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INTRODUCTION

0.1 Contexte de la these

Le but de cette section est de faire comprendre le lien entre les probléemes étudiés
dans cette these et les problemes concrets modélisés par les équations étudiées, découlant
généralement de la physique. Pour cela il est important d’expliquer plus profondément les
concepts manipulés dans cette these, comme celui d’équations dispersives, mais également
de donner des outils de compréhension mathématiques, comme par exemple des notions

d’intégration stochastique.

0.1.1 Equations dispersives

Les équations que nous allons retrouver tout au long de ce manuscrit permettent
de modéliser des phénomenes de déplacement d’onde. Il n’y a pas d’unique définition
précise décrivant exactement ce qui constitue une onde. On peut se contenter de la décrire
intuitivement comme un signal reconnaissable, transmis d’un endroit d’un milieu a un
autre endroit, avec une vitesse de propagation reconnaissable. Nos équations sont appelées
dispersives de par les ondes qu’elles modélisent, dites elles aussi dispersives. Ces équations
apparaissent notamment en optique non-linéaire, c’est-a-dire dans la description de la
propagation de la lumiere a travers différents milieux, ayant par exemple des indices de
réfraction non-linéaires. C’est le cas par exemple pour un signal transmis a travers une
fibre optique : le message est codé de facon binaire en représentant un 1 par une courte
impulsion lumineuse, et un 0 par ’absence d’une telle impulsion dans le train d’ondes
transmis. Il y a plusieurs problémes de dispersion du signal dans ce procédé, ce qui souleve
des enjeux importants dans les domaines des communications ou des lasers, a partir des
années 1960. Par exemple on veut pouvoir augmenter le débit d’un signal, c¢’est-a-dire
réduire la durée des impulsions ainsi que le temps entre celles-ci, et ceci tout en gardant
un signal de sorti identifiable, afin de pouvoir supprimer un éventuel bruit de fond sans
perte d’information.

D’un point de vue mathématique, une onde dispersive est décrite par le type de solu-



tions du systeme qui la modélise plutot que par la forme du systéeme en soi. Un systéme

linéaire dispersif est un systeme qui admet des solutions de la forme
¢ = acos(kx — wt), (0.1.1)

ou la fréquence w est une fonction du nombre d’onde k qui est déterminée par le systéme
en lui-méme. Une onde est dite dispersive si la vitesse de phase ¥ n’est pas constante, mais
dépend de k. Ce terme s’explique par le fait qu’une solution plus générale serait un signal
constitué d’une superposition de modes de la forme de (0.1.1) avec des nombres d’onde
différents. Comme la vitesse de phase n’est pas constante, ces modes se propageraient
a différentes vitesses, et se disperseraient. Plutdt que de regarder la vitesse de phase,
on dit souvent qu'une équation est dispersive si la relation de dispersion w(k) est de
dérivée seconde non nulle. Cette relation de dispersion peut s’obtenir assez facilement,
comme nous le verrons sur un exemple, et fournit une bonne méthode pour intuiter
du comportement de tout systéme linéaire dispersif. Toute cette analyse étant faite en
termes de fréquences, on voit naturellement que la théorie de Fourier est tres adaptée
pour travailler sur ces systemes. Ainsi, pour les problemes linéaires, on peut utiliser cette
théorie pour montrer I’existence de solutions élémentaires sous la forme de trains d’ondes
sinusoidaux, que le caractere linéaire nous permet de représenter sous forme complexe
QO(t,l’) _ aemxfiwtj
avec a I'amplitude, en sachant qu’on peut regarder la partie réelle quand nécessaire, la

vraie solution étant
Re(p) = |a| cos(kx — wt + 1), n = arg(a).

Pour satisfaire les équations du systeme, x and w doivent satisfaire la relation de dis-
persion évoquée précédemment. Le caractere linéaire du systeme nous permet d’étudier
simplement un seul mode, car des solutions plus complexes peuvent se décomposer en
superpositions de modes simples. Ici § = kx — wt représente la phase, qui indique la
position dans le cycle entre une créte, c’est-a~-dire quand Re(y) est a son maximum, et
quand Re(p) est & son minimum. Son gradient en espace k est le nombre d’onde, dont
I’amplitude représente le nombre moyen de crétes par intervalle de distance de longueur

27 dans la direction de propagation de 'onde. De maniere similaire, la fréquence w donne



le nombre moyen de crétes par intervalle de temps de longueur 27. La longueur d’onde
est A = 2% et la période est 7 = %’T Pour que l'onde soit considérée comme dispersive,
la vitesse de phase ¢ =  ne peut pas étre constante, car dans ce cas tous les modes se
déplaceraient a la méme vitesse, donc on n’observerait pas de dispersion au sein d’une
superposition de modes. On donne la définition suivante pour le caractere dispersif d’une

onde.

Definition 0.1.1.1. Une onde est dite dispersive, si la relation de dispersion w(k) obtenue
a partir de ’équation décrivant cette onde est d’une part a valeurs réelles, et d’autre part
vérifie

W'(k) # 0.

Cette définition est plus restrictive que de demander (k) # 0 car elle exclut le cas
w(k) = ark + (. Dans ce dernier cas la vitesse de groupe w’(k) serait constante et il n’y
aurait pas de dispersion. On demande donc que cette vitesse de groupe dépende encore
de k, ainsi différents modes auront différentes vitesses de groupe et les paquets d’ondes
auront tendance a se disperser.

Il existe une infinité d’équations dispersives, et bien que dans ce paragraphe ait été
discuté seulement le cas de systemes linéaires, il existe également des théories pour les
systemes non-linéaires. De nombreux résultats sur les deux cas peuvent étre trouvés dans
[Whi74]. Nous n’allons pas présenter cette théorie dans son cadre global, mais plutot dé-
tailler quelques résultats connus sur un exemple classique d’équation dispersive : ’équation

de Schrodinger.

0.1.2 L’équation de Schrodinger

L’équation de Schrodinger linéaire tient son origine de la mécanique quantique. Elle a
été introduite en 1925 par Erwin Schrodinger, afin de modéliser I’évolution d’une particule
au cours du temps. Cette description fait intervenir la fonction d’onde de la particule, qui
donne également une interprétation probabiliste de I'état de la particule. En effet, le
module au carré de la fonction d’onde définit une densité de probabilité indiquant la
probabilité de présence de la particule dans une région de 1’espace, lorsque 1’on integre
cette densité. L’équation de Schrodinger linéaire pour une particule de masse m s’écrit

originellement comme suit :

2

ROt ) — —;naw(t, ) + V(@) (t, ),
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h
2w

Planck, constante universelle décrivant la différence d’échelle entre le caractere ondulatoire

ou h = est la constante de Planck réduite, avec h = 6,626.10734J.s la constante de
et le caractere corpusculaire de la lumiere. V' désigne un potentiel réel qui modélise le
milieu dans lequel se trouve la particule.

Dans cette theése nous considérons une équation de Schrodinger non-linéaire (NLS),
donc on choisit de ne pas s’attarder sur I’équation linéaire, et de présenter les spécificités
de notre équation. De facon plus précise, I’équation que l'on étudie est une équation de
Schrodinger avec non-linéarité de type puissance. Dans ce contexte, I’équation s’obtient

a partir des équations de Maxwell, et peut s’écrire sous la forme
idu(t,x) = —Au(t, x) + Mu(t, z)|*7u(t, ). (0.1.2)

Dans cette équation, le parametre o est un réel strictement positif, et le parametre A
est un réel dont le signe influence le comportement de I’équation. D’un point de vue
physique, I’équation de Schrodinger non-linéaire décrit la dynamique de I’enveloppe d’'une
onde plane quasi-monochromatique qui se propage dans un milieu faiblement dispersif,
lorsqu’on néglige les effets de dissipation. On parle de non-linéarité attractive si A =
—1 et de non-linéarité répulsive si A = 1. Cette équation est utilisée notamment dans
I’étude de la propagation d’un faisceau laser dans un milieu dont I'indice de réfraction est
sensible a 'amplitude de 'onde qui le traverse. Dans le cas A = —1, 'indice de réfraction
augmente avec 'amplitude de 1’onde, entrainant une convergence des rayons vers la région
d’amplitude la plus élevée. Cela conduit a la focalisation du faisceau, phénomeéne tres
étudié depuis des années 1960.

Lorsque 'on étudie une équation aux dérivées partielles, plusieurs questions se posent
naturellement. En premier lieu on s’interroge sur la notion de solution : peut-on construire
une théorie de Cauchy (locale ou globale) pour I’équation de Schrodinger non-linéaire ?
Pour répondre a cette question, on essaye de trouver des lois de conservation. On identifie
ainsi des invariances pour une éventuelle solution de I’équation, qui nous donnent par la
suite, grace au théoreme de Noether (voir par exemple [SS99, Théoreme 2.1]), les lois de
conservations recherchées. Par exemple, 1’équation de Schrodinger (1.1.1) est invariante
par rotation : si u(¢,z) est solution de (1.1.1), alors eu(t,z), 6 € R, est également
solution. On récupeére grace a cette invariance une propriété qu’on appelle conservation

de la masse :

N(t) JR lu(t, z)[2dz = N(0). (0.1.3)

10



On a aussi une invariance par translation en temps : si u(t, z) est solution de (1.1.1), alors

u(t — to, x) est également solution. Cette invariance implique la conservation de 1’énergie

1 A
g(t) = 5 J]de |Vu(t, $)|2d$ + %9 + 2 fRd |U(t, flf)|20+2d$ _ g(o) (014)

Il existe d’autres invariances vérifées par I’équation de Schrodinger non-linéaire, on peut
par exemple les retrouver dans [SS99].

Gréace a ces lois de conservation, ainsi qu’a des théoremes de point fixe, on arrive a
conclure quant a l'existence et I'unicité des solutions de (1.1.1), en fonction du signe de \.
Dans les deux cas, on a existence et unicité locale dans I'espace H'(R?) sous réserve que
0 <20 < 745 si d = 3. Dans le cas défocalisant A > 0, la conservation de 1'énergie (0.1.4)
nous permet de borner la norme H' de la solution et de conclure & une existence globale.
Dans le cas focalisant A < 0, I’étude est plus complexe, car I'énergie £(t) n’a pas de signe.
Il existe néanmoins de nombreux théorémes prouvant I'unicité et I'existence globale dans
H(R?) sous des conditions sur la puissance de la non-linéarité ou la taille de la donnée
initiale. Ces résultats peuvent étre retrouvés notamment dans [GV79], [GV84], [GV85] ou
encore dans [Kat87]. On se restreint ici a regarder le probléeme dans 'espace d’énergie,
mais il existe beaucoup d’autres résultats, dont des exemples peuvent étre trouvés dans
[Caz03]. Lorsque cette existence globale n’est pas assurée, il peut se produire une explosion
de la solution en temps fini (blow up en anglais), c’est-a-dire qu’il existe un temps 7% > 0
tel que

Tim [Ju(t)] ;1 = +o0.

Une question importante dans I’étude de I’équation de Schrodinger est la recherche de
solutions stationnaires, qui gardent la méme forme au cours du temps. Prenons le cas de

la dimension 1, dans le cas attractif. L’équation s’écrit alors
. _ 2 20
i0u = —0zu + Aul*u,

avec A < 0. On va commencer par rechercher une solution sous la forme d’une onde

localisée en espace, oscillant de maniere indépendante de ce dernier :

u(t, ) = e“'o(x).

En réinjectant cette expression dans 1’équation, on obtient une équation pour ¢, qui

11



dépend de w, et qui nous donne finalement

1
-2 _1

ult, z) = e (W >_2" cosh (ov/wz) 7 . (0.1.5)

(20 +2)
Les solutions de la forme de (0.1.5) sont appelés solitons. Ces solitons préservent leur forme
au cours du temps, et se propagent a vitesse constante. Ce sont des solutions qui per-
mettent de comprendre un peu mieux I’'équation de Schrodinger, car on peut montrer que
pour une large classe de données initiales tendant vers 0 a I'infini, la solution de I’équation
de Schrodinger non-linéaire focalisante en dimension 1 évolue de maniére asymptotique
comme un ensemble fini de solitons. Il est également possible de construire des des fonc-
tions localisées conservant leur forme en dimension supérieure, on parle d’ondes solitaires.

L’équation de Schrodinger possede bien d’autres propriétés, qui ne sont pas détaillées
ici mais qui peuvent se trouver dans la littérature ([Caz03],[Kat87],[SS99],...). On s’est
attardé sur I’équation avec non-linéarité puissance, car c’est celle qui va apparaitre régu-
lierement dans les problemes de cette these. Elle est notamment liée au systeme d’équation

que l'on étudie, a savoir le systeme de Zakharov.

0.1.3 Le systéeme de Zakarov

Le systeme de Zakharov est un systeme d’équations aux dérivées partielles fournis-
sant un modele simplifié pour modéliser des ondes de Langmuir. Les ondes de Langmuir
constituent un phénomene physique prenant place dans des plasmas non ou faiblement
magnétisés. Ce phénomene possede des applications aussi bien en astrophysique qu’en
physique de laboratoire. Un exemple d’application est le déplacement d'une onde dans la
ionosphere. Le systéme a été introduit par Zakharov en 1972 [Zak72] afin de décrire la
dynamique couplée entre 'amplitude du champ électrique du plasma et les fluctuations
a basse fréquence de sa densité ionique. En effet, on peut considérer un plasma comme
un ensemble de deux fluides se pénétrant, un fluide composé d’ions et un fluide composé
d’électrons. Les équations de Maxwell ainsi qu’'une approche multi-échelle du probleme

permettent d’obtenir, sous certaines hypotheses, le systéeme adimensionné

{ 108 —aV x (V x E) + V(V - E) =nE (0.1.6)

e20?n — An = A|E|?

12



ol les opérateurs Vx et V- désignent respectivement le rotationnel et la divergence. Le
parametre « est assez grand dans les situations réelles, allant de 20 dans les plasmas de
laboratoire jusqu’a 2.10° dans les gaz interstellaires. Ces équations décrivent la relation
entre I'enveloppe complexe des oscillations du champ électrique proches de la fréquence
du plasma et les variations plus lentes de la densité ionique moyenne du plasma. Ces
variations affectent 'indice de réfraction ressenti par le champ électrique. Lorsque le terme
e202n est négligeable, la relation entre 7 et E conduit & une augmentation de I'indice de
réfraction et donc a un phénomene d’auto-focalisation de 'onde. Dans ce cas, on est dans
un régime dit de "limite subsonique’, et on récupere I’équation vectorielle de Schrodinger

non-linéaire :
i, —aV x (Vx E)+V(V-E)+|EP?E =0.

Si on s’intéresse au cas particulier & = 1, 'opérateur linéaire dans I’équation sur E devient
un Laplacien, et le systeme de Zakharov peut étre vu comme un systeme de trois équations
de Schrodinger scalaires pour les coordonnées de I’enveloppe du champ électrique, couplées
avec une équation pour la densité ionique. Supposant qu’une seule des coordonnées du

champ électrique est initialement non-nulle, que I'on note u, on obtient le systeme

(0.1.7)

10u + Au = nu
e20?n — An = Alul?

Ce systeme est généralement appelé systeme de Zakharov scalaire. Il est utilisé pour mo-
déliser de fagon simple des ondes de Langmuir, lorsque le caractere vectoriel du champ
électrique est négligé. A la limite subsonique, on récupére 'équation de Schrodinger cu-
bique. Dans le cas de la dimension 1, le systeme de Zakharov admet aussi des solitons,
tout comme 1’équation de Schrodinger. En effet, comme le soliton de Schrodinger est de
module constant au cours du temps, en prenant ce soliton comme donnée initiale pour u
et son module au carré pour n, on obtient une solution particuliere pour (0.1.7).

Ce syteme conserve également certaines quantités, notamment la masse

N(t) = f Jult, 2)|2dx = N(0),

13



ainsi que 'énergie
1
1) = [ (19utt. ) + e olute, o + 5V @0 + fnlt, ) ) do = HO)
R

ou V (t,z) vérifie

on+V-V=0.

Deux types de questions mathématiques ont essentiellement été traités dans la littérature.
La premiere consiste a se demander s’il est possible de développer une théorie de Cauchy,
locale ou globale, et de conclure quant a ’existence et 'unicité de solutions. La deuxieme
est la possibilité de rendre rigoureux le passage a la limite subsonique. Autrement dit, on
se demande non seulement s'il existe une solution au probléeme de Cauchy pour (0.1.7),
mais aussi si cette solution converge dans un certain sens vers la solution du probléme
de Cauchy associé a ’équation de Schrodinger cubique. Ces questions ont été résolues en
1979 par Sulem et Sulem [SS79] pour ce qui est de 'existence et 1'unicité, puis par Added
et Added en 1984 [AA84] et 1988 [AAS88]| qui ont étendu les resultats de Sulem et Sulem
tout en prouvant des résultats de convergence vers ’équation de Schrodinger cubique. Plus
récemment Bourgain et Colliander [BC96] ont utilisé les méthodes de décomposition selon
les hautes et basses fréquences introduites par Bourgain, et Ginibre, Tsutsumi et Velo ont
fait de méme dans [GTV97] pour obtenir un résultat d’existence locale en dimension
d = 1,2,3. D’autres résultats concernant l’existence, la limite subsonique ou méme des
propriétés d’explosion en temps fini sont listés dans [SS99] et apparaiseent plus récemment
dans [CHTO08] ou encore [MNOS],[MNO09].

Cette these étudiant des problemes d’approximation diffusion pour le systeme de Za-
kharov et ’équation de Schrodinger non-linéaire, il est également nécessaire d’introduire
des notions liées aux équations aux dérivées partielles stochastiques, et notamment des

notions d’intégration stochastique dans les espaces de Hilbert.

0.1.4 Les équations aux dérivées partielles stochastiques

Les problemes d’évolution stochastique dans des espaces de dimension infinie, tels les
espace de Hilbert, sont des généralisations de la théorie d’It6 développée dans les années
1940 par Kiyoshi It6. Les premiers résultats sur ces problémes sont apparus dans les
années 1960, et leur développement fut motivé a la fois par un soucis mathématique de

généralisation d'une théorie déja existante et par un besoin de décrire des phénomenes
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aléatoires faisant intervenir un tres grand nombre de variables dans les domaines de la
physique, de la chimie ou encore de la biologie.

Commencons d’abord par évoquer le cas de la dimension 1. Le but est de modéliser
un bruit, c’est-a-dire une variable aléatoire dépendant du temps ou encore un processus
stochastique, qui agit comme une perturbation sur une variable dont I’évolution est régie
par une équation différentielle. Si on appelle 5 ce bruit, on est amené a considérer des

équations de la forme

L f0) + ol DE)
Imaginons une particule évoluant dans un milieu désordonné et qui est soumise a des chocs
avec d’autres particules. Supposons que ces particules soient aléatoirement réparties, que
leur répartition ne dépende pas du temps et que cette perturbation n’ait pas de mémoire ; il

est alors naturel que la force £ agissant sur cette particule vérifie les hypotheses suivantes :
— La loi de £(t) ne dépend pas de ¢.
— £(t) et £(s) sont indépendants si t # s.

Un tel processus est nécessairement irrégulier. Il est plus pratique de traduire ces hypo-

t
theses en terme de sa primitive £(t) = J &(s)ds. On obtient alors :
0

— Laloi de (£(t 4+ 7) — &(7))i=0 (loi du processus) ne dépend pas de 7 = 0.
— Pour t,7 >0, £(t + 7) — £(t) est indépendant de (£(s))s<t-
Si on suppose de plus que £ est continu par rapport a t, on peut alors montrer que &
est nécessairement un mouvement Brownien, c’est-a-dire que 'on a en plus : pour tout
7> 0,t > 0, la variable aléatoire £(t + 7) — £(t) est Gaussienne centrée de variance 7.
On va maintenant donner une définition précise du mouvement Brownien, et donner

quelques unes de ses propriétés.
Soit (€2, F,P) un espace probabilisé et I = [0,7] ou I = R*.

Definition 0.1.4.1. On dit que (B(t))wer est un mouvement Brownien (ou processus de
Wiener) sur I, a valeurs réelles, si

1. [ est un processus a valeurs réelles et (0) = 0.

2. B est continu presque sturement sur I.

3. B a des accroissements indépendants, c’est-a-dire que pour tout n-uplet
(to,t1, -+ ,t,) avec tg <ty < --- < t, et t; € I pour tout i, les variables aléatoires

B(tiv1) — B(t;) forment une famille indépendante.
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4. pour tous t,s € I avect > s, B(t) — B(s) suit une loi normale centrée de variance

t — s, c’est-a-dire B(t) — B(s) ~ N(0,t — s).

On peut déja remarquer que si § est un mouvement Brownien, alors pour tous ¢, s €

t)— . . . , .
avec t > s, % suit une loi Gaussienne centrée de variance i On ne s’attend
donc pas a ce que 3 soit dérivable. Le mouvement Brownien possede cependant d’autres

propriétés. La proposition suivante en énonce quelques unes.

Proposition 0.1.4.1. Soit 5 un mouvement Brownien sur I = R*. Alors

1. Homogénéité en temps : pour tout T > 0, le processus (B(t + ) — B(7))i=0 est un

mouvement Brownien.
2. Symétrie : Le processus (—B(t))i=o0 est un mouvement Brownien.

3. Scaling : Pour tout A > 0, le processus ()\B (;—2))9() est un mouvement Brownien.

Grace aux propriétés stochastiques du mouvement Brownien, la théorie d’It6 permet
de construire pour des processus g prévisibles et de carré intégrable en temps une notion
d’intégrale contre un mouvement Brownien, a partir de limite de processus élémentaires
(gn)nen de la forme Zf(:"gfl Gn(E)Lp, 1, OU pout tout n e N, t; <ty < -+ <ty repré-
sente une partition de [0, T]. Pour ces processus élémentaires on peut définir I'intégrale

stochastique comme une combinaison linéaire d’accroissements. Ainsi

j o)) = lim, | g,(5)d5(s)

$(n)—1
- Lnolo( >, gn<k><6<tk+l>—ﬁ<tk>>)-

Cette intégration stochastique nous permet finalement de donner un sens a la notation
différentielle
dX = fdt + gdp(t), tel,

qui est alors équivalente a

t
0

X (t) = X(0) + Jot f(s)ds + J g(s)dp(s), tel.

Un processus pouvant s’écrire sous cette forme est souvent appelé semi-martingale. Ceci

définit une notion de différentielle stochastique d’Ito, et il est naturel de se demander s’il
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est possible de calculer des différentielles de fonctions composées. C’est le résultat suivant

appelé formule d’Ito.

Theorem 0.1.4.1. Soient [ et g deux processus avec f adapté et g prévisible tels que

T T
f |f(s)|ds < oo, p.s., et J l9(s)]2ds < o0 p.s.
0 0

Soient X wvérifiant dX = fdt + gdB(t) sur [0,T], et uw:[0,T] x R — R telle que dyu, 0yu

et 02u existent et sont continues sur [0,T] x R. Alors
1
du(t, X (t)) = Guu(t, X (t))dt + dyu(t, X (t))dX (t) + iaiu(t,X(t))gQ(t)dt. (0.1.8)

Cette formule est le résultat fondamental permettant de construire toute une théorie
des équations différentielles stochastiques. Elle permet notamment d’obtenir un résultat
du type Cauchy-Lipschitz. Pour généraliser les résultats existants a la théorie des équations
aux dérivées partielles stochastiques, il faut retrouver une notion d’intégration stochas-
tique, cette fois-ci sur un espace de dimension infinie, comme par exemple un espace de
Hilbert.

On considere donc maintenant H un espace de Hilbert séparable de produit scalaire
(-,-)g et de norme | - |g, une base Hilbertienne (ex)ren de H et (Ok)ren une suite de
mouvements Brownien indépendants sur (2, F,P). Un processus de Wiener cylindrique

dans H est formellement défini par
W(t,z) = > Bi(t)er(z).
keN

En fait, on peut voir que cette série diverge presque stiirement dans H. La dérivée de [y

est un bruit blanc en temps, et si on se place sur [0, 7], formellement on peut écrire

d s, 2 Z .
dt ﬁ = jk COS(] )7

ol (Yjk)jen est une famille de variables aléatoires gaussiennes centrées réduites indépen-

dantes. On a donc, toujours formellement,

dWw 2
—_— = Y cos(jt)ey.
dt \/%j;N
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Si par exemple H = L?(0), O ouvert de R?, les fonctions % cos(jt)ex () forment une base
Hilbertienne de L?([0, 7] x O); on voit qu’on a une généralisation & plusieurs parameétres
du bruit blanc, les variables ¢ et x jouant le méme réle. Il est naturel de dire que ‘Z—Vf est un
bruit blanc en espace et en temps. La définition rigoureuse du processus de Wiener ainsi
que la construction de I'intégrale stochastique nécessite les notions d’opérateurs nucléaires

et Hilbert-Schmidt.

Definition 0.1.4.2. Soit H un espace de Hilbert séparable et ® : H — H un opérateur
linéaire. On dit que ® est nucléaire, ou de trace finie, si pour une base Hilbertienne (e)ren
de H on a

D 1(®ex, ex) | < o0,

keN

Ceci est alors vrai pour toute base Hilbertienne de H et

Tr & = Z((I)ek,ek)H
keN
ne dépend pas de la base considérée. On appelle Tr ® la trace de ® et on note L1(H)

I’espace des opérateurs nucléaires sur H.

Definition 0.1.4.3. Soient H, K deux espaces de Hilbert séparables et ® : H — K un

opérateur linéaire. On dit que ® est Hilbert-Schmidt si pour une base (eg)ken 0N @

Z |(I)€k|%( < Q0.

keN

Ceci est alors vrai pour toute base Hilbertienne de H et si (f;)en est une base Hilbertienne
de K on a
Tr &*® = > |Deyl3 = > [0 fil}; = Tr DD*.

keN leN
De plus cette quantité ne dépend pas des bases considérées. On note Lo(H, K) [’espace
des opérateurs Hilbert-Schmidt de H dans K. C’est un espace de Hilbert pour le produit
scalaire

(P, V) 2o(a, iy = Tr WO* = Trv™*d,

et la norme
1B 2yar.00) = (Tr DD*)2 = (Tr D)7 .

Ces définitions nous permettent de donner une vraie notion de processus de Wiener
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cylindrique. En effet, soit cette fois H un espace de Hilbert, et H < U un Hilbert séparable
tel que l'injection soit un opérateur Hilbert-Schmidt. Alors si on définit pour (e )geny une
base Hilbertienne de H et (Sj)ken une suite de mouvements Browniens indépendants le

processus

W= Z 6kek7

keN

on peut étudier la convergence de W et on obtient

E [| Z 6k(t)6k|2[]] = tZ |€k|?j < 00.
keN keN

On a utilisé I'indépendance des (B ce qui entraine E[S(¢)5;(t)] = 0 si k # [. La série

converge bien dans L?(Q, U). Remarquons qu’il est toujours possible de construire un tel

espace U.

Definition 0.1.4.4. Soit H un espace de Hilbert séparable, (ex)ren une base Hilbertienne
de H et (Bk)ken une suite de mouvements Browniens indépendants sur I = R ou I =
[0,T]. On dit que (W (t))er est un processus de Wiener cylindrique sur H si, pour un
espace de Hilbert U tel que H < U avec injection Hilbert-Schmidt, W est un processus

Gaussien a valeurs dans U et

W(t) = > Bi(t)er, Pps., tel
keN
On peut montrer que cette définition ne dépend pas de l'espace U. La série défi-
nissant W (t) converge presque stirement dans U car elle est définie comme somme de
variables aléatoires indépendantes a distributions symétriques. Un résultat général (voir
par exemple [DPZ14, Proposition 2.11]) dit que si une telle série converge en probabi-
lité alors elle converge presque stirement. Ici la convergence en probabilité résulte de la
convergence en moyenne quadratique montrée ci-dessus. Cette définition est également
indépendante de la base Hilbertienne considérée. On peut également définir des processus

de Wiener plus complexes grace aux opérateurs Hilbert-Schmidt.

Definition 0.1.4.5. Soient deux espaces de Hilbert H et K, W un processus de Wiener
cylindrique sur H et ® : H — K un opérateur linéaire. On dit que W = ®W est un

processus de Wiener de covariance ®®* sur K.

Bien entendu dans cette définition ®W doit étre compris comme ),  SrPey. Cette
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série définissant W est convergente presque stirement ou en moyenne quadratique dans
tout espace U tel que K < U et ® : H — U est Hilbert-Schmidt. On voit en prenant
H = K et & = Id qu’un processus de Wiener cylindrique est un processus de covariance
Id. Dans le cas out ® est Hilbert-Schmidt, 1V est un processus Gaussien & valeurs dans
K, son opérateur de covariance est en fait donné par t®®*, qui est bien un opérateur
nucléaire.

Maintenant que l'on dispose d’une notion de processus de Wiener sur des espaces
de Hilbert (et donc une notion de bruit blanc), on peut définit une intégrale stochas-
tique comme dans le cas de la dimension 1. Pour H et K deux espaces de Hilbert, de
bases Hilbertiennes respectives (ex)ren €t (f1)en, on définit I'intégrale d’un opérateur
¢ = (¢(t))iefo,r] prévisible de carré intégrable a valeurs dans Lo(H, K) 'espace des opé-
rateurs Hilbert-Schmidt de H dans K comme

fo o()AW (s) = 3 (6(s)ew, fi)dBe(s) i

k,leN

Une fois cette intégrale stochastique définie, on peut la encore donner un sens a la notation
différentielle
dX = fdt + ¢pdW (), te0,T],

qui représente
X(t) = X(0) + Jo f(s)ds + f: o(s)dW (s), te[0,T],

pour ¢ prévisible tel que SOT |¢(s)|%2( HE) < 0 D.S. On peut la encore calculer des diffé-
rentielles de fonctions composées, grace a la généralisation de la formule d’'It6 dans un

espace de Hilbert.

Theorem 0.1.4.2. Soitu : [0,T] x K — R une application continue telle que les dérivées
Ou, Oyu, O%u existent et sont uniformément continues sur les bornés de [0,T] x K, alors

le processus u(t, X (t)) a une différentielle d’It6 donnée par

du(t, X () = (ﬁtu(t, X(1)) + dpult, X () F(t) + ;Tr (agu(t,x<t))¢(t)¢*(t)> dt

+ Opult, X (£))edW (1)

(0.1.9)

Fort de ces concepts d’intégration et de calcul stochastique applicables aux équations
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aux dérivées partielles stochastiques, on peut maintenant aborder la notion d’approxima-

tion diffusion.

0.1.5 L’approximation diffusion

La notion d’approximation diffusion vient de la difficulté a modéliser des propagations
d’ondes en milieu aléatoire et a analyser des problemes multi-échelles. En effet, dans de
nombreuses situations physiques, les phénomeénes étudiés ont lieu dans des milieux dont on
ne possede qu’une description statistique. Les équations qui les modélisent contiennent
alors des termes aléatoires, et un point important de leur étude est de comprendre les
différentes échelles caractéristiques du probleme. Trouver le bon rapport d’échelle permet

d’observer un régime asymptotique remarquable. Par exemple, I’équation
O YE(t) = em(t)F(Y*(1)), Y (0) = yo

ol m est un processus stochastique, et F' une fonction décrivant 1’évolution observée,
possede sous de bonnes hypotheses sur F' et m une limite triviale Y (t) = yo pour tout
t < T avec T indépendant de . Cette équation peut par exemple décrire 1'évolution
d’une particule dans un champ aléatoire. On ne décele pas sous cette échelle de temps de
phénomene remarquable, donc on ne voit pas I’évolution de la particule. Cependant, sous

échelle de temps t — %, 'équation devient pour X¢(t) = Y*(%) :

OXE(t) = im (;) FIXE(1)), (0.1.10)
qui elle possede une limite non triviale bien connue sous de bonnes hypotheses sur le
processus m. L’influence du terme aléatoire est trés importante pour voir quelle échelle
de temps est adéquate pour comprendre le comportement de Y.

Le principe de I'approximation diffusion est dii a un résultat bien connu de la théorie
des probabilités : le Théoreme Centrale Limite. Celui-ci stipule que pour une suite de
variables aléatoires centrées indépendantes identiquement distribuées (M, ),en, la suite
ﬁ > _o My, converge en loi vers une loi normale N (0, E[M7]). Ce dernier posséde une
version fonctionnelle, prouvant qu'une suite de fonctions aléatoires définie par &,(t) =
ﬁzgg M; converge en loi dans un certain espace vers une mouvement Brownien de

variance E[M?]. On peut se ramener & la notation de notre probléme en définissant par
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exemple le processus

t

2

w@zﬁ'mms

0
ol m est un processus aléatoire décrivant le milieu de propagation de l'onde étudiée.
Pour simplifier, supposons que ce milieu soit discret, et défini par des variables aléatoires
centrées réduites (m,, ey indépendantes identiquement distribuées. Si on regarde les ac-

croissements du processus M€ on a pour t; < t9

[t2/e?]
Me(t) = Me(t)) =& > m,+O(e).

n=lr1/¢?]

Le terme principal correspond au cadre du Théoreme Centrale Limite énoncé, donc les
accroissements du processus M*® convergent en loi vers une variable aléatoire Gaussienne
centrée de variance correspondant a la taille de ’accroissement.
im E[(M*(t2) — M*(1))*] = (t2 — t1)E[1;] =t — 1.

Comme deux accroissements disjoints de M€ ne contiennent que des ensemble disjoints de
variables indépendantes m,,, ils sont également indépendants, et cette propriété est égale-
ment valable pour le processus limite. Le processus limite M possede donc des accroisse-
ments Gaussiens indépendants centrés de variance égale a la longueur de ’accroissement.
On peut montrer qu’il est également continu en ¢ avec des trajectoires continues, M est
alors le mouvement Brownien. Par un changement de variable, on voit aussi que

= ()

ce qui nous indique que le processus %m(g%), que 'on retrouve dans I’équation (0.1.10),

converge en loi vers un bruit blanc. La théorie peut étre étendue sur des cas plus généraux
que cet exemple, et des résultats précis peuvent étre retrouvés dans [FGPS07].

Une fois qu’on peut intuiter la bonne échelle de temps grace a ce résultat de conver-
gence en loi, il convient de trouver I’équation limite satisfaite par le processus limite. Pour
cela on a recours a la méthode de la Fonction Test Perturbée. Cette méthode est basée
sur 'utilisation d’équations de Poisson et de l'alternative de Fredholm pour passer a la
limite dans le probleme martingale de I'équation. Pour cela on applique le générateur

infinitésimal £° du processus (X, m(z)) a une fonction connue ¢, que l'on corrige par
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plusieurs (généralement 2) fonctions, afin de faire disparaitre les singularités en €. On
obtient une nouvelle fonction ¢° = ¢ +ep; +&%p, et on est capable d’identifier une limite
Lfp® — Ly quand ¢ tend vers 0. Ce générateur limite nous donne alors sous de bonnes
hypotheses 1’équation satisfaite par le processus limite X. Cette méthode fut introduite
initialement par Papanicolaou, Strook et Varadhan [PSVT77], et on peut la trouver de
manieére détaillée dans le livre de Fouque, Garnier, Papanicolaou et Solna [FGPS07] ou
encore dans la these de Renaud Marty [Mar05]. De notre cété nous l'appliquerons de
maniere détaillée directement sur nos équations dans les différents chapitres de la these.

Voici donc le contexte dans lequel s’inscrit cette these. Nous allons travailler sur des
problemes d’approximation diffusion liés au systeme de Zakharov stochastique et a I’équa-

tion de Schrédinger non-linéaire stochastique.

0.2 Contenu de la these

Nous allons maintenant introduire les résultats obtenus au cours de cette these. Ces

résultats seront détaillés dans les prochains chapitres.

0.2.1 Approximation diffusion pour I’équation de Schrodinger

non linéaire avec potentiel aléatoire sur R”

Dans ce chapitre on étudie un probléme d’approximation diffusion sur I’équation de

Schrodinger cubique :

10, X°(t) = —AXE(t) + A X(t)|* X°(t) + iX(t)m <;2) , (0.2.1)
sur R", avec une donnée initiale réguliere. Le processus m est un processus de Markov
ergodique, a valeurs dans un espace £/ = H*(R",R) pour s > % + 3. Dans beaucoup
d’articles une hypothese importante sur ce processus était la nécessité qu’il soit unifor-
mément borné, afin d’obtenir des estimations a priori. Dans ce chapitre on se défait de
cette hypothese pour seulement supposer que ce processus possede suffisamment de mo-
ments. Cela introduit quelques nouvelles difficultés : par exemple lors de la méthode de
la Fonction Test Perturbée, les correcteurs que ’on introduit ne peuvent plus étre bornés

uniformément en €. On se place ici dans un cadre de solutions a valeurs dans ’espace de
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Sobolev H!(R™), en supposant que le terme non-linéaire est sous-critique, c’est a dire que
0<o<——

Dans ce chapitre, on choisit de travailler dans des espaces de Sobolev a poids, notamment

pour obtenir des résultats de tension, aussi on définit pour 0 < ¢ < 1 I'espace
¢ = {ue H'(R",C;(x)‘ue L*(R",C)}, (0.2.2)

muni de la norme ||ul|sxc = ||ul| ;0 + H<x>CuHL2 Le résultat de ce chapitre est le suivant.

Theorem 0.2.1.1. Pour tous T > 0 et 0 < ¢ < 1, supposons que X§ converge en loi
vers Xy dans lespace X%, voir (0.2.2), alors pour tout s € [0,1) le processus X¢ a valeurs

dans C([0,T]; H*), solution de (0.2.1) avec la donnée initiale X§ converge en loi dans
C([0,T], H®) vers X solution de

idX = ( —AX +AXFX - %FX) dt — X QAW (0.2.3)

avec la donnée initiale X, ot F,Q sont définis respectivement par (0.2.4) et (0.2.5), et

ot W est un processus de Wiener cylindrique sur L?.

Pour prouver ce théoréme, on se sert de la méthode de la Fonction Test Perturbée
afin de passer a la limite dans le probleme martingale satisfait par le processus X¢. Dans
ce chapitre on ne possede pas d’information sur I’évolution du processus m®. On suppose

alors qu’il existe 7 > 6 et une constante C telle que

E[mwmw4<c
te[0,1]
On définit également le noyau de covariance

kmw:fﬁm@@m@MMmewdm

qui nous permet de définir pour z € R”

F(z) = k(z,2) (0.2.4)

24



ainsi que l'opérateur

Qfty) = Re | k) f(a)ds 0.2.5)

pour f € H'(R" C). Avant de s’intéresser a la limite ¢ — 0, on commence par montrer
un résultat d’existence ainsi qu'une estimation d’énergie, car la conservation de 1’énergie

(0.1.4) dans le cas déterministe ne tient plus lorsque 1’on ajoute une perturbation aléatoire.

Proposition 0.2.1.1. Soit X5 € H'. Alors, presque sirement, il existe une unique
solution X¢ de (0.2.1) avec la donnée initiale X, a valeurs dans C([0,T], H'(R") n
L0, T; Wh2ot2(R")), 1 = 4(%1), pour tout T'. De plus, on a P —p.s. pour 0 <t < T :

€ g & C e SUPggl0,¢ m(2 € € n

IXE@) e = IXEl e and VX0 < Crefres®setal@le (£(Xg) + ey Xe|E2),
(0.2.6)

2_2m, cx=—-AsiA<0etcy =0 pour X >0. Enfin, si X§ est

Fo-mesurable alors le processus X¢ est (Ff)-adapté.

avec p, = (20 +2 —on)

Cette proposition nous permet, outre le fait de s’assurer que notre probleme est bien
posé, d’obtenir un controle de 1'évolution des normes du processus X¢ et de son gradient,
en fonction de la donnée initiale et de ’évolution du processus m(é), qui est d’ordre e7¢
avec a > () aussi petit que 'on souhaite. La preuve de ce résultat consiste en un principe
de point fixe sur la formulation intégrale de (0.2.1) afin d’assurer le caractére bien posé
et en une formule d’It6 sur ’énergie évaluée en une régularisation de X, X§ = ps = X°®
avec p une approximation de I'unité, couplée a un lemme de Gronwall.

On a aussi besoin de s’assurer que le processus X¢ reste bien dans l'espace X¢ si la
donnée initiale appartient & X¢. C’est ce qu’assure le résultat suivant, qui se démontre en

appliquant la formule d’It6 a la fonctionnelle
ps(u) = | (@)*|u(z)Pe@du.
]Rn

Proposition 0.2.1.2. Supposons que Xi € X¢ pour ¢ < 1, alors X° € C([0,T],%¢)

presque surement pour tout T' > 0. Plus précisément, on a

| X))

2 2 t
L <C (HX5<:,;><]L2 +L VX2 (s)]% ds) . (0.2.7)

On peut ensuite commencer a mettre en place la méthode de la Fonction Test Per-

turbée. On note M le générateur infinitésimal du processus m, et L£° celui du couple
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(X%,m(2)). Dans cette these, on utilise la notion de générateur au sens ou pour des

fonctions test bien choisies ¢ le processus

o(ms) — p(mo) — J Mep(im.)ds

est une martingale. Une question cruciale est de pouvoir inverser le générateur M. Contrai-
rement au probléeme sur Zakharov ot on connaissait I’équation satisfaite par z¢, et ot I'on
pouvait donc redéfinir par la formule d'Itd M~1p, ici on doit s’assurer qu’il est bien
possible de définir une telle quantité. On a donc besoin de définir une bonne classe de

fonctions test sur lesquelles on pourra inverser le générateur M.

Definition 0.2.1.1 (Bonne fonction test). On dit que ¢ : H: x E — R, (u,n) — ¥(u,n)

est une bonne fonction test si elle vérifie les propriétés suivantes :
— W est continument différentiable par rapport a u, la différentielle est notée DW.

— U est sous-polynomiale en u et n; 3Cy,Ip; € N,Iy <, V(u,n) € H' x E,
(W (u,n)| < Cy(1+ [lullf) (L + lInllz).

— (u,n) — DY (u,n) est continue de H' x E dans L(H};C).
C

— DV(u,n) est continue par rapport a la norme H™' et vérifie la borne sous-

polynomiale en u suivante : 3Cy,Ipy € N,Iyp <y —1,V(u,h,n) e H' x H! x E,
D (u,n).(h)] < Cy(1+ [lull ) (X + ([0l Z) 1Al -1 -

— Yue HE, U (u,.) € Dy ot Dy est le domaine de lopérateur M.

— MUV est continu et sous-polynomial en u et n; ICy,Ips € N,Iy3 < v, ¥(u,n) €
H' x E,
(MU (u,n)| < Co(1+ [Jullfp) (1 + |In]lF).

Pour une bonne fonction test ¢, on est alors capable de calculer Lf¢p :
. 1
L QD(’LL, n) :gMQO(U, n)
1
+ = (Dgp(u, ). (~iun)

+ Do(u,n).(iAu — i\|u*7u).
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Cette expression fait intervenir des termes d’ordre négatifs en . Si on suppose que la
fonction ¢ ne dépend que de u, le terme d’ordre —2 est alors nul. On corrige notre
fonction test avec deux autres fonctions ; et @9, qui sont aussi des bonnes fonctions test,

et on obtient :

1
Lo+ 1 + £02) (0, ) = Mip(w)

+ i (Do (u).(—iun) + My (u,n))

+ My (u,n) + Dy (u,n).(—iun) + Do(u).(iAu — iX|u[*u)
+ & (Do (u).(—iun) + Dy (u,n).(iAu — iX|u[*"u))
+ 2Dy (u, n).(iAu — iXu[*u).

On applique alors cette méthode & p(u) = (u, h)* pour h € H'(R") et £ = 1,2. Un bon

choix pour ¢ et w3 nous permet de définir un générateur limite L :

Lo(u) = Do(u) - (iAu — iX|u[*u) + Ev (D*p(u) - (—iun, iuM™'n) + Do(u) - (unM™'n)),
(0.2.8)

ot M~1n est un abus de notation correspondant & M~'Id(n). Par définition du générateur
infinitésimal £¢, on sait que

¢

GO 7)o" (Xaumo) — [ L7 (XE md)ds

0
est une martingale. On a besoin de résultats de tension sur le processus X¢, qui sont
obtenus notamment grace au critere d’Aldous couplé a la méthode de la Fonction Test
Perturbée. Une fois ces résultats démontrés, on peut se placer dans I'espace de Skorohod
et passer a la limite dans le probleme martingale satisfait par X¢ et d’identifier 'opérateur
L comme le générateur infinitésimal du processus limite. On conclut ainsi la preuve du
Théoreme 1.1.1.
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0.2.2 Etude du systéme de Zakharov stochastique, et conver-
gence vers une équation de Schrodinger non linéaire sto-

chastique

Dans ce deuxiéme chapitre on étudie le systeme de Zakharov introduit dans la section

0.1.3, que 'on perturbe par I'ajout d'un terme stochastique. Le systeme devient

{ i0yu = —0%u + nu, 0.2.9)

e2d(0m) = A(n + |[u?)dt + ¢dW (¢),

ou W(t) est un processus de Wiener cylindrique et ¢ un opérateur Hilbert-Schmidt. De

maniere formelle, si on étudie la limite quand ¢ tend vers 0, on récupere

aw

n= = (@)1

x
et en réinjectant cette égalité dans 1’équation satisfaite par v on obtient une équation de
Schrodinger stochastique cubique. On s’intéresse donc au caractere bien posé du probleme,
ainsi qu’a la limite ¢ — 0.

On remarque cependant rapidement qu’il est nécessaire de rajouter un amortissement a
notre systeéme, afin de récupérer la convergence. Par ailleurs, I’ajout de cet amortissement
est aussi naturel pour des questions physiques, comme par exemple dans [GF06]. On

introduit donc le systeme

i0u = —0*u + nu,
(0.2.10)
e2d(0m) + acdn = 0%(n + |u|*)dt + ¢dW (t)
En effet, des simulations numériques sur un exemple plus simple :
OuXe = —Xuru (0.2.11)
e2d(0ny) + agding = —Anydt + df;

nous montrent que la convergence ne se fait pas sans amortissement. Sur cet exemple
simple on sait que grace a un changement d’échelle on peut identifier I’équation limite qui

est
1 1 1

dont on connait la solution explicite : X; = e=%. Sion suppose a = 0 et que 'on calcule
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Schéma AP avec epsilon=0.005 et perturbation type ondes, et solution explicite, 400 points

silon 25 — Xepsilon
— explbeta)

FIGURE 1 — Tracés pour € = 0.005 des solutions de I’équation (0.2.11) pour o = 1 puis
a = 0, et comparaison avec la solution de I’équation limite (0.2.12)

I'intégrale en temps de la solution n; de (0.2.11), on obtient

t 1 1t VA
JO neds = Xﬁt — )\L cos (5(t — s)) dgs,

et lorsque quon calcule la covariance on obtient

E Uot Cos <\§(t — s)) dfs ﬂ/ Cos (\f(t’ - s)) dﬁsl = ;(t A t') cos <\f\(t — t’))

" 4\55 (sin (\f(t - t’)) — sin (\f(t +t =2t A t’)))> :

qui oscille fortement quand € tend vers 0. Sur la figure 1, on voit que si 'amortissement est
présent la convergence semble se passer sans accroc, tandis que le comportement général
de la solution de I’équation sans amortissement semble suivre la solution limite, mais avec
de fortes oscillation autour de cette derniere.

Ce probleme vient du fait que sans amortissement, le processus n; ne converge pas vers
un bruit blanc. En effet, en approximation diffusion le résultat clé est le fait que I'intégrale
en temps de ce processus converge bien vers un mouvement Brownien, or si on trace le
processus n; avec et sans amortissement, comme illustré Figure 2 et qu’on le compare a un

mouvement Brownien, on observe le méme probleme, qui se transmet alors a la solution
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de I’équation. L’influence de I'amortissement sur cette équation différentielle stochastique

FIGURE 2 — Tracés pour € = 0.005 de l'intégrale de n; pour a« = 1 puis a = 0, et
comparaison avec le mouvement Browien limite (0.2.12)

nous donne donc une idée de ce qui peut se passer, du moins dans le cas linéaire, pour
I’équation aux dérivée partielles au niveau de ses fréquences de Fourier. C’est pourquoi
dans le chapitre 2 on considére directement le systéme (0.2.10). On montre d’abord grice

a un argument de point fixe le résultat suivant.

Theorem 0.2.2.1. Soit & > 0 et ¢ € L2(L* n H'). Soit (ug,ng,ny) € HAR) x
HY(R) x L2(R) n H Y (R). Alors il existe une unique solution (u,n,dn) de (0.2.10) avec
des trajectoires continues  valeurs dans H2(R) x HY(R) x L2(R) n HY(R) telle que
(u(0),n(0),0,n(0)) = (ug,no,n1). Cette solution est définie sur un intervalle aléatoire
[0, T(w)) ot T'(w) > 0 est un temps d’arrét tel que

Twy=+o  ou lm max([ju(t)ly., [n®)]m) = +o ps

Et en réitérant I'argument de point fixe sur les dérives en temps des équations du

systéme (0.2.10), on montre qu’on peut gagner en régularité.

Theorem 0.2.2.2. Soit ¢ € L2(H' n H™Y) et soit (u,n,én) la solution de (0.2.10)
donnée par le Théoréme 0.2.2.1, et T'(w) le temps d’arrét défini dans ce théoréme. Alors si
up € H3(R),ng € H2(R),ny € HY(R)~n HL(R), on a (u,n, é,n)(w) € C([0,T(w)), H3(R) x
H?*(R) x H'(R)).

30



Les preuves de ces théoremes suivent un schéma classique, inspiré de ’article de Kato
[Kat87], et sont détaillées dans le chapitre 1 de la these. Elles résident notamment dans
I'analyse de l'opérateur des ondes S, (t) qui permet d’écrire I’équation sur n, ou I'on a

posé € = 1 car on ne s’intéresse pas encore a la convergence, sous forme intégrale :

<a?7§2)) = Sa(t) (no,nl) + f: Salt — s) ( ag|u0(s)|2> ds + Jot Salt — s) (Z) dW (s).

L’étude de cet opérateur est assez technique. C’est un multiplicateur de Fourier, ce qui
nous permet de regarder facilement son comportement a l'aide de sa transformée de
Fourier. Le principal probleme est la dépendance en « de cet opérateur, qui nous contraint
a décomposer notre étude en plusieurs domaines de fréquence.

Une fois ces résultats d’existence et d’unicité locale prouvés, on s’intéresse a récupérer

un résultat plus global. On prouve alors le théoreme suivant.

Theorem 0.2.2.3. Soit @ = 0, T > 0 et soit ¢ € Lo(H' n HY). Pour toutes données
initiales ug € H3, ng € H? et ny € H' n H™Y, il existe presque sirement une unique
solution (u,n) € L*®([0,T], H*> x H?) pour le systéme (0.2.10).

Pour prouver ce théoreme on décompose notre solution n(t) de la fagon suivante :

n(t) = m(t) + Z=(t) ou les nouvelles variables sont les solutions de :
e*0im + agdym = 02 (m + |ul?),

e2d(0,2°) + aedy Z° = D2 Z°dt + ¢pdW (t).

Ainsi tout le caractere stochastique de I’équation est portée par la variable Z¢ tandis
que m satisfait ’équation des ondes initialement présente dans Zakharov (en ajoutant

I'amortissement). Le systeme (0.2.10) se réécrit alors :

i0u = —0%u + (m + Z°)u,
(0.2.13)

e20?m + aedym = %(m + |ul?).

On précise que la décomposition n® = m®+ Z¢ nous donne une décomposition des données

initiales mo = nyg — 25, m1 = n; — Zi. On choisit alors Z5 et Z] de maniere a ce que le
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processus Z° soit stationnaire, c¢’est-a-dire

.z -1 5. () <¢d()vvs>.

Une fois cette réécriture effectuée, on essaye d’adapter les méthodes de 'article de Sulem
et Sulem [SS79]. Cet article se base sur I'estimation d’énergie valable pour le systeme de
Zakharov (0.1.7) :

1
O H (u,m) = 0, <||8mu||ig + §(||n||iQ + ||5V||%2) +f n|u|2dx) =0, (0.2.14)
R
ou V est la solution de 1'équation
5tm + axv = 0,

soit encore V = —(0,)"*0ym, ce qui justifie 'utilisation de I'espace de Sobolev homogenes

H' présents dans les énoncés des théorémes. Dans notre cas, cette énergie n’est plus

conservée, et on commence par montrer 1'égalité :
OH (u,m) + f Z20,|uPdr = —ac |V |3, . (0.2.15)
R

On suit ensuite le schéma de preuve de [SS79] en gérant les termes supplémentaires dus
a (0.2.15).
Les questions d’existence et d’unicité étant maintenant réglées, on s’intéresse alors a

la convergence de notre systeme. On énonce le théoreme principal de ce chapitre.

Theorem 0.2.2.4. Soit o > 0. Pour tout T > 0, et pour ug € H3(R),mg € H*R) n
HY(R),m, € HY(R) n H'(R), le processus u, solution du systéme (0.2.13) avec ¢ €
Ly(LA(R), H¥R) n H*(R)), converge en loi dans C([0,T], Hi (R)) pour s < 1 vers

["unique solution u de
idu = (—%u — |u*u — %uF)dt —u(0?) "t pdWs, (0.2.16)

ot F(z) = Yoy (02 V)er)’ (z), la famille (ey)ren étant une base orthonrmée de L*(R).

La preuve de ce théoreme constitue ’essentiel du chapitre 1. La premiere difficulté

réside dans le fait que I’énergie H évolue de maniere singuliére en &, donc on ne peut pas
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en tirer des estimations indépendantes de £. Pour résoudre ce probleme, on se place dans
le cadre de 'approximation diffusion en changeant 1’échelle de temps de notre systéme. En
effet, on remarque que le processus Z¢ est d’ordre £73 et I’équation qu’il satisfait indique
qu’il dépend de ¢ comme fonction de £. On définit alors la variable z°(t) = 2 75(et). Le

systeme (0.2.13) se réécrit alors

£

10 = —0%u + mu + %@25 (1) u,
(0.2.17)

e20?m + aedym = 02(m + |ul?).

ou z° est solution de I’équation aux dérivées partielles stochastique

atéa - 68,
: o ] (0.2.18)
d¢® = (—a(® + 0%2°)dt + pdW§.

Ce processus a une loi indépendante de €. En choisissant bien la donnée initiale de z¢, le
processus peut étre pris stationnaire, avec suffisamment de moments. On est donc bien ici
dans une situation classique d’approximation diffusion, pour lesquelles la méthode de la
Fonction Test Perturbée est un outil puissant. Une fois ce changement d’échelle effectué

on peut appliquer cette méthode a I'énergie H pour en tirer une estimation sur la quantité

1 | 1
K = S l10sullys + 7 Imlz2 + 5 V7. (0.2.19)

qui est une fonction positive. On montre ainsi que pout tout 7" > 0, il existe un temps
d’arrét 7 qui tend presque stirement vers T' quand ¢ tend vers 0, et une constante C'(T')

indépendante de ¢ tels que

E lsup(K(t)P] < O(T).

t<re
Grace a cette estimation, on peut obtenir des résultats de tension sur nos processus en
utilisant le critere d’Aldous couplé a la méthode de la Fonction Test Perturbée. Ces
propriétés de tension nous permettent en passant dans l’espace de Skorohod d’obtenir
des convergences faibles, en s’appuyant sur 'article [AA88] d’Added et Added, ou les
auteurs peuvent directement utiliser la conservation de I’énergie pour obtenir des bornes
indépendantes de €.

Avec ces résultats de convergences faibles, on peut finalement utiliser la méthode de la

Fonction Test Perturbée afin d’exhiber une équation limite. On applique cette méthode
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A des fonctions ¢(u) = (u, h)® avec £ = 1,2 et h une fonction H! & support compact. Le

cas £ = 1 nous permet de montrer que

t

#mw—¢W®—J£ﬂ%ﬂ&

0

ou L est le générateur infinitésimal du processus limite u, est une martingale continue
tandis que le cas ¢ = 2 permet de calculer sa variation quadratique et de conclure grace a
un théoreme de représentation martingale, que I'on peut trouver dans [DPZ14, Théoreme
8.2]. Le générateur infinitésimal du couple (u®, 2%) appliqué a ¢ nous donne
€ ~c ~c l—1(:72~¢ -~ E~E 4 ~c =1/ e~¢c
Lip(u) = L(u, h) " (07" —im s, h) — —(a°, h)" " (iz°a°, h).
\E

On corrige alors ¢ avec deux fonctions de maniere a supprimer les termes singuliers dans
I'expression précédente, et on applique le générateur a ¢° = ¢ ++/cp1 + £py. On sait alors

que
t

w%@—ﬁ@@—fEWWQ%
0

est une martingale continue. L’expression de £ nous permet d’identifier le générateur
limite £, et les résultats de tension et de convergences faibles nous permettent de passer
a la limite dans le probleme martingale. On a ainsi un résultat de convergence en loi
du systeme de Zakharov stochastique avec un terme d’amortissement vers I’équation de
Schrodinger stochastique cubique. On peut néanmoins s’interroger sur le lien entre le
processus de Wiener dirigeant le systéme de Zakharov et celui dirigeant 1’équation limite.
Le dernier résultat du chapitre nous assure que ce sont bien les mémes, car on peut en

réalité obtenir une convergence en probabilité.

Theorem 0.2.2.5. Soit a > 0. Pour tout T > 0, et pour (ug, mg, m;) € H>(R) x (H*(R)n
HY(R)) x (HY(R) n H X(R)), le processus u® solution du systéme (0.2.10) avec ¢ €
Ly(LA(R), H¥(R) n H*(R)) converge en probabilité dans C([0,T], Hi . (R)) pour s < 1

vers u solution de
idu = (—%u — Jul?u — %uF)dt — w(2) L pdW,. (0.2.20)

ot F(x) = X cn ((82) V) per)” (), et W, est le processus de Wiener cylindrique introduit
dans (0.2.10).
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Pour prouver ce résultat, on se base sur un résultat de Gyongy et Krylov [GK96], pour
obtenir la convergence en probabilité de nos processus, et ainsi pouvoir passer a la limite
directement dans le probléeme martingale. En effet, la connaissance de I’équation satisfaite

par le processus z° nous permet de connaitre explicitement la martingale
t
) - ) - | Cetunas
0

ce qui n’était pas nécessaire pour prouver la convergence en loi grace au théoreme de
représentation martingale. I’argument mis en place consiste a prendre deux sous-suites
quelconques du processus (u°).~o et de montrer que le couple constitué de ces deux sous-
suites converge en loi vers une mesure supportée sur la diagonale. Le théoreme de Skorohod
nous permet d’obtenir ce résultat, car on a déja montré la tension de (u®).~¢, et dans
I’espace de Skorohod on peut utiliser la convergence presque stire des copies de nos sous-
suites pour conclure. Ensuite le résultat de Gyongy et Krylov nous assure la convergence
en probabilité du processus (uf).-o, ce qui permet de passer a la limite ¢ — 0 dans

I’expression explicite de la martingale et ainsi d’identifier le processus de Wiener limite.

0.2.3 Schémas numériques conservant ’asymptotique

Dans ce dernier chapitre on s’intéresse a des problemes d’analyse numérique liés a
ces problemes d’approximation diffusion, et plus particulierement a des schémas numé-
riques préservant 'asymptotique ( “asymptotic preserving” en anglais, ou plus simplement
“AP"). On s’appuie sur 'article de Bréhier et Rakotonirina-Ricquebourg [BRR22] qui dé-
finit la notion de schéma AP pour une équation différentielle stochastique. Le but de ce
chapitre est de construire un schéma numérique pour modéliser le systeme de Zakharov
stochastique, et qui soit consistant avec la limite € — 0. Un schéma AP est une discre-
tisation (X})reo,n7 de la solution (X7 )7 d'une équation, qui converge quand ¢ tend
vers 0. La propriété d’étre AP consiste en le fait que le schéma pour (X} )keo,n] converge
lui aussi quand ¢ tend vers 0, et que le schéma limite permet de définir une bonne dis-
crétisation (Xp)kepo,n7 de la solution de I'équation limite (X)seo,r]. Cette propriété peut

étre illustrée par le diagramme suivant.
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Xk

Xy

N—o

De maniere plus rigoureuse, on peut définir un schéma AP de la facon suivante, lége-
rement différente de celle donnée dans [BRR22|, mais mieux adaptée aux systémes que
I'on étudie. Soit pour tout € > 0 un schéma numérique (Xj, nj, mj)repo,ng, défini par un

opérateur ®%,, c’est-a-dire que pour tout ¢ € [0, V1] on a

(Xli+1v ”2+17 m2+1) = aAt(Xiia ”27 mZa Vk)y

ou (%)ke[[o,N}] est une suite de variables aléatoires Gaussiennes centrées réduites indé-
pendantes. Ce schéma est défini en vue d’approcher la solution d'un systéme continu
(X7, 17, m7)efo,1], qui converge en loi vers la solution d’une équation limite (X;)[o,77. On

fait alors les hypohéses suivantes sur le schéma numérique.

Hypotheéses 0.2.3.1. 1. L’opérateur ®%, est défini pour tout € € (0,1] et tout At €
(0, Aty], ou Aty > 0 es indépendant de e, et
E [[ng]* + €2mg|?]

sup sup sup < 0. 0.2.21
2 3R R T+ B (g + 2l (022

2. Pour tout € € (0,1], le schéma numérique est consistant au sens faible avec le

systeme continu : pour toute fonction continue bornée p :

Elp(X§, ni,my)] = Elo(X7,n7, m7)].

N—+00

3. Pour tout At € (0, Aty], il existe un schéma numérique (X% )kefo,n] tel que pour toute

fonction continue bornée ¢ :

E[‘:O(XJE\T» n(]s\fa m?v)] - ]E[SO(XN)]

e—0

Avec ces hypotheéses, on peut définir un schéma numérique préservant I’asymptotique.
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Definition 0.2.3.1. Soit un schéma numérique (X3, ng, my)ejo,n] Satisfaisant les Hypo-
theses 0.2.53.1. Le schéma est dit préservant l'asymptotique, ou AP, si le schéma limite
donné par la troiseme hypothése est consistant au sens faible avec [’équation limite : pour

toute fonction continue bornée ¢ :

E[p(Xn)] — E[p(X7)].

N—+00

On commence par un modele simple, qui nous permet de comprendre comment marche
la théorie développée dans [RR21].

0, X5 = o(X7)ng
ong = my , (0.2.22)

€ _ _Qpe _ Ape ;1
dmi = —<m; EQnt+€%dBt

avec o une fonction bornée. La différence avec les schémas étudiés dans [RR21] vient de
I’équation sur le processus ny, qui ici est d’ordre deux, ainsi que de 1’échelle en € qui est
d’ordre —%, afin de se rapprocher de I’étude du systeme de Zakharov. L’équation limite

pour ce processus est

dx, = 2=

1 X
= 5 (X))o (Xo)dt + “(A t)dBt. (0.2.23)

On approche ce systeme par le schéma suivant :

( TLE _ns
k+1” "k _ €
At T Mo
My 1My a, € A€ 1
— = —=m — 5N + =%
- S (0.2.24)
YeE _X¢ V4N
k+1 E O.(XE)Lne
At k) /e k+6
Xpo X5 o(Xz)+U(Yk€+1)Ln6
L At 2 e ‘k+0

ol Myyp = Omp 1 + (1 —0)my, 0 € [%, 1]. On montre que ce schéma est bien AP au sens

de [BRR22| et que le schéma limite est donné par

{ Y= Xi + @U(Xk)’m (0.2.25)

Xt = X + VB bo0ka)
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On se rapproche ensuite un peu plus de notre probléme en considérant le systeme :

0XF =i (X7 + 202t)
omn; = mg ;
A
dmi = —<mi — 5Snj + f%dBt
qui a pour équation limite
7
dXt = ZMXtdt + XXt @) dBt

On construit également pour ce systéme un schéma numérique AP :

e _hE
N1 ™"

AT = Mo
mE 7m5
k41~ _ _ age
At eMkto

qui converge vers le schéma limite suivant :

Xk+1 == Xk + ’lILLAth_,'_%

A€
— ZNjyg T

XE 7XE
k41" Yk _ - e _
At ¢ (“Xm;

1
3 Vi
. R e2vVAt
Xk_*_%n]C+19

NG

VAL

— Xy e

(0.2.26)

(0.2.27)

(0.2.28)

(0.2.29)

qui est bien consistant avec I’équation limite (0.2.27). On finit par construire un schéma

numérique pour le systeme de Zakharov (0.2.17)-(0.2.18), ou 'on utilise une méthode de

relaxation introduite dans [Bes04] pour 1’équation de Schrodinger non linéaire détermi-

niste :
( ’/’k+1 ¥k |2
2 |Xk|
J
k+1 % €
=m 1
At k+3
J J
Mpp1 "My
Phe M —eme 4 2 A (ng, + Vi)
) §+1 Zi _ C
At k+1
7=
k+1 Sk o 1
At - €k+1 + Azk+1 + 3/2\/7 <ZE 1g0€< )/yf )
Xe,  —-X
k1" € s i ye
T A T ZAXk+ — X k+— ka+

, (0.2.30)

je[1,J-1]

ou 'on utilise une notation vectorielle pour plus de lisibilité, la matrice A encodant le

Laplacien discret, et le terme X 1 z; 1
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de la méthode de relaxation permet de gérer 'implémentation de la non linéarité plus
simplement qu’un schéma de type Crank-Nicolson par exemple. N’ayant pas de théorie
pour les schémas AP en dimension infinie, on se contente d’observer le comportement
asymptotique de ce schéma lorsque ¢ tend vers 0. On remarque alors la convergence de ce

schéma vers la solution du schéma limite

etV | X 12
2
X=X . ,
4 -1 L .
—va(—4) (ZZ:I w(J)w,k)je[OJﬂ Xpi1

Des figures seront présentes tout au long de ce chapitre afin d’illustrer les différents résul-

tats obtenus.
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CHAPITRE 1

DIFFUSION APPROXIMATION FOR THE
NONLINEAR SCHRODINGER EQUATION
WITH RANDOM POTENTIAL ON R"

1.1 Introduction and main result

We study in this work the limit of Non-Linear Schrédinger Equation with randomness.

More precisely, we consider the following problem
1
i0,X(t) = —AX(t) + M X[ X(t) + —X(t)m(t/e?), >0, (1.1.1)
€

on the domain R", with regular initial data. Such equation occurs in many situations, for
instance in optical fibers dynamics (see [G.A07], [UK92]). More generally, the nonlinear
Schrodinger equation is an equation describing the propagation of wave in a nonhomoge-
neous dispersive medium and random effects often enter the description via a potential.

Here we consider such a random potential which depends on time ¢ > 0 and space x € R"

with a scaling of the form lm(%, ).

Under such a scaling, we are in the situation of diffusion approximation. The ran-
dom term formally converges to a spatially dependent white noise in time and we ex-
pect to obtain a white noise driven stochastic partial differential equation at the limit.
Such stochastic non-linear Schrodinger equations are used in the physics literature and
has been mathematically studied, for example in a conservative version by Debussche
and de Bouard ([dBDO03a], [dBDO05], [dBD99], ...). Barbu, Réckner and Zhang proved in
[BRZ14] well posedness results in both conservative and nonconservative cases thanks to
rescaling transformations, while Brzezniak and Millet studied in [BM14] the stochastic
nonlinear Schrédinger equation on a two-dimensional manifold. We also cite [MRRY21]

and [MRY21] where the authors study the one dimensional L?-critical and supercritical
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cases for Nonlinear Schrodinger equation with spatially correlated noise and space time
white noise. We believe that it is important to prove that theses equations can be limits
of equations with noises appearing in physical applications, such as (1.1.1).

Our basic tool is the Perturbed Test Function method. This method provides an ele-
gant way for diffusion approximation problems; it was first introduced by Papanicolaou,
Stroock and Varadhan [PSV77] in a finite dimensional case, and one can find many applica-
tions in the book of Fouque, Garnier, Papanicolaou and Solna [FGPS07]. Generalizations
in infinite dimension have been recently developped, for instance in [dBG12], [DDMV16]
or [DV12]. Our aim is to develop this method in the context of the nonlinear Schrédinger
equation with a random potential. The difficulty is that the fundamental object for this
method is the infinitesimal generator of the Markov process associated to (1.1.1), which
is a complicated object, since we work in an infinite dimensional space. Moreover the Per-
turbed Test Function method is based on compactness arguments, which are not trivial
in the case of (1.1.1) whose space variable is in the full space R". We overcome this latter
problem by working in a weighted space. Note that the rescaling transformation used in
[BRZ14] shows that the solution of (1.1.1) is continuous with respect to

t
e
so that our result could be proved in a simpler way with this transform. However, our
arguments immediately extend to more general equations, for instance, if %X (t)ym(%) is
replaced by A(X(t))m(Z%) for a Nemitsky operator A with sublinear growth such that
A(2)z is real valued. For the sake of clarity we decided to study the case A(z) = z.

The driving noise m is an ergodic Markovian process with values in a Sobolev space
to be described below. In all of the articles mentioned above on diffusion approximation
problem for partial differential equations, this noise is assumed to be uniformly bounded.
This is important to get a priori estimates. In this article, we introduce a new argument,
which allows us to replace this assumption by a much more satisfactory one: we only
assume that m has sufficiently many moments. This introduces several difficulties. In
particular, the correctors cannot be bounded uniformly in . We use a stopping time
argument which, together with a control of the growth of stationary process, allows us to
obtain a bound on the correctors. Another difficulty is to obtain bounds on the solutions
of (1.1.1) uniformly in . In particular, the control of the energy is very delicate. Our

idea has been used and improved in a recent work on diffusion approximation for kinetic
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equations (see [RR21]).
We work with solutions in the Sobolev space H'(R"™) and assume that the nonlinear

term is H!-subcritical:
O0<o<——F,n=230r0<o0, n=1,2 (1.1.2)
Moreover, since we work with global solutions, we need the further assumption:
2,
o< —,if A<0. (1.1.3)
n

Our main result can be stated informally as follows (precise assumptions are given

below).

Theorem 1.1.1. For all T > 0 and 0 < ¢ < 1, assume that X§ converges in law to X
in the space 3¢, see (1.2.1), then for all s € [0,1) the C([0,T]; H*)-valued process X¢,
solution of (1.1.1) with initial data X§ converges in law in C([0,T], H*) to X solution of

idX = ( CAX FAXPX - %FX) dt — XQY2dW (1.1.4)

with initial data Xo, where F,Q are defined respectively by (1.2.23) and (1.2.24) below,

and W is a cylindrical Wiener process on L*.

The last two terms in (1.1.4) actually correspond to the Stratonovitch noise X; o
Q%th. The covariance operator () is described below and is explicit in terms of the
correlation of m, see (1.2.22) and (1.2.24) below. This chapter is organized as follows. We
first introduce the notations and state preliminary results on the Schrodinger equation
and on the driving process m. In Section 1.3, we adapt Kato’s method (see [Caz03]) to get
global existence of the process X¢. The estimates are obtained by classical manipulations
of the equation and blow up when ¢ — 0. To avoid this we adapt the perturbed test
function method to our problem in Section 1.4. This enables us to get both tightness of
the process and the natural generator of the limit. In Section 1.5 we use all the results
proved in Section 1.3 and Skorohod Theorem (see [Bil99]) to prove the weak convergence
of X¢ to X. Finally, Section 1.6 is devoted to details about an example of process m that
can be considered in (1.1.1) and to proofs of technical estimates.

In this work C, C' or ¢ denote positive constants which unless explicitely stated are

independent of € or of the smoothing parameter ¢ introduced below. They may eventually
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depend on other parameters such as T, n,o, R or n, and if needed, we may precise the

dependences by denoting them for example as Cr.

1.2 Preliminary and Main result

1.2.1 Notations

Throughout this paper, for p > 1, we denote by LP(R",;C) the Lebesgue space of p
integrable C-valued functions on R™, endowed with the usual norm. For p = 2, (-, -) is the

inner product of L*(R"; C) given by

(f,9) = Re o f(x)g(x)dx.

For s € R, we use the usual Sobolev space H®* := H*(R";C) of tempered distribution
u € 8'(R™) such that (£)*a(¢) € L*(R™;C), where ({) = 4/1 + |£|?, endowed with the

usual norm

e = KO U2,

where 4 denotes the Fourier transform.

[l

For m € N and p > 1, we also use the standard Sobolev spaces W™P?(R™; C) consisting
of functions which are in LP(R"; C) as well as their derivatives up to order m. It is classical
that H™(R™; C) = W™2(R"™; C).

We also consider the same spaces with values in R, they are denoted by the same
symbols with C replaced by R. When there is no ambiguity, we omit R™ and C or R. For
instance, we simply write H' for H'(R"; C).

In this article, the following weighted Sobolev spaces are particularly useful. We define

for 0 < ¢ <1,

3¢ = {ue H'(R"C);(x)ue L} (1.2.1)

endowed with the norm |lullsxc = |Jul/ ;7 + H<33><u L2
Finally, given a Banach space E, C(E) (resp. C*(E)) denotes the space of real-valued
continuous (resp. C*) functions on E, and Cy(E) (resp. CF(E)) is the space of bounded
continuous functions (resp. C* bounded as well as their derivatives up to order k).
When H, K are Hilbert spaces, we denote by L£(H, K) the space of linear operator
from H to K. If H = K, we simply write £(H). We also denote by Lo(H, K) the space

of Hilbert-Schmidt operators from H to K.
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We denote by S(t) the group associated to the linear homogeneous equation and
defined by S(t) = €"2. The solution of (1.1.1) is taken in the mild sense.

As already mentioned we assume that (1.1.2), (1.1.3) hold so that we are able to prove
global well posedness in H!(R"; C) (see [Caz03]).

The energy of u e H'(R"; C) is denoted by H(u) and is given by

1 2 A 2042
H(U) = 5 ||VU||L2 + m HU||L20+2 . (1.2.2)
In order to justify the computations when getting energy estimates, we may need a reg-

ularization procedure, so we choose p to be a mollifier, that is

pe C*(R"R), p=0, J p(z)dx =1 and suppp < B(0,1). (1.2.3)
Finally for § > 0, we define ps(z) = 5=p (£) and u* v stands for the convolution of u and

v, when it makes sense.

1.2.2 The random process m

We assume that m is a centered, right-continuous and left-limited (cadlag), stochas-
tically continuous, stationary E = H*(R",R)-valued process, for s > 7 + 3 so that
E — W3*(R™ R), on a probability space (2, F,P) adapted to a filtration (F;)«r. Note,

in particular, that m(t, z) is real-valued. We also define the rescaled process
me(t) = m(t/e?), (1.2.4)

which is centered stationary E = H*-valued process (F )wr-adapted, where F; = Fy 2.
Below, we often use the fact that E is an algebra.

The process m is an homogeneous Markov process. We denote by (P;);>0 a transition
semigroup associated to m, M its infinitesimal generator and (m(t,n))t=0ner @ Markov
process such that m(t, m(s)) = m(t + s).

We do not need to define precisely M but we use it in the following sense. We assume

that there exist sets Ppq and Dy, included in

Cp = {YeC(),3C>0,p>0:¥ne B lom| < CO+|nl)%,  (125)
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such that for ¢ € Py, there exists M1 € Dy, such that for n e E
M_lw(m(tan)) - w(m<san))d8 (126)

is an integrable martingale. We write MM %) = ). This is an implicit assumption
of ergodicity on m. We assume that m has a unique invariant measure v, which is the

invariant law of m. Clearly, our setting requires that
E,[¢)] — JEw(n)dy(n) _0,  wePu (12.7)
We need that Py, contains sufficiently many functions. Let us define for u, v € H':
Ui (n) = (un,v).

We assume that for each u, v € H, ¥}"Y € Py and there exists L, : E — E continuous
such that

MUY (n) = (uLy(n),v).

Informally, this says: M™tn = L(n).

Then we define for u, v e H':

U3’(n) = (unLi(n),v) — E,(unLy(n),v),
Us’(n) = (uVn,vVLi(n)) — E,(uVn,vVLi(n)),

and assume that for each u, v e H', i = 2, 3, U"" € Py, and there exists Ly : F — FE

and Ls = F — H*! continuous such that
MU (n) = (uLi(n),v).
Again, informally this may be written as:

M (nLi(n) —E,(nLi(n))) = M (nM ™ n —E,(nM™'n)) = Ly(n)
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and

MY (Vn -VLi(n) —E,(Vn-VLi(n)) =M YVn - VM 'n—-E,(Vn - VM 'n))
Lg(ﬂ)

We need to invert further a function of n. For u, v € H', we define
Uy (n) = (un,v)(uly(n),v) — E,(un,v)(uli(n),v)

and assume that for each u, v € H', ¥}"" € Py, and there exists Ly : £ — L®(R" x R")

continuous such that
MW () = Re || u@)uly) (o), y)o(e)o(0)dody.
Informally:

La(n)(z,y) = M~ (n(z)L1(n)(y) — Eun(z)Li(n)(y)) and Ly(n)(z) = La(n)(z, ).
(1.2.8)
The boundedness assumption made in previous articles on diffusion approximation for
PDEs is replaced here by the weaker assumption: there exists v > 6 and a constant C,
such that for all £ € N, the following estimate holds

IE( sup ||m(t)||75) <C. (1.2.9)
te[k,k+1]

In particular, this implies:
J [n|Edy <
E

and

sup ||m(t)]| 5 < o, a.s.,
te[0,T7]

for any 7" > 0. Notice that, by stationarity of m, it is sufficient to assume that (1.2.9)
holds for k = 0.

We need some control on the growth of the functions L;,7 : 1,cdots, 4, introduced
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above. We assume that there exists n < /2 — 1 and p € N such that:

ILi(n)]s <c(l+ e ne B, i= 1,2,
ILs@) s <L+ [nllg)ne B, (1.2.10)

| La(n)||Lo@n sy < (14 [Infg)", neE.

In many situations, M ™11 is given by:
0

wrwww=—f Pap(n)dt,

0

and, in particular, for each n € E, P;i)(n) is an integrable function: ¢ — P, f(n) € L'(0, o).
Here we do not need this but we simply use the assumption that there exists A € L!(0, o)
such that:

[E(m(t,n)|e < MO+ [n])"" (1.2.11)

and that L, is given by

(w, Li(n)) = — LOOIE [(w,m(t,n))]dt, weE (1.2.12)

The following Lemma is similar to [DPZ14, Lemma 15.4.4] and is fundamental to avoid

the uniform boundedness assumption on the process m.

Lemma 1.2.2.1. For allT >0, and € > 0, and o > %

te[0,T]

P ( sup [|m*(t)| = 5‘“) — 0,

when € goes to 0.

Proof. For k € N; we denote by n; the process

k= sup |m(@)|g,
te[k,k+1]
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then by Markov inequality and (1.2.9) we have for all § and &

and choosing ¢ such that v > 1, we have

Z ]P)(Uk = ké) < 90,

k=0

so we get by Borel-Cantelli lemma the existence of random variables Z;, Z; such that

P—a.s.,Vte RT |m(t)|z < Z1 + [t Zs.

T 6
Ly = €_a}

Finally, since

e2

{ sup ||m*(t)||z = 5_0‘} c {Z1 +
te[0,T]

and the probability of the right-hand side event goes to 0, when ¢ — 0, under the condition
a > 20, this ends the proof. O

We naturally define the (F5)-stopping time 7¢ by
7 = inf{t € [0, T], [|m"(t)||p = e “}. (1.2.13)

We will use many times that P(7° < T) < P(sup,epr [[m°(f)[|z = €7¢), which together
with Lemma 1.2.2.1 yields
P(1° < T) —._0 0. (1.2.14)

1.2.3 An example

An example of concrete assumptions on the process m that are sufficient to satisfy all

of the above hypotheses is the following:

1. Foreveryn e E, (m(t,n)o is a stochastically continuous Markov process associated

to the semigroup (F;)i>o.
2. (P)i=o is Feller.
3. For every k € N and n € E, E[||i(t,n)|%] is finite and there exist Cj, > 0,4 € N
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such that for every t € [0,T]
E[[lm(t, )] < Cx(1 + [Inll ), neE. (1.2.15)

4. There exist k > 0,7 > 0, kg € N such that for any ny,ny € E we can construct a

coupling (m!(t), m?(t)) of (m(t,ny1),m(t,ns))i=o such that
P (m!(t) # m?*(t)) < k(1 + ||[nallp + [|nall o) e (1.2.16)

It follows classically from this last assumption that (F;);>¢ has a unique invariant measure

v, which is exponentially mixing. We finally need
d.
J nv(dn) = 0,
E
and for any ke N
f In| v(dn) < . (1.2.17)
E
We then take m as a stationary process with law v such that m(t,m(s)) = m(t + s). For
Y € Cp such that {, ¥ (n)dv(n) = 0, we may define
o0

M(n) = — J Pa(n)dt. (1.2.18)

0

Our assumptions imply that M1y € Cp. We choose
Dy = {M Y, € Cp}, Prm = {¢ € C’p,J Y(n)dv(n) = 0} :
E

Clearly for any M~ € Dy, we may take MM~ = o) and Ly, -, Ly can be con-
structed and follow our assumptions.
Let us now construct a process satisfying 1 to 5. We consider the following stochastic

equation in a Hilbert space H: fort > 0,z € H

{ dX, = (AX, + F(X,))dt + odW,, (1.2.19)

onac,

where A is an unbounded operator on D(A) dense in H, invertible with a compact inverse,
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which generates an analytic semigroup (e4);so and such that
(Az,x) < =\ ||z|[3;, x € D(A), (1.2.20)

and

HetAH < Me™™, t >0,
L(H)

for some k > 0, M > 0,7 > 0. Assume moreover that, for all ¢ > 0, e** is Hilbert-Schmidt
on H and

< Lt t >0,

tA‘ Lo(H)

e

with L > 0,7 € [0, 3).

Remark that if A = —(—A)" where —A is the Laplace operator on a smooth bounded
domain O < R? d € N* with Dirichlet boundary conditions, then A satisfies our assump-
tions provided that r > g.

The nonlinear term F' can be chosen in various ways, for simplicity we assume that
it is Lipschitz bounded. The covariance of the noise ¢ is an invertible operator on H. It
has been proved in [DHT11] that (1.2.19) defines a Markov process in H. We consider a

continuous linear invertible operator A : H — E and take
m(t,n) = A (XA 'n+2)—7), (1.2.21)

where T = J zv(dz), v being the invariant measure of Xy, and, for x € H, X (¢, z) being

H
the unique solution of (1.2.19). The assumprions 1, 2 and 4 follow from corresponding
properties on X; proved in [DHT11]. Concerning 3 and 5, they may be proved by classical

computations based on the change of unknown
t

Y(t) = X(t) - J A= o d W,
0

in (1.2.19) and energy estimates. In Section 1.6.1 we give details and prove that the
process m(t,n) satisfies conditions 1 to 5 and that these conditions are indeed sufficient

to construct Lq,---, L4 as above.

Remark 1.2.3.1. We could also build an example based on a Markov chain in E as in
[DRV21].
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1.2.4 The covariance operator

We note that assumptions (1.2.9) and (1.2.11) imply that ¢ — E(m(0)(z)(m(t)(y)) is

integrable over [0, ), so that we can define:

k(x,y) = JOO E(m(0)(z)m(t)(y) + m(t)(x)m(0)(y))dt for x,y € R". (1.2.22)
0
It is not difficult to check that k € W3®(R" x R") n H'(R™ x R"). We assume that
k(-,-) € LY(R"), and that Ak(-,-) € L'(R"), with A; denoting the Laplacian operator
with respect to the first variable of k.
We also define F' € E by
F(z) = k(z, z) (1.2.23)

and @ the linear operator on H¢ by

Qf(y) = ReJ k(z,y)f(z)dx for f e HE. (1.2.24)

n

The following lemma, whose proof can be found in [D.M60], is useful to prove that Q

is non-negative.

Lemma 1.2.4.1 (Wiener-Kintchine). Let (x(t)), . be a real-valued stationary and cen-

tered process, we set C(t) = E(x(t)x(0)) and assume C' is integrable on R. Defining

(V) = fT 2(t)edt,

we have .
f C(r)e™dr = lim —E|ir(v)| .
R

2
TS5+ 2T ’

We now use the last assumptions on m and P, to show the following properties:

Proposition 1.2.1. The operator Q has finite trace on L?, is self-adjoint and non-
negative: (Qf, f) = 0 for all f € L?. Moreover, the following identities hold

k(z,y) =E JR m(t)(xz)m(0)(y)dt, (1.2.25)

| " E(m(t)(2)m(0)(y))dt = |tz (1.2.26)
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where v is the law of m(0).

Proof. We know that k(-,-) € LY(R"), so Tr(Q) < o, and k is obviously symmetric.

Moreover, the stationarity of m yields

0

[ (@ @m@)a - [

0 0

- [ B(no@minu)a

E (1) (x)m(0)(y) ) dt

and we easily get (1.2.25). Let us now prove the positivity of Q). We define z(t) = (m(t), f),
which is a centered stationary process, and denote by C(t) = E(z(t)z(0)) its correlation
function. Then definitions (1.2.24) and (1.2.25) of k£ and @ and Lemma 1.2.4.1 yield

2
=0

(QF, f) - f C(r)dr — lim ;E #2(0)

R T—+0

Finally, applying (1.2.12) with w = §, € E’, we write:

- Ln(y) Ly(n)(z)dv(n) = —E(m(o)@)Ll(m(O))(w))

B(m(0)(0) | B (it m(0))(o)| 7o) at)

0

_ f " E(m(t)(@)m(0)(y) ) dt,

0

this proves (1.2.26) O

Thanks to Proposition 1.2.1, we may define the operator Q'/2, which is Hilbert-Schmidt

on L?. Let us denote by ¢ its kernel. Then, we have

o) = | a2tz
We need a little more smoothness on this operator. We make an extra assumption:
Fewhtt awh®, (1.2.27)
This implies that Q2 is Hilbert-Schmidt from L? to H' since:

Q" qa,amty < IKC,Mlgsqany + N lpaany -
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We assume that it is also y-radonifying from L? to WP for any p > 2. It is shown in
[BL10] that this amounts to assuming that ¢ € W1?(R™; L?(R")).

Under this assumption it is shown in [dBD03a] that (1.1.4) has a unique global solution
in H!.
1.2.5 Main result

We state here our main result, where we recall all the assumptions needed on the

process m.

Theorem 1.2.1. Letne N, Ae R, 0 < s < 1, and let 0 € R such that

and 5
o< —1if A<O.
n

Consider the Nonlinear Schridinger equation
1
10, X5(t) = —AXE(t) + A| X ()]*7 X°(¢) + ng(t)m(t/esQ),

where m is a centered stationary E = H*(R™)-valued homogeneous Markov process, (F)-
adapted, for which there exist v > 6 and C' > 0 such that

< C.

E [ sup ||m(t)]|
te[0,1]

Assume furthermore that (1.2.10),(1.2.11) and (1.2.12) are satisfied. Finally, consider F
and @Q respectively defined in (1.2.23), (1.2.24), with k defined in (1.2.22), which can be

written as

k(z,y) = f q(z,2)q(2,y)dz,

where q is the kernel of the operator Q=. Assume that F € WEL(R™) A WE(R") and
that ¢ € WIP(R™ L*(R™)) for any p = 1. Then for all T > 0 and 0 < ¢ < 1, assuming
that X§ converges in law to Xy in 3¢ defined in (1.2.1), the C([0,T], H®)-valued process

X¢ solution of the above Schrodinger equation with initial data X§ converges in law in

o4



1.3. The equation

C([0,T], H*(R™)) to X solution of

Y

idXy = ( — AX; + A X7 X — %FXt) dt — XQY2dW,
X(0) = Xq

where Wy is a cylindrical Wiener process on H*(R™).

The proof of this theorem is detailled in Section 1.5. We first study the equation (1.1.1)
and the generator of the couple (X¢ m¢). This allows us to introduce the perturbed test

function method, which is the key tool to obtain tightness and prove the main result.

1.3 The equation

1.3.1 The Cauchy problem

This subsection is devoted to proving the following proposition. It states the existence
of X¢ and provides a bound in H'. This bound is obtained by standard arguments but is

not uniform in . A uniform bound is obtained with more sophisticated tools below.

Proposition 1.3.1. For any ¢ > 0, given X5 € H', there exists almost surely a
unique mild solution X¢ of (1.1.1) with initial data X§ which lies in C([0,T], H'(R") N
L0, T; Wh2ot2(R")), r = %, for any T. Moreover, we have P — a.s. for 0 <t < T':

X 2 = 16l 2 »

] (1.3.1)
IVX ()] 12 < Cpefresaetonl ™ Ole (H(XF) + ex| X5 [73)

with p, = (20 +2 —on)s2—, cx = =X if A\ < 0 and ¢y = 0 for A = 0. Finally, if X is

2—on’

Fo-measurable, then the process X¢ is (Ff)-adapted.

Proof. We solve (1.1.1) pathwise and consider the equation
; € € €|20, 1 € €
i0u® = —Au® + ANu|*7u’ + —m°(t, w)u’.
€

We use here Kato’s method (see [Caz03, Theorem 4.4.1]) to get existence and uniqueness
of X?(w) = u® for a small enough 7j. We recall that X¢ is the fixed-point of ¢ defined for
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u € Er by:

u)lt) = SOX) A |

0

S(t — s)|u(s)|* u(s)ds — Z f S(t — s)u(s)m®(s)ds (1.3.2)
in the space

Er ={u e L*([0,Tp]; H(R™)) n L7 ([0, Tp]; WH27+3(R™));

el oo oo rey) < M 6l oo 2o 2 gy < M}

endowed with the distance

d(u,v) = [lu — UHLw([o,TO];L?(Rn)) +[Ju— UHLT(O,TO;LZC’JrQ(R")) :

Kato’s method proves that ¢ is a contraction for well chosen M, T}, and allows us to get
the continuity in time of the solution.

Since ¢ given by (1.3.2) maps (Fy)-adapted processes onto (Fj)-adapted processes,
and that X¢ is obtained by iterating ¢, this gives that X¢ is (F;)-adapted.

Moreover, it is easy to verify that || X*(¢,w)| ;2 = || X{]| ;2. To prove the bound on the
gradient, we use the energy, and a regularization is necessary to justify the computations.
We denote now by X§ = ps * X¢(w) € H* for all k € N. Then we compute H(ps * X¢(t)):

dH Xe(t
22 X0 am1 (x5(1). s + 0
P
= Re ( (~AXS + )\|X§|2"X§)6tX§)
JR"

( _ _ y _
= Re ( (—AXE + NXEP7XE) (—IAXE +idps * (| X[ X7) + épg * (XEmE)))
J

R"

r _ - _
= Re ( (—AXS,i\ps * (]X5|2”XE) + épg * (X5m5)>
J

R"

+ Re <J (X527 X5) (—iAXS + idps * (| X277 X5) + épé * (X'Ems))) .

Since VX¢ € L*([0,Ty]; L?) n L7([0,Tp]; L**2)) we get that VXi — VX° in
2042

L7(0, Ty; L**?) and similarly ps * (| X¢|?7 X¢) converges to | X¢|?? X in L" (0, Ty; Wh21)

as 0 goes to 0. The other terms are treated similarly and after integration in time, and

6 — 0 we obtain
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H(X®(t)) =H(X;) — 1f Im | VX%(s).Vm®(s,w)X(s)ds

£ 0 R”

which leads to, using Cauchy-Schwarz and Young inequality

H(X®(t)) < H(X{) + ijo lm(s)|l (HVX;(S)HLQ + ”X‘2”L2> ds (1.3.3)

This implies (1.3.1) when A > 0. For A\ < 0, we use Gagliardo-Nirenberg’s inequality and
Young inequality and have for v € H' and o < 2/n

1 _ 1
sy Nl < Cull 35 [Vul 72 < 4 IVl + € lulfs.

Thus the condition (1.1.3) implies that the energy provides a control on the L? norm of
the gradient. In fact, the energy bound (1.3.3), Gronwall lemma and the conservation of
the L? norm yield the result. Global existence follows from (1.3.1) and the conservation
of the L? norm.

]

1.3.2 Persistence in the spaces X¢

The result given in this subsection is a slight improvement of [Caz03, Theorem 6.5.1].
Contrary to the estimate in H', standard arguments suffice to give a uniform bound of

the weighted L? norm.

Proposition 1.3.2. Assume X§ € X¢ for some ¢ < 1. Then X¢ € C([0,T],%°) almost
surely for any T' > 0. More precisely, there exists C > 0 a deterministic constant such
that

|2 (£) )t

< (|l

t
[ I, ds> . (13.4)
0

Proof. Recall that we denote by (x) = 4/1 + |z|2. Given § > 0, denote by s the function

ws(u) = <x>24]u(x) ‘26_6<$>d1‘.
Rn
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We have

CZ%(X () = 2(X(1), X (t)(x)* e ™)

= 2(X°(1), iAXE(t)(z)* e ™)
= —2(X°(1), iVX () V ((2)*e "))

= 2Im ( J ) Xe(H)VXE(t).V (<z>2<e—5<x>)) .

Note that X is sufficiently smooth and no regularization argument is necessary here.
Since V((x)*) = 2¢{x)** %z, we get

s (X°(1)) =ps(ug)

+ 2Im (Lt . Xe()VXE(t). ((2¢ay* 2 — 2((5<1’>4C—2)e_5<x>x)> dx,
(1.3.5)

using then |z| < (x) yields
s (X°(1)) < a(up)

<],

2
and since #(t*72 — 5t3<*2)6_%t is bounded for t > 1 and 0 < 1, and ¢s(uf) < Hu0<x>C L2

Xe(t)x) e g

‘VXE(t). ((<x>< 2 _ §(x)2)em z<w>) <x>D dz

we deduce
Po(XE(t)) < [[uoda)

e j IVX5(5) | /20X (5))ds,

which, thanks to Young inequality and Gronwall lemma, leads to

+ [ Ivxas).
s [Ivx o)

which is exactly (1.3.4). Then by (1.3.1), we see that the right-hand side of (1.3.4) is
bounded, which implies X= € C,,([0, 7], £¢), where the subscript w indicates weak conti-

estx°(0) < (Juntor|[,
Finally, by Fatou’s lemma, letting ¢ | 0:

|xetyx|, <c

(e
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nuity in time. Letting § | 0 in (1.3.5) we see that
¢
HXE(t)<x><H; = Huo<x>CH; + 4§Imf ( Xe(s)<x>24_2VX5(s).xdx> ds
0 \Jrn

and since the right-hand side is continuous, we get the strong continuity: X°© €
C([0,T],%°). O

1.3.3 Generator of (X, m°)

In order to determine the law of the limiting process X, we need to identify the
generator of X¢. Clearly, X is not a Markov process, because its increments depend on
me, but the couple (X, m®) is a Markov process, since m is.

We compute now the generator £° of the process (X¢,m®). We are able to compute

this generator acting on functions such as in the next definition.

Definition 1.3.3.1 (Good test function). We say that ¥ : Hi x E — R, (u,n) — ¥(u,n)
s a good test function if the following holds:
— W s continuously differentiable with respect to u, the differential is denoted by DWV.

— U s subpolynomial in v and n; 3Cy,3p; € N, Iy <v,V(u,n) € H' x E,
(W (u,n)| < Co(1+ Jullf) (1 + lInllz).

— (u,n) — DV (u,n) is continuous from H' x E to L(HE;C).
— DU(u,n) is continuous with respect to the H=' norm and satisfies the following
subpolynomial bound in u: 3Cy,Ips € N, Iyy <~v—1,V(u,h,n) e H' x H ' x E,

[DY (u,n).(h)| < Cu(1+ [lufl o) (1 + [l 2) hll g -

— Yue HE, U (u,.) € Dy

— MUV is continuous and subpolynomial in u and n; 3Cy,Ip3 € N, Iy3 < v, V(u,n) €
H' x E,
MU (u,n)| < Cy(1 + [Jull7) (1 + [Inl[F).

Remark 1.3.3.1. We have not defined the infinitesimal generator of M. The fifth as-
sumption in Definition 1.3.3.1 should be understood as: for each u € H}, ¥(u,-) € Dy
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and there exists p(u, ) € Py such that Y(u,) = M o(u,-). Then we write p(u,-) =
Mip(u, ). We also need to consider functions v (u) which do not depend on n, in this case

we set M (u) = 0.

With these good test functions, we may identify the generator. For the definition of
the predictable quadratic variation of a martingale, we refer to [JS03| and recall that it

coincides with the quadratic variation when the martingale is continuous.

Proposition 1.3.3. For ¢ a good test function, the infinitesimal generator L= of (X, m*)

s given by the formula:

1
,C%p(u) n) :ng(ua n)

T i(Dgo(u, n).(—iun))
+ Dp(u,n).(iAu — iNu|*u)

forwe HE, ne E. More precisely, if E || X§||%: < o for all p > 0:
t
M (0) = X0, (6) — (X5, m(0) — | LX), ()

0

is a cadlag and integrable (F;) zero-mean martingale. If furthermore vy, y2 + 1, 3 < /2

and @* is also a good test function, its continuous quadratic variation is given by
t
o My = [ (£ = 20L7) (X3 (5),m(5))ds. (1.3.6)
0

Proof. Lett > s > 0and s =ty < ... < t, = t be asubdivision of [s, t] with sup;|t;,1—t;| =

0. Given g a F;-measurable and bounded function, we have

B (X (1) (0) ~ oGm0 o] = B [ (| LK (o), wa))da ) g| 41411

s
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where

I = B oK 1) (1)) — p(X5(1) ¥ 111)

[ D (), (5)) AKX () = INX(5) 7 X5 (5) — EX(5)m(s)ds ) ]

ti

af [uoe)s

with
. n—1 an
is(s) = — Z Lt10:01(8) (Dp(X7(5), m* (ti1)) — Dp(X*(s), m*(s))) .~ (s),
and

11 = 3 B [(p(X5(t).m(t1)) — o(X7 (1), m¥ (1)

tit1

=T Mp(xE(s), m())ds ) g]

e2 J;,

o (foas)]

To treat is5, we write (o) = iAX®(s) —i| X)(s)[* X*(s) — i1 X*(s)m?(s), and since Dy

is regularizing and subpolynomial, we have

X€ €
Do (s)m () - (18X 4 T )| < Cuplt 4 I+ () E™)
(1.3.7)
Also, since 0 < -2, we know that H' is embedded in L?***? and by duality L3 s

embedded in H~'. We deduce:

[Dp(X=,m) - (X7 X7) | < Cep(1L+ [IX(9)15) (1 + [me(s) ) X127 X7 zoe2
< Cep(L+ [IX()[57) (L + [me () |3) [1X= 177
which gives, thanks to (1.3.1) and (1.2.9), the uniform (in (s,w)) integrability of is
Moreover, since X¢ is almost surely continuous and m® is stochastically continous,

Dp(X¢4(s),m*(tiy1)) — Do(X=(s), m°(s)) converges to 0 when § — 0 in probability, so

I converges to 0, as ¢ tends to 0.
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We claim that

- 1 S (3 3 (3 3
”5(8) - ? Z 1[ti,ti+1] (MQO(X (ti)vm (S)) - MQO(X (3)7m (S))) .
i=0
Indeed, for u e H', p(u,-) € Das (see Definition 1.3.3.1) and

M) = ol m*(1) - . m(0) - | S Mp(u,m ()ds

is a (F7)-martingale. As X*(¢;) and g are F; -measurable, we get

E ([o(Xe(t:), m*(tiy1))— @(X°(t:), m*(t:))] 9)
_ ;E (l t_m Mw(XE(m,me(s))ds} g) .

Since M satisfies the polynomial bound in Definition 1.3.3.1, we get the uniform inte-

grability of iis. The convergence in probability to 0 comes from the continuity of M.

The quadratic variation (M, M) is characterized by the property that M?(t) —
S8<M, M)(s)ds is a martingale. Let s < t and (t;); be a subdivision of [s,¢] with

sup, |ti+1 — t;| = J. Recall the following sequence of identity:

E(M2(t) — M>(s) j (L0 — 20L50) (X (s), m (s))ds
- DEOF () M)~ | (6 - 2L s (138)

= B (t0) = MO = [ (656 = 267) (X“(5) m* 3)) .
where the last equality follows from
E((M(tiv1) = M(t:))?) = E(M?(tin1) — 2M (tira) M (4:) + M?(L;))

and

E(M (tis1)M(t:)) = E(E(M (tir1) M (8:)|F,)) = E(M?(L;)).

Hence, it suffices to show that the right hand side of (1.3.8) goes to zero as § — 0.
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Let us write:

(M(tis1) — M(t:))* = (@(Xs(tm)a m(ti1)) — (X5 (L), m*(4:))

_ f Lop(X*(0), mf(a))do)

=" (X (tis1), m" (tis1))
— 20(X*(tig1), m (tir1)) (X5 (t:), m*(t:)) + ©* (X°(t;), m*(t;))

tit1

= (X () (1) = (X () () [ £l (), ()

+ ( L t LEo(X5(0), mg(a))da> |

Applying the above to ¢? implies that the process
t
M(t) = ¢*(X°(t), m*(t)) — ¢*(X°(0),m"(0)) — f LE@*(X(0), m*(0))do
0

is a martingale for the filtration generated by m®. We can now write

S (M (t) = M) = 3, Wltser) = W(t) + | L5627 (o), (o)) do

= 200X (1), w7 (1)) (P (X (ts0). m* (ti11) — (X7 (1), " (1) )

= 2PN () (02)) = (X)) | £l o) (0))do

(] (X7 (o), m€<a>>da)2
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and

tit1

SE(M(tn) ~ M0~ | (£ = 20L7) (X9 (5), ()

t;

~2 38 ([ oo (o (s — X7 (0 0)

i

x ( (X=(tir1), m*(tir1)) — @(Xa(ti),ms(ti)))>

238 (O ) 1)) = X (0,0 (1) f £ lX" (o), (o))
+YE ((f Lop(X(0), me(a))da) 2) |

Again, the inequalities (1.2.9) and (1.3.1) and uniform integrability can be used to prove
that the three terms of the right hand side go to zero under the extra assumption that

1, 72—}_]-7 V3 <’7/2
]

Remark 1.3.3.2. This proof is not completely rigourous. Indeed, we have differentiated
©(XE(t)) with respect to t but we do not know whether X¢ is C' with values in H'. This
1s easily overcome by a reqularization argument as in the proof of Proposition 1.5.1: we

replace ¢ by s = p(ps =) and let 6 — 0 at the end of the proof.

1.4 The perturbed test function method

1.4.1 Correctors

From the expression of £p(u,n) in Proposition 1.3.3, we see that the negative powers
of ¢ are present. The term of order -2 cancels if ¢ does not depend on n. Since we are
interested only in the behaviour of X¢ when € — 0, it is natural to consider such functions.

To treat the -1 order term we need to add correctors to ¢. Assuming ¢q, @9 are good test
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functions we have

L5(p + epr + 2p2) (u,n) = ;Mgp(u)
+— (Diplw)(~iun) + My (u,m)
+ Mo (u,n) + Dy (u,n).(—iun) + Do(u).(iAu — iX|u[*u)
+ & (Do (u).(—iun) + Dy (u,n).(iAu — iX|u]*u))
+ 2Dy (u,n).(iAu — i\ ul*7u),

where the notation Dy denotes the derivative with respect to u. Let us compute formally
the correctors. As already mentionned, the —2 order term vanishes because we chose a
function ¢ depending only on u. The first corrector is chosen so that the —1 order term

cancels. It is formally given by:
p1(u,n) = M7 Dip(u) - (iun) = Dep(u) - (iuM™'n) = Dp(u) - (iuLy(n)).

The second corrector enables to identify the limit generator. The average of the third line

is given by
Lo(u) =Dp(u) - (zAu - M\u!za )
+E, (D*¢(u) - (—iun,iuM™'n) + Dp(u) - (unM™'n)) (1.4.1)
:Dgp(u) (ZAU — Z)\‘UFU )
+E, (D —tun,iuli(n)) + Dp(u) - (UnLl(”)))

and we choose @5 such that:
My (u,n) + Doy (u,n).(—iun) + Do(u).(iAu — iNu[*u) — Lp(u) = 0.

In this way, we formally get £%(p + o1 + e%¢s)(u,n) — Lp(u) and we indeed identify
the limit generator.

We do not need to justify rigorously the above computation for many functions. As
we shall see below, for our purpose, it is sufficient to consider test functions of the form:
o(u) = (u,h)* for h e H, £ = 1,2. Tt is clearly a good test function and satisfies all

assumptions of Proposition 1.3.3.

Proposition 1.4.1 (First corrector). Let ¢(u) = (u, h)* with h € H', £ = 1,2. Then there
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exists w1 a good test function such that:
Do(u).(—iun) + Mei(u,n) =0 Yu,ne HE x E

Moreover, o1 = £(u, h)*"*(iuL,(n), h) and satisfies all assumptions of Proposition 1.5.3.

Proof of Proposition 1.4.1. For any k€ H', Dp(u) - k = £(u, h)*"1(k, h). Therefore:

L Do (u).(—iun)dv(n) =0(u, h)*? f

(iun, Wydv(n) =t ' (i J ndv(n), h)

E
=0,

where v is the law of m(¢), which is centered. Thanks to our assumptions, ¢; is given by
o1 (u,n) = (u, h) " (iuLy(n), h).

By (1.2.10), we easily see that this is a good test function and Proposition 1.3.3 applies. [

Note that thanks to (1.2.10), we have:
[1(u, n)| < CL+ Il )" [ullz [l
Moreover, for ke H*,
D1 (u,n) - k= €(u, h) " (ikLi(n), h) + £(¢ — 1)(k, h)(iuL,(n), h).
We now compute the second corrector. For the test function o(u) = (u, h)*, we have

Lo(u) =L(u, h) (i Au — iNu[*u, h)
+E, (¢(¢ — 1)(—iun, h)(iuLy(n), h) + €(u, h)" " (unLi(n), h)) .

The equation for ¢y then writes:

Mepy(u,n) — €(€ — 1) (iun, h)(iuLy(n), h) + £(u, h)* " (unLi(n), h))
—E, (¢(¢ — 1)(—iun, h)(iuLy(n), h) + £(u, k)" (unL(n), h)) = 0.

The following proposition is again a straigthforward application of our assumptions.
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Proposition 1.4.2 (Second corrector). Let o(u) = (u, h)® with h € H*, { = 1,2. Then

there exists ps a good test function such that:

Mey(u,n) — £(€ — 1) (iun, h) (iuLy(n), h) + £(u, h) " (unLi(n), h))
—E, (¢(¢ — 1)(—iun, h)(iuLi(n), k) + £(u, k)" (unL(n), h)) = 0.

Moreover, @o satisfies all assumptions of Proposition 1.3.5.

Clearly, ¢ is given by:
pa(u,n) = —(uls(n), h)

it / =1 and
palwsm) = =2 || ut@)ulo)La(n) e, )b h(y)dody — 2(a,h) (uLa(m). )
for ¢ = 2. Thanks to (1.2.10), we have in both cases:
[ealusm)] < CO1+ )l bl

Lemma 1.4.1.1 (Perturbed test-function method). Let ¢(u) = (u,h)’, where h € H*,
¢ =1,2, and @1,y given by Propostions 1.4.1 and 1.4.2. For ¢ € (0,1), we define ¢° =
© + o1 + 2py. Then ¢ verifies forue H', ne E:

1.
o7 (u,n) — ()] < Cellulljp |5 (1 + n]£)"-

L5 (u,n) = Lop(u)] < Ce(l+ [ul )[R l4 (1 + o))" (1.4.2)

3. The process
M (t) = o (X°(t), m*(t)) — " (XG5, m*(0)) — fo L@ (X5(s), m(s))ds

is a cadlag and integrable (F;) zero-mean martingale.

Proof of Lemma 1.4.1.1. We treat the case £ = 1. The case ¢ = 2 is similar but lengthier.

The first assertion clearly follows from the bound we have written above on ¢; and .
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By definition of L:

L% (u,n) — Lo(u) =¢ (Depy(u,n).(iAu — iX|u[*?u) + e Dy (u,n).(—iun))
+ 2Dy (u, n).(iAu — iXu[*u).

Recalling the expressions of ¢1, ¢s, we have

‘Dcpl(u, n).(iAu — iXu|*u) + e Dyy(u, n)(—zun)’
< Clhlm (| La(n) | pllidu — iMul*ul -1 + elul [nLa(n) | )
and
‘Dgpg(u, n).(iAu — 2')\|u|2”u)’
< C|h|g|La(n)|glidu — iXul*ul| g1

We have seen in the proof of Proposition 1.3.3 that
lidu — iXul7ul g < C(1+ |u)g)* .

The estimate of the second assertion follows easily. By Proposition 1.4.1, Proposition 1.4.2
we know that ¢° is a good test function and satisfies the assumptions of Proposition 1.3.3

so that the third point is also clear. O

1.4.2 Tightness of the process X°

In this subsection, we aim to obtain tightness of the family of stopped processes
(X=™)., where X=7" (t) = X¢(t A 7°). The definition (1.2.13) of 7° depends on a. We
choose a < 2/~ such that a(n + 1) < 1.

The crucial ingredient used in previous works on diffusion approximation in infinite
dimension is an assumption on uniform boundedness of the driving process in the ade-
quate functional space, which would be L*(0,T; E) in our case, w.r.t. ¢ (see [DV12] and
[dBG12]). Under our weaker assumptions, the result remains true provided we use the

stopping time 7°. We will see that this is sufficient to conclude.

Proposition 1.4.3. Assuming X — Xo,P — a.s. in the space X% for some 0 < ¢ < 1,
then the family of processes (X7 ).q is tight in C([0,T], H®) for s < 1.

This result strongly relies on the following a priori estimate.
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Lemma 1.4.2.1. Assume that E (|| X;]||,. + H(X¢))? < C (independently of €), and let
X¢ be the solution of (1.1.1) with initial data X§ and 7° the stopping time introduced in
(1.2.13). Then for any stopping time T < T, there exists a constant C(T') depending on T
but not on € such that for t € [0,T]:

E [HXT ()

| =c. (1.4.3)

The proofs of Lemma 1.4.2.1 and Proposition 1.4.3 are technical and are postponed
to Section 1.6.

We remark that this lemma, together with (1.3.4) and assuming E HX5<Z‘>C
show that the following inequality holds

2
L2<C

E (HXWS(T)H;J <cC. (1.4.4)

1.5 Proof of Theorem 1.1.1

The proof of Theorem 1.1.1 is divided into 3 steps. First we identify the SPDE asso-
ciated to £, then we prove the weak convergence of X¢ to X solution of (1.1.4), linked to

L, and finally, we conclude using the uniqueness of the solution.

Proof of Theorem 1.1.1. Step 1: Identification of the limiting generator
For h € H** with s < 1, we use the functionals p(u) = (u,h) and 2, which are

clearly good test functions. We now compute Lo and L2,

Lo(u) = Do(u).(iAu — iXu[*u) + E, p2g0(—z'un, iuLi(n)) +De(u).(unLyi(n))

0

= (iAu — i\u[*’u + E,unLi(n), h)

1
= (iAu — i\ |u|*7u — qu, h) :

where F is given by (1.2.23) (see (1.2.26)). In the case of p?, we again have

D¢?(u).(iAu — iNu*u) + B, (Dg*(u).(unM™"n)) = Dp*(u).(iAu — iX|u[*7u — ;uF)
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but now the term E, D?¢(—iun, iuM'n) does not vanish,
E, D*p*(—iun,iul,(n)) = QJ (—iun, h)(iuly(n), h)dv(n)

= QE J ) f ) ) Re(iu(z)h(z))( foo m(t)(y)dt) Re(iu(y)ﬁ(y))dxdy)

0
since m(t) is real-valued

fnjn z,y)Re(iu(z)h(z)) Re(iu(y)h(y))dzdy.

Let us denote now by ¢ the kernel of QY/2, where Q is given by (1.2.24). Then we have

o) = | ate. 2oz )iz

and
E, D**(—iun, iuLy(n
-1 f (0, 2)ale ) Reiuta) ) Reiu()h(y)dededy
~ [ tivat 2. gt 2. 1)

1
= 5Tr(192<,02.(z'ucgl/2,z’u@l/2)).

Finally, we have
1
Lop(u) = Do(u).(iAu — iXu|*u — §UF) (1.5.1)

and

Lo (u) = Dp*(u).(iAu — iNul* v — ;uF) + ;TT(DQQpZ.(iqu/Q, wQY?).  (1.5.2)

Step 2: Convergence
Given 0 < ¢ < 1, by Propostion 1.4.3, we have a subsequence of (X7 )..g, still
denoted by (X=7°), of law P and a probability measure P on C([0,7T], H*) such that

P® — P weakly on C([0,T], H?).

Since [0, T"] is compact and H* is separable, C'([0,T'], H®) is also separable, and by Sko-
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horod theorem (see [Bil99]) there exists a probability space (Q,F,P) and X¢, X random
variables on Q with values in C/([0,T], H®) such that

X® - X in C([0,T],H®), Pas. asec—0

and £(X®) = P* and £(X) = P. For h € H?>*, we use the test function p(u) = (u, h) and
©1, P2 the correctors given by Propositions 1.4.1 and 1.4.2. We define ¢° = ¢ +ecp; + %,
then by Lemma 1.4.1.1, the process

t
M(t) = @ (X5(t), m"(t)) — ¢*(X7(0), m*(0)) — f Lo (X(s), m"(s))ds
0
is a martingale for the filtration (F7);, and the stopped process M(t A 7¢) is also a
martingale, that is, forall 0 < sy < ... <s,<s<tand g€ Cb((Hl)”)

E((@E(Xa(t ATE),m (t ATT)) — (X (s ATF),m(s A T%))

_ f ATE L7 (X(s'),m"(s)ds") (X" (51 A TF), e, X(85 A 7'6))> = 0.

Moreover, we easily have

€

f A: L5 (X5(s"),m*(s)ds" ) g(XE(s1 A T7), ooy X5 (80, A T9))

:JM LG (X (1), m™" T (8))ds) g(XOT (1), .00y X7 (1))

SATE
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Then we get:
t

B((¢(X°7 (0) = 9(X° () — | £o(X () )g(X (51), s X2 (5,)))

- E[( — (1 (X7 (), m(t A TF)) — @1 (X7 (s),m"(s A T9)))
— ¢ (‘:02(XE’TE (t), m*(t A 7°)) — 0a( X5 (5), m(s A 7‘8)))
([ eetxemeas - [ satxer (s

ATE

) f (£56° = L) (X7("), (s A 7))ds' ) g(X57 (51), s X7 (5))]

SATE

=E[Ty +To + T3 + Ty4].

We now use Lemma 1.4.1.1 and Lemma 1.4.2.1 to get the bound:

n
Il (1+ sup \\m&(s'mf)\r,;) )
s'€[0,T]

E[T,] < Ce'~atth),

E[T) + T3] < CeE ( sup HXE’TE(S’)
]

s'e[0,T

17
< Ce 797,

Similarly

By the embedding H' = L?**? (see (1.1.2)) and Holder’s inequality, we have

€ cre 20+1
|Lo(X27 ()] < (VA2 X7 (s)
+ 1F oo 1] 2

<C(1+ | x=7(s)

VX ()|, + 1Al 2o
Xs,‘rs (8/)

)20’+1

L20+2

L2

H1
and Lemma 1.4.2.1 yields

e

S

Lo(X=T(s)ds') g(X(51), oo X*(50))

)

SATE

<CE[(s—snAT%)(1+C(T))*"]

/2

<C(E[(s—sna 75)2]) = 1(g),
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with r1(¢) — 0 when € — 0 by Lemma 1.2.2.1 and the uniform integrability. Similarly, we

have

€

E LM Lo(X=T(s")ds'g(X5(s1), .-, X (s0))| < 12(e),

with r9(e) — 0 when & — 0.

Finally, we obtain
E((p(X57 (1)) = 9(X57 () = 5. Lo(X= () ) g (X7 (51), o, X7 (50) )|

< Cel=0tDa 4 (2) + 1ry(e),
(1.5.3)
where C' does not depend on e. Moreover, as X=™ and X have the same law, then (1.5.3)
is also true by replacing X7 by X<, and P by P. Since ¢, Ly and ¢ are continuous from
H*® to R (the continuity of Ly requires the continuity of the nonlinearity which is given
by the embedding H® < L* 1), taking the limit € — 0, we get

B((o(X(0) ~ o(X(5) - | LolX(Dds)g(X(s1), s Xsa) =0 (154

Then the process
t

BI(t) = p(X (1)) — 9(X(0)) - f Lo(X(s))ds

0
is a martingale with respect to the filtration G, generated by X(s). Note that this mar-
tingale is continuous.

Similarly, we can pass to the limit € — 0 in the definition of the quadratic variation

and obtain that the quadratic variation of M is given by:
~ ~ t ~
GLAD0 = [ (£(0 = 20L0) (X(5)ds

0

Note that this step requires the use of the perturbed test function method applied to
v (u) = (u, h)*.
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From (1.5.1) and (1.5.2), we deduce

(E(cp)2 — 2<p£g0) (u) =2(u, h) (iAu — iX\|u|*7u — ;uF, h) + Tr((iqu/Z, h)2)
—2u, h) ((iAu - %uF h))
=Tr((iuQ1/2, h)Z)

The continuous H~!-valued martingale

t
- - - - - 1
M(t) = X(0) - (0) - | 8%X(s) XGPS -
0
has the quadratic variation

t %
f (z'f((s)@l/?) <iX(s)Q1/2> ds
0
then, using the martingale representation theorem (see [DPZ14]) and up to enlarging the

probability space, there exists a cylindrical Wiener process W such that

M(t) = Jt iX (s)QY2dW (s).
0

Step 3: Uniqueness of the limit
Note that X° also satisifies (1.4.3). Letting ¢ — 0, we deduce that X €
LP(Q; L*([0,T); H'(R™))) for any p > 1 is a martingale solution of (1.1.4). In particular, it
has paths in L®([0, T]; H'(R"™)). We know from [BRZ14] that under our assumptions that
(1.1.4) has a unique solution with paths in L*([0, T]; H'(R")). This implies uniqueness
in law for martingale solutions.

As P is the law of X, we deduce this is the law of the solution of (1.1.4). By uniqueness
of the limit, we conclude that the whole sequence (X7°) converges in law to X, in the
space of probability measure of C([0,T], H®).

Finally, we obviously have for § > 0,

{ sup || X°(t) — X=7 (1),

o<t<T

H1>(5}C{T€<T},

and together with Lemma 1.2.2.1 yields the convergence in probability of X — X7 to
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Using finally [Bil99, Theorem 4.1], we obtain the weak convergence of X¢ to X in
C([0,T], H?).

O
1.6 Appendix
1.6.1 Details about the example in Section 1.2.3
Consider X, solution of (1.2.19):
{de=MXHJN&»ﬁ+aM%’ (161
XO =T

where t > 0, and z € H with H a Hilbert space. Then we define
m(t,n) = A (Xt A 'n+2) —T),

with A : H — E a continuous invertible operator and z = §, zv(dz) where v is the
invariant measure of X;. In order to show that m satisfies the assumptions in FE, it is
sufficient to show that these assumptions are satisfied by X in H. It is straightforward
that X; is stochastically continuous, and it is proved in [DHT11] that X; satisfies the
coupling assumption 4. We first prove that the moment of order 2 of X, is bounded. Let
us define

t
zzf&“%mw Y,=X,—Z,, t=0. (1.6.2)
0

Thanks to the assumptions made on A and o we know that there exists ag > 0 such that

for any k € N,
< C, (1.6.3)

k
E [ sSup HZt”D((—A)ao)
te[0,T]

where D((—A)®) is the domain of the operator (—A)®. Besides Y; is solution of

(1.6.4)

dY, = (AY, + F(Y, + Z,))dt
Yo =1 '

Lemma 1.6.1.1. Let x € H, and X; the solution of equation (1.2.19) with initial data x.

75



Partie , Chapitre 1 — Diffusion approximation for the Nonlinear Schrodinger equation with
random potential on R™

Then for any k € N there exists a constant C}, depending on T and x such that

< Ch.
te[0,T]

E [ sup {1 X

Proof. The proof is based on a classical energy estimate. We start from the equation
satisfied by Y;:
oYy = AY, + F(Y: + Zy),

and take the scalar product with Y;. We use the assumptions on A and the boundedness

of F' to obtain the inequality
SOl + YRy < MY
2 " D((-4)2) "

which, using (1.2.20) for the right-hand side of the inequality, gives:

M2

— 1.6.
o (165)

1 s 1o
50t 1Yell7 + 3 el a3y <

) ~
where )\ is the first eigenvalue of —A. Finally using (1.2.20) again:
M2

&MM2+MMﬂé<3?

Now multiply this inequality by ||Yt||l;;2 for k e N:

k _
O Vil + Ac el < Ol

A
< Ci+ 5 ¥ellr
A Gronwall argument allows us to conclude that
A
Vil < == + llolfz e (1.6.6)

Then, coming back to the process X;, we get

< C’k(ac),

E[WPW&%]<@E[wp@&WﬁWE%)
te[0,T] te[0,T7]

€lo
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because of the bound that we just proved for ||Y;||3, and because all moments of Z; are
bounded. O

Now we can start proving that X, satisfies the different assumptions 1 to 5. The

following lemma ensures that X, verifies 2.

Lemma 1.6.1.2. Let X; the process which is solution of (1.2.19), and denote by P; its

transition semigroup. Then (P;)iso is Feller.

Proof. Let x,y € H, denote by X7 and X/ the solutions of (1.2.19) with initial data x

and y. Then we have
d(X} = X) = (AXY = X{) + F(XY) — F(X))) dt.

By classical energy estimate, using the assumptions on A and the Lipschitz assumption

on F', we get by a Gronwall argument that
IX7 = Xl < Ce llz =yl -

Thus for any = € H, for any ¢t > 0, the process X; converges almost surely to X7 if y
converges to z. Now let ¢ € C(H) with polynomial growth, and (x,).en a sequence in H
which converges to x € H as n goes to +00. The almost sure convergence proved above
implies that (X)) — p(X7) converges almost surely to 0 in H as n goes to +00, and
Lemma 1.6.1.1 ensures uniform integrability, so that finally

lim ||Pyp(xn) — Pip(x)]| = 0.

n—+0o

]

Now we are interested in the existence and uniqueness of an invariant measure for the

process X;.

Lemma 1.6.1.3. Let x € H. Then P, the transition semigroup of the process X, solution

of (1.2.19) with initial data x has a unique invariant measure denoted by v.

Proof. The existence of an invariant measure is based on the Krylov-Bogoliubov theorem.
Here again we use the processes Y; and Z; defined in (1.6.2), and start from equation
(1.6.5):

M2

1 2 1 2
- R % —Y; S oy
2615 || t”H + 9 || t”D((fA)%) 201
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If we integrate this inequality, we get for ¢ > 0:
Ly, 2 (e ds < C + 2 vl
E” t||H+¥ 0|| SHD((—A)%) SIS +¥|| 0||H7
so that, using (1.6.3) there exists a random variable x with all moments finite such that
1 t
tf [(=A)* Xl ds < k.
0

If we denote by p; = %SS L(X,)ds with £(X) the law of X solution of (1.6.1), we have

C
f1t (Bh(—aye0y(0, R)) < ik

Thus the sequence ()~ is tight and by Krylov-Bogoliubov theorem there exists an
invariant measure v.

Now we prove the uniqueness of this invariant measure. It results from the coupling
assumption 4 proved in [DHT11] which gives for ¢ a continuous bounded function and

x,y e H:

|Prp(x) — Prep(y)| = [E[p(X])] = E[p(X{)] |
= |E [(@(Xf) —p(XY)) ]lXtI?&Xty] (1.6.7)
<2llplly (1 + llzllz + lylz)e ™,

where we used Cauchy-Schwarz inequality in the last step of the computation and denoted
by |l¢ll, the supremum of ¢. Let vy,v, be two invariant measures. Let A < H and

¢ = 1 anBy(o,r) for R > 0. The fact that v, and v, are both invariant measures gives

(40 Bu(0.R) ~ 1a(A 0 Bul0.B)| = | | Peolaln(do) ~ | Puolloatay)
H H
and according to the inequality coming from the coupling assumption we get:
|11 (A~ By (0,R)) — v2(A n By(0,R))| < 2(1 + R*)e™™,

which goes to 0 as t goes to +00. However, the left-hand side of this inequality does not
depend on ¢, thus it is equal to 0, for any R > 0. Finally, we get that for any A < H,
1%} (A) = I/Q(A). [l
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It remains to prove that X; satisfies assumptions 3 and 5. For this we decompose X;

and we have for any ¢ > 0
1Xells < (1Zell g + 1Yol )™ < Cre 1 Zell3y + (L + ) 1Y Ny

which gives us that the assumption 3 is satisfied. Indeed, we recall that Yy = = and that
all the moments of Z; are bounded, so that using (1.6.6)

E[IX:l} | < 01+ o))",

Now assuming that Xy ~ v, we have

| el vtan) = | B {161 ] vt

because v is the invariant measure. Then

| el vian) < | cuB[1zitt] + (@ + B [l ] viao
< Che+ (142)e 3 LE [Io115 | (o)

because E [HZtHZ] < C. Besides, Xy = Y; and v is the invariant measure:

f |5 v(de) < Cre+ (1 +e)e J | z||%, v(dz),

and assuming that (1 + 5)6_%1t < 1, we proved that for every k € N:

f |l () < o
H

Finally we proved that X satisfies assumptions 1 to 5 (except the zero-mean property),
and so does m(t,n) according to its definition in (1.2.21).
Now we can work on the construction of the functionnals L, .-, Ls. We state the

following result, which ensures the existence of L;.
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Lemma 1.6.1.4. Let u,v € HY(R"™), and define ©**(n) = (un,v). Then if we define

M) = = [ Pt

0

there exists L, : E — E such that

M7 (n) = (uLi(n),v), and [[Li(n)]p < C(1+ [In]lp)*

Proof. The process ¢""(n) is centered, thus we can write

Pag™(n)] = |Pag™ () — j P () (di)|

< | 1P ) = Pt @) v(an

because v is the invariant measure. Thus denoting by (m}m,mfb’ﬁ) a coupling of
(m(t,n), m(t,n)) satisfying (1.2.16), we have

r

[Pp™*(n)] < | [E[p""(m(t,n)) — " (m(t, n))][v(dn)

JE

< | E[(0"" (e, q (1) = " (m (1)) Lot 2] [v(d)

JE

< | B[ (m o()2 + 0" (m2 1 (1))2]? P(ml, # m2 ) v (dn).

JE

Denote by E’ the dual space of E, then:

P (0)] < Cllunly, | (B[t ] + B [Imie, 1))

x (1+ |nll3 + ||7l%) 2e” F v (dn).

Besides we have

E[Hm(t,n)H E[HAX (t,A"'n+z —xH ]
<c(1+E[|x@ A+ 2))])
< C(1+|nllp)*
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according to assumption 3. Finally we get
|[Pep™* (n)] < C [|uv]| g (1 + |In]| )",
Thus M~1p®“?(n) is well-defined and
M7 (n) < Clluv]l g (1 + |Inl| )" (1.6.8)

We want now to show that we may choose MM ™1p*? = % In other words, we want
t

MGt ) — j o (m(s, n))ds

to be a martingale with respect to the filtration (F;);>o. Let 7 < ¢. On one hand wa have

. l_ F Prg®(m(t, n))dr — f 0" (m(s,n))ds | ]-“T}

0 0

=-FE J:OE [e“"(m(t + 7,n)) | F]dr + L ©"“’(m(s,n))ds | ]:T]
=-FE J:O "’ (m(t + 7,n))dT + L e’ (m(s,n))ds | .7-}]

=-F *JV‘OO e’ (m(s,m))ds | ,7:,} :

LJO

On the other hand we use the fact that § ¢"*(m(s,n))ds € F, to compute

T

MG (m(r, n)) — f £ (s, n))ds

S UOO O (m(r + 7,n))dr + f " (m(s,n))ds | F;

0 0

_ E [ j " v (m(s, m))ds | ;g] ,

0

thus the martingale property is satisfied.
Finally, for every n € E we have constructed a linear form on E’: uv — M™1p®»?(n).
It is continuous, since

[Mter e )], < OO+ linllp)? vl

E
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Thus, since E is a reflexive space, there exists L;(n) € E such that
MT"(n) = (Li(n), wo) = (uLi(n),v) and  [|Li(n)ll; < C(1 + [|In])*.

]

So far we have proved that it is possible to construct L;(n) which satisfies our assump-

tions. Let us now construct the other functionals.

Lemma 1.6.1.5. Let u,v € H'(R"), and define ¢"*(n) = (u(nLi(n) — E, [nLi(n)]),v).
Then if we define

.le%m:—j Pao™(n)dt,

0
there exists Ly : E — E such that

Mg (n) = (ula(n),v) and ||La(n)llp < C(1+ [Inllg)*.

Proof. We proceed as above and get

| P (n)]
<C’||uv||E,JEE[Hm(t,n)Ll(m(t,n)) E,[nL(n H ]E (1 + |Jn|* + |7])%)2e 3"
+E [Hm(t,ﬁ)Ll(m(t,ﬁ)) H ]5 1+ |Inl)? + [|a)%) 2 2 v (dn).

We use the fact that F is an algebra to estimate

E|[m(t n)Li(m(t, n) — B [nL )] | < € (1 + E [t w13 121 0m(t, m) [3])
<C(1+ nf)*

Finally, we get
u,v e
[P (n)] < Clluv] g (1 + |Inll5)" e,

and we can continue the proof exactly as for the construction on L;(n). Thus for any
n € E there exists Ly(n) € E such that

MTIp" (n) = (ula(n),v) and || La(n)|p < C(L+ |nllp)”.
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We have the same result for Ls.

Lemma 1.6.1.6. Let u,v € HYR"), and define ¢**(n) = (u(VnVLi(n) —
E, [VnVLi(n)]),v). Then if we set

M) = = [ Pt

0
there exists Ls : E — H*' such that

MT1g"0(n) = (uLs(n),v) and [ Ls(n) g < C(L+[Inll)*

Proof. We follow the same steps as for the two previous proofs, except that when we

bound ™" we have

VnVLi(n) —E, [VnVL;(n)]|

| ()] < Jluvl] g e

and we use the fact that H*~!(R") is an algebra because s > g + 3 to write

" (n)] < Clluv]| s (

nllp 1L ()]l + C) -
Thus the proof gives us for any n € E the existence of Lz(n) € H*"! such that

Mg (n) = (uLs(n),v) and  [|Ls(n)| s < C(1+ [In]] )"

]

Finally, we need to construct the last functional L4, which is slightly different from

the previous ones.

Lemma 1.6.1.7. Let w e L'(R™ x R"), and define

¢ = | | (o) (@) (0) )~ B o) L) )]

Then if we set
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there exists Ly : E — L*(R™ x R™) such that
M (n) = JRQ w(z,y)La(n)(z,y)dzdy and [|Ls(n)|] o o xny < C(1+ |Inll )"

Proof. The proof of this lemma is very similar to the proofs of the previous lemmas, but

this time

()] < [wll g1 gnxpmy 12(2) La(n) (y) = By, [n(2) Ly (0) ()]l g o

because £ < L*(R™). Thus we get
w _X
[P (n)] < Clwll g en ey (1 + I ) €72

and using the same procedure as for the previous proofs for any n € E there exists
Ly(n) € L*(R™ x R™) such that

MW”(HFJ w(@,y)La(n)(z,y)dedy and || La(n)]| o gnipny < C(L+ [Inll )"

R2n

]

We have constructed the last functional in a slightly different way than in (1.2.8), but

taking w(x,y) = u(z)u(y)v(x)v(y) we recover the same expression for M~1p¥(n).

1.6.2 Proof of Lemma 1.4.2.1

As seen in Section 1.3, a straight application of standard energy arguments produce
unsatisfactory dependence on €. The idea is to use the perturbed test functions method.
This mimics the [t6 formula which is used to get a priori estimates for the limit equation
with white noise (see [dBD03a]).

If one tries to use similar arguments as for Lemma 1.4.1.1 with the functionnal H,
defined by (1.2.2), in place of linear or quadratic functional, this requires a lot of smooth-
ness on H and the useless assumption (o = 1/2). We proceed slightly differently. We first
smooth the functional and take advantage of the various cancelations before constructing

the correctors.

Proof of Lemma 1.4.2.1. We consider the functionnal ps(u) = H(ps * u). We claim that
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it is a good test function. Indeed, we have for u, h € H*
Ds(u) - h = (—Aps * u+ Nps * u|* (ps * u), ps * h) , (1.6.9)

and there is no diffulty to verify that ¢5 matches Definition 1.3.3.1. By Proposition 1.3.3,

we know that the process

ME() = 95(X(1)) — 95(XE) — f 5 0s(X(s), m*(s))ds,

is a martingale. It can be seen that ps(u) — H(u) when § — 0 and u € H'. Moreover, we

have

L5p5(X5(s), m*(s))
(=Aps * X5(s) + Aps + X°(s)[*7 (ps * X), —ips x (X*(s)m"(s)))

Aps * X5(s) + Alps = X7()% (5 » X°).ips » (AX*(5) = AX*(5) 7 X°(5)))

1
9
+ (=

and we proved in Proposition 1.3.1 that the second term of the right-hand side converges

to 0, when 0 — 0. Similarly we have when ¢ tends to 0

2042

93 * X ()27 X7(s) — [ X*(s) 7 X*(s) in L34,

ps * X°(5)m®(s) — X°(s)m(s) in L*7*?
so that
(Ios * X=(s)[*7 X5(s), ips * X=(s)m"(s)) — (| X*(s)[*7X(s),iX"(s)m*(s))

_ Re <J i|X€(s)|2”+2mE(s)dx) o,
since m is real valued. In the same way, we have
(—Aps * X°(s),ips » X°(s)m"(s)) — (VXE5(s),i X (s)Vm®(s)).

Finally, as § converges to 0, Ms(t) converges almost surely to

ME(8) = H(XE(t)) — H(XE) — L i(VXE(S),iXE(s)VmS(s))ds,
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and since Ms(t) is a (F7)-martingale, from (1.3.1) and the dominated convergence theo-
rem, we deduce immediately that M¢(t) is also a (Fy)-martingale.
We define then the first corrector

v1(u,n) = (Vu, —iuVLi(n)). (1.6.10)

This is not a good test function. For § > 0, we set ¢y s(u,n) = v1(ps * u,n). There is no
difficulty to see that ¢1 s is a good test function and then, we obtain by Proposition 1.3.3
that the process

1o(t) i=p1s(X5(2), m*(1)) — ¢1,5(X°(0), m*(0))

— Jo L@y 5(X5(s),m"(s))ds,

is a martingale. After some computations, we have
1
)

= 2 (Vs (un), VLa()ps = ) = (Vs » 0,09 L) + )]

Loy s(u,n) == (Vps * u, —ips x uVn)

+ 2 (Aps * u, VLi(n)Vps x u) + (Aps * u, ps x uALy(n))
— 22 (s (), Vs * u¥La(m)) = A (ps * ([uf*"u), ps * uA Ly (n)

and after integration by parts, we get
(Aps *u, ps x uALi(n)) = — (Vps xu, Vps x uALi(n)) — (Vps *x u, ps x uVALy(n)),

1
(Aps x u, VL1 (n)Vps xu) = ) (Vps xu, Vps xuALi(n)),

and
(Vs * ([u27u), ps » uV La(n)) = = (ps * ([uf?7), V(5 W)V Ly (n) + ps * uA L1 ()
Finally, taking the limit 6 — 0 and using

(20 + 2) (Ju]*u, VuVLi(n)) = (V|u[*’**, VLi(n)) = — (Ju[*’**, ALi(n)),
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we get that the process M;(t) given by

M (t) :=@1(X5(8), m" (1)) — ¢1(X°(0), m*(0))
- L 512 (VX4(s), —iX*(s)Vm®(s))

B i [(X=(s)Vm®(s), X*VLi(m®(s)))]

+2(VX®(s), VX (s)AL1(m(s))) + (VX5(s), X°(s)VAL;(m°(s)))
+ AULH (1X5(s)[27%2, ALy (m<(s))) ds

is a martingale.

We finally consider the C'} test function
©a(u,n) := M7 (uVn,uVL(n) —E, (uVn,uVL(n)))) = (uls(n),u).

Using Proposition 1.3.3, we know that

¢
M;(t) := @a(X(1), m*(t)) = 2(X*(0), m*(0)) —J Lopy(X(s),m"(s))ds  (1.6.11)
0
is a (Ff)-martingale. After computation we obtain £5¢y:

€ _l uwlVn n)— n n),u
LEpy(u,n) _52( (VnVLi(n) —E,VnVLi(n)), u) (1.6.12)

—2(iVu.VLs(n),u)

where we strongly used that n is real-valued.

Consequently, we know that the following process M#(¢) is a martingale, with respect
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to the filtration (Fy).

ME(t) :=M*(t) + e M5 (t) + 2 M5 (t)
=H(X(t)) — H(XG) + & (1 (X°(1), m*(t)) — ¢1(XG, m*(0)))
+ &% (02 XE(t), mE(t)) — w2 XG5, m(0)))

—f (X% () (B, ViV Ly (m° (5)), X°(s)

+2e (VXE(s), VX (s)AL1(m(s))) + € (VX®(s), X*(s)VAL;(m*(s)))
Ao

o+1

—2e? (iVX?(s)VLs(m?(s), X(s))) ds.

+ e

(IX5(s)[*7, ALy (m(s)))

Hence, since 7¢, given by (1.2.13), is a bounded (¥ )-stopping time, the process M(t A 7°)
is a martingale. From the identity above, the L? conservation (1.6.10) and (1.6.12) we

have

E[H(X*7(8)] < E||H(X5)| + Ce |11 (m*)l|p 15 (|77 ()

o+ I9XGEL:)

+ C | Ly (m) | e |1 X5 172 + M(E A 7°)

€

tAT
n cf E, [VaV Ly(m)] [1X51% + & | £ (m)
0

e L) (957 (s)

20+1

P X7

L20+2
)

| [vxers)

L) X

Xs,rf (S)

L2

+2 ([ La(m?) e + [V X (s) 5]

Gagliardo-Nirenberg’s inequality yields

1 2042 20+2—on on 1 2 n
s Il <l [ Vullgs < 5 IVulfs + € fullfs, (1.6.13)

with ¢, = (20 + 2 — on)52%-. We recall that [|[X°(t)||,. = [ X|,;» and that

2—on
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|me(t A 7%)|| ;2 < e * according to Lemma 1.2.2.1. Hence using (1.2.10)

2
-]

< 2B | |H(X5)] + Ce™ (|| X | [V X5 + [V X5 (8)

E[ [vx=r (1)

2 2
’+IXI1)

e 2
+C || Xol|% + c=m || x=m (1)

T —a € e, ¢ 2
+C j E, [VnVLi(n)] | X5]I72 + &' (1X5 |7 + ||V X" (5)] )

)ds).

—x e,T¢ 2 €||9n e cre
+ (| VX (s, + IXEN18) + 221+ 1XG1172 + [ VX7 (s)

then for € small enough we get

tATE

E[HVX”E ]<C(T,\|Xg||%z,|H(X§)|)+Cel—af0 E[HVX‘S’TE(S)HZQ]dS. (1.6.14)

2
LQ

Gronwall’s lemma and the conservation of the L? norm give us that for any ¢ € [0, 7]

2

Hl

E [HXE’TS(t)\ } < c(T). (1.6.15)

Then, taking 7 a stopping time such that 7 < T, we can do the same computations as

before and get a similar bound as (1.6.14):

E [HVX”E (7)

9 TATE . 9
| < xglm |HX)) + ek U [vx=e), ds]

L2 0
T e
<C@ Xl HOG) +¢ | B[V o), ds
0
and using the bound (1.6.15) we conclude the proof of the lemma. O

1.6.3 Proof of Proposition 1.4.3

Proof of Proposition 1.4.3. To prove the tightness of the sequence (X*=7°)._o we use Al-
dous criterion, which can be found in [Bil99, Theorem 16.10] in the case of finite dimension.
In the case of an infinite dimensional separable space H, the hypothesis (16.22) in [Bil99]

has to be replaced. Let us state the criterion we use.
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Proposition 1.6.1. Let H be a complete separable space, and (u).~o be a sequence of
process on [0, T] such that, for any t € [0,T], u®(t) is H valued. Assume that

1.

For every n > 0, for everyt = 0 there exists a compact set I',, < H, such that
ggﬁ”(ua(t) el ) =1-n,
(1.6.16)

For every A\,n > 0, there exist dy,eo such that for § < oy, and e < g, if T

s a stopping time then
P(lJu*( +0) = w*(T)]l g > A) <.
(1.6.17)
Then the sequence (uf)esq is tight in C'([0,T], H).

We can prove this result using the same proof as for [Bil99, Theorem 16.10], but instead
of the hypothesis (16.22) we assume (a) in [EK86, Theorem 7.9]. Here, Lemma 1.4.2.1
and Proposition 1.3.2 ensure that (X7 ). satisfies (1.6.16) for H = H*(R"), 0 < s < 1.

Indeed, according to these two lemmas, we have
E[|x=m )] < c@).
Thus for any § > 0 and t € [0,T]:

P <HX ()]

HlmEC>R><T<6

for R > 0 large enough. Thus, X7 (¢) lives in a bounded set of H!(R") n ¥¢ with
probability larger than 1 — §. It remains to prove that the embedding H!(R") n 3¢ —
H?*(R™) is compact. Let (u,)ney be a bounded sequence in H!(R™) nX¢. Then by compact

embedding and diagonal extraction, there exists a subsequence (uy, )ken, which converges
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to u e L*(B(0, R)) for every R > 0. Now we compute:

2 2
HUnk - U||L2(Rn) < Hu”k - UHLZ(B(O,R)) + JB(O R)C ‘U/nk (l’) - U(.{L‘)Pdw

<, = gy + (1R [ @F (@ + fula)?) do
B(0,R)*
for any R > 0, thus (u,, )reny converges to u in L?(R"), and is bounded in H*(R™), so that
by interpolation the subsequence also converges to u in H*(R™),0 < s < 1.
We also need to prove that X7 satisfies the second condition of Proposition 1.6.1.
We first prove that (1.6.17) holds with H replaced by H~z(R",C). For this we use the
Perturbed Test Function method, and the equality:

lu(r +0) — w3 = llulr +8)Il}, 3 — ()l -y = 2u(r +8) — u(r),u(r)), 3.

First we apply the Perturbed Test Function method to ¢(u) = ||u||ir% We compute L°p:

%H
%

=l
|

LEo(XF) = (1 — A) 3 X IAXT — XXX — §<(1 _ A

We choose the first corrector ¢; in order to cancel the term of negative order in ¢, and

recalling that L;(n) = M™'n we get
o1(u,n) = 2((1 — A) 2w, iuL,(n)), (1.6.18)
for which we have a bound using the hypothesis (1.2.10):
o1 (u,n)| < 21[ull g [l 2 [ Ly () | < 2l 72 (122 ()] - (1.6.19)
Now we apply the infinitesimal generator £° to ¢ + eyq:

L5 (¢ + 1) (X5, m®) =2((1 — A)"2X° iAXT — i\ X°[* X°)
+2(1 = A)2XE, XmE Ly (m®))
+2(1 = A2 (X me), X Ly (me))
+ eDyp1 (IAXE — i\ X [*7 X9).
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Thus, treating the operator (1 — A)’% as a kernel operator with kernel ka, we set

o2(u, ) =Re f a()ka(r, y)u(y) La(n) (y, ) dedy
R2n (1.6.20)

— 2(1 = A)"2u, uLs(n)),

where we recall that formally Ly(n) = M~ (nL;(n) — E,[nL;(n)]). Finally, defining ¢° =
© + g1 + €2y, we obtain that:
L0 (X°,me) =2((1 — A)"2X iAXE — iA| X7 X°)
+2((1 - A) "2 X5, X°E, [nL (n)])
—9E, [<(1 — A)7E (Xn) ,Xle(n»] (1.6.21)
+ & (Dup1 (IAX® — i X * X5) + Dypa(—iX"m°))
+ &°Dypa (IAXT —iA[ X7 X°).
First we get an estimate of q(u,n) in (1.6.20). We have

(1= A) 2w, uly(n) < ull g Jullgz [ La()]| oo

and for the other term in the right-hand side of (1.6.20) we use the assumptions made on
L4 to get the bound:

Re JW w@)ka(z, y)u(y) La(n)(y, x)dedy < [lull g ull g2 [ La()l o scgny -

Finally we obtain the following bound on 5:

02w, n)| <2||ull g1 lull 2 (L)l oo + 1 La()] oo g )

. (1.6.22)
<2|ullzz (1L2(n)l oo + [[La(n) | oo (gen )

with Ly and L, defined in (1.2.8).
Now we work on the different terms of the expression of £5¢® in (1.6.21). First we deal

with the terms of order 0 in €. Using integrations by parts and (1.6.13) we get

(= 2)7 2w, iu — iMu*u) < e Jull g+ lullge (el + ulz) - (1.6.23)
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Then we have

(1= A)"2u,uE, [nLy(n)]y
= —Re J n(1 — A)%u(a:)u(x)EJ m(0, z)m(s, x)dsdx

0
= ;Re f n(l - A)_%u(m)ﬂ(m)k‘(a@, x)dxdydz,
where k € W3P(R" x R") n HY(R" x R") is defined in (1.2.22). We get:
(1= A) 2u,uB, 0Ly ()]) < (k|3 ey Nll72 - (1.6.24)
We get the same estimate for the last term of order 0:
B, [((1 = )74 (wn), wla ()| < 1] e ey Il (1.6.25)

Now we focus on the terms of order 1 in € in (1.6.21). We recall the expression of the first
corrector @1 (u,n) = 2((1 — A)~2u, iuL;(n)). Thus

D1 (iAu — i\|u*7u) =2((1 — A)*%u, (Mu|*?u — Au)Li(n))
+2((1 = A2 (Au — Aul*u), uLi(n)).

We use integrations by parts to deal with the terms involving Au and we get that
_1 _1

(1 =A)"2u, AuLy(n)) + (1 = A) 72 Au, uly (n)) < Cllul| g2 lull g [ L1(n) |-
For the other terms, we use (1.6.13) to get

(1= D)z, [u7uly () +((1 — A) 72 ([u*u), uL (n))

< lullge (lullgs + el ) L2 ()] e
Finally
| Dupr (i8u — iA|u*7 )| < C'[lull 2 lJull g 1L ()| g + el o (1ullZe + lull o) 122000 -

(1.6.26)

It remains to control the terms coming from the introduction of the second corrector ¢
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written in (1.6.20). We have

;Du%(h) =—((1- A>_%h7 uly(n)) — (1 - A>_%Ua hLy(n))
(1.6.27)

~Re | hla)kale,p)a(o) (Laln)(e.) + Li(m),2) dody

where kx denotes the kernel of the operator (1 — A)2 and Ly(n) is defined in (1.2.8). We
start by the estimate of D, ps(—iX°m*®). We can easily bound the terms involving Ls(n):

(1= A2 (iX5m®), uLy(m®))+((1 — A) "2 X i Xm Ly(m®))

2
< CIXE L2 Imel] o ([ Lo (m) oo -

For the other term, compute:

Re || h@ka (. 9)(0) (Lan) . 9)-+Laln) 3,2)dody .

< 2lAll 2 [lell - 1 Ea(m)] oo e ey

We can use this bound to control the terms which do not involve Lo (m®) in D, p(—iX*m®):
Re | Xt (a)m )k (o,) X2(0) (Lalm)o,) + La(m) 3. ) dedy
R2n

n

< 2Ly B [ i1 = ) EXE@)X () )
< 2 L) | o g 1 2 1
Finally, we have
Dupal=iXm)] < O 1K o (NElm e+ L) o) (1.6:20)

where Ly and L, are defined in (1.2.8).

It remains to control D,ps(iAX® — i\ X?|?? X¢). We use the same computations as
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for D1 (1AX® — i\ X¢|>*? X¢) and the bounds (1.6.13) and (1.6.28) to get:

| Dupa(IAX — A X7 X)) <O YIX 2 | La(m) | e (1173 + X750
+ CIXE g2 X gy | L2 (m°) ||
+C 1 La () | ooy (1XE Mz 1 N g + 15N g2 (IXEN T + 11X ) -
(1.6.30)

Finally, estimates (1.6.22), (1.6.26), (1.6.29), (1.6.30) coupled with Lemma 1.2.2.1,
conservation of the L2 norm and Lemma 1.4.2.1 give us for 7¢ the stopping time defined
in (1.2.13):

E [Jp(X*7) — ¢ (X7 m7)[] < CT) (" + 7).
E [‘;CEQOE(XE’TE’mE’TE)’] < C(T)(l + <C:1—a + €272a)’

where X™°,m™ denote the stopped process X7 (t) = X (t A 7°),m" (t) = m(t A 7°).
We use this last estimate and the fact that

t
T (1) - (X = [ L xe (5))ds
0
is a martingale to compute for any stopping time 7:

E| IX(( +0) A )2y - = IX( A 792y |

2
I3

QX ((T+0) AT%)) — (X (T A T7))]
O (X((T+6) ATT)) — @ (XE(T A T))] + O™ + O

(T+o)nTe
f LEO® (X5 (5),m™" (s))ds | + Ce'™@ + Ce¥2

SCMT)S(L+e'"+&272) + Ce'~ 4+ C* 7%
Finally, for 6 and £ small enough we get:
E [HXE((T +8) ATy — IIX(r A Tff)H’j{_%] <. (1.6.31)

Then we apply the Pertubed Test Function method on ¢(u) = (u,hy, 1 for a fixed
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function h € L*(R™). Computations lead us to choose two correctors:

©1(u,n) =<z’u./\/l_1n, (1-— A)_%h>
—(iuLi(n), (1 — A)"2h),
pa(u,n) =(uM ™ (E, [nLi(n)] — nLi(n)), (1 — A)"2h)

1

:<U'L2(n)> (1 - A)_5h>7
and the infinitesimal generator applied to ¢f = ¢ + e + €2, is

Lo (XF,m) = GAXT —iX X7 X%) + (X°E, [nLy(n)], (1 — A)75h)
e (<(A’X6|2”X5 — AXF)Ly(m), (1= A)"2h) = (X mF Ly(mF), (1 — A)—%h>>
+ e (IAXE — 2'/\|X<s‘2a)(a)LQ(m,g7 (1— A)_%h>.
(1.6.32)

Here again there are several quantities which need to be bounded. We use similar com-

putations as previously done for HuHi{,% and obtain:

E |:|SD(X6,’TE) . SOS(XE,T‘E’mE,TS)H < C(T)(&l_a + 82—2&)’
E [|£,€<,05(X6’TS,mE’Ts ]] < O(T)(1 + '™ 4 272,
where C(T) also depends on the L?-norm of h. Now taking 7 as a stopping time and
h = X¢(1 A 7°), knowing that conditioning by F; .-
t

M, = o*(X¥(t)) — ¢*(X0) — j L5 (X (5))ds
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is a martingale, we obtain

E[(XE((r +8) A7) = X7 A7), X5 A 7)), |

P(X*((7 +0) A7) — @(X5(T A 79))]

HXE((T+0) AT)) — 0 (XE(T A TE))] + Celm® + Ce*2

[0°(XE((T +0) AT%)) — @ (X(T ATO)) | Frare]] + Ce'™ + O

(t+6)ATe
[J L% (XE(s),)ds | ]:MTg]]

+E[E[Misyare — Mynre | Fraze|] + Ce'™* + C*7>*
SO 4" 4 e22)5 + Cel™ 4 0272,

Thus for €, small enough, we have
E [<X€((T + ) ATY) = X(T AT, X (T A 7'6)>H_%] <. (1.6.33)

Finally, gathering (1.6.31),(1.6.33) and using Markov inequality, we get that for any stop-
ping time 7 and R,n > 0, for €, small enough:

P (HX (r+6) - X (D), > R) <7

So far we have already proved that (X®7°), satisfies condition (1.6.16), and condition
(1.6.17) for H = H~2(R™). Using this last condition and Lemma 1.4.2.1, we can prove
by interpolation that (X=7°). also satisfies condition (1.6.17) with H = H*(R"), for any
s < 1. Thus Aldous criterion is satisfied, the process (X=7°). is tight in C([0, T], H*(R"™)).

[
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CHAPTER 2

THE STOCHASTIC ZAKHAROV SYSTEM,
CONVERGENCE TO A NONLINEAR
STOCHASTIC SCHRODINGER EQUATION

Introduction

The Zakharov system is a simplified model for the description of long wave Langmuir
turbulence in an ionized plasma. Langmuir waves are rapid oscillations of the electron

density. The system was introduced in [Zak72] as:

2.0.1
e20in = A(n + |ul?). (20.)

{ 10u = —Au + nu,

The function u represents the envelope of the electric field, and n denotes the deviation
of the ion density from its mean mode. The term &2 refers to the inverse of the ion speed.
If we formally study this system and more precisely its limit as € goes to 0, we obtain a

cubic Nonlinear Schrédinger equation:
i0u + Au + [u*u = 0. (2.0.2)

This system was first studied by Sulem and Sulem in [SS79] where they proved global
existence of weak solutions in the energy space in dimension d = 1, 2, 3 using a Galerkin

method, and global well-posedness in dimension 1 for initial data
(ug, o, 1) € H™(R) x H™ Y(R) x (H™ %(R) n H'(R)), for any m > 3.

Added and Added in [AA84] improved the results of [SS79] by showing global well-

posedness in dimension 2 for small initial data, using Brezis-Gallouet inequality. A local
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well-posedness result was proved by Schochet and Weinstein in [SW86] with an existence
of a time interval independent of £, which allowed them to show the convergence as ¢
goes to 0 to a solution of (2.0.2). In [AA88] Added and Added detailled the rate of con-
vergence for small amplitude solutions, depending on the compatibility of initial data,
which can involve initial layer effects, and the optimal rates for this convergence were
obtained in [OT91]. This limit was also studied for instance in [MNOS8], where the authors
were interested by the convergence of the Klein-Gordon-Zakharov system to the Nonlinear
Schrodinger equation.

Other results about local well-posedness came from [OT92] for data in H?(R") x
H'R") x L*(R"), 1 < n < 3, and from [Col97] in the energy space H'(R?®) x
L2(R3) x (L*(R?) n H (R?)). Bourgain and Colliander also used a low-high frequency
decomposition method in [BC96], which was used again by Ginibre, Tsutsumi and
Velo in [GTV97] to get some refinements for the local well-posedness in dimension
d =1,2,3. More results about local and global well-posedness can be found for instance
in [Col98, CHTO08, MNO09, Pec01] for different dimensions or different nonlinearities.

Here we are interested in a stochastic version of the Zakharov system restricted to the

dimension 1, where we add a damping term. It corresponds to the following problem:

(2.0.3)

i0yu = —0%u + nu,
e2d(0m) + agdn = 0%(n + |ul?)dt + ¢dW (t),

where a > 0. This problem is complemented with inital data (u(0),n(0),dn(0)) =
(ug, ng,n1), which belong to some Sobolev spaces that we will specify in the different
sections of this work. The operator ¢ is a Hilbert-Schmidt operator, and the random pro-
cess W, is a cylindrical Wiener process on L?(R). This stochastic perturbation corresponds
to a spatially correlated white noise in time, and can be physically understood as ran-
dom external fluctuations in the studied system, as for example thermal fluctuations. The
damping is introduced to compensate the input of energy due to the noise. The Zakharov
system with a damping term is studied even without any stochastic perturbation, for ex-
ample in [GF06], where the authors provide a numerical analysis of Langmuir turbulence
on incoherently scattered spectra.

As in the deterministic case, we expect that the solution of (2.0.3) converges in some
sense to a stochastic Nonlinear Schrodinger equation. The conservative version of this

equation with a multiplicative noise has been studied by Debussche and de Bouard in
[dBD99] and [dBDO03b], while Barbu, Rockner and Zhang in [BRZ14] used a different
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approach using rescaling transformations to prove well-posedness results in both conser-
vative and nonconservative cases. We also cite Brzezniak and Millet [BM14], who studied
the stochastic Nonlinear Schrodinger equation on a two-dimensional compact Riemannian
manifold.

The aim of this chapter is to prove some local and global well-posedness results for
the system (2.0.3), and to prove a weak convergence as ¢ goes to 0 to a stochastic partial

differential equation. The main difficulty comes from the fact that the energy of our system

1 2
H = ||ogul%, + 5 (||n||iz + Hs@;lathL2> +f nlul2dz (2.0.4)
R

is no longer preserved, and more importantly it has a singular evolution as ¢ goes to
0. Indeed, one can apply [t6 formula to H, and terms which are not controlled by the

2 will appear. In order to deal with this singular evolution

energy or terms of order £~
and to be able to pass to the limit in £, we use a predictor method usually called the
Perturbed Test Function method. We use this method in the case of infinite dimensions,
which allows us to pass to the limit in a martingale problem to identify the limit equation.
This method was first introduced in a finite dimensional setting in [PSV77], and many
examples of applications can be found in the book of Garnier, Fouque, Papanicolaou
and Solna [FGPS07]. It was generalized to the infinite dimensional case for instance in
[dBG12],[DV12] and used in [DDMV16].

In this chapter we prove almost sure local and global well-posedness of the system
(2.0.3), based on [SS79], and we prove that it converges in a weak sense to a stochastic

Nonlinear Schrodinger equation:
idut = (—5iut — |ut|2ut — %UtF)dt — Ut(ai)_lQSth.

The last two terms in this equation correspond to the Stratonovitch noise u; o (02) ' ddW;.

The perturbed test function method usually allows to prove convergence in law of
solutions. However, due to the special form of the noise considered here, we obtain con-
vergence in probability. Note that the well-posedness results that we proved are still true
without the addition of the damping term, namely for a = 0, but the convergence of the
system to the stochastic Nonlinear Schrodinger equation requires o > 0. It is not clear at
all whether (2.0.3) has a limit € — 0 in the case a = 0.

In Section 2.1, we state some preliminary results which will be needed in the other

sections. In Section 2.2 we prove that the system is almost surely locally well-posed in
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L*([0,T], H3(R) x H*(R) x H'(R)) and almost surely globally well-posed in the space
L2([0,T], H3(R) x (H*(R) n H"Y(R) x (HY(R) n H~*(R))). In Section 2.3 we state our
main result on the convergence of the system (2.0.3) to a stochastic Nonlinear Schrédinger
equation, and we state some results, which will be useful in order to prove this theorem.
Finally we prove Theorem 2.3.0.1 using weak convergence results based on the work of

[AAS88] in the deterministic case applied to a martingale problem.

2.1 Preliminary and notations

Throughout this work, for p > 1, we denote by LP(R,C) the Lebesgue space of p

integrable C-valued functions on R, endowed with its usual norm. For p = 2, (-,-) is the

~ Re f f(2)g(x)da

where Re denotes the real part of the integral. Sometimes we will just write L? := LP(R)

inner product of L*(R,C) given by

without any additional precision of the underlying space. In fact, the only C-valued
function in our problem is u, and all the others functions are R-valued. For s € R,
we use the Sobolev space H® := H*(R) of tempered distributions f € S’(R) such that
(14 €23 f(€) e L2(R), f being the Fourier transform of f, endowed with its usual norm.
Besides we will need the homogeneous Sobolev space H*® := H *(R) of tempered distribu-
tions f € &'(R) such that [£]*f(€) € L2(R). We also denote by H;, (R) = Hj,. the space
of distributions f such that for every ¢ > 0, f € H*([—¢,¢]). Finally, if H, K are Hilbert
spaces, Lo(H, K) is the space of Hilbert-Schmidt operators from H to K (when H = K
we write Lo(H)).

To rigorously introduce the system (2.0.3), we set (€2, F,P) a probability space, en-
dowed with a filtration (F;);~¢. We also introduce a sequence (3 )ren of real-valued Brow-
nian motions associated to this filtration. We denote by (ej)reny @ Hilbert basis of L*(R)

and

W(t,z,w) Zﬁktwek

keN

so the quantity ¢dW can be interpreted as

GAW (t, 2,w) = > der(z)dBi(t, w).

keN
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If ¢ € Lo(L*(R), H) with H a Hilbert space, this series converges for any ¢ > 0 in L*(Q, H).

Indeed, according to Ito’s isometry we have

2

E Z per () Br(t)

keN

=t llgexllr

H keN

2
=1 ”¢||L2(L27H) < +0.
In all this section we fix ¢ = 1. We can rewrite the system in its integral form:

u(t) = Ultyug — i §, U(t — s)n(s)u(s)ds,

Un t 0
Sa(t) <n1> —i—fo Sa(t —s) ( &2[uf?(s) ) ds (2.1.1)
t 0

N
S 3
==
N———
I

T

+L5a(t—s) 5 dW (s),

where U(t) is the Schrodinger group which appears in the solution of i0;1) = —0d21) with
initial data ¢ (0) = 1o, namely (¢, z) = U(t)o(z), and S, (t) is the semigroup associated

to the wave equation with damping:

om =m
om + am = >n

so that the solution of this equation with initial data (ng,n;) can be written as
(n(t),0m(t)) = Sa(t)(ng,n1). We denote respectively the right-hand sides of the sys-
tem by I'1(u,n) and I's(u,n,m). For any bounded measurable function ¢ we define the
Fourier multiplier ¢((—02)2) = Fo(|¢|)F as an operator from L*(R) to L2(R). Thus,
we can define S, (t) writing S, (£)p = F L (ma(t, £)P(€)) where:

1,1 1,2
Ma(t, &) =e 2! <m§1$ ‘) m;Q(t’ Q) (2.1.2)
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with
11 B a? — 4£2 a , a? — 42
mg (t, &) = cosh( 5 t) + e sinh( 5 t),
2 a? — 482
1,2 _ :
mg(t, §) N sinh( 5 t), o)
m2L(t,¢) = a? — 4 o’ sinh(ivazwt) -
o XSS 2 2¢/a2 — 42 2
a? — 42 a a? — 42
m22(t, &) = cosh( 5 t) — T sinh( 5 t)
if |£] < ¢, and
462 — a? « . A4 —a?
1,1 _
my (t, &) = cos( 5 t) + e sin( 5 t),
2 462 — o?
1,2 _ .
8 =gy (214

2104 ¢) _ VAE2 — a? a? . A48 —a?
My (af)—( 7 _QW)SIH(

4€2 — o? Q
2,2 _
mg (taf) - COS( 9 t) - 452 — 2

i |¢] > 2.
In order to prove local well-posedness of equation (2.0.3), we adapt the method of

[Kat87]. For this we introduce the spaces:

7 ={ue L*(I,L*(R)),*ue L*(I,L*(R)), 6yu e L*(I, L*(R))},
= {ue L™(I, H*(R)), duu e L™(I, L*(R))},

Y ={ne L*(I,H'(R)),0m € L™(I, L*(R))},

H = L*(I, L*(R) n H'(R)),

(2.1.5)

— o~~~

where [ is a time interval of the form [0, 7] for some T" > 0. We also introduce the set
Z'={feL*(I,L*(R)),0.f € L'(I, L*(R))}.
The following lemmas are well-known and can be found in [Kat87].

Lemma 2.1.0.1. The operator U(:) is a bounded operator from L*(R) to
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L*([0,T], L*(R)) and from H'(R) to L*([0,T], H'(R)). The associated norms are in-
dependent of T.

Lemma 2.1.0.2. U(-) is a bounded operator from H*(R) to Z, and v — Sé U(t—s)v(s)ds

is a bounded operator from Z' to Z. Besides there exists v > 0 such that:
U@l < vlvllge

< 2y + Dl -
Z

f t Ut — s)u(s)ds

0

Because of the damping term in the second equation of (2.0.3), we have to take care
of different problems in the estimates of S,, depending on the frequencies we are looking
at. Indeed, a singularity at the frequency & = o appears in the expression of S,. It is not
a problem when we are interested in the local well-posedness, but it involves additional
hypothesis on the initial conditions and on the operator ¢ when we want to prove global

well-posedness and when we study the limit as € — 0.

Lemma 2.1.0.3. S,(-) is a bounded operator from H'(R) x L*(R) n H ' (R) to Y x H

space. The associated norm is independent of T, and we also denote by ~y its supremum.

Proof. Here we work with v > 0. The scheme of this proof will be used again for all the
estimates that we will need on the wave operator. We denote by (S, (t)(n, m)),the i-th
component of S, (t)(n,m), for i = 1,2. Thanks to equations (2.1.3) and (2.1.4), we have:

(Salt) () |2 < CLg“ e ((com? (V)

+ Lo sinh? (Mt» n2(€) + a2_44€2 sinh? (mt) mQ(g)) dé

a? — 4£2 2 2
+ CJ (1+ [£]F)e <<0082 (4522—oﬂt)
l€l1=%5
t s 520‘_2 — sin’ <” 4522_ o t)) () + s 524_ — sin’ (V 4§22_ o t) m2(§)> de.

We decompose R in four frequency domains.

First domain:|{| < §
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Here we can bound the integral on the domain || < § by

2 4
o ri () o )

2 2
Co (Il + lImllz-) -

//\

Since || is bounded on this domain.

Second domain: § < [{| <

Here we have a smgularlty at [{| = §. We deal with it thanks to the following
computation:
2 /o — 482
CJ (14 [€%)e ( 5 5 sinh? (Mt> n?
%<|§|<% 46 2
/ 2 4 /o2 — 4£2
+ cosh? 5 n? + sinh? &7515 m? | dé
2 a? — 482 2
242 2 4¢2
<C (1 + [£]*)e™ ((1 + a—)cosh2 ( “ 5 ¢ t) h2
Fslél<s

2

+t2 cosh?

SE

A/ a2 —4£2 . .
Since we can bound t — t?e~* cosh? (24616) independently of time because § < |{],

the bound becomes

Caf (L+ [€°)(A* + ) dg < Callnllze + lmlIZ2)-

Third domain: § < [{] < «
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Here we have to deal with the same singularity as in the above domain. Thus we have:

pR— 2 pR—
C’J (1+ [€)e ((COSZ( 452 “ t) + - sin®( i —a t)) n?
s<lé<a

4€2 — o? 2
4 o VA —a |,
+4§2—042 sin®( 5 t)ym* ) dg
o?t?
< (1+ [€]F)e <(1 + ——)a? + t2m2> dé
5 </é|<a 4

2 2
< Ca(llnllzz + llmllz2),
where we used that (1 +£2) < (1 + a?).

Fourth domain: [£] > «

Here we do not have any singularity, and the bound becomes:

C’J (1+ [€[*)e (<C082 ( VA"~ azt) + 4§2a2 sin (Mt)> n?
150

2 —a? 2
4 .92 \/m A2
+m S1n <2t m dé

2
2 o ~2 4 A2
<0L|>a<1+|€|)((1+4§2—042)n +4§2_a2m)d§
<C

2 2
o[l + lml[Z2).

The same procedure gives us the bound:
2 2 2
1(Sa(®) (s m))all e s < C (Il + Imllz2np) -

and we remark that (0;5,(t)(n,m)), = (Sa(t)(n,m)),, which concludes the proof. O

Remark 2.1.0.1. In the above proof, all the bounds that we obtained depend on o. How-
ever, one can verify that the result is still true for o = 0. Besides, note that S, (t) is a

contraction semigroup in the space H'(R) x L2(R) n H™'(R).

From Lemma 2.1.0.3 we get another result, which will be usefull in order to estimate
the second term of the integral form of equation (2.0.3).
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Lemma 2.1.0.4. The operator

is a bounded operator from'Y x H into itself.

Proof. Thanks to Lemma 2.1.0.3 we easily get that
H(G(Zf)(n,m))1|\Lm([O7T]7H1) < ”YT(HnHLOO([o,T],Hl) + HmHLw([o,T],LZ’))
and
H(G(t)<n>m))QHLw([o,T],L%H—l) < ’YT(HnHLw([o,T],Hl) + ”mHLOO([o,T],LQmH—l))-

Then, we remark that

t

(@G()(n,m)), = n(t) + J (Sa(t = s)(n(s), m(s))), ds

0

and we get

10 G (&) (s m)) 1 || oo oy 2y < 1Pl en o2y + YT U0 oo o,y 20y + Ml oo 0,77, 22))
< @ +AT)(Inlly + [Imlg)-

We will also need a result about the stochastic convolution.

Lemma 2.1.0.5. For ¢ € Lo(L2 n H™)

Jot Sa(t —s) <Z) dW(s)eY x H a.s.

Proof. We apply [DPZ14, Theorem 6.10] to S,(t), which is a contraction semigroup, and
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we get

t
. < CE| [ 16l unni 05
0

(0,71

L Sa(t —s) (Z) dW (s)

HlxL2AH-1

2
<CT ||¢||L:Q(L2mH—1) :

The fact that we can control the derivative in time of the first component with the second

component as in the proof of Lemma 2.1.0.4 concludes the proof. n

Now we state the last lemma, which will provide important estimates for the appli-
cation of the Perturbed Test Function method in the last section. It is specifically in
this lemma that the need of the homogeneous Sobolev spaces appears, because of the

integration in time in the low frequency domain.

Lemma 2.1.0.6. For k,( € N, there exists a constant C > 0 (depending on «) such that

(O
2 2 2

1(Sa () (M) e e At < C (Il g ppy—ceon + 1Ml s m i) 5 (2.1.6)
Jo
[* 2 2 2

1(Sa () (1, 1))yl e pr—e At < C (Il st mgr—cevny + Il i) 5 (2.1.7)
Jo

and fori=1,2

[ ] 10u 0. 0000 e dst < Ol (208)
0 Jt

Proof. These estimates are proved using the same tools, so we choose to prove only the
first one in details, and we focus on the H* norm because the procedure for the H~* norm

is similar. Thanks to the explicit form of S,, given in (2.1.3) and (2.1.4), we can bound
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the expression § [|(Sa(t)(n,m)), |3 dt by:

2 /o2 — A£2
‘f J‘ » (1+ ¢k _at[cv2?i4gzsinh? (0‘125t> n2(€)

+ cosh? <2_§2t) n? +052_44£2 sinh? < 5 52 > (5)] dgdt
+Cf J 21+m kﬂﬂ%;fﬁﬁﬁ(V%zﬂﬂQﬁ%Q

+ cos® 62_6)4225) 7 —1—452 4_ = sin? ( 4622_ a2t) T?LQ(S)] dgdt.

Now we decompose the frequency space as in Lemma 2.1.0.3.
First domain: |{| < §

Here we integrate in time and get the bound:

1 1
sts L+ 1y Q—m " a+¢m>

o? A2 4 A2

_ (1 +[¢]»)" a? . 4
e e (G = =k

and on this domain (1 +|¢[?)* and &27152 are bounded, thus we can bound this expression
by

2 2
Cllnll-2 + llmll-)-

Note that the H! regularity is needed because of the integration in time in this low

frequency domain.

Second domain: § < [¢] <

smh( )

Here we use the mequahty < cosh(z) and we integrate by parts in time to get the
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bound

2 2
< C(llnllze + [Imllz2),

since on this domain we have upper and lower bounds on £.

Third domain: § < § < «

Here we use the inequality

Sinxﬁ < 1 and we integrate by parts in time to get the bound
2 2
Cllnllzz + llmllz)

by the same procedure as for the second domain.

Fourth domain: [£] > «

Here we integrate in time to bound our quantity by

1 2 R 4 .
c fl e ((1 T ag) R aw) e

2 2
< ClInlle + llmllge-1),

because on this domain 452%&2 is bounded.

Gathering all these estimates, we obtain:
OO 2 2 2
fo 1(Sa () (e, m)); [l dt < C ([0l ig—r + 1l zpems i)

so that the first estimate is proved. The computations are the same for the other estimates,
except that for the last one, where we have to integrate in time twice, thus H? regularity
is needed. O
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2.2 Well-Posedness of the problem

2.2.1 Local Well-Posedness

In this section, we prove local well-posedness of the problem (2.0.3). Here, ¢ is fixed
so we do not loose generality by writing all the computations with ¢ = 1. We start with
a first result, which is proved according to the method used by Kato in [Kat87] for the
Schrodinger equation, and contraction arguments. Then we state a second result, which
shows that we can recover more regularity on our solutions. This kind of regularity will be
needed in order to show afterwards that the problem (2.0.3) is actually globally well-posed,
based on [SS79].

Existence of solutions in H? x H!

In this section we prove the following theorem.

Theorem 2.2.1.1. Let v > 0 and ¢ € L2(L* n H™Y). Let (ug, ng, 1) € H2(R) x H'(R) x
L2(R) n HY(R). Then there exists a unique solution (u,n,én) to (2.0.3) with continu-
ous valued paths in H*(R) x H'(R) x L2(R) n H Y(R) such that (u(0),n(0), 6,n(0)) =
(ug, no,n1). This solution is defined on a random interval [0,T (w)), where T'(w) > 0 is a

stopping time such that

@)=+ or  lim wax(u(t)]g o)) = +.

To prove this theorem we set up a fixed-point scheme. We adapt Kato’s arguments
from [Kat87] on the Schrodinger equation. We start the proof by showing a contraction
argument for the integral form of the first equation of the system, for fixed n € Y. Thus, to
any n € Y we can associate a solution u to the first equation of (2.0.3). Then we will show
that the difference between two solutions u; and us of this equation can be controlled by
the difference between n; and ns, the associated functions, which will allow us to prove

that the second equation of (2.0.3) also verifies a contraction argument. First we define

L S(t—s) (Z) AV (s)

C(w) = , (2.2.1)

YO XHO
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Yo = {ne L*([0, Ty}, H'(R)), i € L*([0, To], L*(R))},
HO = LOO([O’TO]a LQ(R) A H_l(R))a

where Tj is a deterministic time, fixed in advance and arbitrarily large. We are interested

by the first equation of the system. Let us set
F: (u,n) — un.

We state the following lemma, which gathers some results on F'

Lemma 2.2.1.1. — F is continuous from H? x H* to L?, and maps bounded sets into

bounded sets.

— We have for s,t € [0,T]
[1E(u(t), n(t)) — F(u(s), n(s))ll 2 < Clt = sl[lull z [Inlly ,ue ZneY. (22.2)
— F maps a bounded set of Z x'Y into a bounded set of Z' with

£ (u, n) = F(uo, o)l 7 < CT [lull £ Inlly

2.2.3
wveZneY,upe H nye H'. ( )

Proof. The proof of this lemma is straightforward and is an adaptation of Lemmas 3.1
and 3.4 in [Kat87]. O

Now let n € Bg,(Y) be fixed. We now have to show that some ball Bg, (Z) is invariant
by I'1(-,n), where I'; denotes the right-hand side of the first equation of (2.1.1), and that
I'1(-,n) is a contraction for a well-chosen norm.

Fix Ry > 27 ||uol| g2 + 2(2y + 1) ||uo|| g2 |70l g1, v given by Lemma 2.1.0.2, we define the
following set:
E:={ueZ||ull, < R:i}. (2.2.4)

Lemma 2.2.1.2. Ifu e E.n € Bg,(Y), then ||I'y(u,n)||, < Ry for T > 0 small enough
depending on Ry.

Proof. Thanks to the previous lemma, we have

1Ty (s )l 2 < 7 lluoll g + (27 + 1) [nu] 4

< 9 ||luol g2 + (27 + 1) ([Juonoll 5 + ||nu — nouol| /),
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where noug € Z' is seen as a constant function in time, so that its Z’ norm is ||nougl| ;2.

Finally,
T2 (u, n) ]l < v ol g2 + (25 + )([[uoll g2 [In20]| g1 + 4R T ([l £)

and thus, for u € £, and T" > 0 small enough so that 4(2y + 1)RyT < %, we get the

result. O

Lemma 2.2.1.3. For alln € Br,(Y), I'1(-,n) is a contraction in the norm ||| (.71 1)

forue E and T > 0 small enough depending on Ry > 0.

Proof. Let uj,us € E and n € B, (Y'), we have using the integral form of the first equation
of (2.0.3):

1T (w1, n) = T (us, n)HLw([o,T],Hl) < T HnHLOC([O,T],Hl) Jur = U2||L00([0,T],H1)
thus, for 7" small enough (so that YT'Ry < 1) we get the result. O

Note that the time T" depends on Rq but not on R;. Now we focus on the wave equation.
Let us fix w € Q. According to Lemma 2.2.1.3, for any Ry > 0, for all n € Bg,(Y), I'1(-,n)
is a contraction in the norm ||| 1« 77 1), thus by the Picard fixed point theorem there
exists a unique solution u € Z to the first equation of (2.0.3) up to Ty. We write u = T (n).
Now, let

Ry > 2v|[(no, m) || 12 + 20 (W)

with C(w) defined in (2.2.1). We also fix R > max(R;, R2). Thus, if we choose n €
Y, ||n|ly < R, namely n € Br(Y'), we get a solution u = 7 (n). This solution will satisfy
|ul|, < R according to Lemma 2.2.1.2. First we show that for ny,ny € Br(Y) we can

estimate the difference between two solutions u; = T (ny),us = T (ng).

Proposition 2.2.1.1. Let ny,ny € Br(Y) and associated solutions uy = T (ny),us =

T (ny). Then for T small enough, depending only on R, there exists C' > 0 such that
||u1 - u2HL°0H2 < (CR + 2) ||n1 - nQHY .

To prove this result we need a lemma.
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Lemma 2.2.1.4. Let ny,ne € Br(Y') and associated solutions uy = T (n1),us = T (ng).
There exists C' > 0, and there exists T > 0 small enough such that yRC'T < 1 and:

YRCT
[0vur — Gpua| poo o,y 12) < m(”nl = naly + llur = vl oo go,77,81))-

Proof. We need to estimate [|dyu; — (%UQHLOO([O’T],Lz)- For £ = 1,2, we denote by wuy the
solution of the equation

ié’tuk = —aiuk + Npug

with initial data ux(0) = ug. Thus dyuy is solution of
i&t(atuk) = —8326(8tuk) + NpOuy, + U0

with initial data vy = i02uy — ingug, which can be rewritten as:
t
Oyur(t) = U(t)vg — ZJ U(t — s)(ng(s)0ur(s) + ug(s)0me(s))ds.
0

Then it comes:

[0vur = Ovta|| poo 0,17 12y VT [(naCeun + wrdena) — (n2diua + u20ima) || e (o.77,12)
<V’CT(||5t”1||L00([0,T],L2) ”Ul - u2||LOO([0,T],H1)
+ ||“2||L00([0,T],H1) [0en1 — atn2||L<>0([0,T],L2)
+ ||atu1||L00([0,T],L2) |1 — n2”LO@([0,T],H1)

+ {[n2ll oo o7,y 1 06ur = Gtta| e 0.7y, 12))-

Since |lug|, < R, |[nk|ly < R we obtain choosing 7" small enough:

YRCT
[0vur — Grual| peo (0,77, 12) < 1_,yw(”m = nally + [[ur = wall oo 7, m1))-

Now we can prove Proposition 2.2.1.1.

Proof of Proposition 2.2.1.1. We start by a first computation, recalling that for £ = 1,2
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we have uy = 'y (ug, ng):

[Jur — u2||L00([0,T],H1) = T2 (u1, 1) = Fl(“%n?)HLw([O,T],Hl)

= ‘ J U(t — s)(niur — ngus)(s)ds

0
<7T(Hn1HLOO([O,T],H1) Jur — U2HL°0([0,T],H1)

L*([0,T],H")

+ [wall e oy, 1M = 12l 1o o.77,11))

<YRT([Jur — w2l oo o 7,11y + (101 = 12l poo (0,177, 11))

- YRT
ST ~RT [ — n2||Loo([o,T],H1) )

if T is chosen such that YRCT < 1. Besides we have thanks to the first equation of (2.0.3)
Jur = ua| g gz < |G — Qvuia| poo o 7y, 12) + lwarn — wanall oo o 7y, 22)
+ [Jug — u2||L°O([0,T],L2)

< ||Geur = Qewa| ooy, 12y + CR(In1 = nally + [lur — wall oo o 7y, 1)

+ ||uy — UQHLOO([QT]»HI) ’

and using Lemma 2.2.1.4:

YRCT
Jur = wl| e g2 < (m + CR+ 1)([lny = nally + llur = wall oo 79,11
YRCT YRT
<(————=+CR+ —— —
G ger tOR T gp) Im el

< (CR +1) [Iny = nally

YRT
1—-~vRT

yRCT

because we can assume that 1=~ ROT

<%and

< % by choosing 7" small enough. [

Now we can set up the fixed point argument for:
(n,dm) = To(T(n),n,dmn) =: T'sz(n,dmn)

for n € Br(Y'), where I'y is defined by the right-hand side of the second equation of (2.1.1).

Lemma 2.2.1.5. For T' > 0 small enough depending on R > 0, I's is a contraction on
Br(Y x H) for the norm |||y -
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Proof. Let (ny1,my), (n2, ma) € Br(Y x H). For k = 1,2, we denote uy = T (ng). Thus
3(n1,ma) — T3(ng, ma) = G(1)(0, 03 ur|* — 03 |uzf),

with G(t) defined in Lemma 2.1.0.4. According to Lemma 2.1.0.4 we have:

2us ? = 2 Jua]?|

IT3(n1,m1) — Ta(ng, ma)lly . 5 < L([0,T,12)

< 2VT(CR |luwr — wal| oo gy

+ H’axuﬂz o |axu2’2HL°C([O,T],L2))

< 29T (CR |lur — w2 + 2R [Jur — w2 oo o 7y, 1)
< éT ||7’L1 — TLQHY
according to Proposition 2.2.1.1. Thus for CT < 1 the map I's is a contraction. O

It remains to prove that the ball Bg(Y x H) is invariant under the mapping I's.

Lemma 2.2.1.6. For T > 0 small enough depending on R > 0, and (n,m) € Br(Y x H),
we have [|Ts(n,m)|ly . g < R.

ol

Proof.

ITs (2, m)lly . < +

0
Gt (aiwur%s))

Y xH Y xH

t 0
+ f Sa(t —s) dW (s)
0 ¢ Y xH
< [|(ng, 71)l 1 2l ooy 1y + C@)
<10, 1)l g2 + DT CR ull o + 1004 o 7y 1)) + C@)
(

<7 [[(no, )|l g1 w2 + C(W) + 29T (CR [|ull poo g + ||a$u||L°0([O,T],H1))7

where u = T (n), G(t) is defined in Lemma 2.1.0.4, and C'(w) in (2.2.1). Since ||ul|, < R,

we have

ITa(n,m)ly s < 7 1oy na) a2 + Cw) + 49CR*T

};2 + 4vCR*T.
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Thus for T" small enough such that 4yCRT < %, we get the result, because R > R,. [

Thanks to all these lemmas, we obtain the existence of a unique solution (u,n,dn) €
Br(H? x H' x L?) using Picard fixed point theorem. We can extend this solution while
(u,n, dn) is bounded in H? x H' x L* using classical arguments, since the existence time

only depends on the initial data in their H? x H' x L? norm.

Propagation of regularity

In this subsection we show that if the initial data is more regular, then the solution of

the system keeps the same regularity as long as it exists in the sense of Theorem 2.2.1.1.

Theorem 2.2.1.2. Let ¢ € L2(H' n H™') and let (u,n,dmn) be the solution of (2.0.3)
given by Theorem 2.2.1.1, and T'(w) be the stopping time defined in this theorem. Then
if ug € H3(R),ny € H*R),n; € HYR) n HY(R), we actually have (u,n,dm)(w) €
C([0,T(w)), H}(R) x H*(R) x H(R)).

To prove this theorem we will differentiate the system (2.0.3) and set up a similar
fixed-point scheme as the one used to prove Theorem 2.2.1.1.

Given (ug,ng,n1) € H> x H? x H'| a fixed w € , a random time T*(w), we have a solution
to the system (2.0.3) (u,n,0n) € Z* x Y* x H* given by Theorem 2.2.1.1, where

Z* = {ue L*([0,T*], H*(R)), ;u € L*([0,T*], L*(R))},
Y* = {ne L*([0,T*], H(R)), d;n € L*([0,T*], L*(R))},
H* = L?([0,T*], L*(R) n H'(R)).

Furthermore, if we differentiate the system (2.0.3) in space, defining u, = d,u,n, = d,n

and m, = d,m we get:

10Uy = —02Uy + Nyt + Ny,
Oy = g, (2.2.5)
dmm = —amy + 0326(7% + (996|u|2)dt + ax(de(t)

One can already notice in the above system that we will need more regularity on ¢, if we
want to apply the same procedure as in the previous subsection. We need to stress the

dependence in u, in the last equation of the system (2.2.5). Writing
2 |u)? = 6Re(u,02u) + 2Re(udzu,)
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allows us to consider the following system:

(o(t) = Uty + §, U(t — 8)(nv + uh)(s)ds,

h(t) _ ho ! . 0 s
(k(ﬂ) = Sl </€0> +L Salt =) <6Re(v0§u) + 2Re(u0§v)> (s)d (2.2.6)

+J0 Sa(t —s) <80¢> dW (s),

A

where vy = Jyug, ho = 0zno, ko = 0yn1. We denote respectively by A;(v,h) and
As(v, h, k) the right-hand sides of (2.2.6). These two functions also depend on u and n.

We will use the same method as in the previous subsection. We define the function
Uyn: (v, h) — no+ uh.

It is clear that this function depends on n and u. We state the following result which

gathers some immediate properties of ¥,, ,,, whose proofs are left to the reader.

Lemma 2.2.1.7. — VU, : H*> x H' — L? continuously and boundedly (it maps a

bounded set into a bounded set).

— W, maps Z xY into Z' boundedly, these spaces are defined in (2.1.5), with T < T*

arbitrary. Furthermore,
[Won(vr, 1) = Wy (v2, ho)l ;o < OMT([[r — v, + ([P — hally) (2:2.7)

with M = max(f[ul] g« , [nlly)-
Now we state the following result:

Proposition 2.2.1.2. For all h € Y, there exists a unique solution v € Z to the first
equation of the system (2.2.5) with initial data vy. The time interval [0,T], on which the
solution is defined is actually [0,T*].

To prove this result we start by proving a lemma:

Lemma 2.2.1.8. For all h €Y, the operator Ay(-, h) maps Z into Z and is a contraction
for the norm ||| oo o 19,111, for T < T such that yT ||nf|y. < 1.
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Proof. Let v e Z. Lemma 2.2.1.2 implies

A (v, W)l < U (@)voll , + f U(t = s)(nv + uh)(s)ds

0

Z
< lJvoll g2 + (27 + 1) [nv + uhl 4,

< 7 llvoll g + 2y + D)X+ 2T) ([[nfly« vl 7 + [[ull 2« [[2lly) < oo

thus we have Ay(-,h) : Z — Z. For the contraction argument, we have the estimate:

[A1(vi, h) = Av(va, B)[| peo oy, 0y < AT poo o7, 00y V1 = V2l oo o,ry,eny) - (2:2.8)

and thus for 7" small enough (namely 7" ||n||y» < 1) the result is proved. O

Thanks to this lemma, we can establish the existence of a solution v on a time interval
[0,71], with T3 < T™*. Besides, since T} only depends on ||n|y«, the solution may be
extended to [0, 7*] by iterations, in a classical way.

Now, as in the previous subsection, we can focus on the wave equation. Let us fix
w € €. Proposition 2.2.1.2 states that for all h € Y, there exists a unique solution v € Z

to the first equation of the system (2.2.5). We denote v = T (h).

Proposition 2.2.1.3. Let hy,hy € Y and let vy = T (hy),vy = T (hy) be the associated
solutions. Then there exists C' > 0 such that if T' > 0 is small enough so that

YMCT

— <1
1—yMCT

YT |n|ly« <1 and
with M = max(||u|| 4« , ||n]ly«), we have
||Ul - UZ||L00H2 < C ||h1 — h2||Y .

To prove this result we need the following lemma:

Lemma 2.2.1.9. Let hy,hy € Y and let vi = T (hy),v2 = T (hy) be the associated solu-
tions. There exists C' > 0 such that if T > 0 is small enough so that yYMCT < 1:

YMCT
1001 = Gva |l oo oy, 12y < W(H’h = hally + llvr = vall oo oy, 1)

with M = max(||u|| z« , |7]ly+)-
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Proof. For k = 1,2, vy is solution of the equation
10V = —02vy, + nuy, + uhy, (2.2.9)
with initial data vy(0) = vg. Thus d,vy, is solution of
i0,(Opvy) = —02(Opvr) + nowy + VO + udshy + hydpu.

Then we conclude by the same procedure as in Lemma 2.2.1.4 since ||ul| ;« < M, [|n]y« <
M. O]

Now we can prove Proposition 2.2.1.3. Equation (2.2.9) gives us

o1 = val o <||Grv1 — Gpvall 2 + [|n(v1 — v2) + ulhy — ho)|l 12 + [lor — va| 2
< [|Owr = Qevall 2 + CM([|h1 — hally + [lv1 = vall oo o 17.11))

+ [l — valf 2 -

Using the expression of A; in (2.2.6), we obtain

1 = vall poo o 17,20y = 1AL (01, ha) — Ax (2, Bo) | poe 0.y, 1y

T (H”HY* [o1 = U2HL00([O,T],H1) + [Jull g |h1 = hZHLOO([o,T],Hl)) :

Then, according to Lemma 2.2.1.9 and for T' > 0 satisfying the assumptions of Proposi-

tion 2.2.1.1, we get the conclusion.

Now we can set up the fixed point argument. We start by giving a result on the

stochastic convolution:

Proposition 2.2.1.4. Let ¢ € Lo(L2, H' ~ H™Y), then

Jt Sa(t —s) (80 ) dW(s)eY x H a.s.

0 T
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Proof. As in the proof of Lemma 2.1.0.5, we use [DPZ14, Theorem 6.10] to get

L Sa(t—s) (ao¢> 4V (s)

HlxIL2AH-1

E [ sup

t
< CE [ [ 1000
[0,7] 0

2
< C3T “Qb”LQ(L?,Hlf\Hfl) )

and the fact that we can control the derivative in time of the first component with the

second component concludes the proof. ]
Propositions 2.2.1.3 and 2.2.1.4 allow us to prove the following result.

Proposition 2.2.1.5. For ¢ € Ly(L?, H'), there exists a unique solution h € H to the

second equation of the system (2.2.6) with initial data (0yno,0xn1) and v = T (h). The
time interval [0,T], on which the solution is defined is actually [0, T*].

Lemma 2.2.1.10. A3(h, d:h) = Ao(T (h), h, 0th) takes values in'Y x H if (h, 0;h) € Y x H.
Moreover, there exists a constant C' > 0 depending on ||ul| ,« and ||n||y« such that if T >0

is small enough so that CT < 1, Ag is a contraction on'Y x H with the norm |||y, ;-

Proof. Let (h,m) €Y x H, setting v = T (h) we have according to (2.2.6)

185 (e m)lly gy < 7 (@m0, 2am) | g2 + VT || 6 Re(062u) + 2Re(ud2v)
<100, @) || 12 + YCMT 0], + C(w)

ot C(w)

where C/(w) is the constant which bounds the stochastic convolution in Y x H. For the

contraction argument, let (hy,mq), (he, ms) € Y x H. Then

[ As(h1,m1) — As(ha, ma)lly oy < YT(6 (|l 2 [[vr — v2ll g1 + 2 [Jul| g1 lor — vall o)

< CT ||hy — hally ,

using Proposition 2.2.1.3 and Lemma 2.2.1.9, where C' depends only on the norms |ul| .
and ||n|y«. For T > 0 such that C'T" < 1 we get the result. O

Now we can prove Theorem 2.2.1.2. Indeed, according to Propositions 2.2.1.2 and
2.2.1.5, we have proved the existence of a unique solution to the system (2.2.5) with initial
data (0ug, 0xng, Ozn1), on a time interval [0, T'(w)], with T'(w), which is the random time
of Theorem 2.2.1.1.
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Furthermore, (0,u, d,n, 0,0;n) is also a solution of this system, with the same initial
data, so we can conclude by uniqueness that (u,n,dn) e L*([0,T(w)), H*> x H* x H').

2.2.2 Global Well-Posedness

In this section, we follow the article [SS79] by Sulem and Sulem to get a priori estimates

in order to get a global result. We are still considering the system

i0u = —0%u + nu
on = [ (2.2.10)
e2dp + aep = 02(n + |ul?)dt + ¢pdW (t)

but now we keep track of € in the estimates. We will see that they are not uniform in ¢.

We prove below the following theorem.

Theorem 2.2.2.1. Let a > 0, T > 0 and let ¢ € L2(H' ~n H™'). For initial data
u € H?, ng € H?> and ny € H' n H‘l, there exists almost surely a unique solution
(u,m) € L2([0,T], H® x H?) for the system (2.0.3).

Modification of the system

To prove our theorem, we decompose n = m + Z° where Z° € L*([0,T], H* n Hil)

a.s according to Lemmas 2.1.0.5 and 2.2.1.4, and satisfies
£2d(0,2°) = (—aed, Z° + 02 Z°)dt + pdW,,
1 (° 0 (2.2.11)
75(0) f Sa(—s) < )dWS.
0 10}

Note that Z° is a stationary process. Thus (u,n) is a solution of the system (2.2.10) if

and only if (u,m) is a solution of the system:

i0u = —02u + (m + Z°)u,

(2.2.12)
e202m + aedym = 02(m + |ul?).
In order to prove our theorem, we need to introduce
V = —0d, " om, (2.2.13)
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for which we have to assume that &;m € H~!. This is actually true thanks to the hypothesis

on the initial data since

am(t) = (Sa(t)(no,n1))y + f (Sa(t — s)(0,5z|u|2))2ds

0

and a computation with the same procedure as in Lemma 2.1.0.3 shows that d;m € H!

under the assumptions of Theorem 2.2.2.1. The equation satisfied by m gives us that
e20,V + aeV + 0,(m + |ul*) = 0. (2.2.14)

Proof of the global Well-Posedness

If « = 0 and ¢ = 0, one can prove by taking the scalar product of the first equation
of (2.2.12) with @ and d;u and the second equation of (2.2.12) with (02)~'dym that the

deterministic system preserves the mass and the energy:
2 2 1 2 2
N(w) = llullze, and H(u,m) = [|0sullze + S(Imllz + VL) + Rm|u\2dﬂf- (2.2.15)

In our case, we still have conservation of the mass N, and we have:
Proposition 2.2.2.1. For (ug, mg, m1) € H* x H2 x (H* n H™"), the local solution (u, m)
of the system (2.2.12) satisfies:

AN =0,  &H(um) +f ZeouPdz = —ace | V|2 . (2.2.16)
R

Proof. The following computations are justified because we assumed enough regularity
on our solutions u, m, Z¢. We recall that m, Z° are R-valued, and u is the only C-valued
function. For the conservation of mass we take the scalar product of the first equation of
the system (2.2.12) with iu. For the energy we start from the system (2.2.12) and take
the scalar product of the first equation with ¢d;u, then we take the scalar product of the

second equation with (02)~1d;m. We get by integration by parts:

o, 6aullZs + f mésul? + 220, uldz = 0,
R
1
BB J oom(m + )z + ac [V
R
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Taking the difference between the first equation and the second equation we deduce:
1
Oy (||8xu||2LQ + 5 (||m||i2 + ||€V||iz) +J m|u|2d:v) +J Z0,|ufrdx = —ae ||V||iz .
R R

]

This result allows us to obtain the following bound (we work with w € € fixed so that

Z¢ € H? a.s. and there exists a constant such that ||é’xZ5||2Lm([07T]7H1) < C(w) a.s.):

Proposition 2.2.2.2. For (uy, mg,my) € H3 x H2 x (H* n H™Y), the local solution (u,m)
of the system (2.2.12) satisfies

]- 2 1 2 ]- 2 2 2
S 10llZs + 3 ImllZs + S 1eVIZs < (C+ Juoll2 1027 e oy e (22.17)

with C' = |Ho| + 2N where Hy = H (ug, my).

Proof. Thanks to the previous Proposition:

1
losullzs + 5 (Imll3s + oo am

2
) <|Ho| + U mlul*dx
L2 R

t
J J Z°0;|uf*dxds
0 Jr

Then we neglect the negative term, we use the first equation (2.2.12) to develop ;|ul?,

2
+ — Qg ||V||L2([O7t],L2) :

and by integration by parts we get:

2 1 2 _ 2
ol + 5 (Il + |0 0o, ) <IHol +

f m|ul*dx
R

t
+ 2 f J 0.2 Im(ud,u)dxds
0 Jr

<|Ho| + U m|ul*dz
R

t
n f 100 22 2 + (1202 ds.
0

For the second term of the right-hand side of the inequality, we use [SS79, Lemma 2]

which states that )
[ mluas| < § Il + 4% ol
R
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to finally get:

1 1 _
l0sulZa + 5 lml[7a + 5 ed2mm

2 3
5 o <IHo| + CNE [|aull -

. (2.2.18)
e12 2 2
n f 100 212 2 + 0ol 2 ds.
0

Now we can apply Gronwall’s Lemma and use mass conservation to get the desired esti-

mate. O

Then we have the following lemma which gathers the equalities stated in [SS79]. The

difference in our case comes from the damping and stochastic terms:

Lemma 2.2.2.1. For (ug,mg,m1) € H3 x H? x (H' n H™Y), the local solution (u,m) of
the system (2.2.12) satisfies

& (Ha(am)*lafm

QLQ + Hatmy\;) + 2f O2méyJul*dr + 2ae |6,V 3. =0,  (2.2.19)
R
R

Proof. First equality:

Applying the equation (2.2.14) satisfied by V = —d;'0;m we have, using integration by
parts:

&, (H&:(ax)*lafm

L+ o) =2 JR e20,V 2V + d;mdPmda
=2 L OV (—agdV — 0,0,(m + |ul?)) + dymd;mdz
=2 fR —ac|0,V|* — md*m — 02mad,|ul® + 6ymd*mdx
_ 9 fR 2maé|ulPde — 20 |0V |2 .

Second equality:

We start from the equation

i0u = —0%u + (m + Z°)u.
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Then we differentiate this equation in time:
02u = i0,0%u — i0;(mu) — i0,(Z°u).
We take the scalar product with d;u and get
o ||0vul|3» = 2Re JR 10,02udyt — 10, (mu) Oyt — 10, Zu) Oy uda:
=2Im JR udyudy(m + Z°)dzx,

where we used integrations by parts.

Third equality:

We start from the first equation, and write 0?u = nu — i0yu. Then
0y02u = Oy((m + Z°)u) — idju,
and taking the scalar product with 0?u we get
Re JR 0,02ud?udr = Re fR Oi((m + Z%)u)d?u — i|02ul*dx,
so that
—;at |osdvul, = RefRat(m T Z%)uddi + ;(m + 296, dul2da

_ ;f (m + Z°)aipul*de + ;f O(m + %) (ul* = 2l0wl*) de.
R R
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By gathering (2.2.19)-(2.2.21) and integrating in time we obtain:
200l + 120V (% + a2, + szatmatyuP T mloulda
=C+ f JR 60,m|0yul? + 4Im(udyud,m)dxds
0
+4Im f tf wéyif, 25 dzxds — 2 f Z¢|owlPde (2:2:22)
0 JRr R

t

B QJ J 0,7° (6t2m|2 _ 3]&514’2) dxds
0 Jr

— 2ae HVHiz([o,t],LQ)

where C' is a constant depending on the initial conditions coming from the integration in

time which is finite according to the assumed regularities of ug, mg, m;. Note that we also

t t
J J Z°0,|0pul?dr = J Z¢|Oulda — J f 0 Z°|0pu|*dxds.
0 Jr R 0 JRr

The aim here is to get an estimate on || du|%: + |0,V ||7> + [|6sm]|3 via the Gronwall’s

used:

argument. We will need several lemmas.

Lemma 2.2.2.2. For (ug,mo,m1) € H? x H2 x (H' n H™Y), there exists a constant

C' > 0 depending on the initial data such that the local solution (u,m) of the system
(2.2.12) satisfies

<

2O+ O iy 4 o)

f 60,m|0ul* + 4Im(ududym)drds
R

(2.2.23)
+ C (10sull 7 + l@eml72) -

Proof. Integrating by parts, we obtain

J 60;m|0ul? + 4Im(ud,iidym)ds
R

f —60,V |0pu|? + 4Im(ud,id,m)dx
R

8x]8tu]2

<c(IVil,» o ol ol o 120l 1)

where we used that ||u|| ;. is preserved and that ||V||,. is controlled by the bound (2.2.17).
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Using again (2.2.17), we get

C +€C(w)t6t/2

t
f f 60;m|0ul* + 4Im(ud,idym)dr| < |12Re(0puly0pu)|| ;2
0 Jr

+C (lowullz + lommll72)

_2AC+Cw))
g

+ C (l[ovull + llomml[72) -

" ||l

0
Lemma 2.2.2.3. For (uy,mg,m1) € H? x H2 x (H' n HY), the local solution (u,m) of

the system (2.2.12) satisfies

2
1

2 U oymay|ul® + m|ou|*dx e ) + = |6l
R 3 2

+8(C + Cw)t)e || a2 .

- (8(0 + CW))
(2.2.24)

Proof. We integrate by parts to get

2\ | dmautuf + g <4 1Vs (sl Wl + Nl Noudial )
R

2
+ 2 [Iml[ 2 [l vl 74

<8NVl ull g M Osull o+ 2 Ml 2 |G| 2 | Ol

where we used Gagliardo-Nirenberg inequality for the second term of the right-hand side
of the inequality. Using the fact that |V||,2, ||ul/;: and ||m||;. are controlled by H, it
comes:

<8(C’ + C(w)t)

2 <= llGul

J Orma|ul® + m|oul*dx
R

1 1
- 2(0+ O (5 1ol + 1wl

2
1
<« (8<0+0<w>t>) + 7 ol

3

1 1
+2(C 4 C(w)t)ze’? (5 H&t“ﬂ%2 +9 ||atu||12ql)
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and choosing § to have 2(C + C(w)t)ze?/25 = 1, the result is proved. O

Lemma 2.2.2.4. For (ug,mg,m1) € H3 x H? x (H' n H™Y), the local solution (u,m) of
the system (2.2.12) satisfies

1
ol <C + | (€ + C@))e (Il + o] ) ds
Jo (2.2.25)
+ | €+ cwse (10271 + ol ds.

0

Proof. We use the identity (2.2.20) from Lemma 2.2.2.1:

5t HaﬂLHiz = QImJ u&tﬁ(ﬁtm + atZE)da:
R

< Cllullpe [|0cull 2 10mll 2 + llull g [10:2° 12 10l 2 -

Then we integrate in time and we control ||u||;: by the energy:

t
|@WE<C+JW+CWbWUWWE+WWﬁﬁ%

0

t
+j@+cwwwu@fﬁfumwéw&

0
[

Now we have to estimate the terms in equation (2.2.22) involving the stochastic con-

volution Z¢, namely,
t t

4[mf f u&tﬁatZadxd:H—Qf Zf\ﬁtu\Qdaj+2J J 0, 2% (Of|ul® — 3|0wu|?) dads. (2.2.26)
0 JR R 0 Jr

We denote by I, II and II] the three integrals. We know from the definition of Z°
that thanks to the assumption on ¢ and to Lemma 2.1.0.5, Proposition 2.2.1.4, almost
surely (Z¢,0,2¢) € L*([0,T], H*) x L*([0,T], H') and (0,Z¢, 0,0, Z°¢) € L*([0,T], H') x
L*([0,T], L*). We prove the following results:

Lemma 2.2.2.5. For (ug, mo,m1) € H® x H? x (H' ~n H™Y), the local solution (u,m) of
the system (2.2.12) satisfies for I, 11 and 111 the three terms of (2.2.26):

t
11| < J (C + C(w)s)e® |0: 28|32 + |Gl ds, (2.2.27)
0
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11 < 5 (127120 o2 + 2l) (2.2.28)

DN | —

t t
111] <4J(C’+C(w)s)es Nowull o 10:2°| o ds+3J 10:25 || 2 ||0ul 2 ds. (2.2.29)
0 0

In these inequalities C' > 0 denotes a constant depending on the initial data (ug, mg, myq)
and C(w) is the constant bounding the stochastic convolution in the L*([0,T], H?) x
L*([0,T], L*)-norm.

Proof. For the first estimate:

t t
‘Imjfu@tuatZedxds <cf lall o 10,25 1 l16vt] 2 ds
0 JR 0

and we use the fact that ||ul| . is controlled by the energy to get the result.

For the second estimate:

2
< 12701 2 10wl

U AR
R

1 2 2 2
< 5 (121122 llvullz + llevully)

using the Gagliardo-Nirenberg inequality.
Finally for the third estimate, we note first that:

Oul? = —2Im(ud?u).

Thus,
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so that, integrating the first term by parts,

¢
J f 0:Z° (07l —3|0ul?) duds|
0 Jr

t
_ ‘_J J 0,7¢ (2]m(é‘tﬂﬁzu + ud%0pu) + 3|é‘tu|2) dzds
0 Jr

t
<2 f J Im(&wé’tﬂﬁxuﬁtZg + @ﬂ@(%Zaﬁwu
0 JR

+ ﬁxﬂatZaax@tu + ﬂax(?tzaaxé’tu)dxds

t
3 f 1.2 vl ds
0

t
< f A0l 160l 2 10027
0

T lall g 1002 e N1Getl g s

t
3 f 10,2511 lvull3 ds.
0

Then, using Propositions 2.2.2.1 and 2.2.2.2, we get:

t

1111] < 4f

0

t
(C + C(w)s)e® |0yl g 110,27 g ds + 3f 10:2°| 2 || Geull 71 ds.
0

]

According to (2.2.22) and Lemmas 2.2.2.2, 2.2.2.3 and 2.2.2.5, for t € [0,T] we get the

estimate:

t
26l + IV I3 + ot <CTzw) (14 [ 1ol + (o) as)
0

1
+ 5 Il + C(T,e,0) .
We use Lemma 2.2.2.4 to estimate the term ||dyul|7,. Finally, we obtain

t
ol + s + lmis < O e) (1+ [ Jots) o+ lom)lEas).
0
(2.2.30)
and, thanks to the Gronwall’s Lemma, the quantities |[0yul| ;1 , ||dim||;2 and |[ed, V]| . are

bounded for ¢ € [0,T]. Thus, we can prove the following lemma:
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Lemma 2.2.2.6. Let T > 0, and (ug, mo,m1) € H>x H* x H' ~H=L. Then the quantities

lm|| ;1 and ||ul| g5 are bounded fort e [0,T].

Proof. From equation (2.2.14) we get
20,V + aeV + 0,(m + |ul?) = 0,
so that

10amll > < e V]I ze + || 0slul?

L, +oe [Vl

< e [|aV g2 + ag IVl + llullz

thus the result for ||m||,. is proved. Then we look at the first equation of the system
(2.2.12), which gives us:

2
O

o S el + [ (m+ Z%)ul|
< NGl g+ Ml g Null g+ 1250 g Nall o
and we get the desired result. O]

It remains to get a H? bound on m, and a H' bound on d,m. For this purpose we note

that thanks to the equation satisfied by m:

g

2
omm

"t lle.aml?.) < 2f 0, 0,m ¥ ul2dz
R

2
<@l , + lesdiml?,

2
omm

1 2
< M)+ 5 ([|@2m],, + ledsaml:)

since the norm ||6§|u|2||22 is bounded on [0,7] thanks to Lemma 2.2.2.6. Hence, the

Theorem is proved.
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2.3 Convergence of the stochastic Zakharov system

to the stochastic Schrodinger equation

In this section we prove that the system converges to a stochastic Nonlinear

Schrédinger equation when e goes to 0. We start from the system (2.2.12) that we recall

here:
i0u = —0%u + (m + Z°)u,
(2.3.1)
e20?m + aedym = 02(m + |ul?),
with Z¢ solution of
e2d(0,2°) + aedy Z° = 2 Z°dt + ¢pdW. (2.3.2)

Let us state the first main result of this chapter.

Theorem 2.3.0.1. Let « > 0. For any T > 0, and for ug € H*(R),mq € H*(R) n
HY(R),m; € HY(R) n H™Y(R), the process (uf,m¢) solution of the system (2.3.1) with
w(0) = ug, m(0) = mg, &m(0) = my and ¢ € Lo(L2(R), H3(R) n H-4(R)) converges in
law in C([0,T], H (R)) x C([0,T], HE'(R)) for s <1 to (u,—|u|?) solution of

loc

idu = (—0%u — |uf?u — %uF)dt — w(@2) " pdW, (2.3.3)

where F(x) = Yo ((02)7)oer)” (x).

In order to understand the limit behavior, we first note that Z¢ is of order e~ /?2

, as
can be seen by computing E(||Z¢(¢)|2.) for instance. Also, the scaling of (2.3.2) indicates
that it depends on ¢ as a function of £. It is thus natural to define 2°(¢) = £'/2Z¢(et). This
is done in the next subsection and we see that we are exactly in a situation where the
Perturbed Test Function method works.

We then adapt the proof of [AA88] by Added and Added, for which we need a uniform
bound in € on ||0,ul ;2 , || 2 and |eV]|;. (where V = —d,1dym). In order to get such a
bound, we apply the Perturbed Test Function method to the energy H defined in equation
(2.2.15). Moreover, we will need to gather this bound with some tightness results to be
able to pass to the limit ¢ — 0 as in [AAS88], this will be done in the fourth subsection.
Finally, the last subsection states the weak convergence results obtained, and gives the
limit € — 0 in the martingale problem in order to prove Theorem 2.3.0.1. Since we are in

a situation, where the driving process is an Ornstein-Uhlenbeck process and all correctors
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can be computed explicitly, we are able to have explicit martingales when studying the
martingale problem. We take advantage of this to obtain the convergence in probability
of the system (2.3.1) to equation (2.3.3). Note that the convergence in probability in a
similar but a simpler problem, where the Ornstein-Uhlenbeck solves an equation of the
order one and the setting is finite dimensional, has been obtained in [GL22].

In the first three subsections, in order to lighten the notations we do not specify the
dependence on ¢ for u,m and V. We start to keep track of this dependence in the fourth

subsection, where we prove the tightness.

2.3.1 Rescaling of the system

We already know that (u,n) is a solution of the system (2.2.10) if (u,m) is a solution

of (2.3.1). We can rewrite the equation on Z¢ in its integral form:

t s t s t s
e2Z5(t) = —aJ J ey Z(o)dods —i—J J 027 (0)dods +J f pdW,ds.
0 Jo 0 Jo 0 Jo
In order to understand the orders of the different terms in (2.3.1), we write Z° as
Zo(t) = e 255 (1) (2.3.4)

and rewrite all the integrals in the rescaled time. For the first term, we have:

t

L t fgatZE(a)dads= J = 7%(s)ds

0

et s
= J J 6%(9t25(0)d0ds.
0 0

Then

t s t s
J J 027 (0)dods =J f 5_%6’225(5_10)d0d5
0 Jo 0 Jo
et s
= J J sgﬁiéa(a)dads.
0 0
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Finally,

t t

oW (s)ds = J 5%¢W5(5_15)ds

0 0

eIt
= J e2 W (s)ds,
0

where W¢ (t) = 6_%W(€t) is still a cylindrical Wiener process. Now by replacing et by

t and deriving twice, we obtain an equation which does not depend on ¢:
d(0,3°) + ady3° = 0235 dt + GpdWF. (2.3.5)
Now we can rewrite the system as:

(0w = —Jqu + mu + =z° (),
orm = (2.3.6)

20 + agp = O3 (m + |uf?),

with Z¢ solution of the following equation

{ 0= =5 i N (2.3.7)
d¢® = (—aC® + 02z°)dt + ¢pdWE.

Clearly, the process (2%, 55) has a law independent of € and we see that (2.3.6) corresponds
to the classical situation of diffusion-approximation, for which the Perturbed test Function
method is a very efficient tool.

In the sequel, we apply this method but in order to work with a constant
Wiener process, we do not use (2°,(°) anymore. We use the process: (2°(t),(%(t)) =
(eY275(t),£%%0,Z5(t)), which is of order 1 and is, in fact, the standard process used in
this method.
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2.3.2 The driving process (z¢,(°) and its generator

In this subsection we state some results linked to the process (z°, (%) and its infinites-

imal generator. It satisfies the equation:

¢,
(—a® + 022°)dt +

(%ZE =

[

] (2.3.8)

dCS — 51/2 ¢th

[QE

Its infinitesimal generator is 1M, where M is the infinitesimal generator of (22, %) or of

the e independent process (z, () satisfying:

{ 0z =G, ) (2.3.9)
d¢ = (—aC + d5z)dt + pdW,.

There exists a unique Gaussian invariant measure for the transition semigroup associated
with the equation satisfied by (z°, (%) (see [DPZ14, Chapter 11]), uniqueness follows from
the decay of S, for a > 0. This invariant measure does not depend on € and we denote
it by v. The existence of this measure allows us to take the process (z¢, (%) stationary by

choosing the initial condition of the system (2.3.7):

N1 0
(Z) = Sa(2) <¢dWS> . (2.3.10)

We also choose an initial condition (2, {p) such that (z, () satisfying (2.3.9) is a stationary
process. This implies that the initial data of equation (2.0.3) is decomposed as ny =
mo + \%zo, ny = mp + %ECO' The regularity of (zg, () depends on the regularity of ¢ as
a Hilbert-Schmidt operator, as seen in Lemma 2.1.0.5. Thus the regularity of (ng,n;)
only depends on the regularity of (mg,m) and the regularity of ¢ as a Hilbert-Schmidt
operator

Then for any continuous bounded function ¢ on H2 x H! n H™*, we have an explicit
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expression for the expectation with respect to the invariant measure v:

E,[¢(z, Q)] = E (25, ()]

1 (™, /s 0 I 0 |
() 2ren(a)
= E[¢(20,G)] = E [go (LOOSQ(S) (qﬁd?/l/‘) ,LOOSQ(S) ((bd?/v >] .

In order to justify the computations of this paper, we will need to take ¢ € Ly(H? N
H~*), which guarantees that (2¢,¢%) € C([0,T], H* n H*)? almost surely, for any T > 0
(thanks to similar arguments as for Lemmas 2.1.0.3 and 2.1.0.5, because the operator
Sa(t) commutes with the operator d,). The stationarity allows us to control the growth

of (2%, (%) thanks to the following Proposition.

Proposition 2.3.2.1. For any T > 0 and any 6 > 0:

P(op 12Ol 160 s i-s) 2 <77) =0

as € goes to 0.

Proof. For k € N; we denote by 7 the process

me=sup (2Ol gans-s + <O gang—s) -
te[k,k+1]

Since the process (z, () is Gaussian, it has finite moments and since it is stationary E[n]]
is finite and does not depend on k for all v > 0. Thus, by Markov inequality for any 6 > 0,
choosing v > 1/8 we have >, P(nx > k°) < . And by Borel-Cantelli lemma, we are

able to prove that there exist two random variables Z;, Z, such that almost surely
12Ol gsr-s + IS s nsg-s < Z1 + [t Z. (2.3.11)

This estimate implies the result for (z(%),{(%)) and thus for (2%, (%) since it has the same
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law. O

According to Proposition 2.3.2.1, if we introduce

= inf {t : [|2°(t) || yop g5 = e NED N s s = 5_6} , (2.3.12)

we know that 75 goes to oo in probability as € goes to 0.

Now we focus on the infinitesimal generator M of (z,(). Indeed in the following
sections we use the Perturbed Test Function method, for which we have to find the inverse
of the generator applied to several quantities. We do not wish to specify the domain of the
generator. For a Borel function ¢, we write My when ¢(z(t),((t)) — Sé Mop(2(s),(s))ds
is a well defined quantity and is an integrable martingale. Similarly, we write M1y
when M~1 So (s))ds is a well defined quantity and is an integrable
martmgale.

For a function f, we try to find a function ¢ such that My = f (we write ¢ = M~Lf).
Clearly, we need E,[f(z,()] = 0, recall that v is the invariant measure of (z,(). Given
n = (z,(), we denote by (z(t,n),((t,n)) the solution of (2.3.9) with initial data n at time
0. Then, since the process has all moments, it is classical to see that for any ¢ measurable

with polynomial growth, we have:

00]

M) = —E f o(=(t,m). C(t, m))dt.

0

The following results give properties on My for some test functions ¢ used in the Per-
turbed Test Function method.

Lemma 2.3.2.1. For (z,¢) € (H* n H%)? and ¢ € Lo(H' n H2) we have
Mz = (2) 1+ a(d?) 'z, (2.3.13)

where M™1z is a notation for M™'xm(z,(), m1 being the projection on the first coordinate.

Proof. By equation (2.3.9), we have
4((32)71¢ + a(@)12) = zdt + () 6dW,,

and thus, (02)7*¢(¢) + a(0?)~ So ds is a martingale. Note that the zero-mean

condition is satisfied because v is a Centered Gaussian measure. O
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Proposition 2.3.2.2. For (z,¢) € (H' n H‘3) x (L? n H—3) and ¢ € Lo(H' N H—4) we

have
M (M =B, oM7) | < C(Co+ Nalinnns + 1SN emn—s) (2:3.14)

where E, denotes the expectation under the invariant measure and Cy is a constant de-
pending on the Hilbert-Schmidt norm of ¢ in the space H' n H.
We also have for (z,¢) € (H> n H®) x (H' n H3) and ¢ € Lo(H?> n H*)

M (220 M7 2 =By [0r20.M2)) | < O (Co + 1lTni2 + 15 i)
(2.3.15)
where this time Cy is a constant depending on the Hilbert-Schmidt norm of ¢ in the space
H? ~ H.

In order to prove Proposition 2.3.2.2, we state the following lemma:

Lemma 2.3.2.2.

0e]

M (M= B, [M]) = = | ((Sa0(0) (@) (5ul0)(20),

0

-2 ft ’ (Sa(3)(0, ex)), (03) 7" (Sa(5)(0, dex)), ds

keN
+0 (Sa(1)(2: ) ()7 (Sal0) (. O,
a3 [ (Sule)(0.0600), (32)7" (Sals)(0,0e0)) )

(2.3.16)

where S, is the semigroup defined in (2.1.3) and (2.1.4). Besides we denote by
(Sa(t)(z,C))i the i-th component of S, (t)(z, ().

Proof. Thanks to Lemma 2.3.2.1, we know that

MMz By [2MT2]) = M7 (2(00) 7= By [2(30) 7))
+aM ™ (2(32) 72 —E, [2(02)7'2]) .
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For the first term, we write:
B, [2(2)71¢) = | 2(2) (=)
=[([ sa0 o) ([ (@) Sa(—s)(0, o)) |

—00

o) | 7 (Sa()(0, de0)),; ((2)7Sa(5)(0, de)), ds,

keN

thanks to It isometry. It follows:

M7 (207 B, [2(82)7¢])
- JOOE [(Sa(t)(z, () + f Salt = $)(0, cdeS))

0 0 1

x (03)! (Sa(t)(z, ¢)+ f S, (t —)(0, gdes)) ~E, [z(ag)—lg]] dt

0 2

—— [ (5.0 (@) (5000,

0
0
S| (Sa(6)(0. 6000, (2 (Su(s)(0.0ex))yds .
keN vVt
The argument is the same for the second term. O]

Proof of Proposition 2.3.2.2. Thanks to Lemma 2.3.2.2, we just have to use the embed-

ding H! < L® and bound the products of terms using:

I N EXUISSN

+ 1(Sa()(2, Ol dt

) T NSalt) (2 Oyl

(@)™ (Salt)(2,0),

and we conclude thanks to Lemma 2.1.0.6, which allows us to bound all these quantities.
The scheme of proof is the same for the second estimate, except that the d, operator

requires H? regularity. O]

2.3.3 The Perturbed Test Function method

In this section we detail the Perturbed Test Function method applied to our system

of equations. Recall that M is the infinitesimal generator of (z,(). We denote by L° the
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infinitesimal generator of (u, m, u, 2%, (%). Provided ¢ is a smooth function, the It6 formula

gives:

1
LEo(u,m, e, 25, (%) =Dyp(i02u — imu) — —=Dy(iz°u) + Dyp(i)

NG

1
+ Dup(@(m + [ul?) = azp) + — Mg,

where .
Mg = D:p(Q) + Dep(072 — o) + STr(¢" D). (2.3.18)

The aim is to compute the generator £° applied to a real-valued function ¢(u,m,c%u)
corrected by two functions ¢; and ¢, in order to deal with the singularity appearing
above.

In this case ¢ does not depend on (z, ¢), thus, My = 0. In order to deal with the term

of order —% in €, it seems natural to take as the first corrector

01(u, 2,¢) = Dyp(iM ™ zu)

(2.3.19)
= Dy ((@2)7(C + 02)

according to Lemma 2.3.2.1. The addition of this term will give us new terms to control in
L (p + /1), because of the growth of (2%, (%) as a negative power of € (see Proposition

2.3.2.1). Thus, we also consider a second corrector

p2(u, 2,¢) = M7 (Dupr (iuz) — B, [Dugpr (iuz)])

(2.3.20)
= M~ (Dy (Dup(iuM™'2)) (iuz) — E, [ Dy (Dup(iuM™'2)) (iuz)]),

where v is the invariant measure of z¢, which is the same as the invariant measure of z.

Finally, we apply the generator £ to ¢° = ¢ + /ey + €ps, which is

° (uym, 1, 25, ) =p(u,m, 1) + /eDugp (1u(07) 71 + az))

(2.3.21)
+ eM ™ (Dyp1(iuz®) — B, [Dypr (iuz)]) .

Now we know how to correct any function ¢(u, m,e*u) in order to avoid any singularity

in €, thanks to the control of (z°, (%) given by Proposition 2.3.2.1.
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2.3.4 Energy estimate

In this section we consider initial data uy € H3(R),mg € H2(R) n H ' (R),m; €
HY(R) n H X(R), and (20, (o) € (H3*(R) n H3(RR))2. We use the energy

H(u(t),m(t), V(1) = |du(t)|7: + ;(Ilm(t)Hiz + eV (E)llze) + JR m(t)|u(t)[*dz

where V' = —d7'u. This functional is well-defined under the assumptions of Theorem
2.2.2.1 on the initial data. Proposition 2.2.2.1 gives a bound on the energy H. However,

—-1/2

since Z¢ behaves like e7/#, this bound is useless for the limit as ¢ — 0.

Let us also introduce
1 2 1 2 1 2
Ky =K(u(t), m(t), V() = S 110u®) + ¢ Im@I3 + S 1eV©l5  (2322)
which is a positive functional. It can be shown that
K —2N* < H < 3K +2N? (2.3.23)

where N is defined in (2.2.15) (see [SS79, Lemma 2]) and we know from Proposition
2.2.2.1 that the mass N = ||ul|7, is conserved by the first equation of (2.3.1).
The quantity K will be useful since it is positive, and since we have bounds between K
and H. We will use the Perturbed Test Function method to get bounds on H, which will
give us bounds on K.

Our aim here is to apply the Perturbed Test Function method in order to get a bound
on H independent of e. We want to apply the generator £ of (u, m, u, 2%, (%), the solution
of (2.3.6) and (2.3.7), to the energy H, defined in equation (2.2.15). According to the It6

formula, we have
LEH =D, H (i0>u — imu) — LD H(izu)
- u T «\/E u
1 1
+ Dy H (1) + gDHH(ﬁi(m + |ul?) — aep) + EMH
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and M H = 0 because H does not depend on (z,(). Thus we have:
LEH =2R€J O u(id>u — 10, (mu)) + mu(id%u — imu)dx
R

2
— Ref 0,10, (12°u) + im|ul?2°dx
NGaR (i2"u) |u|

2
L2

o'

+ J p(m + |ul?)dx + J 0, oy (m + |ul?)dx — as
R R

:2R€J —i [|02ul® + 0,ud, (mu) + dyud, (ma) + m?[ul?] du
R

2 ; € = -1 |

_ %Re J;R 10, (z°u)0yudr — ae ||0, Lo

= —oacel||l0; - 2Ref U0, U0, 2 dx.
xT L2 \/g R T T

According to section 2.3.3 we already know the expression of the two correctors Hy(u, z, ()

and Hs(u, z, (). The first corrector can be computed with the help of Lemma 2.3.2.1:

H, = ZRGJ U0, U0, M 25 da
* (2.3.24)
= QRBJ iud,u (0, ¢ + ad, '27) d.
R
We have

VeD Hy(i02u — imu — Lzau) —4\/§J |0, u)*(CF + azf)dx
Ve R
+ \/gf O |ul?(0,C° + d,p2%)dx
R
- Q\EJ lul?0,m(0,'¢° + ad, ' 2%)dx
R

— ZJ |u|?0,2° (0, 1¢° + ad, *2°)dx
R
and

Ve(DeHy(dCF) + D, Hy(dz%)) = (nge JR iu&xﬂﬁxzsdx> dt

+ QRGJ 10U Z 0, (e )dBy(t)dx.
R

keN
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It implies that

d(H + v/eH,) = (—ozs ot ; - QJ ul?0,2°(0, ¢ + ad, '2%)dx
R

+ 4\/gf |0,u|*(C° + azf)dx + \/gj Op|u|?(0,¢° + a0, 2%)dx
R R

—2\/EJ lul?0,m (0,1 ¢ + a&zlzs)dx) dt (2.3.25)
R

+ 2Ref U0, Z 0. (e )dBy(t)dx
R

keN
=L°(H + /eHy)dt + dXy,

where
t
X; = 2Ref f iu@zﬂz 0, (e )dBy(s)dx (2.3.26)
R JO keN
is a martingale.
First, we can see that
(| < 2l g2 | 0aull 2 (0:7¢7)| . (bw) + a0 =%, (t,w)) (2827
< Cllulls (657, (b w) +afor'=| |, (tw)KE. a

As explained in Section 2.3.3, we need a second corrector in order to get a uniform bound

as € goes to 0. We choose H, such that

MH, = 2[ lu|?0,2°(8,*¢° + ad, *2°)dx — 2E, lJ |u|?0,2(0,1¢C + a&;lz)da:]
R R

(2.3.28)
— 2] lu|?0,2°0, M~ ' 2%dx — 2E, [J ]u|28xzé‘x/\/l_1zd:v] .
R R
In other words we set
Hy, = 2f lu[2PM ™ (6932509;/\/1_125 —E, [%z@x/\/l_lz]) dx. (2.3.29)
R

Defining then Hf = H(u(t), m(t),V(t)) + /e Hy(u(t), 25(t), (= (t)) + e Ha(u(t), 25(t), 5 (t))
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and V = —0; 1y, we obtain:
L5(HE) = — sz [ul’E, [0,20,M™'z] d
++/€ (4JR |Opul*(¢5 + az®)dz + JR Op|u|?(0.C° + 0, 2%)dx
i JR uPoum(97'¢ + aaglza)dm)
—a H\/EVHi + 45Ref TG0PuM ™ (0,250, M7 2% — B, [0,20, M '2]) du
’ (2.3.30)

Remark 2.3.4.1. The second corrector also contributes to the martingale part, which can

be computed thanks to Ité formula and Lemma 2.5.2.2 adding

Yy = j . f u? toa (Sa(t)(=%, 6dIV,)),
x

0, (Sa(t)(25,C%))y + a0yt (Salt)(25,C))y)
+ 0 (Sa(t)(25,¢)); (05 (Sa( )(2%, pdWy)), + ady (Sa(t)(2°, pdWy)), ) ditdz.
(2.3.31)

If we write all the computations with It6 formula, it is equivalent to write dH® =
LEHEdE + d(X; + Y;) with X, defined in (2.3.26) and Y; in (2.3.31) . We have many

quantities that we need to estimate. We start by the estimation of Hy:

|Hy| < CJul?s (M~

oo MO B, [z M)

) ) (2.3.32)
<C (O¢ + ||z€||H2mH*2 + ||CE||H20H*2)

according to Proposition 2.3.2.2.

From now on we will work for ¢ in an interval [0, 75 ), where 75 is defined in the previous

subsection in equation (2.3.12). We choose § < % (in this subsection i is sufficient but we

will need a smaller § for example in section 2.3.5).
Now, for ¢ < 75, we can get bounds between H* = H + y/eH; + ¢Hy and K:

Lemma 2.3.4.1. There exist positive constants C' and C, depending on the mass N and
the Hilbert-Schmidt norm of ¢ in the space H2 ~ H™* such that

1 .
GK —Ci< H <4k + C. (2.3.33)
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Proof. From the bounds (2.3.23), (2.3.27), and (2.3.32) we have on H, H, and Ho, we get
directly that H® < 4K + C, and that

1
H€>K>QN3—CK%+2y—CK§>§K—Ca

We can also bound £°(H¢), which will lead us to get an energy estimate.

Proposition 2.3.4.1. There exist B and C' two positive constants depending on the mass
N and the Hilbert-Schmidt norm of ¢ in the space H* n H= such that for any e with
0<e<1, on|0,75]

LE(H]) + o |VeV ()|, <ek?+ BK; + C. (2.3.34)

2
L2

Proof. We start from equation (2.3.30). First

‘2J [uP’E, [0p20,M™'z] dz| < C, Rl
R

because we know the expression of M~z thanks to Lemma 2.3.2.1 and we can compute
explicitly E, [0,20,M™'z]. Besides

< OVe |l 0sullza (16 + |22l )

1
15
< (Ce?°K,

|4\EJR |0ul?(¢° + azf)dx

and

< CVe [|ull 2 10zull 2 (102CE | oo + (10227 1)
< COVellOull o (I g2 + 121 42)

< Cer0K3

<C+K.

’\/EJ Oc|ul? (0.C° + a0yz) da
R

It remains to estimate two terms in the right-hand side of (2.3.30) . First, by integration
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by parts:

Ve

f lul?0,m (0,'¢° + ad, '2%) da
R

<\EJR Oulul®m (0,1¢° + oy '27) dx
+ \/EJR lul?m (¢° + azf) dx.
We handle the second integral using [SS79, Lemma 2]:
VE [ TP (¢ + 029 do < VE (I + allfle) (K +C) < O3+

and for the first integral:

Ve

f Oulul?m (0;¢° + a0, ' 2%) du
R

<2\/E<

1 1 1
< Ce ™ ||ull 22 llull 7 10sull 2 [lml] 1.

< Cer *(N2K + NiK7F)

ax—lcs

—1_¢e
0, 2

IR s I N P o o

Then, for the last term we have according to Lemma 2.3.2.2, also by integration by parts:

4€R€J ia&ﬁu M1 (8$z58xM_1z5 —E, [&Cz&x./\/l_lz]) dx‘
R

<

45Ref 10, u0 Mt (axzsax/\/rlzs —E, [ﬁxzﬁm./\/l*lz]) dx
R

< Ce HUHLz ”azuHH

O M (0,270, M1 — B, [0,20, M7 2] ) |
< CeK2(Co + 125 gani— + 1 i rr-2)
<CKze(l+ ).

Lo

Gathering all these estimates we finally get

L(H) + H\/EVH; <Cy+Ce2 K +C+ K+ Cer (K +C) + Ce2 (K + K1)
+ CK7e(l + %)
<eK?+ BK + C,
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since 0 < %. O

Proposition 2.3.4.1 allows us to state the two following results which will be used as

energy estimates.

Proposition 2.3.4.2. Let the initial conditions (uy, mg, my) be in H* x H? x (H* n H™Y),
(20,Co) defined in (2.3.10) and ¢ € Ly(H? A H™3). Then, for any T > 0, there exists a
constant C(T') > 0, which is independent of € such that the solution (u,m) of the system
(2.3.6) satisfies

Efsup(K (1)) < C(T),

t<T¢
where K (t) is defined in equation (2.3.22) with u = u(t),m = m(t), u = oym(t) solution
of (2.3.1) , and 7° is a stopping time going to T as € goes to 0.

Proposition 2.3.4.2 will be very useful for the following sections because it implies
weak convergences on the stopped processes. In fact, we can get a bound on the following

quantity, which will also be necessary.

Proposition 2.3.4.3. Let the initial conditions (ug, mg, my) be in H* x H? x (H' n H™ 1),
(20,Co) defined in (2.3.10) and ¢ € Lo(H? ~ H=3).Then, for any T > 0, there exists a
constant C(T) > 0, which is independent of €, such that the solution (u,m) of the system
(2.3.6) satisfies

E [H\/gv < O(T),

2
LQ([O,TE),LQ)]

where V = —d; 0;m.

The proofs of these two Propositions are postponed to the Appendix.

2.3.5 Tightness of the processes

Let us fix T" > 0. Thanks to the bound obtained in Proposition 2.3.4.2, we are able to
prove the tightness of our processes, which will allow us according to Skorohod Theorem
to get almost sure convergence results at the cost of a change in the probability space.

Let (ug, mo,m1) € H3 x (H2 A H™Y) x (H' ~n H™Y) and (20, (o) € (H® n H72)2 be the
initial conditions. Then for € > 0, denote by (u®, m®) the solution to the system (2.3.6)
given by Theorem 2.2.2.1. We will use Aldous criterion (see [Bil99, Theorem 16.10]), for

which we need a control of the module of continuity. It leads us to consider the following
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integrals (we recall that V¢ = —d;'0,m°®):

ME(t) — L e ()ds, VE(t) — J Ve(s)ds. (2.3.35)

We also fix § < ¢ and introduce the space

D=

: t oy
E = {f e C(R,H*n H™®), sup Hﬂ)”# < oo} . (2.3.36)
teR 1 + ’t|
According to Proposition 2.3.2.1 and more precisely to (2.3.11) we know that the process
(z, () solution to (2.3.7) takes values in F x E almost surely. We need the Skorohod copies
of (z,() to belong to this space in order to recover weak convergences in the Skorohod

space. Our aim is to prove the following Proposition.

Proposition 2.3.5.1. Let (ug, mg, my) € H*x (H2AH 1) x (H' nH™Y) and (29, (o) be the
initial conditions defined in (2.3.10), and ¢ € Lo(H? n H™*). Denote by (us, m?) the solu-
tion of (2.3.6), and (z,() the solution of (2.3.7). Then the sequence (u®, M¢,+/eV*, z,()
where M#, V¢ are defined in (2.3.35) is tight in the space C°([0,T], Hj.) xC°([0, T], H;,7) x
H*([0,T],H,S) x Ex E forany s <1,0>0.

In order to prove this result, we first study the process u°, for which we want to apply
Aldous criterion that can be found in a finite dimensional case in [Bil99, Thorem 16.10].
We use it in an infinite dimensional case, and one can check that the proof in [Bil99,
Thorem 16.10] is still valid. Here again we will need to use the Perturbed Test function

method to show that «® satisfies this criterion.

Aldous criterion for u°

In this section we show that the process (uf). is tight in the space C°([0,T], Hf,,). For
this purpose, we use the Aldous criterion which can be found in [Bil99]. In the first step

we need to verify two statements, which are Lemma 2.3.5.1 and Proposition 2.3.5.2.

Lemma 2.3.5.1. Let ¢ > 0 and denote by (u®,m®) the solution of (2.3.6) given by
Theorem 2.2.2.1. Then

R—>o 0 te[0,T

lim limsup P < sup [[u®(t)|| g > R> = 0. (2.3.37)
]
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Proof. We know thanks to the definition of K in (2.3.22) and Proposition 2.3.4.2 that

P ( sup. [ (8) % > R) <A

te[0,7¢]

with C' independent of £, and where 7¢ is defined in Proposition 2.3.4.2.

Thus, writing

te[0,T'] te[0,7¢]

P ( sup ||u6(t)||§{1 > R) <P ( sup ||u€(t)||§ﬂ > R) +P(r* <T)
(2.3.38)

<C§%T)+IP’(7'8<T).

We can see that passing to the lim sup in € makes the second term of the right-hand-side
of the equation vanish according to Lemma 2.4.0.6, while it does not impact the first

term. Finally, taking the limit when R goes to oo, we get (2.3.37). O

Proposition 2.3.5.2. Let ¢ > 0 and denote by (u, m®) the solution of (2.3.6) given by
Theorem 2.2.2.1. For every \,n, there exist 0y, € such that for 6 < & and € < eo, if T is

a stopping time with 7 + 69 < T a.s. , then we have

]P(‘

In order to prove Proposition 2.3.5.2, we will need two lemmas, whose proofs will use
the Perturbed Test Function method.

W+ 8) —u(r)] > A) <. (2.3.39)

Lemma 2.3.5.2. For any n > 0, there exist 0y, &0 such that for any bounded stopping

time T with T + 6y < T, for 6 < & and € < gy, we have

E||

Proof. We apply the perturbed test function method to p(u) = ||u||ir%, for any u € H3.

2

u((1 4 0) A T°) o (T A 76)“2_%] <. (2.3.40)

We compute the infinitesimal generator £ applied to ¢ and we get

55«1 — %) B, —izu). (2.3.41)

Lop(u) = 2{(1 — 0%) 2w, id%u — im°u) +
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To deal with the term of order —% in €, we choose the first corrector

o1(u) = 2{(1 - %)~ fu UML) (2:3.42)
= 2((1 = )" 2w, iu((07) 7' ¢F + a(07) ).
We can already bound ¢ on [0,7°): for all t < 7°
1 00) < B0 [0 (O s + o 1=l rsis)

< O(T) [lu®)2e™ = C(T)e".

If we apply the infinitesimal generator £ to p(u) + 1/ep1(u) we get

L5(p + Ve (u) =2((1 — 82) 3w, i0%u — im°u)
+2((1 = ) 2w, uz M2 — 20i(1 — %) 72 (2Fu), iuM 12
+ 24/ [<(1 — 05)_%% (mu — PPu)M ™25
+{i(1 — ai)’%(ﬁiu — mu), z'u/\/lflz5>] .

Here again, we have to deal with a term which seems to be of order 0 in ¢, but the fact

that 2° grows at the speed £~° makes us introduce a second corrector , such that

Mes(u) =2((1 — 82)72 (z5u), uM 2% — (1 — %)~ Zu, uz* M2

1 1 (2.3.44)
-E, [2<(1 — )72 (zu), uM 12y — 2{(1 — 6§)_5u,uzj\/l_1z>] :

We need to get an estimate on 5. Thus we write it using Lemma 2.3.2.2, which allows

us to have an explicit expression for M~ (22 M™125 — E, [2M™12]):

= (1 — ), uM T (M — B, [ M)
J f J(L=22)7% (u(Sa(t)(=",¢)))
x [(02) 7 (Sa()(2%,¢%))2 + (@) (Salt) (2%, ¢ ] (@)

0) X [ (0= 2)7 @500, 60
keN Vi
< (027 (5al0)(0. 6e1)) + () (S, (0)(0, e ] ()

The first term of the right-hand side of the above equation is bounded for ¢ € [0, 7°)
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thanks to Proposition 2.3.2.2 by

MM —E, [Z./\/l_lz])HLoo
< C(T) |lull2 Co( N2 3 mp—s + 1T nsr-s)
<C(T)e™

C(T) ull gy Ml 2

while if we denote by I the integral in the right-hand side above, we have

11 < s | [ 1.0l (0375066,
+a[@)SaE M)
=3 [ 1sa00. 000l (2752000, 6000,

keN Y1t

ra (@500, 660, ) dsat ]|
Then, using the Sobolev embedding H! < L* and Lemma 2.1.0.6, we get

11 < C(T) [[ullz2 Co(L + 1251 nigs + 1€ Nz o)
< C(T)e™™,

where C,, depends on the Hilbert-Schmidt norm of ¢ in the space H* N H. Finally we

have an estimate on ¢y for ¢ € [0, 7°):

p2(u) < C(T)e™, (2.3.45)

where C' depends on the L? norm of u and the Hilbert-Schmidt norm of ¢.

Moreover, we have

Duspa(uw) - b =2 [<h, M7 (251 = 82 (M T'25) — By [2(1 - )3 (e M12)] )
+ <./\/l71 <(1 — ag)fé(zﬁi)j\/[*lzs _ ]El,[(l _ &2)*%(,2%)./\/1’1,2]) ,h>
N <(1 - 83>_%h’ uM_l ('ZE'/\/I_IZ6 - EV[ZM_IZ])>

(1= 32) B, AMTY (M - IE,,[ZM_lz]»]
(2.3.46)
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Defining ¢° = ¢ + \/ep1 + 2, we know that

L (%) (u®) :\}E (Dyp(—iztu) + My (uf)) <Dug0(i8§u€ —im°u®)

+ Dypr(—izfu®) + MQOQ(UE))

+ Ve (Dupr (i02u° — im u®) + Dypo(—iz"u’))
+ eDypo (i0%u — im uf)

which gives us

L5(p%) (uf) =2((1 = E2)™ 2w, id2uF — im°uc)
2B, (1= 32 huf wtz M) = 2((1 - ) (), u M) |
+ 24/e [<(1 — 63/,)7%715, (mfu® — PPus)M™12%)
(1= 02) 7 (@t —miu) i M) |
+ V/EDypa(—iz°u) + e Dyipa (102U — imu®).
Thanks to the Sobolev embedding H' < L* and Lemma 2.1.0.6 we can state that

Vel Dups(—iz*w)| < C(T)Ve w72 125 g Co(L + 12 e -0 + G 1 r-s)

<C
< C(T)er™¥,
For the term €D, (i0%u® — im°u®), we will have to deal with terms such as

(1= )77 (0% — im*uf), ' M~ (M 25 — B, [2M7'2])),

We bound them by:

(o [l o A Tl g b o 1] 2)

M (M~ B oM ]|

L©

in order to have (using the conservation of the L? norm of u?)

eDupa(idiu® — im*w®) < C(D)e(||w[lzn + Ime172) Coll + 1125 gr-s + 16 N7 o)

<C
<Ol + Imelg2)et
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We get:

1£50° (u)| <O Juf || gyo + [[m | o el oo 1168 gyt + Cos [0 2 [0 | s
+OT)Ve(|uf || o 16| e + 1] 2 1| o 165 ) G gga + 1250 2)
+O(T)ez ™ 1 O(||uf |3 + |me][22)e =%

and taking the supremum on [0, 7°):

12565 @) < CT) (14 10 e ooy iy + I o o)) (13790 42172
(2.3.47)
Now we use the bound |¢f(uf)| < p(uf) + Cez 0 + Ce=2 (where C' depends on T', on
the L2 norm of u¢ and the Hilbert-Schmidt norm of ¢ in the space H®* n H~*) and the
fact that

(1)) — ¢ (o) — f L5 (1 (5)) ds

is a martingale to compute:
2
P (G ]

E U
= E[p(u((7 +8) A 7)) — plu(r A 79))]
<E [(Pe(ua((T + 5) A 7-5)) _ SDE(Us(T A 7_5))] i 065_6 o REEY
< CE [(1 + HuEHiw([o,Te),Hl) + HmEHiw([OJE)’LQ))] 5 (1 4230 4 81—25)
1020 4 Ol

<o (1 +e2730 4 51_25> + 05%_5 + Ol

W+ 8) A )|

)

where we have bounded E [(1 + HuaHio@([OyTg),Hl) + Hmauiw([o;s),m)ﬂ applying the Propo-
sition 2.3.4.2. Finally, for § and ¢ small enough we get:

IEU

- 2
(7 +8) A )|y — e (r ATy | <

The second lemma states a similar result.

Lemma 2.3.5.3. LetT'> 0. For anyn > 0, and for any bounded stopping time T, there
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exist dg, 9 such that for 5 <&y and € < g

E [<u€((7' +0) ATE) —uf (T AT, u(T A T€)>H_%] <. (2.3.48)
Proof. We apply the Pertubed Test Function method to ¢(u) = <u,h>H,% for a fixed
function h e H™3.
We have
1

\/g<iZ£U, (1 - ai)_%h’>L27

Lop(u) = (1 — 02)770%u, hype — (im®u, (1 — 02)"2h) e —
so we choose a first corrector ¢; such that

o1(u) = GuM™25, (1 — é’i)_%h>L2

L (2.3.49)
= Giu((07)71C + a(d3)712%), (1 = 05) "2 hype
We have the bound
e ()] < C(T) ull g 1Al 2 (1€ N 2 mz—2 + 125l L2ng—2) -
Then we get
L5(p + Vepn)(w) =Ci(1 — 82) 7202, hyge — (imFu, (1 — 62) 2 k)
Fuzf M2 (1 — 02) 2h)pe
/el (mfu — Pu)M T2 (1 — 02) 2R e,
and we choose a second corrector ¢, such that
pa(u) = —(uM™ ("M —E,[2M7'2]), (1 - 8926)_%@,;2, (2.3.50)

which we can bound on [0, 7%) according to Lemma 2.1.0.6:

[p2(u”)| < l[ull g 1] 2
2 2
<l (1602 Co(+ 125 n s + NS e ns-s)

<C(T) [[hl] 2 =2

M (M EV[ZM_IZ])HLOO
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Finally, if we define ¢° = ¢ + \/ep1 + 2, we get
+ WE, [ztM 2], (1 — (9920)_%h>L2
+4/e [<(m‘€uE — UM (1= %) ke
+ M (M T —E [2MT2]) (1 - (33)_%h>Lz]

L£oF (uF) =(i(1 — 02)728%u°, By — (imfus, (1 — 02) 2 h) e

+ e((imu’ — iU )M (M T =By [2MT2]) L (1 - 8§)_%h>L2
(2.3.51)

We can bound this quantity on [0, 7°) thanks to Lemma 2.1.0.6 and Proposition 2.3.2.1:

L5 ()] <Ol g 1PNl 2 + C Nl g llm=]l 2 1172l 2
+ Co 1wl g2 M1l 2
+ CVE [l (U4 Im=l ) 12l e (I 2 g2 + 120 2 —2)
+ Cov/e 16| e Il o 122z (L4 12505 s+ IC Wz gr-s)
+ Co 6 (L m®ll ) 1Pl o (14 12N s + 17 o)

SOl g [[2ll 2 + C Nl g lImel g2 1l 2 + Co 1wl 2 1]l 2
1
+ C e (1 [Im® o) 1Pl g2 €270

€ 1_: 5 € —
+ C 1wl 2 lhll 12 €27 + C lufl g (1 + 171 2) (1]l g2 €772,
and taking the supremum on [0, 7¢), we have thanks to Proposition 2.3.4.2:
E[|£5¢° (u)]] < C(1 + g2 4+ £1-29) (2.3.52)

where C' is a constant depending on 7', on the initial conditions and on the Hilbert-
Schmidt norm of ¢. In this last estimate the dependence on ||h| ;- is not written because
we will use this estimate with h = u*(7 A 7°) and the conservation of the mass allows us
to bound this term by C'
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Now taking h = u®(7 A 7¢), we have

0% ()] < J(uf)] + Ce370 |[uf |22 + Oyt 2 ||uf|[2

|
< Jo(uf)] + Cer70 4+ Cye' ™

and we know that
t
X (1) — ¢ u0) — | L)
0

is a martingale.
Thus

E[(uf((r +38) AT5) — us(7 A 79), 05 (7 A T€)>H,%] —

E [go (uf (T 4+ 6) A T%)) — o(u(T A 7'8))]
[gog € T+(5 ) ATE)) — o (u(

[E [ (u (7 +6) A7) — " (u (T A T°)) | Frare]]
540, 81 26

(r+8) are
J L (u®(s))ds | fT/\Ta]]

TATE

N

<E
E
Ce2™
+E[E[Xrisnre — Xoare | Frare]] + Ce3—0 4+ Cye'™?
<SC(l+er 4 e72) 5+ Cea® + Cye'™2

_|_

N
=

N

n

for e, small enough. O]
Thanks to Lemmas 2.3.5.2 and 2.3.5.3, we are now able to prove Proposition 2.3.5.2.

Proof of Proposition 2.3.5.2. Let X and n be two positive numbers, and let 7 be a stopping
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time such that 7 < T — §. Then:

P

ut (T +6) — uE(T)H 1> )\> ({

o ({fl

(7 4+6) —u° H }ﬁ{TEZT}>

(1 +6) —uf HH7%>)\}0{7—6<T}>

<P (|Jus((r +8) n 7) = w7 A 7)oy > )
+P(r° < T)
<P< (T +6) A7) —uf (T A TF) -t >‘> + g

thanks to Lemma 2.4.0.6 for € small enough. Then we use the following identity:
_ 2
E [ u((T+0) AT —u (T ATT) H*%]

2 2
E | Jus( P Oy

—ZE[ (1 +6) )—uE(T/\TE),uE(T/\TEDH,%].

T+5 ) AT

Thus thanks to Markov inequality we get

]P’(‘

T+ 8) — ()| > )\2>

1 2 g g
<+ (E| ot — AT |

F2E [ (7 +8) A7) = W (7 A )T A Ty

(7 4 6) AT

i
\‘_l
N—
+
N |3

<N
applying Lemmas 2.3.5.2 and 2.3.5.3, with ¢, § small enough. O]
Finally, we can prove the following result.
Proposition 2.3.5.3. The sequence (u®) is tight in C°([0,T], H}.) for s < 1.

Proof. Lemma 2.3.5.1 and Proposition 2.3.5.2 allow us to prove by interpolation that (u°)
satisfies (2.3.37) and (2.3.39) in any space H} . with s < 1, hence, according to Aldous

criterion the result is proved. O
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The other processes

Now that we have explained how to get the tightness of the process (uf)., we want
to briefly explain how to get the tightness for the other quantities. For the sequence
(M?). defined in (2.3.35) we use again Aldous criterion and Proposition 2.3.4.2 coupled
with the compact embedding L? < H;,7 to get the tightness in C°([0,T], H,?). For the
sequence (4/V°). defined in (2.3.35), we also use Propostion 2.3.4.2 and the compact
embedding H'([0,T], L?) — H*([0,T], H,?) to conclude. Finally, z and ¢ are constant
random processes, which both belong almost surely to £ defined in (2.3.36), according to

the proof of Proposition 2.3.2.1 thus the tightness is established.

2.3.6 Convergence to the Stochastic Schrodinger equation

In this subsection, we prove the main result of this paper, which is Theorem 2.3.0.1.
In order to prove this theorem, we have to prove some weak convergence results, which
are similar to those that we can find in [AA88]. Then we will be able to pass to the limit
¢ — 0 in the martingale problem. We know that (u®, n) is a solution of the system (2.0.3)
if and only if (u®, m®), where m® = n® — Z%, with Z¢ solution of (2.2.11), is a solution of
the system (2.3.6). We will work with this latter system. The regularities on the initial
data and on ¢ assumed in Theorem 2.3.0.1 ensure that the process (z,¢) € (H® n H3)

and that the computations made below are justified.

Weak convergences

The previous section has proved that the sequence (u®, M€, +/eV*, z,() is tight in
C([0,T],H;,.)xC([0,T], H,2)x H*([0,T], H,?)x Ex E for s < 1,0 < 0. Then, according
to Skorohod Theorem, there exists a probability space (Q, F, I@) and a sequence of random
variables (ﬂE,M 5,176,25,55) on 0 which converges almost surely in the same space to
(, M,V,z,C ) when e goes to 0. Furthermore, the theorem ensures that for all £ the new

random variables have the same laws as the original random variables. Now we define

- - - 1 -
Ths - atMs, m - atM, VE - %aﬂ/e, (2353)

where the derivatives are taken in the sense of distributions. We also define the process

(zs(t), &e(t)) - <z (::) e (z)) . (2.3.54)
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The equality in law between Z° and z implies that z° has the same law as 2°. Since the
copies of the processes have the same laws as the original processes, they satisfy the same
equations, with the same regularities thanks to Proposition 2.2.2.2 and bound (2.2.30).
We also define

(2.3.55)

2
2’

R7 = 71812 + 5 s + 5 o7
Now we need to obtain weak convergence results in order to adapt the proof of [AASS]
and identify the limit of the processes u® and m®. This is possible according to the next
Proposition, which gives us a bound on the new random variables which is similar to

the bounds obtained in Lemmas 2.3.4.2 and 2.3.4.3. Note that the set E plays here an

important role.

Proposition 2.3.6.1. For K¢ and V¢ defined in equations (2.3.55) and (2.3.53), there

exists a stopping time 7¢ and a constant C(T) > 0 independent of ¢ such that:

E| sup (K?) +aH\/§‘~/5 :

te[0,7¢]

< C(T). (2.3.56)

r2([o,/=],02) |

Moreover, this stopping time 7° goes almost surely to T when ¢ goes to 0.

Proof. The only difference between the system satisfied by (u®, m®) and the one satisfied
by (a°,m°) is that the process z is replaced by a process 2%, which a priori depends on ¢.
If it was not the case, we could do the same computations as in Section 2.3.4 and easily
recover the bound claimed above in this Proposition. The only problem appears when we
introduce the stopping time 75 thanks to Proposition 2.3.2.1. Indeed, we would like to

introduce in the same way the stopping time

<€

¢

5 — it {t: 2o > =

. 5—5} (2.3.57)

but we do not know a priori its behaviour when ¢ goes to 0. Actually it is not a problem,
because the Skorohod Theorem ensures that Z° converges almost surely to Z in . Thus,

for almost every w € . there exists a constant C'(w) such that for € small enough
12Ol s ii—s < NEOgosr-s + Cl@) (L + [2).

Besides, Z and z have the same law, so there exist almost surely two random variables Z;
and Z5 such that:
12O s s < Zu+ [t Zs.
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Finally, for every ¢ > 0, almost surely there exists two random variables Z;, Z, indepen-
dent of ¢ such that:
12O s s < Z1 + [t]° 2o

Thus the stopping time 75 goes almost surely to infinity when ¢ goes to 0. It also allows
us to control the growth of (25, 7). O

According to Proposition 2.3.6.1 we have, in addition to the almost sure conver-
gences given by Skorohod Theorem, weak convergences (by extracting subsequences)
for the stopped processes. The sequence (ﬂie,fnis,\/gf/;s) converges in the space
LYQ, L*([0,T], HY)) x LY, L*([0,T], L?)) x L*,[0,T],R) to (@7, V) weak star.
Besides the weak limits are the same as the almost sure limits.

Now we state two lemmas, which are adapted from [AAS8S].

Lemma 2.3.6.1. The weak limit m of the stopped process ms. is equal to —|i|?.
|? converges almost surely to |a|> in
L2([0,T), H; ). Now, let ¢ be a test function in L*(Q, D((0,T), H.?)). The equation

loc

Proof. First we can easily show that |ag

on VZ gives us:
E[(e20,VE, ) + aleVa, )] = —E[(0, (M. + |#5:[*) . ¢)] -
On the other hand

E[(e20VE, ¢)] = e E[(VEVE, dip)]

which goes to 0 as € goes to 0 according to the weak convergence in L?*(€2,[0,7],R)
ensured by Proposition 2.3.6.1. The second term in the left-hand side of the equation goes

to 0 as € goes to 0 with the same procedure. From this we recover that:

O.(m + |i]*) = 0 a.s. in L*([0,T], H;,9).

Since m, |a|? € L*(Q, L*([0, T, L?)), it follows that 7 + || = 0. O

Lemma  2.3.6.2. The process mi.u.  converges weakly to —|al*a in
L2(Q, L*([0,T], ™).
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Proof. Let ¢ € L*(Q2, L*([0,T], H')) with compact support in space.

E l L ' JR (M-t + |a*a) qbdxdt] =E l L ' JR mee (U5 — @) gbd:pdt]
T
+EU0 La(m;ﬂaﬁ) qﬁda:dt]

=I+1I

On one hand, we know that there exists R > 0 such that supp¢ < [0,7] x [-R, R], thus

~ ~ ~ 1
I'<E [Hm;‘SHLOO([O,T],LQ) ||<Z5HL2([0,T],H1) |Gz — u||L°0([0,T],L2([fR,R]))] 1>

< Hm;||L4(Q,L°0([O,T],L2)) ||¢||L2(Q,L2([0,T],H1)) ||11i5 - a”L4(Q,Lw([O,T],LQ([—R,R])) T=.

Since ¢ has compact support in space, we know from the almost sure convergence of (a°)
in C([0,T], Hj,.) with s < 1 that we have convergence of |[@%. — @l o7y, r2((—r,z) t© 0
for almost every w € €). This result coupled with the uniform integrability coming from
the conservation of the mass ensures that I goes to 0 as £ goes to 0.

On the other hand, we remark that @ € L?(Q, L*([0, T], L?)) thanks to the conserva-
tion of mass. Thus, ¢u € L*(Q2, L'([0,T], L?)) and we use the weak convergence of ms. to

—|@|? to conclude that IT goes to 0 when e goes to 0. O

These lemmas will be used when we pass to the limit in € in the martingale problem.

Martingale Problem

In this subsection, we prove Theorem 2.3.0.1. We use the Perturbed Test Function
method to identify the limit generator when ¢ goes to 0 and we pass to this limit in the
martingale problem.

We define the function ¢ : u > (u,h)’ for h € H' a fixed function with compact
support, and ¢ = 1,2. In fact it is sufficient to test our generator only on these functions.
The case ¢ = 1 allows us to state that

t

(i) — p(ug) — f Lolin)ds,

0

where L is the limit generator, is a continuous martingale, while the case ¢ = 2 allows us to

compute its quadratic variation, and thus, conclude thanks to a martingale representation
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theorem which can be found in [DPZ14, Theorem 8.2]. As in the previous sections, we
compute the generator £°¢ and then correct it with two correctors. This can be made by
using the Ito formula thanks to the regularities of @¢,m°, Z¢,0,Z¢ and the regularities of
v and its correctors that one can compute using the approach in Section 2.3.3. First we

compute:
14
Ve

We define the first corrector using the analysis made in Section 2.3.3:

‘CESD<€LE) = é(ﬂ/e, h)z_l(laiﬂe — im&,&é" h) — (;ELE’ h)€—1<z'~a I3 h)

@, 75, ¢ = 0@, b at Mz h
1 ( ¢) = (@, h) ] ) (2.358)
= 0@, h) (00 (72) 7 (E + o), h).
We can easily bound this first corrector:
a2, C) < O a5 [0l (@27, +al@7z],.). (2359

The addition of this corrector gives us new terms in the generator:

(@+[@1)(U 7 C ) (U h)@ 1( 02 € imaaa’h) +£(a£7h)€—l<aaz€M—lza7h)
—0(0 — 1) (iz°a°, h) (i0° M 25, h) + /eDyupy (10%0° — i ae).

The terms depending on z° lead us to introducing the second corrector (, such that

Mepo(5,25, ) = — 0@, h) (@2 M2, h) + B, [0(a, h) (@2 Mz, h)]
+(C—1)(iz°0°, h) (it M ™'z, h) — B, [(0 — 1) (iza®, h) (iTM ™'z, h)] .

In other words, we define , as:

o (05,25, (7)) = — L(@, h)F (aMTH (M T'E —E, [2M7'2]) ,h)

(2.3.60)
+HO(0— DM ((iz°af, h) (ia* M ™'2°, h) — B, [(i20°, h)(ia°M ™'z, h)]) .
Here again we can bound this corrector according to Lemma 2.1.0.6:
2,77, O)| < CllEl5s 1] M (FM 77 —E, [zM*zJ)HLw(R)
(2.3.61)

< Gy @115z WAl (1+ 1213 1

HinH- 3) '
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Finally, defining ¢° = ¢ + \/ep1 + cp2, we get:

Lop% (@, 25, C0) = (@, h) M (i0%a° — imfas, h) + 0(a@F, h) (@R, [2M 2], h)
— (L = DE, [(iz0, h)(iaM "2, h)]
+ VeDyp1 (1021 — im i)
+ VEDypo(—iZ°T°) + eDyipa (i020° — imaF).

(2.3.62)

This expression helps us define the following quantity, which will be the limit generator

of our equation.

Definition 2.3.6.1. For iie H? and ¢(-) = (-,h)", £ = 1,2, where h € H', we define the

operator Lo as

Lo(a) =L(a, h) ' (i02a + i|a]*a, h) + ((a, h) ' (GE, [ztM'z], h)

(2.3.63)
— (= 1E, [(iaM ™'z, h)(iuz, h)] .

Now that we have the expression of Lf¢° and a candidate for the limit generator, we
state the following result, which gathers the main arguments of the proof of Theorem
2.3.0.1.

Proposition 2.3.6.2. Let ¢(u) = (u,h)t, ¢ = 1,2, where h € H' has a compact support.
Let 1,2 be the two correctors defined in equations (2.3.58) and (2.3.60). We define

©° =@ ++/ep1 + epy. Then:
1| (e, 750, Co) — ()] < Con/E |7z (1Al (1 + Iz |5 + | ¢
defined in Equation (2.3.36).
2 hmf (106 (2. 222, 82 — Lot | ()t
3. The quantity M; defined by

2
) , where E s
E

0.

t
(ME ) = (0. 55,81) — 97 (0, 0, ) — | (02, 080ds (2300
0
is a martingale for the filtration F¢ generated by the process (us).

Proof. The first point of the Proposition is clear according to the bounds (2.3.59) and
(2.3.61).
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For the second point, we have

Lo¢F (iSe, 252, Coe) — Lop(1) = (U0, h) 1 (10205, — imE.as. + G5B, [2M712] ,h)
—0(a@, h)" " (ic2u + i|a)*a + aE, [2M'2] , h)
+0(L = DE, [(iaM ™2, h) (itiz, h) — (G5 M "2, h) (it5.2, )]
+/ED 1 (10205 — iME. 5. ) + /eDypa(—iZ-Gs. )

+eDy 02 (10215 — imS.TE.).

x 'TE

We start with the terms of order % and 1 in €, deducing
A2~ e 1511~ - - e =
VEDupr (i3 — imsets.) < Ce ™ ([[ike |l g + 1M |l o N5 |l o) e 12" 1hll

VeDupo =izl ti5e) < Cyv/e [l |2 1R 12 €0 (1 + ),

using Propositions 2.3.2.1 and 2.3.2.2. Furthermore,

eDpo (102 — %) < Coe (85 o + el o 185 ] ) S |0 1A s (1 4+ &)

x TE

Thus, we can conclude thanks to Proposition 2.3.6.1 that the expectation of these three
terms goes to 0 when ¢ goes to 0. Furthermore, the conservation of mass, the weak
convergence of @:. given by Proposition 2.3.6.1 and the weak convergence of mi.u.
proved in Lemma 2.3.6.2 give us that the expectation of all the terms of order 0 goes to
0 as € goes to 0. Indeed, if we look for example at the following term

(i

T

h)(—ims. @5, h) — (@, h)(i|a|*, k),

T
we can rewrite it as

(@5 — 1, h)(—ims. TS, h) + (@, h)(—ims.as. — i|a|*d, h).

Then the expectation of the first term gives

E[(. — a@,h) (—imsas., h)]

T

~ 2 ~ ~
< Jluoll 12 ||m€feHLz(Q,Loo([o,T],m)) 17l (|5 — UHL?(Q,LOO([O,T],LLQM))

since h has a compact support, and thanks to the conservation of mass and the convergence
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of uS. in C°([0,T], Hy ) we know that this expectation goes to 0 as € goes to 0. The other
term is handled by using the conservation of mass and Lemma 2.3.6.2 thanks to the
integral in time.

The last point of the Proposition is quite obvious because the variables @€, me, z¢, (¢
are sufficiently smooth to ensure that we can apply Ito6 formula to ¢®, so that My is a

martingale. O]
Now we are now in position to prove the Theorem 2.3.0.1.

First step: Identification of the limit generator.

We define k(z,y) = E, [2(x) M 2(y) + 2(y)M~12(z)], and F(z) = k(x,z) . The next
result gives the link between k£ and the Hilbert-Schmidt operator ¢.

Lemma 2.3.6.3. For z,y € R and (z,() solution of equation (2.3.7), we have:

—k(z,y) = Y09 dex(x) ()" penl(y). (2.3.65)

keN

The proof of Lemma 2.3.6.3 is technical and is postponed to the Appendix of this
chapter. Now, for h € H* with compact support, we use the functionals p(u) = (u, h)*
for ¢ = 1,2 which have been studied in Proposition 2.3.6.2. If we look at Ly with £ =1
defined in Definition 2.3.6.1, we can write thanks to Definition 2.3.6.1 and (2.3.65):

Lo(@) = (zaga + 4| @*a + ;&F(:c), h>

= Dy <z’&§ﬁ + i) — ;u D ((&3)1¢ek(x))2> .

keN

Furthermore, if we study Lo for ¢ = 2, we get
Lo(@) =2(a, h) (1020 + z|u|2u + G, [zM™'2], h)

— 2f J Re (it(z)h(z)) Re (ia(y)h(y)) E, [2(2) M 2(y)] dzdy
Dy <262u + il — 5“2 ((22) pex(x ))2>

keN

J J Re (it(z)h(z)) Re (it(y)h(y)) k(z,y)dzdy.
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We focus on the second term of the right-hand-side of the equation and use Lemma 2.3.6.3:

— JR JR Re (it(z)h(z)) Re (it(y)h(y)) k(z,y)dzdy = 2 (iw(02) " ey, h)2

keN

= Tr(iu(@) ™ 0)" Dipliu(e?)6).

Finally, we have for ¢ =1

Lo(t) = Dy (iaﬁa + il a2 e — ;u Z ((ag)—lqsek(x))Q) , (2.3.66)

keN

and for ¢ = 2

keN

Lop(t)) =Dy <28§ﬂ +ilal*a — ;@ 3 (<a§)_l¢€k($))2>
(2.3.67)

b AT (u(@) 8y Dipliu() 1),

Second step: Convergence.

We work here with ¢ = 1. We know according to Proposition 2.3.6.2 that M:., where
M is defined in (2.3.64), is a stopped martingale which means that for every h € H' with
compact support, for every g € C, ((Hj,)") and for every 0 = s; < 59 < -+- < s, = t, we

have

E | (¢ (@5, 25, C5) () — (05, 2, 65 (0)

. (2.3.68)

tAT
_J £E¢E<a;€’ Zifa 5%6)<T)dr) g (ﬂ;s (31)> e 771;6 (S”))] =0

ONATE

We want to show that the limit process is still a martingale. This is the following statement:

Lemma 2.3.6.4. Let o(u) = (u, h) where h € H' with compact support. Then the process
M, defined by:

t

<Muw=¢mw¢ww—kﬁwmms (2.3.69)

is a martingale for the filtration Gy generated by .
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Proof. Let g€ C, ((H,)™), and 0 = 51 < $5 < --- < 8, = t. Then

& | (s - 1) - | t Lol )i ) 9 @550, ()|

=E ((@(ﬂt) — (Uz(1))) — (pliio) — (@5 (0)))
= Ve (pr(z (1) — @1(3:(0))) — € (pa(t5 (1)) — p2(1iz(0)))

_ ( J"ma Lol )dr — Ego(ﬁr)dr)

o t

ONTE

[ ) - .50, () ) g (o) 5G|

=E[Ty + Ty, + T35+ Ty4] .

Note that ¢ and @9 depend also on ™m?, z° and Z’a but we just write the dependance in
u¢ for convenience. According to Proposition 2.3.6.2 and the fact that ¢ is bounded, we
know that

l%EM+B%ﬂ.

The same proposition ensures that E[T}] goes to 0 as € goes to 0. Finally for T:

B|([ cotwar) ot o] <B| [ Collall bl o

<E (0 7 = 0)Cy 12l o oy 1l |

< CE|[(oc A7 —0)?]?

FE

because U € L4(Q, L*([0,T], H')) according to Proposition 2.3.6.1. We obviously have
the same bound for the other term of T3. Thus, E[T3] goes to 0 as € goes to 0, since the
stopping time 7° goes almost surely to 1" as € goes to 0.

We have proved that

iy | (o(a0) — pta) - |

g

t

Egp(ﬂr)dr) g (@(51), - ,a;(sn))] —0, (2.3.70)

and we use the continuity of g and the almost sure convergence of 4. to get:

e [ ()~ o(ae) = [ 2otanar) glatsn - a(e)]| =0 (2371)

o
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so that the process M, is a martingale for the filtration G generated by . O]

Similarly to Lemma 2.3.6.4, we can pass to the limit ¢ — 0 in the definition of the
quadratic variation of M defined in (2.3.64) to get that

t

((M, Meh, h) — fo (L(¢?) — 20L9) (@)ds. (2.3.72)

Note that this step requires the use of the Perturbed Test Function method on ¢ for ¢ = 2,
which has been described in the first step in (2.3.67), and the use of Proposition 2.3.6.2.
We know from equations (2.3.66) and (2.3.67) that

- 1 . 1o . _
(L(#%) = 20Lp) (@) = STr(iu(e7) ™ ¢)" Dy’ (iu(0) '),
Thus, the martingale

;ﬁs Z ((85)_1¢ek)2 ds

T
M, = iy — ug — J 10200 + || 2Ty —
0 keN

has the quadratic variation:
t
f Tr (itis(02) ' ¢) (i115(02) " ¢)" ds.
0

Then, using the martingale representation theorem and up to enlarging the probability

space, there exists a cylindrical Wiener process W such that
t —
M, = J ity (02) "t pd W,
0

so that u is a martingale solution of (2.3.3).

Third step: Uniqueness

So far we have proved the convergence to equation (2.3.3) for a subsequence, we need to
conclude with the convergence on the whole sequence. We know from Proposition 2.3.6.1
that @ € L*(Q, L*([0,T], H')). In particular, it has paths in L®([0,T], H"). We know
from [dBDO03b] that equation (2.3.3) has a unique solution with paths in L*([0,T], H')
a.s. This leads to the conclusion of the proof of Theorem 2.3.0.1.

170



2.3. Convergence of the stochastic Zakharov system to the stochastic Schrodinger equation

2.3.7 Convergence in probability

The aim of this section is to prove that we can actually get a better result than the
convergence in law of the solution u® of (2.0.3) to the solution u of (2.3.3). It is not usually
the case in approximation diffusion problems, and it is due here to the particular form of

the process (2°,(°).

Theorem 2.3.7.1. Let a > 0. For any T > 0, and for (ug, mg,m;) € H3(R) x (H*(R) n
HL(R)) x (HY(R) n HX(R)), the process (uf,m?) solution of the system (2.3.1) with
¢ € Lo(L2(R), H3(R) n H*(R)) converges in probability in C([0,T], Hi,(R)) for s < 1
to u solution of .

idu = (—%u — Jul?u — %uF)dt — w(2) L pdW,. (2.3.73)

where F(x) = Yy ((02)Yger)” (), and W, is the cylindrical Wiener process introduced
in (2.0.3).

In the previous sections, it was sufficient to show that u® was solution of the mar-
tingale problem (2.3.64). Actually the correctors ¢; and g9 introduced in (2.3.58) and
(2.3.60) give us an explicit expression of the martingale M; defined in (2.3.64). In-
deed, the process (z°, (%) that we study is solution of (2.3.9) where W} is the cylindrical
Wiener process introduced in the system (2.0.3). When we apply the Perturbed Test
Function method to o(u) = (u,h) for h € H' with compact support, the first corrector
Vepr(uf) = y/e(iufM™12¢ h) contributes to the martingale part according to Equation
(2.3.9) satisfied by 2°, adding

Xi = Jt (iu®(02) ' pdW,, h) . (2.3.74)
0

In the same way, the martingale part coming from the second corrector eps(u®) =

e(UEM ™ (EM ™22 —E, [2M 2], h) is

T
Y; =cRe f uf (s, x)h(z)
s=0 JR
o0

X LO (Sa(t)(25, ¢dW,)); ((02)7 (Salt) (2%, CF))y + a(@2) ™ (Sal(t) (2%, C)),)

+ (Sa(t)(2%,6%)) ((02) 71 (Sal(®) (27, dW))y + (7)™ (Sa(t)(27, 9dWy)), ) dtda.
(2.3.75)
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Thus the previous section and more precisely the third item of Proposition 2.3.6.2 ensures
that

t
F) g lun) — [ Lpui)ds = X4 Y7, (2.3.76)
0

with ¢ = @+ +/ep1 + €pe. We can use Lemma 2.1.0.6 to estimate the quadratic variation
of Y, to show that

Y, Y *yinre < Coe ||0|I e 7 (1 +7*)

where 7¢ is the stopping time defined in (2.4.8). Thus we know that

limE[ sup Y| =0. (2.3.77)
e te[0,7¢]

To prove Theorem 2.3.7.1, we will use a result which is claimed in [GK96] in the finite
dimensional case, and used in [MRO05] in the infinite dimensional case. We will also need
to use [DGHT11, Lemma 2.1} which allows us to pass to the limit ¢ — 0 directly in the
martingale part of (2.3.76).

Proof of Theorem 2.3.7.1. Let (u*); and (u); be two subsequences of the sequence
(uf)., where for any € > 0, u® is a solution of (2.0.3). Then the proof of Proposition

2.3.5.1 ensures that the sequence

(u™, u™, M, M, eV, V™, 2, ¢, (Bn)nen)

is tight in the space (C°([0, 71, H;,.))? x (CU([0, T, Hi?)? x (H*([0,T], Hg?))? x B x B x
C([0, TN for s < 1,0 > 0. According to Skorohod Theorem, there exists a probability
space (Q,]:" , I@) and a sequence of random variables on Q, with the same laws, which
converges almost surely in this space as € goes to 0. We denote respectively by @ and ©
the almost sure limits of the new subsequences 4 and @". For any n € N we also denote

by B, the limit of the subsequence (3¥), and we define:

Whz) = Y ea@)Bi(t),  Wilx) = ) eal)Bu(t)-

neN neN

According to Section 2.3.6, the stopped process @£, , where 7¢ is the stopping time, which

appears in Proposition 2.3.6.1, satisfies for p(u) = (u, h), where h € H*(R) with compact
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support,
tATEE tATER B
FHER) — ) - [ L s = | (s (@) eV n)
0 0
+ Yk,

(2.3.78)

where Y* is defined as Y in (2.3.75) but using the new random variables. The stopped
process U2, satisfies the same equation with e replaced by 7. If we look at the left-hand
side of this equation, the section 2.3.6 and Proposition 2.3.6.2 ensure that it converges in

probability to
t
(g, 1) — (10, h) — J Loo(i,)ds,
0

where L is the limit generator defined in Definition 2.3.6.1. We also know by (2.3.77) that
Yk converges in probability to 0. It remains to deal with the integral in the right-hand
side of the above equation. With this aim in mind we apply [DGHT11, Lemma 2.1] to the
sequences (W), and (@2, (02)~'¢). Thus the integral converges in probability to

t
[ Gaentoar.n
0
as € goes to 0. The procedure is the same for 4%, , and finally the limits @ and v are both

solutions of

t

1 t _
<z’8§us + iugPu, + FUsF h) ds = f (iua(22) " d W, 1) |

0

(s )~ (un, )~ |

0
with Fi(z) = >, ((62)¢ex(x))*. We conclude thanks to the uniqueness of solutions to
the stochastic Schrédinger equation that 4 = .

Thus, thanks to Skorohod theorem (which states the equality in law between u® and
its copy @, we have proved that for all subsequences (u*)g, (u ), the couple (u, u" )
converges in law when ¢ goes to 0 to a limit (u,u). Thanks to a result from Gyongy-
Krylov (see [GK96]), the sequence (u®). converges in probability as e goes to 0 to a limit
u, that we will identify. Indeed, we know from Section 2.3.6 that for ¢(u) = (u, h) where
h e H'(R) with compact support we have

€ €

tAT

L2567 (i (s))ds = L (i (5)(62) " 6dW,, 1) + Y5, (2.3.79)

tAT

P05 0) (o)~ |

0
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with 7¢ defined in (2.4.8) and Y in (2.3.75). Now using the convergence in probability of
uS. and [DGHT11, Lemma 2.1], we conclude that the limit u is a weak solution of

idu = (—%u — Jul?u — %uF)dt — w(2) " pd W, (2.3.80)

where W; is the cylindrical Wiener process of (2.0.3). Actually we can prove that
u is a mild solution of equation (2.3.80). Indeed, Fatou’s Lemma gives us that u €
L*(Q, L*([0,T], H(R))), and the embedding H'(R) — L*(R) ensures that the nonlinear-
ity (t,z) — |u(t, z)[2u(t,z) belongs to L*([0,T], L3 (R)). Thus |u|?u € L'(0, T, H"(R) =
L}([0,T], D((—A)~2)) where D((—A)~2) denotes the domain of the operator (—A)~z
with A = —i02.

We would like to insist on the fact that here we used the convergence in probability to
pass to the limit directly in the martingale term in (2.3.78), since lim W* = W, whereas in
Section 2.3.6 we just used the martingale representation theorem to ensure the existence
of some Wiener process, which allowed us to give an explicit expression of the martingale
term. In this section we prove that this Wiener process is the one that is introduced in a
first place in (2.0.3). O

2.4 Appendix

This appendix gathers several proofs which although technical are not essential to the
understanding of the chapter.

We start with the following deterministic lemma. The proof allows us to understand
why we set up such a procedure to get our final bound on the energy H defined in (2.2.15),
which is stated in Proposition 2.3.4.2.

Lemma 2.4.0.1. Let x(t) a positive function satisfying the differential inequality:
7' (t) < ex(t)® + ba(t) + ¢, (2.4.1)

where € > 0,b,c > 0, with the initial data vy = 0. Then there exists 7 such that for all
t € [0,7¢]:
2c

x(t) < 4(xo + ?)ebt.

Furthermore, 7° goes to infinity as € goes to 0.
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Proof of Lemma 2.4.0.1. As we are interested in the case where ¢ is "small", we can assume
that A = b? — 4ec > 0, therefore

ex(t)> + bx(t) + c = e(x —ri)(x —19)

with
_ —b—v/A

—-b+vVA
= —F rg = ——(——, r1 > To, ri,m2 < 0.
2e 2e

Under the assumptions of Lemma 2.4.0.1 we have:

(A1

, |
= () ((x(t) )@ —r)

and we get the bound

d (1 t) =
) < ¢ which is equivalent to dt (\/Z o igtg - 2) =

wh) =r 2= va (2.4.2)
x(t)—ry  xo— 1o

In order to derive a bound on x(t) we need

Ty — T2

To—T1
e‘/&<1.

In other words

t<td=

Ty — T2
)—>—|—OO.

1
In
VA (1‘0—7“1 e—0

For 0 <t < t2, we thus have

—ro(wo — rl)e‘/& + r1(zg — 12)
g — 19 — (9 — rl)e\/&
2b(wo + )€t
b —2e(zo + )M

x(t) <

. 2
since —ry < %‘3 It follows, for t < 7¢ = %ln (W),

2b(xo + 2f)ebt

:E(t) < 2c b2
b—2e(xo + ) 2¢(2wob+4c)
2
< 4(mo + ?C)ebt.
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We can easily verify that 7° < ¢? and that 7° — +o0. O

E—>

Now we detail the procedure to get a proof of Propositions 2.3.4.2 and 2.3.4.3. Propo-
sition 2.3.4.1 and the scheme of proof of Lemma 2.4.0.1 lead us to introducing the function

#, which is the primitive function of

1
ex2 + Mz + N’

where M and N are positive constants that we will choose later. We will apply this

function to (H¢)?, so we define A(x) = #(2?). From the proof of Lemma 2.4.0.1, we know

that . )
~ r~ —T
O(x) = 1 2.4.3
@) = i (50, (243
where A = M? — 4¢eN and 71,79 are the roots of ex? + Mz + N = 0,0 >ry > ry. The

aim is then to use the It6 formula in order to estimate 6(H¢). First we need some results
on the martingale term X; + Y; introduced in equations (2.3.26) and (2.3.31).

Lemma 2.4.0.2. Fort < 75, where 75 is defined in equation (2.3.12), the martingales X;
and Yy defined in equations (2.3.26) and (2.3.31) satisfy:

X, X0 < CuKdt,  dY,YY < Co(l+ K)dt,  d(X,Y) < Cy(1+ K)dt. (2.4.4)
The constant Cy depends on the mass ||ul|3» and the Hilbert-Schmidt norm of ¢ in the
space H3 ~n H™*,

Proof. First we have for ¢ < 75:

X, Xy =) <Im JR u&xaaxl(qbek)dx)th

keN

< Alfull . Y]

keN
< CyKdt.

o e, Kt

Then we use Lemma 2.1.0.6 to estimate the quadratic variation of Y;:

4 e14 e (14
dY,Y ) < € |ullpa Co(l + [|2°[[ g -2 + 1€ a2 -2 )l
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and using the Gagliardo-Nirenberg inequality and Proposition 2.3.2.1 we get (assuming

e < 1 and 6 small enough):
dY,Y ) < Cy(1 + K)dt.

The argument of proof is exactly the same for the last quadratic variation. O]

Lemma 2.4.0.3. There exists a constant I’ > 0 and a martingale M, such that fort < 75:

O(H?) < O(HS) + Tt + M, (2.4.5)
where we recall that H® = H + \/e Hy + eHy, with Hy defined in equation (2.3.24) and Hy
in equation (2.3.29).

We will state some results on the martingale M; introduced in Lemma 2.4.0.3, but
first we focus on the proof of this lemma and on another result which will give us a bound
on K.

Proof. The It0 formula gives us:

_ _ 1~
d(H®) =0'(H;)dH; + 58”([1Tf)al<H€,H%
_ 1. _
=0'(H®)L*(H®)dt + 56”(H€)d<X + Y, X +Y), + 0 (H)d(X; +Y))

=(I + II)dt + dM,

where

M, = f 0'(H)d (X, +Y;) (2.4.6)

is a martingale.

We want to estimate I and 7. First we remark that

- é/(l‘) _ 2z

ext+ Ma2+ N
o é”(iL‘) _ 2(ex*+Mazx?+N)—8ex*—4Mx? < 2
o (ex*+Maz2+N)2 = Ma24N°

Let us start with the first term, using Proposition 2.3.4.1 and Lemma 2.3.4.1:

_2H°(eK* + BK +C) _ (8K + 2C)(eK? + BK + C)
Te(H)A + M(H#)2 + N~ e(He)* + M(H®)2 + N
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Using Young inequality, there exist constants & and 5 such that

/< eK* + aK? + [
Ce(H)A + M(He)2 + N

Next, we use the bound H® > %K — () stated in (2.3.4.1) and we distinguish two cases.
If K <4C) then I < %]W which is a constant. Otherwise (H®)? > (3K — ()% =
(;K)? and i

_ eK*+aK? + 3

TR+ MK+ N

Thus, choosing M large enough yields that, I is bounded. Next we estimate 7, using
Lemma 2.4.0.2. If K < 4C}, then

4C¢<1 + K) < C¢(1 + Cl)
MHREIN S N

IT <

Otherwise H® > iK and

11 < 2L+ K)
YK2+ N

which is bounded. Finally, for ¢ < 75, I and /I are bounded if we choose M, N large

enough, and

dO(H®) < T +dM, = 6(H?) <O(H:)+Tt+ M,

which concludes the proof. n

Our aim is now to use the previous result to get a bound on K, following the scheme

in the proof of Lemma 2.4.0.1.
Lemma 2.4.0.4. There exists a stopping time 7 and constants C,I" > 0 such that for

all t € [0, 7°]:

K(t)? < CeMTtMe), (2.4.7)
where My is the martingale defined in equation (2.4.6).

Proof. The proof follows the same steps as the proof of deterministic Lemma 2.4.0.1. We

start from the inequality given by the Lemma 2.4.0.3
O(H®) < O(HS) + Tt + M, for t < 7f,
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and we define the stopping time

. 1 (HS)Q—TQ)}
c=inf{t: Tt + M; > — 1 <,
T m { t 5 A n ((Hg)z o AN 7'6

where 71,75, and A are defined at the beginning of this subsection. Then, as in the proof

of Lemma 2.4.0.1 , for ¢ < 7¥ we have, replacing = by (H¢)? and zq by (H)?:

—ry (H§)? — 11) eVATHMI 1y (HE)? — 1y)
(H§)? — 1y — ((HE)? —1ry) eVATErM)

(H;)? <

20T ((H5)? + 205 ) ettty
< — . )
M — 22 ((Hg)? + 24%) eMTt+My)

Now, for

Y
2 (2(H§)2M + 4%)

1
t <7° =inf t:Ft+Mt>ﬁ1n ATs AT, (2.4.8)

we have -
N -
(Hf)? <4 ((H§)2 2= eMTt+Me),

We can easily verify as in Lemma 2.4.0.1 that 7° . This bound on H*® will help us get

< T
a bound on K. Here again we have two cases. If K < 4C; then K? is obviously bounded.
Otherwise H® > iK and thus

K? <64 ((H5)2 + 2]@) M (It Me),

]

We remark that the bound we obtained on K involves the martingale M;. In order to
get a bound on the supremum over t < 7° of K we need to control the quadratic variation

of M;. This is done in the following result.

Lemma 2.4.0.5. There exists a constant C such that
d{M, M), < Cdt,
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where My is the martingale defined in equation (2.4.6).
Proof. Our aim is to bound the quadratic variation of
~ ~ t ~
M, =0(H;) —0(Hj) — f LO(H?)ds.
0
We recall that we explicitly know the expression of M;:

t
M, :f 6'(H®)d (X, +Y,)
0

where X; and Y; are respectively defined in (2.3.26) and (2.3.31). Thus we know that

dM, My, = (6/(H?) d(X +Y, X + Y,
4(He)2

_ (2.4.9)
" (e(He)* + M(H?)? + N)

20¢(1 + K)dt
according to Lemma 2.4.0.2. We use the bound from Lemma 2.3.4.1 to conclude that
d{M, M), < Cdt. ]

Now, this bound on the quadratic variation gives us a new result about the stopping

time 7°.

Lemma 2.4.0.6. Let the initial conditions (ug,mg, my1) of equation (2.3.6) be in H' x
L2 x H™' x (H2 7 H™Y)2 and (2, Go) defined in (2.3.10). The stopping time 7 defined in

(2.4.8) goes a.s. to T as € goes to zero.

Proof. We denote by F'(g) the quantity

1 M
—In — -
% (2(H5)2M + 4%)
and we define, for T' > 0,
me = sup (Tt + M,).

te[k,k+1]AT

We have used a martingale inequality (see [DPZ14, Theorem 3.14])

1
E[n] < T'T + 3E[(M, M>(2k+1)/\T:| <CT
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thanks to Lemma 2.4.0.5. Then for § > 1

1
ZIP’(nk > k) < OTZE < +®
keN keN

and thanks to Borel-Cantelli Lemma there exist two random variables X; and X, such
that almost surely, for every t € [0,T], ['t + M; < X; + [t|° X5. Thus almost surely 7° > 7.

where
~ . 5
Te = te[r()l,g“] {X1 +t°X5 > F(E)}
which goes a.s. to T" as € goes to 0 because lim._,o F'(¢) = +00. O

Now we can estimate the bound on the supremum of K; on the time interval [0, 7¢],

and prove Proposition 2.3.4.2.

Proof of Proposition 2.3.4.2. From equation (2.4.7), we deduce
sup(K;)? < CeM'™ sup MM,

t<1e t<Te

On the other hand, we have by Ito’s formula
i t N2t
MM =1 + f MeMMsdM, + QJ eMMed(M, M),
0 0

where we have already shown that d{M, M ); < Cdt. Thus thanks to a martingale inequal-
ity (see [DPZ14, Theorem 3.14]), we get

E [ESE(Kt>2] < C(T) (1 +E [<LT eMMdesﬁ] +E Ls;g fo t MM (M, M>SD

and using Cauchy-Schwarz inequality on the last expectation, we have

sfawr| <om (e[ (["emaonan)] ). e

t<7° 0
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We want to control the expectation, and using Girsanov formula:

T T
E [J eQMMst] :J E [62]\7[MS—<2]\7[M5>+<21\7[M5>] ds
0 0

1 1

< JT E [641\7[M372<2MMS>] ’® [62<2MMS>] % ds
0

T
AM2C
< J e %ds
0

hence finally, we get

E [sup(Kt)Q] < C(T).

t<7°

Proof of Proposition 2.3.4.3. According to Propostion 2.3.4.1, we have
2
L(HT) + a| VeV, <eK*+ BK +C. (2.4.11)

Now, we know that fot ¢ < 7°

t 9 t 2
Hf+0zf Ivev|., ds:f LE(HS) + VeV, ds + (X, + Y3) + H;
0 0

where X; and Y; are the martingales defined in equation (2.3.26) and (2.3.31). We also
have from Lemma 2.3.4.1 that %K — C; < H¢, and thanks to the previous equation we
get:

1 t t
() + ozj |vev i ds < f (eK*+ BK + C)ds + (X, + V) + C.
0 0

It implies that

E [sup K(t) +a L VeV

t<Te

2
ds]
L2

<C+ CJTE lsup(K(t))Q] ds+ R lsup(Xt + Y;)] ;

0 t<Te t<Te
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and using Proposition 2.3.4.2 and a martingale inequality, which can be found in [DPZ14,
Theorem 3.14], we obtain:

2

E [sup K(t) + H\/Ev
t<re

Lo (loney 1) ds] <C(T) + 3E [<X LY, X + Y>%] L (2412)

According to Lemma 2.4.0.2 and Proposition 2.3.4.2 we get

2

1
E [2 sup K (t) + « H\@V L

t<Te

0,7),£2) ds] < C(T) + C4E [sup(l + K)]

t<Te
< C(T),
which concludes the proof. O

We would like to propose another proof of Proposition 2.3.4.2, with another stopping
time that we will still denote by 7°. This second proof is simpler, but we think it is
interesting to write these two methods because the stopping time introduced in the first

proof is more explicit than the one in the second proof.

Second proof of Proposition 2.3.4.2. First we prove that there exists C(7) > 0 and a
stopping time 7° going to 1" in probability as € goes to 0 such that

E lfge(ﬂf)ﬂ < C(7).
We start from Propostion 2.3.4.1, which states that

L°(Hf) < eK? + BK, + C,
where K is defined in (2.3.22). It gives us that

dHf < (eK* + BK + C)dt + dN;

with N; the martingale defined by N; = X; + Y;, where X; and Y, are introduced re-
spectively in (2.3.26) and (2.3.31). We are interested in an estimate for (H¢)?, so we use
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Lemma 2.3.4.1 to get with the 1t6 formula:

d(H;)? =2H:dHf + Hid({H®, H*),
<2H; (42(H;)? + BH; + C) dt + 2H;dN, + H;d{N, N),.

Then we use Lemma 2.4.0.2 and Young’s inequality to obtain
d(H;)? < (*(H;)* + B(H;)* + C) dt + 2H; dN,,

where the constants B and C' might be slightly different, but still independent of €. Now

we introduce the stopping time
¢ =inf{te[0,T);e*(H;)* = 1} A 75, (2.4.13)
with 75 the stopping time defined in (2.3.12). For t < 7° we get
d(H;)* < ((1+ B)(H;)* + C) dt + 2H;dNy,

which can be rewritten under its integral form:

(HE)? < (Hy)? + Ct + f

t
(1+ B)(H)?ds + zf HEdNs,.
0 0

Taking the expectation of this last inequality, we use Gronwall’s Lemma and obtain the

estimate:

E[(H;.,)*] < (C +E[(Ho)?]) B (2.4.14)

Finally, we can estimate the supremum over [0, 7¢]:

T ATE t
E [sup(Hf)Z] <(Hp)> +CT + (1 + B)E l J (H§)2ds] +E [supf 2H§st]
t<T¢

0 t<te Jo

<(Ho)*+CT + (1 + B)E l f TATE(H;)QdS] +E UTME(HE)WN, N)? ]

0 0

where we used a martingale inequality which can be found for example in [DPZ14, The-
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orem 3.14]|. Now using Lemma 2.4.0.2, we can write

E lsup(Hf)Q] <(Hp)* +CT + (1 +Cy + B)E lJTATE(Hj)QdS]

t<Te 0
1
T ATE 3
0

T ATE
<(Ho)*> + CT + CE U (Hj)st}
0

+ C¢E

1

) ([ ]

+ O¢E

and finally,

S [swpt?| <ty + or e[ [ s,

t<T* 0

which allows us to conclude thanks to equation (2.4.14). It remains to prove the behavior

of 7¢ as € goes to 0. We simply use Markov’s inequality:

1
P(r*<T)=P (sup(ﬁﬂf)2 > 82)

t<7¢

<2C(T),

which concludes the proof of Proposition 2.3.4.2, since K is bounded by H¢ thanks to
Lemma 2.3.4.1. O

Proof of Lemma 2.3.6.3. We want to compute k(z,y) =
E, [z(x)M™'2(y) + z(y)M ' 2(z)]. We know from Lemma 2.3.2.1 that M7z =
(03)71¢ + a(0?)7'2z. We start by computing the term E, [2(z)(0?) ' 2(y)]. According to
equation (2.3.17), this term is equal to

57 [ (50000, 00011 (500,600 o)
keN YO
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=2¢ 2! fm sinh < 5 t> \/me dé

<3
o VAEZ — a2 ¢ 4
+ 2e7 2! sin < S t) ¢e§(£) 2€n£dfa
|£‘>% 2 \/45 —

* —at . a® — 452 gbék(g) ix€
4}%]0 e [Jﬂgg sinh ( 5 t) \/me d&

CVAZ =2\ gerld) e
+ J|£>‘; sin < 5 t) o a26 df]

. \% a? — 4772 (aﬁek (77> yn
[fngg sinh ( 5 t NG T e"dn

. \% 4772 —a? (aﬂek(n) wyn
+J|n>a sm( 5 t JIE = a? edn | dt

=I+I1I+III+1V.
We focus on the computation of the low frequency product:
J f ¢€k ( ) 1¢6k( )el (x&+ynm)
e dei<s Jy<s V£ - 452 va? —
[ — 4€2 /o2 — 4n2
Jeat[cosh< 5 g15+ a2 nt)
0

T 4¢2 T A2
— cosh (\/& 5 515— v 5 il t)]dtdndf.

The term in the time integral is equal to

1 1
la — Wa? =48 — 1\/a? — drp? T a + 3V =48 + 1y/a? —
1 1 ]
- 1 1 - 1 1
a—5v/a? =42 + 53/ — A2 a+ 502 — 48 — /o —dn?
ar/a? — 4€24/a? —
(-2 42222 +p2)

N —
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2.4. Appendizx

so that

—1
I 2a J J ¢€k ) fel;( n) Y g e
renJlel<g Jimi<g + 202(8% + 7?)

2

We can do similar computations for the other products, and we obtain
B, (-] = X [ [ K6 nou@ontnee i, (2419
keN YR JR

with
2x

1

T @ 205(E@ )
The computation of E, [z(z)(02)~1((y)] is very similar so that we do not write it in details.
We obtain

E, [2(2)(@2)¢W)] = - 5B [2@)(@) =)

Ki(&n) = (2.4.16)

N N , 2.4.17
+ %fR | Kt moir€yoentmet== ands. 241D
with
1 a?+ &2 —n?
e == @t s T )y (24.18)
Finally, defining K(§,n) = $K1(&,n) + K2(&,n) we obtain
E, [2(z)M ™ 2(y) +
- ;ﬁ J f D)+ K0.9) derl©on(n)e S inds o o
= f J e 2¢€k §)¢€k( Je Z(fv£+yn)dnd5
keN
which gives us the result of Lemma 2.3.6.3. [
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CHAPTER 3

ASYMPTOTIC PRESERVING SCHEMES

Introduction

This chapter is devoted to numerical results obtained in our study of the stochastic

Zakharov system

{ 10 X7 = —02X; + niX¢ (30.)

e2d(0yng) + agoms = 02 (ns + | XE|?) dt + pdW,

More precisely we try to construct a numerical scheme which approximates the stochastic
Zakarov system, and which converges to a numerical scheme approximating the stochastic

Nonlinear Schrodinger equation, limit of Zakharov system as ¢ goes to 0:
ZdXt = (—ath - |Xt’2Xt - ZXtF) dt - Xt(@§)71¢th, (302)

the last two terms corresponding to the Stratonovitch noise X; o (02)~'¢dW;. For this
purpose we study the methods of Asymptotic Preserving schemes. First notions of the
AP schemes were developed in [Jin99] for multiscale partial differential equations, and
similar studies can be found in [HJL17], [Jin12],[Pupl9]. In the domain of stochastic
partial differential equations, we can cite numerical results as for examples [BSDDMO5]
and [DDMO02], where the authors study the focusing Nonlinear Schrédinger equation in
dimension 1 and 2. Cohen and Dujardin also introduce in [CD17] an explicit exponential
integrator to present numerical experiments on Nonlinear Schrodinger equations with
white noise dispersion, and develop this notion for the stochastic Manakov equation in
[BCD20]. Asymptotic Preserving properties and numerical schemes were then studied for
stochastic equations in [AF19], [DM16] and [Mar06]. This kind of numerical schemes allows
us to approximate simultaneously the original multiscale model and its limit. Indeed, there
exist numerical schemes, which are consistent for any fixed value of ¢ > 0, but which

limiting schemes are not consistent with the good interpretation of the noise, namely
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the Stratonovich interpretation. We can refer to [FG18] or [LAE0S] for examples of such
schemes. The definition of AP schemes for stochastic differential equations is detailed in
[BRR22|. In the deterministic setting, some numerical schemes have been studied for the
Zakharov system, and its behavior as e gets close to 0. One refers, for example, to [Sul§],
where the author presents three different schemes based on an exponential wave integrator
in phase for the wave equation in (3.0.1) and a time-splitting technique for the Shrodinger
equation in (3.0.1), in order to compare their convergence rates in time in the subsonic
limit regime ¢ << 1.

We begin with simple models of stochastic differential equations in order to expose in
a simplified context the theory of Asymptotic Preserving schemes, and then we try to get
closer to a stochastic differential system which could correspond to the equations satisfied
by the Fourier modes of the solution of (3.0.1) without the nonlinearity. Finally we work
on the infinite-dimensional case, where the Asymptotic Preserving schemes theory is no
longer available. In this case we provide numerical simulations which seem to show the

convergence to the solution of a numerical scheme encoding the solution of (3.0.2).

3.1 Definition of AP scheme and first example

We are interested in the following equation: for t = 0

o X = 2
omng = m; . (3.1.1)

dm; = (—%mf - E%nf) dt + i%dBt

Here, X; and m{ are R-valued processes, o is a CZ(R) function, B; is a real Brownian
motion, a and A are two positive constants. It can be shown that this equation converges

as € goes to 0, to the following stochastic differential equation:

o(X 1 , o(X
dX; = ()\ ) odB; = ﬁU(Xt)O- (Xp)dt + (/\ t)dBm (3.1.2)

where odB; denotes the Stratonovitch convention. The aim here is to create an AP scheme
for this problem. Let T" > 0, N € N and let At = % denote the time-step size. Let
(Vk)o<k<n—1 be a family of independent standard R-valued Gaussian random variables. We

assume that the initial conditions Xy € R and (n§, m§) € R? are deterministic quantities
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satisfying

X§ = x5 — xo, sup |ng| < oo, sup |mg| < . (3.1.3)
e—0 €(0,1] €(0,1]

If we denote by L£° the infinitesimal generator of (X¢, m®,n°) we have

1 A 1
LEp(xz,m,m) = %na(x)&p(p + moyp — <§m + 8271) Omep + 2753(33,1@ (3.1.4)
Now we can define our numerical scheme based on the scheme (1.6) introduced in [BRR22]

but adapted to the second order equation in time in (3.0.1):

r ns ., .—nf
k+1 kE __ €
At - mk+%
meE —mé
k+1 ko Q€ A
— =M1 — 5N 1+ 3 k
At Ml T 2l T A 515
4 ye _xe , N
k41 E O'(XE Lns
At k) Ve "kt 3
X; X _ U(X;)Jro(ylgﬂ)in8
L At 2 Ve 'k+3

where m,, 1= w Note that we can define this scheme using an operator denoted
by ®%,:

Vn e {07 1? T vN - 1}a (Xli+1>ni+17mli+1) = Zt(Xli>nivmli>7k)' (316)

We are interested by the asymptotic preserving property of our scheme. Thus we need to
introduce a limiting scheme, which approximates the limiting equation (3.1.2). We denote
this numerical scheme by (X})keo,n7, and we define it in the same way as for the scheme

(3.1.5) using an operator denoted by ®a;:
Vn e {0,1, ,N—l}, Xk+1 = (I)At(Xk,’}/k). (317)

We recall the definition of an asymptotic preserving numerical scheme, which can be found
in [RR21]. We first state three assumptions.

Assumptions 3.1.0.1. 1. The operator ®%, is defined for all € € (0,1] and all At €
(0, Aty], where Aty > 0 is independent of €, and
E [[ng]* + £2mi[*]

sup sup sup < 0. 3.1.8
ce(0.1] Ate(0,At0] keN 1 4+ E[|n§]? + e2|m§|?] (3.1.8)

2. For all € € (0,1], the numerical scheme (3.1.5) is consistent in the weak sense with
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the system (3.1.1): for all bounded continuous function @:

€ € € N € € €
E[o(XR, niy, my)] N oo E[o(X%, n%, m7)].
3. For every At € (0, Aty], there exists a limiting scheme (X )k, given in (3.1.7), such
that for every bounded continuous function p:

E[o(X5)] — E[p(Xx)]

E—>
With these assumptions, we can give the definition of an asymptotic preserving scheme.

Definition 3.1.0.1. Let Assumptions 3.1.0.1 be satisfied. The scheme (3.1.5) is said to
be asymptotic preserving if the limiting scheme given in the third assumption is consistent
in the weak sense with the limiting equation (3.1.2): for all bounded continuous function
®:

Elo(Xn)] — E[p(X7)]

N—+00

Note that the definition that we gave is similar to [BRR20, Definition 3.4]. The only
differences is that we adapted [BRR20, Property 3.1] to our problem, and that the third
assumption in Assumptions 3.1.0.1 replaces Property 3.3 in [BRR20]. In [BRR20] it is only
assumed that the weak convergence is true for one time step, but without the uniform
convergence property, it is not possible to recover our assumption, which is necessary for
the definition of an asymptotic preserving scheme.

We also would like to give details about a remark mentionned in [BRR20], which gives
a way to prove the weak consistency of the scheme with ¢ > 0 fixed and of the limiting

scheme.

Lemma 3.1.0.1. The second point of Assumptions 3.1.0.1, namely the weak consistency
of the scheme (3.1.5), can be verified using the following sufficient criterion: for all p €
CHR x R x R), when At goes to 0:

E [ (B4, (2, mom, )] = @(a,nom) + AL p(x,n,m) + R(At, £, 0,0,m,m),  (3.1.9)

where the last term satisfies |R(At, e, o, z,n,m)| < C(p,£) (1 + |[nf? + |m|?) At2 for some
constant C(p,e) > 0.

192



Proof. Let ¢ € C}(R?), and ¢ > 0 fixed. Then

E [90 (XE(Tv l‘), nE(T7 n)’ ma(Tv m))] —E [90 (XJEV? n?\l? m?\f)]

= u(T,z,n,m) — E[u(0, X5, nf, my)],

where u is the solution of

{ ouult, z,m,m) = E[Lo0 (X(t, ), n*(t, n), mE(t, m))]

u(0,z,n,m) = p(x,n,m)

We compute

w(T,z,n,m)—E[u(0, X5, ny, my)]
N-1

== Z E[U<T — tht1, X’i+17 niJrl? m2+1> - U<T — t, Xli? ni? mi)]
k=

- o

N—
= Z E[(U(T = g1, XIi-&-l» ni-{-l’ mi-i-l) - U<T — bkt Xli’ ni’ mi))
k

+ (u(T — ty1, Xg,ng, my) — w(T — ty, Xi,ng,my))]

[e=]

Now, conditioning by (X£,n$, m5) and using (3.1.9), we get
w(T,zn,m) — E[u(0, X5, ny, my)]
= - NZI ALE [L5¢ (X(T = trsr, Xi), n*(T = by, ), m* (T — tisr, )]
k=0
+ E[R(At, e, ¢, Xi, ng,m5,)]

Tht1
B[ £ (XU(T 5 X0 (T = i) (T ) .
tg

Thanks to the assumption made on R and using (3.1.8) in Assumptions 3.1.0.1, we know
that

N-1 N-1
Y R(Ate, 0, X5, 5, m) < Clp,) D) (1+ [ng[* + [mg[*) At
k=0 k=0

1
=]

< Clp,e)(1+ Z)E[Ing]” + *mg|* ]V At.

193



It remains to estimate the following quantity:

E| ALLG(XE (T — byt X{)on* (T — by, nf), m* (T — by, i)

tr+1
[ e s XD s (1 = s ds]

Ly

tt1
= ]E[ 'CESO<X€(T - tk+17 X]i)? nE<T - tk+17 ni)? mE(T - tk+17 mi))
t

k

— Lo (XH(T = 5, X5), 0" (T = s, my), m*(T — s, my)) d8]-

Denoting by v the function L£2p(X¢(-, X7),n°(-,n%), m*(-,m3)), we have by Itd formula

V(T—tgy1) — (T — s)

thot+1
= D, Loo(X(T — 1, X;),n (T — 1,n5),m* (T — 7,mg))dX:
’ lk+1
+ Do Lop(X(T — 1, X7),n (T — 1,ng), m*(T — 7,my))dnc
Stk+1
+ D Lop(XE(T — 1, X7),n (T — 7,ng), m*(T — 7,my))dm:
18 tet1
+3 D2 LEp(X*(T — 1, X5),n*(T — 7,n5), m*(T — 7,m5,))d{(m*, m®),.

s

Then, using the boundedness of the functions ¢ and o in (3.1.5), and (3.1.8) in Assump-

tions 3.1.0.1, we can bound all these quantities and we get that
E[o(T — tin) = o(T = 5)] < C(p, 0, 0)E[[nf|* + &*|m§|*] At,
and as we integrate this term between t; and t;, 1, we obtain:

’E [()0 (XE(Ta l‘), n5<T7 n)a mE(T> m))] —E [(lp (ng\fa n?\h m?\f)] ’
N-1
< D, C(p, o)E[|ng[* + *m§|*] At

=
Il
o

< Clp, )E[ng|* + *lmg*] At,
and thus, we have the weak consistency stated in the second point of Assumptions 3.1.0.1.
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We prove the following result.

Proposition 3.1.0.1. Under assumption (3.1.3), the numerical scheme (3.1.5) is asymp-

totic preserving in the sense of Definition 3.1.0.1. Moreover, the limiting scheme is given

by

. 3.1.10
Xpo1 = Xy + YL 2R +00kr) ( )

Yigr = Xy + @U(Xk)'?/k
2 Tk

Proof of Proposition 3.1.0.1. First we can prove that the process (nf,mj), satisfies

(3.1.8). This is done in Appendix with ng . and mg . replaced by nj,; and mj, in
2 2

order to minimize the technicalities of the proof, but the arguments are the same for the
scheme (3.1.5). The bound (3.1.8) in Assumptions 3.1.0.1 ensures that emf and n are
bounded in L'(Q). According to (3.1.5) we have

Smk 1 nk 1 )\
gz+T _ _a\[ + — \/*nk+— ka,
thus in L'(Q):
1

According to this convergence, we can prove by a recursion argument that for every
k € [0, N], Xi converges in probability to X} and Y converges in probability to Y} as €
goes to 0, with X} and Y} defined by the limiting scheme (3.1.10). Indeed, it is true for
k = 0 because of Assumption (3.1.3). Besides for 7, > 0 we have

P(|Yei1 — Yisa| = 6)

PG — Xe+ Mo oni g — 3w + 3 o 00) — o (X)) > )

) 1
<P(‘X; —Xk’ = g) —l—IP’(AtM\%n;% —

L\/ o
Sl - Xl > 5),

; ‘ > é)
WAL Z 3

P(

where o(x) < M and L is the Lipschitz constant of 0. We deal with the first two terms of

the right-hand side of the inequality using the recursion assumption and the convergence

195



in L'(Q) of %nk%. For the last term, we have

Ly At
A

O\

. SRLVAL

Vel X5 — Xi| = =) <P(m| = R) + P(| X5 — X3| =

Wl >

Thus for R large enough and e small enough, we get that P(|Y)5,; — Yi11]| = 0) < 7. The
procedure is the same for X} and Xj. Thanks to this convergence in probability, we obtain
that for every bounded continuous function ¢

Elp(X5)] = Elp(Xn)],

E—>

where (X% ) is defined by the limiting scheme (3.1.10). We have proved that the numerical
scheme (3.1.5) converges to the limiting scheme (3.1.10), which corresponds to the third
item of Assumption 3.1.0.1. It remains to prove that the schemes (3.1.5) and (3.1.10) are
consistent with (3.1.1) and (3.1.2), respectively.

On one hand let € > 0 be fixed. To prove the consistency of (3.1.5) with (3.1.1) it is
sufficient to prove that, for every ¢ € CZ(R x R x R), when At goes to 0,

E [QO(XZ+1’ ni—&-l? mi—&-l)] :E [SO(Xlia niv mi)] + AﬂE [‘CESD(XI‘; ni: mi)]

(3.1.12)
+ R(At7 6’ 907 X}i? ni? mi)?

with R a function satisfying the same assumption as the function R in (3.1.9). We first

prove that
1
(XliJrlv Yk€+17 nZJrl’ mi+1) = (Xliv Xli’ niv TTLZ) + K (2) )

where k° denotes any random function such that
Eflx*(p)[] < Clw, &, n5, mg) AL, (3.1.13)

For example the equation on n ; gives us nj_; = nj + (1) with (1) = Atm;_ . which
2
is bounded in L'(€2) according to (3.1.8). The boundedness of ¢ and the estimate (3.1.8)

gives us the result. Indeed, we have

B (1Vin — XEl] = 2B [lo (XD |

< O\A/gE e
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which proves the result for Y7, using (3.1.8). The procedure is the same for Xj . Hence,

using again (3.1.5):

3
Ny = ng + Atmy, + k° <2> ,

_aAt . At L A (3)
Ve + K 57

>0,
_l’_

1>

mé., =mi — —ms — n
k+1 k k 3
+ € g2 e3

. VAN
Xy = Xp +

%0

Thanks to these estimates we can prove (3.1.12):

(XP)ny, + #°(2).

E [@(Xliﬂaniﬂamiﬂ)]
€ € € At
=K l‘P(XkankHa Myg1) + %U

- E[wxz,nz,mal) Ao (X5, i)

(K)o (XE sy ) + rf<2>]

At c c £ £ [ I3 3
+ %U<Xk)nkax‘p(kank+17mk+1) T (2>] ‘

Since 0, o(Xi,n5, miyq) = One(Xi,ng,m;) + K° (%) and 0,p(Xf,nhyq, Miyy) =
Owp(Xg,ng,ms) + k° (3), we get

E[mxz, nE e ) + At (XE, nE, mE )

At € 13 g € € £ 3
+ %U(Xk)nkax‘p(Xkank+17mk+1) t K (2) ]

(3.1.14)
_ E[wxz,n,i,mi,ﬂ) + AtmEonp(XE n, ms)

At 1> I 13 1> 1> £ 3
+ %U(Xk)nkawgo(Xkankamk) TR (2> ]

Besides, the estimate on mj,; found using (3.1.5) gives us

£ € g € £ 1> Q € )\ € € € €
E [90<Xk»”k7mk+1)] =K [@(Xka ng,my) — At (Emk + Egnk) Omsp( Xy, Ny, mk)

v At £ € g At € £ € € 3
+ gig’ykém‘p(kankymk) + Tg;ﬂg@i@(}(}w”kamk) + K (2) .
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1
2

(Xi,n%,ms) and the standard Gaussian random variable «;. Then if we replace the ex-

The expectation of the term of order - in At vanishes using the independence between
pression of E [p(X{, ng, mg,,)] in (3.1.14), we can observe that the infinitesimal generator
L=y is obtained by grouping all the terms of order 1 in At. Hence, (3.1.12) follows with the
function R(At, e, ¢, x,n,m) given by E [/{5 (%)], where x° (%) appears in the last equation,
and obviously satisfies the conditions of Lemma 3.1.0.1.

On the other hand, recalling that (X}) is given by the numerical scheme defined by
(3.1.10), it remains to prove that for every function ¢ € C#(R), when At goes to 0,

E[p(Xps1)] = E[o(Xr)] + AtE [Lo(Xp)] + R(p, At, X3), (3.1.15)

where £ is the infinitesimal generator of the process X; solution of (3.1.2), given by

1 1

Lo(z) = 5350' (@) (@)¢' (2) + 53507 ()" (),

and R is a function such that |R(¢, At, z)| < C(p)At2. Performing an expansion at order

VAL, we get

o (Xk) +2"(Y’““) = o(Xp) + gU(Xk)U/(Xk)Vk + (1),

with s denoting any random function such that E[x(p)] < C(¢)AtP. It allows us to obtain
the following expansion for X :
VAL At

, 3
Xit1 = X + TU(Xk)% + 27/\20(Xk)‘7 (Xi)7i + “(5)-

Since 7y is centered and 7y and X}, are independant random variables, we obtain (3.1.15)
using similar computations as those used to obtain (3.1.12). This proves Proposition
3.1.0.1. O

Now we compare the scheme (3.1.5) for ¢ = 0.01 and different values of At with a
Milstein scheme for the limit equation. In our implementations, we take o(z) = cos(2mx).
Figure 3.1 shows us that in the case of small ¢, for the smallest value of At, the AP scheme
behaves almost as the Milstein scheme, which is defined by

VAt At

X1 = X + =0 (X)) + 5350 (X))o’ (X (3.1.16)
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Figure 3.1 — AP scheme for different values of At, with o(z) = cos(2mx), € = 0.01, and
comparison with Milstein scheme.

We also give an illustration of the convergence as € goes to zero. Figure 3.2 represents
the AP scheme (3.1.5) for three different values of e, and compares it with the Milstein
scheme (3.1.16) encoding the limit equation (3.1.2). For the smallest value of €, the AP

scheme is almost indistinguishable of the Milstein scheme.

0.9

0.8

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.2 — AP scheme for different values of &, with o(z) = cos(2mz), At = 1.1073, and
comparison with Milstein scheme.
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3.2 ODE of Schrodinger type

Now we consider a slightly different equation, which is for t > 0

0X; =i (X + L Xpng)
dgng = my ) (3.2.1)

e _ Q€ A€ 1
dmt = —gmt — Eﬁnt + gdBt

with o, A\, u = 0. Here the process n satisfies the same equation as in Equation (3.1.1) but
the process X°¢ satisfies an equation which is more similar to a Schrédinger-type equation,
and thus is C-valued. It can be proved that the solutions of (3.2.1) converge in law to the

solutions of the following equation:
dX; = ipX,dt + %Xt o dB,. (3.2.2)

The difference with the previous problem is that the equation on X¢ can be written as

1
;=1 (X)) + o(xP )
where b and ¢ are now two unbounded functions. Thus we cannot use a prediction cor-
rection scheme, as in (3.1.5), for this equation, because it is not a conservative scheme in

this case. Indeed, the boundedness assumption on o was useful to prove that

1
(Vo Xi) = (2 XD+ (3.

with k¢ a function satisfying (3.1.13), and we cannot expect to prove a similar result

without the conservation of the quantity |X:|?. Thus we use a different scheme, which is

the following:

né —nt
k41”6 _ o€
At T Myt
mE —méE
k41" Mk o€ _ A e 1
At - emk+% e2nk;+% T E%m’}/k : (3.2.3)
X=Xk = X¢€ _ iXa ne
At Pt = e ks 1M L

In this scheme it is obvious that for every € > 0 and all £ € N we have

| X5 = X5 (3.2.4)
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since nj, is R-valued. We state the following result on this scheme:

Proposition 3.2.0.1. Under the assumption (3.1.3), the numerical scheme (3.2.3) is
asymptotic preserving in the sense of Definition 3.1.0.1. Moreover, the limiting scheme is

given by

: . VAL
Xk+1 =X, + ’L/JJAth+% — ZXkJr% \ V- (325)

Proof. Here (3.1.8) is still satisfied because we did not change the equations on nj and
m5. Thus we have the same convergence in L'() of %ni% to \/%’yk as € goes to 0. The
only result that we have to verify is that we still have

1
For that we compute using Young’s inequality

(3 (3 ; (3 ; (3 At 3
E[|Xf — X;|] =E l‘Z“AtXH; - ZXk+§\/gnk+§|]
e Atz Atz o
< AtE [‘ZNJXk+%‘] + TE [’Xm%’z] + 7€E [\”H%P] ;
and we conclude thanks to (3.1.8) and (3.2.4). The rest of the proof is straightforward

using the same procedure as the proof of Proposition 3.1.0.1. O]

Here again we have some illustrations of the convergence as ¢ goes to 0. Figure 3.3
represents the modulus of the solution of the AP scheme (3.2.3) and of the limiting scheme
(3.2.5), for e = 0.01 and At = 2.1072. Observe that the behavior of the AP scheme is close
to the one of the limiting scheme. We can also observe separatively the real and imaginary

parts of the two schemes, as represented in Figure 3.4, and note the same behavior.
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—— X_epsilon
—— Milstein

Figure 3.3 — Evolution of the AP scheme (3.2.3) for At = 2.107%, ¢ = 0.01 and comparison
with the evolution of the limiting scheme (3.2.5).

— Im(X_epsilon)

o —— Im(Milstein)

0.8

0.9

0.6

0.8

0.4

0.7

0.2

0.6

004 fi

0.5
—-0.2

0.4{ — Re(X_epsilon)
—— Re(Milstein) -0.4

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.4 — Real and imaginary parts of the AP scheme (3.2.3) for At = 2.107%, ¢ = 0.01
and comparison with the real and imaginary parts of the limiting scheme (3.2.5).
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3.3 Numerical scheme for the stochastic Zakharov

system
We finally study the Zakharov system

0, X° = id2X° — iXne
Opn® = m* . (3.3.1)
dm® = (=2m® + 503 (n° + | X°P)) dt + HédW,

We try to find a numerical scheme which is a good approximation of (3.3.1), and which
converges to a good numerical scheme for the limiting Schrodinger equation. We consider
Dirichlet conditions on the boundary of the domain [—R, R] for R > 0. Let J € N and let
Ax = ? denote the space-step size. For j € [0, ], we denote by X,Z the quantity given
by the numerical scheme which approximates the solution X (kAt, —R + jAz). We also

define the matrix A € M;_1(R), which encodes the discrete Laplacian, as

-2 1 0 0

) 1 —2 1 :
A= — . " x . 3.2
A | 0 . . . 0 (3.3.2)

1 —2 1

0 0 1 —2

Finally, for L € N, we define for ¢ € [1, L] the function ¢, as

0u(j) = sin (MJZ%M) . jelo, ], (3.3.3)

and the family (y,,) of independent standard R-valued Gaussian random variables. We
know according to (2.3.6) and (2.3.8) in Chapter II that the system (3.3.1) can be written

as
p

O Xo(t) = 05 X5(t) — iX=(t)n°(t) — 2 X=(t)2°(t)

oyne(t) = me(t)

$amA(t) = —2me(t) + 502 (n°(t) + | X=(1)[?) . (3.3.4)
02 (t) = ¢*(t)

dCe(t) = (—2¢5(t) + 5022°(t)) dt + igqﬁth
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We denote by (Xo, ng, mo, 20, (o) the initial data. Our first candidate is the following

scheme, which has good conservatives properties.

Lemma 3.3.0.1. Consider the numerical scheme

— £
At T mk+%
2 €2
M1 ™™ ae 1 e | X G P HIXE
At Mt T =4 <nk+% + 2
Zhi1 % €
)\ At T Skt ) (3.3.5)
Crr1 =Sk _ _ng + lAZ + Z ( )
At T T eSk+d k+3d 83/2«ﬁ =1 Pe\J) Tk Je[l 1]
Xe,  —X¢ ’
k+1 k _ 4 g € 2 €
ar o = AN X kaJrf kel

\

with the initial data and the boundary conditions
0 ke [0, N],
Xi=ni=mi=5=¢ =0 kel0N],

(X07n07m07Z07C0) <X07n07m07Z07<0)(_R +ij)7 j € [[]-7 J — 1]

where A is defined in (3.3.2), and the product X .n; . denotes the wvector
S 1M1
(X,Z+%n;+%)jeﬂl,J,1ﬂ. Define

2
ﬁQ(ﬂOvﬂD) (3.3.6)

1/ .o e
sy + 5 (1Elgon + (= 4)4ms
+{ng, | X%,

Hi = |4t xi], :

where H‘Hz?([u,t}fu]) and {-,-) are respectively the notations for
1
Y ) (A»T Z(UJ)2> , and (u,v) = Az Y v’
Jj=1 j=1

Then the numerical scheme preserves the following quantities for every k € [0, N]:

el2
HXkHEQ([[l,Jflﬂ)

2 Z< ) ’Xl+1’2 |Xl‘2>
sllep,r— 1}] Al At

(3.3.7)

Hk+ozZH\f

Proof. First we take the scalar product between the last equation of (3.3.5) and z%t)(;,
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and then we take the real part. We have

Xz X X X
0 =Re <—<AX,§+§, TR (X ’“*1’“>>

At At
X X
+Re<\[<X,€+1 2 ,’““At’“>>

which gives us

12
At (H Xrt e(Li-1) H )2 X5, e(1,J-1 )
N (L D (I D (3.3.8)
2 2 2
b iy Xl = X+ ety X P = X
Then we take the scalar product between the second equation of (3.3.5) and A~ 'm ms, +7'
My — My, 1 | Xl + 1XEP -1
<+T A k+1>_ <A n2+%+ + 2 ,A mi+%>
- -1
- g<mi+g~4 m2+%>.
We obtain
1 1. 2 1 2
C2At <H(_A) etz H S e2<[[1,J71ﬂ>> (3.3.9)
_ l<n5 L+ |Xl§+1’2 + |)(li|2 me 1>+ i H(_A)féms . 2 o
g2\ kts 2 Pkt c ktalle2p,g-1]"
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Now we add (3.3.8) with (3.3.9) multiplied by —&2. We get

1 1 1
At (H (=4 ;XEH j?([u J-1]) H é k ZQ([[l,J—l]]))
2 _; e 12
2At <H M| o,y |(=a)2m e?(ﬂo,ﬂ])>

1
+ E@Z%’ |X1§+1|2 — | X5
| Xi i+ 1 XEP
2

G Xl — X3

1, 2

ey —ae (A Emp

—_ € € —
— g i) ¢ Ao

1
NN

1 2 2 [ Xfaa P+ [XE nigs — i
= _2At( Ny eI H”i”e? (I, qu] ) —< 9 ; At )
€ 2 2 e12
eyt - XKl - X

using the first equation of (3.3.5). We conclude the proof noticing that

1 1
e X = IXER) + S (Xl + X2 i — )

1 € € € €
= 7 s [ X [ = i 1)

]

It is difficult to implement the previous scheme using a finite difference approach

because of the nonlinearity, so we choose to use a relaxation method, which is detailled

for example in [Bes04] for the nonlinear deterministic Schrodinger equation. We introduce

a new variable 17, and the scheme becomes

(Vi1 TV |2
= ’Xk|
né —nt
k+1 k __ 13
At Myl
j j
Mp1” ™M a, e 1 € €
AT T T e T =4 <nk+% + ¢k+1>
\ ZEe—% = (f
At k+3
Cli-%—l_cli — aC + IAZ + Z ( )
At k+3 k+i 53/2«/ 0=1 P\ )k e[l 1]
Xe Xt
k1 Ok . € i €
T A& T ZAXH% leJr%nkJrf kaJr k+3d

(3.3.10)

with ¥§5 = |X§|>. The advantage of this scheme is that it is simpler to implement since
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it is only linearly implicit. However, except for the ¢?>-norm of X§, there is no obvious
conservation for this scheme, contrary to the scheme (3.3.5) (see Lemma 3.3.0.1). We can
assume formally that the numerical scheme (3.3.10) converges to the following scheme,
which is close to the numerical scheme studied in [Bes04] but has an additional term

coming from the stochastic perturbation:

¢k+12+¢k _ |Xk|2
LJZZXIC = 1AX 1 HiXy e . (3.3.11)
i -1 L .
A (Shelre) L Xew

We compare the scheme (3.3.10) with another scheme, introduced in [Gla92]. In our

version, we add a term corresponding to the damping, and a term describing the stochastic

perturbation:
[ xi )
ZL“‘AX] _n 1X] 1+\[ k-‘rlXZ:-‘,-l
< ni+1*2ni+"i—1 g"iﬂ*”{c—l . LA(TL] + nj ) _ LA<|XJ|2) . (3,3,12)
At? € 2At 22 k+1 k=1/) 7 g2 k
J J J J . .
Zpp1— 2%, M2 Zk+1 k-1 1 J J _
L A2 + = oAt 252A<Zk+1 + Zk—l) 53/2«/ Zé 1 905( >7€k

In [Gla92], it is shown in Theorem 1 that the original scheme preserves a discrete energy.
We give the equivalent of [Gla92, Theorem 1] for our scheme (3.3.12).

Proposition 3.3.0.1. Define a new variable u§, = (Ui)je[[u—l}] satisfying

nE
Aug = Lk 3.3.13
Then the quantity H defined for k € [0, N — 1] by
H; =||(-A)2 X7, fH
2([1,J-1]) 2([1,J-1])
Ly g ] ) (3.3.14)
+§MH%MMm+mH?umn>
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satisfies for any k € [0, N — 1]:
&€ € aSAt a € 1> > &€
Hy = Hj + TZ<A(W +up_y),ug +up_y)
(=0 (3.3.15)

1 k 2 2
- 3 G+ o Xl = XD

with A defined in (3.3.2).

Proof. The proof of this result follows exactly the same steps as [Gla92, Theorem 1],
and the two new quantities which appear in the right-hand side of (3.3.15) come from
the terms that we have added in our scheme in order to describe the damping and the

stochastic perturbation. O

We run a few tests on the schemes (3.3.10) and (3.3.12). First we fix ¢ > 0, and we
study the behavior of these two schemes as At goes to 0. We choose to take as initial
data for X© a Gaussian function X§ = e~ while 25 = ¢5 = 0. The initial conditions are
taken such that n§ = —|X§|*. We should choose 2§ and (5 as in Chapter II, Section 2.3 in
order to correspond to the stationary processes, but the convergence to the equilibrium
is exponential with rate ﬁ It creates an initial layer of size e, but since we do not study
the solutions for small values of ¢, it will not have a big influence on our resluts. Figure

3.5 shows for both of the schemes the relative error

X

([0,7])

H e,ref
N

e([0,J])

for several values At; such that N;At; = T, and where X*"/ denotes the solution of the
numerical scheme with the smallest At, namely At = 0.001 in Figure 3.5.

We also represent the relative error

i -

22([0,J;]

P

22(0,J]

for several values Ax; such that J;Az; = 2R, where this time X*"*/ denotes the solution
of the numerical scheme with the smallest Az, namely Az = 2.1072. Figure 3.6 shows

that the schemes are more sensitive to the variations of Az, but also that the error is
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—— schema avec relaxation
—— schema Glassey

0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016

Figure 3.5 — Relative error in £*>norm for schemes (3.3.10) and (3.3.12) with different
values of At, for e = 0.01, and Az = 0.1.

relatively small as Ax is small.

—— schema avec relaxation

—— schema Glassey
0.010
0.008
0.006
0.004
0.002
0.000

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
dx

Figure 3.6 — Relative error in ¢?-norm for schemes (3.3.10) and (3.3.12) with different
values of Az, for ¢ = 0.01, and At =1 x 1073,
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Then, we study the convergence as € goes to 0. It is quite obvious that the numerical
scheme (3.3.10) formally converges to the numerical scheme (3.3.11). Hence we can com-
pare the solution of (3.3.11) with the solution of (3.3.10) for several values of € to see if
we can indeed observe some convergence as £ goes to 0. Thus we represent the relative

error .
XN = X[l go,py

||XN||122([[07J}])
where X is the solution of (3.3.11) and X°¢ the solution of (3.3.10). In Figure 3.7, we
2

represent this error for initial data such that Xy = X§ = ¢~ 7 and n§ = —|X§|2.

0.25 4

0.20

0.15 A

0.10 A

0.05

0.00 A

0.0 0.2 0.4 0.6 0.8 1.0
epsilon

Figure 3.7 — Relative error in £2-norm between the limiting scheme (3.3.11) and the scheme
z2

(3.3.10) for different values of €, with initial data Xy = X§ = e~ 2, At = 0.01, Az = 0.1.

We can also represent this relative error for Xy = X5 = v/2 cosh(x) ™! the soliton and
n§ = —|X§|?, which is a standing wave solution for deterministic nonlinear Schrodinger
equation and Zakharov system. This is done in Figure 3.8. In both cases, we observe the
convergence of the solution of the scheme (3.3.10) to the solution of (3.3.11), but the
convergence seems to be stronger with the soliton as initial data than with the Gaussian
function.

The situation is different for the numerical scheme (3.3.12), because we can not define
a limiting scheme. Indeed, even for the deterministic case, letting ¢ going to 0 in the

equation on mj_, in (3.3.12) gives us for example
i1 + M5 = —2[XG, (3.3.16)
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0.016

0.014

0.012

0.010 A

0.008

0.006 -

0.004

0.002

0.000

0.0 0.2 0.4 0.6 0.8 1.0
epsilon

Figure 3.8 — Relative error in £2-norm between the limiting scheme (3.3.11) and the scheme
(3.3.10) for different values of , with initial data X, = X§ = v/2cosh(z)~!, At = 0.01,
Az = 0.1.

but the equation on X ; requires ng and not nf_,. This scheme needs initial conditions for
X, but also for n, which is not supposed to appear to describe the nonlinear Schrodinger
equation. More importantly, one can check that the discretization of the noise in (3.3.12)
introduces correlations between the increments of the Wiener process, thus (3.3.12) cannot
be a good scheme for small values of € since the discretization does not converge to a

Stratonovich noise. Figures 3.9 and 3.10 represent the error HXJE\}T - X3¢ 2o’ with X"

solution of (3.3.10) and X=¢ solution of (3.3.12) for several values of e. In both cases we

(E2
choose initial data such that n§ = —|X¢|?, but in Figure 3.9 we take X§" = X§% = e~ %

whereas in Figure 3.10 we take X" = X5“ = /2 cosh(z) L. In both cases, we observe that

. . . G
even if the two solutions are close, the difference HX;;T - Xy

strongly increases as

¢2[0,J]
e goes to 0, which seems to confirm our intuition concerning the behavior of the scheme

(3.3.12) for small values of .
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0.0008 -
0.0006 -
0.0004

OIOOOZ | V\/\

0.0000 4

0.0 0.2 0.4 0.6 0.8 1.0
epsilon

Figure 3.9 — Error in (*>norm between the schemes (3.3.12) and (3.3.10) for different
22
values of ¢, with initial data X" = X5 = e~2, At = 0.01, Az = 0.1.

0.005

0.004

0.003

0.002

0.001 A

0.000 A

0.0 0.2 0.4 0.6 0.8 1.0
epsilon

Figure 3.10 — Error in ¢*norm between the schemes (3.3.12) and (3.3.10) for different
values of e, with initial data X§" = Xg'“ = v/2cosh(z)*, At = 0.01, Az = 0.1.

3.4 Appendix

We prove that the process (n, mf), defined in (3.1.5) satisfies (3.1.8) in Assumptions

3.1.0.1. We recall the numerical scheme:

M1~ _ me

At k+5
e 2 . (3.4.1)
kL k& 61_%7”051‘1"31 Yk

At £ k’-‘rg £ k}+§ ejm



We prove that the scheme satisfies (3.1.8) replacing the quantities ng, 1 and mg 1 by nj,
2 2

and mg_, in order to lighten the computations. The scheme becomes:

€ € O
M) _at () A (3.4.2)
My 11 my, L

1 —At
A= </\At 1 aAt) .
= T

The eigenvalues of the matrix A are

with

ry =1+2 (a+va?—4X) if a? — 41 >0,
r=1+4 ot if o — 4\ =0,

ry =1+ (ativAd—a?) ifa? —4XA <0.

Note that we will often be in the third case with complex eigenvalues, because formally A
represents an eigenvalue the Laplace operator while o stands for the damping term. We
place ourselves in this case: there exists a matrix P € GLy(C) composed of eigenvectors
of A such that

ng 0 ng L 0 0
p-t| e} s Jzn i R R p! (3.4.3)
(m) ( :) mi) \0 - e

A computation gives us:

p1 i€ % (a — /4N — oﬂ) -1
—é (Oz+i\/4)\—a2) 1/

) —pr TR (3.4.4)
by, mj,

|~

)

Then if we define
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we get, according to (3.4.3) and because 7 is a standard Gaussian random variable:

7 iV At )

iV At .
@+ ———
VEVAN — a?

<ai ﬁm7k> (

€ £ 1
E [|ak+1|2 + |bk+1|2] <E [ —
T+

+i2 b5+—im b?——im
r_ K VeEVAN — a? T k VEVAN — a? T

Now, using the independence between (a5, b5) and -, and the fact that - is a standard

Gaussian random variable, to deal with the products E[(a§, — a5)yx] and E[(b5 — b5)yx],

1P/ o 1 At
" <|ak| T2 2k

1P 1 At
T ba2 - =2
+‘r <| | +4)\_a2€7k)

we get

E[laz.,[? + 55, 1?] <E U

Since |ry| > 1 and |r_| > 1, a straightforward recursion argument gives us:

2¢ 20

E[| 5 |2+|b5 |2] <E[| 5|2+|b5|2]Jr 1 At% i i
Tkt k1l ]S B Ll 0 AN—a? e “iry r_

1 At 1 1
€12 £12
<E[las + [55°] + AN—a? e <|r+|2—1 * |r_|2—1>'

We detail the computation for the term involving r,, the procedure is the same for the

other term.

oAt 11 A
4)\—a25|r+|2—1_4)\—a25°‘?m+0‘1§2t2
1 1
< —
4N — a? «

since 4\ — a? > 0. We conclude that

E [Jag” + ;]
sup sup sup < 00, 3.4.5
e€(0,1] Ate(0,Atg] keN 1+E [|a6|2 + |198|2] ( )

and from this result we get (3.1.8) for nf and mj§ using the relation (3.4.4).
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Approximation diffusion pour des équations dispersives

Mot clés : Approximation diffusion, équation de Schrédinger non linéaire, systéme de Zakha-

rov, schémas AP

Résumé : Cette thése porte sur des pro-
blémes d’approximation diffusion. On s’inté-
resse plus particulierement a I'équation de
Schrédinger avec une non linéarité de type
puissance, perturbée par un potentiel aléa-
toire. On montre la convergence en loi de la
solution de cette équation vers celle d’'une
équation de Schrédinger stochastique, dirigée
par un processus de Wiener. On étudie éga-
lement le systéme de Zakharov stochastique,

et 'on se sert de la méthode de la Fonction
Test Perturbée pour prouver une convergence
vers une équation de Schrédinger cubique
stochastique. Enfin, on s’intéresse a la notion
de schémas numériques préservant I'asymp-
totique. On propose alors un schéma numé-
rique approchant la solution du systeme de
Zakharov stochastique, qui converge vers un
schéma numérique approchant la solution de
I'équation de Schrddinger stochastique limite.

Approximation diffusion for dispersive equations

Keywords: Approximation diffusion, Nonlinear Schrédinger equation, Zakharov system, AP

schemes

Abstract: This thesis deals with approxima-
tion diffusion problems. More precisely we
study the Nonlinear Schrédinger equation with
a random potential. We prove that the so-
lution of this equation converges in distribu-
tion to the solution of a stochastic Nonlinear
Schrddinger equation, driven by a Wiener pro-
cess. We also study the stochastic Zakharov
system, and we use the Perturbed test Func-
tion method to prove the convergence of the

solution of this system to the solution of a
cubic stochastic Schrddinger equation. Finally
we study the theory of Asymptotic Preserv-
ing numerical schemes. We present a numer-
ical scheme which approximates the solution
of the stochastic Zakharov system, and which
converges to a numerical scheme approxi-
mating the soluton of the limiting stochastic
Schrédinger equation.
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