R s’identifie
canoniquement a l’algebre O(X) des fonctions réguliéres sur X (ou algébre de coordonnées). Avec
ceci, les propriétés géométriques des variétés algébriques affines se traduisent dans le langage de
I’algébre commutative.

Les wariétés algébriques (ou plus simplement variétés) sont obtenues & partir des variétés
affines par recollement. Une classe trés importante de variétés est constituée des variétés projec-
tives, c’est-a-dire les variétés X telles qu’il existe une immersion fermée

Li X = P

dans un espace projectif. Ces variétés sont complétes, par suite leur algébre des fonctions
réguliéres ne contient que les constantes. On ne peut donc pas espérer pour celles-ci un ana-
logue naif de ’algébre de coordonnées d'une variété affine. Une alternative consiste a considérer
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Palgébre des coordonnées homogénes S, associée a 'immersion fermée ¢, c’est-a-dire l'algébre des
coordonnées du céone X sur X dans lespace affine AZ“. On peut encore voir cette algébre
comme l'image du morphisme gradué

klxo,...,xn] — @m>0 [(X, L) x; — s,

ou le faisceau inversible trés ample £ := L*Opg(l) sur X et le uplet (so,...,s,) de sections
globales définissent le morphisme ¢ (voir [Har2, I1.7]). Avec cette interprétation, les coordonnées
homogénes sur une variété projective, ou plus généralement quasi-projective, sont des sections
de faisceaux inversibles.

La Zso-graduation de S, définit une action du groupe multiplicatif G, (le groupe algébrique
tel que G,,(k) = k*) sur X = SpecS,. Le lieu V(S;") des zéros des coordonnées homogenes
de degré strictement positif est I’ensemble des points fixes pour cette action. L’ouvert X =
X \ V(S;F) est alors une réunion d’orbites fermées (dans X) et I'ensemble Proj S, de ces orbites
est naturellement muni d’une structure de variété isomorphe a X. Aussi, I’algébre S, joue pour
X un réle analogue & celui joué par l'algébre de coordonnées d’une variété affine. Par exemple,
les sous-variétés fermées de X sont définies par des idéaux premiers homogeénes, et les faisceaux
quasi-cohérents par des modules gradués sur S, [Har2, I11.2 et IL.5].

Toutefois, deux plongements différents peuvent définir des algébres de coordonnées homogénes
non isomorphes. On peut par exemple plonger IP’}C dans lui-méme par ’identité, et dans IP’% comme
une conique. Le cone affine sur IP’,l€ est Az, tandis que le cone affine sur la conique est une quadrique
dans Az. Cette derniére admettant une singularité & ’origine, les algébres de coordonnées de ces
deux variétés affines ne peuvent étre isomorphes. A l'inverse des variétés affines pour lesquelles
I’algébre des coordonnées ne dépend pas du choix d’une immersion fermée dans un espace affine,
il n’y a pas a priori pour les variétés projectives de choix canonique d’une algébre de coordonnées
homogénes.

Une heuristique pour remédier & ce probléme serait de construire une « algébre de coordonnées
totale » contenant toutes les sections de (classes d’isomorphisme de) faisceaux inversibles sur X.
Une telle algeébre R devrait étre graduée par le groupe de Picard de X (le groupe abélien noté
Pic(X) constitué des classes d’isomorphisme de faisceaux inversibles sur X avec pour opération
le produit tensoriel sur Ox). De plus, toute algébre de coordonnées homogenes devrait étre
munie d’'un morphisme gradué vers R. Supposons que Pic(X) soit engendré librement par un

nombre fini de classes de faisceaux inversibles [£4], ..., [£,]. Puis posons
R:= P T(X L™ @0y .. oy LE™). (1.1.1)
(nqi)€Z"

C’est une k-algebre Pic(X)-graduée ayant les propriétés recherchées. Par ailleurs, on a mani-
festement R =T'(X,R), ou R est la Ox-algébre quasi-cohérente Pic(X)-graduée

R =@ ezr L1 ®0y - G0y LI
On explique maintenant comment ces algébres s’incarnent géométriquement. Tout faisceau in-
versible £ sur X définit naturellement un fibré en droites L sur X en prenant le spectre relatif
de son algébre symétrique

L := Specx (P,,en L") = X.

Le faisceau des sections de ce morphisme s’identifie canoniquement avec le faisceau inversible dual
LY = Hom(L, Ox), noté également L' en raison de I'isomorphisme canonique £V ®0p, £ ~ Ox
(la classe [£V] est donc U'inverse de [£] dans Pic(X)). L’image Lg de la section nulle coincide avec
I’ensemble des points fixes sous I'action naturelle de G,,, dans les fibres, et on a un Gy,-torseur
(ou Gy,-fibré principal) L* sur X défini par
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L* := L\ Ly = Specx (D,,cz L") = X.

Lorsque R est de type fini, on a ainsi un diagramme de variétés

X =Specy R = LY xx ... xx LY —— X = Spec(R)

lq : (1.1.2)
X

ou ¢ est un GJ -torseur sur X (le morphisme structural de X comme variété sur X), et j est le
morphisme d’affinisation de X (en tant que morphisme vers une variété affine, ce morphisme est
canoniquement défini & partir du morphisme identité Id : R — O(X) = R).

1.1.1 Les origines

Une wariété torique est une variété normale X munie d’une action d'un tore T telle qu’il
existe un point x € X dont le morphisme d’orbite associé

T—oX,t—tx

soit une immersion ouverte. Par exemple, les espaces affines ou les espaces projectifs sont na-
turellement des variétés toriques. Pour l'étude de la géométrie de ces variétés, Cox leur associe
un « anneau de coordonnées homogénes », désormais appelé anneau de Cox, ou anneau de coor-
données total [Co|. Cet anneau est une algeébre de polynomes, graduée par le groupe des classes
de diviseurs, et joue pour une variété torique un role analogue a celui joué par ’algébre des
coordonnées homogénes d’un espace projectif. Lorsque la variété torique est projective lisse avec
un groupe de Picard libre de rang fini, 'anneau de Cox est isomorphe comme k-algébre graduée
a l’algébre R définie en (1.1.1).

L’article de Cox est sans doute le point de départ de la théorie, bien que la construction (1.1.2)
vue plus haut soit antérieure. En effet, la variété X n’est autre que le torseur universel introduit
par Colliot-Théléne et Sansuc en géométrie arithmétique [CTS]. Ce torseur X 4 X ne dépend
pas du choix des £; & isomorphisme prés, et il est universel en ce sens que ¢ se factorise & travers
tout torseur sur X sous un groupe diagonalisable. Plus généralement, considérons une forme Y
de X définie sur un corps de nombres K, et le K-tore T' correspondant au Gal(k/K)-module
Pic(X). Un torseur universel sur Y est un 7-torseur Y sur Y tel que le changement de base
Vi = X est isomorphe au torseur universel X sur X. Les faits suivants dus & Colliot-Théléne et
Sansuc justifient 'importance de cette notion : lorsque X est projective et lisse,

e tout point rationnel 2 € Y (K) provient (au sens de Iapplication naturelle Y (K) — Y (K))
d’un torseur universel uniquement determiné par x,

e il n’y a qu’un nombre fini de torseurs universels & isomorphisme prés.

De plus, les torseurs universels devraient étre plus simples que Y du point de vue arithmétique
(voir [Pe, Section 8]).

1.1.2 L’anneau de Cox d’une variété normale

Le cadre naturel généralisant la construction de Cox est de considérer une variété normale
X dont le groupe des classes de diviseurs Cl(X) est de type fini, par exemple une variété
normale et rationnelle. On va voir que cette hypothése de finitude est nécessaire pour espérer
obtenir un anneau de Cox de type fini (comme k-algébre). On rappelle briévement les idées
principales de la construction (pour les détails, on pourra consulter le livre de synthése [ADHL]).

Lorsque C1(X) est libre de rang fini, on peut considérer un sous-groupe M du groupe des
diviseurs de Weil WDiv(X) tel que la restriction M — CI(X) de la projection canonique soit un
isomorphisme. On pose alors
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R :=@pecm O(D) et Cox(X) := (X, R) = @pen I'(X, O(D)),
ou O(D) est le Ox-module dont les sections sur un ouvert U C X sont par définition
I(U,0(D)) :={f € k(X)*; (div(f) + D)y = 0} U {0}.

Ce sont respectivement le faisceau de Coz et 'anneau de Coxr de X. Le faisceau de Cox est une
Ox-algebre quasi-cohérente Cl(X)-graduée, la multiplication étant définie via la fleche naturelle

F(U, O(Dl)) Rk F(U, O(Dg)) — F(U, O(Dl + Dg)),

pour tout ouvert U C X, et D1,Dy € M. On peut montrer que cette algébre ne dépend pas
du choix de M a isomorphisme gradué prés [ADHL, 1.4.1.1]. En particulier lorsque X est lisse,
on a un isomorphisme d’algébres Pic(X)-graduées Cox(X) ~ R, o R est ’algébre construite en
(1.1.1).

Lorsque Cl(X) admet un sous-groupe de torsion non trivial, on choisit un sous-groupe de
type fini M C CI(X) tel que la (restriction de la) projection canonique 7 : M — Cl(X) soit
surjective. Puis on pose

S = GBDEMO(D)ﬂ

que l'on munit de la Cl(X)-graduation induite par 7. Ensuite on choisit une Z-base (E; =
div(f1), ..., B = div(f,)) du noyau de 7. On définit alors

R :=S8/T et Cox(X) :=T(X,R),
ou Z est le faisceau d’idéaux engendré par les éléments
1—f;,oule O(X) et f; € F(X,O(—El))

Imposer ces relations revient a identifier les sections homogeénes s; € I'(U, Sp, ) et s2 € I'(U, Sp,)
sur un ouvert U chaque fois que 'on a D1 = Do+ FE dans M avec E principal, et so = s1f o f est
un mondéme de Laurent en les f; tel que F = div(f). L’idéal Z est C1(X)-homogeéne, ce qui munit
R et Cox(X) d'une Cl(X)-graduation. Enfin, pour toute composante M-homogene I'( X, O(D))
deT'(X,S), la projection canonique I'( X, S) — Cox(X) se restreint en un isomorphisme d’espaces
vectoriels [ADHL, Lem. 1.4.3.4|

I'(X,0(D)) = Cox(X)(p]-

Lorsque les fonctions réguliéres inversibles sur X sont constantes (par exemple lorsque
X est compléte), on peut montrer que cette construction de anneau de Cox est indépendante &
isomorphisme prés des choix réalisés [ADHL, Sec. 1.4.3].

Lorsque ’anneau de Cox est de type fini, le faisceau d’algébres R est également de type fini
et on a un diagramme de variétés

X =Specy R <, X= Spec(Cox(X))
lq , (1.1.3)

X

o X est Uespace caractéristigue de X, et X Despace de coordonnées total de X. De plus la
graduation de R (resp. Cox(X)) définit une action du groupe diagonalisable D(CI1(X)) dont
le groupe des caractéres est Cl1(X) sur X (resp. X). Le morphisme d’affinisation j est une
immersion ouverte équivariante pour ces actions, et le morphisme ¢ est un bon quotient (c-a-d
que q est affine, D(CI(X))-invariant, et induit un isomorphisme Ox =~ (q*(’)X)D(CI(X)); voir le
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Chapitre 2) de X sous l’action de D(C1(X)). Ainsi, on retrouve X comme quotient d’un ouvert
de X sous l'action de D(CI(X)).

Les variétés partageant le méme anneau de Cox sont donc dans la méme classe birationnelle.
De plus, celles qui sont projectives sont en nombre fini. Lorsque O(X) = k, 'ensemble de ces
variétés projectives est en bijection naturelle avec un ensemble de cénes convexes polyédraux
vivant dans l’espace vectoriel Cl(X)g := Cl(X) ®z Q (voir la Section 1.1.5 ci-dessous). Ceci
révele des liens importants entre la théorie des anneaux de Cox et la géométrie birationnelle.

Remarquons que pour tout ouvert U C X dont le complémentaire dans X est de codimension
au moins deux, la restriction induit un isomorphisme canonique

Cox(X) ~ Cox(U).

En particulier, X et son lieu lisse Xg partagent le méme anneau de Cox. Par ailleurs, comme les
faisceaux Op sont inversibles sur X, le bon quotient ¢ induit un D(Cl(X))-torseur au-dessus
de Xgm. De plus, le complémentaire de ¢~!(Xgn) est de codimension au moins deux dans X
[ADHL, Prop. 1.6.1.6]. On dit que g est un presque torseur diagonalisable (voir Section 1.1.4).
Enfin, notons que lorsque X est lisse avec un groupe de Picard libre, le diagramme ci-dessus
s’identifie avec le diagramme (1.1.2).

1.1.3 Quelques exemples
L’espace de coordonnées total comme céne affine sur une variété projective

L’exemple le plus simple est celui de I'espace projectif P} = Proj(k[zo,...,zn]). On a un
isomorphisme de groupes Z — Pic(IP}), m +— O(mD), ou D est 'hyperplan o = 0. En suivant
la construction ci-dessus, on trouve

Cox(P}) = @,z L'(PR, O(mD)) = B,,~0 k[0, -+, Tn]m = k[0, ..., Ta],
ot l'isomorphisme identifie I'(P}, O(D)) = Vect(1,z1/xo, ..., xn/x0) avec la composante ho-
mogeéne de degré un de k[xq, ..., x,]. On voit ainsi que "anneau de Cox coincide ici avec l'algébre
de coordonnées homogénes associée a l'identité de P}. En particulier, I'espace de coordonnées
total X = Spec(Cox(X)) est le cone affine AP sur PP, La graduation de 'anneau de Cox
se traduit géométriquement comme 'action de Gy, sur AZH par homothéties. Le diagramme
(1.1.3) s’écrit alors

AT {0} —— Ap!
e
]:P’VL

Plus généralement, soit X une intersection compléte lisse de dimension au moins trois dans P}.
Alors, le morphisme de restriction Cl(P}) — CI(X) est un isomorphisme, et X est le cone affine
sur X dans A7 [ADHL, 4.1.1.7].

L’espace de coordonnées total d’une variété torique

Suivant Cox, 'anneau de Cox d’une variété torique est une algeébre de polynémes en les
sections canoniques des diviseurs premiers dans le complémentaire de 'orbite dense. Ainsi, une
variété torique peut étre décrite comme quotient d'un ouvert d’un espace affine sous 'action
d’un groupe diagonalisable. Réciproquement, une variété normale projective dont 'anneau de
Cox est une algébre de polyndmes est une variété torique [ADHL, Ex. 3.2.1.5]. L’hypotheése de
projectivité est importante car elle garantit une certaine maximalité parmi les variétés partageant
le méme anneau de Cox. Par exemple, le plan projectif moins quatre points en position générale
n’est pas torique, toutefois son anneau de Cox est bien une algébre de polynémes (la réunion
d’un nombre fini de points est un fermé de codimension deux dans P?).
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L’anneau de Cox d’un espace homogéne

Soit G un groupe algébrique semisimple, et G/H un espace homogeéne. Comme G est semisim-
ple, les fonctions réguliéres inversibles sur G/H sont constantes, si bien que anneau de Cox est
bien défini & isomorphisme prés. Quitte a remplacer G par un revétement fini, on peut supposer
que son groupe de Picard est trivial. Ceci implique un isomorphisme Pic(G/H) ~ H, ot H est
le groupe des caractéres de H [ADHL, Thm. 4.5.1.2|. Notons K lintersection des noyaux des
caracteéres de H, c’est un sous-groupe distingué de H, et H/K est le groupe diagonalisable dont
le groupe des caractéres est H. Le H/K-torseur

G/K - G/H

n’est autre que l'espace caractéristique de G/H [ADHL, Thm. 4.5.1.8].
On verra plus loin (1.1.5) que Cox(G/H) = O(G/K) n’est pas en général de type fini.
Néanmoins, G/K est toujours un espace homogéne quasi-affine [ADHL, Lem. 4.5.1.10|. Lorsque

Cox(G/H) = O(G/K)

est de type fini, on a ainsi une immersion ouverte G-équivariante G/K — Spec O(G/K) dans
une variété affine, c’est le plongement canonique.

1.1.4 Caractérisation algébrico-géométrique de ’anneau de Cox

Soit R une k-algébre de type fini graduée par un groupe abélien de type fini M. Dans cette
partie, on donne des conditions nécessaires et suffisantes pour que R soit I’anneau de Cox d’une
variété normale X. On donne également la traduction géométrique de ces conditions en termes de
propriétés de 'espace de coordonnées total. Commencons par dégager des conditions nécessaires
en considérant une telle variété X.

Premiéres propriétés

Rappelons que 'on a une imimersion ouverte X < X et que le bon quotient ¢q : X 5 X
induit un D(CI(X))-torseur au-dessus du lieu lisse Xgp,. De ces propriétés on tire facilement

dim Cox(X) = dim X = dim X + dim CI(X)g,

ou Cl(X)g = CI(X) ®z Q. Si Uon remplace X par son lieu lisse, le morphisme ¢ (et donc X)
devient lisse (en revanche I'anneau de Cox n’est pas modifié). En montrant par ailleurs que X
est irréductible on obtient alors que Cox(X) est une k-algébre intégre et normale [ADHL, Thm.
1.5.1.1].

1l est intéressant de remarquer que I’anneau de Cox se comporte bien vis 4 vis de la localisation
en un élément homogéne s. On a en effet

Cox(Xs) = Cox(X)[1/s],

ou X désigne le complémentaire dans X du diviseur des zéros de s, et Cox(X)[1/s] est la
localisation de Cox(X) en s [ADHL, Prop. 1.5.2.4].

Unités

Toute unité homogeéne de Cox(X) doit étre constante par construction. Lorsque le groupe
des classes de diviseurs (autrement dit le groupe graduant) est libre, toute unité est homogene
donc en particulier constante. Par ailleurs, on montre que lorsque O(X) = k toute unité de
Panneau de Cox est constante [ADHL, Prop. 1.5.2.5]. Signalons pour finir que lorsque le groupe
des classes admet un sous-groupe de torsion non trivial, on a en général Cox(X)* # k* [ADHL,
Ex. 1.4.4.2].
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Cl(X)-factorialité

Lorsque CI(X) est libre, il n’est pas difficile de montrer que Cox(X) est un anneau factoriel
[ADHL, Prop. 1.4.1.5]. Cette hypothése est toutefois nécessaire [ADHL, Ex. 1.4.4.1]. En
revanche, I'anneau de Cox posséde vis-a-vis de ses éléments homogénes une propriété analogue
a la factorialité. Pour rendre cela précis, on a besoin de la définition suivante :

Définition. [ADHL, 1.5.3] Soient M un groupe abélien de type fini, et R une k-algébre M-
graduée integre.

e Un élément non-nul et non-inversible f € R est M-premier s'il est homogeéne et (f | gh)
avec g, h homogénes implique f | g ou f | h.

o R est factoriellement M -gradué si tout élément homogéne non-nul et non-inversible f est
un produit d’éléments M-premiers.

e Une D(M)-variété normale X est D(M)-factorielle si tout diviseur de Weil D(M )-invariant
sur X est principal.

L’anneau de Cox est Cl(X)-factoriel [ADHL, Thm. 1.5.3.7], et donc l’espace de coordonnées
total associé est une variété affine D(CI(X))-factorielle. La décomposition dans Cox(X) d’un
¢élément homogene s en produit de facteurs Cl(X)-premiers refléte la décomposition du diviseur
de Weil effectif divx(s) en somme de diviseurs premiers.

Graduation presque libre

Le groupe diagonalisable D(C1(X)) agit librement sur un ouvert de X dont le complémentaire
est de codimension au moins deux (par exemple ¢~ (X)) comme vu plus haut). Cette propriété
admet une traduction en termes de graduation de ’algébre de coordonnées [ADHL, Prop. 3.2.2.2]

Définition 1.1.4.1. [ADHL, 3.2.1.1] La M-graduation de R est presque libre si R admet un
ensemble {si, ..., s, } de générateurs M-premiers deux-a-deux non-associés (c.a.d. deux-a-deux
distincts dans le monoide quotient R/R*) tel que tout ensemble formé de m — 1 degrés de ces
générateurs engendre Cl(X).

En vertu de sa caractérisation géométrique, cette propriété est indépendante du choix du systéme
de générateurs. C’est donc bien une caractéristique intrinséque de la graduation.
Caractérisation

D’aprés ce qui précéde, les conditions ci-dessous sont nécessaires pour que R soit ’anneau de
Cox d’une variété :

e R est integre et normale,

e R est M-factorielle,

e la M-graduation de R est presque libre,

o les éléments homogénes inversibles de R sont constants.

Réciproquement, si R posséde ces propriétés, alors un choix d’une certaine donnée combinatoire
sur R permet de produire une variété algébrique normale dont le groupe des classes est M, et
admettant R pour anneau de Cox (voir [ADHL, Thm. 3.2.1.4], et la Section 1.1.5 ci-dessous).
Pour énoncer une traduction géométrique de cette caractérisation, on aura besoin de la définition
suivante:
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Définition. Soit G un groupe algébrique agissant sur une variété X et ¢ : X — Y un morphisme
G-invariant. On dit que g est un presque torseur s'il existe des ouverts (G-stables) Xy C X,
Yp C Y dont les complémentaires respectifs sont de codimension au moins deux et tels que ¢
induise un G-torseur X — Yy. Un presque torseur diagonalisable est un presque torseur sous
un groupe diagonalisable qui soit également un bon quotient.

Remarque. La notion de presque torseur est introduite dans une version beaucoup plus générale
par Hashimoto dans |Has, Def. 0.4]. Notre version correspond a la notion d’action fortement
stable d'un groupe diagonalisable (voir [ADHL, 1.6.4.1] et [V1, Rem. 2.6.2]).

Théoréme. [ADHL, Cor. 1.6.4.4] Soit T' un groupe diagonalisable agissant sur une variété Z
affine et normale. Supposons que les fonctions inversibles et homogénes sur Z soient constantes,
que Z soit T-factorielle, et qu’il existe un ouvert I'-stable W C Z tel que codimyz Z \ W > 2
et le quotient W — X est un presque torseur diagonalisable sous I'. Alors Z est l'espace de
coordonnées total de X.

1.1.5 Mori Dream Spaces

Un MDS (Mori Dream Space) est une variété normale dont anneau de Cox est de type
fini. Cette notion introduite (avec des hypothéses plus restrictives) par Hu et Keel dans [HK]
caractérise une classe de variétés dont la géométrie birationnelle est bien comprise. En voici des
exemples :

la droite projective et ses ouverts sont les seuls MDS de dimension un,

e une surface K3 est MDS si et seulement si son groupe d’automorphismes est fini [ADHL,
Thm. 5.1.5.1],

les variétés toriques et plus généralement les variétés sphériques (voir 1.1.7 ci-dessous),

les variétés normales rationnelles de complexité un (voir 1.1.8 ci-dessous),
o les variétés de Fano (voir 1.1.9 ci-dessous).

Avant de passer en revue quelques idées importantes liées a cette notion, on rappelle quelques
définitions.

Quelques définitions utiles en géométrie birationnelle

Pour une introduction détaillée aux notions introduites dans cette section, on pourra consulter
[Deb, Chap. 1|. Un diviseur de Weil D sur une variété normale X est dit effectif s’il est a
coefficients positifs. Les classes de diviseurs effectifs engendrent un cone convexe Eff(X) dans
Cl(X)q, appelé cone effectif.

Le lieu de base d'un diviseur de Weil D est 'intersection des supports des diviseurs linéaire-
ment équivalents & D. Le lieu de base stable de D est intersection des lieux de base des nD
pour n > 1. Le diviseur D est dit mobile si son lieu de base stable est de codimension au moins
deux dans X. On note Mov(X) le cone (convexe) dans Cl(X)g engendré par les classes de
tels diviseurs. Par ailleurs, D est dit semi-ample si son lieu de base stable est vide, et on note
SAmple(X) le cone (convexe) dans Cl(X)g engendré par les classes de tels diviseurs.

Supposons que X soit projective avec un groupe des classes de diviseurs de type fini. Le
groupe de Picard modulo son sous-groupe de torsion s’identifie avec le groupe des diviseurs de
Cartier modulo 'équivalence numérique; le rang de ce groupe en tant que Z-module libre est [e
nombre de Picard de X, on le note p(X). Le cone Nef(X) est le cone (convexe fermé) de Pic(X)g
engendré par les classes de diviseurs de Cartier dont le degré sur toute courbe de X est positif.
On a les inclusions
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SAmple(X) C Nef(X) C Mov(X) C Eff(X),

et le cone mobile est d’intérieur non-vide [ADHL, 4.3.3.2]. D’aprés le critére de Kleiman [Deb,
Thm. 1.27], le cone ample est U'intérieur du cone nef :

Amp(X) = Nef(X)°.

On verra plus loin que pour un MDS, les cénes nef et semi-ample coincident.

On dit que X est Q-factorielle si tout diviseur de Weil admet un multiple non-nul de Cartier,
on a alors Cl(X)g = Pic(X)g. Modulo I'équivalence numérique, les 1-cycles engendrent le Q-
espace vectoriel N1(X) qui est en dualité avec Pic(X)q via le produit d’intersection. Le cone des
courbes est le cone (convexe) NE(X) de N1(X) engendré par les classes de courbes irréductibles,
son adhérence est le cone dual de Nef(X).

Une contraction est un morphisme surjectif a fibres connexes entre deux variétés normales
projectives. Le lieu exceptionnel Ex(mw) d’'un morphisme birationnel 7w : X — Y est ensemble
des points de X ou 7 n’est pas un isomorphisme local. Pour une contraction 7w : X — Y, seuls
trois cas se présentent :

e 7 est birationnel et Ex(7) est un diviseur premier (contraction divisorielle),
e 7 est birationnel et Ex(7) est de codimension au moins deux (petite contraction),

e dim X > dimY (contraction fibrée).

Le quatorziéme probléme de Hilbert

Le quatorziéme probléme de Hilbert pose la question suivante: Soit G C GL, un sous-
groupe algébrique agissant linéairement sur l’algébre de polynomes klti, ..., t,]| par substitution
des variables. La sous-algebre k[t1, ..., tn]G constituée des polynémes G-invariants est-elle de type
fini 7 Si G est reductif, la réponse est positive d’aprés un résultat de Hilbert (G fini, G = SL,,),
puis Nagata. Toutefois, Nagata produit ensuite un contre-exemple en considérant une action
bien choisie d’'un groupe unipotent. L’idée derriére ce contre-exemple est de voir l'algébre des
invariants comme "anneau de Cox de I’éclatement du plan projectif en certains points. On montre
ensuite que le cone effectif de cet éclatement n’est pas polyédral. En conséquence, I’anneau de
Cox ne peut étre de type fini. Notons que le contre-exemple de Nagata permet de construire un
espace homogeéne X sous SL, tel que Cox(X) n’est pas de type fini [ADHL, Rem. 4.5.1.18].

En fait le probléme originel de Hilbert est formulé de maniére plus générale : soit k(t1, ..., t,)
une extension transcendante pure et k C K C k(t1,...,t,) une extension de corps intermédiaire.
L’algebre R := K N klty,...,t,] est-elle de type fini 7 Zariski donne (quelques années avant le
contre-exemple de Nagata) une interprétation algébrico-géométrique de cette version du probléme
[Z] : il existe une variété projective normale X et un diviseur de Weil effectif D sur X tels que
R s’identifie a ’algébre S(D) des fonctions rationnelles sur X n’ayant des poles que sur D,
autrement dit

R~ S(D) = | JTI(X,0(nD)). (1.1.4)
n=0
Il remarque également que toute algébre de sections s’identifie naturellement & une algébre de la
forme (1.1.4). Une algebre de sections est par définition une algébre N"-graduée de la forme

S+(D1, vy Dy) = @(m)eNr (X, O(Z::l n;D;)),

ol D1,..., D, sont des diviseurs de Weil sur une variété normale X. Dans le contre-exemple de
Nagata, 'anneau de Cox est une algébre de sections au sens ci-dessus. Plus tard, Zariski montre
que la non-finitude des algébres de sections est un phénoméne assez courant déja en dimension
deux. Pour citer Mumford [Mu], la réponse négative au probléme de Hilbert révele de profondes
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subtilités de la catégorie des variétés algébriques. Un aspect fondamental d’'un MDS est que
toute algebre de sections lui étant associée est de type fini [ADHL, Sec. 4.3.3].

Remarque. Soit D un diviseur de Weil sur une variété normale Q-factorielle X. Lorsque
I’algébre de sections associée est de type fini, on a une application rationnelle dominante canon-
ique

op: X --» X(D) := Proj ST (D).
Cette application est

e birationnelle si et seulement si [D] € Eff(X)°,

e une petite modification (une application birationnelle induisant un isomorphisme en codi-
mension un) si et seulement si [D] € Mov(X)®°,

e un morphisme si et seulement si [D] € SAmple(X),

e un isomorphisme si et seulement si [D] € Amp(X).

Variation des quotients (VGIT)

Soit X = Spec R un espace de coordonnées total. En tant qu’anneau de Cox, R est muni
d’une graduation par un groupe abélien de type fini M. On cherche & déterminer les variétés
projectives admettant R comme anneau de Cox (et M comme groupe des classes de diviseurs).
On doit nécessairement avoir Ry = RPM) = k, sinon une telle variété n’existe pas. En particulier,
on en déduit que X est un quasi-cone (une Gy,-variété affine telles que les adhérences d’orbites
se rencontrent en un unique point).

On commence par chercher les ouverts D(M)-stables U C X admettant un bon quotient
projectif. D’aprés [ADHL, Thm. 3.1.4.3], ceux-ci sont en nombre fini et correspondent a des
objets combinatoires vivant dans l’espace vectoriel Mg. Plus précisément, pour tout = € X on
définit le cone convexe polyédral w, C Mg engendré par les m € M tel qu’il existe f € Ry,
satisfaisant f(x) # 0. Puis, pour tout élément m dans le cone wg des poids de R (le cone de My
engendré par les degrés des éléments homogeénes non-nuls), on définit le cone GIT

A(m) == ﬂ Wy
xef(,mewz

associé & m. Ces cones GIT sont convexes polyédraux, en nombre fini, et leur réunion forme
un éventail dans Mg dont le support est wr. De plus chaque cone GIT A définit un ouvert
D(M)-stable

X3\ ={zreX;ACw,}CX

tel que l'on ait un bon quotient ¢ : XSS()\) — X avec X projectif, et tout ouvert jouissant de
ces propriétés est obtenu ainsi.

Remarque. Ces ouverts correspondent, dans le cadre de la variation des quotients (VGIT), aux
ouverts semi-stables associés aux D(M)-linéarisations du fibré trivial (voir le livre [MFK]).

Il reste a déterminer les quotients X admettant R pour anneau de Cox. Soit (m;)i<i<r
la famille des degrés correspondant a une famille de générateurs M-premiers deux & deux non-
associés de R. Définissons Mov(R) comme l'intersection de tous les cones engendrés par r —1 des
m;. Les variétés recherchées sont exactement celles dont 'intérieur de A est inclus dans l'intérieur
de Mov(R) [ADHL, Rem. 3.3.4.2]. Pour un tel A, on a de plus [ADHL, Prop. 3.3.2.9]

CI(X)\) =M, Eff(X)\) = WRg, MOV(X)\) = MOV(R), et SAmpIe(XA) =\ (1.1.5)
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Théorie de Mori

Considérons un MDS complet X. Dans cette situation, Hu et Keel observent que la struc-
ture d’éventail sur Eff(X) deéfinie par les cones GIT encode également une paramétrisation des
applications rationnelles ¢p (définies plus haut) vers les variétés projectives X (D) associées aux
algébres de sections. Plus précisément, on dit que deux diviseurs effectifs Dy, Do sur X sont Mors
équivalents [HK, 1.3] si leurs lieux de base stable coincident et que 1’on a un triangle commutatif

YDy - ~. ¥Dy

- ~
-

X(Dl)k% X(DQ)

Cette relation est compatible avec I’équivalence linéaire, et définit une partition du cone effectif
dite en chambres de Mori. En remarquant que l'on a X (D) ~ X, ou [D] € A\°, on conclut que
la décomposition en chambres de Mori coincide avec la décomposition du cone effectif en cones
GIT. Considérons les cones A; dont l'intérieur est non-vide et inclus dans Mov(X)°. Alors les
applications rationnelles ¢; : X --» X, définies par ces cones sont exactement (& automorphisme
prés sur la cible) les petites modifications de X vers des variétés projectives et Q-factorielles
|[ADHL, Rem. 3.3.4.2]. De plus on a d’apres (1.1.5) la décomposition

Mov (X)) = Ul_;pfSAmple(X;)

du coéne mobile. Réciproquement, une variété compléte normale dont le groupe des classes est
de type fini et dont le cone mobile admet une telle décomposition est un MDS [ADHL, Thm.
4.3.3.1].

Notons que la définition originelle de Hu et Keel d’'un MDS est plus restrictive: c’est une
variété projective normale Q-factorielle dont le groupe de Picard est de type fini et telle que

1. le cone nef est engendré par les classes d’'un nombre fini de diviseurs semi-amples,

2. il existe un nombre fini de petites modifications ¢; : X --» X;, ¢ =1, ...,r avec X; projective
Q-factorielle telles que Nef(X;) vérifie la condition précédente, et on a la décomposition

Mov(X) = U]_, ¢ Nef(X;).

Signalons tout de suite que pour un MDS projectif, on montre que les cones nef et semi-ample
coincident [BeHa(7, Prop. 7.4[; cela résulte essentiellement du critére d’amplitude de Kleiman
et du fait que pour une telle variété le cone ample est I'intérieur du cone semi-ample (& nouveau
[BeHa07, Prop. 7.4]). On constate ainsi qu'un MDS projectif Q-factoriel vérifie la définition de
Hu et Keel. En fait, leur version permet de caractériser une classe de variétés se comportant
bien du point de vue du programme du Modéle Minimal de Mori (d’on le nom).

Partant d’une variété projective Q-factorielle X, ce programme vise & transformer X = X0
via une suite de contractions exirémales

Wj:Xj—>Xj+1,j20

(c.a.d. contractant les courbes dont la classe engendre une aréte du cone NE(X/) ayant une
intersection négative avec le diviseur canonique Ky;). C’est un fait non-trivial que de telles
contractions existent. Si la contraction 7; est divisorielle, on continue le programme avec X+
qui est alors Q-factorielle. Si la contraction 7; est fibrée ou que le diviseur canonique K y;j+1 est
nef, la procédure se termine. Dans ce cas, on obtient un modéle birationnel de X dont 1’étude
devrait étre simplifiée. Une difficulté technique survient chaque fois que 1’on obtient une petite
contraction 7 : XJ =Y car alors Ky n’est pas Q-Cartier et on ne peut plus a priori poursuivre
le programme. Selon l'idée de Mori, il devrait alors exister une petite contraction
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7 (X9)T = Y avec (X7)* projective Q-factorielle

telle que K x;)+ intersecte positivement les courbes contractées par 7T;_. On dit que ’application

birationnelle ; o (77

; )~1 est un flip, et on poursuit le programme avec X/t := (XJ)*.

L’existence des flips ainsi que la terminaison d’une suite de flips n’est pas acquise en général et
c’est aujourd’hui l'objet de recherches trés actives.

Soit X un MDS (projectif Q-factoriel), et supposons avoir atteint la j¢ étape du programme
avec X? = X, ..., X7 des MDS projectifs Q-factoriels. Notons comme ci-dessus X7, ..., Xj les
petites modifications projectives Q-factorielles de X7 (avec ¢; = Id par convention), ce sont tous
des MDS. Si m; : X7 — X771 est fibrée ou bien si Ky, est nef, le programme est terminé. Si
7; est une contraction divisorielle, alors X7+l est un MDS projectif Q-factoriel [Ca, Prop. 4.1],
et par récurrence le programme se termine (on a p(X?t1) = p(X7) — 1). Enfin, si 7, : X7 > Y
est une petite contraction, alors 7 (Nef(Y')) est une face de codimension 1 commune aux cones
Nef(X7) et gpj(Nef(Xij)) pour un certain ¢ ([Ca, Prop. 4.1]; on a en fait m; = ¢p pour un [D]
dans cette face). La petite modification ¢; est alors le flip de ;. Si un nouveau flip est nécessaire
il est alors de la forme gpkgo;l pour un certain k et ainsi de suite [Ca, Cor. 3.12]. Une telle suite
de flips se termine puisqu’il y a un nombre fini de petites modifications projectives Q-factorielles
de X et qu'une composition de flips ne peut étre un isomorphisme [Ca, Thm. 4.2].

1.1.6 Description par générateurs et relations de ’anneau de Cox d’un MDS

La description de 'anneau de Cox d’un MDS par générateurs et relations est un probléme
naturel et important, mais en général ardu. Par exemple, considérons 8 points du plan projectif
en position générale (c.a.d. aucun triplet de points colinéaires, aucun 6-uplet de points sur une
conique, et aucun 8-uplet de points sur une cubique), et X l’éclatement du plan projectif en ces
points. Alors X est une surface de Del Pezzo (lisse projective avec un diviseur anticanonique
ample), son anneau de Cox est de type fini, et ce dernier admet pour systéme minimal de
générateurs les sections canoniques des courbes irréductibles dont ’autointersection est égale &
—1, soit 242 éléments [ADHL, Thm. 5.2.2.1|. De plus, I'idéal des relations entre ces générateurs
est minimalement engendré par 17399 formes quadratiques [ADHL, Thm. 5.2.3.1].

Lorsqu’un MDS est muni d’une action d’un groupe algébrique, on peut tenter de tirer profit
de cette structure supplémentaire pour obtenir une description de 'anneau de Cox. Ceci est bien
stir illustré par I'exemple historique des variétés toriques. Parmi les variétés normales munies
d’une action d’un groupe algébrique G, une classe particuliérement bien comprise est celle des
variétés de complexité au plus un : G est réductif connexe, et la codimension minimale d’une
orbite d’un sous-groupe de Borel est au plus un. La description par générateurs et relations de
Panneau de Cox d’une variété sphérique est connue depuis l'article de Brion [Bri07] (voir aussi
Particle de Gagliardi [G] pour une approche différente). Beaucoup reste a faire en complexité un
quant a la description de 'anneau de Cox, c’est dans cette perspective que s’inscrit ce travail de
thése.

1.1.7 Variétés sphériques

Les wvariétés sphériques (c.a.d. les variétés normales de complexité zéro) forment une classe
de variétés avec action de groupe particuliérement bien comprise (voir [T11, Chap. 5]). Cette
classe inclut notamment les variétés toriques et les espaces homogénes projectifs rationnels.
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Anneau de Cox d’une variété magnifique

Dans [Bri07], Brion commence par étudier 'anneau de Cox d'une wvariété magnifique. Ces
variétés généralisent les espaces homogénes projectifs rationnels et constituent, d’aprés un résul-
tat de Luna [T'11, Thm. 30.15], une classe remarquable de variétés sphériques. Soit G un groupe
semisimple simplement connexe, B un sous-groupe de Borel et T C B un tore maximal. Une
G-variété est dite magnifique de rang r si elle satisfait les trois conditions suivantes :

e cC’est une variété compléte et lisse,

e il existe une G-orbite ouverte dont le complémentaire est constitué de r diviseurs premiers
lisses & croisement normaux,

e les adhérences des G-orbites sont exactement les intersections entre ces diviseurs.

La B-orbite ouverte d’une variété magnifique X est un espace affine dont le complémentaire est
la réunion d’un nombre fini de diviseurs premiers B-invariants, les couleurs de X. Les classes
des couleurs engendrent librement le groupe de Picard de X, ce dernier s’identifiant au groupe
des classes de diviseurs de X.

Remarque. Soit G un groupe réductif connexe et B un sous-groupe de Borel. Le rang d’une
G-variété normale X est le rang du groupe abélien libre A(X) des B-poids de k(X). Pour une
variété magnifique, les deux notions de rang coincident.

De plus, G étant semisimple simplement connexe, il existe une unique structure de G-algébre
sur Cox(X) (c.a.d. Cox(X) est un G-module rationnel sur lequel G agit par automorphismes
d’algebre) compatible avec la Pic(X)-graduation. Autrement dit, pour tout faisceau inversible £
sur X, il existe une unique G-linéarisation |Bril8, Thm. 4.2.2 et Thm. 5.2.1]. Géomeétriquement,
cela signifie qu’il existe une unique action de G sur le fibré en droites associé L — X qui soit de
plus compatible avec I'action de G sur X et commute avec 'action de G, dans les fibres.

Pour étudier une G-algébre R, une approche classique est d’étudier en premier lieu sa sous-
algebre RY des invariants par la partie unlpotente U de B. Cette derniére algébre est naturelle-
ment 7- graduée et tout systéme de générateurs T- homogéne de RU fournit des générateurs de R.
En effet, des résultats classiques en théorie des représentations des groupes algébriques assurent
que chaque générateur T—homogéne engendre un sous-G-module simple de R et que la réunion
de ces G-modules simples engendre R comme k-algébre. Ici, Cox(X)Y est engendré librement
par les sections canoniques des couleurs et des diviseurs premiers G-stables, et on obtient ainsi
des générateurs Pic(X)-homogenes de Cox(X) en considérant les G-modules simples engendrés
par ces sections |Bri07, Prop. 3.1.1]. Comme l'illustre I’exemple suivant, la description de I'idéal
des relations entre ces générateurs est cependant plus délicate.

Exemple. La variété de drapeaux X = G/B est par définition une variété magnifique de rang
nul. En vertu de la décomposition de Bruhat, 'orbite du point de base = := B/B par le Borel
opposé B~ est ouverte. De plus, cette orbite est un espace affine dont le complémentaire est
la réunion des diviseurs de Schubert D1, ..., D,, qui ne sont autres que les couleurs de X. On
obtient ainsi des isomorphismes

Cl(X) ~ Pic(X) ~Z",

le dernier étant donné explicitement par (m;)i<i<r — iy mi[D;]. Par ailleurs, tout fibré en
droites G-linéarisé sur G/B est a isomorphisme prés de la forme

L, ::GxBA,lC
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ol B agit sur A} via un caracteére y € B (voir [T11, Chap. 2]). De plus, comme G est semisimple
simplement connexe, le morphisme B — Pic(X), x = [Ly] est un isomorphisme. L’espace des
sections du fibré L, est non-nul si et seulement si —x est dominant, et il s'identifie au B-espace
propre O(G)(_BX) pour 'action de B a droite. De plus, ces espaces de sections sont des G-modules
simples (ce sont des G-modules pour la multiplication & gauche) et tout G-module simple est
isomorphe & un tel espace. En accord avec la section 1.1.3, on a un isomorphisme canonique

Cox(G/B) = O(G/U) = O(G)" = Bpyen OGL, .

(B~ xB)
(—wi,wi)
les composantes homogenes de Cox(G/B) s’identifient donc aux G-modules simples

ou les w; sont les poids fondamentaux. En notant s; € O(G) la section canonique de Dy,

B T
V(S mi) o= (G sy = O@E) L (mi) e,
dont les vecteurs de plus haut poids (pour B™) sont respectivement — . m;w;. En particulier,
Cox(G/B)Y est I’algébre de polynoémes k[sy, ....,s,], et on obtient un morphisme surjectif de
G-algeébres N"-graduées

0 : (S :=Sym(V(w1) ® ... ®» V(wy))) = Cox(G/B).

Pour 1 <7 < j < r, notons M;; I'unique supplémentaire G-stable de la composante de Cartan
dans V(w;) @k V(wj) C S (la composante de Cartan d’un tel produit tensoriel est 'unique sous-
G-module simple de plus haut poids w; +w;). Comme tout produit V(w;)V (w;) dans Cox(G/B)
est un G-module simple, on a M;; C ker ¢. En fait les G-modules M;; engendrent ker ¢ comme
idéal de S [Bri07, Prop. 3.3.1].

Exemple. Prenons par exemple G = SL3, le sous-groupe B des matrices triangulaires supérieures
et T le sous-groupe des matrices diagonales. En notant ¢; les caractéres du tore, les poids fon-
damentaux sont w; = €1 et wo = €1 + €9. On a de plus

V(wl) ~ k3 et V(wl) ~ (k’3)*,

ol ces espaces vectoriels sont munis de I'action standard de G. Avec ces identifications, I'unique
supplémentaire G-stable de la composante de Cartan dans V(w;) ®; V(w2) est la droite G-
invariante engendrée par le tenseur e; ® €] + e2 ® €5 + ez ® e5. On a donc un isomophisme

Cox(G/B) ~ klx1, x2, 3, Y1, Y2, y3)/ (x1y1 + T2y2 + 23Y3)

ou la T-graduation sur le membre de droite est définie par deg(a;) = wy et deg(a;) = wo.

Anneau de Cox équivariant d’une variété sphérique

Considérons une G-variété sphérique X oit G est un groupe réductif connexe. On identifie
Porbite ouverte de G a I’espace homogeéne G/H ot H désigne le stabilisateur d’un point de base
de X. Pour garder la trace de 'action de G au niveau de 'anneau de Cox, on cherche une
structure de G-algebre sur Cox(X) compatible avec la Cl(X)-graduation. Ceci revient & munir
les composantes homogénes du faisceau de Cox de G-linéarisations de sorte que celles-ci soient
compatibles avec la structure de groupe de CI(X). Autrement dit, on cherche une section du
morphisme d’oubli

Cla(X) — Cl(X),
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ou Clg(X) est le groupe des classes équivariant (le groupe des classes d’isomorphisme de fais-
ceaux divisoriels G-linéarisés; voir [Bri07, Sec. 4.1]), et le morphisme consiste en 'oubli des
linéarisations. Malheureusement, méme dans le cas ol ce morphisme est surjectif (par exemple
lorsque G est factoriel) une telle section n’existe pas en général. De plus, lorsqu’une section ex-
iste, celle-ci n’est en général pas canonique. Rappelons également que I'anneau de Cox lui-méme
n’est défini canoniquement que sous I'hypothése O(X)* ~ k*. Ces difficultés disparaissent si
Pon considére ’anneau de Coz équivariant de la variété sphérique introduit dans [Bri07, Sec. 4].
L’idée est de prendre en compte toute les G-linéarisations possibles de faisceaux divisoriels afin
d’obtenir une structure canonique de G-algébre. On écrit alors

et on doit montrer qu’il existe des représentants F et une opération de multiplication faisant de
cet espace vectoriel gradué une G-algebre. Ceci est fait dans [Bri07, Prop. 4.2.2] en tirant profit
de D'existence d’orbites ouvertes par G et B.

Cet anneau de Cox équivariant est ensuite obtenu a partir de ’anneau de Cox d’une certaine
variété magnifique via un changement de base [Bri07, Thm. 4.3.2]. Plus précisément, quitte
a remplacer G par un revétement on peut le supposer de la forme G x C ou G est semisim-
ple simplement connexe et C' un tore. Le groupe des automorphismes G-équivariants de G/H
s'identifie & Ng(H)/H et ce groupe agit sur ’ensemble des couleurs de G/H. Le noyau de cette
action s'écrit H x C avec H C G, c’est la cloture sphérique de H. L’espace homogéne G/ H est
sphérique et admet une complétion magnifique X. De plus, on a un morphisme G-équivariant

f:X<1—>X

ot X< désigne l'ouvert G-stable constitué des orbites de codimension au plus 1. Ce dernier
ouvert admet un complémentaire dans X de codimension au moins deux si bien que I'on obtient
(en prenant l'image inverse par f des sections de faisceaux inversibles sur X) un morphisme
canonique

f*: Coxg(X) — Coxg(X).

Ce morphisme induit un morphisme entre les sous-algébres d’invariants par G. On a alors un
isomorphisme ([Bri07, Thm. 4.3.2])

COXC;(X) ~ COXC;(X) ®COXG(X)G COXG(X)G.

1.1.8 Variétés normales rationnelles de complexité un

Une variété normale X de complexité un sous un groupe réductif connexe G. On est alors
dans 'une des alternatives suivantes :

e X est presque homogéne (c-a-d normale avec une orbite dense).
e X admet une famille & un parameétre d’orbites sphériques.
Dans tous les cas, on a par un théoréme de Rosenlicht [T'11, 5.1] un quotient rationnel
m:X --»C,

par (le choix d’) un sous groupe de Borel B C G. La courbe C est la courbe projective lisse
telle que k(C) = k(X)®B. Ainsi les B-orbites générales définissent une famille & un paramétre de
diviseurs premiers stables par B. Plus précisément, un théoréme de stucture locale (de 1’action
de G) da a Brion, Luna, Vust et Knop [T11, Thm. 4.7] assure qu’il existe un ouvert non-vide
B-stable de X isomorphe a un produit de la forme
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P, x T x Cy,

ou P, est le radical unipotent d’un sous-groupe parabolique de G contenant B, le facteur T est
un tore, et Cpy est un ouvert non-vide de C. Au travers de cet isomorphisme, la projection sur
Cy s’identifie & la restriction de w. L’existence de cet ouvert implique aisément que le groupe
des classes de diviseurs est de type fini si et seulement si X est rationnelle. On montre que
ces conditions sont encore équivalentes & la génération finie de 'anneau de Cox [ADHL, Thm.
4.3.1.5].

En supposant donc que X est rationnelle, on a C' ~ }P’,lg. Comme X est normale et Pk est
complet, 7w se restreint en un morphisme V — ]P’,{z ol V est un ouvert dont le complémentaire
est de codimension au moins deux dans X. Ainsi, il existe & isomorphisme prés un unique
faisceau divisoriel 7 sur X dont la restriction a V" est isomorphe a 7y, Op1 (1). Apreés le choix de

coordonnées homogénes z1, 22 sur P, les sections ﬂr‘v(zl), 7r‘*V (22) définissant le morphisme 7y,

s’étendent de maniére unique en des sections a,b € F(X). On a ainsi un morphisme d’image
inverse

7 : WDiv(P}) — WDiv(X) 5, p = [a : 8] = div(Ba — ab),

ou [« : B] désigne les coordonnées homogeénes de p € IP,lc. Les diviseurs premiers dans l'image
de 7* sont appelés diviseurs paramélriques. Les autres diviseurs premiers B-stables sont appelés
diviseurs exceptionnels, ils sont en nombre fini. L’image par m d'un diviseur exceptionnel est soit
dense dans P}, soit un point de }P’,lf. Dans le second cas, le point est appelé exceptionnel.

A Tinstar des variétés sphériques, les G-variétés dans la méme classe G-birationnelle que X
sont classifiées & isomorphisme G-équivariant prés par des objets de nature combinatoire. En
gros, X est entiérement décrite par un ensemble fini d’ouverts affines stables par B, et un tel
ouvert est caractérisé par le choix d’'un ensemble de valuations discrétes invariantes par B du
corps des fonctions rationnelles k(X). Plus précisément, on a une suite exacte

1= k(P — k(X)B) = AX) — 1,

o I'on rappelle que k(Pi) ~ k(X)® et A(X) est le groupe des B-poids de k(X). On choisit un
scindage a droite de cette suite de maniére a identifier A(X) & un sous-groupe de k(X)) Pour
toute valuation géométrique v (c.a.d. de la forme avp, ot vp est la valuation discréte normalisée
associée a un diviseur premier D dans un modéle de k(X), et a € Q4), la restriction Vj(x)(B)
est alors décrite par un triplet (z,h,1) € Pj x Q4 x &, out | = vjp(x) € € := Hom(A(X),Q) et
Ulk(el) = hv,. Cela définit une application ¢ de ’ensemble des valuations géométriques de k(X)
dans I’ensemble IP’}€ x Q4 x €. Tout ouvert affine B-stable X d’une variété dans la méme classe G-
birationnelle que X définit une famille indexée par IP’/,lC de cones convexes polyédraux strictement
convexes dans Q4 x &: la famille des cones convexes engendrés par les images par g des valuations
géométriques B-invariantes associées aux diviseurs premiers B-stables rencontrant X (c.a.d. les
couleurs et les diviseurs premiers G-stables). Une telle famille est appelée un hypercone. La
donnée de I’hypercone et de ’ensemble des couleurs rencontrant X est appelée un hypercéone
colorié. Un ensemble fini d’hypercones coloriés satisfaisant certaines conditions de recollement
(on parle d’hyperéventail colorié) définit une G-variété normale de complexité un dans la méme
classe que X. Inversement, toute telle G-variété est définie par un hyperéventail colorié. Cette
classification combinatoire, se situant dans le prolongement des travaux de Luna et Vust [LV],
est due a Timashev [T11, Chap. 3|.

U-invariants de ’anneau de Cox et produit tensoriel de G-modules

Soit G un groupe semisimple. Un probléme fondamental en théorie des représentations est de
comprendre la décomposition du produit tensoriel de deux G-modules simples en somme directe
de G-modules simples.
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Supposons que G soit simplement connexe et choisissons un sous-groupe de Borel B contenant
un tore maximal 7. Notons II = {ay, ..., a, } I'ensemble des racines simples associé a ce choix et
{w1,...,wr} Pensemble des poids fondamentaux. Considérons la variété de drapeauzr double

X :=G/P; xG/P;

ou P, , P; sont les deux sous-groupes paraboliques respectivement opposés aux deux sous-
groupes paraboliques standards définis par les sous-ensembles I = {a,, ..., o4, }, J = {ej,, ..., a5, } C
II. En notant V() un G-module simple de plus haut poids A, on a au regard de l’exemple 1.1.7

Cox(X) = Cox(G/P;) @ Cox(G/Py) ~ a &y VN @k V().

A=y Wig Fee M Wiy B=T4y Wiy N Wiy

Notons que cet anneau de Cox est de type fini et naturellement gradué par Z* x Zt (voir 1.1.7).
Soient

A= Zmikwim B= anlel-

Le sous-G-module V (A)®; V (p) C Cox(X) consiste en les éléments homogénes de degré (m, n) :=
(Miys ooy My, My -y 1, ). Soit U la partie unipotente de B, Ialgebre Cox(X)Y est naturellement
(Pic(X) x T)-graduée et la multiplicité de V (v) dans V(X) @ V(1) est la dimension de I'espace
vectoriel COX(X)(Umﬁ)W constitué des éléments (Pic(X) x T')-homogenes de poids ((m,7), v).
Lorsque Cox(X)Y admet une description agréable, par exemple une algébre de polynémes en-
gendrée par des éléments homogénes ou bien le quotient d’une telle algébre par une unique
équation, on peut alors espérer calculer facilement ces multiplicités.

Dans [Pon], Ponomareva décrit Cox(X )Y par générateurs et relations pour toutes les variétés
de drapeaux doubles de complexité < 1 (voir aussi [Pa99] pour des exemples antérieurs). En
complexité un, Ponomareva décrit plus généralement Cox(X)Y lorsque X est n’importe quelle
G-variété rationnelle lisse compléte de complexité un. Soit (s;); la famille finie des sections
canoniques des diviseurs exceptionnels F; de X, et (z;); = ([o : 8i]); la famille finie des points
exceptionnels associée au quotient rationnel X --» IP),1€. En notant

(i) = Y ik,

I'algebre Cox(X)Y est engendrée par les éléments a, b, s; et I'idéal des relations est engendré par
les suivantes

"
Bia —a;b =[], ;"

Cas d’une variété a orbites toriques

Dans leurs travaux [AH06] et [AHO8], Altmann, Hausen et Siiss étudient les variétés normales
avec action d’un tore. Ils décrivent une telle variété X par un certain objet combinatoire appelé
éventail divisoriel. La description de cet éventail divisoriel utilise une variété auxiliaire Y qui
est un quotient rationnel de X par le tore agissant. Dans [HS]|, Hausen et Siiss donnent une
description de I’anneau de Cox d’une telle variété X lorsque Y est projective, le groupe des classes
de X de type fini et les fonctions réguliéres sur X constantes. Ils construisent un morphisme
injectif de k-algébres graduées Cox(Y°) — Cox(X), ou Y° C Y est un ouvert non-vide (obtenu
a partir de ’éventail divisoriel définissant X). Puis, ils donnent une description par générateurs
et relations de Cox(X) vu comme algébre sur Cox(Y°). En particulier, 'anneau de Cox de X
est de type fini sur k si et seulement si Cox(Y) 'est.

Lorsque X est rationnelle de complexité un, on peut prendre Y = IP’/,IC et cette description
donne une présentation de Cox(X) par générateurs et relations comme k-algébre; ces relations
sont alors des trinomes [HS, Cor. 4.9].
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Cas d’une variété a orbites horosphériques

Soit G un groupe réductif connexe et G/H un espace homogeéne. Cet espace homogene est dit
horosphérique si H contient un sous groupe unipotent maximal de G. D’aprés la décomposition
de Bruhat, G/H est sphérique. De plus on a un torseur G/H — G/P sous le tore T = P/H ou
P = Ng(H) est un sous-groupe parabolique de G. Une variété horosphérique est une G-variété
normale dont toutes les orbites sont horosphériques. Dans [LT|, Langlois et Terpereau donnent
une description de 'anneau de Cox d’une variété horosphérique rationnelle X de complexité
un. Bien siir, les orbites générales forment une famille & un paramétre d’orbites horosphériques.
En fait, un résultat de Knop [Kn90] montre qu'’il existe un espace homogeéne horosphérique
G/H, et un ouvert G-stable de X qui est G-isomorphe & G/H x U, ou1 U est un ouvert de ]P’,lg.
Langlois et Terpereau montrent que X est naturellement une T-variété avec quotient rationnel
X --» G/P x IP’}C. De plus, ils donnent la description de X en termes d’éventail divisoriel sur
G/P XP}C. En se basant sur le résultat de Hausen et Siiss mentionné dans la section précédente, ils
en déduisent une présentation de ’anneau de Cox par générateurs et relations (comme k-algébre)
en utilisant la description de ’anneau de Cox d’une variété de drapeaux.

Cas d’une SLs-variété normale affine de dimension trois presque homogéne

Dans |BatHad|, Batyrev et Haddad décrivent ’anneau de Cox d’une variété comme daus le
titre. La classification de Timashev montre qu’une telle variété X est un plongement normal
de SLa /pin, ot w, est le groupe des racines niémes de I'unité. De plus, le complémentaire de
SLo /uy dans X est un diviseur premier G-stable. La classification de ces plongements affines
remonte & l’article de Popov [Pop| dans lequel il montre que X est entiérement déterminée par
Pentier n et un certain nombre rationnel hx = p/q € [0;1[, p A ¢ = 1, appelé hauteur de X.

Batyrev et Haddad proposent pour ’espace de coordonnées total X I’hypersurface d’équation
y? = 124 — zox3 dans espace affine Ai muni des coordonnées x1, xo, 3, z4,y, o0 b = (¢ —p)/k
avec k = (¢ — p) A n. Tls montrent que ce candidat est le bon en veérifiant qu’il satisfait les
propriétés caractéristiques d’un espace de coordonnées total.

1.1.9 TItération d’anneaux de Cox

L’espace de coordonnées total X d’un MDS X peut trés bien avoir un groupe des classes
non-trivial (sauf lorsque C1(X) est libre). Dans un tel cas, a supposer que les fonctions réguliéres
inversibles sur X soient constantes, on peut définir Cox(f( ). Si ce dernier est de type fini, on
obtient un espace de coordonnées total X2 et ainsi de suite. Ce procédé itératif s’intitule

Vitération des anneauz de Coz, et s’arréte dans I'un des trois cas suivants :
)

e on obtient un espace de coordonnées total dont ’anneau de Cox n’est pas bien défini
(CI(X ™) admet un sous-groupe de torsion non-trivial et O(X™)* £ k*),

e on obtient un espace de coordonnées total dont ’anneau de Cox n’est pas de type fini,
e on obtient un espace de coordonnées total factoriel (C1(X ™)) = 0).

La premiére alternative ne survient jamais si 'on considére un MDS complet [Bra, Prop. 4.4].
Par ailleurs, on ne sait pas actuellement si l'itération d’un MDS disons complet se termine.
Lorsque c’est le cas, le dernier anneau de Cox obtenu est appelé ’anneau de Cox maitre. Si celui
ci est de type fini (troisiéme alternative), lespace caractéristique itéré ¢ : XM 5 X satisfait
une propriété universelle: ce morphisme se factorise a travers tout presque torseur sur X par un
groupe réductif résoluble (la composante neutre est un tore et le groupe des composantes est un
groupe résoluble fini).
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L’itération des anneaux de Cox est introduite par Arzhantsev, Braun, Hausen et Wrobel
dans [ABHW]. IIs prouvent que pour une variété normale rationnelle de complexité un sous
Paction d’un tore ayant des singularités au plus log terminales (voir Section 1.1.10), l'itération
des anneaux de Cox se termine avec un anneau de Cox maitre de type fini et factoriel.

Les singularités log terminales d’'une surface normale sont exactement les singularités quo-
tients A% /F, ou F est un sous-groupe fini de GLy. Remarquons que le plan affine est naturelle-
ment muni de 'action de Gy, par homothéties et cette action passe au quotient par F. Il suit
que ces singularités quotients sont des G,,-variétés normales de complexité un.

Les groupes binaires polyédraux Fr, Fo, F1, Fp, ,n > 2 et les groupes cycliques, qui sont a con-
jugaison preés les sous-groupes finis de SLo, définissent en particulier les singularités Eg, 7, Eg, Dy, Ay
de du Val. Par exemple, l'itération des anneaux de Cox de E7 donne lieu & une suite de mor-
phismes structuraux d’espaces caractéristiques

A% /2 A, /2 X p2 Dy /13 Es /12 Fr, (1.1.6)

dont la composition est le quotient du plan affine par F. Cette suite refléte la suite (D™ (Fp))n
des sous-groupes dérivés:

Fo D Fr D Fp, D pu2 D 1.

Les quotients successifs dans (1.1.6) sont les quotients par les facteurs D" (Fg)/D" ! (Fp), n < 3.

Une des motivations des auteurs de [ABHW]| est de réaliser en dimension supérieure les
singularités log terminales (avec action d’un tore en complexité un) comme des singularités
quotients. Grossiérement, le plan affine est remplacé par une variété affine normale factorielle de
complexité un sous un tore et le sous-groupe fini de GLy par un groupe réductif résoluble.

Gagliardi montre dans [G] que les variétés sphériques admettent une itération des anneaux
de Cox finie (de longueur au plus deux) avec un anneau de Cox maitre de type fini et factoriel.
Une variété de Fano est une variété projective lisse dont le faisceau anticanonique est ample.
Plus généralement, une variété de type Fano est une variété projective normale X admettant un
Q-diviseur A tel que —Kx + A est ample et le couple (X, A) est Kawamata log terminal (voir
[Deb, Def. 7.24]). 1l est montré dans [BCHM], que les variétés de type Fano sont des MDS. De
plus, Braun obtient dans [Bra| que ces variétés admettent une itération des anneaux de Cox finie
avec un anneau de Cox maitre de type fini et factoriel.

1.1.10 Singularités de ’espace de coordonnées total

Bien que "'anneau de Cox d’un MDS soit une k-algébre normale, il n’est pas nécessairement de
Cohen-Macaulay |Bro|. Toutefois, un résultat récent de Braun [Bra| montre que ’anneau de Cox
d'un MDS X est Gorenstein (le diviseur canonique K ¢ est de Cartier). L’¢tude des singularités
de 'anneau de Cox est motivée par le résultat suivant di & Gongyo, Okawa, Sannai et Takagi
[GOST] : Soit X une variété projective Q-factorielle. Alors les deux conditions suivantes sont
équivalentes

o X est de type Fano.
e X est un MDS avec au plus des singularités log terminales.

Rappelons que X a des singularités au plus log terminales si les conditions suivantes sont satis-
faites

e X est Q-Gorenstein (un multiple de Kx est de Cartier).

o [l existe une résolution des singularités ¢ : Z — X telle que
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Kz =" Kx + Y aiEi, a; > —1,
ou 'on somme sur les diviseurs exceptionnels F; de .

Soit X un MDS projectif de complexité un sous 'action d’un tore. On peut montrer que X est
encore de complexité un sous un certain tore T [ADHL, Thm. 4.2.3.2]. Supposons que X soit un
MDS (autrement dit X est rationnel). Dans [ABHW], les auteurs caractérisent la log terminalité
de X en termes de propriétés arithmétiques des exposants associés aux relations trinomiales entre
les générateurs de COX(X' ), de tels anneaux de Cox sont appelés Platoniciens.

1.2 Reésultats obtenus dans la thése

1.2.1 Construction et étude de ’anneau de Cox équivariant

Comme évoqué plus haut nous avons étudié dans cette thése 'anneau de Cox des variétés
normales avec action de groupe et plus particuliérement des variétés normales de complexité un.
Dans cette perspective, on a commencé par généraliser la construction de Brion de I’anneau de
Cox équivariant d’une variété sphérique.

Soit G un groupe algébrique et X une G-variété normale dont les fonctions régulieres G-
invariantes sont constantes. Aprés avoir choisi un point rationnel x dans le lieu lisse de X
on obtient pour chaque classe de faisceau divisoriel G-linéaris¢ [F] € Clg(X) un représentant
canonique F* (Sec. 3.2.3). Puis, on parvient & munir le G-module gradué

d’une multiplication telle que 1’on obtienne une k-algébre graduée sur laquelle G opére par
automorphismes. On montre que [’algébre obtenue ne dépend pas du choix de x & isomorphisme
de G-algebre graduée preés, et on 'appelle lanneau de Cox équivariant de X (Sec. 3.2.3 et Rem.
3.2.5.12). On montre ensuite que c’est une algeébre intégre et normale (Cor. 3.2.6.7). Supposons
de plus qu’elle est de type fini, on a alors un diagramme de variétés

XG(—>XG

o

X

analogue a celui de la construction de Cox usuelle. Ici, X¢g = SpecX(@meClG(X) F*) est

I’espace caractéristique équivariant, et X = Spec Cox(X) I'espace de coordonnées total équiv-
ariant. Ce sont des G x D(Clg(X))-variétés et le morphisme d’affinisation X¢g < X¢ est une
immersion ouverte équivariante. De plus, le morphisme structural ¢ est un presque torseur di-
agonalisable G-équivariant sur X. Ce morphisme est universel dans le sens o1 il se factorise a
travers tout tel morphisme vers X (Sec. 3.2.5).

On a un morphisme canonique d’algébres graduées

¢ : Coxg(X) — Cox(X)
dont le morphisme induit entre les groupes graduant est ’oubli
Clg(X) — Cl(X)

des G-linéarisations. Supposons G connexe et de groupe de Picard trivial; cette derniére hy-
pothése pouvant étre satisfaite quitte & remplacer G par un revétement fini. Ces morphismes
sont alors surjectifs (Rem. 3.2.2.2), et on obtient que ker ¢ est engendré comme idéal par une
suite réguliére trés simple (Cor. 3.2.9.3). Avec ceci, si 'on obtient une présentation de anneau
de Cox équivariant on en déduit aisément une présentation de I’anneau de Cox usuel.
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1.2.2 U-invariants en complexité un

Soit G un groupe semisimple simplement connexe, et X une G-variété rationnelle lisse com-
pléte de complexité un. On a alors un isomorphisme canonique Coxg(X) ~ Cox(X) et on a déja
évoqué un résultat de Ponomareva décrivant la sous-algebre Cox(X)Y des U-invariants, out U est
la partie unipotente d’un sous-groupe de Borel.

On généralise ce résultat au cas o G est réductif connexe et X une G-variété normale
rationnelle de complexité un telle que O(X )*G ~ k*. Plus précisément, on commence par
montrer que 'anneau de Cox équivariant est de type fini dans cette situation (Prop. 3.3.1.4).
Puis, on donne des générateurs de Coxg(X)Y et on trouve des générateurs de I'idéal des relations
dans les cas suivants (Thm. 3.3.2.3 et Prop. 3.3.2.4):

e Clg(X) est libre (par exemple lorsque X est lisse compléte (Prop. 3.3.1.7)),
e G =T est un tore et O(X)T ~ k,

e X est presque homogéne.

Dans le cas G = T cela donne une généralisation du résultat de Hausen et Siiss mentionné en
1.1.8 au cas oit I'on a seulement O(X)T ~ k.

1.2.3 Cox(X)Y comme anneau de Cox d’une variété de complexité un sous
I’action d’un tore

Soit G un groupe réductif connexe dont le groupe de Picard est trivial, X une G-variété
normale, et U la partie unipotente d’'un sous-groupe de Borel. Alors X est en particulier une
U-variété et on a un isomorphisme canonique Coxy (X) ~ Cox(X). Il suit que Cox(X) est canon-
iquement muni d’une structure de U-algébre. Supposons que X soit rationnelle de complexité un
et satisfait une des trois conditions données dans la section précédente. En combinant le résultat
sur la description de Coxg (X )Y et I'expression de I'anneau de Cox ordinaire comme quotient de
I'anneau de Cox équivariant, on obtient une description par générateurs et relations de Cox(X)Y.

En se basant sur des travaux de Hausen et Herppich [ADHL, 3.4.2 and 3.4.3], on déduit
de cette présentation que Cox(X )U est 'anneau de Cox d’une variété de complexité un sous
'action d’un tore (Prop. 3.3.3.2). En particulier, cela implique que Cox(X)Y est une intersection
compléte (Cor. 3.3.3.3).

1.2.4 Singularités de ’anneau de Cox

Soit G' un groupe réductif connexe dont le groupe de Picard est trivial, et U la partie unipo-
tente d’un sous-groupe de Borel. Dans la lignée des résultats évoqués en 1.1.10 on obtient (Thm.
3.3.4.3)

Théoréme. Soit X une G-variété presque homogéne de complexité un. Alors,
X a des singularités au plus log terminales <= Cox(X)Y est un anneau Platonicien.

Essentiellement par le résultat de Braun assurant que I'anneau de Cox d’'un MDS est Gorenstein,
la log terminalité est équivalente a la rationalité des singularités. Pour obtenir le résultat on
utilise alors les ingrédients suivants

e les singularités rationnelles se comportent bien par passage aux U-invariants [T'11, Thm.
D.5],

e Cox(X)V est 'anneau de Cox d’une variété de complexité un sous un tore,

e les résultats de Arzhantsev, Braun, Hausen et Wrobel caractérisant la log terminalité de
I’anneau de Cox d’une variété de complexité un sous un tore [ABHW].
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1.2.5 Itération d’anneaux de Cox

Soit G un groupe réductif connexe et X une G-variété normale rationnelle de complexité un.
On montre, lorsque X est compléte ou presque homogéne, que l'itération des anneaux de Cox
est bien définie dans le sens ol chaque espace de coordonnées total itéré admet un anneau de
Cox bien défini. Avec cette hypothése, on obtient de plus (Thm. 3.3.5.2)

Théoréme. L’itération des anneauzr de Cox de X est finie. Dans le cas presque homogéne,
anneau de Cox maitre est de type fini et factoriel.

On esquisse la preuve en expliquant les principaux ingrédients. Tout d’abord on remarque
que le morphisme structural ¢; : X — X d’un espace caractéristique admet une factorisation
canonique

X xr Iy x

ou g1, fi sont respectivement un presque torseur sous un tore et un presque torseur sous un groupe
fini diagonalisable. Un fait trés utile est que si les fonctions inversibles sur X sont constantes,
alors X’ et X ont méme espace caractéristique (Prop. 3.2.10.1). Avec nos hypothéses ceci permet
de construire une suite de presque torseurs par des groupes diagonalisables finis

X' Iy xnen) Jooty Sy Sy

telle que Pespace caractéristique de X', 1 < i < n est X0+ On peut supposer que X () egt
rationnel, sinon son anneau de Cox n’est pas de type fini et 'itération s’arréte. On obtient alors
A chaque étape n un carré commutatif

ou (, est un quotient géométrique par un groupe fini diagonalisable. On montre ensuite que
Iitération se poursuit tant que @, est ramifié. On conclut par contradiction en montrant qu’on
ne peut avoir une tour infinie de tels revétement ramifiés.

1.2.6 Anneau de Cox d’un plongement de SL; modulo un sous-groupe fini

Les premiers exemples de variétés presque homogénes de complexité un sont les plongements
normaux de SLg /F, ou F' est un sous-groupe fini. Comme évoqué plus haut, ces sous-groupes
sont & conjugaison prés les sous-groupes cycliques du tore maximal 7" formé des matrices diago-
nales, ou bien les groupes binaires polyédraux. L’anneau de Cox équivariant d’un tel plongement
X est canoniquement isomorphe & 'anneau de Cox ordinaire car SLs est semisimple et simple-
ment connexe. De plus, cet anneau est de type fini puisqu’une variété presque homogéne de
complexité un est automatiquement rationnelle.

L’algébre des invariants Cox(X )SLZ est la sous-algébre de polynémes engendrée par les sec-
tions canoniques associées aux diviseurs premiers X, ..., X, dans le complémentaire de SLg /F
(Prop. 3.2.8.5). En tant que SLy-variété affine on a alors un bon quotient

f:Cox(X) = A

par SLy qui induit un quotient géométrique au dessus de G],. Ce dernier quotient géométrique
est une fibration sur G}, ayant pour fibre I’espace de coordonnées total de SLy /F' (Prop. 3.2.8.1).
La fibre spéciale est par définition la fibre schématique de f en 0. Cette derniére notion ainsi

31



que les faits évoqués dans ce paragraphe sont valables dans le cas général d’'un MDS presque
homogéne sous un groupe réductif connexe (Sec. 3.2.8).

Pour une variété sphérique, Brion montre que le morphisme f est fidélement plat et la fibre
spéciale est une variété normale [Bri07, Prop. 4.2.3]. De plus, pour une variété magnifique,
cette fibre est horosphérique [Bri07, Sec. 3.2]. Ces propriétés sont des ingrédients importants
pour la description de I'idéal des relations entre les générateurs de 'anneau de Cox d’une variété
magnifique. Revenant a la SLo-variété X, on donne un exemple ot la fibre spéciale de f n’est pas
irréductible, et un autre ot elle n’est pas réduite (Sec. 4.4.2). On donne aussi des critéres pour
que cette fibre spéciale soit une variété normale en fonction du sous-groupe F' et des données
combinatoires du plongement.

On étudie ensuite 'itération des anneaux de Cox associée & X. D’aprés la section précédente,
cette itération est finie avec un anneau de Cox maitre de type fini et factoriel. Notant m le nombre
d’itérations, on obtient les bornes suivantes en fonction du sous-groupe F' (Prop. 4.4.4.13)

e m =0 (c.a.d. X est factoriel) exactement quand X = G ou X = G/ F,

N

e m < 1si F est binaire icosaédral ou cyclique d’ordre < 2,
e m < 2si F est cyclique d’ordre > 3,
om si F' est binaire diédral ou binaire tétraédral,

<3
o m < 4 si F est binaire octaédral.

Dans le cas ot F' est cyclique on montre en fait que le groupe des classes de diviseurs de ’espace
caractéristique est libre et on donne son rang (Lem. 4.4.4.8). Par ailleurs, notant U le groupe
des matrices triangulaires supérieures unipotentes, on obtient un diagramme commutatif

X (m) X® X
| L]
y(m) Yy Y

ou les fleches horizontales sont des morphismes structuraux d’espaces caractéristiques, les fléches
verticales sont des presque U-torseurs, et tous les carrés sont cartésiens (Cor. 4.4.4.5). De plus, Y
est I’espace de coordonnées total d’une T-variété de complexité un que 'on décrit explicitement
comme un quotient (plus précisément un torseur) sous U d’un ouvert de X (Sec. 4.4.3).

On donne ensuite une description de 'anneau de Cox par générateurs et relations lorsque X
est un plongement normal de SLy /uy, satisfaisant les deux conditions suivantes (Sec. 4.4.5):

e la fibre spéciale est une variété horosphérique,
o Cl(X) est libre.

On explique que l'on peut toujours se ramener a cette situation en voyant X comme un ouvert
G-stable d’'un plongement X7 satisfaisant ces propriétés. L’anneau de Cox de X se décrit ensuite
aisément comme un quotient de celui de X; (Prop. 3.2.8.1).

Remarque. Bien que cette réduction fonctionne théoriquement, décrire explicitement un tel
plongement X; n’est pas évident. En effet, pour satisfaire la deuxiéme condition on utilise une
complétion équivariante suivie d’une résolution équivariante des singularités. Dans la section
suivante on trouve une méthode plus générale qui de plus contourne cette difficulté.

Finalement, on compare notre résultat avec I’approche de Batyrev et Haddad dans le cas d’un
plongement affine (Sec. 4.4.5 et 4.4.5).
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1.2.7 Anneau de Cox d’une variété presque homogéne de complexité un

Soit G un groupe réductif connexe, B un sous-groupe de Borel, et G/H un espace homogeéne
sphérique. Cet espace homogéne est dit sobre g’il existe un plongement normal complet sim-
ple (il y a une unique orbite fermée) et toroidal (tout diviseur premier B-stable contenant une
G-orbite est G-stable). Lorsqu’un tel plongement existe, il est unique et on 'appelle le plonge-
ment standard. Par exemple, toute variété magnifique est un plongement standard dun espace
homogene sobre. L’existence du plongement standard se traduit aisément en termes combina-
toires: le cone des G-valuations (c.a.d. le cone des valuations géométriques G-invariantes) doit
étre saillant (c.a.d. ne contient pas de droite). Cette derniére caractérisation d’un espace ho-
mogeéne sphérique sobre se traduit immédiatement en complexité supérieure (Def. 5.2.1.2). En
s’appuyant sur les travaux de Knop relatifs aux cones de G-valuations et sur la classification
combinatoire de Timashev, on définit une famille canonique de plongements normaux complets
d’un espace homogéne sobre G/H de complexité un (Prop. 5.4.0.2). Cette famille est indexée
par 'ensemble des parties finies de ]P’/,lC (contenant I'ensemble des points exceptionnels associés
a G/H), et on appelle ses éléments les bonnes complétions de G/H. Les bonnes complétions
jouissent de propriétés géométriques remarquables: elles sont projectives, Q-factorielles, et sont
recouvertes par des ouverts affines isomorphes de groupe de Picard trivial et dont les fonctions
réguliéres inversibles sont constantes.

Ces propriétés géométriques nous permettent d’obtenir une présentation de I’'anneau de Cox
équivariant d’une bonne complétion par générateurs et relations (Sec. 5.5). Cette G-algebre est
engendrée par un nombre fini de G-modules simples Vi, ..., V. En gros, ce sont les G-modules
engendrés par les sections canoniques associées aux diviseurs exceptionnels. Pour décrire ’idéal
des relations on mobilise & nouveau les techniques mises en ceuvre dans le cas G = SLg. En
particulier, on montre que la fibre spéciale est une variété horosphérique (Prop. 5.5.0.4). Notons
que pour calculer effectivement 1'idéal des relations en se basant sur notre résultat, il faut

e connaitre les décompositions des V; ®; V; et Symi Vi en G-modules simples,
e calculer dans I'algebre O(G) les décompositions des produits V; V.

On effectue ces calculs sur un exemple issu de la géométrie algébrique classique: ’espace des
triangles ordonnés (Sec. 5.8). Cette variété X est un plongement projectif normal de I'espace
homogeéne sobre SL3 /T, ou T est le tore maximal standard. Son anneau de Cox équivariant est
isomorphe a 'anneau de Cox équivariant d’une certaine bonne complétion. On montre que cette
bonne complétion est en fait une résolution des singularités de X (Sec. 5.8.4).

Finalement, on explique comment associer & toute G-variété presque homogene de complexité
un X une bonne complétion X d’un espace homogeéne sobre G/H (Sec. 5.6). Pour cela on utilise
une traduction de la condition de sobriété en termes d’une condition sur un certain sous-groupe
du normalisateur Ng(H). Cette traduction est due & Brion et Pauer dans le cas sphérique [BP]
et & Knop en toute généralité [Kn93b]. On obtient alors un morphisme canonique d’algébres
graduées

Coxg(X) — COXG (X)

L’anneau de Cox équivariant de X est ensuite obtenu a partir de celui de X par un changement
de base (Thm. 5.6.0.2).

1.3 Quelques pistes de recherches

1.3.1 Caractéristique positive

La construction de 'anneau de Cox (resp. équivariant) fonctionne sans changement lorsque
k est de caractéristique p > 0 (avec toujours k = k). Toutefois, nous n’avons pas réussi a statuer
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quant a la normalité de ’anneau de Cox. En effet, considérons par exemple une variété lisse X
dont le groupe de Picard admet de la p-torsion, et dont I’anneau de Cox est de type fini. On a
alors un D(Pic(X))-torseur ¢ : X — X, mais ce morphisme n’est pas lisse. Cette difficulté ne se
présente pas en caractéristique nulle et la preuve de la normalité de I'anneau de Cox utilise alors
de maniére essentielle la lissité de ¢q. Alternativement, il est tentant d’utiliser le critére de Serre
mais cette piste n’a pour l'instant pas abouti.

1.3.2 Itération des anneaux de Cox

Un probléme évident est de savoir si l'itération des anneaux de Cox d’'un MDS est toujours
finie. Un contre-exemple serait a chercher en complexité > 2. Par ailleurs, il serait intéressant
de trouver des conditions naturelles assurant que l'itération est bien définie (cela signifie qu’a
chaque étape de litération 'anneau de Cox est bien défini). De maniére analogue, chercher
des conditions pour que la propriété de MDS soit préservée tout au long de l'itération est une
question intéressante. En complexité un par exemple, cela signifie trouver des conditions pour que
les espaces caractéristiques itérés soient toujours rationnels (voir [HW] pour une telle condition
dans le cas de l'action d'un tore).

1.3.3 Variété de complexité un a orbites sphériques

La description de ’anneau de Cox d’une G-variété normale rationnelle X de complexité un &
orbites sphériques reste un probléme ouvert en général. Un premier pas consiste a étudier le cas
ou la classe G-birationnelle de X est triviale, ¢’est-a-dire qu’il existe une application birationnelle
G-équivariante

Pl x G/H --» X,

ot G agit trivialement sur P}, et G/H est un espace homogéne sphérique. En fait, on se raméne
toujours & cette situation & quotient par un groupe fini abélien prés. En effet, revenant au cas
ou la classe de X n’est a priori pas triviale, il existe un espace homogene sphérique G/H et une
application rationnelle G-équivariante

Pl x G/H --» X,

qui induit un morphisme fini G-équivariant sur un ouvert dense G-stable de X. De plus,
Iextension finie k(X) — k(P. x G/H) est galoisienne de groupe de Galois abélien F. La
normalisation X7 de X dans k(P x G/H) est alors une G-variété normale de méme classe G-
birationnelle que P}C x G/H. De plus, X1 est muni d’une action de F telle que 1'on ait un bon
quotient

v: X1 — X.
Pour ces faits, on pourra consulter l'article [L]. La tache pourrait alors se découper ainsi:

1. étudier 'anneau de Cox équivariant des variétés a orbites sphériques de classe G-birationnelle
triviale,

2. étudier le quotient . A-t-il de bonnes propriété ? par exemple est-ce un presque torseur ?

3. étudier le comportement de 'anneaun de Cox équivariant par un quotient (de la base) tel
que 7.

34



1.3.4 Théorie de Mori

Un MDS complet admet un nombre fini de petites modifications projectives Q-factorielles
(Sec. 1.1.5). Soient Xj,..., X, de tels modeéles que 'on suppose de plus étre de complexité
un sous un groupe réductif connexe. Ces modéles correspondent aux cénes maximaux dans la
structure d’éventail sur le cone mobile de X donnée par la décomposition en chambres de Mori
(Sec. 1.1.5). On peut supposer que les cones correspondant & X; et Xy se rencontrent le long
d’une face de codimension un, et on considére la petite modification

Y2 X1 it 4 XQ.
Soit D un diviseur de Cartier sur X tel que sa classe soit contenue dans cette face, alors
©p X1 =Y

est une petite contraction et yo est son flip. Dans la lignée de [Bri93], il serait intéressant de
comprendre ces modéles et ces contractions en termes de classification combinatoire des variétés
G-birationnellement équivalentes & X. Un préalable serait de développer davantage la combina-
toire des morphismes de G-modeles dans le langage de Timashev.

1.3.5 Détermination d’invariants de MDS de complexité un

Soit X un G-variété normale de complexité < 1. Un probléme naturel est d’exprimer les
invariants géométriques de X en termes de ses données combinatoires. Beaucoup reste a faire en
complexité un dans cette direction. Pour certains invariants, la description de I'anneau de Cox
peut étre un atout. Notons par exemple

e les cones de diviseurs: effectif, mobile, ample, semi-ample (voir Sec. 1.1.5),

e le groupe d’automorphismes de X (voir [ADHL, Sec. 4.2.4]).
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Chapter 2
Préliminaires

On rappelle quelques notions et résultats de théorie géométrique des invariants. On utilise
[MFK] comme référence générale et on travaille dans la catégorie des schémas algébriques, c’est-
a-dire les k-schémas séparés de type fini et les k-morphismes. On fixe un groupe algébrique
(affine) G.

2.1 Théorie géométrique des invariants

2.1.1 Quotient d’un G-schéma algébrique

Définition 2.1.1.1. Une action de G sur un schéma algébrique X est un morphisme o : GX X —
X tel que les diagrammes

GxGxX M oy x Speck x X ‘¥ q o x
lmGXIdX al « \Ul
GxX —— X B X

commutent. On dit alors que X est un G-schéma algébrique.

Définition 2.1.1.2. Soient X,Y deux G-schémas algébriques. Notons ox et oy les actions
respectives de GG sur X et Y. Un morphisme f : X — Y est dit G-équivariant si f o ox =

gy O (IdG X f)

Définition 2.1.1.3. Soit X un G-schéma algébrique. Un morphisme f : X — Y est dit G-
inwariant $'il est équivariant lorsque 'on munit Y de I'action triviale de G.

Définition 2.1.1.4. Soit X un G-schéma algébrique. Un gquotient catégorique de X par G est
un couple (Y, f), ot Y est un schéma algébrique et f : X — Y un morphisme, tel que la suite
ci-dessous soit exacte

GxX ——=x 1.y,
2%
Cela signifie que pour tout couple (Z,g) ou Z est un schéma algébrique et ¢ : X — Z un
morphisme tel que go = gpx, le morphisme ¢ se factorise de maniére unique a travers Y via f.

Remarque 2.1.1.5. Autrement dit, un quotient catégorique (Y, f) de X par G est un morphisme

X = Y qui est G-invariant et universel pour cette propriété. En particulier, un quotient caté-
gorique est unique & unique isomorphisme prés. Un quotient catégorique n’existe pas toujours,
on a néanmoins le critére utile suivant.
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Proposition 2.1.1.6. Soit X un G-schéma algébrique, et f : X — Y un morphisme de schémas
algébriques. Pour que (Y, f) soit un quotient catégorique il suffit que les conditions suivantes
soient vérifies

1. f est G-invariant.

2. La fleche naturelle f*: Oy — (f.Ox)C est un isomorphisme.

3. Pour tout fermé G-invariant W de X, l'image f(W) est fermée dans Y .

4. Pour toute famille (W;);er de fermés G-invariants de X, on a f(NictW;) = Nier f(W5).

De plus, si ces conditions sont satisfaites, la topologie de Zariski sur'Y coincide avec la topologie
quotient induite par f.

Démonstration. Voir [MFK, 0.§2.Rq (6)]. O

Définition 2.1.1.7. Soit X un G-schéma algébrique. Un quotient catégorique (Y, f) de X par
G vérifiant les conditions de la proposition précédente est appelé un bon quotient.

Remarque 2.1.1.8. Dans la littérature, on trouve aussi la définition suivante de bon quotient:
Le couple (Y, f) est un bon quotient si G est réductif, f est affine, G-invariant, et induit un
isomorphisme f* : Oy — (f.Ox)®. Cette version est un cas particulier de la proposition
précédente. En effet, aprés réduction au cas affine, on montre que la flecche X — Spec(O(X)%)
existe dans la catégorie des schémas algébriques et qu’elle vérifie les conditions de la proposition
précédente.

Proposition 2.1.1.9. Soit X un G-schéma algébrique et (Y, f) un quotient catégorique de X
par G. Alors Y jouit des propriétés suivantes si c’est le cas pour X:

1. Réduit
2. Irréductible
3. Normal
Démonstration. Voir [MFK, 0.§2.Rq (2)]. O

Définition 2.1.1.10. Soit X un G-schéma algébrique et f : X — Y un morphisme G-invariant
de schémas algébriques. On dit que (Y, f) est un quotient géométrique de X par G siles conditions
suivantes sont satisfaites

1. f est surjectif.

2. Le morphisme (px,0) : G x X — X xy X est surjectif.

3. La fléche naturelle f*: Oy — (f.Ox)® est un isomorphisme.

4. La topologie de Zariski sur Y coincide avec la topologie quotient induite par f.

Proposition 2.1.1.11. Soit X un G-schéma algébrique et (Y, f) un quotient géométrique de X
par G. Alors (Y, f) est un quotient catégorique.

Démonstration. Voir proposition [MFK, 0.§2.0.1]. O

Définition 2.1.1.12. Soit X un G-schéma algébrique et f : X — Y un morphisme G-invariant
de schémas algébriques. On dit que (X, f) est un G-torseur sur Y (ou que X est un G-fibré
principal sur Y) si les conditions suivantes sont satisfaites
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1. f est fidelement plat.

2. Le carré

GxX 25X

b

XﬁY

est cartésien.

Un morphisme de G-torseurs (X', f') — (X, f) est un couple (¢,%), ot ¢ est un morphisme
G-équivariant X’ — X, et 1) un morphisme Y’ — Y tel que le carré

X . x

b

!
YT>Y

est cartésien.

Exemple 2.1.1.13. 1. Soit X un schéma algébrique. Le torseur trivial sur X est le X-schéma
Gx X2 Xou@ agit sur G x X par multiplication & gauche sur G.

2. Soit X i> Y un G-torseur, et Y’ “, Y un Y-schéma. Alors, le changement de base Xy~

de X par ¢ est naturellement un G-schéma, et Xy % Y’ est un G-torseur. En effet,
les conditions 1 et 2 de la définition sont préservées par changement de base. On dit que
(Xyr, fyr) est le G-torseur sur Y’ image inverse de (Y, f) par ¢.

Proposition 2.1.1.14. Soit X un G-schéma algébrique et f : X — Y un morphisme de schémas
algébriques G-invariant. Alors (X, f) est un G-torseur sur X si et seulement si tout point de Y
admet un voisinage ouwvert V. pour lequel il existe un morphisme fidélement plat U — V' tel que
Xy soit isomorphe au torseur trivial sur U.

Démonstration. L’implication directe est immeédiate car étant donné un G-torseur X i> Y sur
Y il suffit de prendre, pour un point quelconque de Y, le voisinage Y et le morphisme f.
Réciproquement, considérons un morphisme G-invariant f : X — Y. Par hypothése on
obtient un recouvrement fini (U; — Y);cr de Y tel que pour tout ¢ € I, le changement de base
Xy, soit isomorphe en tant que G-schéma sur U; au G-torseur trivial Gy, — U; sur U;. Alors
le schéma algébrique Y’ := Llic; Ui est fidélement plat sur Y, et Xy~ est isomorphe en tant
que G-schéma sur Y/ au G-torseur trivial Gy, sur Y'. On a en particulier un isomorphisme
Gy xyr Xyr — Xy xyr Xy, cet isomorphisme étant I'image inverse du Y-morphisme (o, px) :
G x X — X xy X par le changement de base Y’ — Y. De plus, G est plat en tant que schéma
algébrique, et donc Xy ~ Gy est fidélement plat de présentation finie sur Y’ car ces propriétés
sont préservées par changement de base. On souhaite maintenant vérifier que ces propriétés

descendent & X i> Y, de sorte que ce morphisme vérifiera les deux conditions de la définition

d’un torseur sur Y. Pour cela on utilise les résultats de descente [EGA, IV.2.7.1] et [EGA,
IV.17.7.4] qui s’appliquent dans ce contexte. O

Remarque 2.1.1.15. La preuve de la proposition précédente montre en particulier qu un mor-
phisme G-invariant f : X — Y de schémas algébriques est un G-torseur si et seulement si il
existe un morphisme Y’ — Y fidélement plat de schémas algébriques tel que I'on obtienne &
isomorphisme prés le G-torseur trivial sur Y/ aprés changement de base.
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Proposition 2.1.1.16. Soit X un G-schéma algébrique et f : X — Y un morphisme G-invariant
de schémas algébriques. Si (X, f) est un G-torseur alors (Y, f) est un quotient géométrique de
X par G.

Démonstration. Soit (X, f) un G-torseur sur Y. Alors les conditions 1 et 2 de la définition de
quotient géométrique sont vérifices par définition. La condition 4 ’est également en vertu de
[EGA, IV.2.3.12] car f est quasi-compact. Pour finir il faut vérifier que f* induit un isomorphisme
Oy ~ (f.Ox)%. Comme f est fidélement plat, il suffit [EGA, IV.2.2.7] de vérifier que la fléche
naturelle

u:Ox = f*Oy — f*(f*(OX)G)

est un isomorphisme. Or par [EGA, I11.1.4.15] on a un isomorphisme canonique f*(f.(Ox)) ~
px«(0*Ox), qui s’écrit encore f*(f.(Ox)) ~ px«Ocxx. De plus pour tout ouvert U C X, on a
les identités

(U, px«(Ogxx)) =T(G x U,Ogxx) = O(G) @ O(U),
par application de [DG, 1.§2.2.6] pour la derniére égalité. On en déduit un isomorphisme
px+(Ocxx) = O(G) ® Ox.
En composant ces isomorphismes, on obtient un isomorphisme
[ (f«0x) ~ O(G) ® Ox,

qui est G-équivariant en considérant action de G sur O(G) ® Ox par multiplication & gauche
sur O(G). En prenant les invariants dans les deux membres on obtient un isomorphisme v dont
on vérifie qu’il est I'inverse de wu. O

Remarque 2.1.1.17. Ainsi, on déduit de la proposition précédente que la définition 2.1.1.12
d’un G-torseur coincide avec la définition [MFIK, 0.§4.0.10].

Proposition 2.1.1.18. Soit X un G-schéma algébrique, et (Y, f) un quotient géométrique de X
par G. Si G agit librement sur X, alors (X, f) est un G-torseur sur X.

Démonstration. Vor [MFK, 0.§4.0.9]. O

Théoréme 2.1.1.19. Soit G un groupe algébrique et H un sous-groupe algébrique agissant sur
G par multiplication o droite. Alors le quotient catégorique m : G — G/H existe en tant que
schéma algébrique, et c¢’est un H-torseur. Si de plus H est distingué dans G alors G/H est un
groupe algébrique (affine) tel que T soit un morphisme de groupes algébrigues.

Démonstration. Voir [DG, 111.§3.5.4] et [DG, II1.§3.5.6]. O

Définition 2.1.1.20. Une suite 1 + N 5 G % @ — 1 de groupes algébriques est exacte si ¢
est fidélement plat, et ¢ induit un isomorphisme avec le noyau de q.

Corollaire 2.1.1.21. Soit G un groupe algébrique et H un sous-groupe algébrique distingué.
Alors la suite

15H5G5S G/H—1
est exacte.

Définition 2.1.1.22. Soit (X, f) un G-torseur sur Y, et Z un G-schéma algébrique. Considérons
I’action diagonale de G sur X X Z et supposons que le quotient catégorique ¢ : X x Z — W
existe. On dit que W est le fibré associé & Z sur Y si il existe un morphisme ¢ tel que 'on ait
un carré cartésien
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Xx7Z Xy x

[«
WT’ Y.

Remarque 2.1.1.23. Le fibré associé existe sous des hypothéses assez générales, par exemple
lorsque Z s’identifie & une sous-variété (localement fermée) G-stable de P(M), ou M est un G
module de dimension finie (voir [Bril8, 3.3.3]). Lorsqu'il existe, le fibré associé est noté X x¢ Z.

2.1.2 Action d’un groupe diagonalisable sur un schéma algébrique

Définition 2.1.2.1. Soit M un groupe abélien de type fini. On deéfinit 'algébre de groupe k[M]
comme la k-algébre admettant pour k-base les éléments de M et ayant pour multiplication celle
de M étendue a k[M] par linéarité. C’est une k-algébre de type fini dont on note D(M) le
spectre.

Le foncteur R — Homyg,(M, R*) de la catégorie des k-algébres de type fini dans la catégorie
des groupes abstraits est représenté par D(M). En effet, on a une correspondance naturelle entre
les applications k-linéaires k[M] — R et les applications M — R. Sous cette correspondance, les
morphismes de k-algébres correspondent aux morphismes de groupes M — R*. On en déduit
que D(M) est naturellement muni d’une structure de groupe algébrique. Remarquons que le
choix d’un isomorphisme M ~ Z" X Z/nZ X ... X Z/nsZ définit un isomorphisme de groupes
algébriques D(M) — G}, X fn, g X <o X fing k> OU fin, | est le groupe D(Z/n,;Z) des racines
n;-iémes de l'unité. 7

Définition 2.1.2.2. Un groupe algébrique diagonalisable est un groupe algébrique G tel qu’il
existe un groupe abélien de type fini M et un isomorphisme de groupes algébriques D(M) ~ G.

Proposition 2.1.2.3. Les foncteurs M +— D(M) et I' — Hom(I',G,,) réalisent une anti-
équivalence de catégories entre la catégorie des groupes abéliens de type fini et la catégorie des
groupes diagonalisables.

Démonstration. Voir |[DG, 11.§1.2.11]. O

Définition 2.1.2.4. Soit G’ un groupe algébrique, le groupe Homg,(G,G,y,) est le groupe de
caractéres de G. On le note G, ou X*(G).

La proposition précédente nous dit en particulier que pour tout groupe abélien de type fini
M, le groupe D(M) est I'unique (& unique isomorphisme prés) groupe diagonalisable dont le
groupe des caractéres est M.

Proposition 2.1.2.5. Soit G un groupe algébrique. Les assertions suivantes sont équivalentes
1. G est diagonalisable.
2. Les caractéres de G forment une base de O(Q).
3. Tout G-module est somme directe de G-modules de dimension 1.

Démonstration. Voir [DG, IV.§1.1.6] O

Soit M un groupe abélien de type fini, et V un D(M )-module. En vertu de la proposition
précédente on a une unique décomposition V = @Xe u Vx ott D(M) agit sur chaque V, via le
caractére x. Cette association définit un foncteur de la catégorie des D(M)-modules vers la
catégorie des k-espaces vectoriels gradués par un groupe abélien de type fini.
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Proposition 2.1.2.6. Le foncteur V — @XeM Vy est une équivalence de catégories.

Démonstration. Voir [DG, IV.§2.2.5] O

Corollaire 2.1.2.7. On considére d’une part la catégorie des schémas algébriques affines munis
d’une action d’un groupe diagonalisable et morphismes équivariants, d’autre part la catégorie des
k-algébres de type fint graduées par un groupe abélien de type fini et morphismes gradués. Alors
les foncteurs Spec(k[.]) x Spec et X* x O(.) réalisent une anti-équivalence de catégories entre ces
deux catégories.

Démonstration. Soit X un D(M)-schéma algébrique affine. Comme O(X) est un D(M)-module,
c’est naturellement un k-espace vectoriel M-gradué et on vérifie immédiatement que c’est en
fait une k-algébre M-graduée. De plus on vérifie que cette association est fonctorielle. Récipro-
quement, considérons une k-algébre A de type fini M-graduée, ot M est un groupe abélien de
type fini. On considére le morphisme naturel de k-algebres A — k[M] ® A défini sur les élé-
ments homogenes par f, — X" ® fn,. Cela définit un morphisme o : D(M) x Spec A — Spec A
dont on vérifie qu’il s’agit d’une action de D(M). A nouveau on vérifie que cette association
est fonctorielle. Enfin, il est immédiat que ces deux associations sont quasi-inverses ['une de
I'autre. O

Soit S un schéma algébrique et M un groupe abélien de type fini. Alors un D(M)-schéma
algébrique X qui est affine sur S correspond (& un isomorphisme prés) a une Og-algébre quasi-
cohérente de type fini M-graduée. C’est en effet une conséquence de la proposition précédente
(voir aussi [SGA3, Exp I, 4.7.3]). On peut ainsi étendre la correspondance précédente de la
maniére suivante.

Corollaire 2.1.2.8. On considére la catégorie ayant pour objets les couples (X,T), ot T est un
groupe diagonalisable, et X un I'-schéma algébrique qui est affine sur S. Les fleches de cette
catégorie sont les S-morphismes équivariants. On a alors une anti-équivalence de catégories avec
la catégorie des Og-algébres quasi-cohérentes de type fini graduées par un groupe abélien de type
fini et morphismes gradués. Cette anti-équivalence est réalisée via le foncteur A — Specg A.

Proposition 2.1.2.9. Soit S un schéma algébrique, M un groupe abélien de type fini, et A une
Og-algébre quasi-cohérente de type fini M-graduée telle que le morphisme naturel Og — Ag soit
un isomorphisme. Alors X := Specg A est un D(M)-schéma affine sur S tel que le morphisme
structural m: X — § soit un bon quotient.

Démonstration. Par hypothése, X est un D(M)-schéma algébrique qui est affine sur S avec un
morphisme structural D(M)-invariant (2.1.2.8). De plus, I’hypothése Og ~ Aj se reformule en
disant que la fleche naturelle Og — (7,0x)PM) est un isomorphisme. D’autre part, on affirme
que 7 est surjectif. Pour montrer cela, il suffit de le vérifier sur les points fermeés. Soit y un point
fermé et U C S un ouvert affine qui le contient. Pour tout idéal I de O(U), ona IA(U)NOU) =1
car IA(U) est un idéal homogéne de A(U) dont la composante homogene de degré zéro est I.
On en déduit que myA(U) est contenu dans un idéal maximal, ce qui prouve que y admet un
antécédent. Considérons maintenant un fermé invariant Z C X, et une famille (Z;);c; de fermés
invariants de X. Pour montrer que les conditions 3 et 4 de la proposition 2.1.1.6 sont satisfaites,
on peut le faire localement sur S. On suppose ainsi S affine, et donc X également. Notons
I :==Tx(Z) l'idéal homogene définissant Z, et (J;)ies la famille d’idéaux homogénes définissant
(Zi)ier- Alors le morphisme surjectif d’algebres graduées O(X) — O(X)/I donne en degré zéro
un morphisme surjectif d’algébres O(S) — O(S )/ Iy. On en déduit un diagramme commutatif

Z ——
— S

m(Z) —=—



dans lequel 7’ est surjectif car les arguments utilisés pour montrer la surjectivité de 7w s’appliquent
a 7. Par le diagramme, on obtient que 7(Z) = w(Z). Autrement dit, 7(Z) est fermé dans S,
on a donc montré que la condition 3 est vérifiée. Enfin, on vérifie immédiatement que 'on a
(> ier Ji)o = D _ier(Jido ce qui se traduit géométriquement par

T(MierZi) = Nierm(Z;).

On obtient alors la condition 4 d’aprés la condition 3 de la proposition 2.1.1.6. Par application
de cette derniére, (S, 7) est un bon quotient de X par D(M). O
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Chapter 3

Equivariant Cox ring

Abstract

We define the equivariant Cox ring of a normal variety with algebraic group action. We study
algebraic and geometric aspects of this object and show how it is related to the ordinary Cox
ring. Then we specialize to the case of normal rational varieties of complexity one under the
action of a connected reductive group G. We show that the G-equivariant Cox ring is then
a finitely generated integral normal G-algebra. Under a mild additional condition, we give
a presentation of its subalgebra of U-invariants, where U is the unipotent part of a Borel
subgroup of G. The ordinary Cox ring is also finitely generated and inherits a canonical
structure of U-algebra. Using a work of Hausen and Herppich, we prove that the subalgebra
of U-invariants of the Cox ring is a finitely generated Cox ring of a variety of complexity
one under the action of a torus. As an application, we provide a criterion of combinatorial
nature for the Cox ring of an almost homogeneous G-variety of complexity one to have log
terminal singularities. Finally, we prove that for a normal rational G-variety of complexity
one satisfying a mild additional condition (e.g. complete or almost homogeneous), the
iteration of Cox rings is finite.

3.1 Introduction

Let X be a normal algebraic variety over an algebraically closed field k of characteristic
zero. The Cox ring of X, denoted by Cox(X), is an important invariant that encodes a lot of
geometric information, see [ADHL] for a comprehensive reference on this rich subject. It is the
ring of global sections of the Coz sheaf, which is the direct sum

Rx = BFeax) F

indexed by the elements of the class group of X, i.e. the group of isomorphism classes of divisorial
sheaves on X. Under some additional assumptions, Rx can be endowed with a structure of quasi-
coherent Cl(X)-graded Ox-algebra, whence a structure of C1(X)-graded ring on Cox(X). When
Rx is of finite type as an Ox-algebra, its relative spectrum X is a normal algebraic variety over
X called the characteristic space of X. The characteristic space is endowed with an action of the
diagonalizable algebraic group D(CI(X)) whose group of characters is C1(X) and the structural
morphism X — X is a good quotient for this action. When X is smooth, this morphism is a
D(CI(X))-torsor called the universal torsor of X. When the Cox ring is finitely generated as a
k-algebra, its spectrum X is called the total coordinate space of X, and the affinization morphism
X — X is a D(CI(X))-equivariant open immersion.

Given a variety with finitely generated Cox ring, it is an important problem to find a pre-
sentation of this k-algebra. When the variety has a lot of symmetries, one can hope to answer
this problem by taking advantage of this additional information. This can already be seen in
the case of toric varieties which is at the origin of the theory [ADHL, 2.2|. In this case, the Cox
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ring is a polynomial k-algebra in the canonical sections associated to the prime divisors lying
in the complement of the torus. Hence, a toric variety admits a description as a quotient by
a diagonalizable group of an open subvariety in an ambient affine space. This provides a vast
generalization of the classical construction of the projective space. Toric varieties belong to the
wider class of spherical varieties, i.e. normal varieties endowed with an action of a connected
reductive group such that a Borel subgroup acts with a dense orbit. The Cox ring of a spherical
variety is also finitely generated with a known explicit description. However, this description is
already much more complicated than in the case of toric varieties [Bri07].

More generally, when X is endowed with an action of an algebraic group G, the general idea
is to try to keep track of the G-action in Cox(X) in order to obtain a graded G-algebra and use
methods from representation theory to approach its structure. Geometrically, this means lifting
equivariantly the G-action to the characteristic space. Unfortunately, such a lift does not exist
in general, and even when it exists, it is in general not unique [ADHL, 4.2.3]. An alternative
approach which has proven useful [Bri07, 4.2] is to define an equivariant analogue of the Cox
ring and to relate it to the ordinary Cox ring. Building on Brion’s ideas in loc. cit., we give an
intrinsic construction of the G-equivariant Cox sheaf. This is a direct sum

Rex = Breciax) £

indexed by the elements of the equivariant class group Clg(X), i.e. the group of isomorphism
classes of G-linearized divisorial sheaves on X. The main difficulty is then to endow this sheaf
with a structure of quasi-coherent Clg(X)-graded Ox-algebra. This requires in particular to
revisit the construction of the ordinary Cox sheaf (Section 3.2.1). The G-equivariant Coz ring,
denoted by Coxg(X), is the ring of global sections of Rg,x. When Rg x is of finite type
as an Ox-algebra, its relative spectrum Xg is a normal G x D(Clg(X))-variety called the G-
equivariant characteristic space of X. When moreover Coxg(X) is a finitely generated k-algebra,
its spectrum X is a normal G x D(Clg(X))-variety called the G-equivariant total coordinate
space. These varieties sit in the diagram

Xg‘—>XG

|

X ;

where the affinization morphism X¢ — X¢ is a G x D(Clg(X))-equivariant open immersion.
Moreover, ¢ is a G-equivariant good quotient of Xg by D(Clg(X)) which induces a D(Clg(X))-
torsor between open subvarieties whose complements have codimension at least two. More gen-
erally, G-equivariant good quotients by diagonalizable groups satisfying this last property are
called G-equivariant diagonalizable almost principal bundles. In Sections 3.2.4 to 3.2.7, we study
these bundles and derive properties of Xe and X all along.

Assuming that G is connected, we establish a localization exact sequence involving the natural
morphism Clg(X) — Clg(X)) associated to the restriction to a G-stable open subvariety Xo C X
(Prop. 3.2.2.4). This exact sequence is our basic tool to obtain a description of Coxg(Xo) as a
quotient of Coxg(X) (Prop. 3.2.8.1). As an application of this description, we consider the case
where X is almost homogeneous, that is, admits an open G-orbit Xy. The equivariant Cox ring
of Xy is the coordinate algebra of a homogeneous space which can be described explicitly (Ex.
3.2.5.13). There is also a categorical quotient

X — A7
by G, where n is the number of G-stable prime divisors in X (Prop. 3.2.8.5), and the general

fibers of this morphism are isomorphic to the equivariant total coordinate space of the open orbit
Xo (Prop. 3.2.8.1). This yields a description of the open G x D(Clg(X))-orbit ¢~1(Xj) as a fiber
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bundle over GJ}, with fiber the total coordinate space of Xy (Cor. 3.2.8.6). This description is
useful for doing computations in Coxg(X), because it can be embedded as a graded subalgebra
of a coordinate algebra admitting an explicit description.

Still assuming G connected, we uncover the link between Coxg(X) and Cox(X) in Section
3.2.9. Geometrically, there is a commutative diagram

Xg‘—>XG

X —— X,
where horizontal arrows are affinization morphisms, and vertical arrows are finite morphisms.
Moreover, these finite morphisms are equivariant with respect to the morphism D(C1(X)) —
D(Clg (X)) dually defined by the forgetful morphism Clg(X) — C1(X). When this last morphism
is surjective (which can always be achieved up to replacing G with a finite cover), the vertical
arrows are closed immersions. In this case, we determine explicitly the ideal of Cox(X) defining
the subvariety X of Xg (Cor. 3.2.9.3).

Starting from Section 3.3.1, we specialize to the case of a normal variety X of complexity
one under the action of a connected reductive group G, i.e. the minimal codimension of an
orbit of a Borel subgroup B C G is one. We show that the finite generation of Coxg(X) is
equivalent to the rationality of X (Prop. 3.3.1.4). Assuming that X is rational, a classical result
in invariant theory says that the subalgebra of invariants Coxg(X)Y by the unipotent part U of
B is finitely generated as well. Under a mild additional condition, we provide a presentation of
this subalgebra (Thm. 3.3.2.3) which generalizes a result of Ponomareva [Pon, Thm. 4]. When
G is a torus, this yields a description of the Cox ring which generalizes a result of Hausen and
Siiss [ADHL, Thm. 4.4.1.6].

There is a canonical isomorphism between the U-equivariant Cox ring and the ordinary Cox
ring (Rem. 3.2.3.4), whence a canonical structure of U-algebra on Cox(X). When X is spherical,
it follows from [Bri07, 4.2.3] and Corollary 3.2.9.3 that Cox(X)Y is a finitely generated polynomial
k-algebra. When X is rational of complexity one, we show that the k-algebra Cox(X)YV is a
finitely generated Cox ring of a normal variety of complexity one under the action of a torus
(Prop. 3.3.3.2). To prove this property, we rely on work of Hausen and Herppich [ADHL, 3.4.2
and 3.4.3].

In Section 3.3.4, we turn to the singularities of the total coordinate space of an almost
homogeneous G-variety of complexity at most one. It is well known that Cox rings are normal
integral domains. However, they can be quite singular in general. They are not necessarily
Cohen-Macaulay although it has been recently shown by Braun that they are 1-Gorenstein [Bra,
Thm. 1] (i.e. the canonical sheaf over the total coordinate space is invertible). By [GOST,
Thm 1.1], a Q-factorial normal projective variety X is of Fano type (i.e. there exists an effective
Q-divisor A such that —(Kx + A) is ample and the pair (X, A) is Kawamata log terminal) if
and only if its Cox ring is finitely generated with log terminal singularities. It turns out that the
total coordinate space of a spherical variety is always log terminal (Prop. 3.3.4.1). In complexity
one, we obtain the following criterion (Thm. 3.3.4.3):

Theorem. Let G be a connected reductive group and X be an almost homogeneous G-variety of
complexity one with only constant invertible reqular functions. Then,

X has log terminal singularities <= COX(X)U 15 a Platonic ring.

The above condition on Cox(X)Y is of combinatorial nature, and has been introduced in [ABHW].
It translates into a condition on a geometric datum attached to X (see Remarks 3.3.3.6 and
3.3.3.7).
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In Section 3.3.5, we study the iteration of Cox rings for normal rational varieties of complexity
one. Except when C1(X) is free, the total coordinate space X need not be factorial. Hence this
total coordinate space may have itself a non-trivial total coordinate space. Iteration of Cox rings
consists in studying the sequence of total coordinate spaces

o= XM XD L X @) X

where X" denotes the total coordinate space of X@=1) A basic question is whether this
sequernce is finite, that is, there exists an integer n for which X () hag either trivial class group,
or a non-finitely generated Cox ring. If the sequence is finite, X is said to have finite iteration
of Cox rings, and the last obtained Cox ring is called the master Cox ring. This question has
been studied in [ABHW] and [HW] for varieties of complexity one under a torus action. Finite
iteration of Cox rings is proved in this setting, though with possibly a non-finitely generated
master Cox ring. Further advances on this problem are works of Gagliardi in the spherical case
[G], and of Braun for Fano type varieties [Bral; the main result of this last article has been
recently extended by Braun and Moraga [BM]. In this direction we obtain (Thm. 3.3.5.2):

Theorem. Let G be a connected reductive group and X be a normal rational G-variety of com-
plexity one with only constant invertible reqular functions. Suppose moreover that X is complete
or that X is almost homogeneous. Then X admits finite iteration of Cox rings with well defined
iterated Cox rings. In the almost homogeneous case, the master Cox ring is factorial and finitely
generated.

To finish, we mention that many results in this text find applications in a further article [V2]
dedicated to almost homogeneous SLo-threefolds, for which ordinary and equivariant Cox rings
are canonically isomorphic.

Acknowledgements. I am very grateful to Michel Brion for his help, and a very careful reading
of the present work. I also thank Jiirgen Hausen for interesting discussions during my stay in
Tiibingen, and Lukas Braun for enlightening email exchanges on a preliminary version of this

paper.

Conventions. Recall that k£ denotes an algebraically closed base field of characteristic zero.
This last assumption is not necessary for the construction of the equivariant Cox ring, but it will
simplify the exposition, and it will be needed starting from Section 3.3.1.

In this text, we work in the category of algebraic schemes, that is, separated k-schemes of finite
type. Hence, a morphism (f, %) : X — Y of algebraic schemes is meant to be a k-morphism. A
variety is an integral algebraic scheme. Without further precision, a point of a variety is meant
to be a closed point. A subvariety of a variety is a locally closed subset equipped with its reduced
scheme structure. The sheaf of regular functions (or structure sheaf) on an algebraic scheme X
is denoted by Ox or simply by O if there is no risk of confusion. The dual Hom(F,Ox) of
a quasi-coherent Ox-module F is denoted by FV. The isomorphism class of an object A in a
category is denoted by [A]. The group of invertible elements of a ring R is denoted by R*.

An algebraic group G is an affine k-group scheme of finite type. The multiplication morphism
is denoted by mg : G Xx G — G, and the neutral element by eg : Speck — G. The character
group of G is denoted by X(G). Given a finitely generated abelian group M, let D(M) denote the
diagonalizable (algebraic) group Spec(k[M]) with character group M. Without further precision,
the letter T denotes an arbitrary (algebraic) torus. A graded G-algebra is a graded k-algebra
which is a G-module such that G acts by automorphisms of graded algebra.

Let G be an algebraic group, X an algebraic G-scheme, and ¢ : X — Y a G-invariant
morphism. We say that ¢ is a G-torsor (or principal G-bundle) over Y if ¢ is faithfully flat and
the natural morphism G' x X — X xy X is an isomorphism. As algebraic groups are smooth in
characteristic zero, ¢ is faithfully flat if and only if it is smooth and surjective.
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Let G be an algebraic group and X an affine algebraic G-scheme. If O(X)® is a finitely
generated k-algebra, then the affine algebraic scheme X//G := Spec(O(X)Y) is called the cat-
egorical quotient of X by G. It is a universal object in the category of G-invariant morphisms
from X to affine algebraic schemes.

Our convention is that a reductive group is a linearly reductive algebraic group, that is, every
finite dimensional representation of such group is semisimple. In particular, a reductive group
is not necessarily connected. Let G be a reductive group and X an algebraic G-scheme. A
good quotient of X by G is an affine G-invariant morphism ¢ : X — Y such that ¢* induces an
isomorphism Oy — (¢.Ox ). It is a universal object in the category of G-invariant morphisms
from X to algebraic schemes.

An almost homogeneous variety is a normal variety on which a connected algebraic group
acts with a dense orbit. A quasicone is an affine G,,-variety such that the orbit closures meet in
a common point.

For a normal variety X, the group of Weil divisors is denoted by WDiv(X). Every Weil
divisor D defines a coherent sheaf Ox (D) whose non-zero sections over an open subset U are
rational functions f € k(X)* such that div(f)+D defines an effective divisor on U. The canonical
sheaf wx is the pushforward on X of the sheaf of differential forms of maximal degree on the
smooth locus Xgp. It is a divisorial sheaf, and any Weil divisor Kx such that Ox(Kx) ~ wx
is a canonical divisor. We say that X is Q-Gorenstein if some non-zero power of the canonical
sheaf is invertible. If the canonical sheaf is invertible, X is said to be Q-Gorenstein of index
one, or simply 1-Gorenstein. A Gorenstein variety is a normal Cohen-Macaulay variety whose
canonical sheaf is invertible. We say that X has rational singularities if there exists a proper
birational morphism

p: =X,

where Z is a smooth variety (a resolution of singularities), and such that Rip,0z = 0, Vi > 0.
This last property does not depend on the choice of a resolution.

We say that X has log terminal singularities if it is Q-Gorenstein and there is a resolution
of singularities ¢ : Z — X such that

KZ :(p*KX-l-ZOéZ’Ei, a; > —1,

where the sum runs over the exceptional divisors E; of ¢.

3.2 Equivariant Cox ring

3.2.1 Cox ring of a pointed variety

Considering spaces of sections of line bundles over a G-variety X, one doesn’t necessarily
want to see these as spaces of rational functions satisfying vanishing conditions with respect to
some Cartier divisor on X. A prominent example of this situation is given by spaces of sections
of line bundles over a flag variety, which naturally occur as simple G-submodules of the left
regular representation. This motivates a definition of the Cox ring which is quite different from
the usual one in the literature. In [ADHL, 1.4.2.3], a canonical construction for the Cox ring of a
pointed normal variety is presented. We push this idea one step further by considering rigidified
sheaves at the base point [FGA, 9.2.8]. This leads to an intrinsic construction of the Cox ring
which will be well suited for the construction of the equivariant analogue.

Definition 3.2.1.1. A pointed variety is a variety X together with a smooth point x € X. We
also denote a pointed variety by (X,z) or by (X,z < X).
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Let (X,z <5 X) be a pointed normal variety such that O(X)* ~ k*. Tt will be clear from
the construction below that this last hypothesis is required in order to equip the Cox ring of X
with a canonical structure of algebra. Typical examples of varieties satisfying this condition are
normal complete varieties and almost homogeneous varieties under a semisimple algebraic group.
A divisorial sheaf on X is a coherent reflexive Ox-module of rank one. On a smooth variety, a
divisorial sheaf is simply an invertible sheaf. Moreover, every divisorial sheaf on X is isomorphic
to the pushforward on X of an invertible sheaf on the smooth locus Xg, [Harl, 1.12]. Given two
divisorial sheaves Fy, Fs, the double dual of their tensor product

FixFo = (Fl RKox Fz)V\/

is a divisorial sheaf. The operation * is compatible with taking isomorphism classes and endows
the set C1(X) of isomorphism classes of divisorial sheaves with a structure of abelian group called
the class group, the inverse map being [F] — [F"]. The class group identifies with the group of
Weil divisors modulo linear equivalence through the natural isomorphism

(D] — [Ox(D)]  [Harl, 2.8].

By [Harl, 1.12] again, the pullback functor associated to the open immersion of the smoooth
locus Xgn — X induces an isomorphism of Cl(X) with the Picard group of Xgn, denoted by
Pic(Xgm). In particular, the smoothness of  implies that there exists an isomorphism of k-vector
spaces " F — k.

Definition 3.2.1.2. Let (X, z < X) be a pointed normal variety. A rigidified divisorial sheaf is
a pair (F, f) where F is a divisorial sheaf on X, and f : t*F — k is an isomorphism of k-vector
spaces. The isomorphism f is a rigidification of F. A morphism of rigidified divisorial sheaves
(F,f) and (G,g) is an Ox-module morphism v : F — G such that the following diagram is
commutative:

UF LY %G
lf/
k

The set E of isomorphism classes of rigidified divisorial sheaves carries a natural structure
of abelian group. Indeed, the double dual of the tensor product of two rigidified divisorial
sheaves is naturally equipped with a rigidification, and this operation is compatible with taking
isomorphism classes. In fact, the next proposition says that we can identify the groups E and

ClL(X).

Proposition 3.2.1.3. [FGA, 9.2.9] The group morphism p : E — CUX),[(F, f)] — [F] is an
1somorphism.

Also, an important feature of these rigidified divisorial sheaves is that they have no non-trivial
automorphism. Indeed, similarly as for an invertible sheaf, an automorphism of a divisorial
sheaf F is defined by an invertible regular function on X. Thus, Aut(F) ~ k* by hypothesis,
and it follows that the identity is the only automorphism preserving the additional data of a
rigidification. Hence, if an isomorphism exists between two rigidified divisorial sheaves, it is
unique. In particular, this allows us to canonically identify sections over an open set U C X of
rigidified divisorial sheaves in a given class [(F, f)] € E. Formally, we have for each open subset
U C X an equivalence relation

51~y s2 <= s = v(U)(s1), where 51 € Fi(U),s2 € Fo(U), and v : (Fu, f1) = (Fa, fa).
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This relation is compatible with the O(U)-module structure, and with the restrictions to open
subsets. Performing the quotients with respect to the various relations ~g, we obtain a well-
defined divisorial sheaf F* lying in the class [F] € CI(X). Indeed, let us denote by 6y the
canonical projection associated to the equivalence relation ~y. Then the isomorphisms

FU)— F*U),s— 0u(s)

for the various open subsets induce an isomorphism of sheaves F —» F*. In other words, for
any element [F] € C1(X) we have constructed a canonical representative %, which we call the
rigidified sheaf associated to [F).

Proposition 3.2.1.4. Let (X, x) be a pointed normal variety with only constant invertible reqular
functions. Then the sheaf

Rx = BFeax) F*
has a natural structure of quasi-coherent Cl(X)-graded Ox-algebra.

Proof. By construction, Rx is a Cl(X)-graded quasi-coherent Ox-module. The multiplication
between homogeneous sections is defined by the natural morphism

FHU) @ow) §°(U) = (F*xG")"(U)

for every open subset U C X. This multiplication endows R x with a structure of quasi-coherent
Cl(X)-graded Ox-algebra. O

Definition 3.2.1.5. [ADHL, 1.6.1] With the assumptions of the last proposition, Rx is the
Cozx sheaf of the pointed variety X. The Cozx ring Cox(X) is the ring of global sections of Rx.
When Ry is of finite type as an Ox-algebra, the relative spectrum X of the Cox sheaf is the
characteristic space of X. When Cox(X) is finitely generated as a k-algebra, its spectrum X is
the total coordinate space of X.

Remark 3.2.1.6. It is customary to suppose that C1(X) is finitely generated in the above def-
inition. This is indeed a necessary condition to have a Cox sheaf of finite type. A sufficient
condition is that the Cox ring be a finitely generated k-algebra [ADHL, 1.6.1.1]. Normal vari-
eties with finitely generated Cox ring are called Mori Dream Spaces (MDS), due to their good
behaviour with respect to Mori’s minimal model program [HK].

Now we compare the construction above with the construction of the Cox sheaf of a pointed
normal variety as defined in [ADHL, 1.4.2.3]. In particular, we produce an isomorphism of
graded Ox-algebras between both constructions. We begin by recalling this last construction.
Regard Cl(X) as the group of Weil divisors on X modulo linear equivalence and suppose it is
finitely generated. Consider the subgroup K* C WDiv(X) whose elements are Weil divisors on
X whose support doesn’t contain x. The restriction K% — CI(X) of the natural projection is
still surjective. Choose a finitely generated subgroup K C K% which again projects surjectively
on Cl(X), and denote by 7w : K — CI(X) this projection. For each E € kerm, there exists by
assumption a unique fg € k(X) defined on a neighborhood of x such that £ = div(fg) and
fe(z) = 1. This allows to define a group morphism x : ker 7 — k(X)* such that div(x(F)) = F,
for all E € kerw. The Cox sheaf of X is then defined as the quotient of the Ox-algebra
S = @Ppcx Ox(D) by the sheaf of ideals Z generated by the elements (1 — x(£)), where 1 and
X(FE) are sections of Ox and Ox(—FE), respectively, and E runs through ker 7.

Fix a Z-basis (Dy, ..., D,) for K and rational functions fi, ..., f, with f;(z) = 1 and div(f;) =
D; near xz. For D = a1Dy + ... + a; Dy, set fp = fi*...f¢. This gives rigidifications being
compatible with the multiplicative structure of S, namely

Ox(D) =k, *s+— sfp(x).
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The isomorphisms 6 : Ox (D) — Ox(D)” fit together to a morphism 6 : S — Rx of graded Ox-
algebras, having 7 : K — Cl(X) as its morphism of grading groups. Two homogeneous sections
s1, so over U have the same projection 6y (s1) = 0y (s2) if and only if there exists E € ker 7 such
that so = x(F)s1. This implies that ker @ = Z, which yields the desired isomorphism.

3.2.2 Equivariant class group

Let G be an algebraic group, o : G X X — X an action of G on a normal variety X, and
px : G x X — X the second projection. Following [SGA3, Exp. I, 6.5], a G-linearization of
a quasi-coherent sheaf F on X is an isomorphism ® : o* F = pxF verifying a certain cocycle
condition. The geometric incarnation of F is the vector fibration V(F) := Specy (Symp, (F))
over X [EGA, II.1.7.8]. A G-linearization of F is then equivalent to an action of G on V(F) that
lifts the G-action on X and commutes with the natural G,,-action on V(F). Because o and px
are flat morphisms, the associated pullbacks of coherent sheaves commute with the operation of
taking duals [EGA, I11.12.3.5]. It follows that given two G-linearized divisorial sheaves F; and
F3 on X, there is a canonical G-linearization induced on Fj x Fo and F'. Also, there is an
obvious notion of isomorphism of G-linearized sheaves, and the operation x is compatible with
this notion. The induced operation on the set of isomorphism classes of G-linearized divisorial
sheaves on X yields an abelian group structure. This defines the equivariant class group, denoted
by Clg(X). This group contains the equivariant Picard group Picg(X), that is, the group of
isomorphism classes of G-linearized invertible sheaves on X.

Proposition 3.2.2.1. Let X be a G-variety and Xg C X an open G-stable subvariety with
complement of codimension at least two in X. Then restricting divisorial sheaves induces iso-
morphisms

Cl(Xp) ~ Cl(X) =~ Pic(Xsm) and Clg(Xo) ~ Clg(X) ~ Picg(Xsm).

Proof. The isomorphism Cl(X) ~ Cl(Xj) is a direct consequence of |[Harl, 1.12]. Furthermore,
denoting j : X9 — X the inclusion, the pullback functor j* on coherent sheaves induces a well
defined morphism Clg(X) — Clg (X)) because j is an equivariant flat morphism between normal
G-varieties. Also, we have an open immersion Idg X j : G X Xg — G x X of normal varieties
whose image has a complement of codimension at least two in G x X. By [Harl, 1.12]| again,
the pullback functor (Idg x j)* induces for each divisorial sheaf F on X a bijection between
the set of G-linearizations of F and the set of G-linearizations of j*F. Thus, the morphism
Clg(X) — Clg(Xo) is bijective. O

Assuming from now that G is connected, we have an exact sequence
0= O(X)*¢ 5 0(X)* 5 X(G) D Cla(X) S LX) (3.2.1)

relating the equivariant class group to the ordinary one through the forgetful morphism ¢ that
"forgets" the linearizations. This sequence is obtained from the analogous exact sequence for
Pic(Xgm) [Bril8, 4.2.2|, by means of the above isomorphisms and O(X)* ~ O(Xgm)*. The
morphism v maps a character A € X(G) to the associated G-linearization Ox () of the structure
sheaf [Bril8, 4.1.7], and x maps an invertible regular function f to its weight x ¢ relative to the
G-action [Bril8, 4.1.6].

Remark 3.2.2.2. By [Bril8, 5.2.1] and 3.2.2.1, the cokernel of ¢ has finite exponent bounded
by the order of the Picard group of G (which is finite, see |Bril8, 5.1.3]). It follows that finite
generation of Clg(X) implies finite generation of CI(X). By the above exact sequence, the
converse is true.
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On several occasions, we will have to suppose that the forgetful morphism is surjective. It
is apparent from the above that this condition is satisfied if we suppose that Pic(G) = 0. This
latter assumption is not a serious restriction as there exists a central isogeny G — G of connected
algebraic groups such that Pic(G) = 0 [Mi, 18.22].

Consider a non-empty open subset X <i> X and denote by (D;)i=1,. , the possibly empty
family of prime divisors lying in the complement. A very useful tool for the study of class groups
of normal varieties is the localization exact sequence

0= O(X)* = O(Xp)* I, @ZD Lol x2S aix) — o. (3.2.2)
=1
Suppose that Xg is G-stable. Then, 1t is natural to look for an analogous exact sequence involving

the restriction morphism Clg(X) EAN Clg(Xo). Again, we can suppose that X is smooth and
consider (equivariant) Picard groups instead of (equivariant) class groups. The main idea is
then to use a construction from Edidin and Graham in order to realize Picg(X) as the Picard
group of a variety built from X in a natural way. Following [EG, Lemma 9], there exists a finite
dimensional G-module F and a non-empty G-stable open subset Fy C E whose complement in
E is of codimension at least two, and such that we have a G-torsor Ey — Ey/G.

Proposition 3.2.2.3. The associated fiber bundle f : Eg x X — Eog x© X exists in the category
of varieties and we have an isomorphism

Pic(Ey x% X) = Picg(X)

obtained from the isomorphisms Picg(X) bx, Picg(Eox X) and Pic(Eyx%X) EAN Picg(Eyx X).

Proof. That the associated fiber bundle f exists in the category of Varletles is a consequence
of a theorem of Sumihiro [Bril8, 5.3.4]. The isomorphism Picg(X) —> Picg(Ep x X) follows

from [EG, Lemma 2|, and the isomorphism Pic(Fy x¢ X) EAN Picg(Ey x X) is a consequence
of a descent result from Grothendieck [Bril8, 3.3.1]. Considering (p%) ™! o f* yields the desired
isomorphism. O

Corollary 3.2.2.4. Let G be a connected algebraic group, X a normal G-variety, X < X
a non-empty G-stable open subvariety, and (D;)i=1,., the family of prime divisors lying in the
complement of Xg. Then the sequence

0= O(X)*C = O(Xp)¢ 4, EBZD 2ol c1ax) 2 Cla(Xo) — 0 (3.2.3)
=1

18 exact.

Proof. Notice already that the arrow @;_, ZD; — Clg(X) is well-defined because each prime
divisor D; is G-invariant, hence the sheaves Ox(D;) are canonically linearized. We can replace
X by its smooth locus and consider (equivariant) Picard groups. Consider the diagram
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O(Ey x¢ X)) ———— O(X)*¢

O(Ey xY Xo)* ———— O(X)*¢
EQXGD»L'?—)DZ'

" Z(Ey x% D;
@z—l

@;zl L.D;

Pic(Ey x¢ X) ———— Picg(X)

Pic(Ey x¢ Xg) ———— Picg(Xp)

0 0

where the first vertical line is the exact sequence (3.2.2) applied to Fy x& Xy — Eg x¢ X, and
the second vertical line is the sequence (3.2.3). The fourth and fifth horizontal arrows are the
isomorphisms described in the last proposition, and the first and second horizontal arrows are
defined as follows: notice that because f is a torsor, there is an isomorphism f¥ : Opyxcx —
(f+Og,xx)%, hence the ring morphism f#(Ey x“ X) induces an isomorphism O(FEy x% X)* ~
O(Ey x X)*¢. Also, because Ey has a complement in E of codimension at least two and E is an
affine space, the projection px : Fp x X — X induces an isomorphism

P (X) : O(X)*¢ = O(Ey x X)*¢
between groups of G-invariant units. The first horizontal arrow is then the isomorphism
(P (X)) o f5(Ho x€ X).

The second horizontal arrow is the isomorphism obtained the same way but replacing X by Xj.
The third horizontal arrow is obviously an isomorphism between these two free abelian groups
of rank r. The diagram is commutative by construction, and the second vertical arrow is exact
because all horizontal arrows are isomorphisms. O

3.2.3 Construction of the equivariant Cox ring

Let G be an algebraic group, o : G x X — X an action of G on a pointed normal variety
(X, <5 X) such that O(X)*¢ ~ k* and px : G x X — X the second projection. Natural
examples of such varieties are almost homogeneous varieties, and normal complete G-varieties.
Below, we follow the lines of the construction presented in Section 3.2.1, but considering G-
linearized divisorial sheaves on X . In particular, this will motivate the assumption O(X )*G ~ k*.

Similarly as before, consider the category of rigidified G-linearized divisorial sheaves on X
whose morphisms preserve linearizations and rigidifications. Let ES be the set of isomorphism
classes associated to this category, which again carries a natural structure of abelian group.

Proposition 3.2.3.1. The group morphism p : E¢ — Clg(X),[(F, f)] — [F] is an isomor-
phism.
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Proof. We adapt the proof [FGA, 9.2.9] of Proposition 3.2.1.3. The map p obviously defines a
surjective group morphism. To check injectivity, consider an element [(F, f)] € kerp. Then,
there is an isomorphism of G-linearized divisorial sheaves v : F — Ox, where Ox is endowed
with the trivial linearization. Consider the automorphism w := t*v o f~! of k viewed as a k-
vector space. Let ¢ — Speck be the structural morphism of X, the pullback ¢*w : Ox — Ox
of w is the automorphism of Ox (as a G-linearized sheaf) defined by the multiplication by
the constant function w(1;). By construction, we have (F,f) ~ (Ox,w™!) through v, and
(Ox,1dg) =~ (Ox,w™1) through ¢*w. This proves [(F, f)] = [(Ox,1dg)]. O

Given a G-linearized divisorial sheaf F on X, we have Aut(F) ~ O(X)*“. Because O(X)*¢ ~
k* by assumption, we can identify sections of rigidified G-linearized divisorial sheaves lying in a
given class [(F, f)] € E€. Similarly as in 3.2.1, this identification is done using the equivalence
relations NCU; indexed by open subsets U C X. This builds up a canonical representative F* of
the corresponding class [F] € Clg(X) which we call the rigidified G-linearized sheaf associated

to [F].
Proposition 3.2.3.2. The sheaf

Rax = Brecion £

has a natural structure of quasi-coherent Clg(X)-graded Ox-algebra. If this Ox-algebra is of
finite type, its relative spectrum X := Specx(Ra,x) is an algebraic scheme endowed with a
G-action that commutes with the natural D(Clg(X))-action, and that lifts the G-action on X.

Proof. By construction, R, x is a Clg(X)-graded quasi-coherent Ox-module. The multiplica-
tion between homogeneous sections is defined by the natural morphism

FHU) @ow) 9°(U) = (F*xG*)*(U)
for every open subset U C X. This multiplication equips R, x with a structure of quasi-coherent
Clg(X)-graded Ox-algebra. R
Suppose that Rg x is of finite type. Then, the relative spectrum Xg is by definition an
algebraic scheme which comes with a morphism ¢ : Xg — X. Moreover, the grading group

Clg(X) has to be finitely generated, thus D(Clg(X)) is a diagonalizable group having a natural
action on Xg. Now, consider the direct sum

© = Dreciqx) B
of the isomorphisms ®z= : ¢*F* — p\F* given by G-linearizations of the divisorial sheaves
F*. By construction, ® defines an isomorphism of Clg(X)-graded Ogx x-algebra c*Rg x —
PxRa,x- By virtue of [EGA, I1.1.5.5], we can identify the morphism Specqy x (0" Ra,x) = GxX
with the base change of ¢ along the morphism G x X % X. In the same way, we identify
Specay x (% Ra,x) with G x X¢ as schemes over G x X. Hence, we obtain a cartesian square

GXXG%XG

L ol

GxX —— X.

The G-linearizations of the homogeneous components yield a cocycle condition for the isomor-
phism @, hence a G-linearization of R, x. It follows that the morphism G x Xo — X satisfies
the associativity axiom of a group action. By the diagram, this action lifts the G-action on the
base X. Finally, this action commutes with the ID(Clg(X))-action because the automorphism of
Clg(X) induced by ® through its action on the grading group is the identity. O
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Definition 3.2.3.3. The equivariant Coz sheaf of the pointed variety X is the Clg(X)-graded
Ox-algebra R x. The equivariant Coz ring Coxg(X) is the ring of global sections of Rg x.
When R¢, x is of finite type as an Ox-algebra, the relative spectrum X over X of the Cox sheaf
is the equivariant characteristic space of X. When Coxg(X) is a finitely generated k-algebra,
its spectrum X is the equivariant total coordinate space of X.

Remark 3.2.3.4. By the exact sequence (3.2.1) and 3.2.2.2, the equivariant Cox ring and the
ordinary Cox ring are canonically isomorphic if Pic(G) and X(G) are trivial (e.g. when G is
semisimple and simply connected).

3.2.4 Equivariant diagonalizable torsors

Let G be an algebraic group, 2 a diagonalizable group, and (X, x) a pointed normal G-variety.

Definition 3.2.4.1. A diagonalizable torsor is a torsor (or principal bundle) under a diagonal-
izable group. Let Y be a G x Z-variety, and ¢ : Y — X a diagonalizable Z-torsor. Then ¢ is a
G-equivariant diagonalizable P-torsor over X if the morphism ¢ is G-equivariant.

The G-equivariant diagonalizable Z-torsors over X naturally form a category, taking for
arrows the G X Z-equivariant morphisms over X. In this Section, we classify G-equivariant
diagonalizable torsors over X up to isomorphism, assuming X admits only constant invariant
invertible regular functions. The next proposition gives the general form of such a torsor. Recall
that a torsor by an (affine) algebraic group is necessarily an affine invariant morphism.

Proposition 3.2.4.2. Let Y be an algebraic Z-scheme and q 1Y — X be a D-invariant affine
morphism. Then, Y is the relative spectrum over X of a quasi-coherent X(2)-graded Ox-algebra
A of finite type. Moreover, q defines a G-equivariant P -torsor over X if and only if the homo-
geneous components of A are G-linearized invertible sheaves and the morphisms

Ay @0y Ay = Aypr, XA € X(2)
are isomorphisms of G-linearized invertible sheaves.

Proof. By [SGA3, Exp. 8, 4.1], the morphism ¢ is a Z-torsor if and only if the homogeneous
components of A are invertible sheaves and the natural morphisms A, ®o, Ay — A1) are
isomorphisms of invertible sheaves. Proceeding as in the proof of 3.2.3.2, we obtain that the
conditions on G-linearizations are necessary and sufficient to obtain a G-action on Y with the
desired properties. O

Denote by H, é(X , 7) the set of isomorphism classes of G-equivariant Z-torsor over X. The
assignment

9 HH(X,9)

naturally defines a functor from the category of diagonalizable groups to the category of pointed
sets, where origins are taken to be the classes of trivial G-equivariant diagonalizable torsors .
Indeed, consider a morphism of diagonalizable groups ¢1 : 21 — %5, and define H}(X, ¢1) as
follows: let ¢ : Y — X be a G-equivariant Z;-torsor over X and Y x?' 9, the associated fiber
bundle over X, where 2; acts on % via ;1. This fiber bundle exists as a (normal) algebraic
scheme [Bril8, 3.3.3| and sits in the cartesian square



in which all arrows are G-equivariant. Moreover, ¢ defines a Zs-torsor as it pullbacks to the
trivial torsor along the faithfully flat morphism ¢. This construction is compatible with taking
isomorphism classes, thus it defines a map

HL(X, 1) HY(X, P1) — HL(X, D).
Moreover, considering a second morphism ¢y : Zo — %5 of diagonalizable groups, we have
Hg (X, 020 01) = Hi (X, 2) 0 Hy (X, 1),
The next proposition says that the functor H(X,.) is a group functor.

Proposition 3.2.4.3. Let 9, D1, P> be diagonalizable groups. We have a canonical bijection
Hé(X, @1) X Héf(X, .@2) — Hé(X, 91 X .@2), ([Yl], [YQ]) — [}/1 Xx YQ],

where Y1 X Do acts on Y1 X x Yo componentwise. Moreover the canonical map

HL(X,mg)
REELLE N

HL(X,2) x HL(X,2) — HL(X,2 x 9) HL(X,2)

endow Hé(X, D) with the structure of an abelian group for which the neutral element is the class
of the trivial G-equivariant Z-torsor over X. Finally, considering a morphism of diagonalizable
groups ¢ : D1 — Do, the map H5(X, @) is a group morphism.

Proof. The first map is well defined and has an inverse. Indeed, denote by p; the two projections
D1 X Do — ;. Then, the map which associates to a class [Y] of G-equivariant 2 x Pa-torsor
over X, the pair

(H(X, p)([Y]), Ho (X, p2) ([Y]))

is the sought inverse. Hence, Hé(X ,.) commutes with finite products. As a consequence, this
functor sends groups to groups. But diagonalizable groups are group objects in their category,
whence the claimed structure of abelian group on H}(X,2). The last assertion is directly
checked. n

In order to determine the group H} (X, 2), the last proposition allows to reduce to the
situations where = G,, and Z = u,. As a consequence of 3.2.4.2, we have an isomorphism

Pica(X) = H5(X,Gn), [£] — [Specy (@D £57)). (3.2.4)
keZ

On the other hand, the exact sequence

1= > G 25 Gy — 1

gives rise to an exact sequence of abstract groups
1= OX)*/(O(X)*)* — HY (X, ) — Pic(X)[n] — 1,

where H'(X, j1,,) denotes the group of isomorphism classes of yi,-torsors over X, and Pic(X)[n]
denotes the n-torsion subgroup of Pic(X) [SGAL, Exp. XI, 6.4]. It follows that a p,-torsor Y’
over X is defined by choosing an n-torsion element [£] in Pic(X), an isomorphism f : L& — Oy,
and setting

Y := Specy @?:_01 L5

where the Ox-algebra structure is defined by the choice of f. From this fact and 3.2.4.2, we
deduce the exact sequence
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1= O(X)*¢/(O(X)* )" — HL(X, un) — Picg(X)[n] — 1.
Assuming O(X)*¢ ~ k*, this exact sequence yields an isomorphism

n—1

Picg(X)[n] = HL(X, un), [£] — [SpecX(EB([,@i)x], (3.2.5)
=0

where the algebra structure is given by the multiplication between sections of rigidified G-
linearized invertible sheaves. Using (3.2.4) and (3.2.5), we give a refined version of 3.2.4.2.

Proposition 3.2.4.4. Suppose that O(X)*C ~ k*, and fir an isomorphism X(2) ~ Z" <L/ Z x
e X L[nsZ. Then a G-equivariant P-torsor'Y over X is defined up to isomorphism by choosing

e ar-tuple ([L1],...,[£r]) € Picg(X) x ... x Picg(X),
o a s-tuple ([Lr41], ..., [Lrts]) € Picg(X)[n1] X ... X Picg(X)[ns),

and setting Y := Specy A where A is the X(2)-graded Ox-algebra

Rk Qkr4s
@(ki)GZ"xZ/nlzxA..xZ/nSZ ('Cl ' ®ox - Qox 'Cr—&—s+ )",
the algebra structure being given by the multiplication between sections of rigidified G-linearized
invertible sheaves.

Corollary 3.2.4.5. Suppose that O(X)*C ~ k*. Then, there is a natural isomorphism of abelian
groups

HL(X, 2) ~ Hom(X(2), Picg(X)).

3.2.5 Equivariant almost principal bundles

Let G be an algebraic group, Z a diagonalizable group, and (X,z) a pointed normal G-
variety. In [Has, 0.4], Hashimoto introduced the notion of an almost principal bundle under an
algebraic group. We recall this notion and define a G-equivariant analogue.

Definition 3.2.5.1. Let H be an algebraic group, Y an algebraic H-scheme, and ¢ : ¥ — X
an H-invariant morphism. We say that ¢ is an almost principal H-bundle over X if there exists
(H-stable) open subschemes Yy C Y, Xy C X whose respective complements are of codimension
at least two and such that ¢ induces an H-torsor Yy — Xj. If moreover, Y is a G x H-scheme
and ¢ is G-equivariant, we say that q is a G-equivariant almost principal H-bundle over X.

Proposition 3.2.5.2. Let H be an algebraic group and q : Y — X a G-equivariant almost
principal H-bundle. Suppose that G is connected, and Y is a normal variety. Then there is a
commutative diagram

where vertical arrows are induced by the pullback q* of (equivariant) divisorial sheaves, and hori-
zontal arrows are given by forgetting linearizations. Moreover, vertical arrows are isomorphisms,
with inverse morphisms g explicitly given by

7] = [(aF)].
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Proof. Using 3.2.2.1, we can suppose that ¢ is a H-torsor, that X, Y are smooth, and consider
(equivariant) Picard groups instead of (equivariant) class groups. Notice that because ¢ is H-
invariant and G-equivariant, the two vertical arrows are well defined. Also, the commutativity
of the diagram is directly checked. The isomorphism ¢* : Pic(X) — Picy(Y) is a consequence
of a descent result from Grothendieck [Bril8, 3.3.1]. Now, we show that the left vertical arrow
is an isomorphism. Let £ € ker ¢*, then we have that £ ~ Ox as invertible sheaves. Because of
the exact sequence (3.2.1), we have £ ~ Ox () as G-linearized invertible sheaves, for a certain
character A € X(G). But as ¢*Ox(\) ~ Oy (N), it follows that A = 0 which proves injectivity.
For surjectivity it suffices, by the exact sequence (3.2.1) again, to check that all the elements
[Oy (N)] € Picgxg(Y) with A € X(G) are reached by ¢*. This is obvious as ¢*Ox(A\) ~ Oy (A).
The last claim is a direct consequence of the fact that ¢ is a torsor and that invertible sheaves
are locally trivial. O

In the framework of Cox rings, we consider almost principal bundles under diagonalizable
groups. In fact, we need a stronger notion in order to obtain a generalization of 3.2.4.4.

Definition 3.2.5.3. A diagonalizable almost principal bundle over X is a good quotient ¢ : Y —
X of a normal algebraic scheme Y by a diagonalizable group such that ¢ is an almost principal
bundle.

Proposition 3.2.5.4. Consider a G-equivariant diagonalizable almost principal 2-bundle q :
Y — X. Then, Y is the relative spectrum over X of a X(Z)-graded quasi-coherent Ox-algebra
A of finite type whose homogeneous components are G-linearized divisorial sheaves and such that
the morphisms

Ay @0y Ay = Ayir, XA €X(2)

induce isomorphisms of G-linearized sheaves over Xgp,. Conversely, the relative spectrum of such
a graded Ox-algebra is a G-equivariant diagonalizable almost principal Z-bundle.

Proof. Because ¢ is a good quotient by &, we have an isomorphism Y ~ Specy A, where A :=
q:Oy is a X(2)-graded quasi-coherent Ox-algebra. By 3.2.4.2, the homogeneous components

of A define invertible sheaves over the locus X < X where q is a torsor, and the natural
morphisms A, ®o, Ay — A4 induce isomorphisms of invertible sheaves over Xy. Also, because
Y is a normal algebraic scheme, we have an isomorphism i,i*A4) ~ A, for each homogeneous
component. It follows that

(AN = ™ (A = (AN YY) i Ay = Ay,

where the first isomorphism comes from the fact that (Ay)YY is reflexive [Har1, 1.11], the second
holds because the pullback by a flat morphism commutes with taking duals, and the third holds
because i*A) is invertible, hence reflexive. Thus, the homogeneous components of A are divisorial
sheaves on X. Also, we see that Xy can be taken to be the smooth locus of X. Indeed, the
divisorial sheaves Ay are invertible over X, and the natural morphisms A, ®o, Ax = A4
induce isomorphisms of G-linearized invertible sheaves over Xg,. Finally, the conditions on
G-linearizations are necessary and sufficient to have a G-action on Y with the desired properties.

Conversely, consider a quasi-coherent X(%)-graded Ox-algebra A satisfying the conditions
of the statement, and denote by ¢ : Y — X the affine morphism defined by its relative spectrum
over X. By 3.2.4.2, the restriction of ¢ to ¢~!(Xsm) defines a G-equivariant Z-torsor over Xgp,.
This yields an isomorphism Ox =~ Ay, thus ¢ is a good quotient. To prove that we have a
G X D-action on Y such that ¢ is G-equivariant, we proceed exactly as in the proof of 3.2.3.2.
Now, we show that Y is a normal algebraic scheme. For this, we verify that A is a sheaf of
normal algebras, thus we can suppose that X is smooth. Then, ¢ is smooth as well because it is
a torsor (under a smooth algebraic group). As a consequence, the stalks of A are regular local
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rings, hence are integrally closed. It remains to prove that the complement of ¢~!(Xgy) in YV
is of codimension > 2. Because ¢ is affine, we can suppose that X and Y are affine. Also, as
Y is normal, it is a disjoint union Y = U}_,Y; of normal affine varieties, and we have canonical
isomorphisms

Oy (¢ (Xem)) = [[ Ovi (a7 (Xem) N Y7)
i=1
~ A(Xsm)
~ A(X)
~ Oy (Y)

T

~ H Oy, (Y;).
i=1

It follows from these isomorphisms and the next lemma that ¢~(Xgm) NY; has a complement of
codimension at least two in Y;, i = 1,...,7. Hence, ¢~!(Xsm) has a complement of codimension
at least two in Y, and ¢ is a G-equivariant almost principal Z-bundle over X. O

Lemma 3.2.5.5. Let X be an affine variety and Z C X a closed subvariety such that the
restriction morphism O(X) — O(X \ Z) is an isomorphism. Then, Z is of codimension > 2 in
X.

Proof. We consider the local cohomology groups HZZ(X , Ox) associated with the stucture sheaf
Ox and the closed subset Z C X. By |Har2, Ex. 111.2.3], we have a long exact sequence of local
cohomology

0— HY(X,0x) — H(X,0x) = H' (X \ Z,0x) = H,(X,0Ox) - H'(X,0x) — ...

By our assumptions, the groups H%(X, Ox) and H}(X, Ox) are trivial. On the other hand, recall
the cohomological interpretation of the depth of an ideal I C O(X) (see [Har2, Ex. I11.3.4]):

prof;(O(X)) =2 n < H{')(I)(X, Ox) =0,Vi <mn,

where V(1) denotes the zero set of I in X. Applying this to the ideal I defining Z, we obtain
the result by virtue of the inequalities

codimy (Z) > prof;(O(X)) > 2.
O

Remark 3.2.5.6. The proof of the last proposition shows that given a G-equivariant diagonal-
izable almost principal Z-bundle q : Y — X, the restriction ¢~ (Xgm) — Xem is a G-equivariant
P-torsor, and ¢~ (Xsm) has a complement of codimension at least two in Y.

Definition 3.2.5.7. Let ¢ : Y — X be a G-equivariant diagonalizable almost principal 2-
bundle. Then, the natural morphism

typeg(Y) : X(2) = Cla(X), x = [(¢:O0v)y],
is called the G-equivariant type of Y. The morphism
type(Y) := ¢ o typeq(Y) : X(2) — CI(X),

where ¢ : Clg(X) — CI(X) is the forgetful morphism, is the type of Y.
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Proposition 3.2.5.4 gives the general form of a G-equivariant diagonalizable almost principal
2-bundle over X. These objects naturally form a category, taking for arrows the G x Z-
equivariant morphisms over X. Assume that O(X)*® ~ k* and let ¢ : ¥ — X be a G-
equivariant diagonalizable almost principal Z-bundle. Using 3.2.2.1, 3.2.4.4, and 3.2.5.4, we see
that the G-equivariant type of Y determines its isomorphism class. However, we don’t know a
priori if conversely any morphism

X(2) — Cla(X)

defines a G-equivariant diagonalizable almost principal Z-bundle over X. Indeed, such a mor-
phism defines a quasi-coherent O x-algebra A satisfying the properties of Proposition 3.2.5.4 with
the exception that it might not be of finite type. The next proposition gives a sufficient condition
to guarantee that the algebra A defined by any morphism as above is of finite type. Moreover,
its proof shows how to construct any G-equivariant diagonalizable almost principal bundle over
X from the equivariant characteristic space of X.

Proposition 3.2.5.8. Suppose that O(X)*¢ ~ k* and that the equivariant Coz sheaf of X is
of finite type. Consider a quasi-coherent X(2)-graded Ox-algebra A satisfying the conditions of
Proposition 3.2.5.4. Then, A is of finite type as an Ox-algebra.

Proof. We are going to realize A as a subalgebra of invariants by a diagonalizable group. Consider
the morphism of diagonalizable groups ¢ : D(Clg(X)) — Z dually defined by the morphism

typeg(Y) : X(2) — Cla(X),

and the D(Clg(X)) x Z-action on Xg x 2 defined on schematic points by (g,h1) - (z,he) :=
(g9-2,0(9) " hihs). Then, we have a good quotient f : Xg x 2 — X by this action. Indeed,
consider the morphisms

N PR A

Xax 2 =% X X
where p Yo is the projection, and ¢; is the structural morphism of the equivariant characteristic
space XG over X. Both morphisms are good quotients, and the composition is a good quotient
by D(Clg(X)) x 2, hence f = q1 0P, As a consequence of this factorization, f is in addition
a G-equivariant diagonalizable almost principal D(Clg (X)) x Z-bundle over X . Performing first
the quotient by D(Clg (X)), we obtain another factorization

Xex2%y B x
of f into G-equivariant diagonalizable almost principal bundles. The Ox-algebra ¢3.Oy is ob-
tained by computing D(Clg(X))-invariants:
C _ C _
(f+0% )" = (B 7y ex(2) i) Fre )P = By ) FF,
where [Fy] := typeq(Y) (), YA € X(2). Hence, we obtain
Q3*OY = Aa

which proves that this Ox-algebra is of finite type. O

Assume from now that O(X)*¢ ~ k* and that the equivariant Cox sheaf of (X, z) is of
finite type. By the last proposition and the above discussion, we obtain a one-to-one correspon-
dence between G-equivariant diagonalizable almost principal bundles over X and G-equivariant
diagonalizable torsors over Xgy,. This yields in particular the

Proposition 3.2.5.9. Suppose that O(X)*¢ ~ k*, that the equivariant Coz sheaf of X is of
finite type, and fiz an isomorphism X(2) ~ 7" X Z/nZ X ... X Z/nsZ. Then a G-equivariant
diagonalizable almost principal Z-bundle Y over X is defined up to isomorphism by choosing
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e a r-tuple ([F1],...,[Fr]) € Clg(X) x ... x Clg(X),
o a s-tuple ([Fri1], ..., [Freas]) € Clg(X)[n1] x ... x Clg(X)[ns],

and setting Y = Specy A where A is the X(2)-graded Ox-algebra

*k1 *k'r+s xT
®(ki)eZTxZ/nlzx...xZ/nSZ (FT *x FLLT)

Remark 3.2.5.10. Let ¢ : (Y := Specy . A) — X be a G-equivariant diagonalizable almost
principal 2-bundle as defined by the last proposition. There is a canonical morphism of graded
Ox-algebras

.A—>'RG7X

whose associated morphism between grading groups is types(Y’). Indeed, the proof of Proposition
3.2.5.8 shows that ¢ sits in the following commutative square:

XG X9 % XG
l//D(Cle(X)) l//D(Clc(X))

Y ——— X

Furthermore, the section XG — XG X 9D, t+— (t,eq) of the projection Pxg yields an equivariant

morphism X — Y of varieties over X. This last morphism corresponds to a morphism of graded
Ox-algebras A — Rq x as claimed. It is directly checked that this morphism is surjective when
type(Y) is surjective. Finally, this construction shows that the structural morphism of the G-
equivariant characteristic space over X factors through any G-equivariant diagonalizable almost
principal bundle over X.

As a consequence of the last proposition, the equivariant Cox sheaf of the pointed variety X
doesn’t depend on the choice of the base point up to isomorphism. Hence, we can speak of the
equivariant Cox sheaf (resp. the equivariant characteristic space) of X viewed as a variety. In
fact, we add some flexibility by introducing the following definition.

Definition 3.2.5.11. A G-equivariant characteristic space over X is an algebraic scheme Z
over X endowed with an action of a diagonalizable group Z such that there exists a pair (f, ¢)
consisting of an isomorphism f : Z — X¢ of varieties over X and an isomorphism ¢ : 2 —
D(CI(X)) such that the square

DXL ——— 7

lszf fl

D(CIX)) x Xg — Xg

commutes, the horizontal arrows being the respective actions. A G-equivariant total coordinate
space of X is the affinization of a G-equivariant charateristic space. A G-equivariant Cox ring
of X is the (graded) coordinate ring of a G-equivariant total coordinate space.

Remark 3.2.5.12. Equivalently, a characteristic space over X is a G-equivariant diagonalizable
almost principal bundle over X whose G-equivariant type is an isomorphism onto Clg(X).

Example 3.2.5.13. Let G be a connected algebraic group, and G/H be a homogeneous space.
Consider the faithfully flat morphism ¢ : H — D(X(H)) of algebraic groups induced by the
inclusion k[X(H)] C O(H). This yields an exact sequence of algebraic groups
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1> K :=kero - HSDX(H)) -1,

where the normal subgroup K of H is the intersection of the kernels of all characters of H. Hence
H/K ~D(X(H)) is the diagonalizable group whose character group is X(H). It follows that we
have a factorization

% G/K 2 G/H

of the canonical projection 7 : G — G/H, and that ¢2 : G/K — G/H is a G-equivariant
diagonalizable D(X(H))-torsor.

On the other hand, there is a natural isomorphism X(H) — Picg(G/H), A — [L,], where
L) denotes the G-linearized invertible sheaf of sections of the G-line bundle G x* A! over G/H.

Recall that for an open subset V' C G/H we have L)(V) ~ Og(ﬂfl(V))f\H). This yields the
equalities
9206,k (V) = Ok (g5 (V)
(QI*OG(QQ HVNE
= Og(r \(V ))K
— @ Og(x (V)

AeX(H

@fa

AeX(H

where the last equality follows from the fact that every H/K-module is a direct sum of eigenspaces.
Thus, we have obtained

22«06/ = D rex(m) L

Hence, the G-equivariant type of G/K defines an isomorphism with Picg(G/H), whence G/K
is a G-equivariant characteristic space of G/H. When G is semisimple and simply connected,

the equivariant Cox sheaf is canonically isomorphic to the ordinary one, and we retrieve [ADHL,
Thm 4.5.1.8].

3.2.6 Equivariant quotient presentations

When a normal variety X admits a Cox sheaf of finite type, the characteristic space X
is naturally a diagonalizable almost principal D(C1(X))-bundle over X such that the regular
invertible D(Cl(X))-homogeneous functions are constant. This leads to the notion of a guotient
presentation of X [ADHL, 4.2.1.1]. We recall this notion and introduce a G-equivariant analogue.

Definition 3.2.6.1. Let 2 be a diagonalizable group and X a normal variety with only constant
invertible regular functions. A quotient presentation of X is a diagonalizable almost principal Z-
bundle ¢ : Y — X such that the invertible Z-homogeneous regular functions on Y are constant.

Remark 3.2.6.2. In fact, the definition [ADHL, 4.2.1.1] of a quotient presentation is different
but equivalent to the one given above. Indeed, a quotient presentation in loc. cit. is a normal
variety Y together with a morphism ¢q:Y — X verifying

1. ¢ is a good quotient by a diagonalizable group 2,
2. The Z-homogeneous invertible regular functions on Y are constant,

3. There exists a P-stable open Yy C Y whose complement is of codimension > 2, and on
which 2 acts freely with closed orbits.
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Suppose that ¢ : Y — X verifies the above conditions, then ¢(Yp) is open with a complement
of codimension at least two in X. On the other hand, as & acts with closed orbits on Yy and
q is a good quotient, the fibers of gy, are orbits. Moreover, Y has the quotient topology with
respect to gjy,. Indeed, consider an open subset of the form g 1(V), where V is a subset of ¢(Yp).
Because ¢ is a good quotient, we have that ¢(Yo \ ¢=1(V)) = q(Yp) \ V is closed in ¢(Yp), thus
V is open in ¢q(Yp). Tt follows that ¢ induces a geometric quotient Yy — ¢(Yp). Thus, it induces
a Z-torsor Yy — q(Yp) because Z acts freely on Yy [MFK, Chap. 0, 4.0.9]. We have verified
q : Y — X is a diagonalizable almost principal Z-bundle with only constant Z-homogeneous
invertible regular functions.

Conversely, consider a diagonalizable almost principal Z-bundle ¢ : Y — X with only con-
stant Z-homogeneous invertible regular functions. By definition, it satisfies all the above condi-
tions, except that Y is not a priori a variety. However, this will be verified in Proposition 3.2.6.6
below.

Definition 3.2.6.3. Let Z be a diagonalizable group and X a normal G-variety with only
constant invertible G-invariant regular functions. A G-equivariant quotient presentation of X is
a G-equivariant diagonalizable almost principal Z-bundle ¢ : Y — X such that the G-invariant
2-homogeneous invertible regular functions on Y are constant.

Proposition 3.2.6.4. Let & be a diagonalizable group, X a normal G-variety with only con-
stant inwvertible G-invariant reqular functions, and q : Y — X a G-equivariant diagonalizable
almost principal 2-bundle. Then q is a G-equivariant quotient presentation if and only if the
G-equivariant type of Y is injective.

Proof. Indeed, typeqs(Y) is injective if and only if its kernel is trivial. But this kernel contains
a non-trivial element if and only if ¢.Oy admits an homogeneous component isomorphic to Ox
endowed with the trivial G-linearization. The latter means that this homogeneous component
admits an invertible G-invariant global section. O

Let G be an algebraic group and (X, z) a pointed normal G-variety with only constant

invertible G-invariant regular functions. We define the category of quotient presentations of X

by defining a morphism between two quotient presentations ¢; : Y; /—/——> X to be a pair (f, )

consisting of a morphism f : Y] — Y5 over X and a morphism ¢ : 21 — %, such that the square

.@1XY1*>Y1

lor ]

@2XY2*>Y2

commutes, where the horizontal arrows denote the respective actions. By the preceding section,
a G-equivariant quotient presentation of X is defined up to isomorphism by a finitely generated
subgroup of Clg(X). Indeed, the injectivity of the G-equivariant type says that a quotient
presentation is up to isomorphism the relative spectrum Xg(M ) of the M-graded Ox-algebra
(assumed to be of finite type)

AM) := Bpem F*

where M is a finitely generated subgroup of Clg(X). The following Proposition is a generalization
of [ADHL, 4.2.1.4].

Proposition 3.2.6.5. Suppose that the equivariant Coz sheaf of X is of finite type and consider
the category of subgroups of Clg(X) with morphisms being the inclusions arrows. The associ-
ation M — Xg(M) defines an essentially surjective contravariant functor to the category of
G-equivariant quotient presentations of X.
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Proof. We have only to check the functoriality. Consider two finitely generated subgroups M’ C
M C Clg(X). This gives an exact sequence of diagonalizable groups

1= D(M/M') = D(M) — D(M') = 1,

which translates into the factorization of the G-equivariant diagonalizable almost principal D(M)-
bundle X (M) — X in G-equivariant diagonalizable almost principal bundles

. 5 //DM/M")) 5 N s o . )
The morphism X (M) ——— Xg(M') is equivariant with respect to the morphism D(M) —
D(M'), and with respect to the G-action, whence the claim. O]

Proposition 3.2.6.6. Consider a G-equivariant quotient presentation q : Y — X of X. Then
Y is a normal variety.

Proof. Because Y is a normal algebraic scheme, it is a variety if and only if it is connected. This is
verified if and only if ¢.Oy is a sheaf of integral algebras, so that we can suppose that X (hence Y)
is smooth. By the last proposition Y ~ X (M) for a finitely generated subgroup M C Picg(X)
that we can suppose non-trivial. To verify that Y is connected, we adapt the arguments from
[BeHa03, 6.3]. Let Y1 U...UY, be the decomposition of Y as a union of its connected components
and suppose by contradiction that » > 1. These components are transitively permuted by D(M)
because X is connected. Also by D(M)-invariance, we have ¢(Y1) = X. Let 2 be the stabilizer
of Y7 in D(M), which is by assumption a proper subgroup. We let

Jj: 2 —D(M)

be the inclusion. Consider the D(M)-equivariant morphism ¢ : Y — D(M)/2 which maps
a point y € Y to the element of D(M)/Z corresponding to the connected component of YV
containing y. It follows that we have a cartesian square

Y1 x D(M) —2— D(M)
l/.@ lﬂ
Yy — Y D)2,

where vertical arrows are Z-torsors. Restricting ¢ : Y — X to Y7 yields a Z-torsor Y7 — X and
we obtain a cartesian square

Vi x D(M) —2— vy

l/@ J/Oj

y — 2 5 X,
where all arrows are torsors. Proceeding as in the proof of 3.2.5.8, we obtain the equality

typeq(Y) = typeg (Y1) o j*.

But typeq(Y') is injective by assumption, thus 4% is necessarily injective. Now j* is surjective,
being the restriction of characters. It follows that 2 = D(M), a contradiction. O
Corollary 3.2.6.7. The G-equivariant Coz ring is a normal integral Clg(X)-graded G-algebra.

Under the assumption that O(X)* ~ k*, we describe the group of units of Coxg(X). As
Coxg(X) is a graded algebra, we also consider the subgroup of units which are homogeneous.
For example, every unit is homogeneous if e.g. Clg(X) is torsion-free. Because of the assumption
O(X)* ~ k* and the exact sequence (3.2.1), we have the X(G)-graded k-subalgebra
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AX(G)) = @,\eX(G) L(X, 0x(A))

of Coxg(X). The group of units of this algebra is obviously isomorphic to X(G) x k* via the
multiplication map.

Proposition 3.2.6.8. Suppose that O(X)* ~ k*. Then

1. The group of homogeneous units of Coxg(X) is isomorphic to X(G) x k* via the multipli-
catlion map.

2. If O(X) ~ k, then every unit is homogeneous.

Proof. If a homogeneous component F* of Rg x admits an invertible global section f, then
F* and Ox are isomorphic as divisorial sheaves. It follows that f € A(X(G)), whence the
first assertion. Now assume O(X) ~ k and let f € Coxg(X)*. Consider the Im ¢-grading on
Coxg(X) induced by the forgetful morphism ¢. Then proceeding as in [ADHL, 1.5.2.5], we
obtain that f is Im ¢-homogeneous of degree zero. But the Im ¢-homogeneous component of
degree zero is the X(G)-graded k-subalgebra A(X(G)) so we conclude as before. O

3.2.7 Recognizing an equivariant characteristic space

Let G be an algebraic group and (X,z) a pointed normal G-variety with only constant
invertible G-invariant regular functions. Suppose moreover that the G-equivariant Cox sheaf
is of finite type. In this section, we give a criterion to recognize a G-equivariant characteristic
space Y — X, under some mild assumptions on X. As defined in Section 3.2.5, a G-equivariant
characteristic space is characterized by its equivariant type being an isomorphism onto Clg(X).
The equivariant type of Y is injective if and only if Y is a G-equivariant quotient presentation
of X. We now look for an interpretation of the surjectivity. This turns out to be related to the
factoriality of the grading on O(Y'), we start by recalling this notion.

Definition 3.2.7.1. [ADHL, 1.5.3] Let M be a finitely generated abelian group and A be a
M-graded integral k-algebra.

e A non-zero non-invertible element f € A is M-prime if it is homogeneous and (f | gh)
with g, h homogeneous implies f | g or f | h.

o A is factorially M-graded if every non-zero non-invertible homogeneous element f is a
product of M-primes.

o A normal D(M)-variety X is D(M)-factorial if every ID(M)-invariant Weil divisor on X is
principal.

Let 2 be a diagonalizable group, and Y a normal quasi-affine Z-variety. By [ADHL, 1.5.3.3],
Y is P-factorial if and only if O(Y) is X(2)-factorial. In the next proposition, we give further
characterizations of the X(2)-factoriality.

Proposition 3.2.7.2. Let 9 be a diagonalizable group and q : Y — X a G-equivariant diago-
nalizable almost principal P-bundle. The following assertions are equivalent

1. Y is D-factorial.
2. type(Y) is surjective.
3. The morphism v : X(2) — Clg(Y), A = [Oy(N)] is surjective.

Moreover, if one of these conditions is satisfied, then Y is quasi-affine.
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Proof. The assertions 2 and 3 are equivalent because of the lemma below. We suppose that
the condition 1 is verified and show 2. For this, we can suppose that X is smooth, and that
q is a Z-torsor. With this assumption, the pullback morphism ¢* : WDiv(X) — WDiv(Y)
induces an isomorphism onto the subgroup WDiv(Y)? which consists of Z-invariant Weil divisors
on Y. Denote by ¢Z the inverse of this isomorphism and consider a Z-homogeneous rational
function f on Y. We view f as a rational section of a divisorial sheaf on X. Then, we have
¢*(divx (f)) = div(f) and thus divx (f) = ¢Z(div(f)). By this last remark we can write explicitly

type(Y) : X(2) = Pic(X), A = [Ox (¢ (div(f)))],

where f is an arbitrary Z-homogeneous rational function of degree A on Y. But this morphism
is surjective because every Weil divisor on X is the direct image by ¢Z of a Z-invariant Weil
divisor on Y, which is principal by hypothesis. Now we suppose 3 and show 1. Consider a
Z-invariant Weil divisor D on Y. The divisorial sheaf Oy (D) is naturally Z-linearized. Thus,
its class in C1(Y)) is trivial by hypothesis. Hence, D is the divisor of a rational function which
is necessarily Z-homogeneous. We have shown that Y is Z-factorial. It remains to show that
Y is quasi-affine. As type(Y) is surjective, we can cover X by affine open subsets of the form
Xy := X \ Supp(divx(f)), where f is a Z-homogeneous regular function on Y. Indeed, the
complement in X of any affine open subvariety is the zero set of a global section of some divisorial
sheaf. Because of the surjectivity of type(Y'), this section can be viewed as a homogeneous
element of O(Y). It follows that Y is covered by the affine open subsets Y7 = ¢~ (X), whence
the claim by [EGA, 11.5.1.2]. O

Lemma 3.2.7.3. Let Z be a diagonalizable group and q : Y — X a G-equivariant diagonalizable
almost principal Z-bundle. Consider the morphism v : X(Z) — Clg(Y), A — [Oy(A)]. Then,
we have the identity

type(Y) = g7 o7,
where ¢7 : Cly(Y) — CU(X) is the isomorphism provided by 3.2.5.2.
* Y

Proof. To prove this, we can suppose that X is smooth and consider (equivariant) Picard groups
instead of (equivariant) class groups. For each character A € X(2), consider the cartesian square

Y x Gy — 2 Y

| §

Z:=Y x*G,, — X,

defined by the fiber bundle associated with G, endowed with the Z-action defined by A. Then,
Z — X is a G,,-torsor which by construction corresponds to ¢ o y(\) € Pic(X). But this is
also type(Y')(\), by definition of the type of Y. O

Proposition 3.2.7.4. Suppose that G is connected and that Coxg(X) is a finitely generated
k-algebra. Then, the affinization morphism Xq — Xg is an equivariant open immersion whose
image has a complement of codimension at least two in Xg.

Proof. Using that the cokernel of type(f(g) has finite exponent (3.2.2.2), and that X; = Xn
for any power of a homogeneous section f € Rx(X), we can proceed as in the end of the proof

of 3.2.7.2 to show that X is quasi-affine. The claim on codimension is obtained by applying
3.2.5.5. O

Theorem 3.2.7.5. Let G be a connected algebraic group with trivial Picard group, (X, z) be
a pointed normal G-variety with only constant invertible regular functions, 2 be a diagonaliz-
able group, and q : Y — X be a G-equivariant diagonalizable almost principal Z-bundle. The
conditions
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1. The group of P-homogeneous invertible reqular functions on'Y is isomorphic to X(G) x k*,
2.Y is D-factorial,
are necessary and sufficient for Y to be a G-equivariant characteristic space of X.

Proof. Suppose that the above conditions are fulfilled. By the first one, ¢ is a quotient presen-
tation of X, hence types(Y) is injective. Moreover, with the assumptions of the statement the
exact sequence (3.2.1) can be written as

0 X(G) B Cla(X) % Cl(X) — 0.

By the second condition, type(Y) is surjective (3.2.7.2). Also, the degree zero part of O(Y') with
respect to the induced Cl(X)-grading is

A(M) = @,\GX(G) ['(X, 0x (A7),

for a certain subgroup M of X(G). Proceeding as in the proof of 3.2.6.8, we obtain that the
group of homogeneous units of O(Y) is isomorphic with M x k* via multiplication map. Hence,
we have in fact M = X(G) by the first condition, so that X(G) ~ ker ¢ C Im(types(Y)). In view
of the equality type(Y) = ¢ o types(Y'), we obtain the surjectivity of types(Y'). Conversely, if
Y — X is a G-equivariant characteristic space, then the first condition is satisfied by 3.2.6.8.
The second is also satisfied because types(Y) and ¢ are surjective by hypothesis (3.2.7.2). O

3.2.8 Equivariant Cox ring of an open G-stable subvariety

Let G be a connected algebraic group, (X, z) a pointed normal G-variety, and Xy X a
G-stable open subvariety containing z. Suppose moreover that Ox(Xo)*¢ ~ k*, so that both
equivariant Cox rings of X and Xy are well-defined. Let (D;);=1,.., be the possibly empty family
of prime divisors lying in the complement of X and (7;);=1,.. , the associated family of respective
canonical sections of the G-linearized divisorial sheaves Ox(D;)*, i =1,..,n.

Proposition 3.2.8.1. The k-subalgebra of Coxg(X) generated by 11, ..., is polynomial, and
there is an isomorphism of graded k-algebras

Cox(Xo) =~ Coxa(X)/((ri — Di<isn),

where the right-hand side algebra is endowed with the Clg(Xo)-grading induced by the surjective
morphism j* : Clg(X) — Clg(Xo). Moreover, (r; —1)i=1,...n is a reqular sequence in Coxg(X).

Proof. With these assumptions, the exact sequence (3.2.3) becomes

0— @, zD; 22 cig(x) L5 Clg(Xo) - 0.
For all [G] € Clg(Xp), choose [F] € Clg(X) such that j*([F]) = [G]. By the above exact

sequence, we can write

Re.x = Bgeciaxy) Migl: Where Mig) := B ezn (F ® Ox (i miDi))"-

Notice that M[@XO] is a Z"-graded Ox-subalgebra of R x. Because k[ry,...,ry] is a Z"-graded
k-subalgebra of M[@XO] (X)) spanned by elements of linearly independent degrees, it immediately
follows that it is a polynomial subalgebra of Coxg(X). Also, each Mg (X) is a Z"-graded
k[ri,...,mn]-module, and Mg (Xo) is the localisation of Mg (X) at the homogeneous element
r1...rn. Indeed, up to removing a G-stable closed subvariety of codimension > 2, we can suppose
that X is smooth and Xy = X \ U], D;. As the support of the divisor of zeroes of ry...r, on X
is U, D;, we conclude by applying [EGA, 1.9.3.1]. It follows that R x(Xo) is the localization
of Coxg(X) at the homogeneous element 77...r,.
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We use the notation of 3.2.3 for the equivalence relations between sections over open subsets of
Xo of G-linearized divisorial sheaves on Xy. Given two homogeneous sections s1, s2 € R, x(Xo),
we have s1 Ng;(o s2 if and only if both are Z"-homogeneous elements of some Mg (Xo) and there
exists a Laurent monomial 7{*..r&" such that s; = sor{'..r&». By Lemma 3.2.8.2, imposing the
relations r; = 1 in Rg x(Xo) is the same as passing to the quotient modulo N)G(O. Thus, we
obtain an isomorphism

Coxg(X)[—=]/((r; — D1<icn) ~ Coxa(Xo),

T1--Tn

which implies the isomorphism in the statement above.
To prove that the sequence ((r; —1)i=1,... ») is regular in Coxg(X), we first prove that each
Mig(Xo) is a free k[rfl, ..., rH-module. An element t € Mg)(Xo) decomposes uniquely as a

I
sum of homogeneous elements so that we can suppose ¢ homogeneous, say of degree (d;) € Z".

The multiplication by rill...rg" defines an isomorphism of k-vector spaces
G*(Xo) = (6 ® Ox (3oi, diDi))*™ (Xo).

Let (fi); be a k-basis of G*(Xj), then ¢t decomposes uniquely as a linear combination ¢t =
> a;r% . i f; whence the free module structure. Now, we claim that for j = 1, ..., n, there is
an injective morphism of k[ry, ..., r,]-modules

Mig(X)/((ri = D)i=1,...5) = Mg(Xo)/((ri = Di=1,...5)-
For this, it suffices to apply Lemma 3.2.8.3 j times, considering for the kth step (1 < k < j) the
Z-grading induced by the projection
7" = 7, (di,...,dp) — dg.
Now, the result follows from the claim, the fact that Mg (Xo) is a free k[rfl, ooy 71 -module,

and that the sequence ((r; — 1)1<i<n) is regular in k[rE!, .. 7F. 0

eyl

. +
Lemma 3.2.8.2. Let M be a graded module over an algebra of Laurent polynomials k[t] Lo, 1]

endowed with the standard Z"-grading. For all x € M, the submodule generated by the family
(t‘lil...tfi".x — Z)(d)ezn equals the submodule generated by the family (t;.x — 2)1<i<n-
Proof. This comes from the identities
titjx —x=t;.(t;x —x)+ (tpx —z) and t; Lo —x = (=t; 1).(ti.x — ).
O

Lemma 3.2.8.3. Let k[r] be a polynomial k-algebra with its standard Z-grading, and M a Z-
graded k[r]-module such that r is a non-zero divisor in M. Then, (r—1)M[1/r]nM = (r—1)M.

Proof. The localization morphism provides a graded injective morphism of Z-graded k[r]-module

M = Bz Ma = M[1/r] = B sz (M[1/1])a-

It suffices to prove that for an element m € M][1/r] such that (r — 1)m € M, we have that
m € M. Consider the decomposition m = mgq + ... + mg+y, | = 0 as a sum of homogeneous
elements. Then, the decomposition of (r — 1)m reads

(r—)m =rmgy; + (rmgy—1 — mayy) + .. + (rmg — mgy1) — my.

Necessarily, each term of this sum lies in M. It follows that mgs; € M, ¢ = 0,..,] by an immediate
induction, whence the result. O

Corollary 3.2.8.4. There exists a smooth complete G-variety X' containing Xsn as a an open
G-stable variety. As a consequence, we have
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Coxg(X) ~ Coxg(X")/((r; — 1)),

where the r; are the canonical sections in the G-linearized divisorial sheaves associated to the
G-stable prime divisors lying in X'\ Xgm.

Proof. By a theorem of Sumihiro [Su, Thm. 3], X can be embedded equivariantly as an open
subvariety of a normal complete G-variety X. Now, there is a G-equivariant resolution of singu-
larities ¢ : X’ — X, that is, X' is a smooth G-variety and ¢ is a projective birational equivariant
morphism that induces an isomorphism over Xy, [Ko, Proposition 3.9.1 and Theorem 3.36]. As
we have Coxg(X) ~ Coxg(Xsm), the statement follows from 3.2.8.1. O

Proposition 3.2.8.5. Suppose that X is almost homogeneous. Then the polynomial algebra
k[r1, ..., is the subalgebra of invariants (Coxg(X))%.

Proof. Let f € (Coxg(X))Y that we can suppose homogeneous because G acts on homogeneous
components. Then divy(f) is a G-invariant effective divisor on X, hence is a positive linear
combination of the D;. It follows that f is the product of a monomial in the r; with a G-
invariant homogeneous unit. However, a G-invariant homogeneous unit is necessarily of trivial
Clg(X)-degree, otherwise the multiplication by such a section would provide an isomorphism of
some non-trivial G-linearized divisorial sheaf with Ox endowed with the trivial G-linearization,
a contradiction. We conclude, that f is a non-zero scalar multiple of a monomial in the r;. [

Suppose that X is almost homogeneous, let Xy ~ G/H be the dense orbit, and consider
the equivariant characteristic space ¢ : Xo — X. In the corollary below, we describe the
open subvariety ¢ '(Xg). In order to state it, we need some preliminary observations. Clearly,
¢ 1(Xp) is a homogeneous space for G x D(Clg(X)) since Xp is a homogeneous space for G
and ¢ induces is a D(Clg(X))-torsor over Xj. Also, the last proposition implies that we have
a D(Clg(X))-equivariant categorical quotient 7 : X — A7, Finally, the exact sequence (3.2.3)
yields by duality an exact sequence of algebraic groups

1 - DX(H)) - D(Clg(X)) — G, — 1,
whence a D(X(H))-torsor D(Clg(X)) — GIL,.

Corollary 3.2.8.6. The categorical quotient m restricts to a D(Clg(X))-equivariant morphism
¢ 1 (Xo) = G%. Moreover, ¢~1(Xo) is isomorphic as a G x D(Clg(X))-variety over G?, to the
associated fiber bundle

G/K xPEH) D(Clg(X)) — G7,
where G/K is the equivariant characteristic space of G/H (3.2.5.13).

Proof. The morphism 7 pulls back the standard coordinates of A} to the r;, whence a D(Clg(X))-
equivariant restriction ¢~ 1(Xg) — G%,. By virtue of 3.2.8.1 and 3.2.5.13, the fiber at (1,...,1) of
this restriction is isomorphic to G/K as a G x D(X(H))-variety. By D(Clg(X))-equivariance
of m and surjectivity of the morphism D(Clg(X)) — G, the same holds for any fiber of
this restriction. By standard properties of associated fiber bundles, ¢~ (Xj) is isomorphic to

G/K xPEH) D(Clg(X)) as a G x D(Clg(X))-variety over G, O

The inclusion k[X(H)] C O(H) yields a morphism of algebraic groups H — D(X(H)). Com-
posed with the injective morphism D(X(H)) — D(Clg(X)) described above, we obtain a mor-
phism ¢ : H — D(Clg(X)). In the next proposition, we view H as a subgroup of G x D(Clg (X))
by identifying it with the image of the morphism h +— (h, p(h)).

Proposition 3.2.8.7. Let & be a point in the fiber ¢~ (x), where x € Xq is the point identified
with H/H. Then, H is the stabilizer of T in G x D(Clg(X)).
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Proof. Let Fi, ..., Fp be G-linearized divisorial sheaves on X whose classes generate the abelian
group Clg(X). Via restriction of this sheaves to Xo ~ G/H, we obtain G-linearized invertible
sheaves L,, ..., L,,, corresponding to certain characters y; € X(H) ~ Picq(G/H). Let L,, be
the G-linearized line bundle over Xy corresponding to L,,, and view ¢ 1(Xp) as a subvariety of
Ly, Xxq - Xxq Ly,,. Obviously, the image of the projection to G' of Stabgy.p(cig(x)) () has to
be included in H. Then, consider an element (h,t) € Stabgyp(ci,(x))(2) C H x D(Clg(X)). We
have h.2 = (x1(h)&1, ..., Xm(h)Zm) = @(h~!).&, which forces t = ¢(h). O

3.2.9 Relation between the equivariant Cox ring and the ordinary Cox ring

Let G be a connected algebraic group acting on a pointed normal G-variety (X, x) such that
O(X)* ~ k*, so that both equivariant and ordinary Cox sheaves are well defined. In view of
Remark 3.2.5.10, there is a canonical morphism of graded Ox-algebras

@ : RG,X — RX,

whose associated morphism between grading groups is Clg(X) A Cl(X), this is the forgetful
morphism.

On the other hand, X(G) is a free Z-module of finite rank acting by automorphisms of graded
k-vector space on R x(U), for any open subset U C X. To see this, consider [F] € Clg(X),
A € X(@G), and notice that (F* ® Ox(\))* ~ F* as divisorial sheaves. Hence, for a section
s € F¥(U), we define the section

As € (FP® Ox(N)*(U)

to be the unique section satisfying ¢(U)(s) = ¢(U)(A.s). This assignment defines an action of
E[X(G)] on R, x (U) that respects multiplication, so that we get a k[X(G)]-algebra structure on
Re,x(U). In the next propositions we make this structure more explicit, and study the forgetful
morphism.

Proposition 3.2.9.1. The equivariant Cox ring is a free k[X(G)]-module. More precisely, we
have

Coxa(X) = BFetmo M7

where Miz) := @ ex(q)(F ®ox O(w))*(X) 15 X(G)-graded and free of rank dimy(F (X)) over
KIX(G)].

Proof. The action of k[X(G)] stabilizes the k-vector spaces M|z. With this action, they inherit
a structure of X(G)-graded k[X(G)]-module. Moreover the exact sequence (3.2.1) becomes

0= X(G) 2 Cle(X) & C1x),

which justifies the decomposition of Coxg(X) as the direct sum of the modules M. In order to
check that they are free, let us consider [F] € Clg(X) and the k-vector space F*(X). For any A €
X(G), the multiplication by A defines an isomorphism of k-vector spaces with (F®p, O(X))*(X),
the inverse being the multiplication by A~'. By a simple verification as in the proof of 3.2.8.1,
we obtain that M|z is freely generated over k[X(G)] by any k-basis of F*(X). O

Proposition 3.2.9.2. The forgetful morphism ¢ : Rgx — Rx 1s an integral extension of
graded Ox-algebras, whose kernel is the sheaf of ideals generated by the family of global sections
(1 — Xj.1)1<j<n, where (Nj)i<j<n is an arbitrary Z-basis of X(G), and 1 € O(X) has trivial
degree. Moreover, this family defines a reqular sequence in Rg x(U) for any open subset U C X,
and we have
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Imp(U) ~Rax(U)/(Liy — (Nj-Djw)ii<n-

Proof. Let U C X be a non-empty open subset. Replacing X by U in the last proposition and
considering the action of k[X(G)] on Rg x (U), we see that the forgetful morphism corresponds to
the quotient of R¢, x(U) by the sub-k[X(G)]-module spanned by (fz; — A.f7:)[Flem ¢, 2 eX(G)>
where (fr;)i is a k-basis of F*(U) for all [F] € Im¢. Using Lemma 3.2.8.2, this submodule
is spanned by the elements of the family (fr; — Aj.f7.i)[Flemme,1<j<n Where (Aj)i1gj<n is an
arbitrary Z-basis of X(G). Finally, we observe that this sub-k[X(G)]-module is the ideal of
Ra,x(U) generated by (17 — (Aj.1)j)1<j<n where 1 € O(X) has trivial degree.

The sequence (17 — (Aj.1)j7)1<j<n is regular because the sequence (1 — Aj)1<j<n is regular
in k[X(GQ)] and Rg, x(U) is a free k[X(G)]-module. Now, we show that an element f € Rx(U)
is integral over R x (U). We may assume this element homogeneous, say f € F*(U). Then we
use the fact that a non-zero power of F* is linearizable (3.2.2.2). For the last assertion, we argue
exactly as in [ADHL, 1.4.3.5] to prove the isomorphism. O

Corollary 3.2.9.3. Suppose that the Picard group of G s trivial, then
COX(X) ~ Coxg(X)/(l — /\j-l)lgjén;
where (A\j)i1<j<n @5 an arbitrary Z-basis of X(G), and 1 € O(X) has trivial degree.

Proof. With this assumption, Clg(X) 2 Cl(X) is surjective (3.2.2.2). It follows that ¢ is also
surjective. We conclude by applying the last proposition. O

3.2.10 Pullback of equivariant characteristic spaces

In this section, we study the pullback of an equivariant characteristic space along an equiv-
ariant almost principal bundle. Let G, H be algebraic groups with G connected, (X, z) a pointed
normal G-variety, (Y, y) a pointed normal G x H-variety, and m; : Y — X a G-equivariant almost
principal H-bundle. Suppose that O(X)*¢ ~ O(Y)*¢*H ~ k* and that X has a G-equivariant
Cox sheaf of finite type. Then, we claim that there is a cartesian square

Yoxn — Xa

b

y — 2 X,

where ¢ is a G-equivariant characteristic space over X, g9 is a G X H-equivariant characteristic
space over Y, and the horizontal arrows are G-equivariant almost principal H-bundles. Indeed,
because of 3.2.5.2 we can write

Raxny = Dpreciqx) (mF)Y-
Thus, Yoxm — Y is the pullback of Xg — X along 7. As me induces a G-equivariant H-torsor
over ¢, Y(Xum), it follows that 7wy is a G-equivariant almost principal H-bundle. In fact,
corresponds to the graded Ox-algebra morphism

7QG,X = @[f]eClG(X) Fr— 7"'1>|</RG><H,Y

defined by the natural morphisms F* — 7w, m]F* between homogeneous components. As Y
admits a G x H-equivariant Cox sheaf of finite type, it also admits a G-equivariant Cox sheaf
of finite type when H is connected and O(Y)*“ ~ k* (3.2.9.2). When H = T is a torus, we can
say more (see also [Bra, 2.2]):
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Proposition 3.2.10.1. Suppose that H = T is a torus and that O(Y)*¢ ~ k*. Then Xo & X
factors through Y wia the morphism 1, and this factorization realizes Xg as the G-equivariant
characteristic space of Y.

Proof. In this situation, the exact sequence (3.2.1) reads

0 = X(T) — Clexr(Y) 3 Cla(Y) — 0,
and we have an isomorphism 77, : Clgx1(Y) — Clg(X), [F] = [(71.F)"] (3.2.5.2). This allows
us to write
Rax = ‘ﬂ*OXG = @ [GleCla (Y @Aex (771*(]: ®oy Oy (N)")*,

where for each [G] € Clg(Y), we choose [F] € Clgxr(Y') such that ¢([F]) = [G]. This yields a
factorization of ¢; through the relative spectrum over X of the degree zero part of the graded
algebra R x with respect to the induced Clg(Y')-grading. This degree zero part is

@Aex@r) m1.(Oy ®o, Oy (V)" = EB)\eX(’J]‘) (Wl*OY)(AT) = 11Oy
Hence, the factorization is
X5y X,
where ¢ is a good quotient by D(Clg(Y)). In fact, because ¢ is a G-equivariant almost principal

D(Clg(X))-bundle, the good quotient ¢ is a G-equivariant almost principal D(Clg(Y))-bundle.
For every open subset V C X, we have

P05 (m 1 (V) = q1.04 (V)
= EB (F @0y Oy(N)Y (a1 (V)T

[GleClg (Y) AeX(T

— @ EB F¥(r —1 (T)
[GleClg(Y) AeX(T

D f%r;l(V))
[GleClg(Y)

~ P v

[GleCla(Y)

As 0.0y is a quasi-coherent sheaf on Y, and ; is affine, this shows that the G-equivariant type

of X¢ viewed as a G-equivariant almost principal D(Clg(Y))-bundle over Y is the identity of
Clg(Y). O

3.3 Normal rational G-varieties of complexity one

Let G be a connected reductive algebraic group, B a Borel subgroup, T' a maximal torus in B,
and U the unipotent part of B. In this section, we begin by recalling basic facts on the geometry
of normal G-varieties of complexity one. Then, we obtain a necessary and sufficient condition
for the (equivariant) Cox ring to exist and be finitely generated. Then, we give a presentation
of the subalgebra of U-invariants of the equivariant Cox ring.
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3.3.1 (Generalities

The complerity of a normal G-variety X is the minimal codimension of a B-orbit. As any two
Borel subgroups of G are conjugated, the complexity doesn’t depend on the choice of B. Suppose
that X is of complexity one. By a theorem of Rosenlicht [T'11, 5.1| there exists a unique up to
isomorphism smooth projective algebraic curve C' whose field of rational functions is k(X)?. Let
us consider the rational quotient

Tm: X --»C

by B given by the inclusion k(X)® C k(X). We show that this quotient admits a rational
section. For this, we use the local structure theorem of Brion, Luna and Vust [BLV, Thm 1.4].
This is a very useful tool for the study of varieties with group action. We present a variant of
this theorem and a corollary, both due to Knop.

Theorem 3.3.1.1. [Kn93b, 1.2] Let G be a connected reductive group, X a G-variety equipped
with an ample G-linearized invertible sheaf £, and s € L(X)B) a B-semi-invariant section. Let
P be the parabolic subgroup stabilizer of s in P(L(X)), with Levi decomposition P, x L, T C L.
Then the open subvariety X, is P-stable, and there exists a closed L-stable subvariety Z C X,
such that the morphism induced by the P-action

P, x 7Z — X;
18 a P-equivariant isomorphism.

Corollary 3.3.1.2. [Kn93b, §2] Let G be a connected reductive group, X a normal G-variety, and
P(X) the smallest stabilizer of a B-stable divisor in X, with Levi decomposition P(X ), x L(X),
T C L(X). Then, there exists an affine L(X)-stable subvariety Z such that Xy := P(X)Z is an
open affine subvariety of X. The natural morphism P(X), x Z — Xy is an isomorphism and
the derived subgroup of L(X) acts trivially on Z.

Let Xo C X be as in the corollary, and H be the kernel of the L(X)-action on Z. Then
T := L(X)/H is a torus acting faithfully on Z. The local structure of Z for such an action is
well known: up to replacing Z by a smaller L(X)-stable subvariety, we have an L(X)-equivariant
isomorphism Z ~ T x Cpy, where L(X) acts on T by left multiplication via the projection
L(X) — T, and Cj is an algebraic curve. We end up with a P(X)-equivariant isomorphism

Xo =~ P(X)y x T x Co,

which identifies 7 x, with the projection to Cp, and yields the desired rational section.

Recall that the (equivariant) class group being finitely generated is a necessary condition for
the (equivariant) Cox ring to be finitely generated (3.2.1.6). In fact, we show in the two next
propositions that for complexity one normal varieties, this is also sufficient.

Proposition 3.3.1.3. The (equivariant) class group of X is finitely generated if and only if X
s a rational variety.

Proof. By 3.2.2.2, the equivariant class group is finitely generated if and only if the class group is
too. By the localization sequence (3.2.2), CI(X) is finitely generated if and only if Cl(X) is so.
But because P(X), x T is a rational variety with trivial class group, thus C1(Xp) is isomorphic
to Cl(Cy) via the pullback associated with the projection to Cy [Bril8, 5.1.2|. By the localisation
sequence again, we deduce that Cl(X) is finitely generated if and only if C1(C) is too. This last
condition is equivalent to C' ~ P!, which yields the statement. O

Proposition 3.3.1.4. Suppose that X is a rational normal variety of complexity one satisfying
O(X)*¢ ~ k*. Then Coxg(X) is finitely generated. If moreover O(X)* ~ k*, then Cox(X) is
finitely generated.
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Proof. Replacing X by its smooth locus doesn’t change the equivariant Cox ring, hence we
can suppose that X is smooth. With this assumption, the Cox sheaf is of finite type and the
equivariant characteristic space exists as a normal variety. Let us embed D(Picg (X)) in a torus
T by means of an injective morphism of diagonalizable groups ¢ : D(Picg(X)) — T dually
defined as follows: choose representatives (L£;);=1,.n of elements in a generating set of Picg(X)
and consider the free Z-module Z" generated by these representatives. Then, define f to be the
natural surjective morphism

ot 1 7" — Picg(X), (di, ..., dy) = [L9" @0y ... @0y L],

Let Y = Specy A be the G-equivariant T-torseur over X whose G-equivariant type is pf. By
3.2.5.10, there is a canonical morphism of graded Ox-algebras

.A—)RG’X

whose induced morphism between grading groups is ¢*. Hence, the above morphism is surjective
over any open subset of X. As a consequence, proving that Coxg(X) is finitely generated
amounts to prove that the algebra of regular functions on Y is finitely generated. Because Y is
a G-equivariant T-torsor over X, it is a smooth rational G x T-variety of complexity one. We
now apply a result of Knop [Kn93a, Satz 1] saying that O(Y) is finitely generated as a k-algebra.
The second assertion is then an application of 3.2.9.2. OJ

Remark 3.3.1.5. The second assertion in the last statement is [ADHL, Thm 4.3.1.5]. Also,
notice that almost homogeneous varieties of complexity one are automatically rational. Indeed,
we have in this situation a natural injection k(C) — k(G) from which we see that C' is unirational
because G is a rational variety. By Liiroth’s theorem, one deduces that C' is rational and hence
so is X in view of the isomorphism after Corollary 5.3.3.2. Moreover, we have O(X)*¢ ~ k*
because G has an open orbit. As a consequence, the equivariant Cox ring of X is well-defined
and finitely generated.

Suppose that X is rational of complexity one with O(X)* ~ k*, so that Cox(X) is well
defined and finitely generated. Because U has trivial character group and Picard group, every
divisorial sheaf on X has a unique U-linearization, whence a canonical isomorphism

Coxp(X) ~ Cox(X) (3.2.3.4).
We consider Cox(X) endowed with this canonical structure of a C1(X)-graded U-algebra.

Proposition 3.3.1.6. Suppose that Pic(G) = 0. Then, the k-algebra Cox(X)V is a finitely
generated normal domain and there is an isomorphism of Cl(X)-graded k-algebras

Cox(X)Y ~ Coxg(X)V/(1 — A\j.1)1<j<n,

U

where (\j)1<j<n 15 an arbitrary Z-basis of X(G). From this isomorphism, Cox(X)" is endowed

with a structure of a CI(X) x X(T')-graded algebra.

Proof. The k-algebra Cox(X)Y is a normal domain because Cox(X) is so. Moreover, apply-
ing Corollary 3.2.9.3 yields the isomorphism of the statement, whence the finite generation of
Cox(X)Y. The right hand side is naturally CI(X) x X(T)-graded, so is the left hand side by
transport of structure. O

Corollary 3.2.8.4 can be useful in order to obtain a presentation of Coxg(X). Indeed, reusing
the notations of this result, X’ is a smooth complete rational G-variety of complexity one and
Coxg(X) is the quotient of (the finitely generated) Coxg(X’) by a particularly simple regular
sequence. So one may rather look for a description of Coxg(X’). This task might be easier
thanks to the following proposition (which is probably known but for which we could not find a
reference).
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Proposition 3.3.1.7. Suppose that X is a smooth complete rational G-variety of complexity
one. Then, the abelian groups Pic(X) and Picg(X) are free of finite rank.

Proof. By [Su, Thm. 2] there is a G-equivariant projective birational morphism ¢ : X’ — X,
where X’ is a (projective) normal G-variety. This implies that the pullback morphism ¢* :
Pic(X) — Pic(X’) is injective. Thus we can suppose that X is projective. Also, using the exact
sequence (3.2.1), we are reduce to prove that Pic(X) is free of finite rank. We look for a non-
empty open subvariety U C X such that O(U)* ~ k* and Pic(U) = 0. By the exact sequence
(3.2.2), finding such a subvariety U yields the result.

Choose a maximal torus 7' C G and a l-parameter subgroup A of T having the same fixed
points in X as 7. By the next lemma, each G-orbit admit only finitely many fixed points.
Because X is of complexity one, it follows that the connected components (C;)o<i<, of the fixed
points scheme X7 = X* are points or curves. Also, the Bialynicki-Birula decomposition [Mi,
Thm. 13.47| says that X is the disjoint union of the subvarieties X;, i = 0, ..., such that for all
x € X, the limit limy_,o A(t) - x exists and lies in C;. Moreover, the maps

fi i Xi = Ci,x = limg o A(t) -z, i=0,..,r

are good quotients for the G,,-action. We can assume that Xy is an open subvariety. If Cj is a
curve, then it is isomorphic to IP’,{:. Indeed, it is a projective normal curve which is rational because
k(Co) C k(X). Consider U := 7~1(A}). Then U is affine and its coordinate algebra is Zxo-
graded. Moreover, the homogeneous component of degree zero is (’)(A,lg), whence O(U)* ~ k*.
Let £ be a Gy,-linearized invertible sheaf on U. By [BasHab, Cor. 6.4], we have f*i*L ~ L as
invertible sheaves on U, where 7 denotes the closed immersion A}C — U and f is the restriction
of fo to U. Thus, L is trivial as an invertible sheaf. This implies that Pic(U) is trivial since the
forgetful morphism Picg,, (U) — Pic(U) is surjective. If Cy is a point, we let U := 7~1(Cp) and
one proves similarly as above that O(U)* ~ k* and Pic(U) = 0. O

Lemma 3.3.1.8. Consider an homogeneous space G/H, and a mazimal torus T C G. Then
there are only finitely many T-fized points in G/H.

Proof. We can suppose that T admit at least one fixed point 9. Choosing xg as base point, we
may suppose 1" C H. Consider a T-fixed point ¢ - zg = gH in G/H. We have g~'Tg = h™'Th
for a certain h € H, because any two maximal tori in H are conjugate by an element of H. As
we can translate g by any element of H, we can suppose that g € Ng(T). Thus, Ng(T) acts
transitively on the set of fixed points. As the stabilizer of zy contains T" we are are done. O

3.3.2 The algebra Coxg(X)Y

Let (X, z) be a pointed normal rational G-variety of complexity one such that O(X)*¢ ~ k*.
Suppose that G has trivial Picard group. In order to study the G-algebra Coxg(X), it is classical
in invariant theory to investigate the more accessible structure of the subalgebra Coxg(X)V
of U-invariants . By [T11, D.5], 3.3.1.4, and 3.2.6.7, this subalgebra is a finitely generated
normal domain. Under some mild assumptions we give a presentation of this subalgebra, which
generalizes a result of Ponomareva [Pon, Thm 4].

Notice that Coxg(X)V is naturally Clg(X) x X(T)-graded, the homogeneous elements being
global sections of G-linearized divisorial sheaves whose divisors of zeroes are the B-stable effective
divisors of X. To see this, consider a B-invariant effective divisor D, and the divisorial sheaf
Ox(D)* endowed with a G-linearization (such a linearization exists by assumption on Pic(G),
see 3.2.2.2). We have to verify that the canonical section associated to D spans a B-stable line
in Coxg(X). As O(X)*¢ ~ k*, every automorphism of Ox(D)® preserving the G-linearization
is given by the multiplication of sections by a non-zero constant. It follows that the canonical
section associated with D is, up to multiplication by a non-zero constant, the unique global
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section of this G-linearized divisorial sheaf whose divisor of zeroes is D. Hence, this section is a
B-eigenvector.

Consider the maximal open subvariety V' C X on which the rational quotient 7 : X --» IP’,lC
by B defines a morphism. By [EGA, I1.7.3.6], the complement of V' in X is of codimension at
least two. Hence, there exists up to isomorphism a unique divisorial sheaf F whose restriction
to V' is isomorphic to ﬂ\*VOPi(l)' By hypothesis on the Picard group of G, we endow the sheaf
F with a G-linearization and consider the canonical representative F7 associated to [F]| (see
Section 3.2.3). After choosing homogeneous coordinates z1, 22 on P, the sections 7T|*V(Zl) and
7T|*V(22) defining the morphism 7, extend uniquely as global sections a,b € F*(X) which are

B-semi-invariant of the same weight. The pullback of Weil divisors on P}, is well-defined, this is
just the usual pullback of Cartier divisors

*: WDiv(P}) — WDiv(X),p = [a : 8] = divx(Ba — ab).

As in the preceding section, consider a P(X)-stable open affine subvariety X given by the local
structure theorem. The complement of Xy in X is a finite union of prime B-stable divisors.
On the other hand, 7 x, is a geometric quotient by B whose schematic fibers are subvarieties
of codimension one in Xo. We deduce that schematic fibers of 7, in general position define B-
stable prime divisors of X by taking closure. These divisors are nothing but the prime divisors
in the image of 7*.

Definition 3.3.2.1. [Pon, 3| The prime divisors in the image of 7* are the parametric divisors.
The finite set of B-stable prime divisors that are not parametric is the set of exceptional divisors.
For an exceptional divisor F, the image of m g is either dense or a point in IP’}C. In the former
case, the divisor F is called central. In the latter case, the image point is called exceptional.

Notation 3.3.2.2. Let (z;);es be the finite family of exceptional points with respective homo-
geneous coordinates [a; : 3], @ € I. For all i € I, let (E7); be the finite family of exceptional
divisors sent to z; by m and let n;; denote the coefficient of E7* in the divisor 7*(x;). Let (Ej)g
be the finite family of central exceptional divisors. Finally, equip O(E]L) (resp. O(FE%)) with
arbitrary G-linearizations and let s;; (resp. s;) denote the canonical sections associated with

E7 (vesp. Ej) in the G-linearized sheaves O(E}")* (resp. O(Ej)").

Theorem 3.3.2.3. Suppose that O(X)* ~ k*. Then Coxg(X)V is generated as a k[X(G)]-
algebra by the elements a, b, (si;)ij, (Sk)k. The ideal of relations contains the following identities

Bia — a;b = \; HJ SU ,
where for all © € I, A\; is a certain character of G. If moreover, the condition

(x) the common degree of the homogeneous elements a, b is not a torsion element of Clg(X) x
X(T)

is satisfied, then the above relations generate the whole ideal.

Proof. We first prove that the elements a,b, (sij)ij, (sk)r generate Coxg(X)V as a k[X(G)]-
algebra. The divisor of zeroes of a Clg(X) x X(T')-homogeneous element s can be written
as

divy (s) = > pis B + 3o, peBr + > aDi,

where the D; are B-stable parametric divisors. We infer that s is associated, by mean of an
homogeneous unit, with an element

Hzg fj” Hk’ v Hl(vla ulb)ql
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where [u; : vj] is a homogeneous coordinate of the point 7(D;) € Pi. By virtue of 3.2.6.8, it
follows that the elements a, b, (si;)i;, (sk)x generate Coxg(X)Y as k[X(G)]-algebra.

By the same arguments, we see that the relations of the statement hold. Now suppose that
the common degree of a, b is not a torsion element. We show that these relations generate the
whole ideal. For this, consider an arbitrary relation

sz f]” Hk: (a b) + 'UHU ;]]U Hk Sk g( ) ..=0,

where f,g... are Z-homogeneous polynomials in two indeterminates (by assumption on torsion-
freeness of the degree of a,b), and A, p, ... are characters of G. We claim that by substituting
relations from the statement, one can transform a sum

ATy 85 Tl st f(a,0) + u Ty iy Tl i 9(a,b),

in an expression of the form v [];; ”] 1 sy h(a,b), where h is a Z-homogeneous polynomial
in two indeterminates, and v € X(G). Iterating this process, we obtain the trivial relation

in a finite number of steps which finishes the proof. We set A = A[],; fj” [1; s7" f(a,b), and

B = uHU i 1k s¥g(a,b), then A/B € k(X)? = k(a/b). Taking the divisor of zeroes of A/B,
we obtain an equation of the form

> P BT+ 30 pe By + divix (fa(a, b)) = 32 ais B + 3y ar By + divx (fp(a, b))
where f4 and fp are Z-homogeneous polynomials in two indeterminates. We see right away that
Pk = qx holds necessarily for all k, so that we can put in factor [], s/* in A+ B. On the other
hand, for each exceptional point x; we get an equality
> (pij — 4ij) Ej* = divx (Bia — a;b)®, where [a; : ] = ;.
We deduce that p;; — ¢;; = dijn;; for all 4, j. We can suppose that d; > 0, so that p;; > ¢;; for all

j. Hence by using relations of the statement we write

Dij __ qij Pij—dij __ y—d; a0 — v.h)di qij
isii =11, s 11 i = A “(Bia — ab)¥ ;8,7

This allows us to factor H q” in A+ B. Doing this for each exceptional point, we see that the
remaining factor is an homogeneous expression of the form

N f'(a,b) + p'g'(a,b),

where X, 1/ € X(G) and f/, ¢ are Z-homogeneous polynomials in two indeterminates. We nec-
essarily have \' = i/, and deg f’ = deg ¢/, whence the sought reduction. O

Proposition 3.3.2.4. The condition (%) is satisfied in the following situations
e X is smooth and complete,
e G =T isatorus and O(X)" ~k,
o X is almost homogeneous.

Proof. In the first situation, Picg(X) is free of finite rank (3.3.1.7). Consequently, it suffices to
check that the common Picg(X)-degree of a,b is non-trivial. This is verified because a,b are
linearly independent and O(X) ~ k.

In the second situation, suppose that there exists an integer n > 1 such that the common
degree of a™,b™ is trivial. Then, consider a non-empty T-stable open subvariety Xy equivariantly
isomorphic to the product T x Z, where T acts on itself by left multiplication, and Z is an open
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subvariety of IP’,lC on which T acts trivially. Restricting the homogeneous sections a,b to Xg, we
have

a,b € By, (x) O(2)[X(T)]
a™,b" € k, of Clp(X)-degree zero

Hence, we necessarily have a,b € k, in a certain Clp(X)-homogeneous component. This is a
contradiction as these two sections are linearly independent.

In the third situation, suppose again that there exists an integer n > 1 such that the common
degree of a™, b" is trivial. Then we obtain a", " € O(X)Z, hence a™, " € O(X)¢. As G
is connected, Coxg(X)® is integrally closed in Coxg(X), whence a,b € Coxg(X)®. But the
homogeneous components of this last algebra are one dimensional k-vector spaces (3.2.8.5), and
a, b are linearly independent, a contradiction. O

Remark 3.3.2.5. In [ADHL, Thm 4.4.1.6], Hausen and Siiss give a presentation of the Cox ring
of a normal rational T-variety of complexity one satisfying O(X) ~ k. In view of the preceding
proposition, Theorem 3.3.2.3 combined with 3.2.9.3 yields a similar presentation for the slightly
more general situation of a normal rational T-variety of complexity one satisfying O(X)T ~ k.

3.3.3 Cox(X)Y as the Cox ring of a T-variety of complexity one

Let (X, x) be a pointed normal rational G-variety of complexity one such that O(X)* ~ k*.
Suppose moreover that G has trivial Picard group, and that the condition (%) of 3.3.2.3 is
satisfied, e.g. X is almost homogeneous (3.3.2.4).

In [ADHL, 3.4.2], are studied the finitely generated integral normal factorially graded k-
algebras such that the grading is effective, pointed, and of complexity one. Geometrically, these
are the coordinate algebras of normal affine varieties Z endowed with an effective action of a
diagonalizable group & such that Z is P-factorial, of complexity one under the action of 2°, and
the invariant regular functions as well as the invertible homogeneous regular functions on Z are
constant. By [ADHL, 4.4.2.3], an algebra satisfying these conditions is up to graded isomorphism
obtained by the

Construction 3.3.3.1. [ADHL, 3.4.2.1] Fix integers r € Z>1, m € Zx>o, a sequence of integers
ng, ..., Ny € Z>1, and set n := ng + ... + n,. Consider as inputs

e A matrix A := [ag, ..., a,] with pairwise linearly independent column vectors aq, ..., a, € k2.

e An r x (n+ m) block matrix Py = [L 0,,,], where L is an r x n matrix built from the
n;-tuples l; := (Li1, ..., lin;) € Zgil, 0 < ¢ < r, called exponent vectors, as below

Now consider the polynomial algebra k[Tij, Sk], where 0 < i < r, 1 <j<njand 1 <k <m.
For every 0 < ¢ < r, define a monomial

Tl = Tl T

mg

whence the name "exponent vector". Denote by & the set of triples (i,1i2,i3) with 0 < 73 <
19 < i3 < r, and for all I € ., consider the trinomial

l l [

i1 ig i3
grimae [T T T
7 (7 Ajq
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We introduce a grading on k[T};, Sy] by the abelian group Ky := Z"*™/Im(*P), where 'Fy is
the transpose of Py. Let Qq : Z"™™ — Kj be the projection, and set

deg T;j := Qo(es5), and deg S := Qo(ex),
where (e;5, e) is the standard basis of Z"*™. Finally consider the Ko-graded k-algebra
R(A, Py) := k[T, Skl/ (91)1e.0-

Proposition 3.3.3.2. The k-algebra Cox(X)Y is isomorphic to an algebra R(A, Py) constructed
as m 3.3.3.1.

Proof. Consider a presentation of Cox(X)Y as provided by 3.3.2.3 and 3.3.1.6. Suppose first that
X admits at least two exceptional points. Consider the algebra R(A, Py) built from the following
input data

e m is the number of exceptional divisors in X dominating P,lq,

® ag, ..., a, are homogemeous coordinates on IP’}C of the exceptional points, and we can suppose
that these coordinates are of the form [1:0],[0: —1], [ag : B2], ..., [ar : Br],

1 0 a ... «ap
0 -1 Bo ... Br|’

e the matrix A is

e for 0 < i< r, set

ll' = (n@j)j (notation of 3323)

On the other hand, using the relations a = []; sg;j,

remove a, b from our generating set of Cox(X)Y. We end up with the same number of generators
as for the k-algebras R(A, Py). The ideal of relations is generated by the following ones

, n0j _ nij o _ nij . _
a; [ 805 Billjsi;? =187 i=2,0m.

With regard to the algebra R(A, Py), we have the identities

and b =[], sqf;j given by 3.3.2.3, we can

950 = Q1964 — QijdGky [ADHL, 3.4.2.4],
where 0 < i < j < k <l < r, and oy := det(a;,a;). From this, we infer that the trinomials
90,1,)), 2 < 1 < 7 generate the ideal ((g9r)res). But these trinomials are, up to the change of
variables Tj; + s;;, the trinomials appearing in relations listed above for Cox(X )U. This finishes
the proof in this case.

If X admits at most two exceptional points, then Cox(X)V is a polynomial algebra. In this
case we use almost the same input data for R(A, Fy), except that we consider two column vectors
ap,a; € k* which are homogeneous coordinates of two distinct points in IF”,1C that contain all the
exceptional points, and for the a; which are not exceptional, we set [; := (1). O

Corollary 3.3.3.3. The spectrum of Cox(X)V is a complete intersection.

Proof. By [ADHL, 3.4.2.3], the spectrum of any algebra R(A, Py) constructed as in 3.3.3.1 is a
complete intersection, whence the result. O

Corollary 3.3.3.4. The total coordinate space X has only constant invertible functions.

Proof. An invertible function f € Cox(X)* is U-invariant [Bril8, 4.1.6]. Thus, it is constant
because any algebra R(A, Py) has only constant invertible functions [ADHL, 3.4.2.3]. O]
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Corollary 3.3.3.5. The k-algebra Cox(X)V is the Cox ring of a normal variety of complexity
one under a torus action.

Proof. Proceeding as in [ABHW, Prop. 5.1], we construct a normal affine rational variety of
complexity one under a torus action, whose Cox ring is Cox(X)Y. O

Remark 3.3.3.6. Following the proof of 3.3.3.2, the input data to be used in Construction
3.3.3.1 in order to obtain Cox(X)Y can interpreted geometrically:

e m is the number of exceptional divisors in X dominating }P’,lc,
° h di P: of th ional poi
ap, ---, Gy are nomogemeous coordinates on I, of the exceptional points zg, ..., Ty,

e the exponent vectors are the vectors formed by the multiplicities of the exceptional divisors
in the pullbacks 7*(z;), i =0, ..., 7.

Remark 3.3.3.7. Consider the spectrum Y of an algebra R(A, Py) viewed as the total coordinate
space of a normal rational variety Y of complexity one under a torus action. The geometries
of YV and Y highly depend on the exponent vectors l;, ¢ = 0, ..., involved in the equations. In
[ABHW]|, the study of singularities on Y leads to the following notion that will be used later:
a ring R(A, Fy) is a Platonic ring either if r < 1, or if every tuple (lo;y, ..., lri,) is Platonic, i.e.
after ordering it decreasingly, the first triple is one of the Platonic triples

(57 37 2)7 (47 37 2)’ (37 37 2)’ (x’ 27 2)7 (‘7;7 y? 1)7 x 2 y 2 17

and the remaining integers of the tuple equal one.

3.3.4 Log terminality in the total coordinate space

In this section, we characterize the log terminality of singularities in the total coordinate
spaces of almost homogeneous G-varieties of complexity < 1. One key ingredient is a theorem
of Braun [Bra, Thm 3.1] saying that a total coordinate space X is always 1-Gorenstein. Thus,
applying [I, 6.2.12, 6.2.15] yields the equivalence

X has log terminal singularities <= X has rational singularities.

Proposition 3.3.4.1. Let X be a spherical G-variety with only constant invertible regular func-
tions. Then, the total coordinate space X has log terminal singularities.

Proof. The total coordinate space X is a spherical variety under a connected reductive group
G1 xD(CI(X))°, where G is a finite cover of G (see [ADHL, Thm 4.2.3.2]). As spherical varieties
have rational singularities [T11, Thm. 15.20], this completes the proof. O

Corollary 3.3.4.2. Let X be a Q-factorial projective spherical variety. Then X is of Fano type.
Proof. Apply [GOST, Thm 1.1] together with the last proposition. O

Choose a Borel subgroup B, a maximal torus T in B, and denote by U the unipotent part
of B. We now prove the

Theorem 3.3.4.3. Let X be an almost homogeneous G-variety of complexity one with only
constant invertible regular functions. Then

X has log terminal singularities <= Cox(X)V is a Platonic ring  (see 3.3.3.7).
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The Cox ring of X is well defined and finitely generated (3.3.1.5). Moreover, up to replacing
G by a finite cover, we can suppose that Pic(G) = 0, and that Cox(X) is endowed with a
compatible structure of C1(X)-graded G-algebra (see [ADHL, Thm. 4.2.3.2]); this doesn’t change
U and replaces B and T by finite covers.

Proving that a spherical variety has rational singularities usually relies on a reduction to the
toric case. Similarly we are going to reduce to the case of a normal variety of complexity one
under a torus action, and use the following result of Arzhantsev, Braun, Hausen and Wrobel:

Theorem 3.3.4.4. [ABHW, Thm. 1] Let Y be ‘a normal affine Q-Gorenstein rational T-variety
of complezity one such that O(Y)T ~ k. Then'Y has log terminal singularities if and only if its
Cozx ring is Platonic.

 Consider the categorical quotient Y := Spec Cox(X)Y of X by U. By [T11, Thm. D.5],
Y is a normal variety. Moreover, it is of complexity one under the induced action of the torus
T :=TxD(CI(X))°. Indeed, X is almost homogeneous of complexity one under G x D(C1(X))°.

Lemma 3.3.4.5. The variety Y satisfies the assumptions of Theorem 3.3.4.4. Moreover, it is
1-Gorenstein.

Proof. As X is almost homogeneous of complexity one under G x D(CL(X))°, it is a rational
variety (3.3.1.5). Then, we have

k(P = k(X)PXPEE)T = (X)UT = Frac(Cox(X)Y)T = k(Y)T,
whence Y is a rational variety (for a proof of the second equality, proceed similarly as in [T11,

D.7]). By the result of Braun again, Y is 1-Gorenstein because it can be viewed as a total
coordinate space (3.3.3.5). Finally, we verify that O(Y)T ~ k. We have identifications

O(f/)’]l‘ ~ (/)()Z)BX]D)(CI(X))O ~ O(X)GXD(CI(X))O ~ k[(ri)i]D(CI(X))O,

where k[(7;);] is a polynomial k-subalgebra in the canonical sections associated to the G-stable
prime divisors in X. Indeed, because X is almost homogeneous, a G-fixed homogeneous element
in Cox(X) is the product of a monomial in the r; with a homogeneous unit, and the homogeneous
units are constant [ADHL, 1.5.2.5]. The algebra k[(r;);] is C1(X)-graded, and any non-zero degree
associated with a homogeneous element is torsion free in C1(X). It follows that

k[ (ra)a] PN = K[(r)i]o = k.
[l

By [T11, Thm D.5], X has rational singularities if and only if ¥ do so. Using Theorem 3.3.4.4
together with the above lemma yields

X has log terminal singularities <= Y has log terminal singularities
= Cox(Y) is a Platonic ring.
To finish, we claim that
Cox(Y) is a Platonic ring <= Cox(X)Y is a Platonic ring.

The algebra Cox(Y) is again of the form given by Construction 3.3.3.1, and the associated
exponent vectors have an explicit description in term of the ones associated with Cox(X)Y (see
[HW, 2.7]). Using this description, the claim is verified by means of an easy case by case check.
This finishes the proof of the Theorem 3.3.4.3.
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3.3.5 [Iteration of (equivariant) Cox rings

In [ABHW]|, Arzhantsev, Braun, Hausen and Wrobel introduced the notion of iteration of
Cox rings: Let Z be a normal variety with finitely generated Cox ring. If the total coordinate
space Z has a non-trivial class group and satisfies (’)(Z )* ~ k*, then it has a non-trivial well-
defined Cox ring. If the latter is finitely generated, we get a new total coordinate space 4SS
and so on. This iteration process yields a sequence of Cox rings which stops if only if one of the
following cases occurs at some step:

e we obtain a total coordinate space whose Cox ring is not well defined (i.e. there exists
n > 0 such that C1(Z(™) has a non-trivial torsion subgroup, and O(Z™)* o k*).

e we obtain a total coordinate space whose Cox ring is not finitely generated.
e we obtain a factorial total coordinate space (i.e. with trivial class group).

If we never fall in one of the cases above, Z is said to have infinite iteration of Cox rings.
Otherwise, Z is said to have finite iteration of Cox rings, and the last obtained Cox ring is the
master Coz ring. Toric varieties obviously admit finite iteration of Cox rings with a factorial
master Cox ring in one step. More generally, spherical varieties admit finite iteration of Cox
rings with a factorial (finitely generated) master Cox ring in at most two steps |G, Thm 1.1]. In
this section, we prove the finite iteration of Cox rings in the complexity one case, assuming some
technical condition (3.3.5.2). We use a similar approach as in [Bra], namely we systematically
decompose a diagonalizable torsor into a torsor by a torus followed by a torsor by a finite
diagonalizable group, and use the fact that characteristic spaces are preserved by torsors under
tori (3.2.10.1).

The above definitions have obvious analogues in the equivariant setting. We then speak of
iteration of equivariant Cox rings. For a variety X endowed with an action of an algebraic group
G, we denote by Xg) the ith G-equivariant characteristic space (if it exists), and Xg) the ith
G-equivariant total coordinate space. The next theorem establishes the finiteness of iteration of
equivariant Cox rings for almost homogeneous varieties under a connected reductive algebraic
group. This yields in particular the finiteness of iteration of Cox rings for almost homogeneous
varieties under a semisimple algebraic group (3.2.3.4).

Theorem 3.3.5.1. Let G be a connected reductive group and X be an almost homogeneous G-
variety of complexity one. Then X admits finite iteration of equivariant Coz rings. Moreover,
each equivariant Cox ring occuring in the sequence is the Cox ring of a complexity one almost
homogeneous G-variety. In particular, the equivariant master Coz ring s finitely generated and
factorial.

Proof. We can suppose that X is a smooth G-variety, up to replacing it by its smooth locus.
By 3.3.1.4 and 3.3.1.5, the G-equivariant characteristic space Xg exists and ¢ : Xg — X is a
G-equivariant D(Picg(X))-torsor. Consider the exact sequence of abelian groups

0 — Picg(X)tor — Picg(X) — M — 0,
where Picg(X)tor denotes the torsion part of Picg(X). This defines a factorization
Xo 2 x0 I x

of q1 into G-equivariant diagonalizable torsors. In particular, g; is a torsor under a torus, and
f1 is a torsor under a finite diagonalizable group. Denote by H the stabilizer of a base point in
the open G-orbit of X. Then X is a normal G/H-embedding. Let Dq,..., D, be the G-stable
prime divisors lying in X \ G/H. Using the exact sequence (3.2.3) applied to the restriction
Picg(X) — Picg(G/H), we infer that the group Picg(X)ior embeds in Picg(G/H) ~ X(H).
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Let Hp be the intersection of the kernels of the characters of H corresponding to elements of
PicG(X)tor- This is a normal subgroup of H, and Picg(X)ior ~ X(H/H;) under the above
embedding. Then G/H; — G/H is a diagonalizable torsor under the group H/H;, and G/H;
identifies with the G-open orbit in X’. Because X’ is an almost homogeneous G-variety of
complexity one, it has a well defined G-equivariant characteristic space. Proposition 3.2.8.5
guarantees that O(Xg)*G ~ k* thus we can apply 3.2.10.1 in order to obtain that X¢ has also a
well defined G-equivariant characteristic space which coincides with that of X’. This construction
can be iterated so that we obtain a commutative diagram

e |
(2) o (

G/Hy —— X'® ¢ X« X5
" ﬁ | |
G/H, X'+ X Xo

fi
G/H —— X

q1

Moreover, as each H;, i > 1 is necessarily of finite index in H, it follows that this construction
gives rise to a descending sequence (H;);>1 of subgroups of H, all of which containing the neutral
component H°. Thus, this sequence is constant after a certain rank. As a consequence X admits
finite iteration of equivariant Cox rings with a finitely generated factorial equivariant master Cox
ring. O

Let G be a connected reductive algebraic group, and X be a normal rational G-variety of
complexity one satisfying the condition

(C) : X and each of its iterated characteristic spaces have only constant invertible functions.

By adapting the argument in the last proof, we show in Theorem 3.3.5.2 that X admits finite
iteration of Cox rings. The condition (C) guarantees that X has well defined iterated Cox rings,
and is satisfied in the following situations

e O(X)~k (e.g. X is complete),

e X is a quasicone,

e O(X)* ~ k* and X is almost homogeneous,

e G =Tis a torus, O(X)* ~ k*, and O(X)T ~ k.

Indeed, for the first two cases, apply [Bra, 4.4], and for the remaining cases, use repeatedly
3.3.3.4.

Theorem 3.3.5.2. Let G be a connected reductive group, and X be o normal rational G-variety
of complexity one satisfying condition (C). Then, X admits finite iteration of Cox rings with well
defined iterated Cox rings. If moreover X is almost homogeneous, then the master Coz ring is
factorial and finitely generated.

Proof. Up to replacing X by its smooth locus, we can suppose that X is smooth as this doesn’t
affect the assumptions and the iteration of Cox rings. By virtue of the condition (C) and 3.3.1.3,
the iteration stops at the step n > 0 if and only if

either X is not rational, or X is factorial.
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To begin with, let us examine the first iteration in detail. We can suppose that Pic(X) has a non-
trivial torsion subgroup, as otherwise X is factorial and iteration stops [ADHL, 1.4.1.5]. Consider
the diagonalizable torsor fi : X' — X associated to the inclusion morphism Pic(X )ior — Pic(X)
(3.2.4.5). Also, consider the exact sequence of abelian groups

0 — Pic(X)tor — Pic(X) - M — 0.
This defines a factorization
X8 x Iy x
of the characteristic space q; : X — X into diagonalizable torsors. In particular, ¢g; is a torsor
under the torus D(M), and f; is a torsor under the finite diagonalizable group 2; with character
group Pic(X)ior. In fact we can suppose, up to replacing G by a connected finite cover, that fi,

g1 are a G-equivariant diagonalizable torsors [ADHL, 4.2.3.2]. Also, we can suppose that X’ is
rational, otherwise X is not rational and iteration stops. Then there is a commutative diagram

™
X' -2l ph
lfl lm
iy
X -2 ]P’}g,

where the 7; are the respective rational quotients by B, and ¢ is a geometric quotient by %;.
Notice that the m; are defined at every codimension 1 point. Let Z; ¢ be the quotient of Z; by
the kernel of the Z;-action on ]P’,{, and d :=| 2 ¢x |. The locus where 2 o acts freely is non-
empty open, @1 is étale at each point of this locus and ramified at each point of its complement.
Let x be a point in IP’}C, and consider the pullback

Na
mo(@) =Y nia By, (3.3.1)
=1

where the EY are pairwise distinct B-stable prime divisors in X, and n;, € Zso, @ = 1, ..., Ny.
Inspired by Construction 3.3.3.1, the vector (nw)i:l”,_,Nz is called the exponent vector associated
with z. On the other hand, considering the set theoretic fiber 7 *(z) = {z}, ..., )}, we have

o1(x) = ixll + ..+ ﬂxé . (3.3.2)
ly ly
Indeed, the ramification indices associated to the z}, k = 1,...,1, are equal and their sum is d
since the finite extension of fields of rational functions defined by ¢; is Galois of degree d. By
definition, ¢; is ramified over z if and only if d/l; > 1.
Now we compute the pullbacks 7} (z},): since f; is étale, there are no multiplicities for the
prime divisors occuring in f;(EY). Moreover, denoting 3, ; the set of prime divisors occuring in
the support of ff(EY), the morphism 7 induces an equivariant map of transitive 2;-sets

Y — {2, ,xgz}

i —i—...—i—Ef’“’mi), where the Ef’“] are pairwise distinct
B-stable prime divisors in X’ which are respectively sent to x} by 71, and m; is the cardinality

It follows that we have f;(E¥) = Sk (B!

of the orbit Stabg, (z}).E; el Using the commutativity of the above square and the formulas
(3.3.1) and (3.3.2), we obtain

Tl BT, (3.3.3)




It follows from this computation that if ¢ is ramified over x, then it is an exceptional point, and
the coordinates of the associated exponent vector have a non-trivial greatest common divisor.
We call primitive an exponent vector whose coordinates have a trivial greatest common divisor.
By the above formula, the exponent vectors associated to the points x} lying in the fiber <p1_1(x)
are equal to each other. Also, if the exponent vector associated with x is primitive, then the
exponent vectors associated with the points x} are also primitive. The idea of the proof is roughly
to observe that there is a finite number of non-primitive exponent vectors, and that this number
decreases along the iteration process (up to identifying equal exponent vectors). Then, assuming
infinite iteration Cox rings easily yields a contradiction. We now give the details

Thanks to condition (C) and Proposition 3.2.10.1, the above construction can be iterated
together with the iteration of Cox rings. At the nth step of the iteration of Cox rings, we obtain
a diagram

X’(n) fn ) f3 X’(Q) f2 X/ i X
iwn 3772 37T1 37"0

1 Pn ¥3 1 P2 1 1 1

Pl Pl P Pl

where X'® and X® have the common characteristic space X (@+1) (i =1,...,n), and the f; are
G-equivariant Z;-torsors (%; := Pic(X’(i_l))tor, i=1,...,n—1). Here, the Z; must be non-trivial
because otherwise iteration would stop before the nth step. For the torsors f; to be G-equivariant,
we have possibly replaced G by the choice of a finite cover, however the morphisms in the above
diagram don’t depend on this choice. By repeatedly applying Lemmas 3.3.5.3 and 3.3.5.4 below,
we obtain respectively the following facts:

e The morphisms ; are ramified for i =1,...,n — 1.

e The composition F),, := f1o...0 f,_1 0 f, is a G-equivariant torsor under the action of a
finite group 5,. Moreover, the actions of .S, and G commute.

In particular, F), is finite étale and &, := @y 0...0p,_1 0w, is a geometric quotient by S,,. Now,
in view of the commutativity of the diagram

the exponent vector associated with a point in a fiber @ !(z) can be obtained by using the
same computation as the one leading to formula (3.3.3). It follows that the exponent vectors
associated to points in a common fiber ®,1(x) are equal to each other. We say that two exponent
vectors are equivalent if they are associated with points in a common fiber ®;!(x), this defines
an equivalence relation. Consider the exceptional points x1,...,z, € IP’,lC associated with mg and
such that each associated exponent vector is not primitive. Let w, be the number of classes of
non-primitive exponent vectors defined by pullbacks of points of }P’,lg by m,. We have ug = r
and (up,)n is clearly decreasing with values in N. Suppose by contradiction that we have infinite
iteration of Cox rings, which implies that w, is defined for all n € N. Then, this sequence
clearly admits a limit [ > 0. We cannot have [ = 0 because there would exist an integer n > 0
such that ¢, is unramified. Thus, there is an exceptional point xg, 1 < k < r, for which the
greatest common divisor of the coordinates of the associated exponent vector is unbounded, a
contradiction.

To finish the proof of the finiteness of the iteration of Cox rings, we now give the two lemmas
mentionned above:
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Lemma 3.3.5.3. Suppose that @1 is not ramified. Then @1 is the identity of P,lg, Moreover, X'
and X have torsion-free Picard groups.

Proof. If 1 is not ramified, it is a finite surjective étale morphism, whence an isomorphism
since IP’/,lC is simply connected. This means that & acts trivially on ]P’}C, thus ¢ = Idp}c . For the

~

second statement, we show first that the torsion freeness of Pic(X) implies the torsion freeness of
Pic(X’). Using condition (C), the exact sequence (3.2.1) applied to X viewed as a D(M)-variety
gives

This exact sequence guarantees that the torsion subgroup of Picpay (X ) embeds in that of

Pic(X). To finish, we have an isomorphism Picp () (X) ~ Pie(X’) (3.2.5.2).

Now we prove that Pic(X) is torsion free. By hypothesis, we have a commutative triangle

X'
lf\\ m
1 AN
7ro\\'l
1
X ---=- > P,

and we claim that all but a finite number of B-stable prime divisors E in X satisty f{(F) = E’
where E’ is a B x 9;-stable prime divisor in X’. Indeed, it suffices to consider an affine B-stable
open subvariety Xy C X as in the paragraph after Corollary 5.3.3.2 and the geometric quotient
Xo— Cy C P,lg by B induced by the restriction of my. Then 7 also induces a geometric quotient
frH(Xo) — Co by B. For all z € Cp, the pullbacks 7(i(z) = E* and 7}(z) = E'* are B-stable
prime divisors. It follows that the support of f;'(E”) is E'* and there is no multiplicity as f; is
étale. As all but a finite number of B-stable prime divisors in X are pullbacks of points of Cj,
the claim follows. Now, because g; is a torsor under a torus, we conclude that for all but a finite
number of B-stable prime divisors F in X, we have the property

¢{(E) = E, where E is a B x D(M)-stable prime divisor in X.

For any prime divisor F in X, we have ¢} (F) = div(sg), where we view the canonical section sg
associated with E as a regular function on X. Hence, all but a finite number of B x D(M)-stable
prime divisors in X are principal. Let {E1, ..., E;} be the finite set of B-stable prime divisors
in X not satisfying the above property. We have div(sg,) = ¢f(E;) = E! + ... + Eli where the
E¥ are B x D(M)-stable prime divisors in X (1 < k < I;). Consider the B x D(M)-stable open
subvariety Xo C X obtained by removing the supports of the i (E;), i = 1,...,r. The exact
sequence (3.2.2) reads

0= O(Xo)* = @, , ZEF — Pic(X) — Pic(Xo) = 0.

Indeed, all the B x D(M)-stable prime divisors in X, are principal whence Pic(Xo) =0. Up
to multiplication by a non-zero constant, the units of O(Xy) are Laurent monomials in the
canonical sections sg,, i = 1,...,7. Hence, the cokernel of the morphism O(Xy)* — EBM ZEF is

a torsion-free abelian group isomorphic to Pic(X). O

Lemma 3.3.5.4. Consider as above the G-equivariant diagonalizable 9y-torsor f1 : X' — X.
Suppose that there is a G-equivariant torsor fo: X — Y under a finite group Sy such that the
actions of G and Sy commute. Then Fy := foo f1 is a torsor under a finite group S1 which is
an extension of So by Z1. Moreover, Fy is G-equivariant and the respective actions of S1 and G
on X' commute.
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Proof. We adapt the arguments of [ADHL, 4.2.4.1]. Let Npyy(x7)(Z1) be the normalizer of 2y
viewed as a subgroup of Aut(X’), and ® € Npyyx/)(Z1). Then, f1®: X' — X is a Z;-invariant
morphism, whence the existence of a morphism ¢ such that following diagram commutes

X —® . x

lfl lfl

X 2. X

It is readily checked that ¢ € Aut(X), and that the map 8 : Nawy(x/)(Z1) — Aut(X), @ = ¢
is a group morphism. We show that this morphism is surjective. Consider an automorphism
¢ € Aut(X), and let p*X’ denote the pullback of X’ along . This defines an isomorphism
u: p*X’ — X. Moreover, the structural morphism ¢*X’ — X is a %;-torsor which has the
same type (3.2.5.7) as fi up to an automorphism of X(%;). Indeed, the pullback by ¢ induces
an automorphism of Pic(X)ior = X(Z2;). It follows from this last fact and 3.2.5.9 that there
exists an isomorphism v : X' — ¢* X’ over X compatible with the Z;-action (here we used that
O(X)* ~ k*). Summarizing, we obtain a commutative diagram

Xl v (,O*X/ U X/

\)l ) lfl

X % . x

where uv € Npy(x7)(Z1) and B(uv) = ¢, which proves the surjectivity. The kernel of 3 consists
of the elements of Nau(x+)(Z1) which are automorphisms of X’ viewed as a variety over X.
Obviously, Ker § contains %;. Conversely, any element v € Ker 8 induces an automorphism of
the field of rational functions k(X') viewed as a k(X )-algebra. As the extension k(X ) — k(X') is
Galois with Galois group %, we conclude that ker f = Z;. We have obtained an exact sequence
of groups (see also [Ma, Proposition 2.1])

1= Z1 = Nawxn(21) 5 Aut(X) = 1.

Let S; be the preimage of Sy C Aut(X) by 8. This is a finite group acting on X’ which is an
extension of Sy by 2;. Also, it is directly checked that the quotient of X’ by S exists and is a
torsor which identifies with the morphism Fj.

It remains to prove that the actions of G and S; commute. Let s; € Si(k), g € G(k),
x € X (k). Then we have

fisigsy g H(z) = sogsy g fi(z) = fi(z),

where sg := B(s1). Tt follows that s;gs7 g~ € 21(k), whence a continuous map G (k) — 2 (k)
taking an element to its commutator with s;. Because G is connected, this map is constant.
Taking its value at eq, we conclude that the actions of G and S; commute. O

We finally have to prove the last claim of the theorem. By construction, the G-varieties X (@)
are of complexity one. They are moreover almost homogeneous if X is so. The claim follows
from this observation and 3.3.1.4, 3.3.1.5. O

Remark 3.3.5.5. There exists a normal rational G,,-variety of complexity one with only con-
stant regular functions, such that the master Cox ring is not finitely generated. Consider indeed
the two normal affine rational G,,-surfaces defined by the Q-divisors

Dy := 3[0] + 3[1] + £[oc], and Dy := —1[0] — £[1] — F[oc].
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on Pi (see [FZ]). It is easy to verify that these two surfaces glue together to form a normal
rational Gy,-surface X with only constant regular functions. The exponent vectors defined by
the rational quotient X --» P by G,, are (3,3), (3,3), (3,3). Hence, X is not rational in view

of the criterion [ABHW, 5.8]. This implies that Cox(X) is not finitely generated.

Remark 3.3.5.6. Let G be a connected reductive group, and X be a normal rational G-variety
of complexity one satisfying the condition

(S F O(Xg))*G ~ k* fori > 0.

For instance, a normal rational G-variety of complexity one satisfies (C%) if it is complete, or a
quasicone, or almost homogeneous. The Theorem 3.3.5.2 has an obvious equivariant analogue in
this setting and its proof adapts as well. More precisely, we obtain that X admits finite iteration
of G-equivariant Cox rings, with well defined G-equivariant iterated Cox rings. The proof is
in fact easier as the iterated equivariant characteristic spaces are canonically endowed with a
G-action.
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Chapter 4

Cox ring of almost homogeneous
SLo-threefolds

Abstract

We study Cox rings of normal threefolds on which SLy acts with a dense orbit. Exploiting
the method of U-invariants, we obtain combinatorial criteria for the total coordinate space
and the base variety to have log terminal singularities. Then, we investigate the iteration
of Cox rings and obtain a bound on its length. Finally, we develop a general approach to
the description of the Cox ring by generators and relations which is effective for normal
SLo /pn-embeddings.

4.1 Introduction

The complexity of the action of a connected reductive group is a very important birational
invariant in studying the geometry of the action. This is the minimal codimension of an orbit of
a Borel subgroup. The normal algebraic varieties of complexity zero are the spherical varieties,
they constitute a natural generalization of toric varieties and have a well understood geometry
[T11, Chap. 5]. The next step is the study of varieties of complexity one, which is not so well
developed, except for the case of actions by tori [KKMS]|, [ABHW], [LS]. In general, two cases
are possible for a normal variety of complexity one: either it is almost homogeneous (i.e. there
exists a dense orbit), or it admits a one-parameter family of spherical orbits. The first examples
of the former case consist of almost homogeneous SLo-threefolds, that is, normal SLo-varieties
of dimension three with a dense orbit. Various aspects make this class of examples especially
important, and one can view their study as a preliminary step toward a better understanding
of general almost homogeneous varieties of complexity one. For example, these examples yield
all homogeneous spaces of complexity and rank one via "parabolic induction", as shown by
Panyushev in [Pa95].

An almost homogeneous SLa-threefold X can be viewed as a normal embedding of a ho-
mogeneous space of the form SLy /F where F is a finite subgroup. This means that the orbit
morphism associated to a point in the dense orbit factors through a SLs-equivariant open im-
mersion SLg /F — X. This point of view is interesting because one can take advantage of the
combinatorial data defining the embedding to approach various questions. The setup of this
combinatorial framework goes back to the seminal work of Luna and Vust [LV]. It has been
considerably clarified in the complexity zero case by Brion, Knop, Luna, Vust, and by Timashev
in the complexity one case [T97]. In fact Timashev’s description doesn’t restrict to almost homo-
geneous spaces but allows to classify varieties in any fixed equivariant birational class in terms
of objects of convex geometry. The combinatorial description of normal SLy /F-embeddings has
been obtained by Luna and Vust [LV] when F' is trivial, Moser-Jauslin [Mo] who extended the
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classification of Luna-Vust for arbitrary F', and Timashev [T97] who put these results in his
framework.

In the present work, we mainly focus on Coz rings of normal SLy /F-embeddings. The Cox
ring of a normal variety X, denoted Cox(X), is an important invariant that encodes a lot of
geometric information, see [ADHL] for a comprehensive reference on this rich subject. It is the
ring of global sections of the Coz sheaf, which is, roughly speaking, the direct sum

Rx = BFeax) F

indexed by elements of the class group of X, i.e. the group of isomorphism classes of divisorial
sheaves on X. Under mild assumptions, Rx can be endowed with a structure of quasi-coherent
Cl(X)-graded Ox-algebra, whence a structure of Cl(X)-graded ring on Cox(X). When Rx
is of finite type as an Ox-algebra, its relative spectrum X is a normal D(C1(X))-variety over
X, where D(CI(X)) is the diagonalizable group with character group Cl(X). This is called the
characteristic space of X, and the structural morphism X — X is a good quotient by D(CI(X)).
For a finitely generated Cox ring, its spectrum X is called the total coordinate space of X,
and the affinization morphism X — X is a D(CI(X))-equivariant open immersion whose image
has a complement of codimension > 2 in X. When X is smooth, the characteristic space is a
D(Pic(X))-torsor over X called the universal torsor.

Let X be a normal SLy /F-embedding. In fact, we consider the equivariant Cox ring of X
introduced and studied in [V1]. For the case of SLg, it is canonically isomorphic to the ordinary
Cox ring [V1, 2.3.4]. However, we take advantage of the structure of graded SLo-algebra provided
by the construction of the equivariant Cox ring. Also, we occasionally use general results from
[V1]. In particular, Cox(X) is a finitely generated normal domain, and we use the description of
the k-subalgebra of U-invariants Cox(X)Y, where U is the unipotent part of the standard Borel
subgroup B of SLo. For the convenience of the reader, we recall in Section 4.2 useful facts on
normal rational varieties of complexity one and their (equivariant) Cox ring. In Section 4.3, we
describe the class group of X by generators and relations. Then, we provide a combinatorial
criterion for X to have log terminal singularities, extending a previous result of Degtyarev [Deg].

The study of the Cox ring of X starts in Section 4.4.1. As an application of [V1, 3.4.3], we
obtain a criterion of combinatorial nature for the total coordinate space X to have log terminal
singularities. This is an interesting question, particularly since the work of Gongyo, Okawa,
Sannai and Takagi characterizing varieties of Fano type via singularities of Cox rings [GOST].

In Section 4.4.2, we put to light some interesting new phenomena with regard to the special
fiber, i.e. the schematic fiber at zero of the quotient morphism

X //SL2

AN
where N is the number of SLo-invariant prime divisors in X [V1, 2.8.5]. The general fibers of
this morphism are isomorphic to the total coordinate space of the dense orbit [V1, 2.8.1]. For
a spherical variety, the quotient morphism is faithfully flat, and the special fiber is a normal
affine variety which is moreover horospherical, in the sense that the product of two irreducible
representations, say Vy, V), in its coordinate algebra is their Cartan product Vi, [Bri07, 3.2.3|.
These nice geometric properties are important ingredients for the determination of a presentation
of the Cox ring of a spherical variety in loc. cit. We show by examples that these properties do
not extend to the complexity one world. Nevertheless, we give a criterion for the special fiber to
be a normal variety, in terms of the basic geometry of X.

Pursuing our investigation, we turn to the study of the iteration of Coz rings for X in
Sections 4.4.3 and 4.4.4. Roughly, iteration of Cox rings consists in studying the sequence of
total coordinate spaces

Lo X)L x (-l Ly X)X
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where X" denotes the total coordinate space of X1 . A basic question is whether this
sequence is finite, in which case X is said to have finite iteration of Cox rings, and the last
obtained Cox ring is called the master Coz ring. By virtue of [V1, 3.5.1], X has finite iteration
of Cox rings with a factorial master Cox ring. More precisely, we obtain

Proposition. The length of the iteration of Cox rings sequence of X is bounded by 4.

See the statement 4.4.4.13 where more precise bounds are given depending on the finite subgroup
F C SLy. Also, we obtain a commutative diagram

X0 X® X
| L
y(m) v e

Y

where the horizontal arrows are structural morphisms of characteristic spaces, the vertical arrows
are almost principal U-bundles, and all squares are cartesian. Moreover, X (™) Y (™) are factorial
and Y is the total coordinate space of a certain variety of complexity one under the standard
maximal torus of SLs.

Finally, we develop in Section 4.4.5 an approach for the description of the Cox ring by
generators and relations. In the same way as it is important for projective geometry to have
explicit homogeneous coordinates, it is an important problem to find an explicit description by
generators and relations of the Cox ring. Moreover, the shape of the equations defining the total
coordinate space turns out to have important arithmetic consequences for the base variety, see
for example the recent preprint [BBDG| related to the Manin-Peyre conjecture. Our approach
is effective for normal SLy /u,-embeddings. This eventually leads us to compare our treatment
with previous work by Batyrev and Haddad in the particular case of affine almost homogeneous
SLy-threefolds [BatHad].

Acknowledgements. I am very grateful to Michel Brion for his help, and a very careful reading
of the present work. I also thank Jiirgen Hausen for interesting discussions during my stay in
Tiibingen, and Lukas Braun for enlightening email exchanges on a preliminary version of this

paper.

Conventions. Let k denote an algebraically closed base field of characteristic zero. In this text,
we work in the category of algebraic schemes, that is, separated k-schemes of finite type. Hence,
a morphism (f, f#) : X — Y of algebraic schemes is meant to be a k-morphism. A wvariety is an
integral algebraic scheme. Without further precision, a point of a variety is meant to be a closed
point. The sheaf of regular functions (or structure sheaf) on an algebraic scheme X is denoted
Ox. A subvariety of a variety X is a locally closed subset equipped with its reduced scheme
structure. The sheaf of units associated to Ox is denoted O%.

In this text, an algebraic group is an affine algebraic group scheme. The character group of
an algebraic group G is denoted Gor X *(@). Given a finitely generated abelian group M, we let
D(M) denote the diagonalizable (algebraic) group Spec(k[M]) with character group M. Without
further precision, the letter T denotes an arbitrary torus. An almost homogeneous variety is a
normal variety on which a connected algebraic group acts with a dense orbit.

Let G be an algebraic group, X an algebraic G-scheme, and ¢ : X — Y a G-invariant
morphism. We say that ¢ is a G-torsor (or principal G-bundle) over Y if ¢ is faithfully flat, and
the natural morphism G x X — X Xy X is an isomorphism. As algebraic groups are smooth in
characteristic zero, ¢ is faithfully flat if and only if it is smooth and surjective. We say that ¢ is
a trivial G-torsor over Y if there is a G-equivariant isomorphism X ~ G X Y over Y, where GG
acts on G X Y via left multiplication on the first factor. A fact that will be used implicitly many
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times in the text is that a torsor under a torus or a unipotent algebraic group is locally trivial
in the Zariski topology.

Let G be an algebraic group and X an affine algebraic G-scheme. If O(X)® is a finitely
generated k-algebra, then the affine algebraic scheme X//G := Spec(O(X)%) is called the cate-
gorical quotient of X by G. It is the universal object in the category of G-invariant morphisms
from X to affine algebraic schemes.

Our convention is that a reductive group is a linearly reductive group, that is, every finite
dimensional representation of such group is semisimple. In particular, a reductive group is not
necessarily connected. Let G be a reductive group and X an algebraic G-scheme. A good quotient
of X by G is an affine G-invariant morphism ¢ : X — Y such that ¢ induces an isomorphism
Oy — (¢.Ox)%. Tt is a universal object in the category of G-invariant morphisms from X to
algebraic schemes.

Let X be a normal variety, the group of Weil divisors is denoted WDiv(X). Every Weil
divisor defines a coherent sheaf Ox (D) whose non-zero sections over an open subset U are
rational functions f € k(X)* such that div(f)+ D defines an effective divisor on U. A divisorial
sheaf on X is a coherent reflexive sheaf of rank one. The class group (resp. Picard group) of X,
denoted CI(X) (resp. Pic(X)), is the group of isomorphism classes of divisorial sheaves (resp.
invertible sheaves) on X. It is isomorphic to the group of Weil divisors (resp. Cartier divisors)
modulo linear equivalence through the morphism [D] — [Ox(D)]. Let G be an algebraic group
acting on a normal variety X. The equivariant class group (resp. equivariant Picard group)
of a normal G-variety X is denoted Clg(X) (resp. Picg(X)), and the equivariant Cox ring is
denoted Coxg(X) (see [V1, Sec. 2.2 and 2.3]). A pointed normal variety (X,x) consists of a
normal variety X and a smooth point z € X. For each class [F] € Clg(X), there exists a
canonical representative F* called the rigidified G-linearized divisorial sheaf associated to [F]
(see [V1, Sec. 2.3]).

The canonical sheaf wx on a normal variety X is the pushforward on X of the sheaf of
differental forms of maximal degree on the smooth locus Xg,,. It is a divisorial sheaf, and any
Weil divisor Kx such that Ox(Kx) ~ wx is a canonical divisor. A Q-Gorenstein variety is a
normal variety such that some non-zero power of the canonical sheaf is invertible. A Gorenstein
variety is a normal Cohen-Macaulay variety whose canonical sheaf is invertible.

Let X be a normal variety. We say that X has rational singularities if there exists a proper
birational morphism

p:4—X,

where Z is a smooth variety (a resolution of singularities), and such that Rip,0z = 0, Vi > 0.
This last property doesn’t depend on the choice of a resolution. We say that X has log terminal
singularities if the following conditions are satisfied:

e X is Q-Gorenstein.
e There is a resolution of singularities ¢ : Z — X such that

Kz =¢"Kx + > a;F;, o > —1,

where the sum runs over the exceptional divisors E; of .

4.2 Normal rational varieties of complexity one

Let G be a connected reductive group, and (X, x) be a pointed normal G-variety of complexity
one. Suppose moreover that X is a rational variety, so that its Cox ring is finitely generated
(|V1, 3.1.4]; this is verified e.g. when X is almost homogeneous). Fix a Borel subgroup B, a
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maximal torus T in B, and denote by U the unipotent part of B. Suppose that G has trivial
Picard group, so that any divisorial sheaf on X admits a G-linearization (see [V1, 2.2.2]; this
can always be achieved by replacing G with a finite cover). In this section, we recall facts on the
geometry of X following [T11], [Pon|, and [V1].

4.2.1 B-stable divisors
By a theorem of Rosenlicht [T11, 5.1] there is a rational quotient

m:X-->P}

by B. Thus, general B-orbits determine a one-parameter family of B-stable prime divisors in
X. This rational map is defined by two global sections a, b of a rigidified G-linearized divisorial
sheaf 7% on X [V1, Sec. 3.2]. The pullback of Weil divisors on P} corresponds to the usual
pullback of Cartier divisors and is given by

7 : WDiv(P}) — WDiv(X),p = [a: ] — div(Ba — ab),

where [a : 5] are homogeneous coordinates of p € IP’}C. All the B-stable prime divisors in X but
a finite number lie in the image of 7* [V1, Sec. 3.1].

Definition 4.2.1.1. [Pon, 3] The prime divisors in X lying in the image of 7* are the parametric
divisors. The finite set of B-stable prime divisors that are not parametric is the set of ezceptional
divisors. For an exceptional divisor F, the image of 7 is either dense or a point in ]Pi. In the
former case, we say that E dominates P}, in the latter case, the image point is called exzceptional.

4.2.2 The algebras Coxg(X)Y and Cox(X)Y

Suppose that O(X)* ~ k*, so that both Coxg(X) and Cox(X) are well defined and finitely
generated [V1, 3.1.4]. We recall the description of the k-algebra Coxg(X)V of U-invariants
obtained by Ponomareva in [Pon, Thm. 4| and generalized in [V1, 3.2.3|. Also, considering the
canonical structure of U-algebra on Cox(X), we recall an interpretation of Cox(X)V as the Cox
ring of a complexity one T-variety [V1, 3.3.2].

Notation 4.2.2.1. Let (z;);es be the finite family of exceptional points with respective homo-
geneous coordinates [, : ]. For all i € I, let (E}"); be the finite family of exceptional divisors
that are sent to z; by 7. Let (Ej)) be the finite family of exceptional divisors dominating P}.
Equip O(E7")* (resp. O(Ej)*) with arbitrary G-linearizations, and let s;; (vesp. sy) denote the
canonical sections of these sheaves associated with the divisors E;“ (resp E)), and let h;; denote
the (integral) coefficient of E7* in the divisor 7*(z;).

Theorem 4.2.2.2. [V1, 3.2.8] The k-algebra Coxq(X)V is generated as a k[G]-algebra by the
elements a,b, (si;)ij, (sk)k. The ideal of relations contains the following identities

R
Bia — aib = /\i Hj Sz‘j]’
where for all i € I, A\; is a certain character of G. If moreover, the condition
(%) the common degree of the sections a and b is Z-torsion free in Clg(X) x T

1s satisfied, then the above relations generate the whole ideal.

Remark 4.2.2.3. [V1, 3.2.4] Examples of situations where the condition (%) is satisfied are given
by

e rational normal T-varieties of complexity one such that O(X)T ~ k.
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e almost homogeneous varieties of complexity one.

In [ADHL, 3.4.2|, are studied the coordinate algebras of certain trinomial varieties, that is,
affine varieties which are the intersection in an affine space of hypersurfaces defined by trinomial
equations. These algebras are obtained via a construction taking in input certain matrices A and
Py storing the coefficients and exponents of the trinomials. Their spectrum defines normal affine
varieties of complexity one under the action of (the connected component) of a diagonalizable
group, and such that the invariant regular functions are constant. Moreover, these algebras turn
out to be Cox rings of varieties of complexity one under the action of a torus [ADHL, 3.4.3].

Construction 4.2.2.4. [ADHL, 3.4.2.1] Fix integers r € Z>1, m € Zx>o, a sequence of integers
ng, ..., Ny € Z>1, and let n :=ng + ... + n,. Consider as inputs

e A matrix A := [ag, ..., a,] with pairwise linearly independent column vectors aq, ..., a, € k2.

e An r x (n + m) block matrix Py := [L 0,,,], where L is an r x n matrix built from the
n;-tuples l; := (Li1, ..., lin;) € Zgil, 0 < ¢ < r, called exponent vectors, as below

Now consider the polynomial algebra k[T;;, S|, where 0 < i < r, 1 < j<n; and 1 <k < m.
For every 0 < ¢ < r, define a monomial

li . plin lin,
T .= 22]7...1j ,

i in;

whence the name "exponent vector". Denote .# the set of triples (i1,1i2,i3) with 0 < i1 < ig <
i3 < r, and for all I € ., consider the trinomial

liq lig lig

i [T T T

@iy Qi Qg

We introduce a grading on k[T};, Si] by the abelian group Ky := Z"t™/Im(*F), where Py is
the transpose of Py. Let Qq : Z"™™ — Kj be the projection, and set

deg T35 := Qo(€i5), and deg Sy, := Qo(ex),
where (e;5, e) is the standard basis of Z"*™. Finally consider the Ko-graded k-algebra
R(A, By) := k[Tij, Skl /(91 1e.s-

Proposition 4.2.2.5. [V1, 8.3.2] Suppose that the condition (%) of 4.2.2.2 is satisfied. Then,
the k-algebra Cox(X)V is isomorphic to an algebra R(A, Py) constructed as in 4.2.2.4.

Remark 4.2.2.6. By [V1, 3.3.2], the input data to be used in Construction 4.2.2.4 in order to
obtain Cox(X)Y can interpreted geometrically:

e m is the number of exceptional divisors in X dominating Py,
® ag,...,a, are homogemeous coordinates on IP’}g of the exceptional points xg, ..., T.
e the exponent vectors are the vectors formed by the multiplicities of the exceptional divisors

in the pullbacks 7*(x;), i =0, ..., 7.
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Remark 4.2.2.7. Consider the spectrum Y of an algebra R(A, Py) viewed as the total coordinate
space of a normal rational variety Y of complexity one under a torus action. The geometries of
Y and Y highly depend on the exponent vectors l;, ¢ = 0,...,r, involved in the equations. In
[ABHW]|, the study of singularities on Y leads to the following notion that will be used later:
a ring R(A, Py) is a Platonic ring either if r < 1, or if every tuple (lo;y, ..., lri,) is Platonic, i.e.
after ordering it decreasingly, the first triple is one of the Platonic triples

(57 37 2)7 (47 37 2)’ (37 37 2)? ($’ 2’ 2)7 (x7 y? 1)7 €T 2 y > 17

and the remaining integers of the tuple equal one.

4.2.3 Combinatorial classification

In this section, we present the combinatorial framework for the classification of complexity
one normal rational G-varieties lying in a fixed G-birational class. Our reference for this material
is [T11]. Let K be the field of rational functions of X. Recall that a geometric valuation of K
is a discrete valuation K* — Q of the form awvp, where o € Q4, and vp is the normalized
discrete valuation associated to a prime divisor D in a normal variety Z whose field of fractions
is identified with K.

Notation 4.2.3.1. We set D = D(K) for the set of prime divisors of X that are not G-stable, and
DB the subset of B-stable ones. This last subset consists of the so-called colors of K. These sets
don’t depend on X up to G-birational equivalence and we identify them with the corresponding
sets of normalized geometric valuations of K. Let V denote the set of G-valuations of K, that
is, the geometric G-invariant valuations of K. Let V(X) denote the subset of normalized G-
valuations corresponding to G-stable prime divisors of X. The element of V(X)) corresponding
to a G-stable prime divisor D is denoted vp.

There is an exact sequence of abelian groups
1= (KB ~k(PL)* - KB) = A(X) = 1,

where K(B) is the multiplicative group of rational B-semi-invariant functions and A(X) is the
associated group of weights. The abelian group A(X) is the weight lattice of the G-variety X. It
is a subgroup of T whose rank is the rank of the G-variety X. After choosing a splitting A — f)
of the above sequence, we view A(X) as a submodule of K (B). Then, considering a geometric
valuation v of K, the restriction v|;(s) is determined by a triple (z,h,l), where z € P}, h € Qq,
and [ € £ := Hom(A(X), Q). Indeed, the restriction of v to k(P}) is again a geometric valuation
[T11, B.8], hence of the form hv,, where z € P}. On the other hand, viA(x) Yields an element
lef.

Definition 4.2.3.2. For all 2 € P}, consider the closed half-space &, = Q4 x £. The hyperspace
& associated to K is the union of the &, glued together along &.

The set V embeds in & ,and V, := VNE, is a simplicial convex polyhedral cone for all x € ]P’}C.
Also, the natural map o : DF — £ is not injective in general. Notice that from the preceding
section, all but a finite number of B-stable prime divisors are sent in & to a vector of the form
ez = (2,1,0) € & for a certain z € Pj.

Definition 4.2.3.3. The pair (V, DP) is the colored equipment of K. We say that (év’, V, DB o)
is the colored hyperspace of K.

Definition 4.2.3.4. A cone in € is a cone in some &, & € IP’}C. A hypercone in € is a union
C= Uzep! C, of convex cones, each generated by a finite number of vectors, and such that
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1. C, =K+ Qye; forall x € I[D,lC but a finite number, where K :=CnN¢E.

2. One of the following cases occurs

(A) Jw Pl C, =K.
(B)0#B:=> B, CK, where e, + B, =C, N (e, + ).

The hypercone is said of type (A) (resp. (B)) depending on the alternative of condition 2. The
hypercone is said strictly convex if each C, is, and 0 ¢ B.

Definition 4.2.3.5. Let Q C £ a subset all of whose elements but a finite number are of the
form g, for some x € P,lg. Let e, + P, the convex hull of intersection points of the half-lines
Q+q,q € Q with ¢, + £. We say that the hypercone C = C(Q), where the C, are generated by
ONE&, and P = > Py, is generated by Q.

The fundamental result is that strictly convex hypercones (C,R) := C(W U o(R)), where
W CV,RcC DB and 0 ¢ o(R), classify affine B-stable open subvarieties of normal G-models
of K (the so-called B-charts). These hypercones are called colored hypercones.

Remark 4.2.3.6. Let Xg be a B-chart defined by a colored hypercone (C,R). Then O(Xo)? ~ k
if and only if (C,R) is of type (B).

A finite set of colored hypercones (C, R) defines B-charts X; and G-models X; := GX;. These
G-models can be glued together into a G-model if and only if these colored hypercones defines
a colored hyperfan. In turn, the colored hyperfans classify normal G-models of K. To make this
last notion precise we need the notion of a hyperface of a hypercone, which is defined through the
notion of a linear functional on the hyperspace. We can think of the abelian group K(B) as the
dual object to the hyperspace. Indeed, every f = fofy € KB defines a so-called linear functional
on &, namely the restriction to each &, is a Q-linear form ((h,~) — hvy(fo) +7(\)). Conversely,
considering a linear functional on £, a multiple of it is given by a rational B-semi-invariant
function.

Definition 4.2.3.7. A face of a hypercone C is a face C’ of a certain cone C, such that C'NB = ().
A hyperface of C is a hypercone C' = C N ker ¢, where ¢ is a linear functional on C such that
©(C) = 0. If C is of type B, its interior is by definition int C := Upept int C; U int KC.

Definition 4.2.3.8. A colored hypercone (C,R) of type (B) is supported if intC NV # 0.
A (hyper)face of (C,R) is a colored (hyper)cone (C',R’), where C’ is a (hyper)face of C, and
R = RN YC"). A colored hyperfan is a set of supported colored cones and hypercones of
type (B) whose interiors are disjoint inside V, and which is obtained as the set of all supported
colored (hyper)faces of finitely many colored hypercones.

An interesting feature of this classification framework is that the lattice of G-stable subvari-
eties of X can be read from the combinatorial representation of X as a colored hyperfan. Indeed,
consider a G-stable subvariety Y C X, and a B-chart X intersecting Y which is defined by a
hypercone C(W U o(R)). Denote Vy C W, DE C R the respective subsets which correspond to
the B-stable prime divisors in X whose closure in X contains Y, and let Cy be the (hyper)cone
spanned by Vy U o(DE). Then for any other G-stable subvariety Z, we have Y C Z if and only
if (Cz,D%) is a (hyper)face of (Cy, DE).

4.2.4 Structure of B-charts

The local structure theorem of Brion, Luna and Vust [BLV, Thm 1.4] is a very useful tool
for the study of varieties with group action, the following variant is due to Knop.
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Theorem 4.2.4.1. [Kn93b, 1.2] Let G a connected reductive group, X a G-variety equipped with
an ample G-linearized invertible sheaf £, and s € L(X)PB) a B-semi-invariant section. Let P
the parabolic subgroup stabilizing s in P(L(X)), with Levi decomposition P, x L, T C L. Then
the open subvariety X 1s P-stable, and there exists a closed L-stable subvariety Y C X, such
that the morphism induced by the P-action

P, xY — X;
18 a P-equivariant isomorphism.

Consider a B-chart V' C X, the G-variety Xy := GV, and the B-stable effective divisor
D = Xy \ V. By [T00, Lemma 2|, Ox,(D) is an ample (G-linearized) line bundle on Xy. The
canonical section associated with D is B-semi-invariant. Thus, its projective stabilizer P is a
parabolic subgroup containing B. Then, the above theorem yields a P-equivariant isomorphism

P, xY = V.

Corollary 4.2.4.2. Suppose that G = SLo and V' is not G-stable. Then, there is a B-equivariant
isomorphism

UxY >V,

where Y is a normal affine T-variety of complexity one.

4.3 Almost homogenous SL,-threefolds

4.3.1 Generalities
Consider the algebraic group GG := SLs identified with its group of rational points, namely

the matrices
g= g1 g2
g3 94

such that ¢g; € k and det(g) = 1. By abuse of notation, we also let g; denote the correspond-
ing matrix coordinates on G. Consider also the Borel subgroup B whose elements are upper
triangular matrices, and the maximal torus 7' C B whose elements are diagonal matrices. The
character group of T is free of rank one generated by

t 0
> 1).
0 t‘1] )

In the sequel, we fix a normal embedding i : G/F < X, where F is a finite subgroup of G. This
means that there exists a point x in the G-variety X such that the associated orbit morphism
factors through a G-equivariant open immersion i : G/F — X. In the sequel, we identify G/F
with this dense orbit. It is well known that F' is conjugate either to a cyclic subgroup p, C T of
order n > 1, or to one of the famous binary polyhedral groups [Sp, 4.4]:

w = (

e Fp, := Binary dihedral group of order 4n, n > 1,
e I := Binary tetrahedral group,
e [ := Binary octahedral group,

e [y := Binary icosahedral group.
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The pointed normal G-variety (X, z := i(F/F)) is rational of complexity one, and the rational
quotient 7 : X --» IP’}€ by B induces a geometric quotient mg/p : G/F — P,lﬁ. The situation is
summarized in the commutative diagram

¢ -2 pGapl

l/F l/F

c¢/F 2 PR~ P!

where B acts on G/F by left multiplication. Denote F* the unique G-linearized rigidified divi-
sorial sheaf associated to [W*Opllc(l)], and a,b € F*(X)B) the two global sections corresponding

to the pullbacks of (a choice) of coordinates on Pi. Also, let ngw be the common B-weight of
a,b.

The colored equipment associated to k(G/F') has been described by Timashev in [T97, Sec.
5] for the various finite subgroups. For convenience, we recall the associated basic facts in
Appendix 4.5. When F' = p,,n > 3, the morphism mg/p defines exactly two exceptional
colors B0, E%~ corresponding to the two pu,-fixed points zg, oo of IP’}C. When F' is binary
polyhedral, mq/p defines exactly three exceptional colors E*, E®¢, and E*/. The subscripts
are aimed to suggest (when k = C) vertices, edges and faces of the corresponding Platonic solids
inscribed in IP),IC identified with the Riemann sphere. These exceptional colors correspond exactly
to the degenerate F-orbits in P} (see [Sp, 4.4]). The homogeneous space G/F being affine, the
complement of G/F in X is a finite union of G-stable prime divisors and every G-stable prime
divisor lies in this complement. By Section 4.2.3, there is at most one G-stable prime divisor
X in X dominating ]P’,lc. It consists of infinitely many G-orbits, all isomorphic to ]P’,lg.

4.3.2 Class group of X

Because the divisor class group of X is the grading group of the Cox ring, a good understand-
ing of its structure is a preliminary to the approach of the structure of Cox(X). In this section,
we give a description of C1(X) by generators and relations. There are two classes of embeddings
where this description is easy:

Proposition 4.3.2.1. Suppose that F = Fy or is triwvial. Then, C1(X) is freely generated by the
classes of the G-stable prime divisors.

Proof. Let (D;); denote the family of G-stable prime divisors in X. In our situation, the local-
ization exact sequence [V1, 2.2.4] reads

0 = D p), ZDi — Cla(X) = Picg(G/F) — 0.

Using the exact sequence [V1, 2.2 (1)], the remark [V1, 2.2.2], and the fact that G is a semisimple
simply connected algebraic group, we obtain an isomorphism Clg(X) ~ ClI(X). Also, there is
an isomorphism Picg(G/F) ~ F' [ADHL, 4.5.1.2|. Finally, it suffices to remark that I’ is trivial
(4.5.4). O

For the description of C1(X) in the general case, the ideas in [Bri89] apply well (see also [PS]
for a similar approach in the context of T-varieties of complexity one). The fundamental remark
is that in virtue of the G-module structure on the spaces of sections of divisorial sheaves on X,
every Weil divisor is linearly equivalent to a B-stable one. From this we get an isomorphism

CI(X) ~ ®D€DBuV(X) ZD

PDiv(X)B
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where PDiv(X)? is the group of B-invariant principal divisors. These divisors are the divisors
of B-semi-invariant rational functions. After the choice of a section

AX) = agZw = k(X)P), kagw — fE
of the exact sequence
1= k(P — k(X)B) - A(X) — 1,

every such semi-invariant rational function can be written uniquely as a product g fﬁow for a
certain g € k(P})*, and k € Z. The divisor of this function is then

div(gfh) = > v.(9n*(z)+ >  klpD, (4.3.1)

zeP;, DeDBUV(X)

where [p 1= vp(fagw) is the coordinate on £ ~ Q of vp seen in f:’, and 7* is the pullback of Weil
divisors associated to the rational quotient 7 : X --» P} by B.

Proposition 4.3.2.2. The class group of X is generated by the classes of exceptional divisors,
and the classes of parametric divisors whose projection on £ is non-zero. Moreover, after choosing
an exceptional point xy € IP’}{, the relations are generated by

[m*(20)] = [7*(x)], V& € P} exceptional,
>_pepruv(x) p[P] =0.

Proof. For any parametric divisor Z, and exceptional point x, we have [Z] = [7*(x)] in C1(X).
Also, 7*(z) is a linear combination of exceptional divisors. It follows that CI(X) is indeed
generated by the elements listed in the statement. By the general form (4.3.1) of a principal
divisor, every relation between these generators is a Z-linear combination of the relations of the
statement. OJ

4.3.3 Singularities of X

In this section, we give a combinatorial criterion for the singularities of X to be log terminal.
In fact we extend a previous result from Degtyarev for the case of a normal G-embedding [Deg,
Thm 1]. Our method is however quite different, namely we reduce to studying singularities of
normal rational affine T-varieties of complexity one using the particular structure of B-charts.
This allows us to take advantage of a previous work of Liendo and Siiss [L.S], and of the description
of the T-equivariant Cox ring for these varieties.

Consider a G-orbit ¢ in X. To study the singularities along &, it suffices to consider a
B-chart X intersecting ¢ because the translates by elements of G of this chart cover & and are
isomorphic. We examine the different types of orbits case by case, and use the classification and
terminology for orbits by Luna and Vust in [LV, Section 9|, that is, we consider orbits of type
Ay (1>21),AB,B+,B_, By, and C.

Consider the colored hyperspace (f:' .V, DB, o) associated with X, and choose coordinates on
& as defined in Appendix 4.5. In general, a G-orbit is characterized by the colors and G-stable
prime divisors containing it [T11, 16.19]. For example, an orbit & of type A; (I > 1) is defined
by the G-valuations vx=; = (x4, h;,l;) € E,i=1,...,1 corresponding to the G-stable exceptional
divisors X¥i containing & (all the colors but the exceptional colors E¥i contain ¢, and the
exceptional points x;, i = 1,..,] are pairwise distinct). We say that an orbit of type 4; (I > 1)
is Platonic if either | < 2 or the associated tuple (hq,...,h;) is Platonic. Furthermore, X can
contain at most one orbit of type A;.
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Proposition 4.3.3.1. The singularities of X are log terminal if and only if it has no G-fized
point and the orbit of type A, if it exists, is Platonic.

Proof. For O a fixed point (type Bp), F is necessarily a cyclic group p,, and any B-chart Xy
intersects all the colors, so is G-stable [1T97, Sec. 5|. Hence, X4 is a normal affine G/ -
embedding. By [Pa92, Thm 2 and Prop 4], the canonical class is torsion-free in Cl(Xy), and
Pic(Xy) is trivial. From this, we conclude that X, is not Q-Gorenstein. In particular, its
singularities are not log terminal.

For orbits of type C, AB and B, the chart Xy is given by a colored hypercone of type (A).
By 4.2.4.2, there is a (trivial) U-torsor Xy — Yy, and Yy is toroidal [T11, 16.21] in the sense of
[KKMS, Chap IV]. As we consider an isolated singularity of a toroidal surface, we can suppose
that Yy is toric [I, Thm 4.2.4]. We conclude by using the fact that toric surface singularities are
log terminal [I, 7.4.11 and 7.4.17|.

Now suppose that & is an orbit of type A;, [ > 1. Then, there are finitely many G-stable
exceptional divisor X*! ..., X*! containing &, with x1, ..., x; pairwise distinct exceptional points.
We consider the B-chart X4 of & given by the colored hypercone of type (B) generated by
the X% and the colors associated to the points of P}, \ {z1,...,7;}. Again, we have a U-torsor
X¢ — Yp. Moreover, since Yy has an attractive fixed point for the T-action (4.2.3.6), its Picard
group is trivial. It follows that Y, is Q-Gorenstein if and only if a multiple of Ky, is a principal
divisor. By [LS, Prop 4.3], this is in turn equivalent to asking for a certain system of linear
equations Ax = y written in matrix form to have a solution, where A has linearly independant
columns [LS, Prop 4.6]. But in our case, A is a square matrix so that Yy is Q-Gorenstein.
Now, we can apply the criterion [LS, Cor 5.8] to obtain that Yy (hence X4) has log terminal
singularities if and only if the tuple (hy, ..., k) is Platonic, where h; is the multiplicity of X in
().

Orbits of type B_ can only occur when F' = pu, |T97, 5|, we suppose that & is of this type.
If n > 3, there are two exceptional points g, o, associated to the dense orbit and & lies in
exactly one of the two exceptional colors, say E*0 [T97, 5.2]. Consider the B-chart Xy given
by the colored hypercone of type (B) generated by all the colors but E*>  and by the G-stable
exceptional divisor sent to zoo which contains &. As before, we are reduced to studying the
singularities of a normal rational affine T-surface Yy of complexity one admitting an attractive
fixed point, whence O(Yy)* ~ k*. By 4.2.2.2 and 4.2.2.3, the T-equivariant Cox ring Coxp(Yy)
is a polynomial ring over k[T]. As a consequence, Yy is toric and we conclude as above. The
same method applies when n < 2. O

4.4 Cox ring of an almost homogeneous SL,-threefold

Keep the notation of section 4.3.1. By [V1, 2.3.4 and 3.1.4|, the G-equivariant Cox ring of
X is well-defined, finitely generated and canonically isomorphic to the ordinary Cox ring. We
slightly modify the notation of 4.2.2.2 in order to distinguish G-stable prime divisors and colors.
It is natural to make this distinction as colors don’t depend on the embedding, whereas G-stable
prime divisors do. We choose homogeneous coordinates on IP’/,lC J/F ~ P! and let

e (7; = [ : Bi])i be the family of exceptional points of mq/p — P} /F. Possible families are
() when F is cyclic of order n < 2, (29, #o) when F'is cyclic of order n > 3, and (xy, f, z.)
for the others F,

o (2=

PL/F,

: ]]); be the family whose elements are the others exceptional points of 7 : X --»
. 7T*($l) =n; B% + zj hinfi, n; > 1,
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o (z}) = E% + > h;ijgy

. (31)1/ (resp. (s});) the family of canonical sections corresponding to the family (E®); (resp.
(E*1)i),

o (7ij)ij (resp. (rgj)ij) the family of canonical sections corresponding to the family (X;”Z)w
(resp. (X7%);),

o N :=4§(X7") if vxee ¢ V(X), N :=H#(X]");; + 1 otherwise,

i N, = ﬂ(X]I)’U7
o (Dx)zePi\{(xi),(x;)} the family of parametric colors of X.

With this notation, the number of G-stable prime divisors in X is N + N’, and we identify the
subgroup of WDiv(X) generated by these divisors with Z¥+tN'. By 4.2.2.2, we have the following
presentation of Cox(X)V:

o Generators: a,b, (si)i, (57), (1ij)ij, (73;)ij-

e Relations: (fja — a;b — 5" Hj(rij)hii)i, 1 < i < ()i, and (Bla — afb — s, Hj(rgj)h;j)i,
1 <i < t(ah);.

4.4.1 Characterizing log terminality in the total coordinate space

In this section, we provide a condition of combinatorial nature for the total coordinate space
X to have log terminal singularities. This is an interesting question, for example a Q-factorial
normal projective variety Z is of Fano type (i.e. there exists an effective Q-divisor A such that
—(Kz+ A) is ample and the pair (Z, A) is Kawamata log terminal) if and only if its Cox ring is
finitely generated with log terminal singularities [GOST, Thm 1.1]. In the following proposition,
the condition on Cox(X)Y translates into a condition on a geometric data attached to X (see
42.2.6,4.2.2.7)

Proposition 4.4.1.1. The total coordinate space X has log terminal singularities if and only if
Cox(X)Y is a Platonic ring.

Proof. Apply [V1, 3.4.3]. O

4.4.2 Geometry of the special fiber
The good quotient

o //G \N+N'
fiX 25 AT

7

is a D(CI(X))-equivariant morphism, where D(CI(X)) acts on A]k\HN/ through the surjective
morphism

D(CI(X)) — GN+N

dually defined by the natural injective morphism ZV+N" < C1(X) which sends a G-stable divisor
in X to its class. The morphism f pulls back the standard coordinates of the affine space to
the canonical sections associated with the corresponding G-stable prime divisors. It follows from
[V1, 2.8.1] that the general schematic fibers of f are normal varieties isomorphic to the total
coordinate space of the open orbit G/F.

In this section, we study the geometry of the special fiber, that is, the schematic zero fiber
Xo = f71(0). By virtue of the permanency of a lot of properties when taking U-invariants [T11,
D.5], we in fact study the zero fiber Yy := Xo//U of the induced morphism

102



fu ¥V — ANFN

where Y := X//U. We suppose that X doesn’t admit an exceptional divisor dominating Pl
(vx~ ¢ V(X)). This is indeed harmless for our purpose as if vxe € V(X), then one has to
add the associated canonical section to the generating set of Cox(X)U from 4.2.2.2, but this
generator doesn’t appear in any relation.

F=p,n<2
In this case, we have N = 0 and the presentation of Cox(X)Y reads
e Generators: a,b, (s})i, (77;)ij-
* Relations: (8/a — afb — s/ T[;(rf))" )i, 1 < i < #(a))s.

If #(x}); < 2, then Cox(X)Y is a polynomial k-algebra. Indeed, each relation can be used to
remove a generator (first a and then possibly b) from the generating set, so that we end up with
a polynomial algebra. If #(z}); > 2, each new exceptional point starting from the third defines a
new relation between the remaining generators. In any case, denote X the new generating set.
The coordinate algebra of Y} is COX(X)U/((?”gj)Z'j), and is freely generated by the elements of the
set 3\ {(77;)ij}. Indeed, all the relations become trivial in this quotient. This yields the

Proposition 4.4.2.1. The special fiber Xy is a normal variety. Moreover, Yy = f(o//U 15 an
affine space.

Remark 4.4.2.2. For a spherical variety Z under a connected reductive group G, the quotient
morphism

ZGl — ZGl//Gl

is faithfully flat, and the special fiber is a normal horospherical variety |Bri07|. Both results
does not extend to varieties of complexity one. Indeed, the general fibers of f are isomorphic
to G, thus of dimension three. On the other hand, when #(x}); > 2, the quotient by U of the
special fiber is an affine space of dimension #(x});, thus f is not flat when f(z}); > 3. For a
non-horospherical example, consider the case where X = G. Then X = Xy = X which is not

horospherical.

F=pnn=3

Recall (4.5.1), that we defined n := n if n is odd, and n := n/2 otherwise, and that the
morphism 7/, defines two exceptional points g = [0 : 1], 26, = [~1: 0] € P}, with respect to
the homogeneous coordinates g%, g7. These points define the two relations

_ ho; _ P
— J — N o]
a—30||j7“0j ,andb—soo||jrooj .

Using these relations, we remove a and b from the set of generators. This yields the following
presentation of Cox(X)Y:

e Generators: 8o, Soo, (705)5 (Tooj)j; (s1)is (ng)ij-
e Relations: (8sg [[; rg;j — als? jTZg;j = s Hj(réj)h;j)ia 1 <d < §(27)ie

Consider the coordinate algebra Cox(X)Y /((ro;) i, (Tooj)is (ri;)is) of Yy. The elements g, 5o, (5});
generate this algebra, and we obtain the following criterion via a case by case analysis.
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Proposition 4.4.2.3. We have the following equivalences:

Xo s a normal varielty <= Yy is a normal variety
< Y} is an affine space

= ((Xj°); #0 and (Xj>); #0) or (z7); =0

Example 4.4.2.4. Suppose that (X7°); = 0, (X7>); = 0, and (z}); consist of a unique point
x) = [ : B1]. Then, the ideal of relations is prlnClpal generated by the relation 3]s{—aj s = 0.
It follows that the special fiber is a reducible reduced non-normal algebraic scheme. Indeed, Yy is
the union of 72 planes intersecting along the line of equation sq = s, = 0 in k3 with coordinates

50, Soo, S -
Example 4.4.2.5. Suppose that (X;°); = 0, (X7>); = 0, and (2}); consists of at least two

points. Then, the ideal of relations is generated by s; = 0 and s, = 0. It follows that the
special fiber is an irreducible non-reduced algebraic scheme.

F' is binary polyhedral

As a typical example, we give the generators and relations when F = Fr is the binary
tetrahedral group. We can assume that the three exceptional points x,, z¢, x y have homogeneous
coordinates

[0:1],[1:0],[—1:-1],
and obtain the following presentation of Cox(X)Y:

o Generators: sy, Se, £, (T'v,j)js (Tej)js (Tr5)5, (85)is (Ti5)ij-
3 ho 2
e Relations: hs oIl +s2 HJT - sf H] rfj =0,
(Bis; Ty "’0/32 j e,j = s;[1;(r;) "i);.
Consider the coordinate algebra

(Cox(XNY /((1o)js (Tei)is (Tr5)is (75)is)

of Yy. The elements Sv, Se, ¢, (5;); generate this algebra, and we obtain the following criterion
by again analyzing the different cases.

Proposition 4.4.2.6. Suppose that F' is binary polyhedral. Then Xy is a normal variety if and
only if one of the following conditions is satisfied:

o (X2); #0 and (X7); # 0 and (XI7); # 0

o (2})i =0 and (X]*); = (X7); = (X;7); =0

Example 4.4.2.7. Suppose that (Xj"); = (X7°); = (X;Cf)] = (), and (z}); consists of a unique
point z} of homogeneous coordinates [of : £1] (distinct from [1:0],[0: 1],[—1: —1]). Then, the
coordinate algebra of Yy is generated by sy, S, sf, 8] with the two relations s34+ sz + s? =0 and
Bis3 +as? =0. We check that the spec1al fiber is a non-normal variety.

Let I = (s3 + s+ sf,B + ) s?) be the ideal of the polynomial algebra k[s,, s, s¢, s}],
we claim that it is a prime 1deal. To prove this, we can work in k[s,, se, s¢| and replace I by
I N E[sy, 8¢, 5¢]. Then, consider A := k[sy, sc], and J := I N A = (Bis} + ais?). The algebra
B := A/J is integral, and to prove the clalm it now suffices to prove that I=(52+352+ sf)

is prime in Blsy]. But it is clear that §,° + 5.2 + sf is irreducible in Frac(B)[sy], hence a prime

104



element of this polynomial algebra. As ((s,® + 5.2 + sz}) Frac(B)[sf]) N Blsg] = (8, + 8.2 + s?})
we obtain that (5,° + 5.2 + si’c) is a prime ideal. It follows that the special fiber is an affine
variety. As a surface in k* with coordinates sy, s, s #, 8} having a one-dimensional singular locus,
Yy is not normal. Indeed, the line of equation s, = s, = sy = 0 is the singular locus. Hence, the
special fiber is not normal either.

4.4.3 Cox(X)Y is the Cox ring of a T-variety of complexity one

By Section 4.2.2, Cox(X)Y can be interpreted as the Cox ring of a T-variety Y of complexity
one. We build such a variety Y in a natural way from X. The idea is to find a B-stable open
subvariety V' of X whose complement is of codimension > 2 in X, and which is a U-torsor over
a normal rationa T-surface Y of complexity one. Notice that we can always suppose that V
(hence Y) is smooth, up to replacing V' by its smooth locus. For such V and Y, both Cox rings
are well-defined, finitely generated [V1, 3.1.4|, and Cox(X) ~ Cox(V'). Moreover, using [V1, 2.2
(2)], [V1, 2.2.2], [V1, 2.2.4], and [V1, 2.5.2], we obtain isomorphisms

Cl(X) ~ Cly(X) ~ Picy(V) ~ Pic(Y).
Also by [V1, Sec. 2.10], we have a cartesian square
vy
/]D)(Pic(V))l l/D(Pic(Y)) (4.4.1)
v Yy,

where the horizontal arrows are U-torsors and the vertical arrows are universal torsors. This
implies that we have Cox(Y) ~ Cox(X)Y, as desired.

Now, we proceed to the construction of V. For simplicity, denote z1,...,z, € ]P>,1f the ex-
ceptional points of X. For each G-stable prime divisor Xfi in X, we consider a B-chart V;;
intersecting the open G-orbit in XJ‘-“, the open G-orbit in X, and no other orbits. Such a B-
chart is given by the colored hypercone of type (A) spanned by Xf’i, and by all the colors but E*:
and D% where x4 is an arbitrary fixed (distinguished) non-exceptional point. If vxe € V(X),
that is, X contains a G-stable prime divisor X* dominating P}, we consider the B-chart Vi
defined by the colored hypercone of type (A) spanned by vxe and all the colors but E*1, ..., E*
and D%, Otherwise, we set Vo, = (). By 4.2.4.2, we have trivial U-torsors

Wij:‘/ijﬁUXYVij_)YVija

where the Y;; are normal affine T-surfaces of complexity one. If Voo = ), we set Yo, = (), otherwise
we also have a trivial U-torsor

Too : Voo 2 U X Yoo = Yoo,

where Y is a normal affine T-surface of complexity one. Finally, the open G-orbit Vy ~ G/F is
a U-torsor over an affine normal T-surface Yy of complexity one

m : Vo — Yo

Indeed, F acts freely on G/U ~ A2\ {0} with closed orbits. Alternatively, we can consider two
covering B-charts of V. Proceeding in this way, Yj is obtained by gluing two affine T-surfaces
of complexity one Yp 1 and Yp .

Proposition 4.4.3.1. The varieties (Yij)ij, Yoo, Yo,1 and Yy 2 glue together to a normal rational
T-variety Y of complexity one. The morphisms (7ij)ij, Too, To glue together to a morphism
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W:V::Uij‘/;jUVooUVO_)Yz

which is a U-torsor over Y. Moreover, V is B-stable, with a complement in X of codimension
> 2.

Proof. Denote (Ep,Vr) the hyperspace of k(X)V in which live the hypercones defining the 7-
charts (Yj;)ij, Yoo. These hypercones are obtained from the colored hypercones associated with
the B-charts (Vjj)ij, Voo. Indeed, they are respectively spanned by the T-stable divisors in
these T-charts, and these T-stable divisors are the images by m;; (resp. 7o) of the respective
intersections of the colors and G-stable prime divisors of X with Vj; (resp. V). We can define
the varieties Yp 1 and Yp 2 in the following way: consider the subset D? C Vr of all the T-
valuations obtained via my from the colors of G/F. Then choose two distinct elements vy ; and
vo,2 in this set and consider the two varieties defined by the hypercones of type (A) generated
respectively by DE \ {vg1} and DB\ {vg2}. The proper non-trivial supported (hyper)faces
of the hypercones defining the varieties (Y}j)lj, Yo, Y01, Yoo are cones which by construction
don’t overlap in Vr. By Section 4.2.3, the latter varieties glue together into a normal T-variety
of complexity one. The morphisms (7;;)ij, Too, 7o coincide on intersections so that they glue
together. The assertion that 7 : X — Y is a U-torsor has already been checked locally above,
and it implies that Y is rational. For the last assertion, it suffices to notice that V' contains the
open G-orbit and meets every boundary divisor, whence the claim on the codimension of X \ V
in X. O

4.4.4 Iteration of Cox rings

In this section, we use the construction of the preceding section to uncover a connection
between iterations of Cox rings for X and Y. We first recall the definition of an almost principal
bundle under an algebraic group. Hashimoto introduced this notion in [Has, Def. 0.4] where he
systematically studies properties preserved by almost principal bundles.

Definition 4.4.4.1. Let H be an algebraic group, and let Z1, Zs be normal H-varieties such
that H acts trivially on Z,. We say that a H-equivariant morphism ¢ : Z1 — Zs is an almost
principal H-bundle over Zy if there exists H-stable open subvarieties Vi C Z1, Vo C Zs whose
respective complements are of codimension > 2 and such that ¢ induces a H-torsor V; — Va.

Example 4.4.4.2. In the framework of Cox rings, an almost principal bundle ¢ : Z7 — Z3
under a diagonalizable group such that

e 75 is a normal variety with finitely generated class group and only constant invertible
regular functions,

e ¢ is a good quotient,
e 7 is a normal variety with only constant invertible homogeneous regular functions,

is precisely a quotient presentation in the sense of [ADHL, 4.2.1.1]. For example, the structural
morphism of the characteristic space Zy — Zo, if it exists, is a quotient presentation of Zs.

In [ABHW]|, the authors introduce the notion of iteration of Cox rings: Let Z be a normal
variety with finitely generated Cox ring. If the total coordinate space Z has non-trivial class
group and satisfies O(Z)* ~ k*, then it has a non-trivial well-defined Cox ring. If the latter is
finitely generated, we get a new total coordinate space Z®  and so on. This iteration process
yields a sequence of Cox rings which stops if and only if one of the following cases occurs at some
step:
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e we obtain a total coordinate space whose Cox ring is not well defined (i.e. there exists
n > 0 such that C1(Z(™) has a non-trivial torsion subgroup, and O(Z™)* £ k*).

e we obtain a total coordinate space whose Cox ring is not finitely generated.
e we obtain a factorial total coordinate space (i.e. with trivial class group).

If we never fall in one of the cases above, Z is said to have infinite iteration of Cox rings.
Otherwise, Z is said to have finite iteration of Cox rings, and the last obtained Cox ring is the
master Coz ring. By virtue of [V1, 3.4. 1] X admits finite iteration of Cox rings with a factorial
finitely generated master Cox ring X (™ m > 1. In the following proposition, ¥ = Y©) is the T
variety of complexity one constructed in the preceding section.

Proposition 4.4.4.3. For 1 < m the categorical quotient of X by U identifies X //U
with the total coordinate space on . Moreover, the categorical quotient
a0 X0 Y 36

1s an almost principal U-bundle.

U
Proof. By virtue of the cartesian square (4.4.1), the categorical quotient 7y : x Y, 2 XU s

an almost principal U-bundle, and X //U identifies with Y. Consider the categoncal quotient

m: X Y 30,

where both are affine normal varieties [T11, D.5]. We claim that X(?)//U is the total coordinate
space of Y. Indeed, X / /U is naturally a variety over Y with an affine structural morphism.
Moreover, the morphism 72 can be viewed as the morphism corresponding to the graded Oy-
algebras morphism

(Wl*RX)U — 7T1*RX

Using the exact sequence [V1, 2.2 (1)], and the Proposition [V1, 2.5.2|, we can write R¢ =
@[ﬂ cCiy) m1F, which yields an isomorphism of graded Oy--algebras

(Fl*RX)U ~ Rf/,

again by [V1, Proposition 2.5.2]. This proves the claim, and we have a cartesian square (see [V1,
Sec. 2.10])

X2 ™, y(@2
//D(Cl(ff))l l//D(Cl(f’))
X "y,
where horizontal arrows are almost principal U-bundles, and vertical arrows are structural mor-
phisms of characteristic spaces. Iterating this construction, we obtain the result. O

Corollary 4.4.4.4. Fori=1,...,m, the total coordinate space Y@ s an affine normal rational
variety of complezity one under a torus action, and the reqular invariant functions on YV are
constant.

U ~,.
Proof. Everything stems from the fact that X L> Y@ is an almost principal bundle, and
that X® is almost homogeneous of complexity one under the action of a connected reductive
group of the form G x T;. O

Corollary 4.4.4.5. There is a commutative diagram
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Xm) X® X

| |

ym) y ()

where X(™) Y (™) qre factorial, the horizontal arrows are structural morphisms of characteristic
spaces, the vertical arrows are almost principal U-bundles, and all squares are cartesian.

In [HW], Hausen and Wrobel prove that a trinomial variety obtained from Construction
4.2.2.4 admits finite iteration of Cox rings with a finitely generated factorial master Cox ring if
and only if it is rational and the tuple (lo, ..., [) is Platonic, where [; is the greatest common
divisor of the integers appearing in the exponent vector [;. Tt is immediate to check that Y indeed
satisfies these properties. Also by [HW, Cor. 1.4], the length of the Cox ring iteration sequence of
Y (hence of X) is determined by the tuple (o, ..., [;.), and is bounded by 4. Below, we give another
proof for the bound m < 4 which gives more precise bounds depending on the finite subgroup
F C @G, and uses arguments of different nature (4.4.4.13). This yields interesting intermediate
results (4.4.4.8, 4.4.4.10, 4.4.4.11, 4.4.4.12). We start by recalling a useful construction for the
study of iteration (see also [Bra], and [V1, Sec. 3.5]).

Construction 4.4.4.6. Using the isomorphism Picg(G/F) ~ F, and that G is semisimple and
simply connected, the localization exact sequence [V1, 2.2.4] applied to the open orbit in X reads

0— ZNtN' 5 Cl(X) = F — 0. (4.4.2)

From this sequence we obtain that Cl(X ) embeds in F' via restriction of divisorial sheaves to
G/F. Hence, Cl(X)tor is canonically identified with a subgroup of X*(F/D(F)) ~ F/D(F),
where D(F') denotes the derived subgroup of F. The exact sequence

0— Cl(X)tor > CL(X) > M —0

translates into the factorization

91=/T1 /D(CUX)tor)

X x 1= X
of the characteristic space ¢ : X — X, where Ty := D(M) is a torus, and X’ is a normal
G/ Fi-embedding. Similarly to [V1, 2.5.12], one shows that F} is the intersection of the kernels
of characters in F' corresponding to elements of Cl(X )io;. This yields a canonical isomorphism
CU(X)tor =~ X*(F/Fy). Applying [V1, 2.10.1], we obtain that X is a characteristic space of

both X and X'. Iterating this construction, one obtains a commutative diagram

X (m) dm q3 X (2) q2 X

lgmw lﬁ& lgl\
X/(m) fm - f3 X/(Q) f2 X/ fl X

] J J J

G/Fp — ... — G/F, —— G/Fy, —— G/F

where the ¢;,¢} and g, are structural morphisms of characteristic spaces, the f; are quotient
presentations by the finite diagonalizable groups F;/F;_1, and X(m) i a factorial characteris-
tic space. Notice that X (™) = X'(m=1) if Pic(X'(m=1)) is torsion-free, and X = X'(m) jf
Pic(X'(™=1) is finite. This latter case occurs if and only if X = G/F. The sequence of sub-
groups F, Fi..., I, yields a normal series of F' with abelian quotients, and each X' is a normal
G/ F;-embedding.
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Proposition 4.4.4.7. Suppose that X is a normal G/uy,-embedding, and let d be the order of
the torsion subgroup of CI(X). Denote i := n/2 if n is even, and n := n otherwise. Similarly let
n/d :=n/2d if n/d is even, and n/d := n/d otherwise. Finally, let d := %/d' Consider a point

x € PL/un, and a B-stable prime divisor E* in X such that m(E®) = x. Then,

Ex,ix:x or T = Too,
() = { T = -
EY 4+ ...+ E;E, otherwise,

where the Ef are patrwise distinct B-stable prime divisors in X.

Proof. Consider the commutative square

where 71, are the rational quotients by B, and ¢, is the geometric quotient of IP’}C/,un/d by .
In view of 4.5.1, we have

e/ Jdry, if x =m0 or ¥ = 20,
e1(z) = , , .
Ty + .+l otherwise,

where the z are pairwise distinct points of ]P’/,lc / tin, /d- Moreover, denoting 3, the set of B-stable
prime divisors in the support of f;(E%), the morphism 7 defines an equivariant map of transitive
a-sets

S = ¢ ().
Using this and the fact that f; is étale, we obtain that
fi(E7) = T B B

where the E% are pairwise distinct B-stable prime divisors in X’ with 7T1<EI;€’i) = ) respec-
tively, and [ is the cardinality of the orbit Stab,,, (J,‘/l)Ex;cl In fact, we have [ = 1 because for a
given k, each E%w' ¢ =1, ..., defines the same B-stable valuation (see Section 4.2.3 and notice
that the map o : DZ — Eis injective for almost homogeneous G-threefolds). Now, the statement
follows from the observation that ¢ = fig1 and that g is a torsor under a torus. O

Lemma 4.4.4.8. Suppose that X is a normal G/pn-embedding. Then, CI(X) is free of rank
(d—1)N', where d is the order of the torsion subgroup of C1(X), and d is defined as in Proposition

4447,

Proof. By [V1, 2.8.6], the open G x D(CI(X))-orbit Xy in X is isomorphic to G x#» D(CI(X)),
where p, is identified with a subgroup of D(CI(X)) and acts on the latter by translation. Using
[V1, 2.5.2] and that G is semisimple and simply connected, we obtain isomorphisms

Pic(X) ~ Picg(G x#» D(CL(X))) ~ Pic(D(CL(X))/un) =~ Pic(GNTN") = 0.

We deduce that CI(X' ) is generated by the classes of the prime divisors lying in X \X’O. Consider
the free Z-module K on these prime divisors. Using the notation introduced at the beginning of
Section 4.4, we claim that the relations in K defining C1(X) are given by

o div(ry;) = ¢"(Xj") = 0, Vi, j,

109



e div(ro;) = ¢"(Xj*) =0, Vj,
o div(reo;) = ¢*(X;>) =0, Vj,
o div(re) = ¢* (X)), if vxe € V(X).
Indeed, on one hand we have the exact sequence [V1, 2.2.4]
0= O(X)*C = O(X0)¢ 2% @, zD; 2PN, 1) ~ cix) - o,

where (D;) is the family of prime divisors lying in X \ Xo. In view of Proposition 4.4.4.7, the
cardinality of this family is dN’ + N. On the other hand, using [V1, 2.8.5], the G-invariant
units in O(X) are constant, and the G-invariant units in O(Xy) are Laurent monomials in the
canonical sections associated to the G-stable prime divisors in X (namely, the rgj, T0js Tooj Too) -
By Proposition 4.4.4.7 again, we see that the submodule of K generated by the above relations
is a direct factor of rank N 4 N’. Tt follows that CI1(X) is free of rank dN’ + N — (N + N') =

(d—1)N'. O
Remark 4.4.4.9. Proposition 4.3.2.2 provides an effective method for the description of the class
group of an almost homogeneous G-threefold X. Hence, the order d of the torsion subgroup of
Cl(X) can be computed in practice. Also, for the computation of CI(X) in the general case,
recall that we have Cl(X) ~ Cl(Y) because X — Y is an almost principal U-bundle. Now

it suffices to use Wrobel’s computations of class groups of affine trinomial varieties in term of
arithmetic data from the exponent vectors [W].

Lemma 4.4.4.10. With the notation of Construction 4.4.4.6, there is a natural identification of
CUX)tor with a subgroup of Cl(X)tor-
Proof. Using [V1, 2.5.2] and [V1, 2.2 (1)], we obtain an exact sequence
0 — T; — Cl, (X) ~ CI(X') = CI(X) — 0,
from which we deduce that the torsion subgroup of C1(X’) embeds in that of C1(X). O

Lemma 4.4.4.11. With the notation of Construction 4.4.4.6, suppose that X is a normal
G/ Fp, -embedding. Then, Cl(X')or is identified with a subgroup of Z/nZ.

Proof. As X’ — X is a quotient presentation, we can suppose that X, X’ are smooth, and
consider Picard groups instead of class groups. By [V1, 2.8.6], the open G x D(Pic(X))-orbit
Xo in X can be identified with G/pu, x#2%#2 D(Pic(X)), where up X pg is identified with a
subgroup of D(Pic(X)) and acts on the latter by translation. By [V1, 2.5.2], we have Pic(X;) ~
Pic,yxus (G/ pin X D(Pic(X))), and we show that the forgetful morphism

¢ : Picuyx s (G/pin x D(Pic(X))) = Pic(G/pn x D(Pic(X))) ~ Z/nZ
has a trivial kernel. By [KKV, Lemma 2.2|, this kernel is identified with the group of classes of
algebraic cocycles H;lg(,ug X pa, O(G/pun x D(Pic(X)))*). Now, it follows from [Bril8, 4.1.3] that
O(G/pn x D(Pic(X)))* ~ O(D(Pic(X)))*. This last fact allows to view ker ¢ as a subgroup of
Picyyx s (D(Pic(X))) ~ Pic(D(Pic(X))/p2 x p2) = 0.
As a consequence, ker ¢ is trivial and we obtain an injective morphism Pic(Xo) — Z/nZ.
On the other hand, the localization exact sequence [V1, 2.2.4] reads in our situation

0= O(X)C = O(Xo)¢ 2% @, zD; 22PN, pie(X) - Pie(ky) — 0,
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where (D;); denotes the family of prime divisors lying in the complement of X, in X. By
[V1, 2.8.5], the G-invariant units in O(X) are constant, and the G-invariant units in O(Xj)
are Laurent monomials in the canonical sections associated to the G-stable prime divisors in X.
Because q is the composition of torsor by a torus followed by a torsor by a finite diagonalizable
group, the divisor of such a canonical section r (seen as a regular function on X ) is a sum of
pairwise distinct elements of (D;);. Moreover, the intersection of the supports of any two such

divisors is empty. It follows that the cokernel of the morphism O(Xg)*¢ A, @D (p), ZD; is a free

abelian group. This implies that Pic(X ) embeds as a subgroup of Pic(Xg), thus of Z/nZ. By
Lemma 4.4.4.10, the same holds for Pic(X”)or. O

Lemma 4.4.4.12. With the notation of Construction 4.4.4.6, suppose that C1(X )ior is cyclic.
Then CU (X )tor is not cyclic of even order.

Proof. As before we can suppose that X, X’ are smooth, and consider Picard groups instead of
class groups. By contradiction, suppose that Pic(X)ior is cyclic of even order. Then, there exists
a unique subgroup of order two generated by a non-trivial element [£] € Pic(X”)tor. Consider
the natural action of ' := D(Pic(X )tor) = ptn, on X'. Let L be the line bundle over X’ associated
with £, and let g; denote a generator of I'(k) viewed as an automorphism of the variety X'.
As the pullback by g; induces an automorphism of Pic(X’)tor, we have giL£ ~ L. By [Bril8,
3.4.1 (ii)], there exists an automorphism §; of L viewed as a variety such that §; commutes
with the Gy,-action on fibers, and restricts on X’ to g;. By [Bril8, 3.4.1 (ii)] again, g} is the
multiplication in the fibers of L by a non-zero scalar (recall that O(X’)* ~ k* because X' is
almost homogeneous under G). Hence, up to compose §; with an automorphism of L viewed
as a line bundle, we can suppose that g = Id;. By abuse, we also let I' denote the subgroup
of the automorphism group of the variety L spanned by g;. This is a finite group acting on L
compatibly with the G,,-action on the fibers and the I'-action on the base. By definition, we
have built a I'-linearization of £, and we now prove that this yields a contradiction. Using [KKV,
2.3] and the fact that O(X’)* ~ k*  we obtain an exact sequence

1 — [ — Picp(X') 2 Pic(X"),

where the image of the morphism I' — Picp(X’) is the subgroup of the (classes of) linearizations
of Ox, and ¢ is defined by forgetting the linearization. On the other hand, we have Picp (X' )or =~
Pic(X)ior ~ T [V1, 2.5.2]. Tt follows that the image of ¢ is a free abelian subgroup of Pic(X").
This is a contradiction as [£] is of order two in Pic(X’) and linearizable. O

Proposition 4.4.4.13. We have the following upper bounds for the length m of the iteration of
Cox rings:

e m =0 (i.e. X is factorial) exactly when X =G or X = G/Fy,
o m < 1 if I is binary icosahedral or cyclic of order < 2,

o m < 2 if F s cyclic of order > 3,

o m < 3 if F is binary dihedral or binary tetrahedral,

o m < 4 if F is binary octahedral.

Moreover, X (™) s the characteristic space of a normal almost homogeneous G-threefold X' (m)
with torsion-free class group.
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Proof. Except for the upper bounds on m, the statement is clear from Construction 4.4.4.6. We
have m = 0 if and only if X is factorial (i.e. C1(X) = 0). In view of the exact sequence (4.4.2),
this amount to X = G/F with F = 0, whence F is trivial or icosahedral. If F is trivial or
icosahedral, then Cl1(X) is torsion-free by 4.3.2.1. This in turn implies that X is factorial by
[ADHL, 1.4.1.5], whence m < 1 in this case. If F' = pg, then m = 1 by virtue of Lemma 4.4.4.8.
Also, if F' = py,, n > 3, then m < 2 by Lemma 4.4.4.8 and [ADHL, 1.4.1.5].

Now suppose that F' = Fg. Then, either X has torsion-free class group and m = 1, or we
obtain a normal G/Fr-embedding X'. Indeed, there is no other possibility as Fr is the derived
subgroup of Fp and Fp/Fr ~ us is a simple group. Then, either X’ has torsion-free class group
and m = 2, or we obtain a normal G/ Fp,-embedding X' Indeed, there is no other possibility
as Fp, is the derived subgroup of Fr and Fr/Fp, ~ us is a simple group. The derived subgroup
of Fp, is g and Fp, /pa >~ pa X pa. In view of Lemma 4.4.4.12, we now have only two possibilities

1. CI(X'®) is torsion-free, whence m = 3,
2. CI(X'®)) ~ 7/27 x 7.)27.

In the second case, we obtain a normal G/us-embedding X'®) and Lemma 4.4.4.8 gives that
X® ig factorial, thus m = 4 in this case.

In the case F' = Fr, we have m < 3 by the last paragraph. It remains to treat the case
F =Fp,,n>2 Wehave D(Fp,) ~ p, and Fp, /i, >~ pa X g2 when n is even, and Fp,, /i, >~ 4
when n is odd. In this last case, the proper subgroups of Fp, containing its derived subgroup are
cyclic. Hence, either C1(X) is torsion-free and m = 1, or we obtain a normal embedding X’ of G
modulo a cyclic group, whence m < 3. If n is even, the subgroups of Fp, containing its derived
subgroup are Fp,, two copies of Fp, ,, pon, and fi,. Hence, either Cl(X) is torsion-free (m = 1),
or we obtain a normal embedding X’ of G modulo a cyclic group (m < 3), or we obtain a normal
G/Fp, ,-embedding X'. In this last case, CI(X')tor must be trivial, thus m = 2. Indeed, the
order of Cl(X')or cannot be 2 by Lemma 4.4.4.12. Suppose by contradiction that this order is
4. By Lemma 4.4.4.12 again, we must have Cl(X')o; ~ Z/2Z x Z/27Z, but this is impossible in
view of Lemma 4.4.4.11. O

4.4.5 Presentation of Cox(X) by generators and relations

In this section, we develop a general strategy for the description of Cox(X) by generators and
relations. In the sequel, we always suppose that X doesn’t admit a G-stable divisor dominating
IP’}C, and admits at least two exceptional points. These assumptions are aimed to simplify the
notation, the cases left aside can be treated with the same method. To begin with, an easy
consequence of Theorem 4.2.2.2 is the

Proposition 4.4.5.1. The Cox ring of X is generated as a k-algebra by the simple G-modules
spanned by the canonical sections of the exceptional divisors.

This result provides us with homogeneous generators for Cox(X), namely the elements of k-
bases of these simple G-modules. The more difficult task is now to describe the ideal of relations
between them. We use as basic tools some elementary facts from the representation theory of
G. For each n > 0, denote V,, the space of binary forms of degree n. These spaces are naturally
G-modules, G acting by linear change of variables. Moreover, they are up to isomorphism the
simple G-modules (see |Sp|). Also, recall the Clebsch-Gordan decomposition

Vi @k Vi ~ n+m D Vn+m—2 OViim—a ®...® Vo, n=m.

For a B-stable effective divisor E in X, let Vg C Cox(X) denote the simple G-module spanned
by the canonical section associated with E.
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Normal G/u,-embeddings, n > 1

In this section, X is a normal G/u,-embedding (n > 1). Remark that if n < 2, we can still
choose two distinct exceptional points xg, oo € IP’/,lC which play the same role as in the case n > 3.
Indeed, we can suppose up to a G-equivariant automorphism of X that the pairwise distinct
exceptional points on B\G/pu, ~ P} are

20 =1[0:1],200 = [1:0],21 = [a1 : B1], -y & = [ = Br],

with respect to the homogeneous coordinates g7, g} (4.5.1). The last proposition provides a
surjective morphism of graded k-algebras

¢ : S = Symy(Vg=o © Vgeoo @ (@;:1 VE=i)) ® /‘C[(Tz‘j)ie{o,oo,l,...,r};j] — Cox(X),

where k[(7ij)ic{0,00,1,...r}:5] C Cox(X) is a polynomial k-algebra, Viso ~ Vgreo ~ Vi and Ve =~
Va. We view Cox(X) as a graded k-subalgebra of the coordinate algebra of the open G X
D(CI(X))-orbit Xg in X, and use the description of this orbit provided by [V1, 2.8.6]

Xo ~ G x# D(CL(X)).
This implies an isomorphism of graded k-algebras

O(Xo) ~ D O(G)y) e,
(kw,[D]) €T xCL(X), k mod n=[D] |G/,

where elP! denote the character of D(C1(X)) associated with [D], and C1(G/p,,) is identified with
Z/nZ. The canonical sections

50, Soos Si, Tij

are respectively identified with

93elE"), el (Bigh — a;gB)elE, X5

We consider respectively the following k-bases of T-eigenvectors

B70] g, elB70))

e (s0,tg) == (936[ ,grel

hd (Soovtoo) = (g4€[E106]792€[E100])

of the simple G-modules Vgzo and Vgzeo . To start with, we have the simple case where the only

exceptional points are xg and To:

Proposition 4.4.5.2. [fr =0, the ideal ker o is principal, generated by the G-invariant relation
Sooto — Soteo = Hj rg;-(’j Hj rgnoj»"j,

where (moj)j,(Mooj); are the families of non-negative integers defined by

[E0] 4 [B7e] = 305 mo [ X514+ 325 mooi [X5].

Proof. In this situation, S is a polynomial k-algebra of dimension 4 + #((ro;);) + #((7s0j);), and
the dimension of Cox(X) is 3 + #((roj);) + 8((7ec;);)- It follows that ker ¢ is a principal ideal
generated by a G-invariant relation. The determinant sooto — Soteo = eZ°IHE" ] ig a non-
zero G-invariant homogeneous element in Cox(X). Using |V1, 2.8.5], we obtain a G-invariant
irreducible relation as in the above statement which necessarily generates ker ¢. O

We now treat the case where r > 1 (i.e. X admits at least three exceptional points). For
this, we first show that X can be assumed to satisfy the following technical conditions:
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e the special fiber is a normal variety,
e the class group of X is torsion-free.
Recall that the special fiber is a normal variety if and only if
n <2, or (X7°);#0and (X7>); #0 (Propositions 4.4.2.1 and 4.4.2.3).

Consider the G-stable open subvariety V consisting of the orbits of codimension < 1. We have
Cox(V) ~ Cox(X) because V has a complement of codimension > 2 in X. Thus, we can
replace X by V. Also, consider an almost homogeneous G-threefold Y having three orbits,
namely the open orbit and two G-stable prime divisors Y? and Y>°. We can choose Y so that
vyo, vy~ & V(X) and 7(Y?) = zg, (V™) = 2. Using the valuative criterion of separation
[T11, App. BJ, it is immediate to verify that X and Y glue together into an almost homogeneous
G-threefold X;. By [V1, 2.8.1], we have an isomorphism

Cox(X) ~ Cox(X1)/(ro — 1,700 — 1),

where rg,rs are the canonical sections respectively associated to Y°, Y. Also, X; has by
construction at least three exceptional points and an associated special fiber which is a normal
variety.

Now, if X has a class group with a non-trivial torsion subgroup. Then, we can consider
a smooth complete almost homogeneous G-threefold X| containing the smooth locus of X as
an open G-stable subvariety [V1, 2.8.4]. By [V1, 3.1.7], Pic(X]) is free of finite rank, and it is
directly checked that X| has at least three exceptional points, and an associated special fiber
which is a normal variety. As above, we have an isomorphism

Cox(X1) ~ Cox(X1)/((r; — 1)),

where the r; are the canonical sections associated to the G-stable prime divisors lying in X7] \
(Xl)sm-

Possibly replacing X by X; or X{, we can suppose that X has a torsion free class group,
at least three exceptional points, and a special fiber which is a normal variety. In Proposition
4.4.5.3, we prove that certain G-submodules of S generate the ideal ker ¢, we start by defining
these G-submodules. For k,l € {0,00,1,...,7}, consider the natural surjective morphisms of
G-modules

Y Veor @ Vi — Vo Vg, C COX(X)[Exk}Jr[Ewl], k<l
ik Symi (Vaer) —= Ve, C Cox(X)gigan),

obtained via restriction of (. Using the Clebsch-Gordan decomposition, we obtain via a direct
computation that any B-semi-invariant in a product Vgs, Vg= is a non-zero scalar multiple of
an element of the form

gy gy oot el ETRIHIET] ¢ Cox(X) gor)4[E=] C O(G)elETFIHIED],
As Cox(X)Y is generated as a k-algebra by the elements
(Si)ie{o,oo,l,...,r}a (rij)iE{O,oo,l,...,r};ja

it follows from the form of this B-semi-invariant that it equals a monomial

10,k Too,kl i klj
0 00 HiE{O,oo,l,...,r};jrij )

where the (a; kij)ic{0,00,1,...,r};j 1 the family of non-negative integers defined by

[EF] + [E¥] = no u[E™] + Noo ki [ET] + 3 ic 0,001,015 Gkt [ X ]
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The table below lists the B-weights occurring in the products Vge, Vg=. For each B-weight
mw in the table, the third column provides an explicit B-semi-invariant ;.. To shorten the

notation, we let

ag]. R i klj
reshme t= Hie{o,oo,l,.‘.,r};j Tij

G-module B-weight: mw B-semi-invariant: 2y m

2w S0S
Vigzo Vigeoo 02e0

0 raOO0,0

Vi 2w s
Vi 2w 52,
Voo Ve (n+ 1w 508;
(1<igr) (ﬁ _ 1)w S&_lraoi,(ﬁfl)w
VEzeo VEa (n+ 1w SooSi
(].SZST) (ffL — ]_)w S’g’*lraooi,(ﬁfl)w

2nw s2
V2., (1<i<r) _ _

BT Xt 5 —2 —2 .

’ mpw, my = 2(n— 2p),p =1, ..., L%J sg P I 4P pRiimpw
VEI,L VE‘LJ 2ﬁw B _Sisj
(1<i<j<r, 0B +0;8:7#0) mpw, mp =2(0 —p),p=1,...,7 o Psoo PrPiampe
Vg Vie; 2nw $iSj

. _ A A—(2p+1) A—(2p+1)_a,,
(<i<j<r aifite;5i=0) | myw,my =20 — (2p+1)),p=0,.., [Z5*] | s (2pHD) = (2p+D) Latijimpe

For k,l € {0,00,1,...,7}, 0 < k < | < oo, and mw a B-weight occurring in Vge, Vge, let
Yki,me be the unique B-semi-invariant in S sent to T me by @ri- Then, consider the following
G-submodules of ker ¢:

My = (D, < G(Thi,mw — Ykimw) >) @ ker o,

where Xy . is naturally identified with an element of S. Also, in view of the description of
Cox(X)Y by generators and relations (Section 4.4.2), define for i = 1,...,7 the following G-
submodules of ker ¢:

7 ho; A hooj y
N; =< G.(Bisg ®[]; 7"0](-” —aiss @700y — 8 ® Hj(Tz‘j)h”) >~ Vy.
Proposition 4.4.5.3. The ideal ker o is generated by the G-modules My, and Nj.

Proof. Consider the natural Cl(X)-grading on S induced by the canonical projection WDiv(X) —
Cl(X), and let I be the homogeneous ideal generated by the G-modules My; and N;. We prove
that the surjective morphism of graded k-algebras

@ :S/I — Cox(X)

induced by ¢ is an isomorphism. This follows from the claim that (S/I)V is generated as a
k-algebra by the images of the s;, r;;, i € {0,00,1,...,7}. Indeed, the algebra (S/I)V can then
be presented as the quotient of the polynomial k-algebra in the elements s;, r;; modulo an ideal
J of relations. In view of the presentation of Cox(X)Y and of the morphism

ou : (S/1HY — Cox(X)V
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induced by @, the ideal J is contained in the ideal generated by EB;-":lNZ-U. As we have the reverse
inclusion by definition of I, it follows that the morphism @y is an isomorphism, thus ¢ is so.

We now prove the above claim. Remark that because the special fiber is a normal variety, the
G-modules N; become zero modulo ((74))ief0,00,1,...,r};7)- The k-algebra S/(I, (r5)i;) is generated
by the simple G-modules Vgz;, i € {0,00,1,...,r}, and it follows from Lemma 4.4.5.5, the
preceding remark, and the definition of the G-modules Mjy;, that the product of any two of them
in S/(1, (r45)i;) is their Cartan product. As a consequence of a result of Kostant (see e.g. [Bri85,
4.1 Lemme|), the product of any two simple G-modules in S/(1, (r;;):;) is again their Cartan
product or zero. This implies that (S/(I, (rij)i;))V is generated as a k-algebra by the images of
the s;, i € {0,00,1,...,7}. Let A be the k-subalgebra of (S/I)V generated by the images of the
siyTij, 1 € {0,00,1,...,7}. Viewing A and (S/I1)V as C1(X)-graded k[(r;;);;]-modules, the above
description of (S/(I, (rij)i;))V yields

(S/DY = A+ ((ri)ig)(S/T)Y.

By Lemma 4.4.5.6, the regular functions on X are constant. This implies that S/I (hence (S/I1)V
and A) can be endowed with a coarser positive grading such that the elements 7;; have non-zero
degree. Indeed, S/I is naturally graded by the cone of effective divisors in CI(X)q, but this cone
contains no line as O(X) ~ k. Thus, we can choose convenient positive integers a;; such that
the linear map CI(X) — Z defined by [X7"] = aj; is positive on generators. Now, the graded
Nakayama lemma yields (S/I)V = A, whence the claim. O

Corollary 4.4.5.4. Suppose that n < 2. Then, the ideal ker ¢ is generated by the G-invariant
relations

skty — sity, = (B — a1 Pk) Hie{o,oo,l _____ P} TZLM”, k,l€{0,00,1,...,7}, 0 < k <1< o0,
where (Mmyi;)i; are the families of non-negative integers defined by

[EF] + [E%] = Zz‘j Mlij [X;'Ei];
and the simple G-modules N;.

Proof. Tt suffices to notice that in this case, the My are trivial, and the My, k < [ are the
G-invariant lines spanned by the elements spt; — sitx, — (xS — B )r2*0. a

Lemma 4.4.5.5. Let Z be a normal G/uy,-embedding (n > 1) whose associated special fiber is
a normal variety, and admitting three or more exceptional points. Then, the special fiber is a
horospherical variety.

Proof. In view of the table above, it suffices to show that the total degrees of the monomials
r2klme are non-zero. This is equivalent to prove that the divisors

o E%0 4 Fe
o E% 4 F%i — (p—1)E% i=1,..,r,

o E% 4+ F% — (n—1)E™, i=1,..,r,

2% — (7 — 2p) (B™ + B7), 1 <i <r,p=1,... | 2],

E*" + E% —(n—p)(E* 4+ E*), 1<i<j<r,p=1,...,n.
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are not principal. We verify this for the divisor E*! + E*2 — k(E* 4+ E¥~), 0 < k < n— 1, where
n = n is assumed to be odd. We skip the proof for the other cases which are treated similarly.
We look for a B-semi-invariant rational function gf,, v € Z, where f,, is defined in 4.5.1, and
g € k(g5 /g1)*, whose divisor is the above one. Necessarily, zeroes and poles of g are located on
the points xg, o0, 1, 2, x4, and their orders are respectively «, «, 1,1, 5. In order to simplify
the notation, we suppose that for each of the points xg, 0, 1, T2, there is exactly one G-stable
prime divisor sent to this point, the general case being treated the same way. Coordinates on the
hyperspace are defined as in Section 4.5.1, and we set vx= = (x;, h,l;), i € {0,00,1,2}. This
gives

div(gfl) = a(n(E* + E*®) + hoX™° + hoo X)) + E** 4+ h1 X** + E*2 + ho X*? 4 D"

n—1

+ (D% (E*0 + E%°) + [p X7 4+ loo XP° + [ X1 4 15 X72).

It follows that we must have § = —v, and an — 'y”T_l = —k, the general solution of this last
equation being of the form

(avr)/) = (7ka 721{;) + u(%vn)v (IAS L.
Recall that we must have 2a+ 2 + 8 = 0, so that © = 2. Now, this principal divisor reads
div(gfs) =
E*1 + E¥2 — E(E* 4 E%> )+ (aho+7l0) X7 + (@hoo +Vloo) X7 + (h1 +711) X* + (ha +7l2) X *2.

— 1 This condition cannot be satisfied as soon

It follows that we must impose ;L—ll =

1
Y 2(n—k)"
as k < n — 1, because we must have }ll—ll < —%. Thus, we suppose that k =n — 1, and we look at
the condition ,% = —% = 0 which cannot be satisfied. O

Lemma 4.4.5.6. Let Z be a normal G/upn-embedding (n > 1) whose associated special fiber is
a normal variety and with three or more exceptional points. Then, O(Z) ~ k.

Proof. Tt suffices to prove that every B-semi-invariant regular function u € O(X) is necessarily
constant. Let a := 1 if n is odd, and a := 2 otherwise. We can write v = ¢f2,, where
g € k(g% /9})*, and fq, is defined in Section 4.5.1. Moreover the divisor of u is effective by
assumption, so that we have vp(u) > 0, VD € WDiv(X)?. By summing these inequalities over
the set of colors we obtain the inequality

m(—3+5 — 2+ +1)>0,
which implies that m > 0. In view of Proposition 4.4.2.3, Z admits at least three G-stable prime
divisors X%0, X% X7*1 gent to pairwise distinct exceptional points g, Too, 1. Consider the set

of B-stable prime divisors consisting of X*0, X*~ X*1 and all the colors except E*0, E*>~ and
E*. By summing the inequalities over this set we obtain the inequality

m( + 4=+ +1) >0,

where (zo,lo, ho), (Too, loos hoo), and (z1,11, h1) are the respective coordinates in the hyperspace
associated with X of the valuations vxzo,vx= and vxz1. Because }% + }ll%; + ;711 +1 <0 (see
4.5.1), the above inequality is equivalent to m < 0, and we obtain that m = 0. Thus, we have
that g € k* because the divisor of g has to be effective. Indeed, any non-constant rational
function on }P’,l€ /[ admits at least one pole. We conclude that u is constant. Ul

Remark 4.4.5.7. Suppose that n < 2. From the above description of Cox(X), we have

Xisa complete intersection <= fi(x;); < 2 < X isa hypersurface.
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. .- . . . s //G
Furthermore these equivalent conditions characterize when the good quotient morphism X L)

AV is faithfully flat. Indeed, this morphism has equidimensional fibers if and only if f(z;); <2
(see Section 4.4.2.1). Moreover, X is Cohen-Macaulay under these assumptions, so that the
quotient morphism is flat [Har2, III, Ex 10.9].

Example 4.4.5.8. Consider a normal G-embedding X with four exceptional points
r1=[1:0,z2=[0:1],23=[1:1],24 =[2:1] € P},
to which are sent the exceptional divisors
E*r X* ) pr2 XT2 R X8 FP4and X4,
We choose the section w — f,, of the exact sequence
1= k(P = k(X)P) = Zw — 1,
such that div(f,,) is the color B! on G. This provides coordinates on € for which we have
vxer = (21,2, —1),vxe2 = (22,3, —5),vxes = (v3,1,—1), and vxzs = (24,5, —4).

By 4.3.2.2, the generators ([E*],[X™],...,[E™], [X™]) of the class group give the following
presentation matrix

-1 -2 1 3 0 0 0 O
p._ -1 -2 0 0 1 1 0 O
-1 -2 0 0 0 0 1 5
1 -1 0 -5 0 -1 0 —4
From this presentation of C1(X) we obtain
o [ET] = [XT] + 5[X"2] 4 [X70] + 4[X™] o [E7] = 3[XT"] 4 5[X™] + 4[X™]
o [B7] = 3[XT]+2[X" ]+ [XT] +4[X™] e [E™] = 3[X7] + 5[XT] 4 [X7] — [X™]

Finally, we find
COX(X) = k[sl7t1752at2a ‘937t3734at47T17T2ar37T4]7

with ideal of relations generated by the following

o sity — soty — rirsrirs e soty — syto + 2r$ririr} o sor3 + 28177 — 847
4,1 1

o sits — sgt1 — riraOrsrd o ssty — satz + rri0rsrd o tord + 261702 — 41}

o sty — sqty — rirdOrird o sor3 + s117 — 373

® sot3 — s3ty + 7’?7“57’37’2 ° tQT% + tlr% — i37r3

Example 4.4.5.9. Consider a normal G/us-embedding X with three pairwise distinct excep-
tional points wg = [0 : 1],200 = [1 : 0],21 = [a : B] € P}, to which are sent the following
exceptional divisors:

E¥0, X% [T X% FT and X

We choose coordinates on the hyperspace as described in Section 4.5.1, and the G-valuations
associated to the G-invariant exceptional divisors have the following coordinates in &£:

vxwo = (20,1, —1),Ux200 = (Too, 1, —1), and vxe1 = (z1,1,—1).

118



The class group of X is free of rank 3 and the special fiber is a normal variety, so the preceding
proposition applies. We consider the following k-bases for the simple G-modules generating
Cox(X):

o Vieo : (s0,t0) := (s0, g1el”™)),
o Voo : (Soostoo) = (S0, g2elZ™™N),
o Viger ¢ (s1,t1,u1,v1) := (51, (Brg2g1—an1g2g2)el®) (Bigsg?—a1gag?)el B, (Brgd—angd)elEM),
o Vyei,i=0,00,1:(r;):= (elX™).
We have
Cox(X) ~ Symy,(Vgzo ® Vg ® Vie1) @4 k[ro, oo, 1] mod I,

where k[rg, 7, 71] is a polynomial k-algebra, and I is generated by the simple G-modules of
relations given in the following table:

’ G-module ‘ B-semi-invariant ‘ B-weight
Vo =~ Moo C Vieo @k VEreo =~ Vo @ Va 0800 — Sotoo — TOTooTS 0
Vo ~ Moy C Vieo @ Viger =~ Vi @ Vs t15g — sitg — s, @ rorir 2w
Vo~ Myo1 C VEeso ®p VEer ~ Vi B Vo 11500 — S1toc — Bs% ® rgroorl 2w
Vo ~ My C Symi (Ve ) ~ Ve @ Va 2 — s1u1 — aBsoSec @ T TY 2w
Ny~ V5 Bs%@ro—as‘zo@)roo—sl@rl 3w

Example of affine almost homogeneous G-threefolds

Consider the case where X is affine. In [Pop], Popov classifies these varieties up to iso-
morphism by means of numerical invariants. These results can be reinterpreted in term of the
combinatorial description of these varieties. Indeed, the colored hypercone defining X must have
all the colors among its generators, which is only possible if F' ~ u,, [T97, 5.2]. We use coordi-
nates on the hyperspace as defined in Section 4.5.1, and define v := 2 if n is even, and u := 1
otherwise. The combinatorial description of the normal affine G/u,-embeddings shows that X
admits a unique G-orbit of codimension 1 corresponding to a G-stable prime divisor X*° which
is sent to x¢ by the rational quotient 7 : X --+ ]P’,{, by B. Moreover, the condition

vxwo = (20, h,1) € Pt X Zno x 12, with -1 — L < L <L and haul =1

2n

is satisfied. Remark that if n < 2, we can still choose two distinct points xg, oo € IP’}€ which play
the same role as in the case n > 3. In general, X admits a G-fixed point, except in the case
where [/h = —1/2. Concretely, this exceptional embedding is realized as the G-linearized line
bundle

G xT AL — G/T,

associated to the T-action on A} defined by the character w".
The generators ([E%4], [E*0], [X™0], [E¥>]) of the class group give the presentation matrix

-1 7 0
P:=]-1 0 0 n
U —uﬁT_l ul uﬁT_l
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Transforming this matrix to its Smith normal form by means of elementary operations on the
rows and columns yields an isomorphism

CUX) ~7Z x Z/dZ, (4.4.3)

where d :=n A hif nis odd or h+ 2l is even, and d := (n + h) A (7 — h) otherwise. Panyushev
computed this class group in [Pa92, Thm 2| taking as input Popov’s numerical invariants.

By Proposition 4.4.5.2, the Cox ring is generated by the elements sq, to, Soo, too, 70, and the
relations are generated by a relation of the form

T0" = Soolo — Sotoo-
On the other hand, computing Lj + Ly + %Lg on the rows of P, we obtain
(B0 + [B7=] = (b + 2 X",
—(h+21)
0

It follows that the sought relation is r = Soolo — Soteo- This presentation of the Cox ring
is similar to the one obtained by Batyrev and Haddad in [BatHad)|.

Comparison with the results of Batyrev and Haddad

In [Pop]|, Popov associates to the isomophism class of X a unique pair (hp,n) where hp €]0, 1]
is a rational number called the height of X, and n is the order of the cyclic group stabilizing a
point in the open orbit. With [K, I11.4.3], the height has the following useful interpretation: the
algebra of U-invariant regular functions on X identifies with the algebra of the monoid
My, ={(i,4) € Z2, ;j < hpi and n|i — j}.

More precisely, by considering the injective graded morphism

p: O(X)V = OG/pn)V = @w;o,n\i_j Vectk(gégi)

given by the restriction of functions, we identify elements of the monoid Mj, ,, with the monomials
in the image of . As in the preceding section, consider the G-valuation vx=o = (xo,h,[) € £.
By normality of X, a monomial g5g} € O(G/un)V belongs to O(X)V if and only if

y g?gj "
vxeo(gigy) = 0 < vxwo(mf&ﬂ)/u) >0
uw
9594
fz(ﬁfj)/u

n—1li+j

<= hug,(

)+1(i+4) =0

h
<:>%(i—|—u )+I(i+4)=0
h(n+ 1)+ 2in

< ', h =Y
<= j < at, where Wi —n)—2in

Remark that together with the condition —% — % < % < —%, we verify that 0 < a < 1, with
a = 1 exactly when [/h = —1/2. By unicity of the cone in Z? defined by the monomials of
O(X)Y, we have a = hp.

In [BatHad], Batyrev and Haddad consider in the affine space A7 endowed with coordinates

y,t1,ta, ts, ty the hypersurface Hjy defined by the equation
yb = tits — tots,

where b := Lk := (¢ —p) An, and p/q = hp with p A ¢ = 1. Then, they set a := 7, and let
Gm X e act on Az by allocating the following weights to coordinates
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deg(y) = (k’o)adeg(tl) = (_pa _1)7deg(t2) = (_pa _1)7deg(t3) = (qv 1)7 and deg(t4) = (Q7 1)

This action stabilizes Hj and realizes it as the total coordinate space of X [BatHad, 2.6].
We now verify that this coincides with the presentation of the Cox ring given in the last
section. For simplicity, we assume that n is odd. By identification, we have

P = sty (M +1) + 2nl)

q= m(h(l —n) —2nl)

Then, the following identity holds

q—0p —(h+20)n
ko (nAh)((a—p)An)
 —(h+2)n
(n A R) (=2 5 )
—(h+20)n
n(—(h+20) AnAh)
—(h+21)
—2lAnANh
—(h+21).

Turning to the grading of the Cox ring, recall that the isomorphism
CX)~Z XxXZ/(nN\Nh)Z

has been obtained by considering the four generators [E®4], [E*0], [X®0], [E*>] of CI(X), and
looking for a Z-basis of the free Z-module on these generators adapted to the submodule of
relations. Let u,v € Z be such that

—qu+ kv =1.

By the above isomorphism, the elements [E*0], [X*°], and [E**] are sent respectively to (—p, ub—
v), (k,u), and (gq,v), where the second coordinate is computed in Z/(n A h)Z. This gives us the
corresponding degrees for the generators of the Cox ring. This degrees correspond to the degrees
of Batyrev and Haddad up to an automorphism f of Z x Z/(n A h)Z. Indeed, it suffices to set

F((1,0)) = (1,&7 ) and f((0,1)) = (0,&71).

4.5 Appendix: Colored equipment of k(G/F)

In this appendix, we recall from [T97| the colored equipment of k(G/F') for F either cyclic
or one of the binary polyhedral groups in G = SLy. There is a natural bijection between the
monoid of effective B-stable divisors in G/F, and the monoid O(G)B*F) /k*. Indeed, it suffices
to consider the well-defined morphism

O(G)B*F) /k* — WDiv(X)B, f — divg,r(f).

Via this bijection, B-stable prime divisors in G/F correspond to indecomposable elements of
O(G)B*F) /k* . Remark that we can again see these elements as indecomposable homogeneous

elements of Cox(G/F)B)/k*. There exists a linear system O(G)(BXF)

of dimension two over
(now,No)

BXxF
) )) ~ PL that

(now,Ao
gives the indecomposable elements of O(G)B*F) /k* corresponding to the parametric colors of
G/F. The finite set of exceptional colors of G/F is obtained by taking divisors of zeroes of the
non-invertible C1(G/F)-prime elements appearing in the decompositions of the decomposable

elements of O(G)EfOZ?O) C Cox(G/F).

k that defines the morphism 7/, and a non-empty open subset of P(O(G)
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Definition 4.5.0.1. [T11, 16.1] The CI(G/F)-prime elements of O(G)Efoxw?o) C Cox(G/F) are
(BXF)

(now,Ao)
semi-invariants. The subregular semi-invariants are the non-invertible C1(G/F)-prime B-semi-
invariants appearing in the decomposition of the exceptional semi-invariants as a product of
Cl(G/F)-prime elements.

called the regular semi-invariants. The others elements O(G) are called the ezceptional

Any G-valuation or color v of k(G/F) is located in the hyperspace & by a triple

(Zli,h,l) G]P)]{; XQ-‘r XQa

where z and h are defined by the restriction of v to k(P}), and the coordinate [ is obtained by
evaluating v at a fixed generator of the weight group A(G/F) viewed in k(G /F)®) via the choice
of a section A — fy (4.2.3).

4.5.1 F is cyclic of order n > 1

We identify the character group of F' = p, with Z/nZ. If n < 2, there is no exceptional
semi-invariant. If n > 3, there are, up to non-zero scalar multiple, two subregular semi-invariants
g3 and g4 whose respective weights are (w,1 mod n), (w,—1 mod n). Let

_ n, n odd,
n =
n/2, n even.
We have (’)(G)Efoi’f ;3) = O(G)Eg:g"lno a4 ny generated by the two exceptional semi-invariant g5

and g7. There are two exceptional points g,z and two exceptional colors 7*(zg) = nE™,
() = NE*°. Let A be an arbitrary regular semi-invariant, and x4 be the corresponding
distinguished point of P}/, ~ PL. We define a section of A(G/p,) — k(G/ ) P) by the choice
of the generator

fw = m, Of Welght w, (77, Odd),
2 .
fow = W, of weight 2w, (n even).

In order to have a uniform description of the hyperspace, the third coordinate [, of a G-valuation
(or color) v is defined by I, := v(f,) if n is odd, and I, := v(fa,)/2 if n is even. The elements
of V; C &, are the vectors (z,h,l) in & whose coordinates satisfy the inequalities 21 + h < 0 for
x # xq and 2l — h < 0 for x = x4. The colors are sent to the vectors e, for x # x4, X9, oo, t0
(xg4,1,1) for x4, and to (zg,n, —(n —1)/2) (resp. (oo, 7, —(n — 1)/2)) for g (resp. for x).

4.5.2 F is binary tetrahedral

The character group of Fr identifies with the cyclic group of order 3, for which we choose
a generator ¢(. Up to a constant, there are three subregular semi-invariants f,, fe, ff whose

respective weights are (4w, (), (6w, 1), (4w, (~1). We have O(G)Efoiﬁfg) = O(G)Egj}ijr)) generated
by the three exceptional semi-invariant f3, 2, f;c’ with the relation 2+ f2 —i—fj‘j’ = 0. This defines
three exceptional points ., zc, z¢, and three exceptional colors 7*(x,) = 3E™, n*(x.) = 2E%,
and 7*(x ) = 3E%/. We define a section of A(G/Fr) — k(G /Fr)®) by the choice of the generator
fow = f’}ff. The elements of V, C &, are the vectors (z, h,l) of & whose coordinates satisfy the
inequalities [ + h < 0 for x # xy,x,, and | <0 for x = x; or v = x,. The colors are sent to the
vectors €, for © # 2y, xe, x¢, and to (z4,3,1), (x¢,2,—1), and (xy,3,1) for 7*(x,), 7*(x.) and

T ().
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4.5.3 F is binary octahedral

The character group of Fp identifies with the cyclic group of order 2. Up to a constant, there
are three subregular semi-invariants f,, fe, ff whose respective weights are (8w, ¢), (12w, 1), (6w, ¢™1).

We have O(G)Ef;ﬁ?) = O(G)EZZ%) generated by the three exceptional semi-invariant f2, f2, f;%

with the relation f2 + f2 + f;} = 0. This defines three exceptional points x, T¢, 7, and three
exceptional colors 7*(x,) = 3E%, n*(x.) = 2E%, and 7*(xy) = 4E%/. We define a section of
A(G/Fg) — k(G/Fp)P) by the choice of the generator fo, := % The elements of V, C &,

e

are the vectors (x, h,l) of & whose coordinates satisfy the inequalities [ +h < 0 for z # xy, z,,
and [ <0 for x = x5 or x = x,. The colors are sent to the vectors ¢, for * # x,, 2,2y, and to
(20,3,1), (xe,2,—1), and (z¢,4,1) for 7*(x,), 7*(xe) and 7 (xy).

4.5.4 F is binary icosahedral

The character group of Fj is trivial. Up to a constant, there are three subregular semi-
invariants f,, fe, ff whose respective weights are (12w, (), (30w, 1), (20w, (~!). We have

O(G)Ef(iﬁ\l) = O(G)gg)fﬁ)) generated by the three exceptional semi-invariant f2, f2, f;’ with the

relation f2 4 f2 + f]% = (0. This defines three exceptional points x,, x.,zf, and three exceptional
colors 7*(z,) = BE™, m*(x.) = 2E", and 7*(x¢) = 3E*/. We define a section of A(G/Fy) —
k:(G/FH)(B) by the choice of the generator fo, := f}% The elements of V,, C &, are the vectors
(x,h,l) of & whose coordinates satisfy the inequalities [ + h < 0 for x # xf,x,, and [ < 0O for
x = xfy or x = x,. The colors are sent to the vectors e, for  # x,,xe, xf, and to (x,5,1),

(we,2,—1), and (zy,3,1) for 7*(x), 7" (xe) and 7*(xy).

4.5.5 F is binary dihedral of order 4n, n > 1

The group Fp,, is generated by the elements

<ok
0 ¢! 1 0

where C is a primitive 2n'" root of unity. A character of Iy is determined by a pair of values

h s C*, r— i', where i> = —1. The subregular semi-invariants are fr = 9394, fe = g5 — (—iga)",
and f, = g5 + (iga)" of respective weights (2w, (1,—1)), (nw, (=1, —3")), and (nw, (—1,i")).
We have O(G)Efofﬁ[\)g)) = O(G)gfniﬁi”()_l)n)) generated by the three exceptional semi-invariants

[t 2 f2 with the relation (=) f} + f? — f2 = 0. This defines three exceptional points
Ty, Te, g, and three exceptional colors 7*(x,) = 2E%, n*(x.) = 2E%, and n*(xf) = nk*/.
We define a section of A(G/Fp,) — k(G/Fp,)® by the choice of the generator fo, := J{Z{fl
The elements of V, C &, are the vectors (x, h,l) of & whose coordinates satisfy the inequalities
I+ h <0forx+#xp,2,, and | <O for x = 2y or x = x,. The colors are sent to the vectors e,
for x # x4, xe, vy, and to (2,,2,1), (2¢,2,1), and (z¢,n,1 —n) for 7*(z,), 7" (x.) and 7 (zy).
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Chapter 5

The Cox ring of a complexity one
almost homogeneous variety

Abstract

We give a description by generators and relations of the Cox ring of a normal variety as in
the title, that is, equipped with an action of a connected reductive group such that there is
a dense orbit and the minimal codimension of an orbit of a Borel subgroup is one. To obtain
this description, we introduce and study an interesting class of equivariant completions of
certain complexity one homogeneous spaces. Finally, we illustrate our method by treating
an example of classical algebraic geometry: the space of ordered triangles.

5.1 Introduction

The normal varieties of complexity at most one (i.e. equipped with an action of a connected
reductive group such that the minimal codimension of an orbit of a Borel subgroup is at most
one) form a rich class of varieties whose geometry is rather accessible. This class comprises for
instance the toric varieties, and more generally the spherical varieties (i.e. the normal varieties of
complexity zero), the normal surfaces with an effective G,,-action and the normal SLy-threefolds
with a dense orbit. These last two examples illustrate the general fact that a normal variety
of complexity one is either almost homogeneous (i.e. there exists a dense orbit), or admits a
one-parameter family of spherical orbits. All these varieties admit a combinatorial classification
similar to the one of toric varieties (see |T11]), and one can try to describe their geometric
invariants in terms of their defining data. In this direction, a lot of work remains to be done for
varieties of complexity one.

We work over an algebraically closed field k of characteristic zero and let G be a connected
reductive group with trivial Picard group; this last assumption can always be satisfied up to
replacing G by a finite cover. The goal of this paper is to describe an important invariant of
an almost homogeneous G-variety X of complexity one: its Cox ring Cox(X). This is a finitely
generated k-algebra graded by the divisor class group Cl(X), and one can think of it as an algebra
of homogeneous coordinates generalizing the classical notion of homogeneous coordinates algebra
on a projective space (see the book [ADHL] for a comprehensive and exhaustive presentation).
The Cox ring of a normal variety need not be finitely generated in general. In fact, it is known
since the work of Hu and Keel [HK] that normal varieties with finitely generated Cox ring have
a particularly well understood birational geometry (see also [ADHL, Section 4.3.3|). For this
reason, such varieties are called Mori Dream Spaces (MDS).

A normal variety of complexity at most one is an MDS if and only if it is spherical or
rational of complexity one. Having identified such a natural class of MDS, it is then a natural
and important problem to describe their Cox rings by generators and relations. Whereas the
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Cox ring has a quite straightforward definition, providing such a description turns out to be a
rather challenging task. This has been overcome for spherical varieties by Brion’s work [Bri07],
but the problem remains open in general for varieties of complexity one. Some advances have
been done recently for some specific classes of normal rational varieties of complexity one with
spherical orbits [HS], [LT]. Regarding almost homogeneous varieties of complexity one (which are
automatically rational), only the particular situation of a SLo-variety has been treated [BatHad|,
[V2].

Following the general philosophy introduced in [Bri07] and developed in [V1], we rather
try to describe the equivariant Cox ring, denoted Coxg(X), by taking advantage of its canonical
structure of G-algebra. It is finitely generated as k-algebra, and the ordinary Cox ring is obtained
as a quotient of the former by particularly simple relations (see Section 5.3.2 below). Our
strategy is then analogous to Brion’s one in [Bri07], where he studies the equivariant Cox ring
of a spherical variety by relating it to the equivariant Cox ring of a wonderful variety. More
specifically, we first associate to any sober homogeneous space of complexity one a natural family
of equivariant completions, called good completions. The notion of a sober homogeneous space
originates in the theory of spherical embeddings (see [T11, Chap. 5]). A spherical homogeneous
space G/H (with a dense orbit of a Borel subgroup B C G) is sober if there exists a normal
complete G/H-embedding that is simple (there is a unique closed G-orbit) and toroidal (any
B-stable prime divisor containing a G-orbit is G-stable). When it exists, this embedding is
unique up to isomorphism and called the standard embedding. For instance, the wonderful
completion of a spherical homogeneous space, when it exists, is a particular standard embedding.
From the combinatorial perspective, the soberness condition easily translates into a condition
on the combinatorial data attached with the spherical homogeneous space, and this formulation
generalizes well to higher complexity (see Section 5.2.1). Building on Knop’s description of
valuation cones [T'11, Chap. 4] and Timashev’s combinatorial framework for the classification of
embeddings of complexity one homogeneous spaces [T11, Chap. 3|, we define a canonical family
of equivariant completions of a complexity one sober homogeneous space G/H. This family is
indexed by the set of finite subsets of P containing a fixed finite subset Sg /# (which is prescribed
by G/H). We then study the geometry of these so-called good completions. We prove that any
such completion is projective, Q-factorial and covered by isomorphic affine open subvarieties
with trivial Picard group and only constant invertible functions. These nice geometric properties
allow us to obtain a description of the equivariant Cox ring of any good completion by generators
and relations. Then, Coxg(X) is obtained via a base change from the equivariant Cox ring of a
certain good completion.

This article is organized as follows. In Section 5.2, we present the combinatorial classifica-
tion of rational G-varieties of complexity one following [T11] and define the notion of a sober
G-homogeneous space. Preliminary results, definitions and notations on almost homogeneous
varieties of complexity one are given in Section 5.3. In Section 5.4, we define the so-called good
completions of a sober homogeneous space of complexity one and obtain some of their geometric
properties. In Section 5.5, we describe the equivariant Cox ring of a good completion by gener-
ators and relations. The equivariant Cox ring of an almost homogeneous variety of complexity
one is described in Section 5.6, building on the result of the preceding section. In Section 5.7,
we provide a method of geometrical nature to determine the exceptional colors (see Section 5.3)
of a homogeneous space of complexity one; as explained all along the article, this is a crucial
step towards the description of the Cox ring of the various embeddings of this homogeneous
space. Finally, Section 5.8 is dedicated to the study of an interesting example from classical
algebraic geometry, namely the space of ordered triangles implicitly used by Schubert in its work
on enumerative geometry (see [CF]).

Conventions. We fix an algebraically closed field k of characteristic zero and work in the
category of warieties, that is, integral separated k-schemes of finite type, and the k-morphisms
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between them. Without further precision, a point of a variety is meant to be a closed point. A
subvariety of a variety X is a locally closed subset equipped with its reduced subscheme structure.

An algebraic group is an affine group scheme of finite type over k. The character group of
an algebraic group G is denoted G. Given a finitely generated abelian group M, we let D(M)
denote the diagonalizable (algebraic) group Spec(k[M]) with character group M. We say that X
is a G-variety if it is equipped with a G-action

a:GxX = X, (g,z) =~ g.x.

Our convention is that a reductive group is a linearly reductive group, that is, every finite di-
mensional representation of such group is semisimple. In particular, a reductive group is not
necessarily connected. If G is reductive and acts on X, a good quotient of X by G is an affine
G-invariant morphism ¢ : X — Y such that ¢f induces an isomorphism Oy — (¢.Ox)%. Tt is a
universal object in the category of G-invariant morphisms from X to varieties.

In all the text, G denotes a connected reductive group with trivial Picard group. Also, we
choose once for all a maximal torus T' C G, a Borel subgroup B containing 7', and let U denote
the unipotent part of B.

An almost homogeneous G-variety is a normal G-variety X with a dense orbit. In particular,
X is a normal G/H-embedding, that is, there is a base point x € X with stabilizer G, = H,
and such that the associated orbit morphism factors through a G-equivariant open immersion
G/H — X. To keep track of the base point, we sometimes refer to X as a pointed variety (X, ).
A morphism (X, z) — (Y,y) of normal G/H-embeddings is a G-equivariant morphism X — Y
mapping x to y. An equivariant completion of a homogeneous space G/H is a normal complete
G/ H-embedding.

For a normal variety X, the group of Weil divisors is denoted WDiv(X). Every Weil divisor
defines a coherent sheaf O(D) whose non-zero sections over an open subset U are the rational
functions f € k(X)* such that div(f)+ D defines an effective divisor on U. A divisorial sheaf on
X is a coherent reflexive sheaf of rank one. The divisor class group (resp. Picard group) of X,
denoted CI(X) (resp. Pic(X)), is the group of isomorphism classes of divisorial sheaves (resp.
invertible sheaves) on X. It is isomorphic to the group of Weil divisors (resp. Cartier divisors)
modulo linear equivalence through the morphism [D] — [O(D)]. The equivariant class group
(resp. equivariant Picard group) of a normal G-variety X is denoted Clg(X) (resp. Picg(X))
(see [V1, Section 2.2]).

5.2 Combinatorial framework

In this section, we present Timashev’s combinatorial framework for the classification of com-
plexity one normal rational G-varieties (up to G-equivariant isomorphism) lying in a fixed G-
birational class. We start by recalling definitions and results around the central valuation cone
associated with a normal G-variety X of arbitrary complexity. This allows us to define the notion
of soberness for arbitrary homogeneous G-varieties. Our reference for this material is [T11].

5.2.1 The central valuation cone

Let K = k(X) be the field of rational functions on X, equipped with its natural G-action.
A geometric valuation of K is a discrete valuation K* — Q of the form avp, where a € Q,
and vp is the normalized discrete valuation associated to a prime divisor D in a normal variety
whose field of rational functions is identified with K.

Notation 5.2.1.1. We set D = D(K) for the set of prime divisors of X that are not G-stable, and
DB the subset of B-stable ones. This last subset consists of the so-called colors of K. These sets
don’t depend on X up to G-birational equivalence and we identify them with the corresponding
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sets of normalized geometric valuations of K. Let V denote the set of G-valuations of K, that
is, the geometric G-invariant valuations of K. Let V(X) C V be the subset consisting of the
normalized G-valuations that correspond to the G-stable prime divisors of X.

There is an exact sequence of abelian groups
1— (KB - KB 5 A(K) — 1, (5.2.1)

where K(B) is the multiplicative group of rational B-semi-invariant functions and A(K) is the
associated group of weights. The abelian group A(K) = A(X) is a birational invariant of the G-
variety X, called the weight lattice. It is a subgroup of T whose rank is the rank of the G-variety
X.

The G-valuations are uniquely determined by their restriction to K®) [T11, Cor. 19.13].
Those vanishing on (K)* are called central. The restriction of a central G-valuation to K(5)
factors through a linear form on A(K). Thus, the set of central G-valuations is identified with
a subset .Z C &£ := Hom(A(K),Q). By [T11, Thm. 21.1 and Thm. 22.13|, this subset .Z is a
cosimplicial polyhedral solid cone in &£.

Definition 5.2.1.2. A homogeneous space G/H is sober if the associated cone £ of central
G-valuations is strictly convex.

Since the work of Brion and Pauer |[BP] in the spherical case and of Knop in full generality
[Kn93b], the soberness condition translates geometrically into a condition on a certain subgroup
of the equivariant automorphism group of G/H. Recall that this equivariant automorphism
group is naturally identified with Ng(H)/H acting on G/H via nH.gH = gn~'H, and that this
group also acts on K and K?. We define the central automorphism group CAut(G/H) as the
kernel of the action on K”. This is a diagonalizable group lying in the center of Ng(H)/H.
Moreover, its dimension is the dimension of the linear part of the central valuation cone [T11,
Thm. 21.6]. Hence, G/H is sober if and only if CAut(G/H) is a finite group.

Examples of sober homogeneous spaces of complexity one are those of rank one. Indeed, any
such homogeneous space is obtained by parabolic induction from a homogenous SLa-variety of
complexity one [Pa95], and the dimension of the linear part of the valuation cone is preserved
under such an operation |T11, Prop. 14.4]. Also, any complexity one homogeneous space G/H
such that (Ng(H)/H)® is semisimple is sober (e.g. SLs3 /T, where T is the standard maximal
torus).

5.2.2 Classification
Now, suppose that X is rational of complexity one. Then, the exact sequence (5.2.1) writes
1= k(P = KB - AX) — 1,

and the choice of a splitting A\ — fy allows us to view A(X) as a subgroup of K(B). Then,
considering a geometric valuation v of K, the restriction VK (B) is determined by a triple (z, h, 1),
where z € P}, h € Q4, and | € € := Hom(A(X),Q). Indeed, the restriction of v to k(P}) is
again a geometric valuation [T11, B.8], hence of the form hv,, where € P{. On the other hand,
vja(x) yields an element [ € €.

Definition 5.2.2.1. For all x € IP’}C, consider the closed half-space & = Q4 x €. The hyperspace
& associated to K is the union of the &, glued together along &.

The set V embeds in & ,and V, := VN &, is a cosimplicial convex polyhedral cone for all
x € }P’}L. The natural map o : DP — £ is not injective in general. All but a finite number of
B-stable prime divisors are sent in & to vectors of the form ¢, := (x,1,0) € &, for a certain
T € ]P’,lc.
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Definition 5.2.2.2. The pair (V, DP) is the colored equipment of K. We say that (fj, V,DE, o)
is the colored hyperspace of K.

Definition 5.2.2.3. A cone in € is a cone in some Er, T € IP}C. A hypercone in & is a union
C= Uzepl C, of convex cones, each generated by a finite number of vectors, and such that

1. C, =K+ Qyey forall x € IP’}C but a finite number, where K :=CnN¢E.
2. One of the following cases occurs

(A) 3z e P, C, =K.
(B)0#£B:=> B, CK, where e, + B, =C, N (e, + ).

The hypercone is said of type (A) (resp. (B)) depending on the alternative of condition 2. The
hypercone is said strictly conver if each C, is, and 0 ¢ B.

Definition 5.2.2.4. Let Q C € a subset all of whose elements but a finite number are of the
form e, for some x € IP’,lﬂ. Let £, + P, the convex hull of intersection points of the half-lines
Q+q,q € Q with e, + £. We say that the hypercone C = C(Q), where the C, are generated by
ONE, and P:= > Py, is generated by Q.

The fundamental result is that strictly convex hypercones (C := C(WW U p(R)),R), where
W CV, R CDP and 0 ¢ o(R), classify affine B-stable open subvarieties of normal G-models
of K (the so-called B-charts). These hypercones are called colored hypercones.

Remark 5.2.2.5. Let X be a B-chart defined by a colored hypercone (C, R). Then O(Xo)? ~ k
if and only if (C,R) is of type (B).

A finite set of colored hypercones (C, R) defines B-charts Xl and G-models X; := GXZ These
G-models can be glued together into a G-model if and only if these colored hypercones define a
colored hyperfan. In turn, the colored hyperfans classify normal G-models of K. To make this
last notion precise we need the notion of a hyperface of a hypercone, which is defined through
the notion of a linear functional on the hyperspace. We can think of the abelian group K (&)
as the dual object to the hyperspace. Indeed, every f = fofx € KB defines a so-called linear
functional on &, namely the restriction of f to each &, is a Q-linear form ((h,~) — hvy(fo)+v(\)).
Conversely, considering a linear functional on &, a non-zero multiple of it is given by a rational
B-semi-invariant function.

Definition 5.2.2.6. A face of a hypercone C is a face C’ of a certain cone C, such that C'NB = ().
A hyperface of C is a hypercone C' = C N ker ¢, where ¢ is a linear functional on C such that
©(C) = 0. If C is of type B, its interior is by definition int C := Uzep! int C, U int .

Definition 5.2.2.7. A colored hypercone (C,R) of type (B) is supported if intC NV # (.
A (hyper)face of (C,R) is a colored (hyper)cone (C',R'), where C" is a (hyper)face of C, and
R = RN YC"). A colored hyperfan is a set of supported colored cones and hypercones of
type (B) whose interiors are disjoint inside V, and which is obtained as the set of all supported
colored (hyper)faces of finitely many colored hypercones.

An interesting feature of this classification framework is that the lattice of G-stable subvari-
eties of X can be read from the combinatorial representation of X as a colored hyperfan. Indeed,
consider a G-stable subvariety Y C X, and a B-chart X intersecting Y which is defined by a
hypercone C(W U g(R)). Denote Vy C W, DE C R the respective subsets which correspond to
the B-stable prime divisors in X whose closure in X contains Y, and let Cy be the (hyper)cone
spanned by Vy U Q(D}Ef ). Then for any other G-stable subvariety Z, we have Y C Z if and only
if (Cz,D%) is a (hyper)face of (Cy, DE).
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5.3 Almost homogeneous varieties of complexity one

A variety X as in the title is naturally a normal embedding (X,xzo = H/H) of a complexity
one homogeneous space G/H. We recall some results on the geometry of X and on the structure
of its equivariant Cox ring.

5.3.1 Colors

It follows from Liiroth’s theorem that X is a rational variety. Hence, Rosenlicht’s theorem
[T11, 5.1] yields a rational quotient

wx X --» Pi

by B. Thus, general B-orbits determine a one-parameter family of colors. Since wx is a rational
map from a normal variety to a complete one, it restricts to a morphism 7wy : V — X where V
is an open subvariety whose complement is of codimension > 2 in X. Hence, there exists up to
isomorphism a unique divisorial sheaf 7 on X whose restriction to V' is isomorphic to W{‘/OP}C (1).
The Picard group of G being trivial, we can endow the sheaf F with a G-linearization. After
choosing homogeneous coordinates 21,29 on Pi, the sections 7, (z1) and 7},(22) defining the
morphism 7y uniquely extend to global sections a,b € F(X) which are B-semi-invariant of the
same weight \g.

The pullback of Weil divisors on ]P’,{, corresponds to the usual pullback of Cartier divisors and
is given by

7 : WDiv(PL) — WDiv(X),p = [a : 8] — div(Ba — ab),

where [a : B8] are homogeneous coordinates of p € Pj. All the B-stable prime divisors in X but
a finite number lie in the image of 7% [V1, Sec. 3.1].

Definition 5.3.1.1. [Pon, 3] The prime divisors in X lying in the image of 7% are the parametric
divisors. The finite set of B-stable prime divisors that are not parametric is the set of ezceptional
divisors of X. For an exceptional divisor F, the image of 7x | is either dense or a point in IP’,IC. In
the former case, we say that F is central, in the latter case, the image point is called exceptional.

Obviously, every G-stable prime divisor is exceptional, and is central if and only if its asso-
ciated G-valuation is central.

5.3.2 Equivariant Cox ring

Recall from [V1, Sec. 2.3] that for each element [F] € Clg(X), there exists a canonical
representative F*° which is obtained by identifying sections of G-linearized divisorial sheaves
(in the class [F]) rigidified over the base point z9 = H/H. This allows us to define a canonical
multiplication law which turns the graded vector space

Coxg(X)= & F(X)
[FleClg(X)

into a graded k-algebra, the multiplicative identity element being the constant function 1 €
O(X). Moreover, this algebra is finitely generated, integral, normal, and canonically equipped
with a G-action compatible with the grading [V1, Cor. 2.6.7 and Prop. 3.1.4]. Since X is almost
homogeneous, we can conveniently restrict sheaves to the open orbit, and thus view Coxg(X) as

a graded subalgebra of
H
D 0GNG,

[FleCla(X)

129



where x(F) € H is the character defined by the restriction Clg(X) — Clg(G/H) followed by

the canonical identification Clg(G/H) ~ H.
A description of the subalgebra of U-invariants Coxg(X)Y is known [V1, 3.2.3]. Before

stating this result, we need to recall the natural k[G]-algebra structure on Coxg(X): given a
section s € F*(X) and a character x € G, the product x.s is the unique section of the twisted
linearization (F ®o, O(x))™ that correspond to s by forgetting the linearizations (see [V1, Sec.
2.9] for more details); the elements .1, x € G are simply denoted x. We also need the following
general notations:

o let Sx C IP’,lC be the finite set of exceptional points associated with 7x,
e for a point z € Sy, write [ay : B;] its homogeneous coordinates on P},
e let (E;); be the family of exceptional colors of X,

o let (Dx):veIP’i\SX be the family of parametric colors,

o let (X7 )zesy,i be the family of non-central G-stable prime divisors,

o let (Xo,); be the family of central G-stable prime divisors,

o for x € Sx, write 7% (x) = ZﬂX(Ei):x Nz il + > ha i X7,

o let S, 84,74, Too,i be the canonical sections of the respective divisorial sheaves O(E;),
O(D*), O(XY?), O(Xx,;) endowed with (a choice of) G-linearizations,

e let \; (resp. \g) be the B-weights associated with the elements s; (resp. s.),

e for a B-semi-invariant s € Coxg(X), let Vs be the simple G-submodule of Coxg(X) gen-
erated by s.

Now, Coxg(X)V is generated as a k[G]-algebra by the

a,b, (8i)is (rzi)zesSx.is (Too,i)is

with relations generated by the

Bz0 — azb = Xz is? ey x € Sy,
where for x € Sx, x. is a certain character of G. This description of the subalgebra of U-
invariants immediately yields a natural set of homogeneous generators. More precisely, there is

A~

a surjective morphism of k[G]-algebras

P k[é] QK Symkz(va D % @ (@ VSZ)) Sk k[(rxj)xESx,i) (roo,i)i] — COXG(X)‘ (531)

Suppose that X admits only constant invertible regular functions so that its ordinary Cox ring
is well defined. The latter is also finitely generated and there is a canonical isomorphism [V1,
2.9.3]

Cox(X) ~ Coxa(X)/((xi — 1)i)s (5.3.2)

where (x;); denotes an arbitrary Z-basis of G.
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5.3.3 Structure of B-charts

The local structure theorem of Brion, Luna and Vust [BLV, Thm 1.4] is a very useful tool for
the study of varieties with group action. We present a variant of this theorem and a corollary,
both due to Knop.

Theorem 5.3.3.1. [Kn93b, 1.2] Let X be a G-variety equipped with an ample G-linearized
invertible sheaf L, and s € E(X)(B) a B-semi-invariant section. Let P the parabolic subgroup
stabilizer of s in P(L(X)), with Levi decomposition P, x L, T C L. Then, the open subvariety
X is P-stable, and there exists a closed L-stable subvariety Z C X such that the morphism
induced by the P-action

P, xZ— X,
1s a P-equivariant isomorphism.

Corollary 5.3.3.2. [Kn93b, §2] Let X be a normal G-variety, and P(X) the smallest stabilizer
of a B-stable divisor in X, with Levi decomposition P(X), x L(X), T C L(X). Then, there
exists an affine L(X)-stable subvariety Z such that Xy := P(X)Z is an open affine subvariety
of X. The natural morphism P(X), x Z — Xy is an isomorphism and the derived subgroup of
L(X) acts trivially on Z.

Let X be an almost homogeneous G-variety of complexity one. Consider a B-chart XcX ,
the open G-stable subvariety Xg := GX of X, and the B-stable effective divisor D := Xj \ X.
By [T00, Lemma 2], Ox, (D) is an ample (G-linearized) line bundle on Xy. The canonical section
associated with D is B-semi-invariant, hence its projective stabilizer P is a parabolic subgroup
containing B. The above theorem yields a P-equivariant isomorphism

P.xZ— X,

where Z is a normal affine rational L-subvariety of X. Suppose moreover that P = P(X) is the
parabolic subgroup defined in the above corollary, and denote Lg the kernel of the L-action on
Z. Then, Z is a rational variety of complexity one under the torus T := L/Ly.

5.4 Good equivariant completions of a sober homogeneous space

Consider a sober homogeneous space G/H of complexity one. The goal of this section is
to define a certain family of equivariant completions of G/H with nice properties. We use the
general notation introduced in Section 5.3.

Since the radical R(G) of G is a central torus, it normalizes H and its action on k(G/H)?P is
trivial. Thus we must have R(G) C H and we can therefore suppose that G is semisimple and
simply connected. Define a finite set S C Pi as the union of Si/y with a (choice of a) finite set
of points of P;. We define combinatorially a certain normal G/H-embedding (X (S),zo = H/H)
whose set of exceptional points is S. The description of X (S) builds on the following proposition:

Proposition 5.4.0.1. For x € ]P’,lg, the cone V, C 5’; 1s a solid simplicial polyhedral cone. In
particular, there is a unique extremal ray Qiv, of Vi in V, \ Z.

Proof. Since £ is strictly convex by assumption, the cone V, C &y is strictly convex as well.
This implies that V) is a solid cone. As V) is simplicial by [T11, Cor. 22.14], we obtain that
V, = V)V is a solid simplicial cone in &,. The same arguments yield that % is a solid simplicial
cone in €. These two facts imply the statement. O
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Now, consider the category of normal G/H-embeddings. Remark that the objects of this
category have no non-trivial endomorphisms. Indeed, any such endomorphism restricts to a G-
equivariant automorphism on the open orbit which fixes the base point. Thus, this endomorphism
must be the identity. As a consequence, the isomorphism classes of normal G/H-embeddings
form an ordered set for the relation

[(X,z)] <[(Y,y)] if and only if there exists a morphism of embeddings (Y,y) — (X, z).

Proposition 5.4.0.2. There ezists a unique, up to isomorphism, normal complete G /| H-embedding
(X(S),x0) satisfying

* Sx5) =S,
e no exceptional color in X (S) contains a G-orbit,
o X (S) admits infinitely many closed G-orbits,
o [(X(S),x0)] is minimal for the previous properties.
Moreover, each color in X (S) is a globally generated Cartier divisor.

Proof. For x € S, let v, be the non-central normalized G-valuation spanning the extremal ray
of V, as defined in the last proposition. Choose two distinct points x4,z € IP’}C \ S, and define
the two following normal G/H-embeddings:

o X, = G.)O(a, where X, is the B-chart defined by the colored hypercone
(Cay R :={vp=;z € PL\ ({2} US)Y),

where C, is the hypercone spanned by o(Rg), vz, € S, and .Z.

o X} = G.X’b, where Xb is the B-chart defined by the colored hypercone
(Cp, Rp :={vp=;x € IP,& \ {z}US)}),

where Cp is the hypercone spanned by o(Ry), v, © € S, and Z.

By [T11, Sec. 14.2|, the varieties X, and X} glue together to form a normal complete G/H-
embedding (X(S),zo). Using the combinatorial classification of G/H-embeddings (see Section
5.2.2), it is immediate to check that the first three properties of the statement are verified.
Moreover, we see using [T11, Prop. 12.12|, that the element [(X(S),x0)] is minimal for these
properties. For the final assertion, recall that a prime divisor that contains no G-orbit is globally
generated Cartier [T11, Lem. 17.3]. In fact the associated invertible sheaf is globally generated
by the G-translates of the canonical section. Hence, any exceptional color E is globally generated
both on X, and X3. As X, and X} have complement of codimension at least two in X, generators
for the restriction of E on X, and X} respectively extend to X, defining two sets of global sections.
As X is the union of X, and Xj, taking the union of these two sets of global sections, we obtain
generators for O(F). Thus, F is globally generated and Cartier on X. Similarly, D** is globally
generated Cartier on X,, and D® on X;. Since any two parametric colors are linearly equivalent
this finishes the proof. O

Example 5.4.0.3. Let G = SLy, H = {I2}, S = 0, and consider the G-action on the variety of
2 x 2 matrices by left multiplication. Then X (S) is the natural (normal) embedding of G in the
subvariety of P(Mz(k) @ k) defined by the homogeneous equation ad — bc —t? = 0, where a, b, ¢, d
are the matrix coefficients and G acts trivially on t.
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Fix a set S and choose a distinguished parametric point z4 € IP’,lC such that x4 ¢ S. As in the
preceding proof, define the B-chart X C X (S) via the colored hypercone

(€, R = {vp=;z € P\ ({za} US)}),
where C is the hypercone spanned by o(R), v,, x € S, and .£. This chart has a nice structure:

Lemma 5.4.0.4. Let P D B be the parabolic subgroup stabilizer of the divisor D% + . E;, and
P, % L be the Levi decomposition of P such that T C L. Then, there exists an affine L-subvariety
Z C X and o P-equivariant isomorphism

X~P,xZ.

Moreover the kernel Lo of the L-action on Z contains the derived subgroup D(L), and Z is a
variety of complezxity one under the torus T := L/Ly.

Proof. Let A\; and A\g be the dominant weights respectively associated with the B-semi-invariants
s and sg,. Also, let P();), P(X\o) be the respective stabilizers of the s;, s;, (which depend only
on the associated dominant weights). Then, we have

P = P(Xo) N (N P(A;))-

It follows that P is the minimal parabolic subgroup stabilizer of a B-stable divisor in X(S).
Hence, the result follows from the local structure of B-charts (see Section 5.3.3). O

Lemma 5.4.0.5. The hypercone defining Z as a rational affine T-variety of complexity one is C
viewed in the hyperspace associated with k(Z).

Proof. Every (BNL)-stable divisor in Z is also L-stable, thus the T-stable prime divisors in Z are
exactly the intersections with Z of the B-stable prime divisors of X (S) meeting X. Also, there
is a natural identification k(X (S))®) ~ k(Z)(™ preserving orders of functions along divisors. It
follows that the hypercone defining Z identifies with C. Ul

Lemma 5.4.0.6. There 1s a good quotient
7 . Z — Al%;

by T. This quotient admits a section which may be identified with the inclusion Z* C Z of
the variety of fived points. Finally, the rational quotient mxs) : X(S) --» IP’}C restricts to a
categorical quotient Ty : X — A}C, the latter being identified with wzpy, where py : Py X Z — Z
1s the projection on Z.

Proof. Because Z is a rational affine T-variety of complexity one, the good quotient 7z exists
and maps to an open subset of ]P’,i. Using Lemma 5.4.0.5 and the definition of C, this quotient
maps to AL = Pi\ {z4}. The set-theoretic fibers 7' (z), z € A}, are T-stable prime divisors with
a dense T-orbit. In particular, each such fiber has a natural structure of affine toric T-variety.
Moreover, the lattice of its T-stable subvarieties is determined from the cone C,. Precisely, each
T-orbit in 71'21(513) corresponds to a face of C, not contained in £ (see [T08, Remark 3]). Because
C, is solid, the unique closed orbit in wgl(x) is a T-fixed point. This implies that the inclusion
ZT ¢ Z is a section of 7.

By Lemma 5.4.0.4, the categorical quotient of X by P exists in the category of varieties and
identifies with wzpz. Since B and P have the same orbits in X , every B-invariant morphism
from X is also P-invariant. It follows that the categorical quotient of X by B exists and identifies
with wzpz. O

Lemma 5.4.0.7. The B-chart X has trivial Picard group and only constant invertible regular
functions. Moreover, it is Q-factorial.
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Proof. In view of the isomorphism X~P,xZ , we are reduced to proving the assertions of the
statement by replacing B by T, and X by Z (see [Bril8, 4.1.3 and 5.1.2]). Choose a one-parameter
subgroup A\(G,,) C T having the same fixed points as T. By Lemma 5.4.0.6, the G,,-quotient of
Z identifies with mz. Thus, O(Z) is a Zso-graded O(A})-algebra with O(Z)g = O(A}). Let L be
a Gy,-linearized invertible sheaf on Z. By [BasHab, Cor. 6.4], we have n},i*L ~ L as invertible
sheaves on Z, where ¢ denotes the closed immersion A}C — Z. Thus, L is trivial as an invertible
sheaf. This implies that Pic(Z) is trivial since the forgetful morphism Picg, (Z) — Pic(Z) is
surjective. The assertion on invertible regular functions is clear as any such function is necessarily
homogeneous of degree zero. The Q-factoriality of Z is proved by applying [LS, Thm. 4.4]. O

Corollary 5.4.0.8. The normal variety X (S) is Q-factorial.

Proof. Notice that X(S) is covered by G-translates of open subvarieties isomorphic to X. By
quasi-compactness of X (S), there is a finite open covering by Q-factorial varieties. This finishes
the proof. O

Proposition 5.4.0.9. The variety X(S) is smooth if and only if the cones C, are smooth, for
z € PL\ {zq}.

Proof. The variety X(S) is smooth if and only if X is smooth. This is again equivalent to the
smoothness of the variety Z. By [LP, Cor. 9], the latter is equivalent to the cones C, being
smooth. ]

The embedding X (S) admits an explicit geometric realization. The construction is classical
and analogous to the realization of the standard embedding of a sober spherical homogeneous
space (see e.g. [Brid7, 4.4|).

Construction 5.4.0.10. The set S defines a family (E;); of colors in G/H which are the central
colors and the non-central colors lying in the support of pullbacks of points of S by 7/ . The
(BxH)
(AésXxi)
of their preimages in G via the quotient G — G/H. Recall that there is a G x G-module
isomorphism

canonical sections associated with these colors naturally identify with equations s; € O(G)

0(G) =B(V* @ V),

where V' runs through all simple G-modules, see [T11, Thm. 2.15|. In particular, there exist

simple G-modules Vj, linear forms n; € (Vi*)f), and vectors v; € (VZ)@ such that

si(g) = (mi,g.vi), Vg € G.

Likewise, there is a simple G-module Vj, a linear form ng € (Vo*)gf), and two linealy independent

(

vectors vg,vp € (VO),IQ’) defining the two functions a,b generating the two dimensional linear

system O(G)(BXH)

(ox0) (see Section 5.3). Now, consider the diagonal G-action on

[I;P(Vi) x P(Vo ® W),

and let Y7 be the G-orbit closure of the point y := (([vi])i, [(va, vp)]); this is naturally a projective
G/Gy-embedding (Y1,y = G /Gy).

We claim that Gy is a subgroup of Ng(H) containing H. Consider the Gy-action on G by
multiplication on the right. Obviously, the stabilizer G, leaves the lines ka and kb invariant, and
acts on them through the same character. Likewise, G, leaves the lines ks; invariant. Since any
element s € O(G)(B*H) is, up to multiplication by a non-zero constant, a finite product

Hi S?i l_Ipz[oz:B]E]P’,l€ <Ba - ab)mp7
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we see that G, acts on O(G)(BXH). More specifically, G, acts on any element of the latter set
through the multiplication by a character. As the Gy-action commutes with the left G-action,
we infer that G, acts on the equivariant Cox ring

Coxa(G/H) = @, 5 O(G)\"

by automorphisms of graded G-algebra. This implies that G, acts on G/H by G-automorphisms,
whence the claim.

Since the group G, /H fixes each B-stable prime divisor in G/H, it fixes P pointwise. Then,
it is by definition a subgroup of CAut(G/H) (see Section 5.2.1). The homogeneous space G/H
being sober by assumption, this implies that G, /H is a finite diagonalizable group. Hence, the
quotient G/H — G /G, is a torsor under a finite group. This yields in turn that the normalization
Y of Y7 in k(G/H) is a complete normal G/H-embedding and that the associated normalization
morphism is a morphism of embeddings

(Y,xo = H/H) — (Y1,v).

Because each color of X(S) is a globally generated Cartier divisor (Prop. 5.4.0.2), there is
a natural morphism of embeddings (X(S),z0) — (Y1,y), defined by considering the tuple of
morphisms respectively defined by the linear systems V;,, and V, @& V;. By the universal property
of normalization, this morphism factors through a morphism of embeddings (X (S), zo) — (Y, zo).
From this, we see that Y must admit infinitely many closed G-orbits, and that Sy C S. The
hyperplane ;- C V; contains no G-orbit (V;* is spanned by 7; as a G-module). As a consequence,
the same property holds for F; (still using the letter E; to denote its closure in Y') and it is an
exceptional color of Y. It follows that Sy = S, and that no exceptional color in Y contains a
G-orbit. By minimality of X (S) (Prop. 5.4.0.2), X(S) and Y are isomorphic G/H-embeddings.

Corollary 5.4.0.11. The normal variety X (S) is projective.

Proof. This stems from the previous construction and the fact that the normalization of a pro-
Jjective variety is again projective. O

5.5 The equivariant Cox ring of X (S)

We keep the assumptions and notations of the preceding section, except that we write X in-
stead of X (S) for simplicity. Recall from Section 5.3.2 that the k-algebra Coxg(X)V is generated
by the elements

a,b, ()i, (12)zes, (Too,i)i

where for x € S, r, is the canonical section defined by the prime divisor X* whose associated
valuation is v,, and the 7 ; are the canonical sections associated with the central G-stable
prime divisors X ;. By definition of X, the cardinality of the family (7o ); is the rank of G/H.
Moreover, the relations between the above generators are generated by the following

Bea — agh = rhe H s, x€S. (5.5.1)
i

This yields in particular a natural surjective morphism of G-algebras

@S5 =8ymy(Va ® Vo ® (B; Vs,)) ®k kl(rz)zes, (roc,i)i] = Coxa(X).

Remark 5.5.0.1. If S > 2, one can remove a,b from the above generating set of Coxg(X)Y

by using the relations (5.5.1). Hence, the simple G-submodules V,, V}, can also be removed from
the generators of Coxg(X).
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Our task is now to find generators for the ideal ker ¢ of relations; this has a natural structure of
G-module. We suitably coarsen the grading on Coxg(X): consider the free abelian group A :=
Clp(X)/ Clp(X)tor, where Clp(X )ior denotes the torsion subgroup of Clg(X). The morphism

p:Clg(X)— A

o o

obtained by composing the natural morphism Clg(X) — Clg(X) with the projection Clg(X) —
A, defines a A-grading on Coxg(X).

Lemma 5.5.0.2. The character group T embeds in A as a subgroup of finite index. Viewing
Coxg(X) with its A-grading, we have

deg(si) = \i, deg(a) = deg(b) = Ao, deg(re0i) # 0, and deg(ry) =0, for x € S.

Moreover, the weights of A in Coxg(X) generate a strictly convez polyhedral cone in Ag. Con-
sequently, the A-grading on Coxg(X) can be coarsened to a Z>o-grading.

Proof. By Lemma 5.4.0.7 and [V1, Section 2.2], there is an exact sequence
0— 7T — Clg(X) — CI(X) — 0,

and Cl()O( ) is a finite abelian group. It follows that we can view T as subgroup of finite index of
A.
We have

P([O(E)]) = Ai, and p([O(D*™)]) = Ao,

since the sections s; (resp. sg,) vyield trivializations of these sheaves over X. This yields the
assertions on the A-degrees of a,b and the s;. For x € S, consider the B-invariant rational

function f, = %, the divisor of which reads

T (@) = 7x (2a) = haX® + (X () =g Naii ) — D74
Hence, the rational function f, is regular on X and its divisor is hy X®. It follows that
0 = p([O(haX7)]) = hap([O(X)]),

whence deg(r,) = 0. Similarly, there exists uo ; € Zs( such that the divisor e ;X0 18 principal
on X. Hence, we can write

Uoo,iP([O(Xooi)]) = P([O(tic,i X oo,i)]) = Voo,is
where v,; is the opposite of the B-weight of an equation fu; of ts ;i Xoo,s OR X. Itis easy to see
that foo; & k(X)B, and that its non-zero weight lies in .#V. Thus, we obtain using [T11, Thm.
21.1] that v ; lies in the cone generated by the simple roots. As the weight monoid of Coxg(X)
is generated by the A;, vz, V00,i, it follows that this monoid is included in the cone generated by
the simple roots. The remaining assertions follow readily. O

Let Xg := Spec Coxg(X) be the equivariant total coordinate space. By [V1, 2.8.5], the
invariant subalgebra Coxg(X) identifies with the polynomial algebra in the 7, and the 7,
whence a good quotient

XG _ A’:S'-&-rk(X)

by G. The special fiber of this morphism is the schematic fiber qu at the origin. When G = SLs
and H = p,, the Cox ring of a normal G/H-embedding whose special fiber is a horospherical
variety (i.e. the product of any two simple G-modules in its coordinate algebra is their Cartan
product) was computed in [V2].
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Proposition 5.5.0.3. The special fiber )N(G’O 18 a mormal horospherical affine variety.
Proof. The coordinate algebra of XQO is

Coxg(X)/((rz, rw,i)xes,léigrk(){))'

In view of the description of Coxg(X)Y (see the relations (5.5.1)), this k-algebra is finitely
generated, integral and normal [T11, Thm. D.5]. Moreover, this algebra is generated by the
simple G-submodules V, V3, (Vs,)i. By a result of Kostant (see e.g. [Bri85, 4.1 Lemme]), it now
suffices to verify that the product of any two of these G-modules is again simple. This is implied
by the next lemma. O

Lemma 5.5.0.4. Let Vi, Vs be two simple G-modules chosen in the family (Va, Vi, (Vs,)i). Then
the product V1V, in the algebra Coxg(X)/((res,i)i) is simple.

Proof. Denote A1, Ao the respective highest weights of Vi, Va. View first the product ViVa in
Coxg(X), and suppose that there exists a B-semi-invariant ¢t € V1V of B-weight Ay < A1 + A2
for the usual ordering on weights (we can suppose this otherwise we are done). The latter
semi-invariant can be chosen so that it satisfies an equality

= TL s TLi(Bia — 0at)! TL, v T o2

In view of Lemma 5.5.0.2, this yields the equalities
deg(t) = Z kiXi + (Z li)Ao + Z m; deg(roc.;)

=M\ + Z m; deg(rso,i)

(2

= A1 + A2,

from which it follows that we must have ) .m; > 0. This implies that ¢ is sent to zero in
Coxg(X)/((rec,i)i). To finish the proof, it now suffices to check that the G-module V1V5 is
non-zero in Coxg(X)/((r,i)i). This is verified since this algebra is integral. O

Write the family of simple G-submodules (V, V4, (Vs,)i) as (Vi, ..., Vin). Fori,j € {1,...,m},
1 < j, consider the natural surjective morphisms of G-modules

pij Vi@ Vi = ViV; C Coxg(X),i < j,
Vi Symz(Vi) — Vf C Coxg(X)

obtained via restriction of . For each B-weight w occurring in V;V}, let z;;,, be an associated
B-semi-invariant. Writing z;;,, as a product [[,; s¥ [,(Bia — c;b) [, 7= i Too'i> this element
is naturally identified with an element of S. Also, for each such x;;,, define y;; ., to be the unique

B-semi-invariant in S sent to ;5. via ¢;;. Then, define the G-submodules of ker ¢:

M;; = (B,(G-(Tijw — Vijw))) ® ker p;j, i < j.
Finally, let N be the G-submodule of ker ¢ generated by the U-invariant relations (5.5.1).
Proposition 5.5.0.5. The ideal ker ¢ is generated by the G-modules M;; and N .

Proof. We begin by choosing a Zx-grading for Coxg(X) whose properties are as described by
Lemma 5.5.0.2. Then, we endow S with a Z>o-grading turning ¢ into a graded morphism. To do
this, we simply define the degrees of the elements of V,, V3, Vs, C S to be the respective degrees
deg(a),deg(b), deg(s;) and likewise for the elements 7,74 C S. Let I be the homogeneous
ideal generated by the G-modules M;; and N. We prove that the surjective morphism of graded
k-algebras
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¢ :S/I — Coxg(X)

induced by ¢ is an isomorphism. This follows from the claim that (S/I)V is generated as a
k-algebra by the images of the elements a, b, s;, 7z, Tooi- Indeed, the algebra (S/I)V can then
be presented as the quotient of the polynomial k-algebra in the elements a, b, s;, ry, 70,; modulo
an ideal J of relations. In view of the presentation of Coxg(X)Y, and of the natural morphism

@Y : (S/1Y — Coxg(X)V

induced by @, the ideal J is contained in the ideal generated by NV. As we have the reverse
inclusion by definition of I, it follows that the morphism @y is an isomorphism, thus ¢ is also
an isomorphism.

We now prove this claim. The k-algebra S/(I, (re,i)i) is generated by the simple G-modules
Vi,..., Vi, and the r,. It follows from Lemma 5.5.0.4 and the definition of the G-modules M;;,
that the product of any two of them in S/(I, (r~,)i) is their Cartan product. As a consequence
of a result of Kostant (see again [Bri85, 4.1 Lemme]), the product of any two simple G-modules
in S/(I,(re;):) is again their Cartan product or zero. This implies that (S/(I,(re:)i))V is
generated as a k-algebra by the images of the s; and r,. Let R be the k-subalgebra of (S/1)Y
generated by the images of the s;, 7,700 Viewing R and (S/I1)V as graded k[(roo;)i]-modules,
the above description of (S/(I, (reo,)i)Y vields

(S/1)Y = R+ (reo,0)i(S/1)Y.

Since the elements ro, ; have strictly positive degrees, the graded Nakayama lemma implies that
(S/1)Y = R, whence the claim. O

5.6 The Cox ring of a complexity one almost homogeneous variety

Let G/H be a homogeneous space of complexity one, and X be a normal G/H-embedding.
In this section, we describe the equivariant Cox ring of X by relating it to the equivariant Cox
ring of a good completion of an associated sober homogeneous space. Up to replacing G by a
finite cover, we can suppose that G = G x C, where G is semisimple and simply connected, and
C is a torus. Thus, the Borel subgroup B can be written B x C' where B is a Borel subgroup
of G.

The normalizer N (H) acts on G/H by equivariant automorphisms, thus it also acts on the
set DB of colors. The kernel T' of the latter action contains C' and H. Let H C G be the
subgroup such that I' = H x C. The homogeneous space G/H is of complexity one: we have
indeed

k(G/H)B ~ k(G/H)BT/H ~ (k(G/H)B)V/CH ~ f(P})V/CH ~ |(P}),

because T acts trivially on k(P}). Also notice that I'/H is of finite index in CAut(G/H) because
it contains CAut(G/H)°. It follows that CAut(G/H) is a finite group, whence G/H is a sober
homogeneous space of complexity one (see Section 5.2.1).

The quotient morphism fq, g : G/H — G/H induces natural identifications

Dg/H ~ Dg/H, and Sg/i ~ Sg/H-

More precisely, since the left B-action and the right I-action on G/H commute, there is a
commutative triangle

G/H
fG/Hl \\\\TC‘/H
G/H - > P}



and the bijection between the sets of colors is given by the pullback by fq /g

Define X := X (Sx) to be the good completion of G/H constructed in Section 5.4. Since X
is complete we can suppose, up to replacing X by a G-stable open subvariety whose complement
is of codimension > 2, that the rational map X --» X defined by fg/p is everywhere defined.
This yields a G-equivariant morphism

f:X—-X,
which by the following lemma induces a natural bijection between the set of colors of X and X.
Lemma 5.6.0.1. For each color D € Dg, the schematic preimage f~1(D) is a color in X.

Proof. First notice that for any color D € DE/H, the schematic preimage fg/lH(D) is a color in

G/H. Now for a parametric color D in X, the schematic preimage f~!(D) is a color in X since
Sx = Sx by construction. For an exceptional color E; € D, it might be that the underlying
set of f~!(E;) contains a G-stable divisor. However, this does not happen as E; contains no
G-orbit. O

Likewise, the schematic preimages f~1(X?) (resp. f~!(Xeoo;)) define (possibly empty) G-
stable divisors on X. This defines a pullback morphism

WDiv(X)B — WDiv(X)?

since WDiv(X)®B is generated by the colors and the G-stable prime divisors. As a consequence
we obtain a pullback morphism

Cl(X) — CI(X).
Since f is equivariant and Clg(X) ~ CI(X) by assumption on G, this finally yield a morphism
Clg(X) — Clg(X), (5.6.1)
together with a morphism of graded G-algebras
f*: Coxg(X) — Coxg(X),

obtained by pulling back sections of G-linearized divisorial sheaves on X. The corresponding
morphism between grading groups is given by (5.6.1).

Theorem 5.6.0.2. The natural morphism
1 Coxg(X) @coxg(x)e Coxa(X)¥ = Coxa(X)

18 an isomorphism.

~

Proof. We view 1 as a morphism of algebras over R := Coxg(X)® = k[C][(r2.:)zesy» (Too.i)i]-
It suffices to show that the induced morphism

PV Coxa(X)Y @poeg(x)e R — Coxa(X)Y (5.6.2)

is an isomorphism of R-algebras. We saw in Section 5.3.2 that the right-hand side is generated
by the elements a, b, s;, with ideal J of relations generated by the elements

Na,i hz L

Bea — azb — Xz 11; S; ﬂax’iﬂa T = [am : Bw] € Sx,

where for x € Sx, x; is a certain character of C, and the n,;, h,; are such that

Tx (%) = Dony (x0)=a Pi X+ Do (B) =0 Ni B
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Similarly, the left-hand side of (5.6.2) is generated by a ® 1,b ® 1, and the s; ® 1, with ideal I
of relations generated by the elements
Nz

(Bea — azb — rhe Hi’ﬂX(Ei):x 8, ") @1, x = oy : B € Sx.

By applying the lemma after this proof, these elements can be rewritten

(Bza — azb) @1 = 11; =y (B)=s 8" @ xe [1i T‘ZIZZ, x = [ay : B] € Sx.
Because ¥V (a® 1) = a, YU (b® 1) = b, and ¢V (s; ® 1) = s;, we obtain a commutative square
Rla®1,b®1,s; ®1] —— Rla,b, s;]
1% L
006 (X)7 Do (x)6 R —— Coxa(X)V

where 7 is the obvious isomorphism between the above two polynomial algebras. As v(I) = J,
we readily obtain that ¥V is an isomorphism. O

Lemma 5.6.0.3. For all x € Sx and all exceptional colors E; such that mx (E;) = x, we have
Ng; = Ng;. Also, we have

Proof. This stems from the fact that f*(E;) = E; and that 7x = wx f. O

5.7 Finding the exceptional colors

The description of the exceptional colors in a homogeneous space G/H of complexity one is
obviously a crucial step toward the description of the Cox rings of the various G/ H-embeddings.
In this section, we present a method of geometrical nature to achieve this task. In view of the
preceding section, we suppose that G is semisimple.

Choose y; € G/H such that B.y; is of codimension one in G/H. Consider a minimal parabolic
subgroup P; of G containing B such that O := Pj.y; is open in X. Such a subgroup exists
because the minimal parabolic subgroups generate G.

Lemma 5.7.0.1. Identify the open orbit O with P,/ Stabp, (y1). Then, the rational quotient
mo, of O1 by B s everywhere defined and is a geometric quotient.

Proof. Consider the geometric quotient
g: Pl/ Stabp1 (yl) — Pl/R(Pl) Sta‘bp1 (yl)

by the radical R(Py) of P;. This quotient is a homogeneous space of complexity one for the
algebraic group P;/R(P;). This last algebraic group is semisimple of rank 1, hence isomorphic
to SLo or PSLy. This implies an isomorphism

P1/R(Py) Stabp, (y1) ~ SLs / F,
where F' is a finite subgroup of SLs. The rational quotient
h: Pl/R(Pl) S‘Dajbp1 (y1) - Pllﬁ,

by B/R(Py) is then identified with the quotient of SLy /F' by a Borel subgroup of SLs. Hence,
the rational map h is in fact everywhere defined and moreover a geometric quotient morphism
(see [V2, Sec. 3.1]). By construction, we have 7o, = hg whence the claim. O
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Hence, the morphism 7o, defines a one-parameter family of colors in G/H by taking closures
of (supports of) pullbacks of points of P;. Define ¥1 to be the set of colors of G/H which
are either contained in G/H \ O; or are the closure of the support of a divisor in O; of the
form 77, (z) = nE, where z € P} and n > 1. By construction, the elements of ¥ are (some)
exceptional colors of G/H.

Now, look for a point yo € G/H \ O; such that B.ys is of codimension one in G/H, and
define P», Oz, 39 similarly as before. By induction continue this process in order to construct

e a sequence of points y1, ..., y,

1

e a sequence of open subsets O; = P;.y;, i = 1,..,7 such that y; € G/H \ U;;lle,
e a sequence of sets of exceptional colors ¥;, i =1, .., 7.

Moreover Z := G/H \U]_,0; is by construction a (closed) union of B-orbits of codimension > 2.
Denote X the set of prime divisors contained in Z. The elements of X are by construction the
central colors of G/H. Also

Y= (U[_13;) UXc

is the set of exceptional colors of G/H. Write (E?f)iez\z . the family of non-central exceptional
colors, where J; C {1,...,7} corresponds to the set of open subsets Oy intersecting Ez’ non-
trivially, and n; € Z~g is the multiplicity of E?Z in the pullback of the associated exceptional
point of P}, by 7¢ /H- Also, let s; be a B x H-semi-invariant element of Coxg(G/H) whose divisor
of zeroes is E?j (it is unique up to multiplication by a non-zero constant). Then, consider all the

products

Ty 7

Sy 8y (5.7.1)
such that J;,, ..., J;, defines a partition of {1,...,r}. By [T11, 16.2], there exists a unique weight
(Mo, —x0) that occurs at least twice as the weight of such a product, and (’)(G)Efoxfix)o) is the
two dimensional linear system defining 7/ . This vector space is spanned by any two distinct
products of the form (5.7.1) with weight (Ao, —x0), and the divisor of zeroes of those products

gives exactly the non-central exceptional colors of G/H with their multiplicities.

5.8 The space of ordered triangles

Consider the algebraic group GG := SLj3 identified with its group of rational points, namely
the matrices
911 912 413
9= 1921 922 g23
931 932 ¢33

such that g;; € k and det(g) = 1. By abuse of notation, we also let g;; denote the corresponding
matrix coordinates on G. Consider also the Borel subgroup B of upper triangular matrices, the
maximal torus T' C B of diagonal matrices, and the unipotent part U of B. The character group
of T is free of rank two generated by e; := g4 with the relation €; + €2 + €3 = 0. The simple
roots are ay = €1 — €9, g = €9 — €3, and the fundamental weights are wi; = €1 and we = 1 + e9.

The homogeneous space € := G/T is viewed as the space of nondegenerate ordered triangles
by interpreting the matrix columns as points in a projective plane. The set of triples of lines and
points with incidence relations yields a natural equivariant completion

X :={(p1,p2,p3,11,12,13) | p; € P2, 1; € (P*)*,p; € l; whenever i # j},
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where (P2)* := P((k3)*). If z; are the homogeneous coordinates of p; in P%, and y;; are the
dual coordinates of [; € P2*, then X is determined by six equations (y.z);; = 0, (i # j), in
(P?)? x (P?*)3. Using Serre’s normality criterion, one verifies that X is a normal complete
intersection. In fact, X is singular with singular locus contained in the unique closed G-orbit
(see below).

Our goal is to describe the Cox ring of X by generators and relations following the strategy
described in the above sections. Remark that because G is semisimple and simply connected,
the Cox ring is canonically isomorphic to the equivariant Cox ring, and thus inherits a canonical
structure of G-algebra.

5.8.1 Exceptional colors of &

There is a direct geometric way to identify the exceptional colors of &. Indeed, notice that
the rational quotient wg : & --» ]P’,}/, by B sits in the commutative square

/T

G o
B\l %ﬂ'ﬁ

/T

B\G ----- Pi

where the homogeneous space B\G is the variety of complete flags in k3. Such a flag is defined
by a pair (k*.v,k*.) € P7 x (P2)*, such that p(v) = 0. Hence, there is a natural identification
of this flag variety with the subvariety of P x (IP7)* defined by the incidence relation

8151 + S252 + s383 = 0,
where the s;, 5; are homogeneous coordinates along the T-stable lines of respective weights €;, —¢;
for the natural T-action on k% and (k®)*. Remark that the s; and §; pull back to the functions

925 92k
g3; 93k

g3 € O(G) and € O(G), where (7,7,k) is any cyclic permutation of (1,2,3). In the

925 92k
935 93k
by any of the rational functions s;5;/s;5;, i # j. Hence, mp is defined by the two dimensional
linear system

sequel, we let s; = g3;, and §; = . It easy to verify that k(€0)P = k(B\G)7 is generated

(BxT)
oG)EXD o c00)

spanned by the s;S; with the relation s151 + s289 4+ s353 = 0.
Now, we run the method described in Section 5.7, to see how we can recover these results.
Consider the point

0 0 1
m=10 10 mod T € 0.
-1 1 1

Consider also the standard parabolic subgroup

air a2 a3
Poy =qa= |an az ag| |det(a) =1
0 0 ass

Then we have

—a13 a2 +a13 air + a3
O1:=Poyn=q0aTl |a= |—ag3 az+as ax +as|,a; € k,det(a) =1

—ass ass ass

142



and we see that O; is open in & with complement the zero set of the P-semi-invariant regular
function s1s983 on ¢. This complement is the union of the three P-stable prime divisors F; =
divg(s;). An easy verification shows that the stabilizer of y; in P, coincides with the center us
of G. This latter group lies in the radical of P,,, thus we have identifications

O1/R(Py,) = P, /R(Pa,) ~ PGL,.

We deduce that for any = € Pf, the divisor 70, (z) is prime (there is no multiplicity).
Likewise consider the point

1 01
Yi=11 0 1 mod T,
0 1 1

and the standard parabolic subgroup

ain a2 a3
Po,=qa= |0 agx as||det(a)=1
0 a3z ass

Then we have

a1 + a2 a3 a2+ as
Oy =Py, yp=(al |a= a2 azs az +ass| , aij € k,det(a) =1

asz ass as2 + ass

It is easy to verify that O is open in & with complement the zero set of the regular function
515283 € O(0). This complement is the union of the three P-stable prime divisors E; := divg(5;).
As before, the restriction mp, has only parametric B-stable divisors.

We have & = O U O3, and three products

8151, 5252, 5353

(BxT)
(w1+ws2,0)
spanned by the regular functions s151, s282, s353 € O(&) with the obvious relation s151 + s252 +

s353 = 0. Let x; be the point of IP’,lC defined by the line £*s;5;. The exceptional points are the x;,
the exceptional colors in O are the FE;, E;, and we have

with common weight (w; + w2,0). Hence, the two-dimensional linear system O(Q) is

w}(wl) = Ei + El

5.8.2 Geometric description of X

Following [T11, 16.24], the projective ¢-embedding X contains the following G-stable sub-
varieties of degenerate triangles

o W;:p; =py and l; = I, where (4, j, k) is any cyclic permutation of (1,2,3) (codimension
1),

e W : p1,p2,p3 are collinear and I; = Iy = I3 (codimension 1),

o W : py =py=np3and ly,ls,I3 pass through this point (codimension 1),

[ ]
~h

i pj =pr and I} =l = I3 (codimension 2),

Y; : lj =l and p; = ps = p3 (codimension 2),
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o Y : P1 = P2 = P3 and ll = lg = l3 (codimension 3)
Moreover, Y is the unique closed G-orbit in X. The divisors W and W are central and
7[';((.7}@) =F;,+ Ez +W;, i=1,2,3.

Hence, the exceptional colors of X are the E;, E;. Moreover, these exceptional colors don’t
contain a G-orbit. Indeed, a direct check shows that X is the orbit closure of the point

z = (([ed)i, (le])i) € [Ty P(V) % [Tiey P(V7),

where (e;)1<i<3 be the canonical basis of the simple G-module V = k3, and (e})1<;<3 the dual
basis of V*.

5.8.3 Combinatorial description of X

The colored hyperspace (é .V, DB, 0) associated with & has been described in [T11, Ex.
16.24|, we recall this description and the combinatorial data defining X. The weight lattice A(&)
coincides with the root lattice Zay + Zag and we denote (wy,wy ) the dual basis to (a1, a2). We

choose an arbitrary parametric color D™, co € }P’,l€ with canonical section s € O(G)Eflj_?g’o).
The B-semi-invariant rational functions
S15283 515283
Jor = and fo, = (5.8.1)
Soo Sco

define a section of the morphism k(&)B) — A(€), and thus provide coordinates on the hy-
perspace. Indeed, a valuation v associated with a B-stable prime divisor has coordinates
(z, h, (u1,u2)), where x € P}, h € Z>o, u1,us € Z, Vjpery = vz, and v(fa,) = u1, v(fa,) = ua.
The intersection of V with the hyperplane sections &€ = {h = 0} and h = 1 of &, are hatched in
the figures below.

7

z” me CynNé& wy

h =1,otherz

Since X is complete and has a unique closed G-orbit Y, we have X = GX where X is the
minimal B-chart of Y determined by the colored hypercone (Cy, D). This hypercone is darked
in the above figures.
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5.8.4 Resolution of singularities

Consider the normal &-embedding X (Ss) provided by Proposition 5.4.0.2, where Sy =
{z1,x2,z3} by the above. This is a smooth projective variety by virtue of Proposition 5.4.0.9.
Hence, the G-equivariant projection (see Construction 5.4.0.10)

X(Sﬁ) - X

is a resolution of singularities. Historically, another resolution of singularities Xgq, — X was
implicitly used by Schubert in his work on enumerative geometry. This resolution can be con-
structed as follows: assign to each non-degenerate triangle (p1,pa, ps3,l1,l2,13) the net of conics
passing through (p1, p2,p3). This defines a rational map

X — Gr(2,P(Symy(k**))),

and Xgq, is the closure of its graph. Following |[CF], Xge, is smooth, whence the G-equivariant
projection

XSch — X

is another resolution of singularities. The G-stable subvarieties of degenerate triangles in Xggp,
are described in [CF|. A combinatorial check proves that X and Xg, are up to isomorphism the
only two complete normal &-embedding sharing the following properties

e S is the set of exceptional points,
o Wi, Wy, W3, W, W are the G-stable prime divisors,
e no exceptional color contains a G-orbit,

e there are finitely many closed G-orbits.

The variety Xgqn is obtained by gluing two G-varieties defined by the darked hypercones in
the figure below. These hypercones are respectively generated by wvw, (vw, )i, (VD*)geta;, and
Vi (VW )i, (UDe )wa;- In particular, it is easily seen that Xgen has exactly two closed G-orbits
Zy and Zs, in accordance with [CF].

h = 1,otherz

Finally, notice that the three varieties X, X(Sg), and Xg., are isomorphic over open G-stable
subvarieties whose complements are of codimension > 2. In particular, they have canonically
isomorphic Cox rings.
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5.8.5 The equivariant Picard group of X (Ss)
Recall that there is a natural isomorphism Picg (&) ~ T, and that Picg(&) ~ Pic(&) because
G is semisimple and simply connected. Hence, we obtain an exact sequence
0= (P2, ZW;) ® ZW & ZW — Pic(X(Sp)) = T — 0

by restricting invertible sheaves to @. In particular, Pic(X (Sg)) is a free abelian group of rank
7 and the classes of the G-stable prime divisors generate a direct factor. Also, in view of Lemma
5.4.0.7, the Picard group is freely generated by the classes

[Eil, [Ei], [D*].

Another description that will be useful is obtained by noticing that Pic(X(S¢)) is generated by
the classes of the exceptional divisors, namely the

with relations generated by the following ones:

(] + [Ei] + W3] = [Bj] + [Bj] + Wy, i #
[E] + [Ei] + [Wi] = [E1] + [Es] + [Es] — W],
[Bi] + [Ei] + W] = [E1] + [Bs] + [E5] — [W].
Indeed, any B-semi-invariant rational function can be written uniquely as a product
gfm fn ., where g € k(X)P ~ k(P}), m,n € Z (see (5.8.1)).
Moreover, fa, (resp. fa,) has zeroes of order 1 along the E; (resp. the E;) and poles of order 1
along W, D (resp. along W, D*°). Since

W}(S@)(l‘i) = E’L + EZ + VI/iu 1= 172737 and (582)

Ty (@) = D, o # i,

we obtain that the above relations hold and generate all the relations. In particular, we deduce
the following relations that we record for future use:

[E;] + [Ei] — [Ei] = [Wi] + (W), {i, 4.k} = {1,2,3},
[E;] + [Ei] — [Ei] = [Wi] + W), {i, 4.k} = {1,2,3}, (5.8.3)
(B3] + [Ei] = [W;] + [Wi] + W] + W], {3, 5,k} = {1,2,3}.

5.8.6 Representation theory of G

The isomorphism classes of simple G-modules are parametrized by the dominant weights
aw1 + bwa, a,b € N. For each such dominant weight, let V,; be a simple G-module of highest
weight awy + bws. We have

Vio~ k3, and Vo ~ (k%)*

with the standard G-action on these vector spaces. With these identifications, Vi ® Vo1
identifies with the vector space of 3 x 3 matrices, with G acting by conjugation. The latter
decomposes as the direct sum of the simple G-submodule V; ; of traceless matrices, with the
trivial G-submodule Vj o ~ kI3. Also, we have

Sym2 (Vi) =~ Voo and Sym2(Vp1) =~ Vpa.

Finally, observing that (k3)* ~ A2k® as G-modules, and that V ®; V ~ Sym3 V @ A2V for any
G-module V', we obtain

V1o ®k Vip = Voo ® Vo1 and Vo1 @ Vo1 =~ Voo @ Vip.
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5.8.7 Description of Cox(X)

Let s;,5; be the canonical sections associated with the exceptional colors Ei,E’Z-. Also, let
r,T,r; denote the canonical sections associated with the G-stable prime divisors W, W, W;. In
view of (5.5.1) and (5.8.2), the k-algebra Cox(X)Y is generated by the elements s;, §;,7;, 7, ¥ with
the unique relation

$15171 + S98979 + s353r3 = 0.

Viewing Cox(X) as a graded subalgebra of

B o e,
)

[D]eCI(X

where e[l denote the character of D(C1(X)) associated with [D], the canonical sections
Siy iy T3y Ty T

are respectively identified with

925 92k
935 935k

gsielFil, el with (i,7,k) = (1,2, 3) as permutations, e[W’i],e[W],e[W].

We consider respectively the following k-bases of T-eigenvectors

. (Sz’,ti,ui) = (QSie[Ei],922‘6[&},91@'6[&])

925 92k
93; 93k

g1 91k
935 93k

gi; 91k
925 92k

o (8t 1) = ( elBil, elBil, e[Ei})

of the simple G-modules Vi, ~ Vj 1 and Vi, ~ Vi o. In view of Section 5.5, the k-algebra Cox(X)
is generated by the simple G-modules V., V;,, and the r;,r, 7.

In order to determine the ideal of relations, we have to determine the B-weights occurring in
products Vs Vs;s Va, Vs, Vs, Vs, We have seen in the preceding section that the G-modules V,;%,
V§2L are simple. For i < j and {7,,k} = {1,2,3}, the G-module V;,V;, contains up to non-zero
multiple the following B-semi-invariants

o s;s; of B-weight 2ws,

elBitE]l — ( clBrl g[Eit+Ej—Ey] C59 &

Sprir of

o sit; — sitj = (935920 — 93i92;) 93792 — 93i92j)

B-weight w;.

Likewise, using the relations of (5.8.3) we obtain that the G-module V5, V3;, i < j, contain up to
non-zero multiple the following B-semi-invariants

e 5;5; of B-weight 2wy,
o §;t; — §;it; = spr)T of B-weight wo.
Finally, the G-modules Vi, Vs, i < j are simple since we have
siliy — tit; +u;8; = 0,
and the G-modules V, V3, contain the G-stable line spanned by the element

~ ~ .~ (5.8.3) ~
Sily — tit; + uiS; = riTErT.

These computations, together with Proposition 5.5.0.5 yield the
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Proposition 5.8.7.1. The Coz ring of X is generated as a k-algebra by the homogeneous ele-
ments

(si)is (t0)is (ui)is (30)is ()i (@a)is (ra)is 7, 7
The ideal of relations is generated as a G-stable ideal by the following B-semi-invariants

(

sitj — sty — 8grr, (4,5, k) = (1,2,3) as permutations, (B-weight: wo)

Sit; — &it; — spri?,  (i,7,k) = (1,2,3) as permutations, (B-weight: w)

sill; — tit; +u;§; — rjrer?,  (i,4,k) = (1,2,3) as permutations, (B-weight: 0)
sitiy — tit; +w;§j, i < j, (B-weight: 0)

515171 + S25272 + S3S373, (B—weight: w1 + (UQ)
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