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CHAPITRE 1

Introduction

Cette thése porte sur deux processus stochastiques, les processus de Hawkes
et les processus de FitzHugh-Nagumo. Ceux-ci, particuliérement distincts comme
nous le verrons dans la suite, peuvent tous deux servir & de la modélisation. La ou
les processus de Hawkes sont applicables & des phénomeénes trés divers, comme les
séismes [43, 44], les réseaux sociaux [34, 32], la finance [42, 3|, la biologie (génomique
[73], neurologie [58, 41]) ; les processus de FitzHugh-Nagumo ont été spécifiquement
construits pour une application : les décharges électriques des neurones. Nous com-
mencons donc par introduire, en quelques pages, la modélisation des neurones dans
le cerveau, afin de comprendre comment deux processus si distincts peuvent étre
intéressants dans ce cadre.

Ensuite nous décrirons plus explicitement ces processus, le contexte dans lequel nous
les avons étudiés et les résultats obtenus.

1.1 Quelques explications sur les neurones

1.1.1 Préambule biologique

Le fonctionnement biologique du cerveau et des neurones est encore trés peu
connu. Différentes approches, et différents modéles existent afin de, petit a petit,
comprendre certaines spécificités et certains fonctionnements. Notre point de vue
ici, via les modéles que nous étudions, est un point de vue microscopique : I’idée
est d’essayer de comprendre comment fonctionne un neurone, puis plusieurs neu-
rones pour comprendre le fonctionnement général d’un ensemble de neurones. Il ne
s’agit bien str pas de modéliser un cerveau entier : un humain a de I'ordre de 10!
neurones, ce qui est immense, et ne peut donc pas étre étudié en considérant les
neurones un a un. D’autres types de modéles, dits macroscopiques, existent pour
ces questions. Des liens existent entre modéles microscopiques et modéles macrosco-
piques, notamment via ce que nous avons étudié dans un cadre particulier avec la
propagation du chaos.

Tout d’abord, un neurone est une cellule. Cette derniére est spécifique et per-
met de transmettre des signaux électriques sur des distances pouvant étre grandes.
I est composé d'un soma (le corps de la cellule), d’'un azone et d'un ou plusieurs
dendrites, comme le décrit la figure 1.1. Les dendrites permettent de réceptionner
les signaux émis par d’autres neurones. L’axone, unique lui, a plusieurs terminaisons
axonales qui permettent au neurone de transmettre un signal.
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Dendrites

_— (recelvers)

Soma
Axon
terminals
(transmitters)

Nucleus

FIGURE 1.1 — Représentation d’un neurone, par Nicolas Rougier (2007) !

Les signaux sont transmis par des synapses. Ces synapses sont les points de jonc-
tion entre deux neurones, généralement entre un axone et une dendrite. Deux types
de synapses existent : les synapses chimiques et les synapses électriques.

Dans la synapse chimique, le signal nerveux est transmis par une molécule spécifique
appelée neurotransmetteur. Celle-ci est émise par le neurone qui envoie le signal et
se lie & des récepteurs sur le second neurone.

Dans la synapse électrique, I'influx nerveux se transmet par courant ionique : les
ions se déplacent d’un neurone a un autre.

Ces deux types de synapses ont chacune des caractéristiques propres et des modéli-
sations distinctes.

Un neurone typique recoit des signaux venant de plusieurs milliers de neurones.
Chacune de ces contributions entraine un changement du potentiel de membrane du
neurone. Ces apports peuvent étre d’amplitude variée et entrainent un changement
de potentiel proportionnel. Le neurone va ensuite générer une décharge électrique
qui est, par la suite, propagée le long de son axone en direction des autres neurones.
Les déclenchements de décharges ne sont pas encore entiérement compris. L’idée
classique est de considérer un seuil : tant que le potentiel du neurone est en dessous
du seuil, il ne se passe rien, et lorsqu’il le dépasse, une décharge est produite avec la
totalité du potentiel. Cette idée est mise 8 mal par plusieurs expériences. En effet, a
plusieurs reprises, des biologistes ont tenté de déterminer le seuil de déclenchement
pour certains types de neurones, mais ils n’ont pas pu l'identifier. En fait, selon la
durée du signal regu par le neurone (instantané, ou sur une durée plus longue), son
type (signal unique ou répétitif), sa période (dans le cas o il est périodique), le seuil
de déclenchement peut étre différent. Il ne s’agit pas simplement d’une condition en

1. Nicolas Rougier (2007) Wikimedia Commons. (https://commons.wikimedia.org/wiki/
File:Neuron-figure-fr.svg) CC BY 4.0
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tout-ou-rien : "au-dela de telle valeur" et "en dessous de telle valeur".

Différents modéles mathématiques ont donc été construits pour étudier la trans-
mission de ces signaux électriques entre les neurones. Parmi ces modéles, certains
considérent un seuil, et d’autres ont des interactions plus nuancées.

Les questions des biologistes sont extrémement variées. Ainsi, le choix du modéle
dépend des points d’intéréts, du type de données fournies et de la précision souhaitée.
Les données obtenues sont souvent de la forme de spiking train, c’est-a-dire d’une
suite de temps de décharge de neurones. Il n’est d’ailleurs pas toujours possible
d’isoler les temps de décharge pour un neurone par rapport aux autres d’'un point
de vue expérimental, et des outils statistiques sont donc développés pour le faire.
Le taux de décharge, ou firing rate, est une quantité souvent étudiée dans les articles.
Il s’agit de I'inverse du nombre de décharges sur une certaine durée, qui permet de
calibrer le modéle & partir de vraies données mais qui est également une quantité
intéressante en soi.

1.1.2 Les modéles

Lorsque I’on s’intéresse aux comportements des neurones, deux types de modéles

existent : les modéles & sauts, dans lesquels on s’intéresse aux instants de décharge du
neurone (et éventuellement a leur amplitude), et les modéles continus, dans lesquels
on considére 1’évolution du potentiel du neurone.
La construction et 'utilisation de ces deux types de modéles dans les neurosciences
ont été faites de maniére différente : 14 ol les modéles continus ont en général été
construits & partir des expériences et d’hypothéses, et sont spécifiques aux neurones ;
les modéles & sauts ont pu étre construits et étudiés pour d’autres objectifs, puis
ont été appliqués aux neurones.

1.1.2.1 Modéles a sauts

Lorsque I’on regarde une suite d’instants aléatoires, le plus naturel est de consi-
dérer un processus de saut. Ces processus, aussi appelés processus ponctuels sur R,
sont représentés par une suite de temps (5;);eny ou de maniére équivalente par une
suite d’intervalles (7;)ien = (S; — Si—1)ien+. lls sont caractérisés par une valeur
initiale Sy, souvent nulle, et par une loi pour les 7;.

Le processus le plus simple est bien entendu le processus de Poisson homogéne :
la suite (7;);en+ est i.i.d. et 71 suit une loi exponentielle de paramétre constant A\. On
dit alors que 'intensité du processus A est constante et vaut A. Dans le cadre de mo-
délisation de neurones, ce processus est trop simple pour étre utilisé : par exemple,
il ne permet pas de représenter des périodes réfractaires (périodes qui suivent un
déclenchement de décharge et pendant lesquelles le neurone ne peut plus se redé-
clencher). Une seconde limite, assez générale pour les processus ponctuels, est que le
processus de Poisson homogéne est stationnaire, et il a déja été montré, par exemple
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dans |75], que les décharges neuronales ne peuvent pas étre entiérement modélisées
)
par un processus stationnaire.

Une maniére de complexifier cette idée est de considérer les processus de renou-
vellement, comme dans [67]. Ces processus sont décrits par une suite (7;);en+ qui est
i.i.d. mais dont la loi n’est pas nécessairement exponentielle. Dans [67], on suppose
que 71 suit une loi Gamma ou une loi Log-Normale. Cependant ce modéle présente
la méme limite que le modeéle de Poisson homogeéne : le processus est stationnaire. Il
s’agit néanmoins d’un modéle trés simple qui peut étre utilisé pour certaines études.
Pour aller plus loin, [68] et [21] ont considéré des processus de Wold, c’est-a-dire des
processus dont le futur saut dépend du dernier instant de saut, mais également de
la longueur du dernier intervalle : en fait 7,41 dépend de 7,.

Une seconde maniére de complexifier 'idée d’un processus de Poisson homogéne
est de s’intéresser & des processus de Poisson inhomogénes, dont l'intensité A varie
au cours du temps. C’est le type de processus considéré dans [83] et dans [72]. Néan-
moins, [39] et [66] ont mis en évidence une dépendance des décharges des neurones
entre elles, ce qui ne peut pas étre modélisé par ces processus. Les processus de
Hawkes permettent d’étendre la notion de processus de Poisson en considérant une
dépendance des événements entre eux, c¢’est pourquoi [72]| et [21] s’y sont intéressés
dans le cadre de la modélisation de neurones. Méme si les processus de Hawkes sont
également stationnaires, ils permettent tout de méme de modéliser dans une certaine
mesure des décharges neuronales. Ce processus que nous avons choisi d’étudier est
défini plus en détail dans la suite.

1.1.2.2 Modéle continu

Pour étudier I’évolution du potentiel d’un neurone, différents modéles ont été dé-
crits avec des équations différentielles ordinaires (EDO). Ici, nous n’en évoquerons
que quelques-uns, en décrivant en particulier les équations différentielles stochas-
tiques (EDS) qui en découlent. Pour avoir plus d’informations et d’explications bio-
chimiques sur les modéles, le livre [48] présente les différents systémes dynamiques
(déterministes) utilisés en neuroscience.

De maniére générale, les systémes que nous présentons ici découlent tous de la re-
présentation d’une synapse comme d’un circuit électrique, et de 1’équation

dX (t)
dt

ou X est la différence de potentiel, C est la capacité, I;py: est une intensité en entrée

C

= Imput(t) - Imodel(t)a

du systéme (avec des électrodes), et Ioqe €st Iintensité dans le neurone décrite par
le modéle.

Le premier d’entre eux, attribué a Lapique en 1907 (bien qu’il ait en fait été
nommeé et décrit ainsi & partir des années 1960 d’aprés [17]), est le modéle Intégration-
Et-Tire (Integrate-and-fire). Dans ce modéle, I,04¢:(t) = 0 tant que X(¢) n’a pas
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atteint une certaine valeur seuil Xyj,. Lorsque X (¢) atteint cette valeur, on considére
que le neurone a une décharge et que X (¢) revient a 0. Des modifications de ce
modeéle ont été proposées, dés 1907, notamment le modéle Intégration et Tire avec
fuite (Leaky integrate-and-fire) qui prend en compte une fuite (ou diffusion) des ions
a travers la membrane du neurone. Dans ce cas, I;,o4e1(t) est proportionnel a X (t).
En particulier, une version stochastique de ce modéle existe et est étudié, notam-
ment dans [49]. Dans cet article, les parameétres sont estimés & partir des données
expérimentales, et le modéle semble bien adapteé.

Néanmoins, ce modéle est descriptif et ne permet pas de comprendre la maniére
dont les décharges se produisent. Hodgkin et Huxley [45], en 1952, ont travaillé sur
I’axone géant du calmar pour comprendre plus spécifiquement le fonctionnement du
neurone. Ils ont décrit le courant du modéle en le décomposant en trois courants
ioniques : Inoder = Ina + Ik + I;. Les ions sodium et potassium représentent la part
principale de ce courant, et I; est le courant "de fuite", généré par les ions chlorure
et d’autres ions. Ik et Iy, sont décrits & partir de X et de trois variables n, m et
h qui sont les variables d’activation ou de désactivation liées aux canaux ioniques.
Pour chacune de ces variables, une EDO permet de décrire son comportement (en
fonction d’elle-méme et de X). Ce modéle est donc constitué de quatre EDO pour
un seul neurone. Différentes versions stochastiques de ce modéle ont été étudiées.
Ainsi, [46] considére un courant d’entrée I, stochastique, tandis que [4] consideére
un bruit brownien sur les différentes équations. Ce dernier article, consacré a ’étude
de ce modéle dans le cadre de plusieurs neurones en interaction champ-moyen, est
complété par [12].

Le modeéle de Hodgkin-Huxley est reconnu comme étant trés complet, mais en

raison de sa complexité (chaque neurone est décrit par 4 EDO ou EDS non-linéaires),
plusieurs modéles simplifiés ont été proposés et étudiés, en régle générale en se
réduisant & 2 EDO ou EDS. Certains modéles se sont concentrés sur les courants de
certains ions, comme le modeéle de Morris-Lecar [64], aussi appelé modéle I, + Ik.
Une version stochastique a été décrite et [26] décrit une méthode pour estimer des
parameétres physiologiques a partir de ce modéle et de données partielles obtenues
par 'expérience.
Une autre simplification possible de ce modéle est le modéle de FitzHugh-Nagumo,
sur lequel nous nous sommes concentrés dans cette theése. Celui-ci a été défini en
1961 par FitzHugh [33] et le circuit électrique équivalent a été décrit par Nagumo,
Arimoto et Yoshizawa en 1962 [65].

1.2 Plan de la thése et chaque chapitre

Pendant cette thése, je me suis concentrée sur les deux modéles précédemment
cités : le modele de Hawkes et le modéle de FitzHugh-Nagumo.
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Tout d’abord, j’ai souhaité généraliser des résultats connus pour une sous-catégorie
de processus de Hawkes : le cas des processus dit linéaires et auto-excitants. Je me
suis intéressée a des processus qui pouvaient représenter de 1’auto-inhibition ou
une auto-influence a la fois inhibitrice et excitatrice. L’objectif est de permettre la
modélisation de phénomeénes plus complexes : il est par exemple connu que les neu-
rones peuvent étre inhibés. On peut également considérer une auto-influence mixte,
d’abord inhibante - ce qui empéche 'arrivée d’un second événement trop tot apres
un premier - puis excitante aprés une certaine durée. Je me suis restreinte au cas ot
cette auto-influence est sur une durée limitée. Cette restriction est cohérente avec les
applications possibles, et permet de représenter les processus de Hawkes comme des
processus cumulatifs, qui sont un type de processus de renouvellement plus général.
Cette représentation m’a permis de démontrer une loi des grands nombres et un
théoréme central limite, qui était déja connus pour les processus cumulatifs, dans
mon cadre. Le Chapitre 3 décrit ce travail.

J’ai souhaité compléter mon étude avec un Principe de Grandes Déviations, ou a
minima des inégalités de grandes déviations. Néanmoins, ce principe n’existait pas
pour les processus cumulatifs dans la littérature dans le cadre ou je souhaitais ’ap-
pliquer. J’ai donc démontré un Principe de Grandes Déviations, et des inégalités
de grandes déviations sous certaines hypotheéses : cette étude est détaillée dans le
Chapitre 2. J’ai ensuite pu appliquer ce Théoréme dans le cadre des processus de
Hawkes, ce qui achéve le Chapitre 3.

Pour cette raison, je présente de maniére liée ces deux Chapitres dans la Sous-Section
1.2.1 suivante.

Ensuite, je me suis intéressée au modéle de FitzHugh-Nagumo stochastique.
Alors que, pour les processus de Hawkes, je me focalisais sur un seul processus, ici
j’ai souhaité considérer des processus en interaction, pouvant représenter plusieurs
neurones qui communiquent. Je me suis concentrée sur le cadre d’une interaction
champ-moyen, et j’ai montré une propagation du chaos, d’abord non-uniforme en
temps, puis dans un second temps, uniforme en temps. Pour ce faire, j’ai collaboré
avec Pierre Le Bris, et nous avons utilisé une méthode de couplage mixte, c’est-a-
dire un couplage synchrone sur un certain sous-espace, et un couplage symétrique
sur ’espace complémentaire. Cette approche est ’objet du Chapitre 4.

1.2.1 Processus a sauts - Chapitres 2 et 3
1.2.1.1 Deéfinitions et propriétés des processus cumulatifs

Les processus cumulatifs (cumulative process) ont été décrits par Smith [76] et
sont appliqués dans de nombreux contextes, comme en finance ou ils sont appelés
processus de renouvellement composé (compound-renewal processes) ou processus de
renouvellement & récompense (renewal-reward processes). Ces processus cumulent
des variables aléatoires indépendantes au cours du temps (continu). Ces variables
aléatoires sont ajoutées sur des intervalles de temps donnés par un processus de
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renouvellement.

Nous considérons un espace de probabilité muni d’une filtration appropriée
(Q, F, (Ft)t>0,P) qui satisfait les hypothéses habituelles.

Définition 1.2.1. Un processus (Z;); : Rt — R est dit cumulatif sl vérifie les
propriétés suivantes :
1. Zy =0,

2. il existe un processus de renouvellement (Sy,), tel que pour tout n, (Zg, 1+ —
Zs, )t>0 est indépendant de Sp, ...S,, et de (Zs)s<s,,,

3. la distribution de (Zg,++ — Zs,, )¢>0 est indépendante de n.

Néanmoins, travailler avec cette définition n’est pas toujours simple. On préfére
en général travailler avec [’écriture

M,
Zy=Wo(t) +>_ Wi+, (1.2.1)
i=1
ou :
— (73); est la suite de durées associée au processus de renouvellement (S ) ;
— M; =sup{n > 0,5, <t}, le processus de comptage associé a (Sy)n ;
— Wi = an — Zgn71 ;
— Wo(t) = Zinn, = Zintt,r1) ;
— 1y =Ly — Zypp,.
En particulier, on a alors (71, W1), (72, Wa),... une suite i.i.d. de couples de va-

riables aléatoires dans RT x R.

Remarque 1.2.2. On peut définir un exemple de processus cumulatif de la facon
suivante : soit une suite i.i.d. de couples de variables aléatoires (11, W1), (12, Wa), ...
dans R™ x R, définies sur un espace de probabilite (Q,P). Nous considérons le
processus de renouvellement associé & (7;)i>1

n
Sy=0, S :Z’Tk, et My =sup{n >0,S5, <t}.
k=1

La variable aléatoire
My
Zy =Y W,
i=1
est un processus cumulatif, avec Wy = 0 et r; = 0.

Il est important de noter qu’en général, & i fixé, 7; et W; ne sont pas indépen-
dants. Comme les couples (7;, W;); sont i.i.d., on supprimera dans la suite I'indice 4
lorsque l'on traitera de la distribution (et des quantités associées comme l’espérance
et la variance) de (7;, W;) et nous écrirons simplement (7, ). De facon évidente,
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nous supposons E(7) > 0.

La loi des grands nombres (en supposant E[|IV|] et E[7] finis)

Zi ps E[W]
- =
t t—oo E[7]

si et seulement si E [ max |ry] ) < oo,
So<t<Sy

et le théoréme central limite (en supposant Var(W) < oo et Var(7) < 00)
7~ tgpy E
(\/;ﬂ[]) = N (0,0%) ot 0% = Var (W — ]E[Ej'/]] 7)

peuvent étre trouves dans le livre d’Asmussen [1], théoréme 3.1 et théoréme 3.2.

E(7)

L’objectif de notre travail est d’établir un principe de grande déviation pour les
processus cumulatifs. Certaines études ont déja été effectuées dans ce sens. En par-
ticulier, Duffy et Metcalfe [28] ont travaillé sur 'estimation d’une fonction de taux
pour un processus cumulatif (s’il admet un principe de grande déviation). Dans une
suite d’articles, Borovkov et Mogulskii (|9, 10, 11]) ont également étudié le principe
de grande déviation, sous certaines hypothéses de comparaison entre la loi jointe de
(1,W) et la loi de 7. Certains détails ne nous semblaient pas clairs, et nous avons
souhaité établir un principe dans un cadre différent, l’objectif étant de pouvoir I'ap-
pliquer aux processus de Hawkes.

Lefevere, Mariani et Zambotti [52]| ont travaillé sur des processus cumulatifs spéci-
fiques pour lesquels W; = F(7;), pour F une fonction déterministe qui est supposée
positive, bornée et continue. Nous avons choisi de suivre leur approche.

1.2.1.2 Chapitre 2 : Grandes déviations pour les processus cumulatifs

Principe de grandes déviations - rappels généraux
L’objectif de ce chapitre est de prouver un Principe de Grandes Déviations pour le
processus Z;/t. Rappelons quelques définitions sur les grandes déviations (tirées de
125).

Une famille de mesures de probabilité (7;);cr+ sur un espace topologique (X, Ty)
satisfait un principe de grandes déviations avec la fonction de taux J(.) et la vitesse
v(t) =t si J: X — [0, +00] est semi-continue inférieurement et satisfait

1
. < Fminf X 5
ég(fo J(z) < ltlinj&g ; Inn(O) pour tout ouvert O, (1.2.2)
et 1
—inf J(z) > limsup — lnn(C) pour tout ferme C. (1.2.3)
zeC t—+00 t

Nous pourrons dire que (1n;);er+ satisfait un Principe de Grandes Déviations com-
plet si (1.2.2) et (1.2.3) sont satisfaits, tandis que nous parlerons de Principe de
Grandes Déviations faible quand les fermés C sont remplacés par des compacts C
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dans (1.2.3). Quand 7, est la distribution d’une variable aléatoire Y; (par exemple
Z;/t) nous dirons que la famille (Y;); satisfait un Principe de Grandes Déviations.

Puisque la fonction de taux J est semi-continue inférieurement, les ensembles
de niveau {X, J(x) < a} sont fermés. S'ils sont également compacts, alors J sera
qualifiée de bonne fonction de taux.

Nous considérerons ici uniquement la vitesse y(¢) = ¢, nous n’y ferons donc plus
référence.

Une notion particuliérement importante pour notre objectif est la notion d’appro-
zimation exponentiellement bonne.

Définition 1.2.3. Supposons (X, d) est un espace métrique. Une famille de variables
aléatoires Yy, ; (n € N) est une approximation exponentiellement bonne de Y; (toutes
ces variables sont supposées définies sur le méme espace de probabilite (2,P)), si
pour tout § > 0 on a

1
lim lim sup n InP(d(Yy, Y:) >0) = —o00.

n—=00 {00
Le résultat clé pour notre étude est

Théoréme 1.2.4. Dans le cadre de la définition 1.2.3, on suppose que Y, ; est une
approzimation exponentiellement bonne de Y:. Alors, les propositions suivantes sont
Uraies

1. Si Yy satisfait un Principe de Grandes Déviations complet, avec pour fonc-
tion de taux J", alors Y; satisfait un Principe de Grandes Déviations faible
avec la fonction de taux

J(z) =sup liminf inf J"(y).
()= sup anint it ")

2. 8i X = RF équipé d’une norme quelconque, alors la méme conclusion reste
vraie lorsque Y, ; satisfait uniqguement un Principe de Grandes Déviations

faible.

3. Si J (définie ci-dessus) est une bonne fonction de tauz, telle que pour tout
fermé F,

inf J(y) < li inf J"
Jnf, (y) < lim sup Jnf (v)

alors Y; satisfait un Principe de Grandes Déviations complet, avec la fonction
de tauz J.

Le premier et le dernier de ces points sont contenus dans le Théoréme 4.2.16 de
[25]. Le second point est une conséquence du fait que les boules fermées sont des
compacts dans RF.

Habituellement, ce Théoréme est suffisant pour prouver un Principe de Grandes



10 Chapitre 1. Introduction

Déviations complet. Cependant, dans certains cas, I’étude de la fonction de taux J
est difficile. Le lemme ci-dessous propose une alternative, en utilisant la notion de
tension exponentielle, qui est facile & obtenir avec nos hypothéses.

Lemme 1.2.5. 5% Y; satisfait un Principe de Grandes Déviations faible avec une
fonction de taux I et est exponentiellement tendue, i.e. pour tout o > 0, il existe un
compact K, tel que
1
limsup — logP (V; ¢ K) < —a,
t—+o0 t

alors Yy satisfait un Principe de Grandes Déviations complet et I est une bonne
fonction de taux.

Ce Lemme est une conséquence du Lemme 1.2.18 dans [25]. Le Théoréme 1.2.4 et
ce dernier Lemme 1.2.5 seront utilisés 4 la fin de la preuve, pour prouver le Théoréme
principal 1.2.7.

Résultats de Grandes Déviations
Nous faisons les hypothéses suivantes :

Hypothése 1.2.6. i) 30y € (0, 40c] tel que E[e?"] < oo pour tout 6 < 6,
i) 3Bo € (0, +00] tel que E[e®V] < oo, pour tout g < f.

Nous introduisons les transformées de Cramer classiques, pour (a,b) € R?,

A*(a,b) = sup {az + by — InE(e*"T¥WV)} (1.2.4)
x?y
A} (a,b) =sup {az + by —InE (exr+yW“')} , (1.2.5)
.y

ot W™ est une réduction bien choisie de W. Nous introduisons finalement les fonc-
tions de taux

J (m)—ér;fo BA, <ﬁ, B) : J(m)_égfo BA (6’ ﬁ) : (1.2.6)
et
J =sup liminf inf J"(z). (1.2.7)

§>0 "0 [m—z|<§

On peut ensuite établir

Théoréme 1.2.7. Supposons que les Hypothéses 1.2.6 soient satisfaites. Soit J
définie par (1.2.6) et J par (1.2.7). On écrit m = E(W)/E(r).
— Si By = 400 (en particulier, si W est borné) alors Zy/t satisfait un Principe
de Grandes Déviations complet avec J pour bonne fonction de tauz. Nous
avons également les inégalités sutvantes

1 Zy
li —InP|{— > < — inf J(2), 1.2.8
imsup - In <t _m+a> < - Jnf J(2) (1.2.8)
. 1 Zt :
limsup — InP| — <m—a) <— inf J(z). (1.2.9)
t——+oo t t z<m—a
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— 81 By < 400, nous avons pour tout a > 0 et tout k € (0,1)

limsup — InP (Zt >m+ a) < — min [ inf  J(z2), (1-— m)ﬁoa/Q} ,
t—400 3 z>m+ra
(1.2.10)
et
. Zy . .
limsup — InP ( <m— a> < — min [ inf  J(z), (1— H),Boa/2:| .
t——4o00 t zZ>m—kKa

(1.2.11)

Remarque 1.2.8. Les inégalités précédentes (1.2.8) et (1.2.9) restent en fait vraies
avec la fonction J puisque J < J. Néanmoins, comme J est beaucoup plus facile a
obtenir, nous préférons écrire cette version.

Remarque 1.2.9. En fait, nous considérons ici que ry = 0 dans la définition de Z;.
Cette hypothése peut étre relachée si 1/t tend vers 0 assez vite, comme cela sera le
cas pour les processus de Hawkes. Par exemple, si pour tout § > 0

limsupllnIP (’rt’ > 5) = —00,
t—oo t t

alors Z;/t et (Z; —ry)/t sont dits exponentiellement équivalents et satisfont le méme
principe de grande déviation (si I'un des deux en admet un, Pautre en admet égale-
ment un) et ont la méme fonction de taux. C’est cette situation qui s’applique pour
les processus de Hawkes, sous réserve d’hypothése supplémentaire.

Stratégie de preuve

La preuve de ce théoréme est divisée en plusieurs étapes. Tout d’abord, nous com-
mencons par réduire le probléme aux W bornés, en remplacant W par W™, puis
aux W & valeurs dans un ensemble fini. Sous de bonnes hypothéses, ces différents
processus cumulatifs sont des approximations exponentiellement bonnes, et le Théo-
réme 1.2.4 permettra de conclure. Il nous suffit alors de nous concentrer sur le cas
des W & valeurs dans un ensemble fini.

En suivant la démarche de [52], nous introduisons une mesure empirique ' asso-
ciée au processus et nous prouvons le Principe de Grandes Déviations pour cette
mesure :

Théoréme 1.2.10. Soit pi’ la mesure empirique d’un processus cumulatif satisfai-
sant les Hypothéses 1.2.6, et tel que W™ prenne ses valeurs dans {1,...,n}. Alors
la famille (P})i>0 des distributions de pit satisfait un principe de grande déviation
avec une bonne fonction de tauxr I quand t — oo avec une vitesse t, ot I™ n’est pas
précisée ici, mais est définie dans le corps du manuscrit, dans (2.4.5).

Pour prouver ce Théoréme, nous étudions la fonction de taux de la mesure
empirique. Il s’agit d’'une étude assez technique. Nous adaptons les arguments de
[52] en utilisant des conditionnements par rapport a chaque valeur de W. Le fait que
W soit & valeurs dans un ensemble fini nous permet de conditionner sans difficulté
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et nous permet d’utiliser des arguments de compacité puisque M ({1,...,n}) est
compact.

De nombreux arguments sont proches de [52], mais nous devions écrire plus en détail
certaines preuves. Certains points topologiques devaient également étre clarifiés.
Pour larticle qui a été soumis et que nous reprenons ici, nous avons fait le choix de
faire référence aux résultats correspondants dans [52] seulement lorsqu’ils pouvaient
étre reproduits ligne & ligne dans notre cas. Nous avons ajouté en annexe les preuves
venant de [52].

Le reste de la preuve de ce Théoréme est similaire au travail effectué par [52].

Le principe de contraction pour les Principes de Grandes Déviations nous permet
finalement de transférer ce principe de la mesure empirique au processus cumulatif
approché (de cumulants bornés, et a valeurs dans un ensemble fini). Pour ce faire,
nous avons di travailler sur la fonction de taux associée afin d’en extraire une
écriture la plus claire possible.

Il est & noter que, si nous avons réussi a prouver un principe dit complet pour les
processus cumulatifs approchés (de cumulants bornés, et a valeurs dans un ensemble
fini), nous n’obtenons qu’un principe dit faible dans le cadre général. Nous nous
restreignons avec des hypothéses sur la loi de W pour assurer un principe complet.

1.2.1.3 Chapitre 3 : Propriétés asymptotiques pour les processus de
Hawkes

Définitions
Nous considérons un espace de probabilité muni d une filtration appropriée (Q2, F, (F¢)t>0,P)
qui satisfait les hypothéses habituelles.

Définition 1.2.11. Soit A > 0 et h : (0,400) — R une fonction mesurable signée.
Soit N un processus ponctuel, localement fini, sur (—oo, 0], qui suit la loi m.
Le processus ponctuel N sur R est un processus de Hawkes sur (0, +00), de condi-
tion initiale N et de mesure de reproduction p(dt) = h(t)dt si :
— Nh ‘(—O0,0]: N07
— la mesure d’intensité N |(0,-+00) conditionnellement & (F)¢>o est absolument
continue par rapport & la mesure de Lebesgue et a pour densité :

n
A"t € (0,+00) <A+/ h(t — u)Nh(du)> : (1.2.12)
(,

00,t)
ot zt = max(z,0).

On nomme h fonction de reproduction du processus, ou noyau de reproduction.

Remarque 1.2.12. 11 est possible de définir un processus de Hawkes plus général, en

choisissant
At = f </ h(t — u)Nh(du)> ,
(_Oout)



1.2. Plan de la thése et chaque chapitre 13

avec f une fonction positive appelée fonction de tauzr de saut. Dans ce travail, nous
traitons seulement le cas f : y — max(0, A + y).

On remarque que si h est une fonction positive, on peut remplacer f : y — max(0, \+
y) par une fonction affine y — A4y. On qualifie ces processus de Hawkes de linéaire.
Ce sont les processus de Hawkes historiques, définis par Oakes et Hawkes [44], qui ont
été particuliérement étudiés. Nous utiliserons dans la suite certains résultats obtenus
pour ceux-ci pour les étendre aux processus de Hawkes avec f :y — max(0,\ + y).

La proposition suivante donne une représentation explicite d’'un processus de
Hawkes comme une solution d’une EDS dirigée par un mesure aléatoire de Poisson
sur R?, et établit une propriété de couplage trés importante.

Proposition 1.2.13 (Proposition 2.1 de [22]). Soit Q une mesure aléatoire de Pois-
son de dimension deuz, sur (0,+00) X (0,400), d’intensité unitaire dxdy et adaptée
a (Ft)e>0. Nous considérons le systéme

Nh = NO + f(0,+oo)><(0,+oo) (Su]lggAh(u)Q(du, d@)

AP (u) = ()\ + f(—oo,u) h(u — S)Nh(d8)>+ , u>0, (1.2.13)
ot X\ > 0 est un tauz d’immigration, h : (0,4+00) — R est une fonction mesurable
signée et NO est une condition initiale de loi m sur (—oo, 0].

Nous considérons le systéme similaire pour Nh+, dans lequel h est remplacé par
ht(.) = max(h(.),0). Nous supposons que ||h*|l1 =|| b [[p1guy< 1 et que la
distribution m satisfait :

t
vt > 0,/ Em (/ ht(u— s)NO(ds)> du < 4o0. (1.2.14)
0 (—00,0]

Alors :
— Il existe une solution forte, avec unicité trajectorielle N™ de I’équation (1.2.13)
et cette solution est un processus de Hawkes.
— C(elte propriété est également vraie pour N Par ailleurs, N < Nt au

sens des mesures, ce qui signifie que pour tous 0 < s <t < +oo, N*([s,t]) <
N ([s, ).

Les processus de Hawkes caractérisés par une fonction h positive ont été par-
ticuliérement étudiées. Nous avons choisi de considérer des processus définis avec
une fonction de reproduction h signée, dans le but de représenter une potentielle
inhibition du processus.

Hypothése 1.2.14. Dans ce travail, nous ferons les hypothéses suivantes :
i) h:(0,400) = R est une fonction mesurable signée a support compact. Soit
L(h) le supremum du support de h : L(h) := sup{t > 0, |h(t)| > 0} < co.
+o0
W= [ h e <1,
0

ot ht(z) = max(h(z),0).
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iii) A >0,
iv) la condition initiale sur | — 0o, 0] ne contient aucun saut i.e. m = dj.

Nous nous intéressons au comportement asymptotique du nombre de sauts du
processus N" sur intervalle [0,t] que nous notons :

NI = N"(0,1]), Vt>0

En particulier, puisque des résultats sont déja connus lorsque h est positive, nous
souhaitons quantifier la perte de points die & I'inhibition.

La Proposition 1.2.13 nous permet d’établir une majoration de N}* par Nth+.
Nous souhaitions également obtenir une minoration, ce que nous permet la Propo-
sition suivante

Proposition 1.2.15 (Minoration d’un processus de Hawkes).
Soit h une fonction satisfaisant les Hypothéses 1.2.14. Soit A > 0, et définissons
g9 ==, Ln)-
On peut trouver un couplage de deuz processus de Hawkes N et N9, associés res-
pectivement aux fonctions de reproduction h et g, et d’intensité de base X\, tel que
pour tout t > 0 :

NI > NY  p.s.

1l faut noter que ce résultat de comparaison est plus faible que la majoration via

ht. En effet, nous n’avons pas N’ ([s,t]) > N9([s,]) pour tout s, mais seulement
pour s = 0.
Ce résultat motive I'étude détaillée de N pour g = —Aljg 4], avec A > 0, qu’on
appelle le cas d’annulation de l'intensité. Cette étude a été faite en particulier dans
le Chapitre 3, dans la remarque 3.2.8, et permet d’obtenir des bornes pour certaines
propositions.

Les processus de Hawkes sont des processus cumulatifs
Soit N” un processus de Hawkes, qui suit les Hypothéses 1.2.14, avec pour condition
initiale NO = (). Ce processus de Hawkes peut étre en fait vu comme un processus
cumulatif.

On écrit Uy, Us, Us, ... ses sauts successifs.
Nous introduisons les temps de renouvellement du processus, qui permettent de
diviser la demi-droite temporelle R* en fenétres temporelles (ou intervalles) du
processus, qui sont indépendantes et identiquement distribuées. Leurs durées sont
données par 71,7, . ...

Commencgons par définir le temps d’arrét
m = inf{t > U', N"((t — L(h),t]) = 0},

qui est le premier instant aprés U! tel qu’il n’y a pas eu de saut pendant une durée
L(h). Nous posons également

So=0 et S1=m1.
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Deéfinissons maintenant
Wy = N*([U', 81]) = N"([0, S1)),

le nombre de sauts du processus dans la premiére fenétre temporelle. Nous renumé-
rotons les instants de sauts dans cette premiére fenétre temporelle :

Ul =U;, Vje{l,..., Wi}

Nous verrons par la suite que 7 et Wi sont finis presque siirement. Par récur-
sivité, soit ¢ € N* tel que (71, W1),...(7;, W;) sont bien définis (et finis p.s.). Soit
Si = 1_1 k- Nous définissons

Uf“ = Uwy+..4+Wi+1,
et
Tiy1 = inf{t > U N"((t — L(h),t]) = 0} — S, (1.2.15)
On peut remarquer qu’il y a au moins un saut dans [S;, S; + 7;+1]. Nous définissons
le nombre de sauts dans la (i + 1)éme fenétre par
Wip1 = N*([UT, Si + 7iq1) = N™([Si, Si + 7)), (1.2.16)
et nous renumérotons les sauts de cette fenétre par :

UJZ:—H =Uwi+.4+wi+j, Vj € {1,.... Wiz}

La Proposition suivante nous permet d’apporter des propriétés importantes sur
la loi jointe des (7, W;);. Il est néanmoins difficile d’apporter des informations plus
explicites sans se restreindre & des cas spécifiques.

Proposition 1.2.16. Sous les Hypothéses 1.2.14, on a :
i) les (1;,W;); sont des variables aléatoires i.i.d.,
ii) pour i € N*, les durées (U? — S;_1) sont des variables aléatoires i.i.d. de
distribution exponentielle E(X). Cela signifie que la durée entre le début d’une
fenétre et le premier saut de cette fenéire suit une loi exponentielle.

On peut écrire

i

00 o W,
NP = loa=) > Ly, (1.2.17)
=1

i=1 j=1

Introduisons le processus de renouvellement associé aux 5;
oo
M=) g« (1.2.18)
i=1

Puisque S; = Zzzl Tk, on peut définir

0o M}
NP = Wilg,<e = Wi (1.2.19)
=1 =1
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Pour tout ¢ € RT, la fenétre a U'instant ¢ est la M} + 1-éme. Nth ne contient que les
sauts du processus jusqu’a la MJ-éme fenétre (incluse) tandis que N} peut contenir
plus de sauts. En particulier,

N <N < NI+ Wypyy ps. (1.2.20)
On a alors
M}
i=1

pour un processus de renouvellement Mth7 avec un terme restant Rf < WMth 41, et
pour des W; i.i.d. Tl s’agit donc d’un processus cumulatif.

Résultats asymptotiques

Nous pouvons maintenant énoncer les résultats principaux de ce chapitre. La clé est
d’obtenir suffisamment de moments pour les (73, W;). La premiére propriété régle ce
probléme.

Proposition 1.2.17. Soit h une fonction signée satisfaisant les Hypothéses 1.2.14.
On considére le processus de Hawkes N et les couples de variables aléatoires (15, W2)

i.i.d. définis dans (1.2.15)-(1.2.16). Alors
A+ |l =In(|p*||)—1
’ L(h)

i) Pour a < o :=min ()\ ) on a E(e®™) < +o0.
ii) Il existe Oy > 0 tel que pour tout O < 0y, E(e?™1) < +oo.

En particulier 7 et W1 ont des moments polynomiauz de tout ordre.

Proposition 1.2.18. Si h < 0, on peut choisir 5 < — In (1 — e_)‘L(h)) dans la
proposition précédente 1.2.17.

Grace a cette premiére propriété et a la structure de renouvellement des processus
de Hawkes, on peut en déduire les résultats asymptotiques suivants :

Théoréme 1.2.19 (Loi des Grands Nombres). Soit h une fonction signée qui
satisfait les Hypothéses 1.2.14 et N" le processsus de Hawkes donné par (1.2.13).
Alors

Nt ps, EII]
t t—oo E(Tl)

Gréace a nos résultats de comparaison et & 1’étude précise du cas d’annulation
d’intensité (N} pour g = =l 4)) obtenus dans la Remarque 3.2.8 dans le Chapitre
3,on a

A E[W] A
< < .
1+ AL(h) E(r) 1—1|ht]1

Cette méthode nous fournit également un Théoréme Central Limite.
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Théoréme 1.2.20 (Théoréme Central Limite). Soit h une fonction signée qui
satisfait les Hypothéses 1.2.14 et N" le processsus de Hawkes donné par (1.2.13).

Alors
h
(R e

avec

_ - EW]
a_ Var (W1 T IE(n))
E(m)

On obtient finalement des résultats de grandes déviations, grice au travail ef-
fectué sur les processus cumulatifs dans le chapitre précédent. Nous rappelons et
adaptons les notations dans ce contexte.

Définition 1.2.21. Nous définissons la transformée de Cramer pour (a,b) € R?,

A*(a,b) = sup {az + by — In (E [e*T¥"1])}
Y

Nous définissons également, pour z € R,

o-ps (v (2:3))

De maniére similaire, AY et J, sont définis en remplagant Wp par min(Wi,n) (Ici,
les min(WW1,n) sont déja a valeurs dans un ensemble fini). Finalement, on définit

J(z) =sup liminf inf J,(y).
(2) = sup Hnf | inf (o)

Grace a la Proposition 1.2.17 on peut appliquer le Théoréme 1.2.7 des processus
cumulatifs qui nous indique que le processus approché N[/t satisfait les inégalités
de déviations asymptotiques

Théoréme 1.2.22. Rappelons que 0y est défini dans la Proposition 1.2.17 (ii).
— Si 0y = +o0, la loi de la famille N/t satisfait un Principe de Grandes
Déviations avec pour fonction de taux J, i.e

1. pour tout fermé C € R,

1 N -
limsup — lnIP(Nth/t € C) < — inf J(m)
t—oo L meC
2. pour tout ouvert O € R,
1 - ~
lim inf — 1nIP’<Nth/t € (9) > — inf J(m),
t—oo { meO

— Si 6y < o0, en notant m = E(W1)/E(r1), on a pour tout a > 0 et tout
k€ (0,1)

1 N}
limsuptlnP<;Zm+a>§min[ inf  J(z), (1 —k)boa| ,

t—+00 z>m+kKa
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et

1 N}
limsup — InP (t <m-— a) < — min [ inf  J(2), (1 -k)ba
t——+o0 t Z>m—Ka

Les derniéres inégalités sont obtenues en utilisant le fait que J < J.

Nous prouvons finalement le corollaire suivant

Corollaire 1.2.23. On rappelle que 0y est défini dans la Proposition 1.2.17 (i1).
(1) Sify = +oo, NJ'/t satisfait le méme Principe de Grandes Déviations que
N} /t.
(2)  Siby<+oo, on a pour tout a >0 et k € (0,1)
lim sup % ln]P’(A;th > m+a> < - min[ inf  J(z),

t—o00 Z—m2=>Ka

1—k

9004 ;

(1.2.21)
De fagon similaire

1 N} 1—
limsup — InP (t < m—a) < — min [ inf J(z2), ( H)Goa
t—oo T t m—z<ka 2
(1.2.22)
avec k € (0,1).

Stratégie de preuve

L’idée initiale pour travailler sur les propriétés asymptotiques de ce processus a été
d’utiliser la structure sous-jacente de renouvellement montrée par [22]. C’est ainsi
que nous avons pu montrer que les processus de Hawkes, lorsqu’ils sont associés &
une fonction A & support compact, pouvaient étre considérés comme des processus
cumulatifs.

Pour étudier les moments de 7 et de W, il suffisait de rechercher les moments de
variables 77 et W™ qui apparaissent pour le processus N h+, et qui majorent respec-
tivement 7 et W. En ce qui concerne les moments exponentiels de 71, nous avons
pu comparer cette variable aléatoire & une quantité connue dans la théorie des files
d’attente : il s’agit de la durée d’occupation de la file d’attente. Cette comparaison
nous a permis d’utiliser des propriétés connues sur sa loi pour obtenir cette propo-
sition.

Les moments de W+ ont été obtenus grace a la forme W+ = N ([0,71]), et a
l'utilisation des propriétés obtenues dans [8] dans le cadre des Hawkes linéaires.

Une fois cette étude sur 7 et W menée, nous avons pu appliquer les théorémes
bien connus pour les processus cumulatifs & une approximation ]\7{1 du processus de
Hawkes. Il a ensuite fallu étre vigilants sur la loi de la quantité r;, = N — ]\Afth Clest
cette quantité qui nous fait légérement perdre sur la majoration dans les inégalités
de grandes déviations (au lieu d’avoir une majoration par —(1 — k)fpa, on a une
majoration en —(1 — k)fpa/2 dans (1.2.21) et (1.2.22)).
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1.2.1.4 Perspectives

Finalement, ces deux chapitres exhibent une vision nouvelle des processus de
Hawkes, sous les hypothéses étudiées, comme processus cumulatifs. Ce point de vue
permet non seulement d’établir une loi des grands nombres et un théoréme central
limite pour les processus de Hawkes, mais également un principe de grandes dévia-
tions. Nous démontrons ce principe pour les processus cumulatifs en démontrant un
principe sur les mesures empiriques, suivant les travaux de [52].

L’originalité de cette étude réside dans le lien entre processus cumulatif et proces-
sus de Hawkes. Néanmoins, ce lien repose sur les hypothéses que nous imposons aux
processus de Hawkes, & savoir avoir une fonction de reproduction h a support com-
pact. Si cette hypothése ne pose en général pas de probléme pour la modélisation en
premiére approche (considérer qu’un processus n’a qu’une dépendance limitée dans
le temps, en acceptant des temps trés longs, n’est pas trés restrictif), il pourrait étre
intéressant d’étudier d’autres hypothéses moins fortes. Ainsi, Carl Graham [38| a
étendu le travail de [22] sur des propriétés regéneératives de processus de Hawkes. Par
ailleurs, la pré-publication [69] expose également une structure de renouvellement
pour des processus de Hawkes dans un cadre général. Il serait donc intéressant de
déterminer si ces cadres permettent la comparaison & un processus cumulatif asso-
cié.

De plus, 'une des difficultés de la mise en ceuvre des théorémes démontrés est 1’ab-
sence de lien simple entre la fonction de reproduction h et la loi du couple (7, W).
Sans forcément déterminer exactement la loi du couple a partir de h, nous pourrions
explorer les liens entre des hypothéses sur h et des conséquences sur la loi de (7, W).

Le travail que nous avons effectué ici était dans le cadre d’une fonction de taux
de saut f :y — (y+ )T (voir la Remarque 1.2.12). Cela pourrait étre étendu a des
fonctions de taux plus générales, a condition de conserver une structure de renou-
vellement. A ma connaissance, cela n’a pas encore été vérifié - mis & part les cadres
plus généraux de Graham et Raad exposés ci-dessus - et il serait intéressant de s’y
plonger.

Ce travail sur les propriétés asymptotiques du processus Nth/t est un travail
théorique, finalement assez loin des applications. Néanmoins, pour la modélisation
de neurones, cette quantité est en fait un taux de décharge au cours du temps.
Il pourrait donc étre pertinent d’étudier des statistiques pour le processus. Ainsi,
plusieurs études statistiques travaillent sur des estimations d’intensité de processus
[72] ou des tests [30] permettant par exemple de distinguer des processus de Poisson
d’autres types de processus. Nous pourrions donc commencer par travailler sur des
tests pour distinguer un processus de Hawkes dont l'intensité s’annule (pour lequel
nous avons des calculs explicites) d’un processus de Poisson homogéne ; puis estimer
les parameétres d’un tel processus de Hawkes.

De plus, nous souhaitons également obtenir des propriétés de concentration (c’est-a-
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dire de déviation en temps fini) pour les processus cumulatifs. De telles propriétés,
appliquées ensuite aux processus de Hawkes, pourraient nous permettre d’obtenir
des estimateurs avec une précision connue.

Enfin, de nombreuses questions restent en suspend pour les processus cumulatifs
en eux-mémes. Méme s’il s’agit de processus "naturels", peu de leurs propriétés
ont été étudiées dans un cadre général. Nous pouvons nous intéresser & la loi des
trajectoires Zjg ), étendre les résultats de grandes déviations a un cadre plus général
ou étudier plus spécifiquement la fonction de taux.

1.2.2 Processus de FitzHugh-Nagumo - Chapitre 4
1.2.2.1 Définition et propriétés

Le modéle de FitzHugh-Nagumo déterministe, pour un unique neurone (ou une
particule), se décrit de la facon suivante : on considére Z; € R? I’état du neurone.
Z; peut s’écrire (X, Ct) et évolue selon le systéme

{ dX; = (X; — (X3)? — Cy — a)dt
dC; = (v X — Cy + B)dt,

ou X est le potentiel de membrane et C' est une variable dite de récupération, ap-
pelée variable d’adaptation. Les paramétres v et [ sont des constantes positives
qui déterminent la durée d'une excitation et la position du point d’équilibre de ce
systéme. o € R est la magnitude du courant de stimulus (un courant d’entrée dans
le systéme, pouvant étre négatif, nul ou positif).

C n’est pas une quantité physiologique, mais est utilisée pour créer une phase de
récupération, ou de remise au repos du potentiel, aprés la décharge. En fait, elle
est mathématiquement utilisée pour permettre & X de modéliser au mieux le vrai
comportement du potentiel. C' a une dynamique linéaire, et croit lorsque X croit.
Ensuite, lorsqu’elle est suffisamment importante, elle génére une force de rappel sur
X pour forcer un retour & des valeurs plus faibles.

Nous étudions ce modéle dans un cadre stochastique. Il est possible de considérer
du bruit sur chacune de ces équations. Un bruit sur la dynamique de la variable X
modélise un courant présynaptique bruité, c’est-a-dire un courant bruité qui est recu
par le neurone. Un bruit sur la dynamique de C représente un bruit dans le compor-
tement chimique du systéme. Nous avons fait le choix de considérer du bruit sur les
deux équations. Néanmoins, notre étude permet de choisir un écart-type ox (pour
le bruit sur la dynamique de dX;) ou un écart-type o¢ (pour la dynamique de Cy)
nul, et donc de ne considérer qu’un seul bruit. Nous nous sommes concentrés sur le
cas d’un bruit Brownien, comme c’est le cas en général dans la littérature [81, 53, 82].

Nous nous intéressons a un ensemble de N neurones en interaction. Pour sim-
plifier cette étude, nous considérons que les paramétres du modéle sont les mémes
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pour tous les neurones et qu’il n’y a pas de variabilité individuelle («, 8, 7, o¢ et
ox ne dépendent pas de l'indice 7). Le modeéle est décrit ci-dessous (1.2.23).

Afin de modéliser les interactions, nous supposons que tous les neurones sont connec-
tés les uns aux autres, et que les apports de chacun des neurones sont les mémes.
Ainsi, pour éviter une explosion du modeéle, nous supposons les apports de chaque
neurone de ordre de 1/N : nous travaillons donc dans un cadre champ-moyen.
Ces apports sont décrits par deux fonctions Kx et K¢, qui sont ajoutés sur la dyna-
mique de chaque coordonnée. Nous nous concentrons sur des interactions chimiques.
Dans ce cas, la fonction d’interaction est appliquée & la différence entre I’état du
neurone qui envoie de l'information et I’état de celui qui le regoit, i.e. 'apport du
neurone j sur le neurone i est donné par Kx (Z' — Z7) et Ko(Z¢ — Z7).

Finalement, le modéle de FitzHugh-Nagumo que nous étudions est le suivant : on
considére un réseau de N € N* neurones. Pour 1 < ¢ < N, I’état du i-éme neurone
a l'instant ¢ est caractérisé par ZZ’N = (XE’N, CZ’N) € R2. Les Z} suivent le systéme
suivant :

dxp™ = (xXpN = (XY = oY —a)dt + & 0L, Kx (20N = 2PY) + oxdBt
Ao = (XN — PN+ Byt + & SN Ke(Z)N - ZPY) + ocdBy©,
(1.2.23)
A i fixé, Z%N représente 1’état du i-éme neurone dans un réseau de N neurones. On
suppose (Bz’X)t et (Bf’c)t des mouvements browniens indépendants.

La propagation du chaos

Pour décrire le comportement de ce réseau quand le nombre de neurones tend vers
I’infini, une notion importante est la propagation du chaos, que nous redéfinissons
rapidement ici.

Nous travaillons dans le contexte d’une loi symétrique, c’est-a-dire que les par-
ticules sont interchangeables.

Définition 1.2.24. Un N-uplet de variables aléatoires ZV = (ZVN, ..., ZNN) suit
une loi dite syméirique si cette loi est invariante par permutation du N-uplet. En
d’autres termes, pour toute permutation o : {1,...,N} — {1,...,N}, la loi de
(zeWN 20NN et la méme que la loi de ZV.

En 1956, Kac [50] définit la notion de chaos, en I"appelant "propriété de Boltz-
mann" - en référence aux travaux de ce dernier sur les collisions d’atomes dans
les gazs parfaits. Cette notion a été ensuite développée par Sznitman [77]|. Nous la
donnons ici dans RY, mais cette définition peut se généraliser.

Définition 1.2.25. Pour tout N € N, soit ZV = (ZVN, ..., ZNN) une suite de
variables aléatoires de loi symétrique sur (R?)™. On note vy la loi de ZV. Soit v
une mesure de probabilité sur R%.
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On dit que la suite (vy)n est v-chaotique si pour tout entier k, et pour toutes
fonctions tests continues bornées 1, ..., @k, on a

[ < x pamntinn.da) s ([erwoman) < (o).

Cela signifie qu’a k fixé, k particules dans un ensemble de N particules sont
asymptotiquement i.i.d. quand N tend vers 'infini.

La notion de propagation du chaos en découle assez naturellement : si on consi-
dére un systéme qui part de conditions initiales chaotiques, on souhaite vérifier que
cette propriété "se propage" au cours du temps.

Définition 1.2.26. Soit un systéme de particules qui évolue selon une certaine
évolution. On suppose que la condition initiale de ce systéme de N particules suit
la loi vy . On note 4y la loi de ce systéme au temps t.

On dit qu’il y a propagation du chaos, si lorsque vy x est chaotique, alors pour tout
t >0, vy N est chaotique.

Cela signifie qu’a t fixé, si le systéme de N particules est initialement chaotique,
alors il le reste & I'instant ¢. Ainsi, & k et t fixés, les k particules parmi IV, observées
a l'instant ¢, sont asymptotiquement i.i.d. lorsque le nombre de particules N tend
vers I'infini.

1.2.2.2 Principaux résultats

Pour décrire le comportement du modeéle de FitzHugh-Nagumo défini en (1.2.23),
nous le comparons au modéle suivant : on définit le processus (Z;)i>0 = (Xt, Ct)i>0
comme un processus a valeurs dans R? qui évolue suivant I'équation différentielle
stochastique de McKean-Vlasov non linéaire suivante

dC’t = (’}/Xt — ét + B)dt + Ko * ﬁt(Zt)dt + O'chtC,

otl fig est la loi du processus Z; au temps t et ot * décrit I'opération de convolution
Kx * ip(u) = /KX(u —v)p(dv).

D’une certaine maniére, (1.2.24) peut étre vue comme la limite de (1.2.23),
puisque l'interaction dans (1.2.23) peut alors étre vue comme une convolution de
Kx ou K¢ avec la mesure empirique (it emp = % vaz 10 Zi-

Nous obtenons tout d’abord un résultat d’existence - pour s’assurer qu’il existe
bien une solution aux deux systémes précédents - puis deux résultats de propagation
du chaos. Ces résultats sont sous les hypothéses suivantes sur les noyaux d’interac-
tion :
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Hypothése 1.2.27. Soit Lx ez €t Lo mar deux constantes universelles.
ILx € [0, Lx maz), V2,2 € R? |Kx(2) — Kx(2)| < Lx||z — #'|I1
3Lc € [0, Lomar), V2,2 € R? |Ko(2) — Ko(?)| < Lellz — 2|l

Kx(0,0) =0 and K¢(0,0) =0

Pour la propagation du chaos non uniforme en temps, cette hypothése sur L x ;a4
et Lo maz Peut étre ignorée : dans ce cas, les valeurs choisies peuvent étre +o0o, et
I'important est que les deux fonctions d’interaction Kx et K¢ soient Lipschitz.
Par contre, pour la propagation du chaos uniforme en temps, il sera nécessaire d’avoir
des constantes de Lipschitz Lx et L¢ assez petites. Cette condition sur Lx ;maq €t
L¢c mas ne sera en fait pas la condition restrictive. Néanmoins, celle-ci permet de
définir d’autres parameétres de maniére indépendante de Lx et de Lo, paramétres
qui permettent ensuite de définir des conditions sur Lx et Lo. En fait, la Remarque
4.2.7 de ce chapitre indique qu’on peut choisir pour ce théoréeme Lx ;4. = 4 et

1
LC,mam = 5-

On note Wy et W les distances de Wassertein L et L2 usuelles.
Tout d’abord, il est nécessaire de vérifier que les deux systémes (1.2.23) et
(1.2.24) ont des solutions bien définies :

Proposition 1.2.28 (Existence de solutions). Soit Kx et K¢ satisfaisant I’Hypo-
thése 1.2.27, avec Lx maz = 00 et Lo maz = 00.

Il existe une unique solution forte pour le systéme (1.2.23) et une unique solution
forte pour le systéeme (1.2.24).

Nous pouvons maintenant énoncer le premier résultat de propagation du chaos :

Théoréme 1.2.29 (Propagation du chaos non-uniforme en temps). Soit Kx et K¢
deux fonctions satisfaisant les Hypothéses 1.2.27, avec Lx mar = 00 €t Lo mas = 00.
1l existe deuxr constantes explicites Cy et Cy strictement positives telles que pour
toute mesure de probabilité py sur R? qui admet un second moment fini,

kN k
Wi (:U't7 nuz?k) < Cl@02tﬁ7
pour tout k € N, o1 ,uf’N est la distribution marginale, & Uinstant t, des k premiers
neurones (Ztl’N, e Zf’N) d’un systeme de N neurones suivant le systéme (1.2.23),
)N

avec pour distribution initiale (po)®", et ot fiy est une solution de (1.2.24) avec

pour distribution initiale pg.

Ce résultat, bien qu’a premiére vue plus faible que le résultat suivant, n’a pas
de condition sur les coefficients de Lipschitz des fonctions d’interaction. De plus, sa
preuve permet de comprendre la démarche pour le théoréme principal.

Notre principal résultat est d’avoir réussi & enlever la dépendance en temps dans
la borne supérieure précédente. Néanmoins, cette uniformité en temps s’accompagne
d’hypotheéses plus fortes sur les noyaux d’interaction.
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Théoréme 1.2.30 (Propagation du chaos uniforme en temps). Soit C0 > 0 et
a > 0. Il existe un Cx i > 0 ezplicite tel que, pour tout Kx et K¢ satisfaisant les
Hypothéses 1.2.27 avec Lx,Lc < Cky k., il existe deuw constantes By et By posi-
tives et explicites telles que pour toute mesure de probabilité py sur R? satisfaisant
E (ed(leJr\Cl)) < (O L ona

kN k kN
Wi (Mt ,M?k> < Blﬁa Wi (Mt aﬂi@f) = B2ﬁ:
pour tout k € N, o1 ,uf’N est la distribution marginale, & Uinstant t, des k premiers
neurones (Ztl’N, e Zf’N) d’un systéme de N neurones suivant le systéme (1.2.23),
avec pour distribution initiale (ug)®Y, et o iy est une solution de (1.2.24) avec
pour distribution initiale pg.

k

1.2.2.3 Stratégies de preuve

Afin de prouver qu’il y a des solutions bien définies pour (1.2.23) (premiére
partie de la Proposition 1.2.28), nous approchons la fonction cubique x ~ 3 par
une fonction localement Lipschitz et bornée gk :

—-K3 ifr<—-K
gr(z) =4 23 if v € [-K, K]
K3 if z > K.

Les théorémes usuelles peuvent alors s’appliquer, et & ’aide d’une fonction de Lya-
punov H, quadratique, nous prouvons que les solutions de nos systémes n’explosent
pas.

La seconde partie de cette Proposition, c’est-a-dire ’existence et 'unicité d’une so-
lution de (1.2.24), repose sur un théoréme de [70] dont nous vérifions les hypothéses.

Pour démontrer la convergence de uf N vers ﬂ?k quand N tend vers l'infini,
nous suivons la méthode de couplage décrite dans [40]. Le résultat de cet article ne
peut s’appliquer directement en raison de la dynamique cubique de notre processus.
Cette méthode a été suggérée par Eberle [31], a la suite de travaux de Lindvall et
Rogers [57], et a été approfondie par le travail de [29].

Une distance naturelle entre deux mesures de probabilité est la distance de Was-
serstein, liée a la théorie de transport optimale. Nous rappelons qu’elle se définit de
la maniére suivante : pour p et v deux mesures de probabilité sur R?, on note

: 1/p
= f E(||X-Y|P 1.2.2
Wou,v) = | inf E(| 15", (1.2.25)
ot || - ||, décrit la distance usuelle LP sur RY. Cette distance étant définie comme

le minimum de 'espérance de la distance entre X et Y sur tous les couplages de
(X,Y) ou X suit laloi u et Y suit la loi v, il suffit de construire un couplage telle que
cette quantité tend vers 0. Ainsi, nous construisons simultanément deux solutions de
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(1.2.23) et (1.2.24) qui se rapprocheront lorsque le nombre de neurones augmentera.

Soit (Xti,éf), pour ¢ entre 1 et N, N copies indépendantes de solutions de
(1.2.24) dirigées par des mouvements Browniens (B )isq et (B"“);so indépen-
dants. Un couplage de deux jeux de solutions (X',f,éf)i et (XZ’N, CZ’N)‘ découle
3

alors directement d'un couplage des mouvements Browniens B et B.

Le premier choix, le plus naturel, a été popularisé par Sznitman [77]. Il s’agit
du couplage synchrone qui consiste & choisir B = B. Ainsi, quand on considére
I’évolution temporelle de Z} — ZZ’N = (X; - XZ’N, Ci — CZ’N>, le bruit s’annule.
La contraction de la distance entre les processus repose alors uniquement sur la dé-
rive (ou le drift) déterministe. Méme s’il est, en général, alors nécessaire d’avoir une
dérive fortement convexe, dans notre cadre, cette approche suffit pour démontrer
une propagation du chaos non uniforme en temps. On peut également voir qu’il y a
une contraction déterministe suffisante lorsque X; — XZ’N = 0. On va alors utiliser
un couplage synchrone dans le voisinage de ce sous-espace.

En dehors de ce sous-espace, nous utilisons le bruit pour rapprocher les proces-
sus. On considére B = —B, qui maximise la variance du bruit, dans la direction
orthogonale a ce sous-espace. Il s’agit alors d’'un couplage par réflexion (également
nommé antithétique). Néanmoins, comme le bruit est symétrique, si nous considé-
rons une distance classique de type r¢ = | X} — XZ’N\ +4|C — CZ’N| avec 0 > 0, il
n’y a pas de raison pour que ce couplage favorise une décroissance de ri. C’est pour-
quoi nous regardons f(r!), avec f une fonction concave spécifique. Une diminution
aléatoire a alors plus d’effet qu'une augmentation aléatoire de méme valeur.

Finalement, nous pouvons définir une fonction de Lyapunov H pour prendre en
compte la tendance de chaque processus & revenir dans un ensemble compact de R2.
Nous étudions ensuite une distance adaptée entre les processus, qui dépend de la
fonction de Lyapunov afin de prendre en compte la structure du systéme de parti-
cules. Cette distance est de la forme p; 1= 3 SV FrD(A+eH (Z)+eH(Z™N)), avec
€ > 0. Cette quantité permet de controler les distances L' et L? usuelles. Lorsque 7
est petit, f(r}) va décroitre, soit grace a la partie déterministe, soit grace au couplage
par réflexion. Lorsque 7 est grand, c’est la partie avec la fonction de Lyapunov H
qui va décroitre. Cela nous permet de montrer que E(p;) décroit exponentiellement
vite. Bien sir, cela méne & un certain nombre de contraintes sur les différents para-
meétres et nous vérifions que ces contraintes peuvent bien étre satisfaites. La distance
pt sera légérement modifiée pour prendre en compte la non-linéarité du processus.

La méthode décrite ci-dessus a bien sfir besoin de bruit dans la direction or-
thogonale au sous-espace naturellement contractant. Ainsi, il est nécessaire d’avoir
ox > 0. Dans le cas ol ox = 0 et ¢ > 0, un autre sous-espace est considéré et les
calculs sont en conséquence modifiés. Ce cas est traité en annexe.
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1.2.2.4 Perspectives

Pour conclure, le résultat principal de ce chapitre est une propagation du chaos
uniforme en temps dans le modéle de FitzHugh-Nagumo, et est démontrée a par-
tir d’'un couplage mixte entre synchrone et antithétique. Nous avons conservé un
modéle assez général, en envisageant un bruit et une interaction sur chacune des
coordonnées. Cette méthode de couplage nous a également permis de définir des
constantes de vitesse explicites.

Comme cela a été présenté rapidement dans 'introduction, de nombreuses ques-
tions sont soulevées pour les modéles neuronaux, aussi ce travail a de nombreuses
directions d’extensions. Tout d’abord, certains auteurs [74]| se sont intéressés a la
notion de bruit dit environnemental dans d’autres cadres. Il s’agit d’un bruit iden-
tique pour chacune des particules : I'idée est d’avoir B»X = BX et B*¢ = B¢. Nous
pourrions nous intéresser au comportement & long-terme de ce type de processus,
ou de processus présentant d la fois un bruit environnemental et un bruit individuel.

Par ailleurs, [59] et [13] s’est concentré sur des propriétés de synchronisation
neuronales : il a été observé, biologiquement, que certains neurones se synchronisent
et se déchargent de maniére groupée, les décharges ayant alors lieu sur des plages
de temps assez réduites. Certains modéles permettent de modéliser cette synchroni-
sation, en particulier le modéle de FitzHugh-Nagumo, dans un cadre dans lequel la
dynamique du drift est "ralenti" devant la dynamique générée par l'interaction et
le bruit.

Nous pourrions également étendre notre étude en considérant des paramétres
non plus globaux mais individuels. On peut envisager des paramétres o', 3% et
pour chacun des neurones ¢, qui suivent une certaine répartition autour de para-
métres moyens «, [ et . Les mémes questions que ci-dessus pourraient alors étre
posées : la synchronisation étudiée dans [59] est vraie pour des parameétres appar-
tenant & un certain ensemble. Qu’en serait-il si le jeu de paramétres d’une partie
des neurones est dans cet ensemble, et celui du reste des neurones n’y est pas?
Aurait-on un entrainement généré par les neurones synchronisés qui se propagerait
aux autres ? Si c’est le cas, a partir de quelle proportion de neurones dans le "bon"
ensemble de paramétres?

L’article [4], complété par [12], considére des interactions plus élaborées pour les
processus de FitzHugh-Nagumo. Ici, comme beaucoup dans la littérature, nous nous
sommes focalisés sur des synapses dites électriques, qui peuvent étre représentées
comme une fonction (Kx ou K¢) de la différence entre deux états Z° — Z7. Les
synapses chimiques nécessitent une autre équation dans le systéme d’EDS, ce qui
augmente la complexité du modéle.

Nous voudrions également généraliser notre étude en ne nous limitant pas & des
interactions Lipschitz, et en considérant par exemple des fonctions discontinues qui
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peuvent représenter des effets seuils, ou des interactions ne prenant pas en compte
’état du neurone i étudié (qui ne dépendraient que de I’état des Z7).

Enfin, si ici nous nous sommes concentrés sur le modéle FitzHugh-Nagumo a 2
EDS par neurone, nous pourrions explorer le modeéle Hodgkin-Huxley & 4 EDS par
neurone (voire plus si des synapses chimiques sont prises en compte) et vérifier si
les outils mis en place ici peuvent s’envisager. Par exemple, [4] et [12] traitent & la
fois le modéle FitzHugh-Nagumo et le modéle Hodgkin-Huxley.






CHAPTER 2
Large deviation principles for
cumulative processes

This chapter consists in the article [19] submitted, and available on arXiv. Notice
that the companion paper [20] cited several times is the Chapter 3.
Some proofs, very similar to [52] were not included in this article. We have added
them in the Appendix 2.A. Some are exactly the same, others are developed, and
others are slightly different since the framework is different.

Abstract

The aim of this paper is to prove a Large Deviation Principle (LDP) for cu-
mulative processes also known as coumpound renewal processes. These processes
cumulate independent random variables occuring in time interval given by a renewal
process. Our result extends the one obtained in [52] in the sense that we impose no
specific dependency between the cumulated random variables and the renewal pro-
cess. The proof is inspired from [52] but deals with additional difficulties due to the
general framework that is considered here. In the companion paper [20] we apply
this principle to Hawkes processes with inhibition. Under some assumptions Hawkes
processes are indeed cumulative processes, but they do not enter the framework of
[52].
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2.1 Introduction.

2.1.1 Cumulative processes

Cumulative processes have been introduced by Smith [76] and are applied in
many purposes, such as finance where they are called compound-renewal processes
or renewal-reward processes. Indeed these continuous time processes cumulate in-
dependent random variables occurring in time interval given by a renewal process.
To be more specific a real valued process (Z;)i>o is called a cumulative process if
the following properties are satisfied:

1. Zy =0,

2. there exists a renewal process (Sy,), such that for any n, (Zs, 1+ — Zs,, )t>0 is
independent of Sy, ...S, and (Zs)s<s,,,

3. the distribution of (Zg, 4+ — Zs,, )¢>0 is independent of n.

To study such processes, we write for all £ > 0

where Wy(t) = Zipnsy, Wn = Zs,, — Zs re = Zy — Zuy,, where M, is defined by

n—17?

M; =sup{n >0,S, <t}.

The (Wk)r>1's are thus i.i.d.
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We denote by (7;); the times associated to the renewal process 7, = S, — Sp—1
and 9 = 0.

It is worth noticing that 7; and W; can be dependent.

In the sequel we suppress the subscript ¢ when dealing with the distribution
(and all associated quantities like expectation, variance ...) of (7;, W;) and simply
use (1, W).

A simple example of cumulative process is Z; = fg f(Xs)ds where (X;); is a
regenerative process with i.i.d. cycles [37]. Markov additive processes are other
classical examples of cumulative process.

In [22] the authors exhibited a renewal structure for some Hawkes processes. This
description is extensively used in our companion paper [20] in order to describe such
processes as cumulative processes, and to study their asymptotic behaviour.

For cumulative processes, the law of large numbers (assuming that E[|IV|] and
E[7] are not infinite)

A E[W
atas (W] if and only if E( max |r] ) < o0,
t t—oo E[7] SoSt<5

and the central limit theorem (assuming Var(W) < oo and Var(7) < o0)

(2 - t351) : : B
T tj@/\/’ (O,J ) where 0° = Var <W — E[T]T>

can be found in Asmussen [1], theorem 3.1 and theorem 3.2.

Brown and Ross [16] have proved equivalent of the Blackwell theorem and of the key
renewal theorem for a subclass of cumulative processes, since cumulative processes
are a generalization of renewal processes. Glynn and Whitt have focused in [37]
on cumulative processes associated to a regenerative process and have proved law

b
E(7)

of large numbers (strong and weak), law of the iterated logarithm, central limit
theorem and functional generalizations of these properties.

The aim of this work is to establish a large deviation principle (LDP) for cumu-
lative processes. Some works have already been done. Duffy and Metcalfe |28 have
considered the estimation of a rate function for a cumulative process (if it admits a
LDP). In a series of papers, Borovkov and Mogulskii ([9, 10, 11]) have studied the
(LDP) (they use the term compound-renewal theorem), under some assumptions of
comparison between the values (61, 62) for which E (e”177%2W) is finite and the value
0 for which E (e7) is finite (a comparison between the joint distribution of (, W)
and the law of 7). Actually, some points in their approach are not clear for us.

Lefevere, Mariani and Zambotti [52] worked on specific cumulative process where
W; = F(7;) for some deterministic function F' which is assumed to be non-negative,
bounded and continuous. We choose to extend their approach. Our proof of the
LDP has the same skeleton, but in a general framework for the pair (7, W).
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In this paper, we show a LDP for Z;/t in the case r, = 0. This assumption can
be relaxed if 7/t tends to 0 quickly enough, as it will be the case for the application
to Hawkes process (see [20]). For example, if for all 6 > 0

1
limsup = InP (’rt’ > 5) = —00,
t—o0 t t

then Z;/t and (Z; — r¢)/t are exponentially equivalent and satisfy the same LDP (if
(Zy — r¢)/t have one) and have the same rate function.

2.1.2 Hawkes processes

A Hawkes process is a point process on the real line R characterized by its
intensity process t — A(t). We consider an appropriate filtered probability space
(Q, F, (Ft)e>0,P) satistying the usual assumptions.

Definition 2.1.1. Let A > 0 and & : (0,+00) — R a signed measurable function.
Let NV a locally finite point process on (—oo,0] with law m.
The point process N on R is a Hawkes process on (0, 400), with initial condition
NY and reproduction measure u(dt) = h(t)dt if:
_ NI ‘( — NO
— the conditional intensity measure of N (0,400) With respect to (F)i>o is

—00,0] )

absolutely continuous w.r.t the Lebesgue measure and has density:

A"t € (0,400) > f <)\—|—/ h(t—u)Nh(du)> . (2.1.1)
(_

00,t)
for some non-negative function f.

Hawkes processes have been introduced by Hawkes [43]. Most of the literature
concerned with the large time behaviour of N} = N"(]0,]) is dedicated to the case
h > 0 (self excitation). This behaviour is studied in details in [20] when h is a signed
(the negative part modelling self inhibition) compactly supported function, and the
function f (called the jump rate function) is given by

f(u) = max(0,u).

In this situation one gets a description of N/ as a cumulative process (see [20]
subsection 2.3) with few information on the joint law of (7, ). This was the initial
motivation for the present work. We refer to [20] for a more complete overview and
explicit results in this situation. In the remaining part of the paper we will come
back to more general cumulative processes.

2.2 Notations and main result

2.2.1 First notations.

We consider (11, W7), (72, Wa), ... an i.i.d. sequence of pairs of random variables
built on some probability space (2, P). The law of (;, W;) is an arbitrary probability
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¥ on (0,400) x R. We denote this by: (7;, W;) ~ 1. In the sequel we generically use
the notation (7, W) for a pair with the same distribution as (7;, W;). Notice that
we assume in particular that E(7) > 0.

We denote by M (X) the space of probability measure on some measurable
space X.

We consider the renewal process associated with (7;);>1 :

n
So=0, Sp=> 7,
k=1
M; =sup{n >0,S, <t}.
We will study the quantity:

My
Zy =Y Wi (2.2.1)
=1

The main goal of this paper is to prove a Large Deviation Principle for the
process Z;/t. Let us recall some basic definitions in large deviation theory (we refer
to [52]).

A family of probability measures (7;);cr+ on a topological space (X, Tiy) satisfies
the Large Deviations Principle (LDP) with rate function J(.) and speed ~(t) =t if
J is lower semi-continuous from X" to [0, +o00], and the following holds

1

. < Tminf L
ég(fg J(x) < 1t1§+1cr>10f " Inn:(O) for all open subset O, (2.2.2)

and )
— inf J(z) > limsup - Inm(C) for all closed subset C. (2.2.3)

zeC t—s4oo T

We shall sometimes say that (1:);cg+ satisfies the full LDP when (2.2.2) and (2.2.3)
are satisfied, while we will use weak LDP when C closed is replaced by C compact in
(2.2.3). When 7 is the distribution of some random variable Y; (for instance Z;/t)
we shall say that the family (Y;); satisfies a LDP.

Since J is lower semi-continuous the level sets {X, J(x) < a} are closed. If in
addition they are compact, then J is said to be a good rate function.

In this paper we only consider the speed function (t) = ¢ so that we will no
more refer to it.

A particularly important notion for our purpose is the notion of exponentially
good approzimation.

Definition 2.2.1. Assume that (X, d) is a metric space. A family of random vari-
ables Y, ¢ (n € N) is an exponentially good approximation of Y; (all these variables
being defined on the same probability space (Q,P)), if for all § > 0 it holds

1
lim limsup n InP(d(Yy: Y:) >0) = —o00.

n—=00 ¢ 00
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The key result is then

Theorem 2.2.2. In the framework of definition 2.2.1, assume that Y}, ; is an expo-
nentially good approximation of Y;. Then the following statements hold true.

1. It Y;, ; satisfies a full LDP with rate function J” then Y; satisfies a weak LDP
with rate function

J(z) =sup liminf inf J"(y).
()= sup Hanint it "

2. If X = R* equipped with any norm, then the same conclusion is true when
Y, + satisfies only a weak LDP.

3. If J (defined above) is a good rate function such that for any closed set F,

inf J(y) <1li inf J"
inf J(y) < limsup inf J"(y)

then Y; satisfies a full LDP with rate function J.

The first and last points in the previous Theorem are contained in [52] Theorem
4.2.16. The second one is a consequence of the fact that closed balls are compact
sets in R¥. Usually, the Theorem is sufficient to prove a full LDP. Nevertheless, it
some cases, the study of the rate function J is difficult. The lemma below gives an
alternative, using exponential tightness which is easy to obtain with our assump-
tions.

Lemma 2.2.3. If Y; satisfies a weak LDP with a rate function I and is exponentially
tight, i.e. for all a > 0, there exists a compact set K, such that

1
limsup —InP (Y; ¢ K) < —«a,
t——+o0 t

then Y; satisfies a full LDP and [ is a good rate function.

This Lemma is a consequence of the Lemma 1.2.18 in [52].
Theorem 2.2.2 as well as Lemma, 2.2.3 will be used at the end of the article, in the
section 2.9 which proves the main Theorem 2.2.5.

2.2.2 Main results.

Assumption 2.2.4. We will make the following set of assumptions:
i) 30p € (0,+00] such that E[e?™] < oo for 6 < 6,
i) 3By € (0, 40c] such that E[e®I"] < oo, for 8 < fo.

We will introduce the classical Cramer transforms, for (a,b) € R?,

A*(a,b) = sup {az + by — InE(e*" W)} (2.2.4)
Y
Aj(a,b) = sup {az + by —InE ("W 1 | (2.2.5)

x?y
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where W™ is a well-chosen reduction of W. We finally introduce the rate functions

J (m)—ér;fo BA, <ﬁ, 6) : J(m)—ér;% BA (B’ 5) : (2.2.6)
and
J =sup liminf inf J"(2). (2.2.7)

§>0 "0 [m—z|<d
We then may state
Theorem 2.2.5. Assume that Assumption 2.2.4 is fulfilled. Let J given by (2.2.6).
We denote m = E(W)/E(r).
— If By = 400 (in particular if W is bounded) then Z;/t satisfies a full LDP
with good rate function J. We also have the following inequalities

1 Z,
limsup — InP (t > m—l—a) < — inf J(2), (2.2.8)
t—-o00 t z>m+a
. 1 Zy .
limsup - nP|{ —=<m—-a) <— inf J(2). (2.2.9)
t—~+00 t t z<m—a

— If By < 400, we have for all @ > 0

1 Z,
limsup — InP (tt >m —|—a> < — min [ inf J(2), Boa/él} , (2.2.10)

s oo z>m+(a/2)

and

1 Z,
limsup — InP (tt <m— a) < — min [ inf J(2), Boa/él} . (2.2.11)

t——+o00 ZZm_(a/z)

We may replace a/2 and p/2 by ka and (1 — k)S for any x € (0, 1).

Remark 2.2.6. The previous inequalities (2.2.8) and (2.2.9) actually hold true with
function J as well as function J since J < J (see Lemma 2.9.5). However, since J
is clearly more easy to calculate than J, we prefer to write the inequalities with J.

2.2.3 The scheme of proof.

The proof will be divided in several steps. In the next section we will reduce
the problem first to bounded W’s replacing the original W by W™, and then to
finite valued W’s. This will be done by using exponentially good approximations
and Theorem 2.2.2.

Following [52| we introduce in section 2.4 (for finite valued W’s) an associated
empirical measure and state the LDP for this measure (theorem 2.4.3) and the
LDP for the cumulative process (theorem 2.4.4), the latter being obtained via the
contraction principle. The following sections are devoted to the proofs of these
theorems.
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Section 2.5 is devoted to the study of the rate function in theorem 2.4.3. This is
the most technical part of this work. The idea is that one can adapt the arguments
in [52]| by conditioning w.r.t. each value of W.

At this point the fact that W is finite valued will provide us both with simple
conditioning and with the necessary compactness arguments, since My({1,...,n}) is
compact.

If many arguments are close to those in [52], some have to be written in detail.
We have decided to refer to the corresponding statements in [52| only when they
can be reproduced line by line in our case. Some topological points also have to
be clarified. In section 2.6 we show useful auxiliary lemmata. The next section 2.7
is devoted to the proof of 2.4.3. In section 2.8 we deduce theorem 2.4.4. The final
section 2.9 is devoted to the study of the rate function J and to the proof of theorem
2.2.5.

2.3 Reduction of the problem to finite valued W’s.

2.3.1 First reduction to bounded W’s.

To Z; defined by (2.2.1) we associate

M,
Z¢ = Z(WiAn\/(—n)),
i=1
so that
Mt Mt
20— 77 =Y (Wi—n)y + Y (Wi+n)- (2.3.1)
i=1 i=1
where vy = max(u,0) and u_ = max(—u,0). We then have

Lemma 2.3.1. If Assumption 2.2.4 is fulfilled, for all 6 > 0,

4T 5) < Bl
J— 2 .

1
lim limsup — InP <
t t

n—=00 ¢t 00

In particular if By = +oo, Z{*/t is an exponentially good approximation of Z;/t.

Proof. 1t is enough to look at

M,
P (Z(Wi —n)y > 575) ,

=1

since the other term in (2.3.1) can be treated similarly. To conclude it is enough to
use the elementary

In(a + b) < max(In(2a),1n(2b)) . (2.3.2)
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Using that the W;’s are i.i.d. we may write for § > 0 and ¢ > 0, (as usual an
empty sum is equal to 0 by convention)

i=1
- 5t il 5t
<P (Z(Wi—n)+ > 2) +P (Z: (Wi —n)y > 2)
=1 i=ct+1
- 5t il 5t
<P (Z(Wi—n)+ > 2) +P <{Z (Wi —n)y > 2} N{l+ct <M < 2ct}>
i=1 i=ct+1
< 5t
i=ct+1
ct 5t
< 2P Zl(Wj —n)y > o | +P(M; > 2t)
j:
Study of P(M; >2ct) .  Start with the second term in the sum above.

According to theorem 2.3 in [80], we know that M/t satisfies a LDP with rate
function J; given by

supy{\ —zInE(e*)} if 2 >0
00 itz <0

i) = {

Notice that J;(x) = 2 A*(1/z,0) for > 0. In addition (see Lemma 2.6 in [80]) the
supremum is achieved for A < 0 if z € (1/E(7), +00) and J; is non-decreasing on
this interval.

It follows that for 2¢ > 1/E(7),

1
limsup — InP (M; > 2ct) = —J-(2¢) . (2.3.3)
t—oo T
In order to get lim, limsup,_, . 3 InP (M; > 2¢,t) = —oo for some sequence ¢, (to

be chosen later) it remains to show that

Jr-(x) — 4o0.

Tr—00

Since 7 is a non-negative random variable one can find A; such that

E(eMT) =et.
Let x € RT, we have:

J-(z) = sup{\ — zInE(e*")}
A
>N —2xln E(e)‘”)
Z xr + )\T
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yielding the desired result.

Study of P <Z§t:1(WJ —n)y > %) . Denote as usual by |ct] the integer part
of ct. We have

ct 5t Let] 5t
P Z(Wj—n)+>5 = P Z(Wj—n)+>5
j=1 j=1

so that we may use this time the usual Cramer’s theorem. Defining

U,(\) = InE [eMW*“H}
U (z) = Sl}l\p{)\ib — U, (N},

we have
1 Lct] Lt
. _ c
limsup — InP Z(W] —n)y >0t/2] = limsup— InP (Wj —n)y > 0t/2
tsoo T = t—00 LC J =
c |ct]
< limsup ——InP Wi —n)q > dlct]/2¢c
< timsup 7P | 3005 - e > olal
< —c inf U (z).
x€[6/2¢,+00)

As the function = — ¥’ (x) is non-decreasing on [E((W —n)4), +00), we have

Let)
limsup%lnﬂl’ Z(W] —n)y >0t/2 | =—c¥r(0/2c),

provided 6/2¢ > E((W — n)y). Notice that for A < Sy,
Ad
c¥r(0/2¢) > — —cln (1 +E {(eMW*”) -1) ]lW>nD
2
so that choosing ¢, growing to infinity and such that
A E(W —n);) -0 and ¢, In (1 +E [(eA(W*”) - 1)]1W>nD —0asn— oo

which is always possible since both E((W—n)4) and In (1 + E [(*W =) — 1)1y5,])
are going to 0, we get

Lct]
1 Ao
liyrln hﬁ?ﬁpl InP ]E:l(Wj —n)y > 0t/2 ] > >

We may optimize in A and plugging the same sequence ¢, in (2.3.3) ends the proof.
O
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2.3.2 Second reduction to finite valued W's.

Starting with a bounded W such that —K < W < K almost surely we define a
discretized version of W by

n—1 ]K
W= = WeliK/m(+)K/nl
j=—n
It clearly holds
K
W —-w" < —.
n
We thus introduce
My
=1
so that M
\ZP — 7| < - L

According to the study in the previous section

1 zr Z
lim sup n lnP( =t Tt

t—o00 t

1
> 5) < lim sup n InP(M; > étn/K) = —J-(0n/K)

t—o0
> 5) = —0.
We have thus shown

Lemma 2.3.2. If Assumption 2.2.4 is fulfilled, and W is almost surely bounded, Z* /¢
defined above is an exponentially good approximation of Z;/t.

so that, since J; grows to infinity

n—o0 t—00 t t

1 zr Z
lim limsup n lnIP’( Stz

Remark 2.3.3. If W isn’t bounded nor discrete, a double reduction can be done in
one step. We obtain the same results as doing successively both the reductions, but
it allows formulating the rate function more easily, when there is one.

Let’s consider

n2—-1 .
~ J
Wn = —nlw<_pn+ n]len + Z EHWG[% u)

j=—n?

By denoting Z" = Zi]\itl Wi”, we have, for § > 0

M My
> 5) <P (Z(Wi —n)y > 5t> +P (Z(Vm +n)y > 51&)

i=1 i=1

AL

o

n2-1

My .
J
+ P E E (Wz—n> ]IWiG[%,jZI)>6t
=1 j:—n2
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Since
M; n2-1 . ;
;j;ﬂ <WZ N i) ﬂWie[%,%) < #’
we obtain
) ﬁnil <W'_j>]l iy > 0t | < P(M, > btn)
== ton) el = t n).

By the proofs of Lemmas 2.3.1 and 2.3.2, we finally obtain
Lemma 2.3.4. If Assumption 2.2.4 is fulfilled, for all § > 0,

Bo 6
<27
>5>_ 5

In particular if gy = 400, Zt"/t is an exponentially good approximation of Z;/t.

Zy  Zr

t

1
lim limsup — InP (
n—=oo  fyeo b

Remark 2.3.5. The proofs in the previous section suggest a direct naive approach
in order to get deviation bounds. Indeed we may write

[ M¢]

> (Wi —E(W))| +E(W)
=1

t E(1)

7 IE(W)’ _1

T <3

M) 1
= \

so that following the lines of the proof of lemma 2.3.1, we may write

(-39

t E(1)
[ M¢]
1 | M) 1
<P|[= _ > — >
<P ; (Wi —E(W))| 2 6/2| +P (IE(W) ' e oIE 5/2>
ct
< 2P ( Z (W; —E(W))| > 6t/4> + P(| M| > 2ct) +
i=1
| M| 1
P(E - >6/2) .
-2 (500 [ B - g5 > o
Introducing the Cramer transform of W,
U*(z) = sup{ Az — InE(AWEW )y
A
we thus deduce, if Assumption 2.2.4 is fulfilled
. 1 Zy E(W)‘ >
1 —InP(|— - >0 ) <-A(), 2.34
1?Li101p n ( ; E(r) | = < (9) ( )
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where
A(6) = min(A1(d), Az(d))
1 1 0
4 = i (5 (g5 350 - (50~ 78m)) 29
Ay(d) = 2>5111/E:()m1n(JT( ) cmln( *(0/4c),v*(—=d/4¢c))) . (2.3.6)

This time however we cannot let ¢ go to infinity so that As(d) will furnish a worse
bound than Syd/2 (the correcting term in Lemma 2.3.1). So even when [y < 400
the previous bound will be worse than the one obtained by combining Lemma 2.3.1
and the LDP for finite valued W.

This kind of approach should be useful in order to get non asymptotic bounds. <

2.4 Large deviations for a finite valued .

From now on we will assume that W takes its values in a set of cardinal n
(fixed). However we will keep a superscript n to remember that this is a reduction
of the general case, so we shall write W™. For simplicity we rename the values of
W™ as 1,...,n. According to Assumption 2.2.4 iii) and the approximation made in
subsection 2.3.2 we may assume that

Vi=1,n, V> 0,0 ({r >t} N{w=j}) =P(r > t,W" =5) > 0.

This condition will replace iii) in Assumption 2.2.4 in all the next statements.

Some results are still true when W takes its value in some W C R which is
compact, in particular if W is bounded. We will mention these results in related
remarks each time it is possible.

2.4.1 More notations.

As we said we will now closely follow the approach in [52]. Consider the backward
recurrence time process (A¢)i>0, the forward recurrence time process (By)i>o and
the process (Cf')¢>0, defined by:

At =t — S]th Bt — S]V[tJrl - ta CZL = W]qeft-i-l .

Note that for all time ¢ the random variable A; + By = Sh,4+1 — Shr, is distributed
as 7. In the sequel, we study the associated empirical measure:

py = n ’ )5(14573570;1)(18 e MY(0,+0c]?® x {1,...,n}).
t

We denote by P} the law of puj.
This empirical measure is a probability measure on (0, +00]? x {1,...,n}. Unlike
in the work of Lefevere, Mariani and Zambotti [52] who focused on the specific case
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where W = F(7), we have to consider three coordinates in the empirical measure.
Looking at (0, +o0c] allows us to avoid integrability considerations at infinity since
Ag and Bg can be as large as we want simultaneously.

Choosing as metric d(t,t') = |+— % on (0, +00] and the usual one on {1, ...,n} we
immediately see that ) = (0, +00]?x{1, ...,n} is a Polish space, so that M ((0, +00]?x
{1,...,n}) is also Polish. In addition (a,b,c) — a%rb is continuous (of course it is

equal to 0 if either a or b equals +00).
For pn € MY((0,4+0)? x {1, ...,n}), we denote:

1
p(1/7) = p(1/(a + b)) = / p(da, db, de)
(0,400)2x{1,...n} @+ 0

and for 7 € M'((0,4+o0] x {1,...,n}), we denote:

1
w(l/7) = / —7(dr,dW).
(0,400 x{1,....n} T
Let us define A7 € MY((0,+oc]? x {1, ...,n}) as the set of measures such that a
and b correspond to a uniform partition of the length 7, i.e. a = ur and b = (1 —u)7
where v is a uniform random variable independent of (7, W):

AP = {po € M0, +c]? x {1,...,n}), (2.4.1)
po(da db,de) = [ S 1y (da, db, de)du & (dr, W),
[0,1]%(0,400) x{1,...,n}

€ MY(0,400) x {1,...,n}),7(1/7) < 400}

We also define A™ contains mixing of an element of Afj and a measure on (400, +00) x
{1,...,n} described by the law n:

A" = {u(da,db,dc) = apg(da,db, dc) + (1 — @) (400, +00)(da, db) @ n(dc),
po € A o€ [0,1],np € MY ({1,...,n})}. (2.4.2)

The following will be used several times in what follows

Lemma 2.4.1. For M > 0, the set Xy = {v € M((0,+00]? x {1,...,n}), v(1/(a +
b)) < M} is compact in M((0,+00]? x {1,...,n}).

Proof. First the set {a + b < §} is compact in (0,+00]? x {1,...,n} for § > 0. It
follows that X is a uniformly integrable set, hence is relatively compact (tight).
Indeed for v € Xy

v({a+b<d}) <ov(l/(a+b) <dM.

Notice that this set is also closed, so that it is compact. Indeed if v belongs
to Xy, I/(T}H_E) < M for all ¢ > 0. Any weak limit v of such vp’s satisfies
V(ﬁ) < M since (a,b,c) = 1/(a+b+¢) is bounded and continuous. It remains
to apply the monotone convergence theorem. O
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Remark 2.4.2. This lemma and its proof are still true if we replace {1,...,n} by a
compact set W. &

Recall that ¢™ denotes the joint distribution of (7, W™), so that its first marginal
does not depend on n. We may thus skip the superscript n when dealing with
quantities that only depend on this first marginal. To simplify the notation we will
denote by & the 6y in Assumption 2.2.4, i.e.

& =sup{c e R,¢(e") < o0} € [0, +00]. (2.4.3)

For m € M((0,+00] x {1,...,n}), satisfying w(1/7) € (0,+00), we define 7 €
M((0, +00] x {1,...,n}) as:

1 1
—m(dr,dW).

#(dr,dW) = Yt

7 has no weight on {400} x {1,...,n}.
We also define the functional If, I" : M*((0,+oc]? x {1,...,n}) — [0, +o0] by:

RO HG i e AR
I (n) = {oo otherwise ’ (24.4)
() = ar(l/T)H(7[Y") + (1 —a)¢ if pe A" (2.45)
a 00 otherwise o

where H is the relative entropy defined by

d
/ln <y) dp  if v is absolutely continuous w.r.t. u
H(v|p) = dis

00 otherwise.
We denote by Cp((0, +00]? x {1, ...,n}) the set of bounded and continuous func-
tions on (0, +oc]? x {1,...,n}. We introduce a subspace I', which will be useful to

get a control on the functional I™.
For a bounded measurable f : (0,+00) x (0,4+00) x {1,...,n} — R, we set :

FarW) = [ flur, (1= wyr, W)du (2.4.6)
0
We define:
Ch.f= / eTf(l,T,W) Y™ (dr, dW), (2.4.7)
(0,4-00) % {1,...,n}

and

D, ;= sup/ eTf s/ W) " (dr, dW) .. (2.4.8)
(8,400)

s>0
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We consider

I:={f:(0,+00]® x {1,...,n} = R, bounded, lower semicontinuous,
Cn’f < 1,Dn’f < +OO}. (2.4.9)

The reasons for introducing such quantities are detailed in [52] section 1, see in
particular subsection 1.5 (and more particularly Remark 1.5) and subsection 1.6.

2.4.2 Large deviations principle for cumulative process when W is
finite valued.

We will first prove a LDP for the empirical measure p}:

Theorem 2.4.3. Let uj the empirical measure of a cumulative process satisfying
Asumptions 2.2.4, and such that W" takes its values in {1,...,n}. The family
(P})e>0 of probability distributions of u satisfies a large deviations principle with
good rate function I as t — oo with speed ¢, where I™ is defined in (2.4.5).

Applying the contraction principle we will then deduce

Theorem 2.4.4. Let (r;, W"); an iid. sequence of couples of random variables
in (0,400) x {1,...,n} following the law ¢". Let us define Z' = Zij\fl W the
associated cumulative process. If 9" satisfies Asumptions 2.2.4, then the law of Z}" /¢
satisfies a large deviation principle with good rate function J™ (given by (2.2.6)).

2.5 The functional "

This section aims at proving that I™, defined in (2.4.5), is a good rate function
i.e proposition 2.5.2 (analogue to Proposition 1.3 in [52]. Three propositions are
necessary to prove it: the propositions 2.5.3, 2.5.4 and 2.5.6 which are the analogues
of Proposition 2.1 in [52]. In order to prove these three propositions some additional
lemmata are necessary.

Remark 2.5.1. If the scheme of proof is close to the one in [52], the proofs of this
section need some new ideas. In particular, we will use conditioning by sets like
{W = j}. This induces to use disintegration and uniform controls in j. That is
why it is useful to work with a finite valued W. In addition the compactness of
Mi({1,...,n}) will help to control the third coordinate (which does not exist in
[52]). Except two auxiliary lemmata, we decided to give self contained proofs. <

Proposition 2.5.2. The function I™ is a good rate function. Moreover, I™ is the lower
semicontinuous envelope of I}

For the proof we need the next three propositions. We need another notation:
if ¢y, is a sequence in M1 ((0,+00) x {1,...,n}), & and I} are defined as in (2.4.3)
and (2.4.5) respectively, with 9™ replaced by .
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Proposition 2.5.3. Let 1y be a sequence in M!((0,4+00) x {1,...,n}). Assume that
Yp — Y™, and & — € as k — +oo. Then any sequence (ug)x in M*((0, +00]? x
{1,...,n}) such that limsup,_,, I}'(pur) < oo is tight and thus, relatively compact
in ML((0,4+00]? x {1,...,n}). In particular, for k large enough, such a sequence is
in A™. If we consider m; and oy the associated quantities, we have:

lim sup o (1/7) < 400. (2.5.1)

k—o0

Proposition 2.5.4. Let 1, be a sequence in M!((0, +00) x {1,...,n}). Assume that
Y — YP", and & — £ as k — 4o00. Then for any p and any sequence ()i in
M((0,+00]? x {1,...,n}), such that pu — u, we have liminfy_,oo I} (ug) > 1™ ().

Remark 2.5.5. Both previous propositions are still true when replacing {1, ...,n} by
W a compact subset of R as it will be clear looking at their proof. &

Proposition 2.5.6. Let 1), be a sequence in M!((0, +00) x {1,...,n}). Assume that
Yp — Y7, and & — € as k — +oo. Then for any p in M ((0, +00]? x {1,...,n})
with I™(p) < oo, there exists a sequence (ug)g such that g, — p, p € Ay for all k
and lim supy, oo I (1) < 1" (1)

Moreover, we have g <#b) k—) n (ﬁ)
—00

For this last proposition we need to work with W taking values in a finite set.

Now we can prove the main Proposition of this section.

Proof of Proposition 2.5.2. We want to prove that I" is a good rate function and is
the lower semicontinuous envelope of Ij.

We apply Proposition 2.5.3 with 1, = 1™ : for all (uz) sequence of M!((0, +00]? x
{1,...,n}), if limsupy,_, oo I"™(i1x) < +00, then the family () is tight in M*((0, +00]%x
{1,...,n}). We can deduce that I" has relatively compact sublevel sets (and is co-
ercive).

Thanks to Proposition 2.5.4 we have, for any u and any sequence ju;, in M ((0, +00]? x
{1,...,n}) such that pur — p, liminfg_ o I" () > I™(p). Thus I"™ has closed sub-
level sets. It also means that I™ is lower semicontinuous.

I™ has relatively compact and closed sublevel sets, so I"™ is a good rate function.

We already know that I" < I since Aj C A", and I" is lower semicontinuous,
so I" is smaller than or equal to the lower semicontinuous envelope of Ij}.
Thanks to proposition 2.5.6, for any p € M!((0, +00]? x {1, ...,n}) with I"(x) < oo,
there exists (ui)r a sequence in Af such that pp — p and limsupy,_, o I™(p) <
I"(p). In fact, imsupy,_,o I3 (pr) < I™(p). So I™ is greater or equal to the lower
semicontinuous envelope of I’ and finally I™ is the lower semicontinuous envelope
of Iy O

We turn to the proof of the three auxiliary propositions.
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Proof of proposition 2.5.3. Choose a sequence (), in M((0,+00)? x {1,...,n})
such that limsupy_,. I}'(1r) < oco. We want to prove that this sequence is tight
and thus, relatively compact in M!((0, +00]? x {1,...,n}).

Since limsupy,_, I} (pur) < oo, for k large enough, pp € A"™. Then, there
exist a € [0,1], T € MY((0,4+00) x {1,...,n}) with m(1/7) < +oc and n €
M{1,...,n}).

First, we prove equation (2.5.1):

lim sup a7 (1/7) < 400.

hoo
We have I} () = ey (1/7)H (| tor) + (1 — )€k > apmy(1/7) H (7y|t)y). Therefore
ama(1/7) < }m (we consider H (74[t) # 0).
Moreover
ame(1/7) = akﬁljﬂ.
Then
7)< G R
and lim sup agemy (1/7) < lim sup ]f(’“ﬁ(]j Z}k) A 7},?(]; ;-

ay € [0,1] and limsupy,_, . I}' (i) < 400, so there exists a constant C' < oo such
that V&, aq, < C and I})(u) < C. Then

I (1/7) < li ¢ ¢
1M SuUp X7, T 11m Su — =
k—mp K - k:—mp H (7)) 7(T)

< Clims 1 A 1
11m su
= Hwxl ) - 7k(r)

< Climsu 1
- zHoop H(Tg|tr) V 7 ()

C
< .
~ liminfy_ oo H(7k|tg) V Tk (T)

If there exists a subsequence k; such that H(k;[vx;) — 0, then lim7y, =
lim ¢y, = ™. Thus, since [0, 1] and MI({1,...,n}) are compact, there exist subse-
quences of g and 7, which converge. Eventually, there exists a subsequence of g
which converges, so this sequence is relatively compact. In particular, (2.5.1) is true
because liminf; o 71, (1) = ¥™(7) > 0.

Else, liminfy oo H(7g|1x) > 0 and limsupy,_, ., axmi(1/7) < co. Then (2.5.1)
is true.
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Moreover, for M large enough and k large enough, pux(1/(a+0b)) = agmi(1/7) < M.
So py € Xy which is a compact set by Lemma 2.4.1. Then, this sequence is relatively
compact. In both cases, the sequence is relatively compact and (2.5.1) is true. [

Remark 2.5.7. As already said we only used the compactness of M!(W) and lemma
2.4.1 so that the above proof immediately extends to W compact. &

Proof of proposition 2.5.4. Let p € MY((0,4+oc]? x {1,...,n}) and let (ug)g in
M((0,4+00]% x {1,...,n}), such that u — p. We want to prove that
lim infpe0 Iy (k) = 17 ().

Since pp — p, we may replace pg by subsequences again denoted pg in what
follows. We assume supy I]'(p) < oo (otherwise, if liminfy_,o I}/ (1) = +o0,
+o00 > I"(p)). Then py € A™ and we denote by oy, 7, ni and g, the correspond-
ing quantities, with ay € [0, 1] and 7 (1/7) < 0.

First, if lim sup,_,, o = 0, we may assume taking a subsequence that lim o =
0. So p = d(4oo40c) @ (limg ). Since M({1,...,n}) is compact, (limjn) €
M({1,...,n}). Therefore

liminf I7 (ug) = liminf agmg (1/7) H (7|5 )+(1—ag) & > liminf(1—og)&p = € = 1™ (w).
k—o0 k—o0 k—o0

Secondly, we have lim sup;,_,., o = @ > 0. Again we may assume that lim o =

We begin by studying the sequence i and 7 to have some information about
liminfy o I} (pr). Then, we prove that p is in A", and finally we work on I"™ ().

Since supy, I}'(ux) < oo, we can apply the proposition 2.5.3 and in particu-
lar the equation (2.5.1): limsupy_, ., axpmr(l/7) < oo. Since @ > 0, we have:
limsupy,_,., mx(1/7) < oo. For k large enough and M large enough, we have
me(1/7) < M.

As

1
{1/ e MY((0,+00] x {1,...,n}),v <> < r}
T
is tight for all » > 0, there exists a subsequence of 7, which converges in M ((0, +o00]x
{1,...,n}). We can write the limit of 7y (or its subsequence) as S7+(1— )0 (100) @10,
for some 8 € [0,1] and ng € M*({1,...,n}).
Ifg>0n(1/1) < %limsupkﬁoo m(1/7) < oo. If B = 0 we choose an arbitrary
7 such that 7(1/7) < 0.
Now, we prove that p is in A", where u is defined by:
— 1
po = lim gy
= lilgn(akﬂo,k + (1 = ak)0(400,400) @ Nk)

= alim po + (1 = @)d (100, +00) ® (limmg).
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It holds
tok = / S(ur,(1—u)rw)du @ T (dr, dW')
[0,1] % (0,4-00) X {1,....n}
— p 5(u77(1_u)77w)du & 7I‘(d7’, dW) + (1 - 6)5(_;,_007_’_00) &® no.

k—=oo J0,1]%(0,400)x{1,....,n}

Let po and n be defined as:

Ho = 6(u7—,(1—u)7,W)du ® W(dTa dW)

/[0,1]><(0,+oo)><{1,...,n}
_a(l-p) 1—a ..
=T ag T _dﬁ(h,gnnk)-

We get
p = afpo + Al = B)3(4oo to0) @70 + (1 = @)3( 400 400) @ (lim k)
= aBpo + (1 — aB)0( 400, 100) @ 1,

and in particular p € A™ with a = Sa.

Eventually

I"(p) = Barm(1/7)H(7|") + (1 — Ba)g
=a[pr(1/7)H(7[Y") + (1 = B)§] + (1 — a)é
= amp(1/7)H (Tlr) + (1 — @)§
+aBr(1/r)H(7|") + (1 = B)E — m(1/7) H (x| vor)]
< liminf i (ug ) + a [Br(1/m) H(7[9") + (1 = B)€ — m.(1/7) H (x| oor)] -

In particular, we can apply Lemma 2.4 from [52] (the proof can be directly
adapted in our case - see 2.A.3), since the hypotheses therein are satisfied:

Lemma 2.5.8. Let m, € M((0,4+00) x {1,...,n}) be such that m(1/7) < oo such
that

lim my (dr, dW) = Br(dr,dW) + (1 = B)d( 100 (dT) @ mo(dW) (2.5.2)

for some # € [0,1], 7 € M((0,4+00) x {1,...,n}) such that 7(1/7) < oo and
no € MY({1,...,n}). Then

lim inf i (1/7) H (7lgx) > Br(1/m)H(F1") + (1~ H)€.
Eventually

I"(p) < liminf I (ug) + & [Br(1/m)H (7 [¢") + (1 — B)§ — me(1/7)H (k[ r)]
<0 by Lemma 2.5.8

< liminf I} (p).
k—o0
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Remark 2.5.9. Once again we only used the fact that {1,...,n} is compact so that
we may replace it by any compact W. &

Proof of proposition 2.5.6. Let pin MY((0, +00]% x {1,...,n}) with I"(u) < co. We
want to prove that there exists a sequence () such that pup — p, pp € Ay for all
k and limsupy_, o I7 (1) < 1™(p).

Since I"(u) < oo, pp € A™. Let a, m and 7 corresponding to u:

w(da,db,dc) :a/ S(ur,(1—u)r,w)(da, db, dc)du @ wt(dT, dW')
[0,1]x(0,400)x{1,...,n}

+ (1 = @)d( 400,400 (da, db) @ n(dc).

The aim of this (technical) proof is to construct a sequence of laws 7, depending
on 1y, which satisfies a condition on its limit (the condition (2.5.6) described below)
and a condition on its entropy with respect to vy (the condition (2.5.7) described
below). Then, we will construct a sequence of measure p; which will satisfy the
wished conditions. The next paragraphs give the details.

We denote " (dr) the marginal law of 7 in ¢™, and vy (dr) the corresponding
law associated to vy to simplify notations. In particular, ¥"(d7|W = j) is the
marginal law of 7 given W = j. We write ¢; the weight of j for n: ¢; = n({W = j}).

Fix p > 0,L > M > 1 such that Pyn(7 = 1/M) = Pyn(7 = M) = Pyn(r =
L) = 0. Then there exist N € Nand 1/M =T; < Ty < ... < Ty = M such that
Tis1 —T; < p and Pyu(r = T;) = 0.
Here of course N and T; depend on M and p. We also use the shorthand no-
tation A; = [T;,T;4+1) and A = Uf\LlAi in this proof. Then for L > M define
Wg:]f’M(dT, aw), nlg’M(dT, dW) and 71'k’M’L(d7'7 dW) € MY((0,4+0) x {1,...,n}) as:

N n

M 1 ﬁ'(TGAi,W:j) )
To (dr,dW) = —Z57 Z = T(dr, dW|r € A;, W = j),
k i=1 j=1
(2.5.3)
LM - 1 )
0, (dr, dW) = —71, Y (dT|W = j5) ® 0;(dW),
o ) ng U (T e W =j) T (ar ) ® 0;(dW)
(2.5.4)
M (dr, dW) = amy (dr, dW) + (1= a)i Y (dr, dW), (25.5)
where Bk’M is the normalizing constant such that Fg:]i\/[ is a probability measure.

Some ¢;’s can be equal to 0. In these cases, we consider in fact the sum on j such
that the g; aren’t zero: all the following calculation are then true. In (2.5.4), and in
the following calculus, we consider the sum on i, j, such that the denominators are

not null. To simplify the notation, we consider in the following calculus that 7],]; M
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is the sum for j € {1,...,n}.

The above definition makes sense if L > M is large enough, and k is large enough
depending on L and M (k will be sent to +oc before L, and L before M), and there
is no problem with the conditioning. As " (7 € 04;) = 0, if ¥ (A; x {j}) = 0 for
each k large enough, then 1(A4; x {j}) = 0. Since I" () < oo, then H(7|¢)") < o0
and 7(A4; x {j}) = 0. The term in (¢,7) in (2.5.3) would be considered equal to 0.
Similarly if ¢ ([M,L) x {n}) = 0 then the term in j in (2.5.4) vanishes. If each
terms of one sum is zero, then « is equal to 0 or 1, by the same arguments on the
relative entropy.

We want to prove:

lim lim lim lim 7T£’L7M
M—o00 L—o00 p—0 k—o0

hmlnfhmlnfhmlnfhmsupTrk’L’M(l/T) (7 p’L’M|1,ZJk) < I"(w), (2.5.7)
M—oo L—oo p—0 k—00

=arm+ (1 = a)d(4o0) @1, (2.5.6)

with I"(n) = an(1/7)H(7[Y") 4+ (1 — ), where the limits in M and L are under-
stood to run over M and L satisfying the above conditions.

Once (2.5.6) and (2.5.7) are proved, we can consider sequences py — 0, Ly — 00,

M;, — oo (such that pg, Lr and M} satisfy the above conditions), we can define

T, = ﬂgk’L’“’Mk which satisfy: mx — am + (1 — @)d(4.00) ® 7 and

lim sup 7, (1/7) H (7o) < I (n)-

k—o0

Then py defined by:

ug(da, db, dc) := / Sur,(1—uyr,w)(da, db, dc)du @ my(dT, dW')
[0,1]x(0,400)x{1,...,n}

satisfies the proposition.

First, we prove the convergence (2.5.6) step by step. First, we consider ﬁg’é\/f.

The normalisation constant 3,7 satisfies:

c AZ,W .
g — zz (r 9) r g (dr, dW|r € Ai W = j)
(0,+00)x{1,...,n} ;= 1j=1

—ZZ TGA“W )/ T (dr, dW|r € A;, W = j)
Aix{7}

=1 j=1

i=1 j=1
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Since ¥y, —> ¥, then Vi < N,Vj < n,¢p(r € A;, W = j) k—> (T e Ay, W = j).
By bounded convergence (because 7 € A; = 7 < T;41), Vj < n,Vf € Cp((0, +00) x

{1,...,n}),

/ 7 f (1, Wi (dr, dW) — Tf(r, W)Y" (dr, dW).
A;x{j} k—=oo J 4, x {4}
So:
T o 2P =D ynrir e 4w = j),
=1 j=1
and

7T0k M dr, dw) —>7rg’M(d7' dW)

" Az W
with 7™ (dr, dW) ZZ M €AW =) yn(ar, dWlr € AW = j).

5P,M

Let f € Cp((0,400) x {1,....,n}). On A =[1/M, M), for each j < n, 7+ 7f(7,7) is
uniformly continuous, so there exists a modulus of continuity wy, such that V(z,y) €
ANVie{l, .. n}|rf(z, ) —yf(y, j)| Lwr(lz —yl). In fact, wy is the maximum of
the n modulus of continuity for functions 7 — 7f(7, j).

For all p > 0, (T;); defined as before,

n

:Z / Te)A)(d dw).

=1 =1 JAx T

Then:

n N

mlnTGA Tf(T j)) ~ Tf(T’ W) ~ d d
/A < {j} w(r € A) wldr, dW) < /A><{1 oy (T € A)W( ™)

max,ca, (7f(, -
<ZZ/ i(GA() 9D i dr, aw)

j=1i=1 A;x{j}

n N
ZmlnTeA (tf(7,4)) - #(r EA“W—])</ Mﬁ(dT,dW)

e (t €A Ax{1,..n} T(T € A)

]121

< En:ZmaXTeA TH D5 4w = 5)

o (tre A
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Let us remark that

szaxTeA (tf(1,7)) . Fre AW = ZH:ZN:HHUTEA (tf(1,7)) - Fre AW =
e (t €A e (t€A)

n N
e DAl € AW =) (ma(r (7. 0) - win (77 5))
N

i TEA;

]:1 =1

n

<= (T € A, W = jlwr(p) = wr(p) — 0.
]:1 =1 ’
Then
szlnTeA (tf(1,9)) - Fre A, W =j) — ~(7',W) w(dr,dW)
S AT =0 Jaxitmy F(A)
and
n N
maXreA (f(7,5)) . /(W) -
Ay, W = CH#(A) ’ '
22T rrea TCEAW=)) iy wCA) )

7j=11=1

Then, by studying ﬁp’Mﬂg’M(f):

ST E AN ) o)

TEA;
=1 j=1 ¢

al 7(r € A W J)
3 Z & [ i Wy i e 4w = j)
= =)
< Z Z max(7f (7, j)-
So:
Tf(r,W) _
9 G0, 00) x (1nh) M) [ TEE D aw)
x{1,....n
(2.5.8)
In particular, for f =1, TrU’M(]l) =1, and:
T
prM ﬁM:Z/ ——a(dr,dW) = w(r|r € A).
= [ sy n ) =t € 4)
Then )
Mdr, aw) — o} (dr,dW) = B—MTﬁ(dT, AW |r € A).
When M — oo, 7(1 € A) = n(t € [, M)) = 1. So: pM s 7(7) and:
—00

md(dr, dW) — 7 (dr,dW) /7 (1) = n(dT,dW).
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Now, we study n,f’M

- 1
M
dr, dW) =
W) = ) e W =7

T]lTG[ML (dek(dT’W = ]) & 5 (dW)

We have ¢k(7]lre[M,L)|W = ]) k::o wn(T]lTe[M7L)|W = ])a 50

Mdr, aw) — nHM (dr, dW),

with

dT dW Z wn T]l T]ITE[M L)Qﬂp (dT|W = j) & (5 (dW)

T€[M,L) |W )

When L — o0,
M(dr, dw) — ™ (dr,dW),

with

M (dr, dw) Z

— Tﬂfe[M+oo)\W =J)

TLre[M, +00) GG (dTIW = j) @ §;(dWV).

For g € Cp((0,4+00) x {1,...,n}) with a compact support,

u ) 1 y n .
gzz ~79(7,7)q;¥" (dT|W = j).
) 7j=1 /['M,OO) ¢n(Tﬂre[M7+oo)‘W = j) ( ) J ( | )

Thus, for M large enough, ™ (g) = 0.

Moreover, for ¢ € {1,...,n},

1

M

0 (Lw=i =/

( ) [M,+00) 1/} (T]]'TE[M ~+00) |W )
wn(T]lTG[M,Jroo |W - z)

=4 N — -
¢n(7—]176[M,+oo)|W =)

Then: n™ (dr, dW) = §(4o0)(dT) @ n(dW).

Tq" (dT|W = 1)

LM,
Now we deduce the convergence of 7rp

lim lim lim lim ﬂ,’;’L’M
M—o00 L—o00 p—0 k—o00

=am+ (1 = @)d(4o0) @ 7.

(2.5.6) is then proved.
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Now we prove the equation (2.5.7). We define Trk’L M Wg’k and 7, LM by:
1 1
~p,L,M L p,L,M
T (dT, dW) = = (dr, dW), (2.5.9)
@) T
1 1
ok M(dr, dW) := — =Tk (dT,dW), (2.5.10)
o (1/7) 7T
1 1
Mdr,dw) .= ——r——=np™ (dr, dW). (2.5.11)
m (/)T

In particular:

.
My /7 Ty, dr|W = j) ® 6;(dW
(1/7) Z =) eIV = ) 6

. Yy (1 TE[ML)’W_.] 1
_Z ]¢k(TLe[ML W = j) Z J¢k (t|7 € [M,L),W = j)

T 71, dr|W = j) ® §;(dW
U;?’M(l/T Z U1, L)‘W =7 e[m,1) 45k (dT] ) (dW)

1 1
et (/1) < Z * Uk (TLrep,n)| W =) LretneiygP(driW = 7) @ 05(AWV)

Using Lemma 2.3 from [52] (the proof of which can be easily adapted in this situation
- see Lemma 2.A.2) , m— w(1/7)H(7|¢y) = H(7|4y) is convex, so:

HGEM ) + (1 — a) o H(GM [):

oM T,

Wg,k (1) e (7)

First we consider the second term: since ¢¥"({r = M}) = ¢"({r = L}) = 0, we
have:

M HE Y ) < a

H (i My

: 1 M 1

M (r) = L7M(1/T)_1

1 1
M(dr, daw 1. YU (dT|W = j) ® 6;(dW).
(dr, dW) = LM(l/TZWTLE[MLW 3 Lrennna ¥ (drlW = ) € (W)
We have
H (i My

ST, M
n (dﬂd”)> ~ I, M
= In|{ —————= )" (dr,dW
/[M,L)x{l,...,n} < Y (dr, dW) ( )

LM (g7 dW
In (Lot i) Lrev it

_ 1 /
B 1/7)2 o)<y V(T Leepnny W = j)

n

P (dT|W = j) @ 6;(dW).
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We can decompose 9™ in the following form:
W (dr, dW) =Y pi™(dr|W = j) @ 6;(dr),
j=1

where p; = " (W = j). By definition of A" and {1,...,n}, we know that p; = 0
implies ¢; = 0. Then:

H(p" My
1
TR (A]r)
Z/ ( 1 Lreim,1)45 P (dr|W = j) ® 0;(dW) >
)<y \nEMA/T) (Tl ey W = ) pjn(dr|W = 5) @ §;(dr)
TE[M,L)qj n — .
' ¢”(T]lre M)W = j>w (A7l = 7) & 05(d7)
| 4 ) Y (dr|W = j)
nL7M (1/7) qu /ML ! <pjnLvM(1/T)w”(T]17e[M,L)\W =7)) V(T Lreps,n) W = j)

Zq ( q; ) P (Lreppr, )W = 4)
77L’M (1/7) T\t M () (T e )W = 5) ) M (T e, )W = 4)

1 & qj) Y (Lrepr,ny W = 34)
— Ngm(% ,
nt-M(1/7) ;q] (pj V(T L e,y W = J)

. nLMl<1/T> > aitn ("M (/)" (Thequr )W = )
j=1

V" (Lrepr,ny W = J4)
VYT e, )W =)

Then we study

. g\ V" (Lrepr,n)|lW =J)
=2 o} '
= pi) VM (T Lrepa,n)|W =)

=" gyl (M (1T (e, W = )
7j=1

Y (Lrepar, )W = )
YT L e, )W = J)

First, we have ¢" (71 ¢(ar,)|W = j) > M, and ¢" (L ¢jpr,)|[W = j) < 1, s0

< —

& qj 1| q;
j; To\pi )| T M ; AN

— 0.
M —o00

V" (Lrepr,ny W = )
V(T e,y W = j)




56 Chapter 2. LDP for cumulative processes

Secondly, we have:

" o VM Lreprn)lW = 3)
n (V" (M (1 /7)1, W = ’ .
jE_l g In (" ("M (/7)1 e 7)) e )W = J)

LM (]ITGML|W:j)
B Zq] tn (™ (1/7)) YT epr,n)W = J)

Y (Lrepr,ny W = )
V(T e,y W = 4)

—"_ZQJIH T]lTEML|W_.7))

a ln (i, [M,L) |W—]))
=In(n"M(1/r M1/r) + €l Y (1, W = 7).
( ( / )) / Z J ,(/]n T]]-TE[ML |W _]) ( E[M,L)‘ )
Moreover, " (Tl cin,)|W = j) = M, so " (7Llcparn)lW = j) ML s +00.
nz
. e d n — h
Since . m_>—+>000 and Y" (Lr¢ar,400)| W = ) —> 0, we have:
- ln 7—117'6 M,L) |W ))
1 W = 0.
Z d;j 1/}“ T]]"TE[ML |W —]) 1/} ( T€[M,L) ‘ j) ML~>OO
Eventually, n»M(1/7) = f[M L) nM(dr) < &;. Then in particular
lim lim u (1 (2.5.12)
M%«#ooL%oon T s
. LM LM
Since xlnxmo,n (1/7) x In (n=M(1/7)) LHJroo
Then
H ~L,M|,,n
T U el L) N Y

M —o00 L—o00 ﬁL’M(T) -

We focus on the first term. We know that frg:,]y(T) = 1/70(1/7). We have:

Aza —
lim lim lim lim 71' (1/7’) lim lim lim -7 ZZ (7 € W 9)

M —00 L—00 p—0 k—o00 M—00 L—00 p—0 3P =
1=1 j=

= lim lim lim ——
M—00 L300 p—0 30-M

= lim lim —
M—o00 L—00 ,BM

1
et (2.5.13)

1 1
Then: ————— — Now, we study H (T Vi ):
A 2o 7y )
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As 70M(1/7) = 1/87M | we have

1
pyM - p,M
T dr,dW r dr, dW
oA = gy )
1 (T € A, W =) .
= p’M ’ n . J—
=P x BeM ZZ 7(A) " (dr, dW|T € A;, W = j)

I opn(dr, dW|r € Ai, W = §).

N n . n —
/m (Z Tre = m) dn aoe e 2V = m)> Y (dr, dW T € A, W = j)

R4 ¢ (dr,dw)

I &R (r e A, W =)

R i R
/ . (ﬁ(TEAi,W:j) Y™ (dr, dW) ) Y™ (dr, dW)
Aix{j} 7(A) (e Ay, W = j)un(dr,dW n(re A, W =j)
Y& Are A, W= (T € Ai, W = j)

= ’ 1 & "(dr, dW
;; #(A)gm(r € A W = ) X/Aix{j} “(fr(A)wn(TeA W= >>w (. aw)
N 7(r € Ay, W =35) 7(r € Ay, W =)

:ZZ 7(A) 1“( (A)4r(r € A W = >>

N n - . ~ .
B w(re A, W =j) w(re A, W =j) .
LX T am ™ <WT € AW = j>> ~ )

1 o - . w(re A, W=j ~
:7~r(A) ZZW(T €A, W=3j)ln <w”((T€€ AW :Jj?)> —In(7(A))

i=1 j=1
st [ e 4m (55 )
+Y D AT E AW =) <1;r7fz¢€eil4vgfjj)>]

_ (W(A)) +#(A%) In <J(f4)>>>

The well known decomposition of entropy property tells us that if (By,)m<wm is a

3
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partition of (0,+00) x {1,...,n} (explicitly proved in 2.B.1):

M ~
HGEH) 2 3 (B (o)

m=1

Here, (A; x {j})i; and A€ are a partition of (0,400) x {1,...,n}. We have:

lim H (0 () = HEM ™)

k—+o0
< @H(ﬂw) _ (111(7?(/1)) +#(A9) In (57534)))) .
Since 7(A) — 1 and 7(A€) — 0 as M — oo:
lim sup sup lim 71 (76 1) < H (7"
Now, we can construct a sequence 7y (= ﬂz’“’L’“’Mk) such that: m, — ar + (1 —

a)0oo ®n and : limsupy,_, . 7k (1/7)H (7g|vr) < 1™ ().
Eventually, by (2.5.12) and (2.5.13),

“’“<aib>zﬂ’“<i>

2.6 Some additional technical topological lemmata.

Before proving the upper bound and the lower bound of the LDP for empirical
measures, we add two useful lemmata. The first one will be used several times for
the upper bound. Once again its proof uses conditioning.

1
Lemma 2.6.1. Let D}, = {u e A" i <—|—b> < M} Then DY, is a compact set.
a

Proof. Since D}, C X we already know that it is relatively compact. But since
A™ is not clearly closed, we have to show that DY, is closed.

Let (ur)r be a sequence of measures in D};. We will prove that some subse-
quence again denoted () converges in D},. We denote by ay, po k, 7 and 7y, the
corresponding quantities in the definition.

For any k, a; € [0,1] and 1, € M ({1,...,n}) which is compact, so there ex-
ists a subsequence ay, Ny and a € [0,1] and n € M'({1,...,n}) such that
Ap(k) =7 @ and Ty — 17
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1
We remind that, for any r > 0, {I/ € MY((0,+o0]), v (> < r} is a compact
T

set.

If @ =0 : then for f € Cp((0,+00]? x {1,...,n}):

otk) (f) = apmy o) (f)  + (1 = i) (0(4o0,400) @ Np(k)) (f)
—— ——

=0 €[ flloosll flloc] —1 -n
k_> (5(+oo,+oo) X U)(f)
—00

Since (0(4o00,400) @ M) € Dy, fiy(r) converges in Dy,

If @ >0 : then for k large enough, we have : | ) — af < @/2, so ayy) > a/2.
Then, we have:

1 1y 1 L\, M _2M
Teth) \ 7 ) = Hoet) \ 704<p(k)uv(k) a+b) " opw T a

We will prove that for all 4, m,)w—;, which is the conditional law 7 given W = i,

1
belongs to {1/ € ML((0,+00)),v <> < r} for a well-chosen r.
x

For any k, m,u) € M0, 4+00] x {1,...,n}), let define (¢jo(k))jef1,...n}y the
weights such that g; ) = Pr_,, (W = j). Then m,4)(1/7) can be written with its
marginal law:

1 1 )
To(k) (T> = Z qi,w(k)E%(m [T‘W = ‘7} .
je{1,...,n}

The ((¢j,p(k))je1,....n} )k are at most n sequences of weights in [0, 1]. There exists a

subsequence (q; o, (k))je{1,....,n} and a (qj)j€{17.,,’n} with ¢; € [0, 1] such that ) ¢; =1
and (j g, (k))jef1,....n} tends to (gj)jef1,..n}- Let J the set of indices j such that
q; # 0. Let pyi, the minimum of the g; for j € J:

Pmin = min{g;,j € J} # 0.

Then, for k large enough, we have:

Pmin

2

Vi€ J, Ggak) >

Then, we have, for each j € J

1 1 . Pmin 1 .
()= weio [Hr-] 2B 2
ie{l,...,n}

and 7, (k) (%) < %, then:
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1
SoVj € J, Ty kyw=j € {V € ML((0,+00]),v (:E) < 4M/(apmin)} which is a com-
pact set. There exists a subsequence of (7, ) w=;)x Which converges to a 7l for
each j € J. By a diagonal argument, we consider an extraction 3 such that:
Vi € T gy W=y = -

We define then 7 corresponding to (g;); and (77);:

w(dr,dW) = Z qjé(W:j)Wj(dT)

jeJ
Vf € Cy((0,+00] x {1, .sn}),w(f) =D g5 (f(,4))-
jedJ

Then, 7,4 — .

It remains to show that p to belong to Dy, i.e to A™.
7 can be written as:

mw(dr,dW) = n(T < +00) X 7(d1,dW|T < 00) + (1 — 7(7 < 00))mw(dr, dW|T = 00).

Let 7*(dr,dW) = n(d1, dW|T < o0), * = 7(7 < +00) and n* such that 7(dr, dW|r =
o0) = (5(+Oo) ®n*.

Moreover, pg, (k) is the product measure of du and 7). Ty, k) Weakly converges
to T, 80 fig (k) Weakly converges to the product measure of du and m. We denote
by po the product measure of du and 7*. Then () tends to

= af o+ (1 = B%)d( 100, +00) @M + (1 = @)0(400,100) @ 1-

i 4-8) .. (-0
a(l— . -«

we can write = "o + (1 — @8")0( 400, 400) @ N0, S0 1 € A

O]

The next lemma introduces A", a closed set which contains A™ (but is not its
closure despite the notation). This will be used directly in the proof of the upper
bound of the large deviation principle. A similar set is discussed in [52] lemma 2.5.
However we have here to carefully manage the third coordinate, so that the proof
in [52] has to be rewritten.

Lemma 2.6.2. The set
A" = {,U, € Ml((ov +OO]2 x {17 7n}) D= apg t+ (1 - a>5(+oo,+oo) @n,ae [07 1]7

po(da, db, dc) = Stur,(1—u)r,w) (da, db, de)du @ w(dr, dW),
[0,1]%(0,00) x{1,...,n}

7€ MY((0,400) x {1,....,n}),n € M'({1,....,n})} (2.6.1)
is closed in M1((0, +00]? x {1,...,n}).
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Proof. Let p € A™ such that juy, converges to a u € M*((0,+00]?x {1, ...,n}) when
k tends to co. We will prove that u is in A™. Let ay, 7 and 7y be the corresponding
quantities to py as in the definition of A™.

(ag)k € [0,1] admits a subsequence which converges to a a € [0,1]. 7 is a
sequence of measure on the finite set {1,...,n}, so a subsequence of 7, converges to
n € M'. As usual we identify the subsequence and the sequence.

(m6)k € ME((0,+00) x {1,...,n}) € M([0,+00] x {1,...,n}) also admits a subse-
quence which tends to a limit 7 € M([0, +o00] x {1,...,n}).
Then

p(da,db,dc) = O(ur,(1—u)r,w) (da, db, de)du @ w(dr, dW)

/[O,I}X(O,—&—oo)x{l,...,n}
+ (1 = )6 (400,+00) (da, db) @ n(dc).
We need to prove that p is in A”. First we verify that 7 has no weight in 0,

and secondly we prove that by rewritting u, we can consider 7 € M!((0, +00) x
{1,...,n}), @ and 7 such that p have the good form.

First, we consider the weight of 0 for w. By Skorohod’s representation theorem,
there exists a sequence (Py, Vi) and X}, of random variables such that (P, Vi) €
(0,+00) x {1,...,n} has the law 7, X} has the law 7, and (P, Vi) converges a.s.
to (P, V) of law m, X}, converges a.s. to X of law n. Let U be an uniform random
variable independent of (P,);, and P. For any f € Cy([0, +00]?x {1, ...,n}) we obtain

pie(f) = aE[f(UPy, (1 = U) Py, Vi.)] + (1 — ax)E[f(+00, +-00, Xi)]
kjo aE[f(UP,(1=U)P, V)] + (1 — a)E[f (400, +00, X)]

and this limit is equal to u(f). For f-(a,b,c) = 14 pee, since p € M((0, +00]?
{1,...n}): arn({P < e}) = u(fe) — 0 Then m € M!((0, +00] x {1,...,n}).
3

Now we prove that we can write g in the same form that in A”. Let f =
m(P = +400). If 8 =0, then

o / a1y (da, db, de) duom (dr, W) +(1— )6 1.0 (da, db)@n(de)
[0,1]x(0,400) x{1,...,n}

is already in the good form.
Else,
u(f) =aBE[f(UP,(1 =U)P,V)|P < o] + a(1 — B)E[f(+00, +00, V)| P = ]
+ (1 — )E[f (400, +00, X)]
= afE[f(UP,(1 - U)P,V)|P < o]+
-« ol=6) 00, +00 = 00 l-a 00, +00
(1 - ) ( B (oo 400, V1P = oc] o+ (= 5Bl roc, 400, ) ).

Let 7(dW) = “EBn(dW|r = 00) + =%, & = af and 7 (dr, dW) = n(dr,dW]|r <
00). Therefore 1 E A™, O
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Remark 2.6.3. Here again one can replace {1,...,n} by a compact subset W. O

We finally set two important results. The first one is identical to Lemma 2.6
and Lemma 2.7 in [52]:

Lemma 2.6.4. If p € A" then I"(u) < supseppu(f) and if p € A™\ A" then
sup pep p(f) = +oo. (recall that I is defined in (2.4.9))

The proof of the Lemma is almost identical to [52] (see Lemma 2.A.5 and Lemma
2.A.6). Indeed it is enough to consider a third variable ¢ € {1,...,n}. Similarly to
the proof of Lemma 2.6 we have to introduce a function

v(a+0b,c)

fd,go,M(aa bv C) =
for a continuous and compactly supported ¢. fq, v is lower semi-continuous. One
can then copy the proof of Lemma 2.6 in [52]. For the second part we may consider
the same function f. as in the proof of Lemma 2.7 in [52].
Notice that again we may replace {1,...,n} by a compact W.

The second one (and its proof) is identical to Proposition 3.3 in [52] (see Propo-
sition 2.A.7)

Lemma 2.6.5. For all f € ' and all t > 0, E(e!# () < 1?8’ff < 400.

2.7 Proof of Theorem 2.4.3.

In this section, we prove the LDP for P} that denotes the P distribution of u}.
This time the introduction of the third coordinate W replacing F'(7) does not create
any new difficulty. However some points in the proofs of [52] are not clear for us
and we will give the details for some points.

The proof of the upper bound is made in several steps: the proof of a weak
principle, for compact sets C (itself divided in several steps), and the proof that
u is an exponentially tight family, i.e. satisfies: for all @ € RT there exists some
compact set K, with

lim sup E InPY(Kg) < —o.
t—-+o0

The (full) upper bound for closed sets C then follows from [52|. These steps are
described in [52] section 3, and are given in Appendix 2.A.3.1.

Exponential tightness is the aim of Lemma 3.1 in [52]. The first step is the
following lemma

Lemma 2.7.1. We have:

1 1
lim limsup-InP (,u? () > M) = —o0.
a

M—+00 {5400
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whose proof is unchanged in our case (see Lemma 2.A.8). Since {v € M ((0, +o00]?x
{1,..,n}), v(1/(a+ b)) < M} is compact (see lemma 2.4.1), exponential tightness
follows.

The proof of the upper bound for compact subsets is done in [52] p. 2261 and
2262 beginning with the definition of the set

Anrgs = {n € Mi((0,400]?),3v € A, [v(g) — u(g)| < 6, u(1/(a+b)) < M}

for some continuous and bounded g, 6 and M positive. We do not see an imme-
diate argument showing that this set is closed (hence compact since it is relatively
compact). We will thus slightly modify the proof in [52].

We introduce a modified set for M § and g as before,

Alrgs= {n€ Mi((0,+00? x {1,..,n}), v € A" [v(g) — u(g)| < 6,

p(1/(a+b)) < M,v(1/(a+0b)) <M +d}. (2.7.1)
We also define .
Mgo ‘= — limsup n In Py (Al g.6)°) - (2.7.2)
t—+o0

One can of course replace g by a finite number of continuous and bounded g;’s.

Lemma 2.7.2. AK/IQ 5 s a compact set.

Proof. Notice that if p € Al g.0 Weakly converges to some p, i € Dy according
to lemma 2.6.1. The corresponding sequence vy in A" actually belongs to D}, s so
that one can find a subsequence still denoted vy that converges to some v € Dy, 5
(this is the key difference with Ajzgs). Since g is bounded and continuous, by
taking limits we have |v(g) — p(g)| < 0. Of course for € > 0,

v(l/(a+b+e)) = lilgnuk(l/(a—i- b+e)) < liinyk(l/(a+ b)) <M +19,

and v(1/(a + b)) < M + ¢ follows by letting £ go to 0 thanks to the monotone
convergence theorem. Compactness follows since ATAL/L 90 C D’ which is compact.
O

The next step consists in showing that the empirical measure uj* is close to A™
more precisely

Lemma 2.7.3. For f € Cy((0, +00)? x {1,...,n}) we define

Mt 1
1 t—S
v (f) = n Z Ti/o flumi, (1= w)m, Wi*)du + % f(+00, +00, Wiy, 41) -
i=1

Then vi* € A™ almost surely.
For all g, ¢ there exists some ¢(g,d) such that for t > t(g, d), the events {|uj(g) —

vi'(g9)] > 6} and {|uf’ (ﬁ) Rz (a%rb)‘ > 0} are almost surely empty.
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Proof. This lemma is the analogue of Lemma 3.2 in [52] but due to the modification
of our A’M 9.0 e have to complete the proof therein.

Arguing as in the proof of Lemma 3.2 in [52] one shows that for ¢ large enough
the set {|uf(g9) — v;'(g)| > 0} is almost surely empty (see Lemma 2.A.9). For the

other term,
b a+b E\a+b

1 & 1 7y t— S, 1 1 & 1
= — i X — 4+ X X - — T X —
t — T t TM+1 TMy+1 t — Ti
_ 1t—Su 1
t TMt_|_1 t
Hence for ¢t > 1/6 we have |u} (a%rb) - (a%rb)‘ < 6. O

Corollary 2.7.4. limpr— 400 Rﬁ/[,&g = +o00.

Proof. According to lemma 2.7.3, for ¢ large enough (that does not depend on M
but only on § and g) the set {4 (1/(a+b)) < M}N (A}, ;) is almost surely empty.
Hence for t large enough

P*((Alrg,6)°) < P"(ui'(1/(a +0)) > M)

and the result follows from lemma 2.7.1.
O

We may now follow the proof in [52]. First exactly as in [52], thanks to Lemma
2.6.5, for all open set O, all g, M, é and all f €T,

1
li = InPY(O) < — inf I7
im sup - In 1 (0) < inf Fargo(t)

where

(2.7.3)

?N[ 5(/1) B {M(f) A R%,g,é if He A%,g,&
I’ '797

. )
400 otherwise.

Since f is lower semicontinuous, I /- s(1) is also lower semicontinuous thanks to
the compactness of A%, ;. One can thus deduce as in [52] that for all compact
subset K,

1 -
limsup — nP}(K) < — inf sup I? = — inf I(u).
t_>+oop F(K) < ek f’M’I;,(S f,M,g,a(M) ek ()

If u ¢ A™ which is closed according to lemma 2.6.2, one can find an open neighbor-
hood U of p such that U N A™ = (). We may choose U of the form

k
U= ﬂ{y, lv(g:) — 1(gi)| <6}
i=1
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for some family ¢, ..., g of bounded and continuous functions, so that for at least
one of the g;’s denoted by g, p ¢ Al g5 Hence Ngs Al 5 C A" and I(p) = +oo
if ¢ A™. Together with corollary 2.7.4 we deduce that

I(p) >suplp(p)  where Ip(p) = pu(f)if p€ A", Ir(u) = +oo otherwise.
fer

Thus, according to lemma 2.6.4, I(x) > I"(p) and the upper bound is proved.

The proof of the lower bound is similar to [52], just replacing the sample 7; by a
sample (7, W;), and thus is omitted. (See Appendix 2.A.3.2 for the totality of the
proof.)

2.8 Proof of Theorem 2.4.4.

We turn to the proof of theorem 2.4.4. We first will deduce a LDP from theorem
2.4.3 by using the contraction principle, and then identify the rate function.

2.8.1 The contraction principle.

Define ¢(a, b, ¢) = ;% which is continuous on (0, +00]? x {1,...,n}. Then

t = S )Wt
t’TMt+1 '

1 (
i) =2 D W+
1=1

Remark that

‘@—SMJW&H )

t TMt+1

n
t
so that

1
lim sup n InP (

t—o00

1 M
Hi () =5 D W
=1

>6>:—oo

showing that uf () and 7 SMe W = 7/t will satisfy the same LDP. The contrac-
tion principle (Theorem 4.2.1 in [52]) should thus furnish some LDP for Z}*/t. Un-
fortunately ¢ is not bounded so that p — () is not continuous from My (0, 4+-00]? x
{1,...,n}) to R and the contraction principle does not apply directly. We are thus
obliged one more time to use an approximation procedure replacing ¢ by
. B c
¢ (a,b,c) = CEDLE

for e > 0. Replacing 7; by 77 = 7; V € we may introduce My, Af, By, C;"° and
py”" as in subsection 2.4.1. The results of the previous section apply to this new
process (introducing a rate function I"™(u)) This time we may apply the contraction
principle so that u;"(¢°) satisfies a LDP with rate function

JoM(m) = inf{I™(p) , p € M0, +00)? x {1,...,n}),m = u(¢)}.  (2.8.1)
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We now have

t = Sy )Wiis 1

9

en
i) = 1 w4
i=1 Mf+1

so that, since My < M;,

M; M € n
1 (t = Su=)Wiye
eEN/ & 2 :”rn E : Wwn t t
oy (90 ) - 2 4 7 S E ‘ : 7 + t,]_]ews .
i=1 i=Mg+1 tt

< (My — M;)+1).

+| 3

But according to [52] Lemma 5.4, M is an exponentially good approximation of M;
(see Lemma 2.A.13). It follows that u;" (¢) is an exponentially good approximation
of Z}'/t (see Lemma 2.A.14) so that, finally, thanks to Theorem 2.2.2, Z[*/t satisfies
a weak LDP with rate function

J"(m) =sup liminf inf J%"(m). (2.8.2)
§>0 €20 |z=m|<o

In particular we know that J" is l.s.c. so that its level sets are closed.

2.8.2 Study of the rate function.

The goal of this subsection is to show the following lemma (partly close to
Lemma 5.1 in [52]) explaining the various forms of the rate function (recall that

p(a,b,¢) = ¢/(a+Db)).
Lemma 2.8.1. We define, for all m > 0, J*(m) := inf{I"(u), u € M*((0, +o0]? x
{1, .n}),m = u(@)}. Then
i) Jm = J" (J"is defined in (2.2.6)). In addition
J"(m) = inf {15 (u), p € M ((0, +00]” x {1,...,n}),m = p()}.

ii) We also have:

J"(m) = min{I" (), p € M*((0, +00]* x {1, ..., n}),m = u(p)}
= min{IJ (), p € M(0, +00)2 x {1,...,n}),m = u(p)}. (2.8.4)
iii) Finally,
Jr=Jr=J".
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Proof. Proof of i)  We have

J"(m) := inf {I”(u),,u € My ((0, +00]? x {1, ...,n}),/aibu(da, db,dc) = m}
— inf {I"(M),,u €A™, / %_i_b;z(da,db, de) = m}
= inf {om (i) H7@y") + (1 — ), a € [0,1], po € A,

a/ aibuo(da,db, de) = m}
. 1\ - w
= inf {O‘ﬂ- (T) H(ﬂ-‘d}n) + (]‘ - a)£>a € [Oa ].],,uo € ASL,OHT <7_> = ’I’I’L}

ll’lf{ (1 ) (77’1/}”) ( —a)g,a € [O, ]_]ﬂ’f c Ml((o’ +OO) % {1’”"71})’
#(W)
7(r) m}
" -« @ 7~T T) = Oé@ =m
—int { SHGHS) + (1 - )0 € 01,6 > 0.7(r) = f.a” ) =}

Let p(a,b) = inf{H(v|yY"),v(r) = a,v(W) = b}. We have p = A} according to
Csiszar I-projection theorem (Theorem 3 in [23]). As in [52] (proof of Lemma 5.1)
another way is to directly prove the dual equality p* = A™.

We thus have

J"(m) = inf {(;A;‘L <ﬂ, Wf) +(1-w),ael0,1],58 > 0} .

A7 <B,m’8>—sup{aa:+my— }
e oy

a

B

=p5'A <5,, 5') where 3/ =

But

™| Q

Thus
J™(m) :inf{ﬁA* <B ﬁ> (1-a),ac|0,1],8> 0}.

We will show that :

e Lo (o e (Lm
aé%f,u{m” (B’B) “1‘”5} =Bl <6’ 6)'

Taking a = 1, we see that the left hand side is less than or equal to the right hand
side. To show the converse inequality, pick a € [0, 1]:

BAX <g, Tg) +(1—a)= s;li){ax + (1= a) +my — BA,(x,y)}

> sup{z A{+my — BA,(z,y)}
T,y
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Since W is bounded, eV > C(y) > 0 for all y, so that we have for all 2 > ¢ and all
Y,

G () > O(y) 9" (e™T) = +o0.
This shows that A, (z,y) = +oo, for all z > £ and for all y. Hence, the supremum
on x can be restricted to the supremum on {x < ¢}:

sA; (g ”g) (1 - a)e > supla A€+ my — BAu(z, )}
x,y

= sup {z +my — fA,(z,y)}
<&y

1 m
(33
"\B B
and the desired inequality is proved.

Notice that during the proof we have seen than the minimization is obtained
looking only at ;1 € AP so that we may replace I" by I{ in the definition of J™.
Proof of it). This part is completely similar to the corresponding one in the proof
of Lemma 5.1 in [52]. The only thing to see is that we may replace ||F||~ in [52] by
K if [W| < K.

Proof of ). To prove this equality, we first prove the inequality J™*(m) < J™(m).

Let m € RY and ¢ > 0. First, remark that J"(m) < J™(m). Indeed, if u € A",
with associated m, a and 7, is such that H(7|)™¢) < 400 and u(¢®) = m, then 7
has its support included in (e, 4+00) x {1,...,n}. Hence I"(u) = I"*(n). Moreover,
w(p) =p (%—&—b) = m. This yields
J"(m) = inf{I" (), p € M*((0,+00]* x {1,...,n}),m = p()}

< inf{I" (), p € M'({(a,b,¢) € (0,400)* x {1,...,n}), u(fa+b < e}) =0,

m = pu(p)}
= inf{I™(u), p € MY((0, +00)? x {1,...,n}),m = u(x°)} = J*.

We will take the limit as € — 0. To this end we may write for § > 0,

inf  J(z) < inf  J™E(z)

2 Jo—m|<s = z)a—ml<6

so that
inf  J"(2) <liminf inf J™%(2) < J"(m)
z,|z—m|<6 =0 z|z2—m|<o
Since J" = J", it is clearly lower semicontinuous so that

J'(m) < liminf inf  J"(z) < J"(m).

020  z,|z—m|<6

Finally J" < J"
Now, we prove that J” > J". Since J"(m) is a minimum, let i a measure such
that J"(m) = I"() and ji(¢) = m. For a sequence ¢j, going to 0, we consider 1,
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the distribution of (7 V e, W) . Using proposition 2.5.6, there exists p; € Af with
associated to vy, such that p, — [ and limsupy,_, o I (ug) < 1™(@2). Here I} = 17,
so lim supy, oo 1" () < 1™(R).

By construction pg({a + b < ex}) = 0 and for 7 associated to py, we have
H(7g|Y™) < 4o00. Since 7 is a measure on (eg,+00) X {1,....,n}, H(7glr) =
H (7 |v™), and it follows I"™(ug) = I™%F ().

As a consequence of proposition 2.5.6 it holds puy (Q%Lb) — U <ai+b) Hence,

= () ()| 0

We can now write

inf I (2) < I () = I ()

z,|z—m|<dg

so that

limsup inf  J™%(z) <limsup I"(ur) < I"() = J"(m)

k—oo #|z—m|<dy k—o0

and finally

J" = liminf inf J™(2) < J"(m).
) = SR T ) = )

O

Remark 2.8.2. The first two items i) and ii) in the previous lemma are still hold
true if we replace {1,...,n} by a compact set W. O

2.8.3 End of the proof.

At this point we have obtained that Z]*/t satisfies a weak LDP with rate function
J". In order to get the full LDP we have to show that the level sets are bounded
(since we know that they are closed). Recall that it is not a direct consequence of
the contraction principle since 1 — p(yp) is not continuous.

First since J" < J™* for all € > 0, for all closed set F' it holds

limsup inf J™°(y) > inf J"(y).
e—0 YeEF yer

It remains to show that J™ is a good rate function i.e. that it has compact level
sets. According to the previous subsection for a sequence my, such that J"(my) < 3,
we may find a sequence pi € Af such that pr(p) = my and I (pur) < 5. The
corresponding 7 satisfies limsup 7 (1/(a + b)) < +oo according to proposition
2.5.3 (here ap = 1). Since |p(a,b,c)| < C/(a+b), my is bounded and one can find
a convergent subsequence.
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2.9 Proof of Theorem 2.2.5.

When W is bounded and discrete, the full LDP is already given by Theorem
2.4.4. If W isn’t bounded, or isn’t discrete, we need to differentiate whether Sy = oo
or not.

In the first case, when 50 = 00, we are able to prove a Large Deviation principle.
Since the rate function J is difficult to calculate, we compare J with an other func-
tion J to simplify some inequalities. This work is done in the following subsection
2.9.1.

In the second case, since the approximation Z'/t isn’t an exponentially good ap-
proximation of Z;/t, we only prove some useful inequalities of deviations, but we’re
not able to prove the Large Deviation Principle.

2.9.1 Case A: 3y =

In this case, Z}'/t is an exponentially good approximation of Z;/t (see Lemma
2.3.1, 2.3.2 or 2.3.4 depending on the approximation strategy). Combining the LDP
principle obtained for Z;*/t (Theorem 2.4.4) with Theorem 2.2.2 (1) we obtain that
Z./t satisfies a weak LDP with rate function

J(m) =sup liminf inf J"(2).
(m) 6>IU) n—=00  |m—z|<4§ (=)

In order to obtain a full LDP, we use lemma 2.2.3. Therefore it remains to show
that Z;/t is exponentially tight.

Lemma 2.9.1. Assume that Assumption 2.2.4 is fulfilled, then (Z;/t)¢>0 is exponen-
tially tight, i.e. for all @ > 0, there exists a compact set K, such that

Z,
hmsup InP <t ¢ K&) < —a.
t——+o0 t

Proof. Since Z}'/t is an approximation of Z;/t and satisfies a full LDP, we can
decompose the probability as following: for each n, and for all 4:

P(% ¢ -a.4)

SIP’(Z;—Zn ) ( A4 A- 5])
<IP’<Ztt—t ) (tn >+IP’<Ztn A_5>.

Z zp
§3maX<IP’<t
t t

c) (2 < ava) (B oans))

(2.9.1)
By Lemma 2.3.1, Z'/t and Z,/t satisfies

Vo > o,hmh%nilnP( Ztt Zi
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1.e.

2 —1 Zy 4}
Yoo > 0,V > —a,ﬂn(a,é),Vn>n(a,é),limfln]P’ L
/BO t t t t

>5> < —a.

(2.9.2)

(If By = +o00, we can consider all § > 0.)

We just have to study P (? >A-— 6> and the symmetric case. We know from

Theorem 2.4.4 that:
—1 AL
lim — InP <t > B> < — inf J"(m).
t t t m>B

It remains to show that Va > 0 one can choose a level B, such that Ym >
B, J"(m) > «a.
Remind that

o= (% (5.5}

= inf sup {z + my — BInE[e* TV},
B>0 zy

(where W, = W AnV (—n)).
Since —|W| < W,, < |W/|, we obtain by differentiating whether y is positive or
negative that

z+my — BInE[ W] > & 4 my — SInE[e* IV,
Therefore, we deduce the lower bound

J"M(m) > JH(m) = inf sup {x + |mly — 5lnE[ezT+y|W|}},
6>0x6R,y20

Remark that JIl is an even function, thus by symmetry, we can assume m > 0.
Now, using Cauchy-Schwarz inequality, we deduce that

sup {x +my — BlnE[ezT+y|W|]}
zeR,y>0

= sup {x +my — glnE[e””'W']Z}

zeR,y>0
> sup {x +my — é lnE[eQ‘”] — é In E[erW]}
z€R,y>0 2 2

> sup {:1: _s ln]E[eZ’”]} + sup {my _8 In E[GQZ/IWI]}

There exists 29 < 0 such that E[e**7] < ¢!, and since fy > 0, y — E[e?"]] is
strictly increasing and continuous on [0, 5y). Then there exists yp > 0 such that
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1 < E[e*0W]] < e. Therefore

sup {x +my — s lnE[ewT+y|W|]2} >z — s InE[e*™7] 4+ myqo — s In E[e?v0!V]]
zeR,y>0 2 2 2

> 20 + myo + g (1 — 1nE[e2y0‘W‘])

Finally, since 1 — InE[e?0/"]] > 0, we conclude that

JH(m) > zg + myo — +o0.
m—0o0

In conclusion, let & > 0 and § > %—OO‘ (or § > 0if By = +00), let n(a, ) defined
in (2.9.2) and n = n(a, d), let A = 20 46 (zo and yo are determined by the law
of 7 and W). We have

mlln]}” (ZZZ > A - 5) < — inf J"(m)
tt t m>A—§
<— inf JM(m)

m>—A+4§
< — inf x0+m
S - mp 2o Yo
< —wg —yo(A —9)
< -«

and using the evenness of J,
—1 VAL
litmgln]P’ (; < —A+ 5) < —q.

Eventually combining these bounds with (2.9.2) in (2.9.1), and deduce that for
n > n(a,d),

lim1 InP (Zt ¢ [—A,A]) < —a.
t i t
U

Now, we have a full LDP for Z;/t, but the expression of J isn’t very convenient.
In particular, this expression can depend on the reduction used. In order to simplify
some inequality and obtain Equations (2.2.8) and (2.2.9), we prove J > J defined
in (2.2.6).
We consider two cases: in the first one, Lemma 2.9.2, we assume W is bounded
by K and consider the discretization W™ defined in subsection 2.3.2. Then in the
second one, Lemma 2.9.5, we will examine the general case.

Contrary to [52| we do not know a priori that Jisa good rate function. However,
we use results of Lemma 2.8.1 replacing {1,...,n} by [-K, K]. In particular we
deduce that

J(m) = J(m) == min{I(p) ; p € M ((0, +oc]? x [~ K, K]), u(p) = m}.

We want to prove



2.9. Proof of Theorem 2.2.5. 73

Lemma 2.9.2. If W is bounded, it holds J < J.

Proof. We may of course assume that J(m) < 4o00. One can thus find sequences
my, and €, < 1 such that ¢, — 0, m,, — m and J"(m,) < j(m) + &,. Since
J" = J", one can thus find a sequence ju, € M'((0,+oc]? x [~K, K]) such that
I(1tn) < J(m) + 1. According to proposition 2.5.3 (recall that it is true here, see
remark 2.5.5) one can thus find some subsequence still denoted by pu,, converging to
some p in M1((0,+00]? x [-K, K]). Now (again recall remark 2.5.5) according to
proposition 2.5.4 we have lim inf,, I, (11,) > I(p) so that I(p) < J(m).

In order to see that I(u) > J(m) it remains to show that u(c/(a+ b)) = m and
to apply J = J.

Notice that thanks to ii) in lemma 2.8.1 we may have chosen p, € Af so that
proposition 2.5.3 tells us in addition that limsup,, p,(1/(a + b)) = M < 400 (since
the sequence oy, = 1). It follows

p(1/(a+b+e)) =limpn(1/a+b+e)) < limnsup,un(l/(a +0) =M

so that again using monotone convergence we deduce pu(1/(a + b)) < M. Hence,
since ¢ is p a.s. bounded, p(c/(a+ b)) is well defined.

To calculate p(c/(a + b)) we need more. Using the definition of J” and what
precedes the sequence u, satisfies

m
HGEMyY™) = ————= < C
D = W)
for some C' < +o0 since my, is bounded and lim,, i, (1/(a + b)) = u(1/(a + b)) > 0.
We will deduce that 7" is tight. Indeed a standard application of the Orlicz-Holder
inequality (with the conjugate pair u — €“ — 1 — v and u +— u +— ulnu — u) shows

that
1

In(1/4m(A))
for some universal constant x. Choosing A = {a+b < ¢} so that Y"(A) = ¢¥(A) we

get the desired result choosing ¢ small enough.
It follows

#(A) < KC

a+b < Kpn(1/(a+0))Crpn({a+b < e})

C _
Lin ( (e a + b)Latpee + ]1a+b>s)> — My
< C'u{la+b<e}).

Since the integrated function is bounded and continuous we can pass to the limit in
n first, and then in € using Lebesgue’s bounded convergence theorem since

c
a+b

- K
(5 l(a + b)]la+b§a + ]la+b>e) < m

which is p integrable according to what we did before. This finally shows that
u(e/(a+b)) =m and concludes the proof. O
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We do not know about the converse inequality.

Remark 2.9.3. We will see below another way to prove this result (in an even more
general context). Nevertheless we have given this proof in order to complete the
picture in the [52] context. &

We will now directly study the function J. Recall that

J(m) = [131;% sup (z +my —j lnE(e”“‘yw)) = éI;% sup A(m, 8, z,y) .
Y @,y

We do not assume here that W is bounded.

Lemma 2.9.4. J is a good rate function.
Proof. First we remark that

sup A(m, B.2,9) > sup Am, B,,0) = sup (& — BInE(c™))
z,y x x

Since 7 > 0 (and supposed not to be identically 0) one can find z, < 0 such that
E(e®T) = e~! (we already use this in the proof of lemma 2.3.1), so that

sup A(m, B, z,y) >z + .
x?y

Let {J < M} be some level set of J. For 8 > M —x; := 3, one hassup, , A(m, 3, z,y) >
M so that for all m € {J < M} it holds

J(m) = 0<15n§f57 S;ylg}/) A(m7 67 z, y) :

Now remark that

sup A(m, f,2,y) > sup A(m, 3,0,y) > A(m, 53,0, k)
x,y Yy

where 0 < k < 1 A Sy, Bo being defined in Assumption 2.2.4 ii). For 5 < 3,
BInE(e"") is thus bounded by C, so that

J(m) >mk —C

showing that {J < M} is bounded.

It remains to show that the level sets are closed. Let m,, — m be a sequence in
{J < M}. According to what precedes we know that the infimum in 5 has to be
taken in a bounded interval, so that one can find a (sub)-sequence 3,, converging to
[ such that

J(mn) S Sup A(mTh ﬁn) xZ, y) + En
T,y

with &, going to 0. This implies that for all (z,y)
T+ muy — Bn In E(emﬂ’w) <M+e,

which implies J(m) < M by taking the limit in n» and then the supremum w.r.t.
(2, 9). O
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For a general W, consider

J(m) =sup liminf inf J"(2).
§>0 MO0 [m—z|<é
We now know that Z}'/t satisfies a full LDP with good rate function J". We may
state

Lemma 2.9.5. It holds J < J.

Proof. As for the proof of lemma 2.9.2, we may of assume that J(m) < +oo and thus
find sequences m,, and ¢, < 1 such that ¢, — 0, m,, = m and J"(m,,) < j(m) +en.
We denote 8, = |m — my|. Define M = J(m) + 1. For n large enough, m,, belongs
to {J" < M}. We have seen in the proof of lemma 2.9.4 that J,,(m,,) is thus given
by the infimum for 0 < 8 < M — |z,| = 3, where E(¢"") = e~!, i.e . does not
depend on n. The same holds with J(m). If 8 € (0,3;] and € > 0 we may found
(ze,ye) such that

BA*(1/B,m/B) < ze+my. — B In (E[eTHW]) ¢

ZTe +mpy. — B In (E [exfTﬂ’EW]) + e+ 0nlyel -

Since
E [emsTersW"] - E [emETerEW]

as n growths to infinity, for n large enough the difference is less than e so that

BA*(l/va/B) Te +mpye — B 1In (E [e:pgr+y5W"]> + (1 + /67')8 + 5n|ya‘

<
< BAL(L/B,mn/B) 4 (14 Br)e + Onlyel -

Taking the infimum in £ and then the liminf,, we get
J(m) < liminf J, (my,) + (1 + Br)e < J(m) + (1 + Br)e.

It remains to let € go to 0 to conclude. O

Remark 2.9.6. When W = 1 a.s. it is easily seen that sup, , A(m,3,7,y) = 400
except for m = (3 yielding J(m) = sup, (x — mInE(e*")) as expected.

Since J is defined on R one can expect some monotonicity on intervals delimited
by the asymptotic mean E(W)/E(7). We were not able to prove this monotonicity.

&

2.9.2 Case B: fy < >

We remind that W" is a reduction of W such that Z}'/t is an approximation of
Zy/t and satisfies a full LDP, as proved in Theorem 2.4.4. However, this approxi-
mation is not an exponentially good approximation, therefore the LDP cannot be
transferred to Z;/t. In this case, we prove the deviation Inequalities (2.2.10) and
(2.2.11). We will focus on the first one, P (% >m+ a), since the proof is exactly
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the same for the second one, P (% <m-— a).

For each n € N* for k € (0,1), we have
A

P(?Zm—l—a)ﬁﬁ”(%Zm—i—&a)—l—P( .

AL Z A
<2max[IP’<tt>m+/<aa>,IP’<tt—tt

> (1= )

> (1= )a) |

Then, for each n € N* and k € (0,1), we obtain

1 VA
limsupg InP <tt >m+ a)

t—o00

1 AL 1 7 zn
< max [limsuptlnIP’ (; > m—l—fm) ,limsupglnIP’ < 7'5 — Tt

t—o00 t—o00

> (1—H)a>].

We handle the first term with the full LDP for Z/t with the rate function J"
(Theorem 2.4.4) and the second term with Lemma 2.3.1 (or 2.3.2, or 2.3.4 depending
on the approximation strategy). We then have

t—o00

1 VA
limsupglnP <tt >m+ a)

férnax[hnqinf (—- inf (]n(z)) 7__50(172ﬁ)a]

n—00 z>m+Ka
1_
< —min [lim sup _inf J”(z),ﬁo(ﬁ)a} .
n—oo 2>m+tka 2

Since this inequality is satisfied for each n, we can then apply the Lemma 2.9.8,
proved below, which gives us

limsup inf J"(z) > inf J(z2),

n—soo Z2>m-+tka z>m—+kKa

and we obtain the Inequation (2.2.10): for all x € (0, 1)

1 Z 1—
limSUPtIHP<;Zm+a> S—min[ inf J(z),ﬁoﬂ

t—00 z>m+kKa 2

Remark 2.9.7. Notice J™ isn’t the same in each case. J"™ can be written

J"(z) = inf sup{z + my — SInE (exT—Q—yW")}’
B>0 zy
but the definition of W™ depends on the reduction:
— If W is only bounded by K, a reduction with finite valued W™ was necessary:

n—1 .
n JK
W= Z 7]1W6[jK/n7(j+1)K/N['

j=—n
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— If W is only discrete, a reduction with W bounded by —n and n have been
done: W" = (W Vn)A (—n).
— If W isn’t bounded nor discrete, another reduction is necessary:

n?-1 .
W" = —nlw<_pn +nlwsn, + Z %]IWE[%%)

j=-n?

Since in each case, W™ is discrete and bounded a.s. and F (e”*ywn) — 0o
E ("W for (z,y) such that E (e* ") < oo, the proof is the same.

Lemma 2.9.8. Assume (W"),, is a sequence of random variables which converges
almost surely to W and such that for each n, W" is discrete and bounded a.s.
Then, we have, for all zg € R,

limsup inf J"(z) > inf J(z),

n—oo 2220 2220

where J" is defined by

J"z) = éﬂ% sup{z + my — fInE (e$7+ywn)}.
Y

Proof. Let (W™),, be a sequence of random variables which converges almost surely
to W, such that for each n, W™ is discrete and bounded a.s. Let zy € R. Thanks
to Lemma 2.8.1, J™ has different forms. Here we will use the form

B>0 BB
If lim sup,,_, o inf,>., J™(z) = oo, then the inequality is satisfied.
Let assume limsup,, o inf,>,, J"(z) < co. We denote C(zp) this quantity.

There exists a sequence ny — oo such that limy_,o inf,>,, J"(z) = C(29). For
each k € N, there exists a sequence (2F); in [0, +00) such that inf,>., J™(z) =
lim; J™ (2F).

Let 0 > 0. There exists K such that Yk > K, inf,>,, J"(z) € [C(20) —0/2,C(20) +
§/2] and I, such that Vi > I, J™(2F) € [C(20) — §,C(20) + 0]

Then, for k > K, and i > I, zF is in {J™ < C(z) + 6}.

Moreover, for each n € N, J"* > J!| by the proof of the Lemma 2.9.1, where

J"(2) = inf A (1 m)

JI'(m) ;= inf sup {a: + |mly — ﬁln]E[exT+y|W|]}.
B>0zeR,y>0

So for k> K, and i > I, 2F is in {JI < C(20) + 0}.

By the exact same argument than for .J in the proof of Lemma 2.9.4, {JI'l < C(z)+
§} is a compact level set of J.

Then, for £ > K and ¢ > I, zf is in a compact. There exists at least an adherent
point 2y in this compact, and a subsequence zik] J —kjij—oo Alime 1D particular,
Zlim 2 20-
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Like in the proof of Lemma 2.9.5, J"*i (zzkjj) is given by the infimum for 8 € (0, ;).
If 8 €(0,8;) and € > 0, we may found (z.,y.) such that
BA*(1/B, 21im/B) < xe + mye — Bln (E [e"TT¥W]) 4 ¢
kj TeTHyYW ok
gxg—f—zijyg 5ln(E [e ])+6+|zhm zij||y5|
Since

E [6$57'+ysWn:| — E [emeT‘FysW]

as n growths to infinity, for n large enough the difference is less than e so that

BA*(1/8, 21im/B) < = + Zikfye — BIn (E [e*™ W) + (14 Br)e + |21im — ijHys‘
< BAL(1/B, %7 18) + (1+ Br)e + aim — 2 [lyel

Taking the infimum in § and then the lim; we get

J(24im) < liminf J"*s (zlkj) + (14 Br)e < limsup inf J"(2) + (1 + Br)e.

J n—oco 2270

By letting € go to 0 we obtain:

J(21im) < limsup inf J"(2).
n—oo 2220
Then,
inf J(z) < J(21im) < limsup inf J"(2).

2220 n—oo 2220
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2.A Lemmata and Propositions from [52]

The following Lemmata and Propositions are from [52]. Some proofs are exactly
the same, and we give them to have the totality of the arguments in this manuscript.
Some are slightly different from the original article, since we have a third coordinate:
it will be indicated in the title of the Lemmata and Propositions. We can have
developed some of the proofs.

2.A.1 Complement to Section 2.5 The functional I"
The following lemma is a rewriting of 7(1/7)H (7|¢™) which is useful to work on
the rate function I™.

Lemma 2.A.1 (Lemma 2.2 from [52]). For all # € M!((0,4+00) x {1,...,n}) such
that 7(1/7) < oo and a > 0

m(1/m)H(7[y") = sup (m(p/7) = m(1/7) g™ (7))
PECH((0,+00)x{1...n})

= sup (7(p/7) = w(1/7)Inyp" (e¥)
" (e?)=a

= sup (7(f) — 7(1/7) Iny" (™). (2.A.1)
FeC((0,400)x{1,...,n}),m(f)<oo

Proof. We know that

H(w|y"™) = sup (7(p) — Iny"™(e”)).
p€eCp((0,4+00)x{1,...,n})

Let ¢ such a function, and a = 9™ (e¥). Suppose a > 0, set ¢, := ¢ — Ina. Then

R(1/7) % (7() = o"() = m(1/7) x T~ (1)) (o)

=7 (p/7) = m(1/7) In"(e”)
=7 (¢a/7) + In(a)m (1/7) = w(1/7)In (" (€%*) x a)
=7 (a/7) = w(1/7) In9p"(e?*).

Moreover ¢"(e?e) = 1" (e¥) x a~! = 1. Then the quantity:

sup  (w(p/7) —w(1/7)Inp" (7)) = sup  (w(p/7) —w(1/7)Iny" (7))

" (e?)=a o (e¥)=1

and doesn’t depends on a > 0. Therefore

m(1/7)H(7|)") = sup (m(p/7) = w(1/7) In g™ (7))

Lpecb((o,-i-oo)X{l,...,n})
=sup sup (7(p/7) —w(1/7)Ing" (¥)
a pyn(e?)=a

= sup (7(¢/7) = 7w(1/7)Ing" (7).
Y (e?)=a
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For the last equality, we consider ¢ = 7f.

First, for a given ¢ € Cp((0, +00) x {1,...,n}), f(r,W) := (7, W) satisfies w(f) <
T

00 because:

¥

7(f) =7 (£) < Iplloem(1/7) < 0.

T

Then:
sup (n(p/7) — (/T () < sup  (x(f) - 7(1/7) ().

©€Cy((0,+00)x{1,....,n}) feC((0,400)x{1,...,n})

w(f)<oo

Secondly, we can restrict the supremum on f to functions such that " (e™) < oco.
We consider xp € Cp((0,400) x {1,...,n}) such that xas € [0,1], xa(7) = 0 for
<M~ tand 7> 2M and xp(7) =1 for 7 € 2M 1, M].

Then, for f € C((0,4+00) x {1,...,n}) such that 7(f) < +oo and ¥"(e™f) < +oo,
let opr = 7fxnr- oar is in Cp((0, +00) x {1,...,n}). By dominated convergence, we
have:

(par/7) = m(1/7) Iy () = m(f) — m(1/7) In g (™).

lim 7
M—o0
The equality is then established. O

Lemma 2.A.2 (Lemma 2.3 from [52]| - slightly different proof). The map 7 —
7(1/7)H (7|]yp™) is convex on {m € MY((0, +00)x{1,...,n}),7(1/7) < 0o}. Moreover
I™ is also convex.

Proof. By the lemma 2.A.1, m — 7(1/7)H (7|1)"™) can be expressed as a supremum
of linear functions of 7, then this map is convex.

To prove the convexity of I, let 1 and pe in A", 5 € (0,1) and p = Bui+(1—05)pe.
We want to prove I"(u) < BI™(u1) + (1 — B)I™(u2).

This inequality is true if p; or o aren’t in A™.

Let suppose p is in A™. We denote by aq, as, w1, T2, 11 and 19 the corresponding
quantities of the equation 2.4.2 for 1 and pe.

If ar = ag = 0, then p = B + (1 = Blp2 = d(1oo400) ® (B + (1 = B)2),
I'(n) = & = BE + (1 — B)€ and the inequality is satisfied.

Else, we have for u:

a=Bag+ (1 —B)ay
po P (A=Plas
o a
o), Q=B e
— 1«
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We notice that 1 —a = (8+(1—0)) — (Baa+(1-B)ag) = B(1—0a1)+(1-5)(1—a2).
Therefore, by the convexity of m +— 7(1/7)H (7|y™),

I"(p) = ar(1/7)H(7[P") + (1 — a)§

<a| P maemen) + D0 |+ (-

< Baym (1/7)H (71 |") + (1 = B)agma(1/7)H (12]¢")
+EBM—a1) +(1-8)(1 - a2))
< BI™(p1) + (1 = B) ™ (p2).
Then I™ is convex. O

Lemma 2.A.3 (Lemma 2.4 from [52]). Let m, € M((0,+00) x {1,...,n}) be such
that 7, (1/7) < oo such that

lim my (dr, dW) = Br(dr, dW) + (1 = B)0 (100 (dr) @ o (dWV) (2.A.2)

for some 8 € [0,1], 7 € M((0,+0c0) x {1,...,n}) such that m(1/7) < oo and
no € MY({1,...,n}). Then

liminf i (1/7) H (Fylibe) > Br(1/m) H (R + (1 .
Proof. By the lemma 2.A.1

(1)) H (Feltn) = sup (wk(f) — mp(1/7)In wk(eTf)> . (2.A.3)
feC((0,+00)x{1,...,n}),
7 (f)<oo

To prove this lemma, we define an adequate function f from some function .
By some optimizations over ¢ and by the equations (2.A.1) from the lemma 2.A.1
we conclude.

We fix ¢ € Cp((0,+00) x {1,...,n}) such that ¢(e¥) < 1. If £ = 0, we consider
d = 0, else we consider d € [0,£). For M > 0, let xas be a smooth function on
(0, 400) such that

1
XM(T):1f0r7§M+lor72M—|—1

1
xm(T)=0for T € [M,M} .
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We have

" (edTXM"r‘P(l_XM))

:/ edTXA/I(T)+L,0(T,W)(1—X]V[(T))w’n(d,]_’ dW)+/ ew(ﬂw) ¢n(d7', dW)
(0.37) {1} [ M]x{1,...n}

+/ edTX]\/[(T)‘HP(T,W)(l*X]\/[(T)) wn(d7_7 dW)
(M+1,+00)x{1,...,n}

< ellelloo g (edT ]17-<ﬁ> +p™(e?) + el Pl (e 1< 5p)
—_——
—_—————

M — o0

—s Y"(e?) < 1.

M—o0

— 0
M — o0

Then there exists M’ which depends on ¢ and d such that VM > M’ ™ (edmxmt+e—xm)) <
1. (The fact that ™ (e") is finite implies the convergence of ¥"(e?” 1,-37) and

P (edT 11T<$> to 0.) Since Y, — ", & — £ > ¢, we have for k large enough
(depending on M’; ¢ and d):

VM > M’ Vk large enough, iy, (e +e=xa)y < 1,

Let f be of the form f(7,W) = dxm(7) + SD(Tf’w)(l —xum (7)) and we apply (2.A.3)
with it:

me(1/7)H (7o) > mip(f) — m(1/7) In g (™)
<90(Ta W)

2 Wk(dXM(T)) + Tk

(- xM<T>>) (1) (™)

>0

T W
> m(aar () + e (27 0= ().
Then, by (2.5.2) the statement of the lemma
lim infry, (1/7)H (7g|Y)
k—o0

(20 i)

<90(TvW>

> liminf 7, (dx (7)) +
k—o0

> pr(dxm (7)) + (1 — B)dxm(+00) + B

> gar(r(n) + (1= 9+ 5x (A2 )

a —XM<T>>) F(1-8)x0

We take the limit when M tends to +00, xpr — 0 point-wisely. Since 7(1/7) < 0o
and 7(7 = +00) = 0, we obtain by dominated convergence:

Ban(an(r) + (1= B+ o (A0 () ) (1= g

(T, W))

lim nf g (1) (7ylis) > (1~ B)d + o (M) |
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We optimize over d < £ and ¢ such that ¢"(e¥) < 1:

lim inf . (1/7) H (7 |yx) 2 sup sup) ) <(1 — B)d+ pr (gp(T;W)))

<€ p,ypm (e

>(1-p)+p sup (WW)) .

P (e? T

By the lemma 2.A.1:

<90(T, W)) _ <<p )
sup 1w | —~—1—~ sup sup
@, (e¥)<1 T a<l pypn(e?)=
= sup sup <7r (
a<l L; P (e?)=
<7r (4'0 ) - lnzb”(esp)) +1Ina
P (e¥)=
)

= sup [w(1/7)H (7[¢") + Ina]

= ililzl) Ina+7(1/7)H(7|y") = n(1/7)H (7|yY").

‘G

—Iny"(e”) +In w”(e‘p)>]

a<l1

= sup [ sup

Then we obtain the announced inequality:

lin inf g (1/7)H (Fil) > Br(1/T)H(FI") + (1 - B

2.A.2 Complement to Section 2.6 Some additional technical topo-
logical lemmata.

Lemma 2.A.4 (Decomposition of uf(f) - Equation (3.3) from [52]).
For f:(0,+00]? x {1,...,n}) — R, bounded or positive, we have:

T flur, ( w)i, W)du
Z A )

t=Shr,
T T
+ M;‘H/O My+1 Frag 41w, (1 — w)Tag, 41, W]\l/[t+1)du (2.A.4)
which can be expressed by:
1 T, t—S
F My+1 7t — OM,

pe(f) =+ > onf,m, W)+ ;* S ( . Ht,thH,W&tH) . (2A5)

t

i=1
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Proof. We have:

Mt S
n 1 ! n
e (f) =7 Z/s f(s = Smy, Smgv1 — 8, Wiy, 41)ds
i=1 Y Si-1
1 t
+ Z f(S - SMS7 SM5+1 - 87 W]7\L45+1)d8

S,

1 1
:t;/o furi, (1 —w)m, W) mdu

. =S,
TMy+1
+ Z f(TMt+1u7 (1 - U)TMH-L W]?/[t—&—l)TMz-i-ldua
0
. S — S'_1 .
with u = ——= for each i.
T

We recall (2.4.6): for all x, 7, W, f(z,7,w) = fox f(ur, (1 —u)7,w)du. We have:

My
1 z T™M+1 7 (T — Su
:U’?(f) = 7ZTif<17Ti7vVin)+ : / thMt+17W]7\l4t+1 .
t i—1 t ’TMt+1

Lemma 2.A.5 (Lemma 2.6 from [52]). For all € A", I"(u) < sup sep pu(f).

Proof. The objective of this proof is to work with a set of functions f, such that
fis in T and such that u(f) is easily calculable. Then, by optimizing over the
parameters of f, we prove the wished inequality.

Let M > 0, v < 1 and ¢ € C.((0,400] x {1,...,n}) such that " (e¥) = ~. If
£=0,let d =0, else let d € (0,€). Let

¢(a+b,c)

- + d1(pr 400 (@ + D), (a,b,¢) € (0, +00]% x {1,...,n}.

fd,(p,M ((17 b) C) =

First, we prove that fq, s isin I
fap.nr is lower semicontinuous on (0, +o0c)? x {1,...,n}. In fact, g : @ — g(xo) is
lower semicontinuous in zg if liminf,_,,, g(x) > g(z).

On {(a,b,c),a+b < M}, fa,m(ab,c) = % which is a continuous function (so

lower semicontinuous). On {(a,b,c),a+b> M}, fq, m(a,b,c) = % + d which
is a continuous function, so lower semicontinuous. Let (ag,bo,co) € (0,+00]? x
{1,...,n} such that ag + by = M, and let (ag, b, cr) — (ao,bo, o). Then
fapn(ag, by, ci) = Plak + bi ci) + d1 (a1 4o0] (@k + i)
ar + by
ol + i)
B ag + by
¢(ao + bo, co)
ap + b

(because d > 0)

liminf fg ., ar(ak, bg, ci) > = fa.p.m(ao, bo, co).
k—oo
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We can study fy ., n, defined in (2.4.6), for r € [0,1] and 7 > 0:
fd%M(r, T,C) = / Japv(ur, (1 —u)T, c)du
0

_ / AT | 41 0y oy ()
0

T

=7 X (90(7’ )+d]1(M+oo]( )>'

T

Then, let s > 0 and
/ edeW,M(s/T,T,W) ¢n(d7_, dW) _ / eTS/’rX <M+dﬂ(1\47+o@](7)) ¢n(d7', dW)
[s,+00) [s,+00)

o3 (PTW)HATL 140l (D) o (g7, V)

—

[s,+00)

IN

1% (Jleplloo +d7 T (p7, 400} (T )wn(dT dW)
[

< e‘p”"o/ et ontoel () (dr, W)
[s,4-00)

s,+<><>)

< ell#lloe m (e,

This integral is bounded uniformly in s, so

Dn’fdga v = Sup/ eT‘fd,Ap,]\/[(S/T,T,W) ¢n(d7', dW) < o0,
" (s,400)

s>0

Since 9™ (e¥) = v < 1, then there exists My depending on ¢ and ¢ such that

VM > My, C,

7 fa 0,00 (1,7, W)
7fd,<p,M © )

n ego(TW 1 <M+ed7+<p(7' W)]l >M)

P (e

n(ego (W) +dm1L (a1, 400 (T ))
P (

Y™ (e?) + ellelle V(e dr q o) < 1.

| A

Therefore, fq,n €T
Let p € A", 1= app + (1 — @)0( 400, 40) @7 Since ¢ has a compact support:

p(fapnr) = apo(faprr) + (1 = @) (0(Go0,400) @ 1) (fapnr)
= a/ fapm(ut, (1 —w)7m, W)(da,db, dc)du @ w(dr,dW) + (1 — a)d
[0,1]%(0,400) x{1,...,

= a/ M + d]l(M,—l—oo](T)du (29 Tr(d7-7 dW) 4 (1 _ a)d
[0,1]%(0,4-00) x{1,...,n} T

— an <¢(T;W)) +adr(t > M) + (1 —a)d
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We know that 7(¢/7) = 7(1/7)7(¢), then by lemma 2.A.1,

suppu(f) >sup  sup  sup sup p(fae )
fer 7<1 apn(eP) =7y d<€ M>My

w
>sup sup supsup {om <('0(T’)> +(1- a)d}
1<loyn(ef)=y d M T

s spfar (25 1)

T<lpgpn(er)=y d

zasp s {n (AT b o

Y<L o (e?)=y T

>asp sup{n (1) (e W)~ ) 1)+ (- )

<1 ppm(e?) = T

zasup< sup {w<1) [ﬁ(so(r,vv))—lnw"(em}+w(i)m>+<1—a>s

Y<1 \ g (e?)=y T
1 . 1
> ar (1) #olv") +supr (1) oy (11— g
T <1 T

1
> an (1) Hplu™) + (1= ) = '
Then, we have Yy € A", I" (1) < sup ser pu(f)- O

Lemma 2.A.6 (Lemma 2.7 from [52]). For all € A™\A" sup e pu(f) = 400.

Proof. To prove this equality, we determine for each y € A™\ A" an adequate set of
functions f., such that f. is in I" and such that u(f:) tends to the infinity when e
tends to 0.

Let 1 € A™\A™: there exist corresponding a, 7 and 7. Since u ¢ A", o > 0 and
m(1/7) = 4o00. Fix constants d,d, D and M > 0 such that:

Y™ (1 € (0,0])(e? 1) < (7 € (5, M])(1 — e D).

Such constants exist because this inequality is verified when d and § — 0, and M
and D — oo. For € € (0,9), let f. be defined by:

d D
fe(a,b,c) = mﬂ(a&](a +0) — m]l(d,M] (a+0).

First, we prove that f. isin I'.
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Then
Cnge = / eIy (dr, dW)
(0,400)x{1,...,n}
:/ o1 (c,6) (1) =D (5 a1 (7) ™ (dr, dW)
(0,400)x{1,...,n}

= / (eo Tr<e+¢? Ties(7) + e P Lisan(T) + e? ]IT>M> " (dr, dW)
(0,400)x{1,...,n}

=1+ (e =1)"(1 € (¢,0]) + (e P =1)y"(r € (5, M]) < 1.

<0

and for s > 0
/ eTfE(s/T,T,W) wn(dT’ dW) _ e'rs/T(%]l(E,g](T)—g]l(é,M](T)) wn(dT’ dW)
(s,400)

o2 (d1c5)(1)=D1 (5 ar1(7)) W™ (dr, dW)

< e (Wea ™) yr(dr, dw)
8,+00)

< "™ (dr, dW)
(s,+00)

< et

so Dy s. < +o0o. Then f. €.
On the other hand,

(1) = am (Far) = 215000

1 1
= adm (7-]1(5’5] (T)) —aD7 (T]l(é,M] (T)) :

Since w(1/7) = 400, T (+1re(0,)) = +oo and p(fe) — oo
~ e—
Then Vi € A™\ A", sup sep pu(f) = +oo0. O

Proposition 2.A.7 (Equivalent of the proposition 3.3). Forall finT = {f : (0, +00]?x
{1,...,n} = R, bounded and lower continuous such that C, <1, D, ; < +00},

sup E(e (1)) < 400 (2.A.6)
t>0

Proof. Since C), ¢ € (0, +00), we can introduce the probability measure ¢?(d7, av) =
1/Cy g x e f BTV yn(dr dV). We denote by ¢ the law of Sy if (7;); is i.i.d with
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common law w;}.

E (et ()

s ([ st B
5[t (7 (Lot

00 k
- n —(t— S n
+kZ1E !]lMt:kGXP <X;Tif(1,Ti,Wi )+ i1 f < - ,Tk+1,Wk+1>>]

k+1

— / eTf(l/T,T,V) ,(pn,(d,]_7 dV)
(t,4o00)x{1,...,n}

T S(t— Sk
S e T (e (1 ) )
+

:/ Tf(l/TTV wn(dT,dV)
(t,+00)x{1,...,n}

+oo
/ / Ok LTI/ V) (dr, dV) Gy (ds)
[0,t] J (t—s,400)

Dn,f

Then sup;o E(e" (1)) < +o0. O

2.A.3 Complement to Section 2.7 Proof of Theorem 2.4.3
2.A.3.1 Upper bound

In the proof of the upper bound, we use the Lemma 2.7.1, which is a part of
Lemma 3.1 from [52]:

Lemma 2.A.8 (Lemma 2.7.1). We have:

1 1
lim 1 mP(p (—— ) > M) = —.
Moo 1ot £ <”t <a+b>> ) >

Proof. Let M > 0. We recall that {S, < t} = {M; +1 > n} and SM; <1If
|Mt| > 1, we have:

n 1 t— S,
e (i) > ) = o 080
C (M, +1> |Mt]}
C {S\_MU St}
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Therefore, by the Markov inequality:
n 1
<E [e*SLM’fJ] el =F [e*ﬁ] M) ot
Then, we have:

1 1
“InP( u} M) <
e (it () ) <

=1+ U\ftJ InE [efn]

— 1+ MIE[e].
t—00

(t+ |[Mt]InE[e ™])

S

Eventually, we have:

— 1 1
lim lim —InP (u? <> > M> = —o0.
M—+oot—+oo ¢ a+b
O

We also prove that the empirical measure uj is close to A™, and we give the
Lemma 2.7.3

Lemma 2.A.9 (Lemma 2.7.3 - Analogue of Lemma 3.2 in [52| - Slightly different
proof). For f € Cy((0,4+0oc]? x {1,...,n}) we define

Mt 1
1 t—S
)= 1 2 [ (= W oo, oo, W)
=1

Then vi* € A™ almost surely.
For all g, ¢ there exists some ¢(g, d) such that for ¢t > t(g, ), the events {|uj(g) —

vi'(g)| > 6} and { e (a%rb) -y (ﬁ)’ > (5} are almost surely empty.

Sm 1 M,
7 te [07 1]7 = S, Z¢:t1 7—2'5(7-Z~,Wi")

and n = 6W1731t+1' If Sy, =0 (ie My = 0), then v = 0, so ©™ can be any probability

Proof. We can see that v € A" a.s. witha =

measure such that 7" (1/7) < co.
Else,
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Now, let f € Cy((0,+00)? x {1,...,n}). We remind the decomposition (2.A.5):

M,
1 = TM+1 7 (T — S

pr(f) = 2> mf (L, W) + == f = ™M1 Wi
t = t TMy+1

with f(z,7,w) = [ f(ur, (1 —w)7, w)du.
We can rewrite the second term

TMt+1fT (t — SMt
t TMt+]_

t—

S 1
Mt/ Fu(t=Sn), Tagy+1—u(t—Sn), Wiy, 1) du.
0

n —
7TMt+17WMt+l> - n

Then:

e (f) = v (/)]

t—Su, | ! ) )
= ; M, A f(u(t — SMt)a TMi+1 — U(t — S]\/[t)7 WMt-i-l) — f(—|—oo’ +OO, WMt—i-l)du

We have t — Sy, < 7ar,+1 by definition.
We denote

1
&(s, k) ::/ sup |f(us, T — us, k) — f(400, +00, k)|du,
0 T>s

E(s):= sup &(u,k).

u>s,k<n

We have f € Cy((0,+00]? x {1,...,n}) so f(a,b,c) = f(+00,+00,c) as (a,b) —
(+00,4+00). f is bounded so & is well defined and finite. Moreover, £ is bounded
(and E too).

For each k, £(s, k) tends to 0 as s — +o0. So, for u € (0,1),

flus, T —us, k) —  f(400,400,k),
s—00,T>s
and
sup | f(us, T — us, k) — f(400,+00, k)] — 0.
T>s §—00
The Fatou’s lemma allows us to conclude:

1

lim sup | f(us, T — us, k) — f(+00, 400, k)|du
s—400 0 TZS

1
< / liminfsup | f(us, 7 — us, k) — f(4o00, 400, k)|du = 0

0 s——400 T>s

For each k < n, &(., k) is bounded by a constant M and tends to 0 as s — oo,
so F is bounded by M, tends to 0 as s — oo and is monotone non-increasing.
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Then:

1 (f) = v (f)]

t—S 1
<— My /0 | fu(t = Sar,), Tag+1 — u(t — Sar,), Wig 1) — f (00, +00, Wiy, 1) | du
t— S .
S Mtg(t_SMt7WMt+1)
t—S
< Mo Bt — Su,).
Finally

t— S,

() = m()] > 8} { E(t— Su) > a}
— {2,B(xy x 1) > 8},

where z; = # € [0,1].

If x € [0,1] satisfies xE(tx) > 4, then E(tx) > §. Then x < E~1(§)/t. So that
§ < zE(tx) < E71(8)/t x M. When t > M E~Y(§)/d, this is impossible. Therefore,
for ¢ large enough, the event {|uf(f) — v{*(f)| > d} is empty.

The proof for the function (a,b,c) — a%rb is already given in the proof following
Lemma 2.7.3. O

Structure of the Proof of the upper bound
We give all the ingredients of the proof in the Section 2.7, and we refer to [52] for
the proof. Here, the structure of this proof:

Study of P}(O) for an open set O to exhibit a first rate function:
For A measurable subset of M!((0,4+oc]? x {1,...,n}) and f € T, we have:

% B} (A) = - IE [0 e 0 14 (up)]

<

WE [etuf(f) o—tinfuea u(f)}

< -InE [et“?(f)} — inf u(f)

pneA
D
In =™ g
Ry Jnf 1(F),

S B B

where the last inequality is obtained thanks to the Lemma 2.6.5. Thus we have:

1
lim sup - In PY(A) < - jgﬁtu(f)-
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Let O be an open subset of M((0,+00]? x {1,....,n}). We apply this last

inequality for A =0 N A’I\%g’é:

1 1
limsup — In P (0) < limsup — In (2max(Py (O N A, 5), PF (Al ,6)°)))

t—+00 t—+00

1
< max (lim sup — In(P{ (O N A%y, 5)) Rﬁ/[%é)

t—4o00

< - < inf — p(f) A R?J,g,cs> :

”EOOARI,g,a

Recall the definition of I;Z’Mws(u) in (2.7.3), for all g, M, 6 and all f €T,

()N Ryrgs e Diygs
?,M,g,é(:u) =

. )
400 otherwise.

thus, as announced in Section 2.7 , for all open set O, all g, M, § and all f € T,

. 1 o . n
liriligopg InP}(O) < — l}g(fr) I% g5 (1) (2.A.7)

Large deviations upper bound on compact sets

By Lemma 2.B.2, since f is lower semicontinuous, I}, s(x) is also lower semicon-
tinuous thanks to the compactness of A%, 5 (Lemma 2.7.2).

By minimizing (2.A.7) over {f,d,g, M} we obtain:

1
limsup — InP?(O) < — sup inf I} .
map RO < = Sip 8o Thaesl)

We apply the minimax lemma with _[]T‘L,M,g,é [Kipnis Landim, Appendix 2.3,

Lemma 2.3, [51]] on this equation and we get for all compact set K

1
limsup — InP}(O) < — inf sup I?Mg s(1)-
t—+o0 N'EIC f:Mvgz(S T

So (P})t>0 satisfies a large deviations upper bound on compact sets with speed ¢
and rate I(u) for p € MY((0,+00)? x {1, ...,n}) where

I(p) == sup{I} 5y o 5(10), f €T, M >0, g € Cy((0, +00]* x {1,...,n}),d > 0}.

Conclusion: As proved in Section 2.7, we have

I(p) > sup If(p),
fer
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where

1) = {u(f) if pe A

400 otherwise.

According to lemma 2.6.4, I(u) > I"™(u).

Then (P} )¢>0 satisfies a large deviations upper bound with rate I” on compact sets.
The exponential tightness of (u¢); follows the Lemma 2.7.1. By the Lemma 1.2.18
from [Dembo Zeitouni, [25]], (P})i>0 satisfies the full large deviations upper bound
on closed sets.

2.A.3.2 Lower bound

The proof of the lower bound is very similar to [52], just replacing the sample 7;
by a sample (7;, W;).

We prove:
Theorem 2.A.10 (Lower bound). For each open set O C M!((0, +oc]? x {1, ...,n}),

1
it S P (O) > — inf I™(1).
lim inf " InP}(O) > ;ig(f?I (1)

The proof of this bound is much more simple than the upper bound. We only
need the following Proposition:

Proposition 2.A.11 (Equivalent of Proposition 4.2). For every u € A", there exists
a family Q; of probability measures on M*((0, +00]? x {1, ...,n}) such that Q; — §,
and

. 1 n
lim sup ;H(QﬂPt) < I"(p).

t——+00

The proof of this Proposition will be given at the end of this part. We can now
give the proof of the lower bound:

Proof of the lower bound. Let p € A™ and V be an open neighborhood of p in the
weak topology. By the proposition 2.A.11, there exists Q; such that Q; — J,, and:

1
tim sup - H(Qu[PY) < I" (1)

t—+o00
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Then, by using Jensen’s inequality:

InPy(V) =1In </ Zgi d@t>

(L [ :
=1 (@Avy/(mh“&>+* (V)

gty [ ()2 a0

1 dQq\ dQ n

! n dQ¢ dQ¢ .,
S0 (—H(@t\IP’tH/vc In (dP?> e P ) +InQ(V).

Moreover, Vo > 0,zlnz > —e~! and we obtain:

1
(
S 1

- Qu(V)
However, Q; — 6, u € V which is open, then Q;(V) . 1. We obtain:

In PP (V)

_@””§H@mm_ﬁfAW@+m@w)

(—H(QP) —e ™) + mQy(V).

lim inf — lnIP’t(V) —lim sup — H(Qt\IP’”)> —I"(p).

t—+o00 t—o0

Proof of Proposition 2.A.11
To prove this Proposition, we just need a law of large numbers for p'. We denote
by Pz the law of an i.i.d. sequence of (7;, W;); with marginal distribution 7.

Proposition 2.A.12 (Proposition 4.1 of the article). Let 7 € M!((0,+o00] x {1, ...,n})
with 7(1/7) € (0,400). Under Pz, a.s,

JTARIESS O(ur.(1—u)r 1) Au @ w(dr,dV).
b oo 0,1] % (0,400) x{1,...,n} (wn(l=w)m.V) ( )

Proof. With the law of the large numbers and the renewal theorem, we show that
under Pz, for each f € Cp((0, +00]? x {1,...,n}), u?(f) converges a.s.

Let f € Cp((0,4+00)? x {1,...,n}), we remind (2.A.5),

My
1 - TMi+1 = t— SM
ﬂ?(f) = 7 E Tif(LTiszn)"i_ . f t7TMt+17W]7\14t+1 .
t im1 t TM:+1

By the strong law of large numbers, under P;, a.s.

1

).

lim S 7 f (W) = #(r (1L, W) =
=1

n—+o0o 1 4
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By the renewal theorem, a.s.

Therefore, under Pz a.s.

5N M, 1k
LA USRI S B EATE
1=

tin 2 =) =
im -~ =7(r) =
k—+oo k m(1/7)’
S0, a.s,
Swm, M, t— S5
lim 22 = Jim 270 1 and  lim M.
t—+oo ¢ t—+oo M; t t—+oo t

It follows that a.s.

lim
t—+o0

T™+1 7 [t — S, n . t—=>5Sm
)T , W, < lim =0.
" f( ey Moy Wan ) < im llf lloo

So for all f € Cy((0,+00]? x {1,...,n}), Pz a.s.

pi(f) — w(f1,7,W")) = flur,(1 —u)1,V)du @ 7(dr,dV).

t—o00 /[0,1]><(0,+00)><{1,~~7”}
O

Proof of Proposition 2.A.11. First, we prove this proposition for p € Afj. We con-
struct a sequence Q?’a of laws, such that limgs_, limy_s o (@?’5 = §,. By using the
contraction principle on the relative entropy and selecting a good §(¢), we can prove
that the expression above is true. Eventually, we extend this proposition to A", by
using the proposition 2.5.6: for each u € A", there exists a good sequence p € Aj.

We suppose p € Af, with associated 7. Notice that p(1/7) = 7(1/7) € (0,400).
Fix 6 > 0 and set Ty 5 = [(1 + )tn(1/7)].
For t > 7r(11/7)’ let us denote by P the law on ((0, +00) x {1,...,n})N" such that
under IP?’J, the sequence (7;, W;); is independent and:

1. for all i < Ty, (75, W;) has law 7,

2. forall i > Ty 5 + 1, (7, W;) has law 2.
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We set Q?’(S = ]P’?"; o (uM)~t. We will prove that: lims_,o lim 1 o0 Q?’(S =0y,
By the law of large numbers of proposition 2.A.12, under P;z we have a.s.

Sk 1 1
lim 2% —Ea(r) = [ 71— - .
koo K (™) /TTW(I/T)W(CZT) m(1/7)
S0
. STt,é . STt,& Tt,5 1
Am = i T T ray o/ =140

Moreover, S, 5 has the same law under Pz and ]P’?’(; so, for any § > 0,

. n,0 . . STt,é
lim P,°(S1,, <t) = t_l}glooIP’;T(STWS <t)= lim P; . <1)=0.

t——+o0 t—+00

We set Dy 5 = {S1,; > t}. We have for all 6 > 0, lim; ]P’?"S(Dt’(;) =1.
We recall that {S,, >t} = {M; +1 < n}. Therefore, on D, ; we have M; +1 < T} ;
and therefore for any f € Cy((0,+00]? x {1,...,n}) and £ > 0,

PO (| (f) = m(f)] > ) < PP ({|u(f) — u(f)] > e} N Dys) + B (D5 )

We have limy_, 4o P} (D5 ) = 0.

4 ..
On D, s, P;"° and Pz coincide, so

PO ({11 (f) — w(f)] > €} N Dyg) = Pa({|uf(f) — u(f)| > €} N Dys)
< Pa(lpi (f) — w(f)l > €) —t—+00 0,

where we use Proposition 2.A.12.
It implies that, for all § > 0, lims_, 4 o Q?"; = 0. In particular, we have:

) . 5
lim lim Q° =4§,.
50 t—+00 © a

Now we estimate the entropy H (Q?’(SUP’t), by using the contraction principle
'I’L,(; n\—1 ny—1 n76
H(P o (i) [Py o (ug) ™) < H(P|Py).

H(QM[P,) < HEPM[Py)

(@) e @v]|[ @)@

1<Tys 1>Ty s 1<Tys 1>Ty s

=Ty sH(7[1)).
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So:

lim lim sup — H(Q?5|Pt) < hm lim sup tTMH(WW)

6=0 t—+oo 620 {400
= m(1/7)H(7|¢).
Then, there exists a function ¢ +— ¢§(¢) > 0 vanishing as ¢ — +oo such that
Q= Q" = 5, and limsup,_, , %H(@t\IP’t) < I"(p).

We suppose now p € A™\Ag.
By proposition 2.5.6 we can find a sequence (ug)r in Af such that pp — p and
lim sup I"(uy) < I™(u). Moreover, for all k, there exists a family Q; ; on M*((0, +00]%x
{1,...,n}) such that Q; — J,, and:

lim sup — H(th|]P’t) < I ()

t——+o0

With a diagonal procedure, we can find a family Q; such that Q; — J,, and

lim sup H(QHE) < I"(p).

t—o00

2.A.4 Complement to Section 2.8 Proof of Theorem 2.4.4

We recall the notations from Section 2.8.

We define for € > 0 c

g
b)) = .
#(a,b,c) (a+b)Ve
Replacing 7; by 75 = 7; V & we may introduce S5, Mf, A7, Bs, C}"° and p;"° as in
subsection 2.4.1. We have the following

1 — n
S WIS S (M= M)+ 1)

Lemma 2.A.13 (Lemma 5.4 from [52]). (Mg /t)¢>0 is an exponentially good approx-
imation of (M), i.e. for all § > 0,

lim lim sup — , lnIP’(|Mt M| > td) = —o0

e=0 40
Proof. Since My < My, we study for § > 0 and C' > 0

Ct]

P (M, — M > t6) <Y P (M, — M > t6,M; = i) + P(M, > Ct)
=0
[Ct] i

=> > P (M- M5>t6Mt—zZnT<e—k: +P(S|cr) <)
i=0 k=0 Jj=1
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For k < i < Ct and m < n, on the event {M; = n, Mf = m,Z;ZI 1< =k},
we have:
t < S;, < Sy + ke, then Sy, >t — ke, and finally M;_. < m = M;. Eventually,
since k < Ct, My_ct. < My . Therefore

(Ct?)

P (M, — M > t6) <~

P(M; — My_cie > ) + ]P(SLCtJ <t).

Now, for s < t and k € N, {M; — My > k} = {Sy.+r < t}. We define
(Sk = Swm+k — Sm, k<1 It has the same law as (Si)r<1. Then

{Srm.+k <t} ={Sm, + 8, < t} C {Sk <t-—s}.

Then

(C#)
2

P (M; — Mf > t6) < P (S|i5) < Cte) +P(S|cy) < t).

Therefore

1
lim lim sup flnIP’(]Mt M| > t9)

e=0 {5400
(ct)
2

< lim sup lim lim sup 1 In [2 max{ P (SWJ < Cte) JP(S|cr) < t)}]

C—oo €70 t—too

< max {hm lim sup + 111]?’ (SLwJ < ts) lim sup lim sup — ln]P’(SLCtJ < t)} :
e—

0 400 C—oco t—+o00

By the Markov inequality, we deduce
P (Sps) < te) =P (e*SLtaJ/E < eft) < ot BT/
Finally

1
lim limsup InP (S5 < te) < lim limsup — " (t + [t0] lnE(e*Tl/E)) = —00

e=0 400 e=0 t»4o00

and

1
lim sup hmsup InP(S|¢y <t) < limsuplimsup — ; (t+ [tC]InE(e ™) = —oo.

C—oo t—+o00 C—oo t—+o0

O]

Lemma 2.A.14. p7" (%) is an exponentially good approximation of Z;'/t, i.e. for
all § > 0 it holds
> 5) = —00.

Zn
p " (9%) — Tt

1
lim limsup — InP (
=0 500
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Proof. In fact, we have

n
Zt

(M - Mp) + 1),

<
1
>4)

1 ot
< lim lim sup tlnIP’( — My >—1> —00.

e=0  t00

p" () —

thus for § > 0,

o 1 ey o Lf
hmhmsupglnIP’ ' (9°) — o

e20 {500

2.B Complementary proofs

2.B.1 Relative entropy

Lemma 2.B.1. Let v; and vy two measures of the space X, and vy absolutely con-
tinuous with respect to vo. Let (Bp,)m<m a partition of X:

M
H(nlrs) > Y vi(By)In <”1(Bm)> .

m=1 V2 (Bm)

Proof. By the properties of the relative entropy:

H(v1|va) :Sl}p{/fdyl ln/edeQ},

where the supremum is taken over all f that are measurable and bounded.

For u
. n Ul(Bm)>
f—mzzjll <1/2(Bm) 1g,,,

we have:

M
Vl(Bm) M v1(Bm)
/ L=t ln "2(Bm)> B dyy = E / o2m= 11n<“2(3m>)13m dvo
n=1 n

M
S5 )
By

M (r(Bm) \q
/]ledyl —ln/e m=1 n(”2<3m)> B dyy
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Then:

M
H(nlvrs) > Y vi(By)In <2§§:;> .

m=1

2.B.2 Lower semi-continuity

Lemma 2.B.2. Let £ be a closed subset of M((0,+0c]? x {1,...,n}). Let f be a
bounded lower semi-continuous function on (0, +oc]? x {1,...,n}. Let R > 0. Let ®
defined on M ((0, +oc]?) by:

_ [ WHAR ifpee
n) = { R else.

Then ® is lower semi-continuous.

Proof. We have to prove that for any g € M((0,4+00]? x {1,...,n}), for any se-
quence (ug)g such that pp — po, we have: liminf ®(ug) > P(uo).

Let show that u € € — u(f) is lower semi-continuous.
We remind that for any positive function g on (0, +00]? x {1,...,n}, we have :

n(g) = /Om p({g > t})dt.

f is bounded: let A such that V(z,y), f(z,y) > —A. Let g = f + A, g is a positive
lower semi-continuous function.
Let puop € € and (ug)r € € such that pup — pp. Then, by Fatou’s lemma:

+o0o
liminf p(g) = lim inf/ pi({g > t})dt
0

+oo
2/ lim inf o ({g > £})dt
0

But {(z,y),9(z,y) > t} is an open set because g is lower semi-continuous. By
Portmanteau theorem, we have liminf px({g > t}) > po({g > t}). Then:

lim inf 4u,(g) > /Oo to({g > t})dt
0
= po(g)

And we have: liminf p(f) = liminf px(g — A) = liminf px(g) — A > po(g) — A =
po(f). Then p— p(f) is lower semi-continuous on £.

Now, we show that ® is lower semi-continuous. Let g € M1((0,+00]? x {1,...,n}).
Firstly, if po ¢ £: € is a closed set, so £ is an open set. We can find a neighborhood
U of pg included in £¢. Then, for all u € U, ®(u) = R. So, for every t < R, for all
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nwelU®(u)=R>t.
Secondly, if ug € &, then D (1) = po(f)AR. We have already proved that p +— p(f)
is lower semi-continuous. Then p+— p(f) A R is lower semi-continuous. Indeed:
— if uo(f) < R, then ®(ug) = po(f). Then for every ¢ < ug(f), there exists
a neighborhood U of pg such that Vv € U,v(f) > t. Ast < uo(f) < R,
o(v)=v(f)ANR >t.
— if po(f) > R, then ®(up) = R. Then for every t < po(f), there exists
a neighborhood U of pp such that Vv € U,v(f) > t¢. In particular, for
t =R, Vv e Uv(f) > R and ®(v) = R. Then for every s < R = ®(uy),
Vv e U, ®(v) = R > s.
Eventually, if ug € &€\ E et t < ®(uo). In particular, R > t. There exists a
neighborhood Uj of g in € such that: Vv € Uy, ®(v) > t. Let U be a neighborhood
of pg in M*((0,+oc]?) such that UNE C Uy. Forallv € UNES, (v) = R > t,
and for all vy e UNE, P(v) > t.
So @ is a lower semi-continuous function. O






CHAPTER 3
Limit theorems for Hawkes
processes including inhibition.

This chapter consists in the article [20], accepted for publication in Stochastic
Processes and their Applications. Notice that the companion paper [19] cited several
times is the Chapter 2.

Abstract

In this paper we consider some non linear Hawkes processes with signed repro-
duction function (or memory kernel) thus exhibiting both self-excitation and inhi-
bition. We provide a Law of Large Numbers, a Central Limit Theorem and large
deviation results, as time growths to infinity. The proofs lie on a renewal structure
for these processes introduced in [22] which leads to a comparison with cumulative
processes. Explicit computations are made on some examples. Similar results have
been obtained in the literature for self-exciting Hawkes processes only.
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3.1 Introduction.

Hawkes processes have been introduced by Hawkes [43] and are widely used for
modeling purposes: originally as models for the appearances of earthquakes [43, 44],
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but now in finance [42, 3| and econometrics or in neuroscience as models of spike
trains of neurons [58, 41]. We refer to the bibliography of our references for more
details.

A Hawkes process t +— NJ' = N"([0,#]) is a point process on the real line R
characterized by its initial condition on | — 0o, 0] and its intensity process t — A(t)
through the infinitesimal relation

P(N" has a jump in Jt,t + dt[|F;) = A(t)dt,

where F; = o(N"(] — o0, s[; s < t)) is the natural filtration of the process and

At) = f ()\ + /] . h(t — s) Nh(ds)> : (3.1.1)

Here A € R, f : R — RT is the jump rate function and h : R™ — R is the
reproduction function (or memory kernel). We shall give a more precise definition
in the next section (in particular on what happens before time 0) as well as results
on existence and stability.

When f is linear or affine, the process is said to be linear. In this case one has
to assume that A > 0 and h > 0 too. Note that when h vanishes identically we
recover a standard Poisson process. Otherwise the Hawkes process is called non
linear. Actually, except for the behaviour of the shifted process (|62, 22]), very few
papers are dealing with possibly negative or signed h. The negative part of h can
be interpreted as self-inhibition.

It is very natural to look at the large time behaviour of N”, in particular the
Law of Large Numbers (LLN) the Central Limit Theorem (CLT) and the deviations
from the asymptotic mean or more generally the large deviations (LD).

In the linear case (recall that h is thus assumed to be non-negative) and assuming
that || h ||L1(du)< 1, both the LLN

Nith - T S = as.ast— +oo, (3.1.2)
t 1= {1 2 [| L1 (du)
and the CLT
Np — ot 4

h 2 . 2

i N0 e
where the convergence holds in distribution, have been shown (see e.g. [24]). Actu-
ally Bacry et al. [2] have obtained the functional version of the CLT (convergence
to some Brownian motion) in the multivariate case. In a different direction, [36]
have shown a CLT for fixed t as A — +o0.

The easiest way to derive LLN and CLT in the linear case is presumably to use
the immigration-birth representation also called the cluster process representation
in [44], connecting N"* to subcritical Galton-Watson processes. This representation
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was used in [8] in order to get the Large Deviation (LD) principle for NJ*/t with
rate function

X
Atz || Ao

I() =z 1n< ) — (1 || B |l ay) + A

For this explicit expression of the rate function see [85] p.761. The LD principle is
obtained in [8] under the additional assumption f0+oo th(t) dt < +oo. It is claimed in
the introduction of [35] that this assumption is not necessary. Under more restrictive
assumptions, [35] contains precise deviations (see e.g. Theorem 2 therein).

The non linear case is of course more difficult. According to the general seminal
paper by Brémaud and Massoulié¢ [15], if f is L-Lipschitz and L || h [[z1(q) < 1,
there exists a unique stationary version of the Hawkes process. Rate of convergence
to equilibrium is studied in [14] in two specific cases. As a consequence of Brémaud
and Massoulié result, we get that

Nh
Tt — u=EJN"[0,1])] a.s.ast — +o0, (3.1.3)
where Eg denotes the expectation w.r.t. the stationary ergodic distribution.

In the particular situation where h is an exponential, the Hawkes process be-
comes Markovian and some results of large deviation have been obtained [86]. In
[85], Zhu proved a functional CLT at equilibrium from which the following follows

Theorem 3.1.1. Assume that
(1) fis L-Lipschitz,
2) h is non-negative, decreasing and such that PR ER() dt < ~+o00,
0
3) L [ h(t)dt <1,
(4) Xx>0.

h _
Then the stationary Hawkes process satisfies % — N"(0,0?) as t — +o0 in

distribution, with

0% = Vary(N"((0,1])) +2 ) Covy(N"([0,1]), N*([j, 5 +1]))
j>1

where Varg; and Covg denote the variance and covariance w.r.t. the stationary
distribution.

The proof is based on martingales techniques for the functional CLT. As the
author himself is saying, to obtain an explicit expression for y and o2 can rapidly
become a difficult task. In the same work, Zhu also obtained a Strassen iterated
logarithm law. One can also mention [87] where a large deviation result is obtained
by contracting the level-3 LDP, i.e. by considering the shifted occupation measure.
Theorem 2 in [87] then furnishes a LDP for N/*/t, provided h is non decreasing and
non-negative and f is sub-linear at infinity. The expression of the rate function, as
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the infimum of the entropy on some set of measures satisfying a linear constraint is
however not really tractable.

Since we are interested in neurosciences, our goal in this work is to understand
the role of self-inhibition in the asymptotic behaviour of Hawkes processes. Since
inhibition will slow down the neuronal activity, we thus have to consider signed
functions h (the positive part modeling the self-excitation), but also jump rate
functions f satisfying f(u) = 0 if v < 0. In the present paper, we will study
the case of a general, signed, reproduction function with compact support and the
specific jump rate function f(u) = u™ = max(u,0). This choice is of course the
simplest one allowing us to introduce inhibition, and to compare this situation with
linear models.

We will obtain a LLN, a CLT and deviation inequalities, where the parameters
are characterized by the renewal structure of the process introduced in [22] replacing
the classical cluster representation of the self-exciting case established in [44] which
is no more valid. This renewal structure allows us to write the Hawkes process
almost as a cumulative process.

The main tools are then limit theorems for cumulative processes and actually,
the technical work consists in showing that one can apply these theorems in the
present situation. An important tool is a comparison between the considered Hawkes
process, the self excited process associated to the positive part of the reproduction
function, furnishing an upper bound, and a purely inhibited process corresponding
to the (negative) lower bound of the reproduction function (see Proposition 3.2.4),
furnishing a lower bound.

For simplicity we restrict ourselves to an empty initial condition (see below).
Some explicit computations are done in simple particular cases of pure inhibition
(h non-positive). Precise statements will require some definitions, so that they are
postponed to the next section. We emphasize, that the inhibition part introduces
new intricacies.

As we said, very few papers are dealing with inhibition. In [27] some specific
kernels are considered, but the addressed problem is not the one we are considering
here. Looking at possibly negative reproduction functions is not only of mathemat-
ical interest. As shown in [41, 72, 21| a multivalued version of the model we are
studying is particularly well suited for modeling spike train of neurons, at least in
an almost stationary regime. To extend our results to the multivalued framework
should thus be an interesting question.

3.2 Notation, definitions and results.

3.2.1 Hawkes processes

We consider an appropriate filtered probability space (€2, F, (Ft)¢>0, P) satisfying
the usual assumptions.
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Definition 3.2.1. Let A > 0 and h : (0,4+00) — R a signed measurable function.
Let N a locally finite point process on (—oo, 0] with law m.
The point process N on R is a Hawkes process on (0, 4-00), with initial condition
NV and reproduction measure u(dt) = h(t)dt if:
— N"|(_so0=N",
— the conditional intensity measure of N" |(0,4+00) With respect to (F)i>o is ab-
solutely continuous w.r.t the Lebesgue measure and has stochastic intensity:

N
A"t € (0, +00) > <A+/ h(tu)Nh(du)> . (3.2.1)
(_

00,t)
where 1 = max(z,0).

The next proposition gives an explicit representation of the Hawkes process as
solution of an SDE driven by a Poisson point process and states an important
coupling property.

Proposition 3.2.2 (Proposition 2.1 in [22]). Let Q be a (F:)t>0 - two-dimensional

Poisson point process on (0, 400) x (0,+00) with unit intensity. We consider the
equation

Nh = NO + f(0,+oo)><(0,+oo) 5uﬂ9§Ah(u)Q(du, d9)

+ (3.2.2)
AP () = ()\ [ sy 1 — s)Nh(ds)) w0,

where A > 0 is an immigration rate, h : (0,400) — R is a signed measurable func-
tion and NV is an initial condition of law m on (—oc,0].

We consider the similar equation for N** in which h is replaced by h™(.) = maz(h(.),0).
We assume that ||A*||1 :=| h™ ||11(4u)< 1 and that the distribution m satisfies:

t
vt > O,/ Em (/ Rt (u— s)NO(ds)> du < +00. (3.2.3)
0 (—00,0]

Then:
— There exists a pathwise strong solution N of equation (3.2.2), and this
solution is a Hawkes process.
— This property is true for NV o Moreover, in the sense of measures, N* <
N"" meaning that for all 0 < s < t < +00, N'([s,t]) < N""([s,1]).

3.2.2 Definitions and assumptions

In this paper we consider a Hawkes process N according to Definition 3.2.1.
We focus on the case of a signed reproduction function h which represents a possible
inhibition on the appearance of future points.

Assumption 3.2.3. In all the paper, we will make the following assumptions :
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i) h:(0,4+00) — R is a compactly supported signed measurable function. We
define L(h) as the supremum of the support of h: L(h) := sup{t > 0, |h(¢)| >
0} < o0.
i)
+oo
R It ::/ Rt (u)du < 1,
0

where ht(z) = max(h(z),0).
iii) A >0,
iv) the initial condition on | — 0o, 0] does not contain any point i.e. m = Jj.

We are interested in the asymptotic behaviour of the number of jumps of the
process N” on the interval [0, ], and we denote:

N = N"[0,%]), Vt>0

In particular we aim at quantifying precisely the loss of points due to inhibition.
h

We will prove asymptotic results for NTt and give exact computations on specific

examples.

First we show another comparison result, this time furnishing a lower bound for
Nth. This result motivates the detailed study of the canceling of intensity example.

Proposition 3.2.4 (Minoration of Hawkes process).
Let h be a function satisfying Assumptions 3.2.3. Let A > 0 and define g =
—Mpo,Lm)-
One can find a coupling of two Hawkes processes N* and N9, respectively associated
with the reproduction functions h and g and with basal intensity A, such that for
any t > 0:

Nth >N/ as.

Note that this comparison result is weaker than the majoration via h™, since we
do not have N"*([s,t]) > N9([s, t]) for all s, but only for s = 0.

Proof. The main idea is to construct these two processes with the same Poisson point
process @ on (0,400)2. We consider the successive jumps of N": U{I,UQ",UE?, e
and the ones of N9: U{, U, UY, ....

We will prove by induction, that
Vj>1,Ny >Ny =j as.
J = U]‘.’ = Ujg J

by studying the intervals associated with the [U7,U7, ) for j € N. We stress out
that considering the definition of the function g, the intensity AY9 of the Hawkes
process N9 can only take the two values 0 and A.

First interval: First remark that V¢ < min(UP, UY),

AR(t) = X = A1),
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thus we have U' = U{ and consequently Nglg = ng]iq.
Second interval: For j = 2: by definition, there is only one jump for N9 on [U{, U3).
There are two possibilities for N":

— Assume that there is no other jump that U{‘ in this interval. Since U >
U{ + L(h), we have AY(U§—) = A = A*(UJ—). Accordingly, U} = UJ and in
particular, Nh Ngg a.s.

— Otherwise, there is at least one other jump of N*in (U{,U{ + L(R)). In this
case, N 22—Ngg a.s.

Recurs1on step: We fix j and we suppose that the statement holds for ¢ < j. Let
k= U]’? > j by assumption. Then consider the two following cases:

— If Ug is a jump of N", there is either at least one other jump of N" in
(U U +1) or no other jump. If there is no other jump, then Ah(UH_1 ) =
A(UZ—) = A, since UJ,; > U/ + L(h). So, ur., = U?.,. In both
situations,

Ngs,, > 1+ Njjo > 1+ Njjy = Ni,

Ui

— If UJ is not a jump of N" then
h(r79 _ g
AN U7 =) <A =MN(U7-).
Therefore since the support of A is of length L(h) we deduce that
Up < U? < U + L(h).

By the induction hypothesis, we know that k > j. Then, there is either
at least one jump of N” in (Ug Ug + L(h)), or the next jump is U? i1 L€
Uk+1*Ug+1 In both cases, WehaveNh >1+k>1+j=N},

j+1

Ui
This concludes the induction. Let us come back to a general t € RT. For any

fixed w, there exists j = j(w) € N, such that: U/(w) <t < U/, (w). Then using
the monotonicity of N we have

N} > N{; > Njo = NY.

Both comparison results may be used in the sequel.

3.2.3 Hawkes processes as cumulative processes.

Our study of the large time behaviour of Hawkes processes lies on a renewal
structure for Hawkes processes first introduced in [22] we shall partly recall below.
Notice that this structure is used in [22] for a completely different purpose.
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. Ah(t)

(b) Example of simulation of a Hawkes process with parameter

(a) Example of h: in blue, the intensity function ¢ + A"(t); in red, the jumps
function h: a times. The axis below indicates the Dirac measures of the pro-
square wave cess.

Figure 3.1 — Example of Hawkes process

Let N* be a Hawkes process according to Definition 3.2.1, with initial condition
N = (). We denote by Uy, Us, Us, ... its successive jumps.

Let us introduce the renewal times of the process which splits the time line into
independent and identically distributed time windows of length 71,79, - -.

Define the stopping time

7 = inf{t > Uy, N*((t — L(h),t]) = 0},

that is the first time after U; such that there has been no jump during a time L(h).
We also set
So =0 and Sl =T1.

Let us now define

Wy = N"([U", $1]) = N"([0, $1)),

the number of jumps of the process in this first time window and rename the jump
times in the first time window as:

Ul =U;, Vje{l,--- Wi}

We shall see below that 7 and W; are almost surely finite. Recursively let ¢ € N*
such that (7, Wh),...(m, W;) are well defined (and a.s. finite). Let S; = 22:1 Th
and define

U{+1 = UW1+---+Wi+17
and
Tiy1 = inf{t > U™ N"((t — L(R),t]) = 0} — S, (3.2.4)

Notice that there is at least one jump in [S;,S; + 7i41]. We finally introduce the
number of jumps in the (i + 1)’th window as

Wip1 = N*([UT, Si + 7i1) = N™([S, Si + 7)), (3.2.5)
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A (t) 1+U} - U 1 1+ U3 - U}
S = T ™ A |
0 vl Ul S1U2 Sy U U3 S3

— ~ —
Wi =4 Wy =1 W3 =2

Figure 3.2 — Example of the evolution of intensity in function of time and renum-
bering of jumps in the case where h = —A 1 o).

and rename the associated jump times as:
Uit = Uwisrwitgs V9 € {10, Wi ).

Figure 3.2 is an example of this splitting of the time and the renumbering of the
jumps, in the case where h(t) = —A1(j 9)(t), so that L(h) = 2.

The next Proposition gathers important properties on the law of (7, W;) defined
above. However more explicit information are difficult to obtain except in specific
cases (see Section 3.3).

Proposition 3.2.5. Under Assumptions 3.2.3, and using the above definitions:
i) the (7;, W;); are i.i.d. random variables,
ii) for i € N* the (U! — S;_1) are i.i.d. random variables with exponential
distribution £(\), that is, the time between the beginning of a window and
the first point of this window follows an exponential law.

Proof. Let @ be a two-dimensional Poisson point process, and let N* generated by
@ as in proposition 3.2.2, the (1;, W;); being defined as before.

Given 71, remark that U? is the first jump of @ on (71, +00) x [0, 00]. Indeed,
using successively the definition of L(h) and 7 we deduce that:

N
A(r) = <A+/(_ )h(t—u)Nh(du)>

+
</\ + / h(t — u)Nh(du)>
(r1—L(h),m1)

A

By translation, U2 — 7 is the first jump of a Poisson point process Q' on (0, c0) x
0, 00}, independent of @ on (0,7;) x [0,00], and U? — 71 is independent of 71 = 5.
i
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Since the jumps of N" before 71 do not influence A (t) for t > 7y (by definition of
L(h) and 1),

79 = inf{t > U? — S, N"((t + S; — L(h),t + S1]) = 0},

only depends on @ on (U2, +00) x [0, 00]. Moreover, (0, S;) x [0, oc] and (U2, 4+00) x
[0, 0] are almost surely disjoints. Hence @ on (U, +oc) x [0, c] is independent of
Q on (0,S57) x [0,00] so that 75 is independent of (71, W7).

The number of points in the second time window Wy = N*([UZ, S2]) = N"([S1, S2))
only depends on @Q on (U2, +00) x [0, 00]. W7 depends on @ on (0, S7) x [0, oc]. For
the same reason as before, Wj is independent of (71, W1). The same argument can
be used for each k: as the (Sg)x split R* in disjoints intervals, then @Q on each of
these intervals is independent of () of another interval.

In particular, U} = U{ — Sy, U? — S; (and all the following) are independent
and can be defined as the first jump of a Poisson point process on (0, +00) x [0, 00].
Then they follows an exponential law of parameter \.

Using time translation, we see that 71, 7o (and so on) are defined the same way and
follow the same law. Then W7, W5 (and so on) are defined the same way and follow
the same law. O

This construction indicates the renewal structure generated by the Hawkes pro-
cess. We shall use this structure to prove limit theorems.

To this end remark that

i

o) oo W,
S SRS 9D 320
i=1

i=1 j=1

Introduce the renewal process associated to the .S;’s
oo
M=) g« (3.2.7)
i=1

Since S; = Y _;_; Tk we may introduce

o M
Nl =Y Wilg,<e = Wi (3.2.8)
=1 =1

For any t € RT, the current window is the M} 4 1-th. Nth includes only the jumps
up to the M/-th window, while N/ can have more jumps. In particular,

NP < NP < NP +Wynyy as. (3.2.9)
We thus have
M}

=1
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for some renewal process M}' and a remaining term R} < WMth,+1, the W;’s being
ii.d.. Such processes are known as cumulative processes in the literature. A LLN
and a CLT for N can be found in [1] theorems 3.1 and 3.2. The LD principle for
cumulative processes is studied in [52] in the special case

W; = F(r;)

for some non-negative, bounded and continuous function F' (see the references in
[52] for some previous results in still more specific cases). These results do not apply
for Hawkes processes, and we had to establish a more general LD principle in the
companion paper [20]. In order to get similar results for NJ'/t it will remain to
study the remaining R},

3.2.4 LLN, CLT and asymptotic deviations for signed reproduction
function h.

We now state the main results of the paper. The key is to get enough moments for
the (75, W;). The first result deals with this problem.

Proposition 3.2.6. Let h be a signed function satisfying Assumptions 3.2.3. Let us
consider the Hawkes process N” and the i.i.d. couples of random variables (7;, W;)
defined in (3.2.4)-(3.2.5).

i) For a < ag := min ()\ ) we have E(e*™) < +00.
ii) There exists 6y > 0 such that for 6 < 6y, E(e’"1) < +o0.
In particular 71 and Wi have polynomial moments of any order.

A" [J1=In(][*]]1)—1
’ L(h)

The proof of this proposition is given in Section 3.4.1. Actually, one can give a
lower bound on 6y. This lower bound differs whether h < 0 or not.
In the general case, the upper bound for 6y depends on a random variable S with
distribution
e—k||h+H1(k||h+H1)k—1
k! '

Using a comparison with a queue process that will be detailed in the proof of Propo-

P(S =k) =

sition 3.2.6 below one prove that 6y can be chosen as
0o < ||hF||1 —In(||AT]]1) =1 and A(E(e**S) —1) < ag.

In the case of pure inhibition, i.e. h < 0, the quantity ||h*||; — In(||h"]|1) becomes
infinite. However using a comparison with a Poisson Process one can get another
explicit bound for 6y, whose proof will also be given in Section 3.4.1.

Proposition 3.2.7. If h <0, one can choose §y < — In (1 — e*)‘L(h)) in Proposition
3.2.6.

Remark 3.2.8. Exacts computations for moments of 7 and W are difficult. Let us
consider here and in section 3.3 some specific cases.
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Notice that for h = 0 (i.e. in the case of a Poisson process), Wi = 1 has
exponential moments of any order and 7; whose distribution is exponential with
parameter A, has exponential moments up to order \.

Another basic case is the canceling of intensity case, i.e. choosing the repro-
duction function as g = —Aljg 4 for some positive A and A. We have seen in
Proposition 3.2.4 that the corresponding N/ is smaller than any N} with L(h) = A.
Since for t € (U}, U} +A) it holds A"(t) = 0, it immediately follows that 7 = U} + A
and W7 =1, so that

(Wr,71) ~ (1, A+ EN),

so that E(m) = A+ A71, Var(r) = A2, ap = X and 6y = +o0. o

From these moments properties and the renewal structure of the Hawkes process,
we will derive the following asymptotic results:

Theorem 3.2.9 (Law of Large Numbers). Let h be a signed function satisfying
Assumptions 3.2.3 and consider the Hawkes process N given by (3.2.2). Then we
have the following:
Nth a.s. E[Wl]
= = :
t t—oo E(Tl)

Thanks to our comparison results and to (3.1.2) we have

A _EW]
L+ AL(h) = E(m) — 1—||ht|li

Our method will also provide us with a CLT.

Theorem 3.2.10 (Central Limit Theorem). Let h be a signed function satisfying
Assumptions 3.2.3 and consider the Hawkes process N” given by (3.2.2). Then

h
Vi (J\it - IIEE[(‘ZI)]) = N(0,0%)

with

_ . E[Wi]
- Var (Wl 5! E(n))
o =

E(r1)

We finally state deviation results based on the results in the companion paper
[20], in which we obtain large deviation for general cumulative processes. To this
end we need to introduce some notations. We also refer to [25] for a more general
introduction on the topic.

Definition 3.2.11. We introduce the Cramer transform for (a,b) € R?,

A*(a,b) = sup {az + by — In (E [e" T¥W1])}

m7y
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We also define for z € R,

- (o ()

Similarly we define A} and J,, replacing Wi by min(Wi,n). Finally define

J(z) =sup liminf inf J,(y).
(=) 5>Ig n—o0  |y—z[<§ )

Thanks to Proposition 3.2.6 we may apply Theorem 2.4 in [20], telling us that
the distributions of NJ*/t satisfy asymptotic deviation inequalities .

Theorem 3.2.12. Recall that 0 is defined in Proposition 3.2.6 (ii).

— If 8g = +o0, the laws of the family Nth /t satisfy a large deviation principle
with rate function J, i.e

1. for any closed set C € R,

1 N -
lim sup n lnIP’(Nth/t € C) < — inf J(m)

t—o00 meC

2. for any open set O € R,

1 - -
lim inf — ln]P’<Nth/t € (9) > — inf J(m),
t—oo T meO

— If 6y < +o0, denoting m = E(W;)/E(m1) we have for all @ > 0 and all

ke (0,1)
. 1 N [
limsup — nP| —>m+a | <—min| inf J(2), (1 —k)ba| ,
t—s4oo T t 2>m+ka

and

\h
lim sup 1 InP (Nt <m— a) < — min [ inf J(z), (1-— ﬁ)@oa} .
t—+00 t t Z>M—Ka

The latter deviation inequalities are obtained using that J < J (see [20]). The
proof of Theorem 2.4 in [20] is inspired by the one in [52] and uses a contraction
principle applied to the Large Deviation Principle (LDP for short) at the level of the
empirical process. The full LDP is obtained when all exponential moments exist.
Otherwise we mainly obtain the upper bound, which is enough to get asymptotic
deviations results, as explained in the Theorem below.

Corollary 3.2.13. Recall that 6 is defined in Proposition 3.2.6 (ii).
(1) If Oy = +o00, N]'/t satisfies the same LDP as N}*/t.
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(2)  If By < +o0, we have for all @ > 0 and s € (0, 1)

1 N} 1—
lim sup : ln]P’(J > m+a> < — min[ inf  J(2), 5 Hﬁoa} ,

t—o0 Z—mZ>Ka
(3.2.10)
Similarly
h _
limsup1 InlP <Nt < m—a) < — min[ inf  J(2), (1 H)Hoa} .
t—oo T t m—z<ka 2
(3.2.11)
for k € (0,1).

Remark 3.2.14. Once again we may get an explicit expression for the rate function in
the canceling intensity case h = —A 1y 41. Since W1 = 1 and 71 — A is an exponential
variable with parameter A, we have

* 1 m x
BA <6’5> = sup (:c+ (m — B)y + B1n (1 _ X) _ BAx) .
Notice that for a given z, sup, (z + (m — 8)y + fln (1 — §) — BAz) < +oo if and
only if 8 =m due to the linear term in y. We deduce

ﬂM:mN«;J>.

It easily follows

ﬂmﬁﬂﬂ—mm—m+mm<Mﬁsz.

&

Remark 3.2.15. Added to the proof.

After completing the present paper and [20], another proof of a LDP for cumu-
lative processes was proposed in the preprint [84]. Some of the results in [84] should
possibly complete the picture when 6y < 400. &

3.3 One more example with explicit calculations: can-
celing intensity with delay.

We already discussed in Remark 3.2.8 the canceling of intensity case h = —A 1y 4.

In our second example we add a delay to the previous case: the inhibition only
occurs after a lag period of length » > 0. Let A > 0, » > 0 and A > r we consider
h = —Alj; ;44 Then L(h) = r + A. We can again explicitly compute the law of
W; and ;.
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AR (t) AR (#)
A ppmELs)
A H H o | o
‘ ‘ ‘ —t 1 —
S S S % Nh e sk e sk * e %
(a) Example of Hawkes process : can- (b) Example of Hawkes process : can-
celing intensity without delay, h = celing intensity with a delay, h =
_)\]l[O,A]- —)\]l[r77,+A].

Figure 3.3 — Comparison of Hawkes processes with or without a delay in the canceling
of the intensity:

In blue, the intensity function ¢ — A”(t); in red, the jumps times. The axis below
indicates the Dirac measures of the process.

We can summarize the results of this two cases and apply Theorem 3.2.9 to
obtain

Proposition 3.3.1. Let us consider A > 0 and r > 0. The Hawkes process associated
with A = —A1[. .4 4) satisfies
N; A1+ Ar)

lim — = 8.
theo A 42 r e @5

Remark 3.3.2.  This result naturally leads to some comments on the issues brought
by inhibition.
— Let us first remark that as » — 0 we recover the result of the canceling
intensity case given in Remark 3.2.8.
— Secondly we wonder whether one of both examples admits more points asymp-
totically. Therefore we are lead to study the ratio

ﬁ A+ 20 + e M

N1+Ar) ’
ol T (A 1)+ Ar)

or equivalently the sign of

e_/\r—1+/\r—)\2Ar:)\2r(%—A> +i(—2!r)k'

k=3

using the series expansion of the exponential. We therefore deduce that
since A > r, the right hand side is negative, and thus the ratio is less that 1.
Consequently, this proves that the lag induces asymptotically more points in
the inhibited Hawkes process. Note that even if our proof only holds in the
case of A > r since in this case there is a single time interval with canceled
intensity between successive windows (see the proof), we expect that delay
in inhibition will also induce more points in more general framework.
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Notice finally that ||h||; is the same in the delayed and the non delayed case,
therefore we deduce that the asymptotic proportion of points is not fully
characterized by [|h||; and that formula (3.1.2) cannot be extended to the
inhibited setting.

&

Proof of Proposition 3.3.1. Let us study A" on the time interval [U}, U} +r + A]:
— for t € [Ui,U{ + ), then for any u € (0,t), t — u belongs to (0,t) and thus

t +
Ah(t) = <A +/0 _)‘]l(tu)e[r,r+A]Nh(du)> = A

— for t € [Ul +r,U} +r + A], then

+
Ay = [a+ [ a1 Nau) | < (A= Mgy ) =0
04) (t—u)€r,r+A] = (t-=U})€elr,r+A] .

From this, we deduce that all the points of N in U}, U{ + r + A] actually belong
to the interval U7, Ul + r[. In particular, if N* has no points in JU{, U +r + A,
then Wi =1and ny :U11+7“+A.

Let us now remark that N*(JU!, U] + r]) follows a Poisson law of parameter Ar
since the intensity of Hawkes process is constant on this interval. In particular
NR([U}, Ul +r]) is finite almost surely. More generally for any 1 < k < N*([U{, Ul +
r]), then Ul < Ul +r and

Ve UL+ UL +7+ 4], A't)=o0.

Finally, since A > r we have that U,i +r < Ull +r4+r< Ull +r + A, and thus the
intensity remains null on the interval [Uf + r, Ul +r + AJ.
We can conclude that

W = Nh([Ulla U’l1 + T‘]),
m = Uy, +71+ A (3.3.2)
Since the first point in N in the interval [U},U{ 4 7] is in U{ we actually have
Wi =1+ N"((U},U{ +1)).

It follows that
Wiy —1~P(\r)

and
EWi)=1+Ar, Var(Wi)=M  and 6y=+cc.

We finally study the law of 7. From Equation (3.3.2), we can write

n=Upy +r+A4
=r+A+Ul + Uy, —U}),
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where U} ~ £(\) by lemma 3.2.5 and U{ and (U‘}V1 — U{}) are independent.
It remains to study the law of (Uy, — U}).

Thanks to (3.3.1), 0 < Uy, — U <r.

Let t € [0, 7], we have:

PO<Up, —Ul <t) =) P{Wi=k}n{Uy, - Ui <t}).
k=1

For k=1P({Wi=1}n{Upy, —Uf <t}) =P(W1 =1)=e .
For k£ > 1 since the intensity of the Hawkes process remains constant equal to A
on (U}, Uy, | we can write

Wi—-1

law
vl — Ut ST 1,
k=1

where (T)ren is a sequence of i.i.d £(N\). We can consider (Tk)ken as the interarrival
times of a Poisson process of parameter A coupled with our Hawkes process, as in
Proposition 3.2.2. Then, Typ = U}, and (Tg)g>w, are defined. Then:

k—1
P({W1 =k} n{Uy, —Uj <t}) = <{0<ZT <t} {Tk—f—ZTi>r}>

i=1

k—1
]logzi_cgll TiStP (Tk + ZT‘Z >r | (Tl, --~7Tk—l)>]

=1

A G iy Ti)}

=E

=B [lyestinae

i=1 SiS

k-1 . (k=1
= 1 po1 o, Nl em Ao sy oA —2liny si) dss...dsy,
(R*)k 1 0< <t

—)\r)\k—llk 1 (t)

7)\7“ ()‘t)k !
(k=1
with
tk
1= /(R+) 0<3 151<td sy, = k'
Thus

)\tkl
PO<Up, Ul <t)=e M4+ eVt
k>2

— ef)\(r t) )

Hence the distribution of UI}VI — U} is given by e §g + Ae =D Lo, (t)dt
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An easy computation gives I[E(U‘}V1 —U}) =r—3(1—e™"). Finally we obtain
that
E(r) =r+ A+ EU}) +E(Uy, — Up)
—r+ A+ N e =21 —eM)
=2r+ A+ X le
From Theorem 3.2.9 we obtain the following LLN

t tooo 2r + A+ A Le ™ NA 1+ (e —1) 4+ 2\

3.4 Proofs.

3.4.1 Proofs of Proposition 3.2.6 and 3.2.7

We start by proving that the random variables 7 and W admit exponential
moments.

Proof of Proposition 3.2.6.

Let h be a signed measurable function and h™ its positive part. We generate
N" and N"" by coupling as in Proposition 3.2.2. Recall that |||, < 1.

We denote by Wi, 7i, S;, ... (respectively W;, =¥, SF .. ) the renewal
quantities associated to N" (resp. N}ﬁ). Be careful that the previous construction
of W;t, ;t, S} is done by using intervals of length L(h) not L(h%). Notice that
since L(h) > L(h'), then the renewal structure is well defined for N . Moreover,
if h <0, L(h*) =0, one can replace h™ by hT = h™ + € ljo,z(n) and then let € go
to 0 in order to compare with [22].

Thanks to Proposition 3.2.2, we have N < N"" as. We also know that Ui =
Ut

Moreover, 71 < T1+ a.s. because the jumps of N” are included in those of
N We also have W, = N™([0,7]) < N"™(0,7]) < NP ([0,7]) = Wi as. So
Wi < Wfra.s.

Study of NI
First, we focus on N According to [22], we can associate a M/G /oo queue to
N To do this, we consider:

AT () = M+ /( Lo Wt — w)N" (du).

We can consider the Hawkes process as the sum of:
— the arrivals of ancestors V}, at rate A and
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— a continuous time Galton-Watson process beginning at each Vj with the
following characteristics: the number of descendants follows a Poisson distri-
bution with mean ||h*]|; and the times of births have the density h* /||h]|1.

In fact, to each arrival of an ancestor V, we can associate a time Hj, corresponding
to the life time of the cluster of Vj. Vj is independent of Hy and the (Hy)x’s are
independent.

We can associate to this process a queue in the following way:

— the customers are the ancestors and arrive at rate A,

— the service time for each customer is Hy + L(h).

We denote by Y; the number of customers in the queue at time ¢:

Y = Z Ly, <t<vi+He v L)
2

Let 7,5 = inf {t > 0,Y;_ # 0,Y; = 0}, be the first time the queue is empty. By
proposition 2.6 of [22]|, we have:

[l — log (|| " ]l1) — 1
L(n)

Vo < o := min <)\, > , it holds E[eo‘ﬂ+] < 00.

Of course A > 0 and ||h*||1 —log(|[A*|]1) — 1 > 0, and so 7;" admits an exponential
moment.

Since 7'1+ is the first time after Uf ! such that there were no jump during a time
L(h). Thus 7{" = 7,7 and since 71 < 71, part (i) of the proposition is proved.

In order to prove (ii) it is enough to show that the distribution of W;" admits
exponential moments. Recall that

Wi = N"([0,7]).

According to [8] (see proof of Theorem 3.2 and proof of Theorem 3.4 therein),

i L <60N”*<[0¢1>) = ME("S) — 1) 1= pu(6) < +oo

t——+o0

as soon as 0 < |hT||; — log(||hT|]1) — 1. Here S is distributed according to (see (3)
in [8])

e I (|| A 1)
k! '
It is thus immediate that 1(0) goes to 0 as 6 goes to 0.
For € > 0 we may thus choose 8 small enough such that

P(S = k) =

ap —2e > p(20) +¢.

For this 6, one can find ¢y such that for ¢ > ¢y,

E <e29Nh+([0,t])> < (@) +e)
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It follows
E) = E <60Nh+<[0m+1>>
(o0 th
s ZE<€9N (05 ]lk1<71+<k)
k=1
< Z <5k}E <629N’L+([0,]€])) + L]PJ(]C —1< Tfr))
k=1 Bk
) E(e(ao—é‘)Tf—)
< Alt)) + Y | Bretw@re) g 28 em(kDlao—e)
k= Bk
=[to]+1

where A(tg) denotes the finite sum up to k = [tg]. Choosing ), = k=2 e *n(20)+e)
the k’th term of the remaining sum is smaller than 1/k%4ck? e=¢(*=1) and the series
is thus convergent. Since ¢ is arbitrary, (ii) follows. O

Proof of Proposition 3.2.7.

We consider a process N". generated by the Poisson point process @, as in
the Proposition 3.2.2. Since h < 0, we will couple (and upper-bound) this time the
Hawkes process with the Poisson point process R on R™, with intensity A, generated
by the same Poisson point process @ on (0,00)2. Since V¢ > 0

A>AMt) as.

we deduce that
R > N™.

We can now upper bound the length of the first time window 71 by a similar quantity
associated with R. Recall that U] is the first jump time of N and define:

T =inf{t > U{, R[t — L(h),t) # 0,R(t — L(h),t] = 0}. (3.4.1)

7 indicates the first moment such that there were no jump for the process R during
an interval of length L(h). In particular, there weren’t jump for N either. Therefore
71 <7 a.s. and

Wi = NM([U},n]) < R([U,7]) < R([0,7]).

It is thus enough to get an upper bound for E (69 R([O’TD).

To this end we shall study the random variable 7. Denote by V; the jumps of
the Poisson point process R. From the definition there exists a random integer K
such that

T = Vg + L(h).

The definition of K leads to
K =RI0,7].
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From the independence of the times between jumps of R we deduce that
P(K = 1) = B[r = Vi + L()] = P[Vs — Vi > L(h)]
— o AL(R)

P(K =2) =P[r = Va+ L(h)] = P{V2 = Vi < L(h)} U{V3 — V2 > L(h)}]
lP’[V2 - V1 < L(h)]P[V3 — Vo > L(h)]
= (1 —e k) e AL,
Vk>2, P(K=Fk)=Pr=Vi+Lh) =1 —e MWkl ALR)
AL(R)

K is a geometric random variable with parameter e~ and thus admits expo-

nential moments provided e? (1 — e () < 1 which concludes the proof. O

3.4.2 Proof of the LLN and CLT

Proof of Theorem 8.2.9 and Theorem 8.2.10.

Recall that
N} <N} <Nl +Wynyy as,

where
o0 M}
=Y Wilsco =) Wi
i=1 i=1
and

oo
= Z ]]-Si§t7
=1

as explained in (3.2.6), (3.2.7), (3.2.9).
As we previously said Theorem 3.1 and Theorem 3.2 Chapter 6 in [1] furnish

N s, EWA]
t t—oo E(Tl)
and
NP E[W] 9
vt <t () | 5 N0
with

Ve (Wi — 7 5900)
E(r)

g =

It is thus enough to control the remaining (or error) term Wi e to prove

W h
lim — 2t g a.s., (3.4.2)

t—00 t
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and
. WM[L+1
lim

t—o00 \/i
(3.4.2) will conclude the LLN and (3.4.3) the CLT.

=0 in Probability. (3.4.3)

Actually we will prove stronger results. Let $(n) an increasing sequence going
to infinity and € > 0. Introduce the independent events A,, = {W,, > ¢5(n)}. Then
limsup,, A, = {limsup,, % > ¢}. Since the (W;); are finite i.i.d random variables

Z]P’(An) = ZP(Wn > ef(n)) = ZIP’(Wl > ef(n)).

Thanks to Proposition 3.2.6 and to Markov inequality, we know that for
P(W; > ef(n)) < E[e®oW1]e~f0ebn)
We may now apply Borel-Cantelli, telling that provided )" e 0B < 40,

P(limsup A,,) = 0.
n
The previous holds with f(n) = n® for any o > 0. We have proved in particular

that

Wo as, g,

\/ﬁ n—o0o

Since M is a non-decreasing family of integers going to infinity almost surely,

W]Wth-f-l a.s,
— 0.

/Mgl+1 t—o00

M +1 .

It remains to recall that

.S. 3.44
t t—o0 E(Tl) &8ss ( )
to conclude that
WMth—i-l % 0
\/E t—o00 )
O

3.4.3 Proof of Corollary 3.2.13

Proof of Corollary 3.2.13.
In order to prove the first part of Corollary 3.2.13 it is enough to show that N/t
and N}'/t are exponentially equivalent, i.e. that for each 6 > 0,

>(5> = —00.

NN

t t

t—o00

1
lim sup n InP (
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To this end it is enough to show that for all § > 0

lim sup E InP (WMh+1 > 5t> —00. (3.4.5)

t—o00

We will decompose the probability space into two events: Mth < t? and Mth > 2.
It holds

P(WMth+1>5t>
<P (Mth > t2> +P ({WMh+1 > 5t} {Mth < t2}>
gIP’(Mth>t2>+IP’<{3ke{1 1J},Wk>5t}ﬁ{Mth§t2+1})
gP(Mth>t2)+P(3ke{1 Lt2 + 1}, W > 6t)
gP(Mth>t2>+ tg:HIP’ Wy > 6t)
=1

<P (Mt" > t2> + (2 + )P (W, > 6t).
On one hand, we have, by Markov’s inequality, for all 89 > 6 > 0,
P (W, > 6t) < E[e1] e=09¢

so that )
limsup ~ In(1 + t2) P (W > 6t) < —69.

t—4o00

On the other hand, according to [80] Theorem 2.3, for all x > 0:

1 M

limsup — InP <t > w) < —Jr (2),
t—+00 t

where Jr, () = sup, {n — x InE[e"]}.

Since n — E(e"™) is continuous on R~ there exists some 7y such that E(e™™) = e

It follows J;, () > no + x.

Choose t1,tg, ... an increasing sequence of times such that ¢; —+> +o00. For a fixed
1—+400

-1

i, we have for ¢ large enough
M} M]
]P’(Mth>t2) :P<tt>t> §P<tt>ti>

Since

1 Ml
limsup—InP (tt > ti> < —Jn () < —t; — no.

t——+o0
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It follows,
1 M}
limsup — InP <t > t> = —00.
t——4o0 t
Eventually,
1 Worn
limsup- InP <Mt+1 > 5)
t——+oo t

< limsup > In [IP (Mth > t2) F (2 1P (W > 575)}

t—+o00

In2 1 M 1
< lim sup (r; + max [t InP (tt > t) '3 In ((# + 1)P (W7 > 5t))]>

t——+o00
1 M} In(#?+1) 1
< max [limsuphrﬂ?> <t > t) , lim sup <n(—+—) +-InP (W7 > (515))}
t—+o00 t t—+o00 t t

< —b6pd.

This completes the proof for 8y = +oc.

E(W1)

Let us now assume 6y < co. Recall that m = E(n)

quence of the following line of reasoning:

NI Nh Wi n
IP<tt 2m+a> < P(t +Mt+12m+a>

, then (3.2.10) is a conse-

IN
2=}
7 N
e
v
3
+
=
IS
~
_|_
2=
N
5
*>
t
Vv
—
|
I
=
N~

where k1 € (0,1), yielding

1 N}
limsup; InP <tt > m+a>
t

Vi

1 N, 1 Won
< max (hmsup n InP (tt > m—i—ma) , lim sup n InP (]V?H > (1 - /<&1)a>>

t t

Now applying Theorem 3.2.12 with k9 and (1 — k2), we deduce that

1 N[
limsup; ln]P’<tt > m+a>
t

< max (— inf  J(2), —(1 — k2)k16pa, —(1 — 51)a00>

Z—M>KaK1Q

yielding the result with x = k1k9 and k" = 1 — k1. The condition k + 2k’ = 1 arises
from the equality of the last two terms.
Finally, (3.2.11) is a consequence of the same reasoning on N}* < N}:

h vh
P(3 ema) < o emd)

yielding the result. O
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3.5 Final comments.

As we recalled in the introduction, in the linear case the LLN, the CLT and the
LDP are completely characterized by ||h||1. As we have shown in Section 3.3, the
“almost linear case with inhibition” we are looking at is dramatically different, since
the limiting behaviour is not fully determined by ||h||1 nor even by some moments
of h. The renewal description of the Hawkes process we have used allows us to
characterize all these limit theorems in terms of the joint law of (71, W1). It should
be very interesting to link this distribution with h. As for the non linear self-excited
case such a goal seems difficult to reach.

Another interesting direction should be to obtain non asymptotic deviation
bounds (or concentration properties). Since the Large Deviation Principle for cu-
mulative processes we have proved in [20] is based on the contraction of a higher
level LDP, new methods are necessary for non asymptotic results.

The methods of the paper can be used for more general jump rate functions f,
provided one can generalize the construction of the sequence (7;, W;). This general-
ization is partly done in [38] in which a regenerative structure is exhibited without
the assumption of bounded support for the reproduction function h and in [69] which
exhibit renewal points for non linear Hawkes processes and age-dependent Hawkes
processes.

Acknowledgement. We warmly acknowledge two referees for their careful
reading, their constructive comments and their criticism.






CHAPTER 4

Uniform in time propagation of

chaos 1n networks of
FitzHugh-Nagumo neurons

This chapter is a joint work with Pierre Le Bris. It will soon be submitted.

Abstract

In this article, we are interested in the behavior of a fully connected network of

N neurons, where N tends to infinity. We assume that neurons follow the stochastic

FitzHugh-Nagumo model, whose specificity is the non-linearity with a cubic term.

We prove a result of uniform in time propagation of chaos of this model in a mean-

field framework. We also exhibit explicit bounds. We use a coupling method initially
suggested by A. Eberle [31], and recently extended by [29].
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4.1 Introduction

4.1.1 Understanding the model

Understanding the brain activity is both a complex and important challenge in
current research. Of course, interests are plentiful: characterizing brain functions,
understanding structures and links between them and figuring out some phenomena
- such as cyclic heartbeat. A way of modeling this activity is by considering a
very large number of individual neurons with interactions. Since the number of
neurons in a human brain is around 10, and even "small" parts of the brain are
thus constituted of very large number of them, such a strategy can be considered
coherent.

The main quantity we study is the membrane potential of the nerve cells: it can
"easily" be observed and its modification characterizes a synapse (an interaction
between neurons). Neurons regulate their electrical potential. In general, without
interaction, the potential evolves with time but has quite small changes. Incoming
potentials from other neurons are usually what make the neuron fire, i.e. send
potential to other neurons. We will here focus on an homogeneous network of
neurons and consider mean-field interactions. This way, each neuron will interact
with every other one, as it can be the case in small regions of the brain. The
parameters of the model will be considered the same for each neuron.

A classical model was introduced by Hodgkin and Huxley [45] using experimen-
tal data of the activity of the giant squid axon. It describes the ion exchanges K+,
Na™ and C1™ through the membrane and their effects on the potential. A simplifi-
cation of this model is the FitzHugh-Nagumo model, which reduces the dimension:
from four-dimensional model (for one neuron) with Hodgkin-Huxley equations, we
obtain a two-dimensional model. It’s a compromise between the biological accuracy
and the mathematical simplicity.

The deterministic FitzHugh-Nagumo model for one neuron (or one particle) is
given by the following equations:

dX; = (X; — (X3)3 — Cp — a)dt
dCy = (v X — Cy + B)dt,

where X is the potential membrane and C is a recovery variable, called the adap-
tation variable. The parameters v and § are positive constants that determine the
duration of an excitation and the position of the equilibrium point of this system.
Finally @ € R is the magnitude of a stimulus current (an entrance current in the
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system). Note that the variable C' isn’t a physical quantity, and is used to allow X
to mimic the behavior of the potential. This variable C' has linear dynamics and
provides a slower negative feedback.

Stochastic versions of the model, adding some noise on one or both coordinates
have also been introduced. Noise models different types of randomness depend-
ing on the coordinates: when the noise is in the first equation (dynamics of X)
with a standard deviation ox > 0, it models a noisy presynaptic current. When
it is in the second equation (dynamics of C') with a standard deviation oo > 0,
it describes a noisy conductance dynamic (a noise in the chemical behavior). In
general, noise in this model is additive. Various mathematical questions can be
studied. Some authors choose to focus on the properties of the natural macroscopic
limit of the model as N — oo when it is clearly defined (see system (4.1.2)), when
others work on properties of the particles system for fixed N. These models can
be quite complicated to study mathematically. The main objectives are to charac-
terize the behavior of these models when the number of neurons N tends to +oo
in a mean-field limit, and to prove whether or not there exists an equilibrium, a
stationary behavior, when ¢ tends to +0c0. The question of the synchronization of
neurons can also be studied, since it is a phenomenon observed in different contexts,
such as the generation of respiratory rhythm or complex neurological functionalities.

Some authors study a model with two noises: in this case, the stochastic system

is non-degenerate and is then elliptic.
Berglund and Landon describe the behavior of the deterministic FitzHugh-Nagumo
model for one neuron in [6], and consider the stochastic model to work on the behav-
ior of the interspike interval and the distribution of oscillations of the solution. In
[78], Tatchim Bemmo, Siewe Siewe and Tchawoua focus on a quite different stochas-
tic model by considering additive noise 1 on the dynamics of X, and multiplicative
noise £ on the dynamics of C', both defined as sinusoidal function of correlated Brow-
nian motions. They choose to avoid GGaussian noises since it is an unbounded noise.
They also consider a deterministic and periodic entrance signal in the first equation.
They observe abrupt transitions of the potential membrane X when the intensity
of the noise is gradually changed.

In general, a lot of authors focus on a noise on only one variable, thus the
stochastic model is degenerate. In [81], the authors work on the determination
of firing time. They consider a stochastic FitzHugh-Nagumo model for one neu-
ron, with Brownian noise on X, obtain approximation of firing times and compare
them with numerical simulations. Thieullen describes the behavior of the solution
of one deterministic FitzHugh-Nagumo system and extends the result in the case
of a stochastic FitzHugh-Nagumo system, in [79]. In her case, the stochasticity
is a Brownian noise on the dynamics of X. In [53], Leon and Samson consider a
FitzHugh-Nagumo model with a noise on C' but not on X, i.e. ox = 0, and study
the properties of the equations for one neuron. In particular, they focus on hy-
poellipticity of the model, the existence and uniqueness of an invariant probability
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and a mixing property by establishing a link between the model and the class of
stochastic damping Hamiltonian systems. They also consider neuronal modeling
questions and study the generation of spikes in function of parameters of the model.
On the contrary, the article [82] focuses on stochastic FitzZHugh-Nagumo model with
noise in the dynamics of X, and oc = 0. They study one neuron in a periodically
forced regime. This study relies on the theory of Markovian Random Dynamical
System. The model is driven by a cosinus signal, and Uda studies the spike rate
and compares it with the probability of two-points motion of membrane potential.

Here we consider mean-field interactions. These interactions are described by
two functions K x and K¢, applied on the difference between two states ((X},C}) —
(X],C?)), as described in (4.1.1). In particular, this type of interaction models
electrical synapses, which are a sort of synapses.

In [4], Baladron, Fasoli, Faugeras and Touboul study FitzHugh-Nagumo and

Hodgkin-Huxley models with mean-field interaction, only on X (i.e. K¢ = 0).
They consider more general interactions, not only applied on the difference between
two states, modeling chemical synapses and electrical synapses. For the FitzHugh-
Nagumo model, they consider a noise on X. They prove propagation of chaos, i.e.
the convergence of the law of k neurons towards the law of k independent solutions
of the mean-field equations. This article is completed and clarified by the work of
Bossy, Faugeras and Talay in [12].
Mischler, Quininao and Touboul consider a FitzHugh-Nagumo model in [63], with
a linear interaction on X, and a noise only on X, i.e. o¢ = 0 and Kx(z,c) = Az.
The drift on X is not exactly the same as in the model above, but remains a cubic
function of X, and is very similar. They work on the properties of a solution of
the McKean-Vlasov evolution PDE associated to this model and obtain the unique-
ness of a global weak solution. Furthermore, they prove that there exists at least
one stationary solution, and when the interaction is small, the stationary solution
is unique and exponentially stable. They also exhibit numerical results with open
problems, like attractive periodic solution in time. [18] completes their work on the
properties of the solution. In a closed framework, in [59], Lugon and Poquet study
the macroscopic limit of a mean-field model, where they introduce a slow-fast anal-
ysis by considering a slow deterministic part, and a fast stochastic and interaction
part. In particular, they focus on the periodicity of such a system. They analyze
the influence of both noise and interaction on the emergence of periodic behavior,
and prove the existence of periodic solution, exponentially attractive, when the pa-
rameters satisfy some assumptions and the drift is "small" enough with respect to
interaction and noise.

This model can be made more complex, by considering non mean-field interac-
tion. In particular, Bayrak, Hovel and Vuksanovi¢ work on a stochastic FitzHugh-
Nagumo model with a network interaction in [5]. Their type of interaction take into
account a connectivity coefficient between two neurons, and a propagation velocity.

Other authors choose to consider stochastic FitzHugh-Nagumo with a spatial
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model. A second spatial derivative of X is added in the dynamics of X. [61], [54],
[56] and [55] explore the notion of random attractors in these models. Numerical
schemes for the interacting particles system are also studied, for instance in [71].

4.1.2 Framework and results

Combining noise and interaction, we work specifically on the following equations,
for 1 <7 < N, where N is the number of neurons:

Xy = (XN = (X = OpY —aydt o+ SO K (20N — 2]V + oxdByY
Ao = (XN — PN + Byt + & S Ke(Z0N - ZPY) + ocdBy©,

(4.1.1)
where we denote by Z; the couple (X}, C?) to simplify the notations.
We assume (BZX)I and (BZ’C) to be independent Brownian motions. Here, we con-
sider two Brownian noises BX and B, one on each equation, and thus assume that
each neuron has its own independent noises, and that there is no environmental (or
shared) noise.
We also assume Kx and K¢ to be Lipschitz continuous and respectively denote
their Lipschitz constants by Lx and L.

The goal of this article is to describe the behavior of this network as the number
N of neurons tends to infinity.

To describe its behavior, we consider the R2-valued process (Z;)i>0 = (X, Ct) >0
evolving according to the following non-linear stochastic differential equation of
McKean-Viasov type

{ dXy = (X = (X4)* = Gy — a)dt + Kx * fir(Z;)dt + 0,dB (4.1.2)

dét == (’YXt - C_'t + B)dt + KC * ﬂt(Zt)dt + O'chtC,

where fi; = Law(Z;) is the law at time ¢ of the process (X, C;), and * denotes the
operation of convolution, i.e.

K xv(u) = /K(u —v)v(dv).

To some extent, (4.1.1) can be seen as an approximation of (4.1.2) in which the
operation of convolution is applied to the empirical measure (i emp = % Zf\i 10zi-
We wish to prove that the law ;¥ of the network (4.1.1) converges in some sense
to i (i.e the law of the solution of (4.1.2) tensorized N times) as N tends to in-
finity. This phenomenon has been stated under the name propagation of chaos -an
idea motivated by M. Kac [50]) and greatly developed by A.S. Sznitman [77]- as it
amounts to saying that, as the number of particles increases in the system, two par-
ticles will become "more and more" independent, converging towards a tensorized
law. The notion of "propagation" refers to the fact that proving such convergence
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at time 0 is sufficient to prove it at a later time ¢.

In order to prove the convergence of )" to /jfi’N , we follow the coupling method
described in a recent work by one of the authors in [40], the result of which cannot
be applied directly here. This method has been put forward by Eberle, following
earlier works by Lindvall and Rogers [57]. Let us briefly recall the method.

We consider ri = |Xi — X!"N| 4 6|C} — C"N| with 6 > 0, a constant not yet
specified.

A natural distance between probability measures is the Wasserstein distance,
linked to the theory of optimal transport. For u and v two probability measures on
R?, we denote

— inf, E(IX-Y|]2)"” 4.1.3
Wolp,v) = inf  E (| 15" (4.1.3)
where || - ||, denotes the usual LP distance on R?. It is thus defined as the minimum

over all possible choices of a pair (X,Y), such that X is distributed according to u
and Y according to v, of the expectation of the distance between X and Y. The
basic idea behind a coupling method is then that an upper bound on the Wasserstein
distance between p and v is given by the construction of any pair of random variables
distributed according to these probability measures. Thus, instead of considering
the minimum over all possible coupling, we construct simultaneously two solutions
of (4.1.1) and (4.1.2) that will tend to get closer together as the number of neurons
increases.

Have (Xti, C’f), for ¢ between 1 and N, be N independent copies of a solution of
(4.1.2) driven by some independent Brownian motions (B"*),>0 and (B"“)
coupling of (X7, Cy) and (XZ’N, Cf’N> then follows from a coupling of the Brownian

motions B and B.

t>0- A

The first natural choice, popularized by Sznitman [77], is the synchronous cou-
pling and consists in choosing B = B. By doing so, when considering the time evolu-
tion of Z} — ZZ’N = ()_(g - XZ’N, Ci — CZ’N , the noise cancels out. The contraction
of a distance between the processes can then only be induced by the deterministic
drift, as in |7], and this usually only holds under rather restrictive conditions (in
particular the drift should be strongly convex). Nevertheless, in our case, the cal-
culation of the evolution of X} — XZ’N and C} — CZ’N (see later) shows that there
is still some deterministic contraction when X} — XZ’N = 0. We can therefore use a
synchronous coupling in the vicinity of this subspace.

Outside of this subspace, we use the noise to get the processes closer together.
In the direction orthogonal to this space we consider B = —B, as this maximizes the
variance of the noise. This yields the use of the reflection coupling of [57]. Notice
however at this stage that, because of the symmetry of the noise, there is a prior:
no reason ¢ should decrease rather than increase. This invites us to consider f(r?),
with f a concave function, so that a random decrease has more effect than a random
increase of the same value. We will define the function f later.

Finally we construct a Lyapunov function H to take into account the trend of
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each process to come back to some compact set of RZ. We are then led to the
study of a suitable distance between the two processes, which will be of the form
pri= & Zf\;l frH(1+eH(Z}) +eH(Z,f’N)), where € > 0. This quantity controls the
usual L' and L? distances between the two systems, and is interesting as, when 7} is
small, f(r}) tends to decrease either because of the deterministic drift or the reflec-
tion coupling, and when r! is big, the Lyapunov functions H will tend to decrease.
We thus show that Ep; decays exponentially fast. This leads to several constraints
on d, ¢ and on the parameters involved in the definition of f, and we have to prove
that it is possible to meet all these conditions simultaneously. In reality, the quan-
tity pt considered will be a slight twist of the one given above (see (4.2.26)) so as to
take into account the non linearity of the process.

As explained, this method requires some noise in the direction orthogonal to the
naturally contracting subspace. This means, in the description of the method above,
that one should have ox > 0 (so that we can use a reflection coupling to bring X}
and XZ’N closer together). In the case ox = 0 and o¢ > 0, a modification of the
calculations is necessary. We describe this case in a separate section.

Assumption 4.1.1. Let Lx ;nqe and L¢ ez be two universal constants
ILx € [0, Lx.maz), V2,2 € R? |Kx(2) — Kx ()| < Lx(|z — #|]1)

L € [0, Lemals V22 € B2 |Ko(2) — Ko(2)] < Lo(llz = #]1)
Kx(0,0) =0 and K¢(0,0) =0

These constants Lx mae and Lo maz might seem at first glance off putting as
they are not given. When we prove non uniform in time propagation of chaos, these
constants can be chosen to be +00. When we prove uniform in time propagation
of chaos however, Lx s and L¢ mae are a priori bounds : Theorem 4.1.4 below
will be true for Ly and Lc¢ sufficiently small. The condition Ly < Lx nee and
L¢ < Lo maz are therefore not restrictive conditions, and are useful in proving some
parameters are independent of Lx and Lo. Remark 4.2.7 below shows that one can
for instance consider Lx mqez = 4 and Lo mae = %

Before any result on propagation of chaos, we prove that both systems (4.1.1)
and (4.1.2) have well-defined solutions:

Proposition 4.1.2. Let Kx and K¢ satisfy Assumptions 4.1.1, with Lx e = 00
and Lo mae = 00.

There exists a unique and strong solution for system (4.1.1) and a unique and strong
solution for system (4.1.2).

Now, we can state our results on propagation of chaos. We denote W, and W»
the usual L' and L? Wasserstein distances.

Theorem 4.1.3. [Non uniform in time propagation of chaos| Let Kx and K¢ sat-
isfy Assumptions 4.1.1, with Lx e = 00 and Lo maes = 00. There exist explicit
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C1,C3 > 0, such that for all probability measures po on R? with finite second mo-
ment,

k
Wi (M?’Nﬂ?k) < Crett—,

VN
for all k£ € N, where ,uf’N is the marginal distribution at time ¢ of the first k¥ neurons
(X}, CH), ..., (XF,CF)) of an N particles system (4.1.1) with initial distribution
(10)®N, while fi; is a solution of (4.1.2) with initial distribution .

Our main result consist in removing the time dependency in the previous up-

perbound. This uniform propagation of chaos requires stronger assumptions on the
interaction kernels.
Theorem 4.1.4. [Uniform in time propagation of chaos| Let C% > 0and a > 0. There
is an explicit Cx . k. > 0 such that, for all Kx and K¢ satisfying Assumptions 4.1.1
with Ly, Lo < Cky K, there exist explicit By, B > 0, such that for all probability
measures o on R? satisfying E,,, (e2(IXI+1CD) < o,

Wi (M?Nna?k) < Bl\/kN > W22 <Mf7Naﬂ;?k) < BQ\/%?
for all k € N, where uf’N is the marginal distribution at time ¢ of the first k£ neurons
(X}, Ch), ..o, (XF,CF)) of an N particles system (4.1.1) with initial distribution
(o), while fi; is a solution of (4.1.2) with initial distribution .

Crk Ko 1s explicitly given, depending on other parameters in 4.2.24. It’s a non
optimal definition.

As previously mentioned, this work follows the method described in [40]. Beyond
the result of uniform in time propagation of chaos for the FitzHugh-Nagumo model,
which is in itself an interesting result, the present work is also a testament to the
robustness of the coupling method.

4.1.3 Existence of solutions

First of all, we prove Proposition 4.1.2, i.e existence of strong solutions of systems
(4.1.1) and (4.1.2), under Assumption 4.1.1, and we begin with (4.1.1).
Let’s denote, for K € RT,
-K? ifzr<-K
gr(z) =< 23 ifz € [-K, K]
K* ifz>K.

gk is locally Lipschitz and is bounded.

Thus, it’s well known (see Chapter 3 [47]) that the following system (under
Assumption 4.1.1)

dxP™ = (XpN = gre(X;N) = CpY —a)dt + % 0L Kx (2N = ZPY) + oxdBy®
dep™ = (yX;N = CPN 4 B)dt + % S0 K2 = ZPY) + 00dBy €,
(4.1.4)
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for 1 < ¢ < N, have strong and unique solution.

In consequence, for a fixed K € RT, there exists a strong solution of system
(4.1.1) until time Ty = sup{t,Vi,Vs < t, X} < K and C} < K}, and the solution
coincide with the solution of the system with gx.

We have the following Proposition:

Proposition 4.1.5. If, for each i < N, E(\XS’NP) < 400 and E(\Cé’N\Q) < 400, then
there exists C; < oo such that, for each ¢ < N:

E (|XZ’N|2 + |CZ"N|2) <c. (4.1.5)

The proof relies on the Lyapunov function defined in the next Section, and is
given in Appendix 4.A.2.
Then, by denoting T, the explosion time of a solution of system (4.1.1)

Too = inf{t,3i,YA > 0,3 > 0,Vs € (t —&,t), X}V > A or C2N > A}

we deduce Vt € RY P(Ty < t) = 0. Eventually, there exists unique and strong
solution for system (4.1.1).

The existence and unicity of a solution of (4.1.2) is known from the Theorem
3.3 from [70]. We only have to prove that the Assumptions 3.2 [70] are verified. We
define, for all t € R, 2z = (z,¢) € R? and for all probability distribution v with a
finite variance:

r—a3—c—a+ Kx xv(2)
b(t =
0= ()

olt, z,v) = (Zif)

o is a constant function, so it clearly satisfies the different conditions.

For t € RT, 2, 2" in R?, and v a probability measure:

(z — 2 b(t,z,v) — b(t, 2, v))
=(z—2) ((z —2) — (2° —2") — (c = ) + Kx xv(2) — Kx xv(2))
+(c—d)(v(@—2a") = (c— )+ Ke xv(z) — Ko xv(2))
=(z—2) - (z—2)@®+a' +2*)+ (v - 1)(c— )z —2) = (c—)?
+ (Kx *v(z) — Kx xv(2) + (Ko *v(z) — Ko * v(2))).
Since (22 +x2’'+2'?) > 0, the second term is non-positive. Kx and K¢ are Lipschitz

function, so the last line is clearly bounded by ||z — 2|3 up to a multiplicative
constant. Then, there exists a constant L such that

<Z - Z/,b(t,Z,V) - b(ta Z,7V)> < LHZ - ZIH%
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Since Kx and K¢ are Lipschitz function, we also have, for all probability distribution
v and v/ with a finite variance,

Hb(tv 271/) - b(taza I/)HQ < LW?(”? I/)'

Eventually, since b is Locally Lipschitz with polynomial growth, each Assumption
is satisfied and Theorem 3.3 [70] can be applied. Note that we could also apply
Proposition 2.19 from [60] : Assumptions are the same, and it gives a result for
interaction depending on a spatial position.

To complete the Proposition 4.1.5, we also give the following

Proposition 4.1.6. If E(|Xo|?) < +oo and E(|Co|?) < +oo, then there exists Cp1
and Cp 2 such that:
E (|X:|? + |Cyf?) < Co1e0. (4.1.6)

The proof is very similar with Proposition 4.1.5 and is in Appendix 4.A.2.

4.1.4 Quick result : non uniform in time propagation of chaos

We start by proving Theorem 4.1.3, a non uniform in time propagation of chaos,
as it highlights the basic strategy behind a coupling argument. Some of the following
expressions will be used in the proof of Theorem 4.1.4, in Section 4.3

We consider a synchronous coupling between (ZZN)Z and (Z});, i.e. BZ’X = BZ’X
and BZ’C = Bti’c. We have

dX;N = (xPN — (XpVP = opN —aydt + & SN Kx(Zi - Z])dt + 0,d By
dCPN = (vxpN — PN + Byt + £ SN Ke(Z - Z])dt + o.d By

and
dXi = (X} — (Xi)® — Ci — a)dt + Kx * [ig(Z})dt + 0,dB™*
dCi = (vXi — Ci + B)dt + K¢ * iy (Z8)dt + o.dBPC,

with fig the law of Z}. The method is the following :
— we compute the time evolution of E(r}) using Ito’s formula,
— we control the difference between the drifts +- Dt K(Zi—-Z]) and Kxj1,(Z})
using some form of law of large number. This is where the convergence rate

v N appears,

— and we conclude using Gronwall’s lemma.

Time evolution : We have,

AN = X =[x - X - (NP - (%)) - (N - o

N
1 , , o
+N2KX(Z§ —Z]) — Kx * u(Zy) | dt.
J:
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We denote

0 otherwise,

sign(x):{ ifz#0,

and obtain, using Ito’s formula,
alxN - Xi| = [sign(xX;N - XH(xPN - X))

= sign(x;" = X7) (N - (X0)?)

—sign(X; N - X6 - 6

+81gn( ZKX Zz — Ky *,u,t(Zf) dt

<[l - x| - ((X:’N> - (X)) + \CZ’N -

N
L - (7
+NZ;K x(Z{ — Z]) — Kx = u(Z})|| dt. (4.1.7)
]:

Similarly,

AN = G = [N - X - (N - )
N
Z — Ko iy (Z) | dt,

=1
and we obtain

i, N ~i i, N i i, N ~i
ic; —Ct\s[let - Xi| -l ~ ¢l

ZKC 70— 7)) — Ko« i (Z))| | dt. (4.1.8)
Thus, denoting ri = | XN — Xj| + [N — i
dr} < [(1 + XY - Xi| - \(XZ’N>3 ~ (X))

2 \

Z\H

i
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Since the cubic term is negative, we obtain

dri < | (1+7)ri+ ZKX (Zi — — Kx + is(Z})

1 . , .
+ Nle(;(Zé—Zi)—cht(ZD dt.
]:

Difference of the drifts : Let us now consider these last two terms

N
1 . .
ZKX (Zi — 7)) — Kx « i(Z))| < NZKX(ZZ—Zg)—KX*ﬁt(Z;)
j=1
N N
NZ (Z — Z7) ZKX(Z;—Z
: ]:1
The first sum can be decomposed, using Assumption 4.1.1,
.
_. X ; . .
ZKX Zi - 7]) - Kx(Zi - 2])| <230 W12 = 20 = (7 - 2D
j=1

N 4
j=1
I N
X
7j=1
Similarly, we obtain
1 & Lo &
. , o Lo ,
~ Z; Ko(Zi - Z}) = Ko+ m(Z))| < Lori + ;Ti
1 & .
+|5 ZlKC’(Zt Z]) - Ko = (2.
]:

Hence, we get
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By considering the expectation, since E(rg ) = E(r}) for each j, by exchange-
ability of the particles, we have

dE(r) < ((1 +7+2LX+2LC)E( 4

ZKX 70— 71— Kx « u(Z})
1 N ) ) )
+E | |5 ZlKC(Zf — Z]) — Ko+ ju(Z)|| | dt.
J:

Now, we bound the interaction part. We begin with Kx. By Cauchy-
Schwarz, we can write

ZKX ZP— 7)) — Kx = iy(Z})
2\ 1/2
N
<E||w>_ Kx(Zi-2Z]) - Kx * u(Z])
j=1

We notice that (Zg)j are i.i.d with law ji;. Let’s denote Z; a generic random
variable of law fi; independent of Z{. What is more,

Ky x(Z) = [ Kx(Zi - 2m(ds) = E[Kx(Z} - 20)|Z).
Hence
2
E(E 712KX ~ K * (2 (Zt
J#
| o ailas
=E | Var | 5 > Kx(Z) - Zg)‘zt
JFi
1 . _ _.
= ~—E (Var (KX(Z; - Zt)‘ZZ))
L% S5i 5 |5
< X E (Var (HZt - Zt||1‘Zt>> :
Since

B [Var (12 - 2| 2})] <E [E (12} - 23| 2})
<E[E (201Z]13 + 21 Z3|Z)] < 4E(1Z13).
we obtain

2

E\E( |y > Kx(Z - Z]) — Kx « u(Z)) ‘Zt <
1752

4L?X

[EUIZ17).



142 Chapter 4. Propagation of chaos for FHN neurons

2
).We

We now want to control E <’]{, Z;V:1 Kx(Z} — th) — Kx * i(Z})

decompose it with

N
E Z — Kx * ig(ZY)

2

N
N-1 1 P N -1 1 .
_ E J P

2
N-1)\? al
<2 (N) E Z_: — Kx * ji(Z)
2 _ 502
+ 2B (IKx = m(Z)) -
Since

B (|Kx * u(Z))?) =E ([E (Kx(Z} - 2)\Z))[")
< LXE(E(I1Z; - Z|111Z0)) < ALXE(ZID)

we obtain

E ZKX (Zi — 7)) — Kx * iy (Z))

N—1\? 4L% AL%
s( - ) A% B(120%) + 2XE(1Z41R)

SLxB(113) (41.9)

and finally

1O _ A 8L3 V2
| 20 e <(SHEozip)

Similarly, we have

] 8L V2
ZKCZZ - Koz | < (Er0zih)

Finally,

A A 1 B 1/2
dE(r}) < ((1 +~+42Lx + 2L¢)E(r}) + 1/8L% + 8L <NE(|Zt||%)> > dt.
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Then by Proposition 4.1.6, there is a constant Cy depending on initial con-
ditions such that

8L% + 8L%\/Co1 Lot
e ’

dE(r}) < | (1 +~+2Lx +2Lo)E(r)) + dt

Conclusion : We have thus obtained
2 2
d E(T;) + \/8(LX + LC)COJ 1 - B%C(lzt
N 1+’7+2Lx+2Lc—%
< (1+7vy+2Lx +2Lc)

(Bl AR L) 1 et
N 147+ 2Lx + 2L — €42

and Gronwall’s lemma yields

: 8(L% + L%)C, 1 1
]E(T;)‘F\/ ( X NC) 0,1 CDQGéCOYZt
1+~v+2Lx +2Lc — —5=

. 8(L2 + L2 )0071 1
]E('I“[Z)) + \/ X N ¢ Co2 )
14+~v+2Lx +2Lc — ==

< (It +2Lx+2Lc)t

thus

. 1
E(r)) < Cef?t——.
( t) = 1 \/N

Let po a measure on R?, ,uf N the marginal distribution at time t of the first k
neurons (Ztl7 cee Zf) of an N particles system (4.1.1) with initial distribution
(110)®", and fi; is a solution of (4.1.2) with initial distribution uo.

We obtain for Wasserstein 1 distance

kN : = BN _
Wl(ru’t v“?h = inf {E[Hz(k) - Z(k)”lLPZ(k) = Wy 7PZ<’€) = N?k}

k
Sll’lf {E ZT;, ’P(ZZ’N)Z- - /’L?N?IP(Z;”)Z = ﬁ?k}
=1
<KE(ry)
k
<Cre?t .

Hence Theorem 4.1.3.

4.2 Preliminaries

Index

Throughout this article, we define many parameters and constants. For the sake
of clarity, we list the main ones here so as to give the reader an index to refer to.
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— X,C,Z: X and C are the processes we consider (see (4.1.1) and (4.1.2))
and we often refer to Z = (X, C),

— jig = Law(Z;) :  the density of the non linear limit (see (4.1.2)),

— a, B, 7, 0x,0c : parameters of the problem (see (4.1.1)),

— Kx,Kc,Lx,Lc, Lx maz, LCmaz - Kx (resp. K¢) is an Lipschitz con-
tinuous interaction kernel, with Lipschitz constant Lx € [0, Lx maqz] (resp.
Lc € [0, Lcmaz)), as given in Assumption 4.1.1. In the case of uniform in
time propagation of chaos, the inequalities Lx and L¢ must satisfy are listed
in Assumption 4.2.8,

— W, :  the usual Wasserstein distance associated to the LP distance (see
(4.1.3)),
— a, a, C°: constants used to give an exponential initial moment to the

problem (see the assumptions of Theorem 4.1.4 and Section 4.2.3),

— \B,B,H,H,ax,ac,Bx,8c: H (resp. ﬁ) is a Lyapunov functions given
in (4.2.2) (resp. (4.2.9)). Its main property involves parameters A\ and B
(resp. A and B), as can for instance be seen in (4.2.4) (resp. (4.2.14)).
ax, a0, Bx and Bo are intermediate constants given in Lemma 4.2.3,

— c¢: a contraction rate (see Assumption 4.2.8),

— . f,9,06,®,G,p,6,R, e,C{f),Céf) : f (see (4.2.22)) is a concave function,
the definition of which involves g, ¢, ® (see Assumption 4.2.8 for these last
three). Function G (see (4.2.27)) is then used to define p (see (4.2.26)), the
semimetrics we consider in the end. All those notations thus refer to the
modified distance we consider. These functions will be applied to r a modifi-
cation of the usual L' distance (see equation (4.2.25)). Then, parameters J,
R, e, Cff ), and Céf ) are used to define such functions (see Assumption 4.2.8
for some explicit values),

— R, $min :  intermediate constants (see Assumption 4.2.8),

— Co :  uniform in time bound on the second moment of the processes (see
Lemma 4.2.5),

— Cq, Co, C, : constants used to quantify the control our modify distance
has over the usual L' and L? distance (see Lemma 4.2.10 for the control and
Assumption 4.2.8 for explicit values),

— Ope, Osc, € - ¢re and ¢y are two Lipschitz continuous functions used to
define the coupling method, and their definitions involve a parameter £ which
converges to 0 in the end (see the beginning of Section 4.3).

4.2.1 Notations

For h : R2N — R, for all (2)1<i<n = (74, ¢i)1<i<y € RV, the generator of
(4.1.1) is £V : C3(R2N R) — CO(R?N |R), given by

N

LYh(z1,..,2N) = Z LoV,
i=1
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where for each i < N, £V : C2(R*NV R) — CO(R?VN R) is defined as

N
. 1
Ez,Nh(zl,..,zN): :ci—xlg—ci—a—l—NZ;KX(zi—zj) O, h
J:

N
1
+ | va; — ¢ — B+ N Z;KC(% —zj) | Og,h
j:
2 2

For h: R? — R, for all z € R?, the generator of (4.1.2) for a given distribution y is
denoted by £,, : C3(R*¥,R) — CO(R*V,R) :

Lh(z,c) = (xf:c3 —c—a+ Kx xp(2)) 0ph+ (yo —c— B+ Ko * u(2)) Och
o2 o2
+ ?xagmh - f@fch.
Remark 4.2.1. Tn particular, we notice that for fixed (2;)1<i<n € (RHY, if we
consider the empirical measure femp = % Zj dz;, we have for all h : R? — R and
zZ € R?,
N

1
pemph() = |7 —7° —c—a+ NZKX(E—ZJ-) duh
j=1

L

2
Oy

N
1 o?
T — Ay . Zz 52 ZcH2 .
+ |yz—c B+N§ Kc(Z — zj) 3h—|—28mh+2acch

J=1

In this case, if we consider Z = z; for a specific i and we denote h’ : (z1,.., 25) —
h(z;), then

L h(zz) = Ei’NiLi(Zl, RN ZN). (4.2.1)

Hemp

4.2.2 First Lyapunov function

We define a first Lyapunov function H. It won’t be sufficient to control the dy-
namic in order to have uniform in time propagation of chaos, but it gives us a control
on second moment of (Z""); and Z, with Propositions 4.1.5 and 4.1.6. Then, we
will define in Subsection 4.2.3 a modified Lyapunov function.

Let H : R? — R be defined by
1 1
H(z) = H(:L',C) = §7$2+ﬁ$+ 502 + ac + Hy, (4.2.2)
with

2
H():i_‘_a?v
0
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where 7, § and « are the parameters of the system (4.1.1). H(z) can also be written

H(Z)—;<:r+§>2+;(c+a)2+

Ho
5
Lemma 4.2.2. We have
(i) Forall z,c € R, we have H(z,c) > %xQ—i—% > 0and H(z,c) < yz’+c*+3 Hy,
(ii) For all z,c € R, we have H(x,c) > m ((yz + B)* + (c+ a)?),
(iii) For all § > 0 there is C, g > 0 such that for all z, 2, ¢, ¢ € R, we have

(Jo — 2’| + 8le — ¢|)? < Crop(H(z,¢) + H(z', &),

(iv) A direct consequence of the previous point is that for all B € R, A > 0 and
d > 0, there is R > 0 such that, for z,2', ¢, ¢ € R satisfying |z — 2'| + d|c —

d| > R, we have H(z) + H(z') > 58 An explicit value of R is given by
R — . /1024(1+5°)B

15 A min(y,1)
The first two points are consequences of direct calculations. The last two points

are proved in Appendix 4.A.1.

Lemma 4.2.3 (Lyapunov’s property of H). H, defined in (4.2.2), is a Lyapunov
function. In fact, let A € R such that

Lx 3 A

then there exists B > 0 such that for all (z,¢) € R?, for all probability distribution
won R?,

L,H(2) <B + (axLx + BxLc) (Bu(1X])? — 72)

+ (acLx + BeLe) (Eu(|C))* — &) — AH(2). (4.2.4)
Moreover, for all (2;)1<i<ny € R2N | by denoting H : (21, ...,2nx) — H(2),
2
, 1 X
ﬁZ’NH(Zl,...,ZN) §B—|—(OzxLx—|—ﬁch) szﬂ —x?
j=1
1 Y i
+(aclx +felo) | | Mool | = | = AH(z),
j=1
(4.2.5)
with 1 17 1 1 1
_ 7.t _ 2 _ - T4
OZX—2+2, BX 27 acC 167 BC 2+32

We refer to Appendix 4.A.2 for the proof of this lemma and of the following
Proposition.
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Proposition 4.2.4. A consequence of (4.2.4) is

%EH (Z)) < B—)EH (Z}). (4.2.6)

Likewise, there are two main consequences to (4.2.5) that we will use :

d(1& N 1 -~
= (N S EH (ZZ’ )) <B-A\y> EH (ZZ’ ) , (4.2.7)
i=1 =1
and
1 & : 1 & :
N (NZH<ZZ’N>> <B-\ (NZH(ZtZ’N)>, (4.2.8)
i=1 =1

We obtain Proposition 4.1.5 on the second moments of XZ’N and CZ’N thanks to
the Inequation (4.2.7). We obtain the corresponding Proposition 4.1.6 for X and C
with Inequation (4.2.6). The proof of these propositions is given in Appendix 4.A.2.
It also yields the following uniform in time bound on the second moments when
there exists A > 0 satisfying (4.2.3).

Lemma 4.2.5. Provided the interaction kernels satisfy

Lx 3
— 4+ Lc(2+ 1
3 + c( —|-32>< )

if E(|Xo|?) < +o0 and E(|Cy|?) < +o00, then there exists Cp such that for all ¢ > 0:
E (1X;1* +ICiI) < Co.

From now on, we consider A > 0 satisfying (4.2.3) (and use the a priori bounds
Lx maz and L maq to ensure the existence of such a A).

4.2.3 Modification of the function

Let CO > 0, a > 0 and consider an initial measure p9 on R? which satisfies
E (ed(lXIHCI)) < (0.

For technical reasons, we need a greater restoring force by the Lyapunov function
than the one given in Lemma 4.2.3. We will need better control of the noise and
interaction, in order to have uniform in time propagation of chaos. We thus modify
it in order to obtain estimates such as (4.2.14) and (4.2.20) below.

Let a > 0, such that a < a/ (2\/§max (\ﬁ, 1)) This choice of a is only neces-
sary for further Propositions and Lemmas, in Section 4.3.

Let us consider for all z € R?,

H(z) = /OH(Z) exp (av/u) du = % exp (a\/H(z)) (a\/H(z) — 1) + %. (4.2.9)

Direct calculations yield the following technical lemma.
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Lemma 4.2.6. We have, for all z € R?

() exp (VA 2 () 2 o0 (av/HG)) - 5 (e () 1

2 VG exp (aV/HE)) 2 () 2 /A exp (ay/H)) — 5 (e~ 2).
(4.2.11)
() >H(z) (4.2.12)

We may calculate, using Lemma 4.2.2 and Equation (4.2.4)

Eu(ﬁ>—exp<af>£H+2\/>
_exp<a\/>>£ H+4\/ﬁexp(a\/»> <0§(7x+6)2+03(0+0¢)2)

<exp (a\/ﬁ) [B + (axLx + BxLc) Eu(’X‘)Q
=+ (OchX + ﬁCLC) Elt(’0|)2 - )‘H]

exp (a\/>) (\axaxH\Q + \UCE?CH\Q)

1
+ 5 max (ai, ag) max (7, 1) aV H exp (a\/ﬁ)
< oxp (a\/>> (1 max (02,02) max (7, 1))2 a®
27
2 A
+(OzxLx+6xL(j)E#(|X’) + (acLx + BcLc) E (‘C’) —fH
(4.2.13)
where for this last inequality we used Young’s inequality
1 2 52 1 2 2
* mas (02,02) max (7, 1) oVE < H (1 max (o2 062))\max (7,1))"a

Notice that (4.2.13) ensures that this new Lyapunov function also tends to bring
back particle which ventured at infinity, and at an even greater rate. This new
rate H exp(v H) however comes at a cost : the initial condition must have a finite

exponential moment, and no longer just have a finite second moment. First, by
(4.2.6) and (4.2.12),

_ 4 _ 4 (B = 4 (B L 4 (B
E(X;)* < -EH(Z) < - (~+EH(Z) )< -~ +EH (Zy) | < -~ +C°).
o< ten (z) <2 (Femn @) <2 (S @) <2 (5 +0)
Likewise, we have E(C})? < 4 (% + CY) . Furthermore, the function

h — exp <a\/ﬁ> (B — %h) is bounded from above for h > 0. We therefore obtain
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from (4.2.13) the existence of B such that

L (H (7)) <B - 2 <H (Z) exp <a H (Zg’))) (4.2.14)
SR (7)) <B - <H (Z}) exp (a H (Z;’))) (4.2.15)
and %EFI (Z}) <B - %EFI (Z)), (4.2.16)

where for this last inequality, we used (4.2.10). While (4.2.14) and (4.2.15) will be
useful in ensuring a sufficient restoring force, Equation (4.2.16) give us a uniform in
time bound on EH (Z ) provided we have an initial bound.
Now, for the system of particles, we have, using (4.2.13), Vi, Va;,v; € RY,
. . 1 ’
LY (25) Sexp (ay/H () | B+ (axLx + BxLe) | D la]
j=1
2

N
1 A
+(aclx +Bele) | dolel| - o H (z)
=1

Summing over ¢ € {1,.., N}, we may calculate

(axLx + BxLc) f: (M) EN: P @W) B % Z H (Zi)@Xp](Va H(Zz))

N
j=1 =1 i=1
_A NH () exp (a/H (27)) o= H (2i) exp (a H(Zi))
6(2]231 N N Z} N )
<0. (4.2.17)

Here, we used Lemma 4.2.2, the fact that Vz,y > 0 zeV? 4+ yeV® — zeV® — yeV¥ =
(eV® — ev¥)(y — ) < 0 and assumed

A
(axLx + BxLc) < EZ

Likewise,

ex (ay/FT )

M=
=

N N T\ 2
(acLx + BoLe) (W)
=1

.

A W H (z) exp (a H(Zi))

16 ¢ N
=1

<0, (4.2.18)
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provided

A
L L) < —.
(acLx + BcLe) < o1

There is therefore a constant, which for the sake of clarity we will also denote B (as
we may take the maximum of the previous constants), such that we get

o SN XN 4
LNH(ZPN) <B + (axLx + Bx Lo) (HNt) oXP (a " (ZZ’N>>

N iV 2 .
+ (acLx + BcLc) (W) exp (CL H (ZZN)>

— %H (ZZ’N) exp (a H (ZZ’N)> (4.2.19)

£ <1§:ﬁ(ZZ’N)> <2 <1§:H(Z§’N)e><p (a H (ZZ’N)>> (4.2.20)
N - 1\ V&

N1 N iN = A[1 Al i,N
L NZH(Z;) <B-7 NZH(Z,;) (4.2.21)

Once again, (4.2.19) and (4.2.20) will be useful in ensuring a sufficient restoring
force, and (4.2.21) will yield a uniform in time bound on the expectation of H(ZZ’N),
described in the proof of Lemma 4.3.2 in the Appendix 4.A.5.

4.2.4 Parameters

We start by fixing the values of some parameters. The somewhat intricate ex-
pressions in this section are dictated by the computations arising in the proofs later
on. They are somewhat roughly chosen and far from optimal as we only wish to
convey the fact that every constant is explicit.

Recall ax, Bx, ac and B¢ given in Lemma 4.2.3. a > 0 is fixed from the last
Subsection and the definition of H and B are obtained from the same Subsection.
Let A > 0 be a fixed parameter satisfying

LX max 3 A
ZXmaz g 29+ 2 ) <1-2.
g T HOme |2t 5o ) <17

Remark 4.2.7. In fact, to have the existence of such a A, we have to assume that

LX,max
8

3
L 24+ — | <1.
+ C,max ( + 32>

For example, we can consider Lx ;mar = 4 and Lo maez = %

We consider the following parameters
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Assumption 4.2.8. Given any 1 > 15 and 6 > 0, consider the following set of
parameters

14 Ly maz 1024B
p— 1 7’ p— —————————————————— p— 1 2
=0 ) e’ T\ BAmin(y, 1) © - VIO
1 2
Cif) =16~ [a? (1 +a (ﬁ + %) 2 max (7, 1)) (exp <a2> - 1)
1
VB (7, 1) (Vi+5 ) (- 2)]

e =4y [1+ (a (B+%) +2a <W+(15>> 2max (7, 1)] !

(2B Axn-15 1 | o (1 = Leymar)
c=min{ —, — , —— min , - X
n’'32 n 'l+n 2VTR" 2(140)

exp (—4; (1 + 67 + Lxmaz + 6 LCmaz + (c{f) + Céf)) ai) R2> } :

T

_ne

2B

2
4oz

1 2 . [16e(1+6%)
G "~ min (6, 1) Gmin min < min (y,1) ’ 1> ’

1 2 . [16e(1+6?)
C2 _min (527 1) ¢mzn i < min (’77 1) ’1> ’

= 2 min (1,4max <\/T, 1)> .
(z)min € Y

We define f as follows

1
Bomin, = €XD <—(1 + 69 + Lx.maz + 6L maz + (€ + Céf))aﬁ)RQ) :

C.

rAR
f(r) = / &()g(s)ds, (4.2.22)

0

1 ) | O 2\ .2

o(r) =exp (—402 (1 +0y+Lx +0Lc + (eCl +C ) O’x> r ) ,
o(s) = | du)du

0

+2eB [T _

o) =1 = 2 [ a(s)os) s

Assume furthermore that Lx and L, the Lipschitz constants, satisfy

—_— 7)@ _© and Lo < min A Aa ‘
128C, " 512¢C,’ 2C; ¢ = 1286C, " 512e6C, " 26C1 )
(4.2.23)

Lx §min<
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Since by Assumption 4.1.1, Lx < Lx mar and Lo < L maz, we know

Lx 3 A
X iLe(2+=2)<1-2
g * C<+32>< 2

By (4.2.23) and by considering greater C, for instance, and using Ly < ﬁ

A
and LC < 1286C, we have

YA A
L Lo < — L Lo < —.
axLx + Bx C = 103 and acLx + B¢ ¢ < o8
Obviously, these constants can be optimized.
We can define Cx, g of the Theorem 4.1.4 by:
1 A Aa c
C L——min | —, ———, — | - 4.2.24
KxKe = hax(s, 1) 0 (128(33’ 512¢C,’ 2cl> (42.24)

Thus, if (4.2.24) is satisfied, then (4.2.23) is satisfied.

Notice how the bounds on Lx and Lo depend on c. This is one of the reasons
why we use the a priori bounds Lx € [0, Lx maz] and Lo € [0, Lo maz] given in
Assumption 4.1.1 : they allow us to bound ¢ and ¢ independently of Lo and Lx.
We are thus able to begin by choosing an acceptable values for those parameters,
before then giving upper bounds on Lx and L¢.

We quickly mention that the constants C1, Co and C, above come from Lemma 4.2.10
later. We gather some properties required in the calculations of the proof of Theo-
rem 4.1.4 in the following lemma. Again, these properties are the ones motivating
the choice of parameters

Lemma 4.2.9. The set of parameters given in Assumption 4.2.8 satisfy
— fisC%on (0, R) such that f/ (0) = 1and f” (R) > 0, and constant on [R, c0).
Moreover, we assume f is non-negative, non-decreasing and concave, and for
all s > 0,

min (s, R) f* (R) < f(s) <min (s, f (R)) < min (s, R).

— Forall r € [OvR]7 ¢(’I”) > Pmin and 9(7‘) > %
— We have the conditions

1
2f'(R) > exp <—W (1 +0y+Lx +0Lc + (ec§f) + Céf)) ai) R2> ,
1+ LX> . fl(r)r
TE}

min

20+4e§§<1LC

5 o.R f(r)’
A 64eB 14+
C—ﬁ 156);113’ 1+LX<5 and € <1.
€ —

The proof of this lemma is done in Appendix 4.A.3.
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4.2.5 Control of the usual distances

The usual metrics, the L' distance and L? distance, are neither concave nor
bounded. In consequence, we work with a semimetric f(r(z, z’)) between two par-
ticles z € R? and 2’ € R?, where f has already been defined and r is defined as
followed: let § >+ > 1,

r(z,2) =r(z,c,2’', ) = |z — 2’| + e — | (4.2.25)

Let’s notice that this semimetric is bounded and concave.

Then, in order to control the behavior of the particles, we use the structure
of our systems, and consider the Lyapunov function of our particles. Thanks to
this function, we will control the part of second order in the system. To study the
distance between two particles systems, we work with p((zj, 2%)1<j<n) defined as
followed:

2| =
[]=
~
—
=
—~
I
R
I\
SN
SN—
SN—
Q
3
—~
—
N
k}t\z\
S—
<
SN—"

p (25, 7 h1<j<n) = (4.2.26)

where for each ¢ € {1,..., N},
; ~ ~ € o - € e -
G ((2,7));) =1+ €H (z) + eH (z}) + ZH (z5) + ZH (). (4.2.27)

An immediate corollary of the definition and properties of H is that p is a
quantity on R*" which controls the usual L' and L2 distances. In particular, (i)
and (iii) will be used to control W;.

Lemma 4.2.10. The constants C1,Cs,C, > 0, given in Assumption 4.2.8, are such
that for all z = (z,¢) € R? and 2/ = (2/,¢) € R?

() llz = 2/l S Cf (7 (2,2)) (14 el (2) + (=)

(i) I1z = 2/ < Cof (r (,2) (1 + efl(2) + el ()

(i) |2 = 1 < C.f(r(z2) (1+ e/H() + e /H(Z))

The proof of this lemma is postponed to Appendix 4.A 4.

4.3 Proof of Theorem 4.1.4 in the case ox > 0

Let £ > 0 be a parameter destined to vanish, and let g : RT — R* and
¢rc : RT — R be two Lipschitz continuous functions such that

vz, 0k (r)+ o (r) =1
ore(x) =1ifE <z <R

(prc(l') :Oifl’ggormzR_Fé
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Intuitively, oy represents the region of space in which we consider a reflection cou-
pling (rc), and ¢g the one in which we consider a synchronous coupling (sc). In
fact, we will define

aBPY =g (10 = K1) By + o (130 - X)) aBy7o
dBi»X =(sc <|XZ7N _ th‘) dBZ',sc,X — re (|XZ,N _ X,ﬂ) dB:"TC’X,

In particular, we get d(Bi™ — B"Y) = 2 <|XZ’N — )_(Z|> dBI" which will be
null if = ¢ {f R+ 5} The coupling is then symmetric. On [¢, R], the coupling is

antithetic, with d(B~ — B = 2d B
We thus 81multaneously construct the followmg solutions

dxpN = (xpN = (xPNP - opN —aydt + & S Kx(Zi - Z))dt
e (107 = Xil) dBPX + oppre (1X0Y = Xi) dBy7
dopN = (XN — PN + Bydt + & SN Ko(Zi — Z])dt + oedBy©
and
dXi= (Xi— (X —Ci—a)dt + Kx » i (Z))dt
o (107 = Xil) dBP*X — oupre (1X0Y = Xi) dByre
dCi = (vXi—Ci+ B)dt + K¢ * jig(Zi)dt + 5d B
Notice that we consider a symmetric coupling on the dynamics of C.

In fact, note that the reflection is coordinate by coordinate, and isn’t a global
coupling as in [57].

4.3.1 Main proof and results

Proposition 4.3.1. We denote ri = r(Z"N, Zi) and Gi = Gi((Zg’N)j, (Z1);), where
G' is defined in (4.2.27). For all ¢ € R, for each i € {1,..., N}, we have

d(e? f(r))GY) < e Kidt 4+ dM;, (4.3.1)
where M/ is a continuous local martingale and K} can be written as
Ki=Kj+ 1"+ 17"+ 1. (4.3.2)
We define K7, 1", 7", I and I} as followed:

~Gi[2es ) + £707) (2020 (130 - 1))

+ 78 (U498 + L + 0L0) XN = | = |(X]N)* — ( :‘>3|

/-\
|
|
&+ .
N—
[\
<
o+,
N—
[

+(1+ Lx +6Lc — 8)|CiN - Ci| + (eC C(f>) 0201

A A P P
i D, ] 7Z .] 7 ]»N
+ef(r) 4B—EH(Z)—*6H WZ Z}) WZH(Zt )|
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N
i i i 1 i ) — i
[tL :th/(rt) N E Kx(Z; — Zg) — Kx * [it(Zy)
j=1

N
) . 1 . _.
+ 3G () | | D_KelZi = Z]) - Ke=m(Z))| | (4.3.4)
j=1

N N
2. . . Lx N . . . Lc N .
;=G [ 53 02N = 2l ) | e | S8 (12 - Al
j=1 J=1

-G - ef01) | (ZD exp (a/H (2D

N
+ % (ZZ’N)exp <a H(ZZ’N)> + 16% ;H(Zg) exp <a H(Zg))
N
+16—NZH(Z§’ ) exp <a H(Z{’N)> : (4.3.5)
Jj=1

and

N

N ciN :
+ (acLx + BcLc) <ZJIJ\|,t|> exp (a H(ZZ’N))

, 4 NPV :
I =ef(r}) | (axLx + BxLc) (Z"'> exp ( H<ZZ’N>>

- (7 e (0/1(ZY)

N

o S e (/M) | (436)

J=1

We need a control on E(G?), which is a consequence of Lyapunov’s properties
on H and the initial assumption of the Theorem 4.1.4. A proof is given in Ap-
pendix 4.3.7.

Lemma 4.3.2. There exists Cg,1 and Cg 2, such that for each ¢ < N, for all ¢ > 0,
we have

E(G;) S CG,la
E[(G))?] < Cape.
Each of the terms given in Proposition 4.3.1 will be controlled by different ways.

The following Lemmas summarizes it. The first term, K}, contains the various be-
haviors we have previously identified : we deal with it either through a synchronous
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coupling (when the deterministic drift is contracting), or through a reflection cou-
pling (notice the second derivative f” which will provide contraction provided f is
sufficiently concave). Finally, notice the effect of Lyapunov function H which yields
a restoring force.

Lemma 4.3.3. For each i < N, for all ¢t > 0,

EG:. (4.3.7)

y 1+ L
EK§§§<2+67+LX+6LC—LC—+X>

The interaction term %KX(Zg’N - ZZ’N) — Kx * jit(Z}) can be decomposed into
(LEx(Z] - Z))— Kx+u(Zi)} and £ [KX(ZgVN ~ 2PNy~ Kx(Z) — Z1)]. The
first part is in It1 " is dealt with using some form of law of large number in a similar
way as what has been done in the proof of Theorem 4.1.3.

Lemma 4.3.4. For each i« < N, for all ¢t > 0,

; 3
E(I,") < \/;Cé@\/QCO(LX + Le), (4.3.8)

where Cg 2 is defined in Lemma 4.3.2 and Cj is defined in Lemma 4.2.5.

It2 " contains the leftovers of this decomposition and of some of the additional
terms of the Lyapunov function. It will be compensated in expectation.

Lemma 4.3.5. For all t > 0,
1 o,
¥ d <o (4.3.9)
i=1

Finally, If’ " deals with the non linearity appearing in the dynamics of the Lya-
punov function, and will be non positive for values of Lx and L¢ sufficiently small.
It is also here we justify adding the last two terms in (4.2.27).

Lemma 4.3.6. For each i < N, for all t > 0,
I <o. (4.3.10)

Proof of Theorem 4.1.4. With these four Lemmas, we can calculate
LI L A LA RRCLAD RRCLIS
¥ > EK] =5 ZEK; + 5 ZEI}” + % ZEI}’ + % > R
i=1 j j j i=1

N
1+ L A
72 <2+57+Lx+5Lc LC—”>EG;
=1

N
1 N
+ 5 Z ,/701/2\/200(@( + Le)

1+ L
§§<2+57+LX+6LC—LC— + X) ZEGZ

+ \/Nicl/Q\/QCO(LX + Le)
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Since by Lemma 4.3.2, we have

1L
~ 2_EGi <Cay,
=1
we obtain

N

1 .

~ D2 EK] <€A+ (Lx + Lc)
=1

=

where A and B are constants.

For all initial couplings such that Ep ((Zg, ZS)1§j§N> < 00, by taking the ex-
pectation of (4.3.1) along a sequence of increasing stopping times, we have thanks
to Fatou’s lemma

¢'E (p <(ZZ} Zﬁ)lgjgN)) <E (p ((ZSQ Zé)lngN)) +¢4 /Ot e“ds

B t
+ (LX + LC)\/N/ ecst
0

<E (p ((Zg, Zg)léjSN)> +£A

B et -1

et — 1

C

We obtain

E (P ((Zg, Zg)lSjSN» <E <P ((Zé, Zé)lgjgzv)) e+ % (1—e)
n (Lx +CL0)B \/IN (1 B e—ct) .

By using the exchangeability of the particles, we have

o 1 X o 1E o
E(p((2] Znsien)) =E (N > f(r%)Gi> =E (k > f(ri)Gi>
=1

i=1
for all K € N. Then

E (Zk: f(?"i)@) = kE (P ((Zf, th)ISjSN>) :

i=1

Let 1o a measure on R?, uf’N the marginal distribution at time ¢ of the first £ neurons
(X1, CL), ..., (XF,CF)) of an N particles system (4.1.1) with initial distribution
(10)®"N, and fi; is a solution of (4.1.2) with initial distribution po. This implies
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E ( ((ZO, Z0 1<]<N> 0. By Lemma 4.2.10, we obtain for Wasserstein 1 distance

k,N _
Wi (1 n“t ) =inf {E HZ(k) H Py = ,Ut IP)Z(M = N?k}

) -
{El

mf{ Z 1z = Zi) |
1

kN ok
(Zl Ny T = My aP(Zg), = M? }

<inf {GE Zf )G, (ZLN) = :Ut IED(ZZ) =iy }
=1
<inf kCﬂE (p( 1<3<N)> ’P(ZZ’N)i = ,ut’ ’P(Zf)i - ﬂ?k}

. Lx + Lc)B 1
<kCjy inf ( (Z,Z ))—i—( )
1 { P\ (£y 1<j<N p N
. — _ — ®k
P(ZZ’N)i = M ’P(Zi)i = M }
L Lo)BCy k
(1 - G_Ct) + (Lx + Le) BG (1 — e_Ct)
c VN
By taking the limit as £ — 0 uniformly in time, we obtain the desired result. The

same lemma and the same type of calculations yield the result for Wasserstein 2

k Lx + L¢c)B
W(MfN?u?k) S\/NCQ( = c ) :

EAKC:
C

4.3.2 Proof of the decomposition
Proof of Proposition 4.5.1. First, we need to calculate d(e f(r})G?%), where we recall
=X = X elert - Gl
and
N N
Gi=1+€eH(Z)+eH(Z + HZ™MY+ =N H(Z)).
le j=1

We have already calculated d(X, XN X}) and d\XZ N _ X!| in the case of symmetric
coupling in Subsection 4.1.4 in (4.1.7). Here, we need to use Ito’s formula and
dominated convergence theorem (see Lemma 3.1 of [40]) to consider the Brownian
term. We obtain

axPN = Xi| =AFdt + 2sign(X)" — X)owpre (150N - X|) aBi",
with

AF <X - Xi| - (<XZ’N>3 - (XD?| +|ei - ¢

ZKX (Zi - — Kx * u(Z))| -
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Likewise, as it has already been calculated in (4.1.8) in Subsection 4.1.4,
djciN — ¢l = ACdt, (4.3.11)

with

Af <~y ‘XZ’N ~ X}

N
i ~i 1 i j — i
— PN - il + NZKC(Zt —Z]) — Kc * in(Zy)| -
j=1
Now we have
drf = (A +8AF) dt + 2sign(X] — Xowore (1X7 - Xi1) B
and we deduce with the Ito’s formula
i N i i i) )2
Af(r) = f(ri)dri + 55" (r1) (200rc (1X0Y = Xi1) ).
Finally, for ¢ > 0,
d(e f(ry)) = ce f(r{)dt + e*'df (r}).
Then, by Ito’s formula,

1 . - -
~dG} = (cﬁtH(zg) + ENH(ZZ’N)> dt

We finally get
ct AYal) i ct ) ct i i 1 2 i, N ) 2
A F(r)GY) =Gi(e® £(r})) + e f ()G} +2¢ ( 1+ - ) oo (1X0Y = X1
xsign(X; " = X7) (0, H(Z)N) = 0.0(Z])) e f (v}t

Now, we need to use the following Lemma, proven in Appendix 4.A.5, to have a
more tractable expression:
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Lemma 4.3.7. We have the majoration

1 , N2 . _ - N
2 <1 + N)agcpm (\XZ’N - Xg\) sign(XPN — Xi) <8IH(ZZ’N) - ELJI(ZZ))

< (et + &) o2ne (10 - K1) riG

Eventually, by denoting the terms in dBI"~, dB*X, dBZ’C, ... as the local
martingale dM;}, we obtain

d(e” f(r})Gy) <Giee® f(ry)dt + e Gyf (r}) (AX + 6AT) dt
C il 7 1,N ) 2
te thgfﬂ(""t) (2Uz<ﬁrc (‘Xt - Xt‘)) dt
e f(r}) (La (ZE) + LY E(ZPY)) dt

N
et i) S (a2 + LY E(ZPY)) dr
j=1

. N2 ,
+ (ed” + Céf)> aigprc (|XZ’N — X§|) riG%eth/(ré)dt
+ dM;.

We use (4.2.14) to bound L, H(Z}) and (4.2.19) to bound EN]SI(Zf’N). The inter-
action terms in AX and A are decomposed and we define It1 " as follows

The second part of the decomposition is grouped in It2 " with compensating terms,
and in particular Lyapunov functions, which appears with the use of (4.2.14) and
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(4.2.19), to control the sum:

N

N o N
YoIxIN =X (et -
=1

Lx
N

I =Gif'(r})
+0GLf'(r}) Z\XJ’ — X} +|0PN =)
. . A —
—ef ()G — e >[16H<Zt>exp( 1))
A : P . —
s HZ e (a H<Z§’N>)+16N;H< Dew (oy/n2)

N

16)\NZ;H (z7 )exp< \/H(Z{’N)> .

We gather the expectations terms, obtained with (4.2.19), in If”i, and we keep a
fraction of Lyapunov function to control it:

LY =ef(r}) | (axLx + BxLc) ( o X1 ) m)

1z exp (o/(2))

+ (acLx + BcLc) ( i1 1

ol @ ep (/2 ) -

16 16

z‘y
M= =

Finally, we define K’f with the leftovers. It will, in particular, give the constraints
on f which explain its choice.

—Gi [ch(ri) +f"(r}) (203‘% (’X?N - )‘(;'y)2)

+ (198 + L + 6L XN = K| = [(XN)? = ( m

/-\
|
i
~+ .
~—
[\
<
s
N—
[E—"

+(1+ Ly + Lo = 0)|CPN = Gl + (et + i) o2
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4.3.3 Controls of I, I?" and I}’

Proof of Lemma 4.3.6. Since we assume

A

4 A
5 (axLx + BxLc) < D) and 4 (acLx + fcLc) < 3

\V)

and since
H(ZIN) exp (a H(ZZ’N)> < H(Z"™)exp <a H(ZZ’N)> + H(ZYexp <a H(Zg?N)>

we obtain

N PN\ 2
(axLx + BxLc) (ZleXt |> exp <a H(Z;N)>

N oaN 2 ,
+ (acLx + BcLe) (W) exp <a H (ZZ’N))

A

N
i\ N i,N N N
BT NH(Z, )exp(a H(Z, ))—I—ElH(ZtJ )exp(a H(Z] )) <0.

j:

Then, for each i < N, and for all ¢ > 0, I}” < 0. O

Proof of Lemma 4.3.5. We prove the non-positivity of + Zl 1 t ‘. where we recall
foreach 1 <i < N, forallt>0

7 i 7 LX
I =Gy f (r}) Z X7 - X] |+ |oPN - &)
7=1
N

o) [ =< Z XN - X+ 108 - 6|
i i i | A >i 73
—cf(rp) Gy —ef(rt) [16H(Zt)exp (a H( t))

+ %H(Z}N) exp (a H(ZZ’N)> - 1(?]\7;::11{( 7] ) exp (a H( ;f))

N
A PN N
+16N;H(Z§’ ) exp <a H(Z} ))
First, note
N N ¢ N N
i 7 i i,N i 7k % k,N
E;Gt _N+e§; (71(Z) + m(ZY)) + NZ}; (71 (2F) + mzt))
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Since f’ (r{) <1, we have

N
1 1 o : .
N Z (Nf/ (1) Giz 1z — Zgl)

i=1 j=1
1 N N N )
<xz | 12N - Zls (ZG1>
J=1 =
LS - e 23 1A -z (7 (7) + A

=1 3,j=1
and, using Lemma 4.2.10 (i)
N

N
1 N = C1
N E ||Zt27 - ZZHI < N E f(?“i)Gt
i=1 i=1

and with Lemma 4.2.10 (iii)

S 1% - 7y (i1 (2) + z))

i,j=1
<C. Zfrt <1+e\/ (ZZ’N)+6\/H(25)> (ﬁ <Z§>+f](zg’N))
i,7=1
<e. 3 s (i (2) + i)
i,j=1
e 3 g (Ve ) (i (7))
2,7=1

Using (4.2.10) from Lemma 4.2.6, we obtain for the first sum:

C. Zfrt ( (ZJ)+H(ZJN)>

7,]—

<C. Z frh) < exp( H( ‘g')) + H(ZYexp <a H(Zg’N)>).

3,0=1

With (4.2.11) from the same Lemma, we obtain for the second sum:

eCij:lfrt <\/7+\/ﬁ)< (21) + B(Z™Y))
<€Cfort <\/H 7 +\/H21> mexp< @)
ﬂ/Mexp(a H(Zg’N)>].

i,7=1
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Since for all (y1,y2,¥3,%4) € (RT)*, we have
(1 + y3) (yse™ + yae™*) < 2 (yfe™ + y3e™® + yFe™ + yie™)

we obtain for this last sum

X S g (V) + i)

7,0=1

i () () ()
+\/1Wexp (a H (Zg’N)>

_4eC Z £ ( (Z}) exp< H(Z§)> + H(ZY) exp <a H(Z?N)>>

2]1

46C

oh) (12 e (a/12)) + 112 00 (@ H(2Y)) )

zgl

_4eC; sz ) (H )exp< H(Zti)> +H(Z7Y) exp <a H(Z?N)))

. < ) exp( H<‘z>)+H<Z€’N>eXP<a H<Z?"N>>)'

i,7=1

Then, by reconsidering the first expression:

1N [ 1 N
o N o
N Nf,(ré) iZHZg —Z{|
— ~
N
Cl
<5 206G
=1

+ G Zf( @exw (/1D ) + HZ exp (012 ) )
N

NS 10 (#1z0) o0 (a/1(ZD) + 12 exp (w/m(Z)) )

e 4ecz i £r) ( 7 eXp( H( ‘g')) + H(Z]™Y) exp <a H(th’N)>>

1,7=1

This way, by Assumption 4.2.8 since

c A
L < — 20, Ly < — d L
XC1_2, C. XS oan X€— ok
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N
1 1 ) ) ) .
N2 (Nf’ () GiD_ 112" - Zzl)
. <

N

1 IS . .
<7 1 i
“N2Lyx E f(r)Gy

=1

n ]\;M)i){i;lf(ri) (H( 7] exp ( H( ‘g‘)) + H(ZPY) exp (a H(Zﬁ’N))>
+ ;MALX é frd) (H(Z;’) exp <a H( ‘;’)) + H(Z;N) exp (a H(ZZ’N)>>
" ;@élf(rb (#12) exw (o/ 12 ) + 12 e (/112 )

N N
+16LN SO H(Z])exp (a H(Zg)) + 16% SCH(ZPY ) exp <a H(Zf’%)} <.

Jj=1

Likewise, by Assumption 4.2.8, since

c A
L < = 20,0Lc < — L
) CC1_2, C,o c<4 and  J0Lce

we obtain the second "half"

N
NZéG’ ) (LC (Zzﬂvz%» - DG

7j=1
el A A
7 ~i i, N i, N
5w I A e (o HZD) + e (/177 )
N N
A /
—NZ Z] exp< H( Zj> 16NZ Z]N exp( ZJ’ )

Eventually, we have proved Zfil If’i <0. O

<0
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Proof of Lemma 4.3.4. Since f'(r) <1, we have by Cauchy-Schwarz

N
i gl 1 Zi_ 7] — (7
E | Gif'(rt) N ZKX(Zt — Z]) — Kx = u(Zy)
j=1
2\ 1/2

N
312\ 1/2 1 = i .
<E(GIA)"E | |5 D Kx(Zi - Z) - Kx « u(Z))
j=1

By Lemma 4.3.2, we have for each i < N, for all t > 0, E[(G})?] < Cq 2.

Moreover, we notice that (Zf)j are i.i.d with law fi;. Let’s denote Z; a generic
random variable of law fi; independent of Z}. The calculus of the right term of the
product has already be done in Subsection 4.1.4, and we have (4.1.9):

2

1 N 72' 7]' _ 71‘ SL%( = 2 8Lg( = 2
E N;wat ) - K e ()| | <SEE(IZIR) < S EIZID).
A similar calculus gives us
1 X . . . : 8LZ
B | S KelZi - 20) - Ko mlZ))| | < S E(1ZID)
j=1

By Lemma 4.2.5, E (| X¢2 + |C4[?) < Co. In particular,

E(1Z:03) = E ([1%] +1Cl]%) < 2B (1% + Cif2) < 2Co.

Thus
e [T L B <
E | Gif'(rp) N ZK)((ZZ — 7] — Kx x i (2)) < LXCé,/; 20, 1
j=1
and likewise
il RS 7i _ 7] o (7 1/2 8
E{Gifi(r) N ;KC(Zt — Z}) — K¢ * i(Zy) < LCCG,2 2Cy N 1

4.3.4 Contraction in various regions of space

The goal of this section is to prove the Lemma 4.3.3: for each ¢ < N, for all
t>0,

g 1+ L .
EK§§£<2+57+L)<+6LC—LC— +5 X)EG;.
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Recall
~Gi[2es ) + £700) (2020 (130 - 1))
+ 1) (1490 + L +6Le) XN = X — (X)) = (X))
+(1+ Ly +0Lo = 0)|C7Y = Gl + (et + i) o2 (160 - X?I)Qri)}
A N

N
S A - N
— N"H(Z) - =N H(Z
16N (%) 16N; (Z7)

J=1

7 A 7 )\ i, N
Fef(rd) (4B - NAZ) - ) -

which is a quantity that contains every term we have not yet dealt with. To prove
Lemma 4.3.3, we divide for each i € {1,..., N} the space into three regions

Regi1 = {(Zf, Z,f’N) s.t. ri < R and |)_(Z — XZ’N| > 5} ,
Reg)) — {(Z;, ZPVY st ri < Rand X — X0V < 5} ,
Regl = {(Zf, ZZ’N) st 7> R} ,

and consider

i _ i _ i _
N ZEKt B Z; (E (KfﬂRegi) +E (Kt]lReg;) +E (Kt]lReg’;)) '
This division in different regions isolates the region 1, where the coupling is reflex-
ive. Nevertheless, it doesn’t mean the coupling is antithetic on the two others. The
function f is constant on region 3, therefore terms in ¢y will be null. In region 2,
the choice of the function f will make this term non-positive.

In fact, we will prove that for each i < N, for all ¢t > 0

f(ti]l i <0,

) 72
Regi S 0 and Kt]].RegS

1+ 1L i
E(Kt]lReg;) §£<2+57+LX—|—5LC—LC—(5X>E(Gt).

4.3.4.1 Region 1: ¢ <|X"N — X{| and i < R.

In this region of space, since the coupling is reflexive and cprc(\XZ’N - X)) =
we have

Rilgeg, =Gi[261(ri) + 202" (r) + ') (e + ") o2}

+ ) +70 + Ly + L)X = Xil| = GiF rDI(XY)? = (X)°)
— Gif ()6 =1 = Lx = 6Le)|C)N = Ci| + ef (r})4B

P D N U _ A o
—ef(r}) EH(Zt)+ 6HZN +16—NZH (Z) + Tv H(Z]’N)

||M2
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and since H(z) > 0, |XZN - Xi| <7l 6> 1+LX (by Assumption 4.2.8(iii)) and
1 < Gi we have
f(g]lRegi <G [(20 +4eB) f(r}) + 202" (r})

/() (14 07+ Lx + 6Lo + (ecD +¢§) 02) ri].
Using the definition f given in (4.2.22) we get

202" (ri) + f'(r}) (1 +0y+Lx + Lo+ <EC§f) + Céf)) ai) 7
=203/ (r})g(ri) + 2036(r})g (r})
+0(ri)g(ri) (1+ 0y + Ly + Le + (e + ) o2) 7
=203¢(ri)g' (r})
— (2¢+ 4eB)®(ry).

Thus

(2c+463)f(7“i) n 20§f"(7”§) + f,(ﬁzt) (1 +0y+Lx+0Lc+ (ECE ) +C( )) )Tt

= (2c+ 4eB) f(r}) — (2¢ + 4¢B) D (r?)
(4.3.12)

<0.
Eventually, in this region of space

4.3.4.2 Region 2 : |XE’N — X}| < ¢ and ri < R.

In this region, we can write K} as

) . . _.\2 . ) .
Kilpeyt =Gi|2ef(r) + o (1X0Y = K1) 20267 () + (et + &) o2ri o)
+ 7/ (176 + Lx +6L0) XY = X
~(5—1-Lx =LY - Cl) | -

(
N N

S NS " A R o
et | 2 Az a(z 7§j + Nz
frt) | 16 (’*)+16 16N < 16N < (27)

rDIXPN)P = (X))3] + ef (r))4B
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Since ri = [ X} — Xi| + 6|CPN — Cif and | XN — Xi| < €, we have [CPY — CF| >

. 1+ L
(ri —&)/6. Since § > u, we obtain
1— Lo

Rilgeg: <Gi[26001) + g (1X0% = X11) " [20270) + (et + €f7) o2ty ()]

+ f'(r}) ((1 +76+ Lx +0Lc)§ — (6 —dLc —1 —LX)Tt;£>}
+ ef(r)4B
; N2 . . . .
<gre (IX0N = X11) "G 202" }) + (et + D) o2t ()]
1 +LX]

+ G f(r)¢ [1 +40+Lx+d0Lc+1— Lo —

+ G ((20 +4eB) f(r)) — rif(r)) (1 — Lo — ! +6LX>> )

By (4.3.12),

202f"(rf) + (ect? + ) o2rif (r)
—(2¢ + 4eB)®(rd) — f'(r)yrf (1 4+ 0y 4+ Lx + L¢) <0,

and by Lemma 4.2.9

- 14+ L !
2c+4eB < <1—LC— +5 X> nalin Frjr
r€]0

we obtain

iy . . 1+ L
Rilp o <GL/ () [1+75+Lx+5Lc+1LC i X].
2

J

Finally, since f'(r) <1,

i 1+ Lx ;

4.3.4.3 Region 3 : r! > R.
In this region of space f/ = f”” =0 and f is constant, and we therefore have
Ae 1 &
.y 4 N
Kilgegt =1(r) 2eG +4eB — = | H(ZH + H(ZMY) + ~ > H(

16 ~

j=1

1h - N
+NZH(Zt) .
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Since Gf = 1+€eH(Z})+eH(ZPN) + 5 S0l H(ZIN)+ & 3201, H(Z]) by definition
(4.2.27), we can write

N
i B Ae (7 (771 7 (76N 1 E (T(7J
Kt]lRegz —f(T't) 2c + 4€B <2C — 16> H(Zt) —+ H(Zt ) + N Pt H(Zt )

| N
" N
N Z H(Zy
Since ¢ < A\/32 from Assumption 4.2.8, we obtain

KfﬂReg; < f(rh) [20 +4eB — ¢ <1A6 - 2c> (H(Z}) + ISI(Z:’N))} :

We have chosen R such that, for z, 2/ satisfying r > R, we have H(z)+ H(2') > %2
by Lemma 4.2.2 (iv). Therefore

; - 64 B
Kt]lReg; <f(ry) (20 +4eB — €(\ — 26)15)\>

. 128 ¢B 4 -
=f(r}) (c (2 + 151\) - 156B>

Assumptions 4.2.8 and more specifically the inequality

AR e
2 64cB 1283
321 4 8B 94 138

yields the desired result: Kg]lRegi <0.

3

4.A Various technical lemmas

4.A.1 On Lemma 4.2.2

Lemma 4.A.1. For all z,2' € R denoting r(z,2') = |z — 2'| + dlc — €|

2
2 _ 16(1+6%)

r(z2)" < min (7, 1)

(H(z)+ H(z")) , (4.A.1)

1024(1 + 6%)B
so that, in particular, for any constant B > 0, if r(z,2') > R = #,

15 A min(~, 1)
then

4
NH(2) + AH(2) > %B.



4.A. Various technical lemmas 171

Proof. We have H(z) > Ja? + % > 1min (v,1) (22 + ¢?). Thus

r(z,2')? = (lz — 2| + lc — c’|)2
<2z — 2> + 26%|c - |2
<da? + 42?4+ 462 + 46%?
<4(1+6%)(a? + ) + 4(1 + 6%)(«” + &)
1+62%)

<16 (

min (7.1) (H(z) + H(z/))

4.A.2 Proof of Lyapunov’s property of H and its consequences
Lyapunov’s property

Proof of Lemma 4.2.3. First, we prove (4.2.4). It will yield (4.2.5) as we describe it
at the end. We notice

O0H=c+a and 0,H =~zx+ 0,
S0

L, H(2) =0,H(2)(x — %) + 0, H(2)Kx * u(2) — cO-H(2) + 0.H(2)Kc * u(z)

o2
o2y | 02
+2+2

(3 + B) (& — 2%) — cle+a) + (v + B)Kx * p(2) + (e + 0) Ko * p(2)
o2y , oo

2+?

First, we focus on interaction terms. We have

Kx ()] < [ [l = ) lutds)

= [ Lx(lelh + 12 )n(as).
RQ

+

Hence,

(v + B)Kx * p(z) <Lx(v|z| + B) (|| + lef + Eu(1X]) + Eu(|C1))
<Lx [Yla* +7lzlle] + v|2[Ep(|X ) + 12 EL(IC]) + Bla] + Ble]
+PAEL(1X]) + BEL(CD],

and using Young’s inequality ab < %a2 + %62 (a = 16 when we separate x term
and c term, and a = 1 otherwise on the various terms we get

2
C
(v + ) # u(2) <L (sle? + w1+ A T+ L <|Xr>2 +8y20af

EN(‘CD ‘1|2 2 |C‘2 /62 X

E.(|C])?
+83% 4+ L 2 )
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SO
|l

(ve+ B)Kx * u(z) <Lx <17ﬁ2 + ]a:\Q (1 + 3’y+ 16y ) 16

2

Likewise

3 1 17
(c+ )Ke + p(2) <Le (mﬂ + gl 1 (34 15 ) + B2

B, (1C1)? (1 5))

The idea is then to bound AH(z) + £, H(z), by distinguishing 3 types of terms:
we isolate terms in E,(|C|)? — ¢2, E,(]X|)? — 2%, and we group polynomials terms.
Then, we notice the polynomial is upper bounded by a constant A. Thus

2 2
AH(2) + L, H(z) — “gV - %

)\< v —l—ﬂ:c—i-;c +ozc+Ho> + (yx + B)(z — %) — c(c + a)

+ (vz + B)Kx * u(2) + (¢ + a) Ko * pu(2)
< (AHo +178°Lx + 17a*L¢) — ya* — Ba® + (1 4+ \) B

A 1 3 17 1 17
+ (<1+2)’7+LX <2+7+1672) +?L0+LX <;+2> +Lc> 2

Lx 3 1\ Lx 11 AN
(16+L0< 16)+ 16+Lc< +32> <1 2>>c (1—=XNac
LX LC LC 2 2
+<16 + 5+ 32> (Eu(IC))? = &)
1 17
(LX + §LX + 2LC> (Eu(|X|)2 - $2)

According Assumption 4.1.1 and Remark 4.2.7

Lx 3 A
X Lo 2+ 1-2
5 © C( 32>< 2’

the coefficient of ¢? is negative, and there exists A > 0 such that

—yxt—Ba® + (14 \)pz
A 17

1+ = — + "=y +16y°Lx+ —Lc+ -Lx+-Lx +—L
+<(—|—2)W+2+27+6v x+5lotglxtolx+ Lo

Lx 3Le Lo Lx Lo Lo AN
L SO s S A (e —(1— < A.
+<16+ 2 +16+16+2+32 1 5) )¢ (I-XNac< A
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Hence the result:

L,H(Z) <B+ (axLx + BxLc) (Eu(|1X))* — 2%) + (acLx + BcLe) (Eu(|C))? — &%)
— \H(2).

This inequation yields to (4.2.5) by applying the link between £ and
LNVR (21, ..., zn) described in (4.2.1).

Let’s have (z;)1<i<y € R?Y and denote H : (z1,...,2n) = H(z;). We define

1
Hemp = N Z 62]'-
J

Nemp

Then
Ei’NH(zl, C . 2ZN) = L#empH(zi)
SB + (aXLX + BXLC) ( Memp(’X’) ) (OéCLX + ﬁCLC) ( Memp(‘cy) )
— A\H(2).
Since
1 N
Ellemp(|X’) = N Z |x]’ and IE/ﬁemp ‘C| Z |C]‘
7j=1
we obtain (4.2.5). O

First consequences

Proof of Proposition 4.2.4. The first inequality (4.2.6) relies on Dykin’s formula: for
all t > 0,

EH (Z]) = EH(Z) + E [ /O t EMH(ZS)ds} |

Then, we can differentiate this expression. Since (w,t) — |£,H (X;, Ct)| is bounded
by an integrable function of w

%EH (Z}) =E [£.H(Z)]
<B+ (axLx + BxLc)E[(E.(1X])? — X7)]
+ (acLx + BoLe) E [(Eu(|C))? = CF)] — AE [H(Zy))
<B — AE [H(X;,Cy)| — (axLx + BxLc) Var(Xy)
— (acLx + BoLc) Var(Cy)
<B - \EH (Z}).

The second inequality (4.2.7) is obtained exactly the same way.
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The last inequality (4.2.8) simply relies on the sum of (4.2.5) for each i and the
fact that L3N (H (Z )) =0 for i # j:

1 Y N i, N
Ly (n ()
1N .
Ane ()
=1
<IZN: B+ (axLx + BxLc) <1ZN:|X’“’N|>2—(X"’N)2
>N xLx + bxLc N ¢ ¢
=1
+ (acLx + BcLe) <]b§:ycf”vy — (CPN)? —AH(Z;VN)
1 & AN
B-ag L (z").

2
The last inequality uses the fact that (% Zfil |yz|) - %Zfil(%)Q < 0 for all
(ihi<i<n € RY, -

Bounds on the second moments of processes We can now prove the uniform
in bounds on the second moments of X;"", C;", X} and Cj.

Proof of Proposition 4.1.5. Kx and K¢ are Lipschitz with constants Lx and L¢
respectively. We do not assume any bound on these constants.
We assume for each i < N, E(\XS’NP) < 400 and E(|CS’N|2) < 400.

The Inequation (4.2.7) gives us

d ZiN 1 al i,N
d(N;EH( ))gB—)\N;EH<Zt’)

for A € R which satisfies

o | >

Ly 3
2X 2 1—
g T C( 32><

For instance, let A = —2 (L?X + L¢ (2+ 33—2)> < 0. Then, using the Gronwall’s

lemma, we obtain

N N
— EH(ZZ’ )_7< - IEJH(ZZ’ )_7 .
N; t P (NZ 0 A
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Since Lemma 4.2.2 (i), i.e. EH (Zl N) > JIE (|XZ’N\2> +3E (|C’2’N]2) and
EH (75") < B (IX5N12) +E (G52 + §Ho , we obtain

N
0 z:Nz) 1
4NZE<‘X15 | +4N

=1

™=

B (Y

e (4%)-5)+ 4

o (15 ) 8 (1) + 3] e

—)\t

f)\t

<&
- N

)\7

EMZ/—\Z‘ ||

since 5/A < 0 with this choice of A.
Then, there exists C; < oo, such that for each ¢ < N

[

Proof of Proposition 4.1.6. Kx and K¢ are Lipschitz with constants Lx and L¢
respectively. We do not assume any bound on these constants.
We assume E(|X{[?) < +oo and E(|C}|?) < +o0.

The proof is really similar to the last proof. The Inequation (4.2.6) gives us

d Z .
ZEH (Z}) <B —)EH (Z]).

for A € R which satisfies

Lx 3 A
X Le(2+2)<1-2.
g T C( 32>< 2

For instance, let A = —2 (L% + L¢ (2+ 33—2)) < 0. Then, using the Gronwall’s

lemma, we obtain

Thus, since /X < 0 with this choice of A\, we get

_ 1 _ B iy L 3 B
TE(XIF) + E (CIF) <e™ [vE(K5P) + B (CIP) + 3 Ho - 5 |
Finally

E (IX;* + |Cf[?) <Cpe?!
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with

_ 4 o2 L
1= ey RO +E(CP) + 30— T

In fact, when Lx and Lo are wisely bounded, the bound of the second moment
can be uniform in time. It’s the interest of the Lemma 4.2.5, which is proved below.

Proof of Lemma 4.2.5. We assume E(|X{|?) < 400 and E(|C}|?) < +oo.
Here, we also assume

L 3
?X"i‘LC <2+> < 1.

Then, we can chose A > 0 such that

Lx 3 A
X iLe(2+=2)<1-2
g * C<+32>< 2

The last proof gives us

i 1o = _ -i . 3 B] B
%E (IXi*) + E (IC;*) <e™ [le (IX61%) +E(IG61°) + 5 Ho — A} + 3
If % <AE (IX§?) + E (IC4?) + 3 Hy, then we get
Y i 1 ~i i ~i 3 B B
2B (XIP) + ZE (ICGF) <1 [vE (IXE%) +E (IC3P) + 5 Ho - J + 2
3

<HE (IX4P) + E (1CHP) + 5 Ho,

which is an uniform in time bound.

Else we get

Y i 1 ~i B
ZE (|Xt|2) + EE (‘Ct’2) <0+ X?

which is also an uniform in time bound.
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4.A.3 Proof of Lemma 4.2.9
We now prove that there are constants ¢, e and ¢ such that
_ 2 R -1
¢+ 2B < (/ ®(5)o(s) 1ds> (4.A.2)
0
- 1+ Lx "(r)r
2 4eB<|1—L¢ — 4.A3
o< (1-r0= 7% ) mn D5 (149
L st
c R (4.A.4)
"R
1+ LX
o 4.A.
> Lo ( 5)
— Since for all u > 0, 0 < ¢ (u) < 1, we have 0 < @ (s) = [; ¢ (u)du < s, i.e

s/® (s) > 1. Therefore

ro (r)
rel]I(l]fR] P (r) = rel]Icl)fR]¢( r)=¢(R).
) tha

It is thus sufficient for (4.A.3

~ 1 1+L
2e+4eB < 5 <1LC +5 X>¢(R).
— We have
1

o (r) <exp <—2r2>

So
o0 2
D (r) < /0 exp (—4 2) dr = ox\/m

Then

o) 1
/0 5 dr < o./TR )

It is thus sufficient for (4.A.2) that

(since ¢ > 0)

z 0(R)
— 2\/7 R .
— The various conditions involving ¢ invite us to consider 2¢B = nc. Then
64eB
€= 3% g €= 3% 15A32n§2
€
L+ "X +oLne
Ui
— 1< A—
— 15A + 32nc
An—15
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— We choose to write

<1+ L 1+ L
5= (14 )5 Amaz o 20X
1_LC,maa: 1_LC

— Let us assume, for simplicity, that e < 1. It is sufficient for this later condition
to have

2B
c< —.
n

— The appearance of ¢ (R) suggests we should try to minimize it. We search
for § such that

Lx + (SLc +1 9

xT

¢ (r) > e 2exp <—(1 +7)
We recall
1 ) L DY -2) 2
¢(r) =exp <_4M% (1 +6y+Lx+0Lc+ (6C1 +Cy > O'x) r

> exp (—4; (1 +6y+Lx +6Lc + (C{f) +C§f)) aﬁ) r2> .

xT

It is therefore sufficient for (4.A.2) to have

1 ox 1 1 (f) (f) 2 2
C 1 - \/» exp ( % (1 + (5’}/ Lx (5LC (Cl C2 ) Ux) R s

and for (4.A.3) to have

c<_+ 00-Lc)
2l+n) 1+6

exp <_4;2 (1 +6v+ Lx +6Lc + (Cff) +C§f)) ag) R2> .

— Finally, we bound Lx and L¢ by either 0 or Lx ez and Lc maz, to obtain
bounds on ¢ independent of Lx and L¢.

4.A.4 Proof of Lemma 4.2.10

Let z, 2 € R

Proof of control of the L' distance : We have

lz =21 =z —2|+|c={(] < (|x — 2|+ 6|c— c’|) =———1r(z,7).

1
min (J, 1)
If r(z,2) <1< R, we have, using Lemma 4.2.9

L )
&) S R S S me@

(1 + €H(z) + ef](z’)) .
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If r(z,2') > 1, we have, using (4.A.1)
r(z,2') <r(z,2')?
16€(1 + 62)
= min (7, 1)
16€(1 + 62) f(r)
“min(r.1) F(1)
<166(1 +62)  f(r)
~ min(y,1) ¢(R)g(R)

(eH(z) 4+ eH(Z"))

1+ €eH(z) + eH(2))

(1 Ve (2) + eﬁ(z')) .

Thus

1 16€(1 + 62 -
Iz — #|h < i ( (1+9)

1 / ) /
min (§,1) ¢(R)g(R) min (7, 1) >1> f(r(z,2") (1 +eH(z)+eH(z )) .

Proof of control of the L2 distance : We have
r(2,2')* = (Jz — 2'| + 6le — c’|)2 > |z — 2|2 + 82|c — |2
> min (1,6%) (|Jz — 2’2+ |c — %) .
If r(z,2") > 1, we have, using (4.A.1)
e < 16¢(1 + 62)
~ min(v,1)
16¢(1 + 62) f(r)
~ min(y,1) f(1)
<166(1 +4%)  f(r) <
~ min(y,1) ¢(R)g(R)
If r(z,2') <1< R, we have, using Lemma 4.2.9
Vo L)t
fL(R) — ¢(R)g(R)

r(z,z

(eH(z) + eH(Z"))

(1 +eH(z) + GH(Z/))

1+eﬁ(z)+eH(z’)).

r(z,2") <r(z, 2 (1 +eH(2) + eﬁ(z’)) )

Thus

1 1 _ (16e(1 +6?) , . .
min (62,1) ¢(R)g(R) i ( min (7, 1) 71> f(r(z,2)) (1 +eH(z) + eH (2 )) .

Proof of the second control of the ! distance : We have, if r(z,2') <1 <R

f(T‘) f(T‘) /
< 5w < atmgtm (L VHE) + /)

and, if r(z,2") > 1, recall Lemma 4.2.2.

==l <S8 + S H ) + VAT + AT
<4 max <\/z, 1> (\/H(z) + \/H(Z/))

S%max <\/z, 1> ¢(£)(;)(R) (1 +eV/H(z) + 6\/H(Z/)> ,

Iz = 2'lI3 <

r(z,2")
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and thus

Iz — | < Wmin (1, %max (\/3 1)) Fr(e.2) (14 eV/H () + e /H ().

Independence with respect to Lx and Lo The a priori bounds Lx € [0, Lx maq)
and L¢ € [0, Lcmaz) allow us to bound ¢(R) independently of L and Lx by ¢min
(and we also use g(R) > 1), thus giving us constant C1, C» and C. independent of
LC and Lx.

4.A.5 Proof of Lemmas 4.3.2 and 4.3.7

Proof of Lemma 4.3.2. Let’s prove there exists an uniform in time bound on E(G?)
and E[(G%)?]. First, let’s recall the definition of G' with Equation (4.2.27):

N N
€ 77 (73N € i (7
Gi=1+cH(Z) +eH(Z )+ > H(Z +NZH(Zt).

J:1 J=1

The idea is to bound the different expectation in terms of the expectation at time
t = 0. Since E(e®IXol+ICD) is finite, we know that for each k € N, E(|X,|*) and
E(|Co|*) are also finite. We deduce that for each k € N, for each j < N, E[H(Zé)k]
and E[H(Zg’N)k] are finite.

In fact, to bound uniformly in time the first moment, we only have to bound

E(H(Z N)) and E(H(Z])) for each j < N. Let’s begin with Z/. By (4.2.16), w
have

By Inequation (4.2.10) in the Lemma 4.2.6, we deduce the following inequation and
we apply Cauchy-Schwarz

B (Z)] <E

i (2 o (o ()

1/2

<E [H (Zg') T/QE (4.A.6)
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_ N2
We already know E [H (Zé) ] is bounded. Now, it is enough to prove that there
exist C such that for all z € R?

exp <2a\/H (z)) < C x ellzlel),

In fact, from the definition of H in (4.2.2), we have

8\ 2
2/ H(z) :\/5\/7 (:E—|—7> + (¢4 «)? + Hy
g\/ﬂ x+5‘+\/§|c+a|+\/ﬁo

;
1
<V/Brlel + VBl + T nC,

where C' is a constant independent of z. Finally, since max (a/27,av/2) < a, we
have

exp (2a\/H (z)) < O x lzlFel),

Then, E |exp | 2ay/H (Zé))} is bounded and we deduce E(H ( 7;3)) is bounded for
each j < N and all ¢t > 0.

The same calculations can be done for Zf’N. By (4.2.21), we have

R N WD W (S IRELA
L NZH(Z;) <B-7 NZH(Zt’) .

N 1 N ~ W N ~ A 1 al r1 i, N
L NZH(Z{ ) =B-JE NZH(Z{ )],
i i—1

and we can use Gronwall’s lemma. The following is exactly as above.

Finally, we have proved that for each j < N, E(ﬁ(ZgN)) and E(H(Z])) are
bounded uniformly in time . Thus, E(G%) is bounded uniformly in time.

To bound the second moment of G%, we have to bound each type of the fol-
lowing expectations: E[H(ZI"NH(Z>™)), B[H (2" )H(Z)), B[H(Z" ) H (Z?)),
E[H(ZI")2) and E[H(Z})?]. By Cauchy-Schwarz, it is in fact enough to bound
E[H(Z]™)? and E[H(Z])?).
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First, by the definition of H in (4.2.9) in Subsection 4.2.3,
-, (2 22
H(2)* = 5 €XP (a\/H(z)> (a\/H(z) — 1) + e
22 2 22
§2¥ exp (2a\/H(z)) (a\/H(z) - 1) + 2?
8 8
gﬁ exp <2a\/H(z)> (2a*H(2) +2) + pok

As for the first moment, the study of Zf’N is very similar to the one of Zg . Here,
we only focus on the second one.

To bound E[H (Z!)?], we only have to bound E [exp <2a\/H( 7)) H( _g)} and

2o (D) | B ey
E [exp <2am> H(Zg')} <E [exp (4@ H( —g>>} " [H(Z,;?)Q] 2

First, we know E(H(Z/)) is bounded uniformly in time. By Inequation (4.2.11)
from Lemma 4.2.6, we have

H(z)exp <a\/m) < aH(z)+ 1 (e —2).

a
Then E < Zg ) exp <a )) is bounded uniformly in time. In particular,
each moment of \/ H(Z}) is uniformly bounded in time and it is the case for H(Z/)2.

Now, it remains to bound E |exp 4a\/H(Zg) . First, let’s notice for all z € R?,
2H(z) < H(2z) + Hy. Then, by (4.2.10) from Lemma 4.2.6, we know
Vz € R% exp (4@ H(z)) < exp (aVH(Qz)) < H(22) +C,

where C is a constant. Let’s denote G(z) = H(2z). A study on the generator shows
that

Vz € R%, L£,G(2) < AL, H(2).

Thus, by Dynkin’s formula,
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where we have used (4.2.10) in (4.2.14) for the last inequality. Since £,H is a
positive function, we have:

E(G(Z])) <E(G(Z})) + 4B < E(H(2Z})) + 4B.

We can make the same decomposition by Cauchy-Schwarz than above in (4.A.6).

Then, since H is a polynome, E [H(QZS)Q} is also bounded uniformly in time.

Since 2 max (a/27, av/2) < @, we have E {exp <2a H (228))] is bounded. Thus

we deduce E(H(Z7)?) is bounded uniformly in time.

Finally, we deduce E ((G})?) is bounded uniformly in time. O
Proof of Lemma 4.3.7. Using 0, H(z) = vz + /3, we have

0. H(ZP™N) — 0, H(Z})

= |Gt 8 e (/A - (0 4 8) e (112D )|
< i - xt] (0 (a/12)) + o0 (o/H(2D)) )

+ |vX{ + B| |exp <a H(ZZ’N)> — exp (a H(Z;)) ‘ .
Since ‘XZ’N ~ X <,
i\N i i\N i
‘th — X} (exp <a H(Z, )> + exp (a H( t)>>

< yri <eXp <a H(ZZ’N)> + exp <a H( ‘;’))) .

By Lemma 4.2.2 (i), we have H(z) > 1 min (%, 1) (yx + B)%. By the mean value
theorem, for all y; < ys in R, there exists y3 € [y1,y2] such that: el — ™2 =
a(yr — y2)e®3. In particular, [t — e™2| < aly; — yo|(e™* + €*¥2). Thus

VX + 8]

exp <a H(ZZ"N)> — exp <a H(Z§)>‘
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Then by the definition of H we get

H(Z)™) - H(Z))

57 (M) = (X92) + BN - Xi)

45 (G = (@) + (™ — G

1 . _ . . _ .
<3| - X | + X

+ 8| XY - X

cyN = cillepN + ¢ v alopN —

L1
2

Now, by Lemma 4.2.2 (i), we have H(z) > J2? + {¢? and since ’XZ’N — X <7l

i, N ~i
Ct - Ct

and <ri/§, we get

i, N 1
‘Xt _ X

1 A _.
(2’}’ ‘X?N + X{

+ ﬁ) <ri (ﬁ (x/H(Zf’N> + \/?Zto + 5)
and

ciN_cil (= |ciN + i

€

(™) - 1(Z)

—|—a> < 7; <\/H(ZZ’N)+\/?Z§)+04>.

Thus

<(p+5) i+ (vies) i (Vi@ Juz).

Finally,
0.8 (2™) - 0,H(Z])]
<orf (o (/1)) + o0 (112D
+ ay/2max (v, 1) (6 - %) ri (exp <am) + exp (a\/@»
+ayTmax (D) (VA + 5 )t (VEE) + 1@ ) (o0 (o) m(ZY)
texp <a H(zg)»
<rf (7+ay2max(3,7) (8+5)) (exp (a H(ZZ‘N>> + exp (a\/@»
+ari\/2max (7,1) <\ﬁ—|— ;) (2 H(ZN ) exp (a H(Z;‘,N)>

o\ exp (of5D) )
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Now, we can finally use Lemma 4.2.6, and more precisely (4.2.10) and (4.2.11), we
obtain

0. H(Z,™) — 0, H(Z))|
<rf (v +ayv2max(7,1) (8 + ) (fI(Zf’N) +H(Z) + % (eXp (“;) - 1))
+ ari/2max (7, 1) (ﬁ + ;) <2aﬁ(Z§’N) + Z(e —2)+2aH(Z)) + 2(6 - 2))
<ri (H(Z™N) + H(Z)) [w +ay/2max(7,1) (8+ 5 ) +20%y/2max (3,1) (ﬁ + 2)]

2

+ 7] [<7+am (B+ %)) 4 <eXp <a2> - 1)

a2

+ayEmas 0,0 (Vi + ) (e-2).

We denote by C§f ) and Céf ) (given in Assumption 4.2.8) the following constants

2

oDy [(fy ray2ma (1) (84 2)) (eXp <2) - 1>
+4y/Zmax (7. 1) <ﬁ+ ;) (e - z>]
¢ =4+ ay/Bmax (0,0 (6+ 5 ) + 202y 2max (1) (v + )
By the definition of G% and since Gi > 1, we obtain

_ ; S ZGzc(f) ; Zc(f)
|81H(Zt’N) — 0. H(Z})| < Tt?tQT +ry tiT?

and eventually

~+ <.
~—

< (e + ) o2 (X0 — Xi[) ric.

O

4.B Proof of Theorem 4.1.4 in the case ox = 0 and o¢ > 0

We quickly explain in this section how we may also deal with the case ox = 0
and oc > 0. Recall how the choice of the coupling method was motivated by the

observation in (4.1.8) that the difference of potentials ’CZ’N — C?| was naturally

contracting when ‘XZ’N — X;’ was close to 0. This lead us to using a reflection
coupling on the Brownian motions acting on the potential X, to bring the difference
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close to 0, and it was thus necessary for ox to be positive (o¢ however did not hold
any importance). In the case ox = 0, we then have to assume o > 0, and we do a
change of variable, motivated by the following observation. We have, when ox = 0

d(X] = X7) = ((X; = X7) = (X)) = (X)) = (G} = CD)) at

N
1 , , o
v | 3 o = 2d) = el |
]:

= (2(X] = X)) = (C] = C)) = (X; = X)) = (X])* = (X})?)) dt

N
1 , , -
+ N;KX<22—Z£>—Kx*p<Zz> dt.
]:

Thus

d| X} — Xi| = (sign(X; — X7) (2(X; - X3) — (G} = C))) = |(X})* — (X))
o - [1 X A . _
—| X} — X}|) dt + sign(X;] — X}) v > Kx(Zi—Z) - Kx *p(Z}) | dt.
j=1

The quantity | X} — X}| is therefore naturally contracting when |2(X} — X}) — (C} —
C?)| is close to 0. Thanks to the presence of a Brownian motion in the stochastic
differential equations defining the potential C, we can now use a reflection coupling
to have |2(X} — X}) — (C} — C¥)| go to 0. Consider the following coupling

dXj= (X —(X])* = Ci —a)dt + + YN Kx(Zi — Z])dt
dCi = (yX} - Ci+ B)dt + & S.0L) Ko(Zi — Z])dt
+0cPsc (|2(X§ - Xt?) - (Cg - C_’;)D dB?SC’C
t+oepre (120X] — X{) = (G} = C))) dBy"C

(4.B.1)

and
dXi = (Xi — (X})? — Ci — a)dt + Kx + p(Z})dt
dC} = (vX{ —C} + B)dt + K¢ * p(Z})dt
+oepse (12(X] — X7) — (C = C}))) dBZ’“’C : (4.B.2)
—oepre (12(X] = X{) — (C{ - C})]) By
= L((XLa)

]|

and for 6 > 0, the following modified distance r! = §| X} — X}| + |2(X} — X}) — (C} —
C})|. Like previously, we consider a modified semimetric of the form + > f(rf)GY,
and similar calculations yield

d(e? f(ri)GY) < e Kjdt 4+ dM;,
where M} is a continuous local martingale and

K=K+ 1+ 17"+ 1.
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iopli 7240 734 4y
We define Ky, 1,7, I, I,”" and I, as follows:
i i i i i i i) 2
=G [chm +2f"(r e (120X = X]) = (Ci = C))))
+1'(r}) (|2(X7 = Xi) = (G = CD] (6 +1) = (X)) = (X1)°[(6 — 2)
HX; = X{| (=6 + 7+ Lx (0 +2) + Le) +|C; = Gi|(Lx (0 +2) + Lc)
i i i Ay 2 i
oo (120X = XD) = (€ = C)* (et + D) )]
N N
i 5 ﬂN i §~ i,N i (773 A 7 ( 73N
+ef(ry) | 4B 8H(Zt) 8H(Zt ) 8Nj:1H(Zt) 32N;H(Zt )|
1 - _
1M =gif (6 +2) NZKX(Zf—Zg)—KX*ut(Zt)
7j=1
N —
- N;Kdzz—Zb—ch(Zt) ,
, S L
I =Gy f'(r}) {(CHQ) = ZIXJN X{|+1cP™ - &)
7j=1
Lo (&
N e N = i
S (S =R+ -G | | - e
j=1
i A i = A i\N iN
—ef ) |5 H(ZD exo (ay/H(ZD) ) + S HZ exp (ay/H(Z)
Py A
Z 7 J» 3N
+32N;H(Zt)exp<a H(Zt)> 32NZHZ )exp( H(Z] )) ,

N

N i :
+ (acLx + BcLc) (W) exp <a H(ZZ’N)>

_%H(Z )exp(a H(Zti,N)> 16>\N§;HZJN)GXP< H(Zg’N)>

We then have the additional constraint of § > 2 (so that the coefficient appearing

in front of [(X7)? — (X})?| in the expression of K} is non positive). Otherwise, we

deal with the various terms exactly as previously, through the choice of a sufficiently

30 _ i ZJ X JN’ iN
I =ef(ry) | (axLx +BxLe) | ———— | exp|ayH(Z")
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concave function f and a law of large numbers, and by considering the regions of
space

Regi = {(Zi, 20" st 120X} = X{) = (C{ = C)| = € and 1} < R},
Regh = { (2}, ") st. [20X] - X)) — (G} ~ C})| < €and rf < Ry}

Regh = {(Zti, ZNY st i > R} .
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Comportement en temps long de différents processus stochastiques en neuroscience

Résumé: Dans cette thése, nous nous concentrons sur deux modéles stochastiques pouvant étre appliqués
aux neurosciences : le modéle de Hawkes et le modéle de FitzHugh-Nagumo. Nous étudions leur comporte-
ment en temps long.

Le premier chapitre porte sur les processus cumulatifs, qui sont une classe de processus plus généraux que
les processus de renouvellement. Ces processus cumulent des variables aléatoires indépendantes au cours
du temps. Ces variables aléatoires sont ajoutées sur des intervalles de temps donnés par un processus de
renouvellement. En nous inspirant des travaux de Lefevere, Mariani et Zambotti (2011), nous démontrons
un Principe de Grandes Déviations pour ces processus, ainsi que des inégalités de grandes déviations dans
un cadre plus général.

Le second chapitre est dédié aux processus de Hawkes, dans un contexte non linéaire, avec une fonction
de reproduction signée. Ils permettent ainsi de modéliser de ’auto-excitation et de ’auto-inhibition. Nous
prouvons une loi des grandes nombres, un théoréme central limite et des résultats de grandes déviations
pour un processus de Hawkes (unique). Ces résultats reposent sur une structure de renouvellement pour ces
processus, introduite par Costa, Graham, Marsalle et Tran (2020), qui permettent de définir les processus de
Hawkes comme des processus cumulatifs. Nous utilisons alors des résultats déja connus pour les processus
cumulatifs et les résultats obtenus dans le chapitre 1. Nous exhibons également deux exemples dans lesquels
des calculs explicites sont faits.

Le dernier chapitre est un travail effectué en collaboration avec Pierre Le Bris et est consacré a ’étude de
plusieurs processus de FitzHugh-Nagumo stochastiques en interaction. La spécificité de ce modéle défini par
des Equations Différentielles Stochastiques est son terme cubique dans la dérive, qui est donc non-Lipschitz.
Nous nous intéressons au cadre d’interactions champ moyen, et nous montrons une propagation du chaos,
d’abord non-uniforme en temps puis uniforme en temps. Pour ce faire, nous utilisons une méthode de cou-
plage mixte, c’est-a-dire un couplage synchrone sur un certain sous-espace et un couplage symétrique sur

I’espace complémentaire. Nous exhibons également des bornes explicites pour ces résultats.

On asymptotic behaviour of stochastic processes on neuroscience

Abstract: In this thesis, we focus on two stochastic models which can be applied to neuroscience : Hawkes
model and FitzHugh-Nagumo model. We study their long-time behavior.

The first chapter deals with cumulative processes, which are a larger processes class than renewal processes.
These processes accumulate independent random variables over time. These random variables are added on
time intervals given by a renewal process. Inspired by the work of Lefevere, Mariani and Zambotti (2011),
we prove a Large Deviations Principle for these processes, and large deviations inequalities in a more general
framework.

The second chapter is dedicated to Hawkes processes, in a non-linear context, with a signed reproduction
function. They model self-excitation and self-inhibition. We prove a law of large numbers, a central limit
theorem and large deviations results for a unique Hawkes process. These results lie on a renewal structure
for these processes introduced by Costa, Graham, Marsalle and Tran (2020), which leads to a comparison
with cumulative processes. Thus, we use known results for cumulative processes and results obtained in
Chapter 1. We also exhibit two examples with explicit computations.

The last chapter is a joint work with Pierre Le Bris and is devoted to the study of stochastic FitzHugh-
Nagumo processes in interaction. The specificity of this model, described by Stochastic Differential Equa-
tions, is its cubic term in the drift which is non-Lipschitz. We focus on mean-field interactions and we prove
a propagation of chaos, non-uniform in time first, and then a uniform in time one. To do so, we use a
combined coupling method, i.e. a synchronous coupling on a specific subspace and an antithetic coupling
on the complementary subspace. We also exhibit explicit bounds for these results.



