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INTRODUCTION

0.1 Contexte de la thèse

Le but de cette section est de faire comprendre le lien entre les problèmes étudiés
dans cette thèse et les problèmes concrets modélisés par les équations étudiées, découlant
généralement de la physique. Pour cela il est important d’expliquer plus profondément les
concepts manipulés dans cette thèse, comme celui d’équations dispersives, mais également
de donner des outils de compréhension mathématiques, comme par exemple des notions
d’intégration stochastique.

0.1.1 Equations dispersives

Les équations que nous allons retrouver tout au long de ce manuscrit permettent
de modéliser des phénomènes de déplacement d’onde. Il n’y a pas d’unique définition
précise décrivant exactement ce qui constitue une onde. On peut se contenter de la décrire
intuitivement comme un signal reconnaissable, transmis d’un endroit d’un milieu à un
autre endroit, avec une vitesse de propagation reconnaissable. Nos équations sont appelées
dispersives de par les ondes qu’elles modélisent, dites elles aussi dispersives. Ces équations
apparaissent notamment en optique non-linéaire, c’est-à-dire dans la description de la
propagation de la lumière à travers différents milieux, ayant par exemple des indices de
réfraction non-linéaires. C’est le cas par exemple pour un signal transmis à travers une
fibre optique : le message est codé de façon binaire en représentant un 1 par une courte
impulsion lumineuse, et un 0 par l’absence d’une telle impulsion dans le train d’ondes
transmis. Il y a plusieurs problèmes de dispersion du signal dans ce procédé, ce qui soulève
des enjeux importants dans les domaines des communications ou des lasers, à partir des
années 1960. Par exemple on veut pouvoir augmenter le débit d’un signal, c’est-à-dire
réduire la durée des impulsions ainsi que le temps entre celles-ci, et ceci tout en gardant
un signal de sorti identifiable, afin de pouvoir supprimer un éventuel bruit de fond sans
perte d’information.

D’un point de vue mathématique, une onde dispersive est décrite par le type de solu-
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tions du système qui la modélise plutôt que par la forme du système en soi. Un système
linéaire dispersif est un système qui admet des solutions de la forme

ϕ “ a cospκx´ ωtq, (0.1.1)

où la fréquence ω est une fonction du nombre d’onde κ qui est déterminée par le système
en lui-même. Une onde est dite dispersive si la vitesse de phase ω

κ
n’est pas constante, mais

dépend de κ. Ce terme s’explique par le fait qu’une solution plus générale serait un signal
constitué d’une superposition de modes de la forme de (0.1.1) avec des nombres d’onde
différents. Comme la vitesse de phase n’est pas constante, ces modes se propageraient
à différentes vitesses, et se disperseraient. Plutôt que de regarder la vitesse de phase,
on dit souvent qu’une équation est dispersive si la relation de dispersion ωpκq est de
dérivée seconde non nulle. Cette relation de dispersion peut s’obtenir assez facilement,
comme nous le verrons sur un exemple, et fournit une bonne méthode pour intuiter
du comportement de tout système linéaire dispersif. Toute cette analyse étant faite en
termes de fréquences, on voit naturellement que la théorie de Fourier est très adaptée
pour travailler sur ces systèmes. Ainsi, pour les problèmes linéaires, on peut utiliser cette
théorie pour montrer l’existence de solutions élémentaires sous la forme de trains d’ondes
sinusoïdaux, que le caractère linéaire nous permet de représenter sous forme complexe

ϕpt, xq “ aeiκx´iωt,

avec a l’amplitude, en sachant qu’on peut regarder la partie réelle quand nécessaire, la
vraie solution étant

Repϕq “ |a| cospκx´ ωt` ηq, η “ argpaq.

Pour satisfaire les équations du système, κ and ω doivent satisfaire la relation de dis-
persion évoquée précédemment. Le caractère linéaire du système nous permet d’étudier
simplement un seul mode, car des solutions plus complexes peuvent se décomposer en
superpositions de modes simples. Ici θ “ κx ´ ωt représente la phase, qui indique la
position dans le cycle entre une crête, c’est-à-dire quand Repϕq est a son maximum, et
quand Repϕq est à son minimum. Son gradient en espace κ est le nombre d’onde, dont
l’amplitude représente le nombre moyen de crêtes par intervalle de distance de longueur
2π dans la direction de propagation de l’onde. De manière similaire, la fréquence ω donne
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le nombre moyen de crêtes par intervalle de temps de longueur 2π. La longueur d’onde
est λ “ 2π

κ
et la période est τ “ 2π

ω
. Pour que l’onde soit considérée comme dispersive,

la vitesse de phase c “ ω
κ
ne peut pas être constante, car dans ce cas tous les modes se

déplaceraient à la même vitesse, donc on n’observerait pas de dispersion au sein d’une
superposition de modes. On donne la définition suivante pour le caractère dispersif d’une
onde.

Definition 0.1.1.1. Une onde est dite dispersive, si la relation de dispersion ωpκq obtenue
à partir de l’équation décrivant cette onde est d’une part à valeurs réelles, et d’autre part
vérifie

ω2pκq ‰ 0.

Cette définition est plus restrictive que de demander c1pκq ‰ 0 car elle exclut le cas
ωpκq “ ακ ` β. Dans ce dernier cas la vitesse de groupe ω1pκq serait constante et il n’y
aurait pas de dispersion. On demande donc que cette vitesse de groupe dépende encore
de κ, ainsi différents modes auront différentes vitesses de groupe et les paquets d’ondes
auront tendance à se disperser.

Il existe une infinité d’équations dispersives, et bien que dans ce paragraphe ait été
discuté seulement le cas de systèmes linéaires, il existe également des théories pour les
systèmes non-linéaires. De nombreux résultats sur les deux cas peuvent être trouvés dans
[Whi74]. Nous n’allons pas présenter cette théorie dans son cadre global, mais plutôt dé-
tailler quelques résultats connus sur un exemple classique d’équation dispersive : l’équation
de Schrödinger.

0.1.2 L’équation de Schrödinger

L’équation de Schrödinger linéaire tient son origine de la mécanique quantique. Elle a
été introduite en 1925 par Erwin Schrödinger, afin de modéliser l’évolution d’une particule
au cours du temps. Cette description fait intervenir la fonction d’onde de la particule, qui
donne également une interprétation probabiliste de l’état de la particule. En effet, le
module au carré de la fonction d’onde définit une densité de probabilité indiquant la
probabilité de présence de la particule dans une région de l’espace, lorsque l’on intègre
cette densité. L’équation de Schrödinger linéaire pour une particule de masse m s’écrit
originellement comme suit :

i~Btψpt, xq “ ´
~2

2m∆ψpt, xq ` V pxqψpt, xq,

9



où ~ “ h
2π est la constante de Planck réduite, avec h “ 6, 626.10´34J.s la constante de

Planck, constante universelle décrivant la différence d’échelle entre le caractère ondulatoire
et le caractère corpusculaire de la lumière. V désigne un potentiel réel qui modélise le
milieu dans lequel se trouve la particule.

Dans cette thèse nous considérons une équation de Schrödinger non-linéaire (NLS),
donc on choisit de ne pas s’attarder sur l’équation linéaire, et de présenter les spécificités
de notre équation. De façon plus précise, l’équation que l’on étudie est une équation de
Schrödinger avec non-linéarité de type puissance. Dans ce contexte, l’équation s’obtient
à partir des équations de Maxwell, et peut s’écrire sous la forme

iBtupt, xq “ ´∆upt, xq ` λ|upt, xq|2σupt, xq. (0.1.2)

Dans cette équation, le paramètre σ est un réel strictement positif, et le paramètre λ
est un réel dont le signe influence le comportement de l’équation. D’un point de vue
physique, l’équation de Schrödinger non-linéaire décrit la dynamique de l’enveloppe d’une
onde plane quasi-monochromatique qui se propage dans un milieu faiblement dispersif,
lorsqu’on néglige les effets de dissipation. On parle de non-linéarité attractive si λ “
´1 et de non-linéarité répulsive si λ “ 1. Cette équation est utilisée notamment dans
l’étude de la propagation d’un faisceau laser dans un milieu dont l’indice de réfraction est
sensible à l’amplitude de l’onde qui le traverse. Dans le cas λ “ ´1, l’indice de réfraction
augmente avec l’amplitude de l’onde, entrainant une convergence des rayons vers la région
d’amplitude la plus élevée. Cela conduit à la focalisation du faisceau, phénomène très
étudié depuis des années 1960.

Lorsque l’on étudie une équation aux dérivées partielles, plusieurs questions se posent
naturellement. En premier lieu on s’interroge sur la notion de solution : peut-on construire
une théorie de Cauchy (locale ou globale) pour l’équation de Schrödinger non-linéaire ?
Pour répondre à cette question, on essaye de trouver des lois de conservation. On identifie
ainsi des invariances pour une éventuelle solution de l’équation, qui nous donnent par la
suite, grâce au théorème de Noether (voir par exemple [SS99, Théorème 2.1]), les lois de
conservations recherchées. Par exemple, l’équation de Schrödinger (1.1.1) est invariante
par rotation : si upt, xq est solution de (1.1.1), alors eiθupt, xq, θ P R, est également
solution. On récupère grâce à cette invariance une propriété qu’on appelle conservation
de la masse :

Nptq “

ż

Rd
|upt, xq|2dx “ Np0q. (0.1.3)

10



On a aussi une invariance par translation en temps : si upt, xq est solution de (1.1.1), alors
upt´ t0, xq est également solution. Cette invariance implique la conservation de l’énergie

Eptq “ 1
2

ż

Rd
|∇upt, xq|2dx` λ

2σ ` 2

ż

Rd
|upt, xq|2σ`2dx “ Ep0q. (0.1.4)

Il existe d’autres invariances vérifées par l’équation de Schrödinger non-linéaire, on peut
par exemple les retrouver dans [SS99].

Grâce à ces lois de conservation, ainsi qu’a des théorèmes de point fixe, on arrive à
conclure quant à l’existence et l’unicité des solutions de (1.1.1), en fonction du signe de λ.
Dans les deux cas, on a existence et unicité locale dans l’espace H1pRdq sous réserve que
0 ă 2σ ă 4

d´2 si d ě 3. Dans le cas défocalisant λ ą 0, la conservation de l’énergie (0.1.4)
nous permet de borner la norme H1 de la solution et de conclure à une existence globale.
Dans le cas focalisant λ ă 0, l’étude est plus complexe, car l’énergie Eptq n’a pas de signe.
Il existe néanmoins de nombreux théorèmes prouvant l’unicité et l’existence globale dans
H1pRdq sous des conditions sur la puissance de la non-linéarité ou la taille de la donnée
initiale. Ces résultats peuvent être retrouvés notamment dans [GV79], [GV84], [GV85] ou
encore dans [Kat87]. On se restreint ici à regarder le problème dans l’espace d’énergie,
mais il existe beaucoup d’autres résultats, dont des exemples peuvent être trouvés dans
[Caz03]. Lorsque cette existence globale n’est pas assurée, il peut se produire une explosion
de la solution en temps fini (blow up en anglais), c’est-à-dire qu’il existe un temps T ˚ ą 0
tel que

lim
tÑT˚

‖uptq‖H1 “ `8.

Une question importante dans l’étude de l’équation de Schrödinger est la recherche de
solutions stationnaires, qui gardent la même forme au cours du temps. Prenons le cas de
la dimension 1, dans le cas attractif. L’équation s’écrit alors

iBtu “ ´B
2
xu` λ|u|

2σu,

avec λ ă 0. On va commencer par rechercher une solution sous la forme d’une onde
localisée en espace, oscillant de manière indépendante de ce dernier :

upt, xq “ eiωtφpxq.

En réinjectant cette expression dans l’équation, on obtient une équation pour φ, qui
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dépend de ω, et qui nous donne finalement

upt, xq “ eiωt
ˆ

´2λ
ωp2σ ` 2q

˙´ 1
2σ

cosh
`

σ
?
ωx

˘´ 1
σ . (0.1.5)

Les solutions de la forme de (0.1.5) sont appelés solitons. Ces solitons préservent leur forme
au cours du temps, et se propagent à vitesse constante. Ce sont des solutions qui per-
mettent de comprendre un peu mieux l’équation de Schrödinger, car on peut montrer que
pour une large classe de données initiales tendant vers 0 à l’infini, la solution de l’équation
de Schrödinger non-linéaire focalisante en dimension 1 évolue de manière asymptotique
comme un ensemble fini de solitons. Il est également possible de construire des des fonc-
tions localisées conservant leur forme en dimension supérieure, on parle d’ondes solitaires.

L’équation de Schrödinger possède bien d’autres propriétés, qui ne sont pas détaillées
ici mais qui peuvent se trouver dans la littérature ([Caz03],[Kat87],[SS99],...). On s’est
attardé sur l’équation avec non-linéarité puissance, car c’est celle qui va apparaître régu-
lièrement dans les problèmes de cette thèse. Elle est notamment liée au système d’équation
que l’on étudie, à savoir le système de Zakharov.

0.1.3 Le système de Zakarov

Le système de Zakharov est un système d’équations aux dérivées partielles fournis-
sant un modèle simplifié pour modéliser des ondes de Langmuir. Les ondes de Langmuir
constituent un phénomène physique prenant place dans des plasmas non ou faiblement
magnétisés. Ce phénomène possède des applications aussi bien en astrophysique qu’en
physique de laboratoire. Un exemple d’application est le déplacement d’une onde dans la
ionosphère. Le système a été introduit par Zakharov en 1972 [Zak72] afin de décrire la
dynamique couplée entre l’amplitude du champ électrique du plasma et les fluctuations
à basse fréquence de sa densité ionique. En effet, on peut considérer un plasma comme
un ensemble de deux fluides se pénétrant, un fluide composé d’ions et un fluide composé
d’électrons. Les équations de Maxwell ainsi qu’une approche multi-échelle du problème
permettent d’obtenir, sous certaines hypothèses, le système adimensionné

#

iBtE ´ α∇ˆ p∇ˆ Eq `∇p∇ ¨ Eq “ n̄E

ε2B2
t n̄´∆n̄ “ ∆|E|2

, (0.1.6)
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où les opérateurs ∇ˆ et ∇¨ désignent respectivement le rotationnel et la divergence. Le
paramètre α est assez grand dans les situations réelles, allant de 20 dans les plasmas de
laboratoire jusqu’à 2.105 dans les gaz interstellaires. Ces équations décrivent la relation
entre l’enveloppe complexe des oscillations du champ électrique proches de la fréquence
du plasma et les variations plus lentes de la densité ionique moyenne du plasma. Ces
variations affectent l’indice de réfraction ressenti par le champ électrique. Lorsque le terme
ε2B2

t n̄ est négligeable, la relation entre n̄ et E conduit à une augmentation de l’indice de
réfraction et donc à un phénomène d’auto-focalisation de l’onde. Dans ce cas, on est dans
un régime dit de "limite subsonique", et on récupère l’équation vectorielle de Schrödinger
non-linéaire :

iBtE ´ α∇ˆ p∇ˆ Eq `∇p∇ ¨ Eq ` |E|2E “ 0.

Si on s’intéresse au cas particulier α “ 1, l’opérateur linéaire dans l’équation sur E devient
un Laplacien, et le système de Zakharov peut être vu comme un système de trois équations
de Schrödinger scalaires pour les coordonnées de l’enveloppe du champ électrique, couplées
avec une équation pour la densité ionique. Supposant qu’une seule des coordonnées du
champ électrique est initialement non-nulle, que l’on note u, on obtient le système

#

iBtu`∆u “ nu

ε2B2
t n´∆n “ ∆|u|2

. (0.1.7)

Ce système est généralement appelé système de Zakharov scalaire. Il est utilisé pour mo-
déliser de façon simple des ondes de Langmuir, lorsque le caractère vectoriel du champ
électrique est négligé. À la limite subsonique, on récupère l’équation de Schrödinger cu-
bique. Dans le cas de la dimension 1, le système de Zakharov admet aussi des solitons,
tout comme l’équation de Schrödinger. En effet, comme le soliton de Schrödinger est de
module constant au cours du temps, en prenant ce soliton comme donnée initiale pour u
et son module au carré pour n, on obtient une solution particulière pour (0.1.7).

Ce sytème conserve également certaines quantités, notamment la masse

Nptq “

ż

R
|upt, xq|2dx “ Np0q,
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ainsi que l’énergie

Hptq “

ż

R

ˆ

|∇upt, xq|2 ` npt, xq|upt, xq|2 ` 1
2p|εV pt, xq|

2
` |npt, xq|2q

˙

dx “ Hp0q,

où V pt, xq vérifie
Btn`∇ ¨ V “ 0.

Deux types de questions mathématiques ont essentiellement été traités dans la littérature.
La première consiste à se demander s’il est possible de développer une théorie de Cauchy,
locale ou globale, et de conclure quant à l’existence et l’unicité de solutions. La deuxième
est la possibilité de rendre rigoureux le passage à la limite subsonique. Autrement dit, on
se demande non seulement s’il existe une solution au problème de Cauchy pour (0.1.7),
mais aussi si cette solution converge dans un certain sens vers la solution du problème
de Cauchy associé à l’équation de Schrödinger cubique. Ces questions ont été résolues en
1979 par Sulem et Sulem [SS79] pour ce qui est de l’existence et l’unicité, puis par Added
et Added en 1984 [AA84] et 1988 [AA88] qui ont étendu les resultats de Sulem et Sulem
tout en prouvant des résultats de convergence vers l’équation de Schrödinger cubique. Plus
récemment Bourgain et Colliander [BC96] ont utilisé les méthodes de décomposition selon
les hautes et basses fréquences introduites par Bourgain, et Ginibre, Tsutsumi et Velo ont
fait de même dans [GTV97] pour obtenir un résultat d’existence locale en dimension
d “ 1, 2, 3. D’autres résultats concernant l’existence, la limite subsonique ou même des
propriétés d’explosion en temps fini sont listés dans [SS99] et apparaiseent plus récemment
dans [CHT08] ou encore [MN08],[MN09].

Cette thèse étudiant des problèmes d’approximation diffusion pour le système de Za-
kharov et l’équation de Schrödinger non-linéaire, il est également nécessaire d’introduire
des notions liées aux équations aux dérivées partielles stochastiques, et notamment des
notions d’intégration stochastique dans les espaces de Hilbert.

0.1.4 Les équations aux dérivées partielles stochastiques

Les problèmes d’évolution stochastique dans des espaces de dimension infinie, tels les
espace de Hilbert, sont des généralisations de la théorie d’Itô développée dans les années
1940 par Kiyoshi Itô. Les premiers résultats sur ces problèmes sont apparus dans les
années 1960, et leur développement fut motivé à la fois par un soucis mathématique de
généralisation d’une théorie déjà existante et par un besoin de décrire des phénomènes
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aléatoires faisant intervenir un très grand nombre de variables dans les domaines de la
physique, de la chimie ou encore de la biologie.

Commençons d’abord par évoquer le cas de la dimension 1. Le but est de modéliser
un bruit, c’est-à-dire une variable aléatoire dépendant du temps ou encore un processus
stochastique, qui agit comme une perturbation sur une variable dont l’évolution est régie
par une équation différentielle. Si on appelle 9ξ ce bruit, on est amené à considérer des
équations de la forme

dx

dt
“ fpx, tq ` gpx, tq 9ξptq.

Imaginons une particule évoluant dans un milieu désordonné et qui est soumise à des chocs
avec d’autres particules. Supposons que ces particules soient aléatoirement réparties, que
leur répartition ne dépende pas du temps et que cette perturbation n’ait pas de mémoire ; il
est alors naturel que la force 9ξ agissant sur cette particule vérifie les hypothèses suivantes :

— La loi de 9ξptq ne dépend pas de t.

— 9ξptq et 9ξpsq sont indépendants si t ‰ s.

Un tel processus est nécessairement irrégulier. Il est plus pratique de traduire ces hypo-

thèses en terme de sa primitive ξptq “
ż t

0

9ξpsqds. On obtient alors :

— La loi de pξpt` τq ´ ξpτqqtě0 (loi du processus) ne dépend pas de τ ě 0.

— Pour t, τ ě 0, ξpt` τq ´ ξptq est indépendant de pξpsqqsďt.

Si on suppose de plus que ξ est continu par rapport à t, on peut alors montrer que ξ
est nécessairement un mouvement Brownien, c’est-à-dire que l’on a en plus : pour tout
τ ą 0, t ě 0, la variable aléatoire ξpt` τq ´ ξptq est Gaussienne centrée de variance τ .

On va maintenant donner une définition précise du mouvement Brownien, et donner
quelques unes de ses propriétés.

Soit pΩ,F ,Pq un espace probabilisé et I “ r0, T s ou I “ R`.

Definition 0.1.4.1. On dit que pβptqqtPI est un mouvement Brownien (ou processus de
Wiener) sur I, à valeurs réelles, si

1. β est un processus à valeurs réelles et βp0q “ 0.

2. β est continu presque sûrement sur I.

3. β a des accroissements indépendants, c’est-à-dire que pour tout n-uplet
pt0, t1, ¨ ¨ ¨ , tnq avec t0 ă t1 ă ¨ ¨ ¨ ă tn et ti P I pour tout i, les variables aléatoires
βpti`1q ´ βptiq forment une famille indépendante.
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4. pour tous t, s P I avec t ą s, βptq ´ βpsq suit une loi normale centrée de variance
t´ s, c’est-à-dire βptq ´ βpsq „ N p0, t´ sq.

On peut déjà remarquer que si β est un mouvement Brownien, alors pour tous t, s P I
avec t ą s, βptq´βpsq

t´s
suit une loi Gaussienne centrée de variance 1

t´s
. On ne s’attend

donc pas à ce que β soit dérivable. Le mouvement Brownien possède cependant d’autres
propriétés. La proposition suivante en énonce quelques unes.

Proposition 0.1.4.1. Soit β un mouvement Brownien sur I “ R`. Alors

1. Homogénéité en temps : pour tout τ ą 0, le processus pβpt ` τq ´ βpτqqtě0 est un
mouvement Brownien.

2. Symétrie : Le processus p´βptqqtě0 est un mouvement Brownien.

3. Scaling : Pour tout λ ą 0, le processus
`

λβ
`

t
λ2

˘˘

tě0 est un mouvement Brownien.

Grâce aux propriétés stochastiques du mouvement Brownien, la théorie d’Itô permet
de construire pour des processus g prévisibles et de carré intégrable en temps une notion
d’intégrale contre un mouvement Brownien, à partir de limite de processus élémentaires
pgnqnPN de la forme

řφpnq´1
k“0 gnpkq1rtk,tk`1r où pout tout n P N, t1 ă t2 ă ¨ ¨ ¨ ă tφpnq repré-

sente une partition de r0, T s. Pour ces processus élémentaires on peut définir l’intégrale
stochastique comme une combinaison linéaire d’accroissements. Ainsi

ż T

0
gpsqdβpsq “ lim

nÑ8

ż T

0
gnpsqdβpsq

“ lim
nÑ8

˜

φpnq´1
ÿ

k“0
gnpkqpβptk`1q ´ βptkqq

¸

.

Cette intégration stochastique nous permet finalement de donner un sens à la notation
différentielle

dX “ fdt` gdβptq, t P I,

qui est alors équivalente à

Xptq “ Xp0q `
ż t

0
fpsqds`

ż t

0
gpsqdβpsq, t P I.

Un processus pouvant s’écrire sous cette forme est souvent appelé semi-martingale. Ceci
définit une notion de différentielle stochastique d’Itô, et il est naturel de se demander s’il
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est possible de calculer des différentielles de fonctions composées. C’est le résultat suivant
appelé formule d’Itô.

Theorem 0.1.4.1. Soient f et g deux processus avec f adapté et g prévisible tels que
ż T

0
|fpsq|ds ă 8, p.s., et

ż T

0
|gpsq|2ds ă 8 p.s.

Soient X vérifiant dX “ fdt` gdβptq sur r0, T s, et u : r0, T s ˆ RÑ R telle que Btu, Bxu
et B2

xu existent et sont continues sur r0, T s ˆ R. Alors

dupt,Xptqq “ Btupt,Xptqqdt` Bxupt,XptqqdXptq `
1
2B

2
xupt,Xptqqg

2
ptqdt. (0.1.8)

Cette formule est le résultat fondamental permettant de construire toute une théorie
des équations différentielles stochastiques. Elle permet notamment d’obtenir un résultat
du type Cauchy-Lipschitz. Pour généraliser les résultats existants à la théorie des équations
aux dérivées partielles stochastiques, il faut retrouver une notion d’intégration stochas-
tique, cette fois-ci sur un espace de dimension infinie, comme par exemple un espace de
Hilbert.

On considère donc maintenant H un espace de Hilbert séparable de produit scalaire
p¨, ¨qH et de norme | ¨ |H , une base Hilbertienne pekqkPN de H et pβkqkPN une suite de
mouvements Brownien indépendants sur pΩ,F ,Pq. Un processus de Wiener cylindrique
dans H est formellement défini par

W pt, xq “
ÿ

kPN
βkptqekpxq.

En fait, on peut voir que cette série diverge presque sûrement dans H. La dérivée de βk
est un bruit blanc en temps, et si on se place sur r0, πs, formellement on peut écrire

dβk
dt

“
2
?
π

ÿ

jPN
Yjk cospjtq,

où pYjkqjPN est une famille de variables aléatoires gaussiennes centrées réduites indépen-
dantes. On a donc, toujours formellement,

dW

dt
“

2
?
π

ÿ

j,kPN
Yjk cospjtqek.
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Si par exemple H “ L2pOq, O ouvert de Rd, les fonctions 2?
π

cospjtqekpxq forment une base
Hilbertienne de L2pr0, πs ˆOq ; on voit qu’on a une généralisation à plusieurs paramètres
du bruit blanc, les variables t et x jouant le même rôle. Il est naturel de dire que dW

dt
est un

bruit blanc en espace et en temps. La définition rigoureuse du processus de Wiener ainsi
que la construction de l’intégrale stochastique nécessite les notions d’opérateurs nucléaires
et Hilbert-Schmidt.

Definition 0.1.4.2. Soit H un espace de Hilbert séparable et Φ : H Ñ H un opérateur
linéaire. On dit que Φ est nucléaire, ou de trace finie, si pour une base Hilbertienne pekqkPN
de H on a

ÿ

kPN
|pΦek, ekqH | ă 8.

Ceci est alors vrai pour toute base Hilbertienne de H et

Tr Φ “
ÿ

kPN
pΦek, ekqH

ne dépend pas de la base considérée. On appelle Tr Φ la trace de Φ et on note L1pHq

l’espace des opérateurs nucléaires sur H.

Definition 0.1.4.3. Soient H,K deux espaces de Hilbert séparables et Φ : H Ñ K un
opérateur linéaire. On dit que Φ est Hilbert-Schmidt si pour une base pekqkPN on a

ÿ

kPN
|Φek|2K ă 8.

Ceci est alors vrai pour toute base Hilbertienne de H et si pflqlPN est une base Hilbertienne
de K on a

Tr Φ˚Φ “
ÿ

kPN
|Φek|2K “

ÿ

lPN
|Φ˚fl|2H “ Tr ΦΦ˚.

De plus cette quantité ne dépend pas des bases considérées. On note L2pH,Kq l’espace
des opérateurs Hilbert-Schmidt de H dans K. C’est un espace de Hilbert pour le produit
scalaire

pΦ,ΨqL2pH,Kq “ Tr ΨΦ˚ “ TrΨ˚Φ,

et la norme
|Φ|L2pH,Kq “ pTr ΦΦ˚q

1
2 “ pTr Φ˚Φq

1
2 .

Ces définitions nous permettent de donner une vraie notion de processus de Wiener
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cylindrique. En effet, soit cette fois H un espace de Hilbert, et H Ă U un Hilbert séparable
tel que l’injection soit un opérateur Hilbert-Schmidt. Alors si on définit pour pekqkPN une
base Hilbertienne de H et pβkqkPN une suite de mouvements Browniens indépendants le
processus

W “
ÿ

kPN
βkek,

on peut étudier la convergence de W et on obtient

E

«

|
ÿ

kPN
βkptqek|

2
U

ff

“ t
ÿ

kPN
|ek|

2
U ă 8.

On a utilisé l’indépendance des βk ce qui entraine Erβkptqβlptqs “ 0 si k ‰ l. La série
converge bien dans L2pΩ, Uq. Remarquons qu’il est toujours possible de construire un tel
espace U .

Definition 0.1.4.4. Soit H un espace de Hilbert séparable, pekqkPN une base Hilbertienne
de H et pβkqkPN une suite de mouvements Browniens indépendants sur I “ R` ou I “

r0, T s. On dit que pW ptqqtPI est un processus de Wiener cylindrique sur H si, pour un
espace de Hilbert U tel que H Ă U avec injection Hilbert-Schmidt, W est un processus
Gaussien à valeurs dans U et

W ptq “
ÿ

kPN
βkptqek, P p.s., t P I.

On peut montrer que cette définition ne dépend pas de l’espace U . La série défi-
nissant W ptq converge presque sûrement dans U car elle est définie comme somme de
variables aléatoires indépendantes à distributions symétriques. Un résultat général (voir
par exemple [DPZ14, Proposition 2.11]) dit que si une telle série converge en probabi-
lité alors elle converge presque sûrement. Ici la convergence en probabilité résulte de la
convergence en moyenne quadratique montrée ci-dessus. Cette définition est également
indépendante de la base Hilbertienne considérée. On peut également définir des processus
de Wiener plus complexes grâce aux opérateurs Hilbert-Schmidt.

Definition 0.1.4.5. Soient deux espaces de Hilbert H et K, W un processus de Wiener
cylindrique sur H et Φ : H Ñ K un opérateur linéaire. On dit que W̃ “ ΦW est un
processus de Wiener de covariance ΦΦ˚ sur K.

Bien entendu dans cette définition ΦW doit être compris comme
ř

kPN βkΦek. Cette
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série définissant W̃ est convergente presque sûrement ou en moyenne quadratique dans
tout espace U tel que K Ă U et Φ : H Ñ U est Hilbert-Schmidt. On voit en prenant
H “ K et Φ “ Id qu’un processus de Wiener cylindrique est un processus de covariance
Id. Dans le cas où Φ est Hilbert-Schmidt, W̃ est un processus Gaussien à valeurs dans
K, son opérateur de covariance est en fait donné par tΦΦ˚, qui est bien un opérateur
nucléaire.

Maintenant que l’on dispose d’une notion de processus de Wiener sur des espaces
de Hilbert (et donc une notion de bruit blanc), on peut définit une intégrale stochas-
tique comme dans le cas de la dimension 1. Pour H et K deux espaces de Hilbert, de
bases Hilbertiennes respectives pekqkPN et pflqlPN, on définit l’intégrale d’un opérateur
φ “ pφptqqtPr0,T s prévisible de carré intégrable à valeurs dans L2pH,Kq l’espace des opé-
rateurs Hilbert-Schmidt de H dans K comme

ż T

0
φpsqdW psq “

ÿ

k,lPN
pφpsqek, flqdβkpsqfl.

Une fois cette intégrale stochastique définie, on peut là encore donner un sens à la notation
différentielle

dX “ fdt` φdW ptq, t P r0, T s,

qui représente

Xptq “ Xp0q `
ż t

0
fpsqds`

ż s

0
φpsqdW psq, t P r0, T s,

pour φ prévisible tel que
şT

0 |φpsq|
2
L2pH,Kq

ă 8 p.s. On peut là encore calculer des diffé-
rentielles de fonctions composées, grâce à la généralisation de la formule d’Itô dans un
espace de Hilbert.

Theorem 0.1.4.2. Soit u : r0, T sˆK Ñ R une application continue telle que les dérivées
Btu, Bxu, B

2
xu existent et sont uniformément continues sur les bornés de r0, T s ˆK, alors

le processus upt,Xptqq a une différentielle d’Itô donnée par

dupt,Xptqq “

ˆ

Btupt,Xptqq ` Bxupt,Xptqqfptq `
1
2Tr pB

2
xupt,Xptqqφptqφ

˚
ptq

˙

dt

` Bxupt,XptqqφdW ptq.

(0.1.9)

Fort de ces concepts d’intégration et de calcul stochastique applicables aux équations
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aux dérivées partielles stochastiques, on peut maintenant aborder la notion d’approxima-
tion diffusion.

0.1.5 L’approximation diffusion

La notion d’approximation diffusion vient de la difficulté à modéliser des propagations
d’ondes en milieu aléatoire et à analyser des problèmes multi-échelles. En effet, dans de
nombreuses situations physiques, les phénomènes étudiés ont lieu dans des milieux dont on
ne possède qu’une description statistique. Les équations qui les modélisent contiennent
alors des termes aléatoires, et un point important de leur étude est de comprendre les
différentes échelles caractéristiques du problème. Trouver le bon rapport d’échelle permet
d’observer un régime asymptotique remarquable. Par exemple, l’équation

BtY
ε
ptq “ εmptqF pY ε

ptqq, Y p0q “ y0

où m est un processus stochastique, et F une fonction décrivant l’évolution observée,
possède sous de bonnes hypothèses sur F et m une limite triviale Y ptq “ y0 pour tout
t ď T avec T indépendant de ε. Cette équation peut par exemple décrire l’évolution
d’une particule dans un champ aléatoire. On ne décèle pas sous cette échelle de temps de
phénomène remarquable, donc on ne voit pas l’évolution de la particule. Cependant, sous
l’échelle de temps tÑ t

ε2 , l’équation devient pour Xεptq “ Y εp t
ε2 q :

BtX
ε
ptq “

1
ε
m

ˆ

t

ε2

˙

F pXε
ptqq, (0.1.10)

qui elle possède une limite non triviale bien connue sous de bonnes hypothèses sur le
processus m. L’influence du terme aléatoire est très importante pour voir quelle échelle
de temps est adéquate pour comprendre le comportement de Y ε.

Le principe de l’approximation diffusion est dû à un résultat bien connu de la théorie
des probabilités : le Théorème Centrale Limite. Celui-ci stipule que pour une suite de
variables aléatoires centrées indépendantes identiquement distribuées pMnqnPN, la suite

1?
n

řn
k“0Mk converge en loi vers une loi normale N p0,ErM2

1 sq. Ce dernier possède une
version fonctionnelle, prouvant qu’une suite de fonctions aléatoires définie par ξnptq “

1?
n

řrnts
j“1Mj converge en loi dans un certain espace vers une mouvement Brownien de

variance ErM2
1 s. On peut se ramener à la notation de notre problème en définissant par
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exemple le processus

M ε
ptq “ ε

ż t
ε2

0
mpsqds

où m est un processus aléatoire décrivant le milieu de propagation de l’onde étudiée.
Pour simplifier, supposons que ce milieu soit discret, et défini par des variables aléatoires
centrées réduites pmnqnPN indépendantes identiquement distribuées. Si on regarde les ac-
croissements du processus M ε on a pour t1 ă t2

M ε
pt2q ´M

ε
pt1q “ ε

rt2{ε2s
ÿ

n“rt1{ε2s

mn `Opεq.

Le terme principal correspond au cadre du Théorème Centrale Limite énoncé, donc les
accroissements du processus M ε convergent en loi vers une variable aléatoire Gaussienne
centrée de variance correspondant à la taille de l’accroissement.

lim
εÑ0

ErpM ε
pt2q ´M

ε
pt1qq

2
s “ pt2 ´ t1qErν2

ns “ t2 ´ t1.

Comme deux accroissements disjoints deM ε ne contiennent que des ensemble disjoints de
variables indépendantes mn, ils sont également indépendants, et cette propriété est égale-
ment valable pour le processus limite. Le processus limite M possède donc des accroisse-
ments Gaussiens indépendants centrés de variance égale à la longueur de l’accroissement.
On peut montrer qu’il est également continu en t avec des trajectoires continues, M est
alors le mouvement Brownien. Par un changement de variable, on voit aussi que

M ε
ptq “

1
ε

ż t

0
m
´ s

ε2

¯

ds,

ce qui nous indique que le processus 1
ε
mp t

ε2 q, que l’on retrouve dans l’équation (0.1.10),
converge en loi vers un bruit blanc. La théorie peut être étendue sur des cas plus généraux
que cet exemple, et des résultats précis peuvent être retrouvés dans [FGPS07].

Une fois qu’on peut intuiter la bonne échelle de temps grâce à ce résultat de conver-
gence en loi, il convient de trouver l’équation limite satisfaite par le processus limite. Pour
cela on a recours à la méthode de la Fonction Test Perturbée. Cette méthode est basée
sur l’utilisation d’équations de Poisson et de l’alternative de Fredholm pour passer à la
limite dans le problème martingale de l’équation. Pour cela on applique le générateur
infinitésimal Lε du processus pXε,mp ¨

ε2 qq à une fonction connue ϕ, que l’on corrige par
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plusieurs (généralement 2) fonctions, afin de faire disparaitre les singularités en ε. On
obtient une nouvelle fonction ϕε “ ϕ` εϕ1` ε

2ϕ2 et on est capable d’identifier une limite
Lεϕε Ñ Lϕ quand ε tend vers 0. Ce générateur limite nous donne alors sous de bonnes
hypothèses l’équation satisfaite par le processus limite X. Cette méthode fut introduite
initialement par Papanicolaou, Strook et Varadhan [PSV77], et on peut la trouver de
manière détaillée dans le livre de Fouque, Garnier, Papanicolaou et Solna [FGPS07] ou
encore dans la thèse de Renaud Marty [Mar05]. De notre côté nous l’appliquerons de
manière détaillée directement sur nos équations dans les différents chapitres de la thèse.

Voici donc le contexte dans lequel s’inscrit cette thèse. Nous allons travailler sur des
problèmes d’approximation diffusion liés au système de Zakharov stochastique et à l’équa-
tion de Schrödinger non-linéaire stochastique.

0.2 Contenu de la thèse

Nous allons maintenant introduire les résultats obtenus au cours de cette thèse. Ces
résultats seront détaillés dans les prochains chapitres.

0.2.1 Approximation diffusion pour l’équation de Schrödinger
non linéaire avec potentiel aléatoire sur Rn

Dans ce chapitre on étudie un problème d’approximation diffusion sur l’équation de
Schrödinger cubique :

iBtX
ε
ptq “ ´∆Xε

ptq ` λ|Xε
ptq|2σXε

ptq `
1
ε
Xptqm

ˆ

t

ε2

˙

, (0.2.1)

sur Rn, avec une donnée initiale régulière. Le processus m est un processus de Markov
ergodique, à valeurs dans un espace E “ HspRn,Rq pour s ą n

2 ` 3. Dans beaucoup
d’articles une hypothèse importante sur ce processus était la nécessité qu’il soit unifor-
mément borné, afin d’obtenir des estimations a priori. Dans ce chapitre on se défait de
cette hypothèse pour seulement supposer que ce processus possède suffisamment de mo-
ments. Cela introduit quelques nouvelles difficultés : par exemple lors de la méthode de
la Fonction Test Perturbée, les correcteurs que l’on introduit ne peuvent plus être bornés
uniformément en ε. On se place ici dans un cadre de solutions à valeurs dans l’espace de
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Sobolev H1pRnq, en supposant que le terme non-linéaire est sous-critique, c’est à dire que

0 ď σ ă
2

n´ 2 , n ě 3, ou 0 ď σ, n “ 1, 2.

Dans ce chapitre, on choisit de travailler dans des espaces de Sobolev à poids, notamment
pour obtenir des résultats de tension, aussi on définit pour 0 ă ζ ď 1 l’espace

Σζ
“
 

u P H1
pRn,C; xxyζu P L2

pRn,Cq
(

, (0.2.2)

muni de la norme ‖u‖Σζ “ ‖u‖H1 `
∥∥∥xxyζu∥∥∥

L2
. Le résultat de ce chapitre est le suivant.

Theorem 0.2.1.1. Pour tous T ą 0 et 0 ă ζ ď 1, supposons que Xε
0 converge en loi

vers X0 dans l’espace Σζ, voir (0.2.2), alors pour tout s P r0, 1q le processus Xε à valeurs
dans Cpr0, T s;Hsq, solution de (0.2.1) avec la donnée initiale Xε

0 converge en loi dans
Cpr0, T s, Hsq vers X solution de

idX “

´

´∆X ` λ|X|2σX ´
i

2FX
¯

dt´XQ1{2dW (0.2.3)

avec la donnée initiale X0, où F,Q sont définis respectivement par (0.2.4) et (0.2.5), et
où W est un processus de Wiener cylindrique sur L2.

Pour prouver ce théorème, on se sert de la méthode de la Fonction Test Perturbée
afin de passer à la limite dans le problème martingale satisfait par le processus Xε. Dans
ce chapitre on ne possède pas d’information sur l’évolution du processus mε. On suppose
alors qu’il existe γ ą 6 et une constante C telle que

E

«

sup
tPr0,1s

‖mptq‖γE

ff

ď C.

On définit également le noyau de covariance

kpx, yq “

ż 8

0
E rmp0qpxqmptqpyqs dt pour x, y P Rn,

qui nous permet de définir pour x P Rn

F pxq “ kpx, xq (0.2.4)
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ainsi que l’opérateur
Qfpyq “ Re

ż

Rn
kpx, yqfpxqdx (0.2.5)

pour f P H1pRn,Cq. Avant de s’intéresser à la limite ε Ñ 0, on commence par montrer
un résultat d’existence ainsi qu’une estimation d’énergie, car la conservation de l’énergie
(0.1.4) dans le cas déterministe ne tient plus lorsque l’on ajoute une perturbation aléatoire.

Proposition 0.2.1.1. Soit Xε
0 P H1. Alors, presque sûrement, il existe une unique

solution Xε de (0.2.1) avec la donnée initiale Xε
0 , à valeurs dans Cpr0, T s, H1pRnq X

Lrp0, T ;W 1,2σ`2pRnqq, r “ 4pσ`1q
nσ

, pour tout T . De plus, on a P´ p.s. pour 0 ď t ď T :

‖Xε
ptq‖L2 “ ‖Xε

0‖L2 and ‖∇Xε
ptq‖L2 ď CT eCT,ε supsPr0,ts‖mp sε q‖E pEpXε

0q ` cλ}X
ε
0}
pn
L2q ,

(0.2.6)
avec pn “ p2σ ` 2 ´ σnq 2

2´σn , cλ “ ´λ si λ ă 0 et cλ “ 0 pour λ ě 0. Enfin, si Xε
0 est

F0-mesurable alors le processus Xε est pF ε
t q-adapté.

Cette proposition nous permet, outre le fait de s’assurer que notre problème est bien
posé, d’obtenir un contrôle de l’évolution des normes du processus Xε et de son gradient,
en fonction de la donnée initiale et de l’évolution du processus mp t

ε
q, qui est d’ordre ε´α

avec α ą 0 aussi petit que l’on souhaite. La preuve de ce résultat consiste en un principe
de point fixe sur la formulation intégrale de (0.2.1) afin d’assurer le caractère bien posé
et en une formule d’Itô sur l’énergie évaluée en une régularisation de Xε, Xε

δ “ ρδ ˚ X
ε

avec ρ une approximation de l’unité, couplée à un lemme de Grönwall.
On a aussi besoin de s’assurer que le processus Xε reste bien dans l’espace Σζ si la

donnée initiale appartient à Σζ . C’est ce qu’assure le résultat suivant, qui se démontre en
appliquant la formule d’Itô à la fonctionnelle

ϕδpuq “

ż

Rn
xxy2ζ |upxq|2e´δxxydx.

Proposition 0.2.1.2. Supposons que Xε
0 P Σζ pour ζ ď 1, alors Xε P Cpr0, T s,Σζq

presque sûrement pour tout T ą 0. Plus précisément, on a

∥∥∥Xε
ptqxxyζ

∥∥∥2

L2
ď C

ˆ∥∥∥Xε
0xxy

ζ
∥∥∥2

L2
`

ż t

0
‖∇Xε

psq‖2
L2 ds

˙

. (0.2.7)

On peut ensuite commencer à mettre en place la méthode de la Fonction Test Per-
turbée. On note M le générateur infinitésimal du processus m, et Lε celui du couple
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pXε,mp ¨
ε
qq. Dans cette thèse, on utilise la notion de générateur au sens où pour des

fonctions test bien choisies ϕ le processus

ϕpmtq ´ ϕpm0q ´

ż t

0
Mϕpmsqds

est une martingale. Une question cruciale est de pouvoir inverser le générateur M. Contrai-
rement au problème sur Zakharov où on connaissait l’équation satisfaite par zε, et où l’on
pouvait donc redéfinir par la formule d’Itô M´1ϕ, ici on doit s’assurer qu’il est bien
possible de définir une telle quantité. On a donc besoin de définir une bonne classe de
fonctions test sur lesquelles on pourra inverser le générateur M.

Definition 0.2.1.1 (Bonne fonction test). On dit que φ : H1
CˆE ÝÑ R, pu, nq ÞÑ Ψpu, nq

est une bonne fonction test si elle vérifie les propriétés suivantes :

— Ψ est continûment différentiable par rapport à u, la différentielle est notée DΨ.

— Ψ est sous-polynomiale en u et n ; DCΨ, D p1 P N, D γ1 ă γ, @pu, nq P H1 ˆ E,

|Ψpu, nq| ď CΨp1` ‖u‖p1
H1qp1` ‖n‖γ1

E q.

— pu, nq ÞÑ DΨpu, nq est continue de H1 ˆ E dans LpH1
C;Cq.

— DΨpu, nq est continue par rapport à la norme H´1 et vérifie la borne sous-
polynomiale en u suivante : DCΨ, D p2 P N, D γ2 ă γ ´ 1, @pu, h, nq P H1 ˆH´1 ˆ E,

|DΨpu, nq.phq| ď Cψp1` ‖u‖H1q
p2p1` ‖n‖γ2

E q ‖h‖H´1 .

— @u P H1
C,Ψpu, .q P DM où DM est le domaine de l’opérateur M.

— MΨ est continu et sous-polynomial en u et n ; DCΨ, D p3 P N, D γ3 ă γ, @pu, nq P

H1 ˆ E,

|MΨpu, nq| ď CΨp1` ‖u‖p3
H1qp1` ‖n‖γ3

E q.

Pour une bonne fonction test ϕ, on est alors capable de calculer Lεϕ :

Lεϕpu, nq “
1
ε2 Mϕpu, nq

`
1
ε
pDϕpu, nq.p´iunqq

`Dϕpu, nq.pi∆u´ iλ|u|2σuq.
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Cette expression fait intervenir des termes d’ordre négatifs en ε. Si on suppose que la
fonction ϕ ne dépend que de u, le terme d’ordre ´2 est alors nul. On corrige notre
fonction test avec deux autres fonctions ϕ1 et ϕ2, qui sont aussi des bonnes fonctions test,
et on obtient :

Lε
pϕ` εϕ1 ` ε

2ϕ2qpu, nq “
1
ε2 Mϕpuq

`
1
ε
pDϕpuq.p´iunq `Mϕ1pu, nqq

`Mϕ2pu, nq `Dϕ1pu, nq.p´iunq `Dϕpuq.pi∆u´ iλ|u|2σuq

` ε
`

Dϕ2puq.p´iunq `Dϕ1pu, nq.pi∆u´ iλ|u|2σuq
˘

` ε2Dϕ2pu, nq.pi∆u´ iλ|u|2σuq.

On applique alors cette méthode à ϕpuq “ pu, hq` pour h P H1pRnq et ` “ 1, 2. Un bon
choix pour ϕ1 et ϕ2 nous permet de définir un générateur limite L :

Lϕpuq “ Dϕpuq ¨ pi∆u´ iλ|u|2σuq ` Eν
`

D2ϕpuq ¨ p´iun, iuM´1nq `Dϕpuq ¨ punM´1nq
˘

,

(0.2.8)

où M´1n est un abus de notation correspondant à M´1Idpnq. Par définition du générateur
infinitésimal Lε, on sait que

ϕεpXε
t ,m

ε
tq ´ ϕ

ε
pX0,m0q ´

ż t

0
LεϕεpXε

s ,m
ε
sqds

est une martingale. On a besoin de résultats de tension sur le processus Xε, qui sont
obtenus notamment grâce au critère d’Aldous couplé à la méthode de la Fonction Test
Perturbée. Une fois ces résultats démontrés, on peut se placer dans l’espace de Skorohod
et passer à la limite dans le problème martingale satisfait par Xε et d’identifier l’opérateur
L comme le générateur infinitésimal du processus limite. On conclut ainsi la preuve du
Théorème 1.1.1.
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0.2.2 Étude du système de Zakharov stochastique, et conver-
gence vers une équation de Schrödinger non linéaire sto-
chastique

Dans ce deuxième chapitre on étudie le système de Zakharov introduit dans la section
0.1.3, que l’on perturbe par l’ajout d’un terme stochastique. Le système devient

#

iBtu “ ´B
2
xu` nu,

ε2dpBtnq “ B
2
xpn` |u|

2qdt` φdW ptq,
(0.2.9)

où W ptq est un processus de Wiener cylindrique et φ un opérateur Hilbert-Schmidt. De
manière formelle, si on étudie la limite quand ε tend vers 0, on récupère

n “ ´|u|2 ´ pB2
xq
´1φ

dW

dt
,

et en réinjectant cette égalité dans l’équation satisfaite par u on obtient une équation de
Schrödinger stochastique cubique. On s’intéresse donc au caractère bien posé du problème,
ainsi qu’à la limite εÑ 0.

On remarque cependant rapidement qu’il est nécessaire de rajouter un amortissement à
notre système, afin de récupérer la convergence. Par ailleurs, l’ajout de cet amortissement
est aussi naturel pour des questions physiques, comme par exemple dans [GF06]. On
introduit donc le système

#

iBtu “ ´B
2
xu` nu,

ε2dpBtnq ` αεBtn “ B
2
xpn` |u|

2qdt` φdW ptq
. (0.2.10)

En effet, des simulations numériques sur un exemple plus simple :
#

BtXt “ ´Xtnt

ε2dpBtntq ` αεBtnt “ ´λntdt` dβt
(0.2.11)

nous montrent que la convergence ne se fait pas sans amortissement. Sur cet exemple
simple on sait que grâce à un changement d’échelle on peut identifier l’équation limite qui
est

dXt “ ´
1
λ
Xt ˝ dβt “

1
2λ2dt´

1
λ
dβt (0.2.12)

dont on connait la solution explicite : Xt “ e´
βt
λ . Si on suppose α “ 0 et que l’on calcule
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Figure 1 – Tracés pour ε “ 0.005 des solutions de l’équation (0.2.11) pour α “ 1 puis
α “ 0, et comparaison avec la solution de l’équation limite (0.2.12)

l’intégrale en temps de la solution nt de (0.2.11), on obtient

ż t

0
nsds “

1
λ
βt ´

1
λ

ż t

0
cos

ˆ

?
λ

ε
pt´ sq

˙

dβs,

et lorsque quon calcule la covariance on obtient

E
„
ż t

0
cos

ˆ

?
λ

ε
pt´ sq

˙

dβs

ż t1

0
cos

ˆ

?
λ

ε
pt1 ´ sq

˙

dβs

ff

“
1
2pt^ t

1
q cos

ˆ

?
λ

ε
pt´ t1q

˙

`
ε

4
?
λ

ˆ

sin
ˆ

?
λ

ε
pt´ t1q

˙

´ sin
ˆ

?
λ

ε
pt` t1 ´ 2pt^ t1qq

˙˙

,

qui oscille fortement quand ε tend vers 0. Sur la figure 1, on voit que si l’amortissement est
présent la convergence semble se passer sans accroc, tandis que le comportement général
de la solution de l’équation sans amortissement semble suivre la solution limite, mais avec
de fortes oscillation autour de cette dernière.

Ce problème vient du fait que sans amortissement, le processus nt ne converge pas vers
un bruit blanc. En effet, en approximation diffusion le résultat clé est le fait que l’intégrale
en temps de ce processus converge bien vers un mouvement Brownien, or si on trace le
processus nt avec et sans amortissement, comme illustré Figure 2 et qu’on le compare à un
mouvement Brownien, on observe le même problème, qui se transmet alors à la solution
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de l’équation. L’influence de l’amortissement sur cette équation différentielle stochastique

Figure 2 – Tracés pour ε “ 0.005 de l’intégrale de nt pour α “ 1 puis α “ 0, et
comparaison avec le mouvement Browien limite (0.2.12)

nous donne donc une idée de ce qui peut se passer, du moins dans le cas linéaire, pour
l’équation aux dérivée partielles au niveau de ses fréquences de Fourier. C’est pourquoi
dans le chapitre 2 on considère directement le système (0.2.10). On montre d’abord grâce
à un argument de point fixe le résultat suivant.

Theorem 0.2.2.1. Soit α ě 0 et φ P L2pL2 X 9H´1q. Soit pu0, n0, n1q P H2pRq ˆ
H1pRq ˆ L2pRq X 9H´1pRq. Alors il existe une unique solution pu, n, Btnq de (0.2.10) avec
des trajectoires continues à valeurs dans H2pRq ˆ H1pRq ˆ L2pRq X 9H´1pRq telle que
pup0q, np0q, Btnp0qq “ pu0, n0, n1q. Cette solution est définie sur un intervalle aléatoire
r0, T pωqq où T pωq ą 0 est un temps d’arrêt tel que

T pωq “ `8 ou lim
tÑT pωq

max p‖uptq‖H2 , ‖nptq‖H1q “ `8 p.s.

Et en réitérant l’argument de point fixe sur les dérives en temps des équations du
système (0.2.10), on montre qu’on peut gagner en régularité.

Theorem 0.2.2.2. Soit φ P L2pH1 X 9H´1q et soit pu, n, Btnq la solution de (0.2.10)
donnée par le Théorème 0.2.2.1, et T pωq le temps d’arrêt défini dans ce théorème. Alors si
u0 P H

3pRq, n0 P H
2pRq, n1 P H

1pRqX 9H´1pRq, on a pu, n, Btnqpωq P Cpr0, T pωqq, H3pRqˆ
H2pRq ˆH1pRqq.
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Les preuves de ces théorèmes suivent un schéma classique, inspiré de l’article de Kato
[Kat87], et sont détaillées dans le chapitre 1 de la thèse. Elles résident notamment dans
l’analyse de l’opérateur des ondes Sαptq qui permet d’écrire l’équation sur n, où l’on a
posé ε “ 1 car on ne s’intéresse pas encore à la convergence, sous forme intégrale :
˜

nptq

Btnptq

¸

“ Sαptq
´

n0, n1

¯

`

ż t

0
Sαpt´ sq

˜

0
B2
x|upsq|

2

¸

ds`

ż t

0
Sαpt´ sq

˜

0
φ

¸

dW psq.

L’étude de cet opérateur est assez technique. C’est un multiplicateur de Fourier, ce qui
nous permet de regarder facilement son comportement à l’aide de sa transformée de
Fourier. Le principal problème est la dépendance en α de cet opérateur, qui nous contraint
à décomposer notre étude en plusieurs domaines de fréquence.

Une fois ces résultats d’existence et d’unicité locale prouvés, on s’intéresse à récupérer
un résultat plus global. On prouve alors le théorème suivant.

Theorem 0.2.2.3. Soit α ě 0, T ą 0 et soit φ P L2pH
1 X 9H´1q. Pour toutes données

initiales u0 P H3, n0 P H2 et n1 P H1 X 9H´1, il existe presque sûrement une unique
solution pu, nq P L8pr0, T s, H3 ˆH2q pour le système (0.2.10).

Pour prouver ce théorème on décompose notre solution nptq de la façon suivante :
nptq “ mptq ` Zεptq où les nouvelles variables sont les solutions de :

ε2
B

2
tm` αεBtm “ B

2
x

`

m` |u|2
˘

,

ε2dpBtZ
ε
q ` αεBtZ

ε
“ B

2
xZ

εdt` φdW ptq.

Ainsi tout le caractère stochastique de l’équation est portée par la variable Zε tandis
que m satisfait l’équation des ondes initialement présente dans Zakharov (en ajoutant
l’amortissement). Le système (0.2.10) se réécrit alors :

$

’

&

’

%

iBtu “ ´B
2
xu` pm` Z

εqu,

ε2B2
tm` αεBtm “ B2

xpm` |u|
2q.

(0.2.13)

On précise que la décomposition nε “ mε`Zε nous donne une décomposition des données
initiales m0 “ n0 ´ Zε

0 , m1 “ n1 ´ Zε
1 . On choisit alors Zε

0 et Zε
1 de manière à ce que le

31



processus Zε soit stationnaire, c’est-à-dire

pZε
0 , Z

ε
1q “

1
ε

ż 8

0
Sα

´s

ε

¯

˜

0
φdWs

¸

.

Une fois cette réécriture effectuée, on essaye d’adapter les méthodes de l’article de Sulem
et Sulem [SS79]. Cet article se base sur l’estimation d’énergie valable pour le système de
Zakharov (0.1.7) :

BtHpu,mq “ Bt

ˆ

‖Bxu‖2
L2 `

1
2p‖n‖2

L2 ` ‖εV ‖2
L2q `

ż

R
n|u|2dx

˙

“ 0, (0.2.14)

où V est la solution de l’équation

Btm` BxV “ 0,

soit encore V “ ´pBxq´1Btm, ce qui justifie l’utilisation de l’espace de Sobolev homogènes
9H1 présents dans les énoncés des théorèmes. Dans notre cas, cette énergie n’est plus
conservée, et on commence par montrer l’égalité :

BtHpu,mq `

ż

R
Zε
Bt|u|

2dx “ ´αε ‖V ‖2
L2 . (0.2.15)

On suit ensuite le schéma de preuve de [SS79] en gérant les termes supplémentaires dus
à (0.2.15).

Les questions d’existence et d’unicité étant maintenant réglées, on s’intéresse alors à
la convergence de notre système. On énonce le théorème principal de ce chapitre.

Theorem 0.2.2.4. Soit α ą 0. Pour tout T ą 0, et pour u0 P H
3pRq,m0 P H

2pRq X
9H´1pRq,m1 P H

1pRq X 9H´1pRq, le processus uε, solution du système (0.2.13) avec φ P
L2pL

2pRq, H3pRq X 9H´4pRqq, converge en loi dans Cpr0, T s, Hs
locpRqq pour s ă 1 vers

l’unique solution u de

idu “ p´B2
xu´ |u|

2u´
i

2uF qdt´ upB
2
xq
´1φdWt, (0.2.16)

où F pxq “
ř

kPN ppB
2
xq
´1qφekq

2
pxq, la famille pekqkPN étant une base orthonrmée de L2pRq.

La preuve de ce théorème constitue l’essentiel du chapitre 1. La première difficulté
réside dans le fait que l’énergie H évolue de manière singulière en ε, donc on ne peut pas
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en tirer des estimations indépendantes de ε. Pour résoudre ce problème, on se place dans
le cadre de l’approximation diffusion en changeant l’échelle de temps de notre système. En
effet, on remarque que le processus Zε est d’ordre ε´ 1

2 et l’équation qu’il satisfait indique
qu’il dépend de t comme fonction de t

ε
. On définit alors la variable z̃εptq “ ε

1
2Zεpεtq. Le

système (0.2.13) se réécrit alors

$

’

&

’

%

iBtu “ ´B
2
xu`mu`

1?
ε
z̃ε
`

t
ε

˘

u,

ε2B2
tm` αεBtm “ B2

xpm` |u|
2q.

(0.2.17)

où z̃ε est solution de l’équation aux dérivées partielles stochastique
#

Btz̃
ε “ ζ̃ε,

dζ̃ε “ p´αζ̃ε ` B2
xz̃

εqdt` φdW̃ ε
t .

(0.2.18)

Ce processus a une loi indépendante de ε. En choisissant bien la donnée initiale de z̃ε, le
processus peut être pris stationnaire, avec suffisamment de moments. On est donc bien ici
dans une situation classique d’approximation diffusion, pour lesquelles la méthode de la
Fonction Test Perturbée est un outil puissant. Une fois ce changement d’échelle effectué
on peut appliquer cette méthode à l’énergie H pour en tirer une estimation sur la quantité

K “
1
2 ‖Bxu‖2

L2 `
1
4 ‖m‖2

L2 `
1
2 ‖εV ‖2

L2 . (0.2.19)

qui est une fonction positive. On montre ainsi que pout tout T ą 0, il existe un temps
d’arrêt τ ε qui tend presque sûrement vers T quand ε tend vers 0, et une constante CpT q
indépendante de ε tels que

E
„

sup
tďτε

pKptqq2


ď CpT q.

Grâce à cette estimation, on peut obtenir des résultats de tension sur nos processus en
utilisant le critère d’Aldous couplé à la méthode de la Fonction Test Perturbée. Ces
propriétés de tension nous permettent en passant dans l’espace de Skorohod d’obtenir
des convergences faibles, en s’appuyant sur l’article [AA88] d’Added et Added, où les
auteurs peuvent directement utiliser la conservation de l’énergie pour obtenir des bornes
indépendantes de ε.

Avec ces résultats de convergences faibles, on peut finalement utiliser la méthode de la
Fonction Test Perturbée afin d’exhiber une équation limite. On applique cette méthode

33



à des fonctions ϕpuq “ pu, hq` avec ` “ 1, 2 et h une fonction H1 à support compact. Le
cas ` “ 1 nous permet de montrer que

ϕputq ´ ϕpu0q ´

ż t

0
Lϕpusqds,

où L est le générateur infinitésimal du processus limite u, est une martingale continue
tandis que le cas ` “ 2 permet de calculer sa variation quadratique et de conclure grâce à
un théorème de représentation martingale, que l’on peut trouver dans [DPZ14, Théorème
8.2]. Le générateur infinitésimal du couple puε, zεq appliqué à ϕ nous donne

Lεϕpũεq “ `pũε, hq`´1
piB2

xũ
ε
´ im̃εũε, hq ´

`
?
ε
pũε, hq`´1

pizεũε, hq.

On corrige alors ϕ avec deux fonctions de manière à supprimer les termes singuliers dans
l’expression précédente, et on applique le générateur à ϕε “ ϕ`

?
εϕ1`εϕ2. On sait alors

que

ϕεpuεtq ´ ϕ
ε
puε0q ´

ż t

0
Lεϕεpuεsqds

est une martingale continue. L’expression de Lε nous permet d’identifier le générateur
limite L, et les résultats de tension et de convergences faibles nous permettent de passer
à la limite dans le problème martingale. On a ainsi un résultat de convergence en loi
du système de Zakharov stochastique avec un terme d’amortissement vers l’équation de
Schrödinger stochastique cubique. On peut néanmoins s’interroger sur le lien entre le
processus de Wiener dirigeant le système de Zakharov et celui dirigeant l’équation limite.
Le dernier résultat du chapitre nous assure que ce sont bien les mêmes, car on peut en
réalité obtenir une convergence en probabilité.

Theorem 0.2.2.5. Soit α ą 0. Pour tout T ą 0, et pour pu0,m0,m1q P H
3pRqˆpH2pRqX

9H´1pRqq ˆ pH1pRq X 9H´1pRqq, le processus uε solution du système (0.2.10) avec φ P

L2pL
2pRq, H3pRq X 9H´4pRqq converge en probabilité dans Cpr0, T s, Hs

locpRqq pour s ă 1
vers u solution de

idu “ p´B2
xu´ |u|

2u´
i

2uF qdt´ upB
2
xq
´1φdWt. (0.2.20)

où F pxq “
ř

kPN ppB
2
xq
´1qφekq

2
pxq, et Wt est le processus de Wiener cylindrique introduit

dans (0.2.10).
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Pour prouver ce résultat, on se base sur un résultat de Gyöngy et Krylov [GK96], pour
obtenir la convergence en probabilité de nos processus, et ainsi pouvoir passer à la limite
directement dans le problème martingale. En effet, la connaissance de l’équation satisfaite
par le processus zε nous permet de connaitre explicitement la martingale

ϕεpuεtq ´ ϕ
ε
puε0q ´

ż t

0
Lεϕεpuεsqds,

ce qui n’était pas nécessaire pour prouver la convergence en loi grâce au théorème de
représentation martingale. L’argument mis en place consiste à prendre deux sous-suites
quelconques du processus puεqεą0 et de montrer que le couple constitué de ces deux sous-
suites converge en loi vers une mesure supportée sur la diagonale. Le théorème de Skorohod
nous permet d’obtenir ce résultat, car on a déjà montré la tension de puεqεą0, et dans
l’espace de Skorohod on peut utiliser la convergence presque sûre des copies de nos sous-
suites pour conclure. Ensuite le résultat de Gyongy et Krylov nous assure la convergence
en probabilité du processus puεqεą0, ce qui permet de passer à la limite ε Ñ 0 dans
l’expression explicite de la martingale et ainsi d’identifier le processus de Wiener limite.

0.2.3 Schémas numériques conservant l’asymptotique

Dans ce dernier chapitre on s’intéresse à des problèmes d’analyse numérique liés à
ces problèmes d’approximation diffusion, et plus particulièrement à des schémas numé-
riques préservant l’asymptotique ( “asymptotic preserving” en anglais, ou plus simplement
“AP"). On s’appuie sur l’article de Bréhier et Rakotonirina-Ricquebourg [BRR22] qui dé-
finit la notion de schéma AP pour une équation différentielle stochastique. Le but de ce
chapitre est de construire un schéma numérique pour modéliser le système de Zakharov
stochastique, et qui soit consistant avec la limite ε Ñ 0. Un schéma AP est une discre-
tisation pXε

kqkPv0,Nw de la solution pXε
t qtPr0,T s d’une équation, qui converge quand ε tend

vers 0. La propriété d’être AP consiste en le fait que le schéma pour pXε
kqkPv0,Nw converge

lui aussi quand ε tend vers 0, et que le schéma limite permet de définir une bonne dis-
crétisation pXkqkPv0,Nw de la solution de l’équation limite pXtqtPr0,T s. Cette propriété peut
être illustrée par le diagramme suivant.
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Xε
k

εÑ0

��

NÑ8 // Xε
t

εÑ0

��
Xk NÑ8

// Xt

De manière plus rigoureuse, on peut définir un schéma AP de la façon suivante, légè-
rement différente de celle donnée dans [BRR22], mais mieux adaptée aux systèmes que
l’on étudie. Soit pour tout ε ą 0 un schéma numérique pXε

k, n
ε
k,m

ε
kqkPv0,Nw, défini par un

opérateur Φε
∆t, c’est-à-dire que pour tout t P v0, N1w on a

pXε
k`1, n

ε
k`1,m

ε
k`1q “ Φε

∆tpX
ε
k, n

ε
k,m

ε
k, γkq,

où pγkqkPv0,Nw est une suite de variables aléatoires Gaussiennes centrées réduites indé-
pendantes. Ce schéma est défini en vue d’approcher la solution d’un système continu
pXε

t , n
ε
t ,m

ε
tqtPr0,T s, qui converge en loi vers la solution d’une équation limite pXtqtPr0,T s. On

fait alors les hypohèses suivantes sur le schéma numérique.

Hypothèses 0.2.3.1. 1. L’opérateur Φε
∆t est défini pour tout ε P p0, 1s et tout ∆t P

p0,∆t0s, où ∆t0 ą 0 es indépendant de ε, et

sup
εPp0,1s

sup
∆tPp0,∆t0s

sup
kPN

E r|nεk|2 ` ε2|mε
k|

2s

1` E r|nε0|2 ` ε2|mε
0|

2s
ă 8. (0.2.21)

2. Pour tout ε P p0, 1s, le schéma numérique est consistant au sens faible avec le
système continu : pour toute fonction continue bornée ϕ :

ErϕpXε
N , n

ε
N ,m

ε
Nqs ÝÑ

NÑ`8
ErϕpXε

T , n
ε
T ,m

ε
T qs.

3. Pour tout ∆t P p0,∆t0s, il existe un schéma numérique pXkqkPv0,Nw tel que pour toute
fonction continue bornée ϕ :

ErϕpXε
N , n

ε
N ,m

ε
Nqs ÝÑεÑ0

ErϕpXNqs.

Avec ces hypothèses, on peut définir un schéma numérique préservant l’asymptotique.
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Definition 0.2.3.1. Soit un schéma numérique pXε
k, n

ε
k,m

ε
kqkPv0,Nw satisfaisant les Hypo-

thèses 0.2.3.1. Le schéma est dit préservant l’asymptotique, ou AP, si le schéma limite
donné par la troisème hypothèse est consistant au sens faible avec l’équation limite : pour
toute fonction continue bornée ϕ :

ErϕpXNqs ÝÑ
NÑ`8

ErϕpXT qs.

On commence par un modèle simple, qui nous permet de comprendre comment marche
la théorie développée dans [RR21].

$

’

’

&

’

’

%

BtX
ε
t “

σpXε
t qn

ε
t?

ε

Btn
ε
t “ mε

t

dmε
t “ ´

α
ε
mε
t ´

λ
ε2n

ε
t `

1
ε

3
2
dBt

, (0.2.22)

avec σ une fonction bornée. La différence avec les schémas étudiés dans [RR21] vient de
l’équation sur le processus nεt , qui ici est d’ordre deux, ainsi que de l’échelle en ε qui est
d’ordre ´1

2 , afin de se rapprocher de l’étude du système de Zakharov. L’équation limite
pour ce processus est

dXt “
σpXtq

λ
˝ dBt “

1
2λ2σpXtqσ

1
pXtqdt`

σpXtq

λ
dBt. (0.2.23)

On approche ce système par le schéma suivant :
$

’

’

’

’

’

&

’

’

’

’

’

%

nεk`1´n
ε
k

∆t “ mε
k`θ

mεk`1´m
ε
k

∆t “ ´α
ε
mε
k`θ ´

λ
ε2n

ε
k`θ `

1
ε

3
2
?

∆t
γk

Y εk`1´X
ε
k

∆t “ σpXε
kq

1?
ε
nεk`θ

Xε
k`1´X

ε
k

∆t “
σpXε

kq`σpY
ε
k`1q

2
1?
ε
nεk`θ

, (0.2.24)

où mk`θ “ θmk`1 ` p1´ θqmk, θ P r1
2 , 1s. On montre que ce schéma est bien AP au sens

de [BRR22] et que le schéma limite est donné par
#

Yk`1 “ Xk `
?

∆t
λ
σpXkqγk

Xk`1 “ Xk `
?

∆t
λ

σpXkq`σpYk`1q
2 γk

. (0.2.25)
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On se rapproche ensuite un peu plus de notre problème en considérant le système :
$

’

’

&

’

’

%

BtX
ε
t “ i

´

µXε
t `

Xε
t n
ε
t?
ε

¯

Btn
ε
t “ mε

t

dmε
t “ ´

α
ε
mε
t ´

λ
ε2n

ε
t `

1
ε

3
2
dBt

, (0.2.26)

qui a pour équation limite

dXt “ iµXtdt`
i

λ
Xt ˝ dBt. (0.2.27)

On construit également pour ce système un schéma numérique AP :
$

’

’

’

&

’

’

’

%

nεk`1´n
ε
k

∆t “ mε
k`θ

mεk`1´m
ε
k

∆t “ ´α
ε
mε
k`θ ´

λ
ε2n

ε
k`θ `

1
ε

3
2
?

∆t
γk

Xε
k`1´X

ε
k

∆t “ i

ˆ

µXε
k` 1

2
´

Xε

k` 1
2
nεk`θ

?
ε

˙

. (0.2.28)

qui converge vers le schéma limite suivant :

Xk`1 “ Xk ` iµ∆tXk` 1
2
´ iXk` 1

2

?
∆t
λ

γk, (0.2.29)

qui est bien consistant avec l’équation limite (0.2.27). On finit par construire un schéma
numérique pour le système de Zakharov (0.2.17)-(0.2.18), où l’on utilise une méthode de
relaxation introduite dans [Bes04] pour l’équation de Schrödinger non linéaire détermi-
niste :

$

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

%

ψεk`1´ψ
ε
k

2 “ |Xε
k|

2

nj
k`1´n

j
k

∆t “ mε
k` 1

2
mj
k`1´m

j
k

∆t “ ´α
ε
mε
k` 1

2
` 1

ε2A
´

nε
k` 1

2
` ψεk`1

¯

zj
k`1´z

j
k

∆t “ ζε
k` 1

2
ζj
k`1´ζ

j
k

∆t “ ´α
ε
ζε
k` 1

2
` 1

ε2Az
ε
k` 1

2
` 1

ε3{2
?

∆t

´

řL
`“1 ϕ`pjqγ`,k

¯

jPv1,J´1w
Xε
k`1´X

ε
k

∆t “ iAXε
k` 1

2
´ iXε

k` 1
2
nε
k` 1

2
´ i?

ε
Xε
k` 1

2
zε
k` 1

2

, (0.2.30)

où l’on utilise une notation vectorielle pour plus de lisibilité, la matrice A encodant le
Laplacien discret, et le terme Xε

k` 1
2
zε
k` 1

2
renvoyant au vecteur pXj

k` 1
2
zj
k` 1

2
qiPv0,Jw. Le choix
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de la méthode de relaxation permet de gérer l’implémentation de la non linéarité plus
simplement qu’un schéma de type Crank-Nicolson par exemple. N’ayant pas de théorie
pour les schémas AP en dimension infinie, on se contente d’observer le comportement
asymptotique de ce schéma lorsque ε tend vers 0. On remarque alors la convergence de ce
schéma vers la solution du schéma limite

$

’

’

&

’

’

%

ψk`1`ψk
2 “ |Xk|

2

Xk`1´Xk
∆t “ iAXk` 1

2
` iXk` 1

2
ψK`1

´ i?
∆tp´Aq

´1
´

řL
`“1 ϕ`pjqγ`,k

¯

jPv0,Jw
Xk` 1

2

. (0.2.31)

Des figures seront présentes tout au long de ce chapitre afin d’illustrer les différents résul-
tats obtenus.

39





Chapitre 1

DIFFUSION APPROXIMATION FOR THE

NONLINEAR SCHRÖDINGER EQUATION

WITH RANDOM POTENTIAL ON Rn

1.1 Introduction and main result

We study in this work the limit of Non-Linear Schrödinger Equation with randomness.
More precisely, we consider the following problem

iBtXptq “ ´∆Xptq ` λ|Xptq|2σXptq ` 1
ε
Xptqmpt{ε2

q, ε ą 0, (1.1.1)

on the domain Rn, with regular initial data. Such equation occurs in many situations, for
instance in optical fibers dynamics (see [G.A07], [UK92]). More generally, the nonlinear
Schrödinger equation is an equation describing the propagation of wave in a nonhomoge-
neous dispersive medium and random effects often enter the description via a potential.
Here we consider such a random potential which depends on time t ě 0 and space x P Rn

with a scaling of the form 1
ε
mp t

ε2 , xq.
Under such a scaling, we are in the situation of diffusion approximation. The ran-

dom term formally converges to a spatially dependent white noise in time and we ex-
pect to obtain a white noise driven stochastic partial differential equation at the limit.
Such stochastic non-linear Schrödinger equations are used in the physics literature and
has been mathematically studied, for example in a conservative version by Debussche
and de Bouard ([dBD03a], [dBD05], [dBD99], ...). Barbu, Röckner and Zhang proved in
[BRZ14] well posedness results in both conservative and nonconservative cases thanks to
rescaling transformations, while Brzezniak and Millet studied in [BM14] the stochastic
nonlinear Schrödinger equation on a two-dimensional manifold. We also cite [MRRY21]
and [MRY21] where the authors study the one dimensional L2-critical and supercritical
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cases for Nonlinear Schrödinger equation with spatially correlated noise and space time
white noise. We believe that it is important to prove that theses equations can be limits
of equations with noises appearing in physical applications, such as (1.1.1).

Our basic tool is the Perturbed Test Function method. This method provides an ele-
gant way for diffusion approximation problems; it was first introduced by Papanicolaou,
Stroock and Varadhan [PSV77] in a finite dimensional case, and one can find many applica-
tions in the book of Fouque, Garnier, Papanicolaou and Solna [FGPS07]. Generalizations
in infinite dimension have been recently developped, for instance in [dBG12], [DDMV16]
or [DV12]. Our aim is to develop this method in the context of the nonlinear Schrödinger
equation with a random potential. The difficulty is that the fundamental object for this
method is the infinitesimal generator of the Markov process associated to (1.1.1), which
is a complicated object, since we work in an infinite dimensional space. Moreover the Per-
turbed Test Function method is based on compactness arguments, which are not trivial
in the case of (1.1.1) whose space variable is in the full space Rn. We overcome this latter
problem by working in a weighted space. Note that the rescaling transformation used in
[BRZ14] shows that the solution of (1.1.1) is continuous with respect to

1
ε

ż t

0
m
´ s

ε2

¯

ds,

so that our result could be proved in a simpler way with this transform. However, our
arguments immediately extend to more general equations, for instance, if 1

ε
Xptqmp t

ε2 q is
replaced by 1

ε
ΛpXptqqmp t

ε2 q for a Nemitsky operator Λ with sublinear growth such that
Λpzqz̄ is real valued. For the sake of clarity we decided to study the case Λpzq “ z.

The driving noise m is an ergodic Markovian process with values in a Sobolev space
to be described below. In all of the articles mentioned above on diffusion approximation
problem for partial differential equations, this noise is assumed to be uniformly bounded.
This is important to get a priori estimates. In this article, we introduce a new argument,
which allows us to replace this assumption by a much more satisfactory one: we only
assume that m has sufficiently many moments. This introduces several difficulties. In
particular, the correctors cannot be bounded uniformly in ε. We use a stopping time
argument which, together with a control of the growth of stationary process, allows us to
obtain a bound on the correctors. Another difficulty is to obtain bounds on the solutions
of (1.1.1) uniformly in ε. In particular, the control of the energy is very delicate. Our
idea has been used and improved in a recent work on diffusion approximation for kinetic
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1.1. Introduction and main result

equations (see [RR21]).
We work with solutions in the Sobolev space H1pRnq and assume that the nonlinear

term is H1-subcritical:

0 ď σ ă
2

n´ 2 , n ě 3 or 0 ď σ, n “ 1, 2. (1.1.2)

Moreover, since we work with global solutions, we need the further assumption:

σ ă
2
n
, if λ ă 0. (1.1.3)

Our main result can be stated informally as follows (precise assumptions are given
below).

Theorem 1.1.1. For all T ą 0 and 0 ă ζ ď 1, assume that Xε
0 converges in law to X0

in the space Σζ, see (1.2.1), then for all s P r0, 1q the Cpr0, T s;Hsq-valued process Xε,
solution of (1.1.1) with initial data Xε

0 converges in law in Cpr0, T s, Hsq to X solution of

idX “

´

´∆X ` λ|X|2σX ´
i

2FX
¯

dt´XQ1{2dW (1.1.4)

with initial data X0, where F,Q are defined respectively by (1.2.23) and (1.2.24) below,
and W is a cylindrical Wiener process on L2.

The last two terms in (1.1.4) actually correspond to the Stratonovitch noise Xt ˝

Q
1
2dWt. The covariance operator Q is described below and is explicit in terms of the

correlation of m, see (1.2.22) and (1.2.24) below. This chapter is organized as follows. We
first introduce the notations and state preliminary results on the Schrödinger equation
and on the driving process m. In Section 1.3, we adapt Kato’s method (see [Caz03]) to get
global existence of the process Xε. The estimates are obtained by classical manipulations
of the equation and blow up when ε Ñ 0. To avoid this we adapt the perturbed test
function method to our problem in Section 1.4. This enables us to get both tightness of
the process and the natural generator of the limit. In Section 1.5 we use all the results
proved in Section 1.3 and Skorohod Theorem (see [Bil99]) to prove the weak convergence
of Xε to X. Finally, Section 1.6 is devoted to details about an example of process m that
can be considered in (1.1.1) and to proofs of technical estimates.

In this work C, C or c denote positive constants which unless explicitely stated are
independent of ε or of the smoothing parameter δ introduced below. They may eventually
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depend on other parameters such as T, n, σ,R or η, and if needed, we may precise the
dependences by denoting them for example as CT .

1.2 Preliminary and Main result

1.2.1 Notations

Throughout this paper, for p ě 1, we denote by LppRn, ;Cq the Lebesgue space of p
integrable C-valued functions on Rn, endowed with the usual norm. For p “ 2, p¨, ¨q is the
inner product of L2pRn;Cq given by

pf, gq “ Re

ż

Rn
fpxqḡpxqdx.

For s P R, we use the usual Sobolev space Hs :“ HspRn;Cq of tempered distribution
u P S 1pRnq such that xξysûpξq P L2pRn;Cq, where xξy “

a

1` |ξ|2, endowed with the
usual norm

‖u‖Hs “ ‖xξysûpξq‖L2 ,

where û denotes the Fourier transform.
For m P N and p ě 1, we also use the standard Sobolev spaces Wm,ppRn;Cq consisting

of functions which are in LppRn;Cq as well as their derivatives up to orderm. It is classical
that HmpRn;Cq “ Wm,2pRn;Cq.

We also consider the same spaces with values in R, they are denoted by the same
symbols with C replaced by R. When there is no ambiguity, we omit Rn and C or R. For
instance, we simply write H1 for H1pRn;Cq.

In this article, the following weighted Sobolev spaces are particularly useful. We define
for 0 ă ζ ď 1,

Σζ
“
 

u P H1
pRn;Cq; xxyζu P L2( (1.2.1)

endowed with the norm ‖u‖Σζ “ ‖u‖H1 `
∥∥∥xxyζu∥∥∥

L2
.

Finally, given a Banach space E, CpEq (resp. CkpEq) denotes the space of real-valued
continuous (resp. Ck) functions on E, and CbpEq (resp. Ck

b pEq) is the space of bounded
continuous functions (resp. Ck bounded as well as their derivatives up to order k).

When H, K are Hilbert spaces, we denote by LpH,Kq the space of linear operator
from H to K. If H “ K, we simply write LpHq. We also denote by L2pH,Kq the space
of Hilbert-Schmidt operators from H to K.
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We denote by Sptq the group associated to the linear homogeneous equation and
defined by Sptq “ eit∆. The solution of (1.1.1) is taken in the mild sense.

As already mentioned we assume that (1.1.2), (1.1.3) hold so that we are able to prove
global well posedness in H1pRn;Cq (see [Caz03]).

The energy of u P H1pRn;Cq is denoted by Hpuq and is given by

Hpuq “
1
2 ‖∇u‖2

L2 `
λ

2σ ` 2 ‖u‖2σ`2
L2σ`2 . (1.2.2)

In order to justify the computations when getting energy estimates, we may need a reg-
ularization procedure, so we choose ρ to be a mollifier, that is

ρ P C8pRn,Rq, ρ ě 0,
ż

Rn
ρpxqdx “ 1 and suppρ Ă Bp0, 1q. (1.2.3)

Finally for δ ą 0, we define ρδpxq “ 1
δn
ρ
`

x
δ

˘

and u ‹ v stands for the convolution of u and
v, when it makes sense.

1.2.2 The random process m

We assume that m is a centered, right-continuous and left-limited (càdlàg), stochas-
tically continuous, stationary E “ HspRn,Rq-valued process, for s ą n

2 ` 3 so that
E ãÑ W 3,8pRn,Rq, on a probability space pΩ,F ,Pq adapted to a filtration pFtqtPR. Note,
in particular, that mpt, xq is real-valued. We also define the rescaled process

mε
ptq “ mpt{ε2

q, (1.2.4)

which is centered stationary E “ Hs-valued process pF ε
t qtPR-adapted, where F ε

t “ Ft{ε2 .
Below, we often use the fact that E is an algebra.

The process m is an homogeneous Markov process. We denote by pPtqtě0 a transition
semigroup associated to m, M its infinitesimal generator and pm̃pt, nqqtě0,nPE a Markov
process such that m̃pt,mpsqq “ mpt` sq.

We do not need to define precisely M but we use it in the following sense. We assume
that there exist sets PM and DM included in

CP “ tψ P CpEq, DC ą 0, p ě 0 : @n P E, |ψpnq| ď Cp1` ‖n‖Eq
p
u , (1.2.5)
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such that for ψ P PM there exists M´1ψ P DM such that for n P E

M´1ψpm̃pt, nqq ´

ż t

0
ψpm̃ps, nqqds (1.2.6)

is an integrable martingale. We write MM´1ψ “ ψ. This is an implicit assumption
of ergodicity on m. We assume that m̃ has a unique invariant measure ν, which is the
invariant law of m. Clearly, our setting requires that

Eνrψs “
ż

E

ψpnqdνpnq “ 0, ψ P PM. (1.2.7)

We need that PM contains sufficiently many functions. Let us define for u, v P H1:

Ψu,v
1 pnq “ pun, vq.

We assume that for each u, v P H1, Ψu,v
1 P PM and there exists L1 : E Ñ E continuous

such that
M´1Ψu,v

1 pnq “ puL1pnq, vq.

Informally, this says: M´1n “ L1pnq.
Then we define for u, v P H1:

Ψu,v
2 pnq “ punL1pnq, vq ´ EνpunL1pnq, vq,

Ψu,v
3 pnq “ pu∇n, v∇L1pnqq ´ Eνpu∇n, v∇L1pnqq,

and assume that for each u, v P H1, i “ 2, 3, Ψu,v
i P PM and there exists L2 : E Ñ E

and L3 “ E Ñ Hs´1 continuous such that

M´1Ψu,v
i pnq “ puLipnq, vq.

Again, informally this may be written as:

M´1
pnL1pnq ´ EνpnL1pnqqq “ M´1

pnM´1n´ EνpnM´1nqq “ L2pnq
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and

M´1
p∇n ¨∇L1pnq ´ Eνp∇n ¨∇L1pnqqq “ M´1

p∇n ¨∇M´1n´ Eνp∇n ¨∇M´1nqq

“ L3pnq.

We need to invert further a function of n. For u, v P H1, we define

Ψu,v
4 pnq “ pun, vqpuL1pnq, vq ´ Eνpun, vqpuL1pnq, vq

and assume that for each u, v P H1, Ψu,v
4 P PM and there exists L4 : E Ñ L8pRn ˆ Rnq

continuous such that

M´1Ψu,v
4 pnq “ Re

ż

Rn

ż

Rn
upxqupyqL4pnqpx, yqv̄pxqv̄pyqdxdy.

Informally:

L4pnqpx, yq “ M´1
pnpxqL1pnqpyq ´ EνnpxqL1pnqpyqq and L2pnqpxq “ L4pnqpx, xq.

(1.2.8)
The boundedness assumption made in previous articles on diffusion approximation for

PDEs is replaced here by the weaker assumption: there exists γ ą 6 and a constant C,
such that for all k P N, the following estimate holds

E

˜

sup
tPrk,k`1s

‖mptq‖γE

¸

ď C. (1.2.9)

In particular, this implies:
ż

E

}n}γEdν ă 8

and
sup
tPr0,T s

‖mptq‖E ă 8, a.s.,

for any T ě 0. Notice that, by stationarity of m, it is sufficient to assume that (1.2.9)
holds for k “ 0.

We need some control on the growth of the functions Li, i : 1, cdots, 4, introduced
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above. We assume that there exists η ă γ{2´ 1 and p P N such that:

}Lipnq}E ď cp1` }n}Eqη, n P E, i “ 1, 2,

‖L3pnq‖Hs´1 ď cp1` ‖n‖Eqη, n P E,

}L4pnq}L8pRnˆRnq ď cp1` }n}Eqη, n P E.

(1.2.10)

In many situations, M´1ψ is given by:

M´1ψpnq “ ´

ż 8

0
Ptψpnqdt,

and, in particular, for each n P E, Ptψpnq is an integrable function: t ÞÑ Ptfpnq P L
1p0,8q.

Here we do not need this but we simply use the assumption that there exists λ P L1p0,8q
such that:

}Epmpt, nqq}E ď λptqp1` }n}Eqγ´1 (1.2.11)

and that L1 is given by

pw,L1pnqq “ ´

ż 8

0
E rpw,mpt, nqqs dt, w P E 1. (1.2.12)

The following Lemma is similar to [DPZ14, Lemma 15.4.4] and is fundamental to avoid
the uniform boundedness assumption on the process m.

Lemma 1.2.2.1. For all T ą 0, and ε ą 0, and α ą 2
γ

P

˜

sup
tPr0,T s

‖mε
ptq‖E ě ε´α

¸

Ñ 0,

when ε goes to 0.

Proof. For k P N, we denote by ηk the process

ηk :“ sup
tPrk,k`1s

‖mptq‖E ,
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then by Markov inequality and (1.2.9) we have for all δ and k

Ppηk ě kδq ď
C
kδγ

,

and choosing δ such that δγ ą 1, we have

ÿ

kě0
Ppηk ě kδq ă 8,

so we get by Borel-Cantelli lemma the existence of random variables Z1, Z2 such that

P´ a.s., @t P R`, ‖mptq‖E ď Z1 ` |t|
δZ2.

Finally, since
#

sup
tPr0,T s

‖mε
ptq‖E ě ε´α

+

Ă

#

Z1 `

ˇ

ˇ

ˇ

ˇ

T

ε2

ˇ

ˇ

ˇ

ˇ

δ

Z2 ě ε´α

+

and the probability of the right-hand side event goes to 0, when εÑ 0, under the condition
α ą 2δ, this ends the proof.

We naturally define the pF ε
t q-stopping time τ ε by

τ ε “ inftt P r0, T s, ‖mε
ptq‖E ě ε´αu. (1.2.13)

We will use many times that Ppτ ε ă T q ď PpsuptPr0,T s ‖mεptq‖E ě ε´αq, which together
with Lemma 1.2.2.1 yields

Ppτ ε ă T q ÑεÑ0 0. (1.2.14)

1.2.3 An example

An example of concrete assumptions on the process m that are sufficient to satisfy all
of the above hypotheses is the following:

1. For every n P E, pm̃pt, nqtě0 is a stochastically continuous Markov process associated
to the semigroup pPtqtě0.

2. pPtqtě0 is Feller.

3. For every k P N and n P E, Er‖m̃pt, nq‖kEs is finite and there exist Ck ą 0, `k P N
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such that for every t P r0, T s

Er‖m̃pt, nq‖kEs ď Ckp1` ‖n‖Eq
`k , n P E. (1.2.15)

4. There exist κ ą 0, γ ą 0, k0 P N such that for any n1, n2 P E we can construct a
coupling pm1ptq,m2ptqq of pm̃pt, n1q, m̃pt, n2qqtě0 such that

P
`

m1
ptq ‰ m2

ptq
˘

ď κ p1` ‖n1‖E ` ‖n2‖Eq
k0 e´γt. (1.2.16)

It follows classically from this last assumption that pPtqtě0 has a unique invariant measure
ν, which is exponentially mixing. We finally need

5.
ż

E

nνpdnq “ 0,

and for any k P N
ż

E

‖n‖kE νpdnq ă 8. (1.2.17)

We then take m as a stationary process with law ν such that m̃pt,mpsqq “ mpt` sq. For
ψ P CP such that

ş

E
ψpnqdνpnq “ 0, we may define

M´1ψpnq “ ´

ż 8

0
Ptψpnqdt. (1.2.18)

Our assumptions imply that M´1ψ P CP . We choose

DM “
 

M´1ψ, ψ P CP
(

, PM “

"

ψ P CP ,

ż

E

ψpnqdνpnq “ 0
*

.

Clearly for any M´1ψ P DM, we may take MM´1ψ “ ψ and L1, ¨ ¨ ¨ , L4 can be con-
structed and follow our assumptions.

Let us now construct a process satisfying 1 to 5. We consider the following stochastic
equation in a Hilbert space H: for t ą 0, x P H

#

dXt “ pAXt ` F pXtqqdt` σdWt,

X0 “ x,
(1.2.19)

where A is an unbounded operator on DpAq dense in H, invertible with a compact inverse,
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which generates an analytic semigroup petAqtě0 and such that

xAx, xy ď ´λ1 ‖x‖2
H , x P DpAq, (1.2.20)

and ∥∥∥etA∥∥∥
LpHq

ďMe´ηt, t ą 0,

for some k ą 0,M ą 0, η ą 0. Assume moreover that, for all t ą 0, etA is Hilbert-Schmidt
on H and ∥∥∥etA∥∥∥

L2pHq
ď Lt´γ, t ą 0,

with L ą 0, γ P r0, 1
2q.

Remark that if A “ ´p´∆qr where ´∆ is the Laplace operator on a smooth bounded
domain O Ă Rd, d P N˚ with Dirichlet boundary conditions, then A satisfies our assump-
tions provided that r ą d

2 .
The nonlinear term F can be chosen in various ways, for simplicity we assume that

it is Lipschitz bounded. The covariance of the noise σ is an invertible operator on H. It
has been proved in [DHT11] that (1.2.19) defines a Markov process in H. We consider a
continuous linear invertible operator Λ : H Ñ E and take

mpt, nq “ Λ
`

Xpt,Λ´1n` x̄q ´ x̄
˘

, (1.2.21)

where x̄ “
ż

H

xνpdxq, ν being the invariant measure of Xt, and, for x P H, Xpt, xq being
the unique solution of (1.2.19). The assumprions 1, 2 and 4 follow from corresponding
properties on Xt proved in [DHT11]. Concerning 3 and 5, they may be proved by classical
computations based on the change of unknown

Y ptq “ Xptq ´

ż t

0
eApt´sqσdWs

in (1.2.19) and energy estimates. In Section 1.6.1 we give details and prove that the
process mpt, nq satisfies conditions 1 to 5 and that these conditions are indeed sufficient
to construct L1, ¨ ¨ ¨ , L4 as above.

Remark 1.2.3.1. We could also build an example based on a Markov chain in E as in
[DRV21].
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1.2.4 The covariance operator

We note that assumptions (1.2.9) and (1.2.11) imply that t ÞÑ Epmp0qpxqpmptqpyqq is
integrable over r0,8q, so that we can define:

kpx, yq “

ż 8

0
Epmp0qpxqmptqpyq `mptqpxqmp0qpyqqdt for x, y P Rn. (1.2.22)

It is not difficult to check that k P W 3,8pRn ˆ Rnq X H1pRn ˆ Rnq. We assume that
kp¨, ¨q P L1pRnq, and that ∆1kp¨, ¨q P L

1pRnq, with ∆1 denoting the Laplacian operator
with respect to the first variable of k.

We also define F P E by
F pxq “ kpx, xq (1.2.23)

and Q the linear operator on H1
C by

Qfpyq “ Re

ż

Rn
kpx, yqfpxqdx for f P H1

C. (1.2.24)

The following lemma, whose proof can be found in [D.M60], is useful to prove that Q
is non-negative.

Lemma 1.2.4.1 (Wiener-Kintchine). Let
`

xptq
˘

tPR be a real-valued stationary and cen-
tered process, we set Cptq “ Epxptqxp0qq and assume C is integrable on R. Defining

x̂T pνq “

ż T

´T

xptqe´iνtdt,

we have
ż

R
Cpτqeiτνdτ “ lim

TÑ`8

1
2T E

ˇ

ˇ

ˇ
x̂T pνq

ˇ

ˇ

ˇ

2
.

We now use the last assumptions on m and PM to show the following properties:

Proposition 1.2.1. The operator Q has finite trace on L2, is self-adjoint and non-
negative: pQf, fq ě 0 for all f P L2. Moreover, the following identities hold

kpx, yq “ E
ż

R
mptqpxqmp0qpyqdt, (1.2.25)

ż 8

0
Epmptqpxqmp0qpyqqdt “ ´

ż

E

npyqL1pnqpxqdνpnq, (1.2.26)
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where ν is the law of mp0q.

Proof. We know that kp¨, ¨q P L1pRnq, so TrpQq ă 8, and k is obviously symmetric.
Moreover, the stationarity of m yields

ż 8

0
E
´

mp0qpyqmptqpxq
¯

dt “

ż 8

0
E
´

mp´tqpxqmp0qpyq
¯

dt

“

ż 0

´8

E
´

mp0qpxqmptqpyq
¯

dt,

and we easily get (1.2.25). Let us now prove the positivity of Q. We define xptq “ pmptq, fq,
which is a centered stationary process, and denote by Cptq “ Epxptqxp0qq its correlation
function. Then definitions (1.2.24) and (1.2.25) of k and Q and Lemma 1.2.4.1 yield

pQf, fq “

ż

R
Cpτqdτ “ lim

TÑ`8

1
T
E
ˇ

ˇ

ˇ
x̂T p0q

ˇ

ˇ

ˇ

2
ě 0.

Finally, applying (1.2.12) with w “ δx P E
1, we write:

´

ż

E

npyqL1pnqpxqdνpnq “ ´E
´

mp0qpyqL1pmp0qqpxq
¯

“ E
´

mp0qpyq
ż 8

0
E pm̃pt,mp0qqpxq|F0q dt

¯

“

ż 8

0
Epmptqpxqmp0qpyqqdt,

this proves (1.2.26)

Thanks to Proposition 1.2.1, we may define the operatorQ1{2, which is Hilbert-Schmidt
on L2. Let us denote by q its kernel. Then, we have

kpx, yq “

ż

Rn
qpx, zqqpz, yqdz.

We need a little more smoothness on this operator. We make an extra assumption:

F P W 1,1
XW 1,8. (1.2.27)

This implies that Q1{2 is Hilbert-Schmidt from L2 to H1 since:

}Q1{2
}

2
L2pL2,H1q ď ‖kp¨, ¨q‖L1pRnq ` ‖∆1kp¨, ¨q‖L1pRnq .
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We assume that it is also γ-radonifying from L2 to W 1,p for any p ě 2. It is shown in
[BL10] that this amounts to assuming that q P W 1,ppRn;L2pRnqq.

Under this assumption it is shown in [dBD03a] that (1.1.4) has a unique global solution
in H1.

1.2.5 Main result

We state here our main result, where we recall all the assumptions needed on the
process m.

Theorem 1.2.1. Let n P N, λ P R, 0 ď s ă 1, and let σ P R such that

0 ď σ ă
2

n´ 2 , n ě 3 or 0 ď σ, n “ 1, 2

and
σ ă

2
n

if λ ă 0.

Consider the Nonlinear Schrödinger equation

iBtX
ε
ptq “ ´∆Xε

ptq ` λ|Xε
ptq|2σXε

ptq `
1
ε
Xε
ptqmpt{ε2

q,

where m is a centered stationary E “ HspRnq-valued homogeneous Markov process, pFtq-
adapted, for which there exist γ ą 6 and C ą 0 such that

E

«

sup
tPr0,1s

‖mptq‖γE

ff

ď C.

Assume furthermore that (1.2.10),(1.2.11) and (1.2.12) are satisfied. Finally, consider F
and Q respectively defined in (1.2.23), (1.2.24), with k defined in (1.2.22), which can be
written as

kpx, yq “

ż

Rn
qpx, zqqpz, yqdz,

where q is the kernel of the operator Q 1
2 . Assume that F P W 1,1pRnq X W 1,8pRnq and

that q P W 1,ppRn, L2pRnqq for any p ě 1. Then for all T ą 0 and 0 ă ζ ď 1, assuming
that Xε

0 converges in law to X0 in Σζ defined in (1.2.1), the Cpr0, T s, Hsq-valued process
Xε solution of the above Schrödinger equation with initial data Xε

0 converges in law in
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Cpr0, T s, HspRnqq to X solution of

#

idXt “

´

´∆Xt ` λ|Xt|
2σXt ´

i
2FXt

¯

dt´XQ1{2dWt

Xp0q “ X0
,

where Wt is a cylindrical Wiener process on HspRnq.

The proof of this theorem is detailled in Section 1.5. We first study the equation (1.1.1)
and the generator of the couple pXε,mεq. This allows us to introduce the perturbed test
function method, which is the key tool to obtain tightness and prove the main result.

1.3 The equation

1.3.1 The Cauchy problem

This subsection is devoted to proving the following proposition. It states the existence
of Xε and provides a bound in H1. This bound is obtained by standard arguments but is
not uniform in ε. A uniform bound is obtained with more sophisticated tools below.

Proposition 1.3.1. For any ε ą 0, given Xε
0 P H1, there exists almost surely a

unique mild solution Xε of (1.1.1) with initial data Xε
0 which lies in Cpr0, T s, H1pRnq X

Lrp0, T ;W 1,2σ`2pRnqq, r “ 4pσ`1q
nσ

, for any T . Moreover, we have P´ a.s. for 0 ď t ď T :

‖Xε
ptq‖L2 “ ‖Xε

0‖L2 ,

‖∇Xε
ptq‖L2 ď CT eCT,ε supsPr0,ts‖mεpsq‖E pHpXε

0q ` cλ}X
ε
0}
pn
L2q ,

(1.3.1)

with pn “ p2σ ` 2 ´ σnq 2
2´σn , cλ “ ´λ if λ ă 0 and cλ “ 0 for λ ě 0. Finally, if Xε

0 is
F0-measurable, then the process Xε is pF ε

t q-adapted.

Proof. We solve (1.1.1) pathwise and consider the equation

iBtu
ε
“ ´∆uε ` λ|uε|2σuε ` 1

ε
mε
pt, ωquε.

We use here Kato’s method (see [Caz03, Theorem 4.4.1]) to get existence and uniqueness
of Xεpωq “ uε for a small enough T0. We recall that Xε is the fixed-point of φ defined for
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u P ET by:

φpuqptq “ SptqXε
0pωq ´ iλ

ż t

0
Spt´ sq|upsq|2σupsqds´

i

ε

ż t

0
Spt´ squpsqmε

psqds (1.3.2)

in the space

ET “tu P L8pr0, T0s;H1
pRn

qq X Lrpr0, T0s;W 1,2σ`2
pRn

qq;

‖u‖L8pr0,T0s;H1pRnqq ďM, ‖u‖Lrpr0,T0s;W 1,2σ`2pRnqq ďMu

endowed with the distance

dpu, vq “ ‖u´ v‖L8pr0,T0s;L2pRnqq ` ‖u´ v‖Lrp0,T0;L2σ`2pRnqq .

Kato’s method proves that φ is a contraction for well chosen M , T0, and allows us to get
the continuity in time of the solution.

Since φ given by (1.3.2) maps pF ε
t q-adapted processes onto pF ε

t q-adapted processes,
and that Xε is obtained by iterating φ, this gives that Xε is pF ε

t q-adapted.
Moreover, it is easy to verify that ‖Xεpt, ωq‖L2 “ ‖Xε

0‖L2 . To prove the bound on the
gradient, we use the energy, and a regularization is necessary to justify the computations.
We denote now by Xε

δ “ ρδ ‹X
εpωq P Hk for all k P N. Then we compute Hpρδ ‹Xεptqq:

dHpρδ ‹X
εptqq

dt
“ dHpXε

δ ptqq.pρδ ‹ BtX
ε
q

“ Re

ˆ
ż

Rn
p´∆Xε

δ ` λ|X
ε
δ |

2σXε
δ qBtX

ε
δ

˙

“ Re

ˆ
ż

Rn
p´∆Xε

δ ` λ|X
ε
δ |

2σXε
δ qp´i∆X̄ε

δ ` iλρδ ‹ p|X
ε
|
2σX̄ε

q `
i

ε
ρδ ‹ pX̄

εmε
qq

˙

“ Re

ˆ
ż

Rn
p´∆Xε

δ , iλρδ ‹ p|X
ε
|
2σX̄ε

q `
i

ε
ρδ ‹ pX̄

εmε
q

˙

`Re

ˆ
ż

Rn
pλ|Xε

δ |
2σXε

δ qp´i∆X̄ε
δ ` iλρδ ‹ p|X

ε
|
2σX̄ε

q `
i

ε
ρδ ‹ pX̄

εmε
qq

˙

.

Since ∇Xε P L8pr0, T0s;L2q X Lrpr0, T0s;L2σ`2qq we get that ∇Xε
δ Ñ ∇Xε in

Lrp0, T0;L2σ`2q and similarly ρδ ‹ p|Xε|2σXεq converges to |Xε|2σXε in Lr1p0, T0;W 1, 2σ`2
2σ`1 q

as δ goes to 0. The other terms are treated similarly and after integration in time, and
δ Ñ 0 we obtain
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HpXε
ptqq “HpXε

0q ´
1
ε

ż t

0
Im

ż

Rn
∇Xε

psq.∇mε
ps, ωqX̄ε

psqds

which leads to, using Cauchy-Schwarz and Young inequality

HpXε
ptqq ď HpXε

0q `
1
ε

ż t

0
‖mε

psq‖E

˜

‖∇Xεpsq‖2
L2

2 `
‖Xε

0‖2
L2

2

¸

ds (1.3.3)

This implies (1.3.1) when λ ě 0. For λ ă 0, we use Gagliardo-Nirenberg’s inequality and
Young inequality and have for u P H1 and σ ă 2{n

1
2σ ` 2 ‖u‖2σ`2

L2σ`2 ď C ‖u‖2σ`2´σn
L2 ‖∇u‖σnL2 ď

1
4 ‖∇u‖2

L2 ` C ‖u‖pnL2 .

Thus the condition (1.1.3) implies that the energy provides a control on the L2 norm of
the gradient. In fact, the energy bound (1.3.3), Gronwall lemma and the conservation of
the L2 norm yield the result. Global existence follows from (1.3.1) and the conservation
of the L2 norm.

1.3.2 Persistence in the spaces Σζ

The result given in this subsection is a slight improvement of [Caz03, Theorem 6.5.1].
Contrary to the estimate in H1, standard arguments suffice to give a uniform bound of
the weighted L2 norm.

Proposition 1.3.2. Assume Xε
0 P Σζ for some ζ ď 1. Then Xε P Cpr0, T s,Σζq almost

surely for any T ą 0. More precisely, there exists C ą 0 a deterministic constant such
that ∥∥∥Xε

ptqxxyζ
∥∥∥2

L2
ď C

ˆ∥∥∥Xε
0xxy

ζ
∥∥∥2

L2
`

ż t

0
‖∇Xε

psq‖2
L2 ds

˙

. (1.3.4)

Proof. Recall that we denote by xxy “
a

1` |x|2. Given δ ą 0, denote by ϕδ the function

ϕδpuq “

ż

Rn
xxy2ζ |upxq|2e´δxxydx.
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We have

d

dt
ϕδpX

ε
ptqq “ 2pXε

ptq, BtX
ε
ptqxxy2ζe´δxxyq

“ 2pXε
ptq, i∆Xε

ptqxxy2ζe´δxxyq

“ ´2
`

Xε
ptq, i∇Xε

ptq∇pxxy2ζe´δxxyq
˘

“ 2Im
ˆ
ż

Rn
X̄ε
ptq∇Xε

ptq.∇
`

xxy2ζe´δxxy
˘

˙

.

Note that Xε is sufficiently smooth and no regularization argument is necessary here.
Since ∇pxxy2ζq “ 2ζxxy2ζ´2x, we get

ϕδpX
ε
ptqq “ϕδpu

ε
0q

` 2Im
ˆ
ż t

0

ż

Rn
X̄ε
ptq∇Xε

ptq.
`

p2ζxxy2ζ´2
´ 2ζδxxy4ζ´2

qe´δxxyx
˘

˙

dx,

(1.3.5)

using then |x| ď xxy yields

ϕδpX
ε
ptqq ď ϕδpu

ε
0q

`4ζ
ˆ
ż t

0

ż

Rn

ˇ

ˇ

ˇ
Xε
ptqxxyζe´

δ
2 xxy

2ζ
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇Xε

ptq.
´

pxxyζ´2
´ δxxy3ζ´2

qe´
δ
2 xxy

¯

xxy
ˇ

ˇ

ˇ

˙

dx

and since tptζ´2 ´ δt3ζ´2qe´
δ
2 t is bounded for t ě 1 and δ ď 1, and ϕδpuε0q ď

∥∥∥u0xxy
ζ
∥∥∥2

L2
,

we deduce
ϕδpX

ε
ptqq ď

∥∥∥u0xxy
ζ
∥∥∥2

L2
` C

ż t

0
‖∇Xε

psq‖L2

a

ϕδpXεpsqqds,

which, thanks to Young inequality and Gronwall lemma, leads to

ϕδpX
ε
ptqq ď C

ˆ∥∥∥u0xxy
ζ
∥∥∥2

L2
`

ż t

0
‖∇Xε

psq‖2
L2 ds

˙

.

Finally, by Fatou’s lemma, letting δ Ó 0:

∥∥∥Xε
ptqxxyζ

∥∥∥2

L2
ď C

ˆ∥∥∥u0xxy
ζ
∥∥∥2

L2
`

ż t

0
‖∇Xε

psq‖2
L2 ds

˙

which is exactly (1.3.4). Then by (1.3.1), we see that the right-hand side of (1.3.4) is
bounded, which implies Xε P Cwpr0, T s,Σζq, where the subscript w indicates weak conti-
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nuity in time. Letting δ Ó 0 in (1.3.5) we see that

∥∥∥Xε
ptqxxyζ

∥∥∥2

L2
“

∥∥∥u0xxy
ζ
∥∥∥2

L2
` 4ζIm

ż t

0

ˆ
ż

Rn
Xε
psqxxy2ζ´2∇Xε

psq.xdx

˙

ds

and since the right-hand side is continuous, we get the strong continuity: Xε P

Cpr0, T s,Σζq.

1.3.3 Generator of pXε,mεq

In order to determine the law of the limiting process X, we need to identify the
generator of Xε. Clearly, Xε is not a Markov process, because its increments depend on
mε, but the couple pXε,mεq is a Markov process, since m is.

We compute now the generator Lε of the process pXε,mεq. We are able to compute
this generator acting on functions such as in the next definition.

Definition 1.3.3.1 (Good test function). We say that Ψ : H1
CˆE ÝÑ R, pu, nq ÞÑ Ψpu, nq

is a good test function if the following holds:

— Ψ is continuously differentiable with respect to u, the differential is denoted by DΨ.

— Ψ is subpolynomial in u and n; DCΨ, D p1 P N, D γ1 ă γ, @pu, nq P H1 ˆ E,

|Ψpu, nq| ď CΨp1` ‖u‖p1
H1qp1` ‖n‖γ1

E q.

— pu, nq ÞÑ DΨpu, nq is continuous from H1 ˆ E to LpH1
C;Cq.

— DΨpu, nq is continuous with respect to the H´1 norm and satisfies the following
subpolynomial bound in u: DCΨ, D p2 P N, D γ2 ă γ ´ 1, @pu, h, nq P H1 ˆH´1 ˆ E,

|DΨpu, nq.phq| ď Cψp1` ‖u‖H1q
p2p1` ‖n‖γ2

E q ‖h‖H´1 .

— @u P H1
C,Ψpu, .q P DM

— MΨ is continuous and subpolynomial in u and n; DCΨ, D p3 P N, D γ3 ă γ, @pu, nq P

H1 ˆ E,

|MΨpu, nq| ď CΨp1` ‖u‖p3
H1qp1` ‖n‖γ3

E q.

Remark 1.3.3.1. We have not defined the infinitesimal generator of M. The fifth as-
sumption in Definition 1.3.3.1 should be understood as: for each u P H1

C, ψpu, ¨q P DM
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and there exists ϕpu, ¨q P PM such that ψpu, ¨q “ M´1ϕpu, ¨q. Then we write ϕpu, ¨q “
Mψpu, ¨q. We also need to consider functions ψpuq which do not depend on n, in this case
we set Mψpuq “ 0.

With these good test functions, we may identify the generator. For the definition of
the predictable quadratic variation of a martingale, we refer to [JS03] and recall that it
coincides with the quadratic variation when the martingale is continuous.

Proposition 1.3.3. For ϕ a good test function, the infinitesimal generator Lε of pXε,mεq

is given by the formula:

Lεϕpu, nq “
1
ε2 Mϕpu, nq

`
1
ε
pDϕpu, nq.p´iunqq

`Dϕpu, nq.pi∆u´ iλ|u|2σuq

for u P H1
C, n P E. More precisely, if E ‖Xε

0‖pH1 ă 8 for all p ą 0:

Mϕptq “ ϕpXε
ptq,mε

ptqq ´ ϕpXε
0 ,m

ε
p0qq ´

ż t

0
LεϕpXε

psq,mε
psqqds

is a càdlàg and integrable pF ε
t q zero-mean martingale. If furthermore γ1, γ2 ` 1, γ3 ă γ{2

and ϕ2 is also a good test function, its continuous quadratic variation is given by

xMϕ,Mϕyt “

ż t

0
pLεϕ2

´ 2ϕLεϕqpXε
psq,mε

psqqds. (1.3.6)

Proof. Let t ě s ě 0 and s “ t0 ă ... ă tn “ t be a subdivision of rs, ts with supi|ti`1´ti| “

δ. Given g a F ε
s -measurable and bounded function, we have

E rpϕpXε
ptq,mε

ptqq ´ ϕpXε
0 ,m

ε
p0qqq gs “ E

„ˆ
ż t

s

LεϕpXε
pσq,mε

pσqqdσ

˙

g



` I ` II,

60



1.3. The equation

where

I “
n´1
ÿ

i“0
E rpϕpXε

pti`1q,m
ε
pti`1qq ´ ϕpX

ε
ptiq,m

ε
pti`1qq

´

ż ti`1

ti

DϕpXε
psq,mε

psqq.pi∆Xε
psq ´ iλ|Xε

psq|2σXε
psq ´

i

ε
Xε
psqmε

psqqds q gs

“E
„ˆ

ż t

0
iδpsqds

˙

g



with

iδpsq “ ´
n´1
ÿ

i“0
1rti,ti`1spsq pDϕpX

ε
psq,mε

pti`1qq ´DϕpX
ε
psq,mε

psqqq .
dXε

dt
psq,

and

II “
n´1
ÿ

i“0
E rpϕpXε

ptiq,m
ε
pti`1qq ´ ϕpX

ε
ptiq,m

ε
ptiqq

´
1
ε2

ż ti`1

ti

MϕpXε
psq,mε

psqqds q gs

“E
„ˆ

ż t

0
iiδpsqds

˙

g



.

To treat iδ, we write dXε

dt
pσq “ i∆Xεpsq´ i|Xεqpsq|2σXεpsq´ i1

ε
Xεpsqmεpsq, and since Dϕ

is regularizing and subpolynomial, we have
ˇ

ˇ

ˇ

ˇ

DϕpXε
psq,mε

psqq ¨

ˆ

i∆Xε
`
Xεmε

ε
psq

˙ˇ

ˇ

ˇ

ˇ

ď Cε,ϕp1` ‖Xε
psq‖p2`1

H1 qp1` }mε
psq}γ2`1

E q.

(1.3.7)
Also, since σ ă 2

n´2 , we know that H1 is embedded in L2σ`2 and by duality L
2σ`2
2σ`1 is

embedded in H´1. We deduce:

|DϕpXε, nq ¨ p|Xε|2σXεq | ď Cε,ϕp1` ‖Xεpsq‖p2
H1qp1` }mεpsq}γ2

E q ‖|Xε|2σXε‖
L

2σ`2
2σ`1

ď Cε,ϕp1` ‖Xεpsq‖p2
H1qp1` }mεpsq}γ2

E q ‖Xε‖2σ`1
H1

which gives, thanks to (1.3.1) and (1.2.9), the uniform (in ps, ωq) integrability of iδ
Moreover, since Xε is almost surely continuous and mε is stochastically continous,
DϕpXεpsq,mεpti`1qq ´ DϕpXεpsq,mεpsqq converges to 0 when δ Ñ 0 in probability, so
I converges to 0, as δ tends to 0.
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We claim that

iiδpsq “
1
ε2

n´1
ÿ

i“0
1rti,ti`1s pMϕpXε

ptiq,m
ε
psqq ´MϕpXε

psq,mε
psqqq .

Indeed, for u P H1, ϕpu, ¨q P DM (see Definition 1.3.3.1) and

M ε
pu, tq “ ϕpu,mε

ptqq ´ ϕpu,mp0qq ´
ż t

0

1
ε2 Mϕpu,mε

psqqds

is a pF ε
t q-martingale. As Xεptiq and g are F ε

ti
-measurable, we get

E prϕpXε
ptiq,m

ε
pti`1qq´ ϕpXε

ptiq,m
ε
ptiqqs gq

“
1
ε2E

ˆ„
ż ti`1

ti

MϕpXε
ptiq,m

ε
psqqds



g

˙

.

Since Mϕ satisfies the polynomial bound in Definition 1.3.3.1, we get the uniform inte-
grability of iiδ. The convergence in probability to 0 comes from the continuity of Mϕ.

The quadratic variation xM,My is characterized by the property that M2ptq ´
şt

0xM,Mypsqds is a martingale. Let s ă t and ptiqi be a subdivision of rs, ts with
supi |ti`1 ´ ti| “ δ. Recall the following sequence of identity:

EpM2
ptq ´M2

psq ´

ż t

0
pLεϕ2

´ 2ϕLεϕqpXε
psq,mε

psqqds

“
ÿ

i

EpM2
pti`1q ´M

2
ptiq ´

ż ti`1

ti

pLεϕ2
´ 2ϕLεϕqpXε

psq,mε
psqqds

“
ÿ

i

EppMpti`1q ´Mptiqq
2
´

ż ti`1

ti

pLεϕ2
´ 2ϕLεϕqpXε

psq,mε
psqqds,

(1.3.8)

where the last equality follows from

EppMpti`1q ´Mptiqq
2
q “ EpM2

pti`1q ´ 2Mpti`1qMptiq `M
2
ptiqq

and
EpMpti`1qMptiqq “ EpEpMpti`1qMptiq|Ftiqq “ EpM2

ptiqq.

Hence, it suffices to show that the right hand side of (1.3.8) goes to zero as δ Ñ 0.
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Let us write:

pMpti`1q ´Mptiqq
2
“

ˆ

ϕpXε
pti`1q,m

ε
pti`1qq ´ ϕpX

ε
ptiq,m

ε
ptiqq

´

ż ti`1

ti

LεϕpXε
pσq,mε

pσqqdσ

˙2

“ϕ2
pXε

pti`1q,m
ε
pti`1qq

´ 2ϕpXε
pti`1q,m

ε
pti`1qqϕpX

ε
ptiq,m

ε
ptiqq ` ϕ

2
pXε

ptiq,m
ε
ptiqq

´ 2pϕpXε
pti`1q,m

ε
pti`1qq ´ ϕpX

ε
ptiq,m

ε
ptiqqq

ż ti`1

ti

LεϕpXε
pσq,mε

pσqqdσ

`

ˆ
ż ti`1

ti

LεϕpXε
pσq,mε

pσqqdσ

˙2

.

Applying the above to ϕ2 implies that the process

M̃ptq “ ϕ2
pXε

ptq,mε
ptqq ´ ϕ2

pXε
p0q,mε

p0qq ´
ż t

0
Lεϕ2

pXε
pσq,mε

pσqqdσ

is a martingale for the filtration generated by mε. We can now write

n´1
ÿ

i“0
pMpti`1q ´Mptiqq

2
“

n´1
ÿ

i“0
M̃pti`1q ´ M̃ptiq `

ż ti`1

ti

Lεϕ2
pXε

pσq,mε
pσqqdσ

´ 2ϕpXε
ptiq,m

ε
ptiqq

´

ϕ
`

Xε
pti`1q,m

ε
pti`1qq ´ ϕpX

ε
ptiq,m

ε
ptiq

˘

¯

´ 2pϕpXε
pti`1q,m

ε
pti`1qq ´ ϕpX

ε
ptiq,m

ε
ptiqqq

ż ti`1

ti

LεϕpXε
pσq,mε

pσqqdσ

`

ˆ
ż ti`1

ti

LεϕpXε
pσq,mε

pσqqdσ

˙2
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and

ÿ

i

EppMpti`1q ´Mptiqq
2
´

ż ti`1

ti

pLεϕ2
´ 2ϕLεϕqpXε

psq,mε
psqqds

“ 2
ÿ

i

E
ˆ
ż ti`1

ti

ϕLεϕpXε
psq,mε

psqqds´ ϕpXε
ptiq,m

ε
ptiqq

ˆ pϕ pXεpti`1q,m
εpti`1qq ´ ϕpX

εptiq,m
εptiqqq

˙

´2
ÿ

i

E
ˆ

pϕpXε
pti`1q,m

ε
pti`1qq ´ ϕpX

ε
ptiq,m

ε
ptiqqq

ż ti`1

ti

LεϕpXε
pσq,mε

pσqqdσ

˙

`
ÿ

i

E

˜

ˆ
ż ti`1

ti

LεϕpXε
pσq,mε

pσqqdσ

˙2
¸

.

Again, the inequalities (1.2.9) and (1.3.1) and uniform integrability can be used to prove
that the three terms of the right hand side go to zero under the extra assumption that
γ1, γ2 ` 1, γ3 ă γ{2.

Remark 1.3.3.2. This proof is not completely rigourous. Indeed, we have differentiated
ϕpXεptqq with respect to t but we do not know whether Xε is C1 with values in H1. This
is easily overcome by a regularization argument as in the proof of Proposition 1.3.1: we
replace ϕ by ϕδ “ ϕpρδ ˚ ¨q and let δ Ñ 0 at the end of the proof.

1.4 The perturbed test function method

1.4.1 Correctors

From the expression of Lεϕpu, nq in Proposition 1.3.3, we see that the negative powers
of ε are present. The term of order -2 cancels if ϕ does not depend on n. Since we are
interested only in the behaviour of Xε when εÑ 0, it is natural to consider such functions.
To treat the -1 order term we need to add correctors to ϕ. Assuming ϕ1, ϕ2 are good test
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functions we have

Lε
pϕ` εϕ1 ` ε

2ϕ2qpu, nq “
1
ε2 Mϕpuq

`
1
ε
pDϕpuq.p´iunq `Mϕ1pu, nqq

`Mϕ2pu, nq `Dϕ1pu, nq.p´iunq `Dϕpuq.pi∆u´ iλ|u|2σuq

` ε
`

Dϕ2puq.p´iunq `Dϕ1pu, nq.pi∆u´ iλ|u|2σuq
˘

` ε2Dϕ2pu, nq.pi∆u´ iλ|u|2σuq,

where the notation Dϕ denotes the derivative with respect to u. Let us compute formally
the correctors. As already mentionned, the ´2 order term vanishes because we chose a
function ϕ depending only on u. The first corrector is chosen so that the ´1 order term
cancels. It is formally given by:

ϕ1pu, nq “ M´1Dϕpuq ¨ piunq “ Dϕpuq ¨ piuM´1nq “ Dϕpuq ¨ piuL1pnqq.

The second corrector enables to identify the limit generator. The average of the third line
is given by

Lϕpuq “Dϕpuq ¨ pi∆u´ iλ|u|2σuq

` Eν
`

D2ϕpuq ¨ p´iun, iuM´1nq `Dϕpuq ¨ punM´1nq
˘

“Dϕpuq ¨ pi∆u´ iλ|u|2σuq

` Eν
`

D2ϕpuq ¨ p´iun, iuL1pnqq `Dϕpuq ¨ punL1pnqq
˘

(1.4.1)

and we choose ϕ2 such that:

Mϕ2pu, nq `Dϕ1pu, nq.p´iunq `Dϕpuq.pi∆u´ iλ|u|2σuq ´ Lϕpuq “ 0.

In this way, we formally get Lεpϕ ` εϕ1 ` ε2ϕ2qpu, nq Ñ Lϕpuq and we indeed identify
the limit generator.

We do not need to justify rigorously the above computation for many functions. As
we shall see below, for our purpose, it is sufficient to consider test functions of the form:
ϕpuq “ pu, hq` for h P H1, ` “ 1, 2. It is clearly a good test function and satisfies all
assumptions of Proposition 1.3.3.

Proposition 1.4.1 (First corrector). Let ϕpuq “ pu, hq` with h P H1, ` “ 1, 2. Then there
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exists ϕ1 a good test function such that:

Dϕpuq.p´iunq `Mϕ1pu, nq “ 0 @u, n P H1
C ˆ E

Moreover, ϕ1 “ `pu, hq`´1piuL1pnq, hq and satisfies all assumptions of Proposition 1.3.3.

Proof of Proposition 1.4.1. For any k P H1, Dϕpuq ¨ k “ `pu, hq`´1pk, hq. Therefore:
ż

E

Dϕpuq.p´iunqdνpnq “`pu, hq`´1
ż

E

p´iun, hqdνpnq “ `pu, hq`´1
p´iu

ż

E

ndνpnq, hq

“0,

where ν is the law of mptq, which is centered. Thanks to our assumptions, ϕ1 is given by

ϕ1pu, nq “ `pu, hq`´1
piuL1pnq, hq.

By (1.2.10), we easily see that this is a good test function and Proposition 1.3.3 applies.

Note that thanks to (1.2.10), we have:

|ϕ1pu, nq| ď Cp1` ‖n‖Eq
η
}u}`H1}h}`H1 .

Moreover, for k P H1,

Dϕ1pu, nq ¨ k “ `pu, hq`´1
pikL1pnq, hq ` `p`´ 1qpk, hqpiuL1pnq, hq.

We now compute the second corrector. For the test function ϕpuq “ pu, hq`, we have

Lϕpuq “`pu, hq`´1
pi∆u´ iλ|u|2σu, hq

` Eν
`

`p`´ 1qp´iun, hqpiuL1pnq, hq ` `pu, hq
`´1
punL1pnq, hq

˘

.

The equation for ϕ2 then writes:

Mϕ2pu, nq ´ `p`´ 1qpiun, hqpiuL1pnq, hq ` `pu, hq
`´1
punL1pnq, hqq

´Eν
`

`p`´ 1qp´iun, hqpiuL1pnq, hq ` `pu, hq
`´1
punL1pnq, hq

˘

“ 0.

The following proposition is again a straigthforward application of our assumptions.
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Proposition 1.4.2 (Second corrector). Let ϕpuq “ pu, hq` with h P H1, ` “ 1, 2. Then
there exists ϕ2 a good test function such that:

Mϕ2pu, nq ´ `p`´ 1qpiun, hqpiuL1pnq, hq ` `pu, hq
`´1
punL1pnq, hqq

´Eν
`

`p`´ 1qp´iun, hqpiuL1pnq, hq ` `pu, hq
`´1
punL1pnq, hq

˘

“ 0.

Moreover, ϕ2 satisfies all assumptions of Proposition 1.3.3.

Clearly, ϕ2 is given by:
ϕ2pu, nq “ ´puL2pnq, hq

if ` “ 1 and

ϕ2pu, nq “ ´2
ż

Rn

ż

Rn
upxqupyqL4pnqpx, yqh̄pxqh̄pyqdxdy ´ 2pu, hqpuL2pnq, hq

for ` “ 2. Thanks to (1.2.10), we have in both cases:

|ϕ2pu, nq| ď Cp1` ‖n‖Eq
η
}u}`H1}h}`H1 .

Lemma 1.4.1.1 (Perturbed test-function method). Let ϕpuq “ pu, hq`, where h P H1,
` “ 1, 2, and ϕ1, ϕ2 given by Propostions 1.4.1 and 1.4.2. For ε P p0, 1q, we define ϕε “
ϕ` εϕ1 ` ε

2ϕ2. Then ϕε verifies for u P H1, n P E:

1.
|ϕεpu, nq ´ ϕpuq| ď Cε}u}`H1}h}`H1p1` }n}Eqη.

2.
|Lεϕεpu, nq ´ Lϕpuq| ď Cεp1` }u}2σ``H1 q}h}`H1p1` }n}Eqη`1. (1.4.2)

3. The process

Mϕεptq “ ϕεpXε
ptq,mε

ptqq ´ ϕεpXε
0 ,m

ε
p0qq ´

ż t

0
LεϕεpXε

psq,mε
psqqds

is a càdlàg and integrable pFtq zero-mean martingale.

Proof of Lemma 1.4.1.1. We treat the case ` “ 1. The case ` “ 2 is similar but lengthier.
The first assertion clearly follows from the bound we have written above on ϕ1 and ϕ2.
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By definition of Lϕ:

Lεϕεpu, nq ´ Lϕpuq “ε
`

Dϕ1pu, nq.pi∆u´ iλ|u|2σuq ` εDϕ2pu, nq.p´iunq
˘

` ε2Dϕ2pu, nq.pi∆u´ iλ|u|2σuq.

Recalling the expressions of ϕ1, ϕ2, we have
ˇ

ˇ

ˇ
Dϕ1pu, nq.pi∆u´ iλ|u|2σuq ` εDϕ2pu, nq.p´iunq

ˇ

ˇ

ˇ

ď C|h|H1p|L1pnq|E}i∆u´ iλ|u|2σu}H´1 ` ε|u|H1}nL2pnq}Eq

and
ˇ

ˇ

ˇ
Dϕ2pu, nq.pi∆u´ iλ|u|2σuq

ˇ

ˇ

ˇ

ď C|h|H1 |L2pnq|E}i∆u´ iλ|u|2σu}H´1 .

We have seen in the proof of Proposition 1.3.3 that

}i∆u´ iλ|u|2σu}H´1 ď Cp1` }u}H1q
2σ`1.

The estimate of the second assertion follows easily. By Proposition 1.4.1, Proposition 1.4.2
we know that ϕε is a good test function and satisfies the assumptions of Proposition 1.3.3
so that the third point is also clear.

1.4.2 Tightness of the process Xε

In this subsection, we aim to obtain tightness of the family of stopped processes
pXε,τεqε, where Xε,τεptq “ Xεpt ^ τ εq. The definition (1.2.13) of τ ε depends on α. We
choose α ă 2{γ such that αpη ` 1q ă 1.

The crucial ingredient used in previous works on diffusion approximation in infinite
dimension is an assumption on uniform boundedness of the driving process in the ade-
quate functional space, which would be L8p0, T ;Eq in our case, w.r.t. ε (see [DV12] and
[dBG12]). Under our weaker assumptions, the result remains true provided we use the
stopping time τ ε. We will see that this is sufficient to conclude.

Proposition 1.4.3. Assuming Xε
0 Ñ X0,P ´ a.s. in the space Σζ for some 0 ă ζ ď 1,

then the family of processes pXε,τεqεą0 is tight in Cpr0, T s, Hsq for s ă 1.

This result strongly relies on the following a priori estimate.
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Lemma 1.4.2.1. Assume that E p‖Xε
0‖L2 `HpXε

0qq
2
ď C (independently of ε), and let

Xε be the solution of (1.1.1) with initial data Xε
0 and τ ε the stopping time introduced in

(1.2.13). Then for any stopping time τ ď T , there exists a constant CpT q depending on T
but not on ε such that for t P r0, T s:

E
”∥∥∥Xε,τε

pτq
∥∥∥
H1

ı

ď CpT q. (1.4.3)

The proofs of Lemma 1.4.2.1 and Proposition 1.4.3 are technical and are postponed
to Section 1.6.

We remark that this lemma, together with (1.3.4) and assuming E
∥∥∥Xε

0xxy
ζ
∥∥∥2

L2
ď C

show that the following inequality holds

E
´∥∥∥Xε,τε

pτq
∥∥∥p

Σζ

¯

ď C. (1.4.4)

1.5 Proof of Theorem 1.1.1

The proof of Theorem 1.1.1 is divided into 3 steps. First we identify the SPDE asso-
ciated to L, then we prove the weak convergence of Xε to X solution of (1.1.4), linked to
L, and finally, we conclude using the uniqueness of the solution.

Proof of Theorem 1.1.1. Step 1: Identification of the limiting generator
For h P H2´s with s ă 1, we use the functionals ϕpuq “ pu, hq and ϕ2, which are

clearly good test functions. We now compute Lϕ and Lϕ2,

Lϕpuq “ Dϕpuq.pi∆u´ iλ|u|2σuq ` Eν

¨

˝D2ϕp´iun, iuL1pnqq
looooooooooomooooooooooon

0

`Dϕpuq.punL1pnqq

˛

‚

“
`

i∆u´ iλ|u|2σu` EνunL1pnq, h
˘

“

ˆ

i∆u´ iλ|u|2σu´ 1
2uF, h

˙

,

where F is given by (1.2.23) (see (1.2.26)). In the case of ϕ2, we again have

Dϕ2
puq.pi∆u´ iλ|u|2σuq ` Eν

`

Dϕ2
puq.punM´1nq

˘

“ Dϕ2
puq.pi∆u´ iλ|u|2σu´ 1

2uF q
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but now the term EνD2ϕp´iun, iuM´1nq does not vanish,

EνD2ϕ2
p´iun, iuL1pnqq “ 2

ż

E

p´iun, hqpiuL1pnq, hqdνpnq

“ 2E
´

ż

Rn

ż

Rn
mp0qpxqRepiupxqh̄pxqq

`

ż 8

0
mptqpyqdt

˘

Repiupyqh̄pyqqdxdy
¯

since mptq is real-valued

“

ż

Rn

ż

Rn
kpx, yqRepiupxqh̄pxqqRepiupyqh̄pyqqdxdy.

Let us denote now by q the kernel of Q1{2, where Q is given by (1.2.24). Then we have

kpx, yq “

ż

Rn
qpx, zqqpz, yqdz

and

EνD2ϕ2
p´iun, iuL1pnqq

“

ż

Rn

ż

Rn

ż

Rn
qpx, zqqpz, yqRepiupxqh̄pxqqRepiupyqh̄pyqqdzdxdy

“

ż

Rn

`

iuqp., zq, h
˘`

iuqp., zq, h
˘

dz

“
1
2Tr

`

D2ϕ2.piuQ1{2, iuQ1{2
q
˘

.

Finally, we have
Lϕpuq “ Dϕpuq.pi∆u´ iλ|u|2σu´ 1

2uF q (1.5.1)

and

Lϕ2
puq “ Dϕ2

puq.pi∆u´ iλ|u|2σu´ 1
2uF q `

1
2Tr

`

D2ϕ2.piuQ1{2, iuQ1{2
q
˘

. (1.5.2)

Step 2: Convergence
Given 0 ă ζ ď 1, by Propostion 1.4.3, we have a subsequence of pXε,τεqεą0, still

denoted by pXε,τεq, of law P ε and a probability measure P on Cpr0, T s, Hsq such that

P ε
Ñ P weakly on Cpr0, T s, Hs

q.

Since r0, T s is compact andHs is separable, Cpr0, T s, Hsq is also separable, and by Sko-
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horod theorem (see [Bil99]) there exists a probability space pΩ̃, F̃ , P̃q and X̃ε, X̃ random
variables on Ω̃ with values in Cpr0, T s, Hsq such that

X̃ε
Ñ X̃ in Cpr0, T s, Hs

q, P̃ a.s. as εÑ 0

and LpX̃εq “ P ε and LpX̃q “ P . For h P H2´s, we use the test function ϕpuq “ pu, hq and
ϕ1, ϕ2 the correctors given by Propositions 1.4.1 and 1.4.2. We define ϕε “ ϕ`εϕ1`ε

2ϕ2,
then by Lemma 1.4.1.1, the process

Mptq “ ϕεpXε
ptq,mε

ptqq ´ ϕεpXε
p0q,mε

p0qq ´
ż t

0
LεϕεpXε

psq,mε
psqqds

is a martingale for the filtration pF ε
t qt, and the stopped process Mpt ^ τ εq is also a

martingale, that is, for all 0 ď s1 ď ... ď sn ď s ď t and g P Cb
`

pH1qn
˘

E
´

`

ϕεpXε
pt^ τ εq,mε

pt^ τ εqq ´ ϕεpXε
ps^ τ εq,mε

ps^ τ εqq

´

ż t^τε

s^τε
LεϕεpXε

ps1q,mε
ps1qqds1

˘

gpXε
ps1 ^ τ

ε
q, ..., Xε

psn ^ τ
ε
qq

¯

“ 0.

Moreover, we easily have
ż t^τε

s^τε
LεϕεpXε

ps1q,mε
ps1qqds1

˘

gpXε
ps1 ^ τ

ε
q, ..., Xε

psn ^ τ
ε
qq

“

ż t^τε

s^τε
LεϕεpXε,τε

ps1q,mε^τε
psqqds1

˘

gpXε,τε
ps1q, ..., X

ε,τε
psnqq.
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Then we get:

E
´

`

ϕpXε,τε
ptqq ´ ϕpXε,τε

psqq ´

ż t

s

LϕpXε,τε
ps1qqds1

˘

gpXε,τε
ps1q, ..., X

ε,τε
psnqq

¯

“ E
”´

´ ε
`

ϕ1pX
ε,τε
ptq,mε

pt^ τ εqq ´ ϕ1pX
ε,τε
psq,mε

ps^ τ εqq
˘

´ ε2`ϕ2pX
ε,τε
ptq,mε

pt^ τ εqq ´ ϕ2pX
ε,τε
psq,mε

ps^ τ εqq
˘

´

´

ż s

s^τε
LϕpXε,τε

ps1qqds1 ´

ż t^τε

t

LϕpXε,τε
ps1qqds1

´

ż t^τε

s^τε
pLεϕε ´ LϕqpXε

ps1q,mε
ps1 ^ τ εqqds1

¯

gpXε,τε
ps1q, ..., X

ε,τε
psnqq

ı

“ ErT1 ` T2 ` T3 ` T4s.

We now use Lemma 1.4.1.1 and Lemma 1.4.2.1 to get the bound:

ErT1 ` T2s ď CεE

˜

sup
s1Pr0,T s

∥∥∥Xε,τε
ps1q

∥∥∥
H1
}h}H1

˜

1` sup
s1Pr0,T s

‖mε
ps1 ^ τ εq‖E

¸η¸

ď Cε1´αη.

Similarly
ErT4s ď Cε1´αpη`1q.

By the embedding H1 Ă L2σ`2 (see (1.1.2)) and Hölder’s inequality, we have

ˇ

ˇLϕpXε,τε
ps1qq

ˇ

ˇ ď ‖∇h‖L2

∥∥∥∇Xε,τε
ps1q

∥∥∥
L2
` ‖h‖L2σ`2

∥∥∥Xε,τε
ps1q

∥∥∥2σ`1

L2σ`2

` ‖F‖L8 ‖h‖L2

∥∥∥Xε,τε
ps1q

∥∥∥
L2

ďCp1`
∥∥∥Xε,τε

ps1q
∥∥∥
H1
q
2σ`1

and Lemma 1.4.2.1 yields

E
”´

ˇ

ˇ

ˇ

ˇ

ż s

s^τε
LϕpXε,τε

ps1qqds1
˘

gpXε
ps1q, ..., X

ε
psnqq

ˇ

ˇ

ˇ

ˇ

¯ı

ď CE
“

ps´ s^ τ εq p1` CpT qq2σ`1‰

ď C
`

E
“

ps´ s^ τ εq2
‰˘1{2 :“ r1pεq,
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with r1pεq Ñ 0 when εÑ 0 by Lemma 1.2.2.1 and the uniform integrability. Similarly, we
have

E
ˇ

ˇ

ˇ

ˇ

ż t^τε

t

LϕpXε,τε
ps1qqds1gpXε

ps1q, ..., X
ε
psnqq

ˇ

ˇ

ˇ

ˇ

ď r2pεq,

with r2pεq Ñ 0 when εÑ 0.
Finally, we obtain
ˇ

ˇ

ˇ
E
´

`

ϕpXε,τεptqq ´ ϕpXε,τεpsqq ´
şt

s
LϕpXε,τεps1qds1

˘

gpXε,τεps1q, ..., X
ε,τεpsnqq

¯
ˇ

ˇ

ˇ

ď Cε1´pη`1qα ` r1pεq ` r2pεq,

(1.5.3)
where C does not depend on ε. Moreover, as Xε,τε and X̃ε have the same law, then (1.5.3)
is also true by replacing Xε,τε by X̃ε, and P by P̃. Since ϕ, Lϕ and g are continuous from
Hs to R (the continuity of Lϕ requires the continuity of the nonlinearity which is given
by the embedding Hs Ă L2σ`1), taking the limit εÑ 0, we get

Ẽ
´

`

ϕpX̃ptqq ´ ϕpX̃psqq ´

ż t

s

LϕpX̃ps1qqds1
˘

gpX̃ps1q, ..., X̃psnqq
¯

“ 0. (1.5.4)

Then the process

M̃ptq “ ϕpX̃ptqq ´ ϕpX̃p0qq ´
ż t

0
LϕpX̃psqqds

is a martingale with respect to the filtration Gs generated by X̃psq. Note that this mar-
tingale is continuous.

Similarly, we can pass to the limit ε Ñ 0 in the definition of the quadratic variation
and obtain that the quadratic variation of M̃ is given by:

xM̃, M̃yptq “

ż t

0

`

Lpϕq2 ´ 2ϕLϕ
˘

pX̃psqqds.

Note that this step requires the use of the perturbed test function method applied to
ϕ2puq “ pu, hq2.
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From (1.5.1) and (1.5.2), we deduce

`

Lpϕq2 ´ 2ϕLϕ
˘

puq “2pu, hqpi∆u´ iλ|u|2σu´ 1
2uF, hq ` Tr

`

piuQ1{2, hq2
˘

´ 2pu, hq
´

pi∆u´ i

2uF, hq
¯

“Tr
`

piuQ1{2, hq2
˘

The continuous H´1-valued martingale

Mptq “ X̃ptq ´ X̃p0q ´
ż t

0
i∆X̃psq ´ i|X̃psq|2σX̃psq ´ 1

2X̃psqF

has the quadratic variation
ż t

0

´

iX̃psqQ1{2
¯´

iX̃psqQ1{2
¯˚

ds

then, using the martingale representation theorem (see [DPZ14]) and up to enlarging the
probability space, there exists a cylindrical Wiener process W such that

Mptq “

ż t

0
iX̃psqQ1{2dW psq.

Step 3: Uniqueness of the limit
Note that X̃ε also satisifies (1.4.3). Letting ε Ñ 0, we deduce that X̃ P

LppΩ̃;L8pr0, T s;H1pRnqqq for any p ě 1 is a martingale solution of (1.1.4). In particular, it
has paths in L8pr0, T s;H1pRnqq. We know from [BRZ14] that under our assumptions that
(1.1.4) has a unique solution with paths in L8pr0, T s;H1pRnqq. This implies uniqueness
in law for martingale solutions.

As P is the law of X̃, we deduce this is the law of the solution of (1.1.4). By uniqueness
of the limit, we conclude that the whole sequence pXε,τεq converges in law to X, in the
space of probability measure of Cpr0, T s, Hsq.

Finally, we obviously have for δ ą 0,
"

sup
0ďtďT

∥∥∥Xε
ptq ´Xε,τε

ptq
∥∥∥
H1
ą δ

*

Ă tτ ε ă T u ,

and together with Lemma 1.2.2.1 yields the convergence in probability of Xε ´Xε,τε to
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0.
Using finally [Bil99, Theorem 4.1], we obtain the weak convergence of Xε to X in

Cpr0, T s, Hsq.

1.6 Appendix

1.6.1 Details about the example in Section 1.2.3

Consider Xt solution of (1.2.19):
#

dXt “ pAXt ` F pXtqqdt` σdWt

X0 “ x
, (1.6.1)

where t ą 0, and x P H with H a Hilbert space. Then we define

mpt, nq “ Λ
`

Xpt,Λ´1n` x̄q ´ x̄
˘

,

with Λ : H Ñ E a continuous invertible operator and x̄ “
ş

H
xνpdxq where ν is the

invariant measure of Xt. In order to show that m satisfies the assumptions in E, it is
sufficient to show that these assumptions are satisfied by X in H. It is straightforward
that Xt is stochastically continuous, and it is proved in [DHT11] that Xt satisfies the
coupling assumption 4. We first prove that the moment of order 2 of Xt is bounded. Let
us define

Zt “

ż t

0
eApt´sqσdWs, Yt “ Xt ´ Zt, t ě 0. (1.6.2)

Thanks to the assumptions made on A and σ we know that there exists α0 ą 0 such that
for any k P N,

E

«

sup
tPr0,T s

‖Zt‖kDpp´Aqα0 q

ff

ď C, (1.6.3)

where Dpp´Aqαq is the domain of the operator p´Aqα. Besides Yt is solution of
#

dYt “ pAYt ` F pYt ` Ztqqdt

Y0 “ x
. (1.6.4)

Lemma 1.6.1.1. Let x P H, and Xt the solution of equation (1.2.19) with initial data x.
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Then for any k P N there exists a constant Ck depending on T and x such that

E

«

sup
tPr0,T s

‖Xt‖kH

ff

ď Ck.

Proof. The proof is based on a classical energy estimate. We start from the equation
satisfied by Yt:

BtYt “ AYt ` F pYt ` Ztq,

and take the scalar product with Yt. We use the assumptions on A and the boundedness
of F to obtain the inequality

1
2Bt ‖Yt‖

2
H ` ‖Yt‖2

Dpp´Aq
1
2 q
ďM ‖Yt‖H

which, using (1.2.20) for the right-hand side of the inequality, gives:

1
2Bt ‖Yt‖

2
H `

1
2 ‖Yt‖2

Dpp´Aq
1
2 q
ď
M2

2λ1
, (1.6.5)

where λ1 is the first eigenvalue of ´A. Finally using (1.2.20) again:

Bt ‖Yt‖2
H ` λ1 ‖Yt‖2

H ď
M2

λ1
.

Now multiply this inequality by ‖Yt‖k´2
H for k P N:

k

2Bt ‖Yt‖
k
H ` λ1 ‖Yt‖kH ď C ‖Yt‖k´2

H

ď Ck `
λ1

2 ‖Yt‖kH .

A Grönwall argument allows us to conclude that

‖Yt‖kH ď
2Ck
λ1

` ‖x‖kH e
´
λ1
2 t. (1.6.6)

Then, coming back to the process Xt, we get

E

«

sup
tPr0,T s

‖Xt‖kH

ff

ď CkE

«

sup
tPr0,T s

´

‖Zt‖kH ` ‖Yt‖kH
¯

ff

ď Ckpxq,

76



1.6. Appendix

because of the bound that we just proved for ‖Yt‖2
H and because all moments of Zt are

bounded.

Now we can start proving that Xt satisfies the different assumptions 1 to 5. The
following lemma ensures that Xt verifies 2.

Lemma 1.6.1.2. Let Xt the process which is solution of (1.2.19), and denote by Pt its
transition semigroup. Then pPtqtě0 is Feller.

Proof. Let x, y P H, denote by Xx
t and Xy

t the solutions of (1.2.19) with initial data x
and y. Then we have

dpXx
t ´X

y
t q “ pApX

x
t ´X

y
t q ` F pX

x
t q ´ F pX

y
t qq dt.

By classical energy estimate, using the assumptions on A and the Lipschitz assumption
on F , we get by a Grönwall argument that

‖Xx
t ´X

y
t ‖H ď CeCt ‖x´ y‖H .

Thus for any x P H, for any t ě 0, the process Xy
t converges almost surely to Xx

t if y
converges to x. Now let ϕ P CpHq with polynomial growth, and pxnqnPN a sequence in H
which converges to x P H as n goes to `8. The almost sure convergence proved above
implies that ϕpXxn

t q ´ ϕpXx
t q converges almost surely to 0 in H as n goes to `8, and

Lemma 1.6.1.1 ensures uniform integrability, so that finally

lim
nÑ`8

‖Ptϕpxnq ´ Ptϕpxq‖H “ 0.

Now we are interested in the existence and uniqueness of an invariant measure for the
process Xt.

Lemma 1.6.1.3. Let x P H. Then Pt the transition semigroup of the process Xt solution
of (1.2.19) with initial data x has a unique invariant measure denoted by ν.

Proof. The existence of an invariant measure is based on the Krylov-Bogoliubov theorem.
Here again we use the processes Yt and Zt defined in (1.6.2), and start from equation
(1.6.5):

1
2Bt ‖Yt‖

2
H `

1
2 ‖Yt‖2

Dpp´Aq
1
2 q
ď
M2

2λ1
.
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If we integrate this inequality, we get for t ą 0:

1
t

‖Yt‖2
H `

1
t

ż t

0
‖Ys‖2

Dpp´Aq
1
2 q
ds ď C `

1
t

‖Y0‖2
H ,

so that, using (1.6.3) there exists a random variable κ with all moments finite such that

1
t

ż t

0
‖p´Aqα0Xs‖H ds ď κ.

If we denote by µt “ 1
t

şt

0 LpXsqds with LpXq the law of X solution of (1.6.1), we have

µt
`

Bc
Dpp´Aqα0 qp0, Rq

˘

ď
C

R
.

Thus the sequence pµtqtą0 is tight and by Krylov-Bogoliubov theorem there exists an
invariant measure ν.

Now we prove the uniqueness of this invariant measure. It results from the coupling
assumption 4 proved in [DHT11] which gives for ϕ a continuous bounded function and
x, y P H:

|Ptϕpxq ´ Ptϕpyq| “ |E rϕpXx
t qs ´ E rϕpXy

t qs |

“ |E
“

pϕpXx
t q ´ ϕpX

y
t qq1Xx

t ‰X
y
t

‰

ď 2 ‖ϕ‖0 p1` ‖x‖2
H ` ‖y‖2

Hqe
´γt,

(1.6.7)

where we used Cauchy-Schwarz inequality in the last step of the computation and denoted
by ‖ϕ‖0 the supremum of ϕ. Let ν1, ν2 be two invariant measures. Let A Ă H and
ϕ “ 1AXBHp0,Rq for R ą 0. The fact that ν1 and ν2 are both invariant measures gives

|ν1pAXBHp0, Rqq ´ ν2pAXBHp0, Rqq| “ |
ż

H

Ptϕpxqν1pdxq ´

ż

H

Ptϕpyqν2pdyq|

and according to the inequality coming from the coupling assumption we get:

|ν1pAXBHp0, Rqq ´ ν2pAXBHp0, Rqq| ď 2p1`R2
qe´γt,

which goes to 0 as t goes to `8. However, the left-hand side of this inequality does not
depend on t, thus it is equal to 0, for any R ą 0. Finally, we get that for any A Ă H,
ν1pAq “ ν2pAq.
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It remains to prove that Xt satisfies assumptions 3 and 5. For this we decompose Xt

and we have for any ε ą 0

‖Xt‖kH ď p‖Zt‖H ` ‖Yt‖Hq
k
ď Ck,ε ‖Zt‖kH ` p1` εq ‖Y ‖kH ,

which gives us that the assumption 3 is satisfied. Indeed, we recall that Y0 “ x and that
all the moments of Zt are bounded, so that using (1.6.6)

E
”

‖Xt‖kH
ı

ď Cp1` ‖x‖Hq
k.

Now assuming that X0 „ ν, we have
ż

H

‖x‖kH νpdxq “
ż

H

E
”

‖Xt‖kH
ı

νpdxq

because ν is the invariant measure. Then
ż

H

‖x‖kH νpdxq ď
ż

H

Ck,εE
”

‖Zt‖kH
ı

` p1` εqE
”

‖Yt‖kH
ı

νpdxq

ď Ck,ε ` p1` εqe´
λ1
2 t

ż

H

E
”

‖Y0‖kH
ı

νpdxq

because E
”

‖Zt‖kH
ı

ď C. Besides, X0 “ Y0 and ν is the invariant measure:

ż

H

‖x‖kH νpdxq ď Ck,ε ` p1` εqe´
λ1
2 t

ż

H

‖x‖kH νpdxq,

and assuming that p1` εqe´
λ1
2 t ă 1, we proved that for every k P N:

ż

H

‖x‖kH νpdxq ă 8.

Finally we proved that Xt satisfies assumptions 1 to 5 (except the zero-mean property),
and so does mpt, nq according to its definition in (1.2.21).

Now we can work on the construction of the functionnals L1, ¨ ¨ ¨ , L4. We state the
following result, which ensures the existence of L1.
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Lemma 1.6.1.4. Let u, v P H1pRnq, and define ϕu,vpnq “ pun, vq. Then if we define

M´1ϕu,vpnq “ ´

ż 8

0
Ptϕ

u,v
pnqdt,

there exists L1 : E Ñ E such that

M´1ϕu,vpnq “ puL1pnq, vq, and ‖L1pnq‖E ď Cp1` ‖n‖Eq
2.

Proof. The process ϕu,vpnq is centered, thus we can write

|Ptϕ
u,v
pnq| “ |Ptϕ

u,v
pnq ´

ż

E

Ptϕ
u,v
pn̄qνpdn̄q|

ď

ż

E

|Ptϕ
u,v
pnq ´ Ptϕ

u,v
pn̄q|νpdn̄q

because ν is the invariant measure. Thus denoting by pm1
n,n̄,m

2
n,n̄q a coupling of

pmpt, nq,mpt, n̄qq satisfying (1.2.16), we have

|Ptϕ
u,v
pnq| ď

ż

E

|E rϕu,vpmpt, nqq ´ ϕu,vpmpt, n̄qqs |νpdn̄q

ď

ż

E

|E
“`

ϕu,vpm1
n,n̄ptqq ´ ϕ

u,v
pm2

n,n̄ptqq
˘

1m1‰m2
‰

|νpdn̄q

ď

ż

E

E
“

ϕu,vpm1
n,n̄ptqq

2
` ϕu,vpm2

n,n̄ptqq
2‰ 1

2 Ppm1
n,n̄ ‰ m2

n,n̄q
1
2νpdn̄q.

Denote by E 1 the dual space of E, then:

|Ptϕ
u,v
pnq| ď C ‖uv‖E1

ż

E

´

E
“

‖mpt, nq‖2
E

‰

1
2 ` E

“

‖mpt, n̄‖2
E

‰

1
2
¯

ˆ p1` ‖n‖2
E ` ‖n̄‖2

Eq
1
2 e´

γ
2 tνpdn̄q.

Besides we have

E
“

‖mpt, nq‖2
E

‰

“ E
”∥∥∥ΛXpt,Λ´1n` x̄q ´ x̄

∥∥∥2

E

ı

ď C
´

1` E
”∥∥∥Xpt,Λ´1n` x̄q

∥∥∥2

H

ı¯

ď C p1` ‖n‖Eq
2
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according to assumption 3. Finally we get

|Ptϕ
u,v
pnq| ď C ‖uv‖E1 p1` ‖n‖Eq

2e´
γ
2 t.

Thus M´1ϕu,vpnq is well-defined and

M´1ϕu,vpnq ď C ‖uv‖E1 p1` ‖n‖Eq
2. (1.6.8)

We want now to show that we may choose MM´1ϕu,v “ ϕu,v. In other words, we want

M´1ϕu,vpmpt, nqq ´

ż t

0
ϕu,vpmps, nqqds

to be a martingale with respect to the filtration pFtqtě0. Let r ď t. On one hand wa have

E
„

´

ż 8

0
Pτϕ

u,v
pmpt, nqqdτ ´

ż t

0
ϕu,vpmps, nqqds | Fr



“ ´E
„
ż 8

0
E rϕu,vpmpt` τ, nqq | Fts dτ `

ż t

0
ϕu,vpmps, nqqds | Fr



“ ´E
„
ż 8

0
ϕu,vpmpt` τ, nqqdτ `

ż t

0
ϕu,vpmps, nqqds | Fr



“ ´E
„
ż 8

0
ϕu,vpmps, nqqds | Fr



.

On the other hand we use the fact that
şr

0 ϕ
u,vpmps, nqqds P Fr to compute

M´1ϕu,vpmpr, nqq ´

ż r

0
ϕu,vpmps, nqqds

“ ´E
„
ż 8

0
ϕu,vpmpr ` τ, nqqdτ `

ż r

0
ϕu,vpmps, nqqds | Fr



“ ´E
„
ż 8

0
ϕu,vpmps, nqqds | Fr



,

thus the martingale property is satisfied.
Finally, for every n P E we have constructed a linear form on E 1: uv ÞÑ M´1ϕu,vpnq.

It is continuous, since
∥∥∥M´1ϕu,vpnq

∥∥∥
E
ď Cp1` ‖n‖Eq

2 ‖uv‖E1 .
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Thus, since E is a reflexive space, there exists L1pnq P E such that

M´1ϕu,vpnq “ pL1pnq, uvq “ puL1pnq, vq and ‖L1pnq‖E ď Cp1` ‖n‖Eq
2.

So far we have proved that it is possible to construct L1pnq which satisfies our assump-
tions. Let us now construct the other functionals.

Lemma 1.6.1.5. Let u, v P H1pRnq, and define ϕu,vpnq “ pupnL1pnq ´ Eν rnL1pnqsq, vq.
Then if we define

M´1ϕu,vpnq “ ´

ż 8

0
Ptϕ

u,v
pnqdt,

there exists L2 : E Ñ E such that

M´1ϕu,vpnq “ puL2pnq, vq and ‖L2pnq‖E ď Cp1` ‖n‖Eq
3.

Proof. We proceed as above and get

|Ptϕ
u,v
pnq|

ďC ‖uv‖E1
ż

E

E
”∥∥∥mpt, nqL1pmpt, nqq ´ EνrnL1

pnqs
∥∥∥2

E

ı
1
2
p1` ‖n‖2

` ‖n̄‖2
Eq

1
2 e´

γ
2 t

` E
”∥∥∥mpt, n̄qL1pmpt, n̄qq ´ EνrnL1

pnqs
∥∥∥2

E

ı
1
2
p1` ‖n‖2

` ‖n̄‖2
Eq

1
2 e´

γ
2 tνpdn̄q.

We use the fact that E is an algebra to estimate

E
”∥∥∥mpt, nqL1pmpt, nqq ´ EνrnL1

pnqs
∥∥∥2

E

ı

ď C
`

1` E
“

‖mpt, nq‖2
E ‖L1pmpt, nqq‖2

E

‰˘

ď C p1` ‖n‖Eq
4 .

Finally, we get
|Ptϕ

u,v
pnq| ď C ‖uv‖E1 p1` ‖n‖Eq

3 e´
γ
2 t,

and we can continue the proof exactly as for the construction on L1pnq. Thus for any
n P E there exists L2pnq P E such that

M´1ϕu,vpnq “ puL2pnq, vq and ‖L2pnq‖E ď Cp1` ‖n‖Eq
3.
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We have the same result for L3.

Lemma 1.6.1.6. Let u, v P H1pRnq, and define ϕu,vpnq “ pup∇n∇L1pnq ´

Eν r∇n∇L1pnqsq, vq. Then if we set

M´1ϕu,vpnq “ ´

ż 8

0
Ptϕ

u,v
pnqdt

there exists L3 : E Ñ Hs´1 such that

M´1ϕu,vpnq “ puL3pnq, vq and ‖L3pnq‖Hs´1 ď Cp1` ‖n‖Eq
3.

Proof. We follow the same steps as for the two previous proofs, except that when we
bound ϕu,v we have

|ϕu,vpnq| ď ‖uv‖H1´s ‖∇n∇L1pnq ´ Eν r∇n∇L1pnqs‖Hs´1 ,

and we use the fact that Hs´1pRnq is an algebra because s ą d
2 ` 3 to write

|ϕu,vpnq| ď C ‖uv‖H1´s p‖n‖E ‖L1pnq‖E ` Cq .

Thus the proof gives us for any n P E the existence of L3pnq P H
s´1 such that

M´1ϕu,vpnq “ puL3pnq, vq and ‖L3pnq‖Hs´1 ď Cp1` ‖n‖Eq
3.

Finally, we need to construct the last functional L4, which is slightly different from
the previous ones.

Lemma 1.6.1.7. Let w P L1pRn ˆ Rnq, and define

ϕwpnq “

ż

R2n
wpx, yq pnpxqL1pnqpyq ´ Eν rnpxqL1pnqpyqsq dxdy.

Then if we set
M´1ϕwpnq “ ´

ż 8

0
Ptϕ

w
pnqdt
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there exists L4 : E Ñ L8pRn ˆ Rnq such that

M´1ϕwpnq “

ż

R2n
wpx, yqL4pnqpx, yqdxdy and ‖L4pnq‖L8pRnˆRnq ď Cp1` ‖n‖Eq

3.

Proof. The proof of this lemma is very similar to the proofs of the previous lemmas, but
this time

|ϕwpnq| ď ‖w‖L1pRnˆRnq ‖npxqL1pnqpyq ´ Eν rnpxqL1pnqpyqs‖EˆE

because E ãÑ L8pRnq. Thus we get

|Ptϕ
w
pnq| ď C ‖w‖L1pRnˆRnq p1` ‖n‖Eq

3 e´
γ
2 t,

and using the same procedure as for the previous proofs for any n P E there exists
L4pnq P L

8pRn ˆ Rnq such that

M´1ϕwpnq “

ż

R2n
wpx, yqL4pnqpx, yqdxdy and ‖L4pnq‖L8pRnˆRnq ď Cp1` ‖n‖Eq

3.

We have constructed the last functional in a slightly different way than in (1.2.8), but
taking wpx, yq “ upxqupyqv̄pxqv̄pyq we recover the same expression for M´1ϕwpnq.

1.6.2 Proof of Lemma 1.4.2.1

As seen in Section 1.3, a straight application of standard energy arguments produce
unsatisfactory dependence on ε. The idea is to use the perturbed test functions method.
This mimics the Itô formula which is used to get a priori estimates for the limit equation
with white noise (see [dBD03a]).

If one tries to use similar arguments as for Lemma 1.4.1.1 with the functionnal H,
defined by (1.2.2), in place of linear or quadratic functional, this requires a lot of smooth-
ness on H and the useless assumption (σ ě 1{2). We proceed slightly differently. We first
smooth the functional and take advantage of the various cancelations before constructing
the correctors.

Proof of Lemma 1.4.2.1. We consider the functionnal ϕδpuq “ Hpρδ ‹ uq. We claim that
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it is a good test function. Indeed, we have for u, h P H1

Dϕδpuq ¨ h “
`

´∆ρδ ‹ u` λ|ρδ ‹ u|2σpρδ ‹ uq, ρδ ‹ h
˘

, (1.6.9)

and there is no diffulty to verify that ϕδ matches Definition 1.3.3.1. By Proposition 1.3.3,
we know that the process

M ε
δ ptq “ ϕδpX

ε
ptqq ´ ϕδpX

ε
0q ´

ż t

0
LεϕδpX

ε
psq,mε

psqqds,

is a martingale. It can be seen that ϕδpuq Ñ Hpuq when δ Ñ 0 and u P H1. Moreover, we
have

LεϕδpX
ε
psq,mε

psqq

“
1
ε

`

´∆ρδ ‹Xε
psq ` λ|ρδ ‹X

ε
psq|2σpρδ ‹X

ε
q,´iρδ ‹ pX

ε
psqmε

psqq
˘

`
`

´∆ρδ ‹Xε
psq ` λ|ρδ ‹X

ε
psq|2σpρδ ‹X

ε
q, iρδ ‹

`

∆Xε
psq ´ λ|Xε

psq|2σXε
psq

˘˘

,

and we proved in Proposition 1.3.1 that the second term of the right-hand side converges
to 0, when δ Ñ 0. Similarly we have when δ tends to 0

|ρδ ‹X
ε
psq|2σXε

psq Ñ |Xε
psq|2σXε

psq in L
2σ`2
2σ`1 ,

ρδ ‹X
ε
psqmε

psq Ñ Xε
psqmε

psq in L2σ`2,

so that

`

|ρδ ‹X
ε
psq|2σXε

psq, iρδ ‹X
ε
psqmε

psq
˘

Ñ
`

|Xε
psq|2σXε

psq, iXε
psqmε

psq
˘

“ Re

ˆ
ż

Rn
i|Xε

psq|2σ`2mε
psqdx

˙

“ 0,

since m is real valued. In the same way, we have

p´∆ρδ ‹Xε
psq, iρδ ‹X

ε
psqmε

psqq Ñ p∇Xε
psq, iXε

psq∇mε
psqq .

Finally, as δ converges to 0, Mδptq converges almost surely to

M ε
ptq :“ HpXε

ptqq ´HpXε
0q ´

ż t

0

1
ε
p∇Xε

psq, iXε
psq∇mε

psqq ds,
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and since Mδptq is a pF ε
t q-martingale, from (1.3.1) and the dominated convergence theo-

rem, we deduce immediately that M εptq is also a pF ε
t q-martingale.

We define then the first corrector

ϕ1pu, nq “ p∇u,´iu∇L1pnqq . (1.6.10)

This is not a good test function. For δ ą 0, we set ϕ1,δpu, nq “ ϕ1pρδ ‹ u, nq. There is no
difficulty to see that ϕ1,δ is a good test function and then, we obtain by Proposition 1.3.3
that the process

M ε
1,δptq :“ϕ1,δpX

ε
ptq,mε

ptqq ´ ϕ1,δpX
ε
p0q,mε

p0qq

´

ż t

0
Lεϕ1,δpX

ε
psq,mε

psqqds,

is a martingale. After some computations, we have

Lεϕ1,δpu, nq “
1
ε2 p∇ρδ ‹ u,´iρδ ‹ u∇nq

`
1
ε
rp∇ρδ ‹ punq,∇L1pnqρδ ‹ uq ´ p∇ρδ ‹ u, n∇L1pnqρδ ‹ uqs

` 2 p∆ρδ ‹ u,∇L1pnq∇ρδ ‹ uq ` p∆ρδ ‹ u, ρδ ‹ u∆L1pnqq

´ 2λ
`

ρδ ‹ p|u|
2σuq,∇ρδ ‹ u∇L1pnq

˘

´ λ
`

ρδ ‹ p|u|
2σuq, ρδ ‹ u∆L1pnq

˘

,

and after integration by parts, we get

p∆ρδ ‹ u, ρδ ‹ u∆L1pnqq “ ´ p∇ρδ ‹ u,∇ρδ ‹ u∆L1pnqq ´ p∇ρδ ‹ u, ρδ ‹ u∇∆L1pnqq ,

p∆ρδ ‹ u,∇L1pnq∇ρδ ‹ uq “ ´
1
2 p∇ρδ ‹ u,∇ρδ ‹ u∆L1pnqq ,

and

`

∇ρδ ‹ p|u|2σuq, ρδ ‹ u∇L1pnq
˘

“ ´
`

ρδ ‹ p|u|
2σuq,∇pρδ ‹ uq∇L1pnq ` ρδ ‹ u∆L1pnq

˘

.

Finally, taking the limit δ Ñ 0 and using

p2σ ` 2q
`

|u|2σu,∇u∇L1pnq
˘

“
`

∇|u|2σ`2,∇L1pnq
˘

“ ´
`

|u|2σ`2,∆L1pnq
˘

,
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we get that the process M ε
1 ptq given by

M ε
1 ptq :“ϕ1pX

ε
ptq,mε

ptqq ´ ϕ1pX
ε
p0q,mε

p0qq

´

ż t

0

1
ε2 p∇X

ε
psq,´iXε

psq∇mε
psqq

´
1
ε
rpXε

psq∇mε
psq, Xε∇L1pm

ε
psqqqs

` 2 p∇Xε
psq,∇Xε

psq∆L1pm
ε
psqqq ` p∇Xε

psq, Xε
psq∇∆L1pm

ε
psqqq

` λ
σ

σ ` 1
`

|Xε
psq|2σ`2,∆L1pm

ε
psqq

˘

ds

is a martingale.
We finally consider the C1

P test function

ϕ2pu, nq :“ M´1
ppu∇n, u∇L1pnq ´ Eν pu∇n, u∇L1pnqqqq “ puL3pnq, uq.

Using Proposition 1.3.3, we know that

M ε
2 ptq :“ ϕ2pX

ε
ptq,mε

ptqq ´ ϕ2pX
ε
p0q,mε

p0qq ´
ż t

0
Lεϕ2pX

ε
psq,mε

psqqds (1.6.11)

is a pF ε
t q-martingale. After computation we obtain Lεϕ2:

Lεϕ2pu, nq “
1
ε2 pup∇n∇L1pnq ´ Eν∇n∇L1pnqq, uq

´ 2 pi∇u.∇L3pnq, uq
(1.6.12)

where we strongly used that n is real-valued.
Consequently, we know that the following process Mεptq is a martingale, with respect
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to the filtration pF ε
t q.

Mε
ptq :“M ε

ptq ` εM ε
1 ptq ` ε

2M ε
2 ptq

“HpXε
ptqq ´HpXε

0q ` ε pϕ1pX
ε
ptq,mε

ptqq ´ ϕ1pX
ε
0 ,m

ε
p0qqq

` ε2
pϕ2pX

ε
ptq,mε

ptqq ´ ϕ2pX
ε
0 ,m

ε
p0qqq

´

ż t

0
pXε

psqpEν∇n∇L1pm
ε
psqq, Xε

psqq

` 2ε p∇Xε
psq,∇Xε

psq∆L1pm
ε
psqqq ` ε p∇Xε

psq, Xε
psq∇∆L1pm

ε
psqqq

` ε
λσ

σ ` 1
`

|Xε
psq|2σ`2,∆L1pm

ε
psqq

˘

´ 2ε2
pi∇Xε

psq∇L3pm
ε
psq, Xε

psqqq ds.

Hence, since τ ε, given by (1.2.13), is a bounded pF ε
t q-stopping time, the process Mpt^τ εq

is a martingale. From the identity above, the L2 conservation (1.6.10) and (1.6.12) we
have

ErHpXε,τε
ptqs ď E

”

|HpXε
0q| ` Cε ‖L1pm

ε
q‖E ‖Xε

0‖L2

´∥∥∥∇Xε,τε
ptq

∥∥∥
L2
` ‖∇Xε

0‖L2

¯

` Cε2 ‖L3pm
ε
q‖Hκ ‖Xε

0‖2
L2 `Mpt^ τ εq

` C
ż t^τε

0
Eν r∇n∇L1pnqs ‖Xε

0‖2
L2 ` ε

∥∥∥L1
pmε

q
∥∥∥
E

∥∥∥Xε,τε
psq

∥∥∥2σ`1

L2σ`2

` ε ‖L1pm
ε
q‖E

´∥∥∥∇Xε,τε
psq

∥∥∥2

L2
`

∥∥∥∇Xε,τε
psq

∥∥∥
L2

∥∥∥Xε,τε
psq

∥∥∥
L2

¯

`ε2
´

‖L3pm
ε
q‖2
Hκ `

∥∥∥∇Xε,τε
psq

∥∥∥2

L2

¯ ∥∥∥Xε,τε
psq

∥∥∥
L2
ds
ı

Gagliardo-Nirenberg’s inequality yields

1
2σ ` 2 ‖u‖2σ`2

L2σ`2 ď C ‖u‖2σ`2´σn
L2 ‖∇u‖σnL2 ď

1
4 ‖∇u‖2

L2 ` C ‖u‖qnL2 , (1.6.13)

with qn “ p2σ ` 2 ´ σnq 2
2´σn . We recall that ‖Xεptq‖L2 “ ‖Xε

0‖L2 and that

88



1.6. Appendix

‖mεpt^ τ εq‖L2 ď ε´α according to Lemma 1.2.2.1. Hence using (1.2.10)

E
” ∥∥∥∇Xε,τε

ptq
∥∥∥2

L2

ı

ď 2E
”

|HpXε
0q| ` Cε1´αη

p‖Xε
0‖L2 ‖∇Xε

0‖L2 `
∥∥∥∇Xε,τε

ptq
∥∥∥2

L2
` ‖Xε

0‖2
L2q

` C ‖X0‖qnL2 ` Cε2p1´αηq
∥∥∥Xε,τε

ptq
∥∥∥2

L2

` C
ż t^τε

0
Eν r∇n∇L1pnqs ‖Xε

0‖2
L2 ` ε

1´αη
p‖Xε

0‖2
L2 `

∥∥∥∇Xε,τε
psq

∥∥∥2

L2
q

` ε1´αη
p
∥∥∥∇Xε,τε

psq
∥∥∥2

L2
` ‖Xε

0‖qnL2q ` ε
2
p1` ‖Xε

0‖2
L2 `

∥∥∥∇Xε,τε
psq

∥∥∥2

L2
qds

ı

,

then for ε small enough we get

E
”∥∥∥∇Xε,τε

∥∥∥2

L2

ı

ď CpT, ‖Xε
0‖qnL2 , |HpX

ε
0q|q ` Cε1´α

ż t^τε

0
E
”∥∥∥∇Xε,τε

psq
∥∥∥2

L2

ı

ds. (1.6.14)

Gronwall’s lemma and the conservation of the L2 norm give us that for any t P r0, T s

E
”∥∥∥Xε,τε

ptq
∥∥∥2

H1

ı

ď CpT q. (1.6.15)

Then, taking τ a stopping time such that τ ă T , we can do the same computations as
before and get a similar bound as (1.6.14):

E
”∥∥∥∇Xε,τε

pτq
∥∥∥2

L2

ı

ď CpT, ‖Xε
0‖qnL2 , |HpX

ε
0q|q ` Cε1´αE

„
ż τ^τε

0

∥∥∥∇Xε,τε
psq

∥∥∥2

L2
ds



ď CpT, ‖Xε
0‖qnL2 , |HpX

ε
0q|q ` C

ż T

0
E
”∥∥∥∇Xε,τε

psq
∥∥∥2

L2

ı

ds

and using the bound (1.6.15) we conclude the proof of the lemma.

1.6.3 Proof of Proposition 1.4.3

Proof of Proposition 1.4.3. To prove the tightness of the sequence pXε,τεqεÑ0 we use Al-
dous criterion, which can be found in [Bil99, Theorem 16.10] in the case of finite dimension.
In the case of an infinite dimensional separable space H, the hypothesis (16.22) in [Bil99]
has to be replaced. Let us state the criterion we use.
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Proposition 1.6.1. Let H be a complete separable space, and puεqεą0 be a sequence of
process on r0, T s such that, for any t P r0, T s, uεptq is H valued. Assume that

1.

For every η ą 0, for every t ě 0 there exists a compact set Γη,t Ă H, such that

inf
εą0

Ppuεptq P Γη,tq ě 1´ η,

(1.6.16)

2.

For every λ, η ą 0, there exist δ0, ε0 such that for δ ă δ0, and ε ă ε0, if τ

is a stopping time then

P p‖uεpτ ` δq ´ uεpτq‖H ą λq ď η.

(1.6.17)

Then the sequence puεqεą0 is tight in Cpr0, T s, Hq.

We can prove this result using the same proof as for [Bil99, Theorem 16.10], but instead
of the hypothesis p16.22q we assume paq in [EK86, Theorem 7.9]. Here, Lemma 1.4.2.1
and Proposition 1.3.2 ensure that pXε,τεqεą0 satisfies (1.6.16) for H “ HspRnq, 0 ď s ă 1.
Indeed, according to these two lemmas, we have

E
”∥∥∥Xε,τε

ptq
∥∥∥

Σζ

ı

ď CpT q.

Thus for any δ ą 0 and t P r0, T s:

P
´∥∥∥Xε,τε

ptq
∥∥∥
H1XΣζ

ą R
¯

ď
CpT q

R
ď δ

for R ą 0 large enough. Thus, Xε,τεptq lives in a bounded set of H1pRnq X Σζ with
probability larger than 1 ´ δ. It remains to prove that the embedding H1pRnq X Σζ ãÑ

HspRnq is compact. Let punqnPN be a bounded sequence in H1pRnqXΣζ . Then by compact
embedding and diagonal extraction, there exists a subsequence punkqkPN, which converges
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to u P L2pBp0, Rqq for every R ą 0. Now we compute:

‖unk ´ u‖2
L2pRnq ď ‖unk ´ u‖2

L2pBp0,Rqq `

ż

Bp0,Rqc
|unkpxq ´ upxq|

2dx

ď ‖unk ´ u‖2
L2pBp0,Rqq ` p1`Rq

´ζ

ż

Bp0,Rqc
xxyζ

`

|unkpxq|
2
` |upxq|2

˘

dx

for any R ą 0, thus punkqkPN converges to u in L2pRnq, and is bounded in H1pRnq, so that
by interpolation the subsequence also converges to u in HspRnq, 0 ď s ă 1.

We also need to prove that Xε,τε satisfies the second condition of Proposition 1.6.1.
We first prove that (1.6.17) holds with H replaced by H´ 1

2 pRn,Cq. For this we use the
Perturbed Test Function method, and the equality:

‖upτ ` δq ´ upτq‖2
H´

1
2
“ ‖upτ ` δq‖2

H´
1
2
´ ‖upτq‖2

H´
1
2
´ 2xupτ ` δq ´ upτq, upτqy

H´
1
2
.

First we apply the Perturbed Test Function method to ϕpuq “ ‖u‖2
H´

1
2
. We compute Lεϕ:

LεϕpXε
q “ 2xp1´∆q´ 1

2Xε, i∆Xε
´ iλ|Xε

|
2σXε

y ´
2
ε
xp1´∆q´ 1

2Xε, iXεmp
t

ε2 qy.

We choose the first corrector ϕ1 in order to cancel the term of negative order in ε, and
recalling that L1pnq “ M´1n we get

ϕ1pu, nq “ 2xp1´∆q´ 1
2u, iuL1pnqy, (1.6.18)

for which we have a bound using the hypothesis (1.2.10):

|ϕ1pu, nq| ď 2 ‖u‖H´1 ‖u‖L2 ‖L1pnq‖E ď 2 ‖u‖2
L2 ‖L1pnq‖E . (1.6.19)

Now we apply the infinitesimal generator Lε to ϕ` εϕ1:

Lε
pϕ` εϕ1q pX

ε,mε
q “2xp1´∆q´ 1

2Xε, i∆Xε
´ iλ|Xε

|
2σXε

y

` 2xp1´∆q´ 1
2Xε, XεmεL1pm

ε
qy

` 2xp1´∆q´ 1
2 pXεmε

q , XεL1pm
ε
qy

` εDuϕ1pi∆Xε
´ iλ|Xε

|
2σXε

q.
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Thus, treating the operator p1´∆q´ 1
2 as a kernel operator with kernel k∆, we set

ϕ2pu, nq “Re

ż

R2n
ūpxqk∆px, yqupyqL4pnqpy, xqdxdy

´ 2xp1´∆q´ 1
2u, uL2pnqy,

(1.6.20)

where we recall that formally L2pnq “ M´1 pnL1pnq ´ EνrnL1pnqsq. Finally, defining ϕε “
ϕ` εϕ1 ` ε

2ϕ2, we obtain that:

LεϕεpXε,mε
q “2xp1´∆q´ 1

2Xε, i∆Xε
´ iλ|Xε

|
2σXε

y

` 2xp1´∆q´ 1
2Xε, XεEν rnL1pnqsy

´ 2Eν
”

xp1´∆q´ 1
2 pXεnq , XεL1pnqy

ı

` ε
`

Duϕ1pi∆Xε
´ iλ|Xε

|
2σXε

q `Duϕ2p´iX
εmε

q
˘

` ε2Duϕ2pi∆Xε
´ iλ|Xε

|
2σXε

q.

(1.6.21)

First we get an estimate of ϕ2pu, nq in (1.6.20). We have

xp1´∆q´ 1
2u, uL2pnqy ď ‖u‖H´1 ‖u‖L2 ‖L2pnq‖L8 ,

and for the other term in the right-hand side of (1.6.20) we use the assumptions made on
L4 to get the bound:

Re

ż

R2n
ūpxqk∆px, yqupyqL4pnqpy, xqdxdy ď ‖u‖H´1 ‖u‖L2 ‖L4pnq‖L8pRnˆRnq .

Finally we obtain the following bound on ϕ2:

|ϕ2pu, nq| ď2 ‖u‖H´1 ‖u‖L2 p‖L2pnq‖L8 ` ‖L4pnq‖L8pRnˆRnqq

ď2 ‖u‖2
L2 p‖L2pnq‖L8 ` ‖L4pnq‖L8pRnˆRnqq,

(1.6.22)

with L2 and L4 defined in (1.2.8).
Now we work on the different terms of the expression of Lεϕε in (1.6.21). First we deal

with the terms of order 0 in ε. Using integrations by parts and (1.6.13) we get

xp1´∆q´ 1
2u, i∆u´ iλ|u|2σuy ď ‖u‖L2 ‖u‖H1 ` ‖u‖L2

`

‖u‖qnL2 ` ‖u‖2
H1

˘

. (1.6.23)
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Then we have

xp1´∆q´ 1
2u, uEν rnL1pnqsy

“ ´Re

ż

Rn
p1´∆q´ 1

2upxqūpxqE
ż 8

0
mp0, xqmps, xqdsdx

“
1
2Re

ż

Rn
p1´∆q´ 1

2upxqūpxqkpx, xqdxdydz,

where k P W 3,8pRn ˆ Rnq XH1pRn ˆ Rnq is defined in (1.2.22). We get:

xp1´∆q´ 1
2u, uEν rnL1pnqsy ď ‖k‖2

L8pRnˆRnqq ‖u‖2
L2 . (1.6.24)

We get the same estimate for the last term of order 0:

Eν
”

xp1´∆q´ 1
2 punq, uL1pnqy

ı

ď ‖k‖2
L8pRnˆRnqq ‖u‖2

L2 . (1.6.25)

Now we focus on the terms of order 1 in ε in (1.6.21). We recall the expression of the first
corrector ϕ1pu, nq “ 2xp1´∆q´ 1

2u, iuL1pnqy. Thus

Duϕ1pi∆u´ iλ|u|2σuq “2xp1´∆q´ 1
2u, pλ|u|2σu´∆uqL1pnqy

` 2xp1´∆q´ 1
2 p∆u´ λ|u|2σuq, uL1pnqy.

We use integrations by parts to deal with the terms involving ∆u and we get that

xp1´∆q´ 1
2u,∆uL1pnqy ` xp1´∆q´ 1

2 ∆u, uL1pnqy ď C ‖u‖L2 ‖u‖H1 ‖L1pnq‖E .

For the other terms, we use (1.6.13) to get

xp1´∆q´ 1
2u, |u|2σuL1pnqy`xp1´∆q´ 1

2 p|u|2σuq, uL1pnqy

ď ‖u‖L2

`

‖u‖qnL2 ` ‖u‖2
H1

˘

‖L1pnq‖L8 .

Finally

|Duϕ1pi∆u´ iλ|u|2σuq| ď C ‖u‖L2 ‖u‖H1 ‖L1pnq‖E ` ‖u‖L2 p‖u‖qnL2 ` ‖u‖H1q ‖L1pnq‖L8 .
(1.6.26)

It remains to control the terms coming from the introduction of the second corrector ϕ2
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written in (1.6.20). We have

1
2Duϕ2phq “ ´ xp1´∆q´ 1

2h, uL2pnqy ´ xp1´∆q´ 1
2u, hL2pnqy

“Re

ż

R2n
hpxqk∆px, yqūpyq pL4pnqpx, yq ` L4pnqpy, xqq dxdy

(1.6.27)

where k∆ denotes the kernel of the operator p1´∆q 1
2 and L4pnq is defined in (1.2.8). We

start by the estimate of Duϕ2p´iX
εmεq. We can easily bound the terms involving L2pnq:

xp1´∆q´ 1
2 piXεmε

q, uL2pm
ε
qy`xp1´∆q´ 1

2Xε, iXεmεL2pm
ε
qy

ď C ‖Xε‖2
L2 ‖mε‖L8 ‖L2pm

ε
q‖L8 .

For the other term, compute:

Re

ż

R2n
hpxqk∆px, yqūpyqpL4pnqpx, yq`L4pnqpy, xqqdxdy

ď 2 ‖h‖L2 ‖u‖H´1 ‖L4pnq‖L8pRnˆRnq .
(1.6.28)

We can use this bound to control the terms which do not involve L2pm
εq inDuϕp´iX

εmεq:

Re

ż

R2n
iXε

pxqmε
pxqk∆px, yqX̄εpyq pL4pm

ε
qpx, yq ` L4pm

ε
qpy, xqq dxdy

ď 2 ‖L4pm
ε
q‖L8pRnˆRnqRe

ż

Rn
ip1´∆q´ 1

2 X̄εpxqXε
pxqmε

pxqdx

ď 2 ‖L4pm
ε
q‖L8pRnˆRnq ‖X

ε‖2
L2 ‖mε‖L8 ,

Finally, we have

|Duϕ2p´iX
εmε

q| ď C ‖Xε‖2
L2 ‖mε‖L8

´

‖L2pm
ε
q‖L8 ` ‖L4pm

ε
q‖L8pRnˆRnq

¯

(1.6.29)

where L2 and L4 are defined in (1.2.8).
It remains to control Duϕ2pi∆Xε ´ iλ|Xε|2σXεq. We use the same computations as
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for Duϕ1pi∆Xε ´ iλ|Xε|2σXεq and the bounds (1.6.13) and (1.6.28) to get:

|Duϕ2pi∆Xε
´ iλ|Xε

|
2σXε

q| ďC ‖Xε‖L2 ‖L2pm
ε
q‖L8

`

‖Xε‖pnL2 ` ‖Xε‖2
H1

˘

` C ‖Xε‖L2 ‖Xε‖H1 ‖L2pm
ε
q‖E

`C ‖L4pm
ε
q‖L8pRnˆRnq

`

‖Xε‖L2 ‖Xε‖H1 ` ‖Xε‖L2

`

‖Xε‖qnL2 ` ‖Xε‖2
H1

˘˘

.

(1.6.30)

Finally, estimates (1.6.22), (1.6.26), (1.6.29), (1.6.30) coupled with Lemma 1.2.2.1,
conservation of the L2-norm and Lemma 1.4.2.1 give us for τ ε the stopping time defined
in (1.2.13):

E
“

|ϕpXε,τε
q ´ ϕεpXε,τε ,mε,τε

q|
‰

ď CpT qpε1´α
` ε2´2α

q,

E
“

|LεϕεpXε,τε ,mε,τε
q|
‰

ď CpT qp1` ε1´α
` ε2´2α

q,

where Xτε ,mτε denote the stopped process Xτεptq “ Xpt^ τ εq,mτεptq “ mpt^ τ εq.
We use this last estimate and the fact that

ϕεpXε,τε
ptqq ´ ϕεpXε

q ´

ż t

0
LεϕεpXε,τε

psqqds

is a martingale to compute for any stopping time τ :

E
”

‖Xε
ppτ ` δq ^ τ εq‖2

H´
1
2
.´ ‖Xε

pτ ^ τ εq‖2
H´

1
2

ı

“ E rϕpXε
ppτ ` δq ^ τ εqq ´ ϕpXε

pτ ^ τ εqqs

ď E rϕεpXε
ppτ ` δq ^ τ εqq ´ ϕεpXε

pτ ^ τ εqqs ` Cε1´α
` Cε2´2α

ď E

«

ż pτ`δq^τε

τ^τε
LεϕεpXε,τε

psq,mε,τε
psqqds

ff

` Cε1´α
` Cε2´2α

ď CpT qδ
`

1` ε1´α
` ε2´2α˘

` Cε1´α
` Cε2´2α.

Finally, for δ and ε small enough we get:

E
”

‖Xε
ppτ ` δq ^ τ εq‖2

H´
1
2
´ ‖Xε

pτ ^ τ εq‖2
H´

1
2

ı

ď η. (1.6.31)

Then we apply the Pertubed Test Function method on ϕpuq “ xu, hy
H´

1
2
for a fixed
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function h P L2pRnq. Computations lead us to choose two correctors:

ϕ1pu, nq “xiuM´1n, p1´∆q´ 1
2hy

“xiuL1pnq, p1´∆q´ 1
2hy,

ϕ2pu, nq “xuM´1
pEν rnL1pnqs ´ nL1pnqq , p1´∆q´ 1

2hy

“xuL2pnq, p1´∆q´ 1
2hy,

and the infinitesimal generator applied to ϕε “ ϕ` εϕ1 ` ε
2ϕ2 is

LεϕεpXε,mε
q “ xi∆Xε

´ iλ|Xε
|
2σXε

y ` xXεEν rnL1pnqs , p1´∆q´ 1
2hy

` ε
´

xpλ|Xε
|
2σXε

´∆Xε
qL1pm

ε
q, p1´∆q´ 1

2hy ´ xiXεmεL2pm
ε
q, p1´∆q´ 1

2hy
¯

` ε2
xpi∆Xε

´ iλ|Xε
|
2σXε

qL2pm
ε, p1´∆q´ 1

2hy.

(1.6.32)

Here again there are several quantities which need to be bounded. We use similar com-
putations as previously done for ‖u‖2

H´
1
2
and obtain:

E
“

|ϕpXε,τε
q ´ ϕεpXε,τε ,mε,τε

q|
‰

ď CpT qpε1´α
` ε2´2α

q,

E
“

|LεϕεpXε,τε ,mε,τε
q|
‰

ď CpT qp1` ε1´α
` ε2´2α

q,

where CpT q also depends on the L2-norm of h. Now taking τ as a stopping time and
h “ Xεpτ ^ τ εq, knowing that conditioning by Fτ^τε

Mt :“ ϕεpXε
ptqq ´ ϕεpX0q ´

ż t

0
LεϕεpXε

psqqds
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is a martingale, we obtain

E
”

xXε
ppτ ` δq ^ τ εq ´Xε

pτ ^ τ εq, Xε
pτ ^ τ εqy

H´
1
2

ı

“ E rϕpXε
ppτ ` δq ^ τ εqq ´ ϕpXε

pτ ^ τ εqqs

ď E rϕεpXε
ppτ ` δq ^ τ εqq ´ ϕεpXε

pτ ^ τ εqqs ` Cε1´α
` Cε2´2α

ď E rE rϕεpXε
ppτ ` δq ^ τ εqq ´ ϕεpXε

pτ ^ τ εqq | Fτ^τεss ` Cε
1´α

` Cε2´2α

ď E

«

E

«

ż pτ`δq^τε

τ^τε
LεϕεpXε

psq, qds | Fτ^τε

ffff

` E
“

E
“

Mpτ`δq^τε ´Mτ^τε | Fτ^τε
‰‰

` Cε1´α
` Cε2´2α

ď Cp1` ε1´δ
` ε2´2δ

qδ ` Cε1´α
` Cε2´2α.

Thus for ε, δ small enough, we have

E
”

xXε
ppτ ` δq ^ τ εq ´Xε

pτ ^ τ εq, Xε
pτ ^ τ εqy

H´
1
2

ı

ď η. (1.6.33)

Finally, gathering (1.6.31),(1.6.33) and using Markov inequality, we get that for any stop-
ping time τ and R, η ą 0, for ε, δ small enough:

P
´∥∥∥Xε,τε

pτ ` δq ´Xε,τε
pτq

∥∥∥
H´

1
2
ą R

¯

ď η.

So far we have already proved that pXε,τεqε satisfies condition (1.6.16), and condition
(1.6.17) for H “ H´ 1

2 pRnq. Using this last condition and Lemma 1.4.2.1, we can prove
by interpolation that pXε,τεqε also satisfies condition (1.6.17) with H “ HspRnq, for any
s ă 1. Thus Aldous criterion is satisfied, the process pXε,τεqε is tight in Cpr0, T s, HspRnqq.
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Chapter 2

THE STOCHASTIC ZAKHAROV SYSTEM,
CONVERGENCE TO A NONLINEAR

STOCHASTIC SCHRÖDINGER EQUATION

Introduction

The Zakharov system is a simplified model for the description of long wave Langmuir
turbulence in an ionized plasma. Langmuir waves are rapid oscillations of the electron
density. The system was introduced in [Zak72] as:

#

iBtu “ ´∆u` nu,
ε2B2

t n “ ∆pn` |u|2q.
(2.0.1)

The function u represents the envelope of the electric field, and n denotes the deviation
of the ion density from its mean mode. The term ε2 refers to the inverse of the ion speed.
If we formally study this system and more precisely its limit as ε goes to 0, we obtain a
cubic Nonlinear Schrödinger equation:

iBtu`∆u` |u|2u “ 0. (2.0.2)

This system was first studied by Sulem and Sulem in [SS79] where they proved global
existence of weak solutions in the energy space in dimension d “ 1, 2, 3 using a Galerkin
method, and global well-posedness in dimension 1 for initial data

pu0, n0, n1q P H
m
pRq ˆHm´1

pRq ˆ pHm´2
pRq X 9H´1

pRqq, for any m ě 3.

Added and Added in [AA84] improved the results of [SS79] by showing global well-
posedness in dimension 2 for small initial data, using Brezis-Gallouet inequality. A local
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well-posedness result was proved by Schochet and Weinstein in [SW86] with an existence
of a time interval independent of ε, which allowed them to show the convergence as ε
goes to 0 to a solution of (2.0.2). In [AA88] Added and Added detailled the rate of con-
vergence for small amplitude solutions, depending on the compatibility of initial data,
which can involve initial layer effects, and the optimal rates for this convergence were
obtained in [OT91]. This limit was also studied for instance in [MN08], where the authors
were interested by the convergence of the Klein-Gordon-Zakharov system to the Nonlinear
Schrödinger equation.

Other results about local well-posedness came from [OT92] for data in H2pRnq ˆ

H1pRnq ˆ L2pRnq, 1 ď n ď 3, and from [Col97] in the energy space H1pR3q ˆ

L2pR3q ˆ pL2pR3q X 9H´1pR3qq. Bourgain and Colliander also used a low-high frequency
decomposition method in [BC96], which was used again by Ginibre, Tsutsumi and
Velo in [GTV97] to get some refinements for the local well-posedness in dimension
d “ 1, 2, 3. More results about local and global well-posedness can be found for instance
in [Col98, CHT08, MN09, Pec01] for different dimensions or different nonlinearities.

Here we are interested in a stochastic version of the Zakharov system restricted to the
dimension 1, where we add a damping term. It corresponds to the following problem:

#

iBtu “ ´B
2
xu` nu,

ε2dpBtnq ` αεBtn “ B
2
xpn` |u|

2qdt` φdW ptq,
(2.0.3)

where α ą 0. This problem is complemented with inital data pup0q, np0q, Btnp0qq “
pu0, n0, n1q, which belong to some Sobolev spaces that we will specify in the different
sections of this work. The operator φ is a Hilbert-Schmidt operator, and the random pro-
cessWt is a cylindrical Wiener process on L2pRq. This stochastic perturbation corresponds
to a spatially correlated white noise in time, and can be physically understood as ran-
dom external fluctuations in the studied system, as for example thermal fluctuations. The
damping is introduced to compensate the input of energy due to the noise. The Zakharov
system with a damping term is studied even without any stochastic perturbation, for ex-
ample in [GF06], where the authors provide a numerical analysis of Langmuir turbulence
on incoherently scattered spectra.

As in the deterministic case, we expect that the solution of (2.0.3) converges in some
sense to a stochastic Nonlinear Schrödinger equation. The conservative version of this
equation with a multiplicative noise has been studied by Debussche and de Bouard in
[dBD99] and [dBD03b], while Barbu, Röckner and Zhang in [BRZ14] used a different
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approach using rescaling transformations to prove well-posedness results in both conser-
vative and nonconservative cases. We also cite Brzezniak and Millet [BM14], who studied
the stochastic Nonlinear Schrödinger equation on a two-dimensional compact Riemannian
manifold.

The aim of this chapter is to prove some local and global well-posedness results for
the system (2.0.3), and to prove a weak convergence as ε goes to 0 to a stochastic partial
differential equation. The main difficulty comes from the fact that the energy of our system

H “ ‖Bxu‖2
L2 `

1
2

´

‖n‖2
L2 `

∥∥∥εB´1
x Btn

∥∥∥2

L2

¯

`

ż

R
n|u|2dx (2.0.4)

is no longer preserved, and more importantly it has a singular evolution as ε goes to
0. Indeed, one can apply Itô formula to H, and terms which are not controlled by the
energy or terms of order ε´2 will appear. In order to deal with this singular evolution
and to be able to pass to the limit in ε, we use a predictor method usually called the
Perturbed Test Function method. We use this method in the case of infinite dimensions,
which allows us to pass to the limit in a martingale problem to identify the limit equation.
This method was first introduced in a finite dimensional setting in [PSV77], and many
examples of applications can be found in the book of Garnier, Fouque, Papanicolaou
and Solna [FGPS07]. It was generalized to the infinite dimensional case for instance in
[dBG12],[DV12] and used in [DDMV16].

In this chapter we prove almost sure local and global well-posedness of the system
(2.0.3), based on [SS79], and we prove that it converges in a weak sense to a stochastic
Nonlinear Schrödinger equation:

idut “ p´B
2
xut ´ |ut|

2ut ´
i

2utF qdt´ utpB
2
xq
´1φdWt.

The last two terms in this equation correspond to the Stratonovitch noise ut˝pB2
xq
´1φdWt.

The perturbed test function method usually allows to prove convergence in law of
solutions. However, due to the special form of the noise considered here, we obtain con-
vergence in probability. Note that the well-posedness results that we proved are still true
without the addition of the damping term, namely for α “ 0, but the convergence of the
system to the stochastic Nonlinear Schrödinger equation requires α ą 0. It is not clear at
all whether (2.0.3) has a limit εÑ 0 in the case α “ 0.

In Section 2.1, we state some preliminary results which will be needed in the other
sections. In Section 2.2 we prove that the system is almost surely locally well-posed in
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L8pr0, T s, H3pRq ˆ H2pRq ˆ H1pRqq and almost surely globally well-posed in the space
L8pr0, T s, H3pRq ˆ pH2pRq X 9H´1pRq ˆ pH1pRq X 9H´1pRqqq. In Section 2.3 we state our
main result on the convergence of the system (2.0.3) to a stochastic Nonlinear Schrödinger
equation, and we state some results, which will be useful in order to prove this theorem.
Finally we prove Theorem 2.3.0.1 using weak convergence results based on the work of
[AA88] in the deterministic case applied to a martingale problem.

2.1 Preliminary and notations

Throughout this work, for p ě 1, we denote by LppR,Cq the Lebesgue space of p
integrable C-valued functions on R, endowed with its usual norm. For p “ 2, p¨, ¨q is the
inner product of L2pR,Cq given by

pf, gq “ Re

ż

R
fpxqḡpxqdx,

where Re denotes the real part of the integral. Sometimes we will just write Lp :“ LppRq
without any additional precision of the underlying space. In fact, the only C-valued
function in our problem is u, and all the others functions are R-valued. For s P R,
we use the Sobolev space Hs :“ HspRq of tempered distributions f P S 1pRq such that
p1` ξ2q

s
2 f̂pξq P L2pRq, f̂ being the Fourier transform of f , endowed with its usual norm.

Besides we will need the homogeneous Sobolev space 9Hs :“ 9HspRq of tempered distribu-
tions f P S 1pRq such that |ξ|sf̂pξq P L2pRq. We also denote by Hs

locpRq “ Hs
loc the space

of distributions f such that for every ` ą 0, f P Hspr´`, `sq. Finally, if H,K are Hilbert
spaces, L2pH,Kq is the space of Hilbert-Schmidt operators from H to K (when H “ K

we write L2pHq).
To rigorously introduce the system (2.0.3), we set pΩ,F ,Pq a probability space, en-

dowed with a filtration pFtqtą0. We also introduce a sequence pβkqkPN of real-valued Brow-
nian motions associated to this filtration. We denote by pekqkPN a Hilbert basis of L2pRq
and

W pt, x, ωq “
ÿ

kPN
βkpt, ωqekpxq

so the quantity φdW can be interpreted as

φdW pt, x, ωq “
ÿ

kPN
φekpxqdβkpt, ωq.
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If φ P L2pL
2pRq, Hq withH a Hilbert space, this series converges for any t ě 0 in L2pΩ, Hq.

Indeed, according to Ito’s isometry we have

E

»

–

∥∥∥∥∥∥
ÿ

kPN
φekpxqβkptq

∥∥∥∥∥∥
2

H

fi

fl “ t
ÿ

kPN
‖φek‖2

H

“ t ‖φ‖2
L2pL2,Hq ă `8.

In all this section we fix ε “ 1. We can rewrite the system in its integral form:
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

uptq “ Uptqu0 ´ i
şt

0 Upt´ sqnpsqupsqds,

˜

nptq

mptq

¸

“ Sαptq

˜

n0

n1

¸

`

ż t

0
Sαpt´ sq

˜

0
B2
x|u|

2psq

¸

ds

`

ż t

0
Sαpt´ sq

˜

0
φ

¸

dW psq,

(2.1.1)

where Uptq is the Schrödinger group which appears in the solution of iBtψ “ ´B2
xψ with

initial data ψp0q “ ψ0, namely ψpt, xq “ Uptqψ0pxq, and Sαptq is the semigroup associated
to the wave equation with damping:

#

Btn “ m

Btm` αm “ B2
xn

,

so that the solution of this equation with initial data pn0, n1q can be written as
pnptq, Btnptqq “ Sαptqpn0, n1q. We denote respectively the right-hand sides of the sys-
tem by Γ1pu, nq and Γ2pu, n,mq. For any bounded measurable function ϕ we define the
Fourier multiplier ϕpp´B2

xq
1
2 q “ F´1ϕp|ξ|qF as an operator from L2pRq to L2pRq. Thus,

we can define Sαptq writing Sαptqφ “ F´1pmαpt, ξqφ̂pξqq where:

mαpt, ξq “ e´
α
2 t

˜

m1,1
α pt, ξq m1,2

α pt, ξq

m2,1
α pt, ξq m2,2

α pt, ξq

¸

(2.1.2)
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with

m1,1
α pt, ξq “ coshp

?
α2 ´ 4ξ2

2 tq `
α

?
α2 ´ 4ξ2 sinhp

?
α2 ´ 4ξ2

2 tq,

m1,2
α pt, ξq “

2
?
α2 ´ 4ξ2 sinhp

?
α2 ´ 4ξ2

2 tq,

m2,1
α pt, ξq “

ˆ?
α2 ´ 4ξ2

2 ´
α2

2
?
α2 ´ 4ξ2

˙

sinhp
?
α2 ´ 4ξ2

2 tq

m2,2
α pt, ξq “ coshp

?
α2 ´ 4ξ2

2 tq ´
α

?
α2 ´ 4ξ2 sinhp

?
α2 ´ 4ξ2

2 tq

(2.1.3)

if |ξ| ă α
2 , and

m1,1
α pt, ξq “ cosp

?
4ξ2 ´ α2

2 tq `
α

?
4ξ2 ´ α2 sinp

?
4ξ2 ´ α2

2 tq,

m1,2
α pt, ξq “

2
?

4ξ2 ´ α2 sinp
?

4ξ2 ´ α2

2 tq,

m2,1
α pt, ξq “

ˆ?
4ξ2 ´ α2

2 ´
α2

2
?

4ξ2 ´ α2

˙

sinp
?

4ξ2 ´ α2

2 tq

m2,2
α pt, ξq “ cosp

?
4ξ2 ´ α2

2 tq ´
α

?
4ξ2 ´ α2 sinp

?
4ξ2 ´ α2

2 tq

(2.1.4)

if |ξ| ą α
2 .

In order to prove local well-posedness of equation (2.0.3), we adapt the method of
[Kat87]. For this we introduce the spaces:

Z “ tu P L8pI, L2
pRqq, B2

xu P L
8
pI, L2

pRqq, Btu P L8pI, L2
pRqqu,

“ tu P L8pI,H2
pRqq, Btu P L8pI, L2

pRqqu,

Y “ tn P L8pI,H1
pRqq, Btn P L8pI, L2

pRqqu,

H “ L8pI, L2
pRq X 9H´1

pRqq,

(2.1.5)

where I is a time interval of the form r0, T s for some T ą 0. We also introduce the set

Z 1 “ tf P L8pI, L2
pRqq, Btf P L1

pI, L2
pRqqu.

The following lemmas are well-known and can be found in [Kat87].

Lemma 2.1.0.1. The operator Up¨q is a bounded operator from L2pRq to
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L8pr0, T s, L2pRqq and from H1pRq to L8pr0, T s, H1pRqq. The associated norms are in-
dependent of T .

Lemma 2.1.0.2. Up¨q is a bounded operator from H2pRq to Z, and v ÞÑ
şt

0 Upt´sqvpsqds

is a bounded operator from Z 1 to Z. Besides there exists γ ą 0 such that:

‖Uptqv‖Z ď γ ‖v‖H2 ,∥∥∥∥∥
ż t

0
Upt´ sqvpsqds

∥∥∥∥∥
Z

ď p2γ ` 1q ‖v‖Z1 .

Because of the damping term in the second equation of (2.0.3), we have to take care
of different problems in the estimates of Sα, depending on the frequencies we are looking
at. Indeed, a singularity at the frequency ξ “ α2 appears in the expression of Sα. It is not
a problem when we are interested in the local well-posedness, but it involves additional
hypothesis on the initial conditions and on the operator φ when we want to prove global
well-posedness and when we study the limit as εÑ 0.

Lemma 2.1.0.3. Sαp¨q is a bounded operator from H1pRq ˆ L2pRq X 9H´1pRq to Y ˆH

space.The associated norm is independent of T , and we also denote by γ its supremum.

Proof. Here we work with α ě 0. The scheme of this proof will be used again for all the
estimates that we will need on the wave operator. We denote by pSαptqpn,mqqithe i-th
component of Sαptqpn,mq, for i “ 1, 2. Thanks to equations (2.1.3) and (2.1.4), we have:

‖pSαptqpn,mqq1‖
2
H1 ď C

ż

|ξ|ďα
2

p1` |ξ|2qe´αt
ˆˆ

cosh2
ˆ?

α2 ´ 4ξ2

2 t

˙

`
α2

α2 ´ 4ξ2 sinh2
ˆ?

α2 ´ 4ξ2

2 t

˙˙

n̂2
pξq `

4
α2 ´ 4ξ2 sinh2

ˆ?
α2 ´ 4ξ2

2 t

˙

m̂2
pξq

˙

dξ

` C

ż

|ξ|ěα
2

p1` |ξ|2qe´αt
ˆˆ

cos2
ˆ?

4ξ2 ´ α2

2 t

˙

`
α2

4ξ2 ´ α2 sin2
ˆ?

4ξ2 ´ α2

2 t

˙˙

n̂2
pξq `

4
4ξ2 ´ α2 sin2

ˆ?
4ξ2 ´ α2

2 t

˙

m̂2
pξq

˙

dξ.

We decompose R in four frequency domains.

First domain:|ξ| ď α
4
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Here we can bound the integral on the domain |ξ| ď α
4 by

C

ż

|ξ|ďα
4

p1` |ξ|2q
ˆˆ

1` α2

α2 ´ 4ξ2

˙

n̂2
`

4
α2 ´ 4ξ2 m̂

2
˙

dξ

ď Cα
`

‖n‖2
L2 ` ‖m‖2

L2

˘

.

Since |ξ| is bounded on this domain.

Second domain: α4 ď |ξ| ď
α
2

Here we have a singularity at |ξ| “ α
2 . We deal with it thanks to the following

computation:

C

ż

α
4ď|ξ|ď

α
2

p1` |ξ|2qe´αt
ˆ

α2

α2 ´ 4ξ2 sinh2
ˆ?

α2 ´ 4ξ2

2 t

˙

n̂2

` cosh2
ˆ?

α2 ´ 4ξ2

2 t

˙

n̂2
`

4
α2 ´ 4ξ2 sinh2

ˆ?
α2 ´ 4ξ2

2 t

˙

m̂2
˙

dξ

ď C

ż

α
4ď|ξ|ď

α
2

p1` |ξ|2qe´αt
ˆ

p1` α2t2

4 q cosh2
ˆ?

α2 ´ 4ξ2

2 t

˙

n̂2

`t2 cosh2
ˆ?

α2 ´ 4ξ2

2 t

˙

m̂2
˙

dξ.

Since we can bound t ÞÑ t2e´αt cosh2
ˆ?

α2´4ξ2

2 t

˙

independently of time because α
4 ď |ξ|,

the bound becomes

Cα

ż

α
4ď|ξ|ď

α
2

p1` |ξ|2qpn̂2
` m̂2

qdξ ď Cαp‖n‖2
L2 ` ‖m‖2

L2q.

Third domain: α2 ď |ξ| ď α
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Here we have to deal with the same singularity as in the above domain. Thus we have:

C

ż

α
2ď|ξ|ďα

p1` |ξ|2qe´αt
ˆˆ

cos2
p

?
4ξ2 ´ α2

2 tq `
α2

4ξ2 ´ α2 sin2
p

?
4ξ2 ´ α2

2 tq

˙

n̂2

`
4

4ξ2 ´ α2 sin2
p

?
4ξ2 ´ α2

2 tqm̂2
˙

dξ

ď

ż

α
2ď|ξ|ďα

p1` |ξ|2qe´αt
ˆ

p1` α2t2

4 qn̂2
` t2m̂2

˙

dξ

ď Cαp‖n‖2
L2 ` ‖m‖2

L2q,

where we used that p1` ξ2q ď p1` α2q.

Fourth domain: |ξ| ě α

Here we do not have any singularity, and the bound becomes:

C

ż

|ξ|ěα

p1` |ξ|2qe´αt
ˆˆ

cos2
ˆ?

4ξ2 ´ α2

2 t

˙

`
α2

4ξ2 ´ α2 sin2
ˆ?

4ξ2 ´ α2

2 t

˙˙

n̂2

`
4

4ξ2 ´ α2 sin2
ˆ?

4ξ2 ´ α2

2 t

˙

m̂2
˙

dξ

ď C

ż

|ξ|ěα

p1` |ξ|2q
ˆ

p1` α2

4ξ2 ´ α2 qn̂
2
`

4
4ξ2 ´ α2 m̂

2
˙

dξ

ď Cαp‖n‖2
H1 ` ‖m‖2

L2q.

The same procedure gives us the bound:

‖pSαptqpn,mqq2‖
2
L2X 9H´1 ď C

`

‖n‖2
H1 ` ‖m‖2

L2X 9H´1

˘

.

and we remark that pBtSαptqpn,mqq1 “ pSαptqpn,mqq2, which concludes the proof.

Remark 2.1.0.1. In the above proof, all the bounds that we obtained depend on α. How-
ever, one can verify that the result is still true for α “ 0. Besides, note that Sαptq is a
contraction semigroup in the space H1pRq ˆ L2pRq X 9H´1pRq.

From Lemma 2.1.0.3 we get another result, which will be usefull in order to estimate
the second term of the integral form of equation (2.0.3).
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Lemma 2.1.0.4. The operator

Gptq :
˜

n

m

¸

ÞÑ

ż t

0
Sαpt´ sq

˜

npsq

mpsq

¸

ds

is a bounded operator from Y ˆH into itself.

Proof. Thanks to Lemma 2.1.0.3 we easily get that

‖pGptqpn,mqq1‖L8pr0,T s,H1q ď γT p‖n‖L8pr0,T s,H1q ` ‖m‖L8pr0,T s,L2qq

and

‖pGptqpn,mqq2‖L8pr0,T s,L2X 9H´1q ď γT p‖n‖L8pr0,T s,H1q ` ‖m‖L8pr0,T s,L2X 9H´1qq.

Then, we remark that

pBtGptqpn,mqq1 “ nptq `

ż t

0
pSαpt´ sqpnpsq,mpsqqq2 ds

and we get

‖pBtGptqpn,mqq1‖L8pr0,T s,L2q ď ‖n‖L8pr0,T s,L2q ` γT p‖n‖L8pr0,T s,H1q ` ‖m‖L8pr0,T s,L2qq

ď p1` γT qp‖n‖Y ` ‖m‖Hq.

We will also need a result about the stochastic convolution.

Lemma 2.1.0.5. For φ P L2pL
2 X 9H´1q

ż t

0
Sαpt´ sq

˜

0
φ

¸

dW psq P Y ˆH a.s.

Proof. We apply [DPZ14, Theorem 6.10] to Sαptq, which is a contraction semigroup, and
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we get

E

»

–sup
r0,T s

∥∥∥∥∥∥
ż t

0
Sαpt´ sq

˜

0
φ

¸

dW psq

∥∥∥∥∥∥
2

H1ˆL2X 9H´1

fi

fl ď CE
„
ż t

0
‖φ‖2

L2pL2X 9H´1q ds



ď CT ‖φ‖2
L2pL2X 9H´1q .

The fact that we can control the derivative in time of the first component with the second
component as in the proof of Lemma 2.1.0.4 concludes the proof.

Now we state the last lemma, which will provide important estimates for the appli-
cation of the Perturbed Test Function method in the last section. It is specifically in
this lemma that the need of the homogeneous Sobolev spaces appears, because of the
integration in time in the low frequency domain.

Lemma 2.1.0.6. For k, ` P N, there exists a constant C ą 0 (depending on α) such that
ż 8

0
‖pSαptqpn,mqq1‖

2
HkX 9H´` dt ď C

`

‖n‖2
HkX 9H´p``1q ` ‖m‖2

Hk´1X 9H´p``1q

˘

, (2.1.6)

ż 8

0
‖pSαptqpn,mqq2‖

2
HkX 9H´` dt ď C

`

‖n‖2
Hk`1X 9H´p``1q ` ‖m‖2

HkX 9H´p``1q

˘

, (2.1.7)

and for i “ 1, 2
ż 8

0

ż 8

t

‖pSαpsqp0, φekqqi‖
2
HkX 9H´` dsdt ď C ‖φek‖2

HkX 9H´p``2q . (2.1.8)

Proof. These estimates are proved using the same tools, so we choose to prove only the
first one in details, and we focus on the Hk norm because the procedure for the 9H´` norm
is similar. Thanks to the explicit form of Sα, given in (2.1.3) and (2.1.4), we can bound
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the expression
ş8

0 ‖pSαptqpn,mqq1‖
2
Hk dt by:

C

ż 8

0

ż

|ξ|ďα
2

p1` |ξ|2qke´αt
„

α2

α2 ´ 4ξ2 sinh2
ˆ?

α2 ´ 4ξ2

2 t

˙

n̂2
pξq

` cosh2
ˆ?

α2 ´ 4ξ2

2 t

˙

n̂2
`

4
α2 ´ 4ξ2 sinh2

ˆ?
α2 ´ 4ξ2

2 t

˙

m̂2
pξq



dξdt

` C

ż 8

0

ż

|ξ|ěα
2

p1` |ξ|2qke´αt
„

α2

4ξ2 ´ α2 sin2
ˆ?

4ξ2 ´ α2

2 t

˙

n̂2
pξq

` cos2
ˆ?

4ξ2 ´ α2

2 t

˙

n̂2
`

4
4ξ2 ´ α2 sin2

ˆ?
4ξ2 ´ α2

2 t

˙

m̂2
pξq



dξdt.

Now we decompose the frequency space as in Lemma 2.1.0.3.
First domain: |ξ| ď α

4 .
Here we integrate in time and get the bound:

C

ż

|ξ|ďα
4

p1` |ξ|2qk
ˆ

1
α ´

?
α2 ´ 4ξ2 `

1
α `

?
α2 ´ 4ξ2

˙

ˆ

ˆˆ

1` α2

α2 ´ 4ξ2

˙

n̂2
`

4
α2 ´ 4ξ2 m̂

2
˙

dξ

“C

ż

|ξ|ďα
4

2αp1` |ξ|
2qk

4ξ2

ˆˆ

1` α2

α2 ´ 4ξ2

˙

n̂2
`

4
α2 ´ 4ξ2 m̂

2
˙

dξ

and on this domain p1`|ξ|2qk and α2

α2´4ξ2 are bounded, thus we can bound this expression
by

Cp‖n‖2
9H´1 ` ‖m‖2

9H´1q.

Note that the 9H´1 regularity is needed because of the integration in time in this low
frequency domain.
Second domain: α4 ď |ξ| ď

α
2 .

Here we use the inequality sinhpxq
x

ď coshpxq and we integrate by parts in time to get the
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bound

C

ż

α
4ď|ξ|ď

α
2

p1` |ξ|2qk α2ξ2 n̂
2
`

˜

`

α `
?
α2 ´ 4ξ2

˘3

p4ξ2q3
pn̂2

` m̂2
q

`

`

α ´
?
α2 ´ 4ξ2

˘3

p4ξ2q3
pn̂2

` m̂2
q

¸

dξ

ď Cp‖n‖2
L2 ` ‖m‖2

L2q,

since on this domain we have upper and lower bounds on ξ.
Third domain: α2 ď ξ ď α

Here we use the inequality sinpxq
x
ď 1 and we integrate by parts in time to get the bound

Cp‖n‖2
L2 ` ‖m‖2

L2q

by the same procedure as for the second domain.
Fourth domain: |ξ| ě α

Here we integrate in time to bound our quantity by

C

ż

|ξ|ěα

1
α
p1` |ξ|2qk

ˆˆ

1` α2

4ξ2 ´ α2

˙

n̂2
`

4
4ξ2 ´ α2 m̂

2
˙

dξ

ď Cp‖n‖2
Hk ` ‖m‖2

Hk´1q,

because on this domain 1
4ξ2´α2 is bounded.

Gathering all these estimates, we obtain:
ż 8

0
‖pSαptqpn,mqq1‖

2
Hk dt ď C

`

‖n‖2
HkX 9H´1 ` ‖m‖2

Hk´1X 9H´1

˘

so that the first estimate is proved. The computations are the same for the other estimates,
except that for the last one, where we have to integrate in time twice, thus 9H´2 regularity
is needed.
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2.2 Well-Posedness of the problem

2.2.1 Local Well-Posedness

In this section, we prove local well-posedness of the problem (2.0.3). Here, ε is fixed
so we do not loose generality by writing all the computations with ε “ 1. We start with
a first result, which is proved according to the method used by Kato in [Kat87] for the
Schrödinger equation, and contraction arguments. Then we state a second result, which
shows that we can recover more regularity on our solutions. This kind of regularity will be
needed in order to show afterwards that the problem (2.0.3) is actually globally well-posed,
based on [SS79].

Existence of solutions in H2 ˆH1

In this section we prove the following theorem.

Theorem 2.2.1.1. Let α ě 0 and φ P L2pL2X 9H´1q. Let pu0, n0, n1q P H
2pRqˆH1pRqˆ

L2pRq X 9H´1pRq. Then there exists a unique solution pu, n, Btnq to (2.0.3) with continu-
ous valued paths in H2pRq ˆ H1pRq ˆ L2pRq X 9H´1pRq such that pup0q, np0q, Btnp0qq “
pu0, n0, n1q. This solution is defined on a random interval r0, T pωqq, where T pωq ą 0 is a
stopping time such that

T pωq “ `8 or lim
tÑT pωq

max p‖uptq‖H2 , ‖nptq‖H1q “ `8.

To prove this theorem we set up a fixed-point scheme. We adapt Kato’s arguments
from [Kat87] on the Schrödinger equation. We start the proof by showing a contraction
argument for the integral form of the first equation of the system, for fixed n P Y . Thus, to
any n P Y we can associate a solution u to the first equation of (2.0.3). Then we will show
that the difference between two solutions u1 and u2 of this equation can be controlled by
the difference between n1 and n2, the associated functions, which will allow us to prove
that the second equation of (2.0.3) also verifies a contraction argument. First we define

Cpωq “

∥∥∥∥∥∥
ż t

0
Spt´ sq

˜

0
φ

¸

dW psq

∥∥∥∥∥∥
Y0ˆH0

, (2.2.1)
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Y0 “ tn P L
8
pr0, T0s, H

1
pRqq, Btn P L8pr0, T0s, L

2
pRqqu,

H0 “ L8pr0, T0s, L
2
pRq X 9H´1

pRqq,

where T0 is a deterministic time, fixed in advance and arbitrarily large. We are interested
by the first equation of the system. Let us set

F : pu, nq ÞÑ un.

We state the following lemma, which gathers some results on F .

Lemma 2.2.1.1. — F is continuous from H2ˆH1 to L2, and maps bounded sets into
bounded sets.

— We have for s, t P r0, T s

‖F puptq, nptqq ´ F pupsq, npsqq‖L2 ď C|t´ s| ‖u‖Z ‖n‖Y , u P Z, n P Y . (2.2.2)

— F maps a bounded set of Z ˆ Y into a bounded set of Z 1 with

‖F pu, nq ´ F pu0, n0q‖Z1 ď CT ‖u‖Z ‖n‖Y ,

u P Z, n P Y, u0 P H
2;n0 P H

1.
(2.2.3)

Proof. The proof of this lemma is straightforward and is an adaptation of Lemmas 3.1
and 3.4 in [Kat87].

Now let n P BR0pY q be fixed. We now have to show that some ball BR1pZq is invariant
by Γ1p¨, nq, where Γ1 denotes the right-hand side of the first equation of (2.1.1), and that
Γ1p¨, nq is a contraction for a well-chosen norm.
Fix R1 ą 2γ ‖u0‖H2 ` 2p2γ ` 1q ‖u0‖H2 ‖n0‖H1 , γ given by Lemma 2.1.0.2, we define the
following set:

E :“ tu P Z, ‖u‖Z ď R1u. (2.2.4)

Lemma 2.2.1.2. If u P E, n P BR0pY q, then ‖Γ1pu, nq‖Z ď R1 for T ą 0 small enough
depending on R0.

Proof. Thanks to the previous lemma, we have

‖Γ1pu, nq‖Z ď γ ‖u0‖H2 ` p2γ ` 1q ‖nu‖Z1
ď γ ‖u0‖H2 ` p2γ ` 1qp‖u0n0‖Z1 ` ‖nu´ n0u0‖Z1q,
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where n0u0 P Z
1 is seen as a constant function in time, so that its Z 1 norm is ‖n0u0‖L2 .

Finally,

‖Γ1pu, nq‖Z ď γ ‖u0‖H2 ` p2γ ` 1qp‖u0‖H2 ‖n0‖H1 ` 4R0T ‖u‖Zq

and thus, for u P E, and T ą 0 small enough so that 4p2γ ` 1qR0T ă R1
2 , we get the

result.

Lemma 2.2.1.3. For all n P BR0pY q, Γ1p¨, nq is a contraction in the norm ‖¨‖L8pr0,T s,H1q,
for u P E and T ą 0 small enough depending on R0 ą 0.

Proof. Let u1, u2 P E and n P BR0pY q, we have using the integral form of the first equation
of (2.0.3):

‖Γ1pu1, nq ´ Γ1pu2, nq‖L8pr0,T s,H1q ď γT ‖n‖L8pr0,T s,H1q ‖u1 ´ u2‖L8pr0,T s,H1q

thus, for T small enough (so that γTR0 ă 1) we get the result.

Note that the time T depends on R0 but not on R1. Now we focus on the wave equation.
Let us fix ω P Ω. According to Lemma 2.2.1.3, for any R0 ą 0, for all n P BR0pY q, Γ1p¨, nq

is a contraction in the norm ‖¨‖L8pr0,T s,H1q, thus by the Picard fixed point theorem there
exists a unique solution u P Z to the first equation of (2.0.3) up to T0. We write u “ T pnq.
Now, let

R2 ą 2γ ‖pn0, n1q‖H1ˆL2 ` 2Cpωq

with Cpωq defined in (2.2.1). We also fix R ą maxpR1, R2q. Thus, if we choose n P

Y, ‖n‖Y ď R, namely n P BRpY q, we get a solution u “ T pnq. This solution will satisfy
‖u‖Z ď R according to Lemma 2.2.1.2. First we show that for n1, n2 P BRpY q we can
estimate the difference between two solutions u1 “ T pn1q, u2 “ T pn2q.

Proposition 2.2.1.1. Let n1, n2 P BRpY q and associated solutions u1 “ T pn1q, u2 “

T pn2q. Then for T small enough, depending only on R, there exists C ą 0 such that

‖u1 ´ u2‖L8H2 ď pCR ` 2q ‖n1 ´ n2‖Y .

To prove this result we need a lemma.
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Lemma 2.2.1.4. Let n1, n2 P BRpY q and associated solutions u1 “ T pn1q, u2 “ T pn2q.
There exists C ą 0, and there exists T ą 0 small enough such that γRCT ă 1 and:

‖Btu1 ´ Btu2‖L8pr0,T s,L2q ď
γRCT

1´ γRCT p‖n1 ´ n2‖Y ` ‖u1 ´ u2‖L8pr0,T s,H1qq.

Proof. We need to estimate ‖Btu1 ´ Btu2‖L8pr0,T s,L2q. For k “ 1, 2, we denote by uk the
solution of the equation

iBtuk “ ´B
2
xuk ` nkuk

with initial data ukp0q “ u0. Thus Btuk is solution of

iBtpBtukq “ ´B
2
xpBtukq ` nkBtuk ` ukBtnk

with initial data v0 “ iB2
xu0 ´ in0u0, which can be rewritten as:

Btukptq “ Uptqv0 ´ i

ż t

0
Upt´ sqpnkpsqBtukpsq ` ukpsqBtnkpsqqds.

Then it comes:

‖Btu1 ´ Btu2‖L8pr0,T s,L2q ďγT ‖pn1Btu1 ` u1Btn1q ´ pn2Btu2 ` u2Btn2q‖L8pr0,T s,L2q

ďγCT p‖Btn1‖L8pr0,T s,L2q ‖u1 ´ u2‖L8pr0,T s,H1q

` ‖u2‖L8pr0,T s,H1q ‖Btn1 ´ Btn2‖L8pr0,T s,L2q

` ‖Btu1‖L8pr0,T s,L2q ‖n1 ´ n2‖L8pr0,T s,H1q

` ‖n2‖L8pr0,T s,H1q ‖Btu1 ´ Btu2‖L8pr0,T s,L2qq.

Since ‖uk‖Z ď R, ‖nk‖Y ď R we obtain choosing T small enough:

‖Btu1 ´ Btu2‖L8pr0,T s,L2q ď
γRCT

1´ γRCT p‖n1 ´ n2‖Y ` ‖u1 ´ u2‖L8pr0,T s,H1qq.

Now we can prove Proposition 2.2.1.1.

Proof of Proposition 2.2.1.1. We start by a first computation, recalling that for k “ 1, 2
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we have uk “ Γ1puk, nkq:

‖u1 ´ u2‖L8pr0,T s,H1q “ ‖Γ1pu1, n1q ´ Γ1pu2, n2q‖L8pr0,T s,H1q

“

∥∥∥∥∥
ż t

0
Upt´ sqpn1u1 ´ n2u2qpsqds

∥∥∥∥∥
L8pr0,T s,H1q

ďγT p‖n1‖L8pr0,T s,H1q ‖u1 ´ u2‖L8pr0,T s,H1q

` ‖u2‖L8pr0,T s,H1q ‖n1 ´ n2‖L8pr0,T s,H1qq

ďγRT p‖u1 ´ u2‖L8pr0,T s,H1q ` ‖n1 ´ n2‖L8pr0,T s,H1qq

ď
γRT

1´ γRT ‖n1 ´ n2‖L8pr0,T s,H1q ,

if T is chosen such that γRCT ă 1. Besides we have thanks to the first equation of (2.0.3)

‖u1 ´ u2‖L8H2 ď ‖Btu1 ´ Btu2‖L8pr0,T s,L2q ` ‖u1n1 ´ u2n2‖L8pr0,T s,L2q

` ‖u1 ´ u2‖L8pr0,T s,L2q

ď ‖Btu1 ´ Btu2‖L8pr0,T s,L2q ` CRp‖n1 ´ n2‖Y ` ‖u1 ´ u2‖L8pr0,T s,H1qq

` ‖u1 ´ u2‖L8pr0,T s,H1q ,

and using Lemma 2.2.1.4:

‖u1 ´ u2‖L8H2 ď p
γRCT

1´ γRCT ` CR ` 1qp‖n1 ´ n2‖Y ` ‖u1 ´ u2‖L8pr0,T s,H1qq

ď p
γRCT

1´ γRCT ` CR `
γRT

1´ γRT q ‖n1 ´ n2‖Y

ď pCR ` 1q ‖n1 ´ n2‖Y

because we can assume that γRT
1´γRT ă

1
2 and γRCT

1´γRCT ă
1
2 by choosing T small enough.

Now we can set up the fixed point argument for:

pn, Btnq “ Γ2pT pnq, n, Btnq “: Γ3pn, Btnq

for n P BRpY q, where Γ2 is defined by the right-hand side of the second equation of (2.1.1).

Lemma 2.2.1.5. For T ą 0 small enough depending on R ą 0, Γ3 is a contraction on
BRpY ˆHq for the norm ‖¨‖YˆH .
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Proof. Let pn1,m1q, pn2,m2q P BRpY ˆHq. For k “ 1, 2, we denote uk “ T pnkq. Thus

Γ3pn1,m1q ´ Γ3pn2,m2q “ Gptqp0, B2
x|u1|

2
´ B

2
x|u2|

2
q,

with Gptq defined in Lemma 2.1.0.4. According to Lemma 2.1.0.4 we have:

‖Γ3pn1,m1q ´ Γ3pn2,m2q‖YˆH ď γT
∥∥∥B2

x|u1|
2
´ B

2
x|u2|

2
∥∥∥
L8pr0,T s,L2q

ď 2γT pCR ‖u1 ´ u2‖L8H2

`
∥∥∥|Bxu1|

2
´ |Bxu2|

2
∥∥∥
L8pr0,T s,L2q

q

ď 2γT pCR ‖u1 ´ u2‖L8H2 ` 2R ‖u1 ´ u2‖L8pr0,T s,H1qq

ď C̃T ‖n1 ´ n2‖Y

according to Proposition 2.2.1.1. Thus for C̃T ă 1 the map Γ3 is a contraction.

It remains to prove that the ball BRpY ˆHq is invariant under the mapping Γ3.

Lemma 2.2.1.6. For T ą 0 small enough depending on R ą 0, and pn,mq P BRpY ˆHq,
we have ‖Γ3pn,mq‖YˆH ď R.

Proof.

‖Γ3pn,mq‖YˆH ď

∥∥∥∥∥∥Sαptq
˜

n0

n1

¸∥∥∥∥∥∥
YˆH

`

∥∥∥∥∥∥Gptq
˜

0
B2
x|u|

2psq

¸∥∥∥∥∥∥
YˆH

`

∥∥∥∥∥∥
ż t

0
Sαpt´ sq

˜

0
φ

¸

dW psq

∥∥∥∥∥∥
YˆH

ďγ ‖pn0, n1q‖H1ˆL2 ` γT
∥∥∥B2

x|u|
2
∥∥∥
L8pr0,T s,L2q

` Cpωq

ďγ ‖pn0, n1q‖H1ˆL2 ` 2γT pCR ‖u‖L8H2 `
∥∥∥|Bxu|2∥∥∥

L8pr0,T s,L2q
q ` Cpωq

ďγ ‖pn0, n1q‖H1ˆL2 ` Cpωq ` 2γT pCR ‖u‖L8H2 ` ‖Bxu‖2
L8pr0,T s,H1qq,

where u “ T pnq, Gptq is defined in Lemma 2.1.0.4, and Cpωq in (2.2.1). Since ‖u‖Z ď R,
we have

‖Γ3pn,mq‖YˆH ď γ ‖pn0, n1q‖H1ˆL2 ` Cpωq ` 4γCR2T

ď
R2

2 ` 4γCR2T.
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Thus for T small enough such that 4γCRT ă 1
2 , we get the result, because R ą R2.

Thanks to all these lemmas, we obtain the existence of a unique solution pu, n, Btnq P
BRpH

2 ˆH1 ˆ L2q using Picard fixed point theorem. We can extend this solution while
pu, n, Btnq is bounded in H2ˆH1ˆL2 using classical arguments, since the existence time
only depends on the initial data in their H2 ˆH1 ˆ L2 norm.

Propagation of regularity

In this subsection we show that if the initial data is more regular, then the solution of
the system keeps the same regularity as long as it exists in the sense of Theorem 2.2.1.1.

Theorem 2.2.1.2. Let φ P L2pH1 X 9H´1q and let pu, n, Btnq be the solution of (2.0.3)
given by Theorem 2.2.1.1, and T pωq be the stopping time defined in this theorem. Then
if u0 P H3pRq, n0 P H2pRq, n1 P H1pRq X 9H´1pRq, we actually have pu, n, Btnqpωq P
Cpr0, T pωqq, H3pRq ˆH2pRq ˆH1pRqq.

To prove this theorem we will differentiate the system (2.0.3) and set up a similar
fixed-point scheme as the one used to prove Theorem 2.2.1.1.
Given pu0, n0, n1q P H

3ˆH2ˆH1, a fixed ω P Ω, a random time T ˚pωq, we have a solution
to the system (2.0.3) pu, n, Btnq P Z˚ ˆ Y ˚ ˆH˚ given by Theorem 2.2.1.1, where

Z˚ “ tu P L8pr0, T ˚s, H2
pRqq, Btu P L8pr0, T ˚s, L2

pRqqu,

Y ˚ “ tn P L8pr0, T ˚s, H1
pRqq, Btn P L8pr0, T ˚s, L2

pRqqu,

H˚
“ L8pr0, T ˚s, L2

pRq X 9H´1
pRqq.

Furthermore, if we differentiate the system (2.0.3) in space, defining ux “ Bxu, nx “ Bxn
and mx “ Bxm we get:

$

’

&

’

%

iBtux “ ´B
2
xux ` nxu` nux,

Btnx “ mx,

dmx “ ´αmx ` B
2
xpnx ` Bx|u|

2qdt` BxφdW ptq.

(2.2.5)

One can already notice in the above system that we will need more regularity on φ, if we
want to apply the same procedure as in the previous subsection. We need to stress the
dependence in ux in the last equation of the system (2.2.5). Writing

B
3
x|u|

2
“ 6RepūxB2

xuq ` 2RepūB2
xuxq
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allows us to consider the following system:
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

vptq “ Uptqv0 `
şt

0 Upt´ sqpnv ` uhqpsqds,
˜

hptq

kptq

¸

“ Sαptq

˜

h0

k0

¸

`

ż t

0
Sαpt´ sq

˜

0
6Repv̄B2

xuq ` 2RepūB2
xvq

¸

psqds

`

ż t

0
Sαpt´ sq

˜

0
Bxφ

¸

dW psq,

(2.2.6)

where v0 “ Bxu0, h0 “ Bxn0, k0 “ Bxn1. We denote respectively by Λ1pv, hq and
Λ2pv, h, kq the right-hand sides of (2.2.6). These two functions also depend on u and n.
We will use the same method as in the previous subsection. We define the function

Ψu,n : pv, hq ÞÑ nv ` uh.

It is clear that this function depends on n and u. We state the following result which
gathers some immediate properties of Ψu,n, whose proofs are left to the reader.

Lemma 2.2.1.7. — Ψu,n : H2 ˆ H1 Ñ L2 continuously and boundedly (it maps a
bounded set into a bounded set).

— Ψu,n maps ZˆY into Z 1 boundedly, these spaces are defined in (2.1.5), with T ď T ˚

arbitrary. Furthermore,

‖Ψu,npv1, h1q ´Ψu,npv2, h2q‖Z1 ď CMT p‖v1 ´ v2‖Z ` ‖h1 ´ h2‖Y q (2.2.7)

with M “ maxp‖u‖Z˚ , ‖n‖Y ˚q.

Now we state the following result:

Proposition 2.2.1.2. For all h P Y , there exists a unique solution v P Z to the first
equation of the system (2.2.5) with initial data v0. The time interval r0, T s, on which the
solution is defined is actually r0, T ˚s.

To prove this result we start by proving a lemma:

Lemma 2.2.1.8. For all h P Y , the operator Λ1p¨, hq maps Z into Z and is a contraction
for the norm ‖¨‖L8pr0,T s,H1q, for T ď T ˚ such that γT ‖n‖Y ˚ ă 1.
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Proof. Let v P Z. Lemma 2.2.1.2 implies

‖Λ1pv, hq‖Z ď ‖Uptqv0‖Z `
∥∥∥∥∥
ż t

0
Upt´ sqpnv ` uhqpsqds

∥∥∥∥∥
Z

ď γ ‖v0‖H2 ` p2γ ` 1q ‖nv ` uh‖Z1
ď γ ‖v0‖H2 ` p2γ ` 1qp1` 2T q p‖n‖Y ˚ ‖v‖Z ` ‖u‖Z˚ ‖h‖Y q ă 8

thus we have Λ1p¨, hq : Z Ñ Z. For the contraction argument, we have the estimate:

‖Λ1pv1, hq ´ Λ1pv2, hq‖L8pr0,T s,H1q ď γT p‖n‖L8pr0,T s,H1q ‖v1 ´ v2‖L8pr0,T s,H1qq (2.2.8)

and thus for T small enough (namely γT ‖n‖Y ˚ ă 1) the result is proved.

Thanks to this lemma, we can establish the existence of a solution v on a time interval
r0, T1s, with T1 ď T ˚. Besides, since T1 only depends on ‖n‖Y ˚ , the solution may be
extended to r0, T ˚s by iterations, in a classical way.

Now, as in the previous subsection, we can focus on the wave equation. Let us fix
ω P Ω. Proposition 2.2.1.2 states that for all h P Y , there exists a unique solution v P Z
to the first equation of the system (2.2.5). We denote v “ T̃ phq.

Proposition 2.2.1.3. Let h1, h2 P Y and let v1 “ T̃ ph1q, v2 “ T̃ ph2q be the associated
solutions. Then there exists C ą 0 such that if T ą 0 is small enough so that

γT ‖n‖Y ˚ ă 1 and γMCT

1´ γMCT
ă 1

with M “ maxp‖u‖Z˚ , ‖n‖Y ˚q, we have

‖v1 ´ v2‖L8H2 ď C ‖h1 ´ h2‖Y .

To prove this result we need the following lemma:

Lemma 2.2.1.9. Let h1, h2 P Y and let v1 “ T̃ ph1q, v2 “ T̃ ph2q be the associated solu-
tions. There exists C ą 0 such that if T ą 0 is small enough so that γMCT ă 1:

‖Btv1 ´ Btv2‖L8pr0,T s,L2q ď
γMCT

1´ γMCT
p‖h1 ´ h2‖Y ` ‖v1 ´ v2‖L8pr0,T s,H1qq

with M “ maxp‖u‖Z˚ , ‖n‖Y ˚q.
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Proof. For k “ 1, 2, vk is solution of the equation

iBtvk “ ´B
2
xvk ` nvk ` uhk (2.2.9)

with initial data vkp0q “ v0. Thus Btvk is solution of

iBtpBtvkq “ ´B
2
xpBtvkq ` nBtvk ` vkBtn` uBthk ` hkBtu.

Then we conclude by the same procedure as in Lemma 2.2.1.4 since ‖u‖Z˚ ďM , ‖n‖Y ˚ ď
M .

Now we can prove Proposition 2.2.1.3. Equation (2.2.9) gives us

‖v1 ´ v2‖H2 ď ‖Btv1 ´ Btv2‖L2 ` ‖npv1 ´ v2q ` uph1 ´ h2q‖L2 ` ‖v1 ´ v2‖L2

ď ‖Btv1 ´ Btv2‖L2 ` CMp‖h1 ´ h2‖Y ` ‖v1 ´ v2‖L8pr0,T s,H1qq

` ‖v1 ´ v2‖L2 .

Using the expression of Λ1 in (2.2.6), we obtain

‖v1 ´ v2‖L8pr0,T s,H1q “ ‖Λ1pv1, h1q ´ Λ1pv2, h2q‖L8pr0,T s,H1q

ďγT
´

‖n‖Y ˚ ‖v1 ´ v2‖L8pr0,T s,H1q ` ‖u‖Z˚ ‖h1 ´ h2‖L8pr0,T s,H1q

¯

.

Then, according to Lemma 2.2.1.9 and for T ą 0 satisfying the assumptions of Proposi-
tion 2.2.1.1, we get the conclusion.

Now we can set up the fixed point argument. We start by giving a result on the
stochastic convolution:

Proposition 2.2.1.4. Let φ P L2pL
2, H1 X 9H´1q, then

ż t

0
Sαpt´ sq

˜

0
Bxφ

¸

dW psq P Y ˆH a.s.
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Proof. As in the proof of Lemma 2.1.0.5, we use [DPZ14, Theorem 6.10] to get

E

»

–sup
r0,T s

∥∥∥∥∥∥
ż t

0
Sαpt´ sq

˜

0
Bxφ

¸

dW psq

∥∥∥∥∥∥
2

H1ˆL2X 9H´1

fi

fl ď CγE
„
ż t

0
‖Bxφ‖2

L2pL2X 9H´1q ds



ď CγT ‖φ‖2
L2pL2,H1X 9H´1q ,

and the fact that we can control the derivative in time of the first component with the
second component concludes the proof.

Propositions 2.2.1.3 and 2.2.1.4 allow us to prove the following result.

Proposition 2.2.1.5. For φ P L2pL
2, H1q, there exists a unique solution h P H to the

second equation of the system (2.2.6) with initial data pBxn0, Bxn1q and v “ T̃ phq. The
time interval r0, T s, on which the solution is defined is actually r0, T ˚s.

Lemma 2.2.1.10. Λ3ph, Bthq “ Λ2pT̃ phq, h, Bthq takes values in Y ˆH if ph, Bthq P Y ˆH.
Moreover, there exists a constant C ą 0 depending on ‖u‖Z˚ and ‖n‖Y ˚ such that if T ą 0
is small enough so that CT ă 1, Λ3 is a contraction on Y ˆH with the norm ‖¨‖YˆH .

Proof. Let ph,mq P Y ˆH, setting v “ T̃ phq we have according to (2.2.6)

‖Λ3ph,mq‖YˆH ď γ ‖pBxn0, Bxn1q‖H1ˆL2 ` γT
∥∥∥6Repv̄B2

xuq ` 2RepūB2
xvq

∥∥∥
L2
` C̃pωq

ď γ ‖pBxn0, Bxn1q‖H1ˆL2 ` γCMT ‖v‖Z ` C̃pωq

where C̃pωq is the constant which bounds the stochastic convolution in Y ˆ H. For the
contraction argument, let ph1,m1q, ph2,m2q P Y ˆH. Then

‖Λ3ph1,m1q ´ Λ3ph2,m2q‖YˆH ď γT p6 ‖u‖H2 ‖v1 ´ v2‖H1 ` 2 ‖u‖H1 ‖v1 ´ v2‖H2q

ď CT ‖h1 ´ h2‖Y ,

using Proposition 2.2.1.3 and Lemma 2.2.1.9, where C depends only on the norms ‖u‖Z˚
and ‖n‖Y ˚ . For T ą 0 such that CT ă 1 we get the result.

Now we can prove Theorem 2.2.1.2. Indeed, according to Propositions 2.2.1.2 and
2.2.1.5, we have proved the existence of a unique solution to the system (2.2.5) with initial
data pBxu0, Bxn0, Bxn1q, on a time interval r0, T pωqs, with T pωq, which is the random time
of Theorem 2.2.1.1.
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Furthermore, pBxu, Bxn, BxBtnq is also a solution of this system, with the same initial
data, so we can conclude by uniqueness that pu, n, Btnq P L8pr0, T pωqq, H3 ˆH2 ˆH1q.

2.2.2 Global Well-Posedness

In this section, we follow the article [SS79] by Sulem and Sulem to get a priori estimates
in order to get a global result. We are still considering the system

$

’

&

’

%

iBtu “ ´B
2
xu` nu

Btn “ µ

ε2dµ` αεµ “ B2
xpn` |u|

2qdt` φdW ptq

(2.2.10)

but now we keep track of ε in the estimates. We will see that they are not uniform in ε.
We prove below the following theorem.

Theorem 2.2.2.1. Let α ě 0, T ą 0 and let φ P L2pH1 X 9H´1q. For initial data
u0 P H3, n0 P H2 and n1 P H1 X 9H´1, there exists almost surely a unique solution
pu, nq P L8pr0, T s, H3 ˆH2q for the system (2.0.3).

Modification of the system

To prove our theorem, we decompose n “ m ` Zε where Zε P L8pr0, T s, H2 X 9H´1q

a.s according to Lemmas 2.1.0.5 and 2.2.1.4, and satisfies

ε2dpBtZ
ε
q “ p´αεBtZ

ε
` B

2
xZ

ε
qdt` φdWt,

Zε
p0q “ 1

ε

ż 0

´8

Sαp´sq

˜

0
φ

¸

dWs.
(2.2.11)

Note that Zε is a stationary process. Thus pu, nq is a solution of the system (2.2.10) if
and only if pu,mq is a solution of the system:

$

’

&

’

%

iBtu “ ´B
2
xu` pm` Z

εqu,

ε2B2
tm` αεBtm “ B2

xpm` |u|
2q.

(2.2.12)

In order to prove our theorem, we need to introduce

V “ ´B´1
x Btm, (2.2.13)

123



Partie , Chapter 2 – The Stochastic Zakharov system, convergence to a Nonlinear Stochastic
Schrödinger equation

for which we have to assume that Btm P 9H´1. This is actually true thanks to the hypothesis
on the initial data since

Btmptq “ pSαptqpn0, n1qq2 `

ż t

0

`

Sαpt´ sqp0, B2
x|u|

2
q
˘

2 ds

and a computation with the same procedure as in Lemma 2.1.0.3 shows that Btm P 9H´1

under the assumptions of Theorem 2.2.2.1. The equation satisfied by m gives us that

ε2
BtV ` αεV ` Bxpm` |u|

2
q “ 0. (2.2.14)

Proof of the global Well-Posedness

If α “ 0 and φ “ 0, one can prove by taking the scalar product of the first equation
of (2.2.12) with ū and Btū and the second equation of (2.2.12) with pB2

xq
´1Btm that the

deterministic system preserves the mass and the energy:

Npuq “ ‖u‖2
L2 , and Hpu,mq “ ‖Bxu‖2

L2 `
1
2p‖m‖2

L2 ` ‖εV ‖2
L2q`

ż

R
m|u|2dx. (2.2.15)

In our case, we still have conservation of the mass N , and we have:

Proposition 2.2.2.1. For pu0,m0,m1q P H
3ˆH2ˆpH1X 9H´1q, the local solution pu,mq

of the system (2.2.12) satisfies:

BtN “ 0, BtHpu,mq `

ż

R
Zε
Bt|u|

2dx “ ´αε ‖V ‖2
L2 . (2.2.16)

Proof. The following computations are justified because we assumed enough regularity
on our solutions u,m,Zε. We recall that m,Zε are R-valued, and u is the only C-valued
function. For the conservation of mass we take the scalar product of the first equation of
the system (2.2.12) with iu. For the energy we start from the system (2.2.12) and take
the scalar product of the first equation with iBtu, then we take the scalar product of the
second equation with pB2

xq
´1Btm. We get by integration by parts:

Bt ‖Bxu‖2
L2 `

ż

R
mBt|u|

2
` Zε

Bt|u|
2dx “ 0,

´
1
2Bt ‖εV ‖2

L2 “

ż

R
Btmpm` |u|

2
qdx` αε ‖V ‖2

L2 .
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Taking the difference between the first equation and the second equation we deduce:

Bt

ˆ

‖Bxu‖2
L2 `

1
2
`

‖m‖2
L2 ` ‖εV ‖2

L2

˘

`

ż

R
m|u|2dx

˙

`

ż

R
Zε
Bt|u|

2dx “ ´αε ‖V ‖2
L2 .

This result allows us to obtain the following bound (we work with ω P Ω fixed so that
Zε P H2 a.s. and there exists a constant such that ‖BxZε‖2

L8pr0,T s,H1q ď Cpωq a.s.):

Proposition 2.2.2.2. For pu0,m0,m1q P H
3ˆH2ˆpH1X 9H´1q, the local solution pu,mq

of the system (2.2.12) satisfies

1
2 ‖Bxu‖2

L2 `
1
4 ‖m‖2

L2 `
1
2 ‖εV ‖2

L2 ď pC ` ‖u0‖2
L2 ‖BxZε‖2

L8pr0,T s,H1q tqe
t (2.2.17)

with C “ |H0| ` 2N where H0 “ Hpu0,m0q.

Proof. Thanks to the previous Proposition:

‖Bxu‖2
L2 `

1
2

´

‖m‖2
L2 `

∥∥∥εB´1
x Btm

∥∥∥2

L2

¯

ď|H0| `

ˇ

ˇ

ˇ

ˇ

ż

R
m|u|2dx

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż t

0

ż

R
Zε
Bt|u|

2dxds

ˇ

ˇ

ˇ

ˇ

´ αε ‖V ‖2
L2pr0,ts,L2q .

Then we neglect the negative term, we use the first equation (2.2.12) to develop Bt|u|2,
and by integration by parts we get:

‖Bxu‖2
L2 `

1
2

´

‖m‖2
L2 `

∥∥∥εB´1
x Btm

∥∥∥2

L2

¯

ď|H0| `

ˇ

ˇ

ˇ

ˇ

ż

R
m|u|2dx

ˇ

ˇ

ˇ

ˇ

` 2
ˇ

ˇ

ˇ

ˇ

ż t

0

ż

R
BxZ

εImpūBxuqdxds

ˇ

ˇ

ˇ

ˇ

ď|H0| `

ˇ

ˇ

ˇ

ˇ

ż

R
m|u|2dx

ˇ

ˇ

ˇ

ˇ

`

ż t

0
‖BxZε‖2

L8 ‖u‖2
L2 ` ‖Bxu‖2

L2 ds.

For the second term of the right-hand side of the inequality, we use [SS79, Lemma 2]
which states that

ˇ

ˇ

ˇ

ˇ

ż

R
m|u|2dx

ˇ

ˇ

ˇ

ˇ

ď
1
4 ‖m‖2

L2 ` 4N 3
2 ‖Bxu‖L2
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to finally get:

‖Bxu‖2
L2 `

1
4 ‖m‖2

L2 `
1
2

∥∥∥εB´1
x Btm

∥∥∥2

L2
ď|H0| ` CN

3
2 ‖Bxu‖L2

`

ż t

0
‖BxZε‖2

L8 ‖u‖2
L2 ` ‖Bxu‖2

L2 ds.
(2.2.18)

Now we can apply Grönwall’s Lemma and use mass conservation to get the desired esti-
mate.

Then we have the following lemma which gathers the equalities stated in [SS79]. The
difference in our case comes from the damping and stochastic terms:

Lemma 2.2.2.1. For pu0,m0,m1q P H
3 ˆH2 ˆ pH1 X 9H´1q, the local solution pu,mq of

the system (2.2.12) satisfies

Bt

´∥∥∥εpBxq´1
B

2
tm

∥∥∥2

L2
` ‖Btm‖2

L2

¯

` 2
ż

R
B

2
tmBt|u|

2dx` 2αε ‖BtV ‖2
L2 “ 0, (2.2.19)

Bt ‖Btu‖2
L2 “ 2Im

ż

R
uBtūpBtm` BtZ

ε
qdx, (2.2.20)

´Bt ‖Btu‖2
L2 “

ż

R
pm` Zε

qBt|Btu|
2dx`

ż

R
Btpm` Z

ε
q
`

B
2
t |u|

2
´ 2|Btu|2

˘

dx. (2.2.21)

Proof. First equality:
Applying the equation (2.2.14) satisfied by V “ ´B´1

x Btm we have, using integration by
parts:

Bt

´∥∥∥εpBxq´1
B

2
tm

∥∥∥2

L2
` ‖Btm‖2

L2

¯

“ 2
ż

R
ε2
BtV B

2
t V ` BtmB

2
tmdx

“2
ż

R
BtV

`

´αεBtV ´ BxBtpm` |u|
2
q
˘

` BtmB
2
tmdx

“2
ż

R
´αε|BtV |

2
´ BtmB

2
tm´ B

2
tmBt|u|

2
` BtmB

2
tmdx

“´ 2
ż

R
B

2
tmBt|u|

2dx´ 2αε ‖BtV ‖2
L2 .

Second equality:
We start from the equation

iBtu “ ´B
2
xu` pm` Z

ε
qu.
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Then we differentiate this equation in time:

B
2
t u “ iBtB

2
xu´ iBtpmuq ´ iBtpZ

εuq.

We take the scalar product with Btū and get

Bt ‖Btu‖2
L2 “ 2Re

ż

R
iBtB

2
xuBtū´ iBtpmuqBtū´ iBtpZ

εuqBtūdx

“ 2Im
ż

R
uBtūBtpm` Z

ε
qdx,

where we used integrations by parts.
Third equality:
We start from the first equation, and write B2

xu “ nu´ iBtu. Then

BtB
2
xu “ Btppm` Z

ε
quq ´ iB2

t u,

and taking the scalar product with B2
t u we get

Re

ż

R
BtB

2
xuB

2
t ūdx “ Re

ż

R
Btppm` Z

ε
quqB2

t ū´ i|B
2
t u|

2dx,

so that

´
1
2Bt ‖BxBtu‖2

L2 “ Re

ż

R
Btpm` Z

ε
quB2

t ū`
1
2pm` Z

ε
qBt|Btu|

2dx

“
1
2

ż

R
pm` Zε

qBt|Btu|
2dx`

1
2

ż

R
Btpm` Z

ε
q
`

B
2
t |u|

2
´ 2|Btu|2

˘

dx.
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By gathering (2.2.19)-(2.2.21) and integrating in time we obtain:

2 ‖Btu‖2
H1 ` ‖εBtV ‖2

L2 ` ‖Btm‖2
L2 ` 2

ż

R
BtmBt|u|

2
`m|Btu|

2dx

“ C `

ż t

0

ż

R
6Btm|Btu|2 ` 4ImpuBtūBtmqdxds

` 4Im
ż t

0

ż

R
uBtūBtZ

εdxds´ 2
ż

R
Zε
|Btu|

2dx

´ 2
ż t

0

ż

R
BtZ

ε
`

B
2
t |u|

2
´ 3|Btu|2

˘

dxds

´ 2αε ‖V ‖2
L2pr0,ts,L2q

(2.2.22)

where C is a constant depending on the initial conditions coming from the integration in
time which is finite according to the assumed regularities of u0,m0,m1. Note that we also
used:

ż t

0

ż

R
Zε
Bt|Btu|

2dx “

ż

R
Zε
|Btu|

2dx´

ż t

0

ż

R
BtZ

ε
|Btu|

2dxds.

The aim here is to get an estimate on ‖Btu‖2
H1 ` ‖εBtV ‖2

L2 ` ‖Btm‖2
L2 via the Grönwall’s

argument. We will need several lemmas.

Lemma 2.2.2.2. For pu0,m0,m1q P H3 ˆ H2 ˆ pH1 X 9H´1q, there exists a constant
C ą 0 depending on the initial data such that the local solution pu,mq of the system
(2.2.12) satisfies

ˇ

ˇ

ˇ

ˇ

ż

R
6Btm|Btu|2 ` 4ImpuBtūBtmqdxds

ˇ

ˇ

ˇ

ˇ

ď
2pC ` Cpωqtq

ε
etp1` ‖Btu‖2

H1q

` C
`

‖Btu‖2
H1 ` ‖Btm‖2

L2

˘

.

(2.2.23)

Proof. Integrating by parts, we obtain
ˇ

ˇ

ˇ

ˇ

ż

R
6Btm|Btu|2 ` 4ImpuBtūBtmqdx

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

R
´6BxV |Btu|2 ` 4ImpuBtūBtmqdx

ˇ

ˇ

ˇ

ˇ

ď C
´

‖V ‖L2

∥∥∥Bx|Btu|2∥∥∥
L2
` ‖u0‖L2 ‖Btu‖L8 ‖Btm‖L2

¯

,

where we used that ‖u‖L2 is preserved and that ‖V ‖L2 is controlled by the bound (2.2.17).
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Using again (2.2.17), we get
ˇ

ˇ

ˇ

ˇ

ż t

0

ż

R
6Btm|Btu|2 ` 4ImpuBtūBtmqdx

ˇ

ˇ

ˇ

ˇ

ď

a

C ` Cpωqt

ε
et{2 ‖2RepBxuBxBtuq‖L2

` C
`

‖Btu‖2
H1 ` ‖Btm‖2

L2

˘

ď
2pC ` Cpωqtq

ε
et ‖Btu‖2

H1

` C
`

‖Btu‖2
H1 ` ‖Btm‖2

L2

˘

.

Lemma 2.2.2.3. For pu0,m0,m1q P H
3 ˆH2 ˆ pH1 X 9H´1q, the local solution pu,mq of

the system (2.2.12) satisfies

2
ˇ

ˇ

ˇ

ˇ

ż

R
BtmBt|u|

2
`m|Btu|

2dx

ˇ

ˇ

ˇ

ˇ

ď2
ˆ

8pC ` Cpωqtq
ε

et
˙2

`
1
2 ‖Btu‖2

H1

` 8pC ` Cpωqtqet ‖Btu‖2
L2 .

(2.2.24)

Proof. We integrate by parts to get

2
ˇ

ˇ

ˇ

ˇ

ż

R
BtmBt|u|

2
`m|Btu|

2dx

ˇ

ˇ

ˇ

ˇ

ď4 ‖V ‖L2 p‖Bxu‖L2 ‖Btu‖H1 ` ‖u‖H1 ‖BxBtu‖L2q

` 2 ‖m‖L2 ‖Btu‖2
L4

ď8 ‖V ‖L2 ‖u‖H1 ‖Btu‖H1 ` 2 ‖m‖L2 ‖Btu‖L2 ‖Btu‖H1

where we used Gagliardo-Nirenberg inequality for the second term of the right-hand side
of the inequality. Using the fact that ‖V ‖L2 , ‖u‖H1 and ‖m‖L2 are controlled by H, it
comes:

2
ˇ

ˇ

ˇ

ˇ

ż

R
BtmBt|u|

2
`m|Btu|

2dx

ˇ

ˇ

ˇ

ˇ

ď
8pC ` Cpωqtq

ε
et ‖Btu‖H1

` 2pC ` Cpωqtq 1
2 et{2

ˆ

1
δ

‖Btu‖2
L2 ` δ ‖Btu‖2

H1

˙

ď2
ˆ

8pC ` Cpωqtq
ε

et
˙2

`
1
4 ‖Btu‖2

H1

` 2pC ` Cpωqtq 1
2 et{2

ˆ

1
δ

‖Btu‖2
L2 ` δ ‖Btu‖2

H1

˙
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and choosing δ to have 2pC ` Cpωqtq 1
2 et{2δ “ 1

4 , the result is proved.

Lemma 2.2.2.4. For pu0,m0,m1q P H
3 ˆH2 ˆ pH1 X 9H´1q, the local solution pu,mq of

the system (2.2.12) satisfies

‖Btu‖2
L2 ďC `

ż t

0
pC ` Cpωqsqes

`

‖Btu‖2
L2 ` ‖Btm‖2

L2

˘

ds

`

ż t

0
pC ` Cpωqsqes

`

‖BtZε‖2
L2 ` ‖Btu‖2

L2

˘

ds.

(2.2.25)

Proof. We use the identity (2.2.20) from Lemma 2.2.2.1:

Bt ‖Btu‖2
L2 “ 2Im

ż

R
uBtūpBtm` BtZ

ε
qdx

ď C ‖u‖L8 ‖Btu‖L2 ‖Btm‖L2 ` ‖u‖L8 ‖BtZε‖L2 ‖Btu‖L2 .

Then we integrate in time and we control ‖u‖H1 by the energy:

‖Btu‖2
L2 ďC `

ż t

0
pC ` Cpωqsqes

`

‖Btu‖2
L2 ` ‖Btm‖2

L2

˘

ds

`

ż t

0
pC ` Cpωqsqes

`

‖BtZε‖2
L2 ` ‖Btu‖2

L2

˘

ds.

Now we have to estimate the terms in equation (2.2.22) involving the stochastic con-
volution Zε, namely,

4Im
ż t

0

ż

R
uBtūBtZ

εdxds` 2
ż

R
Zε
|Btu|

2dx` 2
ż t

0

ż

R
BtZ

ε
`

B
2
t |u|

2
´ 3|Btu|2

˘

dxds. (2.2.26)

We denote by I, II and III the three integrals. We know from the definition of Zε

that thanks to the assumption on φ and to Lemma 2.1.0.5, Proposition 2.2.1.4, almost
surely pZε, BtZ

εq P L8pr0, T s, H2q ˆL8pr0, T s, H1q and pBxZε, BtBxZ
εq P L8pr0, T s, H1q ˆ

L8pr0, T s, L2q. We prove the following results:

Lemma 2.2.2.5. For pu0,m0,m1q P H
3 ˆH2 ˆ pH1 X 9H´1q, the local solution pu,mq of

the system (2.2.12) satisfies for I, II and III the three terms of (2.2.26):

|I| ď

ż t

0
pC ` Cpωqsqes ‖BtZε‖2

L2 ` ‖Btu‖2
L2 ds, (2.2.27)
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|II| ď
1
2
`

‖Zε‖2
L2 ‖Btu‖2

L2 ` ‖Btu‖2
H1

˘

, (2.2.28)

|III| ď 4
ż t

0
pC ` Cpωqsqes ‖Btu‖H1 ‖BtZε‖H1 ds` 3

ż t

0
‖BtZε‖L2 ‖Btu‖2

H1 ds. (2.2.29)

In these inequalities C ą 0 denotes a constant depending on the initial data pu0,m0,m1q

and Cpωq is the constant bounding the stochastic convolution in the L8pr0, T s, H2q ˆ

L8pr0, T s, L2q-norm.

Proof. For the first estimate:
ˇ

ˇ

ˇ

ˇ

Im

ż t

0

ż

R
uBtūBtZ

εdxds

ˇ

ˇ

ˇ

ˇ

ď C

ż t

0
‖u‖L8 ‖BtZε‖L2 ‖Btu‖L2 ds

and we use the fact that ‖u‖H1 is controlled by the energy to get the result.
For the second estimate:

ˇ

ˇ

ˇ

ˇ

ż

R
Zε
|Btu|

2dx

ˇ

ˇ

ˇ

ˇ

ď ‖Zε‖L2 ‖Btu‖2
L4

ď
1
2
`

‖Zε‖2
L2 ‖Btu‖2

L2 ` ‖Btu‖2
H1

˘

using the Gagliardo-Nirenberg inequality.
Finally for the third estimate, we note first that:

Bt|u|
2
“ ´2ImpūB2

xuq.

Thus,
B

2
t |u|

2
“ ´2ImpBtūB2

xu` ūB
2
xBtuq,
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so that, integrating the first term by parts,
ˇ

ˇ

ˇ

ˇ

ż t

0

ż

R
BtZ

ε
`

B
2
t |u|

2
´3|Btu|2

˘

dxds
ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

´

ż t

0

ż

R
BtZ

ε
`

2ImpBtūB2
xu` ūB

2
xBtuq ` 3|Btu|2

˘

dxds

ˇ

ˇ

ˇ

ˇ

ď2
ˇ

ˇ

ˇ

ˇ

ż t

0

ż

R
ImpBxBtūBxuBtZ

ε
` BtūBxBtZ

ε
Bxu

` BxūBtZ
ε
BxBtu` ūBxBtZ

ε
BxBtuqdxds

ˇ

ˇ

ˇ

ˇ

` 3
ż t

0
‖BtZε‖L2 ‖Btu‖2

H1 ds

ď

ż t

0
4 ‖Btu‖H1 ‖Bxu‖L2 ‖BtZε‖H1

` ‖u‖H1 ‖BtZε‖H1 ‖Btu‖H1 dxds

` 3
ż t

0
‖BtZε‖L2 ‖Btu‖2

H1 ds.

Then, using Propositions 2.2.2.1 and 2.2.2.2, we get:

|III| ď 4
ż t

0
pC ` Cpωqsqes ‖Btu‖H1 ‖BtZε‖H1 ds` 3

ż t

0
‖BtZε‖L2 ‖Btu‖2

H1 ds.

According to (2.2.22) and Lemmas 2.2.2.2, 2.2.2.3 and 2.2.2.5, for t P r0, T s we get the
estimate:

2 ‖Btu‖2
H1 ` ‖εBtV ‖2

L2 ` ‖Btm‖2
L2 ďCpT, ε, ωq

ˆ

1`
ż t

0
‖Btupsq‖2

H1 ` ‖Btmpsq‖2
L2 ds

˙

`
1
2 ‖Btu‖2

H1 ` CpT, ε, ωq ‖Btu‖2
L2 .

We use Lemma 2.2.2.4 to estimate the term ‖Btu‖2
L2 . Finally, we obtain

‖Btu‖2
H1 ` ‖εBtV ‖2

L2 ` ‖Btm‖2
L2 ď CpT, ε, ωq

ˆ

1`
ż t

0
‖Btupsq‖2

H1 ` ‖Btmpsq‖2
L2 ds

˙

,

(2.2.30)
and, thanks to the Grönwall’s Lemma, the quantities ‖Btu‖H1 , ‖Btm‖L2 and ‖εBtV ‖L2 are
bounded for t P r0, T s. Thus, we can prove the following lemma:
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Lemma 2.2.2.6. Let T ą 0, and pu0,m0,m1q P H
3ˆH2ˆH1X 9H´1. Then the quantities

‖m‖H1 and ‖u‖H3 are bounded for t P r0, T s.

Proof. From equation (2.2.14) we get

ε2
BtV ` αεV ` Bxpm` |u|

2
q “ 0,

so that

‖Bxm‖L2 ď ε2 ‖BtV ‖L2 `
∥∥∥Bx|u|2∥∥∥

L2
` αε ‖V ‖L2

ď ε2 ‖BtV ‖L2 ` αε ‖V ‖L2 ` ‖u‖2
H1 ,

thus the result for ‖m‖H1 is proved. Then we look at the first equation of the system
(2.2.12), which gives us:

∥∥∥B2
xu

∥∥∥
H1
ď ‖Btu‖H1 ` ‖pm` Zε

qu‖H1

ď ‖Btu‖H1 ` ‖m‖H1 ‖u‖H1 ` ‖Zε‖H1 ‖u‖H1 ,

and we get the desired result.

It remains to get a H2 bound on m, and a H1 bound on Btm. For this purpose we note
that thanks to the equation satisfied by m:

Bt

´∥∥∥B2
xm

∥∥∥2

L2
` ‖εBxBtm‖2

L2

¯

ď 2
ż

R
BxBtmB

3
x|u|

2dx

ď
∥∥∥B3

x|u|
2
∥∥∥2

L2
` ‖BxBtm‖2

L2

ďMptq `
1
ε2

´∥∥∥B2
xm

∥∥∥2

L2
` ‖εBxBtm‖2

L2

¯

since the norm ‖B3
x|u|

2‖2
L2 is bounded on r0, T s thanks to Lemma 2.2.2.6. Hence, the

Theorem is proved.
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2.3 Convergence of the stochastic Zakharov system
to the stochastic Schrödinger equation

In this section we prove that the system converges to a stochastic Nonlinear
Schrödinger equation when ε goes to 0. We start from the system (2.2.12) that we recall
here:

$

’

&

’

%

iBtu “ ´B
2
xu` pm` Z

εqu,

ε2B2
tm` αεBtm “ B2

xpm` |u|
2q,

(2.3.1)

with Zε solution of
ε2dpBtZ

ε
q ` αεBtZ

ε
“ B

2
xZ

εdt` φdWt. (2.3.2)

Let us state the first main result of this chapter.

Theorem 2.3.0.1. Let α ą 0. For any T ą 0, and for u0 P H3pRq,m0 P H2pRq X
9H´1pRq,m1 P H

1pRq X 9H´1pRq, the process puε,mεq solution of the system (2.3.1) with
up0q “ u0,mp0q “ m0, Btmp0q “ m1 and φ P L2pL

2pRq, H3pRq X 9H´4pRqq converges in
law in Cpr0, T s, Hs

locpRqq ˆ Cpr0, T s, Hs´1
loc pRqq for s ă 1 to pu,´|u|2q solution of

idu “ p´B2
xu´ |u|

2u´
i

2uF qdt´ upB
2
xq
´1φdWt, (2.3.3)

where F pxq “
ř

kPN ppB
2
xq
´1qφekq

2
pxq.

In order to understand the limit behavior, we first note that Zε is of order ε´1{2, as
can be seen by computing Ep}Zεptq}2L2) for instance. Also, the scaling of (2.3.2) indicates
that it depends on t as a function of t

ε
. It is thus natural to define zεptq “ ε1{2Zεpεtq. This

is done in the next subsection and we see that we are exactly in a situation where the
Perturbed Test Function method works.

We then adapt the proof of [AA88] by Added and Added, for which we need a uniform
bound in ε on ‖Bxu‖L2 , ‖m‖L2 and ‖εV ‖L2 (where V “ ´B´1

x Btm). In order to get such a
bound, we apply the Perturbed Test Function method to the energy H defined in equation
(2.2.15). Moreover, we will need to gather this bound with some tightness results to be
able to pass to the limit ε Ñ 0 as in [AA88], this will be done in the fourth subsection.
Finally, the last subsection states the weak convergence results obtained, and gives the
limit εÑ 0 in the martingale problem in order to prove Theorem 2.3.0.1. Since we are in
a situation, where the driving process is an Ornstein-Uhlenbeck process and all correctors
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can be computed explicitly, we are able to have explicit martingales when studying the
martingale problem. We take advantage of this to obtain the convergence in probability
of the system (2.3.1) to equation (2.3.3). Note that the convergence in probability in a
similar but a simpler problem, where the Ornstein-Uhlenbeck solves an equation of the
order one and the setting is finite dimensional, has been obtained in [GL22].

In the first three subsections, in order to lighten the notations we do not specify the
dependence on ε for u,m and V . We start to keep track of this dependence in the fourth
subsection, where we prove the tightness.

2.3.1 Rescaling of the system

We already know that pu, nq is a solution of the system (2.2.10) if pu,mq is a solution
of (2.3.1). We can rewrite the equation on Zε in its integral form:

ε2Zε
ptq “ ´α

ż t

0

ż s

0
εBtZ

ε
pσqdσds`

ż t

0

ż s

0
B

2
xZ

ε
pσqdσds`

ż t

0

ż s

0
φdWσds.

In order to understand the orders of the different terms in (2.3.1), we write Zε as

Zε
ptq “ ε´

1
2 z̃εpε´1tq (2.3.4)

and rewrite all the integrals in the rescaled time. For the first term, we have:
ż t

0

ż s

0
εBtZ

ε
pσqdσds “

ż t

0
εZε

psqds

“

ż ε´1t

0

ż s

0
ε

3
2Btz̃

ε
pσqdσds.

Then
ż t

0

ż s

0
B

2
xZ

ε
pσqdσds “

ż t

0

ż s

0
ε´

1
2B

2
xz̃

ε
pε´1σqdσds

“

ż ε´1t

0

ż s

0
ε

3
2B

2
xz̃

ε
pσqdσds.
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Finally,
ż t

0
φW psqds “

ż t

0
ε

1
2φW̃ ε

pε´1sqds

“

ż ε´1t

0
ε

3
2φW̃ ε

psqds,

where W̃ εptq “ ε´
1
2W pεtq is still a cylindrical Wiener process. Now by replacing ε´1t by

t and deriving twice, we obtain an equation which does not depend on ε:

dpBtz̃
ε
q ` αBtz̃

ε
“ B

2
xz̃

εdt` φdW̃ ε
t . (2.3.5)

Now we can rewrite the system as:
$

’

&

’

%

iBtu “ ´B
2
xu`mu`

1?
ε
z̃ε
`

t
ε

˘

u,

Btm “ µ

ε2Btµ` αεµ “ B
2
xpm` |u|

2q,

(2.3.6)

with z̃ε solution of the following equation
#

Btz̃
ε “ ζ̃ε,

dζ̃ε “ p´αζ̃ε ` B2
xz̃

εqdt` φdW̃ ε
t .

(2.3.7)

Clearly, the process pz̃ε, ζ̃εq has a law independent of ε and we see that (2.3.6) corresponds
to the classical situation of diffusion-approximation, for which the Perturbed test Function
method is a very efficient tool.

In the sequel, we apply this method but in order to work with a constant
Wiener process, we do not use pz̃ε, ζ̃εq anymore. We use the process: pzεptq, ζεptqq “
pε1{2Zεptq, ε3{2BtZ

εptqq, which is of order 1 and is, in fact, the standard process used in
this method.
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2.3.2 The driving process pzε, ζεq and its generator

In this subsection we state some results linked to the process pzε, ζεq and its infinites-
imal generator. It satisfies the equation:

$

&

%

Btz
ε
“

1
ε
ζε,

dζε “
1
ε
p´αζε ` B2

xz
ε
qdt`

1
ε1{2φdWt.

(2.3.8)

Its infinitesimal generator is 1
ε
M, where M is the infinitesimal generator of pz̃ε, ζ̃εq or of

the ε independent process pz, ζq satisfying:
#

Btz “ ζ,

dζ “ p´αζ ` B2
xzqdt` φdWt.

(2.3.9)

There exists a unique Gaussian invariant measure for the transition semigroup associated
with the equation satisfied by pzε, ζεq (see [DPZ14, Chapter 11]), uniqueness follows from
the decay of Sα for α ą 0. This invariant measure does not depend on ε and we denote
it by ν. The existence of this measure allows us to take the process pzε, ζεq stationary by
choosing the initial condition of the system (2.3.7):

˜

zε0

ζε0

¸

“
1
ε1{2

ż 8

0
Sα

`s

ε

˘

˜

0
φdWs

¸

. (2.3.10)

We also choose an initial condition pz0, ζ0q such that pz, ζq satisfying (2.3.9) is a stationary
process. This implies that the initial data of equation (2.0.3) is decomposed as n0 “

m0 `
1?
ε
z0, n1 “ m1 `

1?
ε
ζ0. The regularity of pz0, ζ0q depends on the regularity of φ as

a Hilbert-Schmidt operator, as seen in Lemma 2.1.0.5. Thus the regularity of pn0, n1q

only depends on the regularity of pm0,m1q and the regularity of φ as a Hilbert-Schmidt
operator

Then for any continuous bounded function ϕ on H2 ˆH1 X 9H´1, we have an explicit
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expression for the expectation with respect to the invariant measure ν:

Eνrϕpz, ζqs “ E rϕpzε0, ζε0qs

“ E

«

ϕ

˜

1
ε1{2

ż 8

0
Sα

`s

ε

˘

˜

0
φdWs

¸

1

,
1
ε1{2

ż 8

0
Sα

`s

ε

˘

˜

0
φdWs

¸

2

¸ff

“ E rϕpz0, ζ0qs “ E

«

ϕ

˜

ż 8

0
Sαpsq

˜

0
φdWs

¸

1

,

ż 8

0
Sαpsq

˜

0
φdWs

¸

2

¸ff

.

In order to justify the computations of this paper, we will need to take φ P L2pH
3 X

9H´4q, which guarantees that pzε, ζεq P Cpr0, T s, H3 X 9H´3q2 almost surely, for any T ą 0
(thanks to similar arguments as for Lemmas 2.1.0.3 and 2.1.0.5, because the operator
Sαptq commutes with the operator Bx). The stationarity allows us to control the growth
of pzε, ζεq thanks to the following Proposition.

Proposition 2.3.2.1. For any T ą 0 and any δ ą 0:

Ppsup
r0,T s

p‖zεptq‖H3X 9H´3 , ‖ζεptq‖H3X 9H´3q ě ε´δq Ñ 0

as ε goes to 0.

Proof. For k P N, we denote by ηk the process

ηk “ sup
tPrk,k`1s

p‖zptq‖H3X 9H´3 ` ‖ζptq‖H3X 9H´3q .

Since the process pz, ζq is Gaussian, it has finite moments and since it is stationary Erηγk s
is finite and does not depend on k for all γ ą 0. Thus, by Markov inequality for any δ ą 0,
choosing γ ą 1{δ we have

ř

kPN Ppηk ą kδq ă 8. And by Borel-Cantelli lemma, we are
able to prove that there exist two random variables Z1, Z2 such that almost surely

‖zptq‖H3X 9H´3 ` ‖ζptq‖H3X 9H´3 ď Z1 ` |t|
δZ2. (2.3.11)

This estimate implies the result for pzp t
ε
q, ζp t

ε
qq and thus for pzε, ζεq since it has the same
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law.

According to Proposition 2.3.2.1, if we introduce

τ εδ “ inf
 

t : ‖zεptq‖H3X 9H´3 ě ε´δ, ‖ζεptq‖H3X 9H´3 ě ε´δ
(

, (2.3.12)

we know that τ εδ goes to 8 in probability as ε goes to 0.
Now we focus on the infinitesimal generator M of pz, ζq. Indeed in the following

sections we use the Perturbed Test Function method, for which we have to find the inverse
of the generator applied to several quantities. We do not wish to specify the domain of the
generator. For a Borel function ϕ, we write Mϕ when ϕpzptq, ζptqq ´

şt

0 Mϕpzpsq, ζpsqqds

is a well defined quantity and is an integrable martingale. Similarly, we write M´1ϕ

when M´1ϕpzptq, ζptqq ´
şt

0 ϕpzpsq, ζpsqqds is a well defined quantity and is an integrable
martingale.

For a function f , we try to find a function ϕ such that Mϕ “ f (we write ϕ “ M´1f).
Clearly, we need Eνrfpz, ζqs “ 0, recall that ν is the invariant measure of pz, ζq. Given
η “ pz, ζq, we denote by pzpt, ηq, ζpt, ηqq the solution of (2.3.9) with initial data η at time
0. Then, since the process has all moments, it is classical to see that for any ϕ measurable
with polynomial growth, we have:

M´1ϕpηq “ ´E
ż 8

0
ϕpzpt, ηq, ζpt, ηqqdt.

The following results give properties on Mϕ for some test functions ϕ used in the Per-
turbed Test Function method.

Lemma 2.3.2.1. For pz, ζq P pH3 X 9H´2q2 and φ P L2pH
1 X 9H´2q we have

M´1z “ pB2
xq
´1ζ ` αpB2

xq
´1z, (2.3.13)

where M´1z is a notation for M´1π1pz, ζq, π1 being the projection on the first coordinate.

Proof. By equation (2.3.9), we have

d
`

pB
2
xq
´1ζ ` αpB2

xq
´1z

˘

“ zdt` pB2
xq
´1φdWt,

and thus, pB2
xq
´1ζptq ` αpB2

xq
´1zptq ´

şt

0 zpsqds is a martingale. Note that the zero-mean
condition is satisfied because ν is a centered Gaussian measure.
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Proposition 2.3.2.2. For pz, ζq P pH1 X 9H´3q ˆ pL2 X 9H´3q and φ P L2pH
1 X 9H´4q we

have

∥∥∥M´1 `zM´1z ´ Eν
“

zM´1z
‰˘

∥∥∥
L8
ď C

`

Cφ ` ‖z‖2
H1X 9H´3 ` ‖ζ‖2

L2X 9H´3

˘

, (2.3.14)

where Eν denotes the expectation under the invariant measure and Cφ is a constant de-
pending on the Hilbert-Schmidt norm of φ in the space H1 X 9H´4.

We also have for pz, ζq P pH2 X 9H´3q ˆ pH1 X 9H´3q and φ P L2pH
2 X 9H´4q

∥∥∥M´1 `
BxzBxM´1z ´ Eν

“

BxzBxM´1z
‰˘

∥∥∥
L8

ď C
`

Cφ ` ‖z‖2
H2X 9H´2 ` ‖ζ‖2

H1X 9H´2

˘

,

(2.3.15)
where this time Cφ is a constant depending on the Hilbert-Schmidt norm of φ in the space
H2 X 9H´4.

In order to prove Proposition 2.3.2.2, we state the following lemma:

Lemma 2.3.2.2.

M´1 `zM´1z ´ Eν
“

zM´1z
‰˘

“ ´

ż 8

0

´

pSαptqpz, ζqq1 pB
2
xq
´1
pSαptqpz, ζqq2

´
ÿ

kPN

ż 8

t

pSαpsqp0, φekqq1 pB
2
xq
´1
pSαpsqp0, φekqq2 ds

`α pSαptqpz, ζqq1 pB
2
xq
´1
pSαptqpz, ζqq1

´α
ÿ

kPN

ż 8

t

pSαpsqp0, φekqq1 pB
2
xq
´1
pSαpsqp0, φekqq1 ds

¯

dt

(2.3.16)

where Sα is the semigroup defined in (2.1.3) and (2.1.4). Besides we denote by
pSαptqpz, ζqqi the i-th component of Sαptqpz, ζq.

Proof. Thanks to Lemma 2.3.2.1, we know that

M´1 `zM´1z ´ Eν
“

zM´1z
‰˘

“ M´1 `zpB2
xq
´1ζ ´ Eν

“

zpB2
xq
´1ζ

‰˘

` αM´1 `zpB2
xq
´1z ´ Eν

“

zpB2
xq
´1z

‰˘

.
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For the first term, we write:

Eν
“

zpB2
xq
´1ζ

‰

“

ż

zpB2
xq
´1ζdνpz, ζq

“E
„ˆ

ż 0

´8

Sαp´sqp0, φdWsq

˙

1

ˆ
ż 0

´8

pB
2
xq
´1Sαp´sqp0, φdWsq

˙

2



“
ÿ

kPN

ż 8

0
pSαpsqp0, φekqq1

`

pB
2
xq
´1Sαpsqp0, φekq

˘

2 ds,

(2.3.17)

thanks to Itô isometry. It follows:

M´1 `zpB2
xq
´1ζ ´Eν

“

zpB2
xq
´1ζ

‰˘

“´

ż 8

0
E
„ˆ

Sαptqpz, ζq `

ż t

0
Sαpt´ sqp0, φdWsq

˙

1

ˆpB
2
xq
´1

ˆ

Sαptqpz, ζq `

ż t

0
Sαpt´ sqp0, φdWsq

˙

2
´ Eν

“

zpB2
xq
´1ζ

‰



dt

“´

ż 8

0
pSαptqpz, ζqq1 pB

2
xq
´1
pSαptqpz, ζqq2

´
ÿ

kPN

ż 8

t

pSαpsqp0, φekqq1 pB
2
xq
´1
pSαpsqp0, φekqq2 ds dt.

The argument is the same for the second term.

Proof of Proposition 2.3.2.2. Thanks to Lemma 2.3.2.2, we just have to use the embed-
ding H1 ãÑ L8 and bound the products of terms using:

ż 8

0
‖pSαptqpz, ζqq1‖H1

∥∥∥pB2
xq
´1
pSαptqpz, ζqq2

∥∥∥
H1
dt ď

ż 8

0
‖pSαptqpz, ζqq1‖

2
H1

` ‖pSαptqpz, ζqq2‖
2
L2X 9H´2 dt

and we conclude thanks to Lemma 2.1.0.6, which allows us to bound all these quantities.
The scheme of proof is the same for the second estimate, except that the Bx operator
requires H2 regularity.

2.3.3 The Perturbed Test Function method

In this section we detail the Perturbed Test Function method applied to our system
of equations. Recall that M is the infinitesimal generator of pz, ζq. We denote by Lε the

141



Partie , Chapter 2 – The Stochastic Zakharov system, convergence to a Nonlinear Stochastic
Schrödinger equation

infinitesimal generator of pu,m, µ, zε, ζεq. Provided ϕ is a smooth function, the Itô formula
gives:

Lεϕpu,m, ε2µ, zε, ζεq “DuϕpiB
2
xu´ imuq ´

1
?
ε
Duϕpiz

εuq `Dmϕpµq

`DµϕpB
2
xpm` |u|

2
q ´ αεµq `

1
ε

Mϕ,

where
Mϕ “ Dzϕpζq `DζϕpB

2
xz ´ αζq `

1
2Trpφ

˚D2
ζϕφq. (2.3.18)

The aim is to compute the generator Lε applied to a real-valued function ϕpu,m, ε2µq

corrected by two functions ϕ1 and ϕ2 in order to deal with the singularity appearing
above.

In this case ϕ does not depend on pz, ζq, thus, Mϕ “ 0. In order to deal with the term
of order ´1

2 in ε, it seems natural to take as the first corrector

ϕ1pu, z, ζq “ DuϕpiM´1zuq

“ Duϕ
`

iupB2
xq
´1
pζ ` αzq

˘

(2.3.19)

according to Lemma 2.3.2.1. The addition of this term will give us new terms to control in
Lεpϕ`

?
εϕ1q, because of the growth of pzε, ζεq as a negative power of ε (see Proposition

2.3.2.1). Thus, we also consider a second corrector

ϕ2pu, z, ζq “ M´1
pDuϕ1piuzq ´ Eν rDuϕ1piuzqsq

“ M´1 `Du

`

DuϕpiuM´1zq
˘

piuzq ´ Eν
“

Du

`

DuϕpiuM´1zq
˘

piuzq
‰˘

,
(2.3.20)

where ν is the invariant measure of zε, which is the same as the invariant measure of z.
Finally, we apply the generator Lε to ϕε “ ϕ`

?
εϕ1 ` εϕ2, which is

ϕεpu,m, µ, zε, ζεq “ϕpu,m, µq `
?
εDuϕ

`

iupB2
xq
´1
pζε ` αzεq

˘

` εM´1
pDuϕ1piuz

ε
q ´ Eν rDuϕ1piuzqsq .

(2.3.21)

Now we know how to correct any function ϕpu,m, ε2µq in order to avoid any singularity
in ε, thanks to the control of pzε, ζεq given by Proposition 2.3.2.1.
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2.3.4 Energy estimate

In this section we consider initial data u0 P H3pRq,m0 P H2pRq X 9H´1pRq,m1 P

H1pRq X 9H´1pRq, and pz0, ζ0q P pH
3pRq X 9H´3pRqq2. We use the energy

Hpuptq,mptq, V ptqq “ ‖Bxuptq‖2
L2 `

1
2p‖mptq‖

2
L2 ` ‖εV ptq‖2

L2q `

ż

R
mptq|uptq|2dx

where V “ ´B´1
x µ. This functional is well-defined under the assumptions of Theorem

2.2.2.1 on the initial data. Proposition 2.2.2.1 gives a bound on the energy H. However,
since Zε behaves like ε´1{2, this bound is useless for the limit as εÑ 0.

Let us also introduce

Kt “Kpuptq,mptq, V ptqq “
1
2 ‖Bxuptq‖2

L2 `
1
4 ‖mptq‖2

L2 `
1
2 ‖εV ptq‖2

L2 (2.3.22)

which is a positive functional. It can be shown that

K ´ 2N3
ď H ď 3K ` 2N3 (2.3.23)

where N is defined in (2.2.15) (see [SS79, Lemma 2]) and we know from Proposition
2.2.2.1 that the mass N “ ‖u‖2

L2 is conserved by the first equation of (2.3.1).
The quantity K will be useful since it is positive, and since we have bounds between K
and H. We will use the Perturbed Test Function method to get bounds on H, which will
give us bounds on K.

Our aim here is to apply the Perturbed Test Function method in order to get a bound
on H independent of ε. We want to apply the generator Lε of pu,m, µ, zε, ζεq, the solution
of (2.3.6) and (2.3.7), to the energy H, defined in equation (2.2.15). According to the Itô
formula, we have

LεH “DuHpiB
2
xu´ imuq ´

1
?
ε
DuHpiz

εuq

`DmHpµq `
1
ε2DµHpB

2
xpm` |u|

2
q ´ αεµq `

1
ε

MH
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and MH “ 0 because H does not depend on pz, ζq. Thus we have:

LεH “2Re
ż

R
BxūpiB

3
xu´ iBxpmuqq `mūpiB

2
xu´ imuqdx

´
2
?
ε
Re

ż

R
BxūBxpiz

εuq ` im|u|2zεdx

`

ż

R
µpm` |u|2qdx`

ż

R
B
´1
x µBxpm` |u|

2
qdx´ αε

∥∥∥B´1
x µ

∥∥∥2

L2

“2Re
ż

R
´i

“

|B
2
xu|

2
` BxūBxpmuq ` BxuBxpmūq `m

2
|u|2

‰

dx

´
2
?
ε
Re

ż

R
iBxpz

εuqBxūdx´ αε
∥∥∥B´1

x µ
∥∥∥2

L2

“´ αε
∥∥∥B´1

x µ
∥∥∥2

L2
´

2
?
ε
Re

ż

R
iuBxūBxz

εdx.

According to section 2.3.3 we already know the expression of the two correctors H1pu, z, ζq

and H2pu, z, ζq. The first corrector can be computed with the help of Lemma 2.3.2.1:

H1 “ 2Re
ż

R
iuBxūBxM´1zεdx

“ 2Re
ż

R
iuBxū

`

B
´1
x ζε ` αB´1

x zε
˘

dx.

(2.3.24)

We have

?
εDuH1piB

2
xu´ imu´

i
?
ε
zεuq “4

?
ε

ż

R
|Bxu|

2
pζε ` αzεqdx

`
?
ε

ż

R
Bx|u|

2
pBxζ

ε
` αBxz

ε
qdx

´ 2
?
ε

ż

R
|u|2BxmpB

´1
x ζε ` αB´1

x zεqdx

´ 2
ż

R
|u|2Bxz

ε
pB
´1
x ζε ` αB´1

x zεqdx

and

?
εpDζH1pdζ

ε
q `DzH1pdz

ε
qq “

ˆ

2
?
ε
Re

ż

R
iuBxūBxz

εdx

˙

dt

` 2Re
ż

R
iuBxū

ÿ

kPN
B
´1
x pφekqdβkptqdx.
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It implies that

dpH `
?
εH1q “

ˆ

´αε
∥∥∥B´1

x µ
∥∥∥2

L2
´ 2

ż

R
|u|2Bxz

ε
pB
´1
x ζε ` αB´1

x zεqdx

` 4
?
ε

ż

R
|Bxu|

2
pζε ` αzεqdx`

?
ε

ż

R
Bx|u|

2
pBxζ

ε
` αBxz

ε
qdx

´2
?
ε

ż

R
|u|2BxmpB

´1
x ζε ` αB´1

x zεqdx

˙

dt

` 2Re
ż

R
iuBxū

ÿ

kPN
B
´1
x pφekqdβkptqdx

“Lε
pH `

?
εH1qdt` dXt,

(2.3.25)

where

Xt “ 2Re
ż

R

ż t

0
iuBxū

ÿ

kPN
B
´1
x pφekqdβkpsqdx (2.3.26)

is a martingale.
First, we can see that

|H1| ď 2 ‖u‖L2 ‖Bxu‖L2 p
∥∥∥B´1

x ζε
∥∥∥
L8
pt, ωq ` α

∥∥∥B´1
x zε

∥∥∥
L8
pt, ωqq

ď C ‖u‖L2 p
∥∥∥B´1

x ζε
∥∥∥
L8
pt, ωq ` α

∥∥∥B´1
x zε

∥∥∥
L8
pt, ωqqK

1
2 .

(2.3.27)

As explained in Section 2.3.3, we need a second corrector in order to get a uniform bound
as ε goes to 0. We choose H2 such that

MH2 “ 2
ż

R
|u|2Bxz

ε
pB
´1
x ζε ` αB´1

x zεqdx´ 2Eν
„
ż

R
|u|2BxzpB

´1
x ζ ` αB´1

x zqdx



“ 2
ż

R
|u|2Bxz

ε
BxM´1zεdx´ 2Eν

„
ż

R
|u|2BxzBxM´1zdx



.

(2.3.28)

In other words we set

H2 “ 2
ż

R
|u|2M´1 `

Bxz
ε
BxM´1zε ´ Eν

“

BxzBxM´1z
‰˘

dx. (2.3.29)

Defining then Hε
t “ Hpuptq,mptq, V ptqq `

?
εH1puptq, z

εptq, ζεptqq ` εH2puptq, z
εptq, ζεptqq
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and V “ ´B´1
x µ, we obtain:

Lε
pHε

t q “ ´ 2
ż

R
|u|2Eν

“

BxzBxM´1z
‰

dx

`
?
ε

ˆ

4
ż

R
|Bxu|

2
pζε ` αzεqdx`

ż

R
Bx|u|

2
pBxζ

ε
` αBxz

ε
qdx

´2
ż

R
|u|2BxmpB

´1
x ζε ` αB´1

x zεqdx

˙

´α
∥∥∥?εV ∥∥∥2

L2
` 4εRe

ż

R
iūB2

xuM´1 `
Bxz

ε
BxM´1zε ´ Eν

“

BxzBxM´1z
‰˘

dx.

(2.3.30)

Remark 2.3.4.1. The second corrector also contributes to the martingale part, which can
be computed thanks to Itô formula and Lemma 2.3.2.2 adding

YT “ε

ż T

s“0

ż

R
|u|2

ż 8

t“0
Bx pSαptqpz

ε, φdWsqq1

ˆ
`

B
´1
x pSαptqpz

ε, ζεqq2 ` αB
´1
x pSαptqpz

ε, ζεqq1
˘

` Bx pSαptqpz
ε, ζεqq1

`

B
´1
x pSαptqpz

ε, φdWsqq2 ` αB
´1
x pSαptqpz

ε, φdWsqq1
˘

dtdx.

(2.3.31)

If we write all the computations with Itô formula, it is equivalent to write dHε “

LεHεdt ` dpXt ` Ytq with Xt defined in (2.3.26) and Yt in (2.3.31) . We have many
quantities that we need to estimate. We start by the estimation of H2:

|H2| ď C ‖u‖2
L2

∥∥∥M´1 `
Bxz

ε
BxM´1zε ´ Eν

“

BxzBxM´1z
‰˘

∥∥∥
L8

ď C
`

Cφ ` ‖zε‖2
H2X 9H´2 ` ‖ζε‖2

H2X 9H´2

˘

(2.3.32)

according to Proposition 2.3.2.2.
From now on we will work for t in an interval r0, τ εδ q, where τ εδ is defined in the previous

subsection in equation (2.3.12). We choose δ ď 1
6 (in this subsection 1

4 is sufficient but we
will need a smaller δ for example in section 2.3.5).
Now, for t ă τ εδ , we can get bounds between Hε “ H `

?
εH1 ` εH2 and K:

Lemma 2.3.4.1. There exist positive constants C̃ and Cl depending on the mass N and
the Hilbert-Schmidt norm of φ in the space H2 X 9H´4 such that

1
2K ´ Cl ď Hε

ď 4K ` C̃. (2.3.33)
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Proof. From the bounds (2.3.23), (2.3.27), and (2.3.32) we have on H, H1 and H2, we get
directly that Hε ď 4K ` C̃, and that

Hε
ě K ´ 2N3

´ CpCφ ` 2q ´ CK 1
2 ě

1
2K ´ Cl.

We can also bound LεpHεq, which will lead us to get an energy estimate.

Proposition 2.3.4.1. There exist B and C two positive constants depending on the mass
N and the Hilbert-Schmidt norm of φ in the space H2 X 9H´4 such that for any ε with
0 ă ε ď 1, on r0, τ εδ s

Lε
pHε

t q ` α
∥∥∥?εV ptq∥∥∥2

L2
ď εK2

t `BKt ` C. (2.3.34)

Proof. We start from equation (2.3.30). First
ˇ

ˇ

ˇ

ˇ

2
ż

R
|u|2Eν

“

BxzBxM´1z
‰

dx

ˇ

ˇ

ˇ

ˇ

ď Cφ ‖u‖2
L2

because we know the expression of M´1z thanks to Lemma 2.3.2.1 and we can compute
explicitly Eν rBxzBxM´1zs. Besides

ˇ

ˇ

ˇ

ˇ

4
?
ε

ż

R
|Bxu|

2
pζε ` αzεqdx

ˇ

ˇ

ˇ

ˇ

ď C
?
ε ‖Bxu‖2

L2 p‖ζε‖H1 ` α ‖zε‖H1q

ď Cε
1
2´δK,

and
ˇ

ˇ

ˇ

ˇ

?
ε

ż

R
Bx|u|

2
pBxζ

ε
` αBxz

ε
q dx

ˇ

ˇ

ˇ

ˇ

ď C
?
ε ‖u‖L2 ‖Bxu‖L2 p‖Bxζε‖L8 ` α ‖Bxzε‖L8q

ď C
?
ε ‖Bxu‖L2 p‖ζε‖H2 ` α ‖zε‖H2q

ď Cε
1
2´δK

1
2

ď C `K.

It remains to estimate two terms in the right-hand side of (2.3.30) . First, by integration
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by parts:

?
ε

ˇ

ˇ

ˇ

ˇ

ż

R
|u|2Bxm

`

B
´1
x ζε ` αB´1

x zε
˘

dx

ˇ

ˇ

ˇ

ˇ

ď
?
ε

ż

R
Bx|u|

2m
`

B
´1
x ζε ` αB´1

x zε
˘

dx

`
?
ε

ż

R
|u|2m pζε ` αzεq dx.

We handle the second integral using [SS79, Lemma 2]:

?
ε

ż

R
|u|2m pζε ` αzεq dx ď

?
ε p‖ζε‖L8 ` α ‖zε‖L8q pK ` Cq ď Cε

1
2´δpK ` Cq

and for the first integral:

?
ε

ˇ

ˇ

ˇ

ˇ

ż

R
Bx|u|

2m
`

B
´1
x ζε ` αB´1

x zε
˘

dx

ˇ

ˇ

ˇ

ˇ

ď 2
?
ε
´∥∥∥B´1

x ζε
∥∥∥
L8
` α

∥∥∥B´1
x zε

∥∥∥
L8

¯

‖u‖L8 ‖Bxu‖L2 ‖m‖L2

ď Cε
1
2´δ ‖u‖

1
2
L2 ‖u‖

1
2
H1 ‖Bxu‖L2 ‖m‖L2

ď Cε
1
2´δpN

1
2K `N

1
4K

5
4 q

ď Cε
1
2´δpK `K

5
4 q.

Then, for the last term we have according to Lemma 2.3.2.2, also by integration by parts:
ˇ

ˇ

ˇ

ˇ

4εRe
ż

R
iūB2

xu M´1 `
Bxz

ε
BxM´1zε ´ Eν

“

BxzBxM´1z
‰˘

dx
ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

4εRe
ż

R
iūBxuBxM´1 `

Bxz
ε
BxM´1zε ´ Eν

“

BxzBxM´1z
‰˘

dx

ˇ

ˇ

ˇ

ˇ

ď Cε ‖u‖L2 ‖Bxu‖L2

∥∥∥BxM´1 `
Bxz

ε
BxM´1zε ´ Eν

“

BxzBxM´1z
‰˘

∥∥∥
L8

ď CεK
1
2 pCφ ` ‖zε‖2

H3X 9H´2 ` ‖ζε‖2
H3X 9H´2q

ď CK
1
2 εp1` ε´2δ

q.

Gathering all these estimates we finally get

Lε
pHε

q ` α
∥∥∥?εV ∥∥∥2

L2
ďCφ ` Cε

1
2´δK ` C `K ` Cε

1
2´δpK ` Cq ` Cε

1
2´δpK `K

5
4 q

` CK
1
2 εp1` ε´2δ

q

ďεK2
`BK ` C,
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since δ ď 1
6 .

Proposition 2.3.4.1 allows us to state the two following results which will be used as
energy estimates.

Proposition 2.3.4.2. Let the initial conditions pu0,m0,m1q be in H3ˆH2ˆpH1X 9H´1q,
pz0, ζ0q defined in (2.3.10) and φ P L2pH

3 X 9H´3q. Then, for any T ą 0, there exists a
constant CpT q ą 0, which is independent of ε such that the solution pu,mq of the system
(2.3.6) satisfies

Ersup
tďτε

pKptqq2s ď CpT q,

where Kptq is defined in equation (2.3.22) with u “ uptq,m “ mptq, µ “ Btmptq solution
of (2.3.1) , and τ ε is a stopping time going to T as ε goes to 0.

Proposition 2.3.4.2 will be very useful for the following sections because it implies
weak convergences on the stopped processes. In fact, we can get a bound on the following
quantity, which will also be necessary.

Proposition 2.3.4.3. Let the initial conditions pu0,m0,m1q be in H3ˆH2ˆpH1X 9H´1q,
pz0, ζ0q defined in (2.3.10) and φ P L2pH

3 X 9H´3q.Then, for any T ą 0, there exists a
constant CpT q ą 0, which is independent of ε, such that the solution pu,mq of the system
(2.3.6) satisfies

E
”∥∥∥?εV ∥∥∥2

L2pr0,τεq,L2q

ı

ď CpT q,

where V “ ´B´1
x Btm.

The proofs of these two Propositions are postponed to the Appendix.

2.3.5 Tightness of the processes

Let us fix T ą 0. Thanks to the bound obtained in Proposition 2.3.4.2, we are able to
prove the tightness of our processes, which will allow us according to Skorohod Theorem
to get almost sure convergence results at the cost of a change in the probability space.

Let pu0,m0,m1q P H
3 ˆ pH2 X 9H´1q ˆ pH1 X 9H´1q and pz0, ζ0q P pH

3 X 9H´2q2 be the
initial conditions. Then for ε ą 0, denote by puε,mεq the solution to the system (2.3.6)
given by Theorem 2.2.2.1. We will use Aldous criterion (see [Bil99, Theorem 16.10]), for
which we need a control of the module of continuity. It leads us to consider the following
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integrals (we recall that V ε “ ´B´1
x Btm

ε):

M ε
ptq “

ż t

0
mε
psqds, Vε

ptq “

ż t

0
V ε
psqds. (2.3.35)

We also fix δ ď 1
6 and introduce the space

E “

"

f P CpR, H3
X 9H´3

q, sup
tPR

‖fptq‖H3X 9H´3

1` |t|δ ă 8

*

. (2.3.36)

According to Proposition 2.3.2.1 and more precisely to (2.3.11) we know that the process
pz, ζq solution to (2.3.7) takes values in EˆE almost surely. We need the Skorohod copies
of pz, ζq to belong to this space in order to recover weak convergences in the Skorohod
space. Our aim is to prove the following Proposition.

Proposition 2.3.5.1. Let pu0,m0,m1q P H
3ˆpH2X 9H´1qˆpH1X 9H´1q and pz0, ζ0q be the

initial conditions defined in (2.3.10), and φ P L2pH
3X 9H´4q. Denote by puε,mεq the solu-

tion of (2.3.6), and pz, ζq the solution of (2.3.7). Then the sequence puε,M ε,
?
εVε, z, ζq

whereM ε,Vε are defined in (2.3.35) is tight in the space C0pr0, T s, Hs
locqˆC0pr0, T s, H´σ

loc qˆ

Hspr0, T s, H´σ
loc q ˆ E ˆ E for any s ă 1, σ ą 0.

In order to prove this result, we first study the process uε, for which we want to apply
Aldous criterion that can be found in a finite dimensional case in [Bil99, Thorem 16.10].
We use it in an infinite dimensional case, and one can check that the proof in [Bil99,
Thorem 16.10] is still valid. Here again we will need to use the Perturbed Test function
method to show that uε satisfies this criterion.

Aldous criterion for uε

In this section we show that the process puεqε is tight in the space C0pr0, T s, Hs
locq. For

this purpose, we use the Aldous criterion which can be found in [Bil99]. In the first step
we need to verify two statements, which are Lemma 2.3.5.1 and Proposition 2.3.5.2.

Lemma 2.3.5.1. Let ε ą 0 and denote by puε,mεq the solution of (2.3.6) given by
Theorem 2.2.2.1. Then

lim
RÑ8

lim sup
εÑ0

P

˜

sup
tPr0,T s

‖uεptq‖H1 ą R

¸

“ 0. (2.3.37)
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Proof. We know thanks to the definition of K in (2.3.22) and Proposition 2.3.4.2 that

P

˜

sup
tPr0,τεs

‖uεptq‖2
H1 ą R

¸

ď
CpT q

R

with C independent of ε, and where τ ε is defined in Proposition 2.3.4.2.
Thus, writing

P

˜

sup
tPr0,T s

‖uεptq‖2
H1 ą R

¸

ďP

˜

sup
tPr0,τεs

‖uεptq‖2
H1 ą R

¸

` P pτ ε ă T q

ď
CpT q

R
` P pτ ε ă T q .

(2.3.38)

We can see that passing to the lim sup in ε makes the second term of the right-hand-side
of the equation vanish according to Lemma 2.4.0.6, while it does not impact the first
term. Finally, taking the limit when R goes to 8, we get (2.3.37).

Proposition 2.3.5.2. Let ε ą 0 and denote by puε,mεq the solution of (2.3.6) given by
Theorem 2.2.2.1. For every λ, η, there exist δ0, ε0 such that for δ̄ ă δ0 and ε ă ε0, if τ is
a stopping time with τ ` δ0 ď T a.s. , then we have

P
´∥∥∥uεpτ ` δ̄q ´ uεpτq∥∥∥

H´
1
2
ą λ

¯

ď η. (2.3.39)

In order to prove Proposition 2.3.5.2, we will need two lemmas, whose proofs will use
the Perturbed Test Function method.

Lemma 2.3.5.2. For any η ą 0 , there exist δ0, ε0 such that for any bounded stopping
time τ with τ ` δ0 ď T , for δ̄ ă δ0 and ε ă ε0, we have

E
”∥∥∥uεppτ ` δ̄q ^ τ εq∥∥∥2

H´
1
2
´ ‖uεpτ ^ τ εq‖2

H´
1
2

ı

ď η. (2.3.40)

Proof. We apply the perturbed test function method to ϕpuq “ ‖u‖2
H´

1
2
, for any u P H3.

We compute the infinitesimal generator Lε applied to ϕ and we get

Lεϕpuq “ 2xp1´ B2
xq
´ 1

2u, iB2
xu´ im

εuy `
2
?
ε
xp1´ B2

xq
´ 1

2u,´izεuy. (2.3.41)
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To deal with the term of order ´1
2 in ε, we choose the first corrector

ϕ1puq “ 2xp1´ B2
xq
´ 1

2u, iuM´1zεy

“ 2xp1´ B2
xq
´ 1

2u, iuppB2
xq
´1ζε ` αpB2

xq
´1zεqy.

(2.3.42)

We can already bound ϕ1 on r0, τ εq: for all t ă τ ε

ϕ1puptqq ď C ‖uptq‖H´1 ‖uptq‖L2

`

‖ζεptq‖ 9H´2X 9H´1 ` α ‖zεptq‖ 9H´2X 9H´1

˘

ď CpT q ‖uptq‖2
L2 ε

´δ
“ CpT qε´δ.

(2.3.43)

If we apply the infinitesimal generator Lε to ϕpuq `
?
εϕ1puq we get

Lε
pϕ`

?
εϕ1qpuq “2xp1´ B2

xq
´ 1

2u, iB2
xu´ im

εuy

` 2xp1´ B2
xq
´ 1

2u, uzεM´1zεy ´ 2xip1´ B2
xq
´ 1

2 pzεuq, iuM´1zεy

` 2
?
ε
”

xp1´ B2
xq
´ 1

2u, pmεu´ B2
xuqM´1zεy

`xip1´ B2
xq
´ 1

2 pB
2
xu´m

εuq, iuM´1zεy
ı

.

Here again, we have to deal with a term which seems to be of order 0 in ε, but the fact
that zε grows at the speed ε´δ makes us introduce a second corrector ϕ2 such that

Mϕ2puq “2xp1´ B2
xq
´ 1

2 pzεuq, uM´1zεy ´ 2xp1´ B2
xq
´ 1

2u, uzεM´1zεy

´ Eν
”

2xp1´ B2
xq
´ 1

2 pzuq, uM´1zy ´ 2xp1´ B2
xq
´ 1

2u, uzM´1zy
ı

.
(2.3.44)

We need to get an estimate on ϕ2. Thus we write it using Lemma 2.3.2.2, which allows
us to have an explicit expression for M´1 pzεM´1zε ´ EνrzM´1zsq:

ϕ2puq “ ´2xp1´ B2
xq
´ 1

2u, uM´1
pzεM´1zε ´ Eν

“

zεM´1zε
‰

qy

´

ż 8

0

ż

R
ūpxqp1´ B2

xq
´ 1

2 pupSαptqpz
ε, ζεqq1q

ˆ
“

pB
2
xq
´1
pSαptqpz

ε, ζεqq2 ` αpB
2
xq
´1
pSαptqpz

ε, ζεqq1
‰

pxq

´ūpxq
ÿ

kPN

ż 8

t

p1´ B2
xq
´ 1

2 pupSαptqp0, φekqq1q

ˆ
“

pB
2
xq
´1
pSαptqp0, φekqq2 ` αpB2

xq
´1
pSαptqp0, φekqq1

‰

pxqdsdxdt.

The first term of the right-hand side of the above equation is bounded for t P r0, τ εq
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thanks to Proposition 2.3.2.2 by

CpT q ‖u‖H´1 ‖u‖L2

∥∥∥M´1
pzεM´1zε ´ Eν

“

zM´1z
‰

q
∥∥∥
L8

ď CpT q ‖u‖2
L2 Cφp1 ‖zε‖2

H1X 9H´3 ` ‖ζε‖2
H1X 9H´3q

ď CpT qε´2δ

while if we denote by II the integral in the right-hand side above, we have

II ď ‖u‖2
L2

„
ż 8

0
‖Sαptqpzε, ζεq1‖L8

´∥∥∥pB2
xq
´1Sαptqpz

ε, ζεq2
∥∥∥
L8

`α
∥∥∥pB2

xq
´1
pSαptqpz

ε, ζεqq1
∥∥∥
L8

¯

´
ÿ

kPN

ż 8

t

‖Sαptqp0, φekq1‖L8
´∥∥∥pB2

xq
´1Sαptqp0, φekq2

∥∥∥
L8

`α
∥∥∥pB2

xq
´1Sαptqp0, φekq1

∥∥∥
L8

¯

dsdt



.

Then, using the Sobolev embedding H1 ãÑ L8 and Lemma 2.1.0.6, we get

II ď CpT q ‖u‖2
L2 Cφp1` ‖zε‖2

H1X 9H´3 ` ‖ζε‖2
H1X 9H´3q

ď CpT qε´2δ,

where Cφ depends on the Hilbert-Schmidt norm of φ in the space H3 X 9H´4. Finally we
have an estimate on ϕ2 for t P r0, τ εq:

ϕ2puq ď CpT qε´2δ, (2.3.45)

where C depends on the L2 norm of u and the Hilbert-Schmidt norm of φ.
Moreover, we have

Duϕ2puq ¨ h “2
”

xh,M´1
´

zεp1´ B2
xq
´ 1

2 puM´1zεq ´ Eνrzp1´ B2
xq
´ 1

2 puεM´1zqs
¯

y

` xM´1
´

p1´ B2
xq
´ 1

2 pzεuqM´1zε ´ Eνrp1´ B2
xq
´ 1

2 pzεuqM´1zs
¯

, hy

´ xp1´ B2
xq
´ 1

2h, uM´1 `zεM´1zε ´ EνrzM´1zs
˘

y

´xp1´ B2
xq
´ 1

2u, hM´1 `zεM´1zε ´ EνrzM´1zs
˘

y

ı

.

(2.3.46)
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Defining ϕε “ ϕ`
?
εϕ1 ` εϕ2, we know that

Lε
pϕεqpuεq “

1
?
ε
pDuϕp´iz

εuεq `Mϕ1pu
ε
qq

´

DuϕpiB
2
xu

ε
´ imεuεq

`Duϕ1p´iz
εuεq `Mϕ2pu

ε
q

¯

`
?
ε
`

Duϕ1piB
2
xu

ε
´ imεuεq `Duϕ2p´iz

εuεq
˘

` εDuϕ2piB
2
xu

ε
´ imεuεq

which gives us

Lε
pϕεqpuεq “2xp1´ B2

xq
´ 1

2uε, iB2
xu

ε
´ imεuεy

` 2Eν
”

xp1´ B2
xq
´ 1

2uε, uεzM´1zy ´ 2xp1´ B2
xq
´ 1

2 pzεuεq, uεM´1zy
ı

` 2
?
ε
”

xp1´ B2
xq
´ 1

2uε, pmεuε ´ B2
xu

ε
qM´1zεy

`xip1´ B2
xq
´ 1

2 pB
2
xu

ε
´mεuεq, iuεM´1zεy

ı

`
?
εDuϕ2p´iz

εuεq ` εDuϕ2piB
2
xu

ε
´ imεuεq.

Thanks to the Sobolev embedding H1 ãÑ L8 and Lemma 2.1.0.6 we can state that

?
ε|Duϕ2p´iz

εuεq| ď CpT q
?
ε ‖uε‖2

L2 ‖zε‖H1 Cφp1` ‖zε‖2
H1X 9H´3 ` ‖ζε‖2

H1X 9H´3q

ď CpT qε
1
2´3δ.

For the term εDuϕ2piB
2
xu

ε ´ imεuεq, we will have to deal with terms such as

xp1´ B2
xq
´ 1

2 piB2
xu

ε
´ imεuεq, uεM´1 `zεM´1zε ´ EνrzM´1zs

˘

y.

We bound them by:

p‖uε‖H1 ‖uε‖L2 ` ‖uε‖H1 ‖mε‖L2 ‖uε‖L2q
∥∥∥M´1 `zεM´1zε ´ EνrzM´1zs

˘

∥∥∥
L8

in order to have (using the conservation of the L2 norm of uε)

εDuϕ2piB
2
xu

ε
´ imεuεq ď CpT qεp‖uε‖2

H1 ` ‖mε‖2
L2qCφp1` ‖zε‖2

H1X 9H´3 ` ‖ζε‖2
H1X 9H´3q

ď CpT qp‖uε‖2
H1 ` ‖mε‖2

L2qε
1´2δ.
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We get:

|Lεϕεpuεq| ďC ‖uε‖H1 ` ‖mε‖L2 ‖uε‖L8 ‖uε‖H´1 ` Cφ ‖uε‖L2 ‖uε‖H´1

`CpT q
?
εp‖uε‖L2 ‖uε‖H1 ` ‖mε‖L2 ‖uε‖L8 ‖uε‖H´1qp‖ζε‖ 9H´2 ` ‖zε‖ 9H´2q

`CpT qε
1
2´3δ

` Cp‖uε‖2
H1 ` ‖mε‖2

L2qε
1´2δ

and taking the supremum on r0, τ εq:

|Lεϕεpuεq| ď CpT q
´

1` ‖uε‖2
L8pr0,τεq,H1q ` ‖mε‖2

L8pr0,τεq,L2q

¯´

1` ε 1
2´3δ

` ε1´2δ
¯

.

(2.3.47)
Now we use the bound |ϕεpuεq| ď ϕpuεq ` Cε

1
2´δ ` Cε1´2δ (where C depends on T , on

the L2 norm of uε and the Hilbert-Schmidt norm of φ in the space H3 X 9H´4) and the
fact that

ϕεpuεptqq ´ ϕεpu0q ´

ż t

0
Lεϕεpuεpsqqds

is a martingale to compute:

E
”∥∥∥uεppτ ` δ̄q ^ τ εq∥∥∥2

H´
1
2
´ ‖uεpτ ^ τ εq‖2

H´
1
2

ı

“ E
“

ϕpuεppτ ` δ̄q ^ τ εqq ´ ϕpuεpτ ^ τ εqq
‰

ď E
“

ϕεpuεppτ ` δ̄q ^ τ εqq ´ ϕεpuεpτ ^ τ εqq
‰

` Cε
1
2´δ ` Cε1´2δ

ď CE
”´

1` ‖uε‖2
L8pr0,τεq,H1q ` ‖mε‖2

L8pr0,τεq,L2q

¯ı

δ̄
´

1` ε 1
2´3δ

` ε1´2δ
¯

`Cε
1
2´δ ` Cε1´2δ

ď Cδ̄
´

1` ε 1
2´3δ

` ε1´2δ
¯

` Cε
1
2´δ ` Cε1´2δ,

where we have bounded E
”´

1` ‖uε‖2
L8pr0,τεq,H1q ` ‖mε‖2

L8pr0,τεq,L2q

¯ı

applying the Propo-
sition 2.3.4.2. Finally, for δ̄ and ε small enough we get:

E
”∥∥∥uεppτ ` δ̄q ^ τ εq∥∥∥2

H´
1
2
´ ‖uεpτ ^ τ εq‖2

H´
1
2

ı

ď η.

The second lemma states a similar result.

Lemma 2.3.5.3. Let T ą 0. For any η ą 0 , and for any bounded stopping time τ , there
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exist δ0, ε0 such that for δ̄ ă δ0 and ε ă ε0

E
”

xuεppτ ` δ̄q ^ τ εq ´ uεpτ ^ τ εq, uεpτ ^ τ εqy
H´

1
2

ı

ď η. (2.3.48)

Proof. We apply the Pertubed Test Function method to ϕpuq “ xu, hy
H´

1
2
for a fixed

function h P H´ 1
2 .

We have

Lεϕpuq “ xip1´ B2
xq
´ 1

2B
2
xu, hyL2 ´ ximεu, p1´ B2

xq
´ 1

2hyL2 ´
1
?
ε
xizεu, p1´ B2

xq
´ 1

2hyL2 ,

so we choose a first corrector ϕ1 such that

ϕ1puq “ xiuM´1zε, p1´ B2
xq
´ 1

2hyL2

“ xiuppB2
xq
´1ζε ` αpB2

xq
´1zεq, p1´ B2

xq
´ 1

2hyL2 .
(2.3.49)

We have the bound

|ϕ1puq| ď CpT q ‖u‖L2 ‖h‖L2 p‖ζε‖L2X 9H´2 ` ‖zε‖L2X 9H´2q .

Then we get

Lε
pϕ`

?
εϕ1qpuq “xip1´ B2

xq
´ 1

2B
2
xu, hyL2 ´ ximεu, p1´ B2

xq
´ 1

2hyL2

`xuzεM´1zε, p1´ B2
xq
´ 1

2hyL2

`
?
εxpmεu´ B2

xuqM´1zε, p1´ B2
xq
´ 1

2hyL2 ,

and we choose a second corrector ϕ2 such that

ϕ2puq “ ´xuM´1 `zεM´1zε ´ EνrzM´1zs
˘

, p1´ B2
xq
´ 1

2hyL2 , (2.3.50)

which we can bound on r0, τ εq according to Lemma 2.1.0.6:

|ϕ2pu
ε
q| ď ‖uε‖H´1 ‖h‖L2

∥∥∥M´1 `zεM´1zε ´ EνrzM´1zs
˘

∥∥∥
L8

ď ‖uε‖L2 ‖h‖L2 Cφp1` ‖zε‖2
H1X 9H´3 ` ‖ζε‖2

H1X 9H´3q

ďCpT q ‖h‖L2 ε
´2δ.
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Finally, if we define ϕε “ ϕ`
?
εϕ1 ` εϕ2, we get

Lεϕεpuεq “xip1´ B2
xq
´ 1

2B
2
xu

ε, hyL2 ´ ximεuε, p1´ B2
xq
´ 1

2hyL2

` xuεEνrzM´1zs, p1´ B2
xq
´ 1

2hyL2

`
?
ε
”

xpmεuε ´ B2
xu

ε
qM´1zε, p1´ B2

xq
´ 1

2hyL2

`xiuεzεM´1 `zεM´1zε ´ EνrzM´1zs
˘

, p1´ B2
xq
´ 1

2hyL2

ı

` εxpimεuε ´ iB2
xu

ε
qM´1 `zεM´1zε ´ EνrzM´1zs

˘

, p1´ B2
xq
´ 1

2hyL2 .

(2.3.51)

We can bound this quantity on r0, τ εq thanks to Lemma 2.1.0.6 and Proposition 2.3.2.1:

|Lεϕεpuεq| ďC ‖uε‖H1 ‖h‖L2 ` C ‖uε‖H1 ‖mε‖L2 ‖h‖L2

` Cφ ‖uε‖L2 ‖h‖L2

` C
?
ε ‖uε‖H1 p1` ‖mε‖L2q ‖h‖L2 p‖ζε‖L2X 9H´2 ` ‖zε‖L2X 9H´2q

` Cφ
?
ε ‖uε‖L2 ‖h‖L2 ‖zε‖H1 p1` ‖zε‖2

H1X 9H´3 ` ‖ζε‖2
H1X 9H´3q

` Cφε ‖uε‖H1 p1` ‖mε‖L2q ‖h‖L2 p1` ‖zε‖2
H1X 9H´3 ` ‖ζε‖2

H1X 9H´3q

ďC ‖uε‖H1 ‖h‖L2 ` C ‖uε‖H1 ‖mε‖L2 ‖h‖L2 ` Cφ ‖uε‖L2 ‖h‖L2

` C ‖uε‖H1 p1` ‖mε‖L2q ‖h‖L2 ε
1
2´δ

` Cφ ‖uε‖L2 ‖h‖L2 ε
1
2´3δ

` Cφ ‖uε‖H1 p1` ‖mε‖L2q ‖h‖L2 ε
1´2δ,

and taking the supremum on r0, τ εq, we have thanks to Proposition 2.3.4.2:

E r|Lεϕεpuq|s ď Cp1` ε 1
2´3δ

` ε1´2δ
q (2.3.52)

where C is a constant depending on T , on the initial conditions and on the Hilbert-
Schmidt norm of φ. In this last estimate the dependence on ‖h‖L2 is not written because
we will use this estimate with h “ uεpτ ^ τ εq and the conservation of the mass allows us
to bound this term by C.
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Now taking h “ uεpτ ^ τ εq, we have

|ϕεpuεq| ď |ϕpuεq| ` Cε
1
2´δ ‖uε‖2

L2 ` Cφε
1´2δ ‖uε‖2

L2

ď |ϕpuεq| ` Cε
1
2´δ ` Cφε

1´2δ

and we know that

Xt :“ ϕεpuεptqq ´ ϕεpu0q ´

ż t

0
Lεϕεpuεpsqqds

is a martingale.
Thus

E
“

xuεppτ ` δ̄q ^τ εq ´ uεpτ ^ τ εq, uεpτ ^ τ εqy
H´

1
2

ı

“

E
“

ϕpuεppτ ` δ̄q ^ τ εqq ´ ϕpuεpτ ^ τ εqq
‰

ď E
“

ϕεpuεppτ ` δ̄q ^ τ εqq ´ ϕεpuεpτ ^ τ εqq
‰

` Cε
1
2´δ ` Cφε

1´2δ

ď E
“

E
“

ϕεpuεppτ ` δ̄q ^ τ εqq ´ ϕεpuεpτ ^ τ εqq | Fτ^τε
‰‰

` Cε
1
2´δ ` Cφε

1´2δ

ď E

«

E

«

ż pτ`δ̄q^τε

τ^τε
Lεϕεpuεpsqqds | Fτ^τε

ffff

` E
“

E
“

Xpτ`δ̄q^τε ´Xτ^τε | Fτ^τε
‰‰

` Cε
1
2´δ ` Cφε

1´2δ

ď Cp1` ε 1
2´3δ

` ε1´2δ
qδ̄ ` Cε

1
2´δ ` Cφε

1´2δ

ď η

for ε, δ̄ small enough.

Thanks to Lemmas 2.3.5.2 and 2.3.5.3, we are now able to prove Proposition 2.3.5.2.

Proof of Proposition 2.3.5.2. Let λ and η be two positive numbers, and let τ be a stopping
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time such that τ ă T ´ δ. Then:

P
´∥∥∥uεpτ ` δ̄q ´ uεpτq∥∥∥

H´
1
2
ą λ

¯

“ P
´!∥∥∥uεpτ ` δ̄q ´ uεpτq∥∥∥

H´
1
2
ą λ

)

X tτ ε ě T u
¯

` P
´!∥∥∥uεpτ ` δ̄q ´ uεpτq∥∥∥

H´
1
2
ą λ

)

X tτ ε ă T u
¯

ďP
´∥∥∥uεppτ ` δ̄q ^ τ εq ´ uεpτ ^ τ εq∥∥∥

H´
1
2
ą λ

¯

` Ppτ ε ă T q

ďP
´∥∥∥uεppτ ` δ̄q ^ τ εq ´ uεpτ ^ τ εq∥∥∥

H´
1
2
ą λ

¯

`
η

2

thanks to Lemma 2.4.0.6 for ε small enough. Then we use the following identity:

E
”∥∥∥uεppτ ` δ̄q ^ τ εq ´ uεpτ ^ τ εq∥∥∥2

H´
1
2

ı

“ E
”∥∥∥uεppτ ` δ̄q ^ τ εq∥∥∥2

H´
1
2
´ ‖uεpτ ^ τ εq‖2

H´
1
2

ı

´ 2E
”

xuεppτ ` δ̄q ^ τ εq ´ uεpτ ^ τ εq, uεpτ ^ τ εqy
H´

1
2

ı

.

Thus thanks to Markov inequality we get

P
´ ∥∥∥uεpτ ` δ̄q ´ uεpτq∥∥∥2

H´
1
2
ą λ2

¯

ď
1
λ2

´

E
”∥∥∥uεppτ ` δ̄q ^ τ εq∥∥∥2

H´
1
2
´ ‖uεpτ ^ τ εq‖2

H´
1
2

ı

`2E
”

xuεppτ ` δ̄q ^ τ εq ´ uεpτ ^ τ εq, uεpτ ^ τ εqy
H´

1
2

ı¯

`
η

2
ďη

applying Lemmas 2.3.5.2 and 2.3.5.3, with ε, δ̄ small enough.

Finally, we can prove the following result.

Proposition 2.3.5.3. The sequence puεq is tight in C0pr0, T s, Hs
locq for s ă 1.

Proof. Lemma 2.3.5.1 and Proposition 2.3.5.2 allow us to prove by interpolation that puεq
satisfies (2.3.37) and (2.3.39) in any space Hs

loc with s ă 1, hence, according to Aldous
criterion the result is proved.
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The other processes

Now that we have explained how to get the tightness of the process puεqε, we want
to briefly explain how to get the tightness for the other quantities. For the sequence
pM εqε defined in (2.3.35) we use again Aldous criterion and Proposition 2.3.4.2 coupled
with the compact embedding L2 ãÑ H´σ

loc to get the tightness in C0pr0, T s, H´σ
loc q. For the

sequence p
?
εVεqε defined in (2.3.35), we also use Propostion 2.3.4.2 and the compact

embedding H1pr0, T s, L2q ãÑ Hspr0, T s, H´σ
loc q to conclude. Finally, z and ζ are constant

random processes, which both belong almost surely to E defined in (2.3.36), according to
the proof of Proposition 2.3.2.1 thus the tightness is established.

2.3.6 Convergence to the Stochastic Schrödinger equation

In this subsection, we prove the main result of this paper, which is Theorem 2.3.0.1.
In order to prove this theorem, we have to prove some weak convergence results, which
are similar to those that we can find in [AA88]. Then we will be able to pass to the limit
εÑ 0 in the martingale problem. We know that puε, nεq is a solution of the system (2.0.3)
if and only if puε,mεq, where mε “ nε ´ Zε, with Zε solution of (2.2.11), is a solution of
the system (2.3.6). We will work with this latter system. The regularities on the initial
data and on φ assumed in Theorem 2.3.0.1 ensure that the process pz, ζq P pH3 X 9H´3q

and that the computations made below are justified.

Weak convergences

The previous section has proved that the sequence puε,M ε,
?
εVε, z, ζq is tight in

Cpr0, T s, Hs
locqˆCpr0, T s, H´σ

loc qˆH
spr0, T s, H´σ

loc qˆEˆE for s ă 1, σ ă 0. Then, according
to Skorohod Theorem, there exists a probability space pΩ̃, F̃ , P̃q and a sequence of random
variables pũε, M̃ ε, Ṽε, z̃ε, ζ̃εq on Ω̃ which converges almost surely in the same space to
pũ, M̃ , Ṽ , z̃, ζ̃q when ε goes to 0. Furthermore, the theorem ensures that for all ε the new
random variables have the same laws as the original random variables. Now we define

m̃ε
“ BtM̃

ε, m̃ “ BtM̃, Ṽ ε
“

1
?
ε
BtṼε, (2.3.53)

where the derivatives are taken in the sense of distributions. We also define the process

´

z̃εptq, ζ̃εptq
¯

“

ˆ

z̃ε
ˆ

t

ε

˙

, ζ̃ε
ˆ

t

ε

˙˙

. (2.3.54)

160



2.3. Convergence of the stochastic Zakharov system to the stochastic Schrödinger equation

The equality in law between z̃ε and z implies that z̃ε has the same law as zε. Since the
copies of the processes have the same laws as the original processes, they satisfy the same
equations, with the same regularities thanks to Proposition 2.2.2.2 and bound (2.2.30).
We also define

K̃ε
t “

1
4 ‖ũε‖2

L2 `
1
2 ‖m̃ε‖2

L2 `
1
4

∥∥∥εṼ ε
∥∥∥2

L2
. (2.3.55)

Now we need to obtain weak convergence results in order to adapt the proof of [AA88]
and identify the limit of the processes uε and mε. This is possible according to the next
Proposition, which gives us a bound on the new random variables which is similar to
the bounds obtained in Lemmas 2.3.4.2 and 2.3.4.3. Note that the set E plays here an
important role.

Proposition 2.3.6.1. For K̃ε and Ṽ ε defined in equations (2.3.55) and (2.3.53), there
exists a stopping time τ̃ ε and a constant CpT q ą 0 independent of ε such that:

E

«

sup
tPr0,τ̃εs

pK̃ε
t q

2
` α

∥∥∥?εṼ ε
∥∥∥2

L2pr0,τ̃εs,L2q

ff

ď CpT q. (2.3.56)

Moreover, this stopping time τ̃ ε goes almost surely to T when ε goes to 0.

Proof. The only difference between the system satisfied by puε,mεq and the one satisfied
by pũε, m̃εq is that the process z is replaced by a process z̃ε, which a priori depends on ε.
If it was not the case, we could do the same computations as in Section 2.3.4 and easily
recover the bound claimed above in this Proposition. The only problem appears when we
introduce the stopping time τ εδ thanks to Proposition 2.3.2.1. Indeed, we would like to
introduce in the same way the stopping time

τ̃ εδ “ inf
!

t : ‖z̃ε‖H3X 9H´3 ě ε´δ,
∥∥∥ζ̃

ε
∥∥∥
H3X 9H´3

ě ε´δ
)

(2.3.57)

but we do not know a priori its behaviour when ε goes to 0. Actually it is not a problem,
because the Skorohod Theorem ensures that z̃ε converges almost surely to z̃ in E. Thus,
for almost every ω P Ω̃, there exists a constant Cpωq such that for ε small enough

‖z̃εptq‖H3X 9H´3 ď ‖z̃ptq‖H3X 9H´3 ` Cpωqp1` |t|δq.

Besides, z̃ and z have the same law, so there exist almost surely two random variables Z1

and Z2 such that:
‖z̃ptq‖H3X 9H´3 ď Z1 ` |t|

δZ2.
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Finally, for every ε ą 0, almost surely there exists two random variables Z̃1, Z̃2 indepen-
dent of ε such that:

‖z̃εptq‖H3X 9H´3 ď Z̃1 ` |t|
δZ̃2.

Thus the stopping time τ̃ εδ goes almost surely to infinity when ε goes to 0. It also allows
us to control the growth of pz̃ε, ζ̃εq.

According to Proposition 2.3.6.1 we have, in addition to the almost sure conver-
gences given by Skorohod Theorem, weak convergences (by extracting subsequences)
for the stopped processes. The sequence pũετ̃ε , m̃

ε
τ̃ε ,
?
εṼ ε

τ̃εq converges in the space
L4pΩ̃, L8pr0, T s, H1qq ˆ L4pΩ̃, L8pr0, T s, L2qq ˆ L2pΩ̃, r0, T s,Rq to pũ, m̃, Ṽ q weak star.
Besides the weak limits are the same as the almost sure limits.

Now we state two lemmas, which are adapted from [AA88].

Lemma 2.3.6.1. The weak limit m̃ of the stopped process m̃ε
τ̃ε is equal to ´|ũ|2.

Proof. First we can easily show that |ũετ̃ε |
2 converges almost surely to |ũ|2 in

L8pr0, T s, Hs
locq. Now, let ϕ be a test function in L2pΩ̃,Dpp0, T q, H´σ

loc qq. The equation
on Ṽ ε

τ̃ε gives us:

E
“

xε2
BtṼ

ε
τ̃ε , ϕy ` αxεṼ

ε
τ̃ε , ϕy

‰

“ ´E
“

xBx
`

m̃ε
τ̃ε ` |ũ

ε
τ̃ε |

2˘ , ϕy
‰

.

On the other hand

E
“

xε2
BtṼ

ε
τ̃ε , ϕy

‰

“ ´ε
3
2E

“

x
?
εṼ ε

τ̃ε , Btϕy
‰

which goes to 0 as ε goes to 0 according to the weak convergence in L2pΩ̃, r0, T s,Rq
ensured by Proposition 2.3.6.1. The second term in the left-hand side of the equation goes
to 0 as ε goes to 0 with the same procedure. From this we recover that:

Bxpm̃` |ũ|
2
q “ 0 a.s. in L8pr0, T s, H´σ

loc q.

Since m̃, |ũ|2 P L2pΩ̃, L8pr0, T s, L2qq, it follows that m̃` |ũ|2 “ 0.

Lemma 2.3.6.2. The process m̃ε
τ̃εũ

ε
τ̃ε converges weakly to ´|ũ|2ũ in

L2pΩ, L2pr0, T s, H´1qq.
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Proof. Let φ P L2pΩ, L2pr0, T s, H1qq with compact support in space.

E
„
ż T

0

ż

R

`

m̃ε
τ̃εũ

ε
τ̃ε ` |ũ|

2ũ
˘

φdxdt



“E
„
ż T

0

ż

R
m̃ε
τ̃ε pũ

ε
τ̃ε ´ ũqφdxdt



` E
„
ż T

0

ż

R
ũ
`

m̃ε
τ̃ε ` |ũ|

2˘φdxdt



“I ` II

On one hand, we know that there exists R ą 0 such that suppφ Ă r0, T s ˆ r´R,Rs, thus

I ď E
”

‖m̃ε
τ̃ε‖L8pr0,T s,L2q ‖φ‖L2pr0,T s,H1q ‖ũ

ε
τ̃ε ´ ũ‖L8pr0,T s,L2pr´R,Rsqq

ı

T
1
2

ď ‖m̃ε
τ̃ε‖L4pΩ̃,L8pr0,T s,L2qq ‖φ‖L2pΩ̃,L2pr0,T s,H1qq ‖ũ

ε
τ̃ε ´ ũ‖L4pΩ̃,L8pr0,T s,L2pr´R,Rsqq T

1
2 .

Since φ has compact support in space, we know from the almost sure convergence of pũεq
in Cpr0, T s, Hs

locq with s ă 1 that we have convergence of ‖ũετ̃ε ´ ũ‖L8pr0,T s,L2pr´R,Rsqq to 0
for almost every ω P Ω̃. This result coupled with the uniform integrability coming from
the conservation of the mass ensures that I goes to 0 as ε goes to 0.

On the other hand, we remark that ũ P L8pΩ̃, L8pr0, T s, L2qq thanks to the conserva-
tion of mass. Thus, φũ P L2pΩ, L1pr0, T s, L2qq and we use the weak convergence of m̃ε

τ̃ε to
´|ũ|2 to conclude that II goes to 0 when ε goes to 0.

These lemmas will be used when we pass to the limit in ε in the martingale problem.

Martingale Problem

In this subsection, we prove Theorem 2.3.0.1. We use the Perturbed Test Function
method to identify the limit generator when ε goes to 0 and we pass to this limit in the
martingale problem.

We define the function ϕ : u ÞÑ pu, hq` for h P H1 a fixed function with compact
support, and ` “ 1, 2. In fact it is sufficient to test our generator only on these functions.
The case ` “ 1 allows us to state that

ϕpũtq ´ ϕpu0q ´

ż t

0
Lϕpũsqds,

where L is the limit generator, is a continuous martingale, while the case ` “ 2 allows us to
compute its quadratic variation, and thus, conclude thanks to a martingale representation
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theorem which can be found in [DPZ14, Theorem 8.2]. As in the previous sections, we
compute the generator Lεϕ and then correct it with two correctors. This can be made by
using the Ito formula thanks to the regularities of ũε, m̃ε, Z̃ε, BtZ̃

ε and the regularities of
ϕ and its correctors that one can compute using the approach in Section 2.3.3. First we
compute:

Lεϕpũεq “ `pũε, hq`´1
piB2

xũ
ε
´ im̃εũε, hq ´

`
?
ε
pũε, hq`´1

piz̃εũε, hq.

We define the first corrector using the analysis made in Section 2.3.3:

ϕ1pũ
ε, z̃ε, ζ̃εq “ `pũε, hq`´1

piũεM´1z̃ε, hq

“ `pũε, hq`´1
piũεpB2

xq
´1
pζ̃

ε
` αz̃εq, hq.

(2.3.58)

We can easily bound this first corrector:

|ϕ1pũ
ε, z̃ε, ζ̃εq| ď C ‖ũε‖`L2 ‖h‖`L2

´∥∥∥pB2
xq
´1ζ̃

ε
∥∥∥
L8
` α

∥∥∥pB2
xq
´1z̃ε

∥∥∥
L8

¯

. (2.3.59)

The addition of this corrector gives us new terms in the generator:

Lε
pϕ`

?
εϕ1qpũ

ε, z̃ε, ζ̃εq “`pũε, hq`´1
piB2

xũ
ε
´ im̃εũε, hq ` `pũε, hq`´1

pũεz̃εM´1z̃ε, hq

´`p`´ 1qpiz̃εũε, hqpiũεM´1z̃ε, hq `
?
εDuϕ1piB

2
xũ

ε
´ im̃εũεq.

The terms depending on z̃ε lead us to introducing the second corrector ϕ2 such that

Mϕ2pũ
ε, z̃ε, ζ̃εq “ ´ `pũε, hq`´1

pũεz̃εM´1z̃ε, hq ` Eν
“

`pũε, hq`´1
pũεzM´1z, hq

‰

``p`´ 1qpiz̃εũε, hqpiũεM´1z̃ε, hq ´ Eν
“

`p`´ 1qpizũε, hqpiũεM´1z, hq
‰

.

In other words, we define ϕ2 as:

ϕ2pũ
ε, z̃ε, ζ̃εq “ ´ `pũε, hq`´1 `ũM´1 `z̃εM´1z̃ε ´ Eν

“

zM´1z
‰˘

, h
˘

``p`´ 1qM´1 `
piz̃εũε, hqpiũεM´1z̃ε, hq ´ Eν

“

pizũε, hqpiũεM´1z, hq
‰˘

.
(2.3.60)

Here again we can bound this corrector according to Lemma 2.1.0.6:

|ϕ2pũ
ε, z̃ε, ζ̃εq| ď C ‖ũε‖`L2 ‖h‖`L2

∥∥∥M´1 `z̃εM´1z̃ε ´ Eν
“

zM´1z
‰˘

∥∥∥
L8pRq

ď Cφ ‖ũε‖`L2 ‖h‖`L2

´

1` ‖z̃ε‖2
H1X 9H´3 `

∥∥∥ζ̃
ε
∥∥∥2

H1X 9H´3

¯

.
(2.3.61)
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Finally, defining ϕε “ ϕ`
?
εϕ1 ` εϕ2, we get:

Lεϕεpũε, z̃ε, ζ̃εq “ `pũε, hq`´1
piB2

xũ
ε
´ im̃εũε, hq ` `pũε, hq`´1

pũεEν
“

zM´1z
‰

, hq

´ `p`´ 1qEν
“

pizũε, hqpiũεM´1z, hq
‰

`
?
εDuϕ1piB

2
xũε´ im̃

εũεq

`
?
εDuϕ2p´iz̃εũεq ` εDuϕ2piB

2
xũ

ε
´ im̃εũεq.

(2.3.62)

This expression helps us define the following quantity, which will be the limit generator
of our equation.

Definition 2.3.6.1. For ũ P H3 and ϕp¨q “ p¨, hq`, ` “ 1, 2, where h P H1, we define the
operator Lϕ as

Lϕpũq “`pũ, hq`´1
piB2

xũ` i|ũ|
2ũ, hq ` `pũ, hq`´1

pũEν
“

zM´1z
‰

, hq

´ `p`´ 1qEν
“

piũM´1z, hqpiũz, hq
‰

.
(2.3.63)

Now that we have the expression of Lεϕε and a candidate for the limit generator, we
state the following result, which gathers the main arguments of the proof of Theorem
2.3.0.1.

Proposition 2.3.6.2. Let ϕpuq “ pu, hq`, ` “ 1, 2, where h P H1 has a compact support.
Let ϕ1, ϕ2 be the two correctors defined in equations (2.3.58) and (2.3.60). We define
ϕε “ ϕ`

?
εϕ1 ` εϕ2. Then:

1. |ϕεpũετ̃ε , z̃ετ̃ε , ζ̃ετ̃εq ´ ϕpũq| ď Cφ
?
ε ‖ũετ̃ε‖

`
L2 ‖h‖`L2

´

1` ‖z̃ετ̃ε‖
2
E `

∥∥∥ζ̃
ε

τ̃ε

∥∥∥2

E

¯

, where E is
defined in Equation (2.3.36).

2. lim
εÑ0

ż T

0
E
”

|Lεϕεpũετ̃ε , z̃ετ̃ε , ζ̃
ε

τ̃εq ´ Lϕpũq|
ı

ptqdt “ 0.

3. The quantity M ε
t defined by

pM ε
t , hq “ ϕεpũεt , z̃εt , ζ̃

ε

tq ´ ϕ
ε
pũ0, z̃0, ζ̃0q ´

ż t

0
Lεϕεpũεs, z̃εs, Btζ̃

ε

sqds (2.3.64)

is a martingale for the filtration F̃ ε generated by the process pũεq.

Proof. The first point of the Proposition is clear according to the bounds (2.3.59) and
(2.3.61).
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For the second point, we have

Lεϕεpũετ̃ε , z̃ετ̃ε , ζ̃
ε

τ̃εq ´ Lϕpũq “ `pũετ̃ε , hq
`´1 `iB2

xũ
ε
τ̃ε ´ im̃

ε
τ̃εũ

ε
τ̃ε ` ũ

ε
τ̃εEν

“

zM´1z
‰

, h
˘

´`pũ, hq`´1 `iB2
xũ` i|ũ|

2ũ` ũEν
“

zM´1z
‰

, h
˘

``p`´ 1qEν
“`

iũM´1z, h
˘

piũz, hq ´
`

iũετ̃εM´1z, h
˘

piũετ̃εz, hq
‰

`
?
εDuϕ1piB

2
xũ

ε
τ̃ε ´ im̃

ε
τ̃εũ

ε
τ̃εq `

?
εDuϕ2p´iz̃ετ̃εũετ̃εq

`εDuϕ2piB
2
xũ

ε
τ̃ε ´ im̃

ε
τ̃εũ

ε
τ̃εq.

We start with the terms of order 1
2 and 1 in ε, deducing

?
εDuϕ1piB

2
xũ

ε
τ̃ε ´ im̃

ε
τ̃εũ

ε
τ̃εq ď Cε

1
2´δ p‖ũετ̃ε‖H1 ` ‖m̃ε

τ̃ε‖L2 ‖ũετ̃ε‖L2q ‖ũετ̃ε‖
`´1
L2 ‖h‖`H1 ,

?
εDuϕ2p´iz̃ετ̃εũετ̃εq ď Cφ

?
ε ‖ũετ̃ε‖

`
L2 ‖h‖`L2 ε

´δ
p1` ε2δ

q,

using Propositions 2.3.2.1 and 2.3.2.2. Furthermore,

εDuϕ2piB
2
xũ

ε
τ̃ε ´ im̃

ε
τ̃εũ

ε
τ̃εq ď Cφε p‖ũετ̃ε‖H1 ` ‖m̃ε

τ̃ε‖L2 ‖ũετ̃ε‖L2q ‖ũετ̃ε‖
`´1
L2 ‖h‖`H1 p1` ε´2δ

q

Thus, we can conclude thanks to Proposition 2.3.6.1 that the expectation of these three
terms goes to 0 when ε goes to 0. Furthermore, the conservation of mass, the weak
convergence of ũετ̃ε given by Proposition 2.3.6.1 and the weak convergence of m̃ε

τ̃εũ
ε
τ̃ε

proved in Lemma 2.3.6.2 give us that the expectation of all the terms of order 0 goes to
0 as ε goes to 0. Indeed, if we look for example at the following term

pũετ̃ε , hqp´im̃
ε
τ̃εũ

ε
τ̃ε , hq ´ pũ, hqpi|ũ|

2ũ, hq,

we can rewrite it as

pũετ̃ε ´ ũ, hqp´im̃
ε
τ̃εũ

ε
τ̃ε , hq ` pũ, hqp´im̃

ε
τ̃εũ

ε
τ̃ε ´ i|ũ|

2ũ, hq.

Then the expectation of the first term gives

E rpũετ̃ε ´ ũ, hq p´im̃ε
τ̃εũ

ε
τ̃ε , hqs

ď ‖u0‖L2 ‖m̃ε
τ̃ε‖L2pΩ̃,L8pr0,T s,L2qq ‖h‖2

H1 ‖ũετ̃ε ´ ũ‖L2pΩ̃,L8pr0,T s,L2
loc
qq

since h has a compact support, and thanks to the conservation of mass and the convergence

166



2.3. Convergence of the stochastic Zakharov system to the stochastic Schrödinger equation

of ũετ̃ε in C0pr0, T s, Hs
locq we know that this expectation goes to 0 as ε goes to 0. The other

term is handled by using the conservation of mass and Lemma 2.3.6.2 thanks to the
integral in time.

The last point of the Proposition is quite obvious because the variables ũε, m̃ε, z̃ε, ζ̃ε

are sufficiently smooth to ensure that we can apply Itô formula to ϕε, so that M ε
t is a

martingale.

Now we are now in position to prove the Theorem 2.3.0.1.
First step: Identification of the limit generator.

We define kpx, yq “ Eν rzpxqM´1zpyq ` zpyqM´1zpxqs, and F pxq “ kpx, xq . The next
result gives the link between k and the Hilbert-Schmidt operator φ.

Lemma 2.3.6.3. For x, y P R and pz, ζq solution of equation (2.3.7), we have:

´kpx, yq “
ÿ

kPN
pB

2
xq
´1φekpxqpB

2
xq
´1φekpyq. (2.3.65)

The proof of Lemma 2.3.6.3 is technical and is postponed to the Appendix of this
chapter. Now, for h P H1 with compact support, we use the functionals ϕpuq “ pu, hq`

for ` “ 1, 2 which have been studied in Proposition 2.3.6.2. If we look at Lϕ with ` “ 1
defined in Definition 2.3.6.1, we can write thanks to Definition 2.3.6.1 and (2.3.65):

Lϕpũq “
ˆ

iB2
xũ` i|ũ|

2ũ`
1
2 ũF pxq, h

˙

“ Duϕ

˜

iB2
xũ` i|ũ|

2ũ´
1
2 ũ

ÿ

kPN

`

pB
2
xq
´1φekpxq

˘2
¸

.

Furthermore, if we study Lϕ for ` “ 2, we get

Lϕpũq “2pũ, hq
`

iB2
xũ` i|ũ|

2ũ` ũEνrzM´1zs, h
˘

´ 2
ż

R

ż

R
Re

`

iũpxqh̄pxq
˘

Re
`

iũpyqh̄pyq
˘

Eν
“

zpxqM´1zpyq
‰

dxdy

“Duϕ

˜

iB2
xũ` i|ũ|

2ũ´
1
2 ũ

ÿ

kPN

`

pB
2
xq
´1φekpxq

˘2
¸

´

ż

R

ż

R
Re

`

iũpxqh̄pxq
˘

Re
`

iũpyqh̄pyq
˘

kpx, yqdxdy.
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We focus on the second term of the right-hand-side of the equation and use Lemma 2.3.6.3:

´

ż

R

ż

R
Re

`

iũpxqh̄pxq
˘

Re
`

iũpyqh̄pyq
˘

kpx, yqdxdy “
ÿ

kPN

`

iupB2
xq
´1φek, h

˘2

“
1
2TrpiupB

2
xq
´1φq˚D2

uϕpiupB
2
xq
´1φq.

Finally, we have for ` “ 1

Lϕpũq “ Duϕ

˜

iB2
xũ` i|ũ|

2ũ´
1
2 ũ

ÿ

kPN

`

pB
2
xq
´1φekpxq

˘2
¸

, (2.3.66)

and for ` “ 2

Lϕpũq “Duϕ

˜

iB2
xũ` i|ũ|

2ũ´
1
2 ũ

ÿ

kPN

`

pB
2
xq
´1φekpxq

˘2
¸

`
1
2TrpiupB

2
xq
´1φq˚D2

uϕpiupB
2
xq
´1φq.

(2.3.67)

Second step: Convergence.
We work here with ` “ 1. We know according to Proposition 2.3.6.2 that M ε

τ̃ε , where
M ε is defined in (2.3.64), is a stopped martingale which means that for every h P H1 with
compact support, for every g P Cb ppHs

locq
nq and for every σ “ s1 ă s2 ă ¨ ¨ ¨ ă sn “ t, we

have

E
”´

ϕεpũετ̃ε , z̃ετ̃ε , ζ̃
ε

τ̃εqptq ´ ϕ
ε
pũετ̃ε , z̃ετ̃ε , ζ̃

ε

τ̃εqpσq

´

ż t^τ̃ε

σ^τ̃ε
Lεϕεpũετ̃ε , z̃ετ̃ε , ζ̃

ε

τ̃εqprqdr

˙

g pũετ̃εps1q, ¨ ¨ ¨ , ũ
ε
τ̃εpsnqq



“ 0.
(2.3.68)

We want to show that the limit process is still a martingale. This is the following statement:

Lemma 2.3.6.4. Let ϕpuq “ pu, hq where h P H1 with compact support. Then the process
Mt defined by:

pMt, hq “ ϕpũtq ´ ϕpũ0q ´

ż t

0
Lϕpũsqds (2.3.69)

is a martingale for the filtration Gs generated by ũs.
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Proof. Let g P Cb ppHs
locq

nq, and σ “ s1 ă s2 ă ¨ ¨ ¨ ă sn “ t. Then

E
„ˆ

ϕpũtq ´ ϕpũσq ´

ż t

σ

Lϕpũrqdr
˙

g pũετ̃εps1q, ¨ ¨ ¨ , ũ
ε
τ̃εpsnqq



“ E

«˜

pϕpũtq ´ ϕpũ
ε
τ̃εptqqq ´ pϕpũσq ´ ϕpũ

ε
τ̃εpσqqq

´
?
ε pϕ1pũ

ε
τ̃εptqq ´ ϕ1pũ

ε
τ̃εpσqqq ´ ε pϕ2pũ

ε
τ̃εptqq ´ ϕ2pũ

ε
τ̃εpσqqq

´

ˆ
ż σ^τ̃ε

σ

Lϕpũrqdr ´
ż t^τ̃ε

t

Lϕpũrqdr
˙

´

ż t^τ̃ε

σ^τ̃ε
Lϕpũrq ´ Lεϕεpũετ̃εprq, z̃ετ̃εprq, ζ̃

ε

τ̃εprqqdr

˙

gpũετ̃εps1q, ¨ ¨ ¨ , ũ
ε
τ̃εpsnqq



“ E rT1 ` T2 ` T3 ` T4s .

Note that ϕ1 and ϕ2 depend also on m̃ε, z̃ε and ζ̃
ε but we just write the dependance in

ũε for convenience. According to Proposition 2.3.6.2 and the fact that g is bounded, we
know that

lim
εÑ0

E rT1 ` T2s “ 0.

The same proposition ensures that ErT4s goes to 0 as ε goes to 0. Finally for T3:

E
„ˆ

ż σ^τ̃ε

σ

Lϕpũrqdr
˙

gpũετ̃εps1q, ¨ ¨ ¨ , ũ
ε
τ̃εpsnqq



ď E
„
ż σ^τ̃ε

σ

Cφ ‖ũ‖H1 ‖h‖H1 dr



ď E
”

pσ ^ τ̃ ε ´ σqCφ ‖ũ‖L8pr0,T s,H1q ‖h‖H1

ı

ď CE
“

pσ ^ τ̃ ε ´ σq2
‰

1
2

because ũ P L4pΩ̃, L8pr0, T s, H1qq according to Proposition 2.3.6.1. We obviously have
the same bound for the other term of T3. Thus, ErT3s goes to 0 as ε goes to 0, since the
stopping time τ̃ ε goes almost surely to T as ε goes to 0.

We have proved that

lim
εÑ0

E
„ˆ

ϕpũtq ´ ϕpũσq ´

ż t

σ

Lϕpũrqdr
˙

g pũετ̃εps1q, ¨ ¨ ¨ , ũ
ε
τ̃εpsnqq



“ 0, (2.3.70)

and we use the continuity of g and the almost sure convergence of ũετ̃ε to get:

E
„ˆ

ϕpũtq ´ ϕpũσq ´

ż t

σ

Lϕpũrqdr
˙

g pũps1q, ¨ ¨ ¨ , ũpsnqq



“ 0 (2.3.71)
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so that the process Mt is a martingale for the filtration Gs generated by ũs.

Similarly to Lemma 2.3.6.4, we can pass to the limit ε Ñ 0 in the definition of the
quadratic variation of M ε defined in (2.3.64) to get that

pxM,Myth, hq “

ż t

0

`

Lpϕ2
q ´ 2ϕLϕ

˘

pũsqds. (2.3.72)

Note that this step requires the use of the Perturbed Test Function method on ϕ for ` “ 2,
which has been described in the first step in (2.3.67), and the use of Proposition 2.3.6.2.
We know from equations (2.3.66) and (2.3.67) that

`

Lpϕ2
q ´ 2ϕLϕ

˘

pũq “
1
2TrpiupB

2
xq
´1φq˚D2

uϕ
2
piupB2

xq
´1φq.

Thus, the martingale

Mt “ ũt ´ u0 ´

ż t

0
iB2
xũs ` i|ũs|

2ũs ´
1
2 ũs

ÿ

kPN

`

pB
2
xq
´1φek

˘2
ds

has the quadratic variation:
ż t

0
Tr

`

iũspB
2
xq
´1φ

˘ `

iũspB
2
xq
´1φ

˘˚
ds.

Then, using the martingale representation theorem and up to enlarging the probability
space, there exists a cylindrical Wiener process W̄ such that

Mt “

ż t

0
iũspB

2
xq
´1φdW̄s

so that ũ is a martingale solution of (2.3.3).
Third step: Uniqueness
So far we have proved the convergence to equation (2.3.3) for a subsequence, we need to
conclude with the convergence on the whole sequence. We know from Proposition 2.3.6.1
that ũ P L4pΩ̃, L8pr0, T s, H1qq. In particular, it has paths in L8pr0, T s, H1q. We know
from [dBD03b] that equation (2.3.3) has a unique solution with paths in L8pr0, T s, H1q

a.s. This leads to the conclusion of the proof of Theorem 2.3.0.1.
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2.3.7 Convergence in probability

The aim of this section is to prove that we can actually get a better result than the
convergence in law of the solution uε of (2.0.3) to the solution u of (2.3.3). It is not usually
the case in approximation diffusion problems, and it is due here to the particular form of
the process pzε, ζεq.

Theorem 2.3.7.1. Let α ą 0. For any T ą 0, and for pu0,m0,m1q P H
3pRq ˆ pH2pRq X

9H´1pRqq ˆ pH1pRq X 9H´1pRqq, the process puε,mεq solution of the system (2.3.1) with
φ P L2pL

2pRq, H3pRq X 9H´4pRqq converges in probability in Cpr0, T s, Hs
locpRqq for s ă 1

to u solution of
idu “ p´B2

xu´ |u|
2u´

i

2uF qdt´ upB
2
xq
´1φdWt. (2.3.73)

where F pxq “
ř

kPN ppB
2
xq
´1qφekq

2
pxq, and Wt is the cylindrical Wiener process introduced

in (2.0.3).

In the previous sections, it was sufficient to show that uε was solution of the mar-
tingale problem (2.3.64). Actually the correctors ϕ1 and ϕ2 introduced in (2.3.58) and
(2.3.60) give us an explicit expression of the martingale M ε

t defined in (2.3.64). In-
deed, the process pzε, ζεq that we study is solution of (2.3.9) where Wt is the cylindrical
Wiener process introduced in the system (2.0.3). When we apply the Perturbed Test
Function method to ϕpuq “ pu, hq for h P H1 with compact support, the first corrector
?
εϕ1pu

εq “
?
εpiuεM´1zε, hq contributes to the martingale part according to Equation

(2.3.9) satisfied by zε, adding

Xε
t “

ż t

0

`

iuεpB2
xq
´1φdWs, h

˘

. (2.3.74)

In the same way, the martingale part coming from the second corrector εϕ2pu
εq “

εpuεM´1pzεM´1zε ´ EνrzM´1zs, hq is

Y ε
T “εRe

ż T

s“0

ż

R
uεps, xqh̄pxq

ˆ

ż 8

t“0
pSαptqpz

ε, φdWsqq1
`

pB
2
xq
´1
pSαptqpz

ε, ζεqq2 ` αpB
2
xq
´1
pSαptqpz

ε, ζεqq1
˘

` pSαptqpz
ε, ζεqq1

`

pB
2
xq
´1
pSαptqpz

ε, φdWsqq2 ` αpB
2
xq
´1
pSαptqpz

ε, φdWsqq1
˘

dtdx.

(2.3.75)
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Thus the previous section and more precisely the third item of Proposition 2.3.6.2 ensures
that

ϕεpuεtq ´ ϕ
ε
pu0q ´

ż t

0
Lεϕεpuεsqds “ Xε

t ` Y
ε
t , (2.3.76)

with ϕε “ ϕ`
?
εϕ1`εϕ2. We can use Lemma 2.1.0.6 to estimate the quadratic variation

of Y ε
t to show that

dxY ε, Y ε
yt^τε ď Cφε ‖uε‖2

L2 ‖h‖2
H1 p1` ε´4δ

q

where τ ε is the stopping time defined in (2.4.8). Thus we know that

lim
εÑ0

E

«

sup
tPr0,τεs

Y ε
t

ff

“ 0. (2.3.77)

To prove Theorem 2.3.7.1, we will use a result which is claimed in [GK96] in the finite
dimensional case, and used in [MR05] in the infinite dimensional case. We will also need
to use [DGHT11, Lemma 2.1] which allows us to pass to the limit ε Ñ 0 directly in the
martingale part of (2.3.76).

Proof of Theorem 2.3.7.1. Let puεkqk and puηkqk be two subsequences of the sequence
puεqε, where for any ε ą 0, uε is a solution of (2.0.3). Then the proof of Proposition
2.3.5.1 ensures that the sequence

puεk , uηk ,M εk ,Mηk ,
?
εkVεk ,

?
ηkVηk , z, ζ, pβnqnPNq

is tight in the space pC0pr0, T s, Hs
locqq

2ˆpC0pr0, T s, H´σ
loc qq

2ˆpHspr0, T s, H´σ
loc qq

2ˆEˆEˆ

Cpr0, T sqN for s ă 1, σ ą 0. According to Skorohod Theorem, there exists a probability
space pΩ̃, F̃ , P̃q and a sequence of random variables on Ω̃, with the same laws, which
converges almost surely in this space as ε goes to 0. We denote respectively by ũ and ṽ
the almost sure limits of the new subsequences ũεk and ũηk . For any n P N we also denote
by β̃n the limit of the subsequence pβ̃knq, and we define:

W̃ k
t pxq “

ÿ

nPN
enpxqβ̃

k
nptq, W̃tpxq “

ÿ

nPN
enpxqβ̃nptq.

According to Section 2.3.6, the stopped process ũεkτ̃εk , where τ̃ ε is the stopping time, which
appears in Proposition 2.3.6.1, satisfies for ϕpuq “ pu, hq, where h P H1pRq with compact
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support,

ϕεkpũεkτ̃εk ptqq ´ ϕ
εkpũ0q ´

ż t^τ̃εk

0
Lεkϕεkpũεkτ̃εk psqqds “

ż t^τ̃εk

0

`

iũεkτ̃εk psqpB
2
xq
´1φdW̃ k

s , h
˘

` Ỹ εk
τ̃εk ,

(2.3.78)

where Ỹ ε is defined as Y ε in (2.3.75) but using the new random variables. The stopped
process ũηkτ̃ηk satisfies the same equation with εk replaced by ηk. If we look at the left-hand
side of this equation, the section 2.3.6 and Proposition 2.3.6.2 ensure that it converges in
probability to

pũt, hq ´ pũ0, hq ´

ż t

0
Lϕpũsqds,

where L is the limit generator defined in Definition 2.3.6.1. We also know by (2.3.77) that
Y εk
τ̃εk converges in probability to 0. It remains to deal with the integral in the right-hand

side of the above equation. With this aim in mind we apply [DGHT11, Lemma 2.1] to the
sequences pW̃ kqk and pũεkτ̃εk pB2

xq
´1φqk. Thus the integral converges in probability to
ż t

0

`

iũpsqpB2
xq
´1φdW̃s, h

˘

as ε goes to 0. The procedure is the same for ũηkτ̃ηk , and finally the limits ũ and ṽ are both
solutions of

put, hq ´ pu0, hq ´

ż t

0

ˆ

iB2
xus ` i|us|

2us `
1
2usF, h

˙

ds “

ż t

0

`

iuspB
2
xq
´1φdW̃s, h

˘

,

with F pxq “
ř

kPN ppB
2
xq
´1φekpxqq

2. We conclude thanks to the uniqueness of solutions to
the stochastic Schrödinger equation that ũ “ ṽ.

Thus, thanks to Skorohod theorem (which states the equality in law between uε and
its copy ũε, we have proved that for all subsequences puεkqk, puηkqk, the couple puεk , uηkqk
converges in law when ε goes to 0 to a limit pu, uq. Thanks to a result from Gyongy-
Krylov (see [GK96]), the sequence puεqε converges in probability as ε goes to 0 to a limit
u, that we will identify. Indeed, we know from Section 2.3.6 that for ϕpuq “ pu, hq where
h P H1pRq with compact support we have

ϕεpuετεptqq´ϕ
ε
pu0q´

ż t^τε

0
Lεϕεpuετεpsqqds “

ż t^τε

0

`

iuετεpsqpB
2
xq
´1φdWs, h

˘

`Y ε
τε , (2.3.79)
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with τ ε defined in (2.4.8) and Y ε
t in (2.3.75). Now using the convergence in probability of

ũετε and [DGHT11, Lemma 2.1], we conclude that the limit u is a weak solution of

idu “ p´B2
xu´ |u|

2u´
i

2uF qdt´ upB
2
xq
´1φdWt, (2.3.80)

where Wt is the cylindrical Wiener process of (2.0.3). Actually we can prove that
u is a mild solution of equation (2.3.80). Indeed, Fatou’s Lemma gives us that u P

L2pΩ, L8pr0, T s, H1pRqqq, and the embedding H1pRq ãÑ L4pRq ensures that the nonlinear-
ity pt, xq ÞÑ |upt, xq|2upt, xq belongs to L8pr0, T s, L 4

3 pRqq. Thus |u|2u P L1p0, T,H´1pRq “
L1pr0, T s, Dpp´Aq´ 1

2 qq where Dpp´Aq´ 1
2 q denotes the domain of the operator p´Aq´ 1

2

with A “ ´iB2
x.

We would like to insist on the fact that here we used the convergence in probability to
pass to the limit directly in the martingale term in (2.3.78), since lim W̃ k “ W̃ , whereas in
Section 2.3.6 we just used the martingale representation theorem to ensure the existence
of some Wiener process, which allowed us to give an explicit expression of the martingale
term. In this section we prove that this Wiener process is the one that is introduced in a
first place in (2.0.3).

2.4 Appendix

This appendix gathers several proofs which although technical are not essential to the
understanding of the chapter.

We start with the following deterministic lemma. The proof allows us to understand
why we set up such a procedure to get our final bound on the energy H defined in (2.2.15),
which is stated in Proposition 2.3.4.2.

Lemma 2.4.0.1. Let xptq a positive function satisfying the differential inequality:

x1ptq ď εxptq2 ` bxptq ` c, (2.4.1)

where ε ą 0, b, c ą 0, with the initial data x0 ě 0. Then there exists τ ε such that for all
t P r0, τ εs:

xptq ď 4px0 `
2c
b
qebt.

Furthermore, τ ε goes to infinity as ε goes to 0.
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Proof of Lemma 2.4.0.1. As we are interested in the case where ε is "small", we can assume
that ∆ “ b2 ´ 4εc ą 0, therefore

εxptq2 ` bxptq ` c “ εpx´ r1qpx´ r2q

with
r1 “

´b`
?

∆
2ε , r2 “

´b´
?

∆
2ε , r1 ą r2, r1, r2 ă 0.

Under the assumptions of Lemma 2.4.0.1 we have:

x1ptq

ˆ

1
pxptq ´ r1qpxptq ´ r2q

˙

ď ε which is equivalent to d

dt

ˆ

1
?

∆
ln xptq ´ r1

xptq ´ r2

˙

ď 1

and we get the bound
xptq ´ r1

xptq ´ r2
ď
x0 ´ r1

x0 ´ r2
e
?

∆t. (2.4.2)

In order to derive a bound on xptq we need

x0 ´ r1

x0 ´ r2
e
?

∆t
ă 1.

In other words
t ă t0ε “

1
?

∆
ln
ˆ

x0 ´ r2

x0 ´ r1

˙

ÝÑ
εÑ0

`8.

For 0 ď t ă t0ε, we thus have

xptq ď
´r2px0 ´ r1qe

?
∆t ` r1px0 ´ r2q

x0 ´ r2 ´ px0 ´ r1qe
?

∆t

ď
2bpx0 `

2c
b
qebt

b´ 2εpx0 `
2c
b
qebt

,

since ´r1 ď
2c
b
. It follows, for t ă τ ε “ 1

b
ln
´

b2

2εp2x0b`4cq

¯

,

xptq ď
2bpx0 `

2c
b
qebt

b´ 2εpx0 `
2c
b
q b2

2εp2x0b`4cq

ď 4px0 `
2c
b
qebt.
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We can easily verify that τ ε ă t0ε and that τ ε ÝÑ
εÑ0

`8.

Now we detail the procedure to get a proof of Propositions 2.3.4.2 and 2.3.4.3. Propo-
sition 2.3.4.1 and the scheme of proof of Lemma 2.4.0.1 lead us to introducing the function
θ, which is the primitive function of

1
εx2 ` M̃x` Ñ

,

where M̃ and Ñ are positive constants that we will choose later. We will apply this
function to pHεq2, so we define θ̃pxq “ θpx2q. From the proof of Lemma 2.4.0.1, we know
that

θ̃pxq “
1
?

∆
ln
ˆ

x2 ´ r1

x2 ´ r2

˙

, (2.4.3)

where ∆ “ M̃2 ´ 4εÑ and r1, r2 are the roots of εx2 ` M̃x ` Ñ “ 0, 0 ą r1 ą r2. The
aim is then to use the Itô formula in order to estimate θ̃pHεq. First we need some results
on the martingale term Xt ` Yt introduced in equations (2.3.26) and (2.3.31).

Lemma 2.4.0.2. For t ď τ εδ , where τ εδ is defined in equation (2.3.12), the martingales Xt

and Yt defined in equations (2.3.26) and (2.3.31) satisfy:

dxX,Xyt ď CφKdt, dxY, Y yt ď Cφp1`Kqdt, dxX, Y yt ď Cφp1`Kqdt. (2.4.4)

The constant Cφ depends on the mass ‖u‖2
L2 and the Hilbert-Schmidt norm of φ in the

space H3 X 9H´4.

Proof. First we have for t ď τ εδ :

dxX,Xyt “
ÿ

kPN

ˆ

Im

ż

R
uBxūB

´1
x pφekqdx

˙2

dt

ď 4 ‖u‖L2

ÿ

kPN

∥∥∥B´1
x pφekq

∥∥∥2

L8
Kdt

ď CφKdt.

Then we use Lemma 2.1.0.6 to estimate the quadratic variation of Yt:

dxY, Y yt ď ε ‖u‖4
L4 Cφp1` ‖zε‖4

H2X 9H´2 ` ‖ζε‖4
H2X 9H´2qdt
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and using the Gagliardo-Nirenberg inequality and Proposition 2.3.2.1 we get (assuming
ε ă 1 and δ small enough):

dxY, Y yt ď Cφp1`Kqdt.

The argument of proof is exactly the same for the last quadratic variation.

Lemma 2.4.0.3. There exists a constant Γ ą 0 and a martingale Mt such that for t ă τ εδ :

θ̃pHε
t q ď θ̃pHε

0q ` Γt`Mt (2.4.5)

where we recall that Hε “ H `
?
εH1` εH2, with H1 defined in equation (2.3.24) and H2

in equation (2.3.29).

We will state some results on the martingale Mt introduced in Lemma 2.4.0.3, but
first we focus on the proof of this lemma and on another result which will give us a bound
on K.

Proof. The Itô formula gives us:

dθ̃pHε
q “θ̃1pHε

t qdH
ε
t `

1
2 θ̃
2
pHε

t qdxH
ε, Hε

yt

“θ̃1pHε
qLε
pHε

qdt`
1
2 θ̃
2
pHε

qdxX ` Y,X ` Y yt ` θ̃
1
pHε

qd pXt ` Ytq

“pI ` IIqdt` dMt

where
Mt “

ż t

0
θ̃1pHε

qd pXt ` Ytq (2.4.6)

is a martingale.
We want to estimate I and II. First we remark that

— θ̃1pxq “ 2x
εx4`M̃x2`Ñ

,

— θ̃2pxq “ 2pεx4`M̃x2`Ñq´8εx4´4M̃x2

pεx4`M̃x2`Ñq2
ď 2

M̃x2`Ñ
.

Let us start with the first term, using Proposition 2.3.4.1 and Lemma 2.3.4.1:

I ď
2HεpεK2 `BK ` Cq

εpHεq4 ` M̃pHεq2 ` Ñ
ď
p8K ` 2C̃qpεK2 `BK ` Cq

εpHεq4 ` M̃pHεq2 ` Ñ
.
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Using Young inequality, there exist constants α̃ and β̃ such that

I ď
εK4 ` α̃K2 ` β̃

εpHεq4 ` M̃pHεq2 ` Ñ
.

Next, we use the bound Hε ě 1
2K ´ Cl stated in (2.3.4.1) and we distinguish two cases.

If K ď 4Cl then I ď 44C4
l `16α̃C2

l `β̃

Ñ
which is a constant. Otherwise pHεq2 ě p1

2K ´ Clq
2 ě

p1
4Kq

2 and

I ď
εK4 ` α̃K2 ` β̃

εp1
4Kq

4 ` M̃p1
4Kq

2 ` Ñ
.

Thus, choosing M̃ large enough yields that, I is bounded. Next we estimate II, using
Lemma 2.4.0.2. If K ď 4Cl, then

II ď
4Cφp1`Kq
M̃pHεq2 ` Ñ

ď
Cφp1` Clq

Ñ
.

Otherwise Hε ě 1
4K and

II ď
4Cφp1`Kq
M̃
16K

2 ` Ñ
,

which is bounded. Finally, for t ď τ εδ , I and II are bounded if we choose M̃, Ñ large
enough, and

dθ̃pHε
q ď Γ` dMt ñ θ̃pHε

q ď θ̃pHε
0q ` Γt`Mt

which concludes the proof.

Our aim is now to use the previous result to get a bound on K, following the scheme
in the proof of Lemma 2.4.0.1.

Lemma 2.4.0.4. There exists a stopping time τ ε and constants C,Γ ą 0 such that for
all t P r0, τ εs:

Kptq2 ď CeM̃pΓt`Mtq, (2.4.7)

where Mt is the martingale defined in equation (2.4.6).

Proof. The proof follows the same steps as the proof of deterministic Lemma 2.4.0.1. We
start from the inequality given by the Lemma 2.4.0.3

θ̃pHε
q ď θ̃pHε

0q ` Γt`Mt, for t ă τ εδ ,
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and we define the stopping time

τ ε1 “ inf
"

t : Γt`Mt ą
1

2
?

∆
ln
ˆ

pHε
0q

2 ´ r2

pHε
0q

2 ´ r1

˙*

^ τ εδ ,

where r1, r2, and ∆ are defined at the beginning of this subsection. Then, as in the proof
of Lemma 2.4.0.1 , for t ă τ ε1 we have, replacing x by pHεq2 and x0 by pHε

0q
2:

pHε
t q

2
ď
´r2 ppH

ε
0q

2 ´ r1q e
?

∆pΓt`Mtq ` r1 pH
ε
0q

2 ´ r2q

pHε
0q

2 ´ r2 ´ ppH t
0q

2 ´ r1q e
?

∆pΓt`Mtq

ď
2M̃

´

pHε
0q

2 ` 2 Ñ
M̃

¯

eM̃pΓt`Mtq

M̃ ´ 2ε2
`

pHε
0q

2 ` 2N
M

˘

eM̃pΓt`Mtq
.

Now, for

t ď τ ε “ inf

$

&

%

t : Γt`Mt ą
1
M̃

ln

¨

˝

M̃

2ε
´

2pHε
0q

2M̃ ` 4 Ñ
M̃

¯

˛

‚

,

.

-

^ τ εδ ^ T, (2.4.8)

we have
pHε

t q
2
ď 4

ˆ

pHε
0q

2
` 2 Ñ

M̃

˙

eM̃pΓt`Mtq.

We can easily verify as in Lemma 2.4.0.1 that τ ε ď τ ε1 . This bound on Hε will help us get
a bound on K. Here again we have two cases. If K ď 4Cl then K2 is obviously bounded.
Otherwise Hε ě 1

4K and thus

K2
ď 64

ˆ

pHε
0q

2
` 2 Ñ

M̃

˙

eM̃pΓt`Mtq.

We remark that the bound we obtained on K involves the martingale Mt. In order to
get a bound on the supremum over t ď τ ε of K we need to control the quadratic variation
of Mt. This is done in the following result.

Lemma 2.4.0.5. There exists a constant C such that

dxM,Myt ď Cdt,
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where Mt is the martingale defined in equation (2.4.6).

Proof. Our aim is to bound the quadratic variation of

Mt “ θ̃pHε
t q ´ θ̃pH

ε
0q ´

ż t

0
Lεθ̃pHε

s qds.

We recall that we explicitly know the expression of Mt:

Mt “

ż t

0
θ̃1pHε

s qd pXs ` Ysq

where Xt and Yt are respectively defined in (2.3.26) and (2.3.31). Thus we know that

dxM,Myt “
`

θ̃1pHε
q
˘2
dxX ` Y,X ` Y yt

ď
4pHεq2

`

εpHεq4 ` M̃pHεq2 ` Ñ
˘2Cφp1`Kqdt

(2.4.9)

according to Lemma 2.4.0.2. We use the bound from Lemma 2.3.4.1 to conclude that
dxM,Myt ď Cdt.

Now, this bound on the quadratic variation gives us a new result about the stopping
time τ ε.

Lemma 2.4.0.6. Let the initial conditions pu0,m0,m1q of equation (2.3.6) be in H1 ˆ

L2 ˆ 9H´1 ˆ pH2 X 9H´1q2 and pz0, ζ0q defined in (2.3.10). The stopping time τ ε defined in
(2.4.8) goes a.s. to T as ε goes to zero.

Proof. We denote by F pεq the quantity

1
M̃

ln

¨

˝

M̃

2ε
´

2pHε
0q

2M̃ ` 4 Ñ
M̃

¯

˛

‚

and we define, for T ą 0,
ηk “ sup

tPrk,k`1s^T
pΓt`Mtq.

We have used a martingale inequality (see [DPZ14, Theorem 3.14])

Erηks ď ΓT ` 3ErxM,My
1
2
pk`1q^T s ď CT
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thanks to Lemma 2.4.0.5. Then for δ ą 1

ÿ

kPN
Ppηk ą kδq ď CT

ÿ

kPN

1
kδ
ă `8

and thanks to Borel-Cantelli Lemma there exist two random variables X1 and X2 such
that almost surely, for every t P r0, T s, Γt`Mt ď X1` |t|

δX2. Thus almost surely τ ε ě τ̃ε

where
τ̃ε “ inf

tPr0,T s

 

X1 ` t
δX2 ą F pεq

(

which goes a.s. to T as ε goes to 0 because limεÑ0 F pεq “ `8.

Now we can estimate the bound on the supremum of Kt on the time interval r0, τ εs,
and prove Proposition 2.3.4.2.

Proof of Proposition 2.3.4.2. From equation (2.4.7), we deduce

sup
tďτε

pKtq
2
ď CeM̃Γτε sup

tďτε
eM̃Mt .

On the other hand, we have by Ito’s formula

eM̃Mt “ 1`
ż t

0
M̃eM̃MsdMs `

M̃2

2

ż t

0
eM̃MsdxM,Mys

where we have already shown that dxM,Myt ď Cdt. Thus thanks to a martingale inequal-
ity (see [DPZ14, Theorem 3.14]), we get

E
„

sup
tďτε

pKtq
2


ď CpT q

ˆ

1` E
„

x

ż T

0
eM̃MsdMsy

1
2



` E
„

sup
tďτε

ż t

0
eM̃MsdxM,Mys

˙

and using Cauchy-Schwarz inequality on the last expectation, we have

E
„

sup
tďτε

pKtq
2


ď CpT q

˜

1` E
„ˆ

ż T

0
e2M̃MsdxM,Mys

˙

1
2
¸

. (2.4.10)
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We want to control the expectation, and using Girsanov formula:

E
„
ż T

0
e2M̃Msds



“

ż T

0
E
”

e2M̃Ms´x2M̃Msy`x2M̃Msy
ı

ds

ď

ż T

0
E
”

e4M̃Ms´2x2M̃Msy
ı

1
2 E

”

e2x2M̃Msy
ı

1
2
ds

ď

ż T

0
e4M̃2Csds

hence finally, we get

E
„

sup
tďτε

pKtq
2


ď CpT q.

Proof of Proposition 2.3.4.3. According to Propostion 2.3.4.1, we have

Lε
pHε

q ` α
∥∥∥?εV ∥∥∥2

L2
ď εK2

`BK ` C. (2.4.11)

Now, we know that fot t ď τ ε

Hε
t ` α

ż t

0

∥∥∥?εV ∥∥∥2

L2
ds “

ż t

0
Lε
pHε

s q `
∥∥∥?εV ∥∥∥2

L2
ds` pXt ` Ytq `H

ε
0

where Xt and Yt are the martingales defined in equation (2.3.26) and (2.3.31). We also
have from Lemma 2.3.4.1 that 1

2K ´ Cl ď Hε, and thanks to the previous equation we
get:

1
2Kptq ` α

ż t

0

∥∥∥?εV ∥∥∥2

L2
ds ď

ż t

0
pεK2

`BK ` Cqds` pXt ` Ytq ` C.

It implies that

E
„

sup
tďτε

Kptq `α

ż τε

0

∥∥∥?εV ∥∥∥2

L2
ds



ď C ` C

ż T

0
E
„

sup
tďτε

pKptqq2


ds` E
„

sup
tďτε

pXt ` Ytq



,
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and using Proposition 2.3.4.2 and a martingale inequality, which can be found in [DPZ14,
Theorem 3.14], we obtain:

E
„

sup
tďτε

Kptq ` α
∥∥∥?εV ∥∥∥2

L2pr0,τεq,L2q
ds



ď CpT q ` 3E
”

xX ` Y,X ` Y y
1
2

ı

. (2.4.12)

According to Lemma 2.4.0.2 and Proposition 2.3.4.2 we get

E
„

1
2 sup
tďτε

Kptq ` α
∥∥∥?εV ∥∥∥2

L2pr0,τεq,L2q
ds



ď CpT q ` CφE
„

sup
tďτε

p1`Kq


ď CpT q,

which concludes the proof.

We would like to propose another proof of Proposition 2.3.4.2, with another stopping
time that we will still denote by τ ε. This second proof is simpler, but we think it is
interesting to write these two methods because the stopping time introduced in the first
proof is more explicit than the one in the second proof.

Second proof of Proposition 2.3.4.2. First we prove that there exists CpT q ą 0 and a
stopping time τ ε going to T in probability as ε goes to 0 such that

E
„

sup
tďτε

pHε
t q

2


ď CpT q.

We start from Propostion 2.3.4.1, which states that

Lε
pHε

t q ď εK2
t `BKt ` C,

where K is defined in (2.3.22). It gives us that

dHε
t ď pεK

2
`BK ` Cqdt` dNt

with Nt the martingale defined by Nt “ Xt ` Yt, where Xt and Yt are introduced re-
spectively in (2.3.26) and (2.3.31). We are interested in an estimate for pHεq2, so we use
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Lemma 2.3.4.1 to get with the Itô formula:

dpHε
t q

2
“2Hε

t dH
ε
t `H

ε
t dxH

ε, Hε
yt

ď2Hε
t

`

4εpHε
t q

2
`BHε

t ` C
˘

dt` 2Hε
t dNt `H

ε
t dxN,Nyt.

Then we use Lemma 2.4.0.2 and Young’s inequality to obtain

dpHε
t q

2
ď
`

ε2
pHε

t q
4
`BpHε

t q
2
` C

˘

dt` 2Hε
t dNt,

where the constants B and C might be slightly different, but still independent of ε. Now
we introduce the stopping time

τ ε “ inf
 

t P r0, T s; ε2
pHε

t q
2
ě 1

(

^ τ εδ , (2.4.13)

with τ εδ the stopping time defined in (2.3.12). For t ď τ ε we get

dpHε
t q

2
ď
`

p1`BqpHε
t q

2
` C

˘

dt` 2Hε
t dNt,

which can be rewritten under its integral form:

pHε
t q

2
ď pH0q

2
` Ct`

ż t

0
p1`BqpHε

s q
2ds` 2

ż t

0
Hε
sdNs.

Taking the expectation of this last inequality, we use Grönwall’s Lemma and obtain the
estimate:

E
“

pHε
t^τεq

2‰
ď
`

C ` E
“

pH0q
2‰˘ ep1`Bqt^τ

ε

, (2.4.14)

Finally, we can estimate the supremum over r0, τ εs:

E
„

sup
tďτε

pHε
t q

2


ďpH0q
2
` CT ` p1`BqE

„
ż T^τε

0
pHε

s q
2ds



` E
„

sup
tďτε

ż t

0
2Hε

sdNs



ďpH0q
2
` CT ` p1`BqE

„
ż T^τε

0
pHε

s q
2ds



` E
„
ż T^τε

0
pHε

s q
2dxN,Ny

1
2
s



where we used a martingale inequality which can be found for example in [DPZ14, The-
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orem 3.14]. Now using Lemma 2.4.0.2, we can write

E
„

sup
tďτε

pHε
t q

2


ďpH0q
2
` CT ` p1` Cφ `BqE

„
ż T^τε

0
pHε

s q
2ds



` CφE

«

ˆ
ż T^τε

0
pHε

s q
3ds

˙

1
2
ff

ďpH0q
2
` CT ` CE

„
ż T^τε

0
pHε

s q
2ds



` CφE

«

ˆ

sup
tďτε

pHε
t q

2
˙

1
2
ˆ
ż T^τε

0
pHε

s q
2ds

˙

1
2
ff

,

and finally,

1
2E

„

sup
tďτε

pHε
t q

2


ďpH0q
2
` CT ` CE

„
ż T^τε

0
pHε

s q
2ds



,

which allows us to conclude thanks to equation (2.4.14). It remains to prove the behavior
of τ ε as ε goes to 0. We simply use Markov’s inequality:

P pτ ε ă T q “P
ˆ

sup
tďτε

pHε
t q

2
ě

1
ε2

˙

ďε2CpT q,

which concludes the proof of Proposition 2.3.4.2, since K is bounded by Hε thanks to
Lemma 2.3.4.1.

Proof of Lemma 2.3.6.3. We want to compute kpx, yq “

Eν rzpxqM´1zpyq ` zpyqM´1zpxqs. We know from Lemma 2.3.2.1 that M´1z “

pB2
xq
´1ζ ` αpB2

xq
´1z. We start by computing the term Eν rzpxqpB2

xq
´1zpyqs. According to

equation (2.3.17), this term is equal to

ÿ

kPN

ż 8

0
pSαptqp0, φekqq1pxqpB2

xq
´1
pSαptqp0, φekqq1pyqdt
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with

pSαptqp0, φekqq1pxq “2e´α
2 t

ż

|ξ|ďα
2

sinh
ˆ?

α2 ´ 4ξ2

2 t

˙

φ̂ekpξq
?
α2 ´ 4ξ2 e

ixξdξ

` 2e´α
2 t

ż

|ξ|ěα
2

sin
ˆ?

4ξ2 ´ α2

2 t

˙

φ̂ekpξq
?

4ξ2 ´ α2 e
ixξdξ,

where we have used (2.1.3) and (2.1.4). Thus we compute

4
ÿ

kPN

ż 8

0
e´αt

«

ż

|ξ|ďα
2

sinh
ˆ?

α2 ´ 4ξ2

2 t

˙

φ̂ekpξq
?
α2 ´ 4ξ2 e

ixξdξ

`

ż

|ξ|ěα
2

sin
ˆ?

4ξ2 ´ α2

2 t

˙

φ̂ekpξq
?

4ξ2 ´ α2 e
ixξdξ

ff

«

ż

|η|ďα
2

sinh
ˆ?

α2 ´ 4η2

2 t

˙

{pB2
xq
´1φekpηq

?
α2 ´ 4η2 eiyηdη

`

ż

|η|ěα
2

sin
ˆ?

4η2 ´ α2

2 t

˙

{pB2
xq
´1φekpηq

?
4η2 ´ α2 eiyηdη

ff

dt

“I ` II ` III ` IV.

We focus on the computation of the low frequency product:

I “ 2
ÿ

kPN

ż

|ξ|ďα
2

ż

|η|ďα
2

φ̂ekpξq
?
α2 ´ 4ξ2

{pB2
xq
´1φekpηq

?
α2 ´ 4η2 eipxξ`yηq

ż 8

0
e´αt

„

cosh
ˆ?

α2 ´ 4ξ2

2 t`

?
α2 ´ 4η2

2 t

˙

´ cosh
ˆ?

α2 ´ 4ξ2

2 t´

?
α2 ´ 4η2

2 t

˙

dtdηdξ.

The term in the time integral is equal to

1
2

„

1
α ´ 1

2
?
α2 ´ 4ξ2 ´ 1

2
?
α2 ´ 4η2 `

1
α ` 1

2
?
α2 ´ 4ξ2 ` 1

2
?
α2 ´ 4η2

´
1

α ´ 1
2
?
α2 ´ 4ξ2 ` 1

2
?
α2 ´ 4η2 ´

1
α ` 1

2
?
α2 ´ 4ξ2 ´ 1

2
?
α2 ´ 4η2



“
α
?
α2 ´ 4ξ2

?
α2 ´ 4η2

pξ2 ´ η2q2 ` 2α2pξ2 ` η2q
,
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so that

I “ 2α
ÿ

kPN

ż

|ξ|ďα
2

ż

|η|ďα
2

φ̂ekpξq {pB2
xq
´1φekpηq

pξ2 ´ η2q2 ` 2α2pξ2 ` η2q
eipxξ`yηqdηdξ.

We can do similar computations for the other products, and we obtain

Eν
“

zpxqpB2
xq
´1zpyq

‰

“
ÿ

kPN

ż

R

ż

R
K1pξ, ηqφ̂ekpξqφ̂ekpηqe

ipxξ`yηqdηdξ, (2.4.15)

with
K1pξ, ηq “ ´

1
η2 ˆ

2α
pξ2 ´ η2q2 ` 2α2pξ2 ` η2q

. (2.4.16)

The computation of Eν rzpxqpB2
xq
´1ζpyqs is very similar so that we do not write it in details.

We obtain

Eν
“

zpxqpB2
xq
´1ζpyq

‰

“´
α

2Eν
“

zpxqpB2
xq
´1zpyq

‰

`
ÿ

kPN

ż

R

ż

R
K2pξ, ηqφ̂ekpξqφ̂ekpηqe

ipxξ`yηqdηdξ,
(2.4.17)

with
K2pξ, ηq “ ´

1
η2 ˆ

α2 ` ξ2 ´ η2

pξ2 ´ η2q2 ` 2α2pξ2 ` η2q
. (2.4.18)

Finally, defining Kpξ, ηq “ α
2K1pξ, ηq `K2pξ, ηq we obtain

Eν
“

zpxqM´1zpyq `zpyqM´1zpxq
‰

“
ÿ

kPN

ż

R

ż

R
pKpξ, ηq `Kpη, ξqq φ̂ekpξqφ̂ekpηqe

ipxξ`yηqdηdξ

“ ´
ÿ

kPN

ż

R

ż

R

1
ξ2η2 φ̂ekpξqφ̂ekpηqe

ipxξ`yηqdηdξ

(2.4.19)

which gives us the result of Lemma 2.3.6.3.
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Chapter 3

ASYMPTOTIC PRESERVING SCHEMES

Introduction

This chapter is devoted to numerical results obtained in our study of the stochastic
Zakharov system

#

iBtX
ε
t “ ´B

2
xX

ε
t ` n

ε
tX

ε
t

ε2dpBtn
ε
tq ` αεBtn

ε
t “ B

2
x pn

ε
t ` |X

ε
t |

2q dt` φdWt

. (3.0.1)

More precisely we try to construct a numerical scheme which approximates the stochastic
Zakarov system, and which converges to a numerical scheme approximating the stochastic
Nonlinear Schrödinger equation, limit of Zakharov system as ε goes to 0:

idXt “
`

´B
2
xXt ´ |Xt|

2Xt ´ iXtF
˘

dt´XtpB
2
xq
´1φdWt, (3.0.2)

the last two terms corresponding to the Stratonovitch noise Xt ˝ pB
2
xq
´1φdWt. For this

purpose we study the methods of Asymptotic Preserving schemes. First notions of the
AP schemes were developed in [Jin99] for multiscale partial differential equations, and
similar studies can be found in [HJL17], [Jin12],[Pup19]. In the domain of stochastic
partial differential equations, we can cite numerical results as for examples [BSDDM05]
and [DDM02], where the authors study the focusing Nonlinear Schrödinger equation in
dimension 1 and 2. Cohen and Dujardin also introduce in [CD17] an explicit exponential
integrator to present numerical experiments on Nonlinear Schrödinger equations with
white noise dispersion, and develop this notion for the stochastic Manakov equation in
[BCD20]. Asymptotic Preserving properties and numerical schemes were then studied for
stochastic equations in [AF19], [DM16] and [Mar06]. This kind of numerical schemes allows
us to approximate simultaneously the original multiscale model and its limit. Indeed, there
exist numerical schemes, which are consistent for any fixed value of ε ą 0, but which
limiting schemes are not consistent with the good interpretation of the noise, namely
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the Stratonovich interpretation. We can refer to [FG18] or [LAE08] for examples of such
schemes. The definition of AP schemes for stochastic differential equations is detailed in
[BRR22]. In the deterministic setting, some numerical schemes have been studied for the
Zakharov system, and its behavior as ε gets close to 0. One refers, for example, to [Su18],
where the author presents three different schemes based on an exponential wave integrator
in phase for the wave equation in (3.0.1) and a time-splitting technique for the Shrödinger
equation in (3.0.1), in order to compare their convergence rates in time in the subsonic
limit regime ε ăă 1.

We begin with simple models of stochastic differential equations in order to expose in
a simplified context the theory of Asymptotic Preserving schemes, and then we try to get
closer to a stochastic differential system which could correspond to the equations satisfied
by the Fourier modes of the solution of (3.0.1) without the nonlinearity. Finally we work
on the infinite-dimensional case, where the Asymptotic Preserving schemes theory is no
longer available. In this case we provide numerical simulations which seem to show the
convergence to the solution of a numerical scheme encoding the solution of (3.0.2).

3.1 Definition of AP scheme and first example

We are interested in the following equation: for t ě 0
$

’

’

&

’

’

%

BtX
ε
t “

σpXε
t qn

ε
t?

ε

Btn
ε
t “ mε

t

dmε
t “

`

´α
ε
mε
t ´

λ
ε2n

ε
t

˘

dt` 1
ε

3
2
dBt

. (3.1.1)

Here, Xε
t and mε

t are R-valued processes, σ is a C2
b pRq function, Bt is a real Brownian

motion, α and λ are two positive constants. It can be shown that this equation converges
as ε goes to 0, to the following stochastic differential equation:

dXt “
σpXtq

λ
˝ dBt “

1
2λ2σpXtqσ

1
pXtqdt`

σpXtq

λ
dBt, (3.1.2)

where ˝dBt denotes the Stratonovitch convention. The aim here is to create an AP scheme
for this problem. Let T ą 0, N P N and let ∆t “ T

N
denote the time-step size. Let

pγkq0ďkďN´1 be a family of independent standard R-valued Gaussian random variables. We
assume that the initial conditions X0 P R and pnε0,mε

0q P R2 are deterministic quantities

190



satisfying
Xε

0 “ xε0 ÝÑεÑ0
x0, sup

εPp0,1s
|nε0| ă 8, sup

εPp0,1s
|mε

0| ă 8. (3.1.3)

If we denote by Lε the infinitesimal generator of pXε,mε, nεq we have

Lεϕpx, n,mq “
1
?
ε
nσpxqBxϕ`mBnϕ´

ˆ

α

ε
m`

λ

ε2n

˙

Bmϕ`
1

2ε3B
2
mϕ. (3.1.4)

Now we can define our numerical scheme based on the scheme (1.6) introduced in [BRR22]
but adapted to the second order equation in time in (3.0.1):

$

’

’

’

’

’

&

’

’

’

’

’

%

nεk`1´n
ε
k

∆t “ mε
k` 1

2
mεk`1´m

ε
k

∆t “ ´α
ε
mε
k` 1

2
´ λ

ε2n
ε
k` 1

2
` 1

ε
3
2
?

∆t
γk

Y εk`1´X
ε
k

∆t “ σpXε
kq

1?
ε
nε
k` 1

2
Xε
k`1´X

ε
k

∆t “
σpXε

kq`σpY
ε
k`1q

2
1?
ε
nε
k` 1

2

, (3.1.5)

where mk` 1
2
“

mk`1`mk
2 . Note that we can define this scheme using an operator denoted

by Φε
∆t:

@n P t0, 1, ¨ ¨ ¨ , N ´ 1u, pXε
k`1, n

ε
k`1,m

ε
k`1q “ Φε

∆tpX
ε
k, n

ε
k,m

ε
k, γkq. (3.1.6)

We are interested by the asymptotic preserving property of our scheme. Thus we need to
introduce a limiting scheme, which approximates the limiting equation (3.1.2). We denote
this numerical scheme by pXkqkPv0,Nw, and we define it in the same way as for the scheme
(3.1.5) using an operator denoted by Φ∆t:

@n P t0, 1, ¨ ¨ ¨ , N ´ 1u, Xk`1 “ Φ∆tpXk, γkq. (3.1.7)

We recall the definition of an asymptotic preserving numerical scheme, which can be found
in [RR21]. We first state three assumptions.

Assumptions 3.1.0.1. 1. The operator Φε
∆t is defined for all ε P p0, 1s and all ∆t P

p0,∆t0s, where ∆t0 ą 0 is independent of ε, and

sup
εPp0,1s

sup
∆tPp0,∆t0s

sup
kPN

E r|nεk|2 ` ε2|mε
k|

2s

1` E r|nε0|2 ` ε2|mε
0|

2s
ă 8. (3.1.8)

2. For all ε P p0, 1s, the numerical scheme (3.1.5) is consistent in the weak sense with
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the system (3.1.1): for all bounded continuous function ϕ:

ErϕpXε
N , n

ε
N ,m

ε
Nqs ÝÑ

NÑ`8
ErϕpXε

T , n
ε
T ,m

ε
T qs.

3. For every ∆t P p0,∆t0s, there exists a limiting scheme pXkqk, given in (3.1.7), such
that for every bounded continuous function ϕ:

ErϕpXε
Nqs ÝÑεÑ0

ErϕpXNqs.

With these assumptions, we can give the definition of an asymptotic preserving scheme.

Definition 3.1.0.1. Let Assumptions 3.1.0.1 be satisfied. The scheme (3.1.5) is said to
be asymptotic preserving if the limiting scheme given in the third assumption is consistent
in the weak sense with the limiting equation (3.1.2): for all bounded continuous function
ϕ:

ErϕpXNqs ÝÑ
NÑ`8

ErϕpXT qs

Note that the definition that we gave is similar to [BRR20, Definition 3.4]. The only
differences is that we adapted [BRR20, Property 3.1] to our problem, and that the third
assumption in Assumptions 3.1.0.1 replaces Property 3.3 in [BRR20]. In [BRR20] it is only
assumed that the weak convergence is true for one time step, but without the uniform
convergence property, it is not possible to recover our assumption, which is necessary for
the definition of an asymptotic preserving scheme.

We also would like to give details about a remark mentionned in [BRR20], which gives
a way to prove the weak consistency of the scheme with ε ą 0 fixed and of the limiting
scheme.

Lemma 3.1.0.1. The second point of Assumptions 3.1.0.1, namely the weak consistency
of the scheme (3.1.5), can be verified using the following sufficient criterion: for all ϕ P
C4
b pRˆ Rˆ Rq, when ∆t goes to 0:

E rϕ pΦε
∆tpx, n,m, γqqs “ ϕpx, n,mq `∆tLεϕpx, n,mq `Rp∆t, ε, ϕ, x, n,mq, (3.1.9)

where the last term satisfies |Rp∆t, ε, ϕ, x, n,mq| ď Cpϕ, εq p1` |n|2 ` |m|2q∆t 3
2 for some

constant Cpϕ, εq ą 0.
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Proof. Let ϕ P C4
b pR3q, and ε ą 0 fixed. Then

E rϕ pXε
pT, xq, nεpT, nq,mε

pT,mqqs ´ E rϕ pXε
N , n

ε
N ,m

ε
Nqs

“ upT, x, n,mq ´ Erup0, Xε
N , n

ε
N ,m

ε
Nqs,

where u is the solution of
#

Btupt, x, n,mq “ E rLεϕ pXεpt, xq, nεpt, nq,mεpt,mqqs

up0, x, n,mq “ ϕpx, n,mq
.

We compute

upT, x, n,mq´Erup0, Xε
N , n

ε
N ,m

ε
Nqs

“ ´

N´1
ÿ

k“0
ErupT ´ tk`1, X

ε
k`1, n

ε
k`1,m

ε
k`1q ´ upT ´ tk, X

ε
k, n

ε
k,m

ε
kqs

“ ´

N´1
ÿ

k“0
Er
`

upT ´ tk`1, X
ε
k`1, n

ε
k`1,m

ε
k`1q ´ upT ´ tk`1, X

ε
k, n

ε
k,m

ε
kq
˘

` pupT ´ tk`1, X
ε
k, n

ε
k,m

ε
kq ´ upT ´ tk, X

ε
k, n

ε
k,m

ε
kqqs.

Now, conditioning by pXε
k, n

ε
k,m

ε
kq and using (3.1.9), we get

upT, x,n,mq ´ Erup0, Xε
N , n

ε
N ,m

ε
Nqs

“ ´

N´1
ÿ

k“0
∆tE rLεϕ pXε

pT ´ tk`1, X
ε
kq, n

ε
pT ´ tk`1, n

ε
kq,m

ε
pT ´ tk`1,m

ε
kqqs

` ErRp∆t, ε, ϕ,Xε
k, n

ε
k,m

ε
kqs

´ E
ż tk`1

tk

Lεϕ pXε
pT ´ s,Xε

kq, n
ε
pT ´ s, nεkq,m

ε
pT ´ s,mε

kqq ds.

Thanks to the assumption made on R and using (3.1.8) in Assumptions 3.1.0.1, we know
that

N´1
ÿ

k“0
Rp∆t, ε, ϕ,Xε

k, n
ε
k,m

ε
kq ď Cpϕ, εq

N´1
ÿ

k“0
p1` |nεk|2 ` |mε

k|
2
q∆t 3

2

ď Cpϕ, εqp1` 1
ε2 qEr|n

ε
0|

2
` ε2

|mε
0|

2
s
?

∆t.
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It remains to estimate the following quantity:

E

«

∆tLεϕpXε
pT ´ tk`1, X

ε
kq, n

ε
pT ´ tk`1, n

ε
kq,m

ε
pT ´ tk`1,m

ε
kqq

´

ż tk`1

tk

Lεϕ pXε
pT ´ s,Xε

kq, n
ε
pT ´ s, nεkq,m

ε
pT ´ s,mε

kqq ds



“ E

«

ż tk`1

tk

LεϕpXε
pT ´ tk`1, X

ε
kq, n

ε
pT ´ tk`1, n

ε
kq,m

ε
pT ´ tk`1,m

ε
kqq

´ Lεϕ pXε
pT ´ s,Xε

kq, n
ε
pT ´ s, nεkq,m

ε
pT ´ s,mε

kqq ds

ff

.

Denoting by v the function LεϕpXεp¨, Xε
kq, n

εp¨, nεkq,m
εp¨,mε

kqq, we have by Itô formula

vpT´tk`1q ´ vpT ´ sq

“

ż tk`1

s

DxLεϕpXε
pT ´ τ,Xε

kq, n
ε
pT ´ τ, nεkq,m

ε
pT ´ τ,mε

kqqdX
ε
τ

`

ż tk`1

s

DnLεϕpXε
pT ´ τ,Xε

kq, n
ε
pT ´ τ, nεkq,m

ε
pT ´ τ,mε

kqqdn
ε
τ

`

ż tk`1

s

DmLεϕpXε
pT ´ τ,Xε

kq, n
ε
pT ´ τ, nεkq,m

ε
pT ´ τ,mε

kqqdm
ε
τ

`
1
2

ż tk`1

s

D2
mLεϕpXε

pT ´ τ,Xε
kq, n

ε
pT ´ τ, nεkq,m

ε
pT ´ τ,mε

kqqdxm
ε,mε

yτ .

Then, using the boundedness of the functions ϕ and σ in (3.1.5), and (3.1.8) in Assump-
tions 3.1.0.1, we can bound all these quantities and we get that

E rvpT ´ tk`1q ´ vpT ´ sqs ď Cpϕ, σ, εqEr|nε0|2 ` ε2
|mε

0|
2
s∆t,

and as we integrate this term between tk and tk`1, we obtain:

|E rϕ pXε
pT, xq, nεpT, nq,mε

pT,mqqs ´ E rϕ pXε
N , n

ε
N ,m

ε
Nqs |

ď

N´1
ÿ

k“0
Cpϕ, εqEr|nε0|2 ` ε2

|mε
0|

2
s∆t2

ď Cpϕ, εqEr|nε0|2 ` ε2
|mε

0|
2
s∆t,

and thus, we have the weak consistency stated in the second point of Assumptions 3.1.0.1.
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We prove the following result.

Proposition 3.1.0.1. Under assumption (3.1.3), the numerical scheme (3.1.5) is asymp-
totic preserving in the sense of Definition 3.1.0.1. Moreover, the limiting scheme is given
by

#

Yk`1 “ Xk `
?

∆t
λ
σpXkqγk

Xk`1 “ Xk `
?

∆t
λ

σpXkq`σpYk`1q
2 γk

. (3.1.10)

Proof of Proposition 3.1.0.1. First we can prove that the process pnεk,mε
kqk satisfies

(3.1.8). This is done in Appendix with nε
k` 1

2
and mε

k` 1
2
replaced by nεk`1 and mε

k`1 in
order to minimize the technicalities of the proof, but the arguments are the same for the
scheme (3.1.5). The bound (3.1.8) in Assumptions 3.1.0.1 ensures that εmε

k and nεk are
bounded in L1pΩq. According to (3.1.5) we have

ε
3
2
mε
k`1 ´m

ε
k

∆t “ ´α
?
ε
nεk`1 ´ n

ε
k

∆t ´
λ
?
ε
nεk` 1

2
`

1
?

∆t
γk,

thus in L1pΩq:
lim
εÑ0

λ
?
ε
nεk` 1

2
“

1
?

∆t
γk. (3.1.11)

According to this convergence, we can prove by a recursion argument that for every
k P v0, Nw, Xε

k converges in probability to Xk and Y ε
k converges in probability to Yk as ε

goes to 0, with Xk and Yk defined by the limiting scheme (3.1.10). Indeed, it is true for
k “ 0 because of Assumption (3.1.3). Besides for η, δ ą 0 we have

Pp|Y ε
k`1 ´ Yk`1| ě δq

“Pp|Xε
k ´Xk `∆tσpXε

kqp
1
?
ε
nεk` 1

2
´

1
λ
?

∆t
γkq `

?
∆t
λ
pσpXε

kq ´ σpXkqqγk| ě δq

ďPp|Xε
k ´Xk| ě

δ

3q ` Pp∆tM | 1
?
ε
nεk` 1

2
´

1
λ
?

∆t
γk| ě

δ

3q

` Pp
L
?

∆t
λ

|γk||X
ε
k ´Xk| ě

δ

3q,

where σpxq ďM and L is the Lipschitz constant of σ. We deal with the first two terms of
the right-hand side of the inequality using the recursion assumption and the convergence
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in L1pΩq of 1?
ε
nk` 1

2
. For the last term, we have

Pp
L
?

∆t
λ

|γk||X
ε
k ´Xk| ě

δ

3q ď Pp|γk| ě Rq ` Pp|Xε
k ´Xk| ě

δλ

3RL
?

∆t
q.

Thus for R large enough and ε small enough, we get that Pp|Y ε
k`1 ´ Yk`1| ě δq ď η. The

procedure is the same for Xε
k and Xk. Thanks to this convergence in probability, we obtain

that for every bounded continuous function ϕ

ErϕpXε
Nqs ÝÑεÑ0

ErϕpXNqs,

where pXkqk is defined by the limiting scheme (3.1.10). We have proved that the numerical
scheme (3.1.5) converges to the limiting scheme (3.1.10), which corresponds to the third
item of Assumption 3.1.0.1. It remains to prove that the schemes (3.1.5) and (3.1.10) are
consistent with (3.1.1) and (3.1.2), respectively.

On one hand let ε ą 0 be fixed. To prove the consistency of (3.1.5) with (3.1.1) it is
sufficient to prove that, for every ϕ P C2

b pRˆ Rˆ Rq, when ∆t goes to 0,

E
“

ϕpXε
k`1, n

ε
k`1,m

ε
k`1q

‰

“E rϕpXε
k, n

ε
k,m

ε
kqs `∆tE rLεϕpXε

k, n
ε
k,m

ε
kqs

`Rp∆t, ε, ϕ,Xε
k, n

ε
k,m

ε
kq,

(3.1.12)

with R a function satisfying the same assumption as the function R in (3.1.9). We first
prove that

pXε
k`1, Y

ε
k`1, n

ε
k`1,m

ε
k`1q “ pX

ε
k, X

ε
k, n

ε
k,m

ε
kq ` κ

ε

ˆ

1
2

˙

,

where κε denotes any random function such that

Er|κεppq|s ď Cpϕ, ε, nε0,m
ε
0q∆tp. (3.1.13)

For example the equation on nεk`1 gives us nεk`1 “ nεk`κ
εp1q with κεp1q “ ∆tmε

k` 1
2
which

is bounded in L1pΩq according to (3.1.8). The boundedness of σ and the estimate (3.1.8)
gives us the result. Indeed, we have

E
“

|Y ε
k`1 ´X

ε
k|
‰

“
∆t
?
ε
E
”

|σpXε
kqn

ε
k` 1

2
|

ı

ď C
∆t
?
ε
E
”

|nεk` 1
2
|

ı

,
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which proves the result for Y ε
k`1 using (3.1.8). The procedure is the same for Xε

k`1. Hence,
using again (3.1.5):

nεk`1 “ nεk `∆tmε
k ` κ

ε

ˆ

3
2

˙

,

mε
k`1 “ mε

k ´
α∆t
ε
mε
k ´

λ∆t
ε2 nεk `

?
∆t
ε

3
2
γk ` κ

ε

ˆ

3
2

˙

,

Xε
k`1 “ Xε

k `
∆t
?
ε
σpXε

kqn
ε
k ` κ

ε
p2q.

Thanks to these estimates we can prove (3.1.12):

E
“

ϕpXε
k`1, n

ε
k`1,m

ε
k`1q

‰

“ E
„

ϕpXε
k, n

ε
k`1,m

ε
k`1q `

∆t
?
ε
σpXε

kqn
ε
kBxϕpX

ε
k, n

ε
k`1,m

ε
k`1q ` κ

ε
p2q



“ E
„

ϕpXε
k, n

ε
k,m

ε
k`1q `∆tmε

kBnϕpX
ε
k, n

ε
k,m

ε
k`1q

`
∆t
?
ε
σpXε

kqn
ε
kBxϕpX

ε
k, n

ε
k`1,m

ε
k`1q ` κ

ε

ˆ

3
2

˙

.

Since BnϕpX
ε
k, n

ε
k,m

ε
k`1q “ BnϕpX

ε
k, n

ε
k,m

ε
kq ` κε

`1
2

˘

and BxϕpX
ε
k, n

ε
k`1,m

ε
k`1q “

BxϕpX
ε
k, n

ε
k,m

ε
kq ` κ

ε
`1

2

˘

, we get

E
„

ϕpXε
k, n

ε
k,m

ε
k`1q `∆tmε

kBnϕpX
ε
k, n

ε
k,m

ε
k`1q

`
∆t
?
ε
σpXε

kqn
ε
kBxϕpX

ε
k, n

ε
k`1,m

ε
k`1q ` κ

ε

ˆ

3
2

˙

“ E
„

ϕpXε
k, n

ε
k,m

ε
k`1q `∆tmε

kBnϕpX
ε
k, n

ε
k,m

ε
kq

`
∆t
?
ε
σpXε

kqn
ε
kBxϕpX

ε
k, n

ε
k,m

ε
kq ` κ

ε

ˆ

3
2

˙

.

(3.1.14)

Besides, the estimate on mε
k`1 found using (3.1.5) gives us

E
“

ϕpXε
k, n

ε
k,m

ε
k`1q

‰

“E
„

ϕpXε
k, n

ε
k,m

ε
kq ´∆t

ˆ

α

ε
mε
k `

λ

ε2n
ε
k

˙

BmϕpX
ε
k, n

ε
k,m

ε
kq

`

?
∆t
ε

3
2
γkBmϕpX

ε
k, n

ε
k,m

ε
kq `

∆t
2ε3γ

2
kB

2
mϕpX

ε
k, n

ε
k,m

ε
kq ` κ

ε

ˆ

3
2

˙

ff

.
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The expectation of the term of order 1
2 in ∆t vanishes using the independence between

pXε
k, n

ε
k,m

ε
kq and the standard Gaussian random variable γk. Then if we replace the ex-

pression of E
“

ϕpXε
k, n

ε
k,m

ε
k`1q

‰

in (3.1.14), we can observe that the infinitesimal generator
Lεϕ is obtained by grouping all the terms of order 1 in ∆t. Hence, (3.1.12) follows with the
function Rp∆t, ε, ϕ, x, n,mq given by E

“

κε
`3

2

˘‰

, where κε
`3

2

˘

appears in the last equation,
and obviously satisfies the conditions of Lemma 3.1.0.1.

On the other hand, recalling that pXkq is given by the numerical scheme defined by
(3.1.10), it remains to prove that for every function ϕ P C2

b pRq, when ∆t goes to 0,

E rϕpXk`1qs “ E rϕpXkqs `∆tE rLϕpXkqs ` R̃pϕ,∆t,Xkq, (3.1.15)

where L is the infinitesimal generator of the process Xt solution of (3.1.2), given by

Lϕpxq “ 1
2λ2σ

1
pxqσpxqϕ1pxq `

1
2λ2σ

2
pxqϕ2pxq,

and R̃ is a function such that |R̃pϕ,∆t, xq| ď Cpϕq∆t 3
2 . Performing an expansion at order

?
∆t, we get

σpXkq ` σpYk`1q

2 “ σpXkq `

?
∆t

2λ σpXkqσ
1
pXkqγk ` κp1q,

with κ denoting any random function such that Erκppqs ď Cpϕq∆tp. It allows us to obtain
the following expansion for Xk`1:

Xk`1 “ Xk `

?
∆t
λ

σpXkqγk `
∆t
2λ2σpXkqσ

1
pXkqγ

2
k ` κp

3
2q.

Since γk is centered and γk and Xk are independant random variables, we obtain (3.1.15)
using similar computations as those used to obtain (3.1.12). This proves Proposition
3.1.0.1.

Now we compare the scheme (3.1.5) for ε “ 0.01 and different values of ∆t with a
Milstein scheme for the limit equation. In our implementations, we take σpxq “ cosp2πxq.
Figure 3.1 shows us that in the case of small ε, for the smallest value of ∆t, the AP scheme
behaves almost as the Milstein scheme, which is defined by

Xk`1 “ Xk `

?
∆t
λ

σpXkqγk `
∆t
2λ2σpXkqσ

1
pXkqγ

2
k. (3.1.16)
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Figure 3.1 – AP scheme for different values of ∆t, with σpxq “ cosp2πxq, ε “ 0.01, and
comparison with Milstein scheme.

We also give an illustration of the convergence as ε goes to zero. Figure 3.2 represents
the AP scheme (3.1.5) for three different values of ε, and compares it with the Milstein
scheme (3.1.16) encoding the limit equation (3.1.2). For the smallest value of ε, the AP
scheme is almost indistinguishable of the Milstein scheme.

Figure 3.2 – AP scheme for different values of ε, with σpxq “ cosp2πxq, ∆t “ 1.10´3, and
comparison with Milstein scheme.
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3.2 ODE of Schrödinger type

Now we consider a slightly different equation, which is for t ě 0
$

’

’

&

’

’

%

BtX
ε
t “ i

´

µXε
t `

1?
ε
Xε
t n

ε
t

¯

Btn
ε
t “ mε

t

dmε
t “ ´

α
ε
mε
t ´

λ
ε2n

ε
t `

1
ε

3
2
dBt

, (3.2.1)

with α, λ, µ ě 0. Here the process nε satisfies the same equation as in Equation (3.1.1) but
the process Xε satisfies an equation which is more similar to a Schrödinger-type equation,
and thus is C-valued. It can be proved that the solutions of (3.2.1) converge in law to the
solutions of the following equation:

dXt “ iµXtdt`
i

λ
Xt ˝ dBt. (3.2.2)

The difference with the previous problem is that the equation on Xε can be written as

BtX
ε
t “ i

ˆ

bpXε
t q `

1
?
ε
σpXε

t qn
ε
t

˙

,

where b and σ are now two unbounded functions. Thus we cannot use a prediction cor-
rection scheme, as in (3.1.5), for this equation, because it is not a conservative scheme in
this case. Indeed, the boundedness assumption on σ was useful to prove that

pY ε
k`1, X

ε
k`1q “ pX

ε
k, X

ε
kq ` κ

ε

ˆ

1
2

˙

,

with κε a function satisfying (3.1.13), and we cannot expect to prove a similar result
without the conservation of the quantity |Xε

k|
2. Thus we use a different scheme, which is

the following:
$

’

’

’

&

’

’

’

%

nεk`1´n
ε
k

∆t “ mε
k` 1

2
mεk`1´m

ε
k

∆t “ ´α
ε
mε
k` 1

2
´ λ

ε2n
ε
k` 1

2
` 1

ε
3
2
?

∆t
γk

Xε
k`1´X

ε
k

∆t “ i
´

µXε
k` 1

2
´ 1?

ε
Xε
k` 1

2
nε
k` 1

2

¯

. (3.2.3)

In this scheme it is obvious that for every ε ą 0 and all k P N we have

|Xε
k|

2
“ |Xε

0 |
2 (3.2.4)
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since nεk is R-valued. We state the following result on this scheme:

Proposition 3.2.0.1. Under the assumption (3.1.3), the numerical scheme (3.2.3) is
asymptotic preserving in the sense of Definition 3.1.0.1. Moreover, the limiting scheme is
given by

Xk`1 “ Xk ` iµ∆tXk` 1
2
´ iXk` 1

2

?
∆t
λ

γk. (3.2.5)

Proof. Here (3.1.8) is still satisfied because we did not change the equations on nεk and
mε
k. Thus we have the same convergence in L1pΩq of λ?

ε
nε
k` 1

2
to 1?

∆tγk as ε goes to 0. The
only result that we have to verify is that we still have

Xε
k`1 “ Xε

k ` κ
ε

ˆ

1
2

˙

.

For that we compute using Young’s inequality

E
“

|Xε
k`1 ´X

ε
k|
‰

“ E
„

|iµ∆tXε
k` 1

2
´ iXε

k` 1
2

∆t
?
ε
nεk` 1

2
|



ď ∆tE
”

|iµXε
k` 1

2
|

ı

`
∆t 1

2

2 E
”

|Xk` 1
2
|
2
ı

`
∆t 3

2

2ε E
”

|nεk` 1
2
|
2
ı

,

and we conclude thanks to (3.1.8) and (3.2.4). The rest of the proof is straightforward
using the same procedure as the proof of Proposition 3.1.0.1.

Here again we have some illustrations of the convergence as ε goes to 0. Figure 3.3
represents the modulus of the solution of the AP scheme (3.2.3) and of the limiting scheme
(3.2.5), for ε “ 0.01 and ∆t “ 2.10´3. Observe that the behavior of the AP scheme is close
to the one of the limiting scheme. We can also observe separatively the real and imaginary
parts of the two schemes, as represented in Figure 3.4, and note the same behavior.
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Figure 3.3 – Evolution of the AP scheme (3.2.3) for ∆t “ 2.10´3, ε “ 0.01 and comparison
with the evolution of the limiting scheme (3.2.5).

Figure 3.4 – Real and imaginary parts of the AP scheme (3.2.3) for ∆t “ 2.10´3, ε “ 0.01
and comparison with the real and imaginary parts of the limiting scheme (3.2.5).
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3.3 Numerical scheme for the stochastic Zakharov
system

We finally study the Zakharov system
$

’

&

’

%

BtX
ε “ iB2

xX
ε ´ iXεnε

Btn
ε “ mε

dmε “
`

´α
ε
mε ` 1

ε2B
2
x pn

ε ` |Xε|2q
˘

dt` 1
ε2φdWt

. (3.3.1)

We try to find a numerical scheme which is a good approximation of (3.3.1), and which
converges to a good numerical scheme for the limiting Schrödinger equation. We consider
Dirichlet conditions on the boundary of the domain r´R,Rs for R ą 0. Let J P N and let
∆x “ 2R

J
denote the space-step size. For j P v0, Jw, we denote by Xj

k the quantity given
by the numerical scheme which approximates the solution Xpk∆t,´R ` j∆xq. We also
define the matrix A P MJ´1pRq, which encodes the discrete Laplacian, as

A “
1

∆x2

¨

˚

˚

˚

˚

˚

˚

˚

˝

´2 1 0 ¨ ¨ ¨ 0
1 ´2 1 ¨ ¨ ¨

...
0 . . . . . . . . . 0
... ¨ ¨ ¨ 1 ´2 1
0 ¨ ¨ ¨ 0 1 ´2

˛

‹

‹

‹

‹

‹

‹

‹

‚

. (3.3.2)

Finally, for L P N, we define for ` P v1, Lw the function ϕ` as

ϕ`pjq “ sin
ˆ

π`j∆x
R

˙

, j P v0, Jw, (3.3.3)

and the family pγ`,kq of independent standard R-valued Gaussian random variables. We
know according to (2.3.6) and (2.3.8) in Chapter II that the system (3.3.1) can be written
as

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

BtX
εptq “ iB2

xX
εptq ´ iXεptqnεptq ´ i?

ε
Xεptqzεptq

Btn
εptq “ mεptq

Btm
εptq “ ´α

ε
mεptq ` 1

ε2B
2
x pn

εptq ` |Xεptq|2q

Btz
εptq “ ζεptq

dζεptq “
`

´α
ε
ζεptq ` 1

ε2B
2
xz

εptq
˘

dt` 1
ε

3
2
φdWt

. (3.3.4)
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We denote by pX0, n0,m0, z0, ζ0q the initial data. Our first candidate is the following
scheme, which has good conservatives properties.

Lemma 3.3.0.1. Consider the numerical scheme
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

nεk`1´n
ε
k

∆t “ mε
k` 1

2
mεk`1´m

ε
k

∆t “ ´α
ε
mε
k` 1

2
` 1

ε2A
´

nε
k` 1

2
`
|Xε
k`1|

2`|Xε
k|

2

2

¯

zεk`1´z
ε
k

∆t “ ζε
k` 1

2
ζεk`1´ζ

ε
k

∆t “ ´α
ε
ζε
k` 1

2
` 1

ε2Az
ε
k` 1

2
` 1

ε3{2
?

∆t

´

řL
`“1 ϕ`pjqγ`,k

¯

jPv1,J´1w
Xε
k`1´X

ε
k

∆t “ iAXε
k` 1

2
´ iXε

k` 1
2
nε
k` 1

2
´ i?

ε
Xε
k` 1

2
zε
k` 1

2

, (3.3.5)

with the initial data and the boundary conditions

X0
k “ n0

k “ m0
k “ z0

k “ ζ0
k “ 0, k P v0, Nw,

XJ
k “ nJk “ mJ

k “ zJk “ ζJk “ 0, k P v0, Nw,

pXj
0 , n

j
0,m

j
0, z

j
0, ζ

j
0q “ pX0, n0,m0, z0, ζ0qp´R ` j∆xq, j P v1, J ´ 1w.

where A is defined in (3.3.2), and the product Xε
k` 1

2
nε
k` 1

2
denotes the vector

pXj

k` 1
2
nj
k` 1

2
qjPv1,J´1w. Define

Hε
k “

∥∥∥p´Aq 1
2Xε

k

∥∥∥2

`2pv1,J´1wq
`

1
2

´

‖nεk‖
2
`2pv0,Jwq `

∥∥∥εp´Aq´ 1
2mε

k

∥∥∥2

`2pv0,Jwq

¯

` xnεk, |X
ε
k|

2
y,

(3.3.6)

where ‖¨‖`2pv1,J´1wq and x¨, ¨y are respectively the notations for

‖u‖`2pv1,J´1wq “

˜

∆x
J´1
ÿ

j“1
pujq2

¸
1
2

, and xu, vy “ ∆x
J´1
ÿ

j“1
ujvj.

Then the numerical scheme preserves the following quantities for every k P v0, Nw:

‖Xε
k‖

2
`2pv1,J´1wq ,

Hε
k ` α

k´1
ÿ

l“0

∥∥∥?εp´Aq´ 1
2mε

l` 1
2

∥∥∥2

`2v1,J´1w
`

1
?
ε

k´1
ÿ

l“0
xzεl` 1

2
,
|Xε

l`1|
2 ´ |Xε

l |
2

∆t y.
(3.3.7)

Proof. First we take the scalar product between the last equation of (3.3.5) and i X̄
ε
k`1´X̄

ε
k

∆t ,
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and then we take the real part. We have

0 “Re
ˆ

´xAXε
k` 1

2
,
X̄ε
k`1 ´ X̄

ε
k

∆t y ` xXε
k` 1

2
nεk` 1

2
,
X̄ε
k`1 ´ X̄

ε
k

∆t y

˙

`Re

ˆ

1
?
ε
xXε

k` 1
2
zεk` 1

2
,
X̄ε
k`1 ´ X̄

ε
k

∆t y

˙

which gives us

0 “ 1
∆t

´∥∥∥p´Aq 1
2Xε

k`1

∥∥∥2

`2pv1,J´1wq
´

∥∥∥p´Aq 1
2Xε

k

∥∥∥2

`2pv1,J´1wq

¯

`
1

∆txn
ε
k` 1

2
, |Xε

k`1|
2
´ |Xε

k|
2
y `

1
?
ε∆txz

ε
k` 1

2
, |Xε

k`1|
2
´ |Xε

k|
2
y

(3.3.8)

Then we take the scalar product between the second equation of (3.3.5) and A´1mε
k` 1

2
:

x
mε
k`1 ´m

ε
k

∆t , A´1mε
k` 1

2
y “

1
ε2 xA

ˆ

nεk` 1
2
`
|Xε

k`1|
2 ` |Xε

k|
2

2

˙

, A´1mε
k` 1

2
y

´
α

ε
xmε

k` 1
2
, A´1mε

k` 1
2
y.

We obtain

´
1

2∆t

´∥∥∥p´Aq´ 1
2mε

k`1

∥∥∥2

`2pv1,J´1wq
´

∥∥∥p´Aq´ 1
2mε

k

∥∥∥2

`2pv1,J´1wq

¯

“
1
ε2 xn

ε
k` 1

2
`
|Xε

k`1|
2 ` |Xε

k|
2

2 ,mε
k` 1

2
y `

α

ε

∥∥∥p´Aq´ 1
2mε

k` 1
2

∥∥∥2

`2v1,J´1w
.

(3.3.9)
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Now we add (3.3.8) with (3.3.9) multiplied by ´ε2. We get

1
∆t

´∥∥∥p´Aq 1
2Xε

k`1

∥∥∥2

`2pv1,J´1wq
´

∥∥∥p´Aq 1
2Xε

k

∥∥∥2

`2pv1,J´1wq

¯

`
ε2

2∆t

´∥∥∥p´Aq´ 1
2mε

k`1

∥∥∥2

`2pv0,Jwq
´

∥∥∥p´Aq´ 1
2mε

k

∥∥∥2

`2pv0,Jwq

¯

`
1

∆txn
ε
k` 1

2
, |Xε

k`1|
2
´ |Xε

k|
2
y

“ ´xnεk` 1
2
,mε

k` 1
2
y ´ x

|Xε
k`1|

2 ` |Xε
k|

2

2 ,mε
k` 1

2
y ´ αε

∥∥∥p´Aq´ 1
2mε

k` 1
2

∥∥∥2

`2v1,J´1w

´
1

?
ε∆txz

ε
k` 1

2
, |Xε

k`1|
2
´ |Xε

k|
2
y

“ ´
1

2∆t

´ ∥∥∥nεk`1

∥∥∥2

`2pv1,J´1wq
´ ‖nεk‖

2
`2pv1,J´1wq

¯

´ x
|Xε

k`1|
2 ` |Xε

k|
2

2 ,
nεk`1 ´ n

ε
k

∆t y

´αε
∥∥∥p´Aq´ 1

2mε
k` 1

2

∥∥∥2

`2v1,J´1w
´

1
?
ε∆txz

ε
k` 1

2
, |Xε

k`1|
2
´ |Xε

k|
2
y

using the first equation of (3.3.5). We conclude the proof noticing that

1
∆txn

ε
k` 1

2
, |Xε

k`1|
2
´ |Xε

k|
2
y `

1
2∆tx|X

ε
k`1|

2
` |Xε

k|
2, nεk`1 ´ n

ε
ky

“
1

∆txn
ε
k`1, |X

ε
k`1|

2
y ´ xnεk, |X

ε
k|

2
y

It is difficult to implement the previous scheme using a finite difference approach
because of the nonlinearity, so we choose to use a relaxation method, which is detailled
for example in [Bes04] for the nonlinear deterministic Schrödinger equation. We introduce
a new variable ψεk, and the scheme becomes

$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

ψεk`1`ψ
ε
k

2 “ |Xε
k|

2

nεk`1´n
ε
k

∆t “ mε
k` 1

2
mj
k`1´m

j
k

∆t “ ´α
ε
mε
k` 1

2
` 1

ε2A
´

nε
k` 1

2
` ψεk`1

¯

zεk`1´z
ε
k

∆t “ ζε
k` 1

2
ζεk`1´ζ

ε
k

∆t “ ´α
ε
ζε
k` 1

2
` 1

ε2Az
ε
k` 1

2
` 1

ε3{2
?

∆t

´

řL
`“1 ϕ`pjqγ`,k

¯

jPv1,J´1w
Xε
k`1´X

ε
k

∆t “ iAXε
k` 1

2
´ iXε

k` 1
2
nε
k` 1

2
´ i?

ε
Xε
k` 1

2
zε
k` 1

2

(3.3.10)

with ψε0 “ |X
ε
0 |

2. The advantage of this scheme is that it is simpler to implement since
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it is only linearly implicit. However, except for the `2-norm of Xε
k, there is no obvious

conservation for this scheme, contrary to the scheme (3.3.5) (see Lemma 3.3.0.1). We can
assume formally that the numerical scheme (3.3.10) converges to the following scheme,
which is close to the numerical scheme studied in [Bes04] but has an additional term
coming from the stochastic perturbation:

$

’

’

&

’

’

%

ψk`1`ψk
2 “ |Xk|

2

Xk`1´Xk
∆t “ iAXk` 1

2
` iXk` 1

2
ψk`1

´ i?
∆tp´Aq

´1
´

řL
`“1 ϕ`pjqγ`,k

¯

jPv1,J´1w
Xk` 1

2

. (3.3.11)

We compare the scheme (3.3.10) with another scheme, introduced in [Gla92]. In our
version, we add a term corresponding to the damping, and a term describing the stochastic
perturbation:

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

i
Xj
k`1´X

j
k

∆t ` AXj

k` 1
2
“ nj

k` 1
2
Xj

k` 1
2
` 1?

ε
zj
k` 1

2
Xj

k` 1
2

nj
k`1´2nj

k
`nj

k´1
∆t2 ` α

ε

nj
k`1´n

j
k´1

2∆t ´ 1
2ε2Apn

j
k`1 ` n

j
k´1q “

1
ε2Ap|X

j
k|

2q

zj
k`1´2zj

k
`zj

k´1
∆t2 ` α

ε

zj
k`1´z

j
k´1

2∆t ´ 1
2ε2Apz

j
k`1 ` z

j
k´1q “

1
ε3{2

?
∆t

řL
`“1 ϕ`pjqγ`,k

. (3.3.12)

In [Gla92], it is shown in Theorem 1 that the original scheme preserves a discrete energy.
We give the equivalent of [Gla92, Theorem 1] for our scheme (3.3.12).

Proposition 3.3.0.1. Define a new variable uεk “ pu
j
kqjPv1,J´1w satisfying

Auεk “
nεk`1 ´ n

ε
k

∆t . (3.3.13)

Then the quantity Hε
k defined for k P v0, N ´ 1w by

Hε
k “

∥∥∥p´Aq 1
2Xε

k`1

∥∥∥2

`2pv1,J´1wq
`

1
2

∥∥∥εp´Aq 1
2uεk

∥∥∥2

`2pv1,J´1wq

`
1
2

∥∥∥nεk` 1
2

∥∥∥2

`2pv1,Jwq
` xnεk` 1

2
, |Xε

k`1|
2
y

(3.3.14)
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satisfies for any k P v0, N ´ 1w:

Hε
k “ Hε

0 `
αε∆t

4

k
ÿ

`“0
xApuε` ` u

ε
`´1q, u

ε
` ` u

ε
`´1y

´
1

2
?
ε

k
ÿ

`“1
xzε` ` z

ε
``1, |X

ε
``1|

2
´ |Xε

` |
2
y,

(3.3.15)

with A defined in (3.3.2).

Proof. The proof of this result follows exactly the same steps as [Gla92, Theorem 1],
and the two new quantities which appear in the right-hand side of (3.3.15) come from
the terms that we have added in our scheme in order to describe the damping and the
stochastic perturbation.

We run a few tests on the schemes (3.3.10) and (3.3.12). First we fix ε ą 0, and we
study the behavior of these two schemes as ∆t goes to 0. We choose to take as initial
data for Xε a Gaussian function Xε

0 “ e´
x2
2 while zε0 “ ζε0 “ 0. The initial conditions are

taken such that nε0 “ ´|Xε
0 |

2. We should choose zε0 and ζε0 as in Chapter II, Section 2.3 in
order to correspond to the stationary processes, but the convergence to the equilibrium
is exponential with rate t

ε
. It creates an initial layer of size ε, but since we do not study

the solutions for small values of t, it will not have a big influence on our resluts. Figure
3.5 shows for both of the schemes the relative error∥∥∥Xε

Ni
´Xε,ref

N

∥∥∥
`2pv0,Jwq∥∥∥Xε,ref

N

∥∥∥
`2pv0,Jwq

for several values ∆ti such that Ni∆ti “ T , and where Xε,ref denotes the solution of the
numerical scheme with the smallest ∆t, namely ∆t “ 0.001 in Figure 3.5.

We also represent the relative error∥∥∥Xε
N ´X

ε,ref
N

∥∥∥
`2pv0,Jiw∥∥∥Xε,ref

N

∥∥∥
`2pv0,Jw

for several values ∆xi such that Ji∆xi “ 2R, where this time Xε,ref denotes the solution
of the numerical scheme with the smallest ∆x, namely ∆x “ 2.10´3. Figure 3.6 shows
that the schemes are more sensitive to the variations of ∆x, but also that the error is
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Figure 3.5 – Relative error in `2-norm for schemes (3.3.10) and (3.3.12) with different
values of ∆t, for ε “ 0.01, and ∆x “ 0.1.

relatively small as ∆x is small.

Figure 3.6 – Relative error in `2-norm for schemes (3.3.10) and (3.3.12) with different
values of ∆x, for ε “ 0.01, and ∆t “ 1ˆ 10´3.
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Then, we study the convergence as ε goes to 0. It is quite obvious that the numerical
scheme (3.3.10) formally converges to the numerical scheme (3.3.11). Hence we can com-
pare the solution of (3.3.11) with the solution of (3.3.10) for several values of ε to see if
we can indeed observe some convergence as ε goes to 0. Thus we represent the relative
error

‖XN ´X
ε
N‖`2pv0,Jwq

‖XN‖`2pv0,Jwq
where X is the solution of (3.3.11) and Xε the solution of (3.3.10). In Figure 3.7, we
represent this error for initial data such that X0 “ Xε

0 “ e´
x2
2 and nε0 “ ´|Xε

0 |
2.

Figure 3.7 – Relative error in `2-norm between the limiting scheme (3.3.11) and the scheme
(3.3.10) for different values of ε, with initial data X0 “ Xε

0 “ e´
x2
2 , ∆t “ 0.01, ∆x “ 0.1.

We can also represent this relative error for X0 “ Xε
0 “

?
2 coshpxq´1 the soliton and

nε0 “ ´|X
ε
0 |

2, which is a standing wave solution for deterministic nonlinear Schrödinger
equation and Zakharov system. This is done in Figure 3.8. In both cases, we observe the
convergence of the solution of the scheme (3.3.10) to the solution of (3.3.11), but the
convergence seems to be stronger with the soliton as initial data than with the Gaussian
function.

The situation is different for the numerical scheme (3.3.12), because we can not define
a limiting scheme. Indeed, even for the deterministic case, letting ε going to 0 in the
equation on mε

k`1 in (3.3.12) gives us for example

nεk`1 ` n
ε
k´1 “ ´2|Xε

k|
2, (3.3.16)
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Figure 3.8 – Relative error in `2-norm between the limiting scheme (3.3.11) and the scheme
(3.3.10) for different values of ε, with initial data X0 “ Xε

0 “
?

2 coshpxq´1, ∆t “ 0.01,
∆x “ 0.1.

but the equation onXε
k`1 requires nεk and not nεk´1. This scheme needs initial conditions for

X, but also for n, which is not supposed to appear to describe the nonlinear Schrödinger
equation. More importantly, one can check that the discretization of the noise in (3.3.12)
introduces correlations between the increments of the Wiener process, thus (3.3.12) cannot
be a good scheme for small values of ε since the discretization does not converge to a
Stratonovich noise. Figures 3.9 and 3.10 represent the error

∥∥∥Xε,r
N ´Xε,G

N

∥∥∥
`2v0,Jw

, with Xε,r

solution of (3.3.10) and Xε,G solution of (3.3.12) for several values of ε. In both cases we
choose initial data such that nε0 “ ´|Xε

0 |
2, but in Figure 3.9 we take Xε,r

0 “ Xε,G
0 “ e´

x2
2

whereas in Figure 3.10 we takeXε,r
0 “ Xε,G

0 “
?

2 coshpxq´1. In both cases, we observe that
even if the two solutions are close, the difference

∥∥∥Xε,r
N ´Xε,G

N

∥∥∥
`2v0,Jw

strongly increases as
ε goes to 0, which seems to confirm our intuition concerning the behavior of the scheme
(3.3.12) for small values of ε.
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Figure 3.9 – Error in `2-norm between the schemes (3.3.12) and (3.3.10) for different
values of ε, with initial data Xε,r

0 “ Xε,G
0 “ e´

x2
2 , ∆t “ 0.01, ∆x “ 0.1.

Figure 3.10 – Error in `2-norm between the schemes (3.3.12) and (3.3.10) for different
values of ε, with initial data Xε,r

0 “ Xε,G
0 “

?
2 coshpxq´1, ∆t “ 0.01, ∆x “ 0.1.

3.4 Appendix

We prove that the process pnεk,mε
kqk defined in (3.1.5) satisfies (3.1.8) in Assumptions

3.1.0.1. We recall the numerical scheme:
$

&

%

nεk`1´n
ε
k

∆t “ mε
k` 1

2
mεk`1´m

ε
k

∆t “ ´α
ε
mε
k` 1

2
´ λ

ε2n
ε
k` 1

2
` 1

ε
3
2
?

∆t
γk

. (3.4.1)
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We prove that the scheme satisfies (3.1.8) replacing the quantities nε
k` 1

2
and mε

k` 1
2
by nεk`1

and mε
k`1 in order to lighten the computations. The scheme becomes:

˜

nεk`1

mε
k`1

¸

“ A´1

˜

nεk

mε
k

¸

` A´1

˜

0
?

∆t
ε

3
2
γk

¸

(3.4.2)

with

A “

˜

1 ´∆t
λ∆t
ε2 1` α∆t

ε

¸

.

The eigenvalues of the matrix A are
$

’

&

’

%

r˘ “ 1` ∆t
2ε

`

α ˘
?
α2 ´ 4λ

˘

if α2 ´ 4λ ą 0,
r “ 1` α∆t

2ε if α2 ´ 4λ “ 0,
r˘ “ 1` ∆t

2ε

`

α ˘ i
?

4λ´ α2
˘

if α2 ´ 4λ ă 0.

Note that we will often be in the third case with complex eigenvalues, because formally λ
represents an eigenvalue the Laplace operator while α stands for the damping term. We
place ourselves in this case: there exists a matrix P P GL2pCq composed of eigenvectors
of A such that

P´1

˜

nεk`1

mε
k`1

¸

“

˜

1
r`

0
0 1

r´

¸

P´1

˜

nεk

mε
k

¸

`

˜

1
r`

0
0 1

r´

¸

P´1

˜

0
?

∆t
ε

3
2
γk

¸

(3.4.3)

A computation gives us:

P´1
“

iε
?

4λ´ α2

˜

1
2ε

`

α ´ i
?

4λ´ α2
˘

´1
´ 1

2ε

`

α ` i
?

4λ´ α2
˘

1

¸

.

Then if we define
˜

aεk

bεk

¸

“ P´1

˜

nεk

mε
k

¸

, (3.4.4)
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we get, according to (3.4.3) and because γk is a standard Gaussian random variable:

E
“

|aεk`1|
2
` |bεk`1|

2‰
ďE

«

ˇ

ˇ

ˇ

ˇ

1
r`

ˇ

ˇ

ˇ

ˇ

2
˜

aεk ´
i
?

∆t
?
ε
?

4λ´ α2γk

¸˜

āεk `
i
?

∆t
?
ε
?

4λ´ α2γk

¸

`

ˇ

ˇ

ˇ

ˇ

1
r´

ˇ

ˇ

ˇ

ˇ

2
˜

bεk `
i
?

∆t
?
ε
?

4λ´ α2γk

¸˜

b̄εk ´
i
?

∆t
?
ε
?

4λ´ α2γk

¸ff

.

Now, using the independence between paεk, bεkq and γk, and the fact that γk is a standard
Gaussian random variable, to deal with the products Erpaεk ´ āεkqγks and Erpb̄εk ´ bεkqγks,
we get

E
“

|aεk`1|
2
` |bεk`1|

2‰
ďE

«

ˇ

ˇ

ˇ

ˇ

1
r`

ˇ

ˇ

ˇ

ˇ

2 ˆ

|aεk|
2
`

1
4λ´ α2

∆t
ε
γ2
k

˙

`

ˇ

ˇ

ˇ

ˇ

1
r´

ˇ

ˇ

ˇ

ˇ

2 ˆ

|bεk|
2
`

1
4λ´ α2

∆t
ε
γ2
k

˙

ff

.

Since |r`| ą 1 and |r´| ą 1, a straightforward recursion argument gives us:

E
“

|aεk`1|
2
` |bεk`1|

2‰
ď E

“

|aε0|
2
` |bε0|

2‰
`

1
4λ´ α2

∆t
ε

k`1
ÿ

`“1

ˇ

ˇ

ˇ

ˇ

1
r`

ˇ

ˇ

ˇ

ˇ

2`

`

ˇ

ˇ

ˇ

ˇ

1
r´

ˇ

ˇ

ˇ

ˇ

2`

ď E
“

|aε0|
2
` |bε0|

2‰
`

1
4λ´ α2

∆t
ε

ˆ

1
|r`|2 ´ 1 `

1
|r´|2 ´ 1

˙

.

We detail the computation for the term involving r`, the procedure is the same for the
other term.

1
4λ´ α2

∆t
ε

1
|r`|2 ´ 1 “

1
4λ´ α2

∆t
ε

1
α∆t
ε
` α2∆t2

4ε2

ď
1

4λ´ α2
1
α

since 4λ´ α2 ą 0. We conclude that

sup
εPp0,1s

sup
∆tPp0,∆t0s

sup
kPN

E r|aεk|2 ` |bεk|2s
1` E r|aε0|2 ` |bε0|2s

ă 8, (3.4.5)

and from this result we get (3.1.8) for nεk and mε
k using the relation (3.4.4).
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Titre : Approximation diffusion pour des équations dispersives

Mot clés : Approximation diffusion, équation de Schrödinger non linéaire, système de Zakha-

rov, schémas AP

Résumé : Cette thèse porte sur des pro-
blèmes d’approximation diffusion. On s’inté-
resse plus particulièrement à l’équation de
Schrödinger avec une non linéarité de type
puissance, perturbée par un potentiel aléa-
toire. On montre la convergence en loi de la
solution de cette équation vers celle d’une
équation de Schrödinger stochastique, dirigée
par un processus de Wiener. On étudie éga-
lement le système de Zakharov stochastique,

et l’on se sert de la méthode de la Fonction
Test Perturbée pour prouver une convergence
vers une équation de Schrödinger cubique
stochastique. Enfin, on s’intéresse à la notion
de schémas numériques préservant l’asymp-
totique. On propose alors un schéma numé-
rique approchant la solution du système de
Zakharov stochastique, qui converge vers un
schéma numérique approchant la solution de
l’équation de Schrödinger stochastique limite.

Title: Approximation diffusion for dispersive equations

Keywords: Approximation diffusion, Nonlinear Schrödinger equation, Zakharov system, AP

schemes

Abstract: This thesis deals with approxima-
tion diffusion problems. More precisely we
study the Nonlinear Schrödinger equation with
a random potential. We prove that the so-
lution of this equation converges in distribu-
tion to the solution of a stochastic Nonlinear
Schrödinger equation, driven by a Wiener pro-
cess. We also study the stochastic Zakharov
system, and we use the Perturbed test Func-
tion method to prove the convergence of the

solution of this system to the solution of a
cubic stochastic Schrödinger equation. Finally
we study the theory of Asymptotic Preserv-
ing numerical schemes. We present a numer-
ical scheme which approximates the solution
of the stochastic Zakharov system, and which
converges to a numerical scheme approxi-
mating the soluton of the limiting stochastic
Schrödinger equation.
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