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Abstract

Understanding the properties of objects under a natural product operation is a central
theme in mathematics, computer science and physics. Examples of such basic objects
include noisy communication channels in information theory, computational problems in
algebraic complexity, and graphs in discrete mathematics. In this PhD thesis, we study
the asymptotic growth of relevant properties for the powers of such objects.

The first objects we consider are hypergraphs equipped with the strong product oper-
ation and the property of interest is the independence number. The asymptotic growth of
the independence number of a hypergraph is known as the Shannon capacity. We introduce
a general method for lower bounding the Shannon capacity of hypergraphs via combina-
torial degenerations, a notion which originates from the study of matrix multiplication
in algebraic complexity theory. This allows us to obtain the best-known lower bounds
for multiple combinatorial problems, including the corner problem and its application in
communication complexity.

Tensors are the second considered objects. We can equip them with the tensor product
and the property of interest is the symmetric subrank. The symmetric subrank is a notion
we introduce motivated by limitations of current tensor methods to bound the Shannon
capacity of hypergraphs. We prove precise relations and separations between subrank
and symmetric subrank. We also prove that for symmetric tensors, the subrank and
the symmetric subrank are asymptotically equal. This proves the asymptotic subrank
analogon of a conjecture known as Comon’s conjecture in the theory of tensors.

Finally, we study the growth of the divergence between tensor powers of quantum
channels. By exploiting symmetries, we propose efficient algorithms to approximate the
asymptotic channel divergence between channels. As an application, we obtain improved
bounds on quantum channel capacities.



Résumé

Comprendre les propriétés des objets dans le cadre d’une opération de produit naturel est
un theme central en mathématiques, en informatique et en physique. Des exemples de tels
objets de base incluent les canaux de communication bruyants en théorie de 'information,
les problemes de calcul en complexité algébrique et les graphes en mathématiques discretes.
Dans cette theése, nous étudions la croissance asymptotique de propriétés pertinentes pour
les puissances de tels objets.

Les premiers objets que nous considérons sont des hypergraphes munis de 1'opération
de produit fort et la propriété d’intérét est le nombre d’indépendance. La croissance
asymptotique du nombre d’indépendance d’un hypergraphe est connue sous le nom de
capacité de Shannon. Nous introduisons une méthode générale pour minorer la capacité
de Shannon des hypergraphes via des dégénérescences combinatoires, une notion issue
de 1’étude de la multiplication matricielle en théorie de la complexité algébrique. Cela
nous permet d’obtenir les bornes inférieures les plus connues pour de multiples problemes
combinatoires, y compris le probleme du coin et son application dans la complexité de la
communication.

Les tenseurs sont les seconds objets considérés. Nous pouvons les équiper du produit
tensoriel et la propriété d’intérét est le sous-rang symétrique. Le sous-rang symétrique
est une notion que nous introduisons motivée par les limitations des méthodes de tenseur
actuelles pour borner la capacité de Shannon des hypergraphes. Nous prouvons des re-
lations et séparations précises entre sous-rang et sous-rang symétrique. Nous prouvons
également que pour les tenseurs symétriques, le sous-rang et le sous-rang symétrique sont
asymptotiquement égaux. Cela prouve l'analogue de sous-rang asymptotique d’une con-
jecture connue sous le nom de conjecture de Comon dans la théorie des tenseurs.

Enfin, nous étudions la croissance de la divergence entre les puissances tensorielles des
canaux quantiques. En exploitant les symétries, nous proposons des algorithmes efficaces
pour approximer la divergence asymptotique des canaux entre canaux. Comme applica-
tion, nous obtenons des bornes améliorées sur les capacités des canaux quantiques.



Contents of the thesis

This thesis is mainly based on three papers. The first one is joint work with Matthias
Christandl, Omar Fawzi, and Jeroen Zuiddam [CFTZ22] and is presented in Chapter 3.
The second paper is presented in Chapter 4 and is joint work with Matthias Christandl,
Omar Fawzi, and Jeroen Zuiddam [CFTZ21]. The third paper is joint work with Omar
Fawzi and Ala Shayeghi [FST21] and is presented in Chapter 5.



Notation

Common

log Binary logarithm.

In Natural logarithm.

N Natural numbers.

Z Integer numbers.

R Real numbers.

C Complex numbers.

L, Integers modulo m.

Af Conjugate transpose of the matrix A.

(k] Set {1,...,k}.

Pr(E) Probability of the event E.

E[X] Expectation of a random variable X.
P([k]) Set of all probability distributions on [k].
Spaces

XY, ... Hilbert spaces associated with the systems X,Y, ...
dx Dimension of the space X.

XY Tensor product X ® Y or composite system XY.
Z(X,Y) Space of linear operators from X to Y.
Z(X) Z(X,X).

Vectors

[)X, [¢)X, ... Vectors belonging to X.

()X Dual vectors in L(X,C).

(V|o) Inner product of the vectors |¢) and |¢).
Operators

D(X) Set of density operators on X.

X Density operator on X.

idx Identity map on X or £(X).

II-]l oo Infinity norm .




Chapter 1

Introduction

In this Chapter, we give a high-level introduction to this thesis. After this introduction
and the Preliminaries in Chapter 2, we get into the technical components of the thesis.

1.1 Asymptotics, regularization and amortization

The following question arises in several parts of mathematics, physics and computer sci-
ence. Let f: R — R be a real-valued function on R, where R is a universe. These objects
can have a variety of meanings depending on the context. In graph theory, R may be the
set of (un)directed graphs, and for each graph r € R, the number f(r) can possibly be a
graph parameter, such as the independence number, the clique number or the matching
number of r. In complexity theory, R may be the set of computational tasks, and f(r)
may be minimum cost in time or space which is needed to perform r. In information
theory, R may be a set of noisy communication channels, and f(r) may be some entropic
measures of correlations. To fix notation, throughout the thesis we will use “task” to refer
to elements of R and “cost” to refer to the function f. In a general setting, computing
the cost f(r) of a task r may be very complex. For example, given an undirected graph
G, computing the independence number of G was known as NP-Hard [Kar72].

Let’s assume that R can be equipped with a binary multiplication operation (-) that is
closed in R. Given n > 1 an integer and for a task r € R, let ™ denote the n-fold product
of r with itself. Intuitively, 7™ can be understood as “n copies of r”. More precisely, r"
is a task of performing the task r in n times. The asymptotic behavior of f(r™) for any
fixed r and as n grows is a main object of study in this thesis. Namely, we consider the
limit! f(r) = lim,_e0(f(r™))Y/™ where r is fixed. This notion captures some ideas such
as the amortized (in complexity theory) or the regularized (in information theory) cost of
performing r.

In this thesis, we study the asymptotic cost f (r) for a certain family of functions f
as well as their applications. The most appealing aspect of this study is that solving one
such general problem results in many computational and economic problems being solved
in batches. For example, computing the same function on multiple inputs, simultaneously
communicating many messages through parallel channels, buying or selling many identical
items, etc. In many areas of mathematics and physics, some mathematical operations such

! Assuming a limit exists, which will be considered in all cases throughout this thesis



as “direct sum” and “tensor product” are often applied to different types of objects, and
it is natural to investigate how sum and product affect the various parameters of these
objects. Here are some concrete examples where we elucidate the above mentioned concept.

Matrix multiplication A well-known problem in computer science concerning tensors
is the number of arithmetic operations required to perform matrix multiplication between
two n X n matrices. The exponent of matrix multiplication is defined as the smallest real
number w such that multiplying n X n matrices can be performed in O(n*) arithmetic
operations. It is known to be between 2 and 2.37... [LG14, AW21]. Let ¢t € F? @ F¢ @ F¢
be a 3-order tensor over field F, the tensor rank R(t) of ¢ is defined as the smallest number
k such that t can be written as Zle u; ® v; @ w; where u;, v, w; € F for all i € [k].
Consider R the set of 3-order tensors equipped with the tensor product operation ® and
the cost function, in this context, the tensor rank R, i.e., f = R, the complexity of
matrix multiplication can be determined by the tensor rank of the matrix multiplication
tensors (m,m,m) = >3, ;€ ® ejp @ e € F™ © F™ @ F™, where {ei}iy—, are
standard basis of F™* & F™ @ F™. In fact, the exponent w is exactly determined by the
asymptotic rank of (2,2,2) [Str88], that is, w = log (f{(<2,2,2>)), where R((2,2,2) =

lim,, o0 (R((2,2,2)27)) 1/,

Zero-error communication In this context, we consider the universe R consisting
of all undirected graphs. Let G = (V(G),E(G)),H = (V(H),E(H)) be two undirected
graphs in R. The strong product GR H is the graph with vertex set given by V(G) x V (H)
and edge set given by all pairs {(u,v), (v/,v")} such that ({u,v'} € E(G) and v = v) or
(u =" and {v,v'} € E(H)) or ({u,v'} € E(GQ) and {v,v'} € E(H)). We equip R with
the strong product operation X and the cost function, in this context, is the independence
number. For any graph G € R, let a(G) be the independence number of G. Then, the
respective asymptotic quantity is ©(G) = lim, o a(G¥")1/", also known as the Shannon
capacity of G which was introduced by Shannon [Sha56]. Since «a has supermultiplicative
property, we can write ©(G) = sup,, a(ng)l/ ™. The Shannon capacity is an important
and widely studied parameter in information theory. Rather indeed, its motivation comes
from studying the zero-error capacity of a discrete memoryless noisy channel [Sha56]. In
this model, a transmitter wants to send a message over the channel to a receiver, and
the receiver must decode the message without any error. The zero-error capacity is the
supremum over all achievable communication rates under this constraint, in the limit of
multiple channel uses. This problem can be modeled by a confusion graph G associated
to the channel. The vertices of GG are labeled by the input symbols, and there is an edge
between two vertices if and only if the corresponding inputs can result in the same output.
By definition, for any n € N, a(G®") is the maximum number of messages that can be
transmitted in n uses of the channel with no confusion. Thus, the zero-error capacity of a
channel is often referred to as Shannon capacity of the confusion graph of the channel.

Finally, in many cases, the asymptotic cost f may be easier to compute or study
analytically, than the actual function f, and thus, sometimes f (r) can be used to bound
f(r). The following problem illustrates such a situation.



Nondeterministic communication complexity In the two-party communication
complexity model, we have two players (usually referred to as Alice and Bob) and a
boolean function g : X x Y — {0,1}. Alice is given x € X and Bob is given y € Y. Both
know the function g and their goal is to collaboratively compute g(x,y). It is well known
that the nondeterministic communication complexity of g, denoted N'(g), is characterized
by the number of monochromatic rectangles needed to cover the matrix associated with
the function, which is defined as follows. Let M, be a |X| x |Y| boolean matrix with
the rows labelled by elements of X and columns labelled by the elements of Y, and
My(z,y) = 1iff g(z,y) =1 for all z € X,y € Y. A rectangle of M, is a submatrix of
the form A x B, where A C X, B C Y. A rectangle A x B is called 1-monochromatic if
My(z,y) =1 for all (z,y) € A x B. The nondeterministic cover number of the function
g, denoted by C'(g), is the minimum number of 1-monochromatic rectangles (allowing
overlaps) that can cover all the 1’s in M,. In fact, we have N'(g) = log(C'(g)) for all
boolean functions g. Now, let R be the set of boolean matrices. We equip R with tensor
product operation and the cost function, in this context, is the cover number, i.e., f = C!.
Then, the asymptotic cover number of g, denoted C’l(g), can be used to characterize
the amortized nondeterministic communication complexity [KIKNO5] of g, denoted N'(g).
Namely, we have N'(g) = log(C'(g)). Moreover, C'(g) is exactly the Fractional cover
number (see [KIKKN95] for the definition of Fractional cover number) of function g which
can be computed efficiently by a linear program [KIKN95]. Finally, the C'! can also be
used as a lower bound for C1.

1.2 Asymptotic properties of hypergraphs: Shannon capac-
ity
1.2.1 Context

The first objects we consider are hypergraphs equipped with the strong product operation
and the cost of interest is the independence number, i.e., R is set of hypergraphs and f
is independence number. The asymptotic growth of the independence number in powers
of a hypergraph is known as the Shannon capacity. Many Ramsey type problems can be
expressed as the Shannon capacity of some fixed hypergraph, such as the cap set problem
that saw a recent breakthrough in [CLP17, EG17], and the USP problems that arise in
the study of matrix multiplication [CKSU05, ASU13]. Another important instance of
these problems is the corner problem studied in the context of multiparty communication
complexity in the Number On the Forehead (NOF) model [Shk06a, ShkO6b, LM0O7, CFL&3,
LPS18]. More precisely, let I}, be a finite field, the corner problem asks to determine the
size of largest subset of ) x F) that does not contain a configuration of the form

(z,9), (x+ A y), (z,y + A),

where z,y, A € Fj) and A # 0".
To study this problem, we consider a more general one named generalized multidi-
mensional Szemerédi problem? over Fy x Fy. Let S C ), x F), be an ordered nonempty

*Which is a generalization of the multidimensional Szemerédi question [FK79] over Fjy x Fy that will
be presented in more detail in Section 3.2



10

set of size k. A subset A C ) x F}) is called S-free if for any k ordered distinct points
[(z',9Y),..., (2%, y*)] of A, there is a coordinate i € [n] such that the ordered tuple
[(x},9}),. .., (zF,y¥)] does not have a form

{(a,b) + (Au, ) : (u,v) € S}, for some (a,b) € F, x F, and A € {1,...,p— 1}.

Given an ordered nonempty set S C [F,, x I}, the generalized multidimensional Szemerédi
problem asks to determine the size of the largest S-free subset of Fj x F. It is easy to
verify that, the corner problem over F) x ) as a special case of this problem by choosing
S ={(0,0),(1,0),(0,1)}. More notably, it can be rephrased as determining the Shannon
capacity of a fixed hypergraph given a fixed S C [F, xF,,. The generalized multidimensional
Szemerédi problem over F); x 7 will present in detail in Section 3.2.

1.2.2 Summary of the contributions

Chapter 3 We introduce and study a general algebraic method for lower bounding
the Shannon capacity of directed hypergraphs via combinatorial degenerations. It is a
combinatorial kind of “approximation” of subgraphs that originates from the study of
matrix multiplication in algebraic complexity theory (and plays an important role there)
but is used by us in a novel way. Using the combinatorial degeneration method, we make
progress on some special cases of the generalized multidimensional Szemerédi problem.
Especially, on the corner problem, our method gives an explicit construction of a corner-
free subset in Fy x F§ of size €(3.39"/poly(n)). Our result improves the previous lower
bound €2(2.82") of Linial, Pitassi and Shraibman [LPS18] and gets us closer to the best
upper bound 47°( Our new construction of corner-free sets also implies an improved
NOF protocol for the Fval problem. In the Eval problem over a group G, three players
need to determine whether their inputs x1, x2, z3 € G sum to zero. We find that the NOF
communication complexity of the Eval problem over F3 is at most 0.24n+ O(logn), which
improves the previous upper bound 0.5n + O(log n) from [ACFN15]. More specifically, we
show several first lower bounds for some other special cases of generalized multidimensional
Szemerédi problem over F) for some small value p. Finally, we investigate the existing
tensor methods for upper bounding the Shannon capacity (including slice rank, subrank,
analytic rank, geometric rank, and G-stable rank). We find that these methods have
strong limitations caused by the existence of large induced matchings. In particular, this
implies a strong barrier for these methods to be used to prove nontrivial upper bounds for
the corner problem.

1.3 Asymptotic symmetric subrank of tensors

1.3.1 Context

Tensors are the second objects we considered. We can equip them with the tensor product
and the cost of interest is the symmetric subrank. The symmetric subrank is a notion
of rank that we introduce that is motivated by limitations of current tensor methods
to bound the Shannon capacity of hypergraphs. The symmetric subrank upper bounds
the independence number of hypergraphs but not the induced matching number and we
propose this method as a route to circumvent the induced matching barrier.
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Our symmetric subrank is inspired by the notion of subrank, which was introduced by
Strassen [Str87] in the study of matrix multiplication and measures the size of the largest
“identity tensor” that can be obtained from a k-tensor by applying linear operations to the
k tensor legs. In the symmetric subrank we require these linear maps to be all equal. This
definition makes sense for symmetric as well as non-symmetric tensors, as long as we think
explicitly of our tensors as having equal side-lengths, so that applying one linear map to
all tensors legs makes sense. The symmetric subrank of f = (fi,, vy, iveld € (F®k is
defined as

Qs(f):max{reN:(r) sz}7

where (r) <s f means that there exists a matrix (4;;)ic jela € Fr*4 such that for any
U1, ...,1 € [’I"],

E Ailvjl e 'Aimjkfjhm,jk =

Ty Jk€[d]

{1ifz'1:i2:---:ik )

0 otherwise.

As we mentioned, the symmetric subrank is the symmetric variation on Strassen’s
subrank [Str87]. Namely, in the definition of the subrank of tensor f (denoted by Q(f)),
instead of using k times the same matrix A in equation (1.1), we may choose k possibly
different matrices AM), ..., A®) The relation between the symmetric subrank and the
subrank is analogous to the relation between the symmetric rank and the rank [CGLMOS].
Note though that unlike the symmetric rank which only makes sense for symmetric tensors,
the symmetric subrank can be defined for any tensor. Another simple observation about
the symmetric subrank is that it can never be larger than the other relevant notions of
rank: Qs(f) < Q(f) < d for any tensor f in dimension d.

An important component of our analysis is the study of the asymptotic behaviour of
the subrank and symmetric subrank. This is captured by the asymptotic subrank

Q(f) = lim Q(f=)!/"
and the asymptotic symmetric subrank?
Qs(f) = lim Qs(f=)™.

These notions are relevant for instance for the study of Shannon capacity problems of
hypergraphs. More precisely, the important property of Qs is that it directly gives an upper
bound on the Shannon capacity of hypergraphs. Strassen [Str86, Str88, Str91, CVZ18]
proved a duality theorem for Q of the form Q(f) = mingex ¢(f) where the dual region X is
the “asymptotic spectrum of tensors”, a set of very special well-behaved tensor parameters.
We are naturally lead to a theoretical study of symmetry in the asymptotic theory of
tensors of Strassen, the introduction of the asymptotic spectrum of symmetric tensors Xg
and the analogous duality theorem for Qq(f) (and more general related parameters).

3For this defition to make sense (i.e. the limit to exist) we need to put mild conditions on the tensor,
see Propoposition 4.3.1. However, we can give a more general definition by replacing the lim by a limsup
which is always valid.
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1.3.2 Summary of the contributions

Chapter 4 We prove precise relations and separations between subrank and symmetric
subrank. We prove that for symmetric tensors the subrank and the symmetric subrank
are asymptotically equal over appropriate fields?, i.e., Q(f) = Qs(f) for any symmetric
tensor f. This proves the asymptotic subrank analogon of a conjecture known as Comon’s
conjecture in the theory of tensors. This result allows us to prove a strong connection
between the general and symmetric version of an asymptotic duality theorem of Strassen.
We introduce a representation-theoretic method to asymptotically bound the symmetric
subrank called the symmetric quantum functional in analogy with the quantum function-
als [CVZ18], and we study the relations between these functionals.

1.4 Asymptotic divergence of quantum channels

1.4.1 Context

Lastly, the objects we considered are quantum channels whose operation and cost are the
tensor product of channels and the divergence, respectively. Namely, we use the recently
introduced D# Rényi channel divergences [FF'21Db] as the cost of interest. Our objective is
to study the asymptotic divergence between the channels. In this context, the asymptotic
quantity is also called regularized channel divergence.

Quantum channel discrimination is a fundamental information processing task in quan-
tum information theory and has been studied in various aspects [CPR00, Aci0l, Sac05,
CMW16, FFRS20, WW19, WBHK20, FF21b, FGW22]. The problem asks to distinguish
between two quantum channels N' and M having black box access to n uses for each of
them. The strategy involves the choice of n input quantum states and the observation of n
output quantum states. Choosing the inputs can be done either beforehand or adaptively
according to the previous outputs. The word “adaptive” refers to the fact that the input
to the used channel, at a fixed step, can depend on the previous outputs received. In con-
trast, a strategy is called parallel (or nonadaptive) if the n black boxes are used in parallel
on a fixed input state. Following the usual notation in hypothesis testing, we denote by
ay, the type I error probability, which is the probability that the channel is actually N
but our procedure says M; and 3, is the type II error probability which is the probability
that our procedure outputs N when the actual channel is M. In general, the goal is to
determine the trade-off between these two errors.

Although several regimes can be considered, the most studied is the asymmetric
hypothesis testing setting (Stein’s setting). This setting aims to consider the asymp-
totic behavior of the optimal type II error probability (—%log Br), under the condi-
tion that the type I error probability «a,, does not exceed a constant ¢ € (0,1). The
works [FFRS20, WW19, WBHK20] showed that if we take ¢ — 0 this is given by the
regularized Umegaki channel divergence D™8(N[|M) = limp_,00 ~D(N ™| M®™), where
D(N]||M) is the Umegaki channel divergence ® between N and M.

4 Algebraically closed of characteristic at least k + 1, where k is the order of the tensor

5For a divergence D defined on quantum states, the corresponding channel divergence is defined by
maximizing the divergence between the channel outputs over the set of possible inputs [LKKDW18]. The
Umegaki divergence is defined as D(p||o) = tr(p(log p —log o)) for positive semidefinite operators p and o.
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In the strong converse regime, we consider the behavior of o, under the condition 5, <
27" with r > D"8(N||M). From [FF21b], we know that this is determined by the regular-
ized sandwiched Rényi channel divergence DiYE(N||M) (defined as lim,, 0 %504 (NER | M),
where Dy (V|| M) is the sandwiched Rényi channel divergence’ between channels A and
M). In addition, in a recent work [FGW22], the authors conjectured that any strat-
egy that makes the type II error decay with an exponent larger than the regularized
Umegaki channel divergence will unavoidably result in the type I error converging to 1
exponentially fast in the asymptotic limit. This conjecture will imply the continuity of
the regularized Sandwiched Rényi channel divergence at @ = 1. More precisely, the con-
jecture states that if the probability of type II error as n — oo i.e. (liminf, —% log Br)
is greater than D"8(N|| M), then there exists ¢ > 0 such that the probability of type I
error (1 — ay) is lesser than 27" for sufficiently large n. If this conjecture holds, then
limg, 1+ Da® (VM) = infa1 Da® (V|| M) = D*8(N||M).

As we have seen so far, the regularized sandwiched Rényi divergence between chan-
nels plays an importance role in this context. Given two quantum channels N and M,
we want to compute the quantity Da®(N|M). Since the sandwiched Rényi divergence
between channels is non-additive in general [FFRS20], it is unclear whether its regulariza-
tion can be computed efficiently. In [FF21Db], the authors provided a converging hierarchy
of upper bounds on the regularized divergence between channels. It allows us to show
that Dy ®(NV]|M) can be approximated by %Dﬁ (NE"| ME™) with arbitrary accuracy for
sufficiently large n in finite time. Moreover, D (N®"|| M®") can be written in terms of
a convex program as in [FF21b]. However, the size of this program grows exponentially
with n.

1.4.2 Summary of the contributions

Chapter 5 We exploit the symmetries in the D# in order to obtain a hierarchy of
semidefinite programming bounds on various regularized quantities. Specifically, for quan-
tum channels A/, M, we show that the optimization program defining D# (N®"|| M®™) can
be computed in poly(n) time, for fixed input and output dimensions. This result allows
us to prove that for fixed input and output dimensions, the regularized sandwiched Rényi
divergence between any two quantum channels can be approximated up to an e accuracy
in time that is polynomial in 1/e. As applications, we give a general procedure to give
efficient bounds on the regularized Umegaki channel divergence as well as the classical
capacity and two-way assisted quantum capacity of quantum channels. In particular, we
obtain slight improvements for the capacity of the amplitude damping channel.

5We recall that the sandwiched Rényi divergence [MDST 13, WWY14] of order o > 1 is defined as
]Sa(pHa) = Lo logtr [(012%1 pa%) ] for positive semidefinite operators p and o.
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Chapter 2

Preliminaries

The objective of this chapter is to introduce some notations and results that will be used
throughout this thesis.

2.1 Basic notations

Asymptotics We use the standard symbols from asymptotic analysis: O,0,Q. We
write f = poly(n) if there is a constant ¢ > 0 such that f(n) = O(n°).

Groups and Fields We will typically use multiplicative notation for the group opera-
tion of groups. Two particular groups which will arise frequently are, for n € N, the cyclic
group C,, and the symmetric group &,, of permutations on n elements.

For p € N, if p is a power of a prime, we write I, for the finite field of order p.

Polynomial on a vector space. For a finite dimensional complex vector space H, the
dual vector space H* of H is the vector space of all linear transformations ¢ : H — C. The
coordinate ring of H, denoted O(H), is the algebra consisting of all C-linear combinations
of products of elements from H*. An element of O(H) is called a polynomial on H. A
polynomial p € O(H) is called homogeneous if it is a C-linear combination of a product of
k non-constant elements of H* (for a fixed non-negative integer k). We denote by O (H)
the set all homogeneous polynomials of degree k.

2.2 Tensor ranks

Tensors

Let f € FI ®---@F% be a k-tensor over a field F. Let {ei,..., ed; } denote the standard
basis of F%. We may then write f as

f = Zf’il7~~-,ik €, Q...€5,

where the sum goes over i € [dj] X -+ X [dg]. In this way f corresponds to a k-way array
f e Fhx-xdi For f e Fh @... @ F% and f/ € F4 @ --- @ F%, we define the tensor
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product as (f @ ') (i, j1),(inn) = Jitoin -f]’. ,. We define the support of f as the set

1,~~7J;'c
supp(f) = {(ir, -y i) : fir, i 7 0} C [da] X - x [dy].

For r € N, we call (r) := 3"7_, e®* the unit tensor of size r.

For f € FI @ ... ® F% and i € [k], we denote by flatten;(f) the image of f under the
grouping F4 @ --- @ F%* — F% (®#i Fdﬂ'), which we call a flattening. We can think of
flatten;(f) as a d; by [];, d; matrix.

A k-tensor f € (F9)®F is said to be symmetric if firoin = fig(l),...,ig(k) for any
i1,...,i € [d] and any permutation ¢ € &. For example, a tensor f € (F%)®3 is

symmetric if fijx = firj = fjiw = firi = frij = frji, for all 4,4,k € [d].

Overview: notions of tensor rank

In this section, we give an introduction to some of the existing notions of the rank of
tensors and their usefulness.

Let f € FN @ -@F% be a tensor. The tensor rank R(f) of f is defined as the smallest
number r such that f can be written as >\, ul ® - - - ® uF with uf € F% for all ¢ € [K].

We say that the tensor f € FN @ ... @ Fé restricts to f' € Fh @ --- ® F%, and write
f' < f if there exist linear maps A® : F% — F% such that f/ = (AD @ ... @ AK). 1.
Written in the standard basis, this corresponds to having for all iy € [d}],...,i; € [d}]
that

_ (1) (k)
fill,---,ik - Z Aihjl T Aik:jkfjl’“"jk'
jle[dl},...,jke[dk]

Example 2.2.1. Here we see restriction in action in a small example. For the tensors

f=en®eyRey+e ®e Rey,
[ =e®(eg®eg+e1 ®er),

we have f' < f by letting AD : ey — eg, €1 — eg and letting A and A®) be the identity
map.

Strassen [Str87] defined the subrank of f as

Q(f) = max{r e N: (r) < f}.

The subrank has been considered further in [CVZ18] for studying the capset problem
and has also been used to study the barrier for Coppersmith-Winograd method for matrix
multiplication problem in [CVZ19b, Alm19].

Similarly, one may define the “opposite” of the subrank as R(f) := min{r ¢ N: f <
(r)}, which redefines the notion of tensor rank. For k = 2, the subrank and rank of f are
the usual matrix rank: Q(f) = R(f) = rank(f). When k& > 3, however, there are f for
which Q(f) < R(f). In fact, the tensor rank can be larger than the dimensions dy, ..., dx,
whereas the subrank cannot exceed min; d;.
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There are many applications which need us to understand the rate of growth of the
rank and subrank of tensor product powers of a fixed tensor. Strassen [Str87] defined the
asymptotic subrank of f € FN @ ... @ F% as

Q(f) = lim Q(f*")H/".

Since the subrank is super-multiplicative, we can, by Fekete’s lemma (see Lemma A.3.1),
replace the limit by a supremum. Similar to asymptotic subrank we can define the asymp-
totic rank of f € Fh @ .- @ F% as

R(f) = lim R(f®)4/n.
n—oo
A well-known problem in computer science concerning tensors is about the number of
arithmetic operations required for multiplying two n x n matrices. The answer is known
to be between n? and O(n?37+), or in other words, the exponent of matrix multiplication
w is known to be between 2 and 2.37... [LG14, AW21]. The complexity of matrix multi-
plication turns out to be determined by the tensor rank of matrix multiplication tensors
(m,m,m) corresponding to taking the trace of the product of three m x m matrices. More
formally, we can write (m,m,m) as > [" ,_; €ij @ ejr, ® ey € (F™)®2 @ (F™)2 @ (F™)92,

®2 1In fact, the exponent w is exactly deter-

where {e;;}]";_; are standard basis of (F)
mined by the asymptotic rank of (2,2,2), that is, w = f{(<2, 2,2)).

The second tool we focus on is the slice rank. The notion of slice rank was introduced
by Tao [Taol6] and was further developed in [T'S16] and [BCCT17] as a variation on
tensor rank to study cap sets and approaches to fast matrix multiplication algorithms.
A tensor in F¥ @ -.- ® F% has slice rank one if it has the form v ® v for u € F% and
v E Qs Fdi for some i € [k]. The slice rank of f, denoted by SR(f), is the smallest
number r such that f can be written as sum of r slice rank one tensors. Since slice rank is
not sub-multiplicative and not super-multiplicative, the limit lim,, o, SR( f®”)1/ " might
not always exist [CVZ18]. We define

SR(f) = limsup SR(f&™)Y/™.

n—oo

Since slice rank is monotonic under the restriction order and is normalized on (r) [Taol6],
i.e., SR((r)) = r, it follows that Q(f) < SR(f) and Q(f) < SR(f).
2.3 Shannon capacity

We first recall some notations and basic concepts in graphs and hypergraphs. Then, in
Section 2.3.1 we recall the notion of Shannon capacity of graphs.
Graphs

Definition 2.3.1. An undirected graph is a pair (V, E), where V' is a set of objects called
vertices and FE is a set of two element subsets of V' called edges.
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It is often common to add a notion of direction to the edges of a graph. This gives us
the concept of a directed graph (or digraph).

Definition 2.3.2. A directed graph, also called a digraph, is a pair (V, E), where V is a
set of objects called vertices and £ C V x V is a collection of ordered pairs of elements of
V, called directed edges (or sometimes just edges).

Let G = (V, E) be an (un)directed graph. For each edge e = (u,v) of G, we call u,v
are endpoints of the edge e. An independent set or stable set in G is a subset of V' such
that no edge has all its endpoints covered by vertices in the corresponding subset. The
independence number or stability number o(G) is the cardinality of the largest independent
set in G.

A directed walk in a directed graph G = (V| E) is a sequence of vertices vy, v1,. .., Uk
and edges (vo, v1), (v1,v2),..., (Vk—1,Vk). A directed path (or path) in a directed graph G
is a walk where the vertices in the walk are all different. A directed closed walk (or closed
walk) in a directed graph is a walk where vg = vi. A directed cycle (or cycle) in a directed
graph is a closed walk where all the vertices v; are different for 0 < ¢ < k.

Definition 2.3.3. A directed graph is called a directed acyclic graph (or acyclic graph) if
it does not contain any directed cycles.

Hypergraphs

Definition 2.3.4. A directed k-uniform hypergraph H is a pair H = (V, E) where V is
a finite set of elements called vertices, and E is a set of k-tuples of elements of V' which
are called hyperedges or edges. If the set of edges F is invariant under permuting the
k coefficients of its elements, then we may also think of H as an undirected k-uniform
hypergraph.

Let H = (V,E) be a directed k-uniform hypergraph with n vertices. The adjacency
tensor A of H is defined as

115000k

_ 1ifi1:i2:"‘:ik0r(ilw'wik‘)eEv
0 otherwise.

Definition 2.3.5. An independent set in a directed k-uniform hypergraph H = (V, E)
is a subset S of the vertices V' that induces no edges, meaning for every (ej,...,e;) € E
there is an i € [k] such that e; ¢ S. The independence number of H, denoted by «(H), is
the maximal size of an independent set in H.

2.3.1 Shannon capacity of graphs

Let G, H be two (un)directed graphs. The strong product of G and H, denoted G X H, is
defined as

1. The vertex set V(GR H) =V (G) x V(H).

2. Any two distinct vertices (u,u’) and (v,v’) form an edge in G X H if v = v and
(v,v") € E(H) or (u,u) € E(G) and v =" or (u,u') € E(G) and (v,v") € E(H).
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One can observe that if S and T are independent sets in two directed graphs G and
H, respectively, then S x T is an independent set in the strong product GX H. Therefore,
we have a(G)a(H) < a(GX H).

For any (un)directed graph G, let G®" denote the n-fold product of G with itself. The
Shannon capacity ©(G) is defined as the limit

O(@) = lim a(G*)'/".
n—oo
The limit exists and equals the supremum sup,, a(G¥")'/" by Fekete’s lemma (Lemma A.3.1).

The Shannon capacity was introduced by Shannon [Sha56] and is an important and
widely studied parameter in information theory (see e.g., [Alo98, Boh03, Hae79, Lov79,
Zuil9, PS19]). It is the effective size of an alphabet in an information channel (for more
formal definitions, refer to [Sha56]) represented by the graph G = (V, E). The input is
a set of letters V' = {1,...,d} and two letters are confusable when transmitted over the
channel if and only if there is an edge between them in G. Then a(G) is the maximum
size of a set of pairwise non-confusable single letters. Moreover, for any n € N, a(G®") is
the maximum size of a set of pairwise non-confusable n-letter words. So the effective size
of the alphabet in the information channel is given by lim,, s (a(G®"))!/™ (Note that this
is the Shannon capacity of the graph G).

Computing the Shannon capacity is nontrivial already for small graphs. In [Lov79],
Lovész computed the value ©(Cs) = /5, where C} denotes the undirected cycle on k ver-
tices. In fact, even the value of ©(C7) is currently not known. The algorithmic problem of
computing the Shannon capacity © is not even known to be decidable. On the other hand,
deciding whether a(G) < k, given a graph G and some k € N, is NP-complete [Kar72].

2.4 Asymptotic spectra theory

In this section, we recall the theory of asymptotic spectra of Strassen which introduced
in series of papers [Str86, Str87, Str88, Str91] and have been further developed in [Zuil8,
Vra2l, WZ21]. A lot of the following definitions are standard and we have used the
notations from [Zuil8§].

A semiring (S,+,-,0,1) is a set S equipped with a binary addition operation +, a bi-
nary multiplication operation - and elements 0,1 € .S, such that for all a,b,c € S holds:

1. (a+b)+c=a+(b+c),a+b=b+a
2.0+a=a,0-a=0,1-a=a

3. (a-b)-c=a-(b-c)

4. a-(b+c)=a-b+a-c

A semiring (S, +,-,0,1) is commutative if for all a,b € S holds a-b = b-a. For any natural
number n € N, let n € S denote the sum of n times the element 1 € S.

A preorder < on S is a relation such that for any a,b,c € S holds that ¢ < a, and
that if @ < b and b < ¢, then a < ¢. A preorder < on S is a Strassen preorder if for all
a,b,ce€ S, n,m € N holds
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1. n<min Nif and only if n < m in S
2. ifa<b, thena+c<b+canda-c<b-c

3. if b # 0, then there exists an € N such that a < r - b.

Let S = (S,+,-,0,1) and S' = (S',+,-,0,1) be semirings. A semiring homomorphism
from S to S is a map ¢ : S — S’ such that ¢(a+b) = ¢(a)+¢(b), ¢p(a-b) = ¢(a)- P(b) for
all a,b € S, and ¢(1) = 1. Let R>9 = (R>¢,+,-,0, 1) be the semiring of non-negative real
numbers with the usual addition and multiplication operations. The asymptotic spectrum
X(S,<) of the semiring S = (S,+,-,0,1) with respect to the preorder < is the set of
<-monotone semiring homomorphisms from S to R, that is,

X(5,<) ={¢ € Hom(S,R>p) : Va,b € S, a <b = ¢(a) < ¢(b)}.

Let a € S. The rank of a is defined as R(a) := min{r € N: a < r} and the subrank of a
is defined as Q(a) := max{n € N: n < a}. Similarly, the asymptotic rank and asymptotic
subrank of a are defined as

= lim {/R(a®)
N—o00

R(a)
Q(a) = lim A/Q(aM).

N—o0

Since Q is supermultiplicative, and R is submultiplicative, Fekete’s lemma (Lemma A.3.1)
implies that these limits indeed exist and can be replaced by

Y/R(aV

R(a) = 111\17f
Qla) = Sup \/QlaM).

~—

In [Str88], the author proved the following dual characterization of R(a) and Q(a) in
terms of the asymptotic spectrum.

Theorem 2.4.1 ([Str88], Theorem 3.8). Let S be a commutative semiring and let < be a
Strassen preorder on S. For any a € S such that 1 < a and 2 < a* for some k € N, holds

Rla) = mex ,#(a)
Q(a) = ¢eI)I(1(ig,g) ¢(a).

The asymptotic preorder < associated to < is defined by a < b if there is a sequence
if natural numbers (z,)nen such that inf,(x,)/” = 1 and such that for all n € N we
have a™ < x, - b". The asymptotic spectrum of a commutative semiring with respect
to a Strassen preoder < also characterizes the asymptotic preorder < associated to <.
The dual characterization is that a < b if and only if for all ¢ € X (S, <) it holds that
¢(a) < ¢(b). See [Str88, Corolary 2.6] and see also [Zuil8, Theorem 2.12].
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Asymptotic spectrum of graphs

We present a semiring with a Strassen preorder on graphs which was introduced by Zuid-
dam [Zuil9] to gain a better understanding of the Shannon capacity of graphs.
Let G and H be (un)directed graphs. The disjoint union G U H is defined by

V(GUH) =V(G)UV(H)
E(GUH)=E(G)UEH).

For n € N, the complete graph K, is the graph with V(K,) = {1,...,n} and E(K,) =
{(i,§) :4,j € {1,...,n},i # j}. Thus Ky is an empty graph and K is the graph consisting
of a single vertex and no edges. We denote K, is a graph on n vertices and no edges.
Thus K() = Fo and Kl :Fl.

We define the cohomomorphism preoder < on graphs by G < H if and only if there is
an injective map f : V(G) — V(H) such that (u,v) ¢ E(G) then (f(u), f(v)) ¢ E(H).

Let G and H be graphs. A graph homomorphism f : G — H is amap f : V(G) —
V(H) such that for all u,v € V(G), if (u,v) € E(G), then (f(u), f(v)) € E(H). A graph
homomorphism f : G — H is a graph isomorphism if the map f is bijective between
V(G) and V(H) and bijective as a map between E(G) and E(H). We write G ~ H if
there is a graph isomorphism f : G — H. Let G be the set of isomorphism classes of
graphs (which is basically the set of equivalence classes with respect to ~). In [Zuil9],
the author proved that G = (G,U,X, Ky, K1) is a commutative semiring and that the
cohomomorphism preorder < is a Strassen preorder on G. By definition, the asymptotic
spectrum of graphs X (G, <) consists of all maps ¢ : G — Rx¢ such that, for all G, H € G,
the following conditions hold:

L ¢(GUH) = ¢(G) + ¢(H)

2. G(GRH) = 6(G)o(H)

3. ¢(K1) =1

4. G < H then ¢(G) < ¢(H).

Note that the subrank of a graph G equals the independence number of G, that is
a(G) =max{n e N: K, < G}.

From Theorem 2.4.1, the Shannon capacity of G can be characterized by using asymptotic
spectrum of graphs as

P19 = o )

2.5 Preliminaries on representation theory

In this section we give the definitions and notation from representation theory used
throughout the thesis. For further details, we refer the reader to Refs. [Ser77] and [FH13].
Let H be a finite dimensional complex Hilbert space and G be a finite group. A linear
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representation of G on ‘H is a group homomorphism g : G — GL(H), where GL(H) is the
general linear group on H. The space H is called a G-module. For v € H and g € G, we
write g - v as shorthand for o(g)v and denote by .Z(#) the set of linear operators on H.
For X € Z(H), the action of g € G on X is given by o(g)Xo(g)*.

A representation ¢ : G — GL(H) of G is called irreducible if it contains no proper
submodule H’ of H such that gH' C H'. Let H and H' be G-modules, a linear map
Y H — H' is called a G-equivariant map if g - ¥(v) = (g - v) for all g € G,v € H.
Two G-modules H and H' are called G-isomorphic, that is H = H’, if there is a bijective
equivariant map from H to H'. We denote by End%(H), the set of all G-equivariant maps
from H to H, i.e.,

End®(H)={T € L(H):T(g-v)=g-T(v),YveH,gec G}

We recall the well-known Schur’s lemma, which characterizes all G-equivariant maps
between irreducible G-modules.

Lemma 2.5.1 (Schur’s lemma). Let V and W be irreducible G-modules, and let f :V —
W be a G-equivariant map.

1. If V and W are nonisomorphic, then f = 0.
2. If there exists a G-isomorphism ¢ : V — W, then f = A¢ for some X € C.

Let G be a finite group acting on a finite dimensional complex vector space H. Then
the space H can be decomposed as H = H1 & --- & H; such that each H; is a direct
sum H;1 @ -+ ® H;m, of irreducible G-modules with the property that H;; = Hy ;v if
and only if ¢ = /. The G-modules H1,...,H; are called the G-isotypical components and
(mq,...,my) are called the multiplicities of the corresponding irreducible representations.

Let d = dim(H). For n € N, an integer partition is a sequence A = (A1,...,A\q) of
nonnegative integers satisfying Ay > Ao > --- > A;. We say that X is a partition of n
denoted by A F n, if A\ +--- + Ay = n. We denote the number of nonzero parts of A
by ¢(\). Similarly we denote by A 4 n, if A = n and ¢(A) < d. Consider the action of
the symmetric group &,, on the tensor power H®" by permuting the tensor legs (i.e. the
coordinates of the rank-1 tensor),

77"'01®"‘®Un:'Uﬂfl(l)@'”@’l)ﬂfl(n),ﬂ'eGn.

Let the general linear group GL(H) act on H®" via the diagonal embedding g +
(g7 AR 79)7

G ® - ®u, = (gv1) @ @ (gun), g € GL(H).

The action of &,, and GL(H) commute, so we have a well-defined action of the product
group &, x GL(H) on H®". Schur-Weyl duality describes the decomposition of the space
H®™ into direct sum of irreducible &,, x GL(#) representations. This decomposition is

HE™ = PN ®@SA(H),

AFdn

where [)] is an irreducible &,-module of type A and Sy(#) is an irreducible of GL(H)-
module of type A when £(\) < d and 0 when £(\) > d.
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2.6 Semidefinite programming

A matrix A € C" " is called Hermitian if A* = A, where A* is the conjugate transpose
of A. The eigenvalues of a Hermitian matrix are real. Let A € C™"*". Then A is called
positive semidefinite, denoted by A > 0, if A is Hermitian and all eigenvalues of A are
non-negative. It is known that the following are equivalent:

1. A>0,
2. A* = A and v*Av > 0 for all v € C™,

3. A= L*L for some L € C"*".

The space of complex matrices is equipped with a complex inner product denoted by
(X,Y) = tr(Y*X), which is linear in the first entry. One can also observe that the inner
product of two Hermitian matrices is always real.

We now describe the notion of semidefinite programming. Let m,n € Z>q,b1,...,by €
R and let C, By,..., By, € C"". A (complex) semidefinite program is an optimization
problem of the form

Minimize: (C, X)
subject to: (B;, X) =b; foralli=1,...,m,
X >0.

Here X € C™ "™ is matrix variables. A Hermitian matrix X € C"*™ is called a feasible
solution of the above program if it is positive semidefinite and fullfills all m linear con-
straints. It is called an optimal solution if it feasible and if for every feasible solution Y
we have (C, X) < (C,Y).

Semidefinite programs can be solved approximately up to any fixed precision in polyno-
mial time by the ellipsoid method [GLS12, Chapter 2]. In practice though, interior point
methods [NN94] are preferred, which also run in polynomial time. For further details
about semidefinite programming, refer to [TodO1].

2.7 Quantum information

Basic notation

Let H be a finite dimensional complex Hilbert space; we denote by .Z(H) the set of
linear operators on H, &(H) denotes the set of positive semidefinite operators on #H, and
D(H) := {p € P(H) : tr(p) = 1} is the set of density operators on H. For any two
Hermitian operators p,o € Z(H), we write p < o if 0 —p € Z(H). Given p € Z(H),
the support of p, denoted supp(p), is the orthogonal complement of its kernel. For p,o €
Z(H), we write p < o, if supp(p) C supp(o).

Let X,Y be finite dimensional complex Hilbert spaces. For A € Z(X ® Y), we often
explicitly indicate the quantum systems as a subscript by writing Axy. The marginal on
the subsystem X is denoted by Ax = try (Axy).
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Let {|z)}, and {|y)}, be the standard bases for X and Y, respectively. We will use a
correspondence between linear operator in .Z (Y, X) and vectors in X ® Y, given by the
linear map vec : Z(Y, X) —» X ® Y, defined as vec (|z)Xy|) = |z)|y).

Quantum channels

The evolution of a quantum system is described mathematically by a quantum channel,
which is a linear, completely positive, and trace-preserving (CPTP) map acting on the
quantum states of the underlying Hilbert space of the system. In detail, let H,H’' be two
finite dimensional complex Hilbert spaces. Cosider a map N : Z(H) — Z(H').

e N is called positive if it maps positive semidefinite operators to positive semidefinite
operators, i.e., N(A) > 0 for all A > 0. A map N is called completely positive if the
map Z ® N is positive for all integers k > 1, where Z, denotes the identity map on
Z(Ck).

e N is called trace preserving if tr(N(A)) = tr(A) for all linear operators A.

Throughout this thesis, we write Nx_y to denote a map N : £ (X) — Z(Y) taking
a quantum system X to a quantum system Y.

Choi representation

The Choi representation of a quantum channel gives a way to represent a quantum channel
as a bipartite operator and is an essential concept in quantum information theory. Let X’
be isomorphic to X and |®) xx» = > |x) x|r)x’ be the unnormalized maximally entangled
state. For a linear map Nx/_y, we denote by Jé}fy € #Z(X ®Y) the corresponding Choi
matriz defined as JYy = (Zx @ N)(|®N®|y ), where Zy denotes the identity map on
Z(X).
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Chapter 3

Shannon capacity of hypergraphs

This chapter is based on joint work with Matthias Christandl, Omar Fawzi, and Jeroen
Zuiddam [CFTZ22].

3.1 Introduction

In this chapter, we discuss the Shannon capacity of hypergraphs, which is a natural gen-
eralization of the Shannon capacity of graphs introduced in Section 2.3.1.

We first generalize the strong product operation from graphs to directed k-uniform
hypergraphs. The strong product of a pair of directed k-uniform hypergraphs G = (Viz, E¢)
and H = (Vg, Ey) is denoted by G X H and defined as follows. It is a directed k-
uniform hypergraph with vertex set Vg x Vi and the following edge set: Any k vertices
(g1,P1), -, (gk, hi) € Vg x Vi form an edge ((g1, 1), ..., (gk, hx)) if one of the following
three conditions holds:

1. glz~--:gkand(h1,...,hk)GEH
2. (91,---,9x) € Eg and hy = --- = hy
3. (gl,...,gk)EEG and (hl,...,hk)EEH

It is easy to verify that, if S and T are independent sets in two directed k-uniform hy-
pergraphs G and H, respectively, then S x T is an independent set in the strong product
G X H. Therefore, we have a(G)a(H) < a(G X H). For any directed k-uniform hyper-
graph H, let H®" denote the n-fold product of H with itself. The Shannon capacity' of
a directed k-uniform hypergraph H is defined as the limit
O(H) == lim (a(H®)Y/. (3.1)
n—oo
By Fekete’s lemma (see Lemma A.3.1) we can write ©(H) = sup,, (a(H®"))'/".
There is a large and important collection of Ramsey-type combinatorial problems such
as the capset problem which are closely related to central problems in complexity the-
ory. These problems can be formulated in terms of the asymptotic growth of the size of

'In the setting of directed graphs, also the term Sperner capacity (typically applied to the complement
graph) [GKV92, GKV93] is used for what we call Shannon capacity.
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the maximum independent sets in powers of a fixed small (directed or undirected) hy-
pergraph. An important instance of these problems is the corner problem studied in the
context of multiparty communication complexity in the Number On the Forehead (NOF)
model [Shk06a, Shk06b, LM07, CFL83, LPS18, LS21]. In the following, we briefly sum-
marize the connection between the NOF communication complexity and corner problem
as well as how to rephrase the corner problem to Shannon capacity of hypergraph.

NOF communication complexity

The NOF model is very rich in terms of connections to Ramsey theory and additive
combinatorics [BGGO6, Shr18, LPS18, 1.521], as well as applications to boolean models of
compution such as branching programs and boolean circuits [CFL83, BT94]. The goal in
the NOF model is for k players to compute a fixed given function F': Xy x---x X — {0,1}
on inputs (z1,...,25) € &1 X --- x A}, where player i has access to input x; for all j # ¢
but no access to input x;. For k = 2, this model coincides with the standard two-party
communication model of Yao [Yao79], but when k& > 3, the shared information between
the players makes this model surprisingly powerful [Gro94, BGKL04, ACEFN15, CS14],
and fundamental problems remain open. For instance, a sufficiently strong lower bound
for an explicit function F' for k > polylog(n) players with n = log |X;| would imply a
breakthrough result in complexity theory, namely a lower bound on the complexity class
ACCY.

NOF complexity of the Eval problem

A central open problem in the theory of NOF communication is to construct an explicit
function for which randomized protocols are significantly more efficient than determin-
istic ones [BDPWO07]. A well-studied candidate for this separation (for k = 3) is the
function Evalpp, which is defined by Evalgp (21, 72, 23) = 1 if and only if 21 + 22 + 23 = 0,
where the additions are all in . Thus the Eval problem naturally generalizes the equality
problem for £ = 2. It is known that in the randomized setting, the standard protocol for
the two-party equality problem that uses O(1) bits of communication works in the same
way for three parties for the Eval problem. However, in the deterministic setting, the
communication complexity D3(Evalpy) remains wide open: the best known lower bound
Q(loglogn) follows from the work of Lacey and McClain [LMO07] and, before this work,
the best upper bound was 0.5n + O(logn) [ACEN15].

Corner problem in combinatorics, and connection to the Eval problem

Chandra, Furst and Lipton [CFL83] found that the deterministic communication com-
plexity of many problems in the NOF model can be recast as Ramsey theory problems.
In particular, and this leads to the problem of interest in this chapter, the (deterministic)
communication complexity of Evalgr can be characterized in terms of corner-free subsets
of F§ x %, as follows. Recall that any triple of elements (z,y), (z + \,y), (z, A + y) for
z,y, A € Fy a corner. A subset S C Fy x F3 is called corner-free if it does not contain
any nontrivial corners (where nontrivial means that A # 0). Denoting by r,(F%) the size
of the largest corner-free set in F3 x Fy, the communication complexity of Evalpy equals
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log(4" /r,(F%)) up to a O(logn) additive term, which provides the close connection be-
tween the Eval problem in NOF communication and the corner problem in combinatorics.
In particular, large corner-free sets in F3 x F3 correspond to efficient protocols for Evalpy.

General paradigm: Shannon capacity of hypergraphs

The point of view we will take (and the general setting in which the methods we introduce
will apply) is to regard the corner problem as a Shannon capacity problem of directed
hypergraphs. Namely, the size r/(F5) of the largest corner-free set in Fy x F§ can be
characterized as the independence number of a (naturally defined) directed 3-uniform
hypergraph with 4™ vertices. This hypergraph has a recursive form: it is obtained by taking
the n-th power of a fixed (directed) hypergraph Hco r, on 4 vertices. (We discuss this in
more detail in Section 3.2.1.) The asymptotic growth of r,(F5) as n — oo is characterized
by the Shannon capacity ©(HcorF,) of the corner hypergraph Hco r,. That is, we have
1/(F3) = O(Heorr,)"°W). In this way, proving the strict upper bound O(Heor,) < 4 is
equivalent to proving a linear lower bound on the communication complexity of Evalgp.

A generalization of the multidimensional Szemerédi problem

Let S C IF, x IF,, be an ordered nonempty set of size k, we can generalize the multidimen-
sional Szemerédi question [F'IX79] over F} x [} as follows. A subset A C )} x Fy) is called
S-free if for any k ordered distinct points [(z!,y1), ..., (z¥,y*)] of A, there is a coordinate
i € [n] such that the ordered tuple [(z},4}), ..., (z¥,y¥)] does not have the form

{(a,b) + (Au, Av) : (u,v) € S}, for some (a,b) € Fy x Fp and A € {1,...,p—1}.

Given an ordered nonempty set S C ), x F),, the generalized multidimensional Szemerédi
problem asks to determine the size of the largest S-free subset of ) x F). Many combi-
natorial problems can be considered as special cases of this problem including corner, cap
set, square, Lshape (for explicit definitions, see Sections 3.2.2 and 3.2.3). For instance, it
is easy to verify that, the corner problem over F; x F} (for p = 2) as a special case of
this problem by choosing S = {(0,0), (1,0), (0,1)}. Moreover, for a fixed S C [, x Fp,
the problem can be rephrased as determining the Shannon capacity of a fixed hypergraph.
We will present this problem and its special cases in more detail in Section 3.2.

New results in this chapter
Improved lower bounds for some combinatorial problems

Our first result consists of new lower bounds for multiple combinatorial problems, in-
cluding the corner, square, Lshape problems (for explicit definitions, see Sections 3.2.2
and 3.2.3) via a new technique to give lower bounds for the Shannon capacity of hyper-
graphs. Especially, from the new lower bounds for the corner problem over the groups Fo
and 3, we obtain improved protocols for the Eval problem.

For a hypergraph H and any m € N, if the m-th power H®™ of a hypergraph H
contains an independent set of size s, then the capacity ©(H) is at least st/™m This was
used for example in [LPS18] with m = 2 on Heor r, and they found an independent set of
size s = 8. We improve on this simple bound by observing that it is actually sufficient to
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construct a set of size s which does not contain “cycles”. In the context of graphs, the
notion of cycle is clear but for hypergraphs there are many possible definitions. Here, to
get new bounds we use the notion of combinatorial degeneration to model such a “cycle”
(see Theorem 3.3.3). Combinatorial degeneration is a method from algebraic complexity
theory [Str91], where it is used to construct fast matrix multiplication algorithms.

Using the combinatorial degeneration method on corner hypergraphs we find new
bounds for corner problem. There are follows (in the three equivalent forms):

Theorem 3.1.1 (Thm. 3.3.6). For the corner and Eval problem over F3 we have:

e D3(Evalpy) < 0.24n + O(logn)

o 72(F3) > pi‘l?fg(z)

o O(Heorr,) > 3.39
Theorem 3.1.2 (Thm. 3.3.5). For the corner and Eval problem over F% we have:
e D3(Evalpy) < 0.37n + O(logn)

[} TZ(]F?) Z #”(n)

b @(Hcor,]Fg,) > 7.

In addition, we also obtain the best-known lower bounds for square and Lshape (see
Section 3.2.3 for definitions) problems (see Table 3.1). We also introduce the notion
of an acyclic set of a hypergraph (Section 3.3.2) which puts a stronger requirement (it
implies a combinatorial degeneration) but might be simpler to check than combinatorial
degeneration.

Limitations of current upper bound methods for Shannon capacity

Our second result is a strong limitation of current methods to effectively upper bound the
Shannon capacity of hypergraphs. This limitation is caused by induced matchings and
applies to various combinatorial problems including the corner problem. We use a method
of Strassen to show that these limitations are indeed very strong for the corner problem.

In order to elaborate on these results let us first give an overview of upper bound
methods. The general question of upper bounds on the Shannon capacity of hypergraphs
is particularly well-studied in the special setting of undirected graphs. Even for undirected
graphs, it is not clear how to compute the Shannon capacity in general, but some tools
were developed to give upper bounds. The difficulty is to find a good upper bound on the
largest independent set that behaves well under the product X. For undirected graphs, the
best known methods are the Lovasz theta function [Lov79] and the Haemers bound which
is based on the matrix rank [Hae79]. For hypergraphs, we only know of algebraic methods
that are based on various notions of tensor rank, and in particular the slice rank [TS16],
and similar notions like the analytic rank [GW11, Lov19], the geometric rank [KKMZ20],
and the G-stable rank [Der20]. Even though the slice rank is not multiplicative under X
it is possible to give good upper bounds on the asymptotic slice rank via an asymptotic
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analysis [T'S16], which is closely related to the Strassen support functionals [Str91] or the
more recent quantum functionals [CVZ18].

Most of the rank-based bounds actually give upper bounds on the size of induced
matchings and not only on the size of independent sets. It is simple and instructive to
see this argument in the setting of undirected graphs. For a given graph H = (V, E), let
A be the adjacency matrix in which we set all the diagonal coefficients to 1. Then for
any independent set I C V, the submatrix (A;;);jer of A is the identity matrix and as
a result |I| < rank(A). As the matrix rank is multiplicative under tensor product, we
get ©(H) < rank(A). Observe that this argument works equally well if we consider an
induced matching instead of an independent set. An induced matching of size s of the
graph H = (V| E) can be defined by two lists of vertices I1(1), ..., I1(s) and I2(1),..., I2(s)
of size s such that for any «, 5 € {1,...,s} we have

(Ii(a), I(B)) € E or Ii(a) = I()) <= a=f.

In other words, the submatrix (A; j)icr, jer, is an identity matrix, which also implies that
s < rank(A). As such, the matrix rank is an upper bound on the asymptotic maximum
induced matching. Tensor rank methods such as the subrank, slice rank, analytic rank,
geometric rank and G-stable rank also provide upper bounds on the asymptotic maximum
induced matching.

Using a result of Strassen [Str91], we show that there is an induced matching of the
n-th power of H, r, of size 4n—o(1) " This establishes a barrier on many existing tensor
methods (such as slice rank, subrank, analytic rank, etc.) to make progress on corner
problem.

Theorem 3.1.3. The hypergraph HE)?IFQ has an induced matching of size 47°M _ In
other words, for any n > 1, there exist lists I, Iz, I3 C F§ x F4 of size s(n) = gn—o(n) gych

that the following holds. For any o, B,y € {1,...,s(n)}
(Ii(a), I2(B), Is(7y)) forms a corner <= a=p=r~. (3.2)

We prove this result by establishing in Theorem 3.4.3 that the adjacency tensor of the
hypergraph Heor w, is tight (see Definition 3.4.2). Strassen showed in [Str91] that for tight
sets, the asymptotic induced matching is characterized by the support functionals. By
computing the support functionals for the relevant tensors, we establish the claimed result
in Corollary 3.4.6.

Related work. There have been many recent works on the rich connections between
NOF communication complexity and problems in combinatorics, including the works by
Shraibman [Shr18], Linial, Pitassi and Shraibman [LPS18], Viola [Vio19], Alon and Shraib-
man [AS20], and Linial and Shraibman [[.S21]. This most recent result [.S21] constructs
large corner-free sets in [N] x [N] by improving the best known NOF communication pro-
tocols for the EXACTr problem by a constant factor. We note that, as far as we know,
these constructions do not carry over to the groups of the form G™ that we consider in this
chapter. Regarding the study of the generalization of multidimensional Szemerédi theorem
with polynomials in a finite field, there are several recent works by Peluse [Pell8, Pell9]
and Kuca [Kucl9, Kuc21]. As for the topic of Shannon capacity of hypergraphs, the no-
tably interesting paper [KM90] introduces and studies slightly different notion of Shannon
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capacity than ours. Among the tensor methods that suffer from the induced matching
barrier are: the slice rank [Taol6], analytic rank [GW11, Lov19, Bril9], geometric rank
[KMZ20], and G-stable rank [Der20]. Slice rank was used and studied extensively in com-
binatorics, in the context of cap sets [Taol6, KSS16], sunflowers [NS17] and right-corners
[Nas20).

Outline of the chapter. Section 3.2 briefly introduces the multidimensional Szemerédi
theorem and the generalized multidimensional Szemerédi problem over the finite field, as
well as some well-known special cases of this problem in additive combinatorics. In Sec-
tion 3.3, we introduce three methods in for constructing lower bounds for the Shannon
capacity of directed k-unifrom hypergraphs with emphasis on the combinatorial degenera-
tion method. Lastly, in Section 3.4, we discuss the limitations of some current tensor rank
methods to get upper bounds for the Shannon capacity of hypergraphs.

3.2 Multidimensional generalization of Szemerédi’s theorem
in the finite field

We start by recalling the following famous theorem of Szemerédi:

Theorem 3.2.1 (Szemerédi’s theorem, [Sze75]). Let k > 1 be a natural number, and let
0 > 0. Then if N is sufficiently large, every subset A of [N] of cardinality |A| > dN
contains an arithmetic progression a,a+r,...,a+ (k — 1)r of length k, where a € Z and
r 1S a positive integer.

Szemerédi’s theorem was a major landmark in additive number theory for several
reasons. Not only did it solve a well-known conjecture in the subject, the powerful methods
introduced in order to prove this theorem have turned out to be extremely beneficial in a
variety of other problems, as well as stimulating development and progress in several fields
of mathematics. Also, the theorem itself has been applied to prove many other results;
for example, it was a significant component in the argument of Green and Tao [GT08](a
celebrated theorem in additive combinatorics) for demonstrating that the prime numbers
contain arbitrarily long arithmetic progressions. Namely, they proved that if A is a subset
of the primes of positive relative upper density, thus limsupy_,., 7(N)|AN[N]| > 0, where
7w(N) is the number of primes less than or equal to IV, then A necessarily contains infinitely
many arithmetic progressions of length k for all k. Additionally, generalizing Szemerédi’s
theorem, Bergelson and Leibman [BLI6] states that if A C [IN] contains no progression of
the form z,x + P (y),...,x + Px(y), where y # 0 and Py, ..., Py € Z[y| are polynomials
with integer coefficients satisfying P;(0) = --- = P;(0) = 0. Then |A| = o(N).

In [FK79], Furstenberg and Katznelson established a multidimensional generalization
of Szemerédi’s theorem and proved the question by using ergodic methods; after that, a
combinatorial approach was developed in [Gow(7] and also independently in [NRS06].

Theorem 3.2.2 (Multidimensional Szemerédi theorem, Theorem B in [FK79]). Let d >
1 be a natural number, let vi,...,v; be elements of Z%, and let 6 > 0. Then if N is
sufficiently large, every subset A of [N]? of cardinality |A| > SN? contains a set of the
form a+rvi,...,a+ v, where a € Z% and r is a positive integer.
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Similar to Szemerédi theorem, the multidimensional Szemerédi theorem has had many
extensive generalizations as well as variants. For instance, Cook, Magyar, and Titichetrakun
in [CMT18] and Tao, Ziegler in [T7Z15] independently proved a prime version of the mul-
tidimensional Szemerédi theorem. Shortly after, Fox-Zhao [FZ15] came up with a very
short proof of the same result. In the finite field setting, Kuca [Kuc21] proved the follow-
ing bound which can be seen as the finite field version of the multidimensional polynomial
Szemerédi theorem of Bergelson and Leibman [BL96].

Theorem 3.2.3 ([Kuc2l]). Let n,k € N>1 and vi,...,v, € Z" be nonzero vectors and
Py, ..., P, € Zly] be polynomials satisfying 0 < degP; < --- < deg Py. There exists
constants ¢,C' > 0 and a threshold py € N such that for all primes p > pg, each subset
A CF} of size at least Cp"~¢ contains

z,x +v1Pi(y),...,x+ v Pi(y),
Jor some x € F)) and nonzero y € F,.

A special case of the Theorem 3.2.3 is that each subset of FIQ) of size Q(p*>~¢) contains
a nontrivial configuration of the form

(,9), (x+ A\, y), (z,y + A%,

previously proved in [HLY21] (nontrivial here mean A # 0).

For the one-dimensional (n = 1) case, there are some works in [Pell8, Pell9, Kucl9],
which provided upper bounds for some variants of the Szemerédi theorem in the finite
field setting.

As we have seen so far, in the some works in [Kuc21], or in [DLS20, HLY21] for the
generalization of the multidimensional Szemerédi question or in [Pel18, Pel19] for the one-
dimensional over finite field [}, the authors consider the case when n is fixed and for p
large enough. In this chapter, we work in a different manner. Namely, we consider the
generalization of the multidimensional Szemerédi theorem over the finite field F;; when p
is fixed and for n arbitrary large. Before introducing the problem, we first need to define
some concepts.

Let S C F, x F,, be an ordered nonempty set”. For any A € {0,1,...,p— 1}, we denote
AS = {(Az, \y) : (z,y) € S}, where Az is the sum of A times the element x. A nonempty
subset S C F), x F,, is called non-degenerate if for all distinct pairs (z,y), (z',y') € S, the
following condition holds

(Az, Ay) # (A\’, \y') for all A € Fp, \ {0}.

For n € N>q, let S C F, x [F, be an ordered non-degenerate set of size k. We call

a set of k ordered pairs [(z',y'),..., (2, y*)], where (2!,y!) € Fy x Fy for all t € [K],
is a S-configuration on F} x F if there is a (A1,...,A,) € Fy \ {0"} such that for all
i € [n] each component [(z},4}),..., (zF,y¥)] (in ordered) form a {(a,b) + \;S} for some

(a,b) € Fy x Fp. A subset A C F) x ) is called S-free if it contain no k distinct points
that form a S-configuaration. Let rg(IF))) be a size of largest S-free set in F; x . The
generalized multidimensional Szemerédi problem asks to determine rg(IFy) given S.

2The following construction can be generalized for S C (F,)*¢ with arbitrary d € N».
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The rg(F?) can be characterized as the independence number of a k-uniform hyper-
graph with p=" vertices. Namely, consider a directed k-uniform hypergraph Hgp, = (V, E)
with vertex set V = {(z,y) 1 x,y € F,} and E = {(x,y) + AS : z,y,A € F),, A # 0}. Then
by construction:

Lemma 3.2.4. rg(F)) = a(HEfl%p). As a consequence, 75(Fy) = O(Hgp,)" ™), where
O(H) is the Shannon capacity of the hypergraph H.

Proof. By the construction of Hgp,, we have an edge in H?ﬁp corresponding to a S-

configuration on F; x Fj. Therefore each independent set in HE}EP corresponds to an
S-free set in )y x F. This prove the claim. O

There are many well-known problems in combinatorics which are special cases of the
generalized multidimensional Szemerédi problem over Fj) x F)) and can be solved by taking
specific non-degenerate sets in each case. Next, we will present some of these problems and
their applications. However, in the following subsections, we will consider these problems
over any finite Abelian group (G, +) instead of restricting them to just F.

3.2.1 The corner problem and number on the forehead communication
Corner problem

A corner in G x G is a three-element set of the form {(x,y), (x + A, y), (z,y+ A)} for some
z,y,A € G and A # 0. The element (z,y) is called the center of this corner. Let r,(G) be
the size of the largest subset S C G x G such that no three elements in S form a corner,
and the set S is called corner-free. The corner problem asks to determine r,(G) given G.

Trivially, we have the upper bound r,(G) < |G|>. The best-known general upper
bound on 7,(G) comes from [Shk06a, Shk06b], and reads

G2

< P N
"2(6) = loglog |G

where 0 < ¢ < % is an absolute constant. In the finite field setting, [LMO07] obtained a
better upper bound for r,(G) with G = F4 as follows:

logloglog |G|
r2(F3) < O(|G‘ loglog |G| ) '

We may phrase the corner problem as a hypergraph independence problem. We define
Heor g = (V, E) to be the directed 3-uniform hypergraph with V' = {(g1,92) : 91,92 € G}
and E = {((91,92), (91 + A, g2), (91,92 + A)) : g1, 92, A € G, A # 0}. Then by construction:

Lemma 3.2.5. r,(G") = a(HX" ).

cor,G
As a consequence, 7,(G") = O(Heor,q)" M.

Remark 3.2.6. For G = [, the corner problem is a special case of the generalized
multidimensional Szemerédi problem by taking S = {(0,0), (1,0), (0,1)}, and it is easy to
verify that S is a non-degenerate set. In other words, rg(Fy) = 7,(G") = a(H§?7G) in
this setting.
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Example 3.2.7. Let G correspond to addition in Fy. Then Heor¢ = (V, E) with

E={((0,0),(1,0),(0,1)), ((0,1), (1, 1), (0,0)), ((1,0), (0,0), (1, 1)), ((1, 1), (0, 1), (1,0)) }.

Under the labeling (0,0) = 0,(0,1) =1,(1,0) = 2 and (1, 1) = 3, we will think of Heor , as
the hypergraph Heor 5, = (V, E) with V' = (0, 1,2,3) and E = {(0,2,1), (1, 3,0),(2,0,3),(3,1,2)}.

Closely related to r,(G) is the minimum number of colors needed to color G x G so
that no corner is monochromatic, which we denote by ¢,(G). Then:

Proposition 3.2.8 ([CFL83, LPS18]). Let (G,+) be a finite Abelian group. There is a
constant c, such that for everyn € N,

G| n|G|*" log |G|
<c,(GN<ce—m—=—
w(any < A0 s T T

For G = Iy, the current upper bound in the literature is ¢, (F%) < O(n2"/?) [LPS18],
which we will improve later on.

Number on the forehead communication

The number on the forehead (NOF) model of communication [CFL83] is very rich both in
terms of connections to Ramsey theory and additive combinatorics [BGGO06, Shr18, LS21],
as well as applications to boolean models of compution such as branching programs and
boolean circuits [CFL83, BT94]. In this model, k players wish to evaluate a function
F:X;x---xX, —{0,1} on a given input x1,...,x,. The input is distributed among the
players in a way that player i sees every x; for j # ¢. This scenario is visualized as x; being
written on the forehead of Player i. The computational power of everyone is unlimited, but
the number of exchanged bits has to be minimized. Let Dy (F) be the minimum number
of bits they need to communicate to compute the function F' in the NOF model with k
players. For k = 2, this model corresponds to the standard two-party communication
model [Yao79], but when k > 3, the shared information between the players makes this
model surprisingly powerful [Gro94, BGKL04, ACEN15, CS14]. Fundamental problems
remain open. For instance, a sufficiently strong lower bound for an explicit function F
for k > polylog(n) players with n = log |X;| implies a breakthrough result in complexity
theory, namely a lower bound on the complexity class ACCP.

The Eval problem over Abelian group. A central open problem in NOF model is
to construct an explicit function for which randomized protocols are significantly more
efficient than deterministic ones [BDPWO07]. A candidate for this separation (for k =
3) is the function Evalgn, a natural generalization of the equality problem, defined by
Evalgn(x1,x9,23) = 1 if and only if x; + 29 + 23 = 0. In the randomized setting, the
standard protocol for the two-party equality problem that uses O(1) (for fixed group G)
bits of communication works in the same way for three parties for the Eval problem.
However, in the deterministic setting, the communication complexity D3(Evalgn) remains
wide open. For G = Fy, the best known lower bound Q(loglogn) follows from [LMO07] and
the best upper bound was 0.5n + O(logn) [ACEFN15]. On the other hand, for two players,
Yao [Yao79] proved that Dy(Evalgn) = Q(n) (for nontrivial G). But, it is an open problem
whether D3(Evalgn) = Q(n) for three players.
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Chandra, Furst and Lipton [CFL83] found that the deterministic communication com-
plexity of many problems in the NOF model can be recast as Ramsey theory problems. In
particular, the deterministic communication complexity of Evalgn problem can be charac-
terized in terms of corner-free sets in G™ x G™. More precisely, as a generalization a result
in [CFL83] (Theorem 4.2 in [CFL83]), [BGGO6] showed that:

Lemma 3.2.9 ([BGGO6]). log(c/(G™)) < Dg(Evalgn) < 2 +log(c(G")) .

From Lemma 3.2.9 and Proposition 3.2.8, it follows that ©(Heor, ) < |G|* would
imply that D3(Evalgn) = Q(n), and also that lower bounds on r,(G") give upper bounds
on D3(Evalgn). For G = Fa, the best-known upper bound on D3(Evalgy ) is 0.5n+O(logn)
[ACEN15] which we improve later on.

Putting all the claims till now together, the open problem that motivates our work in
this chapter, and that is central in NOF communication complexity and combinatorics,
asks:

Problem 3.2.10. Are the following three equivalent statements true?
e D3(Evalgn) = Q(n)
e 7,(G") < O(c") for some ¢ < |G|?

e O(Heorc) < |GJ2.

3.2.2 The capset problem

A three-term arithmetic progression in G is a three-element set of the form {x, z+ X, x+2A}
for some z, A € G and A # 0. Let r3(G) be the size of the largest subset S C G such that
no three elements in S form a three-term arithmetic progression.

A three-term-arithmetic-progression-free subset of % is also called a cap set. The
notorious cap set problem is to determine how r3(F3) grows when n goes to infinity. A
priori we have that 2" < r3(F}) < 3™. Using Fourier methods and the density increment
argument of Roth, the upper bound r3(F%) < O(3"/n) was obtained by Meshulam [Mes95],
and improved only as late as 2012 to O(3"/n'*€) for some positive constant ¢ by Michael
Bateman and Nets Hawk Katz in [BIK12]. Until recently it was not known whether r3(F%)
grows like 3770 or like ¢"~°™ for some ¢ < 3. Gijswijt and Ellenberg solved this
question in 2017, showing that r3(Fy) < 2.756"1°(") [EG17]). The best lower bound is
2.2174™ < r3(F3) by Edel [Ede04]. In particular, using Lemma 3.2.12, this implies the
lower bound 3™ -2.2174" = 6.6522" < r,(IF%) for the corner problem. We will improve this
lower bound in Theorem 3.3.5.

We may phrase the cap set problem as a Shannon capacity of hypergraph Hea, = (V, E)
with V' = {0,1,2} and E = {(a,a+ X\,a + 2)\)} for all a,\ € F3 and A # 0. It is easy to
verify that the Heap, is undirected 3-uniform hypergraph with one edge E = {(0,1,2)}. By
the construction, the independence number a( HX") equals r3(F%), and thus the Shannon

cap
capacity of Heap determines the rate of growth of r3(Ff).

Remark 3.2.11. By choosing S = {(0,0),(0,1),(0,2)} C F3 x F3. Then, the cap set
problem is a special case of the generalized multidimensional Szemerédi problem.
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Moreover, following [Zhal9, Corollary 3.24|, there is a simple relation between corner-
free sets and three-term-arithmetic-progression-free sets:

Lemma 3.2.12. p" r3(Fy) < r,(F})

Proof. Let S C I}y be a subset that is free of three-term arithmetic progressions. Define
the subset 7' = {(z,y) : * —y € S}. Then T is a corner-free set of size p"|S|. Indeed, if
(z,y), (x+ N\, y), (x,y + A) are elements of T, then z —y,z+ X\ —y,z —y — A are in S and
these elements form a three-term arithmetic progression. O

3.2.3 The Lshape and square problems

There are some other combinatorial problems that can be obtained by taking some special
non-degenerate sets S C F), x F,,. For instance, the Lshape is a set of points {(z,y), (z +
A Y)s (@, 9+ A), (o, +20) ) for all o, y, A € Fy and A # 0. Denote 7,(IF))) to be the size of
largest subset of ) x F) that does not contain any nontrivial configuration of the form
{(z,y), (x+ X y), (x,y + A), (v,y+2A)}. This problem of determining 1,(IF})) is called the
Lshape problem. The Lshape problem has been studied in [Pel22], and the author has
shown the following reasonable upper bounds for TL(IFZ)

p2n
FY) <
n.(Fp) < log,,n’

for some large constant m. Now, consider a S = {(0,0), (1,0),(0,1),(0,2)} C F, x Fp,
it is easy to verify that S is non-degenerate. Then the Lshape problem can be seen
as a special case of generalized multidimensional Szemerédi problem. In other words,
we have 71,(F)) = rg(Fy). We denote by Hishaper, the directed 4-uniform hypergraph
corresponding to the Lshape problem over Fj x F.

Another shape we can consider is the square shape which is obtained by taking a
non-degenerate set S = {(0,0),(1,0),(0,1),(1,1)} € F, x F,. Let ro(F}) be the size
of largest subset of I} x F}} that does not contain nontrivial configuration of the form
{(@,y), @+ A y), (z,y+A), (z+ A,y + A)} for some z,y, A € Fy and A # 0". It is easy to
verify that ro(F)) = rs(FF;). The problem of determining 7(IFy)) is often referred to as the
square problem. Denote by Hgquare,r, the directed 4-uniform hypergraph corresponding
to the square problem.

The square problem can also be considered as a generalization of Graham’s ques-
tion [[5rd73] over ). Namely, in an integer grid [N] x [N], is it true that for any § > 0,
there exists Ny = No(9) such that for any set A C [N] x [INV], of size at least 0N where
N > Ny, one can find a quadruple of the form {(z,y), (z+ A, y), (z,y+A), (x+ A, y+A)} in
A for some A # 0. An affirmative answer for this question can be found in [BB07, Prel5).
For more information, we refer the reader to [Shk15, SS21].

3.3 Lower bounds on Shannon capacity from combinatorial
degenerations

We discuss three methods to obtain lower bounds on the Shannon capacity of directed
k-uniform hypergraphs: the combinatorial degeneration method, the acyclic set method
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and the probabilistic method. We apply these methods to the problems of constructing
large corner-free, Lshape-free, square-free sets. As a consequence of the construction of
corner-free set, we provide a better NOF communication protocols for the Eval function.

3.3.1 Combinatorial degeneration method

We first introduce the combinatorial degeneration method for lower bounding the Shan-
non capacity. Combinatorial degeneration is an existing concept from algebraic complexity
theory introduced by Strassen in [Str87, Section 6, in particular Theorem 6.1]°. In that
original setting it was used as part of the construction of fast matrix multiplication algo-
rithms [BCS97, Definition 15.29 and Lemma 15.31], and, in a broader setting, combinato-
rial degeneration was used to construct large induced matchings in [ASU13, Lemma 3.9],
[AW18, Lemma 5.1] and [CVZ18, Theorem 4.11]. However, we will be using it in a novel
manner in order to construct independent sets instead of induced matchings. We will
subsequently apply the combinatorial degeneration method to get new bounds for the cor-
ner, square, Lshape problems. We expect the method to be useful in the study of other
problems besides these problems as well. First we must define combinatorial degeneration.

Definition 3.3.1 (Combinatorial degeneration). Let Ii,...,I; be finite sets. Let ® C
U CI x---x 1. Wesay that ® is a combinatorial degeneration of ¥, and write ¥ > ®,
if there are maps w; : I; — Z (i € [k]) such that for every x = (x1,...,2) € I} X --- X I,
if x € U\ @, then Zle u;(x;) > 0, and if x € @, then Zle u;(z;) = 0.

Example 3.3.2. As a quick example of a combinatorial degeneration, let

@ = {(0,0,0), (1,1,0),(1,0,1)},
¥ = {(0,0,0), (1,1,0), (1,0,1), (0,1, 1)}.

Then we have a combinatorial degeneration ¥ > ® by picking the maps u1(0) = uz(0) =
uz(0) =0, and ui(1) = —1, ua(1) = usz(1) = 1.

We apply combinatorial degeneration in the following fashion to get Shannon capacity
lower bounds:

Theorem 3.3.3 (Combinatorial degeneration method). Let H = (V, E) be a directed k-
uniform hypergraph. Let S CV. Let ¥ = EU{(v,...,v):v €V} andlet & = {(v,...,v):
v € S} and suppose that ¥ > ®. Then ©(H) > |S].

Proof. Let u; be the maps given by the combinatorial degeneration ¥ > ®. Let n be any
multiple of |S|. Let (z(M,... 2®) € U®" Suppose for every i € [k] that the n clements
in the tuple () = (xgi), . ,:rgf )) are uniformly distributed over S, so that every element
of S appears n/|S| times in (Y. Then, using that Zle u;(s) = 0 for every s € S and the

3The precise connection to [Str87] is as follows. Strassen defines the notion of M-degeneration on
tensors. In our terminology, a tensor is an M-degeneration of another tensor, if the support of the first is a
combinatorial degeneration of the support of the second. The terminology “combinatorial degeneration”,
which does not refer to tensors, but rather directly to their supports (hence the adjective “combinatorial”),
was introduced in [BCS97, Definition 15.29].



36

uniformity of (¥, we have

k

n ) n k
SN wiel) = @ZZW(S) = 0. (3.3)

i=1 j=1 s€S i=1

For every j € [n], since (:U;l), - ,:rg-k)) € U, we have Zle ul(xy)) > 0. Suppose that there

is an index j € [n] such that (xg-l), ce xgk)) ¢ ®. Then

-i)) > 0.

]
£
—
8
oL~

As a consequence, » ., Zle uz(xgz)) > 0, which contradicts (3.3). Thus the uniform

strings in S™ form an independent set in H®". There are

< S5 )2 5] _
e o (n+1)5l

such strings. The inequality follows from the fact that the largest multinomial coefficient

is the central one, i.e., (m n”\s|) < (L‘ " Ll) and the number of possible partitions of n
3oy [ST2 TS

into |S| parts is at most (n 4 1)5. O

Remark 3.3.4. The above proof of Theorem 3.3.3 gives in fact the precise lower bound

S

a(H®) > CFRER

(3.4)

This lower bound is optimal up to a poly(n) factor. The following more careful analysis
improves this poly(n) factor, but may safely be skipped when the reader is satisfied by
the lower bound of (3.4).

We may without loss of generality assume that S = V. For p € Z, let [V"]Z(f) C V"™ be
the subset of all elements (z1,...,z,) € V" such that Z;‘L:1 ui(z;) = p. Forpr,...,pr € Z,

we let [T®"], . C U®" denote the subset of all elements (z1),... z(®)) € ¥®" guch
that for every i € [k] we have } 0, uz(ajy)) = p;. Thus [T®"], . =¥®"N ([V”]I(yll) X
coe X [V”]I(,]f)). Then
U= || [
P1-5Pk
and from the definition of a combinatorial degeneration we get

PO = |_| [\Il®n]p1a---7pk' (3.5)
LoDk
Z?:1 pi=0
Since @™ only contains elements of the form (z,...,z), we see that if [T®"], . #0
and Zle p; = 0, then the elements of [U®"], . are all the elements (z,...,z) going

over all z € NF_ [V, Thus a(H®") > [, . p.| for any choice of py,...,px such
that Y% p; = 0.
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One good choice of py, ..., p is obtained as follows, and lets us recover the lower bound
in (3.4). For notational simplicity we are still assuming S = V. Let (z1,...,z,) € V" be
any element that is uniform on S. For every i € [k] let p; = >_%_; ui(z;). Note that for
every i € [k] the value of p; remains the same if we had picked another uniform element
(x1,...,2y) € V™. We claim that Zle p; = 0. To prove this, let (z1), ... z*)) € ¥" be
any element for which every z(® is uniform on S. Then in the same way as in (3.3) we
have pr + - +ppr =32, >, ui(xﬁ»l)) = 0, using that for every s € S we have ) . u;(s) = 0.

Finally, note that [¥®"], . contains all elements (z(!), ..., 2*)) € U®" for which every
2@ is uniform. Therefore, with this choice we recover a bound that is at least as good as
(3.4).

Another choice of py,...,pr (that leads to an incomparable lower bound) is obtained

as follows. Note that if [¥®"],, ., # 0, then nmingey u;(z) < p; < nmaxzey ui(z).
Thus the number of nonzero summands in (3.5) is at most ¢, S‘nk_l for a constant c|g| that

depends only on |S|. Therefore, there is a choice of p1, ..., pr with Ele p; = 0 such that

L I
C|S|nk71 - C|S|nk71

a(H™) > [0, | =

which improves on (3.4) in some parameter regimes.

In order to construct combinatorial degenerations we employ integer linear program-
ming. For any directed k-uniform hypergraph H = (V, E), we naturally define S(H) to
be the size of the largest subset S C V such that {(v,...,v) : v € S} is a combinatorial
degeneration of £ U {(v,...,v) :v € V}. Clearly, ©(H) > B(H) by Theorem 3.3.3.

To state the integer program, we let ¢ be a variable that takes values in {0, 1}|V| and
let uq,...,us be variables that take values in ZIVl. We choose M € N large enough. The
parameter 3(H) can be then computed by the following integer linear program:

max > ey t(i)
subject to wi (i) + - Fug(iy) >1 V(i1,...,ix) € E, | (3.6)
1—t() <up(i) 4+ +up(i) <M(IA—-t@l) VieV

Indeed, if (¢,u1,...,ux) is a feasible solution of the program (3.6), then {(v,...,v) :
v € S} is a combinatorial degeneration of E U {(v,...,v) : v € V} by choosing k integer
maps ui,...,u,, where S = {i € V : t(i) = 1}. Therefore, one has f(H) > A (A is a
maximum value of program (3.6)). On the other hand, for any S C V such that if there
is a combinatorial degeneration from E U {(v,...,v) :v € V} to {(v,...,v) : v € S} with
k integer maps ui,...,uy, by defining t € {0,1}V] so that t(i) = 1 iff i € S, we have
(t,uq,...,uy) is a feasible solution of the program (3.6). Thus, S(H) < A.

As a first application of the combinatorial degeneration method, we prove the following
new bound for corners over F%y and F.

Theorem 3.3.5. O(Hcor ) > 7.

In other words, 7"/poly(n) < r,(F%). This improves on the lower bound 6.6522" <
r,(F%) that can be obtained from Edel’s construction of cap sets [Ede04] and Lemma 3.2.12.
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As a consequence of the new lower bound, we find the bounds ¢, (F%) < O(poly(n)(2)")
and D3(Evalpr) < nlog(9/7) + O(logn) < 0.37n + O(logn). Previously, only the weaker
bound D3 (Evalpr) < n + O(logn) was known [LPS18].4

Proof. Let U be the support of the adjacency tensor of Heor .. We label each pair (a,b)
for a,b € {0,1,2} by the integer number 3a + b. The hypergraph Hco r, has vertex set
V' ={0,1,3,4,5,6,7,8} and the set ¥ is given by
‘IJ = {(0’ O’ 0)7 (17 ]'7 )7 (2’ 2’ 2)’ (37 37 3)’ (47 47 4)7 (57 57 5)’ (6’ 67 6)7 (7’ 7’ 7)7 (87 87 8)7
(0,3,1),(0,6,2),(1,4,2),(1,7,0),(2,5,0),(2,8,1),(3,6,4),(3,0,5), (4,7,5),
(4,1,3),(5,8,3),(5,2,4),(6,0,7),(6,3,8),(7,1,8),(7,4,6), (8,2,6),(8,5,7)} .
Let S C V(Hcorr,) be the subset consisting of the following seven vertices:

S :={0,1,2,3,4,7,8}.

One directly verifies that the maps u; : V — Z provided in the following table give a
combinatorial degeneration from ¥ to ®g = {(v,v,v) : v € S}.

vertex w1l

<
¥
I
)

0 -5 1 4
1 -5 4 1
2 -5 1 4
3 -5 5 0
4 -3 2 1
5 —1 5 )
6 -1 5 5
7 -3 2 1
8 -5 5 0
We conclude that ©(Heorry) > 7. O

In the previous proof we only considered the first power of the relevant hypergraph.
For the next result we will be able to get good bounds by considering higher powers.

Theorem 3.3.6. 6(H§§,F2) > 11 and B(HE)?;’]FZ) > 39, as a consequence O(Heorr,) >
3.39.

In other words, 3.39"/poly(n) < r,(F%). As a consequence, we have the upper bound
c/(F3) < O(poly(n)1.18") for the corner problem and the upper bound D3(Evalpy) <
0.24n + O(log n) for the Eval problem.

Proof. Let H = Heorry X Heorp,- We will show §(H) > 11, which implies ©(Hcorr,) >
v/ 11. Let ¥ be the support of the adjacency tensor of H. Then ¥ is this rather large set

*We note that the NOF protocol in [ACFN15] for Evalpy does not in any direct way generalize to Evalgy
as far as we know.
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S = {(0,0),(0,1),(1,0),(1,2),(1,3,)(2,0),(2,1),(2,2),(3,1),(3,2),(3,3) } .

One directly verifies that the maps wu;

: {0,1,2,3}? — Z provided in the following table

give a combinatorial degeneration from ¥ to ®g := {(v,v,v) : v € S}.

(v1,v2,v3) € ¥ again,

together with the evaluation (u1(v1), u2(v2), ug(v3)), the sum of the evaluations >, u;(v;),

and whether e is in ® or in ¥\ &:
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,
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— ,
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We make it easier to verify this by listing every element e
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(H) be the subset consisting

>39. Let SCV

X3
cor,F3

H

For the construction to prove [3(

Indeed, we see that ), u;(v;) is always nonnegative, and equals 0 if and only if (v, v2, v3) €
)
of the following thirty-nine vertices:

®. Therefore we obtain S(H) > 11.

S = {(0,0,0),(0,0,1),(0,0,2),(0,1,0),(0,1,2),(0,1,3),(0,2,1), (0,2, 3), (0, 3,0), (0,3,1),

(0,3,3),(1,0,2),(1,1,0),(1,1,1),(1,1,3),(1,2,1),(1,2,2),(1,2,3),(1,3,1), (1, 3,2),

(1,3,3),(2,0,0),(2,0,1),(2,0,3),(2,1,2),(2,1,3),(2,2,0),(2,2,2),(2,3,0),(2,3,2),

(2,3,3),(3,0,0),(3,0,1),(3,0,2),(3,1,2),(3,2,0),(3,2,1),(3,2,3),(3,3,2) }.

: {0,1,2,3}3 — Z provided in the following table

One directly verifies that the maps w;

X3
c

H

)} U E(

X3
c

H

) to

or,[F

or,[F%

v e V(

give a combinatorial degeneration from ¥ = {(v,v,v)

{(v,v,v) : v € S}.

g =
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vertex ul ug us vertex ul U us3
(0,0,0) 1 —4 3 (2,0,0) 5 -5 0
(0,0,1) —15 —4 19 (2,0,1) —4 4 0
(0,0,2) -3 —-17 20 (2,0,2) 20 20 20
(0,0,3) 20 20 20 (2,0,3) —15 5 10
(0,1,0) -5 7 -2 (2,1,0) 20 20 20
(0,1,1) 20 20 20 (2,1,1) 20 20 20
(0,1,2) -5 20 —15 (2,1,2) -9 7 2
0,1,3) 1 0 —1 (2,1,3) 1 1 —2
(0,2,0) 20 5 20 (2,2,0) 2 5 -7
(0,2,1) 5 —4 -1 (2,2,1) 20 20 20
(0,2,2) 20 20 7 (2,2,2) 9 1 —10
(0,2,3) 1 18 —19 (2,2,3) 20 20 20
(0,3,0) —4 3 1 (2,3,0) —4 0 4
(0,3,1) 20 —-20 O (2,3,1) 20 20 20
(0,3,2) 20 20 20 (2,3,2) 4 —10 6
(0,3,3) 20 —-20 0 (2,3,3) 12 -9 -3
(1,0,0) 20 20 20 (3,0,0) 15 —-16 1
(1,0,1) 20 20 20 (3,0,1) —19 6 13
(1,0,2) -2 —14 16 (3,0,2) -3 —-17 20
(1,0,3) 9 20 20 (3,0,3) 3 20 20
(1,1,0) —16 20 —4 (3,1,0) —1 19 20
(1,1,1) 0 1 —1 (3,1,1) 20 20 13
(1,1,2) 20 20 20 (3,1,2) —17 -3 20
(1,1,3) —4 5 -1 (3,1,3) 20 20 20
(1,2,0) 20 20 20 (3,2,0) —2 4 —2
(1,2,1) —5 1 4 (3,2,1) 8 7 —15
(1,2,2) 18 2 —20 (3,2,2) 9 20 20
(1,2,3) 20 0 —20 (3,2,3) 10 0 —10
(1,3,0) 20 20 20 (3,3,0) 20 20 20
(1,3,1) —4 —11 15 (3,3,1) 20 20 20
(1,3,2) 1 2 -3 (3,3,2) -7 —2 9
(1,3,3) 20 —-15 -5 (3,3,3) 20 20 20

O]

We can see that any lower bound for corner problem is also a lower bound for the Lshape
and square problems. In Table 3.1, we compute the values of S(H) and independence
number «(H) for hypergraphs H = {corner, square, Lshape} over G = F,, on some small
values of p. As far as we know, these values in the table are the best-known lower bounds

for these problems.

corner square Lshape

p B(Hcor,]Fp ) a(Hcor,IFp ) B(quuare,IFp) « (quuare,IFp ) | B (HLshape,]Fp ) a(HLshape,FP )
2 3 2 3 3

3 7 6 7 6 7 6

4 12 8 12 10 12 8

5 19 12 20 16 21 15

7 37 22 38 28 42 28

8 48 26 48 37 48 32

9 61 36 62 45 63 41

Table 3.1: The value of §(H) and a(H) for H = {corner,square, Lshape} over F, for

p < 10.

Moreover, over F3 we can compute the 3(H®?) for hypergraph H = {square, Lshape}
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to obtain a better lower bound for the square and Lshape problems. Namely,

Lemma 3.3.7. We have, 3(H*? ) = 58 and B(Hl%lszhape r,) = 59. As a consequence,

square,F3

ro(F3) > 7.61" /poly(n), n,(F§) > 7.68" /poly(n).

For any directed k-uniform hypergraph H, it is clear that a(H) < B(H). The
combinatorial degeneration method has shown improvements on the lower bounds for
corner, square, Lshape hypergraphs compared to using the independence numbers in the
Table 3.1. On undirected hypergraphs (e.g. cap set hypergraph), we show that there is no
difference between the combinatorial degeneration method and the independence number
method.

Theorem 3.3.8. For any undirected k-uniform hypergraph H, then S(H) = «(H).

Proof. 1t is clear that a(H) < S(H) for any undirected k-uniform hypergraph H. Let S be
a set such that there is combinatorial degeneration from V(H)UE(H) to S. Let ug, ..., uy

be maps corresponding to the combinatorial degeneration. For any k vertices v1,..., v in
S, we will prove (vy,...,v;) ¢ E(H). Indeed, assume that there is an edge (v1,...,vg),
since H is an undirected hypergraph, so for any 7 € & we have (vr(1), ..., Vx(x)) also in

E(H). On the other hand, since (v1,...,v;) € E(H), this implies Zle ui(vg(;y) > 0 for
any 7 € &y, thus ) s, Zle u;(Vr(sy) > 0, which contradicts with Ele u;(v) = 0 for
all v € S. Therefore, the set S is an independent set of H and a(H) > $(H), this proves

the claim.
O

We have yet to develop structural understanding of how the above combinatorial de-
generations that exhibit the new capacity lower bounds arise, and leave the investigation
of further generalizations and improvements to future work. As a partial remedy to our
limited understanding, we introduce in the next section the acyclic method as a tool to
construct combinatorial degenerations. While the acyclic method does not recover the
bounds of Theorem 3.3.6 and Theorem 3.3.5, it has the merits of being transparent and
simple to apply.

3.3.2 Acyclic set method

The acyclic set method that we are about to introduce is modeled on the fact that the
Shannon capacity of a directed graph G is at least the size of any induced acyclic sub-
graph of G [BMS85]. We introduce the concept of an acyclic set in a directed k-uniform
hypergraph as an extension of the notion of an induced acyclic subgraph.

Definition 3.3.9. Let H be a directed k-uniform hypergraph. We associate to H the di-
rected graph G with vertices V(G) = V(H) and edges E(G) = {(a1,a2) : (a1,az,...,ax) €
E for some ag, ...,a}. For any subset A C V let H[A] denote the subhypergraph of H
induced by A, that is, H[A] is the directed k-uniform hypergraph with vertices S and
edges ENA**. We call a subset A C V an acyclic set of H if the directed graph Ghia) is
a directed acyclic graph.
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Note that, if A is an independent set of H, then E(H[A]) = () and thus E(Gg4)) = 0,
and in particular A is an acyclic set of H. On the other hand, acyclic sets are not
necessarily independent sets. However, the existence of an acyclic set does imply strong
lower bounds on the Shannon capacity (via combinatorial degeneration, as we will see):

Theorem 3.3.10. Let H be a directed k-uniform hypergraph. For any acyclic set A of
H, we have O(H) > |A|.

Theorem 3.3.10 follows directly from the combinatorial degeneration method (Theo-
rem 3.3.3) and the following lemma:

Lemma 3.3.11. Let H = (V, E) be a directed k-uniform hypergraph. Let A be an acyclic
set of H. Then there is a combinatorial degeneration from E U {(v,...,v) : v € V} to
O ={(v,...,v) v e A}

Proof. We may assume that A =V = [n]. The proof for the case that A C V' is a simple
adaptation. Recall that we construct the directed graph G associated to H with the same
vertex set as H and the edges as follows: for every edge e = (aj,aq,...,ax) in H we add
the edge (a1,a2) to G. Since V' is an acyclic set we have that G is a directed acyclic graph.
Therefore, we have a topological ordering on the vertices of G. A topological ordering is a
total ordering > on the vertices such that if (u,v) forms an edge then u < v. Assume that

this ordering is 1 > 2 > --- > n. For each vertex i € [n], we define u;(i) = —i, ua(i) = 1,
us(i) = -+ = ug(z) = 0. For every i € [n] we clearly have uq (i) + ua(i) + - - + ug(i) = 0.
For each edge e = (a1, aq,...,ax) in H we have uj(a1) +ua(az) + - - - +ug(ax) > 0 because

of the topological ordering and since we have the edge (ai,as) in G. Therefore we have
a combinatorial degeneration from E U {(v,...,v) : v € V} to {(v,...,v) : v € V}. For
the case A C V the proof is similar except that we define w1 (), u2(7), ..., ur(7) to be some
large integer number for each ¢ € V'\ A. O

As can be seen from the proof of Lemma 3.3.11, the combinatorial degenerations that
result from acyclic sets have a special form, and in particular the acyclic set method does
not recover the full power of the combinatorial degeneration method. However the acyclic
set method is much easier to apply than the combinatorial degeneration method. For
example, we can use the acyclic set method to quickly see that ©(Hcor ,) > 3. Namely, it
is verified directly that the set S = {0, 1,2} of size three is an acyclic set in Heo ,, which
implies the claim by Theorem 3.3.10.

Finally, we note that for directed graphs (k = 2) the combinatorial degeneration
method can be used to characterize whether the Shannon capacity is full or not.

Theorem 3.3.12. Let G = (V, E) be a directed graph. Then O(G) = |V| if and only if
there is a combinatorial degeneration from E U {(v,v) :v € V} to {(v,v) :v € V}.

Proof. The if direction follows directly from Theorem 3.3.3. For the only if direction,
it is shown in [BMS&5] that if ©(G) = |V, then G is an acyclic graph. Then, applying
Lemma 3.3.11 for k = 2 proves the claim. O

Remark 3.3.13. We note that for any directed graph G = (V, E), by Theorem 3.3.12 and
Lemma 3.3.10, the graph G is acyclic if and only if there is a combinatorial degeneration
from {(v,v) :v € V}UE to {(v,v) : v € V}. In other words, the notion of combinatorial
degeneration in directed k-uniform hypergraphs can be seen as a generalization of the
notion of acyclicity in directed graphs.
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3.3.3 Probabilistic method

We finish this section with a simple and general method for obtaining lower bounds on the
Shannon capacity. For any element g € G, the set {(g,g + \) : A € G} is an independent
set of Heor,i, and therefore we have ©(Heor,), ©(Hsquare,), O (HLshape,) are at least |G/,
which we think of as the trivial lower bound. By using a simple probabilistic argument
(which does not use much of the structure of Hcor ), we show the following nontrivial
lower bound for G(HCOI,G)v @(quuare,G)> G(HLshape,G)'

Proposition 3.3.14. For any finite Abelian group G, we have all quantities O(Heor i),
O(Hsquare,cd), ©(Hishape,c) are at least |G\3/2.

Proof. Let |G| = m and n € N. We will show that ©(Heor.¢) > |G|*/?, as a consequence
we also have ©(Hgquare,); ©(HLshape,c) are at least \GF’/Q.
Recall that the hypergraph H®” . has vertices given by the elements of G x G™ and

cor,G
edges given by the corners in G" x G". Let p =1/4/3(m™ — 1) and choose the subset A of
V(H®" ) randomly by choosing any element (g1, g2) € G™ x G™ to be in the set A with

cor,G

probability p. Let H4 be the directed subhypergraph of H E)?,G induced by A. We have
E[|[V(H4)|] = m®p. Let e be any edge of H>" .. Then e is of the form

cor,G*

e=((g1,92), (91 + X, 92), (91,92 + A))

for some g1, g2, A € G™ and A # 0. Since (g1, 92), (91 + A, g2) and (g1, g2 + A) are different,
and for each the probability of being in A is p, we have that Prfe € E(Ha)] = p’.
Therefore, since ]E(HE?G” = m?*(m" — 1), we have E[|E(H,)|] = m*"(m™ — 1)p3. On

the other hand, for any hypergraph H we have a(H) > |V(H)| — |E(H)|. Therefore

. 2m2n
a(Her ) = B[V (HA)|| - E[|[E(HA)|] = — s .
3y/3(mn —1)
Thus find the lower bound ©(Hcor,) = limy, o0 a(HgE;’;G)l/” > m3/2, a

The idea in the proof of Proposition 3.3.14 to apply the probabilistic method to lower
bound the number of remaining elements after a “pruning” procedure (in this case, pruning
vertices that induce edges) goes back to [CW87]. A similar probabilistic method construc-
tion is the driving component in the recent new upper bound on the matrix multiplication
exponent w [AW21].

In terms of the corner problem, the lower bound on the Shannon capacity in Propo-
sition 3.3.14 for G = Fy corresponds to the upper bound c,(F}) < O(n2"/?) (via Propo-
sition 3.2.8). This upper bound is similar to the bound provided in [LPS18, Corollary 26
in the ITCS version].

Remark 3.3.15. The proof of Proposition 3.3.14 directly extends from 2-dimensional
corners to k-dimensional corners, which are sets of the form

{(.%'1,.%2,...,:Bk),($1—i—)\,:L'Q,...,xk),...,(xl,l‘g,...,xk—|—>\)}.
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From a similar probabilistic method argument as in the proof of Proposition 3.3.14,
choosing each (z1,...,2;) € (G™)** independently at random with probability p =
1
we get

[(k+1)(|G|"=D)] /%

kG kn
""k,l(Gn) > | |
G/ (k + 1)

ktl o
k

where 71, ,(G™) is the size of the largest k-dimensional corner free set in G"**. As a
consequence one has O(Hy cor,c) > |G|F=1/% where Hj, cor,¢ 1s directed (k + 1)-uniform
hypergraph that construct for the k-dimensional corner.

Just like the Eval problem on 3 players is closely related to 2-dimensional corners in
(G™)*2, the Eval function on k + 1 players is closely related to k-dimensional corners in
(G™)*k. By a similar argument as the proof of Lemma 3.2.9 we have that the k + 1 player
NOF complexity is upper bounded by Dj;(Evalgn) < k + ¢, ,(G"), where ¢ ,(G") is
minimum number of colors that we can use to color (G™)** such that no k-dimensional
corner is monochromatic. We also have similar to Proposition 3.2.8 the relation between
rk,,(G™) and ¢ ,(G™) given by

’G|k”
Tkyl(Gn)

which is proved in [LPS18]. Furthermore from the lower bound of rj ,(G™), we have

nk|G|" log(|G1)

< ep s (GM) < ,
>~ Ck,é( ) = T']g74(Gn)

1
Dy (Evalgn) < %log |G| + logn + loglog |G| + (1 + E)log(l +k)+Ek.

If we take k = logn (for instance), then Dyi1(Evalgn) < (22 log |G| + O(logn), that is,
we obtain a sublinear upper bound for Dieg, (Evalgn) in n.
We note that when G = [, a better lower bound for ry, ,(Fy) with k = logn is given

by [ACFN15]. Namely, the authors showed that ry,_,(F3) > 2" for some constant ¢ > 0.

nclogn

3.4 Limitations of current upper bound methods for Shan-
non capacity

Our result in this section is a strong limitation of current tensor rank methods to effectively
upper bound the Shannon capacity of hypergraphs. This limitation is caused by induced
matchings and applies to various combinatorial problems including the corner problem.
The main point is to describe the induced matching barrier and apply it to the corner
problem.

3.4.1 Induced matchings and tightness

Now we discuss the notion of induced matchings and tight sets. Then we will discuss
Strassen’s theorem that gives a construction of large induced matchings under a tightness
condition.

Let H = (V, E) be a directed k-uniform hypergraph with adjacency tensor A. Let ®x
be the support of A. A subset D C & is called a matching if any two distinct elements



46

a,b € D differ in all k coordinates, that is, a; # b; for all ¢ € [k]. We call a matching
D C &y an induced matching if D = &N (D1 X - x Dy), where D; = {a; : a € D} is the
projection of D onto the i-th coordinate. We denote by Qpy(®g) the maximum size of
an induced matching D C ® . The quantity Qpn (P ) is called induced matching number
of H.

For two directed k-uniform hypergraphs G = (Vig, Eg) and H = (Vi, Eg), let ¢
and @y be the support of the adjacency tensors of G and H, respectively. We define the
product @ x Py C (VexVg)x---x (Vax V) by ®ax @y = {((a1,b1),..., (ak,bg)) 1 a €
dg,b € @y} The asymptotic induced matching number of H is defined as Qp(®p) :=
limy, 00 QIM((I);In)l/n = sup, QIM((I)]X{n)l/n

The induced matching number should be thought of as the combinatorial version of
the subrank, which was introduced in section 2.2, as follows. Let ® g be the support of the
adjacency tensor Ay of a directed k-uniform hypergraph H. Then the induced matching
number Qv (®Pg) is the largest number n such that (n) can be obtained from Ay using a
restriction that consists of matrices that have at most one nonzero entry in each row and
in each column. Therefore, Qu(Pr) < Q(Ap).

Lemma 3.4.1. Let H be a directed k-uniform hypergraph and Ag be its adjacency tensor
with support @ = supp(Ag). Then

O(H) < Qu(®n) < Q(An).

Proof. We begin with the first inequality. Let S be an independent set of H*". We have
5" = supp(A5"). Thus "N (S x S---x S) ={(a,...,a) : a € S}. This means that
1S] < Quu(®5"). We conclude ©(H) < Qni(®r). The second inequality follows from the
already established inequality Qu(®r) < Q(Ag). O

Next, we discuss tight sets, a notion introduced by Strassen [StrO1].

Definition 3.4.2 ([Str91], see also [CVZ18]). Let Iy,..., I} be finite sets. We call any
subset ® C I x -+ x I}, tight if there are injective maps w; : I; — Z for every i € [k] such
that:

ui(ar) + -+ + ug(ag) = 0 for every (ai,...,ax) € ®.

When @5 is tight, the asymptotic induced matching number is essentially known, and
can be described as a simple optimization. To explain the precise formula we recall some
definitions.

For any finite set X, let P(X) be the set of all distributions on X. For any probability
distribution P € P(X) the Shannon entropy of P is defined as H(P) := — )y P(x)logy P(x)
with 0logy 0 = 0. Given finite sets I,..., I} and a probability distribution P € P(I; x
-+ X I) on the product set I X --- X I, we denote the marginal distribution of P on I;
by P, that is, P;(a) = }_,., _, P(z) for any a € I;.

Theorem 3.4.3 ([Str91]). Let H be a directed 3-uniform hypergraph. If ® is tight, then

O (P pr) = in 2H(P:)
Qi) = B0, 28
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In particular, Theorem 3.4.3 implies that, for any directed 3-uniform hypergraph H =
(V, E) if there is a distribution P on ® g such that every marginal distribution F; is uniform
on V, then @ has asymptotically maximal induced matchings.

Note that Theorem 3.4.3 only applies to directed k-uniform hypergraphs for k = 3. For
the higher-order case k > 3, an extension of the lower bound of Theorem 3.4.3 was proven
in [CVZ19a, Theorem 1.2.4], by expanding the work of Coppersmith and Winograd [CW87]
and Strassen [Strol1].

Theorem 3.4.4 (Higher-order CW method [CVZ19a] ). Let ® C I x --- X I} be a
nonempty tight set. Let uq,...,ux be injective maps such that

ui(ar) + -+ - +ug(ag) =0 for every (ai,...,ax) € ®.
For any R C ® x @, let (R) be the rank over Q of the |R| x k matriz with rows
{’LL(.CL‘) - u(y) : (l‘ay) € R}a

where u(x) == (uy(x1),...,up(xs)) € ZF. Then

- maxQedy p. . py H — H(P
logy Qp(®) > max (H(P)(k2) max LN C) ( )> (3.7)

~ PeP(®) RER(®) r(R)

where the parameters R and Q are taken over the following domains:

e R(®) is the set of all subsets R € ® x ® such that R € {(x,z) : * € ®} and
RC{(x,y) € & x P :x; =y;} for some i € [k]

® Dr(p,,...p,) is the set of probability distributions on R € ® x ® with marginal distri-
butions equal to Py,..., P respectively.

3.4.2 Tight tensors: corner, square, Lshape

We will first apply Theorem 3.4.3 to the corner problem. Before that, we see how the
tightness property is satisfied by the corner problem.

Theorem 3.4.5. For any finite Abelian group (G,+), let @y, .
adjacency tensor of Heor . Then the set Oy 18 tight.

cor,G

be the support of the

Proof. Let m = |G| and ¢ be a bijection between G and {0, 1,...,m —1}. We define

u1((91, 92)) = #(91) + meo(g2)
us((g1, 92)) = m*¢(g1 + g2) — me(g2)
u3((g1,92)) = —m*@(g1 + g2) — d(g1) -

It is easy to check that the maps w1, uo, ug are injective and that for every triple of pairs
(91,92), (91 + A, 92), (91,92 + A), it holds that

u1((g1,92)) +u2((g91 + A, 92)) +us((g91,92 +A)) =0.

This proves the claim. O
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As a result of Theorem 3.4.5 and Theorem 3.4.3, we have that the asymptotic induced
matching number of the corner hypergraph is maximal:

Corollary 3.4.6. For any group G, Qu(Heor.c) = |G|?.

Proof. We know that ®p,, . is tight by Theorem 3.4.5, and so we may apply Theo-
rem 3.4.3. We take P € P(®p,,, ) to be the uniform probability distribution. It then suf-

fices to observe that every marginal distribution P; is also uniform to obtain the claim. [J

In particular, Corollary 3.4.6 implies that no better upper bound on ©(Hcor ) can be
obtained via tools that also upper bound QIM( cor,¢)- Such tools include the slice rank,
the analytic rank, the geometric rank and the G-stable rank. We computed the maximum
independent set and maximum induced matching for H E’;F for small powers n = 1,2,3
(see Table 3.2) and we found that the maximum independent set is strictly smaller than the
maximum induced matching for n = 2 and n = 3. This motivates the search for methods
that go beyond the maximum induced matching barrier. For comparison, we also give the
analogous numbers for the cap set hypergraph Hc,p (which is an undirected hypergraph),
where, interestingly, the maximum independent set and the maximum induced matching
are equal.

X
H(LZ;?) Hco? Fo
n independence induced matching n independence induced matching
1 2 2 1 2 2
2 4 4 2 8 9
3 9 9 3 24 32

Table 3.2: Independence number and induced matching number for small powers of the
cap set hypergraph and corner hypergraph.

Similar to the construction for showing the adjacency tensor of corner hypergraph is
tight. We prove in the following lemma that the support adjacency tensors of square and
Lshape hypergraphs are tight.

Lemma 3.4.7. For any finite Abelian group (G, +), let rghape,g and Psquare,c be the sup-
port of the adjacency tensor of Highape,c and Hyquare,g, Tespectively. Then both ®ighape,c
and Psquare,c are tight.

Proof. Let m = |G| and ¢ be bijection between G and {0,1,...,m — 1}. We define

u1((91, 92)) = ¢(g1) + mo(gz)
uz((g1,92)) = m*¢(g1) — me(g2)
us((g1, 92)) = m*d(g2) — me(g1)
us((g1,92)) = —m*é(g1 + g2) + (m — 1)é(g1) -

It is easy to check that the maps wuj, ug, ug, uy4 are injective and that for every (g1, g2), (91 +
A 92), (91,92 + A), (91, g2 + 2A), it holds that

u1((91,92)) +u2((g1 + A, g2)) +us((g1,92 + A)) +ua((g1, 92 + 21)) = 0.
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This shows that ®rghape, is tight. A similar argument with the maps defined below will
prove the ®gquare,c is tight.

u1((91,92)) = ¢(g1) +me(ga)

((91,92)) = m*¢(g1) — (m — 1)¢(g2)
uz((91,92)) = m°d(g2) — 26(91)
ua((g1,92)) = —m*é(g1 + g2) + d(g1) — ¢(g2) -

d

We have shown that the support of the adjacency tensor of the square and Lshape
hypergraphs are tight in Lemma 3.4.7. Similarly with the corner problem, we can ask
whether QIM((I)Lshape @) or Qp(® square,¢) 18 full or not? One potential approach is to use
the Theorem 3.4.4 for k = 4, but computing the quantity in the right hand side of the
equation (3.7) is nontrivial for both ®gquare,¢ and Prghape,g- Thus, we leave this question
for future work.

In next subsection, we propose a simple and generic method based on fractional cover-
ings that in principle, does not suffer from the induced matchings barrier. For the corner
problem, however, it gives the trivial bound. We use it to give a simple example of a
graph for which the asymptotic induced matching is arbitrarily larger than the Shannon
capacity.

3.4.3 Fractional cover method

We discuss an upper bound method for the Shannon capacity based on the fractional cover
method. The fractional cover method was introduced in [FK00] for finding upper bounds
for the Sperner capacity of directed graphs and further improved in [KPS05]. The method
in [KPS05] is easily extended to upper bound the Shannon capacity of hypergraphs. We
discuss this extension here.

We say that a real-valued function, called 7, on directed k-uniform hypergraphs is
sub-multiplicative if v(GXR H) < ~v(G)y(H) for all G and H.

Definition 3.4.8 (Upper function). Let v be a map from directed k-uniform hypergraphs
to real nonnegative numbers. We say that v is an upper function if ~ is at least the
independence number «, and « is sub-multiplicative.

Lemma 3.4.9. Let Hy,..., H, be directed k-uniform hypergraphs. Let H = H; X Ho K
-+ Hy. Let v be an upper function on directed k-uniform hypergraphs. Then

H)<[[~#
=1

Proof. This follows immediately from the definition of an upper function (Definition 3.4.8).
O

Definition 3.4.10. (Fractional cover). Let H be a directed k-uniform hypergraph with
vertex set V(H). A function g : 2" — Ry is called a fractional cover of V(H) if

> g(U) = 1forallv e V(H),
UeFweU
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where F is the family of all subsets of V(H).
The methods in [KPS05] are easily extended to get the following theorem.

Theorem 3.4.11. For any directed k-uniform hypergraph H, and any upper function -,
we have

O(H) <min »  g(U(H[U)),
UCV (H)

where the minimization is over all fractional covers g of V(H), and H[U] is the directed
k-uniform hypergraph induced by U .

Proof. Let h be a nonnegative integer function from 2V () to Z>q. For s € Z>¢, h is called
an s-cover of V(H) if ;. -, h(U) > s hold for all v € V/(H). Then we have

IIllIl Z [U]) = ngfsmm Z h(U ), (3.8)

UCV(H UCV(H)

where the minimization on the right-hand side is taken over all s-covers h and the min-
imization on the left-hand side is taken over all fractional covers g. Indeed, there is a
fractional cover g of V(H) that takes rational values and achieves the minimum on the
left-hand of (3.8). Therefore, there exists an integer number s such that h(U) = sg(U) is
an integral s-cover of V(H). In the other direction, if h is an s-cover of V(H) then the
function g(U) = h(U)/s is a fractional cover of V(H).

Let h be an s-cover of V(H) and denote U = {Uy, ..., Uy} the multiset of subsets of
V(H) with U C V(H) appearing h(U) times in Y. For any independent set I of H, we
have

m m

> a(H[U]) = a(H[U;N 1)) Z|U NI|> s|I].

i=1 =1

Fix s and let h be a nonnegative s-cover attained by the minimum on the right-hand
side of the equation (3.8). For n € N, let U™ be the multiset of all n-fold Cartesian
products of sets from U. For any A = Uy x Uy X --- x U,, define a function h(")(A) =
h(Uy) - h(Uy) - - - h(U,) then h(™ is an s"-cover of V(H®") and the set A =U; x --- x U,
appear in Y™ with h(A) times. Let I (") be a maximum independent set in H®", we have

SO Y o (L)
X?ZIUL'EU”
= > a(HU]R---RHU,)

xn_ U;eun

Z ﬁ’y(H U

X UseUn i=1

IN

= | > y(H[U])
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Recall that 1™ is a maximum independent set of H¥", by the definition of U, we have

n

a(HE) = 10 < 2 | ST hu)y(H[U)
UCV(H)

This implies

o) <t~ | 3 hUWHW)| =min Y g@nHD)),

s S

completing the proof. O

We give a quick example using the above method of an undirected graph G with
Shannon capacity strictly smaller than the asymptotic maximum induced matching of G.

Example 3.4.12. Let GG be the undirected graph with adjacency matrix

J I
(7 3)

where [ is the n x n identity matrix and J is the n x n all-ones matrix with n > 2. Clearly
O(G) > 2, since {1,n+2} is an independent set and Qpy(G) > n, since {(i,n+1) : i € [n]}
is an induced matching. Therefore, Qp(G) > n. It remains to upper bound ©(G). For
this we will use the fractional cover method.

For any graph H, define v(H) as the matrix rank of the adjacency matrix of H (over
some arbitrary but fixed field). Then « is an upper function, because matrix rank is multi-
plicative under the tensor product. Let Vi = {1,...,n} and Vo = {n+1,...,2n}. Setting

g(V1) =1 and g(V2) = 1 we have that g is a fractional cover of G. By Theorem 3.4.11, we
have

O(G) < g(V1) rank(G[V1]) + g(V2) rank(G[Va]) < 2,

because rank(G[V;]) = rank(G[V3]) = 1. Therefore, we have ©(G) = 2.

3.5 Conclusion

In this chapter, we introduced the combinatorial degeneration method for finding lower
bounds for Shannon capacity of directed k-uniform hypergraph. We then applied this
method to improve the lower bound for the corner, square, Lshape, which are special
case of generalized multidimensional Szemerédi problem. Finally, we pointed out how
induced matchings in hypergraphs pose a barrier for existing tensor tools (such as slice
rank, subrank, analytic rank, geometric rank and G-stable rank) to efficiently obtain an
upper bound on the size of independent sets in hypergraphs. This implies a barrier for
these tools to effectively establish lower bounds on the communication complexity on the
NOF model of the Eval function over any group G.
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Chapter 4

Symmetric subrank of tensors

This chapter is based on joint work with Matthias Christandl, Omar Fawzi, and Jeroen
Zuiddam [CEFTZ21].

4.1 Introduction

As we have seen in Chapter 3, various important problems in combinatorics are special
cases of the problem of determining the independence number of a hypergraph. The
parameter of interest in those problems is the Shannon capacity of the corresponding
hypergraphs. Several tensor methods have been introduced in this context to find good
upper bounds for the independence number, most notably slice rank [TS16], analytic
rank [Lov19], subrank [Str87, Zuil8] and related parameters. We have shown, however,
that all those methods suffer from a barrier that renders them powerless in the case
where the independence number is low but the tensors fitting the hypergraph have large
induced matchings in their support. This “induced matching barrier” calls for an effort
to find methods for upper bounding the independence numbers that can go below the
induced matching number. To go beyond the induced matching barrier, we introduduce
a new notion of tensor rank called the symmetric subrank. The symmetric subrank upper
bounds the independence number of a hypergraph but not the induced matching number;
we propose this method as a route to circumvent the induced matching barrier.

Recall that the subrank Q(f) of a tensor f € F¥ @ --- ® F% measures the largest
number 7 such that the diagonal tensor (r) =Y, ¢;®---Q¢; € F'®---QF" (where the ¢;
form the standard basis of F") can be obtained from f by acting with linear operations
A; B — F" on f, that is (r) = (A1 @ - ® Ag)f, the symmetric subrank Qs(f) of a
tensor f € F¢® --- ® F? we define as the largest number 7 such that there is a linear
map A : " — F" so that (r) = (A®---® A)f. Generally, Qs(f) < Q(f) < SR(f) < d,
where SR(f) denote the slice rank. The relation between the symmetric subrank and the
subrank is analogous to the relation between the symmetric rank and the rank [CGLMOS].
Note that unlike the symmetric rank which only makes sense for symmetric tensors, the
symmetric subrank can be defined for any tensor. We will see that the symmetric subrank
can be used to give an upper bound for the independence number but can still be strictly
smaller than the subrank, of which we give a precise analysis.
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4.1.1 Our results

In this section we discuss our main results on the symmetric subrank, the asymptotic
symmetric subrank for symmetric tensors and the symmetric quantum functional.

Symmetric subrank

We first investigate several properties of the symmetric subrank. It is simple to see that
for a hypergraph H with adjacency tensor Ap, Qs(Ap) provides an upper bound on the
maximum independent set of H. In general, the symmetric subrank Qs(Ag) leads to a
better bound compared to the subrank:

e There exists a directed graph H such that over Fy, Qs(Af) can be smaller than the
maximum induced matching (Example 4.2.3).

e There exists a directed graph H such that over C, Qs(An) < Q(Ax) (Example 4.2.8).
However, in some settings, we can show that they are equal:

e For any undirected hypergraph H on d vertices, then over C, Q(Ay) = d implies
that Qs(Ag) = d (Theorem 4.2.12).

Similar to Comon’s question about tensor rank, which was recently answered negatively
by Shitov [Shil8], we asked to find a symmetric tensor f over C satisfying Qs(f) < Q(f).
Subsequently, we have been informed by Shitov [Shi22] that he can construct such an
example f over C.

Asymptotic symmetric subrank for symmetric tensors

We prove a strong asymptotic connection between the symmetric subrank and the sub-
rank for symmetric tensors. Recall the definition of the asymptotic symmetric subrank
Qs(f) = limy 00 Qs(f®™)Y/™ and the asymptotic subrank Q(f) = lim, o Q(f®™)Y/". The
important property of Qs is that it directly gives an upper bound on the Shannon capacity
of hypergraphs, i.e., for any directed k-uniform hypergraph H, we have O(H) < Qs (Am),
where Ay is the adjacency tensor of H (see Proposition 4.3.2). Over appropriate fields',
for any symmetric tensor f, we can prove that 2 (see Theorem 4.3.4)

Qs(f) = Q)

In fact we prove a far stronger result that the “asymptotic restriction preorder” and the
“asymptotic symmetric restriction preorder” coincide on symmetric tensors, which has
a strong implication in the theory of Strassen’s asymptotic spectra of tensors developed
in [Str&6, Str&8, Str&8, Str9l, Tob9l, Bur90]. (See also the recent works [CVZ18, Zuil8,
WZ21].) Specifically, our result implies that the asymptotic spectrum of symmetric tensors
X, can be obtained as a natural projection of the asymptotic spectrum of tensors. While
this does not immediately tell us what X is (since it is not known whether X contains any

lalgebraically closed of characteristic at least k + 1, where k is the order of the tensor
2The result implies that for undirected hypergraphs (e.g. capset hypergraph) Qs cannot go below the
asymptotic induced matching number.
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elements besides the quantum functionals that were introduced in [CVZ18]), it does give
us a lot of information about how the symmetric and non-symmetric theories interact.

Comon [CGLMO8] conjectured that rank and symmetric rank coincide on symmetric
tensors. Shitov [Shil8] gave a counterexample to Comon’s conjecture. Our results can
be interpreted as saying that Comon’s conjecture is true asymptotically for rank, subrank
and the restriction preorder. This is discussed further in Section 4.3.2.

Symmetric quantum functional

To find upper bounds on Qg, we introduce the natural symmetric analogue of the quantum
functionals of [C'V718] using the diagonal action of the group GLg on (C%)®* instead of the
action of the group GL;k on (C4)®k, The symmetric quantum functional F' applied to a

tensor f € (C%)®F is obtained by constructing the k-partite density operator p(f) = %

and computing the von Neumann entropy of the average of the k marginals. We refer
to Section 4.5 for a precise definition. The symmetric quantum functional does give an
upper bound on the asymptotic symmetric subrank, and thus also on the Shannon capac-
ity of hypergraphs, but unfortunately it gives trivial bounds for corner hypergraph: For
any tensor f, the asymptotic symmetric subrank is bounded by the symmetric quantum
functional (see Theorem 4.5.7):

limsup Qs(f&™)/" < F(f) .

n—oo

However, it cannot overcome the induced matching barrier as we show that for any tensor

f:
lim sup SR(f&™)V™ < F(f) .

n—oo
In particular, when f = Apg, ¢ is the adjacency tensor of corner hypergraph, the
symmetric quantum functional give a trivial bound. In fact, we can show that for sym-

metric tensors f, the asymptotic slice rank is equal to symmetric quantum functional (see
Theorem 4.5.7):

lim sup SR(f&™)V" = F(f) . (4.1)
n—oo
Equation (4.1) also gives an alternative symmetric description of the quantum functional
with uniform weight 6 = (1/k,...,1/k) from [CVZ18] on symmetric tensors. This descrip-
tion may be advantageous in the development of numerical algorithms.

Outline of the chapter. We start by introducing the symmetric subrank and discuss its
basic properties in Section 4.2. Then, in Section 4.3, we analyze the asymptotic symmetric
subrank in a general fashion. Next, we discuss the asymptotic spectrum of symmetric ten-
sors in Section 4.4. Finally, in Section 4.5, we construct a symmetric quantum functional
for tensors and study its properties.
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4.2 Symmetric subrank

In this section we define the symmetric subrank. Then we discuss basic properties and
separations, which we do in three main parts each of which focuses on a subclass of tensors:
non-symmetric (i.e., general) tensors, symmetric matrices and symmetric tensors.

4.2.1 Symmetric subrank

The subrank of a k-tensor f, denoted Q(f), was defined in the Section 2.2 as the size
of the largest diagonal tensor that can be obtained from f by acting with &k linear maps
AW A®) on the k dimensions of f. The symmetric subrank of a tensor is defined in
the same way with the extra requirement that all linear maps A®) must be the same.

Definition 4.2.1 (Symmetric restriction and symmetric subrank). For any two (not nec-
essarily symmetric) tensors f € (F9)®* and g € (F)®*, we say that f symmetrically
restricts to g, and we write ¢ <g f, if there exists a linear map A : F — F¢ such that
g = A®Ff. Thus g <s f if and only if there is an e x d matrix A such that for all
i1,...,1, € [e] we have that

Gir,.ooyiy = E Aiy gy Ay Fivein

J1senJk€[d]

We define the symmetric subrank of f as the largest number r such that the diagonal
tensor (r) is a symmetric restriction of f, that is,

Qs(f) = max{r € N: {r) < f}.

Our main motivation for introducing the symmetric subrank is to upper bound the
independence number of k-uniform hypergraphs:

Proposition 4.2.2. Let H = (V, E) be a directed k-uniform hypergraph with n vertices
with adjacency tensor Ag. Then, a(H) < Qs(Ap), where the symmetric subrank can be
understood over any field F. In fact, for any field F and tensor f € (F™)®* with support
included in the support of Ap and with diagonal entries f; ;=1 for all i € [n], we have

a(H) < Qs(f)

Proof. Let S = {i1,...,i,} be an independent set of H with size r < n. Then take a
matrix B that has size r x n such that Bj;, =1 for all j € [r], and other entries equal
to 0. Then the tensor t = (B®k) - f can be written as tj, ., = fij1»---vijk‘ As S is an
independent set, we have (AH)ijlv--wijk = 1if and only if j; = jo = --- = j;. This means
that ¢t = (r). Moreover, if any hypergraph is obtained from H by deleting some edges,
then its independent number is at least a(H ), which proves the desired result. O

Let H be a directed k-uniform hypergraph with adjacency tensor Ap. Let @ be the
support of Ag. We have seen from Section 2.2 and Proposition 4.2.2 that the symmetric
subrank Qs(Ag) and the subrank Q(Ag) can be used to upper bound the independence
number a(H). However, the Lemma 3.4.1 stated that Q(Ag) (over any field) cannot give
good bounds when Qpy(®g) (recall that Qp(Pg) is the induced matching number of H,
which is introduced in Section 3.4.1) is much larger than «(H). We may thus think of
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Qi (®x) as a barrier for Q(Ag) to give good upper bounds on a(H). Many other tensors
methods (slice rank, partition rank, analytic rank, geometric rank, G-stable rank) are also
lower bounded by this barrier Qp(®g). We will see that indeed the symmetric subrank
Qs(Ap) can be strictly smaller than Qp(®g) in the following example.

Example 4.2.3. Let C5 be the directed cycle graph on vertices {1,...,5} with edge set
{(1,2),(2,3),(3,4),(4,5),(5,1)}. Let

~
I

_ o O O =

OO O = =

OO = = O

O = = O O

_ =0 O O

be the adjacency matrix of Cs over Fo. Then Qpy(®c,) is the size of the largest submatrix
of f that is an identity matrix up to permutation. We see that Qp(®c,) = 3. On the
other hand, we compute directly that Qs(f) = 2 over Fo.

We note that for symmetric tensors, a natural dual to the symmetric subrank called
symmetric rank is well-studied [CGLMO8]. The symmetric rank Rg(f) of a symmetric
tensor f is defined as the smallest number r such that f <g (r). In other words, it is the
smallest number r such that there are r vectors v; so that f =37, U?k.

4.2.2 Symmetric subrank of matrices

In Section 4.2.1, we introduced the symmetric subrank of tensors with the motivation in
mind of using symmetric subrank as a method to upper bound the independence number
of hypergraphs. It is natural to ask whether this method is better than using the subrank
itself. It follows directly from the definition of the symmetric subrank that for any k-
tensor f we have that Qs(f) < Q(f). Can this inequality be strict? Over the finite field
F2, we have seen in Example 4.2.3 that the inequality can be strict. In this and the
following sections we will discuss relations and separations with the ordinary subrank. We
obtain precise results under assumptions about the order, ground field and symmetry of
the tensors.

In this section we consider tensors of order two. These we can simply think of as
matrices via the identification Z” fijei ® ej — (fij)ij. In the language of matrices
the restriction order and symmetric restriction order are given as follows. For matrices
f e Fmxm2 and g € F™*™2 we have f < g if there are matrices A% e F"*™i guch that
f = AWg(APHT  For matrices f € F™™ and g € F™*™ we have f < g if there is a
matrix A € F™™ such that f = AgA”. Note in particular how in this formulation we
multiply on the left by A and on the right by the transpose of A. When A is invertible
and f = AgA” the matrices f and ¢ are often called congruent. However we will allow A
to be non-invertible. The (symmetric) subrank of a matrix f is now the largest number r
such that the r x r diagonal matrix (r) is a (symmetric) restriction of f.

First of all, as a basic fact that we will use later, we note that for any matrix f the
subrank Q(f) equals the usual notion of matrix rank rank(f).

Lemma 4.2.4. Let f be a matriz, then Q(f) = rank(f).
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Proof. Clearly Q(f) < rank(f). It is well-known that by Gaussian elimination we can
find invertible matrices A(® such that f is a diagonal matrix with rank( f) nonzero entries.
Thus Q(f) > rank(f). O

Lemma 4.2.5. Let f be a d x d matriz over an arbitrary field F such that fy o = 0 for all
e [d) and f;j = —fjq for alli # j € [d]. Then Qs(f) =0.

Proof. For any matrix B € F*? let g = BfBT. Then the diagonal entries gy, are zero
for all k. Indeed we have g = Eid ByiByjfij = 0 since f;; = —fj; for all © # j. We
conclude that Qs(f) = 0. O

In particular, if F # Fy, then the condition in Lemma 4.2.5 is equivalent to f = —f7T,

that is, f being skew-symmetric.

Example 4.2.6. It is easy to find a d x d matrix f of full rank that satisfies the condition
in Lemma 4.2.5. Then by Lemma 4.2.5 we have Qs(f) = 0 while Q(f) = d. For example,
for even d we may take f with entries f; 41— =1forall 1 <i <d/2 and f;g11-3 = —1
for all d/2 < i < d and all other entries equal to zero, that is,

00 0 -1
0 -1\ |00 -1 0
<10>’0100’

10 0 0

Lemma 4.2.7. Let f be a non-symmetric d X d matriz over an arbitrary field F. Then

Qs(f) < d.

Proof. Suppose that Qs(f) = d. Then there is a matrix A such that (d) = AfAT. Since
(d) has full rank, A must have full rank. We find that f = A=1{d)(AT)"! = A=1(A~)T
and so f is symmetric. This is a contradiction. O

Example 4.2.8. Let Co,11 be the directed cycle graph with vertex set {1,...,2k + 1}
and edge set {(1,2),(2,3),...,(2k+1,1)} and let f be the adjacency matrix of Coi41 over
any fixed field, so that f is the (2k + 1) x (2k 4+ 1) matrix

1100 - 00
0110 --00
f:....-ti
0000 -+ 11
1000 -~ 01

We have Q(f) = rank(f) = 2k + 1 by Lemma 4.2.4. On the other hand, Qs(f) < 2k + 1
by Lemma 4.2.7.

4.2.3 Symmetric subrank of symmetric matrices

We have seen in the previous section that the symmetric subrank can be strictly smaller
than the subrank for non-symmetric matrices. For symmetric matrices, we now prove
that symmetric subrank and subrank are equal as long as the ground field is quadratically
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closed®, meaning that every element has a square root. Algebraically closed fields are in
particular quadratically closed.

Theorem 4.2.9. For any symmetric matriz [ over a quadratically closed field F # Fo,
Q(f) = Qs(f)-

It follows from Example 4.2.6 that the statement of Theorem 4.2.9 indeed fails over [Fy
if we let f be a full-rank anti-diagonal matrix.
The proof of Theorem 4.2.9 relies on the following theorem.

Theorem 4.2.10 (Ballantine [Bal68]). Let F be a field with size at least 3 and f be a
square matrix of size d over F that is not a nonzero skew-symmetric matriz. There is an
invertible matriz B of size d such that BfB” is a lower triangular matriz that has exactly
rank(f) nonzero elements on its diagonal.

Proof of Theorem 4.2.9. The symmetric matrix f is in particular not a nonzero skew-
symmetric matrix, so we may apply Theorem 4.2.10 to find an invertible matrix B such
that BfBT is lower triangular with exactly rank(f) nonzero elements on its diagonal.
Since f is symmetric, BfB”T is also symmetric. It follows that BfB”T is a diagonal
matrix. Since the ground field is quadratically closed, there is a diagonal matrix C' such
that CBfBTCT is a diagonal matrix with only zeroes and ones on the diagonal. Then
clearly Qgs(f) > rank(f) = Q(f), which proves the claim. O

4.2.4 Symmetric subrank of symmetric tensors

In Section 4.2.3 we proved that the symmetric subrank and subrank coincide on symmetric
matrices over the complex numbers. Extending the notion of a symmetric matrix, a tensor
f € (FH)®F is called symmetric if for all (iy,...,4;) € [d]* and all permutations o of [k] we
have fi, i = fia(l),“,%(k). For symmetric k-tensors f of order k& > 3, we find examples
of strict inequality Qs(f) < Q(f) over finite fields.

Example 4.2.11. Let f=e1 ®ReasQRezt+e1Re3Rest+ea®e; ®ez+e3Qe3Re; +e3®
e1®est+e3®ey®er +e1 ey ®eq, where ej, eg,e3 € IF% is the standard basis of IF%. It is
not hard to verify that Qgs(f) = 1 while Q(f) = 2.

Over the complex filed C. Similar to Comon’s question about tensor rank, which was
recently answered negatively by Shitov [Shilg], we asked to find a symmetric tensor f
satisfying Qs(f) < Q(f). Subsequently, we have been informated by Shitov [Shi22] that
he can construct such an example f over C.

Next, we prove that there is a general case where Qs(f) = Q(f). Namely, for symmetric
complex tensors, if the subrank is maximal, then also the symmetric subrank is maximal,
in the following sense:

Theorem 4.2.12. Let f € (CH)®* be a symmetric tensor. If Q(f) = d then Qs(f) = d.

30ne could consider an alternative definition of symmetric subrank in which the symmetric restriction
order is replaced by the following: let f <! g if and only if there is a matrix A and diagonal matrices
Di,...,Di,E1,...,Epysuchthat f = (E1® - Q ER)(A®---® A)(D1®---® Dg)g. Under this alternative
symmetric restriction preorder, the subrank and (alternative) symmetric subrank become equal for all
symmetric matrices over any field. [CGLMOS8] take a similar approach to this when dealing with the
symmetric rank over the reals (which is not quadratically closed).



59

To prove Theorem 4.2.12 we use a simple corollary of the following theorem.

Theorem 4.2.13 (Belitskii and Sergeichuk [BS06]). Let f, f' € (CH®k be tensors of order
k. If A',..., A* are invertible matrices of size d such that f' = (A™M @ ... @ A™HR)f
for all permutations m € Sy. Then there is an invertible matrix B of size d such that

f'=(B®---®B)f.

Corollary 4.2.14 (Corollary of Theorem 4.2.13). Let f', f € (CH®F be symmetric ten-
sors. If there are k invertible matrices A', ..., AF of size d such that f' = (A'®---@ AF)f.
Then there is an invertible matriz B of size d such that f' = (B®---® B)f.

Proof of Corollary 4.2.14. For any permutation m € &j. We have

(1) (k) o _ 1 k o
Z Ail,jl te Aik,jkfjl,u.,]k - Z Aiﬂ—1(1)7j1 te Aiﬂ,_1(k),jkf]1,..~,]k
s1€ld],....jr€ld] J1€ld],....jr€ld]

_ o
Lr=1(1)rtr—1(k) LLseeeslk "

Therefore f/ = (A™) @ ... @ A™®)f for all 7 € &,. By using Theorem 4.2.13, the proof
is completed. ]

Proof of Theorem /.2.12. Since Q(f) = d, there are k matrices A',..., A¥ of size d x d
such that (d) = (A1) @ ---® A®))f. Suppose that there is a matrix A®) which is not
invertible, then the rank of i-th flattening matrix of (AM ® --- ® A(k))f is smaller than
d — 1, that is, rank(flatten; (A @ --- @ A®))f) < d — 1. But the rank of all flattenings
of (d) are equal to d. Therefore all AW A®) are invertible matrices. By the above
corollary, there is an invertible matrix B such that (d) = (B ® --- ® B)f, this implies

Qs(f) = d. H

Interpretation in terms of homogeneous polynomials

There is a natural identification between symmetric tensors on the one hand and homoge-
neous polynomials on the other hand. A homogeneous polynomial is a polynomial whose
monomials all have the same total degree k. Any symmetric k-tensor f € (F?)®* corre-
sponds uniquely to a homogeneous polynomial of degree k in d variables F' € Flx1, ..., z4]
via the expression:

F(xla--wxd): E : fjl,m,jk " Ljy gt Ly
j17»]k€[d]

We define the symmetric subrank of F', written Qs(F), as the largest number r € N such
that there are d linear forms ¢1(y1,...,vr), ..., La(y1,...,y,) in r variables yi, ..., y,, such
that

F(gl(yl""7y1”)7"'a£d(yla-"ayr)) = ny
i=1

To phrase it differently, the symmetric subrank Qg(F') is the largest » € N such that there
is a matrix A = (a;;);; € F" such that F(A-Y) = 31, y¥, where Y = (y1,...,9)
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and A-Y = (aniy1 + -+ a1rYry - - -y aq1y1 + -+ + agryr). The symmetric subrank for
homogeneous polynomials and for symmetric tensors coincide via the above identification,
in the sense that Qs(F) = Qs(f).

In a similar way, the symmetric rank of a symmetric tensor has a natural interpretation
in terms of the associated homogeneous polynomial [[KX99]. This notion is also called the
Waring rank.

Also the notion of symmetric restriction of symmetric tensors carries over to homoge-
neous polynomials, as follows. Let F' € Flzy,...,2q)x and G € F[y1,...,yqs]r be homo-
geneous polynomials of degree k in d and d’ variables, respectively. We say that F is a
symmetric restriction of G, and write F <, G, if there is a matrix A € F¥*? guch that
F = G(A- X), where, as before, X = (z1,...,24) and A - X is defined as before. The
symmetric restriction of symmetric tensors and for homogeneous polynomials coincide, in
the sense that F' <, G if and only if f <; g, where f and g are the symmetric tensors
associated to F' and G, respectively.

4.3 Asymptotic symmetric subrank

In Section 4.2, we introduced the symmetric subrank guided by the motivation of using
this tensor parameter to upper bound the independence number of hypergraphs. In many
hypergraph independence problems (e.g. the generalized multidimensional Szemerédi prob-
lem and its special cases: cap set, corner, etc.), the hypergraph under consideration has a
power structure (under the strong product X, which is simply the tensor product on the
adjacency tensor). In other words, the parameter of interest in those problems is their
Shannon capacity of hypergraph that corresponds to these problems, which is introduced
in Section 3.2.

In this asymptotic context, and with upper bounding the Shannon capacity in mind,
we introduce and study the asymptotic symmetric subrank. We define the asymptotic
symmetric subrank of a tensor f € (F%)®* as

Qs(f) := Timsup Qu(F)!/".
n—oo
(The fact that we are using the lim sup rather than lim or sup is a technicality which in
most relevant cases simplifies as we discuss below.) For any tensor f € (F?)®*, since we
have the basic inqualities Qs(f) < Q(f) < d, we also have that Qs(f) < Q(f) < d.

Note that, because of the earlier Example 4.2.6, this lim sup cannot generally be
replaced by a limit.* However, we will be interested in the adjacency tensors of hypergraphs
which have the special property that the coefficients on the main diagonal are all one. In
that case we can replace the lim sup by a limit or supremum as follows:

Proposition 4.3.1. Let f € (FH®* be a tensor such that there is ani € [d] with fi..i=1
Then Qs(f) = Sup, Qs(f®n>1/n = limy 00 Qs(f®n)1/n-

4For the usual subrank, the asymptotic subrank of the tensor f € (IF"Z)‘X"C was defined by Strassen as
the limit Q(f) = limy o0 Q(f®™)'/™, which, since Q is super-multiplicative and Q(f) > 1 if f # 0, equals
the supremum sup,, Q(f®")1/" (Fekete’s lemma). For the symmetric subrank, we have to be more careful
about how we define the asymptotic symmetric subrank. For example, in Example 4.2.6 we gave a matrix f
for which f®™ is symmetric if n is even and skew-symmetric if n is odd, and so Qs(f®™) = 2™ if n is even,
and Qs(f®™) = 0 when n is odd. Thus, the limit lim, Qs(f®")1/” might not exist.
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Proof. Let B € R4 be the 1 x d matrix with Bi; = 1 and the other entries equal
to 0. Then (1) = (B® --- ® B)f. Therefore Qs(f) > 1. The symmetric subrank is
super-multiplicative under tensor product. Thus, by Fekete’s lemma, we find the required

statement that Qg(f) = sup,, Qs(f&™)Y" = limy, 00 Qs (f&™)1/7. O

The important property of Qs is that it directly gives an upper bound on the Shannon
capacity of hypergraphs.

Proposition 4.3.2. Let H = (V, E) be directed k-uniform hypergraph on n vertices. Let
F be any field. Let f € (F?)®* be a tensor such that, for every e € [n)* if e ¢ E, then
fer e, =0, and for everyi € [n], fi i =1. Then O(H) < Qs(f).

-----

Proof. By the definition of f, we have that f®" satisfies the condition of Proposition 4.2.2
for the hypergraph H™". Therefore O(H) = sup,, (a(H*))'/™ < sup,(Qs(AF™)V/" =
QS(AH ) . O

4.3.1 Asymptotic symmetric subrank of matrices

We conjecture that the asymptotic symmetric subrank of a k-tensor with k > 3 can be
strictly smaller than the asymptotic subrank. This cannot happen for k = 2. In that case
we prove that there is no strict inequality, again using Theorem 4.2.10.

Theorem 4.3.3. For any matriz f over a quadratically closed field F # Fy we have
Q(f) = Qs(f)-

Proof. We will use Theorem 4.2.10. We may assume that f is a d X d matrix. Let
r = rank(f). Then Q(f) = rank(f) = r. Suppose that f is a skew-symmetric matrix.
Then we have Qgs(f) = 0 by Lemma 4.2.5. The matrix f®" is symmetric if n is even and
skew-symmetric if n is odd. Then by Theorem 4.2.9 we have

r™ if n is even,

QS(f®n) = {

0 otherwise.

Therefore Qg(f) = r. Suppose that f is not skew-symmetric. By Theorem 4.2.10, there
is an invertible matrix B and a lower-triangular matrix L such that BfBT = L. Then
Qs(f) = Qs(L) and so Qs(f) = Qs(L). There is a principal submatrix A of L of size r
that has exactly r nonzero elements on its diagonal. Then A®" is a submatrix of L®".
We choose n = rk for some k € N>1. Then the submatrix of A®" with rows and columns
indexed by the elements in [r]" of type (n/r,...,n/r) is diagonal and has size

n > Tn—o(n)‘
n/r,...,n/r) —

We conclude that Qg(L) > 7. O

It follows from Example 4.2.6 that the statement of Theorem 4.3.3 is false over Fs by
taking f to be an anti-diagonal matrix with ones on the antidiagonal.
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4.3.2 Asymptotic symmetric subrank of symmetric tensors

For symmetric tensors we prove that the asymptotic symmetric subrank is equal the
asymptotic subrank (as long as the field satisfies mild closedness and characteristic con-
ditions):

Theorem 4.3.4. Let f be a symmetric k-tensor over an algebraically closed field of char-
acteristic at least k 4+ 1. Then Q(f) = Qs(f).

In particular, Theorem 4.3.4 holds for any symmetric tensor over the field of complex
numbers.

In fact we prove a much more general asymptotic statement about the restriction
preorder < and the symmetric restriction preorder on symmetric tensors. We define the
asymptotic restiction preorder < on tensors f,g by writing f < g if and only if f®" <
g®”+°(”) . Similarly we define the asymptotic symmetric restriction preorder <g on tensors
f, g by writing f <¢ ¢ if and only if f&" <¢ g®nto(n),

Theorem 4.3.5. For symmetric k-tensors f,g over an algebraically closed field of char-
acteristic at least k + 1 we have f < g if and only if f <sg.

It will also follow from our proof that on symmetric tensors (over an appropriate field)
the asymptotic rank and symmetric asymptotic rank are equal:

Theorem 4.3.6. Let f be a symmetric k-tensor over an algebraically closed field of char-
acteristic at least k + 1. Then Rs(f) < 281 R(f) and in particular R(f) = Rs(f).

For k = 3 the same relation between symmetric rank and rank for symmetric tensors
was found in [Kay12].

The above three theorems are related to Comon’s conjecture [CGLMO8], which says
that rank and symmetric rank coincide on symmetric tensors. Shitov [Shil8] gave a coun-
terexample to Comon’s conjecture. Our Theorem 4.3.4, Theorem 4.3.5 and Theorem 4.3.6
can be interpreted as saying that “Comon’s conjecture” is true asymptotically, not only for
rank (Theorem 4.3.6), but also for subrank (Theorem 4.3.4) and the restriction preorder
(Theorem 4.3.5).

The proofs for all of the above will follow from three basic lemmas that we will discuss
now. A crucial role will be played by the following k-tensor.

Definition 4.3.7 (fully symmetric k-tensor). For any k& € N let & be the symmetric
group on k elements and define the k-tensor h = Zwesk er(1) @ @ er(r). We will call h
the fully symmetric k-tensor.

For example, for k = 3, the tensor h is given by h = €1 ® ea ® ez + €1 R ez ® eg + €3 ®
e1®e3+eaRe3Re; +e3®e; ®eg+e3®es ®eqp. The tensor h allows us to transform
any restriction to a symmetric restriction:

Lemma 4.3.8. Let f and g be symmetric k-tensors over a field of characteristic at least
k+1. If f > g, then f @ h > g ® h, and hence also f @ h >g g, where h is the fully
symmetric tensor.
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Proof. Let Ay, ..., Aj be linear maps such that (41 ® --- ® Ag)f = g. Let e denote the
elements of the basis dual to the standard basis e;. Define the linear map B = ), A;®e;e].
Then

(B¥)(f @h) = k(A1 @+ ® A) f) @ h.

Dividing by k! proves the claim. O

In particular, Lemma 4.3.8 says that, if f®* > (r), then f€" ® h > (r) for every
n € N. Note that h is a fixed tensor that is independent of n. Our next goal is to prove
that for every f there is a constant ¢ € N depending on f such that f®¢ > h. This is true
in the following sense.

Recall that for any subset S C [k] that is not empty and not [k], any k-tensor f €
Vi ® -+ ®Vj can be flattened into a 2-tensor (®;cg Vi) @ (&;cp g Vi) For a k-tensor f
we call the ranks of these flattenings the flattening ranks of f.

Lemma 4.3.9. Let f be a symmetric k-tensor over an algebraically closed field. Suppose
that some flattening rank of f is at least 2. Then there is a ¢ € N such that f®¢ >4 h.

To prepare for the proof of Lemma 4.3.9 we prove the following lemma.

Lemma 4.3.10. Let f be a symmetric k-tensor over an algebraically closed field. There
exists a basis transformation A € F4*¢ such that the support S = supp(A®* f) C [d]* of f
after applying the transformation A satisfies (i,...,1) € S for every 1 <i<d—1.

Proof. Suppose that f € (F9)®*. If no element of the form (4,...,7) appears in S, then
we are done. Otherwise, we may assume that (d,...,d) appears, so that the tensor f is
of the form f = fle(lgk + fge%()k 4+ 4 fdef?k + other terms, for some coefficients f; with
fa#0.

We apply to f the invertible linear map that maps e; to e; for 1 < i < d — 1 and
maps eq to eq+e1e1 + -+ e4_1e4_1 for some ¢; € F. This gives a tensor g € (Fd)®k that
is isomorphic to f and of the form g = (fi 4+ ¥ fa)ef* + -+ (fa1 + 55_1fd)e§’f1 + other
terms. Since fy is nonzero and the ground field is algebraically closed, there are values for
the ¢; such that f; + ¥ f; is zero for every 1 < i < d — 1, in which case (i,...,i) does not
appear in the support of g for every 1 <i <d — 1. O

Proof of Lemma 4.3.9. Let f € (F))®*, By Lemma 4.3.10 we may assume that (i,...,4)
does not appear in the support S = supp(f) C [d]¥ of f for 1 < i < d — 1. For every
element s € S we define its type (y1,...,yq) by letting y; be the number of times that i
appears in s. Let Y be the set of types of elements of S. Since some flattening rank of f
is at least 2, we cannot have that S = {(d,...,d)}. Thus without loss of generality there
is a type y € Y that satisfies 1 < y; < k — 1 and such that for every other type 3/ € Y it
holds that y; < y; (maximality assumption).

Let R C [d]* be the set of all k-tuples in [d]* of type y. Let A be the |R| x k matrix
with rows given by the elements of R, in some arbitrary order. Let C be the set of columns
of A. Note that in any s € S the element 1 can appear at most y; times by our maximality
assumption.

We claim that f®7 restricts symmetrically to the fully symmetric k-tensor h by zeroing
out all basis elements that are not in C. To prove this we need to show that for any choice
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of k elements vq,...,v; in C, if for every i we have that ((vi)...,(vk);) € S, then
v1,...,v are all different.

By construction of C, for any y; distinct elements vy, ..., vy, of C thereisan1 < i < |R|
such that (v1); = -+ = (vy,); = 1. Thus also for any y; (not necessarily distinct) elements
U1,...,0y of C thereis an 1 <i <|R| such that (v1); == (vy,); = 1.

Let vy, ..., v be an arbitrary collection of elements of C. Suppose that v1 = vs. By the
previous argument we know that there is an 1 < ¢ < |R| such that (v2); = -+ = (vy,41)i =
1. From the assumption v; = wvp it follows that (vi); = (v2)i = -+ = (vy+1)i = 1.
However, we picked the type (y1,...,yq) such that y; is maximal and y; < k — 1. The
element 1 appears at least y; + 1 times in ((v1);, ..., (vg);). Therefore ((v1);, ..., (vg);) is
not in S. O

Proof of Theorem /.3.5. Suppose that f > g. This means that f&mto(m) > ¢®m e
know from Lemma 4.3.9 that there is a constant ¢ € N, depending only on f, such that
f®¢ >4 h. By Lemma 4.3.8 we then have

f®m+o(m) ® f®c >, f®m+o(m) @ h > g®m.

This means f 2 g, which proves the claim. O

Although essentially Theorem 4.3.4 and Theorem 4.3.6 can be proven abstractly from
Theorem 4.3.5, we will give the (simple) proofs separately in terms of the above lemmas
for the convenience of the reader and to get the precise statement of Theorem 4.3.6:

Proof of Theorem /.3./. Suppose that Q(f®") > r. Then f®" > (r). By Lemma 4.3.9
there is a constant ¢ € N, depending only on f, such that f®¢ >, h. By Lemma 4.3.8 we
then have

FEMTEZ O @ fOC 26 [ @ h 2 (r).
Thus Qs(f®"*¢) > r, which implies the claim. O

Proof of Theorem 4.5.6. Suppose that R(f) < r. Then f < (r). Let s = Rs(h) be the
symmetric rank of the fully symmetric tensor i and note that s is a constant depending
only on k, the order of f. In fact, s < 2*~1 which follows from the known identity

k
1
h = ok—1 Z (H 51’) (e1 + e2ea + e3e3 4 - - - + epep) "
ei=%1 =2

in which the sum goes over eg, ..., = £1. We refer to [GW09, Lemma B.2.3] for a proof
of this identity. See also [LLT10, Proposition 11.6]. Then

(rs) =(r)®(s) 2s (N @h > f.

Thus Rs(f) < rs, which implies the first claim. Then, since s is constant, it follows that
R(f®™) < Rs(f®™) < R(f®")s for every n € N, which implies the second claim. O
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4.4 Asymptotic spectrum of symmetric tensors

In Section 4.2 we introduced the symmetric subrank and in Section 4.3 we introduced
the asymptotic symmetric subrank, both motivated by the problem of upper bounding
the independence number of hypergraphs (with the asymptotic symmetric subrank in
particular being relevant for capacity-type questions, where the hypergraphs at hand have
a power structure). We proved several equalities and separations for these parameters.

In this section we continue our analysis of the asymptotic symmetric subrank in a
general fashion that also allows us to discuss the asymptotic symmetric rank and the
asymptotic symmetric restriction preorder (which we will define).

At the core of this section is the duality theory of Strassen introduced and studied in
[Str86, Str88, Str&8, Str91, Tob91, Biir90] (see also [CVZ18] and [Zuil8]) that gives a dual
formulation for the (non-symmetric) asymptotic subrank, asymptotic rank and asymp-
totic restriction preorder in terms of the asymptotic spectrum of tensors. The asymptotic
subrank of f € F" @ --- @ F™ is defined as Q(f) = lim,_00 Q(f&™)Y/", the asymptotic
rank is defined as R(f) = lim, 0o R(f®")/" and the asymptotic restriction preorder is
defined by f < g if and only if f& < ¢®m+e()  As an application of the results of
Section 4.3.2 we prove a strong connection between this theory and the natural symmetric
variation.

The asymptotic spectrum of tensors (for any fixed k¥ € N and field F) is defined as
the set X of all real-valued maps from k-tensors over F to the nonnegative reals that
are additive under the direct sum, multiplicative under the tensor product, monotone
under the restriction preorder and normalized to 1 on the diagonal tensor (1) of size
one. The duality theory says that: the asymptotic rank equals the pointwise maximum
over all elements in the asymptotic spectrum of tensors, the asymptotic subrank equals
the pointwise minimum over all elements in the asymptotic spectrum of tensors, and the
asymptotic restriction preorder is characterized by f < g if and only if for every ¢ in the
asymptotic spectrum X it holds that ¢(f) < ¢(g).

4.4.1 Asymptotic spectrum duality

We introduce the asymptotic spectrum of symmetric tensors as the natural symmetric
variation on Strassen’s asymptotic spectrum of tensors, to give a duality theory for the
asymptotic symmetric (sub)rank and restriction preorder. We have defined the asymptotic
symmetric subrank before. The asymptotic symmetric rank is similarly defined as Rq(f) =
limy, o0 Rs(f€")1/™ and the asymptotic symmetric restriction preorder is defined by f < g
if and only if f&m < g®nto(n),

We define the asymptotic spectrum of symmetric tensors (for any fixed k& € N and
field F) as the set X of all real-valued maps from symmetric k-tensors over F to the
nonnegative reals that are additive under the direct sum, multiplicative under the tensor
product, monotone under the symmetric restriction preorder, and normalized to 1 on the
diagonal tensor (1). It follows readily from the general part of the theory in [Str88] (see also
[Zuil18]) that the asymptotic spectrum of symmetric tensors Xy gives a dual formulation for
the asymptotic symmetric subrank, asymptotic symmetric rank and asymptotic symmetric
restriction preorder.
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Theorem 4.4.1. Let F be an algbraically closed field of characteristic at least k+1. Let X
be the asymptotic spectrum of symmetric k-tensors. Let f and g be symmetric k-tensors.
Then

Qs(f) = min ¢(f),

peXs

RS(f) = max ¢(f),

PEXs
[Ssg = Voe X, o(f) < élg).

We will not give the proof of Theorem 4.4.1 as it follows along the same lines as
the original proof in [Str88] (see also [Zuilg]). The bulk of the proof is to show that
the symmetric restriction preorder is a so-called “good preorder” ([Str88]) or Strassen
preorder ([Zuil8]). The only non-standard ingredient for the proof is the fact that for
every nonzero symmetric k-tensor f either f is equivalent to (1) or Qs(f) > 1, which
follows from Theorem 4.3.4 and the fact that this property holds for Q.

4.4.2 Surjective restriction from the asymptotic spectrum

The results of Section 4.3.2 answer a structural question: how are the asymptotic spectrum
of tensors X and the asymptotic spectrum of symmetric tensors Xg related? One relation
is clear: for every element ¢ € X the restriction of ¢ to symmetric tensors is an element
of Xgs. We thus have the restriction map r : X — X that maps ¢ € X to the restriction
of ¢ to symmetric tensors. We prove:

Theorem 4.4.2. The restriction map r : X — Xy s surjective.

Theorem 4.4.2 has two readings: (1) if we understand what the elements are of the
asymptotic spectrum of tensors X, then we also understand what the elements are of
the asymptotic spectrum of symmetric tensors X by restriction, and (2) for any element
1 € X there is an extension ¢ € X such that ¢ restricts to .

Theorem 4.4.2 follows from our Theorem 4.3.5 together with an application of the
following powerful theorem from the theory of asymptotic spectra. The theorem uses
the notion of a good preorder or Strassen preorder for which we refer the reader to the
literature.

Theorem 4.4.3 ([Str88], [Zuil8, Corollary 2.18]). Let S be a semiring with a Strassen
preorder P. Let T be a subsemiring of S. Then the restriction map from the asymptotic
spectrum of S to the asymptotic spectrum of T is surjective.

Proof of Theorem /.4.2. We give a sketch of the proof. The proof is an application of
Theorem 4.4.3. Let S be the semiring of k-tensors and let P be the asymptotic restric-
tion preorder. This is a Strassen preorder. Let T be the subsemiring of S of symmetric
k-tensors. Then Theorem 4.4.3 implies that the restriction map from the asymptotic spec-
trum of S with the asymptotic restriction preorder to the asymptotic spectrum of 1" with
the asymptotic restriction preorder is surjective. Since the asymptotic restriction preorder
on symmetric tensors coincides with the asymptotic symmetric restriction preorder by
Theorem 4.4.2; the claim follows. O
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To summarize what we have just seen, the asymptotic spectrum of tensors X and the
asymptotic spectrum of symmetric tensors X are tightly related since the restriction map
from the first to the second is surjective. What are the elements of X and X7 A long
line of work [Str86, Str88, Str&8, Strol, Str05, Tob9l, Biir90, CVZ18, CLZ20] has been
devoted to this question. Our best understanding is for the case that the ground field F
is the complex numbers® and that is what we will focus our discussion on here and in the
next section.

The known elements in X (over the complex numbers) are a family of functions
called the quantum functionals. These were introduced in [CVZ18] and are based on
an information-theoretic and representation-theoretic study of powers of tensors. The
quantum functionals more precisely form a continuous family F? indexed by probability
distributions 6 on [k]. This family includes the flattening ranks, but also includes more
interesting functions that are properly real-valued which reveal asymptotic information
that the flattening ranks do not reveal. It is possible but not known whether the quantum
functionals are all elements of X. Proving this is a central open problem of the theory. In
particular, the quantum functionals being all elements of X would imply that the matrix
multiplication exponent w equals 2, which would be a breakthrough result in complexity
theory.

We may restrict the quantum functionals to symmetric tensors to find an infinite family
of elements in Xg. Since we do not know whether the quantum functionals are all elements
of X, we can, however, not conclude from Theorem 4.4.2 that their restriction gives all
elements of Xj.

What we will do in the next section is give a natural construction of a single element in
X following the same ideas as for the construction of the quantum functionals but applied
directly to the symmetric restriction preorder. This single element we call the symmetric
quantum functional. What we then find is that this symmetric quantum functional on
symmetric tensors in fact equals the uniform quantum functional F(/5--1/k)  Thus we
do not find a new element in X, but we do find a different description of the uniform
quantum functional restricted to symmetric tensors, and this might be algorithmically
beneficial. This symmetric quantum functional is the pointwise smallest element among
all elements in X, that we currently know, and from previous work it follows that it equals
the asymptotic slice rank (on symmetric tensors). Having discussed the plan we will now
go into the details in the next section.

4.5 Symmetric quantum functional

In Section 4.4 we introduced the asymptotic spectrum of symmetric tensors X and proved
a duality theorem for the asymptotic symmetric (sub)rank and restriction preorder in
terms of it.

We use the ideas of the construction of the quantum functionals F¢ € X from [CVZ18]
to construct the symmetric quantum functional F € Xg over the field of complex numbers.
Let us from now on fix the base field to be the field of complex numbers. In fact we will
take a more general approach and define the symmetric quantum functional not just for
symmetric tensors but for arbitrary tensors.

5Tt is known that the asymptotic spectrum can only depend on the characteristic of the field [Str88].
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Before recalling the definition of the quantum functionals F? and giving the new defi-
nition of the symmetric quantum functional F', here is what we will find. For symmetric
tensors we will show that:

Theorem 4.5.1. On symmetric tensors F = F(1/k-1/k)

This gives an alternative description of the uniform quantum functional F (1/keos1/R)
which may have algorithmic benefits.

In particular on symmetric tensors the symmetric quantum functional is in the asymp-
totic spectrum of symmetric tensors X.

Theorem 4.5.2. On symmetric tensors we have F' € Xj.
For general tensors we find the following.
Theorem 4.5.3. On arbitrary tensors we have F > F(/k1/k)

In particular, since F(/k-1/k) > @ (because every quantum functional F? is in the
asymptotic spectrum of tensors X), we also find F' > Q on arbitrary tensors. However, via
a known connection from [CVZ18] between the quantum functionals and the asymptotic
slice rank (the pointwise minimum ming F? equals the asymptotic slice rank), we find
that F', as a method to upper bound the Shannon capacity of hypergraphs, suffers from
the induced matching barrier.

4.5.1 From quantum functionals to symmetric quantum functional

Before defining the quantum functionals and symmetric quantum functional and giving
the proofs of the above, we must introduce some standard notation. Let H be a complex
finite-dimensional Hilbert space with dimension dim(#) = d. Thus H = C%. Recall a
state or density operator on H is a positive semidefinite linear map p : H — H with
tr(p) = 1. Let D(H) be the set of states on H. For p € D(H), let spec(p) = (A1,...,Aq)
be the sequence of eigenvalues of p, ordered non-increasingly, that is, Ay > --- > A4. Since
tr(p) = 1, the sequence of eigenvalue of p is a probability distribution. It thus makes sense
to define H (spec(p)) .= — 2?21 Ajlog Aj.
Given a state p on H1®- - -®@H, the jth marginal is the element p; = tray, 3, 13,134, (p)

obtained from p by a partial trace. The jth marginal is itself a state, that is, p; € S(H;).

Consider a nonzero element f € H®*. Then p(f) = % € D(H®*), where fT denotes the

conjugate transpose of f, and we can consider the jth marginal p;(f) € S(H). Let GL(d)

denote the set of invertible matrices acting on H. For a tensor f € H®*, let GL(d) - f be the

Euclidean closure (or equivalently Zariski closure) of the orbit {(¢g®---®g)f : g € GL(d)}.
We begin with the definition of the symmetric quantum functional.

Definition 4.5.4 (Symmetric quantum functional). Let f € H®* be nonzero. We define
the symmetric quantum functional F by F(f) = 2E(f) where

E(f) = max{H(p) : p € A(f)},
where we define the subset A(f) C RY, for d = dim(H), as

A(f) = {spec(pl(s) i k: —i—pk(s)) :s € GL(d) - f\ {0}}
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From the work of [NM84] and [Bri&7] it follows that A(f) is a convex polytope.

The definition of the symmetric quantum functional F' is inspired by the family of
quantum functionals F?. Our main results about the symmetric quantum functional give
precise relations between F and F?.

Definition 4.5.5 (Quantum functionals). Let 6 € P([k]) and let f € H®*. The quantum
functionals are defined by FY(f) = 2E°(f) where

E%fﬁ=mw{§:ﬂwH@x$%seGLMV”f\ﬂH}
=1

where GL(d)** - f={(¢1® - ®@gk) - f: g1,---, 95 € GL(d)}.

There is an asymptotic connection between the quantum functionals and the slice rank,
which we will be using.

Theorem 4.5.6 ([CVZI18]). For any f € H®* the limit lim,,_, SR(f®™)/" exists and
equals the minimization mingep (k) FO(f).

4.5.2 Properties and relations

Now we are ready to state the precise results on the symmetric quantum functional. These
results in particular imply the three main results that we stated above in Theorem 4.5.1,
Theorem 4.5.2 and Theorem 4.5.3.

First of all, we prove that the symmetric quantum functional is at least the uniform
quantum functional, and we show that the latter can be obtained as the regularization of
the former:

Theorem 4.5.7. Let f € H®* be any tensor. Let 0 = (1,...,+). Then

lim SR(f&)Y™ < FO(f) < F(f) and lim F(f&)Y" = i%fF(f@’")l/" = FO(f).

n—oo n—oo

Second, on symmetric tensors we prove the following even stronger connection between
the symmetric quantum functional and the uniform quantum functional:

Theorem 4.5.8. Let f € H®F be a symmetric tensor. Then

lim SR(fO")!/" = FURl/B(f) = B(f).

n—oo

Third, from the equality F' = F(/F+1/k) on symmetric tensors (Theorem 4.5.8), and
the known properties of F(1/k--1/k) we directly obtain all of the following properties of
the symmetric quantum functional F':

Corollary 4.5.9. For any symmetric f € (C)®* and g € (C*)®*, and any r € N, we
have

1. F((r) =r
2. F(f®g)=F(f)+Flg)
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3. F(f®g)=F(f)F(9)
4. if [ <s g then F(f) < F(g).

Therefore, the symmetric quantum functional belongs to the asymptotic spectrum of
symmetric tensors X, which we discussed in Section 4.4.

We will now give the proofs of the above Theorem 4.5.7 and Theorem 4.5.8. We will
need another characterization of A(f) from representation theory. Let A be a partition of
nk into at most d parts. We denote this by A g nk. Then \ :== \/nk = (A\1/nk, ..., \g/nk)
is a probability distribution on [d]. The symmetric group &, acts on (H®*)®" by per-
muting the tensor legs, that is, 7+ (v ® -+ @ vp) = Vp=1(1) @+ @ U1y for m € Gy
The general linear group GL(d) acts on (H®*)®" via the diagonal embedding GL(d) —
GL(d)*™ : g + (g,...,g), that is, g-v = (g ® --- ® g)v for g € GL(d),v € (H®k)®n,
The Schur-Weyl duality gives a decomposition of the space (H®¥)®" into direct sum of
irreducible &,,; x GL(d) representations. More precisely,

(HEF)@m = P [ @ Sa(H),

Mgnk

where S)(H) is an irreducible representation of GL(d) and [)] is an irreducible repre-
sentation of &,. Let Py : (H®F)®n — (H®¥)®" be the equivariant projector onto the
isotypical component of type A, that is, onto the subspace of (H®*¥)®" which isomorphic
to Sx(H)®[A]. Based on [Bri®7], [Fra02], [Str05] (and also [Wall4, Section 2.1] and [Zuil8,
Chapter 6]) we have the following characterization of A(f).

Lemma 4.5.10. The polytope A(f) is the Euclidean closure of the set

A
{nk c3dn e N>, Ay nk,PAf®”7§O}.

Proof. The proof of the Lemma 4.5.10 can be found in the Appendix A.1. O

Proof of Theorem /.5.7. We decompose H®™ into a direct sum of irreducible &,, x GL(d)
representations as

HEM @ [\ @ Sx(H). (4.2)
AFan

Let Py be the equivaria{lt plrojector onto the isotypical component of type A. The uniform
quantum functional F(&%)(f) has another characterization as follows [C'VZ18]:

k .\ 1/kn )
FG®)(f) = sup{ (H dimw]) :3n € Nag, N bgn, (Pa ® - @ Py ) fo" # 0}.
=1

For the symmetric quantum functional, using the characterization of A(f) from represen-
tation theory, we have

F(f) = sup {(dim[)\])l/k” :3n € Nag, A F kn, Py f" # 0} _
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We may write (H®")®* as a direct sum of irreducibles under the action of &, as

(1o = P ()™ (4.3)

AFgkn

where m), = dim (Sy(H)). We view &¥ naturally as a subgroup of &,. For any A -4 kn
the restriction of [A] to the action of &% decomposes further as a direct sum of irreducibles
under the action of &* so that

N P ([A1]®...®[Ak])@c” """ M (4.4)

Abgn,. AkEgn

where ¢y are multiplicities. Let A' g ny...,\¥ g n. Then N ® - ® [A] is
irreducible representation of &,, x --- x &,,. This gives us the finer decomposition into
irreducibles under the action of &X* as
Sm
= P (Weeng) (4.5)

Alkdn,...,)\kkdn

where my1  yx = Hle dim (Sy, (#H))-
For any n and A' 4 n, ..., \¥ g n such that (Py ® - -+ ® Py) £ # 0 the equivariant
projection of f®" on

is non-zero. From (4.4) we know that there is a A k4 kn such that [/\1] @[\ s a
subspace of [A]. For this A it holds that P\f®™ # 0 and dim[\] > H dim ([ ). This
implies F'(f) > F(%v'"v%)(f).

For any tensor s € H®* it follows from a standard property of the von Neumann
entropy [NCI11, Theorem 11.10] that

H<p1(8) +o +Pk(5)> < Hpi(s)) +---+ H(px(s))

L > 3 + log k.
This implies F(f) < k’F(%%)(f) Thus we have proven that
FG3)(f) < F(f) < REG-3)(f)
holds for every tensor f. In particular, applying this to the tensor power f€" we have
FUo R (£91) < F(FE1) < RE G (£57),
Since F(e#) is multiplicative [CVZ18], we have
Fl)(f) < F(fEMMm < PG ().
Taking n — oo, we obtain lim,_. F(f")/" = F(% % (f).

Finally, since F' is sub-multiplicative (see in Appendl A.2), the limit lim,, o, F(f&")1/"
equals the infimum inf,, F(f®"*)!/" by Fekete’s lemma. O
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Proof of Theorem /.5.8. Let S be the set of symmetric tensors in (GL(d)*k) - f\ {0}.
Since f is a symmetric tensor, for any matrix A the tensor (A ® --- ® A)f is also a
symmetric tensor. Therefore GL(d) - f \ {0} € S. Moreover, if s is a symmetric tensor
then all marginal density matrices are equal: pq(s) = -+ = pg(s). Thus, for any 6 € P([k]),
we have E%(s) = p1(s). This implies F(f) < FY(f) since both F(f) and F?(f) are given by
the supremum of the same function and for F'(f) the supremum is taken over a smaller set
than for F?(f). By Theorem 4.5.7 we have F(f) = F°(f) with 6 = (4,..., ¢). Moreover,
from the Proposition 4.5.6 we have lim, o, SR(f®")/" = mingep([x)) FO(f) > F(f),

which implies lim, o SR(f®")!/" = F(f). This proves the claim. O

4.6 Conclusion

In this chapter, we introduced the symmetric subrank of tensors and proved precise rela-
tions and separations between subrank and symmetric subrank. Then, we showed that for
symmetric tensors the subrank and the symmetric subrank are asymptotically equal. This
proves the asymptotic subrank analogon of a conjecture known as Comon’s conjecture
in the theory of tensors. This result allows us to prove a strong connection between the
general and the symmetric versions of an asymptotic duality theorem of Strassen. Finally,
we introduced a representation-theoretic method to asymptotically bound the symmetric
subrank called the symmetric quantum functional in analogy with the quantum function-
als, then studied the relations between these functionals. Nevertheless, the symmetric
quantum functional cannot give better bounds than the quantum functionals which itself
suffers from the induced matching barrier and cannot be used to make progress on corner
problem. But we hope that future improved asymptotic upper bounds on the symmetric
subrank can still overcome the induced matching barrier. In particular, we leave it as an
open question to define a good symmetric version of Strassen’s support functionals.
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Chapter 5

Efficient bounds on quantum
capacities

This chapter is based on joint work with Omar Fawzi and Ala Shayeghi [FST21].

5.1 Introduction

The optimal rates for many quantum information processing tasks of interest can be char-
acterized in terms of a regularized divergence between quantum channels. For a divergence
D defined on quantum states, the corresponding channel divergence is defined by maxi-
mizing the divergence between the channel outputs over the set of possible inputs. There
are two natural variants: for quantum channels N' and M the non-stabilized divergence
is given by only allowing input states p in the input space of N/ and M

DWV|IM) = Sup DN (p)[M(p)) ,

whereas the stabilized version allows arbitrary input states

DWV|[M) = Sup D(Z o N)(PI(Z e M)(/p)) ,

where Z is the identity channel. The most well-known example illustrating these two
variants is when D is the trace distance, then D(N||M) is the superoperator trace norm
and D(N||M) is the diamond norm, and it is known that we can have D(N||M) <
DN ||M) [KSV02].

When analyzing tasks in the independent and identically distributed limit, an impor-
tant divergence D is the Umegaki divergence D defined by D(p||o) = tr(plog p)—tr(plogo).
For example, in asymmetric hypothesis testing between channels N" and M, the Stein ex-
ponent is characterized using D, namely in terms of the regularized channel divergence
Dr&(N| M) := sup,, LDN®*|M®™) [WBHEK20, WW19, FFRS20]. In fact, it turns out
that the channel divergence D is in general non-additive [FFRS20], in which case we have
D¢(N||M) > D(N||M).

Another example is the Holevo information of a quantum channel A/, which is given by
X(N) = min, D(NV]|75) where T, is the replacer channel that outputs o for any input den-
sity operator [OPW97]. The Holevo-Schumacher-Westmorland theorem (see e.g., [Will3])
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states that the classical capacity of N is given by x**8(N) := sup,, %x(/\f ®n) and the
regularization is needed for some channels, as shown by [Has09].

The objective of this chapter is to provide efficient ways of computing, or more specif-
ically upper bounding, such regularized channel divergences. In order to achieve this, we
use the recently introduced #-Rényi divergence [FF21b]. The #-Rényi divergence of order
a > 1, denoted by Dﬁ , between two positive semidefinite operators is defined as

Df (pllo) = —— log Q¥ (4 o),

Qf(pllo) = mintr(4) st p< oA,

where #, denotes the a-geometric mean of two positive definite matrices p and ¢. This
divergence has several desirable computational and operational properties such as an ef-
ficient semidefinite programming representation for states and channels, and a chain rule
property. An important property of this new divergence is that its regularization is equal
to the sandwiched (also known as the minimal) quantum Rényi divergence. Let Nx_,y
and M x_y be two quantum channels. The channel divergence corresponding to D¥ can
be expressed in terms of a convex optimization program [FF21b] as follows.

1
DFWIIM) = ——log QF (| M),

QENIM) = min [y (Axv)le st () < () #1jadxr

where ||.||o denotes the operator norm and J)ny, J4 are choi matrices of N, M, respec-
tively.

As a first application, we consider the task of approximating the reqularized sandwiched
Rényi divergence. For a € (1, 00), the regularized sandwiched a-Rényi divergence between
channels Nx_,y and M x_,v is defined as

~ 1~
DI8(N || M) := lim —D,(NEF|MEF).
k—oo k
Ref. [FF21b] provided a converging hierarchy of upper bounds on the regularized diver-

gence between channels:

1

%Df(f\fm\l/\/l@"”) —v(d,k,a) < DYEW|M) < - DEWSHIME) . (5.1)

|

where d = dim X dimY and v(d, k,a) = 125 (d* + d) log(k + d). Here D, is the sand-
wiched Rényi divergence [MDS™13], [WWY14] of order a € (1,00) (see Section 5.2 for
definition). The regularized sandwiched Rényi divergence between channels can be used
to obtain improved characterization of many information processing tasks such as chan-
nel discrimination [FF21a, FF21b]. However, the sandwiched Rényi divergence between
channels is non-additive in general [FFRS20] and it is unclear whether its regularization
can be computed efficiently.

From 5.1, Dit8(N||M) can be approximated by %Df(]\/’@kHM@k) with arbitrary ac-

curacy for sufficiently large k£ in finite time. Namely, if we take k = ((2‘1‘213)6

| then we
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have
BEEVM) — 1 DEWHMES)] < c.

However, the size of the program for computing DI (V@ || M®F) grows exponentially with
k.

New results in this chapter

We exploit the symmetries of the resulting hierarchy of optimization programs to obtain
a concise representation and solve it efficiently. Specifically, for quantum channels A, M,
we show in Theorem 5.4.3 that the permutation symmetry of the optimization program
defining DI (N®*|| M%) can be used to transform it into a semidefinite program with
poly(k) variables and constraints compared to the straightforward representation which is
of size exponential in k. However, as we will see, a direct implementation of this transfor-
mation would require an exponential time computation. In Theorem 5.4.6, we provide an
algorithm which performs this transformation in poly(k) time, for fixed input and output
dimensions. As a first application, we consider the task of approximating the regularized
sandwiched Rényi divergence between two channels. Note that the sandwiched Rényi di-
vergence (see Section 5.2 for the definition) is in general non-additive [FEFRS20], and it is
not known whether its regularization is efficiently computable. Ref. [FF21b] shows that the
regularized quantity can be approximated up to arbitrary accuracy by %Dﬁ (NEE|| MEF),
for sufficiently large k. Our results imply that the regularized sandwiched Rényi diver-
gence between two channels can be approximated up to an accuracy e € (0,1], in time
that is polynomial in 1/e (for fixed input/output dimensions). Furthermore, when the
channels admit additional group symmetries, we present a general approach to combine
these symmetries with the intrinsic permutation invariance to further simplify the prob-
lem. As an example demonstrating the potential of this approach, in Section 5.4.2, we
apply our method to generalized amplitude damping channels and we show how a very
simple symmetry of these channels leads to considerable reductions in the size of the
convex optimization program for computing the channel divergence (see Table 5.2).

In Section 5.5, we present a procedure for efficiently computing improved strong con-
verse bounds on the classical capacity of quantum channels by considering the generalized
Upsilon-information [WFT19] induced by the D# Rényi divergences. To illustrate our
method, we apply it to the amplitude damping channel (see Table 5.3 for a comparison
with the best previously known bounds). Even though the improvements we obtain for
the classical capacity are very small for this channel, the amplitude damping channel A4,
is one of the current challenges as far as the classical capacity is concerned. In particular,
it remains open whether x"¢(A,) = x(Ap). Finally, in Section 5.6, we use our method for
computing improved upper bounds on the two-way assisted quantum capacity of channels
by considering the generalized Theta-information [FF21a] induced by the D# divergences
and apply it to the amplitude damping channel, as an example (see Figure 5.2 for a
comparison with the best previously known bounds).

Outline of the chapter. We first briefly recall quantum divergences in Section 5.2.
Then, in Section 5.3 we present several tools to represent the convex program have sym-
metry. Next, we provide efficient ways of computing the regularized channel divergences
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in Section 5.4. In Section 5.5, we present a procedure for efficiently computing improved
strong converse bounds on the classical capacity of quantum channels. Lastly, we use our
method for computing improved upper bounds on the two-way assisted quantum capacity
of channels in Section 5.6.

5.2 Quantum divergences and Channel divergences

A functional D : D(H) x Z(H) — R is a generalized quantum divergence [PV10, SW13]
if it satisfies the data-processing inequality

DN (p)IN () < D(pllo).

Let p € D(H) and 0 € Z(H) such that p < o. The sandwiched Rényi diver-
gence [MDS™13], [WWY14] of order a € (1, 00) is defined as

510 = v (055
= 2 2
alpllo) := —— logtr | (072 po :
The geometric Rényi divergence [PRI8, Mat15, Tom15, HM17, FF21a] of order « is defined
as

f)a(pHo) = i 1 log tr [01/2 (071/2,00*1/2)(101/2} )

The mazx divergence is defined as
Dimax(p||o) :=loginf{\ > 0: p < Ao }.

The inverses in these formulations are generalized inverses, i.e., the inverse on the sup-
port. When p < o does not hold, these quantities are set to co. Recently, in [FF21b], the
authors introduced an interesting quantum Rényi divergence called #-Rény: divergence.
To define this divergence, we recall the geometric mean of two positive definite matrices.

For « € (0, 1), the a-geometric mean of two positive definite matrices p and o is defined
as

pttac = p2(p~ 120 p=12)a 12,
The a-geometric mean has the following properties (see Refs. [[{A80] and [FF21b]):
1. Monotonicity: A < C and B < D implies A#,B < C#,D.

2. Transformer inequality: M (A#,B)M* < (MAM*)#,(MBM*), with equality if M
is invertible.

3. (aA)#4(bB) = a(b/a)*(A#4)B, for any a > 0 and b > 0.

4. Joint-concavity/sub-additivity: for any A;, B; > 0 we have

Sons () (52



"

5. Direct sum: for any Aq, As, B1, Bo > 0, we have

(A1 © A2)#40(B1 © Ba) = (A1#aDB1) © (A2#aDB2) ,

A
where A1 @ A, form a block diagonal matrix [ 01 f(l) } .
2
The #-Rényi divergence [FF21b] of order a between two positive semidefinite operators
is defined as

1
D (pllo) = —— log Q¥ (pllo).

# —mi <
Q7 (pllo) : glé%tr(A) s.t. p_a#éA.

We note that the above convex program may be expressed as a semidefinite program when
a is a rational number [FS17, Sagl3]. The order between these divergences is summarized
in the proposition below.

Proposition 5.2.1. For any p,o € Z(H) and a € (1,2], we have
D(pllo) < Da(pllo) < D (pllo) < Da(pllo) < Dmax(pllo).

For a quantum channel Nx/_y, a subchannel M x/_,y and a generalized quantum
divergence D the corresponding channel divergence [LKDW18] is defined as

DWI[M):= sup DWNxy(oxx)|Mxoy(dxxr)) ,
px €D(X)

where ¢ x x/ is a purification of px. For D = D# , the channel divergence can be expressed
in terms of a convex optimization program [FF21b] as follows.

DEWNM) = —— og Q¥ (V| M), (52)
QEWIM) = min oy (Al st () < U #yadyy . (53)
where ||.||ooc denotes the operator norm.

The generalization of D7 to channels is subadditive under tensor products [FF21b]:
For any a € (1,00), quantum channels A7, N3, and subchannels My, M3, we have

D# (M @ Na||[ M7 @ Ma) < D¥ (N1 My) + DF (Ns|| Ma).

5.3 Tools for efficiently representing structured convex pro-
grams
In this section, we provide the necessary mathematical background on how symmetries

in a convex optimization problem can be utilized to represent the program efficiently, we
refer the interested reader to references such as [LM11] for more information.
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5.3.1 Matrix x-algebra background

A subset A of the set of all n xn complex matrices is said to be a matriz x-algebra over C, if
it contains the identity operator and is closed under addition, scalar multiplication, matrix
multiplication, and taking the conjugate transpose. For our applications, the structure in
the optimization programs we consider will allow us to assume that the variables live in
such an algebra. A map ¢ : A — B between two matrix x-algebras A and B is called a
*-isomorphism if

e (o is a linear bijection,
e p(AB) = ¢(A)p(B) for all A,B € A,
o p(A*) =p(A)* for all A € A.

The matrix algebras A and B are called isomorphic and we write A = B. Note that,
by the second property above, x-isomorphisms preserve positive semidefiniteness. From a
standard result in the theory of matrix x-algebra, we get the following structure theorem.

Theorem 5.3.1 (Theorem 1,[Gij05]). Let A C C™ " be a matriz x-algebra. There are
numbers t, mq, ..., my such that there is a *-isomorphism ¢ between A and a direct sum
of complete matrixz algebras

t
¢+ A gemxm (5.4)

i=1

In other words, under the mapping ¢, all the elements of A have a common block-
diagonal structure. Moreover, this is the finest such decomposition for a generic element
of A. We remark that the x-isomorphism ¢ can be computed in polynomial time in
the dimension of the matrix *-algebra A (see e.g., Theorem 2.7 in Ref. [LM11] and the
following discussion, or Ref. [Gij05]).

Regular x-representation

In general, computing the block-diagonal decomposition above and the corresponding
mapping is a non-trivial procedure. In this section, we introduce a simpler *-isomorphism
which embeds A into C™*™  where m = dim A.

Let A be a matrix *-algebra of dimension m and C = {C1, ..., Cy,} be an orthonormal
basis for A with respect to the Hilbert-Schmidt inner product. Let L be the linear map
defined for every A € A by the left-multiplication by A. Consider the matrix representation
of L with respect to the orthonormal basis C. For every A € A, L(A) is represented
by an m x m complex matrix given by L(A);; = (Cj, AC;), for every i,j € [m]. The
map L : A — C™*™ g called the regular x-representation of A associated with the
orthonormal basis C. Since L is a linear map, it is completely specified by its image for
the elements of the basis C. Let (pfns)m,te[m] be the multiplication parameters of A with
respect to the basis C defined by C.Cs = Y *, pL.Ci. Then, L(C,)i; = pfnj, for every
r € [m].
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Theorem 5.3.2 ([KPS07]). Let £ be the matriz *-algebra generated by the matrices
L(C1),...,L(Cy,). Then the map 1 defined as

v A= L, ¢(Cr) = L(Cr) y T E [m] ) (55)
1S a *-isomorphism.

Note that under the *-isomorphism v of Theorem 5.3.2, for A C C™*", the matrix
dimensions are reduced from nxn to mxm, whereas the x-isomorphism ¢ of Theorem 5.3.1
provides a fine block-diagonal decomposition into ¢ blocks where the block matrix i is of
size m; X my, satisfying m = m% + ...+ m%

5.3.2 Representative set of group action

Let G be a finite group acting on a finite dimensional complex vector space H. As we
have seen in Section 2.5, the space H can be decomposed as H = H1 & - - - & H; such that
each H; is a direct sum H; 1 @ - - - @ H; m, of irreducible G-modules with the property that
Hi; = Hy jo if and only if ¢ = 7.

For each i € [t] and j € [m;], let u; ; € H;; be a nonzero vector such that for each
i and all 7,5 € [my], there is a bijective G-equivariant map from #;; to #; ;; that maps
uij to u; 5. Fori € [t], we define a matrix U; as [uj 1, . . ., Ui m,], with u; ; forming the j-th
column of U;. The matrix set {Uy,...,U;} obtained in this way is called a representative
for the action of G on H. The columns of the matrices U; can be viewed as elements of
the dual space H* (by taking the standard inner product). Then each Uj; is an ordered set
of linear functions on H.

Since H; ; is the linear space spanned by G - u; ; (for each i, j), we have

t my;
H= @@CG"U,Z‘J,
i=1 j=1

where CG = {deG g9 oyg € C} denotes the complex group algebra of G. Moreover,
by Schur’s lemma, one has

t my; t
dimEnd%(#) = dimEnd? { QP Hiy | =) _mi. (5.6)
i=1 j=1 i=1

Remark 5.3.3. It is straightforward to see that EndG(H) corresponds to the subset of
G-invariant matrices and has the structure of a matrix *-algebra. For A = End®(#), the
structural parameters of Theorem 5.3.1 have a representation theoretic interpretation. In
particular, the number of the direct summands ¢ corresponds to the number of isomor-
phism classes of irreducible G-submodules and m; is the multiplicity of the irreducible
G-submodules in class 1.

Note that with the action of the finite group G on the space H, any inner product (, ) on
H gives rise to a G-invariant inner product (,)c on H via the rule (x,y)q = ﬁ > gecly:
x,g-y). Let (,) be a G-invariant inner product on ‘H and {Uj, ..., U;} be a representative
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for the action of G on H. Consider the linear map ¢ : End®(H) — @!_, C™*™i defined
as

t

=D (Auigr,uig)) ) VA € End9(H) . (5.7)
1=1

For i € [t] and A € End“(#), we denote the matrix (A, uij))"

jji’:l corresponding to
the i-th block of ¢(A) by [¢(A)];-

Lemma 5.3.4 (Proposition 2.4.4, [Pol19]). The linear map ¢ of Eq. (5.7) is bijective and
for every A € End®(H), we have A > 0 if and only if p(A) > 0. Moreover, there is a
unitary matriz U such that

t d;
U AU = P Ple(A)]: , VA € End®(H) |

i=1 j=1
where d; = dim(H;1), for every i € [t].

Lemma 5.3.4 plays a very important role in our symmetry reductions. Note that
dim(End%(#)) = Y3'_, m? can be significantly smaller than dim#. Moreover, by this
lemma, for any A € End®(#), the task of checking whether A is a positive semidefinite
matrix can be reduced to checking if the smaller m; x m; matrices [¢(A)]; are positive
semidefinite, for every ¢ € [t]. The mapping ¢ in Eq. (5.7) is a special case of the *-

isomorphism of Theorem 5.3.1, where A is the matrix *-algebra End®(#).

5.3.3 Representation theory of the symmetric group

Fix k € N and a finite-dimensional vector space ‘H with dim(#H) = d. We consider the
natural action of the symmetric group &, on H®*¥ by permuting the indices, i.e.,

7T-(h1®"'®hk):hﬁfl(1)®"'®hﬁ—1(k),hiGH,VWEGk.

Based on classical representation theory of the symmetric group, we describe a repre-
sentative set for the action of & on H®*. The concepts and notation we introduce in this
section will be used throughout this chapter.

A partiton X of k is a sequence (Aq,...,\g) of natural numbers with \; > ...\ > 0
and A1 + --- + Ay = k. The number d is called the height of \. We write A 4 k if A is a
partition of k with height d. Let Par(d,k) := {\ : A4 k}. The Young shape Y (\) of A
is the set

Y(\) = {(i,j) eN?*: 1 <j <d, 1 <i<)\}.

Following the French notation [Pro07], for an index jy € [d], the jo-th row of Y(A) is
set of elements (7, jo) in Y'(\). Similarly, fixing an element iy € [A\1], the ig-th column of
Y (A) is set of elements (ig, j) in Y/ (A). We label the elements in Y'(\) from 1 to k according
the lexicographic order on their positions. Then the row stabilizer Ry of X is the group
of permutations 7 of Y (\) with 7(L) = L for each row L of Y/(X). Similarly, the column
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stabilizer C of X is the group of permutations 7w of Y (\) with (L) = L for each column
L of Y(N).

For X\ kg4 k, a A-tableau is a function 7 : Y (A) — N. A A-tableau is semistandard if
the entries are non-decreasing in each row and strictly increasing in each column. Let
T q4 be the collection of semistandard A-tableaux with entries in [d]. We write 7 ~ 7/ for
M-tableaux 7,7’ if 7/ = 7r for some r € Ry. Let e, ..., eq be the standard basis of H. For
any 7 € T) 4, define u, € HOF as

Uy = Z Z sgn(c) ® er(cly)) - (5.8)
7/~7 ceCy yeY (N)
Here the Young shape Y()\) is ordered by concatenating its rows. Then the matrix set

{U,\ A Fg k} with Uy = [UT T E T)\7d] (5.9)

is a representative for the natural action of &), on H®* [LPS17, Section 2.1]. Moreover,
we have

[Par(d, k)| < (k+1)% and |Ty 4| < (k + 1)%4D/2 vx € Par(d, k) . (5.10)

5.4 Efficient approximation of the regularized divergence of
channels

For a € (1,0), the regularized sandwiched a-Rényi divergence between channels Nx_,y
and M x_,y is defined as

~ 1 ~
DFEWIM) = lim EDQ(/\/‘@’“IIM@’“) : (5.11)

The regularized sandwiched Rényi divergence between channels can be used to obtain
improved characterization of many information processing tasks such as channel discrim-
ination [FF21a, FF21b]. However, the sandwiched Rényi divergence between channels is
non-additive in general [FEFRS20] and it is unclear whether its regularization can be com-
puted efficiently. Ref. [FF21b] provides a converging hierarchy of upper bounds on the
regularized divergence between channels:

Theorem 5.4.1 ([FF21b]). Let o € (1,00) and N, M be completely positive maps from
Z(X) to L(Y). Then for any k > 1,

= 19 24 d)log(h + d) < DRV M) <
K Fa—1 5 = e =

where d = dim X dimY .

We note that %Df (N®F|| M®k) is decreasing in k (since the D# channel divergence is

subadditive). Moreover, D (N®*|| M®F) can be written in terms of a convex program as
([FF21D))

DE (VEH| M) — DE (VEF M) |

| =

. k k
log  min _ [tryer(Ayeryer)oo st (V) < (IMTH n Axeryer.
o — 1 Ax®k‘y®k >0

(5.12)
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Therefore, Theorem 5.4.1 establishes that D58 (A||M) can be approximated by kD#(N Bk || MOF)
with arbitrary accuracy for sufficiently large k in finite time. Namely, if we take k =

[ (23%3)61 then we have

IDEEWNM) — D# NEFMER)| < e.
However, the size of Program (5.12) grows exponentially with k.

5.4.1 Exploiting symmetries to simplify the problem

In this section, we will show how the symmetries of Program (5.12) can be used to sim-
plify this optimization problem and solve it in time polynomial in k. We first focus on
the natural symmetries arising due to invariance under permutation of physical systems.
In Section 5.4.2, we show how additional symmetries can be utilized to further simplify
the problem. Our approach can be summarized as follows: First, we show that pro-
gram (5.12) is invariant with respect to the action of the symmetric group. Using this
observation, we show that the program can be transformed into an equivalent program
with polynomially many constraints, each of polynomial size in k. In order to show this,
we use the block-diagonal decomposition given by Lemma 5.3.4. A naive implementation
of this transformation, however, involves exponential time computations. We show that
the simplified form of the program can be directly computed in poly(k) time.

Recall that, for every m € &, we consider the action of m on k copies of a finite
dimensional Hilbert space H as

7T~(h1®"'®hk):hwfl(1)®"'®h7r—1(k) , hiEH,ViG[k] .

Let Px(m) and Py (w) be the permutation matrices corresponding to the action of 7
on X® and Y®* respectively. Note that the action of 7 on (X ® Y)®* corresponds
to the simultaneous permutation of the X and Y tensor factors and the correspond-
ing permutation matrix, when the subsystems are reordered as X®* @ Y®*  is given by
PX®y(7T) = Px(ﬂ') & Py(ﬂ').

The following lemma shows that the feasible region of the convex program (5.12) may
be restricted to the permutation invariant algebra of operators on X®* @ Y®* without
changing the optimal value.

For a linear operator X € Z(H®*), we define its group average operator denoted X
as

ZPH )X Py (m)*
WGGk

Lemma 5.4.2. The convez program of Eq. (5.12) has an optimal solution A € End®* (X®’C ® Y®k).

Proof. 1t is straightforward to check that by Slater’s condition the optimal value is achieved
by a feasible solution. We will prove that for every feasible solution A, the corresponding
group-average operator A is a feasible solution with an objective value not greater than
the original value.
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To simplify the notation, let II(7) := Pxgy (7). We have

— ®k 1 1 ®k
Aty N = @ZHW)AH(#)* #1/a @ZH(W)JM (r)* | (5.13)

TES el
L s T * L T Mk T %
> ﬂ;}c <\6k|H( )ATI () > #1/a <\6k|H( )M () ) (5.14)
1 N *
:mwge:kﬂ(ﬂ) (407 ) 1) (5.15)
1 Qk %
Z@%;kn(”) () i) (5.16)
- (5.17)

where Eq. (5.13) holds since JME ¢ EndSr (X®F @ Y®F), inequality (5.14) follows from
the joint-concavity property of the geometric mean, Eq. (5.15) is a consequence of proper-
ties 2 and 3 of the geometric mean, inequality (5.16) holds by feasibility of A, and finally,
Eq. (5.17) follows since JN ¢ EndS* (XOF @ YOF).

For the objective function, note that since II(7w) = Px(7w) ® Py (7), we have

tryer (I(m)AIl(m)") = Px (7) tryer (A) Px ()" .

Therefore, by the triangle inequality and the unitary invariance of the operator norm, we
have

_ 1
[tryer (A) [loo = |[tryer & > I(m)Ali(m)”

TES 00

_ yék‘ S Plrx)tryer(A)P(rx)T

TESE o
1
S — Z HP(W)()tI"y@k(A)P(Wx)THOO
IGR‘ TS
k
= [[tryer (A)]|oo-
This concludes the proof. ]

Recall that in the convex program (5.12), the number of the variables and the size of the
PSD constraints grow exponentially with k. Using the observation made in Lemma 5.4.2,
we show that this optimization problem can be transformed into a form having a number
of variables and constraints that is polynomial in k. Before doing so, we introduce some
notation.

Let H € {X,Y, X ® Y} and dy := dimH. The algebra of &y-invariant operators on
HOF is given by

EndS* (H@”“) — (A e L(HOF) : Py(r) APy(n)* = A, Vr € &4} .
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Let 3 denote the linear map defined in Eq. (5.7) that maps the elements of End®* (7—[®k )
into block-diagonal form:

b3 : EndS+ (’H®k)—> @ ok
AePar(dyy k)

A P (Auy,ur),epy - (5.18)
AePar(dyy k)

In this decomposition, the number of blocks and the size of the blocks are bounded by a
polynomial in k. In particular, we have

t" = |Par(dy, k)| < (k4 1)% | (5.19)
m¥ =Ty a,,| < (k+ 1) @n=D/2 0 yx € Par(dy, k) . (5.20)

From Egs. (5.19) and (5.20), we get
m* = dim [EndG’c(H‘gk)} < (k +1)% (5.21)

Theorem 5.4.3. The channel divergence DI (NE¥|| MEF) can be formulated as a convex

program with O(kd2> variables and O(kd) PSD constraints involving matrices of size at
most (k + 1)d(d*1)/2, where d = dxdy .

Proof. By Lemma 5.4.2 and Property 2 of the a-geometric mean, after a permutation of
the X and Y tensor factors, the formulation (5.12) for D (N || M®F) can be written as

1 :
po— log rﬂl;l Yy (5.22)
(M < (M) 4y 0 (5.24)

where A € & ((X ® Y)®k) N End®* <(X ® Y)®k) and y € R.

For H € {X,X @Y}, let ¢y : EndS+ (1) o @ CmI*>*mI be the bijective linear
map defined in Eq. (5.18) which block-diagonalizes the corresponding invariant algebra,
where to simplify the notation, the blocks are indexed by i € [t*] instead of A € Par(dy, k).
For Z € End®*(H®*), we denote the i-th block of ¢3(Z) by [¢#(Z)];. Note that by
Lemma 5.3.4, ¢ preserves positive semidefiniteness. Therefore, since tryex(A), idyer €
End®F(X®F), the constraint (5.23) can be mapped by ¢x into the direct sum form. By

Lemma 5.3.4 and Property 2 of the a-geometric mean, we have ¢ x oy ((JM)@)]~C #1/aA) =

dxeY ((JM) ®k> #1/aPX0Y (A). Therefore, by Property 5 of the a-geometric mean (direct

sum property), the constraint (5.24) can be decomposed into constraints involving the
smaller diagonal blocks as well. The transformed convex program can be written as

log min y
st [(ox otryer 0 6xgy) (@1A)]; < yid,x je [tY]
[[¢X®Y ((JN)m)ﬂi < [[¢X®Y <(JM)®k>]]i#l/aAi . ie [tYeY]

Aie <(Cmf(®y) , e [XoY]
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The statement of the theorem follows since for H € {X, X ®Y}, by Eq. (5.19), we have
" < (k+1)% and by Eq. (5.20), for every i € [t"], we have m}* < (k+ 1)®(dn=D/2. O

Note that a direct implementation of the transformation mapping the convex pro-
gram (5.12) into the polynomial-size form of Theorem 5.4.3 involves exponential compu-
tations. Next, we show how to do this efficiently.

A basis for the invariant subspace. The canonical basis of the matrix *-algebra
End®* (7—[®k) consists of zero-one incidence matrices of orbits of the group action on pairs
(see [KPS07, LM11] for more information). In particular, let the standard basis of H®¥

be indexed by i € [(dy)*]. Then the orbit of the pair (i,j) € [(dq{)k]Q under the action
of the group &y is given by

O(i, j) = {(m(i), m(j)) : m € &},

where 7(i) is the index of the basis vector Py /(m)|i). With this notation, for every A €
End®* (7—l®k), and every m € &, we have A;; = A

=1(ij) = AFA(Z»)JA(J'). The set
[(dy)k]2 decompose into orbits OZ{, e ,O;’ZH under the action of &. For each r € [m™],
we construct a zero-one matrix C7t of size (dy)* x (dy)* given by
1 if (i,5) € O,
(=4 1) €O (5.25)
0 otherwise.

The set C* = {C},...,C*,} forms an orthogonal basis of End®* (H®F) with m* <
(k4 1)%.

Enumerating all orbits. For each r = 1,...,m’", we need to compute a representa-
tive element of O, In order to do so, we define a matrix E(7) ¢ Z‘i’aXd”

H

(E@), = {v € [k] : iy = a,5, = b}| , Va,b € [dy]. (5.26)

By the construction in Eq. (5.26), for two pairs (4,7), (i, j') € [dy]* x [dy]F, we have
(i',5") = (n(i),7(4)), for some © € &}, if and only if E) = E(") Therefore, there
is a one-to-one correspondence between the orbits {OZ{}T efm™] and F € Z‘é’aXd” such
that > ab E,p = k. Therefore, we can determine a representative element for every OZ“ in
poly(k) time by listing all non-negative integer solutions of the equation ), beldy) Fab = k.

Any matrix in End®*(H®*) can be written in the basis C* as

mH

M(z) = ZZTCZ-L , for some z € CI™™]. (5.27)

r=1

Using the representative matrix for the action of &) on the space H®* in Eq. (5.9),
we get

on(M(2)) = 2 (CF) =D 2z D ULCHU,. (5.28)
r=1 k

r=1 )\FdH
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Note that U) is real matrix for all A € Par(dy, k).

We show that, for every r € [m™], ¢3(C) can be computed in poly(k) time. In
order to do so, we show how to efficiently compute each block U;CZ"‘U » indexed by A €
Par(dy, k). This in fact boils down to efficiently computing uTC',?{uA,, for every 7,v €

-
T\,4,,- We note that u,, u,, and CH all have exponential size in k.

For H € {X,Y, X @Y}, let Wy, :=H ®@ H. For every p = (i, j) € [dy]?, define
ap =e;®e; € Wy,

where {e;};c14,,] is the standard basis of . Then the set B := {ap : p € [dy]?} is a basis
of Wy. Let B* := {a; : p € [dy]?} be the corresponding dual basis for W3,

Using the natural identification of [(d;q)k]2 and ([dy)?)¥, for every r € [m*], we map
Ol C [(dH)k]2 to O C ([dy])?)*. Then corresponding to each operator C7*, we define

Fe F meonenit =
(P1,.--pk)EOF

Note that C* can be obtained from vec (CZ") by applying the permutation operator which
maps (7—[@’“)@2 to (’H®2)®k. For every (pi1,...,pk) € [(d'H)2]k, let

m(p1,...,pk) = ay, - a, € Op(Wy) (5.30)

be a degree k& monomial expressed in the basis B*. Note that, for a fixed r € [m™],
m(p1,...,pr) is the same monomial, for every (p1,...,px) € O. We denote this monomial
by m (OZ") Moreover, {O?f}re[mﬂ] partitions [(dy)ﬂk into disjoint subsets. Therefore,
there is a bijection between {OZ{}l efm™] and the set of degree k monomials expressed in

the basis B*.
Let ¢ : (W3,)%F — Op(Wy) be the linear map defined as

C(wi @ @uwy) =wj - wy, Yw,...,w; € Wy,.

To simplify the notation we write w = ¢(w), for every w € (W;)*.
For every A € Par(dy, k) and 7,7 € T} 4,,, define the polynomial f., € Clz;; : 4,5 €
[dy]] by

fT,’Y(X) = Z Z sgn(cc') H Trie(y) e (y) (531)

T;NT c,c/eCy yeY (N)
R Ead

for X = (mi7j)?7]¢:1 € Chxdu, Refs. [LPS17, Proposition 3] and [Gij09, Theorem 7] show
that the polynomial in Eq. (5.31) can be computed (i.e., expressed as a linear combination

of monomials in variables z; ;) in polynomial time.

Lemma 5.4.4. For every A € Par(dy, k) and every 1,7 € T} 4,,, expressing the polynomial
fry(X) as a linear combination of monomials can be done in poly(k) time, for fized dy.

We use this to prove the following lemma:
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Lemma 5.4.5 (Lemma 2, [LPS17]). Let A € Par(dy, k), 7,7 € Trg,, and r € [m’].
Then quf"u7 can be computed in polynomial time in k, for fixed dy.

Proof. The proof can be found in [LPS17], but we include a concise proof for the reader’s
convenience. For every r € [m™], it is straightforward to see that ulCHtu, = (u, ®

uy)Tvec (CIt). Therefore, by a permutation of the tensor factors, we get uTC’Hu7 =wClH,
for w € (WH)®k given by
w=2_ > seule) @ Drewyyen:
T;NT c,c'eCy yeY (A)
V'~
where A € (W*)¥*du with (A),, = ag, - Lhen
Z (I CHuy) m(OX) = Z (w CH) m(0)
r€[m™] re[m#]
= Z (w(ap1®.”®apk)) a;lw-a;;k
(P1,--pk) E([dp]?)*
Z Z sened) [T (Drewyren
T ~tc,c'eC yeY' (N)
Y~y
= fTﬂ( )-
Therefore, ul Ctu, is exactly the coefficient of the monomial m(O7¢) in f, . (A), which
by Lemma 5.4.4 can be computed in poly(k) time. O

Theorem 5.4.6. There exists an algorithm which given as input JM, JN, and k € N,

outputs in poly(k) time (for fired dim(X ®Y')) the description of a convex program of size

described in Theorem 5.4.5 for computing D (N || MEF).

Proof. For H € {X®Y, X}, let {OH} efm*) denote the set of orbits of pairs and {Czi}re[m”]
denote the canonical basis of End®* (7—[®k) defined in Eq. (5.25). For every r € [m*®Y],

we define D, := tryer (Ci*®Y). Note that D, € End®* (X®*). Then by Theorem 5.4.3,

D (V|| M®*) can be formulated as the following convex program:

1 log min y
s.t. er[[(bx Dl < yidyx je [tY]
[[¢X®Y ((JN)m)ﬂi < [[¢X®Y ((JM)®k)ﬂi#l/a Z 2y |I¢X®Y(C:(®Y)]]i ;
r=1
Z 2y [[¢X®Y(C}X®Y)ﬂi >0,
r=1

Y, 2r €R | Te[m
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Here, we use the notation introduced in Theorem 5.4.3. By Lemma 5.4.5, the block
diagonal matrices ¢xgy (C) can be computed in poly(k) time, for every r € [m™].
Therefore, to complete the proof it suffices to show how to expand (JN ) ok , (JM)®k in
the basis {Cvg(@Y}re[mX@Y} and D, in the basis {C’,:X}Te[mx}, for every r € [m~X®Y].

For (JM)®k € End®k ((X ® Y)®k), if we take an arbitrary representative element
(p1,...,pk) of OX®Y for every r € [m~®Y], and define

(M),
1

k
Zp =
t=

mX®Y

then we have (JM)®k =3 zCX® . The same method can be used for (JN) ok
Recall that, for every r € [mX ®Y], we have

CX = > il

(i,§)€OX®Y

where i = (z{(zl e zfz{) and j = (jixj%/ x ]i{]?;) For any representative element (i, j)

of OX®Y if iV = (i¥ ... iY) £ j¥ = j¥ -+ j} then tryexr (|i)(j|) = 0. Therefore,

D= ) Y

(1,)€0X =Y

Moreover, for any representative element (i,7) of OX®Y | we can determine the orbit O;X
that contains (i%, jX) in poly(k) time. So if we define a :== |{7 € &}, : 7(i¥) = X, 7(j¥) =
5}, then

D, =aC*.

Furthermore, we have a = Ha7be[dX][(E(iX’jX))a’b]! with B 3%) ¢ Zi’éXdX defined in
Eq. (5.26). This concludes the proof. O

Alternatively, the regular s-representation approach can be used to show that the
convex program (5.12) can be computed in poly(k) time. For H € {X, X ® Y}, let
¥y be the regular -representation of End®* (7—[®k), defined explicitly in Theorem 5.3.2.
We denote by {OZ"}re[mH] and {Cﬂ}re[mﬂ], the orbits of pairs and the canonical basis
of End®*(H®*), following the construction in Eq. (5.25). The convex program can be
reformulated as

1
a—1

log min y

mX®Y

st. >t xpYx(Dy) <wid,x
¢X®Y((JN)®k) < ¢X®Y<(JM)®k) #1/a Z;n:xlm T Yxay (CR®Y)

> T Uxey (CRY) >0,
L1y, Ty XY, Y eR .
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Recall that ¥y (Ende’“ (7—[®k)) C (Cmﬂxmﬂ, where m™ < (k + 1)d’2H.
Note that ||C7| == \/(CH,CH) equals the size of the orbit Of. Using the structure

of the orbits, we can compute the multiplication parameters of End®* (7—[®k) with respect
to the orthogonal basis {C]t,...,CM, } as

pho= [{te [@?] : @0 eol, ()0l

where (i,7) € O}t. Here, p!, does not depend on the choice of i and j. Let E* E", E'
be the matrices defined in Eq. (5.26) for orbits O, O, O}, respectively. The following
proposition implies that p’, can be computed in poly(k) time.

Y

Proposition 5.4.7 ([Gij09]). The numbers pt, are given by

dy t
t By )
p p— < ’
s ZB: x,ly_ll B:c,l,yv s 7B$1d7'1.7y

where the sum runs over all B € Zé’éXd”Xd” that satisfy >, Byy> = (E")ay, >op Bry.s =
(E)y,2 Doy Buy,. = (EY)y.» for all x,y, z € [dy] and Zx,yze[dﬂ} By =k.

Table 5.1 compares the reduction in the size of the matrices for different values of k,
using both methods of regular *-representation and block-diagonal decomposition. The
first column contains dim [.Z(X®* @ Y®K)], for X =Y = C? and different values of k.
The numbers in the second column correspond to the reduced matrix sizes using regular
x-representation and the third column contains the block sizes in the block-diagonal de-
composition. As illustrated by these examples, the size of the variables and the constraint
matrices can be significantly reduced by using block-diagonalization. While the reduction
obtained by using the regular x-representation is not as strong, it has the advantage that
it is easy to compute using the explicit formula given in Eq. (5.5).

k| dim Z(X®* @ Y®F) | dimEnd®* (X®* @ Y®*) | Block sizes
2 256 136 10,6

3 4096 816 20,20, 4

4 65536 3876 45,35,20,15, 1

Table 5.1: Dimensions of Z(X®* @ Y®F), End® (X®* @ Y®*), and the block sizes in the
block-diagonal form with X =Y = C?.

5.4.2 Beyond permutation invariance

So far, we have only focused on the permutation symmetries of convex optimization prob-
lem (5.12) arising from considering multiple copies of quantum channels. In this section,
we discuss how the group symmetries of the underlying channels may be used to further
simplify these convex programs. In particular, we show how the symmetries of the chan-
nels can be combined with the permutation symmetry and expressed as invariance under
the action of a single group. Theorem 5.3.1 is then used to simplify the programs.

Let G be a finite group, and denote by G¥, the k-fold direct product of G. Consider
the group H := G* X~ G, an outer semi-direct product of G* and &}, defined as follows:
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e The underlying set is the Cartesian product of the sets G¥ and &, i.e., the set of
ordered pairs (g,7), where g = (g1, 92,...,gx) € G¥ and 7 € Gy.

o v:6 — Aut (Gk) is a group homomorphism given by

V() (915925 -5 9k) = (Gr(1)s Gx(2)s -+ Gn () >
for every m € & and g = (g1, 92, ...,9%) € GF.

e The group operation * is defined for any pair (g, 7),(¢’,7’) € H as
(¢, ') % (g,7) = (¢'v(7")(g), n'm).

Consider an arbitrary action of G on a finite dimensional Hilbert space H, and the
natural action of & on H®* defined for every 7 € &, as

T (M@ ®@hg) =he1) @ @hp1gy , hi€H,Vielk] . (5.32)
Then it is easy to check that the following defines an action of H = G* X, &) on HEOF:
(g;m) (M@ - @hg) =91 - hrr1) @ Qgg-hpry , hi€H,Vielk] , (533)
for all 7 € &, and ¢ € G*. In particular, we have

(¢ 7)) ((g;7m) (@ ®hi)) = (¢, 7) * ((g,7)) - (1 @ -+~ @ hy))

for every (g,7),(¢',7’) € H.

For H € {X,Y}, let pyy : G — GL(H) be the representation of G defined by its
action on H and pxey = px ® py. Let oy denote the representation of G¥ on H®*
given by o3(g) = pu(g1) @ ... ® pu(gr), for every g € G*. As before, denote by Py
the representation of &5 on H®* defined by the action (5.32). Then the representation
of H = G* x., & defined above on H®* is given by o3 (g)Py(7), for every (g,7) € H.
Note that in (5.33), for H = X ® Y, the action of (g,7) on (X ® Y)®* corresponds
to the simultaneous permutation of the X and Y tensor factors followed by applying
px(gi) ® py(gi) on i-th X ® Y tensor factor. When the subsystems are reordered as
X®k @ Y@k this action is simply given by ox(9)Px(7) ® oy (g9)Py (7). With the above
notation, we are now ready to state the following proposition:

Proposition 5.4.8. Let Nx_y and Mx_y be a quantum channels with Choi operators
JN JM ¢ End®(X ® Y), for some finite group G. Then the convex program (5.12) has
an optimal solution A € End” (X®*F @ Y&F) where H = G* %, &y,

Proof. The proof is based on convexity and exactly follows the steps of the proof of
Lemma 5.4.2, except the group average operator A is now obtained with respect to the
group H. O

Next, we discuss the irreducible representations of G* X &) and the corresponding
multiplicities for the action of H on H®¥, defined in Equation (5.33). First, we need to
introduce some notations.
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Suppose that G has t irreducible representations and let m; denote the multiplicity
of the i-th irreducible representation in the representation py of G on H. Let T (k) be
the collection of all ¢-tuples (kq,...,k;) of non-negative integers such that Ele ki = k.
For (ki,...,kt) € T(k) and (AL,... \Y) satisfying A* b, k;, for every i € [t], we write
AL A b (k1. k), where m = (my, ..., my). We then use a result from [Pol19].

Proposition 5.4.9 (Proposition 3.1.1, [Pol19]). The irreducible representations of H =
Gk X &y are labeled by

{(kty .o k), O A s (B k) € T(R), (AL A b (B k) )
and the corresponding multiplicities are [[i_, T\ 1, |-

Note that |7 (k)| = (k;r_tzl), where ¢, the number of irreducible representations of G,
is a property of G and independent of k. Since G is a finite group, we have ¢t < |G|.
Moreover, for a fixed tuple (ki,...,k:) € T(k), by Inequality (5.19), we have the size of
the set {(AL,...,A) « (AL .. X = (K, ..., k) ) is at most [Ti_, (ki + 1)™. Since m; <
dim(#), for every i € [t], the number of irreducible representations of H is polynomial
in k. Since |Tyi ,,,| < (ki + 1)mi(mi=1)/2 " the multiplicity of the corresponding irreducible

representation of H is at most [[}_, T ;| < [Ti, (K 4 1)matma=1)/2,

Application to the generalized amplitude damping channel

As an application, we consider the generalized amplitude damping (GAD) channel defined
as

4
Apq(p) = AipAf, p,q€0,1] (5.34)
=1

with the Kraus operators

A1 = /1= q(l0X0[ + /1 = p[1)1]), A2 = /p(1 = ¢)(|0X1]),
Az = /q(v/1 = p|0O)O[ + [1)X1]), Ag = /pq[1)0].

The GAD channel reduces to the conventional amplitude damping (AD) channel, when
q = 0. In this case we have X =Y = C?. Let N, , be the Choi matrix of A, ,. Note that
for the Pauli Z operator given by
10
2= (0 5

we have, (Z ® Z)N, 4(Z @ Z) = Np,4 for all p,q € [0,1]. Let G = Z3 be the cyclic group
of order 2 and define the group representation p : G — GL(C?) given by p(1) = Z. Then
for the representation pxgy defined for every g € Zo as pxey(9) = plg) ® p(g), we
have N, , € EndG(X ®Y). The representation pxgy has two irreducible representations,
which are both 1-dimensional (since G is an Abelian group). In this representation, the
multiplicities are (mj, ma) = (2,2). Therefore, the multiplicities in the representation of
H = G %, & on Xk @Y®* are at most (k1 + 1) (ko +1) < (k1 + ko +2)?/4 = (k+2)2/4.

(5.35)
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Furthermore, since t = 2, we have |7 (k)| = k, and for any (ki,k2) € T(k), the size
of the set {(A},\2) : (AL, A2) F (K1, k2)} is at most (ky + 1)%(ke + 1)2 < (k + 2)*/16.
Therefore the number of irreducible representations of H is at most k(k+2)%/16. Since the
dimension of the invariant subspace is equal to the sum of squares of the multiplicities of the
irreducible representations, we have dim End” (X®¥@Y®*) < ((k + 2)2/4)2 k(k+2)*/16 =
k(k + 2)8/256.

Therefore, in this example, by considering the additional Z symmetry discussed above,
we can reduce the dimension of the invariant subspace from O (klﬁ) for the permutation
action (see Eq. (5.21)) to O (k”), when we combine the two symmetries. Moreover, the
maximum block size is reduced from O (k°) (see Eq. (5.20)) to O (k*). This shows the
potential of the approach introduced above for channels with stronger symmetries.

In the following table, we compare the dimensions of the Gg-invariant and H-invariant
subspace of operators for X =Y = C? and different values of k. We also list the number
of irreducible representations and the maximum block size of the invariant operators in
the block-diagonal form.

Gk G]'c X Gk

E | dimEnd®k (#®%) | max.block size | #-irreps | dim EndC" %Sk (H®*) | max.block size | #-irreps
2 136 10 2 36 4 5
3 816 20 3 120 6 8
4 3876 45 5 330 9 14
5 15504 84 6 792 12 20
6 54264 140 9 1716 16 30
7 170544 224 11 3432 20 40
8 490314 360 15 6435 25 55
9 1307504 540 18 11440 30 70
10 3268760 770 23 19448 36 91

Table 5.2: The comparison of the reductions obtained by considering invariance under the
action of &5 and GF x &5, on H®*, where H = C? @ C2.

We use our method for efficient computation of the #-Rényi divergence between mul-
tiple copies of channels to provide improved upper bounds on the regularized Umegaki
divergence between the AD channel Ag3p and the GAD channel A, 9, over the range
p € [0.4,0.8]. Note that the Umegaki divergence between these channels is known to be
non-additive [FFRS20], i.e., D™ (Ag3,0/Ap0.9) > D(Ao3,0lApo.9). Figure 5.1 illustrates
the improvement obtained using Dfonk=1andk=6 copies compared to ﬁa, for a = 2.
The convex programs are implemented in MATLAB using the CVX package [GB14] and
the CVXQUAD package [F'SP18], via the MOSEK solver [ApS19]. Computations in this
experiment were done using Intel(R) Core i5-6300U with 16GB of RAM memory. The
running time for £k = 6 copies on our program is less than 45 minutes while the program
without using symmetry cannot be carried out due to insufficient memory. We note that
without using the symmetry reduction the matrices are of size 4096 x 4096.
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2.5 .-
2, -------- |
_— ]32 and Dpax
15| |7~ D¥ with k=1

DY with k =6

Figure 5.1: Comparison between different bounds on D**8(Ag30[|.Ap0.9) over the range
p € [0.4,0.8].

5.5 Efficient bounds on classical capacity of quantum chan-
nels

The (unassisted) classical capacity of a quantum channel is defined as the maximum rate at
which classical information can be transmitted over the quantum channel in the asymp-
totic limit of many channel uses. For a quantum channel A, the classical capacity is
characterized by the regularized Holevo information [Hol98, SW97] as

CN) = lim x(N¥) |

where x(N) is the Holevo capacity of the channel A/ defined as

XWN) = g:f&i%i}iﬂ <;Pzﬂz> - zi:pz‘H N(pi)) »

where the maximization is over all quantum ensembles £ = {p;, p;};. Here, H denotes
the von Neumann entropy, defined as H(o) := —tr (plog p), for every positive semidefinite
operator p. Note that the Holevo information is in general non-additive [Has09].

We denote by Vep (X, Y) the set of constant bounded subchannels from .Z(X) to Z(Y)
defined as

Veo(X, V) = {M € CP(X : V) : 3o € D(Y) s.t. Mx_y(p) <0o,VpeD(X)} .
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Let V(X,Y) == {M € CP(X : Y) : B(J{) < 1}, with B(J{,) defined in terms of the
following SDP

B(JE) = Jmin tr(Sy) st Ryy & (JE)TY >0, idx ® Sy £ R, >0,
XY RY
where (-)7¥ denotes the partial transpose on system Y. Note that the set V(X,Y) is a
convex subset of Vo, (X,Y") containing all the constant channels [WET19].
Let D be a generalized quantum divergence. For any quantum channel Ny _,y, define

T(D, k)(N) == min DN |M).

MEeV(X®k Y ®k)

The following proposition provides upper bounds on the classical capacity of a quantum
channel.

Proposition 5.5.1 ([WET19]). Let D be a generalized quantum divergence. If D is
bounded below by the Umegaki relative entropy on quantum states and the corresponding
channel divergence is subadditive under tensor product of channels, then, for any k > 1,

CV) < 27(D, B)(V) .

-~

Proof. The proof can be found in [WEFT19], but we include a concise proof for the reader’s
convenience. As shown in [OPW97] the Holevo information can be written as a divergence
radius:

X(NV)= min  max D(N(p)|o)

oeD(Y) peD(X)

D M
Mevcs?xy)pg& N (p)IM(p))

< D(N(p)||M
< MGIS%?(,Y),)&%% (N(p)[[M(p))

< min DWN|M)

MeV(X,Y)

where we used the fact that if ¢ < ¢’ then D(p||o) > D(p||c’) and the fact that V(X,Y) C
Veb(X,Y). So, for n, k € N, we have

X(NER) < min D(NE, || M)
MEV(XEnk y@nk)
< min D(NE™ || MO,

T MEeV(X®k y®k)
where we used the fact that if M € V(X®F Yk) then M®" € Y(X®nk Y&k Since D

is bounded below by D and subadditive under tensor product of channels, we have

i ®nk : Rk
— XN )smwg;;@gw) L DVERM) = T (D, F)(N).

Taking the limit as n — oo, we get the desired result. O
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Note that by Proposition 5.2.1, for o € (1, 2], we have
T (Do, k)(N) < (D, k)W) < T (D, K)N) < T (Dgna, k) (V).

Remark 5.5.2. If in addition the generalized quantum divergence D satisfies D, < D,
for some a € (1,00), then $T(D,k)(N) is a strong converse bound, i.e., above this com-
munication rate, the error probability goes to 1.

Both Dyyay and D, have the desired properties and were used in [WFT19] and [FF21a]
to obtain bounds on the classical capacity. On the other hand, f)a is not always addi-
tive [FFRS20] so it cannot be used in general. The best-known general strong converse
bound is given by %T(f)a, k), and it is SDP computable [FF21a]. For D = D¥, using the
formulation of the channel divergence given in Egs. (5.2) and (5.3), the converse bound of
Proposition 5.5.1 can be written in terms of a convex program. For every k > 1, we have

TOFHN) =

log min |[tryexs(A4)]s
st VT < My A
R+ (JM)Tver >0, (5.36)
(Iyor ® S) &+ RTvek >0 |
tr(S) <1,

A, JM Re 2( X o Y®R) S e 2(YEh) .

Note that the optimization problem in Eq. (5.36) does not scale well with & since the
sizes of the constraint matrices grow exponentially fast. This bottleneck will be addressed
in the next section.

5.5.1 Exploiting symmetries to simplify the problem

Using a similar argument as in Lemma 5.4.2, one may restrict the feasible region of the
convex program (5.36) to the Gy-invariant subspace of operators.

Lemma 5.5.3. For every a € (1,00), the convex program (5.36) has an optimal solution
(A, R, JM,S), with A, R, J™ € End®* (X®F @ Y®F) and S € End®*(Y®F).

Proof. 1t is straightforward to check that by Slater’s condition the optimal value is achieved
by a feasible solution. For an arbitrary feasible solution (A, .J M R, S), we will prove that
the corresponding group-average operators (A, JM, R, S) are feasible with an objective
value not greater than the original value.

For brevity of notation, we write II(7) := Pxgy (7). The first constraint, JV o<
JM #1/a A, follows from a similar argument as in Lemma, 5.4.2. For the second constraint
note that, for every m € &y, II(m)* = II(7)T, and we have

(TL(m) FMTI()*) Yo = () PMTI () T) Y = () (P I . (5.37)
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Therefore,
Ty®k
_\T 1 1
(JM> o= Y nm) M) = — 3 @M BerTI(n)”
|6k’ Ted |6k‘ TES
(5.38)
- o = i\ vek = o .
and the feasibility of J™ and R implies —R < (J M) < R. Similarly, we get
Ty®k
_ 1 1
(R =gy X ORI | = 3 TR, (5:39)
k k
TES TeS

and the feasibility of S and R implies —id yer ® S < (E) Tyek <idyer ® S. Finally, the

forth constraint holds since tr(S) = tr(S) < 1.
For the objective function, using the same argument as in Lemma 5.4.2, we get
[tryer (A) [loo < [ltryer(A)|ls. This concludes the proof. O

Next, we show that the convex program (5.36) may be reformulated so that it scales
only polynomially with k.

Theorem 5.5.4. Let Nx_,y be a quantum channel. For every k > 1, the strong converse
bound %T(Df,k)(]\/) of Proposition 5.5.1 can be formulated as a convexr program with
only O(k:d2> variables and O(kd) PSD constraints involving matrices of size at most (k +
1)d(d_1)/2, where d = dxdy .

Proof. Let @ denote the permutation matrix which maps X®*@Y®* to (X ® Y)®k. Then,
by Lemma 5.5.3, the optimization problem (5.36) can be written as

YT(DF, k)(N) = —— log min y (5.40)
sit. tryer(A) <yidyer , (5.41)

(V) < My A (5.42)

R+ (JM)Tyer >0 | (5.43)

Q(idyer ® $)QT + RTver >0 | (5.44)

tr(S) <1, (5.45)

where A, JM R € End®k ((X ® Y)®k) and S € End®k (Y®*) are positive semidefinite
operators and y € R.

Following the notation introduced in Theorem 5.4.6, for H € {X,Y, X @ Y}, let ¢y :
End®*(H®k) — @le Cm*mi be the bijective linear map which block-diagonalizes the
corresponding invariant algebra, where to simplify the notation, the blocks are indexed
by i € [t"] instead of A\ € Par(dy,k). For Z € End®*(H®*), we write [¢n(2)]; to
denote the i-th block of ¢%(Z). Since JN®k, JM, A and R, (JM)Tver are elements of

End®* ((X ® Y)®k>, the constraints (5.42) and (5.43) can be mapped into the direct sum
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form under ¢xgy. Similarly, since Q (idyer ® S) QT, RTver € End®* (X @ Y)®k>, by
properties 2 and 5 of the a-geometric mean, the constraint (5.44) can be decomposed
into constraints involving the smaller diagonal blocks by applying ¢xgy. Finally, since
tryor(A), idyer € End®*(X®F), the constraint (5.41) can be mapped by ¢x into the
direct sum form. The transformed convex program is given by

1
a—1

log min y
st. [(éx otryer o dygy) (@lAl)]]j <yidy,x
H¢X®Y ((JN)@C)]L, < Ji#1/a Ai s
R; % [(¢xoy o Tysr o dxgy) (@141)]
[oxey (Q (idxer @ 63" (@,5,)) Q)]
S tr(S) <1,
A R, Ji € P (@mf@y) S, e P (cmf) ,

i

>0
+ [(dxoy o Tyer 0 dxhy) (@1R)], >0,

for all ¢ € [tX®Y], j € [tX ], and r € [ty]. The statement of the theorem follows since
for H € {X,Y, X ® Y}, we have t" < (k + 1)® and m}* < (k + 1)@ =1D/2_ for every
i€ [t"]. O

Finally, we show how to efficiently compute a formulation of %T(Df, k)(N) as a convex
program of polynomial size.

Theorem 5.5.5. Let Nx_.y be a quantum channel. There exists an algorithm which given
as input JN and k € N, outputs in poly(k) time (for fixred dim(X ® Y')) the description
of a convex program of size described in Theorem 5.5.4 for computing the strong converse
bound %T(Df, k)(N).

Proof. As in the proof of Theorem 5.4.6, for H € {X,Y, X ® Y}, let {O?f}re[mﬂ] denote
the set of orbits of pairs and {C;H}r elm™] denote the canonical basis of End®* (H®F)
defined in Eq. (5.25). For every r € [m*®Y], we define D, = tryer (CX®Y). Note that

D, € End®* (X®*). Then by Theorem 5.5.4, T(DX,k)(N) can be formulated as the
following convex program:
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L log min g
. mle o Tox (D], < yidx |
[oxer ((497)] < mz i [owor (@5)] #1 ’”z s [oxor (CX)], .
mf w [oxer (cF°¥)] mjiy o [oxey ((0F) )] 20

mX@Y

Zws [oxey (@ (dyer @ CY) QT)]]Z‘ + Z b |[¢X®Y ((Cl)(®y>TY®k)H 20,
s=1 !

=1
mY
Z wytr(CY) <1
=1
mX®Y

> [oxer (GF¥)]; 20,

r=1
mX®Y

>y [exey (CX¥)], >0,

r=1
mX®Y

> @ [oxey (CFF)], 20,

r=1

iws o ()], > 0

Ty, Yry 2ry Ws, Yy ER,  Vr € [mX®Y]

;5 € [m"]

)

where j € [tX], i € [t¥®Y] and t € [tY].

In Theorem 5.4.6, we showed how to efficiently compute ¢x (D), ¢xgy (Cx®Y), and
¢X®y((JN) ®k). Note that d)y(Cg/) can be similarly computed in poly(k) time. Therefore,
to complete the proof it suffices to show that ¢ x oy ((CX®Y) Y®k) dxay (QT (Iyxer @ CY)Q),

and tr(CY) can computed in poly(k) time.

Recall that, for every r € [mX ®Y], we have
CXEY = 3" il
(i,§)€0X Y

where i = (z{cz%/ szz{) and j = (jf{j}/ . ]?]};) Therefore, we have

Z i) - Wy R | = Cq)w((?Y ;

(i,§)€OX &Y

(CX®Y) Tyer _
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where T'(r) denotes the index of the orbit given by
07y =@ - gi iy - gpir) = (1,5) € OF*}

Therefore, ¢xoy ((C’f( ®Y)TY®'“> = dxoy (C:,)f(%y) can be computed efficiently.

For r =1,...,mX®Y let (i,) be an arbitrary representative element of OX®Y . Let

o = (idxer)ox gx) + (G ) vy »

X = (%), = (Y .Y

o1 110 ), and jX and j¥ are defined in a similar way. Then

we have QT (I y2r@CY)Q = Z;’fﬁy o, CX®Y | which implies that ¢ xgy (QT (Ixer ® CY)Q)
can be computed in poly(k) time by Lemma 5.4.5.
Finally, for every s € [mY], we have

oY = > liv .. i1 )1 - - gkl -

(10 s41---51) EOY

where ¢

Therefore, tr(CY) > 0 iff OY = {(n(i),n(i)) : 7 € G}, for some i € [dy]*. Let s € [mY]
such that tr(CY) > 0 and let (iy...ig,%1...49%) be an arbitrary representative element
of OY. TFor every a € [dy], define B(a) == [{v € [k] : i, = a}|, then tr(CY) =
k!/HaG[dy] Ba)l. 0

As an example, T(D#, 6) is computed for the amplitude damping (AD) channel A,
defined in Eq. (5.34), for different values of p. For this channel, the best previously
known upper bound on the classical capacity C(.A, ) for p € [0,0.75] is given by quantity
Cp(Apo) = log(l + /I —p) in [WFD17]. Table 5.3 shows that %T(D#,G) is a slightly
improved upper bound compared to the bounds obtained using ]Sa and Dy,ax which happen
to coincide for the AD channel [FF21a] with the value log(1 + /1 — p). We remark that
the best known upper bound for the AD channel A, with p € [0.75,1] is given by the
entanglement-assisted classical capacity [BSST99] of the channel.

p | T(Dmax, 1), T(D2,1) and Cs | 17(DF,6)
0.1 0.9626 0.9615
0.2 0.9218 0.9201
0.3 0.8770 0.8745
0.4 0.8274 0.8239
0.5 0.7716 0.7670
0.6 0.7071 0.7014
0.7 0.6302 0.6234
0.75 0.5850 0.5777

Table 5.3: Upper bounds on the classical capacity of the amplitude damping channel A, o
with different parameters p.
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5.6 Two-way assisted quantum capacity

In this section, we consider DY in the framework of generalized Theta-information which
was introduced in [FF21a]. As we will see, the generalized Theta-information induced by
#-channel divergence gives efficiently computable strong converse bounds on the two-way-
assisted quantum capacity, Q" (N), for any quantum channel V.

The two-way assisted quantum capacity of a quantum channel A is the maximum rate
at which quantum information can be transmitted reliably from a sender to a receiver,
when the parties are allowed to perform arbitrary LOCC (short for local operations and
classical communication) between consecutive channel uses [BDSW96]. While the two-
way assisted quantum capacity for some specific channels such as the quantum erasure
channel is known [BDS97], no general characterization of Q" (N) is known for an arbitrary
quantum channel N.

In [Rai99, Rai0l], the authors relaxed the set LOCC to a larger class of operations
known as PPT-preserving operations, which is the set of channels that are positive partial
transpose preserving. A quantum channel Pap_, 4/p is PPT-preserving if the linear map
TproPap_ap oTp is completely positive and trace-preserving [Rai0l], where T and Tg
denote the partial transpose map. For any quantum channel A/, we denote by QPP (/)
the PPT-assisted quantum capacity of N . In this case, the operations between the channel
uses are allowed to be PPT-preserving operations. Because of the containment LOCC C
PPT [Rai0l], we have the following inequality

Q7)) < Q)

for all quantum channels V.
Inspired by the formulation of the Rains set [Rai01], in [FF21a] the authors introduced
the set of subchannels given by the zero set of the Holevo-Werner bound [HWO01] as

O(X,Y) ={M e CP(X :Y):3Rxy s.t. Rxy + (J¥)T > 0,try(Rxy) <idx}.
Let D be a generalized divergence. For any quantum channel Nx_.y, define
Ro(D, k)(N) = DNFF|MEF),

where M = argmin y(cq(x,y) D(NV[M).

For any quantum channel N, by [FF21a, Theorem 17], [FF21b, Proposition 5.9], [BW 18,
Corollary 5] and the relation between the divergences in Proposition 5.2.1, the following
holds:

Proposition 5.6.1. Let N be a quantum channel. For any « € (1,2] and k > 1,
1 ~
Q7 (N) < QPTE(W) < QPP (W) < %R@(Dﬁ,k)(/\/) < Ro(Da, 1)(NV) < Ro(Dmax, 1)(N)

where QPPT (N is the strong converse capacity corresponding to QPP T (N).

The squashed entanglement of the channel N introduced in [TGW14] is known to
be a converse bounds for QPPT**(N). However, it remains open whether it is a strong
converse and the quantity itself is NP-hard to compute [Hual4]. Using a similar method
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as in Section 5.5, we can show that Re(D¥,k)(N) can be computed in poly(k) time for
any quantum channel V.

As an example, R@(Df ,6) is computed for the qubit amplitude damping channel A, o,
defined in Eq. (5.34), for values of p € [0,1]. The comparison between the two-way/PPT
assisted quantum capacity is given in Figure 5.2. The bound %R@(Df, 6) demonstrates
an improvement compared to the best previously known strong converse bound given by
Ro(Ds,1).

T ]
— Bound %R@ED;#; 6)(Apo)
Bound Rg(D2,1)(Apo)
08| |
06| |
D
04/ |
02| |
0 \ \ \ ! ! \ \ : : >
0 01 02 03 04 05 06 07 08 09 1

p

Figure 5.2: Comparison between two strong converse bounds R@(ﬁg, 1) and %R@ (D#, 6)
on for two-way/PPT assisted quantum capacity for the qubit amplitude damping channel
Ap o for p € [0,1]

5.7 Conclusion

Optimal rates for achieving an information processing task are often characterized in terms
of regularized information measures. In many cases of quantum tasks, we do not know
how to compute such quantities. Here, we exploited the symmetries in D# in order to
obtain a hierarchy of semidefinite programming bounds on various regularized quantities.
As applications, we gave a general procedure to give efficient bounds on the regularized
Umegaki channel divergence as well as the classical capacity and two-way assisted quan-
tum capacity of quantum channels. In particular, we obtained slight improvements for the
capacity of the amplitude damping channel. We also proved that for fixed input and out-
put dimensions, the regularized sandwiched Rényi divergence between any two quantum
channels can be approximated up to an € accuracy in time that is polynomial in 1/e.
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Chapter 6

Conclusion

In this thesis, we considered the asymptotic growth behavior of a property for the powers
of a fixed object for some types of objects.

The first objects we considered are hypergraphs equipped with the strong product op-
eration and the property of interest is the independence number. The asymptotic growth
of the independence number of a hypergraph is known as the Shannon capacity. We intro-
duced the combinatorial degeneration method for finding lower bounds for the Shannon
capacity of directed k-uniform hypergraph in Theorem 3.3.3. We then applied this method
to improve the lower bound for the corner, square, Lshape, which are special cases of the
generalized multidimensional Szemerédi problem in Theorem 3.3.6 and Table 3.1. More-
over, in Corollary 3.4.6, we pointed out how induced matchings in hypergraphs pose a
barrier for existing tensor tools (such as slice rank, subrank, analytic rank, geometric rank
and G-stable rank) to efficiently obtain an upper bound on the size of independent sets
in hypergraphs. This implies a barrier for these tools to effectively establish lower bounds
on the communication complexity on the NOF model of the Eval function over any group
G.

Tensors are the second considered objects. We equipped them with the tensor prod-
uct and the property of interest is the symmetric subrank. The symmetric subrank is
a notion we introduce motivated by limitations of current tensor methods to bound the
Shannon capacity of hypergraphs. In Section 4.2, we presented and proved precise rela-
tions and separations between subrank and symmetric subrank. Then, in Theorem 4.3.4,
we showed that for symmetric tensors the subrank and the symmetric subrank are asymp-
totically equal. This proves the asymptotic subrank analogon of a conjecture known as
Comon’s conjecture in the theory of tensors. This result allows us to prove a strong con-
nection between the general and the symmetric versions of an asymptotic duality theorem
of Strassen. Finally, in Section 4.5, we introduced a representation-theoretic method to
asymptotically bound the symmetric subrank called the symmetric quantum functional in
analogy with the quantum functionals, then studied the relations between these function-
als. Nevertheless, the symmetric quantum functional cannot give better bounds than the
quantum functionals which itself suffers from the induced matching barrier and cannot be
used to make progress on the corner problem. But we hope that future improved asymp-
totic upper bounds on the symmetric subrank can still overcome the induced matching
barrier. In particular, we leave it as an open question to define a good symmetric version
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of Strassen’s support functionals.

Our last considered objects are quantum channels whose operation and property are
the tensor product of channels and the divergence, respectively. Namely, we used the
recently introduced D# Rényi channel divergence [FF21b] as the property of interest. We
exploited the symmetries in D# in order to obtain a hierarchy of semidefinite programming
bounds on various regularized quantities. As applications, in Section 5.5 and 5.6 we gave a
general procedure to give efficient bounds on the regularized Umegaki channel divergence
as well as the classical capacity and two-way assisted quantum capacity of quantum chan-
nels. In particular, we obtained slight improvements for the capacity of the amplitude
damping channel. In Section 5.4, we proved that for fixed input and output dimensions,
the regularized sandwiched Rényi divergence between any two quantum channels can be
approximated up to an e accuracy in time that is polynomial in 1/e.



104

Appendix A

Deferred proofs

A.1 Representation-theoretic characterization of the mo-
ment polytope
In this section we prove Lemma 4.5.10.

We recall some notions and results of geometric invariant theory and representation
theory. We refer to [NM84], [Bri&7], [Fra02], [Wall4], and [BFG*19] for more information.
Let GL(d) be the group of d x d invertible matrices over the complex numbers. Let H be
a complex finite-dimensional vector space, with dim(#) = d. Denote by M(d) the set of
complex d x d matrices, and denote by Herm(d) the set of d x d Hermitian matrices. We
define the representation 7 of GL(d) on H®* by 7(g)f = (9 ®---® g)f for all g € GL(d)

and f € H®. Let GL(d)- f == {n(g9)f : g € GL(d)} denote the orbit of f under the action
of GL(d). For any nonzero vector f € H®* we define the function:

Fy: GL(d) =R
1
g 3 log [ln(g) S
The following definition defines the gradient of Fy at g = I.

Definition A.1.1. The moment map is the function p : H®* \ {0} — Herm(d) defined
by the property that for all H € Herm(d) we have tr[u(f)H] = 0o Fy(e'H).

Let H € Herm(d). Then 0,—oFy(et") = (9,5:()%. Therefore, we have

If
w(et
tr[,u,(f)H] = 8t:0<f7”(fH2)f>

AL T e He 1P ) f)
- GE

(I @ H® 1)

It
" [|f\|2

I
e

1

J

|

tr[p; () H],

<
Il
—
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where p;(f) denotes the jth reduced density matrix of p(f) = i Thus, u(f) =
Sk pi(f):

Following [FH91], any rational irreducible representations of GL(d) can be labeled by
highest weight \ € N¢ such that \y > --- > Ag. For any natural number n > 1, consider
the representation IT of GL(d) on (H®*)®" by TI(g) - v == (n(g) ® --- @ 7(g))v for all
v € (H®*)®". Let V be a finite-dimensional rational representation of GL(d). For each
highest weight A of GL(d), we denote by V) the A-isotypical component of V. Let Z C V
be a Zariski closed set. We denote by C[Z],, the degree-n part of the coordinate ring of
Z. Letting A = (A1, ..., Aq) be a highest weight of GL(d), we define \* = (=Ag,..., —A1).
For any nonzero vector f € H®* the following lemma says that the moment polytope
A(f) has another representation theoretic description.

Lemma A.1.2 ([Bri87], [Fra02], [Str05, Theorem 11] or [Zuil8, Chapter 6]). Let f € H®*
be nonzero. Then

A(f) = {)\/n : In € Noy, (C[GL(@) - flu)x- # o}
= {)\/n :dn € Nzl,P)\f@n 7'5 0},

where Py is the projector from (HEF)®n

sition of (HEF)®™ with respect to T1.

onto the \-isotypical component in the decompo-

Proof of Theorem 4.5.10. By Schur—-Weyl duality we have a decomposition of the space
(’H@k)@n as

()@ = B SA(H) @ [N,
AFgkn

For A k4 kn, let Py be the projector onto the isotypical component of type A, that
is, onto the subspace of (H®*¥)®" which isomorphic to Sy(#H) ® [)], since all irreducible
representations of II are labeled by the partitions of kn in at most d parts. Therefore,

A(f): {233n2N21,/\|_dkn,P)\f®n7£O},

completing the proof. ]

A.2 Sub-multiplicativity of the symmetric quantum func-
tional

In this section we prove that the symmetric quantum functional F' is sub-multiplicative.
For symmetric tensors this follows from Theorem 4.5.2. (In fact, Theorem 4.5.2 says that
the symmetric quantum functional is multiplicative on symmetric tensors.) Here we prove
that the symmetric quantum functional is sub-multiplicative on arbitrary tensors (not
necessarily symmetric). The argument is an adaptation of the argument in [CVZ18] to
the symmetric quantum functional.
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Lemma A.2.1. For all tensors s € VEF andt € W®* we have A(s®t) € A(8) @kron A(2)
where

A(S) @kron A(t) = closure{fi : A € A(s), N € A(t), P,(P\® Py) # 0}.

Proof. Let dim(V) = d and dim(W) = d'. If i € A(s ® t), then for some n, we have
Pu(s®@t)®" # 0. We have 3-y ., P = Idyer and 32y, Py = Idyern. Thus, we can
write

PM(S &® t)®n = PM(Z P)\ & P)\/)(S ® t)®n
AN

So there exists A, " such that P,(Py® Py)(s®t)®" # 0. But this implies that Pys®™ # 0,
Pyt®" £ 0, and P,(Py ® Py) # 0, which completes the proof. O]

Proposition A.2.2 (Sub-multiplicativity of the symmetric quantum functional). For
every s € VO and t € W we have F(s ®@t) < F(s)F(t).

Proof. Let d = dim(V) and d’' = dim(W). Let E = logy F. We need to prove E(s @ t) <
E(s) + E(t). By definition

EF(s®t) = H < H(p).
(s®) pelzl(i}ét) (») _peA(s%i)fonA(t) »)

But if p € A(S) ®kron A(t), then there exists p a partition of kn in at most dd’ parts such
that P,(Py ® Py) # 0 with A € A(s) and X' € A(t) by Lemma A.2.1. It is shown in
[CMO6, Proposition 3] that if P,(Py ® Py) # 0, then H(ii) < H()\) + H(N). This shows
that E(s®t) < E(s) + E(t). O

A.3 Technical lemmas

Lemma A.3.1 (Fekete’s lemma, see [PS72]). Let 1,22 - - € R>q satisfy xpim < Tn+Tm.
Then limy, o0 Ty /n = inf, z, /n.

Proof. Let y = inf,, z,/n. Let € > 0. Let m € N with x,,/m < y + €. Any nN can be
written in the form n = gm + r where 7 is an integer 0 < r < m — 1. Set xyp = 0. Then
Tn = Tagmtr < Ty + T + -+ - + Ty + T = g2y, + 7. Therefore

In  Tgm+r < qQTm +Tp Ty QM Ty

n  gm+r - gn+r  magm+r n

Thus

X m X
y< ol I
n n n

The claim follows because z,/n — 0 and gm/n — 1 when n — occ. O
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