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Alain Durmus
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CHAPTER 1

Introduction

Mes travaux de thèse portent sur les méthodes de Monte Carlo par chaîne de Markov et
leurs applications à l’inférence bayésienne. C’est donc tout naturellement que j’introduis
ici ces deux domaines ce qui m’amènera à introduire les principaux problèmes auxquels
j’ai tâché de répondre dans mes contributions.

1.1 Algorithmes de Monte Carlo par chaînes de Markov
Les méthodes de Monte Carlo forment maintenant une classe d’algorithmes très popu-
laires dont la finalité est d’approximer des intégrales π(f) =

∫
fdπ, où f : X → R est

une fonction intégrable par rapport à une distribution π, dite distribution cible, sur un
espace mesurable (X,X ). En effet, les théorèmes limites usuels justifient d’estimer cette
quantité à partir d’un échantillon {Xi}ni=1 indépendantes et identiquement distribuées
(i.i.d.) de loi π par

π(f) ≈ π̂MC
n (f) = n−1

n∑
i=1

f(Xi) .

Cependant, comme nous allons le voir tout de suite, dans la plupart des applications qui
nous intéresse, π bien qu’admettant une densité par rapport à une mesure de référence
σ-finie, cette densité n’est connue que à une constante de normalisation près.

1.1.1 Application de l’échantillonnage à l’inférence bayésienne

Nous présentons ici succinctement les statistiques bayésiennes. Nous renvoyons par ex-
emple à [59, 93, 118] pour de nombreuses ressources et références sur le sujet. No-
tons que le problème de l’échantillonnage d’une distribution ne se limite pas aux stat-
istiques bayésiennes. Cependant, l’une des motivations de cette thèse est de développer
et d’analyser des algorithmes d’échantillonnage pour l’appliquer à des problèmes issus
de ce domaine ce qui est un sujet suffisamment vaste pour illustrer nos résultats.

L’inférence bayésienne d’observations Y à valeurs dans un espace mesurable (Y,Y),
est basée sur un modèle probabiliste (Y,Y, (Pϑ)ϑ∈Θ). Pour simplifier l’exposition, nous
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supposons ici que Θ est un mesurable de Rd et que le modèle est dominé par une
mesure sigma finie µY sur (Y,Y). Notons la vraisemblance du modèle ϑ 7→ fϑ(y) =
[dPϑ/dµY](y). De plus, nous supposons également que (ϑ, y) 7→ fϑ(y) est bi-mesurable
sur l’espace mesurable produit (Θ × Y,B(Θ) ⊗ Y). Un exemple de base est le mod-
èle gaussien où Y est un vecteur de Rn dont chaque composante est indépendante et
identiquement distribuée de loi gaussienne unidimensionnelle de moyenne ϑ ∈ R et de
variance σ2 > 0 fixée. Alors le modèle est dominé par la mesure de Lebesgue et admet
pour vraisemblance, les fonctions définies pour tout y ∈ Rn et ϑ ∈ R par

fϑ(y) = (2πσ2)−n/2
n∏

i=1
exp

(
−(yi − ϑ)2/(2σ2)

)
,

où pour y ∈ Rn, yi est la i-ème coordonnée de y dans la base canonique. Alors que en
statistique fréquentiste, on inférerait le paramètre ϑ en maximisant la vraisemblance,
les statistiques bayesiennes considèrent le paramètre ϑ comme lui-même une réalisation
d’une variable aléatoire θ. Ainsi, à partir d’une loi de probabilité a priori, que l’on notera
Π0, la loi jointe du modèle, notée Π, qui est la distribution de (θ,Y) sur (Θ×Y,B(Θ)⊗Y),
est définie pour tout A ∈ B(Θ)⊗ Y par

Π(A) =
∫

Θ×Y
1A(ϑ, y)fϑ(y)Π0(dϑ)µY(dy) ,

et la loi marginal ΠY de Y est définie pour tout Ã ∈ Y par

ΠY(Ã) =
∫

Θ×Y
1Θ×Ã(ϑ, y)fϑ(y)Π0(dϑ)µY(dy) .

Cette distribution admet une densité par rapport à µY :

fY(y) =
∫

Θ
fϑ(y)Π0(dϑ) .

L’expression de la loi conditionnelle de θ sachant Y, appelée loi a posteriori, découle
alors du théorème de Bayes [124, Théorème 1.31]. La loi a posteriori que l’on notera
Πpost sur (Θ,B(Θ)) admet une densité par rapport à Π0 qui est donnée pour Π0-presque
tout ϑ par

Πpost(ϑ) = fϑ(Y)
fY(Y) . (1.1)

La théorie de la décision permet alors de construire des estimateurs dits de Bayes ont qui
des propriétés d’optimalité très intéressantes. Ces estimateurs sont le plus souvent sous
la forme d’intégrale par rapport à la loi a posteriori du modèle. Par exemple la moyenne
a posteriori

∫
Θ ϑΠpost(dϑ) est un estimateur de Bayes pour le paramètre θ. Mais on

peut souhaiter obtenir plus d’informations sur la loi a posteriori, comme ses quantiles,
on peut généraliser ces problèmes en disant qu’il s’agit de calculer des intégrales par
rapport à Πpost,

∫
g(ϑ)Πpost(dϑ). Les algorithmes de Monte Carlo permettent d’estimer

cette quantité. Cependant, on peut observer que la densité a posteriori (1.1) n’est connue
qu’à une constante multiplicative près car fY(Y) est la plupart du temps inconnu. En
effet, sauf dans le cas de lois dites conjuguées [120, section 3.3], fY, la densité marginale,
n’a pas de forme analytique.
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1.1.2 Algorithmes de Monte Carlo par chaînes de Markov

Le fait de ne connaître la densité de la loi cible qu’à une constante de normalisation près
rend impossible, la plupart du temps, l’utilisation des méthodes d’échantillonnage simple
comme la méthode par inversion ou par rejet. Pour répondre à ce problème, des version
auto-normalisée de l’échantillonnage préférentiel peuvent être mise à l’oeuvre mais il est
connu que ce type d’algorithmes n’est pas efficaces lorsque X est un espace euclidien
de grande dimension ou un ensemble fini de cardinal grand. Une autre solution est de
remplacer les échantillons i.i.d. de loi π par une chaîne de Markov associée à un noyau
de Markov K ayant pour loi stationnaire, la loi visée π. Nous rappelons rapidement la
définition des notions en jeu.

Un noyau de Markov K est une application de X × X dans [0, 1] vérifiant que 1)
x 7→ K(x,A) est X/B(R)-mesurable pour tout A ∈ X et 2) A 7→ K(x,A) est une mesure
de probabilité sur (X,X ) pour tout x ∈ X. Pour toute fonction mesurable f : X → R,
on définira dès que cela fait sens Kf(x) =

∫
K(x,dy)f(y) et pour toute mesure de

probabilité µ, µK(A) =
∫
µ(dx)K(x,A). Enfin pour tous noyaux K1,K2 sur X×X nous

définissions le noyau K1K2(x,A) =
∫
K1(x,dy)K2(y,A).

Le processus (Yi)i∈N est une chaîne de Markov à valeurs dans (X,X ) sur un espace
filtré (Ω,F , (Fi)i∈N,P) si il existe un noyau de Markov K sur X × X tel que P(Yi+1 ∈
A|Fi) = K(Yi,A) pour tout i ∈ N et A ∈ X . Étant donné un noyau de Markov K et une
loi initiale µ0 sur (X,X ) il est toujours possible de construire une mesure sur l’espace
canonique (XN,X⊗N) telle que les applications canoniques Yi : (yi)i∈N 7→ yi forment
une chaîne de Markov de noyau K et de loi initiale µ0. Cette mesure sera notée Pµ0

et son espérance Eµ0 . Dans le cas où µ0 = δx, la mesure de Dirac à x ∈ X, on notera
simplement Px et Ex.

La loi cible π est dite invariante pour K si πK = π. De plus, si π est l’unique loi
invariante pour K, alors pour π-presque tout x ∈ X, Px-presque sûrement

lim
n→+∞

n−1
n∑

i=1
f(Yi) = π(f) , (1.2)

Sous la condition que P est Harris récurrent, (1.2) est aussi valable pour tout x ∈ X.
Cette condition supplémentaire signifie simplement que pour tout A ∈ X , et x ∈ A,

Px

( ∞∑
i=1

1A(Yi) =∞
)

= 1 .

Ces résultats justifie de remplacer les échantillons i.i.d. de loi π par une chaîne de Markov
associée à K. Le problème qui se pose alors est de construire un noyau K ayant π pour
loi invariante. Les méthodes de Monte Carlo par chaîne de Markov (MCMC) répondent
justement à ce problème : ils consistent en des procédés d’échantillonnage de chaîne de
Markov ayant une loi cible ayant le plus souvent une densité par rapport à une mesure
de référence connu uniquement à une constante de normalisation près. De plus, bien
que la loi forte des grands nombres soit un résultat déjà très intéressant, elle ne permet
pas vraiment de quantifier la convergence de la chaîne de Markov (Yi)i∈N ou de son

3
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noyau vers π. Cependant, avant de rentrer plus en détaille sur l’étude des chaînes de
Markov et de leur convergence, nous donnons dans la suite quelques exemples importants
d’algorithmes MCMC.

1.1.3 L’algorithme de Metropolis Hastings et ses dérivés

Un premier algorithme MCMC qui est maintenant considéré comme l’une des méthodes
numériques ayant eu le plus d’impact est l’algorithme de Metropolis-Hastings. Il a été
proposé dans [98], et généralisé dans [61] et [129]. Ce dernier se base sur un noyau de
Markov Q sur (X,X ), appelé noyau de proposition et une fonction αH : X2 → [0, 1], dit
taux d’acceptation pour définir un noyau de transition P sur (X,X ) pour tout x ∈ X et
A ∈ X ,

P (x,A) =
∫

A
αH(x, y)Q(x,dy) + δx(A)

∫
X

(1− αH(x, y))Q(x,dy) , (1.3)

L’échantillonnage d’une chaîne de noyau P se fait de manière simple dans le cas où
on peut simuler suivant Q. Étant donné Xn, un candidat Yn+1 de loi Q(Xn, ·) et in-
dépendant du passé est généré ainsi qu’une variable uniforme Un+1 sur [0, 1] de manière
indépendante. Ensuite, si Un+1 ⩽ αH(Xn, Yn+1), alors le candidat est dit accepté et on
pose Xn+1 = Yn+1 sinon il est dit rejeté et on pose Xn+1 = Xn. Il est aisé de montrer
que le processus (Xn)n∈N ainsi défini est bien une chaîne de Markov ayant pour noyau
P donné par (1.3). Cependant, pour que P ait pour loi invariante π, étant donné Q, il
convient de choisir convenablement αH. Un critère qui peut être plus simple à vérifier
que l’invariance est la réversibilité de P par rapport à π : pour toute fonction f : X2 → R
mesurable bornée,∫

X2
f(x, y)π(dx)P (x,dy) =

∫
X2
f(x, y)π(dy)P (y,dx) , (1.4)

C’est sur cette condition que se base l’algorithme de Metropolis-Hastings comme nous
allons le voir.

Définissons les deux mesures sur (X2,X⊗2), µH et µT
H pour tout A ∈ X⊗2 par

µH(A) =
∫

X×X
1A(y, z)π(dy)Q(y,dz) , µT

H(A) =
∫

X×X
1A(z, y)π(dy)Q(y,dz) .

Il est aisé de remarquer que P défini par (1.3) est réversible par rapport à π si et
seulement si∫

X2
f(x, y)αH(x, y)µH(dx,dy) =

∫
X2
f(x, y)αH(y, x)µT

H(dx, dy) .

Cette identité est la clé de [129, Theorem 3] qui établit que P est réversible par rapport
à π si et seulement si il existe S ∈ X⊗2, qui soit symétrique, tel que α(x, y) = 0 pour
tout (x, y) ∈ Sc, µH(· ∩ S) soit absolument continue par rapport à µT

H(· ∩ S) de densité
φH satisfaisant µH-presque partout

αH(x, y)φH(x, y) = αH(y, x) . (1.5)

4
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On dira que le noyau P est de type Metropolis-Hastings si il est sous la forme (1.3) et
vérifie (1.5). Trois exemples importants sont les suivants.

(1) Supposons qu’il existe une mesure ν sur (X,X ) telle que que π admet une densité
encore notée π par rapport à ν et Q admet une densité de transition q par rapport à ν.
De plus définissons

S =
{

(x, y) ∈ X2 : π(x)q(x, y)π(y)q(y, x) ̸= 0
}
,

et

αH(x, y) =

min
(
1, π(y)q(y,x)

π(x)q(x,y)

)
pour (x, y) ∈ S

0 sinon ,

la condition (1.5) pour que P soit réversible est satisfaite avec

φH(x, y) = π(x)q(x, y)
π(y)q(y, x) ,

défini sur S.
Un choix simple pour le noyau de proposition Q est de prendre simplement une

distribution de densité q par rapport à ν. Alors les variables aléatoires proposées au
cours de l’algorithme constituent une suite i.i.d. distribuée suivant ν. Observons alors
que dans ce cas,

αH(x, y) = min (1, π(y)q(x)/π(x)q(y)) .

La méthode correspondant à ce choix de αH et Q est appelée l’algorithme de Metropolis-
Hastings indépendant. Une autre possibilité pour le noyau de proposition Q est celui
d’une marche aléatoire lorsque (X,+) est un groupe et que ν est invariante par transla-
tion. Considérons, une loi de densité q̃, symétrique q̃(x) = q̃(−x), par rapport à ν. Dans
ce cas, on peut considérer le noyau de proposition

Q(x,A) =
∫

A
q̃(x− y)dν(y) .

La simulation suivant Q(x, ·) est simple, puisque elle consiste simplement à simuler X
suivant q̃ et de considérer x+X. Comme q̃ est supposée symétrique αH est sous la forme

αH(x, y) = min (1, π(y)/π(x)) .

Cette méthode est appelée l’algorithme de Metropolis à marche aléatoire symétrique.
Un exemple concret de l’algorithme de Metropolis à marche aléatoire symétrique est
dans le cas X = Rd muni de la mesure de Lebesgue et où

q(x, y) = (2πσ2)−d/2 exp
(
−∥y − x∥2 /(2σ2)

)
.

la proposition est la marche aléatoire avec incréments gaussiens centrés et matrice de
covariance σ Id, σ > 0.
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Chapter 1. Introduction

(2) Si π admet une densité positive par rapport à une mesure ν, notée π, et Q est
réversible par rapport à ν, alors en posant S = X et pour tout (x, y) ∈ X2,

αH(x, y) = min
(

1, π(y)
π(x)

)
,

(1.3) définit toujours un noyau de Metropolis-Hastings réversible par rapport à π. Notons
que dans ce cadre contrairement à (1), il n’est pas nécessaire que Q soit dominé par
rapport à ν.

(3) Une dernière possibilité que nous présentons ici est de considérer des noyaux
déterministes Q(x,A) = δΦ(x)(A), dans le cas X = Rd et où Ψ : Rd → Rd est un C1-
difféomorphisme involutif. Alors, on peut montrer que la condition (1.5) est satisfaite
avec

αH(x, y) = min
(

1, π(Φ(x))| JacΦ(x)|
π(x)

)
,

où JacΦ et le déterminant jacobien de Φ. Cette construction est à la base d’un algorithme
MCMC très populaire, l’algorithme Hamiltonian Monte Carlo.

Malgré le succès indéniable des méthodes MCMC, l’un des obstacles majeurs auxquels
elles sont confrontées est le problème de leur convergence. Plus précisément, comme
nous allons le voir, il est important de quantifier la convergence des noyaux de Markov
associés aux méthodes MCMC vers la loi cible pour être capable de dériver des bornes
de convergence similaires aux méthodes de Monte Carlo classiques.

1.2 Convergence des chaînes de Markov et des méthodes
MCMC associées

Ici nous nous intéressons pour simplifier la présentation à l’erreur quadratique moyenne
des méthodes MCMC associée à un noyau de Markov K définie par

MSEn(f) = Eµ0

(n−1
n∑

i=1
{f(Yi)− π(f)}

)2
 .

Cette quantité peut alors se décomposer aisément suivant un terme de biais et de variance

MSEn(f) = B2
n(f) + Vn(f) , (1.6)

Bn(f) = n−1
n∑

i=1
µ0K

if − π(f) , Vn(f) = Varµ0

(
n−1

n∑
i=1

f(Yi)
)
.

Contrairement aux méthodes de Monte Carlo “classique” qui sont sans biais, les méthodes
MCMC sont biasées Bn(f) ̸= 0 et pour analyser ce terme, la convergence du noyau K
vers π doit être étudiée.
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1.2. Convergence des chaînes de Markov et des méthodes MCMC associées

Pour établir la convergence de la séquence de mesures de probabilité
(
µ0K

k
)

k∈N
vers

π pour toute mesure de probabilité initiale µ0, on peut utiliser plusieurs distances sur
l’ensemble des mesures de probabilité sur (X,X ) noté P(X), ou un de ses sous-ensembles.
Ces dernières sont le plus souvent définies comme

(µ, ν) 7→ sup
f∈F
|µ(f)− ν(f)| ,

pour une classe de fonction F de X dans R, ou de manière duale

Wc(µ, ν) = inf
ξ∈Π(µ,ν)

∫
X×X

c(x, y)dξ(x, y) , (1.7)

où c : X2 → R+ est une fonction bi-mesurable, symétrique telle que c(x, y) = 0 si et
seulement si x = y et Π(µ, ν) est l’ensemble des plans de transfert de µ et ν, c’est à dire
l’ensemble des mesures de probabilité sur (X× X,X ⊗X ) telles que pour tout ensemble
mesurable A ∈ X , ζ (A× X) = µ(A) et ζ (X × A) = ν(A). Nous appelons Wc la distance
de Wasserstein associée au coût c. Observons que la plupart du temps la distance de
Wasserstein n’est pas une métrique mais simplement une semi-métrique. De plus, si on
considère

Fc = {f : X→ R : [f ]c < +∞} , [f ]c = sup
x,y∈X, x ̸=y

|f(x)− f(y)|
c(x, y) ,

Alors pour tout f ∈ Fc,
|µ(f)− ν(f)| ⩽ [f ]cWc(µ, ν) .

Ainsi la convergence d’un noyau K en la semi-métrique Wc permet de borner le terme
de biais B2

n(f) dans la décomposition de l’erreur quadratique de manière uniforme sur
la classe de fonction Fc. Ainsi si pour une loi initiale µ0, Wc(µ0K

k, π) ⩽ C(µ0)uk

avec ∑k uk < +∞, B2
n(f) est d’ordre n−2. Nous donnons maintenant deux exemples

fondamentales de classes de fonctions de coût qui mènent à des métriques très utilisées
en probabilités et statistiques.

Soit V : X → [1,∞) est une fonction mesurable. Nous définissons la V -norme entre
deux mesures de probabilité µ et ν comme

∥µ− ν∥V = sup
∥f∥V ⩽1

|µ(f)− ν(f)| , où ∥f∥V = sup
X
{|f | /V } . (1.8)

Si V ≡ 1, alors ∥ · ∥V est la variation totale que l’on note par ∥ · ∥TV. Il peut être
établi que les V -normes correspondent aux distances de Wasserstein associées aux coûts
(x, y) 7→ 1∆∁

X
(x, y){V (x) + V (y)}/2 où ∆X = {(x, x) : x ∈ X}.

La convergence des chaînes de Markov a été étudiée de manière exhaustive en utilisant
la distance de variation totale et la V -norme [99], en particulier, introduisons ici la notion
d’ergodicité géométrique uniforme V afin de présenter un exemple concret de bornes de
convergence, et parce que certains des résultats de cette thèse sont exprimés à travers
cette notion. Soit V : X → [1,∞) est une fonction mesurable. On dit que le noyau
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de Markov K, de loi invariante π, est V -uniformément géométriquement ergodique s’il
existe C > 0 et ρ ∈ [0, 1) tels que pour tout x ∈ X et n ∈ N,

∥δxK
k − π∥V ⩽ CρkV (x) . (1.9)

Il s’agit d’une notion forte de convergence et elle peut être assouplie de multiples façons.
Nous renvoyons à [37, 99] pour une présentation plus développée des résultats de con-
vergence sur les chaînes de Markov. Pour prouver (1.9), deux conditions doivent être
vérifiées. Tout d’abord, on doit pouvoir s’assurer de l’existence d’un ensemble C ∈ X dit
small, c’est à dire vérifiant pour un ϵ > 0 et pour tout x, x′ ∈ C,∥∥K(x, ·)−K

(
x′, ·

)∥∥
TV ⩽ 1− ϵ. (1.10)

Cette condition assure que à l’intérieur de cet ensemble C, on puisse coupler deux chaînes
de Markov de noyau K, partant de deux points différents dans C. Pour contrôler le temps
passé en dehors de C, nous pouvons utiliser la condition de dérive : il existe λ ∈ [0, 1),
b ⩾ 0 tels que

KV ⩽ λV + b1C . (1.11)

Sous certaines conditions sur C, λ, b (1.10) et (1.11) permettent d’établir (1.9).
Un autre type de métriques maintenant populaire sont celles qui sont basées sur les

distance de Wasserstein à poids ; cf. par exemple [37, Section 20.7] pour des références
sur le sujet. Plus exactement, cela consiste à considérer des semi-métriques définies par
(1.7) avec c = dṼ (x, y) où

dṼ (x, y) = dp(x, y)Ṽ (x, y) ,

p ⩾ 1, Ṽ : X2 → [1,+∞) et d : X → X est une distance sur X qui le rend séparable et
complet pour la topologie associée et tel que X est la tribu borélienne correspondante.
Dans le cas Ṽ ≡ 1, X = Rd et d est la distance euclidienne, nous retrouvons la distance
de Wasserstein d’ordre p usuelle. De plus, l’ensemble des fonctions vérifiant [f ]dṼ

< +∞
correspond à l’ensemble des fonctions Lipschitz à poids pour la distance d. Remarquons
que dans le cas où dṼ est semi-continue inférieurement, par exemple lorsque Ṽ est
continue, [131, Théorème 4.1] assure que l’infimum dans la distance de Wasserstein (1.7)
associée à dṼ par un plan de transfert ζ⋆ ∈ Π(µ, ν). De même que dans le cas de
la V -norme, on dit que le noyau de Markov K, de loi invariante π, est uniformément
géométriquement ergodique pour WdṼ

s’il existe C > 0 et ρ ∈ [0, 1) tels que pour tout
x ∈ X et n ∈ N,

WdṼ
(δxK

k, π) ⩽ Cρk
∫
Ṽ (x, y)dπ(y) . (1.12)

Voyons maintenant comment les convergences (1.9) et (1.12) peuvent être utilisées
pour contrôler Bn(f) dans la décomposition de l’erreur (1.6). Par définition (1.8), si K
est V -uniformément géométriquement ergodique, nous obtenons que si ∥f∥V < +∞,

|Bn(f)| ⩽ C ∥f∥V µ0(V )
n(1− ρ) .
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Si K est uniformément géométriquement ergodique pour la distance de Wasserstein as-
sociée à dṼ , semi-continue inférieurement, nous pouvons retrouver une telle convergence.
En effet, comme nous l’avons remarqué précédemment, il existe dans ce cas pour tout
k ∈ N, un plan de transfert entre π et µ0K

k ce qui permet d’en déduire que

|Eµ0 [f(Yk)]− π(f)| ⩽ [f ]dṼ
WdṼ

(µ0K
k, π) .

Ainsi, si (1.12) est vraie, nous obtenons que pour toute fonction f vérifiant [f ]dṼ
< +∞,

|Bn(f)| ⩽
C[f ]dṼ

∫
Ṽ (x, y)dπ(y)dµ0(x)
n(1− ρ) .

Tournons nous maintenant à l’étude du terme de fluctuation Vn(f) dans (1.6). Pour
cela, une première possibilité est de prendre un point de vue asymptotique et établir un
théorème central limite de la forme, sous Pµ0 pour une distribution initiale µ0,

n−1/2
{

n−1∑
k=0

(f (Yk)− π(f))
}
⇒ N

(
0, σ2(f)

)
, lorsque n→ +∞ , (1.13)

où ⇒ désigne la convergence en loi et N
(
m,σ2) est la loi gaussienne unidimensionnelle

de moyenne m et de variance σ2. La quantité σ2(f) est appelée la variance asymptotique
du noyau K pour la fonction f . Ce type de résultat permet de conclure grossièrement
que le terme de fluctuation Vn(f) se comporte comme Vn(f) ≈ σ2(f)/n. Ce point de
vue asymptotique est un moyen pratique de construire des intervalles de confiance pour
π(f).

Pour montrer un théorème centrale limite du type (1.13), une approche qui s’est
montrée intéressante est basée sur les solutions de Poisson associées à K. Soit f une
fonction mesurable, alors on dit que f̂ est solution de l’équation de Poisson associée à f
si,

f̂ −Kf̂ = f − π(f) . (1.14)

Notons que il n’y a pas unicité de la solution de Poisson car pour tout c ∈ R, f̂ + c
est également une solution de Poisson. [37, Theorem 21.2.5] montre que si f ∈ L2(π),
où π est l’unique probabilité invariante pour K, qu’il existe une solution de Poisson f̂
associée à f , vérifiant f̂ ∈ L2(π), alors (1.13) est satisfait à stationnarité, c’est à dire
pour µ0 = π et on peut identifier la variance asymptotique:

σ2(f) = Eπ[{f̂(X1)−Kf̂(X0)}2] . (1.15)

De plus, [37, Proposition 21.1.3] assure alors que si pour toutes mesures de probabilité
µ0, ν0

lim
n→+∞

∥µ0K
n − ν0K

n∥TV = 0 , (1.16)

alors si le théorème centrale limite (1.13) est vrai pour une fonction f à stationnarité
alors il est vrai pour toute distribution initiale µ0 avec la même variance asymptotique.
Á partir de ces deux résultats, on peut montrer que (1.13) est vraie pour toute fonction
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f vérifiant ∥f∥V 1/2 < +∞ si K est V -uniformément ergodique. En effet, si K vérifie
(1.9), alors (1.16) est automatiquement vraie et il est facile de vérifier que π est l’unique
mesure de probabilité stationnaire pour K car on peut utiliser le théorème suivant.
Proposition 1.1. Supposons que K est un noyau de Markov ergodique dans le sens
où pour tout x ∈ X, limn→+∞ ∥δxK

n − π∥TV = 0. Si π̃ est une autre distribution
stationnaire pour K. Alors nécessairement π̃ = π.

Preuve: Par définition et en utilisant l’invariance de π̃, il est aisé de montrer que pour
tout n ∈ N, ∥π̃ − π∥TV = ∥π̃Kn − π∥TV ⩽

∫
∥δxK

n − π∥TVdπ̃(x). Or, pour tout x ∈ X,
limn→+∞ ∥δxK

n − π∥TV = 0 par hypothèse et la distance en variation totale est bornée
par 2. Ainsi, une application directe du théorème de convergence dominé permet de
conclure. □

Ensuite, il reste à montrer que pour f mesurable vérifiant ∥f∥V 1/2 < +∞, il existe
une solution de Poisson ĝf (1.14). Pour cela, on définit la fonction ĝf pour tout x ∈ X
par

ĝf (x) =
∞∑

i=0
{Kif(x)− π(f)} .

Cette fonction est bien définie car π(f) ⩽ ∥f∥V 1/2 π(V ) < +∞ en utilisant que V est
plus grande que 1 et [37, Lemma 14.1.10]. De plus,

∞∑
i=0

∣∣∣Kif(x)− π(f)
∣∣∣ ⩽ ∥f∥V 1/2 C1/2V 1/2(x)/(1− ρ1/2) ,

d’après (1.9) et l’inégalité de Cauchy-Schwarz. Cela conclut la preuve que ĝf est bien
définie et de plus vérifie que pour tout x ∈ X,

ĝf ⩽ ∥f∥V 1/2 C1/2V 1/2(x)/(1− ρ1/2) . (1.17)

Ainsi, ĝf ∈ L2(π) car π(V ) < +∞, et on peut conclure que (1.13) est vraie pour toute
distribution initiale et on peut également avoir une estimée de la variance asymptotique
à partir de (1.15) et (1.17).

Pour améliorer la convergence des méthodes MCMC, il a été proposé d’en combiner
plusieurs. À partir de noyaux {Ki}Ii=1 invariants pour la densité cible, le plus souvent,
les auteurs considèrent des noyaux de la forme

K1 · · ·KI ou
I∑

i=1
ϖiKi ,

où {ϖi}Ii=1 ∈ (R+)I est une suite de combinaison convexe de poids : ∑I
i=1ϖi = 1.

Cependant, ce type de procédure n’est que partiellement satisfaisante car elles ne per-
mettent pas d’exploiter certaines informations sur les noyaux {Ki}Ii=1, et en particulier
leur comportement local sur certaines régions de l’espace. Dans une contribution [36]
développée en Section 1.4.3, nous proposons une nouvelles méthodes permettant une
meilleure combinaison de noyaux MCMC suivant leurs propriétés de convergence loc-
ales.
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1.3 Les diffusions de Langevin sous/sur-amorties et leurs
discrétisations

Nous avons pu observer que, bien que l’algorithme de Metropolis-Hastings donne un
moyen générique de définir des méthodes MCMC, le choix du noyau de proposition
peut être problématique. Idéalement, nous souhaiterions pouvoir utiliser des noyaux
qui soient proches en un certain sens d’être réversibles par rapport à π pour qu’un
nombre non négligeable de points soient acceptés au cours de l’exécution de l’algorithme.
Pour obtenir de tels noyaux, il a été proposé de considérer des dynamiques continues
pour lesquelles la mesure cible π est invariante. Les dynamiques de Langevin sont
aujourd’hui l’une des dynamiques par défaut pour échantillonner des configurations de
systèmes moléculaires en physique statistique computationnelle [2, 58, 90]. Elles ont
gagné également en popularité en statistiques computationnelles et en apprentissage
[10, 118] pour obtenir des échantillons approximatifs de la distribution a posteriori d’un
modèle statistique. Ici, nous considérons deux telles dynamiques : les dynamiques de
Langevin sous et sur-amorties,

Nous supposons dans toute cette section que l’espace d’état est Rd et que la mesure
cible π admet une densité par rapport à la mesure de Lebesgue de la forme

x 7→ exp(−U(x))/
∫

e−U(y)dy .

1.3.1 La diffusion de Langevin sur-amorties: discrétisation et proces-
sus collant associé

Ici, la fonction U : Rd → R est supposée continûment différentiable. La première dy-
namique de Langevin que nous considérons est la diffusion de Langevin sur-amorties telle
que proposée par [52, 107, 121]. Cette dynamique est régie par l’équation différentielle
stochastique (EDS) suivante :

dXt = −∇U(Xt)dt+
√

2dBt , (1.18)

où ∇U est le gradient de U et (Bt)t⩾0 est un mouvement brownien d-dimensionnel. Sous
de faibles hypothèses sur U , par exemple ∇U Lipschitz, (1.18) admet des solutions fortes
uniques. De plus, ces solutions permettent de définir le semi-groupe de Markov associé
à (1.18) par Pt(x,A) = P(Xx

t ∈ A), où (Xx
t )t⩾0 est une solution de (1.18) partant de

x ∈ Rd et A ∈ B(Rd). On peut montrer que le semi-groupe (Pt)t⩾0 est réversible par
rapport à π, i.e., pour tout t ⩾ 0, Pt est réversible comme noyau de Markov (1.4). Pour
cela, le chemin le plus simple est de passer par son générateur défini pour toute fonction
f ∈ C2(Rd) par

Af = −⟨∇U,∇f⟩+ ∆f , (1.19)
où ∆f est le Laplacien de f . On peut montrer que A vu comme un opérateur sur
L2(π) de domaine D(A) est auto-adjoint : pour toutes fonctions f, g ∈ C2(Rd) à support
compact, ∫

f Agdπ =
∫
Af gdπ .

11
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En conséquence, cela entraîne que Pt est lui-même auto-adjoint dans L2(π) d’après [94,
Proposition 2.8.5] et [54, Proposition 2.9]. De plus, sous des conditions faibles de régu-
larité, (Pt)t⩾0 est ergodique :

lim
t→+∞

∥µPt − π∥TV = 0 ,

pour toute distribution initiale µ. Par ailleurs des résultats de convergence en différentes
métriques, plus ou moins fins, ont pu être établis dans la littérature [32, 44]. Le problème
principal qui se pose alors est la simulation de solutions de (1.18). Ce qui la plupart du
temps est très coûteux ou impossible. Pour répondre à ce problème, il est maintenant
très courant d’approximer des solutions de (1.18) à partir de discrétisation. Ici, nous
nous intéressons à la discrétisation d’Euler-Maruyama qui définit la chaîne de Markov
(Yk)k∈N par la récurrence :

Yk+1 = Yk − γ∇U(Yk) +
√

2γGk+1 , (1.20)

où γ > 0 est le pas de discrétisation et (Gk)k∈N est une suite de variables aléatoires
i.i.d. de loi normale standard. Notons Rγ le noyau de Markov associé à cette chaîne. La
méthode MCMC utilisant la chaîne de Markov (Yk)k∈N comme des échantillons de lois
approximant π est appelée l’algorithme de Langevin non-ajusté (ULA) ou Monte Carlo
Langevin (LMC). Ici comme nous allons le voir, nous indiçons le noyau par le pas γ car
c’est le paramètre essentiel qui contrôle la qualité d’approximation de la discrétisation.
Dans le cas où U est Lipschitz et satisfait des conditions de courbures à l’infini du type

lim
∥x∥→+∞

⟨∇U(x), x⟩ / ∥x∥β ⩾ η ,

pour η > 0 et β ⩾ 0 alors il est facile de vérifier que Rγ satisfait une condition de dérive
et qu’il est fortement apériodique et irréductible par rapport à la mesure de Lebesgue.
Ainsi, Rγ admet alors une unique mesure stationnaire πγ . Malheureusement, cette loi
est le plus souvent différente de π. Les premiers résultats initiés par [127] ont permis
de montrer que si f est suffisamment régulières alors un développement de l’erreur était
possible, à savoir : ∫

fdπ −
∫
fdπγ = Cfγ +O(γ2) . (1.21)

Pour justifier rapidement ce résultat, nous introduisons le générateur à la chaîne de
Markov à temps discret de noyau Rγ qui est défini par Rγf − f . Un calcul simple
montre que les deux générateurs sont très proches. Plus précisément, soit Y1 le premier
itéré de (1.20) avec Y0 = x. Un développement de Taylor de f autour de x implique que

E [f (X1)] = f(x) + γLf(x) +O
(
γ2
)
,

A (1.19) est le générateur de la dynamique continue. Soit alors f̂ une solution de
l’équation de Poisson associée à f et L : Lf̂ = −(f − π(f)). Nous obtenons de manière
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informelle en notant (Fk)k∈N la filtration associée à (Yk)k∈N,

n−1∑
k=0
{f (Yk)− π(f)} = γ−1

n−1∑
k=0

{
f̂ (Yk)− EFk

[
f̂ (Yk+1)

]}
+O(nγ)

= γ−1
{
f̂ (Y0)− EFn−1

[
f̂ (Yn)

]}
+ γ−1

n−1∑
k=1

{
f̂ (Yk)− EFk−1

[
f̂ (Yk)

]}
+O(nγ) .

Le premier terme provient des conditions initiales et le second est une somme d’incréments
de martingale par rapport à la filtration (Fk)k∈N. En prenant l’espérance, nous obtenons
alors ∣∣∣∣∣E

[
1
n

n−1∑
k=0

f (Xk)
]
− π(f)

∣∣∣∣∣ ≲ 1
nγ

+ γ. (1.22)

Ainsi, une conclusion partielle de (1.21) s’en déduit en prenant n→ +∞.
Aussi, il existe maintenant de nombreux résultats permettant de borner la distance

entre les itérés de Rγ et π en différentes métriques sous diverses conditions sur le potentiel
U [32, 43, 44]. Plus précisément, ces résultats s’énoncent sous la forme de bornes de
complexité au sens où, pour tout ϵ > 0, il existe γϵ > 0 et nϵ ∈ N∗ tels que

d(µ0R
nϵ
γϵ
, π) ⩽ ϵ , (1.23)

la distribution initiale µ0 étant le plus souvent “bien choisie”. Ces résultats permettent
de contrôler le terme de biais dans la décomposition de l’erreur quadratique (1.6). Il
existe également de nouveaux résultats des bornes quantitatives de convergence de Rγ

vers sa loi stationnaire πγ [33], qui permettent comme nous l’avons vu de contrôler le
terme de fluctuation.

Dans cette thèse, nous nous intéressons à un autre type d’erreur qui peut se produire
lors de l’implémentation de ULA. Nous nous intéressons dans [40] au cas où le gradient
du potentiel ∇U n’est possible que à une erreur numérique près. Cette situation a déjà
été étudiée dans [51] pour le pendant continu sous l’hypothèse que il existe m > 0 et
R ⩾ 0 tel que pour tout x, y ∈ Rd, ∥x− y∥ ⩾ R,

⟨∇U(x)−∇U(y), x− y⟩ ⩾ m ∥x− y∥2 . (1.24)

Plus précisément, considérons

dX̃t = −∇Ũ(X̃t)dt+
√

2dBt , (1.25)

avec ∇Ũ : Rd → Rd et

sup
x∈Rd

∥∇U(x)−∇Ũ(x)∥ ⩽ c∞ < +∞ . (1.26)

Il est à noter que ∇Ũ n’est pas nécessairement issu du gradient d’un potentiel. Sur
des conditions sur ∇Ũ similaires à ∇U , (1.25) admet une unique solution forte et il
existe un semi-groupe de Markov associé à (1.25), noté (P̃t)t⩾0 qui admet une unique
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mesure invariante π̃. Nous aimerions alors pouvoir mesurer l’écart entre µPt et µP̃t pour
une distribution initiale µ donné et de façon uniforme en temps, c’est-à-dire trouver
φc∞ : R+ → +∞ telle que

d(µPt, µP̃t) ⩽ φc∞(t) , (1.27)

et idéalement φc∞(t) ≡ 0 si c∞ = 0. Cela est fait dans [51] pour le cas de la distance en
variation totale. L’objet essentiel qu’ils introduisent est un couplage (Xt, X̃t)t⩾0 entre
les deux EDS (1.18) et (1.25) et qui satisfait P presque sûrement,

∥Xt − X̃t∥ ⩽ rt , (1.28)

où (rt)t⩾0 est un processus dit collant car solution de l’EDS

drt = {rtκ(rt) + c∞}dt+ 2
√

21R∗+
(rt)dB1

t , (1.29)

où (B1
t )t⩾0 est un mouvement brownien standard de dimension 1 et pour r > 0,

r2κ(r) = sup
∥x−y∥=r

{⟨∇U(x)−∇U(y), x− y⟩} .

L’existence du couplage (Xt, X̃t)t⩾0 et du processus (rt)t⩾0 se fait essentiellement en
considérant deux fonctions continûment différentiables ϕδ, ϕ̃δ : R+ → R+ vérifiant

ϕδ(0) = 0, ϕδ(t) > 0 si t ∈ (0, δ], ϕδ(t) = 1 si t ⩾ δ ,

ϕ2
δ(t) + (ϕ̃δ(t))2 = 1 pour tout t ⩾ 0 ,

et la famille de de processus (Xδ
t , X̃

δ
t , r

δ
t )t⩾0 indéxée par δ > 0 tel que

dXδ
t = −∇U(Xδ

t )dt+
√

2{ϕδ(rt)dBt + ϕ̃δ(rt)dB̃t}
dX̃δ

t = −∇Ũ(X̃δ
t )dt+

√
2{ϕδ(rt)(Id−2ete

T
t )dBt + ϕ̃δ(r)dB̃t} ,

rδ
t = ∥Xδ

t − X̃δ
t ∥

(1.30)

où et = [Xδ
t − X̃δ

t ]/
∥∥∥Xδ

t − X̃δ
t

∥∥∥ si rt ̸= 0 et et = 0 sinon, et (Bt)t⩾0 et (B̃t)t⩾0 sont
deux mouvements brownien standard indépendants. Alors, sous les conditions que ∇U
est Lipschitz et (1.26), on peut montrer l’existence et l’unicité faible de (Xδ

t , X̃
δ
t , r

δ
t )t⩾0

vérifiant (1.30) et si ∇Ũ est lui-même Lipschitz, l’existence est même forte. Il est à
noter que pour tout δ > 0, (Xδ

t , X̃
δ
t )t⩾0 est un couplage de (1.18) et (1.25) d’après la

caractérisation de Levy du mouvement brownien vérifiant ∥Xδ
t − X̃δ

t ∥ ⩽ rδ
t . Aussi, on

peut vérifier que la famille de processus (Xδ
t , X̃

δ
t , r

δ
t )t⩾0 indexée par δ > 0 est tendue

dans l’ensemble des mesures de probabilités sur R2d × R+ et que chaque point limite
(Xt, X̃t, rt)t⩾0 satisfont les propriétés escomptées par un passage à la limité en quelque
sorte naturel, c’est-à-dire (Xt, X̃t)t⩾0 est un couplage de (1.18) et (1.25) vérifiant (1.28)
et (rt)t⩾0 est solution faible de (1.29).

Il est à noter que la preuve de la tension dans [51] est un peu rapide. Les auteurs
invoquent [65, 66], mais il s’avère que les résultats de ces deux papiers ne permettent
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pas de conclure. Dans un papier récent, [47] les auteurs proposent une preuve plus
élémentaire qui s’inspire en fait de l’une des contributions détaillées en Section 1.4.1. En
effet, dans cette dernière mes co-auteurs et moi-même étudions un processus discret qui se
révèle être une discrétisation de (Xt, X̃t, rt)t⩾0 et dérivons des propriétés de convergence
pour ce dernier.

Si nous revenons au processus (Xt, X̃t, rt)t⩾0, on peut observer que d’après les pro-
priétés que nous avons énoncés sur ce dernier, pour tout t ⩾ 0,

∥µPt − µP̃t∥TV ⩽ P(Xt ̸= X̃t) ⩽ P(rt > 0) .

Ainsi, on a bien répondu à l’objectif annoncé (1.27) avec φc∞(t) = P(rt > 0). En-
fin, en étudiant les propriétés ergodiques de (rt)t⩾0, [51] établissent une borne sur
limt⩾+∞ P(rt > 0) et ainsi une borne sur ∥π− π̃∥TV où π̃ est la mesure stationnaire pour
(P̃t)t⩾0. De plus, les auteurs vérifient que limt→+∞ P(rt > 0) ∝ c∞ lorsque c∞ → 0.

En réalité, un résultat du même type peut s’obtenir en distance de Wasserstein
d’ordre 2 dans le cas où (1.24) est vraie pour tout x, y ∈ Rd. En effet, considérons le
couplage synchrone

dXt = −∇U(Xt)dt+
√

2dBt

dX̃t = −∇Ũ(X̃t)dt+
√

2dBt .

On en déduit alors facilement que

d∥Xt − X̃t∥2 = −2
〈
Xt − X̃t,∇U(Xt)−∇Ũ(X̃t)

〉
dt

⩽ −2m∥Xt − X̃t∥2dt+ 2c∞∥Xt − X̃t∥dt
⩽ −m∥Xt − X̃t∥2dt+ (c2

∞/m)dt .

On en déduit par une application directe du lemme de Gronwall que

∥Xt − X̃t∥2 ⩽ e−mt∥X0 − X̃0∥2 + (1− e−mt)(c∞/m)2 .

On en déduit alors que pour tout t ⩾ 0,

W2(µPt, µP̃t) ⩽ (1− e−mt)1/2c∞/m .

1.3.1.1 La diffusion de Langevin sous-amortie et ses discrétisations

Dans cette section, nous nous intéressons à la dynamique de Langevin sous-amortie, ou
parfois appelée cinétique, qui décrit l’évolution de la position (Xt)t⩾0 et de la vitesse
(Vt)t⩾0 d’un système par l’EDS:

dXt = Vt dt,
dVt = [−∇U(Xt)− κVt] dt+ σ dBt .

(1.31)

Ici, κ, σ > 0 sont des coefficients de friction et de diffusion respectivement, et (Bt)t⩾0
est un mouvement brownien standard. On montre que l’unique mesure de probabilité
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invariante de (1.31) est la mesure de probabilité de Boltzmann–Gibbs, dont la densité
par rapport à la mesure de Lebesgue est proportionnelle à π̄ : (x, v) 7→ exp(−κ[2U(x) +
∥v∥2]/σ2). Lorsque le paramètre de friction tend vers +∞, alors on peut montrer [108,
Section 6.5] que une version de (Xt)t⩾0 remise à l’échelle, tend vers une solution de
Langevin sur-armorti

Xt = −∇U(Xt)dt+ σdBt .

Nous sommes également intéressés par les situations où le terme de dérive ne provient pas
d’un gradient, comme dans les simulations de dynamique moléculaire hors équilibre [29,
55], [86, Section 5] ce qui nous amène à considérer l’EDS

dXt = Vt dt,
dVt = [b(Xt)− κVt] dt+ σ dBt ,

(1.32)

pour un champ b : Rd → Rd.
Malheureusement, tout comme la diffusion (1.18), la simulation exacte de solutions

de (1.32) n’est en général pas possible et alors des discrétisations sont utilisées à la place
pour approcher une trajectoire et son comportement asymptotique. La discrétisation la
plus aisée est encore une fois la discrétisation d’Euler-Maruyama correspondant à (1.32)
:

Xk+1 = Xk + γVk,

Vk+1 = Vk + γ [b(Xk)− κVk] + σγ1/2Gk+1 .
(1.33)

Ici γ est encore le pas de discrétisation et (Gk)k∈N∗ une suite i.i.d. de variables aléatoires
gaussiennes standards. Une autre discrétisation qui est aussi explicite consiste à geler
en quelque sorte la position Xk à chaque itération et à intégrer l’EDS de type Orn-
stein–Uhlenbeck correspondant :

dX̃t = Ṽt dt,

dṼt =
[
−∇U(Xk)− κṼt

]
dt+ σ dBt .

On peut résoudre cette équation en utilisant l’intégration par parties ([80, p.116]),

d(eκtṼt) = −∇U(X̃kγ)eκtdt+ σeκtdBt ,

pour tout t ∈ (kγ, (k + 1)γ],

X̃t = X̃0 −
1
κ

(e−κt − 1)Ṽ0 −
1
κ

(
t+ e−κt − 1

κ

)
∇U(Xk)

− σ

κ

∫ t

0
(eκ(s−t) − 1)dBs ,

Ṽt = e−κtṼ0 + 1
κ

(e−κt − 1)∇U(Xk) + σ

∫ t

0
eκ(s−t)dBs .

(1.34)

On pose alors (Xk+1, Vk+1) = (X̃γ , Ṽγ) avec (X̃0, Ṽ0) = (Xk, Vk). Malheureusement
comme le cas des discrétisations du Langevin sur-armortie, les discrétisations de (1.31)
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même si elles sont ergodiques et possèdent une unique mesure stationnaire π̄γ elle est
différente de π̄. Cependant, il existe des résultats de convergence faible du type (1.22)
pour de nombreux schémas numériques. En ce qui concerne des estimées de la forme
(1.23), la discrétisation définie à partir de (1.34) a déjà fait l’objet de plusieurs publica-
tions, par exemple [26, 31]. En particulier, en notant µn,γ la loi de Xn, ces deux études
montrent que W2 (µn,γ , π̄) ⩽ ϵ pour n ≳

√
d/ϵ, lorsque U est fortement convexe. Des

schémas du second ordre sont aussi proposés dans [30, Section 4] et [31, Section 4].
Pour ce qui est de la convergence des schémas vers leur mesure stationnaire, nous

pouvons déjà nous intéresser aux résultats existants pour la dynamique continue. Il
existe diverses méthodes, par exemple celles basées sur l’hypocoercivité [126, 130] ou
par couplage et existence d’une fonction de Lyapunov [49, 95, 117, 137]. De plus,
bien que la dynamique soit dégénérée, i.e. la matrice de covariance associée à (1.32)
ne soit pas inversible, on peut montrer [117], que, pour tout t0 > 0 et condition initiale
(X0, V0) = (x0, v0) ∈ R2d, la variable aléatoire (Xt0 , Vt0) a une distribution avec une
densité positive (xt0 , vt0) 7→ pt0((x0, v0), (xt0 , vt0)) par rapport à la mesure de Lebesgue
sur R2d, ce qui implique que le semigroupe de Markov associé à (1.32) est irréductible.
Enfin, des bornes quantitatives sur pt0 pour tout t0 > 0 peuvent être établies par exemple
en utilisant le calcul de Malliavin [8], des principes de comparaison [111, 112], ou encore
avec la méthode dite parametrix [76, 85].

L’obtention de taux de convergence quantitatifs au niveau discret pour les schémas de
discrétisation associés à (1.32) est plus difficile. Cela fait l’objet de l’une des contributions
qui est résumée en Section 1.4.2.

1.4 Résumé synthétique des contributions

1.4.1 Processus collant discret

Nous nous intéressons dans cet article aux chaînes de Markov (Yk)k∈N partant de y ∈ Rd

et définies par récurrence de la forme :

Yk+1 = Tγ(Yk) + σ
√
γZk+1 , (1.35)

où σ > 0, γ ∈ (0, γ̄], pour un certain γ̄ > 0, {Tγ : γ ∈ (0, γ̄]} est une famille de fonc-
tions continues de Rd à Rd et (Zk)k⩾1 est une séquence de i.i.d. de variables aléatoires
gaussiennes sur Rd. Notons que (1.35) comprends entre autre la discrétisation d’Euler-
Maruyama des diffusions de Langevin sur-amorties. Dans ce cas, γ correspond au pas
de discrétisation et pour tout γ ∈ (0, γ̄], Tγ(y) = y − γ∇U(y) pour un certain poten-
tiel U : Rd → R. Cependant, dans certaines applications, le calcul explicite de ∇U
n’est pas possible et d’autres méthodes numériques doivent être mises en œuvre pour
l’estimer. Aussi, l’utilisation de ces algorithmes entraînent le plus souvent un biais sup-
plémentaire. Dans [40], nous étudions précisément cette source d’erreur supplémentaire.
En particulier, en se basant sur une chaîne définie par (1.35), nous considérons une
seconde chaîne de Markov (Ỹk)k∈N définie par récurrence par

Ỹk+1 = T̃γ(Ỹk) + σ
√
γZ̃k+1 , (1.36)
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où {T̃γ : γ ∈ (0, γ̄]} est une famille de fonctions mesurables de Rd dans Rd telle que
pour tout γ, T̃γ est une approximation de Tγ dans le sens où

sup
y∈Rd

∥∥∥T̃γ(y)− Tγ(y)
∥∥∥ ⩽ c∞ , (1.37)

pour c∞ > 0. Dans (1.36), (Z̃k)k⩾1 est une séquence de i.i.d. d-dimensionnelle de vari-
ables aléatoires gaussiennes standard potentiellement corrélées avec (Zk)k⩾1 apparaissant
dans (1.35).

Notons maintenantRγ et R̃γ le noyau de Markov associé à (Yk)k∈N et (Ỹk)k∈N respect-
ivement. Supposons maintenant que la famille {Tγ : γ ∈ (0, γ̄]} satisfasse la condition
uniforme en le pas de temps suivante : il existe m̃ > 0 tel que pour tout γ ∈ (0, γ̄],
x, y ∈ Rd,

∥Tγ(x)− Tγ(y)∥ ⩽ (1− m̃γ) ∥x− y∥ . (1.38)

En particulier, lorsque Tγ = x − γ∇U(x), (1.38) est satisfait si U vérifie (1.24) et
γ̄ est pris suffisamment petit. Sous (1.38), il est aisé de montrer que Rγ et R̃γ sont
uniformément géométriquement ergodiques. Notons alors leur loi invariante par πγ et
π̃γ respectivement. Sous (1.37), le processus global (Ỹk)k∈N peut être vu comme une
version perturbée de (Yk)k∈N, et on s’attend alors à ce que π̃γ soit proche de πγ . Le but
principal de [40] est d’établir des bornes quantitatives sur des distances de Wasserstein
entre ces deux lois. L’étude de la perturbation des processus de Markov a fait l’objet de
nombreux travaux, comme par exemple [71, 97, 102, 123, 125]. Cependant, il s’avère que
ces résultats existants ne s’appliquent pas tels quels. Plus précisément, nous portons dans
notre étude, une attention particulière à la dépendance des bornes que nous obtenons
vis-à-vis du pas de discrétisation γ. C’est-à-dire que nous obtenons des bornes qui sont
uniformes en le pas de temps γ de la forme: pour tout γ ∈ (0, γ̄],

Wc(πγ , π̃γ) ⩽ φ(c∞) ,

pour une fonction φ vérifiant φ(c∞) ∼ Cc∞, pour une constante C ⩾ 0 dépendante
uniquement des paramètres du problème. En particulier, nous retrouvons dans le cas
de la variation totale les résultats de [51] pour le processus collant continu décrit en
Section 1.3.1 et étendons ces résultats à d’autres distances de Wasserstein.

Comme dans [51], nos résultats sont basés sur la construction d’un couplage appro-
prié des processus, c’est-à-dire une construction simultanée d’une paire (Yk, Ỹk)k∈N de
chaînes non-indépendantes qui suivent marginalement (4.1) et (4.2) respectivement et
sont conçues pour se rapprocher et rester proches les unes des autres. Les estimations
sur les lois des chaînes découlent alors de l’étude de (∥Yk − Ỹk∥)k∈N, qui est elle-même
basée sur l’analyse d’une chaîne de Markov (Wk)k∈N sur [0,+∞) qui est construite de
telle sorte à borner cette différence : ∥Yk − Ỹk∥k ⩽ Wk pour tout k ∈ N. Ainsi, l’étude
de la distance entre les lois marginales des deux chaînes de Markov se réduit à l’étude
de la chaîne de Markov (Wk)k∈N qui possède de nombreuses propriétés intéressantes.
Par exemple, elle est stochastiquement monotone, c’est-à-dire si (W ′k)k∈N est une chaîne
de Markov associée au même noyau de Markov que (Wk)k∈N et telle que W0 ⩽ W ′0,
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alors pour tout k ∈ N, W ′k est stochastiquement dominé par Wk, i.e. pour tout t ⩾ 0,
P(Wk ⩽ t) ⩾ P(W ′k ⩽ t). L’analyse de cette chaîne de Markov auxiliaire constitue une
des contributions de [40]. Les principaux résultats de cette analyse sont les suivants.
Premièrement, nous prouvons que (Wk)k∈N admet une mesure de probabilité invariante
unique et que, indépendamment de γ, les moments et la masse sur (0,+∞) de cette loi
d’équilibre sont d’ordre c∞ lorsque c∞ → 0. Ensuite, nous établissons la convergence
géométrique de la chaîne vers son équilibre, à un taux explicite (uniforme en le pas de
temps γ).

Dans le cas où (1.35) correspond à la discrétisation d’Euler-Maruyama (1.20), nous
prouvons également que lorsque γ → 0, la chaîne (Wk)k∈N, remise à l’échelle de manière
appropriée, converge en loi vers la diffusion collante en temps continu (1.29). Ce résultat
apporte un éclairage nouveau sur le processus collant continu, qui, dans [51], est construit
comme la limite de diffusions en temps continu avec des coefficients de diffusion qui
tendent vers zéro. Ici, nous montrons que dans un certain sens, (Wk)k∈N peut alors être
vu comme un schéma de discrétisation pour le processus collant.

Outre l’évidente différence temps continu/temps discret entre [51] et [40], soulignons
d’autres distinctions importantes. Tout d’abord, dans [51], le processus collant uni-
dimensionnel possède une mesure invariante explicite. Ce n’est pas le cas dans notre
cadre, ce qui rend la dérivation des bornes sur les moments de l’équilibre bien plus
compliquée. Deuxièmement, dans [51], bien qu’il soit prouvé que la masse à zéro et le
premier moment de la loi de la diffusion collante convergent vers leur valeur à l’équilibre
(ce qui est suffisant pour obtenir des estimations sur les lois des deux processus initiaux
d-dimensionnels), la question de la convergence à long terme n’est pas abordée pour la
diffusion collante, alors que nos résultats de convergence à long terme pour (Wk)k⩾0 ainsi
que sa convergence en γ → +∞ fournissent un taux de convergence explicite pour la
diffusion collante. Enfin, les résultats de [51] ne concernent que la variation totale, alors
que nous considérons une classe plus large de distances.

1.4.2 Convergence des discrétisations du processus de Langevin sous-
amorti

Dans [41], nous analysons le comportement de chaînes de Markov (Xk, Vk)k∈N, de la
forme suivante, pour tout k ∈ N, γ ∈ (0, γ̄]

Xk+1 = Xk + γVk + γfγ

(
Xk, γ

δVk, γ
δ+1/2σγZk+1,Wk+1

)
+ γδ+1/2σγDγZk+1 ,

Vk+1 = τγVk + γgγ

(
Xk, γ

δVk, γ
δ+1/2σγZk+1,Wk+1

)
+√γσγZk+1 ,

(1.39)

où γ̄, δ > 0, (Zk+1)k∈N est une suite de vecteurs gaussiens d-dimensionnels centrés réduits
indépendants identiquement distribués, (Wk+1)k∈N est une suite de vecteurs gaussiens1

m-dimensionnels centrés réduits indépendants identiquement distribués, indépendant de
(Zk+1)k∈N. Á ma connaissance, tous les schémas explicites de discrétisation de (1.32)

1en fait la loi des (Wk+1)k∈N peut être bien plus générale mais nous nous restreignons à ce cas pour
simplifier la présentation
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peuvent se mettre sous cette forme, en particulier celui d’Euler-Maruyama (1.33) et
celui défini par (1.34). De plus, cette famille comprend également les schémas par
division proposés dans [18, 84], qui deviennent de plus en plus populaires en dynamique
moléculaire (voir [2, Section 12.2]) Plus d’exemples sont fournis dans le Chapter 3.
Notons R̄γ le noyau de Markov associé à la chaine de Markov (Xk, Vk)k∈N.

En ce qui concerne la convergence de R̄γ , il est primordial d’établir des taux de
convergence ργ pour les schémas de discrétisation avec un pas de temps γ > 0 qui sont
similaires à leur homologue continu, c’est-à-dire telle que log(ργ) est linéaire en le pas de
temps γ, c’est-à-dire log(ργ) ∝ γ lorsque γ → 0. Plus précisément, si nous désignons par
R̄γ le noyau de Markov associé à un schéma de discrétisation donné, il est raisonnable
de s’attendre à ce que, sous des conditions appropriées et pour tout γ > 0 suffisamment
petit, ce noyau admette une distribution invariante π̄γ et

d(µ0R̄
k
γ , πγ) ⩽ Cργk , (1.40)

pour une distribution initiale µ0, où C ⩾ 0 et ρ ∈ [0, 1), tandis que d est une cer-
taine distance sur l’ensemble des mesures de probabilité sur R2d. Actuellement, l’une
des principales options pour obtenir une telle convergence est de prouver des estima-
tions de Lyapunov et des conditions de minorisation qui sont uniformes en le pas de
temps, c’est-à-dire que de telles conditions tiennent pour R̄⌈t0/γ⌉

γ pour un certain t0 > 0
pour des constantes qui ne dépendent pas de γ. Cette stratégie a été utilisée pour la
dynamique de Langevin sur-amortie dans [16] et [33]. Alors que les conditions de Lya-
punov sont basées sur des calculs algébriques directs, et peuvent nécessiter de considérer
des schémas implicites [77, 95], montrer une condition de minorisation uniforme dans
le pas de temps est le principal point faible de cette approche. Pour les dynamiques
stochastiques non dégénérées, ce type de résultats peut être établi en s’appuyant sur le
calcul de Malliavin [9], mais la preuve qui en résulte est assez complexe. Il peut égale-
ment être possible d’écrire une preuve directe comme dans [16] à partir du théorème
de Girsanov, mais ceci n’est toutefois possible que pour des dynamiques avec un bruit
additif. Enfin, l’approche par couplage développée dans [33, 44] ne peut pas être ap-
pliquée aux discrétisations de l’EDS dégénérée (1.32). L’une des contributions qui est
résumée en Section 1.4.2 est d’établir (1.40) pour la plupart des schémas existants. Dans
[41], nous considérons une autre approche pour obtenir des conditions de minorisation
uniformes dans le pas de temps : l’idée est de considérer le schéma numérique sur de
petits temps physiques comme une perturbation d’un processus gaussien donné.

Soit P un noyau de Markov. On dit qu’un ensemble C est de Doeblin (pour le noyau
P ) s’il existe m ∈ N∗ et ε > 0 tel que pour tout z, z′ ∈ C× C,

∥Pm(z, ·)− Pm(z′, ·)∥TV ⩽ 2(1− ε) .

Le premier résultat de [41] est de montrer que sous des conditions faibles sur le schéma
(1.39) tous les compacts de R2d sont des ensembles de Doeblin Rγ mais avec m et ε
uniforme en γ i.e. il existe t̄0, γ̄ > 0 tel que pour tout M > 0 et t0 ∈

(
0, t̄0

]
il existe εt0,M

tel que pour tout γ ∈ (0, γ̄] et z, z′ ∈ R2d, ∥z∥ ⩽M , ∥z′∥ ⩽M ,

∥R⌊t0/γ⌋+1
γ (z, ·)−R⌊t0/γ⌋+1

γ (z′, ·)∥TV ⩽ 2(1− εt0,M ) . (1.41)
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Le deuxième résultat principal est d’établir des conditions de dérives pour R̄γ égale-
ment uniforme en le pas de temps, c’est-à-dire de la forme : il existe V : R2d → [1,+∞),
λ ∈ (0, 1) et M, b ⩾ 0, tels que pour tout γ ∈ (0, γ̄] et x, v ∈ Rd,

R̄γV (x, v) ⩽ λγV (x, v) + γb1[0,M ](∥x∥+ ∥v∥) . (1.42)

La combinaison des deux résultats (1.41) et (1.42) permettent l’application direct de [37,
Théorème 19.4.1], ce qui implique qu’il existe γ̄U > 0 tel que, pour tout γ ∈ (0, γ̄U ], R̄γ

admet une unique mesure de probabilité invariante π̄γ et il existe AU ⩾ 0 et ρU ∈ (0, 1)
tels que pour tout γ ∈ (0, γ̄U ],

pour tout x, v ∈ Rd , ∥δ(x,v)R
k
γ − π̄γ∥V ⩽ AUρ

kγ
U V (x, v) .

Nous avons alors bien répondu à notre objectif initial à savoir (1.40).

1.4.3 L’algorithme de téléportation Kick-Kac

Dans ce travail, nous nous proposons de viser une distribution cible π en proposant une
nouvelle classe d’algorithmes: les algorithmes de téléportation Kick-Kac (les processus
KKT). Avant d’entrer dans la description de cette classe, nous rappelons la formule
de Kac sur laquelle reposent ces algorithmes. Soit P un noyau de Markov sur (X, E)
admettant une mesure de probabilité invariante π. La formule de Kac s’écrit ainsi: pour
tout ensemble C π-accessible, i.e. tel que Px(σC < ∞) > 0 pour π-presque tout x ∈ X,
on a pour toute fonction mesurable, positive ou bornée f ,

π(f) =
∫

C
π(dx)Ex

σC−1∑
k=0

f(Xk)

 =
∫

C
π(dx)Ex

[
σC∑

k=1
f(Xk)

]
.

S’il s’avère que π est l’unique probabilité invariante pour P , alors tout ensemble C telle
que π(C) > 0 est aussi π-accessible, ce qui permet d’identifier rapidement des ensembles
C pour lequel la formule de Kac s’applique. Il est remarquable de constater dans cette
formule que l’expression de π(f) s’appuie sur la connaissance de π dans l’ensemble C
uniquement.

Ceci nous a amené à proposer de viser π de la manière suivante. Supposons donné
un noyau de Markov P π-invariant. On construit d’abord une chaine auxiliaire de noyau
Q définie sur C visant πC (la restriction de π à l’ensemble C). A partir de chaque
état de cette chaîne, nous proposons un candidat suivant le noyau P et acceptons le
candidat uniquement s’il n’est pas dans C. Formellement, l’algorithme s’écrit sous la
forme suivante:

(i) Initialization: Simuler (Y0, Z0) suivant une loi arbitraire

(ii) Itération: pour k ← 1 à n

(a) simuler Y ⋆
k ∼ P (Yk−1, ·)

(b) si Y ⋆
k /∈ C, poser (Yk, Zk)← (Y ⋆

k , Zk−1)
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(c) Sinon simuler Zk ∼ Q(Zk−1, ·) et poser Yk ← Zk

La chaîne étendue (Yk, Zk)k∈N s’avère être une chaîne de Markov dont la loi invariante
possède π comme marginale sur la première composante. Cet algorithme permet ainsi
de combiner astucieusement deux dynamiques différentes, celle associée à P permettant
d’explorer la distribution cible à l’extérieur de C et celle associée à Q à l’intérieur de
C. Cet algorithme peut particulièrement nous être utile lorsque nous constatons qu’une
chaîne de noyau P n’explore bien que certaines zones de l’espace d’état. Si on appelle
C les zones où P est moins efficace, alors nous pouvons utiliser un autre noyau, ap-
pelé Q pour visiter cet ensemble, et combiner ensuite les deux suivant l’algorithme de
téléportation.

Nous avons alors établi que la chaîne étendue satisfait une loi des grands nombres
partant de n’importe quel point si et seulement si (a) le noyau Q vérifie la même propriété
et (b) l’ensemble C est un ensemble atteignable pour P à partir de n’importe quel point
de l’espace. Ce résultat (qui n’est pas améliorable car les conditions sont nécessaires
et suffisantes) est basé sur une nouvelle caractérisation (du moins, à notre connais-
sance) d’une loi des grands nombres partant de n’importe point en terme d’harmoniques
bornées.

Nous avons également obtenu des conditions permettant d’assurer que la chaîne
résultante est géométriquement ergodique. Comme pour la loi des grands nombres, nous
avons établi ces résultats à partir essentiellement de conditions sur Q (ensemble small
pour Q et drift géométrique en dehors de cet ensemble) tandis que les conditions pour P
sont nettement moins contraignantes (on ne suppose pas d’ensemble small pour P ). Ceci
confirme bien que l’algorithme de téléportation peut être une alternative intéressante
lorsque les propriétés ergodiques de P sont ralenties dans certains endroits de l’espace
d’état.

Enfin, nous proposons une extension de l’algorithme de téléportation qui nous per-
met d’étendre notablement les lois invariantes pour le noyau auxiliaire Q. Le prin-
cipe de l’extension est très simple: il suffit d’ajouter une composante indépendante
de loi uniforme et considérer le processus KKT associé à des ensembles de la forme
{(x, u) ∈ X × [0, 1] ;u ⩽ α(x)} où α est à valeurs dans [0, 1]. Au lieu que Q vise la
restriction de π à un ensemble C, nous pouvons désormais lui faire viser n’importe quelle
distribution auxiliaire π̃ pourvu que dπ̃

dπ (x) ⩽ M pour π-presque tout x ∈ X. Cette
extension permet de placer tout algorithme de Metropolis Hasting comme une instance
particulière de l’algorithme de téléportation ainsi que l’algorithme de renouvellement de
Brockwell et Kadane ([20]) qui en est aussi un cas particulier. De nombreuses questions
restent encore et seront sans doute l’objet d’autres études: comment combiner astu-
cieusement plusieurs ensembles Ci imbriqués les uns dans les autres ? Peut-on viser des
distributions auxiliaires sans utiliser des chaînes de Markov ? Quelles seraient des heur-
istiques pour déterminer automatiquement les ensembles C permettant l’implémentation
des algorithmes de téléportation ?
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CHAPTER 2

Boost your favorite Markov Chain Monte Carlo
sampler using Kac’s theorem: the Kick-Kac tele-
portation algorithm

Randal Douc1, Alain Durmus2, Aurélien Enfroy3 and Jimmy Olsson4

The present paper focuses on the problem of sampling from a given target distribu-
tion π defined on some general state space. To this end, we introduce a novel class of
non-reversible Markov chains, each chain being defined on an extended state space and
having an invariant probability measure admitting π as a marginal distribution. The
proposed methodology is inspired by a new formulation of Kac’s theorem and allows
global and local dynamics to be smoothly combined. Under mild conditions, the corres-
ponding Markov transition kernel can be shown to be irreducible and Harris recurrent.
In addition, we establish that geometric ergodicity holds under appropriate conditions
on the global and local dynamics. Finally, we illustrate numerically the use of the pro-
posed method and its potential benefits in comparison to existing Markov chain Monte
Carlo (MCMC) algorithms.
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Chapter 2. Boost your favorite Markov Chain Monte Carlo sampler using Kac’s
theorem: the Kick-Kac teleportation algorithm

2.1 Introduction

In this work, we develop a new Monte Carlo technique to sample from a given target
distribution π on some general state space (X, E). Our construction is based on Kac’s
theorem, which is a fundamental result in Markov chain theory. More precisely, let P
be some Markov kernel leaving π invariant and C ∈ E some measurable set. Moreover,
for every x ∈ E , let Px be the law of the canonical Markov chain (Xn)n∈N on (X, E)
with kernel P and such that X0 = x, and denote by Ex the corresponding expectation.
Under some conditions on P and C, Kac’s theorem states that for every bounded Borel-
measurable function h on (X, E), the Lebesgue integral of h with respect to π, denoted
by π(h), can be expressed as

π(h) = π(C)
∫
πC(dx) Ex

σC−1∑
k=0

h(Xk)

 , (2.1)

where σC = inf{k > 0 : Xk ∈ C} is the first return time to C and πC := π(· ∩ C)/π(C) is
the (normalized) restriction of π to C (see Theorem 2.1 below). Here we have assumed
that π(C) > 0. A remarkable feature of Kac’s formula is that it characterizes completely
π by π(C), πC and P . In particular, there is a large flexibility in the choice of these three
elements. In the light of (2.1), a possible strategy for estimating π(h) is to produce
i.i.d. draws (Xi

0)N
i=1 from πC and let each draw Xi

0 initialize a Markov chain (Xi
k)k∈N

evolving according to P ; once the chain returns to C, i.e., after σi
C time steps, it is

killed and the last state is discarded. By (2.1), the independent Markovian trajectories
(Xi

k)σi
C−1

k=0 , i ∈ {1, . . . , N}, produced in this manner can be used to form a consistent
estimator ∑N

i=1
∑σi

C−1
k=0 h(Xi

k)/∑N
i=1 σ

i
C of π(h). More generally, instead of sampling i.i.d

draws from πC, we may generate (Xi
0)i∈N by simulating a Markov chain evolving on C

according to some Markov kernel Q leaving πC invariant. Then, as before, we let each
state Xi

0 initialize a Markovian excursion (Xi
k)σi

C−1
k=0 evolving according to P . After this,

the—now dependent—trajectories (Xi
k)σi

C−1
k=0 , i ∈ N, can be used to form an estimator of

π(h) as previously. Now, concatenate the produced trajectories into a single sequence
and denote by Yn the (n+ 1)th element of this sequence (or, formally, for every n ∈ N,
let i(n) := sup{i ∈ N : ∑i

ℓ=1 σ
ℓ
C ⩽ n}, k(n) := n −

∑i(n)
ℓ=1 σ

ℓ
C and set Yn := X

i(n)
k(n)). The

resulting process (Yn)n∈N, which we will refer to as the Kick-Kac teleportation (KKT)
process and define carefully in Section 2.3, is non-Markovian and evolves by moving—or,
teleporting—across C according to Q and excursing the space outside C according to P .
After each Q transition, an excursion according to P is initiated; once the excursion
returns to C, its last state is discarded, and a new teleportative move according to Q,
picking up the end state of the previous teleportation, takes place, generating the new
state of the process. When the density of π is known up to a normalizing constant, so is
the density of πC, which provides a variety of possible choices of Q, including the plethora
of Markov chain Monte Carlo (MCMC) kernels, such as those of Metropolis–Hastings
(MH) type [61, 98, 128]. Moreover, with an appropriate choice of C, rejection sampling
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can be implemented to generate i.i.d. draws from πC; in that case, Q(x, ·) = πC for all
x ∈ C, yielding a process lacking long-term memory.

The KKT sampling method that we propose has particular relevance to target distri-
butions with multiple, isolated modes. Standard MCMC methods, such as the random-
walk Metropolis (RWM) algorithm, the Metropolis-adjusted Langevin algorithm (MALA)
[121] or the Hamiltonian Monte Carlo (HMC) method [104], generally exhibit poor per-
formance when applied to such models due to difficulties in crossing low-probability
barriers. Still, since such models arise in many applications [56, 69, 78], plenty of vari-
ations on the MCMC technology have been proposed to address this issue. The literature
on this topic is extensive, why we here only provide a brief introduction to place our work
into a context. A first family of methods is based on tempering strategies [60, 101, 105]
and a second one on optimization methods trying first to identify the modes of the tar-
get distribution before applying adaptive MCMC techniques [4, 79]. Finally, exploratory
schemes have been suggested in [14, 133]. In contrast to these works, our methodology
belongs to a class of ‘resurrected’ or ‘regenerative’ processes, which return to a certain
part of the state space once being killed [63, 64, 103]. In many cases, these processes
have been constructed with the aim of coupling from the past and perfect simulation [57,
110]. Among existing methods, we found that the hybrid kernel approach introduced
in [20] is the one that is most closely related to the KKT sampler proposed by us, and
a detailed comparison is given in Section 2.4.2 below. Using regeneration strategies for
designing efficient Monte Carlo samplers is still the subject of active research; see [70,
81, 132] for some recent work in this direction. In the case where π is multi-modal, the
KKT process provides, especially in its most general form—the general KKT process—,
a very generic framework. Using the teleportation-based sampling procedure described
above, multi-modality can be straightforwardly handled by letting C be a low-probability
region surrounding the modes of the target and P some MCMC kernel used to explore
locally the modes. For instance, C can be defined as a level set of the target density (up
to a constant of proportionality). Parameterized appropriately, the KKT process can be
made to transit with ease across regions of the state space where the ergodic properties
of the kernel P are poor, de-correlating significantly the produced samples.

In the present paper, which provides a basis for further methodological innovation,
we

• provide, under mild assumptions, a novel and concise proof of Kac’s theorem (2.1)
as well as a generalized version of the same identity where πC is replaced by a
general probability distribution π̃ on (X, E) such that π̃ is absolutely continuous
with respect to π with a π-a.s. bounded density dπ̃/dπ. These results are of
independent interest.

• use Kac’s theorem to construct an increasingly general KKT process framework
and provide a rigorous analysis of its theoretical properties.

• illustrate, in a simulation study, the potential of the proposed KKT sampler.
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Outline of the paper and the results

As a preparation for coming developments, we first provide, in Section 2.2, our new proof
of Kac’s theorem (2.1) under the mild assumption that C is π-accessible (Theorem 2.1).
Moreover, as established by Corollary 1, in the case where π is the unique invariant
distribution of P , Kac’s theorem holds true for any set C ∈ E such that π(C) > 0.

In the first part of Section 2.3 we examine the KKT process in the memoryless
case where Q(x, ·) = πC for all x ∈ C. In this case, the KKT process (Yn)n∈N is a
Markov chain, and we establish that it allows the target π of interest as an invariant
distribution. In addition, we provide necessary and sufficient conditions for the process
to be π-reversible (Proposition 2.4), conditions that are not satisfied in general.

In the second part of Section 2.3 we turn to a general Q leaving πC invariant, and
define the KKT process (Yn)n∈N via an additional, auxiliary C-valued process (Zn)n∈N

defining the states of (Yn)n∈N inside C. In this construction (which is detailed in Al-
gorithm 2), the bivariate process (Yn, Zn)n∈N is a Markov chain on the extended state
space X×C with invariant probability measure π̌ admitting π as a marginal with respect
to the first argument (Proposition 2.5). Moreover, if π and πC are the unique invariant
probability measures for P and Q, respectively, then π̌ is the unique invariant probability
measure for the process (Yn, Zn)n∈N (Proposition 2.6). Then, under the assumption that
π̌ is the unique invariant probability measure, we show that (Yn, Zn)n∈N satisfies a law
of large numbers with respect to π̌ if and only if the durations of the excursions from C
are a.s. finite and Q satisfies a law of large numbers with respect to πC (Theorem 2.7).

In order to complete the analysis of the KKT process, we also show that (Yn, Zn)n∈N is
geometrically ergodic (with respect to π̌) ifQ is geometrically ergodic (with respect to πC)
and P exhibits geometric drift toward C (Theorem 2.9). Importantly, P is not required
to be geometrically ergodic, which supports the idea underpinning the construction,
namely that the mixing of a Markov chain evolving according to P can be drastically
improved by changing the dynamics of the chain in regions of bad mixing.

Finally, to facilitate reading, the notation used in this paper is collected in Section 2.6
and some technical results and proofs are postponed to Section 2.7.

2.2 Kac’s formula

As explained above, the teleportation process introduced in Section 2.3 is based on
Kac’s theorem. Due to its importance to the construction of the teleportation process,
we restate, after the introduction of adequate notation, this result and provide general
assumptions under which the theorem holds true. In addition, we provide an effective
and, up to our knowledge, novel proof.

Let (X, E) be some measurable space and denote by M(E) and M1(E) the sets of
σ-finite nonnegative measures and probability measures, respectively, on (E, E). In ad-
dition, we denote by Fb(E) and F+(E) the sets of bounded and nonnegative E/B(R)-
measurable functions, respectively. Furthermore, let (XN, E�N) be the associated ca-
nonical space and denote by (Xn)n∈N the corresponding coordinate process. For every
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initial distribution µ ∈ M1(E) and Markov kernel P on X × E we let Pµ be the prob-
ability measure on (XN, E�N) induced by P and µ and denote by Eµ the correspond-
ing expectation. As usual, the shift operator is the transformation on XN given by
θ : (ω0, ω1, ω2, . . .) 7→ (ω1, ω2, . . .). If π is an invariant probability measure for P ,
i.e. πP = π, then by the Markov property, for every A ∈ E�N,

Eπ[1A ◦ θ] = Eπ[1A] , (2.2)

which implies that Pπ◦θ−1 = Pπ; in other words, (XN, E�N,Pπ, θ) is a measure-preserving
dynamical system. Moreover, for every C ∈ E we define recursively

σℓ
C := inf

{
k > σℓ−1

C : Xk ∈ C
}
, ℓ ∈ N∗ ,

with σ0
C := 0. Note that σC := σ1

C is the return time to the set C. In the following we
say that C ∈ E is π-accessible if Px(σC < +∞) > 0 for π-almost all x ∈ X. Moreover, we
simply say that C is accessible if Px(σC < +∞) > 0 for all x ∈ X.

We have now all the notation required for the statement of Kac’s theorem.

Theorem 2.1 (Kac’s theorem). Let P be a Markov kernel on X × E with invariant
probability measure π. Then for every π-accessible set C ∈ E it holds that

π = π0
C = π1

C, (2.3)

where the measures π0
C and π1

C are defined by, for f ∈ F+(E),

π0
C(f) :=

∫
C
π(dx) Ex

σC−1∑
k=0

f(Xk)

 , π1
C(f) :=

∫
C
π(dx) Ex

[
σC∑

k=1
f(Xk)

]
. (2.4)

Even though the conclusion of Theorem 2.1 is the same as that of [100, The-
orem 10.4.9], these results are obtained under different assumptions. Indeed, [100, The-
orem 10.4.9] requires the Markov kernel P to be recurrent and irreducible, properties
that are not assumed in Theorem 2.1. It can also be noted that [37, Theorem 3.6.5]
provides another statement of Kac’s theorem which is expressed in terms of subinvariant
measures (instead of invariant probability measures). Consequently, in [37], the identity
(2.3) holds under the assumptions that (i) C is π-accessible and (ii) Px(σC <∞) = 1 for
π-almost all x ∈ C, whereas, as we will see in Lemma 1 below, it turns out that that (ii)
is already implied by (i) in the particular case of invariant probability measures. This
allows the proof of (2.3) to be neatly simplified.

We provide here an intermediate result which will be used in the proof of Theorem 2.1

Lemma 1. Let P be a Markov kernel on X × E with invariant probability measure π.
Then C ∈ E is π-accessible if and only if Px(σC < +∞) = 1 for π-almost all x ∈ X.

Proof. Assume that C is π-accessible and set A := {σC < +∞}. Since {σC ◦ θ <
+∞} ⊂ {σC < +∞}, it holds that 1A ◦ θ ⩽ 1A. Combining this with (2.2) yields
1A ◦ θ = 1A, Pπ-a.s., i.e., 1A is Pπ-a.s. an invariant random variable for the dynamical
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system (XN, E�N,Pπ, θ). By [100, Theorem 17.1.1], PX0(A) = 1A, Pπ-a.s. Since C is
π-accessible by assumption, it holds that Px(A) > 0 for π-almost all x ∈ X; thus, we
obtain

1 =
∫
π(dx)1{Px(A)>0} = Pπ(PX0(A) > 0) = Pπ(1A > 0) = Pπ(A) = Pπ(σC < +∞).

Consequently,

0 = 1− Pπ(σC < +∞) =
∫
π(dx) (1− Px(σC < +∞)) ,

from which we finally conclude that Px(σC < +∞) = 1 for π-almost all x ∈ X. The
converse is obvious.

Proof of Theorem 2.1. By the last-exit decomposition and the Markov property we have
for all f ∈ F+(E) ∩ Fb(E) and n ∈ N∗,

π(f) =
n∑

ℓ=1
Eπ

f(Xn)1C(Xℓ)
n∏

k=ℓ+1
1Cc(Xk)

+ Eπ[f(Xn)1{σC>n}]

=
n∑

ℓ=1
Eπ

[
1C(Xℓ)EXℓ

[
f(Xn−ℓ)

n−ℓ∏
k=1

1Cc(Xk)
]]

+ Eπ[f(Xn)1{σC>n}] .

Noting that π is invariant and setting k = n− ℓ, we get

π(f) =
n−1∑
k=0

∫
C
π(dx) Ex[f(Xk)1{σC>k}] + Eπ[f(Xn)1{σC>n}]

=
∫

C
π(dx) Ex

(n−1)∧(σC−1)∑
k=0

f(Xk)

+ Eπ[f(Xn)1{σC>n}] . (2.5)

We now let n → ∞ in (2.5). Since f is bounded and Pπ(σC = +∞) = 0 by Lemma 1,
the dominated convergence theorem implies that the second term on the right-hand side
of (2.5) tends to zero. Moreover, by applying the monotone convergence theorem to the
first term, we obtain that π = π0

C. Finally, this implies the last equality of (2.3), since
by the Markov property, π1

C = π0
CP = πP = π.

Remark 2.2. If C ∈ E is arbitrary (and not necessarily π-accessible), then by (2.5),
π(f) ⩾

∫
C π(dx) Ex[∑(n−1)∧(σC−1)

k=0 f(Xk)] for every f ∈ F+(E). Thus, the monotone
convergence theorem implies that

π(f) ⩾ lim
n→∞

∫
C
π(dx) Ex

(n−1)∧(σC−1)∑
k=0

f(Xk)

 =
∫

C
π(dx) Ex

σC−1∑
k=0

f(Xk)

 .
Remark 2.3. If C ∈ E is π-accessible, then Theorem 2.1 implies that π(C) > 0; indeed,
otherwise π0

C, and hence π, would be the null measure, which is not possible.
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To apply Theorem 2.1, we need to check that C is π-accessible. If the Markov kernel
P has a unique invariant probability measure π, it turns out that this condition can be
simplified.

Lemma 2. Let P be a Markov kernel on X × E with a unique invariant probability
measure π. Then every set C ∈ E such that π(C) > 0 is π-accessible.

Before proving Lemma 2, we combine it with Theorem 2.1 to obtain the following
corollary, which allows Kac’s theorem to be applied to every set C ∈ E such that π(C) > 0.

Corollary 1. Let P be a Markov kernel on X × E with a unique invariant probability
measure π. Then for all C ∈ E such that π(C) > 0, π = π0

C = π1
C, where the measures

π0
C and π1

C are defined in (2.4).

Proof of Lemma 2. Let C ∈ E be such that π(C) > 0. Since P has a unique invariant
probability measure, [37, Theorem 5.2.6] implies that the associated dynamical system
is ergodic. Therefore, by the Birkhoff ergodic theorem,

lim
n→+∞

n−1
n−1∑
k=0

1C(Xk) = π(C) > 0, Pπ-a.s.

Thus, Pπ(σC < +∞) = 1, implying that Px(σC < +∞) = 1 > 0 for π-almost all x ∈ X.
This shows that C is π-accessible.

2.3 The Kick-Kac teleportation process

Given π ∈ M1(E), we will now use Kac’s theorem (Theorem 2.1) to construct a stochastic
process targeting π. In the following we let P be some π-invariant Markov kernel on
X × E ; this kernel will be referred to as the base kernel.

2.3.1 The memoryless Kick-Kac teleportation process

As we saw in the previous section, the following assumption guarantees that Kac’s the-
orem (Theorem 2.1) applies.

(A1) The Markov kernel P allows an invariant probability measure π such that C is π-
accessible.

As shown by Lemma 2, (A1) is satisfied if π is the unique invariant probability measure
of P and π(C) > 0.

Under (A1), the probability measure

πC : E ∋ A 7→ π(A ∩ C)/π(C) (2.6)

is well defined in the light of Remark 2.3 and provides the conditional probabilities of π
given C. Note that (2.3)–(2.4) express the invariant probability measure π in terms of
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its restriction to the set C only. This remarkable fact is underpinning the construction of
the memoryless Kick-Kac teleportation (KKT) process, whose evolution is described by
Algorithm 1. In words, the memoryless KKT process evolves by proposing a candidate
according to the Markov kernel P . If the candidate falls into the region C, it is discarded
and the next state is drawn exactly from πC, independently of the past (in this sense,
the process is memoryless); otherwise, if the candidate falls outside C, it is accepted as
the new state of the process.

Algorithm 1 The memoryless Kick-Kac teleportation process
1: Initialization: draw Y0
2: for k ← 1 to n do
3: draw Y ⋆

k ∼ P (Yk−1, ·)
4: if Y ⋆

k /∈ C then
5: set Yk ← Y ⋆

k

6: else
7: draw Yk ∼ πC
8: end if
9: end for

Of course, the construction requires the set C to be chosen in such a way that exact
sampling from πC is feasible. A natural approach is based on the accept-reject algorithm.
More precisely, assume that the probability measure π is absolutely continuous with re-
spect to some σ-finite measure ν and denote by pπ a version of its Radon–Nikodym
derivative with respect to ν. In addition, let q : X → R+ be another probability
density function with respect to ν, serving as instrumental density, and assume that
C ⊂ {x ∈ X : pπ(x) ⩽ ϵq(x)}. Then, as πC admits a density proportional to 1C pπ with
respect to ν and 1C(x)pπ(x) ⩽ ϵq(x) for every x ∈ X, the accept-reject method can be
applied to obtain i.i.d. samples from πC, provided that the ratio 1C(x)pπ(x)/[ϵq(x)] is
computable for all x ∈ X such that q(x) > 0.

The Markov transition kernel S on X×E associated with the Markov chain (Yn)n∈N

is given by

Sh(y) :=
∫

Cc
P (y,dy′)h(y′) + P (y,C)πC(h), (y, h) ∈ X × F+(E).

Since π is invariant for P , it holds that

πSh = πP (1Cch) + πP (C)πC(h) = π(1Cch) + π(1Ch) = π(h),

which means that π is also invariant for S (some kernel notation, such as Sh and πS
above, that will be used in the rest of the paper is provided in Section 2.6).

We now address the π-reversibility of S. In the following, we let π � P be the
probability measure in M1(E�2) defined by π � P (A) :=

∫
1A(x, y)π(dx)P (x,dy), A ∈

E�2. Note that with this notation, P is reversible with respect to π if and only if for
every A ∈ E and B ∈ E , π�P (A×B) = π�P (B×A). In addition, for any given D ∈ E ,
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let ED := {D ∩ A : A ∈ E} be the trace σ-field of E on D and denote, for any measure
ν ∈ M1(E), by ν|D the restriction of ν to ED.

Proposition 2.4. Assume (A1) and that ECc is countably generated. Then S is π-
reversible if and only if the following two conditions are satisfied.

(a) For every A ∈ E�2
Cc ,∫∫
1A(x, y)π(dx)P (x, dy) =

∫∫
1A(y, x)π(dx)P (x,dy).

(b) There exists µ ∈ M(ECc) such that P (y, ·)|Cc = µ for π-almost all y ∈ C.

The proof of Proposition 2.4 is given in Section 2.7.1.
In the light of Proposition 2.4, we may expect S to be non-reversible in general;

indeed, even if P is π-reversible (implying (a)), condition (b) will typically not be satis-
fied. Some classes of MCMC methods based on non-reversible kernels have been shown
to exhibit favorable convergence properties compared to standard reversible methods.
For instance, [34] carries through a detailed study of a particular type of lifted Markov
chains, and shows theoretically and numerically that this class of MCMC algorithms
provides better accuracy than standard reversible ones. In addition, by extending res-
ults in [129], [5] establishes that non-reversible MCMC algorithms most often lead to
improved asymptotic variance in the case where a central limit theorem holds. However,
whereas the non-reversibility of the memoryless KKT algorithm is encouraging, the re-
quirement of exact sampling from πC may limit the choice of the set C. In the next
section we will show how this drawback can be circumvented by including an additional
Markov transition kernel into the construction.

2.3.2 The Kick-Kac teleportation process

To avoid exact sampling from the conditional probability measure πC defined by (2.6),
we now provide an alternative to the memoryless KKT process. The process that we
will construct includes another level of transitions according to some Markov kernel Q
on C× EC which will be referred to as the teleportation kernel and will be supposed to
satisfy the following condition.

(A2) The Markov transition kernel Q on C×EC allows πC as invariant probability measure.

The output (Yk)k∈N of Algorithm 2, in which the exact sampling from πC in Al-
gorithm 1 is replaced by Markovian moves according to Q, will be referred to as the
Kick-Kack teleportation (KKT) process in the sequel. In Algorithm 2, a candidate is
proposed according to the kernel P . If it falls outside C, the candidate is accepted as
the new state of the process. On the other hand, if the candidate falls into the critical
region C, it is discarded, and a new state of the process is generated through a transition
according to Q, starting off from the last state in C in the past history of the process. In
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Algorithm 2 The Kick-Kack teleportation (KKT) process
1: Initialization: draw (Y0, Z0)
2: for k ← 1 to n do
3: draw Y ⋆

k ∼ P (Yk−1, ·)
4: if Y ⋆

k /∈ C then
5: set (Yk, Zk)← (Y ⋆

k , Zk−1)
6: else
7: draw Zk ∼ Q(Zk−1, ·) and set Yk ← Zk

8: end if
9: end for

the case where C is a region where the ergodic behavior of P is poor, the KKT process
simply replaces transitions according to P across C by transitions according to the kernel
Q, which is taylor-made to target efficiently πC.

While (Yk)k∈N is not a Markov chain in general, so is (Yk, Zk)k∈N. It is easily seen
that the Markov transition kernel of the latter bivariate process is given by

Rh(y, z) :=
∫

Cc
P (y,dy′)h(y′, z) + P (y,C)

∫
C
Q(z, dz′)h(z′, z′), (2.7)

for (y, z) ∈ X × C and h ∈ F+(E � EC). We now provide an expression of an invari-
ant probability measure of R which allows π as a marginal. This constitutes a first
step towards justifying theoretically that the KKT process can be used for producing
approximate draws from π.

From now on, we will deal simultaneously with several Markov kernels. Thus, we
will specify the notation Pµ to avoid ambiguities. More precisely, for a given measurable
space (F,F), Markov kernel K on F × F and initial distribution µ ∈ M1(F) we denote
by PK

µ the probability measure on (FN,F�N) induced by K and µ. The associated
expectation operator is denoted EK

µ . If x ∈ F and µ = δx, we write PK
x and EK

x instead
of PK

δx
and EK

δx
, respectively. Now, define the probability measure

π̌(h) :=
∫

C
π(dx) EP

x

σC−1∑
k=0

h(Xk, x)

 , h ∈ F+(E � EC). (2.8)

The following key result justifies theoretically the use of the KKT process for targeting
π.

Proposition 2.5. Assume (A1). Then, π is the marginal of π̌ with respect to the first
component. Moreover, if also (A2) holds, then π̌ is an invariant probability measure for
R.

Proof. Under (A1), Theorem 2.1 applies to π. Thus, for every A ∈ E ,

π̌(A× C) =
∫

C
π(dx) EP

x

σC−1∑
k=0

1A(Xk)

 = π(A) ,
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which establishes the first claim of the proposition.
We turn to the second claim. Under (A1), Lemma 1 shows that PP

x (σC < +∞) = 1
for π-almost all x ∈ X. This fundamental property will be used in several parts of the
proof. By the very definitions of π̌ and R, for every h ∈ F+(E � EC),

π̌Rh =
∫

C
π(dx) EP

x

σC−1∑
k=0

Rh(Xk, x)

 = A+B, (2.9)

where

A :=
∫

C
π(dx) EP

x

σC−1∑
k=0

∫
Cc
P (Xk,dy)h(y, x)

 ,
B :=

∫
C
π(dx) EP

x

σC−1∑
k=0

P (Xk,C)

∫
C
Q(x,dz)h(z, z).

Using the Markov property (in combination with Tonelli’s theorem), we may write

A =
∫

C
π(dx) EP

x

[
EP

x [h(X1, x)1Cc(X1)] +
∞∑

k=1
1Cc(Xk)EP

Xk
[h(X1, x)1Cc(X1)]

]

=
∫

C
π(dx) EP

x

[
h(X1, x)1Cc(X1) +

∞∑
k=1

EP
x [h(Xk+1, x)1Cc(Xk)1Cc(Xk+1) | Xk]

]

=
∫

C
π(dx) EP

x

[
h(X1, x)1Cc(X1) +

σC∑
k=1

h(Xk, x)1Cc(Xk)
]

=
∫

C
π(dx) EP

x

[
σC∑

k=1
1Cc(Xk)h(Xk, x)

]

=
∫

C
π(dx) EP

x

σC−1∑
k=1

h(Xk, x)

 ,
where the last equality follows as 1Cc(Xk) = 1 for all k ∈ {1, . . . , σC−1} and 1Cc(XσC) =
0 on the set {σC < +∞} (having PP

x -probability one for π-almost all x ∈ X). Similarly,
using again the Markov property,

B =
∫

C
π(dx) EP

x

σC−1∑
k=0

1C(Xk+1)

∫
C
Q(x, dz)h(z, z)

=
∫

C
π(dx) EP

x

[
σC∑

k=1
1C(Xk)

] ∫
C
Q(x,dz)h(z, z)

=
∫

C
π(dx)

∫
C
Q(x,dz)h(z, z) ,
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where the last equality follows since 1C(Xk) = 0 for all k ∈ {1, . . . , σC−1} and 1C(XσC) =
1 on {σC < +∞}. Therefore, (A2) implies that B =

∫
C π(dz)h(z, z). Plugging the

obtained expressions of A and B into (2.9) yields

π̌Rh =
∫

C
π(dx) EP

x

σC−1∑
k=0

h(Xk, x)

 = π̌(h) ,

showing that π̌ is invariant for R.

2.3.3 A law of large numbers for the KKT process

In order to establish that (Yk, Zk)k∈N, evolving according to the Markov kernel R, satis-
fies a law of large numbers, we will first find conditions under which R admits a unique
invariant probability measure. In that case, [37, Theorem 5.2.6] guarantees that the
associated dynamical system is ergodic and that Birkhoff’s theorem applies.

Proposition 2.6. Assume (A1) and (A2). In addition, suppose that πC and π are the
unique invariant probability measures for Q and P , respectively. Then π̌ is the unique
invariant probability measure for R.

Proof. By Proposition 2.5, π̌ is an invariant probability measure for R. We show by
contradiction that it is the unique invariant probability measure for R. First, assume
that if µ is an other invariant probability measure for R, then there exists c > 0 such
that for every A ∈ E ,

π̌(A) ⩽ cµ(A). (2.10)
Now, if R does not admit a unique probability measure, then there exist, by [37, The-
orem 1.4.6(ii)], at least two distinct probability measures µ1 and µ2 that are mutually
singular, i.e., there exists A ∈ E � EC such that µ1(A) = µ2(Ac) = 0. Since µ1 and µ2
satisfy (2.10) for some constants c1 and c2, we obtain that π̌(A) = π̌(Ac) = 0, which,
finally, implies that π̌(X × C) = π̌(A) + π̌(Ac) = 0. This is contradictory since π̌ is a
probability measure.

Now, we let µ ∈ M1(E � EC) be any invariant probability measure for R and show
(2.10) holds for some c > 0. Since for every B ∈ EC,

µ(X × B) = µR(X × B) =
∫

X×B
µ(d(y, z))P (y,Cc) +

∫
X×C

µ(d(y, z))P (y,C)Q(z,B) ,

it holds that ∫
X×B

µ(d(y, z))P (y,C) =
∫

E×C
µ(d(y, z))P (y,C)Q(z,B) .

In other words, the finite nonnegative measure EC ∋ B 7→
∫

X×B µ(d(y, z))P (y,C) is
invariant for Q, and since πC is supposed to be the unique invariant probability measure
of Q, there exists a constant ζ ⩾ 0 such that for every B ∈ EC,∫

X×B
µ(d(y, z))P (y,C) = ζπC(B) . (2.11)
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We show by contradiction that ζ > 0. Indeed, if ζ = 0, then setting B = C in (2.11)
yields ∫

E×C
µ(d(y, z))P (y,C) = 0 . (2.12)

Consequently, for every A ∈ E ,

µ(A× C) = µR(A× C)

=
∫

E×C
µ(d(y, z))P (y,Cc ∩ A) +

∫
E×C

µ(d(y, z))P (y,C)Q(z,C ∩ A)

=
∫

E×C
µ(d(y, z))P (y,Cc ∩ A) + 0

=
∫

E×C
µ(d(y, z))P (y,Cc ∩ A) +

∫
E×C

µ(d(y, z))P (y,C ∩ A)

=
∫

E×C
µ(d(y, z))P (y,A) .

Therefore, the probability measure E ∋ A 7→ µ(A× C) is invariant for P , and since π is
the unique P -invariant probability measure, it holds that µ(· × C) = π. This allows us
to rewrite (2.12) according to

0 =
∫

E×C
µ(d(y, z))P (y,C) =

∫
E×C

π(dy)P (y,C) = π(C),

which contradicts Remark 2.3. Thus, (2.11) holds with ζ > 0. Consequently, for every
h ∈ F+(E � EC),∫

C×C
µ(d(y, z))h(y, z) =

∫
E×C

µ(d(y, z))R(h1C×C)(y, z)

=
∫

E×C
µ(d(y, z))P (y,C)

∫
C
Q(z, dz′)h(z′, z′) = ζ

∫
πC(dz)h(z, z) . (2.13)

The probability measure µ is invariant for R, but since C × C is not necessarily µ-
accessible we cannot use Kac’s theorem directly. Instead, Remark 2.2 shows that for
every bounded function h ∈ F+(E � EC),

µ(h) ⩾
∫

C×C
µ(d(y, z)) ER

(y,z)

σC×C−1∑
k=0

h(Yk, Zk)


= ζ

∫
πC(dz) EP

z

σC−1∑
k=0

h(Xk, z)

 = ζπ̌(h)
π(C) ,

where the penultimate and last equalities follow from (2.13) and (2.8), respectively. Since
ζ > 0, we have shown (2.10). The proof is completed.
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The fact that π̌ is a unique invariant probability measure for R allows us to apply [37,
Theorem 5.2.6] and Birkhoff’s theorem to establish that for every measurable function
f : X × C→ R such that π̌(|f |) < +∞,

lim
n→+∞

n−1
n−1∑
k=0

f(Yk, Zk) = π̌(f), PR
π̌ -a.s. (2.14)

However, this property is not fully satisfying since it only holds under stationarity,
i.e., under PR

π̌ . From a simulation perspective, it is crucial that the same result holds
irrespective of how the chain is initialized. Our next result addresses this question and
establishes that (2.14) holds for an arbitrary initial distribution, i.e., when PR

π̌ is replaced
by PR

ξ , where ξ ∈ M1(E�EC) is arbitrary. Interestingly, the assumptions under which we
operate when deriving this result also turn out to be necessary and, therefore, impossible
to weaken.

Theorem 2.7. Assume (A1) and (A2). In addition, suppose that the Markov kernel R
admits a unique invariant probability measure π̌. Then the two conditions

(a) for every x ∈ X, PP
x (σC < +∞) = 1 and

(b) for every x ∈ C and bounded measurable function h : C→ R,

lim
ℓ→+∞

ℓ−1
ℓ−1∑
k=0

h(Xk) = πC(h) , PQ
x -a.s.,

hold if and only if for every ξ ∈ M1(E �EC) and measurable function f : X×C→ R such
that π̌(|f |) < +∞,

lim
n→+∞

n−1
n−1∑
k=0

f(Yk, Zk) = π̌(f) , PR
ξ -a.s. (2.15)

It is worthwhile to note that Theorem 2.7 does not presuppose a law of large numbers
for the Markov kernel P . The proof of Theorem 2.7 relies on the following necessary and
sufficient conditions—based on properties of harmonic functions for P (i.e. measurable
functions h for which P |h| < ∞ and Ph = h)—for a Markov chain to satisfy a law of
large numbers.

Proposition 2.8. Let P be a Markov kernel on X×E admitting an invariant probability
measure π. Then the two following conditions are equivalent.

(i) For every ξ ∈ M1(E) and measurable function g : X→ R such that π(|g|) < +∞,

lim
n→+∞

n−1
n−1∑
k=0

g(Xk) = π(g), PP
ξ -a.s.

(ii) Every bounded harmonic function h : X→ R for P is constant.
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Since the equivalence provided by Proposition 2.8 has not, as far as we know, been
established in the literature before, we provide a complete proof of this result in Sec-
tion 2.7.2. We now have all the tools needed for proving Theorem 2.7.

Proof of Theorem 2.7. We aim to establish the equivalence between the conditions (a)
and (b) and the law of large numbers (2.15). We first assume that (a) and (b) hold. Since
π̌ is an invariant probability measure forR, Proposition 2.8 applies toR. Therefore, given
an arbitrary harmonic function h for R, it is sufficient to establish that h is constant.
With this aim in mind, we prove that for every (y, z) ∈ X × C,

h(y, z) =
∫

C
Q(z, dz′)h(z′, z′). (2.16)

Indeed, if (2.16) is true, then h(y, z) does not depend on y (since the right-hand side of
(2.16) does not depend on y) and then g(z) := h(z, z) is a bounded harmonic function
for Q since (2.16) yields g = Qg. Finally, combining (b) with Proposition 2.8 applied to
Q shows that g is a constant function. Thus, also h is constant.

We now turn to the proof of (2.16). Set A := {σC̄ < +∞} where C̄ = C × C. Since
YσC̄

= ZσC̄
on A, combining Lemma 3(ii) with (a) implies

ER
(y,z)

[
h(YσC̄

, ZσC̄
)1A

]
= ER

(y,z)

[
h(ZσC̄

, ZσC̄
)1A

]
= PP

y (σC <∞)
∫

C
Q(z, dz′)h(z′, z′) =

∫
C
Q(z,dz′)h(z′, z′). (2.17)

On the other hand, by [37, Proposition 5.2.2(ii)] there exists a random variable W that is
invariant for the shift operator θ and such that ER

(y,z)[W ] = h(y, z) for all (y, z) ∈ X×C.
Thus, by the strong Markov property, since W ◦ θσC̄ = W on A,

ER
(y,z)

[
h(YσC̄

, ZσC̄
)1A

]
= ER

(y,z)

[
ER

(YσC̄
,ZσC̄

)[W ]1A

]
= ER

(y,z)[W ◦ θσC̄1A]

= ER
(y,z)[W ] = h(y, z),

where we used Lemma 3(i) in the penultimate equality. Combining this equality with
(2.17) yields (2.16), and we have finally established (2.15).

Conversely, assuming (2.15), we prove that (a) and (b) hold. Let (y0, z0) ∈ X × C;
then, applying (2.15) to the function f : X × C ∋ (y, z) 7→ 1C(y) = 1C̄(y, z) and the
measure ξ = δ(y0,z0) yields, PR

(y0,z0)-a.s.,

lim
n→+∞

n−1
n−1∑
k=0

1C(Yk) = lim
n→+∞

n−1
n−1∑
k=0

1C̄(Yk, Zk) = π̌(C̄) = π(C) > 0, (2.18)

where the positivity of π(C) follows from Remark 2.3 under (A1). Therefore, for all
(y0, z0) ∈ X × C, 1 = PR

(y0,z0)(σC̄ < ∞) = PP
y0(σC < ∞), where the last equality follows

from Lemma 3 by letting v ≡ 1 and n→∞ in (2.47). This shows (a).
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We now turn to (b). Pick arbitrarily h ∈ Fb(EC) and x ∈ C. Applying (2.15) to the
function f : X × C ∋ (y, z) 7→ 1C(y)h(y) and the measure ξ = δ(x,x) yields

lim
n→+∞

n−1
n−1∑
k=0

1C(Yk)h(Yk) = π(1Ch), PR
(x,x)-a.s.

Combining this limit with (2.18) provides

lim
n→+∞

∑n−1
k=0 1C(Yk)h(Yk)∑n−1

k=0 1C(Yk)
= π(1Ch)

π(C) = πC(h), PR
(x,x)-a.s.

Therefore, limℓ→+∞ ℓ
−1∑ℓ

k=1 h(Yσk
C̄
) = πC(h), PR

(x,x)-a.s. However, by Lemma 3(iv), the
embedded process (Yσk

C̄
)k∈N∗ is, under PR

(x,x), a Markov chain with transition kernel Q
and initial distribution δx. Thus,

1 = PR
(x,x)

(
lim

ℓ→+∞
ℓ−1

ℓ∑
k=1

h(Yσk
C̄
) = πC(h)

)
= PQ

x

(
lim

ℓ→+∞
ℓ−1

ℓ−1∑
k=0

h(Xk) = πC(h)
)
,

which establishes (b). This completes the proof.

2.3.4 Geometric ergodicity of the KKT process

In this section, we introduce the following additional conditions under which we will
establish that R is geometrically ergodic in total variation.

(A3) There exist (λ, b) ∈ (0, 1) × R∗+ and a measurable function VP : X → [1,+∞) such
that

PVP ⩽ λVP + b1C and sup
y∈C

VP (y) < +∞ . (2.19)

Assumption (A3), which is a typical geometric drift condition, implies that C is accessible
for P ; indeed, under (A3), by [37, Proposition 4.3.3], PP

x (σC < +∞) = 1 for every x ∈ X.
Let ϵ > 0 and ν ∈ M1(EC). We say that D ∈ EC is a (1, ϵν)-small set for Q if for

every x ∈ D and A ∈ EC, Q(x,A) ⩾ ϵν(A).

(A4)

(i) There exists an accessible (1, ϵν)-small set D ∈ EC for Q such that ν(D) > 0.
(ii) It holds that infz∈D P (z,C) > 0.
(iii) There exist constants (λ, b) ∈ (0, 1) × R∗+ and a measurable function VQ : C →

[1,+∞) such that

QVQ ⩽ λVQ + b1D and sup
z∈D

VQ(z) <∞ . (2.20)
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Since we will assume (A3) and (A4) jointly, we can always, for simplicity, assume
that (2.19) and (2.20) hold for the same constants (λ, b) (for instance, the largest ones).
Note that (A4)(i) implies (see [37, Theorem 9.2.2]) that Q is irreducible, and therefore
πC is the unique invariant probability measure of Q under (A2). Moreover, (A4)(ii) holds
true in the case where X is a topological space (equipped with its Borel σ-field E) and
there exists a kernel T on X and a compact set D such that P (y,C) ⩾ T (y,C) > 0 for all
y ∈ D and the mapping y 7→ T (y,C) is lower semi-continuous. This setting covers, for
instance, the case where P is the Markov kernel associated with the Metropolis–Hastings
algorithm with positive proposal transition density.

Theorem 2.9 below states that the KKT process is geometrically ergodic provided
that Q is geometrically ergodic on C and P pushes toward C according to the geometric
drift condition (A3). Therefore, remarkably, no assumption concerning smallness of C
with respect to P is made, and the set C may hence be potentially large. Note also that
no assumption on geometric ergodicity of the Markov kernel P is needed. Theorem 2.9
conveys the idea that if a Markov chain evolving according to P exhibits poor ergodic
behavior on C, then the action of changing its dynamics in the same region to one
governed by Q, where Q is geometrically ergodic on C, may result in a geometrically
ergodic KKT process.

Theorem 2.9. Assume (A1)–(A4). Then there exist constants C > 0 and ρ ∈ (0, 1)
such that for every µ ∈ M1(E � EC) and n ∈ N,

∥µRn − π̌∥TV ⩽ Cρn
∫

E×C
VP (y)VQ(z)µ(d(y, z)). (2.21)

Our approach for establishing the geometric ergodicity in Theorem 2.9 is non-
standard. Indeed, even though it can be easily seen that D×D is a small set for R, it is
not obvious (and this remains an open question) how to construct, under (A3)–(A4), a
drift function for R outside D×D by combining the drift functions VP and VQ associated
with P and Q, respectively. Instead, the geometrically ergodic bound (2.21) is obtained
through a delicate application of [37, Theorem 11.4.2].

Proof of Theorem 2.9. Set C̄ := C × C and D̄ := D × D. Under (A3), [37, Proposition
4.3.3(ii)] allows us to write, for every y ∈ X,

EP
y [λ−σC ] ⩽ VP (y) + b/λ < +∞ . (2.22)

Therefore, PP
y (σC < +∞) = 1 for every y ∈ X, and by Lemma 3(i), for every ℓ ∈ N∗ and

(y, z) ∈ X × C,
PR

(y,z)(σℓ
C̄ < +∞) = 1. (2.23)

Moreover, by Lemma 4 and (2.22) again, D̄ = D × D is an accessible (1, δϵν̄)-small set
for R, where δ := infz∈D P (z,C) and ν̄ is the probability measure ν̄ : E � EC ∋ A 7→∫

C ν(dz)1A(z, z) which satisfies ν̄(D̄) > 0. Thus, in order to apply [37, Theorem 11.4.2],
we only need to show that there exists some γ > 1 such that

sup
(y,z)∈D̄

ER
(y,z)[γσD̄ ] < +∞ . (2.24)
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In order to establish (2.24) we first show that for every (y, z) ∈ X × C,

PR
(y,z)(σD̄ < +∞) = 1. (2.25)

For this purpose, using (2.23) we can write PR
(y,z)(σD̄ < +∞) = ∑+∞

k=1 PR
(y,z)(σD̄ = σk

C̄),
where

PR
(y,z)(σD̄ = σk

C̄) = ER
(y,z)

[
1D(Zσk

C̄
)

k−1∏
ℓ=1

1Dc(Zσℓ
C̄
)
]

= PQ
z (σD = k) ;

here the last equality is obtained by applying Lemma 3(iii) for gℓ ≡ 1 for all ℓ ⩽ k,
hℓ ≡ 1Dc for all ℓ < k, and hk ≡ 1D. Thus, since [37, Proposition 4.3.3(ii)] implies that

EQ
z [λ−σD ] ⩽ V (z) + b/λ < +∞ , z ∈ C , (2.26)

it holds that PR
(y,z)(σD̄ < +∞) = PQ

z (σD < +∞) = 1, which completes the proof (2.25).
We now turn to the proof of (2.24). Set η := supy∈C VP (y) + b/λ and pick γ ∈

(1, exp(log2 λ/ log η)). Using (2.22), we have

1 ⩽ λ−1 ⩽ sup
y∈C

EP
y [λ−σC ] ⩽ η . (2.27)

Therefore, we get

γ ⩽ exp(log2 λ/ log η) = (λ−1)− log λ/ log η ⩽ λ−1 . (2.28)

By Jensen’s inequality and (2.27) it holds, for every x ∈ C,

EP
x [γσC ] = EP

x [λσC log γ/ log λ] ⩽ EP
x [λ−σC ]− log γ/ log λ

⩽ η− log γ/ log λ = exp
(
− log η log γ

log λ

)
⩽ λ−1 . (2.29)

We will soon make use of the bound (2.29); however, first, let (y, z) ∈ X × C and write,
using (2.25) and (2.23),

ER
(y,z)[γσD̄ ] = ER

(y,z)

[
γσD̄1{σD̄<+∞}

]
=

+∞∑
k=1

rk , with rk := ER
(y,z)

[
γσk

C̄1{σD̄=σk
C̄}

]
. (2.30)

Applying Lemma 3(iii) with gℓ(t) ≡ γt for ℓ ∈ {1, . . . , k} and t ∈ N, hℓ ≡ 1Dc for ℓ < k,
and hk ≡ 1D (and using the convention σ0

C̄ = 0) yields

rk = ER
(y,z)

[
γσk

C̄1D(Zσk
C̄
)

k−1∏
ℓ=1

1Dc(Zσℓ
C̄
)
]

= ER
(y,z)

[(
k∏

ℓ=1
γσℓ

C̄−σℓ−1
C̄

)
1D(Zσk

C̄
)

k−1∏
ℓ=1

1Dc(Zσℓ
C̄
)
]

= EP
y [γσC ] EQ

z

[
1D(Xk)

k−1∏
ℓ=1

1Dc(Xℓ) EP
Xℓ

[γσC ]
]

⩽

(
sup
x∈C

EP
x [γσC ]

)k−1

EP
y [γσC ] PQ

z (σD = k) .
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Now, combining this bound with (2.28) and (2.29) yields for any (y, z) ∈ E× C,

rk ⩽ λ−k+1EP
y [λ−σC ] PQ

z (σD = k) .

Plugging the previous inequality into (2.30) and using (2.22) and (2.26) we obtain

ER
(y,z)[γσD̄ ] ⩽ λEP

y [λ−σC ] EQ
z [λ−σD ] ⩽ λ(VP (y) + b/λ)(VQ(z) + b/λ) . (2.31)

Thus, using (A3) and (A4)(iii), we conclude that

sup(y,z)∈D̄ ER
(y,z)[γσD̄ ] ⩽ λ(supy∈D̄ VP (y) + b/λ)(supz∈D VQ(z) + b/λ) <∞ ,

which completes the proof of (2.24).
Finally, all the assumptions of [37, Theorem 11.4.2] are satisfied and there exist c > 0

and ρ ∈ (0, 1) such that for every µ ∈ M1(E � EC) and n ∈ N,

∥µRn − π̌∥TV ⩽ c ρn ER
µ [γσD̄ ] ⩽ cλ ρn

∫
µ(d(y, z))(VP (y) + b/λ)(VQ(z) + b/λ) ,

where we used (2.31) in the last step. Combining this with the bound (VP (y) +
b/λ)(VQ(z) + b/λ) ⩽ (1 + b/λ)2VP (y)VQ(z) and letting C = cλ(1 + b/λ)2 completes
the proof of (2.21).

2.4 A general Kick-Kac teleportation process

2.4.1 A generalization of Kac’s theorem

Recall that in order to construct the Markov teleportation process, we combined the
kernel P , having invariant probability measure π, with an auxiliary kernel Q, having πC
as invariant probability measure. We now generalize this construction by replacing πC
by a more general probability measure π̃ ∈ M1(E) which is assumed to admit a bounded
density with respect to π; in other words, by assumption there exists M ⩾ 1 such that
for every x ∈ E,

dπ̃
dπ (x) ⩽M. (2.32)

Under this assumption we define the [0, 1]-valued measurable function

α(x) := 1
M

dπ̃
dπ (x) , x ∈ X. (2.33)

Of course, π̃ = πC satisfies (2.32) with M = 1/π(C), and in that case, α = 1C.
Before introducing the general Markov teleportation process, we first provide a gen-

eralization of Kac’s theorem. Let X̄ := X × [0, 1] and Ē := E � B([0, 1]) and define the
Markov kernel P̄ on X̄ × Ē by

P̄ (x̄,A) :=
∫
P (x,dx′)1[0,1](u′)1A(x′, u′) du′, x̄ = (x, u) ∈ X̄, A ∈ Ē . (2.34)
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Note that a transition according to P̄ can be decomposed into two independent
moves, where the first component is updated according to the Markov kernel P and
the second component is drawn from the uniform distribution on [0, 1] independently
of the past. For a given µ ∈ M1(Ē), denote by P̄µ (and Ēµ) the unique probability
distribution (and associated expectation) on the canonical space (X̄N, Ē�N) induced by
the Markov kernel P̄ and the initial distribution µ. By abuse of notation, if µ = δ(x,u)
for some (x, u) ∈ X × [0, 1], we simply write P̄x,u and Ēx,u instead of Pδ(x,u) and Eδ(x,u) ,
respectively. Moreover, when φ is a nonnegative or bounded measurable function on
(XN, E�N) such that Ēx,u [φ] does not depend on u ∈ [0, 1], we indicate this by writing
Ēx,∗ [φ]. Finally, set C̄ :=

{
(x, u) ∈ X̄ : u ⩽ α(x)

}
and define

σC̄ := inf
{
k ⩾ 1 : (Xk, Uk) ∈ C̄

}
, (2.35)

where (Xk, Uk)k∈N is the canonical process on (X̄N, Ē�N). In addition, define π̄ := π �
Unif([0, 1]) and note that π̄ is an invariant probability measure for P̄ . By showing that
C̄ is π̄-accessible and applying Kac’s theorem to P̄ we obtain the following generalization
of Kac’s theorem.

Proposition 2.10. Let P be a Markov kernel on X×E with invariant probability measure
π. Let α : X → [0, 1] be a measurable function such that {x ∈ X : α(x) > 0} is
π-accessible for P . Then, C̄ is π̄-accessible. Moreover,

π = π0
α = π1

α , (2.36)

where for every measurable nonnegative or bounded function f on (X, E),

π0
α(f) =

∫
π(dx)α(x)Ēx,∗

σC̄−1∑
k=0

f(Xk)

 , π1
α(f) =

∫
π(dx)α(x)Ēx,∗

[ σC̄∑
k=1

f(Xk)
]
.

Proof. To apply Kac’s theorem to the set C̄ for the kernel P̄ we need to check that C̄ is
π̄-accessible for P̄ . Since, by assumption, {α > 0} is π-accessible for P , we conclude that∑∞

k=1 PP
x (α(Xk) > 0) > 0 for π-almost all x ∈ X. Note that since PP

x (α(Xk) > 0) > 0 if
and only if EP

x [α(Xk)] > 0, it holds that
∞∑

k=1
P̄ k((x, u), C̄) =

∞∑
k=1

Ēx,u

[
1{Uk⩽α(Xk)}

]
=
∞∑

k=1
EP

x [α(Xk)] > 0

for π̄-almost all (x, u) ∈ X̄. Hence, C̄ is π̄-accessible for P̄ , and Kac’s theorem (The-
orem 2.1) applies. Thus, for every h ∈ F+(Ē),

π̄(h) =
∫

C̄
π̄(d(x, u)) Ēx,u

σC̄−1∑
k=0

h(Xk, Uk)


=
∫
π(dx)

∫
[0,1]

1{u⩽α(x)}Ēx,u

σC̄−1∑
k=0

h(Xk, Uk)

du .

42



2.4. A general Kick-Kac teleportation process

Now, if f ∈ F+(E), then setting h(x, u) = f(x) yields

π(f) = π̄(h) =
∫
π(dx)

∫
[0,1]

1{u⩽α(x)}Ēx,u

σC̄−1∑
k=0

f(Xk)

du

=
∫
π(dx)α(x)Ēx,∗

σC̄−1∑
k=0

f(Xk)

 ,
where the last equality stems from the fact that Ēx,u[∑σC̄−1

k=0 f(Xk)] does not depend
on u. Hence, π = π0

α. The proof of π = π1
α follows the same lines and is omitted for

brevity.

Remark 2.11. Similarly to Corollary 1, the generalized Kac’s theorem (2.36) also holds
if P admits a unique invariant probability measure π such that π(α) > 0. Indeed, in
that case, π(α > 0) > 0, and by Lemma 2, {α > 0} is π-accessible for P . Therefore,
Proposition 2.10 applies, implying (2.36).

If {x ∈ X : α(x) > 0} is π-accessible for P , we can, on the basis of Proposition 2.10
and Proposition 2.5, define a KKT sampler using the extended Markov kernel P̄ as basis
kernel and a Markov kernel Q̄ leaving π̄C̄ invariant as teleportation kernel. Moreover,
note that since dπ̃/dπ ∝ α, it is easy to verify that a Markov kernel Q̄ leaving π̄C̄
invariant can be formed by picking some π̃-invariant Markov kernel Q and setting Q̄ :=
Q� Unif(0, 1)|C̄, i.e., Q̄ is the Markov kernel on C̄× ĒC̄ given by

Q̄(x̄,A) =
∫∫

Q(x,dx′)
1[0,α(x′)](u′)

α(x′) 1A(x′, u′) du′, x̄ = (x, u) ∈ C̄, A ∈ ĒC̄.

Using Proposition 2.10, we may now construct the general Kick-Kac teleportation
(GKKT) process described in Algorithm 3, where Q is, as above, some Markov ker-
nel leaving π̃ invariant. Finally, it is worth mentioning that all the results that we have
derived for the KKT process can be obtained also for the GKKT process by replacing
the conditions on P and Q by similar conditions on P̄ and Q̄.

Remark 2.12. Assume that the target distribution π is known only up to multiplicative
constant, i.e., π = πu/πu(X), where πu is a known, unnormalized finite measure on
(X, E). Moreover, assume that there exists another unnormalized measure π̃u on (X, E),
dominated by πu, and a finite constant Mu such that for every x ∈ X,

dπ̃u

dπu
(x) ⩽Mu .

Then it is straightforward to check that (2.32) is satisfied with π̃ = π̃u/π̃u(X) and M =
Muπu(X)/π̃u(X). Furthermore, as the function α defined by (2.33) can be written as
α(x) = M−1

u (dπ̃u/dπu)(x), Algorithm 3 can be implemented even if the target is known
only up to a multiplicative constant.
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Algorithm 3 The general Kick-Kac teleportation (GKKT) process
1: Initialization Draw (Y0, Z0).
2: for k ← 1 to n do
3: draw (Y ⋆

k , Uk) ∼ P (Yk−1, ·) � Unif([0, 1])
4: if Uk ⩾ α(Y ⋆

k ) then
5: set (Yk, Zk)← (Y ⋆

k , Zk−1)
6: else
7: draw Zk ∼ Q(Zk−1, ·)
8: set Yk ← Zk

9: end if
10: end for

Remark 2.13. As explained above, Algorithm 3 can be viewed as a special instance
of Algorithm 2, parameterized by the base kernel P̄ , the critical region C̄ and the tele-
portation kernel Q̄, where the generation of the uniformly distributed component of the
teleportative move governed by Q̄ is omitted (as this draw is never used later in the al-
gorithm, since neither Q̄((x, u), ·) nor P̄ ((x, u), ·) de facto depends on u). Recalling the
definitions of P̄ and C̄ in (2.34) and (2.35), respectively, Lines 3–4 in Algorithm 3 are
equivalent to

3’: draw (Y ⋆
k , Uk) ∼ P̄ ((Yk−1, Uk−1), ·)

4’: if (Y ⋆
k , Uk) /∈ C̄ then

which exactly correspond to Lines 3–4 in Algorithm 2 with Y ⋆
k replaced by (Y ⋆

k , Uk), P
by P̄ , and C by C̄. Moreover, alternatively, Lines 3–4 in Algorithm 3 can be expressed
as

3”: draw Y ⋆
k ∼ P (Yk−1, ·) and, conditionally on Y ⋆

k , Bk ∼ Bernoulli(α(Y ⋆
k ))

4”: if Bk = 0 then

2.4.2 Revisiting the hybrid kernel of [20]

In this section, we compare our methodology to the one proposed in [20]. We first recall
the construction of the hybrid kernel introduced in that work and then show that this can
be seen as a particular instance of the GKKT process. Let P be a Markov kernel on X×E
leaving π invariant and let ϕ ∈ M1(E) be a so-called re-entry proposal distribution. We
assume that π and ϕ have densities with respect to the same dominating measure ν, and
denote, by abuse of notation, these densities by the same symbols π and ϕ, respectively.
The construction of [20] follows two steps: using P and ϕ, we first construct a process
(Y ′k)k∈N on X∪ {a}, where a is an ‘artificial’ atom; then we obtain (Yk)k∈N by removing
every occurrence of the state a from (Y ′k)k∈N. Letting c > 0, the transitions of (Y ′k)k∈N

can be described as follows.
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Case 1 : Y ′k−1 = y ∈ X Case 2 : Y ′k−1 = a
Draw (Y ⋆

k , Uk) ∼ P (Yk, ·) �
Unif([0, 1]);

Draw (Y ⋆
k , Vk) ∼ ϕ � Unif([0, 1]);

if Uk ⩾
(

1 ∧ cϕ(Y ⋆
k

)
π(Y ⋆

k
)

)
, then set Y ′k =

Y ⋆
k ;

if Vk ⩽
(

1 ∧ π(Y ⋆
k

)
cϕ(Y ⋆

k
)

)
, then set Y ′k =

Y ⋆
k ;

otherwise, set Y ′k = a. otherwise, set Y ′k = a.

It is straightforwardly seen from Case 2 that the algorithm attempts to escape from
a through rejection sampling with proposal distribution ϕ and acceptance probability
1 ∧ π

cϕ . The density (with respect to ν) of the accepted candidate is therefore π̃(x) :=
M([cϕ(x)]∧π(x)), x ∈ X, where M := 1/

∫
[cϕ(x)]∧π(x) ν(dx). Note that π̃(x) ⩽Mπ(x)

for every x ∈ X, showing that (2.32) is satisfied. Moreover, it can be seen from Case 1
that if the previous state is y ∈ X, a candidate drawn from P (y, ·) is accepted with
probability 1− 1 ∧ cϕ

π = 1− α, where α is defined in (2.33). Pruning every occurence of
a in (Y ′k)k∈N, we finally obtain the same transitions as in Algorithm 3, except that the
general Markov kernel Q on Line 7 is replaced by the particular distribution π̃. Thus,
the approach of [20] corresponds to a memoryless version of the GKKT process and falls
into the class of regeneration-type algorithms. In contrast, our GKKT, which allows
the flexibility of a general kernel Q targeting the distribution π̃, does not require exact
sampling from π̃.

2.4.3 Revisiting the Metropolis–Hastings algorithm

Here, we use Remark 2.13 for casting the Metropolis–Hastings (MH) algorithm into the
framework of the GKKT process. Consider the MH algorithm targeting some distribu-
tion π on (X, E) by means of some proposal kernel R on X × E . We here suppose that
π and R have a density and a transition density, denoted by π and r, respectively, with
respect to some σ-finite measure ν ∈ M(E), Then, the associated acceptance probability
is given by

αMH(x, y) :=
(
π(y)r(y, x)
π(x)r(x, y)

)
∧ 1 , (x, y) ∈ X × X. (2.37)

The algorithm is initialized in X0 = x0 ∈ X. In order to show that the MCMC chain
generated by this algorithm is just a special instance of the GKKT process, define the
probability measure

π̃(h) :=
∫
π(dx)α(x)h(x)∫
π(dz)α(z) , h ∈ F+(E) ,

where α(x) :=
∫
R(x,dy)αMH(x, y), x ∈ X. Note that since 0 ⩽ α ⩽ 1, π̃ satisfies (2.32)

with M := 1/
∫
π(dz)α(z). Consider now a GKKT process with

(i) the π-invariant Markov kernel P is given by P (x, ·) = δx, x ∈ X, and

(ii) the π̃-invariant Markov kernel Qα is given by

Qα(x,A) =
∫

AR(x, dy)αMH(x, y)∫
R(x,dz)αMH(x, z) , (x,A) ∈ X × E .
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With this particular choice of P and Qα, Algorithm 3, with Lines 3–4 replaced by Lines
3”–4” according to Remark 2.13, turns into Algorithm 4 below.

Now, let us examine the dynamics of Algorithm 4 more closely. Assume that for some
k ∈ N∗, Bk = 1; then Yk = Zk, and we assign the value of Yk to the next values (Yℓ)ℓ>k

until the Bernoulli variable Bℓ, with success probability α(Yℓ−1) = . . . = α(Yk), takes
on the value 1. In that case, Yℓ is drawn from the distribution Qα(Zk, ·) = Qα(Yk, ·).
Equivalently, we may draw a geometrically distributed random variable T with success
probability α(Yk) and, independently, a random variable Ỹ ∼ Qα(Yk, ·) and then set
Yk = Yk+1 = . . . = Yk+T−1 and Yk+T = Ỹ . However, this is exactly the course of
action of the MH algorithm, in which, starting from Yk, a draw from R(Yk, ·) is accepted
with a probability given by the function αMH(Yk, ·). If the move is not accepted, the
value of Yk is repeated. Note that this can be equivalently described as a rejection-
sampling algorithm, where samples from Qα(Yk, ·) are generated by drawing candidates
from R(Yk, ·) and accepting the same with probabilities given by the function αMH(Yk, ·).
It is well known that for rejection sampling, the number T of trials before acceptance
is geometrically distributed with success probability

∫
R(Yk, dy)αMH(Yk, y) = α(Yk).

Moreover, T is independent of the accepted variable Ỹ , the latter having the desired
distribution Qα(Yk, ·) conditionally on acceptance.

This finally shows that the MH algorithm is just a particular GKKT process, where
the base kernel is degenerated, P (x, ·) = δx, and the teleportation kernel Qα is simulated
using rejection sampling.

Algorithm 4 The MH algorithm as a GKKT process
1: Initialization Set (Y0, Z0)← (x0, x0).
2: for k ← 1 to n do
3: set Y ⋆

k = Yk−1 and, conditionally to Y ⋆
k , draw Bk ∼ Bernoulli(α(Y ⋆

k ))
4: if Bk = 0 then
5: set (Yk, Zk)← (Y ⋆

k , Zk−1)
6: else
7: draw Zk ∼ Qα(Zk−1, ·)
8: set Yk ← Zk

9: end if
10: end for

2.5 Numerical illustrations

In the following we benchmark numerically the KKT sampler against the Metropolis-
adjusted Langevin algorithm (MALA) [121] and the HMC algorithm [12, 104]. In all our
experiments, the target distribution π is assumed to have a positive density on Rd with
respect to the Lebesgue measure; for ease of notation, this density will be denoted by
the same symbol, π. In addition, log π is supposed to be continuously differentiable, and
we denote its gradient by ∇ log π.
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We first recall the expression of the transition kernel RMH of the MH algorithm based
on some proposal transition density r : Rd × Rd → R+ with respect to the Lebesgue
measure: for every x ∈ Rd and A ∈ B(Rd) (the Borel σ-field on Rd),

RMH(x,A) =
∫

A
αMH(x, y)r(x, y) dy + δx(A)

∫
Rd
{1− αMH(x, y)}r(x, y) dy ,

where the acceptance probability function αMH is given in (2.37). We will consider two
different parameterizations of the MH algorithm, namely the MALA and the random-
walk Metropolis (RWM) algorithm. In RWM, proposals are generated by means of a
random walk with standard deviation σ > 0, providing an MH algorithm with proposal
transition density

rσ(x, y) = (2σ2π)−d/2 exp
(
− 1

2σ2 ∥y − x∥
2
)
.

On the other hand, in the MALA, proposals are generated according to the Euler–
Maruyama discretization of the overdamped Langevin diffusion, i.e.,

rγ(x, y) = (4γπ)−d/2 exp
(
− 1

4γ ∥y − x− γ∇ log π(x)∥2
)
,

where γ > 0 is a fixed stepsize. The Markov kernels associated with the RWM algorithm
and the MALA will be denoted by RRWM

σ and RMALA
γ , respectively.

Finally, we consider the HMC algorithm, which is briefly reviewed in the following
(we refer to [17, 104] for details). HMC is based on the Hamiltonian function H(x, v) :=
− log π(x) + ∥v∥2 /2, (x, v) ∈ X × R, associated with the potential − log π of the target
distribution and the corresponding ordinary differential equation (ODE) and dynamics.
Indeed, the latter preserves the extended target distribution π� N(0, Id), where N(0, Id)
is the standard d-dimensional Gaussian distribution. However, in most cases, integrating
exactly the Hamiltonian ODE is not an option, and therefore numerical integrators are
typically used instead. A very popular choice is the Verlet integrator which, given some
starting point (x0, v0) ∈ R2d, time step size ∆t > 0 and number NHMC ∈ N∗ of iterations,
consists in the recursion (xk+1, vk+1) = Ψ∆t(xk, vk), for k ∈ {0, . . . , NHMC − 1}, where,
letting vk+1/2 = vk + 2−1∆t log π(xk),

Ψ∆t(xk, vk) := (vk+1/2 + 2−1∆t∇ log π(xk + ∆tvk+1/2), xk + ∆tvk+1/2) . (2.38)

For k ∈ {1, . . . , NHMC − 1}, (xk, vk) = Ψ◦k∆t
(x0, v0), where Ψ◦1∆t

= Ψ∆t and Ψ◦(k+1)
∆t

=
Ψ◦k∆t
◦Ψ∆t for k ∈ N∗. It follows that Ψ◦k∆t

(x0, v0) is an approximation of the Hamiltonian
dynamics at time k∆t. However, failing to leave the Hamiltonian function constant,
numerical integration of the Hamiltonian ODE does not preserve the extended target in
general. Still, like the continuous Hamiltonian dynamics, symplecticness and reversib-
ility still hold. These properties allow (xNHMC , vNHMC) = Ψ◦NHMC

∆t
(x0, v0) to be used as a

deterministic proposal inside an MH algorithm with corresponding acceptance probab-
ility function

αHMC(x0, v0) = 1 ∧ exp
(
H(x0, v0)−H ◦ Ψ◦NHMC

∆t
(x0, v0)

)
. (2.39)
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Finally, to ensure that the resulting Markov kernel is irreducible and ergodic (see [46]),
the starting point of the additional variable v0 is refreshed, i.e., sampled from its sta-
tionary distribution N(0, Id) independently of the past, at each iteration. This yields the
Markov kernel

RHMC
∆t,NHMC

(x,A) := (2π)−2d
∫

Rd
1A
(
projx ◦Φ

◦(NHMC)
∆t

(x, v)
)
αHMC(x, v) exp(∥v∥2) dv

+ δx(A)(2π)−2d
∫

Rd
(1− αHMC(x, v)) exp(∥v∥2) dv, x ∈ Rd, A ∈ B(Rd),

where Ψ∆t and αHMC are defined in (2.38) and (2.39), respectively, and projx : R2d ∋
(x, v) 7→ x.

2.5.1 Two multi-modal distributions

In a first example, we consider the target distribution

π(x) = (4π)−1
(

exp
(
−1

2∥x− µ∥2
)

+ exp
(
−1

2∥x+ µ∥2
))

, x ∈ R2, (2.40)

corresponding to a mixture of two bivariate Gaussian distributions with identity covari-
ance matrix and means µ = (10, 0)⊺ and −µ. In this setting, we compare the MALA,
with step size γ = 0.1, with the memoryless KKT sampler. The latter is parameterized
by the same base kernel P = RMALA

γ , again with γ = 0.1, and the set

C = {x ∈ D : π(x) ⩽ cq(x)} ,

where c = 1.3/π, D = [−15, 15]2 and q(x) = 1D(x)/302 for x ∈ R2. Moreover, we
draw from πC using rejection sampling with instrumental density q, i.e., the uniform
distribution on D. With this choice of q, the KKT sampler will explore the modes of
π using the MALA and teleport across the low-probability regions far from the modes
through independent sampling from πC. In addition, by the definition of C, the rejection-
sampling algorithm performs relatively well; the average number of rejections equals 70.
Note that the KKT sampler is supposed to operate using the MALA also outside D;
however, due to the large span of D, this never occurred in our simulation. Figure 2.1
provides the resulting histograms of 106 samples. As clear from this plot, the MALA
gets stuck in one of the modes, and adjusting the step size of the proposal does not help
circumventing this problem. On the other hand, the KKT process—moving easily across
the low-probability barrier between the modes—explores efficiently the full distribution.

In a second experiment we consider again a two-dimensional multi-modal distribu-
tion, this time given by

π(x) = 14.8−1
[
0.8
(∫

exp(−s4) ds
)−2

exp
(
−(x1 + 7)4 − (x2 + 6.5)4

)
+(2π)−1

14∑
i=1

exp
(
−1

2∥x− µi∥2
)]

, x = (x1, x2) ∈ R2, (2.41)
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Figure 2.1: Comparison between MALA (left panel) and the memoryless KKT sampler (right
panel) on the multi-modal distribution (2.40). For the memoryless KKT sampler, red and blue
points correspond to samples generated by rejection sampling from πC and MALA base kernel,
respectively.

where (µi)14
i=1 are points in R2, marked with black bullets in Figure 2.2. Note that one of

the components of the mixture distribution (2.41) has lighter tails than the other ones,
of which all are Gaussian.

For this model, we compared the MALA, with step size γ = 0.8, with the KKT
sampler parameterized by the same base kernel P = RMALA

γ (again with γ = 0.8) and
the set

C = {x ∈ R2 : − log(14.8π(x)) > 2}.
In this case, we let the teleportative moves of the KKT process be governed by the RWM
kernel Q = RRWM

σ with σ = 0.8. The algorithmic parameters γ, σ and C are tuned to
obtain the best results for both methods. Figure 2.2 displays the resulting samples after
106 iterations. As evident from the plot, MALA fails to explore the mode of the target
corresponding to the component of the mixture with the lightest tails, even though this
mode is less isolated than in our previous example. The KKT sampler, on the other
hand, has no difficulty at all in transiting across any low-probability barrier.

2.5.2 Stochastic volatility model

We now illustrate the proposed KKT sampler in the context of Bayesian inference in
a stochastic volatility model. More precisely, following [88] we assume that we have
access to a given record (yk)N

k=0 ∈ RN+1, N ∈ N∗, of observations such that for every
k ∈ {0, . . . , N}, yk is a draw from a one-dimensional, zero-mean Gaussian distribution
with variance exp(2xk)/τ , where the sequence (xk)N

k=0 is governed by the recursion

xk+1 = ρxk + zk+1,

with the model parameters ρ ∈ (0, 1) and τ > 0 and the noise sequence (zk)N
k=0 ∈

RN+1 being unknown. In order to infer the parameters and the noise variables we
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Figure 2.2: Comparison between MALA (left panel) and the KKT sampler (right panel) on
the multi-modal distribution (2.41). For the KKT sampler, red and blue points correspond to
samples generated by the RWM teleportation kernel and MALA base kernel, respectively.

take a Bayesian approach and assign τ a gamma prior with hyperparameter (21, 5)
and (1 + ρ)/2 a beta prior with hyperparameter (20, 2). Moreover, the noise variables
(zk)N

k=0 are assumed to be a priori independent and standard normally distributed and
x0 = z0/

√
1− ρ2. In our experiment, N + 1 = 100 synthetic data points (yk)N

k=0 were
generated by simulation under model parameters and noise variables drawn from the
corresponding priors. In addition, the reparameterizations

α = − log(τ)/2 , β = (log(1 + ρ)− log(1− ρ))/2.

of τ and ρ provide parameters that are well supported on R. We then obtain a target
density on RN+3 given by

− log π(α, β, (zk)N
k=0 | (yk)N

k=0) = 42α+ 5e−2α + 22 log(1 + e−2β) + 4β + (N + 1)α

+ 2−1
N∑

k=0
xk + 2−1

N∑
k=0

(wk + z2
k) + CstSV,

where wk := exp(−xk − 2α)y2
k and CstSV is some additive constant independent of the

parameters of interest; see [88, Section G.3] for details. On this model, we compare
the KKT sampler to HMC. For HMC, we consider NHMC = 35 iterations for the Verlet
integrator and adjust the time step ∆t to obtain an acceptance rate of about 0.7 on the
average. The very same HMC kernel is used as base kernel P in the KKT sampler. As
teleportation kernel we use Q = RRWM

σ , with σ selected to obtain an acceptance rate of
about 0.25. Finally, the region C is given by

C =
{

(α, β, (zk)N
k=0) ∈ RN+3 : − log π(α, β, (zk)N

k=0 | (yk)N
k=0)− CstSV > 75

}
.

In this setting, we run both MCMC algorithms for 105 iterations after discarding a
burn-in period comprising 105 steps. For the KKT sampler, the percentage of samples
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Algorithm ESS(α) ESS(β) (ESS(zk))N
k=0

mean variance min max
KKT sampler 4.84 1.57 0.86 0.10 0.33 1.89
HMC 0.23 0.17 0.22 0.004 0.15 0.46

Table 2.1: Summary statistics of ESSs calculated on the basis of MCMC paths generated by the
MALA and the KKT sampler for the stochastic volatility model in Section 2.5.2. The values are
based on 105 iterations of each algorithm.

generated by the teleportation kernel is 63%. Table 2.1 reports the resulting effective
sample sizes (ESSs) (see [119, Section 12.3.5]) per evaluation of log π and ∇ log π at
each iteration for each component of the resulting MCMC trajectories. As clear from
Table 2.1, the KKT sampler outperforms significantly HMC in terms of this measure.

2.5.3 The Ginzburg–Landau model

In our final numerical experiment, we consider the Ginzburg–Landau model used for
describing phase transitions in condensed matter physics; see [87, Section 6.2]. Let p ∈ N
and d = p3 and define π on a three-dimensional lattice by, for x = (xijk)(i,j,k)∈{1,...,p}3 ∈
Rd,

− log π(x) = 2−1
p∑

i,j,k=1

(
(1− τ)x2

ijk + τα∥∇̃xijk∥2 + τλx4
ijk/2

)
+ CstGL,

where CstGL is the logarithm of the normalizing constant and τ , λ and α are all positive
model parameters. In addition, ∇̃xijk := (xi+jk − xijk, xij+k − xijk, xijk+ − xijk), where
i+ := i + 1 mod p (and similarly for j+ and k+). In our simulations, the target is
parameterized by p = 5, τ = 2, λ = 0.5 and α = 0.1. In this example, we compare the
MALA, operating with the step size γ = 10−3, with the KKT sampler using the base
kernel P = RMALA

γ with γ = 0.1, the set

C =
{
x ∈ Rd : − log(π(x))− CstGL > 100

}
(2.42)

and the teleportation kernel Q = RRWM
σ with σ = 0.1. Note that the step size γ used

in the MALA is set to be quite small in comparison to that used in the KKT sampler;
otherwise, the acceptance probability would degenerate to zero, resulting in a stuck
algorithm. This is mainly due to the fact that ∇ log π is not Lipschitz in this case.
In contrast, the teleportation algorithm does not suffer from this issue if the set C is
tuned appropriately. Indeed, with the choice (2.42) of C, the MALA is used only in the
neighborhoods of the modes of log π, where ∇ log π is Lipschitz with a relatively small
Lipschitz constant, while instead RWM—incorporating no gradient information—is used
outside these regions.

In Table 2.2, we display the ESSs of the trajectories produced by the two methods,
divided by the number of evaluations of either log π or ∇ log π per iteration. The values
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Algorithm mean variance min max
KKT sampler 908 5438 727 1091
MALA 34 83 12 57

Table 2.2: Summary statistics of ESSs calculated on the basis of MCMC paths generated by the
MALA and the KKT sampler for the Ginzburg–Landau model in Section 2.5.3. The values are
based on 105 iterations of each algorithm.

are calculated on the basis of 105 iterations (after discarding burn-in periods compris-
ing 105 iterations). Evidently, the KKT sampler outperforms clearly MALA, with an
improvement of at least an order of magnitude in terms of average ESS.

2.6 Kernel notation

The following kernel notation will be used at several places in the paper. Let (X1, E1)
and (X2, E2) be general measurable spaces. A possibly unnormalized transition kernel K
on X1 × E2 induces the following three operations, one on Fb(E2) and two on M(E1):

• For h ∈ Fb(E2) we define the function Kh : X1 ∋ x 7→
∫
h(y)K(x,dy) (whenever

the integral is well defined).

• For µ ∈ M(E1) we define the measure µK : E2 ∋ A 7→
∫
µ(dx)K(x,A).

• For µ ∈ M(E1) we define the measure µ�K : E1 � E2 ∋ A 7→
∫ ∫

A µ(dx)K(x,dy).

Now let (X3, E3) be a third measurable space and L a transition kernel on X2×E3. Then
we define the following products between K and L, the first resulting in a kernel on
X1 × E3 and the second in a kernel on X1 × (E2 � E3):

• KL : X1 × E3 ∋ (x,A) 7→
∫
K(x,dy)L(y,A).

• K � L : X1 × (E2 � E3) ∋ (x,A) 7→
∫ ∫

AK(x,dy)L(y,dz).

2.7 Proofs and technical lemmas

2.7.1 Proof of Proposition 2.4

First, note that for all A0 and A1 in E , by the definition of S,

[π � S](A0 × A1)

=
∫

A0
π(dy)P (y,Cc ∩ A1) +

∫
A0
π(dy)P (y,C)πC(A1)

= [π � P ]((Cc ∩ A0)× (Cc ∩ A1)) + [π � P ]((C ∩ A0)× (Cc ∩ A1))
+ [π � P ]((Cc ∩ A0)× C)πC(A1) + [π � P ]((C ∩ A0)× C)πC(A1). (2.43)

52



2.7. Proofs and technical lemmas

We first prove that (a) and (b) jointly imply that S is π-reversible. To do so, we rewrite
each term on the right-hand side of (2.43) to show that [π�S](A0×A1) = [π�S](A1×A0).
We start with the second and the last terms. By (b),

[π � P ]((C ∩ A0)× (Cc ∩ A1)) = πC(A0)π(C)µ(Cc ∩ A1) ,

and

[π � P ]((C ∩ A0)× C) =
∫

C∩A0
π(dy) (1− P (y,Cc)) = (1− µ(Cc))π(C)πC(A0) .

We turn to the third term on the right-hand side of (2.43). Under (A1), (a) and (b)
imply

[π � P ]((Cc ∩ A0)× C) = π(Cc ∩ A0)− [π � P ]((Cc ∩ A0)× Cc)
= [π � P ](X × (Cc ∩ A0))− [π � P ](Cc × (Cc ∩ A0))
= [π � P ](C× (Cc ∩ A0))
= π(C)µ(Cc ∩ A0) . (2.44)

Combining (2.43)–(2.44) yields

[π � S](A0 × A1) = [π � P ]((Cc ∩ A0)× (Cc ∩ A1)) + πC(A0)π(C)µ(Cc ∩ A1)
+ πC(A1)π(C)µ(Cc ∩ A0) + (1− µ(Cc))π(C)πC(A0)πC(A1) ,

and by (a) this expression is symmetric in A0 and A1. Thus, [π � S](A0 × A1) = [π �
S](A1 × A0), which implies that S is π-reversible.

We now establish the converse. If S is π-reversible, then (a) holds trivially true (as
E�2

Cc ⊂ E�2). We show that (b) holds as well. By (2.43), and using that S is π-reversible,
we have for every (A,B) ∈ EC × ECc ,∫

A
π(dy)P (y,B) = [π � S](A× B) = [π � S](B× A) = πC(A)

∫
B
π(dy)P (y,C) .

Therefore, ∫
A
π(dy) (P (y,B)− µ(B)) = 0 , (2.45)

where we have defined the measure µ : ECc ∋ B′ 7→
∫

B′ π(dy)P (y,C)/π(C). Since ECc is
countably generated there exists a π-system (Bk)k∈N, with Bk ∈ ECc for all k, such that
ECc = σ((Bk)k∈N) and B0 = Cc. Then, by using, for every k ∈ N, (2.45) with B = Bk

and A = {P (·,Bk) > µ(Bk)} as well as A = {P (·,Bk) < µ(Bk)}, we conclude that there
exists Xk ∈ EC such that π(Xc

k) = 0 and for every y ∈ Xk, P (y,Bk) = µ(Bk). Now,
let X := ∩k∈NXk; then π(Xc) = 0 and for every y ∈ X and k ∈ N, P (y,Bk) = µ(Bk).
Therefore, by Dynkin’s π–λ theorem, P (y, ·)|Cc = µ for π-almost all y ∈ C, which
completes the proof.
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2.7.2 Proof of Proposition 2.8

First, assume that (ii) holds. Then by [37, Theorem 5.1.8], for every measurable function
g : X→ R such that π(|g|) < +∞,

lim
n→+∞

n−1
n−1∑
k=0

g(Xk) = EP
π [g(X0) | I], PP

π -a.s., (2.46)

where I :=
{

A ∈ E�N : 1A = 1A ◦ θ
}

is the σ-field of invariant sets. Under (ii), [37,
Corollary 5.2.4] implies that the invariant random variable EP

π [g(X0) | I] is PP
π -a.s.

constant. As a consequence, PP
π -a.s.,

EP
π [g(X0) | I] = EP

π

[
EP

π [g(X0) | I]
]

= EP
π [g(X0)] = π(g).

Plugging this into (2.46) yields PP
π (A) = 1, where

A :=
{

lim
n→+∞

n−1
n−1∑
k=0

g(Xk) = π(g)
}
.

Since A is invariant, i.e., 1A = 1A ◦ θ, the function h : X ∋ x 7→ PP
x (A) is bounded

and harmonic, and by (ii) it is hence equal to a constant ζ. Then, 1 = PP
π (A) =∫

π(dx) PP
x (A) = ζ and we conclude that PP

ξ (A) =
∫
ξ(dx) PP

x (A) = ζ = 1. Thus, (i)
holds true.

Conversely, assume (i) and let h be a bounded and harmonic function. Applying (i)
with g = h yields that for every x ∈ X,

lim
n→+∞

n−1
n−1∑
k=0

h(Xk) = π(h), PP
x -a.s.

In addition, since by [37, Proposition 5.2.2(ii)], for any x ∈ E, (h(Xk))k∈N converges
PP

x -a.s. to some random variable Y = lim supk→+∞ h(Xk) such that h(x) = EP
x [Y ], we

finally conclude that Y = π(h), PP
x -a.s., and h(x) = EP

x [Y ] = π(h) for any x ∈ X. This
shows (ii).

2.7.3 Technical results for proving Theorem 2.7 and Theorem 2.9

Lemma 3. Set C̄ = C× C. Then for every (y, z) ∈ X × C, n ∈ N and v ∈ F+(E),

ER
(y,z)[1{σC̄>n}v(Yn)] = EP

y [1{σC>n}v(Xn)] . (2.47)

If, in addition, infy∈E PP
y (σC < +∞) = 1, then the following properties hold true.

(i) For every (y, z) ∈ X × C and ℓ ∈ N∗, PR
(y,z)(σℓ

C̄ < +∞) = 1.
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(ii) For every (g, h) ∈ F+(N)× F+(EC) and µ ∈ M1(E � EC),

ER
µ [g(σC̄)h(ZσC̄

)] =
∫
µ(d(y, z)) EP

y [g(σC)]Qh(z) (2.48)

and for every ℓ ∈ N∗,

ER
µ

[
g(σC̄ ◦ θσℓ−1

C̄
)h(Zσℓ

C̄
) | Fσℓ−1

C̄

]
= EP

Y
σℓ−1

C

[g(σC)]Qh(Zσℓ−1
C̄

) , PR
µ -a.s. (2.49)

(iii) For all k ∈ N∗, (gi)k
i=1 in F+(N), (hi)k

i=1 in F+(EC) and µ ∈ M1(E � EC),

ER
µ

[
k∏

ℓ=1
gℓ(σℓ

C̄ − σ
ℓ−1
C̄ )hℓ(Zσℓ

C̄
)
]

=
∫
µ(d(y, z)) EP

y [g1(σC)]EQ
z

[
hk(Xk)

k−1∏
ℓ=1

hℓ(Xℓ)EP
Xℓ

[gℓ+1(σC)]
]
, (2.50)

where, by convention, σ0
C̄ := 0.

(iv) Let (y, z) ∈ X × C; then under PR
(y,z), (Yσk

C̄
)k∈N∗ is a Markov chain with transition

kernel Q and initial distribution δz.

Proof. We establish (2.47) by induction over n. The base case n = 0 holds trivially true.
Assuming that (2.47) holds true for some n ∈ N, the Markov property implies that for
every (y, z) ∈ E× C,

ER
(y,z)[1{σC̄>n+1}v(Yn+1)] = ER

(y,z)[1{σC̄>n}1{Yn+1 /∈C}v(Yn+1)]
= ER

(y,z)[1{σC̄>n}P (1Ccv)(Yn)]
= EP

y [1{σC>n}P (1Ccv)(Xn)]
= EP

y [1{σC>n+1}v(Xn+1)] ,

which establishes (2.47) with n replaced by n + 1 and hence completes the induction
step.

We now establish (i)–(iv) in turn.

(i) By setting v ≡ 1 in (2.47) and letting n→∞, we get that for every (y, z) ∈ X×C,
PR

(y,z)(σC̄ = +∞) = PP
y (σC = +∞). Therefore, by assumption, for every (y, z) ∈

E× C,
PR

(y,z)(σC̄ < +∞) = PP
y (σC < +∞) = 1 ,

from which it follows that PR
(y,z)(σℓ

C̄ < +∞) = 1 for every ℓ ∈ N∗.
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(ii) We first show (2.48). Using the Markov property and the definition (2.7) of R, for
every (y, z) ∈ X × C,

ER
(y,z)[1{σC̄=n}h(Zn)] = ER

(y,z)[1{σC̄>n−1}1{Yn∈C}h(Zn)]
= ER

(y,z)[1{σC̄>n−1}P (Yn−1,C)Qh(Zn−1)]
= ER

(y,z)[1{σC̄>n−1}P (Yn−1,C)]Qh(z)
= EP

y [1{σC>n−1}P (Xn−1,C)]Qh(z)
= PP

y (σC = n)Qh(z) ,

where the penultimate equality follows from (2.47). Then, using (i) and the previ-
ous identity,

ER
(y,z)[g(σC̄)h(ZσC̄

)] =
+∑

n=1
∞g(n)ER

(y,z)[1{σC̄=n}h(Zn)]

=
+∑

n=1
∞g(n)PP

y (σC = n)Qh(z)

= EP
y [g(σC)]Qh(z) .

Integrating with respect to µ establishes (2.48).
We turn to (2.49). Since Zσℓ

C̄
= ZσC̄

◦θσℓ−1
C̄

on {σℓ−1
C̄ < +∞}, combining the strong

Markov property, (i) and (2.48) yields, PR
µ -a.s.,

ER
µ

[
g(σC̄ ◦ θσℓ−1

C̄
)h(Zσℓ

C̄
) | Fσℓ−1

C̄

]
= ER

µ

[
g(σC̄ ◦ θσℓ−1

C̄
)h(ZσC̄

◦ θσℓ−1
C̄

) | Fσℓ−1
C̄

]
= ER

(Y
σℓ−1

C̄
,Z

σℓ−1
C̄

)[g(σC̄)h(ZσC̄
)]

= EP
Y

σℓ−1
C̄

[g(σC)]Qh(Zσℓ−1
C̄

) ,

where the last equality follows from (2.48). This completes the proof (2.49).

(iii) We proceed by induction. The base case k = 1 holds by (2.48). In order to carry
through the induction step, assume that (2.50) holds for some k ∈ N∗. Then, for all
(gi)k+1

i=1 in F+(N), (hi)k+1
i=1 in F+(EC) and µ ∈ M1(E�EC), using the tower property,

(2.49) and the fact that Yσℓ
C̄

= Zσℓ
C̄
, PR

µ -a.s., for all ℓ ∈ N∗, we obtain

ER
µ

[
k+1∏
ℓ=1

gℓ(σℓ
C̄ − σ

ℓ−1
C̄ )hℓ(Zσℓ

C̄
)
]

= ER
µ

[
ER

µ [gk+1(σC̄ ◦ θσk
C̄
)hk+1(Zσk+1

C̄
) | Fσk

C̄
]

k∏
ℓ=1

gℓ(σℓ
C̄ − σ

ℓ−1
C̄ )hℓ(Zσℓ

C̄
)
]

= ER
µ

[
EP

Z
σk

C̄

[gk+1(σC)]Qhk+1(Zσk
C̄
)

k∏
ℓ=1

gℓ(σℓ
C̄ − σ

ℓ−1
C̄ )hℓ(Zσℓ

C̄
)
]
.
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2.7. Proofs and technical lemmas

The expectation on the right-hand side is over a product of nonnegative functions
of Zσℓ

C̄
and σℓ

C̄−σ
ℓ−1
C̄ for ℓ ∈ {1, . . . , k}. Therefore, using the induction hypothesis,

ER
µ

[
k+1∏
ℓ=1

gℓ(σℓ
C̄ − σ

ℓ−1
C̄ )hℓ(Zσℓ

C̄
)
]

=
∫
µ(d(y, z)) EP

y [g1(σC)]

× EQ
z

[
EP

Xk
[gk+1(σC)]Qhk+1(Xk)hk(Xk)

k−1∏
ℓ=1

hℓ(Xℓ)EP
Xℓ

[gℓ+1(σC)]
]

=
∫
µ(d(y, z)) EP

y [g1(σC)]EQ
z

[
hk+1(Xk+1)

k∏
ℓ=1

hℓ(Xℓ)EP
Xℓ

[gℓ+1(σC)]
]
,

which means that (2.50) holds true with k replaced by k + 1. Thus, the claim
follows by induction.

(iv) By applying (2.50) with g1 ≡ . . . ≡ gk ≡ 1, we conclude that for all k ∈ N∗,
(hi)k+1

i=1 in F+(EC) and µ ∈ M1(E � EC),

ER
µ

[
k∏

ℓ=1
hℓ(Zσℓ

C̄
)
]

=
∫
µ(d(y, z)) EQ

z

[
k∏

ℓ=1
hℓ(Xℓ)

]
.

This shows that for every (y, z) ∈ E×C, under PR
(y,z), (Zσℓ

C
)ℓ∈N∗ is a Markov chain

with transition kernel Q and initial distribution δ(y,z). We may now complete the
proof by noting that Yσℓ

C̄
= Zσℓ

C̄
, PR

µ -a.s., for all ℓ ∈ N∗.

Lemma 4. Assume (A4)(i)–(ii) and that for every y ∈ X, PP
y (σC < +∞) = 1. Set

δ := infz∈D P (z,C) and D̄ := D×D and define the probability measure ν̄ : E � EC ∋ A 7→∫
C ν(dz)1A(z, z). Then the set D̄ = D× D is an accessible (1, δϵν̄)-small set for R such

that ν̄(D̄) > 0.

Proof. Under (A4)(i)–(ii) it holds that for every (y, z) ∈ D̄ and A ∈ E � EC,

R((y, z),A) ⩾ P (y,C)
∫
Q(z,dz′)1A(z′, z′) ⩾ δϵν̄(A) ,

showing that D̄ is a (1, δϵν̄)-small set for R. In addition, ν̄(D̄) = ν(D) > 0. To complete
the proof, it remains to show that D̄ is accessible for R. By assumption, Q admits an
accessible small set and is hence irreducible. Furthermore, [37, Theorem 9.2.4] implies
that there exists a maximal irreducibility measure ψ ∈ M(EC) for Q. We define the
measure ψ̄ : E � EC ∋ A 7→

∫
C ψ(dz)1A(z, z) and complete the proof by showing that R

is ψ̄-irreducible. Indeed, since ν is, by (A4)(i), an irreducibility measure for Q such that
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ν(D) > 0, it holds that ψ̄(D̄) = ψ(D) > 0; thus, by [37, Lemma 3.5.2], D̄ is accessible for
R if R is ψ̄-irreducible.

To establish ψ̄-irreducibility, consider a set A ∈ E � EC such that ψ̄(A) > 0. Setting
A1 := {z ∈ C : (z, z) ∈ A}, it holds that ψ̄(A) =

∫
1A(z, z)ψ(dz) = ψ(A1) > 0, and

since Q is ψ-irreducible, it follows that ∑+∞
k=1Q

k(z,A1) > 0 for all z ∈ C. Now for all
(y, z) ∈ X × C, Yk = Zk, PR

(y,z)-a.s. on {Yk ∈ C}, and therefore

+∞∑
n=1

Rn((y, z),A) ⩾
+∞∑
n=1

PR
(y,z)

(
(Yn, Zn) ∈ A ∩ C̄, Yn = Zn

)

=
+∞∑
ℓ=1

PR
(y,z)

(
Zσℓ

C̄
∈ A1

)
=

+∞∑
ℓ=1

Qℓ(z,A1) > 0 ,

where the first and last equalities follow from Lemma 3(i) and Lemma 3(iii), respectively.
The Markov kernel R is therefore ψ̄-irreducible, and the proof is finalized.
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CHAPTER 3

Uniform minorization condition and convergence
bounds for discretizations of kinetic Langevin dy-
namics

Alain Durmus1, Aurélien Enfroy2, Éric Moulines3 and
Gabriel Stoltz4

We study the convergence in total variation and V -norm of discretization schemes of
the underdamped Langevin dynamics. Such algorithms are very popular and commonly
used in molecular dynamics and computational statistics to approximatively sample
from a target distribution of interest. We show first that, for a very large class of
schemes, a minorization condition uniform in the stepsize holds. This class encompasses
popular methods such as the Euler-Maruyama scheme and the schemes based on splitting
strategies. Second, we provide mild conditions ensuring that the class of schemes that
we consider satisfies a geometric Foster–Lyapunov drift condition, again uniform in the
stepsize. This allows us to derive geometric convergence bounds, with a convergence
rate scaling linearly with the stepsize. This kind of result is of prime interest to obtain
estimates on norms of solutions to Poisson equations associated with a given numerical
method.
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Chapter 3. Uniform minorization condition and convergence bounds for discretizations
of kinetic Langevin dynamics

3.1 Introduction
Langevin dynamics are nowadays one of the default dynamics to sample configurations
of molecular systems in computational statistical physics; see for instance [2, 58, 90]
for reference textbooks on molecular dynamics, as well as the more mathematically
oriented works [82, 86, 108]. They are also gaining increasing popularity in Bayesian
statistics and machine learning [10, 118] to obtain approximate samples from the a
posteriori distribution of a statistical model [26, 31]. In this paper, we are interested
in the Langevin dynamics, sometimes coined underdamped or kinetic, which describes
the evolution of the position (Xt)t⩾0 and the velocity (Vt)t⩾0 of a system by the 2d-
dimensional stochastic differential equation (SDE):

dXt = Vt dt,
dVt = [b(Xt)− κVt] dt+ σ dBt .

(3.1)

Here, κ, σ > 0 are some friction and diffusion coefficients respectively, and (Bt)t⩾0
is a standard d-dimensional Brownian motion defined on the filtered probability
space (Ω,F ,P, (Ft)t⩾0) satisfying the usual conditions. Note that, for notational sim-
plicity, the mass matrix of the system is set to be the identity matrix and the friction
coefficient is a scalar, independent of the position. It would nonetheless be possible
to consider symmetric definite positive mass matrices, and position dependent friction
matrices. A typical choice for the vector field b ∈ C1(Rd,Rd) is b = −∇U for some
potential energy U , in which case the unique invariant probability measure of (3.1) is
the Boltzmann–Gibbs probability measure, whose density with respect to the Lebesgue
measure is proportional to (x, v) 7→ exp(−κ[2U(x) + ∥v∥2]/σ2). However, we are also
interested in situations where the drift does not arise from a gradient, as in nonequi-
librium molecular dynamics simulations [29, 55] (see for instance [86, Section 5] for a
mathematical introduction to this field).

There are various techniques to prove the convergence of the continuous dynam-
ics (3.1), for instance hypocoercivity techniques [126, 130], Lyapunov[95, 117, 137] and
coupling [49] methods. Moreover, although the dynamics is degenerate, i.e. the covari-
ance matrix associated with (3.1) is not invertible, it can be shown using a combination
of controllability arguments and hypoellipticity [117], that, for any t0 > 0 and initial
condition (X0, V0) = (x0, v0) ∈ R2d, the random variable (Xt0 , Vt0) has a distribution
with a positive density (xt0 , vt0) 7→ pt0((x0, v0), (xt0 , vt0)) with respect to the Lebesgue
measure on R2d, implying that the Markov semigroup associated with (3.1) is irredu-
cible. Finally, quantitative bounds on pt0 for any t0 > 0 can be established by various
techniques, such as Malliavin calculus [8], representation formulas for pinned diffusions
together with comparison principles [111, 112], or through Gaussians bounds obtained
with the so-called parametrix method [76, 85].

Obtaining quantitative convergence rates at the discrete level for discretization
scheme associated with (3.1) is more difficult. In particular, it is of prime concern
to establish convergence rates ργ for discretization schemes with timestep γ > 0 which
are similar to their continuous counterpart, i.e. such that log(ργ) scales linearly in the

60



3.1. Introduction

timestep. More precisely, if we denote by Rγ the Markov kernel associated with a
given discretization scheme, it is sensible to expect that, under appropriate conditions
and for any γ > 0 small enough, this kernel admits an invariant distribution πγ and
d(µ0R

k
γ , πγ) ⩽ Cργk for an initial distribution µ0, where C ⩾ 0 and ρ ∈ [0, 1), while d

is some distance on the set of probability measures on R2d. Currently, one of the main
options to obtain such a convergence is to prove Lyapunov estimates and minorization
conditions which are uniform in the timestep, i.e. that such conditions holds for R⌈t0/γ⌉

γ

for some t0 > 0 for constants which do not depend on γ. This strategy was used for
overdamped Langevin dynamics in [16] and [33]. While Lyapunov conditions are based
on direct algebraic computations, and may require to consider implicit schemes [77, 95],
showing a minorization condition uniform in the timestep is the main bootleneck of this
approach. For non-degenerate stochastic dynamics, this type of results can be estab-
lished relying on Malliavin calculus [9], but the resulting proof is rather involved. It may
also be possible to write a direct proof as in [16] from the Girsanov theorem, although
this is however possible only for dynamics with additive noise. Finally, the coupling
approach developed in [33, 44] cannot be applied to discretizations of the degenerate
SDE (3.1).

In this paper, we consider another approach to obtaining minorization conditions uni-
form in the timestep: the idea is to consider the numerical scheme over small physical
times as a perturbation of a given Gaussian process. This approach was first advocated
by one of the authors to easily present the main results and rationale from [33, 44] for
discretization schemes of the overdamped Langevin dynamics; see Section 3.3. It turns
out that this approach can be extended to various discretization schemes for the under-
damped Langevin dynamics, in particular the splittings schemes proposed in [18, 84],
which are becoming increasingly popular in molecular dynamics (see [2, Section 12.2]).
This contribution allows to amend and correct the proof of [83, Lemma 2.8] and extend
this result to unbounded spaces.

Outline of the work. The present document is organized as follows. We present
the numerical schemes we consider and state the main results we obtain in Section 3.2;
see in particular Theorem 3.1 for the minorization condition, and Theorem 3.4 for the
Lyapunov condition. Both results are stated so that the dependence on the timestep is
explicit. The remaining sections are devoted to the proofs of these results. The proof
of the minorization condition is written in Section 3.4, with, for pedagogical purposes,
a sketch of the proof for nondegenerate dynamics in Section 3.3; while the proof of the
Lyapunov condition can be read in Section 3.5. For completeness, some proofs and
derivations are deferred to the appendix.

Notation. In order to present more concisely our results, we use the following notation
throughout this work. For m,n, p, q ∈ N∗, the Kronecker product A ⊗ B of a m × n
matrix A = (ai,j)(i,j)∈{1,...,m}×{1,...,n} and a p × q matrix B = (bi,j)(i,j)∈{1,...,p}×{1,...,q} is
the pm× qn dimensional matrix with entries
∀(i, j) ∈ {1, . . . , pm} × {1, . . . , qn} , (A⊗B)i,j = a⌈i/p⌉,⌈j/q⌉bi−⌊(i−1)/p⌋p,j−⌊(j−1)/q⌋q .
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Equivalently, and more explicitly,

A⊗B =


a11B · · · a1nB

... . . . ...
am1B · · · amnB

 .

For two symmetric matrices A and B, we say that A ⪰ B if A − B is positive semi-
definite. We denote by 0d and 1d the d-dimensional vectors with all components equal
to 0 and 1 respectively.

The set B(Rd) denotes the Borel σ-field of Rd. The Euclidean scalar product of
vectors x and y in Rd is denoted by ⟨x, y⟩ = xTy, the Euclidean norm of x being ∥x∥. For
any n ∈ N∗ and for any matrix A of size n×n, the notation ∥A∥op stands for the induced
norm defined by ∥A∥op = sup{∥Ax∥ : x ∈ Rn with ∥x∥ = 1}. For k, n,m ∈ N∗, the set
of k-times continuously differentiable functions f : Rn → Rm is denoted by Ck(Rn,Rm).
For f ∈ C1(Rd,R), ∇f is the gradient of f , and for f ∈ C2(Rd,R) we denote by ∆f
the Laplacian of f . When f ∈ C1(R2d,R), ∇xf the gradient of f restricted to the
first d components and ∇vf the gradient of f restricted to the last d components. When
f ∈ C2(R2d,R), ∆xf is the Laplacian of f restricted to the first d components and
∆vf the Laplacian of f restricted to the last d components. The closed ball centered
at x̃0 ∈ Rd (with d ⩾ 1) with radius M ⩾ 0 is Bd(x0,M) =

{
x ∈ Rd : ∥x− x0∥ ⩽M

}
.

Finally, the d-dimensional standard normal distribution is denoted φ and by abuse of
notation its density with respect to the Lebesgue measure is also denoted by z 7→ φ(z).
For some measurable functions V : Rn → [1,∞) and g : Rn → R, we define ∥g∥V =
supx∈Rn{|g(x)|/V (x)} <∞. The V -norm of a signed measure ξ on (Rn,B(Rn)) is defined
as ∥ξ∥V =

∫
Rn V (x)d |ξ| (x), where |ξ| is the absolute value of ξ. In the case V ≡ 1, the

V -norm is the total variation norm and it is denoted by ∥ · ∥TV. Equivalently (see [37,
Theorem D.3.2] for details), ∥ξ∥V can be defined as ∥ξ∥V = sup{ξ(g) : ∥g∥V ⩽ 1}.

3.2 Setting and main results

We first discuss in Section 3.2.1 the general structure of the discretization schemes we
consider, and illustrate the relevance of the structural assumptions we make by vari-
ous examples in Section 3.2.2. We then state the main results of this work in Sec-
tion 3.2.3, namely minoration and drift conditions uniform in the discretization timestep,
from which we immediately deduce a geometric convergence with a rate uniform in the
timestep as well.

3.2.1 Structural assumptions on the numerical schemes

Discretization schemes for (3.1) are obtained in practice by introducing a positive
timestep γ > 0. They correspond to a Markov chain {(Xk, Vk)}k∈N, where (Xk, Vk)
approximates (Xkγ ,Vkγ), the solution of (3.1) at time kγ. More precisely, we consider
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the following general structure on the induction defining the numerical schemes: for
k ∈ N,

Xk+1 = Xk + γVk + γfγ

(
Xk, γ

δVk, γ
δ+1/2σγZk+1,Wk+1

)
+ γδ+1/2σγDγZk+1 ,

Vk+1 = τγVk + γgγ

(
Xk, γ

δVk, γ
δ+1/2σγZk+1,Wk+1

)
+√γσγZk+1 ,

(3.2)

where δ > 0 is a positive parameter, the family (Wk+1)k∈N is a sequence of independent
and identically distributed (i.i.d.) random variables with common distribution µw on a
measurable space (W,W), independent of the family (Zk+1)k∈N of i.i.d. d-dimensional
standard Gaussian random variables. In many cases of interest (see Section 3.2.2 below),
(Wk+1)k∈N is a family of i.i.d. standard Gaussian random variables. The actual numerical
schemes under consideration are encoded by the measurable functions fγ , gγ : R3d×W→
Rd, as well as by σγ , τγ > 0 and Dγ ∈ Rd×d. We illustrate the choice of the form for the
recursion (3.2) by several discretization schemes for (3.1) in Section 3.2.2. In particular,
the parameter δ is 1 in all these examples, but the result we present can be stated for any
positive value of δ. Let us also emphasize that some arguments in the functions fγ , gγ

are scaled by powers of γ. This is motivated by the stability analysis in our proof of
the minorization condition, and allows to state Lipschitz conditions independent of the
timestep in A2 below. Finally, we always assume that γ ∈ (0, γ̄], for some fixed γ̄ > 0.
Typically, γ̄ represents a threshold which ensures that the scheme under consideration
is stable. Here, for ease of presentation, we assume in A1 below that γ̄ is even smaller
than a specific constant.

We consider the following assumptions on the coefficients and functions enter-
ing (3.2). The first assumption A1 expresses some form of consistency of the coeffi-
cients σγ , τγ in (3.2), which are related to the coefficients σ, κ in (3.1). In addition, we
also impose some upper bound on γ̄ to simplify the derivation of our main results but
it could be easily relaxed.

A1. 1) There exists Cκ ⩾ 0 such that γ̄ ⩽ (κ + 2Cκ/κ)−1, and for any γ ∈ (0, γ̄], it
holds |τγ − e−κγ | ⩽ Cκγ

2. In addition, for any γ ∈ (0, γ̄], τγ ∈ (0, 1).

2) There exist σ̄,D ∈ R+ such that sup
γ∈(0,γ̄]

σγ ⩽ σ̄ and sup
γ∈(0,γ̄]

∥Dγ∥op ⩽ D . Finally,

lim
γ↓0

σγ = σ.

The conditions in A2 express some form of Lipschitz stability with respect to scaled
variables, and quantifies the fact that perturbations arising from fγ , gγ can be of order γ
with respect to positions, while they are restricted to be of order γ1+δ with respect to
momenta.

A 2. For all w ∈ W, the functions (x, v, z) 7→ (fγ(x, v, z, w), gγ(x, v, z, w)) are C1. In
addition, there exists L ⩾ 0 such that, for any γ ∈ (0, γ̄], w ∈W and (x, v, z), (x′, v′, z′) ∈
R3d, ∥∥fγ(x, v, z, w)− fγ(x′, v′, z′, w)

∥∥ ⩽ L
[∥∥(x, v)− (x′, v′)

∥∥+
∥∥z − z′∥∥] ,∥∥gγ(x, v, z, w)− gγ(x′, v′, z′, w)

∥∥ ⩽ L
[∥∥(x, v)− (x′, v′)

∥∥+
∥∥z − z′∥∥] .
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Note that we could assume that A2 only holds for µw-almost all w ∈ W, but
strenghten this condition for ease of presentation.

Euler–Maruyama scheme. We first illustrate our choice of the framework specified
by (3.2) by the Euler–Maruyama discretization of (3.1), which reads

Xk+1 = Xk + γVk , Vk+1 = (1− κγ)Vk + γb(Xk) +√γσZk . (3.3)

This numerical scheme fits into the framework (3.2) upon taking

τγ = 1− κγ , σγ = σ , Dγ = 0 , fγ(x, v, z, w) = 0 , gγ(x, v, z, w) = b(x) .

The parameter δ is irrelevant. Note that A1 and A2 hold under the condition that b is
Lipschitz.

3.2.2 Examples of numerical schemes of the form (3.2) satisfying A1-A2

In what follows, we show that most popular discretization schemes associated to (3.1)
can be cast into the framework that we consider in (3.2) and satisfy A1 and A2. All
these numerical schemes can be obtained by decomposing the generator A of (3.1) as

A = A + B + C , (3.4)

where, for any g ∈ C2(R2d) and (x, v) ∈ R2d, the elementary operators A ,B,C act as

A g(x, v) = vT∇xg(x, v) , (3.5)
Bg(x, v) = b(x)T∇vg(x, v) ,

C g(x, v) = −κvT∇vg(x, v) + σ2

2 ∆vg(x, v) .

Note that the dynamics associated with A and B simply correspond to the deterministic
flows t 7→ (x+ vt, v) and t 7→ (x, v+ b(x)t), while the dynamics associated with C is the
Ornstein–Uhlenbeck process (x, e−κtv + σ

∫ t
0 e−κ(t−s)dBs)t⩾0. Note that, for any t > 0,

the random variable e−κtv+σ
∫ t

0 e−κ(t−s)dBs is Gaussian with mean e−κtv and covariance
matrix tσ̃2

t Id, where

σ̃2
t = σ2 1− e−2κt

2κt . (3.6)

3.2.2.1 Stochastic exponential Euler scheme

The elementary stochastic dynamics with generator A +C is also analytically integrable
and corresponds to an Ornstein–Uhlenbeck process (see Lemma 21). One obtains the
following numerical scheme by this analytic integration, upon fixing the drift to the
current value b(Xk):

Xk+1 = Xk + 1− e−κγ

κ
Vk + κγ + e−κγ − 1

κ2 b(Xk) + ηk+1 ,

Vk+1 = e−κγVk + 1− e−κγ

κ
b(Xk) + ξk+1 ,

(3.7)
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with

ξk+1 = σ

∫ γ

0
e−κ(γ−s)dBkγ+s , ηk+1 = σ

∫ γ

0

1− e−κ(γ−s)

κ
dBkγ+s . (3.8)

The scheme (3.7) corresponds to a stochastic exponential Euler integrator, see [28, 75]
and references therein in a general framework. It has also been recently considered and
studied in the machine learning community, starting with [26]. Similar schemes were
in fact developed in the molecular dynamics communities in the late 70s based on the
analytical solution of Langevin dynamics for b = 0 provided in [23], see for instance [53].

Note that the random variable (ηk+1, ξk+1)k∈N, given in (3.8), is a family of i.i.d.
Gaussian random vectors with covariance matrix

Σ(γ) ⊗ Id =

Σ(γ)
1 Σ(γ)

2
Σ(γ)

2 Σ(γ)
3

⊗ Id , (3.9)

where Σ(γ) has entries

Σ(γ)
1 = σ2

∫ γ

0

(
1− e−κ(γ−s)

κ

)2

ds = σ2

2κ2

[
2γ − 3− 4e−κγ + e−2κγ

κ

]
, (3.10)

Σ(γ)
2 = σ2

∫ γ

0
e−κ(γ−s) 1− e−κ(γ−s)

κ
ds = σ2(1− e−κγ)2

2κ2 ,

Σ(γ)
3 = σ2

∫ γ

0
e−2κ(γ−s) ds = σ2(1− e−2κγ)

2κ . (3.11)

Note that Σ(γ)
3 /γ = σ̃2

γ (recall (3.6)). Introduce also Zk+1 = ξk+1/
√

Σ(γ)
3 , and Wk+1

satisfying

ηk+1 =
√

Σ(γ)
1

(
αγZk+1 +

√
1− α2

γWk+1
)
, αγ = Σ(γ)

2

/√
Σ(γ)

1 Σ(γ)
3 .

It can be verified (see Lemma 20) that Σ(γ) is invertible and therefore αγ < 1. Then,
an easy computation shows that (Zk+1)k∈N and (Wk+1)k∈N are independent families of
i.i.d. Gaussian random vectors with identity covariance matrix. With this notation, the
numerical scheme (3.7) can be rewritten as

Xk+1 = Xk + 1− e−κγ

κ
Vk + κγ + e−κγ − 1

κ2 b(Xk) +
√

Σ(γ)
1 (1− α2

γ)Wk+1

+ γ3/2σ̃γDγZk+1 ,

Vk+1 = e−κγVk + 1− e−κγ

κ
b(Xk) +√γσ̃γZk+1 ,

where Dγ = Σ(γ)
2

/[
σ̃γ

√
γ3Σ(γ)

3

]
. This fits into the framework (3.2) upon setting δ = 1,
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τγ = e−κγ , σγ = σ̃γ ,

gγ(x, v, z, w) = 1− e−κγ

κγ
b(x) ,

fγ(x, v, z, w) = 1− κγ − e−κγ

κγ2

(
v − γ

κ
b(x)

)
+
√

Σ(γ)
1 (1− α2

γ)w .

The conditions in A1 are easily seen to be satisfied since σ̃γ/σ → 1 as γ → 0, while
Dγ → 1/2. Finally, the conditions in A2 hold true when b is Lipschitz.

3.2.2.2 Splitting schemes

A systematic way of constructing numerical schemes for Langevin dynamics is to rely on
splitting procedures based on the decomposition (3.4), as systematically studied in [82,
83, 84] for kinetic Langevin dynamics. The interest of these schemes is that they reduce
to symplectic integrators of the Hamiltonian dynamics as κ → 0 with σ2 = O(κ). We
consider here first and second order numerical discretizations based on Lie-Trotter or
Strang splittings built upon the operators A ,B,C introduced in (3.4). These operators
are the generators of elementary SDEs which can be analytically integrated, as discussed
after (3.5).

First order schemes. Schemes of weak order 1 are obtained, up to cyclic permuta-
tions, by composing the elementary dynamics associated with the operators in the order
A ,B,C or A ,C ,B. There are therefore 6 possible first order splitting schemes, which
can all be cast in the framework (3.2). Some general comments can be formulated on
the 6 splittings schemes.

• There is no dependence on w for the functions fγ , gγ , and no dependence on z
for gγ .

• Functions fγ which genuinely depend on z are obtained when C appears before A .
This corresponds for example to the scheme C A B.

• Functions gγ which genuinely depend on v are obtained when A appears before B.
This corresponds for example to the scheme C A B.

• The functions fγ , gγ are quite similar for schemes were consecutive applications
of B,C are exchanged (as for the evolutions A BC and A C B; or for BC A
and C BA ).

In view of these remarks, the simplest scheme, from a structural viewpoint, is associated
with BA C (although the schemes associated with A BC and A C B are also quite
simple), while the most complicated is the one associated with C A B. We next write
out more precisely these two schemes, as paradigmatic examples of first order splittings.

The numerical scheme associated with BA C reads

Xk+1 = Xk + γVk + γ2b(Xk) , Vk+1 = e−κγVk + γe−κγb(Xk) +√γσ̃γZk+1 ,
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with σ̃γ defined in (3.6). This corresponds to (3.2) with τγ = e−κγ , σγ = σ̃γ , Dγ = 0 (δ is
irrelevant), and fγ(x, v, z, w) = γb(x), gγ(x, v, z, w) = e−κγb(x). The numerical scheme
associated with C A B reads

Xk+1 = Xk + γe−κγVk + γ3/2σ̃γZk+1 ,

Vk+1 = e−κγVk + γb
(
Xk + γe−κγVk + γ3/2σ̃γZk+1

)
+√γσ̃γZk+1 ,

which corresponds to (3.2) with δ = 1, τγ = e−κγ , σγ = σ̃γ , Dγ = Id, and fγ(x, v, z, w) =
γ−1(e−κγ − 1)v, gγ(x, v, z, w) = b(x+ e−κγv + z). For both schemes, the conditions A1
and A2 hold true when b is Lipschitz.

Second order schemes. Schemes of weak order 2 are obtained, up to cyclic per-
mutations of the operators, by a Strang splitting based on the operators A ,B,C . The
scheme A BC BA , for instance, corresponds to integrating the elementary dynamics
associated with A for a time γ/2, then the elementary dynamics associated with B for
a time γ/2, then the elementary dynamics associated with C for a time γ, then again
the elementary dynamics associated with B for a time γ/2, and finally the elementary
dynamics associated with A for a time γ/2.

As for first order splitting schemes, there are 6 possible schemes, which can all be cast
in the framework (3.2). Some general comments can be formulated on the 6 splittings
schemes.

• There is no dependence on w for the functions fγ , gγ when C is between instances
of A (as for the schemes BA C A B, A BC BA and A C BC A ). This depend-
ence is linear for fγ when the operator A is in the central place (as for the
schemes C BA BC and BC A C B).

• The function gγ does not depend on z, w for schemes with A at the first and last
places (as for the schemes A BC BA and A C BC A ).

• The functions fγ , gγ are quite similar when consecutive operators B,C are ex-
changed (as for the schemes A BC BA and A C BC A ; as well as for BC A C B
and C BA BC ).

In view of these remarks, the simplest scheme, from a structural viewpoint, is associated
with A BC BA (or with A C BC B), while the most complicated is the one associated
with C A BA C . We next write out more precisely these two schemes, as paradigmatic
examples of second order splittings.

The numerical scheme associated with A BC BA reads

Xk+1 = Xk + γ(1 + e−κγ)
2 Vk + γ2(1 + e−κγ)

4 b

(
Xk + γ

2Vk

)
+ γ3/2

2 σ̃γZk+1 ,

Vk+1 = e−κγVk + γ(1 + e−κγ)
2 b

(
Xk + γ

2Vk

)
+√γσ̃γZk+1 ,
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where σ̃γ is given by (3.6). It can indeed be written as (3.2) with δ = 1, τγ = e−κγ ,
σγ = σ̃γ , Dγ = Id /2, and

fγ(x, v, z, w) = e−κγ − 1
2γ v + γ(1 + e−κγ)

4 b

(
x+ 1

2v
)
,

gγ(x, v, z, w) = 1 + e−κγ

2 b

(
x+ 1

2v
)
.

The numerical scheme associated with C A BA C reads

Xk+1 = Xk + γe−κγ/2Vk + γ2

2 b
(
Xk + γe−κγ/2

2 Vk + γ3/2

2
√

2
σ̃γ/2ξ

1
k+1

)
+ γ3/2
√

2
σ̃γ/2ξ

1
k+1 ,

Vk+1 = e−κγVk + γe−κγ/2b

(
Xk + γe−κγ/2

2 Vk + γ3/2

2
√

2
σ̃γ/2ξ

1
k+1

)

+
√
γ

2 σ̃γ/2
(
e−κγ/2ξ1

k+1 + ξ2
k+1

)
,

where (ξ1
k+1)k⩾0 and (ξ2

k+1)k⩾0 are two independent families of i.i.d. standard d-
dimensional Gaussian random variables. In order to write this scheme under the
form (3.2), similarly to Section 3.2.2.1, we introduce the sequence of random vari-
ables (Zk+1)k∈N defined as√

γ

2 σ̃γ/2
(
e−κγ/2ξ1

k+1 + ξ2
k+1

)
= √γσγZk+1 , σ2

γ = σ̃2
γ/2

1 + e−κγ

2 .

By construction, (Zk+1)k⩾0 are i.i.d. standard d-dimensional Gaussian random variables.
We next consider the family of i.i.d. standard d-dimensional Gaussian random variables
(Wk+1)k⩾0 independent of (Zk+1)k⩾0 defined through the relation

ξ1
k+1 = αγZk+1 +

√
1− α2

γWk+1, αγ = E
[
ξ1

k+1Zk+1
]

= e−κγ/2
√

1 + e−κγ
∈ (0, 1) .

In terms of the random variables Zk+1,Wk+1, the scheme C A BA C can be reformulated
as (3.2) with δ = 1, τγ = e−κγ , Dγ = e−κγ/2/(1 + e−κγ) Id and

fγ(x, v, z, w) = e−κγ/2 − 1
γ

v + γ

2 b

x+ e−κγ/2

2 v + e−κγ/2

2(1 + e−κγ)z +

√√√√ γ3σ̃2
γ/2

8(1 + e−κγ)w


+

√√√√ γ3σ̃2
γ/2

2(1 + e−κγ)w ,

gγ(x, v, z, w) = e−κγ/2b

x+ e−κγ/2

2 v + e−κγ/2

2(1 + e−κγ)z +

√√√√ γ3σ̃2
γ/2

8(1 + e−κγ)w

 .

(3.12)
The conditions A1 and A2 are then easily seen to hold true for the two
schemes C A BA C and C A BA C when b is Lipschitz.
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3.2.2.3 Numerical schemes with stochastic gradients

We consider in this section discretizations of (3.1) using stochastic approximation
strategies. Such a methodology is particularly appealing in statistics and machine learn-
ing where the field b can be very expensive to evaluate or cannot even be accessed [38,
136]. In these contexts, the Langevin dynamics have been primarily considered for either
performing Bayesian inference [1, 35, 91] or optimizing an objective function [11, 15, 109,
114]. In the first case, b = ∇ log π where π : Rd → R+ is the a posteriori distribution
of a statistical model, which can generally be written as − log π = ∑N

k=1 Ui, with N the
number of observations and Ui : Rd → R. It has been also proposed to use Langevin
dynamics to find an element of arg minRd f for some function f : Rd → R by setting
b = −∇f and taking σ small. In particular, we are interested in the situation where ∇f
can only be estimated through estimators which can potentially be biased.

The use of stochastic approximation for b in these two settings can be formalized as
follows. We suppose that there exist a probability measure µY on a measurable space
(Y,Y), and a measurable function H : Rd × Y → Rd such that

∀x ∈ Rd, b̃(x) =
∫

Y
Hx(y)µY(dy) , sup

Rd

∥b̃− b∥ < +∞ .

In addition, we suppose that we can generate i.i.d. samples (Yk+1)k∈N from µY. Then,
a stochastic approximation of the discretization of (3.1) essentially consists in replacing
the evaluation of b at each iteration k by HXk

(Yk+1). For example, following [25], the
Euler Maruyama discretization (3.3) can be generalized as

Xk+1 = Xk + γVk , Vk+1 = (1− κγ)Vk + γHXk
(Yk+1) +√γσZk .

This numerical scheme fits into the framework (3.2) upon taking Wk = Yk for any k ⩾ 1,

τγ = 1− κγ , σγ = σ , Dγ = 0 , fγ(x, v, z, w) = 0 , gγ(x, v, z, w) = Hx(w) .

The parameter δ is irrelevant. Note that A1 and A2 hold under the condition that for
any y ∈ Y, the function x 7→ Hx(y) is Lipschitz with a Lipschitz constant independent of
y. The stochastic exponential Euler and splitting schemes presented in Sections 3.2.2.1
and 3.2.2.2 can also be adapted to take into account a stochastic approximation of b, for
instance by relying on the methodology developed in [24].

3.2.3 Minorization, drift and convergence uniform in the timestep

To state our results, we introduce the Markov kernel Rγ associated with (3.2), i.e., for
any (x, v) ∈ R2d and B ∈ B(R2d),

Rγ((x, v), B) =
∫

Rd+m
1B

(
Γγ(x, v, (γσ2

γ)1/2z, w)
)

φ(z) dz µW (dw) ,

where φ(z) is the density of the d-dimensional standard normal distribution, and

Γγ(x, v, z, w) =
(
x+ γv + γfγ

(
x, γδv, γδz, w

)
+ γδDγz, τγv + γgγ

(
x, γδv, γδz, w

)
+ z

)
.

(3.13)
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We present in the following our main results which allow us to conclude to the
uniform V -geometric ergodicity for Rγ of the form ∥δ(x,v)R

k
γ − πγ∥V ⩽ CV (x, v)ργk for

any k ∈ N, γ ∈ (0, γ̄] small enough, and where C ⩾ 0 and ρ ∈ [0, 1) are independent of γ.
The proof of this result standardly follows from quantitative minorization and Lyapunov
conditions.

Minorization condition uniform in the timestep. Our first main result shows
that R⌈t0/γ⌉

γ satisfies a minorization condition with a constant which depends only on
the physical time t0 > 0 (considered sufficiently small) and not on γ.

Theorem 3.1. Assume that A1 and A2 hold. Then there exists t̄0 > 0 such that, for
any t0 ∈

(
0, t̄0

]
and M ⩾ 0, there are εt0,M > 0 and γ̄t0 > 0 for which, for any γ ∈ (0, γ̄t0 ]

and (x, v), (x′, v′) ∈ B2d(02d,M),∥∥∥R⌊t0/γ⌋+1
γ ((x, v), ·)−R⌊t0/γ⌋+1

γ ((x′, v′), ·)
∥∥∥

TV
⩽ 2 (1− εt0,M ) . (3.14)

In words, Theorem 3.1 ensures that for any compact set K ⊂ R2d, there exists t0, γt0 >

0 for which, for any γ ∈ (0, γ̄t0 ], K is 1-small for R⌈t0/γ⌉
γ . The proof of this result can be

read in Section 3.4. The main steps are sketched out in the simple case of nondegenerate
Langevin dynamics in Section 3.3.

Lyapunov condition uniform in the timestep. To ensure the existence of a unique
stationary distribution µγ for Rγ , and obtain a rate of convergence to stationarity, we
need to consider additional assumptions. We focus on conditions which allow to ensure
the uniform V -geometric ergodicity of Rγ with a Lyapunov function built upon a function
U : Rd → R satisfying the following condition.

D1. The function U : Rd → R is C1, U(x) ⩾ 0 for any x ∈ Rd, and U(0) = 0, ∇U(0) =
0. In addition, there exists L ⩾ 0 such that for any x, y ∈ Rd, ∥∇U(x)−∇U(y)∥ ⩽
L ∥x− y∥.

The condition infRd U ⩾ 0 is not restrictive since any function bounded from below
can be shifted to be nonnegative. The conditions U(0) = 0 and ∇U(0) = 0 could be
relaxed but allow to simplify some computations and are therefore considered for ease of
presentation. When b comes from the gradient of a potential (up to some perturbation)
function, as discussed around (3.18), then this potential is a natural candidate for the
function U . In this case, D1 is necessary to ensure the stability of most of the schemes.

The Lyapunov function W γ,ϖ : R2d → R we consider is parametrized by a con-
stant ϖ > 0, and is of the following exponential form for any γ ∈ (0, γ̄] and x, v ∈ Rd:

W γ,ϖ(x, v) = exp
(
ϖ
√

1 + Wγ(x, v)
)
, (3.15)

where Wγ : R2d → R+, given explicitly by (3.73), is the sum of U(x) and a positive
definite quadratic form in (x, v). As in previous studies on discretization of Langevin
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dynamics such as [95, Equation (8.3)], the Lyapunov function W γ,ϖ depends on the
stepsize γ through Wγ (in fact, Wγ converges as γ → 0 to a Lyapunov function for the
continuous dynamics (3.1), similarly to the family of Lyapunov functions considered in
[95]; see [95, Equation (3.6)]).

By the estimates in Section 3.5 (see Lemma 16 and (3.90)), the design of Wγ ensures
that there exist cW , cW ∈ R+ and γ̄W > 0 such that, for any γ ∈ (0, γ̄W ],

cW V ⩽ Wγ ⩽ cW V , V (x, v) = ∥x∥2 + ∥v∥2 + U(x) .

Therefore, there exist ϖ1, ϖ2 > 0 such that for any ϖ > 0, γ ∈ (0, γ̄W ] and x, v ∈ Rd,[
V ϖ(x, v)

]ϖ1
⩽ W γ,ϖ(x, v) ⩽

[
V ϖ(x, v)

]ϖ2
, (3.16)

where
V ϖ(x, v) = exp

(
ϖ
√

1 + V (x, v)
)
.

In particular, convergence bounds on ∥δ(x,v)R
k
γ − µγ∥W γ,ϖ

for ϖ > 0 (where µγ is the
unique invariant probability measure associated with Rγ) thus imply convergence bounds
on ∥δ(x,v)R

k
γ − µγ∥V

ϖ1
ϖ

.
In view of the minorization condition provided by Theorem 3.1 and using for ex-

ample [37, Theorem 19.4.1], it is sufficient to establish a Lyapunov condition for R⌈t0/γ⌉
γ

uniform in the stepsize γ > 0 in order to obtain exponential convergence bounds for Rγ .
To this end, we first establish a Lyapunov condition for Rγ , under additional tech-
nical conditions on the family of functions fγ , gγ for γ ∈ (0, γ̄], in relation with the
potential U considered in D1. To state these conditions, we introduce the function
F : R3d × Rm1+m2 → R+, such that for any x, v, z ∈ Rd and w ∈ Rm1+m2 ,

F (x, v, z, w) = ∥∇U(x)∥2

L2 + ∥v∥2 + ∥z∥2 + ∥w∥2 + ∥x∥ .

Note that the position x appears through the two terms ∥∇U(x)∥2 and ∥x∥ (mind the
fact that the latter norm is not squared).

D 2. W = Rm1 × Rm2, W = B(Rm1) ⊗ B(Rm2) and there exist αU , ζU > 0, δU ∈ (0, 1]
and CU ⩾ 0 for which, for any γ ∈ (0, γ̄], there is ϑγ ∈ R with

sup
γ∈(0,γ̄]

|ϑγ| ⩽ ϑ̄ ,

such that the following estimates hold: for any x, v, z ∈ Rd and for µw-almost every
w = (w1, w2) ∈ Rm1 × Rm2,∥∥∥fγ

(
x, γδv, γδ+1/2σγz, w

)∥∥∥2
+
∥∥∥gγ

(
x, γδv, γδ+1/2σγz, w

)
+ αU∇U(x)

∥∥∥2

⩽ CU

[
1 + γδU F

(
x, v, γ

1/2σγz, w
)]

,
(3.17)
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and〈
x, fγ

(
x, γδv, γδ+1/2σγz, w

)〉
⩽ γδϑγ ⟨x, v⟩+ γδU CU ∥x∥ ∥w1∥

+ CU

[
1 + γδU F

(
x, v, γ

1/2σγz, w
)]

,〈
x, gγ

(
x, γδv, γδ+1/2σγz, w

)〉
⩽ −ζU

[
∥∇U(x)∥2

L2 + ∥x∥
]

+ CUγ
δU

[
1 + F

(
x, v, γ

1/2σγz, w
)]

.

The condition (3.17) means that, at first order in γ, gγ is some bounded perturbation
of αU∇U , which holds in many applications. The parameter ϑγ is the prefactor of the
term linear in v in the expression of fγ . This explains why an unsigned term γδϑγ ⟨x, v⟩
appears on the right hand side of the third inequality above. Since fγ and gγ + αU∇U
corresponds to some form of second order expansion in the timestep γ for the schemes
we consider, the fact that δU > 0 in D2 is relatively easy to verify. Finally, note that if
D2 is satisfied for δU > 1, we can replace this parameter by 1 ∧ δU upon modifying the
constants appearing in this assumption.

Note that D2 is satisfied by the Euler-Maruyama scheme (3.3) and the ones described
in Section 3.2.2 in the case b = −∇U with U satisfying D1 and

lim inf
∥x∥→+∞

⟨∇U(x), x⟩
∥x∥+ ∥∇U(x)∥2

> 0 . (3.18)

The latter condition is satisfied by potentials which are convex or behaving at infinity
as ∥x∥a with 1 ⩽ a ⩽ 2. We check in the appendix Section 3.6.7 the following result.

Proposition 3.2. Assume that b = −∇U with U : Rd → R satisfying D1 and (3.18).
Then the condition D2 holds for the second order splitting scheme leading to (3.12).

The other cases considered in Section 3.2.2 are easier. The condition D2 also holds
when b is an appropriate perturbation of −∇U .

In contrast to [95], we consider a weaker assumption even when b derives from a
potential. More precisely, in the case b = −∇U , the condition (3.18) is strengthened in
[95, Corollary 7.4] to lim inf∥x∥→+∞ ⟨∇U(x), x⟩ /(∥x∥2 + ∥∇U(x)∥2) > 0.

To ease the presentation, we restrict our study to the case when the extra noise
satisfies the following conditions. By abuse of notation, we denote by φ the d-dimensional
standard normal distribution.

D 3. µw = µw1 ⊗ µw2 where µw1 and µw2 are probability mesures on Rm1 and Rm2

respectively, such that the following two conditions hold.

1) (a) There exists CS > 0, such that, for any Lipschitz continuous function h :
Rd+m1 → R, with Lipschitz constant ∥h∥Lip, and any s ∈ R, it holds

∫
Rd+m1 |h|d(φ⊗

µw1) < +∞ and∫
Rd+m1

exp (sh) d(φ⊗ µw1) ⩽ exp
(
s

∫
Rd+m1

hd(φ⊗ µw1) + CS ∥h∥2Lip
s2

2

)
;
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(b) There exists L̃ ⩾ 0 such that for any x, v, z, z′ ∈ Rd, w1, w
′
1 ∈ Rm1 and w2 ∈ Rm2,∥∥fγ(x, v, z, (w1, w2))− fγ(x, v, z′, (w′1, w2))

∥∥
+
∥∥gγ(x, v, z, (w1, w2))− gγ(x, v, z′, (w′1, w2))

∥∥ ⩽ L̃
∥∥(z, w1)− (z′, w′1)

∥∥ .
2) There exists γ̄W ∈ (0, γ̄] such that

∫
Rm2

eγ̄W ∥w2∥2
µw2(dw2) < +∞.

Remark 3.3. If µw1 admits a first moment and satisfies a log-Sobolev inequality with
constant C̃S > 0, i.e. for any continuously differentiable function h : Rm1 → R+ such
that

∫
Rm1 h(w1)µw1(dw1) = 1,∫

Rm1
h(w1) log(h(w1))µw1(dw1) ⩽ 2C̃S

∫
Rm1
∥∇h∥2 µw1(dw1) ,

then by [7, Propositions 5.5.1 and 5.2.7], φ⊗ µw1 satisfies a log-Sobolev inequality with
constant max(1, C̃S). Therefore by Herbst’s argument (see [7, Proposition 5.4.1] or [19,
Theorem 5.5]), D3-1)-(a) holds. The latter case is satisfied in all our examples in
Sections 3.2.2.1 and 3.2.2.2.

Note that D3-2) is not restrictive and covers the case where µw2 is (sub-)Gaussian,
which is frequently the case for the schemes presented in Section 3.2.2.3.

Theorem 3.4. Assume that A1, D1, D2 and D3 hold. Then there exist ϖU , γ̄U > 0,
λU ∈ (0, 1) and RU , bU ⩾ 0 such that, for any γ ∈ (0, γ̄U ],

∀x, v ∈ Rd, RγW γ,ϖU (x, v) ⩽ λγ
U W γ,ϖU (x, v) + γbU1[0,RU ](∥x∥+ ∥v∥) ,

where W γ,ϖ is defined in (3.15).

The proof of this result is postponed to Section 3.5.

Exponential convergence uniform in the timestep When the statement of The-
orem 3.4 holds, [43, Lemma 1] implies that, for any k ∈ N∗ and γ ∈ (0, γ̄U ],

∀x, v ∈ Rd, Rk
γW γ,ϖU (x, v) ⩽ λkγ

U W γ,ϖU (x, v) + bU
1

λγ̄U
U | log λU |

.

Therefore, in view of [37, Theorem 19.4.1] applied to Rk
γ with k = ⌈t0/γ⌉ where t0 is

such that the conclusions of Theorem 3.1 hold, we obtain:

Theorem 3.5. Assume that A1, A2, D1, D2 and D3 hold. Then there exists γ̄U > 0
such that, for any γ ∈ (0, γ̄U ], the Markov chain associated with Rγ admits a unique
invariant probability measure µγ. Moreover, there exist ϖU > 0, AU ⩾ 0 and ρU ∈ (0, 1)
such that for any γ ∈ (0, γ̄U ],

∀x, v ∈ Rd, ∥δ(x,v)R
k
γ − µγ∥W γ,ϖU

⩽ AUρ
kγ
U W γ,ϖU (x, v) . (3.19)

73



Chapter 3. Uniform minorization condition and convergence bounds for discretizations
of kinetic Langevin dynamics

Then, combining this result and (3.16) we get that there exist ϖ1, ϖ2 > 0 such that,
for any γ ∈ (0, γ̄U ],

∀x, v ∈ Rd,
∥∥∥δ(x,v)R

k
γ − µγ

∥∥∥
V

ϖ1
ϖ

⩽ AUρ
kγ
U V ϖ2

ϖ (x, v) ,

where V ϖ is defined in (3.16).
Another corollary of (3.19) is the following: there exists KU ⩾ 0 (which can be

computed explictly in terms of AU , ρU ) such that, for any measurable function ϕ :
R2d → R with

∫
Rd ϕdπγ = 0 and ∥ϕ∥W γ,ϖU

< +∞, and for any γ ∈ (0, γ̄U ], the
function ψγ = ∑+∞

k=0R
k
γϕ is well-defined, satisfies ∥ψγ∥W γ,ϖU

⩽ KUγ
−1∥ϕ∥W γ,ϖU

and is
solution of the Poisson equation associated with Rγ and ϕ, namely {Id−Rγ}ψγ = ϕ.

3.3 Strategy of proof of Theorem 3.1 in a simple case
We present in this section the main ideas behind the proof of Theorem 3.1. We il-
lustrate the strategy in the simplest case, namely a Euler–Maruyama discretization of
(overdamped) Langevin dynamics:

Xk+1 = Xk + γb(Xk) +√γZk+1 = Υγ(Xk,
√
γZk+1) , Υγ(x, z) = x+ γb(x) + z ,

(3.20)
where b : Rd → Rd and (Zk+1)k∈N is a sequence of i.i.d. standard d-dimensional Gaus-
sian random variables. Note that here Υγ plays the same role as Γγ in (3.13). In
this context, the transition kernel reads, for x ∈ Rd and B ∈ B(Rd), Qγ(x,B) =∫

Rd 1B

{
Υγ(x,√γz)

}
φ(z) dz, and the counterpart of Theorem 3.1 is the following result.

Theorem 3.6. Assume that b ∈ C1(Rd,Rd) is globally Lipschitz. Then there exists
t̄0 > 0 such that, for any t0 ∈

(
0, t̄0

]
and M ⩾ 0, there are εt0,M > 0 and γ̄t0 > 0 for

which, for any γ ∈ (0, γ̄t0 ] and x, x′ ∈ Bd(0d,M),∥∥∥Q⌈t0/γ⌉
γ (x, ·)−Q⌈t0/γ⌉

γ (x′, ·)
∥∥∥

TV
⩽ 2(1− εt0,M ). (3.21)

To prove this result, we need to study the distribution of Xk defined by (3.20) for k
of order t0/γ for some t0 > 0. The main idea is that the recursion (3.20) can be seen as
a perturbation of the evolution with b ≡ 0 provided t0 is sufficiently small. To this end,
we first notice that a straightforward induction gives, for any k ∈ N,

Xk+1 = X0 +G(k+1) + γ
k∑

i=0
b(Xi) , G(k+1) = √γ

k+1∑
i=1

Zi . (3.22)

If t0 > 0 is fixed, the variance of G(k+1) is of order t0 for k ≈ t0/γ, from which the proof
of Theorem 3.6 easily follows when b ≡ 0. To treat the case b ̸≡ 0, we rewrite (3.22) as

Xk+1 = G(k+1) + Φ(k)
γ,X0,Z̃(k+1)(G

(k+1)), (3.23)
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where Z̃(k+1) = (Z̃(k+1)
1 , . . . , Z̃

(k+1)
k ) are some i.i.d. Gaussian random variables defined

below and independent of G(k+1), and Φ(k)
γ,X0,Z̃(k+1) : Rd → Rd. We show in addition

that g 7→ Φ(k)
γ,X0,Z̃(k+1)(g) is Lipschitz with Lipschitz constant strictly smaller than 1

for t0 sufficiently small. As a result, the mapping g 7→ g + Φ
γ,X0,Z̃(k+1)(g) is a C1

diffeomorphism, so that, by a change a variable, the random variable Xk+1 admits a
density with respect to the Lebesgue measure, and this density can even be bounded
from below.

In order to rigorously formalize the above discussion, we first need to provide ex-
pressions for the random variables Z̃(k+1). Relying on Cochran’s theorem, natural
candidates are obtained by a linear combination of the first k original Gaussian in-
crements (Z1, . . . , Zk) and G(k+1), as

Z̃
(k+1)
i = Zi −

1
√
γ(k + 1)G

(k+1) , i ∈ {1} k . (3.24)

The random vector (Z̃(k+1), G(k+1)) is still a Gaussian vector, with Z̃(k+1) independent
of G(k+1) by construction. In addition, Z̃(k+1)

1 , . . . , Z̃
(k+1)
k are i.i.d. Gaussian random

variables with covariance matrix (k/[k + 1]) Id. Then,

Xk+1 = Υ(k+1)
γ,X0,Z̃(k+1)(G(k+1)) , with Υ(k+1)

γ,x,z̃(k+1)(g) = x+ g+ γ
k∑

i=0
b(xi) , (3.25)

for a given family z̃(k+1) = {z̃j}kj=1 ⊂ Rd, and where the iterates (x1, . . . , xk) are
recursively defined from x0 = x and z̃(k+1) as xi = Υγ(xi−1,

√
γz̃i + g/[k + 1])

for i ∈ {1} k. Then, (3.23) holds with Φ(k)
γ,X0,Z̃(k+1)(g) = Υ(k+1)

γ,X0,Z̃(k+1)(g)− g. Introducing
n0 = ⌊t0/γ⌋+ 1, the iterated transition kernel can then be expressed as follows:

Q⌊t0/γ⌋+1
γ (x,B) =

∫
R(n0+1)d

1B

{
Υ(n0)

γ,x,z̃(n0)(g)
}
φt0,γ(g)ψt0,γ(z̃(n0)) dz̃(n0) dg , (3.26)

where φt0,γ and ψt0,γ correspond to the densities of G(n0) and Z̃(n0), respectively. Here
we have assumed without loss of generality, taking for example γ ⩽ t0/2, that n0 ⩾ 1.

Now that the output of the Markov chain has been rewritten as a perturbation of the
output obtained with b = 0, we can proceed with a quantitative analysis to obtain lower
bounds on (3.26). By a reasoning similar to the one leading to Proposition 3.8 below,
there exists t̄0 > 0 (sufficiently small) such that the function g 7→ Φ(n0)

γ,X0,z̃n0
(g) in (3.23)

is Lipschitz with Lipschitz constant strictly smaller than 1 for any t0 ∈
(
0, t̄0

]
(provided

γ > 0 is sufficiently small). Therefore, Υ(n0)
γ,X0,z̃(n0) = Id +Φ(n0)

γ,X0,z̃n0
is a perturbation of

identity and hence a C1(Rd,Rd)-diffeomorphism. Denoting by Υ(←,n0)
γ,X0,z̃(n0) its inverse, we

obtain, by a change of variable,

Q⌊t0/γ⌋+1
γ (x,B) =

∫
R(n0+1)d

1B(u)φt0,γ

(
Υ(←,n0)

γ,x,z̃(n0)(u)
)

Jγ,x,z̃(n0)(u)ψt0,γ(z̃(n0)) dz̃(n0) du ,
(3.27)
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where Jγ,x,z̃(n0)(u) is the absolute value of the determinant of the Jacobian matrix asso-
ciated with Υ(←,n0)

γ,x,z̃(n0) .
We consider at this stage the point x = 0d as some reference initial condition, and

provide a lower bound on Q
⌊t0/γ⌋+1
γ (x,B) based on (3.27) in terms of the following

minorization probability measure:

µt0,γ(B) =
∫

R(n0+1)d
1B

{
Υ(n0)

γ,0d,z̃(n0)(g/
√

2)
}
φt0,γ(g)ψt0,γ(z̃(n0)) dz̃(n0) dg .

This expression is similar to (3.26), with x = 0d and g replaced by g/
√

2 (in order to
make use of the inequality (3.28) below). Similarly to (3.27), using the change of variable
g 7→ Υ(n0)

γ,x,z̃(n0)(g/
√

2), we have

µt0,γ(B) = 2
d
2

∫
R(n0+1)d

1B(u)φt0,γ

(√
2 Υ(←,n0)

γ,0d,z̃(n0)(u)
)

Jγ,0d,z̃(n0)(u)ψt0,γ(z̃(n0)) dz̃(n0) du .

From this expression and (3.27), we get

Q⌊t0/γ⌋+1
γ (x,B) = 2−d/2

∫
R(n0+1)d

1B(u)Aγ,x,z̃(n0)(u)µt0,γ(dg dz̃(n0)) ,

where Aγ,x,z̃(n0)(u) = A
(1)
γ,x,z̃(n0)(u)A(2)

γ,x,z̃(n0)(u) with

A
(1)
γ,x,z̃(n0)(u) =

Jγ,x,z̃(n0)(u)
Jγ,0d,z̃(n0)(u) , A

(2)
γ,x,z̃(n0)(u) =

φt0,γ

(
Υ(←,n0)

γ,x,z̃(n0)(u)
)

φt0,γ

(√
2Υ(←,n0)

γ,0d,z̃(n0)(u)
) .

When Aγ,x,z̃(n0) is lower bounded by a positive quantity at0,M for x ∈ Bd(0d,M), we
obtain Q

⌊t0/γ⌋+1
γ (x,B) ⩾ at0,M 2−d/2µt0,γ(B), which immediately implies (3.21). The

lower bound on Aγ,x,z̃(n0) is proved in two steps:

(a) by obtaining upper and lower bounds on the Jacobians Jγ,x,z̃(n0)(u), leveraging the
fact that the mapping g 7→ Υ(n0)

γ,x,z̃(n0)(g) and its inverse are Lipschitz (as in Proposition 3.8
below) and making use of Hadamard’s inequality (see Proposition 3.10);

(b) by making use of the following inequality, which motivates the factor
√

2 in the
argument of the denominator of A(2)

γ,0d,z̃(n0)(u) and the definition of µt0,γ :

n0γ logA(2)
γ,x,z̃(n0)(u) =

∥∥∥Υ(←,n0)
γ,0d,z̃(n0)(u)

∥∥∥2
− 1

2
∥∥∥Υ(←,n0)

γ,x,z̃(n0)(u)
∥∥∥2

⩾ −
∥∥∥Υ(←,n0)

γ,x,z̃(n0)(u)−Υ(←,n0)
γ,0d,z̃(n0)(u)

∥∥∥2
.

Here we have used that φt0,γ is the density of G(n0) defined in (3.22) and the Young
inequality on ⟨a, b⟩ for a, b ∈ Rd, which implies that

∥a− b∥2 ⩾ ∥a∥2/2− ∥b∥2 . (3.28)
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When x 7→ Υ(←,n0)
γ,x,z̃(n0)(u) is Lipschitz on Bd(0d,M) with a constant Kt0 , uniformly in γ ∈

(0, γt0 ] (as in Proposition 3.9 below), one finds A(2)
γ,x,z̃(n0)(u) ⩾ e−K2

t0
M2/(n0γ) for all x ∈

Bd(0d,M).

3.4 Proof of the minorization condition
The proof is organized in several steps. We first start by rewriting the end point of the
Markov chain in terms of the initial conditions and noise increments in Section 3.4.1,
in a form amenable to perturbative treatments. The dominant part of the evolution is
given by the outcome of discretization schemes corresponding to (3.2) in the case b = 0.
We therefore carefully study this case in Section 3.4.2, where we condition solutions by
the sum of the random increments characterizing the endpoints, and write out a decom-
position into intermediate increments independent of the sum. We next quantify, by
stability estimates, how numerical solutions depend on the random increments used to
generate them (see Section 3.4.3). This finally allows us to prove Theorem 3.1 in Sec-
tion 3.4.4 by considering the actual solutions of the numerical method as perturbations
of discretizations of (3.2) in the case b = 0, provided the physical time t0 is sufficiently
small.

3.4.1 Algebraic structure of the equations

It is convenient, in particular for the stability estimates of Section 3.4.3, to rewrite
(Xk+1, Vk+1) as a function of (X0, V0) and the realizations of the random variables
{(Zi+1,Wi+1)}ki=0 needed to define the (k + 1)-th iterate. First, in view of (3.2)
and (3.13), the iterates of the Markov chain can be written as (Xk+1, Vk+1) =
Γγ
(
Xk, Vk,

√
γσγZk+1,Wk+1

)
. This allows to write

(Xk+1, Vk+1) = Γ(k+1)
γ

(
X0, V0, {

√
γσγZi}k+1

i=1 , {Wi}k+1
i=1

)
, (3.29)

where the applications Γ(i)
γ : R2d × Ri×d ×Wi → R2d are recursively defined as follows:

Γ(0)
γ (x, v) = (x, v) ,

Γ(i)
γ

(
x, v, {zj}ij=1, {wj}ij=1

)
= Γγ

(
Γ(i−1)

γ

(
x, v, {zj}i−1

j=1, {wj}i−1
j=1

)
, zi, wi

)
, i ⩾ 1 .

(3.30)
The next result provides a more explicit and constructive expression for Γ(k+1)

γ .
It is stated for the sequence (xk+1, vk+1) = Γγ(xk, vk, zk+1, wk+1), with (xi, vi) =
Γ(i)

γ (x, v, {zj}ij=1, {wj}ij=1) for i ∈ {1} k + 1 and a given initial condition (x, v) ∈ R2d.

Lemma 5. Define, for k ⩾ 0, the vectors g(k+1)
1 = (g(k+1)

1,1 , . . . ,g(k+1)
1,k+1) and g(k+1)

2 =
(g(k+1)

2,1 , . . . ,g(k+1)
2,k+1) with components

g(k+1)
1,i =

γ(1− τk−i+1
γ )

1− τγ
, g(k+1)

2,i = τk−i+1
γ , i ∈ {1} k + 1 . (3.31)
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Then,

xk+1 = x+ γ
1− τk+1

γ

1− τγ
v +

k−1∑
i=0

g(k+1)
1,i+1

[
γgγ(xi, γ

δvi, γ
δzi+1, wi+1) + zi+1

]

+ γ
k∑

i=0
fγ

(
xi, γ

δvi, γ
δzi+1, wi+1

)
+ γδ

k∑
i=0

Dγzi+1 ,

vk+1 = τk+1
γ v +

k∑
i=0

g(k+1)
2,i+1

[
γgγ

(
xi, γ

δvi, γ
δzi+1, wi+1

)
+ zi+1

]
.

The proof is obtained by a simple induction and the equalities τγg(k)
2,j = g(k+1)

2,j and
g(k)

1,i+1+γg(k)
2,i+1 = g(k+1)

1,i+1 for j ∈ {0} k and i ∈ {0} k − 1. Lemma 5 allows to rewrite (3.29)
as:(

Xk+1

Vk+1

)
= Mk+1

γ

(
X0

V0

)
+ γ

k∑
i=0

Θ(i) (Xi, Vi,
√
γσγZi+1,Wi+1)

+ σγ

[
G(k+1) + γδ

(
G(k+1)

3
0d

)]
, (3.32)

where the matrix which multiplies the initial condition reads

Mk+1
γ =

[(
1 γ(1− τk+1

γ )/(1− τγ)
0 τk+1

γ

)]
⊗ Id , (3.33)

the drift part of the dynamics is encoded by

Θ(i)(x, v, z, w) =

g(k+1)
1,i+1

g(k+1)
2,i+1

⊗gγ

(
x, γδv, γδz, w

)
+

fγ

(
x, γδv, γδz, w

)
0d

 , i ∈ {0, . . . , k} ,

while the actual noise obtained at the end of the iterations is given by G(k+1)
3 and

G(k+1) =
(
G(k+1)

1 ,G(k+1)
2

)
, (3.34)

with

G(k+1)
1 = √γ

k−1∑
i=0

g(k+1)
1,i+1 Zi+1 , G(k+1)

2 = √γ
k∑

i=0
g(k+1)

2,i+1 Zi+1 , G(k+1)
3 = √γDγ

k∑
i=0

Zi+1 .

(3.35)
When A2 is satisfied, it holds, for any (x, v, z), (x′, v′, z′) ∈ R3d, w ∈W and i ∈ {0} k,∥∥∥Θ(i)

γ (x, v, z, w)−Θ(i)
γ (x′, v′, z′, w)

∥∥∥ ⩽ (2 + kγ)L
(∥∥x− x′∥∥+ γδ

∥∥v − v′∥∥+ γδ
∥∥z − z′∥∥) .

(3.36)
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This result easily follows from the bounds

sup
i∈{0,...,k}

∣∣∣g(k+1)
1,i+1

∣∣∣ ⩽ kγ , sup
i∈{0,...,k}

∣∣∣g(k+1)
2,i+1

∣∣∣ ⩽ 1 . (3.37)

These bounds are in turn a consequence of the fact that τγ ∈ (0, 1) and, for the first
inequality, g(k+1)

1,i = γ
∑k−1

j=0 τ
j
γ .

3.4.2 Structure and properties of the noise

We study in this section the structure of the Gaussian noise (3.34) in (3.32). We present
in Section 3.4.2.1 some estimates on the covariance matrix Σ(t0), for t0 > 0 small enough,
of the continuous process (3.1) with b ≡ 0. Then, we relate in Section 3.4.2.2 the stat-
istics of the Gaussian noise G(k+1) in (3.32) to Σ(t0) for k ≈ t0/γ. We finally provide
a decomposition into a final effective Gaussian increment and independent intermedi-
ate increments, by an orthogonal decomposition (see Section 3.4.2.3). More precisely,
we explicitly write out a linear transformation A such that (Z̃(k+1),G(k+1)) = AZ(k)

with G(k+1) independent of Z̃(k+1) and Z̃(k+1) a Gaussian vector whose components are
i.i.d. d-dimensional standard Gaussian random variables.

3.4.2.1 Properties of the noise covariance of the continuous process

Recall the expression (3.9) of the covariance matrix Σ(t) of the Gaussian process cor-
responding to (3.1) when b ≡ 0. Our first technical result provides some bounds on the
covariance matrix Σ(t0) associated with the underlying reference Gaussian process over
times t0 > 0.

Lemma 6. There exist t̄0 > 0 and positive constants ϱ1, ϱ2, ϱ3, ϱ1, ϱ2, ϱ3 with ϱ1ϱ3−ϱ̄
2
2 >

0, such that, for any t0 ∈ (0, t̄0],

ϱ1 ⩽
Σ(t0)

1
σ2t30

⩽ ϱ̄1 , ϱ2 ⩽
Σ(t0)

2
σ2t20

⩽ ϱ̄2 , ϱ3 ⩽
Σ(t0)

3
σ2t0

⩽ ϱ̄3 .

The result is an immediate consequence of the limit limt0↓0 Σ(t0)
1 t−3

0 σ2/3 (which can
be seen from (3.10) by approximating the integrand in the integral appearing on the
right hand side of the first equality), as well as the limits t0↓0Σ(t0)

2 t−2
0 = σ2/2 and

t0↓0Σ(t0)
3 t−1

0 = σ2 which are obtained in a similar way. A detailed version of the proof is
provided in the appendix (see Section 3.6.1).

Lemma 7. Assume that A1 holds. Then there exist ρ̄c, t̄0 > 0 such that the following
inequality holds in the sense of 2× 2 symmetric matrices: for any t0 ∈ (0, t̄0],

t0ρ̄
−1
c

(
t20 0
0 1

)
⪯ Σ(t0) ⪯ t0ρ̄c

(
t20 0
0 1

)
.
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Proof. Introduce, for t0, ρc > 0,

B(t0,ρc) = t0ρc

(
t20 0
0 1

)
−

Σ(t0)
1 Σ(t0)

2
Σ(t0)

2 Σ(t0)
3

 , B(t0,ρc) =

Σ(t0)
1 Σ(t0)

2
Σ(t0)

2 Σ(t0)
3

−t0ρ−1
c

(
t20 0
0 1

)
.

The aim is to choose t̄0 and ρ̄c such that B(t0,ρ̄c) and B(t0,ρ̄c) are both positive for any
t ∈

(
0, t̄0

]
. By Sylvester’s criterion [67, Theorem 7.2.5], the result of the lemma is implied

by the following statement: there exist ρc, t̄0 > 0 such that, for any t0 ∈ (0, t̄0],

t0ρc −Σ(t0)
3 > 0 , Σ(t0)

3 − t0ρ−1
c > 0 , det

(
B(t0,ρc))

> 0 , det
(
B(t0,ρc)

)
> 0 .

The first two conditions are satisfied for the value of t̄0 > 0 given by Lemma 6 and
ρc ⩾ ρ

(1)
c = σ2 max(ϱ3, ϱ

−1
3 ). Moreover, by Lemma 6, there exist ρ(2)

c > 0 such that, for
any t0 ∈ (0, t̄0],

det
(

B(t0,ρ
(2)
c )
)

=
(
t30ρ

(2)
c −Σ(t0)

1

) (
t0ρ

(2)
c −Σ(t0)

3

)
−
(
Σ(t0)

2

)2

⩾
(
t30ρ

(2)
c − ϱ1σ

2t30

) (
t0ρ

(2)
c − ϱ3σ

2t0
)
− ϱ2

2σ
4t40

= t40

[(
ρ(2)

c − ϱ1σ
2
) (
ρ(2)

c − ϱ3σ
2
)
− ϱ2

2σ
4
]
> 0 .

Similar computations show that there exists ρ(3)
c > 0 for which det(B(t0,ρ

(3)
c )) > 0 for

any t0 ∈ (0, t̄0]. This completes the proof upon setting ρ̄c = max(ρ(1)
c , ρ

(2)
c , ρ

(3)
c ).

3.4.2.2 Properties of the final Gaussian noise G(k+1)

We specify in this section the limit of the covariance of the noise G(k+1) defined in (3.34)
as γ → 0 and kγ ≈ t0. The following result, whose proof can be read in appendix-
Section 3.6.2, gathers useful estimates which allow to compare the covariance of G(k+1)

to the covariance Σ(t0) of the underlying continuous process with b = 0 (see Lemma 9
below).

Lemma 8. Assume that A1 holds. Then, for any γ ∈ (0, γ̄] and ℓ ⩾ 1, |τ ℓ
γ − e−κγℓ| ⩽

Cκℓγ
2. Moreover, for any γ ∈ (0, γ̄],

|τγ − 1| ⩽ (κ+ Cκγ)γ ,
∣∣∣∣∣ γ

1− τγ
− 1
κ

∣∣∣∣∣ ⩽
(2Cκ

κ2 + 1
)
γ . (3.38)

Lemma 9. The random variable G(k+1) defined in (3.34) is a 2d-dimensional Gaussian
random variable with mean zero and covariance matrix

c(k+1) =

c(k+1)
1 c(k+1)

2
c(k+1)

2 c(k+1)
3

⊗ Id , (3.39)
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with

c(k+1)
1 = γ

∥∥∥g(k+1)
1

∥∥∥2
= γ2

(1− τγ)2
1

1 + τγ

[
(1 + τγ)kγ

−
τγ(2 + τγ)− 2τγ(1 + τγ)τk

γ + τ
2(k+1)
γ

(1− τγ)/γ

]
,

c(k+1)
2 = γ

〈
g(k+1)

1 ,g(k+1)
2

〉
= γ2

(1− τγ)2
τγ

1 + τγ

[
1− (1 + τγ)τk

γ + τ2k+1
γ

]
,

c(k+1)
3 = γ

∥∥∥g(k+1)
2

∥∥∥2
= γ

1− τγ

1
1 + τγ

(
1− τ2(k+1)

γ

)
.

(3.40)
where g(k+1)

1 ,g(k+1)
2 are given in (3.31). In addition, when A1 holds, there exists for

any t̄0 > 0 a constant Ct̄0 ⩾ 0 such that, for any i ∈ {1, 2, 3} and γ ∈ (0, γ̄],

sup
t0∈(0,t̄0]

∣∣∣∣∣c(⌊t0/γ⌋+1)
i − Σ(t0)

i

σ2

∣∣∣∣∣ ⩽ Ct̄0γ . (3.41)

Proof. Note that since (Zi)i∈{1,...,k+1} are i.i.d. zero-mean Gaussian random variables
and G(k+1)

1 and G(k+1)
2 are linear combination of elements of this family, G(k+1) is a

2d-dimensional zero-mean Gaussian random variable with covariance matrix Cov
(
G(k+1)

1

)
Cov

(
G(k+1)

1 ,G(k+1)
2

)
Cov

(
G(k+1)

1 ,G(k+1)
2

)
Cov

(
G(k+1)

2

)  .

By (3.35) and (3.31), straightforward computations give

Cov
(
G(k+1)

1

)
= γ3

(1− τγ)2

k−1∑
i=0

(
1− τk−i

γ

)2
Id

= γ3

(1− τγ)2

[
k − 2τγ

1− τk
γ

1− τγ
+ τ2

γ

1− τ2k
γ

1− τ2
γ

]
Id ,

Cov
(
G(k+1)

1 ,G(k+1)
2

)
= γ2

1− τγ

k−1∑
i=0

[(
1− τk−i

γ

)
τk−i

γ

]
Id

= γ2

1− τγ

[
τγ

1− τk
γ

1− τγ
− τ2

γ

1− τ2k
γ

1− τ2
γ

]
Id ,

Cov
(
G(k+1)

2

)
= γ

k∑
i=0

τ2(k−i)
γ Id = γ

1− τ2
γ

(
1− τ2(k+1)

γ

)
Id ,

from which we obtain the expressions of the coefficients c(k+1)
i for 1 ⩽ i ⩽ 3 after some

reorganization allowing to compare the resulting expressions more easily with (3.10)-
(3.11) (upon replacing γ by kγ).
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We finally show (3.41). By Lemma 8, we have, for any t̄0 > 0 and γ ∈ (0, γ̄],

sup
t0∈(0,t̄0]

∣∣∣τ ⌊t0/γ⌋+1
γ − e−κt0

∣∣∣ ⩽ Cκ(t̄0 + 1)γ ,

sup
t0∈(0,t̄0]

∣∣∣τ2⌊t0/γ⌋+1
γ − e−2κt0

∣∣∣ ⩽ 2Cκ(t̄0 + 1)γ .

The inequality (3.41) is then a simple consequence of the definition (3.9) of Σ(t0),(3.40)
and the estimates (3.38) in Lemma 8.

3.4.2.3 Decomposition into final noise and independent increments

After analyzing the covariance of G(k+1) defined by (3.34) in the limit γ → 0 and
kγ ≈ t0, we aim at providing the conditional distribution of (Xk+1, Vk+1) given G(k+1).
This will be a crucial step to use a perturbation argument similar to the one presented
for overdamped Langevin dynamics in Section 3.3. To this end, we introduce in this
section the linear transformation Z̃(k+1) of Z(k) which plays the same role as (3.24),
i.e., Z̃(k+1) is independent of G(k+1) and its components are i.i.d. standard Gaussian
random variables. For underdamped Langevin dynamics, we introduce for k ⩾ 2 and
γ ∈ (0, γ̄] the vectors α(k + 1, γ) = (α1(k + 1, γ), . . . , αk+1(k + 1, γ)) and β(k + 1, γ) =
(β1(k + 1, γ), . . . , βk+1(k + 1, γ)), and define, for any i ∈ {1, . . . , k − 1},

Z̃
(k+1)
i = Zi −

√
γβi(k, γ)G(k+1)

2 −√γαi(k, γ)G(k+1)
1 . (3.42)

The components k and k + 1 of the vectors α(k + 1, γ),β(k + 1, γ) are not needed at
this stage, but they will turn out to be useful later on. As specified below in Lemma 12,
the scaling factor √γ in front of the coefficients αi(k, γ), βi(k, γ) ensures that the latter
coefficients are of order 1 at most as γ → 0 and kγ ≈ t0.

Remark 3.7. In order to further motivate the chosen scalings in (3.42), note that the
linear transform (3.24) for overdamped Langevin dynamics can be rewritten as

Z̃
(k+1)
i = Zi −

√
γ
G(k+1)

(k + 1)γ , i ∈ {1} k .

The counterpart of the coefficients αi(k+1, γ), βi(k+1, γ) in this context is simply 1/[(k+
1)γ], which is indeed of order 1 when kγ is of order 1.

The choice of α(k + 1, γ),β(k + 1, γ) corresponds to the orthogonal projection of
the Gaussian variables {Zi+1}k−2

i=0 onto the the orthogonal of the vector space spanned
by g(k+1)

1 and g(k+1)
2 . This will ensure that the covariance of these projected vectors

and G(k+1) vanishes, and hence that the projected vectors Z̃(k+1) = (Z̃(k+1)
1 , . . . , Z̃

(k+1)
k−1 )

are independent of G(k+1).
We start by constructing the orthogonal projector onto Span(g(k+1)

1 ,g(k+1)
2 ). We

need to restrict the discussion to iteration indices and time steps in the set

Ec =
{

(k, γ) ∈ N∗ × (0,+∞)
∣∣∣∣ c(k+1)

1 c(k+1)
3 −

(
c(k+1)

2

)2
̸= 0

}
, (3.43)
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where the coefficients (c(k+1)
i )1⩽i⩽3 are defined in Lemma 9. Note that the condition

to be satisfied in (3.43) is in fact that the determinant of the matrix c(k+1) in (3.39) is
positive (it is always nonnegative). This condition is not restrictive since, by Lemma 6
and (3.41), there exists t̄0 > 0 such that, for any t0 ∈

(
0, t̄0

]
, there is γ̄t0 > 0 for which

(⌊t0/γ⌋, γ) ∈ Ec for any γ ∈ (0, γ̄t0 ].

Lemma 10. For any (k, γ) ∈ Ec, and j ∈ {1, .., k+1}, consider βj(k+1, γ), αj(k+1, γ) ∈
R the unique solution ofc(k+1)

1 c(k+1)
2

c(k+1)
2 c(k+1)

3

(αj(k + 1, γ)
βj(k + 1, γ)

)
=

g(k+1)
1,j

g(k+1)
2,j

 , (3.44)

and define

P(k) = Ik+1−γβ(k + 1, γ)
[
g(k+1)

2

]T
− γα(k + 1, γ)

[
g(k+1)

1

]T
∈ R(k+1)×(k+1) . (3.45)

Then, P(k) is the orthogonal projection onto Span
(
g(k+1)

1 ,g(k+1)
2

)⊥
.

Proof. We compute the action of P(k) on the vector space generated by g(k+1)
1 and g(k+1)

2
and its orthogonal. Note first that the definition (3.45) ensures that P(k)w = w for all
w ∈ Span

(
g(k+1)

1 ,g(k+1)
2

)⊥
. Moreover, in view of Lemma 9 and by the definition (3.44)

of the coefficients of α(k + 1, γ),β(k + 1, γ),

γ
∥∥∥g(k+1)

1

∥∥∥2
α + γ

〈
g(k+1)

1 ,g(k+1)
2

〉
β = g(k+1)

1 ,

γ
〈
g(k+1)

1 ,g(k+1)
2

〉
α + γ

∥∥∥g(k+1)
2

∥∥∥2
β = g(k+1)

2 ,

which implies that P(k)g(k+1)
1 = P(k)g(k+1)

2 = 0, and finally P(k)w = 0 for w ∈
Span

(
g(k+1)

1 ,g(k+1)
2

)
.

We are now in position to specify the law of Z̃(k+1) =
(
Z̃

(k+1)
1 , . . . , Z̃

(k+1)
k−1

)
.

Lemma 11. Let (k, γ) ∈ Ec. Then, Z̃(k+1) defined by (3.42) is a d × (k − 1)-
dimensional zero-mean Gaussian random variable with positive definite covariance mat-
rix S(k)

[
S(k)

]T
, where

S(k) =
[(

Ik−1 0k−1,2
)

P(k)
]
⊗ Id ∈ R(k−1)d×(k+1)d . (3.46)

In addition, Z̃(k+1) is independent of G(k+1) defined in (3.35).

Proof. It is easy to see that G̃(k) = (Z̃(k+1),G(k+1)) = AZ(k) with

A =


Ik−1 0k−1,2

02,k−1 02,2

P(k) +√γ


0k−1,k+1[
g(k+1)

1

]T[
g(k+1)

2

]T

⊗ Id .
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The matrix A is invertible by Gaussian elimination in view of the definition (3.45) of P(k)

and the ones (3.31) of g(k+1)
1 ,g(k+1)

2 , and

det(A)1/d = det


Ik−1 0k−1,2

02,k−1 02,2

P(k) +√γ


0k−1,k+1[
g(k+1)

1

]T[
g(k+1)

2

]T

 = det


Ik−1 0k−1,2
√
γ
[
g(k+1)

1

]T
√
γ
[
g(k+1)

2

]T


= γ det

g(k+1)
1,k g(k+1)

1,k+1
g(k+1)

2,k g(k+1)
2,k+1

 > 0 .

Therefore, G̃(k) is a zero-mean Gaussian random variable with positive definite covari-
ance matrix AAT. As a result, Z̃(k+1) defined by (3.42) is a d × (k − 1)-dimensional
zero-mean Gaussian random variable with positive definite covariance matrix S(k)[S(k)]T

with S(k) given by (3.46). Finally, since P(k)g(k+1)
1 = P(k)g(k+1)

2 = 0 in view of (3.45),
it follows that for i ∈ {1, . . . , k − 1}, Cov(Z̃(k)

i ,G(k)
1 ) = 0, Cov(Z̃(k)

i ,G(k)
2 ) = 0 and so

Z̃(k+1) is independent of G(k+1) because all random variables at hand are Gaussian.

We conclude this section by providing some bounds of the coefficients of α(k +
1, γ),β(k + 1, γ) defined in (3.44). We denote by ∥ξ∥∞ = max(|ξ1|, . . . , |ξk|) the ℓ∞

norm of a vector ξ = (ξ1, . . . , ξk) ∈ Rk.

Lemma 12. Assume that A1 holds. Then, there exists t̄0 > 0 and K ∈ R+ such that,
for any t0 ∈

(
0, t̄0

]
,

lim sup
γ↓0

∥α(⌊t0/γ⌋+ 1, γ)∥∞ ⩽ K/t20 , lim sup
γ↓0

∥β(⌊t0/γ⌋+ 1, γ)∥∞ ⩽ K/t0 .

Proof. We consider t̄0 > 0 as given by Lemmas 6 and 7, and such that, for any t0 ∈
(
0, t̄0

]
,

there is γ̄t0 for which (⌊t0/γ⌋, γ) ∈ Ec for any γ ∈ (0, γ̄t0 ] (see the discussion before
Lemma 10). For such values of t̄0 and γ, the system (3.44) for k0 = ⌊t0/γ⌋ can be
explicitly solved as

αj(k0 + 1, γ) =
c(k0+1)

3 g(k0+1)
1,j − c(k0+1)

2 g(k0+1)
2,j

c(k0+1)
1 c(k0+1)

3 −
(
c(k0+1)

2

)2 ,

βj(k0 + 1, γ) =
c(k0+1)

1 g(k0+1)
2,j − c(k0+1)

2 g(k0+1)
1,j

c(k0+1)
1 c(k0+1)

3 −
(
c(k0+1)

2

)2 .

By (3.37) and Lemma 9, it follows that, for any t0 ∈
(
0, t̄0

]
,

lim sup
γ↓0

|αj(k0 + 1, γ)| ⩽ lim sup
γ↓0

t0
∣∣∣c(k0+1)

3

∣∣∣+ ∣∣∣c(k0+1)
2

∣∣∣∣∣∣∣c(k0+1)
1 c(k0+1)

3 −
(
c(k0+1)

2

)2
∣∣∣∣ =

σ2
(
t0Σ(t0)

3 + Σ(t0)
2

)
∣∣∣∣Σ(t0)

1 Σ(t0)
3 −

(
Σ(t0)

2

)2
∣∣∣∣ ,
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and

lim sup
γ↓0

|βj(k0 + 1, γ)| ⩽ lim sup
γ↓0

∣∣∣c(k0+1)
1

∣∣∣+ t0
∣∣∣c(k0+1)

2

∣∣∣∣∣∣∣c(k0+1)
1 c(k0+1)

3 −
(
c(k0+1)

2

)2
∣∣∣∣ =

σ2
(
Σ(t0)

1 + t0Σ(t0)
2

)
∣∣∣∣Σ(t0)

1 Σ(t0)
3 −

(
Σ(t0)

2

)2
∣∣∣∣ .

The numerators of the last term in the two previous equalities are upper bounded by
Lemma 6 as t0Σ(t0)

3 +Σ(t0)
2 ⩽ (ϱ̄2 + ϱ̄3)σ2t20 and Σ(t0)

1 + t0Σ(t0)
2 ⩽ (ϱ̄1 + ϱ̄2)σ2t30; while the

denominator is lower bounded with the Minkowski determinant theorem (see e.g. [92,
Section 4.1.8]) and Lemma 7 as

∣∣∣∣Σ(t0)
1 Σ(t0)

3 −
(
Σ(t0)

2

)2
∣∣∣∣ ⩾ det

[
t0
ρ̄c

(
t20 0
0 1

)]
= t40
ρ̄2

c

.

This finally gives the claimed estimates.

3.4.3 Stability estimates

We provide in this section estimates on the mapping Γ(k+1)
γ defined in (3.30) providing

the (k + 1)-th iterates (Xk+1, Vk+1) of the Markov chain defined in (3.2) as a function
of the initial condition (x, v) and the realizations {zi+1, wi+1}ki=0. We first establish
in Section 3.4.3.1 that this function is Lipschitz continuous with respect to the initial
condition (x, v) and the realizations {zi+1}ki=0, and provide upper bounds on its Lipschitz
constant. Pursuing on the same argument as Section 3.3 (see (3.25)), we then show in
Section 3.4.3.2 that (Xk+1, Vk+1) can be written as

(Xk+1, Vk+1) = Γ(k+1)
γ,x,v,{Z̃(k+1)

j }k−1
j=1 ,{Wj}k+1

j=1

(
G(k+1)

1 ,G(k+1)
2

)
,

with (G(k+1)
1 ,G(k+1)

2 ) and {Z̃(k+1)
j }k−1

j=1 respectively defined in (3.35) and (3.42). We es-
tablish Lipschitz properties of the function (g1, g2) 7→ Γ(k+1)

γ,x,v,{z̃j}k−1
j=1 ,{wj}k+1

j=1
(g1, g2). Then,

we prove in Section 3.4.3.3 that this function is in fact a C1-diffeomorphism. We con-
clude this section by studying some properties of its inverse seen as a function of (g1, g2)
and the initial conditions (x, v).

3.4.3.1 Stability with respect to initial conditions and all noise increments

The following result provides some Lipschitz bounds for the functions Γ(k+1)
γ defined

in (3.30). They are stated in terms of a norm on R2d parametrized by some positive
parameter λ > 0, namely ∥x∥+ λ∥v∥. The proof of Proposition 3.8 below will require λ
to be chosen sufficiently small.

Lemma 13. Assume that A2 holds and supγ∈(0,γ̄] τγ ⩽ 1 and fix λ > 0, a time step γ >
0, a maximal number of iterations N ∈ N∗, and realizations {wj}N+1

j=1 ⊂ Rm of the
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additional noise. For two initial conditions (x, v), (x′, v′) ∈ R2d and realizations of the
noise {zj}N+1

j=1 , {z′j}
N+1
j=1 ⊂ Rd, define for any k ∈ {0, . . . , N − 1} the iterates

(xk+1, vk+1) = Γ(k+1)
γ

(
x, v, {zj}k+1

j=1 , {wj}k+1
j=1

)
,

(x′k+1, v
′
k+1) = Γ(k+1)

γ

(
x′, v′,

{
z′j

}k+1

j=1
, {wj}k+1

j=1

)
.

Then, for any k ∈ {0, . . . , N},

∥∥xk − x′k
∥∥+ λ

∥∥vk − v′k
∥∥ ⩽ LΓ,γ(λ)k

( ∥∥x− x′∥∥+ λ
∥∥v − v′∥∥ )

+ MΓ,γ(λ)
k∑

i=1
LΓ,γ(λ)k−i

∥∥zi − z′i
∥∥ , (3.47)

where

LΓ,γ(λ) = 1 + γ

[
1
λ

+ (1 + λ) max
(

1, γ
δ

λ

)
L

]
, MΓ,γ(λ) = λ+ γδD + γ1+δ (1 + λ) L .

(3.48)
Moreover, when the initial conditions coincide (namely when (x, v) = (x′, v′)),

k∑
i=1

∥∥xi − x′i
∥∥ ⩽ γδ(D+γL)

∥∥zk − z′k
∥∥+{kMΓ,γ(λ)LΓ,γ(λ)k+L x

k,γ,λ}
k−1∑
i=1

∥∥zi − z′i
∥∥ , (3.49)

and
k∑

i=1

∥∥vi − v′i
∥∥ ⩽ (

1 + γ1+δL
)k ∥∥zk − z′k

∥∥+ kL v
k,γ,λ

k−1∑
i=1

∥∥zi − z′i
∥∥ , (3.50)

with

L x
k,γ,λ = γLMΓ,γ(λ)LΓ,γ(λ)k

+ γ
(
1 + γδL

)(
kγMΓ,γ(λ)L

(
1 + γ1+δL

)k
LΓ,γ (λ)k +

(
1 + γ1+δL

)k
)
,

L v
k,γ,λ = (k − 1)γMΓ,γ(λ)

(
1 + γ1+δL

)k
LΓ,γ(λ)kL +

(
1 + γ1+δL

)k
.

(3.51)

For reasons that will appear more clearly in Lemma 14 and its proof, the difference
∥zk − z′k∥ is isolated on purpose in (3.49)-(3.50) and appears with a prefactor at most 1
instead of k in contrast to the other differences ∥zi − z′i∥ for i ∈ {1, . . . , k − 1}.

Proof. Since (xk+1, vk+1) = Γγ(xk, vk, zk+1, wk+1) for k ∈ {0}N − 1, we obtain by A2
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and (3.13) that

∥∥xk+1 − x′k+1
∥∥

⩽
∥∥xk − x′k

∥∥+ γ
∥∥vk − v′k

∥∥+ γδ
∥∥Dγ(zk+1 − z′k+1)

∥∥
+ γ

∥∥∥fγ

(
xk, γ

δvk, γ
δzk+1, wk+1

)
− fγ

(
x′k, γ

δv′k, γ
δz′k+1, wk+1

)∥∥∥
⩽ (1 + γL)

∥∥xk − x′k
∥∥+ γ

(
1 + γδL

) ∥∥vk − v′k
∥∥+ γδ(D + γL)

∥∥zk+1 − z′k+1
∥∥ ,

(3.52)

and, since τγ ⩽ 1,

∥∥vk+1 − v′k+1
∥∥ ⩽ τγ

∥∥vk − v′k
∥∥+

∥∥zk+1 − z′k+1
∥∥

+ γ
∥∥∥gγ

(
xk, γ

δvk, γ
δzk+1, wk+1

)
− gγ

(
x′k, γ

δv′k, γ
δz′k+1, wk+1

)∥∥∥
⩽ γL

∥∥xk − x′k
∥∥+ (1 + γ1+δL)

∥∥vk − v′k
∥∥+ (1 + γ1+δL)

∥∥zk+1 − z′k+1
∥∥ .

(3.53)

Therefore,

∥∥xk+1 − x′k+1
∥∥+ λ

∥∥vk+1 − v′k+1
∥∥

⩽ (1 + γ(1 + λ)L)
∥∥xk − x′k

∥∥+
(
λ
[
1 + γ1+δL

]
+ γ

[
1 + γδL

]) ∥∥vk − v′k
∥∥

+ MΓ,γ(λ)
∥∥zk+1 − z′k+1

∥∥
⩽
[
1 + γmax

(
(1 + λ)L, 1

λ
+
(

1 + 1
λ

)
γδL

)] (∥∥xk − x′k
∥∥+ λ

∥∥vk − v′k
∥∥)

+ MΓ,γ(λ)
∥∥zk+1 − z′k+1

∥∥ .
The bound (3.47) then follows from the inequality 1 +
γmax

(
(1 + λ)L, λ−1 +

(
1 + λ−1) γδL

)
⩽ LΓ,γ(λ), and an easy induction on k.

We now prove (3.49). For the sum up to indices k − 1, we use (3.47) and x0 =
x′0, v0 = v′0 to write

k−1∑
i=1

∥∥xi − x′i
∥∥ ⩽ k−1∑

i=1
{
∥∥xi − x′i

∥∥+ λ
∥∥vi − v′i

∥∥}
⩽ MΓ,γ(λ)

k−1∑
i=1

i∑
j=1

LΓ,γ (λ)i−j
∥∥∥zj − z′j

∥∥∥
⩽ MΓ,γ(λ)(k − 1)LΓ,γ(λ)k

k−1∑
i=1

∥∥zi − z′i
∥∥ .

(3.54)
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The last term in the sum is bounded with (3.52) and (3.47) as
∥∥xk − x′k

∥∥ ⩽ (1 + γL)
∥∥xk−1 − x′k−1

∥∥+ γ
(
1 + γδL

) ∥∥vk−1 − v′k−1
∥∥

+ γδ(D + γL)
∥∥zk − z′k

∥∥
⩽ γ

(
1 + γδL

) ∥∥vk−1 − v′k−1
∥∥+ γδ(D + γL)

∥∥zk − z′k
∥∥

+ (1 + γL)MΓ,γ(λ)LΓ,γ (λ)k
k−1∑
i=1

∥∥zi − z′i
∥∥ .

(3.55)
It remains to bound

∥∥∥vk−1 − v′k−1

∥∥∥ on the right-hand side. By an easy induction based
on (3.53) and since x0 = x′0, v0 = v′0, we obtain, for ℓ ∈ {0, . . . , N − 1},

∥∥vℓ − v′ℓ
∥∥ ⩽ γL

ℓ−1∑
i=1

(
1 + γ1+δL

)ℓ−1−i ∥∥xi − x′i
∥∥+

ℓ∑
i=1

(
1 + γ1+δL

)ℓ−i+1 ∥∥zi − z′i
∥∥ . (3.56)

In particular, using the previous inequality for ℓ = k − 1 and (3.54), we get

∥∥vk−1 − v′k−1
∥∥ ⩽ γL

(
1 + γ1+δL

)k
k−1∑
i=1

∥∥xi − x′i
∥∥+

(
1 + γ1+δL

)k
k−1∑
i=1

∥∥zi − z′i
∥∥

⩽
(
kγMΓ,γ(λ)L

(
1 + γ1+δL

)k
LΓ,γ (λ)k +

(
1 + γ1+δL

)k
) k−1∑

i=1

∥∥zi − z′i
∥∥ ,

which, plugged in the estimate (3.55) for ∥xk − x′k∥ and combined with (3.54), leads
to (3.49).

To obtain (3.50), we use first (3.56) and isolate the k-th term in the sum to write

k∑
i=1

∥∥vi − v′i
∥∥ ⩽ kγL

(
1 + γ1+δL

)k
k−1∑
i=1

∥∥xi − x′i
∥∥

+
(
1 + γ1+δL

)k
[∥∥zk − z′k

∥∥+ k
k−1∑
i=1

∥∥zi − z′i
∥∥] ,

and then conclude with (3.54).

3.4.3.2 Stability of maps conditioned by the total noise

In order to express (Xk+1, Vk+1) in terms of G(k+1) and Z̃(k+1) defined in (3.34) and
(3.42), we perform a linear change of variables in the functions Γ(i)

γ defined in (3.30), for
i ∈ {0, . . . , k + 1}. More precisely, we aim at writing, for i ∈ {0, . . . , k + 1},

(Xi, Vi) = Γ̃(i,k+1)
γ

(
X0, V0,

{√
γσγZ̃

(k+1)
j

}i∧(k−1)

j=1
, {Wj}ij=1, σγG(k+1)

)
. (3.57)
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To this end, we define, for a given (k, γ) ∈ Ec, the following functions, which take
as arguments the initial condition (x, v) ∈ R2d, the realizations (g1, g2) ∈ R2d, {z̃j}k−1

j=1 ∈
Rd×(k−1) and {wj}k+1

j=1 ∈Wk+1: for i ∈ {0, . . . , k + 1},

Γ̃(i,k+1)
γ

(
x, v, {z̃j}i∧(k−1)

j=1 , {wi}ij=1, (g1, g2)
)

= Γ(i)
γ

(
x, v, {zi}ij=1, {wi}ij=1

)
, (3.58)

where

zi = z̃i + γαi(k, γ)g1 + γβi(k, γ)g2, i ∈ {1} k − 1 , (3.59)

zk = 1
γ

(
g1 −

k−2∑
i=0

g(k+1)
1,i+1 zi+1

)
, zk+1 = g2 −

k−1∑
i=0

g(k+1)
2,i+1 zi+1 . (3.60)

Note that (3.57) holds in view of (3.42) and (3.35) (mind in particular the change of
scaling in (3.59) compared to (3.42), which is due to the fact that z̃j correspond to the
increments √γZ̃(k)

j in (3.57)). The final iterate can then be expressed in terms of the
initial condition (X0, V0) and the noise G(k+1) by reformulating (3.32) as

(Xk+1, Vk+1) = Γ(k+1)
γ,
√

γσγZ̃(k+1),W(k+1)

(
(X0, V0), σγG(k+1)

)
,

where W(k+1) = (W1, . . . ,Wk+1), and

Γ(k+1)
γ,{z̃j}k−1

j=1 ,{wj}k+1
j=1

(
(x, v), (g1, g2)

)
=
(
g1

g2

)
+ γδ

DγΛ̃(k+1)
{z̃j}k−1

j=1
(g1, g2)

0d

+ Ξ(k+1)
γ,x,v,{z̃j}k−1

j=1 ,{wj}k+1
j=1

(g1, g2) ,
(3.61)

with

Ξ(k+1)
γ,x,v,{z̃j}k−1

j=1 ,{wj}k+1
j=1

(g1, g2) = Mk+1
γ

(
x

v

)

+ γ
k∑

i=0
Θ̃(i)

(
Γ̃(i,k+1)

γ

(
x, v, {z̃j}i∧(k−1)

j=1 , {wj}ij=1, (g1, g2)
)
, {z̃i}(i+1)∧(k−1)

j=1 , (g1, g2), wi+1
)
,

(3.62)
Mk+1

γ is given by (3.33), and, setting {zi}k+1
i=1 as in (3.59)-(3.60),

Θ̃(i)
(
x, v, {z̃j}(i+1)∧(k−1)

j=1 , (g1, g2), wi+1
)

= Θ(i)(x, v, zi+1, wi+1) , (3.63)

and

Λ̃(k+1)
{z̃j}k−1

j=1
(g1, g2) =

k+1∑
j=1

zj . (3.64)
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We give in the next proposition key estimates which allow to prove that
Γ(k+1)

γ,x,v,{z̃j}k−1
j=1 ,{wj}k+1

j=1
is a C1-diffeomorphism on R2d (see Proposition 3.8 below). To state

the result, we define, for any (k, γ) ∈ Ec,

m(k, γ) = max (∥α(k + 1, γ)∥∞ , ∥β(k + 1, γ)∥∞) ,

where α(k + 1, γ),β(k + 1, γ) are defined by (3.44).

Lemma 14. Assume that A2 holds and supγ∈(0,γ̄] τγ ⩽ 1. For any parameter λ > 0,
(k, γ) ∈ Ec, initial condition (x, v) ∈ R2d, realizations z̃ = {z̃j}k−1

j=1 ⊂ Rd and w =
{wj}k+1

j=1 ∈Wk+1, as well as (g1, g2), (g′1, g′2) ∈ R2d, it holds

∥∥∥Λ̃(k+1)
z̃ (g1, g2)− Λ̃(k+1)

z̃ (g′1, g′2)
∥∥∥

⩽
(

1 + m(k, γ)kγ + 1− τγ

γ

[
1 + m(k, γ)(kγ)2

]) (∥∥g1 − g′1
∥∥+

∥∥g2 − g′2
∥∥) ,

(3.65)
and∥∥∥Ξ(k+1)

γ,x,v,z̃,w(g1, g2)− Ξ(k+1)
γ,x,v,z̃,w(g′1, g′2)

∥∥∥ ⩽ (2 + kγ)LLΞ,k+1,γ,λ

(∥∥g1 − g′1
∥∥+

∥∥g2 − g′2
∥∥) ,
(3.66)

with

LΞ,k+1,γ,λ = γδ
(
1 + (kγ)2m(k, γ)

)(
2 + D +

(
1 + γδL

)k
+ γL

)
+ γ1+δ (1 + kγm(k, γ))

+ kγ2m(k, γ)
[
kMΓ,γ(λ)LΓ,γ(λ)k + L x

k,γ,λ + γδ
(
1 + kL v

k,γ,λ

)]
,

where MΓ,γ(λ),LΓ,γ(λ) and L x
k,γ,λ,L

v
k,γ,λ are defined in (3.48) and (3.51), respectively.

Proof. Fix λ > 0, (k, γ) ∈ Ec, (x, v) ∈ R2d, z̃ = {z̃j}k−1
j=1 ⊂ Rd,

w = {wj}k+1
j=1 ∈ Wk+1, and (g1, g2), (g′1, g′2) ∈ R2d. We introduce for i ∈

{0} k, (xi, vi) = Γ̃(i,k+1)
γ (x, v, {z̃j}i∧(k−1)

j=1 , {wj}ij=1, (g1, g2)), and similarly (x′i, v′i) =
Γ̃(i,k+1)

γ (x, v, {z̃j}i∧(k−1)
j=1 , {wj}ij=1, (g′1, g′2)). With this notation and recalling (3.30), we

obtain by the definition (3.58) of Γ̃(i,k)
γ that

(xi, vi) = Γ(i)
γ

(
x, v, {zj}ij=1, {wj}ij=1

)
, (x′i, v′i) = Γ(i)

γ

(
x, v, {z′j}ij=1, {wj}ij=1

)
,

where {zi}k+1
i=1 and {z′i}k+1

i=1 are the sequences defined in (3.59) based on (g1, g2) and
(g′1, g′2), respectively. We start by estimating the difference ∥zi − z′i∥ for i ∈ {1} k + 1.
First, by (3.59), for any i ∈ {1, . . . , k − 1},∥∥zi − z′i

∥∥ ⩽ γm(k, γ)
(∥∥g1 − g′1

∥∥+
∥∥g2 − g′2

∥∥) . (3.67)
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Next, by (3.60) and (3.37) we get

∥∥zk − z′k
∥∥ ⩽ 1

γ

∥∥g1 − g′1
∥∥+ k

k−1∑
i=1

∥∥zi − z′i
∥∥

⩽
1 + (kγ)2m(k, γ)

γ

(∥∥g1 − g′1
∥∥+

∥∥g2 − g′2
∥∥) ,

∥∥zk+1 − z′k+1
∥∥ ⩽ ∥∥g2 − g′2

∥∥+
k∑

i=1

∥∥zi − z′i
∥∥

⩽
∥∥zk − z′k

∥∥+ [1 + kγm(k, γ)]
(∥∥g1 − g′1

∥∥+
∥∥g2 − g′2

∥∥) .

(3.68)

We are now in position to prove (3.65). By (3.64) and (3.31) and since g2 =∑k
i=0 g(k+1)

2,i+1 zi+1 by (3.60),

∥∥∥∥Λ̃(k+1)
{z̃j}k−1

j=1
(g1, g2)− Λ̃(k+1)

{z̃j}k−1
j=1

(g′1, g′2)
∥∥∥∥ ⩽ ∥∥g2 − g′2

∥∥+
k−1∑
i=0

(
1− g(k+1)

2,i+1

) ∥∥zi+1 − z′i+1
∥∥

⩽
∥∥g2 − g′2

∥∥+ (1− τγ)
∥∥zk − z′k

∥∥+
k−2∑
i=0

∥∥zi+1 − z′i+1
∥∥

⩽
∥∥g2 − g′2

∥∥+ (1− τγ)
∥∥zk − z′k

∥∥+ m(k, γ)kγ
(∥∥g1 − g′1

∥∥+
∥∥g2 − g′2

∥∥) .
The estimate (3.65) follows by combining the last inequality with (3.68).

We next turn to the proof of (3.66). First, by (3.62)-(3.63) and the notation intro-
duced at the beginning of the proof,∥∥∥Ξ(k+1)

γ,x,v,z̃,w(g1, g2)− Ξ(k+1)
γ,x,v,z̃,w(g′1, g′2)

∥∥∥
⩽ γ

k∑
i=0

∥∥∥Θ(i)(xi, vi, zi+1, wi+1)−Θ(i)(x′i, v′i, z′i+1, wi+1)
∥∥∥

⩽ (2 + kγ)Lγ
(

k∑
i=1

∥∥xi − x′i
∥∥+ γδ

k∑
i=1

∥∥vi − v′i
∥∥+ γδ

k∑
i=0

∥∥zi+1 − z′i+1
∥∥) ,

where we used (3.36) for the last inequality, and the fact that (x0, v0) = (x′0, v′0) to
eliminate the term i = 0 in the first two sums on the right hand side of the last inequality.
Therefore, in view of (3.49) and (3.50) in Lemma 13,∥∥∥Ξ(k+1)

γ,x,v,z̃,w(g1, g2)− Ξ(k+1)
γ,x,v,z̃,w(g′1, g′2)

∥∥∥
⩽ (2 + kγ)Lγ

(
γδ
∥∥zk+1 − z′k+1

∥∥+ γδKk,γ

∥∥zk − z′k
∥∥+ Rk,γ,λ

k−1∑
i=1

∥∥zi − z′i
∥∥) ,

with Kk,γ = 1+D +
(
1 + γ1+δL

)k
+γL and Rk,γ,λ = kMΓ,γ(λ)LΓ,γ(λ)k +L x

k,γ,λ +γδ(1+
kL v

k,γ,λ). The conclusion then follows from (3.67) and (3.68).
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3.4.3.3 Estimates on diffeomorphisms defined for the total noise

We use in this section the stability results obtained in Lemmas 13 and 14 to prove that
the function Γ(k+1)

γ,{z̃j}k−1
j=1 ,{wj}k+1

j=1
giving the (k + 1)-th iterate in (3.61), considered as a

function of (g1, g2) for fixed initial condition (x, v), is a C1-diffeomorphism. In addition,
we also establish regularity properties of this function and its inverse with respect to
the initial condition (x, v). To state our results, we introduce the following functions
for (k, γ) ∈ Ec, and given realizations z̃ = {z̃j}k−1

j=1 ⊂ Rd, w = {wj}k+1
j=1 ⊂ Rm:

• for a given initial condition (x, v) ∈ R2d, set Γ(k+1)
γ,x,v,z̃,w(g1, g2) = Γ(k+1)

γ,z̃,w ((x, v), (g1, g2));

• for a given realization (g1, g2) ∈ R2d, set Γ(k+1)
γ,z̃,w,g1,g2(x, v) = Γ(k+1)

γ,z̃,w ((x, v), (g1, g2)).

The first result is that Γ(k+1)
γ,x,v,z̃,w is a diffeomorphism when kγ is a sufficiently small

positive time and γ is not too large.

Proposition 3.8. Assume that A1 and A2 hold. There exists t̄0 > 0 such that, for any
t0 ∈

(
0, t̄0

]
, there is γ̄t0 > 0 for which, for any γ ∈ (0, γ̄t0 ], (x, v) ∈ R2d, z̃ ∈ R(k−1)×d

and w ∈ R(k+1)×m

(a) Γ(⌊t0/γ⌋+1)
γ,x,v,z̃,w is 3/2-Lipschitz and a C1-diffeomorphism on R2d satisfying, for any

(g1, g2), (g′1, g′2) ∈ R2d,∥∥∥Γ(⌊t0/γ⌋+1)
γ,x,v,z̃,w (g1, g2)− Γ(⌊t0/γ⌋+1)

γ,x,v,z̃,w (g′1, g′2)
∥∥∥ ⩾ 1

2
∥∥(g1 − g′1, g2 − g′2

)∥∥ ; (3.69)

(b) the inverse of Γ(⌊t0/γ⌋)
γ,x,v,z̃,w, denoted by Γ(←,⌊t0/γ⌋)

γ,x,v,z̃,w , is 2-Lipschitz: for any
(u1, u2), (u′1, u′2) ∈ R2d,∥∥∥Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2)− Γ(←,⌊t0/γ⌋+1)
γ,x,v,z̃,w (u′1, u′2)

∥∥∥ ⩽ 2
∥∥(u1 − u′1, u2 − u′2)

∥∥ .
Proof. We prove that there exists t̄0 > 0 such that, for any t0 ∈ (0, t̄0], there is γ̄t0 > 0
for which (g1, g2) 7→ Γ(⌊t0/γ⌋)

γ,x,v,z̃,w(g1, g2) − (g1, g2) is 1/2-Lipschitz. Item (a) is then a
straightforward consequence of [39, Exercise 3.26]. First, for any λ > 0, (k, γ) ∈ Ec,
(x, v) ∈ R2d, z̃ ∈ R(k−1)×d w ∈ R(k+1)×m, (g1, g2), (g′1, g′2) ∈ R2d, by (3.61) and Lemma 14,
we have∥∥∥∥∥Γ(k+1)

γ,x,v,{z̃j}k−1
j=1 ,{wj}k+1

j=1
(g1, g2)−

(
g1

g2

)
− Γ(k+1)

γ,x,v,{z̃j}k−1
j=1 ,{wj}k+1

j=1
(g′1, g′2) +

(
g′1
g′2

)∥∥∥∥∥
⩽ γδD

∥∥∥∥Λ̃(k+1)
{z̃j}k−1

j=1
(g1, g2)− Λ̃(k+1)

{z̃j}k−1
j=1

(g′1, g′2)
∥∥∥∥

+
∥∥∥∥Ξ(k+1)

γ,x,v,{z̃j}k−1
j=1 ,{wj}k+1

j=1
(g1, g2)− Ξ(k+1)

γ,x,v,{z̃j}k−1
j=1 ,{wj}k+1

j=1
(g′1, g′2)

∥∥∥∥
⩽ C(k + 1, γ, λ)

(∥∥g1 − g′1
∥∥+

∥∥g2 − g′2
∥∥) ,
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where we have set

C(k+ 1, γ, λ) = γδD

(
1 + m(k, γ)kγ + 1− τγ

γ
[1 + m(k, γ)(kγ)2]

)
+ (2 + kγ)LLΞ,k+1,γ,λ .

As noted previously, there is t̄(1)
0 ⩾ 0 for which, for any t0 ∈ (0, t̄(1)

0 ], there exists
γ̄

(1)
t0 such that for any γ ∈ (0, γ̄(1)

t0 ], we have (⌊t0/γ⌋, γ) ∈ Ec. Then, Lemma 12 implies
that there exists t̄(2)

0 ∈ (0, t̄(1)
0 ] such that for any t0 ∈ (0, t̄(2)

0 ], lim supγ↓0 m(⌊t0/γ⌋, γ) ⩽

K[t−2
0 ∨ t

−1
0 ] for some constant K ⩾ 0. This implies, for any t0 ∈ (0, t̄(2)

0 ] and λ > 0,

lim sup
γ↓0

C(⌊t0/γ⌋+ 1, γ, λ) = lim sup
γ↓0

(2 + ⌊t0/γ⌋γ)L⌊t0/γ⌋2γ2MΓ,γ(λ)LΓ,γ(λ)⌊t0/γ⌋

×m(⌊t0/γ⌋, γ)

= λ(2 + t0)Lt20 exp
(
t0

[ 1
λ

+ (1 + λ)L
])

lim sup
γ↓0

m(⌊t0/γ⌋, γ)

⩽ λ(2 + t0)LK[t0 ∨ 1] exp
(
t0

[ 1
λ

+ (1 + λ)L
])

,

where we have used for the penultimate inequality the expressions of MΓ,γ(λ),LΓ,γ(λ)
provided by (3.48). The latter quantity is smaller than 1/4 for any t0 ∈ (0, t̄(2)

0 ] upon
choosing first λ = 1/(16KL), and then t̄0 ∈ (0, t̄(2)

0 ] sufficiently small so that for any
t0 ∈

(
0, t̄0

]
,

(2 + t0)[t0 ∨ 1] exp
(
t0

[
16KL +

(
1 + 1

16KL

)
L
])

⩽ 4 .

This leads to the claimed statement, and therefore proves item (a). Item (b) next easily
follows from (3.69).

The second result is that Γγ,z̃,w,g1,g2 is a diffeomorphism when kγ is a sufficiently
small positive time and γ is not too large.

Proposition 3.9. Assume that A1 and A2 hold. There exists t̄0 > 0, such that, for
any t0 ∈

(
0, t̄0

]
, there is γ̄t0 ∈ (0, 1] for which, for any γ ∈ (0, γ̄t0 ], (g1, g2), (u1, u2) ∈ R2d,

z̃ ∈ R(k−1)×d and w ∈ R(k+1)×m,

(a) the mapping Γ(⌊t0/γ⌋+1)
γ,z̃,w,g1,g2 is Lipschitz on R2d: for any (x, v), (x′, v′) ∈ R2d,∥∥∥Γ(⌊t0/γ⌋+1)

γ,z̃,w,g1,g2(x, v)− Γ(⌊t0/γ⌋+1)
γ,z̃,w,g1,g2(x′, v′)

∥∥∥ ⩽ e(1+2L)(t0+γ) (∥∥x− x′∥∥+
∥∥v − v′∥∥) ;

(b) the inverse of Γ(⌊t0/γ⌋+1)
γ,x,v,z̃,w (see Proposition 3.8), namely (x, v) 7→ Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2),
is Lipschitz on R2d: for any (x, v), (x′, v′) ∈ R2d,∥∥∥Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2)− Γ(←,⌊t0/γ⌋+1)
γ,x′,v′,z̃,w (u1, u2)

∥∥∥ ⩽ 2e(1+2L)(t0+γ) (∥∥x− x′∥∥+
∥∥v − v′∥∥) .
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Proof. Let t̄0 ⩾ 0 such that for any t0 ∈ (0, t̄0], there exists γ̄t0 for which, for any
γ ∈ (0, γ̄t0 ], (⌊t0/γ⌋, γ) ∈ Ec and Proposition 3.8-(a)-(b) hold. To prove item (a), we
note that (3.57)-(3.58) and (3.47) in Lemma 13 with λ = 1 imply for any t0 ∈ (0, t̄0],
γ ∈ (0, γ̄t0 ], (g1, g2) ∈ R2d, z̃ ∈ R(k−1)×d and w ∈ R(k+1)×m, (x, v), (x′, v′) ∈ R2d,

∥∥∥Γ(⌊t0/γ⌋+1)
γ,x,v,z̃,w (g1, g2)− Γ(⌊t0/γ⌋+1)

γ,x′,v′,z̃,w (g1, g2)
∥∥∥ ⩽ LΓ,γ(1)⌊t0/γ⌋+1 [∥∥x− x′∥∥+

∥∥v − v′∥∥] ,
from which the result follows in view of the bound

LΓ,γ(λ)⌊t0/γ⌋+1 ⩽ exp
(

(t0 + γ)
[

1
λ

+ (1 + λ) max
(

1, γ
δ

λ

)
L

])
,

and the fact that γ ⩽ γ̄t0 ⩽ 1.
Regarding (b), let (x, v), (x′, v′) ∈ R2d and denote by (g1, g2) = Γ(←,⌊t0/γ⌋)

γ,x,v,z̃,w (u1, u2) and
(g′1, g′2) = Γ(←,⌊t0/γ⌋)

γ,x′,v′,z̃,w (u1, u2). We obtain using (g′1, g′2) = Γ(←,⌊t0/γ⌋)
γ,x′,v′,z̃,w (Γ(⌊t0/γ⌋)

γ,z̃,w,g1,g2(x, v)) and
Proposition 3.8-(b), for any t0 ∈ (0, t̄0], γ ∈ (0, γ̄t0 ], (g1, g2) ∈ R2d, z̃ ∈ R(k−1)×d and
w ∈ R(k+1)×m,∥∥∥Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2)− Γ(←,⌊t0/γ⌋+1)
γ,x′,v′,z̃,w (u1, u2)

∥∥∥ = ∥(g1, g2)− (g′1, g′2)∥

=
∥∥∥Γ(←,⌊t0/γ⌋+1)

γ,x′,v′,z̃,w (Γ(⌊t0/γ⌋+1)
γ,z̃,w,g1,g2(x′, v′))− Γ(←,⌊t0/γ⌋+1)

γ,x′,v′,z̃,w (Γ(⌊t0/γ⌋+1)
γ,z̃,w,g1,g2(x, v))

∥∥∥
⩽ 2

∥∥∥Γ(⌊t0/γ⌋+1)
γ,z̃,w,g1,g2(x′, v′)− Γ(⌊t0/γ⌋+1)

γ,z̃,w,g1,g2(x, v)
∥∥∥ ,

which completes the proof using (a).

3.4.4 Proof of Theorem 3.1

We can now finally provide the proof of Theorem 3.1.

Proof of Theorem 3.1. For (x, v) ∈ R2d and B ∈ B(R2d), it holds, by the definition
(3.61),

R⌊t0/γ⌋+1
γ ((x, v), B) = E

[
1B

{
Γ(⌊t0/γ⌋+1)

γ,x,v,
√

γσγZ̃(⌊t0/γ⌋+1),W(⌊t0/γ⌋+1)

(
σγG(⌊t0/γ⌋+1)

)}]
.

Fix M > 0, and consider t̄0 > 0 such that the statements of Propositions 3.8 and 3.9
hold true. Introduce next t0 ∈

(
0, t̄0

]
and the corresponding stepsize γ̄t0 as given by

Propositions 3.8 and 3.9.
The random variables σγG(⌊t0/γ⌋+1) and √γσγZ̃(⌊t0/γ⌋+1) are independent Gaussian

random variables by Lemma 11. Denoting their densities with respect to the Lebesgue
measure by φt0,γ and ψt0,γ respectively, setting n0 = ⌊t0/γ⌋ + 1, and using a change of
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variable, for any γ ∈ (0, γ̄t0 ]

R⌊t0/γ⌋+1
γ ((x, v), B)

=
∫

Rn0d×Wn0
1B

{
Γ(⌊t0/γ⌋+1)

γ,x,v,z̃,w (g1, g2)
}
φt0,γ(g1, g2)ψt0,γ(z̃) dz̃µ⊗⌊t0/γ⌋+1

W (dw) dg1 dg2

=
∫

Rn0d×Wn0
1B(u1, u2)J

Γ(←,⌊t0/γ⌋+1)
γ,x,v,z̃,w

(u1, u2)φt0,γ

(
Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2)
)
ψt0,γ(z̃)

dz̃µ⊗⌊t0/γ⌋+1
W (dw) du1 du2 ,

where Γ(←,⌊t0/γ⌋+1)
γ,x,v,z̃,w is the inverse of Γ(⌊t0/γ⌋+1)

γ,x,v,z̃,w (well defined by Proposition 3.8)
and J

Γ(←,⌊t0/γ⌋+1)
γ,x,v,z̃,w

(u1, u2) is the absolute value of the determinant of the Jacobian matrix
of this mapping.

We can now introduce the reference point (0d,0d), and relate the transition probab-
ility starting from (x, v) in terms of transitions starting from this (0d,0d). For reasons
that will become clear below and similarly to what is done in Section 3.3, we replace
Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2) by
√

2 Γ(←,⌊t0/γ⌋+1)
γ,0d,0d,z̃,w (u1, u2) and not simply Γ(←,⌊t0/γ⌋+1)

γ,0d,0d,z̃,w (u1, u2) in
φt0,γ , henceforth write for any γ ∈ (0, γ̄t0 ]

R⌊t0/γ⌋+1
γ ((x, v), B)

=
∫

Rn0d×Wn0
1B(u1, u2)Aγ,x,v,z̃,w(u1, u2)J

Γ(←,⌊t0/γ⌋+1)
γ,0d,0d,z̃,w

(u1, u2)

× φt0,γ

(√
2 Γ(←,⌊t0/γ⌋+1)

γ,0d,0d,z̃,w (u1, u2)
)
ψt0,γ(z̃) dz̃µ⊗⌊t0/γ⌋+1

W (dw) du1 du2 ,

(3.70)
where Aγ,x,v,z̃,w(u1, u2) = A

(1)
γ,x,v,z̃,w(u1, u2)A(2)

γ,x,v,z̃,w(u1, u2) with

A
(1)
γ,x,v,z̃,w(u1, u2) =

J
Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w
(u1, u2)

J
Γ(←,⌊t0/γ⌋+1)

γ,0d,0d,z̃,w
(u1, u2) ,

A
(2)
γ,x,v,z̃,w(u1, u2) =

φt0,γ

(
Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2)
)

φt0,γ

(√
2 Γ(←,⌊t0/γ⌋+1)

γ,0d,0d,z̃,w (u1, u2)
) .

We next bound A(1)
γ,x,v,z̃,w(u1, u2) and A(2)

γ,x,v,z̃,w(u1, u2) from below. For the latter term,
we assume that ∥x∥+ ∥v∥ ⩽M .

By an application of Hadamard’s inequality (see Proposition 3.10 below) and Pro-
position 3.8-(a), we obtain for any (u1, u2) ∈ R2d, (z̃,w) ∈ Rn0d ×Wn0 and γ ∈ (0, γ̄t0 ],

J
Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w
(u1, u2) = 1

J
Γ(⌊t0/γ⌋+1)

γ,x,v,z̃,w

(
Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2)
) ⩾

(2
3

)d

.

Similarly, J
Γ(←,⌊t0/γ⌋+1)

γ,0d,0d,z̃,w
(u1, u2) ⩽ 2d by Proposition 3.8-(b), so that for any (u1, u2) ∈ R2d,

(z̃,w) ∈ Rn0d ×Wn0 and γ ∈ (0, γ̄t0 ],

A
(1)
γ,x,v,z̃,w(u1, u2) ⩾ 1

3d
. (3.71)

95



Chapter 3. Uniform minorization condition and convergence bounds for discretizations
of kinetic Langevin dynamics

We next recall that φt0,γ is a Gaussian density with mean 0 and covariance mat-
rix σ2

γc(⌊t0/γ⌋+1) (see (3.39)), and use the inequality (3.28) to write for any (u1, u2) ∈ R2d,
(z̃,w) ∈ Rn0d ×Wn0 , γ ∈ (0, γ̄t0 ],

A
(2)
γ,x,v,z̃,w(u1, u2)

⩾ exp
(
− 1
σ2

γ

∥∥∥∥(c(⌊t0/γ⌋+1)
)− 1

2
(
Γ(←,⌊t0/γ⌋+1)

γ,x,v,z̃,w (u1, u2)− Γ(←,⌊t0/γ⌋+1)
γ,0d,0d,z̃,w (u1, u2)

)∥∥∥∥2)
.

Next, by Proposition 3.9-(b) and Lemma 9,

lim inf
γ̃↓0

A
(2)
γ̃,x,v,z̃,w(u1, u2) ⩾ exp

(
−4e2(1+2L)t0

∥∥∥∥[Σ(t0)
]−1

∥∥∥∥
op

(∥x∥+ ∥v∥)2
)

⩾ exp
(
−4e2(1+2L)t0

∥∥∥∥[Σ(t0)
]−1

∥∥∥∥
op
M2

)
= ηt0,M ,

where Σ(t0) is the matrix defined in (3.9). Upon reducing γ̄t0 , we can therefore assume
that the following inequality holds: for any (u1, u2) ∈ R2d, (z̃,w) ∈ Rn0d ×Wn0 , γ ∈
(0, γ̄t0 ],

A
(2)
γ,x,v,z̃,w(u1, u2) ⩾ ηt0,M

2 . (3.72)

Now that the factor Aγ,x,v,z̃,w(u1, u2) is bounded from below, we can consider
the remaining terms in (3.70) in order to construct a reference minorization meas-
ure. More precisely, using again Proposition 3.8-(a), the change of variable (g1, g2) =√

2 Γ(←,⌊t0/γ⌋+1)
γ,0d,0d,z̃,w (u1, u2) implies, for any γ ∈ (0, γ̄t0 ],∫

Rn0d×Wn0
1B(u1, u2)J

Γ(←,⌊t0/γ⌋+1)
γ,0d,0d,z̃,w

(u1, u2)φt0,γ

(√
2 Γ(←,⌊t0/γ⌋+1)

γ,0d,0d,z̃,w (u1, u2)
)
ψt0,γ(z̃)

dz̃µ⊗⌊t0/γ⌋+1
W (dw) du1 du2

= 2−d
∫

Rn0d×Wn0
1B

{
Γ(⌊t0/γ⌋+1)

γ,0d,0d,z̃,w

(
g1√

2
,
g2√

2

)}
φt0,γ(g1, g2)ψt0,γ(z̃)

dz̃µ⊗⌊t0/γ⌋+1
W (dw) dg1 dg2

= 2−dµt0,γ(B) ,

where µt0,γ is a probability measure on (R2d,B(R2d)). By combining the latter inequality
and the lower bounds (3.71) and (3.72) in (3.70), we obtain the following result: for any
γ ∈ (0, γ̄t0 ] and (x, v) ∈ R2d such that ∥x∥+ ∥v∥ ⩽M ,

R⌊t0/γ⌋+1
γ ((x, v), B) ⩾ εt0,Mµt0,γ(B) ,

with εt0,M = 6−dηt0,M/2. The inequality (3.14) then follows from [37, Lemma 18.2.7] for
instance.
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We conclude this section by recalling (and proving for completeness) a well-known
result on the Jacobian determinant of C1 Lipschitz function.
Proposition 3.10. Let Φ : Rd → Rd be a continuously differentiable L-Lipschitz func-
tion, i.e. for any x, y ∈ Rd,

∥Φ(x)− Φ(y)∥ ⩽ L ∥x− y∥ .

Then, JΦ(x) ⩽ Ld, where JΦ denotes the absolute value of the determinant of the Jac-
obian matrix of Φ.
Proof. Denote by JacΦ : Rd → Rd×d the Jacobian matrix of Φ. Since Φ is L-Lipschitz, it
holds, for any (x, h) ∈ Rd×Rd, ∥JacΦ(x)h∥ ⩽ L ∥h∥. By choosing h = ei for i ∈ {1, . . . , d}
(with e1, . . . , ed the canonical basis of Rd), it follows that

∥∇Φi∥2 =
d∑

j=1

(
∂Φi

∂xj

)2

⩽ L2,

where Φi is the i-th component of Φ. In addition, using Hadamard’s inequality (see
for instance [62, Example 4.18]), we obtain |det(JacΦ(x))| ⩽ ∏d

i=1 ∥∇Φi∥ ⩽ Ld, which
completes the proof.

3.5 Proof of Theorem 3.4

The function Wγ : R2d → R which appears in (3.15) is defined under A1 and D2
for x, v ∈ Rd and γ ∈ (0, γ̄] as

Wγ(x, v) = κ2

2 ∥x∥
2 + ∥v∥2 + κ2γ(1 + γδϑγ)

1− τγ
⟨x, v⟩+ 2αUU(x) . (3.73)

This function is indeed nonnegative by Lemma 16 below. The proof of Theorem 3.4 relies
on a conditioned Lyapunov drift inequality for Wγ (see Section 3.5.1), which motivates
the choice of the various prefactors in (3.73) (see the discussion at the end of the proof
of Lemma 15). This allows to write the proof of Theorem 3.4 in Section 3.5.2, with the
help of some technical results postponed to Section 3.5.3.

3.5.1 Conditioned drift inequality

The following Lyapunov inequality is a key result to prove Theorem 3.4.
Lemma 15. Assume that A1, D1, D2 and D3 hold. For any x, v ∈ Rd, w ∈ Rm1+m2

and γ ∈ (0, γ̄], set (Xx,v,w
1 , V x,v,w

1 ) = Γγ
(
x, v,
√
γσγZ,w

)
, where Γγ is defined by (3.13)

and Z is a d-dimensional standard Gaussian random variable. Then, there exists C ⩾ 0
such that, for any γ ∈ (0, γ̄ ∧ 1], x, v ∈ Rd and w = (w1, w2) ∈ Rm1+m2,

E [Wγ(Xx,v,w
1 , V x,v,w

1 )] ⩽ Wγ(x, v)− γκ ∥v∥2 − γκζU

[
∥∇U(x)∥2

L2 + ∥x∥
]

+ Cγ
[
1 + ∥∇U(x)∥+ ∥v∥+ γδU /2F̃ (x, v, w) + γδU ∥x∥ ∥w1∥

]
,
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where the expectation is over the realizations of Z, and F̃ (x, v, w) = ∥∇U(x)∥2 /L2 +
∥v∥2 + ∥w∥2 + ∥x∥.

Proof. The finite nonnegative constant C in this proof may change from line to line
but does not depend on γ, x, v or w. For ease of notation, we also simply de-
note (Xx,v,w

1 , V x,v,w
1 ) by (X1, V1), and do not explicitly indicate that γ ∈ (0, γ̄ ∧ 1].

By definition,

E [Wγ(X1, V1)] = 2αU E [U(X1)] + κ2

2 E
[
∥X1∥2

]
+ E

[
∥V1∥2

]
+ κ2γ(γδϑγ + 1)

1− τγ
E [⟨X1, V1⟩] .

(3.74)
We successively bound each expectation on the right-hand side of the previous equality.
To bound E [U(X1)], we make use of the following estimates, which are straightforwardly
obtained from D2 and the equality E

[
F (x, v,√γσγZ,w)

]
= F̃ (x, v, w) + γσ2

γd:

E
[∥∥∥fγ

(
x, γδv, γδ+1/2σγZ,w

)∥∥∥2
]
⩽ C

[
1 + γδU F̃ (x, v, w)

]
,

E
[∥∥∥fγ

(
x, γδv, γδ+1/2σγZ,w

)∥∥∥] ⩽ C

[
1 + γδU /2

√
F̃ (x, v, w)

]
,

(3.75)

the second inequality being obtained from the first one by a Cauchy–Schwarz inequality
and the bound

√
a+ b ⩽

√
a +
√
b for a, b ⩾ 0. Using [106, Lemma 1.2.3] and D1, we

obtain that

E [U(X1)] = E
[
U
(
x+ γv + γfγ

(
x, γδv, γδ+1/2σγZ,w

)
+ γδ+1/2σγDγZ

)]
⩽ U(x) + E

[〈
∇U(x), γv + γfγ

(
x, γδv, γδ+1/2σγZ,w

)〉]
+ L

2 E
[∥∥∥γv + γfγ

(
x, γδv, γδ+1/2σγZ,w

)
+ γδ+1/2σγDγZ

∥∥∥2
]

⩽ U(x) + γ ⟨∇U(x), v⟩+ γ ∥∇U(x)∥E
[∥∥∥fγ

(
x, γδv, γδ+1/2σγZ,w

)∥∥∥]
+ 3L

2

(
γ2 ∥v∥2 + γ2E

[∥∥∥fγ

(
x, γδv, γδ+1/2σγZ,w

)∥∥∥2
]

+ γ1+2δσ2
γE
[
∥DγZ∥2

])
.

Note first that, in view of (3.75) and A1, and since ∥v∥2 ⩽ F̃ (x, v, w),

γ2 ∥v∥2 + γ2E
[∥∥∥fγ

(
x, γδv, γδ+1/2σγZ,w

)∥∥∥2
]

+ γ1+2δσ2
γE
[
∥DγZ∥2

]
⩽ C

[
γ1+(2δ)∧1 + γ2F̃ (x, v, w)

]
.

Moreover, still with (3.75), and since ∥∇U(x)∥ ⩽ L
√

F̃ (x, v, w),

∥∇U(x)∥E
[∥∥∥fγ

(
x, γδv, γδ+1/2σγZ,w

)∥∥∥] ⩽ C ∥∇U(x)∥
[
1 + γδU /2

√
F̃ (x, v, w)

]
,

⩽ C
[
∥∇U(x)∥+ γδU /2F̃ (x, v, w)

]
. (3.76)

98



3.5. Proof of Theorem 3.4

Since δU ⩽ 1, this leads finally to

E [U(X1)] ⩽ U(x) + γ ⟨∇U(x), v⟩+ Cγ
[
γ(2δ)∧1 + ∥∇U(x)∥+ γδU /2F̃ (x, v, w)

]
. (3.77)

Let us next bound E
[
∥X1∥2

]
. Note first that D2 implies that

E
[〈
x, fγ

(
x, γδv, γδ+1/2σγZ,w

)〉]
⩽ γδϑγ ⟨x, v⟩+ CU

[
1 + γδU F̃ (x, v, w) + γ1+2δ+δUσ2

γd+ γδU ∥x∥ ∥w1∥
]
,

so that, with A1 and D2,

E
[
∥X1∥2

]
⩽ ∥x∥2 + γ2 ∥v∥2 + γ2E

[∥∥∥fγ

(
x, γδv, γδ+1/2σγZ,w

)∥∥∥2
]

+ 2γE
[〈
x, fγ

(
x, γδv, γδ+1/2σγZ,w

)〉]
+ γ1+2δσ2

γD2d+ 2γ ⟨x, v⟩

+ 2γ2E
[〈
v, fγ

(
x, γδv, γδ+1/2σγZ,w

)〉]
+ 2γ3/2+δσγE

[〈
fγ

(
x, γδv, γδ+1/2σγZ,w

)
,DγZ

〉]
⩽ ∥x∥2 + 2γ

(
1 + γδϑγ

)
⟨x, v⟩+ Cγ

[
1 + γδU F̃ (x, v, w) + γδU ∥x∥ ∥w1∥

]
.

(3.78)

To bound E
[
∥V1∥2

]
, we rely on the following estimates, obtained from D2:

E
[∥∥∥gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x)

∥∥∥2
]
⩽ C

(
1 + γδU F̃ (x, v, w)

)
,

E
[∥∥∥gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x)

∥∥∥] ⩽ C

(
1 + γδU /2

√
F̃ (x, v, w)

)
,

E
[〈
x, gγ

(
x, γδv, γδ+1/2σγz, w

)〉]
⩽ −ζU

[
∥∇U(x)∥2

L2 + ∥x∥
]

+ CγδU

(
1 + F̃ (x, v, w)

)
.

(3.79)
Therefore,

E
[
∥V1∥2

]
= τ2

γ ∥v∥
2 + γ2α2

U ∥∇U(x)∥2 + γ2E
[∥∥∥gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x)

∥∥∥2
]

+ γσ2
γd− 2τγγαU ⟨v,∇U(x)⟩

+ 2τγγ
〈
v,E

[
gγ

(
x, γδv, γδ+1/2σγZ,w

)]
+ αU∇U(x)

〉
− 2γ2αU

〈
∇U(x),E

[
gγ

(
x, γδv, γδ+1/2σγZ,w

)]
+ αU∇U(x)

〉
+ 2γ3/2σγE

[〈
gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x), Z

〉]
.
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The terms on the third and fourth lines of the above series of inequalities can be bounded
as in (3.76) using D2. For instance, for the one in the third line:
∣∣∣〈v,E [gγ

(
x, γδv, γδ+1/2σγZ,w

)]
+ αU∇U(x)

〉∣∣∣
⩽ ∥v∥E

[∥∥∥gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x)

∥∥∥]
⩽ C

[
∥v∥+ γδU /2 ∥v∥

√
F̃ (x, v, w)

]
,

⩽ C
[
∥v∥+ γδU /2F̃ (x, v, w)

]
.

We thus obtain with A1 that

E
[
∥V1∥2

]
⩽ τ2

γ ∥v∥
2 − 2τγγαU ⟨v,∇U(x)⟩+ Cγ

{
1 + ∥v∥+ γδU /2F̃ (x, v, w)

}
⩽ (1− κγ) ∥v∥2 − 2γαU ⟨v,∇U(x)⟩+ Cγ

{
1 + ∥v∥+ γδU /2F̃ (x, v, w)

}
,

(3.80)

where we have used for the last inequality that |τγ − 1| ⩽ and τ2
γ = e−2κγ + τ2

γ − e−2κγ ⩽
1−2γκ+2(κ2 +Cκ)γ2 by Lemma 8 (the term of order γ2 going into the remainder term
in the inequality). Finally, using A1 and D2, as well as the estimates (3.75) and (3.79),

E [⟨X1, V1⟩] = τγ ⟨x, v⟩+ γE
[〈
x, gγ

(
x, γδv, γδ+1/2σγZ,w

)〉]
+ γτγ ∥v∥2

+ γτγE
[〈
fγ

(
x, γδv, γδ+1/2σγZ,w

)
, v
〉]

− γ2αU E
[〈
fγ

(
x, γδv, γδ+1/2σγZ,w

)
,∇U(x)

〉]
+ γ2E

[〈
fγ

(
x, γδv, γδ+1/2σγZ,w

)
, gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x)

〉]
+ γ2E

[〈
v, gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x)

〉]
− γ2αU ⟨v,∇U(x)⟩

+ γ3/2σγE
[〈
fγ

(
x, γδv, γδ+1/2σγZ,w

)
, Z
〉]

+ γδ+3/2σγE
[〈

DγZ, gγ

(
x, γδv, γδ+1/2σγZ,w

)
+ αU∇U(x)

〉]
+ γ1+δσ2

γE [⟨DγZ,Z⟩]

⩽ τγ ⟨x, v⟩ − γζU

[
∥∇U(x)∥2

L2 + ∥x∥
]

+ γτγ ∥v∥2 + Cγ
{

1 + ∥v∥+ γδU /2F̃ (x, v, w)
}
.

(3.81)

We can now come back to (3.74). In order to make apparent our choices of prefactors
for the Lyapunov function (3.73), we introduce real numbers c1, c2, c3 > 0 and c4 ∈ R,
and define

Wc(x, v) = c1U(x) + c2 ∥x∥2 + c3 ∥v∥2 + c4 ⟨x, v⟩ .
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3.5. Proof of Theorem 3.4

By multiplying (3.77) by c1, (3.78) by c2, (3.80) by c3 and (3.81) by c4, we obtain

E [Wc(X1, V1)] ⩽ Wc(x, v)− c4γζU

[
∥∇U(x)∥2

L2 + ∥x∥
]
− γ [2c3κ− c4τγ ] ∥v∥2

+
[
c4(τγ − 1) + 2c2γ

(
1 + γδϑγ

)]
⟨x, v⟩+ γ [c1 − 2c3αU ] ⟨v,∇U(x)⟩

+ Cγ
[
1 + ∥∇U(x)∥+ ∥v∥+ γδU ∥x∥ ∥w1∥+ γδU /2F̃ (x, v, w)

]
.

We choose c1, c2, c3, c4 to cancel the prefactors of the scalar products in the second line
and to ensure that the term − [2κc3 − c4τγ ] ∥v∥2 ⩽ −c̃ ∥v∥2 + Cγ2F̃ (x, v, w) for some
c̃ > 0. Such requirements can be obtained with c̃ = κ by setting c1 = 2αU , c2 = κ2/2,
c3 = 1 and c4 = κ2γ(1 + γδϑγ)/(1− τγ) and using |c4 − κ| ⩽ Cγ by Lemma 8.

3.5.2 Proof of Theorem 3.4

We are now in position to prove Theorem 3.4. The finite nonnegative constant C in this
proof may change from line to line but does not depend on γ, x, v or w. A first idea
in the proof is to rewrite the Lyapunov condition to be shown for W γ,ϖ as a Lyapunov
condition for the function

ϕγ =
√

1 + Wγ , (3.82)

thanks to D3. In all this proof, the timestep γ belongs to (0, γ̄W ] with γ̄W > 0 defined
below in (3.89). We also denote by (X1, V1) = Γγ(x, v,√γσγZ,W ), the output of one
step of the Markov chain starting from a given configuration x, v ∈ Rd, with Z a d-
dimensional standard Gaussian random variable and W = (W1,W2) a random variable
independent of Z with distribution µw = µw1 ⊗µw2 (recall that Γγ is defined by (3.13)).

We start by bounding RγW γ,ϖ in terms of E [ϕγ(X1, V1) |W2]. The first observation
is that, in view of Lemmas 18 and 19, there exists a constant L ∈ R+ such that the func-
tion (z, w1) 7→ ϕγ(Γγ(x, v,√γσγz, (w1, w2))) is Lipschitz with Lipschitz constant

√
L γ,

uniformy in x, v and w2. Therefore, by D3-1)-(a), for any ϖ ∈ R∗+,

RγW γ,ϖ(x, v) = E
[
E
[
W γ,ϖ(X1, V1)

∣∣∣W2
]]

⩽ E

[
exp

(
ϖE [ϕγ(X1, V1) |W2] + ϖ2L γ

2

)]
.

(3.83)

The next step of the proof is to obtain bounds on E [ϕγ(X1, V1) |W2]. We first relate
this quantity to E [Wγ(X1, V1) |W2] and then rely on Lemma 15. More precisely, using
the bound

√
1 + t ⩽ 1 + t/2 for t ⩾ −1,

E [ϕγ(X1, V1) |W2]
ϕγ(x, v) = E

[√
1 + Wγ(X1, V1)−Wγ(x, v)

ϕ2
γ(x, v)

∣∣∣∣∣W2

]

⩽ E

[
1 + Wγ(X1, V1)−Wγ(x, v)

2ϕ2
γ(x, v)

∣∣∣∣∣W2

]

= 1 + E [Wγ(X1, V1) |W2]−Wγ(x, v)
2ϕγ(x, v)2 . (3.84)
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Since W1 admits a first moment by D3, using that a ⩽ (2ε)−1 + εa2/2 for any a, ε > 0,
there exists γ̄(1)

U ∈ (0, γ̄W ] such that for any γ ∈ (0, γ̄(1)
U ],

CE
[
1 + ∥∇U(x)∥+ ∥v∥+ γδU /2F̃ (x, v,W ) + γδU ∥x∥ ∥W1∥

∣∣∣W2
]

⩽ C(1 + γδU /2 ∥W2∥2) + κ

2

[
∥v∥2 + ζU

(
∥∇U(x)∥2

L2 + ∥x∥
)]

.

Therefore, by Lemma 15 and since −∥v∥2 ⩽ −∥v∥+ 1,

E [Wγ(X1, V1) |W2] ⩽ Wγ(x, v)− γκ

2
(
∥v∥2 + ζU ∥x∥

)
+ Cγ(1 + ∥W2∥2)

⩽ Wγ(x, v)− γκmin(1, ζU )
2 (∥v∥+ ∥x∥) + Cγ(1 + ∥W2∥2) .

Plugging this estimate in (3.84) and using Lemmas 17 and 16, as well as the inequality√
a+ b ⩾ 2−1(

√
a+
√
b) for a, b ⩾ 0, we obtain

E [ϕγ(X1, V1) |W2] ⩽ ϕγ(x, v) + γ
−κmin(1, ζU )(∥x∥+ ∥v∥) + C(1 + ∥W2∥2)

4ϕγ(x, v)

⩽ ϕγ(x, v)− γ κmin(1, ζU )(∥x∥+ ∥v∥)
4[1 + Cϕ (∥x∥+ ∥v∥)] + Cγ

1 + ∥W2∥2

1 +
√
cW /2(∥x∥+ ∥v∥)

.

(3.85)

Then, by (3.83) and (3.85), for any γ ∈ (0, γ̄(1)
U ], ϖ > 0, and x, v ∈ Rd,

RγW γ,ϖ(x, v)
W γ,ϖ(x, v)

⩽ E

[
exp

(
ϖ2L γ

2 +ϖCγ
1 + ∥W2∥2

1 +
√
cW /2(∥x∥+ ∥v∥)

)]

× exp
(
−γϖκmin(1, ζU )(∥x∥+ ∥v∥)

4[1 + Cϕ (∥x∥+ ∥v∥)]

)
. (3.86)

We now choose successively RU > 0 sufficiently large and ϖ > 0 sufficiently small so
that the Markov chain induces a contraction for the Lyapunov function W γ,ϖ on the
set {(x, v) ∈ R2d, ∥x∥ + ∥v∥ ⩾ RU}. We first need to this end a bound on exponential
moments of W2. By Jensen’s inequality and D3, for any c > 0 and γ ∈ (0, γ̄W /c], setting
CW = E

[
eγ̄W ∥W2∥2],

E
[
ecγ∥W2∥2]

= E
[(

eγ̄W ∥W2∥2)cγ/γ̄W
]
⩽ C

cγ/γ̄W

W . (3.87)

For any ϖ > 0, γ ∈ (0, γ̄(1)
U ] such that ϖγ ⩽ γ̄W (1 +

√
cW /2RU )/C and RU > 0,

x, v ∈ Rd, ∥x∥+ ∥v∥ ⩾ RU , it therefore holds by (3.86),

1
ϖγ

log
(
RγW γ,ϖ(x, v)

W γ,ϖ(x, v)

)
⩽
ϖL

2 + C

1 +
√
cW /2RU

(
1 + logCW

γ̄W

)
− κmin(1, ζU )RU

4[1 + CϕRU ] .
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Setting

RU = 1 ∨
[ 8[1 + Cϕ]
κmin(1, ζU )

(
1 + logCW

γ̄W

)√
2/cW

]
, ϖU = κmin(1, ζU )RU

8L [1 + CϕRU ] ,

and γ̄
(2)
U = γ̄W [1 ∧ {(1 +

√
cW /2RU )/CϖU}], it follows that, for any γ ⩽ min(γ̄(1)

U , γ̄
(2)
U )

and (x, v) ∈ R2d with ∥x∥+ ∥v∥ ⩾ RU ,

RγW γ,ϖU (x, v) ⩽ λγ
U W γ,ϖU (x, v) , λU = exp

(
−κmin(1, ζU )RU

16[1 + CϕRU ]

)
< 1 . (3.88)

We finally consider the case ∥x∥+ ∥v∥ < RU . First, we note that (3.85) implies that
for any γ ⩽ γ

(1)
U , E [ϕγ(X1, V1) |W2] ⩽ ϕγ(x, v) +Cγ(1 +∥W2∥2). By plugging this result

in (3.83), we obtain

RγW γ,ϖU (x, v) ⩽ E
[
exp

(
γϖU

2
[
ϖUL + 2C(1 + ∥W2∥2)

])]
W γ,ϖU (x, v) .

When γ ⩽ γ̄U = min(γ̄(1)
U , γ̄

(2)
U , γ̄

(3)
U ), with γ̄(3)

U = γ̄W /(ϖUC), the right-hand side can be
bounded by (3.87) as

RγW γ,ϖU (x, v) ⩽ eKγW γ,ϖU (x, v), K = ϖU

2

[
ϖUL + 2C

(
1 + logCW

γ̄W

)]
.

We can therefore write, in view of the inequality et − es ⩽ (t − s)et for t, s ∈ R, s ⩽ t,
for any x, v ∈ Rd, ∥x∥+ ∥v∥ < RU , γ ⩽ γ̄U ,

RγW γ,ϖ(x, v) ⩽ λγ
U W γ,ϖ(x, v) +

(
eKγ − λγ

U

)
W γ,ϖ(x, v)

⩽ λγ
U W γ,ϖ(x, v) + γ(K − log λU )eKγW γ,ϖ(x, v) .

We finally obtain the following bound for any x, v ∈ Rd, ∥x∥+ ∥v∥ < RU , γ ⩽ γ̄U , using
Lemma 17:

RγW γ,ϖ(x, v) ⩽ λγ
U W γ,ϖ(x, v) + γbU , bU = (K − log λU )eKγ̄U +ϖU (1+CϕRU ) .

Combining this bound with (3.88) completes the proof.

3.5.3 Supporting lemmas

The proofs of the following technical lemmas are postponed to the appendix. The first
technical result ensures that Wγ is non-negative.

Lemma 16. Assume A1 and D2. Then, for any x, v ∈ Rd and γ ∈ (0, γ̄W ] with

γ̄W = min

1, γ̄,
(

cW

κϑ̄+ (1 + ϑ̄)(2Cκ + κ2)

)(δ∧1)−1 , cW = 1
2 min

(
κ2

6 ,
1
4

)
,

(3.89)
it holds Wγ(x, v) ⩾ cW (∥x∥2 + ∥v∥2) + 2αUU(x), where Wγ is defined in (3.73).
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The next result provides an upper bound on ϕγ , itself obtained from an upper bound
on Wγ .

Lemma 17. Assume A1, D1 and D2. Then, for any γ ∈ (0,min(1, γ̄)] and x, v ∈ Rd,

Wγ(x, v) ⩽ C2
ϕ(∥x∥2 + ∥v∥2) , ϕγ(x, v) ⩽ 1 + Cϕ (∥x∥+ ∥v∥) , (3.90)

where

Cϕ =
√

max
(

1, κ
2

2 + αUL

)
+ 1

2(1 + ϑ̄)(κ2 + κ+ 2Cκ) .

The last two results provide Lipschitz bounds which allow to obtain (3.83).

Lemma 18. Assume that A1, D1 and D2 hold. For any γ ∈ (0, γ̄W ], the fonction
ϕγ ∈ C1(R2d,R) defined by (3.82) is Lipschitz continuous, and its Lipschitz constant is
uniformly bounded by

Lϕ = 1
√
cW

max
(
2, 2αUL+ κ2, (1 + ϑ̄)(κ2 + κ+ Cκ)

)
,

where γ̄W , cW are defined in (3.89).

Lemma 19. Assume that A1 and D3 hold, and recall that Γγ is defined in (3.13).
Then, for any γ ∈ (0,min(1, γ̄)], x, v ∈ Rd and w2 ∈ Rm, the function (z, w1) 7→
Γγ
(
x, v,
√
γσγz, (w1, w2)

)
is Lipschitz continuous, and its Lipschitz constant is bounded

by
√

2γ[2L̃ max(1, σ̄) + D σ̄ + σ̄].

3.6 Postponed proofs

3.6.1 Proof of Lemma 6

Note that by (3.9) and using that for any t ∈ R+, t − t2/2 + t3/6 − t4/24 ⩽ 1 − e−t ⩽
t− t2/2 + t3/6, we have for any t0 ∈ R+,

σ2t30/3− σ2κt40/3 ⩽ Σ(t0)
1 ⩽ σ2t30/3 + σ2κt40/12 .

Similarly using that for any t ∈ R+, t− t2/2 ⩽ 1− e−t ⩽ t, we have for any t0 ∈ R+,

σ2t20/2− σ2κt30/2 ⩽ Σ(t0)
2 ⩽ σ2t20/2 , σ2t0 − σ2κt20 ⩽ Σ(t0)

3 ⩽ σ2t0 .

Then, since 1/3− 1/4 > 0, taking t̄0 sufficiently small completes the proof.
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3.6. Postponed proofs

3.6.2 Proof of Lemma 8

The first estimate is a direct consequence of the following inequality for 0 ⩽ a ⩽ b
and ℓ ⩾ 1:

0 ⩽ bℓ − aℓ = ℓ

∫ b

a
xℓ−1 dx ⩽ (b− a)ℓbℓ−1,

together with the bound max(τγ , e−κγ) ⩽ 1. The bound on |τγ − 1| follows from the
fact that this quantity is bounded by 1− e−κγ +Cκγ

2 in view of A1, together with the
inequality 1− e−κγ ⩽ κγ. For the final estimate, we write∣∣∣∣∣ γ

1− τγ
− 1
κ

∣∣∣∣∣ = |τγ − 1 + κγ|
κ(1− τγ) ⩽

|τγ − e−κγ |+ |e−κγ − 1 + κγ|
κ(1− τγ) .

The first term in the last numerator is bounded by Cκγ
2 in view of A1. For the second

one and the denominator, we use the inequality −t2/2 ⩽ 1 − t − e−t ⩽ 0 for any t ⩾ 0
to write |e−κγ − 1 + κγ| ⩽ κ2γ2/2 and

1− τγ

γ
⩾

1− e−κγ − Cκγ
2

γ
⩾ κ−

(
κ2

2 + Cκ

)
γ ⩾

κ

2 ,

where the last inequality follows from the bound γ ⩽ γ̄ ⩽ (κ + 2Cκ/κ)−1 in A1. This
finally leads to (3.38).

3.6.3 Proof of Lemma 16

Let γ ∈ (0, γ̄W ]. Consider V0(x, v) = κ2 ∥x∥2 /2 + ∥v∥2 + κ ⟨x, v⟩ + 2αUU(x). The
Cauchy–Schwarz inequality and Lemma 8 give

|Wγ(x, v)− V0(x, v)| ⩽ κ

∣∣∣∣∣κγ(1 + γδϑγ)
1− τγ

− 1
∣∣∣∣∣ ∥x∥

2 + ∥v∥2

2

⩽ κ

(
γδϑγ + (1 + γδϑγ)

∣∣∣∣∣ κγ

1− τγ
− 1

∣∣∣∣∣
)
∥x∥2 + ∥v∥2

2

⩽ κ

(
γδϑ̄+ (1 + γδϑ̄)

[2Cκ

κ
+ κ

]
γ

) ∥x∥2 + ∥v∥2

2
⩽ cW (∥x∥2 + ∥v∥2) ,

where the last inequality follows from the definition of γ̄W . In addition, using the
Cauchy–Schwarz inequality again, we get for any η ∈ (1/2, 1),

V0(x, v) ⩾ κ2

2 (1− η) ∥x∥2 +
(

1− 1
2η

)
∥v∥2 + 2αUU(x) ⩾ 2cW (∥x∥2 + ∥v∥2) + 2αUU(x) ,

where the last inequality is obtained with η = 2/3. The combination of the two previous
inequalities finally gives the claimed result.
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3.6.4 Proof of Lemma 17

By [106, Lemma 1.2.3] and D1, it holds U(x) ⩽ L ∥x∥2 /2. Moreover, the Cauchy–
Schwarz inequality, Lemma 8 and the last condition in D2 lead to

κ2γ(1 + γδϑγ)
1− τγ

⟨x, v⟩ ⩽ κ2

2 (1 + ϑ̄)
(1
κ

+
[2Cκ

κ2 + 1
]
γ

)(
∥x∥2 + ∥v∥2

)
⩽

1
2(1 + ϑ̄)(κ2 + κ+ 2Cκ)(∥x∥2 + ∥v∥2), (3.91)

where we used γ ⩽ 1 in the last inequality. This finally implies the first inequality in
(3.90) by the definition (3.73) of Wγ . The proof of the second one is concluded with the
inequality

√
a+ b ⩽

√
a+
√
b for a, b ∈ R+.

3.6.5 Proof of Lemma 18

In view of the definitions (3.73) and (3.82), it holds

∇xϕγ(x, v) = 1
2ϕγ(x, v)

[
κ2x+ κ2γ(1 + γδϑγ)

1− τγ
v + 2αU∇U(x)

]
,

so that, by a triangle inequality and upon bounding the prefactor of v as in (3.91), and
using also Lemma 16 and the inequality ∥∇U(x)∥ ⩽ L ∥x∥, we obtain

∥∇xϕγ(x, v)∥ ⩽ κ2 ∥x∥+ (1 + ϑ̄)(κ2 + κ+ 2Cκ) ∥v∥+ 2αU ∥∇U(x)∥

2
√

1 + cW {∥x∥2 + ∥v∥2}

⩽
1
√
cW

max
(
αUL+ κ2

2 ,
1
2(1 + ϑ̄)(κ2 + κ+ 2Cκ)

)
.

Similarly, for any x, v ∈ Rd,

∥∇vϕγ(x, v)∥ ⩽ 1
√
cW

max
(

1, 1
2(1 + ϑ̄)(κ2 + κ+ 2Cκ)

)
.

The conclusion then follows from the inequality ∥∇ϕγ(x, v)∥ ⩽
2 max(∥∇xϕγ(x, v)∥ , ∥∇vϕγ(x, v)∥) and the mean value theorem.
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3.6. Postponed proofs

3.6.6 Proof of Lemma 19

In view of (3.13), A1 and D3-1)-(b), we can write, for any x, v, z, z′ ∈ Rd, w1, w
′
1 ∈ Rm1

and w2 ∈ Rm2 ,∥∥Γγ (x, v,√γσγz, (w1, w2))− Γγ
(
x, v,
√
γσγz

′, (w′1, w2)
)∥∥

⩽ γ
∥∥∥fγ

(
x, γδv, γ1/2+δσγz, (w1, w2)

)
− fγ

(
x, γδv, γ1/2+δσγz

′, (w′1, w2)
)∥∥∥

+ γ
∥∥∥gγ

(
x, γδv, γδ+1/2σγz, (w1, w2)

)
− gγ

(
x, γδv, γδ+1/2σγz

′, (w′1, w2)
)∥∥∥

+ γδ+1/2σγ

∥∥Dγ(z − z′)
∥∥+ σγ

√
γ
∥∥z − z′∥∥

⩽
(
2L̃γmax(1, γδ+1/2σ̄) + γδ+1/2D σ̄ + σ̄

√
γ
) (∥∥z − z′∥∥+

∥∥w1 − w′1
∥∥) ,

⩽
√

2
(
2L̃γmax(1, γδ+1/2σ̄) + γδ+1/2D σ̄ + σ̄

√
γ
) ∥∥(z, w1)− (z′, w′1)

∥∥ ,
which completes the proof.

3.6.7 Proof of Proposition 3.2

In view of (3.12) and since b = −∇U ,

fγ(x, v, z, w) = C1,γv −
γ

2∇U
(
x+ C2,γv + C3,γz + γ3/2C4,γw

)
+ 2γ3/2C4,γw ,

with

C1,γ = e−κγ/2 − 1
γ

, C2,γ = e−κγ/2

2 , C3,γ = e−κγ/2

2(1 + e−κγ) , C4,γ =

√√√√ σ̃2
γ/2

8(1 + e−κγ) .

The coefficients Ci,γ (for 1 ⩽ i ⩽ 4) are uniformly bounded in γ for γ ∈ (0, γ̄], and we
denote by C their maximal value:

C = sup
1⩽i⩽4

sup
γ∈(0,γ̄]

Ci,γ < +∞ . (3.92)

A Cauchy–Schwarz inequality gives∥∥∥fγ(x, γδv, γδ+1/2σγz, w)
∥∥∥2

⩽ 3γ2δC
2 ∥v∥2 + 12γ3C

2 ∥w∥2

+ 3γ2

4
∥∥∥∇U (x+ γδC2,γv + γδ+1/2σγC3,γz + γ3/2C4,γw

)∥∥∥2
.

It therefore suffices to bound the term on the second line of the previous inequality. To
this end, we note that D1 and a Cauchy–Schwarz inequality imply that, for any h ∈ Rd,

∥∇U(x+ h)∥2 ⩽ 2 ∥∇U(x)∥2 + 2L2 ∥h∥2 . (3.93)

The first condition in D2 is then easily seen to hold upon setting h = γδC2,γv +
γδ+1/2σγC3,γz + γ3/2C4,γw.
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To prove that the second condition in D2 holds, we need to be careful about the
dependence of our estimates on ∥x∥. We rely on (3.18), which implies that there exist a >
0 and b ∈ R such that

−⟨x,∇U(x)⟩ ⩽ −a
(
∥x∥+ ∥∇U(x)∥2

)
+ b.

An inequality similar to (3.93) can also be written for any h ∈ Rd:

−2 ∥∇U(x+ h)∥2 ⩽ −∥∇U(x)∥2 + 2L2 ∥h∥2 .

We therefore obtain, using a Cauchy–Schwarz inequality, for any h ∈ Rd,

−⟨x,∇U(x+ h)⟩ = −⟨x+ h,∇U(x+ h)⟩+ ⟨h,∇U(x+ h)⟩

⩽ −a
(
∥x+ h∥+ ∥∇U(x+ h)∥2

)
+ b+ a

2

(
∥h∥2

a2 + ∥∇U(x+ h)∥2
)

⩽ −a
(
∥x∥+ 1

4 ∥∇U(x)∥2
)

+ b̃
(
1 + ∥h∥2

)
, (3.94)

for some constant b̃ ∈ R. The second condition in D2 then follows from the above
inequality, the fact that〈
x, fγ

(
x, γδv, γδ+1/2σγz, w

)〉
= γδC1,γ ⟨x, v⟩+ 2γ3/2C4,γ ⟨x,w⟩ −

γ

2 ⟨x,∇U (x+ h)⟩

with h = γδC2,γv + γδ+1/2σγC3,γz + γ3/2C4,γw and using (3.92).
Let us next check that the conditions in D2 involving gγ are satisfied with αU = 1.

In view of (3.12) and since b = −∇U ,

gγ(x, v, z, w) = −G1,γ∇U
(
x+ G2,γv + G3,γz + γ3/2G4,γw

)
,

with

G1,γ = e−κγ/2, G2,γ = e−κγ/2

2 , G3,γ = e−κγ/2

2(1 + e−κγ) , G4,γ =

√√√√ σ̃2
γ/2

8(1 + e−κγ) .

The coefficients Gi,γ (for 1 ⩽ i ⩽ 4) are uniformly bounded in γ for γ ∈ (0, γ̄], and we
denote by G their maximal value:

G = sup
1⩽i⩽4

sup
γ∈(0,γ̄]

Gi,γ < +∞ . (3.95)

Note also that, there exists K ⩾ 0 such that for any γ ∈ (0, γ̄],

|G1,γ − 1| ⩽ Kγ , (3.96)
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so that we bound using D1 the term involving gγ in the first condition as∥∥∥gγ

(
x, γδv, γδ+1/2σγz, w

)
+∇U(x)

∥∥∥2
⩽ 2 (1− G1,γ)2 ∥∇U(x)∥2

+ 2G
2 ∥∇U(x+ h)−∇U(x)∥2

⩽ 2K2γ2 ∥∇U(x)∥2 + 2G
2
L2 ∥h∥2 ,

with h = γδG2,γv + γδ+1/2σγG3,γz + γ3/2G4,γw, which easily implies that the second
condition holds by (3.95). Moreover, with the same definition of h,〈

x, gγ

(
x, γδv, γδ+1/2σγz, w

)〉
= −G1,γ ⟨x,∇U(x+ h)⟩ ,

from which the third condition easily follows in view of (3.94), (3.95) and (3.96).

3.7 Complementary and technical results

Lemma 20. For any κ, σ, γ > 0, Σ(γ) ⊗ Id in (3.9) is invertible.

Proof. Note first that we only need to consider the case σ = κ = 1. Let γ > 0. Set
M = Σ(γ) ⊗ Id. We show that det(M) > 0. Since by [62, Exercise 45, Chapter 1],
det(M) = det(Σ(γ))d where Σ(γ) is given by (3.9), it suffices to show that det(Σ(γ)) > 0.
Denote for any t > 0 and square-integrable functions h1, h2 : [0, t]→ R,

⟨h1, h2⟩L2([0,t]) =
∫ t

0
h1(s)h2(s) ds, ∥h1∥L2([0,t]) =

√
⟨h1, h1⟩2.

By (3.9),

det(Σ(γ)) = det

 ∥h1∥2L2([0,γ]) ⟨h1, h2⟩L2([0,γ])
⟨h1, h2⟩L2([0,γ]) ∥h2∥2L2([0,γ])


= ∥h1∥2L2([0,γ]) ∥h2∥2L2([0,γ]) − ⟨h1, h2⟩2L2([0,γ]) ,

where for any s ∈ [0, γ], h1(s) = 1− e−(γ−s) and h2(s) = e−(γ−s). The result follows by
a Cauchy–Schwarz inequality since h1, h2 are linearly independent.

Lemma 21. Let x, v ∈ Rd and κ > 0. Consider for any t ∈ R+,

X̃t = x+ 1− e−κt

κ
v + κt+ e−κt − 1

κ2 b(x) + σ

∫ t

0

1− e−κ(t−s)

κ
dBs ,

Ṽt = e−κtv + 1− e−κt

κ
b(x) + σ

∫ t

0
e−κ(t−s)dBs ,

(3.97)

where (Bt)t⩾0 is a standard d-dimensional Brownian motion. The process (X̃t, Ṽt)t⩾0 is
the unique solution of the SDE,

X̃t = x+
∫ t

0
Ṽs ds , Ṽt = v +

∫ t

0

{
−κṼs + b(x)

}
ds+ σBt .
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Proof. For any t ∈ R+, by (3.97), Lemma 22 and linearity,∫ t

0
Ṽs ds =

∫ t

0
e−κsv + 1− e−κs

κ
b(x) ds+ σ

∫ t

0

∫ s

0
e−κ(s−r) dBr ds

= 1− e−κt

κ
v + κt+ e−κt − 1

κ2 b(x) + σ

∫ t

0

∫ t

r
e−κ(s−r) ds dBr (3.98)

= X̃t − x .

In addition, using (3.98), we obtain∫ t

0
−κṼs + b(x)ds = (e−κt − 1)v − e−κt − 1

κ
b(x) + σ

∫ t

0
(e−κ(t−s) − 1) dBs

= Ṽt − v − σ
∫ t

0
dBs ,

which completes the proof.

The following Fubini-type result for stochastic integrals is established in [72, Theorem
1] (see also [116, Chapter IV, Exercise (5.17)]), but an alternative proof is given here for
completeness.
Lemma 22. For any f ∈ C1(R), g ∈ C0(R), u, v ⩾ 0,∫ v

u

∫ v

u
1R+(t− s)f(s)g(t) dBs dt =

∫ v

u

∫ v

u
1R+(t− s)f(s)g(t) dtdBs. (3.99)

Proof. Consider f ∈ C1(R), g ∈ C0(R), v ⩾ 0. Without loss of generality, it is sufficient to
show (3.99) for u = 0. Introduce, for any w ⩾ 0, G(w) =

∫ w
0 g(t) dt and Mw = f(w)Bw.

By integration by parts [116, Chapter IV, Proposition (3.1)], we have, for any w ⩾ 0,

Mw =
∫ w

0
f ′(s)Bs ds+

∫ w

0
f(s) dBs , (3.100)

G(w)Mw =
∫ w

0
g(s)f(s)Bs ds+

∫ w

0
G(s) dMs . (3.101)

Then, by (3.100),∫ v

0

∫ v

0
1R+(t− s)f(s)g(t) dBs dt =

∫ v

0

(∫ t

0
f(s) dBs

)
g(t) dt

=
∫ v

0

(
Mt −

∫ t

0
f ′(s)Bs ds

)
g(t) dt , (3.102)

and∫ v

0

∫ v

0
1R+(t− s)f(s)g(t) dt dBs =

∫ v

0
(G(v)−G(s)) f(s) dBs

=
∫ v

0
(G(v)−G(s)) dMs

−
∫ v

0
(G(v)−G(s)) f ′(s)Bs ds .

(3.103)
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By Fubini’s theorem, almost surely we have
∫ v

0
∫ t

0 f
′(s)Bs dsg(t) dt =∫ v

0 (G(v)−G(s)) f ′(s)Bs ds. Therefore using this result and (3.102)-(3.103), (3.99)
holds if

∫ v
0 Mtg(t) dt =

∫ v
0 (G(v)−G(t)) dMt. which follows from (3.101) as∫ v

0
(G(v)−G(t)) dMt = G(v)Mv −

∫ v

0
G(t) dMt =

∫ v

0
g(t)f(t)Bt dt =

∫ v

0
Mtg(t) dt .

This allows to conclude the proof.
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CHAPTER 4

Discrete sticky couplings of functional autore-
gressive processes

Alain Durmus1, Andreas Eberle2, Aurélien Enfroy3, Arnaud Guillin4

and Pierre Monmarché5

In this paper, we provide bounds in Wasserstein and total variation distances between
the distributions of the successive iterates of two functional autoregressive processes
with isotropic Gaussian noise of the form Yk+1 = Tγ(Yk) +

√
γσ2Zk+1 and Ỹk+1 =

T̃γ(Ỹk)+
√
γσ2Z̃k+1. More precisely, we give non-asymptotic bounds on ρ(L(Yk),L(Ỹk)),

where ρ is an appropriate weighted Wasserstein distance or a V -distance, uniformly in the
parameter γ, and on ρ(πγ , π̃γ), where πγ and π̃γ are the respective stationary measures of
the two processes. The class of considered processes encompasses the Euler-Maruyama
discretization of Langevin diffusions and its variants. The bounds we derive are of order
γ as γ → 0. To obtain our results, we rely on the construction of a discrete sticky
Markov chain (W (γ)

k )k∈N which bounds the distance between an appropriate coupling
of the two processes. We then establish stability and quantitative convergence results
for this process uniformly on γ. In addition, we show that it converges in distribution
to the continuous sticky process studied in [51, 68]. Finally, we apply our result to
Bayesian inference of ODE parameters and numerically illustrate them on two particular
problems.
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

4.1 Introduction

We are interested in this paper in Markov chains (Yk)k∈N starting from y ∈ Rd and
defined by recursions of the form

Yk+1 = Tγ(Yk) + σ
√
γZk+1 , (4.1)

where σ > 0, γ ∈ (0, γ̄], for some γ̄ > 0, {Tγ : γ ∈ (0, γ̄]} is a family of continu-
ous functions from Rd to Rd and (Zk)k⩾1 is a sequence of i.i.d. d-dimensional stand-
ard Gaussian random variables. Note that the Euler-Maruyama discretization of over-
damped Langevin diffusions or of general Komolgorov processes and its variants belong
to this class of processes and in that setting γ corresponds to the discretization step
size. Indeed, the Euler scheme consists in taking for any γ ∈ (0, γ̄], Tγ(y) = y + γb(y)
for some b : Rd → Rd. When b = −∇U for some potential U , these methods are
now popular Markov Chain Monte Carlo algorithms to sample from the target density
x 7→ e−U(x)/

∫
Rd e−U(y)dy. However, in some applications, explictly computing ∇U is

not an option and further numerical methods must be implemented which come with
additional bias since only approximations of ∇U can be used in (4.1). In this paper, we
precisely study this additional source of error. In particular, based on a chain defined
by (4.1), we consider a second Markov chain (Ỹk)k∈N defined by the recursion

Ỹk+1 = T̃γ(Ỹk) + σ
√
γZ̃k+1 , (4.2)

where {T̃γ : γ ∈ (0, γ̄]} is a family of functions from Rd to Rd such that for any γ,
T̃γ is an approximation of Tγ in a sense specified below, and (Z̃k)k⩾1 is a sequence
of i.i.d. d-dimensional standard Gaussian random variables potentially correlated with
(Zk)k⩾1.

We will enforce below conditions that ensure that both (Yk)k∈N and (Ỹk)k⩾1 are
geometrically ergodic, and denote by πγ and π̃γ their invariant probability measures
respectively. If for any γ > 0, T̃γ is close in some sense to Tγ , the overall process (Ỹk)k∈N

can be seen as a perturbed version of (Yk)k∈N, and π̃γ is expected to be close to πγ . The
main goal of this paper is to establish quantitative bounds on the Wasserstein and total
variation distance between the finite-time laws of the two processes and between their
equilibria. The study of perturbation of Markov processes has been the subject of many
existing works; see e.g. [71, 97, 102, 123, 125] and the references therein. However, it
turns out that these existing results do not apply as such. We pay particular attention
to the dependency of these estimates on γ. Indeed, in the case of the Euler scheme of
a continuous-time diffusion, πγ and the law of Y⌊t/γ⌋ for some t > 0 converge to the
invariant measure and law at time t of the continuous-time process, and similarly for the
perturbed chain. Hence, as γ → 0, our estimates should not degenerate, but rather yield
quantitative estimates for the continuous time process. More precisely, the present paper
is the discrete-time counterpart of the study conducted by [51] in the continuous-time
case, and as γ vanishes we recover estimates that are consistent with those of [51].

As in [51], our results are based on the construction of a suitable coupling of the
processes, i.e. a simultaneous construction of a pair (Yk, Ỹk)k∈N of non-independent
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chains that marginally follow (4.1) and (4.2) respectively and are designed to get and stay
close to each other. We use the maximal reflection coupling for Gaussian laws, namely at
each step the two chains are coupled to merge with maximal probability and, otherwise,
we use a reflection (see Section 4.2.2 below). Estimates on the laws of the chains then
follow from the study of (∥Yk− Ỹk∥)k∈N, which is itself based on the analysis of a Markov
chain (Wk)k∈N on [0,+∞) that is such that, by design of the coupling, ∥Yk− Ỹk∥k ⩽Wk

for all k ∈ N. Thus, the question of establishing bounds between the laws of two d-
dimensional Markov chains is reduced to the study of a single one-dimensional chain.
Besides, together with the Markov property, the auxiliary chain has some nice features.
At first, it is stochastically monotonous, i.e. if (W ′k)k∈N is a Markov chain associated to
the same Markov kernel as (Wk)k∈N and such that W0 ⩽W ′0, then for any k ∈ N, W ′k is
stochastically dominated by Wk, i.e. for any t ⩾ 0, P(Wk ⩽ t) ⩾ P(W ′k ⩽ t). Secondly,
(Wk)k∈N has an atom at 0.

The main results and main steps of this study are the following. First, we prove that
(Wk)k∈N admits a unique invariant measure and that, independently of γ, the moments
and mass on (0,+∞) of this equilibrium are small when the difference between Tγ and
T̃γ is small. Secondly, we establish the geometric convergence of the chain towards its
equilibrium, at an explicit rate (stable as γ → 0). Finally, we prove that, as γ → 0,
the chain (Wk)k∈N converges in law to the continuous-time sticky diffusion that played
the same role in [51]. This last part is not necessary to get estimates on the finite-time
and equilibrium laws of (4.1) and (4.2) for a given γ > 0, but it sheds some new light
on the limit sticky process which, in [51], is constructed as the limit of continuous-time
diffusions with diffusion coefficients that vanish at zero, rather than discrete-time chains.
In some sense, (Wk)k∈N can be seen as a discretization scheme for the sticky process,
see also [6] on this topic.

Besides the obvious continuous/discrete time difference between [51] and the present
work, let us emphasize a few other distinctions. First, in [51], the one-dimensional
sticky process has an explicit invariant measure. This is not the case in our framework,
which makes the derivation of the bounds on the moments of the equilibrium a bit more
involved. Secondly, in [51], although it is proven that the mass at zero and the first
moment of the law of the sticky diffusion converge to their value at equilibrium (which
is sufficient to get estimates on the laws of the two initial d-dimensional processes), the
question of long-time convergence is not addressed for the sticky diffusion, whereas our
long-time convergence results for (Wk)k⩾0 together with its convergence as γ → +∞
furnish an explicit convergence rate for the sticky diffusion. The proof of the stability
of the mass at zero and of the first moment in [51] relies on a concave modification of
the distance (such as used e.g. in [48]), which is contracted by the chain before it hits
zero. This method does not apply to, say, the second moment of the process. As a
consequence, the results of [51] only concern the total variation and W1 Wasserstein
distances, while we consider a broader class of distances.

Finally, our theoretical results are illustrated through numerical experiments. In par-
ticular, we study the influence of the discretization scheme generally needed to perform
Bayesian inference for parameters of Ordinary Differential Equations (ODEs).
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Notation and convention

We denote by B(Rd), the Borel σ-field of Rd endowed with the Euclidean distance and
by φσ2 the density of the one-dimensional Gaussian distribution with zero-mean and
variance σ2 > 0. In the case σ = 1, we simply denote this density by φ. ∆Rd stands for
the subset {(x, x) ∈ R2d : x ∈ Rd} of Rd and for any A ⊂ Rd, Ac for its complement.
Let µ and ν be two σ-finite measures on (Rd,B(Rd)). If ν is absolutely continuous with
respect to µ, we write ν ≪ µ. We say that ν and µ are equivalent if and only if ν ≪ µ
and µ ≪ ν. We denote by ⌈·⌉ and ⌊·⌋ the floor and ceiling function respectively. For
d, n ∈ N∗,Md,n(R) stands for the set of d× n real matrices. We denote by Ck(U,A) the
set of k times continuously differentiable functions from an open set U ⊂ Rm to A ⊂ Rp.
We use the convention ∑p

k=n = 0 and ∏p
k=n = 1 for p < n, n, p ∈ N, and a/0 = +∞ for

a > 0.

4.2 Sticky reflection coupling

4.2.1 Main result

The Markov kernels Rγ associated with (Yk)k∈N defined in (4.1) are given for any y ∈ Rd,
A ∈ B(Rd) by

Rγ(y,A) = (2πσ2γ)−d/2
∫

Rd
1A(y′) exp

{
−
∥∥y′ − Tγ(y)

∥∥2
/(2σ2γ)

}
dy′ .

Note that R̃γ associated with (Ỹk)k∈N is given by the same expression upon replacing
Tγ by T̃γ . We consider the following assumption on the family {Tγ : γ ∈ (0, γ̄]}. This
condition will ensure that Rγ is geometrically ergodic (see Proposition 4.1) and it will
be important to derive our main results regarding the distance of Rk

γ and R̃k
γ , for k ∈ N.

H 1. There exist R1, L ⩾ 0 and m > 0 such that for any γ ∈ (0, γ̄], there exists a non-
decreasing function τγ : [0,+∞) → [0,+∞) satisfying τγ(0) = 0, ∥Tγ(x)− Tγ(x̃)∥ ⩽
τγ(∥x− x̃∥) for any x, x̃ ∈ Rd, and

sup
r∈(0,+∞)

{τγ(r)/r} ⩽ 1 + γL , sup
r∈(R1,+∞)

{τγ(r)/r} ⩽ 1− γm . (4.3)

In addition, supγ∈(0,γ̄] ∥Tγ(0)∥ < +∞.

Note that the condition that for any γ ∈ (0, γ̄], τγ is non-decreasing can be omitted
upon replacing in our study τγ by the affine majorant

τ̄γ : r 7→
{

(1 + Lγ)r if r ∈ [0, R1] ,
(1 + Lγ)R1 + (1− mγ)(r −R1) otherwise .

(4.4)

Indeed, by definition and (4.3), for any r ∈ [0,+∞), τγ(r) ⩽ τ̄γ(r), therefore for any
x, x̃ ∈ Rd, ∥Tγ(x)− Tγ(x̃)∥ ⩽ τ̄γ(∥x− x̃∥). In addition, an easy computation leads to
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setting R2 = 2R1(L + m)/m,

sup
r∈(0,+∞)

{τ̄γ(r)/r} ⩽ 1 + γL , sup
r∈(R2,+∞)

{τ̄γ(r)/r} ⩽ 1− γm/2 .

Then, τ̄γ satisfies H1 and is non-decreasing.
Note that H1 implies that for any r ∈ [0,+∞) and γ ∈ (0, γ̄], τγ(r) ⩽ (1 + γL)r,

therefore Tγ is (1 + γL)-Lipschitz. The second condition in (4.3) ensures that for any
γ ∈ (0, γ̄], Tγ is a contraction at large distances, i.e. for any x, x̃ ∈ Rd, ∥Tγ(x)− Tγ(x̃)∥ ⩽
(1− γm) ∥x− x̃∥, if ∥x− x̃∥ ⩾ R1.

The assumption H 1 holds for the Euler scheme applied to diffusions with scalar
covariance matrices, i.e. (4.1) with Tγ(x) = x+ γb(x) and a drift function b : Rd → Rd,
if, for some Lb, mb, Rb > 0, b is Lb-Lipschitz continuous and satisfies

⟨x− y, b(x)− b(y)⟩ ⩽ −mb∥x− y∥2 ,

for all x, y ∈ Rd with ∥x− y∥ ⩾ Rb. Indeed, this implies that for any x, y ∈ Rd,
∥Tγ(x)− Tγ(y)∥ ⩽ (1 + Lbγ)∥x− y∥ and, provided γ ∈

(
0, mb/L2) and ∥x− y∥ ⩾ Rb,

∥Tγ(x)− Tγ(y)∥2 ⩽ (1 − mbγ)∥x− y∥2. Therefore, it suffices to consider τγ defined by
(4.4) with L = Lb, m = mb/2 and R1 = Rb.

Our results will be stated in term of Wasserstein distances and V -norms, whose
definitions are the following. Consider a measurable cost function c : R2d → [0,∞).
Then the associated Wasserstein distance Wc is given for two probability measures µ, ν
on Rd by

Wc(ν, µ) = inf
π∈Π(ν,µ)

∫
R2d

c(x, y)π(dx,dy) ,

where Π(ν, µ) is the set of transference plans or couplings between ν and µ, namely the set
of probability measures on Rd whose first and second d-dimensional marginals are ν and
µ respectively. In the particular case where c(x, y) = 1∆c

Rd
(x, y), Wc is simply the total

variation distance ∥ ·∥TV. For V : Rd → [1,+∞), the choice c(x, y) = 1∆c
Rd

(x, y){V (x)+
V (y)} yields the V -norm (see [37, Theorem 19.1.7]), i.e. Wc(ν, µ) = ∥ν − µ∥V . Finally,
for c(x, y) = ∥x− y∥p with p ∈ [1,+∞), Wc is the p-th power of the usual Wasserstein
distance of order p.

Following the same line as the proof of [33, Theorem 15]1, we can show that H 1
implies that the Markov kernel Rγ is Vc-uniformly geometrically ergodic where for any
c > 0 and x ∈ Rd, Vc(x) = exp(c∥x∥2), with a convergence rate that scales linearly with
the step size γ.

Proposition 4.1. Assume H1. Then, setting γ̄1 = γ̄ ∧ {1/m}, for any γ ∈ (0, γ̄1], Rγ

admits a unique stationary distribution πγ. In addition, there exist c > 0, ρ ∈ [0, 1) and
C ⩾ 0 such that for any x ∈ Rd and γ ∈ (0, γ̄1], ∥δxR

k
γ − πγ∥Vc ⩽ CρkγVc(x).

1[33, Theorem 15] consider the case where Tγ comes from the Euler discretization scheme and has
form Tγ(x) = x + γb(x).
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Proof. This result is a simple consequence of [33, Corollary 11]. For completeness, its
proof is included in Section 4.5.1.1.

Note that this result can be made quantitative, and other convergence results in total
variation and Wasserstein distance of order p ∈ [1,+∞) can also be established following
the same lines as the proof of [33, Corollary 14]. However, these results are out of the
scope of the present paper and would be simple adaptations of those in [33] or [50].

We now consider an assumption which quantifies the perturbation associated with
T̃γ relatively to Tγ , for γ ∈ (0, γ̄].

H2. There exists c∞ > 0 such that supx∈Rd ∥Tγ(x)− T̃γ(x)∥ ⩽ γc∞ for all γ ∈ (0, γ̄].

Example 4.2. The assumption H2 holds for the Euler scheme applied to diffusions with
scalar covariance matrices, i.e. (4.1) and (4.2) with

Tγ(x) = x+ γb(x) and T̃γ(x) = x+ γb̃(x) , (4.5)

under the condition that supx∈Rd ∥b(x)− b̃(x)∥ ⩽ c∞. This setting is exactly the one we
introduced to motivate our study. In particular, in the case where b = −∇U for some
potential U , b̃ may correspond to a numerical approximation of this gradient.

Note that compared to Tγ , γ ∈ (0, γ̄], we do not assume any smoothness condition
on T̃γ . More precisely, we do not assume that T̃γ satisfies H1. Regarding the ergodicity
properties of R̃γ associated with T̃γ , γ ∈ (0, γ̄], we have the following result.

Proposition 4.3. Assume H1 and H2 and set γ̄1 = γ̄∧{1/m}. Then, for any γ ∈ (0, γ̄1],
R̃γ admits a unique stationary distribution π̃γ. In addition, there exists c > 0 such that
for any γ ∈ (0, γ̄1], there exist ργ ∈ [0, 1) and Cγ ⩾ 0 such that for any x ∈ Rd

∥δxR̃
k
γ − π̃γ∥Vc ⩽ Cγρ

k
γVc(x), where Vc(x) = exp(c∥x∥2).

Proof. The proof is postponed to Section 4.5.1.2.

Similarly to Proposition 4.1 with respect to Rγ , Proposition 4.3 implies that R̃γ is Vc-
uniformly geometrically ergodic. However in contrast to Proposition 4.1, the dependency
of the rate of convergence with respect to the step size γ is not explicit anymore since
the results and the method employed in [33] or [50] cannot be applied anymore.

Note that Proposition 4.1 and Proposition 4.3 imply that Rγ and R̃γ converge to πγ

and π̃γ respectively in total variation and Wasserstein metric of any order p ∈ [1,+∞).
Based on the two assumptions above, we can now state one of our main results. Our

goal is to quantify the distance between the laws of the iterates of the two chains (Yk)k∈N

and (Ỹk), in particular starting from the same initial point x ∈ Rd or at equilibrium.
Indeed, remark that, in view of Propositions 4.1 and 4.3, letting k → +∞ in the next
statement yields quantitative bounds on Wc(πγ , π̃γ) for any γ ∈ (0, γ̄ ∧ {1/m}].

Theorem 4.4. Assume H1 and H2 hold and let

(c̃,V ) ∈ {(1(0,+∞), |·|), (|·| , |·|), (1(0,+∞) exp(|·|),1(0,+∞) exp(|·|))} .
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4.2. Sticky reflection coupling

Then, there exist some explicit constants C, c ⩾ 0, ρ ∈ [0, 1) such that for any k ∈ N,
γ ∈ (0, γ̄] and x, x̃ ∈ Rd,

Wc(δxR
k
γ , δx̃R̃

k
γ) ⩽ CργkV (∥x− x̃∥) + cc∞ .

where c(x, x̃) = c̃(∥x− x̃∥).

Remark 4.5. It is also possible to treat the case of cost functions c of the form c(x, y) =
c̃(∥x− y∥) (V (x) + V (y)) with c̃ as in Theorem 4.4 and V a positive function, simply by
using Hölder’s inequality. Indeed, for p, q > 1 with 1/p+ 1/q = 1, we can bound

Wc(ν, µ) ⩽
(
Wcp(ν, µ)

)1/p
(
(ν (V q))1/q + (µ (V q))1/q

)
with cp(x, y) = c̃p(∥x − y∥). Bounds on the Wcp distance can then be established as
in Theorem 4.4, while bounds on expected values of V q, independent of γ, are clas-
sically obtained through Lyapunov arguments (see e.g. the proof of Proposition 4.1 in
Section 4.5.1.1).

The rest of this section is devoted to the proof of Theorem 4.4. In particular, we
define in the following the main object of this paper.

4.2.2 The discrete sticky kernel

We define a Markovian coupling of the two chains (Yk)k∈N and (Ỹk)k∈N defined in (4.1)
and (4.2) by using, at each step, the maximal reflection coupling of the two Gaussian
proposals, which is optimal for the total variation distance (i.e that maximizes the prob-
ability of coalescence). Let (Uk)k⩾1 be a sequence of i.i.d. uniform random variables on
[0, 1] independent of (Zk)k⩾1 which we recall is a sequence of i.i.d. d-dimensional stand-
ard Gaussian random variables. We define the discrete sticky Markov coupling Kγ of Rγ

and R̃γ as the Markov kernel associated with the Markov chain on R2d given for k ∈ N
by

Xk+1 = Tγ(Xk) + (σ2γ)1/2Zk+1

X̃k+1 = Xk+1Bk+1 + (1−Bk+1)Fγ(Xk, X̃k, Zk+1) ,
(4.6)

where Bk+1 = 1[0,+∞)(pγ(Xk, X̃k, Zk+1)− Uk+1) and

Fγ(x, x̃, z) = T̃γ(x̃) + (σ2γ)1/2
{

Id−2e(x, x̃)e(x, x̃)T
}
z ,

E(x, x̃) = T̃γ(x̃)− Tγ(x) , e(x, x̃) =


E(x,x̃)
∥E(x,x̃)∥ if E(x, x̃) ̸= 0
e0 otherwise ,

(4.7)

pγ(x, x̃, z) = 1 ∧

φσ2γ

{
∥E(x, x̃)∥ − (σ2γ)1/2⟨e(x, x̃), z⟩

}
φσ2γ

{
(σ2γ)1/2⟨e(x, x̃), z⟩

}
 ,
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

where e0 ∈ Rd is an arbitrary unit-vector, i.e. ∥e0∥ = 1, and φσ2γ is the density of the
one-dimensional Gaussian distribution with mean 0 and variance σ2γ. In other words,
Kγ is given for any γ ∈ (0, γ̄], (x, y) ∈ R2d and A ∈ B(R2d) by

Kγ((x, x̃),A) =
∫

Rd
1A(Tγ(x) + (σ2γ)1/2z,Tγ(x) + (σ2γ)1/2z)pγ(x, x̃, z)e−∥z∥

2/2

(2π)d/2
dz

+
∫

Rd
1A
(
Tγ(x) + (σ2γ)1/2z,Fγ(x, x̃, z)

)
(1− pγ(x, x̃, z))e−∥z∥

2/2

(2π)d/2
dz .

In words, from the initial conditions (x, x̃), this coupling works as follows: first, a Gaus-
sian variable Zk+1 is drawn for the fluctuations of Xk+1. Then, X̃k+1 is made equal
to Xk+1 with probability p(x, x̃, Zk+1) and, otherwise, the random variable Z̃k+1 which
determines the fluctuations of X̃k+1 with respect to its average T̃γ(x̃) is given by the
orthogonal reflection of Zk+1 in the direction T̃γ(x̃) − Tγ(x). It is well known that for
any (x, x̃) ∈ Rd, Kγ((x, x̃),A × Rd) = Rγ(x,A) and Kγ((x, x̃),Rd × A) = R̃γ(x,A), see
e.g. [21, Section 3.3], [45, Section 4.1], [50] or [33].

The starting point of our analysis is the next result, which will enable to compare
the coupling difference process

∥∥∥Xk+1 − X̃k+1
∥∥∥ with a Markov chain on [0,+∞). Define

(Gk)k⩾1 for any k ⩾ 1 by
Gk = ⟨e(Xk−1, X̃k−1), Zk⟩ , (4.8)

where e is given by (4.7). For any a ⩾ 0, g ∈ R, u ∈ [0, 1] and γ ∈ (0, γ̄] define

Hγ(a, g, u) = 1[0,+∞)(u− pσ2γ(a, g))
(
a− 2(σ2γ)1/2g

)
, (4.9)

where

pσ2γ(a, g) = 1 ∧
φσ2γ

(
a− (σ2γ)1/2g

)
φσ2γ

(
(σ2γ)1/2g

) . (4.10)

Proposition 4.6. Assume H1 and H2 hold. Then for any γ ∈ (0, γ̄], k ∈ N, almost
surely, we have

∥Xk+1 − X̃k+1∥ ⩽ Gγ(∥Xk − X̃k∥, Gk+1, Uk+1) , (4.11)
where (Xk, X̃k)k∈N are defined by (4.6), and for any w ∈ [0,+∞), g ∈ R and u ∈ [0, 1],

Gγ(w, g, u) = Hγ(τγ(w) + γc∞, g, u) .

In addition, for any g ∈ Rd and u ∈ [0, 1], w 7→ Gγ(w, g, u) is non-decreasing.

Proof. The proof is postponed to Section 4.5.1.3.

Consider now the stochastic process (Wk)k∈N starting from ∥X0 − X̃0∥ and defined
by induction on k as follows,

Wk+1 = Gγ(Wk, Gk+1, Uk+1)

=
{
τγ(Wk) + γc∞ − 2σ√γGk if Uk+1 ⩾ pσ2γ(τγ(Wk) + γc∞, Gk)
0 otherwise.

(4.12)
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By definition (4.8) and (4.7), an easy induction implies that (Gk)k⩾1 and (Uk)k⩾1 are
independent, (Gk)k⩾1 are i.i.d. standard Gaussian random variables and (Uk)k⩾1 are
i.i.d. uniform random variables on [0, 1]. Therefore, (Wk)k∈N is a Markov chain with
Markov kernel Qγ defined for w ∈ [0,+∞) and A ∈ B([0,+∞)) by

Qγ(w,A) = δ0(A)
∫

R
pσ2γ(τγ(w) + γc∞, g)φ(g)dg (4.13)

+
∫

R
1A
(
τγ(w) + γc∞ − 2σγ1/2g

)
{1− pσ2γ (τγ(w) + γc∞, g)}φ(g)dg ,

where φ is the density of the standard Gaussian distribution on R. By Proposition 4.6,
we have almost surely for any k ∈ N,

∥Xk − X̃k∥ ⩽Wk . (4.14)

Another consequence of Proposition 4.6 is that Qγ is stochastically monotonous (see
e.g. [89] or [122]), more precisely if (Wk)k∈N and (W̃k)k∈N are two chains given by (4.12)
with the same variables (Gk, Uk)k∈N with W0 ⩽ W̃0, then almost surely Wk ⩽ W̃k for
all k ∈ N. This nice property will be used several times in the analysis of this chain.

The main consequence of (4.14) is the following result.

Corollary 2. Assume H1 and H2 hold. Let c : R2d → [0,+∞) of the form c(x, y) =
c̃(∥x− y∥) for some non-decreasing function c̃ : [0,+∞)→ [0,+∞), c̃(0) = 0. For any
x, x̃ ∈ Rd and k ∈ N,

Wc(δxR
k
γ , δx̃R̃

k
γ) ⩽

∫
R2d

c(y, ỹ)Kk
γ ((x, x̃), d(y, ỹ)) ⩽

∫ +∞

0
c̃(w̃)Qk

γ(∥x− x̃∥, dw̃) .

Proof. Let k ∈ N. By (4.14) and since c̃ is non-decreasing, we get almost surely c̃(∥Xk−
X̃k∥) ⩽ c̃(Wk). Taking the expectation concludes the proof.

From Corollary 2, the question to get bounds on Wc(δxR
k
γ , δx̃R̃

k
γ) boils down to the

study of the Markov kernel Qγ on [0,+∞), which is the main part of our work.

4.2.3 Analysis of the auxiliary Markov chain

We start with a Lyapunov/drift result.

Proposition 4.7. Assume H1 and H2 hold. Then for any w ⩾ 0,

QγV ∗1 (w) ⩽ (1− γm)V ∗1 (w)1(R1,+∞)(w) + (1 + γL)V ∗1 (w)1(0,R1](w) + γc∞ ,

where Qγ is defined by (4.13) and for any w ∈ R, V ∗1 (w) = |w| .

Proof. The proof is postponed to Section 4.5.1.4.
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Proposition 4.7 implies in particular that for any w ∈ R,

QγV ∗1 (w) ⩽ (1− γm)V ∗1 (w) + γ[(L + m)R1 + c∞] .

Then, a straightforward induction shows that for any k ∈ N,

Qk
γV ∗1 (w) ⩽ (1− γm)kV ∗1 (w) + [(L + m)R1 + c∞]/m ,

and therefore by Corollary 2 taking c̃(t) = t,

W1(δxR
k
γ , δx̃R̃

k
γ) ⩽ (1− γm)k ∥x− x̃∥+ [(L + m)R1 + c∞]/m . (4.15)

However, this result is not sharp as k → +∞. Indeed, in the case c∞ = 0, Rγ = R̃γ and
by Proposition 4.1, it holds that W1(δxR

k
γ , δx̃R̃

k
γ)→ 0 as k → +∞, while the right-hand

side of (4.15) converges to (L + m)R1/m ̸= 0. In particular, that is why adapting existing
results, such as the one established in [123], is not an option here. We need to refine
our results in order to fill this gap. To this end, we need to analyze more precisely the
long-time behavior of Qγ . A first step is to show that it is ergodic.

Proposition 4.8. Assume H1 and H2 hold. For any γ ∈ (0, γ], Qγ admits a unique in-
variant probability measure µγ and is geometrically ergodic. In addition, µγ({0}) > 0 and
µγ is absolutely continuous with respect to the measure δ0+Leb on ([0,+∞),B([0,+∞))).
Finally, in the case c∞ ̸= 0, µγ and δ0 + Leb are equivalent.

Proof. The proof is postponed to Section 4.5.1.5.

Corollary 3. Assume H1 and H2 hold. Let c : R2d → [0,+∞) of the form c(x, y) =
c̃(∥x− y∥) for some non-decreasing function c̃ : [0,+∞)→ [0,+∞), c̃(0) = 0. For any
x, x̃ ∈ Rd and k ∈ N,

Wc(δxR
k
γ , δx̃R̃

k
γ) ⩽

∫ +∞

0
c̃(w̃){Qk

γ(∥x− x̃∥, ·)− µγ}(dw̃) + µγ(c̃) . (4.16)

where µγ is the stationary distribution of Qγ given by (4.13). In particular, if x = x̃,
Wc(δxR

k
γ , δxR̃

k
γ) ⩽ µγ(c̃).

Proof. The proof of (4.16) is a consequence of Proposition 4.8 and Corollary 2. The
last statement follows from the fact that Qγ is stochastically monotonous. Indeed, by
Proposition 4.6, for any w, w̃ ∈ [0,+∞), w ⩽ w̃, and a ∈ [0,+∞), Qγ(w, [0, a]) ⩾
Qγ(w̃, [0, a]). Therefore, for any a ∈ [0,+∞), w 7→ Qγ(w, [0, a]) is non-increasing on
[0,+∞) and for any non-increasing bounded function f , Qγf(w) ⩾ Qγf(w̃) for any
w, w̃ ∈ [0,+∞), w ⩽ w̃. As a result, a straightforward induction shows that for any
k ∈ N, w, w̃ ∈ [0,+∞), w ⩽ w̃, and a ∈ [0,+∞), Qk

γ(w, [0, a]) ⩾ Qk
γ(w̃, [0, a]). Then, we

obtain Qk
γ(0, [0, a]) ⩾

∫+∞
0 µγ(dw)Qk

γ(w, [0, a]) = µγ([0, a]). Since c̃ is non-decreasing on
[0,+∞), we get Qγ c̃(0) ⩽ µγ(c̃), which combined with (4.16) completes the proof.

Corollary 3 then naturally brings us to derive moment bounds for the stationary
distribution µγ , γ ∈ (0, γ̄] and quantitative convergence bounds for Qγ to µγ . Our next
results address these two problems.
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Theorem 4.9. Assume H 1 and H 2 hold. For any δ̄ ∈
(
0, {L−1 ∧ (σe−1/c∞)2}

]
and

γ ∈ (0, γ̄], ∫
[0,+∞)

wµγ(dw) ⩽ c∞c1 , µγ((0,+∞)) ⩽ c∞c2 , (4.17)

where µγ is the stationary distribution of Qγ given by (4.13), and, considering ζ given
below in (4.55),

c1 = η1R1(1 + L/m) + 1/m ,

c2 = e(δ̄+γ̄)L(c1(1 + γ̄L)/δ̄1/2 + [δ̄ + γ̄]1/2)/(
√

2πσ) + 2ζ[δ̄ + γ̄]1/2e3(δ̄+γ̄)L/σ3 ,

η1 = [δ̄ + γ̄]1/2
[
ζe3(δ̄+γ̄)L

σ3 + e(δ̄+γ̄)L

2
√

2πσ

]/
Φ
(
−(1 + γ̄L)R1 + (δ̄ + γ̄)c∞

2δ̄1/2σe−(δ̄+γ̄)L

)
.

Proof. The proof is postponed to Section 4.5.1.6.

Theorem 4.10. Assume H1 and H2 hold. For any a > 0 and γ ∈ (0, γ̄],∫ +∞

0
1(0,+∞)(w) exp(aw) dµγ(w) ⩽ c∞c3 ,

where c3 is explicitly given in the proof and µγ is the stationary distribution of Qγ given
by (4.13).

Proof. The proof is postponed to Section 4.5.1.7.

We now specify the convergence of Qγ to µγ for any γ ∈ (0, γ̄].

Theorem 4.11. Assume H1 and H2 hold. There exist explicit constants ρ ∈ [0, 1) and
C ⩾ 0 such that for any γ ∈ (0, γ̄], w ⩾ 0,

∥δwQ
k
γ − µγ∥V ⩽ CργkV (w) ,

where V (w) = 1 + |w| or V (w) = exp(a |w|), for a > 0.

Proof. The proof is postponed to Section 4.5.1.8.

Combining the results of Corollary 3, Theorem 4.9, Theorem 4.10 and Theorem 4.11
allows to address the main questions raised in this section and prove Theorem 4.4.

Discussion on the bounds provided by Theorem 4.9 In this paragraph, we dis-
cuss how the constants c1, c2 given in Theorem 4.9 behaves with respect to the parameters
R1, L, m in the limit c∞ → 0 and γ̄ → 0. For ease of presentation, we also only consider
the case σ = 1.

(1) First consider the case R1 = 0. As m→ 0, c1, c2 are of order m−1 and 1/[mδ̄1/2]+δ̄1/2

respectively for δ̄ ∈
(
0, {L−1 ∧ (σe−1/c∞)2}

]
. Since L can be taken arbitrarily small

(as R1 = 0), choosing δ̄ = m−1, we obtain that c2 is of order m−1/2. Note that the
dependency of c1, c2 with respect to m is sharp; see Example 4.12 below.
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Chapter 4. Discrete sticky couplings of functional autoregressive processes

(2) We now consider the case R1 ⩾ 1, L = 0. Note that in this case δ̄ can
be chosen arbitrarily in (0, 1). Then, for some universal constants C1, C2, C3,
η1 ⩾ C1δ̄

1/2/Φ{C2R1/δ̄
1/2 + C3c∞δ̄

1/2}. Therefore, taking δ̄ = m−1 ∨ R2
1, we get

that for some universal constants D1, D2, E ⩾ 0, c1 ⩽ D1[(R1 ∨ m−1/2) + m−1],
c2 ⩽ Em−1/2 ∨ R1. Note that the bound of c2 with respect to R1 and m is con-
sistent with the results obtained in [51] (see [51, Lemma 1]) for the stationary
distributions of continuous sticky processes. Note that it is shown in [51, Example
2] that this bound is sharp with respect to R1 and m.

(3) In the case R1 ∧ L ⩾ 1, taking δ̄ = L−1 since we are in the regime c∞ → 0,
we get that up to logarithmic term and using γ̄ ⩽ L−1, c1, c2 are smaller than
C exp[e4(R1L1/2 + c∞)2] for some universal constant C ⩾ 0. The estimate for c2
is also consistent with [51, Lemma 1] which holds for stationary distributions of
continuous sticky processes.

Example 4.12. Consider the particular example of two auto-regressive processes for
which Tγ(y) = (1 − ϱγ)y and T̃γ(y) = (1 − ϱγ)y + γϱa for γ ∈

(
0, ϱ−1) and a, ϱ > 0.

Then, on the one hand, H1 and H2 are satisfied with R1 = 0, m = ϱ and c∞ = ϱa which
lead to c1c∞ ∼ a and c2c∞ ∼ Ca/ϱ1/2, as ϱ→ 0, for some universal constant C ⩾ 0. On
the other hand, an easy computation (see e.g. [42]) shows that the stationary distributions
πγ and π̃γ provided by Proposition 4.1 and Proposition 4.3 are N(0, ϱ−1(2−γϱγ)−1) and
N(a, ϱ−1(2−γϱγ)−1) respectively. Therefore, we get W1(πγ , π̃γ) = a and ∥πγ− π̃γ∥TV ∼
Ca/ϱ1/2 as ϱ→ 0.

4.3 Continuous-time limit

In the case where Tγ and T̃γ are specified by (4.5), then under appropriate conditions
on b and b̃, it can be shown, see e.g. [33, Proposition 25], that for any T ⩾ 0 and x ∈ Rd,

lim
m→+∞

{∥δxR
m
T/m − δxPT ∥V + ∥δxR̃

m
T/m − δxP̃T ∥V } = 0 , (4.18)

for some measurable function V : Rd → [1,+∞) and where (Pt)t⩾0 and (P̃t)t⩾0 are the
Markov semigroup corresponding to (4.1) and (4.2). Then, this naturally implies conver-
gence in total variation and also Wasserstein distance of order p if infx∈Rd{V (x)/ ∥x∥p} >
0. As a consequence, results of Section 4.2 immediately transfer to the continuous-time
processes. More precisely, let c : R2d → [0,+∞) of the form c(x, y) = c̃(∥x− y∥) for
some non-decreasing function c̃ : [0,+∞) → [0,+∞), c̃(0) = 0. If (4.18) holds and
supx,y∈Rd{c(x, y)/{V (x) + V (y)} < +∞, we get by the triangle inequality that for any
x, x̃ ∈ Rd, T > 0, Wc(δxPT , δx̃P̃T ) ⩽ lim infm→+∞Wc(δxR

m
T/m, δx̃R̃

m
T/m). Then, results

of Section 4.2 can be applied implying if H 1 and H 2 holds, that for any x, x̃ ∈ Rd

there exist C1, C2 ⩾ 0 such that for any T ⩾ 0, Wc(δxPT , δx̃P̃T ) ⩽ C1ρ
T + C2c∞. We

therefore generalize the result provided in [51] which is specific to the total variation
distance. We do not give a specific statement for this result which is mainly technical

124



4.3. Continuous-time limit

and is not the main subject of this paper. Instead, the goal of this section is to study
the continuous-time limit of the coupling (4.6) (and not only of its marginals) toward
some continuous-time sticky diffusion.

More precisely, let (γn)n∈N be a sequence of step sizes such that limn→+∞ γn = 0
and w0 ⩾ 0. Then, consider the sequence of Markov chains {(W (n)

k )k∈N : n ∈ N} for any
n ∈ N, (W (n)

k )k∈N is the Markov chain defined by (4.12) with W
(n)
0 = w0, γ = γn and

therefore associated with the Markov kernel Qγn . Let {(W(n)
t )t∈(0,+∞) : n ∈ N} be the

continuous linear interpolation of {(W (n)
k )k∈N : n ∈ N}, i.e. the sequence of continuous

processes defined for any n ∈ N, t ∈ (0,+∞) by

W(n)
t = W

(n)
⌊t/γn⌋ + {W (n)

⌈t/γn⌉ −W
(n)
⌊t/γn⌋}{t/γn − ⌊t/γn⌋} . (4.19)

Note that for any k ∈ N and h ∈ [0, γn], W(n)
kγn+h = Wk + (h/γn){W (n)

k+1 −W
(n)
k }. We

denote by W = C([0,+∞),R) endowed with the uniform topology on compact sets, W
its corresponding σ-field and (Wt)t⩾0 the canonical process defined for any t ∈ (0,+∞)
and ω ∈ W by Wt(ω) = ωt. Denote by (Wt)t⩾0 the filtration associated with (Wt)t⩾0.
Note that {(W(n)

t )t∈(0,+∞) : n ∈ N} is a sequence of W-valued random variables. The
main result of this section concerns the convergence in distribution of this sequence.

We consider the following assumption on the function τγ .

A 1. There exists a function κ : [0,+∞) → [0,+∞) such that for any γ ∈ (0, γ̄],
τγ(w) = w + γκ(w) and κ(0) = 0. In addition, κ is Lκ-Lipschitz: for any w1, w2 ∈
(0,+∞), |κ(w1)− κ(w2)| ⩽ Lκ |w1 − w2|.

This is not a restrictive condition since, under H1, up to a possible modification of
τγ , it is always possible to ensure A1.

Under A1, we consider a sticky process [51, 134, 135], which solves the stochastic
differential equation

dWt = {κ(Wt) + c∞}dt+ 2σ1(0,+∞)(Wt)dBt , (4.20)

where (Bt)t⩾0 is a one-dimensional Brownian motion. Note that for any initial distribu-
tion µ0 on (R,B(Rd)), (4.20) admits a unique weak solution by [51, Lemma 6].

The main result of this section is the following.

Theorem 4.13. Assume A 1. Then, the sequence {(W(n)
t )t⩾0 : n ∈ N} defined by

(4.19) converges in distribution to the solution (Wt)t⩾0 of the SDE (4.20).

The proof of this theorem follows the usual strategy employed to show convergence
of a sequence of continuous processes to a Markov process. A first step is to show that
under A1, {(W(n)

t )t⩾0 : n ∈ N} is uniformly bounded in Lq for some q ⩾ 2, on [0, T ] for
any T ⩾ 0.

Proposition 4.14. Assume A1. Then for any T ⩾ 0, there exists CT ⩾ 0 such that
supn∈N E[supt∈[0,T ]{W

(n)
t }4] ⩽ CT where (W(n)

t )t⩾0 is defined by (4.19).
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Proof. The proof is postponed to Section 4.5.2.1.

Then, we are able to obtain the tightness of the sequence of stochastic processes
{(W(n)

t )t⩾0 : n ∈ N}.

Proposition 4.15. Assume A1. Then, {(W(n)
t )t⩾0 : n ∈ N} is tight in W.

Proof. The proof is postponed to Section 4.5.2.2.

Denote for any n ∈ N, µn the distribution of (W(n)
t )t⩾0 on W. Then, by Prohorov’s

Theorem [13, Theorem 5.1, 5.2], (µn)n∈N admits a limit point. If we now show that
every limit point associated with {(W(n)

t )t⩾0 : n ∈ N} is a solution of the SDE (4.20)
using that {(W(n)

t )t⩾0 : n ∈ N} is tight again and since (4.20) admits a unique weak
solution, the proof of Theorem 4.13 will be completed. To establish this result, we use the
characterization of solutions of SDEs through martingale problems. More precisely by
[27, Theorem 1.27], the distribution µ on W of (Wt)t⩾0, solution of (4.20), is the unique
solution to the martingale problem associated with µ0, the drift function w 7→ κ(w)+c∞
and the variance function 2σ1(0,+∞), i.e. it is the unique probability measure satisfying
on the filtered probability space (W,W, (Wt)t⩾0,µ):

(a) the distribution of W0 is µ0;

(b) the processes (Mt)t⩾0, (Nt)t⩾0 defined for any t ⩾ 0 by

Mt = Wt −W0 −
∫ t

0
{c∞ + κ(Wu)}du , Nt = M2

t − 4σ2
∫ t

0
1(0,+∞)(Wu)du , (4.21)

are (Wt)t⩾0-local martingales.

In other words, it corresponds in showing that (Mt)t⩾0 is a (Wt)t⩾0-local martingales
and by [115, Theorem 1.8] identifying its quadratic variation (⟨M⟩t)t⩾0 as the process
(4σ2 ∫ t

0 1(0,+∞)(Wu)du)t⩾0. Therefore, Theorem 4.13 is a direct consequence of the fol-
lowing result.

Theorem 4.16. Assume A 1. Let µ∞ be a limit point of (µn)n∈N. Then, the
two processes (Mt)t⩾0 and (Nt)t⩾0 defined by (4.21) are (Wt)t⩾0-martingales on
(W,W, (Wt)t⩾0,µ∞).

Proof. The proof is postponed to Section 4.5.2.4.

Consider the differential operators A, Ã defined for any ψ ∈ C2(R) by

Aψ(w) = {κ(w) + c∞}ψ′(w) + 21(0,+∞)(w)σ2ψ′′(w) (4.22)
Ãψ(w) = {κ(w) + c∞}ψ′(w) + 2σ2ψ′′(w) ,

where κ is arbitrary extended on R. Note that A is the extended generator associated
with (4.20). A crucial step in the proof of Theorem 4.16 is the following.
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Proposition 4.17. Let φ ∈ C3(R), satisfying

sup
w∈R
{|φ|(w)/(1 + w2) + |φ′|(w)/(1 + |w|) + |φ′′|(w) + |φ(3)|(w)} < +∞ . (4.23)

Then, for any N ∈ N, (t1, . . . , tN , s, t) ∈ [0,+∞)N+2, 0 ⩽ t1 ⩽ · · · ⩽ tN ⩽ s < t,
ψ : [0,+∞)N → R, positive, continuous and bounded, it holds that

lim
n→+∞

E
[(
φ(W(n)

t )− φ(W(n)
s )−

∫ t

s
Aφ(W(n)

u )du
)
ψ(W(n)

t1 , . . . ,W
(n)
tN

)
]

= 0 . (4.24)

In addition, if φ′′(w) ⩾ 0 for any w ∈ R, it holds that

lim sup
n→+∞

E
[(
φ(W(n)

t )− φ(W(n)
s )−

∫ t

s
Ãφ(W(n)

u )du
)
ψ(W(n)

t1 , . . . ,W
(n)
tN

)
]
⩽ 0 . (4.25)

Proof. The proof is postponed to Section 4.5.2.3.

Note that while Proposition 4.17-(4.24) is in general sufficient to conclude on the
convergence of the sequence of processes {(W(n)

t )t⩾0 : n ∈ N} (see e.g. [54]), in our
setting, it is not enough to complete the proof of Theorem 4.13 since the diffusion
coefficient associated with A is discontinuous. To circumvent this issue, we adapt to our
sequence {(W(n)

t )t⩾0 : n ∈ N} the same strategy employed in [113, Proposition 6].

4.4 An application in Bayesian statistics: parameter es-
timation in an ODE

4.4.1 Setting and verifying the assumptions

Consider an ordinary differential equation ODE on Rn of the form

ẋθ(t) = fθ(xθ(t), t) , xθ(0) = x0 ∈ Rn , (4.26)

where {fθ :, θ ∈ Rd} is a family of function from Rn × [0,+∞) to Rn parametrized by
some parameter θ ∈ Rd. In all this section x0 ∈ Rn is assumed to be fixed and we
consider the following assumption.

AO1. For all θ ∈ Rd there exists a unique solution of (4.26) defined for all positive times,
which we denote by (xθ(t))t⩾0. In addition, the functions (θ, x, t) ∈ Rd×Rn× [0,+∞) 7→
fθ(x, t) and (θ, t) ∈ Rd × [0,+∞) 7→ xθ(t) are continuously differentiable.

In fact the continuous differentiability of (θ, t) 7→ xθ(t) is a consequence of the one
of (θ, x, t) 7→ fθ(x, t), see e.g. [138, Theorem 4.D].

To fix ideas, throughout this section, we will repeatedly discuss the following case of
a logistic equation.
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Example 4.18. For r ∈ C1(R,R+), set fθ(x) = x(1 − r(θ)x) for any θ, x ∈ R, so that
(4.26) reads

ẋθ(t) = xθ(t) (1− r(θ)xθ(t)) , xθ(0) = x0 ,

with x0 ⩾ 0. In this example, AO1 holds and, r and x0 being positive, for all θ ∈ R, the
solution of (4.26) is such that xθ(t) ∈ [0, etx0] for all t ⩾ 0. Indeed, x 7→ x(1− r(θ)) is
locally Lipschitz continuous, which yields existence and uniqueness of a maximal solution.
Since 0 is always an equilibrium, solutions stay positive, from which x′θ(t) ⩽ xθ(t) for all
t ⩾ 0, implying that xθ(t) ⩽ etx0 for all t ⩾ 0. This also implies non-explosion, hence
the solution is defined on [0,+∞).

We consider the problem of estimating θ based on some observation of a trajectory of
the ODE. More precisely, for T > 0, N ∈ N∗, (t1, . . . , tN ) ∈ RN , 0 < t1 < · · · < tN = T ,
the statistical model corresponding to the observation y = (yi)i∈{1,...,N} ∈ (Rn)N is given
by

yi = xθ(ti) + εi , (4.27)

for θ ∈ Rd and where (εi)i∈{1,...,N} are independent and identically random variables
on Rn distributed according to some known positive density φε with respect to the
Lebesgue measure. Given a prior distribution with positive density π0 on Rd, the a
posteriori distribution for this model admits a positive density π with respect to the
Lebesgue measure which is characterized by the potential U given by (up to an additive
constant)

− log π(θ) = U(θ) = − ln π0(θ)−
N∑

i=1
lnφε (yi − xθ(ti)) .

We consider the following assumption on π0 and φε setting − log(π0) = U0.

AO 2. The functions π0 and φε are twice continuously differentiable and there exist
mU > 0, LU , RU ⩾ 0 such that ∇U0 is LU -Lipschitz continuous and for any θ, θ̃ ∈ Rd with
∥θ − θ̃∥ ⩾ RU ,

⟨θ − θ̃,∇U0(θ)−∇U0(θ̃)⟩ ⩾ mU∥θ − θ̃∥2 .

In practice, expectations with respect to the posterior distribution can be approx-
imated by ergodic means of the Unadjusted Langevin Algorithm (ULA), namely the
Markov chain

Xk+1 = Xk − γ∇U(Xk) +
√

2γZk+1 , (4.28)

where γ > 0 and (Zk)k∈N are independent and identically standard Gaussian variables.
The long-time convergence of this algorithm and the numerical bias on the invariant
measure due to the time discretization are well understood, see e.g. [15, 30, 32, 43, 44]
and references therein. However, in the present case, it is not possible to sample this
Markov chain, as the exact computation of

∇U(θ) = −∇θ ln π0(θ) +
N∑

i=1
∇θxθ(ti)∇x lnφε (yi − xθ(ti)) , (4.29)
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is not possible in most cases because of the term involving xθ and ∇θxθ. Here ∇θ and
∇x denote the gradient operator with respect to θ and x respectively. Therefore, only
approximations of these two functions can be used in place of (xθ(ti),∇θxθ(ti))i∈J0,NK,
which leads to an additional discretization bias. Our results based on the sticky coupling
yields a quantitative bound on this error (with respect to the ideal ULA above). Let us
detail this statement.

First, remark that t 7→ zθ(t) = (xθ(t),∇θxθ(t)) solves

żθ(t) = Fθ(zθ(t), t) zθ(0) = z0 = (x0, 0) (4.30)

on Rn ×Md,n(R) with for any x ∈ Rn, A ∈Md,n(R), θ ∈ Rd, t ⩾ 0,

Fθ((x,A), t) = (fθ(x, t),∇θfθ(x, t) + A∇xfθ(x, t)) . (4.31)

Provided fθ, ∇θfθ and ∇xf are computable, in practice this ODE can be approximated
by standard numerical schemes. For instance, a basic explicit Euler discretization with
time-step h > 0 is given by

z̃h
θ (0) = z0 , z̃h

θ ((k + 1)h) = z̃h
θ (kh) + hFθ

(
z̃h

θ (kh), kh
)

∀k ∈ N

and

z̃h
θ (t) = z̃h

θ (kh) + (t− kh)Fθ

(
z̃h

θ (kh), kh
)
, t ∈ [kh, (k + 1)h) . (4.32)

To establish the consistency of this approximation (with some uniformity in θ), we
consider the following condition.

AO3. There exist LF , L′F , CF , δ > 0 and a compact set K ⊂ Rn ×Md,n(R) such that the
following holds. For all t ∈ [0, T ] and θ ∈ Rd, the ball centered at zθ(t) and radius δ is
included in K. Moreover, for all z, z̃ ∈ K, t, s ∈ [0, T ] and θ, θ̃ ∈ Rd, ∥Fθ(z, t)∥ ⩽ CF and∥∥Fθ(z, t)− Fθ̃(z̃, s)

∥∥ ⩽ LF ∥θ − θ̃∥+ L′F (∥z − z̃∥+ |t− s|) . (4.33)

Proposition 4.19. Assume AO 1 and AO 3. There exist h̄, C > 0 such that for all
h ∈ (0, h̄], θ ∈ Rd, and t ∈ [0, T ], z̃h

θ (t) ∈ K and
∑N

i=1

∥∥∥zθ(ti)− z̃h
θ (ti)

∥∥∥ ⩽ Ch, where zθ

solves (4.30) and z̃h
θ is given by (4.32).

Proof. The proof is postponed to Section 4.5.3.

Example 4.20 (Continuation of Example 4.18). Let us check for instance that AO3 is
satisfied for Example 4.18 provided that r is twice continuously differentiable on [0,+∞)
with, for some Lr, L′r, L

′′
r > 0,

r, r′ and r′′ uniformly bounded respectively by Lr, L′r and L′′r . (4.34)

We may consider for example r : θ 7→ a1θ
2/(θ2 + a2) for a1, a2 ∈ (0,+∞). Recall that

fθ(x) = x(1− r(θ)x) and xθ(t) ∈ [0, etx0] for all θ ∈ R and all t ∈ [0, T ], so that for any
t ⩾ 0 and θ ∈ Rd,

|∂θfθ(xθ(t))| = |r′(θ)x2
θ(t)| ⩽ L′re2tx2

0 .
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for all t ⩾ 0. Notice that 1/r(θ) is an equilibrium of the equation, so that it cannot
be crossed by other solutions. Hence, on the one hand, if 1 ⩽ r(θ)x0 then xθ is non-
increasing (in particular xθ(t) ⩽ x0 for all t ⩾ 0) while, on the other hand, if 1 ⩾ r(θ)x0,
then 1 ⩾ r(θ)xθ(t) for all t ⩾ 0. In both cases, we get that for all t ⩾ 0,

|∂xfθ(xθ(t))| = |1− 2r(θ)xθ(t)| ⩽ 1 + 2Lrx0 .

Combining the two previous bounds,

∥∂θxθ(t)∥ ⩽
∫ t

0

(
L′re2tx2

0 + (1 + 2Lrx0) ∥∂θxθ(s)∥
)

ds ,

and thus by Grönwall’s inequality, ∥∂θxθ(t)∥ ⩽ Mt = L′rx
2
0te(3+2Lrx0)t, for all t ∈ [0, T ]

and θ ∈ R. Then, for any δ > 0, AO3 is satisfied with K = [−δ, eTx0 + δ] × [−MT −
δ,MT + δ]. Since K is compact and as, by (4.31), for any x ∈ Rn, A ∈Md,n(R), θ ∈ Rd,
t ⩾ 0,

Fθ((x,A), t) =
(
x(1− r(θ)x) , r′(θ)x2 + A(1− 2r(θ)x)

)
,

then (4.33) easily follows from the condition (4.34).

Since other schemes may be used, in particular higher-order ones, we consider more
generally in the following a solver Ψh : Rd → (Rn ×Md,n(R))N for h > 0 satisfying the
condition:

AO4. There exist h̄, CΨ, α > 0 such that, for any θ ∈ Rd and h ∈ (0, h̄],

N∑
i=1
∥zθ(ti)−Ψh

i (θ)∥ ⩽ CΨh
α ,

where zθ is a solution of (4.30) and Ψh
i : Rd → Rn ×Md,n(R) is the i-th component of

Ψh.

When AO 3 and AO 4 are both satisfied, without loss of generality, we assume
furthermore that h̄ is sufficiently small so that CΨh̄

α ⩽ δ. This implies that Ψh
i (θ) ∈ K

for all θ ∈ Rd, i ∈ {1, . . . , N} and h ∈ (0, h̄].
Writing Ψh

i (θ) = (x̃h
θ (ti), Gh

θ (ti)), we can consider for any θ ∈ Rd,

b̃h(θ) = −∇θ ln π0(θ) +
N∑

i=1
Gh

θ (ti) · ∇x lnφε

(
yi − x̃h

θ (ti)
)
, (4.35)

as an approximation of ∇U (4.29) Remark that, now, in contrast to b(θ) = ∇U(θ), it
is possible in practice to evaluate b̃h(θ) for θ ∈ Rd, provided ∇x lnφε and ∇θ ln π0 can
be evaluated.We now assess the error due to the use of b̃h in place of the exact gradient
in (4.28) by verifying that the assumption of Section 4.2 are satisfied. For γ, h > 0 and
θ ∈ Rd, denote

Tγ(θ) = θ − γ∇U(θ) , T̃γ,h(θ) = θ − γb̃h(θ) . (4.36)
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When AO2 and AO3 are both satisfied, there exist Cφ, Lφ > 0 such that for all i ∈
{1, . . . , N}, the function si on the compact set K given for any x ∈ Rn and A ∈Md,n(R),
by

si(x,A) = A∇x lnφε (yi − x) (4.37)

is bounded by Cs and Ls-Lipschitz continuous on Rn ×Md,n(R).

Proposition 4.21. Under AO1, AO2, AO3 and AO4, for any h ∈ (0, h̄), the functions
Tγ and T̃γ,h given by (4.36) satisfy for any γ̄ > 0, H1 and H2, with

c∞ = CΨLsh
α , R1 = 2NCs

mU
∨RU , m = mU

2 , L = LU + LsLF

N∑
i=1

tieL′F ti .

Proof. The proof is postponed to Section 4.5.3.

Under the conditions of Proposition 4.21 and using the results of Section 4.2, we get
that the Markov chains (Xk)k∈N and (X̃k)k∈N associated to Tγ and T̃γ,h given by (4.36)
have unique invariant measure πγ and π̃γ,h, and that there exist γ̄, h̄, C > 0 such that
for all γ ∈ (0, γ̄] and h ∈ (0, h̄],

∥πγ − π̃γ,h∥TV ⩽ Ch . (4.38)

Example 4.22 (Continuation of Example 4.18). As a conclusion, consider the logistic
case of Example 4.18 with the Euler scheme (4.32), assuming that r ∈ C2(R, [0,+∞))
satisfies (4.34). Then, by Example 4.18 and Example 4.20, AO1, AO3 and AO4 hold.
Assuming moreover that π0 and φε are Gaussian, then AO2 also holds and we obtain
(4.38).

4.4.2 Numerical results

We illustrate our findings on two particular ODEs. First, we consider the ODE associated
with the Van der Pol oscillator corresponding to the second order ODE:

ẍθ(t)− θ(1− xθ(t)2)ẋθ(t) + xθ(t) = 0 , (4.39)

where θ ∈ R is the parameter to infer. It corresponds to (4.26) with fθ(x1, x2) =
(x2, θ(1− x2

1)x2 − x1). We generate synthetic data solving (4.39) using the 4th Runge-
Kutta method for T = 10 and θ = 1. We then select (xθ(ti))25

i=1 for (ti)25
i=1 uniformly

chosen in [0, T ]. The observations y = (yi)25
i=1 are obtained from (xθ(ti))25

i=1 adding
i.i.d. zero-mean Gaussian noise with variance 0.5. We consider the corresponding stat-
istical model (4.27) where (εi)25

i=1 are i.i.d. zero-mean Gaussian random variables with
variance 0.5. We consider as prior π0, the zero-mean Gaussian distribution with variance
0.5. We then use ULA with γ = 10−2, for which the gradient is estimated using the
Euler method with the time steps h ∈ {0.05, 0.01, 0.001}. Figure 4.1a represents the his-
tograms corresponding to the different Markov chains after 105 iterations with a burn-in
of 104 steps. Gaussian kernel density approximation of these histograms are estimated
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and used as proxy for the density of the invariant distributions πγ,h of the Markov chain
(X̃k)k∈N associated to T̃γ,h given by (4.36). To obtain a proxy for the density of πγ ,
the stationary distribution of (Xk)k∈N associated to Tγ , we use the same procedure
but using the Euler method with h = 0.0001. We then estimate the total variation
between πγ and πγ,h for h ∈ {0.005, 0.004, 0.003, 0.0025, 0.0015, 0.001, 0.00075, 0.0005}
using numerical integration. The corresponding results over 10 replications are reported
in Figure 4.1b. We can observe that the total variation distance linearly decreases with
h which supports our findings.
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Figure 4.1: Numerical illustrations for the Van der Pol oscillator (4.39)

For our second experiment, we consider the Lotka-Volterra model describing the
evolution of the population of two interacting biological species denoted by t 7→ xθ(t) =
(uθ(t), vθ(t)). The dynamics of these two populations are assumed to be governed by
the system of equations given by:

u̇θ(t) = (α− βvθ(t))uθ(t) , v̇θ(t) = (−γ+ δuθ(t))vθ(t) , (4.40)

where θ = (α,β,γ, δ) is the parameter to infer. We follow the same methodology
presented in [96, Chapter 16]. For this experiment, we consider an other statistical
model as previously and generate synthetic data y = (yi)50

i=1 accordingly and associated
with observation times (ti)50

i=1 uniformly spaced in [0, T ] for T = 10 and the true para-
meter θ0 = (0.6, 0.025, 0.8, 0.025). More precisely, for any i ∈ {1, . . . , 50}, yi = (uy

i , v
y
i )

with uy
i = uθ(ti)eεu,i , vy

i = vθ(ti)eεv,i and (εu,j , εv,j)50
j=1 are i.i.d. one dimensional zero-

mean Gaussian random variables with covariance matrix I2. The prior π0 is set to be
the Gaussian distribution on R4 with means (1, 0.05, 1, 0.05) and standard deviations
(0.5, 0.05, 0.5, 0.05). The posterior distribution is then given by π(θ|y) ∝ exp(−U(θ)),
where

U(θ) = − log π0(θ) +
50∑

i=1

(
(log uy

i − log uθ(ti))2 + (log vy
i − log vθ(ti))2

2ς2

)
.
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We then use ULA with γ = 5×10−5, for which the gradient is estimated using the Euler
method. We focus here on the second component of the chain. The results for the other
components are similar. Figure 4.2a represents the histograms for the second component
corresponding to the different Markov chains after 107 iterations with a burn-in of 103

steps. Gaussian kernel density approximation of these histograms are estimated and
used as proxy for the marginal density of the invariant distributions πγ,h of the Markov
chain (X̃k)k∈N associated to T̃γ,h given by (4.36). To obtain a proxy for the marginal
density of πγ , the stationary distribution of (Xk)k∈N associated to Tγ , we use the same
procedure but using the Euler method with h = 0.0001. We then estimate the total
variation between πγ and πγ,h for h ∈ {k × 10−2 : k ∈ {1, . . . , 10}} using numerical
integration. The corresponding results over 10 replications are reported in Figure 4.2b.
We can observe that the total variation distance still linearly decreases with h.
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Figure 4.2: Numerical illustrations for the Lotka-Volterra model (4.40)

4.5 Postponed proofs

4.5.1 Postponed proofs of Section 4.2

4.5.1.1 Proof of Proposition 4.1

Recall that under H1, we have for any γ ∈ (0, γ̄],

sup
x∈Rd, x ̸=0

{∥Tγ(x)− Tγ(0)∥ / ∥x∥} ⩽ (1 + γL) ,

sup
x∈Rd, ∥x∥⩾R1

{∥Tγ(x)− Tγ(0)∥ / ∥x∥} ⩽ (1− γm) .
(4.41)

Define for any x ∈ Rd

V c,γ(x) = exp(c∥x− Tγ(0)∥2), for c = m/(16σ2) . (4.42)
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Note that since supγ∈(0,γ̄] ∥Tγ(0)∥ < +∞ by H1, V c,γ goes to +∞ at infinity and

lim
∥x∥→+∞

{ sup
γ∈(0,γ̄]

V c,γ/Vc}(x) = 1 = lim
∥x∥→+∞

{ inf
γ∈(0,γ̄]

V c,γ/Vc}(x) = 1 .

Therefore, by [33, Corollary 11], it is sufficient to show that there exist γ̄1 ∈ (0, γ̄],
λ ∈ (0, 1), A ⩾ 0 such that for any γ ∈ (0, γ̄1] and x ∈ Rd,

RγV c,γ(x) ⩽ λγV c,γ(x) + γA . (4.43)

We show that it holds with

γ̄1 = γ̄ ∧ {1/m} , λ = exp(−cmM2/4) , M = R1 ∨ (8dσ2/m)1/2 ,

A = λγ̄ exp(cM2 + γ̄{B1M
2 +B2 − log(λ)}){B1M

2 +B2 − log(λ)} , B2 = 2dcσ2 ,

B1 = 4C1 , C1 = C2 ∨ C2
2 γ̄ , C2 = (2L) ∨ (Lγ̄) ∨ (8cσ2) .

(4.44)
Define for any x ∈ Rd, Tγ(x) = Tγ(x)−Tγ(0). Note that for any γ ∈ (0, γ̄1], 2cσ2γ ⩽ 1
by definition of c (4.42) and γ̄1. Let x ∈ Rd and γ ∈ (0, γ̄1]. Then, we obtain using that∫

R eaz+bz2−z2/2dz = (2π(1− 2b)−1)d/2ea2/(2(1−2b)) for any a ∈ R and b ∈ [0, 1/2),

RγV c,γ(x) = (2π)−d/2
∫

Rd
exp(c∥Tγ(x) + (σ2γ)1/2z∥2 − ∥z∥2 /2)dz

= (1− 2cσ2γ)−d/2 exp{c(1− 2cσ2γ)−1∥Tγ(x)∥2} .

We now distinguish the case ∥x∥ ⩾M and ∥x∥ < M .
In the first case, we get by (4.41), (1 − 2cσ2γ)−1 ⩽ 8cσ2γ and (1 − mγ)2 ⩽ 1 − mγ

since 2cσ2γ ⩽ 1/2 and γ ⩽ 1/m, by definition of c and γ̄1 (4.42)-(4.44),

RγV c,γ(x) ⩽ (1− 2cγσ2)−d/2 exp
[
c(1− mγ)(1 + 8cσ2γ) ∥x∥2

]
⩽ exp

[
c(1− mγ/4) ∥x∥2 + 2dcσ2γ − mcγ ∥x∥2 /4

]
⩽ λγV c,γ(x) , (4.45)

where we used for the penultimate inequality that − log(1− t) ⩽ 2t for t ∈ [0, 1/2].
For the case ∥x∥ ⩽M , by (4.41), (1−2cσ2γ)−1 ⩽ 8cσ2γ and (1−mγ)2 ⩽ 1−mγ since

2cσ2γ ⩽ 1/2 and γ ⩽ 1/m, by (4.42)-(4.44), and using − log(1 − t) ⩽ 2t for t ∈ [0, 1/2]
again,

RγV c,γ(x) ⩽ (1− 2cγσ2)−d/2 exp
[
c(1 + Lγ)2(1 + 8cσ2γ) ∥x∥2

]
⩽ exp

[
c(1 + γB1) ∥x∥2 + γB2

]
.

Using that et − 1 ⩽ tet for t ⩾ 0, we obtain that

RγV c,γ(x) = λγV c,γ(x) + λγV c,γ(x){exp
[
cγB1 ∥x∥2 + γB2 − γ log(λ)

]
− 1}

⩽ λγV c,γ(x) + γλγ̄V c,γ(x){B1 ∥x∥2 +B2 − log(λ)} exp
[
γ̄(B1 ∥x∥2 +B2 − log(λ)

]
,

which combined with (4.45) completes the proof of (4.43).
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4.5.1.2 Proof of Proposition 4.3

First note that under H1 and H2, for all x ∈ Rd, since∥∥∥T̃γ(x)− Tγ(0)
∥∥∥ ⩽ γc∞ + ∥Tγ(x)− Tγ(0)∥

and from (4.41),

sup
x∈Rd, ∥x∥⩾R1

[
∥T̃γ(x)− Tγ(0)∥/{(1− γm)∥x∥+ γc∞}

]
⩽ 1 . (4.46)

Define for any x ∈ Rd

V c,γ(x) = exp(c∥x− Tγ(0)∥2), for c = m/(16σ2) . (4.47)

Note that lim∥x∥→+∞ V c,γ(x) = +∞ and lim∥x∥→+∞{V c,γ/Vc}(x) = 1. In addition, by
H1 and H2, R̃γ is strongly aperiodic, Leb-irreducible and all compact sets are 1-small.
It is therefore sufficient to show by [99, Theorem 16.0.1] that there exists c > 0, such
that for any γ ∈ (0, γ̄1] (recall γ̄1 = γ̄ ∧ {1/m}), there exists λγ ∈ [0, 1) and Aγ ⩾ 0, such
that

R̃γVc ⩽ λγVc +Aγ . (4.48)

Define for any x ∈ Rd, Tγ(x) = T̃γ(x)−Tγ(0). Note that for any γ ∈ (0, γ̄1], 2cσ2γ ⩽ 1
by definition of c (4.47) and γ̄1. Let x ∈ Rd and γ ∈ (0, γ̄1]. Then, we obtain using that∫

R eaz+bz2−z2/2dz = (2π(1− 2b)−1)d/2ea2/(2(1−2b)) for any a ∈ R and b ∈ [0, 1/2),

RγV c,γ(x) = (2π)−d/2
∫

Rd
exp(c∥Tγ(x) + (σ2γ)1/2z∥2 − ∥z∥2 /2)dz

= (1− 2cσ2γ)−d/2 exp{c(1− 2cσ2γ)−1∥Tγ(x)∥2} .

If ∥x∥ ⩾ M , we get by (4.46), (1 − 2cσ2γ)−1 ⩽ 8cσ2γ and (1 − mγ)2 ⩽ 1 − mγ since
2cσ2γ ⩽ 1/2 and γ ⩽ 1/m, by (4.47) and definition of γ̄1,

RγV c,γ(x) ⩽ (1− 2cγσ2)−d/2 exp
[
c(1 + 8cσ2γ){(1− mγ) ∥x∥+ c∞}2

]
⩽ (1− 2cγσ2)−d/2 exp

[
c{(1− mγ/2) ∥x∥+ (1 + 8cσ2γ)c∞}2

]
.

Therefore, we get lim inf∥x∥→+∞[RγV c,γ(x)/V c,γ(x)] = 0 which completes the proof of
(4.48).

4.5.1.3 Proof of Proposition 4.6

The proof is based on this technical lemma.

Lemma 23. For any g ∈ R, u ∈ [0, 1] and γ ∈ (0, γ̄], a, b ∈ [0,+∞), a ⩽ b,

Hγ(a, g, u) ⩽ Hγ(b, g, u) (4.49)
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Proof. Let u ∈ [0, 1], g ∈ R and a, b ∈ [0,+∞), a ⩽ b. We first prove that for any c ∈ R+
such that c− 2(σ2γ)1/2g < 0,

Hγ(c, g, u) = 0 , (4.50)

which implies that for any c ∈ R+, Hγ(c, g, u) ⩾ 0. We need to consider the following
two cases.

(a) If c − (σ2γ)1/2g < 0. Then, using −(σ2γ)1/2g ⩽ c − (σ2γ)1/2g, φσ2γ((σ2γ)1/2g) =
φσ2γ(−(σ2γ)1/2g), and t 7→ φσ2γ(t) is decreasing on [0,+∞), we get pγ(c, g) = 1. There-
fore (4.50) holds.

(b) If 0 ⩽ c−(σ2γ)1/2g ⩽ (σ2γ)1/2g, we obtain similarly to the first case that pγ(c, g) = 1
and therefore (4.50) holds.

We now show (4.49). It is straightforward by (4.50) if 0 > a − 2(σ2γ)1/2g. If 0 ⩽
a− 2(σ2γ)1/2g. By using t 7→ φσ2γ(t) is decreasing on [0,+∞), we obtain

pσ2γ(a, g) ⩾ pσ2γ(b, g) . (4.51)

Then, (4.49) follows from (4.9) and (4.51).

Proof of Proposition 4.6. Let k ∈ N . By H1, H2 and the triangle inequality, for any
x, x̃ ∈ Rd,

∥E(x, x̃)∥ ⩽ τγ(∥x− x̃∥) + γc∞ . (4.52)

By using (4.6), and (4.9) we have,

∥Xk+1 − X̃k+1∥ = Bk+1∥ − E(Xk, X̃k) + 2(σ2γ)1/2e(Xk, X̃k)e(Xk, X̃k)TZk+1∥
= Bk+1∥ − ∥E(Xk, X̃k)∥e(Xk, X̃k) + 2(σ2γ)1/2Gk+1e(Xk, X̃k)∥

= Bk+1
∣∣∣∥E(Xk, X̃k)∥ − 2(σ2γ)1/2Gk+1

∣∣∣
= Hγ(∥E(Xk, X̃k)∥, Gk+1, Uk+1) .

This gives (4.11) when combined with (4.52). Finally, the last statement follows from
Lemma 23 and H1 ensuring that τγ is non-decreasing on [0,+∞).

4.5.1.4 Proof of Proposition 4.7

The proof is an easy consequence of this technical lemma.

Lemma 24. Assume H1 and H2 hold. Then, for any w ∈ [0,+∞) and γ ∈ (0, γ̄], we
have that

QγV ∗1 (w) = τγ(w) + γc∞ .
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Proof. For any w ∈ R, we have,

QγV ∗1 (w) =
∫

R
(1− pσ2γ(w, g))

(
τγ(w) + γc∞ − 2(σ2γ)1/2g

)
φ(g)dg

=
∫

R
(τγ(w) + γc∞ − 2g)

(
φ(σ2γ)1/2(g)−φ(σ2γ)1/2(g) ∧φ(σ2γ)1/2(τγ(w) + γc∞ − g)

)
dg

=
∫ (τγ(w)+γc∞)/2

−∞
(τγ(w) + γc∞ − 2g)

(
φ(σ2γ)1/2(g)−φ(σ2γ)1/2(τγ(w) + γc∞ − g)

)
dg .

By using change of variable g → a− g we have,∫ (τγ(w)+γc∞)/2

−∞
(τγ(w) + γc∞ − 2g)

(
φ(σ2γ)1/2(g)−φ(σ2γ)1/2(τγ(w) + γc∞ − g)

)
dg

= 1
2

∫
R
(τγ(w) + γc∞ − 2g)

(
φ(σ2γ)1/2(g)−φ(σ2γ)1/2(τγ(w) + γc∞ − g)

)
dg

= τγ(w) + γc∞ .

Proof of Proposition 4.7. By Lemma 24 and H1, for any w ∈ [0,+∞),

QγV ∗1 (w) = τγ(w) + γc∞

⩽ (1− γm)V ∗1 (w)1(R1,∞)(w) + (1 + γL)V ∗1 (w)1(0,R1](w) + γc∞ .

This completes the proof.

4.5.1.5 Proof of Proposition 4.8

We first establish that Qγ admits a unique invariant probability measure µγ and is
geometrically ergodic. To that end, we show that Qγ is (a) irreducible and aperiodic,
(c) any compact set of [0,+∞) is small and (d) there exists λ > 0 and b ⩾ 0 such that
QγV (w) ⩽ λV (w) + b for any w ∈ [0,+∞) with V (w) = w + 1. The proof then follows
from [37, Corollary 14.1.6, Theorem 15.2.4].
(a) Let K be a compact set. Then for any w ∈ K we have

Qγ(w, {0}) ⩾
∫

[−1,1]
pσ2γ(τγ(w) + γc∞, g)φ(g)dg ⩾ ηK , (4.53)

where using H1

ηK = inf
(r,g)∈K×[−1,1]

pσ2γ(τγ(w) + γc∞, g)
∫

[−1,1]
φ(g)dg

⩾ inf
(a,g)∈[0,M ]×[−1,1]

pσ2γ(a, g)
∫

[−1,1]
φ(g)dg ,

and M = (1+γL) sup(K)+γc∞. Note that since (a, g)→ pσ2γ(a, g) is a continuous
positive function, and [0,M ] × [−1, 1] is compact, ηK > 0. Therefore {0} is an
accessible (1, δ0)-small set and Qγ is irreducible. In addition, Qγ(0, {0}) > 0
which implies that Qγ is strongly aperiodic.
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(b) Let now C be a compact set, we show that C is small. By (4.53), for A ∈ B([0,+∞))
and w ∈ [0,+∞),

Q2
γ(w,A) ⩾

∫
R
1{0}(w̃)Qγ(w̃,A)Qγ(w,dw̃) ⩾ ηCQγ(0,A) .

Therefore C is a (2, Qγ(0, ·))-small set.
(c) In addition by H1 and (4.13) we have, for any w ∈ [0,+∞),

∫
[0,+∞)

V (w̃)Qγ(w,dw̃)

⩽ 1 +
∫

R
(1− pσ2γ(τγ(w) + γc∞, z))

(
τγ(w) + γc∞ + 2(σ2γ)1/2(g)−

)
φ(g)dg

⩽ (1− γm)V (w) + γR1(m + L) + γc∞ + 2(σ2γ)1/2/
√

2π .

The proof of the first part of the proposition is complete.
We now establish the second part. Let A ∈ B(R) such that (δ0 + Leb)(A) = 0. Then

0 ̸∈ A and Leb(A) = 0 therefore for any w ∈ R,

Qγ(w,A) ⩽ 1√
2π

∫
R
1A
(
τγ(w) + γc∞ − 2σγ1/2g

)
dg = 0 .

It follows that µγ(A) = µγQγ(A) = 0 and µγ ≪ (δ0 + Leb).
Since for any w ∈ [0,+∞), Qγ(w, {0}) > 0, δ{0} is an irreducibility measure, and by

[37, Theorem 9.2.15], µγ is a maximal irreducibility measure for Qγ , δ0 ≪ µγ implying
that µγ({0}) > 0.

In the case c∞ ̸= 0, by (4.13) and (4.10), for any A ∈ B(()[0,+∞)), Leb(A) > 0,
Qγ(w,A) > 0 for any w ∈ [0,+∞) and therefore Leb is an irreducibility measure.
Applying [37, Theorem 9.2.15] again, we get that δ0 + Leb ≪ µγ . This completes the
proof since we have already shown that µγ ≪ (δ0 + Leb).

4.5.1.6 Proof of Theorem 4.9

Lemma 25. Assume H1 and H2 hold. For any w ∈ R,

Qγ(w, {0}) = 2Φ
(
−τγ(w) + γc∞

2σ√γ

)
,

where Qγ is defined by (4.13) and Φ is the cumulative distribution of the one-dimensional
Gaussian distribution with mean 0 and variance 1.
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Proof. Let w ∈ R. By (4.12) and the change of variable g → σ
√
γg, we get

Qγ(r, {0}) =
∫

R

(
1 ∧

φσ2γ

(
τγ(w) + γc∞ − σ

√
γg
)

φσ2γ

(
σ
√
γg
) )

φ(g)dg

=
∫

R
φσ2γ (g) ∧φσ2γ (τγ(w) + γc∞ − g) dg =

∫
R

φσ2γ (g) ∧φσ2γ (g − τγ(w) + γc∞) dg

=
∫ (τγ(w)+γc∞)/2

−∞
φσ2γ (g − τγ(w) + γc∞) dg +

∫ +∞

(τγ(w)+γc∞)/2
φσ2γ (g) dg

=
∫ −(τγ(w)+γc∞)/2

−∞
φσ2γ (g) dg +

∫ +∞

(τγ(w)+γc∞)/2
φσ2γ (g) dg = 2Φ

(
−τγ(w) + γc∞

2σ√γ

)
,

and the lemma follows.

Lemma 26. Let σ2, γ > 0. For any t, a ⩾ 0, we have∫
R

[
1− 2Φ

(
− t− 2σγ1/2g

2a

)]
pσ2γ(t, g)φ(g)dg = 0 ,

where pσ2γ is defined by (4.10), φ and Φ are the density and the cumulative distribu-
tion function of the one-dimensional Gaussian distribution with mean 0 and variance 1
respectively.

Proof. Using the changes of variable g 7→ σγ1/2g, g 7→ g − t and g 7→ −g, we obtain∫
R

[
1− 2Φ

(
− t− 2σγ1/2g

2a

)]
pσ2γ(t, g)φ(g)dg

=
∫

R

[
1− 2Φ

(
− t− 2σγ1/2g

2a

)]{
1 ∧

φσ2γ

(
a− σ√γg

)
φσ2γ

(
σ
√
γg
) }

φ(g)dg

=
∫ t/2

−∞

[
1− 2Φ

(
− t− 2g

2a

)]
φσ2γ (t− g) dg +

∫ +∞

t/2

[
1− 2Φ

(
− t− 2g

2a

)]
φσ2γ (g) dg

=
∫ −t/2

−∞

[
1− 2Φ

(
−−t− 2g

2a

)]
φσ2γ (g) dg +

∫ +∞

t/2

[
1− 2Φ

(
− t− 2g

2a

)]
φσ2γ (g) dg

=
∫ +∞

t/2

[
1− 2Φ

(
−−t+ 2g

2a

)]
φσ2γ (g) dg +

∫ +∞

t/2

[
1− 2Φ

(
− t− 2g

2a

)]
φσ2γ (g) dg .

Using that s ∈ R, 1− 2Φ (s) = − [1− 2Φ (−s)] completes the proof.

Lemma 27. Let σ2, γ > 0. For any t, s ⩾ 0 and a > 0,

∫
R

[
1− 2Φ

(
−
t+ s− 2σ√γg

2a

)]
pσ2γ(t, g)φ(g)dg

= 2P
(
σ
√
γG ⩾ t/2,−s− t ⩽ 2aG̃− 2σ√γG ⩽ s− t

)
,
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where G, G̃ are two independent one-dimensional standard Gaussian random variables,
pσ2γ is defined by (4.10), φ and Φ are the density and the cumulative distribution func-
tion of the one-dimensional Gaussian distribution with mean 0 and variance 1 respect-
ively.

Proof. Using the changes of variable g 7→ σγ1/2g, g 7→ g − t, we get∫
R

[
1− 2Φ

(
−
t+ s− 2σ√γg

2a

)]
pσ2γ(t, g)φ(g)dg

=
∫ −t/2

−∞

[
1− 2Φ

(
−−t+ s− 2g

2a

)]
φσ2γ (g) dg

+
∫ +∞

t/2

[
1− 2Φ

(
− t+ s− 2g

2a

)]
φσ2γ (g) dg

= 2[P(σγ1/2G ⩾ t/2)−A−B] (4.54)

A =
∫ −t/2

−∞
Φ
(
−−t+ s− 2g

2a

)
φσ2γ (g) dg , B =

∫ +∞

t/2
Φ
(
− t+ s− 2g

2a

)
φσ2γ (g) dg .

In addition, we have since (−G,−G̃) has the same distribution than (G, G̃),

A = P
(
σ
√
γG ⩽ − t2 , G̃ ⩽ −

−t+ s− 2σ√γG
2a

)
= P

(
σ
√
γG ⩾

t

2 , G̃ ⩾
−t+ s+ 2σ√γG

2a

)
B = P

(
σ
√
γG ⩾

t

2 , G̃ ⩽ −
t+ s− 2σ√γG

2a

)
Therefore, we obtain

A+B

= P (σ√γG ⩾ t/2)− P
(
σ
√
γG ⩾ t/2,−

t+ s− 2σ√γG
2a ⩽ G̃ ⩽

−t+ s+ 2σ√γG
2a

)
= P (σ√γG ⩾ t/2)− P

(
σ
√
γG ⩾ t/2,−s− t ⩽ 2aG̃− 2σ√γG ⩽ s− t

)
Plugging this expression in (4.54) concludes the proof.

Lemma 28. For any a ∈ R, b ∈ [0, 1], it holds

Φ (a+ b)−Φ (a− b) ⩾ 1− 2Φ (−b)− a2b exp(−b2/2)/
√

2π ,

where Φ are the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1.

Proof. Define ψ : R× [0, 1]→ R for any a ∈ R, b ∈ [0, 1] by

ψ(a, b) = Φ (a+ b)−Φ (a− b)− 1 + 2Φ (−b) + a2b exp(−b2/2)/
√

2π .

We show that ψ(a, b) ⩾ 0 for any a ∈ R and b ∈ [0, 1]. Using that 1 − Φ(−t) = Φ(t)
for any t ∈ R, we get that ψ(a, b) = ψ(−a, b) and therefore we only need to consider
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the case a ⩽ 0 and b ∈ [0, 1]. In addition, for any b ∈ [0, 1], ψ(0, b) = 0 and thus, it is
sufficient to establish that for any b ∈ [0, 1], a 7→ ψ(a, b) is non-increasing on R−.

For any a ⩽ 0 and b ∈ (0, 1), we have using that sinh(t) =
∫ t

0 cosh(s)ds ⩽ t cosh(t)
and e−t2/2 cosh(t) ⩽ 1 for any t ∈ [0,+∞),

√
2π exp(b2/2)∂ψ

∂a
(a, b) = 2 exp(−a2/2) sinh(−ab) + 2ab

< −2ab[exp(−a2b2/2) cosh(ab)− 1] ⩽ 0 .

By continuity, it also holds for a ⩽ 0 and b ∈ [0, 1] which concludes the proof.

Lemma 29. Assume H1 and H2 hold. For any w ∈ [0,+∞) and α, β ∈ [0,+∞), such
that α/(2β) ⩽ 1,

∫
[0,+∞)

[
1− 2Φ

(
−τγ(w̃) + α

2β

)]
Qγ(w,dw̃)

⩽ 1− 2Φ
(
−τγ(w) + γc∞ + α/(1 + γL)

2
√
σ2γ + β/(1 + γL)2

)
+ ζ

γα

β3 ,

where Φ is the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1,

ζ = (1 + γ̄L)2σ2(2
√

2π)−1 [supt⩾0{t2Φ(−t)}+ 1/8
]
. (4.55)

Proof. Let α, β ⩾ 0 such that α/(2β) ⩽ 1. By (4.13), we have
∫

[0,+∞)

[
1− 2Φ

(
−τγ(w̃) + α

2β

)]
Qγ(w,dw̃)

=
∫

R

[
1− 2Φ

(
−
τγ(τγ(w) + γc∞ − 2σ√γg) + α

2β

)]
(1− pσ2γ(τγ(w) + γc∞, g))φ(g)dg

+
[
1− 2Φ

(
−τγ(0) + α

2β

)] ∫
R
pσ2γ(τγ(w) + γc∞, g)φ(g)dg

=
∫

R

[
1− 2Φ

(
−
τγ(τγ(w) + γc∞ − 2σ√γg) + α

2β

)]
(1− pσ2γ(τγ(w) + γc∞, g))φ(g)dg

+
[
1− 2Φ

(
−τγ(0) + α

2β

)]
2Φ

(
−τγ(w) + γc∞

2σ√γ

)
. (4.56)

By H1, t 7→ 1−2Φ(−t) is increasing, we have setting ψγ(w) = τγ(w)+γc∞+α/(1+γL),

1− 2Φ
(
−
τγ(τγ(w) + γc∞ − 2σ√γg) + α

2β

)
⩽ 1− 2Φ

(
−
ψγ(w)− 2σ√γg

2β/(1 + γL)

)
.
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Using [44, Lemma 20], Lemma 26 and Lemma 27, we get

∫
R

[
1− 2Φ

(
−
τγ(τγ(w) + γc∞ − 2σ√γg) + α

2β

)]
(1− pσ2γ(τγ(w) + γc∞, g))φ(g)dg

⩽
∫

R

[
1− 2Φ

(
−
ψγ(w)− 2σ√γg

2β/(1 + γL)

)]
(1− pσ2γ(ψγ(w), g))φ(g)dg

−
∫

R

[
1− 2Φ

(
−
ψγ(w)− 2σ√γg

2β/(1 + γL)

)]
pσ2γ(τγ(w) + γc∞, g))φ(g)dg

= 1− 2Φ
(
− ψγ(w)

2
√
σ2γ + β/(1 + γL)2

)
− 2P ({2σ√γG ⩾ τγ(w) + γc∞} ∩ A) , (4.57)

where

A =
{
−τγ(w)− γc∞ −

α

1 + γL
⩽

2βG̃
1 + γL

− 2σ√γG ⩽ −τγ(w)− γc∞ + α

1 + γL

}
,

and G, G̃ are two independent one-dimensional standard Gaussian random variables.
Define θγ : [0,+∞)×R→ R for any w ∈ [0,+∞) and g ∈ R by θγ(w, g) = (2β)−1(1+

γL)[−τγ(w)− γc∞ + σ
√
γg]. Then, using that

A =
{
θγ(w,G)− α/(2β) ⩽ G̃ ⩽ θγ(w,G) + α/(2β)

}
,

we have

P ({2σ√γG ⩾ τγ(w) + γc∞} ∩ A)

=
∫

R
1[0,+∞)

(
g − τγ(w) + γc∞

2σ√γ

)[
Φ
(
θγ(w, g) + α

2β

)
−Φ

(
θγ(w, g)− α

2β

)]
φ(g)dg .

Since α/(2β) ⩽ 1 by Lemma 28 we have, for any a ∈ R,

Φ
(
a+ α

2β

)
−Φ

(
a− α

2β

)
⩾ 1− 2Φ

(
− α

2β

)
− a2α

2
√

2πβ
e−α2/(8β2) ,

which implies

P ({2σ√γG ⩾ τγ(w) + γc∞} ∩ A) ⩾ Φ
(
−τγ(w) + γc∞

2σ√γ

)(
1− 2Φ

(
− α

2β

))

−
∫

R
1[0,+∞)

(
g − τγ(w) + γc∞

2σ√γ

)
θ2

γ(g, w)α
2
√

2πβ
e−α2/(8β2)φ(g)dg .
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Therefore, we obtain using that E[1[0,+∞)(G)G2] = 1/2,

(
1− 2Φ

(
− α

2β

))
Φ
(
−τγ(w) + γc∞

2σ√γ

)
− P ({2σ√γG ⩾ τγ(w) + γc∞} ∩ A)

⩽
∫

R
1[0,+∞)

(
g − τγ(w) + γc∞

2σ√γ

)
θ2

γ(g, w)α
2
√

2πβ
e−α2/(8β2)φ(g)dg

⩽
αγ

β3
(1 + γL)2σ2

2
√

2π
e−α2/(8β2)

[(
τγ(w) + γc∞

2σ√γ

)2

Φ
(
−τγ(w) + γc∞

2σ√γ

)

− 1√
2π

τγ(w) + γc∞
2σ√γ exp

−(τγ(w) + γc∞
2σ√γ

)2/
2

+ 1/8
]
.

Combining this inequality and (4.57) in (4.56) concludes the proof.

Under H1 and H2, define (αk)k⩾1, (βk)k⩾1 for any k ⩾ 1 by

αk = γc∞

k−1∑
i=0

(1 + γL)−i , β2
k = γσ2

k−1∑
i=0

(1 + γL)−2i . (4.58)

Lemma 30. Assume H1 and H2 hold. For any γ > 0, k ⩾ 1, we have

kγc∞e−kγL ⩽ αk ⩽ kγc∞ , (kγ)1/2σe−kγL ⩽ βk ⩽ (kγ)1/2σ ,

[(kγ)1/2c∞/σ]e−kγL ⩽ αk/βk ⩽ [(kγ)1/2c∞/σ]ekγL

[c∞γ1/2/(σ3k1/2)]e−kγL ⩽ γαk/β
3
k ⩽ [c∞γ1/2/(σ3k1/2)]e3kγL (4.59)

γ
∑k−1

i=1 {αk/β
3
k} ⩽ [2c∞(kγ)1/2/σ3]e3kγL , (4.60)

where (αk)k⩾1, (βk)k⩾1 are defined in (4.58).

Proof. Let k ⩾ 1. Using for any i ∈ N, e−iγL ⩽ (1 + γL)−i ⩽ 1, we have

kγc∞e−kγL ⩽ γc∞

k−1∑
i=0

(1 + γL)−i ⩽ kγc∞ . (4.61)

In the same way, using for any i ∈ N, e−2iγL ⩽ (1 + γL)−2i ⩽ 1, we obtain

kγσ2e−2kγL ⩽ γσ2
k−1∑
i=0

(1 + γL)−2i ⩽ kγσ2 . (4.62)

Combining (4.61) and (4.62) completes the proof of the first four inequalities. Then,
(4.60) is a simple consequence of (4.59) and a comparison test.
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Lemma 31. Assume H 1 and H 2 hold. Let δ̄ ∈
(
0, {L−1 ∧ (σe−1/c∞)2}

]
, with the

convention 1/0 = +∞. For any γ ∈ (0, γ̄], n ∈ {0, . . . , nγ}, nγ = ⌊δ̄/γ⌋, and w ∈
[0,+∞), it holds

∫
[0,+∞)

1(0,+∞)(w̃)Qn+1
γ (w,dw̃) ⩽ 1− 2Φ

(
−τγ(w) + αn+1

2βn+1

)
+ ζ

n∑
k=1

γαk

β3
k

. (4.63)

where (αk)k⩾1, (βk)k⩾1 and ζ are defined in (4.58) and (4.55) respectively and Φ is the
cumulative distribution of the one-dimensional Gaussian distribution with mean 0 and
variance 1.

Proof. Let γ ∈ (0, γ̄], w ∈ [0,+∞). Note that for any n ∈ {0, . . . , nγ}, by (4.58) and
Lemma 30,

αn/(2βn) ⩽ 1 . (4.64)

Then, by Lemma 25, (4.63) holds for n = 0. Assume it holds for n ∈ {0, . . . , nγ − 1}.
Then, we get

∫
[0,+∞)

1(0,+∞)(w̃)Qn+1
γ (w,dw̃) ⩽

∫
[0,+∞)

[
1− 2Φ

(
−τγ(w) + αn

2βn

)]
Qγ(w, w̃)

+ ζ
n−1∑
k=1

γαk

β3
k

.

The proof is then concluded by a straightforward induction using Lemma 29 and (4.64).

Theorem 4.23. Assume H 1 and H 2 hold. Let R ⩾ 0. For any γ ∈ (0, γ̄] and
δ̄ ∈

(
0, {L−1 ∧ (σe−1/c∞)2}

]
, µγ((0, R)) ⩽ ηRc∞, where

ηR = [δ̄ + γ̄]1/2
[
ζe3(δ̄+γ̄)L

σ3 + e(δ̄+γ̄)L

2
√

2πσ

]/
Φ
(
−(1 + γ̄L)R+ (δ̄ + γ̄)c∞

2δ̄1/2σe−(δ̄+γ̄)L

)
. (4.65)

Proof. Let δ̄ ∈
(
0, {L−1 ∧ (σe−1/c∞)2}

]
and γ ∈ (0, γ̄]. Set nγ = ⌊δ̄/γ⌋. Note that

δ̄ ⩽ γ(nγ + 1) ⩽ δ̄ + γ̄. By Lemma 31, Proposition 4.8, integrating (4.63) with respect
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to µγ and using that τγ(0) = 0, Φ(−t) ⩽ 1/2 for any t ⩾ 0, gives

µγ((0,+∞)) ⩽
∫

R

{
1− 2Φ

(
−
τγ(w) + αnγ+1

2βnγ+1

)}
dµγ(w) + ζ

nγ∑
k=1

γαk

β3
k

(4.66)

⩽ 1− 2Φ
(
−
αnγ+1

2βnγ+1

)
+ ζ

nγ∑
k=1

γαk

β3
k

+ 2
∫

(0,+∞)

{
Φ
(
−
αnγ+1

2βnγ+1

)
−Φ

(
−
τγ(w) + αnγ+1

2βnγ+1

)}
dµγ(w)

⩽ 1− 2Φ
(
−
αnγ+1

2βnγ+1

)
+ µγ((0,+∞)) + ζ

nγ∑
k=1

γαk

β3
k

− 2
∫

(0,R1)
Φ
(
−
τγ(w) + αnγ+1

2βnγ+1

)
dµγ(w) .

Rearranging the terms yields

2
∫

(0,R1)
Φ
(
−
τγ(w) + αnγ+1

2βnγ+1

)
dµγ(w) ⩽ 1− 2Φ

(
−
αnγ+1

2βnγ+1

)
+ ζ

nγ∑
k=1

γαk

β3
k

. (4.67)

In addition by H1 using Lemma 30 and t 7→ Φ(−t) is decreasing on R, we have
∫

(0,R1)
Φ
(
−
τγ(w) + αnγ+1

2βnγ+1

)
dµγ(w) ⩾ Φ

(
−

(1 + γL)R1 + αnγ+1

2βnγ+1

)
µγ((0, R1))

⩾ Φ
(
−(1 + γ̄L)R1 + (δ̄ + γ̄)c∞

2δ̄1/2σe−(δ̄+γ̄)L

)
µγ((0, R1)) ,

(4.68)

Using that t 7→ 1−2Φ(−t) is
√

2/π-Lipschitz and combining (4.67), (4.68) and Lemma 30
we get that

Φ
(
−(1 + γ̄L)R1 + (δ̄ + γ̄)c∞

2δ̄1/2σe−(δ̄+γ̄)L

)
µγ((0, R1)) ⩽ αnγ+1/(2

√
2πβnγ+1) + ζγ

nγ∑
k=1
{αk/β

3
k}

⩽ c∞[δ̄ + γ̄]1/2
[
ζe3(δ̄+γ̄)L

σ3 + e(δ̄+γ̄)L

2
√

2πσ

]
,

which implies that µγ((0, R1)) ⩽ ηc∞ and completes the proof.

Proof of Theorem 4.9. Let δ̄ ∈
(
0, {L−1 ∧ (σe−1/c∞)2}

]
and γ ∈ (0, γ̄]. By Proposi-

tion 4.7 and using µγ is invariant for Qγ , we obtain∫
R
w dµγ(w) ⩽ (1− γm)

∫
[R1,+∞)

w dµγ(w) + (1 + γL)
∫

(0,R1)
w dµγ(w) + γc∞
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Then, rearranging the terms in this inequality yields∫
[R1,+∞)

w dµγ(w) ⩽ R1µγ((0, R1))L/m + c∞/m∫
[0,+∞)

w dµγ(w) ⩽ R1µγ((0, R1))(1 + L/m) + c∞/m ,

which, combined with Theorem 4.23 applied to R← R1, concludes the proof of the first
inequality in (4.17). Finally, by (4.66), using that t 7→ 1 − 2Φ(−t) is

√
2/π-Lipschitz,

we have

µγ((0,+∞)) ⩽ (
√

2πβnγ+1)−1
∫

[0,+∞)
{(1 + γ̄L)w + αnγ+1}dµγ(w) + ζγ

nγ∑
k=1
{αk/β

3
k}

⩽ (c∞c1(1 + γ̄L) + αnγ+1)/(
√

2πβnγ+1) + ζγ

nγ∑
k=1
{αk/β

3
k} .

This finishes the proof using nγ = ⌊δ̄/γ⌋, δ̄ ⩽ γ(nγ + 1) ⩽ δ̄ + γ̄ and Lemma 30.

4.5.1.7 Proof of Theorem 4.10

For any a > 0, define V ∗a : R→ [0,+∞) for any w ∈ R by

V ∗a (w) = 1(0,+∞)(w) exp(aw) . (4.69)

Proposition 4.24. Assume H1 and H2 hold. Let a > 0. Then, for any w ∈ [0,+∞)
and γ ∈ (0, γ̄],

QγV ∗a (w)/V ∗a (w) ⩽ λγ
a1[Ra,+∞)(w) + exp{γa(Lw + 2σ2a+ c∞)}1[0,Ra)(w) , (4.70)

where
Ra = 1 ∨R1 ∨ [(4aσ2 + 2c∞)/m] , λa = exp(−amRa/2) . (4.71)

Proof. Set for any w ∈ R, τ∞γ = τγ(w) + γc∞. By definition (4.13) and using the change
of variable g 7→ σγ1/2g twice, we have

QγV ∗(w) =
∫

R
exp(a{τ∞γ (w)− 2σγ1/2g}){1− pσ2γ

(
τ∞γ (w), g

)
}φ(g)dg

=
∫ τ∞γ (w)/2

−∞
exp(a{τ∞γ (w)− 2g}){φσ2γ(g)−φσ2γ(τγ(w)− g)} .

⩽ (2π)−1/2
∫ σγ

1/2τ∞γ (w)/2

−∞
exp(a{τ∞γ (w)− 2σγ1/2g} − g2/2)dg

= exp(aτ∞γ (w) + 2a2σ2γ)(2π)−1/2
∫ σγ

1/2τ∞γ (w)/2

−∞
exp(−{g + 2aσγ1/2}2/2)dg

⩽ exp(aτ∞γ (w) + 2a2σ2γ)Φ(σγ1/2τ∞γ (w)/2 + 2aσγ1/2) ⩽ eaτ∞γ (w)+2a2σ2γ .

This concludes the proof of (4.70) for w ∈ [0, Ra) using H1. In the case w ∈ [Ra,+∞),
we only need to use that by H 1 and definition of Ra (4.71), aτ∞γ (w) + 2a2σ2γ ⩽
a(1− mγ)w + ac∞ + 2a2σ2γ ⩽ aw − aγmRa/2.
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Proof of Theorem 4.10. Let δ̄ ∈
(
0, {L−1 ∧ (σe−1/c∞)2}

]
and γ ∈ (0, γ̄]. We show that

(4.17) holds with

c3 = (Ba/λa)γ̄a(LRa + 2σ2a+ c∞)ηRa exp(aRa)/ |log(λa)| ,

where Ba = exp{a(LRa + 2σ2a+ c∞)}, λa, Ra are defined in (4.71) and ηR in (4.65).
By Proposition 4.24 and since V ∗(0) = 0 and µγ is invariant for Qγ , we have

∫
(0,+∞)

V ∗a (w)dµγ(w) ⩽ λγ
a

∫
[Ra,+∞)

V ∗a (w)dµγ(w) +Bγ
a

∫
(0,Ra)

V ∗a (w)dµγ(w) ,

setting Ba = exp{a(LRa + 2σ2a+ c∞)}. Rearranging terms yields
∫

(0,+∞)
V ∗a (w)dµγ(w) ⩽ {Bγ

a − λγ
a}/{1− λγ

a}
∫

(0,Ra)
V ∗(w)dµγ(w)

⩽ {Bγ
aλ
−γ
a − 1}/{λ−γ

a − 1} exp(aRa)c∞ηRa ,

where we have used Theorem 4.23 applied to R ← Ra in the last inequality. The proof
is then completed upon using that for any t ⩾ 0, t ⩽ et − 1 ⩽ tet.

4.5.1.8 Proof of Theorem 4.11

Lemma 32. Assume H1 and H2 hold. For any w ∈ [0,+∞) and α, β ∈ [0,+∞), β > 0,

∫
(0,+∞)

[
1− 2Φ

(
−τγ(w̃) + α

2β

)]
Qγ(w,dw̃) ⩽ 1− 2Φ

(
−τγ(w) + γc∞ + α/(1 + γL)

2
√
σ2γ + β/(1 + γL)2

)
,

where Φ are the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1.

Proof. Let α, β ⩾ 0, β > 0. By (4.13), we have

∫
(0,+∞)

[
1− 2Φ

(
−τγ(w̃) + α

2β

)]
Qγ(w,dw̃)

=
∫

R

[
1− 2Φ

(
−
τγ(τγ(w) + γc∞ − 2σ√γg) + α

2β

)]
(1− pσ2γ(τγ(w) + γc∞, g))φ(g)dg .

By H1, t 7→ 1−2Φ(−t) is increasing, we have setting ψγ(w) = τγ(w)+γc∞+α/(1+γL),

1− 2Φ
(
−
τγ(τγ(w) + γc∞ − 2σ√γg) + α

2β

)
⩽ 1− 2Φ

(
−
ψγ(w)− 2σ√γg

2β/(1 + γL)

)
.
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Using [44, Lemma 20], Lemma 26 and Lemma 27, we get

∫
R

[
1− 2Φ

(
−
τγ(τγ(w) + γc∞ − 2σ√γg) + α

2β

)]
(1− pσ2γ(τγ(w) + γc∞, g))φ(g)dg

⩽
∫

R

[
1− 2Φ

(
−
ψγ(w)− 2σ√γg

2β/(1 + γL)

)]
(1− pσ2γ(ψγ(w), g))φ(g)dg

−
∫

R

[
1− 2Φ

(
−
ψγ(w)− 2σ√γg

2β/(1 + γL)

)]
pσ2γ(τγ(w) + γc∞, g))φ(g)dg

⩽ 1− 2Φ
(
− ψγ(w)

2
√
σ2γ + β/(1 + γL)2

)
,

which completes the proof.

We consider in what follows that (Wk)k∈N is the canonical process on
([0,+∞)N,B([0,+∞))⊗N) and for any w ∈ [0,+∞), Pw and Ew correspond to the prob-
ability and expectation respectively, associated with Qγ and the initial condition δw on
this space.

Lemma 33. Assume H1 and H2 hold. For any k ∈ N and w ∈ (0,+∞),

Pw

[
min

i∈{0,...,k+1}
Wi > 0

]
⩽ 1− 2Φ

[
−τγ(w) + αk+1

2βk+1

]
,

where αk+1, βk+1 are given in (4.58).

Proof. The proof is by induction on k ∈ N. The proof for k = 0 follows from Lemma 25.
Assume that the result holds for k − 1 ∈ N and for any w ∈ (0,+∞). Then, by the
Markov property and the assumption hypothesis, for any w ∈ (0,+∞),

Pw

[
min

i∈{0,...,k}
Wi > 0

]
= Ew

[
1(0,+∞)(W1)PW1

[
min

i∈{0,...,k−1}
Wi > 0

]]

⩽ Ex

[
1(0,+∞)(W1)

{
1− 2Φ

(
−τγ(W1) + αk

2βk

)}]
.

The proof is then completed upon using Lemma 32.

Lemma 34. Assume H1 and H2 hold. Then, for any k ∈ N, w, w̃ ∈ [0,+∞),

∥δwQ
k+1
γ − δw̃Q

k+1
γ ∥TV ⩽ 1− 2Φ

[
−τγ(w ∨ w̃) + αk+1

2βk+1

]
,

where αk+1, βk+1 are given in (4.58).
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Proof. We consider again (Gk)k⩾1 and (Uk)k⩾1 two independent sequences of i.i.d. stand-
ard Gaussian and [0, 1]-uniform random variables respectively. Define the Markov chains
(Wk)k∈N and (W̃k)k∈N starting from w ∈ [0,+∞) and w̃ ∈ [0,+∞) respectively, for any
k ∈ N, Wk+1 = Gγ(Wk, Gk+1, Uk+1) and W̃k+1 = Gγ(W̃k, Gk+1, Uk+1). Note that the
case w = w̃ is trivial so we only consider the converse and assume that w < w̃, w̃ > 0.
Then, we obtain by Proposition 4.6 that almost surely Wk ⩽ W̃k for any k ∈ N, which
implies that

∥δwQ
k+1
γ − δw̃Q

k+1
γ ∥TV ⩽ P

(
Wk+1 ̸= W̃k+1

)
⩽ P

(
min

i∈{0,...,k+1}
W̃i > 0

)
.

Indeed, if mini∈{0,...,k+1} W̃i = 0, then there exists i ∈ {0, . . . , k + 1}, W̃i = 0 which
implies since W̃i ⩾ Wi ⩾ 0 that W̃i = Wi and therefore W̃k+1 = Wk+1 by definition of
the two processes. The proof is then completed by Lemma 33.

Proposition 4.25. Assume H1 and H2 hold. Let t > 0. Then, for any w, w̃ ∈ [0,+∞),

∥δwQ
⌈t0/γ⌉
γ − δw̃Q

⌈t0/γ⌉
γ ∥TV ⩽ 1− 2Φ

[
−L1/2 w ∨ w̃ + t0c∞

2σ{1− e−2L(t0+γ̄)}1/2

]
.

Proof. Note that by (4.58) for any k ∈ N, αk+1 ⩽ kγc∞ and β2
k+1 = (σ2(1 + γL)/L){1−

(1+γL)−2k} ⩾ (σ2(1+γL)/L){1−e−2kγL} using that (1+t) ⩽ et for any t ∈ R. The proof
is then completed using Lemma 34, H1 and the previous bounds for k ← ⌊t0/γ⌋.

Lemma 35. Assume H 1 and H 2 hold. Let a > 0. Then, for any w ∈ [0,+∞) and
γ ∈ (0, γ̄],

QγV ∗1 (w) ⩽ (1− γm)V ∗1 (w) + γ{L + m}R1 + γc∞ , (4.72)
QγV ∗a (w) ⩽ λγ

aV ∗a (w) + γαa1[0,R1](w) , (4.73)

where Qγ is defined by (4.13), for any w ∈ R, V ∗1 (w) = |w|, V ∗a by (4.69), λa, Ra are
defined by (4.71) and

αa = a exp{aRa + γ̄a(LRa + 2σ2a+ c∞)}[LRa + 2σ2a+ c∞] . (4.74)

Proof. (4.72) is a simple consequence of Proposition 4.7. Note that for w ∈ R, w ⩾ Ra,
(4.73) holds by Proposition 4.24. In the case w < Ra, using Proposition 4.24 and
et − 1 ⩽ tet for any t ⩾ 0, we obtain QγV ∗(w) ⩽ λγ

aV ∗(w) + V ∗(w)[λ−γ
a exp{γa(Lw +

2σ2a+ c∞)}−1] ⩽ λγ
aV ∗(w)+aV ∗(w) exp{γa(Lw+2σ2a+ c∞)}[Lw+2σ2a+ c∞], which

completes the proof.

Define V1,Va : R→ [0,+∞) for any w ∈ R by

V1(w) = 1 + Λ1 |w| , Va(w) = 1 + Λa1(0,+∞)(w) exp(aw) . (4.75)
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Proposition 4.26. Assume H1 and H2 hold. Let a > 0 and t0 > 0. Then, for any
w ∈ [0,+∞) and γ ∈ (0, γ̄],

Q⌈t0/γ⌉
γ V1(w) ⩽ λ1V ∗1 (w) + β1 , Q⌈t0/γ⌉

γ Va(w) ⩽ λaV ∗a (w) + βa ,

where Qγ is defined by (4.13), V1,Va by (4.75), λa by (4.71), αa by (4.74) and

λ1 = e−m , β1 = (t0 + γ̄)[{L + m}R1 + c∞] + 1 , βa = (t0 + γ̄)αa + 1 .

Proof of Theorem 4.11. By Lemma 35 and an easy induction, and using that 1− t ⩽ e−t

for any t ⩾ 0, we have for any k ∈ N,

Qk
γV ∗1 (w) ⩽ λkγ

1 V ∗1 (w) + kγ[{L + m}R1c∞] , Qk
γV ∗a (w) ⩽ λkγ

a V ∗a (w) + kγαa .

Using that Qk
γ1 ≡ 1 for any k ∈ N completes the proof.

Proof of Theorem 4.11. Let t0 > 0. We only show the result for V = V1. The result for
V = Va, a > 0 is similar upon replacing λ1 and β1 by λa and βa given in Proposition 4.26
respectively.

Define δ1 = 4β1/(1 − λ1) − 1 and M1 = sup{w ∈ [0,+∞) : V1(w) ⩽ δ1} which is
well defined since limw→+∞ V1(w) = +∞. Define in addition,

ε1 = 2Φ
[
−L1/2 M1 + t0c∞

2σ{1− e−2L(t0+γ̄)}1/2

]
< 1 .

Then, {V1 ⩽ δ1} is a (1, ε)-Doeblin set for Qγ and λ1 + 2β1/(1 + δ1) < 1. Therefore,
[37, Theorem 19.4.1] implies that for any k ∈ N,∥∥∥δwQ

⌈t0/γ⌉k
γ − µγ

∥∥∥V
⩽ Cρk{V1(w) + µγ(V1)} ,

where a bound on µγ(V1) is provided by Theorem 4.9 and

log(ρ) = log(1− ε1) log(λ̄1)/{log(1− ε1) + log(λ̄1 − log(β̄1)}
λ̄1 = λ1 + 2β1/(1 + δ1) , β̄1 = λ1β1 + δ1

C = {λ1 + 1}/[1 + β̄1/{(1− ε1)(1− λ̄1)}] .

4.5.2 Postponed proofs of Section 4.3

4.5.2.1 Proof of Proposition 4.14

The proof is an easy consequence of Lemma 38 below and the definition of (W(n)
t )t⩾0.

Before stating and proving Lemma 38, we need the following technical results.
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Lemma 36. Assume A1. Then, for any q ∈ [1,+∞), we have for any γ ∈ (0, γ̄],

E[|W1 − τγ(W0)− γc∞|q] ⩽ (4σ2γ)q/2 {mq + 2 supu⩾0[uqΦ(−u)]
}
,

where W1 is defined by (4.12), mq is the q-th moment of the standard Gaussian distri-
bution and Φ is its cumulative distribution function.

Proof. Let w0 ∈ [0,+∞) and γ ∈ (0, γ̄]. By definition (4.13) and (4.10), we have setting
τ̄∞γ (w0) = {τγ(w0) + γc∞}/(2

√
σ2γ),∫

R+
|w1 − τγ(w0)− γc∞|q Qγ(w0, dw1) = (4σ2γ)q/2

∫ τ̄∞γ (w0)

−∞
|g|q φ(g)dg

− (4σ2γ)q/2
∫ +∞

τ̄∞γ (w0)
|g|q φ(g)dg +

∫
R
|τγ(w0) + γc∞|qφ(2τ̄∞γ (w0)− g) ∧φ(g)dg

⩽ (4σ2γ)q/2mq + 2p+1σpγp/2[τ̄∞γ (w0)]qΦ{−τ̄∞γ (w0)} ,

which completes the proof.

Lemma 37. Assume A 1. Then, there exists C ⩾ 0 such that for any k ∈ N and
γ ∈ (0, γ̄], E[W 4

k ] ⩽ eCkγ{E[W 4
0 ] + 1}, where (Wk)k∈N is defined by (4.12).

Proof. By A 1, (4.12) and (4.13) we have that for any w0 ∈ [0,+∞) and γ ∈ (0, γ̄],
setting W0 = w0 and κ∞(w0) = κ(w0) + c∞,∫

R+
w4

1Qγ(w0,dw1) = E[W 4
1 ] ⩽ E[(w0 + γκ∞(w0)− 2

√
σ2γG1)4]

= {w0 + γκ∞(w0)}4 + 6σ2γ{w0 + γκ∞(w0)}2 + 3σ4γ2 .

By A1, for any ℓ ∈ {2, 4}, we have that for any w0 ∈ [0,+∞), γ ∈ (0, γ̄],

{w0 + γκ∞(w0)}ℓ ⩽ wℓ
0 + 2ℓ−1ℓγ(1 + Lκ)ℓ[|w0|ℓ + c∞] .

Therefore, we obtain that there exists some constant C1, C2 ⩾ 0, such that for any
w0 ∈ [0,+∞), γ ∈ (0, γ̄],∫

R+
w4

1Qγ(w0, dw1) ⩽ w4
0 + C1γ{1 + w2

0 + w4
0} ⩽ (1 + γC2)w4

0 + γC2 .

By an easy induction, we get then that for any w0 ∈ [0,+∞), γ ∈ (0, γ̄] and k ∈ N,∫
R+
w4

1Q
k
γ(w0, dw1) ⩽ (1 + C2γ)kw4

0 + C2γ
k−1∑
i=0

(1 + C2γ)i ⩽ ekγC2 [w4
0 + C2] ,

which completes the proof by the Markov property.

Lemma 38. Assume A 1. Then, there exists C ⩾ 0 such that for any k ∈ N and
γ ∈ (0, γ̄], E[maxℓ∈{0,...,k}[Wℓ − W0]4] ⩽ C(kγ)2eCkγ{E[W 4

0 ] + 1}, where (Wk)k∈N is
defined by (4.12).
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Proof. Assume that E
[
W 4

0
]
< +∞, otherwise the results holds. Denote by (Fk)k∈N the

filtration associated with (Wk)k∈N. We consider the following decomposition for any
ℓ ∈ N,

Wℓ −W0 = Aℓ +Bℓ , Aℓ =
ℓ−1∑
i=0

∆Mi , Bℓ =
ℓ−1∑
i=0

Hi ,

where using that E[Wi+1|Fi] = τ∞γ (Wi) by Lemma 24 and the Markov property,

∆Mi = Wi+1 − E[Wi+1|Fi] = Wi+1 − τ∞γ (Wi) , Hi = τ∞γ (Wi)−Wi . (4.76)

Then, using Young’s inequality, we get for any γ ∈ (0, γ̄] and k ∈ N,

maxℓ∈{0,...,k}[Wℓ −W0]4 ⩽ 23{maxℓ∈{0,...,k}A
4
ℓ + maxℓ∈{0,...,k}B

4
ℓ } . (4.77)

We now bound the two last terms in the right hand side of this equation. First, by A1
and Young’s inequality, we get for any γ ∈ (0, γ̄] and k ∈ N,

E[maxℓ∈{0,...,k}B
4
ℓ ] ⩽ k3∑k−1

i=0 H
4
i ⩽ 23(kγ)4(1 + Lκ)4{maxi∈{0,...,k−1} E[W 4

i ] + c4
∞} .
(4.78)

In addition, by definition (4.76), (∆Mi)i∈N are (Fi)i∈N-martingale increments. It follows
by Burkholder inequality [22, Theorem 3.2] and Young’s inequality that there exists
C4 ⩾ 0 satisfying for any k ∈ N and γ ∈ (0, γ̄],

E
[
maxℓ∈{0,...,k}A

4
ℓ

]
⩽ C4E[{∑k−1

i=0 ∆M2
i }2] ⩽ C4k

∑k−1
i=0 E[∆M4

i ] .

Therefore by Lemma 36, we get that

E
[
maxℓ∈{0,...,k}A

4
ℓ

]
⩽ C4E[{∑k−1

i=0 ∆M2
i }2] ⩽ C4(4σ2kγ)2 {m4 + 2 supu⩾0[u4Φ(−u)]

}
,

where m4 is the fourth moment of the standard Gaussian distribution. Combining this
result with (4.78) and using Lemma 37 in (4.77) concludes the proof.

4.5.2.2 Proof of Proposition 4.15

To show this result, we use the Komolgorov criteria [73, Corollary 14.9]: for any T ⩾ 0,
there exist CT ⩾ 0 such that for any n ∈ N and s, t ∈ [0,+∞), s ⩽ t,

E
[∣∣∣W(n)

t −W(n)
s

∣∣∣4] ⩽ CT (t− s)2 .

Note that denoting k(n)
1 = ⌈s/γn⌉ and k

(n)
2 = ⌊t/γn⌋, we have by (4.19)

E
[∣∣∣W(n)

t −W(n)
s

∣∣∣4]

⩽

(t− s)γ−1
n {Wk

(n)
1 +1 −Wk

(n)
1
}4 if k(n)

1 < k
(n)
2

33[{W
k

(n)
2 +1 −Wk

(n)
1
}4 + {W

k
(n)
2
−W

k
(n)
1
}4 + {W

k
(n)
1
−W

k
(n)
1 −1}

4] otherwise .

Lemma 38, Lemma 37 and the Markov property complete the proof.
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4.5.2.3 Proof of Proposition 4.17

We preface the proof by the following technical lemma.

Lemma 39. Assume A1. Then, for any q ∈ [1,+∞), we have

(a) for any γ ∈ (0, γ̄] and w0 ∈ [0,+∞),

− 2(4σ2γ)q/2 ∫+∞
τ̄∞γ (w0) |g|

q φ(g)dg (4.79)

⩽
∫

R+
|w1 − τγ(w0)− γc∞|q Qγ(w0, dw1)− (4σ2γ)q/2mq ⩽ 0 ,

where τ̄∞γ (w0) = {τγ(w0) + γc∞}/(2
√
σ2γ), Qγ is defined by (4.13), mq is the q-th

moment of the standard Gaussian distribution. and φ is its probability density function;

(b) for any γ ∈ (0, γ̄], ∣∣∣∫R+
|w1 − γc∞|q Qγ(0, dw1)

∣∣∣ ⩽ 3(γc∞)q .

Proof. (a) Let w0 ∈ [0,+∞) and γ ∈ (0, γ̄]. By definition (4.13) and (4.10), we have
setting τ̄∞γ (w0) = {τγ(w0) + γc∞}/(2

√
σ2γ),∫

R+
|w1 − τγ(w0)− γc∞|q Qγ(w0,dw1) = (4σ2γ)q/2

∫ τ̄∞γ (w0)

−∞
|g|q φ(g)dg

− (4σ2γ)q/2
∫ +∞

τ̄∞γ (w0)
|g|q φ(g)dg +

∫
R
|τγ(w0) + γc∞|qφ(2τ̄∞γ (w0)− g) ∧φ(g)dg .

(4.80)

Therefore, we obtain that∫
R+
|w1 − τγ(w0)− γc∞|q Qγ(w0,dw1)− (4σ2γ)q/2mq

= −2(4σ2γ)q/2 ∫+∞
τ̄∞γ (w0) |g|

q φ(g)dg + 2(4σ2γ)q/2[{τ̄γ(w0)}qΦ(−τ̄γ(w0))] .

Using that
∫+∞

τ̄∞γ (w0) |g|
q φ(g)dg ⩾ {τ̄∞γ (w0)}qΦ(−τ̄∞γ (w0)) completes the proof.

(b) By (4.80) and since τγ(0) = 0 and τ̄∞γ (0) = γc∞/(2
√
σ2γ),

∣∣∣∫R+
|w1 − τγ(0)− γc∞|q Qγ(0, dw1)

∣∣∣ ⩽ 2(4σ2γ)q/2 ∫ γc∞
2
√

σ2γ

0 |g|φ(g)dg + (γc∞)q .

Using that (4σ2γ)q/2 ∫ γc∞/(2
√

σ2γ)
0 |g|φ(g)dg ⩽ (γc∞)q completes the proof.

Proof of Proposition 4.17. Proof of (4.24). Let φ ∈ C∞(Rd) satisfying (4.23), N ∈ N,
(t1, . . . , tN , s, t) ∈ [0,+∞)N+2, 0 ⩽ t1 ⩽ · · · ⩽ tN ⩽ s < t, ψ : RN

+ → R, continuous and
bounded. Note that we only need to show that

lim
n→+∞

E
[∣∣∣∣E [φ(W(n)

t )− φ(W(n)
s )−

∫ t

s
Aφ(W(n)

u )du
∣∣∣∣G(n)

s

]∣∣∣∣] ,
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setting for any n ∈ N, u ∈ [0,+∞), G(n)
u = F (n)

⌈u/γn⌉, where (F (n)
k )k∈N is the filtration

corresponding to (W (n)
k )k∈N.

Define k(n)
1 = ⌈t/γn⌉ and k

(n)
2 = ⌈s/γn⌉ and consider the following decomposition

E
[
φ(W(n)

t )− φ(W(n)
s )−

∫ t

s
Aφ(W(n)

u )du
∣∣∣∣G(n)

s

]
= E

[
A

(n)
1 +A

(n)
2 +A

(n)
3

∣∣∣G(n)
s

]
(4.81)

A
(n)
1 = φ(W(n)

t )− φ(W (n)
k

(n)
1

)− {φ(W(n)
s )− φ(W (n)

k
(n)
2

)}

A
(n)
2 = −

∫ t

s
Aφ(W(n)

u )du+ γn

k
(n)
1 −1∑

k=k
(n)
2

Aφ(W (n)
k )

A
(n)
3 = φ(W (n)

k
(n)
1

)− φ(W (n)
k

(n)
2

)− γn

k
(n)
1 −1∑

k=k
(n)
2

Aφ(W (n)
k ) .

We deal with these three terms separately.
First since φ satisfies (4.23), by the fundamental theorem of calculus, there exists

C ⩾ 0 such that for any w0, w1 ∈ R, |φ(w1)− φ(w0)| ⩽ C max(|w0| , |w1|) |w0 − w1|. By
(4.19), we get that there exists C ⩾ 0 such that for any n ∈ N, almost surely,

|A(n)
1 | ⩽ Cγn{max

i∈{k(n)
1 ,k

(n)
1 +1,k

(n)
2 ,k

(n)
2 +1} |W

(n)
i |2 + 1} .

This implies by Lemma 36 and the Lebesgue convergence theorem that

lim
n→+∞

E[|A(n)
1 |] = 0 . (4.82)

Regarding A(n)
2 , we consider the decomposition,

A
(n)
2 = A

(n)
2,1 +A

(n)
2,2 ,

A
(n)
2,1 =

∫ k
(n)
2 γn

s
Aφ(W(n)

u )du+
∫ k

(n)
1 γn

t
Aφ(W(n)

u )du

A
(n)
2,2 = −

k
(n)
1 −1∑

k=k
(n)
2

∫ (k+1)γn

kγn

{Aφ(W(n)
u )−Aφ(W (n)

k )}du .

Since φ satisfies (4.23), by Lemma 36 and the Lebesgue dominated convergence
theorem, we get that limn→+∞ E[|A(n)

2,1 |] = 0. In addition, we have by definition of A
(4.22) that for any n ∈ N, k ∈ {k(n)

2 , . . . , k
(n)
1 − 1}, u ∈ (kγn, (k + 1)γn),∣∣∣Aφ(W(n)

u )−Aφ(W (n)
k )

∣∣∣ ⩽ Bu,k + 21Ac
k
σ2 supR |φ′′|

B
(n)
u,k = (|κ(W (n)

k )|+ c∞)|φ′(W(n)
u )− φ′(W (n)

k )|

+ |φ′(W(n)
u )||κ(W(n)

u )− κ(W (n)
k )|+ 21Ak

σ2|φ′′(W(n)
u )− φ′′(W (n)

k )| ,
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where Ak = {W (n)
k = 0,W (n)

k+1 ̸= 0} ∪ {W (n)
k+1 = 0,W (n)

k ̸= 0}. Note that using that
φ′ and φ′′ are Lipchitz and supw̃∈[0,+∞) |φ′|(w)/(1 + |w|) < +∞ by (4.23), A 1 and
(4.19), we get that there exists C ⩾ 0 such that for any n ∈ N, k ∈ {k(n)

2 , . . . , k
(n)
1 − 1},

u ∈ (kγn, (k + 1)γn),

|B(n)
u,k | ⩽ Cγn{|W (n)

k |2 + |W (n)
k+1|2 + 1} ,

which implies by Lemma 36 that

lim
n→+∞

k
(n)
1 −1∑

k=k
(n)
2

∫ (k+1)γn

kγn

E
[∣∣∣B(n)

u,k

∣∣∣] du = 0 .

To conclude that limn→+∞ E[|A(n)
2 |] = 0, it remains to show that

lim
n→+∞

γn

k
(n)
1 −1∑

k=k
(n)
2

E
[
1Ac

k

]
= 0 . (4.83)

Note that using that by definition, (W (n)
k )k∈N is a Markov chain with Markov kernel Qγn

(4.13), the Markov property implies that for any n ∈ N and k ∈ {k(n)
2 , . . . , k

(n)
1 − 1},

E
[
1Ac

k

]
⩽ P

(
W

(n)
k = 0,W (n)

k+1 ̸= 0
)

+ P
(
W

(n)
k ̸= 0,W (n)

k+1 = 0
)

(4.84)

= 1−2Φ[−c∞
√
γn/(2σ)] + 2E

[
1R∗+

(W (n)
k )Φ[−τ∞γn

(W (n)
k )/{2(σ2γn)1/2}]

]
,

where τ∞γn
(w) = τγn(w) + γc∞, for any w ∈ [0,+∞). Since 1 − 2Φ(−u) ⩽ u for any

u ∈ [0,+∞), we get that there exists C ⩾ 0 such that for any n ∈ N, γn
∑k

(n)
1 −1

k=k
(n)
2

1 −

2Φ[−c∞
√
γn/(2σ)] ⩽ C((t− s) + γn)γ1/2

n and therefore

lim
n→+∞

γn

k
(n)
1 −1∑

k=k
(n)
2

{1− 2Φ[−c∞
√
γn/(2σ)]} = 0 . (4.85)

Regarding the second term in (4.84), consider the sequence of measurable functions
defined for any n ∈ N, ω ∈ Ω, k ∈ N by

fn(ω, k) = γn1{k(n)
2 ,...,k

(n)
1 −1}(k)1R∗+

(W (n)
k )Φ[−τ∞γ (W (n)

k )/{2(σ2γn)1/2}] ,

on the measure space (Ω×N,F⊗2N,P⊗νc), where 2N is the power set of N and νc is the
counting measure on N. Note that P⊗ νc almost everywhere, limn→+∞ fn(ω, k) = 0 and
in addition, ∑k∈N

∫
Ω f̃n(ω, k)dP(ω) ⩽ (t−s)+γn. Therefore by the Lebesgue dominated
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convergence theorem, we obtain that limn→+∞
∑

k∈N

∫
Ω f̃n(ω, k)dP(ω) = 0 which implies

by definition,

lim
n→+∞

2γn

k
(n)
1 −1∑

k=k
(n)
2

E
[
1R∗+

(W (n)
k )Φ[−τ∞γn

(W (n)
k )/{2(σ2γn)1/2}]

]
= 0 .

This result combined with (4.85) and (4.84) in (4.83) shows that

lim
n→+∞

E
[
|A(n)

2 |
]

= 0 . (4.86)

Finally we deal with A
(n)
3 from the decomposition

A
(n)
3 =

k
(n)
1 −1∑

k=k
(n)
2

φ(W (n)
k+1)− φ(W (n)

k )− γnAφ(W (n)
k ) .

Set for any k ∈ {k(n)
2 , . . . , k

(n)
1 − 1}, ∆W (n)

k = W
(n)
k+1−W

(n)
k . Using that φ is three times

continuously differentiable, we get by Taylor’s theorem with Lagrange reminder, that
for any n ∈ N, k ∈ {k(n)

2 , . . . , k
(n)
1 − 1}, there exists uk ∈ [0, 1] satisfying

φ(W (n)
k+1)− φ(W (n)

k )− γnAφ(W (n)
k ) = φ′(W (n)

k )∆W (n)
k

+ (φ′′(W (n)
k )/2){∆W (n)

k }
2 + 6−1φ(3)(ukW

(n)
k+1 + (1− uk)W (n)

k ){∆W (n)
k }

3 .

It follows from the definition (4.12), A 1 and Young’s inequality, setting τ∞γn
(w) =

τγn(w) + c∞ and κ∞(w) = κ(w) + c∞ that for any n ∈ N, k ∈ {k(n)
2 , . . . , k

(n)
1 − 1},

|∆W (n)
k |

3 ⩽ 4{γ3
n|κ∞(W (n)

k )|3 + |W (n)
k+1 − τ

∞
γn

(W (n)
k )|3} .

It follows then using the definition of A (4.22), (4.23), Lemma 38 and Lemma 36 that

lim
n→+∞

E[|A(n)
3 −A(n)

4 |] = 0 , where A(n)
4 = A

(n)
4,1 +A

(n)
4,2 , (4.87)

A
(n)
4,1 =

k
(n)
1 −1∑

k=k
(n)
2

[φ′(W (n)
k )∆W (n)

k+1 − γnφ
′(W (n)

k )κ∞(W (n)
k )]

A
(n)
4,2 =

k
(n)
1 −1∑

k=k
(n)
2

[(φ′′(W (n)
k )/2){∆W (n)

k+1}
2 − 2γnσ

2φ′′(W (n)
k )1R∗+

(W (n)
k )] .

Note that by Lemma 24 and the Markov property, we have that for any n ∈ N and
k ∈ {k(n)

2 , . . . , k
(n)
1 − 1}, φ′(W (n)

k )E[∆W (n)
k+1 |F

(n)
k ] − γnφ

′(W (n)
k )κ∞(W (n)

k ) = 0, which
implies that

E[A(n)
4,1 |G

(n)
s ] = E[A(n)

4,1 |F
(n)
k

(n)
2

] (4.88)

= ∑k
(n)
1 −1

k=k
(n)
2

E[φ′(W (n)
k )E[∆W (n)

k+1 |F
(n)
k ]− γnφ

′(W (n)
k )κ∞(W (n)

k ) |F (n)
k

(n)
2

] = 0 .
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We now show that limn→+∞ E[|E[A(n)
4,2 |G

(n)
s ]|] = 0 using the decomposition

A
(n)
4,2 = A

(n)
4,2,1 +A

(n)
4,2,2 , (4.89)

A
(n)
4,2,1 =

k
(n)
1 −1∑

k=k
(n)
2

1R∗+
(W (n)

k )(φ′′(W (n)
k )/2)[{∆W (n)

k+1}
2 − 4σ2γn]

A
(n)
4,2,2 =

k
(n)
1 −1∑

k=k
(n)
2

1{0}(W
(n)
k )(φ′′(0)/2){W (n)

k+1}
2 .

Then, by Lemma 39-(a) , we have using the Markov property that

|E[A(n)
4,2,1 |G

(n)
s ]| = |E[A(n)

4,2,1 |F
(n)
k

(n)
2

]| ⩽ 8σ2 sup
R
{
∣∣φ′′∣∣} k

(n)
1 −1∑

k=k
(n)
2

f̃n(ω, k) , (4.90)

where f̃n(ω, k) = γn1{k(n)
2 ,...,k

(n)
1 −1}(k)1R∗+

(W (n)
k (ω))Υ(τ̄∞γ (W (n)

k (ω)) ,

Υ(u) =
∫+∞

u |g|q φ(g)dg, τ̄∞γ (W (n)
k (ω)) = τ∞γn

(W (n)
k (ω))/{2(σ2γn)1/2}. (f̃n)n∈N is a se-

quence of measurable functions defined (Ω×N,F ⊗ 2N,P⊗ νc). Note that P⊗ νc almost
everywhere, limn→+∞ f̃n(ω, k) = 0 and in addition,∑

k∈N

∫
Ω
f̃n(ω, k)dP(ω) ⩽ [(t− s) + γn]

∫
R
|g|q φ(g)dg .

Therefore, we obtain that limn→+∞
∑

k∈N

∫
Ω f̃n(ω, k)dP(ω) = 0 by the Lebesgue dom-

inated convergence theorem, which implies by (4.90) that

lim
n→+∞

E[|E[A(n)
4,2,1 |G

(n)
s ]|] = 0 . (4.91)

We now consider A4,2,2. By Lemma 39-(b) and the Markov property, it follows that

|E[A(n)
4,2,2 |G

(n)
s ]| = |E[A(n)

4,2,2 |F
(n)
k

(n)
2

]| ⩽ (3φ′′(0)/2)[(t− s) + γn]γnc
2
∞ ,

showing that limn→+∞ E[|E[A(n)
4,2,2 |G

(n)
s ]|] = 0. Combining this result, (4.91)-(4.89)-

(4.88)-(4.87), we get that limn→+∞ E[|E[A(n)
3 |G

(n)
s ]|] = 0. Plugging this result and

(4.86)-(4.82) in (4.81) completes the proof.
Proof of (4.25). The proof follows exactly the same lines as (4.24) but we use that

the only different and non negligeable term is A(n)
4,2 which becomes

A
(n)
4,2 =

k
(n)
1 −1∑

k=k
(n)
2

[(φ′′(W (n)
k )/2)[{∆W (n)

k+1}
2 − 4γnσ

2] .

Using (4.79) in Lemma 39, the assumption that φ′′(w) ⩾ 0 for any w ∈ R, and the
Markov property, we get that for any n ∈ N, E[A(n)

4,2 | Gs] ⩽ 0, which concludes the
proof.
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4.5.2.4 Proof of Theorem 4.16

Proposition 4.27. Assume A1. Let µ∞ be a limit point of (µn)n∈N. Then, µ∞-almost
everywhere, inft∈[0,+∞) Wt ⩾ 0.

Proof. Without loss of generality, we assume that (µn)n∈N converges to µ∞. Since
ω 7→ inft∈[0,+∞) ωt is continuous, F = {ω ∈ W : inft∈[0,+∞) ωt ⩾ 0} is closed. There-
fore, by the Portmanteau theorem [74, Theorem 13.16], we obtain that µ∞(F) ⩾
lim supn→+∞ µn(F) = 1.

Proof of Theorem 4.16. Recall that we denote by (µn)n∈N the sequence of distribution
on W associated with {(W(n)

t )t⩾0 : n ∈ N}. Let µ∞ be a limit point of this sequence
for the convergence in distribution. Without loss of generality, we assume that (µn)n∈N

converges in distribution to µ∞. Note that by Proposition 4.14, for any continuous
function F : W→ R such that |F | (ω) ⩽ CT {1+supt∈[0,T ] |ωt|δc} for δc ∈ [0, 4), T,CT ⩾ 0,
then F is uniformly integrable for (µn)n∈N and therefore (see e.g. [3, Lemma 5.1.7.])

lim
n→+∞

∫
W
Fdµn =

∫
W
Fdµ∞ . (4.92)

We divide then the proof into two parts. First part: we first show that under µ∞,
(Mt)t⩾0 is a (Wt)t⩾0-martingale. Considering

F1 : ω 7→
(
φ1(ωt)− φ1(ωs)−

∫ t

s
Aφ1(ωu)du

)
ψ(ωt1 , . . . , ωtN ) ,

and applying Proposition 4.17-(4.24) to φ1(w) = w for any w ∈ R, since Aφ1 is continu-
ous under A1, for any N ∈ N, (t1, . . . , tN , s, t) ∈ [0,+∞)N+2, 0 ⩽ t1 ⩽ · · · ⩽ tN ⩽ s < t,
ψ : RN

+ → R, continuous and bounded,

Eµ∞ [(Mt −Ms)ψ(Wt1 , . . . ,WtN )] = 0 ,

where Eµ∞ [·] is the expectation under µ∞ on (W,W). We obtain by the monotone
class theorem and [115, Theorem 2.3, Chapter 0] that the first part of the result holds,
i.e. (Mt)t⩾0 defined by (4.21) is a (Wt)t⩾0-martingale on (W,W, (Wt)t⩾0,µ∞).

Second part: It remains to show that under µ∞, (Nt)t⩾0 is a (Wt)t⩾0-martingale.
We first establish setting φ2(w) = w2 for w ∈ R, that

Ñt = φ2(Wt)− φ2(W0)−
∫ t

0
Aφ2(Wu)du ,

is a (Wt)t⩾0-submartingale, which easily implies that (Nt)t⩾0 is a (Wt)t⩾0-submartingale.
Let N ∈ N, (t1, . . . , tN , s, t) ∈ [0,+∞)N+2, 0 ⩽ t1 ⩽ · · · ⩽ tN ⩽ s < t, ψ : RN

+ → R,
continuous, nonnegative and bounded. Then, consider F+

2 = F+
2,1 + F+

2,2 on W with :

F+
2,1 : ω 7→

{
φ2(ωt)− φ2(ωs)− 2

∫ t

s
ωu(κ(ωu) + c∞)du

}
ψ(ωt1 , . . . , ωtN )

F+
2,2 : ω 7→ −4σ2

{∫ t

s
1R∗+

(ωu)du
}
ψ(ωt1 , . . . , ωtN )
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Note that it is easy to check that F+
2,1 is continuous and F+

2,2 is bounded lower semi-
continuous on W, i.e. for any (ωn)n∈N converging to ω∞ in W endowed with the uniform
convergence on compact set, lim infn→+∞ F

+
2,2(ωn) ⩾ F+

2,2(ω∞). Therefore, we obtain by
the Portmanteau theorem [74, Theorem 13.16] and (4.92) that∫

W
F+

2,1dµ = lim
n→∞

∫
W
F+

2,1dµn , and
∫

W
F+

2,2dµ ⩽ lim inf
n→+∞

∫
W
F+

2,2dµn .

Therefore,Proposition 4.17-(4.24) applied with φ← φ2 implies that

0 = lim sup
n→+∞

∫
W
F+

2 dµn ⩽
∫

W
F+

2 dµ .

Using the same arguments as before, we obtain that under µ∞, (Ñt)t⩾0 is a (Wt)t⩾0-
submartingale. Then, it is easy to verify that (Nt)t⩾0 is a (Wt)t⩾0-submartingale. We
complete then the proof by showing that (Nt)t⩾0 is also a (Wt)t⩾0-supermartingale under
µ∞. To do so, we need the following lemma.

Lemma 40. Assume A1. Then, for any limit point µ∞ of (µn)n∈N, µ∞-almost every-
where, t 7→ ⟨M⟩t − 4σ4t is nonincreasing, where (⟨M⟩t)t⩾0 is the quadratic variation of
(Mt)t⩾0.

Proof. Let N ∈ N, (t1, . . . , tN , s, t) ∈ [0,+∞)N+2, 0 ⩽ t1 ⩽ · · · ⩽ tN ⩽ s < t, ψ : RN
+ →

R, continuous, nonnegative and bounded. Consider now the continuous map

F−2 : ω 7→
{
φ2(ωt)− φ2(ω0)−

∫ t

0
Ãφ2(ωu)du

}
ψ(ωt1 , . . . , ωtN ) .

Then, by (4.92) and Proposition 4.17-(4.25), we get limn→∞
∫

W F
−
2 dµn ⩽ 0. Using that

under µ∞ (Mt)t⩾0 is a (Wt)t⩾0-martingale, we get that (M2
t − 4σ2t)t⩾0 is a (Wt)t⩾0

supermartingale. By the Doob-Meyer decomposition [73, Theorem 22.5], under µ∞,
there exists a unique nondecreasing, locally integrable and predictable process (Ct)t⩾0,
such that (M2

t − 4σ2t + Ct)t⩾0 is a (Wt)t⩾0-martingale. In addition, under µ∞, by
[115, Theorem 1.8, Chapter IV], the quadratic variation (⟨M⟩t)t⩾0 of (Mt)t⩾0 is a finite
variation process satisfying (M2

t − ⟨M⟩t)t⩾0 is a (Wt)t⩾0-martingale therefore (M2
t −

4σ2t − (⟨M⟩t − 4σ2t))t⩾0 is a (Wt)t⩾0-martingale. Therefore, (⟨M⟩t − 4σ2t − Ct)t⩾0 is
a (Wt)t⩾0-martingale and a finite variation process. By [115, Proposition 1.2, Chapter
IV], µ∞-almost everywhere, for any t ∈ [0,+∞), ⟨M⟩t− 4σ2t+ Ct = 0, which completes
the proof.

By Lemma 40, denoting by (⟨M⟩t)t⩾0, the quadratic variation of (Mt)t⩾0, see [115,
Theorem 1.8, Chapter IV], µ∞-almost everywhere, t 7→ ⟨M⟩t − 4σ2t is nondecreasing
and therefore we get that for any s, t ∈ [0,+∞), s ⩽ t, µ∞-almost everywhere,∫ t

s
1R∗+

(Wu)d ⟨M⟩u ⩽ 4σ2
∫ t

s
1R∗+

(Wu)du . (4.93)
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In addition, by the occupation times formula [115, Corollary 1.6, Chapter VI] applied
twice and Proposition 4.27, µ∞-almost everywhere,

⟨M⟩t =
∫ t

0
d ⟨M⟩u =

∫ t

0
1R+(Wu)d ⟨W⟩u =

∫
R+

La
t da =

∫
R∗+

La
t da =

∫ t

0
1R∗+

(Wu)d ⟨M⟩u

Using this result and (4.93), we get that ⟨M⟩t − ⟨M⟩s ⩽ 4σ2 ∫ t
s 1R∗+

(Wu)du, for any
s, t ∈ [0,+∞), s ⩽ t. Therefore since (M2

t −⟨M⟩t)t⩾0 is a (Wt)t⩾0-martingale under µ∞,
we conclude that (Nt)t⩾0 is a (Wt)t⩾0-supermartingale which completes the proof.

4.5.3 Postponed proofs of Section 4.4

Proof of Proposition 4.19. From AO 3 we know that zθ(t) ∈ K for all t ∈ [0, T ]. In
particular, using that for all 0 ⩽ s ⩽ t ⩽ T , zθ(t) − zθ(s) =

∫ t
s Fθ(zθ(u), u)du, we get

that
∥zθ(t)− zθ(s)∥ ⩽ CF (t− s) . (4.94)

Let k ∈ N be such that z̃h
θ (kh) ∈ K (this is for instance the case of k = 0). Then, for

t ∈ [kh, (k + 1)h], using by (4.32) that

zθ(t)− z̃h
θ (t) = zθ(kh)− z̃h

θ (kh) +
∫ t

kh

(
Fθ(zθ(s), s)− Fθ(z̃h

θ (kh), kh)
)

ds ,

and setting f(t) =
∥∥∥zθ(t)− z̃h

θ (t)
∥∥∥, we get by (4.94) and AO 3 for any h > 0 and

t ∈ [kh, (k + 1)h],

f(t) ⩽ (1 + L′Fh)f(kh) + L′F (1 + CF )h
2

2 .

Assuming that h ⩽ h̄ where h̄ is sufficiently small so that

1
2L′F (1 + CF )h̄T eL′F T < δ ,

we get by a direct induction that, for all k ∈ {0, . . . , ⌊T/h⌋}, z̃h
θ (kh) ∈ K and for all

t ∈ (kh, (k + 1)h], t ∈ [0, T ],

f(t) ⩽
1
2L′F (1 + CF )h2(k + 1)eL′F h(k+1)

Conclusion follows with
C = 1

2L′F (1 + CF )NTeL′F T .

Proof of Proposition 4.21. We have by AO2 and (4.37), Tγ(θ) = θ − γ∇∇U(θ) with

∇U(θ) = ∇U0(θ) +
N∑

i=1
si (zθ(ti)) (4.95)
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where zθ solves (4.30) and si are defined in (4.37). For all θ, θ̃ ∈ Rd and t ∈ [0, T ],

zθ(t)− zθ̃(t) =
∫ t

0

(
Fθ(zθ(s), s)− Fθ̃ (z̃θ(s), s)

)
ds

and thus, using (4.33), Grönwall’s inequality implies that

∥zθ(t)− zθ̃(t)∥ ⩽ LF ∥θ − θ̃∥teL′F t ∀t ⩾ 0 .

In particular, by (4.95) and (4.37),

∥∇U(θ)−∇U(θ̃)∥ ⩽

(
LU + LsLF

N∑
i=1

tie
L′F ti

)
∥θ − θ̃∥ .

Moreover, similarly, we get if ∥θ − θ̃∥ ⩾ RU ,〈
θ − θ̃,∇U(θ)−∇U(θ̃)

〉
⩾ mU∥θ − θ̃∥2 −NCs∥θ − θ̃∥ .

Combining the last two estimates yields H1. Finally, H2 follows using AO4, (4.35) and
(4.37) from

∥∇U(θ)− b̃h(θ)∥ ⩽ Ls

N∑
i=1
∥zθ(ti)−Ψh

i (θ)∥ ⩽ CΨLsh
α .
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Titre : Contributions à la conception, l’étude et la mise en oeuvre de méthodes de Monte Carlo par chaı̂ne de
Markov appliquées à l’inférence bayésienne
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Résumé : Cette thèse s’intéresse à l’analyse et la
conception de méthodes de Monte Carlo par chaine
de Markov (MCMC) utilisées dans l’échantillonnage
en grande dimension. Elle est constituée de trois par-
ties.
La première introduit une nouvelle classe de chaı̂nes
de Markov et méthodes MCMC. Celles-ci per-
mettent d’améliorer des méthodes MCMC à l’aide
d’échantillons visant une restriction de la loi cible ori-
ginale sur un domaine choisi par l’utilisateur. Cette
procédure donne naissance à une nouvelle chaı̂ne qui
tire au mieux parti des propriétés de convergences
des deux processus qui lui sont sous-jacents. En plus
de montrer que cette chaı̂ne vise toujours la mesure
cible originale, nous établissons également des pro-
priétés d’ergodicité sous des hypothèses faibles sur
les noyaux de Markov mis en jeu.
La seconde partie de ce document s’intéresse aux
discrétisations de la diffusion de Langevin sous-
amortie. Cette diffusion ne pouvant être calculée ex-

plicitement en général, il est classique de considérer
des discrétisations. Cette thèse établie pour une large
classe de discrétisations une condition de minora-
tion uniforme en le pas de temps. Avec des hy-
pothèses supplémentaires sur le potentiel, cela per-
met de montrer que ces discrétisations convergent
géométriquement vers leur unique mesure de proba-
bilité invariante en V -norme.
La dernière partie étudie l’algorithme de Langevin
non ajusté dans le cas où le gradient du potentiel
est connu à une erreur uniformément bornée près.
Cette partie fournie des bornes en V -norme et en
distance de Wasserstein entre les itérations de l’algo-
rithme avec le gradient exact et celle avec le gradient
approché. Pour ce faire il est introduit une chaine de
Markov auxiliaire qui borne la différence. Il est établi
que cette chaı̂ne auxiliaire converge en loi vers un
processus dit collant déjà étudié dans la littérature
pour la version continue de ce problème.

Title : Contributions to the design, study and implementation of Markov chain Monte Carlo methods applied
to Bayesian inference

Keywords : Markov chain Monte Carlo, Underdamped Langevin diffusion, Non-reversible Markov chain, Unad-
justed Langevin algorithm, Bayesian inference

Abstract : This thesis focuses on the analysis and de-
sign of Markov chain Monte Carlo (MCMC) methods
used in high-dimensional sampling. It consists of three
parts.
The first part introduces a new class of Markov chains
and MCMC methods. These methods allow to im-
prove MCMC methods by using samples targeting a
restriction of the original target distribution on a do-
main chosen by the user. This procedure gives rise to
a new chain that takes advantage of the convergence
properties of the two underlying processes. In addition
to showing that this chain always targets the original
target measure, we also establish ergodicity proper-
ties under weak assumptions on the Markov kernels
involved.
The second part of this thesis focuses on discretiza-
tions of the underdamped Langevin diffusion. As this
diffusion cannot be computed explicitly in general, it is

classical to consider discretizations. This thesis esta-
blishes for a large class of discretizations a condition
of uniform minimization in the time step. With additio-
nal assumptions on the potential, it shows that these
discretizations converge geometrically to their unique
V -invariant probability measure.
The last part studies the unadjusted Langevin algo-
rithm in the case where the gradient of the potential is
known to within a uniformly bounded error. This part
provides bounds in V -norm and in Wasserstein dis-
tance between the iterations of the algorithm with the
exact gradient and the one with the approximated gra-
dient. To do this, an auxiliary Markov chain is introdu-
ced that bounds the difference. It is established that
this auxiliary chain converges in distribution to sticky
process already studied in the literature for the conti-
nuous version of this problem.
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