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Abstract

The purpose of this thesis has been the development of a dimensioning tool for
pavement design. In order to better understand their surface degradations (mainly
rutting and cracking), a modelling study is carried out. This modelling task has been
performed with contact mechanics tools. Particularly, a semi-analytical model has
been developed, based on Fast Fourier Transform (FFT) and Conjugate Gradient
Method (CGM) algorithms. With view to achieve a more realistic modelling of
the tire-pavement contact, the focus has been put on three aspects of the contact
problem.

Firstly, the multi-layered aspect of the pavement has been considered. Using
the Papkovich-Neuber potentials, the influence coefficients have been found in the
Fourier frequency domain. A numerical inversion using FFT algorithms has allowed
to find the influence coefficients in the space domain.

Secondly, the viscoelastic behaviour of asphaltic materials, used in roads con-
struction, has been accounted. To this aim, an Elastic/Viscoelastic correspondence
has been proposed. This correspondence imposes to recalculate the influence co-
efficients at every time step. These additional calculations imply an increase of
the computation time; however, the simulations remain straight and fast. In addi-
tion, the proposed correspondence is exact in some cases (especially in steady-state
regime); and it is an approximation in the other cases where the committed error
has been shown to be marginal.

Thirdly, the effects of the tangential overall forces have been integrated to the
rolling contact. The goal is that the present tool can be able to simulate acceleration,
braking, turnaround, etc. cases where tangential forces and/or moment are applied
on the wheel in addition to the normal force (which is generally the weight of the car
or truck). This tractive rolling contact has been solved between elastically dissimilar
bodies submitted not only to tangential forces but also to a spinning moment.

All these aspects, introduced together in the model, have allowed to perform
various parametric analyses for a better grasp of their influence on general contacts.
Furthermore, an application of the developed model has allowed to simulate realistic
cases of rolling contact between the tire and the pavement. From examples such as
acceleration, turnaround and drift, it has been proven that the tangential forces
increase significantly the overall stresses.

Keywords Roads, contact modelling, tractive rolling contact, coating, multi-
layered bodies, viscoelasticity, fretting contact, tire-pavement contact.
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Résumé

Cette thèse a été consacrée au développement d’un outil numérique de dimension-
nement des chaussées. En effet, la récurrence des dégradations observées à la surface
des chaussées, pousse la recherche scientifique à s’intéresser à leur compréhension.
Le but est donc de mieux cerner l’origine de ces dégradations, mieux les prédire
afin de mieux les mâıtriser dans le processus de dimensionnement des chaussées.
C’est dans cette optique que s’inscrit la présente étude. Pour ce faire, une étude
numérique est réalisée. Elle est basée sur une modélisation semi-analytique du con-
tact. La méthode couple des solutions analytiques et des méthodes d’accélération
numériques telles que la méthode du gradient conjugué (CGM) et les algorithmes de
transformée de Fourier rapide (FFT). Pour atteindre une modélisation plus réaliste
du contact pneu-chaussée, trois principaux aspects sont modélisés dans ce travail.

Dans un premier temps, il est important de prendre en compte l’aspect multi-
couche de la structure de la chaussée. On utilise les coefficients de Papkovich-Neuber
qui donnent des formes pour les contraintes et déplacements élastiques. En faisant
une transformée de Fourier de ces dernières et en résolvant les conditions aux lim-
ites, on obtient les coefficients d’influence d’un espace semi-infini multicouche avec
un nombre quelconque de couches.

Deuxièmement, la viscoélasticité est intégrée. Il s’agit de mettre en exergue le
comportement viscoélastique des chaussées dû principalement à l’utilisation signi-
ficative de l’asphalte dans la composition des matériaux. Afin d’intégrer ce com-
portement viscoélastique, une méthode de correspondance Elastique/Viscoélastique
est proposée. Cette méthode impose de recalculer les coefficients d’influence à chaque
pas de temps, occasionnant ainsi une augmentation des temps de calcul. Toutefois,
les simulations restent très rapides par comparaison avec la méthode des Eléments
Finis.

Troisièmement, le contact roulant est modélisé avec la prise en compte des effets
tangentiels et du coefficient de frottement statique. Le but est de pouvoir analyser les
régimes transitoires (accélération, freinage, virage, etc.) pendant le roulement. Pour
ce faire, il faut prendre en compte non seulement l’effort normal appliqué au contact,
mais aussi le frottement à l’interface et les efforts tangentiels et éventuellement un
moment de torsion.

Les différents aspects de la modélisation sont validés avec des modèles de la
littérature. De plus, différentes études paramétriques permettent de mieux saisir
les aspects sus cités. L’application du modèle au contact pneu-chaussée a permis
de montrer que dans les cas transitoires tels que l’accélération, le freinage, le vi-
rage, le dérapage, les effets tangentiels entrainent un accroissement significatif des
contraintes dans la structure chaussée, surtout près de la surface.
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Resumé étendu en français

Contexte
La modélisation des chaussées revêt un intérêt incontournable pour la société. En
2015, l’entretien courant et préventif du réseau routier national en France coûte
environ 15 milliards d’euro. La plupart de ces fonds est consacrée aux zones urbaines
où les dégradations de surface sont particulièrement marquées.

Par ailleurs, la réalisation et la maintenance des routes génèrent de la pollution
(matières premières pétrolifères utilisées) et une consommation énergétique signi-
ficative (fabrication à environ 120◦ C pour les enrobés tièdes).

C’est dans ce context socio-économique et écologique que le projet MACADAM,
soutenu par l’ANR1, propose de rapprocher les expérimentations du Génie Civil et
les outils numériques de la mécanique du contact. Le projet comporte donc deux
objectifs principaux conjoints:

• Le premier volet vise à la création d’une plateforme expérimentale pour une
qualification et une validation des procédés industriels. Cette tâche est portée
par le GC2D2 qui est experte entre autres dans l’étude expérimentale des
routes.

• Le second volet a pour objectif de créer un outil de dimensionnement rationnel
de la couche de surface de la chaussée. Il est porté par le LaMCoS3 qui
developpe des outils numériques pour la modélisation avancée des problèmes
de contact.

Il faut noter que la raison d’être du projet MACADAM se trouve dans l’incapacité
de la méthode actuelle de dimensionnement des chaussées en France à expliquer les
dégradations en surface. En effet, la méthode de dimensionnement actuelle, basée
sur le logiciel ALIZE se fait à la base des structures sans résolution du contact et en
prenant en compte uniquement un effort normal appliqué à un pneu de géométrie
idéalisée. Cette approche présente deux failles qu’il semble important de souligner.

1Agence Nationale de Recherche. L’ANR soutient financièrement le projet MACADAM, sous
la référence ANR-17-CE22-0006-02

2Laboratoire de Génie Civil, Diagnostic et Durabilité, Université de Limoges.
3Laboratoire de Mécanique des Contacts et des Structures, INSA Lyon.

1

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés
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D’une part, l’utilisation d’un profile idéalisé de pneu permet de répartir uniforme-
ment les contraintes à la surface de la chaussée; et de ce fait de ne pas tenir compte
des singularités du profile réel du pneu qui engendre de nombreux pics de contraintes.
D’autre part, imposer un effort normal uniquement lors du dimensionnement revient
à négliger les efforts tangentiels qui, pourtant, peuvent avoir une contribution sig-
nificative sur les contraintes. Pour s’en convaincre, il est facile de constater que
les dégradations des chaussées sont accentuées dans les phases transitoires de roule-
ment (aux feux tricolores, aux giratoires, etc.). La France, possédant le plus grand
nombre de giratoire au monde (plus de 30000), doit prendre en compte ces aspects
tangentiels pour un bon dimensionnement de ses chaussées.

C’est ainsi que la présente étude, effectuée dans le cadre d’une thèse de doc-
torat, s’inscrit dans l’optique d’une meilleure compréhension des mécanismes de
dégradation des couches de surface des chaussées. Pour ce faire, un outil de
modélisation, destiné á intégrer une méthode de dimensionnement des chaussées,
est conçu. Il s’agira donc d’effectuer la seconde tâche du projet MACADAM.

Après une revue de la littérature concernant le dimensionnement des chaussées,
l’état actuel de la mécanique du contact est brièvement abordé. Par la suite, le
modèle général sur lequel tout le travail sera basé, est présenté. Ce modèle de
contact est construit sur une méthode semi-analytique qui utilise des solutions ana-
lytiques, complétées de techniques numériques d’accélération pour la réduction des
temps de calculs. En effet, les algorithmes de transformée de Fourier rapide (FFT)
et ceux de gradient conjugué (CGM) permettent de résoudre rapidement différents
problèmes dont le problème de contact. Pendant que la première aide notamment
dans le calcul des produits de convolution, la seconde technique permet de trouver
la solution d’un problème de minimisation contraint par convergence.
Sur la base de ce modèle de contact, de nouveaux aspects du contact seront intro-
duits. Il s’agit de :

• Prendre en compte la structure multi-couche de la chaussée. La formulation
des contraintes et déplacements élastiques à l’aide des potentiels de Papkovich-
Neuber permet de trouver les coefficients d’influence qui nous intéressent dans
le domaine fréquentiel de Fourier. Une inversion numérique permet ensuite
de trouver ces coefficients dans l’espace réel. L’utilisation de ces coefficients
d’influence permet donc d’étendre la solution du problème de contact aux corps
revêtus de plusieurs couches de revêtements de comportements différents.

• Intégrer la viscoélasticité. Une méthode de correspondance Elas-
tique/Viscoélastique est proposée pour extraire des solutions élastiques, les
équivalentes viscoélastiques. Un contact roulant libre est ensuite résolu sur
un matériau multicouche viscoélastique. Les régimes transitoire et permanent
d’évolution du champ de pression dans le contact sont observés. La méthode
de correspondance proposée est exacte en régime permanent et est une ap-
proximation en régime transitoire. Toutefois, l’erreur commise au cours de
l’approximation se trouve être marginale par comparaison avec un modèle
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Eléments Finis(EF). De plus, le modèle développé montre une rapidité qui est
d’à peu près 800 fois supérieure à un modèle EF développé dans le logiciel
commercial Abaqus.

• Modéliser le contact roulant tractif. L’effet des cisaillements est pris en compte
dans le contact roulant. En effet, le contact roulant peut être effectué en
présence d’une force tangentielle et/ou d’un moment tel qu’on peut l’observer
en phase d’accélération ou de virage par exemple. De ce fait, il est important
de les modéliser afin de voir leur impact dans le cas du contact pneu-chaussée.
En utilisant la théorie de Kalker qui définit cette situation de roulement, les
outils numériques utilisés dans ce travail permettent une résolution rapide des
régimes transitoire et permanent de ce roulement tractif.

Ces différents aspects introduits ensemble dans le modèle initial de contact, sont
apparus comme nouveau dans la littérature scientifique sur le sujet. Ainsi, d’une
part, des études paramétriques ont été effectuées dans le cas d’un contact roulant
libre sur un massif multi-couche viscoélastique (les couches ayant des comportements
viscoélastiques différents); d’autre part, une analyse des effets des forces tractives sur
le contact roulant a été effectuée lorsque les matériaux en contact sont élastiquement
dissimilaires et multicouches.

Finalement, une application du modèle développé au contact pneu chaussée, a
permis de répondre aux questions concernant l’utilisation des profiles idéalisés dans
la modélisation de ce contact. L’analyse a également montré que les contraintes sont
sous évaluées lorsque l’on ne considère pas les effets de cisaillement dans le contact
roulant. En l’occurence, la simulation d’un phénomène d’accélération montre un
accroissement des contraintes de la surface jusqu’à la première interface qui à l’heure
actuelle est dimensionnante.

Organisation du manuscrit
Le présent document est organisé en 7 différents chapitres dont les contenus sont
résumés ci-dessous.

• Chapitre 1 : Le premier chapitre de cette thèse s’intéresse à l’état de l’art
dans deux disciplines: le contact pneu-chaussée et la mécanique du contact.
Dans un premier temps, une vue d’ensemble du contact pneu-chaussée est
donnée. Il s’agit de retracer les enjeux expérimentaux et de modélisation qui
ont marqué la recherche sur ce sujet. Le prisme est dans ce cas du Génie
Civil. Dans un second temps, une introduction de la mécanique du contact
est faite. L’état de l’art sur les méthodes de modélisation dans ce domaines
sont revues. Cela concerne entre autres les méthodes analytiques, les méthodes
semi-analytiques et les méthodes basées sur les Eléments Finis. Par ailleurs, on
s’attarde sur contact roulant qui est le cas principal d’intérêt dans la présente
application.
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• Chapitre 2 : Le second chapitre du document introduit à la méthode de
modélisation utilisée dans ce travail. Il s’agit d’une méthode semi-analytique
de résolution du contact dans sa forme générale (composante normale + com-
posante tangentielle). La particularité de cette méthode réside dans le fait
que -comme son nom l’indique, elle utilise partiellement des solutions analy-
tiques. Ces solutions analytiques sont complétées de méthodes d’accélération
pour gagner en rapidité. Le problème est donc formulé sous une forme qui
permet d’utiliser une méthode de convergence: le gradient conjugé (CGM) qui
permet de descendre, par itérations, rapidement vers la solution.
De plus, l’hypothèse de linéarité admise dans ce travail permet d’appliquer le
principe de superposition . Ce principe de superposition des réponses unitaires
(coefficients d’influence) induit des produits de convolution pour le calcul des
champs élastiques (et plus tard viscoélastiques). Pour le calcul de ces pro-
duits de convolution, les algorithmes de transformée de Fourier rapides (FFT)
seront utilisés pour permettre de réduire le nombre d’opérations et par rico-
chet le temps de calcul.
Le modèle ainsi obtenu sera validé par des résultats admis comme références
dans la littérature.

• Chapitre 3 : Dans le troisiÃ¨me chapitre, le premier aspect original de ce
travail est abordé: la viscoélasticité dans les corps multicouches. Un espace
semi-infini revêtu d’un unique revêtement est étudié. Tout d’abord, les coeffi-
cients d’influences sont déterminés pour cet espace en élasticité. Le substrat
et le revêtement sont élastiques homogènes et isotropes, et ont des comporte-
ments différents. L’épaisseur du revêtement est constante. Pour passer en
viscoélasticité, une méthode de correspondance Elastique/Viscoélastique est
proposée. Cette méthode s’appuie sur le changement de comportement de la
structure à chaque instant avec une prise en compte de l’histoire du charge-
ment. Le modèle ainsi obtenu est validé par comparaison avec un modèle EF;
suivi d’une étude paramétrique sur les paramètres viscoélastiques.

• Chapitre 4 : La méthode de correspondance proposée au chapitre précédent
pour une structure bicouche est étendue à une structure multicouche avec un
nombre quelconque de couches. La méthodologie est répliquée: on trouve
les coefficients d’influence élastiques qui correspondent à une structure multi-
couche; la méthode de correspondance Elastique/Viscoélastique est alors ap-
pliquée pour un nombre quelconque de couches viscoélastiques d’épaisseurs et
de comportements différents.

• Chapitre 5 : Dans ce chapitre, le contact roulant est modélisé dans sa forme la
plus générale, tenant en compte non seulement le chargement normal pendant
le roulement mais aussi les effets tangentiels. Ce contact roulant qui considère
les effets du frottement statique et les efforts tractifs est appelé le roulement
tractif. Ce dernier est modélisé en utilisant la théorie de Kalker et les out-
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ils numériques présentés précédemment. Dans ce travail, les corps considérés
peuvent être élastiquement dissimilaires, et les efforts tangentiels globaux sont
des entrées du problème. Il faut également noter la prise en compte d’un mo-
ment de torsion dans la modélisation. Cette modélisation du contact roulant
tractif permettra par la suite de simuler les phénomènes transitoires tels que
l’accélération, le freinage, les virages, etc. Dans ce chapitre, le contact roulant
tractif est modélisé et validé avec des résultats issus de la littérature scien-
tifique. Un vaste étude paramétrique a été réalisée autour des configurations
de chargement; et pour un contact entre matériaux élastiquement similaires,
et pour un contact entre matériaux élastiquement dissimilaires.

• Chapitre 6 : Le chapitre 6 de cette thèse s’intéresse au fretting contact qui a
des applications dans plusieurs domaines comme par exemple les éléments de
machines et les roulements. L’un des objectifs ici est de montrer la capacité du
modèle à s’étendre à des applications hors du champ du contact pneu-chaussée.
Le fretting contact est caractérisé par un chargement répétitif qui peut être en
déplacement ou en effort. Ainsi, le but est d’analyser les effets de ce contact à
l’interface substrat/revêtement et dans une structure multicouche. L’analyse
tourne autour des cas de référence de Spence, de Cattaneo et du mode I de
fretting.

• Chapitre 7 : Enfin, le dernier chapitre est consacré à l’application pneu-
chaussée. Dans un premier temps, les géométries des deux corps sont obtenues
et leur influence analysée. Pour le pneu, un procédé de photogrammétrie per-
met de reconsitituer le profil de la surface d’un pneu réel. La surface de
la chaussée est quant à elle obtenue par génération aléatoire d’une surface
rugueuse. Plus loin, le contact roulant tractif est simulé et comparé au roule-
ment libre. Ces comparaisons montrent que le frottement et les effets tangen-
tiels accroissent de manière non négligeable les contraintes dans la structure
chaussée. Par ailleurs, une validation expérimentale de l’étude est faite avec
un essai grandeur nature utilisant un simulateur de traffic.

Conclusions
En somme, un modèle de contact semi-analytique a été developpé pour l’application
pneu-chaussée. Ce modèle intègre les aspects multicouche et viscoélastique de la
chaussée, en plus des forces tractives au cours du roulement. Pour la prise en
compte de l’aspect multicouche de la chaussée, il a fallu déterminer les coeffi-
cients d’influence correspondant; tandis que pour la viscoélasticité, une méthode
de correspondance Elastique/Viscoélastique a été proposée. Le roulement tractif est
modélisé en prenant en compte et les efforts tangentiels et le moment de torsion.
L’analyse possède deux principaux volets interdépendants: la surface de contact et
le volume représentant la structure chaussée.
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Finalement, l’utilisation de ce modèle a permis non seulement de faire des études
paramétriques pour mieux cerner les différents aspects abordés, mais aussi d’aller
vers une meilleure compréhension de l’application pneu-chaussée. Il en ressort par
exemple qu’il est important voire primordial de prendre en compte les effets tangen-
tiels dans la conception de chaussées.
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Introduction

Maintenance of roads in cities implies both economical and ecological considera-
tions. Indeed, in 2015 in France, 15 billions of Euro have been dedicated to the
maintenance of road pavements in cities. Meanwhile, the bituminous materials
used for road construction, are petroleum based. Thus, road construction processes
generate pollution and high energy consumption. In this socio-economical and eco-
logical context, the MACADAM project, supported by the ANR4, aims at coupling
experimental investigations from civil engineering, with numerical modelling from
mechanical engineering, for a better understanding of the surface degradations of
pavements.

MACADAM project
The MACADAM project has been initiated in 2017 by the laboratories GC2D5 and
LaMCoS6 which are respectively from civil engineering and mechanical engineering.
The project has two main goals:

• The first part is the conception of a modelling tool for the dimensioning of the
surface of road pavements. It is endorsed by the LaMCoS which is specialised
in developing efficient modelling tools for contact mechanics.

• The second part concerns an experimental platform for the qualification and
the validation of industrial processes. This task is performed in the laboratory
GC2D which is competent in civil engineering for roads and experimental
research on the topic.

The first task of this project holds because the current methods, for the di-
mensioning of pavements, are unable to explain the early surface degradation of
pavements. In fact, the actual normalised dimensioning method in France is based
on the ALIZE software which makes the dimensioning at the base of layers without

4Agence Nationale de Recherche
The ANR financially supports the MACADAM project under the reference ANR-17-CE22-0 0
06-02.

5Laboratoire de Génie Civil, Diagnostic et Durabilité, Université de Limoges.
6Laboratoire de Mécanique des Contacts et des Structures, INSA Lyon.
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solving the contact. Morevover, it only takes into account a normal force distributed
over an idealised footprint. This dimensioning method has two flaws that it is im-
portant to underline.
On one side, using idealised footprints implies an uniform distribution of the ap-
plied stresses at the surface; and thus, the singularities of the real tire profiles which
generate peaks of stress, are not considered. On the other side, applying only a
normal load means to neglect the tangential loads. However, it is easy to remark
that degradation of pavements are emphasized in transient phases of rolling (traffic
lights, roundabout, etc.).

The present PhD work, performed in the LaMCoS, constitutes the first task of
the MACADAM project.

The Modelling task of the MACADAM project
Degradations observed at the surface of road pavements are due to repeated solicita-
tions from cars and trucks. Those solicitations occur under changing environmental
conditions (seasons cycle, temperature, freeze-thaw cycles, etc.). Since roads are ex-
posed to those various types of attacks, various physics are involved in their fatigue.
The present work focuses on the mechanical aspects.

In this scope, the conception of a road pavement for a chosen life cycle imposes
a modelling step during the process. To this aim, the civil engineer in charge of
the conception is required to use a conception tool which has to be efficient and
precise. The actual existing tools do not always show simultaneously these two
important characteristics. Indeed, efficiency allows the engineer to make quickly
all the calculations needed for a good dimensioning. Meanwhile, the precision is
mandatory for building roads for the desired life cycle. Nowadays, the precision of
the road conception software has appeared to be good except in the zone close to
the surface.

Drawn from the above observations, the present study aims at building an effi-
cient and precise tool which will allow to perform a good modelling including in the
zone close to the road surface. For this purpose, modern contact mechanics tools are
called upon. Since contact mechanics is completely dedicated to the development
of tools for the understanding of contact between bodies, it is ideal for this topic.
Then, a fast and efficient method for modelling the contact between the tire and the
pavement is developed by coupling analytical solving with numerical techniques.

Therefore, in the present work, this civil engineering topic is treated as a me-
chanical problem with contact mechanics tools. The emphasis is put on three main
aspects. Firstly, the multi-layered structure of the pavement is modelled. Secondly,
the viscoelastic behaviour of the bodies in contact is taken into account. This is
important for accounting the viscous behaviour of the asphaltic materials widely
used in the road construction. Finally, the effects of the transient tractive rolling
contact are highlighted. Previous researches have shown that the shear effects can
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be significant even in a rolling motion. Thus, they must not be neglected as it is
done currently in the pavement field.
Those aspects are treated throughout this document following the structure de-
scribed below.

Manuscript outline
In the first chapter, a bird-eye view is given for the pavement field. The history of
the tire-pavement modelling is presented. The experimental challenges through the
history, as well as the actual modelling requirements are reviewed. The modelling of
the tire-pavement contact are grouped into elastic modelling, viscoelastic modelling,
dynamic modelling and other modelling containing non-linearities. In addition, the
various methods used for those modelling are highlighted. Further, a general pre-
sentation of contact mechanics is performed with a particular interest put on the
rolling contact.
The following chapters focus on the modelling where either material properties (elas-
tic or viscoelastic), half-space structure (homogeneous, single layered, multi-layered)
or type of loading (free rolling, tractive rolling, fretting) are changed and/or com-
bined (see Fig. 1).

In the second chapter, the general method used throughout the present work is
presented. The general contact problem is solved. The normal and the tangential
contact problems are solved with a semi-analytical method. In this respect, Fast
Fourier Transform (FFT) and Conjugate Gradient Method (CGM) algorithms are
used as acceleration techniques. For the validation, classical partial slip problem are
simulated and compared to analytical results.

The chapters 3 and 4 are dedicated to the contact between viscoelastic layered
bodies. In chapter 3, the influence coefficients for a single layered half-space are de-
termined. Using Papkovich-Neuber potentials, those influence coefficients are found
in the Fourier frequency domain. Then, a numerical inversion is performed for find-
ing them in the space domain. Further, after a brief introduction to viscoelasticity,
an Elastic/Viscoelastic correspondence is proposed. In this way the contact between
viscoelastic single layered bodies can be solved.
An extension of the works of chapter 3 is done in chapter 4 for multi-layered bodies.
In the latter chapter, the influence coefficients are found for a multi-layered half-
space. For this purpose, a matrix system is constructed and numerically solved in
the frequency domain; and a numerical inversion is made.

In chapter 5, the rolling contact is analysed with the contact shear tractions
effects. The so-called tractive rolling contact is solved in both transient and steady-
state regimes. From the Kalker’s theory, the present numerical tools allow to propose
a fast and efficient algorithm for solving the problem. The proposed algorithm allows
to impose not only tangential forces, but also a spinning moment. Moreover, the
tractive rolling contact is solved between elastically dissimilar and multi-layered
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Figure 1: Summary of the manuscript outline.

bodies.
In the following chapter 6, the fretting contact problem is tackled between multi-

layered bodies. The effects of a coating on the fretting contact is analysed through
the observation of both contact surface and coating/substrate interface. The Spence
and Cattaneo-Mindlin shifts are computed for multi-layered bodies, as well as a
fretting loop in mode I.

In the last chapter, the developed model is applied to the tire-pavement mod-
elling. The effects of real tire and real surface profiles are investigated. Further, the
tractive rolling contact is simulated with a real tire profile on the pavement. Re-
alistic cases (acceleration, turnaround, drift) are studied. Finally, an experimental
validation is performed.
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Chapter 1

Bibliography

In this chapter, the background of the present study is
given. Firstly, the context of the study is drawn out from

the historical considerations to the practical actual
challenges. This being done, a review of the literature is
performed. Finally, a brief introduction to the contact
mechanics science is given, with a special view on the

numerical methods in the field.
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Context of the study

1.1 Context of the study

Roads certainly exist since animals and humans move. The first roads formed natu-
rally because of the need to move from one point to another, avoiding obstacles and
dangers. The pre-modern roads were built in the context of trades between people
from different places. Those roads were paved soil, beaten-earth or made of crushed
gravel. The road construction field which rose in the late Middle Ages, reached a
key milestone with the industrial revolution (1800s).

In France, in 1764, Pierre Marie Jérôme Trésaguet brought a scientific eye to
the road construction. He found out that the deeper layer of the road transfers all
the charges to the ground. Thus, there was a need to add a coating to the road
structure in order to protect the sub-layers.
In 1815, in England, John Loudon McAdam proposed to crush stones so that they
have a specific size before introducing them in a mix of sand and water. This
technique had a great impact by reducing the deterioration of roads under more
traffic and heavier loads.
In the 1900s, with the beginning of democratisation of cars, there was a need for
more and more roads. In the meantime, world wars allowed a terrific increase of
roads and highways. From then, the road pavements have been improved in term of
structure (engineer and scientists tried to adapt the conception to the usage) and
in term of material (introduction of new materials, mix of materials; development
of the material science).

Besides, the history of tires is definitely related to the industrial revolution. The
first tire seems to have been invented by Robert William Thomson in 1845, but with
no success at that time. In 1888, John Boyd Dunlop applied for the first pneumatic’s
patent [DUN 49]. His idea consisted in taking advantage of the vulcanisation of
rubber, developed by Charles Goodyear in 1841 [COR 13], in order to change the
full tire of bicycles by pneumatics full of air. That innovation brought out the tire
type that is still known today. Further, industrials tried to optimise and to adapt
tires to their different usages, and to reach better performances. In this respect, the
shape, the surface profile as well as the materials have been improved to become the
tires used today.
Evidently, the progress is continuing; and in 2021, in the numerical and smart
technologies era, the improvement is not ended yet. Many firms are working on
airless and smart tires such as Michelin Uptis [MIC 19], Goodyear Aero [GOO 19],
Hankook Hexonic [HAN 18], etc. (see Fig. 1.1).

Finally, in the actual state, the development of the material science for roads
and the efforts made for a better conception of roads are undeniable. Nevertheless,
it seems that the pavement field is still lagging behind.
Figure 1.2 shows some of the many failures that one can observe at the surface of
road pavements. The most commonly observed failures are cracking and rutting.
For cracking, there are two frequently observed modes: the longitudinal cracking and
the transversal cracking. The longitudinal cracking (in Fig. 1.2(a)) is the cracking of
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Figure 1.1: Innovative tire projects. From left to right, Michelin Uptis [MIC 19],
Goodyear Aero [GOO 19], Hankook Hexonic [HAN 18].

the road pavement in the rolling direction. Even if its origin is not clearly identified,
the longitudinal cracking is generally said to be due to frost action, different volume
changes in sub-layers or fatigue coming from an under-dimensioning. Meanwhile, the
transversal cracking in Fig. 1.2(b) appears in the transverse direction to the rolling.
This type of cracking is said to come from down to top and caused by thermal
effects or localised weaknesses of the structure. As result of the combination of
the longitudinal and the transversal cracking, one can observe what is called map
cracking in Fig. 1.2(c).

Furthermore, rutting (see Fig. 1.2(d)) is frequently observed at the surface of
road pavements. It is a permanent deformation of the road, also due to an under-
dimensioning of the layers of the pavement structure.

Many other failures can appear on the roads as a result of other physical phe-
nomena impacting the structure. In order to reduce the appearance of those failures,
the present study aims at setting up a mechanical modelling for the development of
a conception tool for civil engineers. The study focuses on road pavement structures
since the goal is to reduce their degradations.

In fact, the conception of a road pavement involves the choice of a type of
road structure, the analysis of operating conditions in order to determine the best
materials, and then the choice of the right thicknesses for the layers. The engineer’s
goal is not to create new materials or to create new structure types. The previous
engineering works coupled with experience and research works have lead to various
indexes of possible pavement structures and existing materials. From a country to
another, specific norms are used to select structure types corresponding to a set of
criteria. Thus, the engineer is required to choose the best structure type for the
application and then to play with the parameters in order to meet the requirements.
In the present research work, the focus is put on developing a general tool which
can be used to make calculations for any type of pavement structure and thickness
of layers. This tool is intended to integrate a dimensioning method.
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(a) (b)

(c) (d)

Figure 1.2: Some failures on the surface of road pavements. a) Longitudinal
cracking; b) Transversal cracking; c) Map cracking; d) Rutting.

Therefore, in this chapter, a bird-eye view of the pavement field is given. Firstly,
the general structure of road pavements is described, with a particular look on ”flex-
ible pavements”. Secondly, the way those pavements are designed in a construction
process is described. Further, a review of the literature concerning the tire-pavement
topic is given with view to precise the domain on which this work holds. In a final
section, generalities and a small review are given for the contact mechanics field
which is the bedrock of the present study.
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Figure 1.3: Flexible pavement structure. Average elastic moduli in the horizontal
axis versus average thicknesses in the vertical axis.

1.2 Structure of road pavements
A road pavement is a multi-layered structure which consists of a certain number of
layers lying or bounded to a soil or a foundation (see Fig. 1.3). In general, a distinc-
tion is made between flexible and rigid pavement structures. The flexible pavements
consist of stone or gravel layers covered with asphaltic concrete, while the rigid
pavements are made of an assembly of concrete layers on a foundation. For specific
applications, engineers can combine rigid and flexible pavements components.
Whatever the case, road pavements are multi-layered structures, and thus it makes
no difference in term of mechanical modelling if not only parametrisation. In the
present work, flexible pavements are taken as the reference structure.

From the top to the bottom, a typical flexible pavement (see Fig. 1.3) structure
consists of:

1. Surface or wearing course: it is the part of the pavement structure which is
directly exposed to traffic. It is, most of the time, made of multiple layers. In
one hand, this course is designed to resist to the abrasive effect of the traffic,
the thermal attacks due to climate, accidental punchings, etc. In another hand,
the wearing course should assure comfort to the user by having good adherence,
evacuating water, limiting noise and being well integrated to the architectural
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environment in cities. For the surface course, good quality aggregates and
high dense bitumen or asphalt are recommended.

2. Base course: it is the main supporting layer for the transfer of stresses to
the ground. The base course provides the required foundation stiffness and
structural strength. It consists of a single or multiple layers placed on a sub-
base, or lying directly on the foundation if a sub-base is not used. It aims at
providing a uniform and stable support to the surface course. The base course
is made of good quality crushed aggregates in line with technical specifications.
If the crushed aggregate does not meet the required criteria it can be stabilised
with cement, lime, or asphalt.

3. Sub-base course: this optional layer comes to strengthen the sub-grade and
provides an answer to some functional requirements. In fact, it prevents the
entry of finely graded sub-grade soil to the base course layer, prevents the
capillary rise of water and enables free drainage of the water entering the
pavement. It also provides insulation to sub-grade against frost and is used
for raising the heights of pavements to be in line with the natural water table.
Note that the sub-base course is optional since its use depends on the strength
of the foundation. Thus, its usage might be limited to an adjusting layer.

4. Sub-grade, road bed or pavement foundation: it is the natural soil on which the
pavement rests. It is the natural foundation made of the compacted, locally
available, strong material.

In this study, three important mechanical aspects of the tire-pavement contact
are taken into account: the multilayered characteristic of the pavement, the fric-
tional effects in the contact and the viscoelastic behaviour of the pavement.
The latter aspect is due to the fact that the materials used for the construction of the
pavement contain asphalt materials. Asphalt materials, also called bituminous ma-
terials, are sticky and highly viscous liquid or semi-solid forms of petroleum. They
are mixed with aggregates and used as materials in the construction of pavements.
In France, among the wide range types of asphaltic pavement structures that ex-
ist, four are mainly used: flexible pavements, thick asphalt pavements, composite
pavements and inverted pavements [SET 94] (see Fig. 1.4).

This wide usage of asphalt materials in the pavement imposes to question the
impact of their viscous behaviour on the general behaviour of the pavement struc-
ture. The answer to this question demands to model the viscoelasticity throughout
the study.

Finally, the above summarised illustration of a flexible pavement known, the di-
mensioning can be performed. Generally, it is the job of a civil engineer to handle
this conception. For building a road, not only the mechanical aspects have to be en-
sured, but also economical, environmental and social aspects. The socio-economical
discussions are generally prior to the technical dimensioning. In the next section,
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Figure 1.4: The different French asphalt pavements [SET 94].

the technical dimensioning of flexible pavement is discussed through various methods
from different countries.

1.3 Flexible pavements dimensioning
Flexible pavements are the most used for big traffic zones. Their dimensioning is
chosen here to exemplify the dimensioning of pavements. Note that the dimensioning
of pavements may occur in rehabilitations cases also.
First of all, some commonly used dimensioning criteria are given. Then, normalised
methods from several countries are examined.

1.3.1 The dimensioning criteria
The dimensioning of pavements is performed according to a set of criteria. A road
pavement in the center of a city should not be build as highway; nor a road in
France as one in Togo according to the cultural use of the structures and to the
environmental conditions. The choice of the structure of a pavement regards a
certain number of criteria related to the norm used by the engineer. Although, this
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choice depends on the dimensioning method, some criteria are common to all the
methods:

1. The quality of the sub-grade: the strength of the natural foundation available
is to be verified by measuring the deflection under an applied normalised load.
The deflection is the normal displacement at the surface induced by the load-
ing. For new pavements, the deflection indicates directly the strength of the
foundation; while in the case of rehabilitations, the original deflection (before
the first pavement) is influenced by the remain courses.

2. The service life: it is a time generally between 10 and 50 years, function of the
builder’s strategy. This time depends on the investment and the maintenance
strategies of the builder. The road is built to last for a service life time without
any big rehabilitation work. In the strategy of the builder, the service life is
coupled with the risk in calculation with regard to economical considerations.

3. The risk in the calculations: it is the probability (of risk) that a disorder
appears in the pavement before the end of the service life. For a road built
for a life time of 30 years for example, the road is not supposed to assure a
perfect service for 30 years and then brutally break after the life service time.
Of course, some damage will appear in the road before, without demanding to
carry out a lot of maintenance work. A risk of 5%, for example, means that
during the life time, there is 95% chance that no structural disorder will appear
in the pavement. According to the initial investment, the builder chooses a
couple service life-risk in the calculations that brings a corresponding ”level of
service”. For instance, if the initial investment is high, corresponding to a high
service life (20-30 years for example), a low risk will be taken. On contrary,
for the same demand of service life, if the initial investment is low, the risk
will be high with consequence that the traffic will be frequently interrupt for
maintenance.

4. The traffic: it is often considered as the number of vehicles over a specific
period. In the French method, it is the number of heavy vehicles per day in a
year for a way and a direction. In UK, the design traffic is expressed in terms
of millions of standard axles over the number of years for which the pavement
is designed. For every country, there is a norm of the admissible charge of the
axle and a maximum charge to be considered for a heavy vehicle.

5. Climate and environmental conditions: they are as various as impacting. The
water status of the sub-grade, the seasons cycle, the temperatures, the freeze-
thaw cycles, etc. have an undeniable impact on the overall resistance, de-
formability and durability of the pavement.

The above criteria are mainly based on the french dimensioning (see [SET 94]) but
appear to be common in some way to many dimensioning methods.
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1.3.2 Some dimensioning methods
The American Method The Americans were the first to rationalise the dimen-
sioning process by performing experiments for the pavement design. From data
gathered in the famous AASHO1 Road Test [BOA 62], many reports have been
made with view to use those data to improve the design of road pavements. The re-
sulting book for the design engineer is the Mechanistic-Empirical Pavement Design
Guide (MEPDG) by the AASHTO in 2008 [AAS 08]. In the MEPDG, the design
is exposed as ”an iterative process -the outputs from the procedure are pavement
distresses and smoothness, not layer thicknesses”. Three stages are to be considered:

4 Evaluation: the site is investigated, soil properties are evaluated, environ-
ment and climate conditions are analysed as well as the traffic. In the case
of rehabilitation, existing materials are re-evaluated and distress surveys are
performed.

4 Analysis: the engineer selects a trial design strategy. Stresses, strains, deflec-
tions and incremental damage are calculated. Then, the engineer can verify
if the pavement meets the criteria. A reliability analysis is performed using
developed models. If the criteria are not met, the design features or materials
are modified and the process is started over. This step is repeated as needed
until the performance criteria are met. When they are met, the trial design
becomes a feasible design.

4 Strategy selection: this step consists in analysing the engineering and con-
structability, evaluating the costs, the viability and the life-cycle of the chosen
feasible strategy.

The British Method The British method is also based on an empirical approach
which has been coupled further with the theory of structures and the material sci-
ence. The reference documents for the pavement conception in United Kingdom are
the ”Design Manuel for Roads and Bridges”(DMRB) by the Highways Agency in
2006 [AGE 06]. In the DMRB, one can find a suit of reports concerning the require-
ments and advices for pavement design, maintenance, operation and disposal. The
reports embody results from research and practical experience of constructing and
operating. The dimensioning method described in the version of 2006 of the DMRB
is a quite simple method for flexible, semi-rigid and rigid pavements. The graphs
allow the engineer to find the thicknesses of the layers with regard to the traffic and
the materials chosen for a type of pavement structure.

The South African Method The pavement dimensioning in South Africa began
in 1970 with the South Africa Mechanistic Design Method (SAMDM). In an overview

1The American Association of State Highway Officials (AASHO) was renamed the American
Association of State Highway and Transportation Officials (AASHTO) on November 13, 1973.
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published in 1996, Theyse et al. [THE 96] have drawn the constitutive elements of
the procedure. The design process in the SAMDM starts with the load and material
characterisation. For each layer, the thickness and the elastic properties are found;
and the structural analysis is performed. The pavement response in term of stresses
and strains is then found at the critical positions of the structure. The response
of the pavement structure serves as input to the transfer functions which allow to
predict fatigue life, crack initiation, permanent deformations. This procedure is
repeated by changing the materials, thicknesses of layers until the requirements are
met.

The French Method In France, the dimensioning of pavements structures had
begun in the 1950s, with empirical methods and some elements taken from the
American method. In the meantime, the calculation of the critical stress in the
pavement structure for the design, has been a real challenge. The evolution of the
models used to do so is summarised below.

v The model of Boussinesq (1885): The first model used for designing the
pavements is the model of Boussinesq [BOU 85] which considers the pavement
as a homogeneous half-space. The model of Boussinesq, developed to solve
contact problems in solid mechanics is a good starting point for the road
design. The idea is to determine a criteria at a depth z considered as the
thickness of the top layer of the pavement structure. One may note that it
is highly unrealistic to think the pavement structure as a homogeneous half-
space.

v The Westergaard’s model (1926): Further, single layered structures
have been proposed for the design. In this spirit, the Westergaard’s
model [WES 26b, WES 26a, WES 27] has been the first bi-layer model to
be used. It consists of a plate resting on a ground which is considered as a set
of springs. The interaction between the plate and the ground is represented
by a proportionality relation. The model developed by Westergaard has been
used by the U.S Bureau of Public Roads (in the USA) for investigations on the
structural behaviour of concrete pavements. By comparing the critical corner
stress obtained with the model and the measurements, it has been found that
the Westergaard’s formula always gives too small stress [HUA 04].

v The Hogg’s model (1938): The model developed by Hogg [HOG 38,
HOG 44] is a bi-layer consisting of a plate resting on the Boussinesq half-
space model. The plate is supposed to simulate the rheological behaviour of
the pavement, while the half-space represents the ground.
In the same way as the Westergaard’s model, the plate theory is used to de-
termine the tensile stress using the vertical displacements at the base of the
plate. Thus, the result is applied to the half-space of Boussinesq.
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v The Burmister’s model (1945): Burmister [BUR 45c, BUR 45a, BUR 45b]
has treated the problem of an elastic layer resting on a half-space. Here, the
layer is not a plate but an elastic solid. Further, the model has been extend
to any n layers resting on a half-space. The french software Alizé-LCPC,
developed by the ”Laboratoire Central des Ponts et Chaussées (LCPC)” is
based on the model of Burmister. Following the mechanical solution exposed
above, stresses and strains are calculated and then compared to the admissible
ones for the desired application. In addition, a reverse calculation has been
developed so that equivalent moduli can be found from a normal displacement
at the surface. The french method of dimensioning uses very widely the Alizé
software for its quickness, the materials library and its relative simplicity.
However, it presents some limitations such as:

– the loading considered is not the real profile of the tire but idealised
footprints as contact zone,

– only a normal load is applied i.e. the tangential effects are not considered,
– the pavement is purely elastic.

Note that by the end of the 1950s, the model of Jeuffroy-Bachelez [JEU 62] had been
very important in the design of pavements in France. This model is combination
of the Hogg’s model and the Burmister’s model. In the Hogg’s model, instead of
applying the desired deflection to the half-space of Boussinesq, it is applied to the
Burmister single layered half-space. Although this model does not seem relevant
since it is possible in theory to have any number of layers with the Burmister’s
model, it had been very useful. In fact, in 1955, this model uses a bi-layer of
Burmister since computation tools were not developed enough. Thus, it was a good
alternative to set a plate resting on a layered half-space to have a tri-layer. The
resulting tri-layer structure allowed to establish very complete abacus tables for
engineers.

Furthermore, in 1971, a system of pre-computed index and validated with exper-
iments, had been approved for the dimensioning method. The so-called ”Catalogue
des structures types de chaussées neuves” has been improved to reach its edition
of 1998 [SET 98]. This revised edition is based on the ”Conception et dimension-
nement des structures de chaussées” [SET 94] which embodies the knowledges from
the various stakeholders of the road topic in France. It is very important to cite
the technical guide of the Sétra-LCPC (2003) [SET 03] which defines the criteria for
the evaluations by the administration. The index of 1998 and the technical guide of
2003 are together the main documents of the French dimensioning method.
Nowadays, in the French dimensioning method, a pavement structure type is chosen
according to the above documents and a pre-dimensioning is performed. Then, the
dimensioning is done using the software Alizé which is based on the elastic Burmis-
ter’s model for an indefinite number of layers. The goal of the calculations is to find
the right thicknesses of the layers in order to support the charges during the life
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cycle of the structure. The last step of the dimensioning is to verify the freeze-thaw
of the pavement structure because the thaw of a huge quantity of water can mess
the foundation. The reader may refer to the report of Berthier [BER 09] for more
general informations on the French dimensioning method.

In summary, many dimensioning methods have been erected by responsible au-
thorities in countries for conception and rehabilitation of pavement structures. All
those methods are generally based on empirical observations, experimental and mod-
elling research works. The contribution of research works to the progresses in the
pavement conception field has been and is still significant. In the following section,
a review of the literature is performed around this tire-pavement topic.

1.4 Tire-pavement in the research literature
In the history of physics, the first step has often been observation. According to
the present tire-pavement subject, the observation of degradations on roads built
by experience, brought out the need for a better understanding of those failures.
From experience, experimental works have been carried out for a better grasp of
those degradations. In the following lines a focus is put on some of the experimental
works done in the early development of the tire-pavement field, as well as some
innovative tests which have followed.

1.4.1 Tire-pavement Experiments
Before 1958, road pavements conception had been made with empirical methods
based on observation of previous road pavements behaviour. Between 1958 and
1960 in the United States of America (precisely in Ottowa, Illinois), the Ameri-
can Association of States Highway Officials (AASHO) performed the first full-scale
experiments for the tire-pavement conception(see Fig. 1.5). The so-called AASHO
Road Test, was performed in specific environmental conditions, for a certain number
of axle configurations, tire pressures, axle settings, and 1.1 million axle load repeti-
tions [BOA 62]. The AASHO Road Test results have been largely used inside and
outside of the USA. It is quite famous and is considered as the first data base for
the dimensioning methods.

In the USA, other tests have followed such as the Westrack project [noa02], the
Minnesota Road Research Project (Mn/Road) and the National Center for Asphalt
Technology (NCAT) Test Track (Brown et al. [BRO 02]). Each of those tests had
aimed to gather new informations for various environmental conditions and for dif-
ferent pavement structure types. Moreover, the performance of pavement structures
under moving loads is analysed. For instance, the gathered data from the AASHO
road test concern cracking (the amount of cracking at the pavement surface at a
given time, rutting (the rut depth), pumping (the ejection of water and sub-base
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material or embankment soil from beneath the pavement surfacing), displacements
at the surface (slope, deflection, etc.), effects of frost, etc.

Figure 1.5: AASHO Road Test. Example of experiment comparing the effects of
a low pressure-low silhouette tires (left) and conventional tires (right). [BOA 62]

In the meantime, following this novelty, innovative tests have been introduced
throughout the world. One of the major challenges was to capture experimentally
the stresses at contact interface. To achieve this goal, some innovative tests and
sensors have been thought and built up.

For measuring the contact pressure distribution beneath a statically loaded truck,
Marshek et al. [MAR 86] developed an experiment using a pressure sensitive film
(see Fig. 1.6). The film consists of a coating with ink bubbles and a photocell which
is able to read the intensity of the blots left by the ink bubbles burst under the
pressure of the tire. Using the apparatus, the authors have highlighted the effect
of the inflation on the pressures. It comes for example that the high inflation of
the tire induces the move of the peak pressures from the tire shoulder toward the
centerline.

The previous observations have also been made by Tielking and Abra-
ham [TIE 94] by using another testing apparatus. They measured the contact
stresses using triaxial load sensors in order to have the complete stress profile. The
advantage in this case is the measurement of shears in the contact zone.

Further, the experiments have aimed at measuring the contact pressures and
shears but for moving load. In this scope, de Beer et al. [BEE 96] developed the
Vehicle-Road Surface Pressure Transducer Array (VRSPTA) system in association
with the Laboratory of Advanced Engineering of the University of Pretoria, to mea-
sure vertical, longitudinal and transverse stresses at the surface of the pavement.
The VRSPTA has allowed to record longitudinal and lateral stresses for a moving
wheel in full scale experiments (see Fig. 1.7).
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Figure 1.6: Testing apparatus for the measurement of the tire contact pressure
using the a pressure sensitive film. [MAR 86]

Among other testing procedures for moving load on pavement structures, Howell
et al. [HOW 86] used strain-gauged elements to quantify the stresses. The strain-
gauged elements disposed in platen were suspended beneath the tire by cables. The
purpose of those tests was to obtain forces in the footprint of commercial transport
air-planes.

In recent technologies, electronic is coupled with software for the measurement
of various footprints. In this respect, a commercial electronic based pressure sensor
TekScan is used by Manyo et al. [MAN 19a] to capture the pressure field in the
contact for a moving load. The sensor is in form of a thin film on which are dis-
tributed square elementary sensors. The variation of resistivity of the sensors allows
to determine the pressure and so to have the global footprint under load. Figure 1.8
shows the sensor in the tire contact pressure measurement application. By coupling
this technology to a semi-analytical model, the authors have highlighted the need for
taking into account the real tire profile toward the understanding of the top-down
cracking phenomena observed in pavements.

Apart from the capture of the fields in the tire-pavement contact, the experimen-
tal works have faced other challenges such as capturing the viscoelastic phenomena,
reproducing the fatigue life cycle of the road pavement under specific controlled
conditions, measuring the dynamic response of the pavement, etc.
Within these scopes, Hugo and Kennedy [HUG 85] have performed laboratory stud-
ies for a better grasp of the cracking phenomena observed at the surface of road
pavements in South Africa. By performing full scale tests, they have showed in
their experiments that the surface cracking of asphalt mixture in South Africa was
due to aging, elasto-plastic behaviour and thermal effects. The latter result con-
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firms the importance to investigate if the viscoelastic effects, due to temperature,
are detrimental with respect to the elastic dimensioning.

The reader may have noted that the full scale testing is a common procedure in
the tire-pavement field from the very beginning. This testing habit is justified by
the overall behaviour of the pavement materials which is highly anisotropic at the
mesoscopic scale. And this anisotropy makes difficult to scale down the structure
to smaller apparatuses where it would be much difficult to find the right equivalent
materials.

Around the experiments, various models have been erected. The models based
only on the experiments are named empirical models since they are only based
on observations and experimental measurements. Those models can be coupled
with mathematical modellings to give mechanistic-empirical models. In practice,
nowadays, only mechanistic-empirical models are used in the pavement conception
processes. The empirical part has been reviewed briefly above; it is of certain interest
to cast a look on the mechanistic part i.e. the modelling.

The modelling of tire-pavement contact has been performed widely under various
hypothesis. In order to give a bird-eye view of those modelling within the literature, a
review is performed with the following classification: elastic modelling (the pavement
is considered elastic), viscoelastic modelling, dynamic modelling and finally other
modelling taking into account non-linearities (mainly cracking and rutting).

1.4.2 Elastic Modelling of Road Pavements
By the materials used to build pavements and the arrangement of layers, roads are
very complex structures from both local and global points of view. However, in
modelling, the simplest way to grasp the structure is to consider that the material
are elastic and then to focus on the structure. In the actual state of the art, for
many mechanical topics, the models can be classified into four categories: empirical,
analytical, semi-analytical and Finite Element based models. This classification is
particularly relevant for the analysis of the elastic modelling of pavement structures.

v The empirical models: the empirical models are based on simple observa-
tion of the soils and existing roads, and relatively simple tests for the con-
ception of new roads. In the USA, empirical methods have been used for the
first time by the Public Roads (PR) by doing a classification of the soils, but
without performing any strength test. In 1929, the empirical method with a
strength test had been used by the Califoria Highway Department [POR 50].
The method is based on the California Bearing Ratio (CBR) which is de-
fined as: the penetration resistance of a sub-grade soil relative to a standard
crushed rock. The CBR method of design was studied extensively by the U.S.
Corps of Engineers during World War II and became a very popular method
after the war. However, it is limited because it is confined to a specific set of
environmental, material and loading conditions. The change of one of those
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parameters implies to start over the modelling.
To overcome this disadvantage, analytical models have been introduced.

v The analytical models: they are (from the beginning to the end) math-
ematically formulated and solved. Those models are usually limited to two-
dimensions, to simple loadings and idealised geometries. They give simple
criteria for dimensioning but are limited to some types of analysis. The mod-
els used in the design before software in France are analytical models.
Another family of models, called the foundation models which use springs and
dampers to represent the elastic and viscoelastic behaviour of the foundation
are also analytical when solve under the two-dimension hypothesis (example in
Fig. 1.10). They are discussed by Kerr [KER 64] who exposes the mathemat-
ical formulations and explains the physical problems and limitations involved.

In addition, some analytical theories are discussed by Vesic and Sax-
ena [VES 69] for rigid pavements. They are also divided into the ones based
on the theory of elastic isotropic half-space, on one side; and those based on
elastic springs, on the other side.
To move forward to more complex solutions, there was a need to take ad-
vantage of the numerical procedures and computational science. Then, the
methodology has consisted in coupling computation with analytical solutions
in order to build fast and efficient models.

v The semi-analytical models: they use numerical strength to solve the an-
alytical problems which are too complicated to be solved by hand. The an-
alytical solutions are pushed till a certain complex point and then numerical
tools are used to end the calculations. For instance, Reynaud et al. [REY 17]
and Manyo et al. [MAN 21] used a semi-analytical contact model to solve the
tractive rolling contact between the tire and pavement. Their model uses the
Boussinesq and Love formulations coupled with Fast Fourier Transform algo-
rithms and Conjugate Gradient Methods to solve the tire-pavement contact.
Another example of semi-analytical model is the multi-asperity procedure of
Dubois et al. [DUB 12], coupled with the Boussinesq half-space solution at a
local level to find the contact pressures for different road textures. Note that
in contact mechanics many semi-analytical models have been developed and
might be use for the present tire-pavement contact (see section 1.5.5 for some
semi-analytical methods in contact mechanics).

v Finite Element Models (FEM): they appear to be the very versatile tool
for solving solid mechanics problems since the development of computational
science. As the tire-pavement contact problem can certainly be considered
as a mechanical problem, Finite Element based models have been developed
to solve the problem for various points of view. In one hand, efforts were
put by researchers to model the tire-pavement contact with a special focus on
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either the pavement or the tire [TIE 87, FAR 92, BEC 97, SOO 04, NAC 04,
WAN 11a, WOL 16]. Those studies aimed at analysing the impact of the
elastic stresses used for the dimensioning. For example, Fig. 1.10 shows the
contact stresses and slip for a FE modelling by Nackenhorst [NAC 04] using
an Arbitrary Lagrangian Eulerian (ALE) formulation.
Another aspect is the analysis of the tire-pavement contact by setting a hyper-
elastic tire. This has been performed by some authors such as Bass [BAS 87],
Hernandez et al. [HER 17]. For instance, Bass performed his studies by tak-
ing into account the friction at the contact interface between a hyperelastic
cylinder and a rigid flat foundation with the purpose of analysing the effects
of spinning and cornering. This modelling which pays a particular attention
to the tire has also the advantage to have been performed in 3D. In fact, the
spinning and cornering effects have to be modelled in 3D because of the out-
of-plane effects ignored by a 2D model.
Despite its time consuming aspect, FEM allows to model numerically various
complex and coupled phenomena. Thus, it has provided a lot of research works
as we will see throughout this chapter and further in the document.

The elastic modelling has mainly allowed to understand the effects of a static
load on the pavement. The impact of tire inflation, as well as the impacts of friction,
tire type, structure type have been better caught with those modelling. However,
the tire-pavement contact cannot be limited to elasticity scope. The use of asphaltic
materials which are highly viscous, as seen in section 1.2, gives to the structure a
non negligible viscoelastic behaviour.

1.4.3 Viscoelastic Modelling of Road Pavements
Viscoelastic effects can be briefly described as the time dependence of the material
behaviour coupled with the load history. Pavement materials such as asphalt mix-
tures have viscous properties which are emphasised with temperature. Therefore,
the stresses and strains have to be related with time dependent laws. The rheologi-
cal response of the bituminous concrete has pushed the development of viscoelastic
theories in the field. Among others, Hugo and Kennedy [HUG 85] have showed
experimentally the effects of the temperature on the cracking near the surface of
pavements. Then, it becomes important to take into account the thermal effects.
To do so, an alternative way is chosen. It is based on the fact that the viscous
behaviour of the pavements is dramatically increased with temperature. Therefore,
for a given temperature the equivalent material properties are set for the modelling.
Thus, the viscoelastic modelling allows to cover the thermal effects indirectly.

In term of modelling, analytical, semi-analytical and FE models still stand.
For analytical and semi-analytical models, the elastic/viscoelastic correspondence
of Lee [LEE 60] is often used to turn an existing elastic solution to a viscoelastic
one. Many approaches have been developped on the basis of the elastic models.
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One of the theories consists in a viscoelastic plate resting on a viscoelastic solid
foundation (see [WES 67] and [PIS 61] for instance).

Another approach goes from the elastic bi-layer of Burmister [BUR 45c,
BUR 45a, BUR 45b] in two-dimensions to a viscoelastic bilayer. Ishihara [ISH 62]
used that approach to study two-layer systems where the base as well as the founda-
tion can be viscoelastic. Chou and Larew [CHO 69] used a similar approach to model
stresses and displacements under a moving load. Elliot and Moavenzadeh [ELL 71]
performed the study of a tri-layer using the same technique to obtain the stationary
solutions. Those works have been performed in 2D.

For the multi-layered viscoelastic case, the use of Fourier Transform is very
helpful. Softwares such as VEROAD [HOP ], ViscoRoute [CHA 10], KEN-
LAYER [HUA 04] use the Burmister model and the frequency representation of
viscoelastic materials to perform the calculations.

Further approaches have also been developped. The one of Papagiannakis et
al. [PAP 96] couples the Burmister’s model to viscoelasticity by using the Boltzman’s
superpostion principle to model stresses and displacements under a time dependent
load. In this way, the authors had been able to apply a recorded load data from
experiments to the model. It is also useful to remind viscoelastic modelling uses
spring and dampers foundation to represent the viscoelastic behaviour. Some of
them are recalled in the paper of Kerr [KER 64].
Note that all those works have been performed in two dimensions.

Beside the above analytical and semi-analytical models, FE models also have
grown and improved. For some works on the subject the reader may refer
to [ODE 86, KEN 87, PAD 87, NAK 87, BLA 02, MUL 07, ZIE 08, HOW 09,
KIM 09, LIA 10, TAH 18, BAZ 20], where the viscoelastic effects are analysed in
various contact configurations.

In summary, the modelling of viscoelastic behaviour of pavement structures al-
lows not only to highlight the time effect related to the material behaviour, but
also to take into account a history of loading and thus to take into accounts moving
loads. For moving bodies, dynamics effects can appear depending on the relative
velocity of the bodies. In the next section, the shady dynamic term is clarified and
various modellings of dynamic effects within the literature are presented.

1.4.4 Dynamic Modelling of Road Pavements
First of all, it is essential to precise that a confusion might be made when using
the term dynamic. In the literature, modelling of pavement under moving loads can
sometimes be called dynamic modelling, in the same way as the modelling of the
inertia effects.

In the first case, the studies are performed most of the time for an elastic or
viscoelastic pavements with a time-dependent loading (dynamic loading); and then
the so-called dynamic response of the pavement is in fact the viscoelastic response
of the pavement under a moving (dynamic) load. For instance, Hardy and Ce-
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bon [HAR 93] used Fourier Transforms to model the response of a pavement made
of a Winkler foundation resting on a rigid foundation and topped by a beam. A 3D
Finite Element in ABAQUS has been used by Zaghloul and White [ZAG 93] for the
analysis of the response of flexible pavements at various moving speed.

The second type of modelling of the dynamic response of pavements takes into
account the acceleration term (or the inertia term) in the equilibrium equation. Do-
ing so, Stolle [STO 91] has developed a semi-analytical model in which an analytical
explicit scheme is used and coupled with numerical integral calculation algorithms.
He found out that the dynamic deflection is different from the static one and that
the results of such a simulation can be used to interpret the Falling Weight Deflec-
tometer (FWD) test.
In the same spirit, Fig. 1.11 shows a comparison between the quasi-static and dy-
namic response for a FEM analysis by Li et al. [LI 16] for the purpose of reproducing
the FWD testing. The results show differences between the quasi-static and the dy-
namic analysis for the deflection-time histories. However, for the critical strain, the
differences are not significant. This means that with view to build a conception tool
for the engineer, it is not worth to perform a dynamic modelling because its ratio
benefit/cost will not be interesting.

Furthermore, Pan and Atluri [PAN 95] have developed a coupled Boundary Ele-
ment Method (BEM)-Finite Element Method (FEM) for the transient response of a
finite elastic plate resting on an elastic-half space. The numerical method employed
is a mix of: a time-domain BEM for the elastic foundation and a combination of
a time-domain BEM for the soil and a semi-discrete finite element method for the
finite sized elastic plate. Integration in time is carried out analytically and the so-
lution for a moving point on an infinite elastic plate resting on an elastic half-space
is derived.
Other FE models have been developped for the dynamic response of pavement and
can be find in [UDD 04, ALQ 08, YOO 08, PIC 09, ASS 20a].

It is important to note that all those studies showed that the static response of
the pavement is different from its dynamic response even for low frequencies.
However, the development of a real dynamic model is a completely different subject
that will not be covered here. Focus will be put on taking into account the vis-
coelastic behaviour of the pavement and the time dependence aspect of the loading
(i.e. the dynamic loading). In this way, the quasi-static response in viscoelasticity
will be found for moving loads on the pavement structure.

Toward the understanding of the damages at the surface of the roads, not only the
elastic, viscoelastic and dynamic modelling have been performed by the researchers.
The modelling of the cracking, rutting, damage, aging and other phenomena have
been investigated.
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1.4.5 Modelling of Non-Linearities in Road Pavements

At the surface of the roads, the observable non-linearities are rutting and cracking
(see Fig. 1.2).

Firstly, rutting is due to the accumulation of permanent deformations in the
pavement structure. Those permanent deformations may appear in the layers within
the structure, or they may appear at the surface. Surface rutting may be due
to the low quality of the asphalt mixture, to the inflation pressure of tires and
excessive loads [BRO 92, MYE 99, DRA 01]. The rutting is also very sensitive to
shear stresses in the structure as showed by Deacon et al. [DEA 02] and Monismith
et al. [MON 94].

Secondly, cracking of pavement structures is of two main types: the down-top
cracking and the top-down cracking. The down-top cracking may be due to the
traffic of heavy vehicles that provokes the initiation of cracking in the sub-layers
of the structure. Meanwhile, the top-down cracking is not really well understood.
However, it is possibly due to horizontal loadings at the surface [PET 09], or due to
shear. Wang et al. [WAN 03] proposed that the top-down cracking may be due to
both tensile and shear stresses; they are initiated when the mastic which binds the
mixture is weaker or when the pavement temperature is higher. The authors add
that ”a mixture sensitive to rutting may also be sensitive to cracking” to explain
that weak pavement structure favours potentially various non-linearities in the same
time.

The above rutting and cracking as well as other non-linearities appear in the
pavement after a considerable time of usage. Thus, the modelling of those non-
linearities aims at building predictive laws to use in the dimensioning process. In
this spirit, fatigue models based on experiments are the most used for the predic-
tion of those failures in the dimensioning processes. Experiments have shown that
damages are due, not only to the load, the number and location of axles, the type
of tires, but also to pavement properties, operating conditions and environmental
factors. The dimensioning methods aim to predict those rutting and cracking in
order to avoid them in the structure’s life time. Usually the strategy consists in
using the elastic models to obtain the field under load, and then to build transfer
or influence functions using experimental data to link the elastic field to the rutting
and cracking prediction.
There are a variety of fatigue transfer functions that are used by the different agen-
cies [SHE 98, BRO 92, MON 94, HAJ 05, AAS 08].
In research works, Deacon et al. [DEA 02] used the WesTack Test coupled with
an elastic multilayered analysis, to find the coefficients to use for the prediction of
permanent strain. Gillespie et al. [GIL 92] generated wheel load histories to build
influence functions in order to predict the overall pavement damage caused by a
truck. Shen and Carpenter [SHE 07a] incorporated the Fatigue Endurance Limit
(FEL) concept to the design of pavement using an energy based fatigue model, on
the basis of the material properties and load response. The model takes into account
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the healing effect due to the rest periods between loads.
In another side, various approaches have been introduced for the fatigue mod-

elling. In this respect, many models based on Finite Element modelling can be found
in the literature [TRA 04, SOU 05, AKB 05, SHE 07b, CHA 09, PET 09, ABU 12,
SUN 13, ELS 18] .

The non-linearities are of many kinds in reality and cannot be caught in to-
tality by neither experiments nor modelling. For example, the modification of the
microstructure of the materials during the lifetime, plasticity, visco-plasticity, the
thermal effects, etc. Some multi-physics modelling have been carried to take into
account those effects. For instance, Omairey et al. [OMA 21] have studied the ox-
idative ageing of asphalt pavements using a multi-physics FE model.

Ultimately, the non-linearities are various due to the multiple physics which can
act on the roads. Most of the time, the conception will try to prevent from rutting
and cracking. Since the purpose of the present work is the dimensioning part, the
interest is not put in modelling those non-linearities.

In summary, a review has been done on the research works within the literature
around the tire-pavement topic. Elastic, viscoelastic, dynamic modelling and the
modelling of non-linearities have been successively covered, in a non exhaustive way
though. However, the general concepts of the tire-pavement topic have been review.
From those knowledges, the goal is to build up a numerical tool based on contact
mechanics for the civil engineer in charge of pavements conception. Therefore, the
next section is completely dedicated to quickly review the state of art of the contact
mechanics field.
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Figure 1.7: Images of the Vehicle Road Surface Pressure Transducer Ar-
ray(VRSPTA) SIM MK II system during the UCB/NATC tests. [BEE 96]
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Figure 1.8: Tire contact pressures measurement using the Tekscan sensor
(www.tekscan.com).

Figure 1.9: A plate resting on a Pasternak foundation which is made of elastic
springs with shear interaction between them. [KER 64]
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Figure 1.10: Contact stress distributions and distribution of slip-velocities at 15%
driving slip. [NAC 04]

Figure 1.11: Comparison of dynamic and quasi-static analysis through (a)
deflection-time histories and (b) strain-time histories (D0 is the surface deflection
under the central load and D900 is the deflection 900 mm away from the central

load). [LI 16]
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1.5 Contact Mechanics
In this section, a rapid picture of contact mechanics is drawn. The history of contact
mechanics as a specific part of mechanics had begun with the first formalisation by
Hertz [HER 82]. Inspired by his works in optics, Hertz has treated the problem
of an ellipsoidal contact pressure on elastic solid bodies under some hypotheses
(see 1.5.2). Further, the industrial demand of knowledge for railways, rolling bear-
ings and gears have boosted the field. Later, contact mechanics has been called
upon to treat contact of frictional surfaces and inelastic bodies. The main historical
progresses in the field, before the arrival of powerful numerical methods, are well
exposed and summarised in the reference book of Johnson K. L. named ”Contact
Mechanics” [JOH 85].

In what follows next, the generalities of the contact mechanics are given. Then,
the pioneering theory of Hertz is exposed. Further, non-Hertzian contact are pre-
sented with a particular stop on the rolling contact. Finally, the current numerical
methods for solving contact problems are reviewed.

1.5.1 General Concept
In general, the contact problem considers two bodies of arbitrary surface shapes
which touch each other under an applied load. Each body can behave elastically
or inelastically (viscoelasticity, plasticity, etc.), be smooth or not, be moving or
static, be homogeneous or not, isotropic or anisotropic, etc. . According to the
profiles of the surfaces, a distinction is made between conforming (or conformal) and
non-conforming contacts. If, when brought into contact without deformation, the
bodies first touch at a point or a line, the contact will be called a non-conforming
contact. One can also say that the surface profiles of the bodies are dissimilar.
Otherwise, when the profiles fit together when there is no applied load, the contact
is a conforming one.
The contact between two bodies happens under normal and tangential loads. The
plane where the contact holds without load is to be considered when talking about
tangential loads. Moreover, one or both bodies can be moving.
As usual in modelling processes, some assumptions allow to simplify a real problem
to an approximative one which is relatively easier to solve.

1.5.2 Hertzian Contact
Hertzian contacts are the contacts that verify the conditions under which the pioneer
H. Hertz developed the first analytical contact solutions. The five main conditions
are:

• the materials are elastic, isotropic and homogeneous;

• the bodies are supposed continuous and non-conforming;
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• the strains are small;

• the surfaces are smooth and frictionless ;

• the bodies are assimilated to half-spaces.

The last condition means that the bodies are large in comparison to the contact
area. Thus, the stresses and the displacements vanish at infinity.
The theory of Hertz has been performed under those conditions for ellipsoidal contact
areas. The reader may refer to Contact Mechanics [JOH 85] where Johnson recalls
the solutions of Hertz and further developments that have been performed. Explicit
solutions are found in two-dimension for solids of revolution. The Hertz solution of
a circular contact region is recalled since it will be used very often for validation of
the developed model.

1.5.2.1 Circular contact area

Figure 1.12: Schematic representation of the Hertzian contact problem for solids
of revolution [CHA 11a].

The general problem is represented in Fig. 1.12. The relative curvature of the
bodies is defined as:

1
Req

= 1
R1

+ 1
R2
, (1.1)
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where Ri is the radius of the body i = 1,2. Also, Ei and νi are respectively the
Young modulus and the Poisson’s ratio of the body i. Then, the equivalent Young
modulus Eeq of the bodies is:

1
Eeq

= 1−ν2
1

E1
+ 1−ν2

2
E2

. (1.2)

For an overall normal force Fc acting, the contact radius a, the rigid body dis-
placement δz and the maximum contact pressure PHertz can be deduced. They are
written as follow:

a=
(

3FcReq
4Eeq

)1/3
(1.3)

δz = a2

Req
=
(

9F 2
c

16ReqE2
eq

)1/3
(1.4)

PHertz = 3Fc
2πa2 =

(
6FcE2

eq

π3R2
eq

)1/3

(1.5)

Further in the studies, circular contacts will be used for validation and parametric
studies. The above values will be useful to turn the results to dimensionless quan-
tities.
Contact zones are very frequently not circular. For contacts involving solids of
revolution, the general contact zone is elliptical.

1.5.2.2 Elliptic contact area

For the general elliptical case, finding the exact solution requires the use of elliptical
integrals. It also exist approximated solutions. Let’s recall the approximate solu-
tion using the approximation for elliptic integrals by Antoine et al. [ANT 06]. The
contact conditions are the same as in the previous section apart from the geometry
of the contacting bodies. Figure 1.13 shows the ellipsoids in contact in an elliptical
region. ω is the angle between the planes (O, ~x1,~z) and (O, ~x2,~z). The same no-
tations for the bodies are used as in the previous section: subscript i = 1,2 for the
body i. In addition, for each body the radii rix and riy in the x and y direction
respectively are defined. Thus, the curvatures are ρi = 1/ri. The curvature for the
contact geometry is defined with the curvature sum ∑

ρ and the curvature difference
Fρ:

∑
ρ=ρ1x+ρ1y +ρ2x+ρ2y, (1.6)

Fρ =−
(√

R2
I +R2

II + 2RIRII cos(2ω)
)
/
∑

ρ, (1.7)
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Figure 1.13: Schematic representation of the Hertzian contact problem for elliptical
contact areas [ANT 06].

where RI = ρ1x− ρ1y and RII = ρ2x− ρ2y. The relative curvatures of the contact
are then:

A=
∑
ρ

4 (1 +Fρ)

B =
∑
ρ

4 (1−Fρ).
(1.8)

Suppose an ellipse of semi-axes a and b, and define the parameter κ = a/b. Then,
the present approximate solution comes from the use of the elliptic integrals:

FF (κ) =
∫ π/2

0

(
1−

(
1− 1

κ2

)
sin2φ

)−1/3
dφ

Fε(κ) =
∫ π/2

0

(
1−

(
1− 1

κ2

)
sin2φ

)1/2
dφ

(1.9)

to solve the problem since approximate solutions exist for them.
The Hertzian theory allows to find the geometrical parameter Fρ by an implicit
equation:

Fρ = B/A−1
B/A+ 1 =

(
κ2 + 1

)
Fε(κ)−2FF (κ)

(κ2−1)Fε(κ) . (1.10)

In this way, the approximate functions of the elliptic integrals can be used to have
an approximation of the solutions. The approximation of the elliptic integrals of
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Eq. (1.9) are found to be:

FF (κ) =
(
α0 +α1m1 +α2m2

1
)
−
(
α3 +α4m1 +α5m2

1
)

lnm1,

Fε(κ) =
(
β0 +β1m1 +β2m2

1
)
−
(
β3m1 +β4m2

1
)

lnm1,
(1.11)

with
α0 1.3862944 α4 0.1213478 β2 0.1077812
α1 0.1119723 α5 0.0288729 β3 0.2452727
α2 0.0725296 β0 1 β4 0.0412496
α3 0.5 β1 0.4630151

Finally, the parameters, solution of the contact problem are found. The semi-axes
of the contact area are:

a=a∗
(

3Fc
2(A+B)E∗

)1/3
,

b=b∗
(

3Fc
2(A+B)E∗

)1/3
,

δz =δ∗z
( 3Fc

2E∗
)2/3 (A+B)1/3

2 ,

(1.12)

where the superscript ∗ represents the dimensionless parameters:

a∗ =
(

2κ2Fε(κ)
π

)1/3
,

b∗ =
(

2Fε(κ)
πκ

)1/3
,

δ∗z =2FF (κ)
π

(
π

2κ2Fε(κ)

)1/3
.

(1.13)

The force displacement relationship can be expressed as:

Fc =
25/2

3
E∗

(δ∗z)
3
2 (A+B) 1

2

δ3/2
z . (1.14)

1.5.3 Non-Hertzian Contact
When a contact frame does not meet the conditions listed in 1.5.2, it is a non-
Hertzian contact. In many works, the half-space condition has been maintained
since it allows anyway to get good results for many practical applications.

Conforming contacts happen when the contact area grows rapidly and may be-
come comparable with the significant dimensions of the bodies in contact. For
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example, when a shaft is in a bearing, the convex surface of the shaft fits with the
concave surface of the bearing, and this gives a conforming contact. The case of
conforming contact of a frictionless sphere in a cavity has been studied by Goodman
and Keer [GOO 65]. Hartnett [HAR 79], Nagatani and Imou [NAG 08] proposed
other methods to solve the frictionless elements in bearing contact problem while
Paul and Hashemi [PAU 81] have introduced numerical procedures to solve the con-
forming contact for wheel/rail contact application.

When dealing with asymmetric geometries or with singularities in the sur-
face profiles, other mathematical approaches have been introduced to solve the
two-dimensional contact problem. For instance, some authors such as Galin and
Gladwell [GLA 08] treated geometries with singularities. In their book, Alek-
sandrov and Pozharskii [ALE 01] proposed some solutions to solve those prob-
lems in three-dimension. Greenwood [GRE 66, GRE 70] as well as many other
authors [BUS 75, NÉL 06, RAD 19] analysed rough surface contacts.

In the case of inhomogeneous and/or inelastic bodies such as polymers, layered
solids, etc., the Hertz theory cannot take place. The anisotropic contact problems
in two dimensions are fully discussed in the book of Gladwell [GLA 08]. Gladwell
resumes the use of ”singular integral equations” and Fourier transform to solve the
contact problems. Some other aspects of contact involving inhomogeneities and
inelastic bodies are also discussed in [WIL 66, BOR 93, HWU 98, LI 06, BAG 12,
KOU 14b, KOU 15b, AMU 16b, NGU 20]. Furthermore, viscoelasticity in the con-
tact problems have been discussed extensively in the recent works. The modelling of
viscoelastic contacts has been treated by many authors from Lee and Radok [LEE 60]
to recent works [XU 20, ZHA 20, NGU 20, WAL 20, MEN 21], through [KAL 91,
GOR 95, CHE 11, KOU 14a, PUT 14, MEN 14, PUT 15, KOU 15b, PUT 16,
MEN 16, STE 16, KUS 17, SCA 17, PUT 18, STE 18, GOR 19, TOR 19], and oth-
ers. The modelling of viscoelastic contacts is now widely known and solved for
various motions (rolling, sliding, reciprocating, fretting), various punches (in terms
of geometry and mechanical properties) and with different methods (Boundary El-
ement Methods, Semi-Analytical Methods, Finite Element Methods).

Finally, layered bodies are of great interest in practice for thin films, coated bod-
ies and multilayered structures as the pavement structure. This problem is usually
treated using the Integral Transforms. The study of multi-layered half-spaces have
begun with the works of Burmister [BUR 45a] and extended further to the axisym-
metric and non-axisymmetric normal surface loadings by Chen [CHE 71]. Using an
approximation technique, Chen and Engel [CHE 72] solved the normal frictionless
contact for a multilayered half-space. Sneddon [SNE 51] and Gladwell [GLA 08]
have studied the problem of an elastic layer resting on a frictionless rigid substrate.
The same problem considering friction at the layer/substrate interface has been
studied by Bentall and Johnson [BEN 68].
With the development of the computational science, new methods have been de-
veloped for solving numerically mechanical problems. O’Sullivan and King [O’S 88]
have proposed a solution to the layered half-space problem using Papkovich-Neuber
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Authors Layer Viscoelastic substrate Viscoelastic coating Shear traction Method 2D/3D Transient regime
O’Sullivan and King [O’S 88] Yes No No Yes Numerical inverse transform 3D -

Nogi and Kato [NOG 97] Yes No No No CC-FFT 3D -
Hu et al. [HU 99] No No - Yes Direct method 3D -

Plumet and Dubourg [PLU 98] Yes No No Yes Direct method 3D -
Ai and Sawamiphakdi [AI 99] No No - Yes CC-FT + Decomposing 3D -
Polonsky and Keer [POL 99] Yes No No No CC-FT + Correction -

Liu and Wang [LIU 02] Yes No No Yes DC-FFT 3D -
Chen et al. [CHE 11] No Yes - No DC-FFT 3D Yes

Kalker [KAL 91] Yes Yes Yes Yes Numerical inversion 2D plane strain No
Carbone and Putignano [CAR 13] No Yes - No BEM 2D contact No

Koumi et al. [KOU 15b] No Yes - Yes DC-FFT 3D Yes
Spinu and Cerlinca [SPI 16] No Yes - Yes DC-FFT 3D Yes

Stepanov and Torskaya [STE 18] Yes No Yes No BEM 2D plane strain No
Wallace et al. [WAL 20] Yes Yes Yes Yes DC-FFT 3D Yes

Table 1.1: List of some of the work on contact analyses for layered half-space
and/or viscoelastic half-space

potentials and a numerical inverse transform. Drawn from that work, several meth-
ods have been proposed for the numerical inversion. A comparison of several meth-
ods for solving the contact problem on a viscoelastic layered half-space using nu-
merical methods is performed in Tab. 1.1.
For a general case of L layers, L being any positive integer, most of the literature
works are based on finite element methods [KOM 88, DJA 94, GOR 03, CHE 09,
KOT 12, ASS 20b]. Yu et al. [YU 14] solved the problem analytically in the Fourier
frequency domain by constructing a matrix system and used numerical algorithms
to find a semi-analytical solution for the influence coefficients. Note that in geology
science, the study of the ground have lead to the modelling of multi-layered systems
(see for instance [KUO 69, BUF 71, FAR 72, PEL 74]) but in 2-D.

In summary, the non-Hertzian contact problems have been extensively stud-
ied analytically and with numerical tools. Conforming contacts, contacts involving
particular surface profiles, inelastic bodies, inhomogeneous bodies, etc. have been
analysed in the research literature.
Furthermore, the contact problem has been studied for moving bodies. Indeed, the
tire pavement contact is a rolling contact. Thus, in the next part a rapid picture of
the state of art is drawn around the rolling contact.

1.5.4 Rolling Contact
Considering two bodies in contact (see Fig. 1.14), a rolling motion between them is
of interest. The rolling motion is a general angular motion about an axis parallel to
their common tangent plane. In some cases, the rolling motion may be accompanied
by the transmission of a tangential force. Then, two kinds of rolling motion can be
defined:

• Free rolling: when there is no tangential force accompanying the rolling mo-
tion. In this case, considering a reference moving frame centred in the contact
point O, the instantaneous tangential velocity of the particles in the contact
is zero. This is the typical case where the contact is supposed frictionless.
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Figure 1.14: Kinematic of the contact between two bodies [JOH 85].

• Tractive rolling: when an overall tangential force is transmitted during the
rolling motion. Due to friction, stick and slip zones coexist in the contact
area. Further, according to the friction law used, when the tangential exceeds
a certain value, the rolling motion turns into a sliding motion.

Solving the free rolling contact generally implies to solve only the normal contact
problem. In function of the properties of the bodies, several additional manipulations
of the solution can be performed. For example, in the case of viscoelastic bodies,
a translation of the solution has to be performed in order to take into account the
relaxation effect related to the history (see the solutions of Koumi et al. [KOU 15b]
for example).

Meanwhile, the tractive rolling contact imposes to solve both the normal and the
tangential components of the general contact problem. The tractive rolling contact
has been firstly developed for the railways application. In 1926, Carter [CAR 26]
studied the two-dimensional plane strain tractive rolling contact between elastic
cylinders. In the same period of time (1927) the problem has been examined by
Fromm [FRO 27].

1.5.4.1 Carter’s Theory

The theory developed by Carter [CAR 26] is based on a superposition of two so-
lutions. Firstly, the solution of a Hertzian contact is found for a stationary free
rolling cylinder on a plane. Carter has shown that in presence of a friction coeffi-
cient f , there is an apparition of a slip zone in the contact area, beside an adhesion
zone. Using the Coulomb’s law for friction, he found out that the solution of the
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problem is the superposition of two solutions q′x and q′′x, where q′′x is displaced by a
distance d = (a− c) so that adhesion zone obtained is adjacent to the leading edge
(see Fig. 1.15).

Figure 1.15: The solution of Carter for tractive rolling cylinder on a plane.

Finally, the contact shear stress in the rolling direction x is given by:

qx = q′x+ q′′x, (1.15)

where
q′x = µp0

√
1−

(
x
a

)2
−a≤ x≤ a, (1.16a)

q′′x =− (a−d)
a µp0

√
1−

(
x−d
a−d

)2
−a+ 2d≤ x≤ a, (1.16b)

with p0 the maximum contact pressure of Hertz.
In order to link the overall tangential tractive force Q to the slip zone for an applied
normal force Fc, the following relation is used:

d= a

(
1−

√
1− Q

fFc

)
. (1.17)

Further, the micro slip ratio in the longitudinal direction is found to be:

ξx =−fa
R

(
1−

√
1− Q

fFc

)
, (1.18)
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where R is the radius of the rolling cylinder.
Therefore, the stick/slip problem in the rolling contact has been solved in one-
dimension. It has been later improved by Haines and Ollerton [HAI 63] with a
strip theory in two-dimension, followed by the theory of Vermeulen and John-
son [VER 64]. The limits of these last two theories will be demonstrated later
by Kalker [KAL 68a]. Earlier, Cattaneo [CAT 38] then Mindlin [MIN 49] studied
the problem of partial slip but for a shift motion. Their analytical solution is also
one-dimensional. A spherical contact surface on which a normal and tangential force
is applied is considered. A micro slip ring is then observed around a central grip
area.

The works of Carter have given a good basis for the study of the slip in a rolling
contact. Further, another main highlight of the rolling contact has been brought
by the works of Kalker. Throughout his research works, Kalker has progressively
developed a very complete theory for solving the rolling contact problem.

1.5.4.2 Kalker’s theory

Joost J. Kalker developed a theory ”On the Rolling Contact of Two Elastic Bodies
in the Presence of Dry Friction” [KAL 68a] in his PhD dissertation. The works
were mainly motivated by the wheel-rail contact application. From this first theory,
Kalker has developped the linear theory which will be upgraded progressively to
reach the exact theory based on the principle of virtual work [KAL 90]. A review
can be found in Zaazaa and Schwab [ZAA 09] which pays tribute and underlines the
key lines of the brilliant works of Kalker. The main points in the development of
his theory are recalled here.

Consider a wheel rolling with a velocity v on a rail in a fix coordinate system.
For a circumferential velocity c relative to the center of the wheel, the rigid slip is
defined as :

ṡ = v+c = |v|
(
ξx−ϕy
ξy +ϕx

)
(1.19)

in a moving coordinate system. ξx, ξy and ϕ are longitudinal, lateral and spin creep-
ages respectively. The creepages are the quantities used to describe the tangential
micro rigid body displacements. They can be seen as micro slips. The slip zone
Γslip and the adhesion or stick zone Γstick are defined using the Coulomb’s law for
friction:

|q|=
√
q2
x(x,y) + q2

y(x,y)< fp(x,y); |ẇ|= 0; (x,y) ∈ Γstick
q =−fp(x,y)ẇ

|ẇ| ; |ẇ| 6= 0; (x,y) ∈ Γslip
(1.20)

where f is the friction coefficient, p the contact pressure and q the shear vector. The
total shear forces Fx and Fy and moment Mϕ around the normal axis are expressed
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as sums over the contact area Γc:

Fx =
∫ ∫

Γc
qx(x,y)dxdy

Fy =
∫ ∫

Γc
qy(x,y)dxdy

Mϕ =
∫ ∫

Γc
(xqy(x,y)−yqx(x,y))dxdy

(1.21)

The linear theory Taking into account the displacement vector u due to the
deformation of the material, the true slip is defined as:

ẇ(x,y) = ṡ+ u̇(x,y, t)

= |v|
(
ξx−ϕy
ξy +ϕx

)
−|v|(∂u/∂x) + (∂u/∂t).

(1.22)

The linear theory of Kalker is based on the assumption that the true slip (Eq. (1.22))
becomes zero. Note that in the steady state rolling, (∂u/∂t) = 0. Kalker determine
the well known Kalker coefficients C11, C22, C33 and C23, to link the global applied
tangential forces and spin moment to the creepages with the system:

FxFy
Mϕ

=−Gab

C11 0 0
0 C22

√
abC23

0 −
√
abC23 abC33


ξxξy
ϕ

 (1.23)

where a and b are the semi-axes of the ellipsoidal contact region; G is the equivalent
shear modulus of the bodies in contact.
From the works of De Pater who solved the problem for a circular region and a
Poisson ration ν = 0, Kalker has extended the results to a general ellipsoidal con-
tact region and for ν 6= 0 [KAL 71]. The main downside of the linear theory is its
limitation to handle large spin and large creepages.

The empirical theory The empirical method introduced by Kalker in
1968 [KAL 68b] defines a relation between the longitudinal and lateral creepages
and the overall tangential forces. Thus the creepages are found to be a function of
the the semi-axes of the ellipsoidal contact zone, some elliptical integrals and the
normal applied force. The empirical method of Kalker had been compared to that of
Johnson and Vermeulen [VER 64] with good agreement. In addition, the empirical
theory of Kalker shows good agreements for relatively low value of creepage but
estimates higher total force for greater values.

The simplified theory The program FASTIM well known for its speed is based
on the simplified theory developed by Kalker in the years 1973-1982 [KAL 82]. The
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elastic body is replaced by a set of springs so that the displacements are linked to
the tractions with compliant parameters L:(

ux
uy

)
=
(
Lxqx
Lyqy

)
. (1.24)

By replacing the above equation in the true slip in Eq. (1.22), a relation is found
between the overall tractions Fx, Fy and the creepages:

Fx =
∫ b

−b
dy
∫ x1

−x1
qxdx=−8a2b

3L1
ξx =−abGC11ξx

Fy =
∫ b

−b
dy
∫ x1

−x1
qydx=−8a2b

3L2
ξy−

πa3bϕ

4L3

=−abGC22ξy− (
√
ab)3GC23ϕ

(1.25)

where the notations of the previous paragraphs are used, and the complaint param-
eters L1, L2 and L3 are:

L1 = 8a
3C11G

, L2 = 8a
3C22G

, and L3 = πa
√
a/b

4C23G
. (1.26)

The numerical solving of the equations has been done by transferring the shape of
the contact area to circular. The simplified theory give results with an expected
error of 15% and is widely used in railroad.

The exact theory By the use of the variational formulations, the problem is
turned into an optimisation problem where the complementary work is to be max-
imised. The resulting program is the well known CONTACT described in his
book [KAL 90]. The variational problem to solve is then:

min
∫

Γc

(
h∗+ 1

2 ūz
)
pdS+

∫
Γc

(
W∗

τ + 1
2utτ −ut−1

τ

)
qdS,

p≥ 0
‖q‖ ≤ µp

(1.27)

In addition, the displacements are found using the influence coefficients for an ho-
mogeneous isotropic half-space. Numerical tools are then used to solve the problem.
In CONTACT, the normal contact problem is solve with the algorithm NORM.
Influence coefficients are used to link surface displacement and constant pressure
on each element of the discretised potential contact area. The tangential part is
implemented with the algorithm called TANG. To solve the general problem, the
normal contact and the tangential contact are uncoupled and solved successively
using the KOMBI process. KOMBI is a solving process based on the modification
of the Panagiotopoulos process. The Panagiotopoulos process consists in solving al-
ternatively the normal problem and the tangential problem until the convergence is
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reached. KOMBI supposes no shear tractions and solve the normal problem. Then,
the tangential problem is solve by taking into account the contribution of the normal
pressures. After, it iterates between the normal and the tangential algorithms until
convergence by taking into account the effect of one solution on the other.

The final exact theory developed will be considered further in this work. The idea
is to use the exact theory for solving the three-dimensional rolling contact problem,
coupled with the actual efficient numerical tools.
The use of the various numerical tools has lead to various numerical methods for
solving the contact problem. The most common ones are briefly presented in the
next section.

1.5.5 Numerical Approaches for Solving Contact Problems
Computational science has hugely improved the use of numerical methods in me-
chanics. In contact mechanics, apart from the analytical methods, the main nu-
merical methods that are used are: Finite difference and multigrid methods, Finite
Element methods and Semi-analytical methods.

v Finite difference and multigrid methods: In one hand, the finite dif-
ference method is the numerical technique for solving differential equations
using the finite differences to approximate the partial derivatives. In the other
hand, the multigrid method (MG method) is an algorithm for solving differ-
ential equations by accelerating the convergence of a basic iterative method
doing a global correction of the fine grid solution approximation from time to
time.
Terzopoulos et al. [TER 87] used the finite differences to study the contact
between two purely elastic bodies. They were the first to use this approach
for contact mechanics. After applying it to elastic contact, they applied it to
inelastic deformation: viscoelasticity, plasticity and fracture [TER 88]. The
limitation is that it is difficult to model complex geometries by finite differ-
ences. Indeed, the diagrams of the latter are not flexible enough since they
impose the use of a regular grid. It is therefore also difficult to manage the
boundary conditions in the correct ways. Alternatives to finite differences are
the multigrid methods used by Lubrecht and Ioannides [LUB 91]. However,
for the development of these methods, it is mandatory for them to become ca-
pable of handling anisotropy, plasticity, viscoleasticity, etc. In this spirit, for
example Boffy et al. [BOF 12, BOF 14] have proposed a 3D modelling based
on the multigrid technique for heterogeneous materials.

v Finite Element methods: It is a versatile method which is widely used in
various fields in physics, including contact mechanics.
Finite Element Method (FEM) has radically changed the calculations in both
research and industry. FEM is a numerical approach for solving physical prob-
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lems by approximation in a space domain using a set of constitutive equations
and some boundary conditions. The FEM can be used when bodies are contin-
uous and the phenomenon can be described by partial derivatives equations.
The method generally consists in four main steps (see Fig. 1.16):

Figure 1.16: Summary of the concept of Finite Element Methods.

1. Analysis of the problem: the unknown of the problem is defined and
the discretisation of the studied structure is performed. The particular
data of the problem are set: type of analysis (plane strain, plane stress,
axisymmetric, etc.), elements types, material properties and geometry.

2. Calculation of the stiffness matrix: the matrix system to solve is
found by assembling the elementary matrices and then the stiffness and
mass matrices are written in their optimal form for the solver. The bound-
ary conditions are taken into account mathematically in this process.

3. Solving: the matrix system is solved to give the deformed structure and
the stresses at boundaries.

4. Post-processing: the stresses in the structure and at all the nodes of
the discretised structure are deduced.
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This method can be applied to one, two or three-dimensional problems. It
allows in theory to treat various aspects of the contact modelling such as
dynamic, viscoelasticity, fracture, finite structures, transient problems, etc.
Nevertheless, it can be time consuming; and this prevents it from being an
efficient design tool for engineers. However, it is the most studied and used in
both research and industrial areas because of its good user-friendliness.

Nowadays, there are a lot of commercial softwares (Abaqus [SIM 19], An-
sys [ANS 19] for instance) with simple graphical interfaces making it easy to
handle. With the FEM, there is the possibility of simultaneously taking into
account several physical phenomena. This can be interesting for this tire-
pavement contact in modelling coupled complex phenomena.

Several researchers have used the FEM method to solve the contact prob-
lem. Among the first to use the FEM method for the resolution of the con-
tact problem, Oden and Martins [ODE 84] developed models for the study
of dynamic friction phenomena, Oden and Lin [ODE 86] studied the rolling
contact for a viscoelastic cylinder on a rigid plane, and Padovan [PAD 87]
had also developed a model for a rolling contact in the transition and sta-
tionary phase of nonlinear viscoelastic structures. Recently, Blanco-Lorenzo
et al. [BLA 16, BLA 18] have developed a finite element model of the rolling
contact between two elastic materials to validate an extension of the Kalker
numerical code for conformal contacts.

With the FEM, a good user-friendliness of the results is guaranteed. How-
ever, the smoothness of the mesh in the singular zones of the contact causes
serious problems and the computing time is sometimes very high compared to
the other methods. An alternative method is the Boundary Element Method
(BEM) where only the surfaces of the bodies are meshed. It is widely used
for solving problems in contact mechanics. The first application of the BEM
to contact problems can be traced back to the early 1980s [AND 81]. Later
works [KAR 87, PAR 85] used both continuous and discontinuous quadratic
elements to solve contact problems. A fully incremental formulation was de-
veloped in [MAN 93a], where it was shown that linear elements should be used
in place of higher order elements in the contact area [MAN 93b]. Application
of the method to axisymmetric and three-dimensional problems can be found
in [ABD 86, LAC 00, WRO 02].

v Semi-analytical methods: The semi-analytical models are the best alter-
native for obtaining solutions in a small amount of time when the analytical
formulations become complex. Those methods have been boosted by accelera-
tion techniques such as the Fast Fourier Transform (FFT) and the Conjugate
Gradient Methods (CGM) used in the present work. Semi-analytical meth-
ods are applied in contact mechanics for solving Hertzian and non-Hertzian
contacts, to treat inhomogeneities, thermal modelling, etc.
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In the first semi-analytical models the main numerical side was the discretisa-
tion and the numerical calculation of integrals. Among the first semi-analytical
models, Bentall and Johnson [BEN 68] have developed a model for the study of
an elastic strip passing between two elastic rollers. Paul and Hashemi [PAU 81]
have developed a semi-analytical model for both non-conformal and conformal
contacts. Further, Nowell et al. [NOW 98, DIN 04] have also proposed the use
of numerical tools to study fretting and layers problems in 2D. Note that the
model proposed by Kalker [KAL 90] (see section 1.5.4.2) is a semi-analytical
method using a Newton-Raphson algorithm.
With the use of acceleration techniques, a new generation of semi-analytical
methods have appeared. The main advantages are brought by the use of Fast
Fourier Transform (FFT) and Conjugate Gradient Method (CGM) algorithms.
While FFT is used for its capacity for calculating efficiently convolution prod-
ucts, the CGM is used for solving the contact problem which is shown to be a
constrained minimisation problem. Indeed, when the contact problem is for-
mulated in its variational form (see Kalker [KAL 90]), it becomes a constrained
minimisation problem where a CGM algorithm can be used for solving it.
Polonsky and Keer [POL 99] have proposed a CGM algorithm to solve the
problem for arbitrary rough surfaces. While solving the contact problem, there
is a need for calculating the displacements and stresses. To do so, various nu-
merical techniques can be used. In [POL 99], Polonsky and Keer have used a
two-dimensional multi-level multi-summation algorithm. Further, in [POL 00]
they have proposed to use FFT with a correction which erases the error due
to the periodicity property of the FFT. The use of FFT decreases significantly
the computation time. In this respect, the method combining the CGM and
the FFT is extensively used in semi-analytical methods nowadays. Improve-
ments of FFT algorithm for solving the contact have been studied by Liu et
al. [LIU 00] who proposed an efficient and versatile algorithm for the calcula-
tion of convolution products using FFT in 2D.
Using the CGM and FFT algorithms, various aspects of the contact prob-
lem can be analysed. For instance, Jacq et al. [JAC 02] have proposed
a three dimensional algorithm for solving the elastic-plastic contact prob-
lem. Gallego et al. [GAL 06, GAL 10b] have studied the normal-tangential
general problem through the fretting contact problem. Recently, Koumi
et al. [KOU 15a], Spinu et al. [SPI 17a, SPI 17b, SPI 18b] have proposed
to take into account the viscoelasticity of the materials in the modelling.
Koumi et al. [KOU 14b, KOU 15b], Amuzuga et al. [AMU 16b] have stud-
ied the effects of inhomogeneities on the contact problem, and Bagault et
al. [BAG 12, BAG 13] the effect of an anisotropic material.
Note that the inhomogeneities problems impose to deal with three dimensional
quantities. A Galerkin vectors technique [YU 91, LIU 05] can be used for
solving the problem. However, an extension of the FFT algorithm to 3D
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has been proposed by Chaise [CHA 11a] in 3D Discrete Convolution FFT
algorithm.
Many other phenomena have been studied with the help of the CGM and
FFT algorithms. For example, layered bodies problem have been studied
in [POL 00, WAN 11b, WAN 10, YU 14], tractive rolling contact in [MAN 21,
XI 21], etc.
In the present work, a semi-analytical method is used. It is based on the CGM
and FFT algorithms for the acceleration of the computations.
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Conclusion

1.6 Conclusion
In this chapter, the context and the general concepts of the study have been exposed.
The general definition of the pavement structure has been given as a multi-layered
structure. From this definition, the difference between the rigid and the flexible
pavements has been highlighted.

Further, a general overview of pavement dimensioning methods has been pre-
sented. Several examples of the methods from the USA, the UK, South Africa and
France have been given to illustrate the variety of the methods as well as their
common points.

Furthermore, a quick review of the state of art has been performed on the tire-
pavement topic. The experimental and the various modelling aspects have been
reviewed.

Ultimately, an important section has been dedicated to the Contact Mechanics
which is the bedrock of the present work. In general, from the pioneer theory of
Hertz to the actual numerical improvements, the main lines of the contact mechanics
field have been presented. A particular look has been cast on the rolling contact as
the tire-pavement contact is a rolling contact.
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Chapter 2

A Semi-analytical Contact Model

This chapter is dedicated to the general semi-analytical
model on the basis of which the present work is done. The
contact problem, subdivided in its normal and tangential
components, is solved in elasticity. For this purpose, the
numerical tools are introduced and the general algorithm

is presented.
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Introduction

2.1 Introduction
The developments in the PhD work are performed in a home made code named
Isaac. Isaac is a semi-analytical code which embodies various aspects of the contact
modelling. It takes into account any type of geometry for the bodies in contact,
takes as input either forces or rigid body displacements, and any combination of
them. The 3D problem is solved in Isaac for both static and moving loads, in both
transient and steady-state regime.

In the beginning, Jacq [JAC 01] has developed the 3D model for solving the
elastic-plastic contact. In this first version of Isaac, only the normal contact was
solved. In 2007, Gallego [GAL 07b] has added the tangential component of the con-
tact problem with view to solve the fretting contact problem. He succeeded in taking
into account all the three modes of the fretting contact. Further, Boucly [BOU 08]
has worked on plasticity and thermal effects. Chaise [CHA 11a] later tackled the
impact problem. He extended the 2D-DC-FFT algorithm to 3D for solving the
latter problem. The inhomogeneities problem have been studied later by Ful-
leringer [FUL 11], Leroux [LER 13], Koumi [KOU 15a] and Amuzuga [AMU 16a].
Also, in 2011 Fulleringer [FUL 11] worked on the wearing coupled with inclusion
effects on the contact.

More recently, Koumi [KOU 15a] has introduced the viscoelastic behaviour of
the materials in Isaac; and Manyo [MAN 19b] developed the tractive rolling contact
in steady-state regime for elastic bodies.

In the present document, three new aspects are introduced:

• Coated bodies and multi-layered elastic bodies will be introduced. Coating has
been earlier modelled in Isaac [FUL 11] but by using inhomogeneities. This
technique is perfectly adapted to simulate wear of coating or the behaviour of
a layer of not uniform thickness, however it is costly in terms of CPU time. To
make it faster, the influence coefficients corresponding to coated bodies will be
calculated (chapter 3). An extension to the multi-layered case for any number
of layers will be made in chapter 4.

• An Elastic/Viscoelastic correspondence will be introduced for those layered
bodies in order to solve the rolling contact between viscoelastic layered bodies.

• Finally, the transient tractive rolling contact will be solved between multi-
layered elastic bodies (chapter 5). All the cases of tangential loading during
the rolling motion will be taken into account.

The above new aspects are introduced in Isaac beside the existing code. Here,
the focus is put on the general normal-tangential problem that will be modified later.
Therefore, the goal of this chapter is to clearly expose the general formulations and
algorithms used for solving the contact general problem in Isaac.
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2. A Semi-analytical Contact Model

2.2 Formulation

Figure 2.1: Illustration of the contact problem involving two elastic bodies B1 and
B2 defined by the profile of their surfaces. The bodies are in contact over an area

Γc in a tangent plane (x,y).

In theory, the general contact problem has to be solved in one procedure. Since
this would be tedious, it is broken down into its two components: the normal contact
and the tangential contact problems.

2.2.1 The normal contact problem

First of all, consider the contact between purely elastic bodies. The two elastic
bodies B1 and B2 in contact are defined by their surface profiles in an orthonormal
coordinate system (Oxyz) (see Fig. 2.1). Note that only the non-conformal contact
is considered. A contact is said conformal or conforming when the curvature of the
surfaces in contact is such that in absence of applied loading the contact is a point
or a line (or several points on the same line). Then, the (x,y) plane is the tangent
plane of the contact, in which lies the first point or the first line of the contact when
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Formulation

no load is applied. For surface profiles defined with the functions:
z1 = f1(x,y) (2.1)
z2 = f2(x,y), (2.2)

where subscript 1 and 2 correspond to body 1 and body 2 respectively. Then, the
initial separation function can be written as:

h(x,y) = f1(x,y)−f2(x,y). (2.3)
The slopes of the surfaces of the bodies are supposed small enough to be confused
with the tangent plane (x,y). In addition, the assumption of small strains is made
such that the quadratic term in the Lagrangian strain formulation can be neglected.
Then, the linearised strains are obtained as:

εij = 1
2(ui,j +uj,i), (2.4)

where ui,j are the displacement gradients. Subscripts i and j take the values x,y,z;
and ,j = ∂/∂xj . For the contact to happen, a force P normal to the tangent plane
(x,y) is applied. Then, the contact occurs over an area Γc in which a pressure field
p(x,y) appears. Under the pressure field, the bodies deform with a displacement
uz = uz1 +uz2. By taking into account the previous definitions, one can write the
actual gap between the bodies as:

g(x,y) = h(x,y) +uz + δ, (2.5)
where δ is the normal rigid body displacement. This δ allows to impose not only a
normal force, but also a normal displacement as input of the simulations. Note that
in this work, no interpenetration, magnetic or adhesion effects are considered.

From the previous remarks, it comes that the gap and the pressure are always
positive quantities:

g(x,y)≥ 0 and p(x,y)≥ 0. (2.6)
Considering a potential contact zone, where each point (x,y) in the tangent plane

is either in the contact area or not, the contact conditions are defined as follow:
g(x,y) = 0 – (x,y) ∈ Γc, ⇒ p(x,y)> 0 (2.7a)
g(x,y)> 0 – (x,y) /∈ Γc, ⇒ p(x,y) = 0 (2.7b)

The set of equations (2.5), (2.6) and (2.7), added to the equilibrium equation:

P =
∫

Γc
p(x,y)dxdy, (2.8)

define the normal contact problem.
The problem as described above, considers only an applied normal load and

solves the contact pressure. In fact, the general contact problem frequently involves
a tangential component, since even a normal applied load can induce tangential
displacements. Moreover, tangential loads can be applied at a macroscopic scale to
the system; and in those cases it is mandatory to solve the tangential problem.
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2. A Semi-analytical Contact Model

2.2.2 The tangential contact problem
The tangential component of the contact problem aims at finding the shear tractions
in the contact zone. Those shear tractions are induced by the contact conditions:
material properties, loading, friction between the bodies in contact, etc.

Consider two particles in the contact zone, having rigid body displacements x′1i
and x′2i, and elastic displacements u′1i and u′2i, respectively for bodies 1 and 2. In
an undeformed state, if the particles are facing each other, their position is given by
x′1i +u′1i ≡ x′2i +u′2i at the time step t′. At the next time step t, the particles are
located at the positions x1i+u1i and x2i+u2i. Hence, the notion of shift e is given
by the difference:

ei = (x1i+u1i)− (x2i+u2i) i= x,y. (2.9)

The slip vector is related to the shift with the relation:

ei = si(t− t′) (2.10)

Using the notation . = d
dt , the derivative with respect to time, after some develop-

ments, Kalker [KAL 90] found the form of the slip as:

si = (ẋ1i− ẋ2i) + 1
2 (ẋ1j + ẋ2j)(u1i,j−u2i,j) +∂ (u1i−u2i)/∂t. (2.11)

With ui = u1i− u2i the displacement difference, vi = −1
2(ẋ1i + ẋ2i) the rolling

velocity and wi = ẋ1i− ẋ2i the rigid slip, the slip can be rewritten in a simpler form
as:

si = wi−vjui,j +∂ui/∂t. (2.12)
This equation embodies all the tangential motions: transient rolling, steady state
rolling and shift motion. In the case of a transient rolling, the original Eq. (2.12) is
retained. The steady state rolling occurs when the rolling motion does not depend
on time. Thus, the slip during the steady state rolling is defined by suppressing the
contribution of the time t:

si = wi−vjui,j (Steady state rolling). (2.13)

The shift motion is characterised by the fact that the rigid slip wi is of the same
order as the rolling velocity vi. Thus the term vjui,j becomes negligible compared
to the single term wi. Then, the slip can be approximated by:

si = wi+∂ui/∂t (Shift motion). (2.14)

The above definition of slip (Eq. (2.12)) describes the relative tangential motion
between two bodies in contact. This relative motion depends on the friction that is
present at the contact interface. The concept of friction allows to establish how and
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Formulation

when the slip occurs.
The slip occurs when the tangential force Ftan reaches or exceeds a certain value
Flim. On contrary, when Ftan is below that same force Flim, there is adhesion.
In order to give a value of that bound force, Coulomb [COU 85] proposed a law
which states that the bound force Flim is proportional to the normal force with a
friction coefficient f (Flim = f ×P ).
Using this coefficient of friction, the Coulomb’s law is described as follow:

• When the magnitude of shear force is proportional to the magnitude of the
normal force with a friction coefficient, the contact totally slips:

‖Fτ‖= f ×P ⇒ Slip (2.15)

• When the magnitude of shear force has a lower value compared to the magni-
tude of the normal force multiplied by the coefficient of friction, the contact
sticks:

‖Fτ‖< f ×P ⇒ Stick. (2.16)

This law will be used throughout this work for the tangential contact modelling.
It is used not only at a global scale i.e. for the overall applied force Fτ and P , but
also at the local scale i.e. for local shear tractions qτ (x,y) and pressure p(x,y). It
comes that the friction law at the local scale can be written as:

• When the magnitude of the contact shear vector is proportional to the pressure
with the friction coefficient, the point slips:√

q2
x(x,y) + q2

y(x,y) = f ×p(x,y) ⇒ (x,y) ∈ Slip zone Γslip (2.17)

• When the magnitude of the contact shear vector has a lower value compared
to the pressure multiplied by the coefficient of friction, the point sticks:√

q2
x(x,y) + q2

y(x,y)< f ×p(x,y) ⇒ (x,y) ∈ Stick zone Γstick (2.18)

with Γstick ∪Γslip = Γc.

Finally, the tangential contact problem is solved using the Eq. (2.12), the above
Coulomb’s law for friction and the equilibrium equations for the tangential forces
Fx and Fy and the spinning moment Mz:

Fx =
∫ ∫

Γc
qx(x,y)dxdy

Fy =
∫ ∫

Γc
qy(x,y)dxdy

Mz =
∫ ∫

Γc
(xqy(x,y)−yqx(x,y))dxdy.

(2.19)
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2. A Semi-analytical Contact Model

THE CONTACT PROBLEM
NORMAL TANGENTIAL

g(x,y) = h(x,y) +uz + δ si = wi−vjui,j +∂ui/∂t
g(x,y)≥ 0;p(x,y)≥ 0 ‖Fτ‖ ≤ f ×P

g(x,y) = 0 – (x,y) ∈ Γc,⇒ p(x,y)> 0 ‖qτ (x,y)‖= f ×p(x,y)⇒ (x,y) ∈ Γslip
g(x,y)> 0 –(x,y) /∈ Γc,⇒ p(x,y) = 0 ‖qτ (x,y)‖< f ×p(x,y)⇒ (x,y) ∈ Γstick

Γstick ∪Γslip = Γc
P =

∫
Γc p(x,y)dxdy Fx =

∫ ∫
Γc qx(x,y)dxdy

Fy =
∫ ∫

Γc qy(x,y)dxdy
Mz =

∫ ∫
Γc(xqy(x,y)−yqx(x,y))dxdy

Table 2.1: Constitutive equations for the general contact problem.

In summary, the constitutive equations of the contact problem are given in
Tab. 2.1.

At this point, the contact problem is mathematically formulated through the
equations that constitute the problem. In the formulation, we have hypothesised
that the displacements can be calculated. However, the calculation of the displace-
ments requires some assumptions. For finding those displacements, the notion of
influence coefficients is used. This notion is described in the next section when
considering the bodies in contact as semi-infinite.

2.2.3 The Half-space approximation

In contact mechanics, the bodies are usually considered as semi-infinite according
to the assumption of Hertz [HER 82]. This hypothesis means that the dimensions
of the bodies are large in comparison with the dimension of the potential contact
area. The assumption has been kept since it has allowed to get widely acceptable
results. Thus, in the present work, the bodies are considered as semi-infinite.
Under this assumption, the elastic field (stresses and displacements) has to be found.

For this purpose, consider an elastic half-space limited by the surface defined by
the plane z = 0. The methodology consists in applying unit pressure and shears at
the surface and then to find the response (generally analytically). With the solution
for the a unit load, the solution for an applied field is found by superposition i.e. by
integration. Figure 2.2 shows the response at a point M̄ of the surface and at a point
M in the subsurface, due to an applied unit force at the point O. The stresses and
displacements found that way in the whole solid, are called influence coefficients,
unit response or Green functions.

Once the influence coefficients are found, the response of the half-space under
pressure and shear fields are obtained by an integration. For example, the displace-

62

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Formulation

Figure 2.2: Illustration of the unit response of a half space for the determination
of influence coefficients [JOH 85].

ment uI induced by a pressure field at the contact surface is given by

uI(x,y,z) =
∫ ∫

Γc
p(x′,y′)GpI(x−x

′,y−y′, z)dx′dy′ (2.20)

where GpI are the influence coefficients of the displacements induced by a unit pres-
sure. Equivalent forms stand for the other stresses. In practice, the influence coeffi-
cients can be found for any kind of problem such as inhomogeneities, layers, impact,
etc.

In the case of an elastic homogeneous isotropic half-space, the influence coef-
ficients have been explicitly found. Boussinesq [BOU 85] and Cerruti [CER 82]
developed a theory of potentials for elasticity in solid mechanics. The resulting po-
tentials of Boussinesq and Cerruti with further development by Love [LOV 52] are
summarised in the book of Johnson [JOH 85].
The key solutions of the potential theory of Boussinesq are briefly exposed in a gen-
eral form. We are seeking for the effects of a loaded point C(ξ,η) in a loaded region
S, on a general point A(x,y,z) in the homogeneous elastic isotropic half-space of
elastic constants E and ν (Fig. 2.3). For pressure and shear fields p(ξ,η), qx(ξ,η)
and qy(ξ,η) acting on S, the following potential functions have been defined:

F1 =
x

S

qx(ξ,η)Ωdξdη,

G1 =
x

S

qy(ξ,η)Ωdξdη,

H1 =
x

S

p(ξ,η)Ωdξdη,

(2.21)

where
Ω = z ln(ρ+ z)−ρ, (2.22)
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2. A Semi-analytical Contact Model

Figure 2.3: Half-space solution for the theory of potentials of Boussinesq [JOH 85].

with
ρ= [(ξ−x)2 + (η−y)2 + z2]1/2. (2.23)

The partial derivatives of the above potential functions, give additional potential
functions:

F = ∂F1
∂x

=
x

S

qx(ξ,η) ln(ρ+ z)dξdη,

G= ∂G1
∂x

=
x

S

qy(ξ,η) ln(ρ+ z)dξdη,

H = ∂H1
∂x

=
x

S

p(ξ,η) ln(ρ+ z)dξdη,

ψ1 = ∂F1
∂x

+ ∂G1
∂y

+ ∂H1
∂z

,

ψ = ∂ψ1
∂z

= ∂F

∂x
+ ∂G

∂y
+ ∂H

∂z
.

(2.24)

Thus the displacements have been shown by Love [LOV 52] to be given by:

ux = 1
4πG

{
2∂F
∂z
− ∂H
∂x

+ 2v∂ψ1
∂x
− z∂ψ

∂x

}
,

uy = 1
4πG

{
2∂G
∂z
− ∂H
∂y

+ 2v∂ψ1
∂y
− z∂ψ

∂y

}
,

uz = 1
4πG

{
∂F

∂z
− (1−2v)ψ− z∂ψ

∂z

}
,

(2.25)
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Discretisation procedure

and the equivalent stresses related with the Hooke’s law can be written as:

σx = 2vG
1−2v

(
∂ux
∂x

+ ∂uy
∂y

+ ∂uz
∂z

)
+ 2G∂ux

∂x
,

σx = 2vG
1−2v

(
∂ux
∂x

+ ∂uy
∂y

+ ∂uz
∂z

)
+ 2G∂uy

∂y
,

σx = 2vG
1−2v

(
∂ux
∂x

+ ∂uy
∂y

+ ∂uz
∂z

)
+ 2G∂uz

∂z
,

τxy =G

(
∂ux
∂y

+ ∂uy
∂x

)
,

τyz =G

(
∂uy
∂z

+ ∂uz
∂y

)
,

τzx =G

(
∂uz
∂x

+ ∂ux
∂z

)
.

(2.26)

For the purpose of finding the influence coefficients, it only takes to apply a unit
pressure and further unit shears. Doing so, and over a unit discretised rectangular
element, leads to the elastic field given in appendix A.
Finding influence coefficients for layered bodies has been a non negligible part of
the present work. The influence coefficients for a layered body and for a multi-
layered body have been found. Those influence coefficients used for the modelling
of elastic and viscoelastic contacts are exposed in details in chapters 3 and 4. In
what follows, the influence coefficients are supposed found for the calculation of the
displacements needed for solving the contact problem formulated in section 2.2. To
solve the problem, numerical procedures have been put together. The discretisation
needed for the numerical resolution is presented in the next section.

2.3 Discretisation procedure
The numerical resolution of a problem imposes to turn the continuous functions into
discretised variables. This induces some constraints in the methodology.

The problem to solve is not only the contact problem but also a volume problem,
as the stresses in the bodies are of undeniable interest, particularly for the purpose
of this document which is the pavement modelling. From the previous section, the
elastic field can be calculated by using the influence coefficients. However as one
can observe in Fig. 2.2, a singularity appears when a load is applied on a point. In
order to be able to use the numerical tools which are going to be presented, there is
a need of doing a discretisation of the solids. Therefore, it is important to keep the
continuity of the loading while avoiding the singularities.

In this respect, firstly, a discretisation of the contact surface is performed with
rectangular elements and the volume with hexahedrons. Each element of the dis-
cretisation is taken in such a way that it is centred in the calculation point. Thus,
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2. A Semi-analytical Contact Model

the contact surface is discretised with Np =Nx×Ny elements of size dS = ∆x×∆y.
Figure 2.4 shows the example of a repartition of pressure on a discretised contact
surface. A constant pressure is applied on every rectangular element.

Figure 2.4: Discretisation of the contact zone with rectangular elements centred
in the calculation points.

Secondly, a dimension ∆z is added to the discretisation for the calculation of the
elastic field in the volume. Two important precisions have to be brought out:

G The methodology using influence coefficients has been explained analytically
for a loading on a point. However, a singularity is observed at the loaded point.
In order to avoid that singularity, the influence coefficients are to be found on
the single rectangular element. In the case of a homogeneous half-space, those
influence coefficients have been developed by Love for a constant pressure on
a rectangular surface and extended by Vergne [VER 85] for a constant shear
loading. The reader may find those results in appendix A.

G The use of Fast Fourier Transform (FFT) (FFT is described in section 2.4.1)
imposes to keep constant and regular the discretisation in each direction.

The FFT are extensively used in this work coupled with other numerical meth-
ods. In order to understand the above constraints for the discretisation and further
to understand the numerical solving, the next section is devoted to the main numer-
ical tools.

2.4 Numerical tools
The present semi-analytical model for solving the contact problems is mainly based
on analytical solutions coupled with acceleration algorithms. Those numerical tools
are chosen for their efficiency. The two main tools used throughout the work are
the Fast Fourier Transform (FFT) algorithms and the Conjugate Gradient Method
(CGM).
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Numerical tools

The first one is mainly used because it allows to calculate efficiently convolution
products such as in Eq. (2.20) (which allows to evaluate the displacements). The
FFT based on the Fourier integral transformation is described below.

2.4.1 The Fourier Transform(FT)
The Fourier Transform (FT) is an integral transformation which transforms an inte-
grable function into its frequency spectrum. The Fourier Transform in one dimension
for a function y(t) is defined by the following equation:

ỹ(w) =
∫ +∞

−∞
y(t)e−iwtdt, (2.27)

where i is the imaginary unit symbol of complex numbers. Alternative definitions
exist, the only difference being a multiplying factor. If the function ỹ is an integrable
function, then can be defined the inverse Fourier Transform (IFT):

y(t) = FT−1(ỹ)(t) = 1
2π

∫ +∞

−∞
ỹ(w)e+iwtdw. (2.28)

To illustrate the interest put on the FT in the present work, let’s take the example
of a convolution product in one dimension:

y(t) =
∫ +∞

−∞
x(t)h(t− τ)dτ ≡ x(t)∗h(t). (2.29)

y(t) is a linear convolution (sign ∗) between the functions x(t) and h(t).
With the definition of the FT, one can demonstrate that a convolution is transformed
into a term-to-term product in the frequency domain. Thus the FT of Eq. (2.29)
becomes:

ỹ(w) = x̃(w).h̃(w). (2.30)

This property of the FT is one of the key tools to use efficiently the influence
coefficients.

FT as defined above concerns a continuous function defined in ]−∞;+∞[. Nev-
ertheless, one can observe that the contact problem is defined and solve in a discrete
finite domain. To overcome the limitations brought out by the latter remark, Fourier
transform algorithms have been developed to calculate numerically the FT integrals.
Their interest is huge for signal processing in electronics, in optics, for sounds and
images, for data compression, etc. and for calculations in computational mechanics
In all these areas, there is a need to have a discrete definition of the above contin-
uous definitions of the FT. In this respect, let’s state the discrete functions hr and
xr equivalent to h(t) and x(t) respectively. For a discrete sample of N values in a
zone L0, the discrete Fourier transform is defined by:

ĥs =
N−1∑
r=0

hre
−2πirs/N , s= 0, . . . ,N −1 (2.31)
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2. A Semi-analytical Contact Model

and the discrete inverse Fourier transform is:

hj = (1/N)
N−1∑
r=0

ĥre
2πirj/N , j = 0, . . . ,N −1. (2.32)

In the same way as the continuous definition, the convolution property stands:

yj =
N−1∑
r=0

xrhj−r, j = 0, . . . ,N −1. (2.33)

Note that, from the very first definition of the Fourier transform, the transform is
implicitly performed over an infinite domain. By the discretisation, this assumption
has not been removed. The discretisation only changes the discrete finite signal into
a periodic signal with the same length L0. A convolution in this case is called a
circular or cyclic convolution. Thence, the convolution can be rewritten by using
the Heaviside step function H as:

yj = x⊗h =
N−1∑
r=0

xrhj−r+NH(r−j), j = 0, . . . ,N −1 (2.34)

where
H(t)

{
=0 if t < 0
=1 if t≥ 0

. (2.35)

Note again that x and h have the same number of elements j ∈ [0,N − 1]. The
Heaviside function introduced in the convolution allows to avoid the non positive
values. Finally, there is a cyclic sum and thus a periodicity of length L0 has been
introduced in the signal.

The discrete FT calculation have lead to Fast Fourier Transform (FFT) algo-
rithms which are so-called because of their efficiency in term of computation time.
In the following subsection, a quick bird-eye view of the FFT algorithms is presented.

2.4.1.1 Fast Fourier Transform methods

Fast Fourier Transforms (FFT) are methods based on the Fourier transform prop-
erties with acceleration based on the reduction of the number of operations needed.
For given functions, the calculation of their FT based directly on the discrete defi-
nitions of Eqs. (2.31) and (2.32) are not interesting in practice. In fact, doing that
would demand (N−1)2 complex products and N×(N−1) complex sums. To coun-
teract this disadvantage, a rapid version is proposed. In this version, only are needed
N
2 × (logN −2) products and N × logN sums. The algorithms depend generally on
the factorial of N . One can find a wide range of FFT algorithms nowadays: the al-
gorithm of Cooley and Tukey [COO 65] (for sizes power of 2), the PFA algorithm of
Good-Thomas based on the Chinese remainder theorem, the algorithm of Winograd
which uses a Cyclotomic polynomial, etc. In the present work, the FFT algorithms
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of Singleton [SIN 69] based on the algorithms of Cooley and Tukey extended to sizes
non power of 2 are used.

In the same manner, the inverse Fourier Transform (IFT) are performed using
the FFT algorithms with a cost in O(N logN) instead of O(N2). Thus a convolution
in the Fourier frequency domain costs O(N) operations against O(N2) in the space
domain.
Finally, using FFT algorithms, one needs O(N + 3N) instead of O(N2), which is
very interesting, especially for large N .

Nevertheless, a cost is paid for the rapidity of a method. This cost is related to
the possible errors that have to be controlled when using FFTs. Those errors are
discussed in the following lines.

2.4.1.2 Possible errors due to the use of FFT

In most cases, the functions to be convoluted are not periodic. Thus, an error
is introduced when using FFT since this method supposes that the functions are
periodic in order to cover the infinite domain. Therefore, the main problem which
appears is the recovery problem. Liu et al. [LIU 00] have studied the origin of this
error for the contact problem and proposed improvement to avoid it.
Figure 2.5 illustrates this phenomenon for a discrete one-dimensional convolution
of a sample of pressures p and coefficients of influence K. The convolution being
cyclic, the pressure field becomes periodic. At the beginning and at the end of
the convolution process, the pressures added to the left and to the right interfere
with the influence coefficients. The result will therefore be modified because of this
phenomenon.
The appropriate method for avoiding this recovery problem is to perform a ”zero-
padding” [PRE 92].

The zero-padding technique consists in expanding the size of the two samples
from N to 2N using zeros. In this way, as shown in figure Fig. 2.6, recovery is no
longer possible. This technique is proposed by Liu et al. [LIU 00] coupled with the
DC-FFT. However, authors like Ju and Farris [JU 96] have extended the contact
area at least five times to avoid the errors. Liu et al. clarifies this fact by describing
the method used by Ju and Farris. The latter method is called Cyclic Convolution
and Fourier Transform (CC-FFT). It consists in,

• finding the frequency spectrum of the pressures with the FFT;

• then, the influence coefficients are directly determined by sampling the fre-
quency response obtained by a continuous Fourier transform of the continuous
function associated to the influence coefficients.

An error then appears following the latter sampling: this is the phenomenon of
aliasing. The frequency response obtained does not correspond to that which should
have been obtained if the sampling had been done upstream of the FFT. Then the
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product of the two samples is made, followed by the IFFT to obtain the result in
the space domain. This methodology therefore leads to an error which cannot be
limited without a significant extension of the contact zone.

Figure 2.5: Illustration of the recovery phenomenon due to periodicity of the signal
when performing discrete convolutions [GAL 07b].

In this work, the proposed discrete convolution with fast Fourier transform
method (DC-FFT) from Liu et al. [LIU 00] is used. It avoids the above problems
and is described below.

2.4.1.3 The DC-FFT method

The Discrete Convolution and Fast Fourier Transform (DC-FFT) method proposed,
embodies the wrap-around order and zero-padding techniques explained further.
The steps of the method are:

a) Find the influence coefficients, {Kj}N ;

b) Extend the influence coefficients by wrap-around order, {Kj}2N ;

c) Apply the FFT to the extended influence coefficients, {K̃s}2N ;

d) Enter the pressures, {pj}N ;

e) Extend the pressures using the zero-padding, pj = pj , j ∈ [0,N−1] and pj =
0, j ∈ [N,2N −1];
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Figure 2.6: Illustration of the zero padding technique to avoid the recovery phe-
nomenon for discrete convolutions [GAL 07b].

f) Apply the FFT to the extended pressures, {p̃j}2N ;

g) Perform a term to term product in the Fourier frequency domain, {ν̃j}2N ;

h) Apply the IFFT to obtain the wanted quantity {uj}2N ;

i) Truncate the result to keep {uj}2N , j ∈ [0,N −1].

Zero-padding The distribution is extended with zero values for the indices N to
2N +1 while the initial values are kept in the range 0 to N −1. This is particularly
done in this work for the surface fields (the pressure and shear distributions).

Wrap-around order Applied to the influence coefficients, the wrap-around order
consists in two steps.

â Firstly, the initial coefficients are extended with zero values for the index N .

â Secondly, for the indices N + 1 to 2N − 1 the initial (0 to N − 1) indices are
written symmetrically with respect to the index N . In function of the parity
of the influence coefficients, an opposite sign is applied to the extended range
of coefficients. For even coefficients the coefficients have to be extended like
in Fig. 2.7 and for odd coefficients they should be extended like in Fig. 2.8.

The DC-FFT method presented above for one dimension can be applied for
the two dimensional case. For the 2D-DC-FFT, a transform is performed in both
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2. A Semi-analytical Contact Model

Figure 2.7: Illustration of the wrap-around and zero padding of the even influence
coefficients while doing the DC-FFT [GAL 07b].

Figure 2.8: Illustration of the wrap-around and zero padding of the odd influence
coefficients while doing the DC-FFT [GAL 07b].

directions. Then, a reduction of the number of operations is obtained from O(N2
1 ×

N2
1 ) to O(2N1× 2N2× log2N1×2N2). The convolution in the frequency domain

demands O(2N1× 2N2× log2N1×2N2) operations as well as the IFT. Thus, for a
2D-DC-FFT, the need for O(N2

1 ×N2
1 ) operations is turned into a total need for

O(2N1×2N2 + 3× (2N1×2N2)× log2N1×2N2) operations.
The 2D-DC-FFT will allow to calculate 2D fields particularly in the contact zone.
For calculation of the 3D fields, two possibilities arise:

v use the 2D-DC-FFT for every value of the third component or

v implement the 3D-DC-FFT in analogy with what has been done previous.

The latter technique is mainly used when dealing with inhomogeneities or when 3D
images are involved. In the context of this study, the use of only the 2D-DC-FFT
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algorithm is sufficient to have a good gain in term of simulation time.

In summary, the DC-FFT algorithm proposed allows to calculate efficiently the
elastic fields. The reduction of the number of operations needed implies a signifi-
cant decrease of computation time. The wrap-around and zero-padding techniques
considerably reduce the errors. However, in order to calculate the elastic fields, the
contact problem has to be solved. For this purpose, the numerical process used is
the Conjugate Gradient Method (CGM).

2.4.2 The Conjugate Gradient Method
The Conjugate Gradient Method (CGM) is an optimisation method developed by
Hestenes and Stiefel [HES 80] based on Conjugate Direction methods. It allows
to solve systems of linear equations. It can also be used to solve unconstrained
optimisation problems such as energy minimisation.
The problem to solve is a system of linear equations. For instance, let A be a
real symmetric (i.e. AT = A) and positive-definite (i.e. xTAx > 0 for all non-zero
vectors x ∈ RN ) matrix of size N ×N ; and b a real vector of size N . Note that the
superscript T stands for the transpose. The system to solve can be written as:

Ax = b (2.36)

for the unknown x.
In order to introduce the concept of conjugacy, consider two vectors u and v. Those
vectors are conjugate if uTAv = 0. For a set of mutually conjugate vectors Q =
{p1, · · · ,pN} with respect to A, the solution x∗ of the system in Eq. (2.36) has been
proven to be:

x∗ =
N∑
i=1

αiApi (2.37)

with αi = pTk b
pTk Apk

. This solution is the direct solution for a well chosen set of con-
jugate vectors Q. When N is large, the direct method becomes very consuming.
However, if Q is chosen well enough, it might not be necessary to find all of the pk
to obtain a good approximation of the solution. Then, the CGM can be regarded
as an iterative method.

The iterative way to formulate the CGM needs to start from an initial point x0
and then use a metric to get closer to the solution x∗. The procedure consists in
writing the problem as a quadratic function

φ(x) = 1
2xTAx−xTb, x ∈ RN (2.38)

that has to be minimised. The gradient of the quadratic function solves the initial
problem since:

∇φ(x) = Ax−b. (2.39)
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2. A Semi-analytical Contact Model

For the first basis vector p0, one obtain p0 = b−Ax0 which is the gradient. The
name of Conjugate Gradient Method comes from the fact that the other vectors will
be conjugated to this vector p0.
Note that the gradient in Eq. (2.39) is also the residue r(x) of the system:

r(x) =∇φ(x) = Ax−b. (2.40)

At the step k, the optimal next location is given by:

xk+1 = xk +αkpk (2.41)

where
αk = pTk (Axk−b)

pTkApk
= pTk rk

pTkApk
. (2.42)

The CGM method as presented above is an exact method where the solution
can be obtain in N iterations. However, one of its main advantage is the speed of
descent, which allows to obtain a good approximation in few steps. This aspect is
very useful for large size systems. The second main advantage is the fact that for
the approximation at a certain step, there is only a need of recording the data of
the previous step. In this way, it generally uses a low amount of memory.
Finally the CGM algorithm can be summarised as:

Conjugate Gradient Method (CGM) general algorithm:
Choose the starting point x0 and the error ε

rk←Ax0−b

if r0 < ε, then return x0 as result
p0← r0
k← 0
repeat

αk←
rTk rk

pTkApk
;

xk+1← xk +αkpk;
rk+1← rk +αkpk;

if rk+1 < ε, then exit loop

βk←
rTk+1rk+1

rTk rk
;

pk+1←−rk+1 +βkpk;
k← k+ 1
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end repeat
return xk+1 as the result

The CGM algorithm developed for solving unconstrained problem has been
extended to constrained linear systems as:

min
x∈Rn

φ(x) = 1
2xTAx−bTx, with

{
ci(x) = 0, i ∈ E
ci(x)≥ 0, i ∈ I (2.43)

The contact problem is constrained by the contact conditions as defined for example
in Eq. (2.7) for the normal contact.
To be able to apply the CGM algorithm to the contact problem, it is important to
write it in the adequate form in Eq. (2.43) with the corresponding constrains.

Then, the contact problem has to be formulated in the form of a minimisation
problem so that it can be solved with the CGM. This form is called the variational
formulation of the contact problem. It is given for both the normal and the tangential
components of the contact problem. And the resulting algorithms for solving the
general normal and tangential problems are presented.

2.5 A Semi-analytical method for solving the
Contact Problem

The contact problem is divided into a normal and a tangential part. Their consti-
tutive equations are described in Tab. 2.1. However, those forms are not adequate
for the use of the CGM algorithm.
Firstly, let us focus on the normal component of the problem. Its variational for-
mulation is given and then the algorithm for solving it are presented.

2.5.1 Variational Formulation of the Normal Contact
The variational formulation of a problem is the formulation which turns it into an op-
timisation problem. Duvaut and Lions [DUV 72] have developed those formulations
for the contact problem using the virtual work and complementary virtual work. Fur-
ther, Kalker [KAL 90] has extended the conventional extremum principle to all fric-
tionless contact problems and to quasi-identical frictional contact problems. The ex-
istence and uniqueness of the contact solution is also well proved [DUV 72, KAL 90].
In summary, the normal contact problem in its variational formulation can be writ-
ten as:

min
(1

2pTAp
z +h∗Tp+ cτ

)
, (2.44a)

pij ≥ 0, (2.44b)
where p is the vector for the pressure field; Ap

z the influence coefficients for the
normal displacement at the surface due to the pressure; h∗ the vector for the initial
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gap, the rigid body displacement and the normal displacements induced by the shear
fields at the surface since they do not induce any work. cτ is the complementary
energy due to the tangential problem that is supposed already solved.

For solving this problem (Eq. (2.44)), consider a general constrained minimisa-
tion problem defined as:

min
x∈Rn

φ(x), with
{
ci(x) = 0, i ∈ E ,
ci(x)≥ 0, i ∈ I.

In this definition, there are equality constraints and inequality constraints. The
latter are active when ci(x) = 0, i ∈ I. The active set is then given by

A(x) = E ∪{i ∈ I | ci(x) = 0} . (2.45)

In the contact problem, the active set cannot be defined a priori since the contact
zone is not known in advance. Thus, to control the active set, the Lagrangian
method is used.
For the problem in Eq. (2.45), the general Lagrangian formulation is given by:

L(x,λ) = φ(x)−
∑

i∈E∪I
λici(x) (2.46)

where λi are the Lagrange multipliers. Those multipliers will allow to solve the
constraints since the problem is now equivalent to solving the Karush Kuhn and
Tucker optimality conditions:

∇xL(x,λ) = 0,
ci(x) = 0, ∀i ∈ E
ci(x)≥ 0, ∀i ∈ I
λi(x)≥ 0, ∀i ∈ I

λi(x)ci(x) = 0, ∀i ∈ E ∪I

(2.47)

The last equation in the above relations is the complementary condition that can
also be written as:

ci(x)> 0, λi = 0, (2.48a)

ci(x) = 0, λi ≥ 0, (2.48b)

Finally, the variational formulation of the normal contact problem with the La-
grangian method reads:

min
(1

2pTAp
zp+h∗Tp+ cτ −

∑
λijpij

)
⇔Ap

zp+h∗T −λ= 0 (2.49a)

pij > 0, λij = 0 (2.49b)

76

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



A Semi-analytical method for solving the Contact Problem

pij = 0, λij ≥ 0 (2.49c)
This variational formulation suits well for the use of the CGM described in the

numerical tools (section 2.4). Gathering all the methods described to solve this
variational problem in Eq. (2.49), a general algorithm is proposed for solving the
normal contact problem.

2.5.2 General algorithm of the normal contact
The algorithm for solving the normal contact in the home made code ISAAC has
been developped by Gallego [GAL 07b]. It is based on the CGM algorithm used
by Polonsky and Keer [POL 99, POL 00] with improvements brought with (i) the
possibility to impose either a force or a displacement, (ii) taking into account the
moments transmitted through the contact if the applied force is not centred. Here,
the contribution of moments is voluntarily ignored. The normal contact for an
applied normal force or an applied normal displacement is proposed.
For an applied force P , the equilibrium equation in Eq. (2.8) is to be verified as
a condition in the algorithm, while in the case of an applied displacement δz, it
becomes an output of the algorithm.

1. Initialisation of the pressure field p. A potential contact
zone Γ′c is supposed in contact. λij = 0, ζ = 0

2. DC-FFT for the calculation of ūpz. For applied force, the rigid
body displacement δz is approximated. This approximation is
done by calculation of the summation of the gaps in the contact
zone which should give 0:∑

(i,j)∈Γc
ūpzij +h∗ij = 0. (2.50)

3. The gap is calculated in the actual contact zone:

gij = ūpzij +h∗ij , (i, j) ∈ Γ′c. (2.51)

The gap is also the residue of the linear system.

4. The descent direction is calculated function of the residue and
the previous descent direction

dij ←−gij + ζ G
Gold

dij , (i, j) ∈ Γ′c (2.52a)

dij ← 0, (i, j) /∈ Γ′c (2.52b)
with

G=
∑

(i,j)∈Γ′c
g2
ij (2.52c)

and finally Gold←G and ζ← 1.
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5. The DC-FFT is applied to the descent direction

rpz = Ap
zd (2.53)

and the descent step is

α =
∑

(i,j)∈Γ′c g
2
ij∑

(i,j)∈Γ′c dijrij
(2.54)

6. The pressures are updated

pij ← pij +αdij (2.55)

7. The complementary conditions are enforced:

if pij < 0, (i, j) ∈ Γ′c
then pij ← 0, Γ′c← Γ′c \ (i, j),

(2.56a)

if gij = λij < 0, (i, j) /∈ Γ′c
then pij ←−αgij , ζ← 0, Γ′c← Γ′c∪ (i, j).

(2.56b)

8. The equilibrium equation in Eq. (2.8) is enforced by multiplying
the pressure field by a factor a = P∑

Γ′c
pijS

and then the

convergence criteria is tested

ε=
∑

(i,j)∈Γ′c(pij−pijold)∑
(i,j)∈Γ′c pij

< ε0 (2.57)

The variable ζ allows the reinitialisation of the algorithm for ζ = 0. At step 7, if a
point which is not in the contact zone has a negative gap, then it should get into the
potential contact zone Γ′c and so the latter changes. Thus, the conjugate gradient
is reinitialised at the next iteration. The new point entering the contact zone takes
the pressure value −αgij which is a positive value. The convergence criteria is a
stabilisation criteria coupled with the equilibrium equation for an applied force.
Figure 2.9 shows the general algorithm for the normal contact problem.

To complete the contact problem, its tangential component has then to be solved.

2.5.3 General algorithm for the tangential problem
The tangential and the normal contacts should be solved simultaneously in theory
since they are coupled. In fact, they are usually solved one after the other by
following a Panagiotopoulos process [PAN 75] which consists in iterating between
the normal and the tangential algorithms by taking into account the result from one
problem on the other, until convergence. Briefly, the Panagiotopoulos process can
be written as:

78

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



A Semi-analytical method for solving the Contact Problem

Initialisation of p ,
Γ′c = Γp, λij = 0, Gold = 1

DC-FFT ūp
z = Ap

z p ,
Approximation of δz

Calculation of
the gap gij = λij

Calculation of the
descent direction d

Calculation of the
descent step α ,

DC-FFT r = Az
pd

Actualisation of pres-
sures p← p+αd

Complementary conditions
are enforced for pij and λij

Equilibrium equa-
tion is enforced

ε < ε0End
NoYes

Figure 2.9: General algorithm for solving the Normal Contact Problem.
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i) the normal contact problem is solved by assuming that there is no tangential
traction;

ii) the tangential contact is then solved using the previous output from the normal
problem;

iii) the normal contact problem is solved with the output shears from the tangen-
tial contact problem.
If the results are close enough to those of the previous step, return the results.
If not, go back to the second step.

The tangential problem as the normal one needs to be put into an appropriate
form for the application of the CGM. Thus, the variational formulation for the
tangential contact problem is given by:

min
(1

2qTAq
τ +W∗Tq + cp

)
, (2.58a)

‖qij‖ ≥ fpij , (2.58b)

where f is the friction coefficient, W∗ is the vector containing the creepages or rigid
tangential body displacements and the contribution of the normal loading on tan-
gential displacements. cp is the complementary energy due to the normal problem.
Here again, the problem is a constrained minimisation problem. However the con-
straints on the shear tractions are not linear. Thus, it is appropriate to write them
in the form: q2

x+q2
y

2fp −
fp
2 . Then, the problem can be written as:

min
(

1
2qTAq

τq +W∗Tq + cp−
∑

λij

(
q2
x+ q2

y

2fp −
fp

2

))
⇔Aq

τq+W∗T−



...
λij

qxij
fpij
...

λij
qyij
fpij
...


= 0

(2.59a)
‖qij‖< fpij , λij = 0 (2.59b)

‖qij‖= fpij , λij ≥ 0 (2.59c)

This variational formulation holds for the tangential contact problem in gen-
eral. The CGM presented in this chapter has been developed and used by Gal-
lego [GAL 07b] to the shift motion in the contact. The shift motion occurs when
the velocity of the particles in the contact zone is of the same order as their velocity
with respect to the contact zone. In this frame, the slip is given by:

s =
(

∆ūx−∆δx+y.∆φz
∆ūy−∆δy−x.∆φz

)
(2.60)
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where ∆ūi is the variation of the surface tangential displacement, ∆δi and ∆φz the
variation of the rigid body displacements between two consecutive time steps.
Finally, for applied forces Fx and Fy and twisting moment around z Mz, the tan-
gential contact algorithm reads:

1. Initialisation of the shear field q. The contact zone Γc is
supposed in adhesion. Thus, λij = 0.

2. DC-FFT for ūpτ and ūqτ. For applied forces and moment, the rigid
body displacements δi are approximated using the Lagrangian
formulation equations. The matrix system in Eq. (2.61) is found
and solved with a Gauss-Jordan algorithm:

∑
Γc 1 0 ∑

Γc yj
0 ∑

Γc 1 −∑Γc xi
−∑Γc yj

∑
Γc xi −

∑
Γc
(
x2
i +y2

j

)

∆δx

∆δy
∆φz

=



∑
Γc

(
∆ūxij +λij

qxij
fpij

)
∑

Γc

(
∆ūyij +λij

qyij
fpij

)
∑

Γc

[
−yj

(
∆ūxij +λij

qxij
fpij

)
+xi

(
∆ūyij +λij

qyij
fpij

)]

 .
(2.61)

3. The true slip between the bodies is calculated in the contact
zone:

sij = ∆ūqτ + ∆ūpτ −∆δτ , (i, j) ∈ Γc. (2.62)

4. The Lagrange multipliers are calculated for the slip zone Γ′slip

λij = ‖sij‖× sign(sij .qij); (2.63)

5. The complementary conditions are tested:

If λij < 0, then Γ′stick← Γ′stick ∪ (i, j) and ζ = 0. (2.64)

An error is evaluated with respect to the angle between the
shear vectors and the slip in the slip zone:

εslip =
∑

(i,j)∈Γ′slip
‖sij +λij

qij
fpij
‖∑

(i,j)∈Γ′slip
λij

(2.65)

6. The descent direction is calculated function of the residue
which is the slip, and the previous descent direction

dij ← sij + ζ G
Gold

dij , (i, j) ∈ Γ′stick (2.66a)
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2. A Semi-analytical Contact Model

dij ← (sij +λijqij) + ζ G
Gold

dij , (i, j) ∈ Γ′slip (2.66b)
with

G=
∑

(i,j)∈Γ′c

(
sij +λij

qij
fpij

)
.

(
sij +λij

qij
fpij

)
(2.66c)

and finally Gold←G and ζ← 1.

7. The DC-FFT is applied to the descent direction

rqτ = Aq
τd (2.67)

and then,
rqτ ← rqτ +λijdij/(fpij). (2.68)

The descent step is

α =

∑
(i,j)∈Γc

(
sij +λij

qij
fpij

)
.
(
sij +λij

qij
fpij

)
∑

(i,j)∈Γc dijrij
; (2.69)

8. The shears are updated

qij ← qij +αdij (i, j) ∈ Γc (2.70)

9. The complementary conditions are enforced:

if ‖qij‖> fpij , (i, j) ∈ Γ′stick
then, Γ′slip← Γ′slip∪ (i, j), ζ = 0, qij ← fpij

qij
‖qij‖ ;

(2.71)

10. The equilibrium equations in Eq. (2.19) are enforced by adding
the quantity a, b and c to the shear field: qxij ← qxij + a − c.yj
and qxij ← qyij + b + c.xi where a, b and c are found by solving the
system (5.9) with S = dxdy.
Then the convergence criteria is tested with (2.73).

∑
Γ′stick

1 0 −∑Γ′stick
yj

0 ∑
Γ′stick

1 ∑
Γ′stick

xi

−∑Γ′stick
yj

∑
Γ′stick

xi
∑

Γ′stick

(
x2
i +y2

j

)

ab
c

=

 Fx/S−ΣΓcqxij
Fy/S−

∑
Γc qyij

Mz/S+∑
Γc (yj · qxij−xi · qyij)


(2.72)

ε=
∑

(i,j)∈Γc
√

(qxij− qxoldij)2 + (qyij− qyoldij)2∑
(i,j)∈Γc

√
qxij

2 + q2
xij

(2.73)

Finally, qold← q.
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Classical Results

In the same way as for the normal contact algorithm, the variable ζ is used to
reinitialise the CGM. When a point goes from the stick zone to slip zone or from
the slip zone to the stick zone, ζ← 0.

The general algorithm for the tangential contact problem is presented in
Fig. 2.10.

At this point, the contact problem is completely solved for both the normal and
the tangential aspects. To validate the proposed algorithms, some classical results
have been simulated and compared to the literature. The results of those simulations
are presented next.

2.6 Classical Results
A validation of the general algorithm of the coupled normal-tangential problem
is proposed here. For this purpose two interesting examples are simulated for their
physical interest and because they stand as reference results in the literature, namely
the Spence shift and the Cattaneo shift.

2.6.1 The Spence shift
The first studied case of coupled normal-tangential problem is the Spence shift from
Spence [SPE 75].
The normal contact exposed by Hertz in his pioneering theory considers frictionless
contact surfaces. In fact, contact surfaces are very often frictional and then it is
relevant to take it into account. When friction is considered at the surface, shear
tractions appear in the contact area even for only an applied normal load if the
bodies are elastically dissimilar. The problem has been studied by Spence [SPE 75]
who showed that the slip zone in such a case is a disc with external radius a and
internal radius c. a is the contact zone and the c is the stick zone radius, function
of the Dundurs’ parameter 1.

A simulation of the contact between a rigid sphere and an elastic half-space is
performed for different values of friction coefficient f (see Fig. 2.11). There is no
tangential force nor displacement applied. The simulation is force driven (for the
normal load) and performed in one step. The details of the study of the Spence shift
case is performed using the present semi-analytical method by Gallego [GAL 07b]
with good agreements with the Spence theory. Note that for the same simulation
performed in many steps, a rounded profile is observed in the stick/slip zones tran-
sition zone.

1The Dundurs’ parameter β describes the elastic similarity between the bodies in contact:
β = 1

2

[
(1−2v1)/G1−(1−2v2)/G2
(1−v1)/G1+(1−v2)/G2

]
.

When β = 0, then the bodies are elastically similar or incompressible. The limit values −0.5 and
+0.5 are reached when one of the bodies is rigid and the other has a zero Poisson’s ratio.
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2. A Semi-analytical Contact Model

Initialisation of q ,
Γ′stick = Γc, Γ′slip = Ø,
λij = 0, Gold = 1

DC-FFT ūp
τ = Ap

τ (p−p′),
DC-FFT ūq

τ = Aq
τ (q−q′) ,

Approximation of ∆δx,∆δy,∆φz

Calculation of the slip sij

Calculation of the Lagrange mul-
tipliers λij = ‖sij‖× sign(sij .qij)

Complementary condi-
tions are enforced on λij

εslip < εslip0
ε < ε0

Calculation of the descent direction d

Calculation of the descent
step α from DC-FFT r = Aq

τd

Actualisation of the shear
tractions q← q+αd

Complementary condi-
tions are enforced on q

Equilibrium equations are enforced

End
Yes

No

Figure 2.10: General algorithm for solving the Tangential Contact Problem for
the shift motion.
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Classical Results

(a)
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Figure 2.11: Shear traction for the Spence shift for a rigid sphere on a flat elastic
half-space. The 2D view of the shear dimensionless qx/fp0 at the left, and the profile
of the same qx/fp0 along the line x in the plane y = 0 for different values of the

friction coefficient f at the right.

2.6.2 The Cattaneo-Mindlin shift
The Cattaneo-Mindlin problem is the contact problem where both a normal force
P and a tangential force Fx are applied at the same time so that Fx < fP , f being
the friction coefficient. According to the Coulomb’s law, at an overall scale, the
bodies are in an equilibrium state. However, in the contact zone, slip zones appear
beside the adhesion zones. Cattaneo [CAT 38] and Mindlin [MIN 49, MIN 53] have
studied the problem for Hertzian geometries, showing the appearance of singularities
at the edge of the contact leading to infinite shear tractions. The problem studied by
Cattaneo considers quasi-identical equal spheres pressed together and then shifted
with respect to the x−axis.
For a circular contact area, the slip appears over a disc with greater radius a and
lower radius c. Then, the shear is given as a superposition of two shears: qx = q′x+q′′x.
The first term is found when a total slip is supposed in the contact area:

q′x = fp0(1− (r/a)2)1/2
r ≤ a (2.74)

In order to verify the equilibrium with respect to the overall shear, the second term
is found to be:

q′′x =−f cap0(1− (r/c)2)1/2
r ≤ c (2.75a)

q′′x = 0 r > c (2.75b)
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2. A Semi-analytical Contact Model

where p0 is the maximum Hertz pressure and c is given by:

c= a(1−Fx/fP )1/3 (2.76)

Using the present contact model, the contact has been simulated for a rigid sphere
on an elastic half-space. The friction coefficient is f = 0.25 and the tangential force
applied is Fx/fP = 0.5, P being the normal force applied. The results are compared
in Fig. 2.12 showing a good agreement with the theory.

(a)

-1.5 -1 -0.5 0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

1.2

(b)

Figure 2.12: Shear traction for the Cattaneo-Mindlin shift for a rigid sphere on a
flat elastic half-space. The 2D view of the shear dimensionless qx/fp0 at the left,
and the profile of the same qx/fp0 along the line x in the plane y = 0 compared to

the formula of Cattaneo at the right.

Note again that the simulation can be driven in term of force or displacement
for both normal and tangential contacts. This is particularly interesting for the
simulation of fretting. The fretting motion is a repeated shift motion with small
amplitudes. The fretting contact is studied further for a layered half-space in chap-
ter 6.
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Conclusion

2.7 Conclusion
In summary, the general algorithms for solving the contact basic contact problem
have been given.

Firstly, the formulations have been recalled for both the normal and the tan-
gential components of the contact problem. The half-space approximation and the
notion of influence coefficients have been exposed.

Secondly, the numerical approach has been described. The numerical accelera-
tion techniques, Conjugate Gradient Method (CGM) and Fast Fourier Transform
(FFT) have been presented. The CGM is used for solving the contact problem while
the FFT is used for the calculation of the displacement and stress fields involved.

Thirdly, the general algorithms for solving the normal and tangential contacts
are presented. The variational formulation needed is presented before, for both
cases.

Finally, two normal-tangential problems are studied for the validation of the
proposed algorithms: the Spence shift and the Cattaneo-Mindlin shift. The first
one consists in applying only a normal load on the bodies in contact. The second
one consists applying simultaneously normal and tangential loads in such a way that
the overall system is static. The two reference cases show a good agreement with
the theory.
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Chapter 3

Pure Rolling Contact on a
Viscoelastic Layered Half-space

This chapter discusses the contact on a viscoelastic
layered half-space where coating and substrate have

different viscoelastic behaviours. The influence coefficients
are calculated using the Papkovich-Neuber potentials

coupled with a Fast Fourier Transform (FFT) algorithm.
Then, an Elastic/viscoelastic correspondence is applied to
move the elastic solutions into viscoelastic ones. Further,
a validation is made and a parametric study performed to
highlight the influence of different parameters such as the

elastic modulus ratio, the relaxation time ratio, the
coating thickness or the rolling velocity.
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Introduction

3.1 Introduction
The use of coatings is more and more common in the industry with view to improve
surface properties like appearance, adhesion, wettability, resistance to corrosion, re-
sistance to wear and mechanical behaviour in term of admissible stresses. Since
ecological and economical topics are more actual than ever, it is important to op-
timise the conception of the layered materials. For this aim, contact mechanics
develops tools for modelling the contact problems between bodies of different ge-
ometries, under various types of loads and for different materials.

The previous works concerning the modelling of coatings have been made mainly
in elasticity [BUR 45a, CHE 71, CHE 72, O’S 88, YU 14, SPI 18a, WAN 11b]. In
viscoelasticity, the models concern homogeneous viscoelastic half-spaces, thin films
and viscoelastic films bonded to an elastic or a rigid base [GOR 95, KOU 14a,
KOU 15b, MIF 18, PUT 15, PUT 18, STE 15, STE 16, STE 18, TOR 19]. The
originality in this work lies in the fact that the contact is modelled for a viscoelastic
layered half-space where coating and substrate have different viscoelastic behaviours.

The model proposed in this chapter is able to solve the rolling/sliding contact
on viscoelastic layered half-space. This implies that the present model is able to
handle the following limit cases: Viscoelastic coating/Elastic substrate, Viscoelastic
coating/Rigid substrate and Elastic coating/Viscoelastic substrate. It is also capable
of solving the problem in both transient and steady-state regimes. Note that the
counterface material - that can be either a sliding indenter or a rolling body of
revolution - can be of any material, i.e. rigid, elastic, visco-elastic or elastic-plastic
(see [CHA 11b, JAC 02]). For sake of simplicity it will be assumed here only rigid
or elastic.

The novelty of the present work lies in accounting for a layered viscoelastic half-
space with the coating and substrate having different viscoelastic properties. This
is done with a proposed Elastic/viscoelastic correspondence. The previous works
on coatings mainly focus on viscoelastic layers over elastic or rigid bases; or are
dedicated to rough contacts where the approach as well as the analysed phenomena
are not the same. Therefore, none of previous models has provided detailed results
for this framework. The analysis of the contact pressure, the stresses and especially
at the interface are completely new for the studied framework.

In what follows next, the model formulation is briefly recalled first and a val-
idation is performed. Then a parametric study is made to highlight the effect of
the shear modulus ratio, the relaxation time ratio, the coating thickness and the
rolling/sliding velocity. Coating/substrate interface stresses are computed as well
as three-dimensional stresses.
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

3.2 Formulation

Figure 3.1: System being considered. A pressure and shear distributions at the
surface of a viscoelastic layered half-space, where coating and substrate have different

viscoelastic behaviours.

The problem is shown in Fig. 3.1. It consists of two bodies in contact where
pressure and shear distributions are holding. To solve the problem, it is important
to know the behaviour of the layered half-space. For this aim, consider pressure and
shear fields imposed at the top surface of a viscoelastic layered half-space. In what
follows next, the normal contact model is recalled. The influence coefficients are
found so that the displacements can be calculated in the contact algorithm. Those
influence coefficients are found in the Fourier frequency domain with the potentials
of Papkovich-Neuber and then an IFT is performed. Later, for the viscoelasticity,
an Elastic/viscoelastic correspondence is proposed.

3.2.1 Contact formulation
For two non-conforming bodies B1 and B2, the classical contact model is well ex-
plained in chapter 2. Let’s recall the three main points of that contact formulation:

G The load balance: The applied charge W (t) must be equal to the sum of the
contact pressure p(x,y, t) in the contact zone Γc.

W (t) =
∫

Γc(t)
p(x,y, t)dxdy (3.1)

G The surface separation: The distance between the two bodies is defined at
every point as the sum of the initial separation hi(x,y), the elastic normal
displacement of both bodies under load u

(B1+B2)
3 (x,y, t) and -eventually- the

rigid body displacement δ(t) at every time t.
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Formulation

h(x,y, t) = hi(x,y) + δ(t) +u
(B1+B2)
3 (x,y, t) (3.2)

G The contact conditions: Since bodies in contact cannot interpenetrate, the
gap h(x,y, t) defined above is always positive. The pressure is also assumed
always positive what ever is the type of physics we are dealing with. Then,
two zones can be identified:

Contact zone: h(x,y, t) = 0 and p(x,y, t)> 0
Separation zone: h(x,y, t)> 0 and p(x,y, t) = 0

Since the goal is the viscoelastic modelling of the contact, the time variable has
been introduced for all the quantities involved in the formulation. Taking into ac-
count the time allows to take into account every kind of load and so to solve transient
problems.
To find the displacements ui (i = x,y,z), the Green functions GJ (J = x,y,z) or
influence coefficients are used. Green functions have been used extensively for ho-
mogeneous elastic half-space using mainly the potential functions of Boussinesq (see
the book of Johnson [JOH 85]) . When GJ are known, for an applied pressure field
p(x,y), the displacements are given by:

upJ(x,y) =
∫ ∫ ∞
−∞

GpJ(x−x
′
,y−y

′
)p(x

′
,y
′
)dx

′
dy
′
=GpJ ∗p (3.3)

where * represents the Convolution.
In the present chapter, the focus is put on layered bodies. Therefore, before all, it
is important to find the elastic influence coefficients of a single layered half-space.

3.2.2 Influence coefficients for layered elastic half-space
To implement the contact formulation for a layered elastic half-space, the adequate
Green functions have to be brought out.
In this case, the half-space consists in an elastic coating of shear modulus µc and
Poisson’s ratio νc perfectly bounded to an elastic substrate of shear modulus µs and
Poisson’s ratio νs. Note that the coating thickness h is constant throughout the
modelling.
The influence coefficient are found using the method exposed by O’Sullivan and
King [O’S 88]. The approach uses the Papkovich-Neuber potentials φ and ψi. Those
potentials are the result of the combination of Helmotz representation and Navier
equations (see Malvern [MAL 69]). φ and ψi are the harmonic functions of (x,y),
and when no body forces, Malvern [MAL 69] showed that ψ2 vanishes. Then, the
displacements and stresses take the following forms, function of the potentials φ, ψ1
and ψ3 :
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

2µuri = φr,i+xψrx,i+ zψrz,i− (3−4ν)ψri (3.4a)
σrij = φr,ij−2ν(ψrx,x+ψrz,z)δij− (1−2ν)(ψri,j +ψrj,i) +xψrx,ij + zψrz,ij (3.4b)

where r = s (substrate), c (coating).
In the above equations, it appears partial derivatives of the Papkovich-Neuber po-
tentials. Those forms are difficult to handle as they stand. To bypass this barrier,
a linearisation of the Eqs. (4.4) is to be performed. Many linearisation processes
can be used, generally with integral transforms such as Laplace and Fourier trans-
forms. Here, the choice has been put on Fourier transform since the numerical
corresponding algorithms are already used in the contact model (see chapter 2). For
an integrable function f , recall the useful properties:

FTx

[
∂

∂x
f(x)

]
= imf̃(m), (3.5a)

FTx[−ixf(x)] = ∂

∂m
f̃(m), (3.5b)

where x is the coordinate in the space domain and m its equivalent in the frequency
domain.

Then, Eqs. (4.4) become:

2µ˜̃uri = FTxy
[
φr,i+xψrx,i+ zψrz,i− (3−4ν)ψri

]
(3.6a)

˜̃σrij = FTxy
[
φr,ij−2ν(ψrx,x+ψrz,z)δij− (1−2ν)(ψri,j +ψrj,i) +xψrx,ij + zψrz,ij

]
. (3.6b)

The FT of the potentials are chosen as follow:

˜̃φr = Ar exp(−αzr) +A
r exp(αzr) (3.7a)

˜̃ψr1 =Br exp(−αzr) +B
r exp(αzr) (3.7b)

˜̃ψr3 = Cr exp(−αzr) +C
r exp(αzr) (3.7c)

Using the above properties in Eq. (3.5) and the above forms, linear equations of
the elastic displacements and stresses are found in the Fourier frequency domain.
Let’s introduce some notations:

Dr = Ar +B′ri, D
r = A

r +B
′r
i

wr+ = eαzr , wr− = e−αzr

where α =
√
m2 +n2 is the radius in the frequency domain; (m,n) represents the

Fourier Transform of (x,y).
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Formulation

With the formula and the notations introduced above, one can infer the forms
of displacements and stresses in the Fourier frequency domain as:

2µr ˜̃urx =im
(
Drwr−+D

r
wr+

)
−4(1−νr)

(
Brwr−+B

r
wr+

)
+m2zrα

−1
(
Brwr−−B

r
wr+

)
+ imzr

(
Crwr−+C

r
wr+

) (3.8a)

2µr ˜̃ury =in
(
Drwr−+D

r
wr+

)
−mnzrα−1

(
Brwr−−B

r
wr+

)
+ inzr

(
Crwr−+C

r
wr+

)
(3.8b)

2µr ˜̃urz =−α
(
Drwr−−D

r
wr+

)
− imα−1

(
Brwr−−B

r
wr+

)
− (3−4νr)

(
Crwr−+C

r
wr+

)
+ imzr

(
Brwr− +B

r
wr+) + zrα

(
−Crwr−+C

r
wr+

)
(3.8c)

˜̃σrxx =−m2
(
Drwr−+D

r
wr+

)
−2im(2−νr)

(
Brwr− +B

r
wr+)−2ανr

(
−Crwr−+C

r
wr+

)
+ im3zrα

−1
(
Brwr−−B

r
wr+

)
− zrm2

(
Crwr−+C

r
wr+

)
(3.8d)

˜̃σryy =−n2
(
Drwr−+D

r
wr+

)
−2imνr

(
Brwr−+B

r
wr+

)
−2ανr

(
−Crwr−+C

r
wr+

)
+ imn2zrα

−1
(
Brwr−−B

r
wr+

)
− zrn2

(
Crwr−+C

r
wr+

)
(3.8e)

˜̃σrzz =α2
(
Drwr−+D

r
wr+

)
+ 2im(1−νr)

(
Brwr−+B

r
wr+

)
−2α (1−νr)

(
−Crwr−+C

r
wr+

)
− imzrα

(
Brwr−−B

r
wr+

)
+ zrα

2
(
Crwr−+C

r
wr+

)
(3.8f)

˜̃σrxy =−mn
(
Drwr−+D

r
wr+

)
−2in(1−νr)

(
Brwr−+B

r
wr+

)
+ im2nzrα

−1
(
Brwr−−B

r
wr+

)
− zrmn

(
Crwr−+C

r
wr+

) (3.8g)

˜̃σrxz =− imα
(
Drwr−−D

r
wr+

)
+
(
2α (1−νr) +m2α−1

)
×
(
Brwr−−B

r
wr+

)
− im(1−2νr)

(
Crwr−+C

r
wr+

)
−m2zr

(
Brwr−+B

r
wr+

)
+ izrαm

(
−Crwr−+C

r
wr+

)
(3.8h)

˜̃σryz =− inα
(
Drwr−−D

r
wr+

)
+mnα−1

(
Brwr−−B

r
wr+

)
− in(1−2νr)

(
Crwr−+C

r
wr+

)
−mnzr

(
Brwr−+B

r
wr+

)
+ inzrα

(
−Crwr−+C

r
wr+

)
(3.8i)
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

Remark: B
s = C

s = D
s = 0 because the half-space condition implies that at the

infinity, the elastic field vanishes.
The equations in Eq. (3.8) are made of unknowns Br, Br, Cr, Cr and Dr. To

find them, a system of 9 independent equations has to be determined.
The system to solve is given by the boundary conditions of the problem which can
be split into two sets:

â At the top surface of the coating i.e. the contact surface of the whole half-space
zc = 0, pressure and shear fields are imposed:

σczz(x,y,0) =−p(x,y), σczx(x,y,0) =−q(x,y), σczy(x,y,0) = 0. (3.9)

â At the interface between coating and substrate, tractions and displacements
continuity is required:

σczx(x,y,h) = σszx(x,y,0) ucx(x,y,h) = usx(x,y,0)
σczy(x,y,h) = σszy(xxy,0) ucy(x,y,h) = usy(x,y,0)
σczz(x,y,h) = σszz(x,y,0) ucz(x,y,h) = usz(x,y,0)

(3.10)

Note that the results for the shear σczy(x,y,0) can be found by taking advantage of
the results for an applied σczx(x,y,0) and with the good analysis of the symmetries.
By applying a double Fourier Transform (2D FT) to the above boundary conditions,
a system of 9 equations with 9 unknowns (Bc,Bs,Cc,Cs,Dc,Ds,B

c
,C

c
,D

c) comes
out. This system has been solved first by O’Sullivan and King [O’S 88] for an
elastic coating on an elastic substrate. The solution of the system is consigned in
appendix A.

From there, the Green functions are found in the Fourier frequency domain and
can be specified in the case of an applied pressure and in the case of an applied shear,
setting respectively p(x,y) = δ(x,y), q(x,y) = 0 or p(x,y) = 0, q(x,y) = δ(x,y).
The challenge of the next step is to find the Green functions in the space domain, by
operating an Inverse Fourier Transform (IFT). Using FFT algorithms, it is possible
to use the Continuous Convolution FFT (CC-FFFT) or the Discrete Convolution
FFT (DC-FFT) according to the definitions of Liu et al. [LIU 00]. The reader may
read a brief explanation of those differences in chapter 2.
The present work is based on the Discrete Convolution based on Fast Fourier Trans-
form (DC-FFT) method. Therefore, the IFT is handled with Fast Fourier Transform
(FFT) algorithms as proposed by Liu et al. [LIU 00].

At this point, the elastic influence coefficients are found for a layered half-space.
A validation of those influence coefficients can be performed by using them in several
contact cases.

3.2.3 Validation of the Elastic single layered half-space
In this section, a validation of the elastic influence coefficients of a layered half-space
is performed. For this purpose, some contact cases are simulated and the results
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compared to the results from the literature.
For the validation, the contact cases from O’Sullivan and King [O’S 88] are simu-
lated. Consider a spherical indenter of radius R with a very high modulus that can
be considered rigid, in contact with the elastic layered half-space. The coating has a
thickness h= a, where a is the contact radius given by the contact on a homogeneous
half-space with the elastic properties of the substrate. The elastic modulus of the
substrate and the coating is noted Ei with i= c,s and the the Poisson’s ratio is νi.
The Poisson’s ratios are fixed: νs = νc = 0.3. The substrate’s Young modulus is also
fixed and then only changes the Young modulus of the coating.

Figure 3.2(a) shows the dimensionless contact pressure along the x line in the
middle plane y = 0 for various ratio of Ec/Es. Meanwhile, Fig. 3.2(b) shows the
effect of the same ratio Ec/Es on the coating/substrate interface stress σxz when
friction is f = 0.25 in a pure sliding contact (Fx = f ×P , full slip condition). The
figures show a good agreement with the results of O’Sullivan and King [O’S 88].

Convergence and time: Solving the contact by the use of the new influence co-
efficients for the layered half space has induced a slight increase of the computation
time ≈ 24%. This increase is due to the calculations for finding the influence coeffi-
cients and particularly the inverse Fourier calculations. Since the Fourier Transform
of the influence coefficients is used to solve the contact further, an improvement
could be to keep those coefficients in the frequency domain from the analytical solu-
tions. To do so, a particular attention would be put, not only in making them well
correspond to the coordinate in the space domain, but also on the numerical FFT
procedures which have some subtleties.
In term of convergence, there is no issue to highlight. The convergence occurs in
comparable way as for the homogeneous case.

At this point, the validation has been performed for the whole three-dimensional
elastic field (stresses and displacements). The solution of a contact involving a
layered elastic body has been found. With the same influence coefficients, one can
impose that one or both the bodies in contact are layered.
The next step is to find the solution for a viscoelastic layered body. To this aim, an
Elastic/Viscoelastic correspondence is introduced. In the next lines, a brief bird-eye
view is given on viscoelasticity before the correspondence method is exposed.

3.2.4 Viscoelasticity
3.2.4.1 Introduction to viscoelasticity

The purpose here is to draw a rapid picture of what is viscoelasticity in mechanics
and to specify the assumptions that hold in the present work.
First of all, viscoelasticity concerns materials behaviour, characterised by the com-
bination of their elastic and viscous response under load. Pure elastic materials
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space
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Figure 3.2: Validation of the influence coefficients of a layered half-space.

deform instantaneously under a load and recover instantaneously when the load is
removed. Meanwhile, a viscous fluid like engine oil will continuously deform in time
under an applied same load.
A viscoelastic material is an elastic material to which a viscosity is added in such a
way that under an applied load it deforms instantaneously and if the load is main-
tained, the deformation continues. When the load is removed, the material takes a
certain time to recover. Thus, viscoelasticity means that the response of a material
depends on the history of the loading. For a solicitation at high velocity, a viscoelas-
tic material will tend to behave like an elastic material, while for lower velocity of
solicitation, the viscous behaviour will clearly come out.

Example: The silly putty is a very relevant example of such behaviour. If one
throws a ball of silly putty on the ground it rebounds 25% higher than a same ball
in rubber. But the same ball in silly putty resting on a surface for few minutes will
spread on the surface.

To link the solicitation to the deformations, the science of rheology is called
upon. In rheology, the viscoelasticity uses two types of description: ”non-linear
viscoelasticity” and ”linear viscoelasticity”.

Non-linear viscoelasticity: This concerns large strains or materials that change
properties under deformations. It also treats the case of solids that change di-
mensions under load. Non-linear viscoelasticity leans on empirical works since the
control factors of such a behaviour are various and difficult.
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Linear viscoelasticity: It is the description used for small strains. In that case,
at a time t the stress σ(t) and the strain ε(t) are related by the equations :

σ(t) =
∫ t

0
R(t− ξ)dε(ξ)

dξ
dξ, (3.11a)

ε(t) =
∫ t

0
J(t− ξ)dσ(ξ)

dξ
dξ, (3.11b)

where R(t) and J(t) are respectively the relaxation and the creep functions. Those
functions are found by tests among which three are the most common:

G Relaxation test: the goal here is to find the relaxation function by applying
a constant strain on a sample and by measuring the stress. In the above
Eq. (3.11a), the strain ε0 is constant and then the relaxation function is de-
duced by:

R(t) = σ(t)
ε0

(3.12)

G Creep test: in the same way as above, a constant stress σ0 is applied on a
sample and the strain is measured. This gives the creep function as:

J(t) = ε(t)
σ0

(3.13)

In theory, when one of the creep or the relaxation functions is known, the
other can be deduced by the use of the relation:

∫ t

0
J(ξ)R(t− ξ)dξ = 0. (3.14)

In practice, it is easier to find the creep from relaxation function than the
converse.

G Another testing procedure is the Dynamic Mechanical Analysis (DMA) which
consists in applying a sinusoidal load and then analysing the frequency re-
sponse of the material. In the tire-pavement domain, this is a common proce-
dure which allows to gather various information for elasticity, viscoelasticity,
plasticity for different temperatures. For the viscoelasticity, the behaviour is
given by the complex modulus. It is a complex number G∗(t) = σ(t)

ε(t) which
gives the behaviour of material in function of the loading frequency.
However, the present model is not built around the use of the complex mod-
ulus but around the Prony series. Prony series representation is described in
the next lines (see section 3.2.4.2).
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

In linear viscoelasticity, strain is presumed to be a linear function of stress, so the
total effect of applying several stresses is the sum of the effects of applying each one
separately: this is the Boltzman superposition principle. This principle allows the
discretisation without hypothetically any lost of information.
In order to have a rheological modelling of the behaviour of a material, several
models are used, based on spring and dampers.

3.2.4.2 Rheological Models

The rheological models used in linear viscoelasticity are based on the coupling of the
elastic effects represented by springs (σ =Eε) and the viscous effects represented by
dampers (σ = ηε̇). The models are obtained by combination of springs and dampers
in various configurations. The common models which are used in both research and
industrial context are:

v The Kelvin-Voigt model: Also called the model of Voigt, it describes the vis-
coelastic behaviour by one spring and one damper placed in parallel (see
Fig. 3.3). By using the procedure described in the previous section to de-
termine the creep and the relaxation functions, one obtains:

J(t) = 1
µ

(
1− exp(− t

η/µ
)
)

(3.15a)

R(t) = µ+ηδ(t). (3.15b)
where δ(t) is the Dirac distribution. This model does not well describe the
instantaneous elastic behaviour as one can see in the relaxation formulae; and
thus, it is not adequate to describe the relaxation phenomena.

Figure 3.3: The Kelvin-Voigt rheological model for linear viscoelasticity.

v The Maxwell model: This model, proposed in 1867, consists of one spring and
one damper in series as shown in Fig. 3.4. The creep and relaxation functions
are given by:

J(t) = t

η
+ 1
µ

(3.16a)
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R(t) = µexp(− t

η/µ
) (3.16b)

With this model, when a stress is applied, the spring gives immediately the
elastic response and with time the damper adds the viscous contribution.

Figure 3.4: The Maxwell rheological model for linear viscoelasticity.

v The Zener model: This model put together the ability to represent the relax-
ation and the creep phenomena by using a spring in parallel with the model
of Maxwell as presented in Fig. 3.5. It is a particular form of the generalised
Maxwell model that is used in this work.

Figure 3.5: The Zener rheological model for linear viscoelasticity.

v The generalised Maxwell model: This model consists of a finite number n of
Maxwell elementary models placed in parallel and in parallel with a single
spring as shown in Fig. 3.6. This model allows to describe the behaviour of
almost any linear viscoelastic material. The creep and relaxation functions are
written as:

J(t) = ε(t)
σ0

=
[
j0−

n∑
i=0

jiexp(−t/λi)
]
H(t) (3.17a)

R(t) = σ(t)
ε0

=
[
µ0 +

n∑
i=0

µi exp(−t/τi)
]
H(t), (3.17b)

where:
µi is the spring stiffness,
ηi the damper viscosity,
τi = ηi/µi the relaxation time of one elementary model and
H(t) the Heaviside function.
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

Those forms are known as Prony series decomposition for the relaxation and
creep functions.
Recall that creep and relaxation functions are connected through the relation
of Eq. (3.14). Most of the time, it is easier to have the relaxation function
and to infer the creep function. To do so, a code has been developed based
on the interconversion algorithm of Loy et al. [LOY 15]. Their algorithm is
based on the Laplace transform of the relaxation function in order to derive
analytical formula for the coefficients ji in terms of the derivative dR̂(s)/ds of
the Laplace transform R̂(s) of the relaxation function R(t).

Figure 3.6: The generalised Maxwell rheological model for linear viscoelasticity.

Other models exists such as the generalised Kelvin-Voigt model that, as his
name indicates, is a generalisation of the Kelvin-Voigt model. Elementary
Kelvin-Voigt models are put in series together and with a single spring and a
single damper.

In the road pavement modelling field, the frequency behaviour of the asphalt
materials is usually analysed and specific models are used to describe the
viscoelasticity. For instance the model of Huet and Sayegh (1963) is used to
describe the coupled thermo-viscoelastic behaviour.

v The Huet-Sayegh model: This model proposed in 1963 is made of a spring
and two parabolic dampers giving the instantaneous and retarded elasticity
of the material, in parallel with a single spring for the long-term elasticity
(see Fig. 3.7). Note that a parabolic damper of parameter k has a creep law:
f(t) = btk, where b is a dimensionless constant. For a temperature θ and a
frequency w, the complex modulus of the Huet-Sayegh models is given by:

E∗(ω,θ) = E0 + E∞−E0
1 + δ(jωτ(θ))−k + (jωτ(θ))−h , (3.18)
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where E∞ is the instantaneous elastic modulus; E0 the long-term modulus;
k and h are the exponents of the parabolic dampers; and δ is a positive di-
mensionless coefficient balancing the contribution of the first damper on the
overall behaviour. j is the complex number j2 =−1 and τ(θ) is a function of
the temperature. Sometimes the Huet-Sayegh model is modified by adding for
example a damper to the branch with the parabolic elements to build model
named 2S2P1D model.

Figure 3.7: The Huet-Sayegh rheological model for linear viscoelasticity, used for
asphalt materials.

In this work, the viscoelastic behaviour is described by the generalised Maxwell
model and its Prony series representation. In what follows next, it is assumed that
the creep and relaxation functions are known. Therefore, an Elastic/Viscoelastic
correspondence can be proposed to turn the elastic solution for the contact involving
an elastic layered body into its viscoelastic equivalent.

3.2.4.3 Elastic/Viscoelastic correspondence

The goal is to solve the contact in viscoelasticity. For this purpose, a correspon-
dence method is proposed. The Elastic/viscoelastic correspondence is inspired by
the one used in the case of homogeneous half-space. It allows to use the elastic
solutions to solve the corresponding viscoelastic problem. The solution proposed
by Lee and Radok [LEE 60] is based on the following property: In the Laplace or
Fourier transform domain, viscoelastic constitutive equations are equivalent to their
corresponding elastic ones. Hence, the correspondence is performed by applying the
following points to the elastic solution as summarised by Chen et al. [CHE 11]:

G replace the elastic modulus 1
2µ , with the viscoelastic creep compliance J(t),

G discretise the time domain and the load history,

G integrate the hereditary integral
∫∞
−∞()dt.
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

Let’s recall first the correspondence in the case of homogeneous bodies.
For any viscoelastic body, the displacement ui at a time t can be written as:

ui(x,y, t) =
∫ t

0

∫ ∫
R2
Fij(x−x′,y−y′, t− t′)σ̇j(x′,y′, t′)dx′dy′dt′

=
∫ t

0

∫ ∫
R2
Fij(x′,y′, t− t′)σ̇j(x−x′,y−y′, t′)dx′dy′dt′

(3.19)

where σj are the components of the applied stress at the surface and Fij(x,y, t) the
viscoelastic influence coefficients. The dot ˙ represents the partial derivative with
respect to time.
Considering a homogeneous semi-infinite body, the viscoelastic influence coefficients
Fij(x,y, t) can be written as:

Fij(x,y, t) = J(t)Ḡij(x,y), (3.20)

where the term Ḡij is included in the elastic influence coefficient and does not
depend on the elastic modulus of the body. J(t) is the creep function defining the
viscoelastic behaviour of the body. The reader may find this correspondence method
for a homogeneous half-space in [CHE 11] for instance. Thus the above displacement
can be written as:

ui(x,y, t) =
∫ t

0
J(t− t′)

∫ ∫
R2
Ḡij(x′,y′)σ̇j(x−x′,y−y′, t′)dx′dy′dt′. (3.21)

This means that a convolution is performed between the elastic influence coefficients
Ḡij - which are constant - and the applied stress at every time step. And then
the time integral, containing the creep function and the history of the loading, is
calculated.

Now, when moving to the case of a multi-layered half-space, the factorisation in
Eq. (3.20) is not possible in that same way.
What has been done for the present model is:

G Firstly, one may observe that the use of the potentials of Papkovich-Neuber
implies the following forms of the displacements:

2µruri = φr,i+xψrx,i+ zψrz,i− (3−4ν)ψri , (3.22)

where µ is the shear modulus of the layer r and φ and ψi are the potentials of
Papkovich-Neuber.
In the left hand, the factor 2µ is ideal for the correspondence since it has to
be replaced by its viscoelastic equivalent J(t).

G Secondly, solving the boundary conditions, it has come that the right hand
depends on the ratio µc/µs. Since the Poisson’s ratios are assumed constant,
the change of behaviour of the materials is given only by those ratios µc/µs.
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G The last remark have lead to propose the following equation for the viscoelastic
displacements:

ui(x,y, t) =
∫ t

0
Jc(t−t′)

∫ ∫
R2
Ḡcij(x′,y′,Jc(t′)/Js(t′))σ̇j(x−x′,y−y′, t′)dx′dy′dt′.

(3.23)
This equation is an approximation of the exact solution. It meets the exact
solution in steady-state regime and in some other cases as discussed in ap-
pendix C. In transient regime, the error made is marginal with regard to the
behaviour of the Fourier transform (see appendix C for details).

Therefore, the correspondence can be performed but it is mandatory to recal-
culate the right hand of Eq. (3.22) at every time step. This recalculation of the
influence coefficients has an additional cost on the overall simulation time. How-
ever, the simulation remains straight and fast.

The resulting equation for the normal displacement can then be written as:

uB2
z (x,y, t) =

∫ t

0
Jc(t− ξ)

[
Ḡc (x,y,ξ)∗ ∂p(x,y,ξ)

∂ξ

]
dξ (3.24)

where,

• * represents the convolution product,

• Jc(t) is the creep function of the top layer,

• Ḡc is contained - as explained above - in the Green function (the influence
coefficients) for the normal displacement at the surface z = 0 of the half-space,
in which the ratio µc/µs are replaced by their equivalent Jc(ξ)/Js(ξ).

In the case of a single layered half-space, the recalculation of the influence
coefficient at every time step has as consequence an increase of the calculation time
by approximately 50%.

The logic exposed above for the displacement uz due to a pressure field, is the
same to use for the displacements ux and uy; and when a shear field is imposed. It
can also be applied for the body 1.

3.2.4.4 Pure rolling procedure

The rolling and sliding of bodies in a viscoelastic contact demand to shift one or
both bodies in order to have the adequate relaxation phenomena related to the
history of loading. For the pure rolling (with no friction), let’s introduce a coordinate
system R0(O0,X0

1 ,X
0
2 ,X

0
3 ) for the initial time t= 0 and a moving coordinate system

R(O,X1,X2,x3) for every time t 6= 0. When the time range of simulation is divided
into Nt uniform time steps of size ∆t, the elementary shift of the rolling body is
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

∆~r = ~v×∆t. Then the contact solution at every time step is found in the frame
centred on the projection of the center of pressure of the rolling body, on the tangent
plane of the contact. The contact fields at the surface of the half-space are translated
into the actual frame to keep the history of the solution available. Figure 3.8 shows
the translation procedure for a rolling sphere.

Figure 3.8: Rolling procedure by the example of a rolling sphere on a plane.

Therefore, the surface normal displacement at every time t= α∆t can be written
as:

uB2
z (x,y, t) =

∫ t

0
Jc(t− ξ)

[
Ḡc (x,y,ξ)∗ ∂p(x−α∆rx,y−α∆ry, ξ)

∂ξ

]
dξ (3.25)

One can identify that the above equation means that the previous pressure field is
translated backward, accompanied by its relaxation.

With the above formulation of the contact considering viscoelasticity, the nu-
merical approach demands to take into account the time dimension. This numerical
task is described below.

3.2.4.5 Numerical approach

The numerical implementation needs a discretisation of both space and time. The
contact surface is discretised into N1×N2 elements, while the time domain is sub-
divided into Nt time steps ∆t. Then, using the finite difference method for ∂p

∂ξ the
discretised form of Eq. (3.25) becomes:

uB2
z (i, j,α) =

α∑
k=0

Jc[(α−k)∆t]×
 N1∑
i′=1

N2∑
j′=1

Ḡc
(
i− i′, j− j′,k∆t

)
×
(
p(i′, j′,k)−p(i′, j′,k−1)

) ,
(3.26)
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where one can infer that i, j and α are the indices for x, y and t respectively. For
k = 0, the term with k−1 has to be zero.

Note that the translation process explained in the previous section does not
clearly appear in the notation of the pressure here; so, the reader should make sure
to perform the translation between the actual and the precedent time steps.

At the time step α, the only unknown in the above equation is the actual pressure
field. The implementation gives:

1. For α = 0, the elastic solution of the contact is found: p(i, j,0).

2. For any α, the Green functions are recalculated Ḡc (i− i′, j− j′,(α)∆t). Then,
the term

H(α) =
α−1∑
k=0

Jc[(α−k)∆t]×
 N1∑
i′=1

N2∑
j′=1

Ḡc
(
i− i′, j− j′,k∆t

)
×
(
p(i′, j′,k)−p(i′, j′,k−1)

)
−J1[(α−α)∆t]×

 N1∑
i′=1

N2∑
j′=1

Ḡc
(
i− i′, j− j′,(α)∆t

)
×
(
p(i′, j′,α−1)

)
(3.27)

is calculated and stored.
The remaining term J1[(α−α)∆t]×

[∑N1
i′=1

∑N2
j′=1 Ḡ

c (i− i′, j− j′,(α)∆t)× (p(i′, j′,α))
]

contains the unknown pressure field and so is solved with the CGM algorithm.

After the contact is solved, one may want to calculate the volume quantities
especially the three-dimensional stresses.

3.2.4.6 3D stresses calculation

When surface field is known at the time step α, the 3D stresses calculation uses
this contact field and the elastic Green functions of stress. The consequence of this
modelling procedure is that any change in the volume cannot be observe in without
observing a change at the contact surface. Moreover, it implies that the change
in the contact surface is sufficient for the modelling of the viscoelasticity. In other
words, the Elastic/Viscoelastic correspondence is not applied to the stresses in the
volume. This is the reason why the influence coefficients of the elastic layered half-
space are used for the calculation of the stresses by convolution with the pressure
field output of the viscoelastic contact. The stresses for the pure frictionless normal
contact can then be written for example as:

σij =Kp
ij ∗p (3.28)

where Kp
ij are the influence coefficients for the stress component σij due to normal

pressure; and ∗ the sign for convolution.
Finally, the whole numerical approach of this contact on viscoelastic layered half-
space is summarised in the algorithm displayed in Fig. 3.9.
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

Initial state
Geomety of surfaces
Materials behaviour

Normal and/or tangential loads or displacements

Space discretisation

Computation for t ∈ [0,T ]
Discretisation in Nt time steps
t = α × ∆t, with ∆t = T

N
then α = {0,1, · · · ,N}

Time discretisation of the load:
P = P (α) or δz = δz(α)

α = 0

Calculation of the displacements
DC-FFT

Normal Contact
Problem(CGM)

Tangential Contact
Problem(CGM)

3D stresses
calculation

α = N α = α+ 1

Elastic/viscoelastic
correspondence

End

Yes

No

Figure 3.9: Algorithm of resolution of the contact on a viscoelastic layered half-
space.
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Validation

In summary, the elastic influence coefficients for solving the contact problem
involving a layered half-space have been determined, a correspondence method has
been proposed to get the viscoelastic solutions from the elastic ones and finally a
rolling procedure has been proposed to translate the contact field without lost of
informations related to the history of loading. In the next section, a validation of
the model is to be performed especially for the viscoelastic part.

3.3 Validation
To perform a complete validation, the present semi-analytical model has been con-
fronted to other models in three different contact cases: viscoelastic homogeneous
contact cases, the viscoelastic layer bounded to a rigid base and a Finite Element
model. The first comparison regarding the rolling contact on a homogeneous vis-
coelastic half-space has been relevant to verify that the above rolling procedure
works well. The second validation for a viscoelastic layer on a rigid base has allowed
to begin falling into the novelty of this work even if it is a limiting case. The last
case which is presented here is a complete case of validation with Finite Element
Method. The other cases are presented in appendix B.

Contact on a viscoelastic layered half-space (FEM validation)
For the validation of a complete case of contact on a viscoelastic layered half-space, a
Finite Element Model (FEM) has been built using the commercial software Abaqus
v6.17. The configuration is shown in Fig. 3.10: a rigid sphere of radius R = 31
mm is in contact with a viscoelastic layered solid of dimensions 100×50×60 mm3.
The coating of thickness h = 1 mm is a partition of the solid and its material is
PolyMethylMetAcrylate (PMMA) of relaxation function:

RPMMA(t) = 1429.71 + 184.62× exp
(
− t

8.93

)
+ 191.06× exp

(
− t

117.96

)
(3.29)

The substrate material is a fictitious viscoelastic steel with one relaxation time:

RSTEEL(t) = µ× exp
(−t
τ

)
(3.30)

where the units of R and t are MPa and s respectively; µ is the shear modulus
µ = 80769 MPa and τ is the relaxation time of the substrate (fictitious steel):
τ = τs = 10 s. This value of τ has been choosen so that it can be comparable
to the relaxation times of the PMMA. The Poisson’s ratios are νPMMA = 0.38 and
νSTEEL = 0.3. A friction coefficient f = 0.25 is considered for the surfaces in contact.
To reduce computation time, the symmetry of the model is considered with respect
to the plane y = 0. A zone of interest (zoom in Fig. 3.10) in the solid of dimensions
7×3.5×2.5 mm3 is meshed with eight-node brick elements with reduced integration
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

Figure 3.10: Finite element model for validation

(C3D8R) of size 0.05. The rest of the solid is meshed with four-node tetrahedral
elements (C3D4) and the sphere with ten-node tetrahedral elements (C3D10). The
calculation is made in 3 steps (see Fig.3.11):

1. Normal charge: Application of a normal displacement δ = 0.1 mm,

2. Sliding: Application of a tangential displacement ξ = 0.1 mm,

3. Visco: Viscoelastic relaxation of the stresses. The viscoelastic simulation time
is 2× τ , divided in 40 time steps.

Figure 3.12 shows the comparison of the normalised contact pressure p/p0 and
shear σX/p0 obtained by the Finite Element Method and the results by the Semi-
Analytical Method for different time steps. One can observe a correct agreement
between the two methods except for the shear at t = ε. In fact, when applying a
normal force on a half-space, finding the induced shears is a non-linear problem.
This non-linear problem strongly depends on the mesh and needs to be handled
with care.
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Validation

Figure 3.11: Finite element model steps

Thus, the differences come from the average method of calculation of quantities with
Abaqus in presence of friction, and the mesh which slightly differs between the two
methods. But the results match enough to state that the model is validated.
Finally it should be noted that here the computation time by the Finite Element
Method is approximately 800 time the one by the present method (semi-analytical
method).

Now, with this semi-analytical model, the goal is to to try to understand various
effects on the contact when a viscoelastic layered half-space is involved in the contact.
In this spirit, a parametric study is performed in the following section.
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Figure 3.12: Validation with Finite Element Method: Normalised contact pressure
comparison (a) and normalised shear x (b) at different time steps.

3.4 Results

3.4.1 Description of the problem
Although the model can take into account frictional contact, in this part a free
rolling or pure sliding (friction coefficient f = 0) contact is considered between a
rigid sphere of radius R = 10 mm moving at constant velocity v on a viscoelastic
layered half-space. The substrate viscoelastic properties are kept constant and
are given by Eqs. (3.31) and (3.32), with µ∞s = 3.86 MPa, µ∞s/µ0s = 11/2. The
reference case is the contact over the substrate for a prescribed normal displacement
δ = 0.1 mm; p0 the reference contact pressure and a the reference contact radius
are given at t= 0.
The coating thickness is h and its viscoelastic properties are noted µ∞c , µ0c. The
Poisson’s ratio is considered constant and the same for coating and substrate:
νc,s = 0.3.

J(t) =
[

1
µ0
− 1
µ1

exp
(
− t
τ

)]
=
[

1
µ∞

+ 1
µ1

(
1− exp

(
− t
τ

))]
(3.31)

R(t) =
µ0 + (µ∞−µ0)exp

− t
µ0
µ∞
τ

 (3.32)

A parametric study is made with the following parameters:

1. µ∞c/µ∞s = 0.25 ; 0.5 ; 1 ; 2 ; 4.
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Figure 3.13: Creep function (a) and relaxation function (b)

2. τc/τs = 0.5 ; 1 ; 2 ; where τc and τs are the relaxation times of coating and
substrate, respectively.

3. h = 0.1a ; 0.25a ; 0.5a ; a ; ∞ ; where a is the elastic contact radius for the
homogeneous half-space with substrate properties.

4. vτs/a= 0.4 ; 0.8 ; 1.2.

For every case, the following data will be analysed:

G The contact pressure distribution normalised by p0, the Hertz’s pressure for
the homogeneous half-space with substrate properties

G The coating/substrate interfacial stresses σ11 and σ13 considered relevant since
the sphere rolls/slides along x1. The second invariant J2 is also plotted as the
overall stress state in the volume. The stresses will be plotted versus x1 in the
plane x2 = 0

G The apparent friction coefficient µapp and resisting torque M . They are a
representation of the hysteresis losses in the viscoelastic material. These losses
induce a tangential force given by:

FV (t) =
∫

Γc(t)

∂u3 (x1,x2, t)
∂x1

p(x1,x2, t)dx1dx2 (3.33)

where Γc(t) is the real contact area at time t.
Then the apparent friction coefficient is µapp = Ft/FN , where FN is the
normal load. The above integral is evaluated using rectangle rule while a
Finite Difference Method is used to calculate ∂u3 (x1,x2, t)/∂x1.
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

In the case of a rolling/sliding sphere in direction x1, the resisting torque is
given by:

M(t) =
∫

Γc(t)
x1p(x1,x2, t)dx1dx2 (3.34)

This equation is evaluated by the rectangle rule. Moreover, at a macroscopic
scale, for a rolling/sliding sphere the two variables (apparent friction coefficient
and resisting torque) are related by the following equation:

M(t) = µapp(t)×FN ×R (3.35)

Note that what is called here the apparent friction coefficient is observed for
a frictionless contact. For more details on the differences between rolling and
sliding, also depending on which body behaves viscoelastically, the reader may
refer to Fig. 3 in Koumi et al. [KOU 15b].

3.4.2 Effect of the ratio of shear modulus µ∞c/µ∞s
For this study, a normal body displacement δ = 0.1 mm is prescribed at t= 0. The
dimensionless velocity of the sphere is vτs/a = 0.8. For both coating and substrate
µ∞c,s/µ0c,s = 11/2; τc/τs = 1; and the computation time domain is [0,2τs].

Figure 3.14 shows the contact pressure distribution normalised by p0, the Hertz’s
pressure for the homogeneous half-space with substrate properties. The results are
plotted at (a) t=τs/10, (b) t=τs/4, (c) t=τs, (d) t=2× τs. One can see that the
contact pressure increases significantly with the ratio µ∞c/µ∞s.
The apparent friction coefficient and the resisting torque plotted in Fig. 3.15 show a
minor variation with the ratio µ∞c/µ∞s. However, a slight decrease can be observed
when increasing the ratio. The steady-state regime which is reached when t = τ/2
approximately; and at this regime the apparent friction coefficient is close to 0.04.

The coating/substrate interface stresses are plotted in Fig. 3.16. σxx
(Fig. 3.16(a)) shows a profile near to a normal law distribution but slightly different
with two main zones. A middle zone which is in compression when µ∞c/µ∞s < 1
and in traction when µ∞c/µ∞s > 1 ; and a peripheral zone which is always in com-
pression and where stresses logically vanish when far from the contact area. It is also
interesting to remark the abrupt increase of the maximum of the σxx component
when µ∞c/µ∞s > 1 while the decrease of the ratio µ∞c/µ∞s from 0.5 to 0.25 implies
a slight change.
Besides, the curves of σxz (Fig. 3.16(b)) show a compression zone at the front in
the rolling direction and a traction zone behind. The absolute value of shear σxz
at the interface increases with the ratio µ∞c/µ∞s. But it increases less rapidly for
µ∞c/µ∞s > 1.
To have an overall representation of the stresses, the second invariant is plotted in
Fig. 3.16(c). A global increase of J2 in respect to the ratio µ∞c/µ∞s is observed;
meaning the stiffness of the coating drives the stresses at the coating/substrate
interface.
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Figure 3.14: Distribution of normalised contact pressure for layered viscoelastic
half-space for different ratios µ∞c/µ∞s ; prescribed normal body displacement δ =
0.1 mm and dimensionless velocity vτs/a= 0.8 at (a) t=τs/10, (b) t=τs/4, (c) t=τs,

(d) t=2× τs.
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Figure 3.15: Apparent friction coefficient (a) and resisting torque (b) for different
ratios µ∞c/µ∞s ; prescribed normal body displacement δ = 0.1 mm and dimension-

less velocity vτs/a= 0.8.

-4 -2 0 2 4

x=a

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

<
x
x
=p

0

71c = 0:2571s

71c = 0:571s

71c = 71s

71c = 271s

71c = 471s

(a)

-4 -2 0 2 4

x=a

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

0.05

<
x
z
=p

0

71c = 0:2571s

71c = 0:571s

71c = 71s

71c = 271s

71c = 471s

(b)

-4 -2 0 2 4

x=a

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

p
J

2
=p

0

71c = 0:2571s

71c = 0:571s

71c = 71s

71c = 271s

71c = 471s

(c)

Figure 3.16: Normalised coating/substrate interface stresses (a) σxx, (b) σxz and
(c) second invariant J2 ; for different ratios µ∞c/µ∞s, for prescribed normal body

displacement δ = 0.1 mm and dimensionless velocity vτs/a= 0.8.
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Results

3.4.3 Effect of the ratio of relaxation times τc/τs
In this section, the effect of the relaxation time ratio is investigated. For this aim,
it is kept µ∞c = 0.25×µ∞s ; µ∞c,s/µ0c,s = 11/2 ; while τc/τs = 0.5 ; 1 ; 2. A normal
body displacement δ = 0.1 mm is prescribed, and the dimensionless rolling velocity
is set at vτs/a= 0.8.
The normalised contact pressure profile is plotted in Fig. 3.17 and the apparent
friction coefficient in Fig. 3.18. Both show that the steady-state regime is achieved
more rapidly when the ratio τc/τs decreases. This is why the pressure distribution
for τc/τs = 0.5 is almost the same at the four time steps plotted. One can also
observe that at steady-state regime, the highest peak of pressure appears for the
highest relaxation time ratio. This may mean that the increase of the relaxation
time ratio is somewhat equivalent to an increase of the coating stiffness. In addition,
the relaxation time ratio drives the time to spend before reaching the steady-state
regime, or the speed with which it is reached. It is very important to remark the
very strong impact of the relaxation time on the apparent friction: when τc is
greater, greater is the resisting tangential force induced; then µapp increases.

The analysis of the coating/substrate interface in Fig. 3.19 shows that the
fluctuation and magnitude of the stresses increase with the ratio τc/τs. This means
that when the coating relaxes more rapidly than the substrate, its deformation
induces additional stresses at the interface. On contrary, when the coating
relaxes less rapidly, stresses are reduced. These observations confirm the idea
of adding a certain stiffness to the coating when increasing the relaxation time ratio.
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Figure 3.17: Distribution of normalised contact pressure for layered viscoelastic
half-space for different ratios τc/τs ; µ∞c = 0.25×µ∞s ; prescribed normal body
displacement δ = 0.1 mm and dimensionless velocity vτs/a= 0.8 at (a) t=τs/10, (b)

t=τs/4, (c) t=τs, (d) t=2× τs.
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Figure 3.18: Apparent friction coefficient (a) and resisting torque (b) for different
ratios τc/τs ; µ∞c = 0.25×µ∞s ; prescribed normal body displacement δ = 0.1 mm

and dimensionless velocity vτs/a= 0.8.
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Figure 3.19: Normalised coating/substrate interface stresses (a) σxx, (b) σxz and
(c) second invariant J2 ; for different ratios τc/τs ; µ∞c = 0.25×µ∞s ; prescribed

normal body displacement δ = 0.1 mm and dimensionless velocity vτs/a= 0.8.
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

3.4.4 Effect of the coating thickness
This section focuses on the effect of the coating thickness, while keeping constant
the following ratios: µ∞c = 0.25×µ∞s ; µ∞c,s/µ0c,s = 11/2 and τc/τs = 1. A normal
body displacement δ = 0.1 mm is prescribed, and the dimensionless rolling velocity
is vτs/a= 0.8. Figures 3.20, 3.21 and 3.22 are plotted for h= 0.1a , 0.25a , 0.5a , a
, ∞ ; where a is the contact radius for the homogeneous half-space with substrate
properties.
When h is increasing, the solution will tend towards the homogeneous solution with
the coating properties. In Figs. 3.20 and 3.22, when increasing h the pressure de-
creases to reach the homogeneous half space solution. Besides, the coating/substrate
interface stresses decrease to reach zero because the interface becomes far in the half-
space and does not feel the stresses anymore. One can observe in Fig. 3.22(b) that
for h = 0.1a, there is a perturbation of the shear stress σxz. This is due to our
parametrisation where the prescribed normal displacement coincides with the thick-
ness of the coating. This result shows that the models can handle this special case
of loading.
In the same time, one can observe that the influence of the thickness on the apparent
friction coefficient (see Fig. 3.21) is not significant.
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Figure 3.20: Distribution of normalised contact pressure for layered viscoelastic
half-space for different thicknesses h; µ∞c = 0.25×µ∞s ; prescribed normal body
displacement δ = 0.1 mm and dimensionless velocity vτs/a= 0.8 at (a) t=τs/10, (b)

t=τs/4, (c) t=τs, (d) t=2× τs.

121

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



3. Pure Rolling Contact on a Viscoelastic Layered Half-space

0 0.5 1 1.5 2 2.5

t==s

-0.1

0

0.1

0.2

0.3

0.4

0.5

M

h=0.1a
h=0.25a
h=0.5a
h=a
h = 1

(a)

0 0.5 1 1.5 2 2.5

t==s

-0.1

0

0.1

0.2

0.3

0.4

0.5

M

h=0.1a
h=0.25a
h=0.5a
h=a
h = 1

(b)

Figure 3.21: Apparent friction coefficient (a) and resisting torque (b) for different
thicknesses h; µ∞c = 0.25×µ∞s ; prescribed normal body displacement δ = 0.1 mm

and dimensionless velocity vτs/a= 0.8.
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Figure 3.22: Normalised coating/substrate interface stresses (a) σxx, (b) σxz and
(c) second invariant J2 ; for different thicknesses h; µ∞c = 0.25×µ∞s ; prescribed

normal body displacement δ = 0.1 mm and dimensionless velocity vτs/a= 0.8.
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Results

3.4.5 Effect of the velocity
In this section, the effect of the velocity is studied. It is kept constant the following
ratios: µ∞c = 0.25×µ∞s ; µ∞c,s/µ0c,s = 11/2 and τc/τs = 1. A normal body dis-
placement δ = 0.1 mm is prescribed, and the dimensionless rolling velocity is set to
vτs/a= 0.4 ; 0.8 or 1.2.
Results are plotted in Figs. 3.23, 3.24 and 3.25. In one hand, when the velocity is
low the stresses have time to relax and then the pressure decreases with the velocity.
In another hand, the apparent coefficient curves show that the steady-state regime
is achieve near t= τ/2 independently of the velocity.
Concerning the stresses at the coating/substrate interface, an increase of the abso-
lute value is observed when increasing the velocity. Nevertheless, the values of the
stresses are not very high themselves because of the set of parameters applied.
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Figure 3.23: Distribution of normalised contact pressure for layered viscoelastic
half-space for different dimensionless velocities vτs/a ; for µ∞c = 0.25×µ∞s and a
prescribed normal body displacement δ = 0.1 mm at (a) t=τs/10, (b) t=τs/4, (c)

t=τs, (d) t=2× τs.
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Figure 3.24: Apparent friction coefficient (a) and resisting torque (b) for different
dimensionless velocities vτs/a ; for µ∞c = 0.25×µ∞s and prescribed normal body

displacement δ = 0.1 mm.
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Figure 3.25: Normalised coating/substrate interface stresses (a) σxx, (b) σxz and
(c) second invariant J2 for different dimensionless velocities vτs/a ; for µ∞c = 0.25×

µ∞s and prescribed normal body displacement δ = 0.1 mm.
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

3.4.6 Prescribed normal force: creep

The above work was done for a prescribed normal body displacement δ implying
relaxation effects. In the present part a normal force P = 1.48 N is applied to move
into the creep case. The parameters of section 3.4.5 are kept. The results are plotted
in Figs. 3.26 and 3.27 in terms of pressure profile, apparent friction coefficient and
resisting torque.
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Figure 3.26: Distribution of normalised contact pressure for layered viscoelastic
half-space for different dimensionless velocities vτs/a; for µ∞c = 0.25× µ∞s and
prescribed normal force P = 1.48 N at (a) t=τs/10, (b) t=τs/4, (c) t=τs, (d) t=2×τs.

One can observe in Fig. 3.27 that the steady-state regime is hardly acheived near
t/τ = 4 against t/τ = 0.5 in the case of a prescribed normal body displacement. This
behaviour is a result of the creep function effect (see Fig. 3.13(a)); while when a
normal body displacement is prescribed, there is a relaxation effect.
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Figure 3.27: Apparent friction coefficient (a) and resisting torque (b) for different
dimensionless velocities vτs/a ; for µ∞c = 0.25×µ∞s and prescribed normal force

P = 1.48 N.

3.4.7 3D stress analysis

The present model described with equations in section 6.2 allows the calculation of
3D stresses. When the contact is solved, the contact pressure distribution is the
input of the 3D stress calculation. This procedure considers that there is no change
of the material with time, but only a change of the pressure distribution which
influences the stresses.
In the present section the parametric study of section 3.4.2 is considered but with
τc/τs = 0.25 and µ∞c/µ∞s = 0.25.
Here a cut view in the plane Y = 0 is presented. In Fig. 3.28, stresses (a) σxx/p0,
(b) σxz/p0 and (c) J2/p0 are plotted at time steps t = τs/10 (left) and t = 2× τs
(right).
The solution at t= τs/10 is at the beginning of the movement and in the transient
regime; while at t= 2× τs it is clearly the steady-state regime and, a peak appears
at the front of the contact zone in the direction of the rolling at a certain distance
under the surface.
The coating/substrate interface is visible at z/h= 1, showing a jump of stress as a
result of interaction between substrate and coating.

3.4.8 Frictional (dry friction) sliding on a viscoelastic lay-
ered half-space

The tangential viscoelastic contact modelling is based on the same global approach
presented for the normal viscoelastic contact. The tangential contact algorithm used
is based on the Conjugate Gradient Method CGM described in [GAL 10b].
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3. Pure Rolling Contact on a Viscoelastic Layered Half-space

Here some preliminary results of the sliding in presence of dry friction on the vis-
coelastic layered half-space are presented. For this aim,the set of parameters of the
section 3.4.5 is considered with vτs/a= 0.4. The dry friction coefficient is f = 0.25.

Figure 3.29 shows the frictional sliding on a homogeneous half-space with the
material properties of the substrate (µc/µs = 1) and on a coated half-space with
µc/µs = 0.25.
It can be observed that before achieving the slip regime, there is a partial slip regime
(see Fig. 3.29(a)). Forward to the stick-slip regime, where Q< f ×W (Q stands for
the applied tangential load and W for the applied normal load), the full slip regime
appears. One can then observe at the early stage (when t = τs/20) the loss of the
classical shape of the shear curve due to the relaxation phenomenon. It is important
to note that the coupling between the normal and the tangential problems is taken
into account. Thus, an asymmetric shear profile appears due to the fact that the
sphere and the half-space are elastically dissimilar (see [GAL 07b]). By comparing
the homogeneous half-space and the coated half-space solutions, it can be seen that
adding a soft coating leads in a decrease of the overall pressures and shears.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.28: Dimensionless stresses (a) & (b) σxx/p0 , (c) & (d) σxz/p0 and (e)
& (f) J2/p0 in the plane Y=0, plotted at time steps t = τs/10 (left) and t = 2× τs

(right)
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Figure 3.29: Dimensionless contact tractions for a frictional (f = 0.25) sliding
contact of a rigid sphere on a viscoelastic layered half-space. The sphere slides at
a dimensionless velocity vτs/a= 0.4 (tangential effort is driven in term of displace-
ment) under a prescribed normal displacement. The dimensionless contact shear in
the direction of the sliding and the dimensionless contact pressure are plotted over

the line y = 0 at (a) t=τs/20, (b) t=τs/4, (c) t=τs, (d) t=2× τs.
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Conclusion

3.5 Conclusion
In this chapter, a semi-analytical model has been developed to solve the contact on a
viscoelastic layered half-space, where coating and substrate have different viscoelas-
tic behaviours. The influence coefficients for an elastic coated half-space have been
calculated first, using Papkovich-Neuber potentials. Then an elastic/viscoelastic
correspondence has been proposed. For validation, the model is confronted to
the elastic layered half-space solution of O’Sullivan and King [O’S 88], the ho-
mogeneous viscoelastic half-space solutions of Koumi et al. [KOU 15b] and Car-
bone and Putignano [CAR 13], the viscoelastic layer on rigid base of Stepanov and
Torskaya [STE 18] and finally a Finite Element Model. Contact pressure distribu-
tion, apparent friction coefficient, stresses at the interface and subsurface stresses
have been analysed and the main results are:

1. The coating drives the stresses at the coating/substrate interface; and when
the coating relaxes more rapidly than the substrate, its deformation produces
additionnal stresses at the interface.

2. The steady-state regime is reached more rapidly in relaxation case (i.e. when
a displacement is imposed) than in the creep case (when a force is imposed).

3. The relaxation time ratio and rolling/sliding velocity have a very significant
impact on the apparent friction coefficient.

4. The coating/substrate shear modulus ratio and thickness do not have a sig-
nificant effect on hysteresis losses (apparent friction coefficient).
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Chapter 4

Pure Rolling on a Viscoelastic
Multi-layered Half-space

The purpose of this chapter is the contact of a rolling
body on a viscoelastic multi-layered half-space. The

influence coefficients are found for an elastic multi-layered
half-space using the Papkovich-Neuber potentials. An

Elastic/Viscoelastic correspondence is used in order to
take into account not only the change of behaviour of the
half-space during time, but also to superimpose the load

history. The numerical Conjugate Gradient Method
(CGM) coupled with FFT algorithms are used to solve the
variational problem that yields from the contact problem
definition. Finally, a parametric study is performed to

highlight the effect of a gradient of property in the
half-space.
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Introduction

4.1 Introduction
The modelling of multi-layered structures is certainly of great interest for those who
work with coated bodies or composites for example. The pavement structure which
is the desired application of the works presented in this document is also a multi-
layered body. Multi-layered structures are widely popular and used in many fields
and thus, it is important to model the possible viscoelastic behaviour they can take.

Note that the case of a single layered half-space is presented in the previous chap-
ter. In elasticity, for two elastic layers on an elastic substrate, Chen et al. [CHE 71]
performed an exact analysis for a two dimensional case. For a general case of L
layers, L being any positive integer, Yu et al. [YU 14] solved the problem analyt-
ically in the Fourier frequency domain by constructing a matrix system and used
numerical algorithms to find a semi analytical solution for the influence coefficients.

In this chapter, a method is proposed to solve the 3D contact problem with a
viscoelastic multi-layered half space. The general method is an extension of the
Elastic/viscoelastic correspondence exposed in the previous chapter, coupled with
the influence coefficients for a multi-layered half-space.

Some examples are also provided to illustrate the performances of the numer-
ical techniques used to tackle the problem. The free rolling contact is studied in
viscoelasticity for both transient and steady-state regime.

In the following, firstly the general problem and its formulation are recalled
quickly. Then, the elastic influence coefficients for a multi-layered half-space are
found analytically in the Fourier frequency domain and numerically obtained in the
space domain. A validation is performed and finally, a parametric study allows
to highlight the viscoelastic effects on some examples of viscoelastic multi-layered
bodies.
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space

4.2 Formulation

Figure 4.1: System being considered. A pressure and a shear distributions are
applied at the surface of a viscoelastic multi-layered half-space, where the L layers

and substrate have different viscoelastic behaviours

This formulation is similar to the one of the previous chapter. The system being
considered consists of two bodies (1 and 2) in contact over a region Γc. Both bodies
can be of any kind of geometry, and here body 2 is the actual viscoelastic multi-
layered half-space. In this framework, the layers are considered perfectly bonded to
one another. It means that the displacements are continuous at the interfaces. In
addition, the tractions continuity condition is set at all the interfaces.
Let us recall quickly the classical definition of the contact for numerical applications.
It begins with the definition of the gap between the bodies: the surface separation
g(x,y, t) between the two bodies is defined at every point at the contact surface
as the sum of the initial separation hi(x,y), the elastic and the viscoelastic normal
displacements of both bodies under the load history u

(B1+B2)
3 (x,y, t) and (if there

is some,) the rigid body displacement δ(t) at every time t. Then, the following
equation reads:

g(x,y, t) = hi(x,y) + δ(t) +u
(B1+B2)
3 (x,y, t) (4.1)

Once the gap is defined, for p(x,y, t) the locale pressure at a point (x,y) on the
surface at a time t, the contact conditions can be identified as:

(x,y) ∈ Γc; h(x,y, t) = 0 and p(x,y, t)> 0 (4.2a)

(x,y) /∈ Γc; h(x,y, t)> 0 and p(x,y, t) = 0 (4.2b)
The above contact conditions take into account the non-penetration and the pressure
positivity conditions. Moreover, the load balance added to the set of equations: If
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Formulation

a force P (t) is applied on the system, it must be equal to the sum of the contact
pressure distribution p(x,y, t) over the contact zone Γc. That reads as follow:

P (t) =
∫

Γc(t)
p(x,y, t)dS (4.3)

It is important to remark that the contact is solved at every time step. It means
that whatever the load history is, it is taken into account at the present step. This
allow to solve transient problem shown later in the results.
In the above contact definition, the elastic and viscoelastic displacements remain
unknown. In the next part, the elastic response of the multi-layered half-space
under an unit pressure and an unit shear has to be found. This response is the
influence coefficients that will be formulated with Papkovich-Neuber potentials.

4.2.1 Influence coefficients for multi-layered elastic half-
space

This part is the original part of this chapter. Consider a multilayered half-space
with L linear elastic and homogeneous layers on a linear elastic and homogeneous
substrate. From the top to the bottom, the layer j has a shear modulus µj ; its
Poisson’s ratio is νj and its thickness is hj (j = 1, ...,L). For the substrate, the shear
modulus is µL+1 or µsub and the Poisson’s ration is νL+1 or νsub. The Papkovich-
Neuber potentials φj and ψji are used to express the elastic field. φj and ψji are
harmonic functions of (x,y), and when no body forces, ψj2 vanish. Then, as for the
single layered case seen in the previous chapter, one can write displacements and
stresses as function of the potentials φj , ψjx and ψjz :

2µjuji = φj,i+xψjx,i+ zjψ
j
z,i− (3−4νj)ψji (4.4a)

σjik = φj,ik−2νj(ψjx,x+ψjz,z)δik− (1−2νj)(ψji,k +ψjk,i) +xψjx,ik + zjψ
j
z,ik (4.4b)

where Einstein’s notation is used and j = 1, ...L+ 1.
In the above equations, the coma stands for the partial derivative (eg: φ,x = ∂φ

∂x). To
avoid performing those partial derivatives, a linearisation of the Eqs. (4.4) is done
using Fourier Transform (FT). Furthermore, the transformed Papkovich-Neuber po-
tentials using bi-harmonic functions are defined as:

˜̃φj = Aj exp(−αzj) +A
j exp(αzj) (4.5a)

˜̃ψjx =Bj exp(−αzj) +B
j exp(αzj) (4.5b)

˜̃ψjz = Cj exp(−αzj) +C
j exp(αzj) . (4.5c)

Therefore, yield linear equations to solve in the Fourier frequency domain.
Let’s introduce again the following notations: wj+ = eαzj and wj− = e−αzj , where
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space

α=
√
m2 +n2 is the radius in the frequency domain; (m,n) representing the Fourier

Transform of (x,y).
Thence, the forms of displacements and stresses in the Fourier frequency domain
can be inferred (see chapter 3).
With those forms of the elastic field, a system might be found for which the solution
will be the coefficients Aj , Aj ,Bj , Bj ,Cj and C

j . Note that AL+1 = 0, BL+1 = 0
and C

L+1 = 0 because the elastic field must vanish at infinity.
To construct the system to solve, the boundary conditions are used. They are:

â At the top surface i.e. the contact surface of the whole multi-layered half-space
z1 = 0, pressure and shear fields are imposed:

σ1
zz(x,y,0) =−δ(x,y), σ1

zx(x,y,0) =−δ(x,y), σ1
zy(x,y,0) = 0. (4.6)

δ is the Dirac distribution.

â At all the interfaces, tractions and displacements continuity is required:

σjzx(x,y,hj) = σj+1
zx (x,y,0) ujx(x,y,hj) = uj+1

x (x,y,0)
σjzy(x,y,hj) = σj+1

zy (xxy,0) ujy(x,y,hj) = uj+1
y (x,y,0)

σjzz(x,y,hj) = σj+1
zz (x,y,0) ujz(x,y,hj) = uj+1

z (x,y,0).
(4.7)

This continuity at the interfaces means a perfect bounding of the layers to one
another.

Further, applying a double Fourier Transform (FT) to the above boundary con-
ditions, a system of 6L+ 3 equations with 6L+ 3 unknowns comes out. Following
the steps of Yu et al. [YU 14], the system can be split into two matrix systems: one
keeping the applied shear contribution and the other, the contribution of the applied
pressure.
Applying the FT to the boundary conditions, leads to:

˜̃σ1
zz(m,n,0) =− ˜̃p(m,n), (4.8)

˜̃σ1
zx(m,n,0) =−˜̃q(m,n), (4.9)

˜̃σ1
zy(m,n,0) = 0, (4.10)

and
˜̃σjzx(m,n,hj) = σj+1

zx (x,y,0), (4.11)
˜̃σjzy(m,n,hj) = σj+1

zy (xxy,0), (4.12)
˜̃σjzz(m,n,hj) = σj+1

zz (x,y,0), (4.13)
˜̃ujx(x,y,hj) = uj+1

x (m,n,0), (4.14)
˜̃ujy(x,y,hj) = uj+1

y (m,n,0), (4.15)
˜̃ujz(x,y,hj) = uj+1

z (m,n,0). (4.16)

138

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Formulation

Then the system is built using those equations by a construction procedure of matrix
systems. The construction procedure is as follow:

G By subtracting the shear stresses in Eqs. (4.9) and (4.10), all the unknowns
are cancelled except B1 and B̄1. This gives the first row of the matrix system
in Eq. (4.17).

G By subtracting the continuity conditions of shear stresses between the layers
(Eqs. (4.11) and (4.12)) and the continuity conditions of the displacements
Eqs. (4.14) and (4.15), a 2× 4 sub-matrix is obtained along the diagonal of
the system in Eq. (4.17).

G For the last interface before the half-space B̄L+1 = 0. By applying the sub-
traction procedure as for the previous interfaces, for the shear stresses and
displacements, a sub-matrix 2×3 is obtained.

The system for finding the unknowns Bj , B̄j , Bj+1 and B̄j+1 is:


2α(1−ν1) −2α(1−ν1)
. . . . . . 0

−4(1−νj)θj− −4(1−νj)θj+ 4(1−νj+1)µ(j,j+1) 4(1−νj+1)µ(j,j+1)

2α(1−νj)θj− −2α(1−νj)θj+ −2α(1−νj+1) 2α(1−νj+1)
. . . . . .
. . . . . .

0 −4(1−νL)θL− −4(1−νL)θL+ 4(1−νL+1)µ(L,L+1)

2α(1−νL)θL− −2α(1−νL)θL+ −2α(1−νL+1)





B1

...
B
j

Bj+1

...
B
L

BL+1


=



−˜̃q
...
0
0
...
0
0



(4.17)
Using the same technique of construction, the system in Eq. (4.18) is formed by

using the normal stresses and displacements. The two first rows are given by the
use of Eqs. (4.8) and (4.10). Along the diagonal, the sub-matrices X1j and X2j are
found by using the continuity conditions in Eqs. (4.15), (4.16), (4.12) and (4.13).
At the bottom of the matrix, four rows contain the continuity conditions at the last
interface with ĀL+1 = 0 and C̄L+1 = 0.



α α 2(1−ν1) −2(1−ν1)
α −α 1−2ν1 1−2ν1 0

. . . . . .
X1j X2j

. . . . . .
α α(θL+)2

αhL αhL(θL+)2 −αµ(L,L+1)θL+ 0
α −α(θL+)2 3−4νL+αhL (3−4νL+αhL)(θL+)2 −αµ(L,L+1)θL+ −µ(L,L+1)(3−4νL+1)θL+

0 α −α(θL+)2 1−2νL+αhL (1−2νL−αhL)(θL+)2 −αθL+ −(1−2νL+1)θL+
α α(θL+)2 2(1−νL)+αhL −[2(1−νL)−αhL](θL+)2 −αθL+ −2(1−νL+1)θL+





A1

A
1

...
Cj

C
j

Aj+1

A
j+1

...
CL

C
L

AL+1

CL+1



=



S0
1
S0

2
...
Sj1
Sj2
Sj3
Sj4...
SL1
SL2
SL3
SL4


(4.18)

where θj+ = eαhj , θj− = e−αhj , µ(j,j+1) = µj
µj+1

and the sub-matrices X1j and X2j are
written as follow:

X1j =


α α(θj+)

2
αhj αhj(θj+)

2

α −α(θj+)
2

3−4vj +αhj (3−4vj−αhj)(θj+)
2

α −α(θj+)
2

1−2vj +αhj (1−2vj−αhj)(θj+)
2

α α(θj+)
2

2(1−vj) +αhj − [2(1−vj)−αhj ] (θj+)
2

 X2j =


−αµ(j,j+1)θj+ −αµ(j,j+1)θj+ 0 0
−αµ(j,j+1)θj+ αµ(j,j+1)θj+ −µ(j,j+1) (3−4vj+1)θj+ −µ(j,j+1) (3−4vj+1)θj+
−αθj+ αθj+ −(1−2vj+1)θj+ −(1−2vj+1)θj+
−αθj+ −αθj+ −2(1−vj+1)θj+ 2(1−vj+1)θj+


(4.19)
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space

In Eqs. (4.18), the second hands remain to be defined. Those S0
1 , · · · ,SL4 are

functions of the Bj and Bj (found solving Eqs. (4.17)) and their derivatives. Those
functions are given in appendix A.
Whether it is possible to find analytic solution of the Eqs. (4.17) and (4.18), the
choice has been to find the analytic exact solution of Eqs. (4.17) and then to make
a numerical inversion of the system in Eqs. (4.18). This will help to avoid errors
that can be made since the solutions are long and complex. Thus, a Gauss-Jordan
algorithm is used to make the inversion of the (4L+ 2)× (4L+ 2) matrix. The cost
of the numerical inversion depends on the number of layers and also on the size of
the computation area.
At this point, the Green functions are found in the Fourier frequency domain and can
be found numerically by applying an Inverse Fourier Transform (IFT) (see [LIU 02]).
In the present work, the IFT is handled with Fast Fourier Transform (FFT) algo-
rithms as done in the previous chapter 3.

Once the solution is found, the solution of the elastic contact on a multi-layered
half-space with any L layers can be obtained.

Before moving forward in the viscoelastic multi-layered half-space modelling, it
is important to perform a validation of the elastic influence coefficients found by
using the method described previously.

4.2.2 Validation
For the validation of the elastic influence coefficients of the multi-layered half-space,
the contact results are compared to the results in [YU 14]. For this purpose, two
configurations are considered: a tri-layer and a multi-layer (with ten layers).

Firstly, a contact is simulated between a rigid sphere of radius R = 31 mm and
a half-space on the top of which two layers are bounded. For a being the contact
radius of Hertz for the contact considering the properties of the substrate, each of
the layers has a thickness hi = 0.5a. The Poisson’s ratio of all the materials is fixed
to 0.3. A normal load P = 10000 N is applied and the shear moduli take the values
µ1 = 2µ2 = 4µsub, µ1 = µ2 = µsub and µ1 = µ2/2 = µsub/4. Figure 4.2 shows the
comparison of the resulting dimensionless contact pressure along the line x in the
middle plane y = 0. p0 is the Hertz contact maximum pressure for the contact on
the homogeneous half-space (µ1 = µ2 = µsub). The results show a good agreement
with the results of yu et al. [YU 14]. Further, for the validation of the stresses
influence coefficients, a sliding contact has been simulated. The pure sliding contact
is considered for various friction coefficient at the contact interface: f = 0, 0.25, 0.5.
The results of the simulations are shown in appendix B.

Secondly, a multi-layer configuration is considered. The cases of decreasing,
increasing and alternate modulus are studied in viscoelasticity in the results section.
For t= 0 the viscoelastic case is equivalent to the elastic one where a good agreement
is observed with the results in [YU 14].
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Results

Figure 4.2: Validation of the influence coefficients for an elastic multi-layered half
space.

4.3 Results

4.3.1 Framework

For the presentation of some illustrative cases, let’s first describe the chosen frame-
work.
A normal force P or a normal rigid displacement δ is applied on a sphere of ra-
dius R = 10 mm which goes in contact with a multi-layered viscoelastic half-space.
The sphere is free-rolling at a velocity v in the direction x. Since the focus is put
on the effects related to the viscoelastic multi-layered half-space, for the sphere a
shear modulus µsphere = 1020 MPa is set and its Poisson’s ratio is νsphere = 0.3; this
very high shear modulus allows to assume the sphere as rigid. For the layered half-
space, the notations in Fig. 4.1 is used and L = 10 layers are set, each of thickness
hj = a0/10 (j = 1, · · · ,10). The viscoelastic creep and relaxation functions are the
ones in Eqs. (3.17a) and (3.17b). In those equations the subscript j is used for the
layer j (from top to bottom) and the subscript L+ 1 = 11 or sub for the substrate.
For all, layers and substrate, µ∞j/µ0j = 10 (j = 1, · · · ,L+1), and the substrate me-
chanical characteristics are always: µ∞sub = µ∞11 = 3.86 MPa and τsub = τ11 = 10 s.
It comes obvious that the substrate which remains the same will serve as the ref-
erence. Thus, the contact considering no layer gives the useful Hertz parameters
p0 (the maximum contact pressure) and a0 (the radius of the contact zone) in the
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space
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Figure 4.3: Different cases of variation of the instantaneous shear moduli of the
layers.

elastic case.

The studies are performed by changing the instantaneous modulus of the layer
µ∞j or/and its relaxation time τj (j = 1, · · · ,10). The instantaneous shear moduli
will change following three main cases (see Fig.4.3):

• The ”Alternate Modulus”: the even index layers take the shear modulus value
4×µ∞sub while the odd index layers take the shear modulus value µ∞sub :

µ∞j = µ∞j+1
4 = µ∞sub (j = 1,3,5,7,9). (4.20)

• The ”Decreasing Modulus”: the modulus decreases from 6× µ∞sub with a
constant step to reach the substrate modulus µ∞sub:

µ∞j =
[
6− j−1

2

]
×µ∞sub (j = 1, · · · ,10). (4.21)

• The ”Increasing Modulus”: the modulus increases from µ∞sub to 5.5×µ∞sub
in the 10th layer:

µ∞j =
[
1 + j−1

2

]
×µ∞sub (j = 1, · · · ,10). (4.22)

The above cases are replicated to have similar changes of the relaxation times. It
comes, τj = τj+1

2 = τsub (with j = 1,3,5,7,9) for the ”Alternate Relaxation” time;
τj =

[
3− j−1

5

]
× τsub (with j = 1, · · · ,10) for the ”Decreasing Relaxation” time and

τj =
[
1 + j−1

5

]
× τsub (with j = 1, · · · ,10) for the ”Increasing Relaxation” time.
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4.3.2 Applied Normal Force
The analysis begins by applying a concentrate force P = 1.48N on the sphere. The
rolling velocity is given by vτsub/a0 = 0.8. Then, the computation is performed
over a time domain [0,6τsub] subdivided into 600 time steps. The contact surface is
discretised with elements of size 0.2a0×0.2a0.

Figure 4.4 shows the evolution of the contact pressures along the rolling direction
axis x. Results are plotted at (a) t = 0, (b) t = τsub/4, (c) t = τsub, (d) t = 5× τsub
for the homogeneous half-space and the three non-homogeneous half-spaces where
only the instantaneous shear moduli of the layers vary (see section 4.3.1).
The first remark on Fig. 4.4 is that at t= 0, the elastic response well correlates with
the results of [YU 14] confirming that the present method for solving the matrix
system in Eq. (4.18) works well. For the viscoelasticity, the method described in
section 3.2.4.3 had been validated in [WAL 20]. In another hand, one can observe
the significant decrease of the contact pressures at t= τsub/4 but at the edge of the
contact zones. At the t = τsub, the pressures present the shape of a steady-state
regime but will continue decreasing to reach the steady-state regime.
The calculations for an applied force is more time consuming as showed previously
by [KOU 15b]. This, because there is a need for more time to reach the steady-
state regime and also because the computation has to be performed over a greater
surface. Thus, most of the parametric study will be made with a prescribed normal
rigid body displacement: relaxation phenomenon.

4.3.3 Applied Normal Rigid Body Displacement
In this section, a normal displacement δ = 0.1a0 is prescribed and the time domain
[0,2τsub] with 80 time steps. The space domain is discretised with elements of size
0.2a0×0.2a0×0.05a0. The rigid sphere is rolling at a velocity given by vτsub/a0 =
0.8 over the half-space. Then, an analysis is performed to highlight the effects of
the variation of the instantaneous shear moduli, the effects of the variation of the
relaxation times, and the effects of both together.

4.3.3.1 Variation of the instantaneous shear moduli

Firstly, the focus is put on the effect of the change of the instantaneous shear moduli
of the layers. For this purpose, the relaxation times are the same for all the layers
τj = τsub (j = 1 · · · ,10) and the instantaneous shear moduli are modified following
the cases described in 4.3.1. Doing so, various outputs such as the contact pressure
at different times, the apparent friction coefficient which expresses the resistance to
the rolling, and the three-dimensional stresses are of interest.

Figure 4.5 shows the contact pressures along the rolling axis x at times (a) t= 0,
(b) t = τsub/10, (c) t = τsub/4 and (d) t = τsub. A comparison is made between a
homogeneous viscoelastic half-space with the mechanical properties of the substrate,
and three non-homogeneous half-spaces with 10 layers having the same relaxation
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space
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Figure 4.4: Normalised contact pressures along the rolling direction axis x, for
a spherical contact on a multi-layered viscoelastic half-space with 10 layers with
different instantaneous shear moduli; normal force Fn = 1.48 N prescribed and the
dimensionless rolling velocity is vτsub/a0 = 0.8. The results are plotted at (a) t= 0,

(b) t= τsub/4, (c) t= τsub, (d) t= 5× τsub.
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Figure 4.5: Normalised contact pressures along the rolling direction axis x, for
a spherical contact on a multi-layered viscoelastic half-space with 10 layers with
different instantaneous shear moduli; normal rigid displacement δ= 0.1a0 prescribed
and the dimensionless rolling velocity is vτ/a0 = 0.8. The results are plottes at (a)

t= 0, (b) t= τsub/10, (c) t= τsub/4, (d) t= τsub.
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space
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Figure 4.6: Apparent friction coefficient, for a spherical contact on a multi-layered
viscoelastic half-space with 10 layers with different instantaneous shear moduli; nor-
mal rigid displacement δ = 0.1a0 prescribed and the dimensionless rolling velocity is

given by vτ/a0 = 0.8

time but with either increasing modulus, decreasing modulus or alternate modulus
(see Fig. 4.3).
In all the non-homogeneous cases, the overall stiffness of the layers is higher than
the one of the substrate. This is the reason why the contact pressure of the homo-
geneous shows the lowest maximum with a wider profile. Moreover, among those
cases, the top layer is stiffer for the decreasing modulus. Obviously, and as shown
for a bilayer [O’S 88], [WAN 12], [WAL 20] the top surface has the greatest direct
influence on the contact. Under this remark, it comes comprehensive that the de-
creasing modulus shows a higher maximum pressure with the smallest contact zone.
For the alternate modulus case and the increasing modulus case, the top layer is
the same. Thus, the results allow us to say that the overall stiffness of the alternate
modulus case is lower than the one of the increasing modulus case.
Further, when the time increases, the trend will stay the same since all the layers
have the same relaxation time. In addition, one can see the evolution through a tran-
sient regime to achieve what seems to be a steady-state regime in sub-figure (c) and
(d) of Fig. 4.5. This transition from transient to steady-state regime is confirmed
by the apparent friction coefficient in Fig. 4.6 which shows that the steady-state
regime is achieved quite quickly; near t= 0.2τsub. Furthermore, one can remark the
small effect of the instantaneous shear moduli on the resistance to the rolling. This
correlates with results found for only one layer on the half-space [WAL 20].

Beside the contact results, the sub-surface stresses are of undeniable interest.
Figure 4.7 shows the dimensionless second invariant of the stress tensor

√
J2/p0,
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Figure 4.7: Normalised second invariant of the stress tensor
√
J2/p0 in the plane

y = 0, for a spherical contact on a multi-layered viscoelastic half-space with 10
layers with different instantaneous shear moduli; normal rigid displacement δ= 0.1a0
prescribed and the dimensionless rolling velocity is vτ/a0 = 0.8. Results are plotted

at t= 0(left) and t= 2τ (right)

at t = 0 (left) which corresponds to the elastic case, and t = 2τsub which is in the
steady-state regime.

Again, the 3D-stress distribution well correlates with the results of [YU 14] at t=
0. One can clearly see that the effect of the alternate modulus induces a jump of the
stress from a layer to another. The high stresses appear when we move (from top to
bottom,) from a stiffer layer to a less stiffer one; the exception being near the surface
where the modulus is low (the top layer has the modulus of the substrate). For the
the increasing modulus and the decreasing modulus cases, there is no jump of stresses
between the layers and in the decreasing modulus case, the stresses distribution is
closer to a homogeneous modulus case distribution. This remark, can mean that
for a decreasing modulus case, the overall half-space behaves like a homogeneous
half-space with a greater instantaneous shear modulus. Otherwise, the increasing
modulus case shows an increase of the stress from top to bottom in the layers, and
reaches a maximum at the interface with the substrate. At that interface, there is
a jump from a very high value (the maximum) to a very low value in the substrate.
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space

At the steady-state regime, for the three plotted cases, the stresses relax and the
maxima change location. For each, the maximum goes then under the leading edge
of the contact and very close to the surface.

4.3.3.2 Variation of relaxation times

The interest is now put on the effect of the change of the relaxation times of the
layers. For this purpose, the instantaneous shear moduli are kept the same for all the
layers µ∞j = µ∞sub (j = 1 · · · ,10) and modify the relaxation times change following
the cases describe in section 4.3.1.

Figure 4.8 shows the contact pressures along the x axis at different time steps.
The elastic response of the three cases is the same as expected since the instantaneous
moduli are the same for all the layers and the substrate. For the alternate, increasing
and homogeneous relaxation cases, the difference is not such significant. The reason
lies in the fact that the top layer is the same for those three cases; and as said
earlier, the top layer influences the most the contact. Otherwise, for the decreasing
relaxation case, the result is different. The top layer in that case has a greater
relaxation time. Thus, the contact pressure relaxes less rapidly. And, even when
the steady-state regime is achieved, the profile is less wide and the maximum value
is greater.

When a look is cast on the apparent friction coefficient (see Fig. 4.9), the similar-
ity of the behaviour for all the cases is observed except for the decreasing relaxation
time one. For the latter, not only the steady-state regime is achieved later (i.e. for
t/τ = 2), but also the apparent friction coefficient is greater. The 3D stresses are
the same for all the cases at t= 0 as expected.
Recall that for the calculation of the stresses, a convolution of the actual contact
pressure with the elastic influence coefficients has to be performed. This can explain
that no significant change is observed between the alternate and increasing relax-
ation cases since the contact pressures also are close (see Fig. 4.10). The decreasing
relaxation case shows again a less wide distribution with a greater maximum stress.
However, in all the cases, there is a change of the distribution in the steady-state
regime; the stresses relax and the maximum moves under the leading edge of the
surface and closer to the surface.

4.3.3.3 Variation of both instantaneous shear moduli and relaxation
times

Now consider a mixed framework: the increasing modulus case coupled with the
decreasing relaxation time case. The goal is to show a more complex case, under
an applied force or an applied body displacement. For both cases, the surface is
discretised with elements of size 0.2a0×0.2a0; and, the computations performed in
a time domain [0,6τsub] for the applied force case, and in [0,2τsub] for the applied
body displacement.
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Figure 4.8: Normalised contact pressures along the rolling direction, for a spherical
contact on a multi-layered viscoelastic half-space with 10 layers with different relax-
ation times; normal rigid displacement δ = 0.1a0 prescribed and the dimensionless
rolling velocity is vτ/a0 = 0.8. The results are plottes at (a) t = 0, (b) t = τsub/10,

(c) t= τsub/4, (d) t= τsub.
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Figure 4.9: Apparent friction coefficient during time, for a spherical contact on a
multi-layered viscoelastic half-space with 10 layers with different relaxation times;
normal rigid displacement δ= 0.1a0 prescribed and the dimensionless rolling velocity

is given by vτ/a0 = 0.8

Figure 4.11 shows the contact pressure profiles along the x axis at various time
steps for an applied force and for an applied body displacement. One can im-
mediately see the huge difference between the profiles in the transient and in the
steady-state regime when there is an applied force or when it is an applied body
displacement. Furthermore, one can once again remark that the steady-state regime
is achieved earlier for an applied body displacement. Confirmation of this is given
with the apparent friction coefficient in Fig. 4.12. The latter figure shows also that
for an applied force, the resistance to rolling is higher than for an applied body
displacement.

150

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Results

t = 0 t = 2τ

A
lt

er
na

te
R

el
ax

at
io

n
T

im
e

D
ec

re
as

in
g

R
el

ax
at

io
n

T
im

e
In

cr
ea

si
ng

R
el

ax
at

io
n

T
im

e

Figure 4.10: Normalised second invariant of the stress tensor
√
J2/p0 in the plane

y= 0, for a spherical contact on a multi-layered viscoelastic half-space with 10 layers
with different relaxation times; normal rigid displacement δ = 0.1a0 prescribed and
the dimensionless rolling velocity is vτ/a0 = 0.8. Results are plotted at t = 0(left)

and t= 2τ (right)
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4. Pure Rolling on a Viscoelastic Multi-layered Half-space

Applied Force

-2 -1 0 1 2 3

0

0.5

1

1.5

2

Applied Body Displacement

-2 -1 0 1 2

0

0.5

1

1.5

2

Figure 4.11: Normalised contact pressure along the rolling direction axis x, for
a spherical contact on a multi-layered viscoelastic half-space with 10 layers in the
increasing modulus case coupled with the decreasing relaxation time case; the di-
mensionless rolling velocity is vτ/a0 = 0.8. Results are plotted for an applied force

and for an applied body displacement.
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Figure 4.12: Apparent friction coefficient during time, for a spherical contact on
a multi-layered viscoelastic half-space with 10 layers in the increasing modulus case
coupled with the decreasing relaxation time case; the dimensionless rolling velocity
is vτ/a0 = 0.8. Results are plotted for an applied force and for an applied body

displacement.

4.4 Conclusion
Drawn from the viscoelastic studies on a single layered half-space, this work is an
extension to the rolling contact on a multi-layered visco half-space. The model is de-
veloped using the multi-layered elastic solution coupled with an Elastic/viscoelastic
correspondence. Using the numerical tools of semi-analytical methods (mainly CGM
and FFT algorithms), a code to solve the problem efficiently has been developed.
For example, a three-dimensional computation for L = 10 layers, for 80 time steps,
takes 8017 s CPU (≈ 2h15min).
Using the developed model, some effects of the variation of the instantaneous shear
moduli and of the variation of the relaxation time have been highlighted. To do
so, the Prony series representation of a generalised Maxwell viscoelastic model is
used. Varying the parameters, it comes also some expected effects on the three-
dimensional stresses which change greatly from t= 0 to the steady state regime.
However, this study has been voluntarily limited to the pure rolling case. As per-
spective, a coupling of this model with the tractive rolling algorithm, is to be done
to cover the complete rolling contact in viscoelasticity for multi-layered bodies.
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Chapter 5

Elastic Transient Tractive Rolling
Contact

In this chapter, the tractive rolling contact is analysed.
From the theory of Kalker for rolling bodies, a CGM

algorithm is proposed to solve the transient tractive rolling
contact between elastically dissimilar bodies, under

tangential tractive forces and a spinning moment. The
proposed algorithm is applied to multi-layered half-spaces.
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Introduction

5.1 Introduction

In the last two chapters, the contact has been considered frictionless i.e. with no
Coulomb friction coefficient between the bodies in contact. This assumption makes
sense when dealing with a pure rolling motion, even if it is not exact. The pure
rolling motion is the rolling motion where no overall tangential force is imposed or
induced by the contact conditions. In that case, when the bodies in contact are
elastically dissimilar, shear tractions appear in the contact zone due to the fact that
the two bodies deform differently in the tangent plane under the same normal load.
On contrary, when the bodies in contact are elastically similar, the pure rolling
contact does not induce shear tractions in the contact because the deformations of
the two bodies are similar. Note that in a pure rolling motion, friction is considered
between the two bodies unlike the free rolling where the contact is frictionless.

Furthermore, in a rolling contact where friction is considered at the contact
interface, overall tangential forces can hold as well as a moment around the normal
direction. This case is the general case of tractive rolling.

In practical applications the rolling motion is generally thought as a free rolling
motion. This is the reason why in the pavement field, only the normal load is used
for the design. However, some relatively obvious motions such as acceleration and
braking can occur in the rolling motion. Theoretically, an acceleration motion is
an increase of velocity of the rolling body during the rolling motion. In fact, an
acceleration demands to impose an acceleration force to the system, especially when
talking about a car. This force is parallel to the tangent plane of the contact and
has an influence on the contact in presence of friction. The analysis of the effects of
the tangential forces on the rolling contact, is the basement of the tractive rolling
modelling.

In this chapter, the tractive rolling contact is solved in its more general form
as possible. The formulation used here is drawn from the works of the pioneer
Kalker [KAL 68a, KAL 90, KAL 91]. Since the construction of railways, the trac-
tive rolling contact has been of high interest and many studies have been conducted
toward its comprehension. Carter [CAR 26] has been the first to propose a two-
dimensional plane strain solution to the tractive rolling problem between two cylin-
ders. Among the studies which stand as reference, Bentall and Johnson [BEN 67],
followed later by Nowell and Hills [NOW 88], have studied the tractive rolling con-
tact between two elastically dissimilar rollers. Recently, semi-analytical methods
have been proposed to solve the tractive rolling contact in steady-state regime by
authors like Wang et al. [WAN 12] and Manyo [MAN 19b]. In those models the spin
creepage is not taken into account. Xi et al. [XI 21] have added the contribution of
the spin creepage to the model of Wang et al. [WAN 12].
The tractive rolling problem is a partial slip problem since the applied tan-
gential forces allow the system to stay in a rolling motion, and not to slide.
Methods such as Boundary Element Method (BEM) and Finite Element Method
(FEM) have also been used in solving this tractive rolling problem (see for exam-
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5. Elastic Transient Tractive Rolling Contact

ple [ROD 10, ZHA 15]).
From all the previous works, one may retain that in a tractive rolling motion,

when the bodies in contact are elastically similar, a stick zone holds in the leading
zone while a slip zone stands in the trailing zone (see for instance [KAL 90]). When
the bodies are elastically dissimilar, multiple slip zones can appear in the contact
including close to the leading edge [BEN 67, NOW 88]. Other interesting results
concern the effects of the friction coefficient and the applied tangential force: in
summary, when the friction increases, the stick zone increases in the tractive rolling
contact; when the applied tangential force increases, the slip zone increases. Many
other analysis can be found in the above cited papers for various geometries of the
bodies, modelling hypothesis, etc.

In what follows next, the tractive rolling problem is solved in both transient
and steady-state regime. Note that the overall forces are used as input of the
problem, unlike in [XI 21]. The elastic properties of the bodies is not imposed in
the formulation so that the simulations can be performed for both elastically similar
and elastically dissimilar bodies.
Firstly, the general formulation of the tractive rolling contact is given. Then an
algorithm based on FFT and CGM algorithms is proposed for solving the problem.
Further, a validation is performed by comparison with previous results from the
literature. Finally, a parametric study highlights the effects of elastic similarity and
dissimilarity on various combinations of the tangential loadings.
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Formulation

5.2 Formulation
The studied system consists of two elastic bodies in contact as defined earlier in this
document. Ei and νi are respectively the elastic modulus and the Poisson’s ratio of
the body i= 1,2. Here the focus is put on the rolling motion. The rolling motion is
a relative angular motion between the two bodies in contact, about an axis parallel
to the tangent plane of the contact zone. In term of kinematics, in a rolling motion,
the relative velocity of the contact area is much greater than the velocity of the
contacting particles.

The framework of the general tractive rolling contact studied in this work is
presented in Fig. 5.1. It is a rolling body of revolution on a half-space under a normal
force P and tangential forces Fx and Fy, and a spinning moment Mz. The rolling
motion occurs along the direction x according to the axis system (xyz) displayed in
the figure. The Coulomb’s law is used to handle the friction at the contact interface
where a friction coefficient f is considered.

Figure 5.1: The problem being considered: a rolling body of revolution on a half-
space under the normal force P and the tangential forces Fx and Fy, and the spinning

moment Mz. The rolling motion occurs along the direction x.

This configuration of the tractive rolling contact problem involves a normal con-
tact component and a tangential contact component. The two problems are usually
uncoupled and solved successively using the modified Panagiotopoulos process which
is recalled:
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5. Elastic Transient Tractive Rolling Contact

1. Shear tractions are put to zero. The normal contact problem is solved in the
same way as in the case of the free rolling contact. The contact pressure p and
the contact area Γc are obtained as output

2. The tangential contact problem is then solved by considering the results of the
previous step for the normal contact as input. The contribution of the known
pressure field on the tangential tractions qx and qy can be determined using
the adequate influence coefficients

3. The normal contact problem is solved by taking into account the tangential
shears found in the previous iteration for the tangential contact problem

The two last steps are repeated successively until the convergence is reached.

In fact, the effects of the tangential problem and the normal problem on each
other depend on the properties of the materials in contact. When the bodies have
the same elastic properties, they are said elastically similar and in that case there
is no relative effect of the normal and the tangential problems. Otherwise they are
said elastically dissimilar and a relative effect of two problems appears.
The parameter used to highlight the elastic similarity between the materials is the
well-known Dundurs’ parameter β1.

The relative effect of the normal and tangential problems can be highlighted
in the expressions of the displacements. Since the works of Boussinesq [BOU 85],
Cerutti [CER 82] and Love [LOV 52] for the influence coefficients for a homogeneous
half-space, it is well known that the surface displacements can be written as:

ūx(i, j) =
Nx∑
l=1

Ny∑
m=1

p(l,m)Kp
x(i− l, j−m) +

Nx∑
l=1

Ny∑
m=1

qx(l,m)Kqx
x (i− l, j−m)

+
Nx∑
l=1

Ny∑
m=1

qy(l,m)Kqy
x (i− l, j−m),

ūy(i, j) =
Nx∑
l=1

Ny∑
m=1

p(l,m)Kp
y (i− l, j−m) +

Nx∑
l=1

Ny∑
m=1

qx(l,m)Kqx
y (i− l, j−m)

+
Nx∑
l=1

Ny∑
m=1

qy(l,m)Kqy
y (i− l, j−m),

ūz(i, j) =
Nx∑
l=1

Ny∑
m=1

p(l,m)Kp
z (i− l, j−m) +

Nx∑
l=1

Ny∑
m=1

qx(l,m)Kqx
z (i− l, j−m)

+
Nx∑
l=1

Ny∑
m=1

qy(l,m)Kqy
z (i− l, j−m),

(5.1)

1The Dundurs’ paramter is: β = 1
2

[
(1−2v1)/G1−(1−2v2)/G2
(1−v1)/G1+(1−v2)/G2

]
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Formulation

where the Kpτ
α are the influence coefficients corresponding to the effect of the load

pτ = p,qx, qy on the displacement uα where α = x,y,z. Those formula in Eq. (5.1)
describe the fact that every component of the displacement vector is given by the
superposition of the effects of the normal pressure and the contact shears in the two
tangential directions.

In the case of elastically similar bodies, there is no need to calculate the contri-
bution of the normal and tangential problems on each other since the bodies react
the same way in every direction. Thus displacements can be evaluated using the
forms:

ūx(i, j) =
Nx∑
l=1

Ny∑
m=1

qx(l,m)Kqx
x (i− l, j−m),

ūy(i, j) =
Nx∑
l=1

Ny∑
m=1

qy(l,m)Kqy
y (i− l, j−m),

ūz(i, j) =
Nx∑
l=1

Ny∑
m=1

p(l,m)Kp
z (i− l, j−m).

(5.2)

The above explanations are useful for the understanding of the distinction that
will be made, further in this chapter, between the tractive rolling contact between
elastically similar bodies and the tractive rolling contact between elastically dissim-
ilar bodies. Moreover, in some contacts, one may want to neglect the effects of the
tangential and the normal problems on each other, but keep the relative influences
in the two directions for the tangential problem. In that case, the term with qy is
added to ux and the term with qx is added to uy in the above equation.

Now, let’s formulate mathematically the tractive rolling contact problem to solve
and give its constitutive equations.

Firstly, the normal contact is supposed solved because there is not any novelty
to add to the previous algorithm described in chapter 2. Thence, the focus is put on
modelling the tangential contact problem for the tractive rolling contact. For this
purpose, it is important to define the slip that occurs for the rolling motion. The
formulation of this slip is found in the theory of Kalker (see his book [KAL 90]). It
is briefly recalled below.

Consider a contact zone where two particles are located at the positions xi1 and
xi2 respectively for body 1 and 2. Under the small strain assumption, the partial
derivatives of the displacements with respect to x and y are negligible. From a
previous time step t′ to the actual time step t, the slip is defined as:

sti = ṡt(t− t′) = (ẋt1i− ẋt2i)(t− t′) +
[
(ūt1i− ūt2i)− (ūt

′
1i− ūt

′
2i)
]
, (5.3)

where the dot .= d
dt and the bar is the displacement at the contact surface z = 0.

In the above description of the slip, the contribution of the rigid body displacements
is contained in the term (ẋ1i− ẋ2i).
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5. Elastic Transient Tractive Rolling Contact

Those rigid body displacements also called the local creepages have a contribution
that can be written as:

(ẋ1i− ẋ2i)(t− t′) =
(
ξx−ϕy
ξy +ϕx

)
(5.4)

where ξx ξy and ϕ are respectively the longitudinal, transversal and spin creepages.
Then, using the symbol ∆ for the variation between t′ and t, the slip reads:(

stx
sty

)
=
(
ξx−ϕy+ ∆ūtx
ξy +ϕx+ ∆ūty

)
. (5.5)

In this formulation, the time is kept implicitly so that the transient part of the rolling
contact can be modelled over a range of intended time steps. In order to solve this
transient problem, the inputs at each time step are: an elementary covered distance
in the rolling direction and the tractive loads applied.

Finally, solving this tangential contact problem implies to find the following
unknowns:

• The shear tractions in the contact qx and qy;

• The slip zone Γslip and the stick zone Γstick;

• The local creepages ξx, ξy and ϕ;

Since the normal contact is solved, the contact zone is supposed to be the same for
the tangential problem. Thus, holds the relation: Γc = Γstick ∪Γslip. Adding the
equilibrium equations, the following set of equations has to be verified:

Γc = Γstick ∪Γslip, (5.6a)

Fx =
∫ ∫

Γc
qx(x,y)dxdy (5.6b)

Fy =
∫ ∫

Γc
qy(x,y)dxdy (5.6c)

Mz =
∫ ∫

Γc
(xqy(x,y)−yqx(x,y))dxdy (5.6d)

With the constitutive equations of the problem (Eqs. (5.5) and (5.6)), the tractive
rolling contact problem can be written in its variational formulation so that can be
solved with a CGM algorithm. The general variational formulation of the contact
problem is given by Kalker [KAL 90] as:

min
∫

Γc

(
h∗+ 1

2 ūz
)
pdxdy+

∫
Γc

(
W∗

τ −
1
2 ūτ

)
qdxdy, (5.7a)

p≥ 0, (5.7b)
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Solver

‖q‖ ≤ fp. (5.7c)

where h∗ consists of the initial gap, the normal displacement induced by the
shear tractions and eventually the rigid normal displacement. W∗

τ embodies the
contribution of the creepages and the tangential displacements due to the normal
pressure.

As it has been said earlier in this document, the Conjugate Gradient Method is
used here for solving minimisation formulations which are the variational forms of
the contact problem.

5.3 Solver
With view to solve the variational formulation of the contact problem for the tractive
rolling case, the Lagrangian method which is exposed in chapter 2 is used. The
normal component is supposed already solved and then the tangential component
of the contact problem has to be handled. CGM and FFT are used as numerical
tools.

On the way to solve this tangential contact, two barriers have to be overcome:

1. The creepages ξx, ξy and ϕ have to be updated at every step since they have
to converge also for imposed tangential forces and spinning moment. To do
so, the equilibrium equations with the Lagrangian formulation are used:

ξx−ϕyj−∆ūxij +λij
qxij
fpij

= 0 (5.8a)

ξy +ϕxi−∆ūyij +λij
qxij
fpij

= 0 (5.8b)

−yj
(
ξx−ϕyj−∆ūxij +λij

qxij
fpij

)
+xi

(
ξy +ϕxi−∆ūyij +λij

qxij
fpij

)
= 0

(5.8c)
where ūxij = ūx1ij− ūx2ij and λij are the Lagrange multipliers.

2. The second issue concerns the equilibrium of the applied tractive forces and
moment in Eq. (5.6) which has to be verified. This is done by adding values of
shear in the stick zone as correction: qxij← qxij +a−c.yj and qyij← qyij +b−
c.yj . a, b and c are constants obtained by solving the equilibrium equations:

∑
Γst 1 0 −∑Γst yj
0 ∑

Γst 1
∑

Γst xi
−∑Γst yj

∑
Γst xi

∑
Γst
(
x2
i +y2

j

)

ab
c

=

 Fx/S−ΣΓcqxij
Fy/S−

∑
Γc qyij

Mz/S+∑
Γc (yj · qxij−xi · qyij)


(5.9)

Those procedures are inspired by the methodology used by Gallego [GAL 07b].
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5. Elastic Transient Tractive Rolling Contact

The CGM algorithm that yields for solving the transient tractive rolling contact
between elastic bodies is:

1. Γ′stick = Γc, Γ′slip = {0}. Thus, λij = 0. The shear tractions are
initialised in such a way that the equilibrium equations are
verified.

2. The contact pressure and shears are moved along x with a
δx which is the elementary covered distance. Then, DC-FFT
is applied for the calculation of the surface tangential
displacements ūτ = ūpτ + ūqxτ + ūqyτ .

3. The creepages ξx ξy and ϕ are approximated using the Lagrangian
formulation in Eq. (5.8). The matrix system is solved with a
Gauss-Jordan algorithm.

4. The residue of the system is then calculated in the contact
zone: {

rxij =∆ūxij + (ξx−ϕyj)
ryij =∆ūyij + (ξy +ϕxi)

, (i, j) ∈ Γc. (5.10)

5. The Lagrange multipliers are calculated for the slip zone Γ′slip
λij =−‖rij‖× sign(rij .qij); (5.11)

6. The complementary conditions are tested:

If λij < 0, then Γ′stick← Γ′stick ∪ (i, j) and ζ = 0. (5.12)

and an error is evaluated with respect to the angle between the
shear vectors and the slip in the slip zone:

εslip =
∑

(i,j)∈Γ′slip
‖rij +λij

qij
fpij
‖∑

(i,j)∈Γ′slip
λij

(5.13)

7. The descent direction is calculated in function of the residue
and the previous descent direction

dij ← rij + ζ G
Gold

dij , (i, j) ∈ Γ′stick (5.14a)

dij ← (rij +λijqij) + ζ G
Gold

dij , (i, j) ∈ Γ′slip (5.14b)
with

G=
∑

(i,j)∈Γ′c

(
rij +λij

qij
fpij

)
.

(
rij +λij

qij
fpij

)
(5.14c)

and finally Gold←G and ζ← 1.
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8. The DC-FFT is applied to the descent direction

rtqτ = Aq
τd (5.15)

and then,

rtqτ ← rtqτ + λijdij
fpij

. (5.16)

The descent step is

α =

∑
(i,j)∈Γc

(
rij +λij

qij
fpij

)
.
(
rij +λij

qij
fpij

)
∑

(i,j)∈Γc dijrtij
; (5.17)

9. The shears are updated

qij ← qij +αdij (i, j) ∈ Γc (5.18)

10. The complementary conditions are enforced:

if ‖qij‖> fpij , (i, j) ∈ Γ′stick
then, Γ′slip← Γ′slip∪ (i, j), ζ = 0, qij ← fpij

qij
‖qij‖ ;

(5.19)

11. The equilibrium equations in Eq. (5.6) are enforced and then the
convergence criteria is tested

ε=
∑

(i,j)∈Γc
√

(qxij− qxoldij)2 + (qyij− qyoldij)2∑
(i,j)∈Γc

√
q2
xij + q2

xij

(5.20)

Finally, qold← q.

5.4 Validation
The validation of the above algorithm is done by comparison to results from the
literature. Firstly, the tractive rolling contact between elastically similar bodies is
simulated and compared to the works of Kalker [KAL 90] and Manyo [MAN 19b].
The model presented by Manyo is built with the same numerical tools used in
this work (CGM and FFT). However, it solves only the steady-state regime of the
tractive rolling contact. Meanwhile, the model of Kalker covers both the transient
and the steady-state regimes. The model of Kalker has been developed with different
numerical tools and his simulations have been performed on coarse meshed surface.

After the validation in a case involving elastically similar bodies, the tractive
rolling contact will be simulated between dissimilar cylinders and compared to the
results of Nowell and Hills [NOW 88].
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5. Elastic Transient Tractive Rolling Contact

(a) (b)

Figure 5.2: Two dimensional longitudinal dimensionless shear qx/p0 for a tractive
rolling contact between elastically similar spheres (β = 0) of radius R1 =R2 = 337.5
mm for a tangential force Fx/fP = 0.657 applied. The present model (left) is com-

pared to the model of Manyo (right).

5.4.1 Validation of the tractive rolling contact between elas-
tically similar bodies

For the first validation of the present tractive rolling contact algorithm, a simulation
of the tractive rolling contact between two elastically similar (β = 0) and geomet-
rically identical spheres (R1 = R2) is performed. The validation case used is taken
from Manyo in his PhD thesis [MAN 19b] where he found a good agreement with
the results of Kalker [KAL 90].

For the validation, the two elastic spheres have the same radius R and are put
into contact under a normal force P and a tangential force Fx in the direction
of the rolling. The potential contact area is divided into square elements of size
(5.×10−4)× (5.×10−4) mm2.

Figure 5.2 shows the two-dimensional view of the dimensionless shear traction
qx/p0 in the steady-state regime, p0 being the Hertz maximum pressure. The results
are for an applied tangential force Fx/fP = 0.657 and made dimensionless using the
Hertz contact results (the maximum pressure p0 and the width of the contact zone
a). When the shear traction qx/p0 is plotted along the axis x in the plane y = 0,
Fig.5.3 is obtained, where a perfect fit is observed except near the leading edge.

As said in the previous section, the simulation here is made from the transient
to the steady-state regime. In the case of elastically similar bodies, when a constant
tangential force is applied throughout the rolling, the contact goes from the Cattaneo
shift (at the static state) to the steady-state regime shown above.
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Figure 5.3: Longitudinal shear for a tractive rolling contact between geometri-
cally identical and elastically similar (β = 0) spheres for an applied tangential force

Fx/fP = 0.657 along the line x in the plane y = 0.

From the Cattaneo-Mindlin shift to the steady-state regime: The tran-
sition from the Cattaneo-Mindlin shift to the steady-state regime in the tractive
rolling contact has been examined by Kalker [KAL 90]. It is presented here in
Fig. 5.4. The simulation by Kalker has been performed on a zone discretised with
few elements. unit on the figure represents the unit chosen for length in a coherent
system of units. The top row shows the plots along the longitudinal axis x in the
middle plane y = 0. Meanwhile, in the bottom row, one can observe the changes of
the contact zone related to the distance Vt covered. The steady-state regime seems
to be achieved for 5 units covered.

For the validation of the transient part, the same simulation has been performed
with the present model. The simulation has been performed in 200 time steps. The
tractive force Fx/fP = 0.657 is maintained constant throughout the simulation and
at every time step, a distance d= 5.×10−4 mm is covered. Note that this elementary
distance d covered in one step had appeared to have an influence on what happens
at the leading edge of the contact. In fact, for bigger values of d, the steady-state
regime is achieved quicker, but some instabilities appear at the leading edge.

Let’s call Vt the overall distance covered at a certain time itime. Figure 5.5 shows
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5. Elastic Transient Tractive Rolling Contact

Figure 5.4: Results of Kalker for the tractive rolling contact between geometri-
cally identical and elastically similar (β = 0) spheres for an applied tangential force
Fx/fP = 0.657 along the line x in the plane y = 0.s. From the Cattaneo shift to the
steady-state rolling motion, the evolution of the longitudinal shear qx/p0 is given

until the steady-state regime.

the contact longitudinal dimensionless shear qx/p0 for a) Vt/a = 0; b) Vt/a = 0.14;
c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81. One can observe
that Vt/a= 0 corresponds to the Cattaneo shift since the rolling has not begun yet
but the tangential force is applied. Throughout the rolling motion, the adhesion
zone in the leading edge grows until the steady-state regime is achieved.

Nota: An analysis of the time when the steady-state is achieved has shown that
it is approximately at a moving distance Vt/a≈ 1.5.

When the results are plotted along the x axis in the plane y = 0, the profiles of
dimensionless shear qx/p0 in Fig. 5.6 are obtained.

Finally, the results of the simulations with the present model show the same
behaviour in transient regime as the model of Kalker. The constraint here is a
need of performing the simulation into much time steps because of the influence of
the elementary covered distance on the instabilities near at the leading edge. For
instance, when the simulation is performed with an elementary covered distance
divided by 10 d = 5.× 10−3, the simulation is performed into 20 time steps. The
results, in Fig. 5.7 show some instabilities at the leading edge. However, the overall
results remain good compared to the expected results.

168

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Validation

(a) (b) (c)

(d) (e) (f)

Figure 5.5: Results with the present model for the tractive rolling contact between
geometrically identical and elastically similar (β = 0) spheres for an applied tangen-
tial force Fx/fP = 0.657 along the line x in the plane y = 0. From the Cattaneo
shift to the steady-state rolling motion, the evolution of the longitudinal shear qx/p0
is given until the steady-state regime. a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35;

d) Vt/a= 0.70; e) Vt/a= 1.40 and f) Vt/a= 2.81.
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5. Elastic Transient Tractive Rolling Contact
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Figure 5.6: Evolution of the dimensionless shear qx/fp0 in a tractive rolling contact
between elastically similar spheres along the x axis in the plane y = 0.
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(b)

Figure 5.7: Perturbation at the leading edge of the tractive rolling contact when the
rolling is performed within an insufficient number of time steps. Here the simulation

is performed in 20 time steps.
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5.4.2 Validation of the tractive rolling contact between dis-
similar materials

For further validation, a simulation of the tractive rolling contact between dissimilar
bodies is performed according to the framework in Nowell and Hills [NOW 88]. Their
model is a two dimensional plane strain model. To perform the simulation, a Johns-
Gohar logarithmic profile [JOH 81] is used to define the cylinder. The contact
between a cylinder and a half-space where the materials are elastically dissimilar
(β/f = −2.88) is simulated under a tractive force Fx/fP = 0.83. The simulation
with the present model has been performed by using a finite cylinder of length
≈ 117× a (a being the contact radius). As results in Fig. 5.8 one can see the
dimensionless shear qx/p0 where agreement between the two models is quite good
but not perfect.

-1.5 -1 -0.5 0 0.5 1 1.5
-1

-0.5

0
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1.5

Figure 5.8: Longitudinal shear for a tractive rolling contact between dissimilar
bodies (β/f =−2.88) for an applied tangential force Fx/fP = 0.83 along the line x

in the plane y = 0.

In summary, the results given by the developed model are satisfactory. Apart
from instabilities at the leading edge, a perfect fit is observed for the contact be-
tween elastically similar bodies. When compared to a plane strain model of tractive
rolling contact between elastically dissimilar bodies, a good agreement is also ob-
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5. Elastic Transient Tractive Rolling Contact

served. Moreover, the model allows to model the transient regime and takes into
account any kind of tangential loading.
In order to investigate the effects of the two tangential tractive forces and the
spininng moment, various combinations of loading are examined. In a first part,
the tractive rolling contact is analysed between elastically similar bodies; and in a
second part elastically dissimilar bodies are considered.

5.5 Results
In the tractive rolling contact formulation, the three creepages ξx, ξy and ϕ influence
the distribution of the shears in the contact zone. Figure 5.9 shows the expected
shapes of the slip and adhesion areas in the contact zone with respect to the creepages
activated.

Figure 5.9: Slip and adhesion areas in the contact zone for a tractive rolling contact
submitted to a) pure tangential creepages (ϕ = 0) ; b) pure spin (ξx = ξy = 0) ; c)
spin and lateral creepages (ξx = 0) ; d) spin and longitudinal creepages (ξy = 0) ; e)

General case (ξx 6= 0, ξy 6= 0 and ϕ 6= 0 ) and f) pure spin (large) [KAL 90].

In what follows next, a parametric study is performed with view to analyse the
effects of each of the creepages. In the present work, the overall tractive forces are
applied since it is the more realistic way to see the practical applications. Therefore,
applying some tractive forces induces the activation of some creepages. Note that

172

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Results

in a further study, a simple modification of the algorithm can be done to directly
impose the creepages.

For the first analysis, the framework is the one used for the validation in sec-
tion 5.4.1. Geometrically identical spheres are submitted to the elastic rolling con-
tact under forces Fx (longitudinal), Fy (transversal) and a spinning moment Mz.
The spheres have the same radius R1 = R2 = 337.5 mm. The potential contact
surface is discretised with square elements of size (5.× 10−4)× (5.× 10−4) mm2.
The normal load is a constant force P = 0.4705 N throughout the simulation. The
Coulomb’s friction coefficient is f = 0.4013 and the simulations are performed in 200
time steps with an elementary covered distance d= 5.×10−4 mm at ever time step.
Nota: The longitudinal direction is the direction of the rolling (x here), transver-
sal or lateral direction is the perpendicular direction to the rolling direction in the
tangent plane (y here).

Let’s begin the analysis by examining the tractive rolling contact between elas-
tically similar spheres.

5.5.1 Solutions for elastically similar bodies

Here, the bodies are geometrically and elastically identical with Young modulus
E1 = E2 = 2560000 MPa and Poisson’s ratio ν1 = ν2 = 0.28. In this case where
β = 0, the coupling between the normal and the tangential problems is negligible.
Various simulations are performed by combining the tangential longitudinal trac-
tive force Fx, the tangential transversal tractive force Fy and the spinning moment
around the z axis Mz.

5.5.1.1 Pure longitudinal tractive force

For this case, the tangential loading consists only in a tangential force Fx/fP = 0.657
while Fy = 0 and Mz = 0. This loading implies the appearance of the longitudinal
creepage ξx only. Note that the tractive force is applied from the very first step to the
last. This is the reason why, the first time step corresponds to the Cattaneo-Mindlin
shift. It is exactly the same case of the validation case presented in section 5.4.

Figure 5.10 shows the two dimensional view of the norm of the shear vector in
the contact surface for a covered distance equal to a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a= 0.35; d) Vt/a= 0.70; e) Vt/a= 1.40 and f) Vt/a= 2.81. The quantity plotted
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5. Elastic Transient Tractive Rolling Contact

is the ‖qτ‖ =
√
q2
x+ q2

y made dimensionless by division by the friction coefficient f
and by the Hertz contact maximum pressure p0.

(a) (b) (c)

(d) (e) (f)

Figure 5.10: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a= 0.35; d) Vt/a= 0.70; e) Vt/a= 1.40 and f) Vt/a= 2.81 for the contact between
geometrical and elastically identical spheres (β = 0) and an applied pure longitudinal

tractive force Fx/fP = 0.657.

The shear vectors are plotted on the surface with small arrows, showing the
directions of the streamlines of the shear in the surface. For the pure longitudinal
tractive force, the streamlines are following the longitudinal direction throughout
the motion. This makes sense since the applied tractive force is following the rolling
direction. This configuration where only a longitudinal tractive force is applied can
be seen as imposing an acceleration or deceleration force (negative tractive Fx should
then be applied) to the system.
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5.5.1.2 Pure transversal tractive force

The loading is only the transversal tractive force Fy/fP = 0.657 while Fx = 0 and
Mz = 0. This case is of great interest since the application of such loading surpris-
ingly induces not only a transversal creepage ξy, but also a spin creepage ϕ. This
has been already observed by Johnson [JOH 85] and further by Kalker [KAL 90].

When one imagines the situation, it may come clearer. Consider a rolling sphere
on a plane; for an applied transversal force to that rolling sphere, a perturbation is
brought to the rolling motion. Coupling the rolling with the transversal, it comes
a spinning trend. This phenomenon induces the apparition of the spin creepage.
The contribution of the spin creepage can be observed in Fig. 5.11 where the two
dimensional norm of the shear vector is plotted in the contact zone for a covered
distance a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40
and f) Vt/a= 2.81.

By observing closer the shear vectors in the contact, one can make two remarks:

G firstly, the streamlines are globally following the transversal direction;

G secondly, when the transient regime advances, the vectors in the adhesion
zone are undergoing a twisting from the transversal directions due to the spin
creepage.

To exemplify this case for the tire-pavement contact, consider a rolling car on an
inclined plane perpendicularly to its rolling direction, the force induced in the trans-
verse direction can be seen as this lateral force applied here.

175

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



5. Elastic Transient Tractive Rolling Contact

(a) (b) (c)

(d) (e) (f)

Figure 5.11: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between quasi-identical bodies (β = 0) and an applied pure transversal tractive force

Fy/fP = 0.657.

5.5.1.3 Pure spinning moment

Here, only a spinning moment around the normal z axis is applied: Mz/fPa= 0.3,
Fx = 0 and Fy = 0. In a similar way as for the pure transversal tractive force applied,
applying only a spinning moment gives rise not only to a spin creepage but also to a
transversal creepage. This can be observed in Fig. 5.12 where the two dimensional
norm of the shear vector in the contact zone is plotted for a covered distance a)
Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f)
Vt/a= 2.81.

Two interesting remarks have to be made. The first one concerns the apparition
of the transversal creepage in an analogue way to the previous case in section 5.5.1.2.
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(a) (b) (c)

(d) (e) (f)

Figure 5.12: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a= 0.35; d) Vt/a= 0.70; e) Vt/a= 1.40 and f) Vt/a= 2.81; for the contact between
quasi-identical bodies (β = 0) and an applied pure spinning moment Mz/fPa= 0.3.

The second is about the center of the streamlines. Note that for Vt/a = 0, the
streamlines are circumferential around the center of the contact. When moving
toward the steady-state regime, the streamlines are no more circumferential, surely
due to the transversal creepage and the fact that the center of the shears has moved.

As summary of the analysis of the effect of each of the single loading on the
rolling contact between elastically similar bodies, one can retain that:

â applying a longitudinal tractive force Fx gives rise to the longitudinal creepage
ξx;

â while applying a transversal tractive force Fy or a spinning moment Mz, gives
rise to both transversal creepage ξy and spin creepage ϕ.

In order to continue the investigation, combinations of the tractive forces with the
spinning moment are set in the next cases.
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5. Elastic Transient Tractive Rolling Contact

5.5.1.4 Transversal force + Spinning moment

A transversal tractive force and a spinning moment are applied simultaneously.
Based on the observations made in the previous sections, this configuration should
imply the apparition of a transversal creepage and a spin creepage. Thus the over-
all behaviour is expected to be similar to the pure transversal tractive force case
(see 5.5.1.2) but for different levels of impact on the creepages involved. For the

(a) (b) (c)

(d) (e) (f)

Figure 5.13: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between quasi-identical bodies (β = 0) and an applied transversal tractive force

Fy/fP = 0.657 and a spinning moment Mz/fPa= 0.15.

simulation, the loading is: Fx = 0, Fy/fP = 0.657 and Mz/fPa = 0.15. Then the
resulting contact shear is presented in Fig. 5.13 where one can see the two dimen-
sional view of the norm of the shear vector in the contact zone for a covered distance
a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f)
Vt/a= 2.81.
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At the first time step, the shear is asymmetric. The slip zone appears near the
leading edge at the beginning; and throughout the motion, the adhesion takes place
in the leading edge while the slip zone is near the trailing edge. The general shape
of the norm of the shear vector as well as the streamlines in steady-state regime are
similar to the case of the pure transversal tractive force applied.

This loading configuration for the tire-pavement topic can be viewed as a
turnaround. The centrifugal force is the lateral force; and the turning motion im-
posed to the wheel is represented by the moment.

5.5.1.5 Longitudinal + Transversal tractive forces

The configuration considered is the combination of the longitudinal tractive force
and the transversal one, while the spinning moment goes to zero. The values are:
Fx/fP = 0.35, Fy/fP = 0.35 and Mz/fPa = 0. In this framework, all the three
creepages hold.

The results of the simulation are shown in Fig. 5.14 where the two-dimensional
view of the dimensionless norm of the shear vector is plotted for a covered distance
a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and
f) Vt/a = 2.81. The first step corresponds to the Cattaneo-Mindlin shift. While
moving, the adhesion zone takes place at the leading edge but the field becomes
asymmetric due to the spin creepage.
With the model of Manyo [MAN 19b] where the spin creepage is not considered, the
results of a tractive rolling contact where both longitudinal and transversal forces
are imposed, do not show this turning type of shear field.

This loading is, for example, the acceleration of a car which is rolling on an
inclined plane perpendicularly to its rolling direction.
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5. Elastic Transient Tractive Rolling Contact

(a) (b) (c)

(d) (e) (f)

Figure 5.14: Two dimensional view of the dimensionless norm of the shear vector qτ
in the contact surface at time steps for a covered distance a) Vt/a= 0; b) Vt/a= 0.14;
c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between quasi-identical bodies (β = 0) and an applied longitudinal tractive force

Fx/fP = 0.35 and a transversal tractive force Fy/fP = 0.35.

5.5.1.6 Longitudinal force + Spinning moment

The combination of the longitudinal tractive force and the spinning moment is stud-
ied: Fx/fP = 0.35, Fy/fP = 0 and Mz/fPa= 0.15. As in the previous case, all the
three creepages are expected.
The results of the simulation are displayed in Fig. 5.15 where the two dimensional
view of the dimensionless norm of the shear vector corresponds to a covered distance
a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f)
Vt/a = 2.81. For the first step, the results combines the Cattaneo-Mindlin shift to
the results for an applied moment only. The resulting shear field is asymmetric.
Throughout the steps the contact shape becomes similar to the one of the previous
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(a) (b) (c)

(d) (e) (f)

Figure 5.15: Two dimensional view of the dimensionless norm of the shear vector qτ
in the contact surface at time steps for a covered distance a) Vt/a= 0; b) Vt/a= 0.14;
c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between quasi-identical bodies (β = 0) and an applied longitudinal tractive force

Fx/fP = 0.657 and a spinning moment Mz/fPa= 0.15.

section. This is understandable since, the behaviour induced by the application of
a transversal tractive force is somehow similar to the one induced by the applica-
tion of a spinning moment (both imply lateral and spin creepages), especially in
steady-state regime.

For the tire-pavement contact, this configuration can be seen as an acceleration
in the turnaround where the centrifugal force can be negligible.

5.5.1.7 General case

Finally, the general case, where all the input loads take non zero values, is studied.
For the purpose, the following values are taken: Fx/fP = 0.35, Fy/fP = 0.35 and
Mz/fPa= 0.15. The three creepages ξx, ξy and ϕ hold.
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5. Elastic Transient Tractive Rolling Contact

The results of the simulation are presented in Fig. 5.16. The dimensionless norm of
the shear vector is plotted in the contact zone at different time steps corresponding
to covered distances a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70;
e) Vt/a = 1.40 and f) Vt/a = 2.81. To exemplify this general case in the context

(a) (b) (c)

(d) (e) (f)

Figure 5.16: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between quasi-identical bodies (β = 0) and an applied longitudinal tractive force
Fx/fP = 0.35, a transversal tractive force Fy/fP = 0.35 and a spinning moment

Mz/fPa= 0.15.

of tire-pavement contact, consider an acceleration in turnaround. The acceleration
force represents the longitudinal tractive force; the centrifugal force related is the
transversal force and the turning motion imposed to the wheels is the moment.

In summary, various combinations of the input in terms of tractive force applied
have been analysed. In function of the forces involved, corresponding local creepages
appear. This parametric study has been done by considering that the bodies in
contact are elastically similar. Since the present study regards the tire-pavement
contact (tire and pavement are made of clearly different materials), it is interesting
now to investigate what happens for elastically dissimilar bodies.
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5.5.2 Solutions for elastically dissimilar bodies
In the previous section, the complete analysis of the transient tractive rolling has
been performed for elastically similar bodies. For those cases where the bodies are
the same, the response is the same for both the bodies since they react to the same
forces. When the Dundurs’ parameter is not nil, the deformations are no more the
same at the contact surface. The dissimilarity is supposed to induce additional slip
zones because of the difference of elastic displacements under the same forces. In
what follows next, the analysis of the transient tractive rolling is performed for all the
loading configurations as in the previous section by only changing the materials of
the bodies in contact. For the purpose, the rolling body 1 becomes rigid: E1 = 10E20
MPa and ν1 = 0.5. The body 2 has the elastic properties: E2 = 2560000 MPa and
ν2 = 0.28. This configuration gives a Dundurs’ parameter β =−0.3056.

5.5.2.1 Pure longitudinal tractive force

The contact between the dissimilar bodies where β = −0.3056 is simulated under
an applied longitudinal tractive force only: Fx/fP = 0.657 while Fy/fP = 0 and
Mz/fPa = 0. In the case of a pure longitudinal tractive force applied, only the
creepage ξx appears.
Note that the discretisation for both space and time domains remain the same as
for elastically similar case.
Figure 5.17 shows the norm of the shear vector in the contact zone for a covered
distance a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40
and f) Vt/a= 2.81.

For Vt/a= 0, the results corresponds to the case of Cattaneo-Mindlin case but for
elastically dissimilar bodies. The asymmetry of the shear distribution at the surface
is due to that dissimilarity which induces unequal displacements for two particles
facing each other. Throughout the steps, the adhesion and the slip zones evolve to
reach the steady-state regime where the adhesion zone is near the leading edge and
the slip zone behind at the trailing edge of the rolling.

When the profile of only the shear qx/p0 is plotted along the axis x in the plane
y = 0, Fig. 5.18 is obtained. One can observe that it can take negative values
particularly in the adhesion zone. This result joins in a way the results of Nowell
and Hills for dissimilar finite cylinders in section 5.4.
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5. Elastic Transient Tractive Rolling Contact

(a) (b) (c)

(d) (e) (f)

Figure 5.17: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between dissimilar bodies (β = −0.3056) and an applied pure longitudinal tractive

force Fx/fP = 0.657.
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5. Elastic Transient Tractive Rolling Contact

5.5.2.2 Pure transversal tractive force

Here the loading is only the transversal tractive force Fy/fP = 0.657 while Fx = 0
and Mz = 0. In this case, creepages ξy and ϕ appear as explained for the elastically
similar case (see section 5.5.1.2).
Figure 5.19 shows the two dimensional norm of the shear vector in the contact zone
for a covered distance a) Vt/a= 0; b) Vt/a= 0.14; c) Vt/a= 0.35; d) Vt/a= 0.70; e)
Vt/a= 1.40 and f) Vt/a= 2.81.

(a) (b) (c)

(d) (e) (f)

Figure 5.19: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between dissimilar bodies (β = −0.3056) and an applied pure transversal tractive

force Fy/fP = 0.657.

One can observe the orientation of the streamlines of the shear in the transversal
direction for the first step. Unlike for elastically similar bodies, it seems that the
effect of the spin creepage is higher. It would be the reason why in steady-state
regime, the shear is not symmetric with respect to the x axis as in the case of
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elastically similar bodies.

5.5.2.3 Pure spinning moment

Only a spinning moment around the normal z axis is applied: Mz/fPa= 0.3, Fx = 0
and Fy = 0. In the same way as for the pure transversal tractive force applied,
applying only a spinning moment gives rise to the creepages ξy and ϕ. Figure 5.20
shows the two dimensional norm of the shear vector in the contact zone for a covered
distance a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40
and f) Vt/a= 2.81.

(a) (b) (c)

(d) (e) (f)

Figure 5.20: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between dissimilar bodies (β = −0.3056) and an applied pure spinning moment

Mz/fPa= 0.3.

The results for this case of loading show the same behaviour as for the case of
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5. Elastic Transient Tractive Rolling Contact

elastically similar bodies. However, in steady-state regime, a slight asymmetry of
the profile is observed with respect to the x axis. Note that for the same value of
loading, the shears are higher in these case than in the cases of elastically similar
bodies in section 5.5.1.

5.5.2.4 Transversal force + Spinning moment

Here a transversal tractive force and a spinning moment are applied simultaneously.
It implies a transversal creepage and a spin creepage. Thus the overall behaviour is
expected to be similar to the pure transversal tractive force case (see 5.5.1.2) but
for different levels of impact on the creepages involved. The loading is: Fx = 0,
Fy/fP = 0.657 and Mz/fPa= 0.15.
Then, the results in term of contact shear are presented in Fig. 5.24 where one can
see the two dimensional view of the norm of the shear vector in the contact zone
for a covered distance a) Vt/a= 0; b) Vt/a= 0.14; c) Vt/a= 0.35; d) Vt/a= 0.70; e)
Vt/a = 1.40 and f) Vt/a = 2.81. As expected, the behaviour in the contact is very
close the one for an applied transversal tractive force.

188

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Results

(a) (b) (c)

(d) (e) (f)

Figure 5.21: Two dimensional view of the dimensionless norm of the shear vector qτ
in the contact surface at time steps for a covered distance a) Vt/a= 0; b) Vt/a= 0.14;
c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between dissimilar bodies (β = −0.3056) and an applied transversal tractive force

Fy/fP = 0.657 and a spinning moment Mz/fPa= 0.15.

5.5.2.5 Longitudinal + Transversal tractive forces

The configuration is the combination of the longitudinal tractive force and the
transversal one, while the spinning moment goes to zero. The values are: Fx/fP =
0.35, Fy/fP = 0.35 and Mz/fPa = 0. In this framework, all the creepages are ex-
pected to be present.
The results of the simulation are shown in Fig. 5.22 where the two-dimensional
view of the dimensionless norm of the shear vector is plotted for a covered distance
a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f)
Vt/a= 2.81.

The first step corresponds to the Cattaneo-Mindlin shift for elastically dissim-
ilar bodies. Unlike the case of elastically similar bodies, the shear is asymmetric.
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5. Elastic Transient Tractive Rolling Contact

(a) (b) (c)

(d) (e) (f)

Figure 5.22: Two dimensional view of the dimensionless norm of the shear vector qτ
in the contact surface at time steps for a covered distance a) Vt/a= 0; b) Vt/a= 0.14;
c) Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between dissimilar bodies (β =−0.3056) and an applied longitudinal tractive force

Fx/fP = 0.35 and a transversal tractive force Fy/fP = 0.35.

Moreover, one can observe that at the first step, the behaviours seems to be a result
of the cases of pure longitudinal and pure transversal tractive forces applied. While
moving, the adhesion zone takes place at the leading edge but not in the middle
axis. It is interesting to remark that the point, where the adhesion is stronger, is
clearly located off-center.

5.5.2.6 Longitudinal force + Spinning moment

Here the loading consists of a longitudinal tractive force and a spinning moment:
Fx/fP = 0.35, Fy/fP = 0 and Mz/fPa = 0.15. As in the previous case, all the
three creepages are expected.
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The results of the simulation are displayed in Fig. 5.23. As previously the dimen-
sionless norm of the shear vector is plotted at different time steps corresponding to
a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e)
Vt/a= 1.40 and f) Vt/a= 2.81

(a) (b) (c)

(d) (e) (f)

Figure 5.23: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between dissimilar bodies (β =−0.3056) and an applied longitudinal tractive force

Fx/fP = 0.657 and a spinning moment Mz/fPa= 0.15.

One can observe that these results seem to be a rotation of the results of the
case of a pure longitudinal tractive force applied. Adding the spinning moment may
then be considered as rotating the shear field around the z axis. It is the effect of
the spin creepage.
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5. Elastic Transient Tractive Rolling Contact

5.5.2.7 General case

Finally, the general case, where all the input loads take non zero values, is studied.
For the purpose, the following values are taken: Fx/fP = 0.35, Fy/fP = 0.35 and
Mz/fPa= 0.15. The three creepages ξx, ξy and ϕ appear.
The results of the simulation are presented in Fig. 5.24. The dimensionless norm of
the shear vector is plotted in the contact zone at different time steps corresponding
to covered distances a) Vt/a = 0; b) Vt/a = 0.14; c) Vt/a = 0.35; d) Vt/a = 0.70; e)
Vt/a= 1.40 and f) Vt/a= 2.81.

(a) (b) (c)

(d) (e) (f)

Figure 5.24: Two dimensional view of the dimensionless norm of the shear vector
qτ in the contact surface for a covered distance a) Vt/a = 0; b) Vt/a = 0.14; c)
Vt/a = 0.35; d) Vt/a = 0.70; e) Vt/a = 1.40 and f) Vt/a = 2.81; for the contact
between dissimilar bodies (β =−0.3056) and an applied longitudinal tractive force
Fx/fP = 0.35, a transversal tractive force Fy/fP = 0.35 and a spinning moment

Mz/fPa= 0.15.

The general behaviour of this case resembles the one of the general case for
elastically similar bodies. The shears are higher due to the dissimilarity.
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5.5.3 Three-dimensional stresses: Elastic Tractive rolling on
a Multi-layered half-space

Once the contact field i.e. pressure and shear fields are found, the calculation of
the three-dimensional quantities can be performed. The contact field is used as
source to be convoluted with the influence coefficients corresponding to the wanted
3D stresses and displacements.

For illustration, several simulations have been performed on a multi-layered half-
space. The multi-layered formulation of chapter 4 is used. In the calculations, the
elastic moduli of the layers are set in four configurations:

• The ”Homogeneous modulus”

• The ”Alternate Modulus”

• The ”Increasing Modulus”

• The ”Decreasing Modulus”
For the calculations, a circular contact is considered between a sphere and a

flat surface. The sphere takes a very high elastic modulus so that it can be viewed
as a rigid body; and the elastic modulus of the multi-layered half-space is given
above. The loading is the one of a general case: Fx/fP = 0.35, Fy/fP = 0.35 and
Mz/fPa= 0.15.
The discretisation is performed with hexahedral elements of size 0.02a× 0.02a×
0.05a. The dimensionless second invariant J2/p0 is plotted in Fig. 5.25 at different
time steps corresponding to a covered distance Vt/a = 0; Vt/a = 0.5; Vt/a = 1.;
Vt/a= 4. and in the middle plane y = 0.

At the surface of the contact what happens is similar to the general case of loading
between dissimilar materials (see section 5.5.2.7). From those previous observations,
it comes that the asymmetry of the shear field induces an asymmetry of the stresses.
In Fig. 5.25, only the qualitative trends of what happens in the various configurations
of variation of modulus in the half-space is commented. It comes that for all the
cases, the higher stress is close to the surface. This is a very interesting remark in the
context of tire/pavement contact, for the explanation of the surface degradations.
Further, when the steady-state regime is achieved, the higher stresses are located
close the trailing zone of the contact.
For the alternate modulus, one can observe that the stress takes higher value at
every interface due to the jump of modulus. The other cases (homogeneous modulus,
increasing modulus and decreasing modulus) show a more homogeneous distribution
of the stress. The increasing modulus case shows an increase of stress at the last
interface due to the significant jump of the modulus there.

Note that for a quantitative analysis, it would have been more relevant to plot
the stresses in a plane tilted with respect to the chosen plane y = 0. The angle of
the rotation is to be found by well regarding the contact shear distribution so that
it allows to observe the maximum stress needed in the case a of dimensioning.
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Conclusion

5.6 Conclusion
In this chapter, the tractive rolling contact has been studied. Drawn from the theory
of Kalker, the problem has been formulated first with the definition of the slip
during a rolling motion. Then an algorithm for solving the variational formulation
that yields has been proposed. A highlight of the algorithm is the imposition of an
elementary covered at every time step so that the transient aspect of the problem
can be solved. Moreover, the model takes as input the tangential tractive forces in
the two directions in the tangent plane and a spinning moment around the normal
direction.
The proposed model has been validated by comparison with the previous algorithms
of Manyo [MAN 19b] and Kalker [KAL 90] for the contact between elastically similar
bodies. Further, it has been compared to the plane strain model of Nowell and
Hills [NOW 88] for the tractive rolling contact between elastically dissimilar bodies.
After the validation of the model a parametric study has been performed. Various
combinations of the tractive forces have been analysed for the contact between
elastically similar bodies in one hand, and between elastically dissimilar bodies in
the other hand. Finally, a brief analysis of the tractive rolling contact in a general
case has been done on different multi-layered half-spaces.

The takeaways of this chapter in term of results can be summarised in the fol-
lowing forms:

• Applying longitudinal tractive force implies the apparition of the local longi-
tudinal creepages

• Applying a transversal tractive force or a spinning moment, implies the ap-
parition of both the local transversal creepage and the local spin creepage

• When the bodies are elastically dissimilar, the shears are higher for the same
applied force compared to when the bodies are elastically similar

• The effect of tractive rolling contact is very significant on the Von Mises stress,
especially in a zone close to the surface.

The two last remarks are interesting for the pavement field where we need to
understand the origin of the degradations close to the surface.
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Chapter 6

Elastic Fretting Contact on
Multi-layered half-space

The fretting problem is tackled for multi-layered bodies.
Using the present semi-analytical model coupled with the
influence coefficients for the multi-layered half-space, the
Cattaneo and the Spence shifts are analysed. A fretting

loop is also simulated for the analysis of the contact field
as well as the stresses in the subsurface.
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Introduction

6.1 Introduction
The general contact problem is a coupled normal - tangential problem. The normal
problem has been extensively discussed earlier in this document and in the literature
for various kind of loadings, geometries, materials, etc. So has it been for the
tangential problem under two main conditions: the partial slip and the full slip.

While in the full slip conditions the whole contact zone is sliding, the partial
slip conditions consider that the contact is in equilibrium from a general point
of view. Using the Coulomb’s law for friction, it means that the overall applied
tangential force is less than the normal force times the friction coefficient. In these
conditions, the general contact is in equilibrium but in the contact zone some points
are undergoing a local slip. The partial slip is what happens for example in the
tractive rolling contact studied in the previous chapter.

In this chapter, a problem where the partial slip and the full slip can occur is
studied: the fretting contact. The fretting contact is characterised by an oscillating
loading. A body submitted to small oscillating tangential displacements, is the
typical example of fretting contact. In this fretting contact, in function of the loading
and the material, one can even observe a transition from partial slip conditions to
full slip [KOU 15a].

Fretting is generally studied under three different modes as presented in Fig.6.1:
mode I, mode II and mode III.

• Mode I: In this mode, the bodies are in contact under a constant normal load.
Then, a small oscillating tangential load is imposed. The contact shear vector
induced, show a transversal orientation of the subsequent slip.

• Mode II: Here, an oscillating normal load is applied. As said previously, when
friction is considered at the contact interface, a normal load induces tangential
shears. In this respect, shear is generated in the contact zone and a radial slip
is observed.

• Mode III: In this mode, a constant normal load is maintained during the
contact. The oscillating loading here is a moment around the normal direction.
It gives rise to a circumferential slip in the contact zone.

For examples of works on the fretting contact within the literature, the reader is
referred to the following works [GAL 06, GAL 10b, WAN 15, NOW 98, DIN 04,
WAN 11b, KES 16, GAL 07a, GAL 10a, SPI 20, SPI 15]. The fretting contact has
been studied earlier by Wang et al. for layered bodies [WAN 11b] and for multi-
layered and functionally graded materials [WAN 15].

The goal in this part of the work is to reproduce the fretting contact on a multi-
layered half-space. In the following lines, the formulation is recalled briefly. Then,
several results are presented on a single layered half-space and on a multi-layered
half-space. The Spence and the Cattaneo-Mindlin problems are also simulated for
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6. Elastic Fretting Contact on Multi-layered half-space

Figure 6.1: The three different fretting modes depending on the forces and mo-
ments in transmitted through the contact. Slip are transversal in mode I; slips are
radial in fretting mode II, slips are circumferential in fretting mode III. [GAL 10b]

those half-spaces. Finally, a single loop of fretting in mode I is studied in order to
highlight the evolution of the slip in those cases.
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Formulation

6.2 Formulation
The formulation used in this chapter is the same as the one of chapter 2. The main
points are recalled.
Consider a non conforming contact between two bodies submitted to both normal
and tangential loads. The resulting contact gives rise to pressure field p(x,y) and
shear fields qx(x,y) and qy(x,y). The bodies are modelled under the half-space
assumption which means that at the infinity the elastic field vanishes, and that
the contact size is small compared to the size of the bodies in contact. The initial
separation between the bodies is defined by the profile of the surfaces of the bodies.
The surfaces can be of any type in a discretised form. Moreover, the small strain
assumption is considered. Then, the general contact problem consists of a normal
contact problem and a tangential contact problem.

The normal contact problem The normal contact problem is the contact prob-
lem considering an applied normal force or an applied normal displacement. To
solve this problem, the actual gap is used. It is classically defined as:

g(x,y) = ūpz(x,y) +h∗(x,y) (6.1)

where the term h∗(x,y) is the sum of the initial gap -function of the surface profiles-,
the rigid normal body displacement and the elastic displacements due to the contact
shears. ūpz is the elastic displacement at the surface due to the pressure field p. From
the definition of the gap, the contact is activated in a point (x,y) and added to the
contact zone Γc when g(x,y) = 0, where the pressure is always positive p(x,y) > 0.
Outside of the contact zone, the gap is strictly positive g(x,y)> 0 and the pressure
field goes to zero p(x,y) = 0.

The tangential contact problem The tangential contact problem is to be con-
sidered when there is friction between the surfaces. In that case, shear tractions
appear in the contact zone even for no tangential global force applied [SPE 75]. In
term of kinematics, the moving contact between bodies is formulated through the
definition of the slip in the contact zone. The definition of the slip is well exposed
by Kalker for the rolling contact (see chapter 5). It comes that, for two particles in
contact, located at the positions x1 and x2 respectively for body 1 and 2, the slip
velocity can be written as:

ṡi = (ẋ1i− ẋ2i) + 1
2(ẋ1j + ẋ2j)(ū1i,j− ū2i,j) +∂(ū1i− ū2i)/∂t, (6.2)

where the dot ˙ represents the derivative with respect to time; the bar is for the
displacements at the contact surface.
Thus, one can identify two particular motions: the shift and the rolling motion.
When the velocity of the contact zone is much greater than the velocity of the
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6. Elastic Fretting Contact on Multi-layered half-space

particles in the contact, it is the rolling motion. Otherwise, when the velocity
particles is comparable to the velocity of the contact zone, it is a shift motion. In
the present chapter, the interest is put on the shift motion where the term 1

2(ẋ1j +
ẋ2j)(ū1i,j− ū2i,j) may be neglected with respect to (ẋ1i− ẋ2i). Thus the slip velocity
can be defined as:

ṡi = (ẋ1i− ẋ2i) +∂(ū1i− ū2i)/∂t. (6.3)

The term (ẋ1i− ẋ2i) embodies the contribution of the rigid body displacements δx,
δy and φz. With some developments the slip vector is found as:

ṡi =
(

∆ūx−∆δx+y.∆φz
∆ūy−∆δy−x.∆φz

)
(6.4)

where ∆ūi is the variation of surface tangential displacement, ∆δi and ∆φz the
variation of the rigid body displacements (2 translations and one rotation).

In theory, the general contact problem has to be solved in a single procedure for
the normal and tangential parts so that the coupling effects are kept. Because this
would be tedious, a modified procedure of Panagiotopoulos process is used to solve
successively the problems. In this spirit, at every step the normal problem is solved
by taking into account the effect of the contact shears from the previously solved
tangential problem. Then the tangential problem is solved by taking into account
the effect of the previous contact pressure. Then, we iterate between the normal
and the tangential problems until convergence.

The above formulations are a summary of the formulation described in chapter 2
where the reader may find the detailed general formulation and algorithms for solving
the contact problem.

Note that in the definition of the contact, the elastic displacements are found by
using the influence coefficients. The are used in this work to link the applied pressure
and shears to the corresponding elastic field induced. The influence coefficients for
multi-layered half-space will be used.

Influence Coefficients for a multi-layered half-space The influence coeffi-
cients for a layered half-space are found using the Papkovich-Neuber potential to
formulate the elastic field. Then, an integral transform allows to linearise the equa-
tions and apply the boundary conditions. Finally, the solutions are found in a
frequency domain and a numerical inverse transform is applied.
A method inspired by the works of Yu et al. [YU 14] has been used earlier in chap-
ter 4.

Using the numerical tools and the developed algorithms, the fretting contact can
be simulated between both elastic and viscoelastic multi-layered bodies. Here are
presented some results for only elastic bodies.
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Results: Single layered half-space

6.3 Results: Single layered half-space
The parametric study is performed in two parts:

v Results are presented for a single layer on a half-space. The contact, as well as
the interface between the coating and the substrate are analysed. Three cases
of tangential shifts are considered:

Ý The Spence shift: Only a normal force is applied.
Ý The Cattaneo-Mindlin shift: A normal and a tangential loads are applied

simultaneously in such a way that the system is in equilibrium from an
overall point of view.

Ý A loop of fretting in mode I is simulated.

v Results are presented for a multi-layered half-space with 10 layers. A loop
of fretting in mode I for an applied tangential force is studied for Alternate
modulus, Decreasing modulus and Increasing modulus. The 3D stresses are
analysed in this case.

6.3.1 Framework
For the analysis, consider an elastic sphere of radius R = 10 mm in contact with a
plane. The sphere has the elastic properties defined with a Young modulus E1 and
a Poisson’s ratio ν1 while the second body has the elastic properties (Es,νs) and
(Ec,νc) for substrate and coating respectively. The coating has a thickness h. A
Coulomb’s friction coefficient f is considered at the contact interface.
A force P = 200 N is applied and the following parameters are found using the theory
of Hertz:

a=
(3PR

4E∗
)1/3

, (6.5a)

p0 =
(

6PE∗2
π3R2

)1/3
, (6.5b)

where E∗ = 1−ν2
1

E1
+ 1−ν2

s
Es

is the equivalent Young modulus. a is the contact radius
and p0 is the maximum pressure.

The first simulation is the Spence shift which takes as input only a normal load.
Then the general contact problem is solved and a shear field is found at the contact
surface in addition to the pressure field.

6.3.2 The Spence shift
Consider two elastic bodies defined by the elastic properties (E1,ν1) and (E2,ν2),
the Dundurs’ parameter β 1 is introduced to described the level of similarity of the

1β = 1
2

[
(1−2v1)/G1−(1−2v2)/G2
(1−v1)/G1+(1−v2)/G2

]
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6. Elastic Fretting Contact on Multi-layered half-space

bodies. The bodies are elastically similar when β = 0.
In the case of elastically similar bodies in contact under only a normal load, there
is no shear in the contact surface. On contrary, when the bodies are dissimilar,
applying only a normal force, in presence of friction, induces shear tractions at
the contact surface (see Fig. 6.2). Spence [SPE 75] has been the first to treat the
question.
In this section, the purpose is to extend the Spence shift to the case of a single
layered half-space. To this end, the set up considers a friction coefficient f = 0.1
at the contact interface. As reference, the contact of Hertz is solved for the elastic
properties given in Tab. 6.1.

Body 1 Body 2
- Substrate Coating

E1[MPa] ν1 Es[MPa] νs Ec[MPa] νc
10E20 0.285 114600 0.285 - -

Table 6.1: General elastic properties of the bodies in the contact studied in section
6.3.2.

To compute the elastic Spence shift, a normal load ramp is imposed from P =
200 N to P = 400 N divided into 10 time steps.

Figure 6.2: Example of two dimensional view of the dimensionless surface shear
traction qx/fp0 for the Spence shift in a circular contact.

The elastic properties for the materials chosen for the simulation correspond to
a Dundurs’ parameter β = −0.3007. Due to the dissimilarity of the materials, the
applied normal force induces shear tractions in the contact zone as shown in Fig. 6.2.
The x axis the horizontal while the vertical is the y axis.
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Results: Single layered half-space

In the next two subsections, an analysis of the Spence shift is performed for a layered
half-space. The effects of the variation of the Young modulus of the coating and its
thickness are highlighted.

6.3.2.1 Influence of the ratio of Young modulus

The Spence shift is simulated in the same conditions as above by only modifying
the Young modulus of a coating (Ec = · · ·Es) which has a thickness h= a.
Figure 6.3 shows the dimensionless qx/fp0 along the x axis in the plane y = 0.
In a) the maximum pressure p0 and the width a of the contact zone for the case
Ec = Es are used for the normalisation, while in b) p0 and a for each case are used
for the normalisation. The shears are accompanied by the dimensionless contact
pressure p/p0 in dashed line. According to the shear traction bound defined with
the Coulomb’s law, one can distinguish the slip zone where the shear line confounds
with the pressure line, from the stick zone close to the center. These observations
are classically known since the works of Spence [SPE 75]. The addition of coating
to the half-space has the following consequences:

• When the coating is more compliant, the overall shears decrease and spread
as does the contact pressure.

• On contrary, when the coating is stiffer, the contact zone shrinks and so both
pressure and shears take greater values on a smaller zone.

Those results are expected since the contact is influenced by the coating with
regard to what has been observed for the normal contact in chapter 3. Note that
the thickness of the coating has been chosen so that it can have a marked effect.

The original result here is plotted in Fig. 6.3(b) where one can observe that
the size of the slip zone decreases when the coating becomes less stiffer than the
substrate.

6.3.2.2 Influence of the coating thickness

Here the elastic modulus of the coating is set to Ec =Es/4 in the above framework
and then the thickness of the coating changes in function of the Hertz parameter a
(h= · · ·a).
Figure 6.4 shows the dimensionless shear qx/fp0 along the x axis in the plane y = 0
for different values of the thickness of the coating. In a) the maximum pressure p0
and the width a of the contact zone for the case Ec = Es are used for the normali-
sation, while in b) p0 and a for each case are used for the normalisation.
The coating here is four time less stiffer than the substrate. The consequence is that
the contact zone extends and the contact pressure and shears take low overall values.
This behaviour accentuates when the thickness of the coating increases. However,
it seems that the change starts to become less significant when h > a. This kind
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6. Elastic Fretting Contact on Multi-layered half-space
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Figure 6.3: Dimensionless shear qx/fp0 along the x axis in the plane y = 0 for the
Spence shift on coated bodies where Ec =Es/4; Ec =Es/2; Ec =Es and Ec = 2×Es.
In a) the maximum pressure p0 and the width of the contact zone a for the case
Ec = Es are used for the normalisation, while in b) p0 and a for each case are used

for the normalisation.

of observation is interesting and can be helpful in an industrial context where the
coating material can have a non negligible cost.

In Fig. 6.4(b), one can observe that the size of the slip zone decreases with the
thickness before h = a. For h = 2×a the behaviour of the contact tends to be the
one of an homogeneous half-space with the properties of the coating. Therefore, the
size of the slip zone in that case tends toward the one for the h= 0 case.

Another classical shift that is worth understanding in the case of layered bodies
is the Cattaneo-Mindlin shift. It consists in applying a normal and a tangential
loads simultaneously.
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Results: Single layered half-space
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Figure 6.4: Dimensionless shear qx/fp0 along the x axis in the plane y = 0 for
the Spence shift on coated bodies where Ec = Es/4 for different values of coating
thickness. In a) the maximum pressure p0 and the width of the contact zone a for
the case Ec = Es are used for the normalisation, while in b) p0 and a for each case

are used for the normalisation.

6.3.3 The Cattaneo-Mindlin shift

The Cattaneo-Mindlin shift originally concerns elastically similar bodies in contact
under a normal force P = 200 N and a tangential force Q so that Q < fP , where
f is the friction coefficient. According to the Coulomb’s friction law, the system
is in an equilibrium state from a general point of view. Cattaneo [CAT 38] and
Mindlin [MIN 49] have shown that in this type of contact configuration, slip zones
appear beside stick zones. In the case of a spherical contact for example, it has been
shown that slip appears in an crown bounded to the edges of the contact zone.
When coatings of different elastic properties are set, one can expect that the sim-
ilarity of the bodies are disturbed. Thus, the purpose here is to reproduce the
Cattaneo-Mindlin shift for coated bodies.
The simulations are performed for a friction coefficient f = 0.25 and the fixed elastic
properties of Tab. 6.2. A tangential force Qx/fP = 0.5 is applied only in the x

Body 1 Body 2
- Substrate Coating

E1[MPa] ν1 Es[MPa] νs Ec[MPa] νc
114600 0.285 114600 0.285 - -

Table 6.2: General elastic properties of the bodies in the contact studied in section
6.3.3.
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6. Elastic Fretting Contact on Multi-layered half-space

direction in 4 time steps. As for the Spence shift, the effect of the ratio of Young
modulus is analysed as well as the effect of the thickness of the coating.

6.3.3.1 Influence of the ratio of Young modulus

The above framework is used and the thickness is set to h = a while the ratio of
Young modulus between the coating and the substrate varies (Ec = · · ·Es).
The results of the computations are plotted in Fig. 6.5, where the dimensionless
contact shears qx/fp0 is plotted for a) Ec = Es/4 ; b) Ec = Es and c) Ec = 2×Es.
One may remark that the case b) well correlates with the classical results. For the
two other cases, the disturbance brought by the coating is visible on the shear field.
In fact, adding the coating induces a change of the Dundurs’ parameter. The con-
tact is directly influenced by the properties of the layer. Thus the simulation shows
that the behaviour expected for the Cattaneo-Mindlin shift for dissimilar materials
which has been studied by Gallego [GAL 07b].
As one can expect, the shears take greater values for a stiffer coating. The most
surprising phenomena is the asymmetry observed for the cases a) and c). It comes
that for a more compliant coating, the greater values of shears are in the negative
side with respect to the direction of the applied tangential force. Meanwhile, for
stiffer coating, the greater values of shears are found in the positive side with respect
to the direction of the applied tangential force.
These phenomena can be explained by the fact that the difference of elastic tangen-
tial displacements of the bodies in contact are the origin of slip. And according to
this difference of displacement between the bodies, it seems that the more compliant
body drives the slip. Note that the load imposed in the direction x on the body 1
has its resultants in the x opposite direction on the body 2. Thence, for Ec =Es/4,
the slip is driven by body 2 and the slip is predominant in the opposite direction to
x while the slip is predominant in the x direction when body 1 is more compliant.

(a) (b) (c)

Figure 6.5: Two dimensional view of the dimensionless shear qx/f0 for the
Cattaneo-Mindlin shift for an applied tangential force Qx/fP = 0.5 for coated half-

space where a)Ec = Es/4; b)Ec = Es and c)Ec = 2×Es.
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Results: Single layered half-space

The same considerations remain when the dimensionless shear qx/fp0 is plotted
along the x axis in the plane y = 0 (see Fig. 6.6).
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Figure 6.6: Dimensionless shear qx/fp0 along the x axis in the plane y = 0 for the
Cattaneo-Mindlin shift on coated bodies where Ec =Es/4; Ec =Es/2; Ec =Es and
Ec = 2×Es. In a) the maximum pressure p0 and the width of the contact zone a
for the case Ec = Es are used for the normalisation, while in b) p0 and a for each

case are used for the normalisation.

6.3.3.2 Influence of the coating thickness

For this study, the framework of the previous section is used with the elastic modulus
of the coating set to Ec = Es/4 i.e. less stiffer than the substrate. The value of the
thickness changes (h= · · ·a).

Figure 6.7 shows the dimensionless shear qx/fp0 along the x axis in the plane
y = 0 for various values of coating thickness. In a) the maximum pressure p0 and
the width a of the contact zone for the case Ec =Es are used for the normalisation,
while in b) p0 and a for each case are used for the normalisation. The asymmetry of
the profile of the shear is observed and explained previously. One can observe that
this asymmetry of the slip zone accentuates with the coating thickness. Moreover,
the profile for h = 2×a shows that there is no restriction on the sign of the shear
traction.
Evidently, when the thickness takes a very high value, the system will behave as
if it was a contact on a homogeneous half-space with the elastic properties of the
coating. Unlike the Spence shift, the difference between the cases h= a and h= 2×a
is relatively significant.
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6. Elastic Fretting Contact on Multi-layered half-space
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Figure 6.7: Dimensionless shear qx/fp0 along the x axis in the plane y = 0 for
the Cattaneo-Mindlin shift on coated bodies where Ec = Es/4 for different values
of coating thickness. In a) the maximum pressure p0 and the width of the contact
zone a for the case Ec = Es are used for the normalisation, while in b) p0 and a for

each case are used for the normalisation.

6.3.4 Example of Fretting loop: Mode I
In this part, a loop of fretting in mode I is simulated since it is the most common in
industrial applications. For this purpose, the framework for the Cattaneo-Mindlin
shift is used (see section 6.3.3), but this time for the contact between dissimilar
materials. The general elastic properties chosen for the simulation are presented in
Tab. 6.3. For this simulation a single loop is considered for an applied tangential

Body 1 Body 2
- Substrate Coating

E1[MPa] ν1 Es[MPa] νs Ec[MPa] νc
114600 0.1 114600 0.5 - 0.5

Table 6.3: General elastic properties of the bodies in the contact studied in section
6.3.4.

force Qx. The loading path for the tangential force is given in Fig. 6.8. It consists
of a ramp load from an initial small tangential force (where Qx = 10%fP ) to the
maximum imposed force at the point A where Qx = 90%fP . Then, it decreases
linearly to reach the lowest value at the point C where Qx = −90%fP . Finally, it
linearly goes again to the maximum at the point E where Qx = 90%fP . Throughout
the simulation, the normal force is constant.

In the same way as previously, the effects of the ratio of Young modulus and
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Results: Single layered half-space

Figure 6.8: Fretting path for the tangential load. The maximum applied tangential
force is fP . At the point A the applied tangential force is Qx = 90%fP ; at B the
applied force is Qx = −10%fP ; at C Qx = −90%fP ; at D Qx = 10%fP and at E

Qx = 90%fP .

the effects of the coating’s thickness are analysed. Since failures mainly come from
interfaces in industrial components, a particular look is cast on them.

6.3.4.1 Influence of the ratio of Young moduli

For the study of the influence of the ratio of Young modulus, the thickness of the
coating is fixed to h= a and the elastic properties of substrate are given in Tab. 6.3.
Only the ratio of Young modulus changes (Ec = · · ·Es).
Figure 6.9 shows the dimensionless shear traction qx/fp0 along the x axis in the
plane y= 0 for various ratios of Young modulus and at different points of the loading
path in Fig. 6.8: a) at the point A where Qx = 90%fP ; b) at the point B where
Qx = −10%fP ; c) at the point C where Qx = −90%fP ; d) at the point D where
Qx = 10%fP and e) at the point E where Qx = 90%fP .

Firstly, one can remark that the slip zone of the contact increases with the norm
of the applied tangential force applied. The slip grows from the edge of the contact
to the center. Moreover, the sign of the shear tractions are influenced by the sign of
the overall force.
Secondly, the transient behaviour of the contact can be observed. Although we are
treating an elastic contact, the behaviour of the structure depends on the history
of the loading. This is confirmed by comparing the subplots in Figs. 6.9(a) and
6.9(e) where the loading is the same. The behaviours of those two cases differ due
to the influence of the history of the loading. The history effect is contained in the
definition of the slip which is based on the variation between two consecutive time
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6. Elastic Fretting Contact on Multi-layered half-space

steps.
According to the influence of the ratio of Young moduli between the substrate and
the coating, the overall observations as in section 6.3.3 remain available. Adding a
more compliant coating to the half-space allows to relax the tractions while they
increase when the coating is stiffer. Finally, observing the contact shears normalised
by their own parameters a and p0 in Fig. 6.10, no significant dependence is high-
lighted with respect to the ratio of elastic moduli Ec/Es.

An analysis of the interface between the coating and the substrate is done with
the second invariant J2 of the stress tensor. Figure 6.11 shows the dimensionless
second invariant

√
J2/p0 of the stress tensor at the coating/substrate interface along

the x axis in the plane y = 0 for various ratio of Young modulus and at different
points of the loading path in Fig. 6.8: a) at the point A where Qx = 90%fP ; b) at
the point B where Qx = −10%fP ; c) at the point C where Qx = −90%fP ; d) at
the point D where Qx = 10%fP and e) at the point E where Qx = 90%fP .
As expected, the higher the contact pressure and shears are, the higher are the
stresses. By comparing Figs. 6.11(a) and 6.11(e), the differences between the two
are not as significant as for the contact shear. It means that the effect of this
particular fretting for one loop is low. No generalisation cannot, however, been
done since those slight differences can accumulate for a high number of fretting
loops.
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Results: Single layered half-space
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Figure 6.9: Dimensionless contact shear qx/fp0 along the x axis in the plane y = 0
for the fretting loop in Fig. 6.8. It is plotted for Ec =Es/4, Ec =Es and Ec = 2×Es

at the point a) A; b) B; c) C; d) D and e) E of the loading path in Fig. 6.8.
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Figure 6.10: Dimensionless contact shear qx/fp0 along the x axis in the plane
y = 0 for the fretting loop in Fig. 6.8. It is plotted for Ec = Es/4, Ec = Es and
Ec = 2×Es at the point a) A; b) B; c) C; d) D and e) E of the loading path in

Fig. 6.8. Here a p0 for each case are used for the normalisation.
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-4 -2 0 2 4

0

0.25

0.5

0.75

1

1.25

1.5

(a)

-4 -2 0 2 4

0

0.25

0.5

0.75

1

1.25

1.5

(b)

-4 -2 0 2 4

0

0.25

0.5

0.75

1

1.25

1.5

(c)

-4 -2 0 2 4

0

0.25

0.5

0.75

1

1.25

1.5

(d)

-4 -2 0 2 4

0

0.5

1

1.5

(e)

Figure 6.11: Dimensionless second invariant
√
J2/p0 of the stress tensor, at the

coating/substrate interface along the x axis in the plane y = 0 for the fretting loop
in Fig. 6.8. It is plotted for Ec = Es/4, Ec = Es and Ec = 2×Es at the point a) A;

b) B; c) C; d) D and e) E of the loading path in Fig. 6.8.
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6. Elastic Fretting Contact on Multi-layered half-space

6.3.4.2 Influence of the coating thickness

Here, we keep the values of Tab. 6.3 with a Young modulus of the coating fixed to
Ec = Es/4. Then, the thickness h of the coating changes (h= · · ·a).

Figure 6.12 shows the dimensionless shear traction qx/fp0 along the x axis in
the plane y = 0 for various coating thickness and at different points of the loading
path in Fig. 6.8: a) at the point A where Qx = 90%fP ; b) at the point B where
Qx = −10%fP ; c) at the point C where Qx = −90%fP ; d) at the point D where
Qx = 10%fP and e) at the point E where Qx = 90%fP .

The general trends are the same as in the section 6.3.3.2. For an industrial
application, if one wants to use a coating which behaviour is important for the
structure the right thickness may be near the parameter a. For greater values, the
difference might not worth the cost while for lower values, the behaviour of the
substrate is dominant. These remarks are relevant when the coating aims to act on
pressure and stresses distribution. It is not true when the coating is used for other
purposes. For instance, coatings are also used to modify the friction at the contact
interface. In that case, the study is to be done around the friction coefficient and
eventually the wearing and delamination effects. It is known that for greater friction
at the contact interface, the stick zone is greater and inversely. But for high friction
at the contact interface wearing effects tend to increase also. Thus, a balance is to
be found, and the use of coatings is certainly a good alternative so that the frictional
and wearing effects can be controlled independently to the structure dimensioning.
Finally, as for the ratio of elastic moduli, no significant dependence is highlighted
with respect to the coating thickness (see Fig. 6.13).

Furthermore, the use of coatings induces other questions. For example, the
delamination effects have to be studied when using coatings since they are not
perfectly bounded in practice. In this spirit, here is presented the dimensionless
second invariant

√
J2/p0 of the stress tensor at the coating/substrate interface along

the x axis in the plane y = 0 for various ratio of coating thickness and at different
points of the loading path in Fig. 6.8: a) at the point A where Qx = 90%fP ; b) at
the point B where Qx = −10%fP ; c) at the point C where Qx = −90%fP ; d) at
the point D where Qx = 10%fP and e) at the point E where Qx = 90%fP .

One can observe that the asymmetry is more pronounced due to the ratio
Ec/Es = 0.25 chosen. Moreover, it is accentuated when the coating thickness de-
creases. The overall stress decreases when the thickness is greater because the body
tends to behave like the coating which is less stiffer. It is also interesting to remark
that the peak of the stress is located in the direction of the applied force and takes
higher values for higher of imposed tangential force. This means that the tangential
force has a significant effect on the risk of delamination at the coating/substrate
interface. The last remark concerns Figs. 6.14(a) and 6.14(e). For the two figures
the loading state is the same but the stresses show a slight decrease especially for
the case h = a/5. This might mean that a more compliant coating might induce a
relaxation of stresses at the coating/substrate interface during the fretting motion.
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Figure 6.12: Dimensionless contact shear qx/fp0 along the x axis in the plane
y = 0 for the fretting loop in Fig. 6.8. It is plotted for Ec =Es/4 and h= 0,a/5,a,2a

at the point a) A; b) B; c) C; d) D and e) E of the loading path in Fig. 6.8.
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Figure 6.13: Dimensionless contact shear qx/fp0 along the x axis in the plane
y = 0 for the fretting loop in Fig. 6.8. It is plotted for Ec =Es/4 and h= 0,a/5,a,2a
at the point a) A; b) B; c) C; d) D and e) E of the loading path in Fig. 6.8. Here a

p0 for each case are used for the normalisation.
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Figure 6.14: Dimensionless second invariant
√
J2/p0 of the stress tensor, at the

coating/substrate interface along the x axis in the plane y = 0 for the fretting loop
in Fig. 6.8. It is plotted for Ec =Es/4 and h= a/5,a,2a at the point a) A; b) B; c)

C; d) D and e) E of the loading path in Fig. 6.8.
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6. Elastic Fretting Contact on Multi-layered half-space

Apart from single layered bodies, many multi-layered are used in the industry
in various forms (multi-layered, graded, etc). Especially, the pavement structure
which is the topic of this thesis is not single layered but multi-layered. Thus, it is
important to give a view of the fretting contact on a multi-layered half-space.

6.4 Results: Multi-layered half-space

6.4.1 Framework
The algorithm for the tangential shift motion can be applied for any half-space if the
corresponding influence coefficients are known. Since the influence coefficients of a
multi-layered half-space have been found in chapter 4, the elastic fretting contact
can be simulated for multi-layered bodies.

For illustration, several simulations have been performed on a multi-layered half-
space with 10 layers by using these configurations for the elastic moduli of the layers:

• The ”Alternate Modulus”: the even index layers take the elastic modulus value
4×Esub while the odd index layers take the shear modulus value Esub :

• The ”Increasing Modulus”: the modulus increases from Esub to 5.5×Esub in
the 10th layer:

• The ”Decreasing Modulus”: the modulus decreases from 6×Esub with a con-
stant step to reach the substrate modulus Esub:

Figure 6.15 shows the three cases of variation of elastic modulus in the half-space
described above.

For the following simulations, a sphere comes into contact with a flat multi-
layered half-space. The general elastic parameters used in the simulation are pre-
sented in Tab. 6.4.

Body 1 Body 2
- Subtrate Layers

E1[MPa] ν1 Esub[MPa] νsub Ej [MPa] νj
10E20 0.3 210000 0.3 - 0.3

Table 6.4: Elastic properties of the bodies for the reference Hertz which will gives
the hertz parameters for finding the dimensionless results for the study of the multi-

layered half-space.

Two cases are analysed for the above configurations: the Spence shift and an
example of fretting mode I loop.
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0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 1 2 3 4

Alternate Modulus

(a)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 1 2 3 4 5 6

Increasing Modulus

(b)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 1 2 3 4 5 6

Decreasing Modulus

(c)

Figure 6.15: Different cases of variation of elastic moduli of the layers for the
multi-layered half-space.

6.4.2 The Spence shift

In this part, the Spence shift is simulated on multi-layered half-spaces with the pre-
viously described alternate modulus, increasing modulus and decreasing modulus.
A normal force ramp is imposed from P = 1000 N to P = 10000 N in 10 time steps.
The friction coefficient at the contact interface is set to f = 0.5.

Figure 6.16 shows the dimensionless shear traction qx/fp0 along the x axis in the
middle plane y = 0. The dimensionless pressures p/p0 are drawn in dashed line to
show the extent of the slip zone where the shear qx = fp0 and the stick zone where
qx<fp0. The general behaviour of the contact is similar to the cases of homogeneous
and single layered-half spaces: the slip zone is located in a crown at the bound of
the contact. The extent of the slip zone depends on the parameter β/f , where β
is the Dundurs parameter and f the friction coefficient. When β/f = 0, there is no
slip zone in the contact area. This case happens for very high friction coefficient
or when the materials in contact are elastically similar. When |β/f | takes higher
value, the slip zone increases because whether the dissimilarity is higher and/or the
friction coefficient is lower.

For the analysis of the three-dimensional stresses, the z direction is discretised
over a depth z = 2× a. Then, Fig. 6.17 shows the dimensionless second invariant√
J2/p0 of the stress tensor for the three configurations of variation of Young modulus

in the multi-layer: a) Alternate modulus; b) Increasing modulus and c) Decreasing
modulus.
One can observe that each configuration of variation of Young modulus influences
the distribution of stress as observed in chapter 4. In addition to the observations in
the case of an applied normal load only, the shear at the surface has an effect close
to the surface. For each configuration, an increase of the stress can be observed
close to the surface, corresponding to the crown of the slip.
The takeaway for these observations, is that in function of the dissimilarity and
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Figure 6.16: Dimensionless shear qx/fp0 along the x axis in the plane y = 0 for
the Spence shift on multi-layered bodies with Alternate modulus, Increasing modulus

and Decreasing modulus.
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Figure 6.17: 2D dimensionless second invariant
√
J2/p0 of the stress tensor in the

plane y = 0 for the Spence shift on multi-layered bodies with Alternate modulus,
Increasing modulus and Decreasing modulus.

the friction at the contact interface, the elastic field that yields from the contact
changes. Thus, in the context of tire/pavement modelling, it might be interesting to
consider the friction at the interface even when there is no tractive force imposed.

In order to continue the investigation, it is worth doing an example of fretting
loop in mode I, in order to highlight the impact not only in the contact zone but
also in the subsurface.

6.4.3 Example of Fretting loop: Mode I
This section aims at analysing a fretting loop on the elastic field in a multi-layered
body. For this purpose, the three configurations of variation of Young modulus in
the multi-layered half-space are used (see section 6.15). The friction coefficient is
set to f = 0.5; a constant normal force P = 10000 N is imposed throughout the
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Results: Multi-layered half-space

steps. The tangential load is applied in the x direction following the loading path
in Fig.6.8.

Figure 6.18 shows the dimensionless shear traction qx/fp0 along the x axis in
the plane y = 0 for alternate modulus, increasing modulus and decrease modulus;
and at different points of the loading path in Fig. 6.8: a) at the point A where
Qx = 90%fP ; b) at the point B where Qx = −10%fP ; c) at the point C where
Qx =−90%fP ; d) at the point D where Qx = 10%fP and e) at the point E where
Qx = 90%fP .
Firstly, one may observe the difference between the profiles at the points A and E.
For these two points of the loading path, the tangential load is the same. This is due
to the history that is contained in the formulation. The same observation goes for
the points B and D which are points of opposite tangential loading. In this respect,
the obtain shear without taking into account the history of the loading would have
been simply the symmetric with respect to the x axis without the history effect.

Further, an analysis of the three dimensional stresses for the three cases of varia-
tion of Young modulus in the multi-layered half-space is performed. The dimension-
less second invariant

√
J2/p0 of the stress is plotted at different points of the loading

path in Fig. 6.8. For each column, corresponding to the variation of elastic modu-
lus, one can observe that near the surface, the overall stress undergoes an increase
compared to the frictionless case due to the shear contribution. In the volume, the
changes are also marked depending on the tangential loading. They are definitely
undeniable in the case of increasing modulus where the stress distribution clearly
follows the fretting motion.
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Figure 6.18: Dimensionless contact shear qx/fp0 along the x axis in the plane y= 0
for the fretting loop in Fig. 6.8 on multi-layered bodies. It is plotted for Alternate
modulus, Increasing modulus and Decreasing modulus at the point a) A; b) B; c) C;

d) D and e) E of the loading path in Fig. 6.8.
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Figure 6.19: Dimensionless second invariant
√
J2/p0 of the stress tensor in the

plane y = 0 for the fretting loop in Fig. 6.8 on multi-layered bodies. It is plotted for
Alternate modulus, Increasing modulus and Decreasing modulus at the points A, B,

C, D and E of the loading path in Fig. 6.8.
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6. Elastic Fretting Contact on Multi-layered half-space

6.5 Conclusion
In summary, the fretting contact has been studied with the present semi-analytical
model. After a brief recall of the formulation of the contact problem, results have
been presented.

In a first part, the single layered half-space has been considered. The Spence
shift, the Cattaneo-Mindlin shift and an example of fretting loop in mode I have
been simulated. The effects of the ratio of elastic moduli between the coating and
the substrate have been investigated, as well as the effect of the thickness of the
coating. The main conclusions of the study are:

• For the Spence shift, the slip zone increases with the ratio of elastic moduli
Ec/Es. For a coating more compliant that the substrate, the slip zone de-
creases with the coating thickness before h= a (where a is the contact radius
given by the same contact condition with Ec = Es); and when the coating
thickness becomes bigger than a, the slip zone tend toward the homogeneous
case (i.e. Ec = Es).

• For the Cattaneo-Mindlin shift, it has come that the more compliant of the
materials in contact drives the direction of the higher shear. In this respect,
when the coating on body 2 is stiffer than the other body 1 in contact, the slip
is predominant in the direction of the applied tangential force. Instead, when
the coating on body 2 is more compliant than the other body 1 in contact, the
slip is predominant in the opposite direction of the applied tangential force.
Note that the force is applied here on body 1. When normalised, there is no
significant change of the extent of the size of the slip zone in this case.

• For a single loop of fretting, the history effect has been marked in the contact.
Its effect on the stresses at the coating/substrate interface is significant for
relatively small thickness only. Moreover, a relaxation effect has been observed:
the overall stresses tend to slightly decrease for the same loading in the fretting
motion.

In a second part, the Spence shift and an example of fretting loop in mode I have
been tackled for a multi-layered half-space. Alternate modulus, increasing modulus
and decreasing modulus cases have been taken for this purpose. Then, the contact
field and the three-dimensional stresses have been analysed. It has come that:

• For the Spence shift, apart from the general behaviour in the contact which
are similar to the single layered half-space case; close to the surface, the overall
stress show an increase due to the fact that a Coulomb friction coefficient is
taken into account.

• For the fretting loop in mode I, an increase of the stresses is also observed close
to the surface. Moreover, the stress distribution clearly follows the tangential
applied load.

226

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Chapter 7

Application: Advanced tire/road
contact modelling

This chapter is dedicated to the application of the
developed model to the tire-pavement contact. The profile

of a real tire is acquired by image reconstruction
techniques. Then, simulations are performed and results
compared to the reference model of ViscoRoute. Further,

the effect of the tractive rolling on the stresses in the
pavement structure are investigated through some realistic

cases of tangential loadings. Finally, an experimental
validation of the work is made.
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Introduction

7.1 Introduction
Throughout the previous chapters, the modelling of various phenomena have been
performed with view to improve the design of pavements. The numerical tools
developed allow to bring some novelty in the modelling of the tire-pavement contact.
To perform the analysis by using the contact modelling, several parameters have to
be well defined here:

• The geometry: In the dimensioning methods, idealised footprints are used to
define the tire-pavement contact. In this work a real tire profile obtained by
image reconstitution is used. For the pavement a flat surface is used.

• The materials: The tire is considered here as an homogeneous elastic isotropic
and incompressible body. Its elastic modulus is given by the inflation pressure.
The road pavement is an elastic multi-layered half-space where known elastic
parameters are used for the simulations. The viscoelasticity has not been
computed in the present work.

• The loading: A same normal force is applied for all the cases. For the compu-
tation of the tractive rolling effects, arbitrary values of tangential forces and
moment have been taken but with view to represent the reality.

• The contact conditions: Both frictional and frictionless contacts have been
simulated. A general rolling contact case is simulated as in chapter 5.

In this chapter, an attempt of answer is given to several questions by the use of
the modelling. Firstly, the influence of the use of a real tire profile instead of an
idealised footprint, is investigated. A recent work of Manyo [MAN 19b] have shown
an undeniable qualitative effect of the use of a striated tire profile in the modelling
rather than a smooth idealised profile. Here the investigations will be pursued by
adding a quantitative point of view since the present model is able to model all
the layers of the pavement structure unlike the homogeneous half-space model of
Manyo.
Secondly, the influence of the roughness of the road is analysed by using a generated
randomly rough surface as surface of the pavement.
Thirdly, the tractive effects are investigated by the simulation of several cases where
the tangential effects should not be neglected.
Finally, an experimental validation is presented. Full scale tests have allowed to
measure strains in pavement. Those strains are compared to results from the mod-
elling.
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7. Application: Advanced tire/road contact modelling

7.2 An idealised or a real tire profile?
In the french method for the dimensioning of the pavements, the classical software
used is Alizé-Lcpc [LCP 10]. In Alizé, normalised and idealised footprints are used
to represent the contact zone which yields from the tire-pavement contact. In the
context of new generation of European trucks, another software named ViscoRoute
has been developed with view to take into account the viscoelastic behaviour of the
pavements, especially in the rolling course. In those two softwares, which stand
as reference for the design of pavement in France, the contact is not solved but a
distributed load is applied over normalised chosen footprints. Those footprints are
usually rectangular, circular or elliptical. For instance, Fig. 7.1 shows the normalised
dual circular footprint used to represent the dual tire in the framework of Alizé and
ViscoRoute.

Figure 7.1: The reference normalised circular tire profiles in Alizé and ViscoRoute.

Before any further application of the model developed in the present work, it is
important to investigate the impact of using idealised profiles to represent the tire.
For this purpose, results obtained with a real tire profile are compared to the results
for idealised footprints. As explained in chapter 2, the present model allows to use
any kind of surface profile in its discretised form. Therefore, the prior step to the
analysis is to obtain the real tire profile.

7.2.1 How to obtain the real profile of the tire?
The tire profile used in this work has been obtained by Manyo [MAN 19b] in his PhD
thesis works. The tire is a trailer tire Michelin 315/80R22.5, inflated at 820 kPa.
The procedure for obtaining the profile combines two image reconstruction methods:
Fringe Projection Method (FPM) and photogrammetry. The goal is to extract a
regularly meshed file that can be used by the present model. The two methods are
briefly described below.

Fringe Projection Method (FPM): This method allows to obtain the three-
dimensional profile of an object by analysing the changes of a projected fringe pattern
on the object. The method generally consists of four main steps:
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An idealised or a real tire profile?

v Projection and acquisition: A structured pattern of fringe is projected onto the
surface of the object. For the present tire profile, a sinusoidal fringe pattern
has been used.

v Fringe analysis: The image of the fringe pattern, which is modulated by the
object height distribution, is recorded. For the present tire, a Charged Cou-
pled Device (CCD) camera has been used for recording the images. The phase
modulation is calculated by analysing the image with a fringe analysis tech-
nique. A FFT method has been used here to get the phase distribution of the
fringe images.

v Phase unwrapping: A continuous phase distribution has to be found from the
wrapped phase map. A grey-scale color code coupled with a phase shift has
been used to do so.

v Calibration: This final step is to make a correspondence between the phase
distribution and the real 3D coordinates.

The FPM for a tire 5.2S10 has allowed to obtain the profile in Fig. 7.2. The FPM

Figure 7.2: The profile obtained by using the Fringe Projection Method (FPM) on
a trailer tire 5.2S10 [MAN 19b].

method has been coupled with the photogrammetry method for obtaining the desired
meshed profile of the tire.

The photogrammetry method: Also called stereophotogrammetry, it consists
in using two-dimensional images to generate a three dimensional single one. Many
photographs are taken of a fix object under various angles and then a reconstitution
is performed by using a special software.
From the different photographs of the object, common points are identified. A line
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7. Application: Advanced tire/road contact modelling

of sight (or line of ray) can be constructed from the camera location to the point
on the object. It is the intersection of these rays (triangulation) that determines
the three-dimensional location of the point. This photogrammetry process has been
performed for this trailer tire Michelin 315/80R22.5 by Manyo [MAN 19b] with the
help of the software Capture Reality. It has allowed to generate a mesh made of
triangular elements.
Figure 7.3 shows the a) meshed; b) textured; c) meshed and textured surface of the
tire obtained by this photogrammetry method.

(a) Meshed (b) Textured (c) Meshed and Textured

Figure 7.3: The profile obtained using the Fringe Projection Method (FPM) on a
trailer tire Michelin 315/80R22.5 [MAN 19b].

Finally, an image reconstitution has to be made to find the good data table for
the present model. The reader is recalled that the actual SAM uses a regular mesh
with rectangular elements imposed, among other things, by the use of FFT. Thus,
the reconstitution model developed by d’Errico [D’E 16] is used to extract a surface
meshed regularly with rectangular elements from the obtained data. Figure 7.4
shows a three dimensional surface of the obtained data in the form of a dual tire.
Note that this dual tire is a simple duplication of the obtained single tire. This tire
will be used throughout this chapter for the calculation every time that the real tire
will be called upon.

Before deeper analysis, let’s evaluate the impact of using this real tire profile, on
the design of the pavement. For the purpose, a comparative study is performed in
what follows next.

7.2.2 Influence of the real tire profile on the stresses in the
road pavement

To perform the simulations, the tire is taken as an elastic homogeneous isotropic
body of Young modulus Etire = 3.649 MPa and Poisson’s ratio νtire = 0.5. The
pavement is a multi-layered half-space with the characteristics given in Tab. 7.1. It
has come that the very first step of the analysis should be the analysis of a pure
normal contact case. This configuration is the elastic frictionless rolling contact
of the tire on the pavement. Only a normal force P = 65000 N is applied on the
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An idealised or a real tire profile?

Figure 7.4: Three dimensional view of the final dual tire obtained by the FPM
and the photogrammetry methods.

dual tire. The contact is supposed frictionless i.e the friction coefficient f = 0. The
surface as well as the tire are discretised with square elements of size 5×5 mm2.

With view to make a comparison, the same simulation has been performed by
using in one hand the real tire profile, and in the other hand two spheres of radius
R= 125 mm with a distance d= 375 mm between their center. In fact, it should be
a footprint where a constant pressure is set on the dual footprint according to the
framework in Fig. 7.1. For solving the contact the spheres have been chosen and the
out-coming results in the zones of interest have shown a good agreement with the
results which are based on footprints.

Thickness [mm] Young modulus E [MPa] Poisson’s ratio
1 50 5400 0.35
2 80 9300 0.35
3 850 83 0.35
4 770 16 0.35
5 200 500 0.35
6 ∞ 100000 0.35

Table 7.1: Set of elastic properties for the layers of the pavement structure.

Figure 7.5 shows the two dimensional contact pressure distribution for a) the two
spheres and b) the real tire profile. Both the calculations have been performed with
the present model. The differences in the contact are expected and so do not worth
further discussions. The only relevant observation one can make is the realistic form
of the pressure distribution given by the real profile showing not only the ability of
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7. Application: Advanced tire/road contact modelling

this contact model to handle the tire-pavement contact.
In order to find out if it is worth using the real tire for the dimensioning of

the road pavement, it is important to pay a close attention to the three dimensional
stresses. In this spirit, Fig. 7.6 shows a three dimensional view of the second invariant
of the stress tensor

√
J2 for both cases. The differences between the two profiles do

not seem very significant in the subsurface.

Thickness [mm] Young modulus E [MPa] Poisson’s ratio
1 60 2054 0.35
2 80 2763 0.35
3 850 83 0.35
4 770 16 0.35
5 200 500 0.35
6 ∞ 10000 0.35

Table 7.2: Set of elastic properties for the layers of the pavement structure for
comparison with ViscoRoute.

Moreover, in Fig. 7.7 a comparison is made between the results from the present
SAM and from the software ViscoRoute [CHA 10]. The previously described frame-
work has been taken for the simulation in ViscoRoute in elasticity and viscoelasticity;
but with elastic properties of Tab. 7.2. Then, the components a) σxx, b)σyy c)σzz
and d)σxz of the stress tensor are plotted at the first interface i.e. for z = 60 mm
in the middle plane y = 0 along the x. The four cases are: the two cases presented
here i.e. the dual sphere profile and the real profile, and the elastic and viscoelastic
cases from ViscoRoute. One can highlight that, in elasticity, a good agreement is
found between the two models. In addition, the use of the real tire profile does not
seem to have a significant effect on the stresses at that interface.

It is important at this step to recall that generally, the design of pavement is
performed at the interfaces and in particular at that first interface (z= 60 mm in this
comparison). Therefore, if the only parameter was the stress at that first interface,
the conclusion would be that it is not necessary to use the real tire profile for the
dimensioning of the interfaces.

In summary, the analysis of the effect of the real tire profile shows that close
to the surface the impact of the real profile is undeniable. However, at the first
interface, the effects are not significant. This conclusion is valid for a framework
where only the frictionless rolling contact has been considered.

Apart from the real tire profile, one can ask what is the impact of textures on
the road on the stresses. The present model allows to take into account any surface
profile for both bodies in contact. It means that not only the real tire profile can
be modelled but also the real surface profile of the road. Before putting efforts in
obtaining the real surface profile of the road, it is possible with the present model
to investigate numerically its eventual impact.
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An idealised or a real tire profile?

(a) (b)

Figure 7.5: tire-pavement contact simulation for a) the dual sphere as tire profile
versus b) the real dual tire profile obtained by image reconstitution.

(a) Dual sphere (b) Real tire profile

Figure 7.6: Three dimensional second invariant
√
J2 of the stress tensor for tire-

pavement contact simulation for a) the dual sphere as tire profile versus b) the real
dual tire profile obtained by image reconstitution.
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Figure 7.7: Comparison between the present semi-analytical model (SAM) and
the software ViscoRoute. Stresses at the first interface (z = 50 mm) of the elastic
multi-layered pavement structure are plotted. The components a) σxx ; b) σyy ; c)
σzz and d) σxz of the stress tensor are plotted along the x axis in the middle plane

y = 0.
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A smooth road or a real road?

7.3 A smooth road or a real road?
For the analysis of the effect of a rough road on the tire-pavement contact, the
real tire profile is used. A rough road surface is generated randomly with the Root
Mean Square (RMS) method. The surface has a Gaussian height distribution and
exponential autocovariance (in both directions). The RMS height is 2.5 mm and the
correlation lengths are chosen the same in the two directions with a value 10 mm.
Figure 7.8 shows the textured surface generated surface obtained.

Figure 7.8: Random rough surface generated with a Gaussian height distribution
and exponential autocovariance (in both directions).The RMS height is 2.5 mm and
the correlation lengths are chosen the same in the two direction with a value 10 mm.

(a) Smooth surface (b) Rough surface

Figure 7.9: Pressure field for tire-pavement contact simulation with a) a smooth
surface for the pavement versus b) a rough surface generated randomly with a RMS

height of 2.5 mm.
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7. Application: Advanced tire/road contact modelling

Figure 7.10: Three dimensional second invariant
√
J2 of the stress tensor for tire-

pavement contact simulation for a rough surface of the pavement generated ran-
domly.

The set of parameters in Tab. 7.1 are used for the elastic properties of the pave-
ment.
The surface pressure rendered from the contact simulation is compared to the one
from a smooth pavement (see Fig. 7.5). One can observe that the maximum pressure
is higher for the textured surface. This is due to the fact that, by using the use of
a rough generated surface, the contact surface is reduced. In order to respect the
equilibrium equation P =

∫
Γc pdΓc, the pressures increase. This observation, even

if it is expected, allows to say that the dimensioning method might ignore the fact
that a very rough surface induces higher stresses in a zone close to the surface. Con-
sequently, the aggression of the rolling course might be underestimated. This can
partially explain the degradation to the zone very close to the surface on some very
rough roads.
When plotting the second invariant

√
J2 of the stress tensor in the pavement struc-

ture, Fig. 7.10 is obtained. The observation of the maximum stress for this case,
compared to the case of smooth road in Fig. 7.6(b), shows the same maximum with
very slight differences in general. Further investigation is done by plotting the com-
ponents a) σxx ; b) σyy ; c) σzz and d) σxz of the stress tensor at the first interface
i.e. z = 50 mm, along the x axis in the middle plane y = 0 in Fig. 7.11. The changes
on the stresses at that interface are not significant. This indicates that the effect of
the roughness of the road is limited to a zone close to the surface.
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Figure 7.11: Influence of the roughness of the surface of the road pavement on
the stresses at the first interface (z = 50 mm) of the elastic multi-layered pavement
structure. The components a) σxx ; b) σyy ; c) σzz and d) σxz of the stress tensor

are plotted along the x axis in the middle plane y = 0.
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7. Application: Advanced tire/road contact modelling

Ultimately, the frictionless rolling contact has been analysed using the developed
semi-analytical model. In this configuration, the investigations have brought out
that the tire profile has an impact in a zone very close to the surface but not at
the first interface. The roughness surface profile of the road is expected to have an
impact also limited to a region very close to the rolling surface but not at the first
critical interface.

In those results, the friction at the contact interface has not been considered.
In practice, there is friction between the tire and the pavement. Thus, the elastic
tractive rolling contact should be studied instead.

7.4 Elastic tractive rolling contact between tire
and pavement

The transient tractive rolling contact has been exposed in detail in the previous
chapter 5. Briefly, it is the rolling motion where an overall tangential force and/or
moment are applied on the rolling body. Forces and/or moment are applied so that
the body does not go into a full sliding motion (also called gross slip). With the
Coulomb’s friction law, it means that the overall tangential forces are <fP , where f
is the friction coefficient and P is the normal force applied. The developed algorithm
in chapter 5 can operate here for the grasp of the influence of the friction on the
elastic rolling motion between tire and pavement.

For the study, a friction coefficient f = 0.7 is considered at the contact interface
between the tire and the pavement. The elastic properties of Tab. 7.1 are used for
the pavement structure; and the tire remains incompressible ν1 = 0.5 with a Young
modulus E1 = 3.649 MPa.

The general tractive rolling loading for the tire pavement contact is presented
in Fig. 7.12 where longitudinal and tractive forces are applied as well as a spinning
moment around the z axis. The tire is rolling in the x direction. By combining
the tangential forces and the moment, several real cases can be simulated. Some of
those cases are studied in what follows next.

For all the simulations below, the real tire profile is used. The surface is taken
smooth and discretised with square elements of size 5× 5 mm2. A normal force
P = 65000 N is applied. The rolling motion is simulated in 200 time steps with an
elementary displacement at each step set to 5 mm.
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Elastic tractive rolling contact between tire and pavement

Figure 7.12: General case of tractive rolling contact of a tire on a multilayered
pavement structure. Tangential forces Fx, Fy and a spinning moment Mz are applied

on the tire in addition to the normal force P .

7.4.1 Pure Rolling
The pure rolling case studied here is the rolling case where only a normal force is
applied on the system. If there was no friction at the contact interface, this contact
case would be exactly the same as the one studied in sections 7.2 and 7.3 i.e. a
frictionless rolling. Due to the friction, even when no tangential force is applied,
shear tractions appears in the contact zone. This remark is based on the works of
Spence [SPE 75] in contact mechanics as explained earlier in this document.

The goal here is to highlight the influence of the normal contact pressure on
the shears in the tire-pavement contact. For this purpose, the rolling contact has
been simulated in the same conditions as in section 7.2 but with a friction f = 0.7
at the contact interface. The results in terms of normal pressure remain the same
as in section 7.2, but this time shear tractions are obtained in the contact zone.
The two dimensional view of the contact shear vector norm is plotted in Fig. 7.13
for a covered distance a)Vt = 0, b) Vt = 50 mm, c) Vt = 100 mm, d)Vt = 150 mm ,
e)Vt = 250 mm and f) Vt = 1000 mm.

From a qualitative point of view, the shear are higher at the first step and
decrease throughout the steps. However, in general, one can highlight that the
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7. Application: Advanced tire/road contact modelling

(a) (b) (c)

(d) (e) (f)

Figure 7.13: Evolution of the norm of the shear vector in the contact zone in a
pure rolling tire-pavement contact for a friction coefficient f = 0.7.

shear is takes very low values. Therefore, it would make sense not to take them into
account in a design process.

The above analysis, allows to neglect the effect of the normal contact on the
tangential shears in the rolling motion. Thence, in the following simulations, the
tractive rolling will be studied with no coupling between the normal and the tangen-
tial problems so that the calculations can process faster. The coupling between the
tangential components x and y remains. Three cases of tractive rolling have been
chosen with view to represent what can happen in reality: acceleration, turnaround
and drift situations.

7.4.2 Acceleration
For the acceleration of a car during a rolling motion, a tangential longitudinal force
has to be prescribed in the direction of the rolling. This driving force represents a
longitudinal tractive force applied on the wheels. It implies the opposite force on the
road. In the modelling, a tractive force Fx/fP =−0.75 is applied on the pavement
in the direction of the rolling, while Fy = 0 and Mz = 0.

The two dimensional view of the norm of the contact shear vector is plotted
in Fig. 7.14 for a covered distance a) Vt = 0, b) Vt = 50 mm, c) Vt = 100 mm, d)
Vt = 150 mm , e) Vt = 250 mm and f) Vt = 1000 mm.
Firstly, the overall values of the shear tractions are high and of the same order as

242

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Elastic tractive rolling contact between tire and pavement

the pressure (see Fig. 7.5). Secondly, one can observe the evolution of the shears
from the transient regime to the steady state regime where a slip zone stand at the
trailing edge while an adhesion zone lies in the leading edge of the contact.
From the first remark, the effects of shears on what happens in the subsurface cannot
be expected negligible. The plot the second invariant

√
J2 of the stress tensor in

the pavement shows in Fig. 7.15 that in the zone close to the surface the stresses
are very high. Thence the aggression of the top layer becomes significant and may
explain the degradations of pavements from the top.

(a) (b) (c)

(d) (e) (f)

Figure 7.14: Two dimensional view of the norm of the contact shear vector for
a covered distance a) Vt = 0, b) Vt = 50 mm, c) Vt = 100 mm, d) Vt = 150 mm ,
e) Vt = 250 mm and f) Vt = 1000 mm. An ”acceleration” motion is analysed where

only a tractive force Fx/fP =−0.75 is applied on the pavement.

In the acceleration motion, only the longitudinal tractive force is applied. It
implies that the component qx of the contact shear vector is the dominant one as
shown in Fig. 7.16 where the components a) qx and b) qy of the shear vector are
plotted.
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Figure 7.15: Three dimensional view of the second invariant
√
J2 of the stress

tensor in steady state regime for an ”acceleration” motion where only a tractive
force Fx/fP =−0.75 is applied on the pavement.

(a) (b)

Figure 7.16: Two dimensional view of the components a) qx and b) qy of the
contact shear vector in steady state regime for an ”acceleration” motion where only

a tractive force Fx/fP = 0.75 is applied on the pavement.
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Elastic tractive rolling contact between tire and pavement

7.4.3 Turnaround
For the simulation of a car or a truck in a turnaround situation, a transversal tractive
force is applied to represent the centrifugal force in the turnaround, Fy/fP = 0.45.
Besides, a moment around the z axis is set to represent the turning motion imposed
to the wheels, Mz = 7000 N.m.
Note that even if the titling of the tire has been shown recently to have some effects
on the distribution of the shears in the contact zone [OUB 21], it is not taken into
account in here.

The results of the simulation of the turnaround are given in Fig.7.17. In a) a
three dimensional view of the second invariant

√
J2 of the stress tensor is plotted,

showing a very significant increase of the stresses close to the surface in comparison
with the free rolling case studied in section 7.2. In steady state regime, the 2D view
of the components qx (Fig. 7.17(b)) and qy (Fig. 7.17(c)) of the shear vector are
given. Finally, a two dimensional view of the norm of the contact shear vector is
plotted in steady state regime in Fig. 7.17(d).
From the norm of the shear vector, one can see that in the turnaround case, in steady
state regime, the slip zone is located at the trailing edge as for the acceleration.
Moreover in this case, it seems that the shears are higher close to the exterior edges
of the tires.
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(a)

(b) (c) (d)

Figure 7.17: Tire-pavement contact results in a turnaround motion where a
transversal tractive force fy/fP = 0.45 and a spinning moment Mz = 7000 N.m
are applied on the tire. In a) a three dimensional view of the second invariant

√
J2

of the stress tensor is plotted. The components b) qx and c) qy of the contact shear
vector and its norm in d) are also given.

7.4.4 Drift

The drift is thought here as a motion where the driver is simultaneously braking,
and turning the wheels. Therefore, the simulation is performed by applying a neg-
ative longitudinal tractive force on the wheels. This implies a positive longitudinal
force Fx/fP = 0.4 which represents the braking force; a transversal tractive force
is applied for the lateral effects due to the centrifugal force Fy/fP = −0.25; and a
moment is applied Mz =−3500 N.m as the turning force.

The results of the simulation of this drift are given in Fig.7.18. In a) a three
dimensional view of the second invariant

√
J2 of the stress tensor is plotted, showing

as for the other cases of tractive rolling a significant increase of the stresses close
to the surface in comparison with the free rolling case studied in section 7.2. In
steady state regime two dimensional views of the components qx (Fig. 7.18(b)) and
qy (Fig. 7.18(c)) of the shear vector are given. Finally, a two dimensional view of the
norm of the contact shear vector is plotted in steady state regime in Fig. 7.18(d).
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Elastic tractive rolling contact between tire and pavement

(a)

(b) (c) (d)

Figure 7.18: Tire-pavement contact results in a drift motion where a braking force
in the longitudinal direction Fx/fP = 0.4, a transversal tractive force fy/fP =−0.25
and a spinning moment Mz = −3500 N.m are applied on the tire. In a) a three
dimensional view of the second invariant

√
J2 of the stress tensor is plotted. The

components b) qx and c) qy of the contact shear vector and its norm in d) are also
given.

It is interesting to remark that in this case of drift, the shears are dominant
under one tire of the dual tire. It means that, while one of the tire is having a good
adhesion on the road, the other shows significant slip areas in its contact zone.

Furthermore, the plot of the stresses a) σxx ; b) σyy ; c) σzz; d) σxz; e) σxy and f)
σyz of the stress tensor along the x axis in the middle plane y= 0 gives Fig. 7.19. The
plot of the same stresses is given in Fig. 7.20 but in the plane y = 90 mm (interior
edge of one of the tires).

The analysis of Figs. 7.19 and 7.20 allow to say that clear changes are observed
at the interface z = 50 mm when the tractive effects are taken into account the
calculation of the stresses in the pavement. For instance, the shear stress σxy is
higher in the turnaround and drift cases where a lateral tractive force and a spinning
moment are involved. Note that the higher overall tractive force has been applied
in the acceleration case. This is the reason why this case shows the higher stresses
in general.
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7. Application: Advanced tire/road contact modelling

As consequence of the increase of the stresses for those cases of tractive rolling,
the strains also increase. In this respect, the stresses a) εxx and b) εyy in Fig. 7.22
show great increase in tractive rolling cases compared to the pure rolling case.

It is interesting to highlight the asymmetry of the strains. This asymmetry
has been observed by Petitjean et al. [PET 02] in asphalt pavements. It has been
explained by authors such as Chabot et al. [CHA 10, CHA ] as a result of the
viscoelastic behaviour of the asphalt pavements. It is clear that viscoelasticity is
not negligible when dealing with asphalt material in pavement structures. However,
for very low temperatures (9.7◦ C in [CHA 10]), even for low frequencies (0.33Hz
in [CHA 10]), viscoelasticity might not be the only reason why this asymmetry is
observed. The results in Fig. 7.22 provides new information and ideas on the physics
involved.

In summary, the observations in this analysis allow to question the fact of ig-
noring the tractive effect in the design process. The above results clearly show that
the effects of the tractive forces are very significant close to the contact surface; and
those effects are seen at the first interface also.

Furthermore, in order to link the modelling works to the application, experi-
mental tests have been performed for the measurement of strains in the pavement
structure. A comparison between the results from the model and a real rolling case
is performed in the next section.
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Figure 7.19: The components a) σxx ; b) σyy ; c) σzz; d) σxz; e) σxy and f) σyz of
the stress tensor along the x axis in the middle plane y= 0. A comparison is made in
tractive rolling between a pure rolling, an acceleration motion, a turnaround motion

and a drift motion.
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Figure 7.20: The components a) σxx ; b) σyy ; c) σzz; d) σxz; e) σxy and f) σyz of
the stress tensor along the x axis in the plane y = 90 mm (below the interior edge
of one of the tires). A comparison is made in tractive rolling between a pure rolling,

an acceleration motion, a turnaround motion and a drift motion.
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Figure 7.21: The components a) εxx and b) εyy of the strain tensor are given
along the x axis in the middle plane y = 0. A comparison is made in tractive rolling
between a pure rolling, an acceleration motion, a turnaround motion and a drift

motion.
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Figure 7.22: The components a) εxx and b) εyy of the strain tensor are given
along the x axis in the plane y = 90 mm (below the interior edge of one of the tires).
A comparison is made in tractive rolling between a pure rolling, an acceleration

motion, a turnaround motion and a drift motion.
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7. Application: Advanced tire/road contact modelling

7.5 Toward an Experimental Validation
The modelling work has been conducted in parallel with experimental studies in
collaboration with the pavement team in the laboratory GC2D1 . The goal of the
experimentations is to reproduce the life cycle of the pavement under a controlled
environment. Observations mainly concern the strains in the pavement (surface and
interfaces) and surface rutting. For the purpose, a full scale testing in laboratory
has been build to test new generations of pavement structures.

An experimental pavement has been constructed over a rectangular area of di-
mension 3×8 m2 (see Figs. 7.25 and 7.24). Its structure in terms of elastic properties
is given in Tab. 7.3 for a temperature of 15◦C and frequency 1Hz (order of the fre-
quencies of the solicitations). For the measurements of the results presented here,
strain gauges have been placed at the first interface i.e. z = 50 mm. Classical strain
gauges (specifications are given in Fig. 7.23) have been stuck between the first and
the second layers in the longitudinal and the transversal directions. Their positions
in the horizontal plane are precisely given in Fig. 7.24. The gauges are connected
to an acquisition system (here HBM Spider-8) which allows to convert the changes
of resistance of the gauges into micro-deformations i.e. strains.

Besides, the traffic simulator MLS10 in Fig. 7.26 has been used. The MLS10
has been constructed in Cape Town (South Africa) in 2006 for laboratory tests on
pavement. It possesses four bogies, each supporting two tires (reference 295/65
R22.5, diameter 940 mm). The tires roll successively on the pavement structure
and so simulate a regular traffic. A maximum normal charge P = 65000 N can be
applied and a maximum velocity v = 6.11 m/s prescribed.

The simulation of the life cycle of a pavement structure, allows to study the
various phenomena which occur in the life cycle of a real pavement in laboratory. In
this work, few informations are given in order to directly tackle the measurements
that fall into the present topic. The only informations concern the measurement of
the strains at the interface z = 50 mm in a pure rolling motion of the tire over the
pavement.

Thickness [mm] Young modulus E [MPa] Poisson’s ratio
1 50 2200 0.35
2 80 6900 0.35
3 850 83 0.35
4 770 16 0.35
5 200 500 0.35
6 ∞ 10000 0.35

Table 7.3: Set of elastic properties for the layers of the pavement structure for the
experimental validation.

1GC2D is the ”Laboratoire de Génie Civil, Diagnostic et Durabilité ”, a civil engineering labo-
ratory specialised in the pavement topic. It is based in the region of Limoges, France.
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Toward an Experimental Validation

Figure 7.23: Specifications of the strain gauges placed at the interface z = 50 mm
during the full scale experiments with the traffic simulator MLS10.

For the present validation, the normal load applied is P = 65000 N and the rolling
velocity is v = 1.94 m/s. The temperature of the experiment is around 15◦C. Then,
the strains a) εxx in the middle plane y= 0 and b) εyy in the plane y= 90 mm (under
the edge of the tire) are measured as showed in Fig. 7.24. In the experiments, the
acquisition of strains is done with respect to time. Since the tire is moving along
the x direction, those strains correspond to the strains along this x axis.
Note that for data gathered the motion is supposed to be a pure rolling motion. This
because, in one hand there is no apply tangential load, and in the other hand the
zone of measurements is not in the landing nor the take-off zones where an eventual
transient regime can hold.

A comparison between the results of the experimentations and the modelling is
performed in Fig. 7.27 where the strains a) εxx in the middle plane y = 0 and b)
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7. Application: Advanced tire/road contact modelling

Figure 7.24: Position of the strain gauges at the interface z = 50 mm during the
full scale experiments with the traffic simulator MLS10.

εyy in the plane y = 90 mm (under the edge of the tire) are plotted at the interface
z = 50 mm along the x axis. One can say that the agreement found between the
modelling and the experiments is satisfactory. The small differences may come from
measurement uncertainties from the experimental point of view; while from the
modelling, they may come from the fact that the formulation of the multi-layered
half-space here hypothesizes perfectly bounded layers. However, in general a quite
good correlation is found between the experiments and the modelling.

On the component εxx plotted in Fig. 7.27, one can see that the experimental
data show a slight asymmetry. This asymmetry might be due to viscoelasticity
or from the servo system which, with view to maintain the rolling velocity, has to
regulate by applying slight tangential forces.
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Toward an Experimental Validation

Figure 7.25: Building the pavement structure for the experimental investigations
in GC2D.

Figure 7.26: Traffic simulator MLS10 used for the full scale tests in laboratory.
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Figure 7.27: Comparison between the results from the experiments and the mod-
elling. The strains a) εxx in the middle plane y= 0 and b) εyy in the plane y= 90 mm
(under the edge of the tire) are plotted along the x axis at the interface z = 50 mm.
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Conclusion

7.6 Conclusion
In this chapter, the rolling contact between a tire and a pavement structure has been
analysed. With the model developed in this PhD work, the tire-pavement contact
has been simulated with various loading conditions.

In a first part, the effects of the real tire profile and the effects of a rough
generated road have been investigated. It comes that for both cases, the effects are
marked in a zone close to the surface but less significant in the subsurface (from the
first interface). Those effects have been analysed in a free rolling case.

In a second part, the tractive rolling contact has been simulated. Introducing
friction at the contact interface has induced higher stresses in the pavement for
acceleration, turnaround and drift cases in general. Moreover, according to the set
of applied overall tangential forces, corresponding components of the stress tensor
are modified.

Finally, an experimental comparison have been made using full scale tests.
Strains at the first interface have been compared, showing a very good agreement
between the experiments and the modelling in a free rolling case.

The reader may take from this study that the modelling proposed here allows to
simulate real rolling cases. The results from the investigations of the tractive rolling
allow to say that the design methods should take into account tangential effects.
For example, a relatively simple acceleration case might integrate the dimensioning
procedure in order to make sure that those tangential effects are not neglected.
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Conclusions and prospects

Due to the under-dimensioning of road pavements, cracking and rutting are still
observed at the top surface of the road pavements. In this work, it has been shown
that for a better grasp of the origin of those degradations, the modelling has to
be improved. Indeed, it has been shown that a real tire profile is to be used in
the dimensioning; and the tractive effects during the rolling have to be taken into
account.

After the generalities and the state of the art presented in the first chapter for
both the tire-pavement topic and contact mechanics, a semi-analytical model has
been developed. In fact, several aspects have been added to a home made Isaac code
developed in LaMCoS, for solving efficiently the contact problem.

Isaac is based on a semi-analytical method which is presented in chapter 2. The
method uses influence coefficients for the calculation of elastic fields. To reduce the
computation time, Fast Fourier Transform (FFT) and Conjugate Gradient Method
(CGM) algorithms are used.

The viscoelastic multi-layer aspect of the bodies in contact has been added in
chapters 3 and 4. For this purpose, the influence coefficients have been calculated in
the Fourier frequency domain and a numerical inverse transform has been performed.
Then an Elastic/Viscoelastic correspondence has been proposed to turn the elastic
solutions into their viscoelastic equivalent. The proposed correspondence is an exact
solution is some cases (especially in steady state regime) and in the other cases,
it is an approximation with a marginal error as shown by comparison with other
methods. Moreover, the proposed model is 800 time faster than a Finite Element
model computed in Abaqus. Using a generalised Maxwell model, parametric studies
have been carried for a pure rolling contact. They have allowed to highlight the
transition from transient to steady state regime; and the relaxation effects in a
viscoelastic contact.

Further, the tangential effects have been analysed in the chapters 5 and 6. In
chapter 5, the transient tractive rolling contact has been solved between elastically
dissimilar and multi-layered bodies. Tangential forces and a spinning moment have
been applied on the system. One of the highlights of the parametric study is that,
when a transversal tangential force is imposed, it gives rise not only to a transversal
creepage but also to a spin creepage. In a similar way, a moment gives rise to
a transversal creepage. For the first time, the actual numerical method has been
used for solving the transient tractive rolling. The results found well correlates
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with the results of Kalker in the case of elastically similar and homogeneous bodies.
Furthermore, the model solves efficiently the problem between elastically dissimilar
and multi-layered bodies.
The chapter 6 focuses on the fretting contact on a multi-layered half-space. The
classical problems of Spence and Cattaneo-Mindlin have been simulated on a single
and a multi-layered half-spaces. Variations of the slip zone due to the coating have
been highlighted.

Finally, the tractive rolling contact model has been applied to the tire-pavement
contact. It has been shown that close to the rolling surface, it is important to take
into account the real profile of the tire in the modelling. Further, several realistic
cases of tractive rolling contact have been computed. Acceleration, turnaround and
drift cases have shown that it is mandatory to take into account the tangential effects
in the conception of roads in order to avoid an under-dimensioning, especially close to
the surface. The results from the modelling are in good agreement with experiments
for a pure rolling case.

The model has been developed in this work for the tire-pavement application.
However, it can be applied to a very wide range of contact cases such as biological
tissue, biomaterials, substrate-coating systems in tribology, food packages, struc-
tural materials, composite structure and even face protective masks.
To get higher efficiency of the model, several improvements can be thought. For in-
stance, from a numerical point of view, a parallelisation can be introduced in the re-
calculation of the influence coefficients. Indeed, in the proposed Elastic/Viscoelastic
correspondence, the increase of calculation of time is due to the recalculation of the
influence coefficients at every time step on one single CPU. Therefore, a paralleli-
sation would allow to reduce this time by using the other CPUs of the computer.
The same remark goes for the calculation of the influence coefficients in the case of
a multi-layered half-space. In fact, the time needed for the calculations depends on
the number of layers considered. Thence, a parallelisation can be imagined for a
high number of layers.

Besides, it would be certainly of interest to use the developed algorithm for the
transient tractive rolling for viscoelastic multi-layered bodies. It would be equivalent
to using the developed algorithm and adding the relaxation terms to the displace-
ments used in the CGM algorithm.

Furthermore, for the modelling of non-linearities observed at the contact surface,
it would be interesting to integrate inhomogeneities in the layered (and further to
the multi-layered) half-space. In this way, plasticity (i.e. rutting in pavements) will
be modelled, as well as cracking which are the main non-linearities observed at the
surface of roads.
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Appendix A

Influence coefficients

Influence coefficients for a homogeneous elastic
half-space

The contact problem has been solve firstly by Hertz. In his theory, the bodies in
contact are supposed elastic, semi-infinite, homogeneous and isotropic. He then
found the solution of the contact problem for ellipsoidal contact areas. As presented
in this work, the half-space or semi-infinite hypothesis is kept and the influence
coefficients are calculated. Influence coefficients correspond to the response of the
half-space under an applied unit force. For the numerical implementations, there is a
need of finding those influence coefficients over a rectangular zone which corresponds
to an element from the discretization of the contact surface. Love [LOV 52] has
found those influence coefficients for an applied normal pressure on a rectangular
element. Further, Vergne [VER 85] has extended the solutions to tangential shears
imposed on the rectangular element. The two solutions are recalled here.

To this aim, a rectangular zone of size ∆x1×∆x2 with center O, is submitted
to a constant pressure or a constant shear qx or qy distribution. The displacements
induced at a point M̄(x1,x2) of the surface; and the stresses at a point M(x1,x2,x3)
in the subsurface are searched.
Note that ρ=

√
x2

1 +x2
2 +x2

3 and the subscripts I and J are referring to the compo-
nents x1, x2 or x3.

The stresses in the subsurface induced by a constant pressure p applied on the
rectangular zone, are given by:
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A. Influence coefficients

σIJ
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2π
x1x2(

x2
1 +x2

3
)
ρ
,

Spx2x2 (x1,x2,x3,E,ν) = ν

π
arctan

(
x2

3 +x2
2−x2ρ

x3x1

)
+ 1−2ν

π
arctan

(
ρ−x1 +x3

x2

)
+ x3

2π
x1x2(

x2
2 +x2

3
)
ρ
,

Spx3x3 (x1,x2,x3,E,ν) = 1
2π arctan

(
x2

3 +x2
2−x2ρ

x3x1

)
− x3

2π
x1x2
ρ

(
1

x2
1 +x2

3
+ 1
x2

2 +x2
3

)
,

Spx1x2 (x1,x2,x3,E,ν) =−x3
2π

1
ρ
− 1−2ν

2π ln(ρ+x3) ,

Spx2x3 (x1,x2,x3,E,ν) = x2
3

2π
x1(

x2
2 +x2

3
)
ρ
,

Spx1x3 (x1,x2,x3,E,ν) = x2
3

2π
x2(

x2
1 +x2

3
)
ρ
.

(A.2)

The stresses induced in the subsurface by a constant shear distribution qx1 over
the rectangular surface, are given by:

σIJ
qx1

= Cqx1
IJ (x1,x2,x3,E,ν) = Sqx1

IJ

(
x1 + ∆x1

2 ,x2 + ∆x2
2 ,x3,E,ν

)

+Sqx1
IJ

(
x1−

∆x1
2 ,x2−

∆x2
2 ,x3,E,ν

)
+Sqx1

IJ

(
x1 + ∆x1

2 ,x2−
∆x2

2 ,x3,E,ν

)

+Sqx1
IJ

(
x1−

∆x1
2 ,x2 + ∆x2

2 ,x3,E,ν

)
,

(A.3)
with
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Sqx1
x1x1 (x1,x2,x3,E,ν) =−x3

2π
1
ρ

(
1 + −x2

1 +x3x2
(ρ+x3)(ρ−x2)

)
+ ν

π

x2
ρ+x3

− 1
π

ln(ρ−x2)

Sqx1
x2x2 (x1,x2,x3,E,ν) =−x3

2π
x2

ρ(ρ+x3) −
ν

π

(
x2

ρ+x3
+ ln(ρ−x2)

)

Sqx1
x3x3 (x1,x2,x3,E,ν) = x2

3
2π

x2

ρ
(
x2

1 +x2
3
) ,

Sqx1
x1x2 (x1,x2,x3,E,ν) =−x3

2π
x1

ρ(ρ+x3) −
ν

π

x1
ρ+x3

− 1
2π ln(ρ−x1) ,

Sqx1
x2x3 (x1,x2,x3,E,ν) =−x3

2π
1
ρ
,

Sqx1
x1x3 (x1,x2,x3,E,ν) = x3

2π
x1x2

ρ
(
x2

1 +x2
3
) + 1

2π arctan
(
x2

3 +x2
2−x2ρ

x3x1

)
.

(A.4)
The stresses induced in the subsurface by a constant shear distribution qx2 over

the rectangular surface, are given by:
σIJ
qx2

= Cqx2
IJ (x1,x2,x3,E,ν) = Sqx2

IJ

(
x1 + ∆x1

2 ,x2 + ∆x2
2 ,x3,E,ν

)

+Sqx2
IJ

(
x1−

∆x1
2 ,x2−

∆x2
2 ,x3,E,ν

)
+Sqx2

IJ

(
x1 + ∆x1

2 ,x2−
∆x2

2 ,x3,E,ν

)

+Sqx2
IJ

(
x1−

∆x1
2 ,x2 + ∆x2

2 ,x3,E,ν

)
,

(A.5)
with

Sqx2
x1x1 (x1,x2,x3,E,ν) =−x3

2π
x1

ρ(ρ+x3) −
ν

π

(
x1

ρ+x3
+ ln(ρ−x1)

)
,

Sqx2
x2x2 (x1,x2,x3,E,ν) = x3

2π
1
ρ

(
1 + −x2

2 +x3x1
(ρ+x3)(ρ−x1)

)
+ ν

π

x1
ρ+x3

− 1
π

ln(ρ−x1) ,

Sqx2
x3x3 (x1,x2,x3,E,ν) = x2

3
2π

x1

ρ
(
x2

2 +x2
3
) ,

Sqx22
x2x3 (x1,x2,x3,E,ν) = x3

2π
x2x1

ρ
(
x2

2 +x2
3
) + 1

2π arctan
(
x2

3 +x2
1−x1ρ

x3x2

)
,

Sqx2
x1x3 (x1,x2,x3,E,ν) =−x3

2π
1
ρ
.

(A.6)
In the same way, for ρ̄ =

√
x2

1 +x2
2, the elastic displacements induced at the

surface are found. The displacements induced at the surface by a constant pressure
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A. Influence coefficients

p field applied over the rectangular zone, are given by:

ūJ
p

=Kp
J (x1,x2,E,ν) = UpJ

(
x1 + ∆x1

2 ,x2 + ∆x2
2 ,E,ν

)
+UpJ

(
x1−

∆x1
2 ,x2−

∆x2
2 ,E,ν

)

+UpJ

(
x1 + ∆x1

2 ,x2−
∆x2

2 ,E,ν

)
+UpJ

(
x1−

∆x1
2 ,x2 + ∆x2

2 ,E,ν

)
,

(A.7)
with

Upx1 (x1,x2,E,ν) =−(1 +ν)(1−2ν)
2πE

(
2x1 arctan

(
ρ̄−x2
x1

)
−x2 ln ρ̄

)
Upx2 (x1,x2,E,ν) =−(1 +ν)(1−2ν)

2πE

(
2x2 arctan

(
ρ̄−x1
x2

)
−x1 ln ρ̄

)

Upx3 (x1,x2,E,ν) =−

(
1−ν2

)
πE

(x2 ln(ρ̄−x1) +x1 ln(ρ̄−x2))

(A.8)

The displacements induced at the surface by a constant shear field qx1 applied over
the rectangular zone, are given by:

ūJ
qx1

=Kqx1
J (x1,x2,E,ν) = U qx1

J

(
x1 + ∆x1

2 ,x2 + ∆x2
2 ,E,ν

)
+U qx1

J

(
x1−

∆x1
2 ,x2−

∆x2
2 ,E,ν

)

+U qx1
J

(
x1 + ∆x1

2 ,x2−
∆x2

2 ,E,ν

)
+U qx1

J

(
x1−

∆x1
2 ,x2 + ∆x2

2 ,E,ν

)
,

(A.9)
with

U qx1
x (x1,x2,E,ν) =−1−ν2

πE
x1 ln(ρ̄−x2)− 1 +ν

πE
ln(ρ̄−x1) ,

U qx1
x 2(x1,x2,E,ν) =−ν(1 +ν)

πE
ρ̄,

U qx1
x3 (x1,x2,E,ν) = (1 +ν)(1−2ν)

2πE

(
−2x1 arctan

(
ρ̄−x2
x1

)
+x2 ln ρ̄

)
.

(A.10)

The displacements induced at the surface by a constant shear field qx2 applied over
the rectangular zone, are given by:

ūJ
qx2

=Kqx2
J (x1,x2,E,ν) = U qx2

J

(
x1 + ∆x1

2 ,x2 + ∆x2
2 ,E,ν

)
+U qx2

J

(
x1−

∆x1
2 ,x2−

∆x2
2 ,E,ν

)

+U qx2
J

(
x1 + ∆x1

2 ,x2−
∆x2

2 ,E,ν

)
+U qx2

J

(
x1−

∆x1
2 ,x2 + ∆x2

2 ,E,ν

)
,

(A.11)
with
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U qx2
x (x1,x2,E,ν) =−ν(1 +ν)

πE
ρ̄,

U qx2
x (x1,x2,E,ν) =−1−ν2

πE
x2 ln(ρ̄−x1)− 1 +ν

πE
ln(ρ̄−x2) ,

U qx2
x3 (x1,x2,E,ν) = (1 +ν)(1−2ν)

2πE

(
−2x2 arctan

(
ρ̄−x1
x2

)
+x1 ln ρ̄

)
.

(A.12)

Influence coefficients for a single layered elastic
half-space
For the displacements and stresses for an elastic layered half-space, the influence
are found in the Fourier frequency domain and numerically conversed. The forms of
those displacements and stresses in the frequency domain are exposed in chapter 3.
From the Papkovich-Neuber potentials, after solving the boundary conditions, the
influence coefficients are found. The solutions are exposed in this appendix.
Let’s define the following parameters: θ− = e−αh, θ = eαh, µ = µc/µs, ν = (1−
νs)/(1−νc). Then by doing the appropriate combinations,

Bc = β1(µ+ 1) (A.13a)

B
c = β1(µ−1)θ−2 (A.13b)

Bs = 2β1θ
−1/ν (A.13c)

where β1 =−˜̃s/
{

2α (1−ν1)
[
(1 + µ̄) + (1− µ̄)θ−2

]}
.

Further, with the same surface and interface boundary conditions, the other coeffi-
cients can be extracted as:

Cc = ζ3θ
−2
(
1−kθ−2−2αhk

)
−2ζ2 +λ2−λ1 (A.14)

C
c = ζ3θ

−2k
(
λ0θ
−2 + 2αhθ−2−1

)
(A.15)

Cs = θ−1 [Cc (1−λ0) + (1− µ̄)ζ1] (A.16)

Dc =
[
λ1 +λ2− (3−4ν1)Cc+C

c
]
/(2α) (A.17)

D
c =

[
λ2−λ1−Cc+ (3−4νc)C

c
]
/(2α) (A.18)
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A. Influence coefficients

Ds =−θ−1
[
Cc (3−4νs)(1−λ0) + ζ3

(
λ0θ
−2 + 2αhθ−2−1

)
× (k−1) + 4(1−νs)(β2 + ζ1)

]
/(2α)

(A.19)
where,

k = µ̄−1
µ̄+ (3−4νc)

λ0 = 1− 4(1−νc)
1 + µ̄(3−4νs)

λ1 =−imα−1
(
Bc− B̄c

)

λ2 =
[
− ˜̃p−2im(1−νc)

(
Bc+ B̄c

)]
/α

λ3 = 2imβ1[(1− ν̄)/(ν̄α) +hµ̄]

λ4 = 2imβ1 [2(1−νs)(1− µ̄)/(ν̄α) +h]

λ5 = 2imβ1h

λ6 = 2imβ1[(µ̄− ν̄)/(ν̄α) +hµ̄]

β2 = imBsθα−1 = 2imβ1/(να)

ζ1 = λ3−λ4 +λ5−λ6
[1 + (3−4νs)µ] (1−µ) = (2νs−1)β2

1 + (3−4νs)µ

ζ2 = [(λ2−λ1)(λ0 + 2αh) +λ1 +λ2−2λ4 + 4(1−νs)(µ̄ζ1 +β2)]θ−2

2(λ0θ−2−1 + 2αhθ−2)

ζ3 = λ4 +λ3−λ2−λ1− (3−2νs)β2 + 2αh(2ζ2−λ2 +λ1)
1 +λ0kθ−4− (λ0 +k+ 4α2h2k)θ−2
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Influence coefficients for a multi-layered elastic
half-space
In the same way as for a single layered half-space, the influence coefficients are found
in the Fourier frequency domain for multi-layered half-space. The same Papkovich-
Neuber potentials are used to write the displacements and stresses. Then, with the
appropriate combinations, matrix systems are found (see chapter 4). The analytical
solution of Eq. (4.17) is derived from the steps below. First let’s use the following
notations:

t
(L+1)
0 = 1 (A.20a)

t
(j)
0 = µ(j,j+1)

t
(j+1)
0 + 1 +

[
t
(j+1)
0 −1

]
(θj+1
− )

2

t
(j+1)
0 + 1−

[
t
j+1)
0 −1

]
(θj+1
− )

2 (j = L, · · · ,1) (A.20b)

Then the B functions can be written as:

B
1 = (θ1

−)2

t
(1)
0 + 1−

[
t
(1)
0 −1

]
(θ1
−)2

−1
2α (1−v1)

[
t
(1)
0 −1

]
(A.21)

B1 =B
1− 1

2α(1−ν1) (A.22)

B
j = 1−vj−1

1−vj

[
t
(j)
0 −1

]
(θj−)

2

t
(j)
0 + 1−

[
t
(j)
0 −1

]
(θj−)

2

[
Bj−1θj−1

− −Bj−1
θj−1

+
]

(j = 2, · · · ,L)

(A.23)

Bj = 1−vj−1
1−vj

t
(j)
0 + 1

t
(j)
0 + 1−

[
t
(j)
0 −1

]
(θj−)

2

[
Bj−1θj−1

− −Bj−1
θj−1

+
]

(j = 2, · · · ,L)

(A.24)

BL+1 = 1−vL
1−vL+1

[
BLθL−−B

L
θL+

]
(A.25)

To write the second members of Eq. (4.18), one need the derivatives of the above
functions. These derivatives about m are:

t
(L)
0,m = 0 (A.26a)

t
(j−1)
0,m = 4µ(j−1,j)(θj−)2

t
(j)
0,m−

[
t
(j)
0 + 1

][
t
(j)
0 −1

]
mhj
α{

t
(j)
0 + 1−

[
t
(j)
0 −1

]
(θj−)2

}2 (j = L, · · · ,2) (A.26b)
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A. Influence coefficients

B
1
,m = (θ1

−)2

t
(1)
0 + 1−

(
t
(1)
0 −1

)
(θ1
−)2

−1
2α (1−v1)


2t(1)

0,m− (2mh1
α )

(
t
(1)
0 + 1

)(
t
(1)
0 −1

)
(
t
(1)
0 + 1

)
−
(
t
(1)
0 −1

)
(θ1
−)2

− m

α2


(A.27)

B1
,m =B

1
,m+ m

2α3(1−ν1) (A.28)

B
j
,m =1−vj−1

1−vj

[
t
(j)
0 −1

]
(θj−)2

t
(j)
0 + 1−

[
t
(j)
0 −1

]
(θj−)2


−2mhj
α

[
t
(j)
0 + 1

]
+ 2t(j)0m
t
(j)
0 −1

t
(j)
0 + 1−

[
t
(j)
0 −1

]
(θj−)2

[
Bj−1θj−1

− −Bj−1
θj−1

+
]

+Bj−1
,m θj−1

− −Bj−1
,m θj−1

+ −mhj−1
α

[
Bj−1θj−1

− +B
j−1

θj−1
+

]}
(j = 2, · · · ,L)

(A.29)

Bj
,m =1−vj−1

1−vj
t
(j)
0 + 1

t
(j)
0 + 1−

[
t
(j)
0 −1

]
(θj−)2


2t(j)0,m

t
(j)
0 +1

(θj−)2 +
[
t
(j)
0 −1

]
−2mhj
α (θj−)2

t
(j)
0 + 1−

[
t
(j)
0 −1

]
(θj−)2

[
Bj−1θj−1

− −Bj−1
θj−1

+
]

+B(j−1)
,m θj−1

− −Bj−1
,m θj−1

+ −mhj−1
α

[
Bj−1θj−1

− +B
j−1

θj−1
+

]}
(j = 2, · · · ,L)

(A.30)

BL+1
,m = 1−vL

1−vL+1

[
BL
,mθ

L
−−

mhL
α

θL−B
L−BL

,mθ
L
+−

mhL
α

θL+B
L
]

(A.31)

Here, the functions of the second member of Eq. (4.18) can be expressed as:

S
(0)
1 =−α−1−2imα−1 (1−v1)

[
B1 +B

1]− iα[B1
,m+B

1
,m

]
, (A.32)

S
(0)
2 =−i

{
mα−1

[
B1−B1]+α

[
B1
,m−B

1
,m

]}
= 0 (A.33)

and for j = 1, · · · ,L:

S
(j)
1 = αi

{
µ(j,j+1)

[
Bj+1
,m θj+ +B

j+1
,m θj+

]
+ 1
α
mhj

[
Bj−Bj(θj+)2

]
−Bj

,m−B
j
,m(θj+)2

}
,

(A.34)

S
(j)
2 =i

{
µ(j,j+1)m

α

[
Bj+1θj+−B

j+1
θj+
]
+µ(j,j+1)α

[
Bj+1
,m θj+−B

j+1
,m θj+

]
+mhj

[
Bj +B

j(θj+)2
]
−m
α

[
Bj−Bj(θj+)2

]
−α

[
Bj
,m−B

j
,m(θj+)2

]}
,

(A.35)
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S
(j)
3 = i

{
α−1m

[
Bj+1θj+−B

j+1
θj+
]
+α

[
Bj+1
,m θj+−B

j+1
,m θj+

]
−
(
α−1−hj

)
mBj +

(
α−1 +hj

)
m(θj+)2B

j−α
[
Bj
,m−B

j
,m(θj+)2

]}
,

(A.36)

S
(j)
4 =i

{
2mα−1 (1−vj+1)

[
Bj+1θj+ +B

j+1
θj+
]
+α

[
Bj+1
,m θj+ +B

j+1
,m θj+

]
−2mα−1 (1−vj)

[
Bj +B

j(θj+)2
]
+mhj

[
Bj−Bj(θj+)2

]
−α

[
Bj
,m+B

j
,m(θj+)2

]}
.

(A.37)
In this way the matrix system in Eq. (4.17) is solved analytically and the ma-

trix system in Eq. (4.18) is constructed and can be solved numerically. Further,
a numerical inversion is performed to find the influence coefficients in the space
domain.
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Appendix B

Validations

Viscoelastic single layered half-space

Contact on a homogeneous viscoelastic half-space
Apart from the validation of the elastic influence coefficients of the single layered,
it is important to validate the Elastic/viscoelastic correspondence.
The simplest way to begin the validation of the contact on viscoelastic layered half-
space, is comparison to the homogeneous case when taking the same viscoelastic
properties for both substrate and coating. For this aim, the results of the present
works are compared to the Semi-Analytical Model of Koumi et al. [KOU 15b] and
to the model of Carbone and Putignano [CAR 13] which is based on the Boundary
Element Method (BEM).
While the model of Carbone gives the solutions for steady-state regime, the model of
Koumi is able to solve every kind of pressure history and every geometry. The present
model is based on the model of Koumi, and so, allows solving the transient problems,
taking into account various kind of loads and geometries. For the validation, consider
numerical parameters presented in [KOU 15b] and [CAR 13]. An elastic sphere of
radius R= 10 mm and of very high elastic modulus so that it can be assimilated to a
rigid sphere, is taken. This sphere moves at constant velocity on a viscoelastic half-
space. In the present work, the substrate and the coating take the same viscoelastic
properties. The creep and relaxation functions used are in the forms:

J(t) =
[

1
µ0
− 1
µ1

exp
(
− t
τ

)]
=
[

1
µ∞

+ 1
µ1

(
1− exp

(
− t
τ

))]
(B.1)

R(t) =
µ0 + (µ∞−µ0)exp

− t
µ0
µ∞
τ

 (B.2)

where µ is the spring stiffness with µ∞ = 3.086 MPa, µ∞/µ0 = 10 and τ the
relaxation time.
The Poisson’s ratio of both coating and substrate is νc = νs = 0.3.
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B. Validations

Figure B.1 shows the pressure distribution for the three models for a prescribed
normal body displacement δ = 0.1×a, while the dimensionless velocity of the sphere
is vτ/a= 0.8 where a is the elastic contact radius and τ the relaxation time.
One can observe a very good agreement between the three methods.

-1.5 -1 -0.5 0 0.5 1 1.5
0

0.05

0.1

0.15

0.2

0.25

Figure B.1: Comparison of the normalized contact pressure between the present
Semi-Analytical Method (SAM), the semi-analytical method of Koumi and the
Boundary Element Method of Carbone, in steady-state regime with constant rolling

velocity vτ/a= 0.8; and for a constant penetration δ = 0.1×a of a rigid sphere.

Contact on a viscoelastic layer bonded by a rigid base:
Stepanov
Stepanov and Torskaya [STE 18] studied the contact interactions for a viscoelastic
layer bonded to a rigid half-space. The problem has been solved for an indenter
under a constant load and moving at a constant velocity using Boundary Element
Method. The results in term of contact pressure are found in the steady-state regime.
The model of Stepanov uses the creep kernel J(t) = k× exp(−t/w), where w is the
retardation time and k is the reciprocal of the relaxation time.
For the validation the parameter for Fig. 4b in [STE 18] are used. The comparison
between the two results is plotted in Fig. B.2. One can also see a good agreement
between the two dimensionless contact pressures.

These validations allow to trust the proposed Elastic/viscoelastic correspondence
proposed.
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Figure B.2: Validation of the model with the results of Stepanov and
Torskaya [STE 18] for a contact on a viscoelastic layer bonded by a rigid base

Multi-layered half-space
For validating the influence coefficients for the multi-layered half-space. Several
computations are performed and compared to the results of Yu et al. [YU 14]. Fig-
ure B.3 shows the dimensionless second invariant

√
J2/p0 of the stress tensor in

the middle plane y = 0 for the contact between a spherical rigid indenter and a tri-
layered elastic half-space. A pure sliding motion is considered for different values of
friction coefficient (f = 0, 0.25 and 0.5) and for the tri-layers µ1 = 2µ2 = 4µsub and
µ1 = µ2/2 = µsub/4.
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B. Validations

µ1 = 2µ2 = 4µsub µ1 = µ2/2 = µsub/4
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Figure B.3: Dimensionless second invariant
√
J2/p0 of the stress tensor in the

middle plane y = 0 for the contact between a spherical rigid indenter and a tri-
layered elastic half-space. A pure sliding motion is considered for different values
of friction coefficients (f = 0, 0.25 and 0.5) and for the tri-layers µ1 = 2µ2 = 4µsub

(left) and µ1 = µ2/2 = µsub/4 (right).
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Appendix C

On the Elastic/viscoelastic
correspondence

Discussion on the Elastic/Viscoelastic correspon-
dence
Due to the form of the elastic displacement found in chapter 3, the viscoelastic
displacement uz at the surface of a layered body can be written as:

uz(x,y, t) =FT−1{ûz(x,y,ω)}= FT−1{Ĵ1(ω) ˆ̄G(x,y,ω)iωp̂(ω)} (C.1)

=
∫
G(x,y, t− ξ)∂p(ξ)

∂ξ
dξ. (C.2)

=
∫
J1(t− ξ)F (x,y,ξ)dξ (C.3)

where
F (x,y, t) = FT−1{ ˆ̄G(x,y,ω)iωp̂(ω)} (C.4)

and
G(x,y, t) = FT−1{Ĵ1(ω) ˆ̄G(x,y,ω)}=

∫
J1(t−η)Ḡ(x,y,η)dη. (C.5)

Finding the exact solution by inverting the FT of the influence coefficient with
respect to time would demand a significant amount of ressources. An alternative is
proposed below.

Basically, there is a need to find the function F (x,y, t) which can be written as:

F (x,y, t) =
∫

ˆ̄G(x,y,ω)iωp̂(ω)exp(iωt)dω (C.6)

In the present work, the hypothesis is:

F (x,y, t) = FT−1{ ˆ̄G(x,y, Ĵk(ω)
Ĵk+1(ω)

)iωp̂(ω)} ≈ Ḡ
(
x,y,

Jk(t)
Jk+1(t)

)
∂

∂t
p(t). (C.7)
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C. On the Elastic/viscoelastic correspondence

This assumption is not mathematically correct. However, it is exact under some
conditions and is a good approximation in the other cases. In particular, it is exact
if the term ˆ̄G(x,y, Ĵk(ω)

Ĵk+1(ω)) does not depend on ω, with regard to Eq. (C.6). In what
follows next, details are given to justify this assumption.

Recall that the Maxwell generalised model is used and its creep function for the
layer k can be written as:

Jk(t) = jk0 −
Nk∑
l=1

jkl exp
(
−t/τkl

)
, t > 0. (C.8)

The Fourier transform of this function is given by:

Ĵk(ω) = jk0 δ(ω)−
Nk∑
l=1

jkl τ
k
l

1 + iωτkl
. (C.9)

If one plots the norm of the ratio Ĵk(ω)
Ĵk+1(ω) , it can be seen that for the times where

we want to observe viscoelasticity, the ratio takes a constant value apart from the
frequencies close to ω = 0.
This phenomenon is explained by the behaviour of the Fourier transform: ”Generally
speaking, the more concentrated f(x) is, the more spread out its Fourier transform
f̂(ξ) must be. In particular, the scaling property of the Fourier transform may be
seen as saying: if we squeeze a function in x, its Fourier transform stretches out
in ξ. It is not possible to arbitrarily concentrate both a function and its Fourier
transform.”

In order to observe viscoelasticity, the regions where the creep functions spread
are of interest. Therefore, their transforms are concentrated around the frequency
0. On the basis of this observation, the following equation can be inferred:

F (t) =
∫ β

0
ˆ̄G(x,y,ω)iωp̂(ω)exp(iωt)dω

=
∫ ε

0
ˆ̄G(x,y,ω)iωp̂(ω)exp(iωt)dω+

∫ β

ε

ˆ̄G(x,y,ω)iωp̂(ω)exp(iωt)dω

(C.10)

where β is the equivalent of t in the frequency domain; and ε is a small frequency
which indicates the frequencies over which the ratio Ĵk(ω)

Ĵk+1(ω) is not constant.

Over [ε;β], the ratio Ĵk(ω)
Ĵk+1(ω) is constant. Thus, it makes sense to write:

F (t) =
∫ ε

0
ˆ̄G(x,y,ω)iωp̂(ω)exp(iωt)dω+ Ḡ

(
x,y,

Jk(t)
jk+1(t)

)∫ β

ε
iωp̂(ω)exp(iωt)dω.

(C.11)
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It comes that the error in the calculation of F (x,y, t) lies in the term∫ ε
0 Ĵ

1(ω) ˆ̄G(x,y,ω)exp(iωt)dω. This term corresponds to very low frequencies where
the viscoelastic effects can physically assumed negligible. Thus, those low frequen-
cies are not expected to bring a significant effect on the viscoelastic response of the
structure. In addition, the ignored points are in an area so small in the frequency
domain that in a discretised form they might be missed without significant loss of
informations. This explained the fact that the present approximation allows to get
good results when compared to FEM as shown in chapter 3.

Conclusion: In summary, the areas of validity of the approximation are:

1. In steady state regime, the approximation meets the exact solution. Indeed, in
the steady state regime, the behaviour in ˆ̄G(x,y,ω) is constant; and according
to Eq. (C.6), it is the exact solution to write Eq. (C.7). Therefore, since all
the final steps of our results are given for the steady state regime, they are
exact.

2. When the ratio of creep functions is a constant, the ratio of their FT gives a
constant. Thence, the term

∫ ε
0 Ĵ

1(ω) ˆ̄G(x,y,ω)exp(iωt)dω is equal to 0. Con-
sequently, the applied solution is exact in the study of the effect of ”Variation
of the instantaneous shear moduli” in the paper (section 4.3.3.1).

3. For the other cases, the error made is contained in the term∫ ε
0 Ĵ

1(ω) ˆ̄G(x,y,ω)exp(iωt)dω. This term involves very low frequencies where
the viscoleastic behaviour is not physically very significant. Thus, ignoring it
implies an error which is not expected to by high.

277

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



C. On the Elastic/viscoelastic correspondence

278

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Bibliography

[AAS 08] AASHTO
Mechanistic-Empirical Pavement Design Guide - A Manual of Practice (Interim
Edition). American Association of State Highway and Transportation Officials
(AASHTO), Place of publication not identified, 2008. OCLC: 746484666.

[ABD 86] Abdul-Mihsein M., Bakr A., Parker A.
A boundary integral equation method for axisymmetric elastic contact problems.
Computers & Structures, vol. 23, no 6, 1986, p. 787–793.

[ABU 12] Abu Al-Rub R. K., Darabi M. K., Huang C.-W., Masad E. A.,
Little D. N.
Comparing finite element and constitutive modelling techniques for predicting
rutting of asphalt pavements. International Journal of Pavement Engineering,
vol. 13, no 4, 2012, p. 322–338.

[AGE 06] Agency H.
Design Manual for Roads and Bridges, vol. 7. 2006.

[AI 99] Ai X., Sawamiphakdi K.
Solving Elastic Contact Between Rough Surfaces as an Unconstrained Strain En-
ergy Minimization by Using CGM and FFT Techniques. vol. 121, no 4, 1999,
p. 639–647.

[AKB 05] Akbulut H., Aslantas K.
Finite element analysis of stress distribution on bituminous pavement and failure
mechanism. Materials & Design, vol. 26, no 4, 2005, p. 383–387.

[ALE 01] Alexandrov V. M., Pozharskii D. A.
Three-Dimensional Contact Problems, vol. 93 of Solid Mechanics and Its Appli-
cations. Springer Netherlands, Dordrecht, 2001.

[ALQ 08] Al-Qadi I. L., Wang H., Yoo P. J., Dessouky S. H.
Dynamic Analysis and in Situ Validation of Perpetual Pavement Response to Ve-
hicular Loading. Transportation Research Record: Journal of the Transportation
Research Board, vol. 2087, no 1, 2008, p. 29–39.

279

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Bibliography

[AMU 16a] Amuzuga K.
Damage mechanism related to plasticity around heterogeneous under rolling con-
tact loading in hybrid bearings ceramic/steel. Thèse de doctorat, INSA Lyon,
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[JAC 02] Jacq C., Nélias D., Lormand G., Girodin D.
Development of a Three-Dimensional Semi-Analytical Elastic-Plastic Contact
Code. Journal of Tribology, vol. 124, no 4, 2002, p. 653–667.

288

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Bibliography

[JEU 62] Jeuffroy G., Bachelez J.
Note on a Method of Analysis for Pavements. Proc. Ann Arbor Conf., , 1962.

[JOH 81] Johns P. M., Gohar R.
Roller bearings under radial and eccentric loads. Tribology International, vol. 14,
no 3, 1981, p. 131–136.

[JOH 85] Johnson K. L.
Contact mechanics. Cambridge University Press, Cambridge [Cambridgeshire] ;
New York, 1985.

[JU 96] Ju Y., Farris T. N.
Spectral Analysis of Two-Dimensional Contact Problems. Journal of Tribology,
vol. 118, no 2, 1996, p. 320–329.

[KAL 68a] Kalker J.
On the rolling contact of two elastic bodies in the presence of dry friction. Wear,
vol. 11, no 4, 1968, p. 1–303.

[KAL 68b] Kalker J. J.
The tangential force transmitted by two elastic bodies rolling over each other with
pure creepage. Wear, vol. 2, 1968, p. 421–430.

[KAL 71] Kalker J. J., Pater A. D.
Survey of the theory of local slip in the elastic contact region with dry friction.
Soviet Applied Mechanics, vol. 7, no 5, 1971, p. 472–482.

[KAL 82] Kalker J. J.
A Fast Algorithm for the Simplified Theory of Rolling Contact. Vehicle System
Dynamics, vol. 11, no 1, 1982, p. 1–13.

[KAL 90] Kalker J. J.
Three-Dimensional Elastic Bodies in Rolling Contact, vol. 2 of Solid Mechanics
and Its Applications. Springer Netherlands, Dordrecht, 1990.

[KAL 91] Kalker J. J.
Viscoelastic Multilayered Cylinders Rolling With Dry Friction. Journal of Applied
Mechanics, vol. 58, no 3, 1991, p. 666–679.

[KAR 87] Karami G., Fenner R. T.
A two-dimensional BEM method for thermo-elastic body forces contact problems.
Proc. Boundary Elements IX, Southampton (1987), vol. 417, 1987, p. 417–437.
Publisher: Computational Mechanics Publications.

[KEN 87] Kennedy R., Padovan J.
Finite element analysis of steady and transiently moving/rolling nonlinear vis-
coelastic structure-II. Shell and three-dimensional simulations. Computers &
Structures, vol. 27, no 2, 1987, p. 259–273.

289

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2022LYSEI014/these.pdf 
© [E. Wallace], [2022], INSA Lyon, tous droits réservés



Bibliography

[KER 64] Kerr A. D.
Elastic and Viscoelastic Foundation Models. Journal of Applied Mechanics,
vol. 31, no 3, 1964, p. 491–498.

[KES 16] Kesavan D., Done V., Sridhar M., Billig R., Nélias D.
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