N

N

Contributions to the design, study and implementation
of Markov chain Monte Carlo methods applied to
Bayesian inference

Aurélien Enfroy

» To cite this version:

Aurélien Enfroy. Contributions to the design, study and implementation of Markov chain Monte Carlo
methods applied to Bayesian inference. Computational Geometry [cs.CG]|. Institut Polytechnique de
Paris, 2022. English. NNT: 2022IPPAS012 . tel-03752067

HAL Id: tel-03752067
https://theses.hal.science/tel-03752067
Submitted on 16 Aug 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-03752067
https://hal.archives-ouvertes.fr

LYT
<0 EC&

TELECOM
SudParis

—hed L
INSTITUT

POLYTECHNIQUE g
DE PARIS ‘Nay. IP PARIS

&
(%]
[
m

\Q

4, <
‘" bg o®

Contributions a la conception, I'étude et
la mise en oeuvre de méthodes de
Monte Carlo par chaine de Markov

appliquées a I'inférence bayésienne

Thése de doctorat de I'Institut Polytechnique de Paris
préparée a Télécom SudParis

NNT : 2022IPPAS012

Ecole doctorale n°574 Ecole doctorale de mathématiques Hadamard (EDMH)
Spécialité de doctorat : Mathématiques appliquées

These présentée et soutenue a Palaiseau, le 15 Juillet 2022, par
AURELIEN ENFROY
Composition du Jury :

Tony Lelievre

Professeur, Ecole des Ponts ParisTech (CERMICS) Président
Yves Atchade

Professeur, Boston University Rapporteur
Florent Malrieu

Professeur, Université de Tours (Institut Denis Poisson) Rapporteur
Nicolas Chopin

Professeur, ENSAE (CREST) Examinateur

Dasha Loukianova
Maitresse de conférences, Université d’Evry Val d’Essonne (LaMME)  Examinateur

Randal Douc
Professeur, Télécom SudParis (SAMOVAR) Directeur de these

Alain Durmus
Maitre de conférence, ENS Paris-Saclay (Centre Borelli) Invité

fe.
—
S,
O
o
;e
O
g
©
)
O
- -
I—







Remerciements

Je souhaite tout d’abord remercier mes directeurs de theése Randal Douc et Alain Dur-
mus pour leur soutien et le temps qu’ils m’ont consacré.

Je remercie Florent Malrieu et Yves Atchade d’avoir accepté de rapporter ma thése,
ainsi que Dasha Loukianova, Nicolas Chopin et Tony Lelievre d’avoir accepté de faire

partie du jury.

Je tiens & remercier mes co-auteurs, Jimmy Olsson, Eric Moulines, Gabriel Stoltz,
Andreas Eberle, Arnaud Guillin et Pierre Monmarché.

Je tiens enfin a remercier ma famille pour leur soutien inébranlable.



iv



Contents

1 Introduction
1.1 Algorithmes de Monte Carlo par chaines de Markov . . . ... ... ...
1.1.1  Application de I’échantillonnage & 'inférence bayésienne . . . . . .
1.1.2  Algorithmes de Monte Carlo par chaines de Markov . . . . .. ..
1.1.3 L’algorithme de Metropolis Hastings et ses dérivés . . . . ... ..
1.2 Convergence des chaines de Markov et des méthodes MCMC associées . .
1.3 Les diffusions de Langevin sous/sur-amorties et leurs discrétisations
1.3.1 La diffusion de Langevin sur-amorties: discrétisation et processus
collant associé . . . . . ... L
1.4 Résumé synthétique des contributions . . . . . .. ... ... .. ... ..
1.4.1  Processus collant discret . . . . . . ... .. .. L oL,
1.4.2  Convergence des discrétisations du processus de Langevin sous-
amortl . ...
1.4.3 L’algorithme de téléportation Kick-Kac . . .. .. .. ... .. ..

2 Boost your favorite Markov Chain Monte Carlo sampler using Kac’s
theorem: the Kick-Kac teleportation algorithm

2.1 Imtroduction . . . . . . . . . .

2.2 Kac’sformula . . . .. .. o e

2.3 The Kick-Kac teleportation process . . . . . . . . . . . . ... ... ....

2.3.1 The memoryless Kick-Kac teleportation process. . . . . .. .. ..

2.3.2  The Kick-Kac teleportation process . . .. ... ... ... ....

2.3.3 A law of large numbers for the KKT process . .. ... ... ...

2.3.4  Geometric ergodicity of the KKT process . . .. ... ... .. ..

2.4 A general Kick-Kac teleportation process . . . .. .. ... ... ... ..

2.4.1 A generalization of Kac’s theorem . . . ... ... ... .. ....

2.4.2  Revisiting the hybrid kernel of [20] . . . . . . ... ... ... ...

2.4.3 Revisiting the Metropolis—Hastings algorithm . . . . . ... .. ..

2.5 Numerical illustrations . . . . . . . .. .. . oo o

2.5.1 Two multi-modal distributions . . . .. ... ... ... .. ...,

2.5.2  Stochastic volatility model . . . . . . ..o 0oL

2.5.3 The Ginzburg-Landau model . . . . . . ... ... ... ... ...

23
24
26



Contents

2.6 Kernel notation . . . . . . . ... L 52
2.7 Proofs and technical lemmas . . .. ... ... .. ... .. ... ..... 52
2.7.1 Proof of Proposition 2.4 . . . . . ... ... ... ... ... ..., 52
2.7.2  Proof of Proposition 2.8 . . . . . ... oo 54
2.7.3  Technical results for proving Theorem 2.7 and Theorem 2.9 . . .. 54
Uniform minorization condition and convergence bounds for discretiz-
ations of kinetic Langevin dynamics 59
3.1 Imtroduction . . . . . . . . . . . e e e e e 60
3.2 Setting and main results . . . . . ... L oo oo 62
3.2.1 Structural assumptions on the numerical schemes . . . . . . . . .. 62
3.2.2 Examples of numerical schemes of the form (3.2) satisfying A1-A2 64
3.2.3 Minorization, drift and convergence uniform in the timestep . . . . 69
3.3 Strategy of proof of Theorem 3.1 in a simplecase . . . ... ... ... .. 74
3.4 Proof of the minorization condition . . . . . .. .. .. ... ... 77
3.4.1 Algebraic structure of the equations . . . .. ... ... ...... 7
3.4.2 Structure and properties of thenoise . . . . . .. .. ... ..... 79
3.4.3 Stability estimates . . . . ... L o o o 85
3.4.4 Proof of Theorem 3.1 . . . .. ... ... ... ... .. .. .... 94
3.5 Proof of Theorem 3.4. . . . . . . . . . . . i it 97
3.5.1 Conditioned drift inequality . . . . . ... ... ... ... ..... 97
3.5.2 Proof of Theorem 3.4 . . . ... ... .. ... ... ... ..... 101
3.5.3 Supporting lemmas . . . . . ... ..o oo 103
3.6 Postponed proofs . . . . . . ... e 104
3.6.1 Proofof Lemma6 ... ............. ... ... ..... 104
3.6.2 Proofof Lemma8 . .. ... ... L oL 105
3.6.3 Proofof Lemma 16 . . .. ... ... ... ... ... ... ..... 105
3.6.4 Proofof Lemma 17 . . . . . . . ... ... ... .. ... 106
3.6.5 Proofof Lemma 18 . . ... ... ... ... .. ... ... ..... 106
3.6.6 Proofof Lemma 19 . ... .. .. .. ... ... ... 0. 107
3.6.7 Proof of Proposition 3.2 . . . . ... ... o oo oo, 107
3.7 Complementary and technical results . . . . ... ... ... ... ... .. 109
Discrete sticky couplings of functional autoregressive processes 113
4.1 Introduction . . . . . . . . . . L L 114
4.2 Sticky reflection coupling . . . . . ... L o oL 116
421 Mainresult . . . . . . L 116
4.2.2  The discrete sticky kernel . . . . . . .. ... o000, 119
4.2.3  Analysis of the auxiliary Markov chain . . . . ... ... ... ... 121
4.3 Continuous-time limit . . . . . . . . . . .. .. ... 124
4.4 An application in Bayesian statistics: parameter estimation in an ODE . . 127
4.4.1 Setting and verifying the assumptions . . . . . .. ... ... ... 127
442 Numerical results . . . . . . . . . . . ... .. 131
4.5 Postponed proofs . . . . . ... e 133

vi



Contents

4.5.1 Postponed proofs of Section 4.2 . . . . . ... ... ... ... ... 133
4.5.2 Postponed proofs of Section 4.3 . . . . . .. ..o oL 150
4.5.3 Postponed proofs of Section 4.4 . . . . . ... ... L. 160
Bibliographie 162

vii






CHAPTER 1

Introduction

Mes travaux de these portent sur les méthodes de Monte Carlo par chaine de Markov et
leurs applications a I'inférence bayésienne. C’est donc tout naturellement que j’introduis
ici ces deux domaines ce qui m’amenera & introduire les principaux problémes auxquels
j’ai taché de répondre dans mes contributions.

1.1 Algorithmes de Monte Carlo par chaines de Markov

Les méthodes de Monte Carlo forment maintenant une classe d’algorithmes trés popu-
laires dont la finalité est d’approximer des intégrales 7(f) = [ fdm, ou f : X — R est
une fonction intégrable par rapport a une distribution m, dite distribution cible, sur un
espace mesurable (X, X). En effet, les théorémes limites usuels justifient d’estimer cette
quantité a partir d’un échantillon {X;} ; indépendantes et identiquement distribuées
(i.i.d.) de loi 7 par

w(f) ~ AMO(F) = 1 3 (X)),
=1

Cependant, comme nous allons le voir tout de suite, dans la plupart des applications qui
nous intéresse, m bien qu’admettant une densité par rapport a une mesure de référence
o-finie, cette densité n’est connue que a une constante de normalisation pres.

1.1.1 Application de I’échantillonnage a I’inférence bayésienne

Nous présentons ici succinctement les statistiques bayésiennes. Nous renvoyons par ex-
emple a [59, 93, 118] pour de nombreuses ressources et références sur le sujet. No-
tons que le probleme de I’échantillonnage d’une distribution ne se limite pas aux stat-
istiques bayésiennes. Cependant, 'une des motivations de cette theése est de développer
et d’analyser des algorithmes d’échantillonnage pour 'appliquer a des problémes issus
de ce domaine ce qui est un sujet suffisamment vaste pour illustrer nos résultats.
L’inférence bayésienne d’observations Y a valeurs dans un espace mesurable (Y,)),
est basée sur un modele probabiliste (Y, Y, (Py)yeco). Pour simplifier ’exposition, nous
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supposons ici que © est un mesurable de R? et que le modele est dominé par une
mesure sigma finie py sur (Y,)). Notons la vraisemblance du modele ¥ — fy(y) =
[dPy/duy](y). De plus, nous supposons également que (9J,y) — fy(y) est bi-mesurable
sur 'espace mesurable produit (© x Y,B(0) ® V). Un exemple de base est le mod-
ele gaussien ou Y est un vecteur de R™ dont chaque composante est indépendante et
identiquement distribuée de loi gaussienne unidimensionnelle de moyenne ¢ € R et de
variance o2 > 0 fixée. Alors le modeéle est dominé par la mesure de Lebesgue et admet
pour vraisemblance, les fonctions définies pour tout y € R™ et ¥ € R par

Foly) = (20?2 T exp (~ (o — 0)2/(20)
=1

ou pour y € R™, y; est la i-éme coordonnée de y dans la base canonique. Alors que en
statistique fréquentiste, on inférerait le parametre ¥ en maximisant la vraisemblance,
les statistiques bayesiennes considerent le parametre ¥ comme lui-méme une réalisation
d’une variable aléatoire 6. Ainsi, & partir d’une loi de probabilité a priori, que I’on notera
Iy, la loi jointe du modele, notée I1, qui est la distribution de (6, Y) sur (O xY,B(©)®)),
est définie pour tout A € B(0) ® ) par

TI(A) = /@ L 9) o) To A0y (dy)

et la loi marginal IIy de Y est définie pour tout A €Y par

Mv(A) = [ Lo a(@)fo o) o(dd)py(dy)

Cette distribution admet une densité par rapport a py :

fr(y) = /@ Fo(y)Tlo(d9)

L’expression de la loi conditionnelle de 6 sachant Y, appelée loi a posteriori, découle
alors du théoreme de Bayes [124, Théoreme 1.31]. La loi a posteriori que ’on notera
post sur (O, B(0)) admet une densité par rapport a Iy qui est donnée pour Ilp-presque

tout 9 par
_ fa(Y)

(YY)
La théorie de la décision permet alors de construire des estimateurs dits de Bayes ont qui
des propriétés d’optimalité tres intéressantes. Ces estimateurs sont le plus souvent sous
la forme d’intégrale par rapport a la loi a posteriori du modele. Par exemple la moyenne
a posteriori [g Ulpost(dY) est un estimateur de Bayes pour le parametre ¢. Mais on
peut souhaiter obtenir plus d’informations sur la loi a posteriori, comme ses quantiles,
on peut généraliser ces problemes en disant qu’il s’agit de calculer des intégrales par
rapport & Ipost, [ 9(9)post(dY). Les algorithmes de Monte Carlo permettent d’estimer
cette quantité. Cependant, on peut observer que la densité a posteriori (1.1) n’est connue
qu’a une constante multiplicative pres car fy(Y) est la plupart du temps inconnu. En
effet, sauf dans le cas de lois dites conjuguées [120, section 3.3], fy, la densité marginale,
n’a pas de forme analytique.

1Ipost (19) (11)
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1.1.2 Algorithmes de Monte Carlo par chaines de Markov

Le fait de ne connaitre la densité de la loi cible qu’a une constante de normalisation pres
rend impossible, la plupart du temps, 'utilisation des méthodes d’échantillonnage simple
comme la méthode par inversion ou par rejet. Pour répondre a ce probleme, des version
auto-normalisée de ’échantillonnage préférentiel peuvent étre mise a ’oeuvre mais il est
connu que ce type d’algorithmes n’est pas efficaces lorsque X est un espace euclidien
de grande dimension ou un ensemble fini de cardinal grand. Une autre solution est de
remplacer les échantillons i.i.d. de loi = par une chaine de Markov associée a un noyau
de Markov K ayant pour loi stationnaire, la loi visée m. Nous rappelons rapidement la
définition des notions en jeu.

Un noyau de Markov K est une application de X x X dans [0,1] vérifiant que 1)
x — K(z,A) est X/B(R)-mesurable pour tout A € X et 2) A — K(x,A) est une mesure
de probabilité sur (X, X') pour tout z € X. Pour toute fonction mesurable f : X — R,
on définira deés que cela fait sens K f(x) = [ K(z,dy)f(y) et pour toute mesure de
probabilité p, uK(A) = [ p(dz)K(z,A). Enfin pour tous noyaux K, Ko sur X x X’ nous
définissions le noyau K1 Ka(z,A) = [ Ki(x,dy)Ka(y, A).

Le processus (Y;);en est une chaine de Markov & valeurs dans (X, X') sur un espace
filtré (Q, F, (Fi)ien, P) si il existe un noyau de Markov K sur X x X’ tel que P(Y;11 €
A|F;) = K(Y;,A) pour tout i € N et A € X. Etant donné un noyau de Markov K et une
loi initiale po sur (X, X) il est toujours possible de construire une mesure sur l’espace
canonique (XN, X®N) telle que les applications canoniques Y; : (yi)ien + ¥ forment
une chaine de Markov de noyau K et de loi initiale 9. Cette mesure sera notée P,
et son espérance E,,. Dans le cas ou pp = d,, la mesure de Dirac a = € X, on notera
simplement P, et E,.

La loi cible 7 est dite invariante pour K si 7K = w. De plus, si 7w est 'unique loi
invariante pour K, alors pour m-presque tout x € X, P,-presque stirement

n

lim 03 (V) = 7 (f), (1.2)

n—-+oo .
=1

Sous la condition que P est Harris récurrent, (1.2) est aussi valable pour tout z € X.
Cette condition supplémentaire signifie simplement que pour tout A € X', et x € A,

P, (i 1IA(Y;) = oo) =1.
i=1

Ces résultats justifie de remplacer les échantillons i.i.d. de loi 7 par une chaine de Markov
associée & K. Le probléme qui se pose alors est de construire un noyau K ayant m pour
loi invariante. Les méthodes de Monte Carlo par chaine de Markov (MCMC) répondent
justement a ce probleme : ils consistent en des procédés d’échantillonnage de chaine de
Markov ayant une loi cible ayant le plus souvent une densité par rapport a une mesure
de référence connu uniquement a une constante de normalisation preés. De plus, bien
que la loi forte des grands nombres soit un résultat déja tres intéressant, elle ne permet
pas vraiment de quantifier la convergence de la chaine de Markov (Y;);en ou de son

3
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noyau vers w. Cependant, avant de rentrer plus en détaille sur I’étude des chaines de
Markov et de leur convergence, nous donnons dans la suite quelques exemples importants
d’algorithmes MCMC.

1.1.3 L’algorithme de Metropolis Hastings et ses dérivés

Un premier algorithme MCMC qui est maintenant considéré comme 'une des méthodes
numériques ayant eu le plus d’impact est ’algorithme de Metropolis-Hastings. Il a été
proposé dans [98], et généralisé dans [(1] et [129]. Ce dernier se base sur un noyau de
Markov @ sur (X, X), appelé noyau de proposition et une fonction ag : X2 — [0, 1], dit
taux d’acceptation pour définir un noyau de transition P sur (X, X’) pour tout z € X et
Ae X,

Pla,A) = [ an(e,5)Qa.dy) +6:(A) [ (1 - an(e.p)Qady),  (13)

L’échantillonnage d’une chaine de noyau P se fait de manieére simple dans le cas ou
on peut simuler suivant Q. Etant donné X,,, un candidat Y;4; de loi Q(Xp,-) et in-
dépendant du passé est généré ainsi qu’une variable uniforme U, 41 sur [0, 1] de maniére
indépendante. Ensuite, si U,y1 < ag(Xy, Yat1), alors le candidat est dit accepté et on
pose X, +1 = Y, 41 sinon il est dit rejeté et on pose X, 11 = X,,. 1l est aisé de montrer
que le processus (X, )nen ainsi défini est bien une chaine de Markov ayant pour noyau
P donné par (1.3). Cependant, pour que P ait pour loi invariante 7, étant donné @, il
convient de choisir convenablement ay. Un critére qui peut étre plus simple a vérifier
que l'invariance est la réversibilité de P par rapport & m : pour toute fonction f : X2 — R
mesurable bornée,

[ @) Plady) = [ fa)r(dy)P(y.do). (1.4
X2 X2

C’est sur cette condition que se base I'algorithme de Metropolis-Hastings comme nous
allons le voir.
Définissons les deux mesures sur (X2, X®2), uy et g pour tout A € X®? par

i) = [ 1am e QU dz) mhA) = [ Lalzn)n(dn)Qlu dz).

Il est aisé de remarquer que P défini par (1.3) est réversible par rapport a m si et
seulement si

/f(w,y)aH(w,y)MH(dx,dy)Z/ f@,y)om(y, ) pg(dz, dy) .
X2 X2

Cette identité est la clé de [129, Theorem 3] qui établit que P est réversible par rapport
A m si et seulement si il existe S € X2, qui soit symétrique, tel que a(z,y) = 0 pour
tout (z,y) € S¢, uu(-N'S) soit absolument continue par rapport & ug(-N'S) de densité
wn satisfaisant pp-presque partout

an(z,y)en(z,y) = an(y, z) . (1.5)

4
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On dira que le noyau P est de type Metropolis-Hastings si il est sous la forme (1.3) et
vérifie (1.5). Trois exemples importants sont les suivants.

(1) Supposons qu’il existe une mesure v sur (X, X) telle que que m admet une densité
encore notée m par rapport a v et () admet une densité de transition g par rapport a v.
De plus définissons

S={(@,y) eX* : m@)q(@, y)r(y)aly.z) # 0} ,

min (1, %) pour (z,y) €S

aH (l‘, y) = .
0 sinon

la condition (1.5) pour que P soit réversible est satisfaite avec

eu(z,y) =

défini sur S.

Un choix simple pour le noyau de proposition @) est de prendre simplement une
distribution de densité g par rapport a v. Alors les variables aléatoires proposées au
cours de l'algorithme constituent une suite i.i.d. distribuée suivant v. Observons alors
que dans ce cas,

an(z,y) = min (1, 7(y)q(z)/m(z)q(y)) -
La méthode correspondant a ce choix de ay et @ est appelée ’algorithme de Metropolis-
Hastings indépendant. Une autre possibilité pour le noyau de proposition @) est celui
d’une marche aléatoire lorsque (X, +) est un groupe et que v est invariante par transla-
tion. Considérons, une loi de densité ¢, symétrique G(x) = ¢(—x), par rapport a v. Dans
ce cas, on peut considérer le noyau de proposition

Qa,A) = [ dla—y)du(y).

La simulation suivant Q(z,-) est simple, puisque elle consiste simplement & simuler X
suivant ¢ et de considérer x+ X. Comme § est supposée symétrique ay est sous la forme

agn (e, y) = min (1, 7(y) /7 (z)) -

Cette méthode est appelée I'algorithme de Metropolis & marche aléatoire symétrique.
Un exemple concret de D'algorithme de Metropolis & marche aléatoire symétrique est
dans le cas X = R? muni de la mesure de Lebesgue et ot

a(w,y) = (2m0?) " exp (— [ly — 2| /(20%)) .

la proposition est la marche aléatoire avec incréments gaussiens centrés et matrice de
covariance old, o > 0.
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(2) Si m admet une densité positive par rapport a une mesure v, notée m, et Q est
réversible par rapport & v, alors en posant S = X et pour tout (z,y) € X2,

an(ey) = min (1 jjg;) ,

(1.3) définit toujours un noyau de Metropolis-Hastings réversible par rapport a 7. Notons
que dans ce cadre contrairement & , il n’est pas nécessaire que () soit dominé par
rapport a v.

(3) Une derniére possibilité que nous présentons ici est de considérer des noyaux
déterministes Q(r,A) = Og(y)(A), dans le cas X = R et ou ¥ : R — RY est un C!-
difféomorphisme involutif. Alors, on peut montrer que la condition (1.5) est satisfaite

avec . (®(z))| Jace ()|
ag(2,y) = min (1’ m(x) > ’

ou Jacg et le déterminant jacobien de ®. Cette construction est a la base d’un algorithme
MCMC tres populaire, I’algorithme Hamiltonian Monte Carlo.

Malgré le succes indéniable des méthodes MCMC, 'un des obstacles majeurs auxquels
elles sont confrontées est le probleme de leur convergence. Plus précisément, comme
nous allons le voir, il est important de quantifier la convergence des noyaux de Markov
associés aux méthodes MCMC vers la loi cible pour étre capable de dériver des bornes
de convergence similaires aux méthodes de Monte Carlo classiques.

1.2 Convergence des chaines de Markov et des méthodes
MCMC associées

Ici nous nous intéressons pour simplifier la présentation a I’erreur quadratique moyenne
des méthodes MCMC associée a un noyau de Markov K définie par

n 2
MSE, (f) = E,q (n_l > {rm) - 7T(f)}>
=1

Cette quantité peut alors se décomposer aisément suivant un terme de biais et de variance

MSE,(f) :B%(f)"i_vn(f)? (1.6)
Bu(f) =n"'> wK'f —n(f) , Va(f)=Var, (nl > f(Yi)) :
=1 =1

Contrairement aux méthodes de Monte Carlo “classique” qui sont sans biais, les méthodes
MCMC sont biasées B, (f) # 0 et pour analyser ce terme, la convergence du noyau K
vers m doit étre étudiée.




1.2. Convergence des chaines de Markov et des méthodes MCMC associées

Pour établir la convergence de la séquence de mesures de probabilité (,LLOK k) Loy Vers
€

7 pour toute mesure de probabilité initiale g, on peut utiliser plusieurs distances sur
I’ensemble des mesures de probabilité sur (X, X') noté P(X), ou un de ses sous-ensembles.
Ces dernieres sont le plus souvent définies comme

(1, v) = sup |u(f) —v(f)],

fer

pour une classe de fonction F de X dans R, ou de maniere duale

We(u,v) = inf / c(z,y)dé(z, y), (1.7)
Eell(p,v) JXxX

ol ¢ : X? — R, est une fonction bi-mesurable, symétrique telle que c(z,y) = 0 si et
seulement si z = y et II(u, ) est 'ensemble des plans de transfert de p et v, c’est a dire
I’ensemble des mesures de probabilité sur (X x X, X ® X') telles que pour tout ensemble
mesurable A € X', ( (A x X) = u(A) et ¢ (X x A) = v(A). Nous appelons W, la distance
de Wasserstein associée au cofit ¢. Observons que la plupart du temps la distance de
Wasserstein n’est pas une métrique mais simplement une semi-métrique. De plus, si on
considere

Fom{f:X=R: [flo<+oc}, [fle= sup LHJW
z,YEX, TAY C(:L’, y)

)

Alors pour tout f € Fe,
u(f) = (NI < [FleWelp, v).-

Ainsi la convergence d’un noyau K en la semi-métrique W¢ permet de borner le terme
de biais B2(f) dans la décomposition de I’erreur quadratique de maniére uniforme sur
la classe de fonction F,. Ainsi si pour une loi initiale pg, We(uoK", ) < C(uo)uy
avec Y, up < 400, B2(f) est d’ordre n=2. Nous donnons maintenant deux exemples
fondamentales de classes de fonctions de colit qui ménent & des métriques tres utilisées
en probabilités et statistiques.

Soit V' : X — [1,00) est une fonction mesurable. Nous définissons la V-norme entre
deux mesures de probabilité u et v comme

lp=vlv = sup [u(f) =v(f)], o [[flly =sup{[f|/V}. (1.8)
£l <1 X
Si V =1, alors || - ||y est la variation totale que l'on note par || - ||py. Il peut étre

établi que les V-normes correspondent aux distances de Wasserstein associées aux cotiits
(x,y) — HAg(w,y){V(aﬂ) +V(y)}/2 ou Ax = {(x,z) : = € X}.

La convergence des chaines de Markov a été étudiée de maniére exhaustive en utilisant
la distance de variation totale et la V-norme [99], en particulier, introduisons ici la notion
d’ergodicité géométrique uniforme V afin de présenter un exemple concret de bornes de
convergence, et parce que certains des résultats de cette theése sont exprimés a travers
cette notion. Soit V' : X — [1,00) est une fonction mesurable. On dit que le noyau

7
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de Markov K, de loi invariante 7, est V-uniformément géométriquement ergodique s’il
existe C' > 0 et p € [0,1) tels que pour tout x € X et n € N,

||6ka —7lv < Cka(x) . (1.9)

Il s’agit d’une notion forte de convergence et elle peut étre assouplie de multiples fagons.
Nous renvoyons a [37, 99] pour une présentation plus développée des résultats de con-
vergence sur les chaines de Markov. Pour prouver (1.9), deux conditions doivent étre
vérifiées. Tout d’abord, on doit pouvoir s’assurer de I’existence d’un ensemble C € X dit
small, c’est a dire vérifiant pour un € > 0 et pour tout z, 2’ € C,

|K(x,) — K (2',)||lry <1 —e (1.10)

Cette condition assure que a l'intérieur de cet ensemble C, on puisse coupler deux chaines
de Markov de noyau K, partant de deux points différents dans C. Pour contrdéler le temps
passé en dehors de C, nous pouvons utiliser la condition de dérive : il existe A € [0, 1),
b > 0 tels que

KV <AV 4+ blc. (1.11)

Sous certaines conditions sur C, \,b (1.10) et (1.11) permettent d’établir (1.9).

Un autre type de métriques maintenant populaire sont celles qui sont basées sur les
distance de Wasserstein & poids ; cf. par exemple [37, Section 20.7] pour des références
sur le sujet. Plus exactement, cela consiste a considérer des semi-métriques définies par
(1.7) avec ¢ = dy(z,y) ou

dy (z,y) = d’(z,y)V(z,y),

p=>1,V:X2 o [1,4+00) et d : X — X est une distance sur X qui le rend séparable et
complet pour la topologie associée et tel que X est la tribu borélienne correspondante.
Dans le cas V =1, X = R? et d est la distance euclidienne, nous retrouvons la distance
de Wasserstein d’ordre p usuelle. De plus, ’'ensemble des fonctions vérifiant | f]d\”/ < 400
correspond & ’ensemble des fonctions Lipschitz a poids pour la distance d. Remarquons
que dans le cas ou dy est semi-continue inférieurement, par exemple lorsque V est
continue, [131, Théoréeme 4.1] assure que I'infimum dans la distance de Wasserstein (1.7)
associée a dy par un plan de transfert ¢* € II(y,v). De méme que dans le cas de
la V-norme, on dit que le noyau de Markov K, de loi invariante 7, est uniformément
géométriquement ergodique pour Wq_, s'il existe C' > 0 et p € [0, 1) tels que pour tout
xeXetnéeN,

Wa, (8, K%, ) < Cp / V(z,y)dn(y) . (1.12)

Voyons maintenant comment les convergences (1.9) et (1.12) peuvent étre utilisées
pour contrdler B, (f) dans la décomposition de l'erreur (1.6). Par définition (1.8), si K
est V-uniformément géométriquement ergodique, nous obtenons que si || f|l;, < +oo,

Clflly polV)




1.2. Convergence des chaines de Markov et des méthodes MCMC associées

Si K est uniformément géométriquement ergodique pour la distance de Wasserstein as-
sociée a dy7, semi-continue inférieurement, nous pouvons retrouver une telle convergence.
En effet, comme nous 'avons remarqué précédemment, il existe dans ce cas pour tout
k € N, un plan de transfert entre 7 et pgK”* ce qui permet d’en déduire que

Euo[f (V)] = 7(f)] < [fla, Wa, (noK", 7).

Ainsi, si (1.12) est vraie, nous obtenons que pour toute fonction f vérifiant [f]a, < +oo,

Clfla, J V(z,y)dn(y)duo(x)
n(1—p) '
Tournons nous maintenant a 1’étude du terme de fluctuation V,,(f) dans (1.6). Pour

cela, une premiere possibilité est de prendre un point de vue asymptotique et établir un
théoreme central limite de la forme, sous P, pour une distribution initiale fy,

Bn(f) <

n—1
o/ {Z (F (%) - ﬂ(f))} =N (0.0%(f) , Jorsquen > 400, (L13)

k=0

olt = désigne la convergence en loi et N (m, 02) est la loi gaussienne unidimensionnelle
de moyenne m et de variance 0. La quantité o%(f) est appelée la variance asymptotique
du noyau K pour la fonction f. Ce type de résultat permet de conclure grossiérement
que le terme de fluctuation V,(f) se comporte comme V,(f) =~ o2(f)/n. Ce point de
vue asymptotique est un moyen pratique de construire des intervalles de confiance pour
w(f).

Pour montrer un théoréme centrale limite du type ( ), une approche qui s’est
montrée intéressante est basée sur les solutions de Poisson associées a K. Soit f une
fonction mesurable, alors on dit que f est solution de I’équation de Poisson associée a f
s,

f-Kf=Ff-n(f). (1.14)

Notons que il n’y a pas unicité de la solution de Poisson car pour tout ¢ € R, f +c
est également une solution de Poisson. [37, Theorem 21.2.5] montre que si f € L2(n),
ou 7 est I'unique probabilité invariante pour K, qu’il existe une solution de Poisson f

associée A f, vérifiant f € L2(7), alors ( ) est satisfait a stationnarité, c’est a dire
pour po = 7 et on peut identifier la variance asymptotique:
o*(f) = E-[{/(X1) - Kf(X0)}?]. (1.15)

De plus, [37, Proposition 21.1.3] assure alors que si pour toutes mesures de probabilité

Ho, 0
lim H,u,()Kn—V()KnHTV :07 (116)

n—-+o0o

alors si le théoréeme centrale limite (1.13) est vrai pour une fonction f & stationnarité
alors il est vrai pour toute distribution initiale py avec la méme variance asymptotique.
A partir de ces deux résultats, on peut montrer que ( ) est vraie pour toute fonction

9
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f vérifiant || f|12 < 400 si K est V-uniformément ergodique. En effet, si K vérifie
(1.9), alors (1.16) est automatiquement vraie et il est facile de vérifier que 7 est I'unique
mesure de probabilité stationnaire pour K car on peut utiliser le théoréme suivant.

Proposition 1.1. Supposons que K est un noyau de Markov ergodique dans le sens
ot pour tout x € X, limy,_s 400 |0, K™ — 7||pyv = 0. Si T est une autre distribution
stationnaire pour K. Alors nécessairement @ = 7.

Preuve: Par définition et en utilisant I'invariance de 7, il est aisé de montrer que pour
tout n € N, (|7 — 7||rv = |[7K™ — 7|ty < [ |0 K"™ — 7||pvda(z). Or, pour tout x € X,
lim,, 4o |02 K™ — 7||7v = 0 par hypothese et la distance en variation totale est bornée
par 2. Ainsi, une application directe du théoreme de convergence dominé permet de
conclure. g

Ensuite, il reste & montrer que pour f mesurable vérifiant || f||;12 < 400, il existe
une solution de Poisson gy (1.14). Pour cela, on définit la fonction gy pour tout x € X
par

45() = S UK F(@) - 7(f)}
1=0

Cette fonction est bien définie car 7(f) < ||f|ly1/2 (V) < 400 en utilisant que V' est
plus grande que 1 et [37, Lemma 14.1.10]. De plus,

S| K @) = (D] < W llyae CYV2VY () /(1= p1?),
=0

d’apres (1.9) et I'inégalité de Cauchy-Schwarz. Cela conclut la preuve que gy est bien
définie et de plus vérifie que pour tout x € X,

9 < fllyrye CYV2VV2(2) /(1 - pM?). (1.17)

Ainsi, gy € L%(m) car n(V) < 400, et on peut conclure que (1.13) est vraie pour toute
distribution initiale et on peut également avoir une estimée de la variance asymptotique
a partir de (1.15) et (1.17).

Pour améliorer la convergence des méthodes MCMC, il a été proposé d’en combiner
plusieurs. A partir de noyaux {Ki}i[:l invariants pour la densité cible, le plus souvent,
les auteurs considérent des noyaux de la forme

1
K- Kjou Y wkK;,

=1

ott {w;}_, € (Ry)! est une suite de combinaison convexe de poids : >/, w; = 1.
Cependant, ce type de procédure n’est que partiellement satisfaisante car elles ne per-
mettent pas d’exploiter certaines informations sur les noyaux {Ki}i[:p et en particulier
leur comportement local sur certaines régions de ’espace. Dans une contribution [30]
développée en Section , nous proposons une nouvelles méthodes permettant une
meilleure combinaison de noyaux MCMC suivant leurs propriétés de convergence loc-
ales.
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1.3. Les diffusions de Langevin sous/sur-amorties et leurs discrétisations

1.3 Les diffusions de Langevin sous/sur-amorties et leurs
discrétisations

Nous avons pu observer que, bien que ’algorithme de Metropolis-Hastings donne un
moyen générique de définir des méthodes MCMC, le choix du noyau de proposition
peut étre problématique. Idéalement, nous souhaiterions pouvoir utiliser des noyaux
qui soient proches en un certain sens d’étre réversibles par rapport a 7w pour qu’un
nombre non négligeable de points soient acceptés au cours de 'exécution de ’algorithme.
Pour obtenir de tels noyaux, il a été proposé de considérer des dynamiques continues
pour lesquelles la mesure cible 7 est invariante. Les dynamiques de Langevin sont
aujourd’hui 'une des dynamiques par défaut pour échantillonner des configurations de
systémes moléculaires en physique statistique computationnelle [2, 58, 90]. Elles ont
gagné également en popularité en statistiques computationnelles et en apprentissage
[10, 118] pour obtenir des échantillons approximatifs de la distribution a posteriori d’un
modele statistique. Ici, nous considérons deux telles dynamiques : les dynamiques de
Langevin sous et sur-amorties,

Nous supposons dans toute cette section que l’espace d’état est R? et que la mesure
cible 7 admet une densité par rapport a la mesure de Lebesgue de la forme

z— exp(—U(z))/ [eVWdy.

1.3.1 La diffusion de Langevin sur-amorties: discrétisation et proces-
sus collant associé

Ici, la fonction U : R* — R est supposée continiiment différentiable. La premieére dy-
namique de Langevin que nous considérons est la diffusion de Langevin sur-amorties telle
que proposée par [52, 107, 121]. Cette dynamique est régie par 1’équation différentielle
stochastique (EDS) suivante :

dX; = —-VU(X,)dt + v2dB;, (1.18)

ou VU est le gradient de U et (By)¢>0 est un mouvement brownien d-dimensionnel. Sous
de faibles hypotheses sur U, par exemple VU Lipschitz, ( ) admet des solutions fortes
uniques. De plus, ces solutions permettent de définir le semi-groupe de Markov associé
a (1.18) par P(z,A) = P(X} € A), ot (X[)i>0 est une solution de (1.18) partant de
r € R et A € B(RY). On peut montrer que le semi-groupe (P;)¢=o est réversible par
rapport & 7, i.e., pour tout t > 0, P, est réversible comme noyau de Markov (1.1). Pour
cela, le chemin le plus simple est de passer par son générateur défini pour toute fonction
f € C%(R%) par

Af =—(VUVf)+ Af, (1.19)
ou Af est le Laplacien de f. On peut montrer que A vu comme un opérateur sur

L2() de domaine D(A) est auto-adjoint : pour toutes fonctions f,g € C2(R%) a support
compact,

/ngdﬂ:/.Afgdﬂ.
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En conséquence, cela entraine que P; est lui-méme auto-adjoint dans L?(7) d’apres [94,
Proposition 2.8.5] et [54, Proposition 2.9]. De plus, sous des conditions faibles de régu-
larité, (P;);>o est ergodique :

dm |uPy — m|Tv =0,

pour toute distribution initiale u. Par ailleurs des résultats de convergence en différentes
métriques, plus ou moins fins, ont pu étre établis dans la littérature [32, 44]. Le probléme
principal qui se pose alors est la simulation de solutions de ( ). Ce qui la plupart du
temps est trés coliteux ou impossible. Pour répondre a ce probleme, il est maintenant
tres courant d’approximer des solutions de ( ) & partir de discrétisation. Ici, nous
nous intéressons a la discrétisation d’Euler-Maruyama qui définit la chaine de Markov
(Yx)ken par la récurrence :

Yit1 =Y, —yVUY%) + vV27vGry (1.20)

ou v > 0 est le pas de discrétisation et (Gg)ren est une suite de variables aléatoires
i.i.d. de loi normale standard. Notons R, le noyau de Markov associé a cette chaine. La
méthode MCMC utilisant la chaine de Markov (Yj)ren comme des échantillons de lois
approximant 7 est appelée l'algorithme de Langevin non-ajusté (ULA) ou Monte Carlo
Langevin (LMC). Ici comme nous allons le voir, nous indigons le noyau par le pas ~y car
c’est le parametre essentiel qui controle la qualité d’approximation de la discrétisation.
Dans le cas ou U est Lipschitz et satisfait des conditions de courbures a l'infini du type

lim (VU(z),2)/ ||’ = n,

l|#]|—=+o0

pour > 0 et 3 > 0 alors il est facile de vérifier que R, satisfait une condition de dérive
et qu’il est fortement apériodique et irréductible par rapport a la mesure de Lebesgue.
Ainsi, R, admet alors une unique mesure stationnaire 7,. Malheureusement, cette loi
est le plus souvent différente de m. Les premiers résultats initiés par [127] ont permis
de montrer que si f est suffisamment régulieres alors un développement de ’erreur était
possible, a savoir :

/fdw—/fdm =Cpry+0(?). (1.21)

Pour justifier rapidement ce résultat, nous introduisons le générateur a la chaine de
Markov a temps discret de noyau R, qui est défini par R,f — f. Un calcul simple
montre que les deux générateurs sont tres proches. Plus précisément, soit Y7 le premier
itéré de ( ) avec Yy = x. Un développement de Taylor de f autour de 2 implique que

E[f (X0)] = f(z) +1Lf(@) + O () |

A ( ) est le générateur de la dynamique continue. Soit alors f une solution de
I’équation de Poisson associée a f et L: Lf = —(f — m(f)). Nous obtenons de maniére
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informelle en notant (Fy)ren la filtration associée & (Yi)kens,
n—1 n—1 N .
S ) —m(Ny =17 {F (V) — BT [F (V)] } + O(m)
k=0 k=0

= ’Y—l {f(}/b) — Efr1 [f‘ (Yn)}} + ’7_1 nil {f(Yk) = [f (Yk)}} + O(nfy) '
k=1

Le premier terme provient des conditions initiales et le second est une somme d’incréments
de martingale par rapport a la filtration (Fy)ren. En prenant espérance, nous obtenons

alors

1
<—+. (1.22)
ny

n—1
‘ﬂ;zfmﬂ—mn
k=0

Ainsi, une conclusion partielle de ( ) s’en déduit en prenant n — +o0.

Aussi, il existe maintenant de nombreux résultats permettant de borner la distance
entre les itérés de R, et 7 en différentes métriques sous diverses conditions sur le potentiel
U [32, 43, 44]. Plus précisément, ces résultats s’énoncent sous la forme de bornes de
complexité au sens ou, pour tout € > 0, il existe 7. > 0 et n. € N* tels que

d(puoRys, ) <€, (1.23)

la distribution initiale pg étant le plus souvent “bien choisie”. Ces résultats permettent
de contrdler le terme de biais dans la décomposition de lerreur quadratique (1.6). Il
existe également de nouveaux résultats des bornes quantitatives de convergence de R,
vers sa loi stationnaire 7, [33], qui permettent comme nous 'avons vu de contrdler le
terme de fluctuation.

Dans cette theése, nous nous intéressons a un autre type d’erreur qui peut se produire
lors de I'implémentation de ULA. Nous nous intéressons dans [40] au cas ou le gradient
du potentiel VU n’est possible que a une erreur numérique pres. Cette situation a déja
été étudiée dans [51] pour le pendant continu sous 'hypothese que il existe m > 0 et
R > 0 tel que pour tout z,y € R, ||z —y|| > R,

(VU(z) = VU(y),z —y) >m|z -yl . (1.24)
Plus précisément, considérons
dX; = —VU(X;)dt + v2dB;, (1.25)
avec VU : R? — R? et

sup ||[VU(z) — VU (2)]| < oo < +00. (1.26)
zERY

Il est & noter que VU n’est pas nécessairement issu du gradient d’un potentiel. Sur
des conditions sur VU similaires & VU, (1.25) admet une unique solution forte et il
existe un semi-groupe de Markov associé & ( ), noté (P;)i>0 qui admet une unique
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mesure invariante 7. Nous aimerions alors pouvoir mesurer 1’écart entre P et pP; pour
une distribution initiale u donné et de fagon uniforme en temps, c’est-a-dire trouver
Yeo, : Ry — 400 telle que

d(uPy, nFPy) < @es (1) (1.27)

et idéalement @, () = 0 si ¢ = 0. Cela est fait dans [51] pour le cas de la distance en
variation totale. L’objet essentiel qu’ils introduisent est un couplage (X, X;)i>0 entre
les deux EDS (1.18) et (1.25) et qui satisfait P presque siirement,

X — Xl < 745 (1.28)
ol (7¢)¢=0 est un processus dit collant car solution de 'EDS
dry = {rk(re) + coo pdt + 2\&1;;1 (r4)dB} , (1.29)
ott (B})¢=0 est un mouvement brownien standard de dimension 1 et pour r > 0,

rk(r) = sup {(VU(z)—VU(y),z —1y)}.

lz—yll=r

L’existence du couplage (Xt,Xt)t>0 et du processus (7¢)i>0 se fait essentiellement en
considérant deux fonctions contintiment différentiables ¢5, ¢5 : R+ — Ry vérifiant

¢5(0) =0, ¢5(t) > 0site (0,0], ps(t) =1sit >4,
¢3(t) + (¢5(t))* = 1 pour tout ¢ >0,

et la famille de de processus (X, X9, 1r?)i>0 indéxée par 6 > 0 tel que

dX) = —VU(XD)dt + V2{¢s5(r:)dB; + bs(r+)d B}
dX? = —VU(X?)dt + V2{ps(r)(Ad —2eef YAB, + ¢5(r)dB;} (1.30)
y ) 0
Ty = HXt - X3 ||

ot ey = [X{ — X7)/ HX;S —XEH siry # 0 et e = 0 sinon, et (By)iso et (Bt)eso sont
deux mouvements brownien standard indépendants. Alors, sous les conditions que VU
est Lipschitz et (1.26), on peut montrer Pexistence et 'unicité faible de (X7, X7, 7)o
vérifiant ( ) et si VU est lui-méme Lipschitz, 'existence est méme forte. Il est &
noter que pour tout § > 0, (X2, XJ)¢>0 est un couplage de (1.18) et (1.25) d’apres la
caractérisation de Levy du mouvement brownien vérifiant | X? — X?| < 9. Aussi, on
peut vérifier que la famille de processus (X7, X7, 7)o indexée par 6 > 0 est tendue
dans I’ensemble des mesures de probabilités sur R?¢ x Ry et que chaque point limite
(X, X, t)¢>0 satisfont les propriétés escomptées par un passage a la limité en quelque
sorte naturel, ¢’est-a-dire (X, Xt)¢=0 est un couplage de (1.18) et (1.25) vérifiant (1.28)
et (r¢)i=0 est solution faible de (1.29).

Il est & noter que la preuve de la tension dans [51] est un peu rapide. Les auteurs
invoquent [65, 66], mais il s’avere que les résultats de ces deux papiers ne permettent

14



1.3. Les diffusions de Langevin sous/sur-amorties et leurs discrétisations

pas de conclure. Dans un papier récent, [47] les auteurs proposent une preuve plus
élémentaire qui s’inspire en fait de I’'une des contributions détaillées en Section . En
effet, dans cette derniére mes co-auteurs et moi-méme étudions un processus discret qui se
révele étre une discrétisation de (X, Xt, r¢)¢>0 et dérivons des propriétés de convergence
pour ce dernier.

Si nous revenons au processus (Xy, X;,7¢)>0, on peut observer que d’apres les pro-
priétés que nous avons énoncés sur ce dernier, pour tout ¢ > 0,

|uP, — uPy||rv < P(X; # Xi) < P(ry > 0).

Ainsi, on a bien répondu a l'objectif annoncé (1.27) avec ¢, (t) = P(ry > 0). En-
fin, en étudiant les propriétés ergodiques de (r¢)i>0, [51] établissent une borne sur
limy> 4 oo P(r; > 0) et ainsi une borne sur || — 7|7y ou 7 est la mesure stationnaire pour
(]5t)t>0. De plus, les auteurs vérifient que limy_, o P(r¢ > 0) o ¢ lorsque coo — 0.

En réalité, un résultat du méme type peut s’obtenir en distance de Wasserstein
d’ordre 2 dans le cas ou ( ) est vraie pour tout z,y € RZ. En effet, considérons le
couplage synchrone

dX; = —VU(X;)dt + V2dB;

dX; = —VU(X;)dt + V2dB; .
On en déduit alors facilement que
d|lX, — X2 = —2(X, - X, VU(X;) - VO (X)) ) dt
—2m||Xt — XtH2dt + 2coo||Xt - XtHdt

<
< —m| X; — X¢|2dt 4 (¢ /m)dt.

On en déduit par une application directe du lemme de Gronwall que
1 — Xel* < e[| X0 — Xoll? + (1 — e 7™)(coo/m)?.
On en déduit alors que pour tout ¢ > 0,

Wo(uPy, pPr) < (1—e ™) e /m.

1.3.1.1 La diffusion de Langevin sous-amortie et ses discrétisations

Dans cette section, nous nous intéressons a la dynamique de Langevin sous-amortie, ou
parfois appelée cinétique, qui décrit I’évolution de la position (X;)i=0 et de la vitesse
(Vi)t=0 d’un systeme par I'EDS:

dX; = V; dt,

(1.31)
th = [—VU(Xt) — th] dt + O'dBt .

Ici, k,0 > 0 sont des coefficients de friction et de diffusion respectivement, et (B)i>o
est un mouvement brownien standard. On montre que 'unique mesure de probabilité
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invariante de (1.31) est la mesure de probabilité de Boltzmann-Gibbs, dont la densité
par rapport a la mesure de Lebesgue est proportionnelle & 7 : (z,v) — exp(—k[2U(x) +
[v][%]/o2). Lorsque le paramétre de friction tend vers 400, alors on peut montrer [108,
Section 6.5] que une version de (X;)i=0 remise a 1’échelle, tend vers une solution de
Langevin sur-armorti

Xt == —VU(Xt)dt + O'dBt .

Nous sommes également intéressés par les situations ou le terme de dérive ne provient pas
d’un gradient, comme dans les simulations de dynamique moléculaire hors équilibre [29,
55], [86, Section 5] ce qui nous ameéne a considérer 'EDS

dX; = V, dt,

1.32
th = [b(Xt) — HVt] dt+o dBt s ( )

pour un champ b : R — RY.

Malheureusement, tout comme la diffusion (1.18), la simulation exacte de solutions
de ( ) n’est en général pas possible et alors des discrétisations sont utilisées a la place
pour approcher une trajectoire et son comportement asymptotique. La discrétisation la
plus aisée est encore une fois la discrétisation d’Euler-Maruyama correspondant a ( )

Xiy1 = Xi + Vi,
Vk+1 =Vi -+~ [b(Xk) — lin] + 071/2Gk+1 .

Ici 7y est encore le pas de discrétisation et (Gy)ren+ une suite i.i.d. de variables aléatoires
gaussiennes standards. Une autre discrétisation qui est aussi explicite consiste a geler
en quelque sorte la position X a chaque itération et a intégrer 'EDS de type Orn-
stein—Uhlenbeck correspondant :

(1.33)

dX, =V, dt,
AV; = [~VU(X) — £V;| dt + o dB,.
On peut résoudre cette équation en utilisant I'intégration par parties ([0, p.116]),
d(e™V;) = —VU (X, )e™dt + oe™dBy,
pour tout ¢t € (kv, (k+ 1)7],

- - 1 -
X;=Xo— —(e™ - 1)V —

K

x|

(t + m) VU(X})

K

t

_E/ ("= _1)aB,,  (1.34)
K Jo

~ - 1 t
Vi=e "V + E(e_“t — VU (Xy) + a/ AR, .
0

On pose alors (Xji1,Vis1) = (X5, V) avec (Xo, Vo) = (Xi, Vi). Malheureusement
comme le cas des discrétisations du Langevin sur-armortie, les discrétisations de ( )
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1.4. Résumé synthétique des contributions

meéme si elles sont ergodiques et possedent une unique mesure stationnaire 7, elle est
différente de 7. Cependant, il existe des résultats de convergence faible du type ( )
pour de nombreux schémas numériques. En ce qui concerne des estimées de la forme
(1.23), la discrétisation définie a partir de (1.34) a déja fait 'objet de plusieurs publica-
tions, par exemple [26, 31]. En particulier, en notant i, ~ la loi de X,,, ces deux études
montrent que Wy (1,4, 7) < € pour n > Vd/e, lorsque U est fortement convexe. Des
schémas du second ordre sont aussi proposés dans [30, Section 4] et [31, Section 4].

Pour ce qui est de la convergence des schémas vers leur mesure stationnaire, nous
pouvons déja nous intéresser aux résultats existants pour la dynamique continue. Il
existe diverses méthodes, par exemple celles basées sur I’hypocoercivité [126, 130] ou
par couplage et existence d’une fonction de Lyapunov [19, 95, 117, 137]. De plus,
bien que la dynamique soit dégénérée, i.e. la matrice de covariance associée a ( )
ne soit pas inversible, on peut montrer [117], que, pour tout ¢ty > 0 et condition initiale
(X0, Vo) = (w0,v0) € R%, la variable aléatoire (Xy,,V;,) a une distribution avec une
densité positive (z,, ve,) = Pro ((To,v0), (T1y, vt,)) par rapport a la mesure de Lebesgue
sur R??, ce qui implique que le semigroupe de Markov associé & ( ) est irréductible.
Enfin, des bornes quantitatives sur p;, pour tout ¢y > 0 peuvent étre établies par exemple
en utilisant le calcul de Malliavin [8], des principes de comparaison [111, 112], ou encore
avec la méthode dite parametrix [76, 85].

L’obtention de taux de convergence quantitatifs au niveau discret pour les schémas de
discrétisation associés a (1.32) est plus difficile. Cela fait I’objet de 'une des contributions
qui est résumée en Section

1.4 Résumé synthétique des contributions

1.4.1 Processus collant discret

Nous nous intéressons dans cet article aux chaines de Markov (Yy)ren partant de y € R4
et définies par récurrence de la forme :

Yig1 =Ty (Ya) + 0/ 72kt (1.35)

ou o >0, v € (0,7], pour un certain ¥ > 0, {T,, : v € (0,7]} est une famille de fonc-
tions continues de R? & R? et (Zk)k>1 est une séquence de i.i.d. de variables aléatoires
gaussiennes sur R%. Notons que ( ) comprends entre autre la discrétisation d’Euler-
Maruyama des diffusions de Langevin sur-amorties. Dans ce cas, v correspond au pas
de discrétisation et pour tout v € (0,7], Ty(y) = y — yVU(y) pour un certain poten-
tiel U : R* — R. Cependant, dans certaines applications, le calcul explicite de VU
n’est pas possible et d’autres méthodes numériques doivent étre mises en ceuvre pour
Iestimer. Aussi, 'utilisation de ces algorithmes entrainent le plus souvent un biais sup-
plémentaire. Dans [40], nous étudions précisément cette source d’erreur supplémentaire.
En particulier, en se basant sur une chaine définie par (1.35), nous considérons une
seconde chaine de Markov (Y},)zen définie par récurrence par

Vi1 =Ty(Ye) + 0/7 k41 (1.36)
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Chapter 1. Introduction

ot {T, : ~ € (0,7]} est une famille de fonctions mesurables de R? dans R? telle que
pour tout v, T, est une approximation de T, dans le sens ot
sup || T, (y) = T, (9)| < eoe. (1.37)
y€R4

pour ¢, > 0. Dans (1.36), (Zx)k>1 est une séquence de i.i.d. d-dimensionnelle de vari-
ables aléatoires gaussiennes standard potentiellement corrélées avec (Zy)r>1 apparaissant
dans (1.35).

Notons maintenant R, et Rv le noyau de Markov associé a (Y )ken et (Yk) keN respect-
ivement. Supposons maintenant que la famille {T : v € (0,7]} satisfasse la condition
uniforme en le pas de temps suivante : il existe m > 0 tel que pour tout v € (0,7],
z,y € R,

1T, (@) = Ty ()] < (1) o — ]| - (1.38)

En particulier, lorsque T, = x — VU (x), (1.38) est satisfait si U vérifie (1.21) et
7 est pris suffisamment petit. Sous (1.38), il est aisé de montrer que R, et Rv sont
uniformément géométriquement ergodiques. Notons alors leur loi invariante par m et
7y respectivement. Sous (1.37), le processus global (Yi)ren peut étre vu comme une
version perturbée de (Y;)ren, et on s’attend alors a ce que 7, soit proche de 7. Le but
principal de [40] est d’établir des bornes quantitatives sur des distances de Wasserstein
entre ces deux lois. L’étude de la perturbation des processus de Markov a fait I’objet de
nombreux travaux, comme par exemple [71, 97, 102, 123, 125]. Cependant, il s’avére que
ces résultats existants ne s’appliquent pas tels quels. Plus précisément, nous portons dans
notre étude, une attention particuliere & la dépendance des bornes que nous obtenons
vis-a-vis du pas de discrétisation . C’est-a-dire que nous obtenons des bornes qui sont
uniformes en le pas de temps « de la forme: pour tout v € (0,7],

WC(Wwa'y) < () s

pour une fonction ¢ vérifiant ¢(cs) ~ Cco, pour une constante C' > 0 dépendante
uniquement des parameétres du probléme. En particulier, nous retrouvons dans le cas
de la variation totale les résultats de [51] pour le processus collant continu décrit en
Section et étendons ces résultats a d’autres distances de Wasserstein.

Comme dans [51], nos résultats sont basés sur la construction d’un couplage appro-
prié des processus, c’est-a-dire une construction simultanée d’une paire (Yk,ffk)keN de
chaines non-indépendantes qui suivent marginalement (4.1) et (1.2) respectivement et
sont congues pour se rapprocher et rester proches les unes des autres. Les estimations
sur les lois des chaines découlent alors de I'étude de (||Yy — Yi||)ren, qui est elle-méme
basée sur l'analyse d’une chaine de Markov (W )ken sur [0, +00) qui est construite de
telle sorte & borner cette différence : ||Yy — Yi|[x < Wi pour tout k € N. Ainsi, ’étude
de la distance entre les lois marginales des deux chaines de Markov se réduit a 1’étude
de la chaine de Markov (Wy)ren qui posséde de nombreuses propriétés intéressantes.
Par exemple, elle est stochastiquement monotone, c’est-a-dire si (W) )xen est une chaine
de Markov associée au méme noyau de Markov que (Wj)ren et telle que Wy < WY,
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1.4. Résumé synthétique des contributions

alors pour tout k € N, W] est stochastiquement dominé par W, i.e. pour tout ¢ > 0,
P(Wi < t) > P(W] < t). L’analyse de cette chaine de Markov auxiliaire constitue une
des contributions de [40]. Les principaux résultats de cette analyse sont les suivants.
Premiérement, nous prouvons que (Wy)ren admet une mesure de probabilité invariante
unique et que, indépendamment de 7, les moments et la masse sur (0, +00) de cette loi
d’équilibre sont d’ordre c lorsque co, — 0. Ensuite, nous établissons la convergence
géométrique de la chaine vers son équilibre, & un taux explicite (uniforme en le pas de
temps 7).

Dans le cas ou (1.35) correspond a la discrétisation d’Euler-Maruyama (1.20), nous
prouvons également que lorsque v — 0, la chaine (Wj)gen, remise a ’échelle de maniere
appropriée, converge en loi vers la diffusion collante en temps continu ( ). Ce résultat
apporte un éclairage nouveau sur le processus collant continu, qui, dans [51], est construit
comme la limite de diffusions en temps continu avec des coefficients de diffusion qui
tendent vers zéro. Ici, nous montrons que dans un certain sens, (Wy)ren peut alors étre
vu comme un schéma de discrétisation pour le processus collant.

Outre 'évidente différence temps continu/temps discret entre [51] et [40], soulignons
d’autres distinctions importantes. Tout d’abord, dans [51], le processus collant uni-
dimensionnel possede une mesure invariante explicite. Ce n’est pas le cas dans notre
cadre, ce qui rend la dérivation des bornes sur les moments de 1’équilibre bien plus
compliquée. Deuxiémement, dans [51], bien qu'’il soit prouvé que la masse a zéro et le
premier moment de la loi de la diffusion collante convergent vers leur valeur a ’équilibre
(ce qui est suffisant pour obtenir des estimations sur les lois des deux processus initiaux
d-dimensionnels), la question de la convergence & long terme n’est pas abordée pour la
diffusion collante, alors que nos résultats de convergence a long terme pour (Wy)x>o ainsi
que sa convergence en v — +oo fournissent un taux de convergence explicite pour la
diffusion collante. Enfin, les résultats de [51] ne concernent que la variation totale, alors
que nous considérons une classe plus large de distances.

1.4.2 Convergence des discrétisations du processus de Langevin sous-
amorti

Dans [41], nous analysons le comportement de chaines de Markov (X, Vi)kren, de la
forme suivante, pour tout k € N, v € (0,7]

X1 = X + Vi +7f5 (Xk, YV, 76+1/2072k+1, Wk+1) +~25. D, Zh 1

(1.39)
Viet1 = 7/ Vi + 794 (Xk, VoVio 20, Zp 1, Wk+1) + VY0 Zky
o7, >0, (Zkt1)keN est une suite de vecteurs gaussiens d-dimensionnels centrés réduits
indépendants identiquement distribués, (Wj.i1)ken est une suite de vecteurs gaussiens
m-~dimensionnels centrés réduits indépendants identiquement distribués, indépendant de
(Zk+1)ken- A ma connaissance, tous les schémas explicites de discrétisation de ( )

Len fait la loi des (Wk+1)ken peut étre bien plus générale mais nous nous restreignons a ce cas pour
simplifier la présentation

19



Chapter 1. Introduction

peuvent se mettre sous cette forme, en particulier celui d’Euler-Maruyama ( ) et
celui défini par ( ). De plus, cette famille comprend également les schémas par
division proposés dans [18, 84], qui deviennent de plus en plus populaires en dynamique
moléculaire (voir [2, Section 12.2]) Plus d’exemples sont fournis dans le Chapter
Notons Rw le noyau de Markov associé a la chaine de Markov (X, Vi)ken-

En ce qui concerne la convergence de R,y, il est primordial d’établir des taux de
convergence p, pour les schémas de discrétisation avec un pas de temps v > 0 qui sont
similaires & leur homologue continu, c’est-a-dire telle que log(p) est linéaire en le pas de
temps 7, c’est-a-dire log(p-) o 7 lorsque v — 0. Plus précisément, si nous désignons par
Ry le noyau de Markov associé a un schéma de discrétisation donné, il est raisonnable
de s’attendre a ce que, sous des conditions appropriées et pour tout v > 0 suffisamment
petit, ce noyau admette une distribution invariante 7, et

d(MORfk;a WV) < Cp’yk ) (140)

pour une distribution initiale pg, o C > 0 et p € [0,1), tandis que d est une cer-
taine distance sur I’ensemble des mesures de probabilité sur R??. Actuellement, I'une
des principales options pour obtenir une telle convergence est de prouver des estima-
tions de Lyapunov et des conditions de minorisation qui sont uniformes en le pas de
temps, c’est-a-dire que de telles conditions tiennent pour fn’,[yto/ d pour un certain tg > 0
pour des constantes qui ne dépendent pas de . Cette stratégie a été utilisée pour la
dynamique de Langevin sur-amortie dans [16] et [33]. Alors que les conditions de Lya-
punov sont basées sur des calculs algébriques directs, et peuvent nécessiter de considérer
des schémas implicites [77, 95], montrer une condition de minorisation uniforme dans
le pas de temps est le principal point faible de cette approche. Pour les dynamiques
stochastiques non dégénérées, ce type de résultats peut étre établi en s’appuyant sur le
calcul de Malliavin [9], mais la preuve qui en résulte est assez complexe. Il peut égale-
ment étre possible d’écrire une preuve directe comme dans [16] & partir du théoréme
de Girsanov, mais ceci n’est toutefois possible que pour des dynamiques avec un bruit
additif. Enfin, 'approche par couplage développée dans [33, 44] ne peut pas étre ap-
pliquée aux discrétisations de 'EDS dégénérée ( ). L’une des contributions qui est
résumée en Section est d’établir ( ) pour la plupart des schémas existants. Dans
[41], nous considérons une autre approche pour obtenir des conditions de minorisation
uniformes dans le pas de temps : 1'idée est de considérer le schéma numérique sur de
petits temps physiques comme une perturbation d’un processus gaussien donné.

Soit P un noyau de Markov. On dit qu’un ensemble C est de Doeblin (pour le noyau
P) s’il existe m € N* et € > 0 tel que pour tout z,2" € C x C,

1P (=) = P2 )llrv < 2(1 =€)

Le premier résultat de [41] est de montrer que sous des conditions faibles sur le schéma
( ) tous les compacts de R?? sont des ensembles de Doeblin R, mais avec m et ¢
uniforme en v i.e. il existe £y, 7 > 0 tel que pour tout M > 0 et to € (0, o] il existe 4, ar
tel que pour tout v € (0,7] et 2,2 € R¥, ||z|| < M, ||| < M,

| RYH(z, ) = REOMIFL( vy < 2(1 = &g m1) - (1.41)
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1.4. Résumé synthétique des contributions

Le deuxieme résultat principal est d’établir des conditions de dérives pour R7 égale-
ment uniforme en le pas de temps, c’est-a-dire de la forme : il existe V : R?¢ — [1, 4+-00),
A€ (0,1) et M,b >0, tels que pour tout v € (0,7] et z,v € R%,

RV (z,v) < XV (2,v) + 0L ar (2]l + [lo])) - (1.42)

La combinaison des deux résultats (1.11) et (1.12) permettent I’application direct de [37,
Théoreme 19.4.1], ce qui implique qu’il existe 7y > 0 tel que, pour tout v € (0,7y], R,y
admet une unique mesure de probabilité invariante 7., et il existe Ay > 0 et py € (0,1)
tels que pour tout v € (0,7y],

pour tout z,v € R?, 1820y RE — 74 |lv < Appi?V (2, v).

Nous avons alors bien répondu a notre objectif initial a savoir (1.40).

1.4.3 L’algorithme de téléportation Kick-Kac

Dans ce travail, nous nous proposons de viser une distribution cible m en proposant une
nouvelle classe d’algorithmes: les algorithmes de téléportation Kick-Kac (les processus
KKT). Avant d’entrer dans la description de cette classe, nous rappelons la formule
de Kac sur laquelle reposent ces algorithmes. Soit P un noyau de Markov sur (X, &)
admettant une mesure de probabilité invariante 7. La formule de Kac s’écrit ainsi: pour
tout ensemble C m-accessible, i.e. tel que P, (oc < 00) > 0 pour m-presque tout z € X,
on a pour toute fonction mesurable, positive ou bornée f,

oc—1

~(f) = [ w(do)E, > )| = JRCEL L;f(xk)]-

S’il s’avere que 7 est 'unique probabilité invariante pour P, alors tout ensemble C telle
que 7(C) > 0 est aussi m-accessible, ce qui permet d’identifier rapidement des ensembles
C pour lequel la formule de Kac s’applique. Il est remarquable de constater dans cette
formule que 'expression de 7(f) s’appuie sur la connaissance de 7 dans I’ensemble C
uniquement.

Ceci nous a amené a proposer de viser m de la maniére suivante. Supposons donné
un noyau de Markov P m-invariant. On construit d’abord une chaine auxiliaire de noyau
@ définie sur C visant 7mc (la restriction de 7 a ’ensemble C). A partir de chaque
état de cette chailne, nous proposons un candidat suivant le noyau P et acceptons le
candidat uniquement s’il n’est pas dans C. Formellement, 'algorithme s’écrit sous la
forme suivante:

(i) Initialization: Simuler (Yp, Zy) suivant une loi arbitraire
(ii) Itération: pour k< lan

(a) simuler Y ~ P(Yj_1,-)
(b) si Yy ¢ C, poser (Y, Zy) « (Y, Zk—1)
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(c) Sinon simuler Zy ~ Q(Zy—_1,-) et poser Y < Zj

La chaine étendue (Yj, Zx)ren s’avere étre une chaine de Markov dont la loi invariante
possede m comme marginale sur la premiere composante. Cet algorithme permet ainsi
de combiner astucieusement deux dynamiques différentes, celle associée a P permettant
d’explorer la distribution cible & I'extérieur de C et celle associée a ) a 'intérieur de
C. Cet algorithme peut particulierement nous étre utile lorsque nous constatons qu’une
chaine de noyau P n’explore bien que certaines zones de I'espace d’état. Si on appelle
C les zones ou P est moins efficace, alors nous pouvons utiliser un autre noyau, ap-
pelé Q pour visiter cet ensemble, et combiner ensuite les deux suivant 'algorithme de
téléportation.

Nous avons alors établi que la chaine étendue satisfait une loi des grands nombres
partant de n’importe quel point si et seulement si (a) le noyau @ vérifie la méme propriété
et (b) ensemble C est un ensemble atteignable pour P & partir de n’importe quel point
de T'espace. Ce résultat (qui n’est pas améliorable car les conditions sont nécessaires
et suffisantes) est basé sur une nouvelle caractérisation (du moins, a notre connais-
sance) d’une loi des grands nombres partant de n’importe point en terme d’harmoniques
bornées.

Nous avons également obtenu des conditions permettant d’assurer que la chaine
résultante est géométriquement ergodique. Comme pour la loi des grands nombres, nous
avons établi ces résultats a partir essentiellement de conditions sur @) (ensemble small
pour @ et drift géométrique en dehors de cet ensemble) tandis que les conditions pour P
sont nettement moins contraignantes (on ne suppose pas d’ensemble small pour P). Ceci
confirme bien que 'algorithme de téléportation peut étre une alternative intéressante
lorsque les propriétés ergodiques de P sont ralenties dans certains endroits de ’espace
d’état.

Enfin, nous proposons une extension de 'algorithme de téléportation qui nous per-
met d’étendre notablement les lois invariantes pour le noyau auxiliaire ). Le prin-
cipe de l'extension est tres simple: il suffit d’ajouter une composante indépendante
de loi uniforme et considérer le processus KKT associé a des ensembles de la forme
{(z,u) € X x [0,1] ;u < a(r)} ou a est a valeurs dans [0,1]. Au lieu que @ vise la
restriction de 7 a un ensemble C, nous pouvons désormais lui faire viser n’importe quelle
distribution auxiliaire & pourvu que g—i(x) < M pour w-presque tout x € X. Cette
extension permet de placer tout algorithme de Metropolis Hasting comme une instance
particuliere de ’algorithme de téléportation ainsi que l'algorithme de renouvellement de
Brockwell et Kadane ([20]) qui en est aussi un cas particulier. De nombreuses questions
restent encore et seront sans doute ’objet d’autres études: comment combiner astu-
cieusement plusieurs ensembles C; imbriqués les uns dans les autres 7 Peut-on viser des
distributions auxiliaires sans utiliser des chaines de Markov 7 Quelles seraient des heur-
istiques pour déterminer automatiquement les ensembles C permettant 'implémentation
des algorithmes de téléportation ?
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CHAPTER 2

Boost your favorite Markov Chain Monte Carlo
sampler using Kac’s theorem: the Kick-Kac tele-
portation algorithm

RANDAL Douc', ALAIN DURMUS’, AURELIEN ENFROY’ AND JIMMY OLSSON

The present paper focuses on the problem of sampling from a given target distribu-
tion 7 defined on some general state space. To this end, we introduce a novel class of
non-reversible Markov chains, each chain being defined on an extended state space and
having an invariant probability measure admitting 7 as a marginal distribution. The
proposed methodology is inspired by a new formulation of Kac’s theorem and allows
global and local dynamics to be smoothly combined. Under mild conditions, the corres-
ponding Markov transition kernel can be shown to be irreducible and Harris recurrent.
In addition, we establish that geometric ergodicity holds under appropriate conditions
on the global and local dynamics. Finally, we illustrate numerically the use of the pro-
posed method and its potential benefits in comparison to existing Markov chain Monte
Carlo (MCMC) algorithms.
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Chapter 2. Boost your favorite Markov Chain Monte Carlo sampler using Kac’s
theorem: the Kick-Kac teleportation algorithm

2.1 Introduction

In this work, we develop a new Monte Carlo technique to sample from a given target
distribution 7 on some general state space (X,€). Our construction is based on Kac’s
theorem, which is a fundamental result in Markov chain theory. More precisely, let P
be some Markov kernel leaving 7 invariant and C € £ some measurable set. Moreover,
for every x € &, let P, be the law of the canonical Markov chain (X,),en on (X, E)
with kernel P and such that Xy = x, and denote by E, the corresponding expectation.
Under some conditions on P and C, Kac’s theorem states that for every bounded Borel-
measurable function h on (X, &), the Lebesgue integral of h with respect to 7, denoted
by m(h), can be expressed as

oc—1
mw(h) = W(C)/ﬂ'c (dz)E [Z h( Xk ] , (2.1)

where oc = inf{k > 0: X}, € C} is the first return time to C and n¢ := 7(- N C)/m(C) is
the (normalized) restriction of 7 to C (see Theorem below). Here we have assumed
that 7(C) > 0. A remarkable feature of Kac’s formula is that it characterizes completely
7 by 7(C), mc and P. In particular, there is a large flexibility in the choice of these three
elements. In the light of (2.1), a possible strategy for estimating 7(h) is to produce
iid. draws (X{)Y, from mc and let each draw X§ initialize a Markov chain (X} )ren
evolving according to P; once the chain returns to C, i.e., after O'é: time steps, it is
killed and the last state is discarded. By (2.1), the independent Markovian trajectories

inTe—1 . . . .
(X,Zg)gczo cieA{L,. N }, produced in this manner can be used to form a consistent

estimator SN Z (X /SN, JC of w(h). More generally, instead of sampling i.i.d
draws from 7, we may generate (X§);en by simulating a Markov chain evolving on C
according to some Markov kernel @) leaving ¢ invariant. Then, as before, we let each

ETRT . . inoe—1 . . .
state X initialize a Markovian excursion (X,Q)ZCZO evolving according to P. After this,

. . ol—1 .
the—now dependent—trajectories (X,Z)ZCZO , 1 € N, can be used to form an estimator of

m(h) as previously. Now, concatenate the produced trajectories into a single sequence
and denote by Y, the (n + 1)th element of this sequence (or formally, for every n € N,
let i(n) :=sup{i € N: Yb_, 0 < n}, k(n) :=n — Ze | ot and set V), = XZ((n))) The
resulting process (Y}, )nen, which we will refer to as the Kick-Kac teleportation (KKT)
process and define carefully in Section 2.3, is non-Markovian and evolves by moving—or,
teleporting—across C according to @ and excursing the space outside C according to P.
After each @ transition, an excursion according to P is initiated; once the excursion
returns to C, its last state is discarded, and a new teleportative move according to @,
picking up the end state of the previous teleportation, takes place, generating the new
state of the process. When the density of 7 is known up to a normalizing constant, so is
the density of m¢c, which provides a variety of possible choices of ), including the plethora
of Markov chain Monte Carlo (MCMC) kernels, such as those of Metropolis—Hastings
(MH) type [61, 98, 128]. Moreover, with an appropriate choice of C, rejection sampling
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can be implemented to generate i.i.d. draws from 7¢; in that case, Q(z,-) = m¢ for all
x € C, yielding a process lacking long-term memory.

The KKT sampling method that we propose has particular relevance to target distri-
butions with multiple, isolated modes. Standard MCMC methods, such as the random-
walk Metropolis (RWM) algorithm, the Metropolis-adjusted Langevin algorithm (MALA)
[121] or the Hamiltonian Monte Carlo (HMC) method [104], generally exhibit poor per-
formance when applied to such models due to difficulties in crossing low-probability
barriers. Still, since such models arise in many applications [56, 69, 78], plenty of vari-
ations on the MCMC technology have been proposed to address this issue. The literature
on this topic is extensive, why we here only provide a brief introduction to place our work
into a context. A first family of methods is based on tempering strategies [60, 101, 105]
and a second one on optimization methods trying first to identify the modes of the tar-
get distribution before applying adaptive MCMC techniques [4, 79]. Finally, exploratory
schemes have been suggested in [14, 133]. In contrast to these works, our methodology
belongs to a class of ‘resurrected’ or ‘regenerative’ processes, which return to a certain
part of the state space once being killed [63, 64, 103]. In many cases, these processes
have been constructed with the aim of coupling from the past and perfect simulation [57,
110]. Among existing methods, we found that the hybrid kernel approach introduced
in [20] is the one that is most closely related to the KKT sampler proposed by us, and
a detailed comparison is given in Section below. Using regeneration strategies for
designing efficient Monte Carlo samplers is still the subject of active research; see [70,
81, 132] for some recent work in this direction. In the case where 7 is multi-modal, the
KKT process provides, especially in its most general form—the general KKT process—,
a very generic framework. Using the teleportation-based sampling procedure described
above, multi-modality can be straightforwardly handled by letting C be a low-probability
region surrounding the modes of the target and P some MCMC kernel used to explore
locally the modes. For instance, C can be defined as a level set of the target density (up
to a constant of proportionality). Parameterized appropriately, the KKT process can be
made to transit with ease across regions of the state space where the ergodic properties
of the kernel P are poor, de-correlating significantly the produced samples.

In the present paper, which provides a basis for further methodological innovation,
we

o provide, under mild assumptions, a novel and concise proof of Kac’s theorem (2.1)
as well as a generalized version of the same identity where m¢ is replaced by a
general probability distribution 7 on (X, ) such that 7 is absolutely continuous
with respect to m with a m-a.s. bounded density d7/dw. These results are of
independent interest.

o use Kac’s theorem to construct an increasingly general KKT process framework
and provide a rigorous analysis of its theoretical properties.

o illustrate, in a simulation study, the potential of the proposed KKT sampler.
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Outline of the paper and the results

As a preparation for coming developments, we first provide, in Section 2.2, our new proof
of Kac’s theorem (2.1) under the mild assumption that C is m-accessible (Theorem 2.1).
Moreover, as established by Corollary 1, in the case where 7 is the unique invariant
distribution of P, Kac’s theorem holds true for any set C € £ such that 7(C) > 0.

In the first part of Section we examine the KKT process in the memoryless
case where Q(x,-) = mc for all x € C. In this case, the KKT process (Y,)nen is a
Markov chain, and we establish that it allows the target m of interest as an invariant
distribution. In addition, we provide necessary and sufficient conditions for the process
to be m-reversible (Proposition 2.4), conditions that are not satisfied in general.

In the second part of Section we turn to a general @) leaving m¢ invariant, and
define the KKT process (Y,,)nen via an additional, auxiliary C-valued process (Z,)nen
defining the states of (Y}, )nen inside C. In this construction (which is detailed in Al-
gorithm 2), the bivariate process (Y5, Zn)nen is a Markov chain on the extended state
space X x C with invariant probability measure 7 admitting 7 as a marginal with respect
to the first argument (Proposition 2.5). Moreover, if 7 and 7¢ are the unique invariant
probability measures for P and @), respectively, then 7 is the unique invariant probability
measure for the process (Y, Zn)nen (Proposition 2.6). Then, under the assumption that
7t is the unique invariant probability measure, we show that (Y, Z,)nen satisfies a law
of large numbers with respect to 7 if and only if the durations of the excursions from C
are a.s. finite and @) satisfies a law of large numbers with respect to m¢c (Theorem 2.7).

In order to complete the analysis of the KKT process, we also show that (Y, Z, )nen iS
geometrically ergodic (with respect to 7) if @ is geometrically ergodic (with respect to 7¢)
and P exhibits geometric drift toward C (Theorem 2.9). Importantly, P is not required
to be geometrically ergodic, which supports the idea underpinning the construction,
namely that the mixing of a Markov chain evolving according to P can be drastically
improved by changing the dynamics of the chain in regions of bad mixing.

Finally, to facilitate reading, the notation used in this paper is collected in Section
and some technical results and proofs are postponed to Section

2.2 Kac’s formula

As explained above, the teleportation process introduced in Section is based on
Kac’s theorem. Due to its importance to the construction of the teleportation process,
we restate, after the introduction of adequate notation, this result and provide general
assumptions under which the theorem holds true. In addition, we provide an effective
and, up to our knowledge, novel proof.

Let (X,€) be some measurable space and denote by M(€) and My (&) the sets of
o-finite nonnegative measures and probability measures, respectively, on (E,£). In ad-
dition, we denote by Fy(€) and F; (&) the sets of bounded and nonnegative £/B(R)-
measurable functions, respectively. Furthermore, let (XN, £®8N) be the associated ca-
nonical space and denote by (X, )nen the corresponding coordinate process. For every
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initial distribution p € M{(€) and Markov kernel P on X x £ we let P, be the prob-
ability measure on (XN, £®N) induced by P and p and denote by E, the correspond-
ing expectation. As usual, the shift operator is the transformation on XN given by
0 : (wo,wr,w2,...) — (w1,ws,...). If 7 is an invariant probability measure for P,
i.e. TP = 7, then by the Markov property, for every A € 8N,

E;[la00] =Ex[LA], (2.2)

which implies that P00~ = P.; in other words, (XN, £8N P_ #) is a measure-preserving
dynamical system. Moreover, for every C € £ we define recursively

aé::inf{k>afj1 : XkeC}, ¢ e N,

with 08 := 0. Note that o¢c := aé is the return time to the set C. In the following we
say that C € &£ is m-accessible if P, (oc < +00) > 0 for m-almost all x € X. Moreover, we
simply say that C is accessible if P,(oc < +00) > 0 for all x € X.

We have now all the notation required for the statement of Kac’s theorem.

Theorem 2.1 (Kac’s theorem). Let P be a Markov kernel on X x £ with invariant
probability measure w. Then for every w-accessible set C € £ it holds that

=72 =n¢, (2.3)
where the measures 72 and w¢ are defined by, for f € FL(£),

oc—1

%uwzﬁw@wa[g%ﬂxw

,7ﬂﬁ:ﬁﬂmw4gﬂ&ﬂ. (2.4)

Even though the conclusion of Theorem is the same as that of [100, The-
orem 10.4.9], these results are obtained under different assumptions. Indeed, [100, The-
orem 10.4.9] requires the Markov kernel P to be recurrent and irreducible, properties
that are not assumed in Theorem 2.1. It can also be noted that [37, Theorem 3.6.5]
provides another statement of Kac’s theorem which is expressed in terms of subinvariant
measures (instead of invariant probability measures). Consequently, in [37], the identity
(2.3) holds under the assumptions that (i) C is m-accessible and (ii) P,(oc < o0) =1 for
m-almost all = € C, whereas, as we will see in Lemma | below, it turns out that that (ii)
is already implied by (i) in the particular case of invariant probability measures. This
allows the proof of (2.3) to be neatly simplified.

We provide here an intermediate result which will be used in the proof of Theorem

Lemma 1. Let P be a Markov kernel on X x £ with invariant probability measure 7.
Then C € & is m-accessible if and only if P,(oc < 400) =1 for m-almost all x € X.

Proof. Assume that C is m-accessible and set A := {o¢ < +oo}. Since {oc 00 <
+oo} C {oc < +oo}, it holds that 15 0§ < 1a. Combining this with (2.2) yields
Tao00 =14, Pr-as., i.e., 1a is Py-a.s. an invariant random variable for the dynamical
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system (XN, €8N P_9). By [100, Theorem 17.1.1], Px,(A) = 1a, Pr-a.s. Since C is
m-accessible by assumption, it holds that P,(A) > 0 for m-almost all z € X; thus, we
obtain

1= /W(d.’l?) ]l{F’I(A)>0} = P’)'I'(PX()(A) > 0) = Pﬂ—(]l/_\ > O) = PW<A) = PW(O'C < +OO)
Consequently,
0=1—P,(oc < +00) = /ﬂ(d:c) (1 - Py(oc < +00)),

from which we finally conclude that P,(oc < +00) = 1 for m-almost all x € X. The
converse is obvious. O

Proof of Theorem 2.1. By the last-exit decomposition and the Markov property we have
for all f € F1 (&) NFyL(E) and n € N*,

+ Ew[f(Xn):H-{Uc>'rL}]

> En [ n)lc(Xy) H Lce(Xp)

=1 k=(+1

n n—~_

=) Eq [ﬂc X¢)Ex, [f(Xn—Z) 11 ﬂCC(Xk)H + Ex[f(Xn)Loesny] -
/=1 k=1

Noting that 7 is invariant and setting k = n — ¢, we get

7(1) = 3 [ 70) Bl (X)L oenig] + EnlF (X)L ocm)

(n—1)A(oc—1)

— Cw(dx)Ex[ S f(Xk)

k=0

+ Eﬂ-[f(Xn)ﬂ{oc>n}] : (25)

We now let n — oo in (2.5). Since f is bounded and Pr(occ = +00) = 0 by Lemma 1,
the dominated convergence theorem implies that the second term on the right-hand side
of (2.5) tends to zero. Moreover, by applying the monotone convergence theorem to the
first term, we obtain that 7 = 7. Finally, this implies the last equality of (2.3), since
by the Markov property, 7r(1: = ng =P =m. ]

Remark 2.2. If C € & is arbitrary (and not necessarily m-accessible), then by (2.5),
(f) = [en(dz) EI[Z,(:;OUA(UCA) f(Xg)] for every f € F(E). Thus, the monotone
convergence theorem implies that

(n=1)A(oc—1)

7(f) = Jim. m(dz) E; [ Z f(Xk)] = /C7r dz)E

¢ k=0

oc—1

> (X)) -

k=0

Remark 2.3. If C € £ is w-accessible, then Theorem implies that w(C) > 0; indeed,
otherwise 7r8, and hence w, would be the null measure, which is not possible.
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To apply Theorem 2.1, we need to check that C is m-accessible. If the Markov kernel
P has a unique invariant probability measure m, it turns out that this condition can be
simplified.

Lemma 2. Let P be a Markov kernel on X x £ with a unique invariant probability
measure w. Then every set C € £ such that w(C) > 0 is m-accessible.

Before proving Lemma 2, we combine it with Theorem to obtain the following
corollary, which allows Kac’s theorem to be applied to every set C € £ such that 7(C) > 0.

Corollary 1. Let P be a Markov kernel on X x £ with a unique invariant probability
measure . Then for all C € € such that 7(C) > 0, 7 = 7r8 = ﬂ%, where the measures
7 and 7¢ are defined in (2.1).

Proof of Lemma 2. Let C € £ be such that 7(C) > 0. Since P has a unique invariant
probability measure, [37, Theorem 5.2.6] implies that the associated dynamical system
is ergodic. Therefore, by the Birkhoff ergodic theorem,

n—1
. -1 . ~
nglllmn kz_% Ic(Xg) =m(C) >0, Pr-as.

Thus, Pr(oc < +00) = 1, implying that P,(0c < +00) =1 > 0 for m-almost all x € X.
This shows that C is w-accessible. O

2.3 The Kick-Kac teleportation process

Given m € M1 (€), we will now use Kac’s theorem (Theorem 2.1) to construct a stochastic
process targeting w. In the following we let P be some 7w-invariant Markov kernel on
X x &; this kernel will be referred to as the base kernel.

2.3.1 The memoryless Kick-Kac teleportation process

As we saw in the previous section, the following assumption guarantees that Kac’s the-
orem (Theorem 2.1) applies.

(A1) The Markov kernel P allows an invariant probability measure m such that C is -

accessible.
As shown by Lemma 2, is satisfied if 7 is the unique invariant probability measure
of P and w(C) > 0.
Under , the probability measure

mc:E3A—T(ANC)/7(C) (2.6)

is well defined in the light of Remark and provides the conditional probabilities of 7
given C. Note that (2.3)—(2.1) express the invariant probability measure 7 in terms of
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its restriction to the set C only. This remarkable fact is underpinning the construction of
the memoryless Kick-Kac teleportation (KKT) process, whose evolution is described by
Algorithm 1. In words, the memoryless KKT process evolves by proposing a candidate
according to the Markov kernel P. If the candidate falls into the region C, it is discarded
and the next state is drawn exactly from 7c, independently of the past (in this sense,
the process is memoryless); otherwise, if the candidate falls outside C, it is accepted as
the new state of the process.

Algorithm 1 The memoryless Kick-Kac teleportation process

1: Initialization: draw Yj
2: for k< 1 ton do
3: draw Y;* ~ P(Yj_1,-)
if Y;* ¢ C then
set Y3, + Y
else

end if

4

5

6

7 draw Yy, ~ 7¢c
8

9: end for

Of course, the construction requires the set C to be chosen in such a way that exact
sampling from 7 is feasible. A natural approach is based on the accept-reject algorithm.
More precisely, assume that the probability measure 7 is absolutely continuous with re-
spect to some o-finite measure v and denote by p, a version of its Radon—Nikodym
derivative with respect to v. In addition, let ¢ : X — R4 be another probability
density function with respect to v, serving as instrumental density, and assume that
Cc{zeX : pr(x) <eq(x)}. Then, as mc admits a density proportional to 1¢ p, with
respect to v and l¢c(z)pr(x) < eq(z) for every z € X, the accept-reject method can be
applied to obtain i.i.d. samples from 7¢c, provided that the ratio 1c(x)pr(z)/leq(z)] is
computable for all € X such that ¢(z) > 0.

The Markov transition kernel S on X x £ associated with the Markov chain (Y},)nen
is given by

Shiy) i= [ P.dy/) hy/) + Pu. Ome(h), (3.h) € X x F(E).
Since 7 is invariant for P, it holds that
wSh =nP(lceh) + mP(C)nc(h) = w(1ceh) + w(1ch) = w(h),

which means that 7 is also invariant for S (some kernel notation, such as Sh and 7S
above, that will be used in the rest of the paper is provided in Section 2.6).

We now address the w-reversibility of S. In the following, we let # ® P be the
probability measure in My (£®2) defined by 7 ® P(A) := [ 1a(z,y) n(dz) P(z,dy), A €
£®2. Note that with this notation, P is reversible with respect to 7 if and only if for
every Ac £and Be £, 1® P(AxB) =7® P(B xA). In addition, for any given D € &,
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let &p := {DNA : A€ &} be the trace o-field of £ on D and denote, for any measure
v € Mi(€), by v|p the restriction of v to &p.

Proposition 2.4. Assume and that Ecc is countably generated. Then S is m-
reversible if and only if the following two conditions are satisfied.

(a) For every A € E82,

/ Ia(z,y) 7(dz) P(z,dy) = / Ia(y, z) 7(dzx) P(z,dy).

(b) There ezists pu € M(Ece) such that P(y,-)|ce = p for m-almost all y € C.

The proof of Proposition is given in Section
In the light of Proposition , we may expect S to be non-reversible in general;
indeed, even if P is m-reversible (implying (a)), condition will typically not be satis-

fied. Some classes of MCMC methods based on non-reversible kernels have been shown
to exhibit favorable convergence properties compared to standard reversible methods.
For instance, [34] carries through a detailed study of a particular type of lifted Markov
chains, and shows theoretically and numerically that this class of MCMC algorithms
provides better accuracy than standard reversible ones. In addition, by extending res-
ults in [129], [5] establishes that non-reversible MCMC algorithms most often lead to
improved asymptotic variance in the case where a central limit theorem holds. However,
whereas the non-reversibility of the memoryless KKT algorithm is encouraging, the re-
quirement of exact sampling from m¢c may limit the choice of the set C. In the next
section we will show how this drawback can be circumvented by including an additional
Markov transition kernel into the construction.

2.3.2 The Kick-Kac teleportation process

To avoid exact sampling from the conditional probability measure 7c defined by (2.6),
we now provide an alternative to the memoryless KKT process. The process that we
will construct includes another level of transitions according to some Markov kernel Q)
on C x &c which will be referred to as the teleportation kernel and will be supposed to
satisfy the following condition.

(A2) The Markov transition kernel @ on C x &c allows 7¢ as invariant probability measure.

The output (Yx)ren of Algorithm 2, in which the exact sampling from 7¢ in Al-
gorithm 1 is replaced by Markovian moves according to @, will be referred to as the
Kick-Kack teleportation (KKT) process in the sequel. In Algorithm 2, a candidate is
proposed according to the kernel P. If it falls outside C, the candidate is accepted as
the new state of the process. On the other hand, if the candidate falls into the critical
region C, it is discarded, and a new state of the process is generated through a transition
according to @, starting off from the last state in C in the past history of the process. In
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Algorithm 2 The Kick-Kack teleportation (KKT) process

1: Initialization: draw (Yp, Zy)
2: for k< 1tondo
3. draw Y ~ P(Ye1,")

4 if Y;* ¢ C then

5 set (Yk,Zk) — (Yk*,Zk_l)

6 else

T: draw Zj ~ Q(Zk_1,-) and set Y < Z
8 end if

9: end for

the case where C is a region where the ergodic behavior of P is poor, the KKT process
simply replaces transitions according to P across C by transitions according to the kernel
@, which is taylor-made to target efficiently mc.

While (Yi)ken is not a Markov chain in general, so is (Y, Zk)ren- It is easily seen
that the Markov transition kernel of the latter bivariate process is given by

Rh(w.2) = [ PU.dy) b )+ P@.O) [ QEd)hE ), @)

for (y,z) € Xx Cand h € F4 (€ ® ). We now provide an expression of an invari-
ant probability measure of R which allows 7 as a marginal. This constitutes a first
step towards justifying theoretically that the KKT process can be used for producing
approximate draws from .

From now on, we will deal simultaneously with several Markov kernels. Thus, we
will specify the notation P, to avoid ambiguities. More precisely, for a given measurable
space (F,F), Markov kernel K on F x F and initial distribution x € M;(F) we denote
by Pff the probability measure on (FN, F®N) induced by K and pu. The associated
expectation operator is denoted Eff . Ifx € F and pu = 6, we write PX and EX instead
of Pgi and Egi , respectively. Now, define the probability measure

oc—1

#(h) == /Cw(dx) EP [Z h(Xk,a;)] . heF (E®EC). (2.8)

k=0

The following key result justifies theoretically the use of the KKT process for targeting
.

Proposition 2.5. Assume . Then, 7 is the marginal of T with respect to the first
component. Moreover, if also holds, then 7 is an invariant probability measure for
R.
Proof. Under , Theorem applies to w. Thus, for every A € £,

oc—1

#(Ax ) = [ m(dn)EF | 37 1a(Xe)| = 7(A),
C
k=0
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which establishes the first claim of the proposition.

We turn to the second claim. Under , Lemma | shows that Pl (oc < +00) =1
for m-almost all x € X. This fundamental property will be used in several parts of the
proof. By the very definitions of 7 and R, for every h € F4 (£ ® &c),

oc—1

> Rh(Xj, )

k=0

F*Rh = / m(dz) EY = A+ B, (2.9)
C

where

_O’C_].
A::/Cﬂ(dx) ED _kz_:() /c P(Xg, dy) h(?/ﬂ?)] :

_acfl

o P
B .—/C7r(d:c) Ef ,;0 P(X}, C) /(:Q(a:,dz) h(z,2).

Using the Markov property (in combination with Tonelli’s theorem), we may write

A= /Cﬂ(dx) ED [EP [h(Xy, 2)1ce(X1)] + i Lo (Xk)EX, [h(Xl,x)]lcc(Xl)]]
L k=1

= /CTI'(dl') Ef h(Xl,.%')]lcc(Xl) + i EIP [h(Xk+1,x)ﬂcc(Xk)]lcc(XkJrl) ‘ Xk]]
L k=1

:/CTr(dx) EP h(Xl,x)ILcc(Xl)+ih(Xk,x)Ilcc(Xk)]
L k=1

:/Tr(dx) EP ZCILCC(Xk)h(Xkal‘)]
c Lk=1

—Uc—l
:/w(dx) EP | Y h(Xk,:c)] ,
¢ | k=1

where the last equality follows as Lce(Xy) = 1forallk € {1,...,0c—1} and 1¢ce(Xy) =
0 on the set {oc < +oc} (having PL-probability one for 7-almost all z € X). Similarly,
using again the Markov property,

oc—1

B:/Cw(d:v) EP [;J 1C(Xk+1)] /CQ(:v,dz)h(z,z)

:/Cﬂ(dg;) Ef szcl HC(Xk)] /CQ(w,dz) h(z, z)
:/Cﬂ(dx)/CQ(a:,dz) h(z,2),

33



Chapter 2. Boost your favorite Markov Chain Monte Carlo sampler using Kac’s
theorem: the Kick-Kac teleportation algorithm

where the last equality follows since 1¢(Xy) =0forallk € {1,...,0c—1} and Lc(Xo.) =
1 on {oc < +o0}. Therefore, implies that B = [-m(dz)h(z,z). Plugging the
obtained expressions of A and B into (2.9) yields

oc—1
ﬁRh:/wm@Ef > h(Xg,x)| =#(h),
¢ k=0
showing that 7 is invariant for R. 0

2.3.3 A law of large numbers for the KKT process

In order to establish that (Yy, Zi)ren, evolving according to the Markov kernel R, satis-
fies a law of large numbers, we will first find conditions under which R admits a unique
invariant probability measure. In that case, [37, Theorem 5.2.6] guarantees that the
associated dynamical system is ergodic and that Birkhoff’s theorem applies.

Proposition 2.6. Assume and . In addition, suppose that wc and m are the
unique invariant probability measures for Q and P, respectively. Then 7 is the unique
tnvariant probability measure for R.

Proof. By Proposition 2.5, 7 is an invariant probability measure for R. We show by
contradiction that it is the unique invariant probability measure for R. First, assume
that if x4 is an other invariant probability measure for R, then there exists ¢ > 0 such
that for every A € &,

7(A) < cu(A). (2.10)

Now, if R does not admit a unique probability measure, then there exist, by [37, The-
orem 1.4.6(ii)], at least two distinct probability measures p; and po that are mutually
singular, i.e., there exists A € £ ® Ec such that pi(A) = p2(A°) = 0. Since p; and po
satisfy (2.10) for some constants ¢; and ¢y, we obtain that 7(A) = 7(A¢) = 0, which,
finally, implies that 7(X x C) = 7(A) + 7(A°) = 0. This is contradictory since 7 is a
probability measure.

Now, we let u € M{(€ ® £c) be any invariant probability measure for R and show
(2.10) holds for some ¢ > 0. Since for every B € &c,

Mme:meXm:/

pld(y.2) P, C) + [ p(d(:2) P OQ(=.B)
XxB XxC

it holds that

| md(.2) Py.C) = [ ()P OR(.B).
XxB

ExC

In other words, the finite nonnegative measure & 3 B — [y g u(d(y, 2)) P(y,C) is
invariant for ), and since ¢ is supposed to be the unique invariant probability measure
of @, there exists a constant { > 0 such that for every B € &,

[ md(y.2) Py.C) = Cre(B) (211)
XxB
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We show by contradiction that ¢ > 0. Indeed, if ( = 0, then setting B = C in (2.11)
yields

[ _nd(y.2) Ply.C) 0. (2.12)
ExC

Consequently, for every A € &,

u(Ax C)=puR(A xC)

= [ ) Py CnA) + [ pld(y2) P OR( CN A
ExC ExC

= [ nld(y2) Py, C 1 A) 40
ExC

:/ p(d P(y,C°NA) +/ d(y,2)) P(y, CNA)
ExC

= [ _nldw.2) PGA).
ExC

Therefore, the probability measure £ 3 A — u(A x C) is invariant for P, and since 7 is
the unique P-invariant probability measure, it holds that u(- x C) = . This allows us
to rewrite (2.12) according to

0= /Exc'u(d(y’ ) Py, C) = /E><C7T(dy) P(y,C) == (C),

which contradicts Remark 2.3. Thus, ( ) holds with ¢ > 0. Consequently, for every
h S F+ (5 ® EC),

/CXCM(d( / pd R(hlcxc)(y, 2)
- w(d(y, z)) Py, C /Q (z,d2") h(Z,2) C/Trc(dz) Wz z). (2.13)

ExC

The probability measure p is invariant for R, but since C x C is not necessarily u-
accessible we cannot use Kac’s theorem directly. Instead, Remark shows that for
every bounded function h € F (€ ® &¢),

ocxe—1
X
oc—1 v
¢ (h)
= dz) EL h(X =
C/T‘-C Z [Z ks % ] 7T(C) 3
where the penultimate and last equalities follow from (2.13) and (2.8), respectively. Since
¢ > 0, we have shown (2.10). The proof is completed. O
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The fact that 7 is a unique invariant probability measure for R allows us to apply [37,
Theorem 5.2.6] and Birkhoff’s theorem to establish that for every measurable function
f: X x C— R such that 7(|f]) < +o0,

n—1
. -1 - R
im n kz:% f(Y, Z1) = #(f), P as. (2.14)
However, this property is not fully satisfying since it only holds under stationarity,
i.e., under vaf. From a simulation perspective, it is crucial that the same result holds
irrespective of how the chain is initialized. Our next result addresses this question and
establishes that ( ) holds for an arbitrary initial distribution, i.e., when Pf is replaced
by Pg, where £ € M1 (E®€&() is arbitrary. Interestingly, the assumptions under which we
operate when deriving this result also turn out to be necessary and, therefore, impossible
to weaken.

Theorem 2.7. Assume and . In addition, suppose that the Markov kernel R
admits a unique invariant probability measure 7. Then the two conditions

(a) for every x € X, PL(0c < +00) =1 and

(b) for every x € C and bounded measurable function h : C — R,

/-1
lim ¢S h(X.) =nc(h P9 g.s.
Z—El-noo kz:% ( k) ﬂ-C( )7 z ~a.S.,

hold if and only if for every & € M1(E ® Ec) and measurable function f: X x C — R such
that 7(|f]) < +o0,

n—1
lim n™' > f(Ve, Zi) = 7(f), Pf-a.s. (2.15)
k=0

n—-+0o0o

It is worthwhile to note that Theorem does not presuppose a law of large numbers
for the Markov kernel P. The proof of Theorem relies on the following necessary and
sufficient conditions—based on properties of harmonic functions for P (i.e. measurable
functions h for which P|h| < oo and Ph = h)—for a Markov chain to satisfy a law of
large numbers.

Proposition 2.8. Let P be a Markov kernel on X x £ admitting an invariant probability
measure w. Then the two following conditions are equivalent.

(i) For every & € Mi(€) and measurable function g : X — R such that 7(|g|) < +o0,

n—1
lim n* Z 9(Xx) = 7(9), Pg—a.s.
k=0

n—-+o0o

(ii) Every bounded harmonic function h : X — R for P is constant.
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Since the equivalence provided by Proposition has not, as far as we know, been
established in the literature before, we provide a complete proof of this result in Sec-
tion . We now have all the tools needed for proving Theorem

Proof of Theorem 2.7. We aim to establish the equivalence between the conditions
and (b) and the law of large numbers (2.15). We first assume that (2) and (b) hold. Since
7 is an invariant probability measure for R, Proposition 2.8 applies to R. Therefore, given
an arbitrary harmonic function h for R, it is sufficient to establish that h is constant.
With this aim in mind, we prove that for every (y,z) € X x C,

z):/CQ(z,dz’) h(z', 7). (2.16)

Indeed, if (2.10) is true, then h(y, z) does not depend on y (since the right-hand side of
(2.16) does not depend on y) and then g(z) := h(z, z) is a bounded harmonic function
for @ since ( ) yields ¢ = Qg. Finally, combining with Proposition applied to
Q@ shows that ¢ is a constant function. Thus, also h is constant.

We now turn to the proof of (2.16). Set A := {o¢ < +oo} where C = C x C. Since
Ys. = Zs. on A, combining Lemma with implies

ER ) [M(Yor, Zog)Tn| = B, L) [ Zoe, Zo) 1]

P(Jc<oo/dez)hzz /dez h(z',2). (2.17)

On the other hand, by [37, Proposition 5.2.2(ii)] there exists a random variable W that is
invariant for the shift operator 6 and such that E@ 2) [W] = h(y, z) for all (y,z) € Xx C.
Thus, by the strong Markov property, since W o §°C = W on A,

where we used Lemma in the penultimate equality. Combining this equality with
(2.17) yields (2.16), and we have finally established (2.15).

Conversely, assuming (2.15), we prove that and hold. Let (yo,20) € X x C;
then, applying (2.15) to the function f : X x C 3 (y,2) — 1c(y) = 1g(y,2) and the

measure § = d(y, -,) yields, P@O 20)"85s
n—1 n—1
. —1 o . —1 B o~
i n kz_% Le(Yy) = lim n kz_% 1¢(Yy, Z) = #(C) = 7(C) > 0, (2.18)
where the positivity of 7(C) follows from Remark under . Therefore, for all

(yo,20) € Xx C, 1= P@O ZO)(O'C < o0) = Pfj; (o0c < 00), where the last equality follows
from Lemma 3 by letting v =1 and n — oo in (2.47). This shows
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We now turn to (b). Pick arbitrarily h € F,(Ec) and € C. Applying (2.15) to the
function f: X x C3 (y,2) = Ic(y)h(y) and the measure £ = 0, ;) yields

1 _ R
ngl}rloon Z ﬂc Yk h(Yk) = W(]lch), P(a:,x) a.s.

Combining this limit with (2.18) provides

lim S Le(Yi)h(Yy)  w(lch)
n—1 -
notoo 3o 1c(Ya) m(C)

= WC(h)v Pf{z,x)_a S

Therefore, limg_, o £7! Zi:l h(Y,r) = mc(h), ch 1) 8-S However, by Lemma , the
C k)
embedded process (Y, r)gen= is, under ch 1)» @ Markov chain with transition kernel Q
5 :
and initial distribution d,. Thus,

-1
— 1 — Q 1 -1 —
1=P{, (ZEE&/ Z h(Y) = h)) P& (zgﬂoe k;h(xk) wc(h)> :
which establishes (b). This completes the proof. O

2.3.4 Geometric ergodicity of the KKT process

In this section, we introduce the following additional conditions under which we will
establish that R is geometrically ergodic in total variation.

(A3) There exist (A,b) € (0,1) x R% and a measurable function Vp : X — [1, +00) such

that
PVp < A\Vp+0blc and supVp(y) < +oo. (2.19)
yeC
Assumption , which is a typical geometric drift condition, implies that C is accessible
for P; indeed, under , by [37, Proposition 4.3.3], PL (oc < +00) = 1 for every z € X.

Let € > 0 and v € My(Ec). We say that D € Ec is a (1,ev)-small set for Q if for
every x € D and A € &, Q(z,A) > ev(A).

(A4)

(i) There exists an accessible (1, ev)-small set D € Ec for @ such that v(D) > 0.
(i) It holds that inf.cp P(z,C) > 0.

(iii) There exist constants (A,b) € (0,1) x R and a measurable function Vg : C —
[1,+00) such that

QVo < AVg+blp and supVp(z) < oco. (2.20)
zeD
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Since we will assume and jointly, we can always, for simplicity, assume
that (2.19) and (2.20) hold for the same constants (A, b) (for instance, the largest ones).
Note that implies (see [37, Theorem 9.2.2]) that @ is irreducible, and therefore
mc is the unique invariant probability measure of ) under . Moreover, holds
true in the case where X is a topological space (equipped with its Borel o-field £) and
there exists a kernel 7' on X and a compact set D such that P(y,C) > T'(y,C) > 0 for all
y € D and the mapping y + T'(y, C) is lower semi-continuous. This setting covers, for
instance, the case where P is the Markov kernel associated with the Metropolis—Hastings
algorithm with positive proposal transition density.

Theorem below states that the KKT process is geometrically ergodic provided
that @ is geometrically ergodic on C and P pushes toward C according to the geometric
drift condition . Therefore, remarkably, no assumption concerning smallness of C
with respect to P is made, and the set C may hence be potentially large. Note also that
no assumption on geometric ergodicity of the Markov kernel P is needed. Theorem
conveys the idea that if a Markov chain evolving according to P exhibits poor ergodic
behavior on C, then the action of changing its dynamics in the same region to one
governed by ), where () is geometrically ergodic on C, may result in a geometrically
ergodic KKT process.

Theorem 2.9. Assume - . Then there exist constants C > 0 and p € (0,1)
such that for every p € M1(€ @ Ec) and n € N,
nB" = Fllv < Co" [ Vow)Vol2) n(d(y: 2). (2.21)
X
Our approach for establishing the geometric ergodicity in Theorem is non-
standard. Indeed, even though it can be easily seen that D x D is a small set for R, it is
not obvious (and this remains an open question) how to construct, under - , a

drift function for R outside D x D by combining the drift functions Vp and V associated
with P and @, respectively. Instead, the geometrically ergodic bound (2.21) is obtained
through a delicate application of [37, Theorem 11.4.2].

Proof of Theorem 2.9. Set C := C x C and D := D x D. Under , [37, Proposition
4.3.3(ii)] allows us to write, for every y € X,
E) A7 < Vp(y) + b/A < +oo. (2.22)
Therefore, P5 (0c < +o0) =1 for every y € X, and by Lemma , for every £ € N* and
(y,2) € Xx C,
Pl )(0g < 400) = 1. (2.23)

Moreover, by Lemma 4 and (2.22) again, D = D x D is an accessible (1, dev)-small set
for R, where § := inf.cp P(z,C) and ¥ is the probability measure v : £ ® Ec > A

Jc v(dz) 1a(z, z) which satisfies #(D) > 0. Thus, in order to apply [37, Theorem 11.4.2],
we only need to show that there exists some v > 1 such that

sup E@z) [v7P] < +00. (2.24)
(y,2)eD
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In order to establish (2.24) we first show that for every (y,z) € X x C,

Pl (05 < +00) = 1. (2.25)
For this purpose, using (2.23) we can write P(y 2) (05 < +00) = 34 P@ 2 (o5 = aé),
where
k 1
2 1
here the last equality is obtained by applying Lemma for gp = 1 for all £ < k,
he = 1pe for all £ < k, and hy, = 1p. Thus, since [37, Proposition 4.3.3(ii)] implies that
ECIAN"°] < V(2) +b/X < 400, z€C, (2.26)

it holds that P@ Z)(O’D < +00) = PY(0p < +00) = 1, which completes the proof (2.25).
We now turn to the proof of (2.24). Set n := sup,ec Vr(y) + b/ and pick vy €

(1,exp(log® A/ logn)). Using ( , we have
I< A P <sup EP[)\ ] <n. (2.27)
yeC

Therefore, we get
v < exp(log? A/ logn) = (A71)~loeMlogn N1 (2.28)
By Jensen’s inequality and (2.27) it holds, for every z € C,

Ef[,yoc] — Ef[)\aclogw/log)\] < Eé];’[/\fac]flogfy/log)\
<y loev/loed — exp (—logmom) <AL (2.29)
log A
We will soon make use of the bound ( ); however, first, let (y,2) € X x C and write,
using (2.25) and (2.23),

+o00
ER ) =ER ['y"ﬁ]l{%<+oo}} Zrk, with 7y .= EfY ) [’y cn{oak}] (2.30)

Applying Lemma, with ge(t) =~' for £ € {1,...,k} and t € N, hy = 1pe for £ < k,
and hy = 1p (and using the convention og =0) yields
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Now, combining this bound with (2.28) and (2.29) yields for any (y,z) € E x C,
re S AFHENNOC PY(0p = k).

Plugging the previous inequality into (2.30) and using (2.22) and (2.20) we obtain

E,-) 7] S MBI EZIN] S A(Vp(y) +b/A) (Vo (2) +b/A) - (2.31)
Thus, using and , we conclude that

SUP(, »)eb E@z) [v7o] < Alsup,ep VP(y) + b/A)(sup.ep Vo(2) +b/A) < oo,

which completes the proof of (2.21).
Finally, all the assumptions of [37, Theorem 11.4.2] are satisfied and there exist ¢ > 0
and p € (0, 1) such that for every p € M1(€ ® Ec) and n € N,

1B = vy < e BRI < exp™ [ aldy D) (Vi) + /N (Vo(2) + b/,

where we used (2.31) in the last step. Combining this with the bound (Vp(y) +
b/A)(Vo(z) +b/X) < (1 +b/0)*Ve(y)Vo(2) and letting C = eA(1 + b/A)? completes
the proof of (2.21). O

2.4 A general Kick-Kac teleportation process

2.4.1 A generalization of Kac’s theorem

Recall that in order to construct the Markov teleportation process, we combined the
kernel P, having invariant probability measure 7, with an auxiliary kernel @, having w¢
as invariant probability measure. We now generalize this construction by replacing mc
by a more general probability measure 7 € M;(€) which is assumed to admit a bounded
density with respect to 7; in other words, by assumption there exists M > 1 such that
for every x € E,

dm
—(z) < M. 2.32
() (2.32)
Under this assumption we define the [0, 1]-valued measurable function
1 dm
= —— X. 2.
a(x) U dr (), =ze€ (2.33)

Of course, T = 7c satisfies (2.32) with M = 1/7(C), and in that case, a = Ic.

Before introducing the general Markov teleportation process, we first provide a gen-
eralization of Kac’s theorem. Let X := X x [0,1] and £ := £ ® B([0,1]) and define the
Markov kernel P on X x & by

P(z,A) := /P(a:,dx') Ly (u)la(z’ ') du/, &= (z,u) € X, Acé. (2.34)
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Note that a transition according to P can be decomposed into two independent
moves, where the first component is updated according to the Markov kernel P and
the second component is drawn from the uniform distribution on [0,1] independently
of the past. For a given u € M(£), denote by |5u (and Eu) the unique probability
distribution (and associated expectation) on the canonical space (XN, £8N) induced by
the Markov kernel P and the initial distribution p. By abuse of notation, if u = O(z,u)
for some (z,u) € X x [0,1], we simply write P, ,, and Exu instead of Ps, , and Es .,
respectively. Moreover, when ¢ is a nonnegative or bounded measurable function on
(XN, £8N) such that E, ., [] does not depend on u € [0,1], we indicate this by writing

E.« [p]. Finally, set C := {(x,u) eX:u< oz(x)} and define
oc =inf {k>1: (X, Up) € C}, (2.35)

where (X}, Ug)ren is the canonical process on (XN, £®N). In addition, define 7 := 7 ®
Unif ([0, 1]) and note that 7 is an invariant probability measure for P. By showing that
C is m-accessible and applying Kac’s theorem to P we obtain the following generalization
of Kac’s theorem.

Proposition 2.10. Let P be a Markov kernel on X xE with invariant probability measure
m. Let a : X — [0,1] be a measurable function such that {x € X : afx) > 0} is
w-accessible for P. Then, C is w-accessible. Moreover,

T=n =7l (2.36)

where for every measurable nonnegative or bounded function f on (X,E),

oc—1 o¢
m() = [ (@) a(@p... [Z f<Xk>] () = [ () a(@,.. [Z f(Xk)] .
k=0 k=1

Proof. To apply Kac’s theorem to the set C for the kernel P we need to check that C is
7-accessible for P. Since, by assumption, {a > 0} is m-accessible for P, we conclude that
S0 1 PP(a(Xy) > 0) > 0 for m-almost all = € X. Note that since PL(a(X},) > 0) > 0 if
and only if Ef[a(X})] > 0, it holds that

ZP’“ (,u) :ZExu[ﬂ{Uk<an} ZEP >0

k=1
for 7-almost all (z,u) € X. Hence, C is m-accessible for P, and Kac’s theorem (The-
orem 2.1) applies. Thus, for every h € F(&),

oc—1

w(h) = /Cﬁ(d(fﬂau)) Eou [Z h(Xk, U)

k=0

og—1
= /ﬁ(dw) /[0 . Liu<a(z)}Ezu [Z h( Xk, Ug)

du.
k=0
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Now, if f € F4(&), then setting h(xz,u) = f(x) yields
oc—1
w(f) =) = [w(d@2) [ ucoioBra Lz:% f(Xk)} du

= /w(daz)a(:ﬁ)ﬁx,* {Cz: f(Xk:)] ;
k=0

where the last equality stems from the fact that Ew,u[zzgl f(Xk)] does not depend
on u. Hence, 7 = 70. The proof of 7 = 7} follows the same lines and is omitted for

brevity. ]

Remark 2.11. Similarly to Corollary 1, the generalized Kac’s theorem ( ) also holds
if P admits a unique invariant probability measure © such that mw(«) > 0. Indeed, in
that case, w(aw > 0) > 0, and by Lemma 2, {a > 0} is w-accessible for P. Therefore,
Proposition applies, implying ( ).

If {x € X : a(z) > 0} is m-accessible for P, we can, on the basis of Proposition
and Proposition 2.5, define a KKT sampler using the extended Markov kernel P as basis
kernel and a Markov kernel Q leaving 7¢ invariant as teleportation kernel. Moreover,
note that since d7/dm o «, it is easy to verify that a Markov kernel @ leaving ire
invariant can be formed by picking some 7-invariant Markov kernel @ and setting Q :=
Q ® Unif(0,1)l¢, i.e., Q is the Markov kernel on C x g@ given by

/
O(z,A) = //Q(a:,dx’) WRA(Q;/,U/) A, &= (z,u)eC, Acée
Using Proposition , we may now construct the general Kick-Kac teleportation
(GKKT) process described in Algorithm 3, where @ is, as above, some Markov ker-
nel leaving 7 invariant. Finally, it is worth mentioning that all the results that we have
derived for the KKT process can be obtained also for the GKKT process by replacing
the conditions on P and @ by similar conditions on P and Q.

Remark 2.12. Assume that the target distribution 7 is known only up to multiplicative
constant, i.e., m = m,/my(X), where m, is a known, unnormalized finite measure on
(X,&). Moreover, assume that there exists another unnormalized measure 7, on (X, &),
dominated by m,, and a finite constant M, such that for every x € X,

dm,

_— <M, .

dm, (z) < My
Then it is straightforward to check that (2.32) is satisfied with # = 7y, /Ty (X) and M =
My (X) /7y (X).  Furthermore, as the function o defined by (2.33) can be written as
a(z) = M, Y(d#,/dr,)(x), Algorithm 7 can be implemented even if the target is known
only up to a multiplicative constant.
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Algorithm 3 The general Kick-Kac teleportation (GKKT) process

1: Initialization Draw (Y5, Zp).
2: for k< 1tondo
3: draw (Y}*,Uy) ~ P(Yi—1,-) ® Unif([0, 1])

4: if U, > Oé(Yk*) then

5: set (Yk,Zk) — (Yk*,Zk_l)
6: else

7 draw Zy ~ Q(Zk_1,")

8: set Y. + Zp.

9: end if

10: end for

Remark 2.13. As explained above, Algorithm 5 can be viewed as a special instance
of Algorithm 2, parameterized by the base kernel P, the critical region C and the tele-
portation kernel Q, where the generation of the uniformly distributed component of the
teleportative move governed by Q is omitted (as this draw is never used later in the al-
gorithm, since neither Q((x,u),-) nor P((z,u),-) de facto depends on u). Recalling the
definitions of P and C in (2.34) and (2.35), respectively, Lines 84 in Algorithm 7 are
equivalent to

3’ draw (Y5, Ug) ~ P((Yi—1,Ug-1), )
4% if (Y7, Uy) ¢ C then

which exactly correspond to Lines 3-4 in Algorithm 2 with Y, replaced by (Y, Uy), P
by P, and C by C. Moreover, alternatively, Lines 3—4 in Algorithm 5 can be expressed
as

37: draw Y} ~ P(Yy_1,-) and, conditionally on Y}, By, ~ Bernoulli(a(Y}))

47 if B, =0 then

2.4.2 Revisiting the hybrid kernel of [20]

In this section, we compare our methodology to the one proposed in [20]. We first recall
the construction of the hybrid kernel introduced in that work and then show that this can
be seen as a particular instance of the GKKT process. Let P be a Markov kernel on X x €
leaving 7 invariant and let ¢ € M1(&) be a so-called re-entry proposal distribution. We
assume that m and ¢ have densities with respect to the same dominating measure v, and
denote, by abuse of notation, these densities by the same symbols 7 and ¢, respectively.
The construction of [20] follows two steps: using P and ¢, we first construct a process
(Y/)ken on XU {a}, where a is an ‘artificial” atom; then we obtain (Y)ren by removing
every occurrence of the state a from (Y})ren. Letting ¢ > 0, the transitions of (Y})ren
can be described as follows.
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Casel:Y, ,=yeX Case2:Y, ;=a
Draw (Y, Uk) ~ P(Yk,:) ® | Draw (Y7, Vi) ~ ¢ ® Unif([0,1]);
Unif ([0, 1]);
it U > (10205, then set Y = | if Vi < (14 205 ), then set v} =
Y ' Y '
otherwise, set Y, = a. otherwise, set Y, = a.

It is straightforwardly seen from Case 2 that the algorithm attempts to escape from
a through rejection sampling with proposal distribution ¢ and acceptance probability
1A 25 The density (with respect to v) of the accepted candidate is therefore 7(z) :=
M ([ep(z)|Am(z)), x € X, where M := 1/ [[e¢p(x)]An(z) v(dx). Note that 7(z) < Mn(x)
for every x € X, showing that (2.32) is satisfied. Moreover, it can be seen from Case 1
that if the previous state is y € X, a candidate drawn from P(y,-) is accepted with
probability 1 —1 A % =1 — «, where « is defined in ( ). Pruning every occurence of
a in (Y})ken, we finally obtain the same transitions as in Algorithm 3, except that the
general Markov kernel () on Line 7 is replaced by the particular distribution 7. Thus,
the approach of [20] corresponds to a memoryless version of the GKKT process and falls
into the class of regeneration-type algorithms. In contrast, our GKKT, which allows
the flexibility of a general kernel @) targeting the distribution 7, does not require exact
sampling from 7.

2.4.3 Revisiting the Metropolis—Hastings algorithm

Here, we use Remark for casting the Metropolis—Hastings (MH) algorithm into the
framework of the GKKT process. Consider the MH algorithm targeting some distribu-
tion 7 on (X, &) by means of some proposal kernel R on X x £. We here suppose that
7 and R have a density and a transition density, denoted by 7 and r, respectively, with
respect to some o-finite measure v € M(E), Then, the associated acceptance probability
is given by (o, 2)
MH ™YY,z
o (x,y) = <7r(x)r(x,y)> ANl, (z,y) € X x X (2.37)
The algorithm is initialized in Xy = zg € X. In order to show that the MCMC chain
generated by this algorithm is just a special instance of the GKKT process, define the
probability measure

oy Jm(dx) a(z)h(z)
T = T at)

where a(z) := [ R(z,dy) aMH(z,y), z € X. Note that since 0 < a < 1, 7 satisfies (2.32)
with M :=1/ [ 7(dz) a(z). Consider now a GKKT process with

h € FJr(g) )

(i) the w-invariant Markov kernel P is given by P(z,:) = d,, z € X, and

(ii) the 7-invariant Markov kernel @, is given by

— fA R(x,dy) aMH@:’ y)
[ R(z,dz) aMH(z, 2) ’

Qa(x,A) (x,A) e X x &.
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With this particular choice of P and Q,, Algorithm 3, with Lines 3—4 replaced by Lines
37-4” according to Remark , turns into Algorithm 4 below.

Now, let us examine the dynamics of Algorithm 4 more closely. Assume that for some
k € N*, By, = 1; then Y, = Zi, and we assign the value of Yy to the next values (Y7)s>x
until the Bernoulli variable By, with success probability a(Yy—1) = ... = a(Yy), takes
on the value 1. In that case, Yy is drawn from the distribution Qu(Zk, ) = Qa (Y%, ")
Equivalently, we may draw a geometrically distributed random variable 7" with success
probability a(Y}) and, independently, a random variable ¥ ~ Qo (Y%, ) and then set
Y = Y1 = ... = Yepr—1 and Yy = Y. However, this is exactly the course of
action of the MH algorithm, in which, starting from Y}, a draw from R(Y%, -) is accepted
with a probability given by the function aMH(Y%,-). If the move is not accepted, the
value of Yj is repeated. Note that this can be equivalently described as a rejection-
sampling algorithm, where samples from @, (Y%, ) are generated by drawing candidates
from R(Y%,-) and accepting the same with probabilities given by the function aMH(Yy, -).
It is well known that for rejection sampling, the number 7' of trials before acceptance
is geometrically distributed with success probability [ R(Yj,dy) oM™ (Yi,y) = a(Yz).
Moreover, T is independent of the accepted variable Y, the latter having the desired
distribution Q4 (Y%, ) conditionally on acceptance.

This finally shows that the MH algorithm is just a particular GKKT process, where
the base kernel is degenerated, P(z,-) = d,, and the teleportation kernel @Q,, is simulated
using rejection sampling.

Algorithm 4 The MH algorithm as a GKKT process

1: Initialization Set (Yp, Zp) < (xo, xo).
2: for kK <+ 1 ton do
3: set Y* = Yj,_; and, conditionally to Y}, draw By ~ Bernoulli(a(Y}"))

4: if By =0 then

5: set (Yk,Zk) — (Yk*)Zk—l)
6: else

7 draw Z;, ~ Qa(Zk—h )

8: set Y. + Z;.

9: end if

10: end for

2.5 Numerical illustrations

In the following we benchmark numerically the KKT sampler against the Metropolis-
adjusted Langevin algorithm (MALA) [121] and the HMC algorithm [12, 104]. In all our
experiments, the target distribution 7 is assumed to have a positive density on R% with
respect to the Lebesgue measure; for ease of notation, this density will be denoted by
the same symbol, 7. In addition, log 7 is supposed to be continuously differentiable, and
we denote its gradient by Vlog.
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We first recall the expression of the transition kernel RMH of the MH algorithm based
on some proposal transition density r : R x R¢ — R, with respect to the Lebesgue
measure: for every z € R? and A € B(R?) (the Borel o-field on R%),

R A) = [ M@ y)ra ) dy+0u(A) [ (11— o)y dy,
where the acceptance probability function aMH is given in (2.37). We will consider two
different parameterizations of the MH algorithm, namely the MALA and the random-
walk Metropolis (RWM) algorithm. In RWM, proposals are generated by means of a
random walk with standard deviation o > 0, providing an MH algorithm with proposal
transition density

_ 1
ral,y) = (20°) 2 exp (=0 )

On the other hand, in the MALA, proposals are generated according to the Euler—
Maruyama discretization of the overdamped Langevin diffusion, i.e.,

_ 1
() = (dym) /2 exp (—47 ly— 2~V logw<x>|2) ,

where v > 0 is a fixed stepsize. The Markov kernels associated with the RWM algorithm
and the MALA will be denoted by RRWM and RMALA, respectively.

Finally, we consider the HMC algorithm, which is briefly reviewed in the following
(we refer to [17, 104] for details). HMC is based on the Hamiltonian function H(x,v) :=
—logm(z) + |[v]|? /2, (z,v) € X x R, associated with the potential —log7 of the target
distribution and the corresponding ordinary differential equation (ODE) and dynamics.
Indeed, the latter preserves the extended target distribution = ® N(0,1;), where N(0,1,)
is the standard d-dimensional Gaussian distribution. However, in most cases, integrating
exactly the Hamiltonian ODE is not an option, and therefore numerical integrators are
typically used instead. A very popular choice is the Verlet integrator which, given some
starting point (xg,vg) € R??, time step size Ay > 0 and number Nypc € N* of iterations,
consists in the recursion (zjy1, vk+1) = Ya, (zk, vg), for k € {0,..., Numc — 1}, where,
letting vy 1/0 = vg + 271 Ay log m(zy),

WA, (@, Vi) := (Vy1/2 + 27 Ay Vg m(g + Agvi1)2), T + Agvgpso) - (2.38)

For k € {1,..., Numc — 1}, (zp,vp) = ‘l’oAkt(xo,vo), where ‘POAlt = Wa, and ‘PZ(fH) =
‘PoAkt oWy, for k € N*. It follows that WoAkt (x0,v0) is an approximation of the Hamiltonian
dynamics at time kA;. However, failing to leave the Hamiltonian function constant,
numerical integration of the Hamiltonian ODE does not preserve the extended target in
general. Still, like the continuous Hamiltonian dynamics, symplecticness and reversib-
ility still hold. These properties allow (ZNyc> UNuwc) = ‘POA]YHMC (0, vp) to be used as a
deterministic proposal inside an MH algorithm with corresponding acceptance probab-

ility function

anmc(zo,vo) = 1 Aexp (H(l'o, v) — H OWOAZYHMC (IEO,UO)) : (2.39)
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Finally, to ensure that the resulting Markov kernel is irreducible and ergodic (see [16]),
the starting point of the additional variable vg is refreshed, i.e., sampled from its sta-
tionary distribution N(0,I;) independently of the past, at each iteration. This yields the
Markov kernel

RS e (@, A) 1= (20) 7 /R L Ta (proj, o®X™ (z,0) ) apmc (@, v) exp(o]*) dv

+ 555(A)(27r)*2d/d(1 — anmc (@, v)) exp(||v]|?) dv, = €RY, A e B(RY),
R

where Wa, and apmc are defined in (2.358) and (2.39), respectively, and proj, : R?¢ 3

(x,v) — x.

2.5.1 Two multi-modal distributions

In a first example, we consider the target distribution

7(x) = (4m)~! (exp (—;Hm - ,u\2> + exp (—;Hx + MH2)> , ©€R? (2.40)

corresponding to a mixture of two bivariate Gaussian distributions with identity covari-
ance matrix and means g = (10,0)T and —p. In this setting, we compare the MALA,
with step size v = 0.1, with the memoryless KKT sampler. The latter is parameterized
by the same base kernel P = RMALA, again with v = 0.1, and the set

C={zeD: n(z) <cglx)},

where ¢ = 1.3/m, D = [<15,15)% and q(z) = 1p(z)/302 for © € R2. Moreover, we
draw from ¢ using rejection sampling with instrumental density ¢, 7.e., the uniform
distribution on D. With this choice of ¢, the KKT sampler will explore the modes of
7 using the MALA and teleport across the low-probability regions far from the modes
through independent sampling from 7¢. In addition, by the definition of C, the rejection-
sampling algorithm performs relatively well; the average number of rejections equals 70.
Note that the KKT sampler is supposed to operate using the MALA also outside D;
however, due to the large span of D, this never occurred in our simulation. Figure
provides the resulting histograms of 106 samples. As clear from this plot, the MALA
gets stuck in one of the modes, and adjusting the step size of the proposal does not help
circumventing this problem. On the other hand, the KKT process—moving easily across
the low-probability barrier between the modes—explores efficiently the full distribution.

In a second experiment we consider again a two-dimensional multi-modal distribu-
tion, this time given by

m(z) = 14.87" l0.8 (/ exp(—s?) ds) - exp (—(a:l +7)* = (z2 + 6.5)4)

14

1
+(2m)t E exp (—QHCC - uiHQ) , x=(x1,12) ER? (2.41)
i=1
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04
02 ‘ :
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Figure 2.1: Comparison between MALA (left panel) and the memoryless KKT sampler (right
panel) on the multi-modal distribution (2.40). For the memoryless KKT sampler, red and blue
points correspond to samples generated by rejection sampling from 7¢c and MALA base kernel,
respectively.

where (p;)32; are points in R?, marked with black bullets in Figure 2.2. Note that one of
the components of the mixture distribution (2.411) has lighter tails than the other ones,
of which all are Gaussian.

For this model, we compared the MALA, with step size v = 0.8, with the KKT
sampler parameterized by the same base kernel P = RQAALA (again with v = 0.8) and
the set

C={zcR?: —log(14.87(x)) > 2}.

In this case, we let the teleportative moves of the KKT process be governed by the RWM
kernel @ = RRWM with ¢ = 0.8. The algorithmic parameters v, o and C are tuned to
obtain the best results for both methods. Figure 2.2 displays the resulting samples after
106 iterations. As evident from the plot, MALA fails to explore the mode of the target
corresponding to the component of the mixture with the lightest tails, even though this
mode is less isolated than in our previous example. The KKT sampler, on the other
hand, has no difficulty at all in transiting across any low-probability barrier.

2.5.2 Stochastic volatility model

We now illustrate the proposed KKT sampler in the context of Bayesian inference in
a stochastic volatility model. More precisely, following [88] we assume that we have
access to a given record (yx)N_, € R¥*L N € N*, of observations such that for every
k€ {0,...,N}, yg is a draw from a one-dimensional, zero-mean Gaussian distribution
with variance exp(2zy)/7, where the sequence (z1)4_, is governed by the recursion

Tl = PTE + ki1,

with the model parameters p € (0,1) and 7 > 0 and the noise sequence (zx)h_, €
RM*1 being unknown. In order to infer the parameters and the noise variables we
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Figure 2.2: Comparison between MALA (left panel) and the KKT sampler (right panel) on
the multi-modal distribution (2.41). For the KKT sampler, red and blue points correspond to
samples generated by the RWM teleportation kernel and MALA base kernel, respectively.

take a Bayesian approach and assign 7 a gamma prior with hyperparameter (21,5)
and (1 + p)/2 a beta prior with hyperparameter (20,2). Moreover, the noise variables
()N, are assumed to be a priori independent and standard normally distributed and
zo = 20/+/1 — p?. In our experiment, N + 1 = 100 synthetic data points (yx)i_, were
generated by simulation under model parameters and noise variables drawn from the
corresponding priors. In addition, the reparameterizations

a=—log(r)/2, A= (log(l+p)—log(l - p))/2.

of 7 and p provide parameters that are well supported on R. We then obtain a target
density on RV*3 given by

—log (e, B, (Zk)szo | (yk)évzo) = 420 + 5e 2% + 22 log(1 + e_Q’B) +46+ (N + Do

N N
+ 271 Z xp+271 Z(wk + Z;%) + Cstgv,
k=0 k=0

where wy, := exp(—zy — 2a)y? and Cstgy is some additive constant independent of the
parameters of interest; see [88, Section G.3] for details. On this model, we compare
the KKT sampler to HMC. For HMC, we consider Nymc = 35 iterations for the Verlet
integrator and adjust the time step A; to obtain an acceptance rate of about 0.7 on the
average. The very same HMC kernel is used as base kernel P in the KKT sampler. As
teleportation kernel we use Q = REWM, with o selected to obtain an acceptance rate of
about 0.25. Finally, the region C is given by

C= {(av ﬁ7 (Zk)i]eV:O) € RN+3 L logﬂ(awﬁ)? (Zk);cvzo | (yk){cV:O) - CStSV > 75} .

In this setting, we run both MCMC algorithms for 10° iterations after discarding a
burn-in period comprising 10° steps. For the KKT sampler, the percentage of samples
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(ESS(21))asg
mean variance min max
KKT sampler | 4.84 1.57 0.86 0.10 0.33 | 1.89
HMC 0.23 0.17 0.22 0.004 0.15 | 0.46

Algorithm | ESS(«) | ESS(8)

Table 2.1: Summary statistics of ESSs calculated on the basis of MCMC paths generated by the
MALA and the KKT sampler for the stochastic volatility model in Section . The values are
based on 10° iterations of each algorithm.

generated by the teleportation kernel is 63%. Table reports the resulting effective
sample sizes (ESSs) (see [119, Section 12.3.5]) per evaluation of log7 and Vlogn at
each iteration for each component of the resulting MCMC trajectories. As clear from
Table 2.1, the KKT sampler outperforms significantly HMC in terms of this measure.

2.5.3 The Ginzburg—Landau model

In our final numerical experiment, we consider the Ginzburg—Landau model used for
describing phase transitions in condensed matter physics; see [87, Section 6.2]. Let p € N
and d = p® and define 7 on a three-dimensional lattice by, for x = (Tijk) (i, k) {1, p}3 €
R4,

e P

P
—lognm(z) =271 Z ((1 — T)x?jk + 1o Vaijg]|? + T)\a:?jk/2) + Cstar,
ij,k=1

where Cstgy, is the logarithm of the normalizing constant and 7, A and « are all positive
model parameters. In addition, Vrijk = («Ti+jk — Tijks Tij k — Tijk, Tijk, — Tijk), where
iy := i+ 1 mod p (and similarly for j; and ky). In our simulations, the target is
parameterized by p =5, 7 = 2, A = 0.5 and « = 0.1. In this example, we compare the
MALA, operating with the step size v = 1073, with the KKT sampler using the base
kernel P = RMAMA with o = 0.1, the set

C={zeR’: ~log(n(x)) — Cstar > 100} (2.42)

and the teleportation kernel Q = RRYM with o = 0.1. Note that the step size v used
in the MALA is set to be quite small in comparison to that used in the KKT sampler;
otherwise, the acceptance probability would degenerate to zero, resulting in a stuck
algorithm. This is mainly due to the fact that Vlogm is not Lipschitz in this case.
In contrast, the teleportation algorithm does not suffer from this issue if the set C is
tuned appropriately. Indeed, with the choice ( ) of C, the MALA is used only in the
neighborhoods of the modes of logw, where V logm is Lipschitz with a relatively small
Lipschitz constant, while instead RWM-—incorporating no gradient information—is used
outside these regions.

In Table 2.2, we display the ESSs of the trajectories produced by the two methods,
divided by the number of evaluations of either log 7w or V log 7 per iteration. The values
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Algorithm mean | variance | min | max
KKT sampler | 908 5438 727 | 1091
MALA 34 83 12 57

Table 2.2: Summary statistics of ESSs calculated on the basis of MCMC paths generated by the
MALA and the KKT sampler for the Ginzburg-Landau model in Section . The values are
based on 10° iterations of each algorithm.

are calculated on the basis of 10° iterations (after discarding burn-in periods compris-
ing 10° iterations). Evidently, the KKT sampler outperforms clearly MALA, with an
improvement of at least an order of magnitude in terms of average ESS.

2.6 Kernel notation

The following kernel notation will be used at several places in the paper. Let (X1,&1)
and (Xg, &) be general measurable spaces. A possibly unnormalized transition kernel K
on X; x & induces the following three operations, one on Fy(&2) and two on M(&;):

o For h € Fy(&) we define the function Kh : X; 3 x — [ h(y) K(z,dy) (whenever
the integral is well defined).

o For u € M(&;) we define the measure pK : & 3 A — [ u(dz) K(x,A).
o For p e M(&;) we define the measure p Q@ K : £1 ® £2 3 A — [ [, p(dz) K (z, dy).

Now let (X3,E&3) be a third measurable space and L a transition kernel on Xo x £3. Then
we define the following products between K and L, the first resulting in a kernel on
X1 x &3 and the second in a kernel on X; X (&2 ® &3):

o KL:X;x& 53 (z,A)— [K(z,dy)L(y,A).
e KQ®L:Xix(&®E&)3 (x,A)— [[yK(z,dy) L(y,dz).

2.7 Proofs and technical lemmas

2.7.1 Proof of Proposition
First, note that for all Ag and A; in &, by the definition of .S,

[7T® S](AO X Al)

:/A m(dy)P(y,C N Ay) +/A m(dy) Py, O)mc (A1)
=[r® P]((C°NAy) x (C°NAL)) + [r® P]((CNAp) x (C°NAY))

+ [7 @ P]((C°NAg) x O)mc(A1) + [t ® PI((CNAg) x C)mc(Ar).  (2.43)
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We first prove that and jointly imply that S is m-reversible. To do so, we rewrite
each term on the right-hand side of (2.43) to show that [T®S](Agx A1) = [r®S](A1 xAyp).
We start with the second and the last terms. By (b),

[r® P]((CNAp) x (C°NAY)) =7mc(Ag)m(C)u(C N Ay,

and
@ PI(CNA) x O = [ a(dy) (1= P(y.C)) = (1 = u(C)m(CIme(Ao).
0
We turn to the third term on the right-hand side of (2.43). Under , and
imply

[ ® P]((C°NAg) x C) =7(C°NAg) — [r® P|((C°NAg) x C°
=[r® P](X x (C°NAy)) — [r ® P](C°x (C°NAp))
= [r® P](C x (C°NAyp))
=7(C)u(C°NA). (2.44)

Combining (2.13)—(2.41) yields

[r ® S](Ag x A1) = [ ® P]((C° N Ag) x (C°NAL)) + mc(Ag)m(C)pu(CE N Ag)
+ mc(A)m(C)u(C N Ag) + (1 — pu(C))m(C)mc(Ao)mc (A1),

and by this expression is symmetric in Ag and Aj. Thus, [7 ® S](Ag X A1) = [ ®
S](A1 x Ap), which implies that S is m-reversible.

We now establish the converse. If S is m-reversible, then holds trivially true (as
EE? C £22). We show that (1) holds as well. By (2.13), and using that S is 7-reversible,
we have for every (A,B) € &c x Ece,

[ 7(dy) Py, B) = [ @ S|(A x B) = [r @ S)(B x A) = nc(A) [ m(dy) P(y,C).
A B

Therefore,
[ 7@ (Pw.B) — u(B)) = 0. (2.45)

where we have defined the measure p : Ecc 3 B’ — [g, m(dy) P(y,C)/m(C). Since Ece is
countably generated there exists a m-system (Bg)ren, with By € Ece for all k, such that
Ece = 0((Bk)ken) and By = C¢. Then, by using, for every k € N, (2.45) with B = By
and A = {P(-,Bi) > u(Bg)} as well as A = {P(-,Bx) < u(Bg)}, we conclude that there
exists Xj, € &c such that 7(Xf) = 0 and for every y € X, P(y,Br) = u(Bg). Now,
let X := NgenXg; then 7(X¢) = 0 and for every y € X and k € N, P(y,Bx) = u(Bg).
Therefore, by Dynkin’s 7—\ theorem, P(y,-)|cc = p for m-almost all y € C, which
completes the proof.
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2.7.2 Proof of Proposition

First, assume that holds. Then by [37, Theorem 5.1.8], for every measurable function
g : X = R such that 7(|g|) < +o0,

n—1
: -1 _EP P
i 7 3 60 = o) |Z), P, (2.46)
where 7 := {A € E®N . 1p=1p0 0} is the o-field of invariant sets. Under , [37,

Corollary 5.2.4] implies that the invariant random variable EX[g(Xo) | Z] is PL-a.s.
constant. As a consequence, Pf: -a.s.,

EP[g(Xo) | Z) = EX [EX[9(X0) | T)] = EX[9(X0)] = m(9)-

Plugging this into (2.46) yields PZ(A) = 1, where
n—1
— ; -1 —
A:= {ngrfoon l;)g(Xk) = ﬂ(g)} .

Since A is invariant, i.e., 1o = 1a o 6, the function h : X > =z — P;IUD(A) is bounded
and harmonic, and by it is hence equal to a constant ¢. Then, 1 = PL(A) =
[7(dx) PE(A) = ¢ and we conclude that Pg(A) = [&(dw)PE(A) = ¢ = 1. Thus,
holds true.

Conversely, assume (i) and let h be a bounded and harmonic function. Applying
with g = h yields that for every x € X,

n—-+00

n—1
im n~' > h(Xy)=m7(h), PL-as.
k=0

In addition, since by [37, Proposition 5.2.2(ii)], for any « € E, (h(Xk))ken converges
Pl’-a.s. to some random variable Y = limsupj,_, ., h(X}) such that h(z) = EL[Y], we
finally conclude that Y = 7(h), PP-a.s., and h(z) = EL[Y] = 7(h) for any x € X. This
shows

2.7.3 Technical results for proving Theorem and Theorem

Lemma 3. Set C = C x C. Then for every (y,2) € X x C, n € N and v € F,(£),
Ef} ) [Lioesnyo(Ya)] = Ef [Loesnyv(Xn)] - (2.47)
If, in addition, inf,cg Pf(ac < 400) =1, then the following properties hold true.

(i) For every (y,z) € X x C and £ € N*, P@Z)(Ué < 4o0) =1.

54



2.7. Proofs and technical lemmas

(ii) For every (g,h) € F+(N) x F1(Ec) and p € M1 (€ ® Ec),

EXl9(00)h(Zoc)) = [ nld(y. 2) ELlg(oc)|Qh(2) (2.49)

and for every £ € N*,

ESf [g(O'C 00 _e-1)h(Z,) fge_l} =Ey, [9(00)Qn(Z 1), Pl-as. (2.49)
C C C oc [«
(i3i) For all k € N*, (g;)%_1 in FL(N), (h)¥_; in Fy(Ec) and p € M1 (€ ® Ec),

ER[HQ@ -—0’7 hz(Zf)]

k—1
= /u(d(.% 2)) Ey l91(0c)|ES [hk(Xk) [T ne(X0EX, [9e+1(oc)]| » (2:50)
{=1

where, by convention, og = 0.

(iv) Let (y,z) € X x C; then under P(y 2y (Yo )ken= is a Markov chain with transition
C

kernel Q) and initial distribution §,.

Proof. We establish (2.17) by induction over n. The base case n = 0 holds trivially true.
Assuming that ( ) holds true for some n € N, the Markov property implies that for
every (y,z) € Ex C,

E@,z)[]l{gé>n+1}v(Yn+1)] = E@,z)[1{a¢>n}]l{ynﬂgc}v(YnH)]
= By Loy P(Tc0) (Vo))
= By [ foeony P(Tcev) (Xn)
= E5[1{0c>n+1}v(Xn+l)] )

which establishes (2.17) with n replaced by n + 1 and hence completes the induction
step.
We now establish (i)—(iv) in turn.

(i) By setting v =1 in ( ) and letting n — oo, we get that for every (y, z) € X x C,

P@ Z)( = 4+o0) = Pf;(ac = +00). Therefore, by assumption, for every (y,z) €

ExC,

P@Z)(ac < 4o00) = Pg(ac < 4o0) =1,

from which it follows that P2

o, Z)(oé < 400) =1 for every £ € N*.
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(ii) We first show (2.1%8). Using the Markov property and the definition (2.7) of R, for
every (y,z) € X x C,
Ely) [Hoe=n1(Zn)] = E(j ) [Lioeon-1) Ly h(Zn)]
= E( L oesn-1pP(Ya-1, OQM(Zn-1)]
= Bl [Lfoeon-1y P(Ya-1, O QA(2)
=B [1{seon—13 P(Xn—1, Q)]Qh(2)
=Py (0c =n)Qh(2),

where the penultimate equality follows from ( ). Then, using (i) and the previ-
ous identity,

m
=3
K

N

q

19
N~—
=
N
(@]

Il

]+

oog(n) Eg/,z) [:H'{O'EZTL}h(Zn)]

3
Il
—

0og(n)PY (oc = n)Qh(z)
[9(00)|QN(z) .

Integrating with respect to p establishes (2.48).

I
i

I
m
= v

We turn to (2.19). Since Z ¢ = Zs. 00 _¢—1 on {alé_l < 400}, combining the strong
c c
Markov property, (i) and (2.18) yields, P/If’—a.s.,

ER g(O’C o 9(7{_1)]1(2(7%) | ‘Faé_l] = Eﬁ [Q(UC o (90{_1)h(ZJE o 90{.—1) ’ fag—l
c C c @ @

n
= EﬁYg€,1 ’Zggfl) [g(UC)h(ZO—(—:)]
< <
= Eiz_l [Q(Uc)}Qh(Zgéfl) ;
C

where the last equality follows from (2.18). This completes the proof (2.19).

(iii) We proceed by induction. The base case k = 1 holds by (2.48). In order to carry
through the induction step, assume that (2.50) holds for some k& € N*. Then, for all
(g in FL(N), ()M in Fy (&) and p € My (€ ® Ec), using the tower property,
(2.19) and the fact that Yaé = Zaé, P -a.s., for all £ € N*, we obtain

k1
E lH ge(0g —og Dhi(Z, ¢)
=1

.
E/ [Eﬁ[gk—i-l(ac ° aa’g)hk-&-l(zg’gH) | fog] H ge(og — Ué_l)hé(zag)]

o

=E; [Eg [9k+1(00)] Qi1 (Z, ng — ol he(ZUé)] :

56



2.7. Proofs and technical lemmas

The expectation on the right-hand side is over a product of nonnegative functions
of Z_¢ and 0— — U— ~1for ¢ € {1,...,k}. Therefore, using the induction hypothesis,
C

B rﬁ ge(ot — o (2, n]
~ [ ud(v. ) E} lgn (o)

x E9 [Eik [gkﬂ<ac>1c2hk+1<xk>hk<xk>I;H_llhaxoei [gm(ac)]]
— [ (9. 2)) E} lga (o EC [hkﬂ Xkﬂf[ he(X)ER, gm(ac)}],

which means that (2.50) holds true with k replaced by k + 1. Thus, the claim
follows by induction.

(iv) By applying (2.50) with g1 = ... = gx = 1, we conclude that for all £k € N*,
(ha)i1} in Fo(Ec) and pu € My (€ ® Ec),

ES [H he(Z 0 ] :/md(y z)) EZ

/=1

k
[H he(Xe)] :
=1

This shows that for every (y, z) € E x C, under P(y 2 (Z o )een= is a Markov chain
with transition kernel @) and initial distribution d(, .). We may now complete the
proof by noting that Y, = Z ., Pf—a.s., for all £ € N*.

C C

O

Lemma 4. Assume - and that for every y € X, P5(UC < +o00) = 1. Set
§ :=inf,cp P(2,C) and D := D x D and define the probability measure v : € @ Ec 3 A
Jcv(dz) 1a(z, 2). Then the set D = D x D is an accessible (1,deir)-small set for R such
that (D) > 0.

Proof. Under —(ii) it holds that for every (y,z) € D and A € £ ® &,
R((5:2).A) > P(35.0) [ Q2 d)1a( ) > den(A)

showing that D is a (1, der’)-small set for R. In addition, (D) = v(D) > 0. To complete
the proof, it remains to show that D is accessible for R. By assumption, Q admits an
accessible small set and is hence irreducible. Furthermore, [37, Theorem 9.2.4] implies
that there exists a maximal irreducibility measure ¢» € M(Ec) for Q). We define the
measure ¥ : E® Ec 3 A Jc ¥(dz) 1a(z, z) and complete the proof by showing that R
is 1p-irreducible. Indeed, since v is, by , an irreducibility measure for @) such that
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Chapter 2. Boost your favorite Markov Chain Monte Carlo sampler using Kac’s
theorem: the Kick-Kac teleportation algorithm

v(D) > 0, it holds that ¢)(D) = (D) > 0; thus, by [37, Lemma 3.5.2], D is accessible for
R if R is t)-irreducible.

To establish ¢-irreducibility, consider a set A € £ ® Ec such that ¢)(A) > 0. Setting
A = {z€C: (2,2) € A}, it holds that 1(A) = [1a(z,2)¢(dz) = (A1) > 0, and
since @ is v-irreducible, it follows that Z,Jg;"i Q%(z,A1) > 0 for all z € C. Now for all

(y,z) € Xx C, Yy = Z, P@ ,)"a-s. on {Y}, € C}, and therefore

—+00 “+o0 _
z_:an((y, 2),A) > z_jl PR . ((Yn, Z,) € AnC,Y, = Zn)

+o0 oo
_ R _ ¢
— Z:l P ) (Zaé c A1> = ;Q (z,A1) >0,

where the first and last equalities follow from Lemma and Lemma, , respectively.
The Markov kernel R is therefore -irreducible, and the proof is finalized. O
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CHAPTER 3

Uniform minorization condition and convergence
bounds for discretizations of kinetic Langevin dy-
namics

ALAIN DURMUS', AURELIEN ENFROY’, ERIC MOULINES® AND
GABRIEL STOLTZ

We study the convergence in total variation and V-norm of discretization schemes of
the underdamped Langevin dynamics. Such algorithms are very popular and commonly
used in molecular dynamics and computational statistics to approximatively sample
from a target distribution of interest. We show first that, for a very large class of
schemes, a minorization condition uniform in the stepsize holds. This class encompasses
popular methods such as the Euler-Maruyama scheme and the schemes based on splitting
strategies. Second, we provide mild conditions ensuring that the class of schemes that
we consider satisfies a geometric Foster—Lyapunov drift condition, again uniform in the
stepsize. This allows us to derive geometric convergence bounds, with a convergence
rate scaling linearly with the stepsize. This kind of result is of prime interest to obtain
estimates on norms of solutions to Poisson equations associated with a given numerical
method.
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Chapter 3. Uniform minorization condition and convergence bounds for discretizations
of kinetic Langevin dynamics

3.1 Introduction

Langevin dynamics are nowadays one of the default dynamics to sample configurations
of molecular systems in computational statistical physics; see for instance [2, 58, 90]
for reference textbooks on molecular dynamics, as well as the more mathematically
oriented works [82, 86, 108]. They are also gaining increasing popularity in Bayesian
statistics and machine learning [10, 118] to obtain approximate samples from the a
posteriori distribution of a statistical model [26, 31]. In this paper, we are interested
in the Langevin dynamics, sometimes coined underdamped or kinetic, which describes
the evolution of the position (X;);>0 and the velocity (V;)i>o of a system by the 2d-
dimensional stochastic differential equation (SDE):

dX; = V, dt,

3.1
th = [b(Xt) — th] dt +o dBt . ( )

Here, k,0 > 0 are some friction and diffusion coefficients respectively, and (By):>0
is a standard d-dimensional Brownian motion defined on the filtered probability
space (2, F,P, (Ft)=0) satisfying the usual conditions. Note that, for notational sim-
plicity, the mass matrix of the system is set to be the identity matrix and the friction
coefficient is a scalar, independent of the position. It would nonetheless be possible
to consider symmetric definite positive mass matrices, and position dependent friction
matrices. A typical choice for the vector field b € C'(R% R?) is b = —VU for some
potential energy U, in which case the unique invariant probability measure of (3.1) is
the Boltzmann—Gibbs probability measure, whose density with respect to the Lebesgue
measure is proportional to (z,v) — exp(—&[2U(z) + ||v]|*]/o?). However, we are also
interested in situations where the drift does not arise from a gradient, as in nonequi-
librium molecular dynamics simulations [29, 55] (see for instance [36, Section 5] for a
mathematical introduction to this field).

There are various techniques to prove the convergence of the continuous dynam-
ics (3.1), for instance hypocoercivity techniques [126, 130], Lyapunov([95, 117, 137] and
coupling [49] methods. Moreover, although the dynamics is degenerate, i.e. the covari-
ance matrix associated with (3.1) is not invertible, it can be shown using a combination
of controllability arguments and hypoellipticity [117], that, for any ¢y > 0 and initial
condition (Xo, Vo) = (z0,v0) € R??, the random variable (X;,,V;,) has a distribution
with a positive density (x¢,,vi,) — Pro ((z0,v0), (T4, v1,)) With respect to the Lebesgue
measure on R??, implying that the Markov semigroup associated with (3.1) is irredu-
cible. Finally, quantitative bounds on py, for any ¢y > 0 can be established by various
techniques, such as Malliavin calculus [8], representation formulas for pinned diffusions
together with comparison principles [111, 112], or through Gaussians bounds obtained
with the so-called parametrix method [76, 85].

Obtaining quantitative convergence rates at the discrete level for discretization
scheme associated with (3.1) is more difficult. In particular, it is of prime concern
to establish convergence rates p, for discretization schemes with timestep v > 0 which
are similar to their continuous counterpart, i.e. such that log(p,) scales linearly in the
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3.1. Introduction

timestep. More precisely, if we denote by R, the Markov kernel associated with a
given discretization scheme, it is sensible to expect that, under appropriate conditions
and for any v > 0 small enough, this kernel admits an invariant distribution 7, and
d(uoRf;, m) < Cp'* for an initial distribution o, where C' > 0 and 5 € [0, 1), while d
is some distance on the set of probability measures on R?¢. Currently, one of the main
options to obtain such a convergence is to prove Lyapunov estimates and minorization
conditions which are uniform in the timestep, ¢.e. that such conditions holds for Rfyto/ d
for some ty > 0 for constants which do not depend on ~. This strategy was used for
overdamped Langevin dynamics in [16] and [33]. While Lyapunov conditions are based
on direct algebraic computations, and may require to consider implicit schemes [77, 95],
showing a minorization condition uniform in the timestep is the main bootleneck of this
approach. For non-degenerate stochastic dynamics, this type of results can be estab-
lished relying on Malliavin calculus [9], but the resulting proof is rather involved. It may
also be possible to write a direct proof as in [16] from the Girsanov theorem, although
this is however possible only for dynamics with additive noise. Finally, the coupling
approach developed in [33, 44] cannot be applied to discretizations of the degenerate
SDE (3.1).

In this paper, we consider another approach to obtaining minorization conditions uni-
form in the timestep: the idea is to consider the numerical scheme over small physical
times as a perturbation of a given Gaussian process. This approach was first advocated
by one of the authors to easily present the main results and rationale from [33, 44] for
discretization schemes of the overdamped Langevin dynamics; see Section 3.3. It turns
out that this approach can be extended to various discretization schemes for the under-
damped Langevin dynamics, in particular the splittings schemes proposed in [18, 84],
which are becoming increasingly popular in molecular dynamics (see [2, Section 12.2]).
This contribution allows to amend and correct the proof of [83, Lemma 2.8] and extend
this result to unbounded spaces.

Outline of the work. The present document is organized as follows. We present
the numerical schemes we consider and state the main results we obtain in Section 3.2;
see in particular Theorem for the minorization condition, and Theorem for the
Lyapunov condition. Both results are stated so that the dependence on the timestep is
explicit. The remaining sections are devoted to the proofs of these results. The proof
of the minorization condition is written in Section 3.4, with, for pedagogical purposes,
a sketch of the proof for nondegenerate dynamics in Section 3.3; while the proof of the
Lyapunov condition can be read in Section . For completeness, some proofs and
derivations are deferred to the appendix.

Notation. In order to present more concisely our results, we use the following notation
throughout this work. For m,n,p,q € N*, the Kronecker product A @ B of a m x n

matrix A = (ai;) @ j)ef1,..m}x{1,..n} and a p x ¢ matrix B = (bij)(i,j)e{1,...p}x{1,....q} 19
the pm X gn dimensional matrix with entries

V(i j) €{L....pm} x{L,....qn}, (A @B)ij = afisp),[j/q1bi-(—1)/p)pi—[(i-1)/a)a -
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Equivalently, and more explicitly,

a11B alnB
A®B=

B - appB

For two symmetric matrices A and B, we say that A > B if A — B is positive semi-
definite. We denote by 04 and 1,4 the d-dimensional vectors with all components equal
to 0 and 1 respectively.

The set B(RY) denotes the Borel o-field of RY. The Euclidean scalar product of
vectors z and y in R? is denoted by (z,y) = 2Ty, the Euclidean norm of z being ||z||. For
any n € N* and for any matrix A of size nx n, the notation [|A[|, stands for the induced
norm defined by [[A|,, = sup{||Az| : z € R" with ||lz|| = 1}. For k,n,m € N*, the set
of k-times continuously differentiable functions f : R® — R™ is denoted by C¥(R™,R™).
For f € CY(R%R), Vf is the gradient of f, and for f € C?(R% R) we denote by Af
the Laplacian of f. When f € C!(R?!R), V,f the gradient of f restricted to the
first d components and V,, f the gradient of f restricted to the last d components. When
f € C*)R?*",R), A,f is the Laplacian of f restricted to the first d components and
A, f the Laplacian of f restricted to the last d components. The closed ball centered
at T € R (with d > 1) with radius M > 0 is By(zo, M) = {2 € R? : [lz — 20| < M }.
Finally, the d-dimensional standard normal distribution is denoted ¢ and by abuse of
notation its density with respect to the Lebesgue measure is also denoted by z — ¢(z2).
For some measurable functions % : R" — [1,00) and g : R — R, we define ||g||ly =
sup,ern{lg(x)|/V(x)} < co. The ¥-norm of a signed measure £ on (R™, B(R"™)) is defined
as ||¢|ly = Jgn V(x)d [§] (), where |£] is the absolute value of . In the case ¥ = 1, the
V-norm is the total variation norm and it is denoted by || - ||pry. Equivalently (see [37,
Theorem D.3.2] for details), ||£]|¢ can be defined as ||£]|¢ = sup{&(g) : ||g|lv < 1}.

3.2 Setting and main results

We first discuss in Section the general structure of the discretization schemes we
consider, and illustrate the relevance of the structural assumptions we make by vari-
ous examples in Section . We then state the main results of this work in Sec-
tion , namely minoration and drift conditions uniform in the discretization timestep,
from which we immediately deduce a geometric convergence with a rate uniform in the
timestep as well.

3.2.1 Structural assumptions on the numerical schemes

Discretization schemes for (3.1) are obtained in practice by introducing a positive
timestep v > 0. They correspond to a Markov chain {(Xg, Vi) }ren, where (Xg, Vi)
approximates (X, Viy), the solution of (3.1) at time kvy. More precisely, we consider
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the following general structure on the induction defining the numerical schemes: for
k €N,

Xir1 = X + 7V + 14 (Xk,V‘stWHl/QUkaH’ Wk+1) +7 0. Dy Zy

5 541/2 (3.2)
Vi1 = 7 Vi + 794 (Xka')/ Vi, Y R0y kg, Wk+1) + Y0y Zkg1,

where § > 0 is a positive parameter, the family (Wy11)ren is @ sequence of independent
and identically distributed (i.i.d.) random variables with common distribution ju, on a
measurable space (W, W), independent of the family (Zj41)ken of i.i.d. d-dimensional
standard Gaussian random variables. In many cases of interest (see Section below),
(Wk+1)ken is a family of i.i.d. standard Gaussian random variables. The actual numerical
schemes under consideration are encoded by the measurable functions f, g, : R34 x W —
R¢, as well as by 04,7y >0and D, € R4*4 We illustrate the choice of the form for the
recursion (3.2) by several discretization schemes for (3.1) in Section . In particular,
the parameter ¢ is 1 in all these examples, but the result we present can be stated for any
positive value of 0. Let us also emphasize that some arguments in the functions f,, g,
are scaled by powers of v. This is motivated by the stability analysis in our proof of
the minorization condition, and allows to state Lipschitz conditions independent of the
timestep in A2 below. Finally, we always assume that v € (0, 7], for some fixed 7 > 0.
Typically, 4 represents a threshold which ensures that the scheme under consideration
is stable. Here, for ease of presentation, we assume in Al below that 7 is even smaller
than a specific constant.

We consider the following assumptions on the coefficients and functions enter-
ing (3.2). The first assumption Al expresses some form of consistency of the coeffi-
cients 0,7y in (3.2), which are related to the coefficients o, in (3.1). In addition, we
also impose some upper bound on % to simplify the derivation of our main results but
it could be easily relaxed.

A1. 1) There exists C,; > 0 such that ¥ < (k + 2Cx/k)~L, and for any v € (0,7], it
holds |7, — e™™| < Cyy?. In addition, for any v € (0,7], 7, € (0,1).

2) There exist 6,9 € Ry such that sup oy < ¢ and sup |D,|,, < 2. Finally,
Y€(0,7] v€(0,7]

limo, =o0.
70

The conditions in A2 express some form of Lipschitz stability with respect to scaled
variables, and quantifies the fact that perturbations arising from f,, g, can be of order ~y
with respect to positions, while they are restricted to be of order v'*9 with respect to
momenta.

A 2. For allw € W, the functions (x,v,z) — (fy(z,v,2,w), gy(x,v,2,w)) are Cl. In
addition, there exists L > 0 such that, for any v € (0,7], w € W and (z,v, z), (2,0, 2) €
R3d,

L [[[(2,v) = (", )| + ]z = #[]] ,

L [[[(z,v) = (", )| + ]|z = #'[]] -
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Note that we could assume that A2 only holds for py-almost all w € W, but
strenghten this condition for ease of presentation.

Euler—-Maruyama scheme. We first illustrate our choice of the framework specified
by (3.2) by the Euler—-Maruyama discretization of (3.1), which reads

Xk+1 =X+ ’}/Vk , Vk+1 = (1 — /i’y)Vk; + ’Yb(Xk) + \F}/O'Zk . (3.3)
This numerical scheme fits into the framework (3.2) upon taking
T’yzl_’%’y; Oy =0, D’y:07 f’Y(mvvazaw):07 g’Y(xﬂ)aZ’w):b(m)'

The parameter ¢ is irrelevant. Note that Al and A2 hold under the condition that b is
Lipschitz.

3.2.2 Examples of numerical schemes of the form (3.2) satisfying A1-A

In what follows, we show that most popular discretization schemes associated to (3.1)
can be cast into the framework that we consider in (3.2) and satisfy Al and A2. All
these numerical schemes can be obtained by decomposing the generator A of (3.1) as

A= +B+7C, (3.4)
where, for any g € C?(R??) and (z,v) € R??, the elementary operators 7, %, % act as
A g(x,v) = v Vg(z,v), (3.5)
By(z,v) = b(x) " Vug(z,v),

2
Cg(x,v) = -k Vyg(z,v) + %Avg(x,v) :

Note that the dynamics associated with &/ and % simply correspond to the deterministic
flows t — (x +vt,v) and t — (x,v + b(x)t), while the dynamics associated with € is the
Ornstein—Uhlenbeck process (z,e™"v + Uféj e #(t=9)dB,);>0. Note that, for any t > 0,
the random variable e v+ fg e (=) dB, is Gaussian with mean e™"*v and covariance
matrix tG7 14, where

02 1—¢ 2Kt

P (3.6)

~2
O-t h—

3.2.2.1 Stochastic exponential Euler scheme

The elementary stochastic dynamics with generator o/ + % is also analytically integrable
and corresponds to an Ornstein—Uhlenbeck process (see Lemma 21). One obtains the
following numerical scheme by this analytic integration, upon fixing the drift to the
current value b(Xy):

—K

1—e Ky +e " —1
X1 = X+ ——— Vet

b(Xk) + Mkt1

2

e (3.7)
- —e

Vigr = ¢V £ ———b(Xp) + €t

.
Vi +
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with
LT 71 — e r(Y—9)
Eht1 :U/o e "V dBry4s Mk41 :U/o ————dBpyqs - (3.8)

K
The scheme (3.7) corresponds to a stochastic exponential Euler integrator, see [28, 75]
and references therein in a general framework. It has also been recently considered and
studied in the machine learning community, starting with [26]. Similar schemes were
in fact developed in the molecular dynamics communities in the late 70s based on the
analytical solution of Langevin dynamics for b = 0 provided in [23], see for instance [53].

Note that the random variable (9gi1,&k+1)keN, given in (3.8), is a family of i.i.d.
Gaussian random vectors with covariance matrix

() ()

> >

s el = ! 2 ® 14, 3.9
d (29) 2:(;’) d (39)

where (") has entries

Y [1 = e r(1—9) 2 2 — 4o KV —2Ky
»( :02/ <e> ds = 2 [27— Soae T te ] . (3.10)
0

2k2

K K
~ 1 — e—r(y—5) 2(1 — = K7)2
T (O B e P e
0 K 2K?
y 2 1— —2Ky
E:(g) = 02/ e 26(1=5) 45 = gr-°c ) ( € ) . (3.11)
0 2K

Note that 2&7)/7 = 53 (recall (3.6)). Introduce also Zj41 = §k+1/\/2(7), and Wy
satisfying

o1 = /2 (%Z,f+1 T+ /1— angH) . =%y /\/29)29) .

It can be verified (see Lemma 20) that X(7) is invertible and therefore o, < 1. Then,
an easy computation shows that (Zx11)ren and (Wgi1)ren are independent families of
i.i.d. Gaussian random vectors with identity covariance matrix. With this notation, the
numerical scheme (3.7) can be rewritten as

1—e™7 Ky+e ™ —1

K
+ 73/257D7Zk+1 )

_ 1—e™ -
Vipr =€ "V + Tb(Xk) + VY01 k41,

where D, = 29) /{57\/7329)] . This fits into the framework (3.2) upon setting 6 = 1,

65



Chapter 3. Uniform minorization condition and convergence bounds for discretizations
of kinetic Langevin dynamics

_ A kY _ =
Ty =€ ", 0y = 0,

1 —e_’wb
gfy(LU,U,Z,U)) - T (33),

1—ky—e "™
Jy (2,0, z,w) = Z—'ﬂ (v - Zb(az)) +4/ 257)(1 —a)w.

The conditions in Al are easily seen to be satisfied since ,/0 — 1 as v — 0, while
D, — 1/2. Finally, the conditions in A2 hold true when b is Lipschitz.

3.2.2.2 Splitting schemes

A systematic way of constructing numerical schemes for Langevin dynamics is to rely on
splitting procedures based on the decomposition (3.1), as systematically studied in [82,
83, 84] for kinetic Langevin dynamics. The interest of these schemes is that they reduce
to symplectic integrators of the Hamiltonian dynamics as x — 0 with 02 = O(k). We
consider here first and second order numerical discretizations based on Lie-Trotter or
Strang splittings built upon the operators <7, 8, ¢ introduced in (3.1). These operators
are the generators of elementary SDEs which can be analytically integrated, as discussed
after (3.0).

First order schemes. Schemes of weak order 1 are obtained, up to cyclic permuta-
tions, by composing the elementary dynamics associated with the operators in the order
A B, € or of,C,%. There are therefore 6 possible first order splitting schemes, which
can all be cast in the framework (3.2). Some general comments can be formulated on
the 6 splittings schemes.

e There is no dependence on w for the functions f,,g,, and no dependence on z
for g,.

« Functions f, which genuinely depend on z are obtained when ¢ appears before <.
This corresponds for example to the scheme € .o/ 4.

« Functions g, which genuinely depend on v are obtained when %/ appears before 2.
This corresponds for example to the scheme % .o/ .

o The functions f, g, are quite similar for schemes were consecutive applications
of B,% are exchanged (as for the evolutions &/ B€ and &/CRB; or for BE
and €A ).

In view of these remarks, the simplest scheme, from a structural viewpoint, is associated

with B./€ (although the schemes associated with &/ B¢ and /€A are also quite

simple), while the most complicated is the one associated with .o . We next write

out more precisely these two schemes, as paradigmatic examples of first order splittings.
The numerical scheme associated with Z.47 € reads

X1 = X + Vi + 72b(Xy) Virr =e "V + e Tb(Xy) + /70 Zk11
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with &, defined in (3.6). This corresponds to (3.2) with 7, =™, 0, =0, Dy =0 (J is
irrelevant), and f,(z,v,z,w) = vb(z), gy(z,v,2,w) = e""*b(x). The numerical scheme
associated with €./ % reads

Xis1 = Xp + 7 Vi + 9326, Zjia
Vi1 =€ "V +4b (Xk +ye VL + ’73/257Zk+1) + VY01 241,

which corresponds to (3.2) with 6 =1, 7, =™, 0, = 74, Dy =14, and f,(z,v, 2, w) =
e ™ — 1), gy(x,v, 2,w) = b(x + e v + 2). For both schemes, the conditions A
and A2 hold true when b is Lipschitz.

Second order schemes. Schemes of weak order 2 are obtained, up to cyclic per-
mutations of the operators, by a Strang splitting based on the operators o/, #,%. The
scheme o B€ Ao/, for instance, corresponds to integrating the elementary dynamics
associated with o for a time /2, then the elementary dynamics associated with % for
a time 7/2, then the elementary dynamics associated with % for a time -, then again
the elementary dynamics associated with Z for a time 7/2, and finally the elementary
dynamics associated with o7 for a time /2.

As for first order splitting schemes, there are 6 possible schemes, which can all be cast
in the framework (3.2). Some general comments can be formulated on the 6 splittings
schemes.

o There is no dependence on w for the functions f,, g, when ¢ is between instances
of o (as for the schemes BAC A B, o BE B and o/ € PBE€ /). This depend-
ence is linear for f, when the operator &/ is in the central place (as for the
schemes € B BEC and BEC A CRB).

o The function g, does not depend on z,w for schemes with 27 at the first and last
places (as for the schemes &7 B€ B/ and o € BEC o).

e The functions f,, g, are quite similar when consecutive operators %,%¢ are ex-
changed (as for the schemes &/ BE€ B/ and o/ € BE of; as well as for BEC o C A
and € BA BE).

In view of these remarks, the simplest scheme, from a structural viewpoint, is associated
with o BE€ B/ (or with o/ € A€ A), while the most complicated is the one associated
with €« B.4/€. We next write out more precisely these two schemes, as paradigmatic
examples of second order splittings.

The numerical scheme associated with o/ € #.</ reads

3/2

1 —RY
y(L+ ™) b (Xk + ;Vk> + L&72k+1 ,

V(14 e ")
1

Xk+1:Xk+ Vk+

Y1+ e ")
2

2

Vi1 = e "V, + b (Xk + ;/Vk> + ﬁ572k+1 ,
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where o, is given by (3.6). It can indeed be written as (3.2) with 6 = 1, 7, = e™",
0y =0, Dy =1;/2, and

-1 1 - 1
fw(az,v,z,w):e fu—i—’Y( te )b<x+v),

2 4 2
1+e™ 1
gy(x,v, 2, W) = Tb x + 3V

The numerical scheme associated with €.« B4 € reads

2 —Kkv/2 3/2 3/2
_ Y e YT~ 1 YT 1
Xpr1 = Xp+7e Vi + —b [ X+ —Vi+ —5 +1 -5 :
k+1 K+ (R k 5 kTt oss +/28k+1 NG ~+/28k+1

- - o—F/2 3/2
VkJrl =e ’VYVk + e :‘i’Y/2b (Xk —+ v 5 Vk + ;\/id.y/ggli_i_l

Y~ —K
+ \/;07/2 (e 7/25114—1 + 513+1) )

where (5;};4_1)1@0 and (5,%“),@0 are two independent families of i.i.d. standard d-
dimensional Gaussian random variables. In order to write this scheme under the
form (3.2), similarly to Section , we introduce the sequence of random vari-
ables (Zg+1)ken defined as

7 —Ry/2¢1 2 s o l4e ™
\/;77/2 (e 2+ §k+1) = V107 Lkt 5 Oy =0y g

By construction, (Zg4+1)k>0 are i.i.d. standard d-dimensional Gaussian random variables.
We next consider the family of i.i.d. standard d-dimensional Gaussian random variables
(Wk+1)k>0 independent of (Z41)k>0 defined through the relation

e*l{’y/2
\/ﬁ S (0, 1) .

In terms of the random variables Zx 1, Wy, 1, the scheme € o7 #8976 can be reformulated
as (3.2) with § = 1, 7, = e, D, = e */2/(1 + ™) I, and

=+ 1-2Wisr,  ay =E |62k =

e F/2 04 e /2 e™HY/2 7352/2
R A _ %2
F (@0, 2,w) S U Tt Tt e T\ s e )Y
~9
4 73%/2
2(1+er7) 7
—ry/2 —ry/2 352
— o h/2 © © 2
gy(z,v,2,w) =e b|xz+ 5 v+2(1+e_m)z+ 8(1+e—”7)w

(3.12)
The conditions Al and A2 are then easily seen to hold true for the two

schemes €./ B € and € B/ € when b is Lipschitz.
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3.2.2.3 Numerical schemes with stochastic gradients

We consider in this section discretizations of (3.1) using stochastic approximation
strategies. Such a methodology is particularly appealing in statistics and machine learn-
ing where the field b can be very expensive to evaluate or cannot even be accessed [38,
136]. In these contexts, the Langevin dynamics have been primarily considered for either
performing Bayesian inference [1, 35, 91] or optimizing an objective function [11, 15, 109,
114]. In the first case, b = Vlognm where 7 : RY — R, is the a posteriori distribution
of a statistical model, which can generally be written as —logm = Zszl U;, with N the
number of observations and U; : R* — R. It has been also proposed to use Langevin
dynamics to find an element of argmings f for some function f : R? — R by setting
b= —V [ and taking ¢ small. In particular, we are interested in the situation where V f
can only be estimated through estimators which can potentially be biased.

The use of stochastic approximation for b in these two settings can be formalized as
follows. We suppose that there exist a probability measure gy on a measurable space
(Y,)), and a measurable function H : R? x Y — R? such that

Vo € Rd7 E(m) = /YHx(y) py (dy), Séldp Hg— bl < 400

In addition, we suppose that we can generate i.i.d. samples (Yj11)ken from py. Then,
a stochastic approximation of the discretization of (3.1) essentially consists in replacing
the evaluation of b at each iteration k by Hx, (Yi11). For example, following [25], the
Euler Maruyama discretization (3.3) can be generalized as

X1 = Xp +97Vi,s Vi1 = (1 = 67V + vHx, Yit1) + VY02, .
This numerical scheme fits into the framework (3.2) upon taking W}, = Y}, for any k > 1,
T’y:]-_ﬁf)/7 Oy =0, D’y:07 f’y(x7v’sz):0’ g’y(x7v)sz):Hx(w)‘

The parameter ¢ is irrelevant. Note that Al and A2 hold under the condition that for
any y € Y, the function = — H,(y) is Lipschitz with a Lipschitz constant independent of
y. The stochastic exponential Euler and splitting schemes presented in Sections

and can also be adapted to take into account a stochastic approximation of b, for
instance by relying on the methodology developed in [24].

3.2.3 Minorization, drift and convergence uniform in the timestep

To state our results, we introduce the Markov kernel R, associated with (3.2), i.e., for
any (z,v) € R? and B € B(R*?),

Ry((,0).B) = [

Rd+m

1 (D (2,0, (702)"22,w)) @ (2) dz paw (dw),
where ¢(z) is the density of the d-dimensional standard normal distribution, and

Iy(z,v,z,w) = (:c +yv+f, (w, v, 4z, w) + y‘stz, TyU + Y9y (a:, v, 4z, w) + z).
(3.13)
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We present in the following our main results which allow us to conclude to the
uniform ¥-geometric ergodicity for R, of the form ||6(a;’v)R§ — 7y |ly < CV(z,v)p"* for
any k € N, v € (0,7] small enough, and where C' > 0 and p € [0, 1) are independent of .
The proof of this result standardly follows from quantitative minorization and Lyapunov
conditions.

Minorization condition uniform in the timestep. Our first main result shows

that R[to/ "1 satisfies a minorization condition with a constant which depends only on
the physical time ¢ty > 0 (considered sufficiently small) and not on +.

Theorem 3.1. Assume that Al and A2 hold. Then there exists to > 0 such that, for
any to € (0,t9] and M > 0, there are g4y pr > 0 and 7, > 0 for which, for any vy € (0, 7y,]
and (z,v), (2',v") € Bag(024, M),

|RUAI (@, 0),) = BRI (@), ) <200 —2pan).  (314)

vV

In words, Theorem ensures that for any compact set K C R??, there exists to, Yo >
0 for which, for any v € (0,7, K is 1-small for R[to/ 7. The proof of this result can be
read in Section 3.4. The main steps are sketched out in the simple case of nondegenerate

Langevin dynamics in Section

Lyapunov condition uniform in the timestep. 7To ensure the existence of a unique
stationary distribution p,, for R,, and obtain a rate of convergence to stationarity, we
need to consider additional assumptions. We focus on conditions which allow to ensure
the uniform V-geometric ergodicity of 12, with a Lyapunov function built upon a function
U : R? — R satisfying the following condition.

D1. The function U : R* =R is C', U(z) > 0 for any x € R, and U(0) = 0, VU(O)
0. In addition, there exists L > 0 such that for any z,y € R?, |VU(x) — VU(y)||
Lz =yl

<

The condition infga U > 0 is not restrictive since any function bounded from below
can be shifted to be nonnegative. The conditions U(0) = 0 and VU(0) = 0 could be
relaxed but allow to simplify some computations and are therefore considered for ease of
presentation. When b comes from the gradient of a potential (up to some perturbation)
function, as discussed around ( ), then this potential is a natural candidate for the
function U. In this case, D1 is necessary to ensure the stability of most of the schemes.

The Lyapunov function W%w : R — R we consider is parametrized by a con-
stant @ > 0, and is of the following exponential form for any v € (0,7] and z,v € R%:

Wy w(z,v) = exp (wW) , (3.15)

where W, : R?? — R,, given explicitly by (3.73), is the sum of U(x) and a positive
definite quadratic form in (z,v). As in previous studies on discretization of Langevin
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dynamics such as [95, Equation (8.3)], the Lyapunov function W%w depends on the
stepsize v through %, (in fact, %4 converges as v — 0 to a Lyapunov function for the
continuous dynamics (3.1), similarly to the family of Lyapunov functions considered in
[95]; see [95, Equation (3.6)]).

By the estimates in Section (see Lemma 16 and (3.90)), the design of W, ensures
that there exist cqy,Cqy € Ry and 74y > 0 such that, for any v € (0,74],

eV < Wy <ep?, V(x,0) = Jlz]* + |lof* + U(x).
Therefore, there exist @y, ws > 0 such that for any w > 0, v € (0,74] and z,v € RY,

w2

{‘T/w(x,v)}m < @%w(m,v) < [?w(x,v)} , (3.16)

Vo (z,v) = exp (w\/ 1+ ’V(a:,v)) .

In particular, convergence bounds on [, U)RS — pyll5;.  for @ > 0 (where p is the
b ¥,

where

unique invariant probability measure associated with R, ) thus imply convergence bounds
on [[8z,0) RS — by llz=1-

In view of the minorization condition provided by Theorem and using for ex-
ample [37, Theorem 19.4.1], it is sufficient to establish a Lyapunov condition for Rff(’/ d
uniform in the stepsize v > 0 in order to obtain exponential convergence bounds for I,.
To this end, we first establish a Lyapunov condition for R,, under additional tech-
nical conditions on the family of functions f,,g, for v € (0,7], in relation with the
potential U considered in D1. To state these conditions, we introduce the function
F : R34 x R™*m2 4 R such that for any z,v, 2 € R¢ and w € R™+m2,

IVU ()|

2 2 2
72— I+ 12"+ ™+ el

F(x,v,z,w) =
Note that the position = appears through the two terms ||VU (z)||* and ||z|| (mind the

fact that the latter norm is not squared).

D2. W =R"™ xR™ W = B(R™)® B(R"™) and there exist ay,(y > 0, oy € (0,1]
and Cy = 0 for which, for any v € (0,7, there is ¥, € R with

sup || < 9,
Y€(0,7]

such that the following estimates hold: for any x,v,z € R and for p-almost every
w = (w1, wy) € R™ x R™2,

Hf,y (m,v‘sv,'yﬁlha,yz,w) H2 + ng (m,vév,v‘s‘*'l/z’avz,w) + OéUVU(l‘)H2

< Cu [1 +9F (3370771/20%,10)} : (3:17)
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and
(2, £y (2770, 20 2,0) ) <4205 (2, 0) + %0 Co [ [lwn|
+ Cy {1 +~0U (x, v, 71/207,2, w)} ,

IVU ()|I”

S+ el

<x,g,y (x,75v,76+1/207z,w>> < —(u [

+ Cyyv [1 +7F (a:,v,vlha,yz,w)} )

The condition ( ) means that, at first order in v, g is some bounded perturbation
of ayVU, which holds in many applications. The parameter 1, is the prefactor of the
term linear in v in the expression of f,. This explains why an unsigned term 75197 (z,v)
appears on the right hand side of the third inequality above. Since f, and g, + ayVU
corresponds to some form of second order expansion in the timestep « for the schemes
we consider, the fact that 6y > 0 in D2 is relatively easy to verify. Finally, note that if
D2 is satisfied for dyy > 1, we can replace this parameter by 1 A §y upon modifying the
constants appearing in this assumption.

Note that D2 is satisfied by the Euler-Maruyama scheme (3.3) and the ones described
in Section in the case b = —VU with U satisfying D1 and

L (VU(z),z)
imin 3
lell=too [l]| + VU ()]

(3.18)

The latter condition is satisfied by potentials which are convex or behaving at infinity
as ||z]|* with 1 < a < 2. We check in the appendix Section the following result.

Proposition 3.2. Assume that b = —VU with U : R — R satisfying D1 and (3.18).
Then the condition D2 holds for the second order splitting scheme leading to ( ).

The other cases considered in Section are easier. The condition D2 also holds
when b is an appropriate perturbation of —VU.

In contrast to [95], we consider a weaker assumption even when b derives from a
potential. More precisely, in the case b = —VU, the condition ( ) is strengthened in
[95, Corollary 7.4] to liminfj,| 4o (VU (2),2) /(2] + VU (2)|]*) > 0.

To ease the presentation, we restrict our study to the case when the extra noise
satisfies the following conditions. By abuse of notation, we denote by ¢ the d-dimensional
standard normal distribution.

D 3. puw = pw, @ lw, where pyw, and py, are probability mesures on R™' and R™?
respectively, such that the following two conditions hold.

1) (a) There exists Cs > 0, such that, for any Lipschitz continuous function h :
Ri*+™1 s R, with Lipschitz constant |llLip, and any s € R, it holds [ga+m, |h]d(p®
;) < 400 and

2
2 S .
/Rd+m1 exp (sh) d(@ ® piwn ) < exp (S /Rﬁml hd(e ® i) + Cs 1R, 2) ,
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b) There exists L > 0 such that for any x,v, 2,2 € R%, wy,w} € R™ and wy € R™2,
1

||f’Y(mv'Uv = (w17w2)) - f’Y(xvvv Zlv (wllvw2))H

+ Hg,y(:E,U,Z, (wl’w2)) - g’y(x’vwz/? (wll’w2))|| < L H(Z’wl) - (Z/’wll)H :

2) There exists yw € (0,7] such that/ e7W||w2||2pJW2 (dws) < +oo.

R™2

Remark 3.3. If uw, admits a first moment and satisfies a log-Sobolev inequality with
constant Cs > 0, i.e. for any continuously differentiable function h : R™ — Ry such
that [gm, h(w1) iy, (dwr) =1,

[ ) dog(h(wn) i, (dur) < 2G5 [ VI sy ()

then by [7, Propositions 5.5.1 and 5.2.7], ¢ ® jiy, satisfies a log-Sobolev inequality with
constant max(1,Cs). Therefore by Herbst’s argument (see [7, Proposition 5.4.1] or [19,

Theorem 5.5]), D3-1)- holds. The latter case is satisfied in all our examples in
Sections and
Note that D3-2) is not restrictive and covers the case where iy, is (sub-)Gaussian,

which is frequently the case for the schemes presented in Section

Theorem 3.4. Assume that A1, D1, D2 and D3 hold. Then there exist wy,~yy > 0,
Av € (0,1) and Ry, by > 0 such that, for any v € (0,7y],

Vo, v €RY Ry Wy (2,0) S AN Wazy (2,0) + 900 Lo,y (2] + o))

where W, o is defined in (3.15).

The proof of this result is postponed to Section

Exponential convergence uniform in the timestep When the statement of The-
orem holds, [43, Lemma 1] implies that, for any & € N* and v € (0, 7y],
1

Vz,v € RY, Rfw., . (x,v <\ oy (T,v) + by =—.
v Vs U( ) U ", U( ) U/\?]U|log)\U|

Therefore, in view of [37, Theorem 19.4.1] applied to Rﬁ with k = [to/v] where tg is
such that the conclusions of Theorem hold, we obtain:

Theorem 3.5. Assume that A1, A2, D1, D2 and D3 hold. Then there exists 3y > 0
such that, for any v € (0,3y], the Markov chain associated with R, admits a unique
invariant probability measure .. Moreover, there exist wy > 0, Ay > 0 and py € (0,1)
such that for any v € (0,7y],

f—
Vz,v € RY, ||6(:w)Rfj - ,uy||@%w[] < Aupld Wey o (2, 0) . (3.19)
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Then, combining this result and ( ) we get that there exist @, w2 > 0 such that,
for any v € (0,70,

Vz,v € Rda Hé(x,v)R']?/ - M'YH?ZI < AUPIZ:YVZQ (x,v) >

where 7, is defined in (3.16).

Another corollary of (3.19) is the following: there exists Ky > 0 (which can be
computed explictly in terms of Ay, py) such that, for any measurable function ¢ :
R — R with [ra$pdmy, = 0 and ”(I)wawu < +o0, and for any v € (0,7y], the

function P, = 3728 Rfjd) is well-defined, satisfies |\1I)7||@7 < KUW_1||CIJHW7 and is
YU YTU

solution of the Poisson equation associated with R, and ¢, namely {Id —R, 1, = ¢.

3.3 Strategy of proof of Theorem in a simple case

We present in this section the main ideas behind the proof of Theorem . We il-
lustrate the strategy in the simplest case, namely a Euler—-Maruyama discretization of
(overdamped) Langevin dynamics:

Xip1 = X +90(Xp) + V7 Zk1 = (X VY Zk41) s Yy (z,2) =2 +b(x) + 2,
(3.20)
where b : R — R?% and (Zk+1)keN is a sequence of i.i.d. standard d-dimensional Gaus-
sian random variables. Note that here Y. plays the same role as I'y in (3.13). In
this context, the transition kernel reads, for € R? and B € B(R?), Q(z,B) =
Jra 1B {Y+(z, \/72)} ¢(2) dz, and the counterpart of Theorem 3.1 is the following result.

Theorem 3.6. Assume that b € CY(R? R?) is globally Lipschitz. Then there exists
to > 0 such that, for any ty € (0,t9] and M > 0, there are ey, pr > 0 and 7y, > 0 for
which, for any v € (0,%,] and x, 2" € By(04, M),

| QN @, ) = Qo) < 2(1 = etg,0)- (3.21)

TV

To prove this result, we need to study the distribution of X defined by ( ) for k
of order t/v for some tp > 0. The main idea is that the recursion (3.20) can be seen as
a perturbation of the evolution with b = 0 provided tg is sufficiently small. To this end,
we first notice that a straightforward induction gives, for any k € N,

k k+1
X1 = Xo+GED 450Xy, G = 73 7. (3.22)
i=0 i=1
If ty > 0 is fixed, the variance of G+1) s of order to for k =~ to/~, from which the proof
of Theorem easily follows when b = 0. To treat the case b # 0, we rewrite (3.22) as
~ _ y(k+1 (k) k+1
X1 = GHHD 4 @w,miww(G( 1), (3.23)
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where Z(*+1) = (ZYHU, cee Z,gkﬂ)) are some i.i.d. Gaussian random variables defined

below and independent of G*+1) | and o*) : R - R?. We show in addition
~.Xo, Z,(k+1)

that g — o) (g) is Lipschitz with Lipschitz constant strictly smaller than 1

X Z(k+1)
for t sufﬁmently small. As a result, the mapping g — ¢ + @73072(,#1)(9) is a C!
diffeomorphism, so that, by a change a variable, the random variable X1 admits a
density with respect to the Lebesgue measure, and this density can even be bounded
from below.

In order to rigorously formalize the above discussion, we first need to provide ex-
pressions for the random variables Z(k+1), Relying on Cochran’s theorem, natural

candidates are obtained by a linear combination of the first £ original Gaussian in-
crements (Z1,...,2Z) and G+ | as

S(k+1) _ 1 (k+1)
70D _ g G+ |
' VI(k+1)

The random vector (Z* 1), GE+1) is still a Gaussian vector, with Z(**1) independent

of G+ by construction. In addition, Z{kﬂ), .. .,Z,(ckﬂ) are i.i.d. Gaussian random
variables with covariance matrix (k/[k + 1]) I;. Then,

ie{1}k. (3.24)

k
~ ~~(k+1 . ~(k+1
Xip1 = T;}O?QHD(G(“”) cowith YD) = e r gt Y b, (3.25)
=0

for a given family z¢t1) = {23}2“ . C R and where the iterates (x1,...,7;) are
recursively defined from zy = z and z(kH) as x; = Yo(xi—1,\/7% + g/[k + 1])

; (k) _ k1) -
for i € {1} k. Then, (3.23) holds with ® %o Z(k+1)(g) = TW,YO,'ZV(’CH)(Q) — g. Introducing

no = |to/v] + 1, the iterated transition kernel can then be expressed as follows:
Q%to/”ﬂ(x, B) = /R(no+1>d 1p {T,(;j;)’)z(no)(g)} @to,v(g)d)toﬂ(z(no)) dz"™ dg,  (3.26)

where ¢y, 4 and 1)y, correspond to the densities of G(0) and Z(”O), respectively. Here
we have assumed without loss of generality, taking for example v < tp/2, that ng > 1.
Now that the output of the Markov chain has been rewritten as a perturbation of the
output obtained with b = 0, we can proceed with a quantitative analysis to obtain lower
bounds on ( ). By a reasoning similar to the one leading to Proposition below,

there exists tg > 0 (sufficiently small) such that the function g — ' ;)()0 ano (9) 1 (3.23)

is Lipschitz with Lipschitz constant strictly smaller than 1 for any ¢o € (0, %] (provided
= 1Id —i—CI)(nO—) is a perturbation of

0,z(10) A
((— ’no)
0.2(n0) its inverse, we

v > 0 is sufficiently small). Therefore, T( )

identity and hence a C'(R? R%)- dlffeomorphlsm Denoting by T
obtain, by a change of variable,

Q‘LYtO/ﬂH(x’ B) = /R(n0+1)d L (w0 (TS,;:Z?’?M(“)) w500 (W)U (2 7)) dz™) du,
(3.27)
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where J_ . 5ng) (1) is the absolute value of the determinant of the Jacobian matrix asso-
ciated with TU %)

T z(nO) N
We consider at this stage the point z = 04 as some reference initial condition, and

provide a lower bound on Q%to/ '”H(x,B)

minorization probability measure:

Mto”y(B) - /R(n0+1)d Ip {TW 04,z(n0) (g/\[)} @to,v(g)lbto,y(i("())) di("o) dg .

based on (3.27) in terms of the following

This expression is similar to ( ), with # = 04 and g replaced by g/v/2 (in order to
make use of the inequality (3.28) below). Similarly to (3.27), using the change of variable

g T( no) (no)(g/ﬂ), we have

¥z, Z

d T 5(n 5(n
,U«tofv(B) =22 /R(no+1)d HB(U)SDto,W (\/i T'(y:d,ogno) (u)> J'y,Od,z(no) (U)wtoﬂ@( 0)) dz( °) du

From this expression and (3.27), we get

Qlo/MH (¢, B) = 279/ /R(n0+1)d 1p(u)A, , 5m0) (U)o, (dg dz(")),

where A gy (u) = AV () A®) () with

~,x,z(n0) ~,z,z("0)

*((—,77,0)
M ) = T AP )= (Tt ()
7x72(n0) - ~ ’ ,x7i(no) T, :
v ']’Y70d7z(n0) (U) 7 Pto,y (\/\’(}’:d 22”0 ( ))

When A _ ~(ny is lower bounded by a positive quantity as, ar for © € By(0g, M), we

¥, L,z

obtain QALfO/W +1(x,B) > agy 2”2y, (B), which immediately implies (3.21). The
lower bound on Av » 5(no) 1S proved in two steps:

(a) by obtaining upper and lower bounds on the Jacobians Iy w50 (u), leveraging the

Ax(no)

z(no) \J
¥,Z,Z
below) and making use of Hadamard’s inequality (see Proposition );

fact that the mapping g — Y (g) and its inverse are Lipschitz (as in Proposition

(b) by making use of the following inequality, which motivates the factor /2 in the
argument of the denominator of AL ()) ~<n0)( u) and the definition of iz,

21— 2
_ % no ((—,no)
n07 log A ~(n0) H 7,0d7z(n0) H - 5 ’r77w,2(n0> ( )H
(— no ((—,no) 2
- 7 , a0 (U v,04,2(70) (u)

Here we have used that ¢y, is the density of G() defined in (3.22) and the Young
inequality on (a,b) for a,b € R?, which implies that

la = bII* > [lal*/2 — [[b]|*. (3.28)
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When o — TU ") (u) is Lipschitz on B4(04, M) with a constant K;,, uniformly in v €

'y7x72("0>
(u) > o KiyM?/(no7)

(0,7¢,] (as in Proposition 3.9 below), one finds A® for all x €

o %93,2("0)
By(0g4, M).

3.4 Proof of the minorization condition

The proof is organized in several steps. We first start by rewriting the end point of the
Markov chain in terms of the initial conditions and noise increments in Section ,
in a form amenable to perturbative treatments. The dominant part of the evolution is
given by the outcome of discretization schemes corresponding to (3.2) in the case b = 0.
We therefore carefully study this case in Section , where we condition solutions by
the sum of the random increments characterizing the endpoints, and write out a decom-
position into intermediate increments independent of the sum. We next quantify, by
stability estimates, how numerical solutions depend on the random increments used to
generate them (see Section ). This finally allows us to prove Theorem in Sec-
tion by considering the actual solutions of the numerical method as perturbations
of discretizations of (3.2) in the case b = 0, provided the physical time ¢y is sufficiently
small.

3.4.1 Algebraic structure of the equations

It is convenient, in particular for the stability estimates of Section , to rewrite
(Xk+1, Vik+1) as a function of (Xo, V) and the realizations of the random variables
{(Ziz1,Wis1)}e o needed to define the (k + 1)-th iterate. First, in view of (3.2)
and (3.13), the iterates of the Markov chain can be written as (Xgy1, Viy1) =
L'y (Xk, Viey /704y Z41, Wit1). This allows to write

(X1, Vi) = DD (Xo, Vo, {yAo, 214 W) (3.29)

where the applications ng) : R%4 x R4 x Wi — R?¢ are recursively defined as follows:

I 0)($,U) = (2,v),

¥
F'(yl) (‘T’U7 {Zj}é':l? {w]};:1> = F’Y (F’(yz_l) (:E,U, {Z]};;llv {w] 3;11) 7Ziawi) ’ 7 P 1.
(3.30)
The next result provides a more explicit and constructive expression for I’gkﬂ).
It is stated for the sequence (Tpi1,Vk+1) = I'y(Tk, Vs Zht1, Wet1), With (z4,v;) =

I‘Sf) (2,0, {2}y, {w;}i—y) for i € {1} k + 1 and a given initial condition (z,v) € R24,

Lemma 5. Define, for k > 0, the vectors gng) = (ggj”frl), .. ,ggk,:rl%) and ggkﬂ) =
(ggffrl), e ,ggk,;:_lb with components
k—i+1
y(1—7 » )
glf;rl) _ ( : _’YT ) : gg]z+1) — T'ch Z—I-l’ ie {1}](3 +1. (331)
v
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Then,
1— k+1 (k1)
Tpt1 =T +Yy—— v+ Z 81,i+1 [797 25,7701, 7 241, Wig1) + Zz+1]
k k
+7 Z I (xi, Y3, 7 zit1, wz’+1) +7° Z Dz,
i=0 i=0
k+1
Upg1 = T o + Z gl 1oy (w07 v 2, wina ) + 2]
The proof is obtained by a simple induction and the equalities T»Yg&]) ggfjﬂ) and

ggkz)ﬂ—{—'ygg l)+1 ggk:rl) for j € {0} kand i € {0} £k — 1. Lemma 5 allows to rewrite (3.29)

as:
Xkt1 k1 [ Xo N
=M;" v +VZ@(2) (X, Vi, VY0, Zi1, Wig)
0 i=0

G kD)
G(’“+1)+75<?’() )] (3.32)

d

+ oy

where the matrix which multiplies the initial condition reads

1 A1 -/ -1
k+1 _ v
MIT = [(0 erj*l ®1y, (3.33)
the drift part of the dynamics is encoded by
4 (k+1) z, 700,70z, w
0 (z,v, z,w) = g%,fjfll) ® g~ (x,’y‘sv,fy‘sz,w)+ 5 ( T ) ,1€40,...,k},
82,i+1 04

while the actual noise obtained at the end of the iterations is given by ngH) and
k+1 k+1
G = (GIHY, 6, (3.34)
with

k—1
k+1 k+1 U1 k+1
G§ )= \FYZ gg,iJrl)Zi-Ha 2 \fzgz z+1 Zit1, = 1D, Z Ziy1 -
i=0

" (3.35)
When A? is satisfied, it holds, for any (z,v, 2), (z/,v',2") € R*, w € W and i € {0} k,

|09 @, v,2,w) - 8P @, v/, 2, w)|| < @+ kL (2 = ' +4° o = /]| +77 |2 = ]]) -
(3.36)
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This result easily follows from the bounds

+1) k-+1)
~ sup ’gg A ’ kv, ~ sup ‘gg A ’ <1. (3.37)
1€{0,....k 1€{0,....k

These bounds are in turn a consequence of the fact that 7, € (0,1) and, for the first

inequality, gg Z—H =7 Zf;é L

3.4.2 Structure and properties of the noise

We study in this section the structure of the Gaussian noise (3.34) in (3.32). We present
in Section some estimates on the covariance matrix ()| for tq > 0 small enough,
of the continuous process (3.1) with b = 0. Then, we relate in Section the stat-
istics of the Gaussian noise G*+1) in (3.32) to 3(*) for k ~ ty/y. We finally provide
a decomposition into a final effective Gaussian increment and independent intermedi-
ate increments, by an orthogonal decomposition (see Section ). More precisely,
we explicitly write out a linear transformation A such that (Z*+D GH+D) = AZK)
with G**1 independent of Z**1) and Z*++1 a Gaussian vector whose components are
ii.d. d-dimensional standard Gaussian random variables.

3.4.2.1 Properties of the noise covariance of the continuous process

Recall the expression (3.9) of the covariance matrix X®) of the Gaussian process cor-
responding to (3.1) when b = 0. Our first technical result provides some bounds on the
covariance matrix 3(0) associated with the underlying reference Gaussian process over
times tg > 0.

Lemma 6. There exist tg > 0 and positive constants 015045 04,01, 02, 03 with ngg—ég >
0, such that, for any to € (0, 1],

z(tO) Ego) (to)

— 3 —
gl\a%g\m, Q2<UT%<92, [ Uztoégg.

™

N

The result is an immediate consequence of the limit limy o E§t0)t5 362 /3 (which can

be seen from ( ) by approximating the integrand in the integral appearing on the
right hand side of the first equality), as well as the limits 4, wEgtO)ta 2 = ¢2/2 and
(to)

tol023 tg 1 — 52 which are obtained in a similar way. A detailed version of the proof is
provided in the appendix (see Section ).

Lemma 7. Assume that A1 holds. Then there exist p.,tg > 0 such that the following
inequality holds in the sense of 2 x 2 symmetric matrices: for any to € (0, to],

2 0 t2 0
fopc_1<8 1>j2(t0)jtopc<8 1>.
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Proof. Introduce, for tg, p. > 0,

t, t, t, t,
E(to’pc):tgp 20 B 250) 2&0) Blore) _ 3 (t0) 250) o 20 '
‘Ao 1) \zf s = R ©\0 1

E(to f’c)

A~

The aim is to choose tg and p. such that and B(0?<) are both positive for any
t € (0,t9]. By Sylvester’s criterion [67, Theorem 7.2.5], the result of the lemma is implied
by the following statement: there exist p,to > 0 such that, for any to € (0, fo],

tope =5 >0, B —top1 >0, det (B™) >0, det (BU0#)) > 0.

The first two conditions are satisfied for the value of ty > 0 given by Lemma 6 and

Pe = pg ) = 52 max(0s, 05 ). Moreover, by Lemma 6, there exist p((;z) > 0 such that, for

any tg € (0 t(]]

_ (2)
det (B(tOuPc ))

= (832 - =) (1on® - =) - ()’
> (tgpc - ngztg) (top?) — B30%t0) — B30t}
- (2 o

(3)
Similar computations show that there exists pgg) > 0 for which det(B pe’ )) > 0 for

any to € (0,%o]. This completes the proof upon setting p. = max(p( ), pg), p( )) O

)—530 ) —@204} >0.

3.4.2.2 Properties of the final Gaussian noise G(*+1)

We specify in this section the limit of the covariance of the noise G*+1) defined in (3.34)
as 7 — 0 and kv = tg. The following result, whose proof can be read in appendix-
Section , gathers useful estimates which allow to compare the covariance of G*+1)
to the covariance X(0) of the underlying continuous process with b = 0 (see Lemma
below).

Lemma 8. Assume that A1 holds. Then, for any v € (0,7] and £ > 1, |T,$ —e | <
Cly?. Moreover, for any v € (0,7],

ol 1

11— K

7 = 1 < (5 4+ Cv)y

20,
< ( < 1) ;. (3.38)

Lemma 9. The random variable G5tV defined in (3.31) is a 2d-dimensional Gaussian
random variable with mean zero and covariance matriz

- Cgk—l—l) Cgk—H)
D) ) b ®l, (3.39)
3
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3.4. Proof of the minorization condition

with
D Hggk—i-l)HQ -a _7277)2 1 im (1+7)ky
_ (2 + Tv) - 27—7(1 + 77)7' +7 Q(kﬂ)]
)/ /
(k+1) <g§k+1)7g§k+1)> _ 0 ;7277)2 - JT:@ {1 1+ 77)75 4 Tskﬂ] 7
(k+1 Hg (k+1) H : _’YTA{ : im (1 — T§(k+1)) .

(3.40)
where gEkH),gng) are given in ( ). In addition, when A1 holds, there exists for

any to > 0 a constant Cy, = 0 such that, for any i € {1,2,3} and v € (0,7],

t
sup [c{Lio/I+D _ 2520)
g

] < Cpv- (3.41)
toE(O,to}

Proof. Note that since (Zi)z-e{17.._7k+1} are i.i.d. zero-mean Gaussian random variables

and ngﬂ) and Gékﬂ) are linear combination of elements of this family, G*+1) is a
2d-dimensional zero-mean Gaussian random variable with covariance matrix

Cov (ng+1>) Cov (ng+1>, ng+1>)
Cov (GIY,G8*Y) Cov (GEHY)

By (3.35) and (3.31), straightforward computations give

3 k-l N2
COV (G(k+1)) (1;>/77')2 Z (1 — T,l;:il) Id
Y

3 1_7.k 1_7_2k
v [k‘-27’71 ’y+7' Ida

N W Ty 71— 7',7
Cov (ng+1)7 ngﬂ)) =1 727_ S {(1 - 7-,5_2.) T,I;_Z} Iq
=0

k 2k
72 [ 1—7] 21_77]1
- d s

= T T
1—7'7 11—, 7112
g+ 2l 2(k+1)
Cov( ) ZT =1 (1 75 )Id,
&t
from which we obtain the expressions of the coefficients c( Y for 1 < i < 3 after some
reorganization allowing to compare the resulting expressions more easﬂy with ( )-

(3.11) (upon replacing «y by k).
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We finally show (3.41). By Lemma &, we have, for any ¢y > 0 and v € (0,7],

sup ‘ [to/v]+1 _ g—*to
to€(0, to]
2lto/v]+1 _ o—2kto

< CH(EO + 1)77

sup
toE(O,fo]

< 2C, (ko + 1)7.

The inequality (3.41) is then a simple consequence of the definition (3.9) of 3(f0) (3.410)
and the estimates (3.38) in Lemma &. O

3.4.2.3 Decomposition into final noise and independent increments

After analyzing the covariance of G*+1) defined by (3.34) in the limit v — 0 and
kry ~ to, we aim at providing the conditional distribution of (Xj1, Viy1) given GH+D),
This will be a crucial step to use a perturbation argument similar to the one presented
for overdamped Langevin dynamics in Section 3.3. To this end, we introduce in this
section the linear transformation Z**+1D of Z*) which plays the same role as ( ),
i.e., Z(D g independent of G*+1) and its components are i.i.d. standard Gaussian
random variables. For underdamped Langevin dynamics, we introduce for k£ > 2 and
v € (0,7] the vectors a(k + 1,7) = (a1 (k + 1,7),...,a641(k+ 1,7)) and B(k+ 1,7) =
(Bi(k+1,7),...,Br+1(k +1,7)), and define, for any i € {1,...,k — 1},

Z*D = Zi — iBik, 1) GETY — ik, )G, (3.42)

The components k and k + 1 of the vectors a(k + 1,7), B(k + 1,7) are not needed at
this stage, but they will turn out to be useful later on. As specified below in Lemma 12,
the scaling factor /7 in front of the coefficients a;(k, ), B;(k,y) ensures that the latter
coefficients are of order 1 at most as v — 0 and ky ~

Remark 3.7. In order to further motivate the chosen scalings in (3.12), note that the
linear transform ( ) for overdamped Langevin dynamics can be rewritten as

(k+1)
75 = 7, — \F(erl) ie{1}k.

The counterpart of the coefficients a;(k+1,7), Bi(k+1,~) in this context is simply 1/[(k+
1)7], which is indeed of order 1 when kv is of order 1.

The choice of a(k + 1,v),8(k + 1,v) corresponds to the orthogonal projection of
the Gaussian variables {Zi+1}f:_02 onto the the orthogonal of the vector space spanned

by ggkﬂ) and gékﬂ). This will ensure that the covariance of these projected vectors
and G**1) vanishes, and hence that the projected vectors Z(+1) = (Z(kH) . Z,E’C_ng))

are independent of G*+1).

We start by constructing the orthogonal projector onto Span(ggkﬂ),ggkﬂ)). We

need to restrict the discussion to iteration indices and time steps in the set

E. = {(k:,v) € N* x (0, +00) | f TVl — (e ’““)) 4 o} (3.43)
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3.4. Proof of the minorization condition

(k-+1)y

where the coefficients (c; 1<i<3 are defined in Lemma 9. Note that the condition
to be satisfied in (3.43) is in fact that the determinant of the matrix c*+1) in (3.39) is
positive (it is always nonnegative). This condition is not restrictive since, by Lemma
and (3.11), there exists ¢p > 0 such that, for any ¢y € (0,%o], there is 74, > 0 for which
([to/~],7) € Ec for any v € (0, %z)-

Lemma 10. For any (k,v) € E¢, and j € {1, .., k+1}, consider Bj(k+1,7), a;(k+1,7v) €
R the unique solution of
k+1 k+1 k+1
c§+ ) c§+ ) Bi(k+1,7) gj )
and define

T T
P®) =Ty —yB(k+1,7) [g8] = qalk+1,79) [¢]"V] e REDXEHD 1 (3.45)

L
Then, P is the orthogonal projection onto Span (ggkﬂ),g;kﬂ)) .

Proof. We compute the action of P(*) on the vector space generated by ggkﬂ) and ggkﬂ)

and its orthogonal. Note first that the definition (3.15) ensures that P®)w = w for all

N
w € Span (ggkﬂ),ggkﬂ)) . Moreover, in view of Lemma 9 and by the definition (3.44)

of the coefficients of a(k + 1,7), B(k + 1,7),

o) @t (g g ) B = g

§k+1
7 (g g ) ot [|gl g = gl

)

)

)

which implies that P®g™ — p®glhtl) — ¢ and finally POw = 0 for w €

Span (ggk—l-l)7 gék—i—l)) . O

We are now in position to specify the law of Z+D) = (kaﬂ), ceey Z,gkjl))

Lemma 11. Let (k,y) € E.. Then, Z*:tY) defined by (3.12) is a d x (k — 1)-
dimensional zero-mean Gaussian random variable with positive definite covariance mat-

T
riz S [S(k)} , where
$® = [(imy 04_12) PW)| @1, € RN, (3.46)

In addition, Z*+Y) s independent of G defined in (3.35).
Proof. Tt is easy to see that G*) = (Z<’<>+1>, Gy = AZ®) with

Ok—1,k+1
i1 Op B
A k-1 Ok—12 1 JONE [ggkﬂ)} ®Ig .
025-1 022 T
[ggk-&-l)}
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The matrix A is invertible by Gaussian elimination in view of the definition (3.45) of P(¥)

and the ones ( ) of ggkﬂ), gékﬂ), and

0k—1,k+1 Ir—1 Op-12
Ix—1 Op— T T
det(A)l/d:det k—1 Uk-12 P(k)—kﬁ {ggkﬂ)} — det \ﬁ[g(lml)]
O246-1 02z {gwmf ﬁ[g(m)f
2 2

g(k+1) g(k+1)

k k

=vdet | “G%y e | >0
8ok 82 k+1

Therefore, G®) is a zero-mean Gaussian random variable with positive definite covari-
ance matrix AAT. As a result, Z*+D defined by (3.12) is a d x (k — 1)-dimensional
zero-mean Gaussian random variable with positive definite covariance matrix S*)[S(*)]T
with S*) given by (3.46). Finally, since P(k)ggkﬂ) = P(k)ggkﬂ) = 0 in view of (3.15),
it follows that for ¢ € {1,...,k — 1}, Cov(Zi(k),G(lk)) =0, COV(ZZ»(k),ng)) = 0 and so
Z+1 is independent of G**1 because all random variables at hand are Gaussian. [

We conclude this section by providing some bounds of the coefficients of a(k +
1,7),B(k + 1,7v) defined in (3.41). We denote by |[|{||cc = max(|€1],...,|¢k|) the £
norm of a vector £ = (&1,...,&) € RF.

Lemma 12. Assume that A1 holds. Then, there exists to > 0 and K € Ry such that,
for any to € (0,0],

limisoup le(lto/7) + 1,7l < K/t5, limfoup 1B(Lto/7] + LMl < K/to-
v v

Proof. We consider ¢y > 0 as given by Lemmas 6 and 7, and such that, for any ¢y € (0, to],
there is 4, for which (|to/v],7v) € Ec for any v € (0,%4,] (see the discussion before
Lemma 10). For such values of ty and ~, the system (3.41) for kg = |to/y] can be
explicitly solved as

(ko+1) _(ko+1) (ko+1) _(ko+1)
C3 1, —C 2,7

i(Kk 1 =
Oéj( o+ 77) C(k0+1)c(k0+1) B (C(k0+1))2 )
1 3 2
§k0+1) ngJrl) _ CgkoJrl) ngJrl)
Bj(ko +1,7) = 4 S

2
CgkoJrl)CgkoJrl) _ (Cgko+1))

By (3.37) and Lemma 9, it follows that, for any ¢y € (0, ?o],

| T i B B (= R
lim sup |ayj (ko + 1,7)| < limsup 1= =
710 710 ‘Cgko+1)cgﬂ0+1) — () ’2?0)2?0) ~ (=)
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and
{40 1 1o |cffo+ )| o2 (20 + 124)
limsup |B;(ko + 1,7)| < limsup o7 = 57 -
740 710 ’Cgko—l-l)cgko-O—l) — (gt ‘Egto)zéto) — (z0)

The numerators of the last term in the two previous equalities are upper bounded by
Lemma 6 as toﬁgo) + ZS*O) < (02 + 03)0?td and Egto) —i—toEgO) < (01 + 02)0%t}; while the
denominator is lower bounded with the Minkowski determinant theorem (see e.g. [92,
Section 4.1.8]) and Lemma 7 as

2 to (t3 0 t8
‘zﬁto)zgo) - (=) ‘ > det [0 ( 0 )1 =9,
pe \0 1 Pec
This finally gives the claimed estimates. O

3.4.3 Stability estimates

We provide in this section estimates on the mapping I‘(vkﬂ) defined in (3.30) providing
the (k + 1)-th iterates (Xyy1, Vit1) of the Markov chain defined in (3.2) as a function
of the initial condition (x,v) and the realizations {z;y1,w;11}¥ . We first establish

in Section that this function is Lipschitz continuous with respect to the initial
condition (z,v) and the realizations {2;1}¥_,, and provide upper bounds on its Lipschitz
constant. Pursuing on the same argument as Section (see (3.25)), we then show in
Section that (Xgi1, Vir1) can be written as
=(k+1) (k+1) ~(k+1)
Xip1s Vi) = 0D (CanNc au
(Xet1, Vi) v 28O gkt U 2

with (ngﬂ), ngﬂ)) and {Z](-kﬂ) ;‘:11 respectively defined in (3.35) and (3.12). We es-

tablish Lipschitz properties of the function (g1, g2) — IR o1 k+1(91,92). Then,
’Y,.I,U,{Zj j:lv{wj}j:1
we prove in Section that this function is in fact a C'-diffeomorphism. We con-

clude this section by studying some properties of its inverse seen as a function of (g1, g2)
and the initial conditions (z,v).

3.4.3.1 Stability with respect to initial conditions and all noise increments

The following result provides some Lipschitz bounds for the functions ngﬂ) defined

in ( ). They are stated in terms of a norm on R?? parametrized by some positive
parameter A > 0, namely ||z|| + Al|v]|. The proof of Proposition 3.8 below will require A
to be chosen sufficiently small.

Lemma 13. Assume that A2 holds and sup,¢(5 7y < 1 and fit A > 0, a time step v >
0, a mazimal number of iterations N € N*, and realizations {wj}év:ﬁl C R™ of the
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additional noise. For two initial conditions (x,v), (z',v') € R* and realizations of the

noise {zj}é\fzﬁl, {zg}j\]:ﬁl C R?, define for any k € {0,...,N — 1} the iterates

1
<xk+17vk+1) = F’(yk+1) ($ v {Z] ]+1 7{wJ ;Ci_ll) 5

k+1
(@hnsoken) =T (0, {2} i)

Then, for any k € {0,...,N},

i = il + Ajor = o]l < Lep V¥ (fle = 2] + Ao =]

k
+Mry(N) DLy (N [l = 2| (3.47)

where
1 o8 5 146
Lr,(\) =147~ N (1 + ) max 1,7 L|, Mp,(A) =A+9°2 4+~ (1+ )L
(3.48)
Moreover, when the initial conditions coincide (namely when (z,v) = (2/,v")),
k —
> Nl = aill < A (Z+9L) ek — 23|+ (M, (VL (VN 425,33 3 |2 = =] (3.49)
= i=1
and
k k—1
Sl — el < (14900 o — 4R S s — 2l (350
= =1
with

Liyn = LMr 5 (AL, (V)"
k k
+ (1 + 75L) (k;fme(A)L (1 + 71+6L> Ly, (\)F + (1 + ’yl+5L> > ,

< = k k
ko = (= 1)7Mp, () (1 + ’YH(SL) Lr, (AL + (1 + 71+6L)
(3.51)

For reasons that will appear more clearly in Lemma 14 and its proof, the difference

||z — 2| is isolated on purpose in (3.19)-(3.50) and appears with a prefactor at most 1
instead of k in contrast to the other differences ||z; — z|| for i € {1,...,k —1}.

Proof. Since (xj41,vk+1) = Iy(@k, vk, 2541, Wpt1) for & € {0} N — 1, we obtain by A

86
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and (3.13) that

||33k+1 - @’ZHH
< k= 2l + 7 [Jow = il +9° D4 (21 = 2|
+ wa ($k775vk776zk+1,wk+1> = fy (3627750/2’7522“,“1“1) H

< (1 +9L) ok = il + 7 (1+4°L) o = v +9°(2 +9L) 2001 — 2]
(3.52)

and, since 7, < 1,

k1 = Ok || < 7y [ve = vkl + 2841 — 2|
1 é ! 6.0 O
+ Hgv (%,V Uk, Y Zk+1,wk+1) — Gy (l’kﬁ Vg Y Zk+17wk+1)H

<AL [l = 2| + (L +40L) ok = gl + (1 +7'70) (20400 = 2] -
(3.53)

Therefore,

[Tr11 = T | + A vkt = Vi |
< (U1 + N0 [z = gl + (0 [T+ 3L + 9 [149°L]) [Jog — v
+Mr,(A) 2541 = 21|

1 1
< [1 + ymax <(1 + AL, 1t <1 + )\) ’y‘sL)] (||zk — 23| + M|ve — vi]))

+ Mry(A) [Jzk41 = 2| -

The bound (3.47) then follows from  the inequality 1 +
~y max ((1 + ML AT+ (1427 75L> < Lr,()), and an easy induction on k.

We now prove (3.49). For the sum up to indices k — 1, we use (3.17) and zp =
x(, vy = v, to write

k-1 k-1
D M = 2l < 3ol = il + Ao = will}
i=1 i=1

(3.54)
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The last term in the sum is bounded with (3.52) and (3.17) as

[z — 2]l < (L +9L) [loe—1 — 2h || + (1 + v‘gL) [[or—1 = Vi
+%(2 4 1) |z — 22|
< (149°L) fonor = vhoa | +9°(2 +9L) 2 — 24

k—1
+ (1 4+ LMy (MLey (WY [l = 2]l
=1

(3.55)
It remains to bound Hvk,l — v;_lH on the right-hand side. By an easy induction based

on (3.53) and since zg = xy, vo = v, we obtain, for £ € {0,..., N — 1},
/ = 1+6 €=1—i ! ! 146 £—itl /
loe —vpll < LY (L+AL) s — 2l + 30 (T4 L) T [la — 2] - (3.56)
i=1 i=1

In particular, using the previous inequality for £ = k — 1 and (3.51), we get

kkfl kkfl
okt = vhoa | <AL (T4+4ML) D s = 2 + (14+4M4L) D [l — =
=1 i=1

k—1
< (F9Mrg UL (14919L) Ty O 4 (14 97901) ) X s = 2
=1

which, plugged in the estimate (3.55) for ||z — || and combined with (3.51), leads

to (3.49).

To obtain (3.50), we use first (3.50) and isolate the k-th term in the sum to write
k k k—1
D llos = vl < kL (1 4+410L)" 3 fl —
i=1 i=1
) k-1
+ (1 + ’Yl+5L) [sz — z;gH + k Z HZZ - Zé“ )
i=1

and then conclude with (3.51). O

3.4.3.2 Stability of maps conditioned by the total noise

In order to express (Xyi1, Vit1) in terms of GFD) and Z*+D defined in ( ) and

(3.12), we perform a linear change of variables in the functions ng) defined in (3.30), for
i €{0,...,k+ 1}. More precisely, we aim at writing, for i € {0,...,k+ 1},

~( ~ in(k—1) i
(X0 V) = F0ED (X036, {200 i, 6O L aan)
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To this end, we define, for a given (k,7) € E, the following functions, which take
as arguments the initial condition (x,v) € R??, the realizations (g1, g2) € R??, {Z; }f;ll €

RO and {w;}i2} € WA for i € {0,... .k +1},

(i iN(k— i i i i
F(y’kﬂ) (1‘ v, {z};= A( Y {wz‘}j:1,(91,92)> = Fg,) (fUaUa{Zi}j:la{wi}j:l) , (3.58)

where
zi = zi +yoi(k,v)gr +Bi(k, )92,  ie{l}k—1, (3.59)
1 =2 (k+1) = (k+1)
* = (91 = g Zi+1> , Zhel=g2— D Bohi Zitl- (3.60)
i=0 i=0

Note that (3.57) holds in view of (3.42) and (3.35) (mind in particular the change of
scaling in (3.59) compared to (3.42), which is due to the fact that Z; correspond to the

increments \ﬁZ](’“) in (3.57)). The final iterate can then be expressed in terms of the

(k+1)

initial condition (Xo, Vj) and the noise G by reformulating (3.32) as

k+1
(Xhot1, Viy1) = F( fl.’yz(lﬂ»l) W (k+1) <(X07 Vo), o G<k+1)) )

where WEH) = (W, ... Wj41), and

(k—i—l)
F,y {z] . 1,{w3}k+1 ((xav)v(glagQ))
(k+1)
_ g1 n A{ }k: 1(91)92) L= =(k+1) ( ) (361)
g2 ’7 Od ’Y,(B'U{ZJ}] 1’{w]}k+l gl7g2

with

=(k+1) gkt (T
- £ iy {wj}’?ill(gl’gﬂ =M, (v)

77z7v7{zj}j:1 bl

Jr’VE:@(Z ( (L) (95 v, {5 {wj}.?:l?(glagz)) {Z N 1)7(91,92)7wi+1>7

(3.62)
Mﬁ“ is given by (3.33), and, setting {z;}*"! as in (3.59)-(3.60),
(az v, {Zj };2 Hl)/\ (k=1 (91,92),701'“) =09 (z,v, 2141, wis1) (3.63)
and
_— k+1
Ai Jr}k) 1 (91, 92) Zz] (3.64)
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We give in the next proposition key estimates which allow to prove that
=(k+1)
’Y7IU{ZJ}J 17{ j}
the result, we deﬁne for any (k,v) € E,

1 is a C!-diffeomorphism on R?? (see Proposition 3.8 below). To state

m(k,7) = max (e(k + 1,7l 1B+ 1,7)l) 5
where a(k + 1,7), B(k + 1,7) are defined by (3.414).

Lemma 14. Assume that A2 holds and SUP,c(05 Ty < 1. For any parameter A > 0,

(k,v) € Ee, initial condition (z,v) € R®?, realizations Z = {Z; f;ll C R and w =

{wj}k'|r € WFL - as well as (g1, 92), (97, 95) € R*?, it holds

|AF (g1, 92) = ALV (g1, )|
< (1 mlb ey + = [l )09 ) (o — ]+l — s3]
(3.65)
and
[B% s e (91,92) = B, (9 9b)]| < @2+ B)LLz ks1n (lg1 — ot + 1o — g5

(3.66)
with
k
L g1 =7 (1+ (k9)*m(k, 7)) (2 + 92+ (1+4°L) + WL) +710 (1 kym(k, 7))

+ ky?m(k, ) [EMr (VL (VF + 280+ 4 (14 kZ20) ]
where Mr (), Lr 4 () and £ |, 2}, \ are defined in (3.13) and (3.51), respectively.

Pmof Fix A > 0, (k) € E, (zv) € R¥ 2z = {z}] c RY
{wj}'€+1 € WFL and (g1,92),(g),95) € R?*?. We introduce for i €
{O}k: (@i,0) = DY (@0, (2100 {wi sy (g1, 92)), and similarly (a),0]) =

f‘(f’kﬂ (x,v,{ J}ZA (k=1) {wy}j:p (g1, 95)). With this notation and recalling (3.30), we
obtain by the definition (3.58) of fgf *) that

(l'ia Ui) = FS/Z) (1'7 v, {Zj}é':lv {wj}j':l) ) (xga U;) = Fg/l) (l‘, v, {z;'};“:la {wj};.‘:l) ’
where {2} and {2/}%f] are the sequences defined in (3.59) based on (g1, ¢g2) and
(91, 95), respectwely We start by estimating the difference ||z; — z|| for i € {1}k + 1.

First, by (3.59), for any ¢ € {1,...,k — 1},

120 = 2ill < ym(k,7) (lgr = 1] + [lg2 — 2]} - (3.67)
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3.4. Proof of the minorization condition

Next, by (3.60) and (3.37) we get

1 k=1
Iz = 2ll < 2 llgr = gill +& 2 Jlzs = =]
=1

2m -
1+ (M)ﬁy ) g1 = gl + gz — g4l (3.68)

N

oo = ol < oz = gl + 3 s~ )
< i = 2l + 114+ Rym(, )] (lon — k| + g2 — 1)

We are now in position to prove (3.65). By (3.64) and (3.31) and since gy =
Zz 0g2 H—l Zz+1 by ( ),

’A(k]}f 1(91:92) = Af{ +}k 1 (9192)|| < llo2 — g2 + Z( — g5t?) Mz — 2

< g2 = goll + (1 =) flan — 21| + Z 241 — 24l

<lg2 — gall + (1 = 7) [|2r — 2| + m(k, v)ky (lg1 — g1 || + [lg2 — 2]]) -

The estimate (3.05) follows by combining the last inequality with (3.68).
We next turn to the proof of (3.66). First, by (3.62)-(3.63) and the notation intro-
duced at the beginning of the proof,

k+1 k+1
g/xfu)z w(g 92) '(y,a:,v?i,w(gllvgé)

< ’YZ H@(i)(xiﬂ}i; Z¢+1,wz’+1) - @(i)(l‘;, U§7 Z£+17 wi+1)H

k k k
< (24 ky)Ly <Z i — il + 77> o — o + 20 [z — Z§+1||> ;

i=1 =1 =0

where we used (3.30) for the last inequality, and the fact that (zg,vo) = (xf,v() to
eliminate the term ¢ = 0 in the first two sums on the right hand side of the last inequality.
Therefore, in view of (3.19) and (3.50) in Lemma 13,

(k+1 k+1
H“'yxv)zw 91, 92 ) '(yxv)ZW(glvg2)

k—1
< 24 k)y (75 s = o |+ 70 50— ]+ By 3 12— zﬂ\) 7
=1

k
with oy = 1+ 2+ (1+9L) 4L and iy, = KM, (VLry (V) + .22, 4 +79°(1+
k2. \). The conclusion then follows from (3.67) and (3.65). O
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3.4.3.3 Estimates on diffeomorphisms defined for the total noise

We use in this section the stability results obtained in Lemmas 13 and 14 to prove that

the function F( )k 1
iz} dw
function of (g1, g2) for fixed initial condition (z,v), is a Cl-diffeomorphism. In addition,
we also establish regularity properties of this function and its inverse with respect to
the initial condition (x,v). To state our results, we introduce the following functions
for (k,v) € E¢, and given realizations z = {zj}k CRY w= {wj}k+ C R™:

« for a given initial condition (z,v) € R??, set Fg - 11,)2 wl(g1,92) = I‘EY erw)((l', v), (91, 92));

)i giving the (k + 1)-th iterate in (3.01), considered as a
1

« for a given realization (g1, g2) € R??, set T (z,v) = f(kjrl)((x,v), (91,92)).

V,%,W,g1,92 V,2,w
The first result is that TU 2 is a diffeomorphism when k+ is a sufficiently small

¥, TV, Z, W
positive time and + is not too large.

Proposition 3.8. Assume that A1 and A2 hold. There exists tg > 0 such that, for any
to € (0,%0], there is 4y, > 0 for which, for any v € (0,%,], (z,v) € R*, 7 ¢ Rk—1)xd
and w e RkH1)xm

(Lto/7]+1)
( ) Py,xov zZ,w

is 3/2-Lipschitz and a C'-diffeomorphism on R%*¢ satisfying, for any
(gl>92)a (gllagé) € R2d7

)_f(UO/’YH—l)( / /)

vzvzw( ) VTV, Z,W 91,92

1
[FkorgeD 25l —ghg2— 5)]| 5 (3.69)

(b) the inverse of I‘(;Oﬁzj)w, denoted by F,(y:%tg/;/,]), is 2-Lipschitz:  for any
(ulv u2)’ (ula u2) R2d7

HF sLto/v]+1)

Y,X,0,Z,W

f(<—7Lt0/’YJ +1) (u'

Y,X,0,Z,W 1

(u1,u2) — D) <20 — vz — )]

Proof. We prove that there exists tg > 0 such that, for any tq € (0, o], there is 3, > 0

for which (g1,¢92) +— F’(nyoq/)vzj)w(g g2) — (91,92) is 1/2-Lipschitz. Item is then a

straightforward consequence of [39, Exercise 3.26]. First, for any A > 0, (k,vy) € E,
(r,v) € R, 5 € ROy ¢ REFDX™ (g1 ) (gh gh) € R, by (3.61) and Lemma. 11,
we have

—(k+1 g1 k+1 %
F( ) ~ k=1 ’?“(91792) - - F( ) kH(!]iaQé) + ,l
Y=t bis 92

’77557U7{Zj}]':1 7{wj g2 Y,T,v {ZJ j= 1 7{w]

6-@ HA k 1(91792) AE[ Jr}lk) 11(91,92>
J

H(k+1) (k+1)

~ k-1
77:6 v {Zj }J 10 vafv?{zj}j:l k)

<Ok +1,%,2) (lgr — a4 + llg2 — 65])

|e

{w J}k+1<91792) = {w ]}k+1(91792)
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3.4. Proof of the minorization condition

where we have set

Clk+1,7%,0) =7°2 (1 - m(k, 1)y + —2[1 + m(k, w)(km) (24 kY)LLa g1

As noted previously, there is fél) > 0 for which, for any ty € (0,561)], there exists
'_yt(; ) such that for any vy € (0,’%(; )], we have (|to/v],7) € Ec. Then, Lemma 12 implies
that there exists t_(()Q) € (0,581)] such that for any to € (0,7?82)], limsup., o m([to/7],7) <
K[ty? vty for some constant K > 0. This implies, for any ¢, € (0, 55)2)] and A > 0,

limsup C([to/7] + 1,7, A) = limsup(2 + [to/7]7)LLto/7)*7*Mr (A Lr, () 0/

70 ~v0
m(|to/v],7)

=A@+ttt esp (1o | + (14 AL ) tmsupm([1a/4).

< M2+ t)LK[to V 1] exp <to R +(1+ A)LD ;

where we have used for the penultimate inequality the expressions of Mr ,(A), Lr ()
provided by (3.48). The latter quantity is smaller than 1/4 for any ¢y € (0’#02)] upon
choosing first A = 1/(16KL), and then ¢, € (0,582)] sufficiently small so that for any
to € (0, Eo} R
1
16 KL — |L| ) <4.
(2—|-to)[t0\/1]exp(t0[ 6 +( +16KL> })

This leads to the claimed statement, and therefore proves item (a). Item next easily
follows from (3.69). O

The second result is that I'y 5w g4, is & diffeomorphism when kv is a sufficiently
small positive time and -~y is not too large.

Proposition 3.9. Assume that A1 and A? hold. There exists to > 0, such that, for
any to € (0,0], there is Yy, € (0, 1] for which, for any v € (0,7,], (91, 92), (u1,u2) € R%,
7z e RE=Uxd gpng w e REH)xm

w(lto/7]+1)

V,Z,W,91,92

(a) the mapping T is Lipschitz on R%4: for any (z,v), (2/,v") € R%,

‘ (to/”/J+1 v) — F(Lto/vﬁl)(gj/ )

\Z, w791792 Y,%,W,91,92 g e(1+2L)(t0+7) (||:I/‘ - :I:/H + HU - /U/H) )

b) the inverse of T’ (Lto/~]+1) see Proposition , namely (x,v) — F(<_ Lto/7]+1) Uy, Ua),
VXV, Z, W VXV, Z, W
is Lipschitz on R*?: for any (z,v), (z',v") € R%4,

[T ™ o) = TG (i, wa)| < 2643000 (o — ) 4 o = o]
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Proof. Let ty > 0 such that for any tg € (0,%], there exists 7, for which, for any
v € (0,%,], ([to/7v],v) € Ec and Proposition 3.8-(a)-(b) hold. To prove item (a), we
note that (3.57)-(3.58) and (3.47) in Lemma 13 with A\ = 1 imply for any ¢y € (0, to],
v € (0,7, (91,92) € R, 7 € RE=Dxd and w € REFDXm (4 4)) (2!, 0") € R,

H Lto/’YJJFl) 2) — F(UO/’YJJrl)(g 92)H < Lrﬁ(l)tto/ﬂ-&-l H|33 . x/H + H” B ,U/H] :

YT, Z,W gv.g v,z v Z,w

from which the result follows in view of the bound

1 0
5+ (14 A) max <17)\> LD :
and the fact that v < 7, < 1.

Regarding (), let (z,v), (z/,v’) € R?? and denote by (g1, g2) = f(F’LtQMJ)(ul, ug) and

’)/,ZD,’U,Z,W

Lr,(\) P/ Cexp ((to +7)

)

=, [t |t =(|t
(g1, 95) = Fg;,b?’/;i,) (u1,u2). We obtain using (g7, g5) = F(VZ/%?’Q‘JN) (F&;Qéim (z,v)) and
Proposition 3.58-(h), for any to € (0,%0], ¥ € (0,74,], (91,92) € R*, z € RE=Dxd and
= R(k:+1)><m7
(+,t +1 (|t +1
[T s ua) = TSR (o) | = U191, 92) = (91, 9b)
Lto/~)+1 to/v]+1 =(,to/v)+1) (L to/v)+1
= [T s ) ~ T s )
[t +1 ([t +1
< 2|[T 2 @) ~ T o)
which completes the proof using (a). O

3.4.4 Proof of Theorem

We can now finally provide the proof of Theorem

Proof of Theorem 5.1. For (x,v) € R*® and B € B(R??), it holds, by the definition
(3.61),

1 _ plto/7]+1) 1
R’%to/'YJ"F ((.T,U),B) —E l:]lB{ %;U fawz(uo/ﬂ_»,_l) Wilto/7J+1D) ( G(I_tO/'YJ'f‘ ))}:| .

Fix M > 0, and consider ¢y > 0 such that the statements of Propositions and
hold true. Introduce next ¢ty € (0,%] and the corresponding stepsize 7;, as given by
Propositions and

The random Varlables lop G(lto/7]+1) and VY0~ Z([to/7]+1) are independent Gaussian
random variables by Lemma . Denoting their densmes with respect to the Lebesgue
measure by ¢y, and ¢y, - respectively, setting ng = [to/v] + 1, and using a change of
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3.4. Proof of the minorization condition

variable, for any v € (0,7y,]
t +1
R%o/’ﬂ ((z,v), B)

— 1
Ff}?fﬂéi )(917 92)} Dtoy (915 92)Vt0,(Z) dZ M®Lto/ﬂ+ (dw) dg1 dgo

s {
R™04 x W0
—, |t +1
-/ 1 (11, 142) e g0 (0, 12) 002 (T S (11, 102) ) g 1 (2)
R”OdXW”() wzvzw

dz u%?,[to/ﬂ“ (dw) dug dus

where I‘S/: Ltg/‘y“) is the inverse of ng;o?/ﬂzjjvl) (well defined by Proposition )

and qu_,uo /v)+1) (u1, u2) is the absolute value of the determinant of the Jacobian matrix

Vx,V,2,W

of this mapping.

We can now introduce the reference point (04, 04), and relate the transition probab-
ility starting from (x,v) in terms of transitions starting from this (04, 04). For reasons
that will become clear below and similarly to what is done in Section 3.3, we replace
fg:%t%/yﬂ)(u ug2) by \/§F770d7t00d/;J;;1)(u1,u2) and not simply Fg%d%]d/yvtl)(ul,ug) in
©to,7, henceforth write for any v € (0,74,]

RO ((2,0), B)

= Lp(ur, u2) Ay o zw (U1, u2)Jse 1000 (U1, u2)

R™04 x W0 'Yod 04,Z,w
to/v]+1 N 1
% oy (V2T 0y 0ram (11,2)) v (2) A2 g™ (dw) dus dus,
(3.70)
2 .
where A, vz w(u1,u2) = AEY 30 vz W(ul, uz)Ag,;v’i’w(ul, ug) with
0 Tt tig/v+n (U, u2)
A B Ul, U 'y T,v,Z,wW
e )= Ittty (1, uz) |
'y 04,04,2,w
<, |t +1
A(Z) ( ) Ptoyy (F'(y z, 7L) %/\Z/J )(uh uQ))
5 Ui, U .
VTV, E W ) (=, [to/v]+1)
Pto,y (fr'y Od,([))d’; w (ul, UQ))
We next bound A" g)cv zwl(u1,u2) and AEY ; wz.w(U1,uz) from below. For the latter term,
we assume that ”:EH + o] < M.
By an application of Hadamard’s inequality (see Proposition below) and Pro-
position 3.8-(a), we obtain for any (u1,us) € R??, (Z, w) € R4 x W™ and ~ € (0, ,],
1 2\?
J= (G [to/vj+1)(ulau2) = () .
T = [to/v]+1
5202w J=dteo/r)+ (Ff(yam%%/vy )(u1, ug)) 3
'y T,v,%,wW
Similarly, Jf(e lto/v1+1) (U1, u2) < 2¢ by Proposition 3.8-(h), so that for any (uq,us) € R%?,
7¥,04,04,2,w
(z,w) € Rnod x W™ and v € (0, 4,],
1 1
Agﬁi,v,i,w(ul’uﬂ > 3d (3.71)
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We next recall that ¢, is a Gaussian density with mean 0 and covariance mat-
rix aglc(LtU/VHl) (see (3.39)), and use the inequality (3.28) to write for any (uy, us) € R,
(Z7W) € RnOd X WnO’ 4aS (07:)/750]7

2
AT g1, 02)

1 =3 (=(to/v]+1 = (| to/v)+1 2
> exp (UQ (C(Lto/’YJ-H)) 2 (Ff(y;,i\_;,%,/v’\yrj )(Ula UZ) o F'(y{,_()dL,(;)d/,’;J,w )(ul’u2)) ]
2l
Next, by Proposition 3.9-(b) and Lemma 9,
e A(2) 1a2(142L)t0 (to)] ! 2
h%ﬁJHf A’i,x,v,i,w(ul’UQ) > exp ( 4e [2 } N (Ilz]] + ||v])
> exp (_4e2(1+2L)t0 [E(to)} -1 M2> = Mg M »
op

where X(0) is the matrix defined in (3.9). Upon reducing Yto, We can therefore assume

that the following inequality holds: for any (u1,u2) € R??, (Z,w) € R™% x Wm0, ~ ¢
(07’_}%0], ) "

2 to, M

A'(y,x,v,i,w(uhuQ) > 02 . (3.72)

Now that the factor A, ;,zw(u1,u2) is bounded from below, we can consider

the remaining terms in ( ) in order to construct a reference minorization meas-

ure. More precisely, using again Proposition 3.8-(a), the change of variable (g1, g2) =

(|t 1 L. _
\/EI‘EYEL’&/;{; )(ul,u2) implies, for any v € (0, 74,],

=(,Lto/v]+1 _
/R L (w1, U)o tig /200 (U1, U2) Pty (\@FS,T)},(?[{;{W )(UL U2)) Vio,~(Z)

nod x Wno 7,04,04,%,w

dz u%ﬁo/ﬂﬂ (dw) duy dus

_o—d w=(lto/v]+1) (91 92 -
=2 /Rnodano Ip {F%OOd,Od,z,w (\@7 \/§> } o (915 92)%t0,~(2)
dz gy (dw) dgy gy

= 2_dut0,’7 (B) ’

where 1, - is a probability measure on (R??, B(R??)). By combining the latter inequality
and the lower bounds (3.71) and (3.72) in (3.70), we obtain the following result: for any
v € (0,%,] and (z,v) € R%® such that ||z|| + ||v|| < M,

R’\?tO/'YJ+1((x7 U)v B) = gto,Mlu’th"/(B) ’

with 4, 01 = 6%, 01/2. The inequality (3.14) then follows from [37, Lemma 18.2.7] for
instance. u
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3.5. Proof of Theorem

We conclude this section by recalling (and proving for completeness) a well-known
result on the Jacobian determinant of C! Lipschitz function.

Proposition 3.10. Let ® : RY — R? be a continuously differentiable L-Lipschitz func-
tion, i.e. for any x,y € R?,

() — ()| < Lz —yll -
Then, Jo(x) < L%, where Jg denotes the absolute value of the determinant of the Jac-

obian matriz of ®.

Proof. Denote by Jace : R? — R?*? the Jacobian matrix of ®. Since ® is L-Lipschitz, it
holds, for any (x, h) € R?xR?, ||Jace(x)h| < L ||h||. By choosing h = e; fori € {1,...,d}

(with e, ..., eq the canonical basis of R?), it follows that
d 2
0P,
Vo|* = -] <1
oo =3 (5

where ®; is the i-th component of ®. In addition, using Hadamard’s inequality (see
for instance [62, Example 4.18]), we obtain |det(Jace(x))| < [IL, |[V®s]| < L, which
completes the proof. ]

3.5 Proof of Theorem

The function #% : R?® — R which appears in (3.15) is defined under Al and D
for z,v € R? and v € (0,7] as

527(1 + 76197) <

T z,v) + 2ayU(z) . (3.73)

2
K 2 2
Wy (x,v) = — ||z||” + ||v||” +
1 (,0) = el + o] !
This function is indeed nonnegative by Lemma 16 below. The proof of Theorem relies
on a conditioned Lyapunov drift inequality for %, (see Section ), which motivates
the choice of the various prefactors in (3.73) (see the discussion at the end of the proof
of Lemma 15). This allows to write the proof of Theorem in Section , with the

help of some technical results postponed to Section

3.5.1 Conditioned drift inequality

The following Lyapunov inequality is a key result to prove Theorem

Lemma 15. Assume that A/, D1, D2 and D3 hold. For any x,v € R?, w € R™+m2
and v € (0,7], set (X7, V{""") =T (w,v, /Yoy Z,w), where T is defined by (3.13)
and Z is a d-dimensional standard Gaussian random variable. Then, there exists C > 0
such that, for any v € (0,5 A1], z,v € R? and w = (wy, ws) € R™ ™2,

2
VU ()]

5+l

E [ (X7, V)] < W, ) — ol =y |

+ Oy [L+ VU @)+ o]l 4+ 97 F (0, 0) + 5% ] ]
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where the expectation is over the realizations of Z, and F(x,v,w) = ||VU (z)||* /L? +
2 2
[oll™ + [lw]]* + [l]-

Proof. The finite nonnegative constant C' in this proof may change from line to line
but does not depend on 7, z, v or w. For ease of notation, we also simply de-
note (X7, Vi""") by (X1,V1), and do not explicitly indicate that v € (0,7 A 1].
By definition,

K2y (709, + 1
O De (1, v
(3.74)
We successively bound each expectation on the right-hand side of the previous equality.
To bound E [U(X})], we make use of the following estimates, which are straightforwardly

obtained from D2 and the equality E [# (z,v, /o, Z, w)] = F (z,v,w) + 'yagd:

E [ (X, V)] = 200E [U(X0)] + 8 [0 7] +E [ 7] +

E [Hﬂ’ (m,’yévjfy‘;M/QJVZ, w)HQ] <C [1 + 75U?($,v7w)] ,
(3.75)
e[| (5 sz < € 197 v,

the second inequality being obtained from the first one by a Cauchy—Schwarz inequality

and the bound va + b < v/a + v/b for a,b > 0. Using [106, Lemma 1.2.3] and D1, we
obtain that

E[U(X))] =E [U (2 + 70+ 8y (2,970,720, Z,w) +47+20,D, 2)]|
)+ E (VU @), v0 +7fy (2,970,970, Z,0) )|
E {H’}/U‘F’Yf'y 2,700,/ 0 2, w) +~0t0. D ZH }
2) + 7 (VU (@).) + 7 [VU @) E [[| 15 (2,770,970, 2.w) |

+ 2 <72||v|2+v2E £ (2702 20, Z,0) [F| + 47252 [ D, 217 ).

Q‘

(x

Note first that, in view of (3.75) and A1, and since ||v|* < F(z, v, w),

P ol 4 E ||, (07007 20, Z,w) [F| 91402 1D, 20
[,YH- (20) /\1+,y T(:L“ v w)}
Moreover, still with (3.75), and since | VU (2)|| < L/ F (x, v, w),
INU@)IE[| £, (270,470, 2,w) || < CIVU@)] [1 + 42 ﬂx,v,w)} ,

CIVU @) +~°2F (2,0,w)| . (3.76)
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5. Proof of Theorem

Si

nce oy < 1, this leads finally to

E[U(X1)] < U(2) +7 (VU (@), 0) + Cy [y + VU @)|| + 702 F (2, 0,w)| . (3.77)

Let us next bound E [HXlHQ} Note first that D2 implies that

E [<x, Iy (:c,*y‘sv,vé‘Fl/QU,YZ, w) >}

<70, (@,0) + Cur [L 47V F (2,0, w) + 70 62d 4 [Jo] ] |

so that, with A1 and D2,

E

E

E

€ [I007] < ol +92 ol +97E || £, (219%0,9% 20, 2,0 ]
+ 29 [(&, fy (2,770,970, Z,w) )| + 720292 + 24 (2, 0)
+29%E [ (v, £y (2,7°0,9"+20,Z,w))]
+29°2 00 E[( £, (2,970,720, Z,w) , D, Z)]
<l + 29 (1+9°9, ) (2,0) + Oy [1+ 9% F(z,0,0) + 4% [l2]] ] -
(3.78)

To bound E [HVlHQ}, we rely on the following estimates, obtained from D?2:
—HQV (m 7o, 40T /2(7 Z, w) +apVU(x HQ] (l—i—’y‘SUT T,V,Ww )

“97(957”76+/2‘72w +auVU (2 H <C(1 5U/2 wi)

l!VU( 2)|?

(.9, (2,470,970, 2,0) )| < =G0 T el

+ A (1 ( + 7 (:U,v,w)) :
(3.79)

Therefore,

E[IViI?] = 72 [lv])® + 720}, |VU (@) + +2E [Hgv (770,720, Z,w) + aUvrf(x)Hz}

+702d — 27yyay (v, VU(z))

+ 27,7 (0, E gy (2,770,970, Z,0)] + au VU (2) )

— 292y (VU (@), E [gy (2,470,970, Z,0) | + ay VU (2))
+ 2920, [(g, (w,9°0,4"* 20, Z,0) + au VU (2), Z)| .
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The terms on the third and fourth lines of the above series of inequalities can be bounded
as in ( ) using D2. For instance, for the one in the third line:

(1€ g2 (2970920, Z,0)] + @ VU ()|
< lE [l (2% o0, Z,w) 4+ ay VU @)

<C el + 472 ol F (@0,

<C [l +7"F (2,0,w)].
We thus obtain with A1 that

E[IVil?] < 72 1Ioll” = 2mvaw (v, VU (@) + Cy {1+ [[vl] + 702 F (2, v,w) }
< (1= 1) ol* = 270 (v, VU () + Cy {1+ [[vl] + 7702 F (2, 0,w) }
(3.80)

where we have used for the last inequality that |7, — 1| < and 73 = e 2 + 772 —e 27
1 —2vk+2(k? 4 Cx)y? by Lemma 3 (the term of order 72 going into the remainder term
in the inequality). Finally, using A1 and D2, as well as the estimates (3.75) and (3.79),

E (X1, VA)] = 75 {2, 0) +1E [(2.9y (,9%0,4" V20, Z,w) )| + 7 o]
+ 9B [(fy (2.4° 0,920, Z,0) ,v)]
—y*ayE wa (%751},7“1/20727 w) ,VU(:E)>]
+~2E [< 2 (x,*y(sv,’y‘Hl/QUWZ, w) 0 (x,'y&v,’y§+1/2072, w) + aUVU(x)>]
+9%E [(v, 9 (2,970,920, Z,w) + au VU (2))] = 22av (v, VU ()
+ 20 B [( £y (2,970,470, Z,w) , Z)]
032 E KDWZ, 9 (:1: Vv, 0 7, w) + aUVU(x)>]
+496%E (D, Z, 2)]

IVU ()]

S+ el

< 7y (2,0) =Gy [ +my [olP + Cy {1+ ol + 7 F (2, v,w) }

(3.81)

We can now come back to ( ). In order to make apparent our choices of prefactors
for the Lyapunov function ( ), we introduce real numbers ¢1,c2,¢c3 > 0 and ¢4 € R,
and define

Welz,0) = U (@) + ez |lz]* + s o] +ea (z,v) -
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3.5. Proof of Theorem

By multiplying (3.77) by c1, (3.78) by c2, (3.80) by ¢3 and (3.81) by ¢4, we obtain

2
E%Mﬂﬂs%WW%memm”HM

= — 2035 — cams) o

+ [ea(ry = 1) + 2¢7 (1449, )| (2,0) + v[er = 2e300] (v, VU (2))
+ O [L+ VU @)+ [[oll + 7% [l2] [wn ] + 72 F (@, v,w)] .

We choose c1, o, c3, ¢4 to cancel the prefactors of the scalar products in the second line
and to ensure that the term — [2rcs — ca7] [[v]|* < —¢|v||* + C2F (¢, v, w) for some
¢ > 0. Such requirements can be obtained with é = & by setting ¢; = 2ay, co = K?/2,
cs =1 and ¢y = k2y(1 ++%9,)/(1 — 7,) and using |cs — x| < Cy by Lemma &. O

3.5.2 Proof of Theorem

We are now in position to prove Theorem 3.4. The finite nonnegative constant C' in this
proof may change from line to line but does not depend on v, z, v or w. A first idea
in the proof is to rewrite the Lyapunov condition to be shown for W, 5 as a Lyapunov

condition for the function
by =1+, (3.82)

thanks to D3. In all this proof, the timestep 7 belongs to (0,74y] with 74 > 0 defined
below in (3.89). We also denote by (X1,V1) = I'y(, v, /70,Z, W), the output of one
step of the Markov chain starting from a given configuration z,v € R%, with Z a d-
dimensional standard Gaussian random variable and W = (W7, W3) a random variable
independent of Z with distribution pw = ftw, ® ptw, (recall that I', is defined by (3.13)).

We start by bounding RWW%W in terms of E [¢ (X1, V1) [Wa]. The first observation
is that, in view of Lemmas 18 and 19, there exists a constant .2 € R, such that the func-
tion (z,w1) — ¢ (I'y(z,v, /Y042, (W1, wz))) is Lipschitz with Lipschitz constant /£,
uniformy in x,v and ws. Therefore, by D3-1)-(a), for any w € R*,

Ry W, o (w,v) = E [E [W, (X1, V3) 'WQH <E

exp <wE (6 (X1, V1) [Wa] + wt%)} .

(3.83)

The next step of the proof is to obtain bounds on E [¢ (X1, V1) [Wa]. We first relate
this quantity to E [#4 (X1, V1) [Ws] and then rely on Lemma 15. More precisely, using
the bound 1+t < 1+1¢/2fort > —1,

E [¢y(X1, V1) W] _ Wy (X1, Vi) — W, (, )
o e e R e
Wy (X1, Vi) — Wy (x,v)
<E |1+ 2l 12¢?1y(x7v) W2‘|
_ . E[m(Xy, ) W] — Wy (x,v)
=1+ 20 (1, 0)? . (3.84)
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Since W7 admits a first moment by D3, using that a < (2¢)~! + a?/2 for any a,e > 0,

there exists *?((]1) € (0,%4y] such that for any v € (0, ’7[(]1)],

CE [1+[VU@)]| + [[o]l +7°0/2F (@, 0, W) + 4 | [[Wa| | W3]
VU (z)|?
ol + (‘L”” + uwu)] .

Therefore, by Lemma 15 and since — [|v]|* < — [Jo]| + 1,

I
<O+ W) + 5

YR
E [, (X1, V) [Wa] < w2, 0) = = (110l + o llall) + Oy (1 + [ Wal?)

vk min(1, ¢y 2
< Wy(2,0) = —————— ([v]| + [|z]}) + Cy (1 + |[W2]]%) .
Plugging this estimate in ( ) and using Lemmas 17 and 16, as well as the inequality

Va+b =27 (\/a+ Vb) for a,b > 0, we obtain

—rmin(1, Gu) ([l + [[v]}) + C(L + [|W2]*)

E [0y(X1, V1) W2] < ¢y (,0) +

4¢7(xav)
kmin(1, ¢) ([l + [|v])) 1+ [|[Wa”
X ) - C ’
SO@0) =Y e+ ol V1T o2+ 1ol

(3.85)

Then, by (3.83) and (3.85), for any v € (0,’7((})], w >0, and z,v € R?,

_ , )
RWom(@v) ¢ [exp <w LY | oy 1+ |[Wa| )1
W (,0) 2 L+ vew/2(]|2]l + vl

 exo (e Fmin(L, ) (lall + o))
p( AL+ € (ol + ol ) (3.86)

We now choose successively Ry > 0 sufficiently large and w > 0 sufficiently small so
that the Markov chain induces a contraction for the Lyapunov function W%w on the
set {(z,v) € R? ||z|| + |[v]| = Ry}. We first need to this end a bound on exponential
moments of Ws. By Jensen’s inequality and D3, for any ¢ > 0 and ~ € (0, yw /|, setting
Cw =E [e’?W||W2\\2},

e [enIWel?] — £ [(evWHWzQ)””W] <oy (3.87)

For any w > 0, v € (O,'?(Ul)] such that wy < Aw (1 + /ey /2Ry)/C and Ry > 0,
z,v € RY ||z| + ||v]| = Ry, it therefore holds by (3.56),

Llo Rywmw(x,v) < wl n C ( log C’W> B rkmin(1, )Ry
@y W (1, 0) 2 14 \/ew/2Ry Jw Al + €4 Ry]
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Setting
8[1 4 €] ( log CW) ] rkmin(1, () Ry
v [ﬁmin(l, SASEETIA few| . U 8ZL[1+ CyRy]
and 7(8) Y[l A{(1 4+ ew/2Ry)/Cwr}], it follows that, for any v < mln('yl(J),'y(UQ))

and (z,v) € R?® with ||z|| + ||v|| > Ry,

‘) Kmin(17CU)RU
RyWoy oy (4,0) S N Wo oy (T,0), A =exp (— 61+ &, o] ) <1. (3.88)

We finally consider the case ||z|| + ||v|| < Ry. First, we note that (3.85) implies that

for any v < 'yU), E [¢(X1, V1) [Wa] < 6 (z,v) + Cy(1+ ||[Wa?). By plugging this result
in (3.83), we obtain

RA,W%WU (z,v) <E

exp (”ZU (w02 +20(1 + ||W2H2)m W (@,0).

When v < Ay = mm(’y((]),'yg), 'y((])) with '_y((]g) = Yy /(wyC), the right-hand side can be

bounded by (3.87) as

R ‘WWZU(JC v) < ’W oy (T, 0), K = %

oL+ 2C (1 + log_cw)] .

Yw

We can therefore write, in view of the inequality e! — e® < (t — s)e! for t,s € R, s < t,
for any z,v € R?, ||z|| + ||v|| < Rv, v < v,

Ry W o (,0) S N Wy o (,0) + (57 = X)) Wy o (2, 0)
<A W, w( v) 4+ (K —log \py)e® YW, o (z,v).

We finally obtain the following bound for any x,v € R?, ||| + |[v|| < Ry, v < Au, using
Lemma

RyWy o(@,v) < N Wy o(@,v) +9by, by = (K — log Ay )ef v =v(te i)

Combining this bound with ( ) completes the proof.

3.5.3 Supporting lemmas

The proofs of the following technical lemmas are postponed to the appendix. The first
technical result ensures that %/, is non-negative.

(3.89)

Lemma 16. Assume Al and D?. Then, for any x,v € R and v € (0,7yy] with

(6A1)~ 1 9
Yo = min | 1,75 = Cw Cqp = }min i
Tw T\ 60+ (1+9)(2C, + 12) ’ 2 6’

it holds W, (z,v) = cop(||z]|> + |[0]|*) + 200U (x), where W, is defined in (3.73).

»h\)—‘
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The next result provides an upper bound on ¢, itself obtained from an upper bound
on W.

Lemma 17. Assume A1, DI and D”. Then, for any v € (0,min(1,7)] and x,v € RY,
Wy (z,0) < Gzl + [Jol”),  dylx,v) < T+ (2]l + [Jv]l) (3.90)

where

2 1 _
Cp= \/max <1, % +aUL> + 5(1 +9) (k2 4+ K+ 2Cy) .

The last two results provide Lipschitz bounds which allow to obtain (3.83).
Lemma 18. Assume that A1, DI and D? hold. For any v € (0,74], the fonction

¢y € Cl(R%,R) defined by ( ) is Lipschitz continuous, and its Lipschitz constant is
uniformly bounded by

Ly = max (2,204UL+/£2,(1+1§)(/<;2 +1€+CH)> )

Cay
where Yqp, cqy are defined in (3.89).
Lemma 19. Assume that Al and D35 hold, and recall that Iy is defined in (3.13).
Then, for any v € (0,min(1,7)], z,v € R? and wy € R™, the function (z,w;) +
Ly (z,v, /Yoy2, (w1, w2)) is Lipschitz continuous, and its Lipschitz constant is bounded
by v/27[2Lmax(1,5) + D5 + 7).

3.6 Postponed proofs

3.6.1 Proof of Lemma

Note that by (3.9) and using that for any t € Ry, t —t2/2 4+ 13/6 — t*/24 <1 —e7! <
t —t2/2 +t3/6, we have for any to € Ry,

o?t3/3 — oKty /3 < 2§t°) < o3 /34 o’ktg/12.
Similarly using that for any t € Ry, t —t2/2 < 1 —e~* < t, we have for any ¢y € Ry,
o22/2 — o2kt3 )2 < B < %22 o2ty — o2kt < BT < oty

Then, since 1/3 — 1/4 > 0, taking ( sufficiently small completes the proof.
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3.6.2 Proof of Lemma

The first estimate is a direct consequence of the following inequality for 0 < a < b
and ¢ > 1:

b
v —af = 6/ 2tz < (b—a)eb L,

together with the bound max(r,,e™7) < 1. The bound on |7, — 1| follows from the
fact that this quantity is bounded by 1 — e™*7 4+ C~? in view of A1, together with the
inequality 1 — e < k7. For the final estimate, we write

¥ 1

|7y — 1+ k7| < |7y — e Y| + |7 — 1 + K|
-7, & '

K(1—1y) h (1 —7y)

The first term in the last numerator is bounded by C,~+? in view of Al. For the second
one and the denominator, we use the inequality —t?/2 < 1 —t —e™* < 0 for any ¢t > 0
to write [ — 1 + x| < K29?/2 and

1—7721—6_“7—0,{722% /{2_’_0 f
ol v 2 27
where the last inequality follows from the bound v < 7 < (k + 2C,/k)~! in Al. This

finally leads to (3.3%).

3.6.3 Proof of Lemma

Let v € (0,74]). Consider Vp(z,v) = &2|z|* /2 + |[v||* + & (z,v) + 20U (x). The
Cauchy—Schwarz inequality and Lemma & give

Ky(1+9°0,)
| Wy (z,0) — Vo(z,v)| < Kk e 5
2 2
(519 (A0 [ _1>Hf"’”+””‘|
11— 2
2 2
/1( 09 + 1—1—7519)[ Cr _‘_K]/y)]xH;LHvH
K

< ca(llz)* + [ol*).

where the last inequality follows from the definition of 74,. In addition, using the
Cauchy—Schwarz inequality again, we get for any n € (1/2,1),

1
Vo(e,0) = (1) ]2 + (1 - 277) [0l + 200U (2) > 2em(la]® + [0]]?) + 200U ()

where the last inequality is obtained with n = 2/3. The combination of the two previous
inequalities finally gives the claimed result.
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3.6.4 Proof of Lemma

By [106, Lemma 1.2.3] and D1, it holds U(z) < L|z||* /2. Moreover, the Cauchy—
Schwarz inequality, Lemma 8 and the last condition in D2 lead to

R0 <Py (5 + 52 +1] ) (1ol + 101%)

1—m K K2
< (L4 9) (6% + K+ 2C0) (2] + [[v]), (3.91)

where we used v < 1 in the last inequality. This finally implies the first inequality in
(3.90) by the definition (3.73) of #,,. The proof of the second one is concluded with the

inequality va + b < v/a + Vb for a,b € R,.

3.6.5 Proof of Lemma

In view of the definitions (3.73) and (3.82), it holds

527(1 —+ 75797)

Vm%(w,’v) = W [52$ + 1_ 7

v+ 2ayVU ()],

so that, by a triangle inequality and upon bounding the prefactor of v as in (3.91), and
using also Lemma 16 and the inequality |VU (z)|| < L ||x||, we obtain

K2 llz|l + (1 + 5)(/12 + k4 2C%) ||[v|| + 200 ||VU (2)||
20/1+ cop{[lz]® + I|o]?}
1

2 1 _
< max (aUL—i—ﬂ,(l—i—ﬂ)(/ﬁQ—i—n%—QCn) .
Cqy 2°2

IVan (2, 0)]| <

Similarly, for any z,v € R?,

V26 (2,0)]] < J;wmax (130406 +n+20)

The conclusion then follows from the inequality [V, (z,v)| <
2max(||Vao,(x,v)|, | Voo (z,v)||) and the mean value theorem.
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3.6. Postponed proofs

3.6.6 Proof of Lemma

In view of (3.13), Al and D3-1)-(h), we can write, for any x,v, 2,2’ € R, wy,w} € R™
and wy € R™2,

HF’Y (2,0, /Y042, (W1, w2)) — Ty (2,0, \FYO"YZ,7 (w1, wz)) H

<7 wa ($,75v,71/2+5a,yz, (wl,w2)> — fy (337760771/2%

737, (uh, w) )|
+7 |9 (2,770,970, 2, (wi,w2)) = gy (2,970,770, 2, (wh ) )|
44120, [y (2 ) + oy~ |

< (2Lymax(1,9"*125) + 91295 + 5. /7) (|2 = 2| + [lwn — wi]) ,

< V2 (2Lymax(1,9°4126) + 471296 + 5./7) || (2,w1) = (2w

which completes the proof.

3.6.7 Proof of Proposition

In view of (3.12) and since b = —VU,

fy(z,v,z,w) = 6140 — %VU (x + G2V + €342 + 73/2%4,711)) +29%%6, w,

with
6_57/2 —1 6_57/2 6_57/2 5'2/2
Cy=——— G = Gy = =y Cay = | o
b v T T T B T g qe )t T T\ 8(1 e )

The coefficients %, (for 1 < 7 < 4) are uniformly bounded in v for v € (0,%], and we
denote by € their maximal value:

¢ = sup sup G, < +00. (3.92)
1<i<4 7€ (0]

A Cauchy—Schwarz inequality gives
2 —2 —2
| (@770, 202, 0)||” < 3927 |o)* + 12°%
R 2
t HVU (CL‘ + 7 G0 + T, Gy e + 73/2%4,710) H .

It therefore suffices to bound the term on the second line of the previous inequality. To
this end, we note that D1 and a Cauchy-Schwarz inequality imply that, for any h € RY,

IVU (2 +)|* < 2| VU (@)* +2L2 || . (3.93)

The first condition in D2 is then easily seen to hold upon setting h = ’y‘scggﬂv +
")/5+1/207<53772’ 4 73/2(54’710.
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To prove that the second condition in D2 holds, we need to be careful about the
dependence of our estimates on ||x||. We rely on (3.18), which implies that there exist a >
0 and b € R such that

— (@, VU(@)) < —a([l2] + IVU@)|*) +b.
An inequality similar to (3.93) can also be written for any h € R%:
“2 VU@ + W) < - [VU(@)]? + 222 ||A]?
We therefore obtain, using a Cauchy-Schwarz inequality, for any h € R?,

—(z,VU(z+ h)) = —(x+ h,VU(x + h)) + (h, VU (z + h))
I]*

<—a@x+MHWVU@+hHﬂ+b+g<ag4JVU@+hMﬁ

<~ (Jlol + FIVUE@)I) + B (1+ al?) (3.94)

for some constant b € R. The second condition in D2 then follows from the above
inequality, the fact that

(@1, (2,970,702, w) ) = 7761, (2,0) + 29261, (2,w) = 3 (@, VU (2 + 1))
with h = ’yé%gﬁv + 75‘*'1/207(53,7,2 + 73/2‘54,710 and using (3.92).
Let us next check that the conditions in D2 involving g, are satisfied with oy = 1.

In view of (3.12) and since b = —VU,

g’Y(I7 v, 2, U)) = _glv'YVU (.T + 542,71) + gS»’YZ + 73/25%17720) ’

with
—r/2 e—H/2 a2,
G —e 2 g = Gpo—— g = |2
17"/ € ? 277 2 ’ 377 2(1 + efﬁ’y)’ 477 8(1 + e*l{’y)

The coefficients %, (for 1 < i < 4) are uniformly bounded in v for v € (0,7], and we
denote by ¢ their maximal value:

¢ = sup sup ¥, < +oo. (3.95)
1<i<4v€(0,9]

Note also that, there exists K > 0 such that for any v € (0,7],

%y — 1] < K7, (3.96)
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so that we bound using D1 the term involving g, in the first condition as

2
lov (2:770,7" 20 2,w) + VU ()| < 2(1 = %,4)* VU ()]
+29% |VU(x + h) — VU (2)|)?
<2 ||VU (2)|)* + 29" L2 ||,

with h = Y% v + V20,95 2 + 43/24, _w, which easily implies that the second
condition holds by (3.95). Moreover, with the same definition of h,

<x, Gy (x,fy%, 7‘”1/2072, w)> =%~ (z,VU(z+ h)),

from which the third condition easily follows in view of (3.91), (3.95) and (3.96).

3.7 Complementary and technical results

Lemma 20. For any k,0,v > 0, ) @1, in (3.9) is invertible.

Proof. Note first that we only need to consider the case 0 = k = 1. Let v > 0. Set
M = X0 @ I;. We show that det(M) > 0. Since by [62, Exercise 45, Chapter 1],
det(M) = det(X)? where £ is given by (3.9), it suffices to show that det(X()) > 0.
Denote for any ¢ > 0 and square-integrable functions hq, hs : [0,¢] — R,

t
<h1, h2>L2([0,t}) :‘/() hl(s)hg(s) dS, Hh1HL2([O,t]) = <h1, h1>2.

By (3.9),
2
det(£0)) = det [171llE2j0,4) <h17h22>L2([0,v])
(hshadrzqoqyy 1P2llEz o)
= [1halI2 0, 121l 0,07y = (o B2) o,y

where for any s € [0,7], h1(s) = 1 — e~ =) and hy(s) = e~ (V=) The result follows by
a Cauchy—Schwarz inequality since hi, hy are linearly independent. O

Lemma 21. Let z,v € R? and k> 0. Consider for anyt € Ry,

_ 1 — e~ Kt t -kt _q t 1 _ g n(t—s)
Xi=z+ © U+/<;+e2 b(:r)+a/ eist,
K K 0 K
(3.97)
- 1— efnt t
Vi=e "o+ ——b(x) + U/ e =9)dB,
K 0

where (By)i=o is a standard d-dimensional Brownian motion. The process (Xy, V)0 is
the unique solution of the SDFE,

_ t - ¢ N
Xt:x—i-/VSds, Vt:v—i-/ {—ﬁVs—i—b(x)} ds + oB;.
0 0
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Proof. For any t € Ry, by ( ) Lemma 22 and linearity,

/Vds—/ )] ds—i—a// ’”TdB ds

_ Akt t -kt __
Sk e T G / / e 5 dsdB,  (3.98)
0 Jr

K K2
:Xt—a;.

In addition, using (3.98), we obtain

|

K

t t
/ —kVs+b(z)ds = (e — 1)v — b(x) + a/ (efﬁ(t*S) —1)dB,
0 0

- t
:Vt—v—a/ dBg;,
0
which completes the proof. O

The following Fubini-type result for stochastic integrals is established in [72, Theorem
1] (see also [116, Chapter IV, Exercise (5.17)]), but an alternative proof is given here for
completeness.

Lemma 22. For any f € C}(R), g € C°(R), u,v >0,

/uy/u”lm(t_s) $)g(t) dB, dt = //ILR+t—s f(s)g(t)dtdB,.  (3.99)

Proof. Consider f € C}(R), g € C°(R), v > 0. Without loss of generality, it is sufficient to
show (3.99) for u = 0. Introduce, for any w > 0, G(w) = [," g(t) dt and M,, = f(w)By.
By integration by parts [116, Chapter IV, Proposition (3.1)], we have, for any w > 0,

M, = / " P(s)Byds + / " f(s)dBs, (3.100)
w) M, _/ 5)B, ds—i—/ G(s)dM, . (3.101)

Then, by ( )

//Ilmt—s )g(t)dBSdt:/Ov (/Otf(s)st)g(t)dt

_ /0 (Mt _ /Ot £(s)B, ds> ghydt,  (3.102)

v

(G(v) = G(s)) f(s) dBs

1’ld

v

(G(v) = G(s)) dM;

_ /O "(Gv) — G(s)) F(s)By ds.
(3.103)

S—S—
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3.7. Complementary and technical results

By Fubini’s theorem, almost surely we have [J [J f/(s)Bsdsg(t)dt =
Jo (G(v) — G(s)) f'(s)Bsds. Therefore using this result and ( )-( ), (3.99)
holds if [y Mig(t)dt = [y (G(v) — G(t)) dM;. which follows from ( ) as

/ " (G(v) - G(t) AM; = G(v) M, — / "Gt aM; = / S gt F(1) By dt = / " Myg(t)dt

This allows to conclude the proof. ]
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Chapter 3. Uniform minorization condition and convergence bounds for discretizations
of kinetic Langevin dynamics
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CHAPTER 4

Discrete sticky couplings of functional autore-
gressive processes

ALAIN DURMUS', ANDREAS EBERLE’, AURELIEN ENFROY’, ARNAUD GUILLIN
AND PIERRE MONMARCHE

In this paper, we provide bounds in Wasserstein and total variation distances between

the distributions of the successive iterates of two functional autoregressive processes
with isotropic Gaussian noise of the form Y1 = T, (Y:) + V02 Z 1 and Y =
T, (Y3) + /702 Z}4 1. More precisely, we give non-asymptotic bounds on p(£(Y), £(Yz)),
where p is an appropriate weighted Wasserstein distance or a V-distance, uniformly in the
parameter vy, and on p(m,, 7,), where 7, and 7., are the respective stationary measures of
the two processes. The class of considered processes encompasses the Fuler-Maruyama
discretization of Langevin diffusions and its variants. The bounds we derive are of order
v as v — 0. To obtain our results, we rely on the construction of a discrete sticky
Markov chain (W,gW))keN which bounds the distance between an appropriate coupling
of the two processes. We then establish stability and quantitative convergence results
for this process uniformly on «. In addition, we show that it converges in distribution
to the continuous sticky process studied in [51, 68]. Finally, we apply our result to
Bayesian inference of ODE parameters and numerically illustrate them on two particular
problems.
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

4.1 Introduction

We are interested in this paper in Markov chains (Yj)ren starting from y € R? and
defined by recursions of the form

Vi1 = Ty(Ye) + 0/ 72541, (4.1)

where ¢ > 0, v € (0,7], for some ¥ > 0, {Ty : v € (0,7]} is a family of continu-
ous functions from R? to R and (Zj)r>1 is a sequence of i.i.d. d-dimensional stand-
ard Gaussian random variables. Note that the Kuler-Maruyama discretization of over-
damped Langevin diffusions or of general Komolgorov processes and its variants belong
to this class of processes and in that setting ~ corresponds to the discretization step
size. Indeed, the Euler scheme consists in taking for any v € (0,7], T(y) = y + vb(y)
for some b : R? — RY When b = —VU for some potential U, these methods are
now popular Markov Chain Monte Carlo algorithms to sample from the target density
z — e V@ / Jra e~V dy. However, in some applications, explictly computing VU is
not an option and further numerical methods must be implemented which come with
additional bias since only approximations of VU can be used in (4.1). In this paper, we
precisely study this additional source of error. In particular, based on a chain defined
by (1.1), we consider a second Markov chain (Y;)xen defined by the recursion

Vi1 =Ty(Ya) + 072141, (4.2)

where {T., : v € (0,7]} is a family of functions from R? to R? such that for any -,
Tv is an approximation of T, in a sense specified below, and (Z)k>1 is a sequence
of i.i.d. d-dimensional standard Gaussian random variables potentially correlated with
(Zk)k>1- )

We will enforce below conditions that ensure that both (Y3)ren and (Yj)r>1 are
geometrically ergodic, and denote by =, and 7, their invariant probability measures
respectively. If for any v > 0, Tw is close in some sense to T, the overall process (ffk) keN
can be seen as a perturbed version of (Y;)ren, and 7, is expected to be close to 7. The
main goal of this paper is to establish quantitative bounds on the Wasserstein and total
variation distance between the finite-time laws of the two processes and between their
equilibria. The study of perturbation of Markov processes has been the subject of many
existing works; see e.g. [71, 97, 102, 123, 125] and the references therein. However, it
turns out that these existing results do not apply as such. We pay particular attention
to the dependency of these estimates on . Indeed, in the case of the Euler scheme of
a continuous-time diffusion, 7, and the law of Y;/,| for some ¢ > 0 converge to the
invariant measure and law at time ¢ of the continuous-time process, and similarly for the
perturbed chain. Hence, as v — 0, our estimates should not degenerate, but rather yield
quantitative estimates for the continuous time process. More precisely, the present paper
is the discrete-time counterpart of the study conducted by [51] in the continuous-time
case, and as <y vanishes we recover estimates that are consistent with those of [51].

As in [51], our results are based on the construction of a suitable coupling of the
processes, i.e. a simultaneous construction of a pair (Yk,ffk)keN of non-independent
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4.1. Introduction

chains that marginally follow (1.1) and (1.2) respectively and are designed to get and stay
close to each other. We use the maximal reflection coupling for Gaussian laws, namely at
each step the two chains are coupled to merge with maximal probability and, otherwise,
we use a reflection (see Section below). Estimates on the laws of the chains then
follow from the study of (|| Y — Y&||)xen, which is itself based on the analysis of a Markov
chain (W},)ren on [0, 400) that is such that, by design of the coupling, || Y — Yi|x < Wi
for all k € N. Thus, the question of establishing bounds between the laws of two d-
dimensional Markov chains is reduced to the study of a single one-dimensional chain.
Besides, together with the Markov property, the auxiliary chain has some nice features.
At first, it is stochastically monotonous, ¢.e. if (W})ken is a Markov chain associated to
the same Markov kernel as (Wj)ren and such that Wy < W, then for any k € N, W,é is
stochastically dominated by Wy, i.e. for any t > 0, P(Wj, < t) > P(W] < t). Secondly,
(Wk)ken has an atom at 0.

The main results and main steps of this study are the following. First, we prove that
(Wk)ken admits a unique invariant measure and that, independently of v, the moments
and mass on (0,400) of this equilibrium are small when the difference between T and
Tv is small. Secondly, we establish the geometric convergence of the chain towards its
equilibrium, at an explicit rate (stable as v — 0). Finally, we prove that, as v — 0,
the chain (Wy)ren converges in law to the continuous-time sticky diffusion that played
the same role in [51]. This last part is not necessary to get estimates on the finite-time
and equilibrium laws of (4.1) and (4.2) for a given v > 0, but it sheds some new light
on the limit sticky process which, in [51], is constructed as the limit of continuous-time
diffusions with diffusion coefficients that vanish at zero, rather than discrete-time chains.
In some sense, (Wg)ren can be seen as a discretization scheme for the sticky process,
see also [6] on this topic.

Besides the obvious continuous/discrete time difference between [51] and the present
work, let us emphasize a few other distinctions. First, in [51], the one-dimensional
sticky process has an explicit invariant measure. This is not the case in our framework,
which makes the derivation of the bounds on the moments of the equilibrium a bit more
involved. Secondly, in [51], although it is proven that the mass at zero and the first
moment of the law of the sticky diffusion converge to their value at equilibrium (which
is sufficient to get estimates on the laws of the two initial d-dimensional processes), the
question of long-time convergence is not addressed for the sticky diffusion, whereas our
long-time convergence results for (Wy)i>o together with its convergence as v — +o0
furnish an explicit convergence rate for the sticky diffusion. The proof of the stability
of the mass at zero and of the first moment in [51] relies on a concave modification of
the distance (such as used e.g. in [48]), which is contracted by the chain before it hits
zero. This method does not apply to, say, the second moment of the process. As a
consequence, the results of [51] only concern the total variation and W; Wasserstein
distances, while we consider a broader class of distances.

Finally, our theoretical results are illustrated through numerical experiments. In par-
ticular, we study the influence of the discretization scheme generally needed to perform
Bayesian inference for parameters of Ordinary Differential Equations (ODEs).
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

Notation and convention

We denote by B(R?), the Borel o-field of R? endowed with the Euclidean distance and
by 2 the density of the one-dimensional Gaussian distribution with zero-mean and
variance 02 > 0. In the case 0 = 1, we simply denote this density by ¢. Ags stands for
the subset {(z,z) € R?*¢ : x € R?} of R? and for any A C RY, A° for its complement.
Let 1 and v be two o-finite measures on (R?, B(R?)). If v is absolutely continuous with
respect to p, we write v < p. We say that v and p are equivalent if and only if v <
and pu < v. We denote by [-] and |-| the floor and ceiling function respectively. For
d,n € N*, Mg,(R) stands for the set of d x n real matrices. We denote by C*(U,A) the
set of k times continuously differentiable functions from an open set U C R™ to A C RP.
We use the convention Y ¥_ =0and [[,_, =1for p<n, n,peN, and a/0 = oo for
a> 0.

4.2 Sticky reflection coupling

4.2.1 Main result

The Markov kernels R, associated with (Y})ken defined in (4.1) are given for any y € R,
A € B(RY) by

Ry(y, A) = (2m0?y) =" /Rd 1a(y) exp {— [l = T, ()| /(20%7) } dy/ -

Note that Ry associated with (Y/k)keN is given by the same expression upon replacing
T, by T.. We consider the following assumption on the family {T. : v € (0,7]}. This
condition will ensure that R, is geometrically ergodic (see Proposition 4.1) and it will
be important to derive our main results regarding the distance of Rﬁ and ]Nﬂj, for k£ € N.

H1. There exist R1,L > 0 and m > 0 such that for any v € (0,7], there exists a non-
decreasing function 7, : [0,4+00) — [0,+00) satisfying 7,(0) = 0, ||T,(x) — T, (2)] <
7 (||x — Z|)) for any z,% € RY, and

sup {7,(r)/r} <1+1L, sup {7 (r)/r} <1-7m. (4.3)
re(0,4-00) re(R1,+00)

In addition, sup,¢ 5 [ T(0)[] < +oc.

Note that the condition that for any v € (0,7%], 7, is non-decreasing can be omitted
upon replacing in our study 7 by the affine majorant

(4.4)

_ (L+Ly)r if r €[0,Ry],
Ty i T '
(I1+Ly)R1 + (1 —my)(r — Ry) otherwise.

Indeed, by definition and (1.3), for any r € [0,400), 7,(r) < 7y(r), therefore for any
z,# € RY, || T (x) — T (2)|| < 7(||lz — Z||). In addition, an easy computation leads to
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4.2. Sticky reflection coupling

setting Ry = 2R (L +m)/m,

sup {7, (r)/r} < 1+1L, sup  {7y(r)/r} <1 —m/2.
r€(0,400) r€(Ra,+00)

Then, 7, satisfies H1 and is non-decreasing.

Note that H 1 implies that for any r € [0,+00) and v € (0,7], 7y(r) < (1 +~L)r,
therefore T is (1 4+ yL)-Lipschitz. The second condition in (4.3) ensures that for any
v € (0,7], T is a contraction at large distances, i.e. for any x, & € R, | T, (z) — T(3)| <
(1 —m) |2 — 2|, if o — 7| > Ri.

The assumption H 1 holds for the Euler scheme applied to diffusions with scalar
covariance matrices, i.e. (1.1) with T, (z) = z + vb(x) and a drift function b : R? — R,
if, for some Ly, mp, Ry > 0, b is Ly-Lipschitz continuous and satisfies

(x —y,b(x) = b(y)) < —mpllz —y|?,

for all z,y € R? with ||z —y|| > Rp. Indeed, this implies that for any =,y € R,
IT () - Ty @) < (1 + Lyl — gl and, provided 7 € (0,m/L?) and |z — ]| > R,
| T (x) — TV(y)H2 < (1 —mpy)||z — y||>. Therefore, it suffices to consider 7, defined by
(1.1) with L =Ly, m =mp/2 and Ry = Ry.

Our results will be stated in term of Wasserstein distances and V-norms, whose
definitions are the following. Consider a measurable cost function ¢ : R2 — [0, c0).
Then the associated Wasserstein distance W, is given for two probability measures u, v
on R?% by

Welrop) = _int [ e(@y)r(dr.dy),

where II(v, 1) is the set of transference plans or couplings between v and u, namely the set

of probability measures on R? whose first and second d-dimensional marginals are v and

u respectively. In the particular case where c(z,y) = ]lAcd (z,y), W, is simply the total
R

variation distance || - ||rv. For V : R? — [1,4-00), the choice c(z,y) = Iae (@, y){V(z)+
R
V(y)} yields the V-norm (see [37, Theorem 19.1.7]), i.e. We(v, u) = ||v — p||v. Finally,

for ¢(z,y) = ||z — y||” with p € [1,+00), W, is the p-th power of the usual Wasserstein
distance of order p.

Following the same line as the proof of [33, Theorem 15]', we can show that H
implies that the Markov kernel R, is V.-uniformly geometrically ergodic where for any
c¢>0and x € R%, V.(z) = exp(c||x||?), with a convergence rate that scales linearly with
the step size 7.

Proposition 4.1. Assume H 1. Then, setting 31 = 4 A {1/m}, for any v € (0,71], Ry
admits a unique stationary distribution 7. In addition, there exist ¢ > 0, p € [0,1) and
C > 0 such that for any x € R* and v € (0,%1], |8 RE — ||y, < Cp*'Ve(x).

[33, Theorem 15] consider the case where T, comes from the Euler discretization scheme and has
form T, (x) = = + yb(z).

117



Chapter 4. Discrete sticky couplings of functional autoregressive processes

Proof. This result is a simple consequence of [33, Corollary 11]. For completeness, its
proof is included in Section . O

Note that this result can be made quantitative, and other convergence results in total
variation and Wasserstein distance of order p € [1,+00) can also be established following
the same lines as the proof of [33, Corollary 14]. However, these results are out of the
scope of the present paper and would be simple adaptations of those in [33] or [50].

We now consider an assumption which quantifies the perturbation associated with
T, relatively to T., for v € (0,7].

H2. There exists coo > 0 such that sup,era | T+ (x) — Toy(2)|| < yeoo for all v € (0,7].

Example 4.2. The assumption H2 holds for the Euler scheme applied to diffusions with
scalar covariance matrices, i.e. (1.1) and (1.2) with

T, (z) =2 +4b(x) and T () =z +~b(z), (4.5)

under the condition that sup,cga |[b(x) — b(x)|| < coo. This setting is exactly the one we
introduced to motivate our study. In particular, in the case where b = —VU for some
potential U, b may correspond to a numerical approximation of this gradient.

Note that compared to T, v € (0,7], we do not assume any smoothness condition
on T,. More precisely, we do not assume that T, satisfies HI. Regarding the ergodicity
properties of R, associated with T, v € (0,7], we have the following result.

Proposition 4.3. Assume H! and H” and set 31 = YA{1/m}. Then, for any~y € (0,7],
Rﬂ, admits a unique stationary distribution 7. In addition, there exvists ¢ > 0 such that
for any v € (0,7], there exist p, € [0,1) and C, > 0 such that for any x € R?
18, B — 7y llv, < CyphVile), where V() = explcl]).

Proof. The proof is postponed to Section . O

Similarly to Proposition with respect to I, Proposition implies that Rw is V-
uniformly geometrically ergodic. However in contrast to Proposition 4.1, the dependency
of the rate of convergence with respect to the step size « is not explicit anymore since
the results and the method employed in [33] or [50] cannot be applied anymore.

Note that Proposition and Proposition imply that R, and Rﬁ, converge to .
and 7, respectively in total variation and Wasserstein metric of any order p € [1, +00).

Based on the two assumptions above, we can now state one of our main results. Our
goal is to quantify the distance between the laws of the iterates of the two chains (Yy)ren
and (f/k), in particular starting from the same initial point € R? or at equilibrium.
Indeed, remark that, in view of Propositions and 4.3, letting £k — 400 in the next
statement yields quantitative bounds on We(7y, 7y) for any v € (0,5 A {1/m}].

Theorem 4.4. Assume H1 and H? hold and let

(€, V) € {(T0,400)s [Ds (115 1) (T0,400) €xP (|5 L0, 400) exp([-]))} -
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4.2. Sticky reflection coupling

Then, there exist some explicit constants Cyc > 0, p € [0,1) such that for any k € N,
v € (0,7] and z,% € R,

W (6, RE, 6:RE) < Cp"*v(||lw — &||) + ceoo -
where c(x, ) = &(||z — ).

Remark 4.5. It is also possible to treat the case of cost functions c of the form c(z,y) =
¢(llz —yl|) (V(x) + V(y)) with € as in Theorem and V' a positive function, simply by
using Holder’s inequality. Indeed, for p,q > 1 with 1/p+1/q =1, we can bound

We(vin) < (We, (v, )" (v (V)Y + (u (V9))7)

with cy(z,y) = € (||x — y||). Bounds on the W, distance can then be established as
in Theorem , while bounds on expected values of V4, independent of v, are clas-
sically obtained through Lyapunov arguments (see e.g. the proof of Proposition mn
Section ).

The rest of this section is devoted to the proof of Theorem 4.4. In particular, we
define in the following the main object of this paper.

4.2.2 The discrete sticky kernel

We define a Markovian coupling of the two chains (Y)zen and (Yj)ren defined in (4.1)
and (1.2) by using, at each step, the maximal reflection coupling of the two Gaussian
proposals, which is optimal for the total variation distance (i.e that maximizes the prob-
ability of coalescence). Let (Ug)g>1 be a sequence of i.i.d. uniform random variables on
[0, 1] independent of (Zj)r>1 which we recall is a sequence of i.i.d. d-dimensional stand-
ard Gaussian random variables. We define the discrete sticky Markov coupling K of R,
and ]:27 as the Markov kernel associated with the Markov chain on R%¢ given for k € N
by

X1 = To(Xi) + (0%7)* Zpein

) ) (4.6)
X1 = X1 Bry1 + (1 — Bpyp1)Fo (X, X, Zi11)
where Bj,y1 = 1o 4 o0)(Py(Xi, Xk, Z1) — Ups1) and
P, (2,7, 2) = Ty (&) + (079) " {1d ~2e(z, B)e(x,7)" } 2,
. D) i B(r,7) £ 0
B(r,2) = Ty(#) - Ty(@), efe,3) = { ool 1 E®DF (4.7)
€ otherwise,

@orn {1z, B)|| = (027)(e(z, 7), 2) |
o2y {(077) 2 (e(,8), 2)) ’
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

where eg € R? is an arbitrary unit-vector, i.e. |leg|| = 1, and $ps2- is the density of the
one-dimensional Gaussian distribution with mean 0 and variance o?y. In other words,
K, is given for any v € (0,7], (x,y) € R* and A € B(R*) by

o—l121%/2

K’Y((xvjj)vA) :/ HA(T ( )+( 2’)/)1/22’,T7({L') + (027)1/22)1)7(1'7‘%7 Z)Wdz
o—l#1%/2

+/ ILA + (o 2’)/)1/2Z,F,7($,f,2’)) (1 —pv(x,ﬁ,z))wdz

In words, from the initial conditions (z, &), this coupling works as follows: first, a Gaus-
sian variable Zp,1 is drawn for the fluctuations of Xjy,i. Then, Xk+1 is made equal
to Xy41 with probability p(zx, Z, Zk+1) and, otherwise, the random variable Zk—l—l which
determines the fluctuations of X, with respect to its average T +(Z) is given by the
orthogonal reflection of Zg; in the direction T, () — T(z). It is well known that for
any (r,%) € R, K,((z,%),A x RY) = R (z,A) and K, ((z,%),R? x A) = R, (z,A), see
e.g. [21, Section 3.3], [45, Section 4.1], [50] or [33].

The starting point of our analysis is the next result, which will enable to compare
the coupling difference process HX k1l — X k1 H with a Markov chain on [0, +00). Define

(Gr)kz1 for any k > 1 by

Gr = (e(Xg—1, Xk-1), Zk) » (4.8)
where e is given by (4.7). For any a > 0, g € R, u € [0, 1] and v € (0,7] define
A0, 1) = Vo 4o) (1 = B2, (a,9)) (@ — 2(0*7) ) , (4.9)

where

o2s, (0 = (027)"2g)
Po2y ((027)29)

Proposition 4.6. Assume H ! and H? hold. Then for any v € (0,7], k € N, almost

surely, we have

pGQ'y(aag) = 1A (4.10)

[ Xks1 — Xegall < 41X — Xill, Grrr, Unga) s (4.11)
where (Xi, Xi)ren are defined by (1.6), and for any w € [0, +00), g € R and u € [0, 1],
G (w,g,u) = I(1y(w) + Yoo, g, 1) -

In addition, for any g € R and u € [0,1], w — %, (w, g, u) is non-decreasing.

Proof. The proof is postponed to Section . 0

Consider now the stochastic process (Wj)ren starting from || Xo — Xo| and defined
by induction on k as follows,

Wi1 =9 (Wi, Gig1, Ug41)

_ T’Y(Wk) + VCoo — QUﬂGk if Uk+1 > Tjo'Q'y(T’Y(Wk) + VCoo; Gk) (4 12)
0 otherwise. '
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4.2. Sticky reflection coupling

By definition (4.8) and (4.7), an easy induction implies that (G)r>1 and (Ug)r>1 are
independent, (Gg)g>1 are i.i.d. standard Gaussian random variables and (Uy)x>1 are
i.i.d. uniform random variables on [0,1]. Therefore, (Wy)ren is a Markov chain with
Markov kernel @, defined for w € [0,400) and A € B([0,+00)) by

Qy(w,A) = §o(A) /R By (7 (W) + o0, )0 (9)dg (4.13)
+ [ 1a (7 0) + e = 20772) {1 = By (7 () + 70, ) Yoo ()

where ¢ is the density of the standard Gaussian distribution on R. By Proposition 4.0,
we have almost surely for any k € N,

| X — Xil| < Wi (4.14)

Another consequence of Proposition is that @), is stochastically monotonous (see
e.g. [89] or [122]), more precisely if (Wy)ren and (Wy)ken are two chains given by (1.12)

with the same variables (Gg,Uk)ren with Wy < Wo, then almost surely Wj, < W, for
all k£ € N. This nice property will be used several times in the analysis of this chain.
The main consequence of (1.11) is the following result.

Corollary 2. Assume H ! and H” hold. Let c : R*? — [0,+00) of the form c(x,y) =

¢(|lx —yl|) for some non-decreasing function € : [0, 4+00) — [0,+00), €(0) = 0. For any
z, & € R and k € N,

_ +o0
We(soRE, 8:R8) < [ oy )RS (@ 2),d(0.0) < [ e(@)Qi(la — 3] da).

Proof. Let k € N. By (1.11) and since € is non-decreasing, we get almost surely €(|| Xy —
Xi|l) < €¢(Wy). Taking the expectation concludes the proof. O

From Corollary 2, the question to get bounds on Wc(éxRﬁ, 65;Rf§) boils down to the
study of the Markov kernel @), on [0, +00), which is the main part of our work.

4.2.3 Analysis of the auxiliary Markov chain

We start with a Lyapunov/drift result.
Proposition 4.7. Assume H1 and H? hold. Then for any w > 0,

Qy W (w) < (1 = ym) V(W) 1 (R 400) (w) + (1 +AL) 9] (w) L0,y (w) + Yoo ,
where Q. is defined by (1.13) and for any w € R, ¥ (w) = |w| .

Proof. The proof is postponed to Section . O
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

Proposition implies in particular that for any w € R,
QW (w) < (1= ym) ¥ (w) +y[(L +m) Ry + coo] -
Then, a straightforward induction shows that for any £ € N,
Q¥ (w) < (1 —m)* 95 (w) + [(L +m)Ri + eoc]/m,
and therefore by Corollary 2 taking €(t) = t,
Wi (8,RE,8:R%) < (1 —ym)* ||z — &[] + [(L +m) Ry + coo) /m. (4.15)

However, this result is not sharp as k — +00. Indeed, in the case coo =0, R, = f% and
by Proposition 4.1, it holds that Wl(élefy, 55}%) — 0 as k — 400, while the right-hand
side of (4.15) converges to (L +m)R;/m # 0. In particular, that is why adapting existing
results, such as the one established in [123], is not an option here. We need to refine
our results in order to fill this gap. To this end, we need to analyze more precisely the
long-time behavior of Q.. A first step is to show that it is ergodic.

Proposition 4.8. Assume H! and H? hold. For anyy € (0,7], Q admits a unique in-
variant probability measure ji, and is geometrically ergodic. In addition, 1 ({0}) > 0 and
py is absolutely continuous with respect to the measure 5o+Leb on ([0, 4+00), B([0, +00))).
Finally, in the case coo # 0, 1y and dg + Leb are equivalent.

Proof. The proof is postponed to Section . O

Corollary 3. Assume H ! and H? hold. Let ¢ : R?* — [0, +00) of the form c(z,y) =
¢(||lx —yl|) for some non-decreasing function € : [0, 4+00) — [0,4+00), €(0) = 0. For any
z,% € RY and k € N,

We(E R, 58 < [ e@) (@il — 7l ) — a0 + (0. (416

where fiy is the stationary distribution of Q given by ( ). In particular, if © = T,
W (8, RE, 8, RE) < ().

Proof. The proof of (1.16) is a consequence of Proposition and Corollary 2. The
last statement follows from the fact that @), is stochastically monotonous. Indeed, by
Proposition 1.6, for any w,w € [0,+o), w < w, and a € [0,4+0), Q(w,[0,a]) >
Q~(w,[0,al]). Therefore, for any a € [0,+00), w — Q~(w, [0, a]) is non-increasing on
[0,+00) and for any non-increasing bounded function f, Q- f(w) > Q. f(w) for any
w,w € [0,4+00), w < W. As a result, a straightforward induction shows that for any
kEeN, w,w € [0,+00), w < W, and a € [0, +00), Q’fy(w, [0,a]) > Qﬁ(w, [0,a]). Then, we
obtain Qﬁ(O, 0,a]) = [;F>° uv(dw)Qg(w, [0,a]) = py([0,a]). Since € is non-decreasing on
[0, +00), we get Q4€(0) < f1y(€), which combined with (4.16) completes the proof. [

Corollary 3 then naturally brings us to derive moment bounds for the stationary
distribution p, v € (0,7] and quantitative convergence bounds for @, to . Our next
results address these two problems.
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4.2. Sticky reflection coupling

Theorem 4.9. Assume H ! and H? hold. For any 6 € (0,{L™' A (ce7!/cx)?}] and
7€ (0,9,

[ )w /’L’Y(dw) S CooCl 5 M’Y((O> +OO)) < CxoC2, (4'17)
0,400

where (i, is the stationary distribution of Q~ given by ( ), and, considering ¢ given
below in (1.55),
¢t =mRi(1+L/m)+ 1/m,
cg = Tt ¢y (14 7L) /612 + [5 4 7])1/2) ) (V21o) + 2[5 + 7]1/2e3 0TI /63
_ 30+L g(6+AL 147 54~
m= A | g (- LHAIF 04 e )
o 2V/2n0 261/2ge— (0+7)L

Proof. The proof is postponed to Section . 0

Theorem 4.10. Assume H ! and H? hold. For any a > 0 and v € (0,7],

+o00
/0 1(0,400) (w) exp(aw) dpi (w) < cooc3
where c3 is explicitly given in the proof and p., is the stationary distribution of Q~ given
by (1.13).

Proof. The proof is postponed to Section . O
We now specify the convergence of Q. to p., for any v € (0,7].

Theorem 4.11. Assume H1 and H?” hold. There exist explicit constants p € [0,1) and
C = 0 such that for any v € (0,7], w > 0,

18wQY — 1yl < Cp™ ¥V (w),
where V(w) =1+ |w| or V(w) = exp(a|w|), for a > 0.
Proof. The proof is postponed to Section . O

Combining the results of Corollary 3, Theorem 4.9, Theorem and Theorem
allows to address the main questions raised in this section and prove Theorem

Discussion on the bounds provided by Theorem In this paragraph, we dis-
cuss how the constants ¢y, co given in Theorem 4.9 behaves with respect to the parameters
Rq,L,m in the limit ¢ — 0 and ¥ — 0. For ease of presentation, we also only consider
the case 0 = 1.

(1) First consider the case Ry = 0. Asm — 0, ¢1, ¢ are of order m~! and 1/[mé*/2]+46/2
respectively for § € (0,{L™' A (¢e7!/c)?}]. Since L can be taken arbitrarily small
(as Ry = 0), choosing 6 = m~!, we obtain that ¢, is of order m~'/2. Note that the
dependency of ¢1, co with respect to m is sharp; see Example below.
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

(2) We now consider the case Ry > 1, L = 0. Note that in this case J can
be chosen arbitrarily in (0,1). Then, for some universal constants C,Co,Cs3,
m > C16Y2/®{CoR1 /6% + C3¢000'/?}. Therefore, taking d = m~! vV R?, we get
that for some universal constants Dy, Do, E > 0, ¢1 < Di[(Ry V m_1/2) +m™1],
ey < Em~1/2 v Rq. Note that the bound of ¢y with respect to Ry and m is con-
sistent with the results obtained in [51] (see [51, Lemma 1]) for the stationary
distributions of continuous sticky processes. Note that it is shown in [51, Example
2] that this bound is sharp with respect to R; and m.

(3) In the case Ry AL > 1, taking 6 = L' since we are in the regime co — 0,
we get that up to logarithmic term and using 7 < L™', ¢1, ¢y are smaller than
C exple(R1L"? + ¢o0)?] for some universal constant C' > 0. The estimate for ¢y
is also consistent with [51, Lemma 1] which holds for stationary distributions of
continuous sticky processes.

Example 4.12. Consider the particular example of two auto-regressive processes for
which T (y) = (1 — o)y and T(y) = (1 — o)y + voa for v € (0,07") and a,o > 0.
Then, on the one hand, H1 and H? are satisfied with R1 = 0, m = ¢ and csc = 0a which
lead to c1coo ~ a and cacoo ~ C’a/gl/z, as 0 — 0, for some universal constant C' > 0. On
the other hand, an easy computation (see e.g. [/2]) shows that the stationary distributions
7y and 7, provided by Proposition and Proposition are N(0, 0712 —v0v)™!) and
N(a, 071 (2—0v)™!) respectively. Therefore, we get W1 (my,7) = a and |7y — 7y | TV ~
Ca/o"? as 0 — 0.

4.3 Continuous-time limit

In the case where T, and TW are specified by (4.5), then under appropriate conditions
on b and b, it can be shown, see e.g. [33, Proposition 25], that for any 7> 0 and = € R?,

lim (8B, — 8uPrlly + 885, — 82 Prllv} =0, (4.18)

for some measurable function V : R¢ — [1, +00) and where (P;)¢o and (P;)s>0 are the
Markov semigroup corresponding to (4.1) and (4.2). Then, this naturally implies conver-
gence in total variation and also Wasserstein distance of order p if inf, cga{V (z)/ ||z||"} >
0. As a consequence, results of Section immediately transfer to the continuous-time
processes. More precisely, let ¢ : R?¢ — [0, 400) of the form c(x,y) = &(||z — y]|) for
some non-decreasing function ¢ : [0,4+00) — [0,+00), €(0) = 0. If (4.18) holds and
sup, yera1€(®, y)/{V(z) + V(y)} < +o0, we get by the triangle inequality that for any
z,7 € RY T >0, We(8,Pr, 53 Pr) < liminf,,_, o0 Wc(éng’}/m, 611:2’773/”1). Then, results
of Section can be applied implying if H1 and H?2 holds, that for any z,& € R?
there exist C1,Cy > 0 such that for any 7' > 0, W¢ (8, Pr, 637;pT) < Ci1p" + Cheoe. We
therefore generalize the result provided in [51] which is specific to the total variation
distance. We do not give a specific statement for this result which is mainly technical
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4.3. Continuous-time limit

and is not the main subject of this paper. Instead, the goal of this section is to study
the continuous-time limit of the coupling (4.0) (and not only of its marginals) toward
some continuous-time sticky diffusion.

More precisely, let (7,)nen be a sequence of step sizes such that limy, o0y = 0
and wg > 0. Then, consider the sequence of Markov chains {(W,gn)) keN : n € N} for any
n € N, (Wén))keN is the Markov chain defined by (1.12) with Wo(n) = wp, ¥ = Yn and
therefore associated with the Markov kernel @),,. Let {(Wg"))te(o,%o) : n € N} be the
continuous linear interpolation of {(W,gn)) keN : n € N}, i.e. the sequence of continuous
processes defined for any n € N, ¢t € (0,+00) by

(n) _ 17 (n) (n)
Wil =W W = Wi Ht/m = 18/} (4.19)
Note that for any &k € N and h € [0, 7,], Wl(:y)nJrh =W, + (h/%%){wlgi)l - Wén)} We

denote by W = C([0, +00),R) endowed with the uniform topology on compact sets, W

its corresponding o-field and (W4)¢>o the canonical process defined for any t € (0, 4+00)

and w € W by Wy(w) = w;. Denote by (Wy)=o the filtration associated with (Wy)i>o.

Note that {(Win))te(07+oo) : n € N} is a sequence of W-valued random variables. The

main result of this section concerns the convergence in distribution of this sequence.
We consider the following assumption on the function 7.

A 1. There ezists a function k : [0,400) — [0,+00) such that for any v € (0,7],
7y (w) = w4+ y&(w) and k(0) = 0. In addition, K is L.-Lipschitz: for any wi,wy €
(0, +00), |k(w1) — k(w2)| < Ly |wi — wa|.

This is not a restrictive condition since, under H1, up to a possible modification of
Ty, it is always possible to ensure A 1.

Under A 1, we consider a sticky process [51, 134, 135], which solves the stochastic
differential equation

th = {K,(Wt) + Coo}dt + 20']]_(07_;'_00) (Wt)dBt 5 (420)

where (By)¢>0 is a one-dimensional Brownian motion. Note that for any initial distribu-
tion o on (R, B(RY)), (4.20) admits a unique weak solution by [51, Lemma 6].
The main result of this section is the following.

Theorem 4.13. Assume A 1. Then, the sequence {(Wgn))@o : n € N} defined by
(1.19) converges in distribution to the solution (Wy)i=o of the SDE (1.20).

The proof of this theorem follows the usual strategy employed to show convergence
of a sequence of continuous processes to a Markov process. A first step is to show that
under A1, {(Wgn))t;o : n € N} is uniformly bounded in L? for some ¢ > 2, on [0, 7T for
any T > 0.

Proposition 4.14. Assume A 1. Then for any T > 0, there exists Cr > 0 such that
SUP,eN E[suptE[O’T]{th)}‘l] < Cr where (Wgn))@o is defined by (1.19).
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

Proof. The proof is postponed to Section . O

Then, we are able to obtain the tightness of the sequence of stochastic processes
{(W)20 : n €N}

Proposition 4.15. Assume A 1. Then, {(Wﬁ”))m : n € N} is tight in W.

Proof. The proof is postponed to Section . O

Denote for any n € N, p,, the distribution of (Wﬁ"))@o on W. Then, by Prohorov’s
Theorem [13, Theorem 5.1, 5.2], (,,)nen admits a limit point. If we now show that
every limit point associated with {(WE”))@() : n € N} is a solution of the SDE (1.20)
using that {(Wﬁ"))m : n € N} is tight again and since (4.20) admits a unique weak
solution, the proof of Theorem will be completed. To establish this result, we use the
characterization of solutions of SDEs through martingale problems. More precisely by
[27, Theorem 1.27], the distribution g on W of (W¢)¢>0, solution of (4.20), is the unique
solution to the martingale problem associated with g, the drift function w — k(w)+cso
and the variance function 201 (g 4, i.€. it is the unique probability measure satisfying
on the filtered probability space (W, W, W;)i=0, 1t):

(a) the distribution of Wy is pg;

(b) the processes (M¢)¢>0, (N¢)i>0 defined for any ¢ > 0 by
t t
M, = W, — W — / (oo + R(Wo)bdu, Ny = M? — 402 / 10400y (W )du, (4.21)
0 0

are (W;)¢>o-local martingales.

In other words, it corresponds in showing that (M;);0 is a (Wy)i>o-local martingales
and by [115, Theorem 1.8] identifying its quadratic variation ((M),);>0 as the process
(402 [} 1(0,400)(Wy)du)i=o. Therefore, Theorem is a direct consequence of the fol-
lowing result.

Theorem 4.16. Assume A 1. Let p, be a limit point of (w,)nen. Then, the
two processes (My)i=0 and (Ni)i=o defined by (1.21) are (Wy)i=o0-martingales on
(W7 W7 (Wt)t>07 I’I’oo>

Proof. The proof is postponed to Section . 0
Consider the differential operators A, A defined for any v € C2(R) by

(w) = {K(w) + oo}t (W) + 21 (g 100) (W)Y (w) (4.22)
{r

Ay
Ay (w) + oo }¥' () + 2079 (w) ,

where k is arbitrary extended on R. Note that A is the extended generator associated
with ( ). A crucial step in the proof of Theorem is the following.
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4.4. An application in Bayesian statistics: parameter estimation in an ODE

Proposition 4.17. Let p € C3(R), satisfying

sup{i|(w)/ (1 + w?) + || (w) /(L + w]) + [¢"|(w) + [¢@[(w)} < +o0.  (4.23)

Then, for any N € N, (t1,....tn,s,t) € [0,400)V 2, 0 < t; < -+ <ty < s < t,
Y [0, +oo)N — R, positive, continuous and bounded, it holds that

lim E Kgo(wg")) — (W) — / t Ago(wgm)du) ¢(W£?),...,W("))} —0. (4.24)

n—-+o0o tN

In addition, if ¢ (w) > 0 for any w € R, it holds that

v
Jimn sup E [<¢(w§n>> — p(W) = / Agp(wgm)du) ¢(W§?>,...,W("))} <0. (4.25)

t
n—-+40o N

Proof. The proof is postponed to Section . O

Note that while Proposition -(4.24) is in general sufficient to conclude on the
convergence of the sequence of processes {(WE"))QO : n € N} (see e.g. [54]), in our
setting, it is not enough to complete the proof of Theorem since the diffusion
coefficient associated with A is discontinuous. To circumvent this issue, we adapt to our

sequence {(Wﬁ”))go : n € N} the same strategy employed in [113, Proposition 6.

4.4 An application in Bayesian statistics: parameter es-
timation in an ODE

4.4.1 Setting and verifying the assumptions

Consider an ordinary differential equation ODE on R™ of the form
j?g(t) = f@(xg(t),t) s (L‘g(O) =X € Rn, (4.26)

where {fs :,0 € R} is a family of function from R™ x [0, 4+00) to R® parametrized by
some parameter § € R? 1In all this section zy € R" is assumed to be fixed and we
consider the following assumption.

AO1. Forall§ € R? there exists a unique solution of ( ) defined for all positive times,
which we denote by (z9(t))i=0. In addition, the functions (0, z,t) € R x R" x [0, +-00)
fo(z,t) and (0,t) € R? x [0,4+00) + z4(t) are continuously differentiable.

In fact the continuous differentiability of (6,t) — z4(t) is a consequence of the one
of (0,x,t) — fo(z,t), see e.g. [138, Theorem 4.D].

To fix ideas, throughout this section, we will repeatedly discuss the following case of
a logistic equation.
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

Example 4.18. For r € CY(R,Ry), set fo(z) = (1 — r(0)x) for any 0,z € R, so that
(1.26) reads
gg(t) = wo(t) (L —r(O)zo(t)),  20(0) =0,

with xg > 0. In this example, AO 1 holds and, r and xq being positive, for all 6 € R, the
solution of (1.20) is such that zg(t) € [0,e'xo] for all t > 0. Indeed, x — (1 —r(0)) is
locally Lipschitz continuous, which yields existence and uniqueness of a maximal solution.
Since 0 is always an equilibrium, solutions stay positive, from which xpy(t) < xg(t) for all
t >0, implying that x(t) < elwg for all t > 0. This also implies non-explosion, hence
the solution is defined on [0, 400).

We consider the problem of estimating 6 based on some observation of a trajectory of
the ODE. More precisely, for T > 0, N € N*, (¢1,...,tN) € RVo<ti<---<ty=T,
the statistical model corresponding to the observation y = (yi)icf1,...n} € (RN is given
by

Y; = .’L‘g(ti) + &, (4.27)

for # € R? and where (€¢i)ief1,...,ny are independent and identically random variables
on R" distributed according to some known positive density ¢. with respect to the
Lebesgue measure. Given a prior distribution with positive density 7o on R%, the a
posteriori distribution for this model admits a positive density m with respect to the
Lebesgue measure which is characterized by the potential U given by (up to an additive
constant,)

N
—logm(0) =U(0) = —lnm(0) — Zln e (yi — zp(ti)) -
i=1

We consider the following assumption on 7y and ¢, setting — log(mg) = Up.

AO 2. The functions my and p- are twice continuously differentiable and there exist
my > 0, Ly, Ry 2 0 such that VUy is Ly -Lipschitz continuous and for any 0,0 € R with
10— > Ru, ) ] ]

(0 —0,VU(0) — VUo(0)) > myll6—0||.

In practice, expectations with respect to the posterior distribution can be approx-
imated by ergodic means of the Unadjusted Langevin Algorithm (ULA), namely the
Markov chain

Xpt1 = Xi —7VU(Xy) + V27 Zp11 (4.28)

where v > 0 and (Zj)ren are independent and identically standard Gaussian variables.
The long-time convergence of this algorithm and the numerical bias on the invariant
measure due to the time discretization are well understood, see e.g. [15, 30, 32, 43, 44]
and references therein. However, in the present case, it is not possible to sample this
Markov chain, as the exact computation of

N
VU(O) = —Vglnm(0) + > Vowg(t:) Valn oo (i — xo(ti)) (4.29)
=1
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4.4. An application in Bayesian statistics: parameter estimation in an ODE

is not possible in most cases because of the term involving xg and Vgxg. Here Vy and
V. denote the gradient operator with respect to 6 and x respectively. Therefore, only
approximations of these two functions can be used in place of (zg(t:), Voze(ti))ico,nN];
which leads to an additional discretization bias. Our results based on the sticky coupling
yields a quantitative bound on this error (with respect to the ideal ULA above). Let us
detail this statement.

First, remark that ¢ — z9(t) = (zg(t), Veze(t)) solves

Zo(t) = Fy(z0(1),t)  20(0) = 20 = (20,0) (4.30)
on R" x M, (R) with for any z € R, A € My,(R), § € R4, ¢ >0,
FQ((xv A))ﬂ = (f@(xat)v v@f@(xat) + Avxf@('rat)) . (431)

Provided fy, Vg fy and V. f are computable, in practice this ODE can be approximated
by standard numerical schemes. For instance, a basic explicit Euler discretization with
time-step h > 0 is given by

20) =20,  Z((k+1)h) = 2 (kh)+hFp (24 (kh),kh)  Vk€N
and
Zp(t) = 25 (kh) + (t = kh)Fy (25 (kh),kR) . t € [kh, (k+1)h). (4.32)

To establish the consistency of this approximation (with some uniformity in 6), we
consider the following condition.

AO3. There exist Lp,L}n,Cp, 6 > 0 and a compact set K C R™ x Mg, (R) such that the
following holds. For allt € [0,T] and 6 € RY, the ball centered at zy(t) and radius § is
included in K. Moreover, for all z,%2 € K, t,5 € [0,T] and 0,0 € R%, | Fy(2,t)|| < Cr and

1Fo(z.t) — F3(2,9)| < Lrllf =0l + Ly (2 — 2| + |t —s]) - (4.33)

Proposition 4.19. Assume AO ! and AO 5. There exist h,C > 0 such that for all
h e (0,h], 0 €RY, andt €[0,T], 2} (t) € K and N, Hze(ti) — Z(t:)|| < Ch, where 2

solves (1.30) and 2} is given by (1.32).

Proof. The proof is postponed to Section . O

Example 4.20 (Continuation of Example ). Let us check for instance that AO 5 is
satisfied for Example provided that r is twice continuously differentiable on [0, +00)
with, for some L, LI L >0,

T
r,r’" and r" uniformly bounded respectively by L, L. and L, . (4.34)

We may consider for example v : 0 — a10%/(6% + az) for a1, as € (0,+00). Recall that
fo(z) = (1 —r(0)z) and x4(t) € [0, e'zo] for all € R and allt € [0,T], so that for any
t>0 and 6 € RY,

|90 fo(wo(t))| = |1 (B)a5(t)] < Lie*af.
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

for all t > 0. Notice that 1/r(0) is an equilibrium of the equation, so that it cannot
be crossed by other solutions. Hence, on the one hand, if 1 < r(0)xg then g is non-
increasing (in particular xg(t) < xo for allt > 0) while, on the other hand, if 1 > r(0)xo,
then 1 = r(0)xg(t) for allt > 0. In both cases, we get that for allt >0,

|0 fo(xo(t))] = |1 — 2r(0)xg(t)] < 14 2L,a0 .

Combining the two previous bounds,

t
ool < [ (Lie®af + (14 2Lyo) 9go(s) ) ds.
0

and thus by Gronwall’s inequality, ||Opze(t)|| < My = L.adte3+2Lrzo)t - for oll t € [0,T)
and 0 € R. Then, for any § > 0, AOJ is satisfied with K = [—6,eTxg + 6] x [-Mp —
0, M7+ 6]. Since K is compact and as, by ( ), for any x € R, A € Mgn(R), 0 € RY,
t>0,

Fy((2,A),1) = (a(1—r(0)z) , 7'(0)2% + AL —2r(6))) ,

then (1.33) easily follows from the condition (1.31).

Since other schemes may be used, in particular higher-order ones, we consider more
generally in the following a solver U* : R¢ — (R" x Mn(R)N for h > 0 satisfying the
condition:

AO4. There exist h,Cy, > 0 such that, for any 6 € R* and h € (0, i_L],
N
> llz(t) — OHO)]| < coh®,
i=1

where zg is a solution of (1.30) and WP : RY — R" x Mg, (R) is the i-th component of
ol

When AO 3 and AO 1 are both satisfied, without loss of generality, we assume
furthermore that h is sufficiently small so that Cyh® < 6. This implies that W% () € K
forall # € R i {1,...,N} and h € (0, h).

Writing Wh(0) = (22(¢;), GE(t:)), we can consider for any 6 € R%,

N
bh(g) = —Vg In Wo(@) + ZGg(tz) . V;B In Pe (yi — fz(tz)) s (4.35)
i=1

as an approximation of VU (1.29) Remark that, now, in contrast to b(¢) = VU (0), it
is possible in practice to evaluate Bh(e) for § € R%, provided V, In . and Vglnmg can
be evaluated. We now assess the error due to the use of by, in place of the exact gradient
in (1.28) by verifying that the assumption of Section are satisfied. For v, h > 0 and
6 € R%, denote

T,(0) = 0 -VU(@B),  Tu(0) = 6—7ba(9). (4.36)
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When AO?2 and AO 3 are both satisfied, there exist C,,L, > 0 such that for all i €
{1,..., N}, the function s; on the compact set K given for any € R" and A € Mgy, (R),
by

si(z,A) =AV,Inp. (y; — ) (4.37)

is bounded by Cs and Ls-Lipschitz continuous on R™ x Mg, (R).

Proposition 4.21. Under AOI1, AO?, AO7 and AO/, for any h € (0, B), the functions
T, and T, given by (1.30) satisfy for any ¥ >0, HI and H?, with

INCs myy A
Coo = CyLsh®, Ry = VRy, m=—, L=Ly+Lp) tie"r’.
iy 2 i=1
Proof. The proof is postponed to Section . O
Under the conditions of Proposition and using the results of Section 4.2, we get

that the Markov chains (Xj)ren and (Xj)ren associated to T, and T_%h given by ( )
have unique invariant measure 7, and 7, p, and that there exist 7, h, C > 0 such that
for all v € (0,7] and h € (0, h],

||7T7 — 7~r’y,hHTV < Ch. (4.38)

Example 4.22 (Continuation of Example ). As a conclusion, consider the logistic
case of Example with the Euler scheme (4.32), assuming that r € C?(R,[0,400))
satisfies (1.31). Then, by Example and Example ,AO1, AOY and AO/ hold.

Assuming moreover that g and p. are Gaussian, then AO 2 also holds and we obtain

(4.38).

4.4.2 Numerical results

We illustrate our findings on two particular ODEs. First, we consider the ODE associated
with the Van der Pol oscillator corresponding to the second order ODE:

Fo(t) — O(1 — wo(t)?)iq(t) +wo(t) =0, (4.39)

where 6 € R is the parameter to infer. It corresponds to (1.26) with fp(z1,22) =
(w2,0(1 — 23)29 — 21). We generate synthetic data solving (4.39) using the 4th Runge-
Kutta method for 7' = 10 and § = 1. We then select (xq(t;))?2; for (¢;)?2; uniformly
chosen in [0,7]. The observations y = (y;)?, are obtained from (wg(t;))?°; adding
i.i.d. zero-mean Gaussian noise with variance 0.5. We consider the corresponding stat-
istical model (1.27) where (¢;)?>; are i.i.d. zero-mean Gaussian random variables with
variance 0.5. We consider as prior g, the zero-mean Gaussian distribution with variance
0.5. We then use ULA with v = 1072, for which the gradient is estimated using the
Euler method with the time steps h € {0.05,0.01,0.001}. Figure represents the his-
tograms corresponding to the different Markov chains after 10° iterations with a burn-in

of 10* steps. Gaussian kernel density approximation of these histograms are estimated
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and used as proxy for the density of the invariant distributions 7. j, of the Markov chain
). To obtain a proxy for the density of 7.,

(Xk)ken associated to T given by (
the stationary distribution of (Xj)ren associated to T, we use the same procedure

but using the FEuler method with h = 0.0001. We then estimate the total variation
between 7, and . for h € {0.005,0.004,0.003,0.0025,0.0015,0.001, 0.00075,0.0005}
using numerical integration. The corresponding results over 10 replications are reported
in Figure . We can observe that the total variation distance linearly decreases with
h which supports our findings.

2y
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0.0035 4

. 0.0030 4

2.01

1.51
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N // n,ﬂ(ﬂﬂ

0.0 T
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\
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\ \
\
b b
D i, . 0.0005
:
0.005

T T
0.003 0.004

T T
0.001 0.002
time step h

(a) Empirical histograms and corresponding KDE
for different time steps h (b) Numerical estimation of ||y — 7,5 ||Tv

Figure 4.1: Numerical illustrations for the Van der Pol oscillator (

For our second experiment, we consider the Lotka-Volterra model describing the

evolution of the population of two interacting biological species denoted by ¢ — x4(t) =
The dynamics of these two populations are assumed to be governed by

(ug(t), vo(t))-
the system of equations given by:

tug(t) = (o« — Bog(t))ug(t),  va(t) = (—y + dug(t))ve(t),

where 6 = («, 3,7v,0) is the parameter to infer.

(4.40)

We follow the same methodology

presented in [96, Chapter 16]. For this experiment, we consider an other statistical
20, accordingly and associated

model as previously and generate synthetic data y = (y;)
with observation times (¢;)?2; uniformly spaced in [0,7] for 7' = 10 and the true para-
meter 6y = (0.6,0.025,0.8,0.025). More precisely, for any i € {1,...,50}, y; = (u?,v)
with uf = wug(ti)e®, v} = vp(ti)e* and (£uj,€v,7)}2; are iid. one dimensional zero-
mean Gaussian random variables with covariance matrix Io. The prior my is set to be
the Gaussian distribution on R* with means (1,0.05,1,0.05) and standard deviations

(0.5,0.05,0.5,0.05). The posterior distribution is then given by 7(0|y) o exp(—U(#)),

where
(log u? —logug(t;))? + (logv! — logvy(t;))? >

50
U(9) = —logm(0) + Z ( >
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We then use ULA with v = 5 x 107, for which the gradient is estimated using the Euler
method. We focus here on the second component of the chain. The results for the other
components are similar. Figure 4.2a represents the histograms for the second component
corresponding to the different Markov chains after 107 iterations with a burn-in of 103
steps. Gaussian kernel density approximation of these histograms are estimated and
used as proxy for the marginal density of the invariant distributions =, j, of the Markov
chain (Xj)ren associated to T%h given by (1.36). To obtain a proxy for the marginal
density of 7, the stationary distribution of (X})ren associated to T, we use the same
procedure but using the Euler method with A = 0.0001. We then estimate the total
variation between 7., and . for h € {k x 1072 : k € {1,...,10}} using numerical
integration. The corresponding results over 10 replications are reported in Figure 4.2b.
We can observe that the total variation distance still linearly decreases with h.
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0.02 0.04 0.06 0.08 0.10
time step h

(a) Empirical histograms and corresponding KDE
for different time steps h (b) Numerical estimation of ||y — 7,5 || TV

Figure 4.2: Numerical illustrations for the Lotka-Volterra model (4.10)

4.5 Postponed proofs

4.5.1 Postponed proofs of Section 4.2
4.5.1.1 Proof of Proposition 4.1

Recall that under H1, we have for any v € (0,7],

sup {[[Ty(2) = T, (O) /fl=l} < (X + 1),
z€RI, z#0 (4‘41)

sup — {[[Ty () = To (O} /fl=[]} < (1 —~m).

z€R, [[z]|>Ra

Define for any z € R?

Ver(2) = exp(c||z — T (0)?), for ¢ = m/(165?) . (4.42)
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Note that since sup.¢(o 5] [[T+(0)|| < +o00 by HI, V¢~ goes to +oo at infinity and

lim sup Veo/Vel(z)=1= lim inf V../Ve}(z)=1.
Hw||_>+oo{"/€(05/] o/ Vel (@) IIxH—>+oo{76(0,ﬂ 1/ Ve (@)

Therefore, by [33, Corollary 11], it is sufficient to show that there exist 7; € (0,7],
A€ (0,1), A > 0 such that for any v € (0,7;] and 2 € R?,

R\Ver(x) KNV y(z) +7A. (4.43)
We show that it holds with
1 =3A{1/m}, A\=exp(—mM?/4), M = RV (8do>/m)"?,
A =\ exp(ecM? +7{ByM? + By — log(\)}){B1M? 4 By — log(\)}, By = 2dco?,

B, =4C,, C; :CQ\/C22’7, Cy = (2L)\/(L’7)V(8602).
(4.44)
Define for any = € RY, T, (z) = T,(x) — T,,(0). Note that for any v € (0,71], 2co?y < 1
by definition of ¢ (4.42) and 7. Let 2 € R? and v € (0,7;]. Then, we obtain using that
Jr 0= tb2*=22/2q 5 — (27(1 — 2b)~1)4/20%/2(1-2)) for any a € R and b € [0,1/2),

R Vo (@) = @) 2 | exp(el[T, (@) + (029) | = 12| /2)d
= (1 — 2co?y) Y2 exp{c(1 — 2co%y) 7Y T, ()]} .

We now distinguish the case [|z|| > M and ||z| < M.
In the first case, we get by (4.41), (1 — 2co?y)™! < 8co?y and (1 —my)? < 1 —my
since 2co?y < 1/2 and 7y < 1/m, by definition of ¢ and 7 (4.42)-(1.44),

R\Ver(z) < (1— 20702)*‘1/2 exp {c(l —my)(1 + 8co?y) Ha;”ﬂ
<exp (1 —my/4) 2] + 2deoy — mey o]* /4] < NVey(2),  (4.45)

where we used for the penultimate inequality that —log(1 —¢) < 2t for ¢ € [0, 1/2].

For the case ||z|| < M, by (4.41), (1—2co?y)~! < 8co?y and (1 —my)? < 1 —my since
2co?y < 1/2 and vy < 1/m, by (1.42)-(4.44), and using —log(1 —t) < 2t for t € [0,1/2]
again,

Ry V(@) < (1= 2070%) ™ exp [e(1 4 19)2(1 + 8co?y) [|a]|]
<exp [e(1+7By) llz|* +7Bs] -
Using that e — 1 < te! for t > 0, we obtain that
RV (@) = NV ey (2) + NV ey (@){exp [evBy ]]* + 7Bz — vlog(V)| — 1}
<NV (@) + ANV ey (2) {By [[2]* + Bz — log(\)} exp [3(B1 [l2]* + Bz — log(M)] ,

which combined with (1.415) completes the proof of (1.13).
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4.5.1.2 Proof of Proposition

First note that under H1 and H?, for all z € R?, since

Ty (@) = T5(0) | < e + [T (@) = T,(0)]

and from (1.11),

W 1Ty (@) = T )]/ = m) [ + 7} | < 1. (4.46)

Define for any z € R?
Vcﬂ(m) = exp(c||lx — T7(0)||2), for ¢ = m/(1602) ) (4.47)

Note that limj)_ oo Vey(2) = +00 and lim ) oo{Veq/Ve} (@) = 1. In addition, by
H1 and H2, RW is strongly aperiodic, Leb-irreducible and all compact sets are 1-small.
It is therefore sufficient to show by [99, Theorem 16.0.1] that there exists ¢ > 0, such
that for any v € (0,71] (recall 43 = 4 A {1/m}), there exists A, € [0,1) and A > 0, such
that

Vo< AMVe+ A, (4.48)

7,

Define for any = € R?, T, (z) = T, () — T, (0). Note that for any v € (0,71], 2co?y < 1
by definition of ¢ (4.47) and #4;. Let x € R? and v € (0,7;]. Then, we obtain using that
e T2 =222 — (27(1 — 2b) 1) #/29%/2(1=29) for any a € R and b € [0,1/2),

RV en(a) = (2m) 2 [ exp(el[T () +(0%9) 2| = |12 /2)dz
= (1 — 2co?) "2 exp{c(1 — 2co®y) 7T, (2)]%} -

If |[z]| > M, we get by (4.46), (1 — 2co?y)™! < 8co?y and (1 —my)? < 1 — my since
2co?y < 1/2 and v < 1/m, by (4.47) and definition of 71,

R,YVC’,Y(I‘) <(1- 20702)_‘1/2 exp {c(l + 80027){(1 —my) ||z| + coo}z}

< (1= 20902~ exp [e{(1 = my/2) ]| + (1 + 8coy)eao }?] -

Therefore, we get lim inf|, oo [RyVer (x)/Veq(x)] = 0 which completes the proof of

(4.48).

4.5.1.3 Proof of Proposition

The proof is based on this technical lemma.

Lemma 23. For any g €RR, u € [0,1] and v € (0,7], a,b € [0,4+00), a < b,

%Y(amgvu) < %Y(bag7u) (449>
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Proof. Let u € [0,1], g € Rand a,b € [0,400), a < b. We first prove that for any ¢ € Ry
such that ¢ — 2(02v)"72g < 0,
(¢, g,u) =0, (4.50)

which implies that for any ¢ € Ry, JZ/(c,g,u) > 0. We need to consider the following
two cases.

(a) If ¢ — (0%y)"2g < 0. Then, using —(027)"2g < ¢ — (627)%g, p,2,((c27)"?g) =
<p027(—(a2fy)1/2g), and t = ¢,2.(t) is decreasing on [0, +-00), we get p. (c,g) = 1. There-
fore (1.50) holds.

(b) If 0 < ¢—(027)"?g < (6%7)"/2g, we obtain similarly to the first case that py(c,9) =1
and therefore (1.50) holds.

We now show (1.19). It is straightforward by (1.50) if 0 > a — 2(c2y)"?g. If 0 <
a —2(c%y)7?g. By using t — $,2,(t) is decreasing on [0, +00), we obtain

pO'Q'y(aa g) > pO'Q'y(bu g) . (451)

Then, (1.19) follows from (1.9) and (1.51).
O

Proof of Proposition /.0. Let k € N. By H1, H2 and the triangle inequality, for any
x, & € RY,

[E(z, 2)|| < 7z — Z[]) + 7Co0 - (4.52)
By using (1.6), and (1.9) we have,
1Xk41 = Xigall = Brrall = B(Xk, Xi) + 2(0%7) Pe(Xx, Xi)e(Xi, Xi) " Zipa |
= Biya |l — [B(Xk, Xp)lle( X, Xi) + 2(07) > Gryre( X, Xi)|
= Bii || B(Xk, X | = 2(0%7) VG|

= %(HE(Xk,Xk)H, Grt1,Uky1) -

This gives (4.11) when combined with (4.52). Finally, the last statement follows from
Lemma 23 and H1 ensuring that 7, is non-decreasing on [0, +00). O
4.5.1.4 Proof of Proposition

The proof is an easy consequence of this technical lemma.

Lemma 24. Assume H ! and H? hold. Then, for any w € [0,+00) and v € (0,7], we
have that

Qy 1y (w) = 7y (w) + oo -
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Proof. For any w € R, we have,
Q7 (W) = [ (1T, w,9) (72 () + 60 = 20*)g) 0(9)dg
= /R (7y(w) + yeos — 29) (so(gzw)l/z (9) = P r2,)172(9) A P2y (Ty(w) + Yoo — g)) dg

(T (w)+7¢00) /2
= / (7(w) + o0 = 29) (P (y20)2(9) = Py (4 (W) + Yoo — 9)) g

By using change of variable g — a — g we have,

(7 (w)+7¢00) /2
[ (73 (w) +7¢o0 — 29) (90(027)1/2 (9) = P g2y (T (W) + Yoo — g)) dg
1
=3 /R (75 (W) + Yoo = 29) (P (42 12(9) = g2y (74 (W) + o — 9) ) dg
=7y (W) + Yt -
O
Proof of Proposition /.7. By Lemma 21 and H1, for any w € [0, +00),
QY (w) = 7y(w) + Veoo
< (1 =m) Y (w) 1 (g, 00) (w) + (1 + L)V (w) L0,y (W) + Voo -
This completes the proof. O

4.5.1.5 Proof of Proposition

We first establish that (), admits a unique invariant probability measure p, and is
geometrically ergodic. To that end, we show that @, is (a) irreducible and aperiodic,
(c) any compact set of [0, +00) is small and (d) there exists A > 0 and b > 0 such that
QyV(w) < AV (w) + b for any w € [0, +00) with ¥(w) = w + 1. The proof then follows
from [37, Corollary 14.1.6, Theorem 15.2.4].

(a) Let K be a compact set. Then for any w € K we have

Q0D > [ | P2 (0) 4 e )0l)dg 2, (459

where using H

= 1 f - os
" (Tvg)Ellilx[*l,l}pU%(T’Y(w)+76 9) /[171} ®(g)dg
> inf By2-(a, / dg.
(a,g)G[O{Jr\l/[}x[—Ll]p 2’7(a g) —11] ‘P(g) 9

and M = (1+~L)sup(K)+~cs. Note that since (a, g) — Py2,(a, ) is a continuous
positive function, and [0, M] x [—1,1] is compact, ng > 0. Therefore {0} is an
accessible (1,080)-small set and @, is irreducible. In addition, @Q~(0,{0}) > 0
which implies that @, is strongly aperiodic.
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(b) Let now C be a compact set, we show that C is small. By (1.53), for A € B([0,+00))
and w € [0, +00),

Q) > [ 110 (@)@ (0, A)Q; (1. d) > 1cQ; (0.A).

Therefore C is a (2,Q(0, -))-small set.
(c¢) In addition by H1 and (4.13) we have, for any w € [0, +00),

[ v@)Qyw, i)
[0,4-00)
1t [ (1= P (7 (10) +765,2)) () + 7600 + 2(0™)V2(9)-) (9)dg

< (1= m)V(w) + yRi(m + L) + yeoo + 2(0°7) 2/ V2.

The proof of the first part of the proposition is complete.

We now establish the second part. Let A € B(R) such that (89 + Leb)(A) = 0. Then
0 ¢ A and Leb(A) = 0 therefore for any w € R,

1
Qy(w. A) < o /R Ta (7 (w) + 760 — 2071/%g) dg = 0.

It follows that fiy(A) = pyQ~(A) = 0 and py < (80 + Leb).

Since for any w € [0, +00), Q~(w, {0}) > 0, 84y is an irreducibility measure, and by
[37, Theorem 9.2.15], ., is a maximal irreducibility measure for Q, 9 < p, implying
that ., ({0}) > 0.

In the case coo # 0, by (4.13) and (4.10), for any A € B(()[0,+00)), Leb(A) > 0
Qy(w,A) > 0 for any w € [0,4+00) and therefore Leb is an irreducibility measure.
Applying [37, Theorem 9.2.15] again, we get that 8y + Leb < j,. This completes the
proof since we have already shown that ;. < (89 + Leb).

4.5.1.6 Proof of Theorem

Lemma 25. Assume H1 and H? hold. For any w € R,

Q,(w, {0}) = 2 (—“"”“) :

20,/

where Q. is defined by ( ) and ® is the cumulative distribution of the one-dimensional
Gaussian distribution with mean 0 and variance 1.
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Proof. Let w € R. By ( ) and the change of variable g — o,/7g, we get

@10 = [ (1 p Lot (W) e — 0/ g)> o(g)dg

Po2y (U\ﬁg)

= /R P2y (9) N Po2qy (Ty(w) + yCoo — g)dg = /R P2y (9) N Po2y (9 — Ty (W) + 7o) dg
+00

(7 (w)+7e00) /2
= / P2 (9 — Ty (W) +7Coo) dg + Py2+ (9)dg
—00 (Tw(w)‘FWCOO)/Q
= (7y(w)+7¢o0) /2 +oo Ty (W) + YCoo
= V2, (9)dg + P2, (9)dg = 2@ (—” :
/—oo K (T (w)trese)/2 20\/7
and the lemma follows. O

Lemma 26. Let 02,y > 0. For any t,a > 0, we have

t—207"2g\ ] _
1—2p (21" 9 -
/R l 2 < 50 Po2~(t, 9)p(g)dg =0,

where Dy2., is defined by ( ), ¢ and ® are the density and the cumulative distribu-
tion function of the one-dimensional Gaussian distribution with mean 0 and variance 1
respectively.

Proof. Using the changes of variable g — 0vY/2g, g — g — t and g — —g, we obtain

_ g~/
[o|r-2e (-5 | arstarag
B t —2071/2¢ o2 (@ — 0,/79)
_/R [1_2@ <—2a )] {m oor (@ 79) }cp(g)dg

t/2 t—2g +oo t—2g

L (o [ [0 (52

— 0 t/2 2a
+o00 —t+2g +oo t—2g
= 1-2® | — d 1-2® | —— dg.
3 (=% )] e 1o+ [ (-55.2)] o (019
Using that s € R, 1 —2® (s) = — [1 — 2® (—s)] completes the proof. O

Lemma 27. Let 02,y > 0. For any t,s >0 and a > 0,

/R [1 -2 (‘W)] Po2+(t, 9)p(9)dg

:2P(aﬁG>t/2,—s—t<2a@—2aﬁG<s—t),
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where G, G are two independent one-dimensional standard Gaussian random variables,
Do2+ is defined by ( ), ¢ and ® are the density and the cumulative distribution func-
tion of the one-dimensional Gaussian distribution with mean 0 and variance 1 respect-
wely.

Proof. Using the changes of variable g — 07'/2¢g, g — g — t, we get

/R {1 —2® <_t+8_2a\ﬁgﬂ Po2~(t: 9)p(g9)dyg

2a
t/2 —t —|— s —2g
-/ [1—2@( ) o 9)dg
t4+s—2g
e () e
=2[P(c7/?G > t/2) — A — B] (4.54)
—t/2 —t+s—2g too t+s—2g
A= /_Oo ® <_2a> Py2,(9)dg, B = /2 ® <_2a> Py, (9)dg.

In addition, we have since (—G, —G) has the same distribution than (G, G),

t 5 _ —t+s—20,~G t - —t+s+20\ﬁG)
A=P ° —p °

(JWG Ty Us 2a ) (UfG 3¢ > 2
- t+s—2 G
B:P<aﬁG>;,G< R 5 aval >
a

Therefore, we obtain

A+ B

F4s—2007G  ~  —t+s+4 207G
=P(aﬁG>t/2)—P(aﬁG>t/2,— e QUﬂ <G< +S; Al )
a a

=P (073G > 1/2) = P (0yAG > 1/2,—s — t < 2aCG — 20,/5G < 5 — 1)
Plugging this expression in (4.51) concludes the proof. O
Lemma 28. For anya € R, b € [0,1], it holds
D(a+b)—®(a—0b)>1—2®(—b) — a’bexp(—b*/2)/V2m,

where ® are the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1.

Proof. Define ¢ : R x [0,1] = R for any a € R, b € [0,1] by
Y(a,b) = ® (a+b) —® (a—b) — 1 +2® (—b) + a’bexp(—b?/2)/V2m.

We show that ¢ (a,b) > 0 for any @ € R and b € [0,1]. Using that 1 — ®(—t) = ®(¢)
for any ¢ € R, we get that ¢ (a,b) = 1(—a,b) and therefore we only need to consider
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the case a < 0 and b € [0, 1]. In addition, for any b € [0, 1], ¥(0,b) = 0 and thus, it is
sufficient to establish that for any b € [0, 1], a — % (a,b) is non-increasing on R_.
For any a < 0 and b € (0,1), we have using that sinh(t) = fg cosh(s)ds < tcosh(t)
and e~*/2 cosh(t) < 1 for any ¢ € [0, 400),
V271 exp(bQ/Q) (a b) = 2exp(—a?/2) sinh(—ab) + 2ab
< —2ablexp(—a?b*/2) cosh(ab) — 1] < 0.

By continuity, it also holds for a < 0 and b € [0, 1] which concludes the proof. O

Lemma 29. Assume H 1 and H? hold. For any w € [0,+00) and a, § € [0, +00), such
that a/(208) < 1

/[0,+oo) {1 —2e <Wﬂ Q- (w, dw)

<1_2‘I)(_Tw(w)‘i"ycoo‘i‘a/(l"i"YL)) CE

2y/0%y+ B/(1+L)? B’

where ® is the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1,

¢ = (1+7L)%0%(2v2m) ! [supo{t*®(—t)} + 1/8]. (4.55)

Proof. Let o, 8 > 0 such that o/(25) < 1. By (4.13), we have

/0+oo 1_2q)< <2)5 HQW( @)

-/ [1_%( S 2"”9)*0‘)] (1= Doy (7 () + 7e01.9) p(9)dg
+ {1—2@ (—”(()2);&” /paz (7y(w) + ves0, 9)p(9)dg

:/R [1 — 2% (—TV(T”(U)) JWCO;B_ 20/79) +a> (1 = Doz (14 (w) + ¥eo0, 9))p(9)dg
+ {1 —2® (-”((;);0‘)] 2% (-W) : (4.56)

By HI, t — 1—2®(—t) is increasing, we have setting )~ (w) = 7y(w) +ycoo + /(1 +L),

L 2@ (_T»Y(T,y(w) +YCoo — 20\/79) + a) <1-2® (_tl)v(w) - 20ﬁg> .

26 28/(1+ L)
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Using [44, Lemma 20], Lemma 26 and Lemma 27, we get

/ l1_2¢’ <_T’Y(T’Y(w)+’ycoo—2o'ﬁg)+a>
R

(1 = Po2y (74 (w) + vco0, 9))p(9)dg

2p
< /R 1-2& (—wég)(;fzggﬂ (1= Doz, (b4 (w), 9))e(g)dg
_ /R [1 2@ <—¢”2(ﬁ“7(1_f?§g )] Doz (Ty(w) 4 7Coo, 9))p(9)dg
— — — 11) (U)) — g T~ W C
=1 2<I>< 2%027+Vﬁ/(1+%)2> 2P ({20\/7G = 7y(w) + vcsc} NA) ,  (4.57)

where

a 208G

A=<(¢— — — <
{Tﬂ/(w) oo 14+9L " 141L

a
—20,/71G < —7y(w) — YCo + 1‘1'71-} ,

and G, G are two independent one-dimensional standard Gaussian random variables.
Define 0, : [0, +00) xR — R for any w € [0, +o0) and g € R by 0.,(w,g) = (28) "} (1+
VL) [=7y(w) — Yoo + 04/7g]. Then, using that
A={0,(w,G) — a/(28) < G < 0,(w,G) +0/(28)} ,
we have
P ({207G = 7y(w) + yco } N A)

= /R L{o,+0) (9 - W) ['I’ <ev(w,g) + ;;) - @ <97(w,g) - ;;)] ®(g9)dg .

Since a/(2/) < 1 by Lemma 28 we have, for any a € R,

P <a + ;;) — % (a - ;B) >1-28 (_;‘ﬁ> _ 2;22%56&/(%2) ,

which implies

P ({20AG = 7y(w) + yeos} NA) = @ (‘Ty(w) Jﬂcm) (1 -2 (_a)>

20, /7 283
Ty (W) + Yeoo 92(9710)06 a2 2
| _ i o/ (88%) da.
/R [0,+00) (9 205 ) N ©(g)dg
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4.5. Postponed proofs

Therefore, we obtain using that E[1j ;.0\ (G)G?] = 1/2,

<1 T (-“)) ® (-“(“’)m”> —P({20\7G > 7 (w) + ve} NA)

28 20 /7
T (w) + Yo 92 (ga w)a —a? 2
<1 T ) 02/(88%) 5 1)d

2
< (14 ~L)20? o—a?/(86%) Ty(w) + Yeso & (W) + 7o
B 2V2m 20 /7 20\/7

1 7 (w) + vcso Ty (W) + Yoo 2
" Van w0vA eXp<_< T2A ) /2>+1/8

Combining this inequality and (1.57) in (1.56) concludes the proof. O

Under H1 and H?, define (ag)k>1, (Bk)k>1 for any k > 1 by

k—1 k—1
ap =76 3 (1+9L)7",  BE=702 > (1+9L)7%. (4.58)
=0 =0

Lemma 30. Assume H1 and H? hold. For any v >0, k > 1, we have

kyese ™ S ap < kyeoo, (k) 20e ™R < By < (k) 20,
(7)Y 2co0 /0)e ™ < /B < () 2o /)€™

[00071/2/(0,31{:1/2)]67]{71. < "Yak/,@]? g [00071/2/(03]91/2)]631671' (4'59)
v aw/ B} < (2000 (k)2 [0%)e3RL (4.60)

where (ax)k>1, (Br)k=1 are defined in (1.58).
Proof. Let k > 1. Using for any i € N, e < (1 4+9L)~% < 1, we have
k—1 A
kycsoe M < yeo Z(l +9L) 7" < kvyeso - (4.61)
i=0
In the same way, using for any i € N, e 2" < (1 4+ L)% < 1, we obtain
k—1 '
kyole 2P L 4o Z(l + L)% < kyo?. (4.62)

1=0

Combining (41.61) and (4.62) completes the proof of the first four inequalities. Then,
(1.60) is a simple consequence of (4.59) and a comparison test. O
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

Lemma 31. Assume H ! and H? hold. Let § € (0,{L71 A (oe™!/eoo)?}], with the
convention 1/0 = +oo. For any v € (0,7], n € {0,...,n,}, ny = [§/7], and w €
[0, 4+00), it holds

10,400y (W "H1mma<1—2¢(—”“”+a””>+ 7lfﬁ. 4.63
S sy Lo (B)Q 0,00 TR RIPIE. S

)

where (o )k>1, (Bk)k>1 and ¢ are defined in (1.58) and (1.55) respectively and ® is the
cumulative distribution of the one-dimensional Gaussian distribution with mean 0 and
variance 1.

Proof. Let v € (0,7], w € [0,+00). Note that for any n € {0,...,n,}, by (1.58) and
Lemma 30,

an/(26n) < 1. (4.64)

Then, by Lemma 25, (1.63) holds for n = 0. Assume it holds for n € {0,...,n, — 1}.
Then, we get

L(0,+00) (D) Q0 (w, dib) < /
sy Koo (B)Q 0,0

(0,400

=y
+ C F .
k=1 "k

The proof is then concluded by a straightforward induction using Lemma 29 and ( ).
O

Theorem 4.23. Assume H | and H 2 hold. Let R > 0. For any v € (0,%] and
§ € (0,{L71 A (07 /eoo)?Y], 114((0, R)) < MRCoo, where

_ 3(0+9)L (6+7)L 1+AL)R+ (8 +7)
_ 5 A1z | S8 e o 0+7 0 +7)coo A
e =10+ P 2\/27w]/ 251/25e—(6+7)L : (4.65)

Proof. Let 6 € (0,{L7' A (se™!/co)?}] and v € (0,7]. Set n, = [§/v]. Note that
d <v(ny+1) <0+%. By Lemma 31, Proposition 1.8, integrating (4.63) with respect
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4.5. Postponed proofs

to p, and using that 7,(0) = 0, ®(—t) < 1/2 for any ¢t > 0, gives

(0, +oo))\/{12<1>< T(?ﬁ:j‘f“» +c270"f (4.66)

<1-28 -t W”
26n7+1

Qny+1 | _Tv(w) + Qn 41
(0,400) ( 25717-&-1) ® ( 2Bn+1 ) } iy (1)

1—2<I>< a””“) 0, +00)) +szak

2/6n—y+1 Bk

( ) + Qn+1
-9 _—'Y d .
O.R1) ( 25n7+1 Mv(w)

Rearranging the terms yields

Ty (W) + an 41 Qn+1 il YOk
2 O dp(w) <128 [ -2 | + L (467
(0,R1) < 2Bn.,+1 ) pr(w) ( 25717—&-1) Ckzl Br (4.67)

In addition by H! using Lemma 30 and ¢ — ®(—t) is decreasing on R, we have

(1+L)R1 + (0 + ¥)eso
= ® (- R S5 ) )
< 201/2ge—(0+7)L (0, F1))
(4.68)
Using that ¢ — 1—2®(—t) is \/2/7-Lipschitz and combining (1.67), (4.68) and Lemma

we get that

o (LHIL)R1+ (0 +F)es
251/2ge—(6+7)L

) (0, R1)) < an,y+1/(2V27B5, 41) +C72{ak/ﬁk}

_ 3(5+9)L (5+’Y)
_ (S €
< Coo[5+,y]1/2 [C =

2V/2m0
which implies that 1 ((0, R1)) < 7¢so and completes the proof. O
Proof of Theorem /.9. Let & € (0,{L7' A (0e™!/cxo)?}] and v € (0,7]. By Proposi-
tion and using p, is invariant for @, we obtain
/wdu7 (1-— m)/ wdpy (w) + (1 +7L)/ wdpy (W) + Yoo
[R1,+OO) (Ole)
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

Then, rearranging the terms in this inequality yields

[ wdiy(w) < R (0, R/ + e/
[Rlv"’_oo)

| wdpn @) < Rups (0. B))(1 +L/m) + oo/,
[0,400)

which, combined with Theorem applied to R < R, concludes the proof of the first
inequality in ( ). Finally, by ( ), using that ¢t — 1 — 2®(—t) is /2/m-Lipschitz,
we have

(0. +00)) < (VERB, ) [

{(1+AL)w + an 1y (w) + ¢y Y {an/Bi}
[0,+00) k=1

Ty
< (eoot (1 +7L) + @ 11)/ (V278 1) + (7 3 _{on/Bi} -
k=1
This finishes the proof using n, = [§/7], § < y(n, + 1) < + 7 and Lemma 30. O

4.5.1.7 Proof of Theorem
For any a > 0, define 7 : R — [0, +00) for any w € R by
V() = 19 100)(w) exp(aw) . (4.69)
Proposition 4.24. Assume H 1 and H? hold. Let a > 0. Then, for any w € [0, +00)
and ~ € (0,7),
QV; (w) /¥y (w) < AR, +00) (w) + exp{ya(lw + 20%a + o)} o,y (W), (4.70)
where
R, =1V Ry V |[(4a0® + 2¢o0) /m] Ay = exp(—amR,/2). (4.71)
Proof. Set for any w € R, 72° = 7y (w) + Y¢oo. By definition (4.13) and using the change

of variable g — 07"/2¢ twice, we have

Q" (w) = [ exp(alr®(w) = 209 g {1 = Bz, (75°(w),9) Ye(g)dg

e ()2
= /—oo eXP(a{Tf;o(w) - 29}){‘100'27(9) - SDJQV(T’Y(UJ) - g)} :
1/27_00

iy [0V ()/2 0ol N o 1/2. 9 2
< (2m) 3 exp(a{7]°(w) — 207"/“g} — g°/2)dg

UVI/QT%XJ(U})/Q 1/272
exp(—{g + 2a0y7?}7/2)dg

< exp(ati®(w) + 2a2027)¢>(071/27$°(w)/2 4 Qagfylh) < 0075° (w)+2a%0%y

= exp(a7y°(w) + 2a2027)(27t)_1/2/

—00

This concludes the proof of (1.70) for w € [0, R,) using H1. In the case w € [R,, +00),
we only need to use that by H | and definition of R, (1.71), ar3®(w) + 2a0%y <
a(l —my)w + acoo + 2a%0%y < aw — aymR, /2. O
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Proof of Theorem . Let 0 € (0,{L7' A (0e™'/coo)?}] and 7 € (0,7]. We show that
(1.17) holds with

¢3 = (Ba/Aa) a(LR, + 20%a + Coo )R, €xP(ala)/ [log(Aa)| ,

where B, = exp{a(LR, + 202a + cxo)}, Aa, Ry are defined in (1.71) and ng in (1.65).
By Proposition and since 7*(0) = 0 and p is invariant for @), we have

[ v @) <Ny [ vi)de )+ By [ ) ().
(0,400) [Ra,+00) (0,Rq)

setting B, = exp{a(LR, + 20%a + cx)}. Rearranging terms yields
/(0 o V) () < (BT =N/ -\ / w)dp, (w)
<{BIA T = 1}H/{A7 =1} eXp(aRa)CoonRa )

where we have used Theorem applied to R < R, in the last inequality. The proof
is then completed upon using that for any ¢t > 0, t < e’ — 1 < tel. O

4.5.1.8 Proof of Theorem

Lemma 32. Assume H! and H” hold. For anyw € [0,+00) and o, 8 € [0, +00), > 0,
Iy, o 1 L
[ i-2e <_n(w) +a>} O, (w,dd) < 1 20 (_u(w) + 700 + /(147 )) |
(0,400)

28 2/o%y + B/(1+7L)?
where ® are the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1.

Proof. Let o, 5 >0, 8 > 0. By (4.13), we have
N (@) +
Joo 122 (25555 @sam

26

_/l ( (V(w)+70<>206— 20’\”9)*0‘)] (1 = Doy (72 (W) + 700, 9))p(9)dyg -

By HI, t — 1—2®(—t) is increasing, we have setting )~ (w) = 7y (w) +ycoo + /(1 +L),

Ty (T (W) + ycoo — 20,/79) + @ Py (w) — 20,/7g
1—2c1><— 7 25 ><1—2¢I><— ”2/6/(1+7L) >
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Using [44, Lemma 20], Lemma 26 and Lemma 27, we get

(1 = Doz (7 (w) + 700, 9))p(9)dg

/ ll—Ztﬁ (_7'7(7'7(“’)‘*‘7000—20\/’79)4_6,)
R

28
Py (w) — 20\/79 _
</R 1-2% (— 25/ 5 L) )] (1 = Pozy (Mo (w), 9))p(9)dyg
Yy (w) — 2079\ | _
—/R [1—2<I> <— 28/ (11 L) )]pazv(m(w)Jr'ycoo,g))cp(g)dg
Yy (w)
stz <_2\/027 +Vﬁ/(1 +7L)2> 7

which completes the proof. O

We consider in what follows that (Wy)ken is the canonical process on
(10, +00)N, B([0, +00))®N) and for any w € [0, +o0), Py, and E,, correspond to the prob-
ability and expectation respectively, associated with (), and the initial condition 6,, on
this space.

Lemma 33. Assume H 1 and H? hold. For any k € N and w € (0, +00),

Ty (W) + gy

P min W, >0 <1—2<I>[—
[ 1 20k+1

1€{0,....k+1}
where a1, Prr1 are given in ( ).

Proof. The proof is by induction on k£ € N. The proof for k = 0 follows from Lemma
Assume that the result holds for K — 1 € N and for any w € (0,+00). Then, by the
Markov property and the assumption hypothesis, for any w € (0, +00),

Pw i W; >0 :Ewl ooWP i W; >0
Le%,?k} 1 [ O+ )( 1) HE Le{()r,l.l..l%—l} H

<E, [IL(O,JFOO)(Wl) {1 2% (_W) H '

The proof is then completed upon using Lemma 32. O

Lemma 34. Assume H 1 and H? hold. Then, for any k € N, w, @ € [0, +00),

Ty (w VW) + oy
2Bk+1

)

0@~ 85Q4 v < 1- 28 |-

where a1, Pr1 are given in ( ).
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Proof. We consider again (G)r>1 and (Ug)r>1 two independent sequences of i.i.d. stand-
ard Gaussian and [0, 1]-uniform random variables respectively. Define the Markov chains
(Wi)ren and (Wy)ren starting from w € [0, +-00) and @ € [0, 4+-00) respectively, for any
keN, Wi = g'y(kaGk+laUk+1) and Wiy = g'y(Wk,Gk-i-lka—f—l)- Note that the
case w = w is trivial so we only consider the converse and assume that w < w, @ > 0.
Then, we obtain by Proposition that almost surely Wy < W, for any k € N, which
implies that

18@E ! — 85Q5 [ ry <P (Wips # Wi ) <P <ie{omi5i+1}wi > 0) .

Indeed, if min;eqo 113 Wi = 0, then there exists i € {0,...,k + 1}, W; = 0 which
implies since W; > W; > 0 that W; = W; and therefore Wk+1 = Wj1 by definition of
the two processes. The proof is then completed by Lemma 33. ]

Proposition 4.25. Assume H1 and H? hold. Lett > 0. Then, for any w,w € [0, +00),

w VW + toceo
20{1 — e—2L(to+7y)}1/2

18,Q/ 7 — §,;QI0/ | py <1 — 2@ | L2

Proof. Note that by (1.58) for any k € N, a1 < kycoo and B, = (62(14+9L)/L){1 —
(14+9L) 72} > (02(14+~L)/L){1—e~2¥"1} using that (1+t) < e for any ¢t € R. The proof
is then completed using Lemma 34, H1 and the previous bounds for k < |to/7]. O

Lemma 35. Assume H ! and H? hold. Let a > 0. Then, for any w € [0,+00) and
v € (0,9],

— m)2 (w) + L+ m} Ry +yes (4.72)

Q71 (w) < (
<AV, (W) + v Lo ryy (W), (4.73)

qu/; (w)

where Q~ is defined by (1.13), for any w € R, Vf(w) = |w|, V) by (1.69), Ag, Rq are
defined by (1.71) and

&y = aexp{aR, +7a(LRy + 20%a + coo) LR, + 20%a + co) - (4.74)
Proof. ( ) is a simple consequence of Proposition 4.7. Note that for w € R, w > Ry,
( ) holds by Proposition . In the case w < R,, using Proposition and

et —1 < te! for any t > 0, we obtain Q,7*(w) < A} V*(w) + V*(w)[A; " exp{ya(Lw +

20%a+ coo)} — 1] < N)V*(w) + a¥V*(w) exp{ya(Lw + 20%a + coo ) }[Lw + 202a + o), which

completes the proof. O
Define 71, 7, : R — [0, +00) for any w € R by

N(w) =14+ A |w|, Va(w) = 1+ Aol (g o0y (w) exp(aw) . (4.75)
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

Proposition 4.26. Assume H 1 and H? hold. Let a > 0 and tg > 0. Then, for any
w € [0,400) and v € (0,7],

QM (w) <M (w) +Br, QI (w) < NV (w) + Ba,
where Q- is defined by ( ), Y,V by ( ), Aa by ( ), &a by ( ) and
M=e™,  Pr=(o+7){L+m}Ri+cc] +1,  Ba=(to+7)xa+1.

Proof of Theorem . By Lemma 35 and an easy induction, and using that 1 —¢ < e™!

for any t > 0, we have for any k£ € N,

QR (w) < N9 (w) + ky[{L +m}Ricse], QR0 (w) < ATV (w) + ko, .
Using that Q,’jl = 1 for any k£ € N completes the proof. ]
Proof of Theorem . Let tg > 0. We only show the result for ¢V = 7,. The result for

vV =, a > 0is similar upon replacing A; and 3; by A, and 3, given in Proposition
respectively.
Define &1 = 4p1/(1 —A;) — 1 and M; = sup{w € [0,400) : ¥ (w) < &1} which is
well defined since limy,— o0 Y1 (w) = +00. Define in addition,
M + tpcoo

_ 112
=20 [ - 20{1 — e~ 2L(to+7)}1/2 <1

Then, {7} < 81} is a (1,¢)-Doeblin set for @, and A; +2B1/(1 + 81) < 1. Therefore,
[37, Theorem 19.4.1] implies that for any k£ € N,

1%
|8 QL — | < oM (w) + (W)},
where a bound on p, (1) is provided by Theorem and

log(p) = log(1 — &1) log(A1)/{log(1 — 1) + log(A; — log(B1)}
M =M+2B1/(14+81), B1=MP1+5
C={AM+1}[1+B1/{(1—e1)(1—A)}.

4.5.2 Postponed proofs of Section

4.5.2.1 Proof of Proposition

The proof is an easy consequence of Lemma 38 below and the definition of (Wgn))@o.
Before stating and proving Lemma 38, we need the following technical results.
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Lemma 36. Assume A 1. Then, for any q € [1,+00), we have for any v € (0,7],
E[[W1 — 7, (Wo) — veeo|] < (4027)q/2 {mg + 2sup,>o[u?®(-u)]}

where W1 is defined by ( ), my is the g-th moment of the standard Gaussian distri-
bution and ® is its cumulative distribution function.

Proof. Let wg € [0, +00) and v € (0,7]. By definition (1.13) and (4.10), we have setting
77 (wo) = {7y (wo) + e}/ (2v/0%7),

730 (w

0)
[T = 0) = el Qs wo, ) = (40* )2 [ Jgl* (g)dg
+

— (do%y)"? /_m 91? p(g9)dg + /R |7 (w0) + Yoo T (275° (wo) — g) A (g)dg

75° (wo

< (d0™)" g + 27 oy (wo) " {7 (wo) }
which completes the proof. O

Lemma 37. Assume A 1. Then, there exists C > 0 such that for any k € N and
v € (0,7], E[W{] < e“M{E[W{] + 1}, where (Wy)ken is defined by (1.12).

Proof. By A1, (4.12) and (4.13) we have that for any wg € [0,+00) and v € (0,7],
setting Wy = wg and Keo(wp) = K(wp) + Coo,

L, Qoo ) = EIWE] < El(un +9mec(0) =2y/721G)'
= {wo + Yoo (wo) }* + 607 y{wo + Vhoo(wo)}* + 307* .
By A1, for any ¢ € {2,4}, we have that for any wg € [0,+00), v € (0,7],
o + Yoo (100)} < 1+ 203 (1 + L) o + ec].
Therefore, we obtain that there exists some constant C7,Cy > 0, such that for any
wo € [0,+00), v € (0,7],
/R+ w1 Qs (wo, dwr) < wy + Cry{l +wi +wo} < (1 +7C2)wy +7Cs.

By an easy induction, we get then that for any wy € [0,400), v € (0,7] and k € N,

k—1
g wiQ% (wo, dwy) < (1+ Coy)fwg + Coy Y~ (1+ Coy)' < Pl + Col
+ 1=0
which completes the proof by the Markov property. O

Lemma 38. Assume A 1. Then, there exists C > 0 such that for any k € N and

.....

defined by (1.12).
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Proof. Assume that E [W}] < 400, otherwise the results holds. Denote by (Fx)ken the
filtration associated with (Wj)ren. We consider the following decomposition for any
€N,

/-1 /-1
Wy—Wo=Ai+By, A=) AM;, By=) Hi,
=0 =0
where using that E[W;1|F;] = 75°(W;) by Lemma 21 and the Markov property,

Then, using Young’s inequality, we get for any v € (0,7] and k € N,
maxyeqo, .k} [We — Wol* < 2{maxpeqo. gy A + maxeeqo.. k) B} - (4.77)

We now bound the two last terms in the right hand side of this equation. First, by A
and Young’s inequality, we get for any v € (0,7] and k € N,

E[maxseqo,..ky Bf] < K XiZg Hi < 23(ky)*(1+ L) {maxieqo. -1y EWH] + i}
(4.78)
In addition, by definition (1.76), (AM;);en are (F;)ien-martingale increments. It follows
by Burkholder inequality [22, Theorem 3.2] and Young’s inequality that there exists
Cy4 > 0 satisfying for any & € N and v € (0, 7],

E [maxgeqo,. 1y Af] < CHE{CIZ] AM2Y?) < Cuk 2150 E[AM]].
Therefore by Lemma 36, we get that
E [maxee{ow.’k} A;}] < CUE[{SF L AM2)?) < Cu(402ky)? {my + 2sup,-o[u'®(—u)]} |

where my is the fourth moment of the standard Gaussian distribution. Combining this
result with (1.78) and using Lemma 37 in (1.77) concludes the proof. O

4.5.2.2 Proof of Proposition

To show this result, we use the Komolgorov criteria [73, Corollary 14.9]: for any T > 0,
there exist Cp > 0 such that for any n € N and s,t € [0, +00), s < ¢,

4
E “W,@ - Wg@] ] < Cr(t—s)?.
Note that denoting kgn) = [s/vn] and k:én) = |t/vn], we have by (1.19)

E Uwﬂ - W<”>’4]

S

_ (t = )7 AWy = Wy} if & < k"
33[{Wk§">+1 - Wk§n>}4 + {Wkén) - I/ngn)}4 + {Wkgn) — Wkgn)_l}ﬂ otherwise .
Lemma 38, Lemma 37 and the Markov property complete the proof.
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4.5.2.3 Proof of Proposition
We preface the proof by the following technical lemma.
Lemma 39. Assume A 1. Then, for any q € [1,4+00), we have
(a) for any v € (0,7] and wy € [0, +00),
— 2(4029)1/2 [42, 1917 e(g)dg (4.79)
< fR [w1 — 7y (wo) — Yeoo|? @y (w0, dwr) — (4027)q/2mq < 0,

where 72°(wo) = {7 (wo) + e}/ (2V/0%), Q is defined by (1.13), my is the q-th
moment of the standard Gaussian d@stmbutzon and  is its probability density function;

(b) for any v € (0,7],
e, To1 = 70| Q5 (0, duwn) | < B(resc)?

Proof. (a) Let wy € [0,+00) and v € (0,7]. By definition (4.13) and (1.10), we have
setting 75°(wo) = {7 (wo) + oo}/ (2V0%Y),

75° (wo)
Lt = 7 n) = 2wl Qs o, du) = (022 [T Jgl plg)dg
+ —0o0
+oo
— ()2 [ gl plg)dg + [ I (w0) + ven (2757 (w0) — 9) A plg)dy
T$0 wo

(4.80)

Therefore, we obtain that

Jr, Jw1 = 7y (w0) = yeus| ! Qy (wo, dwr) — (40°7)**m
= —2(40) " [0, 191" @(9)dg + 2(40%7) V2 [{7, (w0) } 1@ (~ 7 (wo))] -

Using that roo (o) ]g\q (9)dg = {75°(wo) }9®(—75°(wo)) completes the proof.

(b) By ( ) and since 7.,(0) = 0 and 7_'00(0) = veoo/(20/027),

= 72(0) = esl? @4 (0.un)| < 204722 [V g p(g)dg + (e

Using that (40%v)%/? fovc(’c/(? Vo) |9l p(9)dg < (v€0)? completes the proof.

O
Proof of Proposition . Proof of (1.24). Let ¢ € C*®(RY) satisfying (4.23), N € N,
(t1,...,tN,8,t) € [O,+oo)N+2, 0<t <<ty <s<t :RY =R, continuous and

bounded. Note that we only need to show that

im_E[|£ [oWi) - ew) - [Capew

n—-4o00

o]
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setting for any n € N, u € [0, +00), GV = ‘FFZ;%W’ where (Fé"))kem is the filtration
Corresponding to (Wén)) keN-
Define k: = [t/vn] and k( ") = [s/7n] and consider the following decomposition

E [¢<W§">> — p(W() — / Ap(W)du g§">] = [A]" + 457 + ALY |6 a.81)

AP = o(Wi) =W )) — {p(W) — (W (1))
1 2

k™ 1
Al = / Ap(W)du + v, Z Ap(WM)
kﬁ”)q
ALY = o W) = W0 = 3 Ap(W").
k=k{™

We deal with these three terms separately.

First since ¢ satisfies ( ), by the fundamental theorem of calculus, there exists
C > 0 such that for any wg, w1 € R, |p(w1) — ¢(wo)| < C max(|wol|, |wi|) Jwy — w1|. By
( ), we get that there exists C' > 0 such that for any n € N, almost surely,

|Agn)\ < Cyp{max. K1) H/Vi(n)|2 +1}.

ie{k{ kM 41,5

This implies by Lemma 36 and the Lebesgue convergence theorem that

lim EHA |] (4.82)

n—-+00
Regarding A(n), we consider the decomposition,

A = Af A3,

AL :/ du+/ W) du
kg") ! (k+1)vn
AR-- % / {AG(W) = A7)} du.
() 7 k7n
k=ky
Since ¢ satisfies ( ), by Lemma and the Lebesgue dominated convergence
theorem, we get that lim,, . E [|A H = 0 In addition, we have by definition of A
(1.22) that for any n € N, k € {k:2 ,...,kl — 1}, u € (kyn, (K4 1)),

W (W) = Ap(W{™)| < By + 21 ac0? supg ||
B = (Je(W)] + o)/ (W) — o/ (W)
+ 1 (WD [R(W) — k(W) + 214,02 (W) — " (W)
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where A, = {W,g =0, Wk # 0} U {Wk+1 =0, Wk # 0}. Note that using that
¢" and ¢" are Lipchitz and supge(o to0) [¢'[(w)/(1 + [w]) < +oc0 by (1.23), A1 and

( ), we get that there exists C' > 0 such that for any n € N, k € {k;n), .. ,k%n) -1},
u € (kyn, (k+ 1)),

IBO) < Cum{IWiV 2 + (W 2+ 1
which implies by Lemma 36 that

K™ 1

(k+1)vn
: (n) _
0 Sl i o
k=k{"
To conclude that lim,, oo E[\Agn)\] = 0, it remains to show that

kM1

im 7, z(:)E [ﬂAc] =0. (4.83)
k=k, "

Note that using that by definition, (Wén))keN is a Markov chain with Markov kernel @,
( ), the Markov property implies that for any n € N and k € {k‘gn), e k‘gn) — 1},

E [La]| <P (W = 0. W, #0) + P (Wi £ 0,w,(, = 0) (4.84)
= 1-2®( ooy /(20)] + 2 [1rs (W) @[=722 (W) /{2(0%7) Y]]

where 75°(w) = 7, (W) + Ycoo, for any w € [0,400). Since 1 — 2®(—u) < u for any

Vn
€ [0,+00), we get that there exists C' > 0 such that for any n € N, ~, Z:i";én% 1—
D[ —Coor/Tn/(20)] < C((t = 5) + 'yn)'y,l/z and therefore
K™ -1
m oy Y {123/ 20)]) - (485)
k= k

Regarding the second term in ( ), consider the sequence of measurable functions
defined for any n € N, w € Q, kK € N by

fnlw, k) = {k("> ,kﬁ”)—1}(k‘)ﬂRi(Wkn))‘I’[*Tso(W;gn))/{Q(fo%)l/z}],

on the measure space (2 xN, F® 2N, P®uv.), where 2N is the power set of N and v is the
counting measure on |>l Note that P ® v, almost everywhere, lim, o0 fn(w, k) = 0 and
in addition, > pcn fo fn(w, k)dP(w) < (t—s)+7y,. Therefore by the Lebesgue dominated
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convergence theorem, we obtain that lim, s S pen fo fn(w, k)dP(w) = 0 which implies
by definition,

k1
i 2, S E [Lr (W)@ (W) /{2(0%3) Y] = 0.
k= k_(”)

This result combined with (4.85) and (4.84) in (41.83) shows that

lim E[]A5"]] = 0. (4.86)

n—-+oo

Finally we deal with Aén) from the decomposition

k™ -1
A = 3 (W) — oW = 3 Ap(WM)
k=k{™

Set for any k € {k:én), cey kgn) -1}, AW,gn) = Wéi)l - W,E,n). Using that ¢ is three times
continuously differentiable, we get by Taylor’s theorem with Lagrange reminder, that
foranyn e N, ke {k:én), cel, k%n) — 1}, there exists uy € [0, 1] satisfying

e = W) = Ao (W) = & (W) AW,
+ (" (W) /2{AWY + 676 (Wi + (1= w) W {AWM).
It follows from the definition (1.12), A1 and Young’s inequality, setting 75°(w) =
Ty, (W) + coo and kK> (w) = k(w) + co that for any n € N, k € {kzén), ce kgn) — 1},
AW < a{R w2 (WP + W = 752w
It follows then using the definition of A ( ), (4.23), Lemma 38 and Lemma 30 that

lim E[A§” — A7) =0, where Ay = AT + AYY, (4.87)
k(™ -1

AT = 3 W WE)AW, — 3 (W) (W)
k:kgn)
k(™ -1

ALY = 3 ("W 2){AW Y — 290" (W ) 1Re (W)

Note that by Lemma and the Markov property, we have that for any n € N and
ke k7, k™ = 1), dWIDEAW |FM] = 4! (W) (W) = 0, which
implies that

B[4 197] = E[AL] |7,0) (4.89)
= N E W E AW, | F Wy (W MY [ F ] = 0.
= s EL W EIAI LF] = OV (W) |7 ] =
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We now show that lim,, E[|E[A4(32) |g§")] || = 0 using the decomposition
Ay = Ay, + AT, (4.89)
k™1
A= 30 Try (W) (" (W) /2 {AW)) — 407y,
k=k{")
k™ -1
A= 3 Lo (W))W
k=k{™
Then, by Lemma 39-(a) , we have using the Markov property that
k(™1
E[ASY1 16| = [E[ASY, |F, <n>]| 85° Sup{|90"|} Z Falw, k), (4.90)
ke k< n)

where fu(w, k) = Lo oy (8)Iry (W (@) TS (W™ (@),

T(u) = ;19" e(9)dg, (W™ (@) = 752 (W™ (@) /12(0%90) 2} (Fadnen s a se-
quence of measurable fgnctlons defined (2 x N, F® 2N, P®1,). Note that P ® v, almost
everywhere, lim,,_, o fn(w, k) = 0 and in addition,

%/ fulw, k)dP(w) < [(t —s) +'yn]/R!g!qsO(g)dg-

Therefore, we obtain that lim, e Y- pen Jo fn(w, k)dP(w) = 0 by the Lebesgue dom-
inated convergence theorem, which implies by (4.90) that

i E[E[ASS, 1667 = 0. (4.91)

We now consider A422. By Lemma 39-(b) and the Markov property, it follows that
[E[AY2, 16 = [E[A{2 170011 < (3¢ (0)/2)1(¢ = ) + ] nce

showing that lim,_, . EHE[AZ(&)Q |gs ]H = 0. Combining this result, (41.91)-(4.89)-

(1.88)-(1.87), we get that lim, oo E[|E[A§n) |g§”)]|] = 0. Plugging this result and

(1.86)-(1.82) in (1.81) completes the proof.
Proof of (1.25). The proof follows exactly the same lines as (1.21) but we use that

(n)

the only different and non negligeable term is Ay 5 which becomes

k™1
AT = S (@ W) 2){AWT N — dy,07).
k=k$™

2
Using (1.79) in Lemma 39, the assumption that ¢’ (w) 0 for any w € R, and the

Markov property, we get that for any n € N, E[A 2) |Gs] < 0, which concludes the
proof. O
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4.5.2.4 Proof of Theorem

Proposition 4.27. Assume A 1. Let p be a limit point of (p,,)nen. Then, p.-almost
everywhere, inficpp 1o0) We 2 0.

Proof. Without loss of generality, we assume that (u,,)nen converges to p.,. Since
w > infyeig 1oy we is continuous, F = {w € W : infycg yoywr = 0} is closed. There-
fore, by the Portmanteau theorem [74, Theorem 13.16], we obtain that p. (F) >
limsup,, 1 o0 n(F) = 1. O

Proof of Theorem . Recall that we denote by (u,,)nen the sequence of distribution
on W associated with {(Win))t>0 : n € N}. Let p be a limit point of this sequence
for the convergence in distribution. Without loss of generality, we assume that (u,,)nen
converges in distribution to p.,. Note that by Proposition , for any continuous
function F' : W — R such that |F| (w) < Cr{1+supjo 1 |we|%} for 6. € [0,4), T, Cp = 0,
then F' is uniformly integrable for (u,,)nen and therefore (see e.g. [3, Lemma 5.1.7.])

lim / Fdup, = / Fdp, . (4.92)

w w

n—-+o0o

We divide then the proof into two parts. First part: we first show that under p,
(My)¢>0 is a (W;)i>o-martingale. Considering

Fl:we (@1(%) — o1(ws) — /st Awl(wu)dU> Y(Weys - Wiy ) s

and applying Proposition -( ) to p1(w) = w for any w € R, since Ayp; is continu-
ous under A1, forany N € N, (¢1,...,tn,s,t) € [O,+oo)N+2, 0<thi <--- <ty <s<t,
(I Rf — R, continuous and bounded,

Efeo [(Mt - MS) w(wtu s 7Wt1\7)] =0,

where EFe [-] is the expectation under pu., on (W,V). We obtain by the monotone
class theorem and [115, Theorem 2.3, Chapter 0] that the first part of the result holds,
i.e. (My)¢=o defined by (4.21) is a (Wy)s=o-martingale on (W, W, W;)i=0, oo )-

Second part: It remains to show that under p., (N¢)i>0 is a (W;)=o-martingale.
We first establish setting (o(w) = w? for w € R, that

- t
Ny = ¢2(W) = ¢a(Wo) = [ Apa(W.)du.
is a (W})i>o-submartingale, which easily implies that (N;);>0 is a (W;)i>o-submartingale.

Let N € N, (t,...,tn,s,8) € [0,4+00)" 2 0 <ty < - <ty <s<t:RY SR,
continuous, nonnegative and bounded. Then, consider F," = F2Jr 1+ F2Jr 5 on W with :

B w0 {ialion) = ealen) =2 [ cnliolen) + el a1y

t
F;fg cw s —40? {/ ﬂRi(wu)du} YWy, Wey)
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Note that it is easy to check that F2+ 1 is continuous and F{Q is bounded lower semi-
continuous on W, i.e. for any (w™),en converging to w™ in W endowed with the uniform
convergence on compact set, liminf, F2+ H(w™) = FZ 5(w®). Therefore, we obtain by
the Portmanteau theorem [74, Theorem 13.16] and (1.92) that

/ Fyfdp = lim / Fyfdu, , and / Fyhdp <liminf | Fy,dp, .
W ’ n—oo J\w ’ W ) s

n—+oo Jw

Therefore,Proposition -(4.24) applied with ¢ < ¢o implies that

Ozlimsup/ F;d,uné/ Fyfdu.
W w

n—-+00

Using the same arguments as before, we obtain that under p._, (Ny)i>0 is a (Wi)iso-
submartingale. Then, it is easy to verify that (N¢)¢>0 is a (W;)i=0-submartingale. We
complete then the proof by showing that (N;)¢>¢ is also a (W;)>o-supermartingale under
U To do so, we need the following lemma.

Lemma 40. Assume A 1. Then, for any limit point o of (4, )neN, Moo-almost every-
where, t — (M), — 40t is nonincreasing, where ((M),)i=0 is the quadratic variation of

(My)¢=o0-

Proof. Let N € N, (t1,...,tn,s,t) € [0,400)V T2 0<t) <--- <ty <s<t, ¢ :RY —
R, continuous, nonnegative and bounded. Consider now the continuous map

Fy ww— {cpg(wt) — 2 (wp) — /Ot Acpg(wu)du} V(Wi Wey ) -

Then, by (1.92) and Proposition -(4.25), we get limy, 00 fyy Fy dpt,, < 0. Using that
under pro, (My)iso is a (W,)i=o-martingale, we get that (M? — 402t);50 is a Wi)i=0
supermartingale. By the Doob-Meyer decomposition [73, Theorem 22.5], under p,
there exists a unique nondecreasing, locally integrable and predictable process (Cy)¢>o,
such that (M? — 402t + Cy)i>0 is a (W;)iso-martingale. In addition, under p.,, by
[115, Theorem 1.8, Chapter IV], the quadratic variation ((M),);>0 of (M;);>0 is a finite
variation process satisfying (M7 — (M),)i>0 is a (W;)iso-martingale therefore (M7 —
402t — (M), — 40%t))i=0 is a (Wi)i=o-martingale. Therefore, ((M), — 402t — Cy)s> is
a (Wy)i=o-martingale and a finite variation process. By [115, Proposition 1.2, Chapter
IV], po-almost everywhere, for any ¢t € [0, +00), (M), — 402t + C; = 0, which completes
the proof. O

By Lemma 40, denoting by ((M),):>0, the quadratic variation of (M¢)¢>o, see [115,

Theorem 1.8, Chapter IV], p -almost everywhere, ¢ — (M), — 40t is nondecreasing
and therefore we get that for any s,t € [0, +00), s < ¢, p,-almost everywhere,

/t ]lRi (Wu)d <M>u < 402 /t ]leL (Wu)du . (4.93)
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In addition, by the occupation times formula [115, Corollary 1.6, Chapter VI| applied
twice and Proposition , Uoo-almost everywhere,

t ¢ t

(M), = / d(M), = / I, (W, )d (W), = [ Lida= [ Lida= / Lrs (W,)d (M),
0 0 Ry R% 0

Using this result and (4.93), we get that (M), — (M), < 402 [ 1g (Wy)du, for any

s,t € [0,400), s < t. Therefore since (M7 — (M),)t=0 is a (W})i=o-martingale under p,

we conclude that (N¢)¢>0 is a (Wr)i=o-supermartingale which completes the proof. [

4.5.3 Postponed proofs of Section

Proof of Proposition . From AO 3 we know that z¢(t) € K for all ¢ € [0,7]. In
particular, using that for all 0 < s <t < T, 29(t) — 20(s) = [ Fp(zp(u),u)du, we get
that
1z0(t) = zo(s)[| < Cr(t —s). (4.94)
Let k € N be such that 23 (kh) € K (this is for instance the case of k = 0). Then, for
t € [kh, (k + 1)h], using by (1.32) that

29(t) — 24 (t) = 29(kh) — Zy (kh) + /1; (Fe(ze(s)a s) — Fp(Z4 (kh), kh)) ds,

and setting f(t) = “ze(t) —zh ()|, we get by (1.91) and AO 3 for any h > 0 and

t € [kh, (k + 1)h),

2

£ < (4 Lph)f(kR) L1+ Cp)

Assuming that h < h where h is sufficiently small so that

1 L
5Ljp(1 + Cp)hTelrT < 5,

we get by a direct induction that, for all k € {0,...,|T/h|}, Z4(kh) € K and for all
t € (kh,(k+1)h], t € 10,7,

ft) < %L%(l + Cp)h® (k + 1)+

Conclusion follows with )
C = —Lip(l+Cp)NTerT .

2
O
Proof of Proposition . We have by AO?2 and (4.37), T,(0) = 0 —yVVU(0) with
N
VU(0) = VU(0) + > si(zo(ti)) (4.95)
i=1

160



4.5. Postponed proofs

where zg solves (1.30) and s; are defined in (1.37). For all #,6 € R? and t € [0, T],

t
20— z0) = [ (Folza(s).5) = Fy (Go(s).5)) ds
and thus, using (4.33), Gronwall’s inequality implies that
l20(t) = z5()l| < Lrll6 = Bljtes" V>0
In particular, by (4.95) and (4.37),
~ N ’ ~
VU 6) - VU @) < <LU F Lo Zt) ol
i=1
Moreover, similarly, we get if |6 — 6] > Ry,
(0—0,vU(9) = VU@)) > my]l§ — 0] — NC||6 — 6] .

Combining the last two estimates yields H!. Finally, H? follows using AO“, ( ) and
(1.37) from

N
IVU(6) = br(0)ll <Ls Y llz0(t:) — L (O)]| < CuLsh®.
i=1
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conception de méthodes de Monte Carlo par chaine
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La premiere introduit une nouvelle classe de chaines
de Markov et méthodes MCMC. Celles-ci per-
mettent d’améliorer des méthodes MCMC a l'aide
d’échantillons visant une restriction de la loi cible ori-
ginale sur un domaine choisi par l'utilisateur. Cette
procédure donne naissance a une nouvelle chaine qui
tire au mieux parti des propriétés de convergences
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de montrer que cette chaine vise toujours la mesure
cible originale, nous établissons également des pro-
priétés d’ergodicité sous des hypothéses faibles sur
les noyaux de Markov mis en jeu.

La seconde partie de ce document s’intéresse aux
discrétisations de la diffusion de Langevin sous-
amortie. Cette diffusion ne pouvant étre calculée ex-

plicitement en général, il est classique de considérer
des discrétisations. Cette these établie pour une large
classe de discrétisations une condition de minora-
tion uniforme en le pas de temps. Avec des hy-
pothéses supplémentaires sur le potentiel, cela per-
met de montrer que ces discrétisations convergent
géométriqguement vers leur unique mesure de proba-
bilité invariante en V-norme.

La derniere partie étudie I'algorithme de Langevin
non ajusté dans le cas ou le gradient du potentiel
est connu a une erreur uniformément bornée pres.
Cette partie fournie des bornes en V-norme et en
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rithme avec le gradient exact et celle avec le gradient
approché. Pour ce faire il est introduit une chaine de
Markov auxiliaire qui borne la différence. Il est établi
que cette chaine auxiliaire converge en loi vers un
processus dit collant déja étudié dans la littérature
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Abstract : This thesis focuses on the analysis and de-
sign of Markov chain Monte Carlo (MCMC) methods
used in high-dimensional sampling. It consists of three
parts.

The first part introduces a new class of Markov chains
and MCMC methods. These methods allow to im-
prove MCMC methods by using samples targeting a
restriction of the original target distribution on a do-
main chosen by the user. This procedure gives rise to
a new chain that takes advantage of the convergence
properties of the two underlying processes. In addition
to showing that this chain always targets the original
target measure, we also establish ergodicity proper-
ties under weak assumptions on the Markov kernels
involved.

The second part of this thesis focuses on discretiza-
tions of the underdamped Langevin diffusion. As this
diffusion cannot be computed explicitly in general, it is

classical to consider discretizations. This thesis esta-
blishes for a large class of discretizations a condition
of uniform minimization in the time step. With additio-
nal assumptions on the potential, it shows that these
discretizations converge geometrically to their unique
V-invariant probability measure.

The last part studies the unadjusted Langevin algo-
rithm in the case where the gradient of the potential is
known to within a uniformly bounded error. This part
provides bounds in V-norm and in Wasserstein dis-
tance between the iterations of the algorithm with the
exact gradient and the one with the approximated gra-
dient. To do this, an auxiliary Markov chain is introdu-
ced that bounds the difference. It is established that
this auxiliary chain converges in distribution to sticky
process already studied in the literature for the conti-
nuous version of this problem.
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