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CHAPITRE 1

INTRODUCTION

On introduit dans ce chapitre les contextes mathématique et physique de cette thése, en es-
sayant de mettre en avant le type de résultats que ’on est en mesure d’attendre pour 1’équation
de Schrédinger-Langevin : notions de solution, comportement en temps long des solutions sous
certaines hypotheses de régularité (on parle de "if theorem"), passage & la limite vis-a-vis de

certains parametres de ’équation.

On commence par donner certaines notations et conventions qui seront utilisées et adoptées
tout au long de ce manuscrit, en particulier pour I’écriture des systemes issus de la mécanique
des fluides compressibles, et on énonce certains lemmes d’analyse fonctionnelle importants pour
I’étude de I’équation de Schrédinger logarithmique.

On présente ensuite le contexte des équations de Schrodinger non-linéaires, en particulier les
spécificités introduites par la présence d’une non-linéarité logarithmique : invariance d’échelle,
non-positivité de ’énergie, propagation de solutions gaussiennes.

Enfin, on introduit certaines notions de solutions faibles pour des systémes de mécanique des
fluides compressibles de type Euler ou Navier-Stokes qui vérifient certaines estimations a priori
(comme ’estimation d’énergie ou I'estimation de BD-entropy), ce qui permet de fournir un cadre

d’étude rigoureux pour 1’équation de Schrédinger-Langevin.

1.1 Notations

Pour la variable de temps t, les espaces considérés seront des intervalles I C R, I’ensemble
des réels positifs R} ou I’ensemble R lui-méme. Pour la variable d’espace x, on considérera gé-

néralement I’espace des réels R? de dimension d € N* ou le tore T¢ = R¢/(27Z4).

De plus, la notation générique C désignera une constante strictement positive et uniforme
vis-a-vis des différents parametres pertinents du probleme, que 'on précisera parfois explicite-

ouC =Cl(a,...,an).

ment en écrivant C = Cy, .. 4

n



Chapitre 1 — Introduction

On notera indistinctement 1) ou * le conjugué complexe de la fonction 1. On exprime

également la moyenne d’une fonction 1 sur Q = R% ou T¢ par la notation
W) = [ wla)da.

1.1.1 Opérateurs différentiels

Soit u,v € R% deux champs de vecteurs et o = (0ij)1<ij<d» T = (Tij)1<ij<a deux champs
tensoriels définis sur un ouvert Q C R régulier. Premiérement, en notant ui,...,uq les co-

ordonnées de u, on appelle respectivement divergence, gradient et laplacien de u les fonctions

d

ou; Ou;
div(u) = Z L Vu= ( Z) et Au=div(Vu).
=1 8$Z 6a:j 1<ij<d

suivantes :

On appelle également produit tensoriel de u et v le tenseur donné par :
u®v = (uivj)1<ij<d-

En outre, on appelle divergence de o le vecteur donné par :

d

div(o) = Z 807

j=1 Ox;

1<i<d

Enfin, on appelle produit scalaire de o et 7 la fonction réelle :

o:T= Z OijTij-

1<i,j<d

T T

A noter que par définition, ona o :7=0' : 7", ol o

= (0ji)1<ij<d désigne la transposée
du tenseur o, et la norme associée & ce produit scalaire est simplement notée | - |, de sorte que

|o|? = 0 : 0. On rappelle également quelques identités utiles du calcul différentiel :

Lemme 1. Soit p un scalaire et u, v, w trois vecteurs suffisamment réguliers sur €2, alors on

a

(u@v)w = (v-w)u,

div(u ® v) = (div v)u + (v - V)u,

div(pu) = Vp-u+ p div u,

div(pu @ v) = (Vp-v)u+ p(v- V)u+ p div(v)u.

10



1.1. Notations

1.1.2 Espaces de Sobolev et transformation de Fourier

Sur R?, on considérera les espaces réguliers usuels, & savoir :

e les espaces de Lebesgue pour p > 1,
1
: |u(a:)|pdx> "< oo}
Rd

LP(Rd) = {U : Rd — C | ||u||Lp(Rd) = (/

= esssup |u(x)| < oo} ,
zER?

et
L®(RY) = {u R — C | [[wll oo (may

OPds < oo

e les espaces de Sobolev pour s € R,

1 @) = {u e PR |l = [ (1+162)1ate)

1 .

d/ e~y (z)d.

2 JR
,nd)EEZd

ot on note indifféremment @ ou Fu la transformée de Fourier de u, pour £ € R?

i(€) =

(2m)

Sur le tore T¢, pour une fonction périodique u € LQ(’]I‘d) on note u, pour n = (ny,

ses coefficients de Fourier définis par
Up = 1/ u(z)e” " de,
(2m)? Jpd

(S

et on définit I'espace de Sobolev H*(T¢) comme 'espace de Hilbert associé & la norme

lull o = [ 32 (14 1) unf?

nezd

ot [n|2=n? + - +n2
On utilisera également la notation C5°(I x §2) pour désigner ’espace des fonctions infiniment

dérivables & support compact de I x Q, ou I désigne un intervalle de R et Q = R? ou T¢.

On énonce maintenant plusieurs lemmes classiques d’analyse fonctionnelle, dans une version

parfois simplifiée, qui seront utilisés au cours de ce manuscrit.

11
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Lemme 2. (Inégalité de Gagliardo-Nirenberg), voir [57, Théoréme 1 p. 277].
Soit2<p< @5 2) et 1 < q,r < oo, il existe C = C(d,p,q,r) > 0 tel que pour tout f € H'(R?)

et pour tout 6 € [0, 1] tel que
1 (l 1> 1-6
= - = 9_|_ —,
p \r d q

1 lLzo sy < CIVI gy 711 ey

on a

Lemme 3. (Inégalité de Sobolev logarithmique), voir [94, Théoréme 8.14].
Soit f € H'(R?)\ {0} et a > 0, alors

/R @) Plog|f(x)Pde < = ||Vf||L2(Rd (1og | f1132(ga) — d(1 +10g @) 1132 ga),

et on a éqgalité si et seulement si f est un multiple de x — exp (—7T|x|2/2a2) a translation pres.

Lemme 4. (Inégalité de Csiszdr—Kullback), voir [3, Théoréme 8.2.7].
Soit f, g >0 tel que [ga f = [ga g, alors

1 = gllzr gy < 20 F 2 e /Rd fltos Ggi) "

Lemme 5. (Critére de de la Vallée-Poussin), voir [105, Chapitre II-5] ou [53].
Soit (pn)nen une suite bornée de L' (RY). On suppose qu’il existe une fonction mesurable positive
w: Ry — Ry vérifiant

pl@)

Tr n—oo

sup/ @(pn) < 00
n JRd

Alors la famille (py)n est uniformément intégrable, c’est-a-dire que

— +00,

tel que

sup/ lpn| — 0.
n ‘pn‘>a a—+00

Remarque. Dans notre cadre d’application, on prendra ¢(z) = x|log(x)|.

Lemme 6. (Théoréme de Dunford-Pettis), voir [30, Théoréme IV-29] ou [55].

Soit (pn)nen une suite bornée de Ll(Rd), alors les deux propriétés suivantes sont équivalentes :

(i) La famille (pn)n est relativement compacte pour la topologie faible L', c’est-a-dire qu’il

12
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existe une fonction p € L*(RY) tel que, d extraction prés,
/ Pnd — / pp, pour tout ¢ € L®°(RY).
R4 n—oo JRd

(ii) La famille (pn)n est uniformément intégrable (cf Lemma 5) et tendue, c’est-a-dire que

Sup/ lpn] — 0.
n Jiz|>R R—o0

13



Chapitre 1 — Introduction

1.2 Contexte et motivation de la theése

1.2.1 Equations de Schrédinger : du linéaire au non-linéaire

Le but de cette partie est avant tout de servir d’introduction aux équations de Schrodin-
ger sur Pespace R? : le cadre explicite du cas linéaire permet facilement de présenter diverses
propriétés de symétrie et d’invariance de ces équations, de mettre en lumiére certaines lois de
conservation et d’introduire des ensembles de solutions particulieres. Ces différentes propriétés
serviront par la suite de fil rouge pour la présentation des équations de Schrédinger non-linéaires
avec non-linéarité puissance ou logarithmique, puis pour I’équation qui nous a principalement

intéressé au cours de cette theése : ’équation de Schrédinger-Langevin.

Equation de Schrédinger linéaire

La mécanique quantique, développée dans les années 1920, est un domaine de la physique
théorique ayant pour but de décrire les phénomenes physiques opérant a 1’échelle atomique. En
1925, le physicien autrichien Erwin Schrodinger introduit 1’équation de Schridinger afin de dé-
crire ’évolution d’une particule au cours du temps, au méme titre que le principe fondamental
de la dynamique introduit par Newton en 1687 permet de décrire le mouvement d’un objet a
I’échelle humaine. L’état d’une particule est décrit par une fonction de I'espace et du temps
appelée fonction d’onde et notée ¥(t,x), avec t € R et € R? (o1 d > 1 désigne la dimension
de I'espace considéré). Cette description est probabiliste : pour une région de I'espace Q C R?,
la probabilité de présence de la particule dans cette région au temps t est donnée par 'intégrale
Jo [¥(t,z)?dx de la densité de probabilité [¢(t,-)|? sur 2. En particulier, cette approche proba-
biliste implique une premiére loi de conservation au cours du temps, celle de la norme L? (]Rd) :

pour tout temps t > 0,
0t agey = [, Fott )Pz = 2ol ey (1.2.1)

ou Yy = (0, ) désigne la position initiale de la particule au temps t = 0.

Cette équation devait satisfaire plusieurs principes physiques :

e un principe de causalité : I’état initial ¥y doit déterminer de maniere unique I’ensemble
des états futurs {t > 0 | ¢(¢,-)}. D’un point de vue mathématique, cette condition demande
I’existence d’une théorie de Cauchy bien posée, & savoir existence et unicité d’une solution

globale pour toute condition initiale ¢y € L?(R%).

e un principe de superposition : si 1 et ¢ décrivent toutes deux un état d’une particule

quantique, alors ai) + 51& doit également décrire un état quantique (avec a et § deux

14



1.2. Contexte et motivation de la thése

constantes), ce qui implique la linéarité de I’équation de Schrodinger.

e un principe de correspondance : il doit y avoir un continuum entre la mécanique quan-
tique et la mécanique classique, c’est-a-dire que ’on doit retrouver certaines propriétés de
la mécanique classique dans une certaine limite de ’équation de Schrédinger. Ce prin-
cipe ameéne notamment 'introduction de la constante de Planck réduite h = h/2m, avec
h ~ 6,626 x 10734 s, constante universelle qui décrit I’ordre de grandeur des phénoménes

quantiques mais qui peut étre considérée comme nulle a I’échelle humaine.

L’équation de Schrodinger linéaire peut alors s’écrire, pour une particule de masse m,

2
ihOu + 1A = Vo, (1.2.2)
2m

ou V € R désigne un potentiel réel décrivant I’environnement de la particule. On considérera en
particulier dans la suite deux types de potentiels, le cas de ’équation de Schrodinger libre avec
V =0, et celui du potentiel harmonique V (z) = %2]33\2, dans lequel w € R est une grandeur
homogene a une fréquence. De méme, on prendra généralement la normalisation de la constante

de Planck o =1 et de la masse m = 1.

Comme la plupart des équations auzx dérivées partielles (EDP), ’équation de Schrodinger
linéaire possede certaines symétries, qui impliquent des lois de conservation via le théoreme de
Noether. Par exemple, la symétrie par rotation ) — €%y pour € R implique la conserva-
tion de la masse (1.2.1) évoquée supra. De méme qu’en mécanique classique, la symétrie par

translation en temps (¢, z) — ¥ (t — to,x) implique la conservation de l’énergie

E(t) = Exn(t) + Ep(t) := /Rd \Vep(t, )| *dx + /Rd V(2)|[Y(t, z)|*de, (1.2.3)

ou Eyi, désigne I'énergie cinétique liée au mouvement de la particule et £, son énergie potentielle.
Dans le cas de ’équation de Schrodinger libre (V' = 0), absence de potentiel implique de

nombreuses autres lois de conservation, dont on citera par exemple :

e la symétrie par translation dans ’espace 9 (t,z) — ¥ (t,z — xg) d’une solution 1 de

(1.2.2), qui implique la conservation du moment
J(t) = / I (§(t,2) Vet ) di = J(0). (1.2.4)
R
e le principe d’invariance Galiléenne, qui indique que si 9 est solution de (1.2.2), alors
pour tout v € R?,

(t,7) = Wt @)elm e

15



Chapitre 1 — Introduction

est également solution de (1.2.2), ce qui implique notamment la conservation du centre de

masse

/ (L, 2)|2de — £ (1)
Rd

faisant intervenir le moment d’ordre 1 de la densité ||2.

L’étude mathématique de ’équation de Schrédinger commence bien évidemment par 1’éla-
boration d’'une théorie de Cauchy bien posée pour (1.2.2), a savoir que l'on veut montrer que
I'on a existence et unicité locale (en temps) d’'une solution ¢ pour tout donnée initiale v
d’un espace bien choisi, avec continuité par rapport aux données initiales en montrant
que application ¥ — 9 est continue. Dans le cadre des EDPs linéaires sur R?, la transforma-
tion de Fourier permet de résoudre tres efficacement le probleme de Cauchy : pour ’équation
de Schrédinger libre, I'unique solution de (1.2.2) avec donnée initiale ¥(0,-) = 1y € L*(R?) est

donnée par la formule

1 jle—ul?
V(t:2) = G [ e vy (1.2.5)

pour t > 0.

On peut faire plusieurs remarques importantes a partir de cette formule explicite :

e Dexpression (1.2.5) étant vraie pour tout ¢ > 0, on a en fait existence globale (en temps)

de la solution. De plus, on observe la décroissance de la norme L :

1
[t ) Lo r) < WWOHLl(Rd)-

Cette estimation est caractéristique du fait que ’équation de Schrodinger libre appartient

"

a la famille des EDPs dispersives : les solutions "s’étalent" dans I’espace au cours du temps

et tendent vers 0 quand ¢ — oo.
||

T
=

e si on prend une condition initiale gaussienne 1g(z) = e~ * 27, la solution v évolue égale-

ment sous la forme d’une fonction gaussienne au cours du temps, via l’expression

B 1 z  |z|?
vito) = (1 +itz)%? P <_ 1+ itz 2) ‘

Il est également intéressant de noter qu'une gaussienne est également propagée en gaus-

sienne dans le cas d’un potentiel harmonique V(x) = %Qx2.

e si on définit la famille d’opérateurs (eim/2>t>0 par h(t,.) = e®/24)q via la formule (1.2.5)

itA/2

=0 = Id, cette famille définit un semi-groupe unitaire sur les

pour tout temps £ > 0 et e
espaces de Hilbert H*(R9).
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1.2. Contexte et motivation de la thése

L’évolution des normes de Lebesgue et de Sobolev des solutions d’EDPs dispersives est
une question omniprésente dans 1’étude moderne de ces EDPs, et constitue le prolongement
logique de la mise en lumiére des lois de conservation associées a ces équations : nous avons
vu en effet que dans le cas de I'équation de Schrédinger libre, la norme L? d’une solution
de (1.2.2) était conservée 1a ou la norme L décroissait en t~%2 vers 0 pour une condition
initiale 19 € L'(R?) N L2(R?). On peut donc se demander comment évoluent les normes L pour
2 < p < oo de ces solutions. Une premiere réponse provient de formules d’interpolation, qui
impliquent que pour 1 < g <2 et p défini par 1/p+1/¢g=1,0n a

i C
e tA/Q@DoHLP(Rd) < %

00 %0l La(ray,
ou Cy > 0 est une constante dépendant uniquement de la dimension d > 1. D’autres types
d’estimations classiques dans 1’étude des EDPs dispersives, appelées estimations de Strichartz,
sont particulierement utiles pour I’étude des équations de Schrodinger non-linéaires (c’est-a-dire
quand on remplace le potentiel linéaire V par une fonction F(3),%) dans 1'équation (1.2.2)),

dont nous allons maintenant donner un bref apercu.

Equation de Schrédinger avec non-linéarité puissance

L’équation de Schrodinger non-linéaire (NLS) avec non-linéarité puissance,

00+ 5 A = A", (12.6)

ol A € R* et v > 1, apparait dans de nombreux domaines de la physique moderne tels que
la physique quantique, 'océanographie ou I’électrodynamique. Par exemple, elle peut étre vue
comme une limite de type champ moyen N — oo pour une fonction d’onde ¥(t, z1,...,zy) d'un

probléme d’interaction a N particules régi par ’équation

, X 1 —dvr [(Tj — Tk
matw+%z%w:ﬁ o V(Jr)w,

k=1 1<j<k<N

avec une longueur typique d’interaction » = N=# (8 > 0), ou comme une équation d’enveloppe

pour la propagation de vagues d’eau satisfaisant ’équation de Korteweg-de Vries
o + Ogu + eud,u =0,

dans la limite € — 0 (voir [89]).
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Cette EDP non-linéaire conserve la plupart des propriétés de symétrie de 1’équation de
Schrédinger libre : invariance par rotation, par translation en espace et en temps, ou encore
I'invariance galiléenne. Outre la conservation de la masse (1.2.1) et du moment (1.2.4), I’énergie

associée a (1.2.6) est également constante au cours du temps :

2\

R 2
E(t) == [[VY(t, ) 72ay + 1

/d (¢, 2)["dz = E(0). (1.2.7)
R
De plus, (1.2.6) est équivalente a sa formulation intégrale via la formule de Duhamel
) t
P(t,z) = eMA 2y — i)\/ !t=9)A/2 <|1,Z)|°‘_1LZJ) (s,x)ds, t>0, zeR%
0

Pour étudier (1.2.6) sur espace R?, on doit alors séparer deux cas :

e le cas défocalisant A > 0 : 'énergie (1.2.7) est alors positive (ie E(t) > 0), et en particulier
la norme H' de v est bornée. On a alors une théorie de Cauchy locale bien posée dans H',
avec la restriction 1 < v < 1+ 4/d pour d > 3, en utilisant des arguments classiques de
point fixe sur la formule de Duhamel et grace aux estimations de Strichartz mentionnées
plus haut. Cette existence et unicité locale en temps se propage de facon globale grace a
la conservation de I'énergie (1.2.7) en une solution i) € L™ (R; Hl(Rd)>.

Concernant la dynamique en temps long, toute solution disperse (c’est-a-dire que toute
solution converge localement vers 0 en espace quand t — oo) d’une facon dépendant
fortement du parametre 7 : par exemple, pour v > 1+ 4/d, toute solution posseéde un

comportement asymptotique linéaire,
Fpy € HY(RY), |lw(t,.) — eim/zw+HH1(Rd) — 0 quand t — 0. (1.2.8)

A Tinverse, quand v < 1+ 2 /d, la dynamique en temps long ne peut pas étre comparée a

celle du cas linéaire, c’est-a-dire que si il existe 1, € L*(R?) tel que

() — 6itA/21/1+||L2(Rd) — 0,

alors nécessairement 1y = 14 = 0 (voir [15]). Ces types de résultats sont rigoureusement
formulés dans le cadre de la théorie du scattering, et on renvoie le lecteur a [38] et ses

références.

e le cas focalisant A < 0 : I’énergie n’est plus nécessairement positive, et une compétition
4, , . e s 4 . . 1

peut s’opérer entre les termes d’énergie cinétique HVz/JH%Q et d’énergie potentielle ||1/J||Z}L+1

L’existence locale d’une solution, issue de la formule de Duhamel comme pour le cas

défocalisant, peut se propager en existence globale dans le cas d’une non-linéarité ou de
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conditions initiales suffisamment petites. Plus précisément, on a existence (et unicité) d’une

solution globale H' pour les cas suivants :

. 4
(1) v < 1 + d’
(i) y=1+ % et ||vo|| 12 suffisamment petit,
(i) 1+2 <y <1+ ﬁ et ||¢o| g1 suffisamment petit.

De nombreux autres résultats de ce type peuvent étre trouvés dans [114]. Hors de ces
cas, on peut observer des phénoménes de blow-up, qui correspondent généralement a des
explosions de norme H'! de solution en temps fini, et que I’on peut énoncer ainsi : il existe
un temps T* > 0 tel que

lim
t—T

v¢||L2(Rd) = Q.

Ce genre de résultat est généralement obtenu via un calcul de I’identité du viriel, et consiste

alors a montrer que la quantité

tes ;; ([ et o)Pds)

est inférieure & une constante négative (voir [69]). Dans le cas ou 'on a existence globale,

les solutions posseédent un profil asymptotique linéaire (1.2.8).

L’étude des solutions particulieres de (1.2.6) constitue également un point important dans
la compréhension du comportement de cette EDP. Contrairement au cas linéaire, une donnée
initiale gaussienne n’évolue pas en gaussienne au cours du temps. En revanche, (1.2.6) possede
des solutions appelées ondes solitaires ou solitons (ou encore solitary waves en anglais) qui

s’écrivent sous la forme

Y(t,x) = e“to(x), (1.2.9)

c’est-a-dire comme le produit d’une oscillation indépendante de l’espace e™! et d’un profil
constant ¢(z). Il est alors assez facile de voir que (1.2.9) est solution de (1.2.6) si et seulement

si ¢ est solution de ’équation elliptique non-linéaire
1 -1
—wo + §A¢ = Ao|" " o. (1.2.10)

Pour w < 0, ’équation (1.2.10) n’admet pas de solution non triviale (voir [85] et [2]). Ce résultat
est également vrai pour w > 0 et A > 0 : en multipliant (1.2.10) par ¢, en intégrant en espace

et en prenant la partie réelle, on obtient en effet que

1
5 L IVel+w [ 162+ [ o+ =o0.
2 R4 Rd Rd

On peut donc se placer dans le cas focalisant A < 0 avec w > 0 et v < 1 + 4/d afin d’obtenir

19



Chapitre 1 — Introduction

I’existence d’une solution. En dimension d = 1, I'unique solution réelle positive non triviale de

(1.2.10) s’écrit ) .
bu(x) = (w(j;;\l))“ cosh (751\/@5)_%1 )

Cette solution est paire; elle décroit exponentiellement vite a 'infini, et on peut montrer que
toute solution (& valeurs complexes) de (1.2.10) peut s’écrire sous la forme e ¢,,(z — x¢), pour
0o, o € R (voir par exemple [38, Théoreme 8.1.6]). En dimension supérieure d > 2, on peut
également montrer l’existence d’une unique solution positive et & symétrie radiale de (1.2.10)
appelée ground state, que ’'on note de méme ¢,,. On peut des lors écrire toute solution positive
de (1.2.10) sous la forme ¢, (z — ) pour zg € R?. Cette fonction s’obtient généralement par des
méthodes variationelles (voir par exemple [18], [19] ou [109]) : en effet, ¢, est 'unique minimiseur
de lénergie E(t) sous la condition ||¢|| 72 = ||¢w |2 et modulo les invariances par translation en
espace, en temps et invariance de jauge (multiplication par une constante de module 1). Par le
principe d’invariance Galiléenne, on obtient alors un ensemble de solutions de (1.2.6) appelées

ondes progressives (ou traveling waves en anglais) qui s’expriment sous la forme
Py(t,z) = ete @020 (z — ut) (1.2.11)
pour toute constante v € R,

Une question naturelle a ce stade est celle de la stabilité du ground state : une petite per-
turbation €@, (z) avec |v| < 1 reste-t-elle suffisamment "proche' de ¢, pour des temps ar-
bitrairement grands? Le terme "proche" doit évidemment dépendre de I'espace d’existence des
solutions considérées (H'(R?) dans notre cas), mais doit également prendre en compte les inva-
riances de I’équation. En effet, il est clair que les solutions de type ondes progressives (1.2.11)
s’éloignent de ¢,, en norme H' pour des vecteurs v arbitrairement petits en raison des termes

de phase, mais restent cependant sur 1’orbite

O(¢,) = {eieqbw(. —v) ’ eR, ye Rd} )

Dans le cadre des équations de Schrédinger, la bonne notion de stabilité est donc celle de la

stabilité orbitale, et peut s’énoncer ainsi : pour tout € > 0, il existe n > 0 tel que,

si |[vo — dullgr <m, alors supinf inf [[¢(t,.) — ewqﬁw(. — Y|l <e,
tcR 0€R y Rd

oil 1) correspond a la solution de (1.2.6) avec donnée initiale ¢p9 € H'(R?). Dans le cas sous-
critique v < 1+ 4/d, il a été démontré par Cazenave et Lions [40] que le ground state est
orbitalement stable dans H'(R%).
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Une remarque importante est que la plupart des résultats cités précédemment concernant
I’existence, I'unicité et le comportement en temps long des solutions de I’équation de Schrédinger
avec non-linéarité puissance sont obtenus en considérant la non-linéarité A|v)|7~1¢ comme une
quantité négligeable, par exemple en travaillant sur des temps courts ou quand la solution ¥ est
petite, et donc de considérer I’équation (1.2.6) comme une perturbation de 1’équation linéaire
associée. Ce genre de raisonnement, tres efficace dans le cadre de non-linéarité suffisamment
réguliere en 0 (typiquement localement lipschitzienne) et vérifiant F'(0) = 0, n’est plus applicable
dans le cadre de I’équation de Schrodinger logarithmique, équation qui fait 'objet de la section

suivante.

Equation de Schrédinger logarithmique

L’équation de Schrédinger logarithmique

10 + %Aw = \iplog(|i]?) (1.2.12)

a été introduite par Bialynicki-Birula et Mycielski en 1976 [20] afin de satisfaire une propriété
de tensorisation : si ¥ est solution d'une équation de Schrédinger avec non-linéarité A\ F(|i)[?)

ou F: Ry — C, et ayant pour condition initiale un produit tensoriel
d
bo(z) = [[ ¢o,(z;), xR
j=1

alors on veut que v puisse se décomposer comme un produit ¢ = H?Zl 1; ot chaque 1); satisfait

une équation de Schrédinger non-linéaire
, 1
0 + §8§jwj = i fi([%1%),

ot les (f;)i<j<aq sont des fonction réelles vérifiant I’équation fonctionnelle

d d
ij(xj):F Ha:j pour tout z1,...,xq > 0.
j=1 j=1

La non-linéarité logarithmique est alors la seule fonction vérifiant une telle propriété. Cette
équation non-linéaire a depuis été utilisée pour modéliser de nombreux phénomenes physiques,
notamment en optique quantique ([32], [87]), en physique nucléaire [73], pour des phénomeénes
de transport et de diffusion ([50], [72]), pour des systémes quantiques ouverts ([75], [117]), en

théorie de la gravité quantique [121] ou encore en théorie de la superfluidité et de la condensation
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de Bose-Einstein [8].

D’un point de vue mathématique, I’étude de cette équation remonte a la fin des années 70
par T. Cazenave et A. Haraux avec [39] puis [37], mais peu d’autres résultats ont ont été établis
a son propos jusqu’a trés récemment. On citera en particulier Iarticle de P. d’Avenia, E. Mon-
tefusco, et M. Squassina de 2014 [49], celui de A. H. Ardila de 2016 [5] et celui de R. Carles et I.
Gallagher de 2018 [36]. Les non-linéarités logarithmiques se retrouvent également dans d’autres
équations aux dérivées partielles non-linéaires ayant une importance physique, comme en op-
tique quantique avec ’équation Korteweg-de Vries logarithmique et de Kadomtsev-Petviashvili
logarithmique ([80], [113], [112]), ou bien encore en théorie quantique des champs, ainsi qu’en

cosmologie avec I’équation de Klein-Gordon logarithmique ([17], [70], [107]).

Tout comme (1.2.6), I'équation de Schrédinger logarithmique conserve la plupart des symé-
tries de ’équation de Schrédinger libre, comme celles de I'invariance par translation en espace
et en temps, l'invariance galiléenne et I'invariance par transformation de jauge. Elle vérifie éga-
lement les propriétés usuelles de conservation de la masse (1.2.1), de conservation du moment

(1.2.4), et 'énergie associée

2/ ‘th:v|dx+)\/ tx‘2 log(|zp(tg;)|)_1)dx

est formellement conservée pour tout ¢ > 0. En retranchant la norme L? de v au carré, qui est

constante, on peut redéfinir I’énergie de (1.2.12) par la formule

B(t) = 5| () aguy + A [ 10t 2) gl (t,) P)d = E(0). (1.2.13)

En revanche, cette équation possede plusieurs propriétés singulieres qui la rendent remarquable
dans I’étude des équations de Schrédinger non-linéaires. Tout d’abord, il est intéressant de noter
que quel que soit le signe de A € R*, I’énergie (1.2.13) n’a pas de signe défini, et ’on n’a donc
pas de borne dans H' a priori. Ensuite, cette équation posséde une invariance d’échelle : si

est solution de 1’équation (1.2.12), alors pour tout x > 0,

wﬁ(t ) — Hw(t, ')6—2it)\logn

est également solution de (1.2.12) pour tout temps ¢ > 0 avec donnée initiale k1 (0,.). Cette
propriété, analogue au cas linéaire, est en revanche particulierement inhabituelle dans le cadre
non-linéaire, et implique que la taille de la solution n’impacte sa dynamique que par un terme

d’oscillations. De plus, en dérivant I'expression précédente par rapport a £ > 0, on obtient que

d

_ 9z N\ ,—2itAlogk
%@/Jﬁ(t, )= (1—=2itA)y(t, e &
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n’a pas de limite en x — 0 pour ¢t > 0, et donc que le flot ¢;(10) +— ¥(t,-) ne peut étre C! quel

que soit les espaces de fonctions considérés pour ¢ et 1.

Concernant le probléme de Cauchy, de méme que pour la non-linéarité puissance, on doit

distinguer deux cas :

e pour le cas focalisant A < 0, T. Cazenave et A. Haraux ont montré dans [39] 'existence et

'unicité d'une solution globale ¢ € C°(R; W) dans 'espace d’énergie
W(R? = {ue H'(RY) | [u]* log |uf? € L' (®))},

avec condition initiale ¥y € W. Leur preuve est basée sur une régularisation de la non-
linéarité et des arguments de compacité, et utilise en particulier le fait que la partie néga-
|9 log |1|? est controlée par la norme H! de 1) par inégalité de

tive de I’énergie /\f|w|>1

Gagliardo-Nirenberg et conservation de la masse.
e pour le cas défocalisant A > 0, R. Carles et I. Gallagher ont montré I'existence et la
propagation de régularité pour une solution pour ¢ € L (Ry; HY(R?) N F(R%)) ott on

définit ’espace a poids
Fo®RY) = {u € L}(RY) \ ze (14 [2)Fu e LA(RY) )

pour tout 0 < a < 1. La preuve passe également par une régularisation du logarithme en 0
et un passage a la limite par argument de compacité, mais cette fois la partie négative de
I’énergie )‘fw\<1 |v|% log || nécessite un controle par le moment d’ordre a > 0 de 1) via
une inégalité d’interpolation, d’otl 'hypotheése de régularité supplémentaire dans F<(R%)

pour la solution .

Il est également intéressant de noter que les auteurs précédemment cités utilisent la propriété

algébrique du logarithme suivante, démontrée par T. Cazenave et A. Haraux dans [39],
| Im ((zlog |22 — 2/ log |z'|2) (z — ?)) | <dlz -2, V2,2 €C,

que ce soit pour montrer la monotonie de I'opérateur Ay = —i(Ay — \iplog [¢|?) (dans le cas

focalisant) ou pour montrer 'unicité de la solution par un argument de type Gronwall.

Avant d’aborder ’étude du comportement asymptotique des solutions de (1.2.12) pour ¢ —
00, il est essentiel de remarquer que I’équation de Schrodinger logarithmique partage une autre
caractéristique avec le cas linéaire : celle de la propagation des solutions gaussiennes. Cette
propriété, déja identifiée dans l'article de Bialynicki-Birula et Mycielski [20], a été mise en avant

dans [36] de la fagon suivante : en prenant le cas particulier de la dimension d = 1 et en injectant
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une gaussienne centrée de la forme

2

p(t,z) = b(t)e DT

dans (1.2.12), on obtient par identification polynomiale un systéme d’équations différentielles

couplées sur a et b :

. ab
ib — % = Ablog [b]> et ia — a® = 2\ Re(a).

La premiére équation permet d’exprimer b en fonction de a par une méthode de variation de
la constante. La deuxieme équation porte uniquement sur la fonction a, et par changements de
variables successifs a = —iw/w et w = re, et en notant ag = Re(a(0)) et By = Im(a(0)), on
obtient finalement une équation différentielle non-linéaire d’ordre 2 sur r,

L a% 2

i=—g+—— 10)=1170)= b, (1.2.14)

et 'on peut ensuite exprimer 1’évolution des fonctions a et b (et donc celui de la gaussienne )
en fonction de 7 et de sa dérivée . Cette propriété se généralise pour toute dimension d > 1 par
propriété de tensorisation, en résolvant d équations découplées de la forme (1.2.14). Elle apporte
ainsi un ensemble de solutions particulieres a (1.2.12) pour toute dimension, ce qui constitue
une description a la fois rare et précieuse pour ’étude d’'une EDP non-linéaire, autant sur le

plan théorique que numérique.

Nous allons maintenant voir que ces solutions gaussiennes jouent un réle important dans la
dynamique globale de ’équation de Schroédinger logarithmique. Pour le cas d’une non-linéarité
défocalisante A < 0, il a été démontré par T. Cazenave dans [37] qu’aucune solution ne disperse :

en supposant 'existence d’un réel k > 0 tel que
Ly, = {u e W(R?) \ lull 2y = 1, B(w) <k} #0,

I’auteur montre que

inf U ay >0
s it [ullgageey > 0,
.. . , . ) . ,
ce qui implique le résultat par conservation de la masse et de ’énergie. Comme pour le cas d’une

non-linéarité puissance, (1.2.12) possede des solutions de type ondes solitaires de la forme

W(t,x) = eth,(z) = etet 3R Nl

ol ¢, est 'unique solution radiale (& translation pres) C?(R%) N H(RY) strictement positive de
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I’équation elliptique non-linéaire associée
—wo + Ap = Aplog | o] (1.2.15)

Comme ces fonctions (¢y,),ecr font partie de 'ensemble des solutions particuliéres gaussiennes
décrites précédemment (et correspondent au cas ou a(t) = A pour tout temps ¢ > 0), elles sont
appelées Gaussons. Il a été prouvé par A. Ardila dans [5], dans la continuité du travail de T.
Cazenave [37] dans le cas radial, que ces Gaussons sont orbitalement stables, en s’appuyant sur
I'inégalité de Sobolev logarithmique (Lemme 3) et sur la méme minimisation sous contrainte de
I'énergie E(t) que pour le cas avec non-linéarité puissance.

De plus, il a été montré récemment par G. Ferriere dans [61] que les solutions de I’équation
différentielle (1.2.14) sont périodiques dans le cas A < 0, ce qui implique I'existence de solutions
gaussiennes périodiques en temps appelées breathers. De fait, motivé par les résultats numériques
de [13] sur l'interaction entre deux Gaussons, l'auteur montre également dans [63] I'existence
de structures plus complexes, appelées multigaussons et multibreathers (et qui correspondent

respectivement & une somme de Gaussons et de gaussiennes).

A Tinverse, dans le cas d’une non-linéarité logarithmique défocalisante, R. Carles et 1. Gal-
lagher ont montré dans [36] que toute solution disperse. Les solutions de (1.2.14) posseédent le

méme taux de dispersion

r(t) ~ 2t\/Alogt

quand ¢t — oo, ce qui implique que la norme L* de toute gaussienne solution tend vers 0 en
(t\/@)_%. De fait, la contribution issue de la partie linéaire de (1.2.12) dans 'équation diffé-
rentielle (1.2.14) n’influence pas la dynamique de 1’équation en temps grand, et en considérant
I’équation simplifiée

F= 2 )= 50 =1,
les auteurs ont montré I'existence d’une dynamique universelle pour toute solution de (1.2.12)

dans H!' N F(H'). En effectuant un scaling en espace y = z/7(t) par le taux de dispersion 7,

1 z \ 1Yol L2(ray 7 |z ]?
P(t,x) = v (t, ) exp | i———
(t.) 7(t)4/2 (1)) VIl L2 (re T 2

— ]2 ) . . s
avec y(y) = e 1¥°/2 Pénergie renormalisée

qui s’écrit

2

1 v(t,y) dy

£(0) = gl Tt Waqun + [, 1ot 9)P 10 ’v(y)

est positive grace au lemme de Csiszar-Kullback (cf Lemme 4) et uniformément bornée en temps,
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ce qui entraine la convergence L' faible de |v|? vers la gaussienne 42, ainsi que la convergence

de ces moments d’ordre 1 et 2 :

/d Yy !v(t,y)|2dy—>/d y | v()dy pourt — cc.
R y2 R yQ

La preuve de la convergence L' faible repose notamment sur I’analyse d’une équation de type

de Fokker-Planck avec potentiel quadratique, satisfaite par la densité p = |v|?, et sur la présence

de termes sources négligeables quand t — co dans cette équation.

[SI[oH

Il est intéressant de noter que ces résultats impliquent un taux de dispersion en (¢y/logt) 2 plus
rapide que pour le cas de Schrodinger libre ou avec non-linéarité puissance en =%, Cet effet, di

a la non-linéarité logarithmique, est encore présent dans le cas d’une double non-linéarité
. 1 _
0+ 580 = N log([62) + owlul !, 0 >0, 1< < 1+4/(d—2)4,

comme souligné par les auteurs dans [36], ce qui indique de maniére surprenante que la non-
linéarité logarithmique, qui agit comme un potentiel a puits infini quand la solution tend vers 0,
joue un roéle "plus fort" que les non-linéarités usuelles. De plus, les auteurs soulignent un autre

phénomene singulier : celui de la croissance des normes de Sobolev

(log#)% S [0t )l s ey S (logt)?

pour tout 0 < s < 1 et Yy # 0, et ou la notation H S(Rd) désigne les espaces de Sobolev homogenes
standards. En revanche, peu de résultats sont connus pour des régularités plus grandes (H* avec
s > 1), car les équations sur les dérivées spatiales de la fonction 1) font intervenir des termes en
1/]¥|™ avec n € N, issus des dérivations successives de la non-linéarité logarithmique, qu’il est
difficile de contréler. Pour le cas spécifique de H?, un argument dii a Kato (voir par exemple
[38, Section 5.3]) qui consiste & exprimer Aty comme une fonction de 9,9 et de la non-linéarité
permet de conclure quant & la propagation d’une régularité g € H? N F(H®) pour a > 0,
mais ce type de résultat reste encore un probléme ouvert a ’heure actuelle pour des espaces de

régularité supérieure H® avec s > 2.
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1.2.2 Meécanique des fluides compressibles

Dans cette partie, on présente d’une part certains résultats de mécanique des fluides com-
pressibles, comme l'existence de solutions faibles (au sens des distributions, solutions faibles
entropiques ou solutions dissipatives), et on esquisse d’autre part certaines preuves d’existence
classique, qui passe généralement par des méthodes de compacité.

On explicite dans un premier temps le lien entre différents systemes d’Euler-Korteweg et les
équations de Schrodinger via la transformation de Madelung. On évoque ensuite différents ré-
sultats concernant les systemes de type Navier-Stokes-Korteweg, en présentant notamment 1’im-
portance théorique du cas d’une loi de pression isotherme via la modélisation de ces équations
d’un point de vue de théorie cinétique quantique. Enfin, on introduit et on explique 'influence
de 'ajout d’un terme de dissipation dans les systemes précédemment cités, notamment dans
le cadre isotherme, qui justifie naturellement 1’étude de 1’équation de Schrédinger-Langevin,

appelée également systéme d’Euler-Korteweg isotherme amorti.

Systéme d’Euler-Korteweg et transformation de Madelung

En effectuant la transformation de Madelung [99] ¢ = \/ﬁeis/ " ou de facon plus rigoureuse

le changement de variable
p=1¢P et pu=hlm(¢Y*Vi)

dans ’équation de Schrodinger

h2
ihOp + 5 A = F([y[*)e,

ouh>0et F:Ry — R, on obtient formellement le systéme d’Euler-Korteweg :

Op + div(pu) =0, (1.2.16a)

O(pu) + div (pu @ u) + VP(p) = h—sz (A\/ﬁ> , (1.2.16b)
2"\ Up

ou VP(p) := pVF(p) désigne le gradient de la loi de pression p — P(p). Ces équations forment
un systéme de mécanique des fluides compressibles : 'équation (1.2.16a) est appelée équation de
continuité, et I’équation (1.2.16b) désigne I’équation de bilan de la quantité de mouvement ou
équation du moment et est constituée d’un terme classique de convection div (pu ® u), du terme
de pression VP(p) et d’'un terme de capillarité quantique A?pV (A,/p/,/p) dit de Korteweg [86]
provenant de la partie linéaire ihdy1p + h?Ap/2 de 1’équation de Schrodinger.
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D’un point de vue physique, cette formulation a d’importantes conséquences : elle est a la base
de la mécanique Bohmienne, aussi appelée théorie de Broglie-Bohm, qui est une interprétation de
la physique quantique formulée en 1952 par le physicien David Bohm et qui repose sur la théorie
de 'onde-pilote développée par Louis de Broglie en 1927. En introduisant la notion de variables
cachées, elle propose alors une approche réaliste et déterministe de la mécanique quantique, a
Iinverse de la vision probabiliste adoptée au congres Solvay en 1927 : il n’y a pas de frontiere
entre les mondes classique et quantique, et le passage de I’'un a ’autre se fait de maniére continue.
Mathématiquement, les trajectoires quantiques convergent vers les trajectoires classiques lorsque
I’on fait tendre la constante de Planck renormalisée i vers 0, et on obtient alors formellement les
équations d’Euler compressible de la mécanique des fluides classique. Cette interprétation est le
reflet de la notion d’onde-pilote proposée par de Broglie : une particule est a la fois une onde et
un corpuscule. Le mouvement de ce corpuscule est alors guidé par les équations de mécanique

des fluides vérifiées par I’onde. L’étude du terme non-linéaire dispersif

2 2
W2pV (A\/p/\/P) = %div (pV?10gp) = %AV,O — h2div (V/p ® V/p) (1.2.17)

d’ordre 3, également appelé potentiel Bohmien, est alors au coeur de cette approche. On citera
le livre de référence de D. Diirr et S. Teufel [56], ou encore celui de Robert E. Wyatt [115], pour

une introduction a ce domaine.

L’utilisation de la transformation de Madelung est délicate dans un contexte mathématique
rigoureux, comme indiqué par R. Carles, R. Danchin et J.-C. Saut dans [35]. En effet, la division
par p pour passer des équations de Schrodinger a 1’équation d’Euler-Korteweg (1.2.16) implique
une étude précise des domaines {p > 0} et {p = 0} lorsque 'on cherche & transposer des es-
timations provenant de la fonction d’onde ¢ du cadre régulier de I’équation de Schrédinger a
celui du cadre hyperbolique de (1.2.16). La présence de termes fortement non-linéaires (ie qui ne
peuvent étre vus comme des perturbations d’une équation linéaire sous-jacente) de la mécanique
des fluides quantique implique naturellement ’étude d’existence de solutions au sens faible, en
multipliant généralement les équations (1.2.16a) et (1.2.16b) par des fonctions tests C§° puis
en faisant passer les différents opérateurs de dérivation sur ces fonctions tres régulieres par des
intégrations par parties. Par exemple, pour le systéme (1.2.16), une notion classique de solu-
tion faible s’énonce ainsi : pour la donnée de conditions initiales bien préparées (généralement
(po, (pu)o) € L'(RY) x L' (RY)) et d’un temps d’existence T' > 0, on dit que (p, pu) est solution
faible de (1.2.16) sur [0, 7], s’il existe des fonctions intégrables |/p et A tel que, en définissant
p = \/ﬁz et pu = \/pA, ces fonctions vérifient :

(i) La régularité globale

VP ELX(0,T[; H'(RY), A e L*([0,T[; L*(RY)),
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avec la condition de compatibilité
VP >0 p.p.sur (0,00) x RY, A =0p.p. sur {p=0},

qui permet de donner un sens a l'écriture u = A/ /pl,~o et d’assurer que la densité
p = |1|? soit bien positive. Ce cadre fonctionnel constitue la régularité minimale afin que

les intégrales de la formulation faible qui suivent soient bien définies.

(ii) Les équations (1.2.16a) et (1.2.16b) au sens des distributions, c¢’est-a-dire que pour tout 1 €
C5o([0, T x RY),

T
/ / (pOim + pu - Vn)dwdt+/ pon(0)dz = 0,
0 R4 Rd

et pour tout ¢ € C5°([0, T] x R4 RY),

T h2
/ /d (pu O HA®D AV + P(p)div(C) + B2V /p® V/p: V(- 4pAdivC> dzdt
0 JR
+ [ (g (0)dz = 0.
Rd
(iii) Une condition d’écoulement irrotationnel généralisé : pour presque tout t > 0,
VApu=2V\/pANA

au sens des distributions. Cette derniere condition signifie que, dans le cas suffisamment
régulier ou l'on peut écrire la vélocité u, on obtient que pV A u = 0, c’est-a-dire que le
champ u est irrotationnel par rapport a la mesure pdzx.
A noter que I'on utilise en général la derniére expression de (1.2.17) pour le potentiel bohmien
dans les formulations faibles, et que ces expressions sont bien équivalentes quand la fonction p

est suffisamment réguliere.
Le systeme d’Euler-Korteweg posséde bien évidemment plusieurs lois de conservation et
propriétés d’invariance, analogues a celles des équations de Schrodinger associées : on citera en

particulier la conservation de la masse pour tout temps ¢t > 0,

1o(t, ) L @ey = llpollrmey

qui est une réécriture de (1.2.1), ou encore la conservation de l’énergie associée au systéme
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(1.2.16),

2
B(t) = Bun(®) + By(t) i= 5 [ plul+ [ (Zwm +H<p>> = E(0).

ou Eyi, et E), désignent respectivement les termes d’énergie cinétique et d’énergie potentielle, et

I’énergie interne H(p) est relié a la pression P(p) via ’expression

H(p) = /f L) 4.

o2

Quand une solution faible possede en plus de la définition donnée précédemment une énergie
bornée (pour presque tout temps, au vu de la régularité des fonctions p et pu), on parle alors
de solution faible d’énergie finie. Dans [4], P. Antonelli et P. Marcati ont montré 'existence de
solutions faibles d’énergie finie pour le systéme d’Euler-Korteweg (1.2.16) avec loi de pression
barotropique P(p) = p”, avec v > 1. Leur approche est basée sur le lien entre ce systéme et
I’équation de Schrodinger avec non-linéarité puissance (1.2.6) pour la constante de non-linéarité
A = (y —1)/v, en utilisant notamment l’existence de solutions réguliéres pour des données
initiales ¢ € H'(R?) ainsi que les estimations de Strichartz associées. Pour le cas d’une loi de
pression isotherme P(p) = p, qui correspond cette fois-ci au cas de la non-linéarité logarithmique
pour I'équation de Schrodinger (1.2.12), R. Carles, K. Carrapatoso et M. Hillairet ont montré
dans [34] l'existence de solutions faibles d’énergie finie (p, pu) pour des données initiales py =
[v0]? et (pu)o = hIm (%V@Do) et Yo € HY(RHNF*(RY) pour 0 < a < 1. De méme, leur méthode
repose essentiellement sur la transformation de Madelung et la théorie de Cauchy développée

dans [36] pour I’équation de Schrédinger logarithmique (1.2.12).

Systéme de Navier-Stokes-Korteweg et limites visqueuses

Un autre systeme de mécanique des fluides quantique a été I'objet de nombreuses études

dans la littérature mathématique : celui de Navier-Stokes-Korteweg, qui peut s’écrire

Op + div(pu) = 0, (1.2.18a)

20\ v

avec les conventions précédentes. Ce systéme correspond au systeme d’Euler-Korteweg auquel

O(pu) + div (pu @ u) + VP(p) = U pV <A\/'5> + vdiv (pDu) , (1.2.18Db)

on a ajouté un terme de viscosité vdiv (pDu) avec la partie symétrique du gradient de vitesse
Du = (Vu+Vu')/2 et la constante de viscosité v > 0. Il est intéressant de noter que ce dernier
terme n’a pas d’équivalent du c6té de ’équation de Schrodinger : le terme de viscosité invalide la

transformation de Madelung pour le systeme de Navier-Stokes-Korteweg. On ne peut donc pas
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utiliser cette correspondance pour montrer certains résultats d’existence de solutions comme

nous l'avons présenté avec le systeme d’Euler-Korteweg dans la section précédente. Comme

expliqué dans [108], une méthode classique pour obtenir I'existence de solutions faibles pour ce

genre de systeme est alors la suivante :

(1)

(2)

On établit tout d’abord des estimations a priori de type estimation d’énergie pour des

solutions suffisamment régulieres du systeme.

On introduit ensuite des termes de viscosité dans ce systéme, par exemple des termes de
dérivée d’ordre supérieur £1Ap a droite de I’équation de continuité (1.2.18a) et eaA(pu) a
droite de I’équation du moment (1.2.18b) avec €1, €2 > 0. Ces termes impliquent généra-
lement des estimations a priori plus fortes sur ce systéme approché (pour cet exemple en
e1 [ |Vpl? et &2 [ |V (pu)|? dans estimation d’énergie), pour lequel on peut alors facilement
montrer 'existence de solutions faibles. Typiquement, dans notre exemple, I’équation sur

la continuité devient une équation de type parabolique
Op + div(pu) = e1Ap

pour laquelle il est relativement aisé d’obtenir des résultats d’existence de solutions a
forte régularité. Dans la formulation faible, le terme de viscosité €1 Ap n’implique pas de
véritable contrainte de formulation puisque l'on peut faire passer les différentes dérivées

sur la fonction test 7 € C§°([0, 7 x T?) comme suit :

T
[ [ 00+ (o) 9+ pandadt + [ pon(0)de = 0.
0 Td Td

A noter que les termes de bord se compensent dans les intégrations par parties par périodi-
cité des fonctions en la variable d’espace x. Cette étape génere donc une suite de solutions

assez régulieres (pe, co, (PU)e),e0)e1,co AU systéme approché.

Enfin, la partie la plus difficile est en général de montrer que les estimations de la par-
tie (1), nécessairement uniformes en €1 et €2, permettent d’extraire une sous-suite de
(Per,e2s (PU)ey e0)e1 o qui converge via des arguments de compacité vers une solution faible
(p, pu) du systeme de départ. Cette limite peut s’effectuer en deux temps (e1 — 0 puis
€9 — 0 ou inversement) ou simultanément en £; et 5. En outre, il est en général plus
simple d’obtenir des critéres de compacité sur le tore T?, qui est compact, que sur I’espace
R? tout entier. C’est pourquoi la plupart des résultats d’existence en mécanique des fluides
compressibles sont énoncés sur T?. La dimension d peut également jouer un réle impor-
tant dans les diverses estimations dues aux propriétés d’inclusions des espaces de Sobolev
(généralement 1 < d < 3).
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Il est évident que le cas des viscosités présentées ici est un exemple parmi tant d’autres. La
littérature de mécanique des fluides compressibles regorge de termes de régularisation introduits
pour ce type de systéme (on citera notamment le livre de E. Feireisl [59]). De méme, plusieurs
types d’estimation a priori existent également pour ce type de systeme, et sont plus ou moins
sensibles & I'ajout de certains de ces termes de régularisation : on utilisera par la suite ’estimation
de BD-entropy due a D. Bresch et B. Desjardin [25]

1 2 p’y t 1 X2 2
L (Golus Vios o+ L) [0 (2193 + plaul? ) dods < Clon, (pulos),
Td 2 ")/—1 0 JTd \7Y

ou Au = (Vu — VUT) /2, dans le cas non-quantique & = 0 d’une loi de pression barotropique
P(p) = p7 avec v > 1, qui n’est plus valide par exemple quand on ajoute un terme de viscosité
artificiel dans I’équation de continuité (terme en £; dans ’exemple précédent). On peut également

évoquer 'estimation de Mellet-Vasseur
|, el 10 (1+ [uf?) (t.2)do < Clpo, (pu, )

pour ce méme jeu de parametre, due a A. Mellet et A. Vasseur [101], qui n’est plus valide quand

on ajoute un terme de capillarité de type Korteweg dans 1’équation du moment.

L’existence de solutions faibles au systéeme de Navier-Stokes-Korteweg est un probleme dé-
licat, dont la résolution dans le cas de données initiales arbitrairement grandes pour une loi de
pression barotropique n’a été résolu que trés récemment dans [88] par A. Vasseur et I. Lacroix-
Violet en introduisant le concept solution renormalisée. Un autre des résultats les plus notables
de ces derniéres années est 'article de A. Vasseur et C. Yu [111], dans lequel les auteurs montrent
’existence de solutions faibles (au sens classique) pour ce systéme en présence de termes d’amor-
tissement du type rou et riplu/*u dans I'équation du moment (1.2.18b) en dimension d = 3
d’espace. Ce résultat leur a d’ailleurs permis de montrer ’existence de solutions au systeme de
Navier-Stokes compressible avec viscosité dégénérée dans [110] par un passage a la limite i — 0
dans le systéme décrit précédemment. On peut également mentionner 'article de A. Jiingel [84]
ol l'auteur obtient un résultat d’existence faible pour des fonctions test de la forme pn, ou encore
l'article de M. Gisclon et I. Lacroix-Violet [68] qui traite I’existence de solutions faibles dans le
cas d’une loi de pression singuliére. Dans le cadre d’une pression isotherme P(p) = p, R. Carles,
K. Carrapatoso et M. Hillairet ont également démontré dans [34] I'existence de solutions faibles

d’un systeme renormalisé en imposant des conditions de régularité plus fortes sur la variable ,/p.

Il est intéressant de constater que, comme mentionné dans [24], la pertinence physique du
systeme de Navier-Stokes-Korteweg dans le cas d’une loi de pression barotropique est assez

discutable, en particulier lorsque la densité est proche de 0. En revanche, S. Brull et F. Méhats
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ont dérivé dans [31] un modele issu de la théorie cinétique quantique, initié par P. Degond
et C. Ringhofer dans [52], faisant intervenir des lois de pression isotherme et des termes de
viscosité de type Navier-Stokes. Plus précisément, par une approche analogue a la méthode
de Chapman-Enskog, appliquée au cadre de la mécanique quantique, les auteurs écrivent les

équations d’hydrodynamique

{5,5,0 + div(pu) =0, (1.2.19a)
O(pu) +div (pu @ u +P) + pVV =0, (1.2.19Db)

ou V correspond & un potentiel, et le tenseur de pression P s’écrit sous la forme

P oy [ 0= w)p— wf (e ),

(2wh)3
ou la fonction f(¢,x,p) correspond & une fonction de densité de distribution. Ce systeme d’équa-
tions est un systéme ouvert en raison de I'indétermination de 'opérateur P. Cependant a I’équi-
libre, on peut écrire f ~ f4(p, pu) (cf [51]) et on obtient alors un systéme fermé qui correspond
au systeme d’Euler-Korteweg isotherme décrit dans la section précédente. Quand on développe
cet équilibre a ordre 1 en écrivant f ~ f(p, pu) + v f1(p, pu) pour v > 0 petit, on obtient éga-
lement un systeme fermé qui correspond au systeme Navier-Stokes-Korteweg isotherme. Cette
perturbation du systeme d’Euler justifierait I’étude d’une limite visqueuse v — 0 dans ce cadre,
limite qu’il est en général difficile voire impossible d’obtenir pour des notions classiques de so-

lutions faibles de mécanique des fluides compressibles quantique.

Pour remédier & ce probléme, on peut s’intéresser a d’autres notions de solutions faibles qui
seraient plus adaptées a la justification rigoureuse des limites visqueuses singulieres. C’est le cas
des solutions dites dissipatives, introduites par P.-L. Lions [96], qui sont basées sur 1'utilisation

de fonctionnelles particulieres appelées entropies relatives, que ’on écrit
EUIV): X xY — Ry,

ol X est un espace de Banach de solutions faibles U, et Y C X est un espace de Banach de
solutions fortes V inclues dans cet espace de solutions faibles du systéeme de mécanique des

fluides d
@U(t) = A(t,U(t)), t >0, U(0) = Uy,

ou A désigne un générateur non-linéaire. Une entropie relative doit alors vérifier trois propriétés :

e Propriété de distance. Pour tout couple (U, V) € X x Y,
EWUIV)>0 et EWUIV)=0siet seulement si U = V.

33



Chapitre 1 — Introduction

e Fonctionnelle de Lyapounov. Si V est une solution d’équilibre, c’est-a-dire si A(t, V (t)) =
0 pour tout t > 0, alors V € Y et

d
ZEWV)(H) 0.

e Inégalité de Gronwall. Pour tout couple (U, V) € X x Y, pour presque tout ¢ > 0,
t
EWUV)(t) = EWUV)(0) S/ EUV)(s)ds.
0

Les solutions dissipatives constituent alors des solutions U (suffisamment régulieres) satisfai-
sant I'inégalité de Gronwall pour toute solution forte V' du systéme d’origine. Elles vérifient un
principe d’unicité faible-forte, ce qui signifie que la solution faible dissipative et la solution forte
coincident tant que cette derniere existe. Par conséquent, la solution forte est unique dans la

classe des solutions faibles, ce qui est une conséquence directe de 'inégalité de Gronwall.

Dans leur récent article [27], D. Bresch, M. Gisclon, et I. Lacroix-Violet ont montré 'existence
de solutions dissipatives pour ces deux systemes avec une loi de pression barotropique. Ils ont
ainsi fait le lien entre les solutions faibles du systéme de Navier-Stokes-Korteweg obtenues par
A. Vasseur et 1. Lacroix-Violet et le systeme d’Euler-Korteweg. Afin de construire une entropie

relative, ils considérent un systéme de type Euler-Korteweg augmenté, qui s’écrit, en notant

U= %V log p,
B + div(pu) = 0, (1.2.20a)
h
Oc(pu) + div (pu @ u) + AVp?T = §div(pVU), (1.2.20b)
h
Or(pv) + div (p ® u) + div (pvu') =o0. (1.2.20c)

avec v > 1. Comme une solution faible du systéme originel est également solution faible du
systéme augmenté, les auteurs récupeérent, grace au résultat d’existence de [88], une solution

faible (py, (pu)y, (p0),) du systeme de Navier-Stokes-Korteweg augmenté

Op + div(pu) =0, (1.2.21a)
Ny

O(pw) + div (pw ® u) + AVp7 = %div(va) + gdiv(pr), (1.2.21b)

A (pv) 4+ div (pv @ u) + div (quT) = 0. (1.2.21c)

ot w = u+ 5Vlogp et v =logp. En se basant sur I'estimation de BD-entropy de (1.2.21), les

auteurs construisent ensuite une entropie relative (cf [27]) dont 'inégalité de Gronwall associée
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converge bien vers celle de I’entropie relative du systeme d’Euler-Korteweg
_ 1 _
Epuic(p,u o R UV = 5 [ (T =VE+lu=UP)+ [ HIR)

ou

H(p|R) = H(p) - H(R) — H'(R)(p — R)

et H(p) = %/ﬂ, et on obtient donc une solution dissipative de (1.2.20). Il est important de
noter que dans la définition de solution dissipative, dans la mesure ou les systemes de Navier-
Stokes-Korteweg et Euler-Korteweg ne possedent pas de solution au sens fort, les auteurs doivent
introduire un terme d’erreur & (R, U) qui tient compte de cette pathologie. Une description plus

précise sera abordée au Chapitre 1.3.3.

Equation de Schrédinger-Langevin ou systéme d’Euler-Korteweg isotherme avec

amortissement

L’équation de Schrodinger-Langevin logarithmique (qu’on appellera plus simplement équa-
tion de Schrodinger-Langevin dans la suite) apparait pour la premiére fois dans la littérature
physique en 1985 dans une note de A.B. Nassar [104], et s’écrit formellement sous la forme d’une

équation de Schrédinger non-linéaire :

h2
ihop) + %Aw = M log(||?) +3 hw log (;i) . (1.2.22)

Cette équation possede deux non-linéarités de type logarithmique : la premiére dépend du module
de 1 et fait alors écho aux récents travaux de Bialynicki-Birula et Mycielski [20] qui ont déja
été évoqués plus haut, et la deuxieéme fait intervenir ’argument de la fonction d’onde 1 sous la
forme d’un potentiel dit de Langevin, introduit par M D. Kostin en 1972 dans ses travaux sur
les systémes dissipatifs quantiques [48]. A noter que dans son article de 1985, Nassar introduit
également un champ électrique externe que nous ne considérerons pas dans la suite. De méme,
nous rappelons que nous adoptons la convention de normalisation m = 1. L’auteur évoque alors
dans la suite le lien via la transformation de Madelung entre I’équation (1.2.22) et le systéme de

mécanique des fluides compressibles de type Euler-Korteweg

Op + div(pu) =0, (1.2.23a)

O¢(pu) +div (pu @ u) + AVp + ppu = —va (A\/\§> (1.2.23b)

Cette équation, introduite afin de proposer une interprétation stochastique de la mécanique

quantique dans le contexte de la mécanique Bohmienne, a récemment eu un regain d’intérét
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dans la communauté physique, notamment en mécanique quantique, afin de décrire la mesure
continue de la position d’une particule quantique (on renvoie au livre de A.B. Nassar et S.
Miret-Artés [103] ainsi qu’aux articles [118] et [102]) ; également en cosmologie et en mécanique
statistique, notamment via les travaux de P.-H. Chavanis [45], [46] et [47]. Ce dernier indique
notamment que la constante A = 2kpT'/h correspond & un coefficient de friction quantique dont
les deux signes, positif et négatif, sont d’intérét (ou kp désigne la constante de Boltzmann et T'
est une température effective). A I'inverse, le coefficient de friction réel y est supposé strictement

positif. On adoptera donc dans la suite la convention suivante :

NER et >0

L’équation de Schrodinger-Langevin (1.2.22) n’avait pas encore regu de développement mathé-
matique rigoureux jusqu’a maintenant & notre connaissance, en particulier en présence d’une
non-linéarité logarithmique A log |1|%. Le potentiel de type Langevin Leplog(v/¢*) et son lien
avec le terme de dissipation pupu en mécanique des fluides est en revanche connu et étudié de-
puis plusieurs années, notamment depuis les travaux de A. Jingel [81] ou [83]. Son caracteére
mal posé, du fait de la présence d’un logarithme complexe multivalué ainsi qu'un comporte-
ment indéterminé quand la fonction d’onde v est proche de 0, fait de son traitement rigoureux
un probléme délicat. On renvoie & l'introduction de [4] et & ses références pour une descrip-
tion plus détaillée des différentes restrictions mathématiques liées a sa présence dans le cadre
d’une loi de pression barotropique AVp? avec v > 1 a la place d’une loi de pression isotherme
AVp dans I’équation (1.2.23b). A noter également que dans [98], J. L. Lépez, José Luis et J.
Montejo-Gamez ont montré ’existence locale de solutions dans un domaine borné pour 1’équa-
tion de Schrédinger-Lagenvin dans le cas A = 0, avec de fortes hypotheses de régularité sur les
conditions initiales.

Formellement, cette équation préserve certaines lois de conservation des équations de Schro-
dinger décrites précédemment, en particulier la conservation de la masse (1.2.1) ainsi que les
invariances de translation en espace ou en temps. De méme, comme pour 1’équation de Schro-
dinger logarithmique, 1’équation de Schrédinger-Langevin possede une propriété d’invariance

d’échelle : formellement, si ¢ est solution de (1.2.22) avec condition initiale (0, .) = vy, alors

A
K1) exp (—21’ log k (1 — e“t>>
i
est également solution de (1.2.22) pour tout x > 0 avec condition initiale k1)g. En revanche,

le terme de Langevin 34 log(¢/4*) implique une dissipation de 1’énergie, que 1'on peut écrire

formellement en formulation fluide :
1 t
f/ p]u|2dx —I—/ (\V\/ﬁ|2 + )\plogp) dx + ,u/ / p|u]2dxds < C(1p). (1.2.24)
2 Jrd R4 0 JRrd
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De méme, les propriétés d’'invariance Galiléenne et de conservation du moment ne sont pas véri-
fiées par (1.2.22). Cependant un calcul simple (cf Chapitre 2.2) permet de montrer formellement

la convergence du centre de masse quand t — oo :

[ wottate = [ ap(@yiz == [ (o)

Cette équation possede de nombreuses autres propriétés qui rendent son étude mathématique
intéressante. Nous allons voir dans le prochain chapitre que la propriété de propagation des
solutions gaussiennes est encore vérifiée, comme dans le cas linéaire ou logarithmique. Qui plus
est, il est assez inédit pour une équation de Schrodinger non-linéaire de posséder un terme de
dissipation d’énergie mais qui préserve la conservation de la masse : cela signifie que le terme de

Langevin "respecte" en quelque sorte la symétrie de ’équation de Schrodinger.

37



Chapitre 1 — Introduction

1.3 Reésultats de la these

1.3.1 Dynamique en temps long de I’équation de Schrédinger-Langevin sur R?

Article de référence : Dynamics of the Schrodinger-Langevin equation, paru & Nonli-

nearity [41].

Nous allons maintenant présenter certains résultats obtenus dans cette thése qui font 1’objet
du Chapitre 2. Motivés par les remarques de la littérature physique, notamment les articles
de C. Zander, A. R. Plastino et J. Diaz-Alonso [118] et de S.V. Mousavi et S. Miret-Artés
[102], on montre que toute donnée initiale gaussienne est propagée en une solution gaussienne
de I'équation (1.2.22) sur I'espace R (le cadre gaussien trés régulier permet de s’affranchir des
problémes de définition de I’équation (1.2.22) et d’avoir une théorie de Cauchy globale). De plus,
on peut décrire explicitement le comportement a l'infini de ces solutions gaussiennes, ce qui fait

I’'objet du théoréme suivant :
Théoréme 1. Voir [41, Theorem 2.1].

Soit A € R*, on considére la donnée initiale gaussienne

d

1
o (t,x) = by exp ~5 Z aojx?
j=1

avec by, apj € C, apj = Reag; > 0. Alors lunique solution ¢ de (1.2.22) est donnée par

l’expression gaussienne

1
rj(t)

d 2 . 2
2) = z 75(t) 75
w(ta ) bOJl;Il (t) rj(t> 2)

exp <i¢j (t) — angTT] +1
J

2

pour les fonctions réelles ¢; et rj, telles que, quand t — oo,

o si A <0,
Oé()j

i(t
ri(t) = o

et f“j(t) — 0,

de sorte que la solution Y tend vers un profil gaussien universel, ie
|Y(t,x)] — ceM* pour tout x € RY,

t—+o0

ou C = C()\,Oto,bo,d) >0,

o et st A>0,
Ao, Ao,
ri() ~ 20| S et ()~ g
% pt
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de sorte que

Ay -1
(e Y =Gt et [0(e s ~ O

ot €' = Clap, bo, 1, A, d) et C = Clag, by, 1, A, d) > 0.

A noter que I'on peut également exprimer les termes de phase ¢; en fonction de la variable 7,

via l’expression

t .
) ot —pu(t—s) _Tj(S) - @, —9\1 — 1l .
85(t) = dioe ' + [ e (z%@ (g~ 2Aog ol — Aoy (s) ) ds.

Pour résumer, le théoreme précédent indique que

e dans le cas focalisant A < 0, toute solution gaussienne tend ponctuellement vers une

’\|””|2, ou la constante C ne dépend que de la masse initiale de la

gaussienne limite Ce
gaussienne [|¢h| 1 (gay. Nous allons voir dans la suite que cette gaussienne définit en fait
un ground state (également appelé Gausson dans le cadre gaussien) de fagon analogue a
I’équation de Schrodinger logarithmique.

e dans le cas défocalisant A > 0, toute solution gaussienne disperse en /4

, qui est un taux
de dispersion bien plus lent que dans le cas usuel linéaire de Schrodinger libre (1.2.2) ou
Schrodinger avec non-linéarité puissance (1.2.6) (qui est en t~%2) ou que I’équation de
Schrédinger logarithmique (1.2.12) (en (t/Tog#)~%2). En revanche, contrairement au cas
logarithmique, les normes de Sobolev homogenes de ces solutions gaussiennes décroissent

au cours du temps.

La preuve de ce théoreme, qu’il suffit d’effectuer en dimension d = 1 par une propriété
de tensorisation des solutions gaussiennes (cf Remarque 2.24 du Chapitre 2), repose sur des
changements de variable analogues au cas de ’équation de Schréodinger logarithmique de [36] et

par ’étude de ’équation différentielle non-linéaire d’ordre 2,

2
. ajy 2 g i
7= T—3+ el L (1.3.1)
avec 7(0) = 1 et 7(0) = —fp. Pour les deux signes de A, cette étude repose sur la compréhension

fine du comportement global de ’équation. Le comportement des solutions est illustré par la
Figure 1.1 pour le cas A < 0 et la Figure 1.2 pour A > 0, pour différentes conditions initiales
7(0) = —5,-1,0,1,5.

Le but est alors d’utiliser les résultats obtenus sur ces fonctions gaussiennes afin de décrire
le comportement asymptotique de solutions plus générales de (1.2.22). Comme nous n’avons pas

formulé de théorie de Cauchy pour cette équation, on suppose 'existence de solutions faibles
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FIGURE 1.1 — Dynamique de I"équation (1.3.1) dans le cas focalisant A < 0.

d’énergie finie pour le systéme d’équations de mécanique des fluides compressibles (1.2.23) (on
renvoie & la Définition 2.2 du Chapitre 2 pour 1’énoncé exact de cette hypothese), qui fournit
un cadre d’étude plus rigoureux de cette équation. Comme il est difficile de connaitre la notion
optimale de solution faible pour des problémes de Cauchy en mécanique des fluides, nous faisons

de plus certaines hypotheses de régularité sur nos solutions : on parle de résultats de rigidité (cf
[108] et les références associées).
Dans le cadre d’une non-linéarité focalisante A < 0, on suppose de plus que la densité p

vérifie les hypotheses de régularité

VP € Lig.(Ry; H*(RY) N W (RY)),

et qu’elle posseéde un moment d’odre 2 uniformément borné,

sup/ lz2p(t, x)dx < oo.
t>0 JR4
A noter que cette derniére hypothese est a la fois satisfaite par ’ensemble des solutions gaus-
siennes de (1.2.22) (cf Remarque 2.17 du Chapitre 2) et par des simulations numériques (voir
Figure 2.4). En effet, trois types de scénarios apparaissent généralement pour la dynamique de
la densité p, grace au fameux lemme de concentration-compacité du & P.-L. Lions [95] : soit la
solution oscille ou explose en temps fini, ce qui est empéché par l'estimation d’énergie (1.2.24),

soit la solution diverge simultanément vers 400 et —oo de facon symétrique, ce qui ne peut étre
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r(t)

0 200 400 600 800 1000

FIGURE 1.2 — Dynamique de I’équation (1.3.1) dans le cas défocalisant A > 0.

exclu par la convergence du centre de masse [ zp que nous avons déja évoqués. Cette hypothese
de tension de la densité p empéche donc ce dernier scénario d’arriver, et nous renvoyons a la
Remarque 2.7 du Chapitre 2 pour une discussion plus précise sur les difficultés rencontrées pour

démontrer cette hypothése. On peut alors énoncer le théoréme suivant :

Théoréme 2. Voir [/1, Theorem 2.6].

Pour A < 0, et sous les hypothéses de régularité présentées ci-dessus, en supposant que pg # 0,

on a que
p(t,:) — C>\e>“x_x°°|2 faiblement dans L' (]Rd),
t—+o00
ol ¢y = ”pOHLl(Rd)(—)\/ﬂ')d/2 et T, est uniquement déterminé par

. 1
roollollie = Jlim [ ap(t.z)dr = [ moo()dz — - [ po(auo(a)de.

Ce théoréme implique donc la convergence, dans un sens faible, de la densité de toute solution
de (1.2.22) vers un profil gaussien limite. Ce phénomene, singulier en mécanique des fluides
compressibles ou en théorie des EDPs dispersives, est en revanche bien plus connu et compris
en théorie cinétique, ou les solutions convergent vers des Maxwelliennes, qui correspondent

également a des fonctions gaussiennes. Sa démonstration repose notamment sur une étude du
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w 2
+d Al

Gausson ¢, () := e2x solution de I’équation elliptique non-linéaire

1
—§Af+wf+/\flog\f]2 =0

analogue a celle effectuée dans [49], et 'utilisation du principe d’invariance de LaSalle [90] issu
de la théorie des systémes dynamiques : on remarque en effet que la dissipation liée au terme p

correspond & l'intégrale en temps de I'énergie cinétique dans (1.2.24), et donc que
Ec(t) + Ep(t) = _Q#EC({:) <0, (1'3'2)
ce qui implique que ensemble-limite de toute solution de (1.2.24) est réduit a ’ensemble

0 ={(pu) | Eelp,w) + Eplp,u) = 0} = {(p,u) | Eelp,u) = 0}

Ce résultat de convergence vers le Gausson limite est également confirmé par des simulations

numériques, voir Figure 2.1.

Pour le cas de la non-linéarité défocalisante (A > 0), on reprend l'idée de [36], et en supposant

I’hypothese supplémentaire de régularité

VP € LS. (R, H 0 F(H")(RY),

loc

on peut énoncer le théoréme suivant :

Théoréme 3. Voir [/1, Theorem 2.10].
Pour A > 0, sous les hypothéses d’existence et de régularité décrites précédemment, on note p la

fonction renormalisée par le changement de variable

ol o) = T(t;dﬂﬁ (t’ jt)) ’

ot T désigne 'unique solution C*([0,00)) de l’équation différentielle

2)
F="2 s, 7(0)=1, #(0)=0,
T

qui satisfait, quand t — 400,

Alors
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ot ¢ := || poll g1 ayr ™2

Ce théoreme implique également une convergence faible vers une gaussienne limite via une
renormalisation par le taux de dispersion 7, car toute solution disperse vers 0, ce qui justifie le
nom de non-linéarité "défocalisante". La preuve, qui repose sur le changement de variable décrit

dans le théoréme, se fait par 'analyse du systéme de mécanique des fluides renormalisé

0o + —12 div7 =0, (1.3.3a)
T
JJ

1 1 A
0T + ﬁdiv ( ) +AVo+ 2 yo+puJ = ﬁ@v <ﬂ> : (1.3.3b)

Ve

Formellement, en injectant 1’équation de conservation de la masse dans celle du moment et en
laissant 7(t) — oo dans le systéme précédent, on obtient une équation fermée sur o de type
Fokker-Planck

ds0 = Lo,

ou L := AA + 2X\div(y-), équation pour laquelle il est connu que les solutions convergent en
temps grand vers des solutions gaussiennes. A noter que contrairement & ’équation elliptique
du cas focalisant, ’équation précédente n’est pas invariante par translation en espace, et par
conséquent, la limite du théoréme est bien unique (et pas seulement & translation pres). On
peut noter que la preuve repose également sur des théorémes classiques d’analyse fonctionnelle,

notamment pour montrer que ’entropie associée a cette renormalisation

gent(t) = /]Rd olog (5) dx,

avec T := e~ loI* = 72, est bien positive par I'inégalité de Csiszar-Kullback (cf Lemme 4)

1
Eent(t) > =———||lo(t) = T||?, >0
ent()_2HFHL1HQ() HLl— )

mais aussi sur les théoremes de De la Vallée-Poussin (cf Lemme 5) et de Dunford-Pettis (cf
Lemme 6). Ce résultat est encore une fois appuyé par des simulations numériques (voir Figure
2.2 au Chapitre 2).
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1.3.2 Stabilité d’ondes planes pour I’équation de Schrodinger logarithmique
et Schrodinger-Langevin sur T¢

Article de référence : Around plane waves solutions of the Schrédinger-Langevin

equation, avec Erwan Faou, & paraitre a STAM J. Math. Analysis [44].

Les hypotheses de régularité exigées dans la section précédente sont directement liées au
manque de compacité sur I'espace R%. Une approche classique dans ’étude des EDPs, notamment
en mécanique des fluides compressibles, est de se placer dans une géométrie compacte, celle du
tore T¢ = R?/(2rZ%). Les résultats d’existence de solution sont alors généralement plus faciles
a établir. En revanche le comportement des solutions est bien différent, en particulier dans le
cadre des EDPs dispersives. Dans le cas des équations de Schrodinger, 1'étude des solutions

gaussiennes sur R? est alors remplacée par celle des ondes planes
U (t, ) = pe™m@=wt 4 e Td, (1.3.4)

avec p > 0, m € Z% et w € R, solutions déja évoquées supra, et qui font alors bien partie des
espaces de régularité classique (espaces de Lebesgue LP et espaces de Sobolev H?®). Dans un
article paru en 2013 [58], E. Faou, L. Gauckler et C. Lubich ont montré la stabilité orbitale
générique des solutions de type onde plane (1.3.4) avec w = |m|? + 2\p? de 'équation de

Schrédinger cubique

i00) + A = A4, (1.3.5)

dans le cas de petites perturbations autour de ces solutions dans des espaces de forte régularité
H? (']I‘d) avec s > sy pour sg suffisamment grand. Leur preuve est notamment basée sur des
arguments classiques issus de la théorie des formes normales de Birkhoff dans le cadre des EDPs
hamiltoniennes développé par D. Bambusi et B. Grébert [11], [71], et nécessite une restriction
sur la taille des solutions dans le cas focalisant du type 1 4 2XAp? > 0, et des conditions de

non-résonances sur les valeurs propres du linéarisé, satisfaites pour presque tout p.

Dans le cas de I’équation de Schrodinger logarithmique

100 + A = A log |2,

pour une donnée initiale constituée d’un seul mode de Fourier v(0,z) = pe'™*, cette équation

possede également une unique solution de type onde plane v, (t,z) = pei(m'x*“’t) localisée sur le
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mode de Fourier m, avec la fréquence
w = |m|* + 2\ log p.

Nous avons montré avec E. Faou dans [44], par une méthode de linéarisation analogue a [58]
autour de ces ondes planes, la stabilité en temps grand des ondes planes solutions de (1.2.12)
dans ces mémes espaces de Sobolev H® a forte régularité, pour presque tout A > —%. Plus

précisément, on a le théoreme suivant :

Théoréme 4. Voir [}/, Theorem 2].

Soit m € Z% fizé. On suppose —% <A <A, p>0,00 R et N > 1 fizés arbitrairement.
Alors il existe s > 0, C > 1 et un ensemble de mesure pleine A contenu dans [’intervalle
[A_, A\4] tel que pour tout s > s et pour tout X € A, il existe g > 0 tel qu’on ait le résultat

sutvant : st la donnée initiale Vg est telle que

le™"™%4ho = (e o) || o = € <0, et 90l . = p,
alors la solution ¥ (t) de ’équation de Schrodinger logarithmique avec (0, x) = o(x) satisfait

He—im‘zw(t’ ) B peie(t)” < Ce pour t< €_N,

HS

ot 0(t) vérifie
10 + |m|? — 2\ log p| < Ce2.

On peut faire plusieurs remarques sur ce théoréme :

e comme t € {O,E*N } avec € < g9 K 1 et que I'entier N peut étre choisi arbitrairement
grand, on a bien un résultat de stabilité en temps grand, qui fournit de plus un résultat
d’existence de solutions & ’équation de Schrodinger logarithmique (1.2.12) dans le cadre

des espaces de Sobolev a forte régularité H*.

e par conservation de la norme L? de la solution 9 de (1.2.12), on a bien un résultat de
stabilité orbitale du type

inf ||y (t, ) — vy (0, )|

int s < Ce,  pour t<e N,
€

e ’hypotheése sur A, qui fait intervenir un ensemble de mesure pleine A, découle des théo-
remes classiques sur les formes normales de Birkhoff appliquées aux EDPs hamiltoniennes

(on citera par exemple, en plus de [58], les résultats de [10] ou [12]).

La démonstration s’appuie sur les nombreux invariants de I’équation (1.2.12) : linvariance

galiléenne permet de se ramener au cas m = 0 de I’onde plane constante vy, et il suffit de montrer
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le résultat pour p = 1 grace a l'invariance d’échelle. En décomposant la solution ¢ sur la base

de Fourier ¥(t,z) = > czq ¥j(t)e”"® et par un changement de variable
Y= ew(a + w)

avec (w) = 0 et a > 0, on est ramené & I'étude de la fonction w = 37, w;(t)e"* par conservation

de la norme L? de 1 et ’égalité de Parseval, qui peut alors s’écrire

a =4/ I ”wH%Q(Td)'

A noter que les équations sur les (wj)j£0 permettent également de controler le terme de phase 6.
En développant les termes logarithmiques en série formelle autour de la constante 1, on remarque
alors qu’au niveau linéaire, I’équation sur le mode w; est couplée a celle sur w_; et inversement.
En notant W,, = (w;,w_;)T pour n = [j|? > 1, on a alors une équation qui peut s’écrire sous la
forme

Tt 2
'LWTL = ATLWTL + O(HWHL2)>

n+ A A
An = )
A —n-=A
matrice symplectique hermitienne et de conditionnement inférieur & 2 (et donc uniforme en n),

dont les valeurs propres +v/n? + 2\n satisfont la condition de non-résonance de Bambusi [9]

pour presque tout A, et on peut alors appliquer un théoréme analogue au Théoréme 7.2 de [71]

avec

qui conduit au résultat. Encore une fois, ce résultat est corroboré par des simulations numériques
en dimension d = 1 : dans la Figure 3.1 du Chapitre 3, ou 'on trace le module de la solution
perturbée 1, ou dans la Figure 3.3, ol 'on trace 1'évolution des actions (|v;|);cz de la solution
1.

Nous avons également également étudié le cas de I’équation de Schrédinger-Langevin

00+ A0 = Mplog | + hewog (1)

ot la situation est alors bien différente : on perd la structure Hamiltonienne réelle de (1.2.12) et
on ne peut donc pas appliquer la théorie des formes normales. De plus, le terme d’amortissement

en i change également la dynamique des ondes planes : les solutions stationnaire de ’équation

sont alors les solutions constantes de la forme

Y= p6721)\10gp/u’

ou p > 0. Pour s > %, I’espace de Sobolev H*® (Td) est une algebre, et on note C; la constante
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liée & I'inégalité : pour tout u, v € H*(T?),
[uv] . < Csllull . ([0l e -

On définit alors le sous-ensemble

_ _ o s (md _ w 1
U = {u—e (a+w) | (0,0,w) € Ry xTx BT, a>0, (w) =0, [ < Cs}
sur lequel sont bien définies de fagon analytique les non-linéarités logarithmiques de 1’équation
> = \u(t)(logu(t) + logu*(t)) et u(t) — log(u(t)) —

log(u*(t)). On peut alors énoncer le théoréme suivant, qui indique que toute solution suffisam-

de Schrodinger-Langevin u(t) — log|u(t)

ment proche de la constante v pour p > 0 converge exponentiellement vite vers cette constante
dans H*(T?), et sous la condition A > —1

Théoréme 5. Voir [{4, Theorem 1].
Soit s > %, A > —%, >0 etp>0. Alors il existe g > 0 tel que, pour toute donnée initiale
o € Us vérifiant

”wo - <¢0>||H5(']Td) <e et "¢0"L2(Td) =P,
la solution 1 de l’équation de Schridinger-Langevin, avec ¥(0,.) = g € Us, satisfait pour tout
t>0,

—2iAl -
468, ) — pe 2 N8O/ < O (14 )

ot C = C(s,d,p,eg) >0, et ot >0 et € {0,1} dépendent de p et X de la fagon suivante :

(i) Sip <2vV1+2X\alorsa=5 et 3=0.
(i) Sip=2vV1+2X alors a =5 et f=1.

(iii) Sip > 2+/14 2\ alors
poop > p

et 8%l existe un entier n > 2 tel que p? = 4n? + 8 n on a B =1, et si ce n'est pas le cas,
alors B = 0.

On peut alors faire plusieurs remarques :

e contrairement au cas de I’équation de Schrédinger logarithmique, on a un résultat dans
d
2
inconnu. De méme, le résultat est vrai pour tout A > —

H? (Td) avec une borne inférieure explicite pour s > et non pas pour s > Sy avec Sy

1

5, et non pas sur un ensemble de

mesure pleine.

e Il n’y a pas de restriction sur p, la solution onde plane peut étre arbitrairement grande.
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e Pour ) fixé et p — o0, le taux d’amortissement

2 1 1
o = )\—I_ +O(3>
I I

tend vers 0. Ainsi, un coefficient d’amortissement p plus élevé implique une convergence
plus lente vers ’équilibre. Cet effet fait écho a des comportements connus dans d’autres
contextes, on renvoie notamment & [74] et aux références associées. Cependant, & notre
connaissance, ce type d’effet n’a encore jamais été observé dans le cas d’'un modeéle conser-

vatif issu de la mécanique quantique.

Le début de la preuve suit la méme trame que pour le cas de 1’équation de Schrodinger
logarithmique : par invariance d’échelle, on peut se ramener au cas de la constante v = 1 autour
de laquelle on développe les fonctions logarithmiques de (1.2.22) en série formelle. Au niveau
linéaire, on observe toujours un couplage entre les modes de Fourier w; et w_; de la solution
¢ = e?(a + w) (on peut encore exprimer a et § comme des fonctions des (wj,Wj) jeza), mais

cette fois la matrice A,, s’écrit

A = n+A+4 A— & '
“A—&  —n-X+ &

Les valeurs propres de A,, s’écrivent

0 1

% +(/n? +2\n — T

et on doit alors distinguer trois cas en fonction du mode n = |j|? > 1 pour étudier la dynamique
de I’équation linéaire, qui correspondent aux trois points du théoreme. On notera en particulier
que la présence du 8 dans le théoreme ci-dessus correspond a la présence de matrice de Jordan
lors de la trigonalisation de la matrice A, liée a la présence d’une valeur propre double. On
conclut alors la preuve via des changements de variables successifs vis-a-vis des parametres de
I’équation linéaire et différents controles des normes de Sobolev des quantités impliquées. Les
tracés de I’évolution du module de la solution [ (¢, .)| sur la Figure 3.2 et ceux des actions de
pour les cas A = 0.5 et u = 2 (Figure 3.4) ou p = 8 (Figure 3.5) viennent appuyer les différents

résultats du théoréeme.
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1.3.3 Existence de solutions dissipatives au systeme d’Euler-Korteweg iso-
therme avec amortissement

Article de référence : Global dissipative solutions of the defocusing isothermal Euler-

Langevin-Korteweg equations, paru a Asymptotic Analysis [42].

Les résultats de la section précédente impliquent ’existence de solutions fortes et en temps
grand pour des solutions proches d’ondes planes. Pour obtenir des résultats d’existence dans un
cadre général de solutions, le probleme est plus délicat en raison du terme de dissipation en pu.
On doit alors se baser sur la formulation de mécanique des fluides de ’équation de Schrodinger-
Langevin (1.2.23). Notre premiére approche a été d’essayer de reproduire celle développée par
P. Antonelli et P. Marcati dans [4] dans le cas d’une loi de pression barotropique, ou les auteurs

construisent une solution faible (p, pu) du systéme

Op + div(pu) =0, (1.3.6a)

NG

a l'aide d’une construction de type méthode de splitting : Iexistence d’une solution ¢ dans le

K2 A
O(pu) + div (pu @ u) + Vp? + ppu = —pV ( f) (1.3.6b)

cas 4 = 0 avec condition initiale 1y suffisamment réguliere fournit une solution sur un petit
intervalle de temps [0, 7], puis cette solution au temps 7 est modifiée afin de tenir compte du
terme ppu dans ’équation (1.3.6b). On vérifie alors que la nouvelle fonction incrémentée 17 est
suffisamment réguliere, puis on réapplique ce procédé sur l'intervalle de temps [, 27], et ainsi de
suite. On montre enfin que ce schéma itératif est consistant, c’est-a-dire que si (1)), est une suite
de solutions approchées et que V™ — 1 quand 7 — 0, alors 1) est une solution faible du probleme
sur un intervalle [0, T'[. 1l reste alors & montrer que cette suite de solutions approchées converge
bien vers une fonction 1 solution de (1.3.6). Cependant, la preuve de ce résultat est basée sur
I'utilisation des estimations de Strichartz, qui ne semblent pas fournir d’informations utiles dans
le cas des non-linéarités logarithmiques, et donc dans le cadre de loi de pression isotherme. En
effet, plutét que d’estimer V (¥|¢|~1), nous devons regarder la quantité V (1 log(|v|?)), qui
n’est pas bornée quand la fonction d’onde |)|? s’approche de 0. De méme, on serait tenté d’uti-
liser les résultats de la seconde partie de [34] ou les auteurs montrent l'existence de solutions
faibles au systeme d’Euler-Korteweg isotherme sans terme de dissipation en p, mais encore une
fois leur preuve est basée sur le lien entre ce systéme et ’équation de Schrodinger logarithmique
(1.2.12) et les propriétés d’existence de cette derniére, lien qui ne peut étre utilisé dans le cas
de l'équation (1.2.22).
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Une seconde approche a alors été de se tourner vers les résultats plus classiques de la méca-
nique des fluides compressibles décrits dans la Section 1.2.2. L’idée est alors de construire une

solution faible du systéme de Navier-Stokes-Langevin-Korteweg sur T¢

Op + div(pu) = 0, (1.3.7a)

h? A
Oy (pu) + div (pu ® u) + AVp + ppu = —pV < f) + vdiv (pDu) , (1.3.7b)
via les constructions classiques de solution faible effectuées dans [34], ou le terme de dissipation
de Langevin n’introduit pas de difficulté supplémentaire. Cette solution faible (p,, (pu), ), >0 est

également solution faible du systeme de Navier-Stokes-Langevin-Korteweg augmenté

Op + div(pu) =0, (1.3.8a)
hy . .
O (pw) + div (pw @ u) + N'Vp + ppw = ?dlv(va) + gdlv(pr), (1.3.8b)
O (pv) + div (pv @ u) + div (quT> =0, (1.3.8¢)
o h2 = h2 =12 > 0et N = X\ — & > 0, solution que 'on note (p,,wy,v,) = (pu,uy +

£V logp,,logp). Le point clef ici est que le terme de pression isotherme AVp peut "absorber" la

contribution issue du terme d’amortissement en p par 'identité
v %
AVp + ppu = AVp + up(w — §Vlog p)=(\— ?)V,o + ppw.

En supposant A > 0 (on se place donc dans le cas d’une non-linéarité défocalisante coté Schro-
dinger), et comme v a pour vocation de tendre vers 0, on peut prendre v suffisamment petit de
sorte que A’ = X\ — pr/2 > 0, point essentiel pour construire une entropie relative positive. On

construit alors une entropie relative du systéme précédent, en notant v = h,v/2,

— 1 —
Ensialp.w, TR WO = 5 [ o5 =VE+jw - WP+ [ Hp|R)

+;/Ot/wp(T T]f/(;u)—vw‘2>+u/ot/qrdp!w—W!2,

H(p|R) := H(p) — H(R) - H'(R)(p — R)

2
+

- VvV

ou

et H(p) = plogp — p, et ou les tenseurs Ty (7) et Ty (w) sont définis via les conditions de
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1.3. Résultats de la theése

compatibilité suivantes

VAN (D) = V(/By/7) =2/ 8 Vb et pTw(w) = V(ypypw) = 2,/pw ® Vy/p.

De méme on définit une entropie relative

= 1 — t
Eovic(pu R UTVIO = 5 [ o0 =VE+u=UR) 4 [ HGIR) < [ [ plu—UP

associée au systeme d’FEuler-Langevin-Korteweg augmenté

Op + div(pu) = 0, (1.3.9a)

O(pu) + div (pu @ u) + AVp + ppu = gdiv(pV@), (1.3.9b)
h

O(pv) + div (pT @ u) + §div (quT> =0. (1.3.9¢)

Il est important de noter que les deux entropies relatives ci-dessus sont bien positives grace au
lemme de Csiszar-Kullback, qui implique bien la positivité du terme A [;a H(p|R) dans le cas ot
A > 0. Le reste de la preuve consiste alors & montrer que I'entropie relative Eygpx satisfait une
inégalité de type Gronwall, stable par passage a la limite v — 0, et on obtient alors le théoreme

suivant :

Théoréme 6. Voir [/2, Theorem 1.4].
Soit T > 0 et (po,ug, vy = ngogpo) tel que Eprk(po,up, Vo) < oo, alors il existe une solu-
tion dissipative au systéme d’Euler-Langevin-Korteweg sur [0, T[ x T¢ avec condition initiale

(po,uo, Do), au sens ou :
_ _ t
Eprk (p,u, TR, U, V)(t) < Exr(p,u, R, U, V)(0)e” + bprk (t) + C/ bprk(s)e?~)ds
0

pour presque tout t € [0,T[, avec

bori(t) = /Ot /w ZIERU) - (U = )]

pour toute fonction suffisamment réguliére U, et ot (R,V,&) est défini via la condition initiale

TdROI/Td’OO’
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et le systéeme

&R + div(RU) = 0, (1.3.10a)

— h

V= EVIOg R, (1.3.10b)
h _

ER,U)=R(0U+U-VU)+ AVR+ uRU — §div(RVV), (1.3.10c)

et C = C(h,R,U, V) est une constante uniformément bornée sur R, x T¢,

On peut faire plusieurs remarques a partir de ce théoreme :

e contrairement au cas d’une pression barotropique traité dans [27], ’hypothése supplémen-
taire [ Ryp = [ po est nécessaire pour pouvoir appliquer le lemme de Csiszar—Kullback au

terme A 4 H(p|R) de I'entropie relative Egrx.

e le systéme (1.3.10) représente le systéme de "solutions fortes" d’Euler-Langevin-Korteweg
augmenté : comme nous n’avons pas de véritable notion de solution forte associée a ce
systéme, le terme &(R,U) correspond a ’erreur introduite par les fonctions R et U pour
avoir une solution forte (en d’autres termes, si &(R,U) = 0, alors (R, U) constitue bien une
solution forte de (1.3.9)). Cette erreur se transmet ensuite a l'inégalité de type Gronwall

sur Egp i via le terme d’intégration bk .

1.3.4 Limite isotherme pour le systeme d’Euler compressible avec amortis-

sement

Article de référence : The isothermal limit for the compressible Euler equations

with damping, a paraitre a Discrete and Continuous Dynamical Systems Series B [43].

Une remarque intéressante est que la propriété de propagation des solutions gaussiennes
pour I’équation d’Euler-Langevin-Korteweg sur R¢ ne nécessite pas la présence du potentiel
Bohmien A2pV(A,/p/,/p). De plus, comme on a vu que le terme en 1/r3 dans 'équation (1.3.1)
n’influencait pas la dynamique de I’équation, on peut s’attendre & obtenir le méme type de
résultat de convergence vers une gaussienne limite pour des solutions faibles du systeme d’Euler

isotherme en dimension d =1

Oep + Oym = 0, (1.3.11a)

m2
oym + 0, 7 + Ozp+m =0, (1.3.11b)
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(on adopte ici la convention de notation m = pu, plus commune en mécanique des fluides com-

pressibles en dimension 1). En notant 7 'unique solution C*°([0, c0)) de I’équation différentielle

on sait par [41] que pour t — +o0,

(1) ~ 2V et f(t)w\;%.

En introduisant la notation de la gaussienne fondamentale I' := e‘yz, et par le changement de
variable y = x/7(t) que nous avons déja rencontré pour ’équation de Schrodinger-Langevin,

mais cette fois-ci dans le cadre de la mécanique des fluides,

p(t, ) = T(lt)R <t, szt)) ||!|,;O|I|LL11 et m(t,z) = 7(1)2M (t, T”&) + j_ggyR <t, Té)) :

on obtient un systeme d’Euler isotherme amorti renormalisé sur le couple (R, M) qui s’écrit

1
R+ =50,M =0, (1.3.12a)
T

1 M?
OM + —0, <R> +OyR+2yR+ M =0. (1.3.12b)

En supposant 'existence de solutions faibles d’énergie finie pour ce systeme, et en supposant

également la condition de régularité supplémentaire sur le moment d’ordre 2 de la densité
(t,x) = 2%p(t,x) € Lis.(Ry; L' (R)),

on montre d’'une fagon analogue a [41] le théoréme suivant :

Théoréme 7. Voir [/3, Proposition 2.6].

R(t) T I faiblement dans L'(R).

Via ’étude d’équations différentielles non-linéaires (rendue plus accessibles grace a ’absence
de terme quantique en h et au cas scalaire de la dimension d = 1), on peut également montrer
la convergence du moment d’ordre 1 de R vers celui de I, et sous une hypotheése de convergence

de I’énergie cinétique
1 [ M(ty)
T3(t) Jr R(t,y)

on montre de plus la convergence du moment d’ordre 2 de R, ce qui donne lieu au théoreme

gkjn (t) =

dy — 0,

suivant :
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Théoréme 8. Voir [/3, Proposition 2.5].

Sous U'hypothése précédente sur Ein, on a

/ y | Rt y)dy — / y | T(y)dy quandt — oo.
R R
2

y? y

L’hypothese précédente sur la convergence de 1’énergie cinétique du systeme renormalisé

nécessite quelques commentaires. Le systeme (1.3.12) vérifie une inégalité de dissipation d’énergie

1 M? R ¢
—— [ —d R1 —)d
2r(t)? Jr R y+/R og(r> er/0

de laquelle on peut déduire grace aux asymptotiques de 7 et 7 les propriétés suivantes sur Eyiy, :

qui s’écrit

7(t) M?
—dyds < 1.3.1
50 Jn R yds < C, (1.3.13)

> gkin(t)
14+t

Ekin € L(R4) et / dt < oo,
0

de sorte qu’il existe une suite (t,), telle que ¢, — oo et
Ekin(tn) = 0 quand n — oo.

Nous n’avons cependant aucune preuve que ce résultat soit vérifié uniformément en temps, ce
qui impose ’hypothése énoncée précédemment. A noter que dans le cas Gaussien, on observe

1/2

bien une décroissance de ’énergie cinétique en t~'/“ pour toute solution.

Ces résultats font écho a une vaste littérature reliée a I’étude du systeme d’Euler isentropique

en dimension 1 d’espace :

Op + Oym = 0, (1.3.14a)

m2
Orm + O, 7 + 0p"+m =0, (1.3.14Db)

avec v > 1. Il est maintenant bien connu que ce systeme admet des solutions faibles entropiques
L* (on renvoie a [106], [78] ou au Chapitre 5 pour une définition précise de ce type de solutions)

dont le comportement asymptotique est gouverné par le profil diffusif suivant :

op = 027, (1.3.15a)
m=—0;p", (1.3.15b)

ou I’équation (1.3.15a) désigne ’équation des milieux poreux, dont les solutions fondamentales
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sont appelées solutions de Barenblatt [16], et ’équation (1.3.15b) désigne la loi de Darcy. Plu-
sieurs articles de F. Huang & al. ont cherché a trouver des taux de convergence de plus en plus
précis en t~ avec a > 0 de p vers ces profils de Barenblatt limites p, tout en réussissant a ac-
croitre la validité de cette convergence pour des intervalles de v > 1 de plus en plus grands : on
citera notamment I’article [79] pour 'obtention d’une convergence en norme L!'(R) (qui consti-
tue la bonne notion de norme puisque ’on a conservation de la masse pour la fonction p) pour

1 < v < 3, convergence améliorée récemment pour tout v > 1 dans [67].

Notre travail consiste donc en un prolongement logique de ce cadre d’étude pour le cas
d’une loi de pression isotherme v = 1, d’autant plus que les fonctions de Barenblatt convergent
uniformément vers des fonctions gaussiennes quand v — 1 (cf Proposition 5.10 et Figure 5.1
au Chapitre 5). Cependant, une question encore ouverte est celle de 'obtention d’un taux de
convergence explicite de ces solutions faibles vers leur gaussienne limite : en effet, la méthode
de F. Huang & al., basée sur le développement de Taylor par rapport a la variable p de la loi
de pression P(p) = p?, est difficilement applicable dans le cas d’une pression isotherme. Une
approche pertinente semble néanmoins étre 'utilisation de I'inégalité de Csiszar-Kullback, qui

peut s’énoncer ainsi dans le cadre de notre probléeme :

R
IR =TI < 2l [ Riog (7).
R

On constate donc que I'obtention d’un taux de décroissance explicite de l'entropie | Rlog(R/TI")
fournirait un taux de convergence de R vers son profil gaussien limite. L’existence d’un tel taux
de décroissance aurait également des conséquences fortes dans le cadre de I’étude de I’équation

de Schrodinger logarithmique (1.2.12).
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CHAPITRE 2

DYNAMICS OF THE
SCHRODINGER-LANGEVIN EQUATION

Abstract: We consider the nonlinear Schrédinger-Langevin equation for both signs of the logarithmic
nonlinearity. We explicitly compute the dynamics of Gaussian solutions for large times, which is obtained
through the study of a particular nonlinear differential equation of order 2. We then give the asymptotic
behavior of general energy weak solutions under some regularity assumptions. Some numerical simulations
are performed in order to corroborate the theoretical results.

2.1 Introduction

We consider the following nonlinear Schrodinger equation:

o + 580 = Mlog((uf) + gopwos (57 (2.1.1)
with (0, ) = o(z), z € R t € R, u > 0 and A € R*. This equation first appears in Nassar’s
paper [104] as a possible way to give a stochastic interpretation of quantum mechanics in the
context of Bohmian mechanics. It had a recent renewed interest in the physics community,
in particular in quantum mechanics in order to describe the continuous measurement of the
position of a quantum particle (see for example [103], [118] or [102]) and in cosmology and
statistical mechanics (see [45], [46] or [47]). Note that in its physical interpretation, A = 2kgT'/h
corresponds to a quantum friction coefficient, so both positive and negative signs could be of
interest (kp and h denotes respectively the Boltzmann and the normalized Planck constant, and
T is an effective temperature), unlike the real friction coefficient p which is taken positive (see
45]).

The nonlinear potential arg(¢)) = 3 log (¥/1*), which could be seen as the argument of the
wave function 1, is not defined when 1 is equal to zero. In order to circumvent this difficulty, we
will rather consider the fluid formulation of equation (2.1.1). Plugging the Madelung transform
EES \/,Beis , or in a more rigorous way the change of unknown functions p = |[¢|> and J =

Im(¢)*V1)), we get the following quantum hydrodynamical system
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Chapitre 2 — Dynamics of the Schrédinger-Langevin equation

Op +divJ =0 (2.1.2a)

L (J®J 1 A\/,a)
aJ+d1v(>+W +pd = —pV [ ), 2.1.2b
; p ptud=gp <\/ﬁ ( )

w20 ($2 ()

denoting J = (J;)1<i<q. We note that the last nonlinear term of equation (2.1.2b), usually called

where

the Bohm potential, could also be expressed as

%pv (A\/\?> = iAVp —div(Vy/p ® Vy/p) (2.1.3)
under some regularity assumptions, and its study is at the heart of the Bohmian dynamics theory
(see [56], [64] and [115]).

Equations (2.1.2a)-(2.1.2b) stand as an isothermal fluid system with an additional dissipation
term. In [33], the study of the isothermal Euler-Korteweg in the case A > 0 and p = 0 reveals an
asymptotic vanishing Gaussian profile for every rescaled global weak solution with well-prepared
initial data. This property, rather unusual in the hydrodynamic setting, is a direct consequence

of the link with the defocusing logarithmic Schrédinger equation [36], namely

i0p) + %A¢ = \iplog(|1]?). (2.1.4)

On the contrary, in the focusing case (which is way more studied in the mathematical literature,
see [38] or [5]), the existence and stability of periodic non-dispersive solutions, called solitons, is
proved and well-understood. The existence of shape-moving periodic solutions, called breathers,
is also known [61], but no stability results has yet been proved. Let us finally note that in the

formal energy estimate of equation (2.1.1)

¢
L9l [ wProglol +p [ [ [9ars@)Pf < C.
Rd R 0 JRd
the potential energy of this equation
A [ 0 log vl
R4

has no definite sign regardless of the sign of A, so the focusing or defocusing behavior of its
solutions may not be clear at first glance.

The question of the existence of solutions to this kind of quantum system is already dealt
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with in the case of barotropic pressure of the form P(p) = Ap” in [4], where v > 1. However,

the proof is based on the link with the power-like Schrédinger equation
1
i) + 5 A0 = M|yt (2.1.5)

and the use of Strichartz estimates which do not seem to be helpful for the logarithmic non-
linearity. The global existence of weak solutions of equations (2.1.2a)-(2.1.2b) will be the aim
of a forthcoming paper. We will concentrate here on the study of the large-time behavior of
solutions.

This paper is organized as follows. In Section 2, we provide energy estimates, assumptions
about existence and regularity of solutions of equations (2.1.2a)-(2.1.2b), and we state the main
results of this paper. In Section 3, we explicitly compute the behavior of Gaussian solutions of
(2.1.1) for both the focusing (A < 0) and the defocusing (A > 0) case, which will be crucial to the
study of the universal dynamics of our solutions. In Section 4 we prove the theorems stated in
Section 2. Section 5 is devoted to the simulation of numerical trajectories of solutions of (2.1.1),

in order to illustrate our results and comfort our initial assumptions.

2.2 First properties and main results
Equation (2.1.2a) formally induces some mass conservation for all ¢ > 0:
P 21 ®ay = llpoll L1 (e (2.2.1)

Note that system (2.1.2a)-(2.1.2b) can also be written in terms of unknown function u = J/p,
which is more convenient in order to express the following energy estimate, which holds for all
t>0:

E(t) + N/Ot D(s)ds < E, (2.2.2)
where
E(t) = E(p,u) = Eu(t) + E,(t), (2.2.3)
Eu(t) = ;/dewdx, (2.2.4)
E,(t) = » (;yv\mﬁ + Aplog p) dz, (2.2.5)
D(s) = D(p,u) = 2E.(s), (2.2.6)

and Ey := FE(0). We note that equation (2.1.1) has a conserved L?morm but a dissipated

energy, which is a typical feature in the context of fluid dynamics but a quite unusual one in the

99



Chapitre 2 — Dynamics of the Schrédinger-Langevin equation

framework of nonlinear Schrodinger equations. In particular, for the focusing case A < 0, the
dissipation term in estimate (2.2.2) implies that E. € L!(R). In fact, this is a direct consequence

of the mass conservation (2.2.1) and the logarithmic Sobolev inequality

2
«
[ 1080 < 19Vl + Qog ol — d (1 -+ log ) lpl (2.2.7)

which holds for any o > 0 and for any function p € W1 (R%)\ {0} (for a proof of this inequality
we refer to [94]). Note that E. € L'(R) still holds in the defocusing case A > 0 under some
regularity assumptions (see Remark 2.9 below).

A first consequence of this important property is that the center of mass of every solution
converges, which could be seen through the formal integration by part of equation (2.1.2b)

(using the alternative formulation of the Bohm potential (2.1.3)),

(/ p(t, )u ta:dw) /ﬁt (t,z)u(t,z)) d;v:—,u/ p(t, z)u(t, r)dx,
dt R

and of equation (2.1.2a),

% (/]Rd a:p(t,a:)da:) = /]Rd xOp(t, x)dx = /Rd p(t, 2)u(t, x)dx = e /]Rd po(x)up(z)dz,

so finally

/Rd xp(t, z)dx e /Rd xpo(x)dx + ’i /Rd po(z)uo(x)dx. (2.2.8)

As for the logarithmic Schrodinger equation, an important feature of (2.1.1) is that the
evolution of initial Gaussian data remains Gaussian (see [20] and [36]). In order to shorten the
calculations, we may consider centered Gaussian initial data (cf Remark 2.17 for the behavior
of moving-center Gaussian). The following asymptotic result for Gaussian functions will be a

crucial guide for the general case, and its proof will be the aim of Section 3.

Theorem 2.1. (Gaussian behavior).
Let A € R*, and consider the initial data

d
Yo(t,z) =boexp [ —= Zao]
] 1
with by, ag; € C, ag; = Reag; > 0. Then the solution 1 to (2.1.1) is given by
72
L

| o
vt =wll S (“M RO

for some real-valued functions ¢;, r; depending only on time, such that, ast — oo,
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o if A <O,
ri(t) =[Sk and ¥5(t) =0,

so the Gaussian solution ¢ tends to a universal Gaussian profile, namely

W(t,z)] — CeMN* for all z € RY,

t——+o0

where C = C(A, ag, bo,d) > 0 denotes a generic constant depending only on A, |[vol|2(ray

and the dimension d,

e and if A > 0, for large t,

A A
r(t) ~ 24/ 2Ny and () ~ ﬂ,
I pt

l(®)lz = Ct ¥ and |V (t)] 2 ~ é\}g_

where C' = C’(ao,bo,u,)\,d) and C = C(ag, by, p1, A, d) > 0 denote two generic constants

so that

depending only on X\, u, the initial conditions and the dimension d.

We now give the notion of weak solution we will use throughout this paper. Following [4],

Wwe express:

Definition 2.2. We say that (p,J) is an energy weak solution of system (2.1.2a)-(2.1.2b) in
[0, T[ x R? with initial data (pg, Jo) € L*(RY) x LY(R?), if there exists locally integrable functions
VP, A such that, by defining p := ﬁQ and J = \/pA, the following holds:

o The global regularity:
Ve L2(0,T[; H(RY), A e L2([0, T]; LA(R),
with the compatibility condition
VP >0 ae on (0,00) x RY A =0 a.e on {p=0}.

e For any test function n € C3°([0,T[ x RY),

T
/ / (pOyn + J - Vn)dxdt + / pon(0)dz = 0,
0 Jrd R4
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and for any test function ¢ € Cg°([0,T[ x R%RY),

T
/0 /Rd (J O+ A AV Apdiv(() — pJ -+ V/p@Vy/p:V(— ipAdiVC) dzdt

+ / Jo¢(0)dz = 0.
Rd
e (Generalized irrotationality condition) For almost every t > 0,
VANJ=2V/pAA

holds in the sense of distributions.

o For almost every t € [0,T), equation (2.2.2) holds.

In the focusing case, under some regularity and tightness assumption, we will show that
every energy weak solution tends weakly in L'(R%) to a universal Gaussian profile of same mass.
We denote

W(RY = {p e B'®RY) | [p2log|yl* € L'(R?)}.

Assumption 2.3. (Regularity in the focusing case).
Let A < 0 and (po, Jo) € LY(R?) x LY(R?). We assume there exists an energy weak solution
(p, J) of system (2.1.2a)-(2.1.2b) with initial data (po, Jo) in the sense of Definition 2.2 with the
additional reqularity:

VP € L=([0,T[; H*(RY) N W(RY)).

Remark 2.4. The fourth condition in Definition 2.2 insures the energy (2.2.3) to be bounded by
above, however the term [ plog p has no definite sign, hence the condition \/p € L*([0, T[; W (R%))
ensures that the energy is bounded from below. The regularity assumption on H? will be used

in the following in order to perform the limit in equation (2.1.2b).

Assumption 2.5. (Tightness in the focusing case).
If A < 0, we assume that every energy weak solution (p,J) of system (2.1.2a)-(2.1.2b) in the

sense of Definition 2.2 has a bounded moment of order 2, namely

sup/ lz|2p(t, z)dx < oo.
>0 JRd
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Theorem 2.6. (Focusing case).

If A\ <0, under Assumption 2.3 and Assumption 2.5, and assuming pg # 0, we have

p(t,.) — exeMTrl” eakly in L*(RY),

t——+o00
where ¢y 1= HpoHLl(Rd)(—)\/W)d/2 and oo is determined by
. 1
Toollpoll L1 (ray = tlggo y zp(t,x)dx = /]Rd zpo(x)dxr + M /]Rd po(z)uo(x)dx (2.2.9)

using (2.2.8).

Remark 2.7. Assumption 2.5 deserves a few remarks. First of all, this hypothesis seems to be
true for every energy weak solution which satisfies it at ¢ = 0, as it holds for every Gaussian
solutions (see Remark 2.17), and seems to be verified through numerical simulations.

Despite probably not being optimal, this hypothesis is crucial in order to show the conver-
gence of p to a universal Gaussian profile. In fact, energy estimate (2.2.2) prevents oscillations
and finite-time blow-up of the density p, however the boundedness of the center of mass | zp still
allows two symmetric Gaussian functions to symmetrically diverge with respect to the origin at
infinity (although numerics seems to invalidate this kind of scenario).

Let us explain why the method we use in order to bound [ zp fails when it comes to estimate

[z|?p. As we would like to exploit the crucial property that E. € L'(R), we try to calculate

% <; /Rd |a:|2p(t,x)d:1:> = /Rd zp(t, x)u(t, z)dz == f(t).

Using equation (2.1.2b), we get

F'+uf = 1Vl tama) + Ivoulfaga + Adllpoll L gy = 2E(t) — 2X /Rd plog p+ Adl|po| 1 (ra),

which implies that f is bounded using the logarithmic Sobolev inequality (2.2.7) and the energy
estimate (2.2.2). Unfortunately, this is insufficient to show that f is integrable.

For the focusing case (A > 0), we are going to see that we have an analogous result of what

holds for the logarithmic Schrédinger equation. We denote
FHYRY = {y € R | (2)0(2) € LR},

where (z) = /1 + |z|?.

Assumption 2.8. (Regularity in the defocusing case).
Let X\ > 0 and (pg, Jo) € L*(RY) x LY(R?). We assume there exists an energy weak solution
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(p,J) of system (2.1.2a)-(2.1.2b) with initial data (pg, Jo) in the sense of Definition 2.2 with the
additional regularity:
Vp € L®(R; H 0 F(HY)(RY)).

Remark 2.9. Note that the above condition ensures that the term [ plogp in the energy (2.2.3)

is bounded in the defocusing case (cf [36] or below in the proof of Lemma 2.26).

Theorem 2.10. (Defocusing case).
If A > 0, under Assumption 2.8, we denote by p the scaled function defined by

where T denotes the unique C*°([0,00)) solution of the differential equation

2\
T = —pt, 7(0)=1, 7(0)=0,
-

which satisfies, as t — +o00,

At
T(t) ~ 24/ —.
,u
Then
5 N —a]? 1 1(d
o(t,.) e C0€ weakly in L™ (R?),
where cg := ||po||L1(Rd)7r*d/2.

Remark 2.11. (Effect of scaling factors)

We conclude this section with a last property that equation (2.1.1) shares with the logarith-
mic Schrodinger equation (2.1.4). Unlike the typical power-like nonlinear Schréodinger equation
(2.1.5), replacing ¢ with k¢ (k > 0) in (2.1.1) has only little effect. In fact, if ¢ is solution of
(2.1.1) with initial datum (0, z) = g, then the purely time-dependent gauge transform

A
K exp (—z' log |k|? (1 — e_“t))
w

is also a solution of (2.1.1) with initial datum (0, 2) = ktbg. In particular, the L?-norm of the

initial datum has no influence on the dynamics of the solution.
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2.3. Gaussian solutions

2.3 Gaussian solutions

2.3.1 Propagation of Gaussian data

The following calculations will be made in dimension d = 1 for reader’s convenience, but
they can all be adapted in any dimension d (cf Remark 2.24 at the end of this section).
We plug into (2.1.1) Gaussian functions of the form:

1
Y(t, z) = b(t) exp (—Qa(t)wQ) , (2.3.1)
so we have the equation

.1 1 1 1 b 1
ib — iiame — iab + §a2bm2 = \blog(|b|?) — AbRe(a)z? — iiub log (b*) - iublm(a)a:Q.

Equating the constant in = and the factors of 22, we get the following non-linear differential

equations system:

| 1 b
ib— —ab = \blog(|b|*) — Ziublog () : (2.3.2)
2 2 b*
ia —a® = 2ARe(a) + pIm(a). (2.3.3)

We first look at equation (2.3.2) in order to express |b| as a function of a. Multiplying (2.3.2)
by b*, we get

g 1 b
it — Lalbf? = Albf? log([bP?) — Sl log <b> .

As ilog(b/bx) € R, by taking the imaginary part, we obtain

) 2
Im (ibb* — a@) = 0.

We recall that Re(bb*) = %%(\b\z), so we have the differential equation
d
2 (1bI*) = [bl* Im(a),

SO

b(t)] = 1b(0)] exp (; Im A(t)) (2.3.4)

with A(t) = [{ a(s)ds.

Remark 2.12. We can also express b as a function of a. We then look at b under the form
b(t) = r(t)e’®®),

65



Chapitre 2 — Dynamics of the Schrédinger-Langevin equation

where 7(t) = |b(t)|. By plugging this expression into (2.3.2), we obtain the equation
s 1 2
i — ¢r — Jar = Arlog(r?) + por.

As 7#/r = §Im(a(t)), we have

. 1 1 1 1
¢+ pup = §iIm(a) — ia — )\log(TQ) = §iIm(a) — §a — )\log(|b0|2) — AIm(A).

Thanks to the variation of constant formula, we get ¢ as the solution of this ordinary differential

equation:

B(t) = goe M + /Ot e H(t=s) (;z Im(a(s)) — %a(s) — Mog(|bo]?) — AIm(A(s))) ds,

and so we get b as a function of a.

We now want to solve equation (2.3.3) with initial conditions a(0) = ag + iy, with o > 0.
As suggested in [36], we denote

a=—i—,
w

. .2 N . .
ia—a® =22 4 (”) — 2\Re (—i“) +uTm (—iw) :
w w w

that gives the equation
@ =2 wlIm () — pw Re () .
w w

, we calculate

so we have

Denoting w = re

w =re? +irfe’,

& = e’ + 2ir0e'® — r6%e? + irfe,

. , 0 4 irfetd o
2 Tm (w) e Im (H> _ onrbe®.
w

ret

- , 2ol o et .
uw Re ((:) = pure® Re (%) = pre®.

Then we get the equation

P+ 2ir0 — r0% + irf = 2)r0 — -
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2.3. Gaussian solutions

By taking the real and imaginary part, we get the real system of equations:

i — 0% = 2\rf — pr (2.3.5)
rh + 270 = 0. (2.3.6)

We know that )
0(0) = ap and (7’) (0) = —pp.

We can fix 7(0) = 1 so that 7(0) = —fp. We note that (2.3.6) gives us the conservation of

the quantity
d .. .
pn (r20) = r(270 4+ rf) = 0,

so 0 = ag/r?. By plugging 6 into (2.3.5), we finally obtain the following equation on r:

2
2
po Q0 2Ma0 (2.3.7)

r3 r

with 7(0) = 1 and 7(0) = —fp. By multiplying (2.3.7) by 7 and integrating between 0 and t, we
get:

#(t)? = (0)* 4 o (1 - 74(715)2> + 4 ag log(r(t)) — 2u /Ot i(s)2ds. (2.3.8)

Recalling the expression of a, we get

a(t) = i (2.3.9)

in particular Re(a) > 0. We note that we have an explicit expression of our Gaussian v as
function of r. As we are facing a non-linear equation of order 2, we will now look at the asymp-
totic behavior of its solutions for both the defocusing and the focusing case. This will give the
asymptotic dynamics of our Gaussian solutions.

2.3.2 Focusing case

We first look at the focusing case which corresponds to A < 0 in (2.3.7). The Cauchy theory
ensures the existence of a C2-solution (denoted by r in the following) of (2.3.7) as long as r # 0.

We will show in this section that every Gaussian tends to a multiple of the Gaussian limit eAr?,

Lemma 2.13. There exist m, M > 0 such that for allt > 0,

0<m<r(t) <M.
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Proof. Using equation (2.3.8), as

2 t
L 1)2 @0 f( )2
7(t)" + NOE +2u/0 7(s)ds > 0,
we get that
7#(0)? + a3 + 4hag log(r(t)) > 0.
Then 0)? )
7(0)° + af
1 )< ——
ogr(t)) < "L LS
as A < 0, so r(t) < M := exp(—(7(0)? + ad) /4 ). In order to get a lower bound, we remark
that equation (2.3.8) also gives by triangle inequality

2
r((lt(32 < #(0)% + af + 4Aag| log(r (1)),

s0.7(t) = m := ap//#(0)% + o + 4hag| log(M)].

Before going for the proof of Proposition 2.15, we recall a lemma from real analysis:

Lemma 2.14. Let f : Ry — Ry be a nonnegative uniformly continuous function, and assume
that [5° f(z)dz < co. Then f(z) — 0 as x — +00.

Proposition 2.15. We denote by r the C?-solution on [0, +oo| of equation (2.3.7) with A < 0.

Then, as t — 400, we have

Qi :
r(t) — —ox and 7(t) — 0.

Proof. Still using equation (2.3.8), as we can remark that

ag
r(t)?

t
+ 2,u/ 7(s)%ds > 0,
0

we get that
(t)? < 7(0)% 4+ a3 + 4 ap log(r(t)),

and as we know that m < r(t) < M for all t > 0, we also get that 7 is bounded, as well as  using
equation (2.3.7). So 7# is also bounded on R, hence 7 is Lipschitz continuous so uniformly
continuous. We assume by contradiction that 7(¢)=+0 at 400, so according to Lemma 2.14 we

have .
/f'(s)zds — +o00.
0

t—+o00
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By the integral expression (2.3.8) and as r is bounded and p > 0 we get that 7(¢)?2 — —oco as

t — oo, which is obviously impossible. So we get that

f(t):r‘(O)—k/Ot?"(s)ds o,

t—-+o0

so [;°7(s)ds has a finite limit (in particular, it is uniformly bounded). Multiplying equation

(2.3.7) by #, integrating over [0,¢] and using the lower bound of r, we get that

[ #toyas < (0‘3 n ”a0> [ #)ds — B2 — o)),
0

0 m3 m 2

so [5°#(s)%ds < cc. Differentiating equation (2.3.7), we have

_3adi 22X
- - 2 — pT,

rd r

so 7" is bounded on R, and #? is Lipschitz so uniformly continuous. Then by applying Lemma
2.14 we have #(t)?> — 0 as t — o0, so ©* — 0.

We take (), a sequence such that t,, — 400 as n — 0o. As r is bounded, there is a subsequence
(not relabeled here for convenience) such that r(t,) — L. We already know that 7(¢,) — 0 and

#“(tn) — 0, so by passing in the limit in equation (2.3.7), we get that

af% 2)\040
L3 L

=0,

and we deduce that L = \/—ap/2\. As the sequence (r(t,)), has a unique point of accumulation,

by sequential characterisation of continuity we get that

)
t —_—
() =\ —ox
O
Hence (4
a(t) = 20 _ AU RS
r(t)2  r(t) totoo
so for all z € R we get that
z?
W}(t?x)‘ t—:)oo Ce )
where C' = C(\, ag, Bo) > 0 is a constant depending only on the initial conditions and A.
Remark 2.16. As we have [[¢(t)|z2@) = [[Yollz2m) for all ¢ € Ry, we can make explicit the

constant C'(A, o, Bo) = v/ =2X/7[|[vo || L2 (r)-
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Remark 2.17. In order to check the tightness hypothesis in the Gaussian case, we can make the
same calculations for Gaussian functions with moving centers as performed in [33], using the
hydrodynamical equations of motion (2.1.2a)-(2.1.2b) this time, where p denotes the density and

u the velocity of our Gaussian functions. Taking different initial centers leads to considering
p(0,z) = boe*aolz, u(0,2) = Box + co,
for all z € R, with by, g > 0 and Sy, c¢g € R. We then look at solutions of the form
p(t,x) = b(t)e *OETOF u(t 2) = B(t)a + c(t), (2.3.10)
which corresponds to
a(t)

B(t,x) = Jb(t)e™ T @ T (B2 +e(t)a+7)

with v € R in the Schrodinger formulation, and we plug this ansatz in equations (2.1.2a)-(2.1.2b),

leading to the system of ordinary differential equations

d+2a8=0, B+pB%+u8=2\+a? (2.3.11)
T=pFT+c, ¢+ fe+ pe=—2\aT — o’T, (2.3.12)
b=b(aT? + 20T (T — ¢) — ). (2.3.13)

In order to solve this system, mimicking [93] and [33], we can check that the two equations of
(2.3.11) are satisfied if and only if @ and 3 are of the form

where we recall that r is the solution of equation (2.3.7) with r(0) = 1 and 7(0) = fy. Plugging

these expressions into (2.3.13), we also get that

We know that p is a Gaussian function centered in Z, so we get that for all ¢ > 0,

[ @ =a®)p(t.a)dz = o,
R
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hence T(t) = [pzp(t, z)dx/||pollL1(r), and we get from (2.2.8) that Z(f) has a finite limit as
t — 4o00. In particular, we note that the dissipation implies that the center of our Gaussian
solutions is bounded, contrary to the logarithmic case (u = 0). This stands as an evidence that
the Galilean invariance principle is no longer verified due to the dissipation term (x > 0). In

order to get the behavior of the second moment of p, we calculate:

/Rm2p(t,x)dx:/(xfx( )+ Z(6)2p(t, ) dz

R

_ /R (¢ — 2(0))2p(t, 2)dx + 2(1) /R (@ — Z(0)plt, z)da + / ()2 p(t, x)d

R
; b
- 2052) +f(t>2/ug’°°(x)dm - ﬁr(t) +2(t)? ]l poll 1 (r)

As we know that r and T converges thanks to the previous computations, we get that [ x2p is

uniformly bounded in time, which corroborates Assumption 2.5.

2.3.3 Defocusing case

We now look at the defocusing case by taking A > 0 in (2.3.7). By calculating an equivalent
of r(t) as t — oo, we will see that every Gaussian vanishes to 0 in L*°-norm in 1 (we recall
that d = 1 for the present computations). We will also make explicit the decay of ||V (t)]| 2

thanks to an equivalent of r.
Lemma 2.18. There ezists a constant m > 0 such that Vt > 0, r(t) > m.

Proof. Let t > 0, and we rewrite the expression (2.3.8) under the form:

P(t)* + )2ds = 7(0)? + 04(2) +4Aag log(r(t)) = 0,

SO

#0)® + o
1 t) > ————.
og(r(t) = -~
- 2 2
Denoting m = exp (—T(i))\;;%), we immediately get that V¢t > 0, r(t) > m. O

Lemma 2.19. There exists Ty > 0 such that for all t > Ty, 7(t) > 0.

Proof. We first show the existence of a time Ty such that #(7p) > 0. If 7(0) > 0, the result is

trivial. Otherwise, 77(0) < 0, and we denote

Ty =inf {t >0 | #(t) > 0} < +o0.
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So Vt € [0,Tp], we have

2 2
« 2\« « 2\«
(t) = o + o 0.4 220

r3(t) - r(t) i) - or(t)

As 7 < 0 on [0,Tp[, r is decreasing on this interval, so Vt € [0, Tp],

— pr(t) >

P(t) > > 0.

By integration,
a? 2
“(t) > (0 el F2
=T <r3<o> 0
By linear growth, we deduce that Tj is finite, and that 7(7p) = 0 by continuity. We remark that

we have the bound
7(0)

Ty < ———m—t—
0= a%—f—?)\ao’

still in the case where 7(0) < 0 (otherwise Ty = 0).
We are going to show now that V¢ > Tp, 7(t) > 0. We denote

T =inf {t > Tp | #(t) < 0} < 4o0.

If T = 400, we immediately get the result. Otherwise, by a continuity argument, 7*(7") = 0 and

2
o 2\«
F(T) = — 0 + 0

>0,

so for n small enough, # > 0 on |T" — 1, T + n[, so 7 is non-decreasing on this interval. As 7(T") = 0,
there exists € > 0 such that 7(T — ¢) < 0, which contradicts the definition of T', hence we see
that vVt > Ty, 7(t) > 0. O

Lemma 2.20. r(t) — +o0 as t — +oo.

Proof. According to the previous lemma, we know that r is non-decreasing from a time T on, so
r is either diverging to 400, or converging. We assume by contradiction that there exists £ > 0
(as 7 > m > 0) such that r(t) — ¢ when ¢t — +o0.

We assume, still by contradiction, that 7(t) - 0 at 4+o00. As 72 is positive and uniformly contin-

uous, we have

t
/ i(s)%ds — +o0,
0

and as r converges by hypothesis, we get from (2.3.8) that 7(¢)?> — —oo when ¢ — 400, which

is obviously impossible, so 7(t) — 0.
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Then we deduce that
() - 08 4 20
03 {

so 3T > 0 such that V¢ > T, #(t) > 0, ie 7 is increasing on [T, +o0o]. However we saw that

>0,

7(t) = 0, so Vt > T, (t) < 0, which is in contradiction with the previous lemma. We finally
conclude that r(t) — 4o0. O

Lemma 2.21. There exists T1 > 0 such that for all t > T, #(t) < 0.

Proof. Case 1: #(Tp) < 0.
Then we can take 77 = Tp. We assume that there exists T > T} such that #(7") = 0, then

3027(T) 2 aor(T . 3a? 220 \ .
i) = T - P e = (5 )

but T3 > Tp so #(T) > 0, and so 7' (T') < 0. We deduce that there exists & > 0 small enough
such that Vt € |T, T + €], #(t) < 0. We have just shown that the set {¢t > Ty | #*(t) < 0} is open,
and it is clearly closed as # is continuous, and non-empty because Ty belongs to it, so we see
that Vvt > T, 7#(t) < 0 as [11,4o00[ is a connected space.

Case 2: #(Tp) > 0.

Rewriting this condition with equation (2.3.7), we have:

/u'“(To) <

As taking Ty = Tp + n with 1 small enough, we can assume that 7(7p) > 0 and that Vi > Ty,
7(t) > 0. First of all, we show that 7 is bounded. We denote

tmin = Inf {t >To ,U/I“(t) = 3 +

We assume (by contradiction) that ¢, < oco. We know that V¢ > Ty, 7(t) > 0, so r is increasing
on [Ty, +oo[. We deduce that

ad 2 - ad 2
TO)S T(TO) T(tmin)g T(tmin) ’

*(tmin) =
(i) =
so that #(tmin) < 0. However ty, is the smallest time ¢ such that p7(t) = o2 /r(Tp)3+2M a0 /r(To),

then for all ¢t < tyin, 7(t) < 7(tmin), and

T(tmin) — 7(t)

tmin — t

>0,
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so we have 7(tmin) > 0 when ¢t — tyin, hence the contradiction. We can conclude that ¢, = +o0,
so Vt > Tp,
. 1 043 2
r t S - + 9
®) 1 (r(To)?’ r(To)

We now assume, still by contradiction, that V¢ > Ty, #(t) > 0, so 7 is increasing, and since 7 is

which means that 7 is bounded.

bounded, it converges to a real £ > 0 (because 7(Ty) > 0). As r(t) — +oo, by (2.3.7), we have

P(t) — —upl <0,

t—+00

leading to an absurdity. So there exists a time 77 > T such that #(77) < 0. Then we conclude
like the Case 1.
O

Proposition 2.22. There ewists Cr,  y,a > 0 such that for allt > Ty, Ast — +o0, we have

[ A A
2 OCOt < T(t) < CTh/\y/t»Oéo +2 aot'
1% 1%

Proof. We know from the previous lemma that V¢ > Ty, #(t) <0, so

a2 2 .
st S,

and od/r3(t) > 0, so pi(t) > 2;\(?)0. We denote by ¢ the solution of the differential equation

2
g = 2220 (2.3.14)
g

with ¢(0) = r(0), so that V¢t > T, r(t) > g(t). Solving (2.3.14), we get the lower bound:

4\ A

r(t) > g(t) = \/ Wt 4 g(0)2 > 2\/0‘%. (2.3.15)
K M

We now need an upper bound for r. We rewrite the equation (2.3.7) under the form pr =

al/r3 + 2X\ap/r — ¥, then by integrating between the times 7} and ¢, we have

t [ ad a t [ o2 o
pr(t) = m"(Tl)Jr/T1 (TS(OS) + 2:&;) ds—r(t)+i(Ty) < pr(Th)+7(Th)+ A <T3(08) n 2:(;;) ds.
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2.3. Gaussian solutions

because 7(t) > 0. Using the previous lower bound r in order to bound 1/r by above, we get

r(Ty) + 7(T1) /t 1 [agu /t pYeTy
)< — — | —=d 24/ ——ds.
r(t) < P + " 8)\‘/)\33 5+ " s s

Recalling that the function s — _2%/5 is an anti-derivative of s — —=, and that the function

\/53 9
s — 24/s is an anti-derivative of s — 1/4/s, we can write that

)
r(t) < Cryauay + 21/%@ (2.3.16)

so by using (2.3.15) and (2.3.16), we get the result. O

From expressions (2.3.1), (2.3.9) and (2.3.4), we can calculate the L> norm of our Gaussian

solutions:

N

o)l = bo)lesp (5 [ tmtatsnas) = 2L~ el (1)

r(t) Aot

In order to express the H' norm of 1, by the following computations,

s 1o 0P Ja@P 1 _pOP (o oo
va(t)HL?_Q\/» Re(a(t)) Re(a(t)) 2\/>Oz0\/070 <T(t)2+ (t)>a

we see that we also need to have an equivalent of 7, which is the aim of the following proposition:

Proposition 2.23. Ast — +oo, we have

) pYe"
P(t) ~ ’/,Tto'

Proof. We already know from the previous proposition that there exists a generic constant C' > 0

such that

r(t) < O +2,] 220
i

and also that 7(t) < 0 for all ¢t > T1, so using equation (2.3.7) we get that

oz% 2o Ao

(c+2 W)3+C+2 daot = [Aaat’

) [ Aag
7(t) > e
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In order to get an upper bound, we recall that

ot
r(t) > 2,/ 2200,
U

Then, still using equation (2.3.7), we get that

2
P = fo%t n 2 aq < NG . Aot —_—
3 3 t
r r SV At

We can rewrite the previous inequality as

so we get
t
#(t) < 7(0)e M 4 e_“t/ g(s)etds.
0

Finally, thanks to the asymptotic expansion

t1 1 1 1
—eMSds = —elt ( +o ()) ,
0 Vs 2 Vit Vit

fmgﬁﬂ(%).

Thanks to the previous proposition, we finally get

we get the estimate

1
IV @) 2 ~ Cag,u7/\|b(0)|%-

Remark 2.24. All the results above can easily be generalized to any dimension d. In fact, if we

now consider Gaussian functions of the form

1.4
Y(t,z) = b(t) exp (—2 Z aj(t):z:i) , (2.3.17)
j=1
then plugging it into (2.1.1) gives the system
b 1bzd: - = Ablog(|b[?) L1 <b> (2.3.18)
ib—3 Z a; = Ablog 5ikblog {0 ) 3.
idj — a3 = 2ARe(a;) + pIm(a;), j=1,...d (2.3.19)
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which is the d-dimensional analogue of system (2.3.2) — (2.3.3). Using equation (2.3.18) we get

the explicit formulation of b with respect to (a;)i1<j<a:

d
1b(t)] = [b(0)] exp (; S I Aj(t)) (2.3.20)
j=1
where .
Aj(t) = /0 a;(s)ds.

As the d equations (2.3.19) are decoupled as j varies, we are now back to the study of

equation (2.3.7) on each independent dimension component.

2.4 Long-time behavior

2.4.1 Focusing case

Before going for the proof of Theorem 2.6, a first look at the equation, as suggested in [45],
would be the study of oscillating solutions of equation (2.1.1) of the form

U(t, z) = f(z)eS®. (2.4.1)

It is already well known since 1976 [20] (see also [37]) that standing waves of the form f(x)e™" are
the stationary solutions for the logarithmic Schrodinger equation, where w € R and f € W (RY)

stands as a solution of the semilinear elliptic equation
1
—iAf+wf—i—/\flog|f]2:0. (2.4.2)

In our case, dealing with the dissipation term log(1/1*), standing waves are no longer relevant,

and stationary solutions are rather of the form (2.4.1) with

Su(t) = % teht (2.4.3)

and f still a solution of (2.4.2) belonging to W (R?). Moreover, it is already known (see [20]) in
the case A < 0 that the Gausson

G () 1= e TNl (2.4.4)

solves equation (2.4.2) for any dimension d, and up to translations, it is the unique strictly
positive C2-solution for (2.4.2) such that f(x) — 0 as |z| — oo (see [5]).

Ardila recently showed in [5] the orbital stability of the Gausson by minimizing some energy
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functionals. As suggested by the study of the Gaussian case, we will show here that every smooth
solution of our system (2.1.2a)-(2.1.2b) tends to the Gausson at large times, using both energy
minimization and dynamical system theory, as well as the additional regularity and tightness

assumptions made in Section 2.

Proof of Theorem 2.6. We recall that (p, pu) is an energy weak solution of system (2.1.2a)-
(2.1.2b), and we also assume that /p € L>®(R, H*(R?)). We remark that the dissipation term

in (2.2.2) being a multiple of the kinetic energy, we have the following differential equation:
E.(t) + Ey(t) = —2uE.(t) <0. (2.4.5)

We are now going to invoke the LaSalle invariance principle [90], that we briefly recalls as follows:

for an autonomous dynamical system

dx
(1) = F(X(1) (2.4.6)

with X € R and F' € C'(R), we assume there exists a function V € C!(R) such that

d
—V(X) <0
dt (X) =

for all X € R. Then, defining

Q::{XGR jtV(X):o},

we get that every bounded solution of (2.4.6) converges as t — oo to an invariant subspace of
Q) under the dynamic of €2, called w-limit set. In our case, by LaSalle’s invariance principle, the

w-limit set of any solution of (2.2.2) is thus reduced to the set

0 ={(0.w) | Eelp,u) + Eylp,w) = 0} = {(p,w) | Eelp,u) =0}

by equation (2.4.5).
Denote (p,u) a solution to (2.1.2a)-(2.1.2b). Taking a sequence ¢, — 400, we denote

pn(t,x) = p(t+tp,x) and wu,(t,z) = u(t + ty,x)

for all ¢t € (0,1) and = € R% From (2.2.1) we get that (p,), is bounded in L'(R%), and from
(2.2.2) we get that for all ¢ > 0,

sup/ pnllog(pn)| < 0.
n JRA
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2.4. Long-time behavior

In fact, writing

/Rd pnllog(pn)] =/

pn|log(pn)| —/ pnllog(pn)l,

we get that

2 (2+4¢)(1— 2+-¢)
| palosten)l < [ VA S IVERIERS N0V G < 19Vl fage

by Gagliardo-Nirenberg inequality with o« =1/2—1/(2+¢) > 0, for small € > 0, so [ py,|log(pn)|
is uniformly bounded using the energy estimate (2.2.2). Then, by de la Vallée-Poussin theorem
(see Lemma 5 or [53]), (pn)n is equi-integrable, and so it converges weakly (up to a subsequence)
by Dunford-Pettis theorem (see e.g.[54]):

pu(t,) = poolt,) weakly in L'(RY),

n—-+o0o

for all t € (0,1). Furthermore, using Assumption 2.5 we get that the sequence (py,), is tight in
L'(R%), so
[Pooll L1 ey = lpoll L1 (ray- (2.4.7)

From LaSalle’s invariance principle we get that E.(p,,u,) — 0, ie

||\/Pnun||L2(Rd 0.

+oo

Multiplying equation (2.1.2a) by a test function ¢ € D((0,1) x R%) and integrating over

space and time, we have
1
/ / (PnOsp + prun - V) dzdt = 0.
0 JRd

By dominated convergence using equation (2.2.1) and from weak convergence of (py), we get

that . )
/0 /Rd PrOrpdxdt n_>—+>oo/0 /]Rd PocO0rp.

Furthermore, writing pnt, = \/Pn+/Prtn, We get, still by dominated convergence using equation
(2.2.3), that

) 1
0 /Rd NIV VSdedt‘ < Cyllvrollp2ra /o IV/Pnunl L2 raydt n—>_+>oo 0.

So we have that in the distribution sense,
Otpoc = 0. (2.4.8)

Now multiplying equation (2.1.2b) by a test function ¢ € D((0,1) x R?%) and integrating over
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space and time, we get by integrating by parts:

1
/ / (Pnundip + prun ®@ un Ve + Appdive — pppune) dedt
o Jr
1 1
= / /d (4pndivA<p —V/pn ® V«/ancp> dzdt.
o Jr

Denoting prun ® tn = /pPrtin ® /pPrly, by the same arguments as above, we get that

1 1
/0 /R Pnundip + \/prin @ \/Prun Vo + Appdive — pppunp) dedt WS /O e Apoodive.

From weak convergence of (py,), we get that

1 1
/ / pndivApdzdt — / / PoodivApdrdt,
0 R4 n—-+oo 0 R4

so the only remaining term is

1 1
/ / N © VY Vipdadt — / / Ve © VY Vipdadt,
0 JR n 0 JR

—+00

In fact, we recall that from Assumption 2.3 we get that V,/p, is uniformly bounded in L?, and

SO
Vipn — Vipeo weaklyin L*(R%).

n—-+o0o

As [ [} Jga f @ V/poV¢ is a linear form on L*(RY), we have

1
/ / (V/Pn — Vi/pso) @ Vi/pooVpdxdt] — 0.
0 JRd n——+00

Then, using (2.2.3) and the additional assumption that \/p, € L>(R,, H2(R?)), we get that

1
| L (98~ V) © Ve Vdade
1
< IVl [ [ Vv = Vol [VePdsdt — o,

since H2(RY) is compactly embedded into H}.(R%), and recalling that |Vi|? has a compact
support, so finally

1 1
/ / V/pn @ Vi/ppVedrdt — / / Vi/po @ Vi/poVipdzdt| — 0,
0 JRd o JRd n—+oo

so we have the result. Under Assumption 2.5, we now get that p, converges weakly in L' to pso
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which is solution of equation (2.4.8) and

AVpoo = %pmv (f/g) . (2.4.9)

As mentioned in [82], and as ||pecl|f1(rey > 0 in view of (2.4.7), there exists a domain 2 C RY
on which ps > 0, so we can divide equation (2.4.9) by poo > 0. Then, integrating over Q and
multiplying by f := ,/pe, equation (2.4.9) is linked to the already mentioned second-order
nonlinear elliptic equation:

1
—§Af+wf+/\flog|f]2 =0,

where w denotes the integration constant. From [49] we know that every solution f of (2.4.2)
such that f € Li (R?) and Af € Li (R?) in the sense of distribution is either trivial or strictly
positive.
In our case, as f = /poo € L*(RY) C LL.(R?) and A/pos € Li (R?) from the previous
calculations, we get that Q = R? which means that ps, > 0 on R% so by standard elliptic
regularity arguments, f is C2(R%), and from [49] we infer that, up to translations, f is equal to
the Gausson (2.4.4). Hence for all (¢,),, the sequence (py,), has the same limit, so we get that
p(t,.)) — ps weakly in LY(RY), (2.4.10)

t——+o0

M|

with pso = cye up to translations. Furthermore, from the conservation of mass (2.4.7) we

get that ¢y = HpoHD(Rd)(—)\/Tr)d/Q. We now denote by z the (unique) center of the Gaussian
function peo, and for all R > 0, we call £ € C°(R?) the following smooth function such that
&r = 1 on {|z| < R} and &g = 0 on {|z| > 2R}. In order to determine x.,, we use the weak
convergence (2.4.10) to infer that, VR > 0,

/Rd z&p(x)p(t, x)de — 2ER () poo () dz.

t—+oo JRd

As poo is a Gaussian function, we get that
_ 2
/ 2&R(T) poo(x)dx = CA/ 2lr(@)eN = dr — wo|lpollpray.
Rd R4 R—+o00

What’s more, as we know that [pa |2|?p(t, 2)dz < oo for all ¢ > 0 by Assumption 2.5, we get by

dominated convergence theorem that

[ aet)de = walooll e,

which concludes the proof.
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2.4.2 Defocusing case

We are now going to prove Theorem 2.10. Following [36], we define ¢ according to the formal
solution ¢ of (2.1.1):

1 z \ Yol L2 way 7(t) ||
Y(t,z) = 10) (t, ) exp | i—>— |, (2.4.11)
T(t)4/2 7)) IVllL2 ey () 2
where v := e~17"/2 denotes the usual centered Gaussian function and 7 is now the unique

solution of the differential equation

2
%—%—m— 7(0) =1, 7(0)=0.

Mimicking the proof of Proposition 2.22 and Proposition 2.23 (with ap = 1), we also get that

A A
7(t) ~ 24/ —t and 7(t) ~4/—.
(0~ 0~

In fact, the previous study of equation (2.3.7) in the defocusing case shows that the ad/r® has
no influence in the long-time behavior of the solution 7, so we can get rid of it in the forthcoming
calculations. Note that this last remark is no longer true in the focusing case, where the a3 /r?

term plays a crucial role in the asymptotic behavior of the solution.

Plugging (2.4.11) into (2.1.1), we get that ¢ satisfy the equation

09+ 3 M A log ( ) + 5 ndlog ( ¢> — d\¢log T + 2\¢log (”%”LQ(R“‘)>
¢ H’YHL2(Rd)
where the initial datum for ¢ is
V| 2 Re
$(0) = o = 7Ly (2.4.12)
%0l 2 (ray

—i0(t

Using the gauge transform consisting in replacing ¢ with ¢e ), where 6 is the unique solution

of the linear differential equation
0+ pf = —dXlog T — 2Xlog oo,

we may assume that the last two terms are absent, and we look into the following scaled equation:

) + ,uqﬁlog ( ¢ ) . (2.4.13)

) 1
016 + 55 A0 = Ao log ( "
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Of course all the above formal calculations rigorously stand in the fluid case, so the hydro-

dynamical formulation of (2.4.13) is the following:

Oro + %div] =0, (2.4.14a)
JJ

8tj + %div (
T

1 Ay/o
2 = oV |2XE 2.4.14
>+)\VQ+ Ayo + uJ 27_2QV< \/§>’ ( b)

where y = x/7. The couple (o, J) induced by Assumption 2.8 and the above scaling will be
called energy weak solution of (2.4.14a)-(2.4.14b), according to Definition 2.2.

Let us now explain the heuristic behind the calculations of the forthcoming proof about the

long time behavior of our solutions. Letting 7(t) — oo, equation (2.4.14b) simplifies into
”hT +AVo+ 2 \yo+ uJ =0, (2.4.15)
then differentiating equation (2.4.14a) in time,
div,J = —0,(m20,0), (2.4.16)
and plugging it into (2.4.15), we get
—0y(120s0) — p12050 + Mo + 2Xdiv(ye) = 0.

As
O1(T%0s0) = 72020 + 277040,

and recalling that 7 ~ 2\/\/p and 7 ~ /A/(ut), we get that 77 — 2X\/p and 72 < (72)? as

t — +00, so we can neglect the 029 term. Introducing another scaling in time s defined by

s = %#at, (2.4.17)

and discarding the lower-order terms, we finally find that
ds0 = Lo,

where L := AA 4 2Xdiv(y.) denotes a Fokker-Planck operator, for which it is well known (under
some hypothesis that we will recall in the following) that in large times the solution converges
strongly to a Gaussian. Note that unlike the elliptic equation (2.4.2) of the focusing case, the
Fokker-Planck operator L is not invariant by translations, hence the limit will be unique (and

not only unique up to translations).
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Remark 2.25. Note that the definition (2.4.17) of s can be rewritten

S_M/l
NS 2

that gives s ~ log(t)/4. This scaling is different from the one for the logarithmic Schrédinger
equation described in [36](which was of order s ~ loglog(t)/4). However, we will see that the

same proof stands in order to get the long-time dynamics of our solutions.

In order to perform the limit in a rigorous way, we will first look at the energy quantities
of our system (2.4.14a)-(2.4.14b). The scaled form of the energy inequality (2.2.2) referring to
system (2.4.14a)-(2.4.14b) is the following:

() + /0 " D(s)ds < &, (2.4.18)
where
E(t) = 27(1t)25ki“(t) + Aent (1), (2.4.19)
Eanlt) =5 [, (olul* +17 V2P dy, (2.4.20)
Eent(t) = /Rd olog (fj) da (2.4.21)
D(s) = /]R olufde, (2.4.22)

& = Ep and T := e 1*I* = 42, Now we recall that from (2.4.12) and (2.4.14a), for all ¢ > 0,

o)l 1y = llooll L1 ey = T[] 1 (Ra)-

As o,T' > 0, we can apply the Csiszar-Kullback inequality (see e.g. [3]) that gives

Eent (1) le(t) = TII7: > 0.

1
2 JE—
2||T°[f 1

We now state the first lemma of this section, which will be useful in the following to get some

convergence estimates:

Lemma 2.26. There holds

sup (/Rd o(t,y)(1 + [y|* + [log o(t, y)|)dy + T(i)QEkm(t)> <00 (2.4.23)
and - #(t)
/0 7a(p) Shan(t)dt < oo (2.4.24)
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Proof. Denoting £, the positive part of the scaled energy £, we have
1 2
& = 3afun+) [ glogo+ ) [ lyle,
2T o>1 Rd

so equation (2.4.18) gives

t 1
Er(t) + M/ D(s)ds < & + )\/ olog <> .
0 o<1 0

The last term is controlled by
1
/ olog () S / o' *
o<1 Y R4

for all € > 0 arbitrary small. By an interpolation formula, we get that

_ 1442 de
e S el el

for all 0 < ¢ < 2/(d + 2). This implies that for all t > 0,

+u/ D(s)ds < 1+ E2 (1),
thus £4(¢) € L>®(Ry), and equation (2.4.23) follows. Differentiating &, we get
g = _Qngina
-

and since £(t) > 0, (2.4.24) follows from (2.4.23). O

Proposition 2.27. Let (9, J) be a smooth solution of the scaled hydrodynamical system (2.4.14a)-
(2.4.14b). Then
o(t) — T weakly in L'(R%).
t—o0

Proof. By the elimination of J described above, using equation (2.4.16), we get

A\ 1
—8t(7'28t9) T atQ—i—)\LQ— 9 QQV< \/@ > — ﬁd <

Using the change of variables (2.4.17) and introducing the notation

J®J)
. :

o(s(t),y) = o(t,y),
we calculate the quantities

A2
2

Or(1%040) = . —28 6 and pr2d,0 = \9s0,
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hence we obtain the following equation:

A1, 1 AVD 1 JeJ
25— Ao ALE = —= 0 ~ . di . 2.4.2
/ﬂT?aSQ ADs0 + AL 2T29V< N 72d1V< G ) ( 5)
Now we remark that equation (2.4.23) induces
sup [ 3(s, )1 + 1o+ [og 2(s.9) )y < . (2.4.26)
(2.4.24) gives
> d
—T(s)&dn(s)ds < 00, (2.4.27)
o ds

and that

so we can conclude like in [36]. Let a sequence s, — oo, take s € [—1, 2], and denote

on(s,y) = 0(5 + sn,y).

From (2.4.26) along with the de la Vallée-Poussin and Dunford-Pettis theorems, we get the
following weak convergence (up to a subsequence, not relabeled for reader’s convenience), for all
p € [1,00),

O, O i LP(=1,2;L}(RY)).
We also get the weak convergence of the initial datum, up to another subsequence:

0,(0) — Gooo in LY(RY).

t—o00

Thanks to (2.4.26), we also get that the family (o(sp,.))n is tight, so

/ 00,00(y)dy = | T(y)dy
Rd R4
and

[, B0 ()L + [yf? + | 10g 20,0 1))y < o0,

Then, denoting 7,(s) = 7(s + sy), equation (2.4.27) implies that

1 Ay/on 1 n ® JIn : _
— 0V JQ — —div & — 0 in LY(=1,2; W 2YRY)).
277 Von T% on ) oo
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In addition, in (2.4.25), all the other terms but two obviously go weakly to zero, which yields
as@oo = Lo (2.4.28)

in D'((—1,2) x RY), with §,0(0,;) = 80,00 € L*(R?). Thanks to the above bounds on g o, it is
known (see [6]) that the solution g to (2.4.28) is actually defined for all s > 0 and satisfies

EEOES re— (2.4.29)

Going back to system (2.4.14a)-(2.4.14b), we need to show that g, is independent of s. In the

s variable, system (2.4.14a) becomes

8sd + gdivj — 0, (2.4.30)

and (2.4.27) implies that J € L?(—1,2; LY(R%)). With J,,(s) := J (s = s,), we have

div7, — 0 in L*(—1,2; W~ bY(RY),

n—o0

SO
aséoo =0.

Combining this last equality with equation (2.4.29), we infer that 9o, = I'. The limit being

unique, no extraction of a subsequence is needed, and we conclude that

o(s) — I weakly in LY(RY).

S—

2.5 Numerical simulations

In this section we will plot some numerical trajectories of equation (2.1.1). As performed in
[13] and [14] in the logarithmic case p = 0, in order to avoid numerical blow-up and round-off
error due to the first logarithmic component of equation (2.1.1), we are going to discretize the

following regularized equation, with a small parameter € > 0:

100 + %A@bs = M log(|9]? + ¢) + %uws log (%) , TEQ, t>0,
@ZJE(OaﬂU) = ?/)0(1‘)»

where Q = R? or Q € R? is a bounded domain with homogeneous Dirichlet boundary condition

or periodic boundary condition posted on the boundary. We remark that mass conservation still
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holds, in the sense that
VE>0, [t )l 2rey = 1Yol L2 rays

and the new regularized energy is defined as follows:

Vez 0, B0 = [ (VU0 + 2l (t,a)] + A (1, 2) P log [ (1, 2) P + )

~Ae?log(1 + [°(t, )| /¢)?) da.

We will perform a semi-discretization in time with a Lie-Trotter splitting method. The operator

splitting methods for the time integration of (2.5) are based on the following splitting

Opy® = A(Y7) + B(y®) + C(¢°),

where

Ay = %mwi B(4)f) = —iv log(|0°* +¢), C(v°) = — %Ws tog (wzp)) ’

and the solutions of the subproblems
1
i0u(t, x) = —iAu(t, z), u(0,z)=up(x), x€, t>0,

10w (t,x) = M(t, z)log(v(t,z) +¢), v(0,2) =vo(z), z€Q, t>0,

w(t, x)
w*(t, z)

iOyw(t, ) = gw(t,x) log (
i

), w(0,z) =wo(z), x€Q, t>0.

The associated operators are explicitly given, for t > 0, by
ult,.) = ®Y (ug) = ",

—1 2
u(t,.) = Bly(vg) = voe it loallvol*+2),

ifge Mt )

w(t,.) = (I%(wo) = qpe , wo = ape’

All the numerical simulations will be made in dimension d = 1 on the interval Q = [a,b]. The
computation of ® is made by a Fast Fourier Transformation. Let N be a positive even integer
and denote Az = (b — a)/N and the grid points z; = a + kAz for 0 < k < N — 1. Denote by
y™NJ the discretized solution vector over the grid (z)o<kp<n—1 at time t = t; = jAt. Let Fy
and ]-"]?,1 denote the discrete Fourier transform and its inverse, respectively. With this notation,
®!, (yN7) can be obtained by

Py() = Tyt (2T E W)
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where

2 N N
N
= 1,....[=——-1),——,...,—1
M b—a{07 M 7(2 )7 27 b }7

and the multiplication of two vectors is taken as point-wise.

We perform our simulations with a space step Az = 0.2 on the interval Q = [—100, 100]. We
take the saturation constant ¢ = 1073, and the dissipation constant ;1 = 1, using a time step
At = 1073 on the interval [0, Tyax] With Tiax = 1000. We perform two simulations with ) either

equal to 0.1 or -0.1, with the initial function
do(z) = | sinale01E 1 | cos gl 02wH?,

In the focusing case, we clearly observe the convergence to a Gaussian function of the same mass

(Figure 2.1). In the defocusing case, our solution vanishes with a Gaussian profile (Figure 2.2).

In order to corroborate the tightness hypothesis Assumption 2.5 made in Section 2 in the
focusing case A < 0, we are also going to test the worst case scenario of two symmetric Gaussian
function diverging at both infinities. Here we take the initial function

vo(z) = 67(x710)2+100ix + 67(x+10)27100i:p7
so our two Gaussian functions have huge initial velocities trying to make them go to infinity.
This is indeed the case for the linear Schrodinger equation (see Figure 2.3). We observe that
the dissipation (taking A = —0.1 and g = 10 in order to enhance the nonlinear effect) seems to
prevent this behavior from happening by quickly freezing their diverging dynamics (cf Figure
2.4). Here we do not go for large times, as we take Tiax = 10 with At = 107%, in order to avoid
edge effect from our moving Gaussian functions in the free case. Other constants are taken as

above.
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Figure 2.1 — Solution of equation (2.1.1) with initial datum )y in the focusing case (A

p=1).
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= 10).

0 50 100

t=2.5

0.2

0
-100 -50

0 50 100

t=10

A

0
-100 -50

0 50 1

00

t=2.5

0.2

-100 -50

0 50 100

t=10

0
-100 -50

0 50 100

91

t=5
1
0.8
=06
1
0.4
0.2
100 50 0 50 100

X

L2-norm and Energy Conservation
100

— L2-norm
— Energy

80

60

40

20

10

100 50 O

X

50 100

L2-norm and Energy Conservation
100

— L2-norm
— Energy

80

60\

40

20

10

—0.1,






CHAPITRE 3

AROUND PLANE WAVES SOLUTIONS OF
THE SCHRODINGER-LANGEVIN
EQUATION

Abstract: We consider the logarithmic Schrédinger equations with damping, also called Schrédinger-
Langevin equation. On a periodic domain, this equation possesses plane wave solutions that are explicit.
We prove that these solutions are asymptotically stable in Sobolev regularity. In the case without damping,
we prove that for almost all value of the nonlinear parameter, these solutions are stable in high Sobolev
regularity for arbitrary long times when the solution is close to a plane wave. We also show and discuss
numerical experiments illustrating our results.

3.1 Introduction

Let T¢ = R?/(27Z)¢ denote the d-dimensional torus (d € N*). We consider the logarithmic

Schrodinger equation with damping, also called Schrodinger-Langevin equation,

00+ A = M logl[01°) + Jrvlog (7). (3.1.)
with ¢ > 0, 2 € T, ¢(0,2) = ¥°(z), A < 0 (focusing case) or A > 0 (defocusing case), and u > 0.
We also denote 1* (or also 1) the complex conjugate of a complex function 1. Note that when

p = 0, this equation is the logarithmic Schrodinger equation
i) + Ay = \iplog |[¢)2. (3.1.2)

This latter equation was introduced in [20] as a model of nonlinear wave mechanics, in particular
for its tensorization property, a feature shared with the Schrédinger-Langevin equation (3.1.1).
Indeed, if the initial datum +° is a tensor product °(z) = H;l:l w?(xj), then the solution to
the d-dimensional equation (3.1.1) is given by

d
¢(ta$) = H wj(t’xj)
j=1
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Chapitre 3 — Around plane waves solutions of the Schrédinger-Langevin equation

where each v; solves the same equation (3.1.1) but in dimension one. It can also easily be
shown that the logarithmic nonlinearities above are the only ones satisfying this tensorization
property. It has then been proposed to model various phenomena such as quantum optics [32],
[87], nuclear physics [73] or transport and diffusion phenomena [50, 91], [72]. On the other hand,
the Schrodinger-Langevin equation (3.1.1) first appears in [104] as a possible way to give a
stochastic interpretation of quantum mechanics in the context of Bohmian mechanics. It had a
recent renewed interest in the physics community, in particular in quantum mechanics in order
to describe the continuous measurement of the position of a quantum particle (see for example
[103], [118] or [102]) and in cosmology and statistical mechanics (see [45], [46] or [47]).

A lot of properties of these two equations are already known on the whole space R?. The
mathematical study of equation (3.1.2) for the focusing case A < 0 goes back to [37], and the
global existence of solutions is now well understood (see [38] and [49]), as well as their qualitative
behaviors (see for instance [5], [61] or [63]). On the other hand, the defocusing case A > 0 for
(3.1.2) has received some recent attention, in particular from the work [36] which established
the global existence and the uniqueness of solutions as well as their asymptotic behavior. For
the Schrodinger-Langevin equation (3.1.1), the long-time behavior of solutions is given in [41]
under some global existence assumptions.

However, few results are known about these equations on the d-dimensional torus geometry.
The existence and uniqueness of global weak solutions to the logarithmic Schrodinger equation
(3.1.2) are given in [13], and the existence of global dissipative solutions to the Euler-Langevin-
Korteweg equations, which is the fluid counterpart of the Schrodinger-Langevin equation through
the Madelung transform ¢ = \/,Eeis , is established in [42]. As no behaviour properties or asymp-
totic features are currently known up to the authors knowledge, this paper is a first step in order
to give some qualitative description of the solutions of these equations on T¢.

The most striking property of (3.1.1) is the preservation of the L? norm even in the damped
case p > 0, hence this equation is always conservative in this sense. On T¢ a first natural

question is to analyze the existence and stability of plane waves solutions. They are of the form
U (t, ) = pelma=wt) (3.1.3)

for p > 0, m € Z% and w € R, they belong to any Sobolev space on the torus, and they usually
play the role of ground states for nonlinear equations on T?. For instance, in the case of the

classical cubic nonlinear Schrodinger
10 4+ Arp = M|, (3.1.4)

plane-wave solutions (3.1.3) correspond to w = |m|? + Ap?, and it has been shown in [58] that

these solutions are stable in large Sobolev spaces H®: to be more precise, small perturbations
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of (3.1.3) in H® remain essentially localized in the m-th Fourier mode over very long times in
H* for sufficiently large Sobolev exponent s, and almost all p which corresponds here to the L?
norm of the plane wave .

In the case of the logarithmic Schrédinger equation (3.1.2), for initial data made of a single
Fourier mode u(0,z) = pe’™?® (with p > 0 and m € Z%), the equation has the unique plane-wave

solution vy, (t, z) = pe!™*= Jocalized at the m-th Fourier mode, with
w = |m|* + 2Xlog p.

As performed in [58], a natural question is then to study the stability of these solutions in
Sobolev spaces over very long time. Indeed, we state such a result in Theorem 3.2, and give
a proof based on normal transformations as in [71, 11]. The main difference with the result
for (3.1.4) is that the frequencies of the linearized operator do not depend on p, by a subtle
mechanism of scaling invariance of (3.1.2). This result is thus obtained for almost all A, to avoid
resonances in the equation.

In contrast, the damping effect in the Schréodinger-Langevin induces that the only stationary

plane wave solutions of (3.1.1) are the constant plane wave functions of the form
v = pe”2iMosr/n, (3.1.5)

where p > 0. We study the dynamics of perturbations of such a solution in Theorem 3.1. We will
show that every small perturbations of (complex) constants (3.1.5) converges exponentially fast
in H*(T?) with s > ¢ towards the constant solution (3.1.5) where p denotes the L? norm of the
solution, which is preserved by the dynamics. The rate of convergence depends on arithmetic
relations between A and p which can also generate Jordan block dynamics. Surprisingly, we also
have situations where for given A, the relaxation is slower for large p than for small u, and
where the damping rate depend on the modes. This is exemplified by numerical experiments
and proved in detail in Section 3.

This paper is organized as follows. In Section 2, we will recall some notations and properties
of functional analysis and nonlinear PDE analysis in order to state our results Theorem 3.1 and
Theorem 3.2. Then, Section 3 is dedicated to the proof of Theorem 3.1, and Section 4 to the
proof of Theorem 3.2. Finally, in Section 5, we show some numerical simulations in order to

illustrate our results and explore situations not covered by our analysis.

1. For the orbital stability in the energy space H', results can also be found in Zhidkov [120, Sect. 3.3] and
Gallay & Haragus [66, 65].
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3.2 Algebraic context and main results

With a periodic function v € L?*(T¢) we can associate the Fourier coefficients wu,, for n =
(n1,...,nq) € Z% defined by

1 —in-x
Uy = —— u(x)e dz
with n-x =njxy + - ngrgq, © = (x1,...,24). For the average, we will use the specific notation

(u) =ug = (2717)d /]I‘d u(x)dz.

We define the Sobolev space H*(T?) associated with the norm

lull . = (z (1+1nP?)° |un|2) é,

nezd

where [n|?2 =n? +--- +n3 for n = (n1,...,n4) € Z% We recall that H*(T?) is an algebra when

s > d/2, namely there exists a constant Cs such that for all u, v € H®, we have

Juvll o < Csllull o 0]l 4 - (3.2.1)
Note also that we have
fullfa = 3 funl? = 5 [ @) = (),
nezd (27T) T4

where

1 R
(u,v)2 = 2n)d /]I‘d u(z)v(z)de.

We now define the notion of solution to the Schrédinger-Langevin equation. For 7' > 0, and an
application ¢ — u(t,x) € C([0,T], H®) such that (u) # 0, by classical lifting theorem, we can
define a(t) > 0 and (t) € R such that (u(t)) = a(t)e??® and 6(0) € [, 7], and such that the
application ¢ — (a(t),6(t)) is continuous on [0,7]. We define the function

we—ate = ) (-1+ ).

so that we have the following parametrization, valid for all u such that (u) # 0:

u(t,z) = D (a(t) + w(t, z)), (3.2.2)
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where 0(t), a(t) and w(t, z) are continuous in time, as long as (u) # 0. In this case, we can define

the logarithm

log(u(t, x)) := i6(t) + log a(t) + log (1 + wit, x)) .

a(t)

This application is well defined and smooth for curves on the domain

Us = {u = e?(a +w)

(a,0,w) ERL x T x H*, a >0, (w) =0, H%’

< 1}
Hs O

where Cj is the constant appearing in (3.2.1). Note that this set contains arbitrary large functions
as both a and w can become large.

On U,, and owing to the analytic series
1 n
log (1 + w) --Y - <—w) , (3.2.3)
a n
n>1

we see that the application u — logu defined above is analytic. With this definition of the
logarithm, it is clear that for a curve t — u(t) € Us we have u*(t) € Us, and log [u(t)|?> =
log u(t) + logu*(t). Moreover, we have log(u*(t)) = (logu(t))*. Hence we deduce that u(t) —
Au(t) log |u(t)|? = Au(t)(log u(t)+log u*(t)) is well defined on C([0, T],Us). Similarly, the function
u(t) — log(u(t)) — log(u*(t)) is well defined on C([0,T,Us), and hence so is the function

weC([0,T),Us) — %ulog (5) e ¢([0, 1), H?).

This thus allows to define mild and strong solutions to the Schrédinger-Langevin equation (3.1.1)

than can be written
i) + A = zplog() + 2" log (), with 2=\ + 2% (3.2.4)

Note that the L? norm is preserved along the dynamics of this equation, as we can check
that

d
auzpuig = 9Re(), 9) 12 = —2Im(yh, Ap) 2 + 4Im(1, v Re(z log ) 2 = 0.

We now state our first theorem concerning the Schrodinger-Langevin equation:

Theorem 3.1. Let s > g, A> —%, i > 0. Then there exists €9 > 0 such that for all p > 0, if
the initial datum ° € Uy satisfies

19° = @)l e < €op and 3ol . = p
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then the solution of (3.1.1) with 1(0,-) = ¥° € U, satisfies for t >0,
9b(t,-) — pe 2P| < Cem (1 + Bt), (3.2.5)

where the constant C > 0 depends on s, d, p and €y, and where o > 0 and € {0,1} depend on
woand A as follows:

(i) If p < 2¢/1 42X then o = 5 and § = 0.
(i) If p =214 2\ then a =5 and § = 1.

(iii) If > 2v/1 42X then

2 1
oo 2 [
—C (12 K
« 5 (4 A) € (0, 2),
and if there exists n > 2 and j € Z% such that p> = 4n® + 8\n and n = |j|?, we have
B =1, and if this is not the case, 8 = 0.
Let us make the following remarks:
e The presence of 5 = 1 reflects the possibility of Jordan block in the reduced dynamics.

e There is no restriction on p, the plane wave solution can be arbitrarily large, a phenomenon
which can seem rather unusual in the context of nonlinear Schrodinger equations. This is

due to a scaling invariance of equation (3.1.1).
e When ) is fixed, u — oo, the damping rate

2A+1 1
o = + +O(3>
I [

goes to 0. Thus a larger damping coefficient implies a slowlier global relaxation to the
equilibrium. This echoes some known behaviors in other context, see for instance [74] and
the reference therein. To our knowledge, such behaviour was however never identified in

conservative models coming from quantum mechanics.

e Note that the exponential damping rate « is always given by the first modes damping rates
a; with |j] = 1, but higher modes may decay at faster speed depending on |j|. We refer
the reader to Section 3.5 for a formal discussion about damping rates of higher modes of
the solution .

e The hypothesis A > —% seems to be crucial to obtain a uniform global convergence result
towards a constant. Indeed, numerical experiments as performed in Figure 3.6 for A = —1
tend to show that the solution converges to a non trivial quasi-periodic solution (which
would be a limit torus in the dynamics). A complete analysis of such case would be very

interesting and will be the subject of further studies.
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We now state our second result, which analyzes the case y = 0, that is the logarithmic
Schrédinger equation (3.1.2). Recall that for m € Z9, plane wave solutions of (3.1.2) are explicitly
given by

U (t, ) = pewoeim'xe_i(|m|2+2’\10gp>t (3.2.6)

for all t > 0 and 2 € T?, and p = ||[v(t, $)||L2(1rd) > 0. We prove the stability of such functions
by H? perturbations. In this case we use a normal form strategy already employed in the cubic
case (see [58]) which ensures the H*-stability of plane waves solutions of (3.1.2) for sufficiently

large Sobolev exponent s, and in the following sense:

Theorem 3.2. Let m € Z% be fized. Let —% <A <Ay, 00 €R and N > 1 be fixed arbitrarily.
Then there exist sy > 0, C > 1 and a set of full measure A in the interval [A_, A\;] such that for
every s > sg and every A € A, there exists g > 0 such that the following holds: for all p > 0, if
the initial data ¥° € Uy is such that

le™ 9% — (e y)| . =ep < eop,  and ¢, = p,
then the solution 1 (t) of (3.1.2) with 1(0,x) = ¥°(x) satisfies
le ™ Tap(t, - ) — pe®D| ., < Cpe for t< (pe)N,

where 6(t) is such that
0 + |m|* — 2\ log p| < Ce?p?.

The proof relies on a Birkhoff normal form Theorem (see [71] and [11]), which will be recalled
in Section 3.6. with Theorem 3.6.

Let us remark that in the energy space H', the previous Theorem holds for all times t € R
and for all values of A > —% by using energy estimates as in [120, 66, 65]. It is a straightforward
consequence of the Hamiltonian formulation (3.4.5) in the w variable after elimination of the
zero mode by L? preservation and gauge invariance. As for the cubic case, the case of Sobolev
space with large index H® cannot be performed for all times and all values of the parameters as

resonnance phenomena can appear.
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3.3 Asymptotic stability for the Schrodinger-Langevin equation

3.3.1 Elimination of the zero mode

Note that if 9 is solution of (3.1.1) with initial datum (0, 2) = ¥°, then the purely time-

dependent gauge transform

K1 exp (—22’2 log Kk (1 = e“t>> (3.3.1)

1

is also a solution of (3.1.1) with initial datum (0,2) = x¢°. Hence by taking x = p~! and

modifying €9 and C' accordingly, we see that it is sufficient to prove the result for p = 1.

We search a solution under the form
P(t,z) = D (a(t) + w(t))
with a(t) > 0, 6(t) € R, and
w(t,x) = ij(t)eij‘l’
J#0

on the Fourier basis. For g > 0, we denote
Bs(ro) ={w € H*|(w) =0, and [w|,, <70}

Note that we have 1) — (1) = ew and hence we can assume w(0,-) € Bs(rg) at time ¢ = 0, for
ro small enough. We also recall that the L? norm of the solution is ||1j)||i2 =a’+ ||wH2L2 = p?

and it is preserved along the dynamics, hence we have

2
a=1/1-uwl’,. (3.3.2)

Now we calculate with 1) = ¢?(a + w), using the representation (3.2.4) with z = A + £:

i) = —e?(a +w)0 + eia + e?idyw,
Ay = e Aw,

z1plog(1h) = ze (a + w) (i@ + loga + log (1 + Z)) ;

Zlog(y*) = %€ (a 4+ w) (—z’H +loga + log (1 + u;)) .
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We then see that (3.2.4) is equivalent to
— (a +w)0 +ia + idw + Aw =
z(a + w) (i@ + loga + log (1 + w)) + 2" (a + w) <—i9 + loga + log (1 + w)) ,
a a

or equivalently

—(a +w)(0 4 b + 2X1og(a)) + ia + idw + Aw = zw + z*w* + X (w,w*), (3.3.3)
where

X(w,w)::z(a—l—w)log(l—i—)—zw+z a—l—wlog( )—zw

a a

1 n n
:—z(a—I-w)Z— A (a + w) v — Z*w*.
n a

n>1

|\/M
S|

Hence, as a is given by (3.3.2), we have, for rp small enough,

* 2
w e Bs(ro) = [|X(w, )|, < Crollwlly, -

I g7
Taking the average (-) of (3.3.3), we obtain
—a(f 4 pb + 2\ log(a)) +ia = (X (w,w")),
which yields an equation for 6:
6+ 16 + 2\ log(a) = %Re(X(w, w)). (3.3.4)

We also note that as long as w € Bs(rp), we have

1 2

SRe(X(w, w")) < Cllwl, -
Projecting again (3.3.3) on the non zero modes, we obtain

10w + Aw = zw + 2*w* + X (w, w*) — (X (w,w*)) + w(f + pd + 2X1og(a)).

This shows that the equation for w can be written

0w = —Aw + zw + Z*w* + F(w,w"), (3.3.5)

101



Chapitre 3 — Around plane waves solutions of the Schrédinger-Langevin equation

where

Flw,w') = X (w,w") = (X(w,w")) + ~Re(X (w,u"))
satisfies the estimate

* 2
w e Bs(ro) = [[F(w,w)|, < Cllwly,

HS

3.3.2 Diagonalization and Jordan blocks

To analyze the long time behavior of (3.3.5), we embed it into the complex system

i = —AL+zE+ 2+ F(&n)

. (3.3.6)
i = An—z'n—26—-F(n)*

and we consider this system in the ball (£,7) € Bs(rg) x Bs(rg) equipped with the norm product

2 2 2
1 M 3 = €N s + 1l s -

We can write this system as

i, <§> - <_A+Z a4 ) <£> +Q(& ), (3.3.7)
n —z A—z n

where Q : Bs(ro) X Bs(ro) — H® x H® satisfy the estimate

1QE M . < CliEI -

Now, if we consider the extended system (3.3.6) with an initial condition satisfying

then for all times £(t) = n(t)* and £(t) = w(t) coincides with the solution of (3.3.5). Note that
in Fourier, this condition yields &; = (7*); = (n—;)".

Taking the Fourier transform of the equation (3.3.7), we obtain the collection of equations

vj ez {0}, i, (f]J) = A2 <§J> +Q;(E,m). (3.3.8)

J J

where for n = [j|?,

A — n+z z* _ n—4+ A+ 5 A— b '
-z —n-2z* A& -+ 5
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In particular, the eigenvalues of the matrix A,, are

/ 2
H H
— 4+ 1/n?+2\n — —.
2 n* + 2An 1
We can distinguish three cases:

(i) 4n* 4+ 8 n — pi* > 0. In this case the eigenvalues are of the form £ =+ 4,, with

f 2
Op = n2+2)\n—'uz>0.

We can explicit the diagonalization A, = P, D, P; !, with the diagonal matrix

£ —4 0
Dy, = 2 " )
( 0 52+5n>

and the matrix of change of coordinates

pl_ 1 n+ A+ 60, )\—2%.
T V25,00t AN\ A+LE ot A+4,

and

n

1 <n+)\+(5n —(A—%))

T V26,000t N —(A+5) ntXA+dn

Note that P, is hermitian, has condition number smaller than 2 and that

det (P,) = det (P, ') = 1.

(3.3.9)

(3.3.10)

(ii) 4n% + 8An — u? < 0. Note that for given A and y, this situation occurs only a finite number

of times, as when n becomes large, n? + 2An goes to 4+o00. In this case the two eigenvalues are

under the form —ia,, and —if3,, with

[ 2 [ 2
an:g— Mz—nz—Z)\n, Bn:%+ %—nZ—Q)\n.

Now asn > 1 and A > —%, we have that n? 4+ 2An > 0 and hence 3, > a, > 0. Let us finally

note that the sequence n? + 2\n is increasing, so the minimum of all the o, and f, is o1, and

this case happen if 4 4+ 8\ — 2 < 0. The diagonalization matrices are the same as in (3.3.9) and

(3.3.10), and we have
D, :=P,'A,P, :<_w" v )

0 —10,
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2
but note that as d, = (4 — n? — 2/\n)% is now imaginary, these matrices are not hermitian

anymore and have no special geometric structure.

(iii) 4n* + 8An — p* = 0. In this case £ is a double eigenvalue. As

(n+ 7= (= 2+ 5.

we have that (n+ X\, —\ — %) is an eigenvector and the matrix A,, can be put under the Jordan

form
£ N £
Tn =P AP, = [ % 2,
o &
with
1 1 2(n+ \) - &
" n+A\A+LE (n+ )
and

p_ 1 n+X A+ L
A\ £ 2nt )

Again, the matrices P, and P, ! have condition number smaller than 2, uniformly in n.

We now go back to (3.3.7), and we define V = <f> =p! <§> in Fourier by the formula

9 n
vj € ZN\{0}, V= (f”) = P} (53') :
9j Nj

From the properties of the matrices P, exhibited in the previous three cases, the application
(&,m) — V is bounded and invertible in H* x H*®, the inverse being given by the multiplication

with the matrices P;2. Hence the system becomes
i0V; = D)2V + R;(V),
where R(V) = P71Q(PV) satisfies

2
IRV e < ClIV Iy

HHS

for V€ Bs(ro) x Bs(ro) and for some rq small enough. Here, the two by two matrices Dy, are
given explicitly in term of A\, y and |j|?.
Let a > 0. We now define the operator A as

AV): =aV; if 4n® +8\n—p? #£0
J J
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and
—iA+ 5

«

(AV); = <z ) V; if 4n® 48 n —p? = 0.

We calculate that in this latter case, we have for ¢t € R,

e <fj> _ (1 H—iX+ ’;)) (ﬁ)
gj 0 1 9i)

We can define the change of variable U = e!*V so we have

z@tU _ €tA(iA + D)e—tAU + etAR(e—AtU)
= (iA+ D)U + e R(e™™U),

where the last equality comes from the fact that if 4n? + 8\n — u? # 0 the block operator et

is the scalar multiplication by e®, and in the Jordan block case,

ila—§
iNj + D2 = ( ( 0 2) Z_(a(i ‘5)>' (3.3.11)

This leads to the following estimate: when U € Bg(rg), as R is at least quadratic, we have that
for t > 0,
[ Rle M O)ly, < Ce®! (14 BA)|UI,,

where 8 = 0 in the case where 4n? + 8\n — u? # 0 for all n = |j|? with j € Z¢, i.e. when no
Jordan block is present.
Let us examine the operator iA + D. In the Jordan block case (i), we have seen that the

operator is given by (3.3.11). In the case (i), it is

YO
iAj+Dj2:<Z(a 3) = 0n

and in the case (i),
i(a = B) 0 )

0 i(a—ap)

iAj + D|j|2 = (
Hence, if @ = min(ay,, §) = min(aq, §), we have that
iN+ D =—iA+ B,

where A and B are diagonal with real coefficients, the coefficients of A being nonnegative.
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Let L be the operator defined on H® x H® by the formula

(LU); = 1i|Uj.

As iA + D is diagonal, it commutes with L. Then we have for U = <f>:
g

2 S S
U e = D0 1P + D lgs P nl?
J#0 370
= (L*U, L*U) 2 = (U, L**U) 12

where for U = <f> and V = <€>,
g n

Let us calculate

d 2 S S

UG, = 2Re(LU, L0U) 12
= 9Re(L°U, L (—A — iB)U) 12 + K (t,U)
= —2Re(L°U, AL°U) ;2 + K(t,U),

where we have the estimate
K(8,U)] < Ce™ (1 + ) |U|5,.
Moreover, with the choice of «, we have
—2Re(L°U, AL*U) 2 < 0,
so we end up with the estimate
d
F

for some positive constant M, which is valid as long as U(t) € Bs(rg) x Bs(rg) with ¢ small

J<Cet 1 B)|U|,, < MemE| U

enough. If we denote y = ||U||? s(1ay, We have to study the differential inequation

| < Me™ 2152,
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3.8. Asymptotic stability for the Schrodinger-Langevin equation

We look at the following differential equation, for all ¢ > 0,
f(t) = Me™ 3" ()%,

Note that as the function (¢, f(£)) — e~ 2'f(t)3/2 is locally lipschitz with respect to its second

variable f, the classical theory of Cauchy-Lipschitz theorem applies, and as f(0) = y(0) =
2

1U(0)[ 5, = [[V(0)

we can write

> 0, we know that f(¢) > 0 as long as the solution f exists. In particular,

fo) _df =2\ _ s
fwﬂ‘w<f@>_M€’

=" 1(e‘ét ~1)

2
[

SO

M
f(0) T

by integrating, so f remains uniformly bounded under the condition
2
o
0 _
o)< (55) -

70) < f(t) < — 0
(1-270)

in particular the solution f do not blow-up in finite time and exists for all time ¢ > 0. As
f(0) = ||U(O)||§{S, we have by comparison that y(t) < f(¢) for all t > 0, so

and more precisely

5 < 00,

2
sup [U ()], < oo
>0

under the condition
«

[T . < 17

Recalling that U(t) = eMV(t), we get that
VOl e < Cluss,d VOl . Jem (1 + BY),

and this shows Theorem 3.1, 8 = 1 or § = 0 reflecting the presence of Jordan block in the
dynamics.
Now if the initial conditions £* = 7 are satisfied, it gives a solution of the initial system. It

remains to control a and @, which is read in a non trivial relation between the components of U
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and V, but without affecting the fact that V' € Bs. But from (3.3.2) we obtain directly
2 _
ja =1 S C|IV |}, < Ce (1 + Bt)?,

and from (3.3.4)
3

10 4 uf] < Ce (1 + Bt)* < Ce 2%,

We deduce that

t
10(t)] < Cett / elr=a)sds = (c—Bat _ o—nt)
0

and this shows the result, as o < £.

3.4 Stability for the logarithmic Schrodinger equation

We now prove Theorem 3.2. The strategy follows the lines of [58] and uses a Birkhoff normal
form reduction as in [9, 11]. As in the previous section, we can eliminate the zero mode and
perform block diagonalization of the linear operator, but the preservation of the Hamiltonian

structure is crucial. Indeed, the logarithmic Schrodinger equation is associated with the energy

H.0%) = V015, + gz [, 16060 (log (e, ) = 1) (3.4.1)

which is preserved for all time ¢ > 0, as equation (3.1.2) can be written

oH
O

3.4.1 Reduction to the case m =0

(¥,9*) and hence iH(w(t)’w(t)*) —0.

0 = at

Equation (3.1.2) satisfies the galilean invariance principle, which means that if ¢ is a solution,
then
p(t,x) =9tz — vt)e_i(‘”m/?—v-x)

is also a solution for every v € Z®. Using this property on the plane wave v, with v = —m, we
get that
I/m(t, z+ mt)e—i(|m|2t+m.x) _ p€—2i)\tlogp — l/o(t, IE),

which means that we can restrict our attention to the case m = 0. Note that this transformation

preserves the L?-norm.

Another important feature of (3.1.2) is the effect of a scaling factor (cf [36]) : unlike what

happens in the case of the usual power-like nonlinearity A[iy|” for v > 1, if ¢ is a solution to
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(3.1.2), then

Kfl/)(t, ‘,L,)efZit)\ log k

also solves (3.1.2) with initial datum x¢° (compare (3.3.1)). Keeping this property in mind, and
using the conservation of the L? norm of any solution of (3.1.2), we will take in the following,
for allt > 0,

1Ol . = 100 . =1,

which means that we can consider only the case p = 1.

3.4.2 Elimination of the zero mode

We perform the same decomposition as in the previous section: we have
Y =e(a+w) (3.4.2)

with (w) = 0 and a > 0. The preservation of the L? norm guarantees that a = /1 — ||w||i2 as
in (3.3.2). We obtain exactly the same equations for 6 - (3.3.4) and w - (3.3.5), but with x = 0.
The main point is to check that F' is Hamiltonian, and that we can apply a Birkhoff normal
procedure, i.e. that the frequencies are generically non resonant.

We decompose the solution on the usual Fourier basis ¢)(t, z) = Y ;c74 ¥;(t)e”*. The Hamil-
tonian H (1, 9) (see (3.4.1)) can be viewed as a function of the coefficients ¢; and ¢}, and we

have OH
ih; = w(zp,w*)-
J

Now (3.4.2) is viewed as a change of variable for the Fourier modes: it defines a function 1 +—
(a,0,w) with w = (w;)osjezd, 0 < a € R and 6 € R defined by
20

Yo =ae” and ;= wjew for je Z:=7%{0}.

In these new variables, the Hamiltonian function can be written
H(y,¢%) = H(a, w, w"),

as the Hamiltonian is gauge invariant (i.e. invariant by the transformation 1 — 1)), how-

0

ever this transformation is not symplectic. As 1y = e?a, we obtain the following collection of

equations:
% _9 = 5 4, W, * )
i —ba=—- (a,w,w")
H .
(a7 w? w*)7 J ;é 0'

oH
Bwj

iwj — 0w =
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As a € R, taking the real part of the first equation in the previous system shows that
0=—=""(a,w,w"), (3.4.3)

so ¢ is well controlled by a and w. Inserting this equation in the equation for w;, we then get

the equation on the j-th mode:

0 i 0
= %(a,w,w*) - %%(a,w,w*)- (3.4.4)
Now as a = /1 — ||w||2L2 we also have
da  —w;
ow*  2a’

J
and therefore the equations of motion (3.4.4) for w = (w;);jez are Hamiltonian, namely

of,
ow*

J

iw; = w,w*), jEZ, ﬁ(w,w*) = H(a,w,w"), (3.4.5)

with the real-valued Hamiltonian

A

H(w,w") = H(a, w,w")

A
(2m)d /Td la + w[*(log(a + w) + log(a + w*) — 1)dz.

As in [58], we can use the expansion (3.2.3) for the logarithm as well as the expansion

2
= [[Vwl[7. +

m>1 m! 70
and ) ) ) .
| —s—-—m-+1
1:1+Z 2( 2 ) '( 2 m ) Z‘MJP 7
a o] m! 70

to obtain a representation of the form

A - 2 2 Al . _
A(w, m) = Vel + A1 + 5 o /W(w2 +a?)de + Plw, @),

with P(w,w) = > _ Pr(w, ),

r>3
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3.4. Stability for the logarithmic Schridinger equation

where P, (w,w) denotes a polynomial of degree r of the form

’PT(IU,W) = Z Z 'Pk,gwjl C W, Wey L Wy,
pHa=r (j)EZPx 24
M(5,6)=0
and
MG =1+ ooty — L1 — o — L (3.4.6)

denotes the momentum of the multi-index (k, ¢), and that the Taylor expansion of the Hamilto-
nian P contains only terms with zero momentum. Moreover, this Hamiltonian function is smooth

on Bs(ro) := {w € H*[[|w]| ,, < ro} for ro small enough owing to estimates of the form
|Prel < MLPT,

which holds for some positive constants M and L independent of k and [. This bound comes
from the analyticity of the logarithm expansion (3.2.3) and of the function w — /1 — ||w||i2

The equation for w can thus be written (compare (3.3.5))

ot
ow*

i@tw ==

(w,w*) = —Aw + \w + \w* + 57) (w,w™),

w*
or equivalently, for j € Z,

‘ . _ oP
iopw; = (|5]* + Nwj + Xw_; + F(w, W),
wj

owing to the fact that (w*); = w_;.

3.4.3 Diagonalization and non-resonant frequencies

The linear part in the differential equation (3.4.5) for w; is (|| + A)w; + A\w_;. By using
the same strategy as in the previous section, taking the equation for w; together with that for

w_j, we are thus led to consider the matrix (for n = [j]*> > 1)

A, = n+ A A '
A —n-=A
Hence we have the eigenvalues ++v/n2 + 2 n which are all real if we assume \ > —%, which will

be the case from now on.

Lemma 3.3. Let A\ > —1/2. Then, for all n > 1, the matriz A, is diagonalized by a 2 x 2
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matriz Sy, that is real symplectic and hermitian and has condition number smaller than 2:

Q
S1A,S, = < w0 > with  Q, = Vn? 4+ 2\n.

0o —-Q,

Proof. By direct diagonalization we have

"I+ )+ 2X + Q) ) n+ X+ Q,
and
g-1_ 1 n+A+Q, A
T+ Q)+ 23+ Q) A n+A+Q, )

which are indeed real and self-adjoint. Denoting

0 1
J = ,
-1 0
we can also easily check that S, and S, ! are in fact symplectic, namely

STTS,=J and (;1) IS =1

O]

Using the real symplecticity of the matrix S, ! of Lemma 3.3, we make the symplectic change

(si)zs’;l(ﬁ)

for j € Z%\ {0} and n = |j|?> > 1. This linear transformation applied to the Hamiltonian system

of variables

(3.4.5) gives the new Hamiltonian system

S 60 = 22 (). E0) (3.4.7)

and define a new Hamiltonian H(&,€) = H(w, ™) which can be written under the form

H(¢,E) = Ho+ P =) wjlé* + P(£,9),
J#0

where we denote the frequencies w; = Q,, = vn? + 2\n for [j|> =n > 1, and the non-quadratic
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term P is of the form

P& =Y > Puibr ke -y (3.4.8)
p+q=>3 (j,£)eZPx 219
M(j,6)=0

where the sum is still only over multi-indices with zero momentum (3.4.6), since the transforma-
tion mixes only terms that give the same contribution to the momentum. From the properties of
the original Hamiltonian P and the bound on the transformations S,,, we can state the following
bound: for k € ZP, ¢ € Z9, the coefficients in (3.4.8) are bounded by

| Pyo| < MLPT,

for some constants M and L independent of p and gq.

Remark 3.4. The H®-norm of the sequence ¢ is equivalent to the Sobolev norm of the perturba-

tion of the m-th plane-wave of Theorem 3.2 in the case p = 1 namely

clléll s ray < N1t -) = €l arsray < ClIENgrs ray

where ¢ and C' denote two positive constants depending on A. In particular, under the assump-
tions of Theorem 3.2, the system (3.4.7) has small initial values whose H®-norm is of order

E.

3.4.4 Non resonance condition and normal form

We are now going to prove that the frequencies (€2,,),, of our linearized system satisfy Bam-

busi’s non-resonance inequality [9] for almost all values of A:

Lemma 3.5. Let A\_ > —1/2, Ay > max(A_,1/2) and r > 1. There exists « = a(r) > 0 and a
set of full Lebesque measure A C [A_, A\;] such that for every A\ € A there is a v > 0 such that,
for all integers p, g with p+q < r and for allm = (mq,...,mp) € N’ andn = (n1,...,n,) € N9,

0
e =y — = Q| > ——— 4.
Qg + oo 4 Qi — Qg Q| ) (3.4.9)

except if the frequencies cancel pairwise. Here, pus(m,n) denotes the third-largest among the

integers mi, ..., My, N1, ..., Ng.

Proof. The proof is exactly the same as in the cubic nonlinear Schrédinger case, and can be
found in [58, Lemma 2.2]. Indeed, in this latter reference, the frequencies where under the form
V/nt 4+ 2n2Xgp? where Ao was fixed and p the varying parameter. The condition (3.4.9) is thus
a consequence of this result by replacing Aop? by the varying parameter A in the proof of [58,

Lemma 2.2]. Note that the arguments are similar to the one used in [9, 11, 116]. O
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We are now in position to apply the normal form result, Theorem 7.2 of [71] (see also [11]).
We denote the ball of radius r > 0:

O,(r) == {(€,8) € €% x CZ | |lell . < 7},

where the Sobolev norm || - || ., can be written

H£||HS = Z nan(f,g) with the super-actions Jn(f,é) = Z \§j|2.

n>1 l7]2=n

For a given Hamiltonian K € C*®(Oy(r),C) satisfying K (&,€) € R, we denote by Xx (&,€) the

Hamiltonian vector field

- 0K 0K .
Xk;(gag)] = <1%7_Z%> , )€ Zv

J

associated with the Poisson bracket

0K 0G 0K 0G
K,G :Z —_— = .
(K.CY =12 56 3, ~ e, 06

We can now apply Theorem 7.2 of [71], which can be expressed in our setting as follows:

Theorem 3.6. Let A be in the set A of full measure as given in Lemma 8.5 for some N > 3.
There exists so such that for any s > sg there exist two neighborhoodsU = O4(rg) and V = Os(r1)
of the origin and a canonical transformation T : V — U which puts H = Hy + P in normal form
up to order N, i.e.,

Hor=Hy+Z+R,

where
o Hy =3 czwilél?,
e 7 is a polynomial of degree N which commutates with all the super-actions, namely
{Z,J,} =0 foralln > 1,
o0 ra N
o ReC®(V,R) and || XRr(&, &) . < Csliéll . for £ €V,
e 7 is close to the identity: || T(£,€) — (E,E)HHS < CSH£||23 forall € € V.

The verification of the hypotheses for our Hamiltonian H is pretty standard and can be
performed as in [58]. The consequence of this Theorem are well known from [71, 11]: there exists
go such that if [[(0)]| ,, < & < €9, then we have [|{(?)[|,;, < 2¢ for a time ¢ < eN. As a
consequence, the same result holds true for w solution of the system (3.4.5) up to changes of

the constants. This implies that |a — 1] = O (Hw”iz) < Ce?and 6] = O (||w|]iz) < Ce? for
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t < e, and we can then conclude the proof owing to Remark 3.4. Note that for a fixed N, we
need only a finite number of iterations in the normal form construction, and thus the use of the
estimates in Lemma 3.5 for a finite number of r. Typically, the r needed is linear in N, see [11]

for details.

3.5 Numerical simulations

In this section we will perform a semi-discretization in time with a Lie-Trotter splitting
method of the nonlinear Schrédinger-Langevin equation (3.1.1). The operator splitting methods

for the time integration of (3.1.1) are based on the following splitting

Opp = A(P) + B(¢) + C (),

where

A) = idb, B(Y) = ~ixslogllu?), O = —guvlog ().

and the solutions of the subproblems
iu(t,z) = —Au(t,z), u(0,z)=ug(z), €T >0,

i0wv(t, x) = Mv(t, ) log (\v(t,x)]Q) , v(0,z) =vo(x), z€ T, >0,

w(t, )
w*(t, )

iOyw(t,x) = %w(t, x) log (

5 ), w(0,z) = wo(z), zeT¢ t>0.

The associated operators are explicitly given, for t > 0, by
u(t,-) = 'y (ug) = " uo,

v(t, ) = ®(vg) = voe 1B,

i@oe_“t 6o

w(t, ) = P4 (wo) = age , wp = ape’

Note that in our simulations the initial functions will be some small perturbations of plane
waves and should stay away from zero over large times as induced by Theorem 3.2 and The-
orem 3.1, so we do not need to saturate the logarithm nonlinearity by an e-approximation
Y — ¢ log (|¢°|* + ) as performed in [13] or [14].

All the numerical simulations will be made in dimension d = 1 on the torus T = [—7, 7]. The

computation of ® is made by a Fast Fourier Transformation. Let K be a positive even integer
and denote Az = 27 /K and the grid points x; = —7 + kAz for 0 < k < K — 1. Denote by pHd

115



Chapitre 3 — Around plane waves solutions of the Schrédinger-Langevin equation

the discretized solution vector over the grid (x)o<p<ix—1 at time t = t; = jAt, which can be

written with the discrete Fourier ansatz
PRI m) = 3 e, 0<n< K -1
k=0

Let Fx and ]-';{1 denote the discrete Fourier transform and its inverse, respectively. With this
notation, ®% (%) can be obtained by

P! = i (T ().

K K

K

=0,1,....(=——-1),——,...,—1
g |:77 7(2 )7 97 ) :|7

and the multiplication of two vectors is taken as point-wise. In the following we will both plot

where

the dynamics of the absolute value of the solution (|¢K7|> ~and the evolution of the actions
J

(|1/)£(’j|)j for 0 <k < K — 1 over the discrete time {0,. .., Tax} With Tihax = JAt and J € N*,

which corresponds to the number of discretization points of time.

In the following we perform our simulations with K = 27 space discretization points on the
interval T = [, 7], using a time step At = 1072 on the interval [0, Tjpax] With Tinax = 100. We

also take the initial function )

Yol@) = 1+ 0.2cos(x)’

3.5.1 Evolution of the solution

Here we plot the absolute value of the solution (WKJ ]) = We take the constant A = 0.5

and we perform two simulations of u(t,z) = |[¢(t,x)|? Wi(‘)ciji either equal to 0 or 2. In the
case without dissipation (u = 0), we clearly observe the stability of the solution (Figure 3.1),
whereas in the case with dissipation (@ = 2) we see that the solution converges quickly to its
limit (Figure 3.2). We also get in the second case a numerical exponential decreasing rate in H*®

norm of auym = 1.0002 for the function

w - p672i)\ log p/p

with p = |[¢°||12, which well corroborates the theoretical damping rate e, = /2 = 1 of
Theorem 3.1.
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Figure 3.1 — Solution of equation (3.1.1) with initial datum 1y (A = 0.5, u = 0).

Figure 3.2 — Solution of equation (3.1.1) with initial datum 1y (A = 0.5, u = 2).
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3.5.2 Evolution of the actions

We now plot the evolution of the actions (Wf’j ) ~with 0 < k < K —1, in logarithmic scale,
with Thax = 20. We will first take the constant A = 03.5 and p equal to 0 (Figure 3.3), 2 (Figure
3.4) and 4 (Figure 3.5) in order to corroborate the state of Theorem 3.2 and Theorem 3.1. We
then take a focusing constant A = —0.5 with p = 2 (Figure 3.6).

In Figure 3.3 we well observe the near-conservation of the actions of our stable solution. In
Figure 3.4, all the actions drop to zero at the same exponential rate, except the mode 0 which
stays constant, as described in the proof of Theorem 3.1 (in fact, in this case yu = 2 < 2v/2 =
21/1 +2)). The actions still decay to zero in Figure 3.5, and we observe that the first action
well numerically decreases at the rate —0.5858 ~ 2 — 2 = pu/2 — \/p2/4—1—-2x\ =: «a,

which fall under the scope of point (iii) of Theorem 3.1. However, other modes decay faster: the

second mode has a numerical exponential rate of —1.1743 =~ 2, and all the higher modes decay
at the same rate of p/2. For a general damping > 0 we can conjecture that the j-th mode

exponentially decreases at the rate

min | o, Z O,
kit k=]
0<ky,...,k;<j
This phenomenon reflects the possible nonlinear effects affecting the evolution of each mode: for

instance, in the case of u = 4, the quadratic remainder ()2 in the equation of second mode

. wo L — 6y 0 1 [ we _
0 =P (2% py! + W),
o) (0" ) e () e

possibly contains the product of two first-order modes w;w_1, which contributes to a smaller
decreasing rate 2oy = 4 — 2y/2 than the linear one as = ;/2 = 2. However, a rigorous proof
of this statement would require some precise understanding of the dynamics of each individual

mode through their nonlinear interactions which goes way beyond the analysis covered in this

paper.
Finally, the case of Figure 3.6 which is not covered by our analysis (A = —0.5) is way more

exotic: the zero and first mode are conserved, and it also becomes true for the other modes after

a transitory state where the actions decrease exponentially fast.

118



3.5. Numerical simulations
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Figure 3.3 — Evolution of the actions of solution of equation (3.1.1) with initial datum 1
(A=0.5, u=0).
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Figure 3.4 — Evolution of the actions of solution of equation (3.1.1) with initial datum g
(A=0.5, p=2).
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Figure 3.5 — Evolution of the actions of solution of equation (3.1.1) with initial datum

(A=0.5, p=4).
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Figure 3.6 — Evolution of the actions of solution of equation (3.1.1)

(A= —-0.5, p=2).
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CHAPITRE 4

GLOBAL DISSIPATIVE SOLUTIONS OF
THE DEFOCUSING ISOTHERMAL
EULER-LANGEVIN-KORTEWEG

EQUATIONS

Abstract: We construct global dissipative solutions on the torus of dimension at most three of the
defocusing isothermal Euler-Langevin-Korteweg system, which corresponds to the Euler-Korteweg system
of compressible quantum fluids with an isothermal pressure law and a linear drag term with respect to
the velocity. In particular, the isothermal feature prevents the energy and the BD-entropy from being
positive. Adapting standard approximation arguments we first show the existence of global weak solutions
to the defocusing isothermal Navier-Stokes-Langevin-Korteweg system. Introducing a relative entropy
function satisfying a Gronwall-type inequality we then perform the inviscid limit to obtain the existence
of dissipative solutions of the Euler-Langevin-Korteweg system.

4.1 Introduction

The aim of this paper is to give a proper notion of solution and to prove the global existence
of such solutions of the isothermal Euler-Langevin-Korteweg system of equations (denoted ELK

in the following for reader convenience):

Op + div(pu) =0, (4.1.1a)

2 A\f
O(pu) + div (pu @ u) + AVp + ppu = —pV (4.1.1b)
NG
where ¢t € [0, T for a fixed T > 0. The unknown functions are the density p : [0, T[xT¢ — R, and
the velocity field u : [0, T[ x T¢ — R? of the fluid, with the initial condition p(0,z) = po(z) and
u(0,2) = up(z) for all z € T¢, where T? denotes the d-dimensional torus with 1 < d < 3. We also
denote A\ > 0 the pressure constant, u > 0 the dissipation constant and A > 0 the renormalized
Planck constant. Using the Madelung transform 1 = ﬁeis/ € or in a more rigorous way the

change of unknown p = |¢|> and pu = hIm(1*V4), this system is directly linked with the
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Chapitre 4 — Global dissipative solutions of the defocusing isothermal ELK equations

Schrédinger-Langevin equation:

2
ihop + %Aw = \plog(|yp|?) + %uw log (:f) . (4.1.2)
This equation first appears in Nassar’s paper [104] as a possible way to give a stochastic inter-
pretation of quantum mechanics in the context of Bohmian mechanics. It had a recent renewed
interest in the physics community, in particular in quantum mechanics in order to describe the
continuous measurement of the position of a quantum particle (see for example [103], [118] or
[102]) and in cosmology and statistical mechanics (see [45], [46] or [47]). Note that in its physical
interpretation, A = 2kp7/h corresponds to a quantum friction coefficient, so both positive and
negative signs could be of interest (kp and h denotes respectively the Boltzmann and the nor-
malized Planck constant, and 7 is an effective temperature), unlike the real friction coefficient
p which is taken positive (see [45]). In the mathematics community, this equation has not seen
much interest yet, despite the presence of unusual nonlinear effects. In [41], the author has shown
that in the focusing case (A < 0) every well-prepared density function of the solution of equation
(4.1.2) on R? converges to a Gaussian function weakly in L'(R?), whose mass and center are
uniquely determined by its initial data py and ug, whereas in the defocusing case (A > 0) every
solution disperses to 0, with a slower dispersion rate than usual directly affected by the nonlin-
ear Langevin potential 2% log (v/1*). Still in the defocusing case, up to a space-time rescaling
incorporating dispersive effects, the density p of every rescaled solution of equation (4.1.2) on R?
also converges to a Gaussian function weakly in L'(R?), a phenomenon which is reminiscent of

the defocusing logarithmic Schrodinger equation [36] (corresponding to the case p = 0in (4.1.2)).

The question of the existence of solutions to this kind of quantum system is already dealt
with in the case of barotropic pressure of the form P(p) = \p” in [4], where v > 1 (and pu = 0).
However, the proof is based on the link with the power-like Schrédinger equation

. h? -1

ih0uh + - Ap = Mgyl (4.1.3)
and the use of Strichartz estimates which do not seem to be helpful for the logarithmic nonlinear-
ity. In fact, rather than estimate V(1|7 ~!|), we have to deal with the quantity V(v log(|:|?))
which becomes unbounded when the wave function v vanishes to 0, preventing us from applying
the fractional steps method of [4]. In the second part of [34], the authors have shown the exis-
tence of solutions to the isothermal Euler-Korteweg system (which corresponds to the case = 0
in the system (4.1.1)), but again their proof is strongly based on the link with the logarithmic
Schrodinger equation, which does not seem to be useful in our case due to the ill-posed nonlinear

Langevin potential % log (v/4*). In a more regular framework, note that in the recent work [62],
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the author shows the local existence in time of solutions to the Euler-Korteweg system satisfy-

ing some analytic regularity, which may be extended to the Euler-Langevin-Korteweg equations.

Unlike the Navier-Stokes-Korteweg system of equations (which corresponds to system (4.1.1)
adding the viscous term vdiv (pDu) on the right hand side of (4.1.1b), see [84] or the system
(4.2.1) below), the lack of viscous term in the Euler-Korteweg system prevents us from adding
some smoothing terms in the equations and then make these terms tend to 0. However, in the
recent paper [27], the authors manage to pass to the viscous limit ¥ — 0 for a specific notion of
weak solution called dissipative solution. We will base our proof of existence on this approach,
with the specificity of taking an isothermal pressure law Ap (which leads to the use of energy
with no definite sign, see below) and adding a dissipation term ppu. Note that in the recent
paper [28] the authors have shown the exponential decay to equilibrium of global weak solutions
of the Navier-Stokes-Korteweg system with such a dissipation term and for both barotropic and

isothermal pressure laws.

Dissipative solutions were introduced by Lions [96], and were recently used in fluid models
in order to give a rigorous justification of some viscous singular limits (see [60]). They are based

on the use of some particular functionals called relative entropies, namely
EUIV): X xY — Ry,

where X denotes a Banach space of weak solutions U, and Y C X denotes a Banach space of

strong solutions V embedded into our space of weak solutions of the fluid system

%U(t) — AL U(t)), t >0, U(0) = Up,

where A is a (nonlinear) generator. A relative entropy has to enjoy the following three properties:

e Distance property. For every (U, V) € X x Y,
EWUIV)>0 and EWUIV)=0onlyif U=V.

e Lyapounov functional. If V' is an equilibrium solution, namely A(t,V(¢t)) = 0 for all

t>0,then V €Y and
d

— V) <.
th(U] ) <0
e Gronwall inequality. For every (U,V) € X x Y, for a.a. t > 0,

VD - V)0 < [ CE(UIV) (s)ds.
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The presence of the nonlinear quantum viscous term A2pV (Ay/p/\/p), usually called Bohm
potential, makes difficult to define a relative entropy for the ELK system (4.1.1). In order to

circumvent this difficulty, we denote v = gv log p and introduce the augmented ELK system:

Op + div(pu) =0, (4.1.4a)
h

O(pu) + div (pu @ u) + AVp + ppu = §div(pV§), (4.1.4b)

O(pv) + div (pT @ u) + gdiv (quT> =0. (4.1.4c)

Note that this augmented formulation wasz introduced in [21] as a numerical tool in order to

compute quantum fluid systems, and is based on the identity

(A R,
E,OV <\/ﬁ> = Zdlv(pv log p).

Formally differentiating in space equation (4.1.1a), we see that a solution of the ELK system
(4.1.1) also stands as a solution of (4.1.4) (see Remark 4.2 below). We also define the functional

H(p) = plog p — p, so we can introduce the following relative entropy functional for our system:

_ — 1 = t
Ecu(pu T RUTVI0) = 5 [ o0 =VE+[u=UP) 4 [ HR+p [ [ olu-UP

where

H(p|R) := H(p) — H(R) — H'(R)(p — R).

Note that here (p,u,?) stands as a weak solution of (4.1.4), where (R, U, V) has to be seen as a

strong solution of this system. We will also use the convention
SELK(,O, u, 6) = 5ELK(/)7 u, U| 17 Oa 0)

We now introduce the concept of dissipative solution, which is induced by the Gronwall

inequality of our relative entropy functional as follows:

Definition 4.1. Let T > 0 and (pg, ug, Tp = %Vlog po) such that Egri(po, o, Vo) < co. We say
that (p,u,v) is a dissipative solution of the augmented ELK system (4.1.4) in [0, T[ x T¢ with
initial data (po,uo, Vo) if there exists locally integrable functions \/p, \/pu and \/pv such that,

by defining p = \/ﬁ2, pu = \/py/pu and pv = \/p\/pv, the following holds:

o The global regularity:

pe L([0,T[; LYT?), p>0 a.a. in[0, T x T¢,
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Vou and /pv € L>([0,T[; L*(TY)).

e The mass conservation: for a.e. t € [0,T7,

/1rd p(t,z)dxr = /Td po(z)dz. (4.1.5)

o The relative entropy:
Eerk (pyu, 0| R, U, V)(t) < Eer (p,u,5|R, U, V)(0)eC +bpri(t)+C /O t beri(s)eC ™ ds,
for a.e. t € [0,T], where
bpL(t //E 21&(R,U) - (U - u)|

for all smooth function U and (R,V,&) defined respectively through the initial condition

- Ry = /W Po;
and the system
R+ div(RU) = 0, (4.1.6a)
V= gv log R, (4.1.6b)
&R, U)=R(O,U+U-VU)+ AVR+ uRU — gdiv(RVV), (4.1.6¢)

and C = C(h,R,U,V) is a constant uniformly bounded on Ry x T¢,

Remark 4.2. As we are unable to have the existence of strong solutions to the system (4.1.4),
we have to introduce the function & (R, U) which has to be understood as an error function. In
fact, if &(R,U) = 0 then we recover a strong solution of (4.1.4) through the system (4.1.6) by

differentiating in space the mass equation (4.1.6a), which gives
O VR + Vdiv(RU) = 8,VR + div(V(RU) ") =
that could be written
VR + div(RVlog R® U) + div(V(RU)" — RVIogRQ U) =0

in order to show that V fulfills equation (4.1.4c). Of course, we have to take into account this error

term in the Gronwall inequality of Definition 4.1 through the function bgyx, whose expression
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will make sense with the calculations of the proof of Proposition 4.30.

Remark 4.3. We have to state at this stage that the positivity of our entropy functional Egp i is
unclear due to the presence of the logarithmic function in the isothermal contribution A [« H(p|R).
In order to get positivity, we have to invoke the Csiszar-Kullback inequality (see e.g. [3]) which
tells that for f,g > 0 such that [ f = [ g, we have

||f _ g”%l(ﬂ‘d) < 2||f||L1(Td) /Td f(JU) log <£Ei))) dx.

Recalling that [r9 = [po and using equation (4.1.5) that ensures that for a.a. t € [0,77,
||p(7f)||L1(Td) = HR(t)HLl(Td), we get that

TdH(p\R)Z/Td (plogp*p*(RlogR*R)*logR(p*R))Z/polog (g) > 0.

Under the assumption A > 0, we then recover the positivity of £g i, which will be crucial in the
proof of Theorem 4.31. Note that in the focusing case A < 0, Csiszar-Kullback inequality does
not ensure positivity on our relative entropy anymore, hence we cannot define a proper notion
of dissipative solution in the focusing case and apply the results from Section 3. However, all

the results from Section 2 are still valid in the case A < 0 (see Remark 4.12 below).

Remark 4.4. As pointed out by Feireisl [59], the mass conservation property of a function p €
L>®([0,T[; L*(R%)) satisfying the continuity equation (4.1.4a) in the distributional sense is a
direct consequence of the Lebesgue’s dominated convergence theorem, taking mollifiers as test
functions. However, this condition is not fulfilled in the case of dissipative solutions, which justify

the second point of Definition 4.1.

We can now state the main result of this paper:

Theorem 4.5. (Global existence for the augmented isothermal ELK).

Let T > 0 and (po, ug, g = %Vlog po) smooth enough such that py € L*(T%), V/Pouo, \/Povo €
L%(T9) and EgLk (po, uo, To) < oo, then there exists a dissipative solution of the augmented ELK
system (4.1.4) in [0, T[ x T¢ with initial data (po,uq,To).

The rest of this paper is devoted to the proof of Theorem 4.5, and is organized as follows.
In Section 2, we introduce several regularizing viscous terms in the ELK system which enable
us to construct a solution of our regularized system. Letting these several viscosity terms one
by one go to zero, we recover the existence of a weak solution to the Navier-Stokes-Langevin-
Korteweg equation, which corresponds to the ELK system with an additional term vdiv (pDu)
in the momentum equation. Section 3 is then dedicated to the inviscid limit v — 0, where we

have to introduce augmented formulation for both ELK and NSLK systems.
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4.2 The isothermal Navier-Stokes-Langevin-Korteweg system

We look at the Navier-Stokes-Langevin-Korteweg system (denoted NSLK in the following

for reader convenience), namely:

Op + div(pu) =0, (4.2.1a)

h? Ayp
O(pu) + div (pu @ u) + AVp + ppu = —pV 7p + vdiv (pDu) , (4.2.1b)

where Du = (Vu + Vu ) /2. This system formally enjoys the mass conservation

/]I‘d p(t,x)dx = /11‘d po(z)dz

and the following energy estimate:

Ensii(p,u)(t) + /0 ' Dyvsric(p.u)(s)ds < Fo, (4.2.2)

with
Exsuc(p) =5 [ (ol + 219 5%) + 1 [ Hip) (4.2.3)
Duvsurc(pow) = [ oluf+v [ plDuf (4.2.4)

Remark 4.6. Similarly to Remark 4.3, in order to use (4.2.2) to get some regular bounds on our
solutions, we need to show that Eyxgrx is also bounded from below, which is not obvious due
to the presence of the logarithmic term A [3a H(p). Denoting E(t) + M|pollpr = ET(t) — E~ (),
with

1
ET(@t)= | (5plul +m*Vypl*)dz+ X[ plogp>0,
Td \ 2 p>1

1
E-(t)=-XA[ plogp=A[ plog <> >0,
p<1 p<1 1Y

we remark that £~ (t) is controlled by

ovos(5) s [0 = Clmlie
p

by the Holder inequality on the compact set T¢ with ¢ > 0 small enough, hence E~(t) and
E*(t) € L™, so the energy Ensrk is indeed bounded from below.

The BD-entropy of a quantum fluid system, firstly introduced in [25] and [22], is now a
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classical tool in order to get further regularity bounds on our solution. This system also enjoys

a BD-entropy estimate:

t
Exsric(p,u)(t) + /0 Dusric(p,u)(s)ds < &, (4.2.5)
with
1 v
Ensticlpu) = /T (p|u + U logpl? + hQW\/ﬁP) Y /T H(p), (4.2.6)
Dsri(p,u) = 2 L maft+ Y aReepl? b [ VP, (427
suclpu) =p | plul”+5 | plAul®+ == | plVilogp["+2v | VRIS (4.27)

where X := X\ — pv and Au = (Vu — Vu')/2.

Remark 4.7. Note that, as performed in [29] and [28], we could use a generalization of the BD-
entropy called k-entropy (originally introduced in [26]) in order to consider more general density
dependent viscosities of the type div(v(p)Du) with v(p) not necessarily equal to vp. However,
as this is not the main focus of our study, we prefer to stay in the more succinct Navier-Stokes

framework.

We now give the notion of weak solution induced by these quantities:

Definition 4.8. Let T > 0 and (pg,ug) such that Enspi(po,up) < oo. We say that (p,u) is
a weak solution of the NSLK system (4.2.1) in [0,T[ x T¢ with initial data (po,uo), if there

exists locally integrable functions \/p, \/pu such that, by defining p := ﬁQ and pu := \/p\/pu,
the following holds:

o The global regularity:
VP € L2(0, T HY(TY),  pu € L([0, T[; L*(T7),
with the compatibility condition
VP >0 ae on(0,00) x T /pu=0 a.e. on {p=0}.

e For any test function n € C3°([0,T[ x T%),

T
/0 /Td (pOrn + pu - Vn)dzdt + /Td pon(0)dx = 0, (4.2.8)
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and for any test function ¢ € Cg°([0,T[ x T¢; T?),

T
/0 /Td (pu- 0 + v/pu ® y/pu = V¢ + Apdiv(C) — ppu -+ PV /o ® V/p s V¢
_TpAdiVC —v/pSn(u) - VC) dxdt —l—/ poupC(0)dx =0, (4.2.9)
Td

with Sy (u) = (Tn(u) + T (u)")/2, where Ty (u) is defined through the compatibility
condition

Ve Tn(u) = V(y/pypu) —2/pu @ V/p.

e For any test function & € C°(T?),

tim [ plto)é(@)de = [ po(a)é(a)da,
T T

t—0

tim [ ot yut. )@z = [ po(@)un()é(@)da.

t—0 Jd

Remark 4.9. The tensor valued function Ty (u) has to be understood as /pVu. Of course, we can
not define this term properly, so we use the algebraic identity given in the previous definition,

which makes sense in the distribution sense in view of the regularity assumption.

Remark 4.10. Note that we have used in the momentum equation (4.2.9) the identity

2 2
%p (%) _ %AV;) — R2div(V/p @ V/p).

The aim of this section is now to prove the following theorem:

Theorem 4.11. (Global existence for the isothermal NSLK).

Let T >0, v >0 and (po,up) such that Ensri(po,uo) < 00, then there exists a weak solution of
system (4.2.1a)-(4.2.1b) in [0, T[ x T with initial data (po,uo). Furthermore, for almost every
t € 10,7, equations (4.2.2) and (4.2.5) holds.

Remark 4.12. Note that Theorem 4.11 still holds in the focusing case A < 0. In fact, to adapt
the proof, we just have to show that Fngrx is bounded from below similarly to Remark 4.6.
Writing Enspi(t) = ET(t) — E~(t), where

1
B0 = [ (Goll + Vo = dp) dosx [ plogp =0,
p

E7(t) = -\ >1plogp >0,
p
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and using the conservation of mass ||p(t)||;1 = ||pol|z1, we get that

/>1p10gp§ /Td \/ﬁ2+5 < ”\/[—)||(L22+a)(1—a)”v\/ﬁ”(LZQ—i-a)a _ CHV\/EH(E;E)&
p

by the Gagliardo-Nirenberg inequality with a = 1/2 — 1/(2 + ¢), for € > 0 small enough (see
Lemma 2). Finally,
EY(t) < Eg+ E~(t) < Ey + CE*(t)°

with § < 1, inducing that E*(¢) € L and so E~(t). Unfortunately, we are unable to define
a positive relative entropy functional in the focusing case, so we can’t make the viscous limit

v — 0 in this case.

4.2.1 Regularized NSLK system

We first give the following lemma, which is reminiscent of [23, Lemma 2.1], with a slightly

different statement, see [34]:

Lemma 4.13. Forn € N*, there holds
IV (D e2eray S U4 1 pagray + 17 g2 qa) ™ 0+ 1 F 1o ()"

with o > n+d/2.

Following [111], we first aim at proving the existence of a solution to the following regularized
NSLK system:

Op + div(pu) = §1Ap,
h? A
Ar(pu) + div (pu ® u) + AVp + ppu + rou + r1plul®u = ?pv (\/?) + vdiv (pDu)

+ 03A%U — 6(Vp - V)u+mVp~* 4+ mpVAZEH
(4.2.10a)

(4.2.10b)

where the regularization parameters verify 0 < d1,02,11,12,70,71 < 1 and o > 0, s € N* are
chosen sufficiently large (to be fixed later on). Integrating equation (4.2.10a) in space, we get

the conservation of mass, namely for all ¢ > 0,
/ p(t,x)dx = / po(x)dx. (4.2.11)
Td Td
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Then, multiplying formally equation (4.2.10b) with u and combining it with equation (4.2.10a)

we get the energy estimate, for almost all ¢ > 0:

Ereg(p,u / Dreg(p,u)(s)ds < Ep, (4.2.12)

where

b i /\/ o - @/ VA2, (4.2.13
) = [, (119 ) ¢ Pttty VA (4213)
Dreg(pa U) = M/I[‘d ,O‘u|2 + Z//Ed p‘]D)u|2 1 5y /Td |Au]2 + 61772 /Td |As+1p|2

45 51h?
2 1m —a/2|2 2 4, 01 / 2 2
+451/Tdyv\/ﬁ\ t— /Td]Vp | —i—ro/TdM +r1/poyu\ + 5 Td,o\v log p|°.
(4.2.14)

Definition 4.14. Let T > 0. We say that (p,u) is a weak solution of the regularized NSLK
system (4.2.10) in [0, T[ x T¢ with initial data (po,uo) € L'(T?) x L2(T%), if the following holds:

o The global regularity:
p e H'([0,T[; H'(T) N ([0, T[; H**(T?)) N L*([0,t[; H****(T7)),
1/p € C°([0, T x T?,
u € L([0,T[; L*(T%)) N L*([0, T[; H*(T?)).

e For any test function n € C3°([0,T[ x T%),

T
/ /Td(pﬁm + pu - Vn + 61 pAn)dxdt + /Td pon(0)dx = 0, (4.2.15)
0
and for any test function ¢ € C§°([0, T[ x T¢; T4),

T h2
/ /d (pu ¢+ pu@u: VE+ Apdiv(C) — ppu - C+ WAV /p@ Vi/p: V(- ZpAdivC
o Jr

—vpDu : V¢ —rou - ¢ — riplul®u- ¢ — 61Vu: Vp @ ¢ — daAu - 6¢ — myp~dive
—p AT A [Vp - ¢+ pdivC]) dxdt + /d poupC(0)dx = 0. (4.2.16)
T

Proposition 4.15. Let T > 0 and

po € C(TY),  wg € L3(TY), inf, po(z) >0 >0, (4.2.17)
FAS
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then there exists a weak solution (p,u) of system 4.2.10 in [0,T[ x T¢ with initial data (po,uo)

which satisfies moreover the conservation of mass (4.2.11) and the energy estimate (4.2.12).

Remark 4.16. We note that the conservation mass (4.2.11) and the energy estimate (4.2.13)

induce the following uniform bounds with respect to E(pg,uo):

p(1+ log pl) € L=([0,T[; LX(T%), y/pu € L(0,T[; LA(T%)),
v/pVu € L2([0,T[; LX(TY), K5 € L(0,T(; *(T%),

Viou € LA([0, T LA(T),  /riptu € L*([0,T(; LY(T?)),

ni ot € L([0,T[; LO(TY), /i € L([0, T[; H™(T),
VoimVp~2 € L*((0,T(; L*(T%),  V&mA*p e L*((0,T(; L*(T)),
Vo Au € L2([0,T[; L*(T?)).

Also, the energy estimate (4.2.12) ensures that
V2V /p € L0, T L*(TY), (vh?)iVpt € L([0,T(; L(T%)).

Finally, combining these bounds with Lemma 4.13 we obtain that there exists a positive constant
C(Ereg(po, uo),n1,m2,0) such that

11/ pl| Lo (o, 71x T2y < C(Ereg(po, w0), m,n2, ).

Proof. In all the convergences mentioned in the following proof, we have to extract subsequences

that we do not relabel for conciseness.

Step 1: Faedo-Galerkin approximation. Following [84] and [111], we denote (ef)reN
an orthonormal basis of L2(T¢) (which is also an orthogonal basis of H?(T%)) and we in-
troduce the finite-dimensional space Xy = span{ej,...,en} with N € N* fixed. Note that

uy € C([0,T]; Xn) is given by
N

un(t,z) = Z Ai(t)ei(x)
i=1

for all (t,x) € [0,T] x T¢ and for some functions ¢ ~+ \;(t), and the norm of u can be written

N

lunlleqoryxy) = sup > |Ai(t)]-
tE[O,T] i=1

In particular, uy is bounded in C([0, T];C*(T¢) for any k > 0, namely there exists Cj, > 0 such
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4.2. The isothermal Navier-Stokes-Langevin-Korteweg system

that
lunlleqo,micrray < Crllunlleo,ry;z2(ray)-

By the classical theory of parabolic equations, for any uy € C([0,7]; Xn) there exists an unique
solution

pn €C° ([0, T[; H2S+I(Td))

satisfying equation (4.2.15) on [0, T x T¢ with the initial condition py € C>(T%) and py > 6y > 0.

The maximum principle provides the inequality

T
inf () exp (— | v s, ->>|Loo<w>ds> < pu(t,)

T
< sup po(x) exp ( | v s, ->>|Loo<w>ds> ,

z€Td

so there exists a constant # > 0 such that for all (¢,2) € [0,T] x T¢,

0<0<pn(ta) <

SR

We then introduce, for any k > 1, the linear continuous operator S : C([0, T ; Xn) — C([0, T]; C*¥(T%))
such that S(un) = pn, which is Lipschitz continuous as there exists a constant Cyj > 0 such
that

|S(un) = S(@n)llego.rcrray < Cngllun — anlleqory;c2(ray)-

The Faedo-Galerkin approximation for the weak formulation of the momentum balance can then

be written as follows, for any t € [O,T] and any test function ¢ € Xy,

T
/0 /]Td (PNUN -0 + pyun @ un : VC+ Apndiv(C) — ppvun - ¢ + ﬁvm@ VN : V¢
R? .
_Z,ONAdIVC —vpnDuy : VE = roun - ¢ — ripn|un|?un - ¢ — 01Vuy : Voy @ ¢ — SaAuy - 6¢

—mppdive — AT pN A [Vpy -+ deiVC]) dxdt + /Td poto¢(0)dz = 0.

In order to solve this equation, we introduce the following family of operators, given a density
function py € LY(T9) with p > 6 > 0,

Mipn): Xy = Xir, - (Mlpaluu) = [ -,
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for u,w € Xx. These operators are symmetric positive definite with smallest eigenvalue

it (Mlpnlo,v) = inf /pN|w|22 inf py(z) >0,
‘wHLE(Td):l Td z€eTd

||w||L2(Td):1

hence as X is finite-dimensional, they are invertible and

_ 1
M l[pN]HE(X;‘V,XN) < g
where we have denoted L£(X3,Xn) the set of all bounded linear mappings from X3 to Xn.
Moreover, M~ is Lipschitz continuous in the sense that there exists a constant Cn,p > 0 such
that
M on] = M7 Nl cixs, xw) < Cnallon = Anllp ey,
for all pn, pn in the set

p e LYTY | inf p(z)>0>0¢.
x€Td

For more details, we refer to [59]. We are then looking for un € C([0,T]; Xx) solution of the

following integral equation

— -1 r
uy = M8 (un)](?) M[Po]+/0 N[S(un),un] (s) |,

where

AN
VPN
+ vdiv(pnDun) + 62A%uy — 61 (Vpn - V)un +m Vo™ + napn VAZ oy

. h?
N [S(un),un] = —div(pyun @un) —AVpn — ppnuy —roun —ripn|uy >+ —=pnV
2

and py = S(uy). Thanks to the Lipschitz properties of S and M ™!, we can then apply a fixed
point theorem of Banach spaces on a short time 0 < 77 < T in the space C([0,7"]; Xn), so
there exists a local solution (pn,un) of (4.2.15)-(4.2.16). Using the conservation of mass of py
(4.2.11), and multiplying equation (4.2.16) with uy and combining with equation (4.2.10a) we
get the energy estimate (4.2.12) for (pn,un), which then allows to extend 7" to T by classical
arguments, as performed in [110].

Step 2: Uniform estimates on the approximate solutions. We note that pnx(0,.) = po
and pyun(0,.) = Py [pouo], where Py denotes the L?(T¢)-projection onto Xy. In particular,

since by assumption poug € L%(T%), we have that

Ereg(p]v, uN)(O) < Ereg(pOa Uo),

134
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and so with the energy inequality (4.2.12) satisfied by (pn,un) we get that, for all N € N*

T
sup Ereg(pNyuN)(t) + / Dreg(,ON,UN)(S)dS < C(Ereg(p(JauO))' (4'2'18)
0<t<T 0

From this inequality we get several uniform bounds on (py, uy) with respect to N, in particular

we get the existence of some functions p and V such that

pNn — p weakly-* in L>([0,T[; H***(T7)),
Vonuy — V weakly-* in L>([0, T[; L*(T?)).

Using the bounds

px € L([0,T[; H=+1(T%)  and ;V e ([0, T[; L(T%))

together with Lemma 4.13, we get that there exists a constant C(Eyeg(po,u0), 71,72, 60,T) such
that
p 2 C(Ereg(P07UO)77717772797T) > 07 (4219)

and we may set u = V/,/p.
Step 3: The limit N — oco. In order to pass to the limit N — oo into equations (4.2.15)
and (4.2.16), we need the convergence of our functions py and uy in a stronger sense. As

(pn,un) satisfies the energy inequality (4.2.12), it also gets the uniform bounds of Remark 4.16,

in particular:

pn € L([0,T[; H*(T9) 0 L*([0,T[; H**T*(T%)),
1/pn € L®([0,T[ x T, uy € L*([0,T[; H*(T%)),

and from the continuity equation (4.2.10a) satisfied by py we know that 0;pn is bounded in
L%([0,T[; HY(T%)). By classical weak-convergence results and Ascoli-Arzeld type argument we
get that

pn — p strongly in C°([0,T[; H**(T)),
pn — p weakly in L*([0, T[; H***(T?)),
py — p weakly in H'([0,T[; H'(T?)),

and from the bound from below on py (4.2.19) we also get that
1/pn — 1/p strongly in C°([0, T x T¢).
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Furthermore, given the uniform bounds for py and uy, and since (e )y is orthogonal for the H?2-
scalar product, we can get that (Py [pyun])n and (pyun)y both converge in L2([0, T[; H(T4))
(see [34] for the details). Together with the fact that (1/px)n is uniformly bounded, we get that

uy — u strongly in L2([0, T[; H(T?)).

Note that the uniform estimates satisfied by (px,un) also entail that ux (and so u) is bounded
in L>°([0,T[; L2(T4)) N L2([0, T[; H?(T%)). The only remaining problematic term in (4.2.16) is
ripn|un|?uyn. However as uy is bounded in L>®([0,T[; L(T%)) and in L2([0,T[; H(T%)), we
get by interpolation that uy is also bounded in L*([0, T'[; L3(T%)).

As each term in (4.2.15) and (4.2.16) is now handle by the previous regularities of px and uy,
we can pass to the limit N — oo into these equations, so finally (p,u) is a weak solution of the
regularized NSLK system (4.2.10) in [0, T x T¢ with initial data (pg,uo). O

In order to pass into the limits d1,382,7m1,72 — 0, we will need further estimates on our

solution (p,u). A common way to get other estimates is to introduce the following BD-entropy:

1
Ereg(pyu) = 5 /]l'd (p|u + vV log p|* + EZIVWP + )\// H(p)

m 72 2
ASpf2 — /1 1.2.9
panl) S g IV pl®—ro | logp, (4.2.20)

5112
Dreg(p, u u/ plul? +v/dp!AUI2 + (uh2 + o+ 12> /dp!V2 log p|®
45
4(v + 01) / Vol + (7711/04 1771)/ Vp

+n2(y+51)/ |As+1p\2+52/ |Au|2+r0/ uf? +r1/ plult. (4.2.21)
Td Td Td Td

Proposition 4.17. Let T > 0 and assume (po,ug) satisfies the reqularity (4.2.17). We denote
(p,u) the weak solution of (4.2.10) constructed in Proposition 4.15. Then there exists constants

C1 and Co with dependencies mentioned in parentheses, such that:

S[up [Ereg P, u +/ Dreg P, U dS < Cl( reg(o)) + (51 + 52)02(T07T17 m,n2, Ereg(o))-
tel0,T
(4.2.22)

Proof. The proof of this identity is mostly technical, and we refer to [34] for the details (as the

new dissipation term ppu is essentially harmless in the calculation). The idea is to differentiate
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4.2. The isothermal Navier-Stokes-Langevin-Korteweg system

and multiply by 2 the continuity equation (4.2.10a), which gives
V2 (04(pV log p) + div(pV log p @ u) + div(pV "u) — 6;AVp) = 0,

and we also take ( = (vV log p)¢, where & € C§°([0, T[ x T%; T4), as a test function in the weak
formulation of the momentum equation (4.2.16). We then combine these two equations and
integrate in time. The technical part is then to prove that each term appearing in this equation
is well defined, and using some classical inequality from functional analysis (namely Holder or

Young inequalities and Sobolev embedding) we finally get (4.2.22). O

Remark 4.18. Note that the presence of the term —rg [14log p in Ereg(p, u) prevents this quantity
from being positive, however as for the logarithmic energy term we can get a lower bound for

this term by controlling his negative part

—ro/ log p > —ro/ p= —7”0/ p= —TOHPOHLl(Td)
p>1 p>1 Td

as p satisfies the mass conservation (4.2.11). Hence we can properly get some new uniform

bounds on (p,u) using equation (4.2.22).

4.2.2 NSLK with drag forces

We are now going to prove the existence of a weak solution to the following system, which
will be called NSLK system with drag forces:

Op + div(pu) =0,

. 9 h? Ap .
O(pu) + div (pu @ u) + AVp + ppu + rou + riplu|“u = Epv W + vdiv (pDu) .
(4.2.23a)
(4.2.23b)

We define the energy of this system and its corresponding dissipation from the ones of the

previous regularized system,

Edrag(p, u) = Ereg(Pau)|51,62,n1,n2:0 and Ddrag(ﬂa“) = Dreg(P» u)‘fh,éz,mmz:Oa

as well as the BD-entropy and its corresponding flux,

gdrag(pv u) = greg(pv u)|51,5277717772:0 and Ddrag(ﬂ, u) = Dreg(p’ u)‘51,52,771,772:0'
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Definition 4.19. Let T > 0. We say that (p,u) is a weak solution of the NSLK system with
drag forces (4.2.23) in [0, T[ x T¢ with initial data (po,ug) € L'(T?) x L2(T9), if the following
holds:

o The global regularity:
VpeCU([0,T[; HY(TY), V2 /pe L*([0,T[; L*(TY),

we LX[0,T[; L*(T%)),  /pu € C°([0,T[; L*(T7)).

e For any test function n € C°([0, T[xT%), equation (4.2.15) holds, and for any test function
¢ € C5°([0, T x T4 T?), equation (4.2.16) holds, taking &1,82,m,n2 = 0 for both equations.

Remark 4.20. As in [34], remark that in presence of drag forces ro,r; > 0, u is well defined as
function, Vu as a distribution and ,/pDu is also well defined, unlike in the original system (4.2.1)
without drag forces where the regularity induced by the energy estimate (4.2.2) is insufficient
to define u and so ,/pDu has to be understood as Sy (u).

Proposition 4.21. Let T > 0 and assume (po,uo) satisfies the reqularity (4.2.17) such that

Edrag(pau)(o) = Edrag(p(h uO) <oo and gdrag<p7 u)(O) = gdrag(p()v UO) < o0.

Then there exists a weak solution of the NSLK system with drag forces (4.2.10) in [0, T[x T¢ with
initial data (po,ug). Furthermore, there exists constants C1 and Cy with dependencies mentioned

in parentheses, such that

T
U Firag(p, )+ | Daraglp,u) (5)ds < C1(Earag(0)), (12.24)
te[0,T[ 0
and -
S[u%[gdrag(pv U) (t) + /0 Ddrag(pa u)(s)ds < CQ(Edrag(O)v gdrag(o))' (4225)
telo,

Proof. The proof is the exact same as the one appearing in [34], where the authors first let

01,92 — 0 and then perform the limit 7,72 — 0, so we refer to it for the details. O

4.2.3 The limit rq,71 — 0

In [88], in order to pass to the limit 9,73 — 0, the authors have to introduce a new type of
solutions to the Navier-Stokes-Korteweg system called renormalised solutions. In our framework

these solutions are defined as follows:

Definition 4.22. Let T > 0. We say that (p,u) is a renormalised weak solution of the NSLK
system with drag forces (4.2.10) in [0, T[x T¢ with initial data (\/po, (/pu)o) € H'(T?) x L?(T?),
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if there exists locally integrable functions \/p, \/pu such that, by defining p := \/ﬁQ and u =
Vpu/\/p, the following holds:

o The global regularity:

Vp € L([0,T[; HY(TY), /pu € L=(0,T[; LA(T7)),
hv2/p e L2(0,T[; L*(T%)), Tn(u) € L*([0,T]; L*(T%)),
VAVt e LA(0, T L4(TY), " phu e LA([0, T]; LY(T?)),
ro*u € L2(0, T[; I3(T%), rologp € ([0, T[; H'(T%),

where Ty (u) is defined as in Definition 4.8, and with the compatibility condition
VP >0ae on [0,T[xT¢ /pu=0 ae on {p=0}.
e For any function p € W2°°(RY), there exists two measures f,, g, € M(]0,T[ x T%) with

I foll amqo.rixrey + 190l amgorixmay < ClIVZ @l oo ma),

where the constant C depends only on the solution (p,u) such that for any test function
n € Ce([0,T[ x TY),

T
/ / (pOn + pu - Vn)dxdt + / pon(0)dz = 0, (4.2.26)
0 Td Td

and for any test function ¢ € C§°([0,T[ x T9),

T
/0 /Td (PSO(U) - O¢ + pp(u)u: VE+ [)\pdiv(() — ppu - ¢ — rou — 1 plulu

2
+h2V\/p @ V/p: V( — %pAdivC — v/pSn(u) - V¢

so’<u>> dadit | pouo¢(0)de = (£,,0).
(4.2.27)

with Sy (u) = (Ty(u) + Ty (u)")/2 and where Tx(u) is defined through the compatibility

condition
VP (W) (T (w)j e = 05 (i (w)ur) — 2¢/purdi/p+ 9o, Vi, j k€ {1,...,d}.
e For any test function & € C§°(T?),

lim [ p(t,z)é(x)dz = /Td po(t, x)€(x)dx,

t—0 J1d
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lim [ p(t,z)u(t, z){(z)dx :/ po(t, x)uo(t, z)&(z)de.
t—0 Jd Td

Note that renormalized solutions allow us to obtain some stability on our weak solutions,

since the notion avoid the problem of concentration. In fact, in [88], the authors have proved

the following lemma:

Lemma 4.23. Let T > 0, then:

o For rog, 11 > 0, any renormalised weak solution of the NSLK system with drag forces
(4.2.23) is also a weak solution (in the sense of Definition 4.19 if ro, r1 > 0 or Definition
4.81isrg, r1 =0).

o Forrg, r1 > 0, the two notions are equivalent: any weak solution of the NSLK system with

drag forces (4.2.23) is also a renormalized solution of the same system.

This lemma, also used in [34] in the case of an isothermal pressure, is proven by the use
of Lebesgue’s dominated convergence Theorem in the limit n — oo (together with the extra
regularity on the density provided by the quantum term and the BD entropy inequality) for
some well suited sequences of test functions ¢,, and the presence of the damping term ppu is

essentially harmless.

Thanks to Lemma 4.23 and Proposition 4.21, we have constructed a renormalized solution of
the NSLK system with drag forces (4.2.23). In order to prove Theorem 4.11, the only remaining
step is to prove the compactness of this renormalized solution in terms of the parameters ry and

r1.

Proof of Theorem 4.11. In this proof, we will denote r = (rg,71) and (p,, u, ), the sequence
of weak solutions to the NSLK system with drag forces (4.2.23) constructed in Proposition 4.21.
Again, all the convergences below are made up to extraction that we do not relabel for concise-

ness.

We are first going to pass into the limit in the continuity equation (4.2.26) only using
a priori estimates (i) from Definition 4.22 which do not depend on r. From the continuous
embedding H'(T?) — L5(T?) as d < 3, we get that \/p, € L°°([0,7[;L%(T?)), so com-
bined with the fact that \/pyu, € L°([0,T[; L*(T%)) we get that pyu, is uniformly bounded
in L>([0, T[; L3?(T%)). Moreover, using the continuity equation (4.2.26) we get that d;p, is
uniformly bounded in L([0, T[; W~13/2(T4)). Writing Vp, = 2,/p,V,/pr, and recalling that
V/pr € L®([0,T[; L2(T?)), we get that Vp, is also uniformly bounded in L>([0, T'[; L¥/2(T%)),
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hence by Aubin-Lions lemma we get that
pr — p strongly in C°([0, T[; LP(T%)), for1<p< 3.

From (4.2.27) we get that 0;(p,u,) is uniformly bounded in L2([0,T[; H=N(T)) for a N large
enough, and from the identity

V(prur) = /pr/PrVur + V- ur = /o T (w) + 2V/pr - /pry,

and the a priori estimates (i) from Definition 4.22 we get that V(p,u,) is uniformly bounded in
L2([0,T[; L3/?(T%)). As we already know that p,u,. is uniformly bounded in L ([0, T'[; L3/?(T%)),

we get from Aubin-Lions lemma that

prty — pu weakly in CO([0, T[; L>?(T%)), for 1 <p < 3.

3
prity — pu strongly in LP([0,T[; LY(T%)), forl1<p<ooand1<gq< 3

In particular, (p,), and (pyu,), are uniformly bounded in C°([0, 7[; L(T%)), so we can pass to
the limit » — 0 in the continuity equation (4.2.26), and we also get part (iii) of Definition 4.22.

We are now going to pass to the limit in the momentum equation (4.2.27). Using the pre-
vious convergences and the estimates independent of r on VQ\//TT and Ty, that ensures some
weak convergence of these quantities in L2([0, T[; L?(T%)), we can pass to the limit 7 — 0 in the
left hand side of equation (4.2.27). Indeed, as in [88] and [34], introducing v = pu/plyy~oy we
can show with the previous convergences that p, — p and u, — u a.e., and consequently that
p2p(uy) — p®é(u) in LP([0,T[ x T?) for any bounded ¢ : R — R? with oo < 6 and p < 6/cv.
For the right hand side of equation (4.2.27), we remark that the sequence (fs ), is uniformly
bounded in measures, so it converges to a measure f, with the same bound. Note that we can
similarly pass to the limit in the renormalized compatibility condition for Ty, and obtain the

renormalized condition for Ty (u).

Hence (p,u) defines a renormalized weak solution of the NSLK system (4.2.1) in the sense
of Definition 4.22 taking ro = r; = 0, which also stands as a weak solution of the NSLK system
(4.2.1). By Fatou’s lemma, we then get that (p,u) satisfies (4.2.2), which completes the proof of
Theorem 4.11. ]

Remark 4.24. Defining

E(p,u) = gdrag(l)a U)‘r‘o,h:O and D(p,u) := Ddrag(P» u)‘r‘o,h:Oa
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and as

—ro [ 10gp= ~rolloollmey and 0< =ro [ 10gp < ColBuras(0), Ears(0) +roll ol 1o
p> p<

from respectively Remark 4.18 and equation (4.2.25), which implies that

—r0 logp H 0,
r0—>

we also gets from the previous proof that (p,u) satisfies the following BD-entropy estimate

(which will be useful in the following section):

sup E(p,u +/ s)ds < C(E(0),£(0)). (4.2.28)
te[0,T]

4.3 The isothermal Euler-Langevin-Korteweg system

Following [27], by denoting w = u + §Vlogp and v = Vlogp, we consider the augmented

Navier-Stokes-Langevin-Korteweg system of equations:

Op + div(pu) = 0, (4.3.1a)
hy . .
0 (pw) + div (pw @ u) + N'Vp + ppw = ?dlv(va) + gdlv(pr), (4.3.1Db)
A (pv) + div (pv @ u) + div (quT) = 0. (4.3.1c)
where we denote A2 = h? — v > 0 and X' = A — & > 0 (as we are letting v — 0, cf Remark
4.25 below).

Remark 4.25. Note that here the isothermal pressure term AVp can absorb the contribution of

the dissipative Langevin term, through the identity
v J17%
AVp + ppu = AVp + up(w — §Vlog p)=(\— 7)Vp + ppw.

As we assume that A > 0 and as we are going to let ¥ — 0 in this section, we can take v small
enough such that X = A— &% > 0, which will be crucial in the following. In fact the compatibility
of these two terms is a spe(nal feature of the isothermal pressure and the Langevin potential,
which may not work for other pressure laws (for example the classical barotropic pressure \p?,

~ > 1), and reinforce the link between these two quantities.

By denoting 7 = h,v/2, we also rewrite the associated BD entropy estimate (4.2.5) in terms
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of p, w and v, which stands as the energy estimate of the augmented system (4.3.1):

¢
Ensrr(t) + /0 Dnsri(s)ds < Ey,
where

1 1
SNSLK(/%’LU:@) - / (p’w|2 + 7p|6‘2 + )\/H(p)> )
Td \ 2 2

B v B 4\
Dnsii(p,w,v) = 5/1rd (PWWP + p| VO + 712,0\”’2) +M/Td plwl?.
14

We also introduce the relative entropy functional of the augmented NSLK system:

— 1 —
Evsiaclp.w, TR W IO = 5 [ o5 =V +jw - WP+ [ HplR)

=3
2 t
e [ o=
0 JTd

t o Ik
[ ([ e

where T (v) and Ty (w) are defined through the compatibility conditions

Ty (w)

—-VW
NG

+

VPTN (@) = V(\/py/pv) = 2y/po @ Vy/p and /pTn(w) = V(/pv/pw) — 2¢/pw @ V/p.

We now introduce the definitions of weak and strong solutions to the augmented NSLK

System:

Definition 4.26. Let T > 0 and (pg,wo, Ty = '%Vlogpo) such that Ensri(po,uo, Vo) < oo.
We say that (p,w,7) is a weak solution of the augmented system (4.3.1) in [0,T[ x T with
initial data (po,wo, Vo), if there exists locally integrable functions \/p, \/pu such that, by defining
p = ﬁ2, pu = \/p\/pu, v =Vlogp and w = u + 5v, the following holds:

o The global regularity (i) of Definition 4.8 on \/p and \/pu is verified.

e For any test function n € C([0,T[ x T%), p and pu verify equation (4.2.8), for any test
function ¢ € Cg°([0, T[ x T4; T4),

T
L[ 0+ Vow s Vous V4 Npdiv(@) — mpw ¢+ ViTn (o) £ V¢
—i—%\fp’ﬂ‘N(w) : VC) dxdt —|—/ poupC(0)dx = 0,
Td
and for any test function & € C§°([0, T[ x T%; T9),

T
/0 /Td (Pv - OE/pv @ pu : VE+ /pTa(u) ' vg) dxdt + /Td povoé(0)dz = 0.
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e The compatibility condition (iii) of Definition 4.8 on p and pu is satisfied.

Remark 4.27. Let us remark here that weak solutions of the NSLK system (4.2.1) are also weak
solutions of the augmented NSLK system (4.3.1). In fact, taking the gradient of equation (4.2.1a)

(which is satisfied in the distribution sense), we get that
oV p+div(V(pu)") =0,
so by definition of \/pT and expression of v we can write
d(pv) + div(pv @ u) + div(y/pTx(u)") = 0.

Definition 4.28. Let T > 0 and (R, Wy, Vo = &V log Ry) such that Ensri(Ro, Wo, Vo) < oo.
We say that (R, W, V) is a strong solution of the augmented system (4.3.1) in [0, T[ x T¢ with
initial data (Ro, Wo, Vo), if the following holds:

o The global regularity:
0< inf R<SR< sup R <o,
10,7 [xT4 10,T[xT?
VR e L2([0,T[; L>(T%) n LY([0, T[; W12 (T9))
W,V e L=([0,T[; W2°°(T9)) n Wh*°([0, T[; L(T%))
OH'(R), VH'(R) € L'([0,T[; L>(T%)).

o The function R,V and W satisfies, for a.a. (t,x) € [0,T] x T¢,

OiR + div(RU) = 0, (4.3.22)
R(O,W + VWU) + NVR + uRW = %div(RVV) + %div(RVW), (4.3.2b)
R(AV + VVU) +div (RVUT) =0, (4.3.2¢)

where U =W — 5V, and V= %”V.

4.3.1 A Gronwall inequality

We are going to mimic the steps of the proof given in [27], giving a special attention to the

isothermal pressure law X p and to the new dissipation term:
! 2
[ / / plw —WI°.
0 JTd
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4.3. The isothermal Euler-Langevin-Korteweg system

Proposition 4.29. Let (p, w,v) be a weak solution of the augmented system (4.3.1), and let
ReCY0,T] xTY, R>0, W,V ecC*[0,T]xT%.
Then we have the following inequality:
Ensci (p,w, DR, W, V)(t) < Ensci(p,w, T|R, W, V)(0)
s [ o077 )+ (V) (7 7))
[ oW =)+ (W) (W )
X[ [ @R o~ )+ g9 (R)) -t pi V)

t t
—2M’// !V\/ﬁ\2+u// (p\W\z—pw-W)Jrh,
0 JTd 0 JTd

where

L = ;/Ot /Jl‘d p(IVV| + VW *) — /p(T(®) : VV + T(w) : VIV)

+% /t VAT@) : YW — (T(w))T : VV).
0o JT

Proof. As we know that (p,w, ) is a solution of (4.3.1), we can use (4.2.2), and using the fact
that for any function f € WH1([0, T[; L'(T%)) we have

/Td f(t,z)dx — /Td f(0,z)dx = /Ot /Jl‘d O f (s, x)dxds,

we get that
Ensii(t) — Ensric(0 //Tdat( VI~ -V plW [ — puo- W)
+§// p(IVT| + [VW]?) = 2/3(T(®) : VV + T(w) : VIV)
fx/ Tdat R)+ H'(R)(p— R)) fQV)\,// IV/p|?

—1—,u// p|W|2—2pw-W>.
0 Jrd

We are now going to use equations from the augmented system (4.3.1) in order to develop the
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terms in the previous inequality. Using equation (4.3.1a), we get that
[ Lo+ m@e-r) = [ [ @rmor o me -1+ H @G- 1)
= [ [ @@ ») - ' (Rydiv()
= [ [ @ @)~ B+ pV () ),
Then using respectively equations (4.3.1b) and (4.3.1c), we have

O (pw - W) = 0 (pw) - W + pw - O W

. hy .. I 7
= (—div (pw ® u)—)\’Vp—upw+?dlv(ﬁ'ﬂ‘(v))—i—gdlv(ﬁ'ﬂ‘(w))|W)sz,l(qrd)XWg,w(Td)—i—pwﬁtW,

and

8t(pﬁ . V) = Gt(pﬁ) V4 pv - BtV
o hy . % T o=
= (—div (pT @ u) — ?dlv(\/ﬁT(w)T) + idIV(\/ﬁT('U)’V)W—Q,l('ﬂ*d)xwloo(j]‘d) + pv- OV
Finally, we develop the quantities

1 — 1
OUGPIVI) = S0lV + oV -0V, (oW P) = Lol WP + oW - O,

and since Vo, VV are symmetric matrices (recall that v and V are gradient of functions), we
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get from (4.3.1a) and integration by parts:

ensuc(t) ~Ewsic©) < [ [ 07 7=+ [ [ o9V (7-)
+/Ot/po3tW-(W—w)+/()t/1rdp(VWu)-(W—w)
+;/Ot /po(]VVH|VW]2)—2\/ﬁ(T(@) VYV + T(w) : VW)
X [ [Lor@ie-r-x [ [ ovrmw)
—QVX/(:/TJV\/E'Q*“/;/W (W2~ 200 - W)

t t
—)\’// pdivW+,u// pw - W
0 Jrd 0 JTd

+l2’/0t/w Vo(T(@) : VV 4+ T(w) : VW)
ﬁ;”/t VA(T() | VW~ (T(w))T : V7).
0 JT

The result follows from simplifying the previous expression. O

Proposition 4.30. Let (R, W, V) be a strong solution of (4.3.1), then any weak solution (p,w,v)
of the augmented system (4.3.1) satisfies:

ensut) ~ Exsic ) < [ [ o -0 -0+ [ [ p@W—0) 07 —w)
4 Ahl/o /Td(pV(H’(R)) (T=T) = pdivV) — m’/o /Td V. /5
- /0 /T | R@VRYT) - (V = 0) + div(RVW) - (W = w))
+ % /Ot [ @ (BYV) - (W — w) — div(RYWT) - (V =5)) + I

Proof. Multiplying equation (4.3.2a) by £ (W — w) and equation (4.3.2c) by £(V —7), and

integrating with respect to time and space, we can replace the terms p(0;W - (W — w)) and
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p(0;V - (V — 1)) in the inequality of Proposition 4.29, which gives:
Enspi(t) — Enspr(0) < 2/ / ple RVV)-(V —v) — —/ / 2 div (RYWT) - (V —79)
T4 Td
+/ [ TV (=) (7 =) +/ [ AW~ w
2/ / L Giv(RYW) - (W — w +—/ / L Giv(RVV) - (W — w)
Td
_ zyx/ / V2 4+ I+ NI,
0 Jrd
where
t t
[ AR —w) - [ [ @)~ R+ HR) )
0 JTd R o Jrd
t t
+ / H'(R)O:R + / / (RdivU — pdivIV).
0 JTd o Jrd

Note that the dissipation term in p has disappeared from the expression. In fact, by multiplying
by & (W —w), the contribution of (4.3.2a) in the previous inequality is

—u/ot/wE(W—w)-sz—u/ot/Td(pIle—pw-W),

which is exactly the opposite of the one in the expression of Proposition 4.29. Using equation
(4.3.2a) H'(R)O:R + H'(R)div(rU) = 0, and as RV(H'(R)) = VR, we get by integration by
parts that

O—/ / R)O;R — RV(H' -U) —/ / R)0:R + RdivU).
'Jl'd Td
Observing that
Oy(H'(R)) = —divU — H'"(R)VR -U = —divU — V(H'(R)) - U,
we get by integration by parts that

I :/Ot y pV(H’(R))-(—W+w+U—U)+/Ot/Td (divU(p — R) — RV(H'(R)) - U — pdivWV')

=N [ vy - 0 - ) - i),

recalling that U = W — §V and V= %”V, which gives the result. O

We can now state the main theorem of this section:
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Theorem 4.31. Let (R, W, V) be a strong solution of (4.3.1) and assume X' > 0, then any weak
solution (p,w, V) of the augmented system (4.3.1) satisfies:

t
Ensri(t) —Ensrr(0) < C (1 + 7:2) /0 Ensri(s)ds, (4.3.3)

where C = C(R,W, V) denotes a constant independent of \, p, v and h.

Proof. The idea is to bound every term on the right hand side of the inequality of Proposition
4.30 by a multiple of [} Ensrx. Recalling that W,V € L>([0, T[; W2 (T4))nW ([0, T[; L=(T%)),
we immediately get by Cauchy-Schwarz inequality that

¢ o . t
[ LooVa-0)- 7=+ [ [ ovWu-1)- (W - w)
0 JT 0o JT

gc/o Adp(|u—U|2+|@—V\2+|w—W\2).

For the second line of the inequality of Proposition 4.30, as V(H'(R)) = VlegR =V, we
get by integration by parts that

v [t —
i [ [ o= - pant) - o [ 2o
t
—2)\’h2/ /]I‘d -(V—=v)=XNpV - v —2)\’ // plo]* = 2)\’%/0/1%/)\7—@2.

For the third and fourth lines of the inequality of Proposition 4.30, we can also show in the

same way that

t [— p—
v / / L (div(RVV) - (V = 7) + div(RVW) - (W — w))
0o Jre R
¢
4 / / L(div(RYT) - (W — w) — div(RYW ) - (V — ) + I
2 Jo Jra R
t
_ / p(V = v) - [vV(V—v) LYWW~ w)
2 Jo Jrd
/ / (VW —w) - YW (7 - 7).
Td
hence we get the result by bounding these integrals like the first term. O

4.3.2 The viscous limit v — 0

Theorem 4.32. Let T > 0, X > 0 and (pg, ug, vy = %‘Vlogpg) such that Egr(po,uo, Vo) <
oo. Let (p¥,u”, 7" = %Vlog pY) be a weak solution to the augmented NSLK system (4.3.1) in
[0, T[ x T¢ with initial data (po,uo,Vy). Let (p,u, ) be the weak limit of (p”,u”,v") when v tends
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to 0 in the sense
p’ — p weakly in L=([0,T[; L'(T%)),

Vprw’ — /pu weakly in L°([0,T[; L*(T?)),
V'’ — /pt weakly in L0, T[; L*(T%)),

with pv = %Vp. Then (p,u,v) is a dissipative solution of the augmented ELK system (4.1.4) in
[0, T[ x T with initial data (po,uo, To).

Proof. Let U be a smooth enough function such that, defining (R, V, &) through (4.1.6) and

VY= gVIOgR and WY =U + gv,

we have the global regularity (i) of Definition 4.28 on (R, W*, V") and the compatibility condition
[ Ry = [ po. We also define

h (div(RVYV)),

& (R,U) = R(,U + U - VU) + AVR + upU — Q%div(RDU) -3

such that
EY(R,U) =& (R,U) — vdiv(RDU).

Using equation (4.1.6a), we can easily check that (R, W",V") satisfies (4.3.2c) and that
hy _
E(R,U) = R(OW + U - VW) + NVR + uRW — gdiv(RVW) ~ Sdiv(RVV).

As &(R,U) is not necessarily equal to 0, (R, W",V") fails to be a strong solution of the
augmented system (4.3.1) in the sense of Definition 4.28, however we can show in the exact

same way as for the proof of Theorem 4.31 that

t
Ensii(t) — Enspr(0) < CV/O EnsrLi(s)ds + bysp(t),

where

Voo pe(f) = /Ot /Td %(é"”(R, U)- (W —w”)) and C¥=C (1 + W) .

By Gronwall lemma, we get that

t
Ensir(t) < Ensri(0)eC”t + v /0 Boar e (5)€C ) ds + b op e (1), (4.3.4)
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By definition, we have

1 _ t —

3 LTV EHw- WX [ HplRytu [ [ plw-WI? < Ensiiclesw” o 1R W, 7)),
Td Td 0 JTd

so (4.3.4) gives

1 V=V Y v v v !
o Lo @ =V R w Ry X [ HGR a [ ] gl W
Td Td 0 JTd

R vid v ! Y(t—s v
< Enser(p”,w”, 7| R, WY, V) (0)eC"" + CV/O Wos (8)eC U™ ds + bgp (1)

We are now going to pass to the limit ¥ — 0 in the previous inequality. By the lower semi-

continuity of the term Ensrr (p”,w”, 7 |R, W¥, V"), the left hand-side is not smaller than
1 7—V|? ~U»+X[| H(pR t —U?
5 |, PUT=VIT+|u=UJ") + (pIR) + plu—"UJ",
Td Td 0 JTd
which corresponds to Eppk (p, u,v|R, U, V)(t). On the right-hand side, as b ¢ (t) tends to
Llop
b t)(t) = =& - (U —
@O = [ [ 60—,
for all t > 0, and by the direct limit of Exspx (p”, w”,7”|R,W",V")(0), we conclude that
t
EELK(t) < SELK(O)eCt -+ bELK(t) + C/O bELK(S)eC(tfs)dS,

which shows that (p,u,v) is indeed a dissipative solution in the sense of Definition 4.1, as
mass conservation property (4.1.5) directly follows from dominated convergence theorem as

1" (¢, )l L1 cray = llpollL1(rey for a.a. t € [0, T, O
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CHAPITRE 5

THE ISOTHERMAL LIMIT FOR THE
COMPRESSIBLE EULER EQUATIONS WITH
DAMPING

Abstract: We consider the isentropic Euler system with damping. We rigorously show the convergence
of Barenblatt solutions towards a limit Gaussian profile in the isothermal limit v — 1, and we explic-
itly compute the propagation and the behavior of Gaussian initial data. We then show the weak L'
convergence of the density as well as the asymptotic behavior of its first and second moments.

5.1 Introduction

We consider the isentropic compressible Euler equations with frictional damping:

Oip + Ozm =0, (5.1.1a)
2

Sm + 9, (m >+8wp7+m=0, (5.1.1b)
with p(0,z) = po(x) > 0 and m(0,x) = mg(z) for z € R, t > 0, and the adiabatic gas exponent
v > 1. Such a system appears in the mathematical modeling of compressible flow through a
porous medium, and its study has drawn a lot of attention over the last decades [100]. The
global existence of L*™ weak entropy solutions to the Cauchy problem of (5.1.1) is now well
established (see for instance [106] and [78]), and it is known that their long-time asymptotic
behavior [76] is governed by the limit diffusive profile:

op = 07, (5.1.2a)
m=—0zp", (5.1.2b)

where equation (5.1.2a) is the porous media equation, whose fundamental solutions are called
Barenblatt solutions [16], and equation (5.1.2b) is the famous Darcy law. In [97], the author

constructs a class of particular solutions for (5.1.1) which tend to the Barenblatt solutions p
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asymptotically in time in L*°(R), with an explicit rate log(¢)/t. In [77], the authors find the
explicit rates
o —ﬁH%z(R) <SC+t)™M* ifl<y<2,

and
_ _k .
o= Pl < CO+074 ifo>2,
for any € > 0, with k1 = min (L 7—_1) and k2 = min (“’72 l) for every L> weak entro
Y ’ L= (r+1)? v 2= (D7) y Py
solution (p, m) of (5.1.1). Unfortunately, the decay rates are not in L'-norm, which is the natural

norm as (5.1.1a) and (5.1.2a) both satisfies the conservation of norm

ot Mrw) = llpollrwy and (¢, )zr@) = lPollzr ey for all ¢ = 0.

Decay rates in L'-norm were achieved for a particular range of ~y in [79], where the authors show
that
1
lp = Pliw < COA+1) T if 1<y <3,

which was recently improved and extended in [67] with the estimate
——Lt+te
lp = Plliwy < C(1+¢) 6027 forall y > 1.

Throughout the years, a lot of effort has been put to extend the range of «y to finally achieve the
full range v > 1 of barotropic pressure laws P(p) = p”. The next natural step is the study of the
case v = 1, which leads to the isothermal pressure law P(p) = p. However, in the compressible

fluid literature, much fewer results are known for the isothermal Euler system with damping

O¢p + Oxm = 0, (5.1.3a)

m2
Oym + Oy " + Ozp+m =0, (5.1.3b)

which stands as the limit v — 1 of the isentropic system (5.1.1). In [78], the authors show the
existence of L>° entropy weak solutions to the Cauchy problem of (5.1.3). They also prove, up
to a scaling in space z = z/y/1+1, the L} = convergence of the density p towards a diffusive
profile p which satisfies the heat equation

op = 0%p, (5.1.4)

in the case max(p,,p_) > 0, where p(+o0) = p. However, time dependent Gaussian functions,
which stand as particular solutions of the heat equation on the whole space, do not satisfy

this condition. In a bounded domain Q C R? the author shows in [119] the exponential con-
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vergence of any global solution (p, m) with small initial data (pg, mg) towards the limit profile

(Ilpoll 1 /1€2], 0). In fact, at least formally, equation (5.1.3) satisfies the energy inequality

1 2 t 2
= Q—I—/plogp—l—/ /m—gEo for all t > 0, (5.1.5)
2Jr p R 0oJr p

but the left-hand side has no definite sign due to the logarithmic contribution in the potential
energy, a property that causes many technical difficulties such as a lack of compactness on the
whole space R when the density ¢ +— p(t,.) € L*(R) vanishes at infinity.

In [33], in the case of the compressible Euler equations without frictional damping, the authors
show that Gaussian functions stand as particular solutions of their system. They also prove that
every global weak solution disperses and converges to a universal asymptotic Gaussian profile,
up to a rescaling by their dispersion rate, in the weak L' topology, under some integrability
assumptions on the moment of order 2 of the initial data pg. We will show in this paper that this
kind of property still holds in the case with damping (5.1.3), and we will study the asymptotic
behavior of Gaussian solutions and moments of order 1 and 2 of the density p as they stand as

a key ingredient for the proof of this kind of feature.

The formal limit v — 1 is singular regarding many features of the isentropic case, especially

for the energy inequality of system (5.1.1):

1 2 1 t 2
—/m—+—//ﬂ+/ ™ < B (5.1.6)
2Jr p vy—1Jr 0 JR P

In this paper we propose to give sense to the formal isothermal limit v — 1, in particular we
will rigorously show and illustrate the convergence of the Barenblatt solutions of (5.1.2a) to
the Gaussian solutions of (5.1.4), a feature which does not seem to be so much known in the

community to the best of the author knowledge.

From now on, (p,m,) with v > 1 will denote a solution of the isentropic Euler system
(5.1.1), whereas (p, m) will denote a solution of the isothermal Euler system. The overline bar
will be use for solutions of the different limit diffusive profiles. The notation C' will denote a

generic constant C' > 0.

This paper is organized as follows. In Section 2, we provide energy estimates, assumptions
about existence and regularity of solutions of equations (5.1.3), and we state the main results
of this paper. In Section 3, we show that Barenblatt solutions converge to a Gaussian profile
as 7 — 1. In Section 4, we explicitly compute the behavior of Gaussian solutions of (5.1.3). In

Section 5, we study the evolution of the first and second moments of every weak solution of
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(5.1.3). In Section 6, we prove the weak L' convergence of every solution towards a universal
Gaussian profile. Finally, in Section 7, we give some perspectives about the open question of

explicit convergence rate in the isothermal case.

5.2 Assumptions and main results

We first give a notion of global weak solution for the 1-dimensional isothermal Euler equations
with damping, and we will assume the global existence of this kind of solutions through the rest

of the paper:

Definition 5.1. We say that (p,m) is a weak solution of system (5.1.3) in [0, with initial
data (po,mg) € LY(R) x LY(R), if there exists locally integrable functions VP, A such that, by
defining p := ﬁQ and m = \/pA, the following holds:

o The global regularity:
VP € L¥(0,T[; L*(R)), A € L*([0,T[; L*(R)),
with the compatibility condition
Vp >0 ae on(0,00) xR, A=0a.e on {p=0}.
e For any test function n € C§°([0,T[ x R),

T
/ /(p8t77+m8x77)dwdt + / pon(0)dz = 0,
0 R R

and for any test function ¢ € C3°([0,T[ x R;R),

T
/0 /R (m@tc + A20,C + p0aC — m() dxdt

+ /R moc(0)dz =

Assumption 5.2. Let (pg,mg) € L'(R) x L(R). We assume that there exists a weak solution
(p,m) of system (5.1.3) with initial data (po, mo) in the sense of Definition 5.1 which satisfies,
for allt > 0, the energy estimate

/m d—i—/ptwlog((t:v d:c+/ dedsga
2 R p(s,x)

with the additional regularity
(t,z) = 2°p(t,z) € L>°([0, T[; L'(R)).
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Remark 5.3. The L* entropy weak solutions of system (5.1.3) described in [78] are in fact weak
solutions of (5.1.3) when the initial data (pg, mg) € L*°(R) x L>(R) satisfies the estimates

0<py<C and [mg| < Cpollogpol

(see [78, Definition 1] for a precise definition of L> entropy weak solutions of system (5.1.3)).
Note that the existence of L*° entropy weak solutions of the isothermal Euler system without

damping is proved in [92] under the same initial data conditions.

Remark 5.4. This assumption is also satisfied for instance in the case of Gaussian initial data,
where pg is a Gaussian function and myg is of the form mg = (Bx + ¢)pg, with 3, ¢ € R (see
Section 5.4).

We now have to introduce several quantities in order to state our results. Let 7 be the unique

C>°([0,00)) solution of the differential equation

2
F=2—4, 7(0)=1, 7(0)=0.
T

We also introduce the Gaussian function
T:=eY.

We make the change of variable y = x/7(t),

o) = 5 (5 ) e e i) = gt (1) + Zu (6775).

We first remark that this change of variable implies that for all ¢ > 0,
[ Rty = [ Rolwdy = [ Ty,
R R R

System (5.1.3) becomes, in the terms of the new unknown (R, M),

1
IR + —50,M =0, (5.2.1a)
2

1. (M
&M+2%<R>+%R+%R+M=Q (5.2.1b)
T
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which have the following energy inequality:

£t / 50 /—d ds < C, (5.2.2)

where ) R
1 M
= — 1 . 2.
E(t) 572 Ju dy+/ Rlog (F> dy (5.2.3)

In fact, differentiating with respect to time the left part of (5.2.2), using equations (5.2.1a) and
(5.2.1b) and by integration by parts, we get that

d 1 i(s) [ M? 1 [ M?
1 2 / /—d :77/7<.
dt( [, [ Riogr+ [ 2R+ t)gRRS) LM,

Note that from the Csiszar-Kullback inequality (see e.g. Lemma 4 or [3])

Rlog( )_ R-T|?%, >0,
/ QHROHL || HL1

we get that for all ¢ > 0, £(t) >0

Denoting by &k, the kinetic energy

1 M?(t,y)
T2(t) Jr R(ty)

gkin (t) =

for all ¢ > 0, the asymptotics of 7 and 7 and the following Lemma 5.14 give that

gkln )
14+t

Ekin € L(R4) and / dt < oo,

so we know there exists a sequence (t,)n, such that ¢, — co and
Ekin(tn) = 0 asn — co.

Unfortunately, we have no proof that this property is actually satisfied uniformly in time, even

if it seems to be a reasonable assumption that we state in the following;:
Assumption 5.5. We assume that

1M (ty)

dy—0 ast— oo.
72(t) Jr R(t,y)

gkin (t) =

This assumption is for instance satisfied for Gaussians solutions of system (5.1.3), with an

explicit convergence rate in t~1/2 (see Remark 5.16 below). We now state the two main results
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of this paper:

Proposition 5.6. Under Assumption 5.2 and Assumption 5.5, we have

/ y | R(t,y)dy — / y |T(y)dy ast— oc.
R y? By 2

Proposition 5.7. Under Assumption 5.2, we have
R(t) — T weakly in L*(R).
t—o0

Remark 5.8. In Proposition 5.6, Assumption 5.5 is only required to show the convergence of
the moment of order 2. Without this assumption, we are only able to show that the moment of

order 2 is uniformly bounded (see Lemma 5.14).

Remark 5.9. Note that Propositions 5.6 and 5.7 are also satisfied in higher space dimensions R¢
with d > 1, in the sense that

1 1
/]Rd Y R(t,y)dy — /]Rd Y I'(y)dy ast— oo
ly[? ly|?

with I' = e“y|2, and

R(t) — T weakly in L'(R?).

t—o00
Of course, our notion of global weak solution has to be adapted to the d-dimensional case, as
well as system (5.1.3), and we refer to [33] and [41] for some d-dimensional analogue of Definition
5.1.
In the same vein, the following discussion about the particular Gaussian solutions of (5.1.3) can
easily be generalized to any dimension d by a tensorization property. We also refer the reader
to [33] and [41] for some d-dimensional analogue of system (5.4.1)-(5.4.2)-(5.4.3).

5.3 The limit v — 1 of Barenblatt’s solutions

We consider the unique fundamental solution of the porous media equation (with the Dirac

delta function as initial data)

05,27
py(=1,z) = Ad(z), A>0,

(5.3.1)

159



Chapitre 5 — The isothermal limit for the compressible FEuler equations with damping

which is called the Barenblatt solution [7]. Note that we take the initial data at t = —1 to avoid

the singularity at ¢ = 0. We recall that this solution can be written

1

1 —_—
b (t,x) = (1+1)" 71 |A— B 5.3.2
py(ta) = (L+1) 71 [A— BE|” (5:3.2)
with & = z(1 +t)7ﬁ, [fl, = max {f,0}, B = Wil) and A determined by
_a+l 1 3 y+1
24760 B3 / (cos8) 71 d0 = A, (5.3.3)
0

Moreover, p,, is continuous on R. It satisfies the conservation of mass

/ p(t, x)dr = X
R

for all ¢ > —1, and has compact support for any finite time 7" > 0, namely

=0 if |¢[=/A/B.

The power ﬁ in (5.3.2) could make the limit v — 1 unclear, however we can show:

Proposition 5.10. We make the change of variable € = z(1 + t)_TlH and
_1 _1
py(t,z) = (14 8) 7B, (2(14)777)

which preserves the L'-norm. Then,

A2 o
By — —=e 1 in L®(R)asy— 1.

2y/m
In particular, for all x € R, the pointwise estimate
1 __1
P (t,2)| < AT (141t) 7+

has the following continuous limit when v — 1:

N |=

plt2)] < 5= (1407,

where p denotes the Gaussian limit of the Barenblatt profile p, as v — 1 (namely p := p,, we

A
7r

omit the index v when v =1).
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5.8. The limit v — 1 of Barenblatt’s solutions

Proof. We have, for |¢| < \/A/B,

B,(&) = [A—Bﬁﬂfl = exp (fyil log A+ ’yillog (1— i§2>),

as A > 0 from expression (5.3.3) and %52 < 1. We have now two terms to handle when v — 1.
Taking the logarithm in equation (5.3.3), and recalling that B = %, we have

1 2 A 1 3 a1
logAd=—"[log | ——2 | -1 7/ 0)7-1d | | .
R <0g<2 27(7+1)> Og(x/ﬁ , (cos?) >>

v—1
We denote € = v — 1, so we look at the limit € — 0 of the following Wallis integral

s s 41
Wiz = /2 (COSQ)lJr%dH = /2 (cos@)%d&
E 0 0
We recall the well-known equivalent of Wallis integral when € — 0,

T 1 TE
+O<1+§) N 4+2a+0(\@’

so it is easy to check that

1 / (cos )53 = \/j (1+0(V2))

v—1

as v — 1, and then
exp (

For the second term, as we have

from the previous equivalent, we write

1 B l—1/B\" 1 1/e2\"
] 122\ 2 (B2  _1e2 s n—2
€0g< Ag) 6;n<A§> 45 +€nz>:2n<4> <

so finally
exp (
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and

7 2/7 PN 1+ 0(e) B '
On [¢| > /A/B, we know that B, ({) =0, and as { — e=¢*/4 is a Gaussian,

A g2 A A 1
sup  |By(§) — ——=e 1| = e B <(Ce =,
12 /ATB 2VT VT
so finally
&2 1
sup |B — e 1| <Ce 14+0H—-1) —0asy—1,
EE]E 2 (5) 2ﬁ ('Y ) v

which ends the proof.

O]
In order to illustrate this result, we make the following plot of the function B, in Figure 5.1

for several values of 7y (namely v = 2, 1.5 and 1.1), and the initial condition constant A = 1. We
also plot the limit Gaussian profile e—€/4 /2+/m, which corresponds to the case v = 1.

gamma=2
//l \\\ gamma=1.5
/ \
/'/ - \ gamma=1.1
03 / Y \\ gamma=1
a7 o\ \
/ // \\\ \
/ 4 N\
ya AN\
= 1/ \
Z o2} 7 A\
<Y 174 AN
// \
['/ \‘\.\
\
“\\‘
0.1 \
/ VAN
/ / \ \\
/ \ AN
/ / \
/ VN
% / N
o —— i ! 1\ —— |
-6 -4 -2 0 2 4
g

Figure 5.1 — Convergence of B, towards its limit Gaussian profile.

5.4 (Gaussian solutions

In this section, following [33], we seek for particular Gaussian solutions of (5.1.3) of the form

Pt ) = b(t)e OO
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5.4. Gaussian solutions

and
m(t,z) = (B(t)z + c(t))p(t, ),

with the initial conditions b(0) = by > 0, a(0) = ap > 0, 8(0) = o € R, ¢(0) = ¢ € R. As system
(5.1.3) is invariant by translation, we assume that z(0) = 0. We also denote py = p(0,.) and

mo = m(0,.). Plugging these expressions into (5.1.3), we obtain the following set of differential

equations:
a+2ab=0, B+pB%+8=2a, (5.4.1)
T=pT+c, b=0baT*+ 2ac(T—c)—f), (5.4.2)
¢+ Be+ c= —2ax. (5.4.3)

In order to solve this system, mimicking [93], we can check that the two equations of (5.4.1)

are satisfied if and only if @ and 3 are of the form

F="" 7 7(0)=1, 7(0)=}. (5.4.4)

T

We recall (see [41]) that there exists a unique global solution 7 € C*>°(]0,00)) to this nonlinear
ODE, and that this solution remains uniformly bounded from below by a strictly positive con-
stant.

Plugging these expressions into the second equation of (5.4.2), we also get that

We also get an expression of ¢ in terms of the center T of our Gaussian:

c(t) =co — <1+i> T.

Let us first show that the center of the Gaussian has an explicit expression, which does not

depend on the function 7:
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Proposition 5.11. We have

x(t)znpo”lle)(/Rxpo—(l—et)/Rm(O.

In particular, there exists Too € R such that
T(t) = Too as t— oo.
Proof. We know that p is a Gaussian function centered in Z, so we get that for all ¢ > 0,

[ =atyp(t.a)dz = o,
R

hence we only have to study the first moment of p keeping in mind that

1

~lpollziw)

Z(t) /R 2p(t, ) d.

Integrating equation (5.1.3b) over R we get that

i(ém(t,x)dm) = /Rﬁtm(t,m)dac = —/Rm(t,:c)dm,

so we get by integration by parts that

% (/R :cp(t,x)da:) = /Rfﬁatﬁ(t, z)dx = —/Rm(t,a:)dx = _e_t/RmO(x)dx’

so finally integrating this expression over [0,t] we get the result. O

In order to know the behavior of our Gaussian functions when ¢ — oo, we only need to get
some equivalents of the real function 7, which is the goal of the following proposition. We refer

to [41] for a complete study of the differential equation (5.4.4).

Proposition 5.12. Let 7 be the unique C*(]0,00)) solution of the differential equation (5.4.4),
then we have
T(t) ~ 2v/agt  and T(t) ~ %.

In particular,
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5.5. FEvolution of certain quantities

5.5 Evolution of certain quantities

In this section, we are going to give two propositions that describe the behavior of respectively

the first and second moment of the renormalized density R.

Proposition 5.13. We denote
Ilz/Mdy and Igz/dey.
R R

Then,
e if 11(0) # 12(0),

1,(0) — 1>(0)
Vvt

I5(0) — 1,(0)

Ii(t) ~ Vi

and Is(t) ~ ast — oo,

e if I;(0) = I(0),

e—t

I (t) ~ 4te '1;(0) and Iﬂﬂrv:ﬁlﬂo) as t — oo.

Proof. First off, mimicking the calculus of the proof of Proposition 5.11, we have by integrating

equation (5.1.3b) over R and integration by parts that for all ¢ > 0,
d
pr /m@w@ =—/m@w®,
R R

[ mtt.g)ay == [ mo(y)ay.

Now, by integration by parts, and using (5.2.1), we get the system of coupled differential equa-

: 1 M?
h= [ ot =— [ |50, (= )+ o,k +2yR+ M
R R|T R

. o.M 1
h:/wmz—/y —
R R

T2 T2

so we easily get that

tions:

=1 — 2D,

and

We denote fg = 115, so that )
j2:7‘_12+7_j2:7.—12+*11,
T

and
T T T ;
Iy =7 +71Ily — 72[1 + -1 = —(TI2 + *Il) = —1I,
T T T

hence
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and

I(t) = I(0) — I(0)(e™* —1).

We easily compute the initial conditions
L(0) =I;(0) and I(0) = I5(0),

so finally . | ,
B(t) = 7 [20) = hO0 =] ~ 5

when the initial condition are not well prepared in the sense that [5(0) # I;(0). Note that if
I5(0) = 1;(0), we have

[12(0) — 11(0)]

e

(1)

) .
/m:—z/M—FZ/yR:e*th(O),
R T JR T

from the previous calculations, so

I(t) = —<1:(0).

We know recall that

L(t) = 72(#)e ™" 11(0) = 7() [12(0) = L(0)(1 —e7")]
which concludes the proof. O

We now give a useful lemma, which induces the boundedness of the second moment of the

density R uniformly with respect to time:

Lemma 5.14. There holds

sw/Rmmrw%u%me@<m (5.5.1)
t>0 JR
and ( ) )
(¢t M
—dydt < oo. 5.5.2
‘AT%)RRy 00 (5.5.2)

Proof. Since £(t) > 0, (5.5.2) follows from (5.2.2). We define

1 [ M?

S Rl Al

dy—i—/ RlogR+/y2R,
R>1 R

such that Equation (5.2.2) gives

ti(t) [ M? 1
Ei(t) —i—/o (1) J fdyds <C+ R<1Rlog (R) .
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5.5. FEvolution of certain quantities

The last term is controlled by

Rlog( ><(1/R1 €
R<1

for all € > 0 arbitrary small. By an interpolation formula, we get that
LR S IR PRI

forall0 < e < % This implies that for all ¢ > 0,

U+ 2
e+ [ ﬁ§$ Réécwds<1_+5”2()

thus €4 (t) € L>®(R;), and estimate (5.5.1) follows. O

With Assumption 5.5, we can then show a much better result on the second moment of the
density R than its boundedness, which is the convergence of its second moment towards the

second moment of the Gaussian I':

Proposition 5.15. We denote
J1 = / y?(R —T)dy.
R

Then, under Assumption 5.5,
|J1(t)] = 0 ast— +oc.

Proof. Denoting
Ja :/dey,
R

we first write the system of differential equations satisfied by J; and Js. By integration by parts

and using equation (5.2.1a), we compute

Cd JO,M 2 2
gy = dt/ 0(R—T) = /Ry s —ﬁ/RyM—TQJQ.

Still by integration by parts, and using equation (5.2.1b), we get that

L[ o

: 1 M?
ng/yatM:—/y — 0y +O0yR+2yR+ M| =
R R |7 R

Here we introduce the function I', writing

/R—2/y2R:/r—2/y2r—/2y2(R—r),
R R R R R
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and we can remark by an easy calculation that
1
2
r=- / T,
/Ry 2 Jr

so that finally
. 1 [ M?

Jo+2J1 == [ —.
Jo+ Jo +2J3 2R

We denote jl = 1.J1, so that
B ) . . 2
Jr=7/h+71h :TJ1—|—*J2,
T

2 [ M?
=Bk R’

and
= . s 21 2 . 2 2
Ji=th+7h—-—J+-Jo=-J1—=-Ni+
T T T
SO we write )

S 3 1 - 2 M
I+t h+=h=—=] —.
1+J1+ 2= 3 LR

Rather than trying to solve directly this non-autonomous differential equation of order 2, we
(5.5.3)

will work on the following approximate equation, for ¢ > 1,
.1 2

e i+t =8
T

In fact, denoting w = J; — f, we see that w satisfies the differential equation

)

. . 1 1 1\ -
(T —2V1)(T + 2V/1) _0 (1
AtT? B t%

! _1>__

with
T2 4t
as we actually know from [41, Proposition 3.11] that there exists a time 7" > 0 such that, for all

(

2Vt < 7(t) < Cr+2Vt

3 -
2

t>T,
with C7 > 0, so the function ¢ ~ 7(¢)—2+/¢ is uniformly bounded, and from the equivalent () ~

2/t we get that
TH2VE WVt 1
4172 2y
The homogeneous part of equation (5.5.3) can be written as a Kummer’s type equation

tf’+tf+%f=0
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5.5. FEvolution of certain quantities

which has two fundamental independent solutions (see [1, Chapter 13])

fr(t) =tM (i,2, —t) =te 'M (1,2,75)

and ) 5
fa(t) =e U (—4,O,t) =te U <4, 2,t> ,

where M(a, b, z) and U(a, b, z) respectively denotes the Krummer’s and the Tricomi’s function,
which both stand as confluent hypergeometric functions and are independent solutions of the

Kummer’s equation
d*w
—
dz?

In particular, from the asymptotic properties [1]

d
+(b—z)d—zj—aw20.

M(a, b, z) = ggz; €700 (1 +0 <|z\_1)) , z2>0,

and

U(a,b,z) =27° (1 + 0 (|Z|_1>> )

we get the following asymptotic for our fundamental solutions

n~< (1 +0 (1)) (5.5.4)

t1
and

fa(t) ~ e~tti (1 +0 (1)) ) (5.5.5)

From the classical theory of linear differential equations, we know that every solution of equation

(5.5.3) can be written under the form

f(t) = cifi(t) + cafa(t) + fo(t), (5.5.6)

where ¢; and ¢z denote two real numbers, and fj is a particular solution of (5.5.3). We easily

compute the Wronskian function

W(t) = fi(t) fa(t) — fr(£) f2(t)

by solving the differential equation

W= fifo+ fifo— fifo— fifo = fi(—fa— %j‘b) +(fi + %f1)f2 =-W,
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which leads to

W(t) = Woeit.
Then, by a variation of constant formula, we can find a particular solution of (5.5.3) under the
form

o)) = (0 [ 503 Eanls)

 £a(s) Euan(s)
ds = 1) [ (i e s

so that using Assumption 5.5 and the equivalents (5.5.4) and (5.5.5), we get that every solution
of (5.5.3) has the asymptotic:

[f()] = o(v/1).

In fact, in the expression of (5.5.6),

fi(t) /Ot €sf2(8)€l:213(;)d8‘ < tli/; s_ié’kin(s)ds

and every other terms is bounded as ¢ — co. The same result applies for the function w = Ji— f,
so we can write that for all ¢ > ty > 0,

o(V),

R = 10 + e fl®) + eafo®) + 220) [ (Lo LY goyas

1o W(s) \ds  7(s)?

— f1(?) t: g;((z)) (413 - 7(13)2> Ji(s)ds. (5.5.7)

We already know from Lemma 5.14 that J; is O(v/%), and as we have just shown that f is o(v/1),
for € > 0 fixed, there exists tg > 0 such that, for all ¢ > ¢,

[J1(t)] < CVA,

< Ct_% and

1
4s —= |J(t t B <
4s  1(s)? \/i|f()+clf1()+c2f2( )| <
Injecting these inequalities in the right-hand side of (5.5.7), we have

| ™

|Q

1 .
— 1) < =+ + <
\/Ell()l_ <e

DI ™
Tl Q

PN

t
for t large enough, so we finally get by a bootstrap argument that

[ J1(t)] = o(V1).

Finally, recalling that jl = 7J; and that 7 ~ 2v/t, we can conclude that

il = | [ (R - D] = o()
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5.6. Convergence

which ends the proof. O

Remark 5.16. Note that in the Gaussian case, we can explicitly compute the kinetic energy

1 M?3(t,y) c(t) ( 1 >
Exin(t) = “Ldy = =0(—],
k ( ) TQ(t) R R(t,y) Y T(t)HpOHLI(R) \/7?
unless the initial data are well prepared in the sense that ¢y = T, (which would actually

improve this rate). This feature gives an explicit rate of convergence of iy, towards 0 that

can be propagated to the convergence of the second momentum of R by adapting the proof of

= | [ (R -Tyas| =0 (%)-

Proposition 5.15, namely

5.6 Convergence

Proof of Proposition 5.7. We are first going to try to eliminate the momentum M of our
target equation. Differentiating equation (5.2.1b) with respect to y, and using equation (5.2.1a)
in order to express

8t(8yM) = —815(7'28,5R),
we get that

2 2 1 2 M2
—875(7' 8tR) — T 8tR+ LR = —ﬁf)y f s

where we have defined the Fokker-Planck operator
L= 8; +20,(y).
Following [41], we introduce another scaling in time s defined by
ds = 720, (5.6.1)

and the notation

R(s(t),y) == R(t,y).

We calculate the quantities

1 o= 5
O (T*R) = —92R and 720, R = O R,

T
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hence we obtain the following equation:

1 o5 N 1 o [ M?
Now we remark that equation (5.5.1) induces
sup [ R(s,9)(1+[yf* + [1og Rl(s,9)])dy < o0, (5.6.3)
s>0
that equation (5.5.2) gives
00 M2
/ T'(t)/  dydt < oo, (5.6.4)
0 R R
and that
2s

7(s) ~ 2e* and 7(s) ~ e,
so we can conclude like in [36]. Let a sequence s, — oo, take s € [—1, 2], and denote

R, (s,y) :== R(s + Sn,y Y).

From (5.6.3) along with the de la Vallée-Poussin and Dunford-Pettis theorems (cf Lemma 5
and 6), we get the following weak convergence (up to a subsequence, not relabeled for reader’s

convenience), for all p € [1,00),

R, — Ry inLP(—1,2;L'(R)).

n
n—oo

We also get the weak convergence of the initial datum, up to another subsequence:

R,(0) — Rps in L*(R).

n—oo

Thanks to (5.6.3), we also get that the family (R(sy,.))n is compact, so

| Roe()dy = [ Tw)dy

and
/RRO,oo(y)(l + [y|> 4 |log Ro 00 (y)])dy < oo.

Then, denoting 7,(s) = 7(s + sp), equation (5.6.4) implies that

n—oo

2
—182<]\~4”> — 0 in L'(-1,2,W2(R)).
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5.7. Conclusion

In addition, in (5.6.2), all the other terms but two obviously go weakly to zero, which yields
OsRoo = LR, (5.6.5)

in D'((—1,2) x R), with Roo(0,;) = Ry € L'(R). Thanks to the above bounds on Ry, it is
known (see [6]) that the solution R to (5.6.5) is actually defined for all s > 0 and satisfies

1Roo(5,) = Tl pr) =2 0- (5.6.6)

Going back to system (5.2.1), we need to show that R is independent of s. In the s variable,
equation (5.2.1a) becomes
OsR+ 0,M =0,

and (5.6.4) implies that M € L?(—1,2; L' (R)). With M,,(s) := M(s + s,,), we have
Oy M, — 0 in L*(—1,2; W~ H(R)),
S0
OsRos = 0.

Combining this last equality with equation (5.6.6), we infer that Rss = I'. The limit being

unique, no extraction of a subsequence is needed, and we conclude that

R(s,-) oot ¥ weakly in L(R).

5.7 Conclusion

We have shown that Gaussian functions play an important role in the study of the isother-
mal compressible Euler equation, standing both as particular solutions of the system (5.1.3) and
time-asymptotic limit of solutions of this system. They also make the link between the isentropic

and the isothermal system, as limit of the Barenblatt solutions of (5.1.2a).

The next step of the analysis of the long-time behavior of this system would be to find
an explicit convergence rate of any L weak solution of (5.1.3) towards the limit Gaussian
profile, adapting the work from [77], [79] and [67]. A good approach seems to be the use of the
Csiszar-Kullback inequality that gives a lower bound of the entropy by the L'-norm of p — p:

_ P R
o —2l7: < 2ol / plog () = 2||pol| 1 / Rlog () :
R P R I

Unfortunately, no decreasing rate of the entropy function is currently known. This is still an
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open question that appears in other fields of the analysis of PDEs, for instance the study of the
logarithmic Schrédinger equation [36]. Note that in [119], the author indeed has an upper bound
for the entropy, assuming p > ¢ > 0, which is true on the compact set 2 C R but obviously false

on the whole space R.
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