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Résumé

Dans cette these, nous nous intéressons a ’analyse théorique et numérique de la dyamique des
densités des dislocations. Les dislocations sont des défauts linéaires qui se déplacent dans les
cristaux lorsque ceux-ci sont soumis a des contraintes extérieures. D’une maniere générale, la
dynamique des densités des dislocations est décrite par un systéeme d’équations de transport, ou
les champs de vitesse dépendent de maniere non-locale des densité des dislocations.

Au départ, notre travail se focalise sur I’étude d’un systéme unidimensionnel (2 x 2) de type
Hamilton-Jacobi dérivé d’un systeme bidimensionnel proposé par Groma et Balogh en 1999.
Pour ce modele, nous montrons un résultat d’existence globale et d’unicité. En addition, nous
nous intéressons a I’étude numérique de ce probleme, complété par des conditions initiales crois-
santes, en proposant un schéma aux différences finies implicite dont on prouve la convergence.
Ensuite, en s’inspirant du travail effectué pour la résolution de la dynamique des densités des
dislocations, nous mettons en oeuvre une théorie plus générale permettant d’obtenir un résul-
tat similaire d’existence et d’unicité d’une solution dans le cas des systemes de type eikonal
unidimensionnels. En considérant des conditions initiales croissantes, nous faisons une étude
numérique pour ce systeme. Sous certaines conditions de monotonies sur la vitesse, nous pro-
posons un schéma aux différences finies implicite permettant de calculer la solution discrete et

simuler ainsi la dynamique des dislocations & travers ce modele.






Abstract

In this thesis, we are interested in the theoretical and numerical studies of dislocations densities.
Dislocations are linear defects that move in crystals when those are subjected to exterior stress.
More generally, the dynamics of dislocations densities are described by a system of transport
equations where the velocity field depends non locally on the dislocations densities.

First, we are interested in the study of a one dimensional submodel of a (2 x 2) Hamilton-
Jacobi system introduced by Groma and Balogh in 1999, proposed in the two dimensional case.
For this system, we prove global existence and uniqueness results. Adding to that, considering
nondecreasing initial data, we study this problem numerically by proposing a finite difference
implicit scheme for which we show the convergence.

Then, inspired by the first work, we show a more general theory which allows us to get similar
results of existence and uniqueness of solution in the case of one dimensional eikonal systems.
By considering nondecreasing initial data, we study this problem numerically. Under certain
conditions on the velocity, we propose a finite difference implicit scheme allowing us to calculate

the discrete solution and simulate then the dislocations dynamics via this model.
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Introduction générale

Cette these porte sur la modélisation, I’analyse théorique et numérique ainsi que la simulation de
la dynamique des dislocations. Les dislocations sont des défauts microscopiques présents dans
la plupart des matériaux cristallins, surtout dans les alliages métalliques.

D’un point de vue mathématique, la dynamique des dislocations se traduit par un systeme
d’équations de transport ou Hamilton Jacobi couplées. Les travaux de cette these visent a
I’étude de ces systemes ainsi qu’a leurs résolutions numériques.

Cette introduction est constituée de cing parties. La premiere partie porte sur une introduction
physique a la dynamique des dislocations. Nous commencons ce chapitre par un rappel sur les
dislocations et leurs propriétés. Ensuite, les Sections 2, 3, 4 et 5 sont dédiées a la présentation
des résultats mathématiques obtenus.

Les hypotheses utilisées dans les théoréemes suivant ne sont pas optimales. Nous renvoyons les

lecteurs de cette these aux chapitres correspondants pour plus de détails.

1 Motivation physique

Les dislocations sont des défauts linéaires mésoscopiques dont le déplacement et 'intéraction sont
a lorigine de la déformation plastique macroscopique des matériaux cristallins. Par, exemple,
dans la Figure 1.1, nous observons les dislocations présentes dans un alliage (NizAl), pris en

microscopie éléctronique en transmission, a 1’échelle 1um = 10~%m.



1.1 Historique

Figure 1.1: Observations de dislocations au microscope électronique en transmission dans un
alliage Nig Al (http://www.utc.fr/elhajjah/these.pdf)

Dans cette these, nous nous intéressons a 1’étude des systémes modélisant la dynamique des
densités des dislocations ou la densité révele la quantité des dislocations dans un cristal. La
densité des dislocations est définie par le nombre de lignes de dislocations traversant une section
unitaire. Notre motivation était de mieux comprendre le comportement mécanique issu de la

déformation plastique du matériau en présence de forte concentration de dislocations.

1.1 Historique

En 1907, Volterra [71] a été le premier a analyser théoriquement les défauts linéaires qu’il a
appelés “distortion”. Le concept des dislocations a été introduit en 1934 par E. Orowan [61],
M. Polanyi [65] and G. I. Taylor [68] qui ont expliqué la déformation plastique des matériaux, a
I’échelle microscopique, par la présence des dislocations.

Les dislocations ont été observées pour la premiere fois dans les années 1950, grace a ’évolution
de la microscopie éléctronique (voir Figure 1.2), par Bollman [17], Hirsh, Horne et Whelan [41].
Ces observations ont permis de vérifier quelques prédictions théoriques, comme par exemple
la nature microscopique du défaut, qui entraine une distorsion élastique des liaisons dans une
zone de taille trés confinée autour de la dislocation (quelques longueurs inter-atomiques de
largeur). Les dislocations jouent un role primordial dans les propriétés mécaniques des matériaux
cristallins. Nous renvoyons les lecteurs aux traités classiques achevés des la fin des années
soixante voir Hirth et Lothe [42] et Nabarro [60]. La théorie des dislocations a permis aux
mécaniciens de comprendre le comportement mécanique issu de la déformation plastique des
milieux cristallins.

Grace a ’essor prodigieux de la puissance de calcul des ordinateurs, la mécanique des matériaux a
connu un développement des méthodes de simulation de la dynamique des lignes de dislocations,

au milieu des années 80.
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1. Introduction générale

Figure 1.2: Micrographie obtenue en microscopie électronique en transmis-
ston  montrant la présence de dislocations dans un acier inoxydable

(https://fr.wikipedia.org/wiki/Dislocation)

1.2 Proprietés des dislocations
1.2.1 Vecteurs de Burgers

Soumises a des contraintes extérieures, les dislocations se déplacent dans un plan cristallo-
graphique appelé “plan de glissement”. Le déplacement d’une dislocation se caractérise par un
vecteur b dit “vecteur de Burgers™ [23].

Physiquement, le vecteur de Burgers représente ’amplitude de la déformation transportée par

une dislocation.

1.2.2 Type de dislocations

Dans un solide continu nous réalisons une coupure selon une surface S en s’appuyant sur une
ligne [. Nous translatons ensuite les lévres ainsi formés I'une par rapport a 'autre selon le vecteur
de Burgers b de la dislocation. Cette ligne de dislocation [ est caractérisée par son vecteur de
Burgers b et son vecteur tangent ¢ définissant le sens de parcours de la ligne. Nous distinguons
alors les différentes types de dislocations:

e Dislocation coin, si b et £ sont perpendiculaires (Figure 1.3)

Figure 1.3: Dislocation coin

17



1.2 Proprietés des dislocations

e Dislocation vis, si b et £ sont paralleles (Figure 1.4)

[/ el /] ]
Ll PLEL T #
Ll Yl

izgea]

Figure 1.4: Dislocation vis

e Dislocation mixte ou la ligne de dislocation forme un angle arbitraire avec le vecteur de

Burgers

1.2.3 Déplacement des dislocations

Généralement, ils existent deux types de déplacement des dislocations: le glissement et la montée.
En fait, le glissement d’une dislocation correspond a un mouvement conservatif, c’est-a-dire que
le mouvement de la dislocation n’implique pas de déplacement d’atomes a longue distance. La
dislocation se déplace dans le plan contenant son vecteur de Burgers b et sa ligne de dislocation.
L’ensemble {plan de glissement ; vecteur de Burgers} définit le systeéme de glissement de la
dislocation.

Les dislocations coins et mixtes ne peuvent ainsi glisser que dans un plan unique. Au contraire,
les dislocations vis peuvent glisser dans plusieurs plans d’orientations différentes.

La montée d’une dislocation traduit le mouvement de cette derniére dans un plan ne comprenant
pas son vecteur de Burgers b. C’est un mécanisme impliquant la diffusion d’atomes, ce qui va

entrainer le déplacement de la dislocation hors de son plan de glissement.

glissement montée

Figure 1.5: Glissement et montée d’une dislocation
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1. Introduction générale

2 Existence et unicité pour un systéme (2 x 2) modélisant la
dynamique des densités des dislocations

Notre travail se focalise principalement sur I’étude théorique d’un probléme unidimensionnel de
type Hamilton-Jacobi modélisant la dynamique des densités des dislocations. Ce modele a été
introduit initialement par Groma et Balogh [40] dans le cas bidimensionnel. Nous renvoyons les
lecteurs a la Section 2 du Chapitre 3 pour une dérivation phyisque du probleme.

Plus précisement, nous admettons que le probléme sur le domaine est 1-périodique en x et
nous supposons que les densités des dislocations dépendent d’une seule variable z = x1 + x2 ou
(w1, 22) sont les coordonnées d'un point de R?. Ce cadre particulier permet de simplier le modele
bidimensionnel, introduit par Groma et Balogh, en un systéme unidimensionnel d’équations
eikonales couplées non-linéaires et non-locales:

1
Op*(x,t) =~ ((p+ —p )@, t) + a/o (p" =Py, t)dy + a(t)> |02p™ (,1)| sur R x (0,7),

1
Op~(z,t) = <(P+ —p )z, t) + 04/ (p" = p )y, t)dy + a(t)) |0:p7 (2,8)] sur R x (0,T),

’ (1.1)

ol les inconnues sont les scalaires p et p~ notées p*. Ici, la différence (p™ — p~) représente

la déformation plastique et les dérivées partielles 0, p* représentent les densités des dislocations

dont le vecteur de Burgers est +b = +(1,0). La, la constante o dépend des coefficients élastiques

et de la taille du matériau et la fonction a(t) constitue le champ des contraintes de cisaillement

extérieures vérifiant la condition suivante:
a€C(0,T). (1.2)
Ce systeme est complété par les conditions initiales suivantes:
p~(x,0) = pE(z) = PE(z) + Loz sur R, (1.3)
ou P(?E sont des fonctions 1—periodiques satisfaisant la condition suivante:
P € L°°(T) et 8, P € Llog L(T), (1.4)
avec T = R/Z est U'intervalle periodique [0,1) et Llog L(T) est l'espace de Zygmund défini par:

Llog L(T) = {f € LY(T) tel que/T|f|ln(e+ If]) < +oo}.

Cet espace est muni de la norme suivante:

| f1|210g £(T) = Inf {M >0: /T‘i:'hl (e+ ‘Z') < 1}.
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2 Existence et unicité pour un systéme (2 x 2) modélisant la dynamique des densités des
dislocations

Nous citons quelques résulats effectués en relation avec le probléeme (1.1). Dans [30], en util-
isant une estimation d’énérgie dans L?, les auteurs ont montré un résultat d’existence globale
et d’unicité d’une solution croissante dans I’espace VVi)C2 (R x (0,7)).

Tandis que, dans [33], en utilisant la théorie des solutions de viscosité, un résultat d’existence
et d’unicité d’une solution Lipschitz a été montré sans prendre en considération la monotonie
de la condition initiale.

Dans le cas des conditions initiales discontinues, nous citons le travail effectué dans [38] ot un
résultat d’existence a été établi.

De plus, un résultat d’existence globale et d’unicité a été démontré par Cannone et al. dans [24]
dans le cadre des problémes bidimensionnels en se basant sur une estimation entropique. Egale-
ment, dans le méme contexte, nous citons un résulat d’existence locale dans les espaces de Hélder

démontré dans [31].

Pour étudier les solutions du systéme (1.1), nous nous sommes basés sur la théorie des solu-
tions de viscosité. Cette théorie a été introduite par M. G. Crandall et P. L. Lions [25,26] pour
la résolution des équations d’Hamilton-Jacobi du premier ordre. Ensuite, cette théorie a été
élargi pour considérer les équations du second ordre apres les travaux de R. Jensen [51] et H.
Ishii [45]. Nous envoyons les lecteurs a G. Barles [11,12] et G. Crandall, H. Ishii, P. L. Lions [27]
pour une introduction détaillée de la théorie des solutions de viscosité.

Dans ce qui suit, nous présentons une définition des solutions de viscosité proposée par H. Ishii,
S. Koike [48]. Cette définition est indispensable dans I'annonce de nos résultats.

Definition 1.1. (Sous-solution, sur-solution et solution de viscosité)

Pouri € {1,...,d}, soient H; : (0,T) x RY x R — R les Hamiltoniens continus.

Une fonction w = (wi)izl,...,d € (C([0,T) x R))? est une sous-solution de viscosité (respective-

ment sur-solution) du systéme suivant:

o' (t,x) + Hi(t,w(t, x),0pw'(t,x)) =0 sur (0,T) x R,
(1.5)
w'(0,7) = wi(x) sur R,
si et seulement si
o w'(0,2) < wi(x) (respectivement w'(0,x) > wi(x)),
e Pour tout i € {1,...,d} et pour toute fonction test ¢ € C*((0,T) x R) telle que w* — ¢
atteint un mazximum local (respectivement minimum local) au point (ty,z¢) € (0,T) x R,

alors nous avons

¢ (to, o) + H;(to, w(to, zo), 02¢(to, x0)) < 0,

(repectivement Orp(to, o) + Hi(to, w(to, zo), Oz¢(to, o)) > 0).
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1. Introduction générale

Finalement, une fonction w' est une solution de viscosité du systéme (1.5) si et seulement si
elle est une sous et sur-solution de (1.5).

Le premier résultat concernant le systéme non-local (1.1) est un résultat d’existence globale.
Notre deuxieme résultat est un résultat d’unicité de la solution uniquement quand le probleme
est local (c.a.d a = 0). Ceci est présenté dans le théoréme suivant:

Théoréeme 1.1. (Existence globale et unicité d’une solution)

Supposons que les conditions (1.2) et (1./) sont vérifiées. Alors, nous aurons:

i) Existence d’une solution de viscosité continue pour le probléme (1.1)-(1.3):

Il existe une solution de viscosité continue p* pour le probléme (1.1)-(1.3) telles que:
pt(z,t) = PE(x,t) + Lox (1.6)

et
P* e L®(T x (0,T)) N C([0,T]; Llog L(T)) et 9, P* € L>((0,T); Llog L(T)),

ot PT sont des fonctions 1-periodiques en espace et PT vérifient, pour tout T > 0, l’estimation

suivante

max <||Pi||L°°(’]T><(O,T))> <M\ (1.7)

ot Ap = Ay (T, lall Lo 0,75 Los v, ||P6|:HLOO(T)) . En plus, la fonction pT satisfait I’estimation en-

tropique du gradient suivante:

max (192 | zo(0.7y:L10e Lem)) + 101 | 2w ((0.)sL 105 1)) < A2 (1.8)
o Ag = Ag (T, lall Lo 0.7)> Lo, ct, | Py || oo (s ||a€vp0:t||LlogL(’[[‘)> :

it) Unicité de la solution dans le cas local:
La solution, donnée par (i), est unique si o = 0.
L’estimation (1.8) est primordial dans la preuve du Théoreme 1.1. En fait, tout d’abord nous
considérons un probleme parabolique régularisé obtenu a partir du probléme local. Puis, nous

montrons que la solution de ce dernier satisfait I’estimation L> (1.7) et I'inégalité fondamentale

suivante:
/T [f ( 8;cp+(a:,t)D +f (|8$p*(x,t)])} dr < C, pourtout te (0,7) (1.9)
ol ,
) zn(z) + ¢ if x>1/e,
fle) = { 0 if 0<ax<1/e, (1.10)

et C est une constante qui dépend de T, HaxngLlogL(T), 19200 || 2 10g L(T)-
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2 Existence et unicité pour un systéme (2 x 2) modélisant la dynamique des densités des
dislocations

A partir des résultats énoncés par le Théoréme 1.1, nous pouvons voir que la solution est continue
vérifiant un module de continuité qui sera présenté par le corollaire suivant.

Corollaire 1.1. (Continuité de la solution)

La solution p* construite dans (i) appartient & C(R x [0,T)) et il existe un module de continuité

tel que pour tous §, h > 0 et pour tous (z,t) € R x (0, —§), nous avons:

1 1
In(3 +1) * In(3 4+ 1)’

|pi($+ h7t + 5) - pi(x7t)| < A3

| + +
ot Ay = Ag (T, [|all zo(0,), Los @ [ P57l oo ), 1000 | 105 24m) ) -
Nous présentons brievement dans ce qui suit la stratégie de la preuve qui sera présentée en détails
dans le Chapitre 3. En effet, nous commencgons a geler le terme non-local dans le systéme (1.1)

en considérant des données régulieres ce qui nous ramene a étudier le probleme local suivant:
Ot (z,t) = — ((v+ —v7)(x,t) + L(t)) |3xv+(m,t)| sur R x (0,7,
v (z,t) = (b7 —v7)(z, t) + L(2)) lazv_(x,t)} sur R x (0,7, (1.11)

vE(2,0) = v (z) = QF (z) + Lox sur R,

ou QSE sont des fonctions 1-periodiques telles que

QF € C®(R) et L € C=(0,T). (1.12)

Puis, nous considérons une régularisation parabolique du probléme (1.11) en lui ajoutant le

terme de viscosité n@%xvff pour 0 < n <1, ce qui nous conduit a considérer le probléme suivant:

atv,jf(x, t) — n@igjvf(x,t) =F ((v:’r — v, )(z,t) + L(t)) ‘aggvf(x,tﬂ sur R x (0,7),

(1.13)
vff(:n, 0) = vi(z) = QF(x) + Loz sur R.

Nous régularisons le terme non-linéaire va,ﬂ en le remplagant par la fonction s ((%1)?7[), 0<

6 <1, ou By est la fonction définie par

Bs(x) = Va? + 62

22



1. Introduction générale

Ceci nous conduit finalement & considérer le probléme suivant:

ﬁtvf‘;(x,t) - n@iwvi"s(m,t) =F ((v:]“‘; — v;"s)(aj, t)+ L(t)) Bs (81117?’5(33, t)) sur R x (0,7),
vff"s(:c, 0) = v (x) sur R.

(1.14)

Théoréme 1.2. (Existence et unicité d’une solution Lipschitz continue pour le probléme

(1.13))

Supposons que la condition (1.12) est satisfaite. Alors, pour tout T > 0, nous avons

i) (Existence et unicité pour (1.14)):
Le systéme (1.14) admet une solution unique vf‘s, telle que
00 (x,t) = QF°(2,t) + Lo,
ou Q;—L*‘s sont des fonctions 1-périodiques, appartenant ¢ C*°(R x (0,T)) et satisfaisant les estimations

sutvantes:

max (||Q$75|\Loo(1rx(o,T))) <N§

max <||axQ7:::76||L°°('JI‘><(O,T))) S max (Hax@%HL“’(T))
avec
NS = max (1QF 1z r)) + Bs(Lo) I L]l o< (0,7 T

it) (Convergence):

A une sous-suite prés, la fonction vs:"s

dans C([0,T); WH>°(R)). En plus,

converge, quand § tend vers 0, vers Uf]: localement et fortement

v#(m,t) = Q#(w,t) + Loz,
o Qf sont des fonctions 1-périodiques et vff est lunique solution pour (1.13) (au sens de distribu-
tion) appartenant a l’espace C’([O,T);Wﬁ)fo(R)) et satisfaisant, pour tout 0 < n < 1, les estimations
n-uniformes suivantes:

max Qi |z rx(0.1)) < No

max (HazQT:::HLOO(TX(O,T))) < max (HarQ(j)EHLoo(T))

No = max (195 I (m) + [ Lol L]l o< 0,1y T

En effet, en utilisant un argument de point fixe, nous montrons un résultat d’existence globale et d’unicité

d’une solution réguliere vf; s pour le probleme (1.14) (résultat donné dans le Théoreme 1.2). Ensuite, nous
£

7,6
tions uniformes en 7 et en . Ceci nous permet de montrer que v

vérifie une estimation entropique du gradient similaire & (1.9) et des estima-

:t:
n

satisfait également des estimations uniformes en 7. Dans une deuxiéme étape, nous utilisons les résultats

montrons que la solution v

%in})vfftg, solution du probléme (1.13),
50 M

de stabilité des solutions de viscosité et les résulats de compacité de Simon pour passer a la limite quand
7 — 0 et montrer ainsi I'existence globale d’une solution de viscosité continue pour le probléme (1.11).
En utilisant un argument de point fixe, nous prouvons le résultat d’existence pour le probléme non-local.

Finalement, en se basant sur le fait que notre Hamiltonien est quasi-monotone au sens de Ishii, Koike [48,
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3 Un schéma convergent pour un systéme de transport non-local modélisant la
dynamique des densités des dislocations

A.1], nous montrons un principe de comparaison afin de prouver 1'unicité de la solution dans le cas du

probleme local, ce qui est reflété par les résultats suivants.

Théoréme 1.3. (Principe de Comparaison)
Soient p1 = (pf,p7) et po = (p3,p;) deuz sous et sur-solution de viscosité continues de (1.1) telles que
pE = PE + Lox pouri=1,2. Alors, si PX vérifie lestimation L™ suivante:

mﬁX(HPii”Lx(Tx(O,T))) < M,
avec Mo = mﬁx(”pii(o, M reem) + [Lolllal| Lo 0, T
Si pour tout (x,t) € R x (0,T — ), Uestimation de continuité suivante est vérifiée:

1 1
In(3 +1) * In(4 + 1)

\pE(x 4+ h,t +06) — pF(z,t)| < C ( ), pour i=1,2

alors, si pi(-,0) < pE(-,0) sur R alors pf < pF sur R x (0,T).

3 Un schéma convergent pour un systéme de transport non-

local modélisant la dynamique des densités des dislocations

Dans cette section, nous nous intéressons a ’étude numérique du systéme (1.1) mais en considérant des
conditions initiales croissantes. Plus précisement, nous considérons un systeme hyperbolique d’équations
de transport non-linéaires et non-locales pour lequel des résultats d’existence et d’unicité d’une solution

croissante H} . ont été établis dans [30]. En particulier, ces résultats ont été prouvés en se basant sur

loc
une estimation d’énérgie dans L2.

Nous proposons ainsi un schéma aux différences-finies de type "Upwind™ implicite pour lequel nous
montrons notre résultat de convergence en se basant sur une estimation L? discréte du gradient similaire

a celle obtenue dans le cas continue.

3.1 Existence et unicité pour le probléme continue

Dans cette sous-section, nous présentons brievement les résultats d’existence et d’unicité effectué dans [30]
pour le probléme (1.1)-(1.3) en considérant des conditions initiales croissantes.

Théoréme 1.4. (Existence et unicité), [30, Th 1.1])

Pour tous T, Ly > 0,a € R et pt € H].

(H1) pi(z+1) = pE(z) + Lo ( fonction 1-periodique + fonction linéaire),
+

(R) et sous les conditions suivantes

(H2) %P0 > 0 presque partout sur R (paE est croissante),
x
(H3) a € C(0,T),
le systéme (1.1)-(1.3) admet une solution unique p* € HL (R x[0,T)), au sens de distribution, telle que,
pour presque partout t € (0,T), la fonction pt(-,t) : x — p*(z,t) vérifie (H1) et (H2).

Par la suite, nous présentons une discrétisation compatible avec le probleme continue.
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1. Introduction générale

3.2 Probléme discret

Nous cherchons & approximer la solution du systéme (1.1)-(1.3) en considérant des conditions initiales

croissantes. Etant donné une taille de discrétisation Az, At, nous définissons
E={iAz,ie€{0,...,M —1}} ZEpr=Ex{nAt,ne{0,...,Nr}},

1 T
i et At = N Notons us (i, t,) ou ul} ; comme étant la valeur de I'approximation de la
T

solution p® au point (x4,tn) avec x; = iAx et t,, = nAt.

ou Ax =

Nous proposons le schéma implicite de type “Upwind™ suivant:

+1 n n+1 n+1
vk e {+, — U U, Ugiv1 — Y .
{ y }a X X + CI?’—Z!—l[’an+1] it X -0 si C;Lj—l[unJrl] < 07

At Az
0<i<M-—1,
u”"{'l o Un ) un—i._l o un-i._l
ki ki 17, n+1 ki kyi—1 . n+17, nt1
=t W ontly, — B =0 si CPTurt] >0
OS’I’LSNT—L At T k’l[ ] Az k,z[ ]— ’
(1.15)
avec
w) = (ug 5l ;) = po(xi) = (pg (), py (1)), pour —1<i< M, (1.16)
M—1
C’,?jl[u"“} =k uitl — u?‘;l +a Z Az(ui‘f}l - uf‘j}l) +a(tnt1) |,
7=0
et les conditions de périodicité suivantes
uy y =ul py — Lo, u _y=u yoy — Lo,
et VY n>0.
ulf yp =uly o+ Lo, u” yp=u o+ Lo,
Dans la suite, nous notons
u‘.l’n — uq’n
0o = AL 1.1
H—% A.Z‘ ? ( 7)

qui représente une discrétisation équivalente a 9, pF.

Plusieurs résultats numériques ont été établis en relation avec ce probléme. Dans [33], les auteurs ont
démontré la convergence d’un schéma numérique explicite pour le systéme (1.1) dans le cas ot @ = 1
en considérant des conditions initiales Lipschitz. Ils ont montré en plus une estimation d’erreur de type
Crandall-Lions [26] entre la solution continue et la solution discréte en s’inspirant du travail effectué
dans [7].

Nous nous référons a Jacobson, Karlsen [49] et Jakobsen, Karlsen, Risebro [50] ou ils ont montré un
résultat de convergence pour un systeme de type Hamilton-Jacobi faiblement couplé en considérant un
algorithme de “splitting™ semi-discret qui approche la solution continue.

Dans le cas de la dynamique des lignes de dislocations, I’analyse numérique du modele a été faite, dans
le cas des équations scalaires, par Alvarez, Carlini, Monneau et Rouy [6, 7].
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3.2 Probleme discret

Dans ce qui suit, nous présentons les résulats principaux établis dans ce travail.

Notons u™ = (ul'),__

n __
i =

_____ (ug o, u” ;). Nous définissons Py = (PyF, Py) tel que [1Poll (Lo (my)2 =

1P Nl oo ¢y + 1Py |l Lo )
Nous introduisons la condition CFL suivante:

% S min (ﬁ1752)7 (118)
ol
8, = 1
TIRCH2) (1 + [al) + llall e omy] A(C+ 1) + Lo)
et
By = !
3(8[(2¢+2)1 +lal) + llallze o] +4(1 + |a)(2¢ +2) + 2Lo(1 + |af))’
avec ” H
_ _ATLo(1+]a]) ) allLe=(0,T)
(=e * (||P0||(L°°('JI‘)) +72(1+|a|) ) (1.19)

Dans ce travail, trois résultats sont établis et seront présentés ensuite. En particulier, nous commmengons
par la résolution du schéma numérique afin de montrer I’existence et I'unicité d’une solution bornée pour
ce schéma. Ensuite, nous montrons une estimation L? sur le gradient discret de la solution numérique.
Cette derniére nous permet enfin de prouver la convergence de la solution numérique vers celle du probleme
continue.

Théoréme 1.5. (Résolution du schéma implicite)

Supposons que les hypothéses (H1), (H2) et (H3) données par le Théoréme 1./ et que la condition CFL
(1.18) sont vérifiées. Soit uy. ; = wi ; + Loz; ou, pour —1 <i < M, wy; satisfait les conditions suivantes
wy o =wY g, w? o =wl g,

et (1.20)

n —_ n n —_ n
Wy m = Wi o5 W_ pm = W0

Alors, nous aurons
(i) (Existence)
Il existe une solution unique u™*' pour le schéma implicite (1.15)-(1.16) telle que u;ﬁl = ngl + Lox;

ot wit! satisfait les conditions données par (1.20) et la borne L suivante

max wZJ{l <,
k=t—
0<i<M—1

pour tout k € {+,—} et pour tout i =0,...,.M —1 et n=20,...,Npr — 1, ou ( est donnée par (1.19).
(it) (Monotonie)

Si u™ est croissante, c.d.d satisfait
)

up g > up,  pour tout i€ {0,...,M—1}, et ke{+, -},
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1. Introduction générale

alors u™t1 est croissante.

Théoréme 1.6. (Estimation L? discréte du gradient)

Supposons que les hypothéses (H1), (H2) et (H3) sont vérifiées. Siu™ est la solution du schéma implicite
(1.15)-(1.16) présentée par le Théoréme 1.5, alors QZ’H% definie dans (1.17) est positive pour tout n €

{0,..., Ny — 1} et satisfait Uestimation suivante:
M-1 ) M-1 9 M-1
n+1 n+l  pn+l n+1 n+1 n 2
Z Z (gk,i+%) +At Z ({0+,i+§ 9—,i+%} [9+7i+% +9—,i+§]> < Z (ak,w%) '
=0 ke{+,-} 1=0 =0 ke{+,—-}

Nous présentons ensuite notre résultat de convergence.

Théoréme 1.7. (Convergence de la solution du schéma)

Supposons que les hypothéses (H1), (H2), (H3) et la condition CFL (1.18) sont vérifiées. Considérons
(u™)n>0 la solution du schéma (1.15)-(1.16) pour un pas de temps At > 0 et un pas d’espace Ax > 0
présentée par le Théoréme 1.5. Notons € = (Ax, At) et u® la fonction définie par

u(iAx,nAt) =u! pour ne{0,...,Np—1}, i€{0,...,M —1}.

7

Alors, quand € — 0, la suite (u). converge vers l'unique solution p de (1.1)-(1.3). En plus, nous avons

sup |u®—p| — 0 quand ¢ — (0,0).
Tx[0,T]
ke{+,—}

4 Solution continue pour un systeme eikonal non-linéaire

Dans les Sections 2 et 3, nous avons présenté une étude théorique et numérique d’un systéme modélisant
la dynamique des densités des dislocations se propageant dans une seule direction.

Dans cette section, nous citons des résultats concernant les systémes (d x d) de type Hamilton-Jacobi
modélisant la dynamique des densités des dislocations dans le cas de plusieurs directions de glissement.
Nous renvoyons les lecteurs de cette these au Chapitre 2 pour une dérivation physique du modéle.
Notre travail se concentre sur les solutions u(t,z) = (u' (t,2))i—1 4> OU d est un nombre entier, pour

tout T" > 0, du probleme suivant:
Ot (t, ) = No(t, ,u)|0pu’(t,z)] sur (0,T) xR, pour i=1,...,d, (1.21)
avec des conditions initiales
u'(0,2) =ub(z), x€R, pour i=1,...,d. (1.22)
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4 Solution continue pour un systéeme eikonal non-linéaire

Notre étude vise a prouver l'existence et I'unicité d’une solution continue pour le systéme (1.21)-(1.22) en

supposant que la vitesse A\ : (0,7) x R x U — R vérifie, pour tout i € {1,...,d}, les régularités suivantes:

A€ L®((0,T) x RxU)NC((0,T) x RxU), pouri=1,....,d,

(K1) il existe M; >0 tel que pouri=1,...,d,

d
Z IN(t, 2, u) — No(t,y,v)] < My (Ju—v| + |z —y|) pour tous u,v € U, z,y € Ret t € (0,T),
i=1
ou |w| = Z |w'], w = (w',..., w?) et U est définie par la boite suivante:
i=1,...,d
d
U= H[*H%HLo@(R), ||U6||Loo(R)}~
i=1

De plus, nous supposons que la matrice Jacobienne de la vitesse A" notée par

; . i _oX
(A,j(t7m’u))i7lj:1,...,d o A= ui’

est négative, autrement dit

d
(K2) Zwiwj)\fj(t,x,u) <0, Y(t,z,u) € (0,T)xRxU, et Yw=(w... w)eR™L
ij=1
Chaque composante u} de la condition initiale ug = (u}) =1, vérifie la régularité suivante:
of <uf < B
(K3) pour i=1,...,d,
d,ub € LY(R) N Llog L(R),

ou Llog L(T) est 'espace de Zygmund défini par:

Llog L(R) = {f € LY(R) tel que/R|f|1n(e+ If]) < +oo}.

Evoquons maintenant quelques résultats établis en relation avec le probléme (1.21). Motivés par la
dynamique des dislocations, El Hajj et Boudjerada [19] ont démontré l’existence globale des solutions
de viscosité discontinues pour des équations eikonales unidimensionnelles non-linéaires et non-locales,
considérant en particulier le cas d = 1.

De plus, citons notre travail récent [36], évoqué dans la Section 2, ou des résultats d’existence et d’unicité
d’une solution de viscosité sont établis pour un systéme (2 x 2) quasi-monotone qui correspond au cas
1 -1
-1 1
d’existence et d’unicité d’une solution de viscosité pour un systéme quasi-monotone de type Hamiton-

ou ()\fj)i,jzl’g = Nous rappelons que dans [36], nous avons pu dévélopper une théorie

28



1. Introduction générale

Jacobi en basant sur les travaux de Ishii, Koikee [46,47].

Pour le probléme (d x d), nous citons le résultat d’existence de solutions BV discontinues qui a été prouvé
dans [37] sous une condition de monotonie de la vitesse.

Notons que dans le cas d’une condition initiale croissante le systéme (1.21) devient un systéme diagonal
hyperbolique pour lequel nous mentionnons par la suite quelques résultats connus. Dans le cas d'un
systéme (2 x 2) Lax a montré dans [54] 'existence et 'unicité d’une solution croissante réguliére. En plus,
El Hajj, Monneau ont prouvé dans [35] des résultats d’existence et d’unicité d’une solution continue pour
un systéme (d x d) diagonal strictement hyperbolique en supposant des conditions initiales croissantes.
Récemment, dans [5], un résultat d’existence globale des solutions de viscosité discontinues pour un
systéme (d x d) diagonal hyperbolique avec des conditions initiales BV a été montré.

Dans ce qui suit, nous énongons le Théoreme principal de cette section concernant ’existence et 1'unicité
d’une solution de viscosité dans le sens de la définition 1.1.

Théoréme 1.8. (Existence globale et unicité d’une solution)

Supposons que les conditions (K1), (K2) et (K3) sont vérifiées. Alors, nous avons:

i) Existence d’une solution de viscosité continue:

11 existe une solution de viscosité continue u® pour le systéme (1.21)-(1.22), pour tout i € {1,...,d}, ou

u' € L®((0,T) x R) et O,u’ € L°°((0,T); Llog L(R)).

En plus, pour tout i € {1,...,d}, u® vérifie les estimations suivantes:
[u' | oe 0,1y xRy < Mgl Lo ) (1.23)
102" || oo ((0,1); 21 () < 100l 21 () (1.24)

et l'estimation entropique du gradient

d
Z |0zt || Lo ((0,7: L 1og L(RY) < V1, (1.25)

i=1

ou T1="N (Ta d, My, A, ||8$u0||(L1(]R)ﬂL log L(]R))d> avec

d
A:ZAi et A'= sup [N(t,z,u)| Vie{l,...,d}.
i—1 te(0,7)
:CEE
ue

1)Unicité de la solution:
En supposant que la vitesse vérifie la condition de monotonie suivante:
N (t,z,r) = N (t,z,s) <0, pour tous vecteurs v = (r'),_, ;5= (s"),_, 4 tels que

(K4)

7 —sl = max (r'—s) >0.
i€{1,...,d}
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4 Solution continue pour un systéeme eikonal non-linéaire

Alors, la solution définie dans (i), est unique.
L’estimation (1.25) est nécessaire dans la preuve du Théoréme 1.8. En fait, nous considérons une régu-
larisation parabolique du probléme (1.21). Puis, nous montrons que la solution de ce dernier satisfait

Pestimation L™ (1.23) et I'inégalité fondamentale suivante:

d d
/}R;fﬂazui(tx))dx - /ot/R Z )\fj(t,amu)azui(t,x)azuj(t,m) < C, pour tout te€ (0,7) (1.26)

ij=1

ou f est définie dans la Section 2 par (1.10) et C' est une constante positive qui dépend de T,d, M; et

[0zoll (L1 ()L 10g L.(R)) -

Dans ce qui suit, nous énongons courtement la stratégie de la preuve qui sera détaillée dans le Chapitre 5.
Tout d’abord, nous montrons un résultat d’existence locale et d’unicité d’une solution pour un probleme
parabolique obtenu en régularisant le probléme (1.21) aprés avoir régulariser les données initiales et la
i

vitesse. Ce qui nous ramene & étudier pour 0 < n < 1,4 =1,...,d et v, = (v} )i=1,...,a le probleme

n
suivant: ‘ ‘ _ ‘
8{0}7(15, x) — n&‘gzv%(t,x) = )\’(t,:y,vn)|8xv§](t,m)| sur (0,7) x R,
(1.27)
v} (0, ) = v (x) z € R,
ou, pour tout i € {1,...,d}, nous avons
vy € C°(R)NL>®(R) et d,v) € LP(R) pour tout 1 < p < +oo. (1.28)

En plus, A (0,T) x R x U — R satisfait, pour tout i € {1,...,d}, les hypothéses suivantes:
A€ L®((0,T) x Rx U) N C=((0,T) x R x RY), pour i =1,...,d,

(K1) Il existe Ml >0 tel que pouri=1,...,d,

d
Z Nty u) — No(t, y,v)| < My (Ju —v| + |& — y|) pour tous u,v € U, x,y € Ret t € (0,T),
i=1
et

d
(K2) Zwiwj:\fj(t,:r,u) <0 V(tz,u)€(0,T)xRxU, et Yw=(w',...,w) ecR%

i,j=1
Nous régularisons le terme non-linéaire |61vf]| en le remplagant par la fonction 5; (3mv;), 0<d0<1,ou

Bs(x) = V2?4 62.

Puis, nous considérons une troncature de la fonction 85 en introduisant:

Bs est la fonction définie par
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1. Introduction générale

oll ¢ € C*°(R) est une fonction “cut-off* & valeurs dans [0, 1] telle que supp(¢) C [-2,2] et ¢(x) = 1 sur
[—1,1]. Ceci nous conduit finalement & considérer le probléme suivant:

(“)tvf],(;(t,x) — n@%mvf?’&(t,x) = S\i(t, :E,vn’g)wg(;v)ﬂg(azvf?,g(t,w)) sur (0,7) x R,
(1.29)
vfm(O, r) = vi(z) z €R.

Dans un premier temps, nous prouvons un résultat préliminaire d’existence et d’unicité pour le probléme
(1.29). Ceci est évoqué par le théoréme suivant.

Théoréme 1.9. ( Existence et unicité d’une solution Lipschitz continue pour (1.27))
Supposons que (I/(vl) and (1.28) sont vérifiées. Alors, pour tout T > 0 tel que, nous avons

i) (Existence et unicité pour (1.29)):

Le systéme (1.29) admet une solution unique vy s = (v} 5) 4, €(C>((0,T) x R)? N (WL((0,T) x

i=1,...,
R))4, satisfaisant les estimations suivantes:

HU;’Z;HLOC((O’T)X]R) < TOA + ||vé||Loo(R) pour tout i=1,...,d,

oth A" = ||| oo (0,7 xRx24) -
En plus, il existe une constante fg qui dépend de ||v6HLoc(R), ||8$U6HL;)(]R), et T telle que

||81/UZ;7’5||Loo((07T);Lp(]R)) < fg pour tout 1 < p < 4o0.

i7) (Convergence):

A une sous-suite pres, la fonction vf%é converge, quand 0 — 0, vers une fonction v; localement et fortement
dans C([0,T); WH>(R)). En plus, v}, est Uunique solution de (1.27) (au sens de distribution) appartenant
a C([0,T); WHoo(R)) et satisfaisant, pour tout 0 < n < 1 et pour tout i € {1,...,d}, les estimations n-
uniformes :

vyl o (0,7 xRy < 106 ]| ow ).

et
||6$U3]||Loc((07T);Lp(R)) < 53 pour tout 1 < p < +oo.

En fait, en se basant sur un argument de point fixe, nous démontrons un résultat d’existence locale et
d’unicité d’une solution réguliere vfm pour le probleme (1.29) (résultat donné dans le Théoréme 1.9).
Ensuite, nous montrons que la solution Uy s vérifie une estimation entropique du gradient similaire &
(1.26) et d’autres estimations uniformes en 7 et en 0 parmi lesquelles lestimation BV. En passant a
la limite quand § — 0, nous prouvons que la solution vf, du probleme (1.27) satisfait des estimations
uniformes en 7. Puis, en utilisant ces dérniéres, nous démontrons que la solution locale peut étre étendue
en une solution globale. Dans une deuxieme étape, nous utilisons les résultats de stabilité des solutions
de viscosité et les résulats de compacité de Simon pour passer & la limite quand (6,7) — (0,0) et montrer
ainsi lexistence globale d’une solution de viscosité continue pour le probléme (1.21).

Finalement, en utilisant le principe de comparaison énoncé par la suite, nous prouvons 'unicité de la
solution.

Théoréme 1.10. (Principe de comparaison)

Soient p= (p),_; 4 et q=(¢");—, 4, respectivement, des sous et sur-solutions de viscosité continues
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5 Convergence d’un schéma implicite pour un systéme diagonal hyperbolique

pour (1.21), avec p*(0,-) = p§(-) et ¢'(0,-) = gj(-). Supposons qu’il existe une constante K > 0 telle que

||piHLoo((0’T)XR) <K et ||qi||Loc((0’T)><]R) <K pourtout i€ {l,...,d}.

Alors, si pi(0,-) < ¢%(0,-) sur R nous aurons p* < ¢* sur (0,T) x R pouri € {1,...,d}.

5 Convergence d’un schéma implicite pour un systéme diagonal

hyperbolique

Dans cette section, notre travail se focalise sur ’analyse numérique d’un systéme (d x d) diagonal hyper-
bolique qui apparalt naturellement dans la modélisation de la dynamique des densités des dislocations.
Pour réaliser I’étude numérique de ce systéme, nous proposons un schéma aux différences-finies de type
“"Upwind™ implicite. Pour ce schéma, nous prouvons un résultat de convergence en se basant sur des
estimations Lipschitz discretes similaires a celles établies pour le probléme continue dans [35]. Enfin,

nous présentons quelques simulations numériques.

5.1 Probléme continue

Dans cette sous-section, nous citons des résultats d’existence et d’unicité de solutions Lipschitz montrés

dans [35]. Nous considérons le systéme diagonal hyperbolique suivant:

O + M (0)0,v7 =0 sur (0,+00) x R, pour j=1,...,d,
(1.30)
vj(O,:v):vg(x) r€e€R, pour j=1,....d,

ot v(t,z) = (vI(t,x))j=1,. a, avec d > 1 est un nombre entier.

Considérons la fonction (M);—1, 4 : R — R, qui satisfait la supposition suivante:

N e CY(RY), pour j =1,...,d,

(L1) . .
Il existe M; >0 tel que pour j =1,...,d,

M (u) — M (v)] € My|u—v| pourtous wu,veR™L

Notons

A = sup |V (u)],
uey

ou V est définie par la boite:

V:

[e3

[_||Ug||L“(R)7 HUéHLN(R)}-

d
=1
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1. Introduction générale

Dans (1.30), la condition initiale vg = (v}, ...,vd) satisifait la régularité suivante:

vg est croissante,
(L2) pour j=1,...,d.
0,0} € L®(R),

Nous introduisons quelques hypotheses sur la matrice Jacobienne ()\]Z (v)) _; qui impliquent Uexistence

ij=1,..
et I'unicité d’une solution Lipschitz.

(Matrice triangulaire positive)

Afi(v)go pour tous veEV et i#j avec i,j€{l,...,d},

(M)

A= Jlé]f} (Aﬂ(v)) et _ ; dAm{jfi >0 pour tout &= (£1,...,&q) € [0,4+00)<.
i,7=1,...,

(Matrice a diagonale dominante)

(Ma) )\J](’U) > Z(/\Jl(v))_ pour tout veV et j=1,...4d,
i#]
ol nous notons = = max(0, —x).

(Matrice avec des termes sous-diagonals positifs)
(M3z) MN;(v) >0 pourtous veV et i>j avec 4,j€{l,...,d}.

Avant de présenter cette étude, nous rappelons les lecteurs du résulat principal effectué dans [35].
Théoréme 1.11. (Existence et unicité d’une solution Lipschitz, [35, Th 1.3])

Supposons que (L1) et (L2) sont satisfaites. Supposons encore qu’une des suppositions (My), (Ms), ou
(M3) est vérifiée. Alors, il existe une fonction unique v € m [Whe2([0,T) x R)|* solution pour (1.30),

au sens de distribution, avec v(t,x) € V pour tout (t,x). =
De plus, nous avons pour tout t € (0,+00):
S 007t e <Y [1000]llpoe@)  si (Mi)  est vérifice, (1.31)
j=1,..,d a=1,..,d
et
jI:nl?i)deaIvj(t’ M=) < jinlz}.%dnazvgﬂpo(m si (Ma) est vérifice. (1.32)

Par la suite, nous présentons une discretisation convenable avec le probleme continue.

5.2 Probléme discret

Considérons un pas de temps At > 0 et un pas d’espace Az > 0. Afin d’éviter 'ambiguité dans les

notations, notons u?" la solution discréte définie comme étant une approximation de v’ (t,,x;), pour
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5.2 Probleme discret

n € N et ¢ € Z. Nous proposons le schéma implicite de type "Upwind™~ suivant:

Jjn+1 J,n Jn+1 Jjyn+1
Zi N\ (u?-irl) (Hll -0 si M (u?“) <0,

At Az
YE{Lndh | e Lt _ gt (1.33)
i A ) +)\](u?+1) ( % - i—1 ) _ si )\j(uzzﬂ) >0,
= (),

avec la vitesse M (u) est implicite en temps.

Avant d’énoncer les résultats principaux de cette section, nous évoquons quelques travaux numériques
effectués dans le cadre de notre probleme.

Les schémas numériques pour les systemes hyperboliques sont principalement écrits pour des systéemes en
forme conservative ce qui nous permet d’obtenir un choc correct de Rankine-Hugoniot. Nous renvoyons
les lecteurs & [55] pour une présentation des classes principales des schémas existant. Parmi ces schémas,
les résultats de convergence sont rarement trouvés pour les systémes hyperboliques.

Le théoréme de Lax-Wendroff [53] montre que tout schéma numérique consistant et conservatif converge
vers une solution faible du systéme hyperbolique. Mais, la stabilité de la variation totale est ici nécéssaire
pour prouver la convergence du schéma numérique.

Pour les formes non-conservatives, nous référons les lecteurs & Monasse et Monneau [59] ou la convergence
d’un schéma semi-explicite en supposant que le probléme est strictement hyperbolique et en utilisant une
estimation entropique discréte du gradient compatible & celle établie dans le cas continue [35] a été mon-
trée. Notons que le travail de Monasse et Monneau reste restreint a une classe de solutions dite "Vanishing
viscosity solutions”, qui a été introduite par Bianchini et Bressan dans [16].

Dans notre travail, nous considérons un systeme hyperbolique non nécéssairement strictement hyper-
bolique et nous montrons la convergence d’un schéma implicite en se basant sur des estimations Lipschitz
discretes sans aucune restriction a la classe des solutions.

jin

n _—
Notons u = (u]

n __ n s 14 n Z o oM ;
)],:17___7(17 u™ = (uf )icz, €t nous considérons que u™ € V" si u' € V, pour tout i € Z.
Nous considérons la conditions CFL suivante:

Fi < min(B1, Ba), (1.34)

avec
1 1

= : i B2 = - - .
AN (J|vgll oo ) + 1) 3(AJ + Mi([[vgll Lo vy + 1))

Nous énongons maintenant les résultats établis dans ce travail. Il s’agit en fait de 3 résultats.

A

Le premier établit un résultat d’existence et d’unicité de la solution numérique. Ceci est reflété par le
théoréeme suivant:

Théoréme 1.12. (Résolution du schéma implicite)

Supposons que (L1), (L2) et la condition CFL (1.3]) sont vérfiées. Soit u™ € VZ. Alors, nous avons

(i) (Existence)

Il existe une solution unique u™** € V& du schéma implicite (1.53).

(it) (Monotonie)
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1. Introduction générale

St u™ est croissante, c.d.d satisfait

ufflzufn pour tout i€ Z, et j=1,....d,

alors u"t! est croissante.

Le deuxieme résultat montre des estimations Lipschitz discrétes. Ceci est présenté par le théoreme
suivant:

Théoréme 1.13. (Estimations discrétes du gradient)

Supposons que (L1) et (L2) sont vérifices. Si u™ est la solution du schéma implicite donnée par le

jm . gm
Wir1 — Uy

in

b1 = s , est positive pour tout n € N et vérifie les estimations suivantes:

Théoreme 1.12, alors, 0;

d d
Z sup 95:% < Z sup ng% si (My) est vérifiée,

i ez pasiic s

max (sup@f’" ) < max (sup@ffl) st (Ma) est vérifiée,

1
j=1,....d \ ez +3 j=1,....d \ ez 2

sup (95:;) < K;(T) (sup Hffl) pour tout n > ng st (Ms) est vérifiée,
€L 2 1€ 2

ot K; est une constante qui dépend de T', M, et sug Hif%, pour tous | < j—1 et ng € N dépend de T
Le troisiéme résultat prouve la convergence de la ;(e)lution discrete vers la solution du probleme continue.
Ceci est illustré par le théoréme suivant:
Théoréme 1.14. (Convergence de la solution du schéma)
Supposons que (L1), (L2) et la condition CFL (1.3]) sont vérifiées. Supposons de plus que l'une des
conditions (M), (Mz) ou (Ms) est satisfaite. Considérons la solution (u™),>o du schéma pour un pas
de temps At > 0 et un pas d’espace Ax > 0 donnée par la Théoréme 1.12. Nous notons e = (At, Azx) et
u€ la fonction définie par

u(nAt,iAz) =u} pour neN, ieZ.

Alors, quand € — 0, la suite (u¢). converge vers l'unique solution Lipschitz v du systéme (1.30). En plus,

pour n'importe quel compact K C [0,4+00) X R, nous avons

sup |u¢ —v] — 0 quand € — (0,0).
KN((AN)x (AzZ))
j=1,..., d

Nous terminons cette section par une illustration numérique, basée sur le schéma (1.33), du probléme

(1.1).

5.3 Simulations numériques

Nous traitons d’un point de vue numérique le probléme (1.1) dans un cadre particulier en considérant

des conditions initiales croissantes et a(t) = a = 0. Ceci revient & résoudre numériquement le probléme

35



5.3 Simulations numériques

suivant:
dpt(t,) =—((p" —p7)(t,2)) 0up™ (t, ) sur (0,T) xR,
(1.35)
ohp~(t,x) = ((pt—p7)(t,x)) dup (t,z) sur (0,T) x R.

Le but ici est de calculer la solution numérique du systéme (1.35) via le schéma implicite (1.33). Pour
se faire, nous choisissons des parameétres de discrétisation At et Az vérifiant la condition CFL (1.34) et
nous considérons des conditions initiales croissantes, 1-périodiques+ linéaires de la forme:

1 1
pT(0,2) = —sin (27z) + 2, p (0,7) = —— sin (27x) + =, Va € R.
27 27

La Figure 1.6 illustre le comportement de la fonction p* — p~ qui représente en réalité dans le cas des
dislocations la déformartion viscoplastique. Intuitivement, d’aprés le systéme (1.35), nous pouvons voir
que la fonction p™ — p~ atteindra un état stationnaire (p™ — p~ = 0) comme le montre la Figure 1.6.

Figure 1.6: Comportement de p™ — p~ en fonction du temps
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Modélisation

Dans ce chapitre, nous présentons la dérivation physique du modeéle unidimensionnel décrivant la dy-
namique des densités des dislocations se propageant dans plusieurs directions de glissement. Ce chapitre
est inspiré du travail effectué par El Hajj, Monneau [34, Section 5].

Initialement, la dynamique des densités des dislocations dérive d’un modele tridimensionnel. Nous nous
placons dans un cadre particulier ou la géométrie du probleme est invariante par la translation dans la
direction de x3. Ceci nous conduit & analyser les densités des dislocations dans le plan (x1,x2) qui se
propagent suivant un vecteur de Burgers b appartenant au plan (x1,z2).

Pour une présentation plus détaillée de la dérivation physique du systéme modélisant la dynamique des
densités des dislocations dans le cas de plusieurs directions de glissement, nous référons les lecteurs a
Yefimov, Van der Giessen [73] et & Yefimov [72] et & Groma, Balogh [40] pour le cas d’un modéle consid-
érant une seule direction de glissement des dislocations. Pour une analyse mathématique du modele de
Groma et Balogh, nous renvoyouns les lecteurs a Cannone et al. [24] et El Hajj [31].

Ce chapitre comporte 3 sections. Dans la Section 1, nous présentons le modeéle bidimensionnel dans le cas
de plusieurs directions de glissement. Dans la Section 2, en considérant une géométrie particuliere ou les
dislocations dépendent d’une seule varibale = x1 + z3, nous réduisons ainsi le modele bidimensionnel a
un modele unidimensionnel. Finalement, nous montrons dans le Section 3 que la dynamique des densités

des dislocations est modélisée dans ce cadre par le systéme suivant:
d
Oy (t, ) + ZAiju] Ozu'(t,z) =0 sur (0,400) xR, pour i=1,...,d,
j=1 (2.1)
ut(0,z) = ud(z) z€R, pour i=1,...,d,

avec A = (Aij)ij=1,.. 4 est une matrice symétrique non-négative. Notons que le probleme (2.1) corre-

spond aux systémes traités auparavant.

1 Le modeéle bidimensionnel

Notons X = (z1,22) comme étant un vecteur de R? et considérons un cristal se trouvant dans ’espace
R2. Notons v = (v1,v2) : R? — R? comme étant le déplacement du cristal.



1 Le modele bidimensionnel

Nous supposons que les densités des dislocations étudiées correspondent a des dislocations coins. Nous
considérons alors d directions de glissement telles que chaque direction est caractérisée par un vecteur
de Burgers b = (b%,b%) € R2, avec k = 1,...,d. De ce fait, nous avons d types de dislocations qui se
propagent dans le plan (z1, z2) suivant la direction de l;k, pour k=1,...,d.

Nous introduisons la déformation totale e(v) = (€;5(v))i,j=1,2 qui est une matrice symétrique définie par:

1 0v; Ov;

Notons que la déformation totale est donnée par la somme suivante:

eij(v) = e (v) +€5;(v),  avec & = Z gOkyk,
i=1,...,d

ot uF est une fonction scalaire qui représente le déplacement plastique associé au k-éme systéme de
glissement dont la matrice est définie par:

1
0,k
5 = 5(17?”? + nfb?), (2.2)

ot 7i* = (n¥,n%) est un vecteur unitaire orthogonal & b*.
Afin de simplifier la présentation, nous supposons que les inconnues vérifient les proprietés de périodicité

suivantes.

Hypothése (H):

i) La fonction v est Z2-périodique avec / vdX =0.

(0,1)?
ii) Pour tout k = 1,...,d, il existe L* € R? tel que u*(X) — L* - X est Z?-périodique.
iii) L'entier d est pair avec d = 2N et nous avons pour k =1,..., N:
[N _ [k ghtN _ gk pheN _ _pk o Ok+N _ Ok
) ) ) .

k ~k+N

iv) Notons par 7% = (7, 75) le vecteur unitaire paralléle & b tel que T = 7% Nous imposons que Lk

soit choisi sachant que 7* - L* > 0.

Les contraintes d’élasticité o;; pour 4, j = 1,2 sont reliées a la déformation élastique par la loi de Hooke:

oc=A:e%v), Cclest-a-dire o;; = Z Aijrieg; (v), (2.3)
kl=1,2

et vérifient ’équation d’élasticité d’Euler-Lagrange

6Jij

div 0 =0, c’est-a-dire =0 pour 7=1,2.

1.2 8xj

J=1
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2. Modélisation

Dans (2.3), A = (Aijii); jp =10 sont les coefficients d’élasticité du matériel vérifiant I’hypothese de
coercitivité suivante pour m > 0

Z Aijricijers > m Z E?j, (2.4)

i4,k,l=1,2 i5=1,2

pour toutes matrices € = (g;5); j=1,2 symétriques, c’est-a-dire vérifiant €;; = ¢j;.
D’autre part, le déplacement plastique u* est lié & la densité des dislocations coins associées au vecteur

de Burgers b*. La k-eme densité des dislocations est donnée par

Le déplacement plastique u* satisfait alors I’équation de transport suivante:

k k —k k 0,k
O = "7 - Vu" avec ¢ = E Oij€is
i,j=1,2

ou ¢ représente la vitesse de Peach-Koehler résolue s’excergant sur les dislocations.
En utilisant (2.5), nous remarquons que la densité des dislocations 6% satisfait la loi de conservation
suivante:

0,0% = div(cF70").

Finalement, pour k = 1,.. ., d, les fonctions u* et v supposées dépendantes de (¢, X) € (0, +00) x R? sont

des solutions du systéme couplé suivant (voir Yefimov, Van der Giessen [73] et & Yefimov [72]):

dive =0 sur (0, +00) x R
o =A:(e(v) —eP) sur (0, +00) x R?,
1
e(v) = 3 (Vo + Vo) sur(0, +00) x R,
eP = Z g0k R sur (0, +00) x R?, (2.6)
k=1,...,d
ot = (0:e0F)7* VuF  sur (0, +o00) x R?, pour k=1,...,d,
c.a.d en coordonnées
9o > -
=0 sur (0, +00) x R pour i = 1,2,
. 8l‘j
=12
oy = Z Nijii (e (v) — €8))  sur (0,400) x R?,
k,=1,2
1/ 0v; Ovj
gij(v) == Vi 70 sur (0, +00) x R? pour 4,7 = 1,2
P _ 0k, k 0 R2 ( . )
e = Z €ij u sur (0, +00) x R?,
k=1,....d
duP = Z Uijii?j’vk 7 VuF  sur (0, +00) x R pour k=1,...,d,
i5€{1,2}
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2 Le modeéle unidimensionnel

ot les inconnues du systéme sont u* et le déplacement v = (vy,v2) et 5%’“ est définie dans (2.2). Notons

que ces équations sont accordables avec les hypothéses de périodicité (H), (¢) — (i7).

2 Le modeéle unidimensionnel

Dans cette section, nous nous plagons dans une géométrie particuliere ou les densités des dislocations
dépendent d’une seule variable z = 1 + z5. Ceci nous conduit & un modele unidimensionnel.

Plus précisement, nous supposons les propriétés suivantes:

Hypothése (H'):

i) Les fonctions v(t, X) et u*(t, X) — L¥ - X dépendent de la variable z = 1 + .

ii) Pour k = 1,...,d, le vecteur 7% = (7F, 7}) satisfait 7f 4+ 75 = 1.

iii) Pour k= 1,...,d, le vecteur L* = (L*, L) satisfait L¥ = L%

Dans ce cadre particulier, nous désignons la fonction v = v(t, ) qui est une fonction 1—périodique en x.

LI+ Lk
En posant ¥ = %, nous avons

- Lk — Lk
Lk~X:lk-J;+<122> (1 — x2).

En utilisant ’hypothese (H'), (44), nous constatons que u = (u*(t,x))r=1,. 4 est définie telle que pour

k=1,...,d, u*(t,z) — I* - z est une fonction 1-périodique en z.
Nous intégrons les équations d’élasticité, c.a.d, la premiére équation de (2.6). En se basant sur la Z2-
périodicité des inconnues (voir ’hypothese (H), (i)-(i4)), et le fait que ®*+N = —£%% (voir I'hypothese
(H), (iii)), nous déduisons que la déformation
1
£¢ est une fonction linéaire de (uv/ —w/ ™), N et de (/0 (u? —u? ) dx) . (2.8)
j=1,...,.N

Ceci nous conduit au lemme suivant.
Lemme 2.1. (Contrainte pour le modéle unidimensionnel)

Supposons que les hypothéses (H), (i)-(i1)-(ii1) et (H'), (i)-(ii1) et (2.4) sont vérifiées. Nous avons

1
—0:e% = Z Aijud + Z Qij/ uw dx, pouri=1,...,N, (2.9)
j=1,....d j=1,....d 0
ou pouri,j=1,...,N

Aij =Aji et Aigng = —Aij = Aijan,
(2.10)
Qij =Qji el Qirnj = —Qij = Qij+N-

En plus, la matrice A = (Ajj) y est non-négative.

i,j=1,..
La preuve du Lemme 2.1 sera présentée a la fin de cette section.

Enfin, en se basant sur le Lemme 2.1, nous éliminons la contrainte et nous transformons ainsi le systeme
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(2.7) en un probléme unidimensionnel de d équations de transport dépendant seulement de u‘, pour

i=1,...,d. En s’appuyant sur (2.9) et (H’), (i¢), le modéle unidimensionnel a la forme suivante

1
pu’ + Z Aijuj + Z Qij/ ! dx | Oyut =0, sur (0,+00) xR, pouri=1,...,d,
j=1,....d G=1,...,d 0

(2.11)

avec

Oput >0 pouri=1,....d, (2.12)

d’apres (2.5). Nous présentons par la suite la preuve du Lemme 2.1.

Preuve du Lemme 2.1:
Pour le probléme bidimensionnel, en utilisant le fait que £° est Z2?-périodique, nous considérons I’énérgie

élastique
el 1 e e
E¢ == A:ef:e®dX.
2 Joay:
D’apres la définition de o et ¢, nous avons pour i =1,...,d
o:e% = -V, E% (2.13)

D’autre part, en utilisant (H'), (i)-(ii4), (ot £ = 21 4+x2), nous pouvons reécrire I’énérgie élastique comme

suivant:

el 1 ! e e
E‘:§ A g€ e dr.
0

En remplacant € par son expression (2.8), nous avons:

Eel_ 1 !
_ 5/0 3

i,5=1,...,

+% > o (/Ol(uj Wt dx) (/Olw—uiw) da:),

i,j=1,...,

Aij(u? — ™) (= uN) de
N

ol A;; = Aji, Qij = Qj; sont des matrices symétriques. Particulierement, combinée avec (2.13), celle-ci
implique (2.9) et (2.10).

Considérons les fonctions w* = u* — '+ telle que

1
/ w' der =0 pouri=l,... N. (2.14)
0

D’apres (2.4), nous constatons que
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3 Dérivation du modeéle non-périodique

1 /1t o
0< E = 5/0 Z Ajjw'w? dx.

ij=1,...,.N
D’une manieére précise, pour tout ¢ = 1,..., N et pour tout w* € R, nous définissons
. 1
w sur 0, 30
w' =

qui vérifie (2.14). Enfin, nous obtenons

e 1 ! —1,77
OSElZEA Z Aijwwjd:c.

ij=1,...,N

Comme ceci est vrai pour tout w®, nous pouvons conclure que A est une matrice non-négative. O
b

3 Dérivation du modele non-périodique

En partant du modele (2.11)-(2.12) ott pour i = 1,...,d, la fonction u’(t,z) —I* - x est 1-périodique en ,
nous voulons la disparition de la périodicité. Plus précisement, nous avons le lemme suivant:

Lemme 2.2. (Modele non-périodique)

Soit u une solution de (2.11)-(2.12). Supposons que le Lemme 2.1 est vérifié et que u'(t,z) — 1" - x est

1-périodique en x. Soit

ug(t,x) =u?(6t,6x), pourd >0 et pourj=1,...,d,

sachant que, pour tout j =1,...,d
w}(0,-) = @’ (0,-), quand §—0, et @ (0,+00) =TV (0,%00). (2.15)
Alors, u = (w);=1,.a est formellement une solution de

atai + Z Aijaj &cﬂi =0, sur (0,+00) x R, (2.16)
j=1 d

ot Oyu' >0 pouri=1,...,d.

Nous remarquons que le probléme limite (2.16) est de méme type que (2.1).
Nous démontrons par la suite le Lemme 2.2 d’une fagon formelle.

Preuve formelle du Lemme 2.2:

La, nous avons uf; —6l* -z est g—périodique en x, et satisfait pouri=1,...,d
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2. Modélisation

dpuls + Z Agjul + 6 Z Qij /0o ul dx | dpub =0, sur (0, +00) x R. (2.17)
d

j=1l,...d j=1,..,

Dauns le but de simplifier, nous supposons que la condition initiale u;s(0, ) converge & une fonction (0, -)
telle que la fonction 9,us(0,-) a un support dans (—R, R), uniformément en §, ot R est une constante
positive. En utilisant (2.15) et la proprieté d’antisymétrie de la matrice ¢ donnée par (2.10), nous

prévoyons que la vitesse dans (2.17) reste uniformément bornée quand é — 0.
Alors, en utilisant la propriété de vitesse de propagation finie, nous constatons qu’il existe une constante

C indépendante de ¢, telle que 9, us(t,) a un support dans (—R — Ct, R + Ct) uniformément en 6. En
plus, en utilisant (2.15) et le fait que

1 1
5 5 ,
J _ J Jj+N
> Qij/ upde =) Qij/ (ug —ug') da,
j=1,....d 0 j=1,....N 0
nous déduisons que

1
Z * g
Qij/ u5 dl‘,
j=1,....d 0

reste uniformément bornée en 6. Alors, le terme non-local disparait et nous avons pour i = 1,...,d

1
Z Aijug +4 Z Qi; / u} de — Z Aj;u!, quand & — 0,
G=1,....d j=1,....d 0 j=1,....d

ce qui montre que u est une solution de (2.16), avec A est une matrice non-négative . O
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Existence et unicité d’une solution pour un systéme
non-local couplé modélisant la dynamique des densités

des dislocations

Ce chapitre est un article a paraitre dans Journal of Nonlinear Science écrit en collaboration avec Ahmad
El Hajj.

Dans ce travail, nous étudions un probléme couplé non-local et non-linéaire modélisant la dynamique
des densités des dislocations. En utilisant une estimation entropique du gradient dans l'espace Llog L,
nous montrons l’existence globale d’une solution de viscosité continue du probleme. Afin d’aboutir & ce
résultat nous régularisons tout d’abord le systeme en lui ajoutant un terme de viscosité puis nous passons
a la limite en utilisant les résultats de stabilité des solutions de viscosité continues prouvés par Crandall
et Lions. Finalement, nous démontrons 'unicité de la solution pour le probéme local en se basant sur un

principe de comparaison.



1 Introduction and main results

Existence and uniqueness of continuous solution for a non-local

coupled system modeling the dynamics of dislocations densities

A. El Hajj!, A. Oussaily!

LSorbonne Universités, Université de Technologie de Compiégne, LMAC.

Batiment Blaise Pascal - 60200 Compiégne, France

Abstract
In this paper, we study a non-local coupled system that arises in the theory of dislocations densities
dynamics. Based on a new gradient entropy estimate in L log L space, we prove the global existence of
a continuous solution. The approach is made by adding a viscosity term and passing to the limit for
vanishing viscosity. A comparison principle is used for proving uniqueness of the solution for the local

problem.

AMS Classification: 35Q53, 35Q72, 49125, 35F25, 35140, 35145, 65M06, 65M12, 65M15, 74H20,
74H25.

Key words: Hamilton-Jacobi system, non-local eikonal system, non-local transport system, entropy

estimate, viscosity solution, dislocation dynamics.

1 Introduction and main results

1.1 Presentation and physical motivations

Real crystals comprise certain defects in the organization of their crystalline structure called dislocations.
This concept has been introduced by Polany, Taylor and Orowan in 1934 as the main explanation, at
microscopic scale, of a plastic deformation.

Under the effect of exterior constraints, dislocations can move in a certain crystallogtaphic direction
called the slip direction. This slip is given by a vector called "Burger’s vectors” whose norm represents
the amplitude of plastic deformation.

In this work, we are interested in the study of 1D submodel of a problem introduced by Groma and Balogh
in [40], initially proposed in the two dimensional case. This two dimensional model is chararcterized by
the fact that dislocations propagate in the plane (x1,x2) following two Burger’s vectors +b = +(1,0). In
this 1D submodel we suppose also that the dislocations densities depend only on the variable x = x1 + o,
that transforms the 2D into 1D model. We refer the reader to Section 2, for the physical modeling of the
equations considered here, by highlighting the link with Groma-Balogh [40].

More precisely, this 1D model is given by the following coupled equations of non-local eikonal system
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type :

ote.t) == (07— @)+ [ (7 = )ty ale)) o @) i R x 0.7,

1
o w.0) = (=)@ +a [ (07 =) Ody+a0) [0 (0] i Rx (0.7)
(3.1)

The unknowns pt and p~ are scalar valued functions, that we denote for simplicity by p*. These
quantities represent respectively the plastic distortions associated with the dislocations moving according
to the vectors (1,0) and (—1,0). Their spacial derivatives d,p* are the dislocations densities of Burger’s
vector &b = +(1,0). From a physical viewpoint, in the context of the dynamics of dislocation densities,
the functions p* and 9,p* are positive reals. However, we do not make a sign restriction on these
quantities in the mathematical analysis in order to deal with the problem in a more general framework
and broaden the application areas. Here, the difference (p* — p™) represents the resolved plastic strain.
The constant o depends on the elastic coefficients and the material size, while the function a(-) represents

the exterior shear strain field, which is assumed to satisfy the following regularity:
a€C(0,T). (3.2)
The initial conditions associated to system (3.1) are defined as follows:
p(2,0) = pE(z) = Pf(z) + Loz on R, (3.3)

where POi are 1—periodic functions. We thus modelize a periodic distribution for the £ dislocations, with
a spatial period of length 1. Note that each type of + dislocations have a mean density equal to Ly. In
fact, the use of the periodic boundary conditions is a way of regarding what is going on the interior of
the material away from its boundary.

Let us now mention some results related to this problem. In [30], based on an energy estimate the
global existence and uniqueness of nondecreasing solution in VVlloc2 (R x (0,7)) space has been established.
However without monotony assumptions on initial data, in [33] using the notion of viscosity solutions in
the case of system introduced by Ishii and Koike in [48] the authors show existence and uniqueness of a
Lipschitz solution. They also proposed a convergent numerical scheme and proved a Crandall-Lions error
type estimate between the continuous solution and the numerical one. By weakening the regularity of the
initial data considering discontinuous solutions in particular BV functions, in [38] a result of existence
has been shown.

In this paper, we are interested in proving existence and uniqueness results considering continuous initial
data without monotony assumptions.

For a similar 1D model, to that of Groma-Balogh, taking into account the back stress and describing
moreover the boundary layer effects, we refer the reader to Ibrahim et al. [43,44] where a result of
existence and uniqueness has been established under the framework of viscosity solutions for Hamilton-
Jacobi equations.

Let us also mention that for an equivalent 2D model, a global existence result was proved in Cannone et
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al. [24] using an entropy inequality similar to the one used in this paper. Beside this, a local existence
and uniqueness result in Holder spaces was shown in [31] basing on commutator estimates.

Note that the non-local system (3.1) studied in this paper is a nonlocal version of crystal plasticity, which
can be seen as a sub-model of the 2D Groma-Balogh model proposed in [40] in order to study the shearing
of a composite material with single slip deformations, from statistical-mechanics descriptions of collective
behavior of dislocations (see Section 2 for more modeling details).

Several others continuous models were proposed in the literature for understanding plasticity of solids
as it arises from the nucleation, the motion, and the interaction of defects in the elastic deformation
of the material. We cite among this the interesting PDE-model developed in the work of Acharya (see
for instance [1]) wherein, building on some fundamental laws of kinematics or conservation, a full time-
dependent 3D system of equations governing the rate of plastic distortion tensor is formulated, This
theory is called Field Dislocation Mechanics (FDM) and utilizes a tensorial description of dislocation
density which is related to special gradients of the elastic distortion field.

A mathematical study using viscosity solution was established in Acharya et al. [3] for a 1D reduced model
arising naturally from the 3D-FDM theory in the case of homogeneously sheared rectangular cylinder
which contains some collections of planar screw dislocation walls. It is precisely a scalar problem of a
nonlinear second order Hamilton-Jacobi equation describing the evolution of plastic shear strain with
non-convex elasticity. The existence and nonexistence of equilibrium and traveling waves solutions of
this equation have been analyzed in this work, providing interesting physical insight into dislocation wall
equilibria. It is also shown that the comparison principle does not hold for the equilibrium equation (i.e.
with respect to the space variable). This also remains true in our framework, since we can easily verify
that the associated equilibrium system of (3.1) with zero exterior shear strain (a(-) = 0) admits two
intersecting solutions, namely the constants and all functions such as p™ = p~. However, we were able to
prove here a comparison principle result for the non-stationary local problem (see Section 8) with respect
to time, relying on some monotonicity properties of the system. Although this was not investigated in [3],
we expect that such a result is invalid for the time-dependent 1D equation considered in [3], due to lack
of monotonicity properties. A numerical approximation, based on two different schemes (of Upwind and
Friedrichs types), allowing to solve the 1D model of Acharya not necessarily in traveling waves case,
has been proposed and discussed in [28]. The influence of these numerical schemes on the behavior of
equilibrium and quasi-equilibrium profiles as well as on the motion of dislocations was also analyzed. The
performed simulations show many important physical phenomena such as the existence of non-periodic
quasi-equilibrium cell-wall dislocation microstructures reflecting some common features to the persistent
slip band phenomenon of fatigue experiments. A broader mathematical analysis concerning the global
existence and uniqueness of solution for a one-dimensional model more general than that discussed in the
previous paper, was provided by Acharya and Tartar in [2]. In their paper, they considered the study
of a 1D reduced quasilinear system both in the stationary and non-stationary case giving a more large
class of equilibria. Their proof relies on classical tools applied to a local second order equation, making
an approximation by Galerkin method and then passing to the limit using some compactness arguments
and regularity properties. These techniques do not apply in our framework, since it is a nonlocal and
non-conservative Hamilton-Jacobi system with low regularity. Besides mentioned model, a 1D model
taking into account the existence of edge dislocations, moving horizontally in a fixed layer of plane, was

described in [74] and studied numerically as in [28]. The resulting equation brings up a non-local term
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according to the plastic strain, which, in the case of linear elasticity and under particular assumptions,
is similar to our system but in the scalar case (i.e. p™ = 0 or p~ = 0). Important observations
like Peierls-Nabarro stress effects, dislocation annihilation and dissociation, were also explored in [74]
through this 1D equation. Other model, called Mesoscale Field Dislocation Mechanics (MFDM), was
also recently developed in order to derive the finite deformation mesoscale plasticity. This model allows
us to understand several key issues involved in the fields of plasticity and dislocation mechanics, and it
can be seen as an average (space-time) field model of the microscopic FDM model. Regarding this, we
refer to [29] wherein a reduced 1D system, coupling dislocation transport and gradient hardening, was
deducted from MFDM theory and studied numerically. We can also see [9] for an in-depth numerical
analysis based on a finite element approximation of MEDM, allowing to recover the power law scaling of
stress-strain behavior observed in micropillar compression experiments as well as predict the stress field
of a progressively forming dislocation wall.

Let us mentioned that, our work focused on the mathematical study of system (3.1) arising from the
dynamics of dislocation densities. However, following a different approach, let us quote some recent
results on the dynamics of dislocation lines that are represented by non-local Hamilton-Jacobi equations.
In this direction, we address the reader to [8] for local existence results, and to [14,15] and to [19,20] for

global existence results.

1.2 Main results

In this paper, we present a global existence for the non-local Hamiton-Jacobi system (3.1). Taking the

following regularity on the initial data given by (3.3):
PE e L°°(T) and 9, P € Llog L(T) (3.4)

where T = R/Z is the [0, 1) periodic interval and Llog L(T) is the following Zygmund space:

Llog L(T) = {f € LY(T) such that /T |flIn(e+|f]) < —l—oo}. (3.5)

This space is equipped with the following norm:

I f1l 210g (T) =inf{,u> 0:/T|£ln (e—i—'lufl> < 1}. (3.6)

This norm is due to Luxemburg (see Adams [4], (13), Page 234).
We now present the main result.

Theorem 3.1. (Global existence and uniqueness of solution)
Assume that (3.2) and (3.4) are satisfied. Then the following hold:
i) Existence of a continuous viscosity solution of (3.1)-(3.3):

There exists a continuous viscosity solution p* of (3.1)-(3.3) such that:
p*(z,t) = P*(x,t) + Lox (3.7)

and
P* e L®(T x (0,T)) N C([0,T); Llog L(T)) and 8,P* € L>((0,T); Llog L(T)),
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where P* are 1-periodic functions (with respect to the space variable) and P* satisfy, for all T > 0, the
following estimate
max (1PE|| oo (rx (0,7)) < Ad (3.8)

where Aq (T, lall Lo 0,1y, Lo, @, HPOiHLoo(T)) .

Also the function p* satisfies the following gradient entropy estimate:

max (”aIPiHLOO((O,T);Llog L(T)) + ||8tpiHL°°((O,T);Llog L) < Ag (3.9)

where Ao (T, ||all Lo (0,1) Los &, [| Py | Lo (1), 10205 | 2 10g () -

1) Uniqueness of solution in the local case:

The solution, given by (i), is unique if a = 0.

The key point to establish Theorem 3.1 is the gradient entropy estimate (3.9). We first consider the
parabolic regularization of the local problem (a = 0) and then we show that the smooth solution admits
the L* bound (3.8) and the following fundamental gradient entropy inequality:

/T [f (020" (@, 8)|) + f (|0wp™ (2,8)|)] dx < C, forall te(0,T) (3.10)

where
xln(m)—i—é if x>1/e,

3.11
0 it 0<x<1/e, ( )

with the constant C' depends only on T, ||5mpg||LlogL(1r), 10200 || £ 10g L.(T)-

This estimate allows us to pass to the limit when the regularization vanishes, using compactness argument
and stability of viscosity solutions, which leads us to obtain the existence of a solution. In addition, by
proving a comparison principle result in the local case, we can obtain the uniqueness of the solution.
Finally, by a fixed point argument we get the existence for the non-local case.

Remark 3.1. Note that, thanks to the quasi-monotonicity of the system in the case a« = 0 we were able
to show a comparison principle result with respect to time, which proves in particular the uniqueness of
the solution. However, due to the presence of the non-local term when o # 0 we lose this monotonicity
property as well as the uniqueness except in the case of reqular solutions (namely, Lipschitz solution).
Corollary 3.1. (Continuity of the solution)

The solution p* constructed in (i) belongs to C(R x [0,T)) and there exists a modulus of continuity such
that for all 6, h > 0 and all (z,t) € R x (0,T — 0), we have:

1 1
In(3 + 1) * In(+ +1)

|pE(x + h,t +6) — p=(z,t)| < As (3.12)

where Ag (T, ||l o 0.1, Lo, @, | Py’ [l oe (1) 10205 || 10 £(T)) -
Remark 3.2. Note that, all presented results remain valid in the case where a € L*°(0,T). To do that,
it is sufficient to use in Definition 3.1 the definition of viscosity solutions for discontinuous Hamiltonian

instead of the definition of viscosity solutions for continuous Hamiltonian.
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1.3 Organization of the paper

This paper is organized as follows: In Section 2, we briefly recall the physical derivation of system (3.1)
and its link with the Groma-Balogh [40]. In Section 3, we regularize the approximated local problem
(a = 0) by adding the viscosity term 192, p*, replacing the non-linear term |9, p*| by \/W and
considering regular initial data. Then, we show that this system admits a global in time regular solution.
In Section 4, we prove the gradient entropy inequality and some others (), §)-uniform a pripori estimates.
In Section 5, we prove some n-uniform a pripori estimates similar to that obtained in Section 4 by passing
to the limit as § — 0. Then, in Section 6 we get by using the stability result of continuous viscosity
solutions and by passing to the limit when 7 goes to 0, the global existence of continuous viscosity solution
with regular initial data. Which, leads us to prove, in Section 7, Theorem 3.1 (%) in the particular case
where o = 0. Then, in the same section, using a fixed point argument, we prove the existence of solution
for the non-local problem. Finally, by comparison principle, we obtain in Section 8 the uniqueness of the

solution for the local problem given by Theorem 3.1 (i%).

2 Physical derivation

In this section we explain how to derive physically the system (3.1). We consider a crystal with periodic

deformation, namely the case where the total displacement of the crystal
U= (Ul, Us, Ug) : RS — R?),

can be decomposed in a 1-periodic displacement u = (u1,u2,u3) and a linear displacement A(¢)tx with
x = (x1,22,23) and A(t) a given (3 x 3) matrix which represents the applied shear strain A(t) =
(Aij(t))i,j=1,2,3. The displacement U is then given by

Ux,t) = u(x,t) + A(t)'x
and we define the total strain by

1
Eij(U) = 5 ((%;J.Ui + a/ri’u]‘ + Aij(t) =+ Aji(t)) , t,7=1,2,3.

This total strain is decomposed as
ij(U) = €5; + by,

with €f; is the elastic strain and ¢; the plastic strain which is defined by:
&y = 75%’ (3.13)

1 1
with the fixed matrix E?j =—(1QReé+ER é’l)ij =3 (1 —d;;), where §;; is the Kronecker symbol, in
the special case of a single slip system where dislocations move in the plane {x2 = 0} with Burgers vector

+eé1 = £(1,0). Here « is the resolved plastic strain, and will be clarified later. In the case of linear
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homogeneous and isotropic elasticity, the stress is given by

o =2uel; + N0 | D efy | forij=1,2,3, (3.14)
k=1,2,3

where \, u are the constant Lamé coefficients of the crystal (satisfying p > 0 and 3A+2u > 0). Moreover

the stress satisfies the equation of elasticity:

> 0,00 =0. (3.15)

j=1,2,3
We now assume that we are in a particular geometry where the dislocations are straight lines parallel to
the direction e3 and that the problem is invariant by translation in the x3 direction. Moreover we assume
that ug = A;3 = As; = 0,3 = 0 for ¢ = 1,2,3. Then, this problem reduces to a two-dimensional problem

with wuy,us only depending on (z1,2) and so we can express the resolved plastic strain 7 as

where pt and p~ represents the plastic shearing in the direction of Burgers vectors €; and —é} respec-
tively. Therefore, their derivatives with respect to x1, 7 = 0,,p" and 6~ = 9,,p~ are respectively the
densities of dislocations with Burgers vectors & and —é&;. Let us mention that, the quantities p* and
6* are physically positive. However, we do not need to make a sign restriction in our work, the result

presented in Theorem 3.1 remains valid for any real functions (in particular if they are positive).

Furthermore, these dislocation densities are transported in the direction of the Burgers vector at a given

velocity. This velocity is indeed the resolved shear stress Z aijsgj = 012, Up to sign of the Burgers
i,j=1,2,3
vectors. More precisely, we have:

010F = £div(Mo12616%), (3.16)

where M is the dislocation mobility. The system (3.16) was already derived by Groma and Balogh in [40],
showing that by solving the elasticity equation (3.15) we can express the resolved shear stress o2 as a
function of v = pt — p~ as follows (see [40, Eqgs. (10)-(11)])

o12(y) = —(7 % (0+ —07) + Tewt) = —((O, 7) * (P+ —p7 )+ Tewt)

where 7 is a explicit kernel depends only on the elasticity coefficients (A, u) and 7e.+ is a time dependent
function computed from the applied shear strain A(t). It was also shown in [33, Lemme 3.1] that, if we
assume that dislocation densities * and the displacement only depend on one variable z = x; + 5 then

the Groma-Balogh model (3.16) can be reduced to the following 1D problem

Op(0pp™) = £0,(Mo12(8,pT)) (3.17)

with
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_ At [ (A +2p0)
o12(7) = _W ((P+ —p-)+ m/o (p+ —p-) — W(Aw(t) +A21(t))> ’

Here, the integral term appears due to the integration of the elasticity equation on the 1-periodic interval.
Now, if we integrate the equations (3.17) with respect to z, we can then describe the evolution of p* by
the following system:

Op* = FC1 ((P+ —p-)+Co /01(P+ —p-)+ a(t)) Oup™

where Cy = )\’\:2’;“ Ca = 55ty and a(t) = ((’\/\:25 (A12(t) + A21(t)). Since the constant Cy is positive
we can always reduce the system to the case C; = 1 by rescaling in time. Which brings us to a system

of form (3.1), wherein we have replaced 9,p* by |0,p*| to ensure the positivity of dislocation densities.

Note that, system (3.1) allows us to obtain a simple 1D continuous model of the dislocation dynamics in
which the intersection between two different dislocations (+ and —) is directly taken into account.

Remark 3.3. Let us point out that, if we take Cy = 0 we can see that the shear stress oi2 is locally
defined and locally monotone, according to the plastic strain v. Namely, if we consider two functions v
and 7y corresponding to two solutions p1i and pét such as v1(x,-) < ya(z,-) at a fized position x, then we
have o12(y1(z, ) > o12(Y2(x, ). Thanks to this local monotonicity property we prove later a comparison
principle result in time and particularly the uniqueness of the solution when Cy = 0. However, we cannot
establish this result in the opposite case, since if Cy # O the shear stress 012 is non-local and therefore it

is not possible to order the evolution only from local informations.

3 Global solution for parabolic regularized equation

In this section, we present some preliminary global existence and uniqueness results for a parabolic

equation obtained by regularization of the following problem:
ot (w,t) = — (0T —v7)(@,t) + L(t)) |00 (2, 8)] in R x (0,7),
v (z,t) = (v7 —v7)(x,t) + L(t)) |0sv™ (2, 1) in R x (0,7), (3.18)

vE(@,0) = vy (2) = Q (2) + Lo in R,

where Qoi are 1-periodic functions, such that

QF € C*(R) and L € C>=(0,T). (3.19)

More precisely, we consider, for 0 < n < 1, the following system:

8tv$( t) —nd2 v vy E(x,t) =F ((1}7'7|r v, )(x,t) + L(t ) ’8301} x t){ in R x (0,7),

(3.20)
(x 0)—”0( r) = Q§($)+LOI in R.
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3 Global solution for parabolic regularized equation

We also regularize the non-linear term ‘aﬂ)ﬂ replacing it by function Ss (amvi), 0 < § <1, where 35 is

Bs(z) = Va* + 62 (3.21)

This brings us, finally, to consider the following parabolic system:

defined as follows:

atvf‘s(sc,t) — n@izv?‘s(x,t) =T ((’U;;_’& — v;"s)(m,t) + L(t)) Bs (Bmv,f";(as,t)) in R x (0,7),
vgz"s(x,O) = v (x) in R.
(3.22)

In the following two subsections, some preliminary results concerning the regularized equations (3.20)
and (3.22) are presented.
Theorem 3.2. (Existence and uniqueness of Lipschitz continuous solution of (3.20))
Assume that (3.19) holds. Then, for all T > 0, we have
i) (Existence and uniqueness of (3.22)):
System (3.22) admits a unique solution vi‘s, such that
00 (x,t) = QF 0 (2,t) + Lo,
where Qf]:"s are 1-periodic functions (with respect to the space variable), belonging to C*°(R x (0,T)) and

satisfying the following estimates:

max (||Q§’6||Loo(1rx(o,T))) <N§ (3.23)
4,5 +
max (HaﬂﬂQn HLoo(Tx(o,T))) < max (Haﬂ:Qo ||L°°(’JI‘)> (3.24)
where
Ny = max (||Q(j)c||Loo(T)) + Bs(Lo) | Ll| oo 0,7 T (3.25)
it) (Convergence):
+,5

Up to the extraction of a subsequence, the function v
strongly in C([0,T); WH2(R)). Moreover,

v (x,t) = QF (x,t) + Loz,
where Q%[ are 1-periodic functions and vff is the unique solution of (3.20) (in the distributional sense)
belonging to the space C([0,T); WL°(R)) that satisfies, for all 0 < n < 1, the following n-uniform

n " converges, as 6 goes to 0, to v,jf locally and

loc
estimates:
max (||Q$||Loo(Tx(o,T))) < Ny (3.26)
+ +
max (Haﬂin HLOO(TX(O,T))) < max (Hano ||Loo(1r)> (3.27)
where
No = max (1Q5 llzoe(my) + Lol Ll ow (0.1 T (3.28)

To prove Theorem 3.2, we need to recall the following lemma.
Lemma 3.1. (Properties of the heat kernel)
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3. Existence et unicité d’une solution pour un systéme non-local couplé modélisant la
dynamique des densités des dislocations

22

Let G(z,t) = iﬂte_ﬂ be the standard heat kernel. Then, for allt > 0, we have:
(@) NGOIrw =1,
1

(i) 9G]l m) < 7

where G(t) = G(-, ).
For the proof of this lemma, we refer to Pazy [63, Theorem 5.2, Page 107].

Proof of Theorem 3.2: The proof is outlined in six steps.

Step 1 (Rewriting the equation in its integral form):

First, we remark that proving vi % is a solution for (3.22) is equivalent to show that Q,jf*é verifies the

following problem:

01Qy 7 (1) — 007, Q" (w,1) = F ((QF° — Q) (@, ) + L(t)) Bs (0.Q5 " (w,) + Lo)  in R x (0,7),
QE(2,0) = Q7 (v) in R.
(3.29)
Let R%"S(x, t) = Qﬁ"s(nm, nt). Then, it is easy to show that R,f"s satisfies the following problem:

ORE(w,t) — 02, R (x,t) = F (R = Ry°)(w,t) + L7(t)) Bsy (0 Ry * (w,t) + L) in R x (0,77),

n
Ry (2,0) = Rg, (x) = Q5 (1) in R,
(3.30)
where L(t) = L(nt), L = nLo and T" = z
n
The previous problem can be written in its integral form as follows:
Rf";(x,t) = G(t)» RE, ( ) / G(t—s) Oz, 5) — R;’E(Z‘, s)) Bsn ((%Rf";(x, s)+LJ)] ds
F / G(t — s) * Bsy (amR,f"s(m, s)+ Lg) L"(s) ds.
0
In other words, we consider the following problem:
R+,5 t R+
R(a,1) = ( v ) L Boye) = ( 0. (®) > ,
Rn ’ (l‘, t) Ro,n(x) (331)

R} (x,t) = G(t) * Roy(z) + B(R)(,1),
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3 Global solution for parabolic regularized equation

ro(z,t

B ¢ s Boy(0xr1(, ) + L) 0 -1 1 ri(z,s) <
B(r)(,1) _/0 Gt =) ( 0 Bsn(0zra2(z, 5) +L8)> ( 1 —1) ( ro(z,s) )d

(3.32)
¢ e Bsn(0pr1(x, ) + L) 0 —L"(s) .
+/0 Gt —s) ( 0 Bon(0zra(z, 8) + Lg)) < L(s) ) ds.

In what follows, we show some estimates to prove in particular the contraction of the operator B and

where, for r(z,t) = ( " (m,t§ ), we have

therefore the existence and the uniqueness of the solution of (3.31) by applying a fixed point argument.

Step 2 (A priori estimates on B and G(t) *x Rg,):

1(+)

Taking, for any vector field r(-) = < ) the norm of r in the Banach space E? as

rol-
17l gz = NIl + [I72ll

we can remark that

B~ = | [ G 9% BnfOura6) + L) (rac8) = i) = L7(5) s

Wl,oc(R)

i ‘ /0 G(t = ) % B5y(0ara (-, 8) + Lg) (r1(,8) = ra(:,8) + L' (s)) ds

-
< [ 16 = 51w 8019+ 8) 0300) = ra5) = 76)) sl
[ 160 = 9% i@t 9) + E) (1) = )+ 22060l e
[ 102G~ )% o 5) + 1) ra015) = 1) = E1(6) bl e

+ /0 102G (t = 5) * By (Dar2(+ 8) + L) (r1(, 8) = r2(+5 ) + L7(5)) ds| oo gy -

We employ Lemma 3.1 (i) to estimate the first two terms and then use Lemma 3.1 (i) to estimate the

last two terms. Then we get, for 0 < ¢t < T, the following estimate:
1
1BO)e <2 (774 2T ) Gn + 128 + lrlle) (Il + 12000 (333)

where F' = (L*((0,T"), WH>(R)))2.
In addition, we know by the properties of the heat kernel that

IG() * Ronllr < [ Ronll w.oe (ry)2- (3.34)

Step 3 (Fixed point argument):
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3. Existence et unicité d’une solution pour un systéme non-local couplé modélisant la
dynamique des densités des dislocations

We choose to work with the Banach space X = {r € F;|[r||r < [|Royllw1.(r)2 + 1}. Now, we define
the mapping

AX— X
r— A(r) = G(:) x Ro.y + B(r).

We will show that A is a well-defined and contracting for 7' small enough. First, we will prove that A is
well-defined.
Let r € X, using (3.33) and (3.34) we get

A7

=

< ”R()m”(Wl,oo(R))? +2 (1-'77 +2(T77) ) (57]+ |Lg

1 2
< 1Rl wr=qaye +2 (77 + 20T (1Ronlgwrs gy + 1+ 170,19 + om + |LY])
Then, taking
1 *
" < 2= T
6(IRallr ey + 1+ 1Eozn) + 00+ 123]) |

implies that A is well-defined.

It remains to show that A is a contraction on X. Indeed, let r,p € X,

IA(r) = Ap)llF = IIB( p)lr

( 25,3+L3>[< )=l >> (pr(e5) = <,s>>] .

I < Der1(+8) + LY) = Bon(0epn (- 5) + L] (-, 5) — <~,s>>>d5
o(Oera(c5) + L) — Byn(@rpalcrs) + L] (pr () — pa(-5)) .

! / = < LL”( ﬁfi"aa&( >)++L€0'[3)— 52??19?(()) LLg(;])] )45 i
< 2(T" +2(T")%)(6n + | L wy + Dl = plr
+2(T7 + 2(T") ) (|| Royll e sy + DIl = plle
+ 2T+ 2(T") 2| L7 e 0.0 7 — pll
< 6(T" + 2(T")%) (| o=y + 1+ 1Ll rny + 01+ IG1) Ir = plle-

Then, taking

1
T < 5 =1y

{18 (HRO,WH(Wl’W(R))z + 1+ ||L"| Lo 0,7y + 61 + |Lg|)}

o7

) (||R0,77||(W1=°°(R))2 +1+ ||Ln||L°°(O,TW)>



3 Global solution for parabolic regularized equation

implies that A is a contraction on the closed set X.

Hence, by fixed point theorem, there exists a unique solution Rf, to system (3.31) in X, for 0 < T < (T")"
where (T")" = min (T}, T5) = T5. This shows that Rf7 is a solution of system (3.30) in R x (0, (T)*)
and therefore Qg(x, t) = Rf](%, %) is a solution of system (3.29) in R x (0,7*) with T* = n(T")".

Step 4 (Periodicity):

Let Qﬁ"j be the solution of (3.29) given in the previous step. Our goal is to show that this solution is
periodic, which amounts to proving that Q%Eﬁ (x+1,t) = Q%Eﬁ (z,t), for all (z,t) € Rx (0,7*). It is easy
to check that, if Q,T"s(z,t) = Qfﬁ‘s(x +1,t), then

HQE (x,t) — 02, Q5 (x,1) = F ((QF° — Q") (@, t) + L(t)) Bs (0.Q5° (w,t) + Lo) in R x (0,T%).

Moreover, seen that Qoi is periodic, we have Q?’a(x, 0) = Qat(x) and then Q,ﬁ;"; is a solution of (3.29).
Which shows by means of the uniqueness of the fixed point our result.

Step 5 (Regularity, estimates and convergence):

Using the LP-regularity of parabolic equations and the fact that S5 is regular, we can show by classical
bootstrap arguments that fo"s belongs to C*°(R x (0,7%)) N L“((O,T*);Wﬁ)’cOo (R)). In particular, it
belongs to C°(T x (0, T*))NL>((0,T*); W1°°(T)) by the periodicity of Q,jf"s. Moreover, estimates (3.23)-
(3.24) directly follow by applying the maximum principle for parabolic equations (see Liberman [57, Th
2.10]). To prove (ii), we use the compactness lemma of Simon [67, Corollary 4], that is inherited from
estimates (3.23), (3.24), and the standard parabolic estimates. The last estimates (3.26), (3.27) come
from (3.23), (3.24), by passing to the limit as § — 0.

The uniqueness follows from the comparison principle. Namely, since the solution is smooth, it is easy to
check that if we take two solutions of system (3.20) noted vil, vff’z such that vi’l(-, 0) < v?ﬁz(', 0) then,
v?ﬁl < v$2 in R x [0, T[. This result will also be proved and detailed later in Section ?? in the case of
continuous solutions.

Step 6 (Global existence and uniqueness):

We are going to prove that the local time solution obtained in the previous steps can be extended to
global one. We argue by contradiction. Assume that there exists a maximum time T},4, such that, we
have the existence of solution of the system (3.29) in the function space (L>((0, T}nqz); WH2°(T)))2.

For every u > 0, we consider the system (3.29) with the initial conditions
,
g (m) = Q:yi’é(l'vaam - ,U')'

We apply for the second time the same technics of Step 3 to deduce that there exists a time 7}; such that
system (3.29) admits a unique solution defined until the time

TO = (Tmax - /~L) + T:

with
* n
T =
1 2
[18 (186l vy + 1+ L7 0,7 + 0+ 231
R#r‘r
where R, () = Rﬁ’fl (z) such that R‘Oini(:v) = Qi E(nx).
0,m (ZL’)
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3. Existence et unicité d’une solution pour un systéme non-local couplé modélisant la
dynamique des densités des dislocations

According to (3.23) and (3.24), we know that Qg’i is p-uniformly bounded in W1°°(T) and then there

exists a constant
C(6,m, ||Q§||W1v°°(T)v ||L||L°°(O,T)7 |Lol, Timaz) > 0,

independant of p such that TV > C > 0. Passing to the limit y — 0, we can see that lim 7} > C > 0.
I oM
n—

This implies that Ty > Tya. (for small ). So we have contradiction and then we can construct a solution
Qf,["s € X for all T > 0. O

4 (n,9)-Uniform a priori estimates on the solution of (3.22)

In this section we prove a priori estimates on the solution of (3.22), which will be useful for establishing
the fundamental gradient entropy inequality in Section 3. We first start by obtaining a uniform estimate

on 92,v ff 9,
Lemma 3.2. (L? estimate on 02, %5

Let v,f*‘; be the solution of (3.22), given in Theorem 3.2 (i). Then,

/ / (92, vF vy’ )dxds<Ni,

where Ni is a constant uniformly bounded on 6, that is given by

N51

T 2
b= | Qe @) et o (NG + 1051000 o)

with N§ is defined in (3.25).
Proof of Lemma 3.2:
The proof of this lemma is very classical. In fact, differentiating the first equation in (3.22) with respect

to o and then multiplying by (9,v, £.9) gives
(07,00 ) (00°) = (D510 ) Doy *) = FOo (070 = v + L(1)) Bs (0w )] By .

We integrate the previous equation with respect to x, to deduce

3 [0t (@) = [ (07 =+ L0) BiOrvi )00

where we have integrated by part the second and the first terms. We note that these computations (and

+,6

the integration by parts) are justified, because v,? is a smooth function.

Now, we integrate in time on (0, t), to obtain

H, Hy
/ / 82 i/ (a U:t)Q . i/(a vi,é)Q + 1/t/ (U+,6 0 +L(t)) 55(8 ’Ui 5)82
rxn 277’]1‘050 21 o 770’11‘7] K wn
(3.35)
We have
H, <0. (3.36)

In the following, we will estimate the term Hy. Indeed, applying Young’s inequality, (3.23) and (3.24) we
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4 (n,0)-Uniform a priori estimates on the solution of (3.22)

get
1 < oy // 7 4 L(1)) B5(0a0E )] // (62,0%9)
T
< 503 (NG + 1L~ 01 8s(10:05 1) | @ (3.37)
By injecting (3.36), (3.37) in (3.35), we reach the desired result. O

The following lemma presents a preliminary gradient entropy inequality, which is equivalent to (3.10)
satisfied by vni"S

Lemma 3.3. (Preliminary gradient entropy inequality)

Let v?,:"S be the solution of (3.22) given in Theorem 3.2 (i). Then, there exists a constant C° (that is
defined explicitly in (3./8)), such that, for all t > 0, we have

SO(t) < (AT + S°(0) + C)e(F+20m)T (3.38)
where S%(t) is the following entropy
S°(t) :/ [£(Bs (05 (1)) + [ (B5(8xvy, * (,1))] dx
T
with f is defined in (3.11).
Proof of Lemma 3.3:
First, by (3.24), it is easy to check that S°(t) is well-defined. Now, we denote by

O,v5° =05 and SE(t) /f Bs(059)).

We compute, using system (3.22),

G5 = [ £ s @8t

/f Bs(05°))B5(05°) 0y [F (v, — v, + L())Bs (05°) + n0.6%°].
Integrating by part, we get

L) == /T (17 (B30 (B5(0%0))” + B (055 1 (Bs(6%7))| Bs (05 ) (v * = v ® + L(1))0, 0%

—n/T 1783052 (B5(0%0))” + B (05 1 (Bs(6%7) | (0.6%)".
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3. Existence et unicité d’une solution pour un systéme non-local couplé modélisant la
dynamique des densités des dislocations

Then, we get

%55( ) = di?‘”(t) + %S‘v%ﬁ)
- / |77 (B0 ) (B5070))” + B (070) £/ (B5(07))| Bs(07) (v® = v ® + L (1)) 0,6+
- / |7 (B0 ) (B5077))" + B (07) 1 (Bs(07"))]| B30 ) (v ? — v + L(1))0,07

_77/ [f//(ﬁ&(0+75))(5{S(9+75))2 +/33/(9+’5)f'(55(9+’5))} (0,0+)’
_"]; (75672 )) (856~ 2)" + 85 (0= £/ (Bs(6™ )] (2:67)".

Since the functions f, 8s are convex and f is nondecreasing, we can see that the last two terms

are negatives. Consequently,

Iy
%55@) < /T (B0 (B5(070)) + BHOF0) £ (Bs(0F))] Bo(070) (i — v + L(1) 0™
1P

- /T 1" (Bo(O= ) (B507) + B (O~ S (B5(07"))] Bs(07 ) (wif® — v® + L(1))0,0

Step 1 (Estimate of I; and I5):

Since I; and Iy are similars, it is sufficient to bound I;. Indeed,

Iy

L= [ [0 6500550 0.0 (6 + L)

I12

2 [ | F(Bs(67°)) 55 5
5 /T [(65(9”))21 (00 — v 4 L(£)D,0"

where we have used the fact that 85(w)g5(w) = w, in the first line, and 85 (w)Bs(w) = G (w))Q’
in the second one. From the definitions of f and S5 (see (3.11) and (3.21)), we can check that,
forall 0 <0 < %, we have

I = [ [g5(6")0:0% ] (o =% + L) = [ 0ulgs(0™ ) (g = v + L(0),

where

hs(x) — hs( 6% —42) if z> \/i — 62,

_ . 1 59 1 2 . — z
gs(x) =14 0 if Vz -2 <a<,/5-6 with hs(x) = 6arctan(6>.
ho(@) + hs(y/ &2 —02)  if o< —y/5 —62

(3.39)



4 (n,0)-Uniform a priori estimates on the solution of (3.22)

Integrating by part, we obtain

Iy — / 0500, (0 — v + L(B)).
T

Adding and subtracting 619, we deduce that
Iy = — / (95(67) = 7] 0, (0 — ) - / 030, (v — v9). (3.40)
T T

Moreover, we know that

Ly :5/ lf/(ﬁé(eﬂ)) (v = vy + L()0:0"

(IB (0+ 5)) / . g+
=4 / {Bs(6+9)>1} JM] (1)7‘7"75 _ U;,(S +L(t))859+’6.

We should estimate I12. To do that, we integrate |I12| in time on (0,t), for 0 < ¢t < T, then we
use (3.23), (3.24) and the fact that f’ is nondecreasing function, with support in {z | B5(z) > 1}.
We deduce that

t t
| 112l < @88 + Ll w0 002 Ba10s0 o)) [ [ Bgsyion011y10:6)
which imply, applying Holder’s inequality with Lemma 3.2, that
t 1
LA|Im|S(QA@‘*HLHLWWJﬁX5@2f%5MHaﬂ€NLNUDD(QTAﬁ)2'_‘A? (3.41)

Hence, from (3.40) and (3.41), we get

/otl1 / I+ A (3.42)
/0/[95(9”)—9%5}375( S //e”a SOy4Al

Similarly, proceeding as in the estimate of I;, we get

t t t
/ I, < / / [95(0_’6) — 0_’6] 635(1):7“6 — vn_"s) +/ /9_’6835(1):{’5 — v;"s) + A, (3.43)
0 0JT 0.JT

where

N

45 = (2N + | Ll 2= (0.0)) (5¢)2 S (Bs(10sg | e(r))) (27N % (3.44)
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3. Existence et unicité d’une solution pour un systéme non-local couplé modélisant la
dynamique des densités des dislocations

Step 2 (Estimate on the entropy S°): We recall that

d s
—S(t) < 1T Is.
dtS()_1+2

Integrate this inequality in time on (0,¢), for 0 < ¢ < T and use (3.42), (3.43) we get:

S9(t) — 8%(0)

/11+/12

t

< A6+A6 // 95 9+6 9+ 6) ( 5(0—,6) _9—,5)] 0+6 9_ /0 9-‘:—6 9— a ( T—;—,é_v;,é)
t

—A‘S—I—Aé // 95 9+6 9+ 6) ( 5(9—,6) _9—,5)] 9+6 9— / 9-‘,—6 9_ 2

0
< A)+ AS+ Q/ / (g5(07°) = 0°) + (gs(07°) — 67)] (610 —67°).

.4

.%

By using the fact that |gs(z) — 2| < 1 + &7 for all z € R, we can verify that

1 t
(1) — §9(0) < AT + A5 +2 <e 4 577) / /(\9+v5| +1677)). (3.45)
0JT
Since = < f(x) for x > e, we can show that
/T | < /T 167 |1 g, (9.5) 3¢} + /T 16 1L g, (925 <e) < €+ /T F(Bs(6%°)). (3.46)

From (3.45) and (3.46), we get

50— 80 < 4l + a2 (T ar) [ [oes [ (16507 + 58507y
Hence, we get
S(t) < §°(0) +4T + (A} + Ab + 467eT) + (i + 2577) /0 gt (t). (3.47)
Finally, by applying Gronwall’s Lemma to (3.47), we get
S3(t) < (S°(0) + 4T + C%)elE+20m)T

with
% = A + AS + 467eT, (3.48)
where A9 and A$ are defined in (3.41) and (3.44) respectively.

Which gives the announced result. O
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5 n-Uniform a priori estimates on the solution of (3.20)

Ending this subsection, by the following lemma which gives a sufficient time regularity, allowing
the passage to limit by compactness.

Lemma 3.4. (Estimate on the time derivation of the solution uniform on 7 and J)
Assume that (3.19) holds, and let W—1°°(T) be the dual space of WHL(T). Then, for all 0 <
n <1 and T > 0, the solution Ui"s of (3.22), given by Theorem 5.2 (i), satisfies the following
estimate:

2 < Bo+ (2N] + |IZl| (0.1 B5(Bo) (3.49)

0,7);W=12°(T))

where By = max <’ axvoiHLoo(T)) and N§ is defined in (3.25).

Proof of Lemma 3.4:

The proof is given by duality. Multiplying the equation (3.22) by v € L'((0,T); W5 (T)) and
integrating on T x (0,7"), we get

J1 J2

/ pOESdzdt = 1 V2 S dwdt T P(ui® — o + L(t))Bs(DpviE®)dadt.
Tx(0,T) T)

Tx (0, g T<(©0T) =

Integrating by parts in Jp, for all 0 < n < 1, we obtain

A < / 0ap0p 05| < 1108l 11 (T (0,7 10202 || Lo (7 (0,77
Tx (0,7
(3.50)
<[z o,0):w11 (1)) Bo
where we have used inequality (3.24) in the second line. Similarly, using (3.23), we have
[ Jol < 1l e orn 1@ — @y ) + L() | oo 0,0 1185 (020 | oo (R (0,17 (3.51)
< 1l pr oy ey (NG + (1L oo 0,7)) Bs (Bo).-
Collecting (3.50) and (3.51), we get
/ Yo < (Bo + (2N + HLHLOO(O,T))55<BO>) 1 L1 (0,711 (1)) -
Tx(0,T)
Then, by duality, we deduce the announced result. O

5 n-Uniform a priori estimates on the solution of (3.20)

In this section, we show, by passing to the limit as § — 0, two n-uniform estimates (similar to

that obtained in Section 4) on the solution vy~ of system (3.20) obtained in Theorem 3.2 (ii).
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3. Existence et unicité d’une solution pour un systéme non-local couplé modélisant la
dynamique des densités des dislocations

The first one concerns the L log L inequality, which is the key result.
Lemma 3.5. For any 0 < n < 1, we consider the solution vi of (3.20), given by Theorem
3.2 (i1). Then, for any T > 0, Uff satisfies estimates (3.20), (3.27) and there exists a constant
C(T, ||8xv0i||L10gL(T)) (that is defined explicitly in (3.55)), such that

S(t) < C, with S(t) = /T [£(0a0 (. 0)) + F(1Daty (2. 0)])] dx (3.52)

where f is defined in (3.11).
For the proof of Lemma 3.5 we need the following technical lemma, which allows us to control

1f O llzrery by [ 210g £(T)-
Lemma 3.6. (Bound of L' norm of f by the Llog L norm)

Let f be the function defined in (3.11) and h be a nonnegative function.
If h € Llog L(T), then /f(h) < 400 and moreover we have the following estimate:
T

L50) <14 Wl + 1oy el 2oy 1 (1 I 1og 26my) - (3.53)

Proof of Lemma 3.6:
First, we remark that for all h > 0 and p € (0, 1], we have
1
<hln(h) + ) Lps1y < hln(h+e) < hln(e + ph) + [In(p)|h.
e —e

1

rnax(l, ||h||LlogL(T))

/11‘f(h) S;/T,Uhln(e—i—uh)+\ln(u)]/qrh

2
/,u,hln e+ ph) + ﬁ“n(ﬂ)‘ 1721210 ()

Applying this inequality with p = and integrating, we get

| /\

IN

1/ h L 5
- ———Inle+ —— In hll L1
1 JT |2l £ 10g L) < ||h||LlogL(1r)> In 2| (W 1Al Lrog Ler)

1

2
<= _|_ ﬁ\ In(p)l HhHLlogL(T)’

where we have used the Generalized Holder inequality (see Adams [4], (8.11), Page 234) in the
second line and the definition of ||A[|110e (T) in the last one. This gives (3.53) using the fact

that
1

= :
L+ 12l £ 1og L(T)
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5 n-Uniform a priori estimates on the solution of (3.20)

Proof of Lemma 3.5:
Due to the uniqueness, the announced result will be proven by passing to the limit as ¢ goes to

0, in the approximated gradient entropy inequality (3.38).

Since, for all 0 < § < %, the constant Ng is uniformly bounded with respect to § and %9 =

+

&Evff"s converges locally uniformly, as § goes to 0, toward d,v;,

(3.38), as § goes to 0, to obtain

we can pass to the limit in

| [#00e00 + #1020, )] de < (47 + 5(0)) (3.54)

where 5(0) = [ [£(0:0) + f(lowv5 D).
The last estimate combined with (3.53), show that

S(t) < ¢,

with

2T

2 27
C=|2+4T+ g”azvgtﬂuogmr) <1 + Eln(l + ”azU(:)t”LlogL(']I‘)))] e« (3.55)

which gives the stated result. O

The following estimate will provide the compactness in time uniformly with respect to n of the solu-
tion v;':, given in Theorem 3.2 (i).

Lemma 3.7. (Estimate on the time derivative of the solution uniform on 7)

Assume that (3.19) holds, and let W=2°(T) be the dual space of WHY1(T). Then, for all 0 <n <1 and
T > 0, the solution v% of (3.20), given by Theorem 3.2 (ii), satisfies the following estimate:

<M

Hatvilt||L°C((O,T);W*1=°°(T)) -

(3.56)
where M depends only on T, Lo, ||8_T113EHLOO(T), ||Q§HL°°(T) and ||L||L°°(O,T)'

Proof of Lemma 3.7:

As done before, thanks to the uniqueness of the solution, we prove this result by passing to the limit as
0 goes to 0 in (3.49). Indeed, from (3.49) we know that

[|Ovv < By + (2Ng + 1Ll < (0,7y) B3 (Bo)-

7 oy

Passing to the limit inferior in the previous inequality, as § goes to 0, and using the lower semi-continuous
of weakly-x topology in L*>((0,T); W~1°°(T)), we get

< M,

Hat” 7;:’5’|L°°((O,T);W*1«°°(T)) =

’17:||L“((0’T);W*1ww(1r)) < lim inf e
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where

M = Jim [Bo + (2N + 121l e 0.0 B5(Bo) | = Bo + (2No + LIl 0.1 By

and Ny is defined in (3.28). This terminates the proof. O

Remark 3.4. Thanks to the periodicity of the solution, it is possible to prove that the estimates announced
in Lemmas 3.5 and 3.7 also remain valid on every interval of length 1. Consequently, we can obtain the

same n-uniform estimates locally on any interval.

6 Global solution for eikonal system with regular initial data
In this section, we state a global in time existence and uniqueness result for the following eikonal system:

ot (z,t) = F (vt —v7)(x,t) + L(t)) |ﬁzvi(x,t)| in R x (0,7),
(3.57)
vE(2,0) = v (z) = Q5 (x) + Lox in R.

We prove that this system admits a unique Lipschitz continuous viscosity solution v*, when subjected to
Lipschitz continuous initial data. Moreover, we show that v* is the limit of U;E when n — 0, where v,f is
the solution of (3.20) given by Theorem 3.2 (ii). We also show that v* satisfies the Lipschitz estimates

(3.26), (3.27) and the gradient entropy estimate (3.52).

Before showing the main theorem of this section, let us recall the definition of the continuous viscosity
solution, for system, that was proposed by Ishii and Koike in [48].

Definition 3.1. (Continuous viscosity sub-solution, super-solution and solution)

For k € {+,—}, let Hy, : (0,T) x R2 x R — R be a continuous Hamiltonian.

A function w = (wT,w™) € (C(R x [0,T)))? is a viscosity sub-solution of the following system:

O™ (x,t) + Hy(t,w(z,t), pw® (z,t)) — nd? w(x,t) =0 in R x (0,T),
(3.58)
w(z,0) = wf (z) in R,

if and only if
® wi(:c,()) < woi(x),

e forall k € {+,—} and for any test-function ¢ € C*(R x (0,T)) such that w* — ¢ reaches a local
mazimum at a point (xg,t9) € R x (0,T), we have

(0, t0) + Hi(to, w(wo, o), 0xd(w0,to)) — n92, (0, t0) < 0.

In a similar way, a function w = (wT,w™) € (C(R x [0,7)))? is a viscosity super-solution of (3.58) if
and only if

o w(z,0) > wy(2),
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e for all k € {+,—} and for any test-function ¢ € C*(R x (0,T)) such that w* — ¢ reaches a local
minimum at point (zo,to) € R x (0,T), we have

(o, to) + Hy(to, w(wo, to), Oz (0, t0)) — n02,0(x0,t0) > 0.

+ s a wiscosity solution of (3.58) if and only if it is a sub- and a

Finally, a continuous function w
super-solution of (3.58).

We have the following existence and uniqueness result for the local system (3.57).

Theorem 3.3. (Existence and uniqueness of Lipschitz continuous viscosity solution)
Assume that (5.19) holds. Then, for oll T > 0, we have:

i) Problem (3.57) admits a unique Lipschitz continuous viscosity solution v*, such that

vE(w, 1) = Q*(x,t) + Lox, (3.59)

where QF are 1-periodic functions (with respect to the space), belonging to W (R x (0,T)) and satisfying

the following estimates:

max (1Q* I L= (rx (0,1)) < No, (3.60)
max (HamUiHLOO(’]I‘x(O,T))) < max (HaxvacHLoo(qr)) ’ (3.61)
max (HatUiHLOO(’H‘X(O,T))) < (2No + |IL]| L (m)) max (HaﬁcUOiHLOO(T)) , (3.62)

where Ny is defined in (3.28).

ii) The solution v¥ satisfies the gradient entropy estimate
max (1920 Il Lo (0,7 L 10g L(Ty) + 100F | Lo ((0,1): 108 L(Ty)) < (3.63)

where C (T, || L]l L= (0,1)> L0, |Q5 || o= (1) 10205 || L 10g L.(T)) -
For the sake of a clear presentation, we divide this section in two subsections. In the first subsection, we

show some preliminary results that we need in the next subsection to prove the previous theorem.

6.1 Some useful results

First, we recall the following stability lemma for continuous viscosity solutions.

Lemma 3.8. (Stability of continuous viscosity solutions, Barles, [11, Th 2.3])

Let vff be the solution of (3.20), constructed in Theorem 3.2 (ii) as the limit of Uf‘s when § — 0. Then
we have:

i) The function U7::: is a continuous viscosity solution of (3.20).

+ s a Lipschitz continuous viscosity

it) If vf]: conwerges locally uniformly, as n goes to 0, to v¥, then v
solution of (3.57).

To prove this lemma, it is sufficient to apply the stability result for continuous viscosity solutions (see
Barles [11, Th 2.3]), and the fact that all classical C? solutions of (3.22) are also viscosity solutions.

We recall the following compactness lemma.
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Lemma 3.9. (Simon’s Lemma [67, Corollary 4])

Let X, B and Y be three Banach spaces, where X — B with compact embedding and B — Y with
continuous embedding. If (0,,)n is a uniformly bounded sequence in L ((0,T); X) and (0:0,, )y is uniformly
bounded in L"((0,T);Y) forr > 1, then (0,)n is relatively compact in C((0,T); B).

Finally, we also need to prove the following technical lemma, that allows us to bound || - ||z 10g (1) bY
[PACIIAYVE

Lemma 3.10. (Llog L estimate)

Let f be the function defined in (3.11) and h be a nonnegative function.

If/f(h) < 400, then h € Llog L(T). Moreover, we have the following estimate:
T

hllz1ognm < 1+ eln(@e) + (1 + n(2)) / £(h). (3.64)

Proof of Lemma 3.10:
First, we remark, using the definition of || - || 105 (1) (see (3.6)), that ||h|lp10grmy < 1+ /hln(e + h).
T

Then, we have

1—|—/hln(e—|—h) §1+/ hln(6+h)—|—/ hln(e—|—h)§1—|—eln(2e)—|—/ hln(2h)
T TN{h<e} TN{h>e} TN{h>e}

<l4eln(2e)+(1+ ln(2))/ hln(h) <1+ eln(2e) + (1 +1n(2)) / f(h)

TN{h>e}
where we have used the fact that for h > e, h < hln(h). Which gives (3.64). O
6.2 Proof of Theorem 3.3
Proof of i):
Let v be the solution of (3.20) constructed in Theorem 3.2 (i4). First, by Lemma 3.8 (i), we know that
vff is a continuous viscosity solution of (3.20). Let K be a compact subset in R. Using estimates (3.26),

(3.27), (3.56) and applying Lemma 3.9 in the particular case where X = WH(K), B = L>(K) and
Y = W h*(K) = (WH(K))', we can show according to Remark 3.4 that v is relatively compact in
L (K x (0,T)). Hence, as n — 0, we can extract a subsequence, still denoted by v,jf, that converges
locally uniformly to some limit v*. Then, by Lemma 3.8 (i4), we can see that v* is a Lipschitz continuous
viscosity solution of (3.57), and consequently the existence follows.

Finally, using the lower semi-continuity of the L°° norm with respect to the weakly-x topology, we can
pass to the limit inferior as 7 — 0 in estimates (3.26) and (3.27) in order to get (3.60) and (3.61). Esti-
mate (3.62) follows from the fact that v* satisfies (3.57) almost everywhere knowing that it is a Lipschitz

continuous viscosity solution of (3.57) on R x (0,T).

Proof of ii):
From Lemma 3.5, we deduce that S(¢) < C where C is given by (3.55). This implies, using estimate
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7 Existence of continuous viscosity solution

(3.64), that

HawU#HLm((O,T);LlogL('[F)) <1+eln(2e) + (1 +1n(2)) sup /f(|8wv$|)
o<t<T JT

<14eln(2e) + (1+1n(2))C := Cy-

By weakly-x convergence and from the fact that L°((0,7); Llog L(T)) is the dual of L'((0,7); Eeap(T))
(see Adams [4] for the definition of the Banach space Ec;,(T)), we can check that we get the following
estimate:

Haﬂvvi||L°°((O,T);LlogL(11‘)) < linmjélf ||81U7:;:||L°°((O,T);LlogL(T)) <y (3.65)

Moreover, knowing that the Lipschitz continuous viscosity solution v satisfies equation (3.57) almost

everywhere and by using Holder’s inequality and estimate (3.60), we obtain
1060 || e (0.7): L 10g (1)) < (2No + || L|| o< 0,7)) Chr- (3.66)
Adding this to (3.65), we get (3.63) with C' = Cy + (2Ng + || L|| o< (0.7 )C1-

The uniqueness here derives from a comparison principle result, proved and detailed in Section 8 in the
case of continuous solution. O

7 Existence of continuous viscosity solution
In this section we prove the existence result announced in Theorem 3.1 (i). We proceed in two stages,

first we show the existence in the local case and then we treat the non-local case.

7.1 Existence of a continuous viscosity solution for the local problem (o = 0)

In this subsection, we prove the global existence of a Lipschitz continuous viscosity solution of the following

system:
Op™(z,t) = F ((p7 — p7)(z,t) + L(t)) ’(“)xpi(x,t)} in R x (0,7),
(3.67)
pE(x,0) = pg () = Py (z) + Lox in R,
where POjE is 1-periodic function satisfying (3.4) and
T eC(0,T). (3.68)

More precisely, we will show that the following theorem holds:
Theorem 3.4. Assume (3.4) and (3.68). Then, for all T > 0, we have:

i) Problem (3.67) admits a continuous viscosity solution p*, such that
p:t(x:t) = Pi(l‘7t) + L0x7
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where P* are 1-periodic functions (with respect to the space), belonging to C(R x (0,T)) and satisfying

the following estimates:

max (I1P* || L (v (0,7y)) < Mo, (3.69)
where
M, = mﬁX(HPOiHLOO(T)) + | LollIZl| <07 T (3.70)
and
max (10205 | oo ((0,7); L 10g £(m)) + 1060 | L2 (0. 7): L 10g (7)) < Ch1.- (3.711)

where Cy is defined explicitly in (5.78).

First, we recall the following results.

Lemma 3.11. (Compact embedding)

Let I be an open bounded interval of R and Llog L(I) be the Zygmund space. If we denote by

whkleel(ry = {h € L\(I) such that d,h € Llog L(I)},

then the following injection:
whhlesl(1)y — (1),

is compact.

For the proof of this Lemma see R. A. Adams [4, Th 8.32].

Lemma 3.12. Let (1¢c)ee(0,1] be the standard mollifier satisfying ne(-) = 1n (%), such that, n € C(R),
supp{n} € B(0,1), n > 0 and [;n = 1. If h € Llog L(T), then for every e € (0,1] the function
he = hxn. € Llog L(T) and satisfies

el L10g Ly < CllAlL10g ey  and  ||h— hellpiog ey — 0 as € —0,

where C is a universal constant.

For the proof of this lemma see Adams [4, Th 8.20].
Lemma 3.13. (Continuity)

Let T > 0. Assume that h € L*=(T x (0,T)) such that

1027l oo ((0,7);L 10g L(T)) + [[0thll Lo ((0,7);L 10g L(T)) < A

Then, for all 6,ac > 0 and all (z,t) € T x (0,T — ¢), we have:

1 1
h(zx 4+ a,t +6) — h(x,t)| < 6A + .
I+ et 49) = b, )] < Qmi+n 1mg+n)
For the proof of this lemma see [34, Lemma 4.3].
Proof of Theorem 3.4:
To simplify the presentation, we make the proof in two steps.

Step 1 (Approximate problem):

We start by regularization of the function L, and the initial data p§. Here, the approximation brings us
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7.1 Existence of a continuous viscosity solution for the local problem («a = 0)

to consider, for every e > 0, the following equation:

OpF(x,t) =F ((pF — p2 ) (@, t) + Le(t)) |0upZ (2,t)] in Rx (0,7T),
(3.72)
pE(2,0) = py.(z) = Py.(x) + Lox in R,

where
Pi(x) =P +n.(z) and L (t)=Lxn(t) VazeR teR (3.73)

Here, the function L is the extension by 0 of the function L over R, and 7. is the standard mollifier

defined as follows:

1

n()==n(=), suchthat e CE(R), supp{n} C (~1,1), 5= 0, and / n=1.
€ € R

By assumptions (3.4), (3.68), and by classical properties of the mollifiers, we can see that, for all € > 0,

the functions P(i[s and L. satisfy assumption (3.19). Thus, we can apply Theorem 3.3-(i) with L = L, and

vgt = p(jﬁe in order to prove that equation (3.72) admits a unique Lipschitz continuous viscosity solution

pE(x,t) = PE(x,t) 4 Loz, (3.74)

where Pei are 1-periodic functions (with respect to the space). By classical properties of mollifiers, we

know that
1Pl ooy < 1P| Lo (1)

| Lell Lo (0,7) < 1L oo (0,7)-

Then, for all T > 0, we have the following uniform a priori estimates:

me(HPei”LW(’H‘x(O,T))) < me(HP(iHLw(T)) + Lol Lell Lo 0,0y T

(3.75)
< M(ﬁ
where M) is given by (3.70).
We also have the following estimate (depending on €):
+ +
02 (102 o ey ) < 8¢ (1058 ) - (3.76)

Moreover, from Theorem 3.3-(ii), we know that
max (102 | 2o (0,7): L 10g £1)) + 106 | L2 (0, 7): L 10g (7)) < C,

where
Ce = (1+2Mo + || n=0,)) (1 + eln(2e) + (1 + In(2))C:),
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with
2T

2 2T
Ce = |2 + 4T—|— Z"a:vpoi,g”LlogL(T) (1 + E ln(l + ||8Ipéf8|L10gL(T)))] e e .
+

This shows, using Lemma 3.12 and the classical properties of the mollifiers, that there exists a constant

C' which depends only on T, || L|| (0,7, Mo and [|0.05 || 1. 10g (1), Such that
max (10202 Nl Lo ((0.19:L 108 1)) + 1069Z 1L ((0.7): 108 L(T)) < C1,s (3.77)

where
Ci1 = (1+2Mo+||L||z=0,m) (1 +eln(2e) + (1+1n(2))C), (3.78)

with
— 2 2T
C={2+44T +> Cl02p5 |l L10g Lem) <1 + g +C||3xp(jf||LlogL(1r)))] e .
+
Step 2 (Passage to the limit):
First, we remark that, from estimate (3.75), the solution pf(z,t) = PF(x,t) + Loz of (3.72) obtained in

the previous step, is e-uniformly bounded in L (T x (0,T)), for any T > 0. Hence, as € goes to zero, we

can extract a subsequence still denoted by pF, that converges weakly-x in L>(T x (0,T)) to some limit
pt(z,t) = PT(x,t) + Lox.

From the compactness of W18 L(T) < [°(T) (cf. Lemma 3.11), we can apply Simon’s Lemma (i.e.
Lemma 3.9), with X = WHLlel(T) B = L>(T) and Y = Llog L(T), which shows in particular that

we can extract a subsequence, still denoted by (PF)., satisfying the following convergences:

P* — P*, strongly  in  L°°(T x (0,7)),
P* — P*, weakly-x in  L>(T x (0,7)),
(3.79)
0, P* — 0, P*, weakly-x in L>((0,T); Llog L(T)),
0, P* — 0, P%, weakly-x in L*>((0,T);Llog L(T)).
Taking the liminf in estimates (3.75), (3.77) and using the lower semi-continuity of || - || Lo (Tx (0,7)) and

| - [l o< ((0,7); L 10g L(T)) With respect to weakly-x topology, we can prove that p* satisfies (3.8) and (3.9)
(replacing the function a(-) by L(-)).

The Theorem 3.1 (¢) and the Corollary 3.1 are proved in the particular case where o = 0. More precisely,
from the uniform local convergence of pF to p*, we can apply the stability of continuous viscosity solu-
tions, which implies that p* is continuous viscosity solution of the local problem in the sense of Definition
3.1. The proof of the continuity of the solution comes directly from the gradient entropy estimate (3.9)

using Lemma 3.13. O
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7.2 Existence of continuous viscosity solution for the non-local problem (a # 0)

7.2 Existence of continuous viscosity solution for the non-local problem (« #
0)

In this subsection, we study the non-local system (3.1) describing the dynamics of dislocation densities.
This is a simplified 1D model derived from the original one of Groma and Balogh [40], initially introduced
in 2D setting (see El Hajj and Forcadel [33, Lemme 3.1] for modeling details). Indeed, we consider the
following non-local eikonal system:

opT(z,t) =F ((,0"' —p7)(x,t) + a/o (pt = p7)(y, t)dy + a(t)) ‘8zpi(x,t)| in R x (0,7),

pE(z,0) = pF(z) = Pi(z)+ Loz in R,

(3.80)
where POi are 1-periodic functions, Lg and « are given positive constants. We will prove a global existence
result of this system with continuous initial data without monotony assumptions. To do this, we divide
this subsection into two parts. In the first one, after regularizing the initial data and the function a(-),
we prove the existence of a Lipschitz continuous viscosity solution of the regularized problem. Then, in
the second part, we use (3.2) and the stability result of continuous viscosity solutions, in order to pass
to the limit.

7.2.1 Existence, uniqueness and « priori estimates of the regularized problem

We consider, for € > 0, the following regularized problem of (3.80)
1
dipe (x,t) =7F ((p? —pe )@, 1) + a/ (pd = )y, t)dy + ae(t)> |00pE (2, 1)) in R x (0,T),
0

pE(2,0) = py(x) = Py(x) + Lox in R,
(3.81)

where P(fe is the regularization of P and a.(-) is the regularization of a(-) defined as in (3.73) by
replacing L(-) by a(-). We define, for all € > 0 and T > 0, the set

QF € L=(T x (0,7)),

Q|| oo (v 0,7)) < 1,
X% = { vF = QF + Loz, such that
1020 | e (0,7 < T

max (||3rUEiHLoc((o,T);L10g L(T) + ||3tU§E||Lm((o,T);Llog L) < Ch.

with
1=2 (s (1P o) + ool T )
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J. = max (Haxpo EHL‘X’(T))

and C is equal to the constant C'; given in (3.78) by substituting ||L||r(.7) by (|lallr=or) + 2a1).
Now, for v € X5, we define p= = G(vF

=) as the unique Lipschitz continuous viscosity solution of the

following local problem
1
Dpt(a,t) =F (<p: — )0 +a [~y + ae<t>) 0.0 (2. 1)| n R x (0,7),
0

pE(z,0) = poi(x) = Pol,:(x) + Lox in R.
(3.82)
We will show that G': X7 — X% is a well-defined contraction for 7" small enough. First, we will prove
that G is well-defined. We consider

L) =a / (0 — 07) (s Oy + ac(t).

Then, we can see that,
IZl Lo 0,7y < (llallzoe(o,r) + 201) . (3.83)

Let vF € X¢. Usmg (3.2) and (3.83), we can show that the system (3.82) admits a Lipschitz continuous
viscosity solution p satisfying (3.74), (3.75), (‘3 76) and (3.77). This shows, by Young’s inequality and
by classical propertles of the mollifiers, that p= € X& for T < It remains to show that G is a

contraction. Let p=¢ = G(vF?), i = 1,2, and set

4a\L |

L.= m:;gx(Hvét’l — U;J':’2||Loo(’ﬂ‘><(0,T)))'

We remark that pF2 is a viscosity sub-solution of

1
Oup (x,t) = F ((p? —p )@, t) + a/ (v =)y, t)dy + ae(t)) |02 (2,1)| + 20 Le ..
0

Moreover, p£:! + 2aL.J.t is a viscosity solution of the same equation. Using the comparison principle of
this local system (see Section 7) and interchanging pF!, p2, we get

miax(pr - Pe ||L°C (Tx (0, T))) < 2aJ. Tmax(||vi ' ” ||L°°('Jl‘><(0 T)))

This shows that, for 7" small enough, G is a contraction on X which is a closed set. Hence, by the
fixed point theorem, there exists a unique Lipschitz continuous viscosity solution of (3.81) in X, for
0<T< 1rnm(404L0‘7 TaT- ).
as in the Step 6 of the proof of Theorem 3.2). Tt is easy to verify also that this viscosity Lipschitz solution

By iterating this process, we can construct a solution for all T' > 0 (proceeding

pE satisfies estimates (3.8) and (3.9).
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7.2.2 Passage to the limit

We repeat the same approach done in Section 6. First, we remark that, from the classical properties
of mollifiers, the solution p* of (3.81) obtained in the previous subsection, is e-uniformly bounded in
L>=(R x (0,T)) and 0,p*, 9;pT are also bounded in L>((0,T); Llog L(T)). Hence, as € goes to zero, we
can extract a subsequence still denoted p, that converges locally and uniformly to some limit p* (z,t) =
P*(x,t) + Loz in the sense of (3.79).

Now, we can apply the stability of continuous viscosity solutions, which implies that p* is continuous
viscosity solution of (3.80), that satisfies estimates (3.8) and (3.9). The proof of the continuity of the

solution (Corollary 3.1) comes directly from the gradient entropy estimate using Lemma 3.13.

8 Uniqueness of the solution (Theorem 3.1-(i7))

In this section, we will show a uniqueness result for the local system (3.67) in the framework of viscosity
solution. Indeed, in the case where p*(z,t) = P*(x,t) + Loz, this is equivalent to study the uniqueness

of the following system:

O PE(z,t) =F((PT—P7)(x,t) + L(t)) [0.P*(2,t) + Lo| in Rx (0,7),
(3.84)
PE(z,0) = Pf(x) in R.

For k € {+,—}, we define the following Hamiltonian
Hy(t,p.q) = k(p" —p~ + L(t)) lg+ Lo|, for p=(p",p7).

The key point is that our system is quasi-monotone in the sense of Ishii, Koike [48, A.1] which will be
announced in the following lemma.
Lemma 3.14. (Quasi-monotony of the Hamiltonian)

The Hamiltonian Hy, is quasi-monotone, i.e, for all vectors r = (r™,r7) and s = (s*,s7) such that

i — sl = max (rF —s*) >0,
ke{+,-}
then
Hj(t,r,q) — Hj(t,s,q) > 0. (3.85)
Proof of Lemma 3.14:
Let r and s be two vectors such that r/ — s/ = i r?ax }(rk — s%). We have
e{+,-

Hj(t,r,q) = Hy(t,s,q) =j(r" —r~ + L(t) lg + Lo| — (s — s~ + L(t)) g+ Lo|
=jla+ Lol (" =s%) = (7 = 7))
= lg+ Lo| sign ((r* —s%) = (r= = 7)) (¢ = s7) = (7 —s7))
=g+ Lol |(rF —=s) = (r~ —s7)[ > 0.
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This ends the proof. O
Proposition 3.1. (Comparison principle)

Assume that (5.68) holds. Let P = (PY,P7) and Q = (Q%,Q™) be 1-periodic viscosity continuous
sub-solution and super-solution of (3.8/) respecting to the initial conditions Py = (Py, Py ) and Qo =
(Qd,Qy), respectively. Then, if PT and QF satisfy the following L™ estimates:

max (I1PF | oo (Tx 0,7))) < Mo, max (1Q* | L (rx (0,7)) < Mo (3.86)

and, for all (z,t) € R x (0,T —9), the following continuity estimates:

_ 1 1
P*(x+h,t+06) — P*(x,t)| < C 3.87
|PE (@ + hyt +8) = P*(x,1)] < Co <1n(}5+1)+ln(i“))7 o

|Q* (x4 h,t +0) — QF(x,1)| < T (1n(11+ ) + 1n(11+ 1)> . (3.88)
o h

Then, if P*(-,0) < Q*(-,0) in R then P* < Q% in R x (0,T) for k € {+,—1}.

Proof of Proposition 3.1:

Let us denote by My, = max sup (P* — Q%) = max sup (P*—QF) . It is sufficient to
ke{+,—}Irx[0,T] ke{+,—}0,1]x[0,T)

prove that Mg,, < 0. Let us suppose by contradiction that Mg, > 0. We duplicate the variables by

considering, for all €, 5,7 and « positives

2 2
eyt sl

2 2

w(xvyvsvtﬂ k) = Pk(x7t) - Qk(yvs)

We note that 9 (z,y, s,t, k) is locally bounded continuous function in R? x [0, T)Q.

We can think that the maximum of ¢ noted M(e, 8, a,n) = sup P(z,y,t, s, k), is similar with
zE€R,yeR
tG[S,T],gG[O,T]
ke{+,—}
Moy

The idea is justified by the following lemma.
Lemma 3.15. Let (T,7,1,5,k) be a mazimum of . Then, the following properties hold:

1. oz, aly] < vV2aMy.
2. lim|t — 5| = lim|T —g| = 0.
B8—0 e—0

n __n_
3. t<T 2M0<T.

4~ lim Pg(fa E) - Q?(?v E) = lim PE(Ev %) - Q?(?7 E) = Msupv
(e,8,a,m)—0 (e,8,0,1m)—0
where lim = limsup and lim = liminf
(€Baem =0 (e8,am—=0  (eBam—0 (6F.0m)—0

5. 1,5 are positives if €, 3, and n are sufficiently small.

We first show the proof of this lemma and then we complete the proof of Proposition 3.1.
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8 Uniqueness of the solution (Theorem 3.1-(i7))

Proof of Lemma 3.15:
Using the fact that P¥ and Q*, for k € {+, —}, are bounded, we deduce that

lim ¢(xay7t75) = —00,

|],|y|—o0

and so the function ¢ reaches a maximum at a point (z,7,%,5,k) € R? x (0,7)% x {+, —}.

We know that My, = max sup (P¥ — Q%) = max sup (P*¥ — Q%) > 0, then there exists
ke{+,—Irx[0,7) ke{+ —}0,1]x[0,T]

(z*,t*, k*) € (0,1) x (0,T) x {+, =} such that P*"(z*,t*) — Q¥ (z*,t*) > 0. Then, we have
¢(x*7t*;x*»t*7k*) S M(@%ﬂﬂ?)v

which implies

n

T — t* + 2a|x*|2,

0 < Pk*(x*,t*) — Qk*(az*,t*) < M(e,a,8,m) +

0 < M(e, o, B,m) + + 2alz* %

Ui
T—t*
Then, for 7 and « small enough, we get

M(67 B? a’ 77) > O'

We then deduce
o[z)* + [5°) < PE(3,7) - Q%(7,5) < 2M,

where we have used (3.86) for the second inequality. Multiplying the previous inequality by «, yields (1)

and
lim af7] = lim alg| = 0. (3.89)
In the same way, we have , ,
2 ;f' G ;;' < 2M, (3.90)
and so
lim [z — 7 = lim -3 =0. (3.91)

We also deduce that

< PR@,T) - QF(7,35) < 2],
T—t
We, then, have
T<T——L T
2M

Now, let us prove (4). Indeed, for all (z,t,k) € R x (0,T) x {+,—}, we have
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then,

- — a(7 + [71°) + 7 + 2alal

— _ - 12
& T CZ-g® -5 2

PHa,t) = Q (1) < PR@1) —QMF.5) — 26 T-

< PR@1) - Q*(3,3) + 7 + 2alal’.

Then, we get
PH,t) = Q @, t) — 20l - = < (PF@.D) - Q" (@.9)).

which implies that

Pr(a,t) = Qe t) = 20l - = < (PH@.0) - Q" @D + Q@) - Q' (7,9))

Pr(et)— Q1) < lm
(e,8,0,m)—0 (

< lim
(e,8,0,m)—0
< Msup~

Finally, for proving (5) let us suppose, for example, that ¢ = 0, then, because of P*(-,0) < Q*(-,0), we

have
PE(Ea 0) - Qz(y7 §) < Pﬁ($7 0) - Qg(fv O) + QE(E7 0) - Qg(gu 5)
< Q"x,0) - Q*(7,3)
_ 1 1
< Cs +
m( L +1) m( " +1>
24/ eMy 2/ Mo
Then, Mgy, = ( Bm) OPE(T, 0) — QE@, 5) < 0. However M,, > 0 and when ¢, 5, «, and n are suffi-
€,3,a,m)—

ciently small, we get a contradiction. When s = 0, a similar proof could be given, which ends the proof
of the Lemma 3.15. O

Let’s go back now to the proof of Proposition 3.1. Indeed, we take €, 3, « and 7 small enough such that
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8 Uniqueness of the solution (Theorem 3.1-(i7))

t >0 and 5> 0 (see Lemma 3.15-(5)). We can remark that the function

% %~ — |33—?|2 |t_§|2 Ui 2 -2
(x,t)—>P(x,t)—<Q 3.9+ 5T L gl ))

reaches a maximum at (Z,¢). By using the test-function

O R N et n 2, =2
o) = Qs + I L ool 4 )

and the fact that P = (P*, P™) is a subsolution of (3.84), we deduce that

-3 +—1 — + Hy, <t,P(x, t), E=9) + 2aa:> <0. (3.92)

B (T — %)

€

In the other hand, we deduce that the function

_ - 2
CE-yl JE-s
2 28 T -

(y,8) = Q"(y,5) — (P’“(af,t) s~ a([z” + |y|2)>

reaches a minimum at (7,3). By using the test-function

_ 2 - 2
d)(-r t):PE(jf)_Wf—y\ _|t_5| _ Ui
’ ’ 2 28 T—

— 12 2
- —a(fa* + ")

and the fact that @ = (Q%, Q™) is a supersolution of (3.84), we deduce that

4 e (.09, T < 2ay) 20 (3.98)
By subtracting (3.93) to (3.92), we deduce that

By using Lemma 3.15, in particular the fact that Z,7,%,5 and k are uniformly bounded with respect to

B (using Lemma 3.15-(1) and Lemma 3.15-(2)), we have, up to extract a subsequence
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dynamique des densités des dislocations

Moreover, we have

which implies

Hence, we obtain

By adding and subtracting the term Hj, (7’, P(z,T), u — 20@) in the inequality (3.95), using Lemma
€
3.14 and (3.68), we deduce that

ﬁ + H; (T,P(JNC,T), @ + 20@) — H; <T, P, &9 _ 2047) <0,

and so

U s + k(P (&,7) — P~ (&,7) + L(1)) <

(z —9)
(T —71) €

E=9) 05+ L
€

+2a:f?+L0‘

)<

Using the fact that k(P (Z,7) — P~ (,7) + L(7)) is bounded (see (3.86)), and sending a — 0, we obtain

using Lemma 3.15-(1) and (3.90), that
n

(T—-7)° "

7

this contradiction ends the proof of the proposition. This result ensures the uniqueness of the solution

in the local case and implies Theorem 3.1-(ii). a
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Un schéma convergent pour un systeme de transport
non-local modélisant la dynamique des densités des

dislocations

Ce chapitre est un article soumis a Journal of Numerical Mathematics écrit en collaboration avec Ahmad
El Hajj

Dans ce travail, nous nous intéressons a l’analyse numérique d’un systéme diagonal hyperbolique, non
nécessairement strictement hyperbolique, non-linéaire et non local qui intérvient dans la modélisation
de la dynamique des densités des dislocations. En considérant des conditions initiales croissantes, des
résultats d’existence et d’unicité d’une solution H, lloc pour ce systéme ont été établis dans [30]. En par-
ticulier, dans [30], une estimation d’énérgie du gradient dans L? a été montrée. Nous proposons ainsi
un schéma implicite et nous montrons que pour ce dernier une estimation L? discréte du gradient est
satisfaite. Cette inégalité nous permet ensuite de montrer la convergence de la solution numérique vers

la solution du probléeme continue.



1 Introduction and main results

Convergent scheme for a non-local transport system modeling

dislocations densities dynamics

A. El Hajj!, A. Oussaily!

LSorbonne Universités, Université de Technologie de Compiégne, LMAC.

Batiment Blaise Pascal - 60200 Compiégne, France

Abstract
In this paper, we consider a diagonal hyperbolic, not necessarily strictly hyperbolic, nonlinear and non-
local system of transport equations that arise in the theory of dislocations densities dynamics. Under
certain monotony assumptions on the initial data, global existence and uniquess results of H}\ . solutions
for this system was proved in [30]. We propose a natural implicit scheme verifying a gradient L? estimate
at the discrete level compatible with that obtained in the continuous case in [30]. Which leads us to

prove the convergence of the numerical solution to the continuous one.

AMS Classification: 74520, 65M06, 656M12, 35B45, 35Q49, 35160, 35F20, 35A01, 74H25, 74A99.
Key words: Finite difference method, implicit Upwind scheme, convergence, discrete estimate, H' dis-
crete solution, transport equations, nonlinear hyperbolic systems, existence and uniqueness, dislocations

dynamics.

1 Introduction and main results

Before presenting our scheme, let us first, recall the setting of the continuous problem. In particular,
we will restate the existence and uniquess results of a H}, solution for the continuous problem that was

proved in [30].

1.1 Existence and uniqueness for the continuous problem

In this paper, we will propose an implicit numerical scheme for a system of coupled equations of non-
conservative Burgers type. This system intervenes naturally in the modeling of dislocations densities
dynamics where a dislocation is a crystal defect which corresponds to a discontinuity in the crystalline
structure organization. This concept has been introduced as the main explanation, at the microscopic
scale, of plastic deformation. For modeling details, we refer the readers to [36, Section 2] and [33, Section
2].
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More precisely, we consider the following system

+ 1 +

@) == (6 =)0+ a [ 0 =)0 +a) Do) o DR 0.1))
_ 1 _

@) = (0" =)@t ra [ 6= )i +a) Fo@oim DERx 0.1).

(4.1)
The unknowns p* and p~ are scalar valued functions, that we denote for simplicity by p*. These quanti-
ties represent respectively the plastic distortions associated with the dislocations moving according to the
vectors (1,0) and (—1,0). Their spacial derivatives 9,p* are the densities of dislocations propagating in
the direction of the vector +(1,0) respectively. From a physical viewpoint, in the context of the dynam-
ics of dislocation densities, the functions p* and 9,pT are positive reals. Here, the difference (p* — p7)
represents the resolved plastic strain. The constant @ depends on the elastic coefficients and the material
size, while the function a(-) represents the exterior shear strain field. We consider the following initial
conditions for (4.1):
pE(@,0) = pi (x) = py *(x) + Loz on R, (4.2)

where p3" are 1-periodic functions. We thus have a model for a periodic distribution of the + disloca-
tions, with a spatial period of length 1. In fact, the use of the periodic boundary conditions is a way of
regarding what is going on in the interior of the material away from its boundary.

For this system, based on an energy estimate the global existence and uniqueness of nondecreasing solu-
tion in W,2(R x (0,T)) space has been established in [30].

Theorem 4.1. (Existence and uniqueness), [30, Th 1.1])

Forall T,Ly >0, a € R, and pa—L € HIIOC(R) and under the assumptions

(H1) pf(z+1) = pf(z) + Lo (1-periodic function + linear function),
+

(H2) 9p0. >0 a.ein R (pT is nondecreasing),

(H3) a & L=(0,T),

the system (/.1)-(4.2) admits a unique solution p* € H} (R x [0,T)), in distributional sense, such that,
for a.et € (0,T), the function p*(-,t) : x — p*(x,t) verifies (H1) and (H2).

In the following, we will propose a compatible discretization with the continuous problem.

1.2 The discrete problem

We want to approximate the solution of (4.1)-(4.2). Given a mesh size Ax, At, we define
E={iAz,i€{0,...,.M —1}} Er=Ex{nAt,ne{0,...,Nr}},

1 T
with Az = i and At = o The discrete running point is (z;,t,) with x; = iAz, t, = nAt. The
T

approximation of the solution p* at the node (x;,t,) is written indifferently as u (z;,t,) or ul} ; according
to whether we view it as a function defined on the lattice or as a sequence.
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1.2 The discrete problem

We propose, then, the following Upwind implicit discretization of the system

ntl g ntl _netl
_ urTE — _
Vk € {+; }a ’”Tt]” T C«gjl[un+1] <kz+1A$kz> —0 if C,?;l[u"""l] <0,
0<t1<M—1,
n+tl n n+1 n+1
Ug Up 5 n n Ut = U ) . .
0<n<Np—1 g G <M>=0 if Cpitunt] >0,

with
u) = (S ;,ul ;) = polzi) = (pg (), pg (1)), for —1<i <M,

K3

M—1
+1p, nt17 +1 +1 +1 +1
Cpt et =k (u — am o Y Ae@l - ) +altun) |
7=0
and the following periodicity conditions
ulf _y =ul pq — Lo, u _y=u’ 4 — Lo,
and for all n > 0.
uy pp = ulf o+ Lo, u pp=ul o+ Lo,

We define the positive and the negative parts (C,?jl[u"*l]) and (C’g’jl[u”“]) as follows:

+ ’ -

(Cem)) = (Cpt )+ e )

1
+ 2

(epe) =5 (1oEr w1l - Gt 1))

Both (C,?jl[u"‘*‘l]) and (C’,?J[l[unﬂ]) are positive real numbers.
: N :

We can write the scheme in a more compact form:

n+1 n n+1 n+1 n+1 n+1
Ups — Uk, B (C"*l[u""‘l]) Upi+1 — Uk, n (C"*l[u”‘*‘l]) Up i — Upi_1 —0
At ki - Az kit + Az ’
0 _ ,k
Uy ; = P6 (3).

In the sequel, we set

uy . —uy
v —7’”“96 Meofor ke {+,-} (4.4)

which is a discrete equivalent of 9, p".
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1.3 Main results

First, we set u" = (uf');c(_1 ay Where uf = (u} ;u”;). We define pf = (g, py?) such that

||Pg||(Lm(T))z = ||p8”’p||Loo(T) + [lpg Pl (1) where T is the [0, 1) periodic interval.
We now introduce the following CFL condition:

%; < min (31, B2), (4.5)
where
B, = 1
Vo [2¢+ 2+ o) + lall e o] (AC +1) + Lo)
and
By = 1
273120+ 2) A+ |al) + [l p o] + 41+ [a))(2¢ +2) + 2Lo(1 + |a]))’
with lal
a oo
¢ = eMThotlal) <||p]8(L°°(TF))2 + TlLJr (|Z;|T))> ' (4.6)

We present in this paper three main results. The first one is proving that the implicit scheme (4.3) has
a unique bounded solution at each time-step. Then, we show a discrete gradient L? estimate compatible
with that obtained in the continuous case. The third one is showing the convergence of the solution of
the scheme.

Theorem 4.2. (Resolution of the implicit scheme on one time step)
Suppose that assumptions (H1), (H2) and (H3) given by Theorem 4.1 and the CFL condition (4.5) are
satisfied. Let uy; = wy ; + Loz; where wy ;, for =1 <1 < M, satisfies the following conditions

wi = w g, w = w g,
and (4.7)
WY ap =W o, w? pp=wk o,
Then, we get
(i) (Existence)
There exists a unique solution u™t' to the implicit scheme (4.3) such that uZerl = w?fl + Lox; with

ijl satisfies the conditions given by (4.7) and the following L* bound

n+l o ATLo(1+|a|) p ) lall Lo (0,1)
Jnax wp; =€ (Po”(mo(qr)) +72(1+|a‘) ;

0<i<M—1

forallk € {+,—} and for alli=0,...,.M —1 and n=0,...,Np — 1.

(it) (Monotonicity)

Moreover if u™ is nondecreasing, i.e. satisfies

ug i > up,; forall ie€{0,...,M -1}, and ke {+ -},

5T
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then u™t1! is also nondecreasing.

Theorem 4.3. (Discrete gradient L? estimate)

Suppose that assumptions (H1), (H2) and (H3) are verified. If u™ is the solution of the implicit scheme
(4.3) given by Theorem /.2, then, GZ,H% defined in (/.4) is nonnegative for alln € {0,..., Ny — 1} and

verifies the following estimate:

M-—1
Z > G +At2([91“+2—9”tﬂ oy +on D Z S ) (48)

i=0 ke{+,—} i=0 i=0 ke{+,—}

,_.

Now, we present the convergence result of our implicit scheme.
Theorem 4.4. (Convergence of the solution of the scheme)
Assume that assumptions (H1), (H2) and the CFL condition (4.5) are satisfied and a € C(0,T). Let us
consider the solution (u™),>o of the scheme (4.3) for the time step At > 0 and the space step Ax > 0
given by Theorem J.2. Let us call e = (Ax, At) and u® the function defined by

ut(iAx, nAt) = ul

2

for mne{0,...,Npr—1}, ie{0,...,.M —1}.

Then, as € goes to zero, the whole sequence (uf). converges to the unique solution p of (4.1)-(4.2).
Moreover, we have
sup |u¢—p|—0 as e€—(0,0).

Tx[0,T]
ke{+.—}

Remark 4.1.

1. Here, we choose the implicit scheme since it naturally preserves the gradient L? estimate at the

discrete level, which is neither the case of the explicit scheme nor that of the semi-explicit scheme.

2. Note that, all presented results remain valid in the case where a € L*>(0,T). To do that, it is
sufficient to regularize a and then pass to the limit as At tends to 0 so that the regularization

vanishes. But, we have chosen to take a € C(0,T) for the sake of simplicity of the calculations.

1.4 Brief literature

Many numerical results were brightened up on systems which intervene in the dislocations densities dy-
namics. In this framework, we refer the readers to [33] where the authors proved a convergence result of
an explicit scheme to the Lipschitz continuous solution for a particular (2 x 2) Hamilton-Jacobi system.
Inspired by the results proved in [7], they showed also an error estimate of Crandall-Lions type [20]
between the numerical solution and the continuous one.

We also refer to Jakobsen, Karlsen [49] and Jakobsen, Karlsen, Risebro [50] where they proved a conver-
gence result for a weakly coupled Hamilton-Jacobi system consdering a semi-discrete splitting algorithm
that they proposed to approach the continuous solution.

In the framework of hyperbolic systems with Lipschitz and nondecreasing initial data, let us mention [21]
(cf. Chapter 6) where the authors proposed a natural implicit scheme satisfying a Lipschitz estimate at
the discrete level. This estimate allowed them to show the convergence of the discrete solution to the
solution of the continuous problem. We draw the attention of the readers to the fact that in [21], results
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were established without supposing that the system is strictly hyberbolic, unlike what was done in [59].
In fact, Monasse and Monneau proved in [59] a convergence result of a semi-explicit scheme for diagonal
non-conservative hyperbolic systems assuming that the system is strictly hyperbolic and using a discrete
gradient estimate that was proved in the continuous case in [35]. This result was achieved in a restricted
class of vanishing viscosity solutions which was introduced initially by Bianchini and Bressan [16].

In the present work, we consider a hyperbolic system, not necessarily strictly hyperbolic, and we prove,
basing on a discrete gradient L? estimate, the convergence of the discrete solution to the continuous one
introduced in [30].

Beside this, for systems in conservative form, we refer to [55] for a review of the main classes of exist-
ing schemes. Among these schemes, convergence results are seldom found for hyperbolic systems. The
Lax-Wendroff theorem [53] shows that if a consistent and conservative numerical scheme converges (in
L' with bounded total variation), its limit is a weak solution to the hyperbolic system. However, in order
to obtain convergence of the scheme, stability is needed, in general in the form of TV-stability. For the
scalar Godunov scheme, convergence is obtained due to its total variation diminishing (TVD) property.
This is no longer the case for systems [55]. Stability can still be proved for certain special systems of
two equations, for instance in [56,69,70]. Similar results can be obtained for a class of nonlinear systems
with straight-line fields [22, pp. 102-103]. Nonlinear stability can also be assessed through the use of
invariant domains and entropy inequalities [18], for HLL, HLLC and kinetic solvers of Euler equations of
gas dynamics.

In the case of conservative systems where the initial data has sufficiently small total variation, Glimm’s
random choice method [39] is probably convergent. A deterministic variant (replacing random with
equidistributed sampling) has also been proved to converge under the same assumptions [58].

1.5 Organization of the paper

This paper is organized as follows. In Section 2, we prove some preliminary results on the existence
and monotonicity of the solution of the scheme (Theorem 4.2). Section 3 is devoted to show a discrete
gradient L? estimate (Theorem 4.3). Finally, based on this gradient estimate, we prove the convergence
result of our scheme (Theorem 4.4) in Section 4.

2 Existence and monotonicity of the discrete solution

This section is devoted to prove the existence, the uniqueness and the monotonicity of a bounded solution
for the implicit scheme (4.3). This section is divided into two subsections, in Subsection 2.1, we prove by
a fixed point argument the existence and uniqueness of the discrete solution. Then, in Subsection 2.2,

we show that the discrete solution is nondecreasing.
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2.1 Proof of Theorem 4.2-(i):

2.1 Proof of Theorem 4.2-(i):

Proving the existence of a solution uy, = wy; + Loz; of the scheme (4.3) is equivalent to prove the

existence of a solution of the following scheme:

wn'i._l _ wZ ) w"".‘l _ wn—!—l wn—&fl _ wn—&-i
k,i i v (C]::l;‘i»l[wn-‘rl]))_ k71+1Am ki + LO + (C«g’jl[wn-i-l])—‘r ki ~ kyi—1 —|—L0

with the following conditions
wi = wh g, w g =wh g,
and for all n > 0.

WY =W g, w? = wl o,
‘We denote the vector:

n+1 _ n+1 n+1 n+1 n+1 n+1 n+1 n+1
v = (’UO Uy (%) e Uy Uy U]V[+1 1}2]\/[_1>

_ n+1 n+1 n+1 n+1 n+1 n+1 n+1
= (U+’0 ’U+’1 ’U+’2 U+,M71 ’127’0 1)771 U*,Mfl) .

We introduce now the function F : R2M — R2M

Fun (@) = (FL0™) Fuu @)

= (Ffun 0" @) o Ffy 0" Fipn @™ gy (0)

For v"*! € R?M | we define the function F as follows

n+1 n+1

v — v
F+ +,1 +,0 L
T Ar + Lo

0,w™

(") =wh o+ AHCTR ) [

e For 1=0
n+1
Vyo — Uy Mm-a

L
Az + Lo

—At(Cf:Bl [Un+1])+ [

Fiypwn (") =™ o+ AH(CTH [ H]) [

o« For i=M
n+l vn+1
-0 —M-1

v
o n+17, n+1
AHCTH o)), l ML L,

n+1 n+1

v, — v,
(v”“) - wi,i + At(Ciﬁl[v”“])_ l“““ + Lo

F+
Az

7, wn

e For 1<i< M -2
n+1 n+1

vt — T
—At(cﬁtl[vn+l})+ l +,% X +,i—1 +LO
’ x
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4. Un schéma convergent pour un systéeme de transport non-local modélisant la
dynamique des densités des dislocations

Un-"_»l — 'Un+.1
Fion (") = w’ ;+ At(Cfﬁl[vnHDi [ZHA:UZ 1+ Lo
o For M+1<i<2M -2
s .
*At(Cf:‘;l[U”+1])+ [—’AI—Z— + Lo
vi+01 B vi+A14 1
Fyro1,n (0" = w0} oy + AUCY N [0 |5+ Lo
o For 1=M—-1
=
MO ), [ o v g,
v
Fongopun (071 =™ a4+ AHCTRG [0 T) |t o Lo
e For 1 =2M —1
UTH_J&I 1 71’"4_1&1 2
—AKCTHE ), [ e
Then, we can see that the scheme (4.9) can be written as
witl = Fifwn(wn+1) for i=0,...,M—1,
(4.10)
Wl = pi (@)
+,i = Po i)
and
w’lﬁiMH = F . (w't) for i=M,...,2M —1,
(4.11)
wg’z =P 7p(1'1)
Let us now define the mapping
Gurt [FL=C L+ (PY 5 [21= (1P

vt — By (0.

Our goal is to show that the mapping G, is a well-defined contraction supposing that |wZZ| < (. This
leads to prove, first, the existence and uniqueness of a fixed point of (4.10)-(4.11) under a CFL condition.
Then, we will show that the solution is uniformly bounded. To do that, we proceed in three steps.
Step 1 (Gyn is well-defined):

It is sufficient to prove that —( —1 < Ff,.(v"t") < ¢+1, if w" € [=(,(]*. Indeed, we have for
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2.1 Proof of Theorem 4.2-(i):

i1=1,...,M — 2 and for k = +

F+

i,wm

(")

n At n n n n n
= — (O3 )+ (O ), Jers!

At . At . At .
+E(Ci:tl[v +1])_Uiz}kl + E(Cﬁtl[v +1])+'USLF-;171 + —ELoAl'Oiﬁl[’U +1].

Then, using the CFL condition (4.5), we obtain

IE,

7, w™

A
("] < ¢ [0+ 2)(1+ fal) + ol o= o] (4C+ 1)+ Lo) < C+1,

which implies that the mapping G~ is well-defined.

For the cases {i = M +1,...,2M —2 and for k = -}, {i =M —1land k = +}, {{ = 2M — 1 and
k=-},{i=0and k=+} and {i = M and k = —}, we proceed in a similar manner to prove that G~
is well-defined.

Step 2 (Gy» is a contraction):

We define the sets MT ={1,...,M —2} and M~ ={M +1,...,2M — 2}.

We equipped [—1 — ¢, 1+ ¢]?M with the following norm (I°°)*:

o e = 5 (s Wt s s )
g \ieMF i=0,M~1 i=M,2M~1

We observe that, for all u"** and v"*! in [-1 — ¢, 1+ ¢]*M, for all k € {+, -},

|G (™) = G (07| o

I
= Y sup [F ) = B (0]
k=+,— ice Mk
I I
T Z sup | Fjf . (u) = Fif (0" + Z sup  |F o (u"th) — F (0"

fe =0, M1 f_ i=M.2M 1

" 7; SM’k ’ [(C’?l l[un 1]), (Cl?z 1[“” 1])7} (uz,i+11 - uZzl)
k=+,— i€
[(C’?vi 1[un 1])+ (Clrclﬂi 1[vn 1])J (“Z,il - uﬁ,ﬁl)

O ) [ty = vt = (et = opt]

O D), [0 ) = Wt -t |+ (O ) = G ) Lo
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4. Un schéma convergent pour un systéeme de transport non-local modélisant la
dynamique des densités des dislocations

At At
where we have added and subtracted the terms A—(C};J{l[vnﬂ]) uZﬁ_l and A—(CQ#[U”“]LU??&.
A - A :
We obtain
[Gun (1) = Gin (U"H)H(Pc)z
At " N
<35, Bl2C+2)0 +lal) + llallom ] + 401+ |a])(2C +2) + 2Lo(1 + |a])) [Ju 0" )

which gives by the CFL condition (4.5) that G, is a contraction on [—-1 — ¢, 1+ ¢]?M.
Step 3 (The fixed point is uniformly bounded):

We assume now that w"*! satisfies the following conditions:

n+l _ _ n+l n+l _ _ n+l
Wi 1= Wy W1 = W -1
and
n+1l __ n+1 n+1l __ n+1
wiy =wily, wh Ty =wlly

In the following, we will prove that |wy ;| < ¢ which is true for n = 0, so we will prove it for n > 0.
Indeed, we have for 0 <i < M —1

At
vl L I U VI (e T VN R
At At 4.19
R (R ™) _wthy + e (Cpt ™) it (4.12)
—AtC T w™ ] L.
We denote \w}::'jl = mnax (|w2f1|) Then, using (4.12), we obtain
) —r- )
0<i<M—1
+ n+1 — 4w? ﬁ C7L+1 n+1]) +(C7L+1[ n+1]) n+1iﬁ(cn+1[ n+1]) n+1
Whey = FWky; F A | (Crg "] ko (W V4 ] Whos & Ay ko W1 Wk it

iﬁ(cn—f—l[wrﬂrl]) wn+1 At Cn—i—l[wnJrl] L

A\ ko +Wkoyj—1 ko.j 0-

Then, we get
+ n+1 <+ ﬁ C«n+1 n+1]) +(C«n+1[ n+1]) n+1i£(cn+l[ n+1]) n+1
Whoyj = FWpo,j F Ax ( ko,j [w - ko,j (W 4| Wko,j Ax ' ko w —Wke,j

i£(0n+1[wn+1]) wn+1 Atcn+1[wn+1]L

Ag koo +Whoj T 2%k 0

M-1
< fwy, ; F koAtLg w’f’;l - wﬁbl + Z Ax(wi'gl - w’j‘zl) +a(tns1)]-
=0

< dwp o+ AtLollall Lo o.r) + 2AtLo(1 + |a])Jwp .

05,

93



2.2 Proof of Theorem 4.2-(ii):

Which implies that

|w20+j1| < |wg, 5| + AtLollal| Lo o,y + 2A¢Lo(1 + |a|)|w;}+]1|

05

Then, we can see that

lall oz
) < fuwp, | + 2A¢Lo(1 + Ja) <|w:;j,;| i lel=on]

2(1 + [af)

al|
By adding the term W on the left and on the right hand sides of the above inequality and by
@
llall Lo 0,1)
denoti no| = [gn |4 NETEOL) t
enoting [¢ 5| = |wp ;| + S0+ al) we ge

G | < 165 51+ 288 Lo(1+ Ja) I

Then, we obtain
) (L+ |el) €t < (399
— e ma, ! ma .
n? b (ki D= T ok

0<i<M—1 0<i<M—1
Now, using a recursion on n, we can deduce that

1

pnax. 1€kl < 5T w o ax €0 4]
0<i<M—1 1-— fLO(l =+ |OzD 0<i<M—1
n
< AT Lo(1+]al) max |w2 | + ”aHLoo((),T)
N k=+,— T 2(1 4 al)

0<i<M—1

We can see that nax lwi | < max |€ ], which leads to the following estimate
il : DA% ISk

0<i<M—1 0<i<M—1

a||L°°(OT)
< ATLo(1+|al) max  |w? .|+ l ;
= e |wkal + Sa e

0<i<M—1 0<i<M-—1

n
max [wy |
(4.13)

a ||a||L°° 0,7
< el (Bl oy + o ) = .

This implies that by applying a recursion on n, there exists a unique fixed point w™*
of the scheme (4.9), belonging to [, ¢]?M. O

L unique solution

2.2 Proof of Theorem 4.2-(ii):

In what follows, we derive an evolution in time of the discrete gradient ¢}’ ,, , defined by (4.4) from (4.3),
? 2

which allows us to prove the monotonicity of discrete solution.
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4. Un schéma convergent pour un systeme de
dynamique des densités des dislocations

transport non-local modélisant la

Let u}t! be the solution of the implicit scheme (4.3

. non

n+1 n
At Up i1 — Ui

). Using the definition of 927 it1r We observe that

+1
At up;

0n+1

kitd = Vkits T Ag

Inserting (4.3) at ¢ and ¢ + 1, allows us to show that

[

[w" 1))

0n+1

n+1
ki+3 c

kyi+1

At

n+1
Azx ¢

k,i+1

(

It is sufficient to show that HZE_I > (0. Let us denote 8

3
we have

At
Az

n —
kj+3

0n+1

koj+3 ko jt1

[(Cm—&-l

At

= n+1
+Ax (c

w w0

[(erss

> 07 At
="kits  Ax
At

7( n+1
Az

+ kojt1

[u" 1) -6}
Then, we obtain

At

0n+1
L1 — —
7]+§ A:I:

kj+3

|

n
> 6

(c

Hence, we obtain

At
1+ —

n+1
Az N

k,j+1

(

)+ (G T ) - |

n+1
_ekﬂ+

+1
g+

+1 b
J+3 +

n+1
k,j+1

W) = O ) |

Az

_ n
Uk i

At At

0

n | defined in

[ (4.4) satisfies the following relation

n+1
9k,i+%
(4.14)
At

n+1r, n+1 n+1
%+ AZ'(Ck’i [’LL ])"!‘9;67,5,%'

(

[ 1) 4+ (Cpf )]

n+1
ek,i—&-%

n+1 .
., = min
kj+z =0, M-1

5

) . Then, from (4.14),

n+1
9k,j+%

At

+1
Ax j

3 T (C]::L’j"l[un‘f’l])_’_gz’]_%

9n+1

[ )+ () -] o

At n+1 +1
(Ci; g+

oy )07

Az

0n+1

W] - Cp et

n+1 > gn
9k,j+% = 0k,j+%'

We argue by contradiction. Suppose that 92':_; < 0 for certain i € {0,..., M — 1}. Then, using the fact
T
that 927i+% > 0 and taking
At 1
<,
Az — 8¢

which is in accordance with the CFL condition (4.5), we obtain

1 At
n+1 n+1
2y = [t 5 (Gh
At n+1
v (o
>0 >0
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3 Proof of Theorem 4.3 (Discrete gradient L? estimate)

This implies that
1 n+1
§0k,i+§ 20,

which implies a contradiction and then 0;”;1 ; > 0. This is equivalent to uZ'fl is also nondecreasing. This
) 2 ’

leads to Theorem 4.2-(i7), by applying a recursion on n > 0.

3 Proof of Theorem 4.3 (Discrete gradient L? estimate)

Our goal in this section is to prove that the disrecte gradient enjoys a L? estimate.
Using (4.14) and the definition of the positive and the negative parts of C’,’;’;l [u™*1], we can deduce that

At At
0n+1 L = |:Cm+1 [unJrl] _ Cg}-l[unJrl]} 0n+1 L+ 7(c}1§1’—10—i1[un+1])_0£7—;1_%

kyi+3 kits  Ag | kit kit: T Ag

(4.15)

— (G )+l ) _Jontl, + O )6

Now, by using the explicit definition of Cm.'l[unﬂ], we can see that

AN P ntlp, ntl nt1 n+1
o (Crth ) = op P ) = wae(0nt, —0n L ).

By injecting the previous equality in (4.15), we obtain

At

+1 _ +1 +1 +1 +1
Orrly =0y F (07, -0 )artl (Ot

+1 +1
k,iJr% +’1‘+% [Un }),9"

ki+3

At n n n n n At n n n
— (G D, O ) _Joptt, + (O )

Now, by multiplying the previous equality by QZTi 1, we get
TR

n+l \2  _ gn n+1 n+1 n+1 i1 (2 At nt+1p, n+1 2
Oy =0y bty F o0 (000 -0ty ) Onn ) - (G )

L (CpEL )]yt

At n+1 —+1 n+1 n+1 At n+1 +1 n+1 n+1
+I£(Ck,i+1[un ])*okﬂq_%ok’i_’_% + Fx(ck',i [un })Jrek’i_%ek’“_%

2 1 n 2 n n n 2
WOy R (0, - oL ) 6L

1
< —(07.
— 2(0]6,1-"-2 2

2

At

— G )+ () _J et

+

A A
(R ) O g (O )t

n+1
+Am( kyid1 kyi+3 kit Ax 59

ki+3”
(4.16)
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4. Un schéma convergent pour un systéeme de transport non-local modélisant la
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Summing (4.16) over k € {+, —}, we get
1 0n+1 2
5 Z ( k,i+%)
ke{+,—}
n 2 n+1 n+1 n+1 2 n+1 P
keg }( k,i+%) —At (9+,7§+% - 97,7}}%) |:(9+,i+%) — (07’i+%) :|

<

DN | =

— [ ), ) 0 - [ ), + (O )] @)

ki+3 ki+d

At mn n mn n At n n n n
Yoo —(Cpt et et + > A—x(ckjl[u ettt
k6{+1_}

k€{+7_}

Therefore, we get

1 2
n+1
9 Z (ek,i+%)

ke{+,—}
= % > (i) A ({eiﬁi; - 9fﬁ1+%r[9fiﬁl+% +9"?+;D
ke{+,—}
*% (oM 1)), (O )] 0n )" - 2—; (€t + (e Jeents )P
+g(0ﬁtil[u"“])_eﬁﬁi%eﬁﬁié + %(cxjgil[unﬂ])_emgom%
+%(Oﬁﬁl[u”“})ﬁiﬁi%oﬁﬁié + %(cﬁl[unﬂ])ﬁjﬁ;{ O
SIP IO ([eiﬁi; o) T Hﬁﬁiﬂ)
ke{+,—}
SR O ), ) 00 - e [ e+ (O ) @)
+%<CE§L[U"“]>_<9’T+%>2 + %(Cﬁtil[u”ﬂbjoﬁﬁiéf %(Czjgil[unﬂ])_(egi%f
+2%,(Ciﬁi1[u”“]),((?iﬁi%)ﬂ%(cﬁl[u"+1])+(aﬁ;{%)2 + %(Cfgl[unﬂ]hwﬁ;i%f
+2i—’;(01ﬁ1[u"“]>+<912£%)2 Qi—;(czzl[u"+l])+<egl+%)?
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3 Proof of Theorem 4.3 (Discrete gradient L? estimate)

Now, we can easily deduce the following inequality

1 Nl 2
9 Z (ok,i-i-%)

ke{+,—}

1 " 2
S 2 Z ( k,i-i—%)

ke{+,—}
—At _0n+1 _0n+1 :|2|:0n+1 +8n+1 :|
it it +ity | —its

At [ mn n n n n 2 (417)
—oas [(CnE ), + (O ) ] )

At [ mn n n n n 2
—oas [(CHE ), + (O ™) _] @7 )

At " " 2 At , . n n 2
Foag (Coida [ ) (00 ) oA (CRi ™) (077 )

At 2 At 2

n,—‘,jl n+1 n+1 n—i—ll n+1 n+1

o (OO0 [ ) (001 ) 5 (O ™), (07750,)"

Then, using (4.17) and the definition of the positive and the negative parts of C,??l[u”“], we get

1 2
n+1
92 Z (ek,i+%)

ke{+,—}

1 n 2 At n+1 n+1 n+1 2 At n+1 n+1 n+1
< le%: }( k,i.;_%) + E(C—,H—l[u }),(9_714_%) +E(C+,i+1[u ]),(9_5_71-_5_%)

2

A A
DL (Cm ) (07 ) e (O ) (07 )

2
2Ax( -t +V —img 2Ax i3

_|_

- 2
_ n+1 _ pgn+l1 n+1 n+1
At <_9+,z‘+; 9-,¢+%} [9+,z’+% * 9—A+§D

At T miip n n " 2
~5h _C’{gl[u ) C+;.1+1[u +1]} (9+Zi§)

At T, . n . . .
oAz [(CE )+ (O e J@r )

2

_At
2Ax

[ n n n n n 2
] = oL et 0n )
_ At

2Ax

(Cm )+ (O ), 00 )

s 1
—it3
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4. Un schéma convergent pour un systéeme de transport non-local modélisant la
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Hence, we can see that

1 Nl 22
5 Z (0kz+2)

ke{+,—}

<

DN | =

I e (GURLE R CENER)

+At ([9n+1 9n+1 }) (enJrl )2 _ At (|:97l+1 9n+1 }) (9n+1 )2,

2 +,i+3 it i +,i+3 2 +,i+3 i+t it i
where At At

AY =5 T W) (9:;2) +K(Cﬁi1[ 1) (ﬂﬂrs)

At " 2 At n 2

o (O ) (0L )7 (O ) ()

At n 2 At . n 2

A (ChR ) (0L )7 4 o (O ) (0L )

At n+1 2 At 2

_ n+1 n+1 n+1r, n+1 n+1
A (O ) (0L )% + (O ) (0

Hence, we obtain the following inequality

1 nt+1 2 1 n 2 n
5 2 Ol <5 X0 (0rLy) A
ke{+,—} ke{+,—}
(4.18)
At nt1 n+1 n41 n+1
2 <[0+ itz —0 71""2} [0+ ity +60 ,z+2:|
Summing (4.18) over ¢ = 0,..., M — 1, we obtain the following inequality
2 M—1 M-1
n+1 n 2 n
>y Oty <2 2. Gl +2) 4
i=0 ke{+,—} i=0 ke{+,—} i=0
M—1
n+1 n+1 n+1 n+1
—At ({9+ it3 -0 ,Z+J [9+ it} +90 —it+3 D
i=0
M—1
Now, due to the periodicity of the solution, we can easily show that Z AP = 0. Hence, we deduce (4.8)
i=0
and the following estimate
) M—-1 M—1
" +1 n 2
POIDINCENICED S SRTARISED SIS SCRTET
=0 ke{+,— =0 ke{+,—-} =0 {+.,—
O
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4 Proof of Theorem 4.4

4 Proof of Theorem 4.4

This section is devoted to prove Theorem 4.4. The proof is outlined in three subsections.

4.1 Estimates on the periodic + linear Q! extension u¢

Let (z,t) € [0,1] x [0,T]. Then, there exist ¢ € {0,...,M — 1} and n € {0,..., Ny — 1} such that
(2,t) € [wi,2i41] X [tn,tny1], where z; = iAx and t, = nAt. For e = (Ax, At), we define the Q!
extension of the function defined on the grid, for any (x,t) € [z;, @it1] X [tn, tnt1], Dy

t—t, T—T\ n T—T\ n
t—ty, T—x;\ ., T—xi\
U e WA ) e P TR ) e

In particular, we can see that

(4.20)

u (2, tn) = (U (T4, tn), us (24, t,)) = (u} ;,u” ;) =wi forne{0,..., Np—1}, i€ {0,...,M —1}.

The function u® can be expanded on the whole space by considering it as a 1-periodic function + linear

function. Namely, we can see that

u®(z+1,t) = u(z,t) + Lo.

4.1.1 Estimate on ¢

From Theorem 4.2, we deduce that u?jll, u?“, uf,, and uj are bounded by (+ Lo, foralli € {0,..., M —

1} and for all n € {0,..., Ny — 1} where ¢ is given by (4.6). By (4.20), we remark that u€ is a convex

combination of u?j‘ll, u?“, ujy; and u}'. Then, u¢ is also bounded by ¢ + Lo, which implies that

lug | Lo (0,1)x (0,7)) < €+ Lo. (4.21)

4.1.2 Estimate on 9 uf

We have for (z,t) € (5, Tit1) X [tn, tnt1)

. t—1tn, n t—1tn "

t—tn n 2 t_tn n
i) < (g )ty (1= (552)) Oy

2 2
<O 0

We know that
2

~—
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4. Un schéma convergent pour un systéeme de transport non-local modélisant la

dynamique des densités des dislocations

Then, we get for (z,t) € (24, Tit1) X [tn, tnt1]

i+1
/(8ukxt )idx <Z/ (8,5 (2, 1))
0

M—
Z kz-‘r S

=0

We deduce that

|0zt || o< ((0,7);2(T))

4.1.3 Estimate on 0;u®

Let us define

We have for (z,t) € [, Tit1] X (tnytnt1)

Tr—X; n+i T — X;
(525 52

Using the scheme (4.3), we have

Tk %

We have

O e [ (R e

U?Jrl _n

nty _ (C]:.L7;‘g'1[un+1])_92'1-_~1_2 (Cptumt)

n+1
T < Z gk l+2

2
2(|92p6 || 2(m)

< () +<T;‘j2>

Tk Ji+1

Then, we obtain

1
/ (Brui (2, 1))?
0

M-—1 M—-1

< Z Aa:(r,?jfl + Z Ax Tk:rz

=0
M-—1

< 37 Awf(CpEh ) o, — ()
1=0

M-—1
+Z Az [(C’?;&-l[un+1]) 9n+1 (Clzjl[un+1])
=0

— "k,

101

+,

< V2(|0:pf || L2 (T)-

+ k-3

(4.23)

(4.24)



4.2 Extraction of a convergent subsequence of u®

Then, using the periodicity of the gradient, we can see that

1 M-1 2 M-1 2
/0 Qi) <43 Ar((Crh ) optl, ) +4 > Ax( (G ) _opth,)
M-—1 9 M-1
AN An(pTl)T AN D> Am(&,’iﬂ_%f
i=0 T i=0
M-1 5
< 8A2 Z Ax(eg’%k%) )
1=0

where A = (2(¢ + 1) 4 2Lo)(1 + |a|) + ||a]| L (0,r)- Hence, we get

10| Lo 0.7y:22(m)) < 2V2A102p6 | L2 (1)- (4.26)

4.2 Extraction of a convergent subsequence of u°

We start by recalling the following Lemma which is neccessary for the proof.

Lemma 4.1. (Simon’s Lemma [67, Corollary 4])

Let X, B and Y be three Banach spaces, where X — B with compact embedding and B — Y with
continuous embedding. If (0y,)n is a uniformly bounded sequence in L™= ((0,T); X) and (0¢0y)n, is uniformly
bounded in L"((0,T);Y) forr > 1, then (0,)n is relatively compact in C((0,T); B).

Combining estimates (4.21), (4.23) and (4.26), we deduce that uj, = wj, + Loz, where wj, is 1-periodic
function, is uniformly bounded in L*°((0,7); H*(0,1)), for any T > 0 and w§ satisfies the following

estimate
[w || Lo (x (0,17) + [102WE ]| oo (0. 1):22(m)) + 105w oo (0. 1)y:z2(my) < €, forall k€ {+, -},

where C is a constant depending only on «, Lo, [|al| L (0,1): 05|l £ (1)), 0206 | L2(r) and T.

By estimates (4.21), (4.23) and (4.26) and using the compact embedding of H(T) < L°(T), we can
show that the sequence (wj,), is relatively compact in L>(T x (0,T)), for all k& € {4+, —} by applying
Simon’s Lemma for X = HY(T), Y = L?(T) and B = L*(T) . Then, as € goes to 0, we can extract a
subsequence still denoted by (wfc“)ea that converges strongly to some function wy in L°(T x [0,77]). By

standard diagonalization procedure, we can extract a subsequence (wf,),_ such that
wj, — wg, uniformly in L*(T x [0,T]), Vke€ {+,—}.
Moreover, using (4.23), we deduce that, up to extraction of a subsequence,
dpws, — Opwy,  weakly-+ in  L>®((0,T); L*(T)) forall k€ {+,-}, (4.27)
and using (4.26), we can see that up to extraction of a subsequence,
opwf, — Opwy,  weakly-+ in  L®((0,T); L*(T)) forall k& {+,—}.
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In particular, we see that the limit function wy, satisfies the initial data wg(-,0) = w§(-).

4.3 Passing to the limit in the PDE

4.3.1 Preliminaries

We show in the following Lemma a modulus of continuity satisfied by wj which is necessary for the proof
of the convergence.

Lemma 4.2. (Continuity)

Let T > 0. Assume that w € L>=(T x (0,T)) such that

[0zwll Lo ((0,7y;2(T)) + [Oswll Lo ((0,;22(T)) < C-
Then, for all 6,h > 0 and all (z,t) € T x (0,T — ), we have:
lw(z + h,t +06) —w(z,t)] < (h% + 36%) C.

Proof of Lemma 4.2:
For all h > 0 and (z,t) € T x (0,7 — §), we have:

x+h . .
mmx+4%w-w@;w|gat/ Dew(y, 0)dy| < h¥ 0]l (o122 < hEC, (4.98)

where we have applied Hélder’s inequality in the second line and in last line we have used the fact that
dyw € L>=((0,T); L*(T)). Which proves the continuity in space.

Now, we prove the continuity in time, for all § > 0 and (x,t) € T x (0,7 — 0), we have:

Slw(z,t+ ) —w(x,t)]

z+0
:/ (@, + 8) — w(z, t)|dy,

K1

T+
</ (@, £+ 8) — w(y, t + 5)|dy

K>

4+
[ w4 0) — wloldy

K3

)
+/ oy, £) — w(e, £)|dy.

Similarly, as in the last estimate (4.28), we can show that:
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4.3 Passing to the limit in the PDE

T+ z+9
K+ K3 §6/ |3ww(y7t+5)\dy+5/ |0z w(y, t)|dy

T+ x4+
<5 / 0wy, t + 6)|dy + 5 / 10wy, £)|dy

< 607 ||8,w]| poe ((0.7):22 (1)) + 07 [|0pw]| Low ((0.7): L2 (T))

< 2862C,

where we have applied Holder’s inequality in the third line and in last line we have used the fact that
dw € L*>((0,T); L*(T)).
Now, we use the fact that d;w is bounded in L>((0,7T); L*(T)), to get

T+0 t+6
Ko S/ / |Oyw(y, s)|ds dy
x t

< §63C.

Collecting the estimates of K1, Ko and K3, we obtain

lw(z,t +6) — w(z,t)| < 362C,

The previous inequality joint to (4.28) implies the result. O
Now, for (z,t) € (s, Tit1) X (tn,tnt1), We set

1
Ciluf] (2. ) = & ((ui )0 o [ (08 )ty + a(t)) = Gylu](z,1),

r — T;

Tz = ’ by =1—a,.
a Ao a
Combining (4.24) and (4.25), we have

O (e,t) =y [(Coth ™) 0L — (R ) son ]

o (G )0t — (P )05t

= (Galu) 1) [t Ly + 0,07 | — (Gl () [0ty + 00770 ] + €2 ),
(4.29)
where

ei(et) = a.| = [(CREL )y — (Gulw)(w )+ | 05 tL, + [(Cpth ) - — (Grlw)(a, 1) ] 07t

o[ = [(CE Dy = (Grlee) (e, )+ | 674y + [ (Cp ) = (Grloe) ()| 671, |-
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4. Un schéma convergent pour un systéeme de transport non-local modélisant la
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In particular, for any 1-periodic test function ¢ with compact support K = T x [0, T], we have

k;;JﬂQﬂ%ﬂﬁ@nyhd4

M-—1 %
2 mn € €
<T Z <Z Aw(@?,%) ) 9l Lo (Tx (0,7)) SUpP ( sup \Ck;-rl[“ ] = Gil[w’](y, 7)|

k=-+,— \ i=0 (y,7)EK \|tnt1—T7|<AL,  |zi—y|<Ax 7
+ sup CFA ] = Gr[wf](y, 7))
[tnt1—7|<AL,  |zip1—y|<Az

We know that uj can be written as

ug = wy, + Loz,

with wf is a 1-periodic function belonging to L>°(T x [0,77]). Hence, using the uniform convergence of
u®, the fact that a € C'(0,T), (4.23), (4.26) and applying Lemma 4.2 on wg, we can deduce that

e, — 0 when €= (Az,At) — (0,0) in D'(T x (0,7)).

4.3.2 Convergence of the whole sequence

Our goal is to show that the limit up = wy + Loz verifies dyuy, + Gy [u]0,u = 0.

We define the function 6¢ as follows

0¢(x,t) = 9?:%17 for (z,t) € (x5, @iv1) X [tn, tnt1)-

Due to the estimate (4.19), we deduce that §¢ is uniformly bounded in L>((0,7T); L?(T)). Then, by the
weakly-*x convergence, we know that there exists a limit €, in the sense of distribution, such that for any
1-periodic test function ¢ (@ is smooth of compact support K = T x [0,7T]) we have

/ 0o — 0-p. (4.30)
Tx(0,T) Tx(0,T)

From (4.29), we have

Ouf,(x,t) — e (x,t) = (Grplw®](z,t))— (a0, (x + Az, t) + byb5 (,t)]
(4.31)
—(Grlw](z, 1))+ [azbf(z,t) + babf (x — Az, t)],

where a, = 2 LAixJ and by =1—a,.

Let us now introduce the function Aj defined by

z:/‘ (Or (2, 1) — e 1)) (e, D)t
Tx (0,T)
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4.3 Passing to the limit in the PDE

Then, using (4.31), using the periodicity of ¢, w® and 6°, we can write A as follows

A = / 05.(2,1) [, (Crlw®] (x — A, 1)z — A, 1) + by (Crlw®] (2, 8) - p(a, 1)] de dt
Tx (0,T)

—/ 05.(x,t) [ax (Gr[wT](z, 1)) +o(x, t) + by (Gr[w](z + Az, 1))+ o(x + Az, t)] dx dt.
Tx(0,7)
Let us now define the following function
B = / Or(x, 1) lac (Gr[w®](z, 1)) —p(x, 1) + ba (Grlw®](x, 1)) - (2, 1)
Tx(0,T)
—aq(Gr[w(z, 1)+ (2, 1) = ba(Gr[w?](2, 1)) +p(2, 1)] dudt

_ / Gt (@, ), )0 (x, £)d dit
Tx(0,T)

Then, we have

[ Ay = Bil <

/T o) a05 (2, 1) [(Gp[w](z — Az, 1) _p(x — Az, t) — (Gp[w](z, 1)) _p(z, t)] da dt

+

/ balj(z,t) [—(Grlw](z + Az, )1 p(z + Az, t) + (Grw'](z, 1)) 1 (2, )] da dt
Tx(0,T)

S T05 ]| e 0.1y L2(T)) e [(Gi[w](z F Az, 1))z (z F Az, 1) — Gy[wf](z, b)) s0(, 1)
z,t)e

Then, using the modulus of continuity of w®, we can see that |Af, — By| — 0 when € goes to 0.
On the other hand, using (4.30), the weakly-x convergence of 6 to 6 and the strong convergence of Gy, [w®]

to Gi[w], we get

B; = / —Gi[w](x, t)o(x, t)0 (x, t)dx dt — —Gi[w](z, t)p(x, )0k (x, t)dz dt.
Tx (0,T) Tx(0,T)

Therefore, we obtain that
Oug(z,t) + Glu](z, )0k (z,t) =0 in D' (T x (0,T)), Vke{+,-} (4.32)

Using (4.22), we can see that
. t—1n\ . t—1n\ .
We deduce, proceeding in a similar manner, that

Bpul, — 0 in D'(T x (0,T)).
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Moreover, using the weak-x convergence given by (4.27), we deduce that
0 = d,u. (4.33)
Combining (4.32) with (4.33), we conclude that

Oruy, + Gilu]Oyur =0 in D/(T x (0,7)), Vke{+, -}

Finally, we deduce that uy is a solution of system (4.1).

Due to the uniqueness of the solution of the continuous problem, given by Theorem 4.1, we deduce

that the whole sequence (ug). converges to the unique limit p*. O
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Solution continue pour un systeme eikonal non-linéaire

Ce chapitre est un article accepté dans le Journal Communications on Pure and Applied Analysis écrit

en collaboration avec Ahmad El Hajj.

Dans ce chapitre, notre étude se focalise sur un systéme eikonal non-linéaire décrivant 1’évolution des
interfaces se déplacant avec des vitesses sans signe fortement couplées.

Ce travail constitue une généralisation de celui effectué dans le Chapitre 3. En effet, nous commengons
par la régularisation du probleme en lui ajoutant un terme de viscosité. Ensuite, en se basant sur une
estimation entropique du gradient et d’autres estimations telle que ’estimation BV, nous montrons un
résultat d’existence globale d’une solution de viscosité continue. Enfin, sous condition que le systéme soit

quasi-monotone, nous démontrons 'unicité de la solution via un principe de comparaison.
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1 Introduction and main results

Continuous solution for a non-linear eikonal system

A. El Hajj!, A. Oussaily!

LSorbonne Universités, Université de Technologie de Compiégne, LMAC.

Batiment Blaise Pascal - 60200 Compiégne, France

Abstract
In this work, we are dealing with a non-linear eikonal system in one dimensional space that describes the
evolution of interfaces moving with non-signed strongly coupled velocities. We prove a global existence
result in the framework of continuous viscosity solution. The approach is made by adding a viscosity term
and passing to the limit for vanishing viscosity, relying on a new gradient entropy and BV estimates. A

uniqueness result is also proved through a comparison principle property.

1 Introduction and main results

1.1 Setting of the problem

In this paper, we are interested in continuous solutions to eikonal systems in one dimension. More
precisely, our work will focus on solutions u(t, z) = (u'(t,z)),_, _,, where d is an integer, of the following

systems, for all T > 0
Ot (t,x) = N(t, x,u)|0,u'(t,x)] on (0,T) xR, for i=1,...,d, (5.1)

with the initial data:
u'(0,2) = uf(z), xR, for i=1,...,d (5.2)
. 0 0
Here we use the notations 9; = — and 9, = s
r

Our goal is to show that this system admits a unique continuous solution assuming that the velocity
A (0,T) x R x U — R satisfies, for all i € {1,...,d}, the following regularity:

Ae L*°((0,T) x RxU)NC((0,T) x R xU), fori=1,...,d,

(H1) there exists M; > 0 such that for i =1,...,d,

d
Z IN(t, 2, u) — No(t,y,v)| < My (Ju—v| + |z —y|) for all u,v € U, z,y € R and ¢ € (0,T),
1=1
where for real numbers o’ < 8%, U is the following box:

d
u=1Jl" 5, (5:3)

i=1
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5. Solution continue pour un systéme eikonal non-linéaire

and |w| = Z lw'|, for w = (w',...,w?).
i=1,...,d ‘
We also assume that the Jacobian matrix of the velocity A*, denoted by

Z_ . ON
Nibw); ;4 where A, =o 5,

is negative, namely

d
(H2) Zwiwj)\fj(t,x,u) <0, Y(t,z,u) € (0,T)xRxU, and Yw=(w',..., w?) cR%

ij=1
In (5.2), each component u} of the initial data uy = (u},...,ud) is assumed to satisfy the following
regularity:
a' <wh <
(H3) for i=1,...,d,
Oyub € LY(R) N Llog L(R),
where Llog L(R) is the following Zygmund space:
Llog L(R) = {f € L},.(R) such that / |flln(e+|f]) < —l—oo} : (5.4)
R

This space is equipped with the following norm:

1z 10g 2y inf{u> 0:/R|£|ln <e+|£|> < 1}. (5.5)

This norm is due to Luxemburg (see Adams [4], (13), Page 234).

We now present the main results.

1.2 Main results

Theorem 5.1. (Global existence and uniqueness of solution)
Assume that (H1), (H2) and (H3) are satisfied. Then, the following hold:

i) Existence of a continuous viscosity solution:

There exists a continuous viscosity solution u® of (5.1)-(5.2), for alli € {1,...,d}, where
u' € L=((0,T) x R) and 9,u* € L>((0,T); Llog L(R)).
Moreover, for alli € {1,...,d}, u' satisfies the following bounds:

]| oo 0,7y xR) < [l Loe (R) (5.6)

[|0zt* || Lo (0,7): 1)) < 102ud ]l 21 (R) (5.7)
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1.3 A brief review of some related litterature

and the following gradient entropy estimate:

d

Z Hazui”Lm((O,T);LlogL(]R)) <m, (5.8)
i=1

where 71 <T, d, Ml, A, ||8Iu0||(L1(]R)ﬁL logL(]R))d) with

d
A= ZAi and A= sup |N(t,z,u)| Vie{l,...,d}. (5.9)
=1 te(0,T)
weu

1) Uniqueness of solution:

Suppose that the velocity verifies the following monotonicity assumption

M(t,x,r) — N(t,x,8) <0, for all vectors r = (ri)i:17...,d7 s = (Si)izl,...,d’ such that
(H4)
i —sl = max (r'—s)>0.
i€{l,...,d}
Then, the solution given by (i) is unique.
The key point to establish Theorem 5.1 is the gradient entropy estimate (5.8). We first consider the
parabolic regularization of equation (5.1) and then we show that the smooth solution admits the L>°

bound (5.6) and the following fundamental gradient entropy inequality:

d t d
/ > F(0uul (¢, 2)|)da — / / >N (@, u)dpul (t, 2) 0wl (1) < C, forall te (0,T)  (5.10)
Ri=1 0 IRy =1

where
zln(z) + 1 it x>1/e,

5.11
0 if 0<a<1/e, ( )

0< flz) = {
and C'is a positive constant only depends on T',d, My and [|0zuol| (11 (&)1 10g £.(R)) -
These a priori estimates will allow us to pass to the limit when the regularization vanishes, using compact-
ness arguments and stability of viscosity solutions, which leads us to prove the existence of a continuous
viscosity solution. Note that, a similar gradient entropy inequality was used in [34, 35] to prove the
existence and the uniqueness of solutions of (5.1) in the case of nondecreasing solutions. Also, a similar
gradient entropy inequality was introduced, in the case of nondecreasing solutions, by Cannone et al. [24]
to prove the global existence for a particular two-dimensional system of two coupled transport equations
modeling the dynamics of dislocations densities.
In this paper, we show through Theorem 5.1 the global existence and the uniqueness of a continuous

viscosity solution of system (5.1) without any monotonicity assumptions on the initial data.

1.3 A brief review of some related litterature

Many existence and uniqueness results were brightened up on similar eikonal systems. Let us mention

the most known results. First, motivated by dislocation dynamics, we can point out the result done by
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5. Solution continue pour un systéme eikonal non-linéaire

El Hajj and Boudjerada in [19] wherein the global existence of discontinuous viscosity BV solutions was
proved for scalar one dimensional non-linear and non-local eikonal equations, including in particular the
case d = 1 in system (5.1).

Always within the framework of dislocation dynamics, let us mention that, it was proven in El Hajj
et al. [30, 33, 36] some existence and uniqueness results of continuous viscosity solution for a particular
quasi-monotone (2 x 2) system which corresponds to the case where (X');j=12 = _11 _11 . The
proof in [33,36] was based on the work of Ishii, Koike [46,47] wherein, a general theory concerning the
existence and the uniqueness of viscosity solutions for quasi-monotone Hamilton-Jacobi systems, has been
developed. However, in [30], the author proved a L? energy estimate in order to get the existence and the
uniqueness. An existence result of a discontinuous BV solutions was also proved in [38] for the same (2x2)
system. This result was recently extended in [37] to the case of (d x d) system under certain monotonicity
condition on the velocity. In this paper we give a global existence and uniqueness result of a continuous
solution in the case of general (d x d) eikonal systems without any monotonicity assumptions and sign
restrictions on the velocity. This enables us to enlarge the area of applications to touch dislocation
dynamics in multi-directions of propagation. In particular, system (5.1) appears naturally in the domain
of dislocations densities dynamics where dislocations are moving defects presented in the crystals. In fact,
in the special geometry where the dislocations assumed to be straight parallel lines (in the 3-dimensional
space) and to be dependent on one variable, it is possible to describe the dynamics of these defects by

system (5.1) with
d
N(t, x,u) = ZAijuj
j=1
for some constant and non-negative symmetric matrix A (see [34, Section 5] for more modeling details).

It is worth mentioning that in the case of nondecreasing initial data, system (5.1) becomes a hyperbolic
diagonal system for which results of existence and uniqueness have been shown. First, in the case of (2x2)
strictly hyperbolic system with nondecreasing initial data, Lax proved in [54], the existence and uniqueness
of nondecreasing smooth solutions. Also, assuming that the initial data is nondecreasing, an existence and
uniqueness result of continuous solution was proved in [35] for a general (d x d) diagonal strictly hyperbolic
system. The proof in [35] is based on a global existence result of a continuous nondecreasing solution
established before in [34], within the framework of diagonal hyperbolic systems that are not necessarily
strictly hyperbolic. In the present work, we prove an existence and uniqueness results without any
monotony assumptions on the initial data, unlike what is done in [34]. In fact, we show that the gradient
entropy estimate proved in [34] remains valid for a class of eikonal type systems without assuming that
the initial conditions are nondecreasing. This requires obtaining a preliminary BV estimate which wasn’t
necessary in [34]. We also refer the reader to [16] where an interesting theory relating to the existence
and uniqueness of a semi-group type solution was developed for general (d x d) strictly hyperbolic system,
considering small initial data in BV norm. This approach is mainly based on a careful analysis of the
vanishing viscosity approximation, giving rise to a L! stability estimate. Recently, it was also shown
in [5] the global existence of a discontinuous viscosity solution for any (d x d) diagonal hyperbolic systems
with all BV initial data.
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1.4 Organization of the paper

This paper is organized as follows: In Section 2, we regularize system (5.1) by adding the viscosity term
n02 u', replacing the non-linear term |9,u’| by \/W and considering regular initial data. Then,
we show that this system admits a local in time regular solution, applying a fixed point argument. Section
3 is devoted to prove some (n,d)-uniform a priori estimates. More precisely, we start by showing that
0o
estimate. Then, these estimates allow us, to obtain a gradient entropy estimate which is the key result of

the solution of the regularized problem vf% s satisfies a BV estimate and 92, v} s verifies a L? preliminary
our paper. In Section 4, we prove some n-uniform a priori estimates similar to that obtained in Section
3 by passing to the limit as 6 — 0. In other words, we prove, that the function v% defined as the limit
of vy 5 when § — 0 also satisfies a BV estimate and a gradient entropy estimate. After that, basing on
these a priori estimates, we show in Section 5 that the local solution can be extended to a global one.
In Section 6, we get using the stability results of continuous viscosity solutions the global existence of
continuous viscosity solution with regular initial data. This leads us to show Theorem 5.1 (i) by passing
to limit as (g,n) — (0, 0) and using the established estimates. Finally, by comparison principle, we obtain

in Section 7 the uniqueness result given by Theorem 5.1 (i7).

2 Local solution for parabolic regularized equation

We recall some preliminary local in time existence and uniqueness results for parabolic equation obtained
by regularization of problem (5.1) with smoothed data vy = (v{)i=1,... 4. More precisely, we consider for

0<n<1l,i=1,...,d and v, = (v})i=1,... a, the following problem:

Ol (t, ) — nd2, 0} (t, x) = j\i(t,x,vn)|8mv%(t,x)| on (0,7) xR,

zxVn
(5.12)
v} (0, ) = vj(x) z €R,
where, for all ¢ € {1,...,d}, we have
vh € C®(R)NL¥(R) and d,v) € LP(R) forall 1 < p < +oo0. (5.13)
Moreover, \* : (0,T) x R x U — R satisfies, for all i € {1,...,d}, the following assumptions:
Noe L=((0,T) x RxU)NC>®((0,T) x R x RY), fori=1,...,d,
(Efl) there exists ]\71 > (0 such that fori=1,...,d,
d
Z AUt z,u) — No(t, y,v)] < M, (lu —v|+ |z —y|) for all u,v e U,z,y € Rand t € (0,T),
i=1
and
(H2) Z w'w \'(t,z,u) <0 V(tz,u) € (0,T) x RxU, and VYw= (wh,...,w?) e R
i,j=1
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We also regularize the non-linear term |8xvf7| replacing it by a smooth function ﬁg(@zv%), where 5 is

defined as follows:

Bs(z) = Va2 + 6% forall 0 < 4§ < 1. (5.14)
Then, we truncate the function 8s by plugging the function
bs(-) = ¢(V5 ), (5.15)

where ¢ € C*°(R) is a cut-off function taking values in [0, 1], supported on the interval [—2, 2] and ¢(x) = 1

on [—1,1]. This brings us finally to consider for all0 < 6 < - ,i=1,...,d and for v, s = (vf, §5)i=1,.ds
e :

the following problem:

atv;,(;(t,x) —no2, vt s(t,x) = S\i(t,J:,vn’g)w(;(a?)ﬁg(@ajv;’(;(t,x)) on (0,7) x R,

n,0
(5.16)
v;’(s((),x) = v}(x) z € R.
Before communicating the result of this section, let us note
~ ~ d ~
A" = [N zoe 0,1y xrxt) and A = ZN. (5.17)
i=1

For the regularized equations (5.12) and (5.16), we have the following result.

Theorem 5.2. (Existence and uniqueness of Lipshitz continuous solution of (5.12)) Assume
that (H1) and (5.13) hold. Then, there exists T* > 0 such that, we have

i) (Existence and uniqueness of (5.16)):

System (5.16) admits a unique solution v, s = (U;ﬁ)i:l,...,d € (C=((0,T*) x R)N(W>=((0,T*) x R))4,

satisfying the following estimates:
[0} sll Lo 0,7y xm) < T*6A" + [vd | ey for all i=1,....d. (5.18)
Moreover, there exists a constant 52 depending on ||vh]| Lo (r), 10204 Lo (r), and T* such that
1020} 5l (0,7 Lo )y < & for all 1< p < +o0. (5.19)

i1) (Convergence):

Up to extract a subsequence, the function vfm converges, as 0 goes to zero, to a function 11}7 locally and
strongly in C([0,T%); Wh>(R)). Moreover, v}, is the unique solution of (5.12) (in the distributional
sense) belonging to C([0,T*); WL>°(R)) and satisfies, for all 0 < n < 1 and for all i € {1,...,d}, the
following n-uniform estimates:

vyl o o7y x) < 05120 vy, (5.20)

and
||6wv,f]||Loo((0)T*);Lp(]R)) <& forall 1<p< +oo. (5.21)

To prove Theorem 5.2 we need to recall the following lemma.
Lemma 5.1. (Properties of the heat kernel)
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1?2
Let G (t,z) = 417””56_@ be the standard heat kernel. Denoting G,(t) = G, (-, t), we have for all t > 0:

1 P
Ntz ™2 where N = <pl> , for 1<p<+4+o0

() NGy@®)llLr®) = (4mn) = /P

ot for p=+cc.

L Izt
(i1)  NOxGn()llLr@) = lpt? ", where

2

l, = T
: <<ﬁ>p2p1p”¥n

For the proof of this lemma, we refer to Pazy [63, Theorem 5.2, Page 107].

P
p_§> forall 1 <p< +o0.

Proof of Theorem 5.2: The proof is outlined in four steps.

Step 1 (Rewriting the equation in its integral form):

The problem (5.16) can be written in its integral form, for every i = 1,...,d, as follows:

t

vy 5(t, ) = Gy (t) % vy () + / Gyt —s)* ()\’(s, 5 Un6(8, )Y (+) Bs (O vy 5(8, ))) (z)ds for allie {1,...,d}.
0

In other words, we consider the following problem:

vno(t, ) = (v 5(62)),_ ) o vns(0,2) = vo(@) = (v§(2));y, 4>

(5.22)
ns(t, ) = Gy(t) % vo(x) + Bluy,5)(t, x),
where, for r(t,x) = (Ti(t7x))i:1,...,d7 we have
t 5300 (5, D)+ 0 )
B(r)(t,z) = /0 Gyt — s) % : : ’ ’: (x)ds.
0 T 65(aw7ad(8’ )W&() :\d(s . .’/‘(S ))

In what follows, we show some estimates to prove in particular the contraction of the operator B and

therefore the existence and uniqueness of the solution of (5.16) by applying a fixed point argument.

Step 2 (A priori estimates on B and G, (t) * vo):

We introduce, for T' > 0, the spaces

X={r=("_, 4€(L®R)% 8’ € L'(R)}, (5.23)
d . d .
equipped with the following norm ||r||x = Z 17 || oo () + Z 1027 || L1 (), and
i=1 i=1

Xr = {r=(")_y 4 € L(0,T) xR)% 9’ € L™((0,T); L' (R))},

-

d d

equipped with the following norm ||r||x, = Z 7| oo (0,7 xR) + Z 1027 oo ((0,7): L1 (R)) -
i=1 i=1
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5. Solution continue pour un systéme eikonal non-linéaire

We can remark that

d t
1B(r)(t,-)llx :Z /0Gn(t—8)*ﬂs(aﬂi(s,'))¢5(~)V(s,wr(s,~))d8

L (R)
(5.24)

d t
Jrz /o 890Gn(t —5)* ﬂg(@zri(s, ))1/’6()5‘2(57 5 7(s,-))ds

Ll(]R).

Since ‘ ‘
19685 (Dur*) L) < Y5l ) + [1¥s]l Lo @) 027" L1 ()

< V6|l ) + 102 |22 (v)s

by estimating the first line in (5.24) using Lemma 5.1 (i), with p = 400 and the second line using Lemma

=

5.1 (i), with p = 1, we get the following estimate:

d
B, <30SR (

=1

Volllm) + 1007 | (0.2 2
d
2VT ~, i )
+; ﬁ/\ <\/SH¢”L1(R) + H@mr ||L°°((0,T),L1(]R)))

3VT ¢
= FA <\/SH¢||L1(R) + ||7"||XT>-
In addition, using Lemma 5.1 (¢) for p = 1, we have

1Gn () * vollxr < [lvollx- (5.26)

Step 3 (Contraction argument):
We choose to work with the Banach space Yr = {r € Xp; |r|x, < |vollx + 1}. Now, we define the
mapping

T : YT — YT
r— T(r) =Gy(-) xvo + B(r).

We will prove that T is a well-defined contraction for 7" small enough. First, we prove that 7 is well-
defined. Indeed, let r € Y, using (5.25) and (5.26), we obtain

3VT ~
ITxr < llollx + \/\%A (Vallollzr + lrllx)

3VT ~
< ol + T (VAo + lleollx +1).
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2 Local solution for parabolic regularized equation

Then, taking
nm

T<—— 5
(3R(V8l 2wy + lloollx + 1))

=17, (5.27)

implies that 7 is well-defined in Y7;.
It remains to show that 7 is a contraction on Y7 for a certain T'. Indeed, let 1,72 € Y7,

1T (r1) = T(r2)llxr
= [B(r1) = B(r2)lx,
B5(0uri (s, )05 (DA (5,7 71) = B5(8ar3 (s, )05 (A (s, -, 72)
/Ot Gyt — 5) * : ds

Bs (01 (s, )05 ()X (s, -, m1) = Bo(Dur (s, )5 ()M (s, -, 2) o

IA

Then, we get as in (5.25) that

[T (r1) = T(r2)llxr = 1B(r1) = B(ra)llx+

d

SZ/;

=1

Gyt = 5) % [B(Durf (5, NN (E,,70) = Nt 7))

Xt 72) [B5(0a (5,1)) = Bs(@ary(s, D] )|

L (R)
d .t _ B -
+Z/ Gyt — 8) % | Bs(0uri(s, )N (2, -, 1) — Nty -, 72)]
i=170
Xt -, m2)[B5 (027 (s, ) — Bs(Dari (s, .))]}%(.)‘ s
VT 1~ ~
= f?—; (M1<\/5II¢HL1(R> +[lvollx +1) + A) Ir1 — ol xr,
Taking
= = =13, (5.28)

(6 (Ml(\@llaﬁllLl(R) + lJvollx +1) + 7\)>2

implies that 7 is a contraction on the closed set Yr;.

Hence, by Fixed point theorem, there exists a unique solution v, s to system (5.22) in Y7+, where

T* = min(T7,Ty) satisfying in particular (5.19) for p = 1. This shows that v, 5 is a solution of system
(5.16) in (0,77) x R.

Step 4 (LP-estimates, 1 < p < +00):
In this step, we prove estimate (5.19) for some T' > 0. Differentiating the integral equation in (5.22)
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5. Solution continue pour un systéme eikonal non-linéaire

with respect to x and taking the LP(R) norm, we get

t
1020y, 5(t; )l e @) < [[Gy(t) * OuxvpllLe(r) +/O 102Gt — 8) x X' (8, -, v5,6(8, )05 85Oz vy, 5 (5, ) | e (m)ds
< HGn(t)HLl(R)||81UBHLP(R)

t
+ / 192Gt = )| o gy N1 e oy ety 19585 (Pt 5 (5 D) 11y s

We employ Lemma 5.1 (i) for p =1 in the second line, and Lemma 5.1 (¢7) in the third line, we obtain,

for 1 < p < 400, the following inequality
. . ~. . t 1 1
1020y 5t Mlr@) < 10205 Le(r) + lpA’\\waﬁa(ax%,a)||L°°((0,T);L1(1R))/0 (t—s)> ds
< ||az1)6HLp(]R) + 2plpAi (\/g”Qb”Ll(R) + |lvollx + 1)T%.
This leads to the following estimate

||8wv£]75||Lm((O,T);Lp(R)) < fg, forall 1<p<+oo,
(5.29)
. ~ 1
with &) = [0xvoll Loyt + 20l A (VoI Ol 1@y + 0ol Los myye + 10200l (11 yye + 1) T2

Now, we use the previous estimate to obtain estimate (5.19) for p = +o00. Indeed, differentiating again

equation (5.22) with respect to = and taking the L>°(R) norm, we obtain

t
10505 (8, ) | oe ) < Gi(t) * Dol oo sy + / 102Gyt = ) % X (s, vy 5 (5, ) B5 (Dt 5 (5, )| 1 (ry s
= HGW(t)HLl(R)Hawv(iJ”Lm(R)

t
Jr/0 HamGn(t - S)HLq(R)||)‘Z||Loc((o7T)xqu)”%55(396”:7,5(5"))”LP(R)dSv
1 1 .
where — + — =1 for 1 < p < +00. We proceed as before we deduce, using (5.29) for 1 < p < 400, that
P q
. . ~. . t 11
[0y 5t L@ < 10205l Lo ®) + LgA (SNl e (®) + Haxvi,HLoc((o,T);Lp(R)))/O (t—s)2 ds

. ~ _ 1 L
< 119l ) + 20l (673 0ll1o ) +€3) T,

which leads to following estimate

1020 sl Lo 0.7y xRy < |00l (e )yt + 2algA (5(1_ﬁ)|\¢||m(ne) + 52) Tz =] (5.30)

Thus (5.29) and (5.30) prove estimate (5.19) for T' = T*.

119



2 Local solution for parabolic regularized equation

Step 5 (Existence and uniqueness of smooth solution, convergence):
Step 5.1 (Regularity)
The regularity of the solution is obtained by a classical bootstrap argument. Indeed, using the fact that

Bs and X’ are regular, we can remark that the right hand side of equation (5.16), namely
fs(t,z,vp5,050n5) = S\i(t,m,vn,g)wg(m)ﬁg(axv;ﬁ(t,x)) € LP((0,T*) x R) with the following J-uniform

bound:

I fsll Lo (0.7 xr)y < AT*) P (8728 ||l o) + 10202 51l Lo ((0.7); Lo my)) < A(T*)7 (872 ||| Loy + £3).-

This implies via the LP-regularity of parabolic equations (for 1 < p < 4+00) (see [52] for more details)
that d,v} 5 and 92,v} 5 are d-uniformly bounded in LP((0,T*) x R).

Now, we also remark that 0, [fs(t, z, vy, 5,0,vy,s)] is 6-uniformly bounded in LP((0,7*) x R) with the

following d-uniform bound:
- , —~ 1,41
102 fslloo,reyxry < MOZ,08 51| (0.1 xr) + ML(T*) 7 (8772 ||| Lo () + €5)
AT (T & 5 \eS L A (V% s 51— 47 ’ 5
+dMy(T™)7 (6 + €5.)6p + AT*)# 62 (62 (¢ || o) + 19| o R)€p)-

This implies, by differentiating with respect to x equation (5.16) and using similarly the LP-regularity,
that 97,v}, ; and 03, v} 5 are d-uniformly bounded in LP((0,T*) x R).
We redifferentiate again the equation (5.16) and we repeat the same procedure, we obtain finally by

using the Sobolev embedding that
s € (C%((0,T%) x R)? N (WH2((0,T*) x R))* N Y.

Estimate (5.18) is derived directly by applying the Maximum principle Theorem for the scalar parabolic
equation (5.16) (see [52,66]).

This completes the proof of Theorem 5.2 (i).

Step 5.2 (Convergence and proof of Theorem 5.2 (7))

By differentiating with respect to ¢ the equation (5.16), we get as in the previous step that 6‘%1}% 5 is
d-uniformly bounded in LP((0,7%) x R). Hence, for all ¢ = 1,...,d, we have

Uy 5 81.1137,5, 8tvfh(;, 83%1@;75, 8,52$vf7,5, 3,527511;75 are d-uniformly bounded in LP((0,7*) x R),
and therefore we can deduce that Uf% s is 6-uniformly bounded in W2P((0,T*) x R). Moreover, since, for
any bounded open interval K of R and p > 2, we know that W2?((0,7*) x K) < W1>°((0,T*) x K)
with compact injection, we can extract a subsequence of vf% 5 that converges as J goes to 0 to a function
v}, locally and strongly in W' *°((0,T*) x R), which gives the existence of a solution of (5.12).

The estimates (5.20) and (5.21) come directly from (5.18) and (5.19) by passing to the limit as § goes to
0.

The uniqueness is an independent result valid for Lipschitz continuous solutions. O
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5. Solution continue pour un systéme eikonal non-linéaire

3 (n,9)-Uniform a priori estimates on the solution of (5.16)

In this section, we show a priori estimates on the solution of (5.16) obtained in Theorem 5.2 (7).
The first one concerns the BV estimate of the equation.

Lemma 5.2. (BV estimate)

Suppose that (Hvl) and (5.13) hold. Let ¢ € C(R) be the cut-off function defined as in (5.15). We

consider the function

Or(-) = ¢ (E) , for R>0. (5.31)

Let vy, 5 = (vfm)i:1 4, €(C((0,T) x RN (Wh=((0,T) x ]R))d N Xt be a solution of (5.16), that
satisfies (5.18) and (5.19) for some T > 0. Then, for all 0 < n < 1, we have

2R

Bs(0u 5(t,2))pr(x)dr < LY, for i=1,....d, (5.32)
—2R

where L?’i is given explicitly in (5.40).
Proof of Lemma 5.2:
Differentiating the first equation in (5.16) with respect to x and multiplying by 6(’;(8111:],5), where s is
defined in (5.14), we get
O (55(896“:7,5)) = Uaim(axvf},a)ﬁé(azvf},a) + 0y [Xi(tvfvvnﬁ)djt?(x)ﬁé(azvfy,é)] 53(&#):75) (5.33)

Multiplying (5.33) by ¢ for R > 0, and integrating over the spacial variable, we get

2R ,
O [ 66(89:1}:7,6(t’x))¢1?($)dx

_2R
2R
= o 0.0, 05, 5(t,2)) B5(0zv;) 5(t, @) pr(x)dx
b (5.34)

2R
+/_2R O (S\i(t,x,v,775(t,w))z/)5(x)55(8zv1’:775(t,ac))) Bg(ﬁxv%,é(t, x))pr(x)de.

I

We note that these computations are verified since vf% s € C™((0,T) x R)). In what follows, we will
show that the terms I; and Iy are bounded uniformly in # and 4.
Step 1 (Estimate of I1):

From integration by parts, we have

1 2R

2R2’ 2 a1 i 2 i ’ i &
hv%/m@mm@mwmm%meMMM+R Ol a6 2) 55 00} 5000 () o]

Thanks to the convexity of 85 and the positivity of ¢r, we know that
i 2 i
(02,08 5(t, ) BY (Dt (1, 2)) () = 0.
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3 (n,0)-Uniform a priori estimates on the solution of (5.

16)

This implies that I; satisfies the following inequality

2R
no<-4 | Dt a (b 2)B5(00vr 5(8,2)) (7) &
2R
n i (Z
< "R 2R O (ﬂé(aﬂcvnﬁ(t’x))) ¢ <E> -

Integrating again by parts the right hand side of the above inequality, we obtain
2R
n i x
Il § ﬁ /Bg(az’l},,],é(t,x))gz)” (E) dx.
Using (5.19), for p = 400, we get
4n
I < Eﬁé(ﬁgo)HQS”HLw(R)-

Step 2 (Estimate of I5): To estimate I, we integrate by parts to get

2R
B == [ N, 0(0,2)) () B0t 8 2) B Oty 8. 2) 0 0, 2) ()

—2R

Ji

& / (b, (6, )) (@) B3 (010} 5, 2)) B3 (0uv} s (8,0))8 (5 ) e

Ja

Furthermore, by the property of the function S5 defined in (5.14), we can see that

Oyl

U655 (000, )85 (Opvy 5) = 60, (arctan l ””6’7761 >,

which shows that

2R i
o= 75/ Nty 2,0, 5(t, 2))00s(2) R ()02 (arctan lW]) dz.

—2R

Integrating by parts the above equality, we obtain

2R dzr

2R ; )
J1 = 5/ 4 [Ni(t, 2, vy5(t, 2))] ¥s(2)pr(z) arctan [a’”’l;(t’)] doe
€ ax’l)i , T
R/ t T, Uy, 5(t l‘))w6( )¢ (E) arctan l’?vg(t)] de
+(5\[/ it 2, vy,5(t, 7))@ ’(\/gx)qSR(x) arctan [W] da.
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5. Solution continue pour un systéme eikonal non-linéaire

Thereafter, using Holder inequality, we deduce that

i < 0T (VDD + M) R|G] 13 oy + 0N T 1013y + 2w ROVER |6/ |1 a)- (5.36)
However, since 85(9,v}, 5)05(0xv}, 5) = 020}, 5, We can rewrite Jo as follows
Jo = —% _2; Nty @, 0,5(8, ) bs ()05, 5 (8, )¢ (%) da.
Then, using Holder inequality and (5.19) for p = 1, we get
T2 € ENENS 1. (5.37)

Combining (5.36) and (5.37), we get

0 ~ ~ ~ ~
I, < 55 ((dMlﬁgo + M1)R|||| 12 ) + A'|6] 11 =) + 4RVEA'|| 6 ”L’-’C(R))

(5.38)
1~
+§A1§f||¢'\\L°°(R)-
Integrating (5.34) in time on (0,¢), for 0 < ¢ < T and using (5.35) and (5.38), we get
2R ' 2R 4 t R
Bs (0t 5t 2))on(@)dz < [ Bs(Owt(x))dn(z)dz + / (I + I)dt < L®4, (5.39)
—2R —2R 0
with
R 2R , T
LE = Bs(0xv(2))@r(w)de + To 3 ((dM1£5 + My)R|\ 6]l 2y + Al [l £ gy + 4RVEA|¢|| 1~ (= )
—2R
+5 AZ& 16]] o= () + 20 g, " | (m)
(5.40)
O

Lemma 5.3. (L* estimate on 97, v} ;)

Under the same assumptions of Lemma 5.2, we have

// 2))26n(z) duds < N,

where N} is a positive constant uniformly bounded on 6, that is given by

1 2T

W=—A@w»@mﬂqw>ww

AT~ ,
o TR Rips(e))” o A EIE N = m),

with A* and €5 are defined in (5.17) and (5.19), respectively.
Proof of Lemma 5.3:

The proof of this lemma is very classical. In fact, differentiating the first equation in (5.16) with respect
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3 (n,0)-Uniform a priori estimates on the solution of (5.16)

to  and multiplying then by (8Ivf], 5)OR, gives

(0720.6) (D003 5)OR = N(00007 5) (050 5) bR = D [N'(E, 22, 09,6)05(2) B (00}, 5)] Doy 5R.

We integrate the previous equation with respect to z, to deduce

%%/R(arvf},a)g@ﬁn/ (02,03.5) 6r + ﬁ 0, [0.0,5)°) ¢ (3)

. . , 1 [ .- . A
= */R [N (t, 2, 09,6)05 () B5 (D20}, )] D2yl sdR — E/R (N (t, @, vy,5)105(2) 85 (0}, 5)] Ouvy) 5 (%) ;

where we have integrated by parts the second and the third terms. We note that these computations
(and the integration by parts) are justified since v:’]’é is a smooth function, for all i € {1,...,d}.

Integrating in time on (0,t), to get
H, Ho>
v 1 in2 1 i 22 I i (2] (T
[ [@aioron =5 [@atron—o [ @olon—sp [ [ o [@at] o (5)
Hj

1 [t [~ 4
_;/0 /R[,\1(1&,x,vn,g)w(s(a:)ﬁ(;(@w;m)] 2 vl sbn

Hy

_LR /Ot/]R [N (t, @, 09,8)05 () Bs (000}, 5)] Duvl) 50 (%) .

(5.41)
Since ¢ > 0, we have
H, <0. (5.42)

In the following, we will estimate the terms Hs, H3, Hy. Indeed, integrating by parts in Hy and using

(5.19) for p = 400, we can see that
2T 2
|Ha| < f(fgo) 6" | Loe (®)- (5.43)

Applying Young’s inequality, we get from (5.19) and the fact that 0 < ¢5,dr < 1, that

1 t 2R - S 1 2R , )
ml <o [ [ Gamais@os@a) +5 [ [ @)
0 J—-2R 0 J—2R
2TR ,
<R (Rme) o5 [ [ @0’

Similarly, we can verify that

(5.44)

4T ~.
|H,| < 7A155(5&> O || oo (m) - (5.45)
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5. Solution continue pour un systéme eikonal non-linéaire

By injection (5.42), (5.43), (5.44) and (5.45) in (5.41), we reach the desired result. O
The following lemma presents a preliminary gradient entropy inequality, which can be seen as an
approximation of (5.10) satisfied by v}, ; for all i € {1,...,d}.

Lemma 5.4. (Preliminary gradient entropy estimate)

Under the same assumptions of Lemma 5.2, there exists a constant Cg (that is defined explicitly in
(5.55)), such that for all 0 <t < T, we have

1
// txvng)avn(;av 6¢5¢R<C’R—|—5R( ), forall 0 < —= <
0

v &

. (5.46)

S

where S%(t) is the following entropy
d .
SO = [ 3 £(Bs(0r0}5(t.0)0n(a) da

=1

with f is defined in (5.11).
Proof of Lemma 5.4:

First, it is easy to check that Sg(t) is well-defined. Now, we denote by 9;7 5= amvjh s and compute, using
(5.16),

/Zf (B5(0},5))85 (05, 5)0:0;, 56

d
= /RZJ”(B&( .6))535(05,6)0 [N (¢, 2, 00,6)0585(0;) 5) + 1020}, 5] DR
i=1

Integrating by parts, we get

K1

-/ Z 1 (B5(0:,5))(B5(05,5))° + I (B5(05,))85 03 )] 055505, )N (1,2, 01,5040, 61

K>
d . .
0 [ S5 GG+ 7 60,50 0] @080

1 d ! '3 / 7 i i i ,
_R/R;f (B5(65,.5))85(05, 5) [N (t, 2, v9,5)05B5 (0}, 5) + 100, 5] & (%) .

We know that K5 < 0, since the functions f, 8s are convex and f is nondecreasing and ¢r > 0.

Consequently,

d
2 Sh(t) < Ky + K.

Step 1 (Estimate of K7):
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3 (n,0)-Uniform a priori estimates on the solution of (5.16)

K1

-- [ Z b (B5(0] )50 0.1 5] N (.2, 0,5 50

K2

DRY i
_ 52/ Z [ G0 )) 1 N (t, @, v,5)150:0 s0R,

52
where we have used the fact that 8s(w)85(w) = w, in the first line and 8§ (w)Bs(w) = in the

(Bs(w))*

second one. From the definitions of f and 85 (see (5.11) and (5.14)), we can check that, for all
0<5<%,wehave

d d
Ky = —/RZ [95(83,.5)026; 5] N (¢, 2, vq.5)50R = —/]RZ3x(95(937,5))5\i(ta907%,5)%%%7
=1 =1

where

hé(x)—h(;(./e%—&) it x> /402,
gs(x)=4¢ 0 if |z| </& —02 | with hs(z) =z —darctan (%) (5.47)
h()+h5(1/ —52) if o< -/ — 62,

Integrating by part, we obtain

/ZQ& 775 Nt z,v5)] Ysdr

*/Zga (65,5) t$0n5)¢5¢ +\[/Zg5 (08 5N (. 2, vy.5)0Re (Vo).

Adding and subtracting 9;’ s in the first term, we deduce that

Ky
d ~ . .
K1 :/R Z /\ (t T, Uy, 5) n59n5¢5¢3+/ Z 95 775 9 )/\?j(t,l‘,’un’(s)eé’él/)gqb]z
i,j=1 i,j=1

2 3
Kll Kll

d d , , _ (5.48)
+/]RZ93,,5%”(%%%,5)1#@12+/RZ(95(9Z7’5) — 0;,5)0: N (t, 2,0 5) s PR
i=1 =1

4 5
Kll Kll

R/Z% BN (1, 5) 000 ( +f/295 b o)X (t, 2, vy.5)prd (Vo).
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5. Solution continue pour un systéme eikonal non-linéaire

By using the fact that [|¢]| ) < 1, [gs(z) — 2| < L + o, for all z € R, ( 1) and (5.32), we get

d
1 — , 1 —~
[Ki| < <e + 57r) M, 21 167 s¢rll @) < <e + 57r) ML, (5.49)
J:
where
d .
Lf =Y L (5.50)
=1

Now, using (5.32), we obtain
d

K7 < Z 102 X | Low (0.7 x5 sOr| L1 @) < LEM,.

i=1

Since g5 is a function is supported in {x | |z] > /% - 52} ={z | Bs(z) > 1} when 0 < § < 1, then we
can see that

d
K = [ 3 (00(000) = 03,003 (0,050 50, 22

d
b 0a(60,5) = 0,510,505 s0m N 5,0,y
Ri=1

d

d
:/RZ(Q(S(G%,&) —92,5)3x/\i(t7x”l’n,é)%(ﬁ}zﬂ{ga(e;’é)zg}+/RZ(— b 5)0u N (b, 2,0y 5) Vs DR
=1

i=1

Then, we obtain using (5.32), that
E 1 = d 2R RN
KR < (e + 5”) M, Z/2R Ligso; > 210m + L5 My
=17~

1 —~ —~ — —~
(& ( + 57T> M1L§ + MlL(}S% S 2M1L(I;{ + 57reM1L5R.
€

Thus,
K2, |+ |K3| < 3M LE + 6meM; LE. (5.51)
1 R
Since g5 is nondecreasing function, with support in {z | 85(z) > 1} when 0 <6 < 1, and 0 < 7 <3
we obtain from (5.9), (5.19), (5.32) that
K|
N
5 €
< 7€M = D [T Loy oy < Fos€RIS o Z / B5(6%,5) < F95(EIRIS 1w IF,
=1 Vo
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3 (n,0)-Uniform a priori estimates on the solution of (5.16)

where we have used the fact that ¢ = 1 on [—R, R] ,in the last line. We estimate K7, in the same way,

to arrive to the following inequality
3e =~
K|+ KD | < 5 VOAgs (€)1l Loe ) LT (5:52)

Now, collecting (5.48), (5.49), (5.51) and (5.52), we get

|K11| / Z )\ t X ”Un 5) 7750 61/J§¢R+ < +57T> M1L5

3,7=1
—~ —~ 3e ~
+3M L + me My L + - VOAgs(€2) 1| L= () L3

It remains to estimate K1o. To do that, we integrate |Kiz| in time on (0,¢), for 0 < t < T, then we use
(5.19), (5.9) and the fact that f" is nondecreasing function, with support in {z | 8s5(x) > 1}, we deduce
that

t ~ t (R }
[ el < 6erRrGse) [ [ B goni0:thl

This implies, using (5.32) and Hoélder’s inequality and Lemma 5.3, that

Nl

/0 |Ka] < (6e)*RF (85(€%.)) (2eTLENy)E,

where Ns = max N
ie{1,...,d}

The previous estimate associated with the estimate of K71, proved before, gives

1 —~
/ K, / / (06005 507 soRts + T (e + 57r> M, LE

(5.53)
+3TM, LY + TomeM, LY + —f 5Ags(E3)16' || oo () LE
+(3e)*Af(B5(E2)) (2eT L N5)*

Step 2 (Estimate of K3):
This step is devoted to bound K3. We begin by writing
Ka1 K32
1 d . x
K3 = —E/sz'(ﬂa( ) BE (O N (2, 0)B5 (03, 50 () =7 / Za (B30, )9 () -
1=1

As before, since |85(-)| < 1, we can show that

Kol < 57 (55(€0)ABs(EL ||¢||Lm<RZ / W, oty < I BoENABEN N oy

e

128



5. Solution continue pour un systéme eikonal non-linéaire

Integrating by parts in K3z, we can see that

Kol = |75 | Zf 55(03,0)6"(5)] < 9 F(Bo(€S N6

Bringing together the two previous inequalities, we get

|| < %f’(ﬁa(fgo))j\ﬁé(520)||<l5/||L<>o(R)L(};z + %f(ﬁé(ggo))”(b”“Lw(R)- (5.54)

Step 3 (Estimate on the entropy S%):
We know that

d
—8%(t) < K; + K3.
dt
Integrating this inequality in time on (0,t), for 0 < ¢ < T', and using (5.53), (5.54), we obtain
//ZA tIL'Un(S 7]59 5¢6¢R<CR+SR()
1,7=1

with
cs, —T< +M)M¢5+MMuﬁ+TMdL%

[ME
—
Ut
(@31
ot
~

+§§Evﬁﬁgd€iJH¢wLw@mléf+(5@2Kf%5ggg)x25rL§Ag)

4T d77

£ =/ Bo (€N AB (NG = ) LF + — (B € | a)-
Which gives the announced result. O
Remark 5.1. We would like to draw the attention of the readers to the fact that estimate (5.19)
depends on fg and therefore on n. Nevertheless, we can observe from (5.55) that all terms depending on
the constant fg vanishes when 6 — 0 and R — +00. Which will lead us in the following to a n-uniform
estimate.

4 n- Uniform a priori estimates on the solution of (5.12)

In this section, we show, by passing to the limit as § — 0, three n-uniform estimates (simﬂar to that
obtained in Section 3) on the solution v, = (v%)izlmd of system (5.12) given by Theorem 5.2-(i7). The
first one concerns the BV estimate, the second concerns the Llog L estimate which is the key result.
The third one is about the time derivative of the solution of system (5.12).

Lemma 5.5. Suppose that (H1) and (5.15) hold. Let vy = (vy),_ € (C([0,T); WL>(R)))? be a
unique solution of (5.12), such that v, is defined (as in Theorem 5.2-(ii)) by the strong limit in
C([0,T); WL (R)), when § — 0, of the smooth solution v}, 5 of (5.16). Moreover, suppose that v,

satisfies estimates (5.20) and (5.21) for some T > 0. Then, we have
/ |8$vfl(t,a:)|da: < / 0,0} (x)|dz, forall 0<t<T and i=1,...,d. (5.56)
R R
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4 n- Uniform a priori estimates on the solution of (5.12)

Proof of Lemma 5.5:
By passing to the limit, § goes to zero, in the inequality (5.39) and using the fact that 03011}'77 s converges
locally uniformly toward &val, when § — 0, we obtain

2R _
/ 10208 (1, )| b ()
oR (5.57)

2 i AnT o\ n T%ico) R,i
< [ 1oi@lont@de + o um + RN ey = L
—2R
where £ and ¢2 are defined respectively in (5.29) and (5.30) for § = 0. Then, passing to the limit

R — +00 leads to the desired result. O
Lemma 5.6. (Gradient entropy inequality)

Under the same assumptions of Lemma 5.5, for any 0 <t < T, there exists a constant

~(T, M, ||8:,3v0||(L1(R)leogL(R))d,/~\) (that is defined explicitly in (5.01)), such that

¢ d d
S(t) —/ / DNt @ vy (t, ) 0,0k 000 <y, with S(t) = / > F10pv)(t,2) ) dar (5.58)
0 R j=1 Ri=1

where fis defined in (5.11).

For the proof of Lemma 5.6, we need the following technical lemma, which allows us to control
[fOlr®) by [ 2 10g 2Ry and || - || 21 ®)-

Lemma 5.7. (Bound of L' norm of f by the Llog L norm)

Let f be the function defined in (5.11) and h € L*(R) be a non-negative function. If

h € Llog L(R), then /f(h) < 400 and moreover we have the following estimate:
R

/R F(R) < 1+ 1l g £y + 1Al ey I (1 + [l 10g ey - (5.50)

For the proof of this lemma, we refer the reader to [32, Lemma 3.2, Page 13].

Proof of Lemma 5.6:
The announced result will be proven by passing to the limit, 6 — 0 and R — 400, successively, in the
approximated gradient entropy inequality (5.46). Indeed, since the constants N}, L5R, 520 are uniformly
bounded with respect to §, and 6?

BT
and using the continuity of \’;, we can pass to the limit in (5.46), when ¢ — 0, to get

5 = 020}, 5 converges locally uniformly, as § goes to 0, toward d,v;,

d t d
/RZf(vaf,(tw)\)qﬁR(:v)dx—/0 /RZS\fj(ax,vn)azv;(t,x)@xv%(tw)(mg(x)dtdm
i=1 i=1

d .
< Cht [ 30 100 (@)omla)da
i=1

T~ —~ Te ~ 4dT
where C9, = EM1L§+3TM1L(I)%+ Ef/(ggo)AggoHQyHLm(R)Lé%"_ Tﬂ (" | L= (),
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5. Solution continue pour un systéme eikonal non-linéaire

where LE is defined in (5.50) for & = 0, with L is given in (5.57).
From (5.13), we have in particular 9,v§ € L*(R) N L>°(R) and therefore, it is easy to verify that
(1008 (z)]) € LY*(R), for all i € {1,...,d}. Moreover, we know from (5.21) and (5.56) that
dpv, € L((0,T); L'(R) N L*°(R)). This implies that

F(10r(t,0)]) € L2((0,T); L' (R)).

Now, passing to the limit when R — 400 in (5.60) and applying Lebesgue’s dominated convergence
theorem, we obtain

d t d
[ stoeh= [ [ 3 X tav)omon
R o Jr,

ij=1

d
T~ . i
< =My 02v0]l (13 myys + 3T M [[9av0]l 11 3y +/RZ]”(\8WO|).
=1

This estimates combined with (5.59), show that

t d
5O [ [ 3 Rtaigon < v,
0 R

i,j=1
with T N
v= ;Mluaa:UOH(Ll(R))d + 3T My |0zvoll (11 ()
d (5.61)
+ 3 (14 10206l 2 10g 2Ry + 10205l 1 2y (1 + 1020l L10g L)) -
i=1
which gives the stated result. O

The following estimate will provide the compactness in time uniformly with respect to n of the solution
ij given in Theorem 5.2-(i%).
Lemma 5.8. (Estimate on the time derivative of the solution uniform on 7)
Under the same assumptions of Lemma 5.5. Let W~1Y(R) be the dual space of WH>°(R). Then, we
have

10¢v;) | Lo (0, myw 11 (®)) < 102v0ll (11 gyt + AllOzvoll (11 (gyya- (5.62)
Proof of Lemma 5.8:
Roughly speaking, the idea is to control the term &gvjh 5 using the right hand side of (5.16), and then to
pass to the limit 6 — 0 and R — +o0 in order to control d;v;.
The proof is given by duality. We multiply the equation (5.16) by ¢ € L*((0,T); WH°(R)) and by ¢r
defined in (5.31). Then, integrating on (0,7) x R, we get

O O>

/(0 o COithson = /(0 o st /(0 o S0 (000] )0
;1) X 1) X LT X
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5 Global existence of a continuous solution of (5.12)

Integrating by parts O1, we get

i U i (T
0) S/ 020z vy sOR + — COrvy 59" (5
©4] (0,T) xR TR TR (0,T) xR 0 (R>

i n i
< N0aCll i ((0,7y; 0 ) 190 5O Rl oe 0,1y ) + F €L ((0,); 200 ) 1907 1] 0w 0,7y ) 16| e )

n
< IClzr (0,7 w10 (r)) (L(;R + Efi;H(f)/HLoc(]R)) ;
(5.63)
where we have used inequality (5.19) and (5.32) in the second line. Similarly, using (5.32), we have

102 < <Nz (0200 @) IX Lo (0.7 xR x2) |0 RBS (Dl §) | Low ((0.7y:2 )

< HCHLl((O,T);Wlwoc(R))AiLJR.

Collecting (5.63) and (5.64), we get
/ Oy 50R < (L?’ + %ngQyHL“(R) + KiL?‘) <M1 2 (0, 1)w o0 m)) -
(0, T)xR

Hence, by duality, we get

i n i
19evy, 61l o= 0,y w 11 m)) < L + ﬁﬁfWHLw(R) +A'LE.

Now, passing to the limit in the previous inequality, as  goes to 0, and using the weakly-* convergence
in L>=((0,7); W~L1(R)), we get

i . i n i
10w | o 0.y w19y < Timinf (|0, 5l e 0. myiw—11my) < LG + 2 e +A Ly
Finally, passing to limit as R tends to +o00, we obtain
||3tv7i7||Lco((0,T);W—1=1(R)) <Ly +AiL80 = ||amU0||(L1(R))d +Ai”a’vv0”(L1(R))d'

This terminates the proof. O

5 Global existence of a continuous solution of (5.12)

In this section, we are going to prove that the local in time solution obtained in Section 2 can be
extended to a global one.

Theorem 5.3. (Global existence and uniqueness of continuous solution of (5.12))

Assume that (5.13) and (Iﬁ) hold. Then, for all0 <n <1 and T > 0, system (5.12) admits a unique
, belonging to (C([O,T));Wl"x’(R))d, satisfying for all T > 0 the following

%

solution vy, = (vy)._,

estimates

vyl s (0,7 xRy < 100 ]|ow ). (5.65)
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5. Solution continue pour un systéme eikonal non-linéaire

190l 0,7y < 100511 (R (5.66)
10¢v; | Loe (0, Ty w 11 (®)) < 10200l (11 gyt + AllOzvoll (11 (gyya- (5.67)
Moreover, if (1?2) holds, then we have

d
Z 10295 Il o< (0,1 10g L(R)Y) < V> (5.68)

i=1

where ' (d, T, My, [|0zvoll (11 (m)n L 10g LR))?)-
Proof of Theorem 5.3: The proof is outlined in two steps.

Step 1 (Global existence):

From Theorem 5.2, we have the local existence of a solution v, = (vf,)izl

remains to show that this local solution can be extended to a global one.

_ to system (5.12). It

We argue by contradiction. Assume that there exists a maximum time 7T,,,, such that, we have the
' we Similarly, using the proof of
Theorem 5.2, we can obtain that vf7 € C([0, Trnaz); WH*(R)), for all i = 1,...,d. Consequently, vfz
verifies (5.20) for T* = T,uq. and (5.21) for a certain constant

€5 = €0 (Tinaa» llvoll (Loe )2, 10200l (e (r)y2). Thus, estimates (5.56) and (5.62) hold for T' = Tjae-
For every u > 0, we consider the system (5.12) with the initial conditions

existence of solution of the system (5.12) in the function space Xr.

’U(L)L’i(x):v;(Tmaw_Max)a for all i:l,...,d.

We apply for the second time the same technics of the proof of Theorem 5.2 to deduce that there exists
a time 7); , defined as in (5.27) and (5.28) for § = 1, such that system (5.12) admits a unique solution
defined until the time
TO - (Tmaw - H’) + T;
with
nm nm

~ 2> — N 2

BRIl + o8 l1x + 1) (6 (M (6l + g 1x +1)+4))

)

.
Tu—mln

where vl = (vé"i)i:h”,d and A is defined as in (5.17) for T = Thaq.

According to (5.20) and (5.56) for 0 < t < Tpes, we know that

d d
||’l)g||x = Z Ha’vv;(Tmaw - H ')”Ll(R) + Z Hv;’;(Tmaa: ez ')||L°°(R)
i=1 i=1

d d
< 1050l L (0, T L @) + D VS22 (0. Toman) xB)

i=1 i=1

d d
< Z 02 voll L1 () + Z lvoll Lo ®) = llvollx-

i=1 i=1
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5 Global existence of a continuous solution of (5.12)

Then, there exists a constant
C(n, A, My, [lvoll Lo my)2» 19z voll (1 (m)) 2 Tinaz) > 0,

independent of p such that T); > C' > 0. Passing to the limit 4 — 0, we can see that lin%)T; >C >0.
n—

This implies that Ty > Tha. (for small ). So we have contradiction and then we can construct a
solution v, € X NC([0,T); WH**(R)), for all T > 0 and for all i € {1,...,d}.

Step 2 (Gradient entropy estimate):

Estimates (5.65), (5.66) and (5.67) are direct consequences from (5.20), (5.56) and (5.62). To prove
(5.68), we need to prove the following technical lemma, that allows us to bound || - || 10g .(r) by
[f( 2wy and || - |21 (r)-

Lemma 5.9. (Llog L estimate)
Let f be the function defined in (5.11) and h € L*(R) be a non-negative function. If

/f(h) < +00, then h € Llog L(R). Moreover we have the following estimate:
R

1l o0g ) < 1+ / F(R) + (1 + €)1y (5.69)
R

For the proof of this lemma, we refer the reader to [32, Lemma 4.5, Page 18]. According to (I’{V2), we
have

t d
/ / Z S\fj(t,x,vn)amv;(’?w% <0.
0o JR;

i,j=1

From this and using estimate (5.58), we can see that

t d
St) <+ / / >Nt w0050 0,03 <,
0 JRij=1
where v is defined in (5.61). This implies using estimates (5.56) and Lemma 5.9 that

[0z vyl (L>((0,T);L log L(R)))¢

0<t<T

d
<> (1 s ([ s00.000) + 100+ 0ty = omiey ) G0
=1

< d 47+l +e*)[[0v0ll p1 @y ="

134



5. Solution continue pour un systéme eikonal non-linéaire

6 Existence of continuous viscosity solution

We prove in this section our existence result, cited in Theorem 5.1 (7). We proceed in two stages. First,
we prove, using Theorem 5.3 and the stability results for continuous viscosity solutions, the existence

and uniqueness of continuous viscosity solution of the following approximate problem, for 0 < n < 1:

Opul (t, ) = ndz,ul (t, ) + N (t, 2, uy (t, ))|0pul (t, )| in (0,T) xR,

zx n
(5.71)
ul (0, ) = up , () in R,
where uf ,, is the regularization of the function uf, defined by
ué’n(x) = ué * p}] (2), (5.72)
and )\37 is the regularization of the function \?, given by
i _ R, d+2 d
Ay (@ w) = N pp 2 (t, 2, w) YV (t,z,w) € R x R x R?, (5.73)

with A’ is the extension in R%2 of ! by 0, and py for n =1,d + 2 are the standard mollifiers defined as

follows

p" € C2(R™), supp {p"} € B(0,1),

1 :
pn() = n—np” <7l)7 such that (5.74)
p" >0, and "t =1.
R"L

Then, we use Simon’s Lemma in order to pass to the limit as 7 — 0 and prove the main results cited in
Theorem 5.1-(3).

For the sake of a clear presentation, we divide this section into two subsections.

6.1 Existence of continuous viscosity solution of the approximate problem

In this subsection, we prove the global existence and uniqueness result of system (5.71) considering
regulat initial data ug , = (Uém)i:l,...,d- In this context, we prove that this system admits a continuous
viscosity solution u, = (uy)i=1,...d4, satisfying similar estimates to (5.65), (5.66), (5.67) and (5.68). Let
us, first, recall the definition of the continuous viscosity solution, for systems, that was avowed by Ishii
and Koike in [48]. We also refer to Barles [11], Bardi Capuzzo-dolcetta [10] and Crandall, Ishii,

Lions [27] for a good introduction to viscosity solution theory in the scalar case.

Definition 5.1. (Continuous viscosity sub-solution, super-solution and solution)

Forie {1,...,d}, let H; : (0,T) x R¢ x R — R be a continuous Hamiltonian.

A function w = (wi)izl,...,d € (C([0,T) x R))? is a wviscosity sub-solution of the following system:

Btwi(t,x) + H;(t,w(t, z), GIwi(t, x)) — n@igﬂwi(t,x) =0 n (0,T) xR,
(5.75)
w'(0,z) = w§(x) in R,
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6.1 Existence of continuous viscosity solution of the approximate problem

if and only if
o w'(0,7) < wj(z),

o forallie{l,...,d} and for any test-function ¢ € C*((0,T) x R) such that w* — ¢ reaches a local
mazimum at a point (to,zo) € (0,T) x R, we have

6t¢(t0,$0) + Hi(t(),’l,U(tO,l'()),qus(to,l’o)) - 77851‘15(15071'0) S 0.

In a similar way, a function w = (wi)izl,...,d € (C([0,T) x R)) is a viscosity super-solution of (5.75) if
and only if

o wi(0,7) > wi(x),

o forallic{l,...,d} and for any test-function ¢ € C?((0,T) x R) such that w* — ¢ reaches a local
minimum at point (to, o) € (0,T) x R, we have

Mo(to, mo) + H;(to, w(to, z0), 0u0(to, w0)) — 102, ¢(to, x0) > 0.

Finally, a continuous function w' is a viscosity solution of (5.75) if and only if it is a sub- and a
super-solution of (5.75).

Theorem 5.4. (Existence of continuous viscosity solution of (5.71))

Under assumptions (H1) and (H3), system (5.71) admits a unique continuous viscosity solution on
(0,T) x R, satisfying the following L> bound:

[y |l os 0.1y <)) < NlwgllLoemy, for all i€ {1,...,d}, (5.76)
the following BV estimate:
102w || Lo (0,1);11 (R)) < 10zugll L1 (R), (5.77)

and the time derivative estimate:
||3tui;||L°°(0,T);W—1‘1(1R)) < ||8:vu0||(L1(R))d + Ai”aIuO”(Ll(R))d‘ (5.78)
Moreover, if (H2) holds, we have the following gradient entropy estimate:

(||amuf7||Lw((o,T);L1ogL(R))) <, (5.79)

d
=1

(2

where 71 (T, d, My, [|0zu0|l (12 (R)L 10g L(R))d)'
For the proof of this Theorem, we need the following result.
Lemma 5.10. Let (p))ye(0a) be the standard mollifier defined in (5.74). If h € Llog L(R), then for
every n € (0,1] the function h, = h* p, € Llog L(R) and satisfies
[l L1og L)y < CllbllL1og )y and  ||h—hyllLiogLe — 0 as n—0,

where C is a universal constant.
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5. Solution continue pour un systéme eikonal non-linéaire

For the proof of this lemma see Adams [4, Th 8.20].

Proof of Theorem 5.4:
By assumption (H3), and by classical properties of the mollifiers, we can see that, for all n > 0, the
initial data uf) , satisfies (5.13) for all ¢ € {1,...,d}. In addition, form (H1) we can also see that

satisfies assumption (le), with

H)\%HLw((o,T)xqu) <A
d

E ”ar)\i]HLoo((O,T)xqu) < M
i—1
d

Z ||/\71fj||L°C((O,T)><]R><L{) <M

=1

Thus, we can apply Theorem 5.3 with v§ = ufm and \' = )\i] and prove, that system (5.71) admits a

unique solution u, = (uf))1ci<a € (C((0, T); WH>*(R))? satisfying the following estimates:

||“f7||L°°((0,T)xR)) = Hué,nHLm(R) < ||u6||L°°(R)7
18213 | Lo 0,7y L1 ) < 10wt | ®) < 105l mys
[9eup || oo 0.1y 11 ®y) < (14 A 8zwi0,l L1 (ryye < (14 A)[8zwoll (11 (gyye-

Moreover, from (H2) we can verify that X/, satisfies (Iﬁ) and therefore we get using (5.68) the following
entropy estimate:

d
(Haa:uizHL‘”((O,T);LlogL(R))> <d+ vy +In(1+ eZ)HaﬂvuOmH(Ll(R))d
1=1
where TM
1
o= 10z uo,nll (L1 (ry)ye + 3T Mil|0zvo,ml (112 (R))e
d . . .
+Z (14 10216 || £ 10g L) + 10216 |1 R) (1 + [|00tf | 2 10g L(R))) -
i=1

This gives, using Lemma 5.10 and the classical properties of the mollifiers, that there exists a constant
71 depending on T', d, My and [[9zuo |l (11 (r)n 1 10g L(R))2» Such that (5.79) is verified with

TM,
e

i =d+ (1 +e*)]|0uoll 1 gy + [0z tioll (11 (myya + 3T M| Oztiol| (11 (ry)a

d (5.80)

+ Z (1+ CllOxufll 1 10g L) + 102ufll L2 () In(1 + ClIO2u| L 10g L(w))) -
i=1

It is easy to verify, using the stability result of viscosity solutions (cf. Barles [11, Th 2.3]), that u, is a
continuous viscosity solution of (5.71). This comes from the fact that w, is constructed as the uniform

limit of u,, 5, that is a C? classical solution of the approximate problem (5.16). O
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6.2 Passage to the limit as n tends to 0

Remark 5.2. All estimates given by Theorem 5./ are n-uniform. In particular, we can observe from
the explicit definition of the constant v, in (5.80) that the gradient entropy estimate (5.79) is

independent of n.
6.2 Passage to the limit as n tends to 0

6.2.1 Some useful results

First, we recall the following compactness lemmas.

Lemma 5.11. (Simon’s Lemma [67, Corollary 4])

Let X, B and'Y be three Banach spaces, where X < B with compact embedding and B — Y with
continuous embedding. If (0y)n is a uniformly bounded sequence in L>((0,T); X) and (0¢0n)n s
uniformly bounded in L"((0,T);Y) for r > 1, then (0,), is relatively compact in C((0,T); B).

Lemma 5.12. (Compact embedding)

Let I be an open bounded interval of R and Llog L(I) be the Zygmund space, defined as (5.4) replacing
R by I . If we denote by

Wwhkleel(1y = {h € L'(I) such that d,h € Llog L(I)},
then the following injection:

whtleel(1y — C(I),

is compact.
For the proof of this Lemma see R. A. Adams [4, Th 8.32].

6.2.2 Proof of Theorem 5.1-(i)

Let u, be the continuous viscosity solution of (5.71) given by Theorem 5.4. First, we remark from
estimate (5.76) that ! is n-uniformly bounded in L>((0,T) x R), for any T' > 0. Hence, as 7 goes to
zero, we can extract a subsequence still denoted by ui,, that converges weakly-+ in L>°((0,T) x R) to
some limit u*. Moreover, estimate (5.79) shows that for all open and bounded interval I of R, we have

d

Z 102ug || oo ((0,7); L 10g (1)) < V1
=1

where 7, is independent of 7.

From the compactness of WhE1e L (T) < [>°(]) (cf. Lemma 5.12), we can apply Simon’s Lemma (i.e.
Lemma 5.11), with X = WhElesl (1) B = L>°(I) and Y = W~11(I) to show that /, is relatively
compact in L*>°((0,T) x I). Hence, as 7 — 0, we can extract a subsequence, still denoted uf7, that
satisfies the following convergences:

up — ', strongly  in  L°(I x (0,T)), for all bounded interval I C R,
uﬁ, — u?, weakly-x in L®(R x (0,7)),

dpupy —> Opu’, weakly-x in  L°°((0,T); Llog L(R)).
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5. Solution continue pour un systéme eikonal non-linéaire

Then, using the stability result of viscosity solutions (cf. Barles [11, Th 2.3]), we can prove that u’ is a
continuous viscosity solution of (5.1), which gives the existence.

Now, in order to get (5.6), it suffices to pass to the limit when 1 — 0 in the estimate (5.76), using the
lower semi-continuity of the L*°-norm with respect to the weakly-x topology.

Note that the space Eeyp, is strictly included in the classical space L**? which is the dual of Llog L
(see [4, 8.14, p. 236] for more details).

Likewise, since L>°((0,7T); Llog L(R)) is the dual of L'((0,T); Eeyp(R)) (see Adams [4] for the definition
of the Banach space E..p(R)), we can use the lower semi-continuity of the L>((0,T); Llog L(R))-norm
with respect to the weakly-x topology, to get

10zull(Loe ((0,7); L 10g LR < linm_%lf 10wt (Los ((0.7): L 108 L(Y)? < V15

which leads to (5.8).
Finally, from (5.77) and the lower semi-continuity of the total variation, we obtain

TV (u'(t,-)) < liminf TV(u;(t, ) < HawuéHLl(R) for all t > 0.
n—0

Since u'(t,-) € Wb (R), we know that the L'-norm of d,u’ coincides with the total variation of u’

which gives (5.7).
This terminates the proof of Theorem 5.1-(7). O

7 Uniqueness of the solution (Theorem 5.1 (i7))

In this section, we will prove the uniqueness of the solution of system (5.1)-(5.2) in the framework of
continuous viscosity solution. To establish this result, it suffices to show that system (5.1) verifies the
comparison principle, reflected by the following proposition.
Proposition 5.1. (Comparison principle)
Letp=(p');—y.. q and ¢ = (¢");_, 4 be respectively sub- and super- viscosity continuous solution of
(5.1), with p(0,-) = pi(-) and ¢'(0,-) = ¢}(-). Assume moreover that, there exists a constant K > 0
such that

||pi||Loo((0’T)><]R) <K and HquLoo((O’T)XR) <K forall ie{l,...,d}. (5.81)

Then, if p*(0,-) < ¢*(0,-) in R we get p* < ¢* in (0,T) xR fori e {1,...,d}.
Proof of Proposition 5.1:

Let us denote by My, = max  sup (p' — q') where p'(t,z) = p'(t,x)e” " and ¢ (t,x) = ¢'(¢t,z)e "
i€{1,...,d} [0, T|xR
It is sufficient to prove that Ms,, < 0. Let us suppose by contradiction that Ms,;, > 0. We duplicate

the variables by considering, for all €, 3,7, a and v positives

Cle=yl =S

2 2
G~ g~ ey —allal + 1)

Uit s,x,y,0) = P'(t,2) = (5,9)
We note that ¢(-,-,-,,4) is locally bounded continuous function in [0, T)2 x R2.
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7 Uniqueness of the solution (Theorem 5.1 (7))

We can think that the maximum of 1 noted

M(67 ﬁ) a’n’ /7) = Sup w(t’ 37 Jj’ y’ Z))
(t,5)€[0,7]?
(z,y)€R?, i€{1,...,d}
is similar with Mg,,.
The idea is justified by the following lemma.
Lemma 5.13. Let (£,5,7,7,1) be a mazimum of 1. Then, the following properties hold:

1. o|Z], aly] < V2aK.
2. lim|t —3| = lim|z —g| = 0.
B8—0 e—0

I n
3t<T ——<T.
< 2K<

. Up to extract a sub li lim lim p'(, %) — §'(3,§) = Myup.
4. Up to extract a subsequence (am)1_>rr1(0,o) lim 513617 (t,7) — ¢'(3,7) sup

= =2

5. Up to extract a subsequence lim  lim lim u =0
(a,7)—(0,0) e=0 8—0  2€

6. t,5 are positives if €, 3, and n are sufficiently small.

We first show the proof of this lemma and then we complete the proof of Proposition 5.1.

Proof of Lemma 5.13:
Using the fact that p* and ¢, for i € {1,...,d}, are bounded, we deduce that

lim T/J(t,S,iC,y) = =00,

|z],|y|—o0

and so the function 1 reaches a maximum at a point (¢,5,7,7,1) € (0, T)2 x R? x {1,...,d}.

We know that My, = max sup (p'—q') > 0, then there exists (t*,2*,i*) € (0,7) x R x {1,...

i€{1,....d} [0, T|xR
such that p" (t*,2*) — ¢* (t*,2*) > 0. Then, we have

w(t*7t*7$*a$*7i*) S M(6a65a7n77)a

which implies

%

0 <P (t"a") =@ (t",2") < M(e, B,m,7) +

T+ 20l

0 <Ml B,a,m,7) + + 2a|x*|2.

n
T —t*
Then, for n and « small enough, we get
M(e,B,0,m,7) > 0.

Thus,

yd}

(5.82)



5. Solution continue pour un systéme eikonal non-linéaire

where we have used (5.81) for the second inequality. Multiplying the previous inequality by «, yields (1)
and
lim o|Z| = lim afg| = 0. (5.83)
a—0 a—0
In the same way, we have

z-g°  [i-3
+ < 2K

5.84
2¢ 2/ ’ ( )
and so
lim [z — g)° = lim [ — 3" = 0. 5.85
lim |7 — 5" = lim |£ — 5| (5.85)
We also deduce that
n
—— < 2K.
T—t
We, then, have
< n
t<T ——<T.
2K
Now, let us prove (4). Indeed, for all (¢,z,4) € (0,T) x R x {1,...,d}, we have
Ut tx,@,i) < Y(E5,7,7,1),
then,
; O ki
Pe) = d(e) <P 6T -0 60 - 5 - g = g el ) + g+ 2all?
(T A n 2
T—1t
Thus,
=i i n e (o
p (t,{l?) —q (tax) - 20[‘113’|2 - ﬁ < p (t,.’L‘) —q (S7y>7

which implies that

Pp(t,x) — G'(t,z) — 2alz]* — T3

Since %, 5,7,y and 4 are uniformly bounded with respect to 3 (cf. (5.82)), then using (5.85) we can

extract a subsequence with respect to 3, still denoted (Z,7,%,3,14), such that

1. 77E7: ~ o~ o~ o~ d 1. T:T:“.‘. )
ﬁ%(’ra?ﬁ ,S) (Zl?,y77',7'), an ﬁli)l%)'l/ 2 2 (5 86)

Therefore, passing to the gir% in the previous inequality, we get (up to extract a subsequence) that
—

Pt,@) = @'(to) — 200 - - < lim (50.7) - 7'(5.7))
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7 Uniqueness of the solution (Theorem 5.1 (7))

In the same way, since (Z, 3) verifies estimates (5.82) and (5.84), replacing (Z,y) by (Z,9), we can

extract a subsequence with respect to ¢, still denoted (Z, g, 7, 5)7 such that

lim(z,7,7,7) = (Z,%,7,7) and limi=1=1. (5.87)
e—0 B—0

Now, passing to the hm and then liminf, lim sup, in the above inequality, we obtain thanks to the
—0 (a.m)—0’ (a,7)—0

continuity of ¢’ that

ﬁ@@—f@m)sp%gg%ggcﬂha—agm)
< limsup lim lim (’i t,T —%E,*)
fim sup iy, i, p'(t,7)) — ¢'(5,7)

< Msup~
This gives Lemma 5.13-(4). Similarly, we can prove that, up to extract a subsequence, we have

. T gl
lim lim lim ———— lim lim =
(am)—=(0,0)e=05-0 26 (am)—(0,0)e0  2€

(5.88)

Finally, for proving (5) let us suppose, for example, that £ = 0, then, because of p(0,-) < ¢*(0, ), we
have

7(0,7) — 7 (3,7) < 5(0,7) - 7(0,7) + 7 (0,7) —

<q'0,7) - 7',

<
~

Then, My, = lim lim lim p (O T)—q (s 7) < 0. But we assumed that Mj,, > 0, hence the

(o,n)—0€=0 =0
contradiction. When s = 0, a similar proof could be given, which ends the proof of the Lemma 5.13. O

Let’s go back now to the proof of Proposition 5.1. Indeed, we take €, 5, & and 1 small enough such that
t>0and 5> 0 (see Lemma 5.13-(6)). We can remark that the function

7 e n 2 2
t t,x) —
(t,x) = p'(t,z) <Q(57y)+ 5t o5 + o talel” + 5

reaches a maximum at (¢, 7). By using the test-function

| N Ut 2, 2
o) =GN+ 5+ gt el + )
and the fact that p = (p*),_, 4 is a sub-solution of (5.1), we deduce that
- _ t—3 T—7
W(t,f)ﬂ 5 | T N,z p(, ))‘M—I—an <. (5.89)
B (T-%)° €
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5. Solution continue pour un systéme eikonal non-linéaire

In the other hand, we deduce that the function

_ -2
= o E-yl? s 7 2 2
— — t — — — - —
(s,9) = 4'(5,9) (p (t.7) 5 25 75 ezl + 1)
reaches a minimum at (3,7). By using the test-function

- 2
[ - | L P n 2 2
= t —_— —_— P — —
o(s,y) =p'(t,7) 5e 53 73 o=+

and the fact that ¢ = (¢%) i—1.....q 18 a super-solution of (5.1), we deduce that

7

S (t—s3 T\ |@-7 _
16,9 + 52 X s.3066.9) T2~ 203 > 0 (5.90)
By subtracting (5.90) to (5.89), we deduce that
A A T o7 | ETY — = ey [ BT Y _
) - 75.7) - N7 007 [T 4 207 +075,7,065,7) | T —207) <0, (5.01)
Sending 8 — 0 in (5.91), we deduce according to (5.86) that
I Y N N § C | _
)~ F ) - N 200 2) | T 4 208 4207, 5,07,5) | T2 ~2ag| <0, (5.92)
Moreover, we have
(1T, 0) < (E5,7,7,4),
which implies
P(tT) -ty <p'(t.7) - 75,7 >0
Passing to the limit 8 — 0, we obtain
0<p'(7,8) —¢'(7.9) 2 P'(7,8) - ¢ (7.9)
Hence
0< pl(%v i') - ql(%, g) > pz(,]:, j) - qz(,]:7 g)
By adding and subtracting the terms \*(7, 7, p(7, %)) @ — 2a4|, and \¥(7, z,p(7, 7)) @ — 2a4)| in
the inequality (5.92), we deduce that
W' (7,8) = 7 (7,9) +N(F2p(72)) (| S22 - 207] - |22 + 203
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7 Uniqueness of the solution (Theorem 5.1 (7))

Using (H4) in the last line, we get

WF(7,8) =7 (7.9)) +N(Fp(72)) (

(2—9)

— 20| - |2 4 20

@9 _ 20@‘ <o0.

€

+ (N(7.5.p(7.2)) = N(7,2,p(7,7)))
Then, (H1) and (5.9) imply

3 o e - L j— 7|?
A 2) - 47 9)) ~2a(h+ Mifghlg - 2] - by T2

(@ -79)

< (' (7, %) — 7 (7,7)) — 2Aalg — &| — My|j — &

- 2047’ <0.

Passing to the limit ¢ — 0 and then («,n) — (0,0), we obtain by Lemma 5.13-(1)-(4), (5.87) and (5.88),
that
'YMsup < 0;

this contradiction ends the proof of the proposition. This result ensures the uniqueness of the solution

and implies Theorem 5.1-(ii). O
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Convergence d’un schéma implicite pour un systeme

diagonal hyperbolique non-conservatif

Ce chapitre est un article a paraitre dans M2AN écrit en collaboration avec Ahmad El Hajj et Rachida
Boudjerada.

Dans ce travail, nous considérons un systeme diagonal hyperbolique non-conservatif unidimensionnel
complété par des conditions initiales Lipschitz continues. Ce systéme intervient naturellement dans la
modélisation de la dynamique des dislocations, propageant dans plusieurs directions. Sous certaines con-
ditions de monotonies sur la matrice Jacobienne de la vitesse, des résultats d’existence et d’unicité d’une
solution Lipschitz du systéme, non nécéssairement strictement hyperbolique, ont été établis dans [35].

Nous proposons un schéma implicite vérifiant des estimations Lipschitz discretes similaires a celles
obtenues dans [35]. Ces dérniéres nous permettent de montrer la convergence de la solution numérique
vers la solution du probléme continue sans supposer que le probléme est strictement hyperbolique. Enfin,

nous présentons également quelques simulations numériques.
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1 Introduction and main results

Convergence of an implicit scheme for diagonal

non-conservative hyperbolic systems

R. Boudjerada !, A. El Hajj2, A. Oussaily?

L USTHB, Faculté de Mathématiques, Laboratory AMNEDP.
BP32 El Alia Bab Ezzouar Alger, Algérie
2Sorbonne Universités, Université de Technologie de Compiégne, LMAC.

Batiment Blaise Pascal - 60200 Compiégne, France

Abstract
In this paper, we consider diagonal non-conservative hyperbolic systems in one space dimension with
monotone and large Lipschitz continuous data. Under a certain nonnegativity condition on the Jacobian
matrix of the velocity of the system, global existence and uniqueness results of a Lipschitz solution for
this system, which is not necessarily strictly hyperbolic, was proved in [35]. We propose a natural implicit
scheme satisfiying a similar Lipschitz estimate at the discrete level. This property allows us to prove the

convergence of the scheme without assuming it strictly hyperbolic.

AMS Classification: 35A01, 74G25, 35F20, 35F21, 70H20, 35Q74.
Key words: Implicit upwind scheme, diagonal non-conservative hyperbolic systems, transport systems,

discrete gradient estimates, monotone discrete solutions, Lipschitz discrete solutions.

1 Introduction and main results

In this paper we present a convergence result for an implicit Upwind scheme considering the framework
of hyperbolic systems, which are not necessarily strictly hyperbolic. Related to this work, it is worth
noting that, in [59] the authors have proved a similar result for a semi-explicit scheme in the case of non-
conservative strictly hyperbolic systems. Moreover, their result was only valid in the class of vanishing
viscosity solutions, introduced by Bianchini and Bressan in [16]. Here, we show the convergence taking
only Lipschitz continuous solutions, without any other restriction concerning the class of solutions.

Before presenting our scheme, let us, first, recall in Subsection 1.1 the setting of the continuous problem.
In particular, we will restate in Subsubsection 1.1.2 the existence and uniqueness results of Lipschitz

solution for the continuous problem that was shown in [35].

1.1 The continuous problem
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6. Convergence d’un schéma implicite pour un systéme diagonal hyperbolique
non-conservatif

1.1.1 Setting of the problem

In this paper, we will propose an implicit numerical scheme for hyperbolic diagonal systems in non-

conservative form given by

Ov® + A*(v)0,v* =0 on (0,400) xR, for a=1,...,d,
(6.1)
v*(0,2) = v§(z) z€eR, for a=1,...,d,

0
where v(t,z) = (v*(t,%))a=1,....d, with d > 1 is an integer. Here we use the notation 9, = En and

Oy = 82 Such systems are (sometimes) called (d x d) diagonal hyperbolic systems.
x

We consider a given function (A*)q=1,. 4 : R? — R, which satisfies the following regularity assumption:

A* € CHRY), fora=1,...,d,

(H1) .

there exists Mj; > 0 such that fora=1,...,d,

IN(u) — A¥(v)| < Mi|lu—w| forall wu,veR?,
where |w| = Z lw®|, for w = (w!,...,w?).

a=1,...,d
We denote
A® = sup A% (u)|, (6.2)
ueU

where U/ is the box defined as follows

d
U=|][-M M* with M < +oc0 is a real number.
a=1
In (6.1), the initial data vo = (vg,...,vd) is assumed to satisfy the following property:
M < ug < MO,
(H2){ wv& is nondecreasing, |for a=1,...,d.

9,08 € L=(R),

Now, we define the matrix

o O\
Ag(v) = W(v), forall «,8=1,...,d.

Let us introduce various assumptions on the matrix (A3(v)) bet,..d which will gurantee the existence

and uniqueness of a Lipschitz solution.

(Nonnegative matrices with nonpositive off-diagonal terms)
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1.1 The continuous problem

A(v) <0 forall veld and B#a with o,f€{l,... d},

(K1)
App = Hel{l ()\g(v)) and Z Anp€abp >0 forevery &= (&,...,8) €10, +oo)d.
v a,B=1,....d

(Diagonally dominant)

(K2) Ao(v) > Z(Ag(v))_ forall veld and a=1,..,d,
a#p
where we note =~ = max(0, —zx).

(Nonnegative subdiagonal matrices)

(K3) Az(v)>0 forall veld and B>a with «a,f€{l,...,d}.
Before giving main results on the solution of the discrete problem, let us recall some existence and unique-

ness results on the solution of the continuous problem.

1.1.2 Recall of useful results

Theorem 6.1. (Existence and uniqueness of Lipschitz solution, [35, Th 1.3])
Assume that (H1) and (H2) are satisfied. Assume also that one of the following assumptions (K1), (K2)
or (K3) holds. Then, there exists a unique function v € ﬂ [Whe2([0,T) x R)|* solution of (6.1), in

distributional sense, with v(t,x) € U for all (t,x). e
Moreover we have for any t € (0,400):
D0t M@ <Y 10208 @ if (K1) holds, (6.3)
a=1,..,d a=1,.,d
and
s 006, Moy < s e ey (K2) holds (6.4)

Notice that Theorem 6.1 is based on the fact that the solution satisfies 0,v* > 0, for « = 1,...,d, and
then, we only have to bound the maximum of the gradient from one side. One of the assumptions (K1),
(K2) or (K3) is a sufficient condition to control the solution of the maximum of the gradient. These a
priori bounds are obtained considering a parabolic regularization of the system and then writing some
differential inequalities satisfied in the sense of viscosity by the maximum of the gradient. The uniqueness
is an independent result valid for Lipschitz solutions.

Let us mention that an application to isentropic gas dynamics was proved in [35].

In the framework of viscosity solutions and motivated by the application to dislocation densities dyamics,
El Hajj, Forcadel, in [33], have shown the existence and uniqueness of Lipschitz viscosity solution in the
1 -1
-1 1

existence and uniqueness of strong solution VVIIOC2 ([0,T] x R) was proved. Recently, a result of global

case where d = 2 with a matrix (A\§)a,p=1,2 = ) . In a similar framework, in El Hajj [30], the

existence and uniqueness was proved in El Hajj, Oussaily [36] (cf. Chapter 3) for continuous solutions
satisfying some gradient entropy estimates. We refer the readers to El Hajj, Ibrahim and Rizik [38] for
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the discontinuous solutions of this system.

For a generalized (2 x 2) strictly hyperbolic system, in [54], Lax proved the existence and uniqueness of
nondecreasing smooth solutions. In the framework of (d x d) strictly hyperbolic systems, we refer the
readers to [16] where the authors have shown a global existence and uniqueness result assuming that the
initial data has small total variation. Also, a result of existence and uniqueness of continuous solution
was proved in [35] for a (d x d) strictly hyberbolic system.

Now, we will propose a compatible discretization with the continuous problem.

1.2 The discrete problem

1.2.1 Setting of the problem

To recover the properties of the continuous problem on the discrete level, we consider a time step At > 0
and a space step Az > 0. In order to avoid the ambiguity in notations, we denote by v* the continuous
solution and u;"" the discrete associated solution defined as an approximation of v®(nAt,iAx), where
n € N and ¢ € Z. We propose, then, the following implicit discretization of the system

uq,n—i—l _ uq,n uq,n+1 _ uq,n+1
P N L —i—)\o‘(uZLH) i+1 A i =0 if )\a(u;ﬂrl) <0,
VO( (S {17 ceey d}7 ua,n+1 _ ua’n ’U,q’n-i_l . uq,n+1
i A i 4 )\a(u;HJ) ( % - i—1 ) =0 if )\a(uzﬂrl) 2 0’
u = ug (@)

It is a first-order Upwind formulation, with the velocity A*(u) being implicit in time.
We denote
ASHE = N () n € N

We define the positive and the negative parts ()\‘;"”H) and ()\?’”H) as follows:

+ —
1 1
()\?,n—i-l) _ = ()\?,n-i-l + |)\§x,n+1|> , ()\;x,n-i-l) - = (l)\?,n-&-l‘ _ )\;)c,n+1) )
+ 2 — 2
and ()\?’"H) are positive real numbers.

Both (A7)
+ .

We can write the scheme in a more compact form:

;n+l ) n+l yn+1 ,n+1 ;n+1
’U/? nh ’U,? " . ()\q,nJrl) u?!i - u? " + ()\q,n+1) uia " - u;l):q -0
At i) Az i), Az (6.5)

u?’o = uf(z;).

In the sequel, we set
ug —ug "
R (6.6)

which is a discrete equivalent of d,u®.
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1.3  Main results

Remark 6.1. Here, we choose the implicit scheme since it naturally preserves the Lipschitz estimates
(6.3) and (6.4) at the discrete level, which is neither the case of the explicit scheme nor that of the semi-

explicit scheme.

1.3 Main results

,M

First, we set ui’ = (u;"") ;4 u" = (u}');c;, and we say that u" € UP if u? e U, for all i € Z.

We now introduce the following CFL condition:

A
F; < min(ﬁl, ﬂg), (67)

with
1 1

=gy ™ BTy anar )

We present in this paper three main results. The first one is proving that the implicit scheme (6.5) has a
unique bounded solution at each time-step. Then, we show a gradient estimate decay result. The third
one is showing the convergence of the solution of the scheme.

Theorem 6.2. (Resolution of the implicit scheme on one time step)

Assume that assumptions (H1), (H2) and the CFL condition (6.7) are satisfied. Let u™ € U”. Then, we
get

(i) (Existence)

There exists a unique solution u™*t! € UZ to the implicit scheme (6.5).

(it) (Monotonicity)

Moreover if u™ is nondecreasing, i.e. satisfies

usly >us™ forall i€Z, and a=1,...,d,

then u™t! is also nondecreasing.

Theorem 6.3. (Discrete gradient estimates)

Suppose that assumptions (H1), (H2) are verified. If u™ is the solution of the implicit scheme (6.5)
given by Theorem 6.2, then, 910‘4_"% defined in (6.6) is nonnegative for all n € N and verifies the following

estimates:
sup ™" < sup 0 if (K1) holds, 6.8
z:l ez T2 zzl i€Z ;oKL (68)
< ) .
ainl?}.(.,d (leEuZ)G +2) < ainﬁ?c.’d (sllelzpﬁ +2> if (K2) holds, (6.9)
sup (91+ ) < Ko(T) (bup@ > for all n > ng if (K3) holds, (6.10)
iE€EZL 2 +3

where K s a constant that depends on T, My and (sup 9/3’ ), forall p < a—1 and ng € N dependent

1€Z
onT.
Let us mention that estimates (6.8) and (6.9) represent the discrete case of the continuous estimates (6.3)

and (6.4).
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Now, we present the convergence result of our implicit scheme.
Theorem 6.4. (Convergence of the solution of the scheme)
Assume that assumptions (H1), (H2) and the CFL condition (6.7) are satisfied. We also suppose that
one of the conditions (K1), (K2) or (K3) holds. Let us consider the solution (u™)n>o of the scheme (6.5)
for the time step At > 0 and the space step Az > 0 given by Theorem 6.2. Let us call e = (At, Az) and
u® the function defined by

ut(nAt,iAz) =u; for neN, i€Z.

Then, as € goes to zero, the whole sequence (u€). converges to the unique Lipschitz solution v of (6.1).

Moreover, for any compact K C [0,+00) X R, we have

sup |u¢ —v] — 0 as e — (0,0).
KN((AN) x (AaZ))
a=1,...,d

1.4 Brief literature

Numerical schemes for hyperbolic systems are mainly written for systems in conservative form which
enable to recover the correct Rankine-Hugoniot shock. We refer to [55] for a review of the main classes
of existing schemes. Among these schemes, convergence results are seldom found for hyperbolic systems.
The Lax-Wendroff theorem [53] shows that if a consistent and conservative numerical scheme converges
(in L' with bounded total variation), its limit is a weak solution to the hyperbolic system. However,
in order to obtain convergence of the scheme, stability is needed, in general in the form of TV-stability.
For the scalar Godunov scheme, convergence is obtained due to its total variation diminishing (TVD)
property. This is no longer the case for systems [55]. Stability can still be proved for certain special
systems of two equations, for instance in [56,69] and in [70]. Similar results can be obtained for a class
of nonlinear systems with straight-line fields [22, pp. 102-103]. Nonlinear stability can also be assessed
through the use of invariant domains and entropy inequalities [18], for HLL, HLLC and kinetic solvers of
Euler equations of gas dynamics.

In the case of conservative systems where the initial data has sufficiently small total variation, Glimm’s
random choice method [39] is probably convergent. A deterministic variant (replacing random with
equidistributed sampling) has also been proved to converge under the same assumptions [58].

Beside this, for non-conservative forms, recently, Monasse and Monneau proved in [59] a convergence re-
sult of a semi-explicit scheme for diagonal non-conservative hyperbolic systems assuming that the system
is strictly hyperbolic and using a discrete gradient entropy estimate which was proved in the continuous
case in [35]. This result has been established in a restricted class of solutions, which is defined by the
vanishing viscosity solutions, introduced by Bianchini and Bressan in [16]. In the present work, we con-
sider the case of hyperbolic systems which are not necessarily strictly hyperbolic and we prove, basing on
some Lipschitz discrete estimates, the convergence of the scheme in the framework of Lipschitz continuous
solutions, without any other restriction concerning the class of solutions. Note that, the fundamental
Lipschitz discrete estimates are proved, at the discrete level, assuming some nonnegative conditions on
the Jacobian matrix (A§)a,s, that ensures a L> bound on the gradient of the continuous solutions. We
also took an implicit scheme since it keeps continuous Lipschitz estimates (6.3)-(6.4), at the discrete level.
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1.5 Organization of the paper

We should recall that in the framework of dislocation densities, it was proved in [33] a convergence
result of an explicit scheme to the Lipschitz continuous solution for a particular (2 x 2) Hamilton-Jacobi
system. We also refer to Jakobsen, Karlsen [49] and Jakobsen, Karlsen, Risebro [50] where they proved
a convergence result for a weakly coupled Hamilton-Jacobi system consdering a semi-discrete splitting

algorithm that they proposed to approach the continuous solution.

1.5 Organization of the paper

This paper is organized as follows. In Section 2, we prove some preliminary results on the existence
and monotonicity of the solution of the scheme (Theorem 6.2). Section 3 is devoted to show some
discrete gradient estimates (Theorem 6.3) using conditions (K1), (K2) and (K3) on the Jacobian matrix
(Ag)aﬁ:l’m,d. Finally, based on these gradient estimates, we prove the convergence result of our scheme
(Theorem 6.4) in Section 4.

2 Existence and monotonicity of the discrete solution

This section is devoted to prove the existence, the uniqueness and the monotonicity of a bounded solution
for the implicit scheme (6.5). This section is divided into two subsections, in Subsection 2.1, we prove by
a fixed point argument the existence and uniqueness of the discrete solution. Then, in Subsection 2.2,

we show that the discrete solution is nondecreasing.

2.1 Proof of Theorem 6.2-(7):
We introduce the truncature A" of A* by A® (defined in (6.2)):
A%(w) i | AY(u)] < A®
A (u) =4 A® it A% (u)] > A®
—A* if A% (u)| < —A°.
For the real number M“ < 400, let us consider the box

d
U= H[—Ma — 1, M* +1].
a=1

For all i € Z, we denote w; = (wf) q and w = (w;);.;. We define, for all w € 7" and for all

a=1,..
a € {1,...,d}, the function F,» = (Fu”‘n) such that
¢ i) a=1,...,
a,n At N ~—«
Fi(w) = ™ + = (X (wi)- (i —wf) = (3 ()4 (wf = wf,)).- (6.11)
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According to (6.11), we can see that the scheme (6.5) can be written as

ud" = Fo, (urth), fori € Z,n € Nand u” € UZ,

3

(6.12)

G : U —U

Our goal is to show that the mapping G» is a well-defined contraction taking u" € U”. This leads to
prove, first, the existence and uniqueness of a fixed point of (6.12) in ZjZ. Then, we will show that the
solution belongs to U%. To do that, we proceed in three steps.

Step 1 (Gyr is well-defined):

It is sufficient to prove that —M* —1 < F[j“n (w) < M* +1, for all i € Z, if u™ € U”. Indeed, by (6.11),

we have

Fpw) =t = 28 [0 ) + (5 (), ] i

At —a At —a

ta, A (wi))_wihy + (A (wi)) wit g

Then, using the CFL condition (6.7), we obtain
At
[P (w)] < M® 4= A%(M® +1) < M® + 1,
i x

which implies that the mapping G,» is well-defined.
Step 2 (G, is a contraction):

We equipped 7" with the following norm (loo)d:

d
||U||(zoo)d = Z sup [ug'|.
a=1 i€Z

We observe that, for all v and v in EZ, for all « € {1,...,d},

Gy () = Gup ()] ey

d

= sup | iy () ~ Fiy (0]

N (O () = ()] (s =) =[5 () = X700 ] (= )
Az 1 €2 e V= i+l ¢ v+ v+ i i—1
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2.1 Proof of Theorem 6.2-(i):

At —a At —a
where we have added and subtracted the terms A—()\ (vi))_uiy, and A—()\ (vi)) ui . We obtain
x x
G 1) = Gup )] ey < e (BA" 43U (M + 1)) o]
u u (lw)d, = Az 1 (loo)d’

which gives by the CFL condition (6.7) that G\ is a contraction on u.

L
Banach fixed point theorem yields the existence and uniqueness of a solution w of (6.11) on U .

Step 3 (The fixed point belongs to U%):

Our goal is to prove that the fixed point w constructed in the previous steps belongs to UZ, i.e, [w$| < M.
Indeed, let ¢ € C*°(R) be a cut-off function taking values in [0, 1], supported on the interval [—2,2] and
#(r) =1 on [~1,1]. Multiplying (6.11) by ¢r(z;) = ¢(%), for R > 0, with x; = iAz, we get

A

Ao |7 (wi) -+ (N (i), | wf én(a:)

wi¢r(r:) =ui"dr(w:) —

At —a At

+o— (N (wi)) —wiq (Pr(%:) — dr(Tit1)) + Ar

Ar A" (wy)) 4w 1 (Pr(ws) — Prlwi1))

A — A —a
R O (@) -0 (i) + o (X (w0)) 0 Bl -1),

(6.13)

At —a At —a
where we have added and subtracted the terms — (A" (w;)) —wi’ 1 ¢r(2i4+1) and E(/\ (wi))  wi 1 Pr(Ti—1)-
We denote w§'¢r(z;) = néi%l(w;-"dm(xi)). Then, using (6.13), we obtain, for all 7 € Z,

wipp(r:) > wdr(r;) > u"dp(z;) — g (N (wy)_ + (Xa(wy‘)h} wior(z;)

+%(Xa(wj))—w?+1(¢3(xj) — ¢r(7j41)) + %(Xa(wj))+w?—l(¢3<xj) ~ 9r(7i-1))

R R ) —wf () + L

N o (37 (wy) 0§ ém(ay)

a,mn At « [
> uj " Pr(25) = 2 AT (M + 1) [[¢']] o (=),

where we have used the fact w € I". Now, using the fact that 0 < ¢ < 1 and u” € UZ, we get
~M® < -M%¢g(z;) <uj"dp(r;) < M*¢r(z;) < M™.

Therefore, we obtain

At
WfBr(e) 2 —M* — 2T A (M + D¢ = -

Now, by passing to the limit as R — +o00, we finally get

w > —-M* forallieZ.
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We proceed in a similar manner to show that w;' < M<, for all i € Z. a

2.2 Proof of Theorem 6.2-(ii):

In what follows, we derive an evolution in time of the discrete gradient Gf‘_ﬁ defined by (6.6) from (6.5),
2

which allows us to prove the monotonicity of discrete solution.

Let ¢t

a7
i .

be the solution of the implicit scheme (6.5). Using the definition of 6} J:i, we observe that
2

a,n+1 a,n a,n+1 a,n

ea,nJrl — o 4 At Uipr — Uiy B At u; — U
ST =0 —_—_——
it3 its Az At Az At

a,n

Inserting (6.5) at ¢ and ¢ + 1, allows us to show that 67", defined in (6.6) satisfies the following relation
2

At
a,n+1 a,n a,n+1 a,n+1 a,n+1
9i+; = 9i+% T Az AT+ T )—} 9i+g
(6.14)
At a,n+1 a,n+1 At a,n+1 a,n+1
JFAix()‘i-s-l )—91‘4-% + E(Az )+9i_% .

It is sufficient to show that 01,0‘_;7?'1 > 0. Indeed, multiplying (6.14) by ¢r(x;) = ¢(%), for R > 0, where
2
¢r is defined in Subsection 2.1, we get

077 or(x) =0 on(e) — o |+ 0] 651 ()
At o, a,n At o,n o,Nn
"‘Ix()‘i-s’-lﬂ)faifrgﬂﬁbl%(fiﬂ) + E(Az H)Jr‘gi_;l@%(xifl)
+A7x()‘i-&’-1+1)*9i_;_%+1 [Pr(z:) — dr(Tit1)] + Ay +1)+9i_’;1 [pr(wi) — pr(wi1)],
(6.15)
where we have added and subtracted the terms A ()\i41+1),9i;%+1¢13($i+1) and E(Al ' +1)_~_9i_’;1¢>R(xi,1).
Let us now denote szglqﬁR(xk) = Iiléi%l (0?;%“¢R(xi)) . Then, from (6.15), we deduce that
ea,n+1¢ (.23 ) > ea,n ¢) (.T )_ ﬁ )\a,n+1 _)\a,n+1 ea,n+1¢ (37 )
ki PRVE) =V tPRWR) T A | Ml k k+1 PRUUE
At /\a,n+1 ea,n—&-l At /\a,n+1 Ha,n—i-l
+E( hr1 - ket d [Or(Tk) — Pr(TKt1)] + E( r )+ i) [pr(7k) — dr(TR-1)]-
Then, we obtain
At a,n a,n a,n a,n 4 At apsa
(1 + Az [)‘k1i-1+1 - Ay HD 9k+§1¢R(wk) > 9k+%¢R($k) - EEA M@ || oo (w)-

We argue by contradiction. Assume that Qf‘_ﬁﬂ < 0 for a certain ¢ € Z. Then, using the CFL condition
2

(6.7), the fact that 9;171 >0 and ¢r > 0, we obtain
2
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3 Proof of Theorem 6.3 (Discrete gradient estimates)

1 a,n+1 At a,n+1 a,n+1 a,n+1
§9i+%+ or(z) > <1+ s {’\k+1+ . Vi } 9i+%+ or(z;)

At @, @,mn @,mn
> (1 + — [/\k’H“ — A “D ek;;m{(mk)

Ax
an 4 At
> 9k+%¢3(3”k) - EEAO‘MQHWHLOC(R)
4 At
N ¢l Lo (m)
Now, passing to the limit as R — +o00, we obtain
lea,nJrl Z 0,

2 its

a,n+1
%

which gives a contradiction and then Gf’zﬂ > 0. This is equivalent to u is also nondecreasing. This

leads to Theorem 6.2-(i7), by applying azrecursion onn > 0.
O

3 Proof of Theorem 6.3 (Discrete gradient estimates)
Our goal is to show that 9?_;7?1
2
We can see that max G?Jﬁﬂ is reached at an index j, € Z since u;"" is bounded and nondecreasing. From

1€L 2
(6.14), we have

is uniformly bounded for all i € Z.

6t — gt —gan B ((A%”+1)+ + (Aj;”“)_) gt

]a+% i€Z Z-‘r% ]a+%7Ax Jat1 ]a"l‘%
)\cy,n+ _ (9‘?“”* ) )\q,nJr (99,n+ )
+A$( Jat+1 ) Jat3d + AZ‘( Jo )+ Ja—%

At At
By the positivity of E(/\?,;T{l)— and E(A?;nH)JF’ we get

a,n+1 an At a,n+1 a,n+1 a,n+1
9]’@+% < Hja+% Ax <(/\ja+1 )¢+ )= Hjﬁ%

At a,n+1 a,n+1 At a,n+1 a,n+1
+<Ax()‘ja+1 )) 0.1+ E(Aja )+ ) 050

which impiles that

At

a,n+1 an =Y ant+l  yantl a,n+1

0 <max 7y — o (AR A ol (6.16)
In order to prove the discrete gradient estimates given by Theorem 6.3, we distinguish three cases. To

do that, we proceed in three subsections.

3.1 Case where (K1) holds

It is sufficient to prove that the sum over a € {1,...,d} of the second term in the right hand side of
(6.16) is negative using assumption (K1).
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We have

At a,n+1 a,n+1 a,n+1
Az ()\J +1 A )93a+2

8)\a +1 +1 +1
Z / gup (e T =) @ — e | 00T

8)‘a n+1 n+1 n-+1 B,n+1 a,n+1
= At Z/ 5.5 +r(uf =) 00 | 05

d 1
2%
=at | :/ (it (it =gty 00 ar | gt
0 @ @ aTy aTy

1
oN* n+1 n+1 n+1 a,n+1 ocn+1
+At[ 0 W(uja —l—T(u] +1 7 Y, ) 9J0+2 dr| 0, Jats "

Using the fact that Aj < 0 for a # 3, we get

At ()\a nng )\a n+1> 004 n+1
Al‘ ot Ja+2

6>‘a n+1 n+1 n+1 Bn+1 a,n+1
o |3 [ S gt -y o 03

ﬁ#a

1@)\@ n+1 n+1 n+1 a,n+1 a,n+1
+At ; 8u°‘( T r(ul T ) 9 +2d 90+1

n+1 n4+1 n+1 B,n+1 a,n+1
> At Z/ 5.5 W TR =gt 00 | 60

Now, using the fact that 95 el ! is positive and the second statement of the assumption (K1), we deduce

that
d

At a,n+1 an+1 a,n+1 Byn+1pa,n+1
> (g A e < A Z A g0 31077 8 <0, (6.17)

a=1 a,Bf=1
We deduce inequality (6.8) by combining (6.17) and the sum over o € {1,...,d} of (6.16).
3.2 Case where (K2) holds

We assume that the maximum over « € {1,...,d} of 90‘ Zﬁl is achieved at some ag € {1,...,d}. In other
words, we have

max max 9> ) = gaontl
ae{l,...,d} \ i€Z it Jagtz
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3.3 Case where (K3) holds

Then, using (6.16) at this maximum, we obtain

+1 a,n At ap,n+1 ap,n+1 [e73) n+1
max |max (07 ) < max |max (0 ’ ) - — (/\. ’ — 2\ 0o 6.18
a=1,..d Lez ( it3 = a=1,..,d | i€z \ it3% Ag \"Jeo Tl Jeo Jagts (6.18)

We proceed as in Subsection 3.1. Namely, it is sufficient to prove that the second term in the right hand

side of inequality (6.18) is negative using assumption (K2).
00&0,n+1
@Q

Now, using the fact that >0, we get

_ At ()\oco,n-i-l _ Aag,n-&-l) eao,n—i-l
Az Jagt+l Jeo Jaot3

d ! ONY0 +1 +1 +1 B+l +1
_ n n . n n a,M
<At Y o O A AT AR VR T Ll
B=1

B#ao

! a/\ao 1 1 1 «g,n+1 ag,n+1
—At/o < (Wt (i, — i) g0 )9 o

Ou@o * Jeo Jag Japt+i Jagt+3

A0
n+1 n+1 n+1 Bmn+1 ag,n+1
Z / (8u5 uja0 -i—7'(uh0Jr1 uj ) - 9ja0+2d7' 9Ja0+2

5#040

b ox 1 1
—At / < (Wit r(uptl ) —ufth) - 020 dr ) oo
0

Ou®o > Jeo Jeg Jaot3 Jaot3

< Atz oNY0 n+1_|_ ( n+1 n+1))_ N0 ( n+1_|_ ( n+1 n+1)) aao,n-H 2
5ua0 Yo T +1 ~ Yjag oub Yo TUo+1 7~ Yjag Jao+ s

ﬁ#ﬂéo

eﬁ n+1 gao,nJrl
Jaot3 ots
(6.9) by combining the previous inequality and (6 18).

where we have used the fact that and the assumption (K2). Hence, we get the estimate

3.3 Case where (K3) holds

We proceed using the same notations as in Subsections 3.1 and 3.2. Using (6.16) for o = 1, we get

At
1,n+1 1,n 1,n+1 1,n+1 1 n+1
6,1 <max6ll, - = (Ahﬂ —AL ) gLl (6.19)

Using assumption (K3) and the fact that Hfl’fil and 0;17:51 are positives, for all 8 € {1,...,d}, we have
2

2

At (11 41 1n+1 1,n+1 8>\1 n+1 ntl ntl B.n+1 1n+1
s (A k) gkt = Z/ I — ) 00 | bt <o

(6.20)
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We deduce by combining (6.19) with (6.20) that

1
max 01" < max 017,
i€Z +2 i€Z Z+2

We can show using a recursion on n that

meaZ><9+2 <meaX9+1, vneN. (6.21)
Now, we consider the case where a = 2.
From (6.16), we have
g2+l e g2 At ()\2,n+1 _ )\2,77,—‘,-1) 2+l (6.22)
pty S HE s T A et T ) Uy ‘
By assumption (K3) and the fact that 96 :L_H and 6% Z_H are positives, for all 8 € {1,...,d}, we have
2 2
At (lont1 \2n41) p2atl RN +1 +1 +1 Bt g | g2t
Az ()\J2+1 - )‘ )932+2 = —At Z/O W@LJQ +T(uj2+1 — Uy, ) 9] +3 dr 9J2+2
B=2
LoN? +1 41 L+l 2,n41
—At { ; w(%z +r(ufln —ug)) 0 11 47 ]93 +3
Lox? +1 +1 +1 L +1 2mtl
_At |: o w(u‘n + T(Uj2+1 J2 )) 9 :|9 .
Then, we deduce using assumption (H1) that
At \2ntl )\2 n+1 92 mH o A, 91 nt1g2,n+1 (6.23)
Ag \Jdztl 1+5 dets :

Combining (6.22) and (6.23), we get using (6.21)

2,n+1 1,n+1p2,n+1
,’ < ,’
632+% maXG +AtM 93 1 0;2+%

2,n 1,0 p2 n+l
< max 6> AtM max@ 107
€L ity + ! ity ety

Then, we obtain

T
1——M,; max 01° 92.’”";1 < max 92’”1.
n icr i3 J2tsg i€z itz

Using a recursion on n > n%, we can see that

1
max 027, <
i€Z Z+2 [

maxt?2 < Ko(T )max920
2

€L
1M1max010} c
1€EZL

2
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4 Proof of Theorem 6.4

where ICo(T) = exp <2TM1 (max9 1 >>

Proceeding in a similar manner, for all § < a — 1, a > 3, we have

" < Ks(T )max@ﬁ’

max 6 il

nax 6; V<a-—1.

We prove that the above inequality is true for a.

Indeed, proceeding as in the case where a = 2, we deduce that for all n > nf,

1
max 2" < max 0%
el it T a—1 1€EZ ZJr2
1-—M
ML Ks(T)
p=1
Hence, using a recursion on n, we obtain
max 677 < ! max(0a0><lC (T)max(@o‘o)
i€z T3 ool "z \ity) = TN en Uity
1—-—M
M S K (T)
p=1
a—1
where Ko(T) = exp | 2TM; Y | Ks(T)
B=1
Hence, we get the estimate (6.10) for all « =1,...,d and for all n > ng = 2r<na§d(ng). O

4 Proof of Theorem 6.4

This section is devoted to prove Theorem 6.4. The proof is outlined in four subsections.

4.1 Estimates on the ! extension u¢

Let (t,z) € [0,T] x R. Then, there exist ¢ € Z and n € N such that (¢,z) € [tn,tnt1] X [T, Tit1], Where
r; = iAz and t, = nAt. For e = (At,Ax), we define the Q! extension of the function defined on the
grid, for any (¢,2) € [tn, tnt1] X [25, Ti41], by

t—to\ [ (=) nir r—2\ wir
‘ = 11— 2T
wier) = (SN2 )t + (1- 252 )}
t—tn xr —x; n T —x; n ca
+<1_ At >{< Az >Ui+1+(1_ Az >ui}:(“’ (t,7))a=1,....d-

In particular, we can see that

u(ty, z;) =ul forn € N,ieZ.

3
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4.1.1 Estimate on ¢

From Theorem 6.2, we deduce that u?j‘ll, ult ul; and u} are in U, for all i € Z and for all n € N. By

(6.24), we remark that u€ is a convex combination of u?j‘ll, u?“, uj ; and v}’ contained in a convex set

U. Then u® € U, which implies that

[l || Lo (o, 7 xm) < M. (6.25)

4.1.2 Estimate on J0,u°

We have for (¢,z) € [tn, tnt1] X (T4, Tit1)

€ _ t—1n n+1 t—1n n
Using the fact that 9;1; is positive for all n € N and for all ¢ € Z, we deduce that
2

t— tn a,n+1 t— tn a,mn
sup Ou®*(t,x)| < sup {( ) 0 + <1 — ) N }
(t,w)e[O,T]x]R‘ (&) neENi€Z At its At itz

< G(10zuoll (o (ryya: 1),

where we have used in the last line the estimates of Theorem 6.3 under one of the assumptions (K1),
(K2) or (K3).
We deduce that

10zu"|| Lo (f0,7)xR) < G- (6.27)
4.1.3 Estimate on 0;u®
Let us define
n+% U;?-i_l — UIL
T =
¢ At

We have for (t,2) € (tn,tnt1) X [Ti, Tit1]
€ T — T n+i T — T n+i
Oput(t,x) = (Aaz) Tip1 + (1 AL ) T, . (6.28)

Using the scheme (6.5), we have

)

1
= () et - () e (6.29)
_ 1+§ +
From Theorem 6.2, we know that u?“ € U. Then, we deduce that
AT < A
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4.2 Extraction of a convergent subsequence of u¢

0‘,)‘_(_7?1 , we get

Using the positivity of 6.,
2
[Tt < 2M0G.

Hence, we obtain
||8tu€’a||Lm([07T}XR) S 2AO‘Q, (630)

where we have used in the above inequality estimates of Theorem 6.3 under one of the assumptions (K1),
(K2) or (K3).

4.2 Extraction of a convergent subsequence of u°
Combining estimates (6.25), (6.27) and (6.30), we deduce that u* is uniformly bounded in W1>°(]0, T] x
R), for any 7" > 0 and satisfies the following estimate

Il L o,71xR) + 101" | Lo fo,79xm) + 100wl o)xz) < €, forall a € {1,....d},

where C is a constant depending only on M¢, [0z uol| (20 (ry)ya,A* and T.

Let K be a compact set in [0,7] x R. By estimates (6.25), (6.27) and (6.30) and using the compact
embedding of Wh*(K) — L*(K), we can show that the sequence (u®®). is relatively compact in
L>(K), for all & € {1,...,d}. Then, as € goes to 0, we can extract a subsequence still denoted by
(u®),, that converges strongly to some function v® in L*°(K). By standard diagonalization procedure,

we can extract a subsequence (u®?%). (independent of K and «) such that
u®Y — u®, uniformly in L*°(K), VK compact and Va€{l,...,d}.

In particular, we see that the limit function u® satisfies the initial data u*(0,-) = ug(-).
By the continuity of A%, we know that A%(u®) converges to A*(u), for all a € {1,...,d}.

Moreover, using (6.27), we deduce that, up to extraction of a subsequence,

0, usY = Jyu®  weakly-+ in L((0,7) xR), forall aec{l,...,d}. (6.31)

4.3 Passing to the limit in the PDE

4.3.1 Preliminaries
For (t,df) € (tnatn-‘rl) X ('T’ivxi-i-l)a we set

r — Z;

Az

A = A*(uf(t,x)), ap= by =1—a,.
Combining (6.28) and (6.29), we have

Ot () = ap |[(AFTT)-055 = O 053 4 e [0 = 0400

R L Il [ A A Nl S (0
(6.32)
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where

es(tr) =ap [~ [T = ag] eyt + o - ae] ey

+bs {* [()\Q,n+1)+ — )\ﬂ 9?_771;1 + [()\Zq,nﬂ)_ B )\3} 99,n+1] '

7 H‘%
In particular, for any test function ¢ with compact support K = [0,T] x [-R, R], where R > 0, we have

d

d

S cmwetmina| = | [ <<T7y>e€7a(T,y>dey‘
=1 1/ (0,400 xR =K

d
<4RT Y (Sup9fﬁ+1) €120 ((0,400)xR) SUDP ( sup AN (u (tng1, i) — A% (u (7, )]

o1 i€Z 2 (r,y)eK \|tp41—7|<At, |z, —y|<Az

+ sup A" (u (tng1, Tig1)) — A% (us (7, 9))] ]
[tnp1—7|<AL,  |zip1—y|<Az

Then, using the continuity of «* and A* and the uniform convergence of u®, we deduce that

e“* — 0 when €= (At,Az) — (0,0) in D'((0,+00) x R).

4.3.2 Introduction of 6°¢

Our goal is to show that the limit u® verifies yu® + A%(u)9,u® = 0.

We define the function 6¢ as follows

96(t7l‘) = 0;3:117 for (t,x) € [tn;tn-‘rl) X [l‘i,l‘i+1).
2

Due to estimates of Theorem 6.3, we deduce that 6¢ is uniformly bounded in L*°((0,+00) x R). Then,
by the weakly-x convergence, we know that there exists a limit 6, in the sense of distribution, such that
for any test function ¢ (¢ is smooth of compact support K = [0,T] x [-R, R] C [0,T] x R, where R > 0)

/ 0 p— - . (6.33)
(0,400) xR (0,400) xR

we have

From (6.32), we have

Opu®*(t,x) — e (t,x) = A [az0°%(t,x + Ax) + b0 (t, )]
(6.34)
=G [az09%(t, ) + b, 09%(t,x — Ax)],

where a, = Ai — LAixJ and by =1—ag.

Let us now introduce the function A%* defined by
ASY = / (Opu(t,x) — e“(t, z)) (t, x)dtdz.
(0,400) xR
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Then, using (6.34), we can write A= as follows

A5 = / 09 (t, @) [agA® (u(t,z — Ax))p(t,z — Az) + by A% (u(t, 2))p(t, x)] dt d
(0,+00)xR

— / 0% (t, x) [az)\‘j‘_(ue(t, x))p(t, x) + b NS (u(t, v + Az))o(t, x + A:c)} dtdzx.
(0,400) xR
Let us now define the following function
B&Y = / 0% (t, x) [aw)\'i (u®(t,z))p(t,x) + b A% (u® (¢, x))p(t, )
(0,400) xR
—az NS (U (t, 2))(t, 2) — by AS (u¥ (¢, z))p(t, )] dtdx
= / =X (uf(t, z))p(t, z)0°(t, z)dt dx.

(0,400) xR

Then, we have

<

|Ae,a — B&©

/ az09(t, x) [\ (u(t,z — Ax))p(t,z — Az) — A* (u(t,2))p(t, x)] dt dw
(0,400) xR

_|_

/ b0 (t, x) [ AT (u(t, z + Az))p(t, z + Az) + AF (u(t, 2))p(t, z)] dt da
(0,400) xR

<2TRG sup |AG(u(t,x F Ax))p(t, x F Ax) — A3 (u (L, 2))p(t, )],
(t,x)EK

which implies that |[A©* — B“%| — 0 when € goes to 0.

On the other hand, using (6.33), we get

B :/ A (uf(t, 2))p(t,z)0°(t, x)dt dx —)/ =A%(u(t,x))p(t, ©)0(t, z)dt dx.
(0,400) xR (0,400) xR

Therefore, we obtain that
Ou® + A*(w)0* =0 in D'((0,+00) x R), Vae{l,...,d}. (6.35)

Using (6.26), we can see that

t—1t t—1t
€, — n €, 1— n €, _ .
Opu®®(t, x) ( " ) 09 (t, z) + ( " ) 09%(t — At, x)
We deduce, proceeding in a similar manner, that

Opu®® — 0% in D'((0,4+00) X R).

164



6. Convergence d’un schéma implicite pour un systéme diagonal hyperbolique
non-conservatif

Moreover, using the weak-x convergence given by (6.31), we deduce that
0 = O, u. (6.36)
Combining (6.35) with (6.36), we conclude that

Ou® + A*(u)d,u* =0 in D'((0,400) xR), Vae{l,...,d}.

Finally, we deduce that the limit u® is a solution of system (6.1).

4.4 Convergence of the whole sequence when the limit is unique

Due to the uniqueness of the solution of the continuous problem, given by Theorem 6.1, we deduce that
the whole sequence (u®%), converges to the unique limit v® without assuming the strict hyperbolicity of

the system as in [59]. |

5 Numerical simulations

We consider in this section a simplified one-dimensional model describing the dynamics of dislocations,
where dislocations are microscopic defects present in materials, especially in metal alloys. The movement
of these defects is the main explanation of plastic and viscoplastic deformations. In a particular geometry,
where dislocations are assumed to be punctual defects, depending on a single variable x and moving in
two fixed directions, according to the vector (1,0) (on the right) or according to the vector —(1,0) (on
the left), Groma and Balogh have modeled in [40] the dynamics of the dislocations densities by a (2 x 2)
coupled system of non-local transport equations. More precisely, it is the following system:

ol (t,z) =— <(u1 —u?)(t, ) + oz/o (ut — u?)(t,y)dy + a(t)) dpul(t,z) in (0,T) x R,

o (t,x) = ((u1 —u?)(t,x) + a/o (u* — u?)(t,y)dy + a(t)) Oxu?(t,x) in (0,7) x R.

Here, u' and u? are two scalar valued functions, that represent respectively the dislocations moving on
the right and that moving on the left. Their difference (u! — u?) expresses the plastic and viscoplastic
deformation of the material and their spatial derivatives 0,u?, for i = 1,2, are the dislocations densities
corresponding to each type. While, « is a nonnegative constant depending on the elastic coefficients of
the material and a(-) is the exterior shear stress. We can easily see that in the particular case where

a = a(t) = 0, the model is reduced to the following system:

dut(t,z) =—((u' —u?)(t,2)) dpu'(t,z) in (0,T) x R,
(6.37)
oui(t,z) = ((u' —u?)(t2))0,u*(t,z) in (0,T) xR,
which is well in the form of (6.1).
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5 Numerical simulations

Now, we calculate the numerical solution of system (6.37), through the Upwind scheme (6.5), choosing
discretization parameters (At, Ax) that satisfy the CFL condition (6.7) and taking the following initial
data: . )

ut(0,7) = o sin (2rz) +x, u?(0,z) = o sin (27x) + x, Vo € R,

which are nondecreasing and 1-periodic + linear functions. We thus modelize a periodic distribution for
the two dislocations types, with a spatial period of length 1. Note that each type of dislocations has a
mean density equal to 1. In fact, the use of the periodic boundary conditions is a way of regarding what
is going on in the interior of the material away from its boundary. It is enough then to see only what is
happening in the interval [0, 1].

L' — u?), which reflects the viscoplastic

We simulate below the long-time behavior of the function (u
deformation (in the absence of shear stress). We can intuitively see from system (6.37) that this function
will reach the stationary state (u* —u?) = 0, in long time, as shown in Figure 6.1. This is consistent with

physical expectations, since obviously the material will stabilize, if we stop the stress.

T T T
=0
031 t=0.1 |
~ 02
o —03
t=1
02f t=2 |4
=6
01 |
O /£ \\\
0.1 F -
0.2 -
03 B
1 1 Il 1 L 1 L 1 L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

2

Figure 6.1: Evolution of u' — u? over time.
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Conclusion et perspectives

Les travaux effectués dans cette theése ont permis de répondre a plusieurs questions importantes pour la
dynamique des densités des dislocations. Nous avons pu démontré des résultats d’existence et d’unicité
pour des problemes de type Hamilton-Jacobi modélisant la dynamique des densités des dislocations se
propageant dans une et plusieurs directions de glissement. Ces travaux théoriques ont été complétés par
des études numériques adéquates en proposant des schémas numériques convergents. Des simulations
numériques ont été aussi réalisées afin de mieux comprendre le comportement mécanique issu de la dé-

formation plastique des matériaux.

Dans cette these, notre travail se focalise sur I’étude du modele de Groma et Balogh qui ont négligé
les effets aux bords et les corrélations entre dislocation-dislocation. Nous serons intéressés apres cette
these par I’étude et la compréhension d’autres modeles de la dynamique des densités des dislocations.
De plus, 'objet que nous étudions apres cette these est ’homogénéisation des systéemes hyperboliques et

I’application a la dynamique des dislocations.

Du point de vue numérique, il serait intéressant de prouver une estimation d’erreur entre la solution
continue et la solution discrete dans la continuité des Chapitres 4 et 6. Enfin, nous serons intéressés
par I’étude numérique du probléme introduit dans le Chapitre 3 dans le cadre des solutions continues
Llog L en proposant un schéma aux différences finies ou un schéma aux volumes finis. En effet, nous
prouverons une estimation entropique discrete du gradient similaire a celle obtenue dans le cas continue
(voir Chapitre 3). Cette derniére nous permettra de montrer la convergence de la solution numérique vers

la solution de viscosité du probléme continue en se basant sur les résultats de Barles-Souganidis [13].
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